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Glava 1

Osnovni pon�ti� za line�ni
kodove

1.1 Komunikacionni sistemi

Predavaneto na danni v komunikacioona sistema moжe da bъde proeedstaveno pros-
transtveno (radio, telegraf, telefon, televizi� i pr.) ili vremevo (magnitna lenta,
ploqa, film, CD, diskove, flax-pameti i pr.). Za da obhvanem vъzmoжno na�-xirok
krъg ot sistemi, nie si predstav�me sъstavnite im qasti kato qerni kutii, dopuskawi
opredelen vhod i izhod; te poluqavat opredeleni danni, zapazvat gi, obrabotvat gi i
gi predavat po-natatъk. Edna abstraktna komunikacionna sistema se sъstoi ot sled-
nite qasti:

(1) iztoqnik na danni (message source);

(2) koder na iztoqnika (source encoder);

(3) koder na kanala (channel encoder);

(4) kanal (channel);

(5) iztoqnik na xum (noise);

(6) kanalen decoder (channel decoder);

(7) dekoder na iztoqnika (source decoder);

(8) poluqatel na sъobweni� (message sink)
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Iztoqnikъt na danni (1) e diskreten i stacionaren. To� razpolaga s opredelen
(kraen) nabor ot sъobweni�. Otdelnite sъobweni� se izbirat qrez vero�tnosten pro-
ces s vero�tnosti, koito priemame za izvestni. Tozi izbor se osъwestv�va nezavisimo
ot konkretni� moment. Sъdъrжawata se v sъobweni�ta informaci� se izmerva qrez
qestotata im na po�v�vane. Qesto srewawi se sъobweni� imat nisko informacionno
sъdъrжanie.

Koderъt na iztoqnika (2) preobrazuva sъobweni�ta v takiva signali, koito mo-
gat da bъdat predavani ot kanala. Kanalъt moжe da priema za sekunda opredelen
bro� signali. Za da moжe da se osъwestvi otnositelno visoka skorost na predavane
na dannite koderъt sъpostav� na otnositelno qesto srewawite se sъobweni� takiva
izhodni signali, koito mogat da bъdat predavani po-bъrzo. Funkci�ta na kodera na
iztoqnika se nariqa kompresirane na dannite. Pri tova sъobweni�ta se osvoboжda-
vat ot nenuжni� izlixъk. Pri predavaneto na danni edinstvenata cel e zapazvane na
informaci�ta, sъdъrжawa se v sъobwenieto.

Kanalъt (4) e sъrceto na informacionnata sistema i e nezavisim ot drugite í
qasti. Taka kakto edin komp�tъr moжe da bъde izpolzvan za razliqni celi, taka i
kъm edin kanal mogat da bъdat zakaqeni razliqni iztoqnici na danni. Pri naliqi-
eto na iztoqnik na xum signalite, predavani po kanala, bivat povredeni sъs n�kakva
statistiqeski opredelena vero�tnost. Tova vodi do zagubata na izvestno koliqestvo
informaci�; to se nariqa ekvivokaci�. Ostavawata polezna qast ot informaci�ta se
nariqa transinformaci�. Iztoqnikъt na xum ne vodi samo do zagubata na informa-
ci�; to� moжe sъwo da bъde razgleжdan i kato iztoqnik na sъobweni�. Priqinenite
ot xuma smuweni� mogat da bъdat razgleжdani ot svo� strana kato sъobweni� s opre-
deleno inormacionno sъdъrжanie. Kanalъt ne se vli�e ot tova, qe potrebitel�t ne se
interesuva ot tazi informaci�. To� dobav� tazi irelevantna informaci�, izvestna
kato irelevantnost, kъm transinformaci�ta. Taka nabl�davanata na izhoda infor-
maci� proizhoжda samo qastiqno ot iztoqnika; ot ne� tr�bva da bъde filtrirana
transinformaci�ta. Pod kapacitet na kanala razbirame sъdъrжanieto na transin-
formaci� v edin signal v sredni� sluqa�, ko�to se poluqava ot optimalen iztoqnik
na danni.
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Zadaqa na kodera na kanala (3) e da garantira v n�kakva stepen nadeжdno predavane
na sъobweni�ta vъpreki tezi neblagopri�tni obsto�telstva. Koderъt grupira vhod-
nite signali v blokove ot po k signala i dobav� po r = n−k kontrolni bita kъm vs�ka
takava grupa. Otnoxenieto R = k/n se nariqa skorost. Teoremata na kanalnoto kodi-
rane na Xenon tvъrdi, qe pri kanal s xum s kapacitet C za vs�ka fiksirana skorost
R < C dannite mogat da bъdat kodirani qrez kod sъs skorost R taka, qe pri preda-
vaneto na danni da moжe da bъde dostignato proizvolno visoko nivo na sigurnost. Za
sъжalenie izvestnite dokazatelstva na tazi teorema ne davat ukazani� kak da bъdat
konstruirani takiva kodove. Vaжna e i obratnata teorema na kanalnoto kodirane.
Pri skorost na koda nad kapaciteta na kanala sъwestvuvat granici za nadeжdnostta
na predavanite danni.

Dekoderъt na kanala (6) zapazva signalite, poluqeni ot kanala, v blokove ot po
n signala i se opitva da rekonstruira originalnite k signala, obedineni ot kodera
v blok. Kogato tova ne mu se udava kazvame, qe to� pravi grexka pri dekodirane.
Pri quvstvitelni komunikacionni sistemi grexkite pri dekodirane mogat da imat
katastrofalni posledici.

Dekoderъt na iztoqnika (7) preveжda predadenite mu signali ot kanalni� dekoder
v takiva signali, koito mogat da bъdat razbrani ot potrebitel�.

Primer 1.1. Da razgledame sъvsem prost primer, v ko�to edinstvenite sъobweni�,
koito iskame da izprawame sa YES i NO.

sъobwenie
YES/NO

YES

koder

YES=11111

NO=00000

11111
kanal

10110
dekoder

10110 ∼

11111=YES

YES

poluqatel

V tozi sluqa� sa se po�vili dve grexki i dekoderъt dekodira poluqenata duma 01001
v “na�-blizkata” kodova duma, ko�to e 00000 ili YES.

Primer 1.2. Mnoжestvoto na vsiqki imena na ulici v proizvolen grad moжe da se raz-
gleжda kato kod nad 27-bukvena azbuka (vkl�qvawa bukvite ot angli�skata azbuka i
intervala kato 27-mi simvol). Obiknoveno tova e primer za loxo kodirane. Taka
naprimer v angli�ski� grad Salford ima ulici s imena MILLFIELD DRIVE i HILL-
FIELD DRIVE. S takova kodirane ne sъwestvuva vъzmoжnost dori za otkrivane na
ediniqna grexka.

Primer 1.3. Mnoжestvoto na vsiqki telefonni nomera v Obedinenoto kralstvo (naprimer)
e 10-iqen kod nad 10-bukvena azbuka {0, 1, . . . , 9}. Za sъжalenie te se razdavat po prozv-
olen naqin kato s malko usilie te mogat da bъdat generirani taka, qe da se minimizira
bro� na pogrexnite svъrzvani�. Vъzmoжno e da se postroi kod s nad 82 miliona tele-
fonni nomera (koito sa poveqe ot dostatъqno za Velikobritani�), taka qe dori edna
cifra da bъde izbrana pogrexno da moжe da bъde osъwestvena pravilnata vrъzka.

Primer 1.4. The ISBN-code Vs�ka kniga, izdadena v poslednite godini ima meжdunaro-
den standarten kniжen kod (International Standard Book Number). Tozi nomer e 10-bukvena
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kodova duma, opredelena ot izdatel�. Naprimer edna kniga moжe da ima ISBN 0-19-
859617-0. Tiretata moжe da se po�v�vat na razliqni mesta i sa vsъwnost nesъwest-
veni.Pъrvata cifra v dumata pokazva ezika, v sluqa� angli�ski. Sledvawite dve
cifri ukazvat izdatel�, v sluqa� Oxford University Press. Sledvawite xest cifri sa
nomerъt na knigata, opredelen ot izdatel� i poslednata cifra se izbira taka, qe
c�loto 10-cifreno qislo x1x2 . . . x10 da udovletvor�va

10∑

i=1

ixi ≡ 10 (mod 11). (1.1)

L�vata strana na (1.1) se nariqa preteglena proveroqna suma za dumata x1 . . . x10.
Pri zadadeno 9-cifreno qislo x1 . . . x9 poslednata cifra x10 se izbira taka, qe da
e izpъlneno x10 ≡

∑9
i=1 ixi (mod 11). Izdatel�t tr�bva da izpolzva i edin specialen

simvol X v poslednata pozici�, ako x10 = 10. Naprimer v 20th Century Chamber’s
Dictionary imame sledni� ISBN:055010206-X. ISBN-kodъt sъzdaden za da otkriva (a) edna
grexka v proizvolna pozici�; (b) vs�ka dvo�na grexka, poluqena ot transpozici� na
dva simvola.

(a) Da predpoloжim, qe poluqeni�t vektor y = y1 . . . y10 sъvpada sъs x vъv vsiqki
pozicii osven v j-tata, ko�to se poluqava kato xj + a, a 6= 0,. Togava y =

∑
iyi =

∑
ixi + (ja) = ja 6= 0 (mod 11) tъ� kato j i a sa razliqni ot 0.
(b) Neka y sъvpada s x vъv vsiqki pozicii, osven v pozicii j i k kato xj i xk sa

razmenili mestata si. Togava

y10 =
9∑

i=1

yi

=
9∑

i=1

xi + (k − j)xj + (j − k)xk

= (k − j)(xj − xk) 6≡ 0 (mod 11).

ako k 6= j I xj 6= xk. Da zabeleжim, qe tuk sъwestveno se izpolzva ide�ta, qe proizve-
denieto na dva nenulevi elementa ot Z11 e razliqno ot nula. Tova ne e v�rno naprimer
v Z10, kъdeto 2 · 5 = 0 (mod 10), no 2 6= 0 i 5 6= 0. ISBN-kodъt ne moжe da popravi edna
grexka.

Primer 1.5. Da dopusnem, qe generalni�t wab HQ i korabъt X imat identiqni. Samo
HQ znae pъt� prez vraжeskata teritori�, po ko�to X moжe da se zavъrne bezopasno do
HQ. HQ moжe da predava dvoiqni danni do X i da izprati marxruta NNMNNWWSSWWNNNNWN
V tazi situaci� nadeжdnostta na predavane na dannite i po-vaжna ot skorostta. Da
razgledame, kak qetirite sъobweni� mogat da bъdat kodirani v dvoiqni dumi. Na�-
kъsi�t vъzmoжen kod e sledni�t:

C1 :







00 = N
01 − W
10 = E
11 = S

.
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S drugi dumi nie identificarame qetirite sъobweni� N,W,E, S s qetirite vektora
ot F

2
2. Sega we dobavim izlixъk za da zawitim tezi sъobweni� ot xum. Da razgledame

kod C2 s dъlжina 3, poluqen qrez dobav�ne na dopъlnitelen simvol kakto sledva.

C2 :







000 = N
011 − W
101 = E
110 = S

.

Sega predvaneto na sъobweni� e otneme poveqe vreme, no ako v kodova duma se po�vi
edn a grexka, to poluqenata duma n�ma da e ot koda i poluqatel�t we razbere tova.
Taka to� bi mogъl da poiska sъobwenieto da bъde izprateno otnovo. Taka C2 dava
vъzmoжnost za otkrivane na edna grexka ili, s drugi dumi, tova e kod, otkrivaw edna
grexka.

Sega da predpoloжim, qe X moжe da poluqava sъobweni�, no ne moжe da iziskva
povtorno predavane nasъobweni�ta, t.e. kanalъt e ednoposoqen. Podobna e situaci�ta,
kogato poluqavame snimki ot kosmosa ili prosvirvame zapis ot stara magnitna lenta.
V tezi sluqai e vaжno da izvleqem kolkoto moжe poveqe informaci� ot poluqenite
dumi. Qrez podhod�wo dobav�ne na novi dva simvola kъm vs�ka duma ot C2 poluqvame
nov kod s dъlжina 5.

C3 :







00000 = N
01101 − W
10110 = E
11011 = S

.

Ako v ko� da duma na C3 se sluqi edna grexka, nie we moжem ne samo da � zabeleжim, no
i da � popravim tъ� kato poluqeni�t vector we e “po-blizo” do izpratenata ot vs�ka
druga duma. Ako kodъt se izpolzva samo za otkrivane na grexki, to to� pozvol�va
otkrivaneto na dve promeni v ko� da e kodova duma.

1.2 Kanali i kanalno kodirane

Celta na kanalnoto kodirane e vnas�neto na izlixъk v predavanite danni, taka qe
po�v�vawite se grexki da mogat da bъdat otkrivani i dori poprav�ni. V tozi razdel
we formalizirame pon�ti�ta otkrivane na grexki i poprav�ne na grexki. We vъvedem
i n�koi estestveni pravila za dekodirane, vъzstanov�vawi originalnoto sъobwenie i
poprav�wi vъzniknalite grexki.

We zapoqnem s n�koi osnovni definicii.

Definici� 1.6. Neka A = {a1, a2, . . . , aq} e mnoжestvo s mownost q, koeto we nariqame
kodova azbuka i qiito elementi we nariqame kodovi simvoli.

(i) Vs�ka redica w = w1w2 . . . wn, za ko�to wi ∈ A za vs�ko i, nariqame q-iqna duma s
dъlжina n nad A. Ekvivalentno, ako A e pole, to w moжe da bъde razgleжdana
kato vektor (w1, w2, . . . , wn).
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(ii) Vs�ko neprazno mnoжestvo C ot q-iqni dumi s edna i sъwa dъlжina n nariqame
q-iqen blokov kod s dъlжina n.

(iii) Vseki element na C nariqame kodova duma ot C.

(iv) Bro�t na kodovite dumi v C oznaqavame s |C| i nariqame mownost na koda C.

(v) Skorost na koda C s dъlжina n nariqame veliqinata logq|C|/n.

(vi) Kod s dъlжina n i mownost M nariqame (n,M)-kod.

Mnogo qesto e udobno kodovata azbuka A da ima n�kakva struktura, naprimer da
bъde kra�no pole. Ako kodovata azbuka e A = F2 = {0, 1}, to sъotvetni�t kod se nariqa
dvoiqen kod. Primeri za dvoiqni kodove sa:

• C1 = {00, 01, 10, 11} – (2, 4) kod;

• C2 = {000, 011, 101, 110} – (3, 4)-kod;

• C3 = {00000, 01101, 10110, 11011} – (3, 4)-kod.

Kod nad azbukata F3 = {0, 1, 2} nariqame troiqen kod.

Definici� 1.7. Edin komunikacionen kanal se sъstoi ot kra�na kanalna azbuka A =
{a1, a2, . . . , an}, kakto i ot mnoжestvo ot vero�tnosti P (aj |ai), udovletvor�vawi

q
∑

j=1

P (aj |ai) = 1,

za vsiqki i. Tuk P (aj |ai) e uslovnata vero�tnost da poluqim na izhoda simvola aj pri
uslovie, qe e izpraten simvolъt ai.

Definici� 1.8. We kazvame, qe edin komunikacionen kanal e bez pamet, ako rezul-
tatъt pri predavaneto na edin simvol ne zavisi ot rezultata pri predavane na predixnite
simvoli. S drugi dumi za kanal bez pamet, ako c = c1c2 . . . cn i x = x1x2 . . . xn sa dumi
s dъlжina n, to

P (x|c) =
n∏

i=1

P (xi|ci).

Definici� 1.9. Kanal bez pamet s kanalna azbuka s mownost q, za ko�to e izpъlneno:

(i) vseki simvol ima edna i sъwa vero�tnost p < 1/2 da bъde sgrexen,

(ii) ako edin simvol e sgrexen, to vs�ka ot vъzmoжnite q − 1 grexki e ravnovero�tna

nariqame q-iqen simetriqen kanal.
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Po-specialno dvoiqen simetriqen kanal e kanal bez pamet s kanalna azbuka {0, 1} i
kanalni vero�tnosti

P (1|0) = P (0|1) = p,

P (0|0) = P (1|1) = 1− p.

Primer 1.10. Da predpoloжim, qe kodovite dumi se izbirat ot koda {000, 111} i se
izprawat po dvoiqen simetriqen kanal s vero�tnost za grexka p = 0.05. Da pred-
poloжim, qe poluqenata duma e 110. Moжem da se opitame da presmetnem ko� e po
vero�tnata ot dvete kodove dumi, presm�ta�ki vero�tnostite:

P (110|000) = P (1|0)2 × P (0|0)

= (0.05)2(0.95) = 0.002375,

P (110|111) = P (1|1)2 × P (0|1)

= (0.95)2(0.05) = 0.045125.

Tъ� kato vtorata vero�tnost e po-gol�ma, moжem da zakl�qim, qe e po-vero�tno da e
bila izpratena dumata 111.

Neka e daden komunikacionen kanal i kod za zawita ot grexki. Po kanala se
izprawat samo kodovi dumi. Da predpoloжim, qe na izhoda e poluqena dumata w. Ako
w e validna kodova duma, to moжem da zakl�qim, qe pri predavaneto ne sa vъzniknali
grexki. V protiven sluqa� znaem, qe ima grexki i se nuжdaem ot pravilo, po koeto
da opredelim ko� e na�-vero�tnata kodova duma. Takova pravilo se nariqa pravilo za
dekodirane. V sledvawite razdeli we predstavim dve takiva pravila.

1.3 Dekodirane po pricipa na maksimalnoto pravdopodobie

Da predpoloжim, qe po komunikacionen kanal se izprawat dumi ot koda C. Ako na
izhoda poluqim duma x, bihme mogli da presmetnem vero�tnostta P (x|c) (vero�tnos-
tta da se poluqi x pri uslovie, qe e izpratena kodovata duma c) za vsiqki c ∈ C.
Praviloto za dekodirane po principa na maksimalnoto pravdopodobie se sъstoi v
tova da se dekodira v kodovata duma cx, ako

P (x|ccx
) = max

c∈C
P (x|c).

Razgleжdat se dva vida dekodirane po principa na maksimalnoto pravdopodobie:

(1) Pъlno dekodirane po principa na maksimalnoto pravdopodobie. Ako e poluqena duma
x, namirame na�-vero�tnata kodova duma; ako sъwestvuva poveqe ot edna takava,
izbirame po sluqaen naqin edna ot t�h.

(2) Nepъlno dekodirane po principa na maksimalnoto pravdopodobie. Ako e poluqena
duma x, namirame na�-vero�tnata kodova duma; ako sъwestvuva poveqe ot edna
takava, iziskvame povtorno predavane na sъobwenieto.
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1.4 Razsto�nie na Heming

Neka dumi ot dvoiqni� kod C se izprawat po dvoiqen simetriqen kanal s vero�tnost
za grexka p < 1/2 (na praktika p e vinagi mnogo po-malko ot 1/2). Ako poluqenata na
izhoda duma e x, to za vs�ka kodova duma c ∈ C imame

P (x|c) = pe(1− p)e,

kъdeto n e dъlжinata na koda (i na x), a e e bro�t na poziciite, v koito x i c se
razliqavat. Tъ� kato p < 1/2, imame 1 − p > p i gornata vero�tnost e po-gol�ma za
po-golemi sto�nosti na n − e, t.e. za po-malki sto�nosti na e. Sledovatelno gornata
vero�tnost se maksimizira za takiva dumi c, za koito e e minimalno. Tova razsъжde-
nie ni vodi do fundamentalnoto pon�tie razsto�nie na Heming.

Definici� 1.11. Neka x i y sa dumi s dъlжina n nad azbukata A. Razsto�nie na
Heming ot x do y, koeto oznaqavame s d(x,y), nariqame bro� na poziciite, v koito x i
y se razliqavat. Ako x = x1 . . . xn i y = y1 . . . yn, to

d(x,y) = d(x1, y1) + . . .+ d(xn, yn), (1.2)

kъdeto xi i yi se razgleжdat kato dumi s dъlжina 1 i

d(xi, yi) =

{
1 ako xi 6= yi,
0 ako xi = yi.

Primer 1.12. (i) Neka A = {0, 1} i x = 01010, y = 01101, z = 11101. Togava

d(x,y) = 3, d(y, z) = 1, d(z,x) = 4.

(ii) Neka A = {0, 1, 2, 3, 4} i x = 1234, y = 1423, z = 3214. Togava

d(x,y) = 3, d(y, z) = 4, d(z,x) = 2.

Teorema 1.13. Neka x,y, z sa dumi s dъlжina n nad azbukata A. Togava imame

(i) 0 ≤ d(x,y) ≤ n;

(ii) d(x,y) = 0 togava i samo togava, kogato x = y;

(iii) d(x,y) = d(y,x);

(iv) (neravenstvo na triъgъlnika) d(x, z) ≤ d(x,y) + d(y, z).

Dokazatelstvo. (i), (ii) i (iii) sledvat neposredstveno ot definici�ta na razsto�nie na
Heming. Ot (1.2) sledva, qe e dostatъqno da dokaжem (iv) za sluqa� n = 1. Sega ako
x = z, d(x, z) = 0 i (iv) oqevidno e v�rno. Ako x 6= z, to ili y 6= x ili y 6= z i (iv)
otnovo e izpъlneno.
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1.5 Dekodirane v na�-blizki� sъsed

Neka po komunikacionen kanal se izprawat dumi ot koda C i neka na izhoda e poluqena
duma x. Dekodirane v na�-blizki� sъsed (ili dekodirane po minimalno razsto�nie) e
takova pravilo, koeto dekodira x vъv cx, ako d(x, cx) e minimalno po vsiqki dumi na
C, t.e.

d(x, cx) = min
c∈C

d(x, c).

Kakto i v sluqa� na dekodirane po principa na maksimalnoto pravdopodobie, i tuk
razliqavame pъlno i nepъlno dekodirane. Ako pri poluqena duma x sъwestvuvat
dve ili poveqe kodovi dumi cx, za koito se dostiga minimum, to praviloto za pъlno
dekodirane izbira po proizvolen naqin edna ot t�h, dokato nepъlnoto dekodirane
iziskva povtorno predavane.

Teorema 1.14. Za dvoiqen simetriqen kanal s vero�tnost za grexka p < 1/2 dekodi-
raneto po principa na maksimalnoto pravdopodobie sъvpada s dekodirane v na�-blizki�
sъsed.

Dokazatelstvo. Neka C e izpolzvani�t kod, a x e poluqenata duma (s dъlжina n). Za
vseki vektor c s dъlжina n i za vs�ko 0 ≤ i ≤ n

d(x, c) = i ⇐⇒ P (x|c) = pi(1− p)n−i.

Tъ� kato p < 1/2, imame

p0(1− p)n > p1(1− p)n−1 > p2(1 − p)n−2 > . . . > pn(1− p)0.

Po definici�, dekodiraneto po principa na maksimalnoto pravdopodobie dekodira x

vъv c, ako vero�tnostta P (x|c) e maksimalna. Tova se sluqva toqno kogato d(x, c) e
minimalno. Sledovatelno to e sъwoto kato dekodirane v na�-blizki� sъsed.

Primer 1.15. Neka dumite ot koda

C = {0000, 0011, 1000, 1100, 0001, 1001}

se izprawat po dvoiqen simetriqen kanal. Da predpoloжim, qe poluqenata duma e
x = 0111. Togava

d(0111, 0000) = 3,

d(0111, 0011) = 1,

d(0111, 1000) = 4,

d(0111, 1100) = 3,

d(0111, 0001) = 2,

d(0111, 1001) = 3.

Izpolzva�ki praviloto za dekodirane v na�-blizki� sъsed, dekodirame x v 0011.
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Primer 1.16. Neka C = {000, 011} e dvoiqen kod. Nepъlno dekodirane v na�-blizki�
sъsed e pokazano v tablicata po-dolu. Simvolъt “−” pokazva, qe iskame povtorno
predavane na kodovata duma.

x d(x, 000) d(x, 011) cx
000 0 2 000
100 1 3 000
010 1 1 −
001 1 1 −
110 2 2 −
101 2 2 −
011 2 0 011
111 3 1 011

1.6 Minimalno razsto�nie na kod

Edna ot osnovnite harakteristiki na edin kod e negovoto minimalno razsto�nie.

Definici� 1.17. Minimalno razsto�nie na kod C, sъdъrжaw pone dve kodovi dumi,
nariqame na�-malkoto razsto�nie meжdu dve razliqni dumi ot koda. Minimalnoto raz
sto�nie na C oznaqavame s d(C), t.e.

d(C) = min{d(x,y) | x,y ∈ C,x 6= y}.

Definici� 1.18. Kod s dъlжina n, mownost M i minimalno razsto�nie d nariqame
(n,M, d)-kod. Qislata n,M, d nariqame parametri na koda.

Primer 1.19. (i) Neka C = {00000, 00111, 11111} e dvoiqen kod. Togava d(C) = 2, tъ� kato

d(00000, 00111) = 3,

d(00000, 11111) = 5,

d(00111, 11111) = 2.

Sledovatelno, C e (5, 3, 2)-kod.

(ii) Neka C = {000000, 000111, 111222} e troiqen kod, t.e. kod nad azbukata A = {0, 1, 2}.
Togava d(C) = 3, tъ� kato

d(000000, 000111) = 3,

d(000000, 111222) = 6,

d(000111, 111222) = 6.

i C e troiqen (6, 3, 3)-kod.
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Definici� 1.20. Neka u e c�lo poloжitelno qislo. Kazvame, qe kodъt C otkriva u
grexki, ako rezultatъt ot po�v�vaneto na ne poveqe ot u grexki v ko� da e kodova duma
e duma, ko�to ne se sъdъrжa v koda C. Kazvame, qe C otkriva toqno u grexki, ako to�
otkriva u, no ne otkriva u = 1 grexki.

Primer 1.21. (i) Dvoiqni�t kod C = {00000, 00111, 11111} otkriva edna grexka, tъ� kato
prom�nata na edin bit v ko� da e pozici� na proizvolna kodova duma ne vodi do kodova
duma. S drugi dumi

00000 → 00111 nuжdaem se ot prom�na v tri pozicii,

00000 → 11111 nuжdaem se ot prom�na v pet pozicii,

00111 → 11111 nuжdaem se ot prom�na v dve pozicii.

Oqevidno C otkriva toqno edna grexka, tъ� kato prom�nata na simvolite v pъrvite
dve pozicii na 00111 vodi druga kodova duma 11111, t.e. C ne e kod otkrivaw dve
grexki.

(i) Troiqni�t kod C = {000000, 000111, 111222} otkriva dve grexki, tъ� kato prom�nata
na edin ili dva simvola v koi da e pozicii na proizvolna kodova duma ne vodi do
kodova duma:

000000 → 000111 nuжdaem se ot prom�na v tri pozicii,

000000 → 111222 nuжdaem se ot prom�na v xest pozicii,

000111 → 111222 nuжdaem se ot prom�na v xest pozicii.

Kodъt C otkriva toqno dve grexki, tъ� kato prom�nata na simvolite v poslednite tri
pozicii na 000000 vodi kodovata duma 000111, t.e. C ne e kod otkrivaw tri grexki.

Teorema 1.22. Edin kod C otkriva u grexki togava i samo togava, kogato d(C) ≥ u+1,
t.e kod s minimalno razso�nie d otkriva toqno d− 1 grexki.

Dokazatelstvo. Da predpoloжim, qe d(c) ≥ u + 1. Ako c i x sa takiva, qe 1 ≤ d(c,x) ≤
u < d, to x 6∈ C. Sledovatelno C otkriva u grexki.

Ot druga strana, ako d(C) < u + 1 sъwestvuvat takiva dumi c1, c2 ∈ C, za koito
1 ≤ d(c1, c2) = d(C) ≤ u. Sledovatelno e vъzmoжno, zapoqva�ki ot c1 i promen��ki d(C)
simvola da poluqim kodovata duma c2. Sledovatelno C ne e kod otkrivaw u grexki.

Definici� 1.23. Neka v e c�lo poloжitelno qislo. Kazvame, qe kodъt C poprav� v
grexki, ako nepъlno dekodirane v na�-blizki� sъsed poprav� v ili po-malko grexki.
Kazvame, qe C poprav� toqno v grexki, ako C poprav� v, no ne poprav� v + 1 grexki.

Primer 1.24. Da razgledame dvoiqni� kod C = {000, 111}. Izpolzva�ki praviloto za
dekodirane v na�-blizki� sъsed poluqavame, qe

• ako izpratenata duma e 000 i se e sluqila edna grexka, to poluqenata duma e 100,
010 ili 001 i t� we bъde dekodirana kato 000;



14

• ako izpratenata duma e 111 i se e sluqila edna grexka, to poluqenata duma e 110,
101 ili 011 i t� we bъde dekodirana kato 111.

Vъv vsiqki sluqai grexkata we bъde popravena. Sledovatelno C poprav� edna grexka.
Ako sa se sluqili pone dve grexki, praviloto za dekodirane moжe da dade grexna

duma. Naprimer, ako e izpratena dumata 000, a e poluqena 011, to poslednata we
se dekodira kato 111 kato izpolzvame praviloto za dekodirane v na�-blizki� sъsed.
Sledovatelno C poprav� toqno edna grexka.

Teorema 1.25. Kodъt C poprav� v grexki togava i samo togava, kogato d(C) ≥ 2v + 1,
t.e. kod s minimalno razsto�nie d e kod poprav�w toqno ⌊(d− 1)/2⌋ grexki. (Tuk ⌊x⌋ e
na�-gol�moto c�lo qislo, po-malko ili ravno na x.)

Dokazatelstvo. (⇐) Da predpoloжim, qe d(C) ≥ 2v + 1. Neka c e izpratenata kodova
duma, a x e poluqenata duma. Ako pri predavaneto sa se sluqili ne poveqe ot v grexki,
to d(x,x) ≤ v. Sledovatelno za vs�ka kodova duma c′ ∈ C, c′ 6= c imame

d(x, c′) ≥ d(c, c′)− d(x, c)

≥ 2v + 1− v

= v + 1

< d(x, c).

Taka x we bъde dekodirana (korektno) vъv c, ako se izpolzva praviloto za dekodirane
v na�-blizki� sъsed. Tova pokazva, qe C poprav� v grexki.

(⇒) Neka C poprav� v grexki. Ako d(c) < 2v + 1, to sъwesvuvat dva razliqni dumi
c, c′ ∈ C, za koito d(c, c′) = d(C) ≤ 2v. We pokaжem, qe ako izpratenata duma e c i sa
stanali ne poveqe ot v grexki, to moжe da se sluqi taka, qe praviloto za dekodirane
v na�-blizki� sъsed da dekodira nepravilno v c′ ili da ne moжe vъobwe da dekodira
(poradi neednoznaqnost na na�-blizkata duma). Tova we protivoreqi na dopuskaneto,
qe C poprav� v grexki, otkъdeto d(C) ≥ 2v + 1.

Da zabeleжim, qe ako d(c, c′) < v + 1, to c moжe da se transformira vъv c′ qrez ne
poveqe ot v promeni na simvoli. Tezi grexki n�ma da mogat da se poprav�t (i dori
da se otkri�t!), tъ� kato c′ e otnovo v C. Tova bi protivoreqalo na dopuskaneto, qe
C poprav� v grexki. Sledovatelno, d(c, c′) ≥ v + 1. Bez ograniqenie na obwnostta
moжem da predpoloжim, qe c i c′ se razliqavat v pъrvite d = d(C) pozicii, kъdeto
d+ 1 ≤ d ≤ 2v. Ako e poluqena dumata

x = x1x2, . . . xv
︸ ︷︷ ︸

sъvpada sъs c
′

xv+1, xv+2, . . . xd
︸ ︷︷ ︸

sъvpada sъs c

xd+1, xd+2, . . . xn
︸ ︷︷ ︸

sъvpada i s dvete

.

to imame
d(x, c′) = d− v ≤ v = d(x, c).

Sledovatelno imame, qe d(x, c′) < d(x, c), v ko�to sluqa� x we se dekodira nepravilno
v c′, ili d(x, c′) = d(x, c) i we imame neopredelenost.
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1.7 Zadaqi

1. Suppose that codewords from the binary code {000, 100, 111} are being sent over a binary
symmetric channel with crossover probability p = 0.03. Use the maximum likelihood decoding
rule to decode the following received words:

(a) 010; (b) 011; (c) 001.

2. Consider a memoryless binary channel with channel probabilities

Pr(0 received |0 sent ) = 0.7, Pr(1 received |1 sent ) = 0.8.

If codewords from the code {000, 100, 111} are being sent over this channel, use the maximum
likelihood decoding rule to decode the follwing received words:

(a) 010; (b) 011; (c) 001.

3. Let C = {001, 011} be a binary code.

(a) Suppose we have a memoryless binary channel with the following probabilities

Pr(0 received |0 sent ) = 0.1, Pr(1 received |1 sent ) = 0.5.

Use the maximum likelihood decoding rule to decode the received word 000.

(b) Use the neares neighbour decoding rule to decode 000.

4. For the binary code C = {01101, 00011, 10110, 11000}, use the nearest neighbour decoding rule
to decode the following received words:

(a) 00000; (b) 01111; (c) 10110; (d) 10011; (e) 11011.

5. For the ternary code C = {00122, 12201, 20110, 22000}, use the nearest neighbour decoding rule
to decode the following received words:

(a) 01122; (b) 10021; (c) 22022; (d) 20120.

6. Construct the incomplete maximum likelihood decoding table for each of the following binary
codes:

(a) C = {101, 111, 011};

(b) C = {000, 001, 010, 011}.

7. Determine the number of binary codes with parameters (n, 2, n) for n ≥ 2.
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Glava 2

Line�ni kodove

2.1 Vektorni prostranstva nad kra�ni poleta

We zapoqnem s n�koi definicii i fakti za vektorni prostranstva nad kra�ni poleta,
koito sa dobre izvestni.

Definici� 2.1. Neka Fq e kra�no pole ot red q. Edno neprazno mnoжestvo V , v koeto
sa zadadeni operaciite sъbirane i umnoжenie po skalar ot Fq nariqame vektorno
prostranstvo nad Fq ako za vsiqki u,v,w ∈ V i vsiqki λ, µ ∈ Fq sa v sila svo�stvata:

(i) u+ v ∈ V ;

(ii) (u+ v) +w = u+ (v +w);

(iii) sъwestvuva element 0 ∈ V sъs svo�stvoto 0+ v = v = v + 0 za vsiqki v ∈ V ;

(iv) za vs�ko u ∈ V sъwestvuva element ot V , ko�to oznaqavame s −u takъv, qe u +
(−u) = 0 = (−u+ u;

(v) u+ v = v + u;

(vi) λv ∈ V ;

(vii) λ(u + v) = λu+ λv, (λ+ µ)u = λu + µu;

(viii) (λµ)u = λ(µu);

(ix) ako 1 e multiplikativnata edinica na Fq, to 1u = u.

Neka F
n
q e mnoжestvoto na naredenite n-orki s komponenti vъv Fq:

F
n
q = {(v1, . . . , vn) | vi ∈ Fq}.

Definirame sъbirane i umnoжenie po skalarot F
n
q pokomponentno, izpolzva�ki sъbi-

raneto i umnoжenieto vъv Fq, t.e. ako λ ∈ Fq i

v = (v1, . . . , vn) ∈ F
n
q ,w = (w1, . . . , wn) ∈ F

n
q ,

17



18 2. Line�ni kodove

to
v +w = (v1 + w1, . . . , vn + wn) ∈ F

n
q ,

λv = (λv1, . . . , λvn) ∈ F
n
q .

S 0 we oznaqavame nulevi� vektor (0, . . . , 0) ∈ F
n
q .

Primer 2.2. Mnoжestvata po-dolu sa primeri za vektorni prostranstva:

(i) V1 = F
n
q za vs�ka stepen na prosto q;

(ii) V2 = {0};

(iii) V3 = {(λ, . . . , λ) | λ ∈ Fq} za vs�ka stepen na prosto q;

(iv) za q = 2, V4 = {(0, 0, 0, 0), (1, 1, 1, 0), (0, 1, 1, 1), (1, 0, 0, 1)};

(v) za q = 3, V5 = {(0, 0, 0), (0, 1, 2), (0, 2, 10}.

Definici� 2.3. Edno neprazno podmnoжestvo C na vektornoto prostranstvo V nariqame
podprostranst vo na V , ako samoto C e vektorno prostranstvo sъs sъwoto sъbirane i
umnoжenie po skalar kakto vъv V .

Lesno se prover�va, qe v Primer 2.2 V2 e podprostranstvo na V1 i V3, V3 epodpros-
transtvo na V1, V4 e podprostranstvo na F

4
2 i V5 e podprostranstvo na F

3
3.

Teorema 2.4. Edno neprazno podmnoжestvo C na vektornoto prostranstvo V nad Fq e
podprostranstvo togava i samo togava, kogato za vsekidva vektora x,y ∈ C i za vsyeki
dva elementa λ, µ ∈ Fq, λx+ µy ∈ C.

Dokazatelstvoto na tazi teorema e oqevidno. Za q = 2 tova neobhodimo i dostatъqno
uslovie za C priema sledni� po prost vid: ako V e vektorno prostranstvo nad F2, to
C ⊆ V e podprostranstvo togava i samo togava, kogato za vseki dva vektora x,y ∈ C
imame x+ y ∈ C.

Definici� 2.5. Let V be a vector space over Fq. A linear combination of v1, . . ., vr ∈ V is a
vector of the form λ1v1 + . . .+ λrvr, where λ1, . . . , λr ∈ Fq are some scalars.

Definici� 2.6. Nek V e vektorno prostranstvo nad Fq. Edno mnoжestvo ot vektori
{v1, . . . ,vr} vъv V nariqame line�no nezavisimo, ako ot

λ1v1 + . . .+ λrvr = 0

sledva λ1 = . . . = λr = 0. Edno mnoжestvo line�no zavisimo, ako to ne e line�no
nezavisimo, t.e. sъwestvuvat skalari λ1, . . . , λr ∈ Fq, ne vsiqki ravni na nula, za
koito λ1v1 + . . .+ λrvr = 0.

Vs�ko mnoжestvo, sъdъrжawo vektora 0 e line�no zavisimo.
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Definici� 2.7. Neka V e vektorno prostranstvo nad Fq i neka S = {v1, . . . ,vk} e
neprazno podmnoжestvo na V . Line�na obvivka (ili samo obvivka) na S definirame
kato mnoжestvoto na vsiqki line�ni kombinacii na vektorite ot S:

〈S〉 = {λ1v1 + . . .+ λkvk | λi ∈ Fq}.

Ako S = ∅, to polagame 〈S〉 = {0}. Lesno se prover�va, qe 〈S〉 e podprostranstvo na
V . We kazvame, qe tova podprostranstvo e porodeno ot S. Neka e dadeno podpros-
transtvoto C na V . Edno podmnoжestvo S na C nariqame poraжdawo mnoжestvo na
C, ako C = 〈S〉.

Primer 2.8. (i) Ako q = 2 i S = (0001, 0010, 0100), to

〈S〉 = {0000, 0001, 0010, 0100, 0011, 0101, 0110, 0111}.

(ii) Ako q = 2 i S = {0001, 1000, 1001}, to

〈S〉 = {0000, 0001, 1000, 1001}.

(iii) Ako q = 3 i S = {0001, 1000, 1001}, to

〈S〉 = {0000, 0001, 0002, 1000, 2000, 1001, 1002, 2001, 2002}.

Definici� 2.9. Neka V e vektorno prostranstvo nad Fq. Edno neprazno podmnoжestvo
B = {v1, . . . ,vk} na V nariqame bazis na V , ako V = 〈B〉 i B e line�no nezavisimo.

Ako B = {v1, . . . ,vk} e bazis na V , to vseki vektor v ∈ V moжe da bъde predstaven
po edinstven anqin kato line�na kombinaci� na vektori ot B. Edno vektorno pros-
transtvo nad kra�no pole Fq (a vsъwnost i nad proizvolno pole) moжe da ima mnogo
bazisi. Vsiqki te sъdъrжat edin i sъw bro� vektori. Tozi bro� nariqame razmer-
nost na V nad Fq i oznaqavame s dimV . V slaqaite, kogato V moжe da se razgleжda kato
vektorno prostranstvo nad poveqe ot edno pole, we izpolzvame oznaqenieto dimFq

V za
da izbegnem dvusmislenost.

Teorema 2.10. Neka V e vektorno prostranstvo nad Fq. Ako dimV = k, to

(i) V ima qk elementi;

(ii) V ima 1
k!

∏k−1
i=0 (q

k − qi) razliqni bazisi.

Dokazatelstvo. (i) Ako {v1, . . . ,vk} e bazis za V , to

V = {λ1v1 + . . .+ λkvk | λ1, . . . , λk ∈ Fq}.

Tъ� kato za vseki ot elementite λi imame toqno q vъzmoжnosti i tъ� kato vseki vek-
tor se predstav� po edinstven naqin kato line�na kombinaci� na bazisni vektori,
poluqavame, qe V ima toqno qk elementi.

(ii) Neka B = {v1, . . . ,vk} e bazis za V . Tъ� kato v1 6= 0, to sъwestvuvat qk − 1
vъzmoжnosti za izbor na v1. Tъ� kato B e basis, to eizpъlneno v2 6∈ 〈v1〉, otkъdeto
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sledva, qe sъwestvuvat qk − q vъzmoжni izbora za v2. Vъobwe za vs�ko i, 2 ≤ i ≤ k,
imame vi 6∈ 〈v1, . . . ,vk−1〉 i taka imame qk − qi vъzmoжnosti za vi. Sledovatelno bro�t

na naredenite bazisi v1, . . . , vk e raven na
k−1∏

i=0

(qk − qi) Tъ� kato redъt na vektorite v

bazisa e nesъwestven, to bro�t na razliqnite (nenaredeni) bazisi na V e

1

k!

k−1∏

i=0

(qk − qi).

Primer 2.11. Neka q = 2, S = {0001, 0010, 0100} i V = 〈S〉. Togava

V = {0000, 0001, 0010, 0100, 0011, 0101, 0110, 0111}.

Da otbeleжim, qe vektorite v S sa line�no nezavisimi i taka dimV = 3. Sъglasno
Teorema 2.10 bro�t na razliqnite bazisi za V e

1

k!

k−1∏

i=0

(2k − 2i) =
1

3!
(23 − 1)(23 − 2)(23 − 22) = 28.

Definici� 2.12. Neka v = (v1, . . . , vn),w = (w1, . . . , wn) ∈ F
n
q . Skalarno proizvedenie

(owe Evklidovo vъtrexno proizvedenie) na vektorite v i w definirame qrez

v ·w = v1w1 + . . . vnwn ∈ Fq.

We kazvame, qe vektorite v i w sa ortogonalni, ako v · w = 0. Neka S e neprazno
podmnoжestvo na F

n
q . Ortogonalno dopъlnenie S⊥ na S nariqame mnoжestvoto

S⊥ = {v ∈ F
n
q | v · s = 0 za vs�ko s ∈ S}.

Ako S = ∅, to imame S⊥ = F
n
q .

Lesno se prover�va, qe S⊥ e podprostranstvo na F
n
q za vs�ko podmnoжestvo S ot

vektori ot F
n
q , kakto i qe 〈S〉⊥ = S⊥.

Skalarnoto proizvedenie e primer za vъtrexno proizvedenie v F
n
q . Vъtrexno

proizvedenie v F
n
q nariqame vs�ko sdvo�vane 〈, 〉 : F

n
q × F)q

n → F
n
q , udvoletvor�vawo

uslovi�ta: za vsiqki vektori u,v,w ∈ F
n
q e v sila

(a) 〈u+ v,w〉 = 〈u,w〉+ 〈v,w〉;

(b) 〈u,v +w〉 = 〈u,v〉+ 〈u,w〉;

(c) 〈u,v〉 = 0 za vsiqki u ∈ F
n
q togava i samo togava, kogato v = 0;

(d) 〈u,v〉 = 0 za vsiqki v ∈ F
n
q togava i samo togava, kogato u = 0.
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V teori� na kodiraneto se izpolzvat i drugi vъtrexni proizvedeni�, kato Ermi-
tovo proizvedenie ili simplektiqno proizvedenie, koito sa razliqni ot Evklidovoto.

Primer 2.13. (i) Neka q = 2 i neka n = 4. Ako u = (1, 1, 1, 1), v = (1, 1, 1, 0), w = (1, 0, 0, 1),
to

u · v = 1 · 1 + 1 · 1 + 1 · 1 + 1 · 0 = 1,

u ·w = 1 · 1 + 1 · 0 + 1 · 0 + 1 · 1 = 0,

v ·w = 1 · 1 + 1 · 0 + 1 · 0 + 0 · 1 = 1.

Sledovatelno u i w sa ortogonlni.
(ii)Neka q = 2 i neka S = {0100, 0101}. Za da namerim S⊥ oznaqavame v = (v1, v2, v3, v4) ∈

S⊥. Togava

v · (0, 1, 0, 0) = 0 ⇒ v2 = 0,

v · (0, 1, 0, 1) = 0 ⇒ v2 + v4 = 0.

Ottuk poluqavame v2 = v4 = 0. Tъ� kato v1 i v3 sa ili 0 ili 1, to zakl�qavame, qe

S⊥ = {0000, 0010, 1000, 1010}.

Teorema 2.14. Neka S e podprostranstvo na F
n
q . Togava imame

dim〈S〉+ dimS⊥ = n.

Dokazatelstvo. Teoremata oqevidno e v�rna, kogato 〈S〉 = {0}. Neka sega dim〈S〉 = k ≥ 1
i da izberem bazis v1, . . . ,vk} na 〉S〈. Tr�bva da pokaжem, qe dimS⊥ = dim〈S〉⊥ = n− k.
Da otbeleжim, qe x ∈ S⊥ togava i samo togava, kogato

v1 · x = . . . = v1 · x = 0,

koeto e ekvivalentno s tova x da udovletvor�va sistemata Axt = 0, kъdeto A e k × n
matrica, qi�to i-ti red e vi.

Redovete na A sa line�no nezavisimi, otkъdeto sledva, qe Axt = 0 e homogenna
sistema ot k line�no nezavisimi uravneni� s n neizvestni. Ot line�nata algebra e
izvestno, qe rexeni�ta na takava sistema obrazuvat vektorno prostranstvo s razmer-
nost n− k.

Primer 2.15. Neka q = 2, n = 4 i S = {0100, 0101}. Togava

〈S〉 = {0000, 0100, 0001, 0101}.

Da otbeleжim, qe dim〈S〉 = 2. V Primer 2.13 presmetnahme, qe

〈S〉⊥ = {0000, 0010, 1000, 1010}.

Oqevidno {0010, 1000} e bazis na S⊥ i taka dimS⊥ = 2. S tova proverihme, qe

dim〈S〉+ dimS⊥ = 2 + 2 = 4 = n.
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2.2 Line�ni kodove

V tozi razdel we vъvedem pon�tieto lineen kod i we razgledeame n�koi elementarni
svo�stva na line�nite kodove.

Definici� 2.16. Lineen kod s dъlжina n nad Fq nariqame vs�ko podprostranstvo na
F
n
q .

Primer 2.17. (i) Kodъt C = {(λ, λ, . . . , λ) | λ ∈ Fq} e lineen. To� se nariqa kod s povtore-
nie.

(ii) (q = 2) C = {00000, 01101, 10110, 11011} e lineen kod.
(iii) (q = 3) C = {0000, 1100, 2200, 0001, 0002, 1101, 1102, 2201, 2202} e lineen kod.

Definici� 2.18. Neka C e e lineen kod vъv F
n
q . Ortogonalnoto dopъlnenie C⊥ na

podprostranstvoto C nariqame ortogonalen kod na C. Razmernost na line�ni� kod C
nariqame razmernostta na C kato vektorno prostranstvo nad Fq.

Teorema 2.19. Neka C e lineen kod s dъlжina n nad Fq. Togava

(i) |C| = qdimC , t.e. dimC = logq|C|;

(ii) |C|⊥ e lineen kod i dimC = dimC⊥ = n;

(iii) (C⊥)⊥ = C.

Dokazatelstvo. (i) Viж Teorema 2.10.
(ii) Viж Teorema 2.14.
(iii)Sъglasno (ii) imame dimC⊥+dim(C⊥)⊥ = n. Taka za da dokaжem (iii) e dostatъqno

da demonstrirame, qe C ⊆ (C⊥)⊥. Neka c ∈ C. za da proverim, qe c ∈ (C⊥)⊥ e
dostatъqno da pokaжem, qe c · x = 0 za vs�ko x ∈ C⊥. Tъ� kato c ∈ C i x ∈ C⊥,
to ot definici�ta na C⊥, sledva, qe c · x = 0. S tova dokazahme (iii).

Edin lineen kod C s dъlжina n i razmernost k nad Fq qesto nariqame [n, k]q-kod
ili, ako q e �sno ot konteksta, prosto [n, k]-kod. Edin [n, k]q-kod e sъwo (n, qk)-kod.
Ako e izvestno minimalnoto razsto�nie d na C, to to� se nariqa [n, k, d]q- ili prosto
[n, k, d]-kod.

Definici� 2.20. Neka C e lineen kod. Kazvame, qe C e samoortogonalen, ako C ⊆ C⊥.
Koda C nariqame samodualen, ako C = C⊥.

2.3 Teglo na Heming

Veqe definirahme razsto�nie na Heming d(x,y) meжdu dumite x i y kato bro� na
komponentite, v koito tezi dumi se razliqavat.

Definici� 2.21. Neka x e duma ot F
n
q . Teglo na Heming na x we nariqame bro� na

nenulevite koordinati na x, t.e.

wHam(x) = d(x,0).

Tegloto na Heming na x oznaqavame s wHam(x).
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Zabeleжka 2.22. Za vseki element x ∈ Fq definirame teglo na Heming kakto sledva:

wHam(x) = d(x, 0) =

{
1 ako x 6= 0;
0 ako x = 0.

Ako zapixem x ∈ F
n
q kato x = (x1, x2, . . . , xn), to teglo na Heming moжe da bъde defini-

rano ekvivalentno kato

wHam(x) =

n∑

i=1

wHam(xi). (2.1)

Lema 2.23. Ako x,y ∈ F
n
q , to d(x,y) = wHam(x− y).

Dokazatelstvo. Za x, y ∈ Fq, d(x, y) = 0 togava i samo togava, kogato x = y, koeto e
v�rno toqno kogato x− y = 0 ili, ekvivalentno, wHam(x− y) = 0. Lemata sledva sega ot
Zabeleжka 2.22.

Sledstvie 2.24. Neka x,y ∈ F
n
q , kъdeto q = 2h. Togava d(x,y) = wHam(x+ y).

Za vseki dva vektora x = (x1, x2, . . . , xn) i y = (y1, y2, . . . , yn) v F
n
q definirame

x ⋆ y = (x1y1, x2y2, . . . , xnyn).

Lema 2.25. Ako x,y ∈ F
n
2 , to

wHam(x+ y) = wHam(x) + wHam(y)− 2wHam(x ⋆ y).

Dokazatelstvo. Poradi (2.1) e dostatъqno e da dokaжem lemata samo za x, y ∈ F2. V
tozi sluqa� t� e oqevidna.

Lema 2.26. za vs�ka stepen na prosto qislo q i za vsekidva vektora x,y ∈ F
n
q e izpъl-

neno
wHam(x) + wHam(y) ≥ wHam(x+ y) ≥ wHam(x)− wHam(y).

Definici� 2.27. Neka C e (ne nepremnno lineen) kod. Minimalno teglo (na Heming)
za C e na�-malkoto nenulevo teglo na kodova duma ot C. Minimalnoto teglo na C
oznaqavame sъs wHam(C).

Teorema 2.28. Neka C e lineen kod nad Fq. Togava d(C) = wHam(C).

Dokazatelstvo. Za vseki dve dumi x,y imame d(x,y) = wHam(x − y). Po definici�
sъwestvuvat takiva vektori x′,y′ ∈ C, za koito d(x′,y′) = d(C). Ottuk

d(C) = d(x′,y′) = wHam(x
′ − y′) ≥ wHam(C),

tъ� kato x′ − y′ ∈ C.
Obratno, sъwestvuva duma z ∈ C \ {0}, za ko�to wHam(C) = wHam(z), otkъdeto

wHam(C) = wHam(z) = d(z,0) ≥ d(C).

Predimstva i nedostatъci na line�nite kodove
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2.4 Poraжdawa i proveroqna matrica

Po definici� edin lineen kod e vektorno prostranstvo, otkъdeto sledva, qe vsiqkite
mu dumi se iuzraz�vat qrez bazis natova prostranstvo. Sega we opixem algoritmi,
qrez koito poluqavame bazis na daden lineen kod ili na negovi� ortogonalen.

Definici� 2.29. Neka A e matrica nad Fq. Elementarna operaci� po redove, izvъrx-
ena vъrhu A nariqame probrazuvanie po redove ot sledni� vid:

(i) sm�na na mestata na dva reda;

(ii) umnohzvane na red po nenulev skalar;

(iii) dobav�ne kъm daden red na skalarno kratno na drug red.

Definici� 2.30. Dve matrici nariqame ekvivalentni po redove, ako ednata moжe da
bъde poluqena ot drugata posredstvom redica ot elementarni operacii po redove.

Po-dolu sa dadeni nykoi dobre izvestni fakti ot line�nata algebra.

(i) Vs�ka matrica M nad Fq moжe da bъde privedena v gorna trapecovidna forma
ili reducirana gornotrapecovidna forma qrez redica ot elementarni operacii
po redove. S drugi dumi, vs�ka matrica e ekvivlentna (po redove) na matrica v
gorna trapecovidna ili reducirana gorna trapecovidna forma.

(ii) Vs�ka matrica ima edinstvena reducirana gornotrapecovidna forma po redove,
no moжe da ima poveqe standartni formi po redove.

Algoritъm 1.

Vhod: Neprazno podmnoжestvo S na F
n
q .

Izhod Bazis za C = 〈S〉, line�ni� kod, poroden ot S

Opisanie: Formirame matrica A, qiito redove sa dumite na Izpolzvame elementarni
operacii po redove za namirane na gornotrapecoovidna forma po redove za A. Nenule-
vite redove na matricata v gornotrapecovidna forma obrazuvat bazis za C.

Primer 2.31. neka q = 3. Da se nameri bazis za C = 〈S〉, kъdeto

S = {12101, 20110, 01122, 11010}.

A =







1 2 1 0 1
2 0 1 1 0
0 1 1 2 2
1 1 0 1 0







→







1 2 1 0 1
0 2 2 1 1
0 1 1 2 2
0 2 2 1 2







→







1 2 1 0 1
0 1 1 2 2
0 0 0 0 1
0 0 0 0 0







.

Poslednata matrica e v gornotrapecovidna forma po redove. Sъglasno Algoritъm 1,
{12101, 01122, 00001} e bazis za C.
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Algoritъm 2.

Vhod: Neprazno podmnoжestvo S na F
n
q .

Izhod: Bazis za C = 〈S〉, lin�ni� kod, poroden ot S.
Opisanie: Obrazuvame matrica A, qiito stъlbove sa dumite ot S. Izpolzvame elemen-
tarni opercii po redove za priveжdane na A v gorna trapecovidna forma i nairame
vodewite stъlbove v tazi forma. Togava originalnite stъlbove na A, otgovar�wi na
vodewite stъlbove obrazuvat bazis za C.

Primer 2.32. Neka q = 2. Da se nameri bazis za C = 〈S〉, kъdeto

S = {11101, 10110, 01011, 11010}.

A =









1 1 0 1
1 0 1 1
1 1 0 0
0 1 1 1
1 0 1 0









→









1 1 0 1
0 1 1 0
0 0 0 1
0 1 1 1
0 1 1 1









→









1 1 0 1
0 1 1 0
0 0 0 1
0 0 0 0
0 0 0 0









.

Since columns 1, 2 and 4 of the REF are the leading columns, Algorithm 2 says that column 1, 2
and 4 form a basis for C, i.e. {11101, 10110, 11010} is a basis for C.

Algoritъm 3.

Vhod: Neprazno podmnoжestvo S na F
n
q .

Izhod: Bazis za ortogonalni� kod C⊥, kъdeto C = 〈S〉.
Opisanie: Obrazuvame matrica A, qiito redove sa dumite na S. Izpolzvame elemen-
tarni operacii po redove za da privedem A v reducirana gornostъpalovidna forma.
Neka G e k×n matrica ot vsiqki nenulevi redove na reduciranata gornotrapecovidna
forma:

A →

(
G
O

)

.

Matricata G ima k vodewi stъlba. razmestvame stъlbovete na G za da poluqim G′ =
(Ik|X), kъdeto Ik e ediniqnata matrica. Obrazuvame matricata H ′ kakto sledva:

H ′ = (−XT |In−k),

kъdeto XT e transponiranata na X. Prilagame obratnata permutaci� vъrhu stъl-
bovete na H ′ za da poluqim H. Redovete na H obrazuvat bazis za C⊥.

Primer 2.33. Neka q = 3. Da ase nameri bazis za C⊥, ako reduciranata gornotrapecovidna
forma za A e

G =









1 0 2 0 0 2 0 1 0 2
0 0 0 1 0 1 0 0 0 1
0 0 0 0 1 0 0 2 0 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 2









.
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Vodewite stъlbove za G sa tezi s nomera 1, 4, 5, 7 i 9. Razmestvame stъlbovete na G
v reda 1, 4, 5, 7, 9, 2, 3, 6, 8, 10 i poluqavame matricata

G′ = (I5|X) =









1 0 0 0 0 0 2 2 1 2
0 1 0 0 0 0 0 1 0 1
0 0 1 0 0 0 0 0 2 0
0 0 0 1 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 2









.

Obrazuvame matricata H ′ i razmestvame stъlbovete na H ′, izpolzva�ki obratnata
permutaci�:

H ′ =









0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 2 0 0 0 0 0 1 0 0
2 0 1 0 0 0 0 0 1 0
1 2 0 2 1 0 0 0 0 1









,

H =









0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 2 0 1 0 0 0 0
2 0 0 0 1 0 0 1 0 0
1 0 0 2 0 0 2 0 1 1









.

Sъglasno Algoritъm 3, redovete na H obrazuvat bazis za C⊥.

Definici� 2.34. Edna matrica G, qiito redove obrazuvat bazis na line�ni� kod
G = C nariqame poraжdawa matrica na C. Proveroqna matrica na C nariqame vs�ka
matrica H, ko�to e poraжdawa za ortogonalni� kod C⊥.

Neka C e [n, k] kod. Togava vs�ka poraжdawa matrica na C e k × n matrica, a
vs�ka proveroqna matrica e s ramer (n− k)× n. Tъ� kato edno vektorno prostranstvo
obiknoveno ima poveqe ot edin bazis, to i poraжdawite matrici sa poveqe ot edna.
Dori i bazisъt na edin lineen kod da e fiksitran, to permutaci�ta na redove sъwo
vodi do razliqna poraжdawa matrica.

Definici� 2.35. Ako edna poraжdawa matrica ima vida (Ik|X), to kazvame, qe t� e v
standartna forma. Edna proveroqna matrica e v standartna forma, ako t� ima vida
(Y |In−k).

Lema 2.36. Neka C e [n, k]-lineen kod nad Fq s poraжdawa matrica G. Togava dumata
v ∈ F

n
q prinadleжi na C⊥ toqno kagato v e ortogonalna na vseki red ot G, t.e. v ∈

C⊥ ⇔ vGT = 0. Po specialno, ako e dadena (n− k)× n matrica H, to t� e proveroqna
matrica za C togava i samo togava, kogato redovete na H sa line�no nezavisimi i
HGT = O.

Dokazatelstvo. Neka ri e i-ti� red na G. Togava imame ri ∈ C za vs�ko i = 1, . . . , k i
vs�ka duma c ∈ C moжe da bъde zapisana vъv vida

c = λ1r1 + . . .+ λkrk,
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kъdeto λ1, . . . , λk ∈ Fq.
Ako ∈ C⊥, to v · c = 0 za vs�ko c ∈ C. Po specialno, vektorъt v e ortogonalen na ri

za vs�ko 1 ≤ i ≤ k, t.e. vGT = 0. Obratno, ako v · ri = 0 za vs�ko 1 = 1, . . . , k, to za vseki
vektor c = λ1r1 + . . .+ λkrk ∈ C,

v · c = λ1(v · r1) + . . .+ λk(v · rk) = 0.

We dokaжem poslednoto tvъrdenie. Neka H e proveroqna matrica za C. Redovete
na H sa line�no zavisimi po definici�. Tъ� kato redovete na H sa kodovi dumi ot
C⊥, to ot predixnoto tvъrdenie sledva,qe HGT = O.

Obratno, ako HGT = O, to redovete na H, a sledovatelno i prostranstvoto ot
redovete na H, se sъdъrжat v C⊥. Tъ� kato redovete na H sa line�no nezavisimi, to
prostranstvoto ot redovete na H ima razmernost n−k, t.e prostranstvoto ot redovete
na H naistina sъvpada s C⊥. S drugi dumi, H e proveroqna matrica za C.

Sledvawata lema e alternativna, no ekvivalentna na Lema 2.36.

Lema 2.37. Neka C e lineen [n, k]-kod nad Fq s proveroqna matrica H. Vektorъt v ∈ F
n
q

prinadleжi na C togava i samo togava, kogato v e ortogonalen na vseki red na H, t.e.
v ∈ C ⇔ vHT = 0. Po specialno, neka G e k×n matrica nad Fq; G e poraжdawa matrica
za C togava i samo togava, kogato redovete í sa line�no nezavisimi i GHT = O.

Edno sledstvie ot Lema 2.36 e slednata teorema, svъrzvawa minimalnoto razstoy-
anie na lineen kod C sъs svo�stvata na ko� da e proveroqna matrica na C.

Teorema 2.38. Neka C e lineen kod i neka H e proveroqna matrica za C. Togava

(i) C ima minimalno razsto�nie ≥ d togava i samo togava, kogato koi da e d−1 stъlba
na H sa line�no nezavisimi;

(ii) C ima minimalno razsto�nie ≤ d togava i samo togava, kogato H ima d line�no
zavisimi stъlba.

Dokazatelstvo. Neka v = (v1, . . . , vn) ∈ C e duma s teglo e > 0. Da priemem, qe nenule-
vite komponenti sa v pozicii i1, . . . , ie. Taka vj = 0, ako j 6∈ {i1, . . . , ie}. Neka s hi,
i = 1, . . . , n oznaqim i-ti� stъlb na H.

Sъglasno Lemi 2.36 i 2.37, C sъdъrжa nenuleva duma v = (v1, . . . , vn) s teglo e,
qiito nenulevi komponenti sa vi1 , . . . , Vie togava i samo togava, kogato

0 = vHT = vi1h
T
i1 + . . .+ vieh

T
ie ,

Koeto ot svo� strana e v�rno togava i samo togava, kogato sъwestvuvat e stъlba na H
(a imenno hi1 , . . . ,hie), koito sa line�no zavisimi.

Tvъrdenieto, qe minimalnoto razsto�nie na C e ≥ d e ekvivalentno na tova, qe C
ne sъdъrжa nenuleva duma s teglot ≤ d − 1, koeto e izpъlneno toqno kogato koi da e
≤ d− 1 stъlba na H sa line�no nezavisimi. Tova dokazva (i).

Analogiqno, tvъrdenieto, qe minimalnoto razsto�nie na C e ≤ d e ekvivalentno
na tvъrdenieto, qe C sъdъrжa nenuleva duma s teglo ≤ d, koeto e v�rno toqno kogato
H ima ≤ d (a sledovatelno i d) stъlba, koito sa line�no zavsisimi. Tova dokazva
(ii).
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Sledstvie 2.39. Neka C e lineen kod i neka H e proveroqna matrica za C. Slednite
tvъrdeni� sa ekvivalentni:

(i) kodъt C ima minimalno razsto�nie d;

(ii) koi da e d − 1 stъlba na H sa line�no nezavisimi i H ima d stъlba, koito sa
line�no zavisimi.

Teorema 2.40. Ako G = (Ik|X) e poraжdawa matrica v standartna forma za lineen
[n, k]-kod C, to H = (−XT |In−k) e proveroqna matrica za C.

Dokazatelstvo. Oqevidno ravenstvoto HGT = O se izpъln�va. Razgleжda�ki posled-
nite n−k koordinati e �sno, qe redovete na H sa line�no nezavisimi. Sega rezultatъt
sledva ot. Lema 2.36.

Primer 2.41. Da se nameri poraжdawa i proveroqna matrica za dvoiqni� lineen kod
C = 〈S〉, kъdeto S = {11101, 10110, 01011, 11010}.

Ot Algoritъm 1,

A =







1 1 1 0 1
1 0 1 1 0
0 1 0 1 1
1 1 0 1 0







→







1 1 1 0 1
0 1 0 1 1
0 0 1 1 1
0 0 0 0 0







→







1 0 0 0 1
0 1 0 1 1
0 0 1 1 1
0 0 0 0 0







.

koeto e rducirana trapecovidna form. Ot Algoritъm 3 poluqavame

G =





1 0 0 0 1
0 1 0 1 1
0 0 1 1 1



 , H =

(
0 1 1 1 0
1 1 1 0 1

)

.

Tuk G e poraжdawa matrica za C, a H – proveroqna matrica za C. Lesno se prover�va,
qe GHT = O = HGT .

Da otbeleжim, qe ne vseki lineen kod ima poraжdawa matrica v standartna forma.

Primer 2.42. Da razgledame dvoiqni� lineen kod C = {000, 001, 100, 101}. Tъ� kato
dimC = 2, sъglasno Teorema 2.10(ii) bro�t na bazisite za C e

1

2
(22 − 1)(22 − 2) = 3.

Po-dolu tezi bazisi sa izpisani:

{001, 100}, {001, 101}, {100, 101}.

Sledovatelno, C ima xest poraжdawi matrici:
(

0 0 1
1 0 0

)

,

(
1 0 0
0 0 1

)

,

(
0 0 1
1 0 1

)

,

(
1 0 1
0 0 1

)

,

(
1 0 0
1 0 1

)

,

(
1 0 1
1 0 0

)

.

Da zabeleжim, qe niko� ot t�h ne e v standartna forma.
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2.5 Ekvivalentnost na line�ni kodove

Definici� 2.43. Dva (n,M) koda nad Fq sa ekvivalentni, ako dumite na vseki ot t�h
mogat da se poluqat ot dumite na drugi� qrez redica ot operacii ot sledni� vid:

(i) permutaci� na koordinatni pozicii;

(ii) umnoжenie na simvolite v opredelena pozici� s element, razliqen ot 0;

(iii) prilagane na avtomorfizъm na poleto kъm vsiqki koordinatni pozicii.

Primer 2.44. (i)Dvoiqni�t kod C = {0000, 0101, 0010, 0111} e ekvivalenten na C′ = {0000, 1100, 0001, 1101}
(ii) Troiqni�t kod C = {000, 011, 022} e ekvivalenten na koda C′ = {000, 102, 201}.

Teorema 2.45. Vseki lineen kod C e ekvivalenten na lineen kod C′, imaw poraжdawa
matrica v standartna forma.

Primer 2.46. Neka C e dvoiqen lineen kod s poraжdawa matrica

G =





1 1 0 0 0 0 1
0 0 1 0 0 1 1
0 0 0 1 0 0 1





Prenareжda�ki stъlbovete v reda 1, 3, 4, 2, 5, 6, 7 poluqavame matricata

G′





1 0 0 1 0 0 1
0 1 0 0 0 1 1
0 0 1 0 0 0 1





Neka C′ e kodъt, poroden ot G′. Togava C′ e ekvivalenten na C i ima poraжdawa
matrica v standartna forma.

2.6 Kodirane s lineen kod

Neka C e [n, k, d]-kod nad Fq. C ima qk kodovi dumi i moжe da bъde izpolzvan za
predavane na qk razliqni sъobweni�. We identificirame tezi sъobweni� s k-orkite
ot F

k
q . Fiksirame bazis {r1, . . . , rk} za C. Sega vs�ko ot sъobweni�ta moжe da bъde

predstaveno vъv vida
u = u1r1 + . . .+ ukrk,

kъdeto u1, . . . , uk ∈ Fq. Neka G e poraжdawa matrica za C, qiito i-ti red e vektorъt
ri. Ako e daden vektor u = (u1, . . . , uk) ∈ F

k
q , to e �sno, qe

v = uG = u1r1 + . . .+ ukrk

e kodova duma v C. Obratno, vs�ka duma v ot C moжe da se zapixe po edinstven naqin
kato v = uG. Sledovatelno vs�ka duma (sъobwenie) u ∈ F

k
q moжe da se kodira kato

v = uG. Procesъt na predstav�ne na elementite u na F
k
q kato kodovi dumi v = uG

nariqame kodirane.
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Primer 2.47. Neka C e dvoiqen [7, 4]-kod s poraжdawa matrica

G =







1 0 0 0 1 0 1
0 1 0 0 1 1 1
0 0 1 0 1 1 0
0 0 0 1 0 1 1







.

Togava sъobwenieto (u1, u2, u3, u4) se kodira kato

v = uG = (u1, u2, u3, u4)







1 0 0 0 1 0 1
0 1 0 0 1 1 1
0 0 1 0 1 1 0
0 0 0 1 0 1 1







= (u1, u2, u3, u4, u1 + u2 + u3, u2 + u3 + u4, u1 + u2 + u4).

da otbeleжim, qe skorostta na koda e 4/7, t.e. samo 4 bita ot vsiqki 7 se izpolzvat za
predavane na sъobwenieto.

2.7 Dekodirane s lineen kod

2.7.1 Sъsedni klasove

V tozi razdel we razgledame edna shema, predloжena ot Slep�n, za dekodirane v na�-
blizki� sъsed. T� izpolzva fakta, qe vseki lineen kod e podgrupa na aditivnata grupa
F
n
q . Po-natatъkwe predpolagame, qe ne e zapoznat s teori� na grupite i izlagame

vsiqki neobhodimi fakti.

Definici� 2.48. Neka C e lineen kod s dъlжina n nad Fq i neka u ∈ F
n
q e vektor s

dъlжina n. Mnoжestvoto ot vektori sъseden klas na C, opredelen ot u

u+ C = {u+ v | v ∈ C.

we nariqame sъseden klas na C, opredelen ot u.

Tъ� kato F
n
q e abeleva grupa po otnoxenie na sъbiraneto, imame u + C = C + u.

Vseki lineen kod s dъlжina n e podgrupa na F
n
q , otkъdeto pon�tieto sъseden klas na

lineen kod sъvpada s tradicionnoto pon�tie za sъseden klas v teori� na grupite.
Primer 2.49. Neka q = 2 i neka C = {000, 101, 010, 111}. Togava

000 + C = {000, 101, 010, 111},

001 + C = {001, 100, 011, 110},

010 + C = {010, 111, 000, 101},

100 + C = {100, 001, 110, 011},

011 + C = {011, 110, 001, 100},

101 + C = {101, 000, 111, 010},

110 + C = {110, 011, 100, 001},

111 + C = {111, 010, 101, 000}.
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da otbeleжim, qe

000+C = 010+C = 101+C = 111+C = C; 001+C = 100+C = 011+C = 110+C = F
3
2 \C.

Teorema 2.50. Neka C e lineen [n, k, d]-kod nad kra�noto pole Fq. Togava

(i) vseki vektor ot F
n
q se sъdъrжa v n�ko� sъseden klas na C;

(ii) ako u ∈ F
n
q , to |u+ C| = |C| = qk;

(iii) za vsiqki u,v ∈ F
n
q , ot u ∈ v + C sledva u+ C = v + C;

(iv) dva sъsedni klasa ili sъvpadat ili ne se prisiqat;

(v) bro�t na razliqnite sъsedni klasove na C e qn−k;

(vi) za vsiqki u,v ∈ F
n
q , u−v ∈ C togava i samo togava, kogato u i v sa v edin i sъwi

sъseden klas.

Dokazatelstvo. (i) Vektorъt v se sъdъrжa v sъsedni� klas v + C.

(ii) Po definici�, u+C ima ne poveqe ot |C| = qk elementi. �sno e, qe dva elementa
u + c i u + c′ na u + C sa ravni togava i samo togava, kogato c = c′. Sledovatelno
|u+ C| = |C| = qk.

(iii) Ot definici�ta na v + C sledva, qe u + C ⊆ v + C. Togava ot (ii) sledva, qe
u+ C = v + C.

(iv)Da razgledame sъsednite klasove u+C i da v+C dopusnem, qe x ∈ (u+C)∩(v+C).
Tъ� kato x ∈ u+ C, ot (iii) poluqavame, qe u+ C = x+ C. Analogiqno, v + C = x+ C.
Sledovatelno u+ C = v + C.

(v) Sledva ot (i), (ii) i (iv).

(vi) Ako u− v = c ∈ C, to u = v+ c ∈ v+C, otkъdeto u+C = v+C. Ot (i), u ∈ u+C
i v ∈ v + C, taka qe u i v sa v edin i sъwi sъseden klas.

Obratno, da predpoloжim, qe u i v sa v edin i sъwi sъseden klas x + C. Togava
u = x+ c i v = x+ c′, kъdeto c, c′ ∈ C. Sledovatelno u− v = c− c′ ∈ C.

Primer 2.51. Sъsednite klasoive na dvoiqni� lineen [4, 2]-kod C = {0000, 1011, 0101, 1110}
sa slednite:

0000 + C: 0000 1011 0101 1110
1000 + C: 1000 0011 1101 0110
0100 + C: 0100 1111 0001 1010
0010 + C: 0010 1001 0111 1100

Gornata tablica nariqame standartna tablica na Slepian.

Definici� 2.52. Edna duma s minimalno teglo v sъseden klas nariqame lider na
sъsedni� klas.

V gorni� primer, vektorite ot pъrvi� stъlb sa lideri na sъotvetnite sъsedni
klasove. Da otbeleжim, qe sъsedni�t klas 0100+C ima i drug lider – vektora 0001.
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2.7.2 Dekodirane v na�-blizki� sъsed

Neka C e lineen kod. Neka e izpratena kodovata duma x, a e poluqena dumata y, s
koeto vektorъt grexka e raven na

e = y − x ∈ y + C.

Da zabeleжim, qe vektorъt-grexka i poluqenata duma sa v edin i sъw sъseden klas.
Zadaqa na dekodera e da rexi vъz osnova na poluqenata duma y, ko� e izpratenata
kodova duma ili, ekvivvalentno, ko� e vektorъt grexka.

Tъ� kato po vero�tni sa vektori-grexka sa s malko teglo, to dekodiraneto v na�-
blizki� sъsed,priloжeno za za lineen kod, raboti po sledni� naqin. Pri poluqavane
duma y izbirame duma s minimalno teglo e ot sъsedni� klas y +C i zakl�qavame, qe
x′ = y − e e izpratenata kodova duma.

Primer 2.53. Neka C e dvoiqni�t [4, 2]-kod ot Primer 2.51: C = {0000, 1011, 0101, 1110}.
Zapisvame standartnata tablica za C, ko�to bexe postroena i v Primer 2.51.

kodovi dumi → 0000 1011 0101 1110
1000 0011 1101 0110
0100 1111 0001 1010
0010 1001 0111 1100
↑

lideri na sъsedni klasove

Da dopusnem, qe poluqenata duma e y = 1101. Vektorъt y e vъv vtori� sъseden
klas. Liderъt na tozi sъseden klas e 1000 (i tova e edinstveni�t vъzmoжen lider v
tozi sъseden klas). Sledovatelno, 1101− 1000 = 0101 e na�-vero�tnata izpratena duma.
Tova e dumata, ko�to se namira vъv pъrva pozici� na stъlba, sъdъrжaw poluqenata
duma.

Sega neka dopusnem, qe y = 1111. Vektorъt y e v treti� sъseden klas. V tozi
sъseden klas imame dve dumi s minimalno teglo. Tova oznaqava, qe ima dva vъzmoжni
izbora za lider na sъseden klas. V primera nie izbirame liderъt da bъde 0100.
Ako b�hme izbrali 0001 za lider, to bihme poluqili malko po razliqna tablica.
V sluqaite, kogato sъsedni� klas na poluqenata duma ima poveqe ot edin vъzmoжen
lider, de�stvi�ta, koito izvъrxvame, zavis�t ot prietata dekodirawa shema. Moжem
da izvъrxim t.nar. nepъlno dekodirane i da poiskame povtorno predavane na sъwata
duma. Ako pravim pъlno dekodirane, nie izbirame za vektor-grexka po proizvolen
naqin duma s minimalno teglo, da reqem 0100. Taka zakl�qavame, qe izpratenata
kodova duma e na�-vero�tno 1111 − 0100 = 1011. Ako b�hme izbrali 0001 za vektor-
grexka, to bihme dekodirali y kato 1111− 0001 = 1110.

2.7.3 Sindromno dekodirane

Dekodirawata shema, osnovana na standartni tablici raboti priliqno, kogato dъlжi-
nata n na izpolzvani� lineen kod e malka, no za golemi n moжe da otneme znaqitelen
resurs ot vreme i pamet. Za da namalim izpolzvanite resursi moжem da se vъzpolzvame
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ot sindromno dekodirane za identificirane na sъsedni� klas, na ko�to prinadleжi
poluqenata duma.

Definici� 2.54. Neka C e lineen [n, k, d]-kod nad Fq i neka H e proveroqna matrica
na C. Za vs�ka duma y ∈ F

n
q sindrom na y nariqame dumata S(y) = yHT ∈ F

n−k
q .

Ot definici�ta e �sno, qe sindromъt na edna duma zavisi ot izbora na proveroqna
matrica H. Sledovatelno e smisleno da oznaqavame sindroma s SH(y) za da podqer-
taem tazi zavisimost. Mnogo qesto matricata H se podrazbira i n�ma opasnost ot
obъrkvane. V tezi sluqai za uprost�vane na oznaqeni�ta we izpuskame indeksa H.

Teorema 2.55. Neka C e lineen [n, k, d]-kod nad Fq i neka H e proveroqna matrica za
C. Za vseki dva vektora u,v ∈ F

n
q e izpъlneno

(i) S(u+ v) = S(u+ S(v);

(ii) S(u) = 0 togava i samo togava, kogato u e kodova duma ot C;

(iii) S(u) = S(v) togava i samo togava, kogato u i v sa v edin i sъw sъseden klas po C.

Dokazatelstvo. (i) sledva neposredstevno ot definici�ta na sindrom.

(ii) Po definici� S(u = 0 togava i samo togava, kogato uHt = 0, koeto e ekvivalentno
na u ∈ C.

(iii) Tova sledva ot (i), (ii) i Teorema 2.50.

Ot toqka (iii) na Teorema 2.55 sledva, qe vseki sъseden klas moжe da bъde iden-
tificiran s negovi� sindrom, tъ�kato vsiqki dumi imat edin i sъwi sindrom. S
drugi dumi sъwestvuva vzaimno-ednoznaqno sъotvetstvie meжdu sъsednite klasove i
sindromite. Poslednite sa vektori ot F

n−k
q i bro�t im ne nadhvъrl� qn−k. Sъglasno

Teorema 2.50(v) sъwestvuvat qn−k sъsedni klasove, sledovatelno bro�t na sindromite
e toqno qn−k syndromes. Stava �sno, qe vsiqki vektori ot F

n−k
q se po�v�vat kato sin-

dromi.

Definici� 2.56. Edna tablica, sъdъrжawa liderite na sъsednite klasove zaedno
sъsъotvetnite im simdromi se nariqa standartna tablica za dekodirane.

Standartna tablica za pъlno dekodirane v na�-blizki� sъsed moжe da se postroi
po sledni� naqin:

Stъpka 1: Napisvame vsiqki sъsedni klasove na koda i izbirame lider ot vseki sъseden
klas, t.e. duma u s minimalno teglo v klasa.

Stъpka 2: Namirame proveroqna matrica H za koda i presm�tame sindroma S(u) =
uHT za vseki lider u.

Pri nepъlno dekodirane v na�-blizki� sъsed, ako v stъpka 1 sъseden klas ima
poveqe ot edna duma s minimalno teglo, to vmest lider postav�me simvola “∗” v tabli-
cata na sindromite za da pokaжem, qe v tozi sluqa� e neobhodimo povtorno predavane
na izpratenata duma.
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Primer 2.57. Priemame, qe we izpolzvame dekodirane v na�-blizki� sъsed. Konstru-
irame tablica na sindromite za koda C = {0000, 1011, 0101, 1110}. Ot sъsednite klasove,
namereni po-rano izbirame za lideri dumite 0000, 1000, 0100 i 0010. Edna proveroqna
matrica za izpolzvani� kod e

H =

(
1 0 1 0
1 1 0 1

)

.

Po-natatъk konstruirame tablicata sъs sindromite za C. Da otbeleжim, qe vs�ka
duma s dъlжina 2 se po�v�va toqno vednъж kato sindrom

Lider u Sindrom S(u)
0000 00
1000 11
0100 01
0010 10

tablicata sъsindromite za C v sluqa� na nepъlno dekodirane v na�-blizki� sъsed
izgleжda taka.

Lider u Sindrom S(u)
0000 00
1000 11
∗ 01

0010 10

Sъwestvuvaneto na edinstven lider v daden sъseden klas sъotvetstva na grexka,
ko�to moжe da bъde popravena pri izpolzvane na nepъlno dekodirane v na�-blizki�
sъsed. Lider na sъsedn klas (ne nepremenno edinstven) sъotvetstva na grexka, ko�to
moжe da bъde popravena pri izpolzvane na pъlno dekodirane v na�-blizki� sъsed.

Primer 2.58. Da dopusnem, qe we izpolzvame pъlno dekodirane v na�-blizki� sъsed i da
postroim tablicata sъs sindromite za dvoiqni� lineen kod, zadaden s proveroqnata
matrica H, kъdeto

H =





1 0 1 1 0 0
1 1 1 0 1 0
0 1 1 0 0 1





Minimalnoto razsto�nie na C e 3, tъ� kato H n�ma povtar�wi se stъlbove (nikoi
dva stъlba ne sa line�no zavisimi), a vtori�t, peti�t i xesti�t stъlbove sa line�no
zavisimi. Tъ� kato ⌊(d − 1)/2⌋ = 1, to vsiqki vektori-grexka s teglo 0 ili 1 we
bъdat lideri na sъsedni klasove. We presmetnem sindroma za vseki edin ot t�h, s
koeto poluqavame i pъrvite sedem reda na tablicata sъs sindromite. Tъ� kato vseki
vektor s dъlжina 3 se po�v�va kato sindrom, to posledni�t lider u tr�bva da ima
sindrom uHT = 101. �sno e sъwo, qe tozi lider e s teglo pone 2. Zapoqvame da tъrsim
u sred naliqnite dumi (nesъdъrжawi se v v sъsednite klasove na izbranite lideri)
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s minimalno teglo, t.e. teglo 2. Taka namirame tri dumi, koito sa kandidati za
lideri na posledni� sъseden klas: 000101, 001010, 110000. Tъ� kato sme prieli pъlno
dekodirane v na�-blizki� sъsed, izbirame proizvolna ot t�h, da reqem 000101, za lider
na sъseden klas i s tova zavъrxvame konstruiraneto na tablicata sъs sindromite.

Lider u Sindrom S(u)
000000 000
100000 110
010000 011
001000 111
000100 100
000010 010
000001 001
000101 101

We otbeleжim, qe ako b�hme izpolzvali nepъlno dekodirane v na�-blizki� sъsed,
to liderъt 000101 v posledni� red wexe da bъde zamesten sъs “∗”.

Sega moжem da izpolzvame slednata procedura za sindromno dekodirame:

Stъpka 1: Pri poluqena duma y, presm�tame sindroma S(y).

Stъpka 2: Namirame lidera na sъseden klas u, sъotvetstvaw na sindroma S(y) = S(u)
v tablicata sъs sindromite.

Stъpka 3: Dekodirame y kato x = y − u.

Primer 2.59. Neka q = 2 i C = {0000, 1011, 0101, 1110}. We izpolzvame tablicata sъs
sindromite, konstruirana v Primer 2.57 za da dekodirame (i) y = 1101 i (ii) y = 1111.

(i) y = 1101. Sindromъt e S(y) = yHT = 11. Sъtvetni�t lider na sъseden klas e
1000. Sledovatelno, 1101 + 1000 = 0101 e na�-vero�tnata kodova duma.

(ii) y = 1111. Sindromъt e S(y) = yHT = 01. Sъotvetni�t mu lider na sъseden klas
e 0100. Sledovatelno, na�-vero�tnata kodova duma e 1111 + 0100 = 1011.

2.8 LDPC-kodove

LDPC-kodovete s advoiqni line�ni kodove, qi�to proveroqna matrica e razredena, t.e.
ima otnositelno malko edinici. Te sa definirani owe prez 1963 g. Galagъr [?], no
vednaga sa zabraveni. Vaжnostta na LDPC-kodovete se dъlжi na bъrzite algoritmi
za dekodirane, koito sa osobeno vaжni za priloжeni�ta.

Vseki dvoiqen kod C se zadava s proveroqna matrica H = (hij) kato v tozi razdel
se otkazvame ot iziskvaneto redovete na H da bъdat line�no nezavisimi. Taka H =
(hij)m×n e s m reda i n stъlba, kъdeto m ≥ n−k. S tazi proveroqna matrica svъrzvame
dvudelen graf Γ(C), ko�to nariqame graf na Tanъr. Grafъt na Tanъr e dvudelen graf
s m+ n vъrha kato n ot t�h sa svъrzani s koordinatnite pozicii na kodovite dumi, a
m sa svъrzani s proveroqnite sъotnoxeni�. Neka V = {x1, x2, . . . , xn} sa promenlivi,
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a W = {y1, y2, . . . , yn} sa proveroqni sъotnoxeni�. Definirame rebrata na tozi graf
da sa dvo�kite (xi, yj) ∈ V ×W , za koito hji = 1. Sledovatelno proveroqnata matrica

H =





1 0 1 0 1 0
0 1 0 0 0 1
0 0 1 1 0 1





opredel� ednoznaqno proveroqnite sъotnoxeni�

y1 = x1 + x3 + x5

y2 = x2 + x6

y3 = x3 + x4 + x6

kakto i sledni� graf na Tanъr:

x1

x2

x3

x4

x5

x6

y1

y2

y3

Oqevidno (x1, x2, . . . , xn) ∈ F
n
2 e v koda toqno kagato vsiqki dopъlnitelni uslovi� yi

sa ravni na nula.

Definici� 2.60. Edin dvudelen graf s mnoжestvo ot vъrhove V ∪W nariqame (l, r)-
regul�ren, ako vseki vrъh ot V e ot stepen l, a vseki vrъh ot W e ot stepen r. Edin
lineen kod C nariqame (l, r)-regul�ren, ako sъwestvuva proveroqna matrica H za C,
ko�to ime (l, r)-regul�ren graf na Tanъr.

Ako C e (l, r)-regul�ren kod s dъlжina n i k proveroqni sъotnoxeni�, to sъwestvuva
proveroqna matrica, imawa toqno l edinici vъv vseki stъlb i toqno r edinici vъv
vseki red. Kato prebroim po dva naqina bro� na edinicite v tazi proveroqna matrica,
poluqavame

rk = nl.

Pri fiksirani l i r, no rast�wo n, edinicite sa vse ponar�dko razpoloжeni v provero-
qnite matrici. Za da e vъzmoжno poprav�neto na do d−1

2 grexki, kъdeto d e minimlan-
oto razsto�nie na koda, sъotvetni�t graf tr�bva da e izpъln�va specialno svo�stvo,
definici� za koeto davame po-dolu.
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Definici� 2.61. Edin (l, r0-regul�ren dvudelen graf s mnoжestvo ot vъrhove V ∪
W , |V | = n, nariqame (n, l, r, α, δ)-ekspander, α, δ = δ(α) > 0, ako za vs�ko neprazno
podmnoжestvo ot vъrhove ∅ 6= U ⊆ V , za koeto |U | ≤ α|V | e izpъlneno neravenstvoto

|∂U | > δ|∂U |.

Tuk s ∂U oznaqavame mnoжestvoto ot vsiqki vъrhove ot W , koito sa svъrzani s pone
edin vrъh ot U . Qisloto δ nariqame razxir�vaw faktor na ekspandera.

Tazi definici� osigur�va, qe kakto i da izberem vъrhove ot V (do n�kakva gorna
granica za bro� im), to te we sa svъrzani s dostatъqno mnogo vъrhove ot W .

Primer 2.62. Da razgledame sledni� (2, 3)-regul�ren dvudelen graf.

Ako α = 2/9, moжem da izberem za razxir�vaw faktor vs�ko δ < 3
2 . Sledovatelno

grafъt e (9, 2, 3, 29 , δ)-ekspander za vs�ko δ < 3
2 .

Vseki ekspander E definira proveroqna matrica po anqina, koito opisahme v
naqaloto na tozi razdel, a s tova i dvoiqen lineen kod C(E), ko�to we nariqame kod na
ekspandera. Sledvawata teorema svъrzva parametrite na edin ekspander s parametrite
na negovi� kod.

Teorema 2.63. Neka E e (n, l, r, α, δ)-ekspander, za ko�to δ ≥ l
2 . Togava kodъt na ekspan-

der C(E) ima skorost R ≥ 1− l
r i minimalno razsto�nie d > αn. Po-specialno, kodъt

C(E) moжe da poprav� do αn
2 grexki.

Dokazatelstvo. Ot ravenstvoto nl = rk poluqavame, qe kodъt C(E) se zadava ot k = nl
r

uravneni�, koito ne sa nepremenno line�no nezavisimi.. ottuk sledva, qe

dimC(E) ≥ n−
nl

r
= n

(

1−
l

r

)

,

koeto na svo� red vodi do R = dimC(E)
n = 1− l

r .
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sega we pokaжem, qe d > αn. Da dopusmnem, qe sъwestvuva nenuleva duma v ∈ C(E),
za ko�to wHam(v) ≤ αn. Neka U e mnoжestvoto na promenlivite, koito priemat vъv
v sto�nost 1. Ot vъrhovete, svъrzani s tezi promenlivi izlizat l|U | rebra. Sega
sъglasno definici�ta na ekspander tezi rebra zavъrxvat v poveqe ot l

2 |U | vъrha ot
W , svъrzani s proveroqni sъotnoxeni�. �sno e, qe sъwestvuva vrъh ot W , v ko�to
zavъrxva edno rebro. Ako dopusmnem, qe vъv vseki ot tezi > l

2 |U | vъha svъrxvat pone
dve rebra, to bihme poluqili poveqe ot l|U | rebra, protivoreqie, tъ� kato obwi�t
bro� na tezi rebra e toqno l|U |. Sega tova dopъlnitelno uslovie priema vъrhu v

sto�nost 1, koeto oznaqava, qe v 6∈ C(E) v protivoreqie s dopuskaneto.

Primer 2.64. Neka E e grafъt ot Primer 2.62, ko�to e (9, 2, 3, 29 , δ)-ekspander s δ < 3
2 =

3
4 l. Sъglasno Teorema 2.63 kodъt C = C(E) ima skorost R ≥ 1

3 , t.e. razmernost ≥ 3 i
minimalno razsto�nie d > αn = 2, t.e. d ≥ 3. Ne e trudno da se proveri, qe vsъwnost
C ima parametri [9, 4, 4].

Neka C = C(E) e kod na ekspandera E s parametri (n, l, r, α, δ). We kazvame, qe edno
proveroqno sъotnoxenie e v�rno za vektora v = (v1, . . . , vn) ∈ F

n
2 , ako to priema vъrhu

v sto�nost 0; v protiven sluqa� we go nariqame grexno.da dekodirame s pomowta na
sledni� algoritъm:

Algoritъm za dekodirane an LDPC-kodove

Neka v ∈ F
n
2 e poluqenata duma.

(1) Presm�tame vsiqki proveroqni sъotnoxeni� za v.

(2) Namirame promenliva xi, za ko�to bro�t na proveroqnite sъtnoxeni�, v koito
uqastva, e po-gol�m ot bro� na vernite. Ako takava promenliva ne sъwestvuva, to
KRA�.

(3) Promen�me sto�nostta na tazi promenliva vъv v.

(4) Preminavame na stъpka (1).

Opisani�t algoritъm poprav� do αn
2 grexki, ako razxir�vawi�t faktor δ = 3

4 l.
Neka v = (v1, . . . , vn) ∈ F

n
2 e duma, ko�to se razliqava ot kodova duma c v na�-mnogo

αn
2 pozicii. Promenlivite, v koito v se razliqava ot c nariqame sgrexeni. Pri
povtar�neto na redicata ot stъpki (1), (2), (3) vektorъt v priema nova sto�nost qrez
invertirane na edin bit, t.e. edna nula se promen� v edinica ili edna edinica – v
nula. We kazvame, qe algoritъmъt e v sъsto�nie (t, s), ako v se razliqava ot c v t
pozicii i s ot proveroqnite sъotnoxeni� sa grexni.

Neka algoritъmъt e v sъsto�nie (t, s) sъs t < αn = α|V |. Neka k e broyta na vernite
proveroqni sъotnoxeni�, v koito vlizat sgrexeni promenlivi. Ot razxir�vawi�
faktor δ = 3

4 l poluqavame

s+ k >
3

4
lt. (2.2)

Da otbeleqim, qe ako v edno v�rno sъotnoxenie uqastva sgrexena promenliva, to v
nego tr�bva da uqastva i vtora sgrexena promenliva; v nev�rno sъotnoxenie vliza
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pone edna sgrexena promenliva. Tъ� kato bro�t na sproveroqnite sъotnoxeni� sъs
sgrexeni promenlivi e tl, to

tl > s+ 2k. (2.3)

Ot (2.2) i (2.3) sledva, qe tl ≥ s + k + k > 3
4 lt + k, otkъdeto k < 1

4 lt. Sega ot (2.2)
poluqavame

s >
lt

2
. (2.4)

Tova oznaqava, qe sъwestvuva sgrexena promenliva, za ko�to poveqe ot polovinata in-
cidentni s ne� rebra svъrxvat v neverni proveroqni sъotnoxeni�. Sega sled stъpka
(3) we bъde smenena sto�nostta na edna promenliva, no nepremenno sto�nostta na
sgrexena promenliva. Pri tova we se namali sto�nostta na s.

Za da zavъrxi algoritъmъt sъs s = 0, t.e. vsiqki proveroqni sъotnoxeni� da sa
izpъlneni, tr�bva da pokaжem, qe pri vs�ka iteraci� ostava izpъlneno neravenstvoto
t < αn. Da dopusnem, qe t ≥ αn. Togava ot (2.4) sledva, qe

s >
lt

2
≥

lαn

2
,

protivoreqie, tъ� kato pri zapoqvane na algoritъma imame s ≤ lαn
2 i pri vs�ka it-

eraci� s namal�va sto�nostta si.

Primer 2.65. Neka E e grafъt ot Primer 2.62. Proveroqnite sъotnoxeni� za koda
C(E) sa

(1) x1 + x2 + x3 (4) x1 + x4 + x7

(2) x4 + x5 + x6 (5) x2 + x5 + x8

(3) x7 + x8 + x9 (6) x3 + x6 + x9

Da dekodirame dumata v = (0, 0, 1, 1, 1, 0, 0, 1, 1), v ko�to ima edna grexka. Pъrvoto i
qetvъrtoto proveroqni sъotnoxeni� sa grexni. Tъ� kato x1 ne uqastva vъv verni
sъotnoxeni�, trybav da promenim x1 = 0 vъv x1 = 1. Taka poluqavame dumata c =
(1, 0, 1, 1, 1, 0, 0, 1, 1), za ko�to vsiqki proveroqni sъotnoxeni� sa verni. S tova dumata
v se dekodira kato c. V tozi sluqa� owe pъrvata iteraci� ni dovede do celta.

Grafi na Ramanudжan.

2.9 Zadaqi

2.1. For each of the following sets, determine whether it is a vector space over the given field Fq.
If it is a vector space, determine the number of different bases it can have.

(a) q = 2, S = {(a, b, c, d, e) | a+ b+ c+ d+ e = 1};

(b) q = 3, T = {(x, y, z, w) | xyzw = 0};

(c) q = 5, U = {(λ+ µ, 2µ, 3λ+ ν, ν) | λ, µ, ν ∈ F5};

(d) q prime, V = {(x1, x2, x3) | x1 = x2 − x3}.
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2.2. For any given positive integer n and any 0 ≤ k ≤ n, determine the number of distinct subspaces
of Fn

q of dimension k.

2.3. (a) Let Fq be a subfield of Fr. Show that Fr is a vector space over Fq, where the vector
addition and scalar multiplication are the same as the addition and multiplication of the
elements in the field Fr, respectively.

(b) Let α be a root of an irreducible polynomial of degreem over Fq. Show that {1, α, . . . , αm−1}
is a basis of Fqm over Fq.

2.4. Define TrFqm/Fq
(α) = α+ αq + . . .+ αqm−1

for any α ∈ Fqm . This element is called the trace
of α) with respect to the extension Fqm/Fq.

(a) Show that TrFqm/Fq
(α) is an element of Fq for all α ∈ F

m
q .

(b) Show that the map
TrFqm/Fq

: Fqm → Fq, α → TrFqm/Fq
(α)

is an Fq-linear transformation, where both Fqm and Fq are viewed as vector spaces over
Fq.

(c) Show that TrFqm/Fq
is surjective.

(d) Let β ∈ Fqm . Prove that TrFqm/Fq
(β) = 0 if and only if there exists an element γ ∈ F

m
q

such that β = γq − γ.

(e) (Transitivity of trace) Prove that

TrFqrm/Fq
(α) = TrFqm/Fq

(TrFqrm/Fq
(α))

for any α ∈ Fqrm

2.5. (a) Let V be a vector space over a finite field Fq. Show that (λu+µv) ·w = λ(u ·w)+µ(v ·w,
for all u, v, w ∈ V and λ, µ ∈ Fq.

(b) Give an example of a finite field Fq and a vector u defined over Fq with the property that
u 6= 0 but u · u = 0.

(c) Let V be a vector space over s finite field Fq and let v1,v2, . . . ,vk} be a basis of V . Show
that the following two statements are equivalent:

(i) v · v′ = 0 for all v,v′ ∈ V ,

(ii) vi · vj = 0 for all i, j ∈ {1, . . . , k}.

2.6. Let Fq be a finite field and let S be a subset of Fn
q .

(a) Show that S⊥ and 〈S〉⊥ are subspaces of Fn
q .

(b) Show that S⊥ = 〈S〉⊥.

2.7. For each of the following sets S and corresponding finite fields Fq, find the Fq-linear span 〈S〉
and its orthogonal complement S⊥:

(a) S = {101, 111, 010}, q = 2;
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(b) S = {1020, 0201, 2001}, q = 3;

(c) S = {00101, 10001, 11011}, q = 2.

2.8. Determine which of the following codes are linear over Fq:

(a) q = 2 and C = {1101, 1110, 1011, 1111},

(b) q = 3 and C = {0000, 1001, 0110, 2002, 1111, 0220, 1221, 2112, 2222};

(c) q = 2 and C = {00000, 11110, 01111, 10001}.

2.9. Let C and D be linear codes over Fq of the same length. Define

C +D = {c+ d | c ∈ C,d ∈ D}.

Show that C +D is a linear code and that (C +D)⊥ = C⊥ ∩D⊥.

2.10. Determine whether each of the following statements is true or false. Justify your answer.

(a) If C and D are linear codes over Fq of the same length, then C ∩D is also a linear code
over Fq.

(b) If C and D are linear codes over Fq of the same length, then C ∪D is also a linear code
over Fq.

(c) If C = 〈S〉, where S = {v1,v2,v3} ⊆ F
n
q , then dimC = 3.

(d) If C = 〈S〉, where S = {v1,v2,v3} ⊆ F
n
q , then

d(C) = min{wHam(v1), wHam(v2), wHam(v3)}.

(e) If C and D are linear codes over Fq with C ⊆ D, then D⊥ ⊆ C⊥.

2.11. Determine the number of binary codes with parameters [n, n− 1, 2] for n ≥ 2.

2.12. Let u ∈ F
n
2 . A binary code C of length n is said to correct the error pattern u if and only if,

for all c, c′ ∈ C with c′ 6= c, we have d(c, c+u) < d(c′, c+u). Assume that u1,u2 ∈ F
n
2 agree

in at least the positions where 1 occurs in u1. Suppose that C corrects the error pattern u2.
Prove that C corrects also the error pattern u1.

2.13. (a) Let x,y ∈ F
n
2 . If x and y are both of even weight, show that x+y must have even weight.

(b) Let x,y ∈ F
n
2 . If exactly one of x, y has even weight and the other has odd weight, show

that x+ y must have odd weight.

(c) Prove that for a binary linear code C either all the codewords have even weight orr exactly
half of the codewords have even weight.

2.14. Let C be a binary linear code with parameters [n, k, d]. Assume that C has at least one
codeword of odd weight. Let C′ denote the subset of C consisting of all the codewords of even
weight. Show that C′ is a binary linear code with parameters [n, k, d′] with d′ > d if d is odd,
and d′ = d if d is even.

2.15. (a) Show that every codeword ina self-orthogonal binary code has even weight.
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(b) Show that the weight of every codeword in a self-orthogonal ternary code is divisible by
3.

(c) Construct a self-orthogonal code over F5 such that at least one of its codewords has weight
not divisible by 5.

(d) Let x and y be codewords in a self-orthogonal binary code. Suppose the weights of x and
y are both divisible by 4. Show that the weight of x+ y is also a multiple of 4.

2.16. Let C be a self-dual binary code with parameters [n, k, d].

(a) Show that the all-one vector (1, 1, . . . , 1) is in C.

(b) Show that either all the codewords in C have weight divisible by 4, or exactly half of
the codewords in C have weight divisible by 4 while the other half have even weight not
divisible by 4.

(c) Let n = 6. Determine d.

2.17. Give a parity-check matrix for a self-orthogonal binary code of length 10 and dimension 5.

2.18. Prove thet there is no self-dual binary code with parameters [10, 5, 4].

2.19. For n odd, let C be a self-orthogonal binary [n, (n − 1)/2]-code. Let 1 denote the all-one
vector of length n and let 1+ C = {1+ c | c ∈ C}. Show that C⊥ = C ∪ (1+ C).

2.20. Let C be a linear code over Fq of length n. For any given i with 1 ≤ i ≤ n, show that either
the ith position of every codeword is 0 or every elemnt α appears in teh ith position of exactly
1/q codewords of C.

2.21. Let C be a linear code over Fq of parameters [n, k, d] and suppose that, for every 1 ≤ i ≤ n,
there is at least one codeword whose ith position is nonzero.

(a) Show that the sum of the weights of all the codewords in C is n(q − 1)qk−1.

(b) Show that d ≤ n(q − 1)qk−1/(qk − 1).

(c) Show that there cannot be a binary linear code with parameters [15, 7, d], d ≥ 8.

2.22. Let x and y be two linearly independent vectors in F
n
q and let z denote the number of

coordinates, where x and y are both zero.

(a) Show that wHam(y) +
∑

λ∈Fq
wHam(x+ λy) = q(n− z).

(b) Suppose further that x and y are contained in an [n, k, d]-code C over Fq. Show that
wHam(x) + wHam(y) ≤ qn− (q − 1)d.

2.23. Let C be an [n, k, d]-code over Fq, where gcd(d, q) = 1. Suppose that all the codewords of C
have weight congruent to 0 or d modulo q.

(a) If x and y are linearly independent codewords such that wHam(x) ≡ wHam(y) ≡ 0
(mod q), show that wHam(x+ λy) ≡ 0 (mod q). for all λ ∈ Fq.

(b) Show that C0 = {c ∈ C | wHam(c) ≡ 0 (mod q)} is a linear subcode of C, i.e. C0 is a
linear code contained in C.
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(c) Show that C cannot have a linear subcode of dimension 2 all of whose nonzero codewords
have weight congruent to d modulo q. Hence deduce that C0 has dimension k − 1.

(d) Given a generator matrix G0 for C0 and a codeword v ∈ C of weight d, show that
(

v

G0

)

is a generator matrix for C.

2.24. Find a genmerator matrix and a parity check matrix for the linear code generated by each of
the following sets, and give the parameters [n, k, d] for each of these codes.

(a) q = 2, S = {1000, 0110, 0010, 0001, 1001}.

(b) q = 3, S = {110000, 011000, 001100, 000110, 000011}.

(c) q = 2, S = {10101010, 11001100, 11110000, 01100110, 00111100}.

2.25. Assign messages to the words in F
3
2 as follows:

000 100 010 001 110 101 011 111
A C D E G I N O

Let C be the binary code with generator matrix

G =





1 0 1 0 1
0 1 0 1 0
0 0 0 1 1



 .

Use G to encode the message ENCODING.

2.26. Find a generator matrix G′ in standard form for a binary linear code equivalent to the binary
linear code with the given generator matrix G:

(a) G =







1 0 1 0 1 0
0 1 0 1 0 1
1 1 0 1 1 0
0 0 1 0 1 1







, (b) G =





1 0 1 1 0 0 1 1 1
0 0 0 1 0 1 1 0 0
0 0 0 1 0 1 1 1 0



 .

2.27. Find a generator matrix G′ in standard form for a binary linear code C′ equivalent to the
binary linear code C with the given parity-check matrix H :

(a) H =





1 1 0 0 0
0 1 1 0 1
0 0 0 1 1



 , (b) H =





0 1 0 1 1 1 0
1 1 1 1 0 0 0
0 1 1 0 1 0 1



 .

2.28. Construct a binary code C of length 6 as follows: for every (x1, x2, x3) ∈ F
3
2, construct a 6-bit

word (x1, x2, . . . , x6) ∈ C, where

x4 = x1 + x2 + x3,

x5 = x1 + x3,

x6 = x2 + x3.
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(a) Show that C is a linear code.

(b) Find a generator matrix and a parity-check matrix for C.

2.29. Construct a binary code C of length 8 as follows: for every (a, b, c, d) ∈ F
2
4, construct an 8-bit

word (a, b, c, d, w, x, y, z) ∈ C, where

w = a+ b + c,

x = a+ b + d,

y = a+ c+ d,

z = b+ c+ d.

(a) Show that C is a linear code.

(b) Find a generator matrix and a parity-check matrix for C.

(c) Show that C is exactly three-error-detecting and one-error-correcting code.

(d) Show that C is self-dual.

2.30. (a) Show that equivalent linear codes always have the same length, dimension and distance.

(b) Show that, if C and C′ are equivalent, then so are their orthogonal codes C⊥ and (C′)⊥.

2.31. Suppose that an (n − k) × n matrix H is a parity check matrix of a linear code C over Fq.
Show that, if M is an invertible (n− k)× (n− k) matrix with entries in Fq, then MH is also
a parity-check matrix for C.

2.32. Find the minimum distance of the binary linear code C with each of the following given
parity-chek matrices:

(a) H =







0 1 1 1 0 0 0
1 1 1 0 1 0 0
1 1 0 0 0 1 0
1 0 1 0 0 0 1







, (b) H =







1 1 0 1 0 0 0
1 0 1 0 1 0 0
0 1 1 0 0 1 0
1 1 0 0 0 0 1







.

2.33. Let n ≥ 4 and let H be a parity-check matrix for a binary linear code C of length n. Suppose
that the columns of H are all distinct and that the weight of every column of H is odd. SAhow
that the minimum distance of C is at least 4.

2.34. List the cosets of each of the following q-ary linear codes:

(a) q = 3 and C3 = {000, 1010, 2020, 0101, 0202, 1111, 1212, 2121, 2222},

(b) q = 2 and C2 = {00000, 10001, 01010, 11011, 00100, 10101, 01110, 11111}.

2.35. Let H denote the parity-check matrix of a linear code C. Show that the coset of C whose
syndrome is v contains a vector of weight t if and only if v is equal to some linear combination
of t columns of H .
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2.36. For m,n satisfying 2m−1 ≤ n < 2m, let C be the binary [n, n −m]-code whose parity-check
matrix H has as its ith column the binary representation of i., 1 ≤ i ≤ n. Show that every
coset of C contains a vector of weight ≤ 2.

2.37. Let C ⊆ F
n
q be a linear code with minimum distance d. Show that a word x ∈ F

n
q is the

unique coset leader of x+ C if wHam(x) ≤ ⌊(d− 1)/2⌋.

2.38. Let C be a linear code of minimum distance d, where d is even. Show that some coset of C
contains two vectors of weight e+ 1, where e = ⌊(d− 1)/2⌋.

2.39. Show that (
1 0 2 0
0 1 0 2

)

and

(
1 0 0 0 1
0 1 0 1 0

)

.

are parity check matrices for the codes C3 and C2 in Problem 34, respectively. Using these
parity-check matrices and assume complete decoding, construct a syndrome look-up table for
each of C3 and C2.

2.40. Let C be the binary linear code with parity-check matrix

H =





1 1 0 1 0 0
1 0 1 0 1 0
0 1 1 0 0 1



 .

Write down a generator matrix for C and list all the codewords in C. Decode the following
words:

(a) 110110; (b) 011011; (c) 101010.

2.41. Neka C e dvoiqen kod s proveroqna matrica

H =























1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0























.

(a) Dokaжete, qe C e [16, 6, 6]-kod.

(b) Predstavete grafiqno ekspandera, svъrzan s H i opredelete vъzmoжno po-
gol�m razxir�vaw faktor δ za α = 1/4.

(c) Dekodira�te (1, 1, 0, 0, 1, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1).



46 2. Line�ni kodove



Glava 3

Granici v teori� na kodiraneto

3.1 Osnovna zadaqa na teori� na kodiraneto

Daden e q-iqen (n,M, d)-kod s fiksirano n. Mownostta, M e m�rka za efektivnostta
na koda, a minimalnoto razsto�nie d e indikaci� zakorigirawite mu sposobnosti.
Razbira se, zadaqite za maksimizirane na M i minimizirane na minimalnoto razs-
to�nie si protivoreqat.

Neka C e q-iqen kod s parametri (n,M, d). Da pripomim, qe skorostta se definira
kato R(C) = logq M/n. Sega we vъvedem pon�tieto otnositelno minimalno razsto�nie.

Definici� 3.1. Otnositelno minmalno razsto�nie na q-iqni� kod C s parametric
(n,M, d) nariqame veliqinata δ(C) = (d− 1)/n.

Otnositelnoto minimalno razsto�nie moжe da bъde vъvedeno i kato d/n, no naxata
definici� void pon�koga do po-pregledni formuli.

Primer 3.2. (1) Da razgledame q-iqni� kod C = F
n
q . To� ima parametric (n, qn, 1)-code.

Sledovatelno

R(C) =
logq(q

n)

n
= 1, δ(C) = 0.

Kodъt ima maksimalnata vъzmoжna skorost, dokato otnositelnoto minmalno razstoy-
anie e 0. Niskoto otnositelno minmalno razsto�nie vodi do niski korigirawi vъz-
moжnosti za tozi kod.

(2) Da razgledame dvoiqni� kod s povtorenie

C = {(0, 0, . . . , 0
︸ ︷︷ ︸

n

), (1, 1, . . . , 1
︸ ︷︷ ︸

n

).

�sno e, qe C e (n, 2, n) kod. Sledovatelno

R(C) =
log2(2)

n
=

1

n
→ 0, δ(C) =

n− 1

n
→ 1,

47
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kogato n → ∞. Tozi kod ima otliqni korigirawi vъzmoжnosti. No tova se postiga za
smetkata na mnogo niska efektivnost, koeoto se otraz�va i ot negovata skorost.

(3) Da razgledame seme�stvoto ot kodovete na Heming. Te sa kodove s parametri
(n,M, d) = (2r − 1, 2n−r, 3) za vsiqki celi qisla r ≥ 2. Kogato r → ∞, imame

R(C) =
log2(2

n−r)

n
=

2r − 1− r

2r − 1
→ 1, δ(C) =

2

n
→ 0,

Otnovo zabel�zvame, qe dokato tova seme�stvo ima dobra asimptotiqna skorost, ot-
nositelnoto minimalno razsto�nie kloni kъm nula, otkъdeto sledvat asimptotiqno
loxi korigirawi sposobnosti.

Definici� 3.3. Za dadena kodova azbuka A s mownost q, q > 1, I fiksirani sto�nosti
za n i d, neka Aq(n, d) oznaqava maksimalnata mownost M , za ko�to sъwestvuva (n,M, d)-
kod nad A. Taka

Aq(n, d) = max{M | sъwestvuva (n,M, d)− kod A}.

Vseki (n,M, d)-kod, za ko�to mownostta e maksimalna, t.e. M = Aq(n, d), se nariqa
optimalen kod.

Funkci�ta Aq(n, d) ee cenetralna za teori� na kodiraneto. Prez poslednite go-
dini sa provedni dosta izsledvani� za opredel�ne kakto na toqnite í sto�nosti za
proizvolni q, n i d. Pon�koga zadaqata za opredel�ne na sto�nostite na Aq(n, d) se
nariqa osnovna zadaqa na teori� na kodiraneto.

Za line�ni kodove imame slednata definici�.

Definici� 3.4. Neka q e stepen na prosto qislo i neka n i d sa celi poloжitelni
qisla. S Bq(n, d) oznaqavame maksimalnata sto�nost qk, za ko�to sъwestvuva [n, k, d]q-
kod nad Fq. Taka

Bq(n, d) = max{qk | sъwestvuva [n, k, d]q − kog nad Fq}.

V obwi� sluqa� e trudno da se opredel�t toqnite sto�nosti na Aq(n, d) i Bq(n, d).
Vsepak v n�koi specialni sluqai te mogat da bъdat namereni.

Teorema 3.5. Neka q ≥ 2 e stepen na prosto qislo. Togava

(i) Bq(n, d) ≤ Aq(n, d) ≤ qn za vs�ko 1 ≤ d ≤ n;

(ii) Bq(n, 1) = Aq(n, 1) = qn;

(iii) Bq(n, n) = Aq(n, n) = q;

(iv) Bq(n, 2) = Aq(n, 2) = qn−1.

Dokazatelstvo.

Now we discuss the notion of the extended code. For a binary linear code, the extended code
is obtained by adding a parity check coordinate. Thsi idea is generalized to codes over any finite
field.
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Definici� 3.6. For any code C over Fq, the extended code of C, denoted by C, is defined by

C =

{(

c1, c2, . . . , cn,−
n∑

i=0

ci

)

| (c1, c2, . . . , cn) ∈ C

}

.

When q = 2, the extracoordinate is
∑n

i=1 ci and is called the parity-check coordinate.

Teorema 3.7. If C is an (n,M, d)-code over Fq, then C is an (n + 1,M, d′) code over Fq, with
d ≤ d′ ≤ d+ 1. If C is linear then so is C. Moreover when C is linear,








0

H
...
0

1 . . . 1 1








is a parity-check matrix of C, where H is a parity-check matrix of C.

Primer 3.8. Let us determine A2(5, 3).

Teorema 3.9. Suppose d is odd.

(i) Then a binary (n,M, d)-code exists if and only if a binary (n + 1,M, d + 1)-code exists.
Therefore, if d is odd, A2(n+ 1, d) = A2(n, d).

(ii) Similarly, a binary [n, k, d]-linear code exists if and only if a binary [n + 1, k, d + 1]-linear
code exists, so B2(n+ 1, d) = B2(n, d).

Dokazatelstvo.

This statement is equivalent to saying that if d is even, then A2(n, d) = A2(n− 1, d− 1). While
it is difficult to determnie the exact values of Aq(n, d) and Bq(n, d), several upper and lower bounds
do exist. They will be discussed in the following sections.

3.2 Lower bounds

3.2.1 Sphere-covering bound

Definici� 3.10. Let A be an alphabet of size q, q > 1. For any u ∈ An and any integer r ≥ 0,
the sphere of radius r and center u denoted S(u, r) is the set of all vectors v ∈ An at distance at
most r from u:

S(u, r) = {v ∈ An | d(u,v) ≤ r}.

Lema 3.11. For all integers r ≥ 0, a sphere of radius r in An, whre A is an alphabet of size q > 1,
contains exactly V n

q (r) vectors, where

V n
q (r) =

{ ∑r
i=0

(
n
i

)
(q − 1)i if 0 ≤ r ≤ n,

qn if n ≤ r.
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Dokazatelstvo. Fix a vector u ∈ An. We determine the number of vectors v at distance exactly
i from u. The number of ways in which to choose the i coordinate positions where v differs from
u is

(
n
i

)
. For each coordinate, we have q − 1 choices for that coordinate in v. Therefore, the total

number of vectors at distance exactly i from u is
(
n
i

)
(q−1)i. For 0 ≤ r ≤ n, the result now follows.

When r ≥ n, we have S(u, r) = An, hence it contains qn vectors.

Teorema 3.12. For an integer q > 1 and integers n, d such that 1 ≤ d ≤ n, we have

Aq(n, d) ≥
qn

∑d−1
i=0

(
n
i

)
(q − 1)i

.

Dokazatelstvo. (Sphere-covering bound) Let C = {c1, . . . , cM} be an optimal (n,M, d)-code
over A, |A| = q. Clearly M = Aq(n, d). Since C has the maximum size, there can be no word
in An whose distance from every codeword in C is at least d. If there were such word, we could
include it in C and thereby obtain an (n,M + 1, d)-code.

Therefore, for every vector x ∈ An there is at least one word ci in C such that d(x, ci) ≤ d− 1,
i.e. x ∈ S(ci, d− 1). Hence every word in An is covered by at least one of the spheres around the
codewords of C. In other words,

An ⊆
M⋃

i=1

S(ci, d− 1).

Hence, we have

qn ≤ M · V n
q (d− 1),

and the sphere-covering bound follows by Lemma 3.11.

3.2.2 The Gilbert-Varshamov bound

the Gilbert-Varshamov bound is a lower bound for Bq(n, d) known since the 1950’s. There is also
an asymptotic version of this bound, which we do not discuss here. For a long time the asymptotic
Gilbert-Varshamov bound was the best lower bound known for to be attainable by an infinite family
of linear codes, so it became a sort of benchmark for the goodness of an infinite family of linear
codes. Between 1977 and 1982, V. D. Goppa constructed algebraic-geometry codes using algebraic
curves over finite fields with many rational points. A major breakthrough has been achieved shortly
after these discoveries, when it was shown by Tsfasman, Vladut and Zink that there are sequences
of algebraic geometry codes that perform better than the asymptotic Gilbert-Varshamov bound
for certain sufficiently large q.

Teorema 3.13. (Gilbert-Varshamov bound) Let n, k, d be integers satisfying 2 ≤ d ≤ n and 1 ≤
k ≤ n. If

d−2∑

i=0

(
n− 1

i

)

(q − 1)i < qn−k, (3.1)

then there exists an [n, k]-linear code over Fq with minimum distance at least d.
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Dokazatelstvo. We shall show that, if (3.1) holds, then there exists an (n − k) × n matrix H
over Fq such that every d− 1 columns of H are linearly independent. We construct H as follows:

Let c1 be any nonzero vector in F
n−k
q . Let c2 be any vector not in the span of c1. For any

2 ≤ j ≤ n, let cj be any linear vector that is not in the span of d − 2 or fewer of the vectors
c1, . . . , cj−1. Note that the number of vectors in the linear span of d − 2 or fewer of the vectors
c1, . . . , cj−1, 2 ≤ j ≤ n, is given by

d−2∑

i=0

(
j − 1

i

)

(q − 1)i ≤
d−2∑

i=0

(
n− 1

i

)

(q − 1)i < qn−k.

hence the vector cj , 2 ≤ j ≤ n, can always be found.

The matrix H constructed in this manner is an (n−k)×n matrix, and any d−1 of its columns
are linearly independent. The null space of H is a linear code over Fq of length n, of distance at
least d, and of dimension at least k. By turning to a k-dimensional subspace, we obtain a linear
code with the desired parameters.

3.3 Hamming bound and perfect codes

3.3.1 Hamming bound

Teorema 3.14. (Hamming or sphere-packing bound) For an integer q > 1 and integers n, d such
that 1 ≤ d ≤ n, we have

Aq(n, d) ≤
qn

∑⌊(d−1)/2⌋
i=0

(
n

i

)

(q − 1)i. (3.2)

Dokazatelstvo. let C = {c1, c2, . . . , cM} be an optimal (n,M, d)-code over A, |A| = q. Clearly,
M = Aq(n, d). Let e = ⌊(d− 1)/2⌋. Then the packing spheres S(ci, e) are disjoint. Hence, we have

M⋃

i=1

S(ci, e) ⊆ An,

where the union on the left is a disjoint union. Therefore, we have

M · V n
q (e) ≤ qn,

which implies that

Aq(n, d) = M ≤
qn

V n
q (e)

=
qn

V n
q (⌊(d− 1)/2⌋)

.

This completes the proof.

Definici� 3.15. A code that attains the Hamming bound is called a perfect code.
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3.3.2 Binary Hamming codes

We start by introducing the binary Hamming codes first. These codes form a special case of the
more general family of q-ary Hamming codes. Binary Hamming codes are discussed separately
since they are easier to describe and since they are arguably the most interesting Hamming codes.

Definici� 3.16. Let r ≥ 2. A binary linear code of length n = 2r−1, with parity check-matrix
H whose columns consist of all the non-zero vectors of F

r
2, is called a binary Hamming code of

length 2r − 1. It is denoted by Ham(r, 2).

Zabeleжka 3.17. (1) The order of the columns of H has nit been fixed in the above definition.
Hence, for each r ≥ 2, the binary Hamming code Ham(r, 2) is only well-defined up to equivalence
of codes.

(2) Note that the rows of H are linearly independent since H contains as columns all the r
weight 1 words. Hence the rank of H is r and it is indeed a parity-check matrix.

Primer 3.18. Ham(3, 2): a Hamming code of length 7 is given by the following parity-check
matrix:

H =





0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1



 .

Teorema 3.19. (Properties of the binary Hamming code)

(i) All the binary Hamming codes of given length are equivalent.

(ii) The dimension of Ham(r, 2) is k = 2r − 1− r.

(iii) The minimum distance of Ham(r, 2) is d = 3, hence Ham(r, 2) is exactly single-error-
correcting.

(iv) Binary Hamming codes are perfect codes.

Dokazatelstvo. (i) For a given length, any parity check matrix can be obtained from another
by permutation of columns. Hence, the corresponding binary Hamming codes are equivalent.

(ii) Since a parity-check matrix for Ham(r, 2) is an r × (2r − 1) matrix, the dimension of
Ham(r, 2) is 2r − 1− r.

(iii) Since no two columns of H are equal, any two columns of H are linearly independent.
On the other hand, H contains the columns (100 . . .0)T , (010 . . . 0)T and (110 . . . , 0)T , which are
linearly dependent. Hence, by Corollary 2.39, the minimum distance of Ham(r, 2) is equal to 3.

(iv) It is easily verified that Ham(r, 2) satisfies the Hamming bound and is hence a perfect
code.

Since Ham(r, 2) is a perfect single-error-correcting code, the coset leaders are precisely the
2r = n+1 vectors of length n and weight ≤ 1. Let ej denote the vector with 1 in the j-th position
and 0 elsewhere. Then the syndrome is exactly ejH

T , i.e. the transpose of the j-th column of H .
Hence, if the columns of H are arranged in the order of increasing binary numbers, i.e. the j-th
column is the binary representation of j, the decoding is given by:
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Step 1: When w is received, calculate the syndrome S(w) = wHT .

Step 2: If S(w) = 0, assume w was the codeword sent.

Step 3: If S(w) 6= 0, then S(w is the binary representation of j for some 1 ≤ j ≤ n. Assuming a
single error, the word ej gives the error, so we take the sent word to be w − ej .

Primer 3.20. Consider the Hamming code from Example 3.18. Assume the word w = 1001001
has been received. The syndrome is wHT = 010. This is the binary representation of the integer
2, so the error is in the second position, i.e. the error vector is e2 = 0100000. We can then decode
w as w − e2 = 1101001.

Definici� 3.21. The orthogonal of the binary Hamming code Ham(r, 2) is called a binary
simplex code. It is denoted by Sim(r, 2).

Definici� 3.22. The extended binary Hamming code, denoted by Ham(r, 2) is the obtained
from Ham(r, 2) by adding a parity-check coordinate.

Teorema 3.23. (i) Ham(r, 2) is a binary [2r, 2r − 1− r, 4]-code.

(ii) A parity check matrix H for Ham(r, 2) is

H =








0

H
...
0

1 . . . 1 1








,

where H is a parity-check matrix for Ham(r, 2).

The transmission rate for Ham(r, 2) is smaller than that of Ham(r, 2), but the extended code
is better suited for incomplete decoding. Let r = 3 and take

H =







0 0 0 1 1 1 1 0
0 1 1 0 0 1 1 0
1 0 1 0 1 0 1 0
1 1 1 1 1 1 1 1







.

Assuming that as few errors as possible have occurred, the incomplete decoding works as follows.

Suppose the received vector is w. Its syndrome is S(w = wH
T
. Suppose S(w) = (s1, s2, s3, s4).

The S(w) must fall into one of the following four categories:

(1) s4 = 0 and (s1, s2, s3) = (0, 0, 0). In this case, w ∈ Ham(r, 2). We may therefore assume that
there are no errors.

(2) s4 = 0 and (1, s2, s3) 6= 0. Since S(w) 6= 0, at least one error must have occurred. If exactly
one error occurs and it occurs in the j-th bit, then the error-vector is ej and so S(w = S(ej ,
which is the transpose of the j-th column of H. An inspection of H shows that the last
coordinate of every column is 1, contradicting the fact that s4 = 0. Hence the assumption that
exactly one error occurred is violated. We may assume that at least two errors have occurred
and seek retransmission.
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(3) s4 = 1 and (s1, s2, s3) = 0. Again, since S(w) 6= 0, at least one error has occurred . It is easy
to see that S(w) = S(e8), so we may assume a single error in the last coordinate.

(4) s4 = 1 and (s1, s2, s3) 6= 0. As before, it is easy to check that S(w) must coincide with the
transpose of one of the first seven columns of H , say the j-th. Hence S(w) = S(ej), and
we may assume a single error in the j-th coordinate. Given the way the columns of H are
arranged, j is the number whose binary representation is (s1, s2, s3).

3.3.3 q-ary Hamming codes

Let q ≥ 2 be any prime power. Every nonzero vector v ∈ F
r
q generates a 1-dimensional subspace

of Fr
q. Moreover, for v,w ∈ F

r
q \ {0}, 〈v〉 = 〈w〉 if and only if there is a zero scalar λ ∈ Fq \ {0}

such that v = λw. Therefore, there are exactly (qr − 1)/(q − 1) distinct subspaces of dimension 1
in F

r
q.

Definici� 3.24. Let r ≥ 2 be an integer. A q-ary linear code, whose parity-check matrix H
has the property that the columns of H are made up of precisely one nonzero vector from each
vector subspace of dimension 1 of Fr

q, is called a q-ary Hamming code. This code is denoted by
Ham(r, q).

For q = 2, the code defined above coincides with the binary Hamming code defined earlier. An
easy way to write down a parity check matrix for Ham(r, q) is to list as columns all the nonzero
r-tuples in F

r
q whose first nonzero entry is 1.

Teorema 3.25.

(i) Ham(r, q) is a [ q
r−1
q−1 , qr−1

q−1 − r, 3]-code.

(ii) Ham(r, q) is a perfect exactly single-error-correcting code.

Since Ham(r, q) is a perfect single-error-correcting code, the coset leaders, other than 0, are
exactly the vectors of weight 1. A typical coset leader is denoted by ej,b, 1 ≤ j ≤ n, b ∈ Fq \ {0} –
the vector whose jth coordinate is b and the other coordinates are all 0. Note that S(ej,b) = bcTj ,
where cj denotes the jth column of H . Decoding works as follows:

Step 1: Given a received word w, calculate S(w = wHT .

Step 2: If S(w) = 0, then assume no errors.

Step 3: If S(w) 6= 0, then find the unique ej,b such that S(w) = S(ej,b). The received word is
then decoded to w − ej,b.

Definici� 3.26. The dual of the q-ary Hamming code Ham(r, q) is called a q-ary simplex code.
The q-ary simplex code is denoted by Sim(r, q).
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3.3.4 Golay codes

3.4 Singleton bound and MDS codes

Teorema 3.27. (Singleton bound) For any integer q > 1, any positive integer n, and any integer
d such that 1 ≤ d ≤ n, we have

Aq(n, d) ≤ qn−d+1.

In particular, when q is a prime power, the parameters [n, k, d] of any linear code over Fq satisfy

k + d ≤ n+ 1.

Dokazatelstvo. Consider an (n,M, d)-code C over an alphabet A of size q, where M = Aq(n, d).
Delete the last d − 1 coordinates from all codewords of C. Since the distance of C is d, after
deleting the last d− 1 coordinates, the remaining words of length n− d+ 1 are still distinct. The
maximum number of words of length n− d+ 1 is qn−d+1, so Aq(n, d) = M ≤ qn−d+1.

The final statement of the theorem follows from the previous one by the obvious inequality
qk ≤ Aq(n, d).

In the case of linear codes, we have also the following easy direct proof. Let H be the parity-
check matrix for the q-ary [n, k, d]-code C. The rank of H is, by definition, n − k. Hence any
n− k + 1 columns of H form a linerly dependent set. By Theorem 2.38, d ≤ n− k = 1.

Definici� 3.28. A linear code with parameters [n, k, d] such that k + d = n + 1 is called a
maximum distance separable code, or MDS code.

An alternative way to state the Singleton bound is the following: for any q-ary code C, we have

R(C) + δ(C) ≤ 1.

Here the relative minimum distance is defined to be δ = d/n. A code (not necessarily linear) is
MDS if R(C) + δ(C) = 1.

Teorema 3.29. Let C be a linear code over Fq with parameters [n, k, d]. Let G and H a generator
and and parity-check matrix, respectively, for C. Then, the following statements are equivalent:

(i) C is an MDS code.

(ii) Every set of n− k columns of H is linearly independent.

(iii) Every set of k columns of G is linearly independent.

(iv) C⊥ is an MDS code.

Dokazatelstvo. The equivalence of (i) and (ii) follows directly from Corollary 2.39 with d =
n−k+1. Since G is a parity-check matrix for C⊥, (iii) and (iv) are also equivalent by Corollary 2.39.

(i) ⇒ (iv) H is a generator matrix for C⊥ which is of length n and dimension n− k. Hence we
need to show that the minimum distance of C⊥ is d′ = k + 1. Suppose d′ ≤ k. Then there is a a
word c ∈ C⊥ with at most k nonzero entries and hence at least n− k zero coordinates. Permuting
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the coordinates does not change the weight, so we may assume that the last n− k coordinates of
c are 0.

Write H as H = (A|H ′), where A is some (n−k)×k matrix and H is a square (n−k)× (n−k)
matrix. Since the columns of H ′ are linearly independent (for (i) and (ii) are equivalent), H ′ is
invertible. Hence the rows of H ′ are linearly independent. The only way to obtain 0 in all the last
n− k coordinates is to use the 0-linear combination of the rows of H ′. Therefore, the entire word
c is the all-zero word 0. Consequently, d′ ≥ k + 1. Together with the Singleton bound, it now
follows that d′ = k + 1.

Since (C⊥)⊥ = C, the above also shows that (iv) implies (i). This completes the proof of the
theorem.

An MDS code C over Fq is called trivial if and only if C satisfies one of the following:

(i) C = F
n
q .

(ii) C is equivalent to the code generated by 1 = (1, 1, . . . , 1).

(iii) C is equivalent to the dual of the code generated by 1.

Otherwise, C is sid to be nontrivial. When q = 2, the only MDS codes are the trivial ones. This
fact follows easily by considering the generator matrix in standard form.

3.5 Granica na Gri�smer

The Griesmer bound applies specifically to linear codes. It can be viewed as a generalization of
the Singleton bound.

Let C be a linear code over Fq with parameters [n, k] and suppose c is a codeword in C with
wHam(c) = w. The support of c, denoted by Supp(c), is the set of coordinate positions at which c

is nonzero. Note that |Supp(c)| = w.

Definici� 3.30. The residual code of C with repsect to c, denoted by Res(C, c), is the code of
length n− w obtained from C by puncturing on all the coordinates of Supp(c).

Lema 3.31. If C is an [n, k, d]-code over Fq and c ∈ C is a codeword of weight d, then Res(C, c)
is an [n− d, k − 1, d′]-code where d′ ≥ ⌈d/q⌉.

Dokazatelstvo. Without loss of generality, we may replace the code C by an equivalent code so
that c = (1, . . . , 1, 0, . . . , 0), where the first d coordinates are 1 and the other coordinates are all 0.

Note that Res(C, c) has dimension at most k− 1. To see this, observe that Res(C, c) is a linear
code. For every x ∈ F

n
q , denote by x′ the vector obtained from x by deleting the first d coordinates,

i.e. by puncturing on the coordinates of Supp(c). It is easy to see that the map C → Res(C, c)
given by x → x′ is a well-defined surjective linear transformation of vector spaces whose kernel
contains c and is hence a subspace of dimension at least 1. Therefore, Res(C, c) has dimension at
most k − 1.

We shall show that Res(C, c) has dimension exactly k−1. Suppose that the dimension is strictly
less than k − 1. Then there is a nonzero codeword v = (v1, v2, . . . , vn) in C that is not a multiple
of c and that has the property that vd+1 = . . . = vn = 0. Then v− v1c is a nonzero codeword that
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belongs to C and thathas weight strictly less than d, a contradiction to the definition of d. Henece
Res(C, c) has dimension k − 1.

To show that d′ ≥ ⌈d/q⌉, let (xd+1, . . . , xn) be any nonzero codewrod of Res(C, c), and let
x = (x1, . . . , xd, xd+1, . . . , xn) be a corresponding word in C. By the pigeonhole principle, there is
an α ∈ Fq such that at least d/q coordinates of (x1, . . . , xd) are equal to α. Hence,

d ≤ wHam(x− αc) ≤ d−
d

q
+ wHam((xd+1, . . . , xn)).

The inequality d′ ≥ ⌈d/q⌉ now follows.

Teorema 3.32. (Griesmer bound) Let C be a q-ary code with parameters [n, k, d], where k ≥ 1.
Then

n ≥
k−1∑

i=0

⌈
d

qi

⌉

.

Dokazatelstvo. We prove the Griesmer bound by induction on k. Clearly, the theorem is true
when k = 1.

When k > 1 and c ∈ C is a code of minimum weight d, then Lemma 3.31 shows that Res(C, c)
is an [n − d, k − 1, d′]-code, where d′ ≥ ⌈d/q⌉. By the inductive hypothesis, we may assume that
The Griesmer bound holds for Res(C, c), hence

n− d ≥
k−2∑

i=0

⌈
d′

qi

⌉

≥

⌈
d

qi+1

⌉

.

This proves the theorem.

Primer 3.33. The q-ary simplex code Sim(r, q) has parameters [ q
r−1
q−1 , r, qr−1], so it meets the

Griesmer bound.

3.6 Plotkin bound

In this section, we discuss the Plotkin bound. This bound holds for codes for which d is large
relative to n. It often gives tighter bounds than many of the other upper bounds, though it is only
applicable to a relatively smalls renge of values of d.

Teorema 3.34. let q > 1 be an integer and suppose that n and d satisfy rn < d, where r = 1−q−1.
Then

Aq(n, d) ≤

⌊
d

d− rn

⌋

.

Dokazatelstvo. Let C be an (n,M, d)-code over an alphabet A of size q. Set

T =
∑

c∈C

∑

c
′∈C

d(c, c′).

Since d ≤ d(c, c′) for c, c′ ∈ C, c 6= c′, it follows that

T ≥ M(M − 1)d.
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Now let A be an M × n array whose rows are the M codewords of C. For i = 1, . . . , n, let ni,a

denote the number of entries in the ith column of A that are equal to a. Clearly
∑

a∈A ni,a = M
for every i = 1, . . . , n. Now if we write c = (c1, . . . , cn) and c′ = (c′1, . . . , c

′
n), we have

T =
∑

c∈C

∑

c
′∈C

d(c, c′)

=
∑

c∈C

∑

c
′∈C

n∑

i=1

d(ci, c
′
i)

=

n∑

i=1

(
∑

c∈C

∑

c
′∈C

d(ci, c
′
i)

)

=

n∑

i=1

∑

a∈A

ni,A(M − ni,a)

= M2n−
n∑

i=1

∑

a∈A

n2
i,a

≤ M2n−
n∑

i=1

q−1

(
∑

a∈A

ni,a

)2

= M2rn.

Here, we used the QM-AM inequality.

For two-letter alphabets, i.e. q = 2, we can derive the following more refined version of this
bound.

Teorema 3.35.

(i) When d is even,

A2(n, d) ≤

{
2⌊d/(2d− n)⌋ for n < 2d,
4d for n = 2d.

(ii) When d is odd,

A2(n, d) ≤

{
2⌊(d+ 1)/(2d+ 1− n)⌋ for n < 2d+ 1,
4d+ 4 for n = 2d+ 1.

Primer 3.36. We shall illustarte that Theorem 3.35 gives a more refined bound than Theorem 3.34.
Theorem 3.34 gives

A2(8, 5) ≤ 5, A2(8, 6) ≤ 3, A2(12, 7) ≤ 7, A2(11, 8) ≤ 3,

whereas Theorem 3.35 gives

A2(8, 5) ≤ 4, A2(8, 6) ≤ 2, A2(12, 7) ≤ 4, A2(11, 8) ≤ 2.
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The existence of a Hadamard matrix Hn implies the existence of binary nonlinear codes with
the following parameters:

(n, 2⌊d/(2d− n)⌋, d) for d even and d ≤ n < 2d;
(2d, 4d, d) for d even;

(n, 2⌊(d+ 1)/(2d+ 1− n)⌋, d) for d odd and d ≤ n < 2d+ 1;
(2d+ 1, 4d+ 4, d) for d odd.

3.7 Linear programming bound

3.8 Zadaqi

1. Find the size, the minimum distance, the information rate, and the relative minimum distance
for each of the following codes:

(a) the binary code of all the words of weight 3;

(b) the ternary code consisting of all the words of length 4 whose second and fourth coordinates
are 0.

(c) the code over the alphabet Fp, p prime, consisting of all the words of length 3 whose first
coordinate is p− 1 and whose second coordinate is 1;

(d) the repetition code over the alphabet Fp, p prime, consisting of the following words of length
n:

(0, 0, . . . , 0), (1, 1, . . . , 1), . . . , (p− 1, p− 1, . . . , p− 1).

2. For n odd, let C be a self-orthogonal binary [n, (n − 1)/2]-code. Show that C⊥ is a self-dual
code.

3. For any code C over Fq and any ǫ ∈ F
∗
q , let

Cǫ =

{(

c1, . . . , cn, ǫ

n∑

i=1

ci

)

| (c1, . . . , cn) ∈ C

}

.

(a) If C is an (n,M, d)-code, show that Cǫ is an (n+ 1,M, d′)-code, where d ≤ d′ ≤ d+ 1.

(b) If C is linear, show that Cǫ is also linear. Find a parity-check matrix of Cǫ in terms of a
parity-check matrix of C.

4. Without using any of the bounds discussed in this chapter, show that:

(a) A2(6, 5) = 2, (b) A2(7, 5) = 2.

5. Find an optimal binary code with n = 3 and d = 2.

6. Prove that Aq(n, d) ≤ qAq(n− 1, d).

7. For each of the following spheres in An = F
n
2 , list its elements and compute its volume:

(a) S(110, 3); (b) S(1100), 4); (c) S(10101, 2).
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8. For each n with 4 ≤ n ≤ 12, compute the Hamming bound and the sphere-covering bound for
A2(n, 4).

9. Prove that a (6, 20, 4)-code over F7 cannot be an optimal code.

10. Let q ≥ 2 and n ≥ 2 be any integers. Show that Aq(n, 2) = qn−1.

11. Let C be an [n, k, d]-code over Fq, where gcd(d, q) = 1. Suppose that all codewords of C have
weight congruent to 0 or d modulo q. Show that there exists an [n+ 1, k, d+ 1]-code over Fq.

12. Let C be an optimal code over F11 of length 12 and minimum distance 2. Show that C must
have a transmission rate at least 5/6.

13. (Gilbert-Varshamov bound for nonlinear codes) For positive integers n, M , d and q > 1, 1 ≤

d ≤ n, show that if (M − 1)
∑d−1

i=0

(
n
i

)
(q − 1)i < qn, then there exists a q-ary (n,M)-code of

minimum distance at least d.

14. Determine whether each of the following codes exists. Justify your answer.

(a) A binary code with parameters (8, 29, 3).

(b) A binary linear code with parameters (8, 8, 5).

(c) A binary linear code with parameters (8, 5, 5).

(d) A binary linear code with parameters (24, 212, 8).

(e) A perfect binary linear code with parameters (63, 257, 3).

15. Write down a parity check matrix H for a binary Hamming code of length 15, where the jth
column of H is the binary representation of j. The use H o construct the syndrome look-up
table and use it to decode the following words:

(a) 01010 01010 01000;

(b) 11100 01110 00111;

(c) 11001 11001 11000.

16. (a) Show that there exist no binary linear codes with parameters [2m, 2m−m, 3] foe any m ≥ 2.

(b) Let C be a binary linear code with parameters 2m, k, 4], for some m ≥ 2. Show that
k ≤ 2m −m− 1.

17. (a) Let n ≥ 3 be an integer. Show that there is an [n, k, 3]-code defined over Fq if and only if
qn−k − 1 ≥ (q − 1)n.

(b) Find the smallest n for which there exists a ternary [n, 5, 3]-code.

18. (a) Let v be a nonzero vector in F
r
q. Show that the set of vectors orthogonal to v, i.e. {v}⊥,

forms a subspace of Fr
q of dimension r − 1.

(b) Let G be a generator matrix for the simplex code Sim(r, q). Show that, for a given nonzero
vector v ∈ F

r
q, there are exactly (qr−1 − 1)(q − 1)-columns c of G such that v · c = 0.

(c) Show that every nonzero codeword of Sim(r, q) has weight qr−1.
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19. Determine the Hamming weight enumerators of Ham(3, 2) and Sim(3, 2). Verify that they satisfy
the MacWilliams identity.

20. The ternary Hamming code Ham(2, 3) is also known as the tetracode.

(a) Shpw that the tetracode is a self-dual MDS code.

(b) Without writing down all the elements of Ham(2, 3), determine the weights of all its code-
words.

(c) Determine the Hamming weight enumerator of Ham(2, 3) and show that the MacWilliams
identity holds for C = C⊥ = Ham(2, 3).

21. Let G6 denote the F4-linear code with generator matrix




1 0 0 1 α α
0 1 0 α 1 α
0 0 1 α α 1



 ,

where F4 = {0, 1, α, α2}, α2 = α+ 1. This codes is known also as the hexacode.

(a) Show that G6 is a [6, 3, 4]-code over F4. (Hence G6 is a quaternary MDS code.)

(b) Let G′
6 be the code obtained from G6 by deleting the last coordinate from every codeword.

Show that G′
6 is a Hamming code over F4.

22. (a) Show that the all-one vector (1, 1, . . . , 1) is in the extended Golay code G24.

(b) Deduce from (a) that G24 has no word of weight 20.

23. (a) Show that every word of weight 4 in F
23
2 is at distance 3 from exactly one codeword in the

binary Golay code G23.

(b) Use (a) to count the number of codewords of weight 7 in G23.

(c) Use (b) to show that the extended binary Golay code G24 contains precisely 759 codewords
of weight 8.

24. Show that the extended binary Golay code G24 has the following weight distribution:

Weight 0 4 8 12 16 20 24
Number of codewords 1 0 759 2576 759 0 1

25. Verify the MacWilliams identity with C = C⊥ = G24.

26. Prove that the extended ternary Golay code is a [12, 6, 6]-code.

27. Show that the ternary Golay code G11 satisfies the Hamming bound.

28. Let C be the code over F4 = {0, 1α, α2} with generator matrix

(
1 0 1 1
0 1 α α2

)

.
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(a) Show that C is an MDS code.

(b) Write down a generator matrix for the dual C⊥.

(c) Show that C⊥ is an MDS code.

29. Show that the only binary MDS codes are the trivial ones.

30. Suppose that there is a q-ary MDS code of length n and dimension k, where k < n.

(a) Show that there is also a q-ary MDS code of length n− 1 and dimension k.

(b) For a given 1 ≤ i ≤ n, let Ci be the subcode of C consisting of all the codewords with 0 in
the ith position, and let Di be the code obtained by deleting the ith coordinate from every
codeword of Ci. Show that Di is an MDS code.

31. For each n with 9 ≤ n ≤ 16, compare the Singleton, Plotkin and Hamming upper bounds for
A2(n, 9).

32. Suppose that there exists a binary linear code C with parameters [16, 8, 6].

(a) Let C′ be the residual code of C with respect to a codeword of weight 6. Show that C′ is
a binary linear code with parameters [10, 7, d′], where 3 ≤ d′ ≤ 4.

(b) Argue that d′ = 3.

(c) Show that such a C′ cannot exist.

33. A binary (n,M, d)-code C is aclled a constant-weight binary code if there exists an integer w
such that wHam(c) = w for all c ∈ C. In this case, we say that C is a constant-weight binary
(n,M, d;w)-code.

(a) Show that the minimum distance of a constant-weight binary code is always even.

(b) Show that a constant-weight binary (n,M, d)-code satisfies M ≤
(
n
w

)
.

(c) Prove that a constant-weight binary (n,M, d;w)-code can detect at least one error.

34. Let A2(n, d, w) be the maximum possible number M of codewords in a constant-weight binary
binary (n,M, d;w)-code. Show that

(a) 1 ≤ A2(n, d, w) ≤
(
n
w

)
;

(b) A2(n, 2, w) =
(
n
2

)
;

(c) A2(n, d, w) = 1 for d > 2w;

(d) A2(n, d, w) = A2(n, d, n− w).

35. Use the Griesmer bound to find an upper bound for d for the q-ary linear codes of the following
n and k:

(a) q = 2, n = 10 and k = 3;

(b) q = 3, n = 8 and k = 4;

(c) q = 4, n = 10 and k = 5;
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(d) q = 5, n = 9 and k = 2.

36. For a prime power q and positive integers k and u with k > u > 0, the MacDonald code Ck,u is
a q-ary code with parameters

[
qk − qu

q − 1
, k, qk−1 − qu−1],

that has nonzero codewords of only two possible weights: qk−1 − qu−1 and qk−1. Show that the
MacDonald codes attain the Griesmer bound.

37. Let C ne an [n, k, d]-code over Fq and let c ∈ C be a codeword of weight w, where w < dq/(q−1).
Show that the residual code Res(C, c) is an [n− w, k − 1, d′]-code, where d′ ≥ d− w + ⌈w/q⌉.

38. Let C be a [q2, 4, q2 − q − 1]-code over Fq.

(a) By considering Res(C, c) where wHam(c) = q2 − t with 2 ≤ t ≤ q − 1, or otherwise, show
that the only possible weights of the codewords in C are: 0, q2 − q − 1, q2 − q, q2 − 1, and
q2.

(b) Show the existence of a [q2 + 1, 4, q2 − q]-code over Fq.
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Glava 4

Constructions of linear codes

4.1 Propagation rules

In this section, we study several constructions of new codes based on old codes. The strategy is to
build codes with larger sizes or longer lengths from codes of smaller sizes or shorter lengths. First,
we folrmulate some well-known propagation rules. Further rules are stated in the problems after
this chapter.

Teorema 4.1. Suppose there is an [n, k, d]-linear code over Fq. Then

(i) (lengthening a code) there exists an [n+ r, k, d]-code over Fq for any r ≥ 1;

(ii) (subcodes) there exists an [n, k − r, d]-code over Fq for any 1 ≤ r ≤ k − 1;

(iii) (puncturing) there exists an [n− r, k, d− r]-code over Fq for any 1 ≤ r ≤ d− 1;

(iv) there exists an [n, k, d− r]-code over Fq for any 1 ≤ r ≤ d− 1;

(v) there exists an [n− r, k − r, d]-code over Fq for any 1 ≤ r ≥ k − 1.

Dokazatelstvo. Let C be an [n, k, d]-code over Fq.
(i) It suffices to show the existence of an [n+1, k, d]-code over Fq. We add a new coordinate 0

to all codewords of C:
{(u1, . . . , un, 0) | (u1, . . . , un) ∈ C}.

It is clear that the new code is a linear [n+ 1, k, d]-code.

(ii) Let c be a nonzero codeword of C with wHam(c) = d. We construct a basis of C containing
c: {c1 = c, c2, ck}. Consider the new code 〈c1, c2, . . . , ck−r〉 spanned by the first k − r codewords
in the basis. It si obvious that new code has the parameters [n, k − r, d].

(iii) Let c ∈ C be a codeword of weight d. For each codeword of C, we delete a fixed set of r
positions where c has nonzero coordinates. It is easy to see that the new code is an [n− r, k, d− r]-
code.

(iv) The result follows by (i) and (iii).

65
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(v) If k = n, then we must have that d = 1. Thus the space F
n−r
q is a code with parameters

[n− r, k − r, d].
Now we assume that k < n. It suffices to show the existence of an [n − 1, k − 1, d]-code for

k ≥ 2. Let C be an [n, k, d]-linear code over Fq. Assume (without loss of generality) that C has a
parity check matrix of the form

H = (In−k|X).

Deleting the last column of H , we obtain an (n− k)× (n− 1) matrix H1. It is clear that the row
os H are linearly independent and that any d − 1 columns of H1 are linearly independent. Thus
the linear code with H1 as a parity-check matrix has parameters[n− 1, k − 1, d1] with d1 ≥ d. By
(iv), we have an [n− 1, k − 1, d]-linear code.

Zabeleжka 4.2. The above theorem produces codes with worse parameters than the old ones.
Usually new codes are not made using these constructions. However, they are useful when we
study codes.

Sledstvie 4.3. If there is an [n, k, d]-code over Fq, then for any r ≥ 0, 0 ≤ s ≤ k − 1 and
0 ≤ t ≤ d− 1, there exists an [n+ r, k − s, d− t]-linear code over Fq.

Teorema 4.4. (Direct sum of linear codes) Let Ci be an [ni, ki, di]-linear code over Fq, i = 1, 2.
Then the direct sum of C1 and C2 defined by

C1 ⊕ C2 = {(c1, c2) | c1 ∈ C1, c2 ∈ C2}

is an [n1 + n2, k1 + k2,min{d1, d2}]- linear code over Fq.

Dokazatelstvo. It is an easy check that C1 ⊕C2 is a linear code over Fq. The length of C1 ⊕C2

is clearly n1 + n2. As the size of C1 ⊕ C2 is the product of the size of C1 and the size of C2, we
obtain

k = dim(C1 ⊕ C2) = logq(|C1 ⊕ C2|) = logq(|C1| · |C2|) = k1 + k2.

Assume that d1 ≤ d2. Let u ∈ C1 with wHam(u) = d1. Then (u,0) ∈ C1⊕C2. Hence d(C1⊕C2) ≤
wHam((u,0)) = d1. On the other hand, for any nonzero word codeword (c1, c2) ∈ C1 ⊕ C2 with
c1 ∈ C1 and c2 ∈ C2 with c1 ∈ C1, c2 ∈ C2, we have either c1 6= 0 or c2 6= 0 (or both). Thus,

wHam((c1, c2)) = wHam(c1) + wHam(c2) ≥ d1.

This completes the proof.

Zabeleжka 4.5. If Gi is a generator matrix for Ci, i = 1, 2, then it is easy to see that the matrix
(

G1 Ok1×n2

Ok2×n1
G2

)

is a generator matrix of C1 ⊕ C2, where Os×t is the s-by-t all-zero matrix.

Primer 4.6. Let C1 = {000, 110, 101, 011} be a binary [3, 2, 2]-code and let C2 = {0000, 1111} be
a binary [4, 1, 4]-code. Then

C1 ⊕ C2 = {0000000, 1100000, 1010000, 0110000, 0001111, 1101111, 1011111, 0111111}

is a binary [7, 3, 2]-linear code.
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Teorema 4.7. ((u,u+ v)-construction) Let C be an [n, ki, di]-code over Fq for i = 1, 2. Then the
code C defined by

C = {(u,u+ v) | u ∈ C1,v ∈ C2}

is a [2n, k1 + k2,min{2d1, d2}]-linear code over Fq.

Dokazatelstvo. It is easy to verify that C is a linear code over Fq. The length of C is clear. It
is easy to show that the map

C1 ⊕ C2 → C, (c1, c2) → (c1, c1 + c2)

is a bijection. Thus the size of C is equal to the product of the size of C1 and that of C2. Thus
k = k1 + k2.

For any nonzero codeword (c1, c1 + c2) ∈ C with c1 ∈ C1 and c2 ∈ C2, we have either c1 6= 0

or c2 6= 0 (or both). We consider two cases.
Case (1) c2 = 0. In this case, we have c1 6= 0. Thus

wHam((c1, c1 + c2)) = wHam((c1, c1)) = 2wHam(c1) ≥ 2d1 ≥ min{2d1, d2}.

Casse (2) c2 6= 0. Then

wHam((c1, c1 + c2)) = wHam(c1) + wHam(c1 + c2)

≥ wHam(c1) + wHam(c2)− wHam(c1)

= wHam(c2) ≥ d2 ≥ min{2d1, d2}.

This shows that d(C) ≥ min{2d1, d2}. On the other hand, let x ∈ C1 and y ∈ C2 with
wHam(x) = d1 and wHam(y) = d2. Then (x,x), (0,y) ∈ C and

d(C) ≤ wHam((x,x)) = 2d1, d(C) ≤ wHam((0,y)) = d2.

Thus d(C) ≤ min{2d1, d2}. This completes the proof.

Zabeleжka 4.8. Let Gi be a generator matrix of Ci for i = 1, 2. Then it is easy to see that the
matrix (

G1 G1

Ok2×n1
G2

)

is a generator matrix of C, from the (u,u+ v)-construction in Theorem 4.7.

Primer 4.9. Let C1 = {000, 110, 101, 011} be a binary [3, 2, 2]-code, and let C2 = {000, 111} be a
binary [3, 1, 3]-code. Then

C = {000000, 110110, 101101, 011011, 000111, 110001, 101010, 011100}

is a binary [6, 3, 3]-code.

Sledstvie 4.10. Let A be a binary [n, k, d]-linear code. The the code C defined by

C = {(c, c) | c ∈ A} ∪ {(c,1+ c) | c ∈ A}

is a binary [2n, k + 1,min{n, 2d}]-code.
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Dokazatelstvo. In Theorem 4.7, take C1 = A and C2 = {0,1}.

Primer 4.11. Let A = {00, 01, 10, 11} be a binary [2, 2, 1]-code. Then

C = {(c, c) | c ∈ A} ∪ {(c,1+ c) | c ∈ A}

= {0000, 0101, 1010, 1111, 0011, 0110, 1001, 1100}.

is a binary [4, 3, 2]-code.

4.2 Reed-Muller codes

Reed-Muller codes are among the oldest codes and have found widespread applications.For each
postiive integer m and each integer r with 0 ≤ r ≤ m, there is an rth order Reed-Muller code
R(r,m) which is binary linear code with parameters

[2m,

(
m

0

)

+

(
m

1

)

+ . . .

(
m

r

)

, 2m−r]

. The code R(1, 5) was used by Mariner 9 to transmit black and white pictures of Mars to
Earth in 1972. Reed-Muller code admit a special decoding called the Reed Decoding. There are
generalizations to nonbinary fields. In this section, we concentrate on binary Reed-Muller codes.

Definici� 4.12. The first order Reed-Muller codes R(1,m) are binary codes defined, for all
integers m ≥ 1, recursively as follows:

(i) R(1, 1) = F
2
2 = {00, 01, 10, 11};

(ii) for m ≥ 1

R(1,m+ 1) = {(u,u) | u ∈ R(1,m)} ∪ {(u,u+ 1) | u ∈ R(1,m)}.

Primer 4.13. We have

R(1, 2) = {0000, 0101, 1010, 1111, 0011, 0110, 1001, 1100}.

A generator matrix of R(1, 2) IS




1 1 1 1
0 1 0 1
0 0 1 1



 .

Teorema 4.14. For m ≥ 1, the Reed-Muller code R(1,m) is abinary linear [2m,m+1, 2m−1]-code,
in which every codeword except 0 and 1 has weight 2m−1.

Dokazatelstvo. It is clear that R(1, 1) is a binary [2, 2, 1]-code. Note that R(1,m) is obtained
from R(1,m − 1) by the construction from Corollary 4.10. Let us assume that R(1,m − 1) is a
binary linear code with parameters [2m−1,m, 2m−2]. Then by Corollary 4.10, R(1,m) is a linear
code with parameters

[2 · 2m−1,m+ 1,min{2 · 2m−2, 2m−1}] = [2m,m+ 1, 2m−1].
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Now we are going to prove that, except for 0 and 1, every codeword of R(1,m+ 1) has weight
2m = 2(m+1)−1.

A word in R(1,m + 1) is either of the type (u,u) or (u,u + 1), where u is a word in u is a
word in R(1,m).

Case (1) (u,u), where u ∈ R(1,m). The vector u is neither 0 nor 1 since otherwise (u,u)
is again the zero or the all-one vector. Hence, by the induction hypothesis, u has weight 2m−1.
Therefore (u,u) has weight 2 · 2m−1 = 2m.

Case (2) (u,u+ 1), where u ∈ R(1,m).

(a) If u is neither 0 nor 1, then it has weight 2m−1, i.e. exactly half of the coordinates are 1.
Hence, half of the coordinates of u+ 1 are 1, i.e. the weight of u + 1 is also 2m−1.Therefore,
the weight of (u,u+ 1) is exactly 2m.

(b) If u = 0, then u+ 1 = 1, so again the weight of (0,0+ 1) is 2m.

(c) If u = 1, then u+ 1 = 0 and the weight of (1,1+ 1) is 2m.

Teorema 4.15.

(i) A generator matrix of R(1, 1) is
(

1 1
0 1

)

.

(ii) If Gm is a generator matrix of R(1,m), then a generator matrix of R(1,m+ 1) is

Gm =

(
Gm Gm

0 . . . 0 1 . . . 1

)

.

Primer 4.16. Using the genertor matrix

G2 =





1 1 1 1
0 1 0 1
0 0 1 1





we obtain teh following generator matrix for R(1, 3):

G3 =







1 1 1 1 1 1 1 1
0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1







.

Teorema 4.17. The orthogonal code R(1,m)⊥ is equivalent to the extended binary Hamming code
Ham(m, 2).
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Dokazatelstvo. By Theorem 4.15, starting with

G1 =

(
1 1
0 1

)

it is clear that Gm is of the form







1 1 . . . 1
0
... Hm

0








,

where Hm is some matrix. Moving the first coordinate to the last and moving the first row of the
matrix to the last, we obtain the following generator matrix G′

m for an equivalent code:








0

Hm

...
0

1 . . . 1 1








.

By Theorem 3.7, if we show that Hm is a parity-check matrix for Ham(m, 2), then G′
m is a parity-

check matrix for Ham(m, 2), so R(1,m)⊥ is equivalent to Ham(m, 2).
To show that Hm is a parity-check matrix for Ham(m, 2), we need to show that the columns

of Hm concict of all the nonzero vectors of length m. Indeed, when m = 1, 2, the columns of Hm

consist of all the nonzero vectors of length m. Now suppose that the columns of Hm consist of all
the nonzero vectors of length m, for some m. By the definition of Gm, it follows readily that the
columns of Hm+1 consist of the following:

(
c

0

)

,

(
c

1

)

,

(
0
T

1

)

,

where c is one of the columns of Hm and 0 is the zero vector of length m. It is clear that the
vectors in this list make up exactly all the nonzero vectors of length m+ 1. Hence, by induction,
the columns of Hm consist of all the nonzero vectors of length m.

Finally, we give a definition for the rth order Reed-Muller codes.

Definici� 4.18. (i) The zeroth order Reed-Muller codes R(0,m), for m ≥ 0, are defined to
be the repetition codes {0,1} of length 2m.

(ii) The first order Reed-Muller codes R(1,m), for m ≥ 1, are defined as in Definition 4.12.

(iii) For any r ≥ 2, the rth order Reed-Muller codes R(r,m) are defined, for m ≥ r−1, recursively
by

R(r,m+ 1) =

{
F
2r

2 if m = r − 1,
{(u,u+ v) | u ∈ R(r,m),v ∈ R(r − 1,m)} textifm > r − 1.
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4.3 Kodove nad podpole

Teorema 4.19. Neka A e [N,K,D]-lineen kod nad Fqm . i neka sъwestvuva lineen [n,m, d]-
kod B nad Fq. Togava sъwestvuva lineen kod nad Fq s parametri [nN,mK, d′], za ko�to
d′ = d(C) ≥ dD. Po specialno, sъwestvuva lineen kod nad Fq s parametri [nN,mK, dD].

Dokazatelstvo. Poleto Fqm moжe da se razgleжda kato vektorno prostranstvo nad
Fq. Da izberem biektivna line�na transformaci� φ meжdu Fqm i B. Prodъlжavame
izobraжenieto φ do izobraжenie

φ∗ : FN
qm → F

nN
q , (v1, . . . , vn) 7→ (φ(v1), . . . , φ(vn)).

�sno e, qe φ∗ e line�no izobraжenie nad Fq ot F
N
qm vъv F

nN
q . Izobraжenieto φ∗ e

inektivno, no ne i s�rektivno (osven v sluqa�, kogato n = m).
Kodъt A e Fq-podprostranstvo na F

N
qm . Neka C e obrazъt na A pri φ∗, t.e. C = φ∗(A).

Tъ� kato φ∗ e Fq-line�no izobraжenie, kodъt C e podprostranstvo na F
nN
q .

Oqevidno dъlжinata na C e nN . Sega we opredlim razmernostta na C. Tъ� kato

dimFr
V = logr |V | ili |V | = rdimFr V ,

imame

dimFq
C = logq |C|

= logq |A|(φ
∗ e inektivno )

= logq

(

(qm)dimFqm
A
)

= logq q
mK = mK.

SEga we opredelim minimalnoto razsto�nie na C. Neka (u1, . . . , uN) e nenuleva kodova
duma ot A. Ako ui 6= 0 za n�koe 1 ≤ i ≤ N , to φ(ui) e nenuleva kodova duma ot B.
Sledovatelno, wHam(φ(ui)) ≥ d. Tъ� kato (u1, . . . , uN ) ima pone D nenulevi pozicii, to
bro�t na nenulevite pozicii v (φ(u1), . . . , φ(uN )) e pone dD. Sъglasno Teorema ??(iv)
sъwestvuva i lineen [nN,mK, dD]-kod nad Fq.

Koda A v gornata teorema nariqame vъnxen kod, dokato koda B nariqame vъtrexen
kod. Ako v Teorema 4.19 vzemem za vъtrexen trivialni� kod, t.e. B = F

m
q , to poluqavame

sledni� rezultat.

Sledstvie 4.20. Ako sъwestvuva lineen kod s parametri [N,K,D] nad Fqm , to sъwest-
vuva i lineen [mN,mK,D]-kod nad Fqm .

Primer 4.21. (i) Izvestno e, qe sъwestvuva [17, 15, 3]-kod na Heming nad F16, kakto i
dvoiqen [8, 4, 4]-kod. Ot Teorema 4.19 poluqavame dvoiqen [136, 60, 12]-kod.

(ii) Sъwestvuva [
83 − 1

8− 1
,
83 − 1

8− 1
− 3, 3] = [73, 70, 3]-kod na Heming nad F8. Ot Sled-

stvie 4.20 poluqavame lineen [219, 210, 3]-kod.
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Primer 4.22. (i) Da razgledame line�ni� kod

A = {(0, )), (1, α), (α, 1 + α), (1 + α, 1)}

nad F4, kъdeto α e koren na 1 + x+ x2. neka B e dvoiqni�t kod

{000, 110, 101, 011}

i da razgledame line�nata transformaci� ot F4 v B, definirana qrez

φ : 0 7→ 000, 1 7→ 110, α 7→ 101, 1 + α 7→ 011.

Taka poluqavame koda

C := φ∗(A) = {000000, 110101, 101011, 011110}.

Novi�t kod C ima parametri [6, 2, 4].

(ii) Neka α e koren na 1 + x + x3. Togava F8 = F(α). Elementite {1, α, α2} obrazuvat
bazis na F8 nad F2. razgleжdame izobraжenieto φ : F8 → F

3
2

a1 · 1 + a2 · α+ a3 · α
2 7→ (a1, a2, a3).

Neka A = 〈(α, α + 1, a)〉/F8. Sъglasno Sledstvie 4.20 C := φ∗(A) e dvoiqen [9, 3, d]-kod,
kъdeto d ≥ 3. Da napixem vsiqki elementi na A:

A = {(0, 0, 0), (α, α+ 1, 1), (α2, α2 + α, α),

(α+ 1, α2 + α+ 1, α2), (α2 + α, α2 + 1, α+ 1),

(α2 + α+ 1, 1, α2 + α), (α2 + 1, α, α2 + α+ 1), (1, α2, α2 + 1)}.

Sledovatelno,

C = φ∗(A) = {000000000, 010110100, 001011010, 110111001,

011101110, 111100011, 101010111, 100001101}.

Taka C e dvoiqen [9, 3, 4]-kod.

Vs�ko vektorno prostranstvo V nad Fqm moжe da se razgleжda kato vektorno pros-
transtvo nad Fq. Po specialno F

N
qm e vektorno prostranstvo nad Fq s razmernost mN .

Tova no vodi do nova kodova konstrukci�.

Teorema 4.23. Neka C e [N,K,D]-kod nad Fqm . Kodъt, definiran nad podpoleto Fq

C|Fq
:= C ∩ F

N
q e lineen [n, k, d]-kod nad Fq sъs n = N, k ≥ mK − (m − 1)N i d ≥ D.

Po-specialno, ako mK > (m − 1)N , to sъwestvuva lineen kod nad Fq s parametri
[N,mK − (m− 1)N,D].
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Dokazatelstvo. �sno e, qe C|Fq
e lineen kod, tъ� katoi C i F

N
q mogat da se razgleжdat

kato podprostranstva na F
N
qm nad Fq. Dъlжinata na C|Fq

oqevidno e n. Za razmernostta
imame

dimFq
C|Fq

= dimFq
(C ∩ F

N
q )

= dimFq
C + dimFq

F
N
q − dimFq

(C + F
N
q )

≥ logq |C|+N − dimFq
(FN

qm)

= logq(q
m)K +N − logq q

mN

= mK +N −mN = mK − (m− 1)N.

Tъ� kato C|Fq
e podmnoжestvo na C, to e �sno, qe minimalnoto teglo na Heming za

C|Fq
e pone ravno na minimalnoto teglo na Heming za C, t.e. d(C|Fq

) ≥ d(C) = D.
Prilaga�ki Sledstvie 4.3, poluqavame vtorata qast na жelani� rezultat.

Primer 4.24. Neka α e koren na 1 + x+ x2 ∈ F2[x]. Togava F4 = F2[α]. Neka

C = 〈{(α, 0, 0), (0, α+ 1, 0)}〉/F4.

Taka, sъglasno Teorema 4.23, C|F2
e dvoiqen [3, k, d]-kod sъs

k ≥ mK − (m− 1)N = 2 · 2− (2− 1) · 3 = 1, d ≥ d(C) = 1.

Da izpixem elementite na C:

C = {(0, 0, 0), (α, 0, 0), (1, 0, 0), (α+ 1, 0, 0),

(0, α+ 1, 0), (0, α, 0), (0, 1, 0), (α, α+ 1, 0),

(α, α, 0), (α, 1, 0), (1, α+ 1, 0), (1, α, 0),

(1, 1, 0), (α+ 1, α+ 1, 0), (α+ 1, α, 0),

(α+ 1, 1, 0)}.

�sno e, qe C|F2
= C ∩ F

3
2 = {000, 100, 010, 110}. Sledovatelno, C|F2

e dvoiqen [3, 2, 1]-
kod.

Teorema 4.25. Neka C e lineen [N,K,D]-kod nad Fqm . Togava sledata na koda C,
definiran qrez

TrFqm/Fq
(C) := {(TrFqm/Fq

(c1), . . . ,TrFqm/Fq
(cn)) | (c1, . . . , cn) ∈ c}

e lineen [n, k]-kod nad Fq s n = N i k ≤ mK.

Dokazatelstvo. Tъ� kato TrFqm/Fq
e Fq-line�na transformaci� ot Fqm vъv Fq, mnoж-

estvoto TrFqm/Fq
(C) e podprostranstvo na F

n
q . �sno e, qe dъlжinata na TrFqm/Fq

(C) e n.
za razmernostta na tozi kod imame

dimFq
TrFqm/Fq

(C) = logq |TrFqm/Fq
(C)|

≤ logq |C| = logq(q
m)dimFqm

C

= logq(q
mK) = mK.
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Primer 4.26. Da razgledame koda C = {λ(1, α, α + 1) | λ ∈ F9} nad F9, kъdeto α e koren
na 2 + x+ x2 ∈ F3[x]. Togava

C = {(0, 0, 0), (α, 1 + 2α, 1), (1 + 2α, 2 + 2α, α),

(2 + 2α, 2, 1 + 2α), (2, 2α, 2 + 2α), (2α, 2 + α, 2),

(2 + α, 1 + α, 2α), (1 + α, 1, 2 + α), (1, α, 1 + α)}.

Prilaga�ki izobraжenieto sleda TrF9/F3
, imame

(0, 0, 0) 7→ (0, 0, 0) (α, 1 + 2α, 1) 7→ (2, 0, 2),
(1 + 2α, 2 + 2α, α) 7→ (0, 2, 2) (2 + 2α, 2, 1 + 2α) 7→ (2, 1, 0),
(2, 2α, 2 + 2α) 7→ (1, 1, 2) ((2α, 2 + α, 2) 7→ (1, 0, 1),
(2 + α, 1 + α, 2α) 7→ (0, 1, 1) (1 + α, 1, 2 + α) 7→ (1, 2, 0)
(1, α, 1 + α) 7→ (2, 2, 1).

Sledovatelno sledata na koda C

TrF9/F3
(C) = {(0, 0, 0), (2, 0, 2), (0, 2, 2), (2, 1, 0), (1, 1, 2),

(1, 0, 1), (0, 1, 1), (1, 2, 0), (2, 2, 1)

e lineen [3, 2, 2]-kod nad F3.

Vsъwnost sledata na kod e podkod nad podpole. Tova se viжda ot sledni� rezultat.

Teorema 4.27. (Delsart) Za lineen kod C nad Fq∗m e v sila

(C|Fq
)⊥ = TrFqm/Fq

(C⊥).

Dokazatelstvo. Za da dokaжem, qe (C|Fq
)⊥ ⊇ TrFqm/Fq

(C⊥) tr�bva da demonstrirame, qe

c · TrFqm/Fq
(a) = 0, za vsiqki a ∈ C⊥ i c ∈ C|Fq

.

Ako c = (c1, . . . , cn) i a = (a1, . . . , an), to

c · TrFqm/Fq
(a) =

n∑

i=1

ci TrFqm/Fq
(ai) = TrFqm/Fq

(
n∑

i=1

ciai

)

= TrFqm/Fq
(c · a) = 0.

Tuk izpolzvame Fq-line�nostta na sledata, kakto i fakta, qe c · a = 0.
Sega we pokaжem, qe (C|Fq

)⊥ ⊆ TrFqm/Fq
(C⊥). Tova tvъrdenie e ekvivalentno na

(
TrFqm/Fq

(C⊥)
)⊥

⊆ C|Fq
.

Da predpoloжim, qe gornoto vkl�qvane ne e izpъlneno. Togava sъwestvuva n�kakvo

u ∈
(
TrFqm/Fq

(C⊥)
)⊥

\C|Fq
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i v ∈ C⊥ sъs u · v 6= 0. Tъ� kato TrFqm/Fq
ne e nulevoto izobraжenie, sъwestvuva

element na γ ∈ Fqm takъv, qe TrFqm/Fq
(γ(u · v)) 6= 0. Sledovatelno

u · TrFqm/Fq
(γv) = TrFqm/Fq

(u · γv) = TrFqm/Fq
(γ(u · v) 6= 0.

Ot druga strana imame u · TrFqm/Fq
(γv) = 0, zawoto u ∈

(
TrFqm/Fq

(C⊥)
)⊥

i γv ∈ C⊥.
Poluqenoto protivoreqie dokazva жelani� rezultat.

Gornata teorema pokazva, qe kodove, poluqeni kato sleda, mogat da bъdat poluqeni
i kato podkodove nad podpole.

Primer 4.28. Da razgledame kakto v Primer 4.26 koda C = {λ(1, α, α + 1) | λ ∈ F9} nad
F9, kъdeto α e koren na 2+ x+ x2 ∈ F3[x]. Togava sъglasno Teorema 4.27 i Primer 4.26
imame

C⊥|F3
= (TrF9/F3

(C))⊥

= {(0, 0, 0), (2, 0, 2), (0, 2, 2), (2, 1, 0), (1, 1, 2),

(1, 0, 1), (0, 1, 1), (1, 2, 0), (2, 2, 1)}⊥

= {(0, 0, 0), (1, 1, 2), (2, 2, 1)}.

4.4 Problems

1. (a) Given an [n, k, d]-linear code over Fq, can one always construct an [n + 1, k + 1, d]-code?
Justify your answer.

(b) Given an [n, k, d]-linear code over Fq, can one always construct an [n + 1, k, d + 1]-code?
Justify your answer.

2. Let C be a q-ary [n, k, d]-code. For a fixed 1 ≤ i ≤ n, form the subset A of C consisting of the
codewords with the ith position equal to 0. Delete the ith position from all the words in A to
form a code D. Show that D is q-ary [n− 1, k′, d′]-linear code with

k − 1 ≤ k′ ≤ k, d′ ≥ d.

This way of obtaining a new code is called shortening.

3. Suppose that 



1 1 1 1 0
0 1 0 1 1
0 0 1 1 1





is a generator matrix of a binary code C. Find find a generator matrix of A with respect to
i = 2 using the construction in previous Exercise.

4. Let Hi be a parity-check matrix of Ci for i = 1, 2.

(a) Find a parity-check matrix of C1 ⊕ C2 and justify your answer.
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(b) Find a parity-check matrix of the code obtained from the (u,u+v)-construction and justify
your answer.

5. (a) Let A = {0000, 1100, 0011, 1111} be a binary code Find the code C constructed from A
using Corollary 4.10.

(b) Let H be a parity-check matrix of A in (a). Find a parity-check matrix of C constructed
from A using Corollary 4.10.

6. Assume that q is odd. Let Ci be an [n, ki, di]-code over Fq for i = 1, 2. Define

C1()C2 = {c1 + c2, c1 − c2 | c1 ∈ C1, c2 ∈ C2}.

(a) Show that C1()C2 is a [2n, k1 + k2]-linear code over Fq.

(b) If Gi is a generator matrix for Ci, for i = 1, 2, find a generator matrix for C1()C2 in terms
of G1 and G2.

(c) Let d be the minimum distance of C1()C2. Show that d = 2d2 if 2d2 ≤ d1 and d1 ≤ d ≤ 2d2
if 2d2 > d1.

7. Let Ci be an [n, ki, di]-code over Fq for i = 1, 2. Define

C = {(a+ x, b+ x,a+ b+ x) | a, b ∈ C1,x ∈ C2}.

(a) Show that C is a [3n, 2k1 + k2]-linear code over Fq.

(b) If Gi is a generator matrix of Ci, for i = 1, 2, find a generator matrix of C in terms of G1

and G2.

(c) If Hi is a parity-check matrix of Ci, for i = 1, 2, find a parity-check matrix of C in terms of
H1 and H2.

8. (a) Find the smallest n such that there exists a binary [n, 50, 3]-linear code.

(b) Find the smallest n such that there exists a binary [n, 60, 4]-linear code.

9. Find the smallest n such that there exists an [n, 40, 3]-code over F9.

10. (a) Write down the codewords in R(1,m) for m = 3, 4, 5.

(b) Verify that R(1, 3) is self-dual.

11. Show that R(r,m) has parameters [2m,
(
m
0

)
+
(
m
1

)
+ . . .+

(
m
r

)
, 2m−r.

12. For 0 ≤ r < m show that R(r,m)⊥ = R(m− 1− r,m).

13. Write down the binary solutions of the equation

x1 + x2 + . . .+ xm = 1

as column vectors of Fm
2 . Let v1,v2, . . . ,vn be all the solutions of the above equation. Let Cm

be the binary linear code with
G = (v1,v2, . . . ,vn)

as a generator matrix.
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(a) Determine all the codewords of Cm for m = 2, 3, 4.

(b) Find the parameters of Cm for all m.

14. For a linear code V over Fq, the parameters of V are denoted by

length(V ), dim(V ), d(V ) = minimum distance .

Suppose we have

(1) a code C with length(C) = n and dim(C) = k, and

(2) a collection of k codes W1, . . . ,Wk, all of them having the same length n.

The elemnts of C are written as row vectors, and the elements of Wj are written as column-

vectors. We fix a basis {c(1), . . . ,C(k)} of C and denote by G the k×m matrix whose rows are
c(1), . . . , c(k). Thus G is a generator matrix of C. For 1 ≤ j ≤ k, we set

Cj = 〈{c(1), . . . , c(j)}〉 ⊆ F
m
q .

Then Cj is a q-ary code of length m and dimension j. Moreover

C1 ⊂ C2 ⊂ . . . ⊂ Ck = C.

Let M be the set conisting of all the n × k matrices whose jth column belongs to Wj , for all
1 ≤ j ≤ k.

(a) Show that M is an Fq-linear space of dimension
∑k

i=1 dim(Wj).

(b) If we identify an n×m matrix A witha vector a of Fmn
q by putting the ith row of A in the

ith block of M positions of a, then the q-ary linear code

W = {AG | A ∈ M}

has parameters

length(W ) = mn,

dim(W ) =

k∑

j=1

dim(Wj),

d(W ) ≥ min{d(Wj) · d(Cj) | 1 ≤ j ≤ k}.

(c) By using the binary codes with parameters [2, 1, 2], [20, 19, 2] and [20, 14, 4], show that we
can produce a binary [40, 33, 4]-code.

15. Da se dokaжe, qe ako sъwestvuva [N,K,D]-kod nad Fqn−1, to sъwestvuva i [nN, (n −
1)K, 2D]-kod nad Fq.

16. Neka α e koren na 1 + x2 + x3 ∈ F2[x]. Da razgledame izobraжenieto

φ : F8 → F
3
2, a1 · 1 + a2 · α+ a3 · α

2 7→ (a1, a2, a3).

Neka A = 〈(α+1, α2+1, 1)〉/F8. Namerete vsiqki dumi na koda φ∗(A) = {(φ(c1), φ(c2), φ(c3)) |
(c1, c2, c3) ∈ A}.
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17. Da razgledame lineioni� kod

A := 〈{(1, 1), (α, 1 + α)}〉

nad F4, kъdeto α e koren na 1+x+x2 ∈ F2[x]. Neka B e dvoiqni�t kod {0000, 1100, 1010, 0110}
i da razgledame F2-line�no izobraжenie ot F4 v B, definirano qrez

φ : 0 7→ 0000, 1 7→ 1100, α 7→ 1010, 1 + α 7→ 0110.

Namerete vsiqki kodovi dumi na koda

C := φ∗(A) = {(φ(c1), φ(c2)) | (c1, c2) ∈ A}.



Glava 5

Cikliqni kodove

5.1 Osnovni definicii

Edin vaжen klas ot kodove e klasъt na t.nar. cikliqni kodove. Priema se, qe te sa
izsledvani za prъv pъt ot Pre�ndж prez 1957 g. [11]. Mnogo ot na�-vaжnite line�ni
kodove kato kodovete na Heming i Gole�, kvadratiqno ostatъqnite kodove, kodovete na
Rid-Solomon i t.n. sa cikliqni. Zapoqvame s definici� na cikliqnite kodove.

Definici� 5.1. Edin kod C nariqame cikliqen, ako to� e lineen i cikliqnoto izmest-
vane na ko� da e kodova duma e otnovo kodova duma. S drugi dumi, ako (a0, a1, a2, . . . , an−1) ∈
C, to i (an−1, a0, a1, . . . , an−2) ∈ C.

Kazvame, qe dumata (an−r, . . . , an−1, a0, a1, . . . , an−r−1) e poluqena ot dumata (a0, a1, . . . , an−1)
qrez cikliqno izmestvane na r pozicii. Lesno se prover�va, qe ortogonalni�t kod na
cikliqen kod e otnovo cikliqen kod.

Primer 5.2. Slednite kodove sa primer za cikliqni kodove:

(i) trivialnite kododve {0} i F
n
q ;

(ii) kodovete s povtorenie {λ, . . . , λ) | λ ∈ Fq};

(iii) dvoiqni�t [3, 2, 2]-kod {(000, 110, 101, 011};

(iv) dvoiqni�t lineen kod {(0000, 1001, 0110, 1111} ne e cikliqen, no e ekvivalenten na
cikliqen; rezmen��ki tretata i qetvъrtata koordinata poluqavame cikliqni�
kod {(0000, 1010, 0101, 1111};

(v) simpleks-kodъt

S(3, 2) = {0000000, 1011100, 0101110, 0010111, 1110010, 0111001, 1001011, 1100101}.

79
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Za da poluqim algebriqno opisanie na cikliqnite kodove razgleжdame slednoto
izobraжenie:

π :

{
F
n
q → Fq[x]/(x

n − 1),
(a0, a1, . . . , an−1) → a0 + a1x+ . . .+ an−1x

n−1.
(5.1)

�sno e, qe π e Fq-line�no izobraжenie na vektorni prostranstva. Po-natatъk we
identificirame F

n
q sъs F

n
q [x]/(x

n − 1) i vektora (u0, u1, . . . , un−1) s polinoma u(x) =
u0 + u1x+ . . .+ un−1x

n−1.

Definici� 5.3. Neka R e prъsten. Edno neprazno podmnoжestvo I na R nariqame
ideal, ako

(i) razlikata a− b prinadleжit na I za vsiqki a, b ∈ I;

(ii) ra ∈ I za vs�ko r ∈ R i vs�ko a ∈ I.

Primer 5.4. (i) Vsiqki qetni qisla v Z obrazuvat ideal.

(ii) Za fixirano c�lo poloжitelno m celite qisla, delywi se na m obrazuvat ideal
v Z.

(iii) Neka f(x) e nenulev polinom. Vsiqki polinomi, del�wi se na f(x) v prъstena ot
polinomi Fq[x] obrazuvat ideal.

(iv) Neka g(x) e delitel na xn − 1. Vsiqki polinomi v prъstena Fq[x]/(x
n − 1), koito

se del�t na g(x) obrazuvat ideal.

Primer 5.5. Da razgledame cikliqni� kod C = {000, 110, 101, 011}. Imame π(C) = {0, 1 +
x, 1 + x2, x + x2}. Okazva se, qe v prъstena F2[x]/(x

3 − 1) podmnoжestvoto I = π(C) e
ideal.

Definici� 5.6. Edin ideal I v prъstena R nariqame glaven ideal, ako sъwestvuva
element g ∈ I takъv, qe I = 〈g〉, kъdeto

〈g〉 := {gr | r ∈ R}.

Elementъt g se nariqa poraжdaw za I i kazvame, qe I e poroden ot g. Edin prъsten
we nariqame oblast na glavni ideali, ako vseki ideal v R e glaven.

Idealъt I otposledni� primer e glaven. Lesno se prover�va, qe I = 〈1 + x〉.

Teorema 5.7. Prъstenite Z, Fq[x] i Fq[x]/(x
n − 1) sa oblasti na glavni ideali.

Dokazatelstvo.
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5.2 Poraжdawi polinomi

Priqinata za vъveжdane na ideali v predni� razdel slednata teorema, ko�to svъrzva
idealite s cikliqnite kodove.

Teorema 5.8. Neka π e line�noto izobraжenie, definirano v (5.1). Togava nepraznoto
podmnoжestvo C na F

n
q e cikliqen kod togava i samo togava, kogato π(C) e ideal v

Fq[x]/(x
n − 1).

Dokazatelstvo. Da dopusnem, qe π(C) e ideal v Fq[x]/(x
n − 1). Togava za vsiqki α, β ∈

Fq ⊂ Fq[x]/(x
n−1) i vsyqki a, b ∈ C imame απ(a), βπ(b) ∈ π(C) (sъglasno definici�ta na

ideal). Sledovatelno απ(a) + βπ(b) e element na π(C), t.e. π(αa+ βb) ∈ π(C), otkъdeto
sledva, qe αa+ βb e duma ot C. Tova dokazva, qe C e lineen kod.

Neka sega c = (c0, c1, . . . , cn−1) e kodova duma ot C. Polinomъt

π(c) = c0 + c1x+ . . .+ cn−2x
n−2 + cn−1x

n−1

e element na π(C). Tъ� kato π(C) e ideal, to elementъt

xπ(c) = c0x+ c1x
2 + . . .+ cn−2x

n−1 + cn−1x
n

= cn−1 + c0x+ c1x
2 + . . .+ cn−2x

n−1 + cn−1(x
n − 1)

= cn−1 + c0x+ c1x
2 + . . .+ cn−2x

n−1

e v π(C), t.e. (cn−1, c0, c1, . . . , cn−2) e kodova duma ot C. Tova oznaqava, qe C e cikliqen
kod.

Obratno, neka predpoloжim, qe C e cikliqen kod. Togava e �sno, qe pъrvoto uslovie
ot Definici� 5.3 se udovletvor�va za π(C). Za vseki polinom

f(x) = f0 + f1x+ . . .+ fn−2x
n−2 + fn−1x

n−1 = π(f0, f1, . . . , fn−1)

ot π(C) imame (f0, f1, . . . , fn−1) ∈ C, a polinomъt

xf(x) = fn−1 + f0x+ f1x
2 + . . .+ fn−2x

n−1

e sъwo element na π(C), tъ� kato C e cikliqen. Otukk sledva, qe i x2f(x) = x(xf(x)) e
element na π(C). Po indukci� poluqavame, qe xif(x) prinadleжi na π(C) za vs�ko i ≥ 0.
Tъ� kato C e lineen kod, a π e line�na transformaci�, to π(C) e line�no prostranstvo
nad Fq. Sledovatelno za vseki polinom g(x) = g0 + g1x + . . . + gn−1x

n−1 ∈ Fq[x]/(x
n − 1,

polinomъt

g(x)f(x) =

n−1∑

i=0

gi(x
if(x))

e element na π(C). Sledovatelno, π(C) e ideal na Fq[x]/(x
n − 1).

Primer 5.9. (i) Kodъt C = {(0, 0, 0), (1, 1, 1), (2, 2, 2)} e troiqen cikliqen kod. Sъotvetni�t
ideal vъv F3[x]/(x

3 − 1) e π(C) = {0, 1 + x+ x2, 2 + 2x+ 2x2.
(ii) Mnoжestvoto I = {0, 1+x2, x+x3, 1+x+x2+x3} e ideal v F2[x]/(x

4−1). Sъotvetni�t
cikliqen kod e π−1(I) = {0000, 1010, 0101, 1111}.

(iii) Trivialnite cikliqni kodove {0} i Fq sъotvetstvat na trivialnite ideal (0)
i Fq[x]/(x

n − 1).



82 5. Cikliqni kodove

Teorema 5.10. Neka I e nenulev ideal v Fq[x]/(x
n − 1) i neka g(x) e nenulev polinom

sъs starxi koeficent 1, imaw minimalna stepen v I. Togava g(x) e poraжda I i deli
xn − 1.

Dokazatelstvo. Pъrvata qast sledva ot Theorem 5.7. Po-natatъk imame xn − 1 =
s(x)g(x) + r(x) kato deg(r(x)) < deg(g(x)). Ottuk sledva, qe r(x) = (xn − 1) − s(x)g(x) e
element na I. Tъ� kato g(x) e ot minimalna stepen r(x) = 0. Sledovatelno g(x) deli
xn − 1.

Primer 5.11. V Primer ??(i), polinomъt 1+x+x2 e ot minimalna stepe. To� deli x3−1.
V Primer ??(ii), polinomъt 1 + x2 e s na�-niska stepen i deli x4 − 1. Za trivialni�
kod F

n
q ot na�-niska stepen e polinomъt 1.

Sъglasno Teorema 5.7 vseki ideal v Fq[x]/(x
n − 1) e glaven. Taka edin cikliqen kod

se poraжda ot ko� da e ot poraжdawite na π(C). Obiknoveno imame poveqe ot edin
poraжdaw za ideal v Fq[x]/(x

n − 1). Sledvawi�t rezultat pokazva, qe tozi poraжdaw e
edinstven, ako naloжim n�koi dopъlnitelni uslovi�.

Teorema 5.12. Vъv vseki nenulev ideal I na Fq[x]/(x
n − 1) sъwestvuva edinstven poli-

nom ot na�-niska stepen sъs starxi koeficient 1.

Dokazatelstvo. Sъglasno Teorema 5.10 takъv polinom e poraжdaw za I. Ako g1(x) i
g2(x) sa razliqni poraжdawi na I s minimalna stepen, to podhod�wo skalarno kratno
na g1(x)− g2(x) e nenulev polinom ot I sъs starxi koeficient 1, imaw po-niska stepen
ot minimalnata, protivoreqie.

Tazi teorema opravdava slednata definici�.

Definici� 5.13. Neka I e nenulev ideal v Fq[x]/(x
n − 1). Edinstveni�t polinom v I

ot nai-niska stepen i sъs starxi koeficent 1 nariqame poraжdaw polinom za I. Za
cikliqen kod C poraжdawi�t polinom na ideala π(C) nariqame poraжdaw polinom na
koda C.

Primer 5.14. (i) Poraжdawi�t polinom na cikliqni� kod {000.110, 101, 011} e 1 + x.
(ii) Poraжdawi� polinom na simpleks koda ot Primer 5.2 e 1 + x2 + x3 + x4.

Teorema 5.15. Vseki delitel na xn−1, imaw starxi koeficient 1 e poraжdaw polinom
na nqkakъv cikliqen kod nad Fq.

Dokazatelstvo. Neka g(x) e delitel na xn − 1 sъs starxi koeficient 1 i neka I =
〈g(x)〉 ⊳ Fq/(x

n−1). Neka C e sъotvetni�t cikliqen kod i da oznaqim s h(x) poraжdawi�
polinom na C. Togava sъwestvuva polinom b(x), za ko�to

h(x) ≡ g(x)b(x) (mod xn − 1).

Ottuk sledva, qe g(x) e delitel na h(x) i tъ� kato h(x) e ot minmalna stepen v I i e
sъs starxi koeficient 1, to g(x) ≡ h(x).

Ot Teoremi 5.12 i 5.15 poluqavame sledni� rezultat.

Sledstvie 5.16. Sъwestvuva vzaimno-ednoznaqno sъotvetstvie meжdu cikliqnite kododve
vъv F

n
q i delietlite na xn − 1 ∈ Fq[x] sъs starxi koeficient 1.
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Oqevidno polinomite 1 i xn − 1 sa poraжdawi polinomi na trivialnite kodove F
n
q

i 0.

Primer 5.17. We opixem vsiqki dvoiqni cikliqni kodove s dъlжina 6. da razloжim
na mnoжiteli x6 − 1:

x6 − 1 = (x2 + 1)(x4 + x2 + 1) = (x+ 1)2(x2 + x+ 1)2.

Ottuk poluqavame devet delitel� na x6 − 1 sъs starxi koeficient 1:

1, 1 + x, (1 + x)2

1 + x+ x2, (1 + x)(1 + x+ x)2, (1 + x)2(1 + x+ x2)
(1 + x+ x2)2, (1 + x+ x2)2(1 + x), (1 + x+ x2)2(1 + x)2

Sъwestvuvat devet devet dvoiqni cikliqni koda s dъlжina 6. Lesno mogat da se
napixat kodovite dumi za vseki ot tezi kodove. Taka naprimer, kodъt, poroden ot
(1 + x+ x2)2 sъdъrжa dumite

{000000, 101010, 010101, 111111}

Ot gorni� primer e �sno, qe bro�t na cikliqnite kodove s dъlжina n moжe da bъde
opredelen lesno, ako znaem razlaganeto na xn − 1 nad Fq na prosti mnoжiteli.

Teorema 5.18. Neka xn − 1 ∈ Fq[x] ima slednoto razlagane na prosti mnoжiteli nad Fq

xn − 1 =
∏

[

i = 1]rpeii (x),

kъdeto p1(x), . . . , pr(x) sa razliqni nerazloжimi polinomi sъs starxi koeficient 1, a

ei ≥ 1 za i = 1, . . . , r. Togava sъwestvuvat
r∏

i=1

(ei + 1) s dъlжina n nad Fq.

V tablicite po-dolu e predstaveno razlaganeto na polinoma xn−1 nad Fq za q = 2, 3
i dъlжini n ≤ 10 i e presmetnat bro� na sъotvetnite cikliqni kododove.

n razlagane na xn − 1 # cikliqni kodove
1 1 + x 2
2 (1 + x)2 3
3 (1 + x)(1 + x+ x2) 4
4 (1 + x)4 5
5 (1 + x)(1 + x+ x2 + x3 + x4) 4
6 (1 + x)2(1 + x+ x2)2 9
7 (1 + x)(1 + x+ x3)(1 + x2 + x3) 8
8 (1 + x)8 9
9 (1 + x)(1 + x+ x2)(1 + x3 + x6) 8

10 (1 + x)2(1 + x+ x2 + x3 + x4)2 9
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n razlagane na xn − 1 # cikliqni kodove
1 1 + x 2
2 (2 + x)(1 + x) 4
3 (2 + x)3 4
4 (2 + x)(1 + x)(1 + x2) 8
5 (2 + x)(1 + x+ x2 + x3 + x4) 4
6 (2 + x)3(1 + x)3 16
7 (2 + x)(1 + x+ x2 + x3 + x4 + x5 + x6) 4
8 (2 + x)(1 + x)(1 + x2)(2 + x+ x2)(2 + 2x+ x2) 32
9 (2 + x)9 10

10 (2 + x)(1 + x)(1 + x+ x2 + x3 + x4)(1 + 2x+ x2 + 2x3 + x4) 16

Edin cikliqen kod se opredel� napъlno ot poraжdawi� polinom. Sledovatelno
vsiqki parametri na cikliqen kod sъwo se opredel�t ot poraжdawi� polinom. Sled-
vawata teorema pokazva kak razmernostta na edin cikliqen kod zavisi ot poraжdawi�
polinom.

Teorema 5.19. Neka g(x) e poraжdawi�t polinom na ideal na Fq/(x
n−1) i neka deg g(x) =

n− k. Togava cikliqni�t kod, poroden ot g(x) e s razmernost k.

Dokazatelstvo. Neka c1(x) 6= c2(x) sa polinomi s deg ci(x) ≤ k − 1, i = 1, 2. Togva
g(x)c1(x) 6≡ g(x)c2(x) (mod xn − 1). Sledovatelno mnoжestvoto

A := {g(x)c(x) | c(x) ∈ Fq[x]/(x
n − 1), deg c(x) ≤ k − 1}

ima qk elementa i e podmnoжestvo na ideala 〈g(x)〉. Ot druga strana za vs�ka kodova
duma g(x)a(x) sъs a(x) ∈ Fq[x]/(x

n − 1) imame

a(x)g(x) = u(x)(xn − 1) + v(x), (5.2)

kъdeto deg v(x) < n. Ot (5.2) imame v(x) = a(x)g(x) − u(x)(xn − 1). Sledovatelno g(x)
deli v(x). Da predstavim v(x) vъv vida v(x) = b(x)g(x) za n�kakъv polinom b(x). Togava
deg b(x) < k i v(x) e v A. Tova pokazva, qe A = 〈g(x)〉. Sledovatelno frazmernostta na
koda e logq |A| = k.
Primer 5.20. (i) Ot razlaganeto x7− 1 = (1+x)(1+x2+x3)(1+x+x3) ∈ F2[x] poluqavame,
qe sъwestvuvat dva dvoiqni [7, 3]-koda:

〈(1 + x)(1 + x2 + x3)〉 = {0000000, 1110100, 0111010, 0011101, 0010111

1001110, 0100111, 1010011, 1101001}

i

〈(1 + x)(1 + x+ x3)〉 = {0000000, 1011100, 0101110, 0010111

1001011, 1100101, 1110010, 0111001}.

(ii) Ot razlaganeto

x7 − 1 = (2 + x)(1 + x+ x2 + x3 + x4 + x5 + x6 + x7)

poluqavame, qe ne sъwestvuvat dvoiqni cikliqni [7, 2]-kodove.
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5.3 Poraжdawa i proveroqna matrica

V predni� razdel pokazahme, qe edin cikliqen kod napъlno se opredel� ot poraжdawi�
si polinom. Sledovatelno to� tr�bva da opredle� i porahzdawa matrica za koda.
Sledvawata teorema ustanov�va vrъzka meжdu tezi dva obekta.

Teorema 5.21. Neka g(x) = g0 + g1x + . . .+ gn−kx
n−k, gn−k 6= 0, e poraжdawiqt polinom

na cikliqen kod C nad Fq. Togava matricata

G =








g(x)
xg(x)

...
xk−1g(x)








=








g0 g1 . . . gn−k 0 0 0 . . . 0
0 g0 g1 . . . gn−k 0 0 . . . 0
...

. . .
. . .

...
0 0 . . . g0 g1 . . . gn−k








e poraжdawa matrica na koda C.

Dokazatelstvo. Dostatъqno e da se pokaжe, qe g(x), xg(x), . . . , xk−1g(x) obrazuvat bazis
na C. �sno e, qe te sa line�no nezavisimi nad Fq. Ot Teorema 5.19 imame, eq dimC = k,
otkъdeto sledva жelani�t rezultat.

Primer 5.22. Da razgledame dvoiqni� [7, 4]-kod s poraжdaw polinom g(x) = 1 + x2 + x3.
Tozi kod ima poraжdawa matrica

G =







g(x)
xg(x)
x2g(x)
x3g(x)







=







1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0
0 0 0 1 0 1 1







.

Tazi poraжdawa matrica ne e v standartna forma. Ako kъm vtori� red dobavim
qetvъrti�, a kъm pъrvi� dobvim sumata na poslednite dva, poluqavame

G′ =







1 0 0 0 1 0 1
0 1 0 0 1 1 1
0 0 1 0 1 1 0
0 0 0 1 0 1 1







.

Tazi matrica e v standartna forma i ot ne� lesno moжem da poluqim proveroqna
matrica za naxi� kod:

H ′ =





1 1 1 0 1 0 0
0 1 1 1 0 1 0
1 1 0 1 0 0 1



 .

Izvestno e, qe proveroqna matrica na daden lineen kod moжe da bъde poluqena
ot ko� da e negova poraжdawa matrica. Tъ� kato ortogonalni�t na cikliqen kod e
sъwo cikliqen, to e vъzmoжno da namerim proveroqna matrica napravo ot poraжdawi�
polinom na ortogonalni� kod. Zadaqata se sveжda do namirane na poraжdaw polinom
za ortogonalni� kod C⊥.
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Definici� 5.23. Neka h(x) =
∑k

i=0 aix
i e polinom ot stepen k, ak 6= 0, nad Fq. Defini-

rame reciproqni� polinom h(R)(x) na h(x) qrez

h(R)(x) = xkh(1/x) =

k∑

i=0

ak−ix
i.

Ot definici�ta vednaga sledva, qe ako h(x), deli xn − 1, to i h(R)(x) deli xn − 1.

Primer 5.24. (i) Ako h(x) = 1 + 2x+ 3x5 + x7 ∈ F5[x], to reciproqni�t mu e

h(R)(x) = x7h(1/x)

= x7(1 + 2(1/x) + 3(1/x)5 + (1/x)7)

= 1 + 3x2 + 2x6 + x7.

(ii) Da razgledame polinoma h(x) = 1+x+x3 ∈ F2[x], ko�to e delitel na x7−1. Togava
h(R)(x) = 1 + x2 + x3 e sъwo delitel na x7 − 1.

Primer 5.25. Neka g(x) = g0 + g1x+ g2x
2 + g3x

3 e poraжdawi�t polinom na cikliqen kod
nad Fq s dъlжina 4 i neka h(x) = (xn−1)/g(x). Da poloжim h(x) = h0+h1x+h2x

2+h3x
3.

Togava h(R)(x) = (h3 + h2x + h1x
2 + h0x

3)/x3−k, kъdeto k = deg h(x). Da razgledame
proizvedenieto

0 ≡ g(x)h(x)

≡ (g0 + g1x+ g2x
2 + g3x

3)(h0 + h1x+ h2x
2 + h3x

3)

≡ g0h0 + (g0h1 + g1h0)x + (g0h2 + g1h1 + g2h0)x
2 +

(g0h3 + g1h2 + g2h1 + g3h0)x
3 + (g1h3 + g2h2 + g3h1)x

4 +

(g2h3 + g3h2)x
5 + g3h3x

6

≡ (g0h0 + g1h3 + g2h2 + g3h1) + (g0h1 + g1h0 + g2h3 + g3h2)x+

(g0h2 + g1h1 + g2h0 + g3h3)x
2 + (g0h3 + g1h2 + g2h1 + g3h0)x

3 (mod x4 − 1).

V nego koeficientъt pred vs�ka ot stepenite na x tr�bva da bъde 0.
Da poloжim b = (h3, h2, h1, h0) ∈ F

4
q i g = (g0, g−1, g2, g3) ∈ F

4
q. Da oznaqim s gi vektora

poluqen ot g qrez cikliqno izmestvane na i pozicii. Sravn�va�ki koeficientite pred
x3 v gornoto sravnenie poluqavame

g0 · b = g · b = g0h3 + g1h2 + g2h1 + g3h0 = 0.

Vъobwe sravn�va�ki stepenite pred xi, i = 0, 1, 2, 3, poluqavame gi · b = 0. Tъ� kato C
se poraжda ot {g0, g1, g2, g3, to b e kodova duma ot C⊥. Izmestva�ki cikliqno vektora
b = (h3, h2, h1, h0) na k + 1 pozicii we poluqim vektora, sъotvetstvaw na h(R)(x). Tъ�
kato C⊥ e cikliqen, to i h(R)(x) e kodova duma.

Po definici� imame deg h(R)(x) = deg h(x) = k. Sledovatelno mnoжestvoto ot {h(r)(x), xh(r)(x), . . . , x
e bazis na C⊥. Taka poluqihme, qe C⊥ se poraжda ot h−1

0 h(R)(x). (Da otbeleжim, qe
h0 = h(0) 6= 0, tъ� kato h0g0 = h(0)g(0) = −1.)
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�sno e, qe Primer 5.25 moжe da bъde obobwen za cikliqni kodove s proizvolna
dъlжina n. Tova e sъdъrжanieto na sledvawata teorema.

Teorema 5.26. Neka g(x) e poraжdawi� polinom na q-iqen cikliqen [n, k]-kod C i neka
h(x) = (xn − 1)/g(x). Togava h−1

0 h(R)(x), kъdeto h0 e svobodni�t qlen na h(x) e poraж-
dawi�t polinom na ortogonalni� kod C⊥.

Dokazatelstvo. Neka g(x) =
∑n−1

i=0 gix
i i h(x) =

∑n−1
i=0 hix

i. Togava

0 ≡ g(x)h(x)

≡ (g0h0 + g1hn−1 + . . .+ gn−1h1) + (g0h1 + g1h0 + . . .+ gn−1h2)x+

(g0h2 + g1h1 + . . .+ gn−1h3)x
2 + . . .+

(g0hn−1 + g1hn−2 + . . .+ gn−1h0)x
n−1 (mod xn − 1).

Koeficientite pred stepenite na x v gorni� izraz tr�bva da bъdat 0. Ako oznaqim
s gi vektora, poluqen ot (g0, g1, . . . , gn−1) qrez cikliqno izmestvane na i pozicii, i =
0, 1, . . . , n− 1, to poluqavame

gi · (hn−1, hn−2, . . . , h1, h0), i = 0, 1, . . . , n− 1.

Tъ� kato {g0, g1, . . . , gn−1} poraжdat koda C (sъglasno Teorema 5.21), to (hn−1, hn−2, . . . , h−
1, h0) e kodova duma ot C⊥.

Kato izmestim cikliqno vektora (hn−1, hn−2, . . . , h−1, h0) na k = 1 pozicii poluqavame
vektora, sъotvetstvaw na h(R)(x). Ottuk sledva, qe h(R)(x) sъwo e kodova duma, tъ�
kato i kodъt C⊥ e cikliqen. Po-natatъk imame deg h(x) = deg h(R)(x) = k, otkъdeto
sledva, qe mnoжestvoto {h(R)(x), xh(R)(x), . . . , xn−k−1h(R)(x)} e bazis na C⊥. Sledovatelno
C⊥ se poraжda ot h(R)(x) i polinomъt h−1

0 h(R)(x) sъstarxi koeficient 1 e poraжdaw
polinom na C⊥.

Definici� 5.27. Neka C e q-iqen kod s dъlжina n i neka h(x) = (xn−1)/g(x). Polinoma
h−1
0 h(R)(x), v ko�to h0 e svobodni�t qlen na h(x) nariqame proveroqen polinom na C.

Sledstvie 5.28. Neka C e q-iqen cikliqen [n, k]-kod s poraжdaw polinom g(x) i neka
h(x) = (xn − 1)/g(x). Da poloжim h(x) = h0 + h1x+ . . .+ hkx

k. Togava matricata

H =








h(R)(x)
xh(R)(x)

...

xn−k−1h(R)(x)








=








hk hk−1 . . . h0 0 0 0 . . . 0
0 hk hk−1 . . . h0 0 0 . . . 0
...

. . .
. . .

...
0 0 . . . hk hk−1 . . . h0








e proveroqna matrica na C.

Primer 5.29. Neka C e dvoiqen cikliqen [7, 4]-kod, poroden ot polinoma g(x) = 1+x2+x3.
Polagame h(x) = (x7 − 1)/g(x) = 1 + x2 + x3 + x4. Togava h(R)(x) = 1 + x + x2 + x4 e
proveroqni�t polinom na C. Sledovatelno,

G =





1 1 1 0 1 0 0
0 1 1 1 0 1 0
0 0 1 1 1 0 1





e proveroqna matrica na C.
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5.4 Dekodirane na cikliqni kodove

Dekodiraneto na cikliqni kodove se sveжda do izvъrxvaneto na sъwite tri stъpki,
koito pravim pri dekodiraneto na obwi line�ni kodove: presm�tane na sindroma,
namirane na vektor-grexka, ko�to mu sъotvetstva i poprav�ne na grexkite. Poradi
bogatata struktura na cikliqnite kodove i raznoobraznite algebriqni i geometriqni
svo�stva, koio te priteжavat tezi stъpki sa obiknoveno mnogo leki i nie moжem da
dostignem prostota i efektivnost na dekodiraneto.

Izpolzva�ki Sledstvie 5.28, nie lesno moжem da poluqim qrez elementarni op-
eracii po redove proveroqna matrica vъv vida

H = (In−k|A). (5.3)

Za vseki ciklqen kod C proveroqna matrica ot vida (5.3) sъwestvuva i e edinstvena.
Vsiqki sindromi v tozi razdel se presm�tat po otnoxenie na proveroqna matrica ot
vida (5.3).

Teorema 5.30. Neka H = (In−k|A) e proveroqna matrica na q-iqen cikliqen kod C
i neka g(x) e poraжdawi�t polinom na C. Togava sindromъt na vektora w ∈ F

n
q e

raven na (w(x) (mod g(x))), t.e. ostatъka poluqen pri delenieto na w(x) na g(x). (Tuk
identificirame vektora w ∈ F

n
q s polinoma w(x) ∈ Fq[x]/(x

n − 1).)

Dokazatelstvo. Matricata A e s n−k reda i k stъlba. S vseki stъlb na A svъrzvame
polinom ot stepen, nenadminavawa n− k − 1, i zapisvame A vъv vida

A = (a0(x), a1(x), . . . , ak−1(x)).

Izvestno e, qe G = (−AT |I) e poraжdawa matrica na C. Sledovatelno xn−k+i − ai(x)
e kodova duma ot C. Da poloжim xn−k+i − ai(x) = qi(x)g(x) za n�kakъv polinom qi(x) ∈
Fq[x]/(x

n − 1), otkъdeto poluqavame

ai(x) = xn−k+i − qi(x)g(x).

Da poloжim w(x) = w0+w1x+ . . .+wn−1x
n−1. Polinomъt s(x), sъtvetstvaw na sindroma

s = Hw e

s(x) = w0 + w1x+ . . .+ wn−k−1x
n−k−1 + wn−ka0(x) + . . .+ wn−1ak−1(x)

=

n−k−1∑

i=0

wix
i +

k−1∑

j=0

wn−k+j(x
n−k+j − qj(x)g(x))

=

n−1∑

i=0

wix
i +





k−1∑

j=0

wn−k+jqj(x)



 g(x)

≡ w(x) (mod g(x)).

Tъ� kato stepenta na polinoma s(x) ne nadminava n−k− 1, poluqavame жelani� rezul-
tat.
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Primer 5.31. Da razgledame dvoiqen [7, 4, 30-kod na Heming s poraжdaw polinom g(x) =
1 + x2 + x3. Izvъrxva�ki elementarni preobrazuvani� po redove na matricata ot
Primer ?? poluqavame proveroqna matrica H = (I3|A), kъdeto

A =





1 1 1 0
0 1 1 1
1 1 0 1

Sindromъt na dumata w = 0110110 e s = wHT = 010. Ot druga strana,

w(x) = x+ x2 + x4 + x5 = x+ x2g(x).

Taka ostatъkъt (w(x) (mod g(x))) e x, koeto sъotvetstva na dumata 010.

Teorema 5.30 pokazva, qe sindromъt na poluqenata duma w(x) moжe da se opredeli
ot ostatъka s(x) = (w(x) (mod g(x))). Sledovatelno, w(x) − s(x) e kodova duma.

Sledstvie 5.32. Neka g(x) e poraжdawi�t polinom na cikliqen od C. Ako w(x) e
poluqenata duma, to ostatъkъt s(x), poluqen ot deleneto na w(x) na g(x) e steglo
≤ ⌊(d(C) − 1)/2⌋, to togava s(x) e grexkata za w(x), t.e. w(x)se dekodira v w(x) − s(x)
qrez algoritъma za dekodirane po principa na maksimalnoto pravdopodobie.

Dokazatelstvo. Ot Teorema 5.30 sledva, qe w(x) i s(x) sa v edin i sъwi sъseden
klas. Neka s(x) e liderъt na sъseden klas, za ko�to s(x)⌊(d − 1)/2⌋. Ottuk sledva
rezultatъt.

Primer 5.33. V Primer 5.31 vid�hme, qe ostatъkъt na w(x) = x+x2+x4+x5 pri delene na
g(x) = 1+x2+x3 e x. Sledovatelno w(x) se dekodira vъv w(x)−x = x2+x4+x5 = 0010110.
Ako sme poluqili dumata w1(x) = 1 + x2 + x3 + x4, to ostatъkъk (w1(x) (mod g(x))) e
1 + x + x2. V tozi sluqa� moжem da izolzvame sindromno dekodirane za da poluqim
dumata w1(x)−x4 = 1+x2+x3 = 1011000, tъ� kato dumaata 0000100 e lider na sъsedni�
klas, na ko�to prinadleжi w1(x).

Ot gorni� primer se viжda, qe za n�koi poluqeni dumi moжem dadekodirame kato
vednaga izvadim ostatъka ot dumata, dokato za drugi tr�bva da izpolzvame sindromno
dekodirane. Algebriqnite i geometriqnite svo�stva na cikliqnite kodove pozvol�vat
da uprostim sindromnoto dekodirane za n�koi poluqeni dumi. Po-natatъk we opixem
takova dekodirane, koeto se nariqa ulav�ne na grexki (error trapping).

Lema 5.34. Neka C e q-iqen, cikliqen [n, k]-kod s poraжdaw polinom g(x). Neka s(x) =
∑n−k−1

i=0 six
i e sindromъt na w(x). Togava sindromъt na cikliqni� xift xw(x) e raven

na xs(x) − sn−k−1g(x).

Dokazatelstvo. Ot Teorema 5.30 sledva, qe e dostatъqno da pokaжem, qe xs(x) −
sn−k−1g(x) e ostatъkъt na xw(x) pri delene na g(x0. Neka w(x) = q(x)g(x)+ s(x). Togava

xw(x) = xq(x)g(x) + xs(x) = (xq(x) + sn−k−1)g(x) + (xs(x) − sn−k−1g(x)).

Ostava da zabeleжim, qe deg(xs(x) − sn−k−1g(x)) < n − k = deg(g(x)), otkъdeto sledva
жelani� rezultat.
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Zabeleжka 5.35. Sindromъt na cikliqni� xift xiw(x) na dumata w(x) moжe da se
poluqi ot sindroma na xi−1w(x). Taka moжem da presmetnem induktivno sindromite
na w(x), xw(x), x2w(x), . . ..

Primer 5.36. Ot Primer 5.31 znaem, qe sindromъt na w(x) = x+ x2 + x4 + x5 e x. Taka
sindromite na xw(x) i x2w(x) sa sъotvetno x · x = x2 i x · x2 − g(x) = 1 + x2.

Definici� 5.37. Edna n-orka ot l cikliqno posledovatelni nuli v dadena duma nariqame
cikliqen blok ot nuli s dъlжina l.

Primer 5.38. Vektorъt w = (1, 3, 0, 0, 0, 0, 0, ) ima cikliqen blok ot nuli s dъlжina 5, a
w = (0, 0, 1, 2, 0, 0, 0, 1, 0, 0) ima cikliqen blok ot nuli s dъlжina 4.

Algoritъm za dekodirane na cikliqni kodove

Algoritъm 4. Vhod: Cikilqen [n, k, d]-kod C nad Fq s poraжdaw polinom g(x); poluqna
duma w(x), za ko�to grexkata e(x) e s teglo wHam((e(x)) ≤ ⌊(d−1)/2⌋ i ko�to ima cikliqen
blok ot nuli s dъlжina pone k.
Izhod: Grexkata e(x).

(1) Presm�tat se sindromite na xiw(x) za i = 0, 1, 2, . . . i oznaqavame sъs si(x) sindroma
(xiw(x) (mod g(x))).

(2) Namira se takova c�lo m, za koeto sindromъt sm(x) za xmw(x) e po-malъk ili raven
na ⌊(d− 1)/2⌋.

(3) Presm�ta se ostatъkъt e(x) na xn−msm(x) pri delene na xn − 1. Dekodirame w(x) v
w(x) − e(x).

Dokazatelstvo. Na�-napred we dokaжem sъwestvuvaneto na qisloto m ot stъpka 2.
Sъglasno dopuskaneto, sъwestvuva polinom-grexka e(x) , ko�to ima cikliqen blok
ot nuli s dъlжina pone k. Sledovatelno sъwestvuva c�lo qislo m ≥ 0, za koeto
cikliqni�t xift na e(x) na m pozicii ima vsiqkite si nenulevi komponenti v pъrvite
n−k pozicii. Cikliqni�t xift na e(x) na m pozicii e vsъwnost ostatъkъt na xmw(x)
(mod xn − 1) pri delene s g(x). Da poloжim

r(x) := ((xmw(x) (mod xn − 1)) mod g(x)) = (xmw(x) (mod g(x)).

Tegloto na r(x) sъwpada s tegloto na e(x), koeto e na�-mnogo ⌊(d− 1)/2⌋. Tova dokazva
sъwestvuvaneto na m.

Dumata t(x) := (xn−msm(x) (mod xn−1)) e cikliqen xift na (sm,0) na n−m pozicii,
kъdeto sm e vektor ot F

n−k
q , sъotvetstvaw na polinoma sm(x). �sno e, qe tegloto na

t(x) e sъwoto kato tegloto na sm(x). Sledovatelno wHam(t(x)) ≤ ⌊(d− 1)/2⌋. Tъ� kato
i xm e vzaimnoprosto s g(x), tvъrdim, qe w(x)− t(x) se deli na g(x), t.e. w(x)− t(x) e

kodova duma. Tъ� kato t(x) i grexkata e(x) sa v edin i sъw sъseden klas, imame e(x) =
t(x) = (xn−msm(x) (mod xn − 1) (ot edinstvenostta na liderite s teglo nenadhvъrl�wo
⌊(d− 1)/2⌋).
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Primer 5.39. (i) Neka e poluqena dumata

w1(x) = 1011100 = 1 + x2 + x3 + x4.

Da presm�tame sindromite si(x) na xiw1(x) dokato wHam(si(x)) ≤ 1 (vж. tablicata).

i si
0 1 + x+ x2

1 1 + x
2 x+ x2

3 1

Dekodirame w1(x) = 1011100 vъv

w1(x) − x4s3(x) = w1(x)− x4 = 1 + x2 + x3 = 1011000.

(ii) Da razgledame dvoiqni� cikliqen [15, 7]-kod, poroden ot g(x) = 1 + x+x6 + x7 +
x8. Lesno se prover�va (da reqem ot ko� da e proveroqna matrica), qe minimalnoto
razsto�nie na tozi kod e 5. Vektor grexka s teglo ne po-gol�mo ot 2 ima cikliqen blok
ot nuli s dъlжina pone 7. Sledovatelno nie moжem da popravim takъv vektor-grexka
s gorni� algoritъm. Neka sme poluqili dumata

w2(x) = 110011101100010 = 1 + x+ x4 + x5 + x6 + x8 + x9 + x13

i da presmetnem sindromite si(x) na xiw2(x) dokato poluqim wHam(si(x)) ≤ 2 (vж. tabli-
cata).

i si
0 1 + x2 + x5 + x7

1 1 + x+ x3 + x4 + x7

2 1 + x+ x2 + x5 + x6 + x7

3 1 + x+ x2 + x3 + x4

4 x+ x2 + x3 + x4 + x5

5 x2 + x3 + x4 + x5 + x6

6 x3 + x4 + x5 + x6 + x7

7 1 + x5

Dumata w2(x) = 11001101100010 vъv

w2(x) − x8s7(x) = w(x) − x8 − x13 = 1 + x+ x4 + x5 + x6 + x9 = 110011100100000.
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5.5 Kodove, poprav�wi paketi grexki

Dotuk razgleжdahme kodove, poprav�wi sluqa�ni grexki. V n�koi kanali za predavane
na danni, kato naprimer telefonni linii ili magnitni zapamet�vawi ustro�stva,
grexkite se lokalizirat ne po sluqaen naqin, a v kъsi intervali. Takiva grexki
nariqame paketni grexki ili paketi ot grexki. V obwi� sluqa� kodove, poprav�wi
sluqa�ni grexki ne sa podhod�wi za poprav�ne na paketi ot grexki. Жelatelno e da
se konstruirat kodove, poprav�wi toqno takiva grexki. Vъprosnite kodove nariqame
kodove, poprav�wi paketi ot grexki.

Okazva se, qe cikliqnite kodove sa mnogo efektivni za korigirane na paketi ot
grexki. V tozi razdel we razgledame n�koi svo�stva na kodovete, poprav�wi paketi
ot grexki i we predstavim edin algoritъm za dekodirane. Vsiqki kodove vtozi razdel
we bъdat dvoiqni kodove.

Definici� 5.40. Paket s dъlжina l > 1 e dvoiqen vektor, qiito nenulevi komponenti
zaemat l cikliqno posledovatelni pozicii, pri koeto pъrvata i poslednata pozicii
sa nenulevi. Edin kod nariqame kod, poprav�w paket s dъlжina l, ako to� moжe da
poprav� vsiqki grexki, koito sa paketi s dъlжina l ili po-malko, t.e. vsiqki grexki,
koito sa paketi s dъlжina l ili po-malko.

Primer 5.41.

Teorema 5.42. Edin lineen kod C e kod poprav�w vsiqki paketi s dъlжina l, togava i
samo togava, kogato vsiqki grexki, koito sa paketi s dъlжina l ili po-malko leжat v
razliqni sъsedni klasove na C.

Dokazatelstvo.

Sledstvie 5.43. Neka C e [n, k]-kod, poprav�w paketi s dъlжina l. Togava

(i) niko� nenulev paket s dъlжina 2l ili po-malko ne moжe da e kodova duma;

(ii) (granica na Ra�ger) n− k ≥ 2l.

Dokazatelstvo.

Za vseki lineen [n, k]-kod, poprav�w paketi s dъlжina l e izpъlnenon− k ≥ 2l, t.e.
l ≤ ⌊(n− k)/2⌋. Lineen kod, poprav�w paketi ot grexki i ko�to dostiga granicata na
Riger se nariqa optimalen kod, popravtaw paketi ot grexki.

Primer 5.44.

Algoritъm za dekodirane na cikliqni kodove, poprav�wi paketi ot grexki

Primer 5.45.
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5.6 Zadaqi

1. Opredelete, koi ot slednite kodove sa cikliqni.

(a) {(0, 0, 0), (1, 1, 1), (2, 2, 2)} ⊂ F
3
3;

(b) {(0, 0, 0), (1, 0, 0), 0, 1, 0), (0, 0, 1)} ∈ F
3
q;

(c) {x0, x1, . . . , xn−1 ∈ F
n
q |
∑n−1

i=0 xi = 0};

(d) {x0, x1, . . . , xn−1 ∈ F
n
8 |
∑n−1

i=0 x2
i = 0};

(e) {x0, x1, . . . , xn−1 ∈ F
n
2 |
∑n−1

i=0 (x
2
i + xi) = 0}.

2. Da se dokaжe, qe ortogonalni�t kod na cikliqen kod e cikliqen.

3. Da se dokaжe, qe mnoжestvoto I = {f(x) ∈ Fq[x] | f(0) = f(1) = 0} e ideal vFq[x] i da
se nameri poraжdaw element.

4. Neka x i y sa dve nezavisimi promenlivi. Da se dokaжe, qe prъstenъt ot polinomi
Fq[x, y] ne e oblast na glavni ideali.

5. da se namer�t vsiqki poraжdawi polinomi sъs starxi koeficient 1 za vseki ot
slednite ideali:

(a) I = 〈1 + x+ x3〉 ⊂ F2[x]/(x
7 − 1);

(b) I = 〈1 + x2〉 ⊂ F3[x]/(x
4 − 1);

6. Da se opredeli dali slednite polinomi sa poraжdawi za cikliqnite kodove sъs
zadadenite dъlжini:

(a) g(x) = 1 + x+ x2 + x3 + x4 za dvoiqen cikliqen kod s dъlжina 7;

(b) g(x) = 2 + 2x2 + x3 za troiqen cikliqen kod s dъlжina 7;

(c) g(x) = 2 + 2x+ x3 za troiqen cikliqen kod s dъlжina 13.
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Glava 6

Specialni klasove cikliqni
kodove

6.1 BQH-kodove

Klasъt na BQH-kodovete e otkrit nezavisimo ot Hokvingem [8] i Bouz i Re�-Qoudhuri
[1]. Imeto na klasa e sъkrawenie ot inicialite na negovite otkrivateli. Tozi klas
obobwava na kodovete na Heming kato kodovete v nego otkrivat poveqe ot edna grexki.
Po-natatъxni obobweni� na BQH-kodovete sa napraveni ot D. Gorenste�n i N. Cirler
[?].

6.1.1 Definici� na BQH-kodove

Da pripomnim, qe na�-malkoto obwo kratno na t nenulevi polinoma f1(x), f2(x), . . . , ft(x) ∈
Fq[x] e polinom ot minimalna stepen sъs starxi koeficient 1, ko�to se deli na
vseki ot polinomite f1(x), f2(x), . . . , ft(x). Nai-malkoto obwo kartno na tezi polinomi
oznaqavame s lcm(f1(x), . . . , ft(x)). Lesno se pokazva, qe lcm(f1(x), . . . , ft(x), ft−1(x)) =
lcm(lcm(f1(x), . . . , ft(x)), ft(x)). Ako za f1(x), . . . , ft(x) imame razlagani�ta

f1(x) = a1p1(x)
e1,1 . . . pn(x)

e1,n , . . . , ft(x) = atp1(x)
et,1 . . . pn(x)

et,n .

kъdeto a1, . . . , at ∈ F
∗
q, ei,j ≥ 0, i pi(x) sa razliqni nerazloжimi polinomi nad Fq sъs

starxi koeficient 1, to togava

lcm(f1(x), . . . , ft(x)) = p1(x)
max{e1,1,...,et,1} . . . pn(x)

{e1,n ,...,et,n}.

Lema 6.1. Neka f(x), f1(x), f2(x), . . . , ft(x) sa polinomi nad Fq. Ako f(x) se deli na vseki
ot polinomite fi(x), i = 1, . . . , t, to f(x) se deli i na lcm(f1(x), f2(x), . . . , ft(x)).

Dokazatelstvo. Da pologim g(x) = lcm(f1(x), f2(x), . . . , ft(x)). Sъwestvuvat polinomu
u(x) i r(x) nad Fq, deg(r(x)) < deg(g(x)), za koito

f(x) = u(x)g(x) + r(x).

95
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Ottuk r(x) = f(x) − u(x)g(x) i, sledovatelno, r(x) se deli na vsiqki polinomi fi(x).
Tъ� kato g(x) e ot minimalna stepen, r(x) = 0.

Primer 6.2. Polinomъt f(x) = x15 − 1 na d F2 se delina f1(x) = 1 + x + x2 ∈ F2[x],
f2(x) = 1 + x + x4 ∈ F2[x] i f3(x) = (1 + x + x2)(1 + x3 + x4) ∈ F2[x]. Sledovatelno f(x) se
deli i na lcm(f1(x), f2(x), f3(x)) = (1 + x+ x2)(1 + x+ x4)(1 + x3 + x4).

Primer 6.3. Da fiksirame primitiven element α na FqM i da oznaqim s M (i)(x) mini-
malni� polinom na αi nad Fq. Vseki koren β na M (i)(x) e element na Fqm i sledovatelno
βqm−1 − 1 = 0, t.e. x − β e delitel na xqm−1 − 1. Sъglasno Teorema ??? polinomite
M (i)(x) n�mat kratni koreni. Taka sъglasno Lema 6.1 za vs�ko podmnoжestvo I na
Zqm−1 na�-malkoto obwo kratno lcm(M (i)(x))i∈I e delitel na xqm−1 − 1.

V gorni� primer e opisano kak da namirame n�koi ot delitelite na xqm−1−1. Ide�ta
e da izberem tezi deliteli za poraжdawi polinomi na kodove s dъlжina qm − 1 nad
Fq.

Definici� 6.4. Neka α e primitiven element na Fqm i neka M (i) e minimalni� poli-
nom na αi nad Fq. (Primitiven) BQH-kod nad Fq s dъlжina n = qm − 1 i konstruk-
tivno razsto�nie δ nariqame cikliqni� kod nad Fq, poroden ot polinoma g(x) :=
lcm(M (a)(x),M (a+1)(x), . . . ,M (a+δ−2)(x)) za n�koe c�lo qislo a. Kazvame, qe kodъt e BQH-
kod v tesen smisъl, ako a = 1.

Primer 6.5. (i) Neka α e primitiven element na F2m . Togava BQH-kod v tesen smisъl
s konstruktivno razsto�nie 2 e cikliqni� kod, poroden ot M (1)(x). Okazva se, qe tova
e kodъt na Heming. (Da se dokaжe!)

(ii) Neka α ∈ F8 e koren an 1+ x+ x3 ∈ F2[x]. Oqevidno α e primitiven element na F8

i M (1)(x) = M (2)(x) = 1 + x + x3. Sledovatelno BQH-kodъt v tesen smisъl s dъlжina
7, poroden ot lcm(M (1)(x),M (2)(x)) = 1 + x + x3 e [7, 4]. Tova e dvoiqni�t [7, 4, 3]-kod na
Heming.

(iii) Neka α e sъwi�t kato v (ii). Dvoiqni�t BQH-kod s dъlжina 7, poroden ot

lcm(M (0)(x),M (1)(x),M (2)(x)) = lcm(1 + x, 1 + x+ x3) = (1 + x)(1 + x+ x3)

e cikliqen [7, 3]-kod. Lesno se prover�va, qe tova e ortogonalni�t na koda na Heming
ot (ii).

Primer 6.6. Neka β e koren na 1 + x + x2 ∈ F2[x]. Togava F2(β) = F4. neka α e koren
na β + x + x2 ∈ F4[x]. Togava α e primitiven element na F16. Da razgledame BQH-
kod v tesen smisъl nad F4 s dъlжina 15 i konstruktivno razsto�nie 4. Poraжdawi�t
polinom na tozi kod e

g(x) = lcm(M (1)(x),M (2)(x),M (3)(x)) = 1 + βx+ βx2 + x3 + x4 + β2x5 + x6.

6.1.2 Parametri na BQH-kodove

Dъlжinata na BQH-kodovete e po definici� n = qm − 1. Sega we razgledame vъprosa
s razmernostta na BQH-kodovete.
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Teorema 6.7. (i) Razmernostta na edin q-iqen BQH-kod s dъlжina qm − 1, poroden ot
g(x) := lcm(M (a)(X),M (a+1)(x), . . . ,M (a+δ−2)(x)} e naezavisim ot izbora na primitivni�
element α.

(ii) Razmernostta na q-iqen BQH-kod s dъlжina qm − 1 i konstruktivno razsto�nie
δ e pone qm − 1−m(δ − 1).

Dokazatelstvo. (i) NekaCi e ciklotomiqni�t klas na q po modul qm − 1, sъdъrжaw i.
da poloжim S = ∪a+δ−2

i=a Ci. Oqevidno imame

g(x) = lcm




∏

i∈Ca

(x− αi),
∏

i∈Ca+1

(x − αi), . . . ,
∏

i∈Ca+δ−2

(x− αi)



 =
∏

i∈S

(x− αi).

Sledovatelno razmernostta e ravna na qm−1−deg(g(x)) = qm−1−|S|. Razulatъt sledva
ot tova, qe S ne zavisi ot izbora na α.

(ii) Sъglasno (i) razmernostta k izpъln�va

k = qm − 1− |S|

= qm − 1−
∣
∣∪i = aa+δ−2Ci

∣
∣

≥ qm − 1−
a+δ−2∑

i=a

|Ci|

≥ qm − 1−
a+δ−2∑

i=a

m

= qm − 1−m(δ − 1),

koeto zavъvъrxva dokazatelstvoto.

Gornata teorema pokazva, qe da opredelim razmernostta na q-iqen BQH-kod sd
ъlжina qm − 1, poroden ot g(x) = lcm(M (a)(x),M (a+1)(x), . . . ,M (a+δ−2)(x)), e dostatъqno
da proverim mownostta na ∪a+δ−2

i=a Ci, kъdeto Ci e ciklotomiqni�t klas na q po modul
qm − 1, sъdъrжaw i.

Primer 6.8. (i) da razgledame slednite ciklotomiqni klasove na 2 po modul 15,

C2 = {1, 2.4, 8}, C3 = {3, 6, 12, 9}.

Razmernostta na dvoiqni� BQH-kod s dъlжina 15 i konstruktivno razsto�nie 3, poro-
den ot g(x) = lcm(M (2)(x),M (3)(x)) e

15− |c2 ∪ C3| = 15− 8 = 7.

Tuk se dostiga granicata ot Teorema 6.7.
(ii) da razgledame slednite ciklotomiqni klasove na 3 po modul 26

C1 = C3 = {1, 3, 9}, C2{= 2, 6, 18}, C4 = {4, 12, 10}.
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razmernostta na troiqni� BQH-kod s dъlжina 26 i konstruktivno razsto�nie 5, poro-
den ot

g(x) := lcm(M (1)(x),M (2)(X),M (3)(x),M (4)(x))

e
26− |C1 ∪ C2 ∪ C3 ∪ C4| = 26− 9 = 17.

V tozi sluqa� razmernostta e strogo po-gol�ma ot dolnata granica ot Teorema 6.7.

Primer 6.9. (i) Za t ≥ 1 celite qisla t i 2t prinadleжat na edin i sъwi sъseden
ciklotomiqen klas na 2 po modul 2m − 1. Tova e ekvivalentno na fakta, qe M (t)(x) =
M (2t)(x). Sledovatelno,

lcm(M (1)(x), . . . ,M (2t−1)(x)) = lcm(M (1)(x), . . . ,M (2t)(x)),

t.e. dvoiqni�t BQH-kod v tesen smisъl s dъlжina 2m − 1 s konstruktivno razsto�nie
2t+ 1 sъvpada s dvoiqni� BQH-kod v tesen smisъl s dъlжina 2m − 1 s konstruktivno
razsto�nie 2t.

tablicata po-dolu sъdъrжa razmernostite na BQH-kodovete v tesen smisъl s dъlжina
2m − 1, 3 ≤ m ≤ 6, s konstruktivno razsto�nie 2t+1. Da otbeleжim otnovo, qe razmer-
nostta na BQH-kod v tesen smisъl ne zavisi ot izbora na primitiven element.

n k t n k t
7 4 1 63 51 2

15 11 1 63 45 3
15 7 2 63 39 4
15 5 3 63 36 5
31 26 1 63 30 6
31 21 2 63 24 7
31 16 3 63 18 10
31 11 5 63 16 11
31 6 7 63 10 13
63 57 1 63 7 15

(ii) Neka α e koren na 1 + x + x4 ∈ F2[x]; togava α e primitiven element na F16. Da
presmetnem minimalnite polinomite

M(0)(x) = 1 + x,

M (1)(x) = M (2)(x) = M (4)(x) = M (8)(x) = 1 + x+ x4,

M (3)(x) = M (6)(x) = M (12)(x) = M (9)(x) = 1 + x+ x2 + x3 + x4,

M (5)(x) = M (10)(x) = 1 + x+ x2,

M (7)(x) = M (14)(x) = M (13)(x) = M (11)(x) = 1 + x3 + x4.

Poraжdawite polinomi na BQH-kodovete v tesen smisъl s dъlжina 15 sa predsataveni
po-dolu.
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n k t Generator polynomial
15 11 1 1 + x+ x4

15 7 2 (1 + x+ x4)(1 + x+ x2 + x3 + x4)
15 5 3 (1 + x+ x4)(1 + x+ x2 + x3 + x4)(1 + x+ x2)

V Primer 6.8(ii) e pokazano, qe granicata ot Teorema 6.7 moжe da se podobri v
n�koi sluqai. Sledvawata teorema dava dostatъqni uslovi� za dostigane na dolnata
granica ot Teorema 6.7.

Teorema 6.10. Edin q-iqen BQH-kod v tesen smisъl s dъlжina 15 i konstruktivno
razsto�nie δ ima razmernost toqno qm − 1 − m(δ − 1), ako q 6= 2 i gcd(qm − 1, e) = 1 za
vs�ko 1 ≤ e ≤ δ − 1.

Dokazatelstvo. Ot dokazatelstvoto na Teorema 6.7 znaem, qe razmernostta na takъv
BQH-kod e ravna na

qm − 1−
∣
∣∪δ−1

i=1Ci

∣
∣ ,

kъdeto Ci sa ciklotomiqnite klasove na q po modul qm−1, sъdъrжawi i. Sledovatelno,
dostatъqno e da dpkaжem, qe |Ci| = m za vsiqki 1 ≤ i ≤ δ − 1, kakto i qe Ci i Cj ne se
presiqat za vsiqki 1 ≤ i < j ≤ δ − 1.

Za vs�ko c�lo 1 ≤ t ≤ m − 1 i za vs�ko c�lo 1 ≤ i ≤ δ − 1 e izpъlneno i 6≡ qti
(mod qm − 1). V protiven sluqa� bihme imali (qt − 1)i ≡ 0 (mod qm − 1) i (qt − 1) ≡ 0
(mod qm − 1), tъ� kato gcd(i, qm − 1) = 1. Tova e nevъzmoжno i, sledovatelno, |Ci| = m
za vs�ko 1 ≤ i ≤ δ − 1.

Sega za vsiqki celi qisla 1 ≤ i < j ≤ δ − 1 i vs�ko s ≥ 0 imame j 6≡ qsi (mod qm − 1).
V protiven sluqa�, j − i ≡ (qs − 1)i (mod qm − 1). Ottuk sledva j − i ≡ 0 (mod q − 1),
koeto e protivoreqie s uslovieto gcd(j − i, qm − 1) = 1. Sledovatelno Ci i Cj ne se
presiqat.
Primer 6.11. Da razgledame BQH-kod v tesen smisъl nad F4 s dъlжina 63 i konstruk-
tivno razsto�nie 3. Razmernostta mu e 63− 3(3− 1) = 57.

Kakto veqe vid�hme, BQH-kodovete v tesen smisъl s konstruktivno razsto�nie 2t
sa sъwite kato BQH-kodovete v tesen smisъl s konstruktivno razsto�nie 2t− 1. Sle-
dovatelno dostatъqno e da razgleжdame BQH-kodove v tesen smisъl s neqetno kon-
struktivno razsto�nie.

Teorema 6.12. Edin dvoiqen BQH-kod v tesen smisъl s dъlжina n = 2m−1 i konstruk-
tivno razsto�nie δ = 2t+ 1 ima razmernost pone n−m(δ − 1)/2.

Dokazatelstvo. Tъ� kato ciklotomiqnite klasove Ci i C2i sъvpadat, to za razmernos-
tta k imame

k = 2m − 1−
∣
∣∪2t

i=1Ci

∣
∣

= 2m − 1−
∣
∣∪t

i=1Ci

∣
∣

≥ 2m − 1−
t∑

i=1

|C2i−1|

≥ 2m − 1− tm

= 2m − 1−m(δ − 1)/2.



100 6. Specialni klasove cikliqni kodove

Primer 6.13. Edin BQH-kod v tesen smisъl s dъlжina 63 i konstruktivno razsto�nie
5 ima razmernost toqno 51 = 63 − 6(5 − 1)/2. Ot druga strana BQH-kod s dъlжina 31
i konstruktivno razsto�nie δ = 11 ima razmernost 11, ko�to e po-gol�ma ot 31− 5(11−
1)/2.

Sega we se sprem na zadaqata za opredl�ne na minimalnoto razsto�nie na BQH-
kodove.

Lema 6.14. Neka C e q-iqen cikliqen kod s dъlжina n i poraжdaw polinom g(x).
Neka α1, . . . , αr se vsiqki koreni na g(x) i da predpoloжim, qe to� n�ma kratni koreni.
Elementъt c(x) na Fq[x]/(x

n−1) e kodova duma ot C togava i samo togava, kogato c(αi) = 0
za i = 1, . . . , r.

Dokazatelstvo. Ako c(x) e kodova duma v C, to sъwestvuva polinom f(x), za ko�to
c(x) = g(x)f(x). Sega imame c(αi) = g(αi)f(αi) = 0 za vsiqki i = 1, . . . , r.

Obratno, neka c(αi) = 0 za i = 1, . . . , r. Togava c(x) se deli na g(x), tъ� kato g(x)
n�ma kratni koreni. Tova oznaqava, qe c(x) e kodova duma na C.
Primer 6.15. Da razgledame dvoiqni� [7, 4]-kod na Hemings poraжdaw polinom g(x) =
1+x+x3. Tъ� kato vsiqki elementi na F8 \{0, 1} sa koreni na c(x) = 1+x+x2+x3+x4+
x5 + x6 = (x7 − 1)/(x − 1), to i vsiqki koreni na g(x) sa koreni na c(x). Sledovatelno,
1111111 e kodova duma.

Sledvawata teoremaiz�sn�va pon�tieto konstruktivno razsto�nie na BQH-kod.

Teorema 6.16. Edin BQH-kod s konstruktivno razsto�nie δ ima minimalno razsto�nie
pone δ.

Dokazatelstvo. Neka α e primitiven element na Fqm i neka C e BQH-kodъt, poroden ot
g(x) := lcm(M (a)(x),M (a+1)(x), . . . ,M (a+δ−2)(x)). �sno e, qe elementite αa, αa+1, . . . , αa+δ−2

sa koreni na g(x).
Da dopusnem, qe minimalnoto razsto�nie d na C e po-malko ot δ. Togava sъwestvuva

nenuleva kodova duma c(x) = c0 + c1x + . . . + cn−1x
n−1, za ko�to wHam(c(x)) = D < δ.

Sъglasno Lema 6.14, c(αi) = 0 za i = a, a+ 1, . . . , a+ δ − 2, t.e.









1 αa (αa)2 . . . (αa)n−1

1 αa+1 (αa+1)2 . . . (αa+1)n−1

1 αa+2 (αa+2)2 . . . (αa+2)n−1

...
...

...
. . .

...
1 αa+δ−2 (αa+δ−2)2 . . . (αa+δ−2)n−1



















c0
c1
c2
...

cn−1










= 0. (6.1)

Neka nositel�t na c(x) (mnoжestvoto ot nenulevi koordinatni pozicii) E R = {i1, . . . , id},
t.e. cj 6= 0 toqno kogato j ∈ R. Togava ot (??) poluqavame










(αa)i1 (αa)i2 (αa)i3 . . . (αa)id

(αa+1)i1 (αa+1)i2 (αa+1)i3 . . . (αa+1)id

(αa+2)i1 (αa+2)i2 (αa+2)i3 . . . (αa+2)id

...
...

...
. . .

...
(αa+δ−2)i1 (αa+δ−2)i2 (αa+δ−2)i3 . . . (αa+δ−2)id



















ci1
ci2
ci3
...
cid










= 0. (6.2)
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Tъ� kato d ≤ δ − 1, izbira�ki pъrvite d uravneni� ot (??), poluqavame slednata
sistema ot line�ni uravneni� po otnoxenie na neizvestnite cij :










(αa)i1 (αa)i2 (αa)i3 . . . (αa)id

(αa+1)i1 (αa+1)i2 (αa+1)i3 . . . (αa+1)id

(αa+2)i1 (αa+2)i2 (αa+2)i3 . . . (αa+2)id

...
...

...
. . .

...
(αa+d−2)i1 (αa+d−2)i2 (αa+d−2)i3 . . . (αa+d−2)id



















ci1
ci2
ci3
...
cid










= 0. (6.3)

Determinantata D na matricata ot koeficientite na gornata sistema e ravna na

D =

d∏

j=1

(αa)ij

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 . . . 1
αi1 αi2 αi3 . . . αid

(α2)i1 (α2)i2 (α2)i3 . . . (α2)id

...
...

...
. . .

...
(αd−1)i1 (αd−1)i2 (αd−1)i3 . . . (αd−1)id

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

d∏

j=1

(αa)ij
∏

k>l

(αik − αil) 6= 0.

Tova oznaqava, qe homogennata sistema (??) ima edinstveno rexenie ci1 , . . . , cid) =
(0, . . . , 0), koeto protivoreqi na izbora na c(x).

Primer 6.17. (i) Neka α e koren na 1 + x + x3 ∈ F2[x] i neka C e dvoiqen BQH-koda s
dъlжina 7 i konstruktivno razsto�nie 4, poroden ot

g(x) = lcm(M (0)(x),M (1)(x),M (2)(x))) = 1 + x2 + x3 + x4.

Togava d(c) ≤ wHam(g(x)) = 4. Ot druga strana, sъglasno Teorema 6.16 d(c) ≥ 4. Sle-
dovatelno, d(C) = 4.

(ii) Neka α e koren na 1 + x + x4 ∈ F2[x]. Oqevidno α e primitiven element na F16.
da razgledame BQH-kod v tesen smisъl s dъlжina 15 i konstruktivno razsto�nie 7.
Poraжdawi�t polinom na tozi kod e

g(x) = lcm(M (1)(x),M (2)(x), . . . ,M (6)(x))

= M (1)(x)M (3)(x)M (5)(x)

= 1 + x+ x2 + x4 + x5 + x8 + x10.

Sledovatelno, d(C) ≤ wHam(g(x)) = 7, a ot druga strana, sъglasno Teorema 6.16 d(C) ≥
7. Sledovatelno d(C) = 7.

Primer 6.18. Neka α e primitiven element na F2m i neka M (1)(x) e minimalni� polinom
na α nad F2. Da razgledame dvoiqni� BQH-kod v tesen smisъl C s dъlжina n = 2m−1i
konstruktivno razsto�nie 3, poroden ot

g(x) = lcm(M (1)(x),M (2)(x)) = M (1)(x).

Togava po Teorema 6.16 d(C) ≥ 3 i C e dvoiqni�t kod na Heming.
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6.1.3 Dekodirane na BQH-kodove

6.2 Kodove na Rid-Solomon

Na�-vaжni�t klas BQH-kodove e klasъt na t.nar. kodove na Rid-Solomon. Te sa vъve-
deni ot I. S. Rid i G. Solomon, nezavisimo ot Hokvingem, Bouz i Re�-Qoudhuri.

Da razgledame q-iqen BQH-kod C s dъlжina qm − 1, poroden ot polinoma g(x) :=
lcm(M (a)(x),M (a+1)(x), . . . ,M (a+δ−2)(x)), kъdeto M (i)(x) e minimalni�t polinom nad Fq

na αi za izbran primitiven element α. Ako m = 1, poluqavame q-iqen BQH-kod s
dъlжina q− 1. V toi sluqa� α e primitiven element na Fq i minimalni�t polinom na
αi nad Fq e x− αi. Taka za δ ≤ q − 1 poraжdawi�t polinom priema vida

g(x) = lcm(x − αa, x− αa+1, . . . , x− αa+δ−2)

= (x− αa)(x − αa+1) . . . (x− αa+δ−2),

tъ� kato elementite αa, αa+1, . . . , αa+δ−2 sa dva po dva razliqni.

Definici� 6.19. BQH-koda nad Fq s dъlжina q − 1, poroden ot polinoma

g(x) = (x− αa+1)(x− αa+2) . . . (x− αa+δ−1)

sъs a ≥ 0 i 2 ≤ δ ≤ q− 1 i kъdeto α e primitiven element na Fq we nariqame q-iqen kod
na Rid-Solomon ili RS-kod.

N�ma da razgleжdame dvoiqni RS-kodove, tъ� kato v tozi sluqa� dъlжinata e q−1 =
1.

Primer 6.20. Da razgledame RS-kod nad F7 s dъlжina 6 i poraжdaw polinom g(x) :=
(x−3)(x−32)(x−33) = 6+x+3x2+x3. Tova e [6, 3]-kod nad F7. Edna poraжdawa matrica
poluqavame ot g(x):

G =





6 1 3 1 0 0
0 6 1 3 1 0
0 0 6 1 3 1



 .

Proveroqna matrica poluqavame ot h(x) = (x6 − 1)/g(x) = 1 + x + 4x2 + x3. Ot poluqe-
nata proveroqna matrica moжem da proverim, qe minimalnoto razsto�nie e 4. taka
postroeni�t RS-kod e [7, 3, 4] MDS-kod nad F7.

(ii) Da razgledame RS-koda nad F8 s dъlжina 7 i poraжdaw polinom g(x) = (x−α)(x−
α2) = 1 + α+ (α2 + α)x+ x2, kъdeto α e koren na 1 + x+ x3 ∈ F8. Tova e [7, 5]-kod nad F8.
Ot g(x) moжem da poluqim poraжdawa matrica za tozi kod:

G =









α+ 1 α2 + α 1 0 0 0 0
0 α+ 1 α2 + α 1 0 0 0
0 0 α+ 1 α2 + α 1 0 0
0 0 0 α+ 1 α2 + α 1 0
0 0 0 0 α+ 1 α2 + α 1









.
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Proveroqnata matrica

H =

(
1 α4 1 1 + α4 1 + α4 α4 0
0 1 α4 1 1 + α4 1 + α4 α4

)

se poluqava ot

h(x) = (x7 − 1)/g(x) = α4 + (1 + α4)x+ (1 + α4)x2 + x3 + α4x4 + x5.

Ot tazi proveroqna matrica moжem da proverim, qe minimalnoto razsto�nie e 3. Sle-
dovatelno tozi kod e [7, 5, 3] MDS-kod nad F8.

Teorema 6.21. Kodovete na Rid-Solomon sa MDS-kodove, t.e. q iqni�t kod na Rid-
Solomon s dъlжina q − 1, poroden ot g(x) =

∏a+δ−1
i=a+1 (x− αi) e cikliqen kod s parameri

[q − 1, q − δ, δ] za vs�ko 2 ≤ δ ≤ q − 1.

Dokazatelstvo. Tъ� kato stepenta na g(x) e δ − 1, to razmernostta na koda e toqno
k := q − 1− (δ − 1) = q − δ. Sъglasno Teorema 6.16 minmalnoto razsto�nie e pone δ. Ot
druga strana minmalnoto razsto�nie e na�-mnogo (q− 1)+ 1− k = δ sъglasno garnicata
na Singъltъn. Ottuk sledva iskani� rezultat.

Primer 6.22. Neka α e koren na 1 + x + x4 ∈ F2[x]. Togava α e primitiven element na
F16. Da razgledame RS-koda nad F16, poroden ot g(x) = (x− α3)(x−α ∗ 4)(x− α5)(x−α6).
Ot Teorema ?? poluqavame, qe minimalnoto razsto�nie e 5, a kodъt e s parametri
[15, 11, 5].

Teorema 6.23. Neka C e q-iqen RS-kod, poroden ot polinoma g(x) =
∏δ−1

i=1 (x−αi), kъdeto
2 ≤ δ ≤ q = 1. Togava razxireni�t kod C e sъwo MDS-kod.

Dokazatelstvo. Neka C e cikliqen [q − 1, q − δ, δ]-kod. Tr�bva da pokaжem, qe C e
[q, q − δ, δ + 1]-kod. Neka c(x) =

∑q−2
i=0 cix

i e nenuleva duma ot C. Dostatъqno e da
pokaжem, qe tegloto na c = c0, c1, . . . , cq−2,−

∑q−2
i=0 ci) e pone δ+1. Neka c(x) = f(x)g(x) za

n�kakъv polinom f(x) ∈ Fq[x]/(x
q−1 − 1).

Sluqa� 1: f(1) 6= 0. �sno e, qe g(1) 6= 0. Sledovatelno c(1) =
∑q−2

i=0 ci 6= 0. Togava
tegloto na Heming na c e ravno na wHam(c(x)) + 1, koeto e pone d(C) + 1 = δ + 1.

Sluqa� 2: f(1) = 0, t.e. x−1 e lineen mnoжitel na f(x). Da poloжim f(x) = (x−1)u(x).
Togava c(x) = u(x)(x − 1)g(x) = u(x)

∏δ−1
i=0 (x − αi) e sъwo kodova duma ot BQH-kod s

konstruktivno razsto�nie δ + 1, poroden ot
∏δ−1

i=0 (x − αi). Sledovatelno, tegloto na
Heming na c(x) e pone δ + 1 (Teorema 6.16). Taka tegloto na c e pone δ + 1.

Primer 6.24. (i) da razgledame [6, 3, 4]-koda nad F7 ot Primer 6.20. Matricata






1 4 1 1 0 0 0
0 1 4 1 1 0 0
0 0 1 4 1 1 0
1 1 1 1 1 1 1







e proveroqna matrica na razxireni� kod. Koi da e qetiri stъlba na tazi matrica sa
line�no nezavisimi i sledovatelno minimalnoto razsto�nie 5. Taka t� e proveroqna
matrica na [7, 3, 5] MDS-kod.
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(ii) Da razgledame RS-koda nad F8 s parametri [7, 5, 3] ot Primer 6.20(ii). Matricata




1 α4 1 1 + α4 1 + α4 α4 0 0
0 1 α4 1 1 + α4 1 + α4 α4 0
1 1 1 1 1 1 1 1





e proveroqna matrica na razxireni� kod. taka to� ima minimlano razsto�nie 4 i e
[8, 5, 4] MDS-kod.

Kodovete na Rid-Solomon sa MDS-kodove i kato takiva imat dobri parametri. za
sъжalenie RS-kodovete ne sa dvoiqni, dokto praktiqeskie priloжeni� qesto iziskvat
toqno dvoiqni kodove. Vъzmoжno e da izpolzvame konkatenaci� na kodove za poluqavane
na dobri dvoiqni kodove ot RS-kodove nad n�kakvo razxirenie na F2.

Neka C e [n, k]-kod na Rid-Solomon nad F2m , kъdeto n = 2m − 1. izpolzvame konkate-
nacionnata tehnika ot Teorema 4.19, izpolzva�ki trivialni� kod F

m
2 . Neka α1, . . . , αm

e bazis na F2m nad F2 i da razgledame izobraжenieto φ : F2m → F
m
2 , zadadeno s

u+ 1α1 + u2α2 + . . .+ umαm → (u1, u2, . . . , um).

Togava ot Teorema 4.19 poluqavame sledni� rezultat.

Teorema 6.25. Neka C e [n, k] -RS kod nad F2m , kъdeto n = 2m − 1. Togava

φ∗(C) := {(φ(c0), φ(c1), . . . , φ(cn−1) | (c0, c1, . . . , cn−1) ∈ C}

e dvoiqen [mn,mk]-kod s minimalno razsto�nie pone n− k = 1.

Primer 6.26. da razgledame RS-koda C, poroden ot

g(x) =

6∏

i=1

(x− αi) =

6∑

i=1

xi,

kъdeto α e koren na 1 + x+ x3. Sledovatelno,

C = {a(1, 1, 1, 1, 1, 1, 1) | a ∈ F8}

e trivialni�t [7, 1, 7] MDS-kod (kod s povtorenie). Togava kodъt φ∗(C) e dvoiqen
[21, 3, 7]-kod, poroden ot

100100 . . .100, 010010 . . .010, 001001 . . .001.

Pri zadaden RS-kod C kodъt φ∗(C) ne moжe da poprav� mnogo sluqa�ni grexki, tъ�
kato minimalnoto rezsto�nie ne e gol�mo. No tozi kod moжe da se izpolzva mnogo
po-uspexno za poprav�ne na paketi ot grexki.

Teorema 6.27. Neka C e [2m − 1, k]-kod na Rid-Solomon nad F2m . Togava kodъt φ∗(C)
moжe da poprav� m⌊(n− k)/2⌋ −m + 1 paketni grexki, kъdeto n = 2m − 1 e dъlжinata
na koda.
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Dokazatelstvo. Da poloжim l = m⌊(n−k)/2⌋−m+1. Sъglasno Teorema ?? e dostatъqno
da pokaжem ,qe vsiqki paketni grexki s dъlжina l ili po-malko leжat v razliqni
sъsedni klasove.

Neka e1, e2 ∈ F
mn
2 sa dve paketni grexki s dъlжina l ili po-malko, koito leжat v

edin i sъwi sъseden klas na φ∗(C). neka ci e proobrazъt na ei pri ziobraжenieto φ∗,
t.e. φ∗(ci) = ei za i = 1, 2. Togava e �sno, qe

wHam(ci) = ⌈
l − 1

m
⌉+ 1

= ⌊
n− k

2
⌋

= ⌊
d(C)− 1

2
⌋ (tъ� kato C e MDS-kod)

za i = 1, 2 i c1, c2 sa v edin i sъwi sъseden klas na C. Togava c1 = c2, koeto oznaqava,
qe e1 = e2, tъ� kato φ∗ e inektivno.

Primer 6.28. Za [7, 3, 5]-RS koda nad F8, kodъt φ∗(C) e lineen, dvoiqen [21, 9]-kod. To�
poprav�

l = 3⌊
7− 3

2
⌋ − 3 + 1 = 4

paketni grexki.

6.3 Kvadratiqno-ostatъqni kodove

Neka p > 2 e prosto qislo i neka g e primitiven element v Fp. Edin nenulev element
r ∈ Fp se nariqa kvadratiqen ostatъk po modul p, ako r = g2i za n�kakvo c�lo qislo
i; v protiven sluqa� r se nariqa kvadratiqen neostatъk po modul p. �sno e, qe r e
kvadratiqen neostatъk togava i samo togava, kogato r = g2j−1 za n�kakvo c�lo qislo j.

Primer 6.29. (i) Da razgledame kra�noto pole F7. Lesno se prover�va, qe 3 e primitven
element vъv F7. nenulevite kvadratiqni ostatъci po modul 7 sa {32i | i = 0, 1, . . .} =
{1, 2, 4}, a kvadratiqnite neostatъci sa {32i−1 | i = 1, 2, . . .} = {3, 6, 5}.

(ii) V poleto F11 2 e primitiven element. Nenulevite kvadratiqni ostatъci po
modul 11 sa {22i | i = 0, 1, . . .} = {1, 4, 5, 9, 3}, a kvadratiqnite neostatъci sa {22i−1 | i =
1, 2, . . .} = {2, 8, 10, 7, 6}.

(iii) Lesno se prover�va, qe v poleto F23 5 e primitiven element. taka nenulevite
kvadratiqni ostatъci po modul 23 sa {52i | i = 0, 1, . . .} = {1, 2, 4, 8, 16, 9, 18, 13, 3, 6, 12}, a
kvadratiqnite neostatъci sa {52i−1 | i = 1, 2, . . .} = {5, 10, 20, 17, 11, 22, 21, 19, 15, 7, 14}.

Teorema 6.30. Edin nenulev element r vъv Fp e nenulev kvadratiqen ostatъk po modul
p togava i samo togava, kogato r ≡ a2 (mod p) za n�koe a ∈ F

∗
p. Po-specialno kvadra-

tiqnite ostatъci sa nezavisimi ot izbora na primitiven element.

Teorema 6.31. Neka p e neqetno prosto qislo. da oznaqim s Qp i Np sъotvetno mnoж-
estvata na nenulevite kvadratiqni ostatъci i neostatъci po modul p. V sila sa
tvъrdeni�ta:
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(i) Proizvedenietto na dva kvadratiqni ostatъka po modul p e kvadratiqen ostatъk
po modul p.

(ii) Proizvedenieto na dva kvadratiqni neostatъka po modul p e kvadratiqen neostatъk
po modul p.

(iii) Proizvedenieto na nenulev kvadratiqen ostatъk po modul p i kvadratiqen neostatъk
po modul p e kvadratiqen neostatъk po modul p.

(iv) Sъwestvuvat toqno (p−1)/2 nenulevi kvadratiqni ostatъci po modul p i (p−1)/2
kvadratiqni neostatъci po modul p. Sledovatelno Fp = {0} ∪ Qp ∪ Np.

(v) Ako α ∈ Qp i β ∈ Np, to e izpъlneno

αQp = {αr | r ∈ Qp} = Qp,

βQp = {βr | r ∈ Qp} = Np,

αNp = {αn | n ∈ Np} = Np,

βNp = {βn | n ∈ Np} = Qp.

Primer 6.32. da razgledame F11. Mnoжestvoto na nenulevite kvadratiqni ostatъci po
modul 11 e Q11 = 1, 4, 5, 9, 3}, tova na kvadratiqnite neostatъci po modul 11 e N11 =
{2, 8, 10, 7, 6}. Oqevidno |Q11| = |N11| = 5. Po-natatъk izbira�ki 4 ∈ Q11 i 2 ∈ N11

poluqavame

4Q11 = {4, 5, 9, 3, 1} = Q11

2N11 = {2, 8, 10, 7, 6} = N11

4Q11 = {8, 10, 7, 6, 2} = N11

2N11 = {4, 5, 9, 3, 1} = Q11

Da izberem prosto qislo l, l 6= p, koeto e kvadratiqen ostatъk po modul p. da
izberem c�lo qislo m ≥ 1, za koeto lm − 1 se deli na p. Neka θ e primitiven element
na Flm i da poloжim α = θ(l

m−1)/p. Togava redъt na α e p; t.e. imame 1 = α0, α =
α1, α2, . . . , αp−1 sa dva po dva razliqni i xp − 1 =

∏p−1
i=0 (x− αi).

Da razgledame polinomite

gQ(x) =
∏

r∈Qp

(x− αr), gN (x) =
∏

n∈Np

(x − αn). (6.4)

Ot Teorema 6.31(iv) sledva, qe

xp − 1 = (x− 1)gQ(x)gN (x).

Lema 6.33. Koeficientite na polinomite gQ(x) i gN (x) sa vъv Fl.
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Dokazatelstvo. Neka gQ(x) = a0 + a1x+ . . .+ akx
k, kъdeto ai ∈ Flm , k = (p− 1)/2. Imame

al0 + al1x+ . . .+ alkx
k =

∏

r∈Qp

(x − αlr)

=
∏

j∈lQp

(x− αj)

=
∏

j∈Qp

(x− αj)

= gQ(x).

Tuk izpolzvame fakta, qe lQ = Q. Sledovatelno ai = ali, 0 ≤ i ≤ m, t.e. elementite ai
sa ot Fl i gQ(x) ∈ Fl. Sъwi� argument moжem da izpolzvame za polinoma gN (x).

Primer 6.34. (i) Neka p = 7 i l = 2. Neka α e koren na 1 + x + x3 ∈ F2[x]. Polinomite,
definirani v (6.4) sa

gQ(x) =
∏

r∈Q7

(x− αr)

= (x− α)(x − α2)(x− α4)

= 1 + x+ x3

i

gN (x) =
∏

n∈N7

(x− αn)

= (x− α3)(x− α6)(x− α5)

= 1 + x2 + x3

Neposredstveno se prover�va, qe x7 − 1 = (x− 1)gQ(x)gN (x).
(ii) neka p = 11 i l = 3. Neka θ e koren na 1 + 2x+ x5 ∈ F3[x]. Togava θ e primitiven

element na F35 i redъt na α := θ22 e 11. Sega polinomite, definirani v (6.4) sa

gQ(x) =
∏

r∈Q11

(x− αr)

= (x− α)(x − α3)(x− α9)(x− α5)(x− α4)

= 2 + x2 + 2x3 + x4 + x5

i

gN (x) =
∏

n∈N11

(x− αn)

= (x− α2)(x− α6)(x − α7)(x − α10)(x − α8)

= 2 + 2x+ x2 + 2x3 + x5.

Neposredstveno se prover�va, qe x11−1 = (x−1)((x5+x4+2x3+x2+2)((x5+2x3+x2+2x+2).
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(iii) neka p = 23 i l = 2. Neka θ e koren na 1 + x + x3 + x5 + x11 ∈ F2[x]. Togava θ e
primitiven element na F211 i redъt na α := θ89 e 23. Dvata polinoma, definirani v
(6.4) sa

gQ(x) =
∏

r∈Q23

(x− αr)

= (x− α)(x − α2)(x− α4)(x − α8)(x − α16)

×(x− α9)(x− α18)(x− α13)(x − α3)(x − α6)(x − α12)

= 1 + x2 + x4 + x5 + x6 + x10 + x11

i

gN (x) =
∏

n∈N23

(x− αn)

= (x − α5)(x − α10)(x − α20)(x− α17)(x− α11)

×(x− α22)(x− α21)(x − α19)(x − α15)(x− α7)(x− α14)

= 2 + 2x+ x2 + 2x3 + x5.

Definici� 6.35. Neka p i l sa razliqni prosti qisla i neka l e kvadratiqen ostatъk
po modul p. Da izberem c�lo qislo m ≥ 1, za koeto p deli lm − 1. Neka θ e primitiven
element na Flm i da poloжim α = θ(l

m−1)/p. Delitelite na xp − 1

gQ(x) :=
∏

r∈Qp

(x− αr) i gN (x) :=
∏

n∈N

(x− αn)

sa definirani nad Fl. Cikliqnite kodove CQ = 〈gQ(x) i CN = 〈gN (x)〉 s dъlжina p se
nariqat kvadratiqno-ostatъqni kodove ili QR-kodove.

Primer 6.36. (i)
(ii)
(iii)

V gornite tri primera kodovete CQ i CN sa ekvivalentni. Okazva se, qe tova e
obw fakt, ko�to we dokaжem. zapoqvame s edna spomagatelna lema.

Lema 6.37. Neka m,n > 1 sa celi qisla i neka (m,n) = 1. Togava izobraжenieto

χm : Fq[x]/(x
n − 1) → Fq[x]/(x

n − 1), a(x) 7→ a(xm)

e permutaci� na F
n
q , ako identificirame F

n
q s Fq[x]/(x

n − 1) qrze izobraжenieto

π : (f0, f1, . . . , fn−1) 7→
n−1∑

i=0

fix
i.

Dokazatelstvo.



6.3. Kvadratiqno-ostatъqni kodove 109

Primer 6.38.

Teorema 6.39. Kvadratiqno-ostatъqnite kodove CQ i CN nad Fl sa ekvivalentni.

Dokazatelstvo.

Teorema 6.40. (i) Neka p e neqetno prosto qislo i neka r e c�lo,z a koeto gcd(r, p) = 1.
Qisloto r e kvadratiqen ostatъk po modul p togava i samo togava, kogato r(p−1)/2 ≡ 1
(mod p).

(ii) Neka p e neqetno prosto qislo. Qisloto 2 e kvadratiqen ostatъk po modul p,
ako p e otvida p = 8m± 1 i e kvadratiqen neostatъk, ako p e ot vida p = 8m± 3.

Sledstvie 6.41. Dvoiqni kvadratiqno-ostatъqni kodove s dъlжina p sъwestvuvat
togava i samo togava, kogato p e prosto qislo ot vida p = 8m± 1.

Primer 6.42. V tablicata po-dolu predstav�me parametrite na pъrvite n�kolko dvoiqni
kvadratiqno-ostatъqni kodove.

Dъlжina razmernost Minmalno razsto�nie
7 4 3
17 9 5
23 12 7
31 16 7
41 21 9
47 24 11
71 36 11
73 37 13
79 40 15
89 45 17

6.4 Zadaqi

1.
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Glava 7

Kodove na Goppa

Prez 1970 g. Vitali Goppa opisva now interesen klas ot line�ni kodove, koito poluqa-
vat imeto kodove na Goppa. Tozi klas vkl�qva veqe razgledanite BQH-kodove v tesen
smisъl. Okazva se, qe kodovete na Goppa sa na�-interesni� podklas ot alternantni
kodove, vъvedeni ot Helgert prez 1874 g.

7.1 Obobweni kodove na Rid-Solomon

V razdel 6.2 vъvedohme kodovete na Rid-Solomon kato specialen klas BQH-kodove.
Kod na Rid-Solomon nad Fq definirahme kato BQH-kod nad Fq s dъlжina q−1, poroden
ot

g(x) = (x − αa)(x − αa+1) . . . (x− αa+δ−2),

kъdeto a ≥ 1 i q − 1 ≥ δ ≥ 2 i α e primitiven element na Fq. Tozi kod e MDS-kod s
parametri [q − 1, q − δ, δ]. Sega da razgledame kodove na Rid-Solomon v tesen smisъl,
t.e. a = 1. V tozi sluqai9 sъwestvuva alternativno opisanie na RS-kdovete, koeto we
se okaжe udobno.

Teorema 7.1. Neka α e primitiven element na Fq i neka q − 1 ≥ δ ≥ 2. Kodъt na
Rid-Solomon v tesen smisъl nad Fq, imaw poraжdaw polinom

g(x) = (x− α)(x − α2) . . . (x− αδ−1)

e raven na

{(f(1), f(α), f(α2), . . . , f(αq−2)) | f(x) ∈ Fq[x], deg f(x) < q − δ}. (7.1)

Dokazatelstvo. Lesno se prover�va, qe mnoжestvoto, zadadeno s (??) e vektorno pros-
transtvo nad Fq. na�-napred we pokaжem, qe to se sъdъrжa v RS-koda poroden ot g(x).

Kodovata duma c = (f(1), f(α), f(α2), . . . , f(αq−2)) sъotvetstva na polinoma c(x) =
∑q−2

i=0 f(αi)xi ∈ Fq[x]/(x
n − 1). Tr�bva da pokaжem, qe c(x) se deli na g(x), s drugi

dumi, qe
c(α) = c(α2) = . . . = c(αδ−1 = 0.
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Da otbeleжim, qe za 1 ≤ k ≤ q − 2 imame
∑q−2

i=0 αik = ((αk)q−1 − 1)?(q − 1) = 0. Neka
f(x) =

∑q−δ−1
j=0 fjx

j. Togava za vs�ko l = 1, . . . , δ − 1 imame

cα
l

=

q−2
∑

i=0

f(αi)(αl)i =

q−2
∑

i=0





q−δ−1
∑

j=0

fjα
ij



αil =

q−δ−1
∑

j=0

fj

(

αi(j+l)
)

= 0.

tъ� kato 1 ≤ j + l ≤ q − 2.
Izobraжenieto f 7→ (f(1), f(α), . . . , f(αq−2)) ot polinomite v Fq[x] ot stepen < q− δ v

mnoжestvoto, zadadeno s (??), e inektivno. Ako f(x) e v �droto na tova izobraжenie, to
to� tr�bva da ima q−1 > deg f(x) nuli, otkъdeto e tъжdestveno 0. Tova izobraжenie e i
s�rektivno i sledovatelno i izomorfizъm na vektorni prostranstva. Razmernostta na
vektornoto prostranstvo ot (??) w q− δ i sъvpada s razmernossta na RS-koda, poroden
ot g(x). Tova dokazva teoremata.

Sledstvieto po-dolu dava druga eksplicitna poraжdawa matrica za kdovete na
Rid-Solomon v tesen smisъl.

Sledstvie 7.2. Neka α e primitiven element na Fq i neka q − 1 ≥ δ ≥ 2. Togava
matricata










1 1 1 . . . 1
1 α α2 . . . αq−2

1 α2 α4 . . . α2(q−2)

...
...

...
. . .

...
1 αq−δ−1 α2(q−δ−1) . . . α(q−δ−1)(q−2)










e poraжdawa matrica za koda na Rid-Solomon s poraжdaw polinom

g(x) = (x− α)(x − α2) . . . (x− αδ−1).

Sega we obobwim definici�ta ot Teorema 7.1 za da poluqim edin po-obw klas ot
kodove, koito sъwo sa MDS-kodove.

Definici� 7.3. Neka n ≤ q. Neka α = (α1, α2, . . . , αn), kъeto αi, i = 1, . . . , n, sa razliqni
elementi na Fq. Neka v = (v1, v2, . . . , vn), kъdeto vi ∈ F

∗
q za vsiqki 1 ≤ i ≤ n. Za vs�ko

k ≤ n definirame obobweni� kod na Rid-Solomon GRSk(α,v) posredstvom

{(v1f(α1), v2f(α2), . . . , vnf(αn)) | f(x) ∈ Fq, deg f(x) < k}

Elementite α1, α2, . . . , αn nariqame lokatori na koda GRSk(α,v).

Teorema 7.4. Obobweni� kod na Rid-Solomon GRSk(α,v) ima parametri [n, k, n−k+1],
t.e. tova e MDS-kod.

Dokazatelstvo. Oqevidno GRSk(α,v) e s dъlжina n. Kakto v teorema 7.1 moжem da
pokaжem, qe razmernostta na tozi kod e k. Ostava da dokжem , qe minimalnoto razs-
to�nie e n− k + 1.
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We prebroim maksimalni� bro� nuli v nenuleva kodova duma. Da predpoloжim, qe
f(x) ne e tъжdestveno nula. Tъ� kato deg f(x) < k, polinomъt moжe da ima na�-mnogo
k − 1 nuli. S drugi dumi, kodovata duma

(v1f(α1), v2f(α2), . . . , vnf(αn))

ima na�-mnogo k − 1 nulevi koordianti. Taka tegloto í e pone n − k + 1 i minalnoto
razsto�nie d na GRSk(α,v) udovletvor� d ≥ n − k + 1. Ot granicata na Singъltъn
sledva, qe d = n− k + 1, t.e. GRSk(α,v) e MDS-kod.

Zabeleжka 7.5. V sluqa�, kogato v + (1, 1, . . . , 10 i n < q − 1 konstruirani�t obobwen
kod na Rid-Solomon se nariqa qesto sъkraten kod na Rid-Solomon, tъ� moжe da bъde
poluqen ot RS-kod qrez sъkrawavane na podhod�wi koordinati.

Kakto i pri kodovete na Rid-Solomon, ortogonalni�t na edin obobwen kod na Rid-
Solomon e otnovo obobwen kod na Rid-Solomon.

Teorema 7.6. Ortogonalni�t kod na obobweni� kdo na Rid-Solomon GRSk(α,v) nad Fq

s dъlжina n e GRSn−k(α,v′) za n�kakъvektor v′ ∈ (F∗
q)

n.

Dokazatelstvo. Neka na�-napred k = n−1. Izvestno e, qe ortogonalni�t na GRSk(α,v),
ko�to e MDS-kod, e otnovo MDS-kod i taka parametrite mu sa [n, 1, n]. Bazisъt mu se
sъstoi ot vektora v′ = (v − 1′, v′2, . . . , v

′
n), kъdeto v′i ∈ F

∗
q. taka ortogonalni�t kod e

GRS1(α,v′). po specialno iamme, qe za vsiqki f(x) ∈ Fq[x] ot stepen < n− 1

v1v
′
1f(α1) + v2v

′
2f(α) + . . . vnv

′
nf(αn) = 0, (7.2)

kъdeto v + (v1, v2, . . . , vn).

Za proizvolno k tvъrdim, qe GRSk(α,v)⊥ = GRSn−k(α,v′). Proizvolna kodova duma
ot GRSk(α,v) ima vida(v1f(α1), v2f(α2) . . . , vnf(αn)), kъdeto f(x) ∈ Fq[x], deg f(x) ≤ k− 1.
Ot druga strana edna kodova duma ot GRSn−k(α,v′) ima vida (v′1g(α1), v

′
2g(α2) . . . , v

′
ng(αn)),

kъdeto g(x) ∈ Fq[x], deg f(x) ≤ n− k − 1. Tъ� kato deg(f(x)g(x0) ≤ n− 2 < n− 1, imame

(v1f(α1), v − 2f(α2) . . . , vnf(αn)) · (v
′
1g(α1), v

′
2g(α2) . . . , v

′
ng(αn)) = 0

ot(7.2).

Sledovatelno, GRSn−k(α,v′) ⊆ GRSk(α,v)⊥. Rezultatъt sledva kato sravnim razmer-
nostite na dvata koda.
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Sledstvie 7.7. Matricata










v′1 v′2 . . . v′n
v′1α1 v′2α2 . . . v′nαn

v′1α
2
1 v′2α

2
2 . . . v′nα

2
n

...
...

. . .
...

v′1α
n−k−1
1 v′2α

n−k−1
2 . . . v′nα

n−k−1
n










=










1 1 . . . 1
α1 α2 . . . αn

α2
1 α2

2 . . . α2
n

...
...

. . .
...

αn−k−1
1 αn−k−1

2 . . . αn−k−1
n

















v′1 0 . . . 0
0 v′2 . . . 0
...

...
. . .

...
0 0 . . . v′n








e proveroqna matrica za GRSk(α,v).

7.2 Alternantni kodove

Alternantnite kodove sa xirok klas ot line�ni kodove, vkl�qvawi kodovete na Heming
i BQH-kodovete. V tozi razdel we sqitame, qe RS-kodovete sa definirani po-obwo nad
Fqm .

Definici� 7.8. Alternantni�t kod Ak(α,v′) nad kra�noto pole Fq e ograniqenieto
nad kra�noto pole Fq na obobweni� kod na Rid-Solomon GRSk(α,v) nad Fqm .

S drugi dumi alternantni�t kod Ak(α,v′) eograniqenieto GRSk(α,v)|Fq
.

Teorema 7.9. Alternantni�t kod Ak(α,v′) ima parametri [n, k′, d], kъdeto mk−(m−1)n ≤
k i d ≥ n− k + 1.

Dokazatelstvo. Sъglasno Teorema 7.4, kodъt GRSk(α,v) ima parametri [n, k, n−k+1].
Sledovatelno Ak(α,v′) ima dъlжina n i rezmernostta mu k′ udovletvor� k′ ≤ k. Sega
rezultatъt sledva ot Teorema ??.

Ot definici�ta na alternantni kodove sledva, qe Ak(α,v′) e mnoжestvoto na dumite
{c ∈ F

n
q | cHT = 0}, kъdeto H e matricata ot Sledstvie 7.7.

Vseki element β ∈ Fqm moжe da bъde zapisan po edinstven naqin vъv vida β =
∑m−1

i=0 βiα
i, kъdeto α e primitiven element na Fqm i βi ∈ Fq, 1 = 0, 1, . . . ,m − 1. Sle-

dovatelno, ako zamenim vseki element β na H s vektora-stъlba(β0, β1, . . . , βm−1)
T , we

poluqim (n− k)m× n matrica H nad Fq, qrez ko�to Ak(α,v′) se opredel� kato

{c ∈ F
n
q | cH

T
= 0}.

Matricata H igrae rol� na proveroqna matrica na Ak(α,v′). Edinstvenata razlika
e, qe redovete na H sa line�no zavisimi.
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Primer 7.10. (i) Neka q = 2, a m ≥ 3 e c�lo qislo. Neka α e primitiven element na F2m .
da poloжim

v′ = (1, α, α2, . . . , α2m−2).

Za vs�ko α = (α, . . . , α2m−1), kъdeto {α1, . . . , α2m−1} = F
∗
2m , alternantni�t kod A2m−2(α,v′)

e
A2m−2(α,v′) = {c ∈ F

2m−1
2 | c(1, α, α2, . . . , α2m−2)T = 0}.

�sno, qe ako H + (1, α, α2, . . . , α2m−2), to H e m × (2m − 1) matrica, qiito stъlbove
sa vsiqki nenulevi vektori ot F

m
2 . Tova e proveroqnata matrica nadvoiqni� kod na

Heming Ham(m, 2) i taka A2m−2(α,v′) = Ham(m, 2).

(ii) Za vs�ko q i m definirahme BQH kod nad Fq kato mnoжestvoto ot vsiqki vektori
c ∈ F

n
q , udovletvor�vawi cH ′T = 0, kъdeto

H ′ =










1 αa α2a . . . αa(n−1)

1 αa+1 α2(a+1) . . . α(a+1)(n−1)

1 αa+2 α2(a+2) . . . α(a+2)(n−1)

...
...

...
. . .

...

1 αa+δ−2 α2(a+δ−2) . . . α(a+δ−2)(n−1)










=










1 1 1 . . . 1
1 α α2 . . . αn−1

1 α2 α4 . . . α2(n−1)

...
...

...
. . .

...
1 αδ−2 α2(δ−2) . . . α(δ−2)(n−1)

















1 0 . . . 0
0 αa . . . 0
...

...
. . .

...
0 0 . . . αa(n−1)








e vъv vida, predstaven v Sledstvie 7.7. Sledovatelno BQH-kodovete sa alternantni
kodove.

(iii) Neka q = 2 i m = 3. Neka α e primitiven element na F8, udovletvor�vaw
α3 + α + 1 = 0. Da poloжim v′ = (1, . . . , 1) i α = (α, α2, . . . , α6). Togava A3(α,v′) = {c ∈
F
6
2 | cHT = 0}, kъdeto

H =





1 1 1 1 1 1
α α2 α3 α4 α5 α6

α2 α4 α6 α α3 α5



 .

Togava

H =

















1 1 1 1 1 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 1 1
1 0 1 1 1 0
0 1 0 1 1 1
0 0 1 0 1 1
0 1 0 1 1 1
1 1 1 0 0 1

















,
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ko�to ima slednata reducirana gorna trapecovidna forma

H =

















1 0 0 0 1 1
0 1 0 0 0 1
0 0 1 0 1 1
0 0 0 1 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

















,

Sledovatelno A3(α,v′) ima porжdawa matrica
(

1 0 1 1 1 0
1 1 1 0 0 1

)

i e [6, 2, 4]-kod.
Po dolu e predstaveno opisanie na ortogonalni� na alternanten kod, koeto sledva

neposredstveno ot Teoremi 4.27 i 7.6.

Teorema 7.11. Ortogonalni�t na alternantni� kod Ak(α,v′) e kodъt

TrFqm/Fq
(GRSn−k(α,v′).

Sledvawata teorema demonstrira sъwestvuvaneto na alternantni kodove s dadeni
parametri.

Teorema 7.12. Neka sa dadeni poloжitelni celi qisla n, h, δ,m. Sъwestvuva alter-
nanten kod Ak(α,v′) nad Fq, ko�to e kod definiran nad podpole za RS-kod s parametri
[n, k′, d] nad Fqm , kъdeto k′ ≥ h i d ≥ δ, vinagi kogato

δ−1∑

w−0

(q − 1)w
(
n

w

)

< (qm − 1)⌊(n−h)/m⌋. (7.3)

Dokazatelstvo. Za vseki vektor c ∈ F
n
q neka

R(α, k, c) = {v ∈ (F∗
qm)n | c ∈ GRSk(α,v)}.

Da zapixem c = (c1, . . . , cn) i v = (v1, . . . , vn). Imame ci = vif(αi), 1 ≤ i ≤ n, kъdeto f(x) ∈
Fq[x] e ot stepen < k. Za fiksirana dume c polinomъt f(x) se opredel� ednoznaqno wom
izberem k sto�nosti za vi. Sledovatelno

|R(α, k, c)| ≤ (qm − 1)k.

Bro�t na vektorite c ∈ F
n
q s teglo < δ se zadava s

∑δ−1
w=0

(
n
w

)
(q − 10w i taka, vzima�ki

k = n− ⌊(n− h)/m⌋, poluqavame
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

⋃

wHam(c) < δ

c ∈ F
n

q

R(α, k, c)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

≤

(
δ−1∑

w=0

(
n

w

)

(q − 1)w

)

(qm − 1)n−⌊(n−h)/m⌋.
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Sega
|(F∗

qm)n| = (qm − 1)n.

Sledovatelno ot uslovieto (7.3) poluqvame, qe
⋃

wHam(c) < δ

c ∈ F
n

q

R(α, k, c)

e strogo po-malko ot (F∗
qm), t.e. sъwestvuva vektor v ∈ (F∗

qm), za ko�to GRSk(α,v)
ne sъdъrжa duma ot F

n
q s teglo < δ. Sledovatelno alternantni�t kod Ak(α,v′) e s

minimalno razsto�nie ≥ δ. Tъ� kato k = n−⌊(n−h)/m⌋ ≥ ((m−1)n+h)/m, ot Teorema 7.9
poluqavame k′ ≥ mk − (m− 1)n ≥ h.

7.3 Kodove na Goppa
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