I'masa 14

JuBuzopu. Teopema nHa Riemann. Poa ma kpusa.

ONPEAENEHUE 14.1. Heka F e ¢ynxyuonaino noae wa edna npomensusa, a P e
MHOIHCECTNBOMO HA KAGCOBEME HA EKBUBAACHIMHOCT, Ha, JUCKPEMHUME HOPMUPEHUA
na F. Toeasa Z-aunetinume KomoOurauuy

D= vav, Ny €7
veEP

C KPaeH HOCUmMeEN Ce Hapu4am 3ueu30pu na F.

Mmuoxecroro Div(F') na nuusopure Ha F' e Z-moxyn nin abesieBa rpyna.

ONPENEJEHUE 14.2. Jueusopem D = Y. n,v e efexmusen, axo n, > 0 3sa
vEP
Yv e P.
ONPEAENEHUE 14.3. Cmenenma na dususop D = > ny,v e
veEP
deg(D) = Z n, deg(v),

vEP

kedemo deg(v) = [0, /M, : k] ca cmenernume wa kaacoseme OUCKPEMHL HOPMUPA-
nua v wa F.

Crenenra Ha JUBU30P € XOMOMOPMU3HM Ha Z-MOJYJIIH, 3AI0TO

deg (Z NV + Z mq,v) = deg (Z(nv + mq,)v> = Z(n,, +m,) deg(v) =

vEP vEP vEP vEP

= Z n, deg(v) + Z m, deg(v) = deg (Z nw) + deg (Z mvv> .

veEP vEP vEP vEP

Muozkectsoro Div?(F) = ker(deg) ma qususopure ot crenen ) e Z-moMOIy/ HA
Div(F).

Husuzopbr HA HysnTe HA © € F e

()o = v(z)v,
vEP,v(x)>0

a JUBU30PDBT Ha IIOJIIOCUTE €

@o= S [~v(@).

vEP,v(x)<0

JIEMA 14.4. Axo F e dynwyuonanrro none na e0Ha NpomMeHAUEa CBC CEETPULEHO
noae om xonemanwmu k ux € F\ k, mo

deg(z)o < [F : k(x)].

200
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Hoka3zaresictBo: Enementnr 22 € F'\ k e TpaHcIieHIeHTeH HaJL K, CHIVIACHO ajre6-
puuHaTa 3aTBopenoct ua k B F. CrenoBarenno pasmmpenuero F O k(z) e kpaiino
u MoxKeM Jia o3HaduM ¢ n = [F : k(z)] crenenra my. da momycuem, e

n < deg(x)g = Z v(z)v.
veEP,v(x)>0

ToraBa cbiecTByBa KpaiiHa cyma
Z vj(z) deg(v;) > (14.1)

3aIll0TO aKO BCUYKU KpailHu cymu ca < 7n, TO u rpanunara um e < n. CbriacHo
Amnpokcumanuonnara Teopema 8, 3a V1 < j < r cbmiecrByBa y; € F, Taka 4e

vi(y;) = —1, vi(y;) =0 sa Vie{l,...,r}\{j}.

Torasa t; = yj_l ca JIOKaJIHH mapamerpu Ha npberennte O, Ha KIaCOBETe JICK-
pernu HopMmupanust v; u v;(t;) = 03a Vi e {1,...,r}\ {j}. Nsbupame Gasucu

{ajs +M,, | 1 <s < deg(vy) = dimy, O, /M, }

Ha mojieraTa oT octaTbitd Oy, /M, ; Hap k ¢ ajs € O 3a cewenmero O = ﬂ;zl(’)vj. 3a
nesita TpsAdBa Jla NpoBepuM, e 3a Besako 8 € O, chmectByBa @ € O ¢ B—a € M,
ToBa cienBa or AnpokcuMmarmoHHaTa Teopema 8, CbIVIACHO KOSTO 32 MPOU3BOJIEH
enement 3 € O, cbmecTByBa a € F' ¢

vila—pF)>1 u v () >0 3a VI<i<r, i#j.
JocraTbaHo e g JoKaykeM JIMHefiHaTa He3aBUCHMOCT Ha

{ajst;i | 1<s<deg(v;), 1<i<wj(z), 1<j<r}

Hax k(x), 3a ma momyuum » v;(x)deg(v;) < [F : k(z)], mporusno na (14.1). Ha
j=1
JIOITyCHeM, de ChINecTBYBaT hj; s(v) € k(x) ¢

r deg(v;) v;(x)

Z Z Zhﬂs Jajst;t =0 (14.2)

U [OHE exHO Nj ;. s, (x) # 0. Caes IOWIEHHO yMHOXKEHWE C Hal-MaJKusl OOIL
3HAMeHATeJ Ha paluoHajaHuTe OYHKIUN hj, (T) Ha T MOXKEM Ja CauTame, e
hj.is(z) € k[z] ca nommuomu wa x. IlpencraBsme moamHOMUTE

hjis(x) = kjis + xgjis(T)

KaTO CyMH Ha CBOOOZHHUTe MM <lIeHOBe k;;s = h;;s(0) u moauHOMEH ¢ TacTHH
9j,i,s(x) npu menenue ¢ x. Pazbusame (14.2) B aBe cymmu

r vj(x) deg(vy) r vj(z) deg(v;)
Z Z Z kjisoust; +xz Z Z gji,s(T a]gt t=0. (14.3)
Jj=1 i=1 j=1 i=1

Ot ajs € Oy, \ My, = O:jj cJieJIBa,

deg(vj)

> kjisajs € O

s=1

Cworiacno ymneiinara nesasucumoct na {ajs + M, | 1 < s < deg(v;)} nman k,
nomyckanero Aj; € M, Bomu 10 kj; s = 0 3a V1 < s < deg(v;) u duxcupanure
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1<j<r, 1<i<wj(z). Or apyra crpana,

deg(v;)

Z Gjis(T)ajs € Oy,

3amoTo (s € Oy, 1 gj i s(T) € k[x] C Oy, 3avj(x) > 0. Ilo TO3M HAYHH MO/TyYaBaMe

r vi(z) r v;(x)
A“t e E E B;j ity t= (14.4)
j=1 i=1 j=1 i=1
Axo Bemukn A;; = 0, TO JeauM Ha HOXOIANIA CTEIleH Ha ¥ U mostydasame (14.4)
* —1 . .
¢ mone exno A, # 0m Aj; € OF 3sa VA;; # 0. Torasa v, (Ajit;") = —i 3a
VA;; # 0 n npunaraiikiy HEpaBeHCTBOTO HA TPUBLI'bJIHUKA C PABEHCTBO 3a HEHY-
Vo () » Vj () )
nepute cpbOupaemn Ha y, Aj ;i nomyuasame vj, Z Aj,it; ] = —i1 <0
i=1 i

38 MaKCHMAJIHOTO €CTECTBEHO 1 ¢ A;, i, # 0. HepaBeHCTBOTo Ha TPUbI'bJIHUKA 34
ocraHajguTe chOUpaeMu B JisiBaTa cyMa or (14.4) nasa

vj(x)

YD Autit] =0,

i#do i=1
cerinacuo Aj; € O C Oy, uwj,(t;) = 03a Vj # j,. Obmio, croitnocTTa Ha vj,
BBpXYy JisiBaTa cyma ot (14.4) e

r v;(x)

ZZA”t = —i <o,

Jj=1 i=1
CBIVIACHO HEPABEHCTBOTO HA TPUBI'LJIHUKA C PABEHCTBO. 1I0-HATATBK, 3a BCHYKH
; 71‘ — . 3 .
1 <i <y, () mvanme vj, (2t} ") = vj,(2) —i > 0 1 v;,(Bj,,:) > 0, orkbAETO

vj, ()

z Y Bt | =o0.

3a mpomssoano j € {1,...,7}\ {jo} e B cuna v;, (t;z) = 0, OTKbIETO

vj, (@Bt} ") = v, (x) + v;,(Bj:) > 0,
cbraacHo vj, (x) > 0 u v, (B;;) > 0. Ilpuiaraiiku HepaBEeHCTBOTO HA TPHbBIbJIHIKA
HoJIyuaBame

vj () r vj(x)

vy S Bty | >0 mwov, [2) > Bt;t| >0

J#jo i=1 j=1 i=1

Cera

r vj(z) r vj(z)

0>—i; = Vj, Z Z Aj)itj_i =, | — Aj7it]-_i =

j=1 i=1 j=1 i=1

r v;(x)

=vj, J:ZZB]J “1>0

Jj=1 i=1

€ IIPpOTUBOpeYne, JT0Ka3Balllo JUHEHHATa HE3aBUCUMOCT Ha
{ajst;" | 1< s<deg(v), 1<i<w;(z), 1<j<r},
Q.E.D.
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CHEACTBUE 14.5. Axo F' e ynrkuuonaino noie na eona npomMeniusa csc Cs6sp-
weno nosae om Konucmanmu k, mo ecexu esemenm x € F\ k uma nati-mrozo kpaen
6poti nyau v € P, v(x) > 0 u nati-mnozo xpaen 6pot noaocu v € P, v(z) < 0.

Hoka3zaresacrBo: Ot

Z v(z) deg(v) = deg(x)o < [F: k(z)] =n
vEP,v(x)>0

cJlesiBa, ue KJacoBeTe JMCKpeTHH HopMmupaHus v € P ¢ v(z) > 0 ca He moBede oT
n, zamoro crenennte deg(v) ca ecrecTbenn uncia. Baemaiikn npeapn, ue v (1) =
—v(z) > 0 rouno koraro v(z) < 0, crurame J10 U3BOJA, e nouocuTe v € P Ha x ca
TOYHO HYJIUTE Ha % Or

£ o(omo-sm(l) s ()]

vE'P,v(%)>O

nosygaBame, e v € P ¢ v(x) < 0 ca xkpaen Gpoil wiu moocuTe Ha T Ca KPAeH
opoit, Q.E.D.

CHEOCTBUE 14.6. Axo F e Gynkuyuonasno nose wa edna npomMeHAuBa CoC Co6op-
weno noae om Koncmanmu k, mo ecexu easemenm x € F\ k uma none edun noaoc
U NoHe edHa HYAG.

Bamosa usobpasiceruemo

div : F* — Div(F),
div(z) =Y v(@pw= Y  v@pv- (—v(@))v = (2)0 — (2)os

vEP vEP,w(x)>0 veEP,v(x)<0
e xomomopPusom na epynu ¢ adpo ker(div) = k*.

Hoxka3zaresictBo: Jocrarbano e ma nmposepuM, 4ye Bceku ejaement x € F\ k uma
[IOHE eJUH II0JIIOC, 3aIl0TO TOraBa % € F'\ k me uma none exud nojoc u ¢ € F\ k
nie uMa noHe efna nHysa. la mouycuem, ye x € F'\ k uama nosnocu, T.e. v(x) > 0 3a
Vo € P. Torasa 3a BCHUKH KJIACOBE JICKPETHH HOpMupaHus w Ha F % k e B cuia
w(z) > 0, zamoto w|r = v. Kacosere auckpersn Hopvupamus w Ha F x k ca BbB
B3aMMHO €JHO3HAYHO ChOTBETCTBHE C TOUKUTE P Ha IJIaJKa MpoeKTuBHa Kpuba C' ¢
dyuxnuonanso mose F. Cienosarenno © € NpecOp(C) = Oc(C). Pasrmexxname
POEKTUBHUSA MOPQMUIDBM

o, :C — P! (k),

P2 (p) = [=(p) - 1].
Cworiiacao Teopema 77, obpasbr @, (C) e 3aTBOpeno nojmuoxectso Ha P(k). Bae-
Maitky mpeBu HenpusoamMoctTa Ha @, (C), nomygasave, we @, (C) = PL(k) mm
®,(C) e rouka. Ot [1 : 0] ¢ ®,(C) crasa sicho, e ®,(C) = {[c : 1]} e Touka u
x = ¢ € k. IlporuBopeunero nokasBa, ye BceKu ejgeMeHT x € F'\ k uma none eaun
TOJTIOC.
M3zo6paxkenuero div : F* — Div(F') e xomoMopdu3bM Ha TPYIH, 3aI0TO

div(zy) = Z v(zy)v = Z(v(x)Jrv(y))v = Z v(x)erZ v(y)v = div(z)+div(y).
veP veP veP veEP
Enementure Ha k* HAMAT HATO HyJM, HUTO ToJrocH, Taka de k* C ker(div). Axo
JIOIyCHEM, e cbinecTByBa & € ker(div) \ k*, ro x € F\k n x uma kaxTo Hys1a v € P,
v(z) > 0, taka u nomoc w € P, w(z) < 0. B pesynrar, div(z) = > v(x)v # 0,
vEP
nporusHo Ha x € ker(div). ToBa nokassa, ue ker(div) = k*, Q.E.D.

JuBuzopure BbPXY MPOEKTUBHU MHOIO00PAa3nsi Ca aCOIUPAHU C JUHEHHU Pa3ciioe-
uud. I[Ipequ 7@ omuminem ToBa CHOTBETCTBUE Jla HAIIOMHUM, Y€ BEKTOPHO Pa3CJioe-
wre E uaj muoroobpasue M e davuimst F = Uy E, 0T JIMHEHN IPOCTPAHCTBA
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FE, ~ ET, napamarpusupana ot toukure r Ha M. Taszu damunms uma peryispHa
npoeknus 7 : E — M, nzobpazssama F, B © 1 3a Bcsika TOYKa X, € M cbImecTBy-
BaT oTBOpeHa okosHocT U Ha x, Bbpxy M u Tpusnammszanus oy @ w1 L(U) — U xk
na E supxy U ¢ opy(E,) = {z} x k. Bexropuoro pascaoemne E — M e or
paur r, ako F, ~ k' sa Vo e M. BekTopuute pa3scioenust or panr 1 ce Hapu-
Mar JimHelHu. AKO ¢y M @y ca TPUBMAJIM3AIUU Ha BEKTOPHOTO pa3cioeHue F
HaJl Ipecudyalny ce orBopeHn noamuoxkectBa U m V Ha M, TO m300parkeHHETO
guy = <pU<p‘71 :UNV — GL(r,k) ce mapuda dbyHKIua Ha mpexoga Ha oT V.
kbM U. OyHKIMATE HA TPEX0Ja U3II'bIHABAT T'hXKIECTBATA

guv(@)gvu(x)=E, 3a VeeUNV u (14.5)

guv(z)gvw (@)gwu(z) = E, 3a Yz eUNVNW, (14.6)

KbaeTo E,. e equanunara marpuna ot pex r. Obparno, neka M = UycaU, € or-
BOpeHo nokpurue Ha M ¢ usobpaxenus g, g : Uy N Ug — GL(r, E), A3I'bJIHSIBA-
mwm pasercrBara (14.5) u (14.6). TebpauM, e CHIIECTBYBA €IUHCTBEHO BEKTOPHO
pasciaoenne E — M 10 paur r ¢ QyHKIHM HA OPeXOHa {ga,gta,3cA. 38 IeITa
pasruexiame oberuaeHrneTo Uye 4 (Uy X ET). Orbxkaecrasame (z,v) € Ug X k¢
(@, g p(x)v) € Uy X k saVa,B €A, a # [ u o3HaYaBaMe TOJIY9YE€HOTO MPOCTPaH-
crBo ¢ E. HemocencTseno ce mposepsiBa, de F € BEKTOPHO Pa3CIOeHUE OT PAHT T
BbLPXy M ¢ dyHKIum Ha npexoja go,3-

Heka 7 : L — M e jmmHeiino pascioenne ¢ TpUBMAIN3AINN 0q : 7 L(Uy) — Uy X k
3a « € A. IIpoussosHn HeaHypaly ce peryiaspau dyukmuu f, € O* (U, ) 3amasar
rpuBnaBaIn @) = fope 1 T H(Us) — U, X k ¢ byEKIII Ha mpexoma g;’ﬁ =

(];—;) g5 Obpartro, npomssosiun Tpusmammsanun ¢ 1w (U,) — U, X k Ha

—%
€ k , taxa e PyHKIUNTE HA IPEXOIA {Ja 8}a,fcA U

7
Pa
a

7w : L — M umar yacTHH -
{g., ﬁ}% BcA OIPEIETIAT €IHO U CDIIO JUHEIHO PAa3CI0eHHe TOraBa U CaMoO TOraBa,

Korato chmectsysar dynknun fo € O*(Ua) ¢ g, 5 = (?—;) Ga,B-

Hexa C' e xpuBsa, onpefieniena HaJ Kpaiino moje F,. Creraacao Teopema 16, xKiaco-
BeTe NUCKPEeTHN HOPMHUpaHU: v Ha ¢yHxnuonanmnoro more F = F,(C) na C man
F, ca BbB B3aUMHO eTHO3HATHO chOTBETCTBHE ¢ F -3arBOopenute Touku Orb(p) =

OrbGal(E/Fq)(p), p € C. Ilpoussosen gususop D = ;Dnvv Bbpxy C Moxke ja ce
v
MHTEpIpeTHpa KaTo Z-JnHeitHa KoMOnHanusg Ha [Fg-3aTBOpEeHN TOUKN

D= Z n,Orb(p),
peC

KbJIETO CyMHPAHETO € 110 KpaeH 6poit npencrasurenu na Gal(F,/F,)-opburu Bbpxy
C. B pesynrar, cbimecrByBa orBopero nokpurue C' = UgcaU,, Taka ae U, N D =
div(f,) ca rmaBuu nususopu. Jlokanuure ypasuenus f, Ha D Bbpxy U, umar
HEAHYJIUPAIIN CE PETYISAPHU YACTHH

_ Ja
Ja,8 = 7 .
faluanus
HemocpesicTBeHo ce mpoBepsiBa, Y€ §o,8 = % N3IILJIHABAT ThrKJIECTBATA
UaﬁUg

(14.5) u (14.6), Taka 9e {ga,s}a,8eA Cca GYHKINM Ha Ipexoja Ha JHHEHHO pasc-
soerne Ha C. ToBa juHeitHO pascioenue ce besexku ¢ Lp u ce Hapuda acornupaHo
¢ quBu3opa D. Ako 7w : Lp — C' e npoekiusiTa Ha JIMHETHOTO PA3CI0eHIEe, aCOINPa-
HO ¢ juBu3opa D, 1o m3obpaxkenusita s : C — Lp ¢ s = Id¢ ce Hapuuar riobajiHu
cedenns Ha Lp. Heka s, : C — Lp e 1i0bajHO paIMOHATIHO CeYeHUe C JTUBU30D
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div(s,) = D, a I'(C,Lp) e MHOXeCTBOTO Ha TJI00AJIHUTE PEryJapHH CeueHUs Ha
Lp. Torasa

[(C,Lp) = s,L(D) sa L(D)={fek(C) | div(f)+D >0}U{0}.

Muoxecrsoro L£(D) or pamuonanau Gynkuuu Bbpxy C e JUHEHHO IPOCTPAHCTBO
Has k. Hancruna, ycnosuero af € L£(D) 3a Vf € L(D) u Va € k e scuo. Heka

D= > nyowcn, €Z,a f,g € L(D). Ycaosuero
veP

div(f)+ D = Zv(f)v—i— vav = Z(v(f) +ny)v >0
veEP veEP veP

e exBubasenTHO Ha v(f) + n, > 0 3a BCHYKH KJIaCOBe JAMCKPETHU HOPMUDPAHUS
v € P. Ananoruuno, v(g) + n, > 0 3a Vv € P, cbrnacuo div(g) + D > 0. Ba na
ycranosuM, e f + g € L(D) 3a npoussonru f,g € L(D), onensiBame

div(f+g)+D =Y v(f+gv+ Y nw=

vEP vEP
= > W(f+9)+nu)v =Y [min(u(f),v(g)) +nuJv >0
veEP veP

C TIOMOII[TA HA HEPABEHCTBOTO Ha TpubIbinuKa v(f + g) > min(v(f),v(g)) 3a mpo-
M3BOJIEH KJIAC JIMCKPETHN HOPMUDAHUS V.

C m3BecTHA HETOYHOCT Ilie OTbKIecTBsIBaMe MHOXKecTBOTO I'(C, Lp) = $,L(D) Ha
ryiobaJiHuTe peryispHu cedenust Ha Lp ¢ k-smneiinoro npocrpancrso L£(D), Koero
ro TapaMeTpu3upa.

ONPEAENEHUE 14.7. Jlunetinama cucmema |D| wa dusuzop D espry xpusa C,
onpedenera Had CEEBPUWEHO NOAE k € MHOMHCECTEOMO

|D| ={F € Diw(C) | E=div(f)+ D >0, fek(C)}
Ha epexmuenume dususopu sopxy C, Koumo ca sunetino exsusaseHmuu ¢ D.

Edexrusuure nusuzopu E = div(f) + D > 0 Bbpxy C, KOUTO ca JUHEHHO eKBU-
BajieHTHH ¢ D ca BbB B3aMMHO €IHO3HAYHO ChOTBETCTBHUE ¢ AuBu3opure F — D =
div(f) ma panmonanuure byukuuu f € L(D). 3aroBa nmame uzoMopdusbM Ha
MHOXKECTBA

D]~ {div(f) | feK(C), div(f)+D >0}
Parnuonanuure dbyuxiyuu f,g € k(C)* umar enun u cbiuu qususop div(f) = div(g)

div (g) =) v (D v="> [(f) —v(g)v =

veEP veEP

= Z o(f)v — Z v(g)v = div(f) — div(g) = 0.
vEP vEP

ITocsienHOTO € eKBUBaJIEHTHO Ha, 5 € k*, corimacuo Cuencrsue 14.6. CiaenoBaTeno
JUHEeIHAaTa CUCTEMA,

D] = {div(f) | feLD)\{0}} = LD)\{0}/k" =P(L(D))

wa jquBn3op D Bbpxy C e m3oMopdHA HA MPOEKTUBU3AIUSTA HA TPOCTPAHCTBOTO
L(D), napamerpusupaiio rJIoGaJHUTe PEryJIsiPHU CeYeHHs Ha aCOIUPAHOTO JINHEH-
o pascioenue Lp ua D.

B crnenpamara jema ca chbOpaHW HIKOW CBOHCTBA HA JIMHEHHHUTE MTPOCTPAHCTBA

L(D).
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JIEMA 14.8. (i) 3a npoussosnu dususzopu G > D sspry xkpusa C, L(D) e noo-
npocmpancmeo na L(G).
(i) 3a npoussoaru dususopu G > D e @ cuna

dimy, (£(G)/L(D)) < deg(G) — deg(D).
(ii) L(0) = k.
(iv) 3a npoussoaen efexmusen dusuzop D > 0, pazmeprocmma
(D) = dimy L(D) > 1.

(v) 3a npoussosen dueuszop D pasmeprnocmma [(D) = dimy, £(D) < co e kpaiina.
(vi) 3a npoussosen dusuzop D u npoussoana payuonasna dynwkyus x € F = k(C)
e 6 cuaa (D) = (D + div(z)).

Hoxka3zaresicrso: (i) Ilo onpenenenne, ako x € L(D), To div(z)+D > 0, orkbIeTO
div(z)+G = div(z)+ D+ (G —D) > 0, 3amoro gusuzopbT G—D > 0 e edexrusen.
(ii) JocTaTbuHo € Ja JoKaKeM, de

dimy (L(D +v)/L(D)) < deg(v) 3a Vv € P. (14.7)
Torasa ¢ unayKIus 110 6post Ha chbupaemure B G — D > 0, ako G = G' +v un
JIOILyCHEM, Ye
dimy, (L(G")/L(D)) < deg(G’) —deg(D) 3a G > D, o
dimy, (L(G" +v)/L(G")) < deg(v) nasa

dimy, (L(G’ +v)/L(D)) < [deg(G’) + deg(v)] — deg(D).
Tyxk muznonzsame, ye ako Ay C Ay C A3 ca KpallHOMEpHM JIMHEHHM TPOCTPAHCTBA,
Hax noiie k, o dimy(As/A1) = dimg(As/A2) + dimg(A2/A4;1). 3a na nposepum
(14.7)3a D = > n,w uzdbupame u € F cv(u) = n,+1. Torasa Besiko © € L(D+v)

weP
UMa peryJsApHO BbB v npoussenenue zu € O,, 3amoro v(zu) = v(x) + v(u) =

v(x) +ny, +1> 0. ToBa HE 1aBa BBE3MOXKHOCT Jja PasmeaMe H300parkKeHueTo
P L(D+v) — Oy /My,

Y(x) = zu+ M,.

Coraacho ¥(z1+22) = (21+22)ut My = (21u+DMy)+ (z2u+MMy) = Y(21)+9(22)
3a Voy, 29 € L(D +v) u (Az) = Azu+ M, = AMzu+M,) = Mp(z) 3a VA € k,
Va € L(D + v), uzobpaxenuero ¢ e k-juneiino. Japoro
ker(y)) ={x € LID+v) | zueM,} =
={zx e LD+v) | v(z)+v(u)=v(x)+n,+1>1} =
={x e LID+v) | v(z)+n, >0} =L(D).

Crenosarenuo obpassr L£L(D + V)/L(D) ~ im(y) uma pasmMepHOCT
dimy, (£(D + v)/£(D)) = dimy im(4) < dimy (O,/M,) = deg(v).
(iii) ITo onpejesenue,
L(0)={x € k(C)" | div(z) >0} U{0} =k"U{0} =k,

3a10TO ejuHCcTBeHnTe panuonanau Gyukiuu ¢ € k(C)* 6e3 nosmocu ca KOHCTAH-
TuTe or k*.
(iv) Ako D > 0, To cvracuo (i) n (iii) mmame L£(D) O L£(0) = k, TokbIeTO
I(D) = dimy £L(D) > 1.
(v) Ako mususopbr D > 0 e edexruseH, To cbriacto (i) nmame

dinny, (£(D)/£(0)) = dimy. (£(D)/k) < deg(D),
orkbaero [(D) = dimy, £(D) < deg(D) + 1 < oc.
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B obmust coyuait uzbupame edexkruper ausuzop G > 0, xoifro gommamMpa D, T.e.

G >0, G > D. Torasa I(G) < oo. Ilpunaraiiku (i) nonygasame, ge [(D) < [(G) <

00.

(vi) 3a npowussosien auBuzop D u npoussosina panuonasasa byskuus ¢ € k(C)

teppanM, de zL(D + div(z)) = L(D). Haucruna, ako y € L(D + div(z)), To

div(y) + div(z) + D = div(zy) + D > 0 u 2y € L(D). O6patho, ako z € L(D), To

y =2 € L(D + div(z)), samoro div (£) + div(z) + D = div(z) + D > 0. Orryk
I(D) = dimy £(D) = dimy, L(D + div(z)) = (D + div(z)),

QED.

TBBHPAEHUE 14.9. Hexa F' e pynxuyuonaino noie na edna npoMeHRAUBa Co¢ Co6BP-
weno noae om xowemanwmu k ux € F'\ k. Toeasa 6posam na nysume

deg(x)o = [F": k(z)]
HG T cB6NAda C6C cmenenma Ha GyHKyuoHasnomo noae F nad wucmo mpancuen-

denmmomo paswupenue k(x) na k upes x.

Hoka3zaresictBo: Beue jokazaxme, ye n = [F : k(z)] > deg(x)o. 3a n < deg(x)o

uszbupame 6as3uc yi,...y, Ha F wan k(x) u pasriexgame edbeKTUBHUS IUBU30D
n

E =3 (yj)o 3aVm e N, V0 < i <muVl <j < n, parmonanunre byHKIIT
j=1
z'y; € L(m(z)o + E), 3amoro

n

div(z™"y;) +m(z)o + E = —i(x)o +i(x)oo + (U)o — (U)o +m(x)0 + I (Uj)o0 > 0,
j=1

cbraacHo (m —i)(x)o > 0, E — (Yj)oo = 2 (¥i)oo, U(Z)oe = 0 1 (y;)0 > 0. OcBen
i#]

ToBa, {z7'y; | 0<i<m, 1<j<n} caauiefino He3aBUCHMU HaJ k, 3aIl0TO

Yl - -5 Yn CA JMHEHHO HE3ABUCUMH HAJ| TUCTO TPAHCIEHIEHTHOTO pasmmupenue k()

Ha k ape3 x. CiresioBaTeTHO OGPOAT HA TE3W PAIMOHAJIHU (DYHKIINN

(m+1)n <Ii(m(z)y+ E) (14.8)

He HaJMHUHaBa pasmeprocrTa Ha L(m(z)o + F) nan k. IIpunarame Jlema 14.8(ii)
KbM auBu3opute m(x)o + £ > 0 u nosydaBame

I(m(z)o + E) — 1 =dimg(L(m(x)o + E)/L(0)) < mdeg(x)o + deg(E).
Kombunupanero ¢ 14.8 nasa
mn +n < mdeg(z)o + deg(F) + 1.

Orryk m[deg(z)o —n] > n—deg(E) — 1 3a Ym € N. CiieoBaresno koeQuIUeHTbT
deg(x)o — n > 0 Ha m e meorpunaresen u deg(x)o = n, Q.E.D.

CHEACTBUE 14.10. Axo F e ¢pynkuuonasto noae na edna npoMeHAIuss CsC Co6sp-
weno noae om xowemanwmu k uwx € F\ k, mo

deg(x)oo = deg(x)g = [F : k(z)].
B wacmmnocm, deg(div(xz)) =0 sa Va € F.

HoxkazaresicrBo: Coraacuo k(z) =k (%)7

1 1
deg(z)p = [F : k(x)] = {F k ()} = deg (> = deg() oo,
x z),
Q.E.D.
CnenctBUE 14.11. Axo D e dususop om cmenen deg(D) < 0, mo L(D) = {0}.
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Hoka3zaresictBo: IIpu nonyckane Ha nporusHOTO cbmiectByBa x € L(D) \ {0}
¢ div(z) + D > 0. Orryk deg(D) = deg(div(x)) + deg(D) > 0, nporusHO Ha
npeanonoxkenunero deg(D) < 0. Tosa mokaszsa L£(D) = {0} 3a deg(D) < 0, Q.E.D.
Husuzopure div(x) va panuonannun dysakuuu ¢ € F = k(C) ce napuyar riaBun
JIUBU30pH U 06pas3yBaT HoArpyla Ha cBoboxHara abeseBa rpyna Div(F') Ha Bcuuku
JuBH30pH Ha (QYHKIMOHATIHOTO moie F Ha enHa npomenausa. I'pynara div(F) nHa
IJIaBHUTE JUBU30pH e Tojarpyna nHa jausuzopure DivY(F) or crenen 0. ®axrop-
rpynara Div(F)/div(F) ce Hapuda rpylna Ha KJIacoBeTe JUBH30DH.

TEOPEMA 17. (Teopema na Riemann) 3a npoussoaro dynxyuonasno nose F na
€0HA NPOMEHAUBE COULELCTNBYBA UAAA Koncmarma g > 0, napevena pod na F', maxa
ye

(D) = deg(D) —g +1

3a ecuvku dususopu D € Div(F).

HoxkazarencTBo: Pasriexname dyHKImsITA
s: Div(F) — Z,
s(D) =deg(D) — (D) + 1.
TBbpAUM ChIIECTBYBAHETO Ha Isijla KoHCTaHTa g > 0, taka e s(D) < g 3a BCHIKU

qususopu D € Div(F). Usbupame x € F \ k u 6a3uc y1,...,y, Ha F Hax k(z).
ITo anmamorus ¢ gokasaresncrBoro Ha [F : k(x)] < deg(z)o durcnpame edexrunHmst

n
muBu30p E = 3 (Yj)00. 32 Mpou3BOJIHO ecrecTBeHO m € N paronaissnTe QyHKIMH
i=1

{z7%; | 0<i<m, 1< j < n} obpasysar JuHeliHO He3aBUCHMO Haj k
noxmuokecTBo Ha L(m(z)o + E). Orryk crensa (14.8). Ilpunarame 14.8(ii) kM
m(z)o + E > m(x)o n nomydasame, e

l(m(z)o + E) — l(m(x)o) < deg(E).
Kombunupaiiku nocsegnoro HepaseHCTBO ¢ (14.8) ussexname
mn +n < l(m(x)y) + deg(E).
B pesyurrar,
s(m(x)o) = deg(m(z)o) — l(m(x)o) + 1 =mn —I(m(z)o) + 1 < deg(E) —n + 1,
cbrnacHo deg(z)g = n. Caenosaresnno pemunara {s(m(x)o)}5°_, e orpannyuena or-

rope u MOKeM Ja n3bepem
g = sup s(m(z)o).
meN

Cympemymbr g Ha pequnata {s(m(x)o)}5°_; ce gocrura, samoro {s(m(x)o)}5o_; C
7 ¢ MUCKpETHA PeJIATA.
3a npoussoJien quBuzop D € Div(F) cpimecrByBa edpexrusen qusuzop H € Div(F),
H > 0, koiito jomuanpa D < H. Ilpurarame Jlema 14.8(ii) kbm m(x)g > m(x)o—H
U TI0JIy IaBaME

I(m(z)o) — l(m(z)g — H) < deg(H). (14.9)
Ot s(m(x)o) = deg(m(z)o)—I(m(z)o)+1 < g censa l(m(z)o) > mdeg((x)o)—g+1.
Kom6uuupaiiku ¢ (14.9) nomydasame

l(m(z)o—H) = l(m(x)o)—deg(H) = mdeg((2)o) —g+1—deg(H) = mn—g+1—deg(H

3a nocrarbuno rojgemu n = deg(x)o € N umame mn—g+1—deg(H) > 0, orkbAeTO
I(m(z)o — H) > 0. 3a TakuBa n € N cbmecrsysa z € L(m(z)y — H) \ {0} c
div(z) + m(z)g — H > 0. Orryx

m(x)o > H — div(z).

).
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Axo Dy < D 3a ausuzopu D1, Dy € Div(F), To
s(D2) — s(D1) = [deg(Dz) — deg(D1)] — [I(D2) — I(D1)] = 0
cbrtacuo Jlema 14.8(ii). Ocsen ToBa,
s(D + div(y)) = deg(D) — (D) + 1 = s(D),
zamotro deg(div(y)) = 0 u (D + div(y)) = (D) no Jlema 14.8(vi). B pesysrar,
9> s(m(@)o) = s(H — div(=)) = s(H) > s(D),

nopagu m(xz)g > H—div(z) u H > D. 3a D = 0, nokazanara Teopema na Riemann
JaBa
1=1(0) > deg(0) —g+1=1-g,

orkbiero g > 0, Q.E.D.

CHEIACTBUE 14.12. Axo dususopsm D € Div(F) usnsanasa Teopemama na Riemann
¢ paserncmeo (D) = deg(D) — g + 1, mo ecexu dususop G > D usnsanssa Teope-
mama na Riemann ¢ pasencmso, [(G) = deg(G) — g + 1.

HoxzaresncrBo: [Ipunarame Jlema 14.8(ii) kbm G > D u nosyyasame
I(G) — (D) < deg(G) — deg(D).

Croriacno Teopemara wa Riemann I(D) = deg(D) — g+ 1 3a D ¢ paBeHCTBO, OTTYK
crenBa l(G) < deg(G)—g+1. Baenno ¢ Teopemara Ha Riemann [(G) > deg(G)—g+1
3a G, ToBa gaBa [(G) = deg(G) — g+ 1, Q.E.D.

CHEACTBUE 14.13. 3a npousdsoaro dyrkuyuorasto nose F na edna npomenausa
CBC CBEBPUWEHO Noae 0m Kowemarwmu k couwecmsysa uato wucio r, maxa we Teo-
pemama wa Riemann e usnsanena ¢ pasencmeo 3a ecuuru dususopu D € Div(F)
om cmenen deg(D) > r.

HoxkazarencrBo: Kakro B mokazaresncrsoro Ha Teopemara na Riemann 17 uzbu-
pame € F \ k u takoBa p € N, ue s(u(z)o) = deg(p(x)o) — Wp(z)o) +1 =g
JocTura TouHara ropua rpasuna g Ha {s(m(x)o)}2_,. Iomarame

r =g+ deg(p(z)o).

Torasa 3a Bceku musuzop D € Div(F) or crenen deg(D) > r mususopsr D —
w(x)o € Div(F) e or crenen deg(D — u(x)o) > g. Ilo Teopemara na Riemann 3a
D — p(z)o nmame

U(D = p(x)o) = deg(D — p(x)o) —g+12=1.

CnenoBaternno coiectsyBa z € L(D — u(z)o) \ {0} ¢ div(z) + D — p(z)o > 0. C
npyru gymu, D+div(z) > p(x)o u cbraacao Crencrsue 14.12, nusuzopbt D+div(z)
u3nbiHsiBa Teopemara Ha Riemann ¢ pasencrso s(D+div(z)) = g. KomGurupaitku
¢ s(D+div(z)) = s(D) nonyuasame Teopemara na Riemann ¢ pasencrso s(D) = ¢
3a Beekn qusnzop D € Div(F') ot crenen deg(D) > r, Q.E.D.

CHEACTBUE 14.14. Dynxyuonasnomo noae F' na edna npomenausa e noaemo k(x)
na payuonasnume dyrxyuu na npoexkmuenama npasa P(k) moeasa u camo moza-
6a, kozamo podem wa F e g = 0 u cowecmeysa kaac om UCKPEmHl HOPMUDGHUA
v om cmenen deg(v) = 1.

JokazaresictBo: Axo F = k(x) = k(P'(k)) e dynkmmonanmoro nose na P!(k),
to F = k(z) e uncro TpaHCIEHIEHTHO pas3imupenue Ha k ot cremnen 1. TebpauM, e
aKO Uoo € HOPMHUPAHETO, OTTOBAPSIIO Ha Oe3KpaifHaTa TOUKa, TO

L(nvse) = kT[]
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Ce CHCTOM OT TIOJMHOMUTE Ha T OT crerneH < n. [[0-TOYHO, BCEeKHU ejieMeHT Ha F' =
J1(z) f1(z
k(x) e or Buza @ © fi(x), fa(x) € klz]. Tlo onpenenenne, fégmg € L(nve) TOraBa

n CaMO TOraBa, KOraTo

div(f1) — div(f2) + nve > 0. (14.10)

Juckpernnte nHopmupanus Ha F = k(x) ca Voo U Up(y) 32 Hepasaoxkumure Haj k
nojmuomu p(z) € klz]. Or (14.10) ciensa vpq)(f1) — Vp(e) (f2) > 0 3a npoussosen
HepasJIokuM HaJ k mosuHoM p(z) € klx]. Ja nHanomHmM, de B npbcreHa k[r] Ha
HOJIMHOMUTE Ha & ¢ KOeUIMEHTH OT 1I0JI€ k MMaMe Pa3Jarane B IPOU3BEJCHHE HA
HEPA3JIOZKUMU HaJl k MHOXKHUTEJIH, KOETO € €IHO3HAYTHO C TOYHOCT JIO MYJITHILINKA-
TUBHU KOHCTAHTH OT 110JieTO Ha Koedurmenture. bes orpanndenne Ha o6IIHOCTTA

MOXKeM [Ia CIHuTaMe, ue JpooTa }EE";;

€ k(z) = F e HecbkparuMa. AKO CbIIECTBYBa
HepasznokuM Hag k genuren p(z) € klx] na fa(z), o p(x) He mesmm fi(x), Taka de

Up(a:)(fl) =0u

Vp(a) (28;) = Up(a) (f1) = Vp(a) (f2) = —Vp(a) (f2) <O.
fi(z) _

Tosa nporusopeun na (14.10) n noxassa, se gy = fi(z) € k[z] e mosmuoM Ha

¢ koedunumentn ot k. Yemosuero (14.10) nasa
Voo (f1) + 1 = —deg(f) +n =0,
r.e. deg(f1) < n. B pesyarar, Teopemara na Riemann 3a D = nv., nupuema Buja
n+1=1(nve) >2n—g+1.

3a mocrarbano rogemu deg(nvs,) = n > r, Teopemara nHa Riemann e nsnbiHeHa ¢
paBeHCTBO, Taka 4ue poabT Ha F e g = 0.
O6parHO, aKo poIbT Ha (PYHKIIMOHAIHOTO osie F' Ha enHa nmpomensuBa e g = 0 u
CBIIECTBYBa KJIAC IUCKPETHI HOPMUPaHUs v OT crerned 1, To Teopemara na Riemann
3a D = v nasa

I(v) > deg(v) —g+1=2.
Ipunarame Jlema 14.8(ii) kbM v > 0 u mOJIEUsIBSIME

I(v) =1 < deg(v) —0=1,
orkbaero [(v) < 2 u l(v) = 2. Usbupame z € L(v) \ k. Torasa div(z) + v =
(2)o — ()00 + v > 0 u3uckBa v > ()0 # 0, 0OTBKIETO (T)o = v. CenoBaTesHo

[F: k(z)] = deg(x)o = deg(z) oo = deg(v) =1

u F = k(z) = k(P*(k)), QE.D.



