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I'nmasa 1

OCHOBHU IOHATUS 34 JIMHCUHU
KO IOBE

1.1 KoMmMyHUKAIIMOHHU CUCTEMU

IIpenaBaneTro Ha maHHW B KOMYHHUKAIMOOHA CHCTEMa MOKe Ia ObIe NpOeencTaBeHO IPOC-
TpaHCTBEHO (paano, Teserpad, TeseoH, TEIEBU3UA U NP.) UIX BPEMEBO (MATHUTHA JIEHTA,
ninoua, ¢punm, CD, muckose, ¢uam-nmamern u mp.). 3a Ja 0OXBaHEM BDL3MOMKHO HAW-IIMPOK
KPBT OT CUCTEMU, HUE CU IIPEACTABAME CHLCTABHUTE MM YaCTU KATO YePHU KyTUU, NOIYCKAIIU
OIpEesIeH BXOA U U3XO[; T€ MOJydaBaT ONpPENeeHN NAHHU, 3ala3Bar r'm, oOpaborBar ru u
' IpenaBaT Ho-HATATHK. EnHa abCcTpakTHA KOMYHMKAIMOHHA CHCTEMAa C€ ChbCTOU OT CJEN-
HUTE YaCTU:

(1) m3Tounuk Ha naHHU (Mmessage SOUrcCe);
(2) romep Ha m3TOuHUEKA (source encoder);
(3) romep ma ranasa (channel encoder);

(4) ranman (channel);

(5) m3Tounuk Ha myM (noise);

(6) ranmanen menoxep (channel decoder);

(7) meromep ma marounura (source decoder);

(8) momyuaren Ha cbobmenus (message sink)



M3TOYHUK HAa KOZEep Ha KOJED Ha
CHOOImeHna M3TOYHUKA KaHaJa
M3TOYHUK
KaHaJ
Ha IIyM
MOJIyYaTes Ha IEeKomep Ha IEKOIep Ha
CBHOOIEeHUST M3TOYHUKA KaHaJa

MsarounurnT Ha mnanau (1) e muckpereH m cranvoHapeH. 1o pasmonara ¢ OnpeneseH
(kpaen) Habop oT cLOOmeHusa. OTaenHuTe CHLOOWEHNUA Ce U3OUPAT UPE3 BEPOATHOCTEH IIPO-
11ec ¢ BEePOATHOCTU, KOUTO IpHeMaMe 33 U3BECTHU. 1031 n300p Ce OCDHLIMEeCTBABA HE3aBUCUMO
oT KOHKpeTHUsA MoMeHT. Coabpskamara ce B ChOOMeHusTa WHPOPMAIUI ce U3MEepBa 4pe3
JecToTaTa UM Ha HOsBsBaHe. YecTo cpemany ce CHLOOIIEHUST UMAT HUCKO MH(OPMAIMOHHO
CbAbPKAHUE.

KomepnT Ha mstounuka (2) npeobpa3yBa CLOOIIEHUATA B TAKUBA CUTCHAJIMU, KOUTO MO-
rar ga Obaar mpemaBaHM OT KaHaJAa. KaHAIbT MOXKE Aa IpPUEMa 33 CEKYHIA ONpPEeAeiieH
O6poil curaaam. 3a Oa MOKe ITa Ce OCDBINECTBM OTHOCUTEIHO BHCOKA CKOPOCT HA IpenaBaHe
Ha JAHHUTE KOJMEPDT CHIOCTABA HA OTHOCUTEIHO UECTO CPEIAINTe Ce CHODIEHUS TAKUBA
M3XOJHU CUTHAJIM, KOUTO MOTAT na ObAaT mpenaBaHu mo-O0bp3o. PyHkmusTa Ha KOOEepa HA
M3TOYHUKA CEe Hapudia KOMIpecupaHe Ha maHHuTe. lIpum ToBa CcHOOmEHuMsTa Cce 0CBODOXKIA-
BAT OT HEHYKHUs U3JIUIILK. [Ipu mpenaBaneTro Ha HAHHU €IMHCTBEHATA IIEJ € 3alla3BaHEe HA
UHGOPMAIUATA, ChIbLP/KAIA CE B CHLOOIIEHUETO.

Kananot (4) e cbprero HA MHGOPMANMOHHATA CHACTEMA W € HE3aBUCUM OT ADPYTUTE U
gyacTu. Taka KakKTO eIVH KOMIIOTHD MOke Oa Obae M3MOJI3BAH 3a PA3jIWYHU IEJNU, TaKa U
K'bM €IVH KAHAJ MOTAT Aa 0bAAT 3aKaAUYEHU PA3JIWYHU WU3TOUYHUNY HA HaHHU. [lpm Hammym-
€TO Ha M3TOYHUK HA IIyM CUTHAJWTE, IPEJABAHU IO KaHAJA, OMBAT MOBPEIEHU CbC HAKAKBA
CTATUCTUYECKU ONPEAeieHa BEePOSTHOCT. 1oBa Boau no 3arybaTa HA M3BECTHO KOJIUYECTBO
uHpOpMAIMA; TO ce Hapuda ekBuBOkauus. OcraBamara MOJIe3HA YaCT OT MHPOPMAIUATA Ce
Haprda TpaHcuHpopMmanua. V3TOYHMKDLT Ha mIyM He BOOM caMo OO 3arybara Ha mHGpOpMa-
UUsi; TOR MOMKE CBINO na Obae pasriekIaH M KATO M3TOUYHUK Ha CboOmenus. llpuumuenure
OT mIyMa CMYIIEHUs MOTaT Aa ObIaT pasriekIaH! OT CBOS CTPAHA KATO ChODIIEHUs C Ompe-
[eJIeHO MHOPMAIWOHHO CbIbP:KaHNEe. RaHAIbLT He ce BiMse OT TOBA, Ue MOTPEOUTEeNAT HE ce
UHTepecyBa OT Ta3u mHpopManusa. Toil mobaBs Tazm WpeleBaHTHA WHOOPMAaNUsd, N3BECTHA
KaTO UPEeJeBaHTHOCT, KbM TpaHCuH(popManuaTa. Taka HabIOmZaBaHATa HA M3X0Ia UHEPOP-
Manus TPOM3XOKIA CaMO YACTUYHO OT WM3TOUYHUKA; OT Hesd TpabOBa ga O6bae duiarpupana
TpancuapopmanuaTa. llon kamanurTer Ha KaHaJsa pa3bupame CbIbLP:KAHUETO HA TPAHCHH-
¢opmanua B eOUH CUTHAJ B CPEIHUA CIydail, KOHTO ce MOoJydaBa OT ONTUMAJIEH M3TOUYHUK
Ha JaHHU.



Sanmava Ha KoZepa Ha KaHala (3) e Ja rapaHTUpa B HAKAKBA CTENEH HANEKIHO IPedaBaHe
Ha CHODOIMEHUsATa BBIPEKU Te3u HebmaronpusTHu oOcTosTesncTBa. KomepbT rpynupa BXOI-
HUTE CUTHAJU B OJIOKOBE OT IO k CUTHAJa U H00AaBA MO 7 = N — k KOHTPOJIHN OUTa KbLM BCAKA
rakasa rpyna. OrHomennero R = k/n ce mapmua ckopoct. TeopemaTa Ha KAHAJIHOTO KOIU-
paue Ha [llenoH TBLpAM, Ue mpu KaHAJI ¢ myM ¢ kamanureT C' 3a BCAka QUKCUPAHA CKOPOCT
R < C pmamauTe Morar ma ObmaT KOAMPAHU Upe3 KO ChC CKOpOoCcT R Taka, ue mpu mpena-
BAHETO HA JAHHU JA MOKE Ia ObIe MOCTUTHATO MPOU3BOJIHO BUCOKO HUBO HA CUTYPHOCT. 3a
CL/KAJICHUE M3BECTHUTE MOKA3ATEJICTBA HA TA3W TEOPEMa HE NaBaT YKA3AHUA Kak na Obaar
KOHCTPYVPAaHU TaKUBa KOHOBe. BakHa e um obparHara TeopeMma Ha KAHAJHOTO KOIUPAHE.
IIpu cropocT Ha KOJa Ha KamaluTeTa Ha KAHAJa CLINECTBYBAT IPDAHUIM 38 HAIEKIHOCTTA
Ha [penaBaHuTe NAHHU.

IerkomepnbT Ha Kanaua (6) 3ama3Ba CUTHAJNIUTE, IOJNYyYEHU OT KAHAJIA, B OJIOKOBE OT IO
N CUTHAJIa ¥ Ce ONUTBA Ma PEKOHCTPYUpa OpuUruHaidHuTe k curxasa, obeauHeHU OT KOomepa
B 6aok. Koraro toBa He My ce ymaBa Ka3BaMe, Ue TOW NpaBU I'DENIKa IPU AEKOIUPAHE.
[Mpr 4yBCTBUTENTHU KOMYHUKAIMOHHU CUCTEMU TPEIMIKUTE TPU IEKOAUPAHE MOTAT T4 UMAT
KATACTPOMAIIHU TTOCIIETUIH.

IexonepbT HA M3TOYHMKA (7) IpeBekAa NPENALeHNUTe My CATHAJIM OT KAHAJHUSI NEKOIED
B TaKMBA CUTHAJM, KOUTO MOraT na O0baar pasdpaHu oT morpeburess.

Ipumep 1.1. Ila pasrimemame CBHbBCEM HPOCT IPUMEDP, B KOWTO €IWHCTBEHUTE CHOOIIEHUI,
KOUTO mckame na manpamame ca YES u NO.

KOZEpP 11 10110 Ieromep
cbobmenue| YES 11111 1 YES
= ~ ImojgyyarTen
YES/NO YES=11111 KaHAaJ 10110 y
NO=00000 11111=YES

B To3u cayuaii ca ce mosABMIM ABE T'PENIKU U AEKOAEPDHLT Aekoaupa moisayduenHara myma 01001
B “Haii-Oamskara”’ romoBa mgyma, kosto e 00000 muu YES. O

Ipumep 1.2. MHOXECTBOTO Ha BCUYKUA UMEHA HA YJIUIU B MPOU3BOJIEH I'PAL MOXKE Ia Ce pa3-
rIeskaa Karo Ko Hanm 27-OykBeHa a30yka (BrIAOUBAIMA OyKBUTE OT aHIJIMICKaTa a3byka u
vHTEpBaJa KaTo 27-Mu cuMmBoa). OOMKHOBEHO TOBa € HpUMEp 3a JIOmO KoaupaHe. Taka
manpuMep B anrauiickusa rpan Candopn mva ymunu ¢ mvmesna MILLFIELD DRIVE u HILL-
FIELD DRIVE. C TakoBa KomupaHe He CLIECTBYBAa BL3MOMKHOCT JOPU 3a OTKPUBAHE HA
eMHUYHA T'DEIIKA. O

IIpumep 1.3. MuOkeCcTBOTO HA BCUUkM Teseponar HoMepa B O6eAnHEHOTO KPAJICTBO (HATIPUMED )
e 10-uuen kox Han 10-Gyksena a3byka {0,1,...,9}. 3a cuikasenue e ce pa3maBaT Mo MPO3B-
OJIEH HAYUH KaTO C MAJKO YCUJINE T€ MOTaT Aa ObaaT TeHEPUPAHU TaKa, Ue a8 C€ MUHUMU3UPA
OpOsl HA MOTPEIHUTE CBbP3BaHUsA. BB3MOKHO € Ia ce mOCTPOoU KOJ C HaJ 82 MUIMOHA TeJle-
¢douru HOMepa (KOUTO ca moBede OT JOCTATLUYHO 3a BeaukoOpuTanus), Taka de OHOPU eIHA
nmudpa na 6bae n3dbpaHa IOUPENIHO na MOKe a Oble OChIIeCTBEHA NPABUJIHATA BPb3KA.

Ipumep 1.4. The ISBN-code Besika kaura, nsmamneHa B IMOCIEIHUTE TOIUHU UM MEKIYyHAPO-
nen crannaprer kamkeH kon (International Standard Book Number). Tosu nomep e 10-6yksena



KOJIOBa OyMa, ONpeneeHa OT manareis. Hampumep emma kHura moske ma mma ISBN 0-19-
859617-0. Tuperara MOKe Oa ce TMOSBABAT HA PA3JIUUYHU MECTA U CA BCBLITHOCT HECBHIIECT-
Bernu.llbpBara mudppa B mymara mokasBa e3uka, B ciaydas anriauiicku. Ciienamure nse
mudpu ykassar m3nareins, B caydas Oxford University Press. Cnensamure mect mudppu ca
HOMeP'BT Ha KHUATATa, ONpPeIesieH OT M3naTelsis U IOocjenHara nuppa ce um3dbupa Taxa, de
nsaroTo 10-muppeHo Yucio riTs ... 1o Oa yIOBIETBOPABA

10
> iz =10 (mod 11). (1.1)
=1

JIsiara crpama ma (1.1) ce mHapuya mIpeTerieHa NPOBEPOUYHA CyMa 34 LyMaTa I ...T10-
IIpu 3ananeno 9-muppeHo ynciao xj...xry HociaenHaTa Iudpa xjp ce u3bupa Taka, 4e na
€ UBIM'LJIHEHO T = 2?21 iz; (mod 11). Manarenar TpabBa ma M3MON3BA U €IUH CIENUAIEH
cuMBoJs X B mocJsenHara mno3unus, ako rig = 10. Hampumep B 20th Century Chamber’s
Dictionary umame caenuus ISBN:055010206-X. ISBN-koabT cb3manen 3a ma orkpusa (a) exHa
rpemka B mpousBosHa mo3unus; (b) BCsaka ABOWHA IpemKa, HOJIydeHA OT TPAHCIO3ULUA Ha
IBa CUMBOJIA.

(a) a mpenmososknM, ue MONYyUYEeHUAT BEKTOP Y = Yi ...Y10 CHBIANA CLC & BLB BCUYKA
HO3UIUK OCBEH B j-TaTa, KOATO Ce HOJyudasa Karto Z; + a, a # 0,. Torasa y = Y iy; =
dtizi + (ja) = ja # 0 (mod 11) Twit kaTo j 1 a ca pasanyau ot 0.

(b) Hera y cLBIAmA ¢ & BLB BCUYKM IO3WUIMM, OCBEH B IIO3ULNUU j U kK KATO &; U Tf Ca
pa3MeHUIU MecTtaTa cu. lorasa

9
Yo = Z Yi
i=1

9
= D wit (k= + (G =k
= (k—j)(z; —xr) Z0 (mod 11).

axo k # j U x; # x),. Ila 3abenesxumM, 4e TyK CLIIECTBEHO C€ M3IOJ3Ba UAEATA, Y€ MPOU3Be-
IEHVETO Ha [BA HEHYJEBU €JIeMEHTa OT Zi] € Pa3JudHO OT Hyjxa. ToBa He € BAPHO HAIDUMED
B Z19, kbmero 2-5 =0 (mod 10), o 2 # 0 u 5 # 0. ISBN-koabT HEe MOKe ma MONpaBU €nHA
I'peIKa. O

IIpumep 1.5. Ila momycuem, dye renepanauar mad HQ u kopabsbt X mmar maentuunu. Camo

H(Q) 3nae mnTs mpe3 BpaxkeckaTa TEPUTOPU, O KOUTO X MOKe Ia ce 3aBbLpHe 0e30macHO Io

HQ. HQ vosxe na npenaBa nomvnu nauuay 10 X u na uznparu mapmpyta NNMNNWWSSWWNNNNW
B rasm curyanus zHamesxkJHOCTTA HA IpelaBaHe Ha NAHHWTE U IO-BaskKHA OT ckopoctTa. lla

pasriiegaMe, Kak 4eTUPUTE CHLOOUIEHMsA Morar na 0DLJaT KOAWpaHW B nBowvHu aymu. Haii-

KDLCUAT BH3MOXKEH KOJ € CJIeTHUAT:

Cli



C mpyru nymu Hue nigeHTuduapame derupure cbhobmenus N, W, E,S ¢ yetuprre BekTOpa
oT F% Cera me n06aBUM M3JIUIIDLK 32 18 3aIIUTUM Te3U CLOOmenus ot myM. Jla pa3riename
rox Cy ¢ mbinkuHA 3, MONyUYeH ype3 nobaBsHe HA NOI'LIHUTEJIEH CHUMBOJ KAKTO CIEIBA.

000 =
011 -
101 =
110 =

02:

A

Cera npenBaHeTo Ha CLOOIIEHUS € OTHEME IIOBeUYe BpPeMe, HO aKO B KOIOBa IyMa Ce MOSIBU
eIH a T'pEeIlKa, TO MOJIyuyeHaTa IyMa HAMa Ia € OT KOJa U IOJydaTelar e pasbepe ToBa.
Taka To#l 6 MOILJ ma MOMCKA CLOOmMEHueTo ma Obae m3npareHo oTrHoBo. Taka Cy masa
B'L3MOYKHOCT 38 OTKPUBAHE HA €IHA I'PEIlKa WM, ¢ IPYTY AYMU, TOBA € KO, OTKPUBAII €IHA
rpemka.

Cera ma mpeamoso:kuM, ye X MOKe na MOJy4YyaBa CHLOOIIEHWs, HO HE MOMKE Na M3UCKBA
IIOBTOPHO IIpeaBaHe HACLOOIEHUATA, T.€. KaHAJILT € eqHonocoueH. [lonmo0Ha e cutyanuara,
KOTaTo MOJIyYyaBaMe CHUMKM OT KOCMOCA WJIM IIPOCBUPBAME 3alUC OT CTapa MATHUTHA JIEHTA.
B Te3u ciydaum e BaKHO Jna M3BJIEYEM KOJIKOTO MO:Ke IIOBeYe MH(OOPMAIUS OT IOJyUEHUTE
aymu. Upes moaxonsamo nobaBsSHe Ha HOBU IBA CUMBOJA KbLM BCAka ayma orT (o moayuBame
HOB KOJI C OLJLKUHA D.

00000 = N
o, ] — W
3°) 10110 = E
11011 = S

Axo B koa ma nyma Ha C3 ce cllyun enHa IPEeIlKa, HUe e MOKEeM He CaMO Oa s 3a0eJIesKIM, HO
1 1a 5 MOTMPAaBUM THH KATO MOJYUYEHUAT BEITOP Ime € “mo-06am30” mo m3mpaTeHaTa OT BCAKA
apyra mgyMa. AKO KOADLT ce M3I0JI3Ba CaMO 3a OTKPUBAHE HA T'PEIIKY, TO TOU MO3BOJABA
OTKPUBAHETO HA JABE MPOMEHU B KOs la € KOJOBa AyMa. O

1.2 FKanaau 1 KaHAJHO KOIUPAaHEe

[lenra ma KaHAIHOTO KOAMPAHE € BHACSIHETO Ha M3JIUIILK B MpEeNaBaHUTE MTAHHU, TaKa de
TOSIBABAIIUTE C€ T'PEIIKU Ja MOTaT Aa ODhAaT OTKPUBAHU U JOPU MOmpaBsauu. B To3m pasmen
me popMaI3upaMe TOHATUATA OTKPUBAHE HA TPENIKU U nonpaBsaHe Ha rpemku. llle BnBenem
¥ HJAKOU €CTECTBEHU MPABUJIA 3a AEKOIUPAHE, Bb3CTAHOBABAINN OPUTMHAJJHOTO CHODIIEHUE U
IIONPAaBAMM BbL3HUKHAJINTE I'DEMNIKN.

[Ile 3amouneM c HAKOM OCHOBHU A€()UHUIIVU.

Hedrannusa 1.6. Heka A = {a1,a2,...,a4} € MHOKECTBO C MOIIHOCT ¢, KOETO IIe HapudaMe
K0008G 30YKG W YMUTO EJIEMEHTH IIe HapudaMme K0008U CUMEOAU.

(i) Beska pemuna w = wiws ... Wy, 38 KOATO w; € A 3a BCSAKO i, HApUYAME (-UNHA OYMA C
OJsaxcuna n wad A. ExBuBajieHTHO, ako A e moJie, TO W MOke Oa Obae pasTie:KIaHA
b b
KaTO BEKTOD (Wi, Wa,...,Wy).



(ii) Besaro mempasno MHOkeCTBO C' OT ¢-MYHU AYMU C €[HA U CDIIA ALIKUHA N HAPUYIAME
q-usen 640K08 K00 ¢ 05AMCUNA M.

(iii) Bcekn enement ma C mapuyame xodosa dyma om C.
(iv) Bposar ma romosute nymu B C o3nauasame ¢ |C| u Hapudame mouynocm Ha koma C.
(v) Cropocm na xoda C' ¢ mvmruma n Hapwdame semumuunaTa log, |C|/n.

(vi) Kox ¢ mumsuna n n Momuoct M mapuuame (n, M)-x00.

Msuoro yecto e ymobHO kKomoBaTa as3byka A ma mMa HAKAKBAa CTPYKTypa, HAIIPUMED Ia
0 ae kpaitno mone. Ako komosata a3dyka e A =Fq = {0,1}, T0 cLOTBETHUAT KO Ce HApUUIA
deounen xo0. IlpuMmepu 3a ABOMYHM KOLOBE Ca:

e C; ={00,01,10,11} - (2,4) xom;
e Cy ={000,011,101,110} — (3,4)-xox;
e C3 = {00000,01101,10110, 11011} — (3,4)-xoxm.

Kon man asbyrara Fs = {0, 1,2} mapuuame mpouuer xo0.

Hepnanmus 1.7. Enun xomyrukeyuonen xaHaa ce CHLCTOW OT KpaliHa kaHaJdHa a3byka A =
{a1,a2,...,a,}, KAKTO 1 OT MHOM¥ECTBO OT BeposaTHocTH P(aj|a;), yaoBIeTBOpABAIN

q

Zp(aj|ai) =1,

j=1

3a Bcuukk i. Tyk P(aj|a;) € ycnoBHaTa BEPOATHOCT Aa HOJYUYUM HA M3XOJa CUMBOJIA 4; IIPU
ycllOBUE, Y€ € U3IPATEeH CUMBOIDBLT @;.

Hepnummus 1.8. Ille kazBame, ve equH KOMYHUKAIMOHEH KAHAJI € 0€3 namem, aKO pPe3yii-
TATBHT IPU IPENABAHETO HA €IVMH CUMBOJI He 3aBUCH OT PE3yJITaTa IPU IPenaBaHe Ha IPeIUIIHITE
cumBosu. C npyrm nyMmu 3a KaHai 0e3 IaMeT, ako € = C1C3...Cp, U & = T1T2...Ty CA AyMU

C OLJIKMHA N, TO
n

P(z|c) = [ [ P(xilei).
i=1
Hepmuammus 1.9. Kanan 6e3 mamer ¢ kaHayuHa az3byka ¢ MOIIHOCT ¢, 3a KOUTO € M3MLJIHEHO:

(i) BCEKM CUMBOJ MMa eIHA W CLIIA BEPOATHOCT p < 1/2 na 6Lme crpemes,

(ii) ako eAWH CUMBOJ € CTDEIleH, TO BCAKA OT BL3MOKHUTE ¢ — 1 ITDENIKU € PABHOBEDOATHA

Hapu4daMe ¢-u4veH CUMEMPUHYEN KaHan.



ITo-cnennanno dsouyen cumempuyuen Kanas € Kanai 6e3 mamer ¢ kanasuna a3byka {0,1} u
KAHAJHU BEPOATHOCTHU

P(10) = P(O]1) = p,

P(0|0) = P(1]1) = 1-—p.
IIpumep 1.10. a mpemmososkmuMm, ue KOIOBUTE myMmm ce m3bupar or koma {000,111} u ce
M3OPAIAT IO ABOUYEH CUMETPUYEH KaHAJ C BepoATHOCT 3a rpemka p = 0.05. Ila mpen-

IOJOKUM, Ye moaydenata nyma e 110. MoskeMm ma ce omurame na IpEeCMETHEM KOA € IO
BEPOATHATA OT JBETE KOILOBE NYMU, IPECMATANKNA BEPOATHOCTUTE:

P(110/000) P(1]0)% x P(0]0)
(0.05)%(0.95) = 0.

P(110[111) = P(1]1)® x P(0[1)
= (0.95)%(0.05) = 0.

002375,

045125.

Toit KaTO BTrOpaTa BEPOSTHOCT € MO-TOJAMA, MOMKEM [a 3aKJIIOUNM, Y€ € IMO-BEPOSITHO I3 €
6buna m3nparena gymara 111.

Heka e mameH KOMyHUKaAIIMOHEH KaHAJ M KOX 3a 3amuTa OT rpemku. I[lo kanama ce
M3IpamaT caMo KOIoBU AyMu. [la mpeamosokuM, de Ha U3XO0[a € MOoJydeHa aymara w. AKo
w e BaJMOHA KOJOBA AyMa, TO MOMKEM M4 3aKIIOUYNM, Ye IIPU IPENIaBaHETO HE CA BBH3HUKHAIIN
rpemku. B mpoTuBeH ciayvall 3HaAEM, Ue MMa T'PENIKU U Ce HY/KAAaeM OT MPaBUJIO, IO KOETO
na ompeneauM KOs € Hali-BepOsiITHATA KOAOBa AyMa. 1akoBa NPABUIO CE HAPUYA NPABUAO 3G
dexodupare. B ciempamure pa3menu e IPeICTABUM ABE TAKUBA IIPABUIIA.

1.3 Ilekoampane Mo IPUIMIA Ha MAKCUMAJHOTO IPaB 0o o0u;e

Ila mpenmososkuM, Ue M0 KOMYHUKAIIMOHEH KaHAJ ce m3mpamar nymu oT koma C. Ako Ha
M3X0Ja TOJMyurM AyMa &, OMXMe MOTJIM Aa mpecMeTHeM BepostHocTTa P(X|e) (BeposTHOC-
TTA Aa Cce IOJyYd & NPU YCJIOBUE, Ye e M3NpaTeHa Kojosara ayMma ¢) 3a Bcudku ¢ € C.
[IpaBumoTo 3a mekogupaHe MO MPUHINNA HA MAKCHMAJIHOTO HPABAONONOOME Ce ChCTOU B
TOBa Ja Ce NeKOIWpPa B KOAOBATa IyMa Cgz, aKO

P(z|cc,) = max P(z|c).

Pasrnexxnar ce nBa Buma mexkoaupaHe IO IPUHIMITA Ha MAKCUMAJHOTO MIPAaBIONonobue:

(1) Hsano dexodupane no NPUHYUNG HA MAKCUMAAROMO NPagdonododue. AKO e morydeHa ryma
T, HaMUpaMe Hali-BeposATHATa KOJOBA AyMa; aKO CBLIIECTBYBA IOBEYE OT e€IHA TAaKaBa,
n3bupaMe MO CIyJYaeH HAUWH €IHA OT TAX.

(2) Hensano Oexodupane no NpuHyuna Ha Maxcumaanomo npasdonodobue. Axo e momydena
AyMa &, HAMUpaMe Hall-BepoATHATa KOAOBA MIyMa; AKO CLIIECTBYBA IOBEYE OT €IHA
TaKkaBa, U3NCKBAMe MOBTOPHO TPenaBaHe Ha CLOOIEHUETO.
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1.4 Pa3scrosaaue Ha XEeMUHD

Hera nymm ot mBomurmsa xkon C' ce M3mpamaT MO JBOMYEH CUMETPUYEH KAaHAJ C BEPOSTHOCT
3a rpemka p < 1/2 (Ha mpakTuka p € BUHATM MHOTO IO-MaJko oT 1/2). Ako momydenara Ha
M3X0Ma AyMa € T, TO 3a BCAKA KomoBa mayMma ¢ € C' mmame

P(x|c) = p°(1 - p)°,

KDLAETO N € ILJKUMHATA Ha Koja (M Ha &), a € € OPOAT Ha MO3UIUUTE, B KOUTO & U C Ce
pazmmuasar. Twoit kKato p < 1/2, mmame 1 — p > p u ropHaTa BEPOATHOCT € MO-TOIAMA 34
IO-TOJIEMM CTOMHOCTH HA 1 — €, T.€. 3a HMO-MaJKu cTOWHOCTH Ha €. (CIemoBaTesIHO TOpHATA
BEPOATHOCT Ce€ MAKCUMU3MPAa 38 TaKUBa AYMU C, 38 KOUTO € € MUHUMAJHO. 10Ba pa3CchixIe-
HUE HU BOAU MO (PYHIAMEHTAJIHOTO HOHATHUE PA3CMOAHUE HG XeMUN2.

Hedpumanmusa 1.11. Hexka  u y ca aymu ¢ qvmsuaa n #Han asbyrata A. Pazcmosnue wa
Xemunz OT T 1O Y, KoeTo o3Hauasame ¢ d(x,y), HapudaMme OPOs HA MO3UIUUTE, B KOUTO &L U
Yy ce pazanuaBaT. AKO L =21...Zp XY =Y1 ...Yn, TO

d(m,y) :d(z17y1)+"'+d(znayn)v (12)

KbOeTo Tr; 1 Y; Ce pa3riexaaT KaTOo AYMU C OLJIKUHA lu

1 ako x; i

0 ako x; = ;.
IIpumep 1.12. (i) Hera A ={0,1} u = 01010, y = 01101, z = 11101. Torasa

d(z,y) =3, d(y,z) =1, d(z,x) = 4.

(i) Hera A = {0,1,2,3,4} u @ = 1234, y = 1423, z = 3214. Torasa

d(z,y) =3, d(y,z) =4, d(z,z) = 2.

Teopema 1.13. Heka x,y, 2z ca nymu ¢ qbinkuaa n Han a3bykata A. Torasa mmame
(i) 0 < d(m,y) <n;

(i) d(x,y) = 0 ToraBa u camMo TOraBa, KOTATO & = Y;

(iti) d(w,y) = d(y,z);

(iv) (mepaBencTBO Ha TpULILIHUEA) d(T, 2) < d(x,y) + d(y, z).

JNokasameacmeo. (i), (ii) u (iii) coexsaT HEMOCPEACTBEHO OT NEPUHUNMUATA HA PA3CTOSHUE HA
Xemuur. Ot (1.2) caneamsa, ye e mocrarbuHo ga gokazkeMm (iv) 3a cayvas n = 1. Cera ako
x =2z, dx,z) =0 u (iv) oueBUIHO € BAPHO. AKO & # 2z, TO Wi Yy # x wimm y # z u (iv)
OTHOBO € U3II'LJIHEHO. O
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1.5 /lekomupaHe B Hal-OJIU3KUA CHLCEI

Hexka mo KOMyHUKAIMOHEH KaHAJ Ce n3mpamar aymu ot kona C 1 HeKa Ha U3XO0Ja e MOy JUeHa
nyma x. exodupare 6 wal-Oauskud csced (MM 0€KOOUPAHE NO MUHUMAAKO PA3CMOTHUE) €
TAaKOBa IPABUJIO, KOETO AEKOAUPA & BLB Cg, aKO d(X,Cx) € MUHUMAJHO IO BCUUKUA LYyMU Ha
C, r.e.
d(x,cy) = mind(z, ¢).
ceC

Kakro m B ciaydas Ha AEeKOAMpAaHE IO IPUHINNIA HA MAKCUMAJIHOTO IpaBronoxobue, u TyK
pasamyaBaMe ILIHO U HENLJIHO AEKOAUpaHe. AKO IPU MOJNydYeHA IyMa & CHIECTBYBAT
JBE WM TOBEYE KOAOBU NYMU Cgz, 38 KOUTO Ce IOCTUTA MUHUMYM, TO NPABUIOTO 38 MWLJIHO
IeKoAupaHe M30Upa [0 NPOW3BOJIEH HAUWH €JHA OT TAX, MAOKATO HEN'LIHOTO IEKOIUPAHE
M3KCKBA IOBTOPHO IIpEaBaHe.

Teopema 1.14. 3a nBOWYEH CHMETPUYEH KAHAJ C BEPOSITHOCT 3a rpemka p < 1/2 nekomu-
PaHEeTO II0 IPUHINIA Ha MAaKCUMAaJIHOTO IPaBIOION00Me CHLBIALA C IEKOIUPAHE B HA-0IN3KUA
CbCEM.

Loxazameacmeo. Hera C e U3NON3BAHUAT KOX, a € € MOJydeHATa AyMa (C ILIDKUHA N). 3a
BCEKU BEKTOD € ¢ nbmkuHA n U 3a BcAro 0 <1 < n

d(z,c) =i <= P(z|c) = pi(l —p)"
Toit kato p < 1/2, umame
PPA=p)">p'1—p)" ' >p’1—p)"°>...>p"(1-p)°

Mo medpumuMIUS, KEKOIMPAHETO MO MPUHIMNA HA MAKCHMAJHOTO IPaBAONON00ME NEKOIUpa T
BBLB €, ako BepositHOocTTa P(x|c) e makcumamna. Tosa ce ciyusa TouHO EKorato d(x,c) e
MuHUMAJIHO. CJIeIOBATEIHO TO € CLIOTO KATO MEKOAMpPAHE B HAN-OJU3KUA CHCEI. O

Ipumep 1.15. Hera mymuTe OT KOIa
C = {0000, 0011, 1000, 1100, 0001, 1001 }

ce M3MpamaT Mo MBOUYEH CUMETPUUYEH KaHaJ. [la mpeamoso:kmM, dye mojJayueHaTa AyMa €
x = 0111. Torasa

d(0111,0000) = 3,
d(0111,0011) = 1,
d(0111,1000) = 4,
d(0111,1100) = 3,
d(0111,0001) = 2,
d(0111,1001) = 3.

W3non3Baiiku mpaBuUiIoTo 3a AEeKOAWpaHe B HaW-OIU3KUA cheen, nekomupame x B 0011. o
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IIpumep 1.16. Heka C' = {000,011} e mBowmuen konx. Henbano mekomupane B Hai-Gam3kus
cbhCcem € TMokKa3aHo B Tabaumara mo-moay. CuMmBoabT “—” mokasBa, ve MCKaMe ITOBTOPHO
nmpenaBaHe Ha KOAOBATa TyMa.

xz d(x,000) d(z,011) ¢4

000 0 2 000
100 1 3 000
010 1 1 —
001 1 1 —
110 2 2 —
101 2 2 —
011 2 0 011
111 3 1 011

1.6 MwurnMmaisHO pa3cTogHUE HA KO

E,ZIH& OT OCHOBHUTE XapPaKTCPUCTUKM Ha €OVMH KOO € HErOBOTO MMHUMAJIHO Da3CTOAHUE.

Hepmaumus 1.17. Munumaarno pazcmosnue Ha ronx C, ChADP:KAIL IOHE OBE KOIOBU IyMU,
HapuyaMe Hall-MaJKOTO PA3CTOSHUE MEXKIY [Be PA3JIUYHU AYMU OT Koxa. MUHUMAaJIHOTO pas3
crosaue Ha C o3nauasame ¢ d(C), T.e.

d(C) = min{d(z,y) |,y € C,x # y}.

Hedmanmusa 1.18. Kox ¢ avmsuza n, MomuocT M ¥ MWHUMAJHO Da3CTOsSHUE d HApUYIaMe
(n, M, d)-x00. Yucnara n, M,d sapuaame napamempu Ha KOIA.

IIpumep 1.19. (i) Hexa C = {00000,00111,11111} e aBonuen xoxn. Torasa d(C) = 2, Tbit KaTo
d(00000,00111) 3,

d(00000,11111) = 5,
d(00111,11111) =

Cnenosarenno, C e (5,3,2)-roxn.

(ii) Hera C' = {000000,000111, 111222} e Tponyen kox, T.e. Koa Hax a3bykara A = {0,1,2}.
Torasa d(C) = 3, Tl KaTO

d(000000,000111) =
d(000000,111222) =
d(000111,111222)

o o w

u C e tpouuen (6,3,3)-ro1. O
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Hedwmaumusa 1.20. Heka u e usano nomoskurenno umciao. Kaszsame, ue koaxbt C' omkpuea u
Zpewky, ako Pe3yJTATDHT OT MOSBABAHETO HA HE IMOBEYE OT U IPEIIKU B KOS 1a € KOMOBA AyMa
e myMa, KOATO He ce cbabp:ka B koma C. Kazsame, we C' OTKEpUBaA TOYHO U I'DENIKU, aKO TOH
OTKPUBA U, HO HE OTKPUBA U = | rpemku.

IIpumep 1.21. (i) Odsowunusar kox C = {00000,00111,11111} oTkpuBa enna rpemka, ThLA KATO
OpoMsaHATa Ha €IUH OUT B KOs [a € MO3WINSA Ha IPOM3BOJIHA KOJOBA MyMa He BOIW IO KOIOBa
nyma. C apyru mymu

00000 — 00111 my:xnmaem ce OT IPOMAHA B TPU IO3UNUY,
00000 — 11111 mysxmaem ce OT IPOMSAHA B IET HMO3UIUH,

00111 — 11111 my:xkmaem ce OT MPOMSHA B JIBE TMO3UIUU.

OueBunno C' OTKpUBa TOYHO €nHA I'DEIIKA, ThIl KAaTO IPOMAHATA HA CHMBOJIATE B I'LPBUTE
nse mo3unuu Ha 00111 Bomm apyra romoBa ayma 11111, T.e. C' He e KOX OTKpWBAIL IBE
I'DEIKU.

(i) Tponunust kox C = {000000,000111, 111222} oTkpuBa ABe rpeIlky, THLH KATO IPOMIHATA
Ha eIVH WJIM IBA CMMBOJIA B KOM 4 € MO3UINKM Ha IIPOU3BOJHA KOMOBA IyMa HE BOAU IO
KOZIOBA ITyMa:

000000 — 000111 my:knmaeM ce OT IPOMAHA B TPU IO3UIUN,
000000 — 111222 my:xmaeM ce OT IPOMSAHA B MIECT MMO3UIUN,

000111 — 111222 my:kxnaeM ce OT IPOMsAHA B IMIECT IO3UIUN.

Koanr C oTKpuBa TOYHO ABE IPENIKU, ThLI KAaTO IPOMAHATA HA CUMBOJIUTE B IOCJEIHATE TPU
no3uruu Ha 000000 Bogu komoBara myma 000111, t.e. C He e KOx OTKpUBAIL TPU rpemku. [

Teopema 1.22. Equn xon C' OTKEpUBa u I'PEMKU TOraBa U caMo torasa, koraro d(C) > u+1,
T.€ KOJ C MUHUMAJIHO pa3cosHre d OTKpUBa TOYHO d — 1 rpemkn.

Joxasameacmeo. Ha npenmonoxuM, ye d(c) > u+ 1. Axo ¢ n  ca takusa, ye 1 < d(c,z) <
u<d, o x ¢ C. CnenoBaresno C' OTKPUBA U T'PEIIKNA.

Ot mpyra crpana, ako d(C) < u+ 1 cvmmecTByBar TakuBa mymm ¢1, ¢z € C, 3a KOUTO
1< d(e1,e2) = d(C) < u. CremosaTenHo e BL3MOMKHO, 3an0uBaiiku or ¢; u npomensiiku d(C')
CHMBOJIA& Ia MOJyYuM KOomoBaTa qgyma co. Caemosarenno C' He € KO OTKPUBAIL U TPEMEKU. [

Hedwmuumusa 1.23. Heka v e wsamo monosxkurenno unciao. Kaspame, ue konbT C nonpass v
2pewku, aKO HEeI'LJHO MEKOOWpPaHe B Hai-OJU3KUA CLCEI MONPABSA U MW IMO-MAJKO T'PEIIKU.
Kazsame, ue C' nonpass mouno v epewru, ako C monpass v, HO He MONPaBsa v + 1 Tpemku.

IIpumep 1.24. Ia pasrnemame nsowunus xon C' = {000,111}. V3monssaiiku mpasBmioTo 3a
NEKONVIDAHE B Hall-OJIM3KUA ChCel IOJIydaBaMe, e

e arxo m3npareHata gyma e 000 u ce e cayumia enHa rpemka, TO moaydenata myMma e 100,
010 mmm 001 u Ta me 6bae mexkoaupana kato 000;
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e ako m3mpaTeHaTa ayMa e 111 m ce e cayuymia enHa rpemka, TO moaydeHata myMa e 110,
101 v 011 u T me 6Lae mekomupana kaTo 111.

BB BCcuuku cayuau rpemkara me 06 ae nonpasera. CiaemoBarenno C monpass eqHa T'PEINKA.

Axko ca ce ciyuynau MOHE OBE I'PENIKY, MPABUIIOTO 3a MEKOAWpPAaHE MOKE Ia Iale IPelrHa
nyma. Hampummep, axko e msnparena aymarta 000, a e momyuena 011, To mociemmata Imie
ce mexkomupa Karo 111 kKaTo mM3moJsi3BaMe MPaBUIOTO 38 HEKOAUpAHE B HAW-OJU3KUS CHCEI.
CaenoBaresno C mompaBs TOYHO €IHA TPEIIKA. O

Teopema 1.25. Kognr C mompass v rpemku ToraBa u camo torasa, korato d(C) > 2v + 1,
T.€. KOJ C MUHWMAJHO pa3crosiaune d e ko nonpassam Touno |(d—1)/2| rpemku. (Tyk [z] e
HAM-TOJIIMOTO A0 YUCJIIO, ITO-MAJIKO WX PABHO HA X.)

Hoxasameacmeo. (<) Ha npenmonoxum, ue d(C) > 2v + 1. Heka ¢ e usnpareHarta KoJoBa
IyMa, a T e TToJIyuyeHaTa OyMa. AKO Mpu IpenaBaHeTo ca ce CIyUM/IU He IoBede OT ¥ T'PellkH,
to d(x,x) <wv. Crnemosarenno 3a Bcsaka komosa nyma ¢ € C, ¢ # ¢ nmame

d(z,c) > d(e,c)—d(z,c)

> 2v+1—w
= v+1
< d(z,c).

Taka x e 6’]31{6 JAEKO qUpaHa (I{OpeI{THO) BDbLB C, aKO C€ M3II0JI3Ba IPaBUJOTO 3a AECKOAUDaHe
B HaW-OJIU3KUS c’bCcen. Tosa IIOKa3Ba, 4e C oonpaBsi U I'PDENIKN.

(=) Hera C monpass v rpemku. Aro d(c) < 2v+ 1, TO cbImeCBYBAT ABA PA3JIUYHU AYMU
c,c € C, 3a xouro d(c,c') = d(C) < 2v. e mokaskeMm, ye ako M3OpaTeHaTa IyMa € C U Ca
CTaHAJU HE MOBEUYEe OT ¥ TPEIIKU, TO MOKE Ha Ce CIydHd Taka, dye IPABUJIOTO 38 NEKOIUpAHEe
B Hai-O/MM3KMA cbeen Oa NeKOAWPA HENPABUJIHO B € WM 12 HE MOKE BLODOME ma JeKOIUpPa
(mopamu HeeqHO3HAUHOCT Ha Hai-Gimskara myma). ToBa me IpOTMBOpEYNM HA NOMYCKAHETO,
ue C mompass v rpemkn, otkbaeTo d(C) > 2v + 1.

Ia 3abenexum, de axo d(c,c’) < v+ 1, To ¢ Mmoske ma ce TpanchopMupa BLB € upe3 He
noBedve OT v MPOMEHU Ha CUMBOJU. T€3U TDEImKM HAMa N4 MOTAT Na Ce TONpAaBAT (M JOpU
na ce otkpuat!), Toit kato ¢’ e orroBo B C. ToBa 6U MPOTUBOPEUAJO HA NOMYCKAHETO, Ue
C momnpassa v rpemku. Cienosarenno, d(c,c’) > v+ 1. DBes orpannuenne ma obmHOCTTA
MOKEM J]a TPEANOIORAM, Ye ¢ u ¢ ce pasmmuasar B wbpsure d = d(C) mosumuu, KbLAETO
d+1<d<2v. Ao e momydeHa AyMaTa

T = T1T2,...-Ly Toy41yLoy+25---LdLd+1,Ld+25--- Ly -

cBLBIAAA CLC ¢’ CbLBIIaga CLC C CLBIIaJga M C ABETe
TO UMaMe
/
dz,c)=d—v <v=d(z,c).

Crenosarenno umame, ye d(x,c’) < d(x,c), B KOIUTO caydyail & me ce NEKOAUPA HEIPABUIHO
B ¢/, unu d(zx, ') = d(x, c) n me uMame HEOIPENEIEHOCT. O
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1.7 3Samaum

1.

Suppose that codewords from the binary code {000,100,111} are being sent over a binary
symmetric channel with crossover probability p = 0.03. Use the maximum likelihood decoding
rule to decode the following received words:

(a) 010; (b) 011; (c) 001.

. Consider a memoryless binary channel with channel probabilities

Pr(0 received |0 sent ) = 0.7, Pr(1 received |1 sent ) = 0.8.

If codewords from the code {000,100,111} are being sent over this channel, use the maximum
likelihood decoding rule to decode the follwing received words:

(a) 010; (b) O11; (c) 0OL.
Let C' = {001,011} be a binary code.
(a) Suppose we have a memoryless binary channel with the following probabilities
Pr(0 received |0 sent ) = 0.1, Pr(1 received |1 sent ) = 0.5.
Use the maximum likelihood decoding rule to decode the received word 000.
(b) Use the neares neighbour decoding rule to decode 000.

For the binary code C' = {01101,00011,10110,11000}, use the nearest neighbour decoding rule
to decode the following received words:

(a) 00000; (b) 01111; (c) 10110; (d) 10011; (e) 11011.

. For the ternary code C' = {00122, 12201, 20110, 22000}, use the nearest neighbour decoding rule

to decode the following received words:
(a) 01122; (b) 10021; (c) 22022; (d) 20120.

Construct the incomplete maximum likelihood decoding table for each of the following binary
codes:

(a) C = {101,111,011};
(b) C = {000,001,010,011}.

Determine the number of binary codes with parameters (n,2,n) for n > 2.
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I'naBa 2

JlureHU KOmOBE

2.1 DBekTopHU mpocTpaHCTBA HA KpaWHU TOJETa

[Ile 3amounem c HsAKOU AeGUHUIK U PAKTU 338 BEKTOPHU OPOCTPAHCTBA HA KPAWHU MTOJIETA,
KOUTO ca mobpe M3BECTHU.

Hepunmusa 2.1. Hexra F, e xpaiino none ot pen g. Enso HenpasHo MHOxecTBO V, B KOeTO
ca 3alaleHU olepanuuTe chbOMpaHe M yMHOXEHMEe IO ckajgap or F, mapuuame gexmopro
npocmparcmeo Han [Py axko 3a Bcuukn u, v, w € V u Bcuuru A, u € Fy ca B cua cBoiicTBara:

(i) u+veV;

(i) (u+v)+w=u+ (v+ w);

(i4i) cobmectByBa enement 0 € V cne cBofictBoTo 0+ v = v = v + 0 3a Bcuukn v € V;
)

a BCAKO U € V cbmecTByBa eJeMeHT OT V, KOWTO O3HAvyaBaMe C —U TaKbB, 4de U +

(iv) 3
() = 0 = (cu+w

u+v) =+ A, (A + plu = du + pu;

(A u = AMpw);

ako 1 e MyJITHNIMKATUBHATA enuHuUNa Ha F,, TOo lu = u.

Hera F§ e MHO:XeCTBOTO Ha HAPENEHUTE N-OPKM C KOMIOHEHTH BLB Fg:
Fy = {(v1,...,vn) |vi € Fg}.

llepuanrpame cHLOMpane u yMHOKEHHUE 1O CKaJgapoT Fy MOKOMIOHEHTHO, M3NOI3Baliku ¢bou-
paHeTo M yMHOXeHHeTO BBB [y, T.e. ako A € F, n

v = (vl,...,vn)eFZ,w:(wl,...,wn) e Fy,

17



18 2. Jluneiinu Komose

TO
v+w= (’1)1 +’LU1,...,’Un+’LUn) E]FZ,
M = (A, ..., Avy) € Fy.
C 0 me o3mauasame nysesus sexrop (0,...,0) € Fy.

IIpumep 2.2. MHOKeCTBaTa MO-MOIY Ca IPUMEPH 32 BEKTOPHU MPOCTPAHCTBA:
(i) Vi =Fy 3a Bcaka cremen Ha TPOCTO (;

(i1) V2 = {0};

(t3) Vs ={(\,...,A) | A € Fy} 3a Bcsika cTeleH Ha IPOCTO ¢

(w) 3a q¢=2,V, ={(0,0,0,0),(1,1,1,0),(0,1,1,1),(1,0,0,1)};
(v) 3a ¢ =3, V5 ={(0,0,0),(0,1,2),(0,2,10}.

Hepunannus 2.3. Enno venpaszuno noaMuokecTBo C' Ha BEKTOPHOTO MPOCTPAHCTBO V Hapudame
noonpocmparcm 6o na V, ako camoto C € BEKTOPHO IPOCTPAHCTBO C'hC CBHINOTO ChLOMpaHe U
YMHOMKEHIE IO CKaJIap KaKToO BLB V.

JlecHo ce npoBepsaBa, ue B IIpumep 2.2 V5 e moanpocrpancreo Ha V) u Vi3, V3 emonnpoc-
TpaHCTBO Ha Vi, V4 e mommpocTpancTBO Ha F3 u V5 e TIOAIPOCTPAHCTBO HA F3.

Teopema 2.4. Enno mempasuo noamuoxectso C Ha BEeKTOPHOTO mpocTpancTBo V mHan I, e
IO AIPOCTPAHCTBO TOTaBa M CAMO TOraBa, KOTATO 3a BCEKUABA BekTopa &,y € C U 3a BCLIEKA
nBa enemesTa A\, € Fy, A+ puy € C.

Jloka3aTeICcTBOTO HA Ta3U TEOPEMA € OUEBUAHO. 3a ¢ = 2 TOBA HEOOXOAMMO U TOCTATHYHO
ycaoBue 3a C' mpuema CIIeQHUS IO IPOCT BUA: aKO V' € BEKTOPHO MPOCTPAHCTBO HaX o, TO
C CV e momunpoCTpaHCTBO TOraBa M CaMO TOraBa, KOTaToO 3a BCEKU aBa BekTropa x,y € C
umame x +y € C.

JHedpununua 2.5. Let V' be a vector space over Fy. A linear combination of vy, ..., v, € Visa
vector of the form Ajvq + ...+ A\-v,, where Aq,..., A, € F; are some scalars.

Hebuaumua 2.6. Hex V e Bexkropro npocrtpanctso Han Fy. Exso MHOXeCTBO OT BeKTOpH
{v1,...,v,.} BB V Hapuuame aunelino He3a6ucCuM0, aKO OT

)\11)1+...+AT’UT:0

cremBa A1 = ... = A\ = 0. EaHo MHOXeECTBO auMeliHo 3a8UCUMO, AKO TO HE € JIUHEHHO
HE3aBUCHUMO, T.€. CDIECTBYBAT CKaJIapu Aq,...,A, € [y, He BCHYKM paBHM Ha HyJa, 38
KOUTO A\{v1 + ...+ A\, = 0.

Besko MHOMKECTBO, CbALPKAIIO BEKTOPa 0 e JIUHENHO 3aBUCUMO.
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Hednuaunusa 2.7. Heka V e BextopHO mpocrpauctso Han Fy u meka S = {vi,...,vi} e
HENpa3HO MOAMHOxeCTBO Ha V. Juwnelina obeuska (mmm camo obsueka) Ha S mepuHUIpaMe
KaTO MHO/KECTBOTO Ha BCUYKU JIMHEHHN KOMOMHAIUM Ha BEKTOPHUTE OT S':

(S) = {Mv1 + ...+ \vg | A € Fy )

Axo S = 0, ro nonarame (S) = {0}. Jlecuo ce mposepsBa, ue (S) € HOAUIPOCTPAHCTBO HA
V. Ille rasBaMe, 4e TOBa IOAIPOCTPAHCTBO € nopodeno or S. Heka e mameno moampoc-
tparcrsoro C Ha V. Enxo momvuoxectso S Ha C' HapudaMme noparcoau,o MHONCECTNEO Ha
C, axo C = (5).

IIpumep 2.8. (i) Arxo ¢ =2 u S = (0001,0010,0100), To

(S) = {0000,0001,0010,0100,0011,0101,0110,0111}.

(ii) Axo ¢ =2 u S = {0001,1000,1001}, o

(S) = {0000, 0001, 1000, 1001}.

(iii) Axo ¢ =3 u S = {0001,1000,1001}, To
(S) = {0000, 0001, 0002, 1000, 2000, 1001, 1002, 2001, 2002}

Hepuuanmusa 2.9. Heka V' e BekTopHO mpocTpancTso Han Fy. EaHo Hempas3Ho mOAMHOXKECTBO
B ={vy,...,v;} va V mapuuame basuc sHa V, ako V = (B) nu B e nuHEHHO HE3aBUCUMO.

Axko B = {vy,...,v;} e Gasuc va V, TO BCekn BeKTOp v € V MOKe ma ObLae IpencTaBeH
IO eIVMHCTBEH aHUMH KATO JUHelHa KoMOuHauus Ha BekTopu or B. EmxHOo BeKTOpPHO mpoc-
TPaHCTBO HaX Kpalino mosne Fy (a BCBLIGHOCT M HAX NPOM3BOJHO IOJE) MOMKE [a MMa MHOLO
basucu. Bcuukm Te cLALPIKAT €IUH U CBLIl Opoil BekTopu. To3m Opoit mapuyame pazmep-
nocm wa V Han Fy u o3ravasame ¢ dim V. B cmauante, koraro V Moxe ma ce pasriaesna KaTo
BEKTOPHO MPOCTPAHCTBO HAaJ[ HOBEYe OT €JHO MOJe, Mme u3loa3BaMe o3HadeHnero dimy, V' 3a
na n3berHeM IBYCMUCIEHOCT.

Teopema 2.10. Hexra V e BexkropuO mpoctpancTBo Han F,. Axo dimV =k, 1o
(i) V uma ¢* enementu;
(ii) V nma 4 Hi:ol (¢* — ¢*) paznuumrm Gazucu.
[oxasameacmeo. (i) Axko {v1,...,vx} e 6asuc 3a V, To
V= {)\1U1+...+)\k’vk | Alyeves Ak GFq}.

T1oii KaTO 38 BCEKU OT €JIEMEHTUTE >\z MaMe€ TOYHO ¢ B'L3MOKHOCTU U TbH KAaTO BCEKU BEK-
TOp Ce IpenacraBs IO €OIVMHCTBEH Ha4YWH KaToO JauHetiHa I{OM6I/IHa.I_[I/IH Ha Oa3ucHU BEeKTODU,
nmoJsgyvaBaMe, 4e V' uma Touno qk CJICMCHTMU.

(ii) Hexka B = {vi,...,v;} e Gasuc 3a V. Twit kato v, # 0, To chmecTByBar ¢F — 1
BBL3MOMKHOCTH 3a u360p Ha v1. Tl karo B e Gacuc, TO eU3NLIHEHO Vo & (V1), OTKDBLIETO
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cilenBa, ue CLIECTBYBAT ¢F — ¢ BBL3MOxHNM m36opa 3a vy. Bnobme 3a Beaxo i, 2 < i < k,

mvame v; € (vq,...,v,_1) 1 Taka nmame ¢* — ¢' BL3MOmHOCTH 3a v;. CiemoBaTesHO GpOAT
k—1

Ha HapeaeHuTe DA3UCH V1,...,Uk € PABEH Ha H(qk —¢") Tl KaTO pemxbLT HA BEKTOPUTE B
i=0

fa3uca e HeCLIECTBEH, TO OpOAT Ha pasauunure (HeHapemenu) Gasucu Ha V e
k—1
1 .
k )
%! I I (¢" —q").
T i=0

IIpumep 2.11. Hera g =2, S = {0001,0010,0100} u V = (S). Torasa
V' = {0000, 0001, 0010,0100,0011,0101,0110,0111}.

Ila orbenexum, ye BekTOpUTE B S ca jguHelHO HesaBucuMmu u Taka dimV = 3. Cwriaacho
Teopema 2.10 6posar Ha pa3nuuHuTe OGaszucu 3a V e

k—1
% g@k -2 = %(23 —1)(2° - 2)(2° - 22) = 28.

Hepuammuas 2.12. Hexka v = (vi,...,v,), w = (wi,...,w,) € Fy. Cranapro npouszeedenue
(ome Fexaudoso esmpewno npoussedenue) Ha BEKTOPUTE ¥ U w NePUHUpPAME UDE3

vow=vwr + ... 0w, € Fg.

IITe ra3Bame, de BeKTOpPUTE U UM W ca opmozowaanu, ako v - w = (0. Heka S e mempasuo
nonMuOkecTBO Ha . Opmozonaano donsanenue St ma S mapumuame MHOMKECTBOTO

SLZ{’UEF:}|’U-S=03aBCHI{OSES}.
Axo S =0, To mmame SL:FZ.

Jlecro ce mpoepaBa, ue St e MOAIPOCTPAHCTBO HA F, 3a BCAKO MOAMHOMXECTBO S OT
BexTopu o1 FY!, kakro n uwe (S)= = S+

CramaprOTO TpouM3BelleHME € NpUMep 3a BbTPemHO Tpoussenenue B Fj.  Bsmpewno
npouseedenue B ) Hapudame BCAKO CABOABaHE () : Fy x Fy¢" — Fy, yasomersopsasamo

YCIOBUATA: 3a BCUYKM BEKTOpM u,v,w € Fj e B cuia

u+ v, w) = (u,w) + (v,w);

) (
() (u,v+w) = (u,v) + (u, w);
¢) (u,v) =0 3a Bcuuku u € F?' ToraBa u camo torasa, korato v = 0;
q
d) (u,v) =0 3a Bcuuru v € F!' ToraBa u camo torasa, korato u = 0.
q
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B teopus Ha KOmUpaHETO Ce M3WOJ3BAT M APYTY BLTPENIHM IPOU3BENeHUsI, KaTo Epmu-
TOBO MMPOM3BEAEHUE MM CUMIIJIEKTUYHO IPOU3BENEHNE, KOUTO Ca PA3JINYHN OT EBKINIOBOTO.

IIpumep 2.13. (i) Herka ¢ =2 u meka n =4. Arko v = (1,1,1,1), v =(1,1,1,0), w = (1,0,0,1),

TO

u-v = 1-141-141-141-0=1,
u-w = 1-141-04+1-0+1-1=0,
-w

v 1-1+41-04+1-04+0-1=1.

CriemoBaTeIHO ¥ U W CA OPTOTOHIIHMU.
(ii) Hera ¢ = 2 m mera S = {0100, 0101}. 3a ma mamepum S+ o3mauasame v = (v, v, v3,v4) €
S+. Torasa

v ,00=0 = v =0,
v-(0,1,0,1)=0 = wy+wvs=0.

Orryk nmomyduaBame vy = vy = 0. Tb#t kaTo v; U v3 ca mau 0 nnm 1, TO 3akaOUYaBaMe, de
S+ = {0000,0010, 1000, 1010}.
Teopema 2.14. Hera S e mognpocrpancrso ma Fy. Torasa nmame
dim(S) + dim S+ = n.

Joxaszamencmeo. Teopemara oueBuIHO € BipHa, korato (S) = {0}. Heka cera dim(S) =k > 1
u na ms3bepem Gasuc vi,...,vi} #5a )S(. Tpabsa ma moraxkewm, ge dim S+ = dim(S)* =n — k.
Ila or6enexum, ue & € ST Torasa m camMo TOraBa, KOTaTo

vi-e=...=v;-x=0,

KOETO € GKBUBAJICHTHO C TOBa & Ia yIOBJIETBOpABa cucreMara Ax! = 0, xbaero A e k x n
MaTpUIA, YUUTO i-TU PEI € Vj.

Penosere na A ca nuHEHHO He3aBMCHMMH, OTKLIETO ciensa, de Ax! = 0 e xomorenza
cucteMa OT k JMHENHO He3aBUCUMU ypaBHeHUs ¢ n HemsBecTHu. OT juHeiimara ajurebpa e
M3BECTHO, Ue PEIeHUsITa Ha TaKaBa CUCTEMa 00pa3yBaT BEKTOPHO MPOCTPAHCTBO C pa3Mep-
HoCT M — K.

IIpumep 2.15. Herka ¢ =2, n =4 u S = {0100,0101}. Torasa
(S) = {0000, 0100, 0001, 0101}.
Ia or6enesxknM, ue dim(S) = 2. B Ipumep 2.13 npecmernaxme, ye
($)+ = {0000,0010, 1000, 1010}.
Ouesnano {0010,1000} e Gasuc ma S+ u raxa dim S+ = 2. C ToBa mpoBepuxwme, ue

dim(S) + dim S+ =2+2 =4 =n.
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2.2 Jlumeiinu xomose

B To3u pazmen me BLBemeM MOHATUETO JUHEEH KO U Ie pasrjieneaMe HAKOU eJIeMEeHTapHU!
CBOICTBa Ha JIUHEHMHUTE KOIOBE.

Heduanmnus 2.16. Jluneen K00 ¢ ILIDKAHA N HAL Fq HapuyaMe BCAKO MOOIPOCTPAHCTBO HA
]F;‘.
IIpumep 2.17. (i) Koxpr C = {(\, A,..., ) | A € Fy} e auneen. Toi ce Hapuda %00 ¢ nosmope-
HUe.

(7i) (¢ =2) C ={00000,01101,10110,11011} e nuneen roxm.

(7i1) (¢ = 3) C = {0000, 1100, 2200, 0001, 0002, 1101, 1102, 2201, 2202} e auneen Kox.

Jepmanmms 2.18. Herka C e e ymueen kox BB F. Oproronannoro mombiHeHue Ct ma
moanpoctparncrBoro C' Hapuuame opmozonasen xod Ha C. Pasmeprnocm Ha nuseinus xox C
HapudaMe pasMepHOCTTa Ha (' KATO BEKTOPHO NPOCTPAHCTBO HaX IFy.

Teopema 2.19. Hexra C e nuneen kox ¢ abmxusa n Han F,. Torasa
(i) |C] = ¢*™C, r.e. dimC = log,|C|;
(ii) |C|* e mumeen kox u dim C = dim C+ = n;
(iii) (CH)*+ =C.
Hokazameacmeo. (i) Bux Teopema 2.10.
(i4) Bwx Teopema 2.14.
(iii) Cvraacuo (ii) mmame dim Ct+dim(C*)+ = n. Taka 3a ma mokaswewm (iii) e TOCTATLIHO
na memoncrpupame, e C C (C+)+. Heka ¢ € C. 3a ma mposepum, e ¢ € (CH)* e

OCTATBLYHO Ma ToKaxeM, ue ¢ -« = 0 3a Bcako @ € C+. Twoit kato ¢ € C u & € C,
T0 OT meduHumEMATa Ha CL, crensa, ue ¢c-x = 0. C ToBa mokazaxme (iii). |

Enva mureen kox C' ¢ abmxnHEA n U pasMmepHocT k Han Fy, wecTto mapmaame [n,k]q—}con
WM, aKO ¢ e SACHO OT KOHTEeKCTa, MpocTo [n,kl-kom. Emmm [n,k],-kox e cvmo (n,¢")-rom.
Axo e u3BeCTHO MUHMMAJHOTO pascrosuue d Ha C, To TOH ce Hapuda [n,k,d],- uiu npocto
[n, k, d]-rom.

HMedpurumus 2.20. Hera C e muneen kox. Kassame, ue C e camoopmozonanen, ako C C Ct.
Koma C mapuuame camodyaren, ako C = Ct.

2.3 Terso va XeMusr

Beue nepumrmpaxme pascrosHue Ha XeMuHr d(X,y) MEKIy NyMWATe & U Y KaTo Opos HA
KOMIIOHEHTUTE, B KOUTO TE3U AyMU CE€ PA3IUUABAT.

JNedpuanumsa 2.21. Herka x e nyma or Fy. Tezno na Xemune Ha ® me Hapudame Opos Ha
HEHYJIEBUTE KOODIAVHATHU Ha &L, T.€.

WHam () = d(z,0).

Ternoro ma XeMUHT Ha T O3HaudaBaMe C ’LUHam(IB).
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3abesencra 2.22. 3a Bcexm eneMeHT T € F, nepmrmpame rerno Ha XeMUHT KaKTO CIEIBA:

1 ako z #0;
WHam () = d(z,0) = ’
Ham (7) (,0) {0 ako r = 0.
Axo zanumem x € Fy rato & = (z1,22,...,Zp), TO TEryo Ha XeMUHI MOMke na Obae meduHu-

PaHO €KBUBaJICHTHO KaTO

wHam(:B) = ZwHam(xi)- (21)

Jlema 2.23. Axro z,y € Fy, To d(z,y) = WHam (T — ¥).

Joxazameacmeo. 3a z,y € Fy, d(z,y) = 0 ToraBa m camo TOraBa, KOraTo & = Y, KOETO €
BAPHO TOYHO KOTaTo & — Yy = 0 MJIN, eKBUBAJIEHTHO, Wiam (2 —y) = 0. Jlemara ciensa cera ot
Sabenexra 2.22. O

n

o> EBIETO q = 2", Torasa d(x,y) = WHam (T + Y).

Cnencreue 2.24. Heka x,y € F

3a Bcern mBa BeKTOpa T = (T1,%2,...,%n) U Y = (Y1,Y2,.--,Yn) B Fy medunmpame

TxY = (T1Y1,T2Y2, - -+, TnYn)-

Jlema 2.25. Aro z,y € F3, To
WHam (T + ¥) = WHam (T) + Wham (Y) — 2WHam (T * y).

Loxazameacmso. Tlopanu (2.1) e nocrarbuHo € ma HOKAKEM JeMaTa caMo 3a x,y € Fo. B
TO3U CIIydail TS € OUEBUIHA. O

Jlema 2.26. 3a BCsiKa CTelleH Ha IPOCTO YMCIIO ¢ U 3a BCEKUABa BekTOopa X,y € Fj e m3nna-
HEHO
WHam (Z) + WHam (Y¥) > WHam (€ + Y) > WHam (€) — WHam (Y)-

Heduunmnusa 2.27. Heka C' e (#e HenpemHHO suHeeH) Kox. Munumaano mezao (na Xemune)
3a C e Hal-MaJKOTO HEHYJEBO Terjo Ha komoBa myma ot C. MwurmMmamanoro rterso na C
o3HAYABAME CHC WHam (C).

Teopema 2.28. Hera C e nuneen kox "axn F,. Torasa d(C) = wham(C).

Noxazameacmeo. 3a Bcerku nse aymu &,y umame d(x,Y) = Whaam(x — y). Ilo medunumus
cbmecTByBar TakuBa Bexkropu &', Yy’ € C, 3a rouro d(x’,y’) = d(C). Orryk

d(C) = d(mlvyl) = wHam(ml - y/) > WHam(C),

bt kaTo ' —y' € C.
O6patHo, cbmectByBa nyma z € C'\ {0}, 3a K0ATO Wiam (C) = Wiam(2), OTKBLAETO

Wiam (C) = Wiam (2) = d(z,0) > d(C).

IIpemiMcTBa U HeOOCTAT'HLIM HA JIMHEMHUTE KOIOBE
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2.4 llopaskmama 1 IpoBepOYHA MATPUIA

Ilo medpumuUNMA enuH JTVHEEH KO € BEKTOPHO IPOCTPAHCTBO, OTKBLIETO CIENBA, Ue BCUUKUTE
My AyMH ce my3passBar upe3 Gasuc maToBa mpoctpaHcTBo. Cera Ime omuimeM aJropUTMU,
Yype3 KOUTO IOoJIyyaBaMe Da3uc Ha JaNeH JIWHEEH KOJ WJINM Ha HErOBUS OPTOrOHAJIEH.

Hepmnammua 2.29. Hexka A e marpuna #an F,. Eremenmapra onepayus no pedoge, U3BLPII-
eHa BLbpXy A Hapuuame mpoOpasyBaHUE MO PEIOBE OT CJIEIHUSA BUI:

(i) cMmsiHA Ha MecTaTa HA JBA PENA;
(i1) yMHOX3BaHe Ha PEX IO HEHYJIEeB CKAJAD;
(i41) mobGaBsHE KLM HNANeH PeJl HA CKAJAPHO KPATHO Ha APYT De.

Hedumanmnus 2.30. /IBe MaTpumy HapuJaMe eKeusaAeNMHY o pedoge, AKO eqHATA MOKE 14
Ob e ImoNIy4YeHa OT ApyraTa IOCPEICTBOM penuna OT eJeMEHTApPHU ONepaluy IO PenoBe.

ITo-nmony ca maneHn HbIkOM nOOpe M3BECTHM (aKTW OT JMHeHHATa ajaredpa.

(i) Beara marpuna M man F, moxe na ObLme NpUBENEHA B 20pHG MPANEY08UOHA HOPMG
niIn pedyyupara 20pHOMPANey08udna Gopma dpe3 peauna OT eJEeMEHTAPHU OIePAIlu
no pemose. C npyru mymu, BCsAKa MATPUIA € €KBUBJEHTHA (IO PEIOBE) HA MATPUIA B
FOpHa TPAaIleNOBUIHA UJIN peylupaHa FOpHa TpaleloBuIHa (QopMa.

(i1) Besra maTpuna MMa eIMHCTBEHA PeXylrpaHa TOPHOTPANENOBUAHA (OpMa IO PeroBe,
HO MOK€ [a UMa IOBedYe CTAHNAPTHU (OPMU IIO PemoBe.

A nropursMm 1.

Bzoo: Henpasno nonmuoxectso S na Fy.

H3z00 Basuc 3a C = (S), nuneflHus Ko, TOPOAEH OT S

Onucanue: PopMupame Marpuna A, 4umTo penoBe ca qymure Ha V3mon3same ereMeHTapHU
omepanuy IO peroBe 3a HaMUpaHe Ha TOPHOTPAIenooBUuAHA Gopma o penose 3a A. Hemyie-
BUTE peNoBEe HA MaTPUIlaTa B TOPHOTpamenoBuiana popma obpasysar 6asuc 3a C.

IIpumep 2.31. mera g = 3. Ila ce mamepu Gasuc 3a C = (S), kpaero

S = {12101, 20110,01122,11010}.

—_ =0 N
_ N = O
DN~ NN
N = DN =
— N = O
O O = =
S OO
O = N =

2
1
0
0

_ O N =
O = =
SN O =
SO O
NN ==
SO O

ITocnenmara MaTpulla € B TOpHOTpanenosunsa gopma no penose. Curiacuo Asropursm 1,
{12101,01122,00001} e Gasuc 3a C.
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AgnropursbMm 2.

Bzoo: Henpa3sno moaMmuo:xkecTBo S Ha IFZ.

Hsz00: Basuc 3a C = (S), nuHiHUA KO, TOPOAEH OT S.

Onucanue: ObpazyBame marpuna A, yuuto cTbabose ca gymute ot S. M3mon3same exemen-
TApHU ONEPUMM IO PEAOBE 3a IpuBexknaHe Ha A B ropHa TpamenoBmmHa GopMa W HampaMme
BoZemuTe CTHLiI60Be B Ta3u popma. Torasa opurunasauTe cTHiaboBe Ha A, orroBapsamu Ha
BozemuTe CTLiI60Be 0oOpasysar 6asuc 3a C.

IIpumep 2.32. Hera g = 2. Ila ce mamepu Gasuc 3a C' = (S), knmero

S ={11101,10110,01011, 11010}.

1 1 0 1 11 0 1 1 1 0 1
1 01 1 01 10 01 10
A=]111 00 ]|—=(00O0T1( J—=1]10001
0 1 1 1 01 11 0 0 0 O
1 010 01 11 0 0 0 O

Since columns 1, 2 and 4 of the REF are the leading columns, Algorithm 2 says that column 1, 2
and 4 form a basis for C, i.e. {11101,10110,11010} is a basis for C.

AaropursMm 3.

Bzroo: Henpasno nomvuoxectso S na Fy.

U3z00: Basuc 3a oproronamuus kox O, knaero C = (S).

Onucanue: ObpasyBame maTpunia A, unuto pemose ca mymute Ha S. M3mosssame exemen-
TAPHU ONEPAIMU [0 PeAOoBe 3a Oa HpuBeaeM A B peaynupaHa TOPHOCTDLIAJIOBUIHA (OpMA.
Heka G e k X n MaTpuiia OT BCUYKM HEHYJIEBU PENOBE HA PeaylMpaHaTa TOPHOTPAIEIOBYIHA

dhopma:
A— ( g >

Marpunara G uMma k Bomemu cTLiaba. pasMecTBaMe CTLIGoBeTe Ha G 3a ma moayuumm G' =
(Ix|X), xbaero I, e enuanunara marpuna. O6pasysame marpunara H' kakrto ciaensa:

H' = (=X"|In-x),

kbaeto X! e rTpamcmommpanarta Ha X. IIpmmarame obpaTHaTa HepMyTalmus BLDPXY CThII-
Gosete ma H' 3a ma monyumm H. Pemosere ma H o6pasysar 6aszuc 3a CL.

IIpumep 2.33. Hexa ¢ = 3. Ila ace mamepu 6a3uc 3a C, ako pegynupasaTa TOPHOTPAICIOBUIHA,
¢dopma 3a A e

102 00 2 010 2
0001010001
G=]10000100200
0 000O0O0OT1TUO0TG01
0000 O0O0OO0OO0OT1T 2
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Bogmemure cruabose 3a G ca te3u ¢ Homepa 1, 4, 5, 7 u 9. Pa3smecrBame crniabosere HA G
Bpenma 1,4,5, 7,9, 2,3, 6,8, 10 u noryyaBame MaTpuIaTa

1000002212
0100000101
G'=/X)=1 0010000020
0001000001
000010000 2

O6pasysame marpunarta H' u pasmecTBame croniabosere ma H', msmonssaiikm oGpaTHaTa
epPMY TaIlN:

000 0O0OT1O0O0TO0T®O
100 0 0 01 0 O0O
H=|120000010 0],
2010000010
120 2 1000 01
0100 0O0O0OO0OO0OO@O
101 00O0O0O0O0TO
H=| 100 2 010000
2000100100
100 2 00 2 011

Coraacuo AnropurnM 3, penosere Ha H obpasysar 6asuc 3a C.

Hepnaumus 2.34. Exna marpuna (G, ynuto penoBe obpasyBar 0a3uc Ha JTUHEHHUSI KO
G = C napuuame nopaxcoau,a mampuya e C. Iposepouna mampuya wa C HapudaMe BCIKA
maTpuna H, KoATo e mopasgama 3a opToroHamausa xox O,

Hera C e [n,k] xom. Torasa Bcaka mopasknama Matpuna Ha C e k X n Marpuna, a
BCSIKA POBEPOYHA MaTpuna e ¢ pamep (n—k) X n. Tl KATO €IHO BEKTOPHO IPOCTPAHCTBO
OOUKHOBEHO MMa IMOBEYE OT eqUH 0a3WC, TO U MOPAKIAIUTE MATPUIM Ca [IOBEYE OT €IqHA.
Iopy u 6a3uchT HA €IUH JUHEEH KOX Oa € (UKCUTPAH, TO HEPMYTAIMATA HA PEIOBE CHIIO
BOJMW IO PA3NIMYHA MOPAKIAIA MATPUIA.

Hepuanmus 2.35. Ako enna nopasknama marpuna uma suga (Ix|X), To ka3same, ue T4 e B
cmandapmua gopma. EnHa mpoBepodnHa Marpuuna € B cmandapmua $opma, aKo T UMa BALA

(Y|I—k).

Jlema 2.36. Hera C e [n, k]-nuneen koxn nan F, ¢ nopaxknama marpuna G. Torasa mymara
v € Fj mpunannexn na C*t Touno KaraTo v e opTOroHaJHa Ha Bceku pen ot G, T.e. v €
C+ < vGT = 0. Tlo cnenmanno, ako e mazmena (n — k) x n Marpuna H, To Ta e IpoBepoUHa
marpuna 3a C' ToraBa M caMO TOraBa, KOraTo pemoBere Ha H ca JWHEHHO HE3aBUCUMU U

HGT = 0.

Joxazameacmeo. Hera r; e i-tusa pen Ha G. Torasa mmame r; € C' 3a Bcaro ¢ = 1,...,k u
Beska ayma ¢ € C' Moske na Oble 3ammcaHa BLB BHAAA

c=M\Tr1+ ...+ ATk,



2.4. Hopancoaw,a v NposepowHa MaMPUYLa 27

KBICTO Af, ..., A\, € Fy.
Axo € C+, To v-¢ =0 3a Bcsko ¢ € C. Ilo cnenuaiHo, BEKTOPLT ¥ € OPTOTOHAJIEH HA T
3a Beaxo 1 < i <k, r.e. vGT =0. O6parno, ako v-r; = 0 3a Bcako 1 = 1,...,k, To 3a Bcekn

BEKTOP € = \P1 + ...+ g7k € C,
v-e=M-r)+...+ X (v-7Tr) =0.

[le mokaskem mocsemuoTo TBLpaeHwe. Heka H e mpoBepouna matpuna 3a C. Pemosere
Ha H ca gumeiino 3aBucumy no mne¢umuunus. Tt karo pemosere Ha H ca rKomoBuU qymMu OT
Ct, To oT mpemMmIHOTO TBLpAeHUe ciaensa,de HGT = O.

O6patno, ako HGT = O, 1o pemosere ma H, a CIeI0OBATEIHO U IPOCTPAHCTBOTO OT
penosere Ha H, ce chabpswar B C+. Twhit kato penosere Ha H ca MUHEHHO HE3aBUCHUMU, TO
MPOCTPAHCTBOTO OT penoBere HAa H mMa pazMepHOCT 1 —k, T.e TPOCTPAHCTBOTO OT PEIOBETE
ma H mamctuna cnemaza ¢ C. C mpyru nymu, H e mposepousna marpuma 3a C. o

Craensamara jJeMa € aJTepHATUBHA, HO eKBUBaJIeHTHA Ha Jlema 2.36.

Jlema 2.37. Hexa C e nuneen [n, k]-kon van Fy ¢ mposepouna marpuna H. BexropnbT v € Fy
npuHaaiexu Ha C' ToraBa M caMoO TOraBa, KOraTo ¥ € OPTOTOHAJIEH Ha BCeku pen Ha H, T.e.
veC < vHT =0. Tlo cnennaiHo, Heka G e kxn marpuna vHan Fq; G e nopaxnama MaTpuIa
3a C ToraBa u caMoO TOraBa, KOraTO pPeloBeTe W ca nuHeiino meszasucumu u GH' = O.

Enmo cnencteue ot Jlema 2.36 e ciemnara TeopeMma, CBbpP3Ballla MUHUMAJIHOTO PA3CTOBLI-
anne Ha JguHeeH kox C' ¢hC CBOWCTBaATA HAa KOS Ia € mpoBepouHa Marpura Ha C.

Teopema 2.38. Heka C e nuneen kon u Hexka H e mpoeepouna marpuna 3a C. Torasa

(1) C uMa MUHUMAJHO pa3CTosHUE > d ToraBa M caMo TOraBa, Koraro kou na e d—1 crbiaba
Ha H ca jguHEHHO He3aBUCUMU;

(#4) C mma mMuMMaNHO pascrosHme < d ToraBa M caMO TOoraBa, korato H mma d nuHeiHo
3aBUCUMU CTTHJIOA.

Joxasameacmeo. Hera v = (v1,...,v,) € C e nyma ¢ Terso e > 0. Jla npuemeM, 4e HEHyJIe-
BATE KOMIIOHEHTU Ca B IO3ULUU i1,...,%. Taka v; = 0, ako j & {i1,...,i.}. Hera c h;,
i=1,...,n o3HAYUM i-TUA CTHLIO Ha H.

Croraacuao Jlemu 2.36 u 2.37, C coabpska Hemysnesa ayma v = (v1,...,Up) C TELJIO €,
YMUTO HEHYJEBU KOMIIOHEHTHU Ca Vi, ..., V; TOTaBa M CaMO TOraBa, KOIaTo

0=vHT = vilhiTl +...+vieh£,

Koero or cBosi cTpaHa e BAPHO TOraBa M CaMoO TOTaBa, KOTaTO CBIIECTBYBAT € CThbiba Ha H
(a mmenso h;,, ..., h; ), KOUTO ca JTMHEHHO 3aBUCUMU.

Tebpaeruero, ye MUHUMAHOTO pa3crosaue HA C e > d e eKBUBAJEHTHO HA TOBa, ue C
HEe CLIOLP:KA HEHyJieBa AyMa C TerJoT < d — 1, KoeTro e M3ILJIHEHO TOYHO KOTAaTO KOU M3 €
<d-—1 crbaba Ha H ca auHeiiHO Hes3aBucuMu. 1ToBa mOKa3Ba (z)

AmnasoruuHo, TBLPIOEHUETO, Ye MUHUMAJHOTO pascrosuue Ha C e < d e eKBUBAJEHTHO
Ha TBLpAeHuero, ue C' cbabpska HEHyJIeBa AyMa ¢ Teryio < d, KOeTO € BSAPHO TOYHO KOTATO
H mvma < d (a caemoBartenno u d) crbiaba, KOUTO ca JUHEMHO 3aBcucuMu. ToBa mOKa3Ba

(id). O
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Caencreue 2.39. Herka C e suneen kon u Hexka H e mposepouna marpuna 3a C. Cienaure
TBLPACHUS Ca €KBUBAJICHTHU:

(1) kombT C' MMa MUHIMAJHO Pa3CTOSHUE d;

(i1) xom ma e d — 1 crbaba wa H ca numeitno mesasucumu u H uma d crbiaba, KOUTO ca
JMHEHHO 3aBUCUMMU.

Teopema 2.40. Axo G = (Ix|X) e mopasknama mMarpuna B CTaHZapTHa (opMa 3a JIUHEEH
[n, k]-xom C, o H = (—XT|I,,_1) e nmposepouna marpuna 3a C.

Jokazamencmeo. Ouesunno pasenctsoro HGT = O ce manbauasa. Pasraesmaiiku mocien-
HUTE Nn—k KOOPAMHATH € SICHO, Ue penosere Ha H ca nunelino nezasucumu. Cera pe3yiaTrarsnT
cnensa or. Jlema 2.36. O

Ipumep 2.41. Ila ce HamMepu mOpakIala U MPOBEPOYHA MATPUNA 334 NBOUYHUA JUHEEH KO
C = (S), gpmero S ={11101,10110,01011,11010}.
Ot Asropurnm 1,

1
0
1
1

_ O = =
SO = =
e =)
O = O =
o O O -
OO = =
O = O
O = = O
O = =
oo O
o O = O
o = O O
O = = O
O = =

KOeTo e paynupana tpamenoBugaa ¢opm. Ot AgropursbMm 3 mosyyaBame

1 0 0(0 1
a—(o v o] a(00100)
0 0 1|1 1

Tyx G e nopaxama MaTpuma 3a C, a H — nposepouna marpurna 3a C. JlecHo ce mpoBepssa,
ve GHT = 0O = HGT.

Ia OT6e.J'Ie}KI/IM7 Ue HE BCEKU JIMHEEH KO MMa IIoparKdalla MaTPpUIla B CTaHAapTHa (bopMa.

IIpumep 2.42. Ia pasraemame momunus nuneed kony C = {000,001,100,101}. Twit xkato
dim C' = 2, cvraacuo Teopema 2.10(i7) 6post na Sasucure 3a C e

(22 -1)(22 -2) =3.

N | =

ITo-nmony Te3u Gasucu ca M3NMCAHU:
{001,100}, {001,101}, {100,101}.
CaenoBaresno, C' uMa IECT MOPAaYK AN MATPUIIN:
(001><100><001><101)(100)(101)
1 00/”7Y0 0 1/)7\1 0 1)\ 0 0 1)1 01)”\1 00/

Ila 3abeseskmM, Ue HUKOSI OT TAX HE € B CTAHZAPTHA (PopMa.
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2.5 EEKBUBaAJIGHTHOCT HA JIMHEHMHU KOIOBE

Hepununmusa 2.43. Isa (n, M) kona Hanm F, ca eKBUBAJICHTHU, aKO AYMUTE HA BCEKM OT TAX
MOTAT M4 C€ MOJIyYyaT OT AYMUTE Ha APYTUS Upe3 Peaulla OT OUePaluy OT CJIETHWS BUI:

(i) mepMyTanusa Ha KOODIAMHATHU ITO3UINN;
(14) yMHOKeHME HAa CUMBOJUTE B ONPENEJECHA TO3UINA C €JEeMEHT, pasauder oT (;
(44) mpuiaraHe Ha aBTOMODP(U3BM Ha MOJETO K'bM BCUYKUA KOODAUHATHU MO3UIUY.

IIpumep 2.44. (i) Oeoununusar kox C' = {0000,0101,0010,0111} e exBuBasenTen na C’ = {0000, 1100,0001, 1101
(#7) Tpowunusr xox C' = {000,011,022} e ekBuBanenten na koma C’ = {000,102,201}.

Teopema 2.45. Bceeku nuneer xkon C € eKBUBAJICHTEH Ha JuHeeH kon C’, MMaIl mopaskoama
MaTpHUIla B CTaHIApTHa (GopMma.

Ipumep 2.46. Hera C' e nBowveH JMHEEH KOM C MOPaKIAMA MATPUIA

= o O
o O O
o~ O
==

1
G=1| 0
0

o O =

0
1
0
[Ipenapesxnaiiku crwiabosere B pena 1, 3, 4, 2, 5, 6, 7 noxyuaBaMe MaTpuUiaTa

0 1
G’ 1 1
0 1

OO =
o = O
— o O
OO =
o O O

/

Q

Herxa C' e xomwT, mopomen or G'. Torasa e exkBuBaJieHTeH Ha C' M MMa MTOpaskIama

MaTpHUIla B CTaHZAPTHA (GopMa.

2.6 Konmupane ¢ JuHEEH KON

Heka C e [n,k,d]-kon manm F,. C uma qk KOMOBU OyMU U MO:KE na ObIoe M3MOJ3BAH 34
npenaBage Ha ¢F paszmumunn cnbobmenus. [le naerTHdUIMIpPaMe Te3u cLOOmERUA ¢ k-OpKuTe
oT F’;. durcupame Gasuc {ri,...,ri} 3a C. Cera BCAKO OT cLOOmEHUATA MOsKe na Obae
IPEICTABEHO BLB BUIA

U =ury + ... +ugrg,

KBAETO U1,...,Uu; € Fy. Hexa G e mopamnama marpuna 3a C, 9umuTO i-TH Pelx € BEKTOPDLT

r;. Axo e maznen BekTop u = (uy,...,ur) € IF];, TO € SICHO, ue

v=uG =uir1 +... +upry
e komoBa ayma B C'. Ob6parHo, Beaka ayma v orT C' MOKe Oa ce 3aluilne [0 eIMHCTBEeH HAUNH
kato v = u@G. Cruenosatenno Bcsaka nyma (cLoOmenue) u € F’; MOKe [1a Cce KOAupa KaTo

v = u@G. IlpomectT Ha TpencTaBsHe Ha €JIEMEHTUTE U HA IF’; KaTo Komosu aymu v = uG
Hapuyame Kodupare.
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IIpumep 2.47. Hera C e nsouuen [7,4]-Koq ¢ mopaskmama MaTpuUia

1 0 001 0 1

c_| 0100111

10010110

0001011

Torasa cLoOmenueTo (uj,ug, Uz, Us) C& KOAUPA KATO
100010 1
01001 11
v=uG = (uunusus) | o0 g 1 1 g
0001011
= (u1,u2,u3, U, U1 + g + U3, Uz + Uz + Ug, U + U + Usg).

na orbeseuM, 4e CKOPOCTTa Ha Komxa e 4/7, T.e. camMo 4 GuTa OT BCUYKK 7 Ce U3MOJ3BAT 34
IpenaBaHe Ha CHODIIEHMETO.

2.7 llekomupaHe C JUHEEH KO

2.7.1 Cwocemau KIacoBe

B to3u pazmen me pasriaename emHa cxema, npenioskeHa ot CulensH, 3a HeKOQUPAHE B HAl-
O6an3kus cbeen. T's m3moa3Ba (pakTa, ye BCEKU JMHEEH KO € MOArPyIa Ha aJUTUBHATA I'PyIa
Fy. Ilo-mataTvpkme mpeamosaraMe, 4e HE € 3allO3HAT C TEOPWA Ha TPYNHUTE UM U3Jarame
BCUYKM HEOOXOIUMU (DAKTH.

Lepmanmums 2.48. Hera C e nuneen kon ¢ Aviskuna n Han Fy n merka u € Fy e BexTop ¢
IbmEuHa 1. MHOMeECTBOTO OT BeKTOpH csceden kaac Ha C, onpeneseH oT u

u+C={ut+v|velC
me Hapudame csceden kaac Ha C, ompeneneH oT u.
Toit kato Fy e abenesa rpyna no ornomenue Ha cbhbupamero, nvmame u + C = C + u.

Bcexkn nuuaeen xkon ¢ AbJLKUHA N € TOATpyIa Ha IFZ, OTKDLAETO MOHATUETO CLCEIEH KJIac Ha

JIMHEEH KOJ ChBIaAa C TPAAUIUOHHOTO IOHATHE 33 CbHCEIEH KIaC B TEOPUSA HA IPYIUTE.
Ipumep 2.49. Hera ¢ = 2 n mera C = {000,101,010,111}. Torasa

0004+ C = {000,101,010,111},
0014+ C = {001,100,011,110},
010+C = {010,111,000,101},
100+C = {100,001,110,011},
0114+ C = {011,110,001,100},

101+ C {101,000, 111,010},
110+C = {110,011,100,001},
111+C = {111,010, 101, 000}.
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na oThesiesKuM, ue
000+ C =010+C =101+ C =1114C =C; 001+ C =100+ C =011+ C = 110+ C =F3\ C.
Teopema 2.50. Hera C e nuneen [n, k, d)-kon Han kpafinoro nosne F,. Torasa

(i

(i

Bceku BekTop ot Fy' ce cbabpska B HAKOHR cbeenen kaac Ha O]

ako u € F?

n, 1o lu+C|=|C| = ¢~

(i41) 3a BCUURK u,v€EFy, oru€v+C cremsau+C=v+C;

k.

3

—~

v

(iv) mBa CBLCEOHW KIaca WM CHLBIANAT WM HE Ce MPUCUYAT;
) BpOAT Ha pa3uUYHUTE Cheeauu kiaacose Ha C e g™~

n

3a BCuukn u, v € Fy,

C'bCeOeH KJacC.

(vi u —v € C ToraBa u caMO TOTaBa, KOraTO ¢ U ¥ Ca B €IUH U C'LINA

Loxazameacmso. (i) BekropsbT v ce cbabpxka B cheennus kiac v + C.

(ii) To nedunumus, u+C mma e moseue ot |C| = ¢* enementu. flcHo e, ye nBa emementa
u+cuu+c mau+ C ca paBam ToraBa m camo Torasa, xorato ¢ = ¢ . CiuemosaTesno
lu+C|=1|C|=q¢".

(131) Ot mepumunmuara na v + C cuaensa, e u+ C C v+ C. Torasa ot (i¢) cuaensa, 4e
u+C=v+C.

(iv) Ha pasrnename cbeennute knacose u+C u na v+C pomycuem, e x € (u+C)N(v+C).
Twit kato « € u + C, or (i4i) nomyuasame, ue u + C = x + C. Amamgornuno, v+ C =z + C.
CuenoBarenso u+C =v+C.

(v) Cnemsa or (i), (i1) u (iv).

(vi) Akwou—v=ceC,Tou=v+ce€v+C, orkbaero u+C =v+C. Or (i), u € u+C
nvev+C, Taka Ye U U V Ca B €IVH U CBLIM CHLCENEH KIAC.

O6paTHO, ma TPEANONOoKIM, Ye U U ¥ ca B eIrH U cbinu cbeenen kxac x + C. Torasa
u=x+cuv=x+c, kpaero c,c’ € C. Cnemosarenno u—v=c—c € C. O

IIpumep 2.51. Cucemuure kaacouse Ha qBonvHus auHeeH [4, 2)-kon C' = {0000,1011,0101,1110}
ca CJIeTHUTE:

0000+ C: 0000 1011 0101 1110
10004+ C: 1000 0011 1101 0110
0100+ C: 0100 1111 0001 1010
0010+ C: 0010 1001 0111 1100

lopuara tabauna mapudame cmardapmma mabauya wa Caenuan.

Hepuaumus 2.52. Exna nymMa ¢ MUHUMAJHO TErJIO B CHCENEH KJIAC HApUYaAMe Audep Ha
CBCEONUST KAGC.

B ropHus npumep, BEKTOPUTE OT I'BLPBUA CTHJIO Ca JIUAEPU HA CHOTBETHUTE CHCENHU
raacoBe. [la orbemesxkum, ve cnheeqauar kaac 01004+ C' uma u npyr aunep — Bexropa 0001.
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2.7.2 JlekomupaHe B Hail-OIM3KUA ChCEN

Heka C e auneen KOo. Hexka e n3npaTeHa KOOAOBaTa AyMa &, a € IIOJyY€Ha AyMaTa Y, C
KO€TO 8€KMopsm 2zpewkxka € paBEH Ha

e=y—xecy+C.

Ila 3abene:xuM, Ue BEKTOPLT-TPEIIKA U MOJyUYeHATa AyMa Ca B €AUH U CbIl ChCEIEH KJAC.
3amaya Ha AEKOAepa € Aa PEemu Bb3 OCHOBA HA MOJIydvyeHATa OyMa Y, KOS € M3NPaTeHATa
KOJOBa LyMa WU, €KBUBBAJEHTHO, KO € BEKTOPLT I'DEIIKA.

T1if KATO O BEPOATHU Ca BEKTOPU-TPEIIKA Ca C MAaJIKO TEIJIO, TO NEeKOAMPAHETO B Hali-
OJIU3KUA CHCEN,IPUIIOKEHO 38 38 JIMHEEH KOJ, paboTu 1o ciaenuus HauvH. [Ipum momyuaBane
ayMma y m3bupame ayMa ¢ MUHHMAJIHO TErJIO € OT CheenHus kiac y + C u 3akraiovaBame, de
@' =y — e e U3TpaTeHaTa KOMOBA IyMA.

Hpumep 2.53. Hera C e nsomunmsar [4,2]-xkox ot IIpumep 2.51: C' = {0000,1011,0101,1110}.
SanucBame crapgapraaTta tabauna 3a C, koaro Geme mocrpoena u B Ilpumep 2.51.

rkomoBu mymm — 0000 1011 0101 1110
1000 0011 1101 0110
0100 1111 0001 1010
0010 1001 0111 1100
/l\

Juaepun Ha ChCeOHU KJIaCOBeE

Ha momycmem, ue moayuyenata ayma € y = 1101. BexkTtopnbT y € BBLB BTOPUS ChCEOEH
kinac. JlumeponT Ha TO3U cheened kiaac e 1000 (u ToBa € eIUHCTBEHUAT BL3MOKEH JIUAED B
To3u cheened kiaac). Caemosarenno, 1101 — 1000 = 0101 e mali-BeposaTHATA U3NpATEHA LyMa.
ToBa e mymara, KOATO Ce HAMMPa BHB I'bPBa HMO3UNUA Ha CTHI0OA, ChIBPKAIL MOJIyUeHATA
ayMma.

Cera mera momycueMm, ue y = 1111. BekropbT Yy € B Tperus CbCemeH Kiaac. B To3m
CbCeNEeH KJIac MaMe OBe NYyMM C MUHMMAJIHO Terjo. ToBa O3HadyaBa, ye MMa ABa BHL3MOKHU
u3bopa 3a auaep Ha CbhCemeH Kaac. B mpumepa nume uzbupame aumepbT ma o0nbae 0100.
Axro Gsaxme msbpasu 0001 3a gmmep, TO OMXME MONYUYMIM MAJKO IO pa3auvyHa Tabiauia.
B canyuawmTe, KOoraTo cbhcemHMA KIAC HA MOJYYEHATA AyMa KMMa IOBeYe OT €OUH BBL3MOKEH
nImaep, OefcTBUATA, KOUTO M3BLPIIBAME, 3aBUCAT OT IpUeTaTa Aekoauparma cxeMa. Moskem
[a M3BDLPIIUM T.HAD. HENsAHo dexodupane U Oa MOUCKaMe MOBTOPHO IpeIaBaHEe HA ChIIATA
ayma. Ako mpaBuM nsamno dexodupake, HUe m3bupamMe 3a BEKTOP-TPEIIKa 0 MTPOU3BOJIEH
HAYMH OyMa C MUHHMAaJHO Teriyo, na pedeMm 0100. Taxa 3akiarodaBaMe, ye M3NpaTeHATa
KOmOBa ayma e Hai-seposatao 1111 — 0100 = 1011. Axo Gaxme m3bpasu 0001 3a BeKTOp-
rpemka, To buxme mexkommpasu y karo 1111 — 0001 = 1110.

2.7.3 CusgpoMHO HEKOIUPAaHE

Ilexkonupamara cxemMa, OCHOBAHA HA CTAHIAPTHU TAOIUIM PAOOTH IPUINYHO, KOTATO bIIKU-
HaTa N Ha W3MNO0JI3BAaHUA JUHEEH KO € MaJlKa, HO 3a I'OJIEMU 1 MOKe Oa OTHEME 3HAYUTEJIEeH
pecypc OT BpeMe U IaMeT. 3a [a HaMaJUM M3MOJI3BAHUTE PECYPCU MOKEM Ma C€ BL3IOJI3BaAME
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OT CHHIPOMHO AEKOAMPAaHE 3a UACHTUUIMPAHE HA CHLCETHUA KJIAC, Ha KOUTO IPUHAIJIECKA
moJIyYyeHaTa JIyMa.

Heduanusa 2.54. Herka C e nuneen [n,k,d]-xon man F, u mexka H e mposepouna Marpuia
ma C. 3a Beara ayma y € Fy cundpom na y mapuaame mymata S(y) = yHT ¢ IFZ*’“.

Ot meduHUNUATA € ACHO, Ye CUHAPOMDT Ha eJHA AyMa 3aBUCH OT n3bopa Ha MPOBEPOYHA
marpuna H. CiaenoBaTesHo e CMUCIEHO na O3HauaBaMe cuaapoma ¢ Sy(y) 3a ma momuep-
TaeM Tas3m 3aBucuMocT. MHoro yecro marpunara H ce momgpa3bupa u HAMA OHNACHOCT OT
obbprBane. B Te3u cayuam 3a ynpocTsBaHe Ha O3HAUEHUATA e M3MyCKaMe mHaekca H.

Teopema 2.55. Heka C e nuueen [n,k,d|-rox man F, u meka H e mposepouHa MaTpuuna 3a
C. 3a Bcexn nBa Bektopa u,v € Fy e usnbaneno

(i) S(u+v)=Su+ S);
(i) S(u) = 0 ToraBa m camo Torasa, KOraro u € koxosa gyma or ()

(i1i) S(u) = S(v) ToraBa u camo TOraBa, KOTaTO ¥ U ¥ Ca B €IMH U CBIY C'beeneH knac 1mo C.

Joxazamencmeo. (i) cnensa HENOCPEINCTEBHO OT NePUHULUATA Ha CUHIPOM.

(ii) ITo medunurms S(u = 0 ToraBa u camo Torasa, korato uH' = 0, KOETO € eKBUBAJIEHTHO
Ha u € C.

(iii) Tosa caexnsa ot (i), (ii) n Teopema 2.50. O

Ot Toura (iii) ma Teopema 2.55 ciemBa, Ue BCEKM CLCEIEH KJIAC MO:Ke Aa ODLIe MAeH-
TUOUIUPAH C HErOBUs CUHAPOM, TDHLHAKATO BCUYKU AYMW MMAT €AWH U cbmu cuagpom. C
APYTU AYMU CDHIIECTBYBAa B3aUMHO-€IHO3HAUHO CHLOTBETCTBUE MEKIY CHCEIHUTE KIACOBE U
cugnpomure. llocmenaure ca BeKTOpPU OT FZ*’“ n 6posT UM He HaIxBLPad ¢" *. CoriacHo

Teopema 2.50(v) cbmecTByBaT " F cncemEu KIACOBE, CIENOBATENHO OPOAT HA CHHIPOMUTE
e Touno ¢" ¥ cemapomec. CTaBa fACHO, Ue BCUUYKKA BEKTOPH OT Fg_k ce IOABABAT KaTO CUH-

JIPOMMU.

Hedmuumua 2.56. Enna tabnauna, cbabprkalma JUIepUTE HA CHCETHUTE KJIACOBE 3a€ITHO
CLCBLOTBETHUATE UM CUMIPOMU CE€ HApUYa CMardapmma mabiuya 36 0eKodupane.

Craggapraa Tabauma 3a ILIHO JEKOAWpPAHE B HaM-OJIM3KUA ChLCEN MOMKE Ia Ce MOCTPOU
IO CJIeIHUA HAYWH:

Crooka 1: HanucsaMe BCUYKYM ChCeTHU KIACOBE HA KOIa U m3bUpaMe Juaep OT BCEKU C'hCEeNeH
KJac, T.e. OIyMa U C MUHUMAJIHO TErJjio B KJaca.

Crooka 2: Hamupame nposepouna marpuna H 3a koma u npecmsarame cuaapoma S(u) =
uHT 3a BCeku aunep u.

I[Ipu menwaHO nexkomgupaHe B Haf-OIM3KMA CbCeN, aKO B CTBbIOKA 1 ChCemeH KIac UMa
IoBEYE OT eHa IyMa C MUHUIMAJIHO TErJ0, TO BMECT JUAEP MOCTAaBAME CUMBOJIa “*” B Tabm-
maTa Ha CUHAPOMUTE 34 Ha MOKAYKEM, 4e B TO3U CJAydYall € HeoOXOIUMO MOBTOPHO MpenaBaHe
Ha M3MpaTeHaTa TyMa.
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IIpumep 2.57. Ilpmemame, ye me m3moja3BaMe OEKOAVWPAaHe B Hal-OauM3KMsa cbcen. KoHCTpy-
rpame Tabauna zHa cupgpomute 3a koma C' = {0000,1011,0101,1110}. Ot cbcennure Kiacose,
HaMepeHU mo-pano uzbupame 3a auaepu gymure 0000, 1000, 0100 u 0010. Exna nposepouna

MaTpuna 3a M3IOJ3BAaHUA KO €
1010
i = ( 1101 )

ITo-matarbk KOHCTpyupaMe Tabaunara cbe cuaapomure 3a C. Ila orbenesxuM, e BCSKA
OyMa C OILIDKUHA 2 ce MOABABA TOYHO BENHDK KATO CHHIPOM

Jdunep v Cunapom S(u)

0000 00
1000 11
0100 01
0010 10

Tabmunara chbcugapomuTe 3a C' B ciIydas Ha HEI'LJIHO IEKOIVWPAaHE B HAW-OJIM3KUA CHCE
U3rJIeK o Taka.

JIunep v  Cunzapom S(u)

0000 00
1000 11

* 01
0010 10

O

CLImecTBYBAaHETO Ha €OUHCTBEH JUAEP B AAIEH CHLCENEH KJIacC CLOTBETCTBA Ha I'PEIKA,
KOATO MOKe ma ODMe TMompaBeHa IPU M3MOJN3BaHE HAa HENMBLJHO IEKOAWpAHE B HaMN-OIU3KUI
cbeen. Jlumep Ha cbcenH knac (He HEIPEMEHHO eQUHCTBEH) CLOTBETCTBA HA I'DEIIKA, KOSTO
MOske nma ODbae mompaBeHa MPU M3MOJA3BaHe Ha MLJIHO JeKOAUpAHE B HAN-OJIU3KUA ChHCE.

ITpumep 2.58. Ila momycHeM, Ye Ie U3MOJI3BAME II'LJIHO JEKOAUpPAaHe B Hal-OIU3KUA C'bCEN U A
IIOCTPOUM TabJIUIATa CLC CHUHAPDOMUTE 3a NBOUYHUSA JIMHEEH KO, 3alaleH C IPOBEPOYHATA
MmaTtpuna H, KbIeTo

H=

O = =

0 1
11
11

S O =
O = O

0
0
1

Munumanaoro pascrosaue Ha C e 3, Tbid kato H HAMa HOBTAPAMU Ce CTLIOOBe (HUKOU
IBa CTDLJIOA HE Ca JIUHEHHO 3aBUCUMU), & BTOPUAT, IMETUAT U UIECTUAT CTHLIOOBE Ca JMHEHRHO
sapucumu. Toit kato |(d — 1)/2] = 1, To BCUukM BekTOopuU-rpemka ¢ terno 0 mau 1 me
O0bmaT aumepu Ha cbhcemuu kiaacoBe. llle mpecMmeTrHeM cUHApPOMA 38 BCEKU €OUH OT TAX, C
KOETO ToJyyaBaMe U MbPBUTE CEMeM pela Ha Tabaurara ¢chLC CUHApOMUTE. 1D KaTO BCEKU
BEKTOD C OBJDKUHA 3 C€ MOSIBABA KATO CHUHAPOM, TO MOCJIEIHUST JUIEP u TpsAbBa ma mMa
CUHIPOM uHT =101. fcuo e C'BLINO, Ye TO3U JUAEP € C TErJio MoHe 2. 3amouyBaMe 1a ThLPCUM
¥ Cpen HANMWYHUTE HyMU (HECHILDMKAINKA CE B B C'LCENHWUTE KJIACOBE HA M3OpaHUTE NMAEpN)
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C MUHUMAJIHO TerJio, T.e. Teryuo 2. Taka HaMympame TpU OyMH, KOUTO Ca KAHIAUIATU 334
amuaepu Ha nocaenausa cbeeneH raac: 000101, 001010, 110000. Toit kaTo cMe mpUean ILIHO
IEKOQVPAaHe B HAM-ONU3KUs C'bCel, n3bupame mpoOn3BOJHA OT TsX, na pedem 000101, 3a aunep
Ha C'bCEIEH KJaC U C TOBA 3aBbPIIBaMe KOHCTPYUPAHETO Ha Tabamiara CbC CUHAPOMUTE.

Jdunep v Cunapom S(u)

000000 000
100000 110
010000 011
001000 111
000100 100
000010 010
000001 001
000101 101

Ile orGenesxnm, ve ako OAXME U3MOJI3BAJIU HEM'LJIHO IEKOAMpAHE B HAM-OJM3KUSI ChCE,
To muaepsT 000101 B mocaenuus pen memnre na 6bLae 3aMeCTeH ChLC “x7. O

Cera MoO:keM Ha M3MOJI3BAME CJeIHATa MPONeaypa 3a CUHIPOMHO IEKOIUpPaME:

Crouka 1: IIpu monyuena ayma y, mpecmsarame cuaapoma S(y).

Croora 2: Hamupame aunepa Ha ChCEIEH KIAC 4, CLOTBeTCTBAN Ha cunapoma S(y) = S(u)
B TabJumaTa CLC CUHIPOMUTE.

Cronra 3: Jlekomupame Yy KaTto & = Y — U.

IIpumep 2.59. Hera ¢ = 2 u C = {0000,1011,0101,1110}. IIle m3monssame Tabauumara CLC
cugapoMuTe, KoHCTpyupana B [Ipumep 2.57 3a na mekomupame (i) y = 1101 u (ii) y = 1111.
(i) y = 1101. Cunapomnt e S(y) = yH! = 11. CLTBeTHUAT UMD Ha CHLCEICH KIAC €
1000. Caemosaresnro, 1101 4+ 1000 = 0101 e nmait-BeposiTHATA KOZOBa TyMA.
(i) y = 1111. Cunapomst e S(y) = yH' = 01. CLOTBETHUAT My JUAEP Ha CHLCEACH KIAc
e 0100. CaemoBarenno, Hali-BepoaTHaTa KomoBa myma e 1111+ 0100 = 1011. O

2.8 LDPC-rkonose

LDPC-komoBere ¢ aaBOMYHM JUHEAHN KOJOBE, YASATO IPOBEPOYHA MaTPUIA € pa3peleHa, T.e.
MMa OTHOCUTEJHO MAJKO emuHUIM. Te ca mepuampanu ome npe3 1963 r. Tamarup [?], HO
BemHara ca 3abpasenn. Basxwmocrra Ha LDPC-romosere ce nbinku Ha GBLp3uTe alropuTMu
3a NEKOAUpAaHE, KOUTO Ca OCODEHO BAYKHU 38 MPUIIOKEHUSITA.

Bcern nsouuen xoxn C ce 3amasa ¢ nposepouna Marpuna H = (h;;) kato B TO31 pasnen
ce OTKa3BaMe OT M3UCKBaHeTO penoBere Ha H ma 6Lmar auneitno me3dapucuMmu. Taka H =
(hij)mxn € ¢ M penaun cruaba, kprero m > n—k. C tasu mpoBepoYHa MATPHULA CBLP3BaMe
neygnener rpa¢ I'(C), xoitto mapuyame epad na Tawsp. I'padbr HA Tanvp e nByzneseH rpad
C M +n BbPXa KATO N OT TSAX Ca CBBLP3aHU C KOOPAWHATHUTE MO3UNUN HA KOLOBUTE IYyMU, a
m ca cBLP3aHU ¢ npoBepounuTe cLoTtHomenusa. Heka V = {x1,x9,...,2,} ca npomennusy,
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a W ={y1,y2,...,yn} ca npoBepounu cnoTHOmenus. llepunupame pebpara Ha TO3U Ipad
na ca gsoiikute (z;,y;) € V x W, 3a kouro hj;; = 1. CrenoBaTesHo IpoBepOYHATA MATPUIA

1 01 01 0
H=| 01 0 0 0 1
0 01 1 01
ompenesns eqHO3HAYHO IIPOBEPOYHUTE CHLOTHOIIEHUS
Yy = T1+23+ 25
Y2 = T2+ s
Ys = T3+ T4+ s
KaKTO " cienuusa rpa¢ Ha Tanbp:
1
X2 Y1
z3
Y2
Z4
x5 Y3
Z6
OueBunno (x1,%2,...,%,) € FY € B Koga TOYHO KATATO BCUYKU AOILJIHUTEIHU YCIOBUA Y;

ca paBHUM Ha HyJIa.

He¢uannusa 2.60. Exva nsyznenen rpad ¢ muOxkecTtBo or Bupxose V U W mapuuame (I,7)-
pezyasgpen, ako BCeku BpbX oT V e or cremeH [, a Bcexku Bpbx or W e ot crener r. Enun
munaeen kon C mapuuame (l,7)-pezyadpen, ako CbimecTByBa mposepouna marpuna H 3a C)|
kosTo mMe (I, r)-peryaspen rpad Ha Tanbp.

Axo C e (I,r)-perynsapen Koz ¢ ALIFKAHA N 1 k TPOBEPOYHN CHLOTHOIIEHUS, TO C'LIIECTBYBA
IPOBEPOYHA MATPUIA, MMAIIA TOYHO | €OUHUIU BBHB BCEKU CTHJIO M TOYHO I €IUHUIY BLB
Bceku pen. Karo npebpoum 1o aBa HauwHa OpOs HA € IMHUIUTE B TA3W MPOBEPOYHA MATPUIA,
moJyJyaBaMe

rk = nl.
IIpu ¢purcupanu | 1 r, HO PACTAIMO N, € UHUIUTE CA BCE MOHAPSIKO PA3IOJIOKEHN B IPOBEPO-
YHUTE MATPUIA. 34 14 € BbL3MOYKHO HOMPAaBAHETO HA 10 % IPEIKN, KLAETO d € MUHIMIIAH-

OTO Pa3CTOAHME Ha KOIa, CLOTBETHUAT rpal Tpsabsa Aa € M3N'LJHABA CIEIUAJHO CBOMCTBO,
nepUHUINA 38 KOeTO maBaMe II0-I0JY.
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Heonanmusa 2.61. Enun (I, r0-perynapen asynenen rpad ¢ MHOMKECTBO OT BbLpxose V U
W, |V| = n, mapuuame (n,l,r, «,d)-excnandep, «,d = d(a) > 0, akO 3a BCAKO HENpPa3HO
IO AMHOKECTBO OT BbpxoBe & # U C V', 3a roero |U| < o|V| e u3I'biiHEHO HEPABEHCTBOTO

oU| > 5|0U).

Tyk ¢ OU o3HauaBaMe MHOMKECTBOTO OT BCUUKU BLPXOBE OT W, KOUTO ca CBBLP3AaHU C MOHE
enu# Bpox oT U. Ywncioro § Hapmyame paswupseau, garxmop Ha eKCHAHIEDA.

Tasu neguHUNUA OCUTYDPsBA, Ye KaKTO U na udbepeM BLpxose oT V (10 HAKAKBA TOPHA
rpanuna 3a 6pos UM), TO Te Ie Ca CBLP3aHU C AOCTATHLYHO MHOrO BLpxoBe oT W.

IIpumep 2.62. Ila pasraemame ciennus (2,3)-perysisipeH IByIeseH rpad.

Ako o = 2/9, moxkeM ma umszbepeMm 3a pasmmpsiBam PAKTOP BCAKO § < % CrenoBarenHo

rpa¢oT e (9,2,3, %,5)—6HCH&H,ZIGP 3a BCAKO § < % O

Bceekn excnammep E mepurmpa mpoBEepOYHA MATPUIA [0 aHUYWHA, KOUTO OIMCAXME B
HAYAJIOTO HA TO3U Pa3fed, a ¢ ToBa u asonver guueer kox C(E), KoiTo me Hapuuame k00 Ha
excnandepa. Cuemsamara TeopeMa CBLP3Ba NapaMeTPUTE Ha eIUH €KCIAHAED C TapaMeTPUTE

Ha HEroBusAa KOI.

Teopema 2.63. Hera F e (n,l,r, a,d)-ekcnangep, 3a KOATO 0 > % Torasa KOALT Ha €KCIAH-

nep C(E) nmma cropoct R>1— % U MUHUMAJHO pa3crosHue d > an. [lo-cmemmanno, koobT

C(FE) mome na mompaBsi 10 %G TDEIIKH.

Joxasameacmeo. Ot pasernctsoro nl = rk nonyuasame, ue konnt C(E) ce 3anasa ot k = "Tl

yPpaBHEHUs, KOUTO He ca HEIPEMEHHO JUHEWHO HE3aBUCUMU.. OTTYK CJlelBa, 4e

dimC’(E)Znn—ln<1£),
r r

dim C(E) _
|

S~

KOEeTO Ha CBOI pen Boou no R =
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cera me mokaskeM, 4de d > an. a momycmueMm, 4e cbiiecTByBa HenydeBa ayma v € C(E),
38 KOATO WHam (V) < an. Hera U e MHOKECTBOTO Ha IPOMEHJIUBUTE, KOUTO IPUEMAT BLB
v crotimoct 1. Ot BLpXOBeTe, cBLP3aHu ¢ Te3u npomennusu usausat [|U| pebpa. Cera
CBIVIACHO JeUHUNIUATA HA €KCIAaHIep Te3u pebpa 3aBLPHIIBAT B IOBEYE OT %|U| BBLPXa OT
W, cBbp3aHy ¢ mpOBEPOYHU CHLOTHOmEHUsA. SfICHO e, ue cbimecTByBa BpbX or W, B KO#iTO
3aBLPMIBA €qHO pebpo. AKO mOmycMHEM, Ye BLB BCEKU OT Te3U > é|U| BbXa CBBLPIIBAT IOHE
nBe pebpa, To Guxme mosayuniau nosede or [|U| pebpa, mporuBopeuwne, Tl KaTo OOIMUAT
6poit ma te3u pebpa e Touno [|U|. Cera ToBa NONBLIHUTEIHO yCIOBUE HPUEMA BLPXY U
croiinoct 1, Koeto o3Hauasa, ye v ¢ C(E) B mpoTuBOpedne ¢ IOMYyCKAHETO.

Ipumep 2.64. Herka E e rpadgsr or Ipumep 2.62, xoitto e (9,2,3, 2, §)-ekcnanmep ¢ § < % =
%l. Cwraacuno Teopema 2.63 koanT C = C(E) uma ckopoct R > 3, T.e. pasMepHOCT > 3 U
MUHUMAJIHO pa3crosaue d > an = 2, t.e. d > 3. He e TpynHO ma ce mpoBepu, e BCBLITHOCT

C nva mapamerpu [9,4,4]. O

Heka C = C(E) e xon Ha exkcnanzepa FE ¢ napamerpu (n,l,r, «,d). Ille rka3Bame, ue enno
OPOBEPOYHO CTLOTHOIIEHUE € 87PHO 3a BekTopa v = (v1,...,v,) € FY, ako To mpumema BLPXY
v croitrocT 0; B IPOTUBEH CIydali me To HapudaMe zpewho.na AEKOmMpaMe ¢ MOMOINTa Ha
CIIeIHUA AJITOPUTBLM:

Anropursm 3a nexkomupane aa LDPC-komose

Neka v € F§ e polugenata duma.

(1) IIpecMsaramMe BCUYKU IPOBEPOUYHU CHLOTHOMIEHUA 38 .

(2) Hamupame mpomMeHIuMBa Tj, 3a KOSATO OpPOAT HA HPOBEPOYHUTE CLTHOUIECHUS, B KOUTO
y4acTBa, € MO-TOJAM OT Oposi Ha BepHUTEe. AKO TakaBa MPOMEHJUBA HE CHLUIECTBYBa, TO

KPAU.
(3) IIpomename CTORHOCTTA Ha TA3U IPOMEHJIUBA BLB V.

(4) Ipemunasame ma crooka (1).

an _ 3
OmnucasuaT aaropuTLM MONPABA M0 %5* TPEMKHd, akO PasMUPABAMUAT GarkTop 6 = 4l.

Heka v = (v1,...,v,) € F¥ e nyma, KoATO ce pasauuyaBa OT KOLOBa AyMa C B HAli-MHOTO
& mosumuu. IIpoMenyMBUTE, B KOMTO v Ce pasjmdaBa OT C HapudaMme cepeweHu. Ilpu
noBTapsHeTO HA peaunata or ¢roiin (1), (2), (3) BEKTOPLT v mpueMa HOBA CTORHOCT Upes
VHBEPTUpPAHE HA €IUH OWUT, T.€. €IHa HyJa Ce MPOMEHA B €AVHUIA WA €IHA CIUHUNA — B
myna. Ille ka3Bame, 4e aJropuTbLMBLT € 8 cscmoshue (t,8), akO v ce pa3auyaBa OT € B t
MO3UIIMKA U S OT MPOBEPOYHUTE CLOTHONICHUA CA T'PENIHU.

Hexa anropuroMbT e B cbherosnue (¢, s) cne t < an = «|V|. Heka k e 6porita Ha BepHUTE
NPOBEPOYHU CLOTHONIEHWS, B KOUTO BJIM3AT Ccrpemenu npomenauwBu. OT pasmupsBamus

darTop 0 = %l oJIyJyaBaMe

s+k> %lt. (2.2)

Ila orbeseumM, Ue aKO B €OHO BSIPHO CLOTHOIIEHWE YYACTBA CrPEIIEHa NPOMEHJUBA, TO B
Hero TpsAOBa Oa ydyacTBa W BTOPa CrpeIleHa MPOMEHJIWBA; B HEBAPHO CLOTHOIIEHWE BJIU3a
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[IOHE elHA CTPElIeHa NPOMEHIUBaA. Tbil KATO GPOAT HA CIHPOBEPOUYHUTE CHOTHOMICHUS CHC
CTpENIeHN TPOMEHNUBH € tl, TO
tl > s+ 2k. (2.3)

Ot (2.2) u (2.3) cnensa, ue tl > s+k+k > 31t + k, orkvaero k < 1it. Cera ot (2.2)
noJIyJdaBame
5> l—t (2.4)
2

ToBa o3HauaBa, 4e CLIMECTBYBA CTPENIEHA MPOMEHJINBA, 38 KOATO IIOBEYE OT IMOJOBUHATA, WH-
UIEHTHY C Hesa pebpa CBLPIIBAT B HEBEPHM MPOBEPOYHU CcLOTHOmeHuA. Cera cien CTLIKA
(3) me 6bae cMeHeHA CTOMHOCTTA Ha €IHA IPOMEHJMBA, HO HEIPEMEHHO CTOMHOCTTA HA
CrpemnreHa NpoMeHJauBa. [lpu ToBa Ime ce HAMaJu CTOWHOCTTA Ha S.

3a ma 3aBLPUM AJITOPUTHLMBT ChC § = 0, T.€. BCUYKM NPOBEPOYHM CLOTHOIICHUA HA Ca
M3I'LJIHEHN, TPAOBA Ja MOKAKEM, Ue IPU BCAKA UTEPANUA OCTABA U3II'LIHEHO HEPABEHCTBOTO
t < an. Ila momycuem, 4e t > an. Torasa ot (2.4) ciensa, ye

lan

OPOTUBOPEYME, TLA KATO IPU 3all0YBaHE HA aJrOpUTbMa uMame § < =5

epanmus s HaMaJisiBa CTOWHOCTTAa CHU.

1 IIPpU BCsKa WUT-

IIpumep 2.65. Hera E e rpadst or Ilpumep 2.62. IIpoBepounnTe CHOTHOIIEHMS 3a KOIA
C(F) ca

(1) 1+ a2+ 23 (4) x4+ x4+ 27
(2) T4+ x5 + X6 (5) X9 + x5 + T8
(3) T7 4+ x8 + X9 (6) T3 + xg + X9

Ia nexomupame anymara v = (0,0,1,1,1,0,0,1,1), B kosaro uma enna rpemka. [ILpBOTO U
YEeTBLPTOTO MPOBEPOYHU CLOTHOIIEHUs Ca T'pemrHu. 11l KaTo x1 HE ydacTBa BDLB BEPHU
CHLOTHOIIEHUs, TphibaB ma mpomenuM r1 = 0 BB 1 = 1. Taka momyuaBame mymara ¢ =
(1,0,1,1,1,0,0,1,1), 32 KOATO BCUYKM IPOBEPOUHU CLOTHOINEHUA ca BepHu. C ToBa mymaTa
v ce mexkonupa KaTo ¢. B To3m ciayuail ome nnLpBaTa MTEpanud HU JOBene OO LeJTa. O

I'padu va Pamanymxan.

2.9 Sanauwu

2.1. For each of the following sets, determine whether it is a vector space over the given field F,.
If it is a vector space, determine the number of different bases it can have.
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2.2.

2.3.

2.4.

2.5.

2.6.

2.7.

2. Jlunetinu xodose

For any given positive integer n and any 0 < k < n, determine the number of distinct subspaces
of Fy of dimension k.

(a) Let F, be a subfield of F,. Show that F, is a vector space over Fy, where the vector
addition and scalar multiplication are the same as the addition and multiplication of the
elements in the field F,., respectively.

(b) Let a be aroot of an irreducible polynomial of degree m over F,,. Show that {1,«,...,a™ '}
is a basis of Fym over IFy.

Define Trp, ,, /r, ()=a+a?+...+ a?” " for any o € Fgm. This element is called the trace
of ) with respect to the extension Fgm /F,.
(a) Show that Try . /r, (@) is an element of I, for all o € F}".
(b) Show that the map
T‘I‘qu /F, : qu — Fq, o — TI'Iqu /Py (Oé)

is an [Fy-linear transformation, where both F,m and F, are viewed as vector spaces over

F
(c) Show that Trr_,, /r, is surjective.

(d) Let B € Fym. Prove that Trg . r,(8) = 0 if and only if there exists an element v € Fy?
such that 8 =7 — ~.

(e) (Transitivity of trace) Prove that

q-

Trg /7, (@) = Trp o 7, (TR o yr, (@)
for any a € Fgrm

(a) Let V be a vector space over a finite field F,. Show that (Au+pv) - w = A(u-w) +p(v-w,
forall u, v, w €V and A\, u € IFy.

(b) Give an example of a finite field F, and a vector u defined over F, with the property that
u # 0 but u-u=0.

(c) Let V be a vector space over s finite field Fy and let v1,va,...,v5} be a basis of V. Show
that the following two statements are equivalent:

(i) v-v'=0forallv,v' €V,
(ii) v;-v;=0foralli,je{l,... k}

Let Fy be a finite field and let .S be a subset of Fy.
(a) Show that S+ and (S)* are subspaces of Fy'.
(b) Show that S+ = (S)+.

For each of the following sets S and corresponding finite fields Fy, find the F,-linear span (S)
and its orthogonal complement S=:

(a) S ={101,111,010}, ¢ = 2;
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(b) S = {1020, 0201,2001}, ¢ = 3;
(c) S ={00101,10001,11011}, ¢ = 2.

Determine which of the following codes are linear over Fy:

(a) ¢=2and C = {1101,1110,1011,1111},
(b) ¢ =3 and C = {0000,1001,0110, 2002, 1111, 0220, 1221, 2112, 2222}
(¢) ¢ =2 and C = {00000,11110,01111,10001}.

Let C and D be linear codes over I, of the same length. Define
C+D={c+d|ceC,de D}.

Show that C + D is a linear code and that (C + D)+ = C+ n DL,

Determine whether each of the following statements is true or false. Justify your answer.

(a) If C and D are linear codes over F, of the same length, then C'N D is also a linear code

over IFy.

(b) If C' and D are linear codes over F, of the same length, then C'U D is also a linear code
over IFy.

(c) If C = (S), where S = {vy,v2,v3} CF?, then dim C = 3.

q

(d) If C = (S), where S = {v1,v2,v3} C Fy, then

d(C) = min{wham(v1), WHam (v2), WHam (v3) }-
(e) If C and D are linear codes over F, with C C D, then D+ C C*.

Determine the number of binary codes with parameters [n,n — 1, 2] for n > 2.

Let u € FZ. A binary code C of length n is said to correct the error pattern w if and only if,
for all ¢, ¢’ € C with ¢ # ¢, we have d(c,c+u) < d(c/,c+u). Assume that uy,us € F} agree
in at least the positions where 1 occurs in uq. Suppose that C corrects the error pattern wus.
Prove that C' corrects also the error pattern wu;.

(a) Let @,y € F}. If  and y are both of even weight, show that & +y must have even weight.

(b) Let @,y € F3. If exactly one of &, y has even weight and the other has odd weight, show
that « + y must have odd weight.

(¢) Prove that for a binary linear code C' either all the codewords have even weight orr exactly
half of the codewords have even weight.

Let C be a binary linear code with parameters [n,k,d]. Assume that C has at least one
codeword of odd weight. Let C’ denote the subset of C' consisting of all the codewords of even
weight. Show that C” is a binary linear code with parameters [n, k, d'] with d’ > d if d is odd,
and d’ = d if d is even.

(a) Show that every codeword ina self-orthogonal binary code has even weight.
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2.16.

2.17.
2.18.
2.19.

2.20.

2.21.

2.22.

2.23.

2. Jlunetinu xodose

(b) Show that the weight of every codeword in a self-orthogonal ternary code is divisible by
3.

(¢) Construct a self-orthogonal code over F5 such that at least one of its codewords has weight
not divisible by 5.

(d) Let @ and y be codewords in a self-orthogonal binary code. Suppose the weights of  and
y are both divisible by 4. Show that the weight of & + y is also a multiple of 4.
Let C be a self-dual binary code with parameters [n, k, d].

(a) Show that the all-one vector (1,1,...,1) isin C.

(b) Show that either all the codewords in C' have weight divisible by 4, or exactly half of
the codewords in C' have weight divisible by 4 while the other half have even weight not
divisible by 4.

(¢) Let n = 6. Determine d.
Give a parity-check matrix for a self-orthogonal binary code of length 10 and dimension 5.
Prove thet there is no self-dual binary code with parameters [10, 5, 4].

For n odd, let C be a self-orthogonal binary [n,(n — 1)/2]-code. Let 1 denote the all-one
vector of length n and let 1+ C = {1+ ¢ | ¢ € C}. Show that C+ =C U (1 + O).

Let C be a linear code over [, of length n. For any given ¢ with 1 < ¢ < n, show that either
the ith position of every codeword is 0 or every elemnt « appears in teh ith position of exactly
1/q codewords of C.

Let C be a linear code over F, of parameters [n, k, d] and suppose that, for every 1 < i < n,

there is at least one codeword whose ith position is nonzero.

(a) Show that the sum of the weights of all the codewords in C is n(q — 1)g*~L.

(b) Show that d < n(q—1)¢*=1/(¢* — 1).

(¢) Show that there cannot be a binary linear code with parameters [15,7,d], d > 8.

Let  and y be two linearly independent vectors in Fj and let z denote the number of

coordinates, where  and y are both zero.

(a) Show that wHam(Y) + > )\ep, WHam (T + AY) = q(n — 2).

(b) Suppose further that = and y are contained in an [n,k, d]-code C' over F,. Show that
wHam(m> + wHam(y> S qn — (q - 1>d

Let C be an [n, k, d]-code over Fy, where ged(d, ¢) = 1. Suppose that all the codewords of C

have weight congruent to 0 or d modulo gq.

(a) If * and y are linearly independent codewords such that wygam(€) = whHam(y) = 0
(mod g), show that wiam(z + Ay) =0 (mod ¢). for all A € F,.

(b) Show that Cyp = {c € C | wham(c) = 0 (mod ¢)} is a linear subcode of C, i.e. Cp is a
linear code contained in C.
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2.24.

2.25.

2.26.

2.27.

2.28.

(¢) Show that C' cannot have a linear subcode of dimension 2 all of whose nonzero codewords
have weight congruent to d modulo ¢q. Hence deduce that Cy has dimension k£ — 1.

(d) Given a generator matrix Gy for Cy and a codeword v € C of weight d, show that
v
Go

Find a genmerator matrix and a parity check matrix for the linear code generated by each of
the following sets, and give the parameters [n, k, d] for each of these codes.

(a) ¢ =2, S ={1000,0110,0010,0001, 1001}.

(b) ¢ =3, S = {110000,011000,001100,000110,000011}.

(¢) ¢=2,5=1{10101010,11001100,11110000,01100110,00111100}.

is a generator matrix for C.

Assign messages to the words in F3 as follows:

000 100 010 001 110 101 o011 111
A C D FE G 1 N O

Let C be the binary code with generator matrix
101 0
G=| 01 01
0 0 01
Use G to encode the message ENCODING.

=

Find a generator matrix G’ in standard form for a binary linear code equivalent to the binary
linear code with the given generator matrix G:

é? é?é ? 101100111

(a) G = , ®G=[000101 100
L1010 000101110
001011

Find a generator matrix G’ in standard form for a binary linear code C’ equivalent to the
binary linear code C' with the given parity-check matrix H:

1100 0 0101110
@H=[01101]|, MH=[1111000
00011 0110101

Construct a binary code C of length 6 as follows: for every (z1,z2,23) € F3, construct a 6-bit
word (z1,22,...,x¢) € C, where

Ty = x1+ 22+ T3,

T5s = T1+ I3,

rg = T2+ 3.
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2.29.

2.30.

2.31.

2.32.

2.33.

2.34.

2.35.

2. Jlunetinu xodose

(a) Show that C' is a linear code.
(b) Find a generator matrix and a parity-check matrix for C.

Construct a binary code C of length 8 as follows: for every (a,b, c,d) € F3, construct an 8-bit
word (a,b,c¢,d,w,x,y,z) € C, where

= a+b+ec,
a+b+d,
a+c+d,
= b+4+c+d.

n @ 8 £
I

a) Show that C' is a linear code.

(
(b) Find a generator matrix and a parity-check matrix for C.
(¢) Show that C is exactly three-error-detecting and one-error-correcting code.

)

)

)
(d) Show that C is self-dual.
(a)

)

a) Show that equivalent linear codes always have the same length, dimension and distance.

(b) Show that, if C' and C" are equivalent, then so are their orthogonal codes C+ and (C”)*.
Suppose that an (n — k) x n matrix H is a parity check matrix of a linear code C over F,.

Show that, if M is an invertible (n — k) x (n — k) matrix with entries in F,, then M H is also
a parity-check matrix for C.

Find the minimum distance of the binary linear code C' with each of the following given
parity-chek matrices:

0111000 1101 0 00
11101 00 101 01 00
(2) H = 1100 01 0| (b) H = 0110010
101 0 0 01 110 0 0 0 1

Let n > 4 and let H be a parity-check matrix for a binary linear code C' of length n. Suppose
that the columns of H are all distinct and that the weight of every column of H is odd. SAhow
that the minimum distance of C' is at least 4.

List the cosets of each of the following g-ary linear codes:

(a) ¢ =3 and C3 = {000,1010,2020,0101,0202,1111,1212,2121, 2222},
(b) ¢ =2 and Cy = {00000, 10001, 01010,11011,00100,10101,01110,11111}.
Let H denote the parity-check matrix of a linear code C'. Show that the coset of C' whose

syndrome is v contains a vector of weight ¢ if and only if v is equal to some linear combination
of t columns of H.
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2.36

2.37

2.38

2.39

2.40
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. For m,n satisfying 2™~1 < n < 2™, let C be the binary [n,n — m]-code whose parity-check
matrix H has as its ith column the binary representation of ., 1 < ¢ < n. Show that every
coset of C' contains a vector of weight < 2.

. Let C C ]Fg be a linear code with minimum distance d. Show that a word = € FZ is the
unique coset leader of & + C' if wyam(x) < [(d —1)/2].

. Let C be a linear code of minimum distance d, where d is even. Show that some coset of C
contains two vectors of weight e + 1, where e = [(d — 1)/2].

1 0 2 0 nd 1 0 0 01
01 0 2 & 01010)"
are parity check matrices for the codes Cs and C5 in Problem 34, respectively. Using these

parity-check matrices and assume complete decoding, construct a syndrome look-up table for
each of C3 and Cs.

. Show that

. Let C be the binary linear code with parity-check matrix
1101 00

H=|1 01010

01 10 01

Write down a generator matrix for C' and list all the codewords in C'. Decode the following
words:

(a) 110110; (b) 011011; (c) 101010.

. Herka C' e nBomuen Kom ¢ IpOBEPOUYHA MaTPUILA,
111 10 0 0 00 O O O)JO O O O
0O 00 O0f2 1.1 10 0 0 00 0 0 O
O 0o 0O0OjOO0O0OO}j]1 11710 0 00
o 0o 00j0OO0 OO0 O0OO0OIZ 111
10 0 0j1 0 0 O|1 0 0O O0j1 0 O O
H— 01 0 0f0O 1 0 0O 1 0 OO0 1 0 O
0O 01 00O O1 0j0O O 1 00 0 1 O
0O 00 1{]0 OO 1{]0 0 0 1]0 0 0 1
10 00jO1 0 00 0 1 0j0 0 0 1
01 0 00 O 1 0j0 0O O 11 0 0 O
0O 01 00O O O 1j1 0 0 OO0 1 0 O
0O 00 1{1 00 0O}]0O 1T 0 0j]0 0 1 O

(a) Horasxere, ue C e [16,6,6]-kox.

(b) IIpencrasere rpaduuno exkcmanzepa, cBbp3an ¢ H um ompenenere BDL3MOMKHO IO-
roJisAM pasmupsasamn Gaxrop 0 3a « = 1/4.

(¢) Hewrommpaiire (1,1,0,0,1,0,1,0,0,1,1,0,0,0,0,1).
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2. Jlunetinu xodose



I'naBa 3

I'paaumm B Teopmusa HA KOOUPAHETO

3.1 OcHoBHa 3amaya Ha TEOPUS HA KOIUPAHETO

Hanen e g-uuen (n, M,d)-koxn ¢ ¢urcupano n. Momuocrra, M e MsApKa 3a ehEeKTUBHOCTTA
Ha KOJa, & MUHUMAJHOTO Pa3CTosHME d € WHIUKAIUA 3aKOPUTUPAIIATEe MY CIOCOOHOCTH.
Pasbupa ce, 3amauure 3a MakcuMusupane Ha M ¥ MUHUMU3UPaHE Ha MUHUMAJHOTO Pa3C-
TOSAHUE CU TMPOTUBOPEUAT.

Heka C e g-uuen rox ¢ mapamerpu (n, M,d). Ila npunoMuMm, 4e CKOpPOCTTa ce medhuHUpa
karo R(C) = log, M/n. Cera me BLBeIeM IOHATUETO OMHOCUMEAHO MUHUMAARO DAZCTNOTHUE.

Hedmanmua 3.1. OmHOCUMEARO MUHMAARO Pa3cMogHUE Ha ¢-nmuHuA kox C' ¢ mapaMeTpuI
(n, M, d) mapuuame semmunnara §(C) = (d — 1)/n.

OTHOCUTENTHOTO MUHIMAJIHO PA3CTOSHAE MOkE na ObIe BBLBEIEeHO U KaTo d/n, HO HAmATA
neUHANNS BOUL IOHAKOTa N0 IO-IPEeryieJHr HOPMYIIU.

Ipumep 3.2. (1) Ila pasraename g-wuamus xkox C' = Fy. Toit mma mapamerpun (n,q", 1)-moze.
CuenosaTeHo
log,(¢")
R(C)=—1— =1, §(C)=0.
n

KonnT uma MakcuMaJiHATa BL3MOMAKHA CKOPOCT, HOKATO OTHOCUTEJHOTO MUHMAJHO PA3CTOLI-
anre e 0. HUCKOTO OTHOCHMTEHO MMHMAJHO Pa3CTOSHUE BOIM N0 HUCKU KOPUTUPAIIUA Bb3-
MOYKHOCTH 38 TO3U KOJI.

(2) Ha pasrienaMe OBOMYHUS KOI C MOBTOPEHUE

C = {(0,0,...,0),(1,1,...,1).
—_—

n n
Acwuo e, uve C e (n,2,n) kon. CnenosarenHo

logy(2) 1 n—1
R(C):g%():ﬁ%(), 5(C) =

— 1,

47
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KoraTo n — 0o. To3u KOO MMa OTJIMYHM KOPUTHPAINW BHL3MOKHOCTHU. Ho toBa ce moctura 3a
CMETKaTa Ha MHOI'O HUCKaQ GCbeI-{TI/IBHOCT7 KOEeOTO Cce OoTpa3sBa M OT HEroBaTa CKOPOCT.

(3) da pasriemame ceMeWCTBOTO OT KOJOBeTe Ha XeMMHI. Te ca KOZOBe € mapaMmeTrpu
(n,M,d) = (2" —1,2"7",3) 3a Bcuuku ueau uucia r > 2. Korato r — oo, umame

_log, () 2ol 5(C) = 2 =0,

R(C) n 2r—1 n

OTHOBO 3abens3BaMe, Yye MOKATO TOBA CEMEHCTBO MMa mOo0Opa aCUMITOTHYHA CKOPOCT, OT-
HOCUTEJIHOTO MUHUMAJIHO PAa3CTOSHME KJIOHU KbM HYJIa, OTKBLIETO CJIENBAT ACUMITOTUYHO
JIOMY KOPUTHUPAIIU CIIOCOOHOCTH.

Hepnaumus 3.3. 3a naneHa konosa azdbyka A ¢ MOMHOCT ¢, ¢ > 1, I ¢purcupanum croitHOCTH
3an ud, Heka A,(n,d) o3nauaBa MakcuMasHaTa MomHEOCT M, 3a kKoATO cbmecTByBa (N, M, d)-
kon Han A. Taka

Ay(n,d) = max{M | cvmecrByBa (n,M,d) — wom A}.

Bcerkn (n, M,d)-ron, 3a KOHTO MONIIHOCTTa € MakcuMaiHa, T.e. M = Ag(n,d), ce Hapuua
onmuMaser £oo.

Oyurmusara Ag(n,d) ee meHerpanHa 3a Teopus Ha KOAUpaHeTO. IIpe3 mociaemHUTe ro-
IVHU Ca TPOBEIHU HOCTa W3CJIENBAHUA 33 ONpPeIeJisiHe KaKTO Ha TOYHUTE U CTOMHOCTHU 33
npoussonuu ¢, n u d. Ilomskora s3amauara 3a ompemeisiHe Ha croiHocTuTe Ha A,(n,d) ce
HapU4Ua 0CHOBHG 300440 Ha MEOPUT Ha KOOUPAHEMO.

3a IuHENHU KOJOBE MMAaMe CJIeIHATA Ie(UHUI.

Hepmunmuma 3.4. Heka ¢ e cTenen Ha IPOCTO YMCJIO U HEKa 1 U d Ca IEJNU TIOJIOKUTEHA
yncaa. C By(n,d) osmauaBame MakcuMasmHATA CTOMHOCT ¢¥, 3a KosATO cbmecTByBa [N, K, d] -
ron Han IF,. Taka

B,(n,d) = max{¢" | cwmecrsysa [n,k,d], — wor max F,}.

B o6mus ciayuail e TpyaHO ma ce ompemensar tounure croinoctu Ha Agy(n,d) u By(n,d).
Bceenak B HAKOM CIENMAIHA CIydau T€ MOTAT Ia 0bAAT HAMEDEHM.

Teopema 3.5. Heka g > 2 e crenen Ha mpocto uucyao. Torasa

Jlokxazameacmao.

Now we discuss the notion of the extended code. For a binary linear code, the extended code

is obtained by adding a parity check coordinate. Thsi idea is generalized to codes over any finite
field.
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Hepumuanmusa 3.6. For any code C over [y, the extended code of C, denoted by C, is defined by

6: {<015C2;...7cna_zci> |(C1,C2,.-.,Cn) GC}
=0

When ¢ = 2, the extracoordinate is > ; ¢; and is called the parity-check coordinate.

Teopema 3.7. If C is an (n, M, d)-code over Fy, then C is an (n+1,M,d") code over F,, with
d<d <d+1. If C is linear then so is C. Moreover when C is linear,

is a parity-check matriz of C, where H is a parity-check matriz of C.
IIpumep 3.8. Let us determine A5 (5, 3).

Teopema 3.9. Suppose d is odd.

(i) Then a binary (n, M,d)-code exists if and only if a binary (n + 1, M,d + 1)-code exists.
Therefore, if d is odd, A2(n+1,d) = As(n,d).

(i) Similarly, a binary [n,k,d]-linear code exists if and only if a binary [n + 1,k,d + 1]-linear
code exists, so Ba(n+ 1,d) = Ba(n,d).

Jloxaszameacmao.

This statement is equivalent to saying that if d is even, then As(n,d) = As(n—1,d—1). While
it is difficult to determnie the exact values of A4(n,d) and By(n, d), several upper and lower bounds
do exist. They will be discussed in the following sections.

3.2 Lower bounds

3.2.1 Sphere-covering bound

Hepuaumus 3.10. Let A be an alphabet of size ¢, ¢ > 1. For any u € A™ and any integer r > 0,
the sphere of radius r and center u denoted S(u,r) is the set of all vectors v € A™ at distance at
most r from wu:

S(u,r) ={ve A" | d(u,v) <r}.

Jlema 3.11. For all integers v > 0, a sphere of radius r in A™, whre A is an alphabet of size ¢ > 1,
contains exactly V' (r) vectors, where

v%){ Sio(Na-1" if0<r<n,

a T g ifn <.
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Joxaszameacmso. Fix a vector u € A". We determine the number of vectors v at distance exactly
i from w. The number of ways in which to choose the 7 coordinate positions where v differs from
u is (7;) For each coordinate, we have ¢ — 1 choices for that coordinate in v. Therefore, the total
number of vectors at distance exactly ¢ from w is (7;) (g— 1)i. For 0 < r < n, the result now follows.

When r > n, we have S(u,r) = A™, hence it contains ¢" vectors. O

Teopema 3.12. For an integer ¢ > 1 and integers n, d such that 1 < d < n, we have

n

q

Ay(n,d) > — -
o > (1) (a—1)

Loxasameacmeo. (Sphere-covering bound) Let C' = {¢1,...,¢cp} be an optimal (n, M, d)-code
over A, |A| = ¢q. Clearly M = A,(n,d). Since C' has the maximum size, there can be no word
in A™ whose distance from every codeword in C is at least d. If there were such word, we could
include it in C and thereby obtain an (n, M + 1, d)-code.

Therefore, for every vector & € A™ there is at least one word ¢; in C such that d(x,¢;) < d—1,
ie. € S(¢;,d—1). Hence every word in A™ is covered by at least one of the spheres around the
codewords of C. In other words,

Hence, we have
"< M-Vd-1),

and the sphere-covering bound follows by Lemma 3.11. o

3.2.2 The Gilbert-Varshamov bound

the Gilbert-Varshamov bound is a lower bound for B,(n,d) known since the 1950’s. There is also
an asymptotic version of this bound, which we do not discuss here. For a long time the asymptotic
Gilbert-Varshamov bound was the best lower bound known for to be attainable by an infinite family
of linear codes, so it became a sort of benchmark for the goodness of an infinite family of linear
codes. Between 1977 and 1982, V. D. Goppa constructed algebraic-geometry codes using algebraic
curves over finite fields with many rational points. A major breakthrough has been achieved shortly
after these discoveries, when it was shown by Tsfasman, Vladut and Zink that there are sequences
of algebraic geometry codes that perform better than the asymptotic Gilbert-Varshamov bound
for certain sufficiently large q.

Teopema 3.13. (Gilbert-Varshamov bound) Let n, k,d be integers satisfying 2 < d < n and 1 <
k<n.lIf
d—2

S ("7 - <a (3.)

=0

then there exists an [n, k]-linear code over Fy with minimum distance at least d.
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Joxasameacmeo. We shall show that, if (3.1) holds, then there exists an (n — k) x n matrix H
over F, such that every d — 1 columns of H are linearly independent. We construct H as follows:

Let ¢1 be any nonzero vector in Fg_k. Let ¢ be any vector not in the span of ¢;. For any
2 < j < n, let ¢; be any linear vector that is not in the span of d — 2 or fewer of the vectors

ci,...,cj—1. Note that the number of vectors in the linear span of d — 2 or fewer of the vectors
ci,...,cj—1, 2 <7 < n,is given by
d—2 d—2
—1 ’ n—1
> (7 e =X (" v
=0 =0

hence the vector ¢;, 2 < j < n, can always be found.

The matrix H constructed in this manner is an (n — k) X n matrix, and any d — 1 of its columns
are linearly independent. The null space of H is a linear code over [ of length n, of distance at
least d, and of dimension at least k. By turning to a k-dimensional subspace, we obtain a linear
code with the desired parameters. O

3.3 Hamming bound and perfect codes

3.3.1 Hamming bound

Teopema 3.14. (Hamming or sphere-packing bound) For an integer ¢ > 1 and integers n, d such
that 1 < d < n, we have

q" n i
Ag(n,d) < W<i>(q_1) : (3.2)
i=0
Joxasamencmeo. let C = {e1,¢a,...,cpr} be an optimal (n, M, d)-code over A, |A| = g. Clearly,

M = A4(n,d). Let e = | (d—1)/2]. Then the packing spheres S(¢;, e) are disjoint. Hence, we have
M
U S(cie) C A",
i=1

where the union on the left is a disjoint union. Therefore, we have
M - V:Zn(e) <q",

which implies that
n

_ q
T Vr(e)  Vr(ld-1)/2])

This completes the proof. O

Hepunumus 3.15. A code that attains the Hamming bound is called a perfect code.
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3.3.2 Binary Hamming codes

We start by introducing the binary Hamming codes first. These codes form a special case of the
more general family of g-ary Hamming codes. Binary Hamming codes are discussed separately
since they are easier to describe and since they are arguably the most interesting Hamming codes.

Hedumanmus 3.16. Let » > 2. A binary linear code of length n = 2" — 1, with parity check-matrix
H whose columns consist of all the non-zero vectors of Fj, is called a binary Hamming code of
length 2" — 1. Tt is denoted by Ham(r, 2).

3abeaencrka 3.17. (1) The order of the columns of H has nit been fixed in the above definition.
Hence, for each r > 2, the binary Hamming code Ham(r, 2) is only well-defined up to equivalence
of codes.

(2) Note that the rows of H are linearly independent since H contains as columns all the r
weight 1 words. Hence the rank of H is r and it is indeed a parity-check matrix.

Ipumep 3.18. Ham(3,2): a Hamming code of length 7 is given by the following parity-check
matrix:

0 0011 11
H=|01 10 0 11
1 01 0101
Teopema 3.19. (Properties of the binary Hamming code)
(1) All the binary Hamming codes of given length are equivalent.

(i1) The dimension of Ham(r,2) is k=2"—1—r.

(151) The minimum distance of Ham(r,2) is d = 3, hence Ham(r,2) is exactly single-error-
correcting.

(iv) Binary Hamming codes are perfect codes.

Loxasameacmeo. (i) For a given length, any parity check matrix can be obtained from another
by permutation of columns. Hence, the corresponding binary Hamming codes are equivalent.

(#4) Since a parity-check matrix for Ham(r,2) is an r x (2" — 1) matrix, the dimension of
Ham(r,2) is 2" — 1 —r.

(7i7) Since no two columns of H are equal, any two columns of H are linearly independent.
On the other hand, H contains the columns (100...0)”, (010...0)” and (110...,0)”, which are
linearly dependent. Hence, by Corollary 2.39, the minimum distance of Ham(r, 2) is equal to 3.

(iv) Tt is easily verified that Ham(r,2) satisfies the Hamming bound and is hence a perfect
code. O

Since Ham(r,2) is a perfect single-error-correcting code, the coset leaders are precisely the
2" = n+1 vectors of length n and weight < 1. Let e; denote the vector with 1 in the j-th position
and 0 elsewhere. Then the syndrome is exactly e; T i.e. the transpose of the j-th column of H.
Hence, if the columns of H are arranged in the order of increasing binary numbers, i.e. the j-th
column is the binary representation of j, the decoding is given by:
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Step 1: When w is received, calculate the syndrome S(w) = wH?”.
Step 2: If S(w) = 0, assume w was the codeword sent.

Step 3: If S(w) # 0, then S(w is the binary representation of j for some 1 < j < n. Assuming a
single error, the word e; gives the error, so we take the sent word to be w — e;.

Ipumep 3.20. Consider the Hamming code from Example 3.18. Assume the word w = 1001001
has been received. The syndrome is wH? = 010. This is the binary representation of the integer
2, so the error is in the second position, i.e. the error vector is e = 0100000. We can then decode
w as w — ey = 1101001.

JHedpunnrmusa 3.21. The orthogonal of the binary Hamming code Ham(r,2) is called a binary
simplez code. 1t is denoted by Sim(r, 2).

Hedpunnrmusa 3.22. The extended binary Hamming code, denoted by Ham(r,2) is the obtained
from Ham(r, 2) by adding a parity-check coordinate.

Teopema 3.23. (i) Ham(r,2) is a binary [27,2" — 1 — r,4]-code.

(ii) A parity check matriz H for Ham(r,2) is

where H is a parity-check matriz for Ham(r, 2).

The transmission rate for Ham(r, 2) is smaller than that of Ham(r, 2), but the extended code
is better suited for incomplete decoding. Let r = 3 and take

F:

——= 0 O
— == O
== O

1
1
1
1

_ o = O
_ o O
—_ O =
_— o OO

Assuming that as few errors as possible have occurred, the incomplete decoding works as follows.

Suppose the received vector is w. Its syndrome is S(w = wi . Suppose S(w) = (s1, 2, S3, S4)-
The S(w) must fall into one of the following four categories:

(1) s4 =0 and (s1,s2,53) = (0,0,0). In this case, w € Ham(r,2). We may therefore assume that
there are no errors.

(2) s4 =0 and (1, s2,53) # 0. Since S(w) # 0, at least one error must have occurred. If exactly
one error occurs and it occurs in the j-th bit, then the error-vector is e; and so S(w = S(e;,
which is the transpose of the j-th column of H. An inspection of H shows that the last
coordinate of every column is 1, contradicting the fact that s4 = 0. Hence the assumption that
exactly one error occurred is violated. We may assume that at least two errors have occurred
and seek retransmission.
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(3) s4 =1 and (s1, s2,s3) = 0. Again, since S(w) # 0, at least one error has occurred . It is easy
to see that S(w) = S(es), so we may assume a single error in the last coordinate.

(4) s4 = 1 and (s1,52,53) # 0. As before, it is easy to check that S(w) must coincide with the
transpose of one of the first seven columns of H, say the j-th. Hence S(w) = S(e;), and

we may assume a single error in the j-th coordinate. Given the way the columns of H are
arranged, j is the number whose binary representation is (s1, s2, $3)-

3.3.3 g¢-ary Hamming codes

Let ¢ > 2 be any prime power. Every nonzero vector v € Fy generates a 1-dimensional subspace
of . Moreover, for v,w € Fy \ {0}, (v) = (w) if and only if there is a zero scalar A € F, \ {0}
such that v = Aw. Therefore, there are exactly (¢" —1)/(¢ — 1) distinct subspaces of dimension 1
in F7.

a

Hepmaumus 3.24. Let r > 2 be an integer. A g-ary linear code, whose parity-check matrix H
has the property that the columns of H are made up of precisely one nonzero vector from each
vector subspace of dimension 1 of Fy, is called a g-ary Hamming code. This code is denoted by
Ham(r, q).

For ¢ = 2, the code defined above coincides with the binary Hamming code defined earlier. An
easy way to write down a parity check matrix for Ham(r, ¢) is to list as columns all the nonzero
r-tuples in Fy whose first nonzero entry is 1.

Teopema 3.25.

(1) Ham(r,q) is a [%, % — 1, 3]-code.

(ii) Ham(r,q) is a perfect exactly single-error-correcting code.

Since Ham(r, q) is a perfect single-error-correcting code, the coset leaders, other than 0, are
exactly the vectors of weight 1. A typical coset leader is denoted by e, 1 < j <mn,be F,\ {0} -
the vector whose jth coordinate is b and the other coordinates are all 0. Note that S(e;;) = chT,
where ¢; denotes the jth column of H. Decoding works as follows:

Step 1: Given a received word w, calculate S(w = wH?.

Step 2: If S(w) = 0, then assume no errors.

Step 3: If S(w) # 0, then find the unique e;; such that S(w) = S(e;;). The received word is
then decoded to w — e ;.

Heduanmumsa 3.26. The dual of the ¢g-ary Hamming code Ham(r, q) is called a g-ary simplex code.
The g-ary simplex code is denoted by Sim(r, q).
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3.3.4 Golay codes
3.4 Singleton bound and MDS codes

Teopema 3.27. (Singleton bound) For any integer ¢ > 1, any positive integer n, and any integer
d such that 1 < d < n, we have
Ag(n,d) < gnm9tL

In particular, when q is a prime power, the parameters [n,k,d] of any linear code over Fy satisfy
k+d<n+1.

Joxazameacmeo. Consider an (n, M, d)-code C over an alphabet A of size ¢, where M = A,(n, d).
Delete the last d — 1 coordinates from all codewords of C. Since the distance of C' is d, after
deleting the last d — 1 coordinates, the remaining words of length n — d + 1 are still distinct. The
maximum number of words of length n — d + 1 is ¢"~%*1, so A,(n,d) = M < ¢"~9+1,

The final statement of the theorem follows from the previous one by the obvious inequality
q" < Ay(n,d). O

In the case of linear codes, we have also the following easy direct proof. Let H be the parity-
check matrix for the g-ary [n,k,d]-code C. The rank of H is, by definition, n — k. Hence any
n — k + 1 columns of H form a linerly dependent set. By Theorem 2.38, d <n —k = 1.

JHepuunmusa 3.28. A linear code with parameters [n, k,d] such that k +d = n + 1 is called a
mazimum distance separable code, or MDS code.

An alternative way to state the Singleton bound is the following: for any g-ary code C, we have
R(C) +38(C) < 1.

Here the relative minimum distance is defined to be 6 = d/n. A code (not necessarily linear) is
MDS if R(C) +46(C) = 1.

Teopema 3.29. Let C be a linear code over Fy with parameters [n,k,d]. Let G and H a generator
and and parity-check matriz, respectively, for C'. Then, the following statements are equivalent:

(1) C is an MDS code.

)
(i) Ewvery set of n — k columns of H is linearly independent.
(i4i) Every set of k columns of G is linearly independent.
)

(iv) C+ is an MDS code.

Joxasameacmeo. The equivalence of (i) and (i7) follows directly from Corollary 2.39 with d =
n—k+1. Since G is a parity-check matrix for O, (iii) and (iv) are also equivalent by Corollary 2.39.

(i) = (iv) H is a generator matrix for C which is of length n and dimension n — k. Hence we
need to show that the minimum distance of C+ is d’ = k + 1. Suppose d’ < k. Then there is a a
word ¢ € C* with at most k nonzero entries and hence at least n — k zero coordinates. Permuting
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the coordinates does not change the weight, so we may assume that the last n — k coordinates of
c are 0.

Write H as H = (A|H'), where A is some (n — k) x k matrix and H is a square (n—k) X (n—k)
matrix. Since the columns of H' are linearly independent (for (i) and (ii) are equivalent), H' is
invertible. Hence the rows of H' are linearly independent. The only way to obtain 0 in all the last
n — k coordinates is to use the 0-linear combination of the rows of H’. Therefore, the entire word
c is the all-zero word 0. Consequently, d’ > k + 1. Together with the Singleton bound, it now
follows that d' = k + 1.

Since (C+)+ = C, the above also shows that (iv) implies (7). This completes the proof of the
theorem. O

An MDS code C over F, is called trivial if and only if C' satisfies one of the following:
(i) C =TF",
(i) C is equivalent to the code generated by 1 = (1,1,...,1).
(i4i) C is equivalent to the dual of the code generated by 1.

Otherwise, C' is sid to be nontrivial. When ¢ = 2, the only MDS codes are the trivial ones. This
fact follows easily by considering the generator matrix in standard form.

3.5 [I'pasumna ma I'puiicmep

The Griesmer bound applies specifically to linear codes. It can be viewed as a generalization of
the Singleton bound.

Let C be a linear code over Fy with parameters [n, k] and suppose c is a codeword in C' with
wWHam (€) = w. The support of ¢, denoted by Supp(c), is the set of coordinate positions at which ¢
is nonzero. Note that |Supp(c)| = w.

Hepuuvmusa 3.30. The residual code of C with repsect to ¢, denoted by Res(C, ¢), is the code of
length n — w obtained from C' by puncturing on all the coordinates of Supp(c).

Jlema 3.31. If C is an [n, k,d]-code over Fy and ¢ € C is a codeword of weight d, then Res(C, c)
is an [n —d, k — 1,d']-code where d' > [d/q].

Loxazameacmeo. Without loss of generality, we may replace the code C' by an equivalent code so
that ¢ = (1,...,1,0,...,0), where the first d coordinates are 1 and the other coordinates are all 0.

Note that Res(C, ¢) has dimension at most k — 1. To see this, observe that Res(C, ¢) is a linear
code. For every x € ', denote by x’ the vector obtained from x by deleting the first d coordinates,
i.e. by puncturing on the coordinates of Supp(c). It is easy to see that the map C — Res(C,¢)
given by £ — @’ is a well-defined surjective linear transformation of vector spaces whose kernel
contains ¢ and is hence a subspace of dimension at least 1. Therefore, Res(C, ¢) has dimension at
most k — 1.

We shall show that Res(C, ¢) has dimension exactly k—1. Suppose that the dimension is strictly
less than k — 1. Then there is a nonzero codeword v = (v1,v2,...,v,) in C that is not a multiple
of ¢ and that has the property that vg41 = ... = v, = 0. Then v — v;¢ is a nonzero codeword that
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belongs to C' and thathas weight strictly less than d, a contradiction to the definition of d. Henece
Res(C, ¢) has dimension k — 1.
To show that d’ > [d/q], let (x4+1,...,%,) be any nonzero codewrod of Res(C,¢), and let

x=(x1,...,%dy Tds1,---,ZLn) be a corresponding word in C. By the pigeonhole principle, there is
an « € F, such that at least d/q coordinates of (z1,...,2q) are equal to a. Hence,
d
d < WHam(x — ac) < d — . + wHam ((Td+1, - -+, Tn))-
The inequality d’ > [d/q] now follows. O

Teopema 3.32. (Griesmer bound) Let C' be a g-ary code with parameters [n,k,d], where k > 1.

Then
=l
2

Loxazameacmeo. We prove the Griesmer bound by induction on k. Clearly, the theorem is true
when k = 1.

When k£ > 1 and ¢ € C is a code of minimum weight d, then Lemma 3.31 shows that Res(C, ¢)
is an [n — d, k — 1,d']-code, where d' > [d/q]. By the inductive hypothesis, we may assume that
The Griesmer bound holds for Res(C, ¢), hence

k—2
& d
”_dZZ[—zw 2 {—J
izo | 4 g

This proves the theorem. o

r—l]

IIpumep 3.33. The g-ary simplex code Sim(r,q) has parameters [qu:ll,r,q , so it meets the

Griesmer bound.

3.6 Plotkin bound

In this section, we discuss the Plotkin bound. This bound holds for codes for which d is large
relative to n. It often gives tighter bounds than many of the other upper bounds, though it is only
applicable to a relatively smalls renge of values of d.

Teopema 3.34. let ¢ > 1 be an integer and suppose that n and d satisfy rn < d, wherer = 1—q 1.

Then

Ay(n,d) < Ll d J

—rn
Joxasameacmeo. Let C be an (n, M, d)-code over an alphabet A of size ¢q. Set
T = Z Z d(c, ).
ceCc'eC
Since d < d(e, ') for e,c’ € C, ¢ # ¢/, it follows that

T > MM —1)d.
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Now let A be an M X n array whose rows are the M codewords of C. For i =1,...,n, let n;,
denote the number of entries in the ith column of A that are equal to a. Clearly ) _, 1. =M
for every i = 1,...,n. Now if we write ¢ = (c1,...,¢,) and ¢’ = (c},...,c,), we have
P =Y Y dee)
ceCceC

= 2 > D dlenc)

ceCceCi=1

- i(z Zd(wﬂ)

i=1 \ceCc'eC
n
= 2D mialM —nia)
i=1 a€cA
n
ST 3
i=1 acA
n 2
< oYt ()
i=1 acA
= M?rn.
Here, we used the QM-AM inequality. O

For two-letter alphabets, i.e. ¢ = 2, we can derive the following more refined version of this
bound.

Teopema 3.35.

(i) When d is even,

2|d/(2d —n)| forn < 2d,
Az(n, d) < { 4d for n = 2d.
(19) When d is odd,
21(d+1)/(2d+1—n)] forn<2d+1,
AQ("’d)S{ 4d+4 forn =2d+1.

IIpumep 3.36. We shall illustarte that Theorem 3.35 gives a more refined bound than Theorem 3.34.
Theorem 3.34 gives

A2(8,5) < 5,A5(8,6) < 3, A5(12,7) < 7,A42(11,8) < 3,
whereas Theorem 3.35 gives

Ay(8,5) < 4, A5(8,6) < 2, A5(12,7) < 4, A5(11,8) < 2.
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The existence of a Hadamard matrix H,, implies the existence of binary nonlinear codes with
the following parameters:

(n,2|d/(2d —n)|,d) for d even and d < n < 2d;
(2d,4d,d) for d even;
(n,2[(d+1)/(2d+1—-n)|,d) fordoddandd<n < 2d+1;
(2d+1,4d + 4,d) for d odd.

3.7 Linear programming bound

3.8 Sanaun

1. Find the size, the minimum distance, the information rate, and the relative minimum distance
for each of the following codes:
(a) the binary code of all the words of weight 3;

(b) the ternary code consisting of all the words of length 4 whose second and fourth coordinates
are 0.

(c) the code over the alphabet IF,,, p prime, consisting of all the words of length 3 whose first
coordinate is p — 1 and whose second coordinate is 1;

(d) the repetition code over the alphabet F,, p prime, consisting of the following words of length
n:

(0,0,...,0), (1,1,...,1),....,(p—L,p—1,...,p—1).

2. For n odd, let C be a self-orthogonal binary [n, (n — 1)/2]-code. Show that C* is a self-dual
code.

3. For any code C over Fy and any € € F7, let

a:{<cl,_..,cn,62ci> | (c1y...,¢n) EC}.
i=1

(a) If C is an (n, M, d)-code, show that C, is an (n + 1, M, d’)-code, where d < d’ < d + 1.

(b) If C is linear, show that C. is also linear. Find a parity-check matrix of C. in terms of a
parity-check matrix of C.

4. Without using any of the bounds discussed in this chapter, show that:
(a) A2(6,5) =2, (b) Ax(7,5) = 2.

5. Find an optimal binary code with n = 3 and d = 2.
6. Prove that A4(n,d) < ¢A,(n —1,d).

7. For each of the following spheres in A™ = FZ, list its elements and compute its volume:
(a) S(110,3); (b) S(1100),4); (c) S(10101,2).
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8.

10.
11.

12.

13.

14.

15.

16.

17.

18.

3. Bounds in coding theory

For each n with 4 < n < 12, compute the Hamming bound and the sphere-covering bound for
AQ (TL, 4)

. Prove that a (6, 20,4)-code over F; cannot be an optimal code.

Let ¢ > 2 and n > 2 be any integers. Show that A,(n,2) = ¢~

Let C be an [n, k, d]-code over F,, where ged(d, ¢) = 1. Suppose that all codewords of C' have
weight congruent to 0 or d modulo ¢. Show that there exists an [n + 1, k, d + 1]-code over F,.

Let C be an optimal code over F1; of length 12 and minimum distance 2. Show that C' must
have a transmission rate at least 5/6.

(Gilbert-Varshamov bound for nonlinear codes) For positive integers n, M, d and ¢ > 1, 1 <
d < n, show that if (M — 1) 30 (?)(g — 1)" < ¢", then there exists a g-ary (n, M)-code of
minimum distance at least d.

Determine whether each of the following codes exists. Justify your answer.

(a) A binary code with parameters (8,29, 3).

(b) A binary linear code with parameters (8,8, 5).

(¢) A binary linear code with parameters (8,5,5).

(d) A binary linear code with parameters (24,22, 8).
)

(e) A perfect binary linear code with parameters (63,257, 3).

Write down a parity check matrix H for a binary Hamming code of length 15, where the jth
column of H is the binary representation of j. The use H o construct the syndrome look-up
table and use it to decode the following words:

(a) 0101001010 01000;

(b) 111000111000111;

(c) 1100111001 11000.

o

)
)

a) Show that there exist no binary linear codes with parameters [2, 2™ —m, 3] foe any m > 2.
)

(
(b) Let C be a binary linear code with parameters 2™, k, 4], for some m > 2. Show that
k<2m—m—1.

(a) Let n > 3 be an integer. Show that there is an [n, k, 3]-code defined over F, if and only if
1> (g—1)n.
(b) Find the smallest n for which there exists a ternary [n, 5, 3]-code.

(a) Let v be a nonzero vector in F}. Show that the set of vectors orthogonal to v, i.e. {v}+,
forms a subspace of Fj of dimension r — 1.

(b) Let G be a generator matrix for the simplex code Sim(r, ¢). Show that, for a given nonzero
vector v € Fy, there are exactly (¢"~' — 1)(¢g — 1)-columns ¢ of G such that v - ¢ = 0.

(c) Show that every nonzero codeword of Sim(r, ¢) has weight ¢" 1.
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19.

20.

21.

22.

23.

24.

25.
26.
27.
28.

Determine the Hamming weight enumerators of Ham(3, 2) and Sim(3,2). Verify that they satisfy
the MacWilliams identity.

The ternary Hamming code Ham(2, 3) is also known as the tetracode.

(a) Shpw that the tetracode is a self-dual MDS code.

(b) Without writing down all the elements of Ham(2, 3), determine the weights of all its code-
words.

(¢) Determine the Hamming weight enumerator of Ham(2, 3) and show that the MacWilliams
identity holds for C' = C*+ = Ham(2, 3).

Let Gg denote the Fy-linear code with generator matrix

OO =
o = O
— o O

1
«
«

S =9
— Q2 9

where Fy = {0,1,a,a?}, a® = o + 1. This codes is known also as the hezacode.

(a) Show that Gg is a [6, 3, 4]-code over Fy. (Hence Gg is a quaternary MDS code.)

(b) Let G§ be the code obtained from Gg by deleting the last coordinate from every codeword.
Show that Gf is a Hamming code over Fy.

(a) Show that the all-one vector (1,1,...,1) is in the extended Golay code Gaq.

(b) Deduce from (a) that Ga4 has no word of weight 20.

(a) Show that every word of weight 4 in F33 is at distance 3 from exactly one codeword in the
binary Golay code Gag.

(b) Use (a) to count the number of codewords of weight 7 in Gas.

(¢) Use (b) to show that the extended binary Golay code G4 contains precisely 759 codewords
of weight 8.

Show that the extended binary Golay code Ga4 has the following weight distribution:

Weight 0 4 8 12 16 20 24
Number of codewords 1 0 759 2576 759 0 1

Verify the MacWilliams identity with C = C+ = Gag.
Prove that the extended ternary Golay code is a [12, 6, 6]-code.
Show that the ternary Golay code (G1; satisfies the Hamming bound.

Let C be the code over Fy = {0, 1o, o} with generator matrix

1 0 1 1
01 a o )
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29.
30.

31.

32.

33.

34.

35.

3. Bounds in coding theory

(a) Show that C' is an MDS code.
(b) Write down a generator matrix for the dual C*.
(c) Show that C* is an MDS code.

Show that the only binary MDS codes are the trivial ones.
Suppose that there is a g-ary MDS code of length n and dimension k, where k < n.

(a) Show that there is also a g-ary MDS code of length n — 1 and dimension k.

(b) For a given 1 <1 < n, let C; be the subcode of C consisting of all the codewords with 0 in
the ith position, and let D; be the code obtained by deleting the ith coordinate from every
codeword of C;. Show that D; is an MDS code.

For each n with 9 < n < 16, compare the Singleton, Plotkin and Hamming upper bounds for

AQ (TL, 9)

Suppose that there exists a binary linear code C' with parameters [16, 8, 6].

(a) Let C' be the residual code of C' with respect to a codeword of weight 6. Show that C’ is
a binary linear code with parameters [10,7,d'], where 3 < d’ < 4.

(b) Argue that d’ = 3.

(¢) Show that such a C’ cannot exist.

A binary (n, M, d)-code C is aclled a constant-weight binary code if there exists an integer w

such that wgam(c) = w for all ¢ € C. In this case, we say that C' is a constant-weight binary

(n, M, d; w)-code.

(a) Show that the minimum distance of a constant-weight binary code is always even.

(b) Show that a constant-weight binary (n, M, d)-code satisfies M < (7).

(c) Prove that a constant-weight binary (n, M, d; w)-code can detect at least one error.

Let A2(n,d,w) be the maximum possible number M of codewords in a constant-weight binary
binary (n, M, d; w)-code. Show that

Use the Griesmer bound to find an upper bound for d for the g-ary linear codes of the following
n and k:

(a) ¢g=2,n=10and k = 3;

(b) ¢=3,n=8and k = 4;

(¢) ¢=4,n=10 and k = 5;
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36.

37.

38.

(d) ¢g=5,n=9and k =2.

For a prime power ¢ and positive integers k and v with k > u > 0, the MacDonald code Cy 4, is
a g-ary code with parameters

k _ L u
=L kgt g,
-1
that has nonzero codewords of only two possible weights: ¢*~! — ¢*~! and ¢*~!. Show that the

MacDonald codes attain the Griesmer bound.

Let C ne an [n, k, d]-code over I, and let ¢ € C be a codeword of weight w, where w < dg/(¢—1).
Show that the residual code Res(C, ¢) is an [n — w, k — 1,d']-code, where d’ > d — w + [w/q].

Let C be a [¢%,4,¢*> — ¢ — 1]-code over F,.

(a) By considering Res(C, ¢) where wpam(c) = ¢> — t with 2 <t < ¢ — 1, or otherwise, show

that the only possible weights of the codewords in C are: 0, ¢> —¢—1, ¢> —q, ¢> — 1, and

¢

(b) Show the existence of a [¢> + 1,4, ¢* — g]-code over F,,.
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3. Bounds in coding theory
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Constructions of linear codes

4.1 Propagation rules

In this section, we study several constructions of new codes based on old codes. The strategy is to
build codes with larger sizes or longer lengths from codes of smaller sizes or shorter lengths. First,
we folrmulate some well-known propagation rules. Further rules are stated in the problems after
this chapter.

Teopema 4.1. Suppose there is an [n, k,d]-linear code over F,. Then
(i

(ii

(lengthening a code) there exists an [n+ r,k,d]-code over Fy for any r > 1;

(subcodes) there exists an [n,k — r,d]-code over Fy for any 1 <r <k—1;

)
)
(¢43) (puncturing) there exists an [n —r,k,d — r]-code over Fy for any 1 <r <d—1;
(iv) there exists an [n,k,d — r]-code over Fy for any 1 <r <d—1;

)

(v) there exists an [n — r,k — r,d]-code over Fy for any 1 <r >k — 1.

Joxaszameacmeo. Let C be an [n, k, d]-code over F,.
(i) It suffices to show the existence of an [n + 1, k, d]-code over F,. We add a new coordinate 0
to all codewords of C"

{(u1,...,un,0) | (u1,...,un) € C}.
It is clear that the new code is a linear [n + 1, k, d]-code.

(1) Let ¢ be a nonzero codeword of C' with wiam(€) = d. We construct a basis of C' containing
c: {c1 = ¢, 9, ¢ }. Consider the new code (¢1,¢s,. .., cp—r) spanned by the first &k — r codewords
in the basis. It si obvious that new code has the parameters [n, k — r, d].

(#31) Let ¢ € C be a codeword of weight d. For each codeword of C, we delete a fixed set of r
positions where ¢ has nonzero coordinates. It is easy to see that the new code is an [n—r, k,d —r]-
code.

(iv) The result follows by (¢) and (4i%).

65
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(v) If k = n, then we must have that d = 1. Thus the space F; ™" is a code with parameters
[n—rk—rd.

Now we assume that k& < n. It suffices to show the existence of an [n — 1,k — 1, d]-code for
k> 2. Let C be an [n, k, d]-linear code over F,. Assume (without loss of generality) that C has a
parity check matrix of the form

H = (I,—;|X).

Deleting the last column of H, we obtain an (n — k) x (n — 1) matrix H;. It is clear that the row
os H are linearly independent and that any d — 1 columns of H; are linearly independent. Thus
the linear code with H; as a parity-check matrix has parameters[n — 1,k — 1,d;]| with d; > d. By
(iv), we have an [n — 1,k — 1, d]-linear code. O

Sabenencra 4.2. The above theorem produces codes with worse parameters than the old ones.
Usually new codes are not made using these constructions. However, they are useful when we
study codes.

CaencrBue 4.3. If there is an [n,k,d]-code over Fy, then for any r > 0, 0 < s < k—1 and
0<t<d-—1, there exists an [n+r,k — s,d — t]-linear code over F,.

Teopema 4.4. (Direct sum of linear codes) Let C; be an [n;, ki, d;]-linear code over Fy, i = 1,2.
Then the direct sum of C1 and Cs defined by

Cr®Cy ={(c1,¢2) | 1 € C1,c0 € Ca}
is an [n1 + ng, ki + ko, min{d,, da}]- linear code over F,.

Loxazamencmeo. It is an easy check that C1 @ Cy is a linear code over F,. The length of C; @& C3
is clearly nq + no. As the size of C7 @& Cs is the product of the size of C; and the size of Cs, we
obtain

k= dim(01 &) Cg) = 1qu(|01 (&%) CQ|) = lqu(|Cl| . |CQ|) = k1 + ko.

Assume that d; < da. Let w € Cy with wigam(u) = di. Then (u,0) € C1®Cs. Hence d(C1 & Cs) <
WHam ((#,0)) = d;. On the other hand, for any nonzero word codeword (¢1,¢3) € Cy @ Cy with
¢ € C1 and ¢y € Cy with ¢1 € Cy, e3 € Cq, we have either ¢; # 0 or ¢2 # 0 (or both). Thus,

WHam ((€1,€2)) = WHam(€1) + WHam (€2) > dj.

This completes the proof. O

Sabenencra 4.5. If G; is a generator matrix for C;, i = 1,2, then it is easy to see that the matrix

Gl Okl Xng
Okz Xni G2
is a generator matrix of C7 @ Cy, where O« is the s-by-t all-zero matrix.

Mpumep 4.6. Let C; = {000,110,101,011} be a binary [3,2,2]-code and let Cy = {0000, 1111} be
a binary [4, 1, 4]-code. Then

Cy @ Cy = {0000000, 1100000, 1010000, 0110000,0001111,1101111,1011111,0111111}

is a binary [7, 3, 2]-linear code.
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Teopema 4.7. ((u,u+v)-construction) Let C be an [n, k;, d;]-code over Fy fori =1,2. Then the
code C' defined by
C={(u,u+v)|uecC,vel}

is a [2n, k1 + ko, min{2dy, d2 }]-linear code over F,.

Loxazamencmeo. It is easy to verify that C is a linear code over Fy. The length of C is clear. It
is easy to show that the map

Ci®Cy = C, (c1,¢2) = (c1,¢1 +¢2)

is a bijection. Thus the size of C' is equal to the product of the size of C; and that of C5. Thus
k=Fky+ ko.

For any nonzero codeword (¢1,¢1 + ¢2) € C with ¢; € C; and ¢o € Co, we have either ¢; # 0
or ¢z # 0 (or both). We consider two cases.
Case (1) c2 = 0. In this case, we have ¢; # 0. Thus

WHam ((€1, €1 + €2)) = WHam ((€1, €1)) = 2wWHam(€1) > 2d1 > min{2d,, d2 }.

Casse (2) ca # 0. Then

WHam((€1,€1 + €2)) = WHam(€1) + WHam (€1 + €2)
2 WHam (Cl) + WHam (02) — WHam (Cl)
= WhHam(c2) > dy > min{2d;,ds}.

This shows that d(C) > min{2d;,d2}. On the other hand, let * € C; and y € Cy with
WHam () = di and wxam (y) = d2. Then (x, z), (0,y) € C and

d(C) < wham ((®, @) = 2d1, d(C) < wram((0,y)) = da.

Thus d(C) < min{2d;,d2}. This completes the proof. O
Sabenencra 4.8. Let G; be a generator matrix of C; for ¢« = 1,2. Then it is easy to see that the

matrix
G1 G1
Okz XMn1 G2

is a generator matrix of C, from the (u,u + v)-construction in Theorem 4.7.

IIpumep 4.9. Let C; = {000,110, 101,011} be a binary [3,2,2]-code, and let Cy = {000,111} be a
binary [3,1, 3]-code. Then

C' = {000000, 110110,101101,011011,000111, 110001, 101010,011100}
is a binary [6, 3, 3]-code.
CaencrBue 4.10. Let A be a binary [n,k,d]-linear code. The the code C' defined by
C={(c,c)|ce A}U{(c,1+¢c)]|ce A}

is a binary [2n, k + 1, min{n, 2d}]-code.
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oxasameacmeso. In Theorem 4.7, take C; = A and Cy = {0,1}. O
Ipumep 4.11. Let A ={00,01, 10,11} be a binary [2, 2, 1]-code. Then

C = {(c,e)lce AU{(c,14+¢)|ce A}
{0000, 0101, 1010, 1111,0011, 0110, 1001, 1100}.

is a binary [4, 3, 2]-code.

4.2 Reed-Muller codes

Reed-Muller codes are among the oldest codes and have found widespread applications.For each
postiive integer m and each integer r with 0 < r < m, there is an rth order Reed-Muller code
R(r,m) which is binary linear code with parameters

o (5)+(5) - (7)o

The code R(1,5) was used by Mariner 9 to transmit black and white pictures of Mars to
Earth in 1972. Reed-Muller code admit a special decoding called the Reed Decoding. There are
generalizations to nonbinary fields. In this section, we concentrate on binary Reed-Muller codes.

Hepuunmusa 4.12. The first order Reed-Muller codes R(1,m) are binary codes defined, for all
integers m > 1, recursively as follows:

(i) R(1,1) = F% = {00,01,10,11};
(i7) for m >1

R(1,m+1) = {(u,u) |ueRAm)}U{(u,ut+1)|uecR(1m)

Ipumep 4.13. We have
R(1,2) = {0000,0101, 1010, 1111, 0011, 0110, 1001, 1100}.
A generator matrix of R(1,2) IS
1 1 1 1
01 01
0 0 1 1
Teopema 4.14. For m > 1, the Reed-Muller code R(1,m) is abinary linear 2™, m~+1, 2™ 1]-code,

in which every codeword except 0 and 1 has weight 2™~ 1.

Joxasameacmeo. It is clear that R(1,1) is a binary [2,2, 1]-code. Note that R(1,m) is obtained
from R(1,m — 1) by the construction from Corollary 4.10. Let us assume that R(1,m — 1) is a
binary linear code with parameters [2™~1, m,2™~2]. Then by Corollary 4.10, R(1,m) is a linear
code with parameters

[2-2m7 1 m 4 1, min{2- 272, 2" 1} = 2™, m + 1,2m 1)
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Nov&(f we )are going to prove that, except for 0 and 1, every codeword of R(1,m + 1) has weight
om — 9 m+1 71'

A word in R(1,m + 1) is either of the type (u,u) or (u,u + 1), where u is a word in u is a
word in R(1,m).

Case (1) (u,u), where u € R(1,m). The vector u is neither 0 nor 1 since otherwise (u,u)
is again the zero or the all-one vector. Hence, by the induction hypothesis, w has weight 2m~1.
Therefore (u,u) has weight 2 - 2~ = 2™,

Case (2) (u,u + 1), where u € R(1,m).

(a) If w is neither 0 nor 1, then it has weight 2™~1 i.e. exactly half of the coordinates are 1.
Hence, half of the coordinates of w 4+ 1 are 1, i.e. the weight of w + 1 is also 2. Therefore,
the weight of (u,w + 1) is exactly 2™.

(b) If w =0, then w4+ 1 =1, so again the weight of (0,0 + 1) is 2™.

(¢) If w=1, then u + 1 =0 and the weight of (1,14 1) is 2™.

Teopema 4.15.

(1) A generator matriz of R(1,1) is
1 1
0 1)

(i) If Gy, is a generator matriz of R(1,m), then a generator matriz of R(1,m + 1) is

Ipumep 4.16. Using the genertor matrix

1 1 1 1

Go=101 0 1

00 1 1

we obtain teh following generator matrix for R(1,3):

11111111
G — 0101 01 01
7100110011
0000 1 1 11

Teopema 4.17. The orthogonal code R(1,m)* is equivalent to the extended binary Hamming code
Ham(m, 2).
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Loxazameacmeo. By Theorem 4.15, starting with

11
“=(01)

it is clear that G, is of the form

where H,, is some matrix. Moving the first coordinate to the last and moving the first row of the
matrix to the last, we obtain the following generator matrix G/, for an equivalent code:

By Theorem 3.7, if we show that H,, is a parity-check matrix for Ham(m, 2), then G/, is a parity-
check matrix for Ham(m, 2), so R(1,m)~ is equivalent to Ham(m, 2).

To show that H,, is a parity-check matrix for Ham(m,2), we need to show that the columns
of H,, concict of all the nonzero vectors of length m. Indeed, when m = 1,2, the columns of H,,
consist of all the nonzero vectors of length m. Now suppose that the columns of H,, consist of all
the nonzero vectors of length m, for some m. By the definition of G,,, it follows readily that the
columns of H,,4+1 consist of the following:

c c o”
0/’ 1)’ 1 ’
where ¢ is one of the columns of H,, and O is the zero vector of length m. It is clear that the

vectors in this list make up exactly all the nonzero vectors of length m + 1. Hence, by induction,
the columns of H,, consist of all the nonzero vectors of length m. O

Finally, we give a definition for the rth order Reed-Muller codes.

JHepumuunusa 4.18. (i) The zeroth order Reed-Muller codes R(0,m), for m > 0, are defined to
be the repetition codes {0, 1} of length 2.

(#3) The first order Reed-Muller codes R(1,m), for m > 1, are defined as in Definition 4.12.

(7i1) For any r > 2, the rth order Reed-Muller codes R(r,m) are defined, for m > r—1, recursively
by

F3 ifm=r-1,

R(T,m-l—l):{ {(u,u+v) |ue€R(r,m),veR(r—1,m)} textifm>r—1.
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4.3 Komose mam moamoJe

Teopema 4.19. Hera A e [N, K, D]-nuneen kox Han Fym. U Heka cLINECTBYBA JIUHEEH [n, m, d)-
koxn B man F,. Torasa cbimecrsyBa nuseeH kon Han Fy ¢ mapamerpu [nN,mK,d'], 3a xoiito
d =d(C) > dD. Ilo cuenmanno, cbIIeCTBYBa JuHeeH kox Han F, ¢ mapamerpu [nN,mK, dD).

Loxazamencmeo. Ilomero Fym MoOxe ma ce pasriesna KaTo BEKTODHO IPOCTPAHCTBO HAK
F,. Ila m3bepeMm OuekTrBHa JMHeitHa Tpancpopmamua ¢ Mexny Fq» um B. Ilponbmxasame
“300paKeHNETO ¢ OO M300paKkeHue

¢* :Févm — FZNa (vlv s ,Un) — (¢(’U1>, B ,¢(Un>>

fcuo e, ue ¢* e nmmeitno m3obpaxenme Hanm Fy oT Févm BLB IFZN. Wzob6pakenuero ¢ e
VWHEKTUBHO, HO HE M CIOPEKTUBHO (OCBEH B CIydas, KOTaTo n =m).
Komvnt A e Fy-moaupocrpascTBO Ha IFéVm. Heka C e o6passT Ha A npu ¢*, T.e. C = ¢*(4).
Toit kato ¢* e Fy-nmuneitno m3obpakenue, koabT C' e TOATPOCTPAHCTBO HA, IFZ;N.
YEBUIHO NLJKUHATA H niN. ra me OIpeaiuM meproctTa Ha C. Toit KaT
Oue o ara sa C' e nN. Cera me ompe aszmepuocrra Ha C. T aTo

dimgp, V = log, |V| nnu |V| = pdims V.,

nMame
dimp, ¢ = log, |C]
= log, |A|(¢* e unerTHUBHO )
dimp ,,, A

N pm—

—_ mK _

= log,q =mK.
CEra me onpenennM MuanMaanoto pascrosaue Ha C. Heka (u1,...,uy) e HeHyIeBa KOIOBa
myma or A. Awo u; # 0 3a maxoe 1 < i < N, Tto ¢(u;) e HeHyneBa KomoBa ayma oT B.
Cnenosatento, Wyam(p(u;)) > d. Toit kato (u1,...,un) uMa moHe D HEHYJIEBU MO3ULUM, TO
OpoaT Ha HeHysesure nosuruu B (p(u1),...,¢(un)) e mone dD. Cworaacuo Teopema ?7(iv)
comecTtByBa u auneer [nN,mK,dD]-kox man Fy. O

Koma A B ropuata Teopema Hapuuame @sHuer K00, JOKATO Koma B Hapudame @smpeuwen
x00. Axo B Teopema 4.19 B3eMeM 3a BLTPEIIEH TPUBUAJHUS KOI, T.e. B = Fy', To nonygasame
CcJemHus Pe3yiTarT.

Caencreue 4.20. Axo cbuectsyBa auHeeH kox ¢ napamerpu [N, K, D] nax Fym, To cbimect-
ByBa u nuneer (MmN, mK, D]-kox nan Fym.

IIpumep 4.21. (i) UssectHo e, ue comectsyBa [17,15,3]-kon na Xemwmur max Fig, KakTo 1
nsouved (8,4, 4]-kon. Ot Teopema 4.19 monxyuasame nsouuen [136, 60, 12]-kon.

83 —1 8%—1
8—1"8-1
creue 4.20 nmonxyuasame suneer [219, 210, 3]-kon. O

(ii) ComecTtByBa | —3,3] = [73,70,3]-koxn na Xemuur max Fs. Ot Cuen-



72 4. Romcempyxuuu na aunelinu xodoge

IIpumep 4.22. (i) Ia pasrienave JTUHEWHUS KOX
A={(0,)),(1,a),(a,1 4+ @), (1 +a,1)}
wan Fy, KboeTo o e kopen Ha 1 4+ x + 2. Herka B e IBOMYHMAT KOI
{000, 110,101,011}

U na pasriename JmHeliHaTa TpaHcpopManus or Fy B B, nepurupana upes

¢:0~ 000, 1+— 110, a— 101, 14 a+ 011.
Taka moixydaBaMe Koma

C :=¢*(A) = {000000,110101,101011,011110}.

Hosusar kon C uma napamerpu [6,2,4].

(ii) Herka a e ropen Ha 1+ o + 2°. Torasa Fg = F(a). Enementure {1,a,a?} obpasysar
6asuc wa Fg man Fy. pasraessmame nzobpaskenuero ¢ : Fg — F3

2
a1 -1+4az-a+az-a— (ar,a2,a3).

Hera A = {((a,a + 1,a))/Fs. Cwramacuo Caenctsue 4.20 C := ¢*(A) e msomuen [9, 3, d]-ron,
KbaeTo d > 3. la HanmmmeMm BCUYKU eJIeMeHTU Ha A:

A = {(0,0,0),(,a+1,1),(a? a* + a,a),
(@+1,0*+a+1,0%), (" +a,0® + La+1),
(@®+a+1,1,0>+a),(@®+1,a,a> +a+1),(1,a% % +1)}.

CunenoBaremnno,

C =¢"(A) = {000000000,010110100,001011010,110111001,
011101110,111100011,101010111,100001101}.

Tara C' e nouuen [9, 3, 4]-rox. O

Beaxo BekTopHO mpoctpancTBo V Hanm Fym Moxke ma ce pasriiexna KaTo BEKTOPHO IPOC-
tparcTBo Hand F,. Ilo cnmenmaimso Fé\fn € BEeKTOPHO IIPOCTPaHCTBO Hax IFy ¢ pasmeprHocT mNN.
ToBa HO BOAM 1O HOBA KOIOBa KOHCTPYKIUA.

Teopema 4.23. Herka C e [N, K, Dl]-rox nan Fym. Koawnr, medpunupan man moxmonero Fy
Clr, == CNFY e mueen [n,k,d-xkox nan Fy cbe n = N,k > mK — (m —1)N u d > D.
ITo-cuenuanuo, ako mK > (m — 1)N, To comectByBa suHeeH kon Han F, ¢ mapaMerpu
[N,mK — (m —1)N, D].



4.3. Kodose nad noonoase 73

Llokazamencmeo. fcHo e, ue C|]Fq € JIMHeeH Ko, Thbil katou C' u Fflv MOTAaT Ja CE Pa3TJIEKIAT

KaTo IMOOIPOCTPAHCTBA HA Ffzvm wan F,. dbmrumara va Clp, 04eBUIHO € n. 3a Pa3MEPHOCTTA
nMamMe

dimg, Clr, = dimg, (CNF))
= dimg, C + dimp, F) — dimg, (C +F})
> log, |C| + N — dimg, (F)
= log,(¢™" + N —log, ™"
= mK+N-mN=mK—(m—1)N.
Toit xkaTo C|]Fq e momMHOkecTBO Ha ', TO € SICHO, Ye MWHUMAJHOTO TErJ0 Ha XEMUHI 3a

C|r, e moHe paBHO Ha MuHUMaJHOTO Tersno Ha Xemumur 3a C, t.e. d(Clr,) > d(C) = D.
Ipunaraiikn Crencrsue 4.3, momyuaBaMe BTOpATa YacT HA JKEJIAHUS PE3YIITAT.

IIpumep 4.24. Hera o e xopen Ha 1+ x + 22 € Fa[z]. Torasa Fy = Fy[a]. Hera
C= <{(aﬂ070)ﬂ (0,0z + 1ﬂ0)}>/F4
Taxka, cvraacuo Teopema 4.23, C|p, e nBouuen [3, k, d]-kon cne
k>mK—(m—1)N=2-2—(2-1)-3=1, d>d(C) =
Ila uznumem enementute Ha C':
¢ = {(0,0,0),(«,0,0),(1,0,0), (4 1,0,0),
(0,04 1,0),(0,,0),(0,1,0), (v, a + 1,0),
(o, ,0), (e, 1,0), (1, + 1,0), (1, , 0),
(1,1,0), (e + 1,0+ 1,0), (« + 1, , 0),
(a+1,1,0)}.

flcwo e, we Clp, = C NTF3 = {000,100,010,110}. Caenosarenno, Clp, e asomuen [3,2,1]-
KOJI. O

Teopema 4.25. Herxa C e numeen [N, K, D]-xkox man Fym. Torasa cnemara ma xoma C,
nehuHUpaH upe3

TI'Iqu /Fq (C) = {(T‘I‘qu/]Fq (Cl), ce ,T‘I‘qu/]Fq (Cn)) | (Cl, ey Cn) S C}
e nuueer [n,kl-kon Han F, cn=N u k < mK.

Horasameacmeo. Toit kato Try . 5, € Fo-nmuneiina tpancpopmanus ot Fgm 1B Fy, MHOXK-
ecrsoro Trg , /r,(C) e mogmpocrpanctso ma Fy. fcno e, ue numxumara wa Try , /r, (C) € n.
3a Pa3MepPHOCTTA HA TO3U KOI MMaMe

dlqu TI"qu /F, (C) = 1qu | TI‘]qu /F, (C)|
m)diqum C

IN

log, |C| = log,(q
log, (¢™") = mK.
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IIpumep 4.26. Ha pasraename koga C = {A(l,a,a+ 1) | A € Fg} man Fy, kbaero a e Kopen
Ha 2 + o + 22 € F3[x]. Torasa

C = {(0,0,0),(a,142a,1),(14 2,2+ 2, ),
(24 2,2,1+4+ 2a),(2,20,2 + 2a), (20,2 + v, 2),
(

24+ a1+ 0,20),(1+,1,2+ ), (1,a,1 + a)}.

[Ipunaraiikn nzobpaskenuero caena Try,/p,, nmame

(0,0,0) — (0,0,0) (a, 14+ 2c,1) = (2,0,2),
(1420,2 4 20,0) > (0,2,2) (24 20,2, 1+ 2a) = (2,1,0),
(2,20,2 4+ 2a) — (1,1,2) (20,2 4+ ,2) — (1,0, )
2+ a,1+a,20)—(0,1,1) (I14+a«a,1,2+a)~ (1,2,0
(Lo, 1+ ) = (2,2,1).
CunenoBarenno caepara Ha kona C
Tr]FQ/]FS(C) = {(0, 07 0),(27 0, 2)7 (0, 27 2),(271,0)7 (1,172)7
(1, 0,1), (0, 1, 1), (1, 2,0), (2, 2, 1)
e numueen [3,2,2]-kon mHanx F. O

BewmuocT crenara Ha KO € MOAKOXA Han noxnose. Tosa ce BISKIA OT CJIENHUA PE3yJITAT.
Teopema 4.27. (Hencapr) 3a muueer kon C Han Fg.n, e B cuna
L L
(C|]Fq) = TI'Iqu /]Fq (C )
Loxazamencmeo. 3a na noxamem, ge (Clg, )" 2 Try . 5, (C*) Tpabsa na aemoncTpupanme, de
¢ Trp, . /r,(@) =0, 3a Beuurn a € Ct uceCly,

Axo ¢=(c1,...,¢p) ma = (ay,...,ay), TO

n n

c-Trg . p,(a) = Z ¢; Trg v, (@i) = Trp . /p, Z cia;
=1 i=1
= TI‘]qu o (C . a) = 0.

Tyx msnonssame I -mmreliHOCTTA Ha clenara, KakTo u (akra, de ¢ - a = (.
Cera me nokaxem, de (Clr, )" C Trg,,, /p,(C). ToBa TBLPIAEHNE € EKBUBAIEHTHO HA

(TI']qu /Fq (CL)) B g Cth .

Ia OpEeaInogoKNM, Y€ TOPHOTO BRJIIOYBaHE HE € U3II'LJIHECHO. Torasa CbINECTBYBa HAKAKBO

€ (Trg,m 5, (C1)) " \Cl,
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uv € Ct coecu-v#0. Tonit kato Trg .. /r, HE € HyJE€BOTO M300pasKeHue, CBLIECTBYBA
enement Ha 7y € Fym Tawws, ue Trg ,, /r, (y(u - v)) # 0. Crenosaremno

u - Trg ,, /r, (Y0) = Trr . p, (w - y0) = Trg, ., (v(uw - v) # 0.

1
OT gpyra cTpana uMmame U - Tr]qu/]Fq(vv) = 0, 3amoTo u € (Trqu/Fq (CL)) uyv € C-.
ITonyueHOTO TpOTUBOPEYNE MOKa3Ba :KeJaHUSA pe3yJTar. O

FOpHaTa TeopeMa IIOKa3Ba, Y€ KOOOBE, IIOJIYUYEHU KaTO CJeda, MoraT Oa 6’]3,Z[aT DoJIlyyeH
1 KaTO IIOAKOOO0BE Had IIOAIIOJIE.

IIpumep 4.28. Ia pasraemame kakto B IIpumep 4.26 roma C = {A(1,a, a4+ 1) | A € Fg} nan
Fy, k1LaeTo « e kopen Ha 2+ x + 22 € F3[z]. Torasa curiacuo Teopema 4.27 u Ipumep 4.26
nMaMe

Chley, = (Trpym, ()"
= {(0,0,0),(2,0,2),(0,2,2),(2,1,0),(1,1,2),
(1,0,1),(0,1,1),(1,2,0), (2,2, 1)}+
= {(0,0,0),(1,1,2),(2,2,1)}.

4.4 Problems

1. (a) Given an [n,k,d]-linear code over F,, can one always construct an [n + 1,k + 1, d]-code?
Justify your answer.

(b) Given an [n, k, d]-linear code over F,, can one always construct an [n + 1,k,d + 1]-code?
Justify your answer.

2. Let C be a g-ary [n, k, d]-code. For a fixed 1 < i < n, form the subset A of C consisting of the
codewords with the ith position equal to 0. Delete the ith position from all the words in A to
form a code D. Show that D is g-ary [n — 1, k', d’]-linear code with

E—1<K <k, d>d.
This way of obtaining a new code is called shortening.
3. Suppose that
1 1 1 1 0
01 0 1 1
0 01 11

is a generator matrix of a binary code C. Find find a generator matrix of A with respect to
1 = 2 using the construction in previous Exercise.

4. Let H; be a parity-check matrix of C; for ¢ = 1, 2.

(a) Find a parity-check matrix of Cy & Cs and justify your answer.
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(b) Find a parity-check matrix of the code obtained from the (u, u+wv)-construction and justify
your answer.

(a) Let A = {0000,1100,0011,1111} be a binary code Find the code C' constructed from A
using Corollary 4.10.

(b) Let H be a parity-check matrix of A in (a). Find a parity-check matrix of C' constructed
from A using Corollary 4.10.

. Assume that ¢ is odd. Let C; be an [n, k;, d;]-code over F for i = 1,2. Define

Ci()Cs ={c1+ca,c1 —ca | 1 € Cr,e0 € Ca}.

(a) Show that C1()Cs is a [2n, k1 + ko]-linear code over Fy.

(b) If G; is a generator matrix for C;, for ¢ = 1,2, find a generator matrix for C1()Cs in terms
of G; and Gs.

(c) Let d be the minimum distance of C()Cy. Show that d = 2ds if 2dy < d; and d; < d < 2dy
if 2dy > d;.
Let C; be an [n, k;, d;]-code over F, for i = 1, 2. Define
C={(a+z,b+xz,a+b+x)]|a,becC,zecCs}.

(a) Show that C is a [3n, 2k, + kg|-linear code over F,.

(b) If G; is a generator matrix of C;, for i = 1,2, find a generator matrix of C in terms of G
and GQ.

(¢) If H; is a parity-check matrix of C;, for ¢ = 1,2, find a parity-check matrix of C' in terms of
H1 and HQ.

. (a) Find the smallest n such that there exists a binary [n, 50, 3]-linear code.

(b) Find the smallest n such that there exists a binary [n, 60, 4]-linear code.

. Find the smallest n such that there exists an [n, 40, 3]-code over Fg.

(a) Write down the codewords in R(1,m) for m = 3,4, 5.

(b) Verify that R(1, 3) is self-dual.

Show that R(r,m) has parameters 2™, (7)) + (7) + ...+ (), 2™ ".
For 0 < r < m show that R(r,m)* = R(m — 1 —r,m).

Write down the binary solutions of the equation

T +ro+...+x, =1

as column vectors of F5*. Let vy, w2, ..., v, be all the solutions of the above equation. Let C,,
be the binary linear code with
G= (vl,'vg,...,'vn)

as a generator matrix.
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14.

15.

16.

(a) Determine all the codewords of Cy, for m = 2,3, 4.
(b) Find the parameters of C,, for all m.

For a linear code V over F,, the parameters of V' are denoted by
length(V), dim(V), d(V) = minimum distance .
Suppose we have
(1) a code C with length(C) = n and dim(C) = k, and
(2) a collection of k codes W1, ..., Wy, all of them having the same length n.

The elemnts of C are written as row vectors, and the elements of W} are written as column-
vectors. We fix a basis {cV), ..., C(k)} of C' and denote by G the k& x m matrix whose rows are
cW, ..., e®. Thus G is a generator matrix of C. For 1 < j < k, we set

C;={cW,...,cD}) CFm
Then Cj is a g-ary code of length m and dimension j. Moreover
CicCycC...cCy,=C.

Let M be the set conisting of all the n x k matrices whose jth column belongs to W, for all
1<j<k.

(a) Show that M is an F,-linear space of dimension Zle dim(W5).

(b) If we identify an n x m matrix A witha vector a of F;"" by putting the ith row of A in the
ith block of M positions of a, then the g-ary linear code

W ={AG | Ae M}

has parameters

length(W) = mn,
k

dim(W) = > dim(W;),
j=1

dW) = min{d(W;)-d(C;) |1 <j <k}

(¢) By using the binary codes with parameters [2, 1, 2], [20, 19, 2] and [20, 14, 4], show that we
can produce a binary [40, 33, 4]-code.

Ila ce nmokaxe, ye ako cobmectByBa [N, K, D]-kox man Fgn-1, To chmectByBa u [nhN, (n —
1)K,2D]-ron man Fy.

Heka a e kopen Ha 1+ 22 + 2% € Fy[z]. Ila pasriename uzobpaskeHUETO
¢:Fg = T3 ay-1+ay-a+az-o®— (a1,az,a3).

Hera A = ((a+1,a2+1,1))/Fg. Hamepere Bcuurn gymu Ha koxa ¢* (A) = {(¢(c1), d(ca), d(c3)) |
(Cl, Co, C3) S A}



78 4. Constructions of linear codes

17. a pa3raename JIMHEMOHUS KO
A= <{(1’ 1)) (O‘a 1+ a)}>

wanFy, kKbaero a e kopen Ha 14+x+22 € Fylz]. Hera B e mpowunuaT ko {0000, 1100,1010,0110}
u na pasriename Fo-nmHeiino nzobpaskenue ot Fy B B, nepumrupano upes

¢: 0 0000, 1+ 1100, a > 1010, 1+~ 0110.

HaMepeTe BCUYKM KOOOBU AYMU Ha KOOda

C = ¢"(A) = {(d(c1),d(c2)) | (c1,¢2) € A}.



I'naBa 5

Hunkauuam KomoBe

5.1 OcHoOBHU IeduHUIUN

Enuna BaskeHn rmac oT KOJOBe € KiIacChT HA T.HAP. MUKINYHU KomoBe. I[lpumema ce, ue Te ca
M3CIEeIBAHU 38 OPDBLB ILT OT IIpednms upe3 1957 r. [11]. Muoro or Hail-BaskHUTE JUHEHHU
KOJIOBE KaTO KOJOBeTe Ha XeMUHT U ['osell, KBaIpaTUYHO OCTATHUYHUTE KONOBE, KOTOBETE HA
Pun-ConoMoH 1 T.H. ca NUKAWYHUA. 3amovyBaMe C HeQUHUIUA HA [UKINIYHATE KOIOBE.

Hedwuaumusa 5.1. Enun ko C HapuyaMe yukauven, ako TOU € JIUHEEH U MUKINYHOTO U3MECT-

BaHe Ha KOA 14 € KOJ0Ba IyMa e OTHOBO kojoBa ayma. C apyru mymu, ako (ag,d1,az,...,an_1) €
C, 10 u (an-1,00,01,---,0n—2) € C.
Kassame, ue nymarta (dp—r,...,0n—1,00,01,...,0p—pr—1) € TOIyYEHA OT AYMATA (A0, A1, .-y Ap—1)

ype3 MUKIUYHO U3MecTBaHe Ha r mo3unuu. JlecHo ce mpoBepsBa, ye OPTOTOHAJHUAT KO Ha
MUKJINYEH KOJ € OTHOBO IUKJINYEH KOI.

Ipumep 5.2. Cremuure KOOOBE Ca MPUMEP 38 MUKIUYHU KOIOBE:
(i) rpusmamauTe Komomse {0} u Fy;
(ii) xomosere ¢ mosropenue {A,...,\) | A € F,};
(iii) mBomwnmsat [3,2,2]-xkox {(000,110,101,011};
(iv) mBowunmsar nmueen kon {(0000,1001,0110,1111} He e UMKINYEH, HO ¢ €KBUBAJICHTEH HA
[UKJINYEH; PE3MEHANKM TperaTa M YeTBbLPTATa KOOPIUHATA IIOJIydYaBaMe IUKJIMYHIS
kon {(0000,1010,0101,1111};

(V) CUMIIIEKC-KOILT

S(3,2) = {0000000,1011100,0101110,0010111,1110010,0111001, 1001011, 1100101}.
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3a ma mouydyrM aJredpUYHO ONMCAHWE Ha UUKJINYHUTE KOLOBE PAa3TIIEKIAME CJIETHOTO
u3obpaskeHue:

Fq - Fylz]/ (2" = 1),

W:{ (ao,a1,...,an-1) — ao+a1@+...+ap_12" L (5-1)

fAcuo e, ue 7 e Fy-nuueiino m3oOpaxkeHne Ha BEKTOPHM IPOCTPAHCTBA. Ilo-HATATDLK Mie
unentuumupamve Fy cne Fplz]/(2" — 1) u serropa (ug,u1,...,unp—1) ¢ momuHOMa u(z) =
Uy + LT + o F Uy

Hedmaumusa 5.3. Hexa R e npbcren. Enno mempasso monMmuoxectBo I Ha R Hapuuyame
udean, axKo

(i) pasmurara a — b npunamne:xut Ha I 3a Bcuuku a,b € I;
(ii) ra € I 3a Bcako r € R u Besko a € 1.
IIpumep 5.4. (i) Beuuku vernu uucia B Z ob6pasyBar umead.

(ii) 3a GUOMPAHO IO MOIOKUTENHO M MEIUTE YUCIA, INLINN Ce Ha M 06pa3yBaT UACA

B Z.

(iii) Hera f(z) e memysnes nosuuom. Bewukm nosuuomu, messmu ce Ha f(z) B IPLCTEHA OT
noiuaoMu Fylr] o6pasysar nmead.

(iv) Hera g(z) e menuren ma z™ — 1. Bewnusn nomunomu B npberena Fg[z]/(z™ — 1), kouro
ce nensatr Ha g(x) obpasyBar umead.

IIpumep 5.5. Ila pasraename nuramgausa xkox C' = {000,110,101,011}. Mmame 7(C) = {0,
z,1+ 2% 2 + 2?}. Orassa ce, ue B npberena Fo[z]/(z3 — 1) noamuoskectBoTo I = 7(
nneaur.

Hedumanmus 5.6. Exun unean I B upwcrena R mHapuyame zaagen udeas, akO CHIIECTBYBA
esqement g € I Takbs, ye I = (g), kbOETO

(9) ={gr|re R}

EaxementnT g ce mapuua nopaxcdaw, 3a I m razsame, ue I e mopomen or ¢g. Eaun nponceren
me Hapudame 004acm Ha 2aa68Hu udeant, aKO BCEKU maeas B R e riase.

Npeanwr I oTtnocaenuus npuMep e raaseH. JlecHo ce mposepsisa, ye | = (1 + x).
Teopema 5.7. IIpncrenure Z, Fylz] u Fylz]/(2™ — 1) ca obnacTtu Ha IIaBHA MOEaIN.

Jloxasameacmao. O
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5.2 Ilopaskmamu moanHOMUT

IIprurnaTa 3a BLBEKAAHE HA UOEATIU B IPETHUA PA3aes] ClIeTHATAa TeOpeMa, KOATO CBBLP3Ba
UaeauTe C NUKINYHUTE KOJOBE.

Teopema 5.8. Heka 7 e muneiinoro nzobpaskenue, neduaupano B (5.1). Torasa HempaszoTo
nomvuoskectso C wa Fy e murmmuen xom Torasa m camo Torasa, korato 7(C) e mmear B
Fola]/ (2™ = 1).
Joxazamencmeo. Ha nomycueM, ye 7(C) e unean B Fyfz]/(z™ —1). Torasa 3a Bcuuru o, § €
F, C Fy4[z]/(2™ —1) u Bcviurm a, b € C numame an(a), fr(b) € n(C) (cvraacuo nepuHnIuATA Ha
unean). Cuenosarenno an(a)+ B (b) e enement na w(C), t.e. m(aa+ Bb) € w(C), orrbHETO
cnenmsa, ue aa + fb e nyma or C. Tosa mokassa, ue C' e JIMHEEH KOI,.

Hexra cera ¢ = (cg,c1,...,¢n—1) € KOmOBa ayma ot C. ITonmuHOMDBT

—2 -1
w(c)=cot+cz+...+cp_22"" "+ cpoq1z”

e enement Ha m(C). Twoit kato 7(C) e nmeay, TO €IEMEHTHT

xm(e) = coxtcri .. 4 cp 0"t Fopa”
= c¢p1tcoxteai+.. . +ep0a™ 4 Cn—1(z" = 1)
= c¢p1teoxtexi+.. . Fepoa™ !t
e B w(C), T.e. (¢n-1,¢0,C1,...,Cn—2) € KOHMOBa nyma or C. Tosa o3zmauasa, ue C' e IUKINYEH
KOJI.
O6parHo, Heka npeamnonoxuM, e C' e MUKINYEH KOoL. 'Torasa e siCHO, Ue I'bPBOTO yCIOBUE
ot Hedunurnus 5.3 ce ynosaersopsasa 3a 7(C). 3a BCEKU MOIUHOM

f@)=fo+ fiz+ ...+ foot" 2 + farz" ™ =7(fo, fr, s fac1)
ot 7(C) mmame (fo, f1,..., fn—1) € C, & nomuHOMDT
rf(x) = fno1+ for + fiz? 4+ .+ froz™ !

e cpmmo enement Ha 7(C), 7Bt kato C e murmmuen. OTykk ciemsa, ye u 22 f(x) = z(zf(x)) e
enement Ha 7(C). Ilo manyknus moxyuasame, de x' f(x) npunaanesu na 7(C) 3a Besko i > 0.
Twoit kato C e nuHEeH KOA, a 7 € JuHeina Tpancpopmanus, 1o 7(C) e IMHEeHHO TPOCTPAHCTBO
nan F,. CrenosaresHo 3a BCeku MOMMHOM ¢(x) = go + 12 + ... + gn_12" "' € Fyla]/(a™ — 1,
HOJIMHOM'DT

@) f(@) = 3 gsla (x))
1=0

e exement Ha 7(C). Cuenosarenuo, m(C) e unean ma Fylz]/(z" — 1). O
IIpumep 5.9. (i) Koowur C = {(0,0,0),(1,1,1),(2,2,2)} e Tponden nurnuuen koa. CLOTBETHUAT
uneas 8B F3[x]/(2% — 1) e 7(C) = {0,1 + 2 + 22,2 + 22 + 222

(ii) Muoskectsoto I = {0, 1+22%, x+23, 1+2+2%+23} e umean B Fo[z]/(2*—1). CrorseTHUIAT
nukauder kox e (1) = {0000,1010,0101,1111}.

(ili) TpuBnanuure nukianann konose {0} u F, cvorBercrBar Ha TpusBuamnure uneas (0)
u Fylz]/(z™ —1).
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Teopema 5.10. Hera I e memyies unean B Fylz]/(2™ — 1) u Hera ¢g(x) e HeHyIIeB HOJMHOM
¢be crapmuy koepunent 1, nman munuMasna crened B I. Torasa g(x) e nmopaxna I u menu
" — 1.

Loxazameacmeo. IlbpBara uvact ciaensa or Txeopem 5.7. Ilo-mararbk umame z" — 1 =
s(x)g(x) 4+ r(x) raro deg(r(z)) < deg(g(z)). Orryr caemsa, ue r(x) = (2 — 1) — s(z)g(x) e
enemenT Ha [. Twit kato g(z) e or munnmaiuna crenex r(z) = 0. Cuenosarenso g(x) menn

™ — 1. O

Hpumep 5.11. B Mpumep ??(i), nomuromnT 1+2+22 e or MurnMassa crene. Toit memm 23 —1.
B Ilpumep ??(ii), nomuromnT 1+ 22 e ¢ mafi-mucka cremen u nemm x* — 1. 3a TpuBmanaus
ko Fy or maii-Hucka cTeneH e NONMHOMDBT 1.

Croraacuo Teopema 5.7 Bcekn uneaa B Fylz]/(z™ —1) e rnaBen. Taka eIUH MUKINIEH KOX
ce mopaskna oT koi ga e or mopasxkaamure Ha 7(C). OOUKHOBEHO MMaMe IOBEYE OT €IUH
nopasknam 3a unean B Fylx]/(z"™ —1). Ciuenpamusar pe3yiTar HOKa3Ba, 4e TO3U IOPaKIALL €
€IMHCTBEH, AKO HAJOKNM HAKOU JOMNLJIHUTETIHU YCIOBU.

Teopema 5.12. BB Bceku menynes unean I ma Fy[z]/(z™ — 1) cpmecTByBa €IMHCTBEH IOJIU-
HOM OT Hall-HMCKA CTENEH C'LC CTapmy KoepunueHT 1.

Nokazameacmeo. Coraacuo Teopema 5.10 tarbe moaumaoMm e mopasknam 3a I. Axko gi(z) u
g2(x) ca pazmuunu mopazkmamy Ha | ¢ MUHMMAJIHA CTENEH, TO MOAXOIAMO CKAJIAPHO KPATHO
Ha g1(z) — g2(x) e HemymeB momuuHOM OT I CLC cTApmU KOeQUIMEHT 1, UMAN O-HICKA CTENeH
OT MMHMMAaJIHATA, IPOTUBOpPEYNE. (]

Ta3m Teopema ompaBnaBa ciieqHaTa Ie(OUHUINAA.
He¢unaumus 5.13. Heka I e menynes unean B Fylz]/(z™ — 1). Enuacrsenusr nomusoM B [
OT HaAW-HUCKA CTENEH U C'LC cTapmu koeduneHt 1 mapudame nopaxclaw, nosurom 3a I. 3a
mukianyer ko C mopasgnamuar noauaoM Ha uxeasta 7(C) Hapuuame nopaxciauy, nosuHOM Ha
xoda C.
Hpumep 5.14. (i) HMopaxnamusaT noauaoM Ha nukanyans kon {000.110,101,011} e 1+ .

(ii) Hopasknamus MOTMHOM Ha CUMIUIEKC Koma oT Ilpumep 5.2 e 1+ 2% + 23 + 2.

Teopema 5.15. Bcekn nenuren Ha " —1, nmam crapmm koeUIIMEHT 1 e mopaskIall TOJINHOM
Ha HYKAKDbB IMKIMYeH Ko1 Hanm [Fy.

Joxazameacmeo. Hera g(x) e memuren ma z™ — 1 ¢be crapmu roepunment 1 u merka I =
(9(z)) <« F,/(z™—1). Hera C e CLOTBETHUAT LMUKINYEH KOL U Aa O3HAYUM C h () HOPaKAaIms
nosuaom Ha C. Torasa cbmecTByBa moauHOM b(x), 338 KOHTO

h(z) = g(x)b(x) (mod z™ —1).

Orryk cnensa, ue g(x) e nenuren Ha h(x) u Toit karo h(z) e or MuaManHa crenen B [ u e
c¢be crapmu koepunment 1, to g(x) = h(x). O
Ot Teopemu 5.12 u 5.15 noxyuaBame CiemHUST PE3yITAT.

Caencrsue 5.16. CnimecTByBa B3aUMHO-eJHO3HAYHO CLOTBETCTBUAE MEK Y MUKJINUHATE KOO ABE
BLB [y n nemmernure ma 2" — 1 € F,[x] cbe crapmu koedunuent 1.
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OueBnauo moguaoMuTe 1 1 £ — 1 ca mopakmamy TOJIUHOMY HA TPUBUAJHUTE KOIOBE IFZ
u 0.

Ilpumep 5.17. Ile omurneM BCUYKU TBOUYHU MUKIUIYHU KOJOBE C AbLJKUHA 6. Oa Pa3IOKAM

Ha MHOKUTEHU 20 — 1:

P —1=@+ D" +22+1) = (x+1)* (22 + 2+ 1)
OTTyk monydasame meseT nesmrens Ha z° — 1 ¢be crapmm koepumuent 1:

1, 1+z, (1+ )2
l+z+2% (A+2)(1+z+2)?2 (A+2)?2?0+2+2?)
I+ax+22)2, (Q+z+22)2(1+2), (1+z+22)2(1+2)?

ComecTByBaT HEBET NEBET ABOMYHM LIUEJIMYHM KOXA ¢ AbipkuHa 6. JlecHo morar ma ce
HAIMIIAT KONOBUTE OyMM 3a BCEKM OT Te3M KOXOBe. Taka Hampmmep, KOLLT, MOPOIEH OT
(1+ 2+ 2?)? cpabpska xymmTe

{000000, 101010, 010101, 111111}

OT ropHUs IpUMep € JACHO, Ue OPOAT Ha NUKINYHUTE KOAOBE C NLILKUHA N MOKe na Obae
oIpeneseH JeCHO, aKo 3HaeM pasiarasero Ha z" — 1 man F, Ha mpocTy MHOXKUTEH.

Teopema 5.18. Heka z™ — 1 € F,[z] uma crexnoTo pasmarate Ha npocty MHOkuTenn Hax Fy

o =1 =i = 108 (@),
[

KBLIETO P1(Z),...,pr(T) CA PA3IUYHU HEPA3IOKUMY HOIUHOMUA CHLC CTAPIIN KoehUuuueHt 1, a
T

e;>13ai=1,...,r. ToraBa cbmecrByBaT H(ei +1) ¢ nvmrura n Han F.
i=1

B rabmunuTe mo-mory € mpeacTaBeHO pasyaraHeTo Ha monumHoMma x" —1 Han F, 3a ¢ = 2,3
u qukuan 1 < 10 1 e npecmeTHAT OpOs HA CHOTBETHUTE MUKIWJIHU KOIOIOBE.

n  paznarase #Ha " — 1 # NUKJINYHU KOIOBE
1 1+= 2
2 (1+x)? 3
3 (I+a)(1+z+2?) 4
4 (1+4az)t 5
5 (1+2)(1+z+a22+2%+2%) 4
6 (1+2)%(1+az+2?)? 9
7 (I+z)(1+z+2%)(1 +2%+23) 8
8 (1+ux)8 9
9 (1+z)(1+z+2?)(1+2®+ 2% 8
10 (14+2)%(1+ 2+ 22 + 23 + 21)? 9
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n  pasnarage Ha "' — 1 # NUKIUYHU KOIOBE
1 1+= 2
2 2+x)(1+x) 4
3 (2+a2)3 4
4 (24 2)(1+2)(1+2?) 8
5 2+z)(1+z+2%+2%+2) 4
6 (2+2)3(1+a2)3 16
7 2+2)(1+z+22+23+ 2t + 25+ 25) 4
8 (2+az)(1+z)(1+2H)2+z+2)(2+ 22+ 2?) 32
9 (2+a)° 10
10 2+2)1+2)1+z+2%+23+24) (1 + 22 + 2% + 223 + 2?) 16

Emue murauyen kKom ce ompemesis HALJIHO OT mopaskmamusa mosuuHoM. (CiemoBaTesno
BCUYKM ITapaMeTPU Ha [UKJINYEH KOJ C'LIIO Ce ONPEAeNAT OT mopakmamus nojauaoM. Cien-
BalllaTa TEOpPeMa MOKa3Ba KaK Pa3MEPHOCTTA HA €IWH MUKJINYEH KO 3aBUCU OT MOPAKIAIIAA
TOJIMHOM.

Teopema 5.19. Heka g(x) e mopaskmamusr nonusoM Ha uneas Ha F, /(" —1) u znera deg g(x) =
n — k. ToraBa NUKINYHUAT KOX, MOPOLEH OT ¢(Z) € ¢ pasMepHOCT k.

Loxasameacmeo. Hera c1(x) # co(x) ca nmomunmomu c dege;(x) < k—1, ¢ = 1,2. Torsa
g(x)er(x) Z g(x)ea(z) (mod z™ — 1). CrenoBaTenHO MHOMKECTBOTO

A= {g(x)c(x) | c(z) € Fylz]/(z™ —1),degc(x) < k — 1}
nMa ¢F enemenTa m e moaMHOxECTBO Ha maeana (g(x)). OT apyra cTpama 3a BCAKA KOJOBA
oyma g(z)a(x) coe a(z) € Fylz]/(a2™ — 1) nmame
a(z)g(x) = u(z)(z" = 1) + v(2), (5-2)
kbaeto degv(z) < n. Ot (5.2) mmame v(z) = a(z)g(z) — u(x)(z™ — 1). Cruenosarenno g(x)
memu v(z). a npencrasum v(x) BB Buna v(x) = b(x)g(r) 3a Hakakbs monunoM b(x). Torasa
degb(x) < k m v(z) e B A. Tosa nokassa, ue A = (g(z)). CnenoBaTesHo ppazMepHOCTTA HA
xoma e log, |A] = k. O
Hpumep 5.20. (i) Ot paszmaramero 27 —1 = (1+z)(1+ 2%+ 23) (1 + 2+ 2?) € Fa[z] momyuasame,
ue CLIMEeCTBYBAT ABA ABOWUYHU [7,3]-KOma:
(1+2)1+2*+2%) = {0000000,1110100,0111010,0011101,0010111
1001110,0100111,1010011,1101001}

(14 2)1+z+2%)) = {0000000,1011100,0101110,0010111
1001011,1100101,1110010,0111001}.

(ii) Or pasmnarasero
2T —1=2+x)1+x+2?+23 +2t + 25+ 25 +27)

noJgydyaBaMe, Y€ He CbOIEeCTBYBAT ABOWYHU IMUKJIWUYHU [7, 2]—KO,Z[OB€.
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5.3 Ilopaskmama 1 mpoBEepPOUYHA MATPUILA

B npennus pasnen mokaszaxme, ye eIUH MUKJINYEH KO HAII'LJIHO CE OMPENESIsi OT MOPaK IAIIU
cu nosmaoMm. CiemoBaTesiHO TOW TpsabBa ma ompemies MW MOopax3ialla MaTPUIA 3a KOIA.
Cirenpamara TeopeMa yCTaHOBABA BPL3Ka MEKIY Te3U ABa ODEKTa.

Teopema 5.21. Heka g(z) = go + g12 + ... + gnx2" ", gn_r # 0, € TOpARIAIMUYT TTOJTHOM
Ha mukaumdeH kon C' man Fy. Torasa maTpumnarta

g() go g1 et On—k 0 0o 0 ... 0
zg() 0 g0 g1 ... gn_k 0 0 0
G = , | '
ak~lg(z) 0 0 < 9o g1 cer On—k

e mopaskmama mMarpuna zHa komna C.

JTokasameacmeo. IlocTaTnburo e na ce moraske, ue g(x), zg(z), ..., 2" 1g(x) obpasysar 6asuc
) glx),zg(x),..., g pa3sy.

Ha C. flcHO e, ue Te ca muueitno HezaBucumu HaO Fy. Ot Teopema 5.19 nvame, eu dim C' = k,
OTKBIETO CJIENBA JKEJIAHUAT PEe3yJITAT. O

Ipumep 5.22. Ia pasraename mpowdnus [7,4]-kox ¢ mopaxmam momuaoM g(r) = 1+ 22 + 2°.
To3u Ko MMa Mopaszkaania MaTpPUIa

g(z) 101 1 000

zg(z) |01 01100

| 2% ] 100 10110
z3g(z) 0001011

Ta3m mopaskmaima MaTpulla HE € B CTaHZapTHa (Gopma. AKO KbM BTOpUA pen nobaBum
YeTBBbPTUSA, & KbM I'bPBUA AOOBUM CyMaTa Ha MOCJIEITHUTE ABA, [IOJIydYaBaMe

G =

SO O =
o O = O
o= OO
_ o0 O O
O = =
— == O
— O =

Tazu MaTpulla € B CTaHJapTHa (bopMa n OT Hes JIECHO MOKEM HOa IIOJy4dYuM IPOBEPOYHa
MaTpula 3a Hallusa KOI:

1110100
H=({0111010
1101 0 01

O

W3BecTHO €, Ue mMpoBepoOYHA MAaTPHUIA HA MAMEH JUHEEH KON MOKe Aa ODhae MOJydeHa
OT KOs Ja € HeroBa Mmopaskaalia MaTpura. 1Dhi KaTo OPTOTOHAJHUAT HA NMUKIUYEH KO €
CBIIO MUKJINYEH, TO € Bb3MOKHO 1a HaMePUM OIPOBEPOYHA MATPUIa HAIIPABO OT MOPaXK Al
TOJIMHOM Ha OPTOTOHAJHUA KOM. 3aJadaTa Ce CBEXIa OO0 HAMUPAaHe Ha MOPasKIall HOJTUHOM
33 OPTOTOHAJHUA KO C+.



86 5. Iuxauunu xodose

Hepvanmusa 5.23. Heka h(z) = Zf:o a;x’ e nomuuoM ot cremed k, ay # 0, nan F,. Jedunu-
pame peyunpounus noaunom '™ (x) ma h(z) upes

k
A (z) = 2Fh(1/2) = Zak,izi.
i=0

Ot nedpununusara Bemuara ciaensa, de ako h(x), meau ™ — 1, To u h(B) (x) memm z™ — 1.

Ipumep 5.24. (i) Axo h(z) = 1 + 2z + 32° + 27 € F5[z], To pemumpounmar my e

h(B) () :c7h(1/56)
— 271+ 2(1/2) +3(1/2)° + (1/2)7)

= 1+32%+22%+27.

(ii) Jla pasriemame mommroMa h(z) = 1+x+23 € Fy[r], ®oiito e memmrern wa 2’ —1. Torasa
BB (r) =1+ 2%+ 23 e como memurern va 7 — 1. O

Ipumep 5.25. Heka g(x) = go + g17 + gox? + g32° € mopaskIamumaT MOJTUHOM Ha, MUKIAYCH KO
wan Fy ¢ numwuna 4 u vexa h(z) = (2" —1)/g(z). da nonomum h(z) = ho+ hiz + hex? + hyz?.
Torasa h')(z) = (hs + hox + hix? + he2?)/2"F, xbmero k = degh(x). Ila pasriemame
IPOU3BEICHUETO

0 = g(z)h(x)

(90 + 17 + g22® + g32°)(ho + hax + hox® + hya®)

= goho + (goh1 + g1ho)z + (goha + g1h1 + gaho)2® +

(90h3 + grha + g2h1 + gsho)z® + (g1hs + ga2ha + gsh)z* +

(g92hs + gsha)z® + gshsa®

(9oho + g1hs + gaha + gsh1) + (goh1 + g1ho + g2hs + gsha)x +

(9oh2 + g1h1 + g2ho + gshs)z® + (gohs + giha + gahy + gsho)z®  (mod z* — 1).

B mero xoeunueHTLT Ipen BCAKA OT CTEIeHuTe Ha T Tpabsa ma 61ae 0.
_ 4 _ 4
Ila monoskum b = (h3, ha, hi,ho) € Fyu g = ‘(go,g—l,gg,gg) € IF,. Ila ozmaunmm ¢ g; BekTopa
HOJIyYeH OT g upe3 IMUKIMYHO U3MecTBaHe Ha i nosunuu. CpaBHABaltKM KoehUIMeHTuTe mpe
2% B TOPHOTO CpaBHEHME IIOJIydYaBaMe

go-b=g-b=gohs+ giha + gah1 + gzho = 0.

Brobme cpasrasaiiku cremenute mpen ', i = 0,1,2,3, momyuasame g; - b = 0. Twoit kato C
ce mopasaa ot {gg, g1, ds, g3, TO b e KomoBa nyma ot C*. V3MecTBAlKU TUKINYHO BEKTOPA
b = (hs, ha, hi,ho) Ha k 4+ 1 mo3umuu me moayuMM BekTopa, chorBercrBam Ha h)(z). Twnit
karo C e murmmuen, To u h¥) () e komosa myma.

Mo neduammus mvwave deg h(™) (z) = deg h(z) = k. Cremoparenso muoxectsoro ot {h")(z), zh(") (), . ..

e Gasuc ma C*. Tara nmomyumxme, e C* ce mopammna ot hy 'hU)(z). (Ila orGenemum, ue
ho = h(0) # 0, it ®KaTo hogo = h(0)g(0) = —1.) O
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fAcuo e, ue IIpumep 5.25 moske ma 6bae 06ODOIMEH 3a IMUKJIMYHUA KOIOBE C ITPOU3BOJIHA
ILIGEMHA N. ToBa € CLALPRKAHNETO Ha CIEIBAINATA TEOPEMA.

Teopema 5.26. Heka ¢(z) e mopasgnamus MOJIMHOM Ha ¢-WYeH Iukiauded [n, k|-kon C u Heka
h(x) = (z™ — 1)/g(x). Torasa hy'h)(z), x1Laero hy e cBoGommuaT wren ma h(z) e mopa-
JMAIMUAT TTOJMHOM Ha, OpPTOTOHaJHUA Kox Ct.
Joxasameacmeo. Hera g(z) = Z?:_Ol gix® m h(x) = Z?:_Ol hi;zt. Torasa
0 = g(x)h(z)
= (goho + g1hn—1+ ...+ gn—1h1) + (goh1 + g1ho + ... + gn—1h2)z +
(gohg + glhl + e + gn,1h3)$2 + e +
(gohn—1 + g1hpn—o+ ...+ gn_lho)xn_l (mod " — 1).
KoepunuenTture mpen cremenuTe Ha T B FOpHUA u3pa3 Tpabsa ma 6nmar 0. Axo ozmaumm
C g, BEKTODPA, moayueH OT (go,d1,---,Jn—1) UYPE3 NUKIUIHO M3MECTBAHE HA § TO3UIU, | =
0,1,...,n — 1, To momyuyaBame
g;- (hnflvhn72;-"7h’17h’0)7 i= 0517"'7”’7 1.
Twoit ka0 {gg, g1, - - -5 9p_1} HOPaskar kona C (cwvraacuo Teopema 5.21), 10 (hy—1, hn—2, ..., h—
1,ho) e komoBa myma ot Ct.
Karo usmectum nukanguo sekropa (hp—1, hn—2,...,h—1, hy) Ha k = 1 no3unuu nonsydasame
BexTopa, cwhorBercram Ha h(®)(r). OTryk cremsa, e h)(z) cpmo e xomoBa myma, Thit
kaTo u koabT O e mukmmuen. Ilo-mararnk mvame degh(x) = degh™(z) = k, oTrbaeTo

)

crensa, ue muoskecrsoro {h (), zh(®) (z), ... 2" *1h{®) (2)} e 6azuc ua C*+. CremoBarenso
O+ ce mopasma or h(z) u momumomnT hy 'h(®)(2) cnerapmu koeguument 1 e mopasam
nommrom Ha CL. (|

JHedunnmnus 5.27. Heka C e ¢-uuen kox ¢ auisgnHa n u Heka h(z) = (2" —1)/g(x). Mommroma
hy 'h®)(z), B ®KOliTO ho € cBOGOmEMAT umen ua h(z) Hapuuame npoeepouen noaunom na C.

CunencrBue 5.28. Heka C e g-uuen nukauyen [n, k|-KOx ¢ mopaskmal mOauHOM ¢(x) U HEKa
h(z) = (2™ —1)/g(z). Ha momomum h(x) = hg + hiz + ...+ hix®. Torasa marpumara

R () he hg_1 oo hg 0 0 0 ... 0

xh) (1) 0 hx hii ... ho 0 0 ... 0

H= ) = : ) )
g —k=1p(R) (:L') 0 0 . hy hp_1 ... hg

e nmpoBepouna marpuna Ha C.

Ipumep 5.29. Hexa C e npowuen mukiudes [7, 4]-kom, mopomaen ot nosuaoma g(r) = 1+22 423,
Honarame h(z) = (27 — 1)/g(x) = 1 + 2% + 2% + 2*. Torasa A (z) = 1+ 2 + 2> + 2% e
npoBepouruar noanaoM Ha C. CremoBarenHo,

101 00
11 010
111 01

e nmposepouna matpuna Ha C.
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5.4 IlekomupaHe Ha TMUKIUYHU KOIOBE

IlekomupaHeTo Ha MUKINYHU KOJOBE CE€ CBEXKIA MO M3BLPIIBAHETO HA CLIIUTE TPU CTBLIKU,
KOUTO MPAaBUM IPU OEKOAWPAHETO Ha OOIMM JIMHEWHW KOAOBE: MOPECMATAHE HA CUHAPOMA,
HaMUpaHe Ha BEKTOP-TPEIKa, KOWTO MYy CLOTBETCTBA U MOMpaBsHe Ha rpemkure. [lopanm
OoraraTta CTPYKTypa Ha IUKJINYHATE KOJOBE U PA3HOOOPA3HUTE AJTeOPUYHUA U T€OMETPUIHU
CBOIICTBa, KOMO Te NMPUTEXRABAT TE€3U CTHIKU Ca OOMKHOBEHO MHOIO JIEKM M HUE MOMKEM na
OOCTUTHEM HIPOCTOTA U €()EKTUBHOCT HA NEKOAUPAHETO.

Wznonssatiku CraencrBue 5.28, HME JIECHO MOMKEM Oa MONYYUM 4Ype3 eJeMEHTapHU OI-
epanuu IO penoBe MPOBEPOYHA MATPUIA BbB BAIA

H = (I_1|A). (5.3)

3a Bcern nukmaden kox C mpoBepouHa Marpuna or Buma (5.3) CLINECTBYBa M € ¢ IMHCTBEHA.
Beuuku cuBApOMU B TO3M pa3lell ce MPEeCMATAT MO OTHOMEHUE HA TTPOBEPOYHA MATPUIA OT
suna (5.3).

Teopema 5.30. Hexka H = ([,_i|A) e nmpoBepouna marpuna Ha ¢-udeH nukauded konx C
u mexa g(r) e mopammamuar nomumoMm ma C. Torasa cumapoMbT Ha Bextopa w € Fy e
paser Ha (w(z) (mod g(x))), T.e. ocrarbka moayden npu nenenuero Ha w(z) Ha g(z). (Tyk
unentTuupame Bekropa w € Iy ¢ momumoma w(z) € Fylz]/(z™ —1).)

Loxaszameacmeo. Marpunara A e c n—k pena u k crbaba. C Bceku c11i0 Ha A cBLp3BaMe
IIOJIMHOM OT CTelleH, HeHaaMuHaBama n — k — 1, u 3anucBame A BLB BUIA

A= (ap(x),a1(x),...,ax—1(x)).

Ussectro e, ywe G = (—AT|I) e nopasxmama marpuna ma C. CremoBatemno z" F+ — q,(z)
e komoBa myma ot C. Ila momoxmm " F+ — a;(z) = ¢i()g(z) 3a markaxkLs mosmmom ¢;(z) €
F,lz]/(2™ — 1), oTkbOETO HmOIyUaBaMe

n—k+i

a;i(z) =x gi(z)g(z).

Ia nonosxknm w(z) = wo+wix+. . Awy_12"" L. MomurOMDT s(z), cbTBETCTBAIN HA CUHAPOMA
s=Hwe

n—k—1

s(x) = wotwiz+ ...+ wWh_p1% + wp—gap(z) + ... + wp_1ak—1(x)

n—k—1 k—1
= > wa Y w0 — gy (@)g(a)
i=0 Jj=0
n—1 k—1
= D wir' + [ D wnkrjgs(2) | g(x)
i=0 Jj=0

= w(z) (mod g(z)).

Toit kaTo cTenmedTa Ha mMOaMHOMA $(r) He HamMuHABA N — k — 1, OIyyaBaMe sKeJaHusa pPe3yil-
TaT. O
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IIpumep 5.31. Ia pasraename nsouden [7,4,30-xon na XeMUHr ¢ mopaskaam] noauaoMm g(x) =
14 22 4+ 23, WspupmBailku eleMeHTApHM Tpeo0Opa3yBaHUA IO PEJOBE HA MATPUIATA OT
IMpumep ?? mosnyuaBame nposepouna marpuna H = (I3]A4), kbrero

1 110
A= 0 1 1 1
1 1 0 1

CunapomsT Ha gymata w = 0110110 e s = wHT = 010. Ot mpyra crpana,
w(z) =z + 2% + 2t +2° = 2 + 22g(x).

Tara ocrarbrbT (w(z) (mod g(x))) e x, koero cborBercTBa Ha xymara 010. O

Teopema 5.30 mokasBa, 4e CHHAPOMDLT Ha IOJIydYeHaTa AyMa w(r) MOMKe Ha Ce OIpPeNesu
ot ocrarbka s(r) = (w(zr) (mod g(z))). Cuenosarenno, w(z) — s(x) e KogOBa AYMA.

CunencrBue 5.32. Hera g(x) e mopasmamusar nosuaoM Ha mukiauden ox C. Axo w(z) e
HOJy4eHaTa AyMa, TO OCTATLKLT $(I), mosyden or nenenero Ha w(x) Ha ¢(x) e crerio
< [(d(C) = 1)/2], To ToraBa s(z) e rpemrara 3a w(x), T.e. w(x)ce meromupa B w(x) — s(x)
Ypes3 aAropuTLMA 34 AEKOAMPAHE IO NPUHOMIA HA MAKCHUMAJHOTO IPABIONOLO0HE. O

Loxazameacmso. Ot Teopema 5.30 cuemsa, e w(x) u s(x) ca B eAMH U CBIU CLCEIECH
rknac. Heka s(z) e nmmepsbT Ha cbheemen kaac, 3a koirto s(z)|(d — 1)/2]. Orryk cirensa
pe3yiITaTDLT. o

Ipumep 5.33. B Ilpumep 5.31 uaaxme, de ocTaTbkbT Ha w(x) = r+22+2* +2° mpu nenene ma
g(z) = 1+ 22 +22 e x. Cnenosarenno w(zr) ce nekomupa LB w(r)—x = 22+t +2° = 0010110.
Axo cme momyunmu aymata wi(x) = 1+ 22 + 23 + 2%, 10 ocraTLELE (w1 () (Mod g(7))) e
1+ 2+ 2% B To3u cayuait MokeM Aa M30J13BaMe CHHIPOMHO AGKOAUPAHE 3a [a TOJyYUM
nymara wi () — 2t =1+42242° = 1011000, it kato mymaara 0000100 e mumep HA ChCeTHUS
KJIaC, Ha KOUTO mpuHamiesku w1 (T).

Ot ropHus mpumep ce BIKIA, Y€ 3a HAKOUW MOJIyUYEHU AyMM MOKEM OAIEeKOoaupamMe KaTo
BeJHAra M3BaAUM OCTAThKa OT AyMaTa, MOKATO 3a APYTU TPAOBa na M3MIOJI3BaMe CHHIPOMHO
nexkoaupane. Anre0pUYHUTE U T€OMETPUYHUTE CBOMCTBA HA MUKJIMYHUTE KOIOBE MO3BOJABAT
[a YyOPOCTUM CUHIAPOMHOTO AEKOAUPAHE 3a HAKOU MOJyUeHru nyMu. [lo-HATATDLK M€ OmUIIeM
TaKOBa AEKOAUPaHe, KOeTO Ce Hapuua yaassHne Ha zpewky (error trapping).

JIema 5.34. Heka C e ¢-uuen, nusnuded [n, k]-kon ¢ mopasknam monusoM ¢(z). Heka s(z) =
Z?:_Ok_l 5;2° e cumapomtbT Ha w(w). ToraBa cCMEAPOMDLT HA MUKIMIHUA MAPT Tw(T) € paBen
Ha 5(T) — Sp—k—19(T).

Joxasameacmeo. Ot Teopema 5.30 ciemsa, Ue e NOCTATLUHO Aa HOKaskeM, de xs(r) —
Sn—k—19(z) e ocrarbrbT Ha zw(z) npu nenene Ha g(x0. Hera w(x) = q(z)g(x) + s(x). Torasa

zw(z) = xq(x)g(z) + ws(x) = (2q(2) + sn—k-1)9(2) + (xs(x) = sn—k-19(2)).

OcraBa na sabenexum, de deg(rs(z) — sp—k—19()) < n —k = deg(g(x)), orkbreTO ciensa
JKeJlaHusa pe3yJaTart. O
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3abenencka 5.35. CunapomsbT Ha makauusns mmoT riw(r) Ha mymarta w(r) Moke ma ce
noyun ot curapoma Ha ' lw(z). Taka MokeM ma TpecMeTHeM WHIYKTUBHO CUHIDOMUTE
ma w(z), zw(z), 22w(x),. . ..

Ipumep 5.36. Ot Ipumep 5.31 3maem, ue curapomsT Ha w(w) = o + 22 + 2t + 25 e 2. Taxa

cuanpomute Ha rw(z) n r?w(z) ca cvorserno z-x =22 w x - 22 — g(x) = 1+ 22.

Hedbuaumus 5.37. Enna n-opka OT | MUKANYHO TOCIEIOBATENHN HYJIA B AaA€HA AyMa HapUdaMme
YuKAuNeH 60K 0M HYAU € 0BANCUNG [ .

IIpumep 5.38. Berkropnr w = (1,3,0,0,0,0,0,) uma mukauyen GJ0K OT HyJU ¢ ILIGKAHA D, a
w = (0,0,1,2,0,0,0,1,0,0) uma qukauder GIOK OT HYJIU C ALIDKUHA 4.

AnropurhbM 3a OeKOMUpPaHe HA IUKJINYHA KOIOBE

Anropursm 4. Brod: Iukunuen [n,k,d|-kon C van F, ¢ mopasmam noauaoM ¢(x); HOIydIHA
nyma w(zr), 3a KOATO rpemkaTa €(x) e ¢ Terao wyam((e(x)) < [(d—1)/2] u kosiTto nMa TMEIMUEH
BJIOK OT HYJIU C I'LJLKMHA TIOHE K.

H3100: Tpemrara e(x).

(1) IIpecmaTat ce cumapomure Ha r'w(x) 3ai=0,1,2,... n o3HAUaBaMe CLC §;(T) CUHAPOMA

(z'w(z) (mod g(x))).

(2) Hamwupa ce TakoBa LSLIO M, 38 KOETO CUHAPOMBT Sy, (Z) 38 2™ w(x) € mO-MaI'bK Wl PABEH

ma |(d—1)/2].

(3) IIpecmsara ce ocTaTbkbT e(x) HA T
w(z) — e(x).

™sm (x) npu nenene ma " — 1. Iekomupame w(z) B

Jokasamencmeo. Hali-Hanpen me KOKaKeM CBIIECTBYBAHETO HA UKMCIOTO M OT CTBLIKA 2.
CBbriacHO IDOMyCKAHETO, CBLIMECTBYBA NOJIMHOM-TDEmEa e(T) , KONTO MMa HUKJIWYEH OJIOK
or Hynmn ¢ AbwEuHA moHe k. CIlemOBATENHO CLIIECTBYBA L0 4mciao m > 0, 3a KOeTo
IUKINYHUAT mUdT HA €(2) HA 7 MO3UNUYU UMa BCUYKUTE CU HEHYJIEBU KOMIIOHEHTH B I'bDBUATE
n—k mosunuu. ukmuueauat mmudT Ha €(T) Ha M MO3UNUUA € BCHLITHOCT OCTATBKBLT HA T w(T)
(mod z™ — 1) mpu nenene ¢ g(x). Ha momoxmm

r(z) = ((2™w(z) (mod z™ —1)) mod g(z)) = (z™w(xz) (mod g(z)).

Ternoro Ha r(z) chmuana ¢ TeraoTo Ha e(x), koero e Haii-muoro |(d —1)/2]. Tosa mokassa
C'LIIECTBYBAHETO HA 1.

Hymara t(x) := (2" " sy (r) (mod 2™ —1)) e nukauder mudt Ha (S5, 0) HA N —mM D03UIMN,
KBJACTO Sy, € BeKTOp OT F} ™", cnorBeTcTBam Ha mOMMHOMA Spm(2). flcHO €, we TersoTo mHa
t(z) e cbOTO KaTO TErIoTo Ha Spy(2). CaenoBaTenno wyam(t(z)) < [(d —1)/2]. Tsit kaTo

u 2™ e B3auMHONPOCTO ¢ ¢(z), TBBpauM, Ye w(x)—t(x) ce memm Ha g(x), T.e. w(x)—t(x) e
kKomoBa myma. Tl kato t(x) u rpemkaTa e(x) ca B €IUH U C'BIN CHCEIEH KiIac, umame e(r) =
t(x) = (2" ™sm(x) (mod 2™ — 1) (0T eAMHCTBEHOCTTA HA JUAEPUTE C TETJIO HEHAIXBLPIIAIIO

L(d—1)/2]). O
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IIpumep 5.39. (i) Hera e nomyuena mymara
wi (z) = 1011100 = 1 + 2 + 2° + 2™

Ila mpecmaTame cuaapomute s;(1) Ha Tlw(T) HOKATO WHam(8i(7)) < 1 (B%. TabmumaTa).

7 S;

0 142+ a?
1 14z

2 x42?

3 1

Ierkomupame wq(z) = 1011100 BB

wy (1) — xts3(x) = wi(z) — 2% = 14+ 2% + 2% = 1011000.

(i) la pasraemame mBowunusa mukmwden [15,7]-xkox, mopomen ot g(z) = 1+ xT2% + 27 +
28. Jlecno ce mpoBepsiBa (a pedeM OT KOs Ja € MPOBEPOUHA MATPUIA), Y€ MUHUMATHOTO
pa3CTosHMe Ha TO3U KO € 5. BeKTop rpemka ¢ Tersuo He MO-TOJAMO OT 2 UMa IUKINYeH GIO0K
OT HyJ# ¢ IbIpEUHA TOoHE 7. CIleHOBATENHO HUE MOMKEM Ia MONPABUM TAKLB BEKTOD-IDEIIKA
¢ ropHMA anropuTbM. Heka cMe momyumiam mymara

wa(z) = 110011101100010 = 1 + = + x* + 2° + 2° + 2% + 2% + 2"

U a TTpecMeTHeM CUHAPOMUTE 5;(7) Ha T'ws(T) JOKATO MONIYyYnUM WHam (8i(7)) < 2 (B&. Tabim-
nara).

S
1+ 22 +2°+27
l+z+23+a*+27
1+z+22+2%+25+27
1+z+22+a23 424

x4+ a2+ a3+t +ab
224+ 23 + 2t + 25 + 26
z3+z4+x5+x6+x7
14 a°

N O UL WD~ Of .

Iymara we(x) = 11001101100010 1B

wo () — a¥s7(z) = w(x) —2® — 2™ =1+ 24+ 2* + 2° + 2% + 2% = 110011100100000.
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5.5 Komose, monpaBsamu NakeTU I'PEIIKA

oTyk pasriesxnaxme KOLOBe, TONPAaBAIIY CIYYaHU Ipemku. B HAKOM KaHaJM 3a TpetaBaHe
Ha [OaHHU, KaTO HAIpUMep Tede(OHHW JIUHUM WJIM MArHUTHU 3allaMeTABaIllll YCTPOUCTBA,
I'PEHIKATE Ce JIOKAJU3UPAT He MO CIydaeH HAYWH, & B KLCU MHTEPBAJIU. TakmBa I'DEHIKUA
HaprdaMe NnaKemmuy 2peulky WU Naxemu om epewxy. B obmusa ciaydail KOmoBe, IONPaBANU
CIyJaliHM I'DEImKN He Ca MOAXOIANM 3a IONPaBsgHE Ha IaKeTW OT IPEImKU. sRKeslaTesHo e na
Cce KOHCTPYyUPAaT KOIOBEe, NOIPABAMM TOYHO TAaKMBa I'PEmKN. BBLIpoCcHUTE KOIOBEe HapryaMme
K0008€, NONPABAULU NAKEMU O, 2P EULKU.

Oxa3Ba ce, 4ye IUKJIMYHUTE KOJLOBE Ca MHOTO €(EKTHWBHU 3a KOPUIMPAHE HAa MAKETU OT
rpemku. B To3u pa3zmen me pasriename HAKOM CBONMCTBa Ha KOJOBETE, IOIPABAINM MAKETU
OT T'PEINKA U TIe MPEACTABUM €IUH aJTOPUTDHM 3a AeKoaupaHne. BCUYKU KOMOBE BTO3U Pa3 et
me 0baaT OIBOUYHU KOMOBE.

Hedunaumus 5.40. laxem c nbmsuna [ > 1 e 1BOMYEH BEKTODP, YMUTO HEHYJIEBU KOMIOHEHTHU
3aeMaT | NUKINYHO MOCJIENOBATENHN HO3WUIUU, MPU KOETO MbLPBATA U MOCJEIHATA MMO3UIUN
ca HeHyJieBU. Enuwn KOI Hapudame kod, nonpassw, nakem ¢ 0sAMCUHaG |, aKO TOW MOXKe Ia
TMOMPAaBS BCUYKUA T'PEIIKU, KOUTO Ca MAKeTU C IBLJKUHA | MU MO-MAJIKO, T.€. BCUYKU TPEIIKH,
KOUTO Ca IMaKeTU C ABLILDKUHA | MIN IO-MaJIKO.

Ipumep 5.41.

Teopema 5.42. Enun nmuneen xkox C' e KO MOMPABAI BCUYKA TAKETU C NLJDKUHA [, TOraBa 1
caMoO TOTaBa, KOTaTO BCUYKU T'DEIIKU, KOUTO Ca MAKeTU C ALIDKUHA [ MM MO-MAaJIKO JEKAT B
pasauyHu chcenuu kiacose Ha C.

Jloxazameacmao.

Canencreue 5.43. Heka C e [n, k]-kox, nonpassang naketu ¢ quiekuba . Torasa
(i) HUKOI HEHyJIEB TAKeT ¢ NLILEMHA 2] WM MO-MAJKO HE MOMKE Ja € KOMOBa IyMa;
(i) (rpamuna ma Palirep) n — k > 21.

Joxasameacmao.

3a Bceku suHEeH [n, k]-KOI, MONpAaBsN] MaKeTU ¢ ILJDKUHA | € u3mbanenon — k > 21, T.e.
I < |(n—k)/2|. Jluneen KO, TONPABAIN MAKETH OT IPEIIKM M KONTO ZOCTUTa T'DAHUNATA HA
Purep ce mapuua onmumanen K00, nonpasmai, naxemu om 2peury.

Ipumep 5.44.
AstropurbM 3a OeKOOUpaHe HA MUKJIMYHU KOIOBE, IMOMPABAIMU HAKETH OT IPEIIKU

Ipumep 5.45.
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5.6 3anmauu

1.

Ompenenere, KOU OT CJIETHUTE KOIOBE Ca IUKJIAYHU.

Ila ce morake, ye OPTOTOHAJNHUAT KOM HA IMUKJIUYEH KO € IUKIUIEH.

Ha ce moraxe, ue muoxecrBoro I = {f(z) € Fylz] | f(0) = f(1) = 0} e unean BF,[z] u na
ce HaMepHU IOPAasKIAIL €JIEMEHT.

. Hexka x u Y Ca OB€ HE3aBUCHUMU IIPOMEHJIVIBU. Ia ce JOKasKe, Ue IMPBHCTEH'BT OT IMOJMHOMU

F,lx,y] e e obuact Ha IIABHU UOEATH.

lla ce HAMEDAT BCUYKM MOPAKIAINM MOJUHOMHU C'hC CTapIM KoeduumueHT 1 3a BCEKU OT
CJIE THUTE UICAIIH:

(a) I =(1+x+ 23 CFafz]/(2" —1);

(b) I=(1+a?) CFsla]/(a" - 1);

Ia ce ompenenu manu CIeIHUTE NMOJVHOME Ca IMOPAKAAIM 38 IMAKIMIHUTE KONOBE CDLC
3a1aICHUTE [IbJKAHIA:

(a) g(z) =1+ 2+ 22 + 23 + 2* 3a ABOWYeH MUKIWUEH KOM C ILIKUHA 7;

(b) g(x) =2+ 22% + 23 3a TpOUYEH MUKIMUEH KON C ILIGKUHA 7;

(c) g(x) =2+ 22 + 2® 3a TpoWUeH MUKIMYEH KOM C ALILEUHA 13.
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5. Iuxauunu xodose



I'naBa 6

ChnenuaJjiHI KJIacoBe IMUKJINMUYHU
KO OB€

6.1 DBYX-xomose

Knacot na BUX-konosere e oTkput Hezasucumo oT XoksunreM [8] u Boys u Peit-Yoynxypu
[1]. Vimero Ha kIaca e ChHKpaeHUEe OT MHUNUAJIUTE HA HETOBUTE OTKpUBATeau. 103U Kiac
00600maBa HA KOJOBETE HA XEMUHI KaTO KOIOBETE B HEIO OTKPWBAT IIOBEUYE OT €IHA I'DENIKU.
ITo-nararbuau o606menus na bYX-konosere ca nanpasenu ot 1. N'opencreitn u H. lupaep

[7].

6.1.1 Ilepunumua va BYX-konose

Ila mpunoMHNM, e Hal-Maakomo obuyo kpamno Ha t HeHnyaesu noaunoMa f1(x), fa(x),. .., fi(x) €
F,[x] e monmHOoM OT MMHMMAJHA CTEIEH CLC CTAPIIM KoeduuueHT 1, KOHTO ce meau Ha
Bceku ot mosmuoMuTe f1(x), f2(x),. .., fi(x). Harm-mamkoTo oBmO KAPTHO HA TE3U MOJIMHOMU
ozmauasame ¢ lem(fi(z),..., fi(z)). Jlecno ce morassa, ue lem(fi(x),..., fi(x), fi—1(z)) =
lem(lem(fi(z), ..., fi(z)), fi(x)). Aro 3a fi(x),..., fi(x) nmame paznaranusara

fi(x) = a1pr(x)t coopn(x)h L fe() = apr ()0 oL pn ()0

KDBAETO a1,...,at € Fy, €5 > 0, m pi(z) ca pasnuuHy HepasnoxkuMu HoauHOMHU Han F, cbe
cTapmu KoepunueHT 1, TO TOrasa

lem(fi(@), ..., fi(@)) = pr(z)melenicad p (g)lennmeond,
1(

Jlema 6.1. Hexa f(z), f
ot nosuromure f;(x), i

z), fa(z),..., fi(z) ca monuromu Han F,. Axo f(x) ce menu Ha Bcern
1,..

. t, 10 f(x) ce menu u ma lem(f1(x), fa(x),. .., fi(z)).

Aoxasameacmeo. Ia nomorum g(z) = lem(f1(z), f2(z),..., fi(z)). CrommecrByBar momuzHOMYy
u(z) u r(x) van Fy, deg(r(z)) < deg(g(x)), 3a romro

f(x) = u(z)g(x) + r(@).

95
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Ortyk r(z) = f(z) — u(x)g(z) u, crenoparenso, r(r) ce mean Ha BCUYKM HOJUHOMU f;(x).
Twoit kato g(x) e oT MuHUMAaNHA cTemneH, r(z) = 0. O

Hpumep 6.2. TomarombT f(2) = 2% — 1 ma 1 Fy ce nemuma fi(z) = 1+ 2 + 22 € Falz],
folx) =1+z+a* €Fofz] u f3(x) = (1 + 2+ 22)(1 + 2 + 2*) € Falz]. Crenosarenno f(x) ce
nema u mHa lem(f1(z), f2(x), f3(2)) = (1 4+ 2+ 22)(1 + 2 + 2*) (1 + 23 + 2%). O
Ilpumep 6.3. Ila purcupame IPUMUTUBEH eJeMeHT « Ha Fom 1 ma ozHaumm c M@ () MuHUI-
MagHuA mouaoM Ha o nan F,. Beexu xopen 3 na M) () e eement ma Fym u caenosaremno
p1"1 -1 =0, rie. ©—f e nemmren ma ¢ ~! —1. Cobraacso Teopema 77?7 mommrOMATE
M@ (z) mavar kpateu xopenu. Taxa cbraaceo Jlema 6.1 3a Bcako moamEOmecTBO I Ha
Zym 1 mali-Manmkoro o6mo kparno lem(M @ (z));cr e nemuren ma 29" ~1 — 1. O

m
B ropHms mpuMep e OIMCcaHO Kak Ja HaMupaMe HAKOM OoT geauTenaute Ha ¢ —1—1. Wnesara
e na m3bepeM Te3U IeJIUTeNM 33 IOPaKJaIlyd IOJWHOMU Ha KOJOBe C ILJDKMHA ¢ — 1 Ha®

F,.

Heburunua 6.4. Hexa o e npumuTuseH enemesT Ha F,m 1 Heka M) e vMuEEMATHIA TOTY-
HOM Ha o' Hanm F,. (Ipumumueen) BYX-xo0 man F, ¢ nbmeuaa n = ¢™ — 1 U KOHCTPYK-
TUBHO Da3CTOsSHME § HaprdyaMe HUKINYHUA kon Hanx F,, mopomer or mosamHOMa ¢(x) =
lem(M (@ (x), M@+t (z), ..., M(@+=2) (1)) 3a makoe mano uucno a. Kazsame, ue koant e LYX-
K00 8 mecen cmMucsa, ako a = 1.

IIpumep 6.5. (i) Herka « e npuMutusen eixement Ha Fam. ToraBa BUX-kox B Tecen cMUCTDII
C KOHCTPYKTUBHO Pa3CTOAHUE 2 € MUKINYHUSA KOI, TOPOJEH OT M(l)(x). Oxa3sBa ce, 4ue TOBa
e konbT Ha Xemuur. (Ila ce moraske!)

(ii) Hera « € Fg e xopen aun 1+ 1z + 2% € Falz]. OueBuano o e npumutusen esement Ha Fg
u M(l)(x) =M® (ac) =14z + 3. Caemosarenuo BUX-KOXLT B TECEH CMUCTI C ILILKAHA
7, nopogen ot lem(M®M (z), M@ (x)) =1+ x + 2% e [7,4]. Tosa e mBouunuar [7,4,3]-kox Ha
XeMuur.

(iii) Hera a e comusar karo B (ii). JIsowunusar BYUX-koxn ¢ abiskuna 7, HIOPOAEH OT

lem(M© (z), MV (2), MP (2)) = lem(1 4+ 2,14+ 2 +2%) = 1+ 2)(1 + = + 2°)
e nuranuer [7,3]-kox. JlecHO ce MpOBEpsABA, Ue TOBA € OPTOTOHAJHUAT HA KOJA HA XEMUHT
ot (ii).

IIpumep 6.6. Hera 8 e xoper ma 1+ z + 22 € Fo[z]. Torasa Fo(B) = F4. Herka a e xopen
Ha B+ x + 22 € Fylz]. Torasa a e mpumurusen emement Ha Fi6. la pasraemame BUX-
KOZ B TeceH CMUCDLJI Ham Fy ¢ mbmkuHa 15 m KoHCTpyKTUBHO pascrosaue 4. Ilopaskmamusar
MOJIMHOM H& TO3W KOI €

g(z) =lem(MW (z), M@ (2), M® (2)) = 1 + Bz + Ba? + 2° + 2 + [22° + 2F.

6.1.2 Ilapamerpu ma BUX-komose

Hbvmrnaara Ha BUYX-konosere e mo mepunurmsa n = ¢ — 1. Cera me pasriename BBLIPOCA
¢ pasmepuoctra Ha BUYX-romosere.
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Teopema 6.7. (i) Pasmepuocrra na enun ¢-uuen bUX-koxn ¢ muiskuna ¢™ — 1, mopoaen ot
g(x) :=lem(M (@) (X), M@+t (z),..., M©@+T9=2)(2)} e mae3aBucuM oT U360pa HA TPUMUTUBHUA
€JIEMEHT (.

(ii) Pazmepuocrra Ha ¢-uden BYUX-kon ¢ abmkuna ¢™ — 1 1 KOHCTPYKTUBHO PAa3CTOSHUE
0 e mone ¢™ —1—m(d —1).

Joxasameacmeo. (1) HekaC; e NMKIOTOMUYHUAT KIAC HA ¢ TO MoAysa ¢ — 1, chabpskam 4.
-2
a TmoJIoKuM S = U‘;If C;. OueBumuao umame

g)=lem [ [[e—a’), J] @¢=a)..... J[ @—o)|=][@-a".

i€Clq i€ca+1 ’L‘GCQ+5,2 €S

Caenosarenno pasmeprocTTa € pasHa Ha ¢ —1—deg(g(z)) = ¢ —1—|S5|. Pasynarst caensa
oT TOBa, ye S He 3aBucu OT m3bopa HA Q.

(ii) Coraacuo (1) pasmepHOCTTA k M3NLIHABA

E = ¢q"—-1-15|
= ¢q"-1- ‘Ui = aa+6_20i|
a+6—2
> ¢"—1- Y |Ci
1=a
at+d—2
>

P
= qulfm(ail)v

KO€TO 3aBbBLPIIBa OOKA3aTECJICTBOTO. O

l'opraTa Teopema mokasBa, ye na oupemeamM pa3MepHocTTa Ha ¢-mdueH DYUX-ronm cx
wwwuEa ¢ — 1, topoaen ot g(z) = lem(M (@ (z), M@+ (x),... M@+5-2)(z)), e mocrarnumo
a IPOBEPUM MOIIHOCTTA HA Uf:a 25, kbaero C; e MUKIOTOMUYHMAT KJIAC HA ¢ IO MOILYJI
q™ — 1, cbabpxam 1.

IIpumep 6.8. (1) na pasrmemame cieIHUTE IUKIOTOMUYHU KJIACOBE HA 2 MO MOIYJ 15,
Cy={1,24,8}, C5 =1{3,6,12,9}.

Paameprocrra Ha nBomunusa bYX-kon ¢ pbmkuHa 15 1 KOHCTPYKTUBHO PA3CTOAHUE 3, TOPO-
nen or g(z) = lem(M® (z), M®)(z)) e

15— |ca UCs| =15—-8=T1.

Tyx ce moctura rpanumnara ot Teopema 6.7.
(il) ma pasrienaMe ciegHUTE HAKJIOTOMUYHU KJIACOBE Ha 3 MO MOLyJ 26

C, = C3 = {1,3,9},Co{=2,6,18},Cy = {4,12,10}.
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pa3mMeprocTTa Ha TporyHua BYUYX-ron ¢ pbminHa 26 1 KOHCTPYKTUBHO Pa3CTOSHUE 5, TOPO-
IEeH OT

g(@) := lem(M W (2), MP (X), MP (z), MY (x)

26—|01UCQUC3UC4| =26—-9=17.
B T0o3u ciyuait pasmepHOCTTA € CTPOro MO-rojiAMa OT HoJHAaTa I'paHuia or Teopema 6.7. [

IIpumep 6.9. (i) 3a t > 1 nenure umcaa t u 2t OIPUHAIIEKAT HA €OUH U CDLIIU CbLCEAEH
OUKJIOTOMUYEH Kiaac Ha 2 mo Moxyna 2™ — 1. ToBa e exkBuUBaJIeHTHO Ha (akTa, de M® (x) =
M@ (z). Cremosarenso,

lem(MW (z), ..., M Y(z)) = lem(MD(2),..., M3 (2)),

T.e. mBomuHUAT BUX-KOa B TeCeH CMUCDHI ¢ IbLKUHA 27" — 1 ¢ KOHCTPYKTUBHO Pa3CTOSHUE
2t + 1 cwBmaga ¢ apouvnusa BYUX-kom B TeceH CMUCDHI ¢ ObiukuHa 2" — 1 ¢ KOHCTPYKTUBHO
pascrosHue 2t.

TabaunaTa mo-n0ay cbhIabpska padMmeprHocture Ha bUX-k0om0BeTE B TECEH CMUCDHI C ILILKAHA
2™ —1, 3 <m <6, c koHCTPYKTUBHO pa3crosaue 2t + 1. la orbenexuM OTHOBO, Ue pa3Mep-
vocTTa Ha BYX-KOZ B TeCeH CMUCHLI HE 3aBUCHU OT n3DOpa HA MPUMUTUBEH €JIEMEHT.

n kot n k t
7T 4 1 63 51 2
15 11 1 63 45 3
15 7T 2 63 39 4
15 5 3 63 36 5
31 26 1 63 30 6
31 21 2 63 24 7
31 16 3 63 18 10
31 11 5 63 16 11
31 6 7 63 10 13
63 57 1 63 7 15

(i) Heka o e xopem ma 1+ x + 2* € Fy[z]; ToraBa o e npuMuTtusen emement Ha Fig. a
npecMeTHEM MUHUMAJHUATE TOIUHOMUTE

MO)(z) = 1+4u,
MD(z)=MPD(z) = MD(2) = MO (z) = 1+z+a"
MO ()= MO @)= M@ (z) = MD(z) = 1+z+22+2°+2?,
MO (z) = MI(z) = 14z +4?
MO (z) = MY (z) = M3 (2) = MUY () 1+ 2% 4 24

[Topasknamure nomuuaomu Ha BYX-komoBeTe B TeceH CMUCTHI ¢ IbILKUHA 15 ca mpeacaTraBeHn
IO~ TOJTY .
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n k t

15 11 1 1+az+a?

15 7 2 (I+x+a2H(1+x+22+2°+2%)

15 5 3 (I+a+aYH)(1+z+22+23+2H)(1+a2+2?)

Generator polynomial

B Ilpumep 6.8(ii) e mokazano, ue rpamunara or Teopema 6.7 Moske na ce monoOpu B
Harou ciayvan. Cremsamara TeopeMa maBa JOCTATLYHU YCJIOBUA 3& NOCTUTAHE HA JOJHATA
rpannna or Teopema 6.7.

Teopema 6.10. Enun ¢-uuen BYX-xkom B TeCeH CMUCTDI C OLILKUHA 15 M KOHCTPYKTUBHO
pascrosaue § mMa pasMepHocT TouHO ¢ — 1 —m(d — 1), ako ¢ # 2 u ged(¢"™ — 1,e) =1 3a
BCako 1 <e<§—1.

Loxazameacmeo. Ot morasarencrBoTo Ha Teopema 6.7 3HaeM, ye pa3MEpHOCTTa HA TaKbLB
BUYX-kon e paBHa Ha
q" —1— ’ng_llci

kbaeto C; ca IMUKIOTOMUYHATE KIACOBE Ha ¢ IO MoayJ ¢ —1, cbabp:kamu i. CienoBaTesHo,
NOCTATBLYHO € na mukaskeM, ue |C;| = m 3a Beuurn 1 < ¢ < § — 1, xakro u ye C; u C; He ce
npecuyat 3a Beuukn 1 < i< j <4 —1.

3a Bcako 1o 1 < ¢t < m —1 u 3a Bearo mwamo 1 < ¢4 < § — 1 e usnbameHo i # qti
(mod ¢™ — 1). B mpotusen cayuait 6uxme mmamm (¢ — 1)i = 0 (mod ¢™ — 1) u (¢* — 1) =0
(mod ¢™ — 1), Toit rkato ged(i,¢™ — 1) = 1. ToBa e HeBBL3MOKHO U, cienoarenHo, |C;| =m
3a Beako 1 <1< —1.

Cera 3a Beuugrn nesn yucaa 1 <i< j < §—1 u Beako s > 0 nmame j Z ¢°i (mod ¢™ — 1).
B mporusen cayuait, j —i = (¢° — 1)i (mod ¢™ — 1). Orryr caemsa j —i = 0 (mod ¢ — 1),
KOeTO e mportusopeune ¢ ycaosuero ged(j —4,¢"™ — 1) = 1. Cnenosarenno C; u C; He ce
IPEeCUYaT. O

)

IIpumep 6.11. a pasraename BUX-kon B Tecern cMmucsa Han Fy ¢ qbmimHa 63 1 KOHCTPYK-
TuBHO pascrosHume 3. Pasmepnocrra My e 63 — 3(3 — 1) = 57. O

Kakro Beue Bugsxme, BUYX-komoBere B T€CEH CMUCHI C KOHCTPYKTUBHO pPa3CcTosHue 2t
ca comuTe kKaro bYX-komoBeTe B T€CEH CMUCTDJI ¢ KOHCTPYKTUBHO pascrtostaume 2t — 1. Cie-
MOBATEJHO AOCTATDHYHO € ma pasraexknamMe BUYX-rkoqoBe B TECEH CMUCDLJI ¢ HEYETHO KOH-
CTPYKTUBHO Pa3CTOSIHUE.

Teopema 6.12. Equn npouven bUX-kon B Tecen cMUCTDI ¢ abukuHa 1 = 27" — 1 1 KOHCTPYK-
TUBHO pa3scrosuume § = 2t + 1 uma pasmepnoct moune n —m(d — 1)/2.

ﬂona,?ameﬂcmeo. Twit kaTo OTUKJIOTOMUYHUTE KJIaCOBE Ci u Cgi CbBIIaJaT, TO 3a Pa3MEpPHOC-
TTra k mMaMme
— m 2t .
ko= 2" —1— Uit G
_ m t .
= 2" —1—|U_,Cy
t

> 2m*1*2|02171|
i=1
2M 1 —tm

2™ —1—m(6—1)/2.
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O

Ipumep 6.13. Equa BUYX-kon B TeceH CMUCTDI ¢ ALIDKMHA 63 ¥ KOHCTPYKTUBHO Da3CTOSAHUE
5 uma pasmepuoct Touno 51 = 63 — 6(5 — 1)/2. Ot mpyra crpana BYUX-kon ¢ numxuna 31
¥ KOHCTPYKTUBHO pa3crosnue § = 11 uma pasmeproct 11, kosito e mo-roasma ot 31 — 5(11 —

1)/2. O

Cera me ce cmpeM Ha 3aaavaTa 3a ONpeIisgHe Ha MUHUMAJHOTO pascTosHue Ha LYUX-
KOZIOBE.

Jlema 6.14. Heka C e ¢-vueH IUKJINYEH KOI C ILJLKAHA 71 W HTOPAKIAIN MTOJAHOM g(x)
Heka a1,...,q, ce BCUYKU KOpEHU Ha ¢(T) U Oa OPEAIOIOKAM, Y€ TON HAMA KPATHU KODEHU.
Enementor c(x) Ha Fy[z]/(2™—1) e komosa nyma ot C' Torasa u caMo Torasa, korato c¢(a;) = 0
3at=1,...,7.

JNokazameacmeo. Aro c(x) e ronoa nyma B C, TO cbmecTByBa moauHOM f(x), 3a KOWTO

c(x) = g(x)f(x). Cera mmame c(a;) = g(a;)f(e;) =0 3a Bemurm i = 1,..., 7.
O6patno, neka c(o;) = 0 3a ¢ = 1,...,7. Torasa c(z) ce memu Ha ¢(z), TLi KaTO g(I)
HAMa KpaTH Koperm. Tosa o3mauasa, de c(x) e komoBa myma Ha C. O

IIpumep 6.15. Ila pasraename nsouwdnus [7,4]-kon Ha XeMuHIC mopasgmam moJauHOM ¢(x) =
1+z+a23. Tuit kato Bewuku enementu Ha Fg\{0,1} ca kopernu na c(z) = 1+z+22+23 +2t +
25+ 25 = (2" - 1)/(z — 1), To m Bewurn kopern Ha g(z) ca xopenn mHa c(x). CremoBaTemHo,
1111111 e komoBa myma. O

CrenBamara TeOpeMamn3sCHIBA MOHATAETO KOHCTPYKTUBHO pa3crosaue na BYX-kom.

Teopema 6.16. Equn BUYX-kox ¢ KOHCTPYKTUBHO PA3CTOAHUE § UMA MUHUMAJIHO PA3CTOIHUE
mowe 9.

Loxazamencmeo. Hera a e npumutusen enxement Ha Fym 1 Hera C e BUX-koabT, MOpOaeH oT
g(x) :=lem(M @ (x), M@+ (z), ..., M©@TI=2)(z)). fcwo e, ue ememenTure a®, ! ... adTI=2
ca Kopenu Ha g(x).

Ila nomycHemM, ye MUHUMAJIHOTO pa3crosaue d na C e mo-Maiko ot §. Torasa cLIIECTBYBa
HeHyJeBa KomoBa nyMa c(r) = c¢g + 1T + ... + o121, 32 KOATO WiHam(c(z)) = D < 6.
Coraacuo Jlema 6.14, c(a’) =03ai=a,a+1,...,a+ 6 —2, T.e.

1 a’ (a®)? e (a®)n—1L o
1 aa+1 (aa+1>2 L (aa-‘rl)n—l c1
L (0 P () 2 | =o. (6.1)
1 aa+572 (aa+572>2 o (aa+572)n71 Cn1
Hexka HOoCcuTesaT Ha ¢(x) (MHOMKECTBOTO OT HEHyJIeBU KoopauHaTHY no3unun) E R = {i1,...,i4},
T.e. ¢j # 0 Touno koraro j € R. Torasa ot (??) momyuasame
(aa)il (aa)iQ (aa)13 L (aa)id Cs
(aa+1)i1 (aa+1)i2 (aa+1)i3 . (anrl)id cz;
(aa+2)i1 (aa+2>i2 (aa+2)i3 . (aa+2)id Ci3 _ O (62)

(aa+(;—2)i1 (aa+(;—2)i2 (aa+(;—2)i3 . (aa+(§—2)id C;:d
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Toit kato d < § — 1, u3bupaiiku nvpsure d ypasaenus ot (?77), mosyuasame ciegHaTa
cucTeMa OT JIMHEHHU yDaBHEHUA 10 OTHONICHWE Ha HEU3BECTHUTE C;,:

(oza)il_ (aa)iz_ (oza)iS_ . (Oﬂ)”_ Ci,

(anr;)z'l (aa+;)1'2 (anr;)l'S L (anr;)z.d Ciy
(aa-i- )11 (aa-i- )zz (aa-i- )13 . (aa-i- )Zd Cig —0. (63)
(aa+d—2)z‘1 (aa+d72)i2 (aa+d72)i3 . (aa+d72)id ci,

IlerepmuranTaTa D Ha MaTpunara OoT KOeQUIUEHTUTE HA TOPHATA CUCTEMa € paBHA HA

1 1 1 e 1
a ot a2 ats . a'd
D = [lami| @7 @)= @) @)
= : : I
(@) (ad=l)i2 (1) . (1)
d
= H(a“)” H(a““ —a') #£0.
j=1 k>
Tosa o3HauaBa, 4e XxoMoreHHaTa cucrema (??7) mMa EIMHCTBEHO DEIICHUE C;y,...,C;,) =
KOeTO mpoTmBopeun Ha uzbopa Ha c(z).
0,...,0), p p Gop () O

Ipumep 6.17. (i) Herka o e xoper ma 1+ 2 + 2° € Falz] u merka C e mpowuen BUX-roma c
ILIDKUHA 7 U KOHCTPYKTUBHO Pa3CTOsAHUE 4, HOPOJECH OT

g(z) = lem(M O (2), MWD (z), MP(2))) = 1 + 2% + 2% + ™.

Torasa d(c¢) < whgam(g(x)) = 4. Ot apyra crpana, cbraacao Teopema 6.16 d(c) > 4. Cue-
nosatenHo, d(C) = 4.

(ii) Hera « e wopen Ha 1+ z + 2 € Falz]. OueBunso o e mpuMUTHUBEH ejeMeHT Ha Fig.
na pasriaename BUX-kon B TeceH CMUCTHI ¢ ABLKUHA 1D M KOHCTPYKTUBHO Pa3CTOSHUE 7.
IMopa:KIamuAT TOAMHOM HA TO3U KO €

gz) = lem(MW(x), M®(z),..., MO (x))
MO ()M (2) MO (z)
= l+a+a?+a2" +2° + 2%+ 2%
Cnenosatenno, d(C) < wpam(g(x)) =7, a or apyra crpana, cwraacao Teopema 6.16 d(C) >
7. Cnemosatenno d(C) =T. O

Ipumep 6.18. Hera o e npuMuTUBeH ejieMeHT Ha Fom U HEKA M(l)(:c) € MUHVMAJIHUA TOJIMHOM
Ha « Han Fy. Jla pasraemame nsouunus BYX-kon B Tecen cmucti C ¢ qbimkuba n = 2" — lu
KOHCTPYKTUBHO PA3CTOSHUE 3, IOPOIEH OT

g(z) = lem(MW (z), M@ (z)) = MD ().

Torasa no Teopema 6.16 d(C) > 3 u C e ABONYHMUAT KOA HA XeEMUHT. O
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6.1.3 Iexomupane Ha BYX-konose

6.2 Komnose ma Pun-Conomon

Hafi-pasxuusat knac BYX-komose e kimacsLT Ha T.HAp. kodoge wa Pud-Cosomon. Te ca BLBe-
nenu ot . C. Pun u I'. Conomon, wezaBucumo ot XoksuureMm, boy3 u Pe#i-Yoyaxypu.

Ia pasraename g-myen BUX-ron C ¢ mumkuna ¢ — 1, mopomer ot nomuroMa ¢(x) :=
lem (M@ (), M@+ (), ..., M@+9=2) (), xLaero M (x) e mumumamuuar momumom nan I,
Ha o' 3a W30paH OPUMUTHBEH eleMeHT «. Awxo m = 1, momyuaBame g-muen BUX-roxm c
nbEnHA ¢ — 1. B Tom cimyuail o e mpuMUTHBEH eleMeHT Ha [Fy 1 MMHMMATHUAT HOJMHOM Ha,
o' man F, e z — o', Taka 3a § < ¢ — 1 HOpaRIAMUAT TOJUHOM IpPUEMa BUIA

g(z) = lem(z — a2z —a®, . z—a®072)

= (z—a%)(z—a"t) .. (z—aT072),

T1Lit KaTo emementure o, ot .. a®9=2 ca nBa mo mBa pasmuuHm.

5.

Hebuaunua 6.19. BUX-kona van F, ¢ npmEusa ¢ — 1, IOpOAEH OT IMOJIMHOMA
g(x) = (x — N (z — ) .. (z — a7

crca>0nm2<6<qg—1uKbIETO & € IPUMUTUBEH eJeMeHT Ha [, me Hapuyame g-uuer x00
na Puo-Coaomon unu RS-ron.

Hsma na pasraexname nsowvnu RS-komoBe, Thil KaTO B TO3U Ciyvall IbinKMHATA € ¢—1 =

1.

Hpumep 6.20. Ha pasraemame RS-rkon man F; ¢ auskuba 6 m nopaskmam noauaoM ¢(z) :=
(r—3)(x—3%)(2z—3%) = 6+x+32%+ 2. Tosa e [6,3]-kox van F;. Exna nopasknama MaTpuma
nosxydaBame ot g(x):

G:

OO D

1
6
0

D = W
— o
w = o

0
0
1

[Iposepouna Marpuia noxydasame ot h(z) = (2% —1)/g(z) = 1 +  + 422 + 23. Or momyue-
HaTa MPOBEPOUYHa MaTpUIAa MOKEM da HPOBEepUM, Ue MUHUMAJHOTO Pa3cTosHue e 4. Taka
nocrpoerusaT RS-kon e [7,3,4] MDS-kon nan Fr.

(ii) Ta pasraename RS-roma nan Fg ¢ abiskmnHa 7 1 nopasknam noauaoM g(x) = (x—a)(x—
a?)=1+a+ (a®+a)z + 22, kbEeTo a e kopen Ha 1 + 2 + 2% € Fg. Tosa e [7,5]-komx man Fs.
Ot g(z) MOkeM Ia MONyYMM MOPAakIANA MATPULA 34 TO3K KO

a+l ®+a 1 0 0 0 0

0 a+l o+a 1 0 0 0

G= 0 0 a+l o+a 1 0 0
0 0 0 a+1l o’+a 1 0

0 0 0 0 a+l ?+a 1
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IIpoBepounara maTpuia

ce moJydaBa OT
h(z) = (2" —=1)/g(z) = a* + 1 + oMz + (1 + a)a? + 23 + o*a* + 2°.

OT Ta3u NpoBEepOYHA MATPUIA MOKEM Ja IPOBEPUM, Y€ MUHMMAJHOTO pascrosaue e 3. Cie-
nmoBaTesHo to3u kon e [7,5,3] MDS-kon nan Fs. O

Teopema 6.21. Konosere na Pun-Comomon ca MDS-komose, T.e. ¢ WYHUAT KOm Ha Pumn-
ConomoH ¢ qumruba ¢ — 1, moponen or g(x) = Hfjj;ll (r — ') e UUKIMUEH KO C mapaMepu
[¢—1,qg—6,0] 3a Besiko 2 <6 < q— 1.

Loxazameacmeo. Tobit kato crementa Ha ¢g(xr) e 6 — 1, TO pa3MepHOCTTA HA KOAA € TOYHO
ki=q—1—(0—1)=¢g—0. Coraacuo Teopema 6.16 MmuaMaanoTO pascrosuue e noHe §. Or
IpyTa CTpaHa MUHMAJIHOTO Pa3cTosane e Hafi-muoro (¢ — 1)+ 1—k = ¢ cbraacHo rapaHunaTa
Ha Cuarbarba. OTTYK cieqBa MCKAHUA PE3YIITAT. O

Ipumep 6.22. Heka a e xopen ma 1+ x + 2* € Fy[z]. ToraBa a e MpUMHUTUBEH eJeMEHT Ha
Fi6. Ila pasraename RS-koma man Fig, mopogen ot g(z) = (7 — a3)(z — ax4)(x — o) (x — ab).
Ot Teopema 7?7 moaydvaBame, 4ye MUHUMAJHOTO PA3CTOSHUE € 5, a KOADLT € C IapaMeTpu
15,11, 5].

Teopema 6.23. Heka C e g-uuen RS-kom, moposen oT mommuoma g(r) = Hf:_ll (x—at), KLmeTo
2<§ < qg=1. Torasa pasmupenuar xkox C e cnmo MDS-kon.

Loxazameacmeo. Hera C' e nmurknuuen [¢ — 1,9 — §,d]-kon. Tpabsa na nokaskem, ue C e
[¢,q — 6,0 + 1]-xon. Hera c(z) = 23;02 c;x' e memynesa myma or C. JlocTaTLuHO e na
HOKAKEM, U€ TErJIOTO HA € = C(,C1, - - ., Cq—2, — Zf:_g ¢;) e moue 6 + 1. Hera c(z) = f(x)g(z) 3a
HAKakbLB nommaoM f(z) € F,lx]/(x97! — 1).

Cayuad 1: f(1) # 0. fcuo e, ue g(1) # 0. Cuenosarenno ¢(1) = 23;02 ¢i # 0. Torasa
TErJI0TO Ha XEeMUHT Ha € € PABHO Ha Wiam(¢(z)) + 1, koero e mone d(C)+1 =46+ 1.

Cayuali 2: f(1) =0, T.e. z—1 e nuneen muoxuren Ha f(x). da monoxum f(z) = (z—1)u(z).
Torasa c¢(z) = u(x)(z — 1)g(z) = u(x) Hf;ol(z —a') e cpmo komoBa mayma o BUX-kom c
KOHCTDYKTUBHO pa3crosaue 0 + 1, mopozmen ot Hf;é(:c — a'). Cruenosarenno, TermoTo Ha
Xewmunr "a ¢(z) e moue § + 1 (Teopema 6.16). Taka Termoro Ha € e mone § + 1. O

IIpumep 6.24. (i) ma pasraegame [6,3,4]-kona man Fr; ot IIpumep 6.20. Marpunara

1411000
01 41100
001 4110
1111111

€ IpPOBEepOYHa MATPHUIA HA Pa3MUpPeHusd Kol Kou ma e yetupu cThLiba Ha Ta3u MaTPHUIA Ca
IUHEHHO HEe3aBUCUMU U CJIEJOBATEIHO MUHUMAJHOTO pa3cTodHue 5. Taka Td e IpoBepOdHa
marpuna Ha [7,3,5] MDS-kox.
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(ii) Ha pasraemame RS-kona man Fs ¢ mapamerpu [7,5, 3] or IIpumep 6.20(ii). Marpunara
41 14a0* 140 at 0

1 «
0 1 ot 1 1+a* 14a* ot
1 1 1 1 1 1 1

_ o O

€ MPOBEPOYHA MATPUIA HA PA3MUPEHUs KOA. TaKa TOUM MMa MWHHMJIAHO pa3CcTosHue 4 U e

[8,5,4] MDS-kon. O

Komosere na Pun-Comomon ca MDS-konmoBe u KaTo TakuBa MMAT JOOpU mapamMeTrpu. 3a
cobxasnenne RS-konoBere He ca ABOMYHM, NOKTO MPAKTUUYECKUE IPUIOKEHUS YECTO U3UCKBAT
TOYHO ABOWYHU KOZNOBE. BBL3MOXKHO € Za n3nosi3BaMe KOHKaTeHAINUs Ha KOJOBE 3a IIOJIyJYaBaHe
Ha mo0Opu MBOWYHEU KOmoBe OoT RS-KomoBe HaJ HSIKAKBO pasmmpenue Ha [Fo.

Hera C' e [n, k]-kon na Pun-Conomon vanx Fom, kbaero n = 2™ — 1. u3nmon3BaMe KOHKATe-
HanuoHHaTa TexHmka oT Teopema 4.19, usnonspaiiku TpuBnaiguua xon F5'. Hexka aq,...,qy,
e 6a3uc ua Fom man Fo u na pasriaename mzobpaskenuero ¢ : Fom — FJ', 3amaneno c

u+ lag + ugas + .o+ Uy, — (U1, U2y - ooy U
Torasa ot Teopema 4.19 moxyuyaBame CaemHUA Pe3yJITAT.

Teopema 6.25. Hera C e [n, k] -RS xox nan Fom, knmero n = 2™ — 1. Torasa

¢*(C) = {(¢(CO)5 ¢(Cl)a N a¢(cn—1) | (COa Clye-vy Cn—l) S C}
e mBowdeH [mn, mk]-KOI ¢ MUHUMAJHO pa3cToAHME TOoHE n — k = 1.

Ipumep 6.26. na pasraemame RS-koma C, mopomen ot

KBbIETO v € KopeH Ha 1+ x + x5, CunenoBaremnno,
C={a(1,1,1,1,1,1,1) | a € Fs}

e tpusnamuuar [7,1,7] MDS-kon (kom ¢ mosropenme). Torasa roxnT ¢*(C) e mnBomuen
[21, 3, 7]-kO I, mMOpOmEH OT

100100...100, 010010...010, 001001...001.
(]

ITpu 3amanen RS-kox C xkoxbr ¢*(C) He MOKe [a MONPABA MHOTO CIydaliHM T'DEIKN, Thi
KATO MUHUMAJIHOTO PE3CTOSHUE HEe € TOoJNaAMO. Ho To3uM KoI MO:Ke ma Ce M3M0JI3Ba MHOTO
[O-YCIIENTHO 3a MOMPAaBAHE HA MAKETH OT T'PEIKU.

Teopema 6.27. Heka C e [2™ — 1, k]-xon na Pun-Conomon uvan Fom. Torasa xomnt ¢*(C)
Moske ga nonpass m|(n — k)/2] —m + 1 nakeTHu rpemku, kbaeto n = 2™ — 1 e KbIBKUHATA
HA KOZA.
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Joxasameacmeo. Ha nonoxum | = m|(n—k)/2] —m+1. Cwraacuao Teopema ??7 e mocraTbuHo
Ia TMOKasKEeM ,4e BCUYKU MAKETHU TPEIIKU C ALIUKAHA | WM TMO-MaJiKO JIeKAT B Pa3iIndyHU
C'bCEIHU KIIACOBE.

Hera ej, ez € Fy'" ca nBe makeTHU I'DEMIKM C ILIDKUHA | MW IO-MAJIKO, KOUTO JIEKAT B
eIMH U CLIMN CheeneH kaac Ha ¢*(C). HeKa ¢; e mpoobpa3LT Ha €; IPU 3U0OPaKEeHneTo ¢*,
T.e. ¢*(c;) =e; 3a i =1,2. Torasa e scHO, ue

wHam(ci) = [1_71—' +1
_ Ln;kzJ
d(C) -1

TJ (Toit kato C' e MDS-kox)

3a1=1,2u ¢y, co caBenuna u cbmu cbeenel kaac Ha C. Torasa ¢; = ¢y, KOETO 0O3HAYABA,
ye e; = e, THI KATO ¢* € UHEKTUBHO. O

IIpumep 6.28. 3a [7,3,5]-RS roma man Fg, konnTt ¢*(C) e nuneen, msouuen [21,9]-xkox. Toi
HompaBsa

7-3
=3~ -3+1=4

TAKETHU T'PEINKU. O

6.3 KBampaTuyHO-OCTATBHLYHU KOJIOBE

Hexra p > 2 e mpocTo 4UnclIO U HEKa § € IPUMUTUBEH eleMeHT B IF),. Enun HemyneB elleMeHT
r € F, ce mapuua xeadpamusen ocmamsk no modya p, ako r = ¢g*' 3a HAKAKBO IO YUCIO
i; B IPOTHUBEH CIydYail r ce Hapuya Keadpamuyer HeoCmamsk no mMooya p. SICHO €, 4e T €

KBaIpPATUUYCH HEOCTATDBE TOTaBa M CaMO TOraBa, KOraTo r = g2/ ~! 3a HAKAKBO IAIO UKUCIO j.

IIpumep 6.29. (i) Ha pasraemame kpattnoro nosne Fr. JlecHo ce mposepsBsa, de 3 € IPUMUTBEH
emeMeHT BBLB 7. HeHylIeBUTE KBAAPATUYHU OCTATDLIU MO MOAYJI 7 Ca {3% | 1=0,1,.. } =
{1,2,4}, a xBagapaTwuruTe HeocTaTbLI!M ca {3271 |i=1,2,...} = {3,6,5}.

(ii) B mosmero Fi; 2 e mpumuTuBeH eneMeHT. HeHyseBuTe KBaAPATAYHU OCTATDLIU II0
vomyn 11 ca {2% i =0,1,...} = {1,4,5,9,3}, a xBaapaTuunnuTe HeocTaTLIM ca {2271 | i =
1,2,...} ={2,8,10,7,6}.

(iii) Jlecuo ce mpoBepsiBa, ye B moaero Fa3 5 € IPUMUTUBEH €JIEMEHT. TaKa HEHYJIEBUTE
KBAIPATUYIHA OCTATBLIU 1Mo Momys 23 ca {5% |i=0,1,...} = {1,2,4,8,16,9,18,13,3,6,12}, a
KBaJpaTuIaUTe HeocTaThim ca {521 |i=1,2 ...} = {5,10,20,17,11,22,21,19,15,7,14}. O

Teopema 6.30. Enue HeHYIIEB e1eMeHT 7 BBLB [, € HEeHYJIEB KBaAPATUUICH OCTATDHK IO MOIYJI
P
p ToraBa m camo Torasa, korato r = a? (mod p) 3a HAKOe a € F;. Ilo-cmenmasnno xBaznpa-

TUYHNTE OCTAaThbIU Ca HE3aBUCUMM OT 1/1360pa Ha NPDUMUTUBEH €JIEMEHT.

Teopema 6.31. Heka p e HeUeTHO IPOCTO YMCIIO. Ja O3HAUMM ¢ Q) U Np CBHOTBETHO MHOXK-
ecTBaTa HA HEHYJEBUTE KBAAPATWYHU OCTATDLIM M HEOCTATHLIW IO Monya p. B cuma ca
TBBbPAEHUATA:
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(i) TlpousBeneHreTTO HA ABA KBAAPATUYHA OCTATDLKA [0 MOLYJ P € KBAIAPATUYECH OCTATDBK
IO MOIYJI P.

(#1) TIpousseneHneTo HA NBA KBAAPATUYHA HEOCTAT LKA 10 MOAYJ P € KBAAPATUYEH HEOCTATHK
IO MOZIYJ P.

(i4i) TlpousBeneHMETO HA HEHYJIEB KBAAPATUYECH OCTAT LK IO MOIYJI P U KBAAPATUYEH HEOCTAT LK
IO MOZYJ P € KBaApaTUYEH HEOCTATHK IO MOIYI P.

(iv) ComectByBaT TOUHO (p— 1)/2 HEHyJIE€BU KBaPATHYHU OCTATHLIM IO Moxyn p u (p—1)/2
KBaAPATUYHM HeoCTaThLIM 1o Moxyn p. Cnenosarenno F), = {0} U 9y UNp.

(v) Ako a € Q, u f € N}y, TO € U3I'LIHEHO

aQ, = {ar|reQ,} =0,
BQp {Brire Q) =N,
aN, = {an|neN,} =N,
ﬂNp {ﬂn|n€Np}: Qp.

Ipumep 6.32. na pasraemame Fi;. MHOKECTBOTO Ha HEHYJIEBUTE KBAAPATUYHU OCTATDBLIM IO
momyn 11 e Qi1 = 1,4,5,9,3}, ToBa Ha KBaApaTUYHUTE HEOCTATHLIM O Momyd 11 e ANjp =
{2,8,10,7,6}. Owueumuo |Q11| = |Ni1| = 5. Tlo-matarbk usbupaiikn 4 € Q113 u 2 € Ny
oIy yaBame

4011 = {4,5,9,3,1} = Q1;
2N11 {2,8,10,7,6}2./\[11
4091, {8,10,7,6,2} = N3
2N11 = {4,5,9,3,1} = Q11

O

Ila u3bepem mpocTo umuciio [, [ # p, KOeTo e KBaIpaTUYeH OCTATLK MO MOAYJI P. ma
usbepem 1570 ymcao m > 1, 3a koero " — 1 ce menu wa p. Heka 6 e mpuMuTuBeH egeMeHT

i

Ha Fm u ma monosum o = 007 —D/P. Torasa pemnr HA o e p; T.e. mvame 1 = o a =
_ —1 ;

al,a?,...,aP7 ! ca nBa mo mBa pasmmuny u 2P — 1 = f:o (x —a").

Ha pa3riengamMme IMOJIMHOMUTE

go@) = [[ @=a"), gn(@) = [] @—am. (6.4)

reQy neN,
Ot Teopema 6.31(iv) crensa, ye
a? —1 = (z = 1)go(x)gn ().

JIema 6.33. Koedunuenture na nmomunomure go(x) u ga(z) ca sos F.
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Joxazamencmeo. Hera go(x) = ag +a1x + ...+ apx®, xumero a; € Fym, k= (p—1)/2. Nmame

ahy+ax ... +alat = H (z —a'")
r€Qp

= [[@-o)

JEIQp
- e
JjEQp
= go(x).
Tyk usnonssame paxra, ye [Q = Q. Cremosaremno a; = al, 0 < i < m, T.e. eqemenTure a;
ca ot F; u go(z) € F;. Cbmua apryMeHT MOsKeM Ia M3MOJI3BaMe 3a MOJUHOMA gar(T). O

Ipumep 6.34. (i) Heka p =7 u | = 2. Hera a e xopen wa 1+ 2 + 2° € Fylx]. INonurommure,
nepunupanu B (6.4) ca

go@) = J[@-an

() = ][] (@—a"

n€N7
= (z-a)(z—-a%)(z—-0a)
= 1422423
Hemocpenctseno ce mposepssa, ue x° — 1 = (x — 1)go(x)gn ().

(i) mexka p = 11 u [ = 3. Hera 0 e xopen Ha 1+ 2z + 2° € F3[z]. Torasa 6 e mpumuTuBeH
enement Ha F3s u peanT Ha o = 0?2 e 11. Cera momunomuTe, nedunupanu B (6.4) ca

golz) = ] @-an)

reQi
(@ — )@ —o®)(@ — a”)(z — o®)(z — o)

2422 +223 + 2t + 2°

av(z) = ]] @—a"

neN,
= (z-a?)(z—a’)(z—a)(z - a)(z —a®)

= 242+ 2%+ 223 + 25,

Henocpenctseno ce nposepsasa, ye 'l —1 = (z—1)((x®+2* +22° +22+2) ((x® + 223 + 2%+ 22+ 2).



108 6. Cneyuasnu Kaacoge YuKAUYHY K0008€

(iii) mexka p = 23 u | = 2. Hera 0 e xopen na 1+ z + 2® + 2° + 2! € Fy[z]. Torasa 6 e
OPUMUTHUBEH eJeMeHT Ha Foui 1 peanT Ha o := 089 e 23. IlBaTa moamHOMA, TeDUHUPAHU B

(6.4) ca

golz) = ] (@—a")

r€Q23
= (z—a)(z—ao*)(z—ab)(z—a®)(z - a'®)
x(z —a)(z —a'®)(z — ') (z — a®)(z — a®)(z — a'?)

_ 1+ZC2+ZC4+ZC5+.’L‘6+.’L‘1O+ZE11

ov(e) = I -am

neNa3
= (z-0a)(z - ') (z - a®)(z—a'")(z —a't)
x(x —a®?)(z — a®)(z — ) (z — o) (z — ) (z — o)

= 2420+ 2%+ 223 + 2°.
O

Hepunuaumnus 6.35. Heka p u | ca pa3andau OpoCcTy YuCIa U HEKa | € KBaApaTUdeH OCTATDHK

mo moxmya p. Ia m3bepem smo umcao m > 1, 3a koero p mesu [ — 1. Heka 6 e npumuTuBen
m

ejieMeHT Ha F» U ga MONOKUM o = U™ =1/p  NTenurenure ma xP — 1

go(@) = [ (z—a") mgn(a) == [] (@ —a")

reQy neN

ca mnepununpann Han F;. Huknumunure romose Cgo = (go(x) u Cyr = (ga(2)) ¢ abimruna p ce
HAPUYAT K6a0Pamuuho-ocmamsury kodoge nmm QR-komose.
Ipumep 6.36. (i)

(i)

(i)

B ropuwnte tpm npumepa rkonosere Cg u Cir ca exBuBasentHu. (Oxa3Ba ce, Ue TOBa €

o0mr (hakT, KOUTO Ie MOKAKEM. 3aI0UYBaMe C €IHA CIIOMAaraTesIHAa JEeMA.

Jlema 6.37. Hera m,n > 1 ca neau uncaa u #exa (m,n) = 1. Torasa nzoGpaskeHnero

Xm : Fola]/ (2" = 1) = Fola]/ (2" = 1), a(z) — a(z™)

mn

e nepMmyTanus Ha Fy,

axo unentupmmpanve Fy ¢ Fy[z]/(2™ — 1) upse mzobpasenuero

n—1
T (fo, fl, ceey fn—l) —> Z fz.’L'Z
=0

Joxasameacmao.
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Ipumep 6.38.
Teopema 6.39. Kanparuuno-ocrarvunnre konose Cg u Cy Han F; ca ekBuBaseHTHU.
Jloxaszameacmao.

Teopema 6.40. (i) Heka p e HeUeTHO IPOCTO UKCIIO U HEKA I € 10,3 a koero ged(r,p) = 1.
UYnenoro 7 e KBaApaTWdeH OCTATLK II0 MOIYJ p TOTaBa M CaMo Torasa, xoraro r(P—1/2 =1
(mod p).

(i) Heka p e HeueTHO mpOCTO umcio. YUucaoro 2 e KBaApATUYIEH OCTATDLK MO MOLYJT P,
aKo p e otBuma p = 8m + 1 u e KBaApaTUUYEH HEOCTATHK, aKO P € OT Buaa p = 8m =+ 3.

CanencrBue 6.41. J[BOWYHU KBaAPATUYHO-OCTATDHYHU KONOBE C NLJKUHA P CHLIIECTBYBAT
TOraBa U CaMO TOTaBa, KOTATO P € IIPOCTO YUCJIO OT BuIa p = 8m + 1.

IIpumep 6.42. B Tabaumnara mo-mnoay npeacTaBaMe IapaMeTpPUTe Ha TbPBUTE HAKOJIKO TBOUYIHU
KBaJPaTUYHO-OCTATHYHN KOJOBE.

Hbmxuaa pasMepHOCT MUHMAJIHO pas3cTosHNE

7 4 3
17 9 5
23 12 7
31 16 7
41 21 9
47 24 11
71 36 11
73 37 13
79 40 15
89 45 17

6.4 3Samaun

1.



110 6. Cneyuasnu Kaacoge YuKAUYHY K0008€



I'maBa 7

KonoBe ma I'onmma

IIpe3 1970 r. Buranu ['onma onmcBa HOII MHTEPECEH KIAC OT JIMHEHHU KOJIOBE, KOUTO MTOJIyda-
BaT uMeTo kodoge Ha Ionna. To3u Kiac BrIOuBa Beue pasrienanute bYX-komose B TeceH
cvucni. OxasBa ce, ue KomoseTe Ha [omma ca Hal-MHTEPECHUSA MOAKIAC OT aJTePHAHTHU
KOJZIOBe, BbBeIEHU OT Xeiarept npe3 1874 r.

7.1 O6006menu konose Ha Pun-ComnomMoH

B pasmen 6.2 BuBemoxme romosere Ha Pun-CosmoMon karo crermadier kinac bYX-komose.
Konx ma Pun-Conomon van Fy nepurupaxme karo bUX-kox man Fy ¢ nnmsnra ¢—1, moponen
oT

9(@) = (= a®)(x — ™) ... (x — a*F072),

KbaeTo @ > 1mg—12> 6 > 2 un « e npumntusen exement Ha Fy. Tosm xox e MDS-xox ¢
napamerpu [¢ — 1,q — 6,9]. Cera ma pasraename romose Ha Pun-CoJIOMOH B TECEH CMUCTI,
T.. ¢ = 1. B 1031 cayuan9 cnoecTByBa ajJTepHATUBHO omnucaHue Ha RS-kmoBere, Koero mie
ce OKaske ymoOHO.

Teopema 7.1. Heka a e mpumurusen eneMmeHt Ha Fy m Heka ¢ —1 > § > 2. Koxbr Ha
Pun-Conomor B Tecer cMmuchi Han [y, mMam mopa:kaal TOJIMHOM

glx)=(z—a)(z—a?)...(x —a’h)

€ paBeH Ha

{(f(), fle), f(@?),.... f(a"2)) | f(x) € Fyla], deg f(x) < g — 3} (7.1)

Joxasameacmeo. JlecHo ce mpoBepsABa, Ye MHOKECTBOTO, 3aaa1eHo ¢ (7?7) e BeKTOPHO mpoc-
TpaHCTBO Hax F,. Hali-Hampen me mOKakKeM, 4e TO ce ChIAbpP:a B RS-Koma MOpoJeH oT g(x).
Komosara ayma ¢ = (f(1), f(a), f(a?),..., f(a?72)) cvoTBeTcTBa Ha mOoNMHOMA c(T) =
S92 fla)a' € Fyla]/(z™ — 1). Tpabsa ma mokamem, ue c(r) ce memm ma g(z), ¢ apyru
Iymu, ue
cla) =c(a?)=...=c(a® 1 =0.
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Ia orGenesum, ue 3a 1 < k < ¢ — 2 maame Y02 a* = ((@F)97! = 1)?(¢ — 1) = 0. Hexa
flx)= 23;371 f;x?. Torasa 3a Beako [ =1,...,8 — 1 umame
q—2 q—2 [q—6—-1 q—90—1
& = fla) (o))t = Z fia all = Z [ (Ozz(]ﬂ)) =0.
i=0 i=0 \ ;=0 =0

it kKaTo 1 < j4+1<q—2.

Uszobpaxenneto f — (f(1), f(a),..., f(a?"?)) or nomunomure B F, 2] oT cremen < ¢ —§ B
MHO:KECTBOTO, 3ananeHo ¢ (7?), e uaexkrusHo. Ao f(2) e B AZpOTO HA TOBA M306paskeHUe, TO
Toli TpsiGBa na nma q—1 > deg f(z) mymu, oTkbaero e TLiknecreeno 0. Tosa mzobpakenue e n
CIOPEKTUBHO U CJI€IOBATEIHO U M30MOP(PU3 LM HA BEKTOPHU IPOCTPAHCTBa. Pa3dMepHOCTTA HA
BEKTOPHOTO mpocTpadcTBo oT (?7) m ¢ — 6 u cbBuaga ¢ pasmeproccra Ha RS-koma, moponen
ot g(z). ToBa morasBa Teopemara. O

CraencTBreTo MO-IOJIYy OaBa Apyra eKCINIMIUTHA MOopakIalla MaTpPUIla 34 KIOBETE Ha
Pun-ConoMoH B TeceH CMUCTDII.

CnencrBue 7.2. Herka o e mpumutuBen esneMeHT Ha [y m Heka ¢ — 1 > 0 > 2. Torasa

MaTpUIATA
1 1 1 ... 1
1 leY o? o al2
1 a? ot o a?a=2)
1 ai-6-1 g2a—6-1)  ola=5-1)(g-2)

€ IIoparKOalla MaTpUlla 3a KOda Ha PI/I,Z[-COJIOMOH C IMopaskKaall IIOJIMHOM

gz)=(z—a)(z—a?)...(z—a’}).

Cera me 0606muM nedpuannusaTa or Teopema 7.1 3a ma mosyymM enuH mO-OOII KJIac OT
KOJ0Be, KouTo c¢bimo ca MDS-komose.

He¢uunmusa 7.3. Heka n < q. Herka o = (a1, 0, ..., ap), KbeTO v, i = 1,...,n, ca pa3auyau
enementn Ha Fy. Hera v = (v1,v2,...,0,), KbIETO ¥; € Fy 3a Beuurn 1 <14 < n. 3a BCAKO
k < n mepunupame obobwenus ko0 na Pud-Coaomon GRSy (e, v) mocpencrsom

{(vif(ea),vaf(az), ... vnflam)) | f(z) € Fy,deg f(z) < k}
Enementure a1, g, ..., q, HapuIame aokamopu #a kode GRSk(a,v).

Teopema 7.4. O6o6menns kox Ha Pun-Conomon GRSy (e, v) uma mapamerpn [n, k,n—k+1],
T.e. ToBa € MDS-Kon.

Loxasameacmeo. Ouesumuo GRSi(a,v) e ¢ numwruna n. Kakro B Teopema 7.1 MmoskeM na
MOKaKeM, Ue pa3MepHOCTTa Ha To3u Kox € k. OcraBa ma DOKKEM , ye MUHUMAJHOTO Pa3C-
TosgHue e n — k + 1.
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[Te npebpoum MakcuMaHUsA OPO# HyIu B HEHyJeBa KOIOBa ayMma. Jla mpeamonoxuMm, de
f(z) He e TmxmecTBeno Hyna. Twoit kato deg f(z) < k, MONMHOMBT MOKe Aa MMa Hali-MHOTO
k—1 myaun. C apyru ogymu, KOOOBaTa LyMa

(v1 f(a1),vaf(a2),...,onf(an))

uMa Hafi-mHOTO K — 1 HyJeBu koopaumanTu. Taka TerjaoTo u e moHe n — k + 1 1 MUHAIHOTO
pascrosiane d ma GRSy(e,v) ymosmersops d > n — k + 1. Ot rpanunara sa CUHILATLH
caensa, ue d=n—k+1, r.e. GRSi(a,v) e MDS-koz. O

3abenencka 7.5. B cayuas, roraro v + (1,1,...,10 m n < ¢ — 1 KoHCTpyUpanuar o6o6meH
kox Ha Pun-Conomon ce Hapuua decto cokpamen k00 wa Pud-Cosomon, Toit Moxke na Obne
moaydeH oT RS-rkox upe3 cbrpamaBaHe Ha MOAXOMAMM KOOD AUHATH.

Kakro n npu komosere Ha Pun-ConoMoH, OpTOrOHANHUAT Ha eauH 0000meH ko Ha Pumr-
ConoMOH € 0THOBO 0600meH kon Ha Pun-ConoMoH.

Teopema 7.6. Oproronanuuar kox Ha 00006menus kno Ha Pun-Comomon GRSk (o, v) nan Fy
¢ memxuna n e GRS, i (a,v’) 3a makaxbeexTop v’ € (IF})".

Joxasameacmeo. Heka naii-nanpen k = n—1. Vssectro e, ue oproronamauat va GRSy (e, v),
kofito e MDS-kon, e ornoBo MDS-kon u Ttaka mapamerpure My ca [n,1,n|. Basucot My ce
cberon oT BekTopa v’ = (v — 1,vy,...,v;,), ¥baero v; € F;. maka opToromamHEAT KO €
GRS (e, v’). no cnemuanuo namme, de 3a Bcuuku f(z) € Fylz] or crenen < n —1

v1v] fan) + vevh f(@) + ... o0, flay) = 0, (7.2)

KBLIAETO U + (V1,V2,...,Up).

3a mpoussonuo k TLpauM, ue GRSk (a, v)T = GRS,,_i(a,v’). IIpousBonma KomOBA TyMa
ot GRSk (e, v) mma Buna(vi (o), vaf(az2)...,vnf(an)), kboero f(z) € Fylx], deg f(x) < k—1.
Or mpyra crpana eqna konosa xyma ot GRS, (o, v') mma suzna (vig(ay), vhg(asz) ..., vl g(ay)),
kbaero g(x) € Fylz], deg f(z) <n —k —1. Toit raro deg(f(x)g(z0) <n —2 < n—1, nmame

(vif(an),v—2f(az)...,vnf(an)) - (vllg(al)a ”59(042) S 71’;9(0471)) =0

or(7.2).

Crnemosaremno, GRS,,_x(a,v') € GRSi(a, v)t. Pesynrarst ciensa KaTo CpaBHUM pa3Mep-
HOCTUTE Ha IOBATa KOIA. O
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CaencrBue 7.7. Marpumara

! !
V] Vs v,
vy vhao . (™
! 2 /2 ! 2
v)af Vo0t - v, 0 _
;7 n—k—1 / n—k—1 ! n—k—1
vy V5t P e iy
1 1 1
o o o v 0 0
1 2 n /
a? a2 a? 0 vy 0
1 2 n .
) 0 0 v’
n—k—1 n—k—1 n—k—1 n
251 Qo ap

e nposepouna marpuna 3a GRS (a,v).

7.2 AnTepHaHTHU KOIOBE

AsTepHAHTHUTE KOMOBE Ca MUPOK KJIAC OT JUHEAHN KOIOBE, BKIIOUBAIIY KOJOBETE Ha X EMUHT
u BUYX-ronosere. B T03m paznen me cunrame, ue RS-rkomoBere ca mepuHrpanu mo-odmo HAL
qu .

JHedpuannusa 7.8. Aameprnarmuusm xod Ag(c,v') Han xpatinoro noue F, e orpamnuenuero
Ha[ kpaitHoro noue Fy Ha 0606menus kon Ha Pun-Comomor GRSk (o, v) mag Fgm.

C mpyru aymum anrepHanTHUAT koI Ajy(a,v’) eorpammdenunero GRSk (o, v)l|r, .

Teopema 7.9. Anreprantauar kon Ak (o, v') uma napamerpu [n, k', d], kbaero mk—(m—1)n <
kud>n—k—+1.

Loxasameacmeo. Coraacuo Teopema 7.4, konbt GRSk (o, v) uma mapamerpu [n, k,n—k-+1].
Curnenosarenno Ag(a,v') uma nbiskuna n u pe3mepuocrra My k' ynosaersopsa k' < k. Cera
pe3yararnT caensa or Teopema ?77. o

Ot mepuHUIMATA HA ANTEPHAHTHU KOMOBE ciensa, ue Ai (o, v') e MHOKECTBOTO HA HyMuUTE
{ceF} | cH" =0}, kbaero H e marpunara or Crencrsue 7.7.
Bcexn enement 3 € Fym Moxe ma Obnme 3ammcaH IO €IMHCTBEH HAUWH BLB Buia 3 =

-1 .
Yoty Bia, kbaeTo o e mpuMuTuBEH eaeMeHT Ha Fgm m B € Fy, 1 =0,1,...,m — 1. Cue-
JIOBATEJTHO, aKO 3aMeHUM Bcekm eiement 3 ma H c Bektopa-cTba6a(fy, B, ... Bm_1)T, me

nosyunm (n — k)m x n marpuna H man F,, upes xoaro Aj(a,v') ce onpenens xato
I
{ceF, |cH =0}

Marpunara H wurpae pouss Ha npoBepouda marpuna Ha Ag(a,v’). Exuncrenara pasnuka
e, ye pemoBeTe Ha H ca JuHEHHO 3aBUCHMU.
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IIpumep 7.10. (i) Hera ¢ = 2, a m > 3 e uano yucio. Heka a € npuMuTuBeH ejgeMeHT Ha Fom.
A TOJIOKIM

v = (10,07, ..., 042m72).
3aBcako a = (@, ...,agm_1), Kbaero {aq,...,aem_1} = F5,., anrepuantauat kox Agm _o(a, v')
e
Agm _o(a,v') ={ceF2" 1 e(l,0,02,...,a2" )T = 0}.
flcuo, we axo H + (1,a,02,...,02" %), To H e m x (2™ — 1) marpuna, 9uuTo CTHIOGOBE

ca BCUYKM HeHyJneBu Bekropu oT F5'. ToBa e mpoBepOUHATA MATPUIA HANBOWMYHUSI KOI HA
Xemunar Ham(m, 2) n raka Agm_o(a, v') = Ham(m, 2).

(ii) 3a Bcsako ¢ m m peduuupaxme BUX kon an F, KaTo MHOKECTBOTO OT BCUUKU BEKTOPU
c € Fy, ynosnersopsasamu cH'" =0, x1nmero

1 a® @ e aan—=1)
1 ottt aq2let) o glatl)(n-1)

H = 1 @2 a2(a+2) o a(“+2)("_1)
i aa+'6—2 a2(a<;*572) . a(a+§f.2)(n71)
11 1 1
1 o a2 O[nfl 1 0 e O

— 1 a? ot o2(n—1) 0 af 0

1 of-2 g206-2) o (5-2)(n-1) 0 0 ... aon=D

e BB Buaa, npencrased B Cnencrsue 7.7. CuenmoBartenno bUYX-komosere ca ajTepHAHTHU
KOZIOBE.

(iii) Heka ¢ = 2 m m = 3. Hera « e npumuTtusen eneMent Ha Fg, yZOBIETBODsBAI]
ad+a+1=0. Ila nomoxum v = (1,...,1) u @ = (a,a?,...,a°%). Torasa Asz(a,v’) = {c €
FS | cHT = 0}, knmero

Torasa

|

I
_— O OO, OO O
_— Ok OOoO oo
R ORrRORrR L, OO~
O O R FEHOOOK
O, R R EFEFROOHR
= === 0k 0O 0
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KOAITO MMa ClefHaTa pefylupaHa roOpHa TpalenoBUIHA (opMa

100011
010001
0010 1 1
000110
H=|000 00 0],
000000
000000
000000
000000

Cuepnosarenno As(a, v') uma mopsknama MaTpULa
101 110
1 11 0 0 1
u e [6,2,4]-xon. O

Ilo mony e mpencraBeHO omucaHVe Ha OPTOTOHAJHUS HA aJITEPHAHTEH KOJ, KOETO CJIENBA
HenocpenctseHo ot Teopemu 4.27 u 7.6.

TeopeMa 7.11. OpTOFOHaJ'IHI/IHT Ha aJITCPpHAHTHUA KO Ak (a, ’U/) € KOObLT
TI‘]qu /F, (GRSn,k (OL, ’U/).

CruenBamara TeopeMa JEMOHCTPUPA CHINECTBYBAHETO HA AJITEPHAHTHU KOLOBE C A ICHU
nmapaMeTpH.

Teopema 7.12. Heka ca maneHu MOJNOKUTENHU Ueau ducia n, h,d, m. CohimecTByBa aaTep-

nanrer kox A (o, v') man Fy, xolito e kon nedunupan Han noanose 3a RS-kox ¢ mapamerpu
[n, k', d] sang Fym, komero k' > h u d > §, Busaru KoraTto

9

-1
w n m n— m

St (1) < (@ - piem, &

w—0

Aoxasamencmeo. 3a Bcern BerToDp ¢ € F Hera

R(a,k,c) = {v € (F;n)" | ¢ € GRSk(a,v)}.

Ha samumeMm ¢ = (¢1,...,¢,) 1 v = (v1,...,0,). Umame ¢; = v;f(;), 1 <i < n, xpmero f(x) €
F,[z] e or crenen < k. 3a ¢urcupana gyme ¢ moauHOMDLT f() ce Onpeness eIHO3HAUHO IMOM
u3zbepem k croitmocTu 3a v;. CiiemoBaTeaHo

|R(OL, k? C)| < (qm - 1)k

n

)(q — 10" u Taka, B3UMAMKU
w

Bposat ma Bextopute ¢ € Fy ¢ Terno < 4 ce 3anasa ¢ qu_:lo(
k=n—[(n—h)/m], nonyuaBame

5—1
U R(a, k,c)| < (Z (Z) (q— 1)”) (¢™ — 1)”*L("*h)/mJ_

wHam(c) <é
ceFy
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Cera
|(Fgm)" = (¢"™ = 1)".

Cnenosatenno or yciaosuero (7.3) mosayusame, de

U R(a, k,c)
wHam(c) <4
celFy

e crporo mo-manko ot (F}.), T.e. covmectByBa Bexktop v € (F.), 3a woitito GRSk(a,v)
HE CbIbDEa dyma oT Fy ¢ rerio < 0. Cuaenosarenno anrtepuanTHuAT rox Ak(a,v’) e ¢
MUHIMAJHO pa3crosaue > 0. Twvit kato k = n—|(n—h)/m| > ((m—1)n+h)/m, ot Teopema 7.9
nonyuyasame k' > mk — (m — 1)n > h. O

7.3 Konose ma ['omnma
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