
� ��������� 	 ��
�����
��������

� � ����� � � � � � � � � � ��� � �

F p( )= f t( )e
-pt

dt
0

+

�! #"%$'&)(*$,+)-/.%./0



�21 
 1 �43 ����5�6

798;:=<?>A@CBD@E8 -
F/G 798;:H@JIE8LKCMD@JB?KDN/O%:PN/KRQTSH8%O%: U
- G 798;:H@JIE8LKCMD@JB?KDN/O%:PN/KWVXKDY[Z%K]\_^a`9\=N%@CB?N/Ob\HBD@Jc%\AdeB?K f
U Ghg O%ij:k8;:AN/l/OD8[KDN%:mOnO/N/do:H>p8%O?8LKDN/:XN/Kq@E8%O%>rO/N/K_ZbOb@JIs8[KCM FLt
0 G `9\=N%@CB?N'Ondo:H@E8;:vuwObN/Kx@JY%:k8[KDl/O%@JN/N%@Jdo@e\yu{z/dWKDN%: -'0
t|Gm} :H@E8;:vuwORM?K~8[KCMHZ%K]>rKDN%:=do@ U;�
�|G�� MD@JIs8[K?��:=N/O[z��a\HBD�s8'M?KDN/Ob\H�?\m\=Y%:=l/O/K_Z%N/Obi)S�N/��l/O/O 0|�
� G Q�@E8�uwSCZ%KeM?Kx@JIs8;�C�WKDN%: t%t
�|G 798%O[Z;@H��:=N/O%:~M?K~8;:=�WK]B?KDN%:XN/Ke<CO%ij:k8;:=N/l/O/K_Z%N/ObSH8[K]B?N%:=N/OLzROb\=O%\=do:yuwO � 0
f G�� uwY/SCZ;\=N/Kxi)S�N/��l/OLz �%t
F . Gm} KDIrZ%O/l/KxN/KxNLz/�[@JOb@E8%O/>AO'N/K_Z%ObORdo:s�/N/O/do:~O�MD@JIs8[K?��:=N/OLz f F
VXO/do:k8[KDdWSH8[K f%-

�



� ��6�
����������

���'�H�/�D�'�'�]�'�'�D�]���H� ���D�D�'�e�e�=¡h¢=£;�C£%�H�'��¤¦¥'�/�?�§�/� �J¨ ¤]�H¥§�D�R�D�'©Eª%�'«'�H¥'���­¬~��¢_�'¥§®��A¯¤]�'�_�D«L£��D�]�/�J°/�Cª%��±]�=¢e£%�]�=�?�?�D¡�°'�/���]±]�]�H�'�]¤]¥L��²*³w�?¯k¥�¡,�H�'�!�]���x�]±D�]�H�'�]¤��D�'���/�!±��?¢J�?�D�¦�/��D�/�Cª%���]�'°'�'�����X¬w´L�'¥'�'�'�|²���'�H�/�?�'�'�]�'�'�D�]�q�H� ���?�D�'�m�~¤��?µo�H�¦�D�/�D�/�?�x�/�o�=¡,¤]�'�H�)�H�'�'���]�P�)�=�]�_£%�R�/�o�'�'�Lª%�Jµx�/�?�?��j�?�]�H�j�?�]�'¥��L²,¶~�?«L¯k©sª;�D¤]�'�D�]�e£%�]�=�]�]«'�'�=�]¤]�'·|�/�q¥[�]�=�]�¸�H�X£/¡|ª/µx�R�'�]��´Jª/�'�'�'�]�=�D�D�¸� ´]·¹�P�Cª'¯©H�H±]�'��¢J�D�'�����?�¦�/�!�]�H�'�]¤]�'���]�o�]�'�H�/�D�'�'�§�/�!�j�?�]�=���C�]�'°'�_�H¥'���º�?�/�Cª%��¢]·h¥L�]�=�]�¦��¡,¥b�D�¦�H¤]�J��=�]�/�D�/�q£;�D¤��¸¤D¡h¢_�)�Jµx�'�]�=�¸¢J��»=�'¥[�]�'�]�)���b�/�¸�)�'�Aª%�H�'�=���%»?·h¥L�]�)�/�D¥��]�'�]�=���/�¸�'���]�H�'�'�'�=�]�C¯�'�'���]�D·;¼P�'�'�]¥L�q��¢_�'�?ª/¢H´L¤��D�'�P�/�x�D�/�D�/�?�?�x�/�x�Cª%©H�H±]�/�?�D��²/½m��´L©H�D�]�'·¹�'�m�'�?¯k�j�Cª%¥[�x�'�'�H�'� ´�¯
¾ �H�=�]¤]�'·#�H�q�=¡,�=�]�]�­¤��]�]¤���·,°'�x�]�R�'�'�H¤]�=µo£;�!¢J�C£;�C°'�­�D���]�H�]�'���­�/��¬w´L�'¥'�'�'�º�/�¦�'�_�Cª%�/��'�'�]�)�H�Lª%�'¤��q�/�q�=¢_�'¥L�q�/�x�]�H�]�'���n�/�q¬w´L�'¥'�'�'�n�/�q¥[�]�)�Lª%�H¥L�=�/�¸�'�'�]�)�H�Lª%�'¤���·¹¥L�J���]�¸�'�'�L¯�]�=µo�D¤��o�=¡,¤D¡,��¼P�H�¦�¸�D¡,��¡,¥��D�/�D�/�?�C²³w�'�n�'�=¼W�?¤��D�'�W�/�x¢J�C£;�J°'�b�D�¸�'�'�Lª%�Jµx�/�q�j�?�]�H�j�?�]�'¥L��·h�)�A¿[�D�'�'¥L��·|�'��µW�H�'�H�'�'���]�W£%�'�r¯�'�'�Lª%�'�'�­�/�D«L¯k©H�?ª/�'�)���'�'��¢_�/�D�'�'�x�_�¦�'�?ª/´L°'�Lª%�­�]�'�H�/�D�'�'�]�'�'���]�q�)�=�]�_£%�|·*�]�H�'�]¤��D¤�� ¾ ���H��/�n�'���]�H©H�/�Cª%�'�D���§�'�'�H�]±]�/�?¢_�]¤��D�'�'�!�/�RÀm�D�Lª;�D�D· �¸�'�]�)� ¾ �?�b�/�n¥[�]�=�]�§�H¬~�H¥��]�'¤]�'�§�H�!�'�A¯¼W�D¤��?���)�'�]©H�b£%�'¬~�H�'�H�'�'�/�Cª%�'�Á�Â�'���]�H©H�/�Cª%�'�Â´L�/�D¤]�'�H�'���|²Ã¶w�H¥L��·j�/�D�'�'�'�)�H�|·)�]���'±]¤��n£;��H�o�/�D�)�H�'�b¬w´L�'¥'�'���

y(t)
·|¥[�J���]�¸´L°/�D�=�]¤D´L¤��!¤x£;�C£%�H�'�q£%�'¬~�H�'�H�'�'�/�Cª%�'�¦�Lª%�§�'���]�H©H�/�Cª%�'�´L�/�D¤]�'�H�'�'�D²L���'�H�/�D�'�'�]�'�'�����~�)�=�]�J£e¢J���'�=¼W�D¤��D�'�9�/�T�?�D¥L�D¤��T¢J�C£;�C°/���H�a�=¡,�=�]�]�o¤w�Aª%�A£%�'�D�]�'Ä�/�D«L¯k�/�D�'�'�A£º�D�!�D¡,�'�H�H�/�?�D��¬w´L�'¥'�'���

y(t)
�H�e�'�'�H�)�'�/�D¤��!¥�¡,�Å�'�H«'�'�����]±]�/�?¢

Y (p)
°'�'�=¢�'�'�H�]±]�/�?¢_�]¤��D�'�'�=�]�§�/�RÀm�D�Lª;�D�D· �Aª%�A£Â�]�]¤��n�

Y (p)
�H�¸��¢_¤D¡,��¼P¤��?�n£%�H«'�=�]¤]���|·)�=¡|�D�]¤]�=�]�'��/�P£;�C£%�H�'���]�~£%�H«'�=�]¤]�����

y(t)
²%³��'�!�]�]¤��P£%�H«'�=�]¤]�����D�e�X�]±D�/�?¢_���]�X�H�X�]¥L�?¢_¤��?�o¢_�/�C°'���]�rª;�'��'�?¯k�'�'�]�=�]�|·L�/�D�'�'�'�)�H�x�/��£%�'¬~�H�'�H�'�'�'�/�D�'�H�]�P�D�]©H�]¤��D�[�o´L�)�'�CµW�H�'�'�{�{�'�'�]�)�H�Lª%�'¤��?�?�

p
·[�/��'���]�H©H�'�'�%�D�'�=���n¯T£%�Aª%�H�'�!�

p
²)³w�?ª/´L°'�H�'�D�]�b�]�'�H�/�?�]�]�'�'�n´L�/�D¤]�'�H�'�'�!�H�q�'�=¼W�D¤��n�D�]�'�]�H�'�

Y (p)
·�¥L�]�=�]�o�]±]�'¥'�'�]¤]�H�'�W�=�?�D¤��W�w�'�'�]�=�]���D�'���]�)�=�]�'°'�'�!£%�H«'�=�]¤]���|²%¶~�D¥'�/�?�¸�D�W�/�D�)�H�'�H�'����]±]�/�?¢
Y (p)

�H�~�'�'�H�)�'�/�D¤��o¥�¡,�Â�D�'�'©H�'�/�Cª;�
y(t)

·/¥[�]«��]�e�H�w�'¤D�'¤��P�D¡,�'�H�H�/�?�?�e¬w´L�'¥'�'���|²
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Ñ ¡,«q¥��?�]�W�]�'�H�/�D�'�'�]�'�'�D�]�o�H� ���D�D�'�w���'�H�'�]�H�'�A£%�=��¤]�H�'�e�H¤D¡,��¢J�D�'�W�w�'�'�H�]±]�/�?¢_�]¤��?�'�'�=�]��/�xÒm´L�'�'�D·%¤W�]�D¢_���/�?¢=£%�rª�£;�D¤��D�)�w¥'�/�?�]¥'���H¤]�A£%�H�'���¦¢J�W�'�H©H�'²
ÓÃÔ["%Õ*Ô[Öw× F/GmØ :=��KXi)S�N/��l/OLz/dWK

f(t)
:9N%:=YD8;:=�[�?\=N/KDdWKXBD�?B~BD\H:=��Ox�H8[K]:=NxO/N/do:k8;B?K_Z¸\{:HBD:=N/ÙdWS�K_Z%N%@xO�M?�CZ%Ú9Û�:=N/O%:WN/K¸�H8[K]:=N�Is8;@Jc�do@JÛL��O�N/K¸YD8;:=�[�?\HB?KDN%:o@JdÜY%�s8;B?O!8;@J<_�

f ′(t)
\H�C�o:H\=ÙdoB?S[B?K­B§do@JÛL��O/do:!N/K�N%:=YD8;:=�[�?\=N/KDdo@C\=d�N/K

f(t)
O
f(t)

:¦KDI?\H@EZ%Ú9dWN%@§O/N/do:H>p8%S[:vuwK­BO/N/do:k8;B?K_Z%K
(−∞,+∞) Ý ∃ ∫ +∞

−∞ |f(t)| dt Þ ^ } @C>rK]B?KoM?KqBD\sz/�[@ t :XOLM?Y%�rZ%N%:=N%@
f(t− 0) + f(t+ 0)

2
=

1

π

∫ +∞

0

dλ

∫ +∞

−∞
f(ξ) cosλ(t− ξ) dξ. ß �Cà

á �[@
f(t)

:XN%:=YD8;:A�L�?\=N'KDdoKxBedo@JÛL��KDdWK
t
��do@

f(t) =
1

π

∫ +∞

0

dλ

∫ +∞

−∞
f(ξ) cosλ(t− ξ) dξ ( âxãCä|åqæ%ç,èÂé#èêâeæ[ä#ë ì ). ß Æ]à

³w�?¯k�/�?�?�?�D¡,¥q��¢_��´��H¥L�D�)��¢_�/�D¥L�¸»_ío»=�'�'�A£ ∞ ¤m©H�]�'�/�?�D�m©H�/�D�'�'�/�P�/�X�'���]�H©H�/�Cª%�'�]�]·'¥L�?�]�P�'�¢J�D±]�/�D¤D�'�)�D·/°'�~�'���]�H©H�'�/�/�D�'�=���q�A�D�D¤��o�'�e�'�_�Cª%�/�?�?�e�]�D²%³w�?¯k�]± ¾ �'·'¥[�]©=�?�]�e�=�D�D¤]�e¤D¡,�'�'�]�w¢J��'�_�Cª%�/�o�'�'�]�)�H�Lª%�'¤���·/�'�J£��H�'�)¤]�?ª;��» ∞ »=�/�?¢_±]�'�/�D�)�x»
+∞ »?²Ñ �=�]�'�H�j�?�D�b�¸¤��Cª%�L£%�/�b���'�'�Í�'�?¯k�Aª;�D±]�º´��Aª%�]¤]���|·)�/�n¥[�]���]���'�'�¸�D´L¥Â�'�¸�H�¦�H�'�'�/�D�)�D²î ���]�H©H�/�Cª/¡;�q�D�W£/�'�H�/�?�?�e�=�]�/�D�/�o�/� ß �Cà �H�~�/�D�'�'°/� (*ï*ð'Ô[ñDÕ*×� òï*×ºóRôhÕ*(*Ô ²Ñ ¡,«R¥��C�]�¦¬�´L�'¥'�'���'�?� ∫ ∞

−∞ f(ξ) cosλ(t − ξ) dξ
�W°'�=�]�/�!�'�¸�D�]�'�D¼P�H�'�'�e�/�

λ
·;�]� ß Æ]à�)�CµW�T£;�W�H�w¢J�D�'��¼P�X¤D¡,¤o¤]�L£;�

f(t) =
1

2π

∫ ∞

−∞
dλ

∫ ∞

−∞
f(ξ) cosλ(t− ξ) dξ. ßöõ à

�T�m�D±]�H�?ª%÷{�]�/�?�D�~�'���]�H©H�'´]�_�)�]�=�P�/�
f(t)

�Aª%�A£%¤���·�°'� ∫ ∞
−∞ f(ξ) sinλ(t−ξ) dξ �=¡ ¾ �H�=�]¤D´L¤���²Ñ ¡,«!¥L�?�]�o�]�D¢_���'���]�H©H�/�Cªn�~�'�H°'�=�]�/�e¬w´L�'¥'�'�����/�

λ
·'�]�

0 =
1

2π

∫ ∞

−∞
dλ

∫ ∞

−∞
f(ξ) sinλ(t− ξ) dξ , ßùø à

¥��?�]�!�'���]�H©H�/�Cª/¡;�R�'�
λ
�H�W�/�?¢_±]�'�/�!¤¸�H�)�'�=¡|ª­�/�¸©Eª;�D¤]�'�¸¢_�/�C°'�=�'�'�D·h�C² �D²h¥��?�]�

lim
R→∞

∫ R

−R

²
ú �?�]�e�=¡,±]�H�'�H� ßöõ à � ßùø à ·�´L�)�'�Jµo�H�'�o� i ·/�'�?ª/´L°/�D¤��D�)�

f(t) =
1

2π

∫ ∞

−∞
dλ

∫ ∞

−∞
f(ξ)[cosλ(t− ξ) + i sinλ(t− ξ)] dξ

õ



�Lª%�
f(t) =

1

2π

∫ ∞

−∞
dλ

∫ ∞

−∞
f(ξ) ei λ (t−ξ) dξ. ßpû à³w�?ª/´L°'�H�/�?�?�Í¬~�]�'� ´_ª;���H�n�/�D�'�'°/�Íü "%Õ*Ö�ôL  ×�ï*×4óRôhÕ*(*ÔÌ$4ý¹"%Öwþ, #Ô[ýhÿ]Ô[ï $%(h& ² Ñ �?¢_�¬~�]�'� ´Jª;�o�)�JµW�H�º£;�P¢J�D�'��¼P�H�Â�D�D¥L��Ä

f(t) =
1√
2π

∫ ∞

−∞
ei λ t

( 1√
2π

∫ ∞

−∞
f(ξ) e−i λξ dξ

)

dλ. ß ��à
½P�W�D¢_�/�C°'�'�

Φ(λ) =
1√
2π

∫ ∞

−∞
f(ξ) e−i λξ dξ. ß�� àÑ �]©A�D¤��

f(t) =
1√
2π

∫ ∞

−∞
Φ(λ) ei λ t dλ. ß�� àÒm´L�'¥'�'�����D�

Φ(λ)
�H�W�/�D�'�'°/� "��%Õ*×	�­ï*× óRôhÕ*(*Ô �/�

f(t)
�Lª%� ÿ]þ*Ô[ý*ð'Õ*×� #ï*× ü ôhï*ý�
*(
��/�

f(t)
²|ÒP�]�'� ´Jª;�?�?� ß�� à ·;¥[�C���]�q�=¡,�'�]�=�D�?¤D�n�/�¸�D±]�H�?ª%÷{�]�'�¸�'���]�H©H��´��H�j�?�D�¸¬w´L�'¥'�'��� f(t)¬w´L�'¥'�'���

Φ(λ)
·%�H�m�/�D�'�'°/� þ*Õ*Ô["��%Õ*×	�["%$%×'ï*(*Ô��yð'Õ*×'ï#ÿ ü "%Õ*Öw×�
*(
���Pï*×ÍóRôhÕ*(*Ô ·¹�o¬~�]�L¯� ´Jª;�?�?� ß�� à ·�¥[�J���]�º¤D¡h¢_�=�?�D�'�]¤D�'¤���¬w´L�'¥'�'��� f(t)

�'�§£;�C£%�H� �]±]�/�?¢R�/�ºÒm´L�'�'�
Φ(λ)

·��H��/�D�'�'°/� "��%Õ*×'ð'ï*×4ð'Õ*×'ï#ÿ ü "%Õ*Öw×�
*(
� ï*× óRôhÕ*(*Ô �Lª%�êü "%Õ*Ö�ô� #×��[× "��;Õ����§×'ï*Ô�ï*×þ*Õ*Ô["��%Õ*×	�["%$%×'ï*(*ÔLð'"�ï*×�óRôhÕ*(*Ô ²�� �?�?¢_�ò¬~�]�'� ´_ª;�­�'���]�H©H�/�Cª/¡;�Í¤­�]± ¾ ���Á�Aª/´L°/�D« �R¤�H�)�'�=¡|ª��/�q©sª;�D¤]�'�q¢_�/�J°'�H�'�'�D²
�Ã��¡h¢_¥��?�?�¸�)�=µo£/´R¬w´L�'¥'�'�����?�
f(t)

�n�'�H«'�'���b�]±]�/�?¢
Φ(λ)¾ �~¢J�D�'�'�H¤��D�)�~�'�o�Aª%�A£%�'�����/�J°'�'�|Ä Φ(λ) = F(f(t))

²� �~�D�]±]�Aª%�=µx�'�Á���'¥[�]�¦�H¤]�]«'�=�]¤��o�/�o�]±]�/�?¢J�W�/�xÒm´L�'�'�D²;¶w�H¥L�o¬w´L�'¥'�'�'���]�
f(t)

·
f1(t)

·
f2(t)

´_£%�]¤?ª%�=�]¤]�]���/¤]�?�e´��Aª%�]¤]�����?�o�/�W�]�H�]�'�H�j� � �¦�'�H¥L�
Φ(λ) = F(f(t))

² Ñ �]©=�D¤]��Ä� ² F(c1 f1(t) + c2 f2(t)) = c1 F(f1(t)) + c2 F(f2(t))
·
c1, c2

¯�¥[�]�'�=�?�D���]� ß ª%�'�'�H«'�'�]�=� à��Æ ² F(Φ(t)) = f(−λ) ß �H�'�)�=�]�'�'°'�'�]�=� à��
õ ² F(f(at)) =

1

|a| Φ(λ
a
)
·
a = const ∈ R ß �'�J£%�]±]�'� à��

ø ² Φ(λ)
�~�'�H�'�'�H¥�¡,�H�/�?�D�e�

lim
|λ|→+∞

Φ(λ) = 0
�

û ²����! tn f(t)
·
n ∈ N " �D±]�H�?ª%÷{�]�'���'���]�H©H��´��_�j��¤§�'���]�H�'¤��Cª;� (−∞,+∞)

·)�]�
Φ(λ)�'�'���]�=µo�D¤��x�'�'�]��¢_¤]�_£%�'�¦£%�

n
¯ �]�R�'�A£b¤]¥Lª%÷T°'���]�Aª%�'�¸�

Φ(k)(λ) = (−i)k F(tk f(t))
·
k =

1, 2, . . . , n
�� ²
#T¥L�

lim
|t|→+∞

f(t) = 0
�
f ′(t)

�q�D±]�H�?ª%÷{�]�'�R�'���]�H©H��´��H�j�R¤��'���]�H�'¤��Cª;�
(−∞,+∞)

·h�]�
F(f ′(t)) = i λΦ(λ)

·L�C² �?²/�D±]�/�?¢H¡¹�W�/�
f ′(t)

�H�w�'�?ª/´L°/�D¤��m�D�o�]±]�/�?¢J�m�/�
f(t)

°'�'�=¢w´L�)�'�Jµo�A¯�'�'�~�
i λ
�

� ²$#T¥L� g(t) =
∫ t

0
f(u) du→ 0

�'�'� |t| → +∞ ·��]� F(g(t)) =
Φ(λ)

i λ

·[�C² �D²L�'�'�q�'���]�H©H�'�'�%�?�'�
�/�

f(t)
�]±]�/�?¢H¡;�e�H��£%�Aª%�¦�/�

i λ
�

� ² F(f(t− t0)) = e−i t0λ φ(λ) ß �]�H�]�'�H�j�o¢J�P¢J�D¥�¡,�H�'�H�'�'�=��� à��¨ ² F(ei λ0 t f(t)) = Φ(λ− λ0) ß �]�H�]�'�=���W¢J�o�'�'�H�)�H�=�]¤��D�'�=��� à ²½P�W�H�~¤D¡,�'�'�H�Í¥�¡,�Â¬~�]�'� ´_ª;� ß Æ]à ² Ñ �!�)�Jµo�{£;�o�H�w¢J�D�'��¼P�X� ¾ �w�?�D¥��!Ä
f(t) =

1

π

∫ ∞

0

dλ

∫ ∞

−∞
f(ξ) (cosλ ξ cosλ t+ sinλ ξ sinλ t) dξ

=
1

π

∫ ∞

0

dλ
[

cosλ t

∫ ∞

−∞
f(ξ) cosλ ξ dξ + sinλ t

∫ ∞

−∞
f(ξ) sinλ ξ) dξ

]

.

ø



#T¥L�
f(t)

�~°'�=�]�/��·/�]�]©A�D¤�� ∫ ∞
−∞ f(ξ) sin λ ξ dξ = 0

�
f(t) =

2

π

∫ ∞

0

cosλ t dλ

∫ ∞

0

f(ξ) cosλ ξ dξ. ß ¨�à
#T¥L�

f(t)
�~�'�H°'�=�]�/��·/�]�]©=�D¤�� ∫ ∞

−∞ f(ξ) cos λ ξ dξ = 0
�

f(t) =
2

π

∫ ∞

0

sinλ t dλ

∫ ∞

0

f(ξ) sinλ ξ dξ. ß �&%�à
#T¥L�

f(t)
�j£%�H¬w�'�'�'�/�D�/���_�D�)�T¤T�'���]�H�'¤��Cª;�

(0,∞)
·C�)�Jµo�H�!£;�{�m�'�'�_£/¡|ª/µx�'�R¤T�'���]�H�'¤��Cª;�

(−∞, 0)
�Lª%�W¥��?�]�w°'�=�]�/��·��Lª%�W¥L�?�]�~�'�H°'�=�]�/�~¬w´L�'¥'�'���o�P�]�]©A�D¤��T¢J���A£%�/�w�W�=¡ ¾ ��¬w´L�'¥'�'���

ß �H°'���?�D�)�D·%°'�~�~�'�H�'�'�H¥�¡,�H�/�?�?� à �'�?ª/´L°/�D¤��D�)��£%¤]�=�]�X�'�'�A£%�=�?�D¤D�'�'���
f(t) =

2

π

∫ ∞

0

cosλ t dλ

∫ ∞

0

f(ξ) cosλ ξ dξ, t > 0, ß �]�Cà

f(t) =
2

π

∫ ∞

0

sinλ t dλ

∫ ∞

0

f(ξ) sinλ ξ dξ, t > 0. ß �CÆ]à#T¥[�
f(t)

�'�j���]�]°'¥'� �/���'�'�H¥�¡,�H¤��D�'�R�D�º��¡,�'¤]� �'�_£ò�
t
�R�A£%�/�§�D�D¥L�D¤��§�]�]°'¥���·��]�

ª/�'¤��?�D�W�=�]�/�D�/�e�/� ß �]�Cà � ß �CÆ]à �H�w¢J�D�)�H���¦� f(t− 0) + f(t+ 0)

2

²' �JµW�H�º£;�W¢J�D�'��¼P�H� ß �]�Cà �'�?¯k�Aª%�A£%�'���¦�/�J°'�'�|Ä
f(t) =

√

2

π

∫ ∞

0

cos λ t
(

√

2

π

∫ ∞

0

f(ξ) cos λ ξ dξ
)

dλ.

½P�W�D¢_�/�C°'�'�
Φc(λ) =

√

2

π

∫ ∞

0

f(ξ) cos λ ξ dξ. ß � õ à
Ñ �]©A�D¤��

f(t) =

√

2

π

∫ ∞

0

Φc(λ) cos λ t dλ. ß � ø à
Òm´L�'¥'�'�����D�

Φc(λ)
�H�m�/�D�'�'°/� ý|";ÿ](*ï,ô¹ÿ]"%$�"��%Õ*×	�§ï*×ÂóRôhÕ*(*Ô �/�

f(t)
·;¬~�]�'� ´Jª;�?�?� ß � õ à¯ ý|";ÿ](*ï,ô¹ÿ)(sð'Õ*×'ï#ÿ ü "%Õ*Öw×�
*(
�Üï*×�óRôhÕ*(*Ô ·��Í¬~�]�'� ´Jª;�?�?� ß � ø à ¯ "��%Õ*×'ð'ï*×4ý|";ÿ](*ï,ô¹ÿ)(ð'Õ*×'ï#ÿ ü "%Õ*Öw×�
*(
�Âï*×ºóRôhÕ*(*Ô ²#T�/�Cª%�D©H�'°'�'�'·;�D¥[�o�D¢_�/�C°'�'�

Φs(λ) =

√

2

π

∫ ∞

0

f(ξ) sin λ ξ dξ, ß � û à
�]�e�D� ß �CÆ]à �'�?ª/´L°/�D¤��D�)�

f(t) =

√

2

π

∫ ∞

0

Φs(λ) sin λ t dλ. ß �&��à
Òm´L�'¥'�'�����D�

Φs(λ)
�H�e�/�D�'�'°/� ÿ](*ï,ô¹ÿ]"%$ò"��%Õ*×	��ï*× óRôhÕ#(*Ô �/�

f(t)
·,¬~�]�'� ´Jª;�?�?� ß � û à ¯ÿ](*ï,ô¹ÿ)(sð'Õ*×'ï#ÿ ü "%Õ*Öw×�
*(
�!ï*×eóRôhÕ*(*Ô ·C�9¬~�]�'� ´_ª;�?�D� ß �&��à ¯ "��%Õ*×'ð'ï*×Pÿ](*ï,ô¹ÿ)(sð'Õ*×'ï#ÿ ü "%Õ*Öw×�
*(
�ï*×ºóRôhÕ*(*Ô ²

û



�¦Õ*(*ÖwÔ[Õ F/G g K~8[KCMD>vZ;:=<CKJu~:Pi)S�N/��l/OLz/dWK

f(t) =

{

1, 0 < t < 1
0 t > 1.

Ñ �?¢_�!¬w´L¥'�'�����=�X�'�'�H¥�¡,�H¤��o¤W�]�]°'¥L�?�?�
t = 1

²+*|�W�'���]�H©H�/�Cª;�e�D�e¬~�]�'� ´Jª;�?�?� ß �]�Cà �'�j�D�)�
2

π

∫ ∞

0

cosλ t dλ

∫ ∞

0

f(ξ) cosλξ dξ =
2

π

∫ ∞

0

cosλ tdλ

∫ 1

0

cosλξ dξ

=
2

π

∫ ∞

0

cosλ t
sinλξ

λ

∣

∣

∣

ξ=1

ξ=0
dλ =

2

π

∫ ∞

0

cosλ t sinλ

λ
dλ .

Ñ �]©A�D¤��

2

π

∫ ∞

0

cosλ t sinλ

λ
dλ =























1, 0 < t < 1

0, t > 1

1 + 0

2
=

1

2
, t = 1 .

�T�e�'�]�Aª%�A£%�'�����Aª/´L°/�D« ß t = 1
à �'�?ª/´L°/�D¤��D�)�

1

2
=

2

π

∫ ∞

0

cosλ sinλ

λ
dλ =

2

π

∫ ∞

0

sin 2λ

2λ
dλ ,

�D�]¥�¡|£%�=�]�'·%¥L�?�]�e�/�D�'�/�D¤]�'�Â�H� �'�/�?�?�
2λ = u

·/�/�D�)�'�/�D�)�
∫ ∞

0

sinu

u
du =

π

2
.

�¦Õ*(*ÖwÔ[Õ - G g Kq\H:XYD8;:=<?\AdoK]B?Ob\XO/N/do:H>p8[K_ZbN'KnQTSH8%O%:mi)S�N/��l/OLz/dWK

f(t) =







0, |t| > 1
1 0 < t < 1

−1, −1 < t < 0 .

7m@sZ%S�Û�:=N/OLz/d�8;:rM?SCZ%dWKDd <CK¸\H:XO�M?Y%@EZ'M?S[B?KoM?KeYD8;:H\yu{z/dWKDN%:=do@WN/K ∫ ∞

0

sin3t

t
dt
^

,�Ô$-§Ô[ï*(*Ô�. Òm´L�'¥'�'�����?�
f(t)

�H�P�'�'�H¥�¡,�H¤��q¤q�]�]°'¥'���]�
t = 0,±1

² ú �?�]�¸�'�j�D�)�P�'�'�A£%¤]�L£¬~�]�'� ´Jª%���]� ß �Cà � ß Æ]à ·'�/�D«L¯k�/�D�'�'�A£R�'�'�H�H� ���?�D�)�
∫ ∞

−∞
f(ξ) cosλ(t− ξ) dξ = −

∫ 0

−1

cosλ(t− ξ) dξ +

∫ 1

0

cosλ(t− ξ) dξ =
4

λ
sinλ t sin2λ

2
.

�



Ñ �]©A�D¤��W�D� ß �Cà � ß Æ]à �'�?ª/´L°/�D¤��D�)�

4

π

∫ ∞

0

sin2λ

2

sinλ t

λ
dλ =







































































0, |t| > 1

1, 0 < t < 1

−1, −1 < t < 0

1 + (−1)

2
= 0, t = 0

1 + 0

2
=

1

2
, t = 1

−1 + 0

2
= −1

2
, t = −1 .

³w�'�
t =

1

2

�'�j�D�)�
1 =

4

π

∫ ∞

0

sin3 λ
2

λ
dλ
·)�D�]¥�¡|£%�=�]�'·j�Aª%�A£ �H� �'�/�?�?� λ

2
= u

·)�/�D�)�'�/�D�)�
∫ ∞

0

sin3u

u
du =

π

4

²
�¦Õ*(*ÖwÔ[Õ U G 798;:=<?\=dWK]BD:=do:Ri)S�N/��l/OLz/dWK

f(t) = e−β t
�
β > 0

�
t > 0

ÛJ8;:rM�N%:=c/N/O/do:�[@C\=O/N/S[\XOn\=O/N/S[\=ÙkdT8[KDN%\Eij@E8[uwKDl/O/O;^
,�Ô$-§Ô[ï*(*Ô�. �T� ß � õ à �'�j�D�)�

Φc(λ) =

√

2

π

∫ ∞

0

e−β ξ cosλξ dξ . ß � � à
½P�W�D¢_�/�C°'�'�

I =
∫ ∞
0

e−β ξ cosλξ dξ
²+*|�

I
�'�?ª/´L°/�D¤��D�)�

I =
e−βξ sinλξ

λ

∣

∣

∣

ξ=∞

ξ=0
+
β

λ

∫ ∞

0

e−β ξ sinλξ dξ

= −β e
−βξ cosλξ

λ2

∣

∣

∣

ξ=∞

ξ=0
− β2

λ2

∫ ∞

0

e−β ξ cosλξ dξ,

�D�]¥�¡|£%�=�]�
(

1 +
β2

λ2

)

I =
β

λ2

�
I =

β

β2 + λ2
.

ú �?�]�9¢J�D�)�H�=�]�'��¤ ß � � à �/�D�)�'�/�D�)� Φc(λ) =

√

2

π

β

β2 + λ2

²/#T�/�Cª%�]©H�'°'�'� �H�)�'�?ª/´L°/�D¤��
Φs(λ) =

√

2

π

λ

β2 + λ2

²
�T�e�]±]�/�?�]�'���]�~�]�/�D�'�H¬~�]�'�j�D�'�'� ß � ø à � ß �&��à �'�j�D�)�

e−β t =
2β

π

∫ ∞

0

cosλ t

β2 + λ2
dλ, e−β t =

2

π

∫ ∞

0

λ sinλ t

β2 + λ2
dλ, t > 0 .

�



0¸þ*Õ*×	1ºï*Ô[ï*(
�
2 ×L& ×$3*× F/G 7m@J��K?��:=do:r��ÛL:/4
1.F(e−|t|) =

√

2

π

1

1 + λ2 5 2.F
( 1

1 + t2

)

=

√

π

2
e−|λ| ^

2 ×L& ×$3*×�- GmØ KJu~:k8;:=do: F(f(t))
�7698;:<4

1. f(t) =

{

1, |t| ≤ a

0, |t| > a;
2. f(t) =

{

sin t, |t| ≤ π

0, |t| > π;
3. f(t) =

{

1 − |t|, |t| ≤ 1
0, |t| > 1.

= ð'ñ G
1.F(f(t)) =

√

2
π

sin λ a
λ

�
2.F(f(t)) =

√

2
π

i sin π λ
(1−λ2)

�
3.F(f(t)) =

√

2
π

1−cos λ
λ2

²
2 ×L& ×$3*×�U G 7m@J��K?��:=do:r��ÛL: F(e−

t2

2 ) = e−
λ2

2
^

,�Ô$-§Ô[ï*(*Ô�.�î �j�D�)�
F(e−

t2

2 ) =
1√
2π

∫ ∞

−∞
e−

ξ2

2 e−iλξ dξ =
1√
2π

e−
λ2

2

∫ ∞

−∞
e−

(ξ+iλ)2

2 dξ .

Òm´L�'¥'�'�����D�
e−

z2

2
�j�D�/�Cª%���]�'°'�/� ¤ ¥[�]�)�Lª%�H¥L�=�/�?�D� �/�D¤]�'�'�/�9�~¥��?�]� �H�j��¢_�'�?ª/¢H´L¤��9�]�H�]�'�H�j�?�?��/� ú �D¼P�|·/�)�JµW�T£;�o�=�w£%�]¥L�?µW�D·'°'�

∫ ∞

−∞
e−

(ξ+iλ)2

2 dξ =

∫ ∞

−∞
e−

ξ2

2 dξ .

Ñ ¡,«!¥L�?�]� ∫ ∞
−∞ e−

ξ2

2 dξ =
√

2π
·��]� F(e−

t2

2 ) = e−
λ2

2
²

�
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GF����

¶w�H¥L�
f(t)

�w¬w´L�'¥'�'��� ß �'�_�Cª%�/�W�Lª%�!¥[�]�)�Lª%�H¥[�H�'�D¢_�/�J°'�/� à �/�P�'�_�Cª%�/�?�?�o�'�'�]�)�H�Lª%�'¤�� t ·£%�H¬~�'�'�'�/�D�/�e¢J�
t ≥ 0

���'�H¥��
p = σ + iω

�X¥L�]�)�Lª%�H¥[�H�/�x�'�'�]�)�H�Lª%�'¤���²+#T¥[�x�=¡ ¾ �H�=�]¤D´�¤��
ß �~�E¿[�_£/� ¾ à �'���]�H©H�%�Cª/¡;�

∫ ∞

0

f(t) e−p t dt, ß � � à
�]�P�]�]«!�H�T�'¤D�'¤��m¬w´L�'¥'�'���¸�/�P¥[�]�)�Lª%�H¥[�H�/�?�D�W�'�'�]�)�H�Lª%�'¤��

p
²[½P�m�D¢_�/�C°'�'�º�?�?¢_�!¬w´L�'¥'�'����

F (p)
² î �j�D�)�

F (p) =

∫ ∞

0

f(t) e−p t dt. ß �J¨�à
î ���]�H©=�/�Cª/¡¹�!¤ ß �J¨�à �H�P�/�D�'�'°/� (*ï*ð'Ô[ñDÕ#×� �ï*×IH�×'þ, #×/ÿ ²
JÅ¬~�]�'� ´Jª;�?�?� ß �J¨�à �/�x¤]�s�/¥L�¬w´L�'¥'�'���

f(t)
�/� �'�_�Cª%�/� �'�'�]�)�H�Lª%�'¤���·J¢J� ¥L�J���]�{���E¿��J£/� ¾ �'���]�H©H�/�Cª/¡;� ß � � à ·J�H���=¡,�'�]�=�?�D¤D�¬w´L�'¥'�'���

F (p)
�/�w¥[�]�)�Lª%�H¥[�H�/�~�'�'�]�)�H�Lª%�'¤���² Ñ �]¤����=¡¹�D�]¤]�=�]�=��¤D�'�T�H� �/�D�'�'°/� þ*Õ*Ô["��%Õ*×	�["�($%×'ï*(*Ô­(, #(�"%þ*Ô[Õ*×'ð'"%Õ�ï*×KH�×'þ, #×/ÿ ²,Òm´L�'¥'�'�����?�

F (p)
�H�W�/�D�'�'°/� (
�["��%Õ*×	1§Ô[ï*(*Ô �Lª%�"��%Õ*×	� �/�TÀm�D�Lª;�D�a�/�

f(t)
·]��¬w´L�'¥'�'�����?�

f(t)
¯ "%Õ*(*ñD(*ï*×� ²$�Ã��¡h¢_¥L�?�?�w�)�=µo£/´P��¢_�]±]�/�?µW�A¯�'�'���¸�]�'�'©H�'�/�Cª��D¢_�/�J°/�D¤��D�)�{�D�D¥L��Ä

F (p) = L(f(t))
·
f(t) = L−1(f(t))

�Lª%�
F (p) � f(t)

·
f(t) � F (p)

²' �D¥L�D�|·%°'�m¬w´L�'¥'�'�����?�
f(t)

�)�Jµo��£;�e�w£%�H¬~�'�'�'�/�D�/�e¢J�e¤]�r�'¥[�
t ∈ R

·%�'�H«'�'�D�]�¸��¢_�]±C¯�/�?µW�H�'�'�{�/�~Àm�D�Lª;�D�{�'� ¢J�D¤]�'�H�x�D�P�=�]�]«'�'�]�=�]�������/�
f(t)

·[¥L�D©=�?�]�
t < 0

²L�Ã�=¡ ¾ �'�]�=�P�'�'�H�]±?¯�/�?¢_�]¤��D�'�'�=�]�o�/�XÀm�D�Lª;�D���{£%�H¬~�'�'�'�/�D�'�P¢J�P¬w´L�'¥'�'�'�
U(t)

·L¢J�C£;�C£%�H�'�¸�'�W�Aª%�A£%�'���¸�/�C°'�'�|Ä
U(t) =

{

f(t)
¢J�

t ≥ 0,
0

¢J�
t < 0.

³w�'�'�)�H�'�n�'�]¥L�?¢_¤��?�C·¹°'�m¢_�q���'¥[�]�R¬w´L�'¥'�'�'�b�'���]�H©H�/�Cª/¡;� ß � � à �P�E¿[�_£/� ¾ ·|�e¢J�e£%��´L©H�n��/�?¢=¿��J£/� ¾ ² Ñ �]¤��9�D¢_�/�C°/�?¤���·C°'�j���'¥L�]�X¬w´L�'¥'�'�'�P�'�j�?�T��¢_�]±]�/�?µW�H�'���|·H£%��´L©H�P���'�j�?�C²?³w�]�/�C£%��]�]¤��o�'���]�H�'�H�m�'�'�A£%�=�?�D¤?ª/�'¤��?�o£%�]�=�D�C�D¡�°'�'��´]�Aª%�]¤]���|·/�'�'�¦¥[�]���]�
f(t)

�'�j�W��¢_�]±]�/�?µW�H�'�'�D²�Ì�]�'�H�/�D�'�'�D�'�'�D�]�R�H� ���?�D�'�e�]±]�'¥'�'�]¤]�H�'�¦�o�'�'�'�=�]�¦£;�!�H�e�/�?¢H©sª%�=µo£;�?��¬w´L�'¥'�'�'�
f(t)

·¥L�]���]�o´_£%�]¤?ª%�=�]¤]�]���'¤��?�x�Aª%�A£%�'�����~´��Aª%�]¤]���|Ä�Cà
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Re p = σ0

^ U Kqdo@CB?KÛ�:H\=do@ 8[KCMD>vZ;:A�Å<CKJu~:wKDN/K_Z%O/dWO/ÛLN%@Jdo@XYD8;@J<?�rZ'��:=N/O%:~N/K
F (p)

O�\=ÛLO/dWKJu~:r� I?:rMWB?O/N/K]>rO¦<CK>A@m@_doIC:vZ�z�MDB?KJu~:r� Û�:
F (p)

:�@JIs8[KCMmN/K
f(t)

M?KPBD\=O/ÛL��O
p
�hM?KP�[@JO/do@

F (p)
:TKDN/K_Z%O/dWO/ÛLN/K�^[{�_M?Y%@sZ'M?S[B?KJu~:e\H:eO�@Jd do@CB?KC�{Û�:w8[KCMHZ%O/ÛLN/O/do:e\H�J@JdWN%@J�o:=N/OLzbu~:A�Å<CSnO�MD@JIs8[K?��:=N/OLz/dWKC��[@JO/do@W��KDdo@PYD8[K]B?O[Z;@o\H:XS[\=dWKDN%@CB_z%B?KDdÐBoY%@sZ%SH8[K]B?N/O/N/KDdWK

Re p > σ0

��@C\=dWK]B?KDdÐB?K_Z%O/<CN/OO�M?KxYD8;@J<C�rZ/��:=N/OLz/dWK�^
î ¢_�D±]�/�?µo�H�'�'�=�]���/�¦�A£%�'�'�'°'�/�?�?��¬w´L�'¥'�'���­�e�'�?ª/´L°'�H�'�R�'�'�§´]�Aª%�]¤]�'�

Re p > 0
²*³w�'�

Re p ≤ 0
�'���]�H©H�/�Cª/¡;���/�qÀm�D�Lª;�D�W�o�/�?¢A¿[�_£/� ¾ ²*�T�¸£%��´L©A�!�=�]�/�D�/�!¬w´L�'¥'�'�����?� F (p) = 1

p�!£%�H¬~�'�'�'�/�D�/��� �?�/�Cª%���]�'°'�/�­¤����Lª;�?�?���/�D¤]�'�'�/��±]�=¢
p = 0

²Ã³w�]�/�C£%�Í�]�]¤���·��=¡,©Eª;�D�H�'�©H�]�'�/�?�?�¦¢J�D±]�Aª%�=µx¥L��·,�)�Jµo�=� £;�!�/�?¢_©sª%�Aµo£;�D�)�
F (p)

¥L�?�]����¢_�]±]�/�?µo�H�'�'�e�/�!�A£%�'�'�'°'�/�?�D�¬w´L�'¥'�'���¦¢J�W¤]�H�'°'¥'�
p 6= 0

²
�¦Õ*(*ÖwÔ[Õ t|GmØ KJu~:k8;:=do: L(f(t))

���[�C<?:=do@
f(t)

:P\=do�CY/K_Z;@CB?O'<CN/K¸i)S�N/��l/OLz��)M?KD<CKD<?:=N/KqY%@JÙ\vZ;:=<CN/OLznN/KDÛLO/N+4
f(t) =

{

1, 0 ≤ t ≤ c

0, t > c, c = const.,�Ô$-§Ô[ï*(*Ô�.�î �j�D�)�
L(f(t)) =

∫ ∞

0

f(t) e− p t dt =

∫ c

0

e− p t dt =
− e−p t

p

∣

∣

∣

t=c

t=0
=

1 − e−c p

p
, Re p > 0.

�¦Õ*(*ÖwÔ[Õ �|GmØ KJu~:k8;:=do: L(eα t)
�
α = const

�
α 6= 0

^
,�Ô$-§Ô[ï*(*Ô�. �Ã�=¡ ¾ �'�]�=���D¡,�'�H�'�n�]±]�/�?¢J�{�/�{�]�'�'©H�'�/�Cª;� 1(t) eα t

² M �Aª%�]¤]�'�=�]� õ à �Ã��¢_��¡|ª%�'�H�'��
M > 1

�'�'�]��¢_¤]�?ª%�'�e�
σ0 = Reα

² î �j�D�)�
L(eα t) =

∫ ∞

0

eα t e−p t dt =

∫ ∞

0

e−(p−α) t dt = lim
R→∞

∫ R

0

e−(p−α) t dt

=
1

p− α
− lim

R→∞

e−(p−α) R

p− α
=

1

p− α

�CÆ



¢J� ¾ �D�]� |e−(p−α) R| = e−(Re p−Re α) R = e−(σ−Re α) R → 0
�'�'�

R → ∞ �
σ = Re p > Reα

²
Jjª%�A£%�]¤��?�]�Aª%�'�

lim
R→∞

e−(p−α) R

p− α
= 0

² Ñ �D¥��q�'�?ª/´L°/�D¤]�D�)�
eα t

�
1

p− α

·
Re p > Reα

² Ñ ¡,«
¥��?�]�b¬w´L�'¥'�'�����?�

F (p) =
1

p− α

�!�D�/�Cª%���]�'°'�/�b¤D¡,¤n¤]�s�'¥L�R�]�]°'¥L�
p 6= α

·#�]�b�=¡,©Eª;�D�H�'�
¢J�D±]�Aª%�=µx¥L� Æ �'�j�D�)�

eα t
�

1

p− α

¢J�o¤]�s�'¥[�
p 6= α

²
�¦Õ*(*ÖwÔ[ÕÅ� GmØ KJu~:k8;:=do: L(t)

^
,�Ô$-§Ô[ï*(*Ô�. Jjª%�A£n�'���]�H©H�'�'�/�D�'�m�'�o°/�D�=�]���'�?ª/´L°/�D¤��D�)�

L(t) =

∫ ∞

0

t e−p t dt = lim
R→∞

∫ R

0

t e−p t dt = lim
R→∞

(− t e−p t

p
− e−p t

p2

)

∣

∣

∣

t=R

t=0
=

1

p2
.

î �?�D¥L�
t �

1

p2

¢J�o¤]�s�'¥L�
p 6= 0

²
ÓÃÔ["%Õ*Ô[Öw×­U\�EÓÃÔ["%Õ*Ô[Öw×]�[×§Ô]& (*ï#ÿ]ð'$%Ô[ï*";ÿ]ð+� G á �[@

f1(t) � F1(p)
�

f2(t) � F2(p)
O

F1(p) = F2(p)
�~do@

f1(t) = f2(t)
BD�?B�BD\=O/ÛL��OÁdo@JÛL��O

t > 0
�XBb�[@JO/do@b\yK§N%:=YD8;:=�[�?\=N/KDÙdWO;^

Nw�H�A�]�¦¤D¡,¤¸¤]��¡h¢_¥L�¸�W�]�H�]±]�H�'�]�=�]���]�e�/�¸�/�?¢=ª%�'°'�'���]�o¢J�C£;�J°'�b�/�¸�A£%�'�'�'°'�/�?�?�¦¬w´L�'¥'�'���
1(t)

�H�Ã�'�'�'�'�'�H¤��?���/�?¢=ª%�'°'�'�P�=�]�]«'�'�]�=�]�W¤ �]�]°'¥��?�?�
t = 0

²D�T��©=�]�'�/�?�D� �]�H�]�'�H�j�T�Aª%�A£%¤���·?°'��A£%�'�'�'°'�/�?�?�¸¬w´L�'¥'�'���R�'�j�e��¢_�]±]�/�?µo�H�'�'�
F (p) = 1

p

·;�'�=¢_�D¤]�'�H�'�)�¸�D�q�=�]�]«'�'�]�=�]�����D·|¥[�]���]��¦�H��£;�D¤��?�e¤W�]�]°'¥L�?�D�
t = 0

²���H�'�D¤]�'�¦�H¤]�]«'�=�]¤��e�/�W�]�'�H�/�?�]�]�/�o�/�WÀm�D�Lª;�D�D²
X $%"�T#ÿ]ð'$%" F �^H�(*ï*Ô$T*ï*";ÿ]ð+� G á �[@

f1(t) � F1(p)
O
f2(t) � F2(p)

O
c1, c2

\yK¸8[K_Z%N/OO[Z%On�[@suwY[Z;:=�[\=N/OnÛLO%\vZ%KC��do@
c1 f1(t) + c2 f2(t) � c1 F1(p) + c2 F2(p).î �j�D�)�

c1 f1(t) + c2 f2(t) �
∫ ∞
0

(c1 f1(t) + c2 f2(t)) e
−p t dt = c1

∫ ∞
0

f1(t) e
−p t dt+

c2
∫ ∞
0

f2(t) e
−p t dt = c1 F1(p) + c2 F2(p)

²_ �]�'�'�D�]�e�H¤]�]«'�=�]¤]�e�)�Jµo�T£;�W�H�~�]±]�]± ¾ �!¢J�W�'�'�]��¢_¤]�?ª%�H��±]�'�]«!�=¡,±]�'�/�D�H�)�|²
X $%"�T#ÿ]ð'$%"º-\�E�¦"[& "��%(*Ô�� G á �[@

f(t) � F (p)
��do@

f(α t) �
1

α
F

( p

α

)

, α > 0 . ß Æ õ à
î �j�D�)�

f(α t) �
∫ ∞
0

f(α t) e−p t dt = 1
α

∫ ∞
0

f(τ) e−p t
α dτ = 1

α
F ( p

α
)
·j�Aª%�A£ �H� �'�/�?�?�

α t = τ
²#T¥[�W¢J�D�)�H�'�'�

α
� 1

α

·'©H�]�'�'�D�]�e�H¤]�]«'�=�]¤]�x�)�JµW�T£;�o�H�w¢J�D�'��¼P�X�¸�D�D¥L�

F (α p) �
1

α
f
( t

α

)

.

� õ



0¸þ*Õ*×	1ºï*Ô[ï*(
�
2 ×L& ×$3*×­0 GQP KDdo@~O�M?Y%@sZ'M?S[B?KDdo:aZ%O/N%:=c/N%@C\=dWdWKPN/KPYD8;:H@JIs8[KCMD@CB?KDN/O%:=do@mN/KXVXKDY[Z%K]\r� N/KJu~:=Ù8;:=do:/4

1. L(sinα t); 2. L(cosα t); 3. L(shα t); 4. L(chα t); 5. L(cos t ch t).

,�Ô$-§Ô[ï*(*Ô�. � ² î �j�D�)�
L(sinα t) =

1

2i
L(ei α t) − 1

2i
L(e−i α t) =

1

2i
.

1

p− i α
− 1

2i
.

1

p+ i α
=

α

p2 + α2
.

Æ ²`#T�/�Jª%�]©H�'°'�'�x�'�j�D�)�
L(cosα t) =

1

2
L(ei α t) +

1

2
L(e−i α t) =

1

2
.

1

p− i α
+

1

2
.

1

p+ i α
=

p

p2 + α2
.

õ ² = ð'ñ G shα t �
α

p2−α2

� ø ² = ð'ñ G chα t �
p

p2−α2

� û ² = ð'ñ G cos t ch t �
p3

p4+4

²
2 ×L& ×$3*× t|GmØ KJu~:k8;:=do:

F (p) = L(f(t))
�j�L�C<?:Ade@94

1. f(t) =

{

t
M?K

0 ≤ t ≤ c,

0
M?K

t < 0
O¦M?K

t > c;
2. f(t) =

{

eα t
M?K

0 ≤ t ≤ 1,
0

M?K
t < 0

OêM?K
t > 1;

3. f(t) =

{

sin t
M?K

0 ≤ t ≤ π,

0
M?K

t < 0
O�M?K

t > π;= ð'ñ G
1. F (p) = 1

p2 − c e−c p

p
− e−c p

p2

�
2. F (p) = 1−eα−p

p−α

�
3. F (p) = 1+e−π p

1+p2

²
2 ×L& ×$3*× �|GmØ KJu~:k8;:=do:

F (p) = L(f(t))
�j�L�C<?:Ade@94

1. f(t) = 5ch 2t− 4t+ 5 5 2. f(t) = 6 e−t + 3 sin 5t 5 3. f(t) = e2t−3 ^
= ð'ñ G

1. F (p) = 5p

p2−4
− 4

p2 + 5
p

�
2. F (p) = 6

p+1
+ 15

p2+25

�
3. F (p) = 1

e3(p−2)

²
2 ×L& ×$3*×Í� GmØ KJu~:k8;:=do:

f(t) = L−1(F (p))
�j�[�C<?:=do@)4

1. F (p) =
3p+ 6

p2 + 9 5 2. F (p) =
4p− 6

p2 5 3. F (p) =
2p+ 1

p(p+ 1)

^
,�Ô$-§Ô[ï*(*Ô�. � ² � �~��¢_�'�?ª/¢H´L¤��D�)�wª%�'�'�H«'�'�]�=�D�D�e�¦�/�D�)�H�'�H�'���]�X�]±]�/�?¢_�¦¤W¢J�C£;�J°/� ø ² î �j�D�)�

3p+ 6

p2 + 9
= 3

p

p2 + 9
+ 2

3

p2 + 9
� 3 cos 3t+ 2 sin 3t = f(t) .

= ð'ñ G
2. f(t) = 4 − 6t

�
3. f(t) = e−t + 1

²

� ø



a Ècb 5ed 6Â��6Â�gf�5��Ê����6 5 5��hF�6Â����5��Ê����6 �Ê�
����5���5��Ê�iB 5 ��É��Ê�ÌË

ÓÃÔ["%Õ*Ô[Öw×§0Z�jWb( ü Ô[Õ*Ô[ï�
*(*Õ*×'ï*Ônï*×§"%Õ*(*ñD(*ï*×� �� G á �[@
f(t)

�
f ′(t)

� ^J^J^A�
f (n)(t)

\yKR@E8%O/Ù>rO/N/K_Z%O��
f(t) � F (p)

O
Re p > σ0 Ý σ0

:XY%@J��KCM?KDdo:kZbN/K~8[K]\=do:=N%:XN/K
f(t)Þ ��do@

f (k)(t) � pk F (p)− pk−1 f(0)− pk−2 f ′(0)− . . .− p f (k−2)(0)− f (k−1)(0), k = 1, 2, . . . , n,ß Æ ø à�[�C<?:=do@
f (k)(0) = lim

t→+0
f (k)(t)

�
k = 0, 1, . . . , n− 1

^
Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G Jjª%�A£n�'���]�H©H�'�'�/�D�'�m�'�e°/�D�=�]�¦�'�j�D�)�
f ′(t) �

∫ ∞

0

f ′(t) e−p t dt = lim
R→∞

f(t) e−p t
∣

∣

∣

t=R

t=0
+

∫ ∞

0

f(t) p e−p t dt = −f(0) + pF (p),

�D¡,« ¥L�?�]� |f(R) e−p R| ≤ M e−(σ−σ0) R → 0
�'�'�

R → ∞ �
σ = Re p > σ0

²Ã³w�?ª/´�¯°'�L¿��)�D·/°'�w¬~�]�'� ´_ª;�?�?�o��¤��Cª%�L£%�/�P¢J�P��¡,�'¤��?�?�W�'�'�]��¢_¤]�_£%�/��²/³w�'�Lª;�D©A�D�)���?�?¢_�!¬~�]�'� ´Jª;�P¢J��'�'�]��¢_¤]�_£%�/�?�D�o�/�
f ′(t)

�¦�/�D�)�'�/�D�)�
f ′′(t) � p (pF (p) − f(0)) − f ′(0) = p2 F (p) − p f(0) − f ′(0).

³w�'�_£/¡|ª/µe�D¤��D«'¥'�¸�'�o�]�D¢_�¦�/�J°'�'�|·%�=�]�'©A�D�)�w£%�e�]± ¾ �C�D�o¬~�]�'� ´_ª;� ß Æ ø à ²J�¡,©Eª;�D�H�'�¸¢J�D±]�Aª%�=µx¥L� � �H°'���?�D�)�D·,°'�
f(t)

�o�'�=�'�'�H¥�¡,�H�/�?�D�¸¢J�
t ≥ 0

²k#T¥[�¸�]�]¤��¸�'�W��D�D¥L��·/�/�D�'�'�'�)�H�|·;�?¥L�
f(t)

�H�~�'�'�H¥�¡,�H¤��o¤o�]�]°'¥L�?�?�
t0
·'�]�]©A�D¤��o�'�j�D�)�

∫ ∞

0

f ′(t) e−p t dt =

∫ t0

0

f ′(t) e−p t dt+

∫ ∞

t0

f ′(t) e−p t dt

= f(t) e−p t
∣

∣

∣

t=t0

t=0
+ lim

R→∞
f(t) e−p t

∣

∣

∣

t=R

t=t0

+ p

∫ ∞

0

f(t) e−p t dt

= f(t0 − 0) e−p t0 − f(0) − f(t0 + 0) e−p t0 + p

∫ ∞

0

f(t) e−p t dt

�Lª%�
f ′(t) � pF (p) − f(0) + e−p t0

(

f(t0 − 0) − f(t0 + 0)
)

. ß Æ û à#T¥[�
f(0) = f ′(0) = . . . = f (n−1)(0) = 0

�D� ß Æ ø à �'�?ª/´L°/�D¤��D�)�D·,°'�x�D� f(t) � F (p)�Aª%�A£%¤��
f (k)(t) � pk F (p)

·
k = 0, 1, . . . , n

·%�C² �D²¹�/�W£%�'¬~�H�'�H�'�'�'�/�D�'�P�/�x�]�'�'©H�'�/�Cª;�x�?�]©H�?¯¤��D���!´L�)�'�JµW�H�'�'�~�/�o�]±]�/�?¢J�W�
p
²

� û



�¦Õ*(*ÖwÔ[Õ �|GmØ KJu~:k8;:=do: L(cos2t)
^

,�Ô$-§Ô[ï*(*Ô�. î �j�D�)�
f(t) = cos2t

² Ñ �]©A�D¤��
f(0) = 1

�
f ′(t) = −2 sin t cos t = − sin 2t

²�T� − sin 2t �
−2

p2+4

�¸�]�H�]�'�H�j� ø �'�?ª/´L°/�D¤��D�)�
−2

p2 + 4
= L(f ′(t)) = pL(f(t)) − 1 ,

�D�]¥�¡|£%�=�]�x�Aª%�A£%¤��
L(f(t)) = L(cos2t) =

p2 + 2

p (p2 + 4)
.

X  #Ô]&)ÿ]ð'$%(*Ôn- G á �[@
f(t)

O
f ′(t)

\yKq@E8%O%>rO/N/K_Z%OnO
f(t) � F (p)

��do@
lim pF (p) = f(0)

��[@C>rKDdo@
p → ∞ dWKD��KC��Û�:

σ = Re p → ∞ O
p
\H:XN/KJuwOD8[KqBxY%@EZ%SH8[K]B?N/O/N/KDdWK

Re p > σ0
�

σ0

:~Y%@J��KCM?KDdo:vZbN/Kw8[K]\=do:=N%:XN/K
f(t)

^
Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G Ñ ¡,«x¥L�?�]�P�]±]�/�?¢H¡;�P�/�

f ′(t)
�
pF (p)− f(0)

·[�]�P�=¡,©Eª;�D�H�'�P�Aª%�A£%�=�]¤]�'� ��'�j�D�)�
lim(pF (p) − f(0)) = 0

·/¥[�]©=�?�]�
p → ∞ �D�D¥L��·%°'�

σ = Re p → ∞ �
p
�H�X�/�D�)�'�/�¤o�'�?ª/´L�/�D¤]�'�'�/�?�D�

Re p > σ0

·'�D�]¥�¡|£%�=�]�x�Aª%�A£%¤��
lim
p→∞

pF (p) = f(0) ß Æ!��à
X  #Ô]&)ÿ]ð'$%(*ÔnU G á �[@

f(t)
O
f ′(t)

\yK�@E8%O%>rO/N/K_Z%O��
f(t) � F (p)

Oo\H�C�o:H\=doB?S[B?K
lim
t→∞

f(t) =

f(∞)
��do@

lim pF (p) = f(∞)
�j�[@C>rKDdo@

p→ 0
��@C\=dWK]B_z/c/��ObBeY%@EZ%SH8[K]B?N/O/N/KDdWK

Re p > 0
^

Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G ¶~�D«L¯k�/�D�'�'�A£q�D�]±]�Aª/��¢_¤��D�)�D·�°'� �'���w�H�)�'�=¡|ªe£;�~�H� ©H�]¤]�]�'�W¢J�
lim
p→0

pF (p)
·

�D¡,«Â¥��?�]���D���=¡ ¾ �H�=�]¤D´L¤��D�'�H�]�º�/� lim
t→∞

f(t)
�Aª%�A£%¤��§�]©H�/�D�'�'°'�H�'�]�=�]�D���/�

f(t)
�Â�)�Jµo�H�

£;�!�H°'���?�D�)�
σ0 = 0

�b�]�]©A�D¤���·h�=¡,©Eª;�D�H�'�!�]�H�]�'�H�j� Æ ·|¬w´L�'¥'�'�����D�
F (p)

�P£%�H¬~�'�'�'�/�D�/�¦¤�'�?ª/´L�/�D¤]�'�'�/�?�?�
Re p > 0

²;�T�
f ′(t) � pF (p) − f(0)

�'�j�D�)�
pF (p) − f(0) =

∫ ∞

0

f ′(t) e−p t dt.

¶w�H¥L�o¤e©H�]�'�'�D�]�e�/�D¤]�H�'�=�]¤]�e�]�=�D�D¤]�'�
p→ 0

�¦�/�D�'�/�?¤]�'�Â©H�/�D�'�'°'�H���'�'�A¿��J£R�'�J£¦¢_�/�D¥��o�/��'���]�H©H�/�Cª;� ß ���'�j�m£;�o�]±]�]�H�'�]¤]�D¤��D�)��¢J�D¥[�]�'�'�]�=�D�D�e�/�P�]�D¢_���'�'�A¿��J£ à ² Ñ �D¥L�W�'�?ª/´L°/�D¤��D�)�
lim
p→0

(pF (p) − f(0)) =

∫ ∞

0

f ′(t) dt = f(∞) − f(0),

�D�]¥�¡|£%�=�]�x�Aª%�A£%¤��
lim
p→0

pF (p) = f(∞). ß Æ � à
ÓÃÔ["%Õ*Ô[Öw× t �jWb( ü Ô[Õ*Ô[ï�
*(*Õ*×'ï*Ônï*×§"��%Õ*×	��� G á �[@

F (p) � f(t)
�jdo@

F (n)(p) � (−t)n
f(t), n = 1, 2, . . . (Re p > σ0). ß Æ � à

�&�



Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G Òm´L�'¥'�'�����D�
F (p) =

∫ ∞
0

f(t) e−p t dt
�W�D�/�Cª%���]�'°'�/�¸¤¸�'�?ª/´L�/�D¤]�'�'�/�?�?�

Re p > σ0 ß ¤]��µÐ�]�H�]�'�H�j� Æ]à �R�Aª%�r£%�]¤��?�]�Aª%�'�!�'�'���]�=µo�D¤��x�'�'�]��¢_¤]�_£%�'�n�D�q¥L�]«¦£;�e�m�'�A£§¤�D�?¢H���'�?ª/´L�/�D¤]�'�'�/��²;�T� ß ÆL�Cà �'�j�D�)�
F ′(p) =

∫ ∞

0

(−t f(t)) e−p t dt � −t f(t).

³w�'�Lª;�D©A�D�)�P�?�?¢_�§¬~�]�'� ´_ª;�q¢J�
F ′(p)

² î �j�D�)�
F ′′(p) � (−t)(−t f(t)) = (−t)2

f(t)
²kl#�?¢=¯�=¡hµo£;�D¤��D�)�w�'�L£/´L¥��]�'¤]�'�x�¦�=�]�'©A�D�)�w£%�e�]± ¾ �?�?�o¬~�]�'� ´Jª;� ß Æ � à ²�¦Õ*(*ÖwÔ[Õ f GmØ KJu~:k8;:=do: L(tn)

�
n ∈ N

^
,�Ô$-§Ô[ï*(*Ô�. �T� 1

p
� 1

� ß Æ � à �'�j�D�)� (1

p

)(n)

� (−t)n ·��D�]¥�¡|£%�=�]�m�/�D�)�'�/�D�)� n!

pn+1
� tn

²
�¦Õ*(*ÖwÔ[Õ F . GmØ KJu~:k8;:=do: L(tn eα t)

�
n ∈ N

^
,�Ô$-§Ô[ï*(*Ô�.ò`ad 1

p− α
� eα t

O
(28)

OLuwKJu~: ( 1

p− α

)(n)

� (−t)n
eα t
� @JdW�[�C<?:=do@~N/KJuwO/Ù

8[KJu~: n!

(p− α)n+1 � tn eα t
^

�¦Õ*(*ÖwÔ[Õ F%F/GmØ KJu~:k8;:=do: L(t sinα t)
O L(t cosα t)

^
,�Ô$-§Ô[ï*(*Ô�. �T� α

p2 + α2
� sinα t

� ß Æ � à �'�j�D�)� ( α

p2 + α2

)′
� (−t) sinα t

·*�D�]¥�¡|£%�=�]�
�/�D�)�'�/�D�)� 2α p

(p2 + α2)2 � t sinα t
²

#T�/�Cª%�D©H�'°'�'�'·h�D� p

p2 + α2
� cosα t

� ß Æ � à �'�j�D�)� ( p

p2 + α2

)′
� (−t) cosα t

·|�D�]¥�¡|¯
£%�=�]�x�/�D�)�'�/�D�)� p2 − α2

(p2 + α2)2 � t cosα t
²

ÓÃÔ["%Õ*Ô[Öw× � �nm¦ï*ð'Ô[ñDÕ*(*Õ*×'ï*ÔRï*×§"%Õ*(*ñD(*ï*×� �� G á �[@
f(t)

:9@E8%O%>rO/N/K_ZqO
f(t) � F (p)

�|do@
∫ t

0

f(τ) dτ �
F (p)

p
. ß ÆD¨�à

Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G �T� �]�]¤���·_°'�
f(t)

�)�]�'�'©H�'�/�CªP�Aª%�A£%¤���·J°'�j¬w´L�'¥'�'�����?�
g(t) =

∫ t

0
f(τ) dτ�~�'�H�'�'�H¥�¡,�H�/�?�?�e¢J�

t ≥ 0
�
g(t) = 0

¢J�
t ≤ 0

²%���H¤]�H�!�]�]¤��
|g(t)| ≤

∫ t

0

M eσ0 τ dτ =
M

σ0

eσ0 τ
∣

∣

∣

τ=t

τ=0
≤ M

σ0

eσ0 t.

#T¥L�
σ0 = 0

·,�]� |g(t)| ≤ M t < M et
²oJjª%�A£%�]¤��?�]�Aª%�'�

g(t)
�q�]�'�'©H�'�/�Cª,²)¶w�H¥L�

g(t) �

G(p)
² Ñ �]©A�D¤��b�=¡,©Eª;�D�H�'���]�H�]�'�H�j� ø �'�j�D�)� g′(t) � pG(p) − g(0)

²Ã�T�
g′(t) = f(t)

�
g(0) = 0

�Aª%�A£%¤���·#°'�
f(t) � pG(p)

² Ñ ¡,«�¥��?�]�R�'��´]�Aª%�]¤]�'�
f(t) � F (p)

·,�]�
F (p) =

pG(p)
·/�D�]¥�¡|£%�=�]�

G(p) =
F (p)

p

²
�T���D�?¢_�­�]�H�]�'�H�j�n�Aª%�r£%¤���· °'�x�/�R�'���]�H©H�'�'�/�D�'�=���b�/���]�'�'©H�'�/�Cª;�R�D�]©H�]¤��D����£%�Aª%�H�'�¸�/��]±]�/�?¢J�W�

p
²

� �



�¦Õ*(*ÖwÔ[Õ F - GmØ KJu~:k8;:=do: L(t)
O L(t2)

^
,�Ô$-§Ô[ï*(*Ô�. �T�

1 �
1
p

���]�H�]�'�H�j� � �'�j�D�)�
t =

∫ t

0
dτ �

1
p
L(1) = 1

p2

² ú �?�]�§��¢_�'�Cª'¯
¢H´L¤��D�)�¸�]�D¢_�Â�'�=¢H´_ª/�D�?�?·j�'�?ª/´L°/�D¤��D�)�

t2

2
=

∫ t

0
τ dτ �

1
p
L(t) = 1

p3

· �D�]¥�¡|£%�=�]�
t2 �

2
p3

²³w�'�_£/¡|ª/µe�D¤��D«'¥'�¸�'�o�]�D¢_�¦�/�J°'�'�|·%�/�D�)�'�/�D�)�
tn �

n!
pn+1

·
n ∈ N

²
ÓÃÔ["%Õ*Ô[Öw×º�p�nm¦ï*ð'Ô[ñDÕ*(*Õ*×'ï*ÔRï*×§"��%Õ*×	��� G á �[@

f(t) � F (p)
O f(t)

t

:m@E8%O/>AO'N/K_Z'�Ãdo@
f(t)

t
�

∫ ∞

p

F (u) du, ßöõ %�à
��KDdo@WY%�CdXznN/KxO/N/do:H>p8%O?8LKDN/:TZ;:A�ÅObBeY%@sZ%SH8[K]B?N/O/N/KDdWK

Re p > σ0

^
Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G ¶w�H¥�� L

(

f(t)
t

)

= Φ(p)
²��T�§�]�H�]�'�H�j�?�?�§¢J�n£%�'¬~�H�'�H�'�'�'�/�D�'���/�b�]±]�/�?¢

�'�j�D�)� −Φ′(p) = L
(

t
f(t)

t

)

= L(f(t))
²T³w�?ª/´L°/�D¤��D�)�

F (p) = −Φ′(p)
² î ���]�H©H�'�'�/�D�)�©H�]�'�'�D�]���/�D¤]�H�'�=�]¤]�Í�D�

p
£%� ∞ ·a¥L�?�]����¡;�C� �/�º�'���]�H©H�'�'�/�D�'�nª%�=µx� ¤º�'�?ª/´L�/�D¤]�'�'�/�?�?�

Re p > σ0

²/³w�?ª/´L°/�D¤��D�)�
∫ ∞

p

F (u) du = −
∫ ∞

p

Φ′(u) du = − lim
u→∞

Φ(u) + Φ(p) = Φ(p),

�D¡,«¦¥��?�]�e�D�e�Aª%�r£%�=��¤]�'� � �'�j�D�)�
lim

u→∞
Φ(u) = 0

²_ �]�'�/�?�D�X�]�H�]�'�H�j�m�'�]¥��?¢_¤���·[°'�T�'���]�H©H�/�'�/�D�'�=���W�/�m��¢_�]±]�/�?µW�H�'�'�=�]�W¤]�_£%�o£%�X£%�Aª%�H�'���
t�/�o�]�'�'©H�'�/�Cª;��²

�¦Õ*(*ÖwÔ[Õ F U GmØ KJu~:k8;:=do: L
(eb t − ea t

t

) ^
,�Ô$-§Ô[ï*(*Ô�. î �j�D�)�

eb t − ea t
�

1

p− b
− 1

p− a

² Ñ ¡,«Á¥��?�]�
lim
t→0

eb t − ea t

t
= b − a

·��]�
eb t − ea t

t

�~�]�'�'©H�'�/�CªR�¦�D�e©H�]�'�/�?�?�o�]�H�]�'�H�j�o�'�?ª/´L°/�D¤��D�)�
eb t − ea t

t
�

∫ ∞

p

( 1

p− b
− 1

p− a

)

dp = log
p− a

p− b
.

�¦Õ*(*ÖwÔ[Õ F 0 GmØ KJu~:k8;:=do: L
(sin t

t

) ^
,�Ô$-§Ô[ï*(*Ô�.�Ñ ¡,«P¥��?�]�

lim
t→0

sin t

t
= 1

·D�]�~¬w´L�'¥'�'�����?� sin t

t

�9�]�'�'©=�'�/�Cª,²L�T�
sin t �

1

p2 + 1� ßöõ %�à �'�j�D�)�
sin t

t
�

∫ ∞

p

du

1 + u2
du = arctg u

∣

∣

∣

∞

p
=
π

2
− arctg p = arctg

1

p
.

� �



�¦Õ*(*ÖwÔ[Õ FLt|GmØ KJu~:k8;:=do: L
(

∫ t

0

sin τ

τ
dτ

) ^
,�Ô$-§Ô[ï*(*Ô�. Òm´L�'¥'�'�����?� ∫ t

0

sin τ

τ
dτ

�H�!�/�D�'�'°/� (*ï*ð'Ô[ñDÕ*×� #Ô[ï ÿ](*ï,ô¹ÿ �Í�H�¦�D¢_�/�J°/�D¤��n�
Si t

²;�T� sin t

t
� arctg

1

p

� ß ÆD¨�à �'�j�D�)�
∫ t

0

sin τ

τ
dτ �

1

p
arctg

1

p
.

�¦Õ*(*ÖwÔ[Õ FL�|GmØ KJu~:k8;:=do: L
(

−
∫ ∞

t

sin τ

τ
dτ

) ^
,�Ô$-§Ô[ï*(*Ô�.ºÑ ¡,«!¥L�?�]� ∫ ∞

0

sin τ

τ
=
π

2

·'�]�

−
∫ ∞

t

sin τ

τ
dτ = Si t − π

2
�

1

p
(arctg

1

p
− π

2
) = −1

p
arctg p.

#T¥[�e�]�'�'©H�'�/�Cª/¡¹�x���]±]�/�?¢H¡;�e¢J�D¤]�'�s���q�D�x�/�D�/�D�)�=�D¡,�|·/�]�]©=�D¤��o�'�'����¢_¤]�H�=�]�'�R´]�Aª%�]¤]�����¤D¡h¢_�)�Jµo�H�x©H�/�?�'�'°'�H�¸�'�'�A¿[�_£,·[£%�'¬w�H�'�H�'�'�'�/�D�'�w�q�'���]�H©H�'�'�/�D�'�w�'�m�/�D�/�D�)�=�D¡,�/��²	�Â�H�Lª;�m�_��Aª%�A£%�'���]�X�]�H�]�'�H�)�|·%¥L�]���]� ¾ �~�'�'�'¤]�A£%�H�Á±]�=¢w£%�]¥L�?¢J�?�]�Aª%�=��¤]�'²
ÓÃÔ["%Õ*Ô[Öw× � �EÓÃÔ["%Õ*Ô[Öw×]�[×§ñDÕ*×'ï*(�3*Ô[ï þ*Õ*Ô;q;"�&Åþ*"�þ*×'Õ*×'ÖwÔ[ð���Õr� G á �[@ @E8%O%>rO/N/K_Z/�CdêOWN%:=Ù>A@CB?OLz/d @JIs8[KCM!M?K]B?O%\sz/dÊ@JdÊY/KA8[KJu~:=do�s8

α
�
α ∈ [α1, α2]

�{de^ :_^
f(t, α) � F (p, α)

O�\H�CÙ�o:H\=doB?S[B?K
lim

α→α0

f(t, α)
�
α0 ∈ [α1, α2]

�jde@
lim

α→α0

f(t, α) � lim
α→α0

F (p, α).

ÓÃÔ["%Õ*Ô[Öw×­f\�EÓÃÔ["%Õ*Ô[Öw×]�[×n& ( ü Ô[Õ*Ô[ï�
*(*Õ*×'ï*Ônþ*"­þ*×'Õ*×'ÖwÔ[ð���Õr� G á �[@ @E8%O%>rO/N/K_Z'�CdÌOPN%:=Ù>A@CB?OLz/d @JIs8[KCM!M?K]B?O%\sz/dÊ@JdÊY/KA8[KJu~:=do�s8
α
�
α ∈ [α1, α2]

�{de^ :_^
f(t, α) � F (p, α)

O�\H�CÙ�o:H\=doB?S[B?KxYD8;@JO�MDBD@J<CN/KDdWK ∂
∂α
f(t, α)

M?K
α1 ≤ α ≤ α2

O
t > 0

��do@
∂

∂α
f(t, α) �

∂

∂α
F (p, α).

�¦Õ*(*ÖwÔ[Õ F � G `ad α
p2+α2 � sinα t

�j\kZ;:=<P<CO%ij:k8;:=N/l/OD8[KDN%:wY%@XY/KA8[KJu~:=do�s8[K
α
� Y%@EZ%S�ÛLK]B?KJu~:

∂

∂α

( α

p2 + α2

)

�
∂

∂α
sinα t

O[Z%O
1

p2 + α2
− 2α2

(p2 + α2)2 � t cosα t.

} �CcR��KDdo@ 1
p2+α2 �

sin α t
α

��do@o@JdÐ\HBD@Jc%\=doBD@Jdo@~Z%O/N%:=c/N%@C\=d�OLuwKJu~:
2α2

(p2 + α2)2 �
sinα t

α
− t cosα t,

�J¨



�[@C:=do@Xu~@_��:m<CKoM?KDY/O/�o:yu�ORdoKD��K
2α3

(p2 + α2)2 � sinα t− α t cosα t.

ÓÃÔ["%Õ*Ô[Öw× F .��EÓÃÔ["%Õ*Ô[Öw×]�[×§(*ï*ð'Ô[ñDÕ*(*Õ*×'ï*Ônþ*"­þ*×'Õ*×'ÖwÔ[ð���Õr� G á �[@{@E8%O%>rO/N/K_Z/�CdÌOoN%:H>A@JÙB?OLz/d @JIs8[KCMPM?K]B?O%\sz/d @Jd Y/KA8[KJu~:=do�s8
α
� de^ :_^

f(t, α) � F (p, α)
O�\H�C�o:H\=doB?S[B?KDd O/ND8;:H>rÙ8[K_Z%O/do:

∫ α

α0

f(t, α)dα
O ∫ α

α0

F (p, α)dα,do@
∫ α

α0

f(t, α)dα �

∫ α

α0

F (p, α)dα.

�¦Õ*(*ÖwÔ[Õ FL�|G `ad 1
p−α

� eα t
��\vZ;:=<oO/N/do:H>p8%O?8LKDN/:~Y%@WY/KA8[KJu~:=do�s8[K

α
YD8%O

α0 = 0
�jY%@sZ%S�ÙÛLK]B?KJu~:

∫ α

0

dα

p− α
�

∫ α

0

eα tdαO[Z%O
log

p

p− α
�

eα t − 1

t
.

³w�]¥L�?¢J�C¿��)�D·%°'�~�H¤]�]«'�=�]¤D�D�]�x�'�J£%�]±]�'� ß ¬~�]�'� ´Jª;�?�?� ß Æ õ àEà �)�CµW�T£;�W�H�w¢J�D�'��¼P�X¤D¡,¤o¤]�L£;�
1

α
f
( t

α

)

� F (α p)

�T�o�]�H�]�'�H�j�?�D�o¢J�W�'���]�H©H�/�'�/�D�'�m�'�o�/�D�/�D�)�=�D¡,�¦�'�j�D�)�
∫ 1

0

f
( t

α

)dα

α
�

∫ 1

0

F (α p) dα,

�D¥L�m£%¤��?�?�W�'���]�H©H�/�Cª;�o�=¡ ¾ �H�=�]¤D´L¤��?�C²�#T¥[�o¤mª%�H¤]���!�'���]�H©H�/�CªR�/�D�'�/�D¤]�'���H� �'�/�?�D� t
α

= τ
·/�¤P£%�H�H�'���

α p = u
·/�'�?ª/´L°/�D¤��D�)�

∫ ∞

t

f(τ)

τ
dτ �

1

p

∫ p

0

F (u) du. ßöõ �Cà
�¦Õ*(*ÖwÔ[Õ F f GmØ KJu~:k8;:=do: L

(

−
∫ ∞

t

cos τ

τ
dτ

) ^
,�Ô$-§Ô[ï*(*Ô�. Òm´L�'¥'�'�����?� −

∫ ∞

t

cos τ

τ
dτ

�H�W�/�D�'�'°/� (*ï*ð'Ô[ñDÕ*×� #Ô[ïÌý|";ÿ](*ï,ô¹ÿ �b�H�W�D¢_�/�C¯
°/�D¤��W�

ci t
²;�T�

cos t �
p

p2+1

�¦¬~�]�'� ´Jª;�?�?� ßöõ �Cà �/�D�)�'�/�D�)�

ci t = −
∫ ∞

t

cos τ

τ
dτ � −1

p

∫ p

0

u

u2 + 1
du =

1

p
log

1
√

p2 + 1
.

Æ!%



�T�q�]�H�]�'�H�)���]�W¢J�q�'���]�H©H�'�'�/�D�'�o�/�q�]�'�'©H�'�/�Cª§�n�]±]�/�?¢P�Aª%�A£%¤���·|°'�W�D¥[�
f(t) � F (p)

�¬w´L�'¥'�'�����D� f(t)
t

�~�]�'�'©H�'�/�Cª,·'�]�
∫ t

0

f(τ)

τ
dτ �

1

p

∫ ∞

p

F (u) du.

ú �?�]�e�=¡,±]�H�'�H�Â� ßöõ �Cà ·'�'�?ª/´L°/�D¤��D�)�
∫ ∞

0

f(τ)

τ
dτ �

1

p

∫ ∞

0

F (u) du.

Ñ ¡,«�¥L�?�]�q�'���]�H©H�/�Cª%�����P¤e£%¤]�=�]�m�=�]�/�D�'�n�/�e©H�]�'�'�D�]�q�/�D¤]�H�'�=�]¤]�¸�_�e¥[�]�'�=�D�D���]�|·%£;�x¥L�?µW�H�
A
�
B
·/�]�q©H�]�'�'�D�]�q�=¡|�D�]�'�D¼P�H�'�'�P�'�j�x¤]�L£;�

A �
B
p

·;¥[�]�=�]�x¢J�D�A£%�'�q�
1 �

1
p

���]�H�]�'�H�j�
õ ¢J�o�A£%�'�'�=�]¤]�H�'�]�H�e£;�D¤�� A = B

² Ñ �D¥L�W�'�?ª/´L°/�D¤��D�)�
∫ ∞

0

f(τ)

τ
dτ =

∫ ∞

0

F (u) du. ßöõ Æ]à
³w�?ª/´L°'�H�/�?�?�e¬~�]�'� ´Jª;�o�)�JµW�T£;�o�H�~��¢_�'�?ª/¢H´L¤��W¢J�o�'�'�H�H� ���?�D�'�m�/�W���'¥L�]�!�'�H�H�]±]�=�]¤]�H�'�R�'�L¯�]�H©H�/�Cª%�|²
�¦Õ*(*ÖwÔ[Õ -/. G 798;:H\vu~:=dWN%:=do: ∫ ∞

0

sin t

t
dt
^

,�Ô$-§Ô[ï*(*Ô�. �T�
sin t �

1
p2+1

�!¬~�]�'� ´Jª;�?�?� ßöõ Æ]à �/�D�)�'�/�D�)�
∫ ∞

0

sin t

t
dt =

∫ ∞

0

du

u2 + 1
= arctg u|∞0 =

π

2
.

�T�m�]�H�]�'�H�j�?�?�P¢J�~£%�'¬~�H�'�H�'�'�'�/�D�'�w�/�X�]±]�/�?¢��D�
f(t) � F (p)

·L�'�j�D�)�
tf(t) � −F ′(p)

²ú �?�]�e�'�'�Lª%�Jµx�'�Â¬~�]�'� ´_ª;�
(32)

·/�'�?ª/´L°/�D¤��D�)�
∫ ∞

0

f(t)dt = −
∫ ∞

0

F ′(u)du = − lim
u→∞

F (u) + lim
u→0

F (u) = F (0), ßöõ]õ à
�D¥L�o�=¡ ¾ �H�=�]¤D´L¤�� lim

t→∞
f(t)

·'�D¡,«¦¥L�?�]�e�D�
(22)

�'�j�D�)�
lim

u→∞
F (u) = 0

²
�¦Õ*(*ÖwÔ[Õ - F/G 798;:H\vu~:=dWN%:=do: ∫ ∞

0
e−α t sin β t dt

�
α > 0

^
,�Ô$-§Ô[ï*(*Ô�. �T�

e−α t sin β t �
β

(p+ α)2 + β2
ß �'�'�'�)�H� (34)

à �!©H�]�'�/�?�D�o¬~�]�'� ´_ª;�W�'�?ª/´L°/�C¯
¤��D�)�

∫ ∞

0

e−α t sin β t dt = lim
u→0

β

(u+ α)2 + β2
=

β

α2 + β22 ×��%Ô� #Ô;1ºý|×ºU GQs 8[KDN/O/ÛLN/O/do:o\H�_@JdWN%@J�o:=N/OLz�� Y%@EZ%S�Û�:=N/OºB!\kZ;:=<?\=doB?OLz
1
�

2
O

3
u~@C>rKDd<CKe\H:�O�M?Y%@sZ'M?S[B?KDd M?KWYD8;@CBD:k8%��KeBD:k8%N%@C\=dWdWKWN/KWYD8;:H\yu{z/dWKDN/OLz/dWKC� N/KDYD8[K]BD:=N/O�\wY%@su~@J�WdWKN/Kq@JY%:k8[KDl/O%@JN/N%@Jdo@e\vu{z/dWKDN%:_^

�¦Õ*(*ÖwÔ[Õ -%- G 798;@CBD:k8;:=do:a<CK_Z%Ox\yK~B?K_Z%O/<CN/Oe>p8[KDN/O/ÛLN/O/do:a\H�J@JdWN%@J�o:=N/OLze@Jd�\kZ;:=<?\=doB?OLz/dWK
1
�

2
O

3
M?Kq@JIs8[KCM?O/do:XN/Kqi)S�N/��l/O/O'de:

1(t)
�

sin t
�
eα t

^
ÆL�



,�Ô$-§Ô[ï*(*Ô�.�î �j�D�)�
1(t) �

1
p

·
sin t �

1
p2+1

·
eα t

�
1

p−α

²%³�¡,�'¤]�D�]�o�¦¤D�]�]�'�D�]�x©H�/�D�'�'°'�'�
�=¡|�?�]�'�D¼P�H�'�'�o�_�x¤��Cª%�L£%�'�R��¢J�x�]�'���]�W¬w´L�'¥'�'�'�|·;�D¡,«n¥L�?�]�

lim
p→∞

1

p
= 0

·
lim
p→∞

1

p2 + 1
= 0

·
lim
p→∞

1

p− α
= 0

·
lim
p→∞

(p.
1

p
) = 1 = 1(0)

·
lim
p→∞

(p.
1

p2 + 1
) = 0 = sin 0

·
lim
p→∞

(p.
1

p− α
) = 1 =

e0
² Ñ �'�=�]�D�]�!©H�/�D�'�'°'�'�¦�A¡|�D�]�'�D¼P�H�'�'�o�'�o�W¤¸�H�Lª;�q¢J�¸�]±]�/�?¢J�q�/�

sin t
·¹¢J� ¾ �D�]�¦�'�W�=¡ ¾ �H�A¯�]¤D´L¤��

lim
t→∞

sin t
²,³w�¦�=¡ ¾ �?�D�¦�'�'�'°'�'�/�!�]���'�e�e¤¦�H�Lª;�¦�b¢J�¦�]±]�/�?¢J�!�/� eα t

�'�'�
α > 0

²
*|�e�D±]�/�?¢_���]�P�/�

1(t)
�
eα t

�'�'�
α < 0

�]�x�X¤x�H�Lª;��·/�D¡,«R¥L�?�]�
lim
p→0

(p.
1

p
) = lim

t→∞
1(t) = 1

·
lim
p→0

(p.
1

p− α
) = lim

t→∞
eα t = 0

²
0¸þ*Õ*×	1ºï*Ô[ï*(
�

2 ×L& ×$3*× �|GmØ KJu~:k8;:=do:
F (p) = L(f(t))

�jKD�L@94
1. f(t) = t shα t 5 2. f(t) = t chα t

^
= ð'ñ G � ²

F (p) = 2α p

(p2−α2)2
� Æ ²

F (p) = p2+α2

(p2−α2)2

²
2 ×L& ×$3*×�f GmØ KJu~:k8;:=do:

F (p) = L(f(t))
�jKD�L@94

1. f(t) = t (et + ch t) 5 2. f(t) =

∫ t

0

(τ − 1) cosα τ dτ

3. f(t) =

∫ t

0

eτ − 1

τ
dτ
^

= ð'ñ G � ²
F (p) = 2(p2+p+1)

(p2−1)2
� Æ ²

F (p) = p2−p3−p α2−α2

p (p2+α2)2

²
,�Ô$-§Ô[ï*(*Ô�. õ ² î �j�D�)� et − 1 �

1

p− 1
− 1

p

² Ñ ¡,«�¥L�?�]�
lim
t→0

eτ − 1

τ
= 1

·,�]�R¬w´L�'¥'�'�����?�
eτ − 1

τ

�~�]�'�'©H�'�/�Cª,² ú �?�]�e�'�'�Lª%�Jµx�'�Í�]�H�]�'�H�j� � ¢J�W�'���]�H©H�'�/�/�D�'�X�/�o�]±]�/�?¢]·'�'�?ª/´L°/�D¤��D�)�
eτ − 1

τ
�

∫ ∞

p

( 1

u− 1
− 1

u

)

du = log
u− 1

u

∣

∣

∣

∞

p
= − log

(

1 − 1

p

)

.

JÃ�H©A�e�]�=�?�D¤��P£;�W�'�'�Lª;�D©H�Cµe�'�Í�]�H�]�'�H�j� � ¢J�o�'���]�H©H�'�'�/�D�'�m�/�W�]�'�'©H�'�/�Cªn�!�/�D�)�'�/�D�)�
∫ t

0

eτ − 1

τ
dτ � −1

p
log

(

1 − 1

p

)

.

2 ×L& ×$3*× F . GmØ KJu~:k8;:=do:
F (p) = L(f(t))

��KD�[@
f(t) =

1

t et
(1 − ea t)

^
,�Ô$-§Ô[ï*(*Ô�. ³w�'�A£%�=�?�D¤D�'�)�

f(t)
¤D¡,¤o¤]�L£;�
f(t) =

e−t − e(a−1) t

t
.

Æ]Æ



î �j�D�)�
e−t−e(a−1) t

�
1

p+1
− 1

p−(a−1)

²D�T�T�]�H�]�'�H�j� � ¢J�{�'���]�H©H�'�'�%�D�'�a�/�{�]±]�/�?¢Ã�'�?ª/´L°/�D¤��D�)�
e−t − e(a−1) t

t
�

∫ ∞

p

[ 1

u+ 1
− 1

u− (a− 1)

]

du = log
p+ 1 − a

p+ 1
.

2 ×L& ×$3*× F%F/GmØ KJu~:k8;:=do:
f(t) = L−1(F (p)

�jKD�L@94
1. F (p) =

1

p (p− 4) 5 2. F (p) =
1

p2 (p+ 1) 5
3. F (p) =

1

p2 (p2 + 1) 5 4. F (p) =
3 p

(p2 + 1)2

^
,�Ô$-§Ô[ï*(*Ô�. � ²w�T� 1

p− 4
� e4t

���]�H�]�'�H�j� � ¢J�Á�'���]�H©H�'�'�/�D�'���/�Á�]�'�'©H�'�/�Cª��'�j�D�)�
1

p (p− 4)
�

∫ t

0

e4τ dτ =
e4t − 1

4

²
ø ²C�T� 1

p2 + 1
� sin t

���]�H�]�'�H�j� û ¢J��£%�'¬~�H�'�H�'�'�'�/�D�'���/�9�]±]�/�?¢)�'�j�D�)� t sin t � −
( 1

p2 + 1

)′
=

2p

(p2 + 1)2

·'�D�]¥�¡|£%�=�]�
F (p) =

3

2
t sin t

²
= ð'ñ G

2. f(t) = t− 1 + et � 3. f(t) = t− sin t
²

2 ×L& ×$3*× F - GmØ KJu~:k8;:=do:
f(t) = L−1(F (p)

�j�L�C<?:Ade@
F (p) = log

p

p+ 1

^
= ð'ñ G

f(t) = e−t−1
t

²
2 ×L& ×$3*× F U G 798;:H\vu~:=dWN%:=do:/4
1.

∫ ∞

0

e−at − e−bt

t
dt 5 2.

∫ ∞

0

t5 e−tdt 5 3.

∫ ∞

0

e−α t cos β tdt
^

= ð'ñ G � ²
log b

a

� Æ ²
5!
� õ ² α

α2+β2

²

Æ õ



t È � 
º��������5 F�6Â����6�u�5 �Ê� �E@�6Â�Ê�Af�5��������AF��

KuwvcFÁ����6

¶w�H¥L�
f(t)

�{�]�'�'©H�'�/�Cª¸�
ψ(t) =

{

0, t < c

f(t− c), t ≥ c, c > 0.

Òm´L�'¥'�'�����D�
ψ(t)

�'�'�'�A¯
�j�P¤o�'���]�H�'¤]�Cª;�

[c,∞)
¢_�/�J°'�H�'���|·'�/�D¤]�'�!�=¡¹�D�]¤]�=�]�'�e�/�m¢_�/�C°'�H�'�����?��·/¥[�]���]�

f(t)
�'�'�'�H�j�¤b�'���]�H�'¤��Cª;�

[0,∞)
²o#T¥[�

f(t)
�]�'�'�H¤��n���'¥��D¥�¡,¤n�'�'�]�'�H�D· �]�

ψ(t)
�]�'�'�H¤��n�=¡ ¾ �����'�'�?¯�'�H�q�=¡,�x¢J�D¥�¡,�H�'�H�'�'�

c
² _ �/�D¬~�'¥L�?�?�R�/�

ψ(t)
�H�q�'�?ª/´L°/�D¤��R�D�R©H�/�D¬~�'¥��?�?�R�/�

f(t)
°'�'�=¢�'�'�H�)�H�=�]¤��D�'�m�'�o�]�=�D�o�/�o�D�'©=´L�)�H���D�e�/�W�/�?¢_�=�]�C�'�'�'�

c ß ¬~�'© �Cà ²

t t

y y

a a

0 0 c

y=f t( ) y= ( )t

ÒP�'©r² � ²
Òm´L�'¥'�'�����?�

1(t−c) =

{

0, t < c

1, t ≥ c, c > 0.

�H�9�/�D�'�'°/� "��%"����§Ô[ï*×¸Ô]& (*ï*(�3*ï*× ü ôhïO(
ý�
*(
� ß ¬~�'©r² Æ]à ²L*|���]±]�]± ¾ �H�/�?�D�w�A£%�'�'�'°'�/�X¬w´L�'¥'�'���e�H� ��¢_�'�?ª/¢H´L¤��~�e�D¢_�/�J°'�H�'�'�=�]� 1c(t)

²$J�'�H«'�/�~�'�]�)� ¾ ¬w´L�'¥'�'�����D� ψ(t)
�)�Jµo�Ã£;�w�H� ¢_�D�'��¼P�{¤D¡,¤~¤]�L£;�

1(t−c) f(t−c) ²�³w�]���'¥L�]©A��'��¼P�H���_�D�)�
f(t − c)

·)¥L�?�]�§¤]�'�'�j�D¤��D�)�q£;�n�'�!�H�¦�'�Cª/´L°'�Â�'�A£%�]�/�?¢H´L�)�H�'�'�D²aÒm´L�'¥'�'�����D�
f(t− c)

�H�X�/�D�'�'°/�oü ôhï*ý�
#(
�Âÿ<�Ãÿx�[×'ý��Ãÿ]ï
�h$%×���×'Õ*ñ?ôhÖwÔ[ï*ð ²
ÓÃÔ["%Õ*Ô[Öw× F%F �EÓÃÔ["%Õ*Ô[Öw×]�[×y�[×'ý��Ãÿ]ï*Ô[ï*(*Ô[ð'"k� G á �L@

f(t) � F (p))
O
c = const > 0

�*do@
1(t− c)f(t− c) � e−p c F (p) . ßöõDø à

Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G î �j�D�)�D·/�Aª%�A£n�=�)�'�/�?�?�
t− c = τ

·
1(t− c) f(t− c) �

∫ ∞

0

1(t− c) f(t− c) e−p t dt =

∫ ∞

c

f(t− c) e−p t dt

=

∫ ∞

0

f(τ) e−p (τ+c) dτ = e−p c

∫ ∞

0

f(τ) e−p τ dτ = e−p c F (p) .

Æ ø



c
t

y t-c= 1( )

y

1

0

ÒP�'©r² Æ ²
t

0

a

c

y

y f t= ( )

ÒP�'©s² õ ²
Ñ �H�]�'�H�j�?�?��¢J�¦¢J�D¥�¡,�H�'�H�'�'�=�]�b�'�]¥��C¢_¤���·#°'�e¢J�D¥�¡,�H�'�H�'�'�=�]�b�/�R�D�'©=´L�)�H���D�n�/���]�'�'©H�'�/�Cª;����'�?ª%�Jµx���]�Aª%�/�­¥L�]�'�=�?�D�/�?�?�

c
¤]�_£%�Í£%��´L�)�'�CµW�H�'�'�R�/���]±]�/�?¢J���

e−p c
² Ñ �?¢_�Â�]�H�]�'�H�j�­�´J£%�]±]�H�¦�)�=�]�_£R¢J�o�/�?�j�'�/�?�'�X�/�W�]±]�/�?¢_�¦�/�W°/�D�=�]�'°'�'�x�'�H�'�'�H¥�¡,�H�/�?�]�R¬w´L�'¥'�'�'�|²

2 ×��%Ô� #Ô;1ºý|×�0 G á �[@e@E8%O%>rO/N/K_Z'�Cd
f(t)

:wM?KD<CKD<?:=NnY%@o\vZ;:=<CN/OLznN/KDÛLO/N

f(t) =







0, t < τ1 (τ1 ≥ 0),
fk(t), τk ≤ t ≤ τk+1, k = 1, 2, . . . ,m,
0, t > τm+1,�[�C<?:=do@

fk(t)
:�N%:=YD8;:=�[�?\=N/KDdWKoi)S[N'�[l'OLzRBWO/N'de: 8;B?K_Z%K

[τk, τk+1]
�
k = 1, 2, . . . ,m

�)do@C>rK]B?KZ;:H\=N%@e\H:XYD8;@CBD:k8�z/B?KC�aÛ�:
f(t)

u~@_��:m<CKq\H:XYD8;:=<?\=dWK]B?ObBD�?BqB?O'<CK

f(t) =
m

∑

k=1

[1(t− τk) − 1(t− τk+1)]fk(t) .

�¦Õ*(*ÖwÔ[Õ -%U GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/Kx@JI?@JIC�o:=N/KDdWK¸:=<CO/N/O/ÛLN/Kqi)S�N/��l/OLz
1(t− c) Ý i)O%>=^ 2 Þ ^

,�Ô$-§Ô[ï*(*Ô�. �T�
1(t) �

1
p

�!�]�H�]�'�H�j� �]� ¢J�W¢J�D¥�¡,�H�'�H�'�'�=�]�q�'�j�D�)�

1(t− c) �
e−p c

p
. ßöõ�û à

�¦Õ*(*ÖwÔ[Õ -'0 GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/Kxi)S[N'�[l'OLz/dWK
f(t) = 1(t− 1) sin(t− 1)

^
,�Ô$-§Ô[ï*(*Ô�. �T�

sin t �
1

p2+1

�e�]�H�]�'�H�j� �]� ¢J�~¢J�D¥�¡,�H�'�H�'�'�=�]�P�'�j�D�)�
1(t−1) sin(t−1) �

e−p

p2+1

²#T¥[�¦���'�j�q¢J�D¥�¡,�H�'�H�'�'�x�/�¦�D�'©=´L�)�H���?��·,�C² �D²,�/�?¢_©Eª%�=µo£;�D�)�e¬w´L�'¥'�'�����?�
1(t) sin(t − 1)

·�]�]©A�D¤��o�]±]�/�?¢H¡;�e�'�j�o�=¡,¤]�H�H��£%��´L©~¤]�L£,·%�W�'�)�H�'�'�'Ä
sin(t− 1) = sin t cos 1 − cos t sin 1 �

cos 1

p2 + 1
− p sin 1

p2 + 1
.

�¦Õ*(*ÖwÔ[Õ - t|GmØ KJu~:k8;:=do:Ã@JIs8[KCM?K�N/K�i)S�N/��l/OLz/dWK
f(t) =

{

a
M?K

0 ≤ t ≤ c,

0
M?K

t < 0 �
O�M?K

t > c.

Æ û



t

0

a

b c

y

y f t= ( )

ÒP�'©r² ø ²
t

y

1

1 2 3 4 50

y = f t( )

ÒP�'©s² û ²
,�Ô$-§Ô[ï*(*Ô�.G_ �/�D¬~�'¥��?�?�P�/�W¬w´L�'¥'�'�����?�

f(t)
�'�'�

a > 0
�T£;�C£%�H�/�P�/�W¬~�'©s² õ ²/Òm´L�'¥'�'�����D�

f(t)
�'�j� �Aª%�A£%�'�D�]���D�/�Cª%���]�'°'�'�T�'�'�A£%�=�D�D¤D�'�'� ß ¤]��µ�¢J�D±]�Aª%�=µx¥L� ø à Ä f(t) = a(1(t)−1(t−c)) ²�T�
1(t) �

1
p

� ßöõ�û à �/�D�)�'�/�D�)� f(t) � a(1
p
− e−c p

p
)
²

�¦Õ*(*ÖwÔ[Õ - �|GmØ KJu~:k8;:=do:Ã@JIs8[KCM?K
F (p)

N/K�i)S�N/��l/OLz/dWK
f(t) =

{

a
M?K

b ≤ t ≤ c, b > 0
0,

M?K
t < b

O�M?K
t > c.

,�Ô$-§Ô[ï*(*Ô�.z_ �/�D¬~�'¥L�?�?�P�/�X¬w´L�'¥'�'�����D�
f(t)

�'�'�
a > 0

� £;�C£%�H�/�P�/�X¬~�'©r² ø ²'Òm´L�'¥'�'�����D�
f(t)

�'�j�b�Aª%�A£%�'�D�]�º�D�/�Cª%���]�'°'�'���'�'�A£%�=�D�D¤?�/�'�?Ä
f(t) = a(1(t − b) − 1(t − c))

²Ã�T� ßöõ�û à�/�D�)�'�/�D�)�
f(t) � a( e−b p

p
− e−c p

p
)
²

�¦Õ*(*ÖwÔ[Õ -;� GmØ KJu~:k8;:=do:Ã@JIs8[KCM?K�N/K�i)S�N/��l/OLz/dWK
f(t)

�;ÛLOLz/do@ >p8[K]i)O/��Kw:�<CKD<?:=N/KTN/K�i)O%>=^
5
^

,�Ô$-§Ô[ï*(*Ô�. Òm´L�'¥'�'�����?�
f(t)

�)�JµW�T£;�o�H�w¢J�D�'��¼P�X�'�o�Aª%�A£%�'�����/�J°'�'�|Ä
f(t) = 1(t) − 1(t− 1) + 1(t− 2) − 1(t− 3) + 1(t− 4) − 1(t− 5)

²��¢_�H�j�D«'¥'���'�'�A£%¤]�L£ ßöõ�û à ·'�/�D�)�'�/�D�)�
L(f(t)) =

1

p
− e−p

p
+
e−2 p

p
− e−3 p

p
+
e−4 p

p
− e−5 p

p
.

�¦Õ*(*ÖwÔ[Õ - �|G g Kq\H:XN/KJu~:k8%Ob@JIs8[KCM?KxN/Kq\=do�CY/K_Z;@CB?O/<CN/KDdWKqi)S�N/��l/OLz Ý i)O%>=^ 6 Þ
f(t) =

{

0, t < 0
(n+ 1)h, n τ ≤ t ≤ (n+ 1) τ, n = 0, 1, . . . , τ, h = const > 0,

,�Ô$-§Ô[ï*(*Ô�. Òm´L�'¥'�'�����D�
f(t)

�)�JµW�#£;� �H�j¢_�D�'��¼P�Ã¤D¡,¤ ¤D�L£;�

t
0

y

h

3h

4h

2h

2 3

y=f t( )

ÒP�'©r² � ²

f(t) = h[1(t)−1(t− τ)]+2h[1(t− τ)−1(t−2τ)]+3h[1(t−
2τ)−1(t−3τ)]+. . . = h [1(t)+1(t−τ)+. . .+1(t−n τ)+. . .] .ú �?�]�e¤D¢_�=�j�=�Á�'�'�A£%¤]�L£ ßöõ�û à ·'�/�D�)�'�/�D�)�
f(t) � h

[1

p
+ e−p τ 1

p
+ . . .+ e−np τ 1

p
+ . . .

]

=
h

p

1

1 − e−p τ
,

�D¥[� |e−p τ | = e−σ τ < 1
·9�­�]�]¤����n��¢_��¡|ª%�'�H�'�Â�'�'�

σ =
Re p > 0

² î �?�D¥��
f(t) �

h

p(1 − e−p τ )
.

Æ!�



�¦Õ*(*ÖwÔ[Õ -%f G g Kq\H:XN/KJu~:k8%Ob@JIs8[KCM?KxN/Kqi)S�N/��l/OLz/dWK
f(t) = 1(t) + t 1(t− 1)

^
,�Ô$-§Ô[ï*(*Ô�. *|�n£;���H���'�'�Lª%�Jµx�Â�]�H�]�'�H�j� �]� ¢J�§¢J�D¥�¡,�H�'�H�'�'�=�]�'·Ã�]���'±]¤��b£%�­�A£%�'�'�'°'�/�?�?�¬w´L�'¥'�'���

1(t−1)
£;�w�=�]�]�x¬w´L�'¥'�'���x�/�X�D�'©=´L�)�H���

t−1
²[³w�]�/�C£%�o�?�?¢_�x�'�'�'°'�'�/�X�'�'�A£%�=�?�C¯¤D�'�)�

f(t)
¤D¡,¤m¤]�L£;�

f(t) = 1(t)+ ((t− 1)+1) 1(t− 1) = 1(t)+ (t− 1) 1(t− 1)+1(t− 1)
²�T�

1(t) �
1
p

·
t 1(t) �

1
p2

�q�]�H�]�'�H�j� �]� ¢J�m¢J�D¥�¡,�H�'�H�'�'�=�]�o�'�j�D�)�
f(t) �

1
p
+ e−p

p2 + e−p

p
=

1
p

+
(

1
p

+ 1
p2

)

e−p
²

�¦Õ*(*ÖwÔ[Õ U/. GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/Kxi)S[N'�[l'OLz/dWK

f(t) =



























h
τ
t, 0 ≤ t ≤ τ ;

h sin π t
2τ
, τ ≤ t ≤ 3τ ;

h
τ

(t− 4τ), 3τ ≤ t ≤ 4τ ;

0, t > 4τ.,�Ô$-§Ô[ï*(*Ô�.�ú �?�]�o¤D¢_�H�)�H�Á�'�'�A£%¤]�L£�¢J�D±]�Aª%�=µx¥�� ø ·'�'�'�A£%�=�D�D¤D�'�)� f(t)
¤D¡,¤o¤]�L£;�

f(t) = [1(t)−1(t−τ)] h
τ
t+[1(t−τ)−1(t−3τ)]h sin

π t

2τ
+[1(t−3τ)−1(t−4τ)]

h

τ
(t−4τ).Jjª%�A£n�'�'�'¤]�A£%�H�'�'�X�'�?ª/´L°/�D¤��D�)�

f(t) = 1(t)
h

τ
t+1(t−τ)

[

h sin
π t

2τ
−h
τ
t
]

+1(t−3τ)
[h

τ
(t−4τ)−h sin

π t

2τ

]

−1(t−4τ)
h

τ
(t−4τ).JÃ�H©A�§�'�/�D¤]�'�����'¥[�]�Í�'�'�H�]±]�/�?¢_�]¤��D�'�����!�'�Aª �'�'�Í¤]�s�'¥L�b�A£%�'�'�'°'�/�§¬w´L�'¥'�'���

1(t − kτ)
·

k = 0, 1, 3, 4
£;�q�=�]�]�n¬w´L�'¥'�'���b�/�x�=¡ ¾ ���b�D�'©=´L�)�H��� t − kτ

·%¢J�e£;�x�)�CµW�H�Á¢J�x�/�D�)�'�/�D�'��/�o�]±]�/�?¢J�m£;�W�'�'�Lª%�Jµx�'�Í�]�H�]�'�H�j� �]� ¢J�P¢J�D¥�¡,�H�'�H�'�'�=���'² î �j�D�)�DÄ
h
τ
t = h+ h

τ
(t− τ)

·
h sin π t

2τ
= h sin π

2τ
[(t− τ) + τ ] = h sin

[

π
2τ

(t− τ) + π
2

]

= h cos π(t−τ)
2τ

·
h sin π t

2τ
= −h cos π(t−3τ)

2τ

·
h
τ

(t− 4τ) = −h+ h
τ

(t− 3τ)
²

*|�D�)�H�=�]¤��D�)�~�w�]�=¢_����¢_�/�?¢_��¤o�'�]�Aª%�A£%�'�D�]�x�'�'�A£%�=�D�D¤D�'�'�X�/�
f(t)

�!�'�?ª/´L°/�D¤��D�)�
f(t) =

h

τ
1(t) t+ h 1(t− τ)

[

cos
π (t− τ)

2τ
− 1

τ
(t− τ) − 1

]

+ h 1(t− 3τ)
[1

τ
(t− 3τ) − 1 + cos

π (t− 3τ)

2τ

]

− h

τ
1(t− 4τ) (t− 4τ) .�T�o�]�H�]�'�H�j� �]� ¢J�W¢J�D¥�¡,�H�'�H�'�'�=�]�x�'�?ª/´L°/�D¤��D�)�

F (p) =
h

τ

1

p2
+ h e−τ p

[ p

p2 + π2

4τ2

− 1

τ p2
− 1

p

]

+ h e−3τ p
[ 1

τ p2
− 1

p
+

p

p2 + π2

4τ2

]

− h e−4τ p 1

τ p2
,

Æ �



�Lª%�¦�]¥L�D�'°/�?�]�Aª%�'�
F (p) =

h

τ p2
(1 − e−τ p + e−3τ p − e−4τ p) − h

p
(e−τ p + e−3τ p)

+
h p

p2 + π2

4τ2

(e−τ p + e−3τ p) .

�¦Õ*(*ÖwÔ[Õ U F/GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/Kxi)S[N'�[l'OLz/dWK
f(t) =

{

0, t < b
a

ϕ(at− b), t ≥ b
a
, a > 0, b > 0,�[�C<?:=do@

ϕ (t)
:X<CKD<?:=Nb@E8%O%>rO/N/K_Z§O

ϕ (t) � Φ(p)
^

,�Ô$-§Ô[ï*(*Ô�. �T�
ϕ(at − b) = ϕ (a(t − b

a
))
�Aª%�A£%¤��L·|°'�W�D¥[�

ψ(t) = ϕ (at)
·;�]�

ϕ(at − b) =
ψ(t− b

a
)
�
f(t) = 1(t− b

a
)ψ(t− b

a
)
²?�T�T�H¤]�]«'�=�]�D�]���'�_£%�]±]�'� ß �H¤]�]«'�=�]¤]� Æ]à �Aª%�A£%¤���·C°'� ψ(t) �

1
a
Φ( p

a
)
�!�]�]©A�D¤��o�=¡,©Eª;�D�H�'�o�]�H�]�'�H�j� �]� ¢J�P¢J�D¥�¡,�H�'�H�'�'�=���x�'�j�D�)�

f(t) �
e−

b
a p

a
Φ( p

a
)
²

�¦Õ*(*ÖwÔ[Õ U%- GmØ KJu~:k8;:=do:W@JIs8[KCM?K¦N'K¦i)S�N/��l/OLz/dWK
f(t) = 1(t) 1(τ − t)

�
τ > 0

O§N/K¸N%:=c/ÙN/KDdWKxYD8;@JO�MDBD@J<CN'K�^
,�Ô$-§Ô[ï*(*Ô�. ��¡,¤q¬~��¢_�'¥L�?�D�x�D�D¥L�q�)�Jµo�w£;�q�H�m¢J�C£;�C£%�P�A£%�'�'�'°'�H�b�'�)��´Jª%�D·;£%�H«'�=�]¤D´L¤�� ¾ ¢J�¤]�'�H�)�

τ
²#�T°'�H¤]�L£%�'���'�j�D�)�

f(t) = 1
¢J�

0 ≤ t ≤ τ
�
f(t) = 0

¤¦�]�=�?�D�/�Cª%���]�x�Aª/´L°/�D��º�Aª%�A£%�]¤��?�]�Aª%�'�
f(t) = 1(t) − 1(t − τ)

² �T�
1(t) �

1
p

���]�H�]�'�H�j� �]� ¢J��¢J�D¥�¡,�H�'�H�'�'�=�]�
�'�j�D�)�

f(t) � F (p) = 1
p
− e−p τ

p
= 1

p
(1 − e−p τ )

²�#T¥[����¢_�'�?ª/¢H´L¤��D�)�R¬~�]�'� ´_ª;�?�?� ß Æ ø à ·�'�?ª/´L°/�D¤��D�)�
f ′(t) � pF (p)−f(0) = −e−p τ

² Ñ �D¤�� �'����¤D�'�'�'�'·_�D¡,«m¥L�?�]�T¬w´L�'¥'�'�����D�
f(t)�X¥L�]�'�=�?�D���?�q�¦�Aª%�A£%�]¤��?�]�Aª%�'�

f ′(t) = 0
·
F (p) �

∫ ∞
0

f ′(t) e−p t dt = 0
² Ñ �]¤��o�=�m�]±J�'�H���'¤���X¬X�D¥��D��·%°'�

f(t)
�'�X�m�'�H�'�'�H¥�¡,�=�/�?�D�q¤D¡,¤e¤]�s�'¥L�o�]�]°'¥L�

t ≥ 0
²{*|�o�'�=�

t = τ
�~�]�]°'¥��e�/��'�'�H¥�¡,�H¤��D�'�D²<*|�?�]�]¤��9�D� ß Æ û à �'�j�D�)� f ′(t) � pF (p) − f(0) + e−p τ (f(τ − 0) − f(τ + 0)) =

1 − e−p τ − 1 + e−p τ (1 − 0) = 0
²

ÓÃÔ["%Õ*Ô[Öw× F -\�EÓÃÔ["%Õ*Ô[Öw×]�[×§(
�[þ*Õ*Ô[$%×'Õ*$%×'ï*Ô[ð'"O� G á �[@
f(t) � F (p)

O
c > 0

�jde@
f(t+ c) � ec p

[

F (p) −
∫ c

0

f(t) e−p t dt
] ßöõ ��à

Ñ �C¢_�º�]�H�]�'�H�j�§�H�¸�'�'�Lª;�D©=�b�'�'���'�=¼W�D¤��D�'�!�/��£%�'¬~�H�'�H�'�'�/�Cª%�'�Í´L�/�D¤]�'�H�'���Â�¸¥'�/�D«'�'��/�?¢=ª%�'¥'�|·h¤¸¥[�]���]�!�A£%�'�]¤]�'�H�)�H�'�'�¦�P¬w´L�'¥'�'�����D�
f(t)

´L°/�D�=�]¤D´L¤��?���
f(t + c)

·
f(t + 2c)

·
. . .
·
f(t+nc)

² _ �/�D¬~�'¥��C�D�{�/�{¬�´L�'¥'�'���'�?�
f(t+c)

�=�Ã�'�?ª/´L°/�D¤��{�D�T©H�/�D¬~�'¥L�?�?�T�/�
f(t)

°'�'�=¢�'�'�H�)�H�=�]¤��D�'� �/�Cª/�'¤]���'�w�D±]�'�'�H�/�?�D���]�Ã�/���/�?¢_�=�]�J�'�'�'�
c
² î ¢_�)�H�=�]�_�/�?�D�w°/�D�=�w�D�w©H�/�D¬~�'¥��C�D��/�

f(t)
·/�=¡¹�D�]¤]�=�]�=��¤�� ¾ �e�/�o�'���]�H�'¤��Cª;� −c < t < 0

�H�X��¢_�/�?µo£;�o¤o�D�]�H�H°'¥L�x�D�x�D±]�'�'�H�/�?�?��]�D·%�P¢J�
t > c

�~©H�/�D¬~�'¥L�?�?�e�/�
f(t+ c)

²
Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G î �j�D�)�D·/�Aª%�A£n�=�)�'�/�?�?�

t+ c = τ
·

f(t+ c) �

∫ ∞

0

f(t+ c) e−p t dt =

∫ ∞

c

f(τ) e−p (τ−c) dτ

= ecp
[

∫ ∞

0

f(τ) e−p τ dτ −
∫ c

0

f(τ) e−p τ dτ
]

= ecp
[

F (p) −
∫ c

0

f(τ) e−p τ dτ
]

.

Æ �



�¦Õ*(*ÖwÔ[Õ U%U GmØ KJu~:k8;:=do:{@JIs8[KCM?KXN/KXi)S�N/��l/OLz/dWK
f(at+b)

�
a, b > 0

�,KD�[@
f(t)

: @E8%O%>rO/N/K_ZO
f(t) � F (p)

^
,�Ô$-§Ô[ï*(*Ô�.¸î �j�D�)�

f(at+b) = f (a(t+ b
a
))
²9#T¥[�

ψ(t) = f(at)
·_�]�

f(at+b) = ψ(t+ b
a
)
²?�T��H¤]�]«'�=�]�D�]�q�'�_£%�]±]�'� ß �H¤]�]«'�=�]¤]� Æ]à �Aª%�A£%¤���·%°'� ψ(t) �

1
a
F ( p

a
)
�¦�]�D©=�D¤��o�=¡,©sª;�D�H�'�e�]�=�]�'�H�j�

�CÆ ¢J�o��¢_�'�'�H¤��D�'¤��D�'�=�]�x�'�j�D�)�
f(at+ b) = ψ(t+ b

a
) � e

b
a

p
[

1
a
F ( p

a
) − 1

a

∫ b

0
f(τ) e−p τ

adτ
] ²

ÓÃÔ["%Õ*Ô[Öw× F U\�EÓÃÔ["%Õ*Ô[Öw×]�[×§þ*Õ*Ô[ÖwÔLÿ]ð'$%×'ï*Ô[ð'"k� G á �[@
F (p) � f(t)

O
α
:¸YD8;@JO�MDBD@EZ%N%@�[@ruwY[Z;:=�[\=N%@WÛLO%\kZ;@H�Ãdo@

F (p+ α) � e−α t f(t), Re (p+ α) > σ0 . ßöõ;� à
Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G #T¥L�

Re (p+ α) > σ0

·'�]�
F (p+ α) =

∫ ∞

0

f(t) e−(p+α) t dt =

∫ ∞

0

f(t) e−α t e−p t dt = L(f(t) e−α t).

J�¡,©Eª;�D�H�'�q�?�?¢_�n�]�H�]�'�H�j�¸�'�'�'±��D¤D�'�'�=�]�¸�/�
α
¥�¡,�ò�D�'©=´L�)�H���D�¸�/�x�]±]�/�?¢J�x�=¡|�D�]¤]�=�]�=�]¤���/�X´L�)�'�JµW�H�'�'���/�m�]�'�'©H�'�/�Cª;�m�

e−α t
² M �)�'�JµW�H�'�'�=�]�W�/�m�]�'�'©H�'�/�Cª;�

f(t)
�
e−α t

¤]�_£%�e£%�¢J�?�]�L¿�¤��D�'�a�/�T¬w´L�'¥'�'�����?�
f(t) ß e−α t → 0

�'�'�
t→ ∞ ·D�D¥[� α > 0

à ² Ñ �D¥'�'¤�� ¢J�?�]�L¿�¤��D�'����H�~�H�'� ¾ �?�q°'�H�=�]�x¤o�'�'�Lª%�Jµo�H�'�����?��²_ �]�'�'�����x�'�=¢H´_ª/�D�?�q�)�Jµo�{£;�W¢J�D�'��¼P�H�Á�¸�D�D¥L��Ä
F (p− α) � eα t f(t) . ßöõ<� à

�¦Õ*(*ÖwÔ[Õ U'0 GmØ KJu~:k8;:=do:m@JIs8[KCM?O/do:XN/K
e−α t cos β t

�
e−α t sin β t

O
eα t tn

^
,�Ô$-§Ô[ï*(*Ô�. �T�

cos β t �
p

p2+β2

·
sin β t �

β

p2+β2

·
tn �

n!
pn+1

�R�]�H�]�'�H�j� � õ ¢J�q�'�'�H�)�H�=�?¯¤��D�'�=�]�e�'�j�D�)�
e−α t cos β t �

p+α

(p+α)2+β2

·
e−α t sin β t �

β

(p+α)2+β2

·
eα t tn �

n!
(p−α)n+1

²
�¦Õ*(*ÖwÔ[Õ U t|GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/Kxi)S[N'�[l'OLz/dWK tn

n!
chα t

^
,�Ô$-§Ô[ï*(*Ô�. �T�

chα t = eα t+e−α t

2

·
eα t tn �

n!
(p−α)n+1

�!�H¤]�]«'�=�]¤]�D�]�oª%�'�'�H«'�'�]�=�q�'�j�D�)�
tn

n!
chα t =

tn

n!
.
eα t + e−α t

2
�

1

2

[ 1

(p− α)n+1 +
1

(p+ α)n+1

]

.

¶w�H¥L�
f1(t)

�
f2(t)

�_�º�'�H�'�'�H¥�¡,�H�/�?�]�ò¢J�
t ≥ 0

² Òm´L�'¥'�'�����D� ∫ t

0
f1(τ) f2(t − τ) dτ�H�R�/�D�'�'°/� ý|"%ï*$%"/ �|}
*(
� �/��¬w´L�'¥'�'�'���]�

f1(t)
�
f2(t)

�Á�H�R�D¢H�/�C°/�D¤��§�
(f1 ∗ f2)(t)

²î ¢_�'�?ª/¢H´L¤����H�e���D¢_�/�J°'�H�'�'�=�]�
f1(t) ∗ f2(t)

·,¥[�]�=�]�R�'�/�D¥��]�'°'�H�H¥'�º�e�'�?¯ ´J£%�]±]�'��² � �x�'�]¥L�C¯µo�=� ·;°'�o�D¥L�
f1(t)

�
f2(t)

�_�¸�]�'�'©H�'�/�Cª%�|·¹�]�!¥[�]�'¤]�?ª%÷T�'�����?�
f(t) = (f1 ∗ f2)(t)

�P�=¡ ¾ ��]�'�'©H�'�/�Cª,² ³w�'�A£%�º¤]�H�'°'¥[�R�J�­´_£%�]¤?ª%�=�]¤]�]���/¤]��´]�Aª%�]¤]�����D� �Cà � Æ]à ·,¢J� ¾ �D�]� f1(t)
�
f2(t)�_�¦�]�'�'©H�'�/�Cª%�|²#¶w�H¥L�

σ1

·
σ2

�_�¦�'�]¥L�?¢J�?�]�Aª%���]�q�/�¦�/�D�=�]�H�'�q�=¡¹�D�]¤]�=�]�'�R�/�
f1(t)

�
f2(t)�

σ = max (σ1, σ2)
² Ñ �]©A�D¤�� |f1(t)| ≤ M1 e

σ t
· |f2(t)| ≤ M2 e

σ t
·
t ≥ 0

�ò¢J�?�]�]¤��
|f(t)| ≤ M1M2

∫ t

0
eσ τ eσ (t−τ) dτ = M1M2 t e

σ t = M1M2 t e
−δ te(σ+δ) t

·*¥�¡|£%�=�]�
δ > 0

��'�'�]��¢_¤]�?ª%�'���j�Cª%¥[�'² ' �CµW�P£;�!�H�e�/�D�)�H�'��°'�'�Aª%�
M > 0

�D�D¥[�]¤���·h°'�
M1M2 t e

−δ t < M

ÆD¨



�'�'�
t ≥ 0

² Ñ �]©A�D¤�� |f(t)| ≤ M e(σ+δ)t
·¹�C² �D²

f(t) = (f1 ∗ f2)(t)
�W�]�'�'©H�'�/�Cª��W�'�]¥L�?¢J�?�]�Aª�/�R�/�D�=�]�H�'�D·)�'�H�/�C£%�)�'�/�D¤�� ¾ max (σ1, σ2)

·*�D¡,«º¥��?�]�
δ
�)�JµW�e£;�R�H�q��¢_±]�H�'�¸�'�'�]��¢_¤]�?ª%�'��j�Cª%¥L�'²%��°'�H¤]�L£%�'�¦�_�o�Aª%�A£%�'���]�m�H¤]�]«'�=�]¤��o�/�o¥[�]�'¤]�?ª%÷T�'�����?��Ä�Cà

f1 ∗ f2 = f2 ∗ f1
�Æ]à

f ∗ (g + h) = f ∗ g + f ∗ h �õ à (f ∗ g) ∗ h = f ∗ (g ∗ h) �ø à f ∗ 0 = 0
²

ÓÃÔ["%Õ*Ô[Öw× F 0Z�EÓÃÔ["%Õ*Ô[Öw×bï*×G~P"%Õ*Ô� ��[×bôhÖwï*"L1§Ô[ï*(*Ô[ð'"k� G á �[@H�
f1(t) � F1(p)

�
Re p >

σ1

�
f2(t � F2(p))

�
Re p > σ2

�jdo@
(f1 ∗ f2)(t) � F1(p)F2(p)

�
Re p > max (σ1, σ2)

^
Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G Jjª%�A£��H� �'�/�!�/�¦�'�A£;�!�/�¦�'���]�H©H�'�'�/�D�'�q¤D¡,¤q£%¤]�]«'�'�����'���]�H©H�/�Cª ß ���'�j�£;�o�]±]�]�H�'�]¤��D¤]�D�)��¢J�D¥[�]�'�'�]�=�D�D�e�/�W�?�?¢_�¦�H� �'�/� à �¦�Aª%�A£��]�]¤��o�H� �'�/�

t− τ = u
·/�'�j�D�)�

(f1 ∗ f2)(t) �

∫ ∞

0

e−p t
[

∫ t

0

f1(τ) f2(t− τ) dτ
]

dt

=

∫ ∞

0

[

f1(τ)

∫ ∞

τ

f2(t− τ) e−p t dt
]

dτ

=

∫ ∞

0

[

f1(τ)

∫ ∞

0

f2(u) e
−p (τ+u) du

]

dτ

=

∫ ∞

0

[

f1(τ) e
−p τ

∫ ∞

0

f2(u) e
−p u du

]

dτ

=

∫ ∞

0

f1(τ) e
−p τ F2(p) dτ

= F2(p)

∫ ∞

0

f1(τ) e
−p τ dτ = F1(p)F2(p).

J�¡,©Eª;�D�H�'�§©H�]�'�/�?�?�n�]�H�]�'�H�j�§�/�b�'�'�]��¢_¤D�A£%�H�'�'���/�n�]±]�/�?¢_�Í�D�]©H�]¤��D���Í¥[�]�'¤]�?ª%÷T�'���Í�/��]�'�'©H�'�/�Cª%���]�D²
�¦Õ*(*ÖwÔ[Õ U �|GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/Kxi)S[N'�[l'OLz/dWK

f(t) =
∫ t

0
et−τ sin τ dτ

^
,�Ô$-§Ô[ï*(*Ô�. Òm´L�'¥'�'�����?�

f(t)
� ¥L�]�'¤]�?ª%÷T�'���e�/�~¬w´L�'¥'�'�'���]�

sin t
�
et
²L�T�

sin t �
1

p2+1

·
et

�
1

p−1

�¸�]�H�]�'�H�j� � ø ¢J�W´L�)�'�JµW�H�'�'�=�]�x�'�j�D�)�
∫ t

0

et−τ sin τ dτ �
1

p2 + 1
.

1

p− 1
=

1

(p− 1)(p2 + 1)
.

�¦Õ*(*ÖwÔ[Õ U;� GmØ :=��K
F (p) =

p2

(1 + p2)2

^ Ø KJu~:k8;:=do:m@E8%O%>rO/N/K_Z%K�^
,�Ô$-§Ô[ï*(*Ô�.òÑ ¡,«b¥��?�]�

F (p) =
p

1 + p2
.

p

1 + p2

� p

1 + p2
� cos t

·|�]�'·,�=¡,©Eª;�D�H�'�!�]�H�]�'�H�j�
� ø ¢J�W´L�)�'�JµW�H�'�'�=�]�'·%�'�j�D�)�
p

1 + p2
.

p

1 + p2
�

∫ t

0

cos τ cos(t− τ) dτ =
1

2

∫ t

0

[cos t+ cos(2τ − t)] dτ =
1

2
(t cos t+ sin t).

õ %



�¦Õ*(*ÖwÔ[Õ U �|GmØ :=��K
F (p) =

1

(p2 − 4p+ 5)2

^ Ø KJu~:k8;:=do:m@E8%O%>rO/N/K_Z%K�^
,�Ô$-§Ô[ï*(*Ô�. ³w�'�A£%�=�?�D¤D�'�)�

F (p)
¤D¡,¤o¤]�L£;�

F (p) = 1

((p−2)2+1)
2

²%¶~�D«!�/�D�'�'�A£ ¾ �~�/�D�)�H�'�'��]�'�'©H�'�/�Cª;�{�/�{¬�´L�'¥'�'���'�?�
F1(p) = 1

(p2+1)2

² î �j�D�)� 1
(p2+1)2

= 2p

(p2+1)2
1
2p

� 2p

(p2+1)2
� t sin t

·
1
2p

�
1
2

²;�T�o�]�H�]�'�H�j� � ø �/���Ã�]�'�Aª�¢J�W´L�)�'�JµW�H�'�'�=�]�x�'�?ª/´L°/�D¤��D�)�

F1(p) �
1

2

∫ t

0

τ sin τ dτ =
1

2
(−t cos t+ sin t) .

Ñ ¡,«¦¥L�?�]�
F (p) = F1(p− 2)

·'�]�x�X�'�]�)� ¾ �?�e�/�W�]�H�]�'�H�j� � õ ¢J�o�'�'�H�)�H�=�]¤��D�'�=���q�/�D�)�'�/�D�)�
F (p) �

1
2
e2t(−t cos t+ sin t)

²
ÓÃÔ["%Õ*Ô[Öw× FLt �EÓÃÔ["%Õ*Ô[Öw×]�[×§"��%Õ*×	�Rï*×§þ*Ô[Õ*(*"[& (�3*ï*× ü ôhï*ý�
*(
��� G á �[@{i)S�N/��l/OLz/dWK

f(t):m@E8%O%>rO/N/K_ZbOb:XY%:k8%O%@J<CO/ÛLN/Kq\XY%:k8%O%@J<
T > 0

O
f(t) � F (p)

�jde@

F (p) =
F0(p)

1 − e−p T
,
�[�C<?:=do@

F0(p) =

∫ T

0

f(t) e−p t dt. ßöõ ¨�à
Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G î �j�D�)�

F (p) =

∫ ∞

0

f(t) e−p t dt =

∫ T

0

f(t) e−p t dt+

∫ ∞

T

f(t) e−p t dt

=

∫ T

0

f(t) e−p t dt+

∫ ∞

0

f(u+ T ) e−p (u+t) du

=

∫ T

0

f(t) e−p t dt+ e−p T

∫ ∞

0

f(u) e−p u du

=

∫ T

0

f(t) e−p t dt+ e−p TF (p),

�D�]¥�¡|£%�=�]�
(1 − e−p T )F (p) =

∫ T

0
f(t) e−p t dt

² ú �?�]���'�=¼P�'�Ì�D�]�'�]�H�'�
F (p)

·,�'�?ª/´L°/�D¤��D�)�
ßöõ ¨�à ²2 ×��%Ô� #Ô;1ºý|× t|G QTS�N/��l/OLz/dWK

F0(p)
u~@_��:X<CKx\H:a8[KCMD>vZ;:A�Å<CKx��KDdo@W@JIs8[KCMeN/Kxi)S�N/��l/OLz/dWK

f0(t)
�j�[�C<?:=do@

f0(t) =

{

f(t)
M?K

0 ≤ t ≤ T,

0
M?K

t < 0
OêM?K

t > T.

�¦Õ*(*ÖwÔ[Õ U%f GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/K
f(t) = | sin t| ^

,�Ô$-§Ô[ï*(*Ô�.�� �W�'�'�Lª%�Jµx�'� ©H�]�'�/�?�D�x�]�H�]�'�H�j��²,Òm´L�'¥'�'�����?�
f(t) = | sin t| �P�'�=�'�'�J£%�'°'�/��~�'�H�'�'�_£

T = π
² î �j�D�)�

| sin t| �

∫ π

0
e−p t sin t dt

1 − e−p π
=

1 + e−p π

(1 + p2)(1 − e−p π)
=

1

1 + p2
.
e

p π
2 + e−

p π
2

e
p π
2 − e−

p π
2

=
cth p π

2

1 + p2
.

õ �



ÓÃÔ["%Õ*Ô[Öw× FL�|GmØ :=��K
f1(t)

�
f2(t)

�
f ′

2(t)
\yKW@E8%O%>rO/N/K_Z%O!O

f1(t) � F1(p)
�
f2(p) � F2(p)

^} @C>rK]B?K
pF1(p)F2(p) � f1(t) f2(0) +

∫ t

0

f1(τ) f
′
2(t− τ) dτ ÝHâxãCä|åqæ%ç,èÂé#è��K�wè'å¸ìJç'Þ . ßùø %�à

Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G *|�D�'�'�H¤��D�)� ª/�'¤��?�?�9°/�D�=�T�/� ßùø %�à ¤D¡,¤9¤]�L£;� pF1(p)F2(p) = F1(p) f2(0)+

F1(p)
[

pF2(p) − f2(0)
] ²h�T� ß Æ ø à �Aª%�A£%¤���·|°'� pF2(p) − f2(0) � f ′

2(t)
·|�q�D�q�]�H�]�'�H�j�?�D�q¢J�

´L�)�'�CµW�H�'�'�=�]�~�'�j�D�)�
F1(p) (pF2(p)−f2(0)) �

∫ t

0
f1(τ) f

′
2(t−τ) dτ

² Ñ �]©A�D¤���·?¥��?�]�w¤D¢_�H�)�H��'�'�A£%¤]�L£�ª%�'�'�H«'�'�]�=�D�D�e�/�o�'�'�H�]±]�/�?¢H�]¤��D�'�'�=�]�x�/�WÀm�D�Lª;�D�D·'�'�?ª/´L°/�D¤��D�)�
pF1(p)F2(p) = F1(p) f2(0)+F1(p) (pF2(p)−f2(0)) � f1(t) f2(0)+

∫ t

0

f1(τ) f
′
2(t−τ) dτ , .

ÒP�]�'� ´_ª;�?�?�e�/�P½m÷T�D�)�AªR�)�CµW�T£;�W�H�~¢_�D�'��¼P�X�¦�'�?¯k�Aª%�A£%�'���¦�/�C°'�'�|Ä
pF1(p)F2(p) �

d

dt

∫ t

0

f1(τ) f2(t− τ) dτ. ßùø �Cà
Ñ ¡,«m¥��?�]�w¥[�]�'¤]�?ª%÷T�'�����?�w�a¥[�]� ´[�?�?�]�'¤]�/��·]�]�~�D¥[�

f ′
1(t)

�a�]�'�'©H�'�/�Cª,·D¤w�H�Lª;���a�Aª%�A£%�/�?�?�¬~�]�'� ´Jª;�
pF1(p)F2(p) � f2(t) f1(0) +

∫ t

0

f2(τ) f
′
1(t− τ) dτ =

d

dt

∫ t

0

f2(τ) f1(t− τ) dτ.

0¸þ*Õ*×	1ºï*Ô[ï*(
�
2 ×L& ×$3*× F 0 GmØ KJu~:k8;:=do:

F (p) = L(f(t))
���[�C<?:=do@)4

1. f(t) = t e3t cos 2t 5 2. f(t) = 1(t− 1) (t− 1)2
et−1 5 3. f(t) =

∫ t

0
(t− τ)2

eτ dτ
^

= ð'ñ G
1. F (p) = (p−3)2−4

((p−3)2+4)
2

�
2. F (p) = 2 e−p

(p−1)3
�

3. F (p) = 2
p3(p−1)

²
2 ×L& ×$3*× FLt|G á �[@

f(t) �
1

p2
+ 5p

�jN/KJu~:k8;:=do:P@JIE8LKCM?K
F (p)

N/K;4
1. e2t f(2t) 5 2. 1(t− 1) f(t− 1) 5 3. t et f(t)

^
= ð'ñ G

1. F (p) = 1
2

(

4
(p−2)2

+ 5
2
(p− 2)

) �
2. F (p) = e−p( 1

p2 +5p)
�

3. F (p) = 2
(p−1)3

− 5
²

2 ×L& ×$3*× FL�|G 7m@C\=dT8;@Jc/do:{>p8[K]i)O/��KDdWKXN/KXi)S�N/��l/OLz/dWK
f(t)

OqN/KJu~:k8;:=do:
F (p) = L(f(t))

��[�C<?:=do@)4
1. f(t) =

3
∑

k=0

1(t− k) 5 2. f(t) = 1(t− c) 1(c+ τ − t)
�
c > 0, τ > 0 5

3. f(t) =
2

∑

k=0

1

2k
1(t− kc) 1(kc+ τ − t)

�
c > τ > 0

^

õ Æ



t
a

a

2a

y

0

y=f t)(

ÒP�'©r² � ²
t

2a 2ba+b

b-a

y

0

y=f (t)

ÒP�'©s² � ²

t

1

0

-1

a 2a

y

y=f t( )

ÒP�'©r² ¨ ²
t

a b

b-a

y

0

y=f t)(

ÒP�'©r² �&% ²
= ð'ñ G

1. F (p) = 1
p
(1 + e−p)(1 + e−2p)

�
2. F (p) = (1−e−p τ ) e−p c

p

�
3. F (p) = 1

p
(1 − e−p τ )(1 + 1

2
e−p c + 1

4
e−2p c)

²
2 ×L& ×$3*× F � GmØ KJu~:k8;:=do:

F (p) = L(f(t))
���[�C<?:=do@)4

1. f(t) =

{

0
M?K

t < a,

e−b(t−a) M?K
t > a, a > 0

2. f(t) =

{

0
M?K

t < π
18
,

cos(3t− π
6
)

M?K
t > π

18
.

= ð'ñ G
1. F (p) = e−a p

p+b

�
2. F (p) = p e−

π p
18

p2+9

²
2 ×L& ×$3*× FL�|GmØ KJu~:k8;:=do:

F (p) = L(f(t))
���[�C<?:=do@)4

1. f(t) =







t
M?K

0 < t < a,

2a− t
M?K

a < t < 2a,
0

M?K
t < 0

O�M?K
t > 2a Ý i)O%>=^j� Þ ;

2. f(t) =







t− 2a
M?K

2a < t < a+ b, a > 0,
2b− t

M?K
a+ b < t < 2b,

0
M?K

t < 2a
OêM?K

t > 2b Ý i)O%>=^�� Þ ;

3. f(t) =







0
M?K

t < 0
O�M?K

t > 2a,
1

M?K
0 < t < a,

−1
M?K

a < t < 2a Ý i)O%>=^ 9Þ ;

õ]õ



t

1

y

a 2a0

y f t= ( )

ÒP�'©r² �]� ²

t

y

1

1 2 30

y = f t( )

-1

ÒP�'©r² �CÆ ²

t

y

1

10 2 3

y f t= ( )

ÒP�'©r² � õ ²
t

1

0
-1

a
2a

3a

y

y=f t( )

ÒP�'©r² � ø ²
= ð'ñ G

1. F (p) = 1
p2 (1 − e−a p)

2 �
2. F (p) = 1

p2 (e
−a p − e−b p)

2 �
3. F (p) = 1

p
(1 − e−a p)

2 �
2 ×L& ×$3*× F f GmØ KJu~:k8;:=do:

F (p) = L(f(t))
���[�C<?:=do@o>p8[K]i)O/��KDdWKxN/K

f(t)
:X<CKD<?:=N/KqN'K;4

1.
i)O%>=^

10 5 2.
i)O%>=^

11 5 3.
i)O%>=^

12 5 4.
i)O%>=^

13 5 5.
i)O%>=^

14 5 6.
i)O%>=^

15
^

= ð'ñ G
1. F (p) = 1

p2 (e
−a p − e−b p)

�
2. F (p) = 1

p
− 1

a p2 (e
−a p − e−2a p)

�
3. F (p) = 1

p
(1 − 2 e−p + 2 e−2p − e−3p)

�
4. F (p) = 1

p2 (1 − 2 e−p + 2 e−2p − e−3p)
�

5. F (p) = − 1
p

+ 1
a p2 (e

−a p − e−3a p)
�

6. F (p) = a
p

1−e−pτ

1+e−pτ

²
2 ×L& ×$3*×�-/. G g K�\H:�N/KJu~:k8%Oo@JIs8[KCMD�Cd

F (p)
N/KTY%:k8/O%@J<CO/Û�:=NoYD8[K]BD@C�?>A�rZ;:ANeOLuwY/SCZ;\Ã\H�?\Ã\=do@Jc/ÙN%@C\=d

a
��Y/:k8%O%@J<

c
OnYD8;@_<?�rZ/�ÅO/do:kZ%N%@C\=d

τ (τ < c) Ý i)O%>=^ 16Þ ^
= ð'ñ G

F (p) = a
p

1−e−pτ

1−e−p c

²

t

y

2

a

-a
0

y=f t( )

ÒP�'©r² � û ²

a

y

t

y=f t( )

0 2c 3cc c+ +2c

ÒP�'©r² �&� ²
õDø



t

y

2 3 40

y=f t( )

ÒP�'©r² � � ²
t

1

0 a 2a 3a 4a

y

y=f t)(

ÒP�'©r² � � ²

t
0

1

a 2a 3a 4a 5a 6a

y f t= ( )

y

ÒP�'©r² �J¨ ²
t

1

0

y

2a 4a 6a 8a

y f t= ( )

ÒP�'©r² Æ!% ²
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f(t)
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T = 2π
O

f(t) =

{

sin t
M?K

0 ≤ t ≤ π,

0
M?K

π ≤ t ≤ 2π(
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= ð'ñ G
F (p) = 1

(p2+1) (1−e−p π)
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f(t) =
sin t

| sin t|
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f(t) = sin t

| sin t|
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T = 2π
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1
M?K

0 < t < π,
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M?K

π < t < 2π
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= ð'ñ G
1. F (p) = ap+1−eap

ap2(1−eap)

�
2. F (p) = 1−(1+ap) e−ap

ap2(1−e−2ap)
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3. F (p) = (1−e−ap)
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1. F (p) = 1−e−p+(1+p)e−2 p

p2 ; 2. F (p) = e−p

p2+1
+ p e−2 p

p2+4
; 3. F (p) = 1

p3−p2+p−1
;

4. F (p) = p2+1
p2(p+1)

; 5. F (p) = 1
p3(p2+1)

6. F (p) = 1
p(1+e−p)

;

7. F (p) = 16
(p2+4)2

; 8. F (p) = p+2
p2+4p+5

9. F (p) = e−2 p

p2+4 p+13
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= ð'ñ G
1. f(t) = 1(t)t− 1(t− 1)(t− 1) + 1(t− 2)(t− 1)
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2. f(t) = 1(t− 1) sin(t− 1) + 1(t− 2) cos 2(t− 2)

�
3. f(t) = 1

2
(et − cos t− sin t)

�
4. f(t) = t− 1 + 2 e−t �
5.f(t) =
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2
+ cos t− 1
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− 1
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·
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L(f(t)) =
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f(t) e−p t dt

1 − e−2 p
=
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e−p t dt

1 − e−2 p
=

1 − e−p

p (1 − e−2 p)
=

1

p (1 − e−p)
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∫ t

0
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f(t) =

n
∑
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F (p)
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F (p) =
A1

p− p1

+
A2

p− p2

+ . . .+
An

p− pn

=
n

∑

k=1

Ak

p− pk
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Ak
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p→ pk
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lim

p→pk

(p− pk)
F1(p)

F2(p)
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p→pk

[

A1

p− p1

(p− pk) + . . .+
Ak−1

p− pk−1

(p− pk) + Ak+

Ak+1

p− pk+1

(p− pk) + . . .+
An

p− pn

(p− pk)

]
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�D�]¥�¡|£%�=�]�
Ak = lim

p→pk

(p− pk)
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F2(p)
= lim

p→pk

F1(p)
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p− pk

=
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O
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a+ ib
�jdo@WO

a− ib
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�o:wS�ÛLK]\=doB?S[B?KDd \H�CICOD8[K]:vuwO/do: A

p− a− ib
+

B

p− a+ ib

�X�[�C<?:=do@H�P\H�?>vZ%K]\=N%@ Ý 44Þ �XOLuwKJu~: A =
F1(a+ ib)

F ′
2(a+ ib)

O
B =

F1(a− ib)

F ′
2(a− ib)

= A
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Ø :=��K
A = M + iN
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A

p− a− ib
+

B

p− a+ ib
=

2M (p− a) − 2N b

(p− a)2 + b2
. ßùø ��à
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a± ib
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�T�L�C<?:Ade@
M = Re

F1(a+ ib)

F ′
2(a+ ib)

�
N = Im

F1(a+ ib)

F ′
2(a+ ib)

^~`*8/O%>rO/N/K_Z/�Cdm��\H�_@JdoBD:=do\=doB?KD�
N/Kx<Hz%\=N/KDdWKq\=dT8[KDN/KxN/K

(46)
:

2M ea t cos b t− 2N ea t sin b t
^

���]�]�'�q�Aª/´L°/�D«|² ' �=µo£/´e��´Jª%���]�w�/�
F2(p)

�'�j�m�q�)�'�]©H�]¥'�/�?�]�'�|²/¶w�H¥L�m��´Jª%���]�w�/�
F (p)�_�

p1, p2, . . . , ps

�D�e¥'�/�?�]�'�]�=�]���=¡|�D�]¤]�=�]�'�
n1, n2, . . . , ns

·/¥L�?�]�
n1 + n2 + . . .+ ns = n

²���]�D¢_���Aª/´L°/�D«¦�/�?¢=ª;�D©=�D�'�=�]�x�/�
F (p)

�'�j�W¤]�L£;�

F1(p)

F2(p)
=

s
∑

k=1

nk
∑

j=1

Akj

(p− pk)
j
. ßùø$� à

' �CµW�T£;�W�H�X�'�]¥L�?µW�D·'°'�

Akj =
1

(nk − j)!
lim

p→pk

[(p− pk)
nk F (p)](nk−j), j = 1, 2, . . . , nk, k = 1, 2, . . . , s. ßöø<� à

Ñ ¡,«�¥��?�]� 1

p− pk

� epk t
�º�D���]�H�]�'�H�j� û ¢J�¦£%�'¬w�H�'�H�'�'�'�/�D�'�!�/����¢_�]±]�/�?µW�H�'�'�x�'�j�D�)�

n!

(p− pk)
n+1 � tn epk t

·'�]�e�D� ßùø$� à �!�H¤]�]«'�=�]¤]�D�]�oª%�'�'�H«'�'�]�=�q�'�?ª/´L°/�D¤��D�)�w¢J�W�]�'�'©H�'�/�Cª;�

f(t) =
s

∑

k=1

nk
∑

j=1

Akj

(j − 1)!
tj−1 epk t . ßùø ¨�à

�T�e�'�?ª/´L°'�H�/�?�?�e¬~�]�'� ´Jª;�W�'�'�
n1 = n2 = . . . = ns = 1

�
s = n
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F (p) ep t

�
Res (F (p) ep t; pk) =

1

(nk − 1)!
lim

p→pk

[(p− pk)
nk F (p) ep t](nk−1)

=
1

(nk − 1)!
lim

p→pk

nk−1
∑

j=0

(

nk − 1

j

)

[(p− pk)
nk F (p)](nk−1−j) (ep t)(j)

=
1

(nk − 1)!
lim

p→pk

nk
∑

j=1

(

nk − 1

j − 1

)

[(p− pk)
nk F (p)](nk−j) (ep t)(j−1)

=
1

(nk − 1)!
lim

p→pk

nk
∑

j=1

(nk − 1)!

(j − 1)! (nk − j)!
[(p− pk)

nk F (p)](nk−j) tj−1 ep t

=

nk
∑

j=1

1

(nk − j)!
lim

p→pk

[(p− pk)
nk F (p)](nk−j) tj−1

(j − 1)!
ep t

=

nk
∑

j=1

Akj

tj−1

(j − 1)!
epk t .
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f(t) =

s
∑

k=1

Res (F (p) ep t; pk) . ßpû %�à
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F (p) =
F1(p)

F2(p)

�9�[�C<?:=do@
F1(p)

O
F2(p)

\yKqY%@EZ%O/N%@ruwO§\H�J@JdoBD:=dWN%@e@Jd \=do:=Y%:=N
m
O
n
�
m < n

I?:rMq@JIC�WO§N/SCZ%OnO
pk

�
k = 1, 2, . . . , s

\yK98[KCMHZ%O/ÛLN/O/do: N/SCZ%OqN/K
F2(p) Ý 8;:yK_Z%N/OqO[Z%Ox�[@ruwY[Z;:=�[\=N/O Þ \H�_@JdoBD:=dWN%@@Jd �H8[KDdWN%@C\=dWO

nk

�
k = 1, 2, . . . , s

� ∑s

k=1 nk = n
�mdo@�@E8%O%>rO/N/K_Z'�Cd

f(t)
\H:R<CK]B?K�\ij@E8[uwSCZ%KDdWK

(49)
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Akj
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f(t)
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F (p)
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F (p) =
F1(p)

F2(p)

�)�[�C<?:=do@
F1(p)

�
F2(p)

\yK­Y%@sZ%O/N%@suwOÅ@Jd \=do:=Y/:=N/O \H�_@JdoBD:=dWN%@
m

O
n
�
m > n

�mdo@
F (p)
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lim
p→∞

F (p) 6= 0
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F (p)
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F (p)
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F (p)
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p = ∞ �'�j�o¤]�L£;�
F (p) = c0 +
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p
+
c2

p2
+ . . .+

cn
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+ . . .
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c0 = 0

·�¢J� ¾ �D�]�x�=¡,©Eª;�D�H�'�e�Aª%�A£%�=�]¤]�'� � �'�j�D�)� lim
p→∞

F (p) = 0
²

õ ¨
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F (p)

:mB?K_Z%O/<CN%@T8[KCMDB?O/dWO%:=do@
F (p) =

c1

p
+
c2

p2
+ . . .+

cn

pn
+ . . . , |p| > R

M?KxNLz'�L@J:
R > 0 . ßpû �Cà

} @C>rK]B?KoM?Kq@E8%O%>rO/N/K_ZbN/K
F (p)

\kZ%S]�ÅObi)S�N/��l/OLz/dWK
1(t) f(t)

���[�C<?:=do@
f(t) = c1 +

c2

1!
t+

c3

2!
t2 + . . .+

cn

(n− 1)!
tn−1 + . . . . ßpû Æ]à

798%Ondo@CB?K
f(t)

:XlLz�Z%K¸i)S�N/��l/OLzb@JdÐ:=�[\=Y%@JN%:=N/l/O/K_Z;:=NndWO/Y��jde^ :_^ |f(t)| ≤ eσ0 t
^

Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G ³w�?ª;�D©=�D�)�
p = 1

q

�¦�/�?¢_©sª%�=µW£;�D�)�X¬w´L�'¥'�'�����D�
Φ(q) = F (1

q
)
²;Òm´L�'¥'�'�L¯���D�

Φ(q) =
∑∞

n=1 cn q
n
�e�D�/�Cª%���]�'°'�/�!¥'��¡,©A� |q| ≤ 1

R1

·|¥�¡|£%�=�]�
R1 > R

�W�'�'�]��¢_¤]�?ª%�'�'²�T�x�'�H�/�D¤]�H�'�=�]¤��?�D�x�/� ú �D¼P�¦¢J�o¥L�D�H¬~�'�'�'�H���������m�/�o�=�]�H�'�H�/�'���R�'�A£n�'�j�D�)� |cn| ≤ M Rn
1

·¥�¡|£%�=�]�
M = max|q|= 1

R1

|Φ(q)| ² Ñ �]©A�D¤��
∣

∣

∣

∣

cn

(n− 1)!
tn−1

∣

∣

∣

∣

≤ MR1(|t|R1)
n−1

(n− 1)!

¢J�q¤]�s�'¥[�
t ∈ C

���D¡,«n¥L�?�]�¸�'�A£/¡;� ∑∞
n=1

MR1(|t|R1)
n−1

(n− 1)!

�m�s¿��_£/� ¾ ¢J�x¤]�s�'¥L� t ∈ C
·%�]�

�'�A£/¡¹� ßpû Æ]à �9�E¿[�_£/� ¾ ß �D±]�H�?ª%÷{�]�'� à ¤ C
²;Jjª%�A£%�]¤��?�]�Aª%�'�X�=´L�j�?�D�w� ´

f(t)
�a���Lª;��¬w´L�'¥'�'���|²���H¤]�H�!�]�]¤��o�'�j�D�)�

|f(t)| ≤
∞

∑

n=1

|cn| |t|n−1

(n− 1)!
≤ M R1

∞
∑

n=0

(R1|t|)n

n!
= M R1 e

R1|t|

¢J�w¤]�s�'¥[�
t ∈ C

·D�D�]¥�¡|£%�=�]� |f(t)| ≤ M R1 e
R1 t

¢J�
t ≥ 0

²��T�~�/�D�'�/�D¤]�H�'���]�{�/�?¢_©Eª%�=µo£;�D�'����Aª%�A£%¤���·'°'�
1(t) f(t)

���]�'�'©H�'�/�Cª,² Ñ ¡,«q¥L�?�]�o�'�A£/¡;� ßpû Æ]à ���/�D¤]�'�]�)�H�'�'�W�s¿��_£/� ¾ ¤D¡,¤W¤]�s�'¥[�¥L�]�)�/�D¥��]�'�n�'�_£%�)�'�CµW�H�=�]¤]�n�/�
C
·*�]�]«��)�JµW�o£;�R�H�q´L�)�'�Jµx�º�

e−pt
��£;�R�H�¸�'���]�H©H�'�'�/��'�]°Lª%�H�'�'�¦�'�

t
�D�

0
£%�!�'�'�]��¢_¤]�?ª%�'�

T > 0
²{#T¥L�¸�'�'�n�]�]¤��

Re p > R
·;�]�¦�)�JµW�X£;�q�H��'���]�H©H�'�'�%�e�D�

0
£%� ∞ ²%¶w�H¥L�

Re p > R
² î �j�D�)�

L(f(t)) =

∫ ∞

0

f(t) e−p t dt =
∞

∑

n=1

cn

(n− 1)!

∫ ∞

0

tn−1 e−p t dt =
∞

∑

n=1

cn

pn
= F (p) ,

�D¡,«¦¥��?�]� ∫ ∞
0

tn−1 e−p t dt = L(tn−1) = (n−1)!
pn

²
2 ×��%Ô� #Ô;1ºý|× �|GQ� @_��:e<CK�\H:o<?@J��K?��:oOº@JIs8[KDdWN%@Jdo@¸doBD�s8%<?:=N/O%:r� K¦OLu~:=N/N%@)4�KD�[@¸@E8%O%>rO/Ù
N/K_Z/�Cd OLuwKPB?O/<CK

1(t) f(t)
�,�[�C<?:=do@

f(t) =
∞

∑

n=0

cn

n!
tn
:{lLz[Z%KWi)S�N/��l/OLz��*S�<?@CBHZ;:=doBD@E8�z%B?KD�WK

S[\vZ;@CB?O%:=do@ |f(t)| < M eσ0 |t| � de^ :_^ f(t)
:w@Jd :=�[\=Y%@JN%:=N/l/O/K_Z;:=N¦dWO/Y��#do@XO�MD@JIs8[K?��:=N/O%:=do@

F (p) =
∞

∑

n=0

cn

pn+1

^

ø %
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f(t)

N/Kqi)S�N/��l/OLz/dWK
F (p) =

1

p (p+ 1)3

^
,�Ô$-§Ô[ï*(*Ô�. l#�?¢=ª;�D©A�D�)�¸�/�?�'�'�]�/�Cª%�/�?�D�R¬w´L�'¥'�'���

F (p)
¤R�=´L�j���D�n�Aª%�H�)�H���D�D�'�'�­£%�'�]±]�|²î �j�D�)�

F (p) =
1

p (p+ 1)3 =
A

p
+

B

p+ 1
+

C

(p+ 1)2 +
D

(p+ 1)3 .Jê�'�]�)� ¾ �?�!�/�q¬~�]�'� ´Jª%���]� ßùø]ø à � ßùø;� à ¢J�q¥L�]�H¬~�'�'�'�H���]�����e�/�D�)�'�/�D�)� A = 1
·
B = −1

·
C = −1

·
D = −1

²+Jjª%�A£%�]¤��?�]�Aª%�'�
F (p) =

1

p (p+ 1)3 =
1

p
− 1

p+ 1
− 1

(p+ 1)2 − 1

(p+ 1)3 .

�T�e¤D�]�]�/�?�D�W�]�H�]�'�H�j�o¢J�W�/�?¢=ª;�D©A�D�'�X�/�D�)�'�/�D�)�
f(t) = 1 − e−t − t e−t − 1

2
t2 e−t

²
�¦Õ*(*ÖwÔ[Õ 0 F/GmØ KJu~:k8;:=do:X@E8%O%>rO/N/K_Z%K

f(t)
N/Kei)S�N/��l/OLz/dWK

F (p) =
1

(p− 1) (p2 + 2p+ 2)

^
,�Ô$-§Ô[ï*(*Ô�. ¶�´_ª%���]�w�/�m�'�?ª%�'�'�]�j�m¤m¢_�/�D�)�H�/�?�]�rª%�¸�_�

1
� −1± i

²	l �?¢=ª;�D©A�D�)���/�D�'�'�]�/�Cª'¯�/�?�D�x¬w´L�'¥'�'���
F (p)

¤q�=´L�j�q�D�¸�Aª%�H�)�H���?�D�'�/�R£%�'�]±]�|² ú �?�]�q¤D¢_�H�)�H� �'�'�A£%¤]�L£b¢J�D±]�Aª%�=µx¥L�� ·/�'�j�D�)�
F (p) =

1

(p− 1) (p2 + 2p+ 2)
=

A

p− 1
+

2M (p+ 1) − 2N

(p+ 1)2 + 1
,¥�¡|£%�=�]�

A =
1

(

(p− 1) (p2 + 2p+ 2)
)′

∣

∣

∣

p=1
=

1

5
,

M + iN =
1

(

(p− 1) (p2 + 2p+ 2)
)′

∣

∣

∣

p=−1+i
= − 1

10
+

1

5
i.

Jjª%�A£%�]¤��?�]�Aª%�'�
M = − 1

10

·
N =

1

5

² Ñ �D¥L�W�'�?ª/´L°/�D¤��D�)�

F (p) =
1

5(p− 1)
− 1

5

p+ 1

(p+ 1)2 + 1
− 2

5

1

(p+ 1)2 + 1�
f(t) = L−1(F (p)) =

1

5
et − 1

5
e−t cos t− 2

5
e−t sin t .' �CµW�T£;�W�H�~�/�D±]�D�]�¦�¦�'�?¯k�Aª%�A£%�'���¦�/�J°'�'�|²+*|�m£;�C£%�H�/�?�?�e¬w´L�'¥'�'���

F (p)
�w¤��Cª%�L£%�'�e�Aª%�A£'¯�'�D�]�e�/�?¢=ª;�D©A�D�'�X¤o�=´L�j�o�D�e�Aª%�H�)�H���D�D�'�'�¦£%�'�]±]�|Ä

F (p) =
1

(p− 1)(p2 + 2p+ 2)
=

A

p− 1
+

M p+N

p2 + 2p+ 2
.

ÀX�H�H�'�e�H�~�/�D�)�'�/��·/°'�
A = 1

5

·
M = −1

5

·
N = −3

5

² Ñ �D¥��P�'�?ª/´L°/�D¤��D�)�
F (p) =

1

5(p− 1)
− 1

5

p+ 3

p2 + 2p+ 2
,
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¥L�]�A�]�e¢J�D�'�'�H¤��D�)�w�?�D¥���Ä
F (p) =

1

5(p− 1)
− 1

5

p+ 1

(p+ 1)2 + 1
− 1

5

2

(p+ 1)2 + 1
,

�D�]¥�¡|£%�=�]�
f(t) = L−1(F (p)) =

1

5
et − 1

5
e−t cos t− 2

5
e−t sin t .

�¦Õ*(*ÖwÔ[Õ 0¹- GmØ KJu~:k8;:=do:m@E8%O%>rO/N/K_Z%K
f(t)

N/Kqi)S�N/��l/OLz/dWK
F (p) =

5p

(p2 + 4) (p2 + 9)

^
,�Ô$-§Ô[ï*(*Ô�. ¶�´_ª%���]�~�/�W�'�?ª%�'�'�]�j�P¤P¢_�/�D�)�H�/�?�]�Aª/���_� ±2i

� ±3i
²`l#�?¢=ª;�D©A�D�)�~�/�D�'�'�]�/�Cª'¯�/�?�D�x¬w´L�'¥'�'���

F (p)
¤q�=´L�j�q�D�¸�Aª%�H�)�H���?�D�'�/�R£%�'�]±]�|² ú �?�]�q¤D¢_�H�)�H� �'�'�A£%¤]�L£b¢J�D±]�Aª%�=µx¥L�� ·/�'�j�D�)�

F (p) =
5p

(p2 + 4) (p2 + 9)
=

2M1 p− 4N1

p2 + 4
+

2M2 p− 6N2

p2 + 9
,¥�¡|£%�=�]�

M1 + iN1 =
5p

(

(p2 + 4) (p2 + 9)
)′

∣

∣

∣

p=2i
=

1

2
, M2 + iN2 =

5p
(

(p2 + 4) (p2 + 9)
)′

∣

∣

∣

p=3i
= −1

2
.

Jjª%�A£%�]¤��?�]�Aª%�'�
M1 =

1

2

·
N1 = 0

·
M2 = −1

2

·
N2 = 0

² Ñ �D¥L�W�'�?ª/´L°/�D¤��D�)�

F (p) =
5p

(p2 + 4) (p2 + 9)
=

p

p2 + 4
− p

p2 + 9�
f(t) = L−1(F (p)) = cos 2t− cos 3t .

�¦Õ*(*ÖwÔ[Õ 0¹U GmØ KJu~:k8;:=do:q@E8%O%>rO/N/K_Z%K
f(t)

N/Kni)S�N/��l/OLz/dWK
F (p) =

p3 + 3 p2 − p+ 1

p (p+ 1)2 (p2 + 1)

\
Y%@ru~@J�WdWKxN/Kqij@E8�uwSCZ%K

(50)
^

,�Ô$-§Ô[ï*(*Ô�.ºÑ �]°'¥'���]�
p1 = 0

�
p2,3 = ± i

�_�o�'�'�]�=�]���'�?ª%÷T�H���/�o¬w´L�'¥'�'�����?�
F (p) ep t

·%�
z4 = −1

��£%¤D´L¥'�/�?�]�H�R�'�?ª%÷T�D²+*|�W�'�=¢_�L£/´[´L�)�����m�/�D�)�'�/�D�)�DÄ
Res (F (p) ep t; 0) = lim

p→0
pF (p) ep t = 1

�
Res (F (p) ep t; i) = lim

p→i
(p− i)F (p) ep t =

1

2i
ei t +

1

2
ei t �

Res (F (p) ep t;−i) = lim
p→−i

(p+ i)F (p) ep t = − 1

2i
ei t +

1

2
e−i t �

Res (F (p) ep t;−1) = lim
p→−1

(

(p+ 1)2
F (p) ep t

)′
= −2 e−t − 2t e−t ²

�T� ßpû %�à �'�?ª/´L°/�D¤��D�)� f(t) = L−1(F (p)) = 1+ 1
2i
ei t + 1

2
ei t− 1

2i
ei t + 1

2
e−i t−2 e−t−2t e−t =

1 + cos t+ sin t− 2 e−t − 2t e−t
²
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f(t)

N/Kqi)S�N/��l/OLz/dWK
F (p) =

p4

p5 − 1

^
,�Ô$-§Ô[ï*(*Ô�. Òm´L�'¥'�'�����D�

F (p) =
p4

p5 − 1

�e�D�/�Cª%���]�'°'�/�¦¤¦�]¥[�?ª%�'�]�=�D�?� |p| > 1
�/�!±]�=¢_¥L¯

�/�D«'�/�?�?�w�]�]°'¥L��²LJjª%�A£%�]¤��?�]�Aª%�'�m�)�JµW��£;�w�H� �/�?¢_¤]�'� ¤w�'�A£q�/��ÀX�]�/�D�W¤w�?�?¢_�e�]±?ª;�D�=�C² î �j�D�)�
F (p) =

p4

p5
(

1 − 1

p5

)
=

1

p

(

1 +
1

p5
+

1

p10
+ . . .

)

=
1

p
+

1

p6
+

1

p11
+ . . . , |p| > 1.

�T�e��¡,�'¤��?�D�P�]�H�]�'�H�j�o¢J�W�/�?¢=ª;�D©=�D�'�w¢J�o�]�'�'©H�'�/�Cª;�
f(t)

�'�?ª/´L°/�D¤��D�)�
f(t) = 1 +

t5

5!
+
t10

10!
+ . . . .

�¦Õ*(*ÖwÔ[Õ 0 t|GmØ KJu~:k8;:=do:m@E8%O%>rO/N/K_Z%K
f(t)

N/Kqi)S�N/��l/OLz/dWK
F (p) =

1
√

1 + p2

� √
1 = 1

^
,�Ô$-§Ô[ï*(*Ô�.�ú �?�]�o��¢_�'�?ª/¢H´L¤��D�)�X��¢_¤]�H�=�]�'�D���x�/�?¢_¤]���]�'�

(1 + z)α = 1 +
α

1!
z +

α (α− 1)

2!
z2 +

α (α− 1) (α− 2)

3!
z3 + . . . ,

¤��Cª%�L£%�'�o¢J� |z| < 1
·'�/�D�)�'�/�D�)�

F (p) =
1

p

(

1 +
1

p2

)− 1
2

=
1

p

(

1 − 1

2

1

p2
+

(−1
2
)(−3

2
)

2!

1

p4
+

(−1
2
)(−3

2
)(−5

2
)

3!

1

p6
+ . . .

)

=
1

p
− 1

2

1

p3
+

1.3

22 2!

1

p5
− 1.3.5

23 3!

1

p7
+ . . .+

(−1)k(2k − 1)!!

2k k!

1

p2k+1
+ . . . |p| > 1.

�T�e��¡,�'¤��?�D�P�]�H�]�'�H�j�o¢J�W�/�?¢=ª;�D©=�D�'�w¢J�o�]�'�'©H�'�/�Cª;�
f(t)

�'�?ª/´L°/�D¤��D�)�

f(t) = 1 − 1

2

t2

2!
+

1.3

22 2!

t4

4!
− 1.3.5

23 3!

t6

6!
+ . . .+

(−1)k(2k − 1)!!

2k k!

t2k

(2k)!
+ . . .

= 1 − t2

22
+

t4

24 (2!)2 − t6

26 (3!)2 . . .+
(−1)k

t2k

22k (k!)2 + . . . .

³w�?ª/´L°'�H�/�?�?�~¬w´L�'¥'�'���e�H�9�D¢_�/�J°/�D¤����
J0(t)

�W�H� �/�D�'�'°/�wü ôhï*ý�
*(
�bï*×�~PÔLÿ]Ô� �"%ðqþ���Õ*$%(Õ*"[& ( ï,ôL #Ô[$­Õ*Ô]& ß *|�W¬w´L�'¥'�'���¦�/�V�Ã�H�H�Aªn¤]��µ �/�?¢=£%�Aª ��à ²Ñ �D¥L�W�'�?ª/´L°'�L¿��)�
1

√

1 + p2
� J0(t) =

∞
∑

k=0

(−1)k
t2k

22k (k!)2 .
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�
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f(t)
N/Kqi)S�N/��l/OLz/dWK

F (p)
���[�C<?:=do@)4

1. F (p) = p3−4p+1

p (p−1)3
; 2. F (p) = p+1

(p2+1) (p2+4)
; 3. F (p) = p2+1

p4−3 p3+4 p2−12 p
;

4. F (p) = 1
(p−1) (p2+1)

; 5. F (p) = p

(p−1) (p2+1)
; 6. F (p) = 1

p (p−1) (p2+1)
;

7. F (p) = e−2 p

(p+1) (p2+2 p+2)
; 8. F (p) = e−p

p (p−1)
; 9. F (p) = 1

(p2−4p+5)3
.

,�Ô$-§Ô[ï*(*Ô�. ¨ ²?³w�'�r£%�=�D�D¤D�'�)�
F (p)

¤D¡,¤{¤]�L£;�
F (p) =

1

((p− 2)2 + 1)
3

²)l#�?¢_©Eª%�=µo£;�D�)�Ã¬w´L�L¯
¥'�'�����D�

F1(p) =
1

(p2 + 1)3

²`#T¥[�
f1(t)

�~�]�'�'©H�'�/�Cª/¡;�x�/�
F1(p)

·'�]�e�D� ßpû %�à �'�j�D�)�
f1(t) = Res (F1(p) e

p t; i) + Res (F1(p) e
p t;−i),�D¡,«�¥L�?�]�o�]�]°'¥'���]� ± i

�_�o�'�?ª%÷T�H���]� ß �]�'�'¥'�/�?�]�/� à �/�o¬w´L�'¥'�'�����D� F1(p) e
pt
²+*|�W�'�=¢_�L£/´[´�¯�)���]�X�/�D�)�'�/�D�)�

Res (F1(p) e
p t; i) =

1

2
lim
p→i

[(p− i)3
ep t

(p2 + 1)3

]′′
=

1

2
lim
p→i

[

ep t(p+ i)−3
]′′

=
1

2
lim
p→i

[ ep t t2(p+ i)−3 − 6ep t t(p+ i)−4 + 12ep t(p+ i)−5]

=
ei t

8
(t2 i− 3t− 3i),

Res (F1(p) e
p t;−i) =

e−i t

8
(−t2 i− 3t+ 3i)

²
Ñ �D©=�D¤��

f1(t) =
1

8

[

t2 i(ei t − e−i t) − 3t(ei t + e−i t) − 3i(ei t − e−i t)
]

=
1

8
(−2t2 sin t− 6t cos t+ 6 sin t) =

1

4
(−t2 sin t− 3t cos t+ 3 sin t).

Ñ ¡,«!¥L�?�]�
F (p) = F1(p− 2)

·'�]�e�D�o�]�H�]�'�H�j� � õ ¢J�W�'�'�H�)�H�=�]¤��D�'�=���x�'�?ª/´L°/�D¤��D�)�
f(t) = L−1(F (p)) =

e2t

4
(−t2 sin t− 3t cos t+ 3 sin t).

= ð'ñ G
1. f(t) = −1 + 2 et + t et − t2 et � 2. f((t) = 1

3
(cos t+ sin t− cos 2t− 1

2
sin 2t)

�
3. f(t) = − 1

12
+ 10

39
e3t − 9

52
cos 2t+ 3

26
sin 2t

�
4. f(t) = 1

2
(et − sin t− cos t)

�
5. f(t) = 1

2
(et + sin t− cos t)

�
6. f(t) = 1

2
(et + cos t− sin t− 2)

�
7. f(t) = e−(t−2) − e−(t−2) cos(t− 2)

�
8. f(t) = et−1 1(t− 1) − 1(t− 1)

²

ø]ø



2 ×L& ×$3*×�- �|GmØ KJu~:k8;:=do:m@E8%O%>rO/N/K_Z%K
f(t)

N/Kqi)S�N/��l/OLz/dWK
F (p)

���[�C<?:=do@)4
1. F (p) =

e
− 1

p

pn+1

�
n = 0, 1, . . . ; 2. F (p) = 1

p
e
− 1

p2 ; 3. F (p) = log(1 + 1
p
) ;

4. F (p) = p2

p4−1
; 5. F (p) = sin 1

p
; 6. F (p) = 1

1+p10 .

,�Ô$-§Ô[ï*(*Ô�. � ²)Òm´L�'¥'�'�����D�
F (p) =

e
− 1

p

pn+1

�¸�D�/�Cª%���]�'°'�/�b¤
C\{0} ² ú �?�]�b��¢_�'�?ª/¢H´L¤��D�)��/�?¢_¤]���]�'�=���¸�/�x�H¥[�H�'�]�'�H�'�'�/�Cª%�/�?�D�¸¬w´L�'¥'�'���

ez = 1 + z
1!

+ . . . + zn

n!
+ . . .

·;¤��Cª%�L£%�'�q¤
C
·

¢J�Pª%�]�/�D�'�]¤]�D�]�o�/�?¢_¤]���]�'�X�/� e
− 1

p

pn+1

�'�?ª/´L°/�D¤��D�)�

e
− 1

p

pn+1
=

∞
∑

k=0

(−1)k

k!
.

1

pk+n+1
, |p| > 0.

�T�e��¡,�'¤��?�D�P�]�H�]�'�H�j�o¢J�W�/�?¢=ª;�D©=�D�'�~�'�?ª/´L°/�D¤��D�)�w¢J�o�]�'�'©H�'�/�Cª;�
f(t) =

∞
∑

k=0

(−1)k

k!
.

tn+k

(n+ k)!
=

∞
∑

k=0

(−1)k

k!
.
(
√
t)2n+2k

(n+ k)!
= t

n
2

∞
∑

k=0

(−1)k

k!
.
(
√
t)n+2k

(n+ k)!
.

Òm´L�'¥'�'�����D�
Jn(z) =

∞
∑

k=0

(−1)k ( z
2
)n+2k

k!(n+ k)!

�H�T�/�?�'�'°/�Pü ôhï*ý�
*(
�­ï*×�~PÔLÿ]Ô� Í"%ð!þ���Õ*$%(�Õ*"[&
(
n
(sð'(ÁÕ*Ô]& ² Ñ �D¥L�W�'�?ª/´L°'�L¿��)�

e
− 1

p

pn+1
� t

n
2 Jn(2

√
t)

�¦�'�'�
n = 0

�'�j�D�)� e
− 1

p

p
� J0(2

√
t)
²

õ ²�*|�W¬w´L�'¥'�'�����?� log z
·

log 1 = 0
�~¤��Cª%�L£%�'�e�/�?¢_¤]���]�'�=�]�

log(1 + z) =
z

1
− z2

2
+ . . .+ (−1)n−1 z

n

n
+ . . .

¤o¥'��¡,©=� |z| < 1
² Ñ �]©A�D¤��m¢J�o¬w´L�'¥'�'�����?�

F (p) = log(1 + 1
p
)
�'�?ª/´L°/�D¤��D�)�

log(1 +
1

p
) =

1

p
− 1

2p2
+ . . .+ (−1)n−1 1

npn
+ . . .

¢J� |p| > 1
²+Jò��¡,�'¤��?�?�P�]�H�]�'�H�j�o¢J�o�/�?¢=ª;�D©A�D�'�~�/�D�)�'�/�D�)�w¢J�o�]�'�'©H�'�/�Cª;�

f(t) = 1− 1

2

t

1!
+ . . .+

(−1)n−1

n

tn−1

(n− 1)!
+ . . . = 1− t

2!
+ . . .+(−1)n−1 t

n−1

n!
+ . . . =

1 − e−t

t
.

ø[û



= ð'ñ G
2. f(t) =

∞
∑

0

(−1)n t2n

n!(2n)!
; 4. f(t) =

∞
∑

0

t4n+1

(4n+ 1)!

5. f(t) =
∞

∑

0

(−1)n t2n

(2n)!(2n+ 1)!
; 6. f(t) =

∞
∑

0

(−1)n t10n+9

(10n+ 9)!
.

ø �
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I@�6\f�5Ê�iB ��5 d ÏÐ���gf�5�5

� ²�� ×'Öw× ü ôhï*ý�
*(
�_ �D�j�W¬w´L�'¥'�'�����D�e�H��£%�H¬~�'�'�'�/�o�~�'�]�)� ¾ �?�e�/�W�/�D¤]�H�'�=�]¤]�D�]�
Γ(x) =

∫ ∞

0

e−t tx−1 dt. ßpûDõ à
î ���]�H©H�/�Cª/¡;�W�D�~£/�'�H�/�?�D�X�=�]�/�D�/�m�/�~©H�]�'�'�D�]�P�/�D¤D�H�'�=�]¤]�P�H�{�/�D�'�'°/� (*ï*ð'Ô[ñDÕ*×� Íï*× = T, #Ô[Õ"%ðx$%ð'"%Õ*(bÕ*"[& ² Ñ �]«P�a�'�H�H�]±]�=�]¤]�H�o�'�]�/�C£%�W±]�=¢_¥'�/�D«'�/�?�?�w�H�W©H�]�'�/��©H�/�D�'�'�/��·��T�'�'�

x < 1
��'�]�/�C£%�e�'�H�]©H�/�D�'�'°'�H�'�]�=�D�D�X�/�~¬w´L�'¥'�'�����?�

e−t tx−1
¢_�

t = 0
² Ñ �D¢_�o�'���]�H©H�/�Cª!�9�E¿[�_£/� ¾ ¢J�

x > 0
² _ �?���P¬w´L�'¥'�'�����D�o�'�~�~�Aª%�H�)�H���D�D�'�/�e¬w´L�'¥'�'���|² Ñ �!�H�~�D�]�/�D�s�¦¥�¡,�Í�C² �|²/�H�'�H�'�/�Cª%�'�¬w´L�'¥'�'�'�|·%¥[�]���]�x°'�=�=�]�x�H�X�H�'� ¾ �?�x¤o�'�'�Lª%�Cµx�'���]�w¢J�C£;�C°'�|²� �~�D�]±]�Aª%�=µx�'�Â���'¥L�]�!�H¤]�]«'�=�]¤��o�/�o¬w´L�'¥'�'�����?�

Γ(x)
²� ² ón"%Õ*Ö�ô� #×y�[×§þ*Õ*(*$%Ô]& Ô[ï*(*Ô

Γ(x+ 1) = xΓ(x). ßpû?ø à
#T¥L�

x = n
·
n ∈ N

�¦¤D¢_�H�)�H�Â�'�'�A£%¤]�L£,·%°'� ∫ ∞
0
e−t dt = 1

·/�D� ßpû?ø à �'�?ª/´L°/�D¤��D�)�
Γ(n+ 1) = n!.

½P�Ã¢J�D�'��¼P�H� ßpû?ø à ¤D¡,¤ ¤]�L£;� Γ(x) =
Γ(x+ 1)

x

² Ñ �]¤���£;�?¤��9¤D¡h¢_�)�Jµx�'�]�=�a£;�a£%�=¬~�'�'�'�/�D�)�
Γ(x)

�Â¢J� −1 < x < 0
²�¶~�D�'�=�]�'�/��·�¢J�b�?�D¥'�'¤��

x
�'�j�D�)�

x + 1 > 0
�

Γ(x + 1)
�H��]�'�'�A£%�Aª/�x�A£%�'�D¢_�/�J°'�'�X� ßpûDõ à ²<#T�/�Cª%�]©H�'°'�'�X�D� Γ(x+2) = (x+1) Γ(x+1) = (x+1)xΓ(x)�'�j�D�)�

Γ(x) =
Γ(x+ 2)

(x+ 1)x

·a�n¥[�]�=�]�Í�)�JµW�H��£;��£%�H¬~�'�'�'�/�D�)�
Γ(x)

¢J� −2 < x < −1
²

³w�W�D�D¥�¡,¤o�/�C°'�'�¦�)�JµW�T£;�P£%�H¬~�'�'�'�/�D�)�
Γ(x)

¢J�o¤]�H�'°'¥'���D�]�'�'�/�?�]�rª;�'�
x
·'�~��¢_¥Lª%÷T°'�H�'�'��/�

x = −1,−2, . . .
²�*|�§�]�=¢_� ¢_�/�J°'�H�'���ò�/�

x
·a�º�=¡ ¾ �º� ¢J� x = 0

¬w´L�'¥'�'�����D�º�'�n�£%�H¬~�'�'�'�/�D�/��²Æ ² ón"%Õ*Ö�ô� #×y�[×n& "%þ��j #$%×'ï*Ô
Γ(x) Γ(1 − x) =

π

sinπ x
. ßpû]û à

�T�o�D�?¢_�¦¬~�]�'� ´Jª;�o�'�'�
x = 1

2

�'�?ª/´L°/�D¤��D�)�
Γ(1

2
) =

√
π
²

ø$�



�§¥[�]�)�Lª%�H¥L�H�/�?�?���/�D¤]�'�'�/�T©A�D�j�T¬�´L�'¥'�'���'�?���H�Ã�]�'�'�A£%�Aª/�P�=¡ ¾ ���Ã�'���]�H©H�/�Cª;���/�w��«Lª%�H�|²�C² �D²%�~�/�D¤]�H�'�=�]¤]�D�]�
Γ(z) =

∫ ∞

0

e−t tz−1 dt,

¥�¡|£%�=�]�
tz−1 = e(z−1) ln t

² ' �Jµo�P£;�!�H�x�'�]¥L�?µW�D·h°'�o�]�D¢_�­�'���]�H©H�/�Cª��e�E¿[�_£/� ¾ ¤¦�'�?ª/´L�/�D¤?¯�'�'�/�?�D�
Re z > 0

�Â°'��¤b�D�?¢_�Á�'�?ª/´L�/�D¤]�'�'�/�
Γ(z)

���D�/�Cª%���]�'°'�/��¬w´L�'¥'�'���|·j¢J�§¥L�J���]��_�¦¤��Cª%�L£%�'� ßpû?ø à � ßpû]û à ² Ñ �§�)�JµW�W£;�¦�H�x�'�'�_£/¡|ª/µx���D�/�Cª%���]�'°'�'�n¤¦���Lª;�?�D�¦¥[�]�)�Lª%�H¥L�H�/��/�D¤]�'�'�/��·%�Aª%�A£b¥[�]�=�]�
Γ(z)

�=�D�D¤��x�D�/�Cª%���]�'°'�/�e¤x���Lª;�?�?�e¥[�]�)�Lª%�H¥L�H�/�e�/�D¤]�'�'�/�
C
·/�X��¢_¥L¯ª%÷T°'�H�'�'�X�/�W�]�]°'¥'���]�

z = 0,−1,−2, . . .
·/¤o¥[�]���]�e�'�j�o�'�'�]�=�]���'�?ª%÷T�H�|²� �X�D�]±]�Aª%�=µx�'�Â� ¾ �~�A£%�'�e�H¤]�]«'�=�]¤]�e�/� Γ(z)

²
õ ² ón"%Õ*Ö�ôL #×�ï*×SH�Ô;1§×'ïh&o��Õ

Γ(z) Γ
(

z +
1

2

)

=

√
π

22z−1
Γ(2z). ßpû ��à�T�o�D´L¥��'�'�

z = n
�'�?ª/´L°/�D¤��D�)�

Γ
(

n+
1

2

)

=
(2n)!

22n n!

√
π. ßpû<� àNw�'�=¢

Γ(z)
�H�X��¢_�/�?¢H�'¤��?�e��¢_�]±]�/�?µW�H�'�����D�W�/�WÀm�D�Lª;�D�~�/�m£%�'�]±]�'���]�X�=�]�H�'�H�'�R�/�

t
²

�¦Õ*(*ÖwÔ[Õ 0 �|G g Kq\H:XN/KJu~:k8%OnO�MD@JIs8[K?��:=N/O%:=do@
F (p)

N/K
tν
�
ν > −1

^
,�Ô$-§Ô[ï*(*Ô�. ³w�e£%�H¬~�'�'�'�'���n�'�j�D�)�

F (p) =
∫ ∞

0
tν e−p t dt

·
p− ¥[�]�)�Lª%�H¥L�=�/�¸�'�'�]�)�H�Lª%�'¤���²¶w�H¥L�P�D�]�/�J°/�Cª%�W�'�'�'�H�)�H�9·�°'�

p
���'�?ª%�Jµx���]�Aª%�/�P¤]�Aª%�'°'�'�/�P�e£;�m�/�D�'�/�D¤]�'���H� �'�/�?�?�

p t =
τ
·'�D�]¥�¡|£%�=�]�

t = τ
p

²/³w�?ª/´L°/�D¤��D�)�
F (p) =

∫ ∞

0

e−τ
(τ

p

)ν dτ

p
=

1

pν+1

∫ ∞

0

e−τ τ ν dτ =
Γ(ν + 1)

pν+1
.

Jjª%�A£%�]¤��?�]�Aª%�'�b�'�'�
p > 0

�
ν > −1

�'�j���H�)�'�=¡|ª
F (p)

·*�'�'�­�]�]¤����]���'±]¤��
pν+1 > 0

·
�C² �D²

pν+1 = e(ν+1) ln p
² ¶w�H¥��R�H�H©=�

p
�¸¥[�]�)�Lª%�H¥L�H�/�b�'�'�]�)�H�Lª%�'¤���²jÒm´L�'¥'�'�����?� Γ(ν + 1)

pν+1

·
¥�¡|£%�=�]�

pν+1 = e(ν+1)Log0p
·

Log0p = ln |p| + iArg p
�X©Eª;�D¤]�/�?�?�x�=�]�]«'�'�]�=�¸�/�Wª%�]©A�D�'���D¡,�j�

ß −π < Arg p ≤ π
à �R�D�/�Cª%���]�'°'�/�­¤��'�?ª/´L�/�D¤]�'�'�/�?�?�

Re p > 0
² Ñ ¡,«Í¥��?�]�'·��=¡,©Eª;�D�H�'��]�H�]�'�H�j�?�D�b¢J�b�A£%�'�'�=�]¤]�H�/�]�=�C·�¥L�J�º£;�b�¦�D�/�Cª%���]�'°'�/�§¬w´L�'¥'�'���Â�H�¦�]�'�'�A£%�Aª/�Â�A£%�'�D¢H�/�C°'�'��=¡,�w¢_�/�J°'�H�'�����D�o�H�¦¤D¡,��¿L´¸¥'�'�'¤��W�D�W£%�H¬~�'�'�'�'�'�]�'�/�?�?�e�H�¦�]±?ª;�D�=�C·'�]�e�]±]�/�?¢H¡¹�o�/�WÀm�D�Lª;�D��/�

tν
�H�9�]�'�'�A£%�Aª/�o�/�D��¡|ª%�'�w�=¡,�a¢_�/�J°'�H�'�����D�~�H�W¤D¡,��¿L´P�'�?ª%�Jµx���]�Aª%�/�?�?�~°/�D�=�~�/�w�'�_�Jª%�/�?�D��]�~�¦�rª%�A£%�]¤��?�]�Aª%�'�

tν �
Γ(ν + 1)

pν+1
, ν > −1, Re p > 0, ßpû!� à

¥�¡|£%�=�]�
pν+1 = e(ν+1) Log0p

²�³w�'�
ν = n ∈ N

�D�~©H�]�'�/�?�?�~¬~�]�'� ´Jª;�w�'�?ª/´L°/�D¤��D�)�9��¢_¤]�H�=�]�/����'�=¢H´Jª/�?�?�
tn �

Γ(n+1)
pn+1 = n!

pn+1

³w�'�
ν = −1

2

�'�j�D�)� 1√
t
�

Γ( 1
2
)

p
1
2

=
√

π√
p

�Lª%�
1√
π t

�
1√
p
.

� �m�D�]±]�Aª%�=µx�'�9·%°'�m�'�'� −1 < ν < 0
¬w´L�'¥'�'�����?�

tν
�'�j�e��¢_�]±]�/�?µW�H�'�'�D·%�'�x�'�~´J£%�]¤?ª%�=�?¯¤]�]���/¤]�P´]�Aª%�]¤]�����D�W¢J�o�]�'�'©H�'�/�Cª,·'�D¡,«¦¥��?�]�

tν → ∞ �'�'�
t→ +0

²
ø;�



�¦Õ*(*ÖwÔ[Õ 0|� GmØ KJu~:k8;:=do:XO�MD@JIs8[K?��:=N/OLz/dWKxN/Kqi)S�N/��l/O/O/do:/4
1. f(t) =

sin t√
t 5 2. f(t) =

cos t√
t

^
,�Ô$-§Ô[ï*(*Ô�. � ² ¶��H¥��

p > 0
²*ÒP�]�'� ´Jª%���]�D·*¥[�]���]� ¾ �x�'�Cª/´L°'�'� ¾ �e�_�!¤��Cª%�L£%�'���b¢J�¦¥[�]�#¯�Lª%�H¥L�=�'�

p
·h¥[�]�=�]���)�JµW�m£;�!�H�W£%�]¥L�?µW�o�W�]�H�]�'�H�j�?�?�¦¢J�!�A£%�'�'�=�]¤]�H�'�]�H�R�/�¦�D�/�Cª%���]�'°'�'���]�¬w´L�'¥'�'�'�|²¹�T� 1√

t
�

√
π√
p

�¸�]�H�]�'�H�j� � õ ¢J�o�'�'�H�)�H�=�]¤��D�'�=���x�'�j�D�)�
ei t

√
t

�

√
π√

p− i
,

e−i t

√
t

�

√
π√

p+ iÑ �]©A�D¤��
sin t√
t

=
ei t − e−i t

2i
√
t

�

√
π

2i

( 1√
p− i

− 1√
p+ i

)

=

√
π

2i

√
p+ i−√

p− i
√

p2 + 1
.

ú �?�]�e��¢_�'�?ª/¢H´L¤��D�)�X¬~�]�'� ´_ª%���]�
√
a+ ib = ±





√√
a2 + b2 + a

2
+ i

√√
a2 + b2 − a

2



 ,
�D¥[�

b ≥ 0,

√
a+ ib = ±





√√
a2 + b2 + a

2
− i

√√
a2 + b2 − a

2



 ,
�D¥[�

b < 0,

�/�D�)�'�/�D�)�
sin t√
t

�

√
π

2i

2i

√√
p2+1−p

2
√

p2 + 1
=

√

π

2

√

√

p2 + 1 − p

p2 + 1
.

Æ ² î �j�D�)�
cos t√
t

=
eit + e−it

2
√
t

�

√
π

2

( 1√
p− i

+
1√
p+ i

)

=

√

π

2

√

√

p2 + 1 + p

p2 + 1
.
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S(t) =

∫ t

0

sin t√
2π t

dt, C(t) =

∫ t

0

cos t√
2π t

dt.

,�Ô$-§Ô[ï*(*Ô�. �T�e�'�'�A£%�'�����'�'�'�)�H�¦�'�j�D�)�
sin t√
2π t

�
1

2

√

√

p2 + 1 − p

p2 + 1
,

cos t√
2π t

�
1

2

√

√

p2 + 1 + p

p2 + 1
.

Ñ �H�]�'�H�j� � ¢J�W�'���]�H©H�'�/�/�D�'�m�/�W�]�'�'©H�'�/�Cª¦£;�D¤��
S(t) �

1

2p

√

√

p2 + 1 − p

p2 + 1
, C(t) �

1

2p

√

√

p2 + 1 + p

p2 + 1
.
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f(t) = sin 2

√
t
^

,�Ô$-§Ô[ï*(*Ô�.�î �j�D�)�
sin 2

√
t =

∞
∑

n=0

(−1)n 22n+1

(2n+ 1)!
tn+ 1

2 .

¶w�H¥L�
sin 2

√
t � F (p)

²%³w�o¬~�]�'� ´_ª;�
(58)

·'¥��?�]�e¤D¢_�H�)�H�Â�'�'�A£%¤]�L£
(57)

·/�/�D�)�'�/�D�)�

tn+ 1
2 �

Γ
(

n+ 3
2

)

pn+ 3
2

=
(2n+ 1)!

√
π

22n+1 n! pn+ 3
2

.

Ñ �]©A�D¤��
F (p) =

∞
∑

n=0

(−1)n √
π

n! pn+ 3
2

=
1

p

√

π

p

∞
∑

n=0

(−1)n

(

1
p

)n

n!�Lª%�
F (p) =

1

p

√

π

p
e
− 1

p .

Òm´L�'¥'�'�����?�
F (p)

�X�D�/�Cª%���]�'°'�/�e¤o�]¥L�?ª%�'�D�=�x�/�W±]�=¢_¥'�/�D«'�/�?�D�W�]�]°'¥��o�

F (p) =
∞

∑

n=0

(−1)n √
π

n!

1

pn+ 3
2

, |p| > 0,

¢J�?�]�]¤��
F (p)

´J£%�]¤?ª%�=�]¤]�]���'¤��W´]�Aª%�]¤]�����D�o�/�W�]�H�]�'�H�j�
18
²+Jjª%�A£%�]¤��?�]�Aª%�'�

sin 2
√
t �

1

p

√

π

p
e
− 1

p .
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�&��~PÔLÿ�Ô� #"%$%× ü ôhï*ý�
*(
�½m�'¬~�=�'�H�'�'�/�Cª%�'�D�]�x´L�/�D¤]�'�H�'�'�
t2y′′ + ty′ + (t2 − ν2)y = 0, ßpû ¨�à

¥�¡|£%�=�]�
y(t)

�X�'�H��¢_¤]�H�=�]�%�?�?�q¬w´L�'¥'�'���|·
ν
�m�'�_�Cª%�H�R�/�D�/�D�)�=�D¡,�|·;�H�m�/�D�'�'°/� ôhÕ*×'$%ï*Ô[ï*(*Ôï*×z~PÔLÿ]Ô� ²�l*�=¼P�H�'�'�H�]�q�/�P�]�]¤��W´L�/�?¤]�'�H�'�'�~�D¡,�'�H�'�Á¤D¡,¤o¤]�L£��/�o�Aª%�A£%�'�����'�r£,Ä

y(t) = tα (a0 + a1 t+ . . .+ an t
n + . . .), a0 6= 0. ß �<%�à

ú �?�]�§¢J�D�)�H�=�]�'� ¤b´L�/�D¤]�'�H�'�'�=�]�­�Â�'�'�'�/�D¤]�'�'��¥�¡,����´Jª;�§¥[�]�H¬~�'�'�'�H���]�����R�'�'�A£ ¤]�H�'°'¥'��=�]�H�'�H�'�ò�/�
t
·j�'�?ª/´L°/�D¤��D�)�¦�/�D«L¯k�/�D�'�'�A£,·�°'�¦�]���'±]¤��

α = ±ν ²�#T¥[� α = ν ≥ 0
·)�]�­�D��]�=�?�D�/�Cª%���]�X¢J�D¤]�'�H�'�)�]�=�]���/�D�)�'�/�D�)�

a2k+1 = 0
·
k = 0, 1. . . .

�

a2k =
(−1)k

a0

22k k! (ν + 1)(ν + 2) . . . (ν + k)
, k = 1, 2, . . . .

�D�D¥L�o�'�?ª/´L°/�D¤��D�)�

y(t) = a0 t
ν
(

1 +
∞

∑

k=1

(−1)k
t2k

22k k! (ν + 1)(ν + 2) . . . (ν + k)

)

. ß ���Cà
l#�A£/¡;�§¤ ß ���Cà �¸�E¿��J£/� ¾ ¢J�n¤]�s�'¥L�n�'�_�Cª%�'�

t
· ¥[�]�=�]�b�)�CµW�e£;�R�H�¸�'�]¥��?µW�q�¸�'�'��¢_�/�D¥L�b�/�½P�Cª;�D�)±]�H�|² ú �?�]�¦£;�?¤��D�)�e�/�

a0

�/�?¢=ª%�'°'�'�º�=�]�]«'�'�]�=�]�|·#�'�?ª/´L°/�D¤��D�)�x�/�?¢=ª%�'°'�'�­�'�=¼P�H�'����/�x´L�/�D¤]�'�H�'�'�=��� ßpû ¨�à ²kl*�=¼P�H�'�'�H�]�'·h¥L�]�=�]�!�H�P�'�?ª/´L°/�D¤��¸�'�'� a0 = 1
2ν Γ(ν+1)

�H�P�D¢_�/�C°/�D¤��x�
Jν(t)

�n�H�P�/�D�'�'°/�qü ôhï#ý�
*(
�òï*×K~PÔLÿ]Ô� Å";ð�þ���Õ*$%(�Õ*"�&Ì(
ν
(Eð'(ÅÕ*Ô]& G �T�¸¬~�]�'� ´_ª;�?�D�

ßpû?ø à ¢J�{�'�'�'¤]�A£%�H�'�'�a�Aª%�A£%¤���·?°'� (ν+1)Γ(ν+1) = Γ(ν+2)
·

(ν+2)(ν+1)Γ(ν+1) = Γ(ν+3)�!�C² �|² Ñ �]©=�D¤��P�D� ß ���Cà �/�D�)�'�/�D�)�
Jν(t) =

∞
∑

k=0

(−1)k

k! Γ(ν + k + 1)

( t

2

)2k+ν

. ß ��Æ]à
#T¥L�

ν 6= 0
�¦�'�?ª%�Jµx�'�

α = −ν ·/�'�o�=¡ ¾ ���¦�/�C°'�'�¦�'�?ª/´L°/�D¤��D�)�

J−ν(t) =
∞

∑

k=0

(−1)k

k! Γ(−ν + k + 1)

( t

2

)2k−ν

#T¥L�
ν = n ∈ N

·'�]�]©A�D¤��
J−n(t) = (−1)n Jn(t)

²� �H�Lª;�o�~�Aª%�A£%�/�?�?�e�'�H¥�´L�'�H�����/�e¬~�]�'� ´Jª;�
Jν+1(t) = Jν−1(t) − 2J′

ν(t). ß � õ à
³w�'�

ν = 0
·'¤D¢_�H�j�D«'¥'���'�'�A£%¤]�L£,·/°'�

J−1(t) = −J1(t)
·'�'�?ª/´L°/�D¤��D�)�

J1(t) = −J′
0(t)

²
�¦Õ*(*ÖwÔ[Õ t . GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/Kxi)S[N'�[l'OLz/dWK

Jn(t)
�
n ∈ N

^
û �



,�Ô$-§Ô[ï*(*Ô�. ���'�'�'�)�H� ø[û �/�D�)�H�'�L¿��)�D· °'� J0(t) �
1√
1+p2

· √
1 = 1

²j�T�R�]�H�]�'�H�j� ø ¢J�
£%�'¬~�H�'�H�'�'�'�/�D�'�§�/�­�]�'�'©H�'�/�CªÅ�'�j�D�)�

J′
0(t) � p 1√

1+p2
− J0(0) =

p−
√

1+p2√
1+p2

·��D¡,«ò¥L�?�]�
J0(0) = 1

²;�T�
J1(t) = −J′

0(t)
�Aª%�A£%¤���·/°'�

J1((t) �

√

1 + p2 − p
√

1 + p2
.

� �w£%�]¥L�?µW�H�Í�'�e�'�L£/´L¥'�'���|·%°'�
Jn((t) �

(
√

1 + p2 − p)
n

√

1 + p2
. ß � ø à

³w�]¥L�?¢J�C¿��)�e�'�?¯k©H�]�'�D·h°'�e¬~�]�'� ´_ª;�?�D� ß � ø à �o¤D�'�'�/�¸¢J� n = 0
�
n = 1

²,¶w�H¥L�¸�C�§�e¤D�'�'�/�¢J�!¤]�r�'¥[�
n
£%�

n = m
² � �e�'�]¥L�?µo�H�9·|°'�o�J���e¤D�'�'�/�¸�§¢J�

n = m + 1
²*�T� ß � õ à �'�j�D�)�

Jm+1(t) = Jm−1(t) − 2J′
m(t)

²;���H¤]�H�!�]�]¤��
Jm(0) = 0

�'�'�
m > 0

² Ñ �]©A�D¤��
Jm+1 �

(
√

1 + p2 − p)
m−1

√

1 + p2
− 2p

(
√

1 + p2 − p)
m

√

p2 + 1

=
(
√

1 + p2 − p)
m−1

√

p2 + 1
(1 − 2p

√

1 + p2 + 2p2) =
(
√

p2 + 1 − p)
m+1

√

p2 + 1
.

J �]�]¤��o¬~�]�'� ´_ª;�?�D� ß � ø à ��£%�]¥L�?¢J�D�/��²�¦Õ*(*ÖwÔ[Õ thF/GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/Kxi)S[N'�[l'OLz/dWK
t

n
2 Jn(2

√
t)
�
n ∈ N

^
,�Ô$-§Ô[ï*(*Ô�. �T� ß ��Æ]à �'�j�D�)�

t
n
2 Jn(2

√
t) = t

n
2

∞
∑

k=0

(−1)k

k! Γ(n+ k + 1)

(2
√
t

2

)

2k+n

=
∞

∑

k=0

(−1)k

k! (n+ k)!
tk+n.

ú �?�]�e¤D¢_�H�)�H�Â�'�'�A£%¤]�L£R¢J�D±]�Aª%�=µx¥L� � ¢J�W�]±]�/�?¢J� F (p)
�'�?ª/´L°/�D¤��D�)�

F (p) =
∞

∑

k=0

(−1)k

k!
.

1

pk+n+1
=

1

pn+1

∞
∑

k=0

(−1
p
)
k

k!
=

1

pn+1
e
− 1

p .

��°'�H¤]�L£%�'�x¬w´L�'¥'�'�����?� 1
pn+1 e

− 1
p
´_£%�]¤?ª%�=�]¤]�]���'¤��o´]�Aª%�]¤]�����D�e�/�o��¡,�'¤��?�?�W�]�H�]�'�H�j�e¢J�o�/�?¢=¯ª;�D©A�D�'� ß �]�H�]�'�H�j� � � à ·'�D�]¥�¡|£%�=�]�x�Aª%�A£%¤��o¥L�]�'�=¥��]�'�]�=�]�D�e�/�o�'�=¼P�H�'�'�=���'²�&�&� G óRôhï*ý�
*(
�Áï*×§ñDÕ*Ô$-§ý*(*ð'Ô�Á�]�H�]�'�����/�W¤]�H�'�J���]�'�]�=�]�����m�H�~�/�?¢_©Eª%�=µo£;�o�Aª%�A£%�/�?�D�e¬w´L�'¥'�'���

erf (z) =
2√
π

∫ z

0

e−τ2

dτ.

Ñ �?¢_�W¬w´L�'¥'�'���W�H�9�/�D�'�'°/�wü ôhï*ý�
*(
�nï*×qñDÕ*Ô$-§ý*(*ð'Ôo(, #( ü ôhï*ý�
*(
�nï*×xH�×'þ, #×/ÿ ² ' �CµW�£;�o�H�~�'�]¥L�?µW�D·/°'�w�J�¦�~���Lª;�W¬w´L�'¥'�'���|² î ¢_�'�?ª/¢H´L¤��o�H�~� ¾ �~�¦¬w´L�'¥'�'�����?�
Erf (z) = 1 − erf (z) =

2√
π

∫ ∞

z

e−τ2

dτ.
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� �~�/�?¢_©Eª%�A£;�D�)�X���'¥[�]�¸¢J�C£;�C°'�|·'¤o¥[�]���]�e�Lª%�¦�]�'�'©H�'�/�Cª/¡;�C·%�Lª%�!�]±]�/�?¢H¡;�e�H�~��¢_�/�?¢H�'¤��?�°'�'�=¢�¬w´L�'¥'�'�����?�
erf (z)

²j³w�'�Í�'�=¼W�D¤��D�'�=�]�­�/�b���'¥[�]�Í�D�b�]�=¢_�Â¢J�C£;�J°'�Í�H°'���D�D�)�
p > 0

·�'�]�Aª%�x�'�'�_£/¡|ª/µe�D¤��D�)�e�D�/�Cª%���]�'°'�'�R���H�x�'�D¢_�]¤��D¤��D�)�o�/�!�]�H�]�'�H�j�?�D�¦¢J���A£%�'�'�=�]¤]�H�'�]�=�b�/��D�/�Cª%���]�'°'�'�����X¬w´L�'¥'�'�'�|²
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e−t2
^

,�Ô$-§Ô[ï*(*Ô�. ³w�P£%�H¬~�'�'�'�'�����/�W�]±]�/�?¢~�'�j�D�)�
e−t2

�

∫ ∞

0

e−p t e−t2 dt =

∫ ∞

0

e−(t2+p t) dt =

∫ ∞

0

e−(t+ p
2
)2 e

p2

4 dt = e
p2

4

∫ ∞

0

e−(t+ p
2
)2 dt.

�n�'�]�Aª%�A£%�'���X�'���]�H©H�/�CªW�'�/�?¤]�'�¦�H� �'�/�?�D�
t+p

2
= τ

·_¥L�?�]� �H°'���?�D�)�
p > 0

² Ñ �D¥L�a�'�?ª/´L°/�D¤��D�)�
e−t2

� e
p2

4

∫ ∞

p
2

e−τ2

dτ =

√
π

2
e

p2

4 Erf
(p

2

)

.

J �D�/�Cª%���]�'°'�'�x�'�'�_£/¡|ª/µW�H�'�'�~�'�=¢H´Jª/�D�?�D¡;�q�H�~�'�'�H�/�D�r�¦�!¢J�W¥L�]�)�Lª%�H¥[�H�'�
p
²
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erf (t)

^
,�Ô$-§Ô[ï*(*Ô�. � �'�'�A£%�'���¦�'�'�'�)�H�¦�'�?ª/´L°'�L¿��)�D·%°'�

e−t2
�

√
π

2
e

p2

4 Erf (p

2
)
²/³w�W�'�/�D¤]�Lª%�D�]�o¢J��'���]�H©H�'�'�%�D�'�X�/�o�]�'�'©H�'�/�Cª ß �]�H�]�'�H�j� ��à �'�?ª/´L°/�D¤��D�)�

erf (t) =
2√
π

∫ t

0

e−τ2

dτ �
1

p
e

p2

4 Erf
(p

2

)

.
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f(t)

N/Kqi)S�N/��l/OLz/dWK
F (p) =

1√
p (p− 1)

^
,�Ô$-§Ô[ï*(*Ô�. � �'�'�'�)�H� ø � �/�D�)�H�'�L¿��)�D·Ã°'� 1√

p
�

1√
π t

²a���H¤D�H�Á�]�]¤��§�'�j�D�)� 1
p−1

� et
²Ñ �]©A�D¤���·'�'�'�Lª;�D©A�D«'¥'�¦�]�H�]�'�H�j� � ø ¢J�W´L�)�'�Jµo�H�'�'�D·/�/�D�)�'�/�D�)�

F (p) =
1√
p

1

p− 1
�

1√
π t

∗ et =

∫ t

0

1√
π τ

et−τ dτ =
et

√
π

∫ t

0

e−τ

√
τ
dτ = f(t).

�ò�'�]�Aª%�A£%�'���¦�'���]�H©H�%�Jªb�'�/�D¤]�'�Â�=�)�'�/�?�?�
u =

√
τ
�¦�'�?ª/´L°/�D¤��D�)�

f(t) =
2 et

√
π

∫

√
t

0

e−u2

du = et erf (
√
t).
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erf (

√
t)
^

,�Ô$-§Ô[ï*(*Ô�. �T�P�'�'�A£%�'���¸�'�'�'�)�H�q�'�j�D�)�
et erf (

√
t) �

1
(p−1)

√
p

= F (p)
²��T�m�]�H�]�'�H�j� � õ ¢J��'�'�H�)�H�=�]¤��D�'�=���x�'�?ª/´L°/�D¤��D�)�

e−t et erf (
√
t) � F (p+ 1) = 1

p
√

p+1

·��C² �D²
erf (

√
t) �

1
p
√

p+1

²
�¦Õ*(*ÖwÔ[Õ t%�|GmØ KJu~:k8;:=do:m@JIs8[KCM?KqN/Kxi)S[N'�[l'OLz/dWK

Erf (
√
t)
^
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Erf (

√
t) = 1 − erf (

√
t) �

1

p
− 1

p
√
p+ 1

=

√
p+ 1 − 1

p
√
p+ 1

=
1

p+ 1 +
√
p+ 1

.
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f(t)

N/Kqi)S�N/��l/OLz/dWK
F (p) =

√
p+ α

p

�
α > 0

^
,�Ô$-§Ô[ï*(*Ô�. ³w�'�A£%�=�?�D¤D�'�)�

F (p)
¤D¡,¤­¤]�L£;�

F (p) = 1√
p+α

+ α
p
√

p+α

² �T� 1√
p

�
1√
π t

�
�]�H�]�'�H�j� � õ ¢J�x�'�'�H�)�H�=�]¤��D�'�=���!�'�j�D�)� 1√

p+α
� e−α t 1√

π t

² ú �?�]�q�'�'�Lª%�Cµx�'�Á�]�H�]�'�H�j� � ¢J��'���]�H©H�'�'�%�D�'�X�/�o�]�'�'©H�'�/�Cª,·/�'�?ª/´L°/�D¤��D�)�
α

p
√
p+ α

� α

∫ t

0

e−α τ

√
π τ

dτ =
√
α erf (

√
α t).

*|�W�]�'�'©H�'�/�Cª;�o�/�D�)�'�/�D�)�
f(t) = e−α t 1√

π t
+
√
α erf (

√
α t).

û?ø



� È Î ���eu Ï�B � ËÂ� ��É�� 1�� ����6

½m�]¥��?¢J�D�'���]�a£%�]�H�H©A�X¬~�]�'� ´_ª%�|·[�'�/�D¤D�Lª;�~�o�]�H�]�'�H�)�x�/�w�]�'�H�/�D�'�'�]�'�'�D�]�X�H� �'�?�D�'�a£;�D¤��?�¤D¡h¢_�)�Jµx�'�]�=�­£;�º�H�b�/�D�)�H�'� ��¢_�]±]�/�?µW�H�'�'�b�'�­£;�C£%�H�ò�]�'�'©H�'�/�Cª��ò�]�'�'©H�'�/�Cª��'�­£;�C£%�H�'���¢_�]±]�/�?µW�H�'�'�D²O#T¥[�q�]�]¤��¸�'�W�m£%�]�=�?�?�D¡�°'�'�'·|�]�!¢_�¸�/�D�)�'�/�D�'�W�/�¸�]±]�/�?¢W�)�CµW�X£;�q�H�o�]�'���?�£;�~�=�{�'�'�=�H�)�=���'�T�'���]�=©H�%�Cª;�X�/��Àm�D�Lª;�D�D² ú �D¥'¤]��£;�w�H� �'�/�D¤]�|·[�D¥[�w�]�=¢_�x¬~�]�'� ´Jª%�|·��'�/�D¤]�Lª;��¦�]�H�]�'�H�)���'�X�=�]�'©A�?�q¢J�o�/�D�)�'�/�D�'�X�/�o�]�'�'©H�'�/�Cª;�;�W��¥L�?¢_¤��o�H�D·%°'�X�=¡ ¾ �H�=�]¤D´L¤��x¬~�]�'� ´_ª;��·¥L�J���]�q£;�D¤��q¤D¡h¢_�)�Jµx�'�]�=�q¢J�x£%�]�=�?�¸¼P�'�'�]¥b¥Lª;�D�W�]±]�/�?¢_�
F (p)

£;�q�H�o�/�D�)�H�'�b�]�'�'©H�'�/�Cª;��²Ñ �]¤��P�w�C² �|²%¬~�]�'� ´_ª;�W¢J�o�]±]��¡ ¾ �D�'�?²¶w�H¥L�
f(t)

��¬w´L�'¥'�'���!�]�'�'©H�'�/�Cª����'�]¥L�?¢J�?�]�Aª��/�P�/�D�=�]�H�'�
σ0

�
f ′(t)

�=¡ ¾ �H�=�]¤D´L¤��¤W�]�]°'¥'���]�m�/�o�'�H�'�'�H¥�¡,�H�/�C���]�=�q�/�
f(t)

²�l#�?¢_©Eª%�=µo£;�D�)�X��¢_�]±]�/�?µW�H�'�'�=�]�x�/�PÀm�D�Lª;�D�
F (p) =

∫ ∞

0

f(t) e−p t dt, Re p > σ0.

¶w�H¥L�
ϕ(t) = e−b t f(t)

·
b = const > σ0

²{��°'�H¤]�L£%�'�Í�?�?¢_�Å¬w´L�'¥'�'��� ´J£%�]¤?ª%�=�]¤]�]���'¤��´��Aª%�D¤]�����D���/�b�]�H�D�'�H�j� � �Â�)�Jµo�q£;�§�H�¦�'�'�A£%�=�D�D¤]�Á�¦¬~�]�'� ´Jª;�?�?� ßpû à �/�­Òm´L�'�'�D² ú �?�]��D�]°'�=�]�H�9·)°'�
f(t) = 0

¢J�
t < 0

·*�'�?ª/´L°/�D¤��D�)�q¤D¡,¤�¤]�s�'¥L�¦�]�]°'¥��
t > 0

·*¤R¥[�J���]�
f(t)

��'�H�'�'�H¥�¡,�H�/�?�D�
e−b t f(t) =

1

2π

∫ ∞

−∞
dλ

∫ ∞

0

e−bξ f(ξ) eiλ (t−ξ) dξ ,

¥�¡|£%�=�]�w�'���]�H©H�/�Cª/¡;�~�'�
λ
�H�a�/�?¢_±]�'�/�T¤��=�j�'�A¡|ªe�/�T©Eª;�D¤]�'�T¢_�/�J°'�H�'�'�D²$Jjª%�A£e�'�'�H�]±]�/�?¢H´L¤��?�'��/�D�)�'�/�D�)�

f(t) =
1

2π

∫ ∞

−∞
e(b+iλ) t

(

∫ ∞

0

f(ξ) e−(b+iλ) ξ dξ
)

dλ =
1

2π

∫ ∞

−∞
F (b+ iλ) e(b+iλ) t dλ ,

¥�¡|£%�=�]�
F (b+ iλ) =

∫ ∞

0

f(ξ) e−(b+iλ) ξ dξ .

½P�º�/�D�'�/�D¤]�'� �H� �'�/�?�?�
b + iλ = p

·
dλ =

dp

i

² ú �]©A�?�]�
λ
�]�'�'�H¤��º�'�_�Cª%�/�?�?���'�/�D¤���·

¥L�]�)�Lª%�H¥[�H�/�?�?�n�'�'�]�)�H�Lª%�'¤��
p
�]�'�'�H¤����'�/�D¤��?�?�

Re p = b
·,´]�H�'�]�'�A£%�/�n�/���'���?©H�'�'�H�'�/�?�D��]�D² Ñ �D¥L�W�'�?ª/´L°/�D¤��D�)�

f(t) =
1

2π i

∫ b+i∞

b−i∞
F (p) ep t dp,

¥�¡|£%�=�]�x�'���]�H©H�/�Cª/¡;�q�H�~�/�?¢_±]�'�/�o¤o�H�)�'�=¡|ªR�/�W©sª;�D¤]�'�W¢_�/�C°'�H�'�'�?·¹�W�'�)�H�'�'�'Ä
∫ b+i∞

b−i∞
F (p) ep t dp = lim

R→∞

∫ b+iR

b−iR

F (p) ep t dp .

û]û



î �?�D¥L��·|�D¥L�
f(t)

�P�]�'�'©H���/�Cª��P�'�D¥��?¢J�?�]�Aª��/�x�/�D�=�]�H�'�
σ0

·¹�D¥L�q¤x�]�]°'¥'���]�o�/�x�'�H�'�'�A¯¥�¡,�H�/�?�]�]�=�x�/�
f(t)

�=¡ ¾ �H�=�]¤D´L¤�� f ′(t)
���D¥[�

F (p) =

∫ ∞

0

f(t) e−p t dt, Re p > σ0 ß � û à
�]�e¤D¡,¤o¤]�s�'¥L�W�]�]°'¥L�

t > 0
·/¤o¥[�J���]�

f(t)
�~�'�H�'�'�H¥�¡,�H�/�?�D�

f(t) =
1

2π i

∫ b+i∞

b−i∞
F (p) ep t dp, ß �<��à

¥�¡|£%�=�]�§�'���]�H©H�'�'�/�D�'�=�����=�?�D¤��n�'�b¥[�J�­£;�R�¸�'�/�D¤��
Re p = b > σ0

²jÒP�]�'� ´_ª;�?�?�
(66)

�H��/�D�'�'°/�Pü "%Õ*Ö�ôL #×��[×�"��%Õ����§×'ï*Ô¸ï*×�þ*Õ*Ô["��%Õ*×	�["%$%×'ï*(*ÔLð'"nï*×�H�×'þ, #×/ÿ �Lª%�¸ü "%Õ*Ö�ô� #×ï*×S,X(*Öw×'ïO(��êÔ� #(*ï ²�T�o¬~�]�'� ´_ª;�?�D�P¢J�W�]±]��¡ ¾ �D�'�w�Aª%�A£%¤���·'°'�X�D¥[�m£%¤��W�]�'�'©H�'�/�Cª;� f1(t)
�
f2(t)

�'�j�?�o�A£%�'����=¡ ¾ �§��¢_�]±]�/�?µW�H�'�'� F (p)
·#�]�§¤n�]�]°'¥'���]�¦�/�n�'�H�'�'�H¥�¡,�H�/�?�]�]�=���]�!�_�n�/�D¤]�'�|·#�D¡,«Í¥L�?�]��H�P��¢_�/�?¢H�'¤��?�!°'�'�=¢

F (p)
�P�A£%�'�b�R�=¡ ¾ �b�'���]�H©H�/�Cª��'�¸¬~�]�'� ´Jª;�C�D� ß �<��à ² Ñ �]¤��x�¦£%�]¥��?¢_¤���]�H�]�'�H�j�?�D�o¢J�W�A£%�'�'�=�]¤]�H�/�]�=�q�/�W�]�'�'©H�'�/�Cª;� ß �]�=�]�'�H�j� 3)

²Y �=�]�H�=��¤]�H�'�m¤D¡h¢_�'�'¥'¤��w¤D¡,�'�'�]�=¡;�w£;�Cª%�e�)�JµW�Ã£;�~�H�9�]¤D¡,�]£%�e�]±]�/�?�]�'�D�]�'·]�C²��D² ·�°'� �D� ß �<��à�Aª%�A£%¤�� ß � û à ²!���]± ¾ ���W�Aª/´L°/�D«W�'�a�)�JµW�D²D¶w�H�]±_¿[�_£%�'�)�W�_� £%�]��¡|ª%�'���]�Aª%�'�W´��Aª%�]¤]���P¢_� F (p)
²

ÓÃÔ["%Õ*Ô[Öw× F f\�EÓÃÔ["%Õ*Ô[Öw×]�[×§"��%Õ����§×'ï*Ô�� GmØ :=��Kmi)S�N/��l/OLz/dWK
F (p)

: KDN/K_Z%O/dWO/ÛLN/KmBwY%@JÙZ%SH8[K]B?N/O/N/KDdWK
Re p > σ0 > 0

ORN%:=��KxS�<?@CBHZ;:=doBD@E8�z%B?KqS[\vZ;@CB?OLz/dWK;4
1.

∫ +∞
−∞ |F (b + iτ)| dτ :q\s�%@J<Hz/�ÊM?K ∀ b > σ0

�Tde^ :_^
F (p)

:xKDI?\H@sZ%Ú9dWN%@¦O/N/do:H>p8%S[:vuwKRY%@BD\sz/��KxYD8[K]B?K
Re p = b

�
b > σ0 5

2
^ |F (p)| → 0

���[@C>rKDdo@ |p| → ∞ 8[K]B?N%@su~:k8%N%@n@JdWN%@C\=N%@
arg p

BD�?BbBD\sz/��KbY%@EZ%SH8LK]B?N'O/N/K
Re p ≥ b > σ0

^} @C>rK]B?K¸i)S�N/��l/OLz/dWK
F (p)

:mO�MD@JIs8[K?��:=N/O%:mO§i)S�N/��l/OLz/dWK
f(t)

@Jd
(66)

�Ã�[�C<?:=do@
b >

σ0
ORO/N/do:H>p8[K_Z/�CdÐ\H:98[KCM?ICOD8[KqBx\yuwO%\H�sZ§N/Kx>vZ%K]B?N%@PM?N/KDÛ�:=N/O%:r��:m@E8%O%>rO/N/K_Z§N'K

F (p)
^798%O

t < 0
ij@E8[uwSCZ%KDdWK

(66)
<CK]B?K

f(t) = 0
^

Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G ¶~�D«L¯k�/�D�'�'�A£ ¾ �{£%�]¥L�?µo�H�9·L°'�T�'���]�H©H�/�Cª/¡¹�o¤ (66)
�'�T¢J�D¤]�'�H�¸�D�P��¢_±]�]�/��/�

b, b > σ0

²/¶w�H¥L�
L
�w�'�/�D¤]�D¡,©=¡|ª%�'�����o¥[�]���D´L�¦�w¤D¡,�]¿��]¤]�w¤P�]�]°'¥'���]�

A(b− iR)
·
B(b1 −

iR)
·
C(b1 + iR)

�
D(b + iR)

·
b1 > b > σ0

² JÃ�'�D�'�A£ê�]�H�'�]¤]�/�C�D�­�]�H�]�'�H�j���/� ú �D¼P�
∫

L
F (p) ep tdp = 0

�Lª%�
∫

AB

F (p) ep tdp+

∫

BC

F (p) ep tdp+

∫

CD

F (p) ep tdp+

∫

DA

F (p) ep tdp = 0.

î ���]�H©H�/�Cª%�����q�'�¦¿��]�'��¢_�]���?�Cª%�'�����¸�D�]�=�H°'¥'�
AB

�
CD

¥Lª%�]�����R¥�¡,����´_ª;���'�'�
R → ∞�'�]�/�C£%�!´]�Aª%�]¤]�'�=�]� Æ �/�P�]�H�]�'�H�j�?�?��²kJjª%�A£%�]¤��?�]�Aª%�'�

lim
R→∞

∫ b+iR

b−iR

F (p) ep tdp = lim
R→∞

∫ b1+iR

b1−iR

F (p) ep tdp,

�C² �D²%�'���]�H©H�/�Cª/¡;�
(66)

�'�w¢J�D¤]�'�H�¦�D�
b
�¦�H�w�'¤D�'¤��W¬w´L�'¥'�'���¦�/�

t
²

û �



JÃ�H©A� ¾ ���'�]¥L�?µo�H�9·)°'�¦¬w´L�'¥'�'�����D� f(t)
�D�

(66)
�¦�]�'�'©H�'�/�Cª,² î ���]�H©H�/�Cª/¡;�º¤

(66)
��s¿��_£/� ¾ �'�]�/�C£%�!´]�Aª%�]¤]�'�=�]� � �¦�'�j�D�)�~�'�'� t > 0 (p = b+ iτ)

|f(t)| ≤ eb t

2π

∫ ∞

−∞
|F (b+ iτ)|dτ = M eb t,

¥�¡|£%�=�]�
M = 1

2π

∫ ∞
−∞ |F (b+ iτ)|dτ ²'�T�P©H�]�'�/�?�D�m�]�'�H�'¥L�m�Aª%�A£%¤��P�/�D¤]�'�]�)�H�'�/�?�?�m�s¿��_£%�'�)�]�=��'�

t
¤?¡,¤q¤]�H�H¥'�b¥'�/�D�H�n�'���]�H�'¤��Cª

[0, T ]
�/�q�'���]�H©H�/�Cª;�

(66)
�n�'�H�'�'�H¥�¡,�H�/�?�]�]�H�D�D�!�/�

f(t)¢J�
t ≥ 0

²*|�X£;�P�'�]¥��?µW�H�9·�°'�
f(t) = 0

¢J�
t < 0 ¾ �w�/�?¢_©Eª%�A£;�D�)�X�]¥'��¡hµx�'�]�=�D�?�W�w�'�H���D¡,� p = 0

·�)�'�/�D¤�� ¾ �P�'�'�=¢w�]�]°'¥'���]� b± iR
�¸�'�H¥L�

lR
�T£/¡,©A�?�?�W�D�P�D�?¢_�!�]¥'��¡hµx�'�]�=�W��¥'�/�D� ¾ �P�]�=¢_��]�]°'¥'�|·,¥L�J���]�¸ª%�=µx�§¤!�'�?ª/´L�/�D¤]�'�'�/�?�?�

Re p > b
²O#T¥[�

LR

�o¥L�D���D´L��¡¹�C·*¥[�]«��]�¦�H�e�=¡,�=�]�]��D�e�D�]�H�H°'¥L�?�D�
[b− iR, b+ iR]

�¸£/¡,©A�?�?�
lR
·'�]�e�=¡,©Eª;�D�H�'�e�]�H�'�]¤]�/�?�D�P�]�H�]�'�H�j�e�/� ú �?¼P�

∫ b−iR

b+iR

F (p) ep tdp+

∫

lR

F (p) ep tdp = 0.

' �CµW�T£;�W�H�w£%�]¥L�?µW�D·'°'�
lim

R→∞

∫

lR

F (p) ep tdp = 0
�'�'�

t < 0
²�Jjª%�A£%�]¤��?�]�Aª%�'�

2π if(t) = lim
R→∞

∫ b+iR

b−iR

F (p) ep tdp =

∫ b+i∞

b−i∞
F (p) ep tdp = 0, t < 0.

���=�?�D¤���£;���'�]¥��?µW�H�9·D°'� �]±]�/�?¢H¡;�~�/�w¬w´L�'¥'�'�����?�
f(t)

�9�/�D¤]�H�o�/�
F (p)

²]¶w�H¥��
p0

·
Re p0 >

σ0

�w�'�'�]��¢_¤]�?ª%�'�e�¦�'�H¥L�
σ0 < b < Re p0

² î �j�D�)�
∫ ∞

0

f(t) e−p0 tdt =
1

2π i

∫ ∞

0

e−p0 t
[

∫ b+i∞

b−i∞
F (p) ep tdp

]

dt.

Jjª%�A£¦�H� �'�/�X�/�X�'�A£;�m�/�X�'���]�H©H�'�'�%�D�'� ß ���'�j�w£;�X�]±]�]�H�'�]¤��D¤��D�)� ¢J�D¥[�]�'�'�]�=�D�?�P�/�~�D�?¢_�q�H� �L¯�/� à ·/�'�?ª/´L°/�D¤��D�)�
∫ ∞

0

f(t) e−p0 tdt =
1

2π i

∫ b+i∞

b−i∞
F (p)dp

∫ ∞

0

e(p−p0)tdt =
1

2π i

∫ b+i∞

b−i∞

F (p)

p0 − p
dp. ß � � à

î ¢_±]�'�/�D�)�
R > 0

�]�?ª%¥[�]¤��w©H�?ª/�'�)�'·]°'�a�]�]°'¥L�?�D�
p0

£;�{ª%�=µx�o¤D¡¹�]�'�9¤~¥[�]���D´L�/�
LR

²$JÃ�'�]�'�A£�]�H�'�]¤]�/�?�?�o¬~�]�'� ´Jª;�o�/� ú �D¼P�
1

2π i

∫

LR

F (p)

p− p0

dp = F (p0)�Lª%�
1

2π i

∫ b−i∞

b+i∞

F (p)

p− p0

dp+
1

2π i

∫

lR

F (p)

p− p0

dp = F (p0). ß � � à
¶w�X�~�]��´J£%�'�e£;�e�H�X�'�]¥L�?µo�D·/°'�

lim
R→∞

∫

lR

F (p)

p− p0

dp = 0
²{*|�?�]�]¤��o¥L�?�]�x�/�D�'�/�D¤]�'�Á©H�/�D�'�'°'�H�

�'�'�A¿[�_£R�'�'�
R → ∞ ¤

(68)
�!¤D¢_�H�)�H�Á�'�'�A£%¤]�L£

(67)
·/�'�?ª/´L°/�D¤��D�)�

∫ ∞

0

f(t) e−p0 tdt = F (p0).

û<�



Ñ ¡,«!¥L�?�]�
p0

�~�'�'�]��¢H¤]�?ª%�/�W�]�]°'¥��o�D�e�]±?ª;�D�=�D�?�
Re p > σ0

·'�]�
f(t) � F (p)

²JÁ�]�]¤��W�]�H�]�'�H�j�?�?�x�T£%�]¥��?¢J�D�/��²�4�'�'�Lª%�Jµo�H�'�����?�§�]±]�'¥'�'�]¤]�H�'���H�¦�'�]�=�D¡,�'¤��§�'�?¯k�Aª%�A£%�'���Â�/�J°'�'�|²aÒP�]�'� ´_ª;�?�?� ß �<��à �H�¢J�D�'�'�H¤��o¤D¡,¤o¤]�L£;�
f(t) = lim

R→∞

1

2π i

∫ b+iR

b−iR

F (p) ep t dp . ß �]¨�à
Òm´L�'¥'�'�����D�

F (p) ep t
�H�9�'���]�H©H�'�'�/�~�'�w�'�_£'¿��_£/� ¾ ��¢J�?�]¤]�]�'�H�/�w¥'�'�'¤���·D¤�¥[�C���]�w�a¤]¥Lª%÷T°'�H�/��D�]�H�H°'¥L�?�D�

[b−iR, b+iR]
�P�Aª%�A£W�]�]¤��{�H�Ã�'�/�D¤]�P©H�/�D�'�'°'�H�P�'�'�A¿[�_£,² Ñ �]¤��a£;�D¤��{¤D¡h¢_�)�Jµx�'�]�=�£;�~�H�{��¢_�'�?ª/¢=´L¤��~�]�H�]�'�H�j�?�D�~¢J�~�'�=¢_�L£/´[´��)�����D² Ñ �D¥L�w�/�D�'�'�'�)�H�|·L�D¥[�

F (p)
�'�j�~�_�D�)�X¥'�/�D�H�±]�'�]«x�]�H�]±]�H�'�e�]�]°'¥'�|·L�'���]�H©H�'�'�%�D�'�=���P�=�D�D¤��X�'�X¢J�?�]¤]�]�'�H�/�m¥'�'�'¤]��·L�=¡,�=�]�J� ¾ �m�H�{�D�]�H�H°'¥��C�D�

AB
·/¥�¡|£%�=�]�

A = b− iR
·
B = b+ iR

·
b > σ0

�~�'�'�D��¢_¤]�?ª%�'�e�¸ª/�'¤��?�?�o�'�?ª/´]�]¥'��¡hµx�'�]�=�e�£%�/�D�)�=�D¡,�
AB

·¹¥L�?�]�
R > 0

�m�]�?ª%¥[�]¤��q©H�?ª/�'�)�'·¹°'�P¤]�H�'°'¥'�n�]�H�]±]�H�'�R�]�]°'¥'�b�/�
F (p) ep t£;�¸�_�!¤D¡;�]�'�o¤¸�D�?¢_�§¥'�'�'¤���²k#T¥L�!¤!��¢_�/�?¢J�¸¢J�

F (p)
´L°/�D�=�]¤D´L¤��?�C·*�/�D�'�'�'�)�H�|·

pα
·
α
�'�o����Lª%�W°'�'�Aª%�o�Lª%�

log p
�¸�H�w�/�Cª;�D©A�X£;�P�H�w��¢_�'�?ª/¢H´L¤��P�'�J£'¿��_£/� ¾ �A£%�'�D¢_�/�J°'�H�¦¥Lª%�]�|·L�]�]©A�D¤���H�~�'�/�D¤D���e�¦�'�_£'¿[�_£/� ¾ ���/�?¢_�'�A¢_�|²³w�'�Í�'�'�H�H� ���?�D�'�R�/�b�'�?ª/´L°'�H�'�������'���]�H©H�/�Cª%� �¦�'�?ª%�=¢_�/�§�Aª%�A£%�/�?�?�  #Ô[Öw×êï*×¢¡ "%ÕO(

& ×'ï Ä$#T¥L�X¬w´L�'¥'�'�����?�
F (z)

�T�?�/�Cª%���]�'°'�/�m¤X�]±?ª;�D�=�D�?� {

|z| ≥ R0, R0 > 0
Im z ≥ 0

�
M(R) =

maxz∈ lR |F (z)| → 0
�'�'�

R → ∞ ·�¥�¡|£%�=�]� lR �{�'�?ª/´]�]¥'��¡hµx�'�]�=�D�D� {

|z| = R, R > R0

Im z ≥ 0,�]�
lim

R→∞

∫

lR

F (z) eitz dz = 0 ( t > 0 ).

�­�Aª/´L°/�?�o�9�'�?¯ ´_£%�]±]�'�T£;���H�9��¢_�'�?ª/¢H´L¤��w�Aª%�A£%�/�?�D�w¬~�]�'� ´Jª%�'�'�]¤]¥L�w�/�{ª%�H�j�?�?��·]¥L�J���]�w�H�9�'�?¯ª/´L°/�D¤��P�D�P£;�C£%�H�/�?�?�W�'�]�H�'�A£%�=�]¤]�]�Â�H� �'�/�?�?�
iz = p

Ä	#T¥[�o¬w´L�'¥'�'�����?�
F (p)

�w�D�/�Cª%���]�'°'�/�
¤P�]±?ª;�D�=�D�?� {

|p| ≥ R0, R0 > 0
Re p ≤ 0

�
M(R) = maxp∈LR

|F (p)| → 0
�'�'�

R → ∞ ·L¥�¡|£%�=�]�
LR

�~�'�?ª/´��D¥'��¡hµx�'�]�=�D�D� {

|p| = R, R > R0

Re p ≤ 0,

�]�

lim
R→∞

∫

LR

F (p) ep t dp = 0 ( t > 0 ).

�¦Õ*(*ÖwÔ[Õ t%�|G g Kq\H:XN/KJu~:k8%Ob@E8%O%>rO/N/K_Z%KxN/Kqi)S�N/��l/OLz/dWK
F (p) = 1

p2 (p2−1)

^
,�Ô$-§Ô[ï*(*Ô�. ���'�'©=�'�/�Cª/¡¹�

f(t)
�)�Jµo�9£;�P�H���/�D�)�H�'�¸����¢_�'�?ª/¢H´L¤��D�'���]��£%�]�H�H©A�P�)�=�]�J£%�|² � ��'�]¥��Cµo�H�R¥L�D¥m�)�CµW�)£;�{�H�Ã�/�D�)�H�'�P�j�]�H�]�'�H�j�?�D�{¢J�T�]±]��¡ ¾ �D�'�D²DÒm´L�'¥'�'�����D� F (p) = 1

p2 (p2−1)�X�D�/�Cª%���]�'°'�/�o¤o�'�?ª/´L�/�D¤]�'�'�/�?�?�
Re p > 1

�qª%�H�H�'�x�H�w�'�'�]¤]�H�[�'¤���·'°'� |F (p)| → 0
·/¥[�]©A�?�]�

|p| → ∞ �/�D¤]�'�]�)�H�'�'�q�D�]�'�]�H�'�
arg p

�n°'�
F (p)

�P�D±]�H�?ª%÷{�]�'�¸�'���]�H©H��´]�_�j�¸¤D¡,�]¿L´¦¤]�r�'¥L��'�/�D¤��
Re p = b > 1

²kJjª%�A£%�]¤��?�]�Aª%�'�¸�=¡,©Eª;�D�H�'�x�]�H�]�'�H�j� �J¨ ¢J�e�]±]��¡ ¾ �D�'�m�]�'�'©H�'�/�Cª/¡;�q�/�
F (p)

�
f(t) = lim

R→∞

1

2π i

∫ b+iR

b−iR

F (p) ep t dp .

l �?¢H©sª%�=µo£;�D�)�X¬w´L�'¥'�'�����?�
F (p) ep t

² Y £%�'�'�=��¤]�H�'�����P�]�=�]±]�H�'�¦�]�]°'¥'�R�/�W�D�?¢_��¬w´L�'¥'�'���R�_�£%¤D´L¥'�/�?�]�'���Å�'�?ª%÷T�
p1 = 0

�ò�'�'�]�=�]�����§�'�?ª%÷T�H�
p2 = 1

·
p3 = −1

² î ���]�H©H�'�'�/�D�)�
û!�



�D�?¢H�­¬w´L�'¥'�'���­�'��¥[�]���D´L�/��·*�=¡,�=�]�J� ¾ �H�x�D���D�]�H�H°'¥L�?�D�
AB

·,¥�¡|£%�=�]�
A = b − iR

·
B =

b + iR
·
b > 1

�º�'�?ª/´]�]¥'��¡hµx�'�]�=�D�?�
LR : |p − b| = R, Re p ≤ b

·#¥�¡|£%�=�]�
R
�]�?ª%¥L�]¤��©H�?ª/�'�)�'·|°'�o�'�?ª%÷T�H���]�e�/�

F (p) ep t
£;�¸�_�¸¤D¡¹�]�'�W¤¸�]�D¢_�§¥L�]���D´L�§�b�'�'�Lª;�D©=�D�)�W�]�H�]�'�H�j�?�?�¢J�o�'�=¢_�L£/´[´L�)�����D²¹³w�?ª/´L°/�D¤��D�)�

∫ b+iR

b−iR

F (p) ep t dp+

∫

LR

F (p) ep t dp = 2π i
3

∑

k=1

Res (F (p) ep t; pk) . ß�� %�à
���=�?�D¤D�'�)�

R → ∞ ¤ ß�� %�à ²���¡,¤W¤D�]�]�'���!�'���]�H©H�/�Cªn�'�/�D¤]�'�Í�H� �'�/�?�?� p = q + b
²'³w�'�¸�]�]¤��

�/�o�'�?ª/´]�]¥'��¡hµx�'�]�=�D�?�
LR

�D�]©H�]¤��D���¦�'�?ª/´]�]¥'��¡hµx�'�]�=�D�?�
L′

R :

{

|q| = R

Re q ≤ 0,

�
∫

LR

F (p) ep t dp =

∫

L′
R

F (q + b) e(q+b) t dq = eb t

∫

L′
R

F1(q) e
q t dq ,

¥�¡|£%�=�]�
|F1(q)| = |F (q + b)| =

∣

∣

∣

1

(q + b)2((q + b)2 − 1)

∣

∣

∣ → 0

�'�'� |q| = R → ∞ �/�D¤]�'�]�)�H�'�'�o�D�]�'�]�H�'�
arg q

²%�T�e�]�H�]�'�=���C�D�e�/��£Ð�]��£;�D�!�Aª%�A£%¤���·/°'�
lim

R→∞

∫

L′
R

F1(q) e
q t dq = 0.

Jjª%�A£R©H�/�D�'�'°'�'�����'�'�A¿��_£n�'�?ª/´L°/�D¤��D�)�
2π i f(t) = lim

R→∞

∫ b+iR

b−iR

F (p) ep t dt = 2π i
3

∑

k=1

Res (F (p) ep t; pk) .

³w�'�H�H� ���D�?�j�~�'�=¢_�L£/´[´��)�����D² î �j�D�)�
Res (F (p) ep t; 0) = lim

p→0

[

p2 ep t

p2 (p2 − 1)

]′

p
= −t ,

Res (F (p) ep t;±1) =

ep t

p2

2p

∣

∣

∣

p=±1
= ±e

± t

2
.

Ñ �D¥L�W�/�D�)�'�/�D�)�
f(t) = −t+

et

2
− e−t

2
= −t+ sh t

²
�¦Õ*(*ÖwÔ[Õ t f GmØ KJu~:k8;:=do:a@E8%O%>rO/N/K_Z%K

f(t)
N/Kwi)S�N/��l/OLz/dWK

F (p) =
e−a

√
p

√
p

�
a > 0

�¹�[�C<?:=do@
√
p
:Xdo@HM?On:=<CN%@HM?N/KDÛ�:=Nn�CZ;@JN��)M?Kx�[@Jc/do@ √

p > 0
Y?8%O

p > 0
^

,�Ô$-§Ô[ï*(*Ô�. Òm´L�'¥'�'�����D�
F (p)

´J£%�]¤?ª%�=�]¤]�]���'¤��¸�'�'�
Re p > 0

´]�Aª%�]¤]�����D�¸�/�x�]�H�]�'�H�j� �J¨¢J�x�]±]��¡ ¾ �D�'�D²¹¶w�H¥L� b > 0
�m�'�'�]��¢_¤]�?ª%�'�'·

R > b
�
lR
�m�]¥'��¡hµx�'�]�=�D�?�x�m�'�H���D¡,�

p = 0
·¥L�J���]�n�)�'�/�D¤��R�'�'�=¢¸�]�]°'¥'���]�

A = b − iR
·
B = b + iR (lR : |p| =

√
R2 + b2 = R1

à ·�
lρ
�q�]¥'��¡hµx�'�]�=�D�?� |p| = ρ

·
ρ < b

² î ���]�H©H�'�'�/�D�)�¸¬w´L�'¥'�'�����?�
F (p) ep t

�'�R¥[�]���D´L�/�
û ¨



LR

·,�=¡,�=�]�J� ¾ �H�e�D�!¿��]��£;�C�D�
AB

�/�¦�]¥'��¡hµe�'�]�=�D�D�
lR
·¹£/¡,©=�?�?�

l1R : |p| = R1

·
Re p < b

·
Im p > 0

�/�m�D�?¢_�!�]¥'��¡hµx�'�]�=�C·'©H�]�'�'���¦±]���'©w�/�W�/�?¢_�'�=¢J�
γ : Im p = 0

· −R1 ≤ Re p ≤ −ρ ·�]¥'��¡hµx�'�]�=�D�?�
lρ
·|£%�?ª%�'����±]���'©o�/�¦�/�?¢_�'�=¢J�

γ : Im p = 0
· −ρ ≥ Re p ≥ −R1

�b£/¡,©A�?�?�
l2R : |p| = R1

·
Re p < b

·
Im < 0

² Ñ �R���'�j�q�]�H�]±]�H�'�R�]�]°'¥'�b¤D¡;�]�'�W�n�'�
LR

�n�=¡,©Eª;�D�H�'��]�H�]�'�H�j�?�D�e�/� ú �D¼P�
∫

LR

F (p) ep t dp = 0 . ß�� �Cà
¶w�H¥L�

p = r eiθ
²;¶~�o©H�]�'�'����±]�[�'©~�/�e�/�?¢_�'�=¢J�

θ = π
·
p = −r · √

p =
√
r ei π

2 = i
√
r
·;�e�/�£%�?ª%�'���¦±]���'©

θ = −π · p = −r · √p =
√
r e−i π

2 = −i√r ²%�T� ß�� �Cà �'�j�D�)�
1

2π i

∫ b+iR

b−iR

F (p) ep t dp − 1

2π

∫ R1

ρ

eia
√

r + e−ia
√

r

√
r

e−rt dr +
1

2π i

∫

l1
R

F (p) ep t dp

+
1

2π i

∫

l2
R

F (p) ep t dp− 1

2π i

∫

lρ

F (p) ep t dp = 0 , ß�� Æ]à
¥��?�]���'���]�H©=�/�'�/�D�'�=���w�'�

l1R
·
l2R
�
lρ
�=�D�?¤��T�'���'�]�H�]¥L��·?�]±]�/�?�]�/�T�/�{°/�D�H�]¤]�'�'¥[�]¤��?�D�T�=�]�'�Aª%¥L��²� ß�� Æ]à �]�=�?�D¤D�'�)� R → ∞ · ρ → 0

²���¡,�]¿L´
l1R
�'�j�D�)�

p = R1 e
iθ
·
0 < α < θ < π

·¥�¡|£%�=�]�
cosα = b

R1

�
|F (p)| =

∣

∣

∣

e−a
√

p

√
p

∣

∣

∣ =
e−a

√
R1 cos θ

2

√
R1

≤ 1√
R1

<
1√
R

→ 0

�'�'�
R → ∞ ²+l �?¢=£%�Aª/�'�)�~£/¡,©A�?�?�

l1R
�/�W£%¤]�X°/�D�=�]� {l1R,Re p < 0} � {l1R,Re p > 0} ²¹�T�ª%�H�j�?�D�o�/��£Ð�]��£;�D�!�Aª%�A£%¤���·/°'�

lim
R→∞

∫

{l1
R

, Re p<0}
F (p) ep t dp = 0, t > 0.

JÃ�H©A�n£;�b�/�?¢_©Eª%�A£;�D�)�¦�'���]�H©H�/�Cª;��·j¤D¢_�=��¤D¡,�]¿L´��]�/�?¢_��°/�D�=���D�n£/¡,©A�?�D�
l1R
·)¥[�J���]�nª%�=µx�Í¤£/�'�H�/�?�D�b�'�?ª/´L�/�D¤]�'�'�/��² Ñ �D���'�j�D�)�

p = R1 e
iθ
·

0 < α < θ < π
2

� |ep t| = etR1 cos θ ≤
etR1 cos α = eb t

² Ñ �]©=�?¤��
∣

∣

∣

∫

{l
R1 ,Re p>0}

F (p) ep t dp
∣

∣

∣
≤ ebt

√
R1

s <
ebt

√
R
s→ 0, t > 0

�'�'�
R → ∞ · ¢J� ¾ �D�]�b£/¡|ª/µx�'�/�?�?� s

�/�R�D�?¢_��£/¡,©A�b�!�]©=�/�D�'�'°'�H�/� ß s = R1(
π
2
− α) =

R1 sin(π
2
− α)

π
2
−α

sin( π
2
−α)

= b
π
2
−α

sin( π
2
−α)

→ b
à ²#T�/�Cª%�D©H�'°'�'�x�H��£%�]¥L�?¢_¤���·/°'�

∫

l2
R

F (p) ep t dp→ 0, t > 0

�'�'�
R → ∞ ²� ���'�]¥L�?µW�H�9·L°'� ∫

lρ
F (p) ep t dp→ 0

�'�'�
ρ→ 0

²	��¡,��¿L´
lρ
�'�j�D�)�

p = ρ eiθ
·L¥�¡|£%�=�]�

−π < θ < π
² Ñ �]©A�D¤��

|F (p) ep t| =
∣

∣

∣
ep t e

−a
√

p

√
p

∣

∣

∣
= etρ cos θ e

−a
√

ρ cos θ
2

√
ρ

≤ etρ

√
ρ

�<%



�
∣

∣

∣

∫

lρ

F (p) ep t dp
∣

∣

∣
≤ etρ

√
ρ

2πρ = 2π etρ √ρ→ 0

�'�'�
ρ→ 0

²�T�o�]�H�]�'�H�j�?�?�o¢J�o�]±]��¡ ¾ �D�'�w�'���?�j�
lim

R→∞

1

2π i

∫ b+iR

b−iR

F (p) ep t dp = f(t) .

Jjª%�A£R©H�/�D�'�'°'�'�����'�'�A¿��_£n�'�'�
R → ∞ ¤

(72)
�'�?ª/´L°/�D¤��D�)�

f(t) =
1

2π

∫ ∞

0

eia
√

r + e−ia
√

r

√
r

e−rt dr =
1

π

∫ ∞

0

cos(a
√
r)√

r
e−rt dr . ß��Dõ à

î ¢_¤]�H�=�]�'�x�D·/°'�
∫ ∞

−∞
e−x2

cos 2ax dx = e−a2 √
π ß î ���]�H©H�/�Cªn�/�e³w���D�=�]� à .

Ñ �D¢_�ò�'���]�H©H�/�Cªê�)�JµW�¦£;�º�H�b�'�'�H�H�)�=�]�'�§�n�'�]�)� ¾ �D���/���]�H�]�'�H�j�?�D�º¢J�º�'�=¢_�L£/´[´L�)�'�]�]² ��'���]�H©H�/�Cª;�º�D� ß��Dõ à �'�/�D¤]�'�4�H� �'�/�?�?� r t = u2
�Á¥L�?�]�º��¢_�'�?ª/¢H´L¤��D�)�n©H�]�'�'��� �'�=¢H´Jª/�?�?�?·�'�?ª/´L°/�D¤��D�)�

f(t) =
2

π
√
t

∫ ∞

0

e−u2

cos
a u√
t
du =

1

π
√
t

∫ ∞

−∞
e−u2

cos 2
( a u

2
√
t

)

du =
1

π
√
t
e−

a2

4t

√
π =

e−
a2

4t

√
π t

.

Ñ �D¥L�W�/�D�)�'�/�D�)�
f(t) =

e−
a2

4t

√
π t

.

�¦Õ*(*ÖwÔ[Õ � . GmØ KJu~:k8;:=do:m@E8%O%>rO/N/K_Z%K
f(t)

N/Kqi)S�N/��l/OLz/dWK
F (p) = e−a

√
p
�
a > 0

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥��

e−a
√

p
� f(t)

²¹�T�x�'�/�D¤]�Lª%�D�]�x¢J�W£%�'¬~�H�'�H�'�'�'�/�D�'�P�/�e�D±]�/�?¢ ß �]�H�]�'�H�j�û à �'�?ª/´L°/�D¤��D�)� − a
2
√

p
e−a

√
p

� −t f(t)
·;�D�]¥�¡|£%�=�]�

e−a
√

p
√

p
�

2
a
t f(t)

²|�T�q�'�'�A£%�'���n�'�'�'�)�H�
�'�j�D�)�

e−a
√

p
√

p
�

e−
a2

4t

√
π t

²T�T�Í�]�H�]�'�H�j� õ ¢J���A£%�'�'�=�]¤]�_�'�]�=� �Aª%�A£%¤���·{°'� e−
a2

4t

√
π t

= 2
a
t f(t),

�D�]¥�¡|£%�=�]�
f(t) =

a e−
a2

4t

2
√
π t3

�Lª%�
e−a

√
p

�
a e−

a2

4t

2
√
π t3

.

�¦Õ*(*ÖwÔ[Õ �hF/GmØ KJu~:k8;:=do:m@E8%O%>rO/N/K_Z%K
f(t)

N/Kqi)S�N/��l/OLz/dWK
F (p) = 1

p
e−a

√
p
�
a > 0

^
,�Ô$-§Ô[ï*(*Ô�. �T�

e−a
√

p
�

a e−
a2

4t

2
√
π t3

�¸�]�H�]�'�H�j� � ¢J�o�'���]�H©H�'�'�/�D�'�m�/�o�]�'�'©=�'�/�Cªn�'�j�D�)�
1

p
e−a

√
p

�

∫ t

0

a e−
a2

4τ

2
√
π τ 3

dτ .

���



³w�?ª;�D©A�D�)� a2

4τ
= u2

�Lª%� a
2
√

τ
= u (du = − a dτ

4
√

τ3
)
² Ñ �]©=�D¤��

∫ t

0

a e−
a2

4τ

2
√
π τ 3

dτ =
2√
π

∫ ∞

a

2
√

t

e−u2

du = Erf (
a

2
√
t
).

Ñ �D¥L�W�'�?ª/´L°'�L¿��)�
1

p
e−a

√
p

� Erf (
a

2
√
t
) .

J �'�]�)� ¾ �D�o�/�W�]�H�D�'�H�j�?�D�o¢J�o�]±]��¡ ¾ �D�'�w�)�CµW�T£;�W�H��£%�]¥��?µW�w�Aª%�A£%�/�?�?�o�]�H�]�'�H�j��²
ÓÃÔ["%Õ*Ô[Öw×­-/. GmØ :=��KRu~:k8;@su~@E8Li)N/KDdWKºi)S�N/��l/OLz

F (p)
:¦KDN/K_Z%O/dWO/ÛLN/K�BbY%@sZ%SH8[K]B?N/O/N/KDdWK

Re p > σ0

�
σ0 > 0

OnN%:=��KeS�<?@CBHZ;:=doBD@E8�z%B?K¸S[\kZ;@CB?OLz/dWK;4
1.

∫ +∞
−∞ |F (b + iτ)| dτ :q\s�%@J<Hz/�ÊM?K ∀ b > σ0

�Tde^ :_^
F (p)

:xKDI?\H@sZ%Ú9dWN%@¦O/N/do:H>p8%S[:vuwKRY%@BD\sz/��KxYD8[K]B?K
Re p = b

�
b > σ0 5

2.
�)�C�o:H\=doB?S[B?Kq\=O%\=do:vuwKq@JdÐ@J�H8;�J�ÅN%@C\=dWO

ln : |p| = Rn

�
R1 < R2 < . . .

�
Rn → ∞ (n→ ∞)dWKD��O%B?KC�jÛ�:

maxp∈ ln |F (p)| → 0 (n→ ∞)
8[K]B?N%@ru~:k8%N%@e@JdWN%@C\=N%@

arg p
^} @C>rK]B?Kqi)S�N/��l/OLz/dWK

F (p)
:XO�MD@JIs8[K?��:=N/O%:XOnN%:=c/N/OLz/d�@E8%O%>rO/N/K_Z§:
f(t) =

∑

pk

Res (F (p) ep t; pk), ß��?ø à
�[�C<?:=do@e\=S?uwOD8[KDN%:=do@o\=dWK]B?KeY%@oBD\=O/ÛL��OnY%@EZ%Ú \=O

pk

N/K
F (p)

^
Wb"%ý|×	�[×'ð'Ô�  ÿ]ð'$%" G Òm´L�'¥'�'�����D�

F (p)
´J£%�]¤?ª%�=�]¤]�]���'¤��o´]�Aª%�]¤]�����?�e�/�W�]�H�]�'�H�j� �J¨ ¢J�e�]±]��¡|¯¾ �D�'�X�!�Aª%�A£%�]¤��?�]�Aª%�'�x�'�H«'�'�����x�]�'�'©H�'�/�Cªn�

f(t) =
1

2π i

∫ b+i∞

b−i∞
F (p) ep t dp. ß��]û à

¶w�H¥L�
l′n :

{

|p| = Rn

Re p ≤ b

·
b ± ibn

�_�n�'�'�H�H�H°'�'�����!�]�]°'¥'�Í�/�n�]¥'��¡hµx�'�]�=�D�?� |p| = Rn

�
�'�/�D¤��?�?�

Re p = b
�Í�'�H¥L�

Ln

�¸¢J�?�]¤]�]�'�H�'�����­¥[�]���D´L�|·�¥[�]«��]���H�¦�=¡,�=�]�]�Â�D�§�D�]�H�H°'¥��C�D�
[b− ibn, b+ ibn]

�¸£/¡,©A�?�D�
l′n
²;�T�o�]�H�]�'�H�j�?�?�e¢J�W�'�=¢_�L£/´[´L�)�'�]�m�'�j�D�)�

∫

l′n

F (p) ep t dp+

∫ b+ibn

b−ibn

F (p) ep t dp = 2π i
∑

pk

Res (F (p) ep t; pk), ß�� ��à
¥��?�]�x�=´L�)�'�/�D�'�=�]�¸�=�?�D¤��e�'�x�]�'�=¢_���'�?ª%÷T�H�

pk

·%¥L�]���]�oª%�=µo�?�x¤D¡¹�]�'�X¤
Ln

²+� ß�� ��à �'�/�D¤]�'�©H�/�D�'�'°'�H�m�'�'�A¿��_£W�'�'�
n→ ∞ ²J³w�'� t > 0

�)�CµW�#£;�9�H� £%�]¥L�?µW�D·_°'�
lim

n→∞

∫

l′n

F (p) ep t dp = 0
²

Ñ ¡,«§¥��?�]���'���]�H©H�/�Cª/¡;� ß��]û à �H�x�/�?¢_±]�'�/�¦¤��H�)�'�=¡|ªº�/�¦©Eª;�D¤]�'�¦¢_�/�J°'�H�'�'�q� bn → ∞ �'�'�
n→ ∞ ·��]�

lim
n→∞

∫ b+ibn

b−ibn

F (p) ep t dp = 2π if(t).
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Ñ ¡,«Á¥L�?�]�º�'�'�
n → ∞ �'�j�D�)�

Rn → ∞ ·j�]�º�Aª%�A£ ©H�/�D�'�'°'�'��� �'�'�A¿[�_£ �=´L�)�'�/�D�'�=����¤£/�'�H�/�?�D�{°/�D�=�T�/�
(76) ¾ ���=�D�D�'�Ã�'�{¤]�H�'°'¥'�m�'�?ª%÷T�H�m�/� F (p)

·_�D¡,«m¥L�?�]�T�/�C£/�'�H�'�T�D�T�'�/�D¤��?�?�
Re p = b

¬w´L�'¥'�'�����?�e���'�j�W�'�?ª%÷T�H�|² Ñ �D¥��P�'�?ª/´L°/�D¤��D�)�
2π if(t) = 2π i

∑

pk

Res (F (p) ep t; pk),

¥�¡|£%�=�]�x�=´L�)�'�/�D�'�=�]�x�=�?�D¤��o�'�e¤]�H�'°'¥'�¦�'�?ª%÷T�H�
pk

�/�
F (p)

²JÁ�]�]¤��W�]�H�]�'�H�j�?�?�x�T£%�]¥��?¢J�D�/��²
ú �]©A�?�]�

F (p) =
F1(p)

F2(p)

·#¥�¡|£%�=�]�
F1(p)

·
F2(p)

�_�R�'�?ª%�'�'�]�)�º�D�b�A�]�H�'�_�'�
m
�
n
�=¡|¯

�D�]¤]�=�]�'�'·*±]�=¢e�]± ¾ ����´_ª%��� m < n
·|�]�]©A�D¤��!�'�?ª/´L°/�D¤��D�)�e¤D�]�]�/�?�?�!�]�H�]�'�H�j�!¢J�!�/�?¢=ª;�D©=�D�'�

ß �]�H�]�'�H�j� � � à ·'�'�?¯ �]�]°'�'�o¬~�]�'� ´Jª;�?�?� ßpû %�à ²
�¦Õ*(*ÖwÔ[Õ � - GmØ KJu~:k8;:=do:m@E8%O%>rO/N/K_Z%K

f(t)
N/Kqi)S�N/��l/OLz/dWK

F (p) =
1

p ch p

^
,�Ô$-§Ô[ï*(*Ô�.p� �m�'�'�Lª%�Jµx�'�Á¬~�]�'� ´_ª;�

(74)
²¹Òm´L�'¥'�'�����D�

F (p)
�'�j�e±]�=¢_±]�'�]«'�'�x�)�'�]©H�x�'�?¯ª%÷T�H�

p0 = 0
·
pk = ± i(k − 1

2
)π
·
k = 1, 2, . . .

��¤]�H�'°'¥'���_�R�'�'�]�=�]�|²�*|���'�=¢_�L£/´[´��)������/�D�)�'�/�D�)�
Res (F (p) ep t; 0) = 1

·

Res (F (p) ep t; i
(

k−1

2

)

π) =
(−1)k

ei(k− 1
2
)π t

(k − 1
2
)π

, Res (F (p) ep t;−i
(

k−1

2

)

π) =
(−1)k

e−i(k− 1
2
)π t

(k − 1
2
)π

.

Jò¬~�]�'� ´Jª;�?�?�
(74)

�'�?ª/´L°/�D¤��D�)�

f(t) = 1 + 2
∞

∑

k=1

(−1)k cos(k − 1
2
)π t

(k − 1
2
)π

.
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³w�'�H�]±]�/�?¢_�]¤��D�'�'�=�]�¸�/�eÀm�D�Lª;�D�P�m¤��?µW�H�R�)�=�]�_£§¢J�x�'�=¼W�D¤��D�'�P�/�q���'¥[�]�R¤]�L£%�]¤]�X£%�'¬~�A¯�'�H�'�'�/�Cª%�'�§´L�/�D¤]�'�H�'�����b�H�'�=�]�_�)�|²�JÌ�'�H©H�¦�]�o�H�e�H¤]�=µo£;�?�¦¥�¡,� �'�?¯k�'�'�]�=�]�|·,°'�H�=�]�R�Cª%©H�H±?¯�'�'°'�'�¦´L�/�D¤]�'�H�'���¦�Lª%�¦�H�'�=�]�H�)�|²
� G H�(*ï*Ô$T*ï*(Â& ( ü Ô[Õ*Ô[ï�
*(*×� #ï*(òôhÕ*×'$%ï*Ô[ï*(
� ÿ!þ*";ÿ]ð'"L�hï*ï*(Áý|"%Ô ü (�
*(*Ô[ï*ð'(
¶w�H¥L�x�~£;�C£%�H�'�q�Aª%�A£%�'�D�]�qª%�'�'�H«'�'�x£%�'¬w�H�'�H�'�'�/�Cª%�'�¸´L�/�D¤]�'�H�'�'�P�D�

n̄
�]�n�'�A£b�m�'�]�=�]�?¯�'�'�'�¦¥[�]�H¬~�'�'�'�H���]�

y(n) + a1 y
(n−1) + . . .+ an−1y

′ + an y = f(t) , ß��<� à
¥�¡|£%�=�]�

ak = const
·
k = 1, 2, . . . , n

·
y = y(t)

�{�'�=��¢_¤]�H�=���/�?�D�X¬w´L�'¥'�'���x�
f(t)

�9£;�C£%�H�/�¬w´L�'¥'�'���|²l#�?¢_©Eª%�=µo£;�D�)�T�Aª%�A£%�/�?�?�m¢J�C£;�C°/�X�/� ú �D¼P�|Ä�£;�X�H�T�/�D�)�H�'�q�'�=¼P�H�'�'�
y(t)

�/� ß��<� à ·�¥L�]�=�]�´J£%�]¤?ª%�=�]¤]�]���'¤��o�Aª%�A£%�'���]�m�/�J°/�Cª%�'�!´��Aª%�]¤]���|Ä
y(0) = y0, y′(0) = y1, . . . , y

(n−1)(0) = yn−1 , ß��!� à
¥�¡|£%�=�]�

y0, y1, . . . , yn−1

�_�x£;�C£%�H�'��°'�'�rª;��²*¶w�H¥L�
f(t)

�o�]�'�'©H�'�/�Cª,·
f(t) � F (p)

² Ñ ¡,�L¯�H�'���'�A¼P�H�'�'�
y(t)

�/�n¢J�C£;�J°/�?�?� ß��<� à · ß��!� à ·#¢J�b¥[�]�=�]� y(t) = 0
¢J�

t < 0
²r#T¥L�

y(t)
��D�D¥[�]¤��¸�'�=¼P�H�'�'�D·h�]�¦�)�JµW�m£;�q�H�o�'�]¥L�?µo�D·¹°'�

y(t), y′(t), . . . , y(n)(t)
�_�¸�]�'�'©H�'�/�Cª%�|²,¶w�H¥L�

y(t) � Y (p)
²|³w�'�[ª;�D©=�D�)�P¥�¡,�Â£%¤]�=�]�W�=�]�/�D�'�n�/� ß��<� à �'�'�H�]±]�/�?¢_�]¤��D�'�'�=�]�!�/�eÀm�D�Lª;�D�D²|�T��'�/�D¤]�Lª%�D�]�x¢J�W£%�'¬~�H�'�H�'�'�'�/�D�'�P�/�e�]�'�'©=�'�/�Cª ß �]�H�]�'�H�j� ø à ���H¤]�]«'�=�]¤]�D�]�eª%�'�'�H«'�'�]�=�C·¹¥L�?�]��'�'�H�)�'�'�H�Á¥�¡,�Í��¢_�]±]�/�?µo�H�'���!¤ ß��<� à ·'�'�?ª/´L°/�D¤��D�)�

pn Y (p) − pn−1 y(0) − . . .− p y(n−2)(0) − y(n−1)(0) + a1

(

pn−1 Y (p) − pn−2 y(0) − . . .

− p y(n−3)(0) − y(n−2)(0)
)

+ . . .+ an−1

(

p Y (p) − y(0)
)

+ an Y (p) = F (p)
²

ú �?�]�o¤D¢_�H�)�H�Á�'�'�r£%¤]�L£R´]�Aª%�]¤]�����D� ß��!� à �¦�/�D�'�/�D¤]�'�Í�'�'�'¤]�A£%�H�'�'�D·;�'�?ª/´L°/�D¤��D�)�
(pn +a1 p

n−1 + . . .+an−1 p+an)Y (p)−y0 (pn−1 +a1 p
n−2 + . . .+an−1)−y1 (pn−2 +a1 p

n−3 +
. . .+ an−2) − . . .− yn−2 (p+ a1) − yn−1 = F (p)

�Lª%�
A(p)Y (p) −B(p) = F (p) , ß�� ¨�à

¥�¡|£%�=�]�
A(p) = pn + a1 p

n−1 + . . . + an−1 p + an

�R¿L�D�/�D¥��]�H�'�'�=���'°'�'����� �'�?ª%�'�'�]� �/�
� ø



´L�/�D¤]�'�H�'�'�=�]� ß��<� à ·/�
B(p) = y0(p

n−1 + a1p
n−2 + . . .+ an−1) + y1(p

n−2 + a1p
n−3 + . . .+ an−2)

+ . . .+ yn−2(p+ a1) + yn−1�T�'�?ª%�'�'�]�­�D�P�=�]�H�'�H�|·��'�H�/�C£%�)�'�/�D¤�� ¾ � n− 1
² M �/�D¤]�'�H�'�'�=�]� ß�� ¨�à �H�T�/�D�'�'°/�~´L�/�D¤]�'�H�'�'��¤�]±]�/�?¢_���Lª%���]�'�H�/�?�]�]�'�'�x´L�/�D¤]�'�H�'�'�D·;�D�]©H�]¤��D��� ¾ �q�/�P£%�'¬~�H�'�H�'�'�/�Cª%�'�D���x´L�/�D¤]�'�H�'�'� ß��<� à ²�T� ß�� ¨�à �/�D�)�'�/�D�)�

Y (p) =
B(p) + F (p)

A(p)
. ß�� %�à

#T¥L�o�'�j�D�)�~��´_ª%�H¤]���/�J°/�Cª%�'�!´��Aª%�]¤]���|·'�]�
Y (p) =

F (p)

A(p)
. ß�� �Cà

³w�?ª/´L°'�L¿��)�R�]±]�/�?¢J�b�/�b�D¡,�'�H�H�'�D�]�º�'�=¼P�H�'�'�D²�*|�n£;�§�/�D�)�H�'�'� �_�D�)�D�]���'�=¼P�H�'�'�D·��]�[�'±]¤���'�Í�]±]�/�?¢J�
Y (p)

£;��¤D¡h¢_�=�?�D�'�]¤]�'� �]�'�'©H�'�/�Cª;�
y(t)

² ³w�'�ò�'�/�D¥��]�'°'�H�_¥[�D���Â�'�'�Lª%�JµW�H�'�'��/�X�]�'�H�/�D�'�'�]�'�'�D�]�P�H� ���?�D�'�{¢J�~�]�]¤��~�]±]�'¥'�'�]¤]�H�'�m�H�T��¢_�'�Cª/¢H´L¤��?�P�?�D±?ª%�'�'�x¢J�X�]�'�'©H�'�/�Cª%�q��]�A¿��'�����{��¢_�]±]�/�?µW�H�'���|²<�º°/�D�=�]�'�]�=�C·[�D¥L�
f(t)

�9¥'¤��?¢_�'�'�?ª%�'�'�]�9·D�C² �D²Dª%�'�'�H«'�/�w¥[�]�)±]�'�/�D�'����/� ¬w´L�'¥'�'�'�X�D�T¤]�L£;�
tk eλ t

·_�]�
Y (p)

�j�/�D�'�'�]�/�Cª%�/� ¬w´L�'¥'�'���|²)*|�9�/�D�)�'�/�D�'�j�/� �]�'�'©H�'�/�Cª;�°'�H�=�]�x�w´J£%�]±]�'�o�?�?¢_��¬w´L�'¥'�'���¸£;�o�H�~�'�'�A£%�=�?�D¤]�R¥L�?�]�e�=´L�j�o�D�e�Aª%�H�)�H���D�D�'�'�¦£%�'�]±]� ß ¤]��µ�/�?¢=£%�Aª û ·|�]�H�]�'�=��� � � à ²*���'�'©H�'�/�Cª/¡;���)�Jµo�m£;�¸�H�e�/�D�)�H�'�§�§�o¬~�]�'� ´Jª;�?�?�!¢J�!�]±]��¡ ¾ �D�'�ß ¤]��µ �/�?¢=£%�Aª � ·[�]�H�]�'�H�j� �J¨�àEà ²'���'�H�/�D�'�'�]�'�'�����e�)�=�]�_£¦¢J�m�'�=¼W�D¤��D�'�w�/�m´L�/�D¤]�'�H�'�'�=�]� ß��<� à�n�/�J°/�Cª%�'� ´��rª%�]¤]��� ßj�)� à £;�D¤��­¤D¡h¢_�)�Jµx�'�]�=��¤]�A£%�/�D©A��£;�­�H�n�/�D�)�H�'�ò�D¡,�'�H�=�'�D���Í°/�D�=�]�'��'�=¼P�H�'�'�D·,£%�]¥L�?�]�'·#�D¥[�¦�'�=¼W�D¤��D�)�x�=¡ ¾ �?�?�!¢J�C£;�C°/�!�e¥Lª;�D�H�'°'�H�H¥'�����q�)�=�]�_£%�|·,�]���'±]¤��¦�/�D«L¯�/�D�'�'�A£Á£;�b�/�D�)�H�'�'���]± ¾ �D�]���'�=¼P�H�'�'�R�Í�Aª%�A£ �]�]¤��b�'�b£;�C£%�H�'���]���/�C°/�Cª%�'��´��Aª%�]¤]����£;��/�D�)�H�'�'�ê�=�]�]«'�'�]�=�]�����q�/�!¤?ª%��¢J� ¾ ���]�q¤��]± ¾ �D�]���'�=¼P�H�'�'� n �'�'�]��¢_¤]�?ª%�'��¥[�]�'�=�D�D���]�|²o��=¡ ¾ �D�]�b¤]�'�H�)�q�q�]�'�H�/�D�'�'�]�'�'���º�)�=�]�_£Â�)�JµW�D· �?¥L�R�H�q�/�Cª%�Cµx�|·h£;���H�q�/�D�)�H�'���­�]± ¾ �D�]��'�=¼P�H�'�'�o�/�e´L�/�D¤]�'�H�'�'�=��� ß��<� à ²k*|�e�?�?¢_�b�'�Aª§�X£%�]�=�?�?�D¡�°'�'�!¤q��¢_�/�?¢J�x¢J�q�'�?ª%�'�'�]�j� B(p)£;�e�'�?ª%�Cµe�'�
yk = Ck+1

·
k = 0, 1, . . . , n − 1

·;¥�¡|£%�=�]�q�H°'���?�D�)�
Ck+1

·
k = 0, 1, . . . , n − 1¢J�o�'�'�]��¢_¤]�?ª%�'�¦¥[�]�'�=�D�D���]�|²

2 ×��%Ô� #Ô;1ºý|×ºf G á �[@{N/KDÛLK_Z%N/O/do:ÃS[\kZ;@CB?OLzx\yK{M?KD<CKD<?:=N/OeN%:ÃYD8%O
t = 0

�¹K�YD8%O
t = t0

�¹do@{\H�?\\yu{z/N/KDdWK
τ = t− t0

\=BD:A�Å<CKJu~:wM?KD<CKDÛLKDdWKo�[�AuÌM?KD<CKDÛLKWM?K�8;:=�V6]B?KDN%:~@JdWN%@CBD@PN/KXZ%O/N%:=c/N%@<CO%ij:k8;:=N/l/O/K_Z%N%@mSH8[K]B?N%:=N/O%:�\TY%@C\=do@=z/N/N/O!�[@C:Ei)O/l/O%:=N/dWO��#N%@mBD:=Û�:w\TN/KDÛLK_Z%N/O!S[\vZ;@CB?OLz¦YD8%O
τ = 0

^
�¦Õ*(*ÖwÔ[Õ � U GQ¦ :=�o:=do:TS_8[K]B?N%:AN/O%:=do@

y′′−3y′ +2y = 6 e−t
\TN/KDÛLK_Z%N/O¦S[\kZ;@CB?OLz

y(0) = 2
�

y′(0) = 0
^

,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�
y(t) � Y (p)

² Ñ �]©A�D¤��
y′(t) 
 p Y (p) − y(0) = p Y (p) − 2

·
y′′(t) 
 p2 Y (p) − p y(0) − y′(0) = p2 Y (p) − 2p

²³w�'�H�)�'�/�D¤��D�)�~¥�¡,�Í��¢_�]±]�/�?µo�H�'���!¤P£;�C£%�H�'�D�]�e´L�/�D¤]�'�H�'�'�X�!�'�?ª/´L°/�D¤��D�)�
p2 Y (p) − 2p− 3p Y (p) + 6 + 2Y (p) = 6

1+p

·�D�]¥�¡|£%�=�]�
Y (p) = 2p

p2−1

² Ñ ¡,«!¥L�?�]� p

p2−1
� ch t

·��]�
y(t) = 2ch t

²
� û



�¦Õ*(*ÖwÔ[Õ � 0 GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@
y′′ + 9y = cos 3t

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�

y(t) � Y (p)
² Ñ �]©A�D¤��

y′(t) 
 p Y (p) − y(0) = p Y (p) − C1

·
y′′(t) 
 p2 Y (p) − p y(0) − y′(0) = p2 Y (p) − C1p− C2

·/¥�¡|£%�=�]�
C1 = y(0)

·
C2 = y′(0)

²³w�'�H�)�'�/�D¤��D�)�~¥�¡,�Í��¢_�]±]�/�?µo�H�'���!¤P£;�C£%�H�'�D�]�e´L�/�D¤]�'�H�'�'�X�!�'�?ª/´L°/�D¤��D�)�
p2 Y (p) − C1p − C2 + 9Y (p) = p

p2+9

�Lª%�
Y (p) = p

(p2+9)2
+ C1

p

p2+9
+ C2

p2+9

·��D�]¥�¡|£%�=�]�
�/�D�)�'�/�D�)�

y(t) = 1
6
t sin 3t+ C1cos3t+ 1

3
sin 3t

²
�¦Õ*(*ÖwÔ[Õ �%t|GQ¦ :=�o:=do:¸SH8[K]B?N%:=N/O%:=do@

y′′ + y = 1(t − π)
\!N/KDÛLK_Z%N/OÂS[\vZ;@CB?OLz

y(0) =
y′(0) = 0

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�

y(t) 
 Y (p)
² Ñ �]©A�D¤��

y′′(t) 
 p2 Y (p)
² î �j�D�)�T� ¾ � 1(t− π) 


e−π p

p

²*|�P´L�/�D¤]�'�H�'�'�=�]�q¤o�]±]�/�?¢_�!�'�?ª/´L°/�D¤��D�)�
p2 Y (p) + Y (p) = e−π p

p

·'�D�]¥�¡|£%�=�]�

Y (p) =
e−π p

p (p2 + 1)
=
e−π p

p
− e−π p p

p2 + 1
.

�T�
1(t) 


1
p

·
cos t 


p

p2+1

�!�]�H�]�'�H�j� �]� ¢J�o¢J�D¥�¡,�=�'�H�'�'�=���q�/�?�j�'�/�?�j�
y(t) = 1(t− π) −

1(t− π) cos(t− π)
²�l*�=¼P�H�'�'�=���

y(t)
�)�Jµo�{£;�o�H�w¢J�D�'��¼P�X�!�?�D¥L��Ä

y(t) =

{

0
¢J�
t < π,

1 − cos(t− π)
¢J�
t ≥ π.

�¦Õ*(*ÖwÔ[Õ �%�|GQ¦ :=�o:=do:RSH8[K]B?N%:=N/O%:=do@
y′′ + 4y = 1(t) + t 1(t − 3)

\RN/KDÛLK_Z%N/OÅS[\kZ;@CB?OLz
y(0) = y′(0) = 0

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥��

y(t) � Y (p)
² Ñ �]©=�D¤��

y′′(t) 
 p2 Y (p)
²����H¤]�H�e�]�]¤��

1(t)+ t 1(t−3) =

1(t) + [(t− 3) + 3] 1(t− 3) �
1
p

+
(

1
p2 + 3

p

)

e−3 p
²+*|�P´L�/�D¤]�'�H�'�'�=�]�x¤o�]±]�/�?¢_�¦�'�?ª/´L°/�D¤��D�)�

(p2 + 4)Y (p) =
1

p
+

( 1

p2
+

3

p

)

e−3 p,

�D�]¥�¡|£%�=�]�
Y (p) =

1

p (p2 + 4)
+

( 1

p2 (p2 + 4)
+

3

p (p2 + 4)

)

e−3p .

Ñ ¡,«!¥L�?�]�
1

p (p2 + 4)
=
p2 + 4 − p2

4p (p2 + 4)
=

1

4 p
− p

4 (p2 + 4)
�

1

4
− 1

4
cos 2t ,

1

p2 (p2 + 4)
=
p2 + 4 − p2

4p2 (p2 + 4)
=

1

4 p2
− 1

4 (p2 + 4)
�

t

4
− 1

8
sin 2t ,

�]�
y(t) = 1

4
(1 − cos 2t) 1(t) +

(

t−3
4

− 1
8
sin 2(t− 3) + 3

4
− 3

4
cos 2(t− 3)

)

1(t− 3)
²

�<�



2 ×��%Ô� #Ô;1ºý|× F . G [êYD8;:=<CN/O/do:X<?B?KxYD8%OLu~:k8[Kx<Hz%\=N/KDdWKxÛLK]\=d�N/Kx<CO%ij:k8;:=N/l/O/K_Z%N%@Jdo@oSH8[K]B?ÙN%:=N/O%:aN%:9:aN%:=YD8;:=�[�?\=N/KDdWK~i)S�N/��l/OLz;^	[b8[KCMHZ%O/ÛLN/O/do:aO/N/do:k8;B?K_Z%OedXzx\H:ÃM?KD<CK]B?K~\#8[KCMHZ%O/ÛLN/OO�Mr8[KCM?O��hN%@w@JY%:k8[KDl/O%@JN/N/OLz/dÌu~:=do@J<w<CK]B?KmBD�_M_u~@_�ÅN%@C\=d�SH8[K]B?N%:=N/O%:=do@�<CKm\H:#8;:=�WK]B?KXdWKD��KC�\sz/��KD��<Hz%\=N/KDdWKXÛLK]\=d :aM?KD<CKD<?:=N/KP\{:=<CN/Kmij@E8�uwSCZ%KC�#B~�[@C:=do@w\H:T\H�?\=do@JOqOq:=<CN%@~@Jd�N%:H>A@CB?O/Ùdo:XYD8;:=<COLu~\=doB?KqBx\k8[K]B?N%:=N/O%:m\X�CZ%K]\=O/Û�:H\=��O/do:�u~:=do@J<JORM?K~8%:=�WK]B?KDN%:XN/Kx<CO%ij:k8;:=N/l/O/K_Z%N/OSH8[K]B?N%:=N/OLz;^
�¦Õ*(*ÖwÔ[Õ � � GQ¦ :=�o:=do:eSH8[K]B?N%:=N/O%:=do@

y′′ − 3 y′ + 2y = t e3t
\eN/KDÛLK_Z%N/OºS[\kZ;@CB?OLz

y(1) =
y′(1) = 1

^
,�Ô$-§Ô[ï*(*Ô�. �Í�?�?¢_�q¢J�C£;�J°/�m�/�J°/�Cª%�'�����W�)�]�)�H���W�

t = 1
·��m�'�

t = 0
²�³w�?ª;�D©A�D�)�

t− 1 = τ�Lª%�
t = τ + 1 ß ¤]��µ ¢J�D±]�Aª%�=µx¥L� ¨�à ² Ñ �]©A�D¤��m´L�/�D¤]�'�H���'�=���e�¦�/�J°/�Cª%�'���]�w´��Aª%�]¤D���¦�'�'�'�H�j�?�¤]�L£;�
y′′ − 3y′ + 2y = (τ + 1) e3τ e3

·
y(0) = y′(0) = 1

²j¶w�H¥L�
y(τ) 
 Y (p)

² Ñ �]©A�D¤��
y′ 
 p Y (p) − 1

·
y′′ 
 p2 Y (p) − p − 1

² î �j�D�)�R� ¾ � (τ + 1) e3τ = τ e3τ + e3τ



1
(p−3)2

+ 1
p−3

= p−2

(p−3)2
²+*|�m´L�/�D¤]�'�H�'�'�=���x¤o�]±]�/�?¢_�¦�'�?ª/´L°/�D¤��D�)�

(p2 − 3p+ 2)Y (p) = e3 p− 2

(p− 3)2 + p− 2 ,

�D�]¥�¡|£%�=�]�
Y (p) = e3 1

(p− 1)(p− 3)2 +
1

p− 1
.

Ñ ¡,«!¥L�?�]� 1
p−1

� eτ
·

1

(p− 1)(p− 3)2 =
1

4

[ 1

p− 1
− 1

p− 3
+

2

(p− 3)2

]

�
1

4
(eτ − e3τ + 2τ e3τ ) ,

�]�
y(τ) = 1

4
e3(eτ − e3τ + 2τ e3τ ) + eτ

² ú �?�]�§�H�!¤D¡,�'�'�H��¥�¡,���=�?�D�/�?�?�§�'�'�]�)�H�Lª%�'¤��
t
·�/�D�)�'�/�D�)�

y(t) = e3+4
4 e

et + 2t−3
4
e3 t
²ÒP�]�'� ´_ª;�?�?� ßùø �Cà �/�e½m÷��D�)�Aª��)�Jµo�X£;�q�H�W�'�'�Lª;�D©A�¸¢J�q�'�=¼W�D¤��D�'�o�/�q���'¥[�]�R£%�'¬~�H�'�H�L¯�'�/�Cª%�'�!´L�/�D¤]�'�H�'���|²¶w�H¥L�W�'�H¥��D�)��£;�o�'�=¼P�'�Í´L�/�D¤]�'�H�'�'�=���

y(n) + a1 y
(n−1) + . . .+ an y = f(t), ak = const, k = 1, 2, . . . , n ß�� Æ]à

�~�/�J°/�Cª%�'�!´��Aª%�]¤]���
y(0) = y′(0) = . . . = y(n−1)(0) = 0

²�l#�?¢_©Eª%�=µo£;�D�)�X�!´L�/�D¤]�'�H�'�'�=�]�
z(n) + a1 z

(n−1) + . . .+ an z = 1 ß��]õ à
�o�/�J°/�Cª%�'�b´]�Aª%�]¤]���

z(0) = z′(0) = . . . = z(n−1)(0) = 0
²h¶w�H¥��

z(t)
�o�'�=¼P�H�'�'�e�/� ß��]õ à ·´J£%�]¤?ª%�=�]¤]�]���'¤�� ¾ �w��´_ª%�H¤]���]�9�/�J°/�Cª%�'�m´��Aª%�]¤]���P�P�'�H¥L� z(t) � Z(p)

² ú �?�]���'�'�H�)�'�'�H�b¥�¡,���¢_�]±]�/�?µW�H�'���!¤ ß��]õ à ·��'�?ª/´L°/�D¤��D�)� (pn + a1 p
n−1 + . . .+ an−1 p+ an)Z(p) = 1

p

·��D�]¥�¡|£%�=�]�'·�D¥L�o�D¢_�/�J°'�'�
A(p) = pn + a1 p

n−1 + . . .+ an−1 p+ an

·/�'�?ª/´L°/�D¤��D�)�
Z(p) =

1

pA(p)
. ß��Dø à

� �



¶w�H¥L�
y(t) � Y (p)

·
f(t) � F (p)

²,³w�]¥L�?¢J�C¿��)�e�'�?¯k�/�D�'� ß ¤]��µ ß�� �CàEà ·|°'� Y (p) =
F (p)

A(p)

²
ú �?�]�n�H�/�D¤]�'�'��� ß��Dø à ·*�'�?ª/´L°/�D¤��D�)� Y (p) = pF (p)Z(p)

·#�D�]¥�¡|£%�=�]�'·)¤D¢_�H�j�D«'¥'���'�'�A£%¤]�L£¬~�]�'� ´Jª;�?�?�o�/�P½m÷��D�)�Aª ßùø �Cà ·'�/�D�)�'�/�D�)�
y(t) =

d

dt

∫ t

0

f(τ) z(t− τ) dτ
�Lª%�

y(t) =
d

dt

∫ t

0

z(τ) f(t− τ) dτ .

Jjª%�A£%�D¤��?�]�Aª%�'�'· �D¥[�¦¢_�/�D�H�ê�'�=¼P�=�'�'�H�]�n�/� ß�� Æ]à �'�'� f(t) = 1
�­��´_ª%�H¤]�­�/�J°/�Cª%�'��´]�A¯ª%�]¤]���|·,�)�JµW�H� £;�!�/�D�)�H�'�'�ê�'�=¼P�H�'�'�=���n�/�!�=¡ ¾ �D�]��´L�/�D¤]�'�H�'�'�x�'�'�­�'�'�D��¢_¤]�?ª%�'� f(t)

���´Jª%�H¤]�¦�/�C°/�Cª%�'�!´]�Aª%�]¤]���|²' �=�]�_£/¡;�X�/���'�=¼P�H�'�'� �/�{£%�'¬~�H�'�=�'�'�/�Cª%�'�o´L�/�D¤]�'�H�'���|·]�]�H�'�]¤��D�W�/��¬~�]�'� ´_ª;�?�D���/�{½m÷ ¯�D�)�Aª,·,�H�x�'�'�Lª;�D©A��·*¥L�?�]���'�/�D¤]�Lª%�'·,¤¦�]�=¢_�­�Aª/´L°/�D�|·*¤�¥[�]���]��¤D¡h¢_�'�'¥'¤��!�]��´J£%�'�]�A�b�'�'���/�C¯�)�'�/�D�'�=�]�R�]±]�/�C¢J�
F (p)

�/�q£/�'�H�/�?�?�¦°/�D�=�
f(t)

�/�¸´L�/�D¤]�'�H�'�'�=��� ß�� Æ]à ·,�!�=¡ ¾ �!�D�D¥L�¦�'�'��'�H�]±_¿[�_£%�'�)�]�=�W�D�P�)�'�]©H�]¥'�/�?�]�'�W�'�=¼W�D¤��D�'�T�/� ß�� Æ]à �T�/�?¢=ª%�'°'�'�¸¬w´L�'¥'�'�'� f(t)
²�J�¡,�T�Aª%�A£'¯¤�� ¾ ���x�'�'�'�)�H�|·[�j�D¥L�D�e°'�{�]±]�/�?¢H¡;�m�/��£/�'�H�/�?�?�m°/�?�=�P� ��¢_¤]�H�=�]�_�|· ¾ �9£%�H�)�]�'�=�]�'�'�/�D�)�T�]�D¢_��)�=�]�J£,²

�¦Õ*(*ÖwÔ[Õ �%�|GQ¦ :=�o:=do:{\ Y%@ru~@J�WdWKXN/Kmij@E8[uwSCZ%KDdWKmN/K g ÚjKJu~:kZ!SH8[K]B?N%:=N/O%:=do@
y′′+y′ = t\XN/KDÛLK_Z%N/OnS[\vZ;@CB?OLz

y(0) = y′(0) = 0
^

,�Ô$-§Ô[ï*(*Ô�. ¶~�D«L¯k�/�D�'�'�r£x�'�=¼W�D¤��D�)�a´L�/�D¤]�'�H�'�'�=�]�
z′′+z′ = 1

�a��´Jª%�H¤]�o�/�J°/�Cª%�'�W´]�Aª%�]¤]���|²#T¥L�
z(t) � Z(p)

·'�]�o´L�/�D¤]�'�H�'�'�=�]�x¤e�]±D�/�?¢_�¦�
(p2 + p)Z = 1

p

·/�D�]¥�¡|£%�=�]�
Z(p) =

1

p2 (p+ 1)
=

1 + p2 − p2

p2 (p+ 1)
=
p2 + (1 − p2)

p2 (p+ 1)
=

1

p+ 1
+

1

p2
− 1

p
� e−t + t− 1 = z(t).

Ñ �]©A�D¤��
y(t) =

d

dt

∫ t

0

(e−τ+τ−1)(t−τ) dτ = (e−τ+τ−1)(t−τ)
∣

∣

∣

τ=t
+

∫ t

0

(e−τ+τ−1) dτ =
t2

2
−t+1−e−t .

�¦Õ*(*ÖwÔ[Õ � f GQ¦ :=�o:=do:�SH8[K]B?N%:=N/O%:=do@
y′′ − a2 y = b e−t2

\�N/KDÛLK_Z%N/OÌS[\vZ;@CB?OLz
y(0) =

y′(0) = 0
^

,�Ô$-§Ô[ï*(*Ô�. ¶~�D«L¯k�/�D�'�'�A£º�'�=¼W�D¤��D�)�x´L�/�D¤]�'�H�'�'�=�]�
z′′ − a2 z = 1

�x��´_ª%�H¤]�º�/�J°/�Cª%�'��´]�A¯ª%�]¤]���|²�#T¥L�
z(t) � Z(p)

·a�]�Í´L�/�D¤]�'�H�'�'�=�]�Á¤Í�]±]�/�?¢_�Å�
(p2 − a2)Z = 1

p

² Ñ ¡,«ò¥L�?�]�
1

p2−a2 �
1
a
sh at

·��]�e�D�o�]�H�]�'�H�j� � ¢J�o�'���]�H©H�'�'�/�D�'�m�/�o�]�'�'©H�'�/�CªR�'�j�D�)�
Z(p) =

1

p (p2 − a2)
�

1

a

∫ t

0

sh aτ dτ =
1

a2
(ch a t− 1) = z(t).

Ñ �]©A�D¤��
y(t) =

d

dt

∫ t

0

b

a2
e−τ2

(ch a(t− τ) − 1) dτ =
b

a

∫ t

0

e−τ2

sh a(t− τ) dτ.

ú �?�]�e�'�'�H�]±]�/�?¢H´L¤��D�)�D·/�'�?ª/´L°/�D¤��D�)�
y(t) =

b
√
π

4a
e

a2

4

(

ea t erf
(

t+
a

2

)

− e−a t erf
(

t− a

2

)

− 2 erf
(a

2

)

ch a t
)

.

� �



½P�P�/�?¢_©Eª%�A£;�D�)�~�=�H©=�W�rª%�A£%�`§?�;§W¢J�C£;�J°/�P�/� ú �D¼P�|ÄL£;�m�H�w�/�D�)�H�'�!�'�=¼P�H�'�'�~�/�m´L�/�D¤]�'�H�'�'�=�]�
a y′′ + b y′ + c y = f(t), a, b, c = const, f (t) − £;�C£%�H�/�o¬w´L�'¥'�'��� , ß���û à

´J£%�]¤?ª%�=�]¤]�]���'¤�� ¾ �x�Aª%�A£%�'�����m�/�C°/�Cª%�'�¦´]�Aª%�]¤]���|Ä y(0) = y0

·
y′(0) = y1

² � �m�'�]¥L�?µW�H�9·/°'��A£%�'�'�=�]¤]�H�/�?���x�'�=¼P�H�'�'�m�/�P�D�?¢_�!¢J�C£;�C°/�W�H��£;�D¤��W�~¬~�]�'� ´Jª;�?�?�
y(t) = u(t) + (h ∗ f)(t) , ß�� ��à

¥�¡|£%�=�]�
u(t)

�w�'�=¼P�H�'�'�m�/�P¿��]�)�]©H�H�'�'�D�]�e´L�/�D¤]�'�H�'�'�
a u′′ + b u′ + c u = 0, u(0) = y0, u

′(0) = y1 , ß��;� à
�
h(t)

�~¬w´L�'¥'�'���|·/°'�'«��]�x��¢_�]±]�/�?µW�H�'�'�~�/�WÀm�D�Lª;�?�~�
H(p) =

1

a p2 + b p+ c

²
¶~�D«L¯k�/�?�'�'�A£¦£;�o�/�?¢_©Eª%�A£;�D�)�~¢J�C£;�J°/�?�?�

a v′′ + b v′ + c v = f(t), v(0) = 0, v′(0) = 0 .M �/�D¤]�'�H�'�'�=�]���¸�D�]�'�]¤]� ß���û à ·#�'�b�¸��´_ª%�H¤]�Í�/�C°/�Cª%�'�º´]�Aª%�]¤]���|²j¶w�H¥L� v(t)
�!�'�=¼P�=�'�'�¦�/��D�?¢H�º¢J�C£;�J°/�R�­�'�H¥L�

v(t) � V (p)
·
f(t) � F (p)

² ³w�'�H�)�'�/�D¤��D�)�q¥�¡,�ê��¢_�]±]�/�?µW�H�'���­�
�'�?ª/´L°/�D¤��D�)�

(a p2 + b p+ c)V (p) = F (p)
·��D�]¥�¡|£%�=�]�'·/�D¥[�W�D¢_�/�J°'�'�

H(p) =
1

a p2 + b p+ c

·
�/�D�)�'�/�D�)�

V (p) = F (p)H(p)
�|·]�Aª%�A£%�]¤��?�]�Aª%�'�'·

v(t) = (h∗f)(t)
·
h(t)

�9¬w´L�'¥'�'���|·]°'�'«��]���¢_�]±]�/�?µW�H�'�'�~�/�WÀm�D�Lª;�D�w�
H(p)

²¶w�H¥L�{�H�H©=�
u(t)

�Ã�'�=¼P�H�'�'�9�/� ¢J�C£;�C°/�?�?� ß��;� à ² Ñ �]©A�D¤�� y(t) = u(t)+v(t)
´J£%�]¤?ª%�=�]¤]�]���'¤��´L�/�D¤]�'�H�'�'�=�]� ß���û à � y(0) = u(0) + v(0) = y0

·
y′(0) = u′(0) + v′(0) = y1

·*�C² �D²
y(t) =

u(t) + v(t)
�~�'�=¼P�H�'�'�m�/�m£;�C£%�H�/�?�?�o¢J�C£;�J°/��²

�¦Õ*(*ÖwÔ[ÕÅ�'. GQ¦ :=�o:=do: SH8[K]B?N%:=N/O%:=do@
y′′+y = tg t

\ N/KDÛLK_Z%N'O¸S[\kZ;@CB?OLz
y(0) = 1

�
y′(0) =

2
^
,�Ô$-§Ô[ï*(*Ô�. l#�?¢_©sª%�=µo£;�D�)�¸¢J�C£;�J°/�?�?�

u′′ + u = 0
·

u(0) = 1, u′(0) = 2
²j¶w�H¥L�

u(t)�e�'�=¼P�H�'�'�q�/�¸�?�?¢_��¢J�C£;�J°/�¦�
u(t) � U(p)

² ú �?�]���'�'�H�)�'�'�H�ê¥�¡,�Å�]±]�/�?¢_�|·,�'�?ª/´L°/�D¤��D�)�
p2 U(p) − p − 2 + U(p) = 0

·,�D�]¥�¡|£%�=�]�
U(p) =

p+ 2

p2 + 1

�
u(t) = cos t + 2 sin t

²��Ì�]�D¢_�
�Aª/´L°/�D«

H(p) =
1

p2 + 1

�
h(t) = sin t

²%���H¤]�H�!�]�]¤��

(h ∗ f)(t) =

∫ t

0

sin(t− τ) tg τ dτ = sin t

∫ t

0

sin τ dτ − cos t

∫ t

0

sin2τ

cos τ
dτ

= sin t+ cos t ln
cos t

1 + sin t
.

Jjª%�A£%�]¤��?�]�Aª%�'�x�'�=¼P�H�'�'�H�]�q�
y(t) = cos t+ 3 sin t+ cos t ln

cos t

1 + sin t

²

�]¨



�&� G X (#ÿ]ð'Ô[Öw(Á #(*ï*Ô$T*ï*(ò& ( ü Ô[Õ*Ô[ï�
#(*×� #ï*( ôhÕ*×'$%ï*Ô[ï*(
� ÿRþ*";ÿ]ð'"L�hï*ï*(òý|"%Ô ü (�
*(O(Ô[ï*ð'(
JÃ�'�=�]�H�)�����Rª%�'�'�H«'�'�Á£%�'¬~�H�'�H�'�'�/�Cª%�'� ´L�/�D¤]�'�H�'���ò�R�'�]�=�]�J�'�'�'�ò¥L�]�H¬w�'�'�'�H�����ò�=¡ ¾ ��)�]©=�C�¦£;�¦�H�e�'�=¼W�D¤��?�R�x�]�'�H�/�D�'�'�]�'�'�����)�=�]�J£,²#³w�'�§�]�]¤��¦�'�e�H�x�/�Cª;�D©A�?�R�'�'¥L�D¥'¤]���'�'�A£'¯¤��D�'���]�Aª%�'�¦�'�'�H�]±]�/�?¢_�]¤��D�'���!�/�W��¢=¿��_£%�/�?�D�o�H�'�=�]�H�j��·/�/�D�'�'�'�)�H�¦�'�'�'¤]�=µo£;�D�'�w¤o�'�]�'�j�Cª%�/�¬~�]�'�j��² Ñ �W�H�W�'�=¼W�D¤��?���'�!�=¡ ¾ �?�?�!�E¿��H�j��·h¥��D¥��]�!��¢=ª%�CµW�H�/�?�?�!�'�?¯k©H�]�'�P¢J�¸�A£%�'�¸ª%�'�'�H«'�'�£%�'¬~�H�'�H�'�'�/�Cª%�'�e´L�/�D¤]�'�H�'�'�X�~�'�]�=�]�J�'�'�'��¥[�]�H¬~�'�'�'�H���]�h²

�¦Õ*(*ÖwÔ[ÕÅ� F/GQ¦ :=�o:=do:m\=O%\=do:vuwKDdWKxSH8[K]B?N%:=N/OLz
∣

∣

∣

∣

x′(t) + y′(t) + x(t) + y(t) = t

x′′(t) − y′(t) + 2x(t) = 3(e−t − 1)\XN/KDÛLK_Z%N/OnS[\vZ;@CB?OLz
x(0) = y(0) = 0

�
x′(0) = −1

^
,�Ô$-§Ô[ï*(*Ô�. ¶��H¥��

x(t) 
 X(p)
·
y(t) 
 Y (p)

² Ñ �]©=�D¤��
x′(t) 
 pX(p)− x(0) = pX(p)

·
x′′(t) 
 p2X(p) − p x(0) − x′(0) = p2X(p) + 1

·
y′(t) 
 p Y (p) − y(0) = p Y (p)

² ú �?�]��'�'�H�)�'�'�H�Á¥�¡,�Í��¢_�]±]�/�?µo�H�'���!¤P£;�C£%�H�/�?�D�o�H�'�=�]�H�j��·%�'�?ª/´L°/�D¤��D�)�
∣

∣

∣

∣

pX(p) + p Y (p) +X(p) + Y (p) = 1
p2

p2X(p) + 1 − p Y (p) + 2X(p) = 3( 1
p+1

− 1
p
),

�D�]¥�¡|£%�=�]�
X(p) = 1

p+1
− 1

p

·
Y (p) = 1

p2

�
x(t) = e−t − 1

·
y(t) = t

²

�&�&� G H�(*ï*Ô$T*ï*(Á& ( ü Ô[Õ*Ô[ï�
*(*×� #ï*(òôhÕ*×'$%ï*Ô[ï*(
�òÿ<�Ãÿ�ÿ]ð'Ô[þ*Ô[ï*ï*(A�yþ*"/ #(*ï*"%Öwï*(r�Pý|"�(Ô ü (�
*(*Ô[ï*ð'(
½P�W�/�?¢_©Eª%�A£;�D�)�wª%�'�'�H«'�'�D�]�e´L�/�D¤]�'�H�'�'�

a0(t) y
(n) + a1(t) y

(n−1) + . . .+ an−1(t) y
′ + an(t) y = f(t), ß��<� à¥�¡|£%�=�]�

ak(t)
·
k = 0, 1, . . . , n

�_�o�'�?ª%�'�'�]�)���/�
t
�D�e�=�]�H�'�H� ≤ m

·
y = y(t)

�~�'�H��¢_¤]�H�=�D¯�/�?�D�W¬w´L�'¥'�'���|·;�
f(t)

��£;�C£%�H�/�o¬w´L�'¥'�'�����]�'�'©H�'�/�Cª,²l#�?¢_©Eª%�=µo£;�D�)�º�Aª%�A£%�/�?�?�Á¢J�C£;�J°/�Á�/� ú �D¼P�|Ä{£;�Â�H�­�/�D�)�H�'�Ì�'�=¼P�H�'�'�
y(t)

�/�Â´L�/�D¤?¯�'�H�'�'�=�]� ß��<� à ·Ã¥[�]�=�]�º´J£%�]¤?ª%�=�]¤]�]���'¤��º�/�J°/�Cª%�'���]�n´��Aª%�]¤]���|Ä y(0) = y0

·
y′(0) = y1

· ²H²H²H·
y(n−1)(0) = yn−1

·%¥�¡|£%�=�]�
y0, y1, . . . , yn−1

�_�W£;�C£%�=�'�R°'�'�Aª;��²+#T¥[�e�?�?¢_��¢J�C£;�J°/�e�'�j�e�'�=¼P�A¯�'�'�
y(t)

·*¥[�]�=�]�n�x�]�'�'©H�'�/�CªÍ�
y(t � Y (p)

·,�]�n¥L�?�]�n�'�'�Lª%�Jµx�'�ê¥�¡,�Å£%¤]�=�]�q�=�]�/�D�'���/�´L�/�D¤]�'�H�'�'�=�]� ß��<� à �'�'�H�D±]�/�?¢_�]¤��D�'�'�=�]�m�/��Àm�?�Lª;�D�D·��'�?ª/´L°/�D¤��D�)�9¤~�]± ¾ ���o�Aª/´L°/�D«o¢J�w�]±]�/�?¢J�
Y (p)

£%�'¬~�H�'�H�'�'�/�Cª%�'�e´L�/�D¤]�'�H�'�'�D²�#T¥[�
m = 1

à ·'¢J�C£;�J°/�?�?�o¢H�/�C°'���]�Aª%�'�x�H�~�]�'�'�]�=�C�'¤���²
�¦Õ*(*ÖwÔ[ÕÅ�/- GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@

t y′′ − t y′ − y = 0
\XN/KDÛLK_Z%N/@oS[\vZ;@JB?O%:

y(0) = 0
^

,�Ô$-§Ô[ï*(*Ô�. ¶��H¥��
y(t) 
 Y (p)

²#³w�'�Lª;�D©A�D�)�x�'�'�H�]±]�/�C¢_�]¤��D�'�'�=�]�n�/�!Àm�D�Lª;�D�e¥�¡,� £;�C£%�A¯�'�D�]�e´L�/�D¤]�'�H�'�'�D²|�T�x¬~�]�'� ´Jª;� ß Æ ø à ¢J�W£%�'¬~�H�'�H�'�'�'�/�D�'�m�/�e�]�'�'©H�'�/�Cªn��¬~�D�'�)´_ª;� ß Æ � à ¢J�£%�'¬~�H�'�H�'�'�'�/�D�'�m�/�W�]±]�/�?¢X�'�j�D�)�
y′ � p Y (p) − y(0) = p Y (p)

·
y′′ � p2 Y (p) − p y(0) − y′(0) = p2 Y (p) − y′(0)

·
� %



t y′ � −(p Y (p)′ = −p Y ′(p) − Y (p)
·
t y′′ � −(p2 Y (p) − y′(0)′ = −p2 Y ′(p) − 2p Y (p)

²*|�W�]�'�H�/�?�]�]�'�'�D�]�e´L�/�D¤]�'�H�'�'�X�'�?ª/´L°/�D¤��D�)�
−p2 Y ′(p) − 2p Y (p) + p Y ′(p) + Y (p) − Y (p) = 0

²Jjª%�A£­�'�'�'¤]�A£%�H�'�'�e�=�]�'©=�D�)�P£%�¦�rª%�A£%�'�D�]�!ª%�'�'�H«'�'�¸£%�'¬~�H�'�H�'�'�/�Cª%�'�¦´L�/�D¤]�'�H�'�'�o�D�¦��¡,�'¤]��'�A£
Y ′(p) +

2

p− 1
Y (p) = 0.*|�W�'�=¼P�H�'�'�=���x� ´¸�/�D�)�'�/�D�)�

Y (p) = C e
−

∫

2
p−1

dp =
C

(p− 1)2 .

l#�=¼P�=�'�'�H���x�/�m£;�C£%�H�'�D�]�e´L�/�D¤]�'�H�'�'�X�
y(t) = L−1

(

C

(p−1)2

)

= C t et
²

�¦Õ*(*ÖwÔ[ÕÅ�/U GQ¦ :=�o:=do:aSH8[K]B?N%:=N/O%:=do@
y′′+(t+1) y′+t y = 0

\aN/KDÛLK_Z%N/OeS[\vZ;@CB?OLz
y(0) = 1

�
y′(0) = −1

^
,�Ô$-§Ô[ï*(*Ô�. *|�D�'�'�H¤��D�)�m´L�/�D¤]�'�H�'�'�=�]�¦�'�¸�Aª%�A£%�'���b�/�C°'�'�|Ä

y′′ + t(y′ + y) + y′ = 0
²|¶w�H¥L�

y � Y (p)
² Ñ �]©=�D¤��

y′ � p Y (p) − 1
·
y′′ � p2 Y (p) − p+ 1

·
y′ + y � (p+ 1)Y (p) − 1

·
t (y′ + y) � −

(

(p + 1)Y (p) − 1
)′

= −Y (p) − (p + 1)Y ′(p)
²�*|�¸´L�/�D¤]�'�H�'�'�=�]�R¤¦�D±]�/�?¢_��'�?ª/´L°/�D¤��D�)�

p2 Y (p) − p+ 1 − Y (p) − (p+ 1)Y ′(p) + p Y (p) − 1 = 0�Lª%�¦�Aª%�A£n�'�'�'¤]�A£%�H�'�'�
(p2 + p− 1)Y (p) − p = (p+ 1)Y ′(p)

·/�D�]¥�¡|£%�=�]�
Y ′(p) =

p2 + p− 1

p+ 1
Y (p) − p

p+ 1
.

*|�§�'�=¼P�H�'�'�=���º�/�b�]�]¤��nª%�'�'�H«'�'�§£%�'¬~�H�'�H�'�'�/�Cª%�'�­´L�/�D¤]�'�H�'�'�R�D����¡,�'¤]�Â�'�A£ò�/�D�)�'�/�D�)�
Y (p) = C e

p2

2 +1
p+1

²¹�T�
lim
p→∞

p Y (p) = y(0) = 1 ß �Aª%�A£%�=�]¤]�'� Æ]à ·%�'�?ª/´L°/�D¤��D�)� C = 0
²{Jjª%�A£%�?¯

¤��?�]�Aª%�'�
Y (p) = 1

p+1

�
y(t) = e−t

²
�¦Õ*(*ÖwÔ[ÕÅ��0 GQ¦ :=�o:=do:~SH8[K]B?N%:=N/O%:=do@

t y′′ + (1 − t) y′ + n y = 0
�
n
lLz[Z;@WÛLO%\vZ;@WO

n > 0
^

Ý©¨)ä;è�ª'é ì]é#ë ìné#èI«�è+¬CìHä%Þ ^,�Ô$-§Ô[ï*(*Ô�. *|�D�'�'�H¤��D�)��´L�/�D¤]�'�H�'�'�=�]�e�'�W�Aª%�A£%�'���¦�/�J°'�'�|Ä
t(y′′ − y′) + y′ + n y = 0

²'¶w�H¥L�
y � Y (p)

² Ñ �]©=�?¤��
y′ � p Y (p) − y(0)

·
y′′ � p2 Y (p) − p y(0) − y′(0)

·
y′′ − y′ �

(p2 − p)Y (p) − p y(0) − y′(0) + y(0)
·
t (y′′ − y′) � −

(

(p2 − p)Y (p) − p y(0) − y′(0) +

y(0)
)′

= −[(2p− 1)Y (p) + (p2 − p)Y ′(p) − y(0)]
²+*|�m´L�/�D¤]�'�H�'�'�=���x¤o�]±]�/�?¢_�¦�'�?ª/´L°/�D¤��D�)�

(−p+ n+ 1)Y (p) = p(p− 1)Y ′(p),�D�]¥�¡|£%�=�]�
Y ′(p)

Y (p)
=

−p+ n+ 1

p(p− 1)
.

� �



*|�q�'�=¼P�H�'�'�=���¦�/�x�]�]¤��e£%�'¬~�H�'�H�'�'�/�Cª%�'�!´L�/�D¤]�'�H�'�'�o�D�!��¡,�'¤]�n�'�A£��P�/�?¢=£%�Aª/� ¾ �§�H�W�'�'�?¯�)�H�Lª%�'¤]���/�D�)�'�/�D�)�
Y (p) =

C (p− 1)n

pn+1
=
C

p

(

1 − 1

n

)n

=
C

p

n
∑

k=0

(−1)k

(

n

k

)

(1

p

)k

= C

n
∑

k=0

(−1)k
n!

k!(n− k)! pk+1
.

ú �?�]�e�'�'�Lª%�Jµx�'�Â��¡,�'¤��?�?�P�]�H�]�'�H�j�o¢J�o�/�?¢=ª;�D©A�D�'� ß �]�H�]�'�H�j� � � à ·'�'�?ª/´L°/�D¤��D�)�
y(t) = C

n
∑

k=0

(−1)k
n! tk

(k!)2(n− k)!
.

l#�=¼P�=�'���'�?��·Ã¥[�]���]��´_£%�]¤?ª%�=�]¤]�]���'¤��?�­´]�Aª%�]¤]�'�=�]�
y(0) = n!

�H���/�D�'�'°/�?� þ*"/ #(*ï*"%Öw( ï*×H�×'ñDÔ[Õ �!�H�~�D¢_�/�C°/�D¤��?�e�
Ln(t)

² î �j�D�)�
Ln(t) =

n
∑

k=0

(−1)k
(n!

k!

)2 tk

(n− k)!
, n = 1, 2, . . . .

�¦Õ*(*ÖwÔ[ÕÅ� t|GQ¦ :=�o:=do:eSH8[K]B?N%:=N/O%:=do@
t y′′ + y′ + t y = 0

\xN/KDÛLK_Z%N'O�S[\vZ;@CB?O[z
y(0) = 1

�
y′(0) = 0

^
,�Ô$-§Ô[ï*(*Ô�. *|�D�'�'�H¤��D�)�~´L�/�D¤]�'�H�'�'�=�]�¸�'�e�Aª%�A£%�'���R�/�J°'�'�|Ä

t(y′′ + y) + y′ = 0
²%¶w�H¥��

y �

Y (p)
² Ñ �]©=�D¤��

y′ � p Y (p) − 1
·
y′′ � p2 Y (p) − p

·
y′′ + y � (p2 + 1)Y (p) − p

·
t (y′′ +

y) � −
(

(p2 + 1)Y (p)− p)′ = −(2p Y (p) + (p2 + 1)Y ′(p)− 1)
²`*|�X´L�/�D¤]�'�H�'�'�=���o¤W�]±]�/�?¢_��'�?ª/´L°/�D¤��D�)�

−2p Y (p) − (p2 + 1)Y ′(p) + 1 + p Y (p) − 1 = 0�Lª%�¦�Aª%�A£n�'�'�'¤]�A£%�H�'�'�
(p2 + 1)Y ′(p) = −p Y (p)

·'�D�]¥�¡|£%�=�]�
Y ′(p)

Y (p)
= − p

p2 + 1
.

*|�9�'�=¼P�H�'�'�=�����/�a�]�]¤��a£%�'¬~�H�'�H�'�'�/�Cª%�'�{´L�/�D¤]�'�H�'�'���D�T��¡,�'¤]�~�'�A£W�j�/�?¢=£%�Aª/� ¾ �m�H���'�'�]�)�H�L¯ª%�'¤]�R�/�D�)�'�/�D�)�
Y (p) = C√

1+p2

²|�T�
lim
p→∞

p Y (p) = y(0) = 1 ß �Aª%�A£%�=�]¤]�'� Æ]à ·;�'�Cª/´L°/�D¤��D�)�
C = 1

²
Jjª%�A£%�]¤��?�]�Aª%�'�
Y (p) = 1√

1+p2

²O#T¥[�¦�'�_£ √

1 + p2
�/�?¢_±]�'�/�D�)�W�]�D¢_���A£%�'�D¢_�/�J°'�H�

¥Lª%�]�|·'¢J�o¥[�]«��]� √
1 = 1

·'�]�e�D�e�'�'�'�)�H� ø[û �'�j�D�)�
y(t) = J0(t) =

∞
∑

n=0

(−1)n
t2n

22n (n!)2 .²
��­ G H�(*ï*Ô$T*ï*(Á& ( ü Ô[Õ*Ô[ï�
*(*×� #ï*( ôhÕ*×'$%ï*Ô[ï*(
�òÿ<�Ãÿx�[×'ý��Ãÿ]ï
�h$%×���×'Õ*ñ?ôhÖwÔ[ï*ð
M �/�D¤D�'�H�'�����D�o�D�e¤]�L£;�

y(n)(t)+a1 y
(n−1)(t− cn−1)+a2 y

(n−2)(t− cn−2)+ . . .+an−1 y
′(t− c1)+an y(t− c0) = f(t),ß�� ¨�à

� Æ



¥�¡|£%�=�]�
ak = ®  <¯�°^±_· k = 1, 2, . . . , n ck ² ®  <¯�°^± ≥ 0

·
k = 0, 1, . . . , n − 1

·
0 ≤ t < ∞ ·

f(t)
¯�£;�C£%�H�/�x¬w´L�'¥'�'���n�]�'�'©H�'�/�Cª,·;�H�P�/�D�'�'°/�?�xª%�'�'�H«'�'��£%�'¬~�H�'�H�'�'�/�Cª%�'�R´L�/�D¤]�'�H�'���n�=¡,�¢J�D¥�¡,�H���'¤�� ¾ �D�'©=´L�)�H���C² Ñ �D¥'�'¤��R´L�/�D¤]�'�H�'���Â�H�¦�H�'� ¾ �?�­¤b�'�A£%�'�/�§�'�/�D¥��]�'°'�H�_¥'�Â¢J�C£;�J°'�|·�]�H�]±]�H�'�q¤x�]�H�]�'�����?�¸�/�q�D¤D�]�]�j�?�]�'°'�'�D�]�!�'�H©=´_ª%�'�/�D�'�]·|¥�¡|£%�=�]�¸�H�m�/�?¢_©sª%�=µo£;�?�¸¬~��¢_�'°'�H�H¥'��H�'�=�]�H�)�m�j�'�'�]�'�H�H�X�/�9�'�]�Aª%�A£%�H«'�=�]¤]�'�]²!*|�Ã�?�D¥'�'¤��9´L�/�D¤]�'�H�'���X�)�'�'�Lª%�Jµx�'�¦�]�'�H�/�D�'�'�]�'�'������)�=�]�J£,²9*|�9�'�'�]�=�]�D�?� ¾ �)�D¡,�'�H�'���'�=¼P�H�'�'� y(t) �/� (89)

·_¥L�]�=�]� �)�]�'�'©H�'�/�CªP�w´_£%�]¤?ª%�=�]¤]�]�[�'¤���/�C°/�Jª%�'���]�X´]�Aª%�]¤]���
y(0) = y′(0) = . . .− y(n−1)(0) = 0

²
�¦Õ*(*ÖwÔ[ÕÅ� �|GQ¦ :=�o:=do:PSH8[K]B?N%:=N/O%:=do@

y′′(t) − 2 y′(t − 1) = t
\mN/KDÛLK_Z%N/O§S[\vZ;@CB?OLz

y(0) =
y′(0) = 0

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�

y(t) � Y (p)
² Ñ �]©A�D¤��

y′(t) � p Y (p)
·
y′′(t) � p2 Y (p)

�b�D�¸�]�H�D�'�A¯�j�?�D�!¢J�!¢J�D¥�¡,�H�'�H�'�'�=�]�
y′(t − 1) � e−p p Y (p)

²o*|�!�]±]�/�?¢_���]�x�'�?ª/´L°/�D¤��D�)�o´L�/�D¤]�'�H�'�'�=���
p2 Y (p) − 2e−p p Y (p) =

1

p2

·/�D�]¥�¡|£%�=�]�

Y (p) =
1

p3 (p− 2 e−p)
=

1

p4
.

1

1 − 2 e−p

p

=
1

p4

∞
∑

n=0

2n e−p n

pn
=

∞
∑

n=0

2n e−p n

pn+4
.

Ñ ¡,�'�H�H�'�D�]�e�'�=¼P�H�'�'�m�
y(t) � Y (p)

�¸�]�e�'�j�o¤]�L£;�

y(t) =
∞

∑

n=0

2n

(n+ 3)!
(t− n)3 1(t− n) .

�¦Õ*(*ÖwÔ[ÕÅ�%� GQ¦ :=�o:=do:TSH8[K]B?N%:=N/O%:=do@
y′′(t)+2 y′(t−2)+y(t−4) = t

\TN/KDÛLK_Z%N/O!S[\kZ;@CB?OLz
y(0) = y′(0) = 0

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�

y(t) � Y (p)
² Ñ �]©A�D¤��

y′(t) � p Y (p)
·
y′′(t) � p2 Y (p)

���?�n�]�H�?¯�'�H�j�?�D�!¢J�¸¢J�D¥�¡,�H�'�H�'�'�=�]�
y′(t − 2) � e−2p p Y (p)

·
y(t − 4) � e−4p Y (p)

*|�¸�]±]�/�?¢_���]�
�'�?ª/´L°/�D¤��D�)�w´L�/�D¤]�'�H�'�'�=�]�

p2 Y (p) + 2p e−2p Y (p) + e−4p Y (p) =
1

p2

·/�D�]¥�¡|£%�=�]�

Y (p) =
1

p2 (p+ e−2p)2 =
1

p4

(

1 +
e−2p

p

)
−2

=
∞

∑

n=0

(−1)n (n+ 1)e−2p n

pn+4
.

Ñ ¡,�'�H�H�'�D�]�e�'�=¼P�H�'�'�m�
y(t) � Y (p)

�¸�]�e�'�j�o¤]�L£;�

y(t) =
∞

∑

n=0

(−1)n (n+ 1)(t− 2n)n+3

(n+ 3)!
1(t− 2n).

�Dõ



��­ G m¦ï*ð'Ô[ñDÕ*×� #ï*(ò(Á(*ï*ð'Ô[ñDÕ*×� #ï*"�(y& ( ü Ô[Õ*Ô[ï�
#(*×� #ï#( ôhÕ*×'$%ï*Ô[ï*(
�
���'�H�/�D�'�'�]�'�'�������)�=�]�J£�´��H�'�=¼P�'���H�o�'�'�Lª;�D©=�¸¢J�¸�'�=¼W�D¤��D�'�e�/�¸���'¥L�]�b�'���]�H©H�/�Cª%�/�´L�/�D¤]�'�H�'���|²m¦ï*ð'Ô[ñDÕ*×� #ï*"�ôhÕ*×'$%ï*Ô[ï*(*Ô �H�R�/�D�'�'°/��´L�/�D¤]�'�H�'�'�?·a¤­¥L�]�=�]�º�'�H��¢_¤]�H�A���/�?�D�º¬w´L�'¥'�'���

y(t)
�H�T�/�D�)�'�/�m�'�_£¸¢_�/�D¥��m�/�X�'���]�H©H�/�Cª;��²`�a�?µW�H�q¥Lª;�D�T�'���]�H©H�/�Cª%�'�¸´L�/�D¤]�'�H�'���¸�_�~ª%�'�'�H«L¯�'���]�X�'���]�H©H�/�Cª%�'��´L�/�D¤]�'�H�'���¦�D�e¤]�L£;�

a y(t) = f(t) + b

∫ t

0

k(t, τ) y(τ) dτ,

¥L�]���]�T�'�'�
a = 0

�H�Ã�/�D�'�'°/�?� ª%�'�'�H«'�'�W�'���]�H©H�/�Cª%�'�P´L�/�D¤]�'�H�'���m�/���Ã�?ª/�]�H�P�D�T��¡,�'¤]�m�'�_£,·?��'�'�
a 6= 0

ª%�'�'�H«'�'�x�'���]�H©H�/�Cª%�/�x´L�/�D¤]�'�H�'���x�/���Ã�?ª/�]�H�q�D�X¤D�]�]�'�x�'�_£,²�Òm´L�'¥'�'�'���]�
f(t)

�
k(t, τ)

�_��£;�C£%�H�'�|·
y(t)

�{�'�H��¢_¤]�H�=�]�/�?�D�m¬w´L�'¥'�'���|·
a, b

�_�X¥[�]�'�=�?�D���]�|²/Òm´L�'¥'�'�'�����D�
k(t, τ)�H�¸�/�D�'�'°/���L£%�'�'²o#T¥[�R�L£%�'�D�]�

k(t, τ)
¢J�D¤]�'�H���_�D�)�n�D�b�/�?¢=ª%�'¥L�?�?�

t − τ
·*�C² �D²

k(t, τ) =
k(t− τ)

·'�]�]©A�D¤��o�'���]�H©H�/�Cª/¡;�
∫ t

0

k(t− τ) y(τ) dτ = k(t) ∗ y(t)
�X¥[�]�'¤]�?ª%÷T�'���¦�/�o¬w´L�'¥'�'�'���]�

k(t)
�
y(t)

�!´L�/�D¤]�'�H�'�'�=�]�q�)�Jµo�T£;�o�H�X�'�=¼P���X�]�'�H�/�D�'�L¯�]�'�'���¦�)�=�]�_£,²¶w�H¥L�W��£;�C£%�H�'�o´L�/�D¤]�'�H�'�'�=�]�
a y(t) = f(t) + b

∫ t

0

k(t− τ) y(τ) dτ. ß ¨!%�à
¥�¡|£%�=�]�

a, b ² ®  <¯�°^±_· y(t)
�e�'�H��¢_¤]�H�=�]�/�?�D��¬w´L�'¥'�'���|·

f(t)
�
k(t)

�_�q£;�C£%�H�'��¬w´L�'¥'�'�'��]�'�'©H�'�/�Cª%�|²#¶w�H¥L�
f(t) � F (p)

·
k(t) � K(p)

�§�'�H¥��
y(t)

�e�'�=¼P�H�'�'�q�/� ß ¨<%�à ·h¥[�]�=�]��=¡ ¾ �Í�n�]�'�'©H�'�/�Cª,· y(t) � Y (p)
² ú �?�]���'�'�Lª%�Cµe�'� ¥�¡,��£%¤]�=�]�§�=�]�/�D�'� �/� ß ¨<%�à �'�'�A¯�]±]�/�?¢_�]¤��D�'�'�=�]�­�/�nÀm�D�Lª;�D���Â¤D¢_�H�)�H� �'�'�A£%¤D�L£ò�]�H�]�'�=��� � ø �/�z�Ã�]�'�Aª ¢J�b´L�)�'�JµW�H�'�'�=�]��'�?ª/´L°/�D¤��D�)�~�Aª%�A£%�'�D�]�x�]�'�H�/�?�]�]�'�'�e´L�/�D¤]�'�=�'�'�

a Y (p) = F (p) + bK(p)Y (p),�D�]¥�¡|£%�=�]�
Y (p) =

F (p)

a− bK(p)
.

���'�'©H�'�/�Cª/¡;�
y(t)

�/�W�'�?ª/´L°'�H�/�?�?�o¬w´L�'¥'�'���
Y (p)

·/�D¥[�W�=¡ ¾ �H�=�]¤D´�¤���·/�w�'�=¼P�H�'�'�X�/�X£;�C£%�A¯�'�D�]�o´L�/�D¤]�'�H�'�'� ß ¨<%�à�¦Õ*(*ÖwÔ[ÕÅ� �|GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@
y(t) = e−t +

∫ t

0

y(τ) sin(t− τ) dτ.

,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�
y(t) 
 Y (p)

² Ñ �]©A�D¤�� ∫ t

0
y(τ) sin(t− τ) dτ = y(t)∗ sin t 


Y (p)
p2+1

² ú �?�]��'�'�H�)�'�'�H�Á¥�¡,�Í��¢_�]±]�/�?µo�H�'���!¤W´L�/�D¤]�'�H�'�'�=���'·%�'�?ª/´L°/�D¤��D�)�
Y (p) = 1

p+1
+ Y (p)

p2+1

·/�D�]¥�¡|£%�=�]�
Y (p) = p2+1

p2 (p+1)
= (1−p2)+2p2

p2 (p+1)
= 1−p

p2 + 2
p+1

= 1
p2 − 1

p
+ 2

p+1

�
y(t) = t− 1 + 2 e−t

²
�?ø



�¦Õ*(*ÖwÔ[ÕÅ�/f GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@
y(t) = sin t+

∫ t

0

(t− τ) y(τ) dτ .

,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�
y(t) 
 Y (p)

² Ñ �]©A�D¤�� ∫ t

0
(t − τ) y(τ) dτ = t ∗ y(t) 


Y (p)
p2

² ú �?�]��'�'�H�)�'�'�H�Á¥�¡,�Í��¢_�]±]�/�?µo�H�'���|·'�'�?ª/´L°/�D¤��D�)�
Y (p) =

1

p2 + 1
+
Y (p)

p2
,

�D�]¥�¡|£%�=�]�
Y (p) = p2

(p2−1)(p2+1)
= 1

2

(

1
p2+1

+ 1
p2−1

) �
y(t) = 1

2
(sin t+ sh t)

²
�¦Õ*(*ÖwÔ[Õ � . GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@

t2 et =

∫ t

0

e2(t−τ) y(τ) dτ .

,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�
y(t) 
 Y (p)

² Ñ �D©=�D¤�� ∫ t

0
e2(t−τ) y(τ) dτ = e2t ∗ y(t) �

Y (p)
p−2

² ú �?�]��'�'�H�)�'�'�H�Á¥�¡,�Í��¢_�]±]�/�?µo�H�'���|·'�'�?ª/´L°/�D¤��D�)�
2!

(p− 1)3 =
Y (p)

p− 2
,

�D�]¥�¡|£%�=�]�
Y (p) = 2(p−2)

(p−1)3
= 2p

(p−1)3
− 4

(p−1)3

²;�T�
(t2 et)′ �

2p

(p−1)3

�'�j�D�)�
y(t) = 2t et − t2 et

²m¦ï*ð'Ô[ñDÕ*×� #ï*"�(y& ( ü Ô[Õ*Ô[ï�
*(*×� #ï*(�ôhÕ*×'$%ï*Ô[ï*(
� �H�{�/�D�'�'°/�?�X´L�/�D¤]�'�H�'�����?��·[¤X¥[�]���]�m�'�A¯��¢_¤]�H�=�]�/�?�D�!¬w´L�'¥'�'���
y(t)

�H�W�H�'� ¾ �¸¥��D¥��]�¸�'�J£b¢_�/�D¥L�¸�/�q�'���]�H©H�/�Cª;��·|�?�D¥L�¸�n�'�J£b¢_�/�D¥L��/�o���'¥[�J�¦�'�'�]��¢_¤D�J£%�/��²+*|�W���'¥[�]�¦�?�e�J�L¿ " �'�'�Lª%�Cµx�'�Í�]�'�H�/�D�'�'�]�'�'�����x�)�=�]�_£,²�¦Õ*(*ÖwÔ[Õ �hF/GQ¦ :=�o:=do:XO/N/do:H>p8[K_Z%N%@JÙk<CO%ij:k8;:=N/l/O/K_Z%N%@Jdo@oSH8[K]B?N%:=N/O%:
y′′(t) +

∫ t

0

sin(t− τ) (y′′(τ) + y(τ)) dτ = 2 cos t

\XN/KDÛLK_Z%N/OnS[\vZ;@CB?OLz
y(0) = y′(0) = 0

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥��

y(t) � Y (p)
² Ñ �]©A�D¤���·H¤D¢_�H�j�D«'¥'�~�'�'�A£%¤]�L£P�/�J°/�Cª%�'���]�)´��Aª%�]¤]���|·

y′′(t) �

p2 Y (p)
² î �j�D�)�x� ¾ � cos t �

p

p2+1

·
sin t �

1
p2+1

�­�=¡,©Eª;�D�H�'�R�]�H�]�'�H�j� � ø �/���Ã�]�'�Aª�¢J�´L�)�'�CµW�H�'�'�
∫ t

0

sin(t− τ) (y′′(τ) − y(τ)) dτ �
1

p2 + 1
[p2 Y (p) + Y (p)] = Y (p) .

ú �?�]�n�'�'�Lª%�Jµx�'�Ì�'�'�H�]±]�/�?¢_�]¤��D�'�'�=�]�b�/�¦Àm�D�Lª;�D�q¥�¡,��£;�C£%�H�'�?�]�n´L�/�D¤]�'�H�'�'�¸�'�?ª/´L°/�D¤��D�)��Aª%�A£%�'�D�]�x�]�'�H�/�?�]�]�'�'�e´L�/�D¤]�'�H�'�'�
p2 Y (p) + Y (p) =

2p

p2 + 1
,

�D�]¥�¡|£%�=�]�
Y (p) = 2p

(p2+1)2

²]���'�'©H�'�/�Cª/¡;�
y(t) = t sin t

�a�'�=¼P�H�'�'�9�/� £;�C£%�H�'�D�]��´L�/�D¤]�'�=�'�'�D·´J£%�]¤?ª%�=�]¤]�]���'¤�� ¾ �e�/�C°/�Cª%�'���]�~´]�Aª%�]¤]���|²���'�H�/�?�'�'�]�'�'�����e�)�=�]�_£��)�Jµo� £;�P�H���'�'�Lª%�Jµx�¸�¸¥�¡,�����'¥[�]�¸�H�'�=�]�H�)�¦�'���]�H©H�/�Cª%�'�¦�Lª%��'���]�H©H�/�Cª%�'�?¯p£%�'¬~�H�'�_�'�'�/�Cª%�'��´L�/�D¤]�'�H�'���|²
�]û



�¦Õ*(*ÖwÔ[Õ � - GQ¦ :=�o:=do:m\kZ;:=<CN/KDdWK¸\=O%\=do:vuwKxO/N/do:H>p8[K_Z%N/ORSH8[K]B?N%:=N/OLz
∣

∣

∣

∣

∣

∣

x(t) = et +
∫ t

0
x(τ) dτ −

∫ t

0
et−τ y(τ) dτ

y(t) = −t−
∫ t

0
(t− τ)x(τ)dτ +

∫ t

0
y(τ) dτ

,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�
x(t) � X(p)

·
y(t) � Y (p)

² ú �?�]�q�'�'�Lª%�Jµx�'� �'�'�H�]±]�/�?¢_�]¤��D�'�'�=�]�!�/�Àm�D�Lª;�D�W¥�¡,�Á£;�C£%�H�/�?�?�!�H�'�=�]�H�j�!�b¤D¢_�H�)�H� �'�'�A£%¤]�L£��]�=�]�'�H�j� � ø ¢J�q´L�)�'�JµW�H�'�'�D·h�'�?ª/´L°/�C¯¤��D�)�~�Aª%�A£%�/�?�?�e�]�'�H�/�?�]�]�'�/�o�H�'�=�]�H�j�
∣

∣

∣

∣

∣

∣

X(p) = 1
p−1

+ X(p)
p

− Y (p)
p−1

Y (p) = − 1
p2 − X(p)

p2 + Y (p)
p
,

�D�]¥�¡|£%�=�]�q�/�D�)�'�/�D�)�
X(p) = 1

p−2

�
Y (p) = − 1

p (p−2)

²¹���'�'©H�'�/�Cª%���]�
x(t) = e2t

�
y(t) =

1
2
− 1

2
e2t

£;�D¤��?�e�'�=¼P�H�'�'�=���x�/�P£;�C£%�H�/�?�?�o�H�'�=�]�H�j��²
�¦Õ*(*ÖwÔ[Õ � U G g Kq\H:98;:=�WOn\vZ;:=<CN/KDdWKq\=O%\=do:yuwKeO/N/do:H>p8[K_Z%N%@JÙk<CO%ij:k8;:=N/l/O/K_Z%N/ObSH8[K]B?N%:=N/OLz

∣

∣

∣

∣

∣

∣

2x′(t) + x(t) − 2y(t) +
∫ t

0
(1 + t− τ) y(τ) dτ = 0

x′(t) − y′(t) + x(t) +
∫ t

0
et−τ x(τ) dτ = 0

\XN/KDÛLK_Z%N/OnS[\vZ;@CB?OLz
x(0) = 0

�
y(0) = 1

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�

x(t) � X(p)
·
y(t) � Y (p)

²]³w�'�P£;�C£%�H�'���]� �/�C°/�Jª%�'�W´��Aª%�]¤]���
x′(t) �

pX(p)
·
y′(t) � p Y (p) − 1

²%�T�e�]�=�]�'�H�j� � ø ¢J�W´L�)�'�JµW�H�'�'�=�]�x�'�j�D�)�
∫ t

0
(1 + t− τ) y(τ) dτ = (1 + t) ∗ y(t) �

(

1
p

+ 1
p2

)

Y (p),

∫ t

0
et−τ x(τ) dτ = et ∗ x(t) �

1
p−1

X(p).

ú �?�]� �'�'�Lª%�Jµx�'�Ð�'�'�H�]±]�/�?¢_�]¤��D�'�'�=�]�ò�/�ÂÀm�D�Lª;�D�­¥�¡,� £;�C£%�=�/�?�D� �H�'�=�]�H�j��·��'�?ª/´L°/�D¤��D�)��Aª%�A£%�/�?�?�x�]�'�H�/�C�]�]�'�/�e�H�'�H�=�]�H�j�
∣

∣

∣

∣

∣

∣

2pX(p) +X(p) − 2Y (p) +
(

1
p

+ 1
p2

)

Y (p) = 0

pX(p) − p Y (p) + 1 +X(p) + 1
p−1

X(p) = 0,

�D�]¥�¡|£%�=�]�
X(p) = 1

p2

�
Y (p) = 1

p−1

²����'�'©H�'�/�Cª%���]�
x(t) = t

·
y(t) = et

£;�D¤��?�m�'�=¼P�H�'�'�=����/�P£;�C£%�H�/�?�?�o�H�'�=�]�H�j��²
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­ Go³ ×/ÿ]ð'ï*(Í& ( ü Ô[Õ*Ô[ï�
*(*×� #ï*( ôhÕ*×'$%ï*Ô[ï*(
�
���'�H�/�?�'�'�]�'�'�����o�)�=�]�J£¦���'�'�Lª%�Jµx�'�º�q¢J�m���'¥[�]�¸°/�D�=�]�'�x£%�'¬~�H�'�H�'�'�/�Cª%�'�!´L�/�D¤]�'�H�'���|²¶~�D«L¯k�/�D�'�'�A£��/�?¢_©Eª%�=µo£;�D�)��¢J�C£;�J°/�?�?�P¢J�P�]�'�H���]�H�/�=���e�/�P�=�]��´L�/�

0 < x < l
�=¡,��¢J�D¥'�'�H�'�H�'�¥'�/�D� ¾ ��·�¥L�?�]�P�H�T�'�'�A£%�'�?ª;�D©A��·�°'�T�/�J°/�Cª%�'���]�w�H¥[�]�'�]�=�]�¸�/�X�]�]°'¥'���]���/�m�=�]��´L�/�?�D�P�q�/�J°/�Cª'¯�'�D�]�R�D�]¥Lª%�]�'�H�'�'�x�_�¦¢_�C£;�C£%�H�'�|²r*|�C£;�J°/�?�?�¦�H�e�'�]�=�D�D¤D���'�?¯k�Aª%�A£%�'���­�/�J°'�'�|Äh£;�!�H�x�/�D�)�H�'��'�=¼P�H�'�'�

u(x, t)
�/�P´L�/�D¤]�'�H�'�'�=���

∂2u

∂ t2
= a2 ∂

2u

∂ x2
, 0 < x < l, t > 0 ß ¨��Cà

�P��´Jª%�H¤]�n©H�/�D�'�'°'�'�n´]�Aª%�]¤]���
u(0, t) = u(l, t) = 0

��£;�C£%�H�'�n�/�J°/�Cª%�'�R´]�Aª%�]¤]���
u(x, 0) =

u0(x)
· ∂ u(x,0)

∂ t
= u1(x)

²*|��¬w´L�'¥'�'�'���]�
u0(x)

�
u1(x)

�H� �'�'�A£%�'�?ª;�D©A��·�°'� �_�T£%�]�=�?�?�D¡�°'�'�X©Eª;�C£%¥'�e�W´J£%�]¤?ª%�=�]¤]�?¯�[�'¤��?�m���'¥L�]�o£%�]��¡|ª%�'���]�Aª%�'�¸´]�Aª%�]¤]���q¤m¥'�/�D� ¾ �?�?�P�/�X�D�]�H�H°'¥��?�?� [0, l]
·L¥L�]���]�P�]�H�'©=´L���'¤D����=¡ ¾ �H�=�]¤D´L¤��D�'�H�]�q�/�m£%�]�=�?�?�D¡�°'�'�x©Eª;�C£%¥L�o�'�=¼P�H�'�'�m�/�o©=�]�'�/�?�D�W¢J�C£;�J°/��²¶w�H¥L�

u(x, t)
�e�'�=¼P�H�'�'�q�/� ß ¨��Cà ·|´J£%�]¤?ª%�=�]¤]�]���'¤�� ¾ �¦£;�C£%�H�'���]�q©H�/�D�'�'°'�'�­���/�J°/�Cª%�'�´��Aª%�D¤]�������'�H¥L�
u(x, t)

· ∂ u(x,t)
∂ x

· ∂2 u(x,t)
∂ x2

·%�/�?¢_©Eª%�=µo£;�D�'��¥��?�]�x¬w´L�'¥'�'�'���/�
t
·%�_�e�]�'�'©H�'�/�J¯ª%�|² Ñ �]©=�D¤��¸�/�¦�]�'�'©H�'�/�Cª;�

u(x, t) ¾ �x�=¡¹�D�]¤]�=�]�=��¤�����¢_�]±]�/�?µW�H�'�'�D·,�'¤D�'¤�� ¾ �¦�H�x¬�´L�'¥'�'����/�
x
�
p
·h�C²,�D²

u(x, t) � U(x, p)
·h¥�¡|£%�=�]�

U(x, p) =
∫ ∞

0
u(x, t) e−p t dt

²*�T�¦�]�H�]�'�H�j�
9¢J�w£%�'¬~�H�'�H�'�'�'�/�D�'���'�X�/�D�/�D�)�=�D¡,�|·L�'�'�A£%�'�?ª;�D©A�D«'¥'�|·L°'�{�)�CµW�H�b£;�~�H�)�H�'�'�º�'�A£;�X�/�w£%�'¬~�A¯�'�H�'�'�'�/�D�'�X�¦�'���]�H©H�'�'�/�D�'�m¤o�'���]�H©H�/�Cª;�x�/�PÀm�D�Lª;�D�D·/�'�?ª/´L°/�D¤��D�)�

∂ u(x, t)

∂ x
�

∂

∂ x

∫ ∞

0

u(x, t) e−p tdt =

∫ ∞

0

∂ u(x, t)

∂ x
e−p t dt =

dU(x, p)

dx
, ß ¨�Æ]à

∂2u(x, t)

∂ x2
�

∂2

∂ x2

∫ ∞

0

u(x, t) e−p tdt =

∫ ∞

0

∂2u(x, t)

∂ x2
e−p t dt =

d2U(x, p)

dx2
. ß ¨ õ à

�T�o�]�H�]�'�H�j� ø ¢J�m£%�'¬~�H�'�H�'�'�'�/�D�'�m�/�W�]�'�'©H�'�/�Cª,·/¤D¢_�H�j�D«'¥'�¦�'�'�A£%¤]�L£R�/�J°/�Cª%�'���]�~´]�Aª%�]¤]���|·�/�D�)�'�/�D�)�
∂ u(x, t)

∂ t
� pU(x, p) − u(x, 0) = pU(x, p) − u0(x). ß ¨ ø à

∂2u(x, t)

∂ t2
� p2 U(x, p) − p u(x, 0) − ∂ u(x, 0)

∂ t
= p2 U(x, p) − p u0(x) − u1(x) . ß ¨ û à��´L�/�D¤]�'�H�'�'�=��� ß ¨��Cà �'�'�H�)�'�/�D¤��D�)�o¥�¡,� �]±]�/�?¢_�|² ú �?�]�¦¤D¢H�H�)�H���'�'�r£%¤]�L£ ß ¨ õ à � ß ¨ û à ·¹�'�?¯ª/´L°/�D¤��D�)�w´L�/�D¤]�'�H�'�'�=�]�

a2d
2U

dx2
− p2 U(x, p) + p u0(x) + u1(x) = 0 . ß ¨<��à

�T�e©H�/�D�'�'°'�'���]�X´]�Aª%�]¤]���!¢J�
u(x, t)

�'�j�D�)�
U(0, p) = U(l, p) = 0. ß ¨ � à

#T¥L�
U(x, p)

�e�'�=¼P�H�'�'�¸�/�!¢J�C£;�J°/�?�D� ß ¨!��à · ß ¨ � à ·h�]�R�]�'�'©H�'�/�Cª/¡;� u(x, t)
·,�=¡¹�D�]¤]�=�]�=��¤�� ¾�/�

U(x, p)
·/�~�'�=¼P�H�'�'�m�/�m£;�C£%�H�/�?�?�o¢J�C£;�J°/��²
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�¦Õ*(*ÖwÔ[Õ � 0 GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@
∂2u

∂ t2
=
∂2u

∂ x2
, 0 < x < 1, t > 0

\aN/SCZ;:HB?Ox>p8[KDN/O/ÛLN/OeS[\vZ;@CB?OLz
u(0, t) = u(1, t) = 0

Ox\vZ;:=<CN/O/do:aN/KDÛLK_Z%N/OeS[\vZ;@CB?O[z
u(x, 0) =

sinπ x
� ∂ u(x,0)

∂ t
= 0

^
,�Ô$-§Ô[ï*(*Ô�. JÃ�H©A�o´L�/�D¤]�'�H�'�'�A��� ß ¨<��à ¤o�]±]�/�?¢_�¦�'�j�W¤]�L£;�

d2U

dx2
− p2 U = −p sinπ x . ß ¨ � à

Ñ ¡,�'�H�'���'�=¼P�H�'�'�
U(x, p)

�/�!�]�]¤��¸ª%�'�'�H«'�'�¦£%�'¬~�H�'�H�'�'�/�Cª%�'�R´L�/�D¤]�'�H�'�'�x�D�R¤D�]�]�'���'�A£,·´J£%�]¤?ª%�=�]¤]�]���'¤�� ¾ �o´]�Aª%�]¤]�����D� ß ¨ � à �'�'� l = 1
²%¶~�

p
©Eª%�A£;�D�)�~¥��?�]�o�/�D�/�D�)�=�D¡,�|² Ñ �o�)�JµW�£;�o�H�~�/�D�)�H�'�¦�Lª%�¦�'�e¥Lª;�D�H�'°'�H�=¥'���R�/�J°'�'�|·/�Lª%�¦�~�]�'�H�/�D�'�'�]�'�'���¦�)�=�]�J£,²#T¥[�P�'�=¼P�'��´L�/�D¤D�'�H�'�'�=���

(98)
�'�P¥Lª;�D�H�'°'�H�H¥'���!�/�J°'�'�|·L¢J�m�]± ¾ �D�]�P� ´x�'�=¼P�H�'�'�w�'�?ª/´�¯°/�D¤��D�)�

U(x, p) = C1 e
p x + C2 e

−p x +
p

π2 + p2
sinπ x.

�T�e©H�/�D�'�'°'�'���]�X´]�Aª%�]¤]���
U(0, p) = U(1, p) = 0

�/�D�)�'�/�D�)�
C1 = C2 = 0

²+J)ª%�A£%�]¤��?�]�Aª%�'�
U(x, p) =

p

π2 + p2
sin π x

�
u(x, t) = cos π t sinπ x.

�¦Õ*(*ÖwÔ[Õ �%t|GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@
∂2u

∂ t2
=
∂2u

∂ x2
, 0 < x < 1, t > 0

\¦>p8[KDN/O/ÛLN/OÂS[\kZ;@CB?OLz
u(0, t) = 0

� ∂ u(1,t)
∂ x

= sin t
OÂN/SCZ;:HB?OÂN/KDÛLK_Z%N/OÂS[\vZ;@JB?OLz

u(x, 0) =
∂ u(x,0)

∂ t
= 0

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�

u(x, t) � U(x, p)
² Ñ �]©A�D¤�� ∂2u(x,t)

∂ t2
� p2 U(x, p) − p u(x, 0) − ∂ u(x,0)

∂ t
=

p2 U(x, p)
² î �j�D�)�¦� ¾ � ∂ u(x,t)

∂ x
�

dU(x,p)
dx

� ∂2 u(x,t)
∂ x2 �

d2 U(x,p)
dx2

² ú �?�]���'�'�H�)�'�'�H� ¥�¡,��]±]�/�?¢_�¦¤P£;�C£%�H�'�D�]�o´L�/�D¤]�'�H�'�'�X�¦¤o©H�/�D�'�'°'�'���]�X´]�Aª%�]¤]���|·%�'�?ª/´L°/�D¤]�D�)�
d2 U

dx2
= p2 U, U(0, p) = 0,

dU(1, p)

dx
=

1

p2 + 1
.

��± ¾ �D�]�R�'�=¼P�H�'�'�q�/���'�?ª/´L°'�H�'�D�]��ª%�'�'�H«'�'�¦£%�'¬~�H�'�H�'�'�/�Cª%�'�R´L�/�D¤]�'�H�'�'�q�D��¤D�]�]�'�­�'�A£��
U(x, p) = C1 e

p x + C2 e
−p x

²h�T�
U(0, p) = C1 + C2 = 0

�Aª%�A£%¤��
C2 = −C1

�
U(x, p) =

2C1sh p x
²;�T� dU(1,p)

dx
= 2C1 p ch p = 1

p2+1

�'�j�D�)�
C1 = 1

2p(p2+1)ch p

² Ñ �D¥L�W�'�?ª/´L°/�D¤��D�)�

U(x, p) =
sh p x

p(p2 + 1)ch p
.

�!�



*|�o�/�D�)�'�/�D�'�~�/�e�]�'�'©H�'�/�Cª;�
u(x, t)

�/�
U(x, p) ¾ �X��¢_�'�?ª/¢H´L¤��D�)�X¬~�]�'� ´Jª;�?�?� ß��?ø à ²%¶w�=¥��

G(x, p) = U(x, p) ep t
² Ñ ���'�j�¦�'�?ª%÷T�H�­¤��]�]°'¥'���]� ± i

� ± ipk

·,¥�¡|£%�=�]�
pk = (k − 1

2
)π
·

k = 1, 2, . . .
²��Ã�H�'°'¥'���'�?ª%÷T�H�¦�_�W�'�'�]�=�]�|² î �j�D�)�

u(x, t) = Res (G(x, p); i)+Res (G(x, p);−i)+
∞

∑

k=1

(

Res (G(x, p); ipk)+Res (G(x, p);−ipk)
)

.

*|�W�'�=¢_�L£/´[´L�)�'�]�m�/�D�)�'�/�D�)�DÄ
Res (G(x, p); i) =

ep t sh p x

p ch p

2p

∣

∣

∣

∣

∣

∣

∣

∣

p=i

= − i e
i t sinx

2 cos 1

�

Res (G(x, p);−i) =

ep t sh p x

p ch p

2p

∣

∣

∣

∣

∣

∣

∣

∣

p=−i

=
i e−i t sinx

2 cos 1

�

Res (G(x, p); ipk) =

ep t sh p x

p (p2 + 1)

sh p

∣

∣

∣

∣

∣

∣

∣

∣

p=ipk

= (−1)k+1 i e
i pk t sin pk x

pk(pk
2 − 1)

�

Res (G(x, p);−ipk) =

ep t sh p x

p (p2 + 1)

sh p

∣

∣

∣

∣

∣

∣

∣

∣

p=−ipk

= (−1)k i e
−ipk t sin pk x

pk(p2
k − 1)

�
*|�P�'�=¼P�H�'�'�H�]�

u(x, t)
�'�?ª/´L°/�D¤��D�)�

u(x, t) =
sinx sin t

cos 1
+ 2

∞
∑

k=1

(−1)k+1 sin pk x sin pk t

pk(p2
k − 1)

.

JÃ�H©A�X�/�?¢_©Eª%�=µo£;�D�)� ´L�/�D¤]�'�H�'�'�=�]�P�/�w�]�]�Lª%�]�'�'�]¤]�_£%�'�)�]�=�D�D��² Ñ ¡,�'�H�'�§�/�?¢_�'�'�A£%�Aª%�_�'�'�=����/�m�]�]�Lª%�'�/�?�?�W¤W�'�?ª/´L±]�=¢_¥'�/�D�H�¸�D¡,��¡,¥x¿��]�)�]©H�H�'�H�¦�'��¡;�
0 < x <∞ �'�'�!�'�'�A£%�'�?ª%�JµW�H�'�'�D·°'�o�/�J°/�Cª%�/�?�D�q�]�H�)�'�H�/�?�]´L�/�¦�/�!�'��¡;�?�!�o�/�D¤]�/�¸�/�¸��´_ª;��·,�¸�/�qª%�H¤]���b¥'�/�D«§�H�o�'�_£'£/¡,��µe�¢J�C£;�C£%�H�Í�]�H�)�'�H�/�?�D´��'�H�Á�'�=µx�'�9²�*|�C£;�J°/�?�?�b�H�!�'�]�=�?�D¤D�Í�?�D¥L��Ä#£;�b�H�!�/�D�)�H�'�Â�]©H�/�D�'�'°'�H�'��'�=¼P�H�'�'�

u(x, t)
�/�P´L�/�D¤]�'�H�'�'�=���

∂ u

∂ t
= a2 ∂

2u

∂ x2
, x > 0, t > 0 ß ¨]¨�à�'�'�¦�Aª%�A£%�'���]�X´��Aª%�]¤D���

u(x, 0) = 0, u(0, t) = f(t). ß �&%<%�à¶w�H¥L�
f(t)

�P�]�'�'©H�'�/�Cª��
f(t) � F (p)

·
u(x, t) � U(x, p)

² Ñ �]©A�D¤���·;¤D¢_�H�j�D«'¥'�b�'�'�A£%¤]�L£��¡,�'¤]�D�]�e´]�Aª%�]¤]�'�X�D� ß �&%<%�à ·/�'�j�D�)� ∂ u
∂ t

� pU
²¹���H¤]�H�¦�]�]¤��

∂2u
∂ x2 �

d2U
dx2

² ú �?�]�e�'�'�H�)�'�'�H�¤ ß ¨]¨�à � ß �&%<%�à ¥�¡,�Í�]±]�/�?¢_�|·/�'�?ª/´L°/�D¤��D�)�~�Aª%�A£%�/�?�?�o¢J�C£;�J°/��Ä
d2U

dx2
− p

a2
U = 0, U(0, p) = F (p), |U(x, p)| <∞ . ß �&%��Cà

� ¨



��± ¾ �D�]�e�'�=¼P�H�'�'�m�/�W�'�?ª/´L°'�H�'�D�]�oª%�'�'�H«'�'�o£%�'¬~�H�'�H�'�'�/�Cª%�'�e´L�/�D¤]�'�H�'�'�X�
U(x, p) = C1 e

√
p

a
x + C2 e

−
√

p

a
x
² �T��´]�Aª%�]¤]�'�=�]� |U(x, p)| < ∞ �Aª%�A£%¤��

C1 = 0
·9�º�D�´��Aª%�D¤]�'�=�]�

U(0, p) = F (p)
�Aª%�A£%¤��

C2 = F (p)
² Ñ �D¥��P�'�?ª/´L°/�D¤��D�)�D·/°'�

U(x, p) = F (p) e−
√

p

a
x

� �'�=¼P�H�'�'�T�/��¢J�C£;�C°/� ß �&%��Cà ²$*|�T£;�w�/�D�)�H�'�'�­�]�'�'©H�'�/�Cª;� u(x, t) �'�'�A£%�=�?�D¤D�'�)� U(x, t)
¤D¡,¤¤]�L£;�

U(x, p) = pF (p) 1
p
e−

√
p

a
x
²`�ò�/�?¢=£%�Aª � �'�]¥L�?¢J�C¿��)� ß �'�'�'�)�H� ���Jà ·'°'�

1

p
e−a

√
p

� Erf
( a

2
√
t

)

=
2√
π

∫ ∞

a

2
√

t

e−τ2

dτ,

�D�]¥�¡|£%�=�]�x�'�?ª/´L°/�D¤��D�)�
1

p
e−

√
p

a
x

�
2√
π

∫ ∞

x

2a
√

t

e−τ2

dτ = G(x, t) .

�T�e¬~�]�'� ´Jª;�?�?� ßöø %�à �/�P½m÷��D�)�AªR�'�j�D�)�
U(x, p) �

∫ t

0

f(τ)
∂

∂ t
G(x, t− τ) dτ = u(x, t) .

Ñ ¡,«!¥L�?�]�
∂

∂ t
G(x, t− τ) =

x

2a
√
π

(t− τ)−
3
2 e

− x2

4a2(t−τ) ,�]�
u(x, t) =

x

2a
√
π

∫ t

0

f(τ)

(t− τ)
3
2

e
− x2

4a2(t−τ) dτ .

#T¥L�o�'�?ª%�Jµx�'�
ξ = x

2a
√

t−τ

¢J�o�'�=¼P�H�'�'�=���
u(x, t)

�'�?ª/´L°/�D¤��D�)�

u(x, t) =
2√
π

∫ ∞

x

2a
√

t

f(t− x2

4a2 ξ2
) e−ξ2

dξ .

0¸þ*Õ*×	1ºï*Ô[ï*(
�
l*�=¼P�=�]�m�Aª%�A£%�'���]�X´L�/�D¤]�'�H�'���|Ä

2 ×L& ×$3*×�-;� G
y′′ + y′ − 2y = 0

�
y(0) = 1

�
y′(0) = 4

^
= ð'ñ G

y(t) = 2 et − e−2t ß Y (p) = p+5
(p−1)(p+2)

= 2
p−1

− 1
p+2

à ²
2 ×L& ×$3*×�- �|G

yIV + 2 y′′ + y = sin t
�
y(0) = y′(0) = 0

^
= ð'ñ G

y(t) = 3
8

sin t− 3
8
t cos t− 1

8
t2 sin t ß Y (p) = 1

(p2+1)3
à ²

2 ×L& ×$3*×�-%f G
yV I − y = 0

�
y(0) = 1

�
y(k)(0) = 0

�
k = 1, 2, 3, 4, 5

^
� %



= ð'ñ G
y(t) = 1+ t6

6!
+ . . .+ t6n

(6n)!
+ . . . (Y (p) = p5

p6−1
= 1

p
1

1− 1
p6

= 1
p
+ 1

p7 + . . .+ 1
p6n+1 + . . .

à ²
2 ×L& ×$3*×�U/. G

y′′ + y = t
�
y(0) = y′(0) = 1

^
= ð'ñ G

y(t) = t+ cos t (Y (p) = 1+p2+p3

p2(p2+1)
= 1

p2 + p

p2+1
)
²

2 ×L& ×$3*×�U F/G
y′′ + 3y′ + 2y = 2t+ 5

�
y(0) = y′(0) = 1

^
= ð'ñ G

y(t) = 1 + t
(

Y (p) = 2
p2(p+2)(p+1)

+ 5
p(p+2)(p+1)

+ 4
(p+2)(p+1)

+ p

(p+2)(p+1)

) ²
2 ×L& ×$3*×�U%- G

y′′ + 4y = 8 sin 2t
�
y(0) = C1

�
y′(0) = C2

^
= ð'ñ G

y(t) = C1 cos 2t + C2

2
sin 2t + sin 2t − 2t cos 2t (Y (p) = 16

(p2+4)2
+ C1 p

p2+4
+ C2

p2+4
)
²0¸þ�� ð'$%×'ï*Ô G ���'�'©H�'�/�Cª/¡;���/� 16

(p2+4)2

�)�JµW� £;�{�H�Ã�/�D�)�H�'�P¥L�?�]�T�H�Ã��¢_�'�?ª/¢H´L¤��?��¬~�]�'� ´Jª%���]�
4 p

(p2+4)2
� t sin 2t

� 1
p

� 1
�!�]�H�]�'�H�j�?�?�o¢J�W´L�)�'�JµW�H�'�'�D² î �j�D�)�

16

(p2 + 4)2 =
4

p
.

4p

(p2 + 4)2 � 4 ∗ t sin 2t = 4

∫ t

0

τ sin 2τ dτ = sin 2t− 2t cos 2t .

2 ×L& ×$3*×�U%U G
y′′ + 2y′ + y = 2 e1−t1(t− 1)

�
y(0) = y′(0) = 0

^
= ð'ñ G

y(t) = (t− 1)2
e1−t 1(t− 1)

(

Y (p) = 2 e−p

(p+1)3

) ²
2 ×L& ×$3*×�U'0 G

y′′ − y = f(t)
�
y(0) = y′(0) = 0

�a�[�C<?:=do@x>p8[K]i)O/��KDdWKqN/K
f(t)

:m<CKD<?:=N/K¸N/Ki)O%>=^´�;��^
= ð'ñ G

y(t) = ch t− 1− 1
a
1(t− a) [sh (t− a)− (t− a)] + 1

a
1(t− 2a) [sh (t− 2a)− (t− 2a)]

²
2 ×L& ×$3*×�U t|G

y′′ + 2y′ + y = f(t)
�
y(0) = y′(0) = 0

���[�C<?:=do@
f(t) =







0, t < 0
1, 0 < t < 2
3, t > 2.

= ð'ñ G
y(t) = 1 − e−t − t e−t + 2

(

1 − e−(t−2) − (t− 2) e−(t−2)
)

1(t− 2)
²

2 ×L& ×$3*×�U �|G
t y′′ − t y′ − y = 0

�
y(0) = 0

^
= ð'ñ G

y(t) = C t et
²

2 ×L& ×$3*×�U;� G
t y′′ + t y′ − y = 0

�
y(0) = 0

^
= ð'ñ G

y(t) = C t
²

2 ×L& ×$3*×�U �|G
t y′′ − (t− 1) y′ + y = 0

�
y(0) = 1

^
= ð'ñ G

y(t) = 1 − t
²

2 ×L& ×$3*×�U%f G
t y′′ − (t+ 1) y′ + 2(1 − t) y = 0

^
= ð'ñ G

y(t) = (C + y(0)) e2t − C(3t+ 1) e−t
²
� �



2 ×L& ×$3*×­0;. G
t y′′ + (t+ 1) y′ = e−t

^
= ð'ñ G

y(t) = C + 1 − e−t
²

2 ×L& ×$3*×­0 F/G
y′(t) = y(t− 1) + 1

�
y(0) = 0

^
= ð'ñ G

y(t) =
∞

∑

0

(t− n)n+1

(n+ 1)!
1(t− n)

²
2 ×L& ×$3*×­0¹- G

y′′(t) − 2y′(t− 1) + y(t− 2) = 1
�
y(0) = y′(0) = 0

^
= ð'ñ G

y(t) =
∞

∑

0

(n+ 1)(t− n)n+2

(n+ 2)!
1(t− n)

2 ×L& ×$3*×­0¹U GQ¦ :=�o:=do:m\XY%@su~@J�WdWKqN/Kxij@E8[uwSCZ%KDdWK
(86)

SH8[K]B?N%:=N/O%:=do@
y′′ + 4y′ + 3y = 2t e−t

�
y(0) = 1

�
y′(0) = 2

^
= ð'ñ G

y(t) = 11
4
e−t − 1

2
t e− t + 1

2
t2 e− t − 7

4
e−3 t

²l*�=¼P�=�]�m�Aª%�A£%�'���]�m�'���]�H©H�/�Cª%�'�����X´L�/�D¤]�'�H�'���|Ä
2 ×L& ×$3*×­0%0 G

∫ t

0

et−τ y(τ) dτ = t .

= ð'ñ G
y(t) = 1 − t ß Y (p) = p−1

p2

à ²
2 ×L& ×$3*×­0 t|G

∫ t

0

sh(t− τ) y(τ) dτ = 1 − cos t .

= ð'ñ G
y(t) = 2 cos t− 1 ß Y (p) = p2−1

p(p2+1)

à ²
2 ×L& ×$3*×­0 �|G

y(t) = et +

∫ t

0

et−τ y(τ) dτ .

= ð'ñ G
y(t) = e2t ß Y (p) = 1

p−2

à ²
2 ×L& ×$3*×­0|� G

6 y(t) = 2t3 +

∫ t

0

(t− τ)3
y(τ) dτ .

= ð'ñ G
y(t) = − sin t+ sh t ß Y (p) = 2

p4−1

à ²
2 ×L& ×$3*×­0 �|G

y(t) = ch t−
∫ t

0
e−3(t−τ) y(τ) dτ

^
= ð'ñ G

y(t) = 2
5
et + 1

3
e−t + 4

15
e−4t

· (

Y (p) = p(p+3)
(p+4)(p2−1)

) ²
2 ×L& ×$3*×­0¹f G

y(t) = t+ 2
∫ t

0
(t− τ − sin(t− τ)) y(τ) dτ

^
� Æ



= ð'ñ G
y(t) = 1

3
et − 1

3
e−t + 1

3
√

2
sin

√
2 t
· (

Y (p) = p2+1
(p2+2)(p2−1)

) ²l*�=¼P�=�]�m�Aª%�A£%�'���]�m�'���]�H©H�/�Cª%�'�?¯p£%�'¬~�H�'�_�'�'�/�Cª%�'��´L�/�D¤]�'�H�'���|Ä
2 ×L& ×$3*× t . G

y′(t) = 3 cos t+
∫ t

0
cos(t− τ) y(τ) dτ

�
y(0) = 5

^
= ð'ñ G

y(t) = 5
2
t2 + 3t+ 5

²
2 ×L& ×$3*× thF/G

y′(t) − y(t) +
∫ t

0
sin(t− τ) y(τ) dτ = 1 − sin t

�
y(0) = 0

^
= ð'ñ G

y(t) = t
²

2 ×L& ×$3*× t - G
y′′(t) − 2

∫ t

0
e−(t−τ) y(τ) dτ = 0

�
y(0) = 1, y′(0) = 0

^
= ð'ñ G

y(t) = 2
5
et + 1

5
e−t sin t+ 3

5
e−t cos t)

· (

Y (p) = p(p+1)
p3+p2−2

) ²l*�=¼P�=�]�m�Aª%�A£%�'���]�m�H�'�=�]�H�)�|Ä
2 ×L& ×$3*× t U G ∣

∣

∣

∣

x′ = 5y − 3x
y′ = y − x, x(0) = 1, y(0) = 1.= ð'ñ G

x(t) = e−t (2 cos t+ sin t)
·
y(t) = e−t cos t

(

X(p) = 2(p+1)+1

(p+1)2+1

·
Y (p) = p+1

(p+1)2+1

) ²
2 ×L& ×$3*× t 0 G ∣

∣

∣

∣

x′ + 3x+ y = 0
y′ − x+ y = 0, x(0) = 1, y(0) = 1.= ð'ñ G

x(t) = e−2t (1 − 2t)
·
y(t) = e−2t (1 + 2t)

(

X(p) = p

(p+2)2

·
Y (p) = p+4

(p+2)2

) ²
Y (p) = p+1

(p+1)2+1

) ²
2 ×L& ×$3*× t%t|G ∣

∣

∣

∣

x′′ + x′ + y′′ − y = et

x′ + 2x− y′ + y = e−t, x(0) = y(0) = y′(0) = 0, x′(0) = 1.= ð'ñ G
x(t) = 1

4
sh t+ 3

4
t e−t

·
y(t) = 3

4
t sh t

(

X(p) = 2p−1

2(p+1)2(p−1)

·
Y (p) = 3p

2(p2−1)2

) ²
2 ×L& ×$3*× t%�|G ∣

∣

∣

∣

x′ − 2x− 4y = cos t
y′ + x+ 2y = sin t, x(0) = y(0) = 0.

= ð'ñ G
x(t) = 4t+ 2 − 2 cos t− 3 sin t

·
y(t) = −2t+ 2 sin t ß X(p) = p2+2p+4

p2 (p2+1)

·
Y (p) = − 2

p2 (p2+1)

à ²
2 ×L& ×$3*× t � G ∣

∣

∣

∣

∣

∣

x′ = y + z

y′ = z + x

z′ = x+ y, x(0) = 1, y(0) = z(0) = 0.= ð'ñ G
x(t) = 2

3
e−t + 1

3
e2t
·
y(t) = z(t) = 1

3
e2t − 1

3
e−t ß X(p) = p−1

(p+1) (p−2)

·
Y (p) = 1

(p+1) (p−2)

·
Z(p) = 1

(p+1) (p−2)

à ²
�]õ



2 ×L& ×$3*× t%�|G ∣

∣

∣

∣

∣

∣

x(t) = et +
∫ t

0
x(τ) dτ −

∫ t

0
et−τ y(τ) dτ

y(t) = −t−
∫ t

0
(t− τ)x(τ) dτ +

∫ t

0
y(τ) dτ .= ð'ñ G

x(t) = e2t
·
y(t) = 1

2
− 1

2
e2t
²

2 ×L& ×$3*× t f G ∣

∣

∣

∣

∣

∣

x(t) = 2 −
∫ t

0
(t− τ)x(τ) dτ − 4

∫ t

0
y(τ) dτ

y(t) = 1 −
∫ t

0
x(τ) dτ −

∫ t

0
(t− τ) y(τ) dτ .

= ð'ñ G
x(t) = 2 e−t (1 − t)

·
y(t) = (1 − t) e−t

²
2 ×L& ×$3*× � . G ∣

∣

∣

∣

∣

∣

2x′(t) + x(t) − 2y(t) +
∫ t

0
(1 + t− τ) y(τ) dτ = 0

x′(t) − y′(t) + x(t) +
∫ t

0
et−τ x(τ) dτ = 0, x(0) = 0, y(0) = 1 .= ð'ñ G

x(t) = t
·
y(t) = et

²
2 ×L& ×$3*× �hF/GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@

∂2 u(x, t)

∂ t2
= a2 ∂

2 u(x, t)

∂ x2
, t > 0, 0 < x < l

\H�?\P\kZ;:=<CN/O/do:m>p8[KDN/O/ÛLN/OnORN/KDÛLK_Z%N/OnS[\vZ;@CB?OLz
u(0, t) = u(l, t) = 0

�
u(x, 0) = A sin nπ x

l

� ∂ u(x,0)
∂ t

= 0
�
n ∈ N

�
A = const

^
= ð'ñ G

u(x, t) = A cos nπ at
l

sin nπ x
l
ß U(x, p) =

Ap

p2 + n2π2 a2

l2

sin nπ x
l

à ²
2 ×L& ×$3*× � - GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@

∂2 u(x, t)

∂ x2
= a2 ∂ u(x, t)

∂ t
, t > 0, 0 < x < l

\H�?\P\kZ;:=<CN/O/do:m>p8[KDN/O/ÛLN/OnORN/KDÛLK_Z%N/OnS[\vZ;@CB?OLz
u(0, t) = u(l, t) = 0

�
u(x, 0) = A sin nπ x

l µ n ∈ N
�
A = const

^
= ð'ñ G

u(x, t) = Ae−
n2π2

a2 l2
t sin nπ x

l
ß U(x, p) =

A

p+ n2π2

l2 a2

sin nπ x
l

à ²

�Dø
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ÒP��¢_�'�'�o�W�'��µW�H�'�H�'�W�'�]���'¥L�]©A�T�/�?¢_©sª%�=µo£;�?�w�H�Lª%�|·]¥[�]���]�T£%�H«'�=�]¤D´L¤��?�~¢J�T�j�'�D©H�w�j�Cª/¡,¥�'���]�H�'¤��Cªn�D�e¤]�'�H�)�D·/�'�e�'�'�]��¢_¤]�=µo£;�?�e©H�?ª/�'�Â�H¬~�H¥��C² Ñ �D¥L�D¤��P�D·/�/�D�'�'�'�)�H�|·%�H�Lª;�?�?��·%¥[�J���]�£%�H«'�=�]¤D´L¤��W�'�P¤]�'�H�)���/�X¢_�H�)�=�]�'�H�_�H�'�'�]² Ñ �]¤��X¤]�_£%�e£%�P�L£%�=���D�m¢J�m¤D¡,¤]�=µo£;�D�'�{�/�P�A£%�'�'�'°'�/��'�)��´Jª%�H�/�e¬w´L�'¥'�'���
δ(t)

²¶w�H¥L�
h
�~�'�?ª%�Jµx���]�Aª%�/�o¥L�]�'�=�?�D���?�x�q£;�o�/�?¢_©Eª%�A£;�D�)�X¬w´L�'¥'�'�����?�

δ(t, h) =

{

1
h
, 0 < t < h

0, t < 0
�
t > h.

ß �&%�Æ]à
î �j�D�)� ∫ ∞

−∞ δ(t, h) dt =
∫ h

0
1
h
dt = 1

²j³w�]�/�C£%���]�]¤��b�'�'�Í�j�Cª%¥L�
h
¬w´L�'¥'�'�����?�

δ(t, h)�)�CµW�{¬~��¢_�'°'�H�H¥'�q£;�m�H�T�/�?¢_©sª%�=µo£;�m¥L�?�]�W�H�Lª;�m�T©H�?ª%�H�)�'�/� 1
h

·�£%�H«'�=�]¤D´L¤�� ¾ �P¤P�'�'�_£/¡|ª/µW�A¯�'�'�P�/�q�j�Cª/¡,¥R�'���]�H�'¤��Cª��D�¸¤]�'�H�)�
h
�P�'�)��´Jª%� ß ¢J�x¤]�'�H�)�=�]�!�/�e£%�H«'�=�]¤]�'� à ·|�/�D¤]�H�n�/� 1

²Ñ �?¢_�R�H�Lª;��·¹�'�'�Lª%�CµW�H�/�q¥�¡,� �j�?�]�H�'�/�Cª%�/�x�]�]°'¥��q�P�j�D�_�
m = 1

·¹�'�'�L£;�D¤��x�/�x�?�?¢_�n�]�]°'¥L�¢J�o¤]�'�H�)�=�]�x�/�P£%�H«'�=�]¤]�'�=���q�H�¦�H¥L�]�'�]�A�
v = 1

�!¢J�W�]�]¤��o¤]�'�H�)�~�]�]°'¥L�?�?�e�H�X�'�'�H�)�H�=�]¤��x�/��/�?¢_�=�]�J�'�'�'�
s = h

2

�R�Aª%�A£n�]�]¤��e�'�'�_£/¡|ª/µe�D¤��P£;�e�H�~£%¤]��µx�¦�m�'�]�=�]�J�'�'�/�x�H¥[�]�'�]�=�
v = 1

²*|�W�'�'�Lª%�Jµo�H�'�����?�o�H�~�]¥��?¢_¤��W�'�?ª%�=¢_�'�W£;�o�H�~�/�?¢_©Eª%�=µo£;�o¬w´L�'¥'�'�����?�
δ(t) = lim

h→0
δ(t, h) . ß �&% õ à

Ñ ´L¥x©H�/�D�'�'�/�?�?�X�'�{�{¤X�=�]�'�]©H�P�j�?�]�H�j�?�]�'°'�H�H¥'�¸�H�)�'�=¡|ª,·L�~¤D¡,¤X¬~��¢_�'°'�H�H¥'�|² Ñ �?¢_�e¬w´L�'¥'�'����H�Ã�/�D�'�'°/� Ô]& (*ï*(�3*ï*×q(*Öwþ,ô�  ÿ]ï*× ü ôhï*ý�
*(
� �?����´Jª%�H¤T�'�A£o�Lª%�
δ
( ü ôhï*ý�
*(
��ï*×�Wb(*Õ*×'ý ²î �j�D�)�

δ(t) =

{

∞, t = 0
0, t 6= 0� ∫ ∞

−∞ δ(t) = 1
² Ñ �]¤��n�'�¦�¦¬w´L�'¥'�'���Â¤§�]±]�'°/�D«'�'���Â�H�)�'�=¡|ª,· Ñ �Í�)�JµW�q£;�b�H�¦�D¡|ª%¥�´L¤��¥��?�]�n�)�'©H�'�D¤]�H�'�'�R£%�H«'�=�]¤D´L¤�� ¾ �n±]�=¢_¥'�/�D«'�'�n©H�?ª/�'�j�R�H�Lª;�R�q�'�)��´_ª%�D· �/�D¤]�H�º�/�R�A£%�'�'�'�/��²Ñ � �'�'�L£;�D¤��º�/�º�j�?�]�H�'�/�Cª%�/���]�]°'¥L���n�A£%�'�'�'°'�/���j�D�_�º�A£%�'�'�'°'�/���)�'©H�'�]¤]�H�'�/���H¥[�]�'�]�=�C²��¡,¤]�=µo£;�D�'�=�]�­�/�§�?�?¢_� ¬w´L�'¥'�'���Â¢_�/�C°'���]�Aª%�'�º�]�'�'�]�=�C�'¤�����¢_°'�'�Aª%�H�'�����D�­�'�'� �/�?¢=ª%�'°'�'��'�'�Lª%�Cµe�'�w¢J�C£;�C°'�|·_¤9¥L�]���]� �H�)�/�?¢_©sª%�=µo£;�?� ¤]�Aª%�'°'�'�'�X�#¿L�D�/�D¥��]�H�X�/�9�)�'©H�'�]¤]�H�'�'�X�'�)��´_ª%�H�¯�´J£;�D���/�W�C�Lª%�x�Lª%��¤]¥Lª%÷T°'¤��D�'�X¥�¡,�Â�Aª%�H¥��]�'�'°/�H�H¥��x¤]�H�'�'©A�e�/�e©H�?ª/�'�j�o�Aª%�H¥��]�'�J£%¤]��µW� ¾ ��H�Lª;�W¢J�o�)�'�]©H�o¥'�/�?�D¡,¥��'�H�'�'�_£R�D�e¤]�'�H�)�D²M �)�'�JµW�H�'�'�=�]�W�/�m�A£%�'�'�'°'�/�?�?�W�'�)��´_ª%�H�/�P¬w´L�'¥'�'���

δ(t)
�T¥L�]�'�=�?�D���?�

C
£;�D¤��X�'�)��´Jª'¯�H�/�o¬w´L�'¥'�'���

C δ(t)
�~©H�?ª%�H�)�'�/�

C
²J �'�]�)� ¾ �D�o�/�o�A£%�'�'�'°'�/�C�D�e¬w´L�'¥'�'���¦�'�'�A£%�=�D�D¤D�'�)� δ(t, h) �'�e�Aª%�A£%�'���¦�/�C°'�'�|Ä

δ(t, h) =
1(t) − 1(t− h)

h
, ß �/% ø à

��û



�D�]¥�¡|£%�=�]�
L(δ(t, h)) =

1

h

(1

p
− e−h p

p

)

=
1 − e−h p

h p
. ß �/% û à

½m�H¬~�'�'�'�/�D�)�
L(δ(t)) = lim

h→0
L(δ(t, h)) = lim

h→0

1 − e−h p

h p
= 1 . ß �&%<��à

î �D�D¥L�X�'�w£%�H¬~�'�'�'�'���
δ(t) � 1

² Ñ �?¢_�W£%�H¬~�'�'�'�'���q�H�{�]�'�/�D¤?£;�D¤��w�x�D�m�Aª%�A£%�'���]���=¡¹�]±]�/�C¯µo�=�'���h²L�T�
δ(t) = lim

h→0
δ(t, h)

� ß �&% ø à �)�JµW�H��¬~�]�'�j�Cª%�'�w£;�X�'�'�'�H�)�H�9·[°'� δ(t) = 1′(t)
²��T�

�]�H�]�'�H�j�?�D�x¢J�W£%�'¬~�H�'�H�'�'�'�/�D�'�W�/�e�]�'�'©H�'�/�Cªb�
1(t) �

1
p

·%�'�'�'�H�j�D«'¥'�
1(t) = 0

¢_�
t = 0

·�'�j�D�)�
δ(t) = 1′(t) � p.1

p
= 1

²/³w�?ª/´L°/�D¤��D�)�~�=¡ ¾ ���¦�'�=¢H´_ª/�D�?�?²ÀX�H�=�'���H�!�'�'�]¤]�H�[�'¤���·)°'�¸¢J�
δ(t)

�_�b¤b�H�Lª;�§�]�H�'�]¤]�'���]�!�]�H�]�'�H�)�Á�/�n�]�'�H�/�D�'�'�]�'�'�D�]��H� ���D�D�'�D²$*|�T¢J�D¥�¡,�H���'¤�� ¾ �?�?�w�'�)��´_ª%�H�/�~¬w´L�'¥'�'��� δ(t−c) �D�w�]�H�]�'�H�j�?�?�w¢J�T¢J�D¥�¡,�H�'�H�'�'�=����'�j�D�)�
δ(t− c) � e−c p

²l#�?¢_©Eª%�=µo£;�?�T�H���=¡ ¾ �T�A£%�'�'�'°'�'�m�'�)��´Jª%�H�'�P¬w´L�'¥'�'�'�m�D�{��¡,�'¤]�|·J¤D�]�]�'�m�~�C²C�|²C�'�A£,² Ñ �D¥���/�D�'�'�'�)�H�|·%�A£%�'�'�'°'�/�x�'�)��´_ª%�H�/�x¬w´L�'¥'�'�����D�e��¡,�'¤]�¦�'�A£
δ1(t)

�H�X¤D¡,¤]�=µo£;�P�'�x�D�/�Cª%�]©H���� ß �&% õ à � ß �&% ø à �'�e�Aª%�r£%�'�����/�C°'�'�|Ä
δ1(t) = lim

h→0
δ1(t, h),

¥�¡|£%�=�]�
δ1(t, h) =

δ(t, h) − δ(t− h, h)

h
.

î �j�D�)�

δ1(t, h) =
1(t) − 2 1(t− h) + 1(t− 2h)

h2
=











1
h2 , 0 < t < h

− 1
h2 , h < t < 2h

0, t < 0
�
t > 2h

� ∫ ∞
−∞ δ1(t, h) dt = 0

² Ñ �?¢_�º¬w´L�'¥'�'�����)�Jµo�x¬~��¢_�'°'�H�H¥'�º£;�R�H�¸�/�?¢_©Eª%�=µo£;�R¥��?�]�n�H�Lª;�n�
�'�]�=�]�J�'�'�/��©H�?ª%�H�)�'�/� 1

h2

·�£%�H«'�=�]¤D´L¤�� ¾ �º¢J�º¤]�'�H�)� h
¤º�A£%�/���'�]�H�]¥L��·9�­¢J�º�rª%�A£%¤�� ¾ ����'�H�'�'�_£ �D��¤]�'�H�)�

h
¤§�'�'�D�]�'¤]�]�'�?ª%�Jµx�/�?�?�§�'�]�H�]¥L��²j³�¡|ª%�'�������'�)��´_ª%���/�n�?�?¢_�Â�H�Lª;�b¢J�¤]�'�H�)�=�]�W�/�~£%�H«'�=�]¤]�'�~�T�/�D¤]�H�q�/�m��´Jª;��² Ñ �?¢_�q�H�Lª;��·��'�'�Lª%�JµW�H�/�m¥�¡,�º�j�?�]�H�'�/�Cª%�/�m�]�]°'¥��m��j�D�_�

m = 1
·%�'�'�A£%��¢_¤]�'¥'¤��x�'�'�H�)�H�=�]¤��D�'�P�/�o�]�]°'¥��?�?�x�/�e�/�?¢_�=�]�J�'�'�'�

s = 1
��¤x�)�]�)�H���D�

t = 2h
�]�]°'¥��?�?�e�H�'�'�/�P£;�W�H�w£%¤D��µx�|²Y £%�'�'�'°'�/�?�?�e�'�)��´Jª%�H�/�e¬w´L�'¥'�'�����D�e��¡,�'¤]�¦�'�A£

δ1(t) = lim
h→0

δ1(t, h)
�)�CµW�T£;�o�H�w�D¡|ª'¯

¥�´L¤��o¬~��¢_�'°'�H�H¥'��¥��?�]�W£%¤]�w�j�'©=�'�]¤]�H�'�'�x�'�]�Aª%�A£%�]¤��?�]�Aª%�'�o£%�H«'�=�]¤D´L¤�� ¾ �R�'�'�D�]�'¤]�]�'�?ª%�Jµx�'��/�D�H�]°'�H�'�ò±]�=¢H¥'�/�D«'�'��©H�?ª%�H�)� �H�Lª%�|·Ã¥L�]���]�º�'�'�A£%��¢_¤]�'¥'¤��?���)�'©H�'�]¤]�H�'�'�º�'�'�H�)�H�=�]¤��D�'�b�/��j�?�]�H�'�/�Cª%�/�P�]�]°'¥��P�w�A£%�'�'�'°'�/�W�j�D�_�P�/�P�/�?¢_�=�]�J�'�'�'�~�A£%�'�'�'�/�W�!�'���'�'�L£;�D¤��?�o�/�m�]�]°'¥L�?�D��'���]�x�H¥[�]�'�]�=�C·%�'���]�o´]�H¥L�]�'�H�'�'�D²î �j�D�)�
L(δ1(t, h)) =

1

h2

[1

p
− 2 e−h p

p
+
e−2h p

p

]

.
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L(δ1(t)) = lim

h→0
L(δ1(t, h)) = lim

h→0

(1 − e−h p)
2

p h2
= p .

#T�/�Cª%�D©H�'°'�'���H�o¤?¡,¤]�=µo£;�?�!�'�)��´Jª%�H�'��¬w´L�'¥'�'�'�
δn(t)

�D�
n
¯ �]�§�'�A£ ß n ≥ 2

à ²
*|�q�J�L¿�H�~�'�?ª/´L°/�D¤��?�x¬~�]�'� ´_ª%���]�
δn(t) � pn

�
δn(t− c) � pn e−c p

²î �)��´_ª%�H�'���]�x¬w´L�'¥'�'�'���'�?ª/´L°/�D¤��?�¦�=�]�'�]©H���]±]�]�H�'�]¤��?¤��D�'�W¤!�]�H�]�'�����?�¦�/�¸�]±]�]± ¾ �H�'���]�¬w´L�'¥'�'�'�|²
�¦Õ*(*ÖwÔ[Õ �%�|GQ¦ :=�o:=do:XSH8[K]B?N%:=N/O%:=do@

y′′ + 4y′ + 13y = 3δ(t)
\XN/KDÛLK_Z%N/ORS[\vZ;@CB?OLz

y(0) =
y′(0) = 0

^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�

y(t) � Y (p)
²�³w�'�Å£;�C£%�H�'���]���/�J°/�Cª%�'��´]�Aª%�]¤]���

y′(t) � p Y (p)
·

y′′(t) � p2 Y (p)
²¸*|�b�]�'�H�/�?�]�]�'�'�D�]��´L�/�D¤]�'�H�'�'�R�'�?ª/´L°/�D¤��D�)�

(p2 + 4p + 13)Y (p) = 3
·�D�]¥�¡|£%�=�]�

Y (p) =
3

p2 + 4p+ 13
=

3

(p+ 2)2 + 32
.

���'�'©H�'�/�Cª/¡;�
y(t) = e−2t sin 3t

�~�'�=¼P�H�'�'�X�/�P£;�C£%�H�'�D�]�o´L�/�D¤]�'�H�'�'�D²
�¦Õ*(*ÖwÔ[Õ � � GQ¦ :=�o:=do:XSH8[K]B?N%:=N/OLz/dWK;4
1. y′′ = δ(t− c) 5 2. y′′ = δ1(t− c)\XN/SCZ;:HB?OnN/KDÛLK_Z%N/OnS[\kZ;@CB?OLz;^
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�

y(t) � Y (p)
² Ñ �]©A�D¤��m¢J�W´L�/�D¤]�'�H�'�����?�e¤e�D±]�/�?¢_�¦�'�?ª/´L°/�D¤��D�)�DÄ

1. p2 Y (p) = e−c p � 2. p2 Y (p) = p e−c p
·�D�]¥�¡|£%�=�]�

1. Y (p) = 1
p2 e

−c p � 2. Y (p) = 1
p
e−c p

²*|�W�'�=¼P�H�'�����D�e�/�D�)�'�/�D�)�
1. y(t) = 1(t− c) (t− c)

�
2. y(t) = 1(t− c)

²
³w�?ª/´L°'�=�'���]�~�'�=¢H´Jª/�?�?���¦�'�?�]¤D¡,�[µo£;�D¤��?�P�/�D�'�/�D¤]�H�'���]�w¬~��¢_�'°'�H�H¥'�¸�D¡|ª%¥�´L¤��D�'���!�/�m�'�#¯��´Jª%�H�'���]�m¬w´L�'¥'�'�'�|²{*|�D¥�¡,�H���'¤�� ¾ �?�?�o�'�)��´_ª%�H�/�e�H�Lª;�e�D�e��´_ª%�H¤x�'�A£ δ(t− c)

�'�'�L£;�D¤��W�/��j�?�]�H�'�/�Cª%�/�?�?�e�]�]°'¥��o�X�A£%�'�'�'°'�/�e�j�D�_��·/�/�D�)�'�/� ¾ �o�H�X��¡,�'¤]�]�/�J°/�Cª%�'�e¤e�'�]¥[�]«|·/¤e�)�]�)�H�L¯�D�
t = c

�'�]�=�]�J�'�'�/�R�H¥[�]�'�]�=�
v = 1

·�§¦¢J�D¥�¡,�H���'¤�� ¾ �?�?�R�'�)��´Jª%�H�/�n�H�Lª;���D�n��¡,�'¤]�º�'�A£
δ1(t − c)

�'�'�L£;�?¤��!�/�!�j�?�]�H�'�/�Cª%�/�?�?�!�]�]°'¥��!�'�'���D�/�Cª%�]©H�'°'�'�b´��Aª%�]¤]���§�)�'©H�'�]¤]�H�'�'�¦�'�'�A¯�)�H�=�]¤��D�'�T�/�~�/�?¢_�=�]�J�'�'�'�T�9£/¡|ª/µx�'�/�w�A£%�'�'�'�/��·[±]�=¢ £;�~�'�'�L£;�D¤��~�/�w�]�]°'¥L�?�D�X�'���]�m�H¥[�]�'�]�=�C·�'���]�e´]�H¥[�]�'�H�'�'�D²ú �?�]�m�rª%�A£%¤�� ¾ �'�'�'�)�H�q�/�?¢_©Eª%�=µo£;�D�)�9£%�'¬~�H�'�H�'�'�/�Cª%�'�D���m´L�/�D¤]�'�H�'�'���/�w¿[�D�'�)�]�'�'°'�'����]�H�'�Lª;�?�]�]�m�'�'�~�'�'�]��¢_¤]�?ª%�'�X�/�C°/�Cª%�'�w´��Aª%�]¤]���~�=¡,�)¢J�D¥�¡,�H���'¤�� ¾ �X�'�)��´_ª%�H�'�m�H�Lª%�X�D�{��´Jª%�H¤�¦��¡,�'¤]�!�'�A£,²
�¦Õ*(*ÖwÔ[Õ �%�|GQ¦ :=�o:=do:XSH8[K]B?N%:=N/OLz/dWK;4
1. y′′ + ω2 y = v0δ(t− c) 5 2. y′′ + ω2 y = hδ1(t− c)\XN/KDÛLK_Z%N/OnS[\vZ;@CB?OLz

y(0) = y0

�
y′(0) = y1

^
�;�



,�Ô$-§Ô[ï*(*Ô�. � ²J¶w�H¥L�
y(t) � Y (p)

²&*|�Ã´L�/�D¤]�'�H�'�'�=���{¤ �]±]�/�C¢_�~�'�?ª/´L°/�D¤��D�)�
(p2+ω2)Y (p) =

y0 p+ y1 + v0 e
−c p
·/�D�]¥�¡|£%�=�]�

Y (p) =
y0 p+ y1 + v0 e

−c p

p2 + ω2

�

y(t) = y0 cosω t+
y1

ω
sinω t+

v0

ω
1(t− c) sinω(t− c).

Æ ²,¶w�H¥��
y(t) � Y (p)

²�*|�¸´L�/�D¤]�'�H�'�'�=�]�R¤¦�]±]�/�?¢_�§�'�?ª/´L°/�D¤��D�)�
(p2 + ω2)Y (p) = y0 p +

y1 + h p e−c p
·'�D�]¥�¡|£%�=�]�

Y (p) =
y0 p+ y1 + h p e−c p

p2 + ω2

�

y(t) = y0 cosω t+
y1

ω
sinω t+ h 1(t− c) cosω(t− c).

ú �D¥��]���H��¤]��µo£;�b�D�­�'�?ª/´L°'�H�'���]�R�'�=¼P�H�'���|·j£%���)�]�)�H���D�
t = c

£%¤]�=�]�!¿[�D�'�)�]�'�'°'�'�¥L�?ª%�=±��D�'�����_�R�D¡hµo£%�H�=�]¤]�H�'� ß ¥L�D¥��]�b�º�]���'±]¤��?¼P�x£;�n�H�¸�]°/�D¥'¤�� à · �R¤n�)�]�)�H���?� t = c
¤��¡,�'¤]���!�Aª/´L°/�D«¸£%¤]��µW� ¾ �?�D�W�H�w�]�]°'¥L�o�'�?ª/´L°/�D¤��W�)�'©H�'�]¤]�H�'�/�P£%�]��¡|ª%�'���]�Aª%�/�e�H¥[�]�'�]�=� v0

·�W¤D¡,¤W¤D�]�]�'���!�Aª/´L°/�D«¸¯j�)�'©H�'�]¤]�H�'�'�W£%�]��¡|ª%�'���]�Aª%�'�e�'�'�H�)�H�=�]¤��D�'�
h
·��D�]¥�¡|£%�=�]�x�!¤m£%¤��?�?��Aª/´L°/�?���=�X�'�'�]�)�H���¸¿[�D�/�D¥��]�H�/�e�/�m£%¤]��µo�H�'�'�=�]�e�'�?¯k�/�?�?�?�D¡,¥|²

�¦Õ*(*ÖwÔ[Õ � f GQ� KDdo:k8%O/K_Z%N/Kodo@JÛL��Kx\{uwK]\yK
m
:~@J��KDÛ�:=N/KeN/KoO/<?:yK_Z%N%@mY%�s8;>rK]B?KeYD8%S]�ÅO/N/K�^[ N/KDÛLK_Z%N/OLzbu~@ru~:=N/d

t = 0
do@JÛL��KDdWK�:e@JdW�CZ;@JN%:=N/K�@Jd 8[K]B?N%@CBD:H\=N%@Jdo@!\=O­Y%@EZ;@_��:=N/O%:r���KDdo@RO :qM?KD<CKD<?:=N/K�N/KDÛLK_Z%N'K­\=�[@E8;@C\=d

y1

Y%@nBD:k8%O/��K_Z%KDdWK�^ Ø :=��K§N/KDÛLK_Z%N%@Jdo@b@JdW�CZ;@JN%:=ÙN/O%:m:
y0

^��)�CYD8;@_doO/BHZ;:=N/O%:=do@oN/Kq\k8;:=<CKDdWK!\=:mYD8;:=N%:=Is8;:H>AB?K�^ P KD�[B?OnOLuwY/SCZ;\=Ob@Jd�N/SCZ;:HBxOY%�s8;B?O!8;:=<¸Y%@xN/KDYD8[K]BHZ;:=N'O%:WN/K!<?B?O'��:=N/O%:=do@xdT8�z/I?B?K!<CK¦\H:WYD8%O[Z;@_�ÅKDdÜ�[�Au do@JÛL��KDdWK¦Bu~@ru~:=N/dWK
t = c

� M?Kx<CKq\=YD8;:m<?B?O'��:AN/O%:=do@�¹
,�Ô$-§Ô[ï*(*Ô�. ¶w�H¥L�n¤b�)�]�)�H���?�

t
�D�]¥Lª%�]�'�H�'�'�=�����

y(t)
²�J�¡,©sª;�D�=�'�b¢J�D¥[�]�/�n�/�R®T´L¥Í�'��´�¯µx�'�/�?�?�o�'�'�D�]�'¤]�_£%�H«'�=��¤D´L¤��e�¦�H�~�=�]�'�H�)�!£;�o�H�~¤D¡,�'�'�~¤o�/�D¤]�'�]¤]�H�H�'�D�]�e�H�¦�'�?ª%�Jµo�H�'�'�w�=¡,��H�Lª;��·/�'�'�]�'�]�'�'�'�]�/�Cª%�/�o�/�o�D�]¥Lª%�]�'�H�'�'�=�]�'·%�C² �D²/�=¡,�~�H�Lª;�
F = −k y · k > 0

·/¥�¡|£%�=�]�e¥[�]�'�A¯�D�D���?�?�?�
k
¢J�D¤]�'�H�R�D�q¥L�J°'�H�=�]¤]�D�]�¸�/�e�'��´[µx�'�/�?�D��²+#T¥[�q�'�'�Lª%�Jµx�'�Á�'�)��´Jª%�m�D�q��´Jª%�H¤q�'�A£�o©H�?ª%�H�)�'�/�
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my′′ = −k y + Aδ(t− c) +Bδ1(t− c) , ß �&% � à¥L�]�A�]�'·%¥L�?�]�e�/�?¢=£%�Aª%�'�Á�/�
m
·/�'�'�'�H�j�o¤]�L£;�

y′′ + ω2 y = v0δ(t− c) + hδ1(t− c),¥�¡|£%�=�]�
k

m
= ω2;

A

m
= v0;

B

m
= h .#T¥L�

y(t) � Y (p)
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(p2 + ω2)Y (p) = y0 p+ y1 + v0 e
−c p + h p e−c p,�D�]¥�¡|£%�=�]�

Y (p) =
y0 p+ y1 + v0 e

−c p + h p e−c p

p2 + ω2
.
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y(t) = y0 cosω t+

y1

ω
sinω t+ 1(t− c)

(

h cosω(t− c) +
v0

ω
sinω(t− c)

)

.

ú �?�]�P�'�'�H�]±]�/�?¢H´L¤��D�)����¢_�/�?¢J�X¢J�
y(t)

�'�'�
t > c

·[�C² �D²��'�?ª;�D©A�D�)�
1(t− c) = 1

·L�'�?ª/´L°/�D¤��D�)�
y(t) =

(

y0 + h cosω c− v0

ω
sinω c

)

cosω t+
(y1

ω
+ h sinω c+

v0

ω
cosω c

)

sinω t . ß �&% � à
½m¤]��µW�H�'�'�=�]� ¾ �¦�H�'�'�D·Ã�D¥[��¥[�]�H¬~�'�'�'�H���]�����R�'�'�A£ cosω t

�
cosω t
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∣

∣

∣

∣

∣

∣

∣

y0 + h cosω c− v0

ω
sinω c = 0

y1

ω
+ h sinω c+

v0

ω
cosω c = 0 .
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h
�
v0

·'�/�D�)�'�/�D�)�
h = −

(

y0 cosω c+
y1

ω
sinω c

)

= − lim
t→c−0

y(t) = −y(c− 0);

v0 = −(−y0ω sinω c+ y1 cosω c) = − lim
t→c−0
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0 < x < ∞ ���KDdo@!N%:=c/N/OLz/d��H8[KDc
x = 0

:oM?KD�H8;:=Y%:=N�OÍB�N/KDÛLK_Z%N'OLz­u~@su~:=N/d \=dT8%S�N/KDdWKn:qB�Y%@J�[@Jc;^Ø :=��KbB¦u~@su~:=N/dWK
T > 0

BD�s8��/S��H8[KJz
x = 0

\H:¸N/KDN/K]\sz­uwO%>rN%@CBD:=NÂS�<CKA8¹^ U KD<CKDÛLKDdWK§\H:Y%@C\=dWK]B_zndWKD��K;4#<CKq\H:XN/KJu~:k8%Ox8;:=�o:=N/O%:
u(x, t)

N/KxSH8[K]B?N%:=N/O%:=do@
∂2u

∂ t2
= a2 ∂

2u

∂ x2
, t > 0, 0 < x <∞, a > 0 − �[@JN%\=dWKDN/dWK ß �&%]¨�à\XN/KDÛLK_Z%N/OnS[\vZ;@CB?OLz

u|t=0 = 0,
∂ u

∂ t

∣

∣

∣

t=0
= 0 ß �]�&%�àOb>p8[KDN/O/ÛLN%@WS[\vZ;@CB?O%:

∂ u

∂ x

∣

∣

∣

x=0
= v0δ(t− T ), ß �]�]�Cà�[�C<?:=do@

δ(t)
:mi)S�N/l/OLz/dWKxN/K g OD8[KD�D�

v0 6= 0
:X�[@JN%\=dWKDN/dWK�^
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d2U

dx2
− p2

a2
U = 0 (0 < x <∞) ß �]�CÆ]à
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dU

d x

∣

∣

∣

x=0
= v0 e

−p T . ß �D� õ à
��± ¾ �D�]�X�'�=¼P�H�'�'�{�/� ß �]�CÆ]à � U(x, p) = C1 e

p
a
x +C2 e

− p
a
x
²L�T�w´��Aª%�]¤]�'�=�]�

U(p, x) → 0
�'�'�

Re p → ∞ ß ¤]��µ �Aª%�A£%�=�]¤]�'� �Cà ��´]�Aª%�]¤]�'�=�]� ß �]� õ à �'�?ª/´L°/�D¤��?�j� U(x, p) = −av0

p
e−

p
a
x−p T
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u(x, t)

�/�D�)�'�/�D�)�
u(x, t) = −a v0 1(t− T − x

a
)
²
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�
2 ×L& ×$3*× � U GmØ KJu~:k8;:=do:/4
1. f(t) = L−1

( p

p− 1

) 5 2. f(t) = L−1
( p2

p2 + 1

) ^
= ð'ñ G

1. f(t) = et + δ(t)
�

2. f(t) = − sin t+ δ(t)
²l*�=¼P�=�]�m�Aª%�A£%�'���]�X´L�/�D¤]�'�H�'���|Ä

2 ×L& ×$3*× � 0 G
y′′ + 4y′ + 3y = 2δ(t− 1)

�
y(0) = y′(0) = 0

^
= ð'ñ G

y(t) = (−e3−3t + e1−t)1(t− 1)
²

2 ×L& ×$3*× �%t|G
y′′ − 2y′ + 2y = a et + v0 δ(t− c)

�
y(0) = y′(0) = 0, º¼»�½ ^= ð'ñ G

y(t) = a et (1 − cos t) + v0 1(t− c)et−c sin(t− c)
²
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f(t)
¯ "%Õ*(*ñD(*ï*×� 

F (p) =
∫ ∞
0

f(t) e−p t dt
¯ (
�["+�%Õ*×	1bÔ[ï*(*Ô�

1(t) 1
pÆ

f ′(t) pF (p) − f(0)õ f (n)(t)
·
n ∈ N pn F (p) − pn−1 f(0) − . . .− p f (n−2)(0) − f (n−1)(0)ø ∫ t

0
f(τ) dτ F (p)

pû tn f(t)
·
n ∈ N (−1)n

F (n)(p)� f(t)
t

∫ ∞
p

F (u) du� 1(t− c))
·
c > 0 1

p
e−c p

� 1(t− c) f(t− c)
·
c > 0 e−c p F (p)¨

eα t f(t)
·
α ∈ C F (p− α)�&%

eα t
1

p− α�]�
tn, n ∈ N

n!

pn+1�CÆ
tn eα t

n!

(p− α)n+1� õ sinα t
α

p2 + α2� ø cosα t
p

p2 + α2� û shα t
α

p2 − α2�&�
chα t

p

p2 − α2� � t sinα t
2α p

(p2 + α2)2

� � t cosα t
p2 − α2

(p2 + α2)2

�J¨
eα t sin β t

β

(p− α)2 + β2Æ!%
eα t cos β t

p− α

(p− α)2 + β2ÆL�
δ(t) 1
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