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Preface

Intended Audience

The book is addressed to undergraduates and graduates in operations re-
search, mathematics, engineering, and computer science. It should be suitable
for advanced undergraduate and Masters level programs. 1t is also aimed at
users of integer programming who wish to understand why some problems are
difficult to solve, how they can be reformulated so as to give better results,
and how mixed integer programming systems can be used more effectively.
The book is essentially self-contained, though some familiarity with linear
programming is assumed, and a few basic concepts from graph theory are

used

The book provides material for a one-semester course of 2-3 hours per
week.

What and How

Integer Programming is about ways to solve optimization problems with dis-
crete or integer variables. Such variables are used to model indivisibilities,
and 0/1 variables are used to represent on/off decisions to buy, invest, hire,
snd so on. Such problems arise in all walks of life, whether in developing train
or aircraft timetables, planning the work schedule of a production line or a
maintenance team, or planning nationally or regionally the daily or weekly
production of electricity.

xlti
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The last ten vears have seen a remarkablo advance in our ability to solve ! In Canprer 6 we informally address the question of the apparent difference
. L} - - i ] 1 ‘
Lo near optimality difficult practical integer programs. This is due to a com- ’ in difficulty between the problems presented in Chapters 3-5 that can be
bination of ' * waived papidiyy and the tdifficult” problems treated in the rest of the book.

¥
r

1) Improved modeling
i1) Superior linear programming software

iii) Faster computers

iv) New cutting plane theory and algorithms

v} New heuristic methods

vi) Branch-and-cut and integer programming decomposition algorithms

Today many industrial users still build an integer programming model and
stop at the first integer feasible solution provided by their software. Unless
the problem is very easy, such solutions can be 5%, 10%, or 100% away from
optimal, resulting in losses running into mega-dollars. In many cases it is
now possible to obtain solutions that are proved to be optimal, or proven
within 0.1%, 1%. or 5% of optimal, in a reasonable amount of computer
time. There is, however, a cost: better models must be built, and either
specially tailored algorithms must be constructed, or better use must be made
of existing commercial software.

Lo make such gains, it is necessary to understand why some problems are
more difficult than others, why some formulations are better than others, how
effective different algorithms can be, and how integer programming software
can be best used. The aim of this book is to provide some such understanding.

Chapter 1 introduces the reader to various integer programming problems
and their formulation, and introduces the important distinction between good
and bad formulations. Chapter 2 explains how it is possible to prove that
feasible solutions are eptimal or close to optimal.

Chapters 3-5 study Integer programs that are easy. The problems and
algorithms are interesting in their own right, but also because the algorithmic
ideas can often be adapted so as to provide good feasible solutions for more
difficult problems. In addition, these easy-problems must-ofter be sotved
repeatedly as subproblems in algorithms for the more difficult problems. We
examine when linear programs automatically have integer solutions, which is
in particular the case for network flow problems. The greedy algorithm for
finding an optimal tree, the primal-dual algorithm for the assignment problem,

and a variety of dynamic programming algorithms are presented, and their
running times examined.

Tae fundamental branch-and-bound approach is presented in Chapter 7.
Certain features of commercial integer programming systems based on branch-
and-bound are discussed. In Chapters 8 and § we discuss valid inequalities
and cutting planes. The use of inequalities to improve formulations and obtain
tighter bounds is the area in which probably the most progress has been made
in the last ten years. We give examples of the cuts, and also the routines to
find cuts that are being added to the latest systems.

In Chapters 10 and 11 two important ways of decomposing integer pro-
grams are presented. The first is by Lagrangian relaxation and the second
by column generation. It is often very easy to implement a special-purpose
algorithm based on Lagrangian relaxation, and many applications are repor-
ted in the literature. Integer programming column generation, which is linear
programming based, is more recent, but several recent applications suggest
that its importance will grow.

Whereas the emphasis in Chapters 7-11 is on obtaining “dual” bounds
(upper bounds on the optimal value of a maximization problem), the need to
find good feasible solutions that provide “primal” (lower) bounds is addressed
in Chapter 12. We present the basic ideas of various modern local search
metaheuristics, introduce briefly the worst-case analysis of heuristics, and
also discuss how an integer programming system can be used heuristically to
hnd solutions of reasonable quality for highly intractible integer programs.

Finally, in Chapter 13 we change emphasis. By looking at a couple of
applications and asking a series of typical questions, we try to give a better
idea of how theory and practice converge when confronted with the choice of
an appropriate algorithm, and the question of how to improve a formulation,
or how to use a commercial mixed integer programming system effectively.

In using the book for a one-semester course, the chapters can be taken in
order. In any case we suggest that the basics consisting of Chapters 1, 2, 3,
6, 7 should be studied in sequence. Chapter 4 is interesting for those whc
have had little exposure to combinatorial optimization. Chapter 5 can be
postponed, and parts of Chapter 12 can be studied at any time after Chapter
2. There is also no difficulty in studying Chapter 10 before Chapters 8 and 9.
The longer Chapters 7, 8, 9 and 11 contain starred sections that are optional.
The instructor may wish to leave out some material from these chapters, or
alternatively devote more time to them. Chapter 13 draws on material from
most of the book, but can be used as motivation much earlier.
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Abbreviations
and Notation

BIFP: Binary or Zero-One Integer Problem

B7: {0,1}" the set of n-dimensional 0.1 vectors
C-G: Chvétal-Gomory

CLS: Capacitated Lot-Sizing Problem

conv(S): The convex hull of §

COP: Combinatorial Optimization Problem

L}: Duai Problem

DP: Dynamic Programming

e;: The 7** unit vector

e: The characteristic vector of S

E(S): All edges with both endpoints in the node set §
FCNF: Fixed Charge Network Flow Problem
GSEC: Generalized Subtour Elimination Constraint
GUB: Generalized Upper Bound

IK P: Integer Knapsack Problem

IP: Integer Programming Problem

IPM: Integer Programming Master Problem

LD: Lagrangian Dual Problem

lhs: left-hand side

LP: abbreviation for “linear programming”
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L1’ A specific or general Linear Programming Problem 1'
LPM: Linear Programming Master Problem
L(X): Length of the input of a problem instance X I
R M A large pesitive number
L MIP: Mixed Integer Programming Problem |
| ¥ MIR: Mixed Integer Rounding £ .
N: Generic set {1,2,--- n} Integer Programmlng
NP: Class of NP problems
NPC: Class of NP-complete problems :
P: Generic Problem Class, or Polyhedron ¥
P: Class of polynomially solvable problems 3‘
P(N): Set of subsets of N g
rhs: right-hand side :
; RLPM: Restricted Linear Programming Master Problem g
' It": The n-dimensional real numbers 4
K. The n-dimensional nonnegative real numbers i
N S Feasible region of I P, or subset of N ‘f‘
| SOS: Special Ordered Set £ )
, STSP: Symmetric Traveling Salesman Problem E
'. T'5P: (Asymmetric) Traveling Salesman Problem §
¥ TU: Totally Unimodular i
B UFL: Uncapacitated Facility Location Problem :
> ULS: Uncapacitated Lot-Sizing Problem 5
V=(i): Nodeset {keV: (k,1) € A} ¢
V*(i): Nodeset {k €V : (i, k) e A} ‘
"- X: Feasible region of IP, or a problem instance
(z)7: The maximum of z and 0 .
Z%: The n-dimensional nonnegative integers i
> 6~(5): All arcs going from a node not in § to & node in S i
"-' 6% (S): All arcs going from a node in S to a node not in S | :
6(S} or 8(5,V\ S): All edges with one endpoint in § and the other in V\ § i
6(2) or 8({i}): The set of edges incident to node i :
1: The vector (1,1,...,1) ’E
0: The vector (0,0,...;0) :
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Formulations

1.1 INTRODUCTION

A wide variety of practical problems can be formulated and solved using in-
teger programming. We start by describing briefly a few such probiems.

1. 'Irain Scheduling

Certain train schedules repeat every hour. For each line, the travel times
between stations are known, and the time spent in a station must lie within
a given time interval. Two trains traveling on the same line must for obvious
reasons be separated by at least a given number of minutes. To make a con-
nection between trains A and B at a particular station, the difference between
the arrival time of A and the departure time of B must be sufficiently long to
allow passengers to change, but sufficient]y short so that the waiting time is
not excessive. The problem is to find a feasible schedule.

2. Airline Crew Scheduling

Given the schedule of flights for a particular aircraft tyvpe, one problem is
to design weekly schedules for the crews. Each day a crew must be assigned
a duty period consisting of a set of one or more linking flights satisfying nu-
merous constraints such as limited total flving time, minimum rests between
flights, and so on. Then putting together the duty periods, weekly schedules
or pairings are constructed which must satisfy further constraints on overnight
rests, flying time, returning the crew to its starting point, and so en. The
objective is to minimize the amount paid to the crews, which is a function of
flying time, length of the duty periods and pairings, a guaranteed minimum
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euteher of flying hours, wnd so forth,

5. Production Planaing

A muitinational compauy holds a monthly planning meeting in which a
three-month production and shipping plan is drawn up based on their latest
estinates of potential sales. The plan covers 200-400 products produced in
o different factories with shipments to 50 sales areas. Solutions must be gen-
erated on the spot, so only about 15 minutes’ computation titne is available.
For each product there is a minimum production quantity, and production

is in batches — multiples of some fixed amount. The goal is to maximize
contribution.

4. Electricity Generation Planning

A universal problem is the unit commitment problem of developing an
hourly schedule spanning & day or a week so as to decide which generators
will be producing and at what levels. Constraints to be satisfied include sat-
isfaction of estimated hourly or half-hourly demand, reserve constraints to
ensure that the capacity of the active generators is sufficent should there be
a sudden peak in demand, and ramping constraints to ensure that the rate
of change of the output of a generator is not excessive. Generators have min-
imum on- and off-times, and their start-up costs are a nonlinear function of
the time they have been idle.

5. Telecommunications

A typical problem given the explosion of demand in this area concerns the
installation of new capacity so as to satisfy a predicted demand for data/voice
transmission. Given estimates of the requirements between different centers,
the existing capacity, and the costs of installing new capacity which is only
available in discrete amounts, the problem is to minimize cost taking into
account the possibility of failure of a line or a center due to a breakdown or
accident,

6. Buses for the Handicapped (or Dial-a-Ride)

In several major cities a service is available whereby handicapped sub-
scribers can call in several hours beforehand with a request to be taken from
A to B at a certain time, with special facilities such as space for a wheel chair
if necessary. The short-term problem is to schedule the fleet of specialized
mini-buses so as to satisfy a maximum number of requests. One long-term
problem is to decide the optimal size of the fleet.

7. Ground Holding of Aircraft |

Given several airports, a list of flights, and the capacity of the airports
in each period, which is a function of the weather conditions and forecasts,
the problem is to decide which planes to delay and by how long, taking into
account the numbers of passengers, connecting fights, the expected time until

—_ b ] — - -, . - . L -

conditions iniprove, and so on, with the objective of minimizing aircraft costs
and passepoer inconvenionce.

8. Cutting Provlems

Whether cutting lengths of paper from rolls, plastic from large rectangular
sheets, or patterns to make clothes, the problem is in each case to follow pre-
cisely determined cutting rules, satisfy demand, and minimize waste.

Other recent application areas include problems in molecular biology, stat-
1stics, and VLSI. ,

This book tries to provide some of the understanding and tcools necessary
for tackling such problems.

1.2 WHAT IS AN INTEGER PROGRAM?

Suppose that we have a linear program

max{cz : Ax < b,z > 0}

where A is an m by n matrix, ¢ an n-dimensional row vector, b an
m-dimensional column vector, and z an n-dimensional column vector of vari-
ables or unknowns. Now we add in the restriction that certain variables must
take integer values.

If some but not all variables are integer, we have a
(Linear) Mixed Integer Program, written as

mexer + hy
(MIP) Az + Gy<b
z 2 0,y >0 and integer

where A is again m by n, Gism by p, hisa p row-vector, and y is a p
column-vector of integer variables.

If all variables are integer, we have a
(Linear) Integer Program, written as

Max ¢
(IP) Ar < b
r 2 0 and integer,

and if all variables are restricted to (0~} values, we have a
0-1 or Binary Integer Program

MAax ¢
(BIP) Az < b
z € {0,1}".
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Another type of problem that we wish to study is a “combinatorial op-
timization problem.” Here typically we are given a finite set N = {1,....n},
weights ¢, for each j € ¥V, and a set F of feasible subsets of V. The problem
of hinding a minimum weight feasible subset is a
Combinatorial Optimization Problem

(COP) min{} 'c;:Se€F}.
- jES
In the next section we will see various examples of /Ps and COPs, and
also see that often a COP can be formulated as an IP or BIP.
Given that integer programs look very much like linear programs, it is
not surprising that linear programming theory and practice is fundamental

in understanding and solving integer programs. However, the first idea that

springs to mind, namely “rounding”, is often insufficient, as the following ex-
ample shows.

Example 1.1 Consider the integer program:

max 1.00z; + 0.64x,
50z, + 3125 < 250
3T, — 270 > —4
xy,r2 = 0 and integer.

{376/193,950/193)

Fig. 1.1 Rounding the LP

As we see from Figure 1.1, the linear programming solution (376/193, 950/193)
is a long way from the optimal integer solution (5, 0). »

For BIPs the situation is often even worse. The linear programming solu-
tion may well be (0.5,...,0.5), giving no information whatsoever. What is

more, it is typically very difficult just to answer the question whether there
exists a feasible 01 solution.
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1.3 FORMULATING IP5S AND BIPS

As in linear programming, translating a problem description into a formula-
tion should be done systematically, and a ciear distinction should be made
between the data of the problem instance, and the variables {or unknowns)

used in the model.

(i) Define what appear to be the necessary variables.

(ii) Use these variables to define a set of constraints so that the feasible points
correspond to the feasible solutions of the problem.

(iii) Use these variables to define the objective function.

If difficulties arise, define an additional or alternative set of variables and
iterate.

Defining variables and constraints may not always be as easy as in linear
programming. Especially for COPs, we are often interested in choosing a
subset 5 € N. For this we typically make use of the incidence vector of S,
which is the n-dimensional 0-1 vector z° such that :J:f =1if 7 €5, and
z; = 0 otherwise.

Below we formulate four well-known integer programming problems.

The Assignment Problem

There are n people available to carry out n jobs. Each person is assigned to
carry out exactly one job. Some individuals are better suited to particular
Jobs than others, so there is an estimated cost ¢;; if person i is assigned to
job 7. The problem is to find a minimum cost assignment.

Definition of the variables.
Ti; = 1 if person i does job j, and z;; = 0 otherwise.

Definttion of the constmints.
Each person i does one job:

n
ZIU =1fori= 1,...,n.
j=1

Each job j is done by one person:

n
Z.’I‘ij=1 fDI‘j=].,...,ﬂ..

i=1
The variables are 0-1:
zi; € {0,1} fori=1,...,n,5=1,...,n.
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Definition af the abjective function.
The cost of the assignment is minimized:

r Fi
mi]lZZCUIU.

1=1 y=1
The 0-1 Knapsack Problem

There is a budget b available for investment in projects during the coming year
and n projects are under consideration, where a; is the outlay for project 7,

and c; is its expected return. The goal is to choose a set of projects so that
the budget is not exceeded and the expected return is maximized.

Definition of the variables.
z; = 1 if project j is selected, and z; = 0 otherwise.

Definition of the constraints.
The budget cannot be exceeded:

i a;z; <b

=1
The variables are 0-1:

z; € {0,1} for §=1,... n.

Definition of the objective function.
The expected return is maximized:

n
max E Cix;.
=1

The Set Covering Problem

Given a certain number of regions, the problem is to decide where to install a
set of emergency service centers. For each possible center the cost of installing
a service center, and which regions it can service are known. For instance, if
the centers are fire stations, a station can service those regions for which a
fire engine is guaranteed to arrive on the scene of a fire within 8 minutes. The
goal is to choose a minimum cost set of service centers so that each region is
covered.

First we can formulate it as a more abstract COP. Let M = {1,... , M}
be the set of regions, and N = {1,...,n} the set of potential centers. Let
3; & M be the regions that can be serviced by a center at j € N, and c; its
Installation cost. We obtain the problem:

min{} '¢; : UjerS; = M}.

TCN 4
JET

|
|

N e e B iR P

Bioas oo,

oA

N P i1 iy A, "

N R - F S L -

FOCLE QAT I0C AP pIPS 7

Nuw we forimulate it as a 8P, To facilitate the description, we first con-

striret a O=1 incidence matrir A such that e, = 1 if i € S,. and a, =0
obiwrwise. Sote that this Is notning ovut processieg of the data.

Definttion of the variables.
z; = 1 if center ; is selected, and z; = 0 otherwise.

Definition of the construints.
At least one center must service region t:

n
ZEijIj :_? 1 fori= 1,...,1?’1.
=1 .
The variables are (0-1:

rz; € {01} forj=1,...,n

Definition of the objective function.
The total cost is minimized:

n
min Z C; L.
=1
The Traveling Salesman Problem (TSP)

This is perhaps the most notorious problem in Operations Research because
it is so easy to explain, and so tempting to try and solve. A salesman must
visit each of n cities exactly once and then return to his starting point. The
time taken to travel from city i to city 7 is ¢;;. Find the order in which he
should make his tour so as to finish as quickly as possible.

This problem arises in a multitude of forms: a truck driver has a list of
clients he must visit on a given day, or a machine must place modules on
printed circuit boards, or a stacker crane must pick up and depose crates.
Now we formulate it as a BIP.

Definition of the variables.
Ti; = 1 if the salesman goes directly from town i to town j, and z;; = 0
otherwise. (zy; is not defined fori =1,...,n.)

Definition of the constraints.
He leaves town { exactly once:

Z Lij = 1fori= 1,...,1’1.
FiI#s
He arrives at town j exactly conce:

Z.’Il'ij = 1 forjzl,.,,,n.
1:i5t ]
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Fig. 1.2 Subtours

So far these are precisely the constraints of the assignment problem. A solu-
tion to the assignment problem might give a solution of the form shown in
Figure 1.2 (i.e., a set of disconnected subtours). To eliminate these solutions,
we need more constraints that guarantee connectivity by imposing that the

-salesman must pass from one set of cities to another, so-called cut-set con-

straints:

Y Y zi;>1for SCN,S 4

i€5 j¢5

An alternative is to replace these constraints by subtour elimination con-
straints:

Y Nz<IS|-1for SCN,2< S| <n—1.
i€S jES
The variables are 0-1-

zi; € {0,1} for { = Lo.oni=1,...,n,i#3J.

Definition of the objective function.
The total travel time is minimized:

n L
min E E Cij Ty

1=1 j=1

1.4 THE COMBINATOR!AL EXPLOSION

The four problems we have looked at so far are all combinatorial in the sense
that the optimal solution is some subset of & finite set. Thus in principle these
problems can be solved by enumeration . To see for what size of problem in-

stances this is a feasible approach, we need to count the number of possible
solutions,

The Assignment Problem. There is a one-to-one correspondence between as-
signments and permutations of {1, ... ,n}. Thus there are n! solutions to

- T
-
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conipare.
e Anapsach and Covering Problems. In both cases the number of subsets is
2", For the knapsack problem with b = 2 ,=19;/2, at least half of the subsets
are feasible, and thus there are at least 2"~ ! feasible subsets.

The Traveling Salesman Problem. Starting at city 1, the salesman has n - 1
choices. For the next choice n — 2 cities are possible, and so on. Thus there
are {n — 1)! feasible tours.

In Table 1.1 we show how rapidly certain functions grow. Thus a TSP
with n = 101 has approximately 9.33 x 10157 tours.

n logn 2n%° n? 2" n!

10 332 316 107 1.02x 10° 3.6 x 105
100 6.64 1000 10% 1.27x10% 9.33 x 10197
1000  9.97 3162 10° 1.07 x 10%7  4.02 x 102567

Table 1.1 Some typical functions

The conclusion to be drawn is that using complete enumeration we can only
hope to solve such problems for very small values of n. Therefore we have to
devise some more intelligent algorithms, otherwise the reader can throw this
book out of the window.

1.5 MIXED INTEGER FORMULATIONS

Modeling Fixed Costs

Suppose we wish to model a typical nonlinear fixed charge cost function;
hir)=f+prif0<z<Candh(z)=0if =0

with f > 0 and p > 0 (see Figure 1.3).

hi(x)

Fig. 1.3 Fixed cost function
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Definttion of the consiruints and objective function.
We replace h(x) by fy + pr, and add the constraints ¢ < Cy, y € {0,1}.

Note that this is not a completely satisfactory formulation, because al-
though the costs are correct when z > 0, it is possible to have the solution
r = 0,y = 1. However, as the objective is minimization, this will typically
not arise in an optimal solution.

Uncapacitated Facility Location (UFL)

Given a set of potential depots N = {1,...,n} and a set M = {1,...,m} of
clients, suppose there is a fixed cost f; associated with the use of depot j,
and a transportation cost ¢;; if all of client i’s order is delivered from depot ;.
The problem is to decide which depots to open, and which depot serves each
client so as to minimize the sum of the fixed and transportation costs. Note
that this problem is similar to the covering problem, except for the addition
of the variable transportation costs.

Definition of the variables.

We introduce a fixed cost or depot opening variable y; = 1 if depot j is used,
and y; = 0 otherwise.
z;; is the fraction of the demand of client ¢ satisfied from depot ;.

Definition of the constraints.
Satisfaction of the demand of client 1:

n

E Iij=1fﬂri=1,.”,ﬂ1.
j=1

To represent the link between the z;; and the y; variables, we note that
> icem Tij < m, and use the fixed cost formulation above to obtain:

Zrij <my;forjeNz; >0forie M,j€ N,y; € {0,1} for j € N.
e M

Definition of the objective function.
The nbjectiv.e is EJ.E” hi{z1j,...,Zm;j} where h;(z1;,...,2mj} = f; +
EiEM ;T4 if ZiEM Iij > U, so we obtain

min Y Y ez + Y fe
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Uncapacitated Lot-Sizing (ULS)

The probiem is to decide on a production plan for an n-period horizon for a
single product. The basic model can be viewed as having data:

f: is the fixed cost of producing in period t.
p, is the unit production cost in period ¢.
h, is the unit storage cost in period ¢.

d, is the demand in period ¢.

We use the natural (or ocbvious} variables:

r; is the amount produced in period ¢.
s; is the stock at the end of period {.
v: = 1 if production occurs in ¢, and y, = 0 otherwise.

To handie the fixed costs, we observe that a priori no upper bound is given
on z,. Thus we either must use a very large value C = M, or calculate an
upper bound based on the problem data.

For constraints and objective we obtain:

n n n
min EP;IE: + Z hisy Z fiye
t=1

t=1 i=1
d¢+3¢ fﬂrf=1,...,ﬂ

My forit=1,...,n
0,9, € {0,1} fort=1,...,n.

+

Si—t+I;
Iy

IV 1A

8 = 0! Sty Lt

If we impose that s, = 0, then we can tighten the variable upper bound
constraints to z; < (3, di)y:. Note also that by substituting s; = 3 ;_, =i -
Z:=1 d;, the objective function can be rewritten as _,._, e:Te + 3 1y feitr — K

where ¢; = pr + bt + ... + hy, and the constant K = >0 ht(ELl d;).

Discrete Alternatives or Disjunctions

Suppose z € R™ satisfies 0 < z < u, and either alz < b; or a®z < b
(see Figure 1.4). We introduce binary variables y; for i = 1,2. Then if
M > max{a'z — b; : 0 <z < u} for i = 1,2, we take as constraints:

o'z -b; < M(l-y)fori=1,2
nm+y=1y¢€{0,1} fori=1,2
0 <z<u.
Now if y; = 1, T satisfies 'z < b) wheress ¢z < b3 is inactive, and conversely
if y2 = 1.

Such disjunctions arise naturally in scheduling problems. Suppose that
two jobs must be processed on the same machine and cannot be processed




Fig. 1.4 Either/or constraints

simultaneously. If p; are the processing times, and the variables ¢; the start
times for i = 1,2, then either job 1 precedes Job 2 and so ¢ > ¢} 4 py, or job
2 comes first and ¢; > ty + po.

1.6 ALTERNATIVE FORMULATIONS

In the two previous sections we have formulated a small number of integer
programs for which it is not too difficult to verify that the formulations are
correct. Here and in the next section we examine alternative formulations
and try to understand why some might be better than others. First we make
precise what we mean by a formulation.

Definition 1.1 A subset of B described by a finite set of linear constraints
P ={r € R": Az < b} is a polyhedron.

Definition 1.2 A polyhedron P € R*+? i5 g formulation for a set X C
Z%" x R? ifand ouly if X = PN (2™ x Rr),

Note that this definition is restrictive. For example we saw in modeling fixed
costs in the previous section that we did not model the set X = {(0,0), (z, 1)
for 0 <z < C}, but the set X U {(0, 1)}.

Example 1.2 In Figure 1.5 we show two different formulations for the set:

X ={(11),{2,1),(3,1),(1,2),(2,2),(3,2), (2, 3)}. .

Note that it would not be easy to write a formulation for the set X \ {(2,2)}
without introducing many more variables, see Exercise 1.2,

Equivalent Formulations for a Q-1 Knapsack Set

Consider the set of points X =

{(0,0,0,0),(1,0,0,0), (0, 1,6,0},(0,0,1,0),(0,0,0,1),(0, 1,0, 1),(0,0,1,1}}.
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Fig. 1.5 Two different formulations of an IP
Check that the three polyhedra below are formulations for X.
Py ={z€ R':0<z<1,83z + 61z + 4923 + 20z4 < 100},

Pp={z€ R':0<z <1,4z, + 323 + 223 + 14 < 4},

P; = {I c R dr, +3zy +2z3 +lzgs <4

1z, +1x4 +1xs <1
1z, +1x4 <1
0<z <1}

An Equivalent Formulation for UFL

For fixed 4, consider the constraints:

ZIij < my;, y; € {ﬂ,l},{] < Ty <1 for 1 € M.
tEM

Logically these constraints express the condition: if any x;; > 0, then y; =
1, or stated a little differently: for each ¢, if z;; > 0, then y; = 1. This
immediately suggests a different set of constraints:

0 STy Sy foric M,y; € {0,1}.

This leads to the alternative formulation:

min 3 7 Yo 6T + Yooy fiVs (1.1)
dmTij=1for ie M (1.2)
T Sy forieM,je N (1.3)

Tij 20forte M,j€ N,y; € {0,1} for j € N. (1.4)
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In the two examples we have just examined, the variables have been the
same in each formulation. and we have essentiallv madified or added con-

R | __'|,‘ -wq.::l..":-x . . . . - +
Jtrants. Ancther possibie approach is to add or choose different variables, in

problem. Geometrically we can see that there must be an intinite number of
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wiich case we talk of ertended formulations.
An Extended Formulation for ULS

What variables, other than production and stock levels, might be useful in
describing an optimal solution of the lot-sizing problem? Suppose we would

The geometry again helps us to Bod an answer. Look at Figure 1.b n
which we have repeated the two formulations shown in Figure 1.5, and added
a third cne P;. Formulation Py is ideal, because now if we solve a linear
prograim over P3, the optimal solution is at an extreme point. In this ideal
case each extreme point is integer and so the JP is solved.

likﬁt to know when the items being produced now will actually be used to 9

satisfy demand. Following the same steps as before, this leads to: * “Q
- oW .fl
Definition of the variables. 2

w;; 18 the amount produced in period 1 to satisfy demand in period ¢ % a9
¥t = 1 if production occurs in period ¢ (as above), and y, = 0 otherwise. ¥
¥

Definition of the constraints. Z 2 ¢
Satisfaction of demand in period ¢: 1
t %

Zwﬂ = d; for all ¢. % 1G

Variable upper-bound constraints: ;‘ Fig. 1.6 "The ideal formulation
L ¥
wye < dyy; for all 4,¢,4 < ¢, " We can now formalize this idea.

3

The variables are mixed:

wye > 0 for all 4,¢,¢ < ¢,y € {0,1} for all ¢.
Definition of the objective function.
mn 4 Ti
min z E CilWe + Z fue.
=1 t=f t=1

Note that here we are again using modified costs with ¢, the production cost
In period t and zero storage costs. It is optional whether we choose to define
the old variables in terms of the new by adding defining equalities:

n
Ij= E Wiz .

t=1

1.7 GOOD AND IDEAL FCRMULATIONS

In Figure 1.5 we show two different formulations of the same problem. We
have also seen two possible formulations for the uncapacitated facility location

whi;
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Definition 1.3 Given a set X C H", the convez -hu”:GfX’ denoted conv(X),
is defined as: conv(X) = {r:z = L. Mzh Yo A =LA 20 for
i =1,...,t over all finite subsets {z*,...,z*} of X}.

Proposition 1.1 conu(X) is a polyhedron.
Proposition 1.2 The eztreme points of con{X) all lie in X.

Because of these two results, we can replace the /P: {maxcx : z € X} by the
equivalent linear program: {maxcr : = € conv(X)}. This ideal reduction to a
linear program also holds for unbounded integer sets X = {z: Az < b,z 20
and integer}, and mixed integer sets X = {{z,y} : Ar+ Gy < bxr 20,y 2 0
and integer} with A, G, b rational. However, whether X is bounded or not,
this is in general only a theoretical solution, because in most cases there is
such an enormous (exponential) number of inequalities needed to describe
conv({ X}, and there is no simple characterization for them.

So we might rather ask the question: Given two formulations P; and P
for X, when can we say that one is better than the other? Because the ideal
solution conv(X) has the property that X C conv(X) C P for all formulations
P, this suggests the following definition.
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Deﬁni.tiun 1.4 Given a set X C R™, and two formulations P, snd P, for
X, Py is a better formulation than Pif P C P,

| In the next chupter we will see that this turns out to be a useful defini-
tion, and a very important idea for the development of effective formulations.

For the moment we examine some of our formulations in the light of these
definitions.

Equivalent Formulations for a Knapsack Set

Looking again at the set ¥ =

{(0,0,0,0), (1,0,0,0), (0, 1,0,0),(0,0,1,0), (0,0,0,1),(0,1,0, 1),{0,0,1,1)}
and the three formulations,

Pr={reR'":0<2<1,83z, +6lz, + 493 + 20z, < 100},

P2={IER4:UEIE1,4I1+312+2I3+1$4£4},

P = {I e RY: 41, +3zx, +2z3 41z, <4

lz; +lzp +1z; <1
1z, +1z, <1
0<xr <1},

it Is easily seen that Py C P, ¢ Py, and it can be checked that P; =conv(X),
and P; is thus an ideal formulation.

Formulations for UFT,

Let P be the formulation given in Section 1.4 with s single constraint
Z Tij S MY;

for each j, and P, be the formulation given in Section 1.5 with the m con-
straints

I,;jiyjfﬂriEM

for each 7. Note that if a point {z,y) satisfies the constraints xi; < y; for
1 € M, then summing over i € M shows that it also satisfies the constraints
> T < my;. Thus P, C P;. To show that P C P, we need to find a
point in P; that is not in B;. Suppose for simplicity that n divides m, that
18, m = kn with k£ > 2 and integer. Then a point in which each depot serves
k clients, x;; = 1 for i = k(j ~ 1) 1. k- +ki=1,...,n, 15 =0
otherwise, and y; = k/m for j =1, .. .,n lies in Py \ B;.

The two formulations that we have seen for the lot-sizing problem ULS

have different variables, so it is not immediately obvious how they can be
compared. We now examine this question briefly.

IE Y, S WY O R A TR R T
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Formaliy, assuming for simplicity that all the variables are integer, we have
@ frst foriuuiation
min{ez:z € P Z"}

with P € A", and a second extended formulation
min{cz : {(z,w) € QN {Z™ x RP)}
with Q C A" x RP,

Definition 1.5 Given a polyhedron @ C (A"® x RHP), the projection of @ onto
the subspace R™, denoted proj.@Q, is defined as:

proj.Q = {z € R™: (z,w) € Q for some w € RP}.

Thus proj,. () C K™ is the formulation obtained from @ in the space R™ of the
original r variables, and it allows us to compare @ with other formulations
P C R"

Comparing Formulations for ULS

We can now compare the formulation Fy:

d;+31: fﬂl‘t-—"'—l,...,ﬂ
My fort=1,...,n
0,0 <y <1 forall ¢,

51+ 2
o

IV A

S = 0: Sy Ty

and P = projg . ,Q2, where Q5 takes the form:

d; for all ¢

¢
E Tty
i=1

wp < dyyiforalli i<t
n
T; = Zwit for all ¢
t=i
uy = QOforalli,twith: <t
0 < 1wy <1forallt.

It can be shown that P, describes the convex hull of solutions to the problem,
and is thus an ideal formulation. It is easily seen that P, C P;. For instance
the point z; = d;, y¢ = d;/M for all ¢ is an extreme point of P, that is not in
b,
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1.8 NOTES el 1.9 EXERCISES
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(ntroduction i 1. Supp < that you are interested in choosing a set of investiments {1, 7}
using 0-1 variables. Model the following constraints:

|
3

Much of the material in this hook except for the last three or four chapters

s treated in greater detail and at a more advanced level in [NemWol88]. An
even more advanced theoretical treatment of integer programming is given
in {Sch&6]. Other recent books include [ParRar88], [SalMat89] and [Sie96).
For the related topic of combinatorial optimization, an undergraduate text
is [PapSti82], and the recent graduate-level book [CooCunetal97) is recom-
mended.

An important source of references and surveys are the annotated bibli-
ographies of {OheLenRin85] and [DelAMafMar97). The journals publishing
articles on integer programming cover a wide spectrum from theory to appli-
cations. The more theoretical include Mathematical Programming, Mathemat-
wes of Uperations Research, the STAM Journal on Discrete Mathematics, the
SIAM Journal on Optimization and Discrete A pplied Mathematics, while Op-
erations Research, the European Journal of Operations Research, Networks,
Management Science, and so on, contain more integer programming applica-
tions. For a survey of integer programming, see [NemWol89).

r,‘i:f-&ﬁq Wl

(i) You cannot invest in all of them.

(ii} You must choose at least cne of th'em. |

(i1i) Investment 1 cannot be chosen if}ﬂ}'ﬁﬁtment 3 15.chusen.

(iv) Investment 4 can be chosen only if investment 2 1s alsc:' chosen.

(v) You must choose either both investments 1 :::md 5 or neither. -
(vi) You must choose either at least one of the investments 1,2,3, or at leas

two investments from 2.4,5.6.

'EyFnrmulate the following as mixed integer programs:
(i) « = min{x,,z2}, assuming that 0 < z; < C for j=1,2
(iv=lz; —xg| with0 < z; <C,forj=1,2 *
(iii} the set X \ {z*} where X = {z € Z" : Az < b} and z* € X,

3. Modeling disjunctions.

For those unfamiliar with linear programming, [Dan63] is the ultimate
classic, and the book [Chv83] is exceptional. Recently many books treating in-
terior point as well as simplex methods have appeared, including
[RooTerViad7] and [Vdbei96], For graph theory the books [Ber73] and
[BonMur76] are classics. For network flows [ForFul62] and [Law76] remain
remarkably stimulating, while [AhuMagOrl93) is very comprehensive and up-
to-date.

In the notes at the end of each chapter, we will cite only selected references:
a few of the important original sources, and also some recent surveys and
articles that can be used for further reading.

(i) Extend the formulation of discrete alternatives of Section 1.5 to the union
of two polyhedra P, = {z € R™ : Az < b ,0 < z < u} for k = 1,2 where
max, max;{afz — b 0 <z <u} < M. |

@}Shuw that an extended formulation for P, U F; is

-
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r =z 4 z?

Ak2F < bRy for k=1,2
0<zF<uy* fork=1,2
y' +y=1
e R y*eBlfork=1,2

Notes for the Chapter
4, Show that

i = [~ —
T A m - - r=am i - :
[ - - [ — - —_——
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The importance of formulations in integer programming has only become
i fully apparent in the last twenty years. The book [Wil78] is partly devoted
1- to this topic, but is now a little dated. Certain special classes of problems

H IF

X ={x € BY:97r, + 3229 + 2523 + 2024 < 139}
={reB': 2z +x2+13+ 24 £3}
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that are often tackled as integer programs have had books dedicated to them: ; ={zeB*:xm+T2+az3<2 i
knapsack problems [MarTot90], traveling salesman problems [Lawetal85], lo- 2 Ty +ry+2452 "
cation problems [MirFra90], network flows [AhuMagOrl93|, network models 3 1 + 23 + 24 < 2}
[Balletal95a] and network routing [Balletal95b], and production and inven- ; 5. John Dupont is attending a summer school where he must take four courses
tory [GraRinZip93]. For scheduling problems the recent survey [QueSch94] : per day. Each course lasts an hour, but because of the large number of stu-

contains a variety of integer programming formulations. dents, each course is repeated several times per day by different teachers.

Section 1 of course k denoted (i, k) meets at the hour t;;, where courses start
on the hour between 10 a.m. and 7 p.m. John's preferences for when he' takes
courses are influenced by the reputation of the teacher, and also the time of
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day. Let px be his prefersnee for seetion (i, k). Unfortunately, due to con-
flicts, John cannot always choose the sections he prefers.

(1} Formulate an integer program to choose a feasible course schedule that
maximizes the sum of John's preferences.

(i) Modify the formulation, so that John never has more than two consecutive
hours of classes without a break.

(1ii) Modify the formulation, so that John chooses a schedule in which he
starts his day as late as possible.

6. Prove that the set of feasible solutions to the formulation of the traveling

|
4
|

b

w:.

EXERCISES 21

9. Show that the covering problem of Section 1.3 can be written as the COP

where v(S) = Yo, min{} s a5 1}

10. A set of n jobs must be carried out on a single machine Fhat can dc}.unly
one job at a time. Each job j takes p; hours to complete. G'wen job weights
w; for § = 1,...,n, in what order should the jobs be carried 'uut 50 as to
minimize the weighted sum of their start times? Formulate this scheduling

salesman problem in Section 1.2 is precisely the set of incidence vectors of F problem as a mixed integer program.
tours. E , : : : ] inst of the
11. Using a mixed integer programming system, solve an instance
7. The QED Company must draw up a production program for the next E uncapacitated facility lnc:a.tia:fn Rroblem, ?here; f; is the cost of ::cripemng. del?tni
nine weeks. Jobs last several weeks and once started must be carried out E j, and c;; is the cost of satisfying all client i's demand from depot 7, Wi
without interruption. During each week a certain number of skilled workers 3 f=1(4,3,4,4,7) and
are required to work full-time on the job. Thus if job i lasts p; weeks, ; i 12 13 6 0 1
workers are required in week u for u = 1,..., p;. The total number of workers ﬁ- 8 4 9 1 2
available in week ¢ is L;. Typical job data (4, p;, Ly, - yLip,) 1s shown below. 3§ > 6 6 0 1
» (cij) = 3 5 2 1 8
Job Length Weekl Week2 Week3 Weekd & 8 0 5 10 8
1 3 2 3 1 - 3 2 0 3 4 1
2 2 4 5 - -
3 4 . 4 1 5 i . .
4 4 3 4 2 2 ; 12. The symmetric traveling salesman problem is a TSF in w.hlch. Cij = Cy4
> 5 9 2 3 - % for all (i,j) € A. Consider an instance on the graph shown 111*F1gu're 1.7,
§ where the missing edges have a very high cost. Solve with a mixed integer
(i) Formulate the problem of finding a feasible schedule as an I P. i programring system.
(ii) Formulate when the objective is to minimize the maximum number of g 5
workers used during any of the nine weeks. 1
(iii} Job 1 must start at least two weeks before job 3. Formulate. ; 1 .
(iv) Job 4 must start not later than one week after job 5. Formulate. 4
(v) Jobs 1 and 2 both need the same machine, and cannot be carried out - | .
simultaneously. Formulate. 3

Fig. 1.7 TSP instance

8. Show that the uncapacitated facility location problem of Section 1.5 with - . .

aset N ={1,...,n} of depots can be written as I:hE COP 2 13. Formulate and solve an instance of the lot-sizing problem over 6 pﬁermds,
with demands (6,7, 4, 6, 3, 8), unit production costs (3,4,3,4,4,3), umt_ stor-
age costs (1,1,1,1,1,1), set-up costs (12,15, 30, 23, 19, 45), and a maximum

%%{E(S) + Z f -‘f} E_ production capacity of 10 items per pEl‘iDd- L

JES - b

_ 14 Formulate and solve the problem of placing N queens on an N by N i

where ¢(5) = 3°.7 ) minjes o). chessboard such that no two queens share any row, column, or diagonal. i
!

..lf.
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Lemma to show that

— Ly P P TR T IPE LTI

15. {Projection). Let Q@ = {{x. ) € B x RL A+ Gy < b}, Use Farkas’

p-'r-{j}yrQJ — {'L-',’ = ‘QE’_ : 1't(b — GQT 2 ﬂ r{JI‘ .t — 1. Ca Tl
_ : L

*

where {v*}]_| are the extreme raysof V = {ve RT :vAd > 0.
Show that if proj, (Q) # 0, -

max{cr + hy : (r,y) € Q) = m!?x{’:mil}su’(b - Gy) + hy 1 y € proj, (Q)}

i '

where {u*};_, are the extreme pomnts of U = {u € RT : ud > ¢}.
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Optimality, Relazation,
and Bounds

2.1 OPTIMALITY AND RELAXATION

Givenan IP or COP

z=max{e(z):x € X C Z"},

how is it possible to prove that a given point z* is optimal? Put differently, we
are looking for some optimality conditions that will provide stopping criteria

in an algorithm for I P.

The “naive” but nonetheless important reply is that we need to find a lower
bound z < z and an upper bound Z > z such that z = Z = z. Practically, this

means that any algorithm will find a decreasing sequence

Ty > o>, .. 2y 2k

of upper bounds, and an increasing sequence

of lower bounds, and stop when

Ty — 2t S €,

where ¢ is some suitably chosen small nonnegative value (see Figure 2.1).
we need to find ways of deriving such upper and lower bounds.

Thus
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Fig. 2.1 Bounds for IP

Primal Bounds

Ever}r.feasible solution z* € X provides a lower bound z = c{z*) < z. This is
essentially the only way we know to obtain lower bounds, For sm;e IP prob-
lems, finding feasible solutions is easy, and the real question is how to find
gﬂud solutions. For instance in the traveling saleman problem, if the salesman
Is allowed to travel between any pair of cities, any permutation of the cities
leads to a feasible tour, and it suffices to evaluate the length of the tour to
have 8 primal bound on z. Some simple ways to find feasible solutions and
ther} improve them are discussed later in this chapter. For other [ Pg finding
feasible solutions may be very difficult (as difficult as the IP itseltz). This

topic is ra:ised again when we discuss complexity in Chapter 6, and heuristjcs
to find primal bounds are treated in more detail in Chapter 12.

Dual Bounds

Fl.m:liinjg upper bounds for a maximization problem (or lower bounds for a
mmlmlz_atiﬂn problem} presents a different challenge. These are called dual
buur_tds in contrast to the primal bounds for reasons that should become abvi-
Ous in Section 2.5, The most important approach is by “relaxation.” the idea
being to replace a “difficult” max(min) /P by a simpler uptimizatiu,n problem
whose optimal value is at least ag large (small) as z.

For the *“relaxed” )
problem to have this property, ther 1
possibilities: property, e are two obvious

(i) Enlarge the set of feasible solutions so that one optimizes over a larger set
or |

(ii} Replace the max(min) objective function by a function that has the same
or a larger (smaller) valye everywhere.

Definition 2.1 A problem (RP) :R = max flz |
+ = xeT CR" .
”””“f(m)f=m&x{c(;r):rexggn} if{: ) = } is a relaza
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i1} X €T, and

Proposition 2.1 If RP is a reloxution of IP, =7 > :.

Proof. If 2* is an optimal solutionof /P, z* € X C T and z

c(z®) < f(z*).
Asz* €T, f(z*) is a lower bound on 2%, and so = < f{z") "

- A
il r

The question then arises of how to construct interesting relaxations. One
of the most useful and natural ones is the linear programming relaxation.

2.2 LINEAR PROGRAMMING RELAXATIONS

Definition 2.2 For the integer program max{cz : £ € P Z"} with formula-
tion P = {z € R} : Az < b}, the linear programming relazation is the linear
program z** = max{ex : r € P}.

As PN Z"™ C P and the objective function is unchanged, this is clearly a
relaxation.

Example 2.1 Consider the integer program

Z=1max 4r; — T9
iry, — 229 < 14
L7 E 3
2:’31 - QIE ":_: 3
r€Z2.

To obtain a primal (lower) bound, observe that (2, 1) is a feasible solution, so
we have the Jower bound z > 7. To obtain a dual {upper) bound, consider
the linear programming relaxation. The optimal solution is z* = (%, 3} with
value 2% = 5—?. Thus we obtain an upper bound z < 2. Observing that the
optimal value must be integer, we can round down to the nearest integer and
so obtain z < 8, u

Note that the definition of better formulations is intimately related to that of
linear programming relaxations. In particular better formulations give tighter

{dual} bounds.

Proposition 2.2 Suppose Py, P; are two formulstions for the integer pro-
gram max{er : r € X C 2"} with P, a better formulation than P,, i.e.
Ppc P IfzfP = max{cz : £ € P} for i = 1,2 are the values of the
associated linear programming relazations, then z£" < 1P for all c.

Relaxations do not just give dual bounds. They sometimes allow us to prove
optimality.
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P " a7 , - "
: *P?US{E}DH 2.3 (i) If u reluzation RP is infeasible, the original problem [ P ¥ b) A path is a special case of a tree.

13 infeastble. F

III_I'.. ) ' . . _
) Lel xt be an optimel solution of RP * and Fir* of : it - it s—acjacentto
! - ARG = p _ Pefimtion 23 A ~tree s asubgraphconsisting of twoedges wajocent to

" 15 an eptimel solution of 1P, . node 1, plus the edges of a tree on nodes {2,...,n}.

g

P"'rnuf. (i) As RP is infeasible, T = ¢ and thus X = .
(i) Asz* € X,z > c(z*) = f{z*) = zR. Asz < 2%, we obtain ¢(z*) = z = 2%

Clearly every tour is a 1-tree, and thus

TCE

5T = min{z ¢. ' T forms a tour} >
e€T

Example 2.2 The linear programming relaxation of the integer program: zl—tree _ min{zc : T forms a 1-tree}
— E - '

TCE
- eeT

(iii) The Quadratic 0—1 Problem is the problem:

H
o
¥
.

max 7z; + 4zs + by + 2z,
3z) + 3z + dx3 + 224 < 6
z € B

L — g, P gk 2 y

I 11 — E) ] -
- - . . . - -
el . oFp g -, —‘hi#wlﬂi“r LT ﬁnw . .
’ . LT .-
* " " i1 - i vl .
L] -y
. .
- "H - b
. r
- -y
LRI ., - i

. _omwm. m

n
II]E.J{{ Z Qi3 TiT5 — zijj,I <0,z € Bn}

i

has optimal solution z* = (1,1,0,0). As z* is integral, it solves the integer ; hiHSI<IEn = ﬁ
program. . % Replacing all terms ¢;;x;2; with ¢;; < 0 by C gives a relaxation {E
3 ] : ﬂ
2.3 COMBINATORIAL RELAXATIONS ¥ M=max{ > = max{g;0)ziz; - ) p%;c # 0,z € BT, i
-; i1,7:1€4<3<n =l T;
Whenever the r:elaxed problem is a combinatorial optimization problem, we % In Chapter 9, it will be shown how this relaxation can be solved as a series of i
speak Etf a fzumbtnatarfai relazation. In many cases, such as (i)-(iii} below, the 5 maximum fow problems. El H
I‘Elﬂ.):ﬂtl:l‘fl is an easy problem that can be solved rapidly. Some of the prob- ? =
le-ms arising in this way are studied in Chapters 3 and 4. Here we illustrate (iv). The Knapsack Problem. A relaxation of the set X = {z € 27} : g
with four examples. A D=1 a;%; < b} is the set '
(21 The Traveling Salesman Problem. We saw in formulating the traveling :‘E X' ={ze€Z}: Z;—J les]z; < [b]}
3 . . . s .E
ih esman prnbl:e:m “flth digraph D = (V, A) and arc weights ci; for (i,7) € A ¥ where |a] is the largest integer less than or equal to a.
at the '(Hamﬂtnman or salesman) tours are precisely the assignments (or 3
permutations) containing no subtours. Thus i
rsp . i 2.4 LAGRANGIAN RELAXATION
z =¥1§;2{ Z ¢i; - T forms a tour} > : '
(1.7)€T # Suppose we are given an integer program (I P) in the form z = max{cz :
ASS - . : Az € byr € X € Z"}. If the problem is too difficult to solve directly,
¢ = %ﬂ{ Z ¢ij : T forms a assignment }. ) one possiblity is just to drop the constraints Ar < b. Clearly the resulting
(£.5)€T s problem: z' = max{cz : £ € X} is a relaxation of JP. In the asymmetric
(i) A closely related problem is the Symmetric Travel] v traveling salesman problem above, the assignment problem is obtained by
lem (STSP) specified by a graph Gy= (V. E)I Mdae;zgﬁiiijsg ?;: E?E‘- 4 dropping the subtour constraints. An important extension of this idea, dealt
The pl"f’blem 18 to find an undirected tour of minimum weight. An inter%tiné : with in. much greater detail in Cha_upter 10, is_nﬂt. Just to ::imp anplicating
relaxation of this problem is obtained by observing that ¥ constraints, but then to add them into the objective function with Lagrange
multipliers (dual variables).
-

:) Every tour consists of two edges adjacent to node 1, and a path through 2 Proposition 2.4 Let 2(u) = max{cz + u(b - Az): x € X}. Then z(u) 2 z
nodes {2,...,n}. k for allu > 0.
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Proof. Let 2* be optimal for /P, As x* is feasible in IP, x* ¢ X. Asain by

NUALITY 29

feasibility Az* < §, and thﬂw—lﬂ,—&x—%@ﬁﬂi—)—wwe

- w "'—"-'-."'Ilh

.. 1.- P ) . . o . . -
the last inequality is by definition of z(u). .

2.5 DUALITY

f‘ﬂ{' linear programs duality provides a standard way to obtain upper bounds.
t is therefore n.atural to ask whether it is possible to find duals for integer
programs. ‘The important property of a dual is that the value of any feasible

solution provides an upper bound on the object; -
ctive val ,
following definition, J value 2. This suggests the

Definition 2.4 The two problems

(IPJ z=max{c{$) :-TEX}

(D) w = min{w(u) : u € U}

form a (weak)-dual pair if c(z) Swl{u)forallz € X and all v € I/, When
z = w, they form a strong-dual pair.

'fI’he‘ admntage of a dt‘ml problem as opposed to a relaxation is that any dual

easible solution prﬂv}des an upper bound on z, whereas a relaxation of I P
mt:ls;;?be solved to optimality to provide such a bound. Do such dual problems
exist’

Not surprisingly, a linear : S .
’ programming relaxat
weak dual. g ation immediately leads to a

Pru;:.msitinn 2.5 The integer program z = max{cz : Az < b,z € 2%} and
the linear program wiP = min{ub: ud > ¢, u € R} form u-weak du::j pair.

By analogy with Proposition 2.3. dual bl ‘
o , problems sometimes allow us to prove

Proposition 2.6 Suppose that IP and D are '
A . . a weak-dual :
(i) If D is unbounded, IP is infeasible. o

(ii)IfI‘EXﬂﬂdu'EUSﬂtiSnyI* =Wu‘ th « - i
ﬂﬂ-d u’ 18 ﬂpﬁmal far D ( ) ( J: eEn I 1is apttmal far IP

We now present another example of a dual pair of problems.

A Matching Dual

Given a graph G = (V,E), a matching M C E is a set of disjoint edges. A

covering by nodes is a set R-C V of nodes such th
= at
one endpoint in R. every edge has at least

i (R o i CL LR S SRR S SR 3
m—mﬂmm# — -

A

Fig. 22 Matching and cover by nodes

A graph on eight nodes is shown in Figure 2.2. The edges (1, 2), (3, 4), (5, 6),
and (7,8) form a matching and the nodes {2,3,6,8} a cover by nodes.

Proposition 2.7 The problem of finding a marimum cardinality matching:

M i tchi
LHE.?LE{MJI M is & matching }

and the problem of finding a minimum cardinality covering by nodes:

. R . 4
ga{_:n&{|R| R is a covering by nodes }

form o weak-dual patr.

Proof. If M is a matching with M = {(i;, 1), cres (%, Jk)}, then the 2k nodes
{1:71,+-- .1k, Jx } are distinct, and any covering by nodes R must contain at

least one node from each pair {i,,],} for s = 1,..., k. Therefore |R| > k =
|M]|. =

We can alsc establish this result using linear programming duality.

Definition 2.5 The node-edge inctdence matriz of a graph G = (V, E) is an
n = |Vj by m = |E| 0-1 matrix A with a;,. = 1 if node j is an endpoint of
edge e, and ¢, = 0 otherwise,

The maximum cardinality matching problem can now be formulated as the

integer program:
z=max{lz: Az <1, xr € Z7}

and the minimum cardinality covering by nodes problem as:

w=min{ly:yA>1,y€ Z}}
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Let =% and wi¥ be the values of tleir corresponding linear programming
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Example 2.5 The Symmetric Traveling Saleman Problem. Consider an in-

» LP__;.”LF o ........-] .l.-l L L] ) L T IS i |
ations. Then = < 228 = kP « 0 arndthe duality is agaim established.

Example 2.3 It is easilv seen that there is not 2 strong duality between the

two problems. Consider the graph shown in Figure 2.3.

Fig. 2.3 Weak duality for matching

F irsF observe that z = 1 and w = 2. What is MOTE, Lyy = Loy, = Ty, = 1/2 is
feasible for the first LP relaxation, and Y1 = Y2 = ya = 1/2 is feasible for the
second LP relaxation, so z22¥ = wIP < 3/2. .

Later we will see that strong duality holds for this pair of problems when the
graph G is bipartite.

2.6 PRIMAL BOUNDS: GREEDY AND LOCAL SEARCH

Now we briefly consider how to obtain primal bounds. The idea of a greedy
heuristic is to construct a solution from scratch (the empty set), choosing at

each step the item bringing the “best” immediate reward. We present two
examples.

Example 2.4 The 0-1 Knapsack Problem. Consider the instance:

max 12z) + 8z3 + 17z3 + 11z4 + 825 + 215 + 217
4z) + 3ry + Tx3 4 S5x4 + 375 + 226 + 3r; <9
T & B7.

o

Noting that the variables are ordered so that 4 > forj=1,....,n—1,
a greedy solution is: J a
(1) As £ js maximum and there is enough space (9 units) available, fix 7, = 1.
(it} In the remaining problem, as - is maximum and there is enough space
(5=9-4) units available, fix z, = 1.
(m') As each item 3,4,5 in that order requires more space than the 2 =5 - 3
units available, set 23 =z, = r; = 0,
(w)A? & 18 maximum in the remaining problem, and there is enough space
(2 units} available, fix x5 = 1.
(v} Set z7 = 0 as no further space is available.

Therefore the greedy solution is ¢ — (1,1,0,0,0,1,0) with value 2€ =

SRt Il ke oh

Fie by

'._ il

R RN T

Ml

i ﬁ:'f 3

L!'ﬂ © .

e . R vy e -
staneo with digranea matriv:

/- 9 2 8§ 12 11

- 7 19 10 32

(c.) = — 29 18 &
¢ - 24 3
- 19

Greedy examines the edges in order of nondecreasing length.

The cheapest edge is e; = (1,3) with ¢,, = 2. Select the edge by setting
., = L.

The next cheapest edge remaining is e; = (4, 6) with ¢,, = 3. As edges e;
and €3 can appear together in a tour, set z,, = 1.

Set r., = 1 where e3 = (3,6} and ¢c., = 6.

Set r,, = 0 where e4 = (2,3) as node 3 already has degree 2, and all three
edges {1, 3),(3,6),(2,3) cannot be in a tour.

Set x., =0 where e; = (1,4) as edge (1,4) forms a subtour with the edges
already chosen.

Set r,, = 1 where eg = (1,2) and ¢, = 9.

Continue as above, choosing edges {2,5) with length 10 and (4,5) with
length 24 to complete the tour.

The greedy tour is (1,3,6,4,5,2,1) with length > __c.z. = 54. =

Once an initjal feasible solution, called the incumbent, has been found, it is
natural to try to improve the solution. The idea of a local search heurtstic is
to define a neighborhood of solutions close to the incumbent. Then the best
solution in the neighborhood is found. If it is better than the incumbent, it
replaces it, and the procedure is repeated. Otherwise the incumbent is “lo-
cally optimal” with respect to the neighborhood, and the heuristic terminates.
Again we present two examples.

Example 2.6 Uncapacitated Facility Location. Consider an instance with
m = 6 clients and n = 4 depots, and costs as shown below:

6 2 3 4
1 9 4 11
15 2 6 3
(Cij) = 9 11 4 8 and fJ = (21, 16, 11,24)
7T 23 2 9
4 3 1 5
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Note 'ihilt if i‘*i = {1,233,4} denotes the set of depots and S C N the set of *'z 2.7 NOTES
nnen denots the aeeeeiatod coet is
l 8 } 2.1 The concept of a relaxation, and the complementary idea of a restriction
. : ' are formalized in [GeoMar72].
(S} = Z;%lgﬂij *Zf; _ﬂ
i= jes 2.2 Linear programming relaxations have been present ever since combinator-
: Thus if % = {1, 2} is the initial incumbent (S =(24+142+9+7+ 3) + % ial problems were first formulated as linear integer programs [DanFulJohS54],
; 21 + 16 = 61. | | i [Dan57).
Now we need to define a neighborhood of S. ibility i ‘ h -
| as neighbors all sets nbtainellie?rﬂn? rS GI: 131& adgil:;?ﬂﬂﬂz?blhty 151 1mf CGH?IdTT + 2.3 The assignment relaxation for the traveling salesman problem was already 53
| element: d removat o a single - used in [Litetal63], and the 1-tree relaxation was introduced in [HelKar70|. r
{ . |
i ‘ ' laxations studied include '
QY={TCN:T=S8SU{i for 4 _ : : b 2.4 Chapter 10 is on Lagrangian relaxation. Other rel i
l () ={T¢ {j}forj€ Sor T =8\ {i} forie 5}. 2 group or modular relaxations {Gom65] and Ch. I1.3 in [NemWol88|, and sur- E
| 'izhus)@(S“) = {{1},{2},{1,2,3}, {1,2,4)} with costs ¢(1) = 63,c(2) = 66, & rogate relaxations [Glo68). 1 !
‘- c(123) = 60, c{124) = 84. & _ _ , £
| The new in cum)bent is S = {1,2 3} with ¢(S*) = 60, and 2.5 A strong duality for the general matching problem appears in the classic £
QS = {{1, 2},{1,3},{2,3},{1 é :13 4}} ’ ;: paper {(Edmb65b|, which has had a major influence on the develupme‘nt of com- )
The new incumbent is ‘:5'2 ~ {;3 ;’r}},wiﬂ; c(5?) = 42, and % binatorial optimization. Several of the most beautiful results in this field are g
Q(5%) = {{2}, {8}, {1,2,3) {2,3 :1} . ' B strong duality theorems; see [CooCunetal97]. For integer programs a general !‘
The new incumbent is % — { é} with ¢(5%) = 31, and o superadditive duality theory was developed in the seventies based on the work
Q(5%) = {{1,3},{2,3},{3 4}, 4). ’ 1 of [Gom69] and [GomJoh72]. See Ch. II1.1 in [NemWol88]. N
There is no i 3 _ - g . =
ruprovement, 5o 5% = {3} is a locally optimal solution. y E‘* 2.6 The greedy and local exchange heuristics are formalized in Chapter 12,
Example 2.7 The Graph Equipartition Problem. Given a graph G = (V, E) 4 and other heuristic approaches are presented.
and n :| V' |, the problem is to find a subset of nodes S CV with | S |= 2],
for which the number of edges in the cutset 6(8,V '\ S) is minimized, where ¥
05, VA\S)={(i,j)eE:ie S,jeV\S)}. g
Again we need to define a neighborhood. As the feasible sets S are al] of b 2.8 EXERCISES
the same size, one possibility is to consider as neighbors all sets obtained by 5 * i
replacing one element in § by one element not in S: j 1. Find a maximum cardinality matching in the graph of Figure 2.4 by in-
3 spection. Give a proof that the solution found is optimal.
Q(S}z{TCV:|T\S|:]S\T]:1}_ j
We consider an instance on 6 nodes with edges {(1,4), (1, 6},(2,3),(2,5), :
(2,6).(3,4),(3,5), (4,6)}.
Starting with 5° = {1, 2, 3}, ¢(S%)=| (6(S°, V\ 5% [=6 as 6(S°, V\ S0) = A
{(1.4),(1,6),(2,5),(2,6),(3,4),(3,5)}.
Here @(S°) = {(1,.?,.4),(1,,2,5]],(1,2,6),|f1,3,,4),{1,31,5],(11,:5'.,5),(2,3‘!4)1 i
(21 3, 5). (2, 3, ﬁ}} with C(T) = 6,35, 4.4, 3,6,5,2.5 IESDECtiVEI}F. *
The new incumbent is 5* = {2,3,5} with ¢(S7) = 2. »
Q{S') does not contain a better solution, and so S? is locally optimal. :

Other ways to generate primal feasible solutions are investigated in Chap-
ter 12.

Fig. 2.4 Matching instance
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(1) Show that the problem

‘: 2.0 A stable seris a et of oaes U2V osuel that there are no edges between i 5 7 1 1 - . ) _
! any two nodes of UL A olone is 4 set of nodes U C V such that there is an (Ps) min{z CyLy . 1I1+§Iz+§rg+ﬁr4+gra = é-f—u redlouw s Z}_}
‘i edge between every pair of nodes in /. Show that the problem of finding a j=1 |
: maximurm cardinality stable set is dual to the problem of finding a minimum 3 _ _ .
; cover of the nodes by cliques. Use this observation to find bounds on the . 5 a relaxation of 2. a
maximum size of a stable set in the graph shown in Figure 2.5. (ii) Show that the problem il
% -' 5 i :
; 4 : 3 1 1 7 1 2 5 SIE .
" a.. (Pg} mln{; CjIj . EIl + '5:1'.'2 + EIS + 'i-é'Iq + EI5 :_" E,I = R+} , : . i
; is a relaxation of P;. 3
B A 6. Consider a directed graph D = (V| A) with arc lengths ¢, > 0 for e € A. 1 i
1 ; Taking two distinct nodes s,t € V', consider the problem of finding a shortest It |
' = path from s to t. Show that i §
5 . |14 £ I
. Fig. 2.5 Stable set inst - t
. e : max{m : 7; —m S ¢y fore = (i,j} € A,n € lel,?r, = 0} H
- &3 1§
J 3. Find primal and dual bounds for the integer knapsack problem: = is & strong dual problem. t:!
o, > = max 42z, + 26T + 3523 + Tlzy + 53z : 7. Apply a greedy heuristic to the instance of the uncapacitated facility loc- f |
YO > P ation problem in Section 2.6. g 3
. 14z + 1023 + 1223 + 25x4 + 20z5 < 69 2 i
' x € Z3. 8. Define greedy and local search heuristics for the maximum cardinality ‘ ’
_ “ stable set problem discussed in Exercise 2.2. -
!L 4. Consider th : 9. Formulate the maximum cardinality matching problem of Figurel2.4 as an
g . Consider the 0-1 integer program: "’ integer program and solve its linear programming relaxation. Find a max-
' n imum weight matching with the weights shown. Check that the linear pro-
(Py) max{cz : Zﬂ‘izi =bfori=1,...,mzxc B™}, gramming relaxation is again integral. a
S -
j=1 - :'
‘ and the 0-1 equality knapsack problem
| n m 7
. {PE) max{{:I . Z(Z Hiﬂrij)Ij = Zu,-b,—,:r & Bﬂ}‘
w 3
where u € R™. Show that P, is a relaxation of P;. .
5. Consider the equality integer knapsack problem: :
' I > T2 5 5 19 8 d
(F). min C,I,:—-X) — =To+4 =T3 — — e = - 5
{;; High TRt gt T Rt T = 3T € 44
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Well-Solved Problems

3.1 PROPERTIES OF EASY PROBLEMS

Here we plan to study some integer and combinatorial optimization problems
that are “well-solved” in the sense that an “efficient” algorithm is known for
solving all instances of the problem. Clearly an instance with 1000 variables
or data values ranging up to 10?° can be expected to take longer than an
instance with 10 variables and integer data never exceeding 100. So we need
to define what we mean by efficient.

For the moment we will be very imprecise and say that an algorithm on
a graph G = (V| E) with n nodes and m edges is efficient if, in the worst
case, the algorithm requires 0(m?®) elementary calculations (such as additions,
divisions, comparisons, etc) for some integer p, where we assume that m > n.

In considering the COP max{cr : x € X C R™}, it is not just of interest
to find a dual problem, but also to comsider a related problem, called the
separation problem.

Definition 3.1 The Separation Problem associated with COP is the problem:
Given z* € R?, is 2% € conv(X)? If not, find an inequality =z < mg satisfied
by all peoints in X, but violated by the point z*.

Now, in examining a problem to see if it has an efficient algorithm, we will
see that the following four properties often go together:

(i) Efficient Optimization Property: For a given class of optimization problems
(P) max{cxr:z € X C R"}, there exists an efficient (polynomial) algorithm.
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(1t) Strong Dual Property: For the given problem class, there exists a strong
adual problem (D) min{{)  » £ U} allowing us to obtain optimality condi-

.
-

' ™
o il

tions that can be quickly verified:
z* € X is optimal in P if and only if there exists u™ € U with cx* = w(u®).

(ili) Efficient Separation Property: There exists an efficient algorithm for the
separation problem associated with the problem class.

(iv) Explicit Convex Hull Property: A compact description of the convex hull
conv(X} is known, which in principle allows us to replace every instance by
the linear program: max{cz : r € conv(X)}.

Note that if a problem has the Explicit Convex Hull Property, then the
dual of the linear program max{cz : z € conv(X)} suggests that the Strong
Dual Property should hold, and also using the description of conv({X), there
1s some likelihood that the Efficient Separation Property holds. So some ties
between the four properties are not surprising. The precise relationship will
be discussed later. In the next sections we examine several classes of problems
for which we will see that typically all four properties hold.

3.2 IPS WITH TOTALLY UNIMODULAR MATRICES

A natural starting point in solving integer programs :
(IP) max{ex: Az < b,z € Z7}

with integral data (A4,b) is to ask when one will be lucky, and the linear
programming relaxation (LP) max{cz : Az € b,z € R%}} will have an optimal
solution that is integral.

From linear programming theory, we know that basic feasible solutions
take the form: z = (zg,z5) = (B~1,0) where B is an m x m nonsingular
submatrix of {A,) and I is an m x m identity matrix.

Observation 3.1 (Sufficient Condition) If the optimal basis B has det{B) =
+1, then the linear programming relaxation solves I P.

Proof. From Cramer’s rule, B~! = B*/det(B) where B* is the adjoint
matrix. The entries of B* are all products of terms of B. Thus B* is an
integral matrix, and as det(B) = 1, B~! is also integral. Thus B!} is
integral for all integral &. .

The next step is to ask when one will always be lucky. When do all bases or
all optimal bases satisfy det(B) = +17?

Definition 3.2 A matrix 4 is totally unimodular (TU) if every square sub-
matrix of A has determinant +1, -1 or 0.
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N N N

/{1 -1 -1 0 {810??\

-1 0 0 1 -
o 1 o0 1 10111
Lo 0 1 0 \10010
1 00 0 0f

Table 3.2 Matrices that are TU

First we consider whether such matrices exist and how we can recognize them.
Some simple observations follow directly from the definition.

Observation 3.2 If A is TU, a;; € {+1,-1,0} for all 4, 5.

Observation 3.3 The matrices in Table 3.1 are not TU. The matrices in
Table 3.2 are TU.

Proposition 3.1 A matriz A 13 TU if and onrly if
(i) the transpose matriz AT is TU if and only if
(it) the matriz (A, I) is TU.

There is a simple and important sufficient condition for total unimodularity,
that can be used to show that the first matrix in Table 3.2 is TU.

Proposition 3.2 {Sufficient Condition). A matriz A 13 TU if

(i) ai; € {-!-1,—1,0} fﬂf‘ all t, 7.

(ii) Each column contains at most two nonzero coefficients (3 :_ . |ai;] < 2).
(iit) There erists a partition (M), Ms) of the set M of rows such that each

column j containing two nonzero coefficients satisfies ). M, Qi — D e Ay Gij
= 0.

Proof. Assume that A is not TU, and let B be the smallest square submatrix
of A for which det(B) ¢ {0,1,—1}. B cannot contain a column with a single
nonzero entry, as otherwise B would not be minimal. So B contains two
nonzero entries in each column. Now by condition (iii), adding the rows in
M, and subtracting the rows in M, gives the zero vector, and so det(B) = 0,
and we have a contradiction. .

Note that condition (iii) means that if the nonzeros are in rows i and &, and
if a;; = —ax,, then {i, k} € M, or {i,k} € M2, whereas if a;; = axj, 1 € M)

- T S e

. - . .
. I L I
1 = - - LK . " r . el - - .
ik ol iy e o E - W ey pen — e, — TR el o sherel e *
an

P ——

- A e s madd

T EEE  E——— 1 EL

oy

— e b i W = - om . T ucm
. - "
- .

-
Fre

P Tk s kR

- ey -y w— = -
- m -y Wl M




- WELL-5UEVEDY PROBLEMS

and & € M, or vice versa. This leads to a simple algorithm to tost whether
the conditions of Propaositi . .

iipostant cless of matrices arising from network How problems that satisfy
this sufficient condition.

Now returning to [P, it is clear that when A is TU, the linear pProgramrming
relaxation solves I P. In some sense the converse holds.

Proposition 3.3 The linear progrem max{cr ; Ar < bz € R} has an
integral optimal solution for all integer vectors b for which it has a finite
optimal value if and only if A is totally unimodular.

On the question of efficient algorithms, we have essentially proved that for
the IP: max{cz: Az < b,z € Z"} with A totally unimodular:

(a) The Strong Dual Property holds: the linear program (D) : min{ub : ud >
¢,u > 0} is a strong dual.

(b} The Explicit Convex Hull Property holds: the convex hull of the set of
feasible solutions conv(X) = {Ax < b,z > 0} is known.

(c) The Efficient Separation Property holds: the separation problem is easy
as it suflices to check if Ax* < band z* > 0.

Given that these three properties hold, we have suggested that the Effi-
clent Optimization Property should also hold, so there should be an efficient
algorithm for JP. This turns out to be true, but it is a nontrivial result bey-
ond the scope of this text. This is in turn related to the fact that efficient
algorithms to recognize whether a matrix A is TU are also nontrivial.

4

3.3 MINIMUM COST NETWORK FLOWS

Here we consider an important class of problems with many applications lying
at the frontier between linear and integer programming.

Given a digraph D = (V, A) with arc capacities hi; for all (1,7) € A,
demands b; (positive inflows or negative outflows) at each node t € V, and
unit flow costs ¢;; for all (i, j) € A, the minimum cost network fiow problem

is to find a feasible flow that satisfies all the demands at minimum cost. This
has the formulation:

min z Ciitij (31}
{(1.J)EA
Z Tik ~— Z Thki = b.‘ forte V (3.2)
keV + (i) keEV — (1)
0<z; <h;; for(i,jle A (3.3)

where z;; denotes the flow in arc (1,7), VY(i) = {k:(i,k) € A} and V-(i) =
{k: (ki) € A}.
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It is evident that for the problem to be feasible the total sum of all the

demands must be zero [ie.. Y __.. b, = OV,

—— e

i1

Example 3.1 The digraph in Figure 3.1 leads to the following set of balance

Fig. 3.1 Digraph for minimum cost network flow

equations:

12 T4 T3 T3) Tz Tas Tzg T4y Ts: Ts3  Tes

1 1 0 -1 0 { 0 0 -1 0 0 = 3
—1 0 1 0 -1 0 0 0 0 0 0 = 0
0 0 -1 1 1 1 1 0 0 -1 0 = 0
0 -1 0 0 0 0 0 1 0 0 0 = -2
0 0 0 D 0 -1 0 -1 1 1 -1 = 4
0 0 0 0 0 0 -1 0 0 0 1 = =5
The additional constraints are the bound constraints: 0 < Zij < hyj. .

Proposition 3.4 The constraint matriz A arising in @ minimum cost net-
work flow problem is totally unimodular.

Proof. The matrix A4 is of the form where C comes from the flow

C
I
conservation constraints, and 7 from the upper bound constraints. Therefore
it suffices to show that C is TU. The sufficient conditions of Proposition 3.2

are satished with M; = M and M, = ¢. »

Corollary In a minimum cost network flow problem, if the demands {b;}
and the capacities {A,;} are integral,

(i) Each extreme point is integral.

(ii) The constraints (3.2)-(3.3) describe the convex hull of the integral feasible
fows.
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3.4 SPECIAL MINIMUM COST FLOWS

N A --—‘Il-_—;—-u- I
ST TR ~+3

Ve note that one particular dual solution is obtained by taking 7, to be the

r |

:
v
X

The Shortest Path Problem. Given a digraph D = (V, 4}, two distin-
guished nodes s,t € V| and nonnegative arc costs ¢i; for (1,7) € A, find a
minimum cost s — ¢ path.

The Max Flow Problem. Given a digraph D = (V, A), two distinguished

nodes s,t € V, and nonnegative capacities hi; for (1,7) € A, find a maximum
flow from s to ¢.

Both these problems are special cases of the minimum cost network flow prob-
lem so we can use total unimodularity to analyze them. However, the reader

has probably already seen combinatorial polynomial algorithms for these two
problems in a course on network flows.

What are the associated dual problems?

3.4.1 Shortest Path

Observe first that the shortest path problem can be formulated as:

z = min Z Cij Tij (3.4)
(1,7)€ A

> T - Y zk o= lfori=s (3.5)
keV+ (i) kEV = (i)

z Tik — Z Te = Oforie V\ {s, ¢} (3.6)
kEV +(4) kEV - (1)

Z Lik — Z T = —1 fori=1 (37)
KEV +(4) kEV - (i)

Zi; 2 0 for (‘i,j) € A (3.3)

z ¢ ZI4 (3.9)

where z,; = 1 if arc (i, §) is in the minimum cost (shortest) s — ¢ path,

Theorem 3.5 z is the length of a shortest s —t path if and only if there exist
values ; for i € V such that m, = 0, m, = z, and m; — m; < ¢i5 for (1,7) € A.

Proof. The linear programming dual of (3.4)-(3.8)} is precisely

wlt® = maxm, — n,

my — T < Cij for (1,]:] € A.

Replacing m; by #; + a for all 7 € V does not change the dual, so we can fix

7, = 0 without loss of generalty. As the primal matrix is totally unimodular,
strong duality holds and the claim follows. _
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3.4.2 Maximum s — ! Flow

Adding a backward arc from ¢ to s, the maximum s — t flow problem can be
formulated as:

IMaxX Tpe
stV«*—[g ik — ZkEV‘[i} Ty =0forteV
0 < Ly < hij for (‘.“:,j] c A.
The dual is:

Ui — uy +‘I'.Ut'j > { for (‘l,j) €A
ut - u; 2 1-

From total unimodularity, an optimal solution is integer. Also as the dual is
unchanged if we replace u; by u; + « for all j € V, we can set u, = 0. Given
such a solution, let X ={j e V:u; K0}and X = V\X ={j e V:u; > 1}.

Now
Z hijw.-j > Z hijwij 2 Z hij
(£.J)EA {i,1)EA,ieX jeX (i,j)EA i€ X jEX
as wy; 2 u; —u; > 1 for (4,j) € Awithie X and j € X.

However, this lower bound E[i* EAEX JEX h;; is attained by the solution
uj =0forj€ X, u; =1forje X,w; =1for {i,j) € A with i € X and
;€ X,and w;; =0 ntherwi:sa So there is an optimal 0-1 solution.

We see that s € X,t € X, {(i,7) : wy; = 1} is the set of arcs of the s — ¢
cut (X,V \ X}, and we obtain the standard result that the maximum value
of an s ~ ¢ flow equals the minimum capacity of an s — ¢ cut.

Theorem 3.6 A strong dual to the maz 5 — t flow problem is the minimum
s —t cut problem:

el 2

(i,5))€AHEX. jEX

hij:s € X CV\{t}}.

3.5 OPTIMAL TREES

Definition 3.3 Given a graph G = (V, E), a forest is a subgraph G' = (V, E'}
containing no cycles.

Definition 3.4 Given a graph G = (V, E), a tree is a subgraph G’ = (V, E’)
that is a forest and is connected (contains a path between every pair of nodes
of V).
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some well-known consequences of these definitions are listed below:

444444

- - 1 - = ' "..r.r-
(’Uatw & Jorest containang ezactly n — 1 edges, if and only if
(1) it 15 an edge-minimal connected graph spanning V, if and only if

[ -'-J . -

t CETINIAL TPEDS 15
, “{ €1 €2 £3 €4 €s €6 €7
=N ET T e f and only i g (34) (L3 (L3) @36) (5.6) {6,7) (5,7
_! . 12 10 9 9 G 8 6
(111} it contains a unigue path befween eve ] "y - | i " ¥ T i -
' ry pair of nodes of V', if and only if .
€3 €9 €10 €11 €12 €13 €14

(iv} the addition of an edge not in E creates a unique cycle.

The Maximum Weight Forest (Tree} Problem. Given a graph G =

FV, E) and edge weights ¢, for e e £, find a maximum weight subgraph that
is a forest (tree).

This problem arises naturally in many telecommunications and computer net-
work applications where it is necessary that there is at least one path between
each pair of nodes. When one wishes to minimize installation costs, the op-
timal solution is clearly & minimum weight tree. |
Remember from the previous chapter that the idea of a greedy algorithm is
to take the best element and run. It is very shortsighted. It just chooses one
after the other whichever element gives the maximum profit and still gives a
feasible solution. For a graph G = (V.E), welet n = |V} and m = |E].

Greedy Algorithm for a Maximum Weight Tree

Initialization. Set B = £ 70 = @¢. Order the edges by nonincreasing weight
cy > C2 2 ... 2 Cny, where ¢, is the cost of edge e;.
;t,fmn;ri lt If T~ U {e;} contains no cycle, set T* = T*~1 {e:}. Otherwise

Set .Et = E*7 "\ {e}. If | Tt )= n — 1, stop with T* is optimal. If t = m,
stop with no feasible solution.

':.['D obtain a maximum weight forest, it suffices to modify the greedy al-
gorithm to stop as soon as ¢,4; <0,

Example 3.2 Consider the graph shown in Figure 3.2 with the weights on
the edges as shown. .

Fig. 3.2 Graph for optimal weight tree

We consider the edges in the order:

e

ok AT D,

(2,6) (1,2) (2,5) (4.7) (2,3) (2,4 (4,5)
6 5 5 4 3 3 2
_+_

The algorithm chooses the edges marked with a + and rejects the others. For
example, the first edge rejected is e5 = (5,6) because it forms a cycle with
e, €3, and ey, which have already been selected. "

Theorem 3.8 The greedy algorithm terminates with an optimal weight tree.

Proof. Suppose for simplicity that all the edge weights are different. Let
T = {91,...,9n—1} be the edges chosen by the greedy algorithm with ¢, >
Lo > Cq,._,- Let = {fy,..., fa-1} be the edges of an optimal solution with
Cpp 2 .20 -

If the solutions are the same, the result is proved. So suppose the two
solutions differ with g; = f1,...,9x—1 = fi—1 but gx # fi.

(i} We observe that ¢, > ¢y, because the greedy algorithm chooses gx and not
fx and neither edge creates a cycle with {g;,...,g9x—1}. Also by construction
cf > ...>¢5 _,,and so g € F.

(ii) Now consider the edge set F'U {gi}. As F is a tree, it follows from
Proposition 3.7 that F' U {gx} contains exactly one cycle C. Note however
that the set of edges {f1,..., fe—1.9&} = {91, .-, 9%x-1, gx } forms part of the
tree T and thus does not contain a cycle. Therefore one of the other edges
fiy .y Jn—1 must be in the cycle C. Suppose f* is one such edge.

(i) As C contains a unique cycle and f* is in this cycle, 7" = FU{g }\ {f"}
is cycle free. As it has n —~ 1 edges, it is a tree.

(iv) Finally, as ¢cg, > ¢y, and ¢y, > cy-, the weight of T’ exceeds that of F.
(v) As F is an optimal tree, we have arrived at a contradiction, and so T and
F' cannot differ. .

As the greedy algorithm is easily seen to be polynomial, the Efficient Op-
timization Property holds for the maximum weight tree problem. So we can
again consider the other three properties. To do this, we need a formulation of
the problem as an integer program. In modeling the traveling salesman prob-
lem in Section 1.2 we saw how to avoid cycles. Thus the maximum weight
forest problem can be formulated as:

MAX ), p CeTe (3.10)
YecE(s)Te SIS -1for2<|8|<n,SCV (3.11)
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Theorem 3.9 Tle conrer boil of te incidence vectors of the foresis in a
graph 1s given by the constraints (3.11)-(3.12).

This result says that the Explicit Convex Hull Property holds for the Maxi-
mum Weight Forest Problem. We generalize and prove this result in the next

section, and in Chapter 9 we show that the Efficient Separation Property
holds for this problem.

To terminate this section we introduce an important and more difficult
generalization of the optimal tree problem. Civen a graph G = (V, E) and
a set of terminals T C V, a Steiner tree on T is an edge-minimal acyclic
subgraph of G containing a path Joining every pair of nodes in 7. Such a
subgraph may or may not have edges incident to the nodes in V \T. Given
weights c. for e € E, the Optimal Steiner Tree Problem is to find a minimum
weight Steiner tree. Observe that when T = V, this is the optimal tree
problem, and when | T |= 2, it is the shortest path problem.

3.6 SUBMODULARITY AND MATROIDS*

Here we examine a larger class of problems for which a greedy algorithm
provides an optimal solution. This generalizes the maximum weight forest
problem examined in the last section. P(N) denotes the set of subsets of .

Definition 3.5 (i) A set function f: P (N ) —+ R is submodular if

flA)+ f(B) 2 f(ANB) + f(AUB) for all A, BC N.

(ii} A set function f is nondecreasing if

f(A) < f(B) forall A,Bwith AC BC N.

An alternative representation of such functions is useful.

Proposition 3.10 A set function [ is non-decreasing and submodular if and
only if

fAYS F(B)+ 3~ [f(BU{j})~ f(B)] for all 4, BC N.

JEA\R

Proof. Suppose fis non-decreasing and submodular. Let A\B = {j1,...,j}.
Then f(A) ~ f(B) < f(Au B) - f(B) = Lizilf(BU {h,...4}) -

N
b
Qe e P

fFBu{j,....75-1}} < E.‘Lﬂ[f(B J{5:}) - f(B) = ZjeA\Elfk'EiU i _q
oo wls Lo firat lrued At sws from f nerdecreast ¢ ST Tt Ao
gr:}nl submodularity. The other direction is immediate. .

Now given a nondecreasing submodular function f on N with f(@) = 0, we
consider the submodular polyhedron:

P(fy={z€R}:) z; < f(5) for SC N},
JES

and the associated submodular optimization problem:

max{ezr : z € P(f)}.

The Greedy Algorithm for the Submodular Optimization Problem.

] -
i) Order the variablessothat¢; 20> ... 2 ¢ >0 2 ¢rp1 2 -2
Eu)] Set x; = f(S*) —~ f(S" Y fori=1,...,r and z; = 0 for 7 > r, where
$*={1,...,i}fori=1,...,r and S° = 0.

Theorem 3.11 The greedy algorithm soluves the submodular optimization prob-
lem.

Proof. As f is nondecreasing, z; = f(S)—f(§*"*})>0fori=1,...,r. Also
for each T C N,

dozo= ) [fS) -]

J€T JETNST
< N [HSNT) - (ST
FJETNST
< IS AT) - f($7InT))
jes”

= f(SNT) - f(®) < f(T),

where the first inequality follows from the submodularity of f , and‘ the oth-
ers as f is nondecreasing. So the greedy solution is feasible with value

S elf(S) ~ £(5)] |
Now consider the linear programming dual:
min ESQN f(S)ys
ZS:jES ys >c;forje N
ys 2 0for SC N,

Let yoo = ¢ci —¢jgy fori =1,...,r—1, ys-r = ¢, and ys = 0 urtherwise.
Clearly ys > O for all S C N. Alsofor j < 7, 3 5.e5¥s 2 25a;¥ss =
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r-]"rh -+ A : . -— [ an T -‘| I'i:| - a - . ) —
e e = e and for § o> 7 2.s,es¥s 2 0 > ¢,. Thus the

solution y is dual feasible. Finally the dual objective valye is

MNOTES 29

is connected, we clearly have r(£(5}; = {5 — 1, s the [orest poiyhedron

fo 11
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|
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r r—1 r
Zf(b”)y&‘l = Z FS e ~cigr) + f(8 e, = Z c:[f(S') - f(S*7).
1=] r—1 1=1

So the value of the dual feasible solution has the same value as the greedy

solution, and so from linear programming duality, the greedy solution is op-
timal.

Note that when f is integer-valued, the greedy algorithm provides an integral

solution. In the special case when f{SuU G -Ff(SYe{0,1}forallSc N
and j € N\S, we call f a submodular rank function, and the greedy solution

1s a 0-1 vector. What is more, we now show that the feasible (-1 points in the

submodular rank polyhedron generate an interesting combinatorial structure,
called a matroid.

Proposition 3.12 Suppose that r is a submodular rank function on a set N
with r(@) = 0.

(i) r(A) < |A] forall AC N.
(1) If r(A) = |A|, then r(B) = |B| foral BC A C N,

(iii) If 4 is the incidence vector of AC N, 24 € P(r) if and only if r(A) =
A}

Proof. (i) Using Proposition 3.10 and the property of a submodular rank
function, r(A) < 7(#) + 2 icalr{i}) —r(®)] < |A].

(ii) Again using the same properties, |A] = r(A) < r{B) + > iemplr(BU
U ~r(B)] <|B|+]A\ B = Al Equality must hold throughout, and thus
r(B} = |B|.

(i(ii))If rl(f-ll) < AL 2 ea :.:*.:t;jl = |Al > r(A) and z# ¢ P(r). If r(A) = A},
2 ies :rj‘ =[ANS| =r(ANS) < r(S) where the second equality uses (ii)
This inequality holds for all S C N, and thus 24 € P(r).

Definition 3.6 Given 4 submodular rapk function r, a set A C N is inde-

pendent if r{(A} = [A]. The pair (N, F), where F is the set of independent
sets, is called a matroid .

Based on Theorem 3.11, we know how to optimize on matroids.

Theorem 3.13 The greedy algorithm solves the mazimum weight indepen-
dent set problem in a matroid.

Given a connected graph ¢ = (V. E), it is not difficult to verify that the
edge sets of forests form a matroid and that the function r : P(E) — R!,
where r(E’) is the size of the largest forest in (V,E’), is a submodular rank
function. Specifically when § C V., £/ = E{S5) and the subgraph (S, E(S5))
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The constraint set associated to a subiwduiar polvhedron bas another
interesting property.

Definition 3.7 A set of linear inequalities Ar < b is called Totally Dual
Integral {TDI) if, for all ¢ € Z™ for which the linear program max{cz : Az <
b} has a finite optimal value, the dual linear program

min{yb: yd = ¢,y = 0}
has an optimal solution with y integral.

We have seen in the proof of Theorem 3.11 that the linear 5}'5t1'3m » jesTi &
f(S) for SC N,x; >0 for j € N} is TDI1. Based on the fnllnwnyg 1:&51111:, the
TDI property provides another useful way of showing that certain linear pro-
grams always have integer solutions.

Theorem 3.14 If Az < b is TDI, b is an integer vector, and P = {z € R .
Ax < b} has vertices, then all vertices of P are integral

Note also that if A is a TU matrix, then Az < b is TDI,

3.7 NOTES

3.1 The theoretical importance of the separation problem is idiscussed at the
end of Chapter 6. Tts practical importance was brought out in the first com-
putational studies using strong cutting planes; see Chapter 3.

3.2 Totally unimodular matrices have been studied since thfe fifties. The char-
acterization of Proposition 3.1 is due to {HofKru56]. The interval or consec-
utive 1's property of Exercise 3.3 is due to [FulGro65), ‘and‘the strn::nger neces-
sary condition is from {Gho62]. A complete charanfterl?:atmn of TU matrices
is much more difficult; see [Sey80] or the presentation in [Sch86].

3.3 We again refer to [AhuMagOrl93| for network _ﬂnws, as well as shﬂ;:test
path and max flow problems. This book also contains a large nun}ber 0 a;ju—
plications and a wealth of exercises. Note also the chapter of Ahuja nnlﬂnwi
and paths in [DelAMafMar97|, which also indicates where some of the lates

software for network flow problems can be obtained.

3.4 The max flow min cut theorem was already part of thel max i;?w 5:1—
gorithm of [ForFul56|. The min cut problem arises as a separatmnfpgndlem ;]ri
solving TSP and other network design problems. The problem of An inE

minimum cuts was answered in [GomHu61)]. Recentljrr new algurlthn}: 3&*;*&
appeared that find minimum cuts directly without using flows; see Ch. 3 in
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5. Prove Preposition 3.0,

3.2 lhe greedy alzoritam for finding mininwm weight trees is from [Kru38).
A faster classical algorithm is that of Prim57,. Special algorithms based on
Delaunay triangulations can be used for two-dimensional Euclidean problems,
(PreSha85]. [Goe94] and [MagWol95] contain a discussion of many alternative
formulations for tree and Steiner tree problems.

3.6 Submodular polyhedra and the greedy algorithm for matroids are studied
in [Edm70] and [Edm71], see also [Law76). [Wel76] is a book devoted to
matroids. For total dual integrality, see [EdmGil77].

3.8 EXERCISES

1. Are the following matrices totally unimodular or not?

ol e R e T S
= D =
e N e B S
I S
e B A s T

2. Prove that the polyhedron P = Uz, Zm,y) € RT‘H y<1l,z; €y for
t=1,...,m} has integer vertices.

3. A 0-1 matrix B has the consecutive 1’s property if for any column j,
b,‘_j = birj =1 with i < implies bfj =1fori<!t<i,

A more general sufficient condition for total unimodularity is: Matrix A is
TU if

(I) a;; € {"|‘1, "'1,0} for-ali 1, 7.
(ii) For any subset M of the rows, there exists a partition (M, M;) of M such
that each column j satisfies

[Eﬂu— Zﬂijlﬂl-

iEML iEMﬂ
Use this to show that a matrix with the consecutive 1’s property is TU.

4. Consider a scheduling model in which a machine can be switched on at
most £ times: Zt 5 < k,zg — Y + Yi-1 2 O,It ﬂ y‘;,ﬂ < Uiy 24 <1 for all ¢,
where y, = 1 if the machine is on in period ¢, and zg = 1 if it is switched on
in period ¢. Show that the resulting matrix is TU.

iy

p 1l ; P T ‘I_'. n
| * 11y : o lerprtl of o shorrest parn ol nooe s
6. Use linewr progranuaning to End the lengtiy of « 30 i

‘ Tse ioal (aal eohition to
to node ¢ in the directed graph of Figure 3.3, Use an optima. dhial souutic
prove that your solution is optimal.

Fig. 3.3 Shortest path instance

7. Use linear programming to find a minimum s — ¢ cut in the capacitated
network of Figure 3.4.

Fig. 3.4 Network instance

8. Find a minimum weight spanning tree in the graph shown in Figure 3.5.

Fig. 3.5 Tree instance

9. Prove that the greedy algorithm produces an optimal weight tree when
edge weights can be equal.

10. Formulate the optimal Steiner tree problem as an integer prograin.




tl. (1} For their annual Christmas party the thirty members of staff of the
thriving company Ipopt were invited/obliged to dine tosat he -

the night in a fancv hotel. The boss's secretary had the unenviable tusk of
allocating the staff two to a room. Knowing the likes and dislikes of evervone.
she drew up a list of all the compatible pairs. How could you help her 'Eﬂ il
all fifteen rooms?

(ii) Recerttly a summer camp was organized for an equal number of English
an:d French children, After a few days, the children had to participate in an
orienteering competition in pairs, each pair made up of one French and one
En:g!ish child. To allocate the pairs, each potential pair was asked to give a
weight from 1 to 10 representing their willingness ¢to form a pair. Formulate
the problem of choosing the pairs so as to maximize the sum of the weights.

(iii) }f you have a linear programming code available, can you help either the
boss’s secretary or the camp organizer or both?

12. Consider a real matrix € with n columns. Let N ={1,...,n} and F

= {§ C N‘: the cnlutnns {¢i};es are linearly independent}. Show that (N,F)
Is & matroid. What is the associated rank function r?

13. Given a matroid, show that

(i) if A and B are independent, sets with |A] > | B[, then there exists j € A \B
such that AU {5} is independent, and

(ii) for an arbitrary set A C N , every maximal independent set in 4 has the
same cardinality.
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Matchings and
Assignments

4.1 AUGMENTING PATHS AND OPTIMALITY

Here we demonstrate two other important ideas used in certain combinatorial
algorithms. One idea is that of a primal algorithm systematically moving from
one feasible solution to a better one. The second is that of iterating between
primal and dual problems using the LP complementarity conditions.

First a few reminders. We suppose that a graph G = (V, E) is given.

Definition 4.1 A matching M C E is a set of disjoint edges, that is, at most
one edge of a matching is incident to any nodev € V.

Definition 4.2 A covering by nodes is a set of nodes R € V such that every
edge e € E is incident to at least one of the nodes of H.

We have shown in Section 2.5 that there is a weak duality between match-
ings and coverings by nodes, namely for every matching M and covering by
nodes R, | M |<| R |. Here we consider the Marimum Cardinality Matching
Problem max{] M |: M is a matching}, and to solve it we examine first how
to construct matchings of larger and larger cardinality.

Definition 4.3 An alternating path with respect to a matching M is a path
P = v, €e1,v1,62,...,€p, Vg such that

(i) €1:€1,.-.,€0dd € E\M

(it) e2,€4,-..,€even € M.
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LML) Uy 15 ot incident to tha matching A (vg is an exposed node)

AT augmenting path is an alternating nath that in
cition:

[ . :
(v) The number of edges p is odd, and Up 18 not Incident to the matchine Af.

Augmenting paths are what we need (see Figure 4.1).

Proposition 4.1 Given g matching S

M |>| M.

Proof. As v, and Up do not touch M, M’ is a matching. As p is odd

| PO (E\ M) |=| P A | +1. Thus | M )=

M| +1.

= == =  Edgesof M

EE—— Edges of M'

M=((3.4),(2,6))

Augmenting Path
(1,2),(2,6).{6,3),(3,4).{4,5)

Fig. 41 An augmenting path

So the existence of an augmenting path implies that M is not optimal. Is the

converse also true? If there is no aye :
. ' menting path
is optimal? S g path, can we conclude that Af

Proposition 4.2 Jf there is no ' *
| : augmenting path relative to a matchi
then M is of mazimum cardinality.  mateing M,

Proof. We show the contrapositive. We suppose that M is not optimal
Thus there exists a matching M’ with | M’ [>| M |. Consider the grapi';
jwhusie edges are given by (M UM )\ (M n M ). The degree of each node
in this graph is 0,1, or 2. Thus the connected components of the graph are
paths and cycles. For a cycle C, the edges alternate between M and M’, and
fr the cyc}es are of even length and contain the same number of edges ‘fmrn

and M’. The paths can contain either an even or an odd number of edges.

As | M’ [>| M |, one of the :
b paths must contain more edges f /
from M. This path is an augmenting path. ges from M’ than

timignlfwi ﬁn(} whether there is an augmenting path or not in polynomial
- it there is no augmenting path, can we give a simple way to verify that

I N . e - 1
Lanaition satisfies the con-

sive and an augmenting path P relative
to M, the symmetric difference Mf' — (MUPY\(MNP)isg matching with
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the matching we have is maximum? In the next section we give a positive

LS

4.2 BIPARTITE MAXIMUM CARDINALITY MATCHING

Given a bipartite graph G = (V4,V,, E), where V = V; U V5 and every edge
has one endpoint in V] and the other in V5, we wish to find a maximum size
matching in . We suppose that a matching M (possibly empty) has been
found, and we wish either to find an augmenting path, or to demonstrate that
there is no such path and that the matching M is optimal.

We try to systematically examine all augmenting paths.

Observation 4.1 As augmenting paths P are of odd length and the graph is
bipartite, one of the exposed nodes of P is in V; and the other in V5. Thus it
suffices to start enumerating from V;.

Outline of the Algorithm. We start by labeling all the nodes of V) disjoint
from M. These are candidates to be the first node of an alternating path,

The first (and subsequent odd) edges of an alternating path are in £\ M,
and thus all such edges from the labeled nodes in Vi are candidates. The
endpoints of these edges in V5 are then labeled.

"The second (and subsequent even) edges of an alternating path are in M,
and thus any edge in M touching a labeled node in V2 is a candidate. The
endpoints of these edges in V) are then labeled, and so on.

The labeling stops: either when a node of V5 is labeled that is not incident
to M, so an augmenting path has been found, or when no more edges can be
labeled, and so none of the alternating paths can be extended further.

Algorithm for Bipartite Maximum Cardinality Matching

Step 0. G = (W, V,, E) is given. M is a matching. No nodes are labeled or
scanned,

Step 1. (Labeling)
1.0 Give the label » to each exposed node in V.

1.1 If there are no unscanned labels, go to Step 3. Choose a labeled un-
scanned node i. If { € V|, go to 1.2. If i € V5, go to 1.3.

1.2 Scan the labeled node i € V;. For all (1,j) € E\ M, give j the label :
if 7 is unlabeled. Return to 1.1.
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1.3 Scan the labeled node @ < V). If i is exposed, go to Step 2. Oiherwise,
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findthe edge (;7.7) € M and give node j € V; the label i. Return to 1.1.

Step 2 (Augmentction). An augmenting path P has been found. Use the
labels to backtrack from j € V5 to find the path.
Augment M. M — (MUP)\(MNP). Remove all labels. Return to Step 1.

Step 3 (No Augmenting Path). Let ViT. V5" be the nodes of V; and V5 that
are labeled and V|7, V™ the unlabeled nodes.

Thenrem 4.3 On termination of the elgorithm,
( i) R =V UV} is a node covering of the edges E of G.
(1i) | M |=| R|, and M is optimal.

Proof. (a) As no more nodes can be labeled, from Step 1.2 it follows that
there is no edge from V|* to V. This means that V" UV, covers E.

(b) As no augmenting path is found, every node of V;" is incident to an edge
e of M, and from Step 1.3 the other endpoint is in V;t.

(c) Every node of V|~ is incident to an edge e of M, as otherwise it would
have received the label * in Step 1.0. The other endpoint is necessarily in V5,
as otherwise the node would have been labeled in Step 1.2.

(d) Thus | V" UV;H |<f M |. But | R|>| M | and thus | R|=] M| .

Example 4.1 Consider the bipartite graph shown in Figure 4.2 and the initial
matching M = {(3,8),(5,10)}. The algorithm leads to the labeling shown,
and the construction of the set of alternating paths shown. Two alternating
paths are found: (1, 8),(3,8),(3,7) and (4, 10), (5, 10),(5,9).

Fig. 4.2 Bipartite matching

In Figure f;l.3 we show the new matching M = {(1,8),(3,7), (4,10), (5, 9)}
and the labeling obtained from the algorithm. Now we see that we cannot add

any more labels and no augmenting path has been found. It is easily checked

that the node set R = {3,4,5,8} is an edge cover. As | M |=| R |= 4, M is

optimal. .

) .11:

-

M={[1,8],(3,7).(4,10),(5.9)}

Fig. 4.3 Bipartite matching 2

4.3 THE ASSIGNMENT PROBLEM

Given a bipartite graph G = (V1, Va2, E) and weights ¢, for e € F, one prob-
lem is to find a matching of maximum weight. From the results on total
unimodularity, we know that it suffices to solve the linear program:

£ = max ZcEE Cele
Y ecsin Fe <1forie UV,
T, > Qfore e k.

When | Vi |=| V2 |= n, and the problem is to find a matching of size n of
maximum weight, we obtain the assignment problem:

z=maxy, ;2 i_g CijTi;

E;=1Iij=1furi=1,...,n

ZLIIH =lforg=1,...,n
Ii; Eﬂfﬂr i,j=1,...,ﬂ.

Below we develop an algorithm for the assignment problem. Afterwards we
show how the maximum weight bipartite matching problem can be solved as

an assignment problem.
Taking the linear programming dual of the assignment problem, we get:

w = min Z::'-;l u; + E;;l v;

u; + vy 2 ¢ fore, 3 =1,...,n.

First we make an important observation that is valid for the assignment and
traveling salesman problems allowing us to change the cost matrix in a certain
way.

Proposition 4.4 For all values {u}7, and {v;}}.;, the value of any as-
signment with weights ¢;; differs by a constant amount from its value with
I'.IJEightS (-1.‘1' = G — Uy — V.
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1ais means that a solution is uptitnal with weights ¢, if and only if it is

ontimal with weights &
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Algnrithm for the Assignment Problem

Proof. For every primal feasiLle solution,

n Ta T L
ZZE*J‘I"J' = ZZ(CU — U — V;)Ti; )

O mn n n r r |
=22 ey = Y w(Yo) = 3 vi(Y )
i=l j=1 i=1  j=I j=1 1=l
n n n n
P IO ILLIEDTED I
i=1 j=1 i=1 i=1
5o for any feasible solution of the primal, the difference in values of the two
objectives are always the constant 31 u;+ Z;=1 vj, and the claim follows. e

Now we wish to characterize an optimal solution.

Proposition 4.5 If there exist values u;, vj, and an assignment T such that:
(i) Cij = ¢y — uy — v; <O foralli g, and

(1?:) Li; = i Gﬂfy when E‘J — ﬂ,

then the assignment = is optimal and has value S i+ Z;’:l vj.

Pr_nuf. Because ¢;; < 0 for all i, 4, the value of an optimal assipnment with
weights T;; is necessarily nonpositive. But by condition (11), with weights
Cij, the assignment z has value 377 ) 37, &;2i; = 0 and is thus optimal.
Now by Proposition 4.4, z is also optimal with weights ¢;; and has value

ZE—-I U, + E?‘:l Uj' H

Nnte: that this is another way of writing the linear programming comple-
mentarity conditions. In fact (i) tells us that u,v is a dual feasible solution,

and (ii) that complementary slackness holds. _¢ '

Ifziea of the Algorithm. We are going to use a so-called “primal-dual” algo-
rithm on the graph G = (V}, V5, E) where V; = {1,---,n}, Vo ={1',---,n'}
and E’ consists of all edges with one endpoint in V] and the other in V5.

At ell times we will have a dua) feasible solution u,v, or in other words
&; <Qforalie V), ;e

Then we will try to find an assignment (a matching of size n) using only
the ij:dgES E C E where E = {(i, ) : ¢i; = 0}, To do this we will solve the ,,
maximum cardinality matching problem on the graph G = (V;, V4. E). N

If we find a matching of size n, then by Proposition 4.5 we have an optimal

weight assignment. Otherwise we return to the dual step and change the dual .
variables. g

R Y KRR AR

R
|Il.

—_—

Step 0. Let u,v be initial weights such that g,, < 0 for all ¢,7. Let £ =
{(i,5) : Ty = 0}. Find a maximum cardinality matching M" in the graph
G = (V1. V3, E) using the algorithm described in the previous section.

If | M* |=n, stop. M" is optimal.

Otherwise, note the matching A = M* and the labeled nodes V", V3" on
termination. Go to Step 2.

Step 1 (Primal Step). Let E = {(i,7) : ¢;; = 0}. M is a feasible matching, and
VF,V,;t are feasible labels. Continue with the maximum cardinality matching
algorithm of the previous section to find an optimal matching M~

If | M* |= n, stop. M" is optimal.

Otherwise, note the matching M = M* and the labeled nodes V", V;" on
termination. Go to Step 2.

Step 2 (Dual Step). Change the dual variables as foliows:
Set § = min,cy + jevavr =Tl
Set u; — u; — § fori € V',
Set v; —v; + 4 for j € V.
Return to Step 1. .

We now need to show that the algorithm terminates correctly, and then
see how long it takes.

Proposition 4.6 Each time that Step 1 terminates with labeled nodes (AR
| VT 1> V-

Proof. Every node of V" touches a matching edge whose other endpoint is
in V{*. In addition V;* contains at least one node that is not incident to the

matching and received an initial label *. .
Proposition 4.7 In the dual step, § > 0.

Proof. We observed in the proof of Theorem 4.3 that there are no edgis of
E between V;" and V; \ V. Therefore &;; < O foralli € Vi,jeV\V . =

Proposition 4.8 After a dual change,

Ci; — Gy forie VY je V)

Cij — Cij fori eV \Vl+1j = VZ\V2+

Tij «— Gij — 04 forie V) \V1+,j € V;

Gij — T+ forie VT je o\ V!

and the new solution ts dual feasible.

Proof. T,; only increases when 1 € Vit,i € Va\ V5 . So we must check that

the new values are nonpositive. However, § was chosen precisely so that this
condition is satisfied and at least one of these edges now has value &;; = 0. »
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oposttion -9 1fe lavels b ‘ [t
rop Y Inelavels Vi and V' remain valid after a dual change.
Proof. During o dial change,

1 , | . ¢;; 1s unchanged for i € V7,7 € V7, and so
the labeling remains valid.

The above observations tell us that the primal step can restart with the old
labels, and the dual objective value decreases by a positive amount §{) Al

+ - .
— | V5" |) at each iteration. However, to see that the algorithm runs fast, we
can say much more, |

Observation 4.2 | V,* | increases after a dual chan

o] ge, because of the previ-
ous propesition and the choice of &, o

Observation 4.3 The cardinality of the maximum cardji

' nality matching must
Increase after at most n dual changes, as | :

V2 | cannot exceed n.

pbservatinn 4.4 The cardinality of the maximum cardinality matching can
Increase at most n times, as | M* | cannot exceed n.

Proposition 4.10 The clgorithm has complexily O(n?).

Proof. By the previous observations, the total number of dual changes in the
course nf. the algorithm is O(n?). Work in a dual step is O(| £ |). The work
in the primal step between two augmentations is also O(| F [). .

Example 4.2 Consider an instance of the assignment problem with n = 4
and the profit matrix

27 17 7 8
.l 14 o2 1w 2
lei) =1 12 1 4 4
8 6 12 6

We a:ppl}' the assignment algorithm. In step O, we find a first dual feasijble
solution by setting v} = max; ¢;; for j = 1,...n and u; =0fori=1,.

utio ., 1.
This gives a dual feasible solution, and the reduced profit matrix

0 -2 -5 Q@
" 13 -17 -2 _g
(€; ~15 0 -8 -4
~19 —-13 0 _»

with u = (0,0,0,0),v = (27,19,12, 8},

The corresponding dual solution has value Z:=1 ul + Z:_, v} = 66. Now
we cfbserve_that there is no zero entry in the second row of this matrix, so we
can immediately improve the dual solution, and more importantly add another

edge to E by setting u3 = max; E‘-l’-j = 2. This gives the new reduced profit
MAatrix

0 -2 -5 0
(T3) = :E '55 -03 :i with u = (0, -2,0,0),v = (27,19,12,8)

-19 -13 0 -2

and a dual objective value of 64.

Fig. 4.4 Primal step

In the primal step we now construct the bipartite graph shown in Figure 4.4.
We find an initial matching easily by a greedy approach. Suppose we obtain
the matching M = {(1,1),(3,2'),(4,3’}} with | M |= 3. The augmenting
path algorithm leads to the labels shown in Figure 4.4.

Node 2 receives the label *,

Node 3’ receives the label 2.

Node 4 receives the label 3/, and then no more labels can be given.

Thus V|t = {2,4} and V;' = {3’}

In the dual step, we find that § = —¢2, = 2. This leads to a modified dual
feasible solution and the reduced profit matrix

0 =2 -7 0 \
-9 =13 0 -2
~15 0 -10 -4
~17 -11 0 0 /

The dual solution now has value 62. _

Now in the primal step the edge (4,4') is added to E. The same la-
bels can be given as before and in addition node 4’ now receives the la-
bel 4. An augmenting path {(2,3),(4,3),(4,4')} has been found. M =
{(1,1),(2,3),(3,2"),(4,4")} is a larger matching, and as it is of size n = 4,
it is optimal. It can also be checked that its value is 62, equal to that of the
dual solution. .

with u = (0, —4,0, -2),v = (27,19,14,8).
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NOW_we Feturn to the : plo nark atehi 1578

demonstrate bv example how the assienment alaorithm can be used ta solve
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Fig. 4.5 Maximum weight bipartite matching

As | Vi | —| V3 |= 2, we add two nodes 4’ and 5 to V5. All existing edges

are given a weight max{c.,0}. All missing edges are added with a weight of

U. The resulting assignment weight matrix is

(

(€ij) =

-] = O b
o e T i R P
L O o O
o I B s Y e T e
v Y v B e B s B

\

The assignment algorithm terminates with an optimal solution z1gr = 29y =

T3z = Z4e = Ts1r = 1. The edges with positive weight (22'),(33), (51")
provide a solution of the matching problem.

4.4 NOTES

More detailed chapters on assignment problems are in [AhuMagOrl93], and on

general matchings in [CooCunetal97] and [NemWol88]. The complete story
on matchings is in the book [LovPlusé].

4.1 The results on alternating paths are from {Ber57] and [NorRab59].

4.3 The primal-dual algorithm can be found in (Kuh55], {(ForFul62]. Primal
dual algorithms for linear programming were also proposed in [DanForFul56].
Many of the first algorithms for combinatorial optimization problems were
primal-dual, such as the matching algorithm [Edm65b] and the matroid in-
tersection algorithm [Edm70]; see also [Law76] and [CooCunetal97)
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4-5—EXERCGISES

1. Find twe augmenting paths for the matching A showa in the graph of

] : - . U L
Figure 4.6. Is the new matching M’ obtained after augmentastion optimial.
Why?

Edge of M

Fig. 4.6 Matching to be augmented

2 Find a maximum cardinality matching in the graph of Figure 4.7.

® ()
@,

AR, >
o‘ \0

O @

Fig. 4.7 Maximum cardinality matching

Demonstrate that your solution is optimal.

3. If a graph has n = 2k nodes, a matching with k edges is called perjfect.
Show directly that the graph of Figure 4.7 does not contain a perfect matching.

4. Given a connected graph G = {V, E} and positive edge lengths ¢, for e € E,
the Chinese Postman (or garbage collection) Problem consists of visiting ea:ch
edge of G at least once beginning and finishing at the same vertex, and min-
imizing the total distance traveled.

(i) Show that the minimum distance traveled is Y, g ¢. if and only if the
graph is Eulerian (all nodes have even degree).

(ii) Show that if G is not Eulerian, and k is the number of nodes of odd degree,
then k is even and at least % edges must be traversed more than once.

(ii) Show that the minimum additional distance that must be t{'aveled can
be found by solving a minimum weight perfect matching problem in a certain

8 3
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subgraph (suppose that if e = (,7) € E, the shortest path between { and § is o 10.  Ten researchers are engaged in a set of ter projects.  Let 5, de:;oti
Via edge e), 2 the researchers working on project 7 for i = 1,...,10. To keep trac ':3
o : ¥ et s thE"'g"TItt LT DIt Wl e
I il o trat _ ) .
| T SIGW oW & miaximum Hovw algorithm can be used to find a maximum ing on each project to report at their weekly meeting. 'Ideall{ ;11‘53" PEYS‘T
' cardinality mazcliing in a bipartite graph. should be asked to report on more than one proiect. I.S this possible 01:9 nﬂ_,
when §1 = {3,7,8,10},5; = {4,8},53 = {2,5,7}. 85 = {1,2,7,9}, Ss =
E 6. Find a maximum weight assignment with the weight matrix: {2,5,7}, 56 = {1,4,5,7}, 57 = {2,7}, S = {1,6,7,10}, 55 = {2,5}, 510 =
| {1,2,3,6,7,8,10}?
? /{6 2 3 4 1)
: 9 2 7 6 0 h 11. Suggest an algorithm to solve Exercise 5 of Section 1.9.
(c;)=1 8 21 4 g} -
21 3 4 4
: \162091)
ﬁ 7. Find a maximum weight matching in the weighted bipartite graph of Figure e
j 4.8. i
i :;I
: s
Fig. 4.8 Weighted bipartite graph i
8. Show how an algorithm for the maximum weight bipartite matching prob- )
lem can be used to solve the (equality) assignment problem. 7
9. Find a lower bound on the optimal value of a 6-city TSP instance with ]
distance matrix
( - 2 3 4 1 11 -
9 -~ 7 6 0 5 -
(c;) = 8 2 - 4 9 B8 -
WEL 2 1 3 - 4 6 ,
1 6 2 9 — 3 ®
\ 7 4 6 12 7 -
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. Formuiate the 0-1 knapsack problem as a longest path problem.

IL').hDe;ive A drnamic programming recursion for tle STSP using f(5, 7)
with 1,7 € 5 where {5, j) denctes the length of a shortest Hamiltonian path

starting at node 1, passing through the nod ' S
node 7. = es of S\ {LJ} and terminating at

11. Given the weighted rooted subtree of Figure 5.6, devise a dynamic pro-

gramming algorithm to find optimal weighted subtrees with k = 2, 3 n—1
nodes. B

12. Given atree T and alist of T}, ..., T, of subtrees of T with weights ¢(T})

fori=1,...,m, describe an algori i
R (3 gorithm to find a m i '
nodle diskint oS aximum weight packing of

. o
13.* Given a rooted tree T on n nodes, and an n by n matrix C, describe an

algorithm to find a maximum weight packing of rooted subtrees of T, where

the value of a subtree on node set § with root i € 8 js > ies Cij
; .

A -
..q._ul e e

Complexity and Problem
Reductions

6.1 COMPLEXITY

If we consider a list of the problems we have examined so far, we have either
shown or it can be shown that the foliowing have the Efficient Optimization

Property:

The Uncapacitated Lot-Sizing Problem (Chapter 5)
The Maximum Weight Tree Problem {Chapter 3)
The Maximum Weight Matching Problem

The Shortest Path Problem {Chapter 5)

The Max Flow Problem {Chapter 3)

The TU Integer Programming Problem (Chapter 3)
The Assignment Problem (Chapter 4)

Below we make this more precise: there is a polynomial algorithm for these
optimization problems.

On the other hand, no one to date has found an efficient (polynomial)
algorithm for any of the following optimization problems:

The 0-1 Knapsack Problem (Chapter 1)

The Set Covering Problem {Chapter 1}

The Traveling Salesman Problem {Chapter 1)

The Uncapacitated Facility Location Problem (Chapter 1)
The Integer Programming Problem (Chapter 1)

The Steiner Tree Problem (Chapter 3)

81




32 COLIDE W T QUM BT S s ey

Tr

he remdinder of this bock will in large part be devoted to examining how
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So for the rest of this chapter (unless explicitly stated, when we reler

P T
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to tackle problems in this cecand wen . _ CTe
tii{f d T — . = mnd o el ckow ke Bed ey o ow acotowlal L '_11-::-.-'-.-5!'3"5

wstinction (real or imaginary) between these two groups, so that when we
ern W optimizat '- *

counter a new optimization probiem we have an idea how we micht classify
and then attempt to solve it. )

To develop such a method of classification, we need just four concepts:

A class C of legitimate problems to which the theory applies
A nonempty subclass C4 C € of “easy” problems
A nonempty subclass Cg C C of “difficult” problems

A relation “not more difficult than” between pairs of legitimate problems.

This immediately leads to:

Proposition 6.1 {Reduction L
. emm ,
imate problems. ﬂ) Suppose that P and ) are two legit-

if Q 13 :er_uy” and P 13 “not more difficult than” Q, then P is “easy”.
[P is “difficult” and P is “not more difficult than” Q, then Q is “difficult”

ThWe have already used thfe first part of the lemma implicitly in Chapter 4.

ere we show that the maximum weight bipartite matching problem is “easy”
_by showing that it is reducible to the assignment problem. Also Exercise 4}’4
mu:nlves showing that the Chinese postman problem is reducible to maximu£11
weight miatchjng. The goal of the rest of this chapter is to somewhat formalize
these nnt:ﬁuns. In the next section we introduce the class of legitimate problems
and th_e eas:w:r” class, and in Section 6.3 we discuss the concept of problem
reduction which allows us to then define the “difficult” class. By the end of
the chapter we will then have another tool at our disposal: namely a way

to show that certain problems are “di :
ifficult” b
reduction lemma. y using the second part of the

6.2 DECISION PROBLEMS, AND CLASSES NP AND P

1flllnﬂlinrt;unal:el],.r, the theory does not exactly address optimization problems in
e lorm we have posed them so far. To define the class of legitimate problems

it is appropriate to pose decison i
> problems having YES-
optimization problem: g NQO answers. Thus an

max{cr : z € §}

for which an instance consists of: {
: {¢ and a “standard” i ]
replaced by the decision problem: representation of S} i

Is there an z € § with value o > k7?7

for which an instance consi
ists of {c, a “standard” -
integer k). { ard” representation of S, and an

iI
- r.
N
= o | ceelelie -

by an -_'}pﬁm_i'_?-‘nfiﬁn prnhh‘-‘m T.qp_ [JFL. E.Ild so on, we have in mined the
corresponding decision problemn.

Next we give a slightly more formal definition of the running time of an
alzorithm than that given at the start of Chapter 3. It is not just the number
of variables and constraints or nodes and edges that defines the input length,

but also the size of the numbers occurring in the data.

Definition 6.1 For a problem instance X, the length of the input L = L{X)
is the length of the binary representation of a “standard” representation of

the instance.

Definition 6.2 Given a problem P, an algorithm A for the problem, and an
instance X, let f4(X) be the number of elementary calculations required to
run the algorithm A on the instance X. f3(I) = supy{fa(X}: L(X) = i} is
the running time of algorithm A. An algorithm A is polynomial for a problem
P if f3{l) = O({?) for some positive integer p. |

Now we can define the class of “legitimate” problems.

Definition 6.3 NP is the class of decision problems with the property that:
for any instance for which the answer is YES, there is a “short” (polynomial)

proof of the YES.

We note immediately that if a decision problem associated to an opti-
mization problem is in A"P, then the optimization problem can be solved
by answering the decision problem a polynomial number of times (by using
bisection on the objective function value).

Proposition 6.2 For each eptimization problem in the two lists in Section
6.1, the associated decision problem: “Does there ezist a primal solution of

value as good as or better than k?” lies in N'P.

Now we can define the class of “easy” problems.

Definition 8.4 P is the class of decision problems in AP for which there
exists a polynomial algorithm.

Example 6.1 (i) Uncapacitated Lot Sizing. Consider ULS for which a dy-
namic programming algorithm is presented in Chapter 5. For an instance X
with integral data (n, d, p, h, f, k), the input has length L(X) = 3 /_, [log d;] +
S Mogp;} + 25— flogh;] + 37, flog f;] + [log k]

The DP algorithm requires only O(n?) additions and comparisons of the
numbers occurring in the data, and hence the size of numbers required to give
a YES answer, and the running time are certainly O(L?). Thus ULS is in P.
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(ii) 0-1 Knapsack. For an instance X of 0-1 AKNAPSACK: {37 |cjz; >

e S

POIMMNOMEAL RECUICTION SND THE CL235 ATRC 55

The most important step is to prove that APC is nonempty. yvritten as

kY 12,7 bz e I0 1) tholenzh of the input Is L{Xj = 307_  [log ¢;]
+ Z;;I [loga;} + [legb] + [log &7

For an instance for which the answer is YES, it suffices to (a) read a solution
z* € {0,1}", and (b) check that ez* < b and ex* > k. Both (a} and {b) can
be carried out in time polynomial in L, so the associated decision problem is
in AP.

From Section 5.4, dynamic programming provides an Q(nb) algorithm. As

b is not equal to (log b)® for any fixed p, this algorithm is not polynomial, and
in fact no polynomial algorithm is known for 0-1 KNAPSACK.

(iii) Symmetric Traveling Salesman. For STSP with instance (G, dEL k), it
suffices to check that a proposed set of edges forms a tour and that its length

does not exceed k. The argument for most other problems on the second list
Is similar,

(iv) Integer Programming. Praoblem IP requires a little more work, because
one needs to show that there always exists an optimal solution z* whose de-
scription length 37, [log z}] is polynomial in L. »

Do the second set of optimization problems listed in Section 6.1 above have
anything in common apart from the fact that their decision problems are in
NP, and that nobody has yet discovered a polynomial algorithm for any of
them?

Surprisingly, they have a second property in common: their decision prob-
lems are all among the most difficult problems in NP,

6.3 POLYNOMIAL REDUCTION AND THE CLASS N PC

This is the formal definition of “is not more difficult than” that we need.

Definition 6.5 If P, Q '€ AP, and if an instance of P can be converted in
polynomial time to an instance of Q, then P is polynomially reducible to Q.

Note that this means that if we have an algorithm for problem Q, it can be
used to solve problem P with an overhead that is polynomial in the size of
the instance. We now define the class of “most difficult” problems.

Definition 6.6 N'PC, the class of A P-complete problems, is the subset of
problems P € AP such that for all Q € NP, Q is polynomially reducible to P.

It is a remarkable fact not only that A'PC is nonempty, but that all of the

decision problems in our second list are in NPC. So how can one prove that
a problem is in APC?

—

-_—

o 1]
Al1TO ; TOOETT
an 0-1 integer program, SALISFIABILITY 15 the decision p

Given N = {1,...,n}, and 2m subsets {Ci}7L, and [D}7, of )NV, does the
0-1 integer program:

Z.Tj"i‘ Z(l—:rj-] >1fori=1,...,m

jelly Fe b
rec B"

have a feasible solution?

It is obvious that this problem is in A"P. Cook showed in 1970 that SAT-

ISFIABILITY is in NPC.
Now we indicate how the reduction lemma can be used to show that all the

i in N'PC.
blems of the second list and many others are in N |
meﬂf example, to see that BIP is in NPC, all we need to observe is that

(i) BIP € NP, (which is immediate) and

(ii) SATISFIABILITY reduces to BIP. (Above we actually described SAT-
ISFIABILITY as a BIP, and so this is also immediate).

We now restate the Reduction Lemma (Proposition 6.1) more formally.

Proposition 6.3 Suppose that problems +P,Q eENP. ,
(i) If Q € P and P is polynomially reducible to Q, then P € 7. .
(i) If Pe NPC and P is polynomially reducible to @, then QQ € NPC.

Proof. (ii) Consider any problem R € NP. As P E.N’ PC, Ris pnlynnn;ialrly
reducible to P. However P is polynomially reducible to @ by hypothesis,

and thus R is polynomially reducible to Q. As this holds for all R € N P;
Q ENPC.

This has an important corollary.

Corollary 6.1 IfPONPC #0, then P =NP.

Proof. Suppose Q € PNAPC and take RE N'P. AsRR € NP_and? € N::HC,
R is polynomially reducible to Q. By (i}, as @ € P and R is polynomi 3;
reducible to @, R€ P. So NP C P and thus P = NP.

The list of problems known to be in N'PC is now enormous. Sﬂmelﬂf t:;
most basic problems in A"PC are the problems in our second list. Be Ewust
prove that the Capacitated Lot-Sizing Problem (C LS) can be added to the list.

e
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Example 6.2 Consider the lot-sizing problem introduced in Chapter 1, with
a production capacity constraint in each period. CLS has a formulation:

dn

CONSEQUENCESOF P= NP ORFP £ NV 37

Z“:Ii = b
=1

i rl rt
3094 E Pel: -t E }1:55 T -:_; fzy:

Sti—1+2%y = de+spfort=1,...,n
Ty < C;y;fﬂrt=l,..-,n
R“++1,I c R,y B".

First, is the decision version of CLS in AP? One answer lies in the observa-
tion that there is always an optimal solution of the form: y € {0,1}" with z
a basic feasible solution of the network flow problem in which y is fixed. So
there exists an optimal solution whose length is polynomial in the length of
the input, and can be used to verify a YES answer in polynomial time. One
jus..{t:‘;l Illeeds to check that it satisfies the constraints and its value is sufficiently
smnall.

We now show that 0-1 KNAPSACK is polynomially reducible to CLS. To
do this, we show how an instance of the (-1 knapsack problem can be solved
as a capacitated lot-sizing problem. Given an instance:

So =8,=0.5 €

Imn{z CiY; : Zﬂjyj > b,y e B},
3=1

=1
we solve a lot-sizing instance with n periods, pe=h =0, f =¢,Cs =a,; for
allt, dy=0fort=1,...,n —1and d, = b.

An equivalent formulation of the lot-sizing problem, obtained by eliminat-
ing the stock variables as described in Section 1.4, is:

n
min E F:It +
i=1

Z:r:.- > Zd,- fort=1,...,n—1
1= 1=1]
n n
SR 3!
1= i=]
I; E thtfﬂrt= R

re R,y € B".

Rewriting this with the chosen values for the data, we obtain:

minZC:y;
t=1
!
Z:::.- > Ofort=1,...,n-1

t1=1]

T, < aquypfort=1....,n

re R,y € B”.

Dropping the n — 1 redundant demand constraints leaves

n

min E Celft
=1
na

ZI‘ = b
t=

e < aypfori=1,...,n

r € RY,yeB"

Now let (z*, ") be an optimal solution of this lot-sizing instance, Combining
the constraint 5, z, = b with the constraints z; < @y, for ¢ = 1,...,n,
we see that 3, a,yf > b and so y* is feasible in the knapsack instance. It is
also optimal, because a better knapsack solution § with ¢ < cy® would also
provide a better lot-sizing solution ({Z): = a:¥,,y). So an optimal y vector
for the lot-sizing instance solves the knapsack instance. So 0-1 KNAPSACK
is polynomially reducible to CLS, and as 0-1 KNAPSACK e NPC, CLS €

NPC. N

6.4 CONSEQUENCES OF P=NPORP #£ANP

Most problems of interest have either been shown to be in P or in ANPC.
What is more, nobody has succeeded either in proving that P = NP or in
showing that P # N'P. However, given the huge number of problems in NPC
for which no polynomial algorithm has been found, it is a practical working
hypothesis that P # NP,

So how should we interpret the above results and observations?

A first important remark concerns the class N'P. Typically, problems in
this class have a very large (exponentially large) set of feasible solutions, and
these problems can in theory be solved by enumerating the feasible solutions.
As we saw in Table 1.1, this is impractical for instances of any reasonable size.

A pessimist might say that as most problems appear to be hard (i.e., their
decision version lies in N"PC), we have no hope of solving instances of large size
(because in the worst case we cannot hope to do better than enumeration),
and so we should give up.

A mathematician (optimist) might set out to become famous by proving

that P = AP -
A mathematician (pessimist) might set out to become famous by proving

that P # NP.
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A mathematician ( thoughtful) might decide to ask a different question: Can
I find an algorithm that is guaranteed to find a solution “close to optimal” in
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optimization problems:

f =3

|
1
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A probabilist (thoughtful) might also ask a different question: Can I find
an algorithm that runs in polynomial time with high probability and that
Is guaranteed to find an optimal or “close to optimal” solution with high
probability?

An engineer would start looking for a heuristic algorithm that produces
practically usable solutions.

Your boss might say: I don’t care a damn about integer programming
theory. You just worry about our scheduling problem. Give me a feasible
production schedule for tomorrow in which William Brown and Daughters’
order is out of the door by 4 P.M.

A struggling professor might say: (ireat. Previously I was trying to develop
one algorithm to solve all Integer programs, and publishing one paper every
two years explaining why I was not succeeding. Now I know that I might as
well study each AP problem individually. As there are thousands of them, I
should be able to write twenty papers a year.

Needless to say they are nearly all right. There is no easy and rapid so-
lution, but the problems will not go away, and more and more fascinating
and important practical problems are being formulated as integer programs.
So in spite of the A"P-completeness theory, using an appropriate combination

of theory, algorithms, experience, and intensive calculation, verifiably good
solutions for large instances can and must be found.

Definition 6.7 An optimization problem for which the decision problem lies
in NPC is called N P-hard.

The following chapters are devoted to ways to tackle such N'P-hard prob-

lems. First, however, we return briefly to the Separation Problem introduced
in Chapter 3.

6.5 OPTIMIZATION-AND SEPARATION

Here we consider the question of whether there are ties between problems in
P. How can we show that a problem is in P? The most obvious way is by
finding a polynomial algorithm. We have also seen that another indirect way
is by reduction.

There is, however, one general and important resujt tying together pairs of
problems. Put imprecisely, it says:

Given a family of polyhedra associated with a class of problems (such as the
convex hulls of the incidence vectors of feasible points § C B"), the family of
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is polynomially solvable if and only if the family of separation proviemns

Is z € conv(S)? If not, find an inequality satisfied by all points of S, but
cutting off z.

is polynomially solvable.

In other words, the Efficient Optimization and Efficient Separation Prc::p-
erties introduced in Chapter 3 are really equivalent. The other two prnlilert;s
are not exactly equivalent. As we indicated earlier, if a problem has éo e Ef-
ficient Separation Property, it suggests that it may have the Explicit Iglrex
Hull Property. Also if a problem has the Explicit Convex Hull Property, then
its linear programming dual may lead to the Strong Dual Property.

6.6 NOTES

6.2 An important step in the development of the distinciiinn ‘between easy
and difficult problems is the concept of a certificate of optimality [Edmé65a),

|[Edm65Db).

6.3 Cook [Coo71] formally introduced the class AP and shin':ved the' EMt}
ence of an N'P-complete problem. The reduction of many decision versmlrjlls 0
integer and combinatorial optimization problems to a A ?:’-c:nmplete pro en;
was shown in [Karp72|, [Karp75]. The book [Ga.r.].GhTQ] lists an enc;‘n:m%
number of N P-complete problems and their reductions. A recent update is

[CreKan95].

6.5 The equivalence of optimization and separation is EhﬂWEl in [Grnan«:n.rSuthliL1r
[GroLovSch84]. A more thorough exploration cff the equwalence.appearsem
[GroLovSch88]. Other results of importance for integer prngrammlélg cu];:t;: n
the difficulty of finding a short description of all facets fc:-r N ??-har ﬁp;du Em-
[PapYan84], and the polynomiality of integer programming :E'E’lth 2 C}; :;151- :
ber of variables [Len83]. Some separation problems are examined in Chapter 9.

For a general book on computational complexity, see [Pap94].

6.7 EXERCISES

1. The 2-PARTITION problem is specified by n positive integers (ay, .. ., “_“22
The problem is to find a subset S C N = {1,...,n} such that 3. ca; =
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! i 8.1 INTRODUCTION
Here we consider the general integer program:

(IP) max{cr:z € X}

where X = {z: Az < b,z € Z7}.

. ' [Lrem -
LTE e
et o ek P -.R‘l..'i‘. ;*:_eumm_. "
1
il
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g Proposition 8.1 cony(X) = {z: Az < b,z > 0} is a polyhedron.

This result, already presented in Chapter 1, tells us that we can, in theory,
reformulate problem IP as the linear program:

(LP) max{cz : Ar < b,z > 0}

r

RN I e p—

and then for any value of ¢, an optimal extreme point solution of LF is an
optimal solution of JP. The same result holds for mixed integer programs -
| with X = {(z,y) € R? x Z% : Az + Gy < b} provided the data A4,G,b are i
: rational. ey i
| In Chapter 3 we have seen several problems, including the assignment prob-
i lem and the spanning tree problem, for which we have given an explicit de-
scription of conv(X). However, unfortunately for A/P-hard problems, there
-;‘ is almost no hope of finding a “good” description. Given an instance of an
' A'P.hard problem, the goal in this chapter is to find effective ways to try to
approximate conv{X ) for the given instance.

The fundamental concept that we have already used informally is that of

a valid inequalty.
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SOME SIMPLE VALID HvEQUALLIICS LiD

b

AL

Definition 8.1 An inequality nz < 7¢ is a valid ineguality for X C R™ if
T <mgforallz e X.

X ={z€2": Az < b} and conv(X)= {z € R" : Az < b}, the constraints
a'z < b; and @'z < b; are clearly valid inequalities for X.

The two questions that immediately spring to mind are
(i) Which are the “good” or useful valid inequalities? and

(ii) If we know a set or family of valid inequalities for a problem, how can we
use them in trying to solve a particular instance?

8.2 SOME SIMPLE VALID INEQUALITIES

First we present some examples of valid inequalities. The first type, logical in-
equalities, have already been seen in Example 7.5 in looking at preprocessing.

Example 8.1 A Pure 0-1 Set. Consider the 0—1 knapsack set:
X={IEBE!3$1 —4I2+2$3—3$4+I_5 E —2}

‘If To = x4 = [, the lhs (left—hand SidE) = 321 + 223 + =5 2 0 and the rhs
(right-hand side) = -2, which is impossible. So all feasible solutions satisfy
the valid inequality 27 + x4 > 1.

Ifry=landz;=0,thelhs =34 223 -3z, +25 > 33 = 0 and the rhs

= —2, which is impossible, so z; < 27 is also a valid inequality. s

Example 8.2 A Mixed 0-1 Set. Consider the set:
X={{r,y): 2<9999y,0< <5 y¢€ Bl}.
It is easily checked that the inequality
T <Dy

is vtaljcl beFause X = {(0,0),(z,1) with 0 < £ € 5}. As X only involves two
vanable&',. 1t is possible to represent X graphically, so it is easy to check that
the addition of the inequality z < 5y gives us the convex hull of X.

| Such constraints arise often. For instance, in the capacitated facility loca-
tion problem one has the feasible region:

aen i Sbjyforje N

2ientij=aforie M
zi;j >0torie M, j €Ny, € {01} for j e N.

_______

R o

All feasible solutions SﬂtiEf_‘r’ L < bjy_j and T4 < Wlth :y_:j S .H.‘.' THIS 1S
precisely the situation above leading to the family of valid inequalities xi; <

min{a,, b }y;- =
Example 8.3 A Mixed Integer Set. Consider the set
X ={{g,y):c<10y,0<z <14,y € 25}

It is not difficult to verify the validity of the inequality z < 6 + 4y, or written
another way, £ < 14 —4(2—y). In Figure 8.1 we represent X graphically, and

see that the addition of the inequality z < 6 + 4y gives the convex hull of X.

Y

I —
Sm

Feasible Points
{
/
!
{

Valid inequality

14,2}
2 %

/
!

14 X

Fig. 8.1 Mixed integer inequality

For the general case, when C does not divide b, and

X ={{z,y): < Cy,0 <z < by € Zi},

. b
one obtains the valid inequality = < b — (K — y) where KX = | & and
v=b-({&] ~1)C. .

Example 8.4 A Combinatorial Set: Matchings. Consider the X of incidence
vectors of matchings:

Y ecsiy Te S1foric€ 14 (8-1)

re2z/® (8.2)

where §(i) = {e € E: e = (i,) for some j € V'}.
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Take a set T C V of nodes of odd cardinality,

_are disjuint,_n thf'. number of edges of a match; . . L e Example 8.6 Mixed Integer Rounding. Consider the same example as above
158V most L— " Therefore e 3 with the addition of a continuous variable. Let X = P n(Z% x R!) where

P = {(y,s) € R} x R} : 13y, + 20y, + 11y + 6y + s > 72).

| T -1
Z T, <
B 9 (8.3)

isavalidinequalit_vfanif{T[ESand|T|iscu::ld.

In terms of the generalized transportation model, there are four types of truck
available to satisfy demand, but it is also possible to satisfy demand from an
alternative source. Dividing by 11 gives

13 20 —
Nt oty -+ %’y-i > ”11’1

Example 8.5 IntegEr

where Rﬂuﬂdmg'l . Consider the integer regic?n X =Pnzt

PR
——— v

sugpgesting that there is a valid inequality

A .
- 1
—_r -

P = {z e Rj_ > 1327 + 202, + 1123 4+ 624 > ?2}-

ividing by 11 gives the valid Inequality for P: 2y1 +2y2 +y3 + ¥4 + s 2 7 for some a. (8.4) .

1] Tl - . PR b
- - = ey g——rEamE W L. " L L LI o .. - +‘I r -
T o A i . [ T e n ' -
. I b . 3 - - 4 .
. . . L .
- . e P e - iAo T o i

i3 20
1%L+ 1122 + 33 + 3, > 68

Looking at the rhs term 2272, we see that the rhs [Z2:2] decreases from 7
to 6 at the critical value s = 6, indicating the value a = %_ Inequality (8.4)
turns out to be valid for values of a > %, and later we will see that it can’

even be strengthened a little, giving:

o= L F = = FLE T - o= - c ek omr F am w1 TR B
. Tom . — = mm.m e L fa P . g S e - X -
e ks g ol T e R SR R ey o mrr— . - - .
= sr e ar xoae -r-—.-.r--r L omamicoay . rp— L. L] ATy Bl R 1l
- LM - R P - R R TR P o s . P gl
[ ..

rrow -

= wre ma= .m L
— kB
—_ ik .- i
- LT TN
T e T

> - :
212511; E:z?, iounimg ;Plghe cng.éliments on the left to the nearest integer gives
2TIZTI4 2 [T+ 8 L 6
valid inequality for P n*1T %2t I3+ 34 2 645, a.nd so we get a weaker

3. 4 leos |
231+2I2+1:3+m426_1§f__ st +2y2tya+tyt+gs27. n

As z is integer and all the coeffic; i
: : cients are integer, t :
Integer that is greater than or equal to ﬁ-l—ﬁl,- e b g ust be integer. An

must be at least 7, and
round the rhs up to the nearest integer giving the valid ineqr.i!a.lity fz: ;E o

8.3 VALID INEQUALITIES

To understand how to geﬁerate valid inequalities for integer programs, it is
first necessary to understand valid inequalities for polyhedra (or linear pro-
grams).

221+ 223+ T3 + 14 > T,

8.3.1 Valid Inequalities for Linear Programs

So the first question is: When is the inequality 72 < np valid for P = {r:
Az < b,z > 0}?

Proposition. 8.2 nz < mp ts valid for P = {z: Az < b,z > 0} # @ if and
only if

there exist u > 0,v > 0 such that uA -~ v =7 and ub < mp, or alternatively
there exists u > 0 such that uA > 7 and ub < my.

n T
mzzﬂiﬂ?ﬁ

=1 j=1
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o
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z
=1
8 &
g5
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. -:I..I'. . . L |
1,k ré . rrEy r
,o- t‘-'. TR < e yd

4

m
Zcii‘ij > diforj=1,... n

i=] .
n Proof. By linear programming duality, max{=z : z € P} < g if and only if
inj < mfori:lr””m min{ub:uA—u=7r,u2[],vz(]}ﬂﬂ'g. =
3=l

z € Zm

where each demand constraint gives rise to & set of the form X

B T R Lot e I )
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8.3.2 Valid lnequalities for Integer Programs

mim
]t

(i) First combining the constraints with nonnegative weights u = (%, .0},

we optain the valid imegquality for P

Now we consider ¢

r'
M. re—

1
e

_—

| ) e

Y

|

rrmd 28 aa

o Mteger program:
{z:dz<bre zZ71
and ask the same question.

Surprisingly, the com
Very simple observation.

Proposition 8.3 fet X ~ i,
valid fﬂT X {y SR ¥ =< b}: then the tnequa.hty Y < Lb-’ 18

(ii) Reducing the coefficients on the left-hand side to the nearest integer giveé
the valid inequality for P:

plete answer is in some sense given in the following

121

N —
2x1 + 0zq < 21

We have already used this

idea in Ex | ; .
ample 8.5. We now give two more ex- (iii) Now as the left-hand side is integral for all points of X, we can reduce

amples.
- the rhs to the nearest integer, and we obtain the valid inequality for X:
Xample 8.4 (cont) Valid Ine iti
) qualities for Matchi H ; 121
ternative algebraic justificati 1 _HE. 1iere we give an al- <=2 =
Justitication for the validity of inequality (8.3) that can be 221 < L5l =5

broken up into three steps.

(i} Take a nonnegative linear . : -
g combinat - .
u; = % fori € T and =0 for i 111; ton of thle constraints (31) with weights
+ € V\T, This gives the valid inequality:

Observe that if we repeat the procedure, and use & weight of % on this last
constraint, we obtain the tighter inequality 2y < 3] = 2. »

Now it is easy to describe the general procedure that we have been using.

ecE(T) . e€8[T . V\T) C e e
Chviatal-Gomory procedure to construct a valid ineguality for the set

X =PnN2Z" where P = {r € R} : Az € b}, Ais an m x n matrix with
columns {a;,az,...,6,}, and u € R .

(ii) Because 7. >
g - 0: EEEE{T} g E E:EE(T} L -+ %EEEE{T.V‘\TJ T, and S0
{i} the inequality
n
Zuajzj < ub

Jj=1

is valid for P esu >0 and ) _, a;z; < b,

is & valid inequality,

(iii) Because z € 27 the ths 3
: I. must '
replace the rhs valje by the largzgf iixﬂegz be an integer, and so ope can

S0
(i1) the inequality
> luas)z; < ub
=1

idﬂntiﬂﬂ.l ap- is valid for P as z E [}}

valid inequalities for any integer programming

region. Let X = PN 2" be the set of integer points in P where P is given by:

(iii) the inequality
> luag)z; < |ubl

T1-213 < 14 o
: r2 £ 3 is valid for X as r is integer, and thus 37_,|ua;!z; is integer,
Z1—=213 < 3
r > 0. The surprising fact is that this simple procedure is sufficient to generate

ali valid inequalities for an integer program.
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A PRIGRI APLITIGN OF Cuna? Rrnee s O

r

f),U SrX1}#0.X = PNZ*", and suppose
is & valid inequality for X. We will show that " :
Y, or in other words that it can be obtained b
procedure a finite number of times,

Claim 1 The ine
te ).

Proof. z1p = max{rz : i .
L= [zp] - m,. { T € P} is bounded as P is bounded. Take

Claim 2 There exists a sufficiently large integer M that the Inequality

WI£WU+MZI_-;+M Z(l—'mj) (8.5)

JENC JEN!

is valid for P for every partition (N, N) of N,

}Pjr?fnf.* It }u;ﬂices to shn}:w that the inequality is satisfied at all vertices z* of

[}é;-h T € 4 , theq the inequality 7z < g is satistied, and so (8.5) is satisfied
Crwise there exists & > 0 such that 2 jeno ] +2 iem(l —Z7} > o for all

partitions (N°, N1) of N and all non-inte '
: \ -Integral extreme * '
M > -f;, it follows that for all extreme points of P, pofsis =7 of P Taking

T <o+t <mp+ M Z T+ M E(l—m'ﬁj.
JENO JENI ’

Claim 3 re<mg+7+1 s & C-G Inequality for X with = Zj‘r, then

?I'I_{_"_-:'?Tﬂ‘i"’r-}- sz_f_ Z(I—Ij) (Bﬁ)
JENC JENT
is a C-@G inequality for X

Proof. Take the inequality rr < 7 -
. . * _ = Mo+ 7T+ 1 with weight (M — 1)/M
nequality (8.5) with weight 1 /M. The resulting C-Q inecguality )15’/ (S.Hf;‘:l):ld Fhe

Claim 4 If
SELILED MRS T -
FETU{p} JETH
and
TESTHTA ) i+ Y (1-z) (8.8)
jeT? JeETTU{p}

i

eor ..4 . N . i".'|... .
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quality for X can be obtained by applying the % are C-G inequalities for X where (70, T!) is any partition of {1,...,p—1},
then
€ -1 case, ThusletP:{zeﬁ’":AIE “;r: ‘JTIf:_?Tu-i-T-i-ZIj-i- Z(l-:ﬂj) (8.9)
that nr < To with 7, = integral ;ﬁ& JETO jeTr!
this inequality is a C-@ inequal. .o , .
¥ applying the Chvatal-Gomory is a C-G mequahty. for X.
N Proof. Take the inequalities (8.7) and (8.8) with weights 1/2 and the result-
‘ S ing C-G inequality is {8.9).
quality 7z < mp + ¢t is a valid inequality for P for some "
Claim 5 If

Tr<wg+7T+1
is a C-G inequality for X, then

TT<TMp+T

is a C-G inequality for X,
Proof. Apply Claim 4 successively for p=n,n ~1,...,1 with all partitions
(T, TYH of {1,...,p—-1}.

Finally starting with 7 = ¢—1 and using Claim 5 for r = t—1, - - -, 0 establishes
that nz < 7p is 2 C-G inequality. ' n

For inequalities generated by other arguments, it is sometimes interesting to
see how easily they are generated as C-G inequalities, see Exercise 8.15. -

Now that we have seen a variety of both ad hoc and general ways to derive
valid inequalities, we turn to the important practical question of how to use
them.

8.4 A PRIORI ADDITION OF CONSTRAINTS

In discussing branch-and-bound we saw that preprocessing was a first step
in tightening a formulation. Here we go a step further. The idea here is to -

examine the initial formulation P = {z: Az < b,z > 0} with X = PN 2Z",
find & set of valid inequalities Qr < ¢ for X, add these to the formulation
immediately giving 8 new formulation P = {z: Az < b,Qz < ¢q,z > 0} with
X = P'NZ". Then one can apply one's favorite algorithm, Branch-and-Bound
or whatever, to formulation F’.

Advantages. One can use standard branch-and-bound software. If the valid
inequalities are well chosen so that formulation P is significantly smaller than
F, the bounds should be improved and hence the branch-and-bound algorithm
should be more effective. In addition the chances of finding feasible integer
solutions in the course of the algorithm should increase.
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Disadvantages. Often the f@y of valid inequalities one would like to add
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is enormous. In such cases either the linear nraceaom : i
- IS L. a - "'-: =-.

take a long time to solve, or it becomes Impossible to use standard branch-
and-bound software because there are too many constraints.

How can one start looking for valid inequalities a priori? In many instances
the feasible region X can be written naturally as the intersection of two or
more sets with structure, that is, X = X1nXx2. Decomposing or concentratin
on one of the sets at a time may be a good idea. °
X:-’Fﬂr 11;51:3.11::&,' we may know that the optimization problem over the set

= Pnzn 125 easy. Then we may be able to find an explicit description
of P =conv(P?n Z"). In this case we can replace the initial formulatio
PN P2 by an improved formulation P’ = Pl pr2 :

Whether the optimization problem over X2 is easy or not, one may be able

to take advantage of the structure to find valid inequa]iti;s for X2, which

allow us to improve its formulation from P2 tq P72
provide an improved formulation P’ = P! A P2 for X hereby again

Example 8.8 Uncapacitated Facility Locatio
n. Tak « 4 :
used in the 1350s and 1960s: v  the “weak” formulation

N
ZIij = lfori=1,....,m

1
™m
ijj < myjforj=1,... n
t=1
Ziy 2 Ofori=1,....m, j=1....n
0 ""_: yjﬂlfﬂrj=1,“_,n.

Let X; be the set of points in the polyhedron P; :

™
Z Tij S my;
i=1
ziy; 2 Qfori=1,... m
0 < y <1,

with y; integer. The convex hull P} of the set X; is given by

Iy < yfori=1,... m
I‘.I-_T 2 Of{}rf=11|+-.m
¢ < 3 <1

AUTOMATIC REFORMULATION OR CUTTING PLANE ALGORITHMS 123

Now the reformulation obtained by replacing P; by P/ for j =1,...,n is the

“strong” formulation P’

n
E Iij

= lfori=1,...,m
j=1
Ty < yjfori=1,....mji=1,...,n
ry; = Ofori=1,...,m, j=1,...,n
0<y; < liorgj=1,...,n

The strong formulation is now commonly used for this problem because the
bound it provides is much stronger than that given by the weak formulation,
and the linear programming relaxation has solutions that are close to being
integral. | u

Example 8.9 Constant Capacity Lot-Sizing. Using the same notation as for
ULS introduced in Section 1.5, a basic formulation of the feasible region X is

Si_1+x = di+sifort=1,...,7n
. < Cyfort=1,.../n

—

so=5,=035 € R’_;'_H,:I: € ",y € B™.

We derive two families of inequalities for X. First consider any point (z, s,y) €
X. First as s,_; > 0, the inequality z; < d; + 5; clearly holds. Along with
z; < Cy, and y: € {0,1}, it is then not difficult to show that r; < d;y: + s
is valid for X. (Note that without the variable s;, this is precisely the mixed
0-1 inequality of Example 8.2).

Second, summing the fiow conservation constraints, and using s; > 0, we
get the inequality E:=1 T; > Zi:l d;. Then using z; < Cy; gives C Z:=1 Yi >
S dior Yo u > (Li_,di)/C. Now as 3., y; is integral, we can use

=]

Chvital-Gomory integer rounding to obtain the valid inequality

Zyi > I'ZiEI Id1‘|

=]

Adding just these 2n inequalities significantly strengthens the formulation
of this problem. .

8.5 AUTOMATIC REFORMULATION OR CUTTING PLANE
ALGORITHMS

Suppose that X = P Z™ and that we know a family F of valid inequalities
T < wp, (7, 7o) € F for X. In many cases F contains too many inequalities
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(2" or more) for them to be added a priori. Also given a specific objective
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3 2l e el — i t
with @y, <Ofor e NBandG o> O0foru=1__ m where NB is the se

functio“a—oﬂf-is—ﬂﬂl—ﬁeaﬂa%atems%ed—m—ﬁndmg—ﬂmmplete convex hull, but
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one wants a good approximation to it in the neighborhood of an optimal
solution.

We now describe a basic cutting plane algorithm for

(IP}, max{cr: z ¢
X}, that generates “usefu]” Inequalities from F.

Cutting Plane Algorithm

Initialization. Set ¢t = 0 and P° = P,
Iteration t. Solve the linear program:

z' = max{cz : z € PY).

Let z* be an optimal solution. -

If z* € 27, stop. 2t is an optimal solution for /P.

If x* ¢ Z™, solve the separation problem for 2* and the family F.

If an inequality (7%, 7t} € F is found with 7zt > 7§ so that it cuts off x’, set
PH =P n{z:ntz <}, and augment {. Otherwise stop.

If the algorithm terminates without finding an integral solution for J P,
Pt =Pﬁ{$!ﬂ'i“.€ﬂﬂa 1 = 1,...,t}

is an improved formulation that can be input to a branch-and-bound algo-

rithm. It sheuld also be noted that In practice it is often better to add several
violated cuts at each iteration, and not just one at a time.

In the next section we lock at a specific implementation of this algorithm.

8.6 GOMORY'S FRACTIONAL CUTTING PLANE ALGORITHM

Here we consider the integer program:

max{cr: Az = b,z > 0 and integer}.

The idea is to first solve the associated linear programming relaxation and
ind an optimal basis, choose a basic variable that is not integer, and then

generate a Chvéital-Gomory inequality on the constraint associated with this
basic variable so as to cut off the linear programming solution. We suppose,
given an optimal basis, that the problem is rewritten in the form:

maxam+zjeﬁﬁﬁﬂjzj
Tg, +EjENBE“iIi =Guw foru=1,... m
z 2 0 and integer

' 1.
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of nonbasic variables. | .
If the basic optimal solution z* is not integer, there exists some Tow u W
dyo ¢ Z'. Choosing such a row, the Chvatal-Gomory cut for row u is

28, + ) |Bus)z; < [Buo)- (8.10)
JENED

Rewriting this inequality by eliminating z5_ gives

Y (Buj — [Bus])a; > Buo — |Fuo]
JENB

Z fui%Ti 2 fuo (8.11)

JENB

Te fui = Tyq ~ ) for 7 € NB, and fug = Gye — |Tus).
Whgy g;:é deg;jtinr'fu;ﬁld the choice of row u, 0 < f,; < 1 and []-.q; fuﬂ1{-1.
As z5=>0 for all nonbasic variables § € NB in the optimal LP.sulut,mn, this in-
equaiity cuts off z*. It is also important to observe that Fhe dlﬁ?rence between
the left~ and right-hand sides of the Chvatal-Gomory inequality (8.10), &n.d
hence also of (8.11), is integral when x is integral, so that when (8.11) is
rewritten as an equation:

= —fuo + Z fuiZj;

JENB

the slack variable s is a nonnegative integer variable.

Example 8.10 Consider the integer program

z=max 4z, - Iz,
73:1 - 2-'1?2 < 14
Iz < 3
2ry —- 217 £ 3
T, z9 > 0 and i.uteger.

Adding slack variables x3, 74, T5, observe that as the cunstra.int.data is int-eger,
the slack variables must also take integer values. Now solving as a linear
program gives.

4
Z = Imax % —=%I3 —5I4

20
2 ra)

T +2T3 +5T4 = 7

Iy +Iy4 = 3
_ 23
—%Ia +%I4 +Iy = &

Zy, T2, Ts, T4, zs5 2 0 and integer.
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The optimal linear pProgramming solution is r =

MIXED INTCoenr (0T i27

'
e

-} |'-:a..i$l L 'r.h.-ﬁa...-i thﬂ-hu-ﬁl i.:. L.._,.m_._] .

not integer asthe original variable x5, and the slack variable x4 are fractional.

The Gomory fractional cut on row 2, in which z is basic, is

1 1
3%5 2 5 OT —2z5+

t = —21 with ¢ > 0 and integer. Adding this constraint and reoptimizing, we

obtain

2 =max7

—33 —i
+5 =19
+s ~t _
—08 ~2t =
+6s +t =

I, Iz, =3, Iy, Ip, 85, L = () and integer.

Now the linear programing solution is integral, and optimal, and thys
(2,1) solves the original integer program.

(T1,22) =

It is natural to also 1091: at the cuts in the space of the original variables.

Example 8.10 (cont) Considering the first cut, and substituting for z, and

I, gives:

-71(14 -7z 4+ 227) +

or r; <2

2(3-1z3) > 3

In Figure 8.2 we can verify that this inequality is valid and cuts off the

fractional solution (£2,3). Similarly,

1 A 2% substituting for z¢ in the second cut
2%s 2 5 gives the valid inequality z; — 25 < 1 in the original variables.

the fire , . . : (%213,0.01%3*) ¢ 23, sowe —~
. use tae hrst row, in which the basic variable 1, is fractional, to generate the £ X, l f ~ o~
5 cut: = | Cuts Added
,%1'3 + %Iq > %‘ | + ¢ -0 i
or r*f?"b ]
5= -8 + L2342z, |
‘ I with 5,73, 14 > 0 and Integer. I
Adding this cut, and reoptimizing leads to the new optimal tableau 9 © '
- — 15
1] < = max 5 —-%:rs -3s | mex,
. 11 T1 +8 = 9 I
I3 —5T5 +8 = % D o
,'- X3 —L5 -8 =1
1 Z4 +5T5 +6s = g p
g *Th Tz, Z3, Z4, x5 > (and integer, /7
: Now the new opt; ' i ; Jp < L T - =
optimal linear programming solution £ = (2,3.1,2,0) is still 7 I X,

Fig. 8.2 Gomory cutting planes

Proposition 8.5 Let 3 be rowu of B~1, and g; = §; — {8 fori=1,.--,m.
The Gomory cut EjE B fuiTi 2 fuo, when written in terms of the original
variables, is the Chvdtal-Gomory ineguality

2 laajiz; < |gb.

7=1

Looking at the first Gomory cut generated in Example 8.10, 5 is given by
the coefficients of the slack variables in row u = 1, s0 8 = (2,#,0). Thus
¢=(3,2,0) and we obtain 1z; + Ozp < 2| = 2.

g
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AT AR R a1
. ! - e e ey H

8.7 MIXED INTEGER CUTS

8.7.1 The Basic Mixed integer Inequality

We saw above that when y < b,y € Z?, the rounding inequality y < |b]
suftices to generate all the inequalities for a pure integer program. Here we
examine if there is a similar basic inequality for mixed integer programs.

Proposition 8.6 Let X2 = {(z,y) € RixZ . z+y > b}, and f = b— &) >
0. The inegquality

zz.f{.fb‘i-y}or;—-i—yaﬂﬂ

is valid for X2,

’ "l""".]. ﬂ ¥
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with [6] =7 and f = £ we obtain immediately that

1 -l
LIl F'T‘mll-i'lr"fhl-un L. o mpka. ML b

T L]
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4
_
. Feasible Points
\ i
\
\ \
b \ Cut
2 \
1
0 1 2 b 3 X

Fig. 8.3 Basic mixed inequality

Proof. Ify> [b], thenz >0 > F(fo] ~ y). If y < [b], then

T 2 b-y=f+(lbj-9)
> f+f(Lf’J‘I-f)iEELbJ—yEU&de{L

f(l-b] "yJ- =

The situation is shown in Fj |
gure 8.3. The follow;
compare more directly with the all-integer caseq.ﬂmg corollary allows us to

Corollary If X< = 1 o 71,
inoqualit {(z,y) € R} XZ7:y<b+z} and f=p— 18] > 0, the
H

1-f

y < |b] +

is valid for X<,

Proof. Rewritingy < b4z asz X
\ = —~¥ 2 —b and observing that —p— | —p| =
we obtain from Proposition 8.6 that "‘7'1f —y > [_b]i _a;bj L o =1/,

E
u us

2E:nc.r.«lfzg;xliF.- 8.6 (cont) .'I‘he Eé-ucking example discussed earlier led to the set
NUrehrtmtyu+{ 2 gwithyeZands >0 Using Proposition 8.6
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1s a valid inequality. .

8.7.2 The Mixed integer Rounding (MIR} Inequality

To obtain a slight variant of the basic inequality, we consider a set
MIR
X ={(1:,y)ER_1|_><Zf_:a1y1 + azy2 £ b+ x},
where a1,a; and b are scalars with b ¢ 2.

PI‘DPBSitiﬂﬂ 8.7 L'et f = b — Lbj ﬂnd f,‘_ = @; — |a, or i = 19 S
h<f<f, then @i} & Uppose

2y < 1)+ 2 (8.12)

~f

la1fy1 + ([az] +

i valid for XMIR

Proof. (z,y) € XM gatisfies |a, |y, + [a2]ye S b+ 24+ (1 — f2)ys as
1 2 0, and az = [az] — (1 - f;). Now the Corollary to Proposition 8.6 gives

o1 jy1 + [ag]ye < [B) 4+ [z 4+ (1 - F2)wel/(1 - 1),

which is the required inequality. »

E‘;lxample 8'.11 Conside‘r‘the set X = {(y,z) € Z2 xR} : %y; + 1y, +%y3 <
—2,-{;- :r:h} . Using Proposition 8.7, we have f=1/2,f1=1/3,f, =0, f3 = 3/4
anda thus |

o
3y1 + Y2 + '2‘y3 <1042z
1s valid for X. - .

8.7.3 The Gomory Mixed Integer Cut®

Here we continue to consider mixed integer programs. As for all integer pro-
grams in Section 8.6, any row of an optimal linear programming tableau, in
which an integer variable is basic but fractional, can be used to generate a cut
removing the optimal linear programming solution. Specifically, such a row
leads to a set of the form: '

G _ | 1 -
XY ={(yp, y.2) € Z' x Z7* x R"* . yp_ + Z Qujly; Z GujZ; = Buo},
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where n; =| N; | for i = 1,2.

DISJUNCTIVE INEQUALITIES” 131
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Proposition 8.8 If g, ¢ 2!, fi =8u; — |Tu;| for € Ny U Ng, and fp =
2u0 — |@uo), the Gomory mized inleger cut

fo(l = £;) _ fo _

> fiys + > =5 + z QujT; + Z T 7 %% 2 Jo
izJo fi>Jo Loy >0 Ay <0

s valid for XC,

Proof. The mixed integer rounding inequality (8.12) for X€ is

— _ Ji — fo G 5 —
yB.+ ) Guifus+ Y (1G] + 1;._f )y; + la_u} z; < |@uo).
FiZ)o fi>Jo 0 Gyu; <0 0

Substituting for y5_ proves the claim.

Example 8.12 Consider the mixed integer program:

z=max 4r; - g
71!1 - 232 < 14
Iy < 3
2.'!?1 - 2.‘.'52 E 3

— 1
L = ﬂlﬂ.:{? —'fI3 '—?Iq

1 2

z) T7T3 574 = 2

Lo +T4 = J

2 10 ' — 23

—7I3 ‘|"?I4 +T5 = =

I} € Z: J I3, L3, 4,25 2 0.

The basic variable z, is fractional and the first row gives the MIR cut z; < 2,
which after elimination of z; becomes the Gomory mixed integer cut:

1 2 é
.?13 ~4= TI“ :_’ z-

Adding this cut and reoptimizing leads to the solution z = (2, %}, which is
feasible and hence optimal for the mixed integer program. This can also be
seen graphically in Figure 8.2 with just the addition of the cut T < 2. .

8.8 DISJUNCTIVE INEQUALITIES®

Theset X = XU X2 with Xt C RY for t = 1,2 is o disfunction (union) of
the two sets X' and X2. The following simple result has already been used
implicitly in Proposition 8.6 in deriving the basic mixed integer inequality.

DA s - i 8 e R

_ 1 ; - . - __ - i
Proposition 8.0 If Zj___l Iy < g s vatit for X for+ = 1,2, then the
inequality

Ti

2 %5 S o

i=1

s valid for X of m; < min[r}, 2] for j=1,...,n and xo > maxx}, n2l.

Proof. fr € X, then z € X' orz € X2 Ifz € X*, then as z > @,
E;‘::l T < E;_,l 73z; < wh < mp for i = 1,2. Thus the inequality is valid
forallz € X. u

Disjunctions of polyhedra are particularly interesting. Modeling such sets
15 easy; see Exercises 1.3 and 8.10. Using Proposition 8.2, it is also easy to
characterize valid inequalities for such disjunctions. -

Prupnsi'tiun 8.10 If PP = (g € R . Az < b} fori=1,2 are nonempty
polyhedra, then (m,mp) is 6 valid tnegquality for mnv{El U P%) if and only if
there ezist ul,u? > 0 such that m < u'A' and To = U fori=1,2.

Example 8.13 Let P! = '{:r = RE_ P —xy a2 £ Lz + 12 € 5}

and P2 = {I € Ri o 4,—-2:.1"1 + Tp < -—G,IJ — 31‘2 < —2}. Tak-
ing u! = (2,1) and 12 = (%, %,ﬂ) and applying Proposition 8.10 gives that
~ZI1 + 3z2 < 7 is valid for P! U P?. See Figure 8.4. m

T
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(0.1)

(51'0} 4|

Fig. 8.4 Disjunctive inequality

Specializing further, we consider 0-1 problems, where X = PA2" c {0,1}"
with P={z € R" : Az < b0 <z < 1}. Llet PP=Pn{zre R":z; =0},
and P! = Pn{r e R" :z; =1} for some j € {1,...,n}.

Rt Pk b e




132 CUTTING PLANE ALGORITHMS

Prnpﬂs_itiun 5.1_1 The ingqua!ity (7, o) s & valid Jor cony{ PO LJPl) if there
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8.9 NOTES
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Proof. Apply Proposition 8.10 with P° = {z € R} :Ar<b,z < 1,z; <0} A
a.ndPl={IER1:AI£&,I£1,—Ij{—1}. n »5%

Example 8.14 Consider the 0-1 knapsack problem

max 12z; + 14z, + T3 + 1224
4z + 5z4 + 324 +6zy < 8
z € B4

with linear programming solution z* = (1,0.8,0,0).

As 7 = 0.8 is fractional, we choose J =2 in defining P° and P!, and then
look for the most violated valid inequality (w,mq) given by Proposition 8.11,
To do this, we solve a linear prograrm consisting of maximizing rz* — To Over

the polyhedron describing the coefficients of the valid inequalities given in the
praoposition, namely

max 1.0m; + 0.8 — my

T < 4u 4o my < duld 4o

w2 < 6u’ + 0§ + w1, < 5yl + 1y — !

T3 < 3ul + vy, M3 < 3ul 4 v

T4 < 6u° + 0, my < 6ul + 0]

mo 2 8u’ + o] + vl + 0 + 1

mo 2 8u' 4 vf + vl + v} + v} —

w1l 00l w® Wl > 0.

Note that for the linear program to have a bounded optimal value, it is neces-
sary to normalize the inequality. Two possibilities are i T <lormg =1,
The resulting inequality is .

1z9 4 %Ig <1,

with viﬂ!?,tinnnnf % For P° it is a combination of constraints r; <1 and
T9 < 0 with vy = 1 and w’ = { respectively. For Pl it is a combination of
the knapsack inequality 4T, +972+4 3234+ 6z4 < 8§ and -T2 € —1withy! = 1

and vl =1 respectively. Both normalizations lead to the same inequality. i

The idea of looking for the most violated inequality will be pursued in the
next chapter, when we trv to obtain “strong” inequalities.

- ' .- -, .. oo ,;4::' .'-"' '!":'.'-:"r- Ha 1 Fr r"_'.-\, .".r.
2L IR R St K L S bR IRk bk it A T e te BE T b

8.2 The inequality (8.3), called a blossom ineguality, is Fom (Edm65a).

8.3 The rounding procedure to generate cuts is from [Gom58]. The general
procedure described here and the proof of Theorem 8.4 for bounded integer
programs is from [Chv73]. In [Sch80], the result is extended to unbounded
polyhedra.

8.4 The strong formulation for UFL is used computationally in [Spi69)].

8.5 The first cutting plane algorithm reported is the procedure used to solve
a 54-city TSP in [DanFulJoh54].

8.6 The fractional cutting plane algorithm is presented in {Gom58],[Gom63).
The latter paper also contains a beautiful theoretical result, namely that the
algorithm converges finitely if the rows off which the cuts are generated are
properly chosen. |

8.7 Gomory mixed integer cuts are proposed in IGom60}. The presentation
of mixed integer rounding inequalities is from [NemmWol90]. The theory of
superadditive valid inequalities and superadditive duality {Joh80] and Chapter
IL1 in [NemWol88] provides a complete explanation of cuts for integer and
mixed integer programs. . :

Gomory has shown that finite convergence can be attained with his mixed
Integer cuts if the objective function is integer valued. It is an open question
whether this is true for 0-1 mixed integer programs with an arbitrary objective
function. In [CooKanSch90], the question of how finite convergence might be
obtained is reexamined.

Recently [GunPoc98] present a new way to combine basic mixed integer
inequalities. Gomory mixed integer cuts have also been recently revived as a
computational tool; see {Balasetal96].

8.8 Disjunctive and Gomory mixed integer cuts are closely related. Propo-
sition 8.9 was already used implicitly by Gomory in developing the mixed
integer cut. In the same way that the Chvatal-Gomory procedure can be
used to generate all valid inequalities for an integer program, it can be shown
that a simple disjunctive procedure repeated finitely (see Exercise 8.11) can
be used to generate all valid inequalities for a 0—1 mixed integer program.
The approach here is based on the disjunction of polyhedra developed by
Balas [Balas75a] in the 1970s; see also [Jer72]. In particular, Balas shows the
beautiful result that to obtain the convex hull of a 0-1 M P, it suffices to
take the convex hulls of each 0-1 variable one at a time. Related to this re-
sult, a variety of extended formulations have recently been proposed to obtain
tighter formulations for 0-1 A1 Ps [LovSch91], |BalasCerCor93|, [SheAda90].
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8.10 EXERCISES

1. For each of the three sets below, find a missin id ] -
' i ’ g valid inequality and ver;
graphically that its addition to the formulation gives conv{.X) ¥ T

(59}{:{:632:3:1-4:251}
(E?X={(I,y)ERixBl:IEEOy,:cﬂ?}
(lll)X={{I,y}ER_ll_ X Z1 :z < 6y,z < 16}

2.' In Ead.‘l. of the examples below a get X and a point z or
Find a valid inequality for X cutting off the point.

(i) |
X ={(z,y) € Rf_ x Bz, +Z3 S 2,z; <1 for j =1,2)
[:Il,Iz,yJ = {1,0, 05)
(1)
X={(z,y)ER}|_xZ_}_:m£9,zﬂ4y}
X
Y) = 9,-—
(.5)=(9,5)
(i
A= {(Ilimz,y) ERE. X Zi ‘T + 29 £ 28,1y + 19 < 8y}
(=1,22,9) = (20,5, %)
(iv)
X ={r€Z} 92, + 122 + 825 + 172, 4 13z5 > 50}
25
= (U:"ﬁ_:ﬂtotn)
(v)

X={J:EZ::4:1+331+T:r3+5m4£33}

I = (O,U, ?,0)

@ Prove that 1 + Y3+ 2y4 <6 is valid for

X={yEZ’_‘;:4y1+5yz+9y3+12y4$34}-

(z,y) are given, -

.
! bl

< oMl N D e K i i

i

... ) 5
S F SN S — -

4. Consider the problem

minT, -+ 27,

Ty +zx0 24
fo1+ 32 2 3
TEZs.
Show that z* = (%"'-, -i-} is the optimal linear programming solution and find

an inequality cutting off z*.

5. Solve min{5z, + 9 + 23z3 : 20z, + 39z9 + 95z3 > 319,z € Z_E;} using
Chvatal-Gomory inequalities or Gomory's cutting plane algorithm.

6. Solve max{5x; +972+2313—45: 273 +322+ 923 < 3248,z € Zi,s < R},.}
using MIR inequalities.

7. (i) Show that the inequality z, s_ diy: + 8¢ is valid for ULS.
(ii) Show that z; + x,,, < (de + dey 1)y + dera¥isr + 8e41 is valid,
(iif) For { <m, L= {1,...,i} and § C L, show that the inequality

I
Doz <Y O dys + s
FES JES t=j

is valid for U'LS,

Consider the stable set problem. An odd hole is a cycle with an odd number
of nodes and no edges between nonadjacent nodes of the cycle. Show that if
H is the node set of an odd hole,

Yz < ({H|-1)/2

jeH
15 a valid inequality.
9. Use the mixed integer rounding procedure to show that
| (1 +6y2)/4 + y3 + 4y4 > 16
1s & valid inequality for
X ={y €24y, + 6y + 125 + 48y, > 184},
10. Use the mixed integer rounding procedure to show that
T2+24 <204 4{y-2)
15 8 valid inequality for X =

{(Z,0) € RIXZ} iz 42+ +72, <10y,2y < 13,17, < 15,23 < 6,74 < 9}.
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11.(i) Show that if 7z < mg + a(z; — k) and 7z < 7y + Bk +1 - z,} with

CATITLIIED s

Formulate and solve with a mixed integer programming system. Try to tighten

@, 3 > 0and k € Z* are both valid for a polyhedron P, then xz <

'ﬂ-lid—Fer—P—H—{r-—g;_, e Z¥ . An inequality generated in this way is called a #
D-tneguality. .

(ii)* Show that if P C R" is a polyhedron and 5 € {1,...,n}, every valid ;;
inequality for conv(Pn {z : z; € B'}) is or is dominated by a D-inequality. %}

12.% Prove that if P¥ = {7 ¢ Rn . gk, < %} are bounded polyhedra for
k =1,2, then conv(PlUP?) = {z : there exists (z, 22, 22, !, y?) € R® x B™ x
R™ X Ry x R} satisfying 4*;* < Vy¥fork=192 2=z 4 2yl + 2 =1}

13. Consider an instance of the generalized transportation problem

m Tl
i=1 'Zj=1 CijTy;

2i=1%ij < b for i = l,....,m
=1 GiTi; 2 4j fﬂff-él,...,n
T € ZT"

min

with m = 4,n = 6,¢ = (15,25,40,70), b = (10,5, 7, 4), d = (45,120, 165, 214,
64, 93} and -

23 12 34 25 97 16
()= | 28 24 43 35 28 19
9T 43 31 52 36 a0 21

o4 36 534 46 34 27

Solve with a mixed Integer programming system. Now by inspecting the lin-
“al programming solution, or otherwise, add ope or more valid inequalities to
the formulation and resolve. Compare the number of nodes in the branch-

and-bound tree before and after. Iry to minimize the number of nodes,

14. Consider a telecommunications problem where the demands between pairsg "'E*
of nodes are given. The problem is to install sufficient capacity on the edges il
of the graph so that all the demands can be satisfied simultaneously. If there ;
1s flow of one demand type from i to 4, end simultaneously others from j to b
1, the capacity available must be the sum of the two opposite ows. Capacity
can be installed in units of 1 and Jor 24, costing 1 and 10 respectively. For a
graph on 6 nodes, the following demand matrix must be satisfied

12 51 - -

» . 93 Bl -~

(d,‘j:] = . ' - - 32
: 91 t

R LR TER W AT S (LSS SRS

the-formmulation-

15. (i) Derive the inequalities of Example 8.1 as C-G inequ'.alitiles. |
(ii) Consider the set X = {z € B*: z; +z; <lforalll £i<j <4} Derive
the clique inequalities z; + a3 +z3 < land z7+ 2o + Ta + 23 < 1 as C-G
inequalities.
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trong Valid jnequalities

¥ INTRODUCTION
Fthe last chapter we have seen a variety of valid inequalities, and presented
Rgeneric cutting plane algorithm. The Gomory fractional cutting plane al-
Brthm is & special case of this algorithm with the particularity that finding
B 1o very easy at each iteration. Theoretically it is of interest because it has
BN shown to terminate after a finite number of iterations, but in practice it
i not been successful. However, Gomory mixed integer cuts, as well as the
_ jf' Unctive cuts, have been recently successfully used in practice.
Eflere we address the question of finding strong valid inequalities that are
gpofully even more effective. The basic cutting plane algorithm is the same
j in Section 8.5, however:
f? We need to say what “strong” means — for our purposes it is any inequal-
Y thot leads to a stronger formulation. However, in Section 9.2 (optional)
9% formalize what is meant by the strength of an inequality.

: Describing interesting families & of strong inequalities may be far from
BBl CGiven a family F of strong valid inequalities, the separation problem for
g tnny require w lot of work. It may be polynomially solvable, or it may be
Y /-1 inocl, in which ense o hourist.ic nlgorithm has to be developed. In Sec-
S #_Jr 00 we axnriine three aete: 0-1 knapsack sets. mixed 0-1 sets, nand
| {En. sl of ancidenes veetorn of anbtonrs that arikes in n genernlizntion of the

.1 -
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traveling salesman problem. We develop a family of strong valid inequalitiog, §

'-”'tiun 0.1 K rz < 7y and uzx < g are two valid inequalities for P C RY,
anddiacusstherﬁultingsepara.tinnprnblemﬁ:reachofthefamjhes. ’. T

%o dominafes pr < gy if there exists u > 0 such that = > wu and
| "‘:.ii'_’lpﬂs and (7:', “-D) ‘?é (U’P'a “!’-‘ﬂ)-

’:.l

I_.F‘

—

;'::f_:‘ that if 7z < 7o dominates pxr < 4y, then {z €R} :mx < 7w} C
g ) ¢z < gl

' mtmn 9.2 A valid inequality 7z < %, is redundant in the description
:i? if there exist % > 1 wvalid inequalities =z < ‘JI'E-, for 1 = 1,...,%k for

-. -

god welghts w > 0 for § = 1,.....k such that (5, wr)e < 5% uymd

"
. art

@hinates 1z < 7,

In discussing separation algorithms, it is important to remember certaly ¥
ideas encountered earlier. First because Efficient. (Polynomial) Optimization
and Efficient Separation are equivalent,

(i) If Efficient Optimization holds for a class of problems of the form max{ e |
z € X}, it may be possible to abtain an “explicit” description of the convex 3
bull of X, end perhaps also & combinatoria] separation algorithm for conv(.X), }
and

o we observe that {z € BT : 1z < 7% for § = 1,...,k} C {z € R® :
B )T < EL: um} C{z € R -7z < o }.
i
faple 9.1 Taking n = 2, (7,70) = (1,3,4) and (4, o) = (2,4,9), we sce
. ; Mt with u = 1 7 > s and 7o < 1u; and so x1 + 3z3 < 4 dominates
(i) If the Optimization Problem is N'P-hard, there is no hope {unless P - 2 u.;.ga-z <9, szee Fig'ureﬂ 9.1a. ?
NDP) of obtaining an explicit description of conv(.X]), but this should not dolar 5 B

us from looking for families of strong valid inequalities.

As before, the idea of decomposition may be usafyl]. In particular,

EII - Ei

(iii) If we can break up the feasible set 50 that X' = X' N X2 where the o §
timization problem over X2 js polynomially solvable, then we can attem Pl Lo 3
find conv(X?), and

(iv) If X = X1 X2, but the optimization problems over X! snd X2 AIe
both A'P-hard, it may be still be worthwhile (and easier) to attempt to fin
valid inequalities for X! and X2 Separately in the hope that the resulting &

inequa]itieswiﬂalmbeabmngfurtheintermcﬁonx=xlﬁ}f?.

(n] {b}
Fig. 9.1 Dominance of inequalities

9.2 STRONG INEQUALITIES

Here we address briefly the question of what it means for an inequality to |e
strong for aset P={z € R" : Az < b}. This leads us to introduce certadn 3
concepts important for the description of polyhedra. We also present different

kers n with n = 2, suppose that P — {z € Ri :bx; — 72 9,92y — 5z, < 6}.
NOW consider another valjd mequality 5z, — 2r; < 6 for P, Taking weights
(&, %), we see that 371 ~ 222 < 6 is redundant. See Figure 9.1b. =

B Where P = conv(X} is not known explicitly, checking redundancy may be
' ¥ difficult. Thuarctically it is important to know which Inequalities are
Wocded or nonredindunt in the description of P, Practically, the important
A 1)L s Lo avond g anoaneogunlity when ane that dominates it is readily

R _ "Wlﬂlﬂ e

-

9.2.1 Dominance

We note first that the inequalitirs T < vy and Arp < ATh are adenticnl oo
any A (. - SR
III l.||1* A nllhmu'l.uuh L l“l‘:t'iih‘.‘l |u|!'.'|u't|ru et r.||m'u-:;I.ur1:.-:v wlur*i- E
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9.2.2 Polyhedra, Faces, and Facets

The goal here is to understand which are the important inequalities that are
necessary in describing a polyhedron, and hence at least in theory provide the
best possible cuts.

For simplicity we limit the discussion to polyhedra P C R™ that contain »
linearly independent directions. Such polyhedra are called full-dimensional
Full-dimensional polyhedra have the property that there is no equation az = ¢
satisfied at equality by all points T € P.

Theorem 8.1 If P is a full-dimensional polyhedron, it has & unique minimal

description
F={IERﬂ:ﬂi1‘ Eb-; furi=l,..-,ﬂ1}|

where each tnequality is unigue fo within o positive multiple.

This means that if one of the inequalities in the minimal description is rv 3

moved, the resulting polyhedron is no longer P, so each of the inequalitics
is necessary. On the other hand every valid inequality 7z < mp for P that
is not a positive multiple of one of the inequalities a’z < &; for some i with
1 <1 < m is redundant in the sense of Definition 9.2 as it is 2 nonnegativr:
combination of two or more valid inequalities.

We now discuss another way in which the necessary inequalities can b
characterized.

Definition 9.8 The points z?,
k—1 directions z° —21,..., 2%
the & vectors (zt,1)...

— z! are linearly independent, or alternativuly
,{z*,1) € R™*1 are linearly independent.

Definition 9.4 The dimension of P, denoted dim(P), is one less than tl» &

maximum number of affinely independent points in P.

This means that P C R" is full-dimensional if and only if dim(P) = n.

Definition 9.5 (i) F defines a face of the polyhedron P F = [z € P : 7y -
Mo} for some valid inequality 7z < 7y of P.

(i) £ is a facet of P if F is a face of P and dim(F) =dim(P) - 1.

(1) If F is a face of P with F = {z € P : nz = =)}, the valid inequality
7T < Tg Is said to represent or define the face.

It follows that the faces of polyhedra are polyhedra, and it can be shown thint
the number of faces of a polvhedron is finite. Now we establish a way 14
recognize the necessarv inequalities.

Pl‘[}]‘l(l.‘iili{ln B.2 ff I fu“-rfnurnmunufl TR ITIT Il'lr-u‘umhfl,r i
CHSLITY N the ulrr-:r'r".';r.lhun uf Yo e ool 1f ol defines fneet of 1

g 1 nies

.. x*¥ € B are affinely independent if the
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do for full-dimensional polyhedra, xz < 7y defines a facet of P if and only if
ihere are 7 affinely independent points of P satisfying it at equality.

ample 8.2 Consider the polyhedron P C R?, shown in Figure 9.2, de-

ibed by the inequalities
Iy < 2
xy + T2 < 4
Iy + 2z < 10
Iy + 2z < 6
Iy + T2 2 2
Iy 2 0
: rs > 0
:2
0.3}

Fig. 9.2 Facets and faces of a polyhedron

P is full-dimensional as (2,0),(1, 1), and {2,2) are three affinely independent
Ppoints in P.

¥ The inequality z; < 2 defines a facet of P as (2,0) and (2,2) are two
@ifinely independent points in P satisfying z; < 2 at equality. Similarly the
’-.: ioqualities x; + 222 € 6,21 + 29 > 2 and z; > 0 define facets.

B On the other hand, the inequality z; + x5 < 4 defines a face consisting of
| unt. one point (2,2} of P, and hence it is redundant. Altematwe!y, considering
- Eehe inequalitios iy < 2 and 7, + 212 < 6 with weights u = ) also shows
Fthnt vy 4 29 < 4 in tadundant.

L The inequality ry 0 0 e the mugn of the inequalities 7 < 2 end -1, - 174 <
‘:':- ol me bt e adwo redindint,,
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The minimal description is given by

Iy < 2
r; —+ 21"2 E 6
I I E 2
" iy 2 0.

9.2.3 Facet and Convex Hull Proofs*

This subsection is for those interested in
of certain inequalities or formulations.
that a valid inequality is facet-defining, or that a set of inequalities describes
the convex hull of some discrete set X 2%

For simplicity we assume throughout this subsection that conv(X) is
.buunded as well as full-dimensional. S0 there are no hyperplanes contain-
Lngmall the points of X. As example we take the set X = {(z,y) e R" x B! -
Ei:l Z;smy,r; <1lfori=1,... ,} that arises in Sections 1.6 a;d 8.4 in
formulating the uncapacitated facility location problem.

proving results about the strength
The aim is to indicate ways to show

Problem 1. Given X ¢ VA

and a valid inequality 7z < #, for X. show that
the inequality defines a facet - A

of conv{X).

We consider two different approaches.

A.Ppruach L. (Just use the definition.) Find n points !,... " € X satis-
fving 71 = ), and then prove that these 5 points are affinely independent.

ﬂ}ppruac:h 2. (An indirect but useful way to verify the affine
(i) Select t > n points z!,... zt ¢ X satisfying 7z = m,. Suppose that all
these points lie on a generic hyperplane uz = u,.

(i) Soive the linear equation system

independence. )

ij:rf=p.gfork=1,“.,t
y=1

in the = + 1 unknowns (1, 0).

(iil) If th‘e only solution is (u. pg) = A7, g, for A # 0, then the inequality
7T < 7y is facet-defining. -.

Example 9.3 Taking X = {ry) € RT =80 N L s, < 1lors -

II_ .. *..m], wa h;l‘l.:"{_‘ that dim{('.‘ﬁﬂ‘l.'lf YJ] o N were consider L CIUTE
Illl'[{!lﬂillv‘l’. .T, ; “- ‘lI“'I h]'l.tl"ﬁ Iihll 1t 1= ’.‘II [N I !Iri!?l;; ?l‘i:li'..' r“l"_rlh'llﬁl'}l .
We sejeet fiu Subplest ponits (0. 05 00, 10 gl A TN I (IR | Y

e irumii)]r el HnllHr\' L
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As (0,0) les om 3 17 | paZx + ftma1y = o, po = 0.

As (&i,1) lies on the hyperplane 3 ;- prZi + 1y = 0, iy = —pim.

8 As {e; + €;,1) lies on the hyperplane 3 1~ pizi — piy = 0, g; = 0 for
E i
§  So the hyperplane is p;z; — gy = 0, and z; < y is facet-defining. .

—_

Problem 2. Show that the polyhedron P = {z € R™ : Az < b} describes
E conv(X).

Here we present eight approaches.

Approach 1. Show that the matrix A, or the pair {4, b) have special struc-
E ture guaranteeing that P =conv(X).

._"1“’EJ:E mple 9.4 Take X = {(r, y) € RT w B! - E::l z: < my.z <1 fori=
F 1,---,m), and consider the polyhedron/formulation

o

P:{(I,yjeRTle:Iiﬂyfuri=1,.-.,m,y£1}.

Observe that the constraints z; —y < 0fori =1,...,m lead to a matrix with
a coefficient of +1 and —1 in each row. Such a matrix is TU; see Proposition

3.2. Adding the bound constraints still leaves a TU matrix. Now as the
requirements vector is integer, it follows from Proposition 3.3 that all basic

3 solutions are integral, and P = conv(X). .

Approach 2. Show that points (z, v} € P with y fractional are not extreme
points of P.

Example 9.4 {cont) Suppose that {z*,3*) € P with {0 < ¢* < 1. Note first
that (0,0) € P. Also as 7 < y", the point (f-},..., %?, 1} € P. But now

(2*,57) = (1 - 4")(0,0) + y*(Z,. ., Zm
Y 7]

1)

15 a convex combination of two points of P and is not extreme. Thus all
vertices of P have y* integer. .

Approach 3. Show that for all ¢ € R", the linear program zL¥ = max{cz :
Az <€ b} has an optimal solution 1* € X.

Example 8.4 (cont) Consider the linear program z4¥ = ma.x{E‘";l Ty +

fyu < rwophw o 1,0 m,y <1}, Consider an optimal solution {z", y*).
Becnnse ol the cvmulinint« 102 7, < 3, any optimal selution has 17 = y* if ¢, >
UGoned a7 = Ul g U "The carresponding solution value = {E. T § Nye
1 S TINART R TR O sy i {E: TR f:] ot e |:||_]1'l'|.i‘-'t‘ 1"
esantase b acliinge 5t o= b o hier wane .‘-:" < optinee i Chere e

phvvs are vnbitaal aobabiom sty o intever e By e -
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Approach 4. Show that for all 1

. . C 'E Rﬂi t.h-E]_'E 3 3 w
; {eas:bieb sﬁmnn u* of the dual LP w*? = mﬁ uﬂﬂp{_}m:j }Eﬂf “.l:r;I
—_ .. . v == wilh.
u”b. Note that this implies that the condition of Approach 3 i; ﬁar,isﬁ:w.-dfI

Example 9.4 (cont) The dual linear program is
min{
w, 2o fori=1,... m
~Ywi+t>f
w, >0fori=1..., mit>0.

Etc;::;s:fie;th;m&rn points (0,0) and (z*,1) With £ = 1 if ¢; > 0 and 2* = 0 |
> ‘ a.l.:ing the b_etter of the two jeads to & primal solution of tWi.':e._i 1
h ci::ﬁi}ﬂci‘-l_f.) *Thepﬂlﬂtwi= ?fnr\i:l!-“-jmﬂndt:(z | ”: _
:}Iu?ﬂy feasible in the dual. Thus we have found a point in o STarl
jon of the same value. and a duanl -

v 4

A ' ] |
pproach 5. Show that if 7z < 7y defines a facet of conv(X), then it must |

be identical to one of the inequalities ¢'z < b; defining P

?x_ﬂr{!:pée{?.z; (cont) Consider the inequality "7 | 7:7; + Tyay1y < 7o, Lo
e the nint“b' ,Dm} 1 >0tand T={i € {l1,...,m}: =; < 0}. I'Tiutz‘tlnﬁ
where ps. (0, }Ex1“9201andas(es,1)€.¥, S T iy < 7 |
e s ot o i
with y = 1. The point {e® imi ‘
" Iﬂziss %i + Amy1 = 7p 2 . d (€”,1) maximizes the hs, and
ow consider the valid i i : .
of valid inequalities: nequality obtained as a nonnegative combination
r; —y <0 with weight z; fori € S
—-T; & U. with weight —r, fort ¢ T
%1:_: 1 with weight, EiES i + Tmal.
e resulting inequality is ) .
domi B8 Qi1 TiTi F Tm1Y S Y e i + Fma1. This
D;H;?:et;i:ﬁ;quiﬁ the original inequality as J ¢ 7 +E7f +1 = ‘1‘: | SoTt};:.
£5 at are ] - i ] ] ™ = i) - 'R
are those d ‘bing P. not nonnegative combinations of other inequalitics

Approach 6. Show that for any ¢ € R" '
~Pproz 3 ¢ %= 0, the set of optimal :
ons _(?nm:l-}::mpr?blin max{.c:r € X} lies in {z: o'z = E?,} for :E:]:I;Iv
TN, a’z < b fori1=1,.-.-,m are the inequalities defining 7.
Ex]an:?]ﬁlg.d_(cqnt) Considtfr an arbatrary objoctive {o, f} 2 ™ x R
y _i “. _1:'1—“1 1 every optimal soluticn and vo Ale Foo i a) oy | 1)
e O e o = D CVITY uiil.iumf paapnih oo o
i e, - 0 od I = B thew e,y an every apinnnl modnt g

cases have boon covered, and 80 P =conv(X). .
and show that for all ¢ € Z™. the optimal

prnach 7. Verify that b€ 27,
ned. This is to show that the inequalities

Biue of the dual wtP is integer val
b5 < b form 2 TDI system, see Theorem 3.14.

= nple 9.4 (cont) We have shown using Approach 4 that w
i c>0G T F)*. This is integer valued when ¢ and f are integral.

P-_—"

Extended Formulation). Suppose R C
(Q) as defined in Section 1.7. Show
ax{cz (z,w) € @} has ap optimal

Bpproach 8. (Projection from an
B x R? is a polybedron with P = projz
st for all c € R™, the linear program m
zi:tinn with z € X.

.
g e

that solving the

program gives &
thus provides an
describes the

Boxample 9.5 (Uncapacitated Lot-Sizing). It can be shown
Hitended formulation presented in Section 1.6 as a linear
Wolition with the set-up variables u1,...:¥n integral, and

Rfptimal solution 1o /LS. So its projection to the (z,y, ) space

_"'mfex hull of solutions to ULS.

0.3 0-1 KNAPSACK INEQUALITIES

;@Gnsider theset X = {z € B™: 3 5., 65%5 < b}. Complementing variables if
necassar}' by setting T; =1 —Z;, We acsumne throughout this section that the
b “coefficients {a;}7., are positive. Also we assume b > 0. Let N = {1,...,n}.

9.3.1 Cover Inequalities

Definition 9.6 A set C C N is a cover if Ejec a; > b A cover is minimal
E if C\ {7} is not & cover for any j € C.

E Note that C is & cover if and only if its associated incidence vector =€ is

infeasible for X.
Proposition 2.3 IfC C N 1s a cover for X, the cover inequalily

ZIJ‘ f_ilC,—l

FEC

s vald for A

Proof AW shew thot i 1 does not satisfy the inequality, theo ¢ X.
TR ol o}, then oo =" C 1 and thus R =2 (*. Then

o, L oandd so g X, -




X ={z € B": 11z; + 6z + 63 + bzy + By + dg + 27 < 19).

Some minimal cover inequalities for X are:

Ty +29 +Ia < 2
T1 +zg +Ig < 2
I +xs +rg < 2

< 3

rz3 +Iy 4T +Ip

9.3.2 Strengthening Cover Inequalities

Are the cover inequalities “strong”? Is it possible to strengthen the cover
inequalities so that they provide better cuts?

Fimtweabservethatthereisasituplewaytostrengthen the basic cover
inequality.

Proposition 9.4 If C is o cover for X, the extended cover tnequality
Y. gl

jeB(C)
15 valid for X, where E{C}=CU{j:a; 2 a; foralli e C}.
The proof of validity is almost identical to that of Proposition 9.3.

Example 9.6 (cont) The extended cover inequality for C = {3,4,5,6} is
Z1+T2+I3+Zq+ 25+ 25 < 3. So the cover inequality x5 + z4 + 25 + 2 < 3
is dominated by the valid inequality z; + 2, + 23 + 24 + 5 + 7¢ < 3.
Observe, however, that this is in turn dominated by the inequality 2z, +
Tp+ T3+ Ty+Is+zg < 3. .

‘ Can we define a procedure that allows us to find the last inequality, which
Is nonredundant (facet-defining) and thus as strong as possible?

Example 8.6 (cont) Consider again the cover inequality for ' = {3,4,5,6}.
Clearly when z; = 23 = 1, = 0, the inequality z, + T4+ s + 26 < 3 is valid
for {z € B* : 623 + 524 + 525 + 426 < 19}.

Now keeping 1o = z7 = 0, we ask for what values of o), the inequality

T+ T+ Tg+Ig+Te <3

is valid for {z € B®: 11z, + 6z3 + 3z + 525 + 47 < 19}7
Whee x; = 0, the inequality is known to be valid for all values of a;.
When z; = 1, it is a valid inequality

EBxs + 8x¢ + Bxp + d2g § 19 — 11, or equivalently

:j.flﬂd only if a; +M{E;+31+I5+Iﬂ : B2y 4+8xy+Sxg+4xe < B, € B‘} <3,
B:0r equivalently

EAf and only if ay € 3=, where { = max{z3+2Z4+2Z5+ 26 : 623 +524+525+
g 4z < 8,z € Bi).

' Now ( =1 at the point z = (0,0,0,1), and hence o, < 2.

¥ Thus the inequality is valid for all values of o; < 2, and a; = 2 gives the
%'antrungest mequahty .

In general the problem is to find best possible values for a; for 7 € N\ C such
that the inequality

ZI;."!" Z E!jIjﬂlCl—l

ieC FENNC

Tl
.-

L 35 valid for X.

= - The procedure we now describe leads to such a set of values and in fact
£ provides a facet-defining inequality for conv(X) when C is & minimal cover
¥ and a; <bforall jeN.

‘Procedure to Lift Cover Inequalities
* Let 31,...,7r be an ordering of N\ C. Set t = 1.

f . The valid inequality 352} a2, + $.cc %5 <| C | —1 has been obtained so
g far. To calculate the largest value of oy, for which the inequality a;,z;, +
L. il @y, + Yiee i €| €| 1 s valid, solve the knapsack problem:

R
Bradm,

i=1

(e = mﬂxzujizji + Zz.f

tox] Jel
£—1
Z G;,Tj, + Z a;z; £ b-—ay
i=1 sl
z € {0,1}Cl¥=1,

Setﬂj, =IC|"1"(I-
Stopift=r.

It can be seen that {; measures how much space is used up by the variables
{71,+---+Je—1} U in the lifted inequality when z; = 1.

Exampile 8.6 (cont) If we take C = {3,4,5,6},51 = 1,72 = 2 and 53 = 7,
we have already been through the steps to calculate o; = 2. Continuing with




II]EU{{2$1+I3+I¢+I5+I5 ' 11z 4623+ 52, +8x5+425 < 186 = 13,z € Bnl

=2, andthus o;, =y =3-9=1.
A similar calculation shows that (3 = 3 and thus oy, = @7 = 0. Thus

:egﬁnj.sh with a facet-defining Inequality 2x)+1zs+ lz3+ 174+ 1z5 + 116 40z,
— »

Returning to the question of the strength of the cover in ities, it i

/ equalities, it is not
dl{ﬁcu.lt to ahuTcthat 2_jec &5 <|C|— 1 is facet-defining for conv(X’) where
X' = {r e Bl ; 2sec85Z; < b} This suggests that the inequality iy
strong. 0_11 the other hand, it is clearly strengthened by the lifting procedure
that terminates with a facet-defining inequality for conv(X).

9.3.3 Separation for Cover inequalities

Now let F be the family of cover inequalities for X, and | i
: : et us examine the
sipm:atmn problem for this family, Explicitly we are given a nonintegral point
IH*:.rﬁth{}_{_z:; Slforall j €N, and we wish to know whether 2* satisfies
ali the cover inequalities. To formalize this roblem, note that
mequality can be rewritten as = P Fhe cover
Z( 1 —z5) > 1.

jeC

Thus it suffices to answer the question:

Domthereexistasetc'_C_Nwith . . > bk hic — "
or put slightly differently, Licc s or which ) _jec (L z3) <17,

Is (= MeeN{} iec(l - 25) - Yiect; > b} <17

As the set C.is unknown, this can. be formulated as & -1 integer program
where the variable % =115 € C and z; = 0 otherwise. So the question can

Is { = min{} o\ (1 - T5)%5 1 2 ien 8527 > bz € B} < 17

Thenrem 9.3 (3) If( > 1, * satisfies all the cover tnequalities.
(8) If { < 1 with optimal solution 2B the coper tnequality
EjERIj S| R| =1 cuts off z° by ar amount 1 — ¢,

Example 9.7 Consider the (-1 knapsack set

X ={z € B®: 451, + 462, + 79z, + 54z4 + 5325 + 12524 < 178).

_— [
- o !

The cover wpnritlnn problem s: _

minlz; + 122 + %zs + %14 + 0z + 125
g 45z; 4 4629 + 7923 + 5424 + 5325 + 12525 > 178
i z € BS.
:" An optimal solution is 2% = (0,0,1,1,1,0) with ¢ = % Thus the inequality
T3+ Tq+T5<2

ks violated by 1 ~ ¢ = 1.

s -~ .

/9.4 MIXED 0-1 INEQUALITIES

| r:H.em we consider the mixed 0~1 set:

B “ar
Ry -

B X ={(z,)) €RLxB": Y z;<b+ > z; r; <ajy; for j € Ny UNa).
X JEN FEN2

Note that when Ny = ¢ and z; = a;y; for all j € Ny, this reduces to the
g knapsack set studied in Section 9.3. The set X can be viewed as the feasible
* region of a simple fixed charge flow network (see Figure 9.3).

b
—
B =

e

Fig. 9.3 Mixed 0-1 fiow

9.4.1 Flow Cover Inequalities

Definition 9.7 Aset C = C, U, with C; € N,,Cy C N, is a generlized
cover for X if 3 .00 65 — 3 jec,@; = b+ A with A > 0. X is called the

(cover-)ezcess.

Proposition 8.6 The flow cover ineguality

z::_f-i-Z(aj-k)+(1—y_j)£b+an+12yj+ Z I,

JEC, JEC, 1€y J€Ly FENN(CyULa)
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s vglid for X, where Lo T Ny )\ Cs.

Proof. Let CT = {j € C; : a; > X}. Now given a point (z, y) € X, we
must show that (z,y) satisfies the inequality. Let T = {J € NyUNz 1 y; = 1),

There are two cases.
Case 1. ]C’i"\T|+|L«2ﬂT]=O. Now

EjEE-'l I; + EjEG; (“_f - )‘:l_'l'(l - yj)
Ejec, nr T + EjEC;"\,T(ﬂj — A

= E_fec:'lni" I; (as | C?- \T|=0)

< ZjEN, Z; (asz; > 0)

< b+ 2 ien, L5 ( by definition of X)

= b+ E,:I'EG: I + EjEL;ﬁT Tj + Zjeﬁz‘a{ﬂzuh} s
<

b+ jec, % +0+ E:‘EN:\{G:LJL:J Lj (8 [LaNT |=0)
b + Z_fEC.‘; 2 + }'ZJEL: Yy + EjEN:\{C:LJLg] Iy

Case 2. |CT\T |+ |LonT > 1.

Ejecl T; -+ ZjE{L‘I (2; — A)*F(1 - Y;)
E,-ecl nr Z5 + Ejgc;*w(ﬂj - ’U

< 2iec, %~ |CY\T A (asz; <a,)

< Ejeclﬂj—:"“?'HL?nTl {a.s—,Ci"\Tl*_i—1+|LgﬂT|)
= b‘*'):;;scg a; +AZ;’5L? Yy

<

b+ Zjeﬂ‘; 8+ A er Yy + ZjEﬁ;\[C:uL,)Ij (as z; > 0).

Example 9.8 Consider the set
X={(:c,y}ERixBE:zl+:cg+13£4+14+r5 + Tg,

T) S 3,73 S 3y2,23 < 6ya, z¢ < Byg, 75 < oYs. T = lys}.

Taking C) = {1,3} and ¢; = {4}, C = (C|,C3) is a peneralized cover with
A =2 Taking L, = {5}, the resulting flow cover mecpandily s

G A S B O R T PO IR L P
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.';4.2 Separation for Fiow Cover Inequalities

. one makes the mumptiﬂﬂ that Ij = ﬂ;!& and ﬂj 2 A fDr ali J e Clr and
- hat Lp = N3 \ (s, the flow cover inequality becomes:

Z a;y; + Z(nj—.h}(l—yj}ﬂbi- Z ﬂj"!“}h Z Yis

JEC, Jelth Fcly FENNCy

after simplification,

Z aj—AZ(l—yj}ﬁb-{- Z-n_.,--i-.h Z Y5

B F€C JeC; J€C; FEN2\Ca
Eor dividing by A,

YA-w+ S oy,

FEC FEN2\Cx

Eior after rewriting,

Lo ngll
= o TR

Z(I—Fj}-zyjl’l— E'ﬂj-

FE€EC, FECs FEN,

15 nothing but the cover inequality for a (—~1 knapsack set with both
B positive and negative coefficients {zeB*: % €N,y G5 — ZjE N, 855 < b}

3#11&1'-& the cover (C;, Cq) satisfies jec, 85 ijec, a; =b+Awith A> 0

) 'I‘}:us immediately suggests a separation heuristic for the flow cover inequal-
. itles. Letting z be the unknown incidence vector of C = (C1,C2), consider
:;__. tlie knapsack problem

§ = minZJjen, (1~ H}’)zj = EjEN: y;'::j
2 ieN, B5% = Losen, 0525 > b
z € B™,

_f- Let z€, the incidence vector of C', be an optimal solution.

t  Flow Cover Separution Heuristic. Take the cover C = (€, C;) obtained by
§ Bolving this knapsack problem, and test whether

ZI§+ Z[a;-*.l.ﬁ(]—y;}}b-!- Zaj+,}.zy;+

JeC e FEC, sELg

2. 5

FJENI(CrUL3)

where Ly = {1« NV 0% 0 Ay} < 25} 1 50, 2 violated flow cover inequality
hina boon funrl




(3,0, 4,3,0,0)

z € BS,
one obtains as solution C; = {1,3}, C; = {4}, and A = 2. The resulting fiow
cover inequality
T1+Ta+ 11 -p) + 41 ~y3) ST+ 25 + 2
18 violated by g. . -8

and y* = (1,0, 4,1,0,0). Solving the knapaack problem

C=min0:1+lzg+%za—lz4—{}zﬁ—{]z,
311+322+633“3Iq—'535—25}4

As in the previous section, it is natural to ask if the flow cover inequality
of Propasition 9.6 is facet-defining, and if not to attempt to strengthen tha
mequality by lifting. A partial answer is that the inequality is facet-defining
when Zi = yj =0 for j € Ny and €| is & minimal cover. However caleulating

Z; ﬂ G;Y; constraints, so it becomes a computational question whether such
lifting is worthwhile in practice.

9.5 THE OPTIMAL SUBTOUR PROBLEM

Consider a variant of the traveling salesman problem in which the salesman
makes a profit f; if he visits city (client) 7 € N, he pays travel costs ¢, if
he traverses edge e € E, but he is not obliged to visit all the cities. His

subtour must

start and end at city 1, and include at least two other cities.

Ind;mdncin; binary edge variables: z, =1 if edge e lies on the suhtmn: and
Te = 0 otherwise for e € E; and binary node variables: ¥; = 1if city 5 lies on
the subtour and y; = 0 otherwise for J € N, one obtains the formulation

nax — ZeEE CeIe + Ejeﬁ Jtiy_f (9.1)
DecsyTe =2y forie N (9.2)

Z:EE{S} T < Eiesx,{k} piforke S5,5C N\ {1} (9.3)
=1 (9.4)

z € Bl y e BINI (9.5)

Constraints (9.2) ensure that if a node is visited, two adjacent edges are used
o enter and leave, and {9.3) are generulized subtour eliminatior, constraints

(GSEC), whid

h ensure that there is no subtour that does not contaip node

ponsisting of node 1 and just one other node.
k The question addreased hers:is not to find new inequalities, but how to desl
With the exponential number of generalized subtour elimination constraints.

5.1 Separation for Generalized Subtour Constraints

st N' = N\ {1}, and E' = E\ {§(1)}. To formalize the separation problem,
pwe represent the unknown set § C N’ by binary variables z with z; = 1 if
& € 5. Now (z*,4*) violates the (k, 5) generalized subtour inequality if

DT> 3w

3 e€E'(5) €S\ [k}
$1f and only if ¢, > 0 where

g Ck = max{ E TeZiZj = Z yng:zEBwrirIk=1}-
= e=(i, ) EE <y iEN"\{k}

f Note that this is a quadratic 0-1 program without constraints,

E- - We now show how this problem can be solved in polynomial time. First we
'j-;cunvert it into & linear integer program, and then we observe that the linear
- programming relaxation is integral.

£ We introduce variables w, with w, = 1 if 2 =z;=1fore=(1,7) ¢ B

with 1 < j, and we obtain the integer program

Gk = MaX) | o Totwe — ZiEN'\{k} vz (9.6)

(IP) We < %, W, S z; fore=(i,7) € E (9.7
W, 2z +z;—1fore=(i,7) ¢ E (9.8)
weBIFl ze BN 5 =1. (9.9)

1_;.';' Proposition 9.7 If x; > 0 for e € E', the linear program consisting of
£: (9.6),(9.7} and the bound constraints obtained by relaring integrality in (9.9}
B always has an integer optimal solution solving IP.

- Proof. Consider the linear programiming relaxation of /P. As 2 > 0 for all

' ¢ € EY, there exists an optimal solution with 1, as large as possible. Thus by
I (9.7), we = min(z;,2;). Asz; <1 foralli e N, min{z;, z;) 2 2; + z; — 1, and
¥ 50 (9.8) is automatically satisfied, and can be dropped. Now each constraint

_1 of the linear programming relaxation contains two nonzero coefficients of —1
g and +1, and is thus totally unimodular by Proposition 3.2 .

The constraint matrix in the dual of the linear program in Proposition 9.7
is a node-arc incidence matrix, end so the problem can be solved as & max
flow problem. As k € {2,...,n}, the separation problem for GSECs can be

TR AL i e par e ey e
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solved exactly by solving n ~ 1 max flow problems. In practice, very fast sep-
aration heuristics have also been developed in computational studies of the
TSP, which can be used to find many violated GSECs.

Example 9.9 We consider an instance of the optimal subtour problem with
/- 43
- 5

| o €3 &

n=7f=(24L37,Nad (c.)=] - — _

— ol mmm

|!h-ﬂhl_'.lbﬂ‘l

Tieration 0. We solve a linear programming relaxation of problem (9.1)—(9.5)
consisting of the degree constraints (9.2), constraint y; = 1, the trivial GSECs
Te S ¥i,Te S y; for e = (i,5) € E, and the bounds on the variables.

The resulting solution consists of two subtours (1,5,2,4) and (3,6, 7) with
2hP =4,

Iteration 1. The constraint T3s + 237 + Tegr S Yo+ y7 1S added cutting off the
subtour (3,86, 7).

The solution of the new relaxation consists of two subtours (1,3, 6,7) and
(2,4,5) with 22 =4

lteration 2. The constraint T24 + Ta5 + Tas < Y4 + s is added cutting off the
subtour (2,4, 5).
The new LP solution is shown in Figure 9.4 with 21 = 4,

Iinl

x =05

Fig. 5.4 Fractional optimal subtour solution

The separation problem for k = 7 is the linear program:;
C‘r — maxlwﬁ + 11.025 + 0.51027' + 0.51!.!57 + D.ﬁw,g:r + U.5w35

—123 = 0.523 — 124 — 125 — 0.5z,

subject to 0 < w, Sz, Slfore={1,)e E. 2, ~ 1
An optimal solution is 37 I6 0= 37 2 wae =y — g - L owith vielation

-

- }
7= s

.':;5} the formulations.
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Iteration 8. The constraint T36 + T37 + Tg7 < Y3 + yg is added.

The new linear programming solution is the single subtour (1,2,5,4,7,6),
which is thus optimal with value of 2. -

9.6 BRANCH-AND-CUT

Successful solution of difficult Ps requires a combination of the many dif-

ferent ideas developed in this and earlier chapters. In Chapter 7, in dis-

cussing branch-and-bound, we mentioned the importance of efficient prepro-

cessing, fast solution and reoptimization of linear programs, and good search

cussed in Chapter 12. In this and the previous chapter we have also considered

the use of separation algorithms to generate cutting planes which tighten up

A Branch-end-Cut Algorithm is » branch-and-bound algorithm in which
cutting planes are generated throughout the branch-and-bound tree. Though
this may seem to be a minor difference, in practice there is a change of philo-
sophy. Rather than reoptimizing fast at each node, the new philosophy is to
do as much work as is lecessary to get a tight dual bound at the node. Now
the goal is not only to reduce the number of nodes in the tree significantly by
using cuts and improved formulations, but also by trying anything else that
may be useful such as preprocessing at each node, a primal heuristic at each
node, and so forth.

given node, so pointers to the appropriate constraints in the cut pool are kept.
A flowchart of the basic steps of a branch-and-cut algorithm is shown in
Figure 9.5.

Example 9.10 Generalized Assignment Problem. We consider an instance
of the problem

m n
max 3 i, 3 CiiTi
STy €lfori=1,.. . m
:l-:::ll ﬂ‘;I.j i: !JJ [ﬂl" J — ] ,,,,, 1|

T E n Frevy
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INFTIALIZATION
= ma:{n:: . -I}
with formulation P
z = —INF, incumbent r* empty
Preprocess initial problem
and put on Nodelist

l

NODE

- If Nodelist empty, go to EXIT

ﬂunhmandrmunuduifmm}hdaﬂst
and go to RESTORE

l

RESTORE
tha formuiation P of the set X°
Set k=1, and P!  pi

LP RELAXATION

lteration k. Solve T* = max{ez : z € Pi.t)

If infeasible, prune and go to NODE
Else solution =% ang go to CUT

l

CuUT
{teration & Ty to cut off 23
It'nncuuﬁ:und,ﬂumPHHl‘_?E
Else add cuts to P* grving P+t
Increase k by 1, and go to LP RELAXATION

B!

" PRUNE
Fr*<gsx Lo to NODE ‘
"' If s ¢ X, set £ = T update incumbent z* — zi*
and go te MODE

Elne go to BRANCHING

BRANCHING |
e Gm:-hmnrmm:mpmblml}
Add them to the Nodelist

EXIT

Incambent z° Opdimal ~
Valua r

Fig. 95 Branch-and-eut
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? withm=10,n=5 5= (91,87, 109, 88, 64) T,

110 16 25 78 59 9% 1 21 66 59\

65 69 54 28 71 54 53 44 26 60
13 93 45 45 9 39143425&

83 31 72 83 20 72 30 56 72 9

B . _| 62 17 77 18 39 _{#4 1 71 13 927
(cij) = 37 115 87 59 o7 | (@)= 20 99 87 52 85
| 8 102 98 74 61 72 96 97 73 49 |
78 96 87 55 77 75 82 83 44 59

4 27T 99 91 5 68 8 87 74 ¢

8 97 99 99 53 69 8 98 88 45 )

Fig. 9.6 Branch-and-cut tres

k& Initialization. The preprocessor eliminates the ﬁvemiablﬁzu,:caz,zgg,rn,m
' with G5 > bj.

05,731 = 0.76,133 = 0.24,243 = 745 = 0.5,25; = 0.74, 254 = 0.26,z4, =
l, Ty = Trs = 0.5,z99 = l,29y = D.76, 294 = 0-2411111,1 = 0-24-:]{1.-! =
0.76,z;; = 0 otherwise.

Node £. “I'liron cuita aro added. The resuiting linear programming solution is

tntegrul witl: values 337, The Incumbent value ; and solution r* are updated.
The node In prvnmi L2y vptimality.
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Node 3. One cut is generated. The resulting linear programming solution
with value 548.9 is nonintegral. 7,5 is chosen as branching variable, creating
node 4 with 13 =0 and node 5 with I3 = L.

Node 4. The linear programming solution is Integral with value 545. The
incumbent value and solution are updated. The node is pruned by optimality.

Node 5. The linear programming solution value does not exceed the incum-
bent value of 545. The node is pruned by bound.

Termination. The node list is empty. z = 545 with optimal solution 25 =
Z23 = I3] = Ta3 = Ip3 = Xg) = ZI7g = Igg = Zg) =I1n,4=lﬂ-ndrij =0

otherwise.

If the number of cut passes is unlimited at the top nede, 18 cuts are gener-
ated, the final linear programming value is 546, and the branch-and-cut tree
has just three nodes. Using just branch-and-bound, 4206 nodes are required. s

9.7 NOTES

The use of cutting planes as a practical tool for solving general integer pro-
grams was almost completely abandoned in the 1960s and 1970s. However,
the interest in looking for strong valid inequalities for A"P-hard problems in
the early 1970s can perhaps be traced to two sources:

(i) The beautiful polyhedral results of Edmonds and Fulkerson in the late
1960s in deriving the convex hulls of the sets of incidence vectors for match-
ing, branching, and matroid problems, as well as the results of Gomory, and
Gomory and Johnson, in developing characterizations of the valid inequalities
for group and integer programming problems, and

(ii) The idea that because of A/ P-completeness theory, there is no hope of an
efficient algorithm for integer programming, and therefore that it is important
to study specific problem structure if progress on N'P-hard problems is to be
made.

The first polyhedral studies in the early seventies, other than those of the
knapsack polytope, were of the stable set polytope [Pad73], [NemTro74] and
the TSP polytope [GroPad75].

9.2 Books on polyhedra include [Gru67), [StoWit70], and [Zie95]. Surveys
specially written with integer programming and combinatorial optimization
in view are [Pul83] and Chapter 1.1.4 in [NemWol88].

9.3 Cover inequalities for 0~1 knapnnck polytopon wara dovaloped simultan-
eously in {Balns75b], (HamJohPal78], [WalTBa). "U'he eoneapt of lifting,
alroady presont In [Gom69], wiw uxtencdey In [PadlT2), (Wol78h). A minjor atep

b and be ~ opt [Cordetal9?)
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torward came with the use of these Inequalities in a cutting plane/branch-and-

SR b>ound algorithm for 01 [P [CroJohPad83]. Twenty years later separation

routines for these inequalities are finally making their way into the commercial

codes such as CPLEX, XOSL, and XPRESS.

Recent developments include the derivation of larger classes of Inequalities

- [Weid7] for 0-1 knapsacks, and the generalization of cover inequalities to 0-1
R knapsacks with GUB constraints [Wol90], [Guetald5], and to integer knap-
I sacks [Cerietal0$).

i 9.4 Flow cover inequalities appeared first in (PadVanRWol85] and were im-
E' plemented computationally in [VRoWol87). Other related inequalities for the
I model appear in [Sta92]. Recently stronger liftings of the flow cover inequal-
§ ities and extensive computational tests are presented in [Guetal96]. A new

‘ixed integer model consisting of a 0~1 knapsack co Int plus a single con-

E tinuous variable is studied in [MarWol97].

;_,__'-9_‘5 The optimal subtour problem is studied in [Balas89}; see also (Bau97].
P The GSEC inequalities are proposed by [Goe%4] in studying the Steiner tree
& problem. The reduction of the quadratic 0-1 problem to the dual of a network
& flow problem is folklore. The reduction to a series of max flow problems is
¥ in [Rhy70]. The problem of finding violated subtour elimination constraints
g quickly is faced by all the researchers developing computational studies of the
¢ TSP problem. (PadRind1) present very effective heuristic separation routines.
E A recent survey on TSP is [J ueReiRing5|.

9.8 T'wo recent surveys an branch-snd-cut are [JueReiThi95| and [LucBeadé].
& "See also the annotated bibliography [CapFis97] which contains references to
& applications in general mixed integer programming, routing, scheduling, graph
. partitioning, set packing and covering, network design, and location problems
, among others.

Three research codes especially built to allow the easy development of
branch-and-cut applications are MINTO [NemSavSig94], ABACUS {Thi95]

9.8 EXERCISES

1. Consider the set X = {zeZ2 2y -z, > —1,22; 4 629 <15,z — 25 <
3,21y + 4z, < 7}. List and represent graphically the set of feasible points.
Use this to find n nunjmal description of conv({X).

2. Let X s M1 dojepy yry < b)Y with a, >0forj € Nand b > 0.
Show that n valirl s hindiLy qjaﬂ myzy < my with 1y > 0 and r; <Dfor ye
TCNT A9 dooiuatan) by Lo valld Ity 37 max(r;, 0, < m,
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3. In each of the examples below a set X and a point z* are given. Find a
valid inequality for X cutting off z*.

(i)
X={IEBE:9::1+S:cg+613+ﬁ:c4+51:5£14}
2 3 3
={0, =, -~ =0
x (018!4:4! )1
(ii)
X = {z € B®: 9z, + 825 + 673 + 624 + 525 < 14}
1133
*=lpyrr?
(i
X:{meBE:Tzl+ﬁmg+ﬁr3+4m4+3m5£14}
1 .11
I"‘(?!l}'ﬁrzil)!
(iv)
Xr-{IEBS:12m1—9mz+35:3+ﬁ:c4—3:c5£2}
11
= {0,0, -, =,1).
T {1 '-'.2 6 )

4. Consider the knapsack set
X = {z € B®: 122) + 929 + Tz3 + 524 + 55 + 3z < 14}

Set ; =29 = 74 = 0, and consider the cover inequality T3+ 5 + 2 < 2 that
is valid for X' = X Nn{r: 2, =z = 2, = 0}.

(i) Lift the inequality to obtain a strong valid inequality a2 + anaxs +agTy +
T3+ x5+ 25 < 2 for X.

(i*) Show that z3 + 25 + T < 2 defines a facet of X",
(ii*) Use (ii) and the calculations in (i} to show that the inequality obtained
in (i) defines a facet of conv(X).

3. Consider the set X = {{z,y) € R x BY:z{ + 29+ 13 + 24 > 36,
T1 £ 20y1, T2 < 10y, 23 < 10y3, 24 < By} |

(i) Derive a valid inequality that is a 0-1 knapsack constraint.
(ii} Use this to cut off the fractional point z* = {20,10,0,6), v = (1,1,0, f)
with an inequality involving only y variahles.

6. In ench of the examples helow noset X il point (e, y* ) nro giviar, Fipd
novndist inoquadity for X cutling off {#*, ).
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ERY xBY: 1) +z94+15< 7,T1 < 3y1, T2 < Sye, 23 < Bys}
)

(if) X = {(z,y) e R x B3: 7 < 1, + T2+ 23,71 < 3y, T2 < Syp, T3 < Gy}
(I*:y*) - (21 5101%1110)'

| (fii) X = {(z,y) €ERS xBY:z, +xo+as < 4+2Z4+ 25+ 28,21 < 3y1,2, <
392:I3 < 63’3:1‘4 < 3y41 Iy < 5?5:1:5 < lyﬁ}

(z",¥*) = (3,3,0,0,2,0;1,1,0,0, 2.0).

? (:Jnnsider the set X = {(z,y;) € Ry xBl:z; 42, < b+ 23,72 < Myz}.
- Derive a flow cover inequality with € = ({2},8). For the constraints of VLS,

St-l + n = dt + 34, Ty _{. MF:; LiyS¢—1q8¢ E 01&'# = Blr Wh.ﬂt is the resultmg

B 8. Consider the set X = {(zy, 3, s, y4) € Ri x B? : z; < 1000y + 1500y; +
2200y4, 2y < 2000}.
k- Show that it can be rewritten as a mixed 01 set
X' = {(:c,y) e R:_ x B4 - Tt ST2+2a+ 2y,
3 1 < 2000y1, T < 1000y2, 73 < 1500y3, 74 < 2200y, )
with the additional constraints
| ¥t = 1,22 > 1000y2, 73 > 1500ys, 4 > 2200y,.
Use thig toﬁndava!idinequa]ityfor}'fcuttingcﬂ'
d
(Ihyﬂ:mlyi) = (‘200{],0,1, "'ﬁ)

f 9. X is the set of incidence vectors of STSP tours. Find a valid inequality
i for conv(X') cotting off the point z* given in Figure 9.7.

Fig. 9.7 Fractional solution of STSP

10. 3olve the uptlinal subtour vroblem with n e A 7 w1012 1 2 19 and
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{-—- 2 8 16 3 4 \
- 6 4 3 8
N - 10 12 9
(Cﬁ)_ _ 5 7
- 13 |

\ =~/

11. Solve the quadratic 0~1 problem

m:g:{:c ¢ B° . T1Z2 + 22173 + 31174 + BTy26 + 1zowy 4 3oz + 6z314
b

+5I.;I5 — Ty - 42:2 — 102'3 — 2.‘1.‘4 - 2.."55}.

12. Consider the optimal subtree of a tree problem (Section 5.3) with an
additional budget constraint, with feasible region: X = {z€B":z; <z,
for 7 #£ 1,3 .. v 6525 < b} where P(j) is the predecessor of j in the tree rooted
at node 1. C' C N is a #ree cover if the nodes of C form a subtree rooted at
node 1 and 3°. - a; > b.

Show that if C is a tree cover, the inequality 3" ~(Zpisy —z;) > 1 is valid
for X where Tpey = 1.

13. A passible formulation of the capacttated facility location problem is:

Zjeﬂrij —=g;forie M
Z;‘EM Ty < bjy; forje N
re€ R7™ ye B

Given an instance with m = 5 and n = 3, use the substitution Ui = ) iens Tisr

15

Fig. 9.8 Fractional solution of CFL

and 3NV =3 .cp & to obtain an tnequality cutting off the fractional w»r
lution consisting of the flow z* shown in Figure 9.8 and y* = (1, &, ).

4. Given a graph C = (V. E) with u =[ V |, connitdier the sot of incicden:
vectors of the stable sets X = (¢ ¢ 117 o by < blore = (1,7) ¢ K).
Show thint the cliepne inoguandity }__"“,..r.'f b eidlel s detiven o fueot of

conv (X}, whoro w cligen € C Vo In n sanxlinal wel Of nodee with Lhe proonrly

EXERCISES

B that for all pairsi,j € C. the edge e = (i,5) is in E.

16. Consider an instance of the generalized assignment problem

max 3 7, E;-l CijTij

E;-III-JT =1fﬂri=1,-¢-,m

:La,'_,-:rij Ebj fﬂl‘j=1,...,ﬂ
z € Bn

| with m = 101 n=3,b= (801 63: 751 981 59) ﬂ-lfld

3 24 53 27 17 15 44 76 43
15 23 43 74 23 19 23 45 46
54 43 27 21 35 10 6 3 23
92 83 45 35 23 60 45 34 36
¥ 19 10 33 43 12 21 12 34 44
@) =] 91 55 32 2 23 &)= & 65 34 2
i 15 25 35 37 98 23 34 44 47
47 43 35 32 37 23 25 32 15
34 23 52 46 43 15 13 23 24
35 23 34 25 40 10 15 23 12

¢ Solve with a mixed integer programming system. Add valid inequalities so as
E  to reduce the number of nodes.

T T e e etk ik e e

inequalities can be obtained by ope application of the Chvatal-Gomory pro-
& cedure of Section 8.3.

34
3
15
23
10
37
32
27
34
13
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Describe a cutting plane algorithm for M 7P based on this reformulation.

6. Cnngider'the pru-::-ble:_n of scheduling n jobs on m identical machines. The
processing time of job j is p; for 4 = 1,...,n, and the objective is to termin-
ate all jobs as soon as possible. Formulate as an I P and discuss algorithmic
options for the problem. ‘

7. Suppose that 15 pieces of length 32, 35 of length 20, 17 of length 15, and 42
of length 11 must be cut from sheets of length 104. Find the minimum number

of sheets required. Formulate, discuss possible algorithms, and present lower
and upper bounds on the minimum value.

.-'-" . P
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Heuristic Algorithms

‘ME 121 INTRODUCTION

Given that many, if not most, of the practical problems that we wish to solve

_; are N'P-hard, it is oot surprising that heuristic or approximation algorithms

play an important role in “solving” discrete optimization problems—the idea
being to hopefully find a “good” feasible solution quickly.
Different reasons may lead one to choose a heuristic:

A solution is required rapidly, within a few seconds or minutes.

The instance is so large and for complicated that it cannot be formulated as
an IP or MIP of reasonable size.

Even though it has been formulated as an MIP, it is difficult or impossible
for the branch-and-bound system to find (good) feasible solutions.

For certain combinatorial problems such as vehicle routing and machine
scheduling, it is easy to find feasible solutions by inspection or know-
ledge of the problem structure, and a general-purpose mixed integer
progremming approach is ineffective.

In designing and using a heuristic, there are various questions one can ask:

Should one just accept any feasible solution, or should one ask a posterior
how far it is from optimal?

Can ono guaarnilee o praord thint the henristic will produce a solution within

e (or V) of aptinad?



204 HEURISTIC ALGORITHMS

Can one say a priori that, for the class of problems considered, the heuristic
will on average produce a solution within a% of optimal?

The rest of this chapter is divided into four parts. In the first, we formalize
the greedy and local exchange heuristics introduced by example in Chapter
2. We then consider two improved local exchange beuristics, tabu search
and simulated annealing, that include ways to escape from a local optimum,
and genetic algorithms that work with families of solutions. These heuristics,
though often very effective, provide no (dual) performance bounds and thus
no direct way of assessing the quality of the solutions found. We then con
sider some problems for which by simple analysis a priori worst-case bounds
can be obtained. Though these bounds are typically weak, only guaranteeing
solutions within, say 50%, of optimal, the resulting heuristics are typically
much more effective in practice. Finally we discuss how to use a mixed in.
teger programming system in heuristic fashion with the aim of finding good
solutions quickly, and also of obtaining at least some a posteriort performance
guarantees,

12.2 GREEDY AND LOCAL SEARCH REVISITED

Here we formalize the greedy and local search algorithms presented by ex-

ample in Section 2.6. First we suppose that the problem can be written as a
combinatorial problem in the form:

min {c(S) : v(S) > k}.

SCN

For example, the 0-1 knapsack problem

n "n
min{}y c;z;: Y a;3; 2 b, x € B")

i=l 3=1

with ¢;,a; > 0 for j = 1,...,n is of this form with c(5) = Y .ccCi v{(S) =
) . _ JES NI
2 e s@; and k = b. The uncapacitated facility location problem also fits this
mc;dil lflwe take ¢(8) = Y ienm Midyes G + EjES fi for § # B, v(8) =] &
and k = 1.
Below we assume that the empty set is infeasible.

A Greedy Heuristic

1. Set 5? = @ (start with the empty set). Setf . |,

. N : S 'l -t
2. Set 7, = arg min E}gmﬁ}ﬁ-;_—f'—(rﬁ—% {choowe Llie elewnont whone additional

cost per aml of resource iy ininbinm ).

A the poevions solution 87V g, {evnible. sl 1he coal s 1ol decronsmsl,

.-tlnp wil |t AN & I'_
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;. - ' ion | wible, nnd thoe
Ff4. Otherwise set S° = §t-1 U {j;}. If the solution iz now fernaily

: G ot
B -ost function is nondecreasing or ¢ = 1, stop with ™ = ;15 .Sw
Pr  Otherwise if ¢ = n, no feasible solution has been founad. P.

' Otherwise set { +— t+ 1, and return 1o 2.

greedy heuristic to an instance of the unca-

F Example 12.1 We apply the T clients, n = 4 depots, and

P ‘pacitated facility location problem with m
costs

6 2 3 4

g 4 1 9 4 1
» (ei5) = 195 121 i g ond /= (1161120

7 23 2 9

4 3 1 5

:: | The algorithm gives:
* [nitialization. S = ¢. 50 is infeasible.

Heration 1. (1) = (B+1+15+9+T7+4) +21 = 63,4::(12)1 = 66,c(3) =
B 31,c(4) = 64, s0 j1 =3, S! = {3} and o(S1) = 31. §° is feasible.

e in{1. 4} + min{15,6} + min{9, 4} +
= (min{6, 3} +min{1,4} +c(;;{= 11,¢(3,4) —¢(3) =

=
.-

* Tteration 2. ¢{1,3) —¢(3)
M (7,2} +min{4, 1) +(21 +11) 31 =18,¢(%, 3) —
9]

o a9

] 1ith heuris-
Termination. As the cost has not decreased, the algorithm stops w1 -

- . tic solution S¢ = {3} and cost 31.

b . jcular problem structure.
;- ve to be adapted to the partic

E 3 Greedy heuristics ha heuristics that choose edges one

GP there are several possible greedy ‘ : ed
l;.‘:tirsgnnther until a tour is obtained. The “nearest neighbor” heuristic starts

from sorne arbitrary node, and then greedily constructs a path. ﬂutdfrc:;rﬁ th;t
node. The “pure greedy” heuristic chooses a least-cost edge J: such iha

3K is still part of a tour (i.e., S* consists of a set of disjoint paths, until the last
: | X edge chosen forms a tour ).

To describe local search it is simpler to formulate the combinatorial opti-

mization problem as
min {c(S) : g(S) = 0}
SCN

where (&) - O ropresents nomeasure of the infeasibility of set S.k Thu‘s; tlle
. o & wasd above: enn be represented here by ¢(S) = (k-—-u{: Nt

qolution , n locul newhbor
ton f(8) whivh cnn vithie

constrnind. r(h) .
Fon o haenl seniels nlgoritlon, we nocd Lo deline n

ool € 1S ooy onchy polubbon 5 0 Nl eoatd frone

Ny AT
% kol . .. .
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b# just equal to o(S) when S is feasible, and infinite otherwise, or a composite
Mnation of the 'fnrm ¢(S} + ag(S) consisting of a weighted combination of the
abjective function value and a positive multiple & of the infeasibility measure

hy 8.

;ﬁ' Local S{J{aruh Heuristic. Choose an initial solution 5. Search for a set
¥ € Q(3) with f(S) < £(S). If none exists, stop. S¥ = S is a local optimum
solution.

{Mhearwise set 5 = 5, and repeat.

Approprinte choices of neighborhood depend on the problem structure. A very
simple nelghborhood is that in which just one element is added or removed
from &, that is, Q(S) = {S': §' = Su {j} for j e N\ S}u {5 :8 =8\ {i}
for { # ¥). This neighborhood has only O(n) elements.

Alinther neighborhood that is appropriate if feasible sets all have the same
n!at' 1% that in which one element of S is replaced by another element not in
Sothat la, Q(S) = {8 : &' = SU{j}\ {i} for j € N\ S and i € S}. This
wehghboihiood has O(R?) elements.

Fur ST P, there is no tour differing from an initial tour by a single edge.
.lluwltwm'. If two edges are removed, there is exactly one other tour contain-
g The romnlning edges (see Figure 12.1). This leads to the well-known 2-
exvhnsige haurlstic for the STSP on a complete graph.

Replacement edges

Fig. 12.1 2-Exchange for STSP

2-Exchange Heuristic for STSP

The local search heuristic is applied with the following specilivations:
A set § C E is a solution if the set of edges S form » taur,
{S5) = {.S" is a solution: §" £ 5, | S’ NS |[=n 2}, wheren | V|
.f('L;] o l:,-.;: y Ce

Flie vesulting loead sentel mdution i enlled o pef el Drevar,

I | NP .y laa ' oy, Ch e . [ T I LIy oy = ; k . i
R B [l . - [T = ol NEENE L o, Rl [ oo FTa " pr A I ik e Ky A e Y H =] b T L ]
- b J “r.'-' b A "'"!'EJ o ey Em&i . .'-I vyl i o LTI X R T e LT PR LA - DA T | g LT a e o e ..r'_'_'_r"' PR T T 1"'."1. m EALK 1-'.-. L R A N e L Ll T ,.I."i 3 I 1
11 r. . . ! A SR "y [ - ity g o ey ol _!_'.. ) A kLN ot P LT oo, DL VRN L O PETEE Y T i PR - Lo -.-'la'-:n R BT N TR . ' AP
1. - -.I ¥ .1I: .1 . |'.J' T, ! . :I.._-_. ur b _1 s 1 A I|' .y v, .:I H | res ¥, h h AL h ¥, ' . "."_I - I.'..l""-l: I .:I o .|,. ;'n o) r.:'.-,\..: Il'l.| . -1_.‘_..1': . i -I.' 'n a im 'I..p: lpr . ot Cga L . -
. St A e .- v MY - - R el il Lo e 1 B 4 = ' o TruT o sl Vb - -
L N A R - Soaw Tealthaer IR LR L..nlﬂ_' st g - it b . TN s J % o Ay Rl - P ) e e ' =it yk i - - [kt B Pty
. . L N I wine Bl i 3 fa” - - L Th I :. " . - e wy - e T e LoPTmot R " -q. .
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12.3 IMPROVED LOCAL SEARCH HEURISTICS

How do we escape from a local minimum, and thus potentially do better
than a local search heuristic? This is the question addressed by the tabu and
simulated annealing heuristics that we now present briefly.

12.3.1 Tabu Search

When at a local minimum, a natural ides is to move to the best solution in
the neighborhood even though its value is worse. One obvious difficulty with
this idea is that cycling may occur, that is, the algorithm returns to the same
solution every two or three steps: 8% -+ §1 —» S? — S ...

To avoid such cycling, certain solutions or moves are forbidden or labw.
Directly comparing the new solution with a list of all previous incumbents
would require much space and be very time consuming. Instead, a tabu list of
recent solutions, or recent solution modifications, is kept.

A basic version of the tabu search algorithm can be described as follows:

1. Initialize an empty tabu list.
2. Get an initial solution S.
3. While the stopping criterion is not satisfied:
3.1. Choose a subset Q'(5) C Q(5) of non-tabu solutions.
3.2. Let & =arg min{f(7T): T € Q'(S)}.
3.3. Replace S by 8" and update the tabu list.
4. On termination, the best solution found is the heuristic solution.

The parameters specific to tabu search are:
(i) The choice of subset @'(S). Here if Q(S) is small, one takes the whole
neighborhood, while if Q(S) is large, Q'(S) can be a fixed number of neigh-
bors of 8, chosen randomly or by some heuristic rule.

(ii} The tabu list consists of a small number t of most recent solutions or
modifications. If t = 1 or 2, it is not surprising that cycling is still common.
The magic value ¢t = 7 is often cited as a good choice.

(iii} The stopping rule is often just a fixed number of iterations, or & certain
number of iterations without any improvement of the goal value of the best
solution found.

Considering the neighborhood function
US) = {I'CV:T=Sul{jlforje V\S}U{T CV:T =5\ {ifforie€ 5}

consisting of dlngle elmnent switches, the tabu list might be o list of the last ¢
oletaentas (i, o ) Lo he pdded to an incumbaont, and of the Inst ¢ clemetiby
(1. o0} o ho vamoved. A nolghbor 1 i then tabu if 77 = S\ {1g) for
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some g = 1,....torif T = S U {4,} for some ¢ = 1,...,t. Therefore one
cannot remove one of the ¢ elements added mast recently, and one cannot add
one of the ¢ elements removed most recently.

Tabu search also uses common sense. There is no justification to make a
solution tabu if it is the best solution found to date, or it is interesting for
80me reason. So one or more aspiration levels can be defined that are used
to overrule the tabu criteria. More generally, tabu search can be viewed as g
search strategy that tries to take advantage of the history of the search and
the problem structure intelligently.

12.3.2 Simulated Annealing

Simulated annealing is less direct. The basic idea is to choose a neighbor
randomly. The neighbor then replaces the incumbent with probablity 1 if it
has a better goal value, and with some probability strictly between 0 and 1 if
it has a worse goal value.

The probability of accepting a worse solution is proportional to the dif-
ference in goal values, so slightly worse solutions have a high probability of
being accepted, while much worse solutions will only be accepted infrequently.
Therefore if the number of iterations is sufficiently large, it means that one
cat move away from any local minimum. On the other hand, for the pro-
Cess to converge in the long run, the probability of accepting worse solutions

decreases over time, so the algorithm should end up converging to a “good”
local minimum.

A Simulated Annealing Heuristic

1. Get an initial solution §.
2. Get an initial temperature T and & reduction factor r with 0 < r < 1.
3. While not yet frozen, do the following:
3.1 Perform the following loop L times:
3.1.1 Pick a random neighbor ' of S.
3.1.2 Let A = f(S") — f(8).
33 A <O, set §$=45".
314If A >0, et § =8 with probability e~ 4/7
3.2 Set T « rT. (Reduce the temperature. )
4. Return the best solution found.

Note that as specified above, the larger A is, the less chance there is of mak-

ing a move to a solution worse by A. Also as the temperature decreases, the
chances of making a move to a worse solution decrense.

Exﬂctly as for locul ::xirhung{: ll!!IlI'L‘il.il'ﬁ, one b Lo ladine:

(1) A solution

R Bt A e N B TR

o B 1 _d . . 1 .
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(ii} The neighbors of a solution
(iii) The cost of & solution
(iv) How to determine an initial solution.

The other parameters specific to simulated annealing are then:

(v) The initial temperature T

(vi) The cooling ratio r

(vii) The loop length L

(viii} The definition of “frozen,” or the stopping criterion.

As application, we again consider the graph equipartition problem (see
Section 2.8). There we defined a solution S to be an equipartition (S, V' \ 5)
with the two sets differing in size by at most one, and a neighborhood Q(5) =
{TCVAT\S|=|S\T|= 1}.

Here we go for more flexibility, by allowing any set S C V representing the
partition (S,V \ S) to be a solution.

"The neighborhood of a solution S is defined by a single element switch with
Q(S5) as in Section 12.3.1. The cost of a partition is

(8= Y c+alS|-|V\S})?

e€s(5,V\S)

for some & > 0. Therefore any disparity in the size of the two sets is penalized
in the goal function.

In designing and discussing improved local search algorithms, three more
general concepts are useful in thinking about the right combination of choices.

Commaunication. It is important that the neighborhood structure be such
that it is possible to get from any solution $ to any other solution §’ prefer-
ably in a small number of moves. Failing this, it should be possible to get
from any solution S to at least one optimal solution.

Diversification. This relates to facilitating movement between very differ-
ent areas of the search space. A high initial temperature T, a long tabu list,
and the possibility of using random restarts all encourage diversification.

Intensification. This relates to the opposite idea of increasing the search
eflort in promining nreas of the searcl space. Choosing optimally in the neigh-
borhood, or enlarglag the sl () of nolghbn s Lemporarily, are mewsures of
intensdfienthon,
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12.3.3 Genetic Algorithms

R?ther tha:n working to improve individual solutions, genetic algorithms work
with a finite populgiion (set of solutions) Sy,...,S:, and the population
An iteration consists of the following steps;

(i) Evaluation. The fitness of the individuals is evaluated.

(1i) Parent Selection. Certain pairs of solutions (parents) are selected based
on their fitness,

(iii) prﬂsanver. Each pair of parents combines to produce one or two new
golutions (offspring).

(iv) Mutation. Some of the offspring are randomly modified.

(v) Population Selection. Based on their fitness, a new population js se-

lected replacing some or al} of the original population by an identical number
of offspring.

We now indicate briefly ways in which the different steps can be carried out.

Evaluation. As in the loce] search algorithms, a goal function f (5) or a pair

of objective and infeasibility functions ¢{S) and o(S
to
fitness of a solution S, (5) and 9(S) are used to measure the

Parent_ .?ekctian. The idea is to choose “fitter” solutions with a higher
probability. Thus from the initjal population, 5; is chosen with probability

Three possible ways to combine such strings are:

1-point {ima.muer. Given two strings ©yxy ..., nal gy, M, aidd an in-
teger p € 1,.. ,r ~ 1}, the two children are Ty Cullproe e nadd gy
pprpi P - .. ,l", .

WORST-CASE ANALYSIS OF HEURISTICS 211

2-potnt crossover. Given two strings z,7...2z, and y,¥2...v,, and integers
p.q €1{1,...,r—1} with p < g, the two children are =, o TpYpsl - -YoTgsl - -

T, and ¥1---YpXpy1-. - TgV¥g+l - - Yr.

Uniform crossover. Given two strings 25 ...z, and YiY2 - - - ¥r, the result is
a child 2 ... z, where each 2; is randomly chosen from {z;, yidfori=1,...,r

Mutation. A simple 1-point mutation of a child z,...z, is a random choice
of p€ {l,...,7} and a random integer Zp from the appropriate range giving
8 modified solution 2z;...2, 15,2541 ... 2.. A 2-point mutation is a swap of
the values z, and z, for some p < ¢.

Consider again the generalized assignment problem in the form:

mjﬂzieM ZjEN CijLij (12.1)
ZjEN Tii = 1 forieM (12'2)
EiEM Gi;Ti; < 6j for e N {123}
x € BIMIXIN (12.4)

S is a “solution” if its incidence vector satisfies (12.2) and {(12.4). 1t is
represented by an integer m-vector (ji,...,jm) where # is the job to which
person i is assigned (e, z;; = 1 for i € M).

T'wo fitness values are the objective value ¢(5) = > ic M Cij; and the infea-
sibility value g{8) = 2o ieN (2o ien 8i5 — bi) .

The two-point crossover and the two-point mutation described above, both
lead to new solutions satisfying (12.2) and (12.4).

Finally, the objective value ¢(S) might be used in the selection of parents,
while the feasibility measure g(S) may be appropriate for the selection of the
new population.

These simple ideas are obviously far from covering all possibilities. For
problems in which the solution is a permutation, such as STSP or machine
scheduling, some more suitable form of crossover is necessary.

12.4 WORST-CASE ANALYSIS OF HEURISTICS

To start with, we consider a very simple example, the integer knapsack prob-
lem:

(IKP) zzmax{z;':lcj:rj ;Y 1 GyT; <bzell}

¥=1

where {a, }V_, b ¢ Z,. Without loss of generality we assume that a; < b for
1N ol :.: y :."' or 3 ¢ N\{I]

The ey howvintic modntion for $R 1% a0

S

(| ,,f_: .0, ) witlh vadbae
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Theorem 12.1 -‘;— > 3.

I:rnnf. The sqlutiun to the linear programming relaxation of IX P is I =
a'%i = 0lor j=2,... ngiving an upper bound z4F =~ ‘31—*' > z.

b - '
Now as a, Eb,La-J—J 2 1. Setting :il = [;"'l—j+fwith{]£f{ 1, we have
thﬂt I-_LJ!_Q_ - lnIJ l;i]_J _ 1
ard/ar = 7 2 TEj4iE] — o
S{l ﬂ_ ;H ':II.;LJ I.;t'j

zzmzﬁ-:i-zé. &

It is important to observe that the analysis depends on finding both 2 lower

bound on z from the heuristic solution and also
, an upper bound o i
fromn a relaxation or dual solution. e § o romTe

As a second problem we consider STSP on a complete graph with the
lengths saiflsfying thg iriangle inequality, that is, if ¢; € %‘ngr i=1,2, 3&;52
the three sides of a t_.nangle, 1:1:«5-.1:m.,i+1r::.,j Sl fori#j#k,i,5,ke (1,2 3}.
Note that when this inequality holds, the shortest path between two ncdes
3,7 1s along the edge (3, 5) (see Figure 12.2).

2
i+1 ’_ 1

.
GLI ci.i+.1 +.. '+ci-1.i

Fig. 122 Triangle inequality

:I‘u understand the heuristics and their analysis we need to introduce Eu-
lerian graphs.

ngnitinn 12.1 G =(V,E) is a Eulerian graph if the degree of each node is

Proposition 12.2 JfG = (V.E) is a connected Eulerian graph andv € V 1s

an arbitrary node, it is possible to construct a walk starting and ending at v

m which each edge 1s traversed exactly once.

Note that a walkis an alternating set of nodes and edges 1, ety
where e; = (v, _;,v,) € E for i = 1,...,r.
For the snalysis below, we need the following.

2 SN

Proposition 12.3 (iven « complete graph 1o node aci V' soeth edge lengths
ratiafianyg the (evagle ineguality, bt () (Vo 1) beoa cunnected Fdervan .‘mﬁ-

LI -
H .
.

‘.- '
. -
-
,
.
-]

r
'R
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graph of H. Then the original graph contains a Hamiltonian (ST'51) lour of
length at most Y,z Ce.

Proof. The proof is by construction. Suppose m =| £ | and v = vy, ¢, ¢, 1,
eevq Em,Um = v is a walk through the edges of & where each edge ¢y, ..., ¢
occurs once and ¢; = (-1, w) for 1 = 1,...,m. Consider the list of nodes
encountered in order vp, vy,...,Ym. Suppose v;, is the k** distinct node to
appear in the sequence. Then v = v, ¥;,--.,%i . V.,, = v is a tour. We
now estirnate its length. By the triangle property, the length of the subwalk
between nodes v;, and v;, , is at least as long as the length of edge fix =

(Yix> iy, }- More precisely E;';lﬂ Ce; = Cf,. Sothe tour length 370 ¢f, <
n 1Y 1 .
Ek"l Zi:ﬁ:+1 Ce; = E:EE Ce- »

Now we can describe a first heuristic.

The Tree Heuristic for STSP

1. In the complete graph, find a minimum-length spanning tree with edges
Er and length 25 = }_ 5. Ce-

2. Double each edge of Er to form a connected Eulerian graph.

3. Using Proposition 12.3, convert the Eulerian graph into a tour of length 2.

Note that in Step 1 the degree of each node of the tree is nonzero. So when the
edges are duplicated in Step 2, the degree of each node is even and positive.

Proposition 12.4 -‘-"::i < 2.

Proof. As every tour consists of a tree plus an additional edge, we obtain the
lower bound zr < z. By construction, the length of the Eulerian subgraph
is 2zz. By the tour construction procedure, z < 2zr provides the upper

bound. Thus we have 5;- <zp <z<2H .

Now we describe a second heuristic based on the construction of a shorter
Eulerian subgraph. A matching is perfect if it is incident to every node of the
graph.

The Tree/Matching Heuristic for STSP

1. In the complete graph, find a minimum-length spanning tree with edges
Er and length zr = } . p_¢€..

2. Let V' be the set of nodes of odd degree in (V, Er}. Find a perfect matching
M of minimwumn length zps in the graph G = (V', E'} induced on V' where
E' is the sl of wlyes of Ep with both endpoints in V. (V,Ep U M) is a
conueeted Fadarkon groph.

1. Unlng, Propawithon 1008, convert the oloring grngh into a tour of leagth =
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Note that here the perfect matehing M has degree 1 for each node of V', and

thus (V, Er U M) has positive even degree at every node. Let 1 =arg min;e r{minly;, 1 - y;]} (find the variable closest to Intogor).

If y; < 0.5, fix y; = 0 (if close to 0, fix to 0).
Otherwise set y; = 1 (if close to 1, fix to 1).

Solve the resulting LP.
If the LP is infeasible, stop (the heuristic has failed).

Otherwise let (z*,1y") be the new linear programming solution.

I

$

Termination:
If F =0, (z*,y*) is a feasible mixed integer solution.

The next two heuristics use the mixed integer system in iterative mode,
Z2¥  hecause the original problem is too large or difficult. For simplicity we decribe
e the heuristics for an 7P, but the approach applies immediately to MIPs.

Fig. 123 Optimnal tour longer than two matchings on V'

Proposition 12.5 -‘TE < 3.

E:mf*‘ As above, zr < 2. Now suppose without loss of generality that
e optimal tmfr. ut: length z is the tour 1,2,....n. Let ji,7,..., 2k be
” ngdes ‘nf _V in inm.'easing. order. Consider the perfect matchings M, =

J1: j2}, U, Ja), - (J2r—1: j2x)} of length zps, and M, = {(52, 73), (745 J5),
1-1;; (:J":k—:: .?lnk—l)i (Jak, J1)} of length zpy,, both with endpoints V. Again by
vae triangle inequality cj, j, + et ... i € T eirs + 00y = 2
(see Figure 12.3). But now zj, S zym, fori =12 and m’QzM < 'zM +

— 1

z”==g112+cjg,j3+...+ﬂj .. < z. Final : : .
' 41 & 2. Pinally, again using P t _
ICEZT'FEM £z+z/2=(3?2)31 g £ Proposition 12 3;

12.5 MIP-BASED HEURISTICS

Eelow we discuss_ three heuristics for integer or mixed integer programs. The
theabnf the first is to take the linear programming solution at any node of
e branch-and-bound tree and dive down the tree in the hope of finding a

feasible solution. The other two can be implemented by anyone having access

g_Dwa-mlld-Fix Heuristic. We suppose that we have a mixed 0-1 problem.
Iven an linear programming solution (z°,y%) let F = {5 : y* ¢ {0,1}} be
the set of 0-1 variables that are fractional. ! ‘

Initialization. Take the linear programming solution {(x*, y*) at some node,

fasie Heration:

As long na 1 /9,

-.E—‘_‘- a4y
(Y [

e ER

Suppose the problem can be written in the form:

z = maxctz! + 212
(IP) Alzt + A'2® = b
e Z0,x% € Z72.

We suppose that the variables IJI- for j € N, are more important than
the variables z7 for j € N; with n; =| N; | for ¢ = 1,2. It may be that z'
represent major investments, while z? represent less important decisions such
as maintenance, or else the ! variables may represent decisions in the initial
periods, while the z? variables represent decisions in later periods.

The idea is to solve two (or more) easier LPs or MIPs. The first one
allows us to fix or limit the range of the more important z' variables, whereas
the second allows us to choose good values for the variables x2.

Relax-and-Fix Heuristic

1. Relax. Solve the relaxation

7 = maxciz! + 2x?
Alz! + A222 =}

(MIP1)
! € 2%, 2% € RY?

in which the integrality of the z? variables is dropped. Let {T!,Z%) be the
corresponding solution.

2 My Fhx the haportint vaciables b at theie values in MTP1, and solve the

F

roxl.ricblon
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Let (%', 7%) be the corresponding solution if P2 is feasible.

3. Heuristic Solution. The heuristic solution s 27 — (Z', %) with 2 = ¥ <
z < 2

The idea of the next heuristic is strilar, but here we suppose that an ef.
fective strong cutting plane algorithm is available, so that after adding cuts,
at least some of the integer variables take values close to integer or to their

Anal values. Again we suppose that the variables z! are in some way different
from, or more important than, the z2 variabjes.

Cut-and-Fix Heuristic

1. Cut Apply a strong cutting plane algorithm to [P terminating with a
tightened linear programming relaxation

Z=maxeclz! + 2,2
Algl  A22
LP1 2 - .
( ) Alz! 4 A222 < §
z' € R]', 2% € R™

with solution (T, 22). Here Alz! 4 422 < b represent the cuts added to the
initial linear programming relaxation.

2. Fiz for Bound). Choose ¢. For j € Ny, set I; = 1%} +¢) and u; = [T} —e].
Solve the restriction

z=maxclz! 4 232
Alzl 4 4222 =
(1P2) Alz! 1 A222 < §
<zl <y
' e Z 1% ¢ 2%

with solution (%!, %) if /P2 is feasible.

3. Heuristic Solution. The heuristic solution is = -- (7', 7%) with z = 2 ¥ <
<7

Olwerve thnt if ¢ s sinndl aned positive, ' viainbilen tnking linenr prewrrnn.
ming vidues withy ¢ of mdepet in L) sge Bised 1 170 whiles others o
bsreodd tan take vt her the vahie !’PH of thes vadie T L g e ot ey hoened, ol
e negnbsve, sl the o' vaaloblba run i I Cadar a1 Toniad bwor vislion §1s § 17

E
"
]
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forced to take either the value |} or the value [Z}]. On the other hand, if
¢ is negative, all the 2* variables can still take at least two values in TP2,

12.6 NOTES

For a simple treatment of the topics in Sections 12.2 and 12.3, see [Ree93]. A
highly readable survey is {Pir96]. See also the annotated bibliography on local
search [AarVer97]. At a more advanced level the recent book {AarLen97] is
devoted to local search and its extensions, including chapters written by spe-
cialists on the complexity of local search, simulated annealing, tabu search,
genetic algorithms, applications to vehicle routing, TSP, machine scheduling
VLSI layout, and so forth. An issue of Management Science [FisRin88] is
dedicated to the subject of heuristics.

12.2 Greedy heuristics are part of the folklore; see for instance [KueHam63)

for an early application to location problems. Local search heuristics date at
least to [Cro58], [ReiShe65].

12.3 Tabu search and simulated annealing have been applied successfully to
find good quality feasible solutions to a remarkably wide range of problems.
Tabu search started with the work of [Glo86], [Glo89], {Glo90]. The origins
of simulated annealing heuristics are attributed to [Metetal53], [Kiretal83],
[Cern85]. Theoretical results, relying on the asymptotic behavior of Markov
chains, can be used to show that the simulated annealing algorithm almost
surely terminates with a global optimum if run with a slow cooling schedule
for a long enough time. However, these results are inapplicable in practice,
and fail to explain the many successes of this method. A recent bibliography
of simulated annealing and tabu search is (OsmLap96]. Genetic algorithms
originated with the work of [Hol75], [Gol89). The generalized assignment
problem is treated in [Beas97).

Another recent approach is that of neural networks (see the texts cited
above). Constraint logic programming provides an alternative spproach for
certain discrete problems.

12.4 The first worst-case analysis of a heuristic for a sched uling problem is in
|Gra66], but the analysis of bin packing heuristics [Johetal74] really seems to
have initiated much of the work in this area. The tree/matching heuristic for
STSP is from JChr76); see also [CorNem78].

For certain problems it has been shown that finding a heuristic giving a
performance guarantee of a or better is only possible if P = AP, while for
others ane enn find so-called felly polynomial approrimation schemes with per-
farmmnee gunrantess of or for any « 1n a time polynominl in the input length
a1 /e "The tseak [Hoet) includes rurveys on npproximation results for hin
punclebing, oo verbig asud prckiug, nnd network denlgn probloms ntnong othors,
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as well as on randomized algorithms and on the hardness of approximation.
Another recent survey is [Shm95).

12.5 Variants of the dive-and-fix heuristic are common; see [NemSavSig94).
The relax-and-fix heuristic is also well known. Two recent examples of the
relax-and-fix and cut-and-fix heuristics are in [BieGun98} and {Belvetal98]
respectively.

12.7 EXERCISES

1. Apply the different heuristics presented to an instance of STSP with the
foliowing distance matrix:

28 —
o7 28 -

72 45 20 -
81 54 3 10 -

85 57 28 20 22 -
80 63 57 72 81 63 -—

Devise at least one new heuristic and apply it to this instance.

2. Apply greedy and local neighborhood heuristics to an instance of the
problem of most profitably allocating clients to at most & depots:

IAX 2 ieM 2.jeN CijTij
EjENI’:f =]forte M
Ti;SyjforieMjeN
Lien¥i <K
r € B™ ye B?

with m = 7 clients, n = 6 potential depots, K = 3, and

2 37 3 6 1
3 11 8 10 4
6 2 3 1 2 7
(C;'jJ = B 1 4 6 2 3
4 4 3 3 4 3
2 B 3 6 3 2
6 5 3 2 7 4

3. Devise a greedy heuristic for the set covering problem.

4. Congidor the problem of finling n wnxhnn candlonlity natehing fron
Chaptor 4. A matching A < E b snarveand U A 1 [/} I not v matching for
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any f € E\ M. Let z be the size of a maximum wmutching, and z7 be the
b size of a mazimal matching. Show that z” > 1z

| 1‘; 3. Consider the 0-1 knapsack problem: z = max{) oy Cify: 3. en@¥j <

b,z € B"} with a; > 0 for j € N. Consider & greedy heuristic that chooses
the better of the integer round down of the linear programming solution, and

the best solution in which just one variable is set to one. Show that 2 > i::.

6. Show that the 0-1 covering problem

= miu E;=l fJIJ
;-;1 Qi;T; 2 b; forie M
€ B"

' with a;; > 0 for i € M,j € N can be written in the form

z = min{z fi 1 g(5) = g(N)}

JES

where g : P(N) — R} is a nondecreasing set function. What is ¢? Show that
g(S)+9(T) =2 g(SUT)+g(SNT) forall §,T C N.

7. Consider the generalized transportation problem:

. ™ n
Z = min Zi::l j=1 GijTij

Yo Fij<ajfori=1,...,m
Z.‘=1Ci17ij >d;forj=1,...,n
x € 27",

(i) Propose & heuristic for this problem.
(ii) Propose an exact algorithm.

8. Devise a heuristic for the instance of GAP in Exercise 10.4.
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Column Generation
Algorithms

11.1 INTRODUCTION

One of the recurring ideas in optimization and in this text is that of decom-
position. We have several times considered what happens when the integer
programming problem (IP) max{cz : € X} has a feasible region X that can
be written as the intersection of two or more sets with structure X = Nf_X*
for some K > 1. Even more particular is the case where the constraints take
the form:

Alr! A% ... +AKLK = b
DIII 5 d]
<
< .
DK K < dg
teZP, ... . ,xf e 23K

s0 that the sets X* = {x* € Z}* : D*2* < d,} are independent for k =

1,..., K, and only the joint constraints Ef_l Afz* = b link together the
different sets of variables.

Given an objective function max ¥, ¢*z*, two earlier approaches that
would permit us to benefit from such structure are cut generation, in which
we would try to generate valid inequalities for each subset X*,k =1,..., K,
and Lagrangian relaxation, in which we would dualize the joint constraints 0
as to obtain a dual problem:

min L(u),

185
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where

K
L(u) =max{Z[Ck—HAk)Ik +ub:z¥ e X  fork = 1,..., K},
k=1

and the calculation of L{u) breaks up into K distinct subproblems:
K
Lv) = Zmax{(c" —~ ud®)z* . 2% € X*) 4 ub,
k=

In this chapter we examine a third way to exploit the structure of integer
programs of the above form. Thronghout we assume that each of the sets X*
is bounded for £ = 1,...,K. The approach essentially involves solving an
equivalent problem of the form:

K K
mex{d Ak S BRAR = 5,0k > 0 integer fork=1,..., K}
k=l k=1

where each matrix B* has a very large number of columns, one for each of the
feasible points in X*, and each vector A* contains the corresponding variables.

For example, we now derive an alternative formulation of this type for the
uncapacitated facility location problem U FL. Here the locations j = 1,....n
correspond to the indices k = 1,..., K. For each nonempty subset § C M of
clients, let AL = 1 if depot j satisfies the demand of client set S. This then
leads to the formulation:

min ) _jen ZS#tﬁ(EiES‘ Cij + f,—))% {11.1)
2ojeN ES##:’ESA'L =1 forie M (11.2)

Ysapri <1 forje N (11.3)
Xs€ {01} for g £ SCM,j€N. (11.4)

Here the cost of A} is the cost of opening depot 7 and serving the clients
in 5 from depot j. The first constraints again impose that each client is
served, while the second set of constraints ensure that at most one subset of
clients is assigned to depot j. In practice the latter constraints are typically
unnecessary. Why?

Thus the problems we wish to solve here are integer programs with an
enormous number of variables, where the columns are often described impli-
citly as the incidence vectors of certain subsets of a set, that is tours, client
subsets, and so on. Below we show how such (large) formulations of an in-
teger program, called Master Problems, also arise by reformulation. We then
consider how to solve the linear programming relaxation oof these Master Prob-
lemns, and relate the strength of this relaxation to that ot Ly Lngrangian
duality, or by the wse of entting pliwes. Finally we conndder what to do when
the linenr [:rn;.',munuinu salubtion iyl illLl‘j.[l'HL il wae ronal renorl Lo e
mernbion, bawling to ' ¢ ohann Ceveratton o Moo aod Poice wdgorithinm.
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Consider the problem in the form:

.4 K
(IP) z=max{} c*z*: Y AfzF b z* e X* fork=1,...,K} (11.5)
k=1l k=1

where X* = {a* € Z}* : D*z* < d;} for k =1,...,K. Assuming that each
set X* contains a large but finite set of points {£**}7% | we have that X* =

Tl: T;.
{Ik € Rﬂh . Ik = ZAk';Ik't,Zlk't — 1,. }‘k,t & {U, 1} fﬂr t = 1, .na ,Tk}.
=] =1

. Now substituting for z* leads to an equivalent IP Master Problem:

z=max Tj_, Sk (Fah A
K
2 k=1 ZE;[(A’:I&':)}‘J:J =b
311 Ape=1 fork=1,...,K
Are € {0,1} fort=1,...,Trand k=1,..., K.

(IPM)

Continuing with problem U FL, suppose we start from the weak formulation

Min 3 ear Y jen Gis%ii + X en fili (11.6)

Y ienTij=1 forie M (11.7)

Diem Tis Smy; for jEN (11.8)

z € BIMIxINI 4 ¢ BINI (11.9)

Here we can take (11.7} as the joint constraints, and X* = {(Z14,.. ., Zmk, Ui :

Y iem Tik S myx, zix € B! forie M, ye € {0,1}}. The points in X* are
{(z%,1)}scar, where 2§ is the incidence vector of § C M, and (0,0) with
associated variables A§,v* respectively leading to the /P Master Problem:

minEjEHIZs#(Z.-Es ¢ij + fi)As + fi)‘i]
Sosue E+M + =1 forjeN
M. {0,1} for SC M,5€ N,vi e {0,1} for j € N.
Obsevvee il an £, 0, variable Ai is dominated by ¢ and can be dropped.

Now Lhie Tovovoadind o oo (11.1) (11} are selentaen] iF was Lake irl to e the
plocle viainhileojo {11 .1)
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11.3 SOLVING THE MASTER LINEAR PROGRAM

Here we use a column generation algorithm to solve the linear programming
relaxation of the Integer Programming Master Problem, called the Linear
Programming Master Problem:

Yooy Do (AkzReyA,, — b

LPM
(LEM) et g =lfork=1,... K
Ape >0 fort = ..., T k= 1,... . K
*x
where thereis a column | A%z | for each = € X*. Below we will use {m; )12,
€k

as the dual variables associated with the joint constraints, and {u} le as dual
variables for the second set of constraints, known as convezity constraints.

The idea is to solve the linear program by the primal simplex algorithm.
However, the pricing step of choosing a column to enter the basis must be
modified because of the enormous number of columns. Rather than pricing
the columns one by one, the problem of finding a column with the largest
reduced price is itself a set of K optimization problems.

Initialization. We suppose that a subset of columns (at least one for each k) is
available, providing a feasible Restricted Linear Programming Master Problem

LM — max &)

(RLPM) Al =5

A>Q
where b = ( i' ), A is generated by the available set of columns and is a
submatrix of

Azl glzMT g0 g2.2mm AR KLY AK KTk
| . |
i . 1
1 . 1

and ¢, X are the rnrrtfﬁlhtmlim.: cosits wncd varinblen  Solving 100,17 Af gives nn

oprarnd pramad solution A awad wn optinnd dund solud on (o )0 ™ w 1D
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Primal Feasibﬂjty. Any feasible solution of RLPM is feasible for LPM.
In particuiar, ﬂ_‘ 1s a feasible solution of LPM, and so 3LPM _ z\*
:::1 'ﬂ'ibi + Zi‘:] i 5 ILPH-

Optimality Check for LPM. We need to check whether (r 4t} is dual feasible
for LPM. This involves checking for each column, that is for each k, and
for each £ € X* whether the reduced price &z -~ 1A*z — yp < 0. Rather
than examining each point separately, we treat all points in X* implicitly by
solving an optimization subproblem:

Gk = Iﬂﬂx{(ck ~ 11'.4")1:—-;1;, T € X‘:}.

Stopping Criterion. If =0fork=1,.. K , the solution {r,u) is dual
feasible for LPM, and so zPM < 3~ rp o K 1 As the value of the

primal feasible solution X equals that of this upper bound, X is optimal for
LPM.

Generoting a New Column. If Ck > O for some &, the column corresponding to

the optimal solution :‘E:k nt; the subproblem has positive reduced price. Intro-
z

ducing the column | A%%* | Jeads to a new Restricted Linear Programming
Ck

Master Problem that can be easily reoptimized (e.g., by the primal simplex

algorithm).

A Dual (Upper) Bound. From the subproblem, we have that ¢; > (cf —
TARYz — 4y for all z € X%, It follows that (c* — n4*)z - i — (e < 0 for all
T € X*. Therefore setting { = ({1,...,(x), we have that {7, 5 + €) is dual
feasible in LPM. Therefore

K K
2LPM < ab + Zﬂk+zq.
k=1 k=1

These different observations lead directly to an algorithm for LPM that
terminates when { =0fork =1,... , K. However, as in Lagrangian relaxa-
tion, it may be possible to terminate earlier.

An Alternative Stopping Criterion. If the subproblem solutions (#!,..., #K)
satisty the original joint constraints T | A%z* < b, then (z1,..., %K) is
optimal. '

This follows because ¢ = (& — rAR)ZE — 4, implies that 3, *z* =
AN v Y, 6= b+ 2ok i + 34 {x. Therefore the primal
fensible nobution hin Lha same value as the upper bound on ILPH.
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11.3.1 STSP by Column Generation

Here we consider the application of the above algorithm to solve the Master
Linear Program of a problem in which there s Just a single subproblem.
We again consider the symmetric traveling salesman problem, which can be
wrillen as

min{Zc,:.:e: Z T.=2forie N,ze X!}

ec E e€b(i)
where
X'={zeZ7. 2 ees(1) Te = 2=E¢EE{S}I= <| S| -1forp C S C N\ {1},
_ Z:EE Te = ﬂ-}

is the set of incidence vectors of 1-trees.

Writing . = 37, 0. A, where Gt = (N, E*} is the " 1-tree for ¢t =
I,..., 71, the degree constraints become D e sy Te = I .c 8(5) DpecEt M =
Y d{A; = 2 where d! is the degree of node i in the 1-tree (. Thus the
cerresponding Linear Programming Master is

ijn Z;r:ll (ex*} A,
(LPM) =1 dff}f =2forie N
Zt;] Ar =1

Ae RD

with which we associate dual variables {u;}i, to the degree constraints,

atel dual variable g to the convexity constraint. The corresponding single
mibproblem is

{p = min{Z{cc — Uy — IIJ')IE —HITE Xl}
e E

wi Lhie |-Lree G has reduced cost ert — Zteﬁ diu; —pu = ezt - Eieﬂ U, EEE&HJ
oo Y cplee —u— u; )z, — p, where zt for e € E are the edge variables
W Lhe F-tree G, and e = (i,7)forec E.

Note that because we are dealing with l-trees, d} = 2 for all ¢, and so the
bt cquation in LPM is twice the convexity constraint. As a result we can

drop the convexity constraint.

Exmnple 11.1 Consider an nstance of STSP with distance matrix

??lﬁ\
1 4 X

H"ﬁ i gy s EL LS [N T

We initialize with a restricted LPM havin
tour of length 28 and six 1-trees chosen arb

mn 23/\1
224
2,
2
2,
2A;

The resulting linear programming solution is A = (0,0
22.25 and dual solution u = {‘—g]ﬂ, -1,
cost matrix for the subproblem is

The optimal I-tree is z,,
Therefore 22.25 4 ¢, =

+25X,;

+2 A5
+2A,
+3A;
+2A,
+1Xo

+21)3

+2A3

+2A5

+2 A

+3Az

+1A;
A

+19)\,

+ 22y
+ 1}'\4
+3X,
+3A4
+1A,

>

e—

_11

2

SOLVING THE MASTER LINEAR PROGRAM i9]

g 7 columns, corresponding to a

itrarily

+22Xs

+2As
+1As
+22As
+3Xs
+2):5
0.

_umt

+18X;

+22
+2)g
+3)
F1Ag
+22¢

P4

2,0}. The corr

= X1s T T4 = Ios = g5 =

16.75 < 2LFM < 99 95
We start a new iteration by introducing this 1

the restricted master with cost 22, and degrees

programming solution is A = (0,0

solution u = (52, 3,

5

ar 3

0).

1
sﬁru'lﬂ

130

111

1
4 ﬂwriii

+28A+

+2A7
+3 A7
+1Ay
+ 1A,
+3A7

1 with ¢,

The corresponding reduced cost matrix for the subproblem is

The optimal 1

_26
8

—B6

_43

B

13
3

+ 3+ 3) With cost 18 and dual so

-7

2

_2
2

-tree is I13 =ILiq4 = X3 = Igqy = Tayg =
lower bound of 20.333 — L
Therefore we now have 16.7

Again we introduce this ]
cost 14, and degrees
(0,0,0,0,0,0,0

The corresponding reduced cost matrix for

-12 -8

8

i
Y

35

a

1 with (:1 —
= 15.667 is not as good as that obtained before.
5 < 2LPM < 90.333.
-tree as a new column in the restricted master with
(2,2,3,2,1). The new linear programming sclution is X =
lution u = (13,0, —4, 0, 0).

the subproblem is

B
b2 B BD B RS

) with cost
esponding reduced

)

-tree as a new column in
(2,2,1,2,3). The new linear
0, %) with cost 20.333 and dual

IT. The
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The Dptiﬂ]&l 1-tree is Iig = I15 = T9g = Iy = 435 = 1 with (; = —1. The
Jlower bound on zLPM jncreases to 18 — 1 = 17, As this 1-tree is a tour, it
follows from the alternative stopping criterion that it is optimal. Alternatively
one can check that its real cost is 17. -

11.3.2 Strength of the Linear Programming Master

How strong is the linear programming relaxation of the Master Problem? Is
there some hope that it will solve the original problem 7P?

Proposition 11.1

K K
2PN = max{y " ekak 0 Y A%k < b 2F € conv(XF) for k= 1,..., K}

k=1 k=1
Proof. LPM can be ohtained from the original problemn IP by substitut-
ing o% = 3Tk pRia YT A, = 1A 2 Ofort = 1.....T.. This is
equivalent to substituting 2% € conv{X*). .

As discussed in the introduction to this chapter, when I P is decomposable,
Lagrangian relaxation and cutting plane algorithms are two possible alternat-
ive approaches. Specifically let w;  be the value of the Lagrangian dual when
the joint constraints 37, | A*z* = b are dualized, and let zCUT be the value
obtained when cutting planes are added to the linear programming relaxation
of IP using an exact separation algorithm for each of the sets conv(X*) for
k=1,... K. .

The next result, showing that all three approaches are in some sense equi-
valent as they lead to the same dual bounds, is based on Theorem 10.3, Pro-
position 11.1, and the fact that an exact separation algorithm for conv(X*)
implicitly generates conv(X*). .

Theorem 11.2 z1PM = o, = CUT,

As the subproblems solved in both the column generation and Lagrangian
dual approaches are optimization problems over X*, column generation can
be viewed as an algorithm for solving the Lagrangian dual in which the dual
variables r are updated using linear programming by solving the Restricted
Linear Programming Master. This is in comparison with the subgradient
algorithin often used to solve the Lagrangian dual that. is based on a much
simpler updating procedure.

On the other hand, if we use the cutting plane approach, though the bound
obtained is potentially the same, separation problems over conv( X*) have to
be solved instead of optimization problems.

As the theoretical mmplexity of the aptimization niul wepranddon |1mh|{enm
for conv(X*) is the same, the choice of nppronch slepannhi an the relative
dddliculty 10 solving the two problems ne woll an o e convergenea of the
coliton genorntion med cutiiag plaone alporithos o poa thoe
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11.4 1P COLUMN GENERATION FOR 0-11P

If when the column generation algorithm terminates, the optimal solution
vector A = (AY,...,AK) of LPM is not integer, then JPM is not yet solved.
However, 2FM > ; which suggests the possibility of using such upper bounds
in a branch-and-bound algorithm. In this section we present an algorithm for
0-1 problems using this bound, called an /P column generation or branch-

and-price algorithm.
Again we have the original problem
£ = m“{zf.—.l cka : Ele Akzk = b:

({P)
D*s* <difork=1,. K, 2*eB™ fork=1,..., K}

and its reformulation

Z = max Zf;l Efilickik‘t)lk,t
22;1 221 Ak—’rk't):\k,t = §
St Aa=1 fork=1,.. K
Ave €{0,1} fort =1,.. T}, k=1,... K.

(IPM)

whose linear programming relaxation has optimal solution x.

Because the points %' € X* are distinct 0-1 vectors, note that 7% —
E?;l Ak, z®t € {0,1)* if and only if A is integer. Therefore if A is not
Integer, there is some x and j such that the corresponding (-1 variable % has
linear programming value 7 that is fractional, and on which one can branch.

This suggests the branching scheme shown in Figure 11.1(a), in which
the set S of all feasible solutions is split into S0 = SN {z: zf = 0} and
Sy =8N{z : 2§ = 1}. Note that this is exactly the same type of scheme used
In the basic branch-and-bound algorithm in Chapter 7.

(a) {b)

Fig. 111 Thoaehing b 0 1 column rencralion: {(n) original (b) column variables

lt i:" il”["-”i“"' Ity 1y l”ﬂ]'“‘ il G I]IH.' il '\HI"|II ”I[“ Iu'l i"’"'l-ill']" Lay “’”I""'* '!H‘ TR

linenr pros amiedng tnatag problemurc withont dittewlty. 1y e (hin s s
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to define the new Master Problems associated with 5, for 1 = 0,1, and the
new subproblems. r
k, .
Now as :l:f = ) 1 Ak T; ‘e {0,1}, 1:;-‘ = § € {0,1} implies that a:f’t =4
for all k,t with Ay, > 0. So the Master Problem st node S5 =8Sn{zr:z% =1}
fori =0,1 is !

I(Si) - mﬂka#u Zt (ckait)Aktt + El::f'l=i(c’:‘xﬂ't)}‘ﬂht
Tt DA T 4 By (AT = b
Ztﬁkst = 1 for k% 7
Et::;."':=i '\"-: =1
Akt € {0,1} fort=1,.... T, k=1,... , K.

(IPM(S;))

This has the same form as the original Master Problem: except that a set of
f:ulumns are excluded on each branch, and the previous L PM solution is now
infeasible. Turning to the column generation subproblems, the subproblem iy
unchanged if k 3 x. However, for subproblem x and i = 0,1, we have

({5} = max{(c® —wA®)z — p, : T € X"®,z; =1},

which is very similar to the original subproblem.

Another idea is to branch on some fractional Ak, variable, fixing it to 0 and
1 respectively, see Figure 11.1(b). Note, however, that on the branch in which
Ax,e = 0, just one eclumn, eorresponding to the t** solution of subproblem k.
18 excluded, so the resulting problem is almost identical to the original one.
This means that the resulting enumeration tree has the undesirable property
of being highly unbalanced. In addition it is often difficuit to impose the
condition A, = 0, and thus to prevent the same solution being generatex
again as optimal solution after branching.

One potential advantage of the column generation approach, visible in Ex-
ample 11.2, is that the optimal solutions to #LPM are often integral or close
to integral. In the first case this gives a feasible integer solution, and in the
second such a solution can often be obtained by a simpie rounding heuristic.

11.5 IMPLICIT PARTITIONING/PACKING PROBLEMS

An important subclass of decomposable 0-1 I Ps are packing and partitioning
problems. Given a finite set M = {1,...,m}, there are K implicitly described
sets of feasible subsets, and the problem is to find a maximum value packiuy,
or partition of M consisting of certain of these subsels.

In terms of the original 71> (11.5) of Soction 11.2, we set 7% = (3%, %) with
y* € {0, 1)™ the Incllence vector of kaibset, & of M, A AR (L
and & L One shiondd Lhink of Che variabbw re* swcaaxabin y varinblon ieedol
Lo deline whethor Lho snbwol with dnchdanee vector p* in fonnble, osd o dethie
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- =

Pithe formulation

" - L
- am
-

TR K K ;
e mﬂ{Z(Ekyk + fFu®) Eyk < 1,(y",w") € Xtfork=1,... K}
k=1

.--' . .
. -
= R

R

H . .

y - -
- e

* ow if (3%t w* ) corresponds to the t*® feasible solution in the set X ¥ and

B -j'ffi is the corresponding variable, we obtain an equivalent Integer Program-
7Bl ing Master

z=max¥ iy Sops (e yEt 4 frwk A,

‘_‘ :'.:I .

SRR, EI{;I Zt:y!:.l{l Ak X1 forte M

k=1

T de=1lfork=1,... K
- “ At € {0, 1} for £t =1,. oy T, k=1,... K.

-
-

-

.

S  We now present several problems of this type. Clearly as the partitioning
s g problem is a special case of (11.5), the algorithm of the previous section can
applied.

,:F;EMuIti-Item Lot-Sizing. Suppose we are given demands df for items k =
SR 1 . K over a time horizon t = 1,...,T. All items must be produced on
P single machine; the machine can produce only one item in each period and
S 1as o capacity CF if item & is produced in period t. Given production, storage,
3 and set-up costs for each item in each period, we wish to find a minimum cost

"3 production plan. This problem can be formulated as
g * T
min ey Lemr (P2t + BEst + finr)

Ef:lyf <lfort=1,...,n
(z*,s5, ") e X  fork=1,... K

B where X* = {(z*,s*,v*) € R? x R} x B™ : sf_; + xf = df +sF, 1z} <

—

Cryf fort=1,...,T}.

M Clustering. Given a graph G = (V, E), edge costs ¢, for e € E, node weights
P, 4. for i € V, and a cluster capacity C, we wish to split the node set V into
.. K (possibly empty) clusters satisfying the property that the sum of the node
weights in each cluster does not exceed C, in a way that minimizes the sum of
the weights of edges between clusters (maximizes the sum of weights of edges
¥ within clusters). Figure 11.2 shows a feasible solution for an instance with 3
. clusters and a capacity of 9. The thick edges are those between clusters. The

¥:. problem can he formulated as

M = k
WX D 0 D, g e b

A - .
¥ NP E e
d |2 {m".u"} S A 1T | 1, K
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r

.
¥
- '_
—_—
a
-

k _ k n
where X* = {{w*, ;") e Bm x B :wff_:yf,w"ﬂy_f.wfgyf+y;v—lfnr

A o
|.H"I ;.'. ST .
Ll fule o el Ty I

1t I"l‘ﬂl Lo i Lz : o =
'-1"' LM o - - ':l" r . .r'-l||.-\,-'l.l '-l.-u-ll.-. T ] W ,..:1."!." M.
I : ; ] 1 \ ] L 1 [N
. 1 Y r

'} -.J'-'ll. ol
AT T, R
P
4

e = (1,3) € E, } .cvdiyf < C} with ¥¥ = 1 if node i is in cluster k and & 3
wf = 1 if edge ¢ bas both endpoints in cluster k. E
.E__f

K=3, C=9
Node weighls shown

Fig. 11.2 Clustering solution with three clusters

-3 - - -
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Capacitated Vehicle Routing. Given a graph G = (V, E), a depot node 0 edge
msta Ce for each e € E, K identical vehicles of capacity C, and client urd‘ers d;
for i e V'\ {0}, we wish to find a set of subtours (cycles) for each vehicle sucl;
that (i) each subtour contains the depot, (ii) together the subtours contain all
::te ;idﬁ, (i;i) the subtours are disjoint on the node set V'\ {0}, and (iv) the
ol « ;:fn;n ceezn;ach subtour (the total amount delivered by each vehicle)
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:ﬁnnther problem with such a decomposable structure is the generalized
assignment problem. An instance of GAP is treated by branch-and-cut in

1 A ' .
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11.6 PARTITIONING WITH IDENTICAL SUBSETS®

1 e s,

The clustering and vehicle routing probiems of the last section both have the
property that the clusters or vehicles are interchangeable (independent of k).
This means that the numbering of the subsets is arbitrary, and exchanging

= 1 TN !
.
-

A
.?.I .l,‘-...'. 1--.,_'i H
-, s

Here we consider how the integer j '

: _ programming column generation al-
gunt.l:;m of Secimnkll.d, can be specialized to take account of this symmetry.
As X =X, (e*, f*) = (e, f) and T} =Tfnrallk,wecanset.k;=£f_ Ak ¢
and IPM now takes the form: R | -

) _'.l' L]

Ermx E-:;I“_l(f,ul i f‘m‘)f\; £
- _ i
:’.;.y:_; AN - Lioree M :

o T R L
T L |-"":'r_'.r."'

1:- g.:.
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S M<K
A€ BT,

There is now just a single column generation subproblem. Letting the dual

variables associated with the linear amm; -
#, the subproblem is: Progr ing relaxation be {m;};ear and

{=max{(e—1r)y+fw-—;¢:[y,w)eX}

end LPM can be solved as in Section 11.3.
au‘:;l:ft hagpens if the solution A of LPM is not integral? It is now not at
10us ow to recover the original variables 2* or the Ak, variables, so

Branching Rules

(i)IfZE‘1A¢=a¢Zl:henfurmtwob ; T
. ’ ranches with A <

Z A < 1

tyg =y;: =1

and we then form two branches with -
respectively‘ E;::.r}::rj =] )\t = 1 and Eﬁﬂﬂr}nl }q =0

theIn the ;irst case (i) we impose that i and 7 bie in the same subset, and in
o rmS;PtciI; 'caaetn(n) ;:eat gey lie in different subsets. In case (i} all columns
ding to subsets containing either i or j but not both are elim;
elimin-
::;d fr]l;;n the Master Problem, and the constraint y; = y; is added to tl?e
b::: em tn ensure that any new column generated does not generate a
:.I;th : :E:::ltmnmg { bl'lt not 7, or vice versa. In case (ii) columns containing
_ £ 7 are eliminated from the Master, and the constraint Wty <1
18 added to the subproblem. e
So, imposing the constraints 1, — each
s Wi =y, oryi+y <
permits us to branch as shown in FigurTe Il-g. = ton subproblem
The following result says that this second branching scheme is sufficient.

Proposition 11.3 I A ¢ BT, there exist rows 1, 7 € M such that

LENEED M A

lly: l-qult-ll
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giving { = 1 and an optimal solution wyg = y; = yo = 1.

:'.: _x_:" 3. Solution of LPM. After three iterations LPM is solved in the form
max 01 + 03z + 0A3 + LAg + 125 + e
g 1M +0A2 + 03 + 12¢ + 135 + O)g
OA; + 1Ae +0A3 4 124 +0A5 + 10g
OA; + 0h2 -+ 1A3 + 0Xg + TAs + Lg
A + 1A + 123 + 104 + 125 + 1)

A>0

|

I

|
I Y

A

Fig. 11.3 A branching scheme for partitioning

3 with optimal solution Ay = As = g = 1 and 24PM ~ 3

Such a pair is also not difficult to find.
o

Example 11.2 Consider an instance of the clustering problem of Section 11.5 s 4. Branching. Teking rows i = 1 and { = 2, we use the second branching

with & = (V, £) the complete graph on 3 nodes, K = 3 clusters, the abjective J - scheme and split the problem into two subproblems:

of choosing as many edges as possible within the clusters, and at most 2 nodes - 5 is the set of solutions in which nodes 1 and 2 do not lie in the same

allowed per cluster, that is, node weights d; = 1 for all i € V, edge weights & ; cluster, so S, is obtained by setting A\; = 0 cutting off the existing solution.

ce =1 for all e € E, and cluster capacity C = 2, t~"'-' All new clusters containing both nodes 1 and 2 are excluded.

B 57 is the set of solutions in which any cluster containing either 1 or 2 must
& contain the other, so S is obtained by setting A; = A, = As = Ag = 0 cutting
g = off the existing solution. Any new clusters containing just one of the nodes
- 1,2 are excluded.

1. Solving LPM. Starting the Restricted LPM with clusters consisting of
single nodes leads to

max 0A; + 0A; 4 Ohg
1A; + 0Ag + 0A5

O\ + 12 4 0A4

0X; + DAz + 1As

1A + 122 + 13
CA>0

|

If
AL e e

9. Reoptimizing for S;. With Ay = 0, the new RLPM is
Y max 0A; + OAg + 0As + 1Ag + 1Ae
1A; + 022 +0A3 + 125 + 0

0A) + 1Ag 4+ 0A3 +0Xhs + 1)g

OAL +0Az + 1A3 + 1As + 1)g

1Ay + 1A+ 1Aa +1As + 1 Ag

|

I
R )

]

Fal

A

with RLPM value 0, primal solution )\ = (1,1,1), and dual solution 7 =

A>0
(0,0,0), 4 = 0. This provides a feasible solution to the original problem of -
objective value 0, and so we set z = 0. with optimal primal solution Ay = A¢ = 1, and dual solution 1 = (0,0, 1), u=
- : 0. The incumbent is updated, z = 1.
2. Soluing the Subproblesn. The subproblem of selecting a feasible cluster of .
maximum reduced price is 3 6. Subproblem for §,. The subproblem is
) + ot Gv — O — O - 2 { =maxw;yg +una+wyz — Oy ~Oyy — lyy — O
= maxwy + w ~- Oy1 — Oyz — Oy - %
{;2 13{ a3 il & i'm' - Wiz Sy, w2 w2yt -1
w VWi < Yo, Wi > - ‘
e ; Y1 W - 2. Wz § Vi3 ; WS YLz S Ys, w3 2 Y+ ya — ]
w13 = W1 W13 = Y, uns = v b by ey S Y2, W3 S Ya,Wwa3 2 Y +ys — |
Woa < yp, W2 < yx o Ty oy A mob oy <2

Loy o s 2 i |
W H“'.I,_ui T

TP B T
wo ML Lo pIv

T
" i
] o
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giving ( = 0. So LPM(S5,} is solved with 227 (8} = 1. The node is pruned
by bound.

7. Node 5;. Whensetting A) = Ay = As = A\g = 0, the new RLPM has unique
optimal solution Az = Ay = 1. We continue iterating between subproblem and
the restricted Master till LPM is solved with z£¥M(S,) = 1. Then the nade
i8 pruned by bound, and as there are no outstanding nodes, the incumbeni
solution Ay = Ag = 1 is optimal. This corresponds to one cluster containing
nods 1, another containing nodes 2,3, and the third necessarily empty. »

11.7 NOTES

11.1 The fundamental paper on the decomposition of linear programs, known
as Dantzig-Wolfe decomposition, is [DanWol60]. Recent surveys in this area
include [Barnetal94] and [Desetalg5].

11.3 The first use of column generation to solve the Master linear program
ansing from an integer programming problem is probably the work on the cut-
ting stock problem [GilGomé61], {GilGom63]. The equivalence of the bounds
provided by the linear programming Master and the Lagrangian dual has been
known since [Geo74).

11.4 The first papers on integer programmingt column generation appesare|

in the eighties [DesSouDes84],[DesSou89} on routing problems in which the

subproblems are constrained shortest path problems that are solved by dy-
N&mic programming.

11.5 The multi-item lot-sizing and clustering problems have been tackled by
integer programming decomposition in [Vdbeck94], and the clustering prob>-
lem in [JohMehNem93|, the generalized assignment problem in [Sav93|, and
binary and integer cutting stock problems in [Vancetal94] and [Vdbeck96] re-
spectively.

}1.6 The branching rule (ii) is from [RyaFos81]. Recent more general branch-
ing rules that are not restricted to 0-1 problems appear in [Barnetal94] and
[Vdbeck Wol96].

In |Ben62] an alternative resource-based reformulation and decompaosition
approach is proposed; see Exercise 11.5.
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| 2. Solve the following instance of ST'SP by column generation

" e

_’1. Consider the following instance of UFL with m = 4,n = 3,

B
a
i
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£11.8 EXERCISES

(ci;) = and f = (8,6,5).

- L b
] k= by OR

1
4
4
3

* Reformulate using an Integer Programming Master Problem. Solve the Linear
" Programming Master by column generation.

r
=

J- .

S

- .'i'.f ’ -

I 3 4 2

1L

- - 5 6
C)=1§ _ _ _ 12

.
v g

T

'14

"'-f:' ‘ 3. Consider GAP with equality constraints

mex y Z?=l CijLij
oo,z =1lfori=1,...,m

i=1

E:.:l Qi Lij < bj fory=1,...,n

: x € B™".

.- Solve an instance with m = 3,n = 2, (&) = (@) = i é o b=
-'i; ( 3 by inter programming decomposition. Solve also by Lagrangian relax-

ation and by cutting planes and compare.

4. Formulate the Integer Programming Master and subproblems for the three
problems presented in Section 11.5.

5.* (Benders’ Reformulation). Use the results of Exercise 1.15 to show that

(MIP) z:max{c:+hy:Az+Gy5b,:reRi,yg}’(_:ﬂi}

has the equivalent formulation

z = MAaXTY
y<ub-Gyy+hyfors=1,..3S5
(- Gy) »0for b =1,..., T
TEER B




