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CripaBouHO€ moco6ue no BeIicmIei MaTemMatuke. T. 2
M.: Emuropuan YPCC, 2003. — 224 ¢.

«CnpaBouHoe mocoOHWe IO BHICIIEH MaTeMaTHKE» BBIXOAUT B IATH TOMax H
IpeAcTaBIsieT coboil HOBOE, HCIIPABIEHHOE M CYIIECTBEHHO IONOJIHEHHOE H3/aHUE
«CnpaBoyHoro mocobus Mo MaTeMaTHIecKOMy aHalM3y» TeX K€ aBTOpoB. B HoBoMm
M3JaHUU 1ocoOue OXBaThIBAE€T TPU KPYNMHBIX pa3ziena Kypca BhICHIEH MaTeMaTHKH —
MaTeMaTHJecKuil aHanu3, Teopuio auddepeHIuaIbHEIX YpaBHEHUH, TeopHio QyHKIU
KOMILIEKCHOW TTEPEMEHHOIA.

Tom 2 1no coxepkaHHIO COOTBETCTBYET MNEpBOil MONOBHHE BTOPOrO TOMa
«CnpaBoyHOTO MOCOOUS 1O MaTeMaTUIECKOMY aHAIIU3y» U BKIIIOYAET B ce0s TEOPHIO
panoB u quddepeHuaIsHoe HCUUCIIEHHE (PYHKITHI BEKTOPHOTO apTyMeHTa.

ITocobue npegHazHavueHo AJIA CTYEHTOB, MMpenojaBaTelieil U pabOTHUKOB (PU3UKO-
MaTeMaTHYECKUX, SKOHOMHUYECKMX U HWHXEHEPHO-TEXHUYECKUX CIIEHAIbHOCTEH,
CHENMAIUCTOB 1O MPUKIAJHOM MaTeMaTHKe, a TaKkkKe IIUI, CaMOCTOATENHHO
U3yJaIONIUX BRICITYIO MaTEMATHKY.

Ornasnenue

I'masa 1. Pansl 3
§1. Yucnossle psaabl. IIpu3Haku CXOQUMOCTH 3HAKOTIOCTOSHHBIX PSJIOB 3
§2. IIpu3Haky CXOQUMOCTH 3HaKOIIEPEMEHHBIX PSAI0B 25
§3. JeiictBus Hag paaaMu 38
§4. @yHKIMOHATBHBIE IOCTIEA0BATENBHOCTH U pAAbl. CBOIICTBAa paBHOMEPHO 40

cxoaanuxcs GyHKIHOHANBHEIX OCIEI0BATENRHOCTEN U PATIOB
§5. CrenenHsie psaasl 58
§6. Pane1 @ypee 79
§7. CymmupoBanue psaoB. Beraucnenue onpeeneHHsIX HHTETPAIOB C MOMOIIBIO

paI0B 96
I'nasa 2. {udpdepennnannnoe HeauciaeHne GyHKIHi BEKTOPHOTO

aprymenra 113
§1. Ilpenen ¢pynxkuuu. HempeprIBHOCTH 113
§2. YacTHbie mpou3BoHEIe U qubdepeHuans GyHKIMY BEKTOPHOTO apryMenTa. 124
§3. HesBnrle pyHKITUN 147
§4. 3amena nepeMeHHBIX 167
§5. ®opmyna Teiinopa 186
§6. OxcrpeMyM (PyHKITNH BEKTOPHOTO apTyMeHTa 196

OTBeThI 220



'maa 1

Psansr

§ 1. Yncnoseie psaan. IIpusHaku cxogumocTH
3HAKOMOCTOSIHHBEIX PSIOB

1.1. OGuHe NOHATHS H ONpeneIeHns.

Omnpepesienne 1. [Tycmv an — npouzsoivrvic sAemenmst aunelnozo npocmpancmea L, 8
xomopom onpedenena crodumocms, n € N. PRJomr 3aeMeNM06 A HAIBISAIOM 66IPANCERUE

Btazt . tant =) an, (1)
n=1

G IREMENMBL Ay, — €20 YAENGMU. B wacmuocmu, ecau a, € R uau an € C, mo psd (1) nasvisarom
YUCROBDIM.

Ounpepeitenne 2, Cyxma n nepssiz urenos pada (1) Hasvisaemes wacmuunot cymmoti u
uacmo oBosnauaemes uepes Sy, m.e.

Sn=da1+az+ ... +an.
Onpepnenenne 3. Ecau cywecmeyem xoneunsidi npeden

lim $, =S5, SeL

Tl 0O

mo psd (1) czodumes 6 L, a snemenm S nasvisarom cymmot psda. Ecam lim S; = oo uau ne
-0
cyuecmeyem, mo psd (1) nasviesom pacrodsuyumcs.
Onpepeiienne 4. Psd
o0

Z ak, ar €L, (2)

k=n+1

HA3LIBACMCR N —M OCTNGMKOM PRJIG (1) UAY OCTRGMKOM NOCAE N—20 UREHG.

Pax (1) cXxomuTcs MM PacXoXMTCA BMECTe CO CBOMM OCTATKOM, TI0ITOMY YAcCTO NIpM HCCHefo-
BaHHMMU BOIPOCA O CXOXMMOCTH PALa BMECTO HEro PaCCMaTPMBAlOT n—H OCTATOK.

Onpepnestenne 5. Hycms an € R. Ecau ay, > 0, mo p=d (1) Hassisaom nosoxumenbnnis;
eciu an, >0, n €N, mo pad (1) naswisawm cmpo2o noio¥ umeRbHIK.

1.2. HeoGxognMoe ycioBHe cXOAUMOCTH paja.
Has Toro ytobmt pan (1), m.1.1, cxopuaca B £, Heo6XogMMO, YTOGHL

lm-an =9, €L,

=00
Ile § — HyneBoil aMeMeHT AMHeiHoro npocrpaucTea L.
1.3. Kpurepuit Koun.

lycts £ ects R wum €. g toro wrobm pax (1), m, 1.1, cxoguacsa B L, HeoGXomMMO n
BOCTaTOMHO, YTOGH Ve > 0 Jng Takoe, 4To Vn > ng A Vp € N BHToNHANOCH 6Ll HEpaBEHCTBO

lswfp - Snl : Iﬂn-}-l + any2 + .ot “n-{»pl < e.
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1.4. OGoGuteRHNIl rapMORETeCKEY P/l

Onpenenerne. Yucaosoti pad
0

1
nr
n=1

HA3LIBAEMCRE 060OUENHbIM 2apMONUNECKUM DRJOM, 6 npu p = 1 — 2apMonuveckum. On czo-
dumcs npu p > 1 u pacrodumcs npu p < 1.

1.5. Ilpussaxn cpaBHEeRRH YHCIOBHX PANOB.
Teopema 1. Ecau psadui (1), n. 1.1, u

Y b (1)

ROROKUMERLNDL U Gy § bn VB > ng, mo u3 czodumocmu pada (1) nacmosuezo nynxma evimexaem
czodumocms psda (1), n. 1.1, o us paczodumocmu pada (1), n. 1.1, evimexaem paczodumocms pda
(1).

Teopema 2. Ecau psadei }:an u Ebn CMPO20 NOROKUMENLHY 4 Y1 > ng BHINOAHKIOMCK
nepasencmea

nt1 o bupy
dn bn

mo cnpaeedAussl 6618005 npedudywei meopemst.

Teopema 8. Ecau padvs }:an u Eb,, CTPO20 NOROMUMEALHY U

an

/

3

lim 5

=¢, 0<c< 400,

MO OHY CTZOOSMCRK URY PACTOOSMCR 00HOBDEMENRO.
Teopesa 4. Ecau npun — 00
1
»
an=0" | —
" (nP ’

mo npu p > 1 pad (1), n. 1.1, cxodumcs, a npu p < 1 pacrodumcs.
1.6. ITpussaxu x’Anambepa u Koma.
Ecau pag (1), m.1.1, crporo monosurener u
lim 24 o)
n—oo Gpn

mo mput L < 1 10T pAp cXomutcs, a npm L > 1 pacxomurca. Ilpu L = +oo pap (1), m.1.1,

TakKe pacXopgHIcd, a ecnd L = 1, To BONPOC 0 CXORMMOCTH Psfia OCTAETCH OTKPHITEIM (npuinax
0’Arambepa s npedeavnoii Popae).

Ecan pag (1), n.1.1, nonoxurenex u

lim ¥a, =L,

n—0o

TO OTHOCHTENABHO CXORUMOCTH paga (1), 1.1.1, nenaeM re ke BEIBORHI, 4To M B IIpH3Hake o’ AnamOepa
(npuanax Kowu ¢ npocmetiwet npedeavroti gopme).

1.7. Iprsnax PaaGe.

Ecau paz (1), n.1.1, crporo nonxoxHTeNeH U

lim n( dn —l) =p,
n—00 un+1
TO MpH p > 1 o cXOfUTCS, a npH p < 1 pacxomurcs. Ilpu p = 400 paa (1), m, 1.1, cxopurcd, a

ecuu p = 1, To s BHACHEHNS BONMPOCA O €I0 CXONMMOCTH HIM PACXOAMMOCTH CefyeT NPHMEHAT
ZpYTrHe NPUIHARHK. .
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1.8. IIpEsnax Yaycca. ,
Ecnu pan (!),;ﬁl.l, CTPOTO NONOKUTENEH U
by S e

e On
. l+ + 1+t

A, p = const,
Gu+1

e € > 0, |8.] < ¢, Tompu X >1 ‘psm (1), m.1.1, cxomured, a mpu A < 1 pacxopurcsa. Ecam ke
A =1, 10 pag cxogurca npu p > 1 u pacxogurcs npu p < 1.

1.9. Nurerpanpani npussar Kown—Maxnopena.

o
Ecau pyuxuua f neorpunarensua npu £ > 0 ¥ He Bo3pacTaer, To psf Z f(n) cxogurcs wan
n=1
PACXOIUTCA ONHOBPEMEHHO ¢ HECOBCTBEHHEIM MHTEIPAIOM

+ 00
/mm
1

[oxas3aTh HEMOCPENCTBEHHO CXOOMMOCTE CAEOYIONMHX PATOB Y HAHTH MX CYMMBL:

L ——
1447 T T Be=-2)3r+1) T

« HOKH)KEM, YTO CXOAHMTCA MOCICOOBATCILHOCTE YaCTHYHEIX CYMM (Sn) 3TOr0 pAga:
Sum ottt .
"T14 74777 T Br=2)3n+1)

Has aToro ¢ moMomsio oueBUAHEX Ipeofpa3oBanui MpuBeneM S, K BHAY

1 1 11 1 1 1 1
S"”§((l_1)+(Z"?)+"'+(3n—2”3n+1))"§(l"sn+1)‘

Jlerko BUmeTH, YTO MOCAEAOBATEIBHOCTE (Syn) CXORMTCH, T.€. CXORMTCH, IO ONpefeleHHIo, NaH-
HEIM ynciaosoi pax. CyMmma ero

1 1
= lim Sp= lm = (1- )=3
n—00 " n—oo 3 3n + 1 >
2. a) gsina+¢°sin2a+ ... +¢"sinna+...;
6) gcosar + g%cos2a+ ... + g cosna+ ... |g] < 1.
<« TlycTs (uy) ¥ (vn) — MOCIEROBATENBHOCTH YACTHYHBIX CYMM PSAOB 6) 1 ) COOTBETCTBEHHO,
© ¥ v — ux cyMMul. Torga, ucronr3osas dopmyny Jitnepa e'? = cos ¢ +1sin (, MOKEM HalUCATE

. fa _ _n+l_i(ntl)a
Un + i‘Un — qe + q2e2ta et qnema — ge lq_ qei]

[Ipunumas Bo BuuManue ycuosue |g] < 1, umeeM |ge*®| < 1; orcioga caenyer, 4To

lim (qn+lei(n+l)a) =0.

n—oc

A Torga us npegupgymei GopMyNb HAXOTUM

e“’ cosa — ¢ . sin o
u = hm u = = ’
+ 1w = ( ntive) = —geie (1_2qCOSa+q +11—2qcosa+ q2>

Tlosromy
cosa —gq gsin a
= g— 2, U= 5 P
1—-2gcosa+gq 1—-2gcosa+gq
3. ) (VrTz-2v/nF i+ V).

n=1
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« Hemnocpencraento naxogum

Sn=(V3-2vV2+1)+ (VA-2V34 V2 +(VE-2V4+V3) + ... ¢+
+(Wn=2vn—T+Va-2)+(Va+1-2v/n+Va-1) + (Vo +2-2v/n+ 1+ Va) =

=1-VZ4+vnt2-Vatri=1-v2+

1
VrF24+v/n+l

CaegoparebHoO,
S = lim S,,.—.l—ﬁ.»

N~ OO

=)
4. HccrenoBaTh cXOZMMOCTE pAxa E sin nz.
n=1

« Ilycrs z # kn (k — Henoe) M pax cxogurcsd. TorXa ZOMKHO BBHIIOIHSATRCS HeoGXopMMoe
yCIOBUME CXOOMMOCTH pspa:

lim sinnz =0, =z # k7. (1)

N~ 00
Otciopa caegyer, 4To lim sin{n + 1)z = 0, van lim (sinnrcosx + cosnzsinz) = 0. Hpunumas
e OO T OO

BO BHMManHe (1), M3 MOCIEXHETO COOTHOWIEHUS HAXOLUM, YTO

lim cosnz =0, 1 #km. (2)

7L~ 0O

Wz (1) u (2) nony1aeM paBeHCTBO

lim (cos’ nz 4 sin® nz) = 0

n-— 00

)

KOTOpOEe NPOTMBOPEYUT M3BECTHOIM dopmyie sin’ a + cos’ o = 1. Wcrounnk nporupopeuns — dop-
myaa {1). CnegoBaTenwno, eci z # km, To NaHHBIA pag pacxogutcs. CXOMMMOCTE e pana IpH
z = kr (k — uenoe) oueBMIHa, ¥ CyMMa TaKoro psafa PaBHa HyTio. P

o0

oy Pag1—1
5. Toxasath, 4To ecaM pax E an CXODMICH, TO PR 3. An, Ile An = > e, p =1,
n=1 n=1 t=pp
p1 < p2 < ..., HONy4YeHHBIl B pesylsTaTe IPYMIMPOBKY YIEHOB JAHHOLO Paia Ge3 HapylleHHs

JIOpAAKA CIE€OOBAHHUA KX, TAK¥KE CXOOMTCA U UMEET Ty Ke CYMMY.

00
4 Ha CXOIUMOCTH pAfda Z On BEITEKAET CYU[E€CTBOBaAHME Npelena 6o MOJIIOCAEN0BATENL-
n=1
HOCTH NOCIEA0BATEIABHOCTH €r0 YaCTHYHBIX CYMM, PaBHOTO CyMMe psAla S. Bozpmem 9Ty NOZIIo-
CI€J0OBAaTENbHOCTL B BUAE

a =Sp“ a1 +a2+ ... +apy-1 =SP2)
a1+ a2+ ..o Fapm1 F gt a1 =S, o, G182+ . Fpy -1 = Spay

Torga lim Sp, = S mo ycnoButo. Ho Tax xax mocienoBaTelsHOCTH 4aCTUYHBHIX CYMM BTOPOTO

L= OO
paga’ A1 + Az + ... + An pasra Sp,,, To lim (A1 + A2 + ... + An) Takke paBen S, uro u
N~ OO
Tpe6oBaIOCh [OKA3ATE.

O6parHoe yTBepxRAEHHE HEBEPHO, TaK Kak M3 CXOIMMOCTH TIOXMOCAECAOBATEABHOCTH €lMe He Bhl-
TEKaeT CXOQMMOCTH CaMoil ToCiegoBarelbocTH. BostmeM mpumep. lycrs a, = (—l)"“. Pag

oo o0
> (=1)"*!, oueBupmHoO, PACXORHMTCH, XOTH, HATIPUMED, DA 37 (1 - 1), monyvaemuii us NpepBIay-
n=1 n=1
IIEro B PesyasTaTe IPYIITHPOBKM e€T0 WIECHOB 10 [JBa, CXOXUICH. W
o oc

6. okaszaTs, uTO eciy WieHH pEsa E 0y, TOIOXKUTENLHE U DX E An, HosyYeHHHH B
n=1 n'=x :
pesylisTaTe rpyNIIHPOBKH 4JIEHOB 3TOTO PAfa, CXOOHTCA, TO AaHHHIL DAX Takoke CXOBHNTCA.
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<« Ilycrs (px) — npousBoNBHAS [IOMNIOCIEIOBATENABHOCT HATy pAIbHEIX ucel; (Sp) U (Sp, ) —
YaCTUYHEIE CYMMBI TIEPBOIO M BTOPOLC PANOB COOTBETCTBEHHO. TOIHa, B CHIY TOJOXKHMTEIBLHOCTH
IEHOB 4n, 6yREeM MMETh HEPABEHCTBA

S1 € S» < Sp, magBecex n, 1< 1K py,
Sp1 € Sn £ Sp, Rag Bcex n, py < n K Po,

Spy € Sn € Spyyy M BCEX M, P K 1K Prta-
[epexons ¥ mpegeny B NOCIENHEM HEPaBEHCTBe, Korga k — oo, W y4MTHIBasg, YTO BTOPOM PAK
CXOAMTCH, TMOLyYaeM
hm Sp, = lim S, = hm SPI:+1 =S»

L e

HccaepoBaTh CXOOMMOCTS PANOB:
T 1 1
Tol4-4-4-+ ...
+ 3 + 5 + 7 + +

2n—1+""

4 OueBMOHO, TOCIEHOBATEILHOCTS YaCTUYHBIX CYMM [JaHHOIO PAfa BO3Pacraer. lloKameM,
4TO OHa HeorpanudeHa. C 3TOM UETBI0 PACCMOTPUM ee NOANOCIefoBaTeNbHOCTS {Son ), n € N:

52)=Sz=1+%, S22=SQ=1+§+%+%, ""S2n=l+%+‘”+§ﬁll__—]'
B cuay ouenox
]+l>17 l+_l_>g=l’ l+_1_+L+_l_.>i=.1_r
3 5 T8 4 9 11 13 15 16 4
1 1 1 *t
rri vt ot o Ty

HM€E€EM HEPABEHCTBO
1 1 1 1 1 1 1
se=(i4g)+(g47)+ (Grogrmrg) vt

577
+( 1 1 )
1 T T

OTcropa ciaegyer, 4TO NOATIOCIEZOBATEIBHOCTS (S2n) HEOrpaHMYeHa, a 3HAYUT, HEOrPAHU4EHA U
nocregoBarensHocTh (S,). TaxuM o6pasoM, HAaHHBIN PANL PACXOOUTCS. P

1
B. =+—=+—F5+ . +t———+....
V2 23 3./% nyn+ 1

« PaccmoTpuM pap

-1

L.i_(_.l_ _1_)+(L _1_ _1_ _1_) (..1_+ +__1_>+
V2 2\/§+3\/Z 4/§+5¢§+6ﬁ+7¢§ + 8v/9 T 15/16

1 1
‘ +<5’;}—*m+..~+m)+”w (1)

TIONyYeHHBIM B pe3yIbTaTe IPYNNMPOBKM YIEHOB JAHHOLO pAfa. JaMedaeM, YTo

11 1 1 2 1
iwismat s 2x/§ V2
S EI I S - TR K U S —
W T E AT T E S Ve T (R
1 1 1 1 1
—_— .+ < +oF < .
2 /m 1 (2r+1 =1V T 3 @ioyz V"
TosToMy s moCnenoBaTeNbHOCTH 4aCTHYHEIX cyMM papa (1) umeem ouemcy
1 1 1 1 1 1 1
Sn= =t e K = = ——+ ..+ —
vz @nower TR By (f)n SEYA
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Otrciofa, y4NTHIBaY OYEBMIHYIO MOHOTOMHOCTB Sy, 3akmiodaeM, uro pag (1) cxogurcs. A Torpa,
Ha OCHOBAHMH TIpMMepa 6, CXOOMTCA JAHHBLIA PAd. P

9. 4 4l
\/’—1.3+\/_‘3.5\+ T ety

« B cuny onenku

1 1 1 1 1
Spn= et =t b > b 4 — >
"TVT 3 V35 Gn-Dent1) 2 ¢ I
1 1 1
>5(ln2+ln—+ +tt )=§ln(n+1),
OaHHHM PAJ PACXOTUTCH. W
o0 (o)
10. Joxasars, 4o ecau pag Zan, an > 0 cxomured, TO pan Zai TaKKe CXOOMICH.
n=1 n=1

« Ouesnpno, MocaenoBaTenbHOCTE YacTH4HEIX cyMM (Ch) BTOporo pslia MOHOTOHHO He yOH-
Baer. Kpome Toro, B CMiLy dn 2> 0 M CXOOMMOCTM NePBOTO PAfa, CIpaBefIHMBO HEPABEHCTBO

Cn=af+a§+...+ai<(a1+a2+...+an) -.S < const.

IlosToMy, Ha OCHOBAHMM TEOPEMEL 0 MOHOTOHHOM M OTPAaHMYEHHOM TOCTENOBATEIRHOCTH, Cylle-
cryer lim Cy, T.e. mo onpegenenuio 3, m.1.1, BIOpoH psaj CXOOUTCH.

nN— 00
1
JaMeTuM, YTo oﬁpamoe YTBEepPXKICHHE HEBEDHO. Hencrsmenwo nyCcTh 4n = 577, Torpa
pan Z Bns 1)2 CXORHTCA TO TeopeMe 4, 11.1.5, xoTq pag Z 57 bacxomuTcs (cm. mpumep 7). »
n=1
o oo
11. HoxasaTs, uTo ecnu pagH E ai y E bf, CXOFATCH, TO CXOOATCA TaKykKe PARBL
n=1 n=1
fee] [ o) fee]
E Ianbn’, E (an+b E
n=1 n=1 n=1

1
« Hcnoneays sneMeHTapHOe HEPABEHCTBO [Gnbn| < g(ai + b2), a Takxke ycroBme mpumepa,

Molxy4YaeM
n

Zlakbk|$% Zak+2b2 S% iai+ibf‘ =c.
n= n=1

k=1 k=1

oc
Orciopa crenmyer, 4To psp Z |@nbn| cxomurca. A Torma M BTOpOil AR B CHILYy OLEHKM

n=l
i(a,,+b,,)2 Za,,+22a,.bn+2b2 c+i|anbnl)
n=1 n=1 n=1

TaKXe CXOIIP[TCS{ CXOHHMOCTL TPETHLETro pPAZa BHITEKAET M3 CXOOUMOCTH NMEPBOI'C, €CAM TIONOXKUTEL

X
B HeM bp, = — ¥ BOCHONSL30BAThCA TeM, 4YTO paf Z CXOZMTCH. P
n=1
12. [okasars, urc ecnn lim na, = a # 0, T0 PAR E Grn PaCXORMTCA.
n— o0 n=1
« Ilo ompegenennio npegena, Ve > 0,0 < ¢ < laf, 3no Takoe, uro ¥n > ng u ¥p € N
CTpaBeqMBHL HEPABEHCTBA G — & < (MR + N)@m4n < ¢ +&, M =1, p, AU HepaBencrsa

a—c < ate
m-wl-n<u"'+n m+n
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CyMMHpy4 3TH HepaBEHCTBa Mo m oT 1 fo p, Moxy4yaem

b4 P b4
1 1
(a—E)E m+n<21am+n<(a+e)glm+n.
ms=1 m= m=

)4
Ozrcioga BUAHO, YTO B CHMIY PaCXOTMMOCTH 'apMOHMYECKOro pAxa ( lim n

p=too m=1

= +oo) , OCTa-
TOK paccMaTpMBaeMoro psama pacxogurcd, CleNoBaTelbHO, pacXOOUICA M CaM PALX. P

1 1
IIpnMeyanne. Uz yciaosms mpumepa 12 cienyer, 9to an = %-{- 0 (;) = 0* (;) opa n — 0.
ITosToMy Ha ocHOBaHMHE TeopeMtl 4, 1.1.5, naEHLIA pan pacxopnrcs. OMHAKO MBI IPERTIOTLIA HENOCPeN-
CTBEHHOE [OKAZATETLCTBO.

oo

13. Joxasars, yro ecau pag E @n, Gy, > 0, C MOHOTOHHO YGHIBAIOIUMM YTEHaMM CXOTMTCH,

n=1
T0 lim na, = 0.
N OO
« [lo xputepuio Komu, us cxoguMocTu pspa cregyer, uyro Ve > 0 dnp Takoe, 4to Vn > ng
CIIPaBEeIMBO HEPABEHCTBO Gnyl + Gng2 + ... + dngp < % Tax xak (an) — MOHOTOHHAd M

TNONOKUTENBHAA NOCAENOBATETBHOCT, TO U3 IOCTEHETO HEPABEHCTBA BHITEKAET, YTO PAntp < 7.
Honarad, manee, mociegoBaTeabHO p = n M p = n + 1, OTCIOmA HAXOMMM, 4TO 2nd2n < € M
(27 + 1)azas1 < € mpu n > no. CremoBaTenbHo, na, < € NPU MOGOM (YETHOM M HEUETHOM)
n>2ny. P

Moanayace xpurepueM Kowu, Z0Ka3aTh CXOGUMOCTH CIeRYIOUIMX PATOB:

14, Cosz —cos 2z | cos2z —cos3z cosnz — cos(n + 1)z

. e + ...
1 2

« Duxcupyem npoussoarnoe € > 0 . Haligem uncio no Takoe, 4TO NpHM BCEX m > 7o M
TpOM3BOTBHOM P > O Gymer crmpasenTusa ouenka |Snyp — S| < €, rme (S,) mocrenoBaTesbHOCTS
YaCTMYHBIX CYMM HaHHOIO psafa. Hmeem

cos(n + 1)z — cos(n + 2)z+

|Sntp — Sn| = n+1
cos(n +2)z — cos(n + 3)z cos(n + p)z — cos(n +p + 1)z
+ et =
n+2 n+p
_|eos(n+ )z cos(n+2)r  cos(n+3)r ___cos(n+p)z _
n+1 (n+Dn+2) (m+2)(n+3) = (r+p-1)(n+p)

1 1 1 1

_cos(n+p+1l)z
Sedite eyt T Gre- Ot Tats

n+p

2
< —.
n

2
Orciona cxemyer, 4To [Sn4p — Sa| < €, €CM 32 uMCHO no BagTh -. [losroMy, coraacko xpurepHio
Komu, pag cxopurcs. »

cosz  cosz? cos "

15'T+ ot t

. 4 HalimeM umcno no Takoe, YTo ¥n > no ¥ NPOM3BONBHOM p > 0 Gyger BEUIONHATHCA Hepa-
BEHCTBO |Sn4p — Sn| < €. Hmeem

+ ...

cosz™?  cosz™? cos ™tP ’
S, — Sl = —_— K
| n+p nl (n+1)2 + (n+2)2 + + (n+p)2
1 1 1 1 1
<
N TSV Cr) R Fey iy y Sl gy ) g

. 1 _1 1
T a4p-1)ntp n n+tp

1
< -
n
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1 o
CregoBaTennHo, MONOXKHUB Ng = -, N0 KPUTEPUIO Komwu, nonyuum, 4To gaHHEIN PAR CXOOUTCA. P
Hoapayscs kputepuem Koy, [oka3aTs pacxoguMOCTh CIERYIOUIUX PAOB:

11
16, 14-+-+ ... 4=+ ...
2 3 n

4 [Iycte e = % Honoxum p =n. Torma

1 1 1 1 1
Son~Sn|l=——+—+4+ ...+ —>n—==>¢.
| S2n n) n+l+n+2+ +2n >n2n 2>e
CuaenoBareiasno, no kpurepuio Komy, faHHuI pAg pacXoguTcs. »
17 ]+l_l+l+l_}.+
) 2 3745 6
« [Tocxomanky
1 1 1 1 1 1
Sen — S3n = - e —— =
T = T T 3mgz mts T tTem—2Ten-1

re (Sen ), (S3n) — TMOXNOCIEROBATEMLHOCTH TOCAENOBATENBHOCTH ACTHYHEIX CYMM JaHHOIO DA,
TO

. 1 1 n n 1 S n >l
In+1 3n+4 7 6n—-27" 6n-—-27 6

Hosromy, coraacue xpurepuio Kowm, pag pacxogurcs. »
1
18, L+ L L
v1-2 /2.3 a(n +1)
o« [Iyctb ¢ = %, OuenuM pPasHOCTb:
1 1 1
+ T

Vir+)(n+2)  (n+2)(n+3) 2n(2n + 1)

SGn - SSn +

ISZn - Snl =

>

1 1
—_n+3+”'+_—2n+l>

> +

| -

1
n<42
Taxum oGpaszom, 1o xputepuo Komn, psg pacxomurcs. p

Monp3aysacy pasauuHbIMM MPU3HAKAMH, HCCIETOBATh CXOOUMOCTh PALOB:

19, W (207 @Y (n1)?

Tttt
« [Tocronsxy
h St o (DT t1)?
n—oo Gn  n—oo (n!)22("+1)2 T opee 224l T

TO, It IpH3HaKy x’AnaMGepa, paj PacXoguTca. W
20 4 4.7 4-7-10

3t e tie ot
« 3aMeyaeM, 4TO OGmMMH WIEH PAda ¢n MMEET BMA

4.7-10... (3n 41)

T 36-10.. (dn-2)
Orciona HaxoOUM
lim nt1 _ . 3n+4‘_§
n—o On —n—-oo4n+2 4

Taxum o6pazom, cornacuo npusuaxy 1’Amnambepa, paf CXORUTCA. P

oo
21. Z n, THE
n=l .

1

=, e n=m
an = n (m -— HaTypaibHOe “HCiIo).
5, ecmM n#m’ ‘




§1. Yncnosme pagH. [IpusEak# cXOAHMOCTH 3HAKONOCTOAHHHX PAAOB 11

« Hoxaxewm, yro pag
11 11 1
(tgtm)(@rmttg)t+
1 1 1
—_—— e —— 1
+<n2+(n2+1)2+ +((n+])2_1)2)+ o ()

MOJNyYeHHBIH B pe3yiIbTaTe TPYNIMPOBKM {IEHOB HaHHOIO PAfa, CXOgUTCA. [lIf 3TOr0 oueHUM
CHaYana KaXKXBIH 4iIeH psma (1). I/IMeeM

1 1 1 1 4 1
Tt <1422 <2, jhmto tm<itm<iog
1 l 1 1 2n 1
LI ST - 2. 4.
n2+(n2+l)2+ +((n+l)2-1)2<n2+(n2+1)2< nt’

Hocxoasxy pan Z

n=1
(1). A Torma, Ha oCHOBaHMM YTBepsiKAeHMS, JOKA3aHHOIO B IIpHMepe 6, 3aKM0YaeM, YTo TAHHEIN
DAL TakXke cxozm:rcx. »

.2
29. an sin” ko
=1

77, COraacHo n.1.4, cxogmMrcd, TO, B cMay TeopemHl 1, 11.1.5, cxoguTca M panm

l +z2 +cos? k'

| Herxo BUJETH, YTO

H sin” ko < 1 1)
e 1+22 +costka  (1+22)%

Mpeanonaras, 4yro = # 0 (npu z = 0 pAx, OYeBUAHO, CXORUTCA) U NPUMEHAT K DAY

LAy @

mpusHax o’AnamGepa, 3aMeuaeM, 4To pan (2) cxogures.

Hcnonnaya Teneps nepaBeHcTBO (1) U Teopemy 1, 11.1.5, MoXKeM yTBepKIaTh, YTO NAHHBIN DA
CXOmHUTCH. »

2.3 (559)"

« Herpymno maittu, 4ro hm ( l)n—l = lim (l-—%)n_l = lime "1 =

n+1l
n=—s00
HOETOM}’, COrJIaCHO NPU3HAKY KOIIIM, pAg CXOOUTCH. WP

24. VIH+V2-V2ZH2-V24+V2H ...
« 3aMeyasd, YTO o6mUM YIEH PAJA UMeET BUI
an=\/2—-\/2+\/2+ ...+\/§, n €N,

¥ Tofarad 3gech V2 = 2cos T 3 TonyYaeM Gn = /2 — 2cos = 2sin T < 2,. Tax xax pag

oo
) 3% CXouuTcd, To Mo TeopeMe 1, 11 1.5, CXONMTCA ¥ JaHHBIH pan. B
ne

=

< 1.

. angl
25. Mokasars, uTo ecau lim o= g, an > 0, 10 an = o{g7), THe g1 > g.
n—co Qn
« [IycTh 4Kcio € > 0 HACTONBKO Malo, YTO BHIIONHIETCS HEPABEHCTBO & < g; — ¢. Ilo ompene-

IeHMIO NIPeieNa, B4 JAHHOTO &€ MOXKHO HaWTH Takoi HoMep [V, HauMHAA C KOTOPOrO BHIIGIHAIOTCE
HEPABEHCTBa

AN42

g—e< 24 pye L <g+te, g-e<~ <q+e,~~-,q-€< <q+e

an-1
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[TepeMmoxas nouneHHO ST WEPABEHCTBA, TIONYaeM

an(g-e)" " <an < (g+¢)" Vaw,

OTKYJa

n
a - €
0<—;1"-<aN<~—-—q+6> (¢+¢) N, ¢t < 1.
4 qQ1 qQ1

Tenepb BUIHO, YTO yBEAUYEHHEM YHCAA I MOXKHO JOCTMIHYTH HEPaBEHCTBA
+ n
an ~{gte
— <an(g+e) — ] <e
U N

TEOKa3bIBAIOIIETO, YTO &n = 0(q1). P

o
6 T Gn41
26. [oxasaTs, 4To ecin lim =gq<1,an, >0, 1o pan @y, CXONMTCH.
n—oo On
n=l

4 BrifepeM € > 0 TakuM, YTOGH BHINOIHSIOCH HEPaBEHCTBO € < 1—¢. B cuny cymecrrosanus
KOHEeYHOro BEPXHEro npepena, A4 BHGPaHHOIO € HalfeTca Takoi HoMep N | HaUWHad C KOTOPAro
CIIpaBeIHBEl HEPABEHCTBA

0 <t <g+e 1=N,n-1.
@y
ITepeMHOXkas 3TH HEPABEHCTBA, HAXONKM

an on
0<an < ———<(qg+¢)".
N P {g+¢)
[Mockonbky pan E(q+e)" CXOIUTCA, TO, B CUIy TeOPEMH 1, 3aKaioyaeM, YTO PAX Z G, TAKXKE
CXOIMTCH.

O6patuoe yTBepKIeHUE HeBEPHO. PaccMarpyBas, HaNpUMep, PAl

1+1+1+1 1 1
2 3 22

3aMeyaeM, YTo

— a . 1 /3\"
fim 2 = fim = (-) = oo,
n—oo On n—oo 2 \2
B TO BpeMd Kak pan
o0 o0

N 1 1
2= (545
n=1 n=1

o0
O4E€BMAHO, CXOAUTCA. TakyM 06pasoM, M3 TOTO, YTO DAL Z @n CXOOMTCH, HE ciaenyeT, Boobme

n=1
rosops, ¥ro Im 2t =g <1 p
n—ooo %n
o0

27. Hokasars, uro ecru Lm Yan =4q, an 2> 0, To: 2) npu ¢ < 1 pan Zan cxonutes; 6)
T =t OO
n=1
npu ¢ > 1 sroT pan pacxopurcs (oGobuiennnit npuskak Komm).
« [Iycrs ¢ < 1. [ug dpuxcuposanHoro €, yIOBAETBOPAIOMETC yCIOBUI0 0 <& < 1~ g, B cuny
YCIOBHA NPUMeEDa, Halnercd HoMmep N, HauNHad C KOTOPOTO BHIIONHAIOTCA HEPAaBEHCTBa

0< ansr < (g+e)V*, .., 0, <{g+&)" qg+e<l.

Ho tak xax pag E(q + €)™ cXomWTCH, TO, O TEOPEME 1, M3 NMOCIENHET0 HEPABEHCTBA BHITEKAET,
YTO PAR Y Gn CXOMMTCH. ,

Tycts ¢ > 1. Torma mna ¢, srGpannoro ua ycnosus 0 < € < ¢ — 1, waitgercs Homep M
TaKoif, 4To HpHK Beex k > M uneHn nociefosateasHocTH (an,) ( "/an, — q npu ny — oo} Gynyr
YAOBJAETBOPSTEH HEPaBEHCTBAM

Unpeyy > (9 — €)M+, a.,.M+,>(q—e)""*’,~~-»“nk>(Q-e)"", g-e>1
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O1ciona caenyer, 4To 06IMUI WieH PIN2 K HYTIO HE CTPEMMUTICS, T.€. DAL ), @n PACKOAMICA. P
Hccaemosars cxopuMocTs pxnon:

28. Zn(\/_‘*'( H™)

« I/Imex B Uy 06o6mennuit npuamax Komy, Haxogum

e nlp3 —1)n)n 2k/e13
lim V—n (\/Z—-Zn( ") =k]im 8 (??/2—+1)=\/§3+1<1

Cneuosarenbno pan CXOOUTCA. P
1 + cosn 2n—lnn
29. ( )
Z 2+ cosn

« HOCKOIXBK)’

1 2 Inn 9 2 Inn 4

— cosn\“ T . T
(L) g (27
n—co \24cosn n—oo \3

10, 110 060BmenHoMy npusHaky Komy, manuniy pap cxogurca. »

1\?  (1-3\? 1-3-5\7
30-(3) + (53) ++(73)
2) T\ag) tH\aas)
4 Paccmorpum orHoumenue
an (135 (m=-D\'[ 2-4.6.. 2m020+2) \° _
Gng1 2-4.6...2n 1.3-5. (2n—1)(2n+1) h

1 \? P plp-1) (1>
=(1+-——) =1 — — .
(1+2n+1) toomrl T o\ P

Cornacto npusHaky [aycca, orciona HaxomuM: npu p > 2 pan cxohmcx, anpu p £ 2 —
PacXoguICa. P

31  nle®
- Z nntp ’
n=1
« HpeoﬁpaeoBHBaﬂ OTHOIIEHUE aﬂn K BUOY
n+l

[P n+p+l n+p
CSNECAUE A A R VY (RN (PR
n

Gnyr  PPP(n 4+ 1)lentl e n

-rforsteen (b (1)} - {5 ()

-0,5 1
=1+p—-—’—+o(—), n — 00,
n n

3
¥ vcnonb3sys npusHak Paabe, saxmovaeM, yro np p > 5 PAX CXofuTCA. P

29 i”(”“)'”(”’“"‘l).L

n! nd’

n=1

« VickmouuM U3 paccMoTpeHUA TPUBMANBHBIN CAy4Yal, KOTHA p — LEJ0e OTPUUATEIBHOE WIK
Hynb, ¥ YIPOCTUM OTHOLIEHUE

q -1 q+1
an =n+1<1+l) =(1+£) (1+_1.) =
Gnt1 P+ R n n )
- (-2eo () (r e () =1+ e ) nn
n n n n n

Tlockonbky lim n(
q >p. > N—00

o 1) =g¢—-p+1, 7o, cormacuHo npusHaky Paabe, psag cxommrcd, ecin
k3
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—(1:3:5... @2u-1\" 1
33'21( 2.4.6...(2n) > nd’
n=
« CocraBnsad OTHOIIEHME
an 1 \? 1\¢ 1 q (1))
= {1 P rem— - - — - =
Anil (+2n+1> (1+n) (1+2n+1+0<n)> <l+n+o n
1y 2 P )l (1) o
2n+1+ + ( )—1+(2+q n+o o) n—oo

- 1) =L 5 + ¢ ¥, Ha OCHOBaHMM IpU3HAKa Paabe, 3akaov4aeM, 4TO [aHHBIK

=1+

nonyvaeMm lim n(
TL= OO

dn+

PAR CXOJMTCA MPH Prg>1.

pp+1) ... (p+n-1\"
34. 2( D) (q+n—1)> ,p>0, ¢>0.

« [Ipusoast otHomeHue a“:} K BUAY
n

an g+n ¢ -P * a(g—p) !
— = =(1+322) =1 2220 4, —)
Gngl p+n p+n p+n n

Tp¥ . — 0O H NOAB3yACH NpU3HaKoM Paabe, ycranaBaMBaeM, 4T0 DAL CXOAUTCA pu a(g—p) > 1. B
oo

35- HOK&Z‘!&TB, YTO €CIU OAas CTPOTO NONOXKHTEAbHOI'G pPAlla E @n BBINOAHACTCA YCJHOBHEC
n‘=1

1 1
In_ 1 + + 0 ( ) npu n — 00, TO Gn = 0 (_*nP-E) , Toe € > 0 TpOu3BOABHO MaJjo, NPUYEM,
n

ant1
ecan p >0, 'ro an | 0 pu n — 00, T.€. Gn AIPK N 2> Mo MOHOTOHHO YOBIEAdA, CTPEMHTCA K HYIIO,
KOorjJa n — o0,

« Haunem co cmyvas, xorga p > 0. Purcupyqa npoussonsHoe €9, 0 < €5 < p, U3 yCIOBHA

— 1) = p HaxoguMm

CYLECTBOBAHMA npefena hm n (a "

_ a o
14220 B <1+p+°, i=N,n-1,
1 ait1

rge N — mocrarouno 601b1moi pUKCHPOBaHHEIY HOMep. W3 HanvcaHHEIX HEpaBeHCTB ClegyeT, YTo

— €0 P—¢€o p—€o> anN ( p+60)( P+€o) ( p+50>
<+ N )(1+N+1> (1+n—1 NI Uil g | il vy REEE Gl

Orciona, yUMTHBadA, 4T0 dy > 0, a TakkKe NOAb3YSCh HEPaBEHCTBOM DepHyIIH, noxydaem

anN aN
0<an < — — oy < T . (A)
(1+—";°)(1+pN—:f)~ (+'i,_‘1°) L) (F+77+ -+ 7o)
[lockoasky p—e0 > 0, a T Np¥ n — ©O , TO W3 HepaBeHCTBa (A
N N+1 n—l

BHITEKAET, YT0 4 — 0 . [Ipusumas BO BHUMAalHUeE eWe, YTO Mpu p > 0 MOCKENOBATENBHOCTD (an)
1
MOHOTOMH2 (3TO BUHO M3 TOTO, YTO IPH 1 2> Mo , TI€ Ny — HOCTaTO4HO GOIBIIOE YHCIO, p >0 ( ),
clegoBaTebHO, aa+1 > 1), y6exxnaeMcs B CHPaBEIINBOCTH BTOPOI 4aCTH yTBepxcneHm{
n

Has noxasaTelhcTBa TEPBON 4acTH yrBepxkaeHus (p — mioboe, a ¢ > 0) mokaweM, uTo
lim (n*"“an) =0.

N> 00

Broas o6ozHauenne ¢, = nP " %a,
e—p e—p
o= (i) = () (e Eee(3))=
Entl n Gnil n
p 1\ £ 1 .
= (145240 (3)) (4240 (3)) =14 540 (5) nmee
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3aMeyvad, 4TO 3TO OTHOIeHNe MMeeT TOT Xe BHJ, YTO ¥

NPUXOIMM K BBIBOAY, 4TO €n — O npH n — oco. P
L=

WccnemosaTh cxopuMocTh paga E Gn , €CIN:

a““ , Ha OCHOBaHMM [[OKa3aHHOTO BHIIIE,
n

n=1
36. an = (VA ¥1 _\/;)Pln’;‘i, n>1.

« [IpeobpasopriBas BHIpaxenue MIg oOIETO YieHA dn WM UCIONB3YA NPU 3TOM Pa3NOKEHUA
(1+42)™, In(1 + z) no popmyram Maxnopena ¢ ocrarounnm uneHoM 8 opme [leano, umeem

n=mln(l_nj—1>=n—§ (2.}.0(%))_;)( nj—l 0(%>)=

w0 (2) (o () =0 () moe

Bumum, ure, no Tecpeme 4, pap cxomures npu p > 0. p

37. a, =logyn (

,a>0,b>0.
« Toapaysace npueMoM NMPEgHAYIETO IPUMEDA, KMeeM
-1 n n . 1
Ot ﬁ+o(1) -0 (_) n—oo, bl
ninb alnb \ n n n?

CaenoBaTelasHo, 1o Teopeme 4, paAx cxomurcs, ecau b #£ 1. p

38. an = (e— (1 + ;ll-)n)p.

« [Toansysce pasnoxenuamu pynxuuyu ¢ — In(1 + ) no dpopmyne Maxnopena, Haxomum

e e S
<o () o) =0 (). wo

Taxum o6pasom, ecau p > 1, To, coriacHo TeopeMe 4, AR CXOgUTICH. P
o0

. n
39. Moxasars npusnax Kams: nonomureTsHENL pag E an, cxogured, ecuu (1— ,"/a,,)l— >
nn
n=1
n
p > 1 npu n > ng, ¥ pacxogured, ecau (1 — {‘/anbl— <1 npun >ng.
nn
1 n
« Henocpencraento 3 nepsoro yciosus Haxomtm 0 € an < {1 - 22 :") (3aMeTuM, 4TO TDH
i
n > no BHIOMHAETCH HepaseHcTso 1 — E22 > 0 ) orkyna

Ogangexp{nln (1—pl,:n)}.

Ucnonnsy4 pasnoxenns dyukuuit £ — In(1+2), e” no dopmyne Maknopena ¢ ocTaTouHEM YleHOM
B popme [learo, 3 nocnegHero vepaBeHcrsa uMeeM HEPaBEHCTBO

1 glnn In’n 1 2 ln%n In®n
Oga,.g;;exl){ T +o(_n— v p2nP+1+o il 0 BT

M3 KOTOPOTO cileRyeT (Ha 0CHOBaHMM TEOPEMHI 4), 4TO PAX CXOAMTCA Tipu p > 1.
TocTynas anamoruuso, ¥3 BTOPOTO HEPABEHCTBA YCHAOBMS NPMMEPa MOXKHO HANTH, YTO

2 2
a.»?-l-—ln :+o(ln—22)=0'(l), n — .
n 2n n n

JlocrenHee HepaseHCTBO O3HAYAET, YTO PAN PACXOMUTCH. P
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oo
40. oxasars, uTo psx E @n, an > 0, cxogurcs, ecam cyllectsyer o > ( Takoe, 4TO
n=1
111(1;1 S Inaz! <1 S Y
n 2 1+ anpun 2 no, ¥ PacXogurcd, eca - < 1 npun 2 no (morapudymuueckuit
TIPH3HAK).

o 1 o
« U3 ycnosuit npuMmepa nerko moldyvaem HepaseHcTsa 0 < an ~T¥e IpH n-2 N (nepBHM

caydait), a TaKKe HEPaBEHCTBO dn > % npu n > no (Topoit cay4ait). CremosaTenbko, N0 NpH-
3HaKaM CpPaBHEHMH, MOKHO yTBEPXKAATH, YTO B NMEPBOM CIy4Yae DAL CXOmUTCH, eCau « > 0, a B
BTOPOM DPacXomMICH. P

Hccaenosath Ha CXomMMOCTD PANH ¢ 0OUMM UIEHOM Gr , €CIU:

1
41. ¢ = ——"— 2.
“ Wy "
lnalt 1 1 lon
<« Ilockomery =28 = "(l“(l:z)) = In(ln(lnn)) > 1,1 npu n > exp(exp(expl,1)}, 70,
COTJaCHO NoTapuPMUYeCKOMy NPUIHAKY, DA CXOTUTCA (CM. npumep 40). »
42, 4= n > 1.

(111 n)ln(ln n)’

4 B cuny ouenxu

Ina;! _ (In(lnn)) <l

Inn Inn

" . In(l 2
CIpaBenayBOK NPH gocTaTouHO GoabLioM n ( lim Q%ﬁ’il)_ = 0), Ha OCHOBAHUM Jorapupmyuye-
T =00

CKOTO NpU3HaKa yTBePIKXaeM, YTO JaHHBIH PSI PacXOgUICL. P
[Monsaysacs uHTerpaldbHuM npu3HakoM Komu—Maxnopena, uccmenosate cXoq¥MGCTL PALOS C
061KUM YJIEHOM dp

43. = 5

A Oyuxuna [z —

n>1.

57 PM £ > | ABAAETCS MOJOKHUTETbHOR ¥, CYNS 1O 3HAKY NPOU3BOA-
Holt, y6uBaoontedt (npu mo6oM p u mocratouxo Goxsmom ¢ ). [loaToMy A% HCCAeNOBAHUA [AHHOIO
PANla Ha CXOOMMOCTB MOXCHO NPUMEHATE MHTerpanbHu npusHak Komy., Umeem

+ o0 + 00
ds_ [dnz) 1
zlnfz Infz ~ (p—1)2r-1 <o
2 2

npy p > 1. CrenoBaTenbHO, PAR TaKke CXOMUTCA pH p > 1. p
1

o = S "> >

<« Kax ¥ B penninymeM NpyMepe, HETPYIHO YCTRHOBUTH, YTO 31€Ch TPUMEHUM HRTETPaIbHEIH
npusHak. PaccMorpuM uuTerpan

400 +o0
I= dr _ dt
~ ) zlePz{la(lnz))e ~ J It
3 In3

Ecau p =1, T0 0TClofa HaxomuM, 4To

+ o0

—gt1 [t
I= Ed—z = f—-—-— < o0
=z 1-¢ In(ln 3)
In(ln 3)

npu q > 1. CaegonaTensHo, pan cxomurcs npu p=1 % ¢ > 1.

. It .
FEcau p > 1, To B cuay Toro, wro lim “— =0 mpu € > 0 ¥ mobom 4 | mosiem HamyucaTs
4 3 t
t—s4- 00

;;—;—n < ,L.. 1pY KocTaTo4HO Goaswom ¢ >0, THe p 2 & > 1.
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Adanornuso, ecan p < 1, To mpyu gocrarouro Goasmwom t > 0 CRpaBEeAANBO HEPABEHCTBO
1 1
Pt 2 o MepSa<l
A TOrHa, Ha OCHOBAaHWH HPU3HAKA CPABHEWNE, MOXKEM YTBEP)KZATh, YTO PacCMaTpHBaeMHIU
MHTErpall CXOOMTCA, ecltt p > 1, ¥ pacxomurcs, ecn p < 1 (B oboux cayyasx ¢ — moGoe). Do
JKe, COTTACHO MHTETpalbHOMY NPU3HaKy, OTHOCHTICA ¥ K JaHHOMY psamy. W

4]
v(n)
45, HccaenosaTs CXoguMoCTs pana 7 » THe v(n) — KoaudecTso UUpp UMCIa n.
n
n=l
1 1
« Jlerxo noxaszats, uro v(n) = [lgn] +1 < lnn + 1. Tax xax 3&'2—52 < TF + o7 ¥opagm
ad lnn = 1 o
E o E 77 CXOQATICH, TO, COTIACHO TeopeMe 1, n.1.5, cCXo@¥TCcA U NaHHBIH pAX. P
n=2 n=2

46. Ilycrs An, n € N, — nocienosaTensHEe KOPHM ypaBHeHu# tge = z. LlcciemosaTs
o0

CXOMUMOCTh pAna Z)\;z.
n=1
« 'paduveckn MOKHO YCTAHOBUTB, YTO OIS A, > 0 CNpaBEIMBEI HEPABEHCTBa T < Ap <
nr + -'25 Torna

1 < 1 < 1
(n7r-+-§)2 AL it

v, B cuny m.1.4, GaHHEY PAX CXOTUTCH.
AHaJorM4HO NMOCTyITaeM B ciy4ae A, < 0. p»

o0
1
47. Uccnenosars cXomuMacTs pana E _—
s In(n!)
n=

o0
. 1
« Coracno unrerpaisHomy npustaky Komu—Maknopena, pax y 1 pacxomures. Toas-
n=2
ayscs HepasercTsoM In(n!) < nlnn u teopemoli 1, n.1.5, 3axmodaeM, 4TO NaHHBIE DA TakKe

pacxogurcd. »
o0

48. Hoxasars, 4To pag E @n CO CTPOTO TIONGKUTENBHEIMY MOHOTOHHO yOHIBRIOWIMMM Yie-

n=1
oo

HaMH CXOMUTCHA MIM PACXOOUTCA OTHOBPEMEHHO C PANOM E 2" agn .
n=0
« TTockonbky 0 < @1 + a2 + a3 +aes + ... +agnq1 < a1 + 2a2 +4as + ... + 2"aon, T0, B
n
CWIy MOHOTOHHOCTH (Sn), Sn = Z ax, 3 TaK’ke TEOPEMB! O MOHOTOHHOW OTPAaHUYEHHOW HOCIERO-

k=1
BaTEeNHLHOCTH, 3 CXOMMMOCTH BTOPOTO PANa BHTEKaeT CXOMMMOCTSH NEPBOTO.
KpoMe Toro, B cuay ouenxy

1 n
-2-(4a2+4a.4+ o+ 2 +la2n+x) Loy +a2taz+ ... +agntr,

Y3 CXOEMMOCTH NEPBOTO PAga BHITEKAET CXOAMMOCTHE BIOpOTrO. P

49. Mycrs f(z) >0 npu £ > 1, f — MOHOTOHHO HeBO3pacTaollad pyHKLHKA. [loKa3aTh, UTO
=

00
eciy pug Z f(n) cxopurcs, 10 gAd ocTaTka ero R" = Z f(k) cnpaBenuBa oLeHKa
n=1 k=n+1

+oo +
/f(z)dz<Ry.<f(n+1)+]f($)d1"

n41 ni1
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N 1
Hawrn cymmy pana Z 73 © TOUHOCTLIO fi0 0,01.
n=1
4 B cuny monoronnoro nesospacranus gynkuuy f, umeem Hepasencrsa 0 < f(k +1) <
flz) < f(k) mpn k < = < k+ 1, k €N, ucrionssys koToprle, Haxogum

+ 00 o k+1
/f(z =Y /f dz < Z f(k
ntl =n+l k=n+1
+ 00 k+1
/f(z Z /f dr>ka+1)_ ~ f(n+1).
k=n+1 k=n+1

Teneps nerko BUAETE, YTO U3 NONYYEHHEIX HEPABEHCTB CrenyeT TpebyeMasd OlUeHKa.
Hng BRIMMCIEHMA CYMMH PAia C yKa3aHHOW TOMHOCTBIO BOCHONB3YyeMCS MOKa3aHHOW BHIIIE
y 1
ouerkoi. B mamsom cryuae Rn =0,01; f(z) = . Torma

+00 +o0
e — 4 [ =
"7 (n+1) z%’
n+l n+l

OTKYNa Tojgy4vaeM YUCIO NEPBHIX YJIEHOB DANA, KOTOPO€ HYXHO B3ZTH A4 BBHIYUCIEHUA CYMMEI
00

pana ¢ rouHocteio 1o 0,01: n = 7. CuenosarensHo, E 1‘1—3 ~1+ 2% + 33 + 43 + ,3 + 63 + 713 =

n=1
1+ 0,1250 + 0,0370 + 0,0156 + 0,0080 + 0,0046 + 0,0029 =~ 1,1931 = 1,19 (c HemocTaTxOM). P
Hcenenosars cXogMMoCTh CHERyIOMMX PAKOB.

o0
5 2( ™m ™ )
0 ’ Ctg4n—2 sm2n+1
n=

« [Ipumensa popmyiay Makaopena c ocratoutuM wieHoM B dhopme [leano, a Taxske noasayace
3IEMEHTaPHHMM Npeobpa3oBaHUAMY TPUIOHOMETPUYECKUX GYHKUMH, NOTyHaeM

ki
™ 1 -8 3y

Gn = Ctg 2 —sin = cos L
R T BT T Ty D
il 1
=1_2(4"'2)+0("_2)—1+ il +o(i)=— il +o(l)=o*<l) 2 — oo
1 3 5 — ) .
1+2(4:_2)+0(ﬁ) 8(2n +1) n 4n —2 n n

Cnenosa'rem;no no teopeme 4, n.1.5, pax pacxogurcs. »

51. Zln (n!) .

« Hpn n 2 3 CrpaBenIuBH HEPaBEHCTBa
n—2 In(n!)  Inn
< <

ne ne noa—1’

0 o0
—2 !
Tockombky panbt ), 252 u ) —Ty, COracHo MHTErpalsHOMY MPHSHAKY, CXONATCH PY a > 2,
n=1 n=1
TO nccnenyemmn Paj, B CHIY TeopeMul 1, i1.1.5, Taxke CXOMUICA IpU @ > 2. »

52 Z (n»’+1 —1)

n=1
-« HOJIL:!)'XCL (bopuynoi'i Malc:xopena, noxy4yaeM

1 Inn _ Inn (lgg) =0 (lnn
a"=nn7+l—l=exp(n2+l)—_l_n2+l+o nz, )’ nT_’.oo‘
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Orciona, Ha OCHOBaHMM MHTEIDAIHHOTO HPU3HAKA M TeOPeMH 3, 1L.1.5, 3akiIioyaeM, YTO HaHHELK
pan cxop;wrcx. >

532

| Hocxonbxy sin = > ;, n €N, to In? (sm ) < In? ( 3 ) CreX0BaTEAbHO,

1 N 1 > 2 . ( 1
1n® (sin i) 1n? (ﬂ‘-) rnln 22 nlnn
n 2 2
TakuM 06pasoM, Ha OCHOBAHUM HHTErpalbHOTO NpH3HAKa M TeopeMsl 3, m.1.5, M3 NMociaegHero
P ) D )
COOTHOMIEHUS ClellyeT, YTO NAHHEIH PAX PACKORMTCA. P
foo)

54, Z(n"a -

« Hpu o > 0 pAn pacXOmMTCA, Tak Kak ofmu¥ YieH pAfa He CTPEMUTCS K HYIIO NPH 1 — OC.
[osromy 6y11eM CUMTATh, 4T0 o < 0, U NpU yCTAHOBIEHHM HOpsaKa cTpemueHus obuero 4ieHa
psida npu n — oo 6ymeM noabaosathca opmynoit Maxnopena. Hmeem

o Inn Inn Inn
2" —1=exp(n®*lnn)—1=— +o0 =0 ;M- G,
n-a n— n-a
Orcoa, Ha OCHOBAHWYM MHTErPatbHOTO NMPH3HAKa M TeopeMsul 3, m.1.5, BUAMM, YTo Psifl CXOgUTCS
npu o < —1

mn

), n — o0,

2n

5. n
5 Z n+a)n+b(n+b)n+a,a>0b>0

| I/ImeeM

n?" 1
an = =

(n+a)n+b(n+b)n+a ‘n“+b(l+%)n+b (1+ )n+a.

b+ byG+N
Tax xak MOCIEXOBATERBHOCTH ((1 -+ %) n) U ((1 + ;) ) MpH N — OO CTPEMSATCA K NMOCTOAH-

—a=b
HEIM €® ¥ e COOTBETCTBEHHO, TO ap ~ —=35 NpM n — cOo. CruenoBatenbHo, 110 TeopeMaM 3 M 4,

n.1.5, I.laHHHM PAI CXOTUTCA NPH a + b > T.»
.1
56. Z (ln vl In (sm n_"))
n=1

o OueBugno, ecan o < 0, To pAx pacxogurcs, u6o obmHK YiIey paia He CTPeMMUTICA K HyIo.
Hanee, mpu o > 0, ucnonbsysa ¢opmyay MakiaopeHa, nmonydaem

1 .1 a . 1
ap=In— —1In sm———):-ln n sm—):
ne ne n*

(e (L 1 1 —o (]
== (o (e g o () = 0 () m e

Taxum obpasom, no Teopeme 4, n.1.5, pan CxoauTcA Npu a > % »
o0

Hceaenosars cxopumocts panocs E Uy CO CHENYIOUMMM OOGIUMYU YIeHAMU:

n=1

n -1

57. u, = /4 14 ztdr

0
« Ilockonnky

'ﬂ‘ n n2
/\/1+z4dz>/zd:c=-2—,
0 0
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2
10 0 < un < 73 , T.e. HO TeopeMam 1 ¥ 4, 1.1.5, psp cxogurca. »
o]
58. [ToxasaTh, 4TO CXOMUMOCTL BEKTODHOIO pAia E A, s E* A, = (@n1, @n2, - .-, Gnk),

n=1
o0

An € E* skBMBaZeHTHa CXOIMMOCTH BCEX PALOB E ana, b= 1, k.

n=1

o0
« 1. TTycrs Bce papsl Y ani, 3 = 1, k, cxoparca. Torma 3 lim Sni = 5., 1€ Sny w0 S0 — co-
n—0C
n=1
OTBETCTBEHHO YaCTMYHEE CYMMEL ¥ CyMMEI pAnoB. [lo onpexeneHuIo npefgena Hocie10BaTeAbHOCTH
Ve > 0 Jdng raxoe, 4ro Vn > ng BEIMOIHSIOTCH HEPABEHCTBA

|Sm = Sif <&, i=1, k.

Oxciona
win ||Sp — S|| < 5\/75 , tie || - || — Hopma snementa 3 EX, Sp = (Sa1, Sz, ..., Snk), S =
(Sy, Sz, ... Z Ar. Crenosarensyo, 3 lim S, = S 8 E*, 1.e. no onpegenenun 3, m, 1.1,

n=1 L= OO

o0
BEKTODHEIN DA E An cxogurcs X S.

n=1
foe)
2. IlycTrb cXOamrcs: BEKTODHELA DAR Z An x cyMmme S, S € E*. Torma mno onpegenenuio 3,

n=1
n.1.1, Ve > 0 3ng Takoe, 4T0 V1 > ng BHIOAHAETCA HEPABEHCTBO

|Sn ~ Slf<e nm

Orciona L
|Sne =S| < e Vi=1k,

o
T.e. CXOUATCH BCE PAXBL y . Gni. P
ne1

59. HCCIXQJIOB&TB Ha CXOTUMOCTH BEKTOPHBIC DANEL

2) i (nlin’ e—">;

n=

(e lnn n!
6 Z( " ny/n’ (2n+1)!!(|sinn|+[cosn|)>'

n=1

« a) [lockousky pap E B CHIy MHTerpaibioro npussaka Koum—Makaopena pacxo-

'nln
n=2

JMTCS, TO NAHHHIX BEKTODHHIM PAM, NIC IOKa3aHHOMY BEIIE, Take PAaCXOAMUTCA.
6) Jlas cXog¥MOCTH JaHHOTO BEKTODHOIO pAfa HeoOXOoa¥MO U AOCTATOYHO, YTOOH CXoguauch

BCe TPM pana:
!
\/- Inn n:
Z Z Z (2n + !(}sinn| + | cos n])’

K nepsomy pany npnmeHnM npusxax PaaGe:

1
tin (e (7)) = i (o { e} 1) =
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. 1 1 . —1
=lima{l+ —=—=+0|—=|-1]= lim n(vVn+1+vn)" = +oo.
n—oo \/n+1+\/1—l \/;l. n=co ( f)
CrepopaTennHo, psp cxonurcs. Ko Bropomy psfy npMMeHseM HMTerpaabHbik npusHax Komm—
Makznopena, T.e. UCCHefyeM Ha CXOTMMOCTE UeCOGCTBEHHMIN MHTETpa:

+00 +o0
lnzdz___2 —%ln:c +°°+2 d.'c._2 dr
P ’ . N 14/T

1 1 1

+co

[TockonbKy MHTErpal CXOOUTCH, TO CXOOUTCA M pAx. “ITo ke Kacaercd TPeThero pafa, TO CHadala
WCHONB3yeM TIPU3HAK CPaBHEHUL

n! n!
(2n + 1) ({sin n| + | cos n}) < (2n 4+ 1)1V

ad n! 3
a 3aTeEM K piaQRy Z ZE"_‘*'T)'—' NIPUMEHNM IIPHU3HAK T AnaMGepaz
n=1 '

i (D11

n—co  (2n43)Mn! T 2

CrepoBaTenbto, TpeTUR DAX ABIAETCA CXORAMMMCA. Takum o6pas3oM, NOCKOABKY BCe TpH palia

CXOIATCA, TO NaHHEIK BEKTODHEIN PAN TakXKe CXORHUTCA. P
o0

60. HOKaBaTB, HTO CXOQUMOCTD pAla KOMITIEKCHMX YUCel E Zn PKBUBANICHTHAa CXOXUMOCTH

n=l
=) oo

IBYX ﬂeﬁCTBnTeﬂLHHX pAROB E In ¥ E Yn , A€ Zn = In+ iyn.
n=1 n=1

< 0
4 1. Iycre panm Z T, U E Yn CXOFATCH cooTBercTBeHHO k cymmam X ¥ Y. Tornma, mo

n=1 n=1
onpegenenuo 1, m.1.1, Ve > 0 Ing Takoe, Yro ¥Yn > ng BHIOIHAIGTCA HEPABEHCTBA
Xn=X]<e u Yo-Y|<g, (1)

tae Xn, ¥, — HacTwynbie CyMME STHX PANOB. YUMTHIBas HepaseHcrsa (1), noayiaem

| X +iY = (X +1Y)| = |Xn = X +i(Ya = V)| < |Xn ~ X] +|Ya — Y] < 2¢.

20
CienoBaTenbHo, HaCTMUHELE CyMMB KOMIUIEKCHOIO PAAa 3 (En+iYn) cxomsrcs k wucay X +1Y =

o o n=1
E Tnt1 2 Yn
n=1 n=1

oo
2. Iycrs pap Z zn cxogures k cymme X +1Y . Torna, no onpenexennso 1, n.1.1, Ve > 0 Ing
n=1
TaKoe, YTO BHINOTHAETCI HEPABEHCTBO

[Xn+iYn — (X +iY)| <e wan \/(Xn~ XP + (Yo - Y)? <&, 2)

me Xnt+iYn=ni+inn4+ 2+t + ... $+Totiyn =21+ 22 + ... + 25 — MaCTHUHKE CYMMH
paccmarpuBaeMoro papa. Ha (2) caepyer

[Xn—X|<e, |Ya-Y|<e¢,

0
T.6. Xn — X,Yn — Y npu n — cc. CnegoraTenrso, pan E T, cXORMTCA K CyMMe X, a pag
n=1

0
Yoy —xcymme Y. p

n=1

61' nCcnenonarL Ha CXOQUMOCTHL ROMHIJIEKCHHIE DANKL:
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A o
n+1 n!
a) E ——; 6) E - - - .
n®+1 (t+2)¢+4) ... (1+2n)
n=1 n=l
o0 0 1
< 2) Tockonsky pamm Y n_":ﬁ Yy 7377 CXORATCA, TO 1O JOKA3AHHOMY BHIIE CXORMTCS
n=1 n=1
ZaHHBIH KOMIIIEKCHEIN DAM.

6) Ucnionsaysa dopMmyay ¢ + 1y = y/z? +y?(cos p + isin p), npeobpasyeM BHpaxxeHue
n
1 €OS @n—t8in Pp - 1
TR e By NV /vy e ¢n Iglarctg“. TNockoasky
n!| cos pn | nl n!|sin @, n!

< : , < :
VEVIT . AIRZ F1 BT .. VAR + 1 ABVIT . ViR +1 0 EVIT .. a2 + 1

n!

o0
) .
M PpAR )  —————s=—— 110 NPU3HaKy X AnaMGepa CXOMUTCA, TO H2 OCHOBAHMH IOKa3aHHOMN BHIIIE
P 7; VEVIT .. Afen2+1 y P '

reopeMul (nipuMep 60) CXORUTCA M JAHHBIH KOMILIEKCHEIN DAfL. W

3aMeHuB nocreRoBaTeNLHOCTH (Tn,), 7 € N, cooTBeTCTBYIOIINMU PAXaMH, MCCIEOBATE UX CXO-
TUMOCTB:

1 1
62. Tn=14 —<+ ... + —=—2¢/n.
Aot ET
n—1
o llockonsry z, = Z(Ik+1 —zx)+ 11, TO
k=1

1
1+——+...+%—2\/‘=—
n

-1 ]
Vi L AT

CrnenosaTennHo,

= 1
Im zp, = ~1— .
n—oo ; VEFUVEFT +VE)?

Tlony4eHunit pax cxoaurcs 1o Teopeme 4, 11.1.5, ubo

1 1
VE+TWVE+T+VER 530
TIO3TOMY CXOXHUTCA TaKXe€ NaHHad MOCIENOBATEIbHOCTD. »
n

2
63. 4= RE 2

npu  k — oo,

k=1
« [locrynas aHaxOru4HO NPOXENaHHOMY B NPERHIAYIEM IPUMEDE, TTOTyHaeM

x,,:i (%%1_)-;%(11121;-1112(“1))),

k=1
OTEYHa
o0
. In(k+1) 1, 2 2
= —— D - 1 .
Jim z, H(k+1 +5 (n*k-In*(k + )

Monsayscs dbopmynoi Maknopena ¢ ocratounsiM wienoM B dopme [leano, umeenm

_ 2in(n+41) n _
2an = ) -Hnn-}-l ‘Inn(n+l)=
_2ln(n+1) In(n+1)+knn .(M)__ 2lnn —~ln(1 l).”""‘l .(lnn _
BT n O ) ="y ") amrn tO 72‘)‘

2lnn n-1 .(lnn) « (lnn
m———t e+ O | =] = (._.. — 00,
n(n +1) +-n’(n+ 1) A\ n? Y 2 ) y B0
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Cnenona'remﬂ{o, CXOHRMMOCTE MOCHCXOBATEIBHOCTH (Zn) IKBMBANCHTHA CXOMUMMOCTH DpaQRa

=]
3 .
Y. =+ Tocnemuuit, No yHTErpasLHOMY NPUBHAKY, CKOTUTCS, TI03TOMY CXOIMTCS M aHHas nocie-

n=2
KOBaTEIBHOCTH. M

64. Cronpko mpuMepHo Hamo B3ATH 4NEHOB PANa, YTOBH HaHTH €I0 CYMMY C TOUHOCTHIO JO
10~5 , ecau

1 = 2n
a) E =3 6) E —7?
n (n+1)!
n=1 n=1
« Hy>xHoe 4MciIo 4neHOB PAfa HailfieM U3 HePaBeHCTBA

[ans1 +anga + ... | <107°, (1)

Te Grn — OOmMIt YUlleH PaCCMATPUBAEMOTO PANa.
1
a) lycrs an = =5 . Tlockonsky

1 dz
(—n+—1)2-< / .'C_2’ TlEN,
n
TO
+ o0

S
(n+1)2 " (n+2)? 72’

CrenoBaTelbHO, €CIH

+o0
dz -
= <107, 2

n
To HepasetcTBo (1) Gyner BumomnaTscs. Ma (2) naxomum n > 1075,
2n
6) Ilycts an = ErSyiE Torma

2n+1 2 22
|an+1+an+2+...|—(n+2)! (1+n+3+(n+3)(n+4)+.><
nt 2 2 \? (n 4 3)27t!
<(n+2)! (1+n+3+(n+3) o T (n+2)(n+1)

n4l -
Taxum obpasom, ecnu (-(% < 107%, 10 HepaBenctso (1) 6ymer BHmonHATHCA. Pelras mo-

cieqHee HEpaBeHCTBO, HaXxomuM n 2 10. »
YapaskHeHHN RIS CaMOCTOATEILHOR paGoTH

Hccnenosats cxommocn PAROB:
2
xR

E (n. (3 2. E ,;g,ﬂ.squ.ml 3. E (cos _‘71=)” . 4. E (nsin 1;)7;3

2n)|2
n=1 n=1

5. Elln cos—)l5 6. E,/ ntg ) 7. 2(2::;;.,

8. E(nn(u+s)(n+e) Ln—s) 0. $° (n—1)!

+1)(n+4) ... (n—2)(n+2)2 (u-l-\/'r?--ftg TT) (u—1+ Vn=Ztg ———) (24+tg1)

ZT 11. z;(:;gg. 12. ; {-',15,’1}'“13. E n(\/4+;1;—\’/8+§;).
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A Loy 2\ | = 1
. - . a
14. Y |sin|en — ;—cos\/; . 15, z2sm =
n=l1 n=

16. [Jorasars npusnak Beprpana: ecau cymectByeT xoT4 6B B HeCOoGCTBEHHOM CMBICIE TIpERe

i (e 1) ) me) =

TO YUCIOBOM CTPOrO MOJOKHTENBHEIM DAL, Z an Tipu ¢ > 1 cxogurcd, a npu ¢ < 1 — pacxogurcs.
Honnsyscs npuanakoM Beprpana, uccnexopaTs CXORUMOCTE CHERYIOWUX PANOB:

Lo n [

_ 1 a 1 -1 2n)!

17. 21 kH27‘° me T = (1 tEit et e k) - 18. 22 Grtl)lvnmen”
n= = n=

VYcraHoBuB MoBeneHMe o6HUIETO WIEHA IPH 1 — 00, HCCAER0BATh CXORUMOCTS CIEAYIOWUX PANOB:

o0 n oo +oo 224z
19. 5 (Z%—-lnn) n®.20. 3| f %ﬁ—)—dx

n=1 \—-oo

0o +o0
23. 5 1; [ f(z)|sinnz|dz, rne dynxuma f abcomorHo nurerpupyema Ha J0, +oof u
n=1 1]
+o0
f f(z)dz #0.
0
0o |+oo n o |+ 2
24. ) | [ e de—1|. 25, 3| [ sint?dt— 2|
n=1}| 0 n=l| n

26. Marpuusuil pax Z Ap , tne Ap, MaTpuns pasMepa k X!, HasHIBaeTCA CXOTAWMMCH, €CIU
n=1

n
Ilim Y A, = A4,
n—oo p=1
rne A — Marpuua pasmepa k x [.
[loxasaTs, YTO CXOMMMOCTH MaTPUYHOIrC PAfa SKBMBAJEHTHA CXOXMMOCTH BCeX PAROB BUAA

- .
Tt 1<pgh 1<)
n=1
rae ab? — 3neMeHTH MaTpultH Ap, n € N,
27. [oxazars, 4TO MaTPUMHKIN PAX

zA 2242 z"A"

I+3F+5—+...+—+-.-, 1
rme A — KBajipaTHas MaTpuna, | — equHUYHAA MATpUNa, £ — “MCIO, CXOMMTCA. Marpuwsmi
pan (1) onpenenseT MATPHUHYIO 3KCMOHeHTY ¢4 | T.e.

o0
A " A®
e* = E nt
n=0

28. Ilycts kBampaTHas MaTpulla A NMPUBOMMTCA K NMArOHaJAbHOMY BULY, T.e. CymecTByer
Marpuna T Takas, 4to
A 0
Az
T 'AT = .o .
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Torxa

Jokazats 310.
29. [Iycrs KkBampaTHasd MaTpuua pasMepa n X B MMEET BUJ

A1 0 ... 0
A1 0 0
I=
1
A
Torma
A A eA CA
LT _21' (n—l\l)!
A e e
T (n—2)!
I
e =
Y
i
0 A

Hoxazarts 3r0.

[ee]
30. [oxasars, 410 pax y_ A™ cxomurcd, eciu
n=0

5 @<,

P q=1

rne a?? € R — sneMeHTH MaTpun A.

§2. HpnsHaRn CXOXMMOCTH 3HaKOIepeMeHHEIX pPsJ0B
2.1. AGcorOTHAL B YyC/IOBHAS CXOREMOCTE PARA.

o0
Onpepenenne 1. Psd 2 Gy, KAIGIBAEMCR A6COROMHO cTOIRUUMCR, €CAU CTOIUMCS PRI

n=1
=)

3 lan|, 20e an €R uay C.

n=1

o0 o0 o0
Omnpenencame 2. Ecay pad Y an cxodumcs, a pad ), |an| paczodumcs, mo pad 3 an
n=1 n=1 n=1
HAIBIGBEMCR YCAOBKO CTOIRUfUMCA.
Teopema 1. Hz abeorwmuoli cxodumocmu pada caedyem ez0 crodumocme.
Teopema 2. Ecau pad czodumcs abcomomuo x cymme S, mo uaexvi pada MoXNO nepecma-
6ARMY 8 MGOM TOPATKE U CYMME NEPECTRABAENKO020 PAGG maxace 6ydem pasta S.
Teopema 8 (Pumana). Ecau pad cxodumcs ycrosxo, mo nymes coomsemcmaywouedi nepe-

CIGHOBKY €20 4AeN06 MOMNKO ROAYSUMs PAD ¢ Haneped IGIBHNRLIM INAYEHUEM CYMMLl (npU ImoM
NE UCKMONGEMER F00),
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2.2. Ipusuax Jle#GHUNA.
Ecau an = (—1)"bn, bn 2> 0, u nocaegoBarensocrs (bn), HauMHAS C HEKOTOPOTO HOMepa ng,
MOHOTOHHO CTPEMHUTCA K HyIIlo, TO PSR i @ CXORMUTCA.
[lns ocTaTKa Takoro psafa cnpanenn';;a OlEHKa:
Rn=(~1)"0pbny1, 00, <1, n>ne.
2.3. Ilpa3nax AGens.
Pan

ianbn (1)

n=1

o0
CXORMUTCS, €CIU CXOTUTCH PN 2 an M NOCIHefoBaTeabHOCTh (by) eCTh MOHOTOHHAS M OTPaHHYEH-

n=1
Had,

2.4. llpusnax Qupuxne.
Pan (1) cxomurcd, ecan nocnefosarensHocTs (bn), HauuHas ¢ HEKOTOPOTO HOMEDPA fg, MOHO-

0
TOHHO CTPEMUTCA K HYIIKO, a NOCHEXOBATENbHOCTE YaCTUYHBIX CYMM pAna Z Gy, OTpPaHUY€HA.
n=1

2.5. AccouEaTHBHOE CBOMCTBO PAfa.

YieHn cxondmeroca pafa MOKHO TDYNNHMPOBAThH MPOM3BOIBHO; NIPH 3TOM CyMMa DAfa He W3-

MeHsAeTcd.
5

65. Moxasars, uro pax E Gr SBIAETCS CXONAMMMCS, €CIIM BHINIOTHEHB! yCHOBMS: a) oBurwmit

n=1
[ee]

YJeH 5T0ro pafa a4, — 0 Opu n — oo; 6) pan E Ay, NONIYYEeHHKI B pe3yiIbTaTe I PYNIUPOBKHK

. n=1
YII€HOB JaHHOIO psina 6e3 HapymeHUs MX NOpAAKa, CXOQUTCH; B) YMCIO CIATaeMHIX ¢, BXOXAMWMX

Pn41—1
B UneH Ap = E ai, 1 =p1 < p2 < ..., OrpaHuyeHo.
i=pa

: oo
« Ilycrs (Si}) — NMOCIENOBATENBHOCT YACTHYHEIX CYMM psfa 3, An. Torma
n=1
Spk=ar+az+ ... Fapo1 +ap; Flppar F ...+ g1+ ...+
+ap, +ap, 41+ ... F 0k F kg1 + ... +apn+1_1 =
=Sk+ak41+ ... F8payy-1, Pn S k< pny1 -1,

o0
rre (Si) — moc1enoBaTENBHOCTH YaCTHMHBIX CYMM DANa y Gn.
n=1
Tockonsky an — 0 ¥ KCIO YNEHOB NOCAENOBATENBHOCTH (@k+1+0kt2+ -« Hp,py—1) = {Ch),

. A .
O ycrnoBuIo, orpaHu4eno, 1o Cy — 0 mpu k — oco. Caeposarensno, lim S5 = Hm S, uro u
n—0 n—oo .

TpeboBaliock XOKa3aTh. b
66. Hokasars, uTo pax
a14+082+ ... +8py1~Gpy — ... —Gps—1F8ps + ...
CXOMMTCA MM PACKOTMTCS OHOBPEMEHHO C PHAOM
' Put1~1

&0
Y Y w), w>0 1=p<p<...

n=1 ixpy
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« [lycts cxonurca mepppiit pan. Torxa cxoxurcs nwo6ast MOANOCIEROBATENLHOCTS €T'0 MaCTHY-
HEIX CYMM, B TOM YMCIe ¥ TaKad:

n Pnt1-1
(_l)k 1 )

T.e. TIOCHENOBATENLHOCTh YaCTUMHHIX CYyMM BTOporo psama. CnemoBaTenpHO, BTOPOM pANX Takxke
CXOXMTCA.

Pni1—1
Ilycrs Teneps cxomurcs BTopon pag. Torma z a; — 0 npu n — co. 370 O3HaUaeT, 4TO,
1=Pn
B CUIY MOIOKUTENBHOCTH G, CYMMa Gk41 + ... + Gp,  ~1 (CM. NpenbIAymMit NpUMep) Takske

CTpEeMUTCA K HYIIO U
. A .
Lm S5 = lim Sk,
n—00 k—oo

T.e. CXORUTCA TIEPBHIMK pan. W

67. HoxasaTs, uTO CyMMa CXONAWErocd PAXa HE M3MEHUTCSH, €CIM WIEHH 9TOTO pAia Iepe-
CTaBUTh TaK, YTO HM ONMH U3 HUX He YIaNAETCA OT CBOETO NPEXHEro NONOKEHUS 6OIBINe YeM Ha
™ MecT, IIe M — HeKOTOpOe 3apaHee 3alaHHOE MUCIO.

o0
o [Iycts S — cymma psaga Z @n. Torma Ve > 0 3N Takoe, uto VYn > N ana nociegosa-
n=1
TeIBHOCTH YaCTUYHHIX CyMM (Sp) 3TOTO psAfa BHINOIHAIOTCA HepaseHcrBa S —e < Sy < S +¢6. B
CHIIy ycloBMs mpuMepa, npu # > N + m moxeM Hanucath S —e < S, < S + ¢, rme (S;,) — no-
CIeN0BaTEILHOCTh YaCTHHHHX CYMM PAfa, MOJYYeHHOTO B Pe3yNbTaTe yKa3aHHON IEpeCTaHOBKH.

Cnenosarensno, lim S, =S. »
nN—0

JoxazaTs cxomuMOCTh CHEXYIOWMX PAXOB U HAMTH MX CYMMEL:
3 5 7

68. 1-C+-——+....
2 + 4 8 +

, 41

« O6uuit wner pana an = (—1)"bs, n € Z4, donde b, = ::’ . Tak kaxk by, Hauunad ¢ Hexo-
TOPOTO HOMEpa, MOHOTOHHO CTPEMHTCA K HYIIO, TO, COPNacHO mpuaHaky JIeMbHuma, AR CXOMUTCS.
Joka3aTsh CXOAMMOCTS 3TOT'O PAMla MOXKHO ¥ HENMOCPEACTBEHHO. 3aMeyas, YTO I0CIeR0BaTeILHOCTh

{Sn) 4aCTHYHKEX CyMM 3TOro psifia MPEACTAaBISETCA B BUIE

Sp =SV 452 4 .. 450,

1
m_,_ 1,11 (GO PR o Vi
S, 1 2+4 8+...+ o _31 Al ,
@) 1,11 GV O N G il
S "2(2+4 st Tt e )73 T e )

sm=* (("l)n'—l - (-l)n“) sy _ o (=1)"
3 , n

2n—1 an+1 n !
noay4aeMm
2 .4( 11 (=) 2 (=)"' 4 (n-1)(=1)" (-1
S"—§+§(‘E+z"“'+ ) T3 e 3 e T

Cnenoarensno, lim S, cymecrsyer (r.e. psn CXORMTCH) M paBeH %. >
n—00
1 1 1 1 1
69. 1241 1,1 1.
273 2T 6"
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-yr=? 1
« [ocroasky obmuit dnen pana HMEET BHR Gy == , n €N, a nocnenosarensnocrs (;)

MOHOTOHHO CTPEMHTCS K HYIIO, TO, o npusHaxy Jeibuuua, pax cxomgurcad. Haiinem Sop,. Ameem
1 1

1 1
Sommle o mm s e —
2 213 tom=1

1 1 1 ( 1 1 )
=l+=-++...+—=—=~14+~-+...4+4—-) =
Ttgtgt b= (ltg++
=C+In2n+en~(C+inn+en) =In2+e2, ~—ep,
rae C — nocrodHHas Dilnepa, a €, — 0 npy n — 0.
Yuurusas ewe, uro lim Sp = lm Szn tme (Sn) — mociemoBaTenbHOCTH YaCTHMHHX CYMM
XaHHOTO pijia, OROHYATEABHO NOTYHAEH

1.1 1
l-=4+=—->4+...=h2»
2 + 3 4 +
Z"" (=)
70. 3uasz, uro +—2— = In2, goxasars cieRyOU€e YTBEPKIEHUE: €CIM WIEHH piAfa
n
n=1

1.1 1 1
l1—~+>-~>4>— ... nepecTaBuTh Tak, YToGH IPyNRy P NoClIeMoBATENLHEIX MOIOKUTETHHEIX
wnerton Auendna §pyrma ¢ TMOCIeXOBAaTENFHHX OTPMUATeIbHEX YJIEHOB, TO CYMMa HOBOTO pifla

Gyner pasHa In 2 + -;—ln %

o B pesyinprare ykazaHHON HMepeCTAHOBKM MOJIYUMM DAN

1 1 1 1 1 1 1 1 i
1+§+g+---+§p—__-i"'2'—z-'~-‘—'2—‘;+§m+m—3+...+15—_—1—...,
CyMMa KOTOporo, B cully IpMMeDa 66, pasHa cyMMe psfia
1 1 1 1.1 1
(1+§+3+“'+2_p—:_1>—(§+Z+"'+§<;)+
1 1 1
B CIy4ae CXOMUMOCTH NOCTERHErO.
PacemorpumM pan
= 1 1 1
21(2(n—1)p+1+2(n—1)p+3+"'+2np~1_
n=
SO S SR U R
An—1)g+2 2n-1)g+4 = 2ng/)’

Pan (2) nony4aercs us papa (1) B pesyasrate rpynmupoBku unexoB psama (1) mo gsa. Iosromy
€CIM MH TIOKaXXeM, YT0 pax (2) CXomuTCA, ¥ HailieM €ro cyMMmy, To, Ha OCHOBAHMM De3ynbTaTa,
NOAy4eHHOro B MpUMepe 65, MOXeM yTBepKIaTs, uTo Pax (1) uMeer Ty ke CyMMy.

Tlyers p > ¢q. Torna HerpyaHo nodyuurs, 4t0

1.1 1 1 1 1 1
mlm e e e L
n=1 3t3 17 +2nq+2nq+1+2n4+3 , +2np—1’ ®)

rae (Sn) — NOCHenoBaTeTHOCTS YaCTHYHEIX CyMM Dija (2). IIpuGaBnas u BEMuTas B BHpasmeHuy
(3) caaraemoe

1 1 1 1 1 1 1
_— ot —= |+ + o4 =
2nq+2+2nq+4+ +2np 2(nq+l ng+2 +np>
M MOAB3YySCH ACHMIITOTHYECKON dopMynoi
1 1

1 m '
—_— ~—=h— s &
miitmezt oty I ¥ emns Emn =0, m — o,
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u3 (3) noayuaem
2np 1

n,
Sn-—c2np+ —”5 £+€:w E;,-"O,n—POO, (4)

) g_l)n-—l
e (C2np) —— Ye€THad NORMNOCIEROBATEILHOCTS YaCTHYHBEIX CYMM CXORAINETrOCd pAfa 2 Py .
n=1

Takum obpasom, u3 (4) HaxoguM

S—hn&—hﬂ-hp

n—od

3aMeTHM, 4TO NpH P § ¢ AHATOTMUHHM 06pa3oM Noly4yaeTcd 3TOT e pe3ynsrar. B wacrtHocTh,
eciup=2H ¢g=1,T0

1 3
I+s-s+s+z-7+ -5mz
eecmmp=1,¢=2, 10
1 1 1 1 1 1
——_s4io--= ==-In2
I=9-3t3 57 s" g ne bk
i
71. Yneun CXORAMIEr0Cq pARa Z \/_ nepecTasuTh Tak, YTOOK! OH CTall PacXOgAMMMCS
n
n=1

4 PaccMotpuM, HanpuMep, pax

1 1 1 1 1 1 1
(”ﬁ*?ﬁ)*(ﬁ*‘ﬁ*ﬁ"ﬁ)*

1 1 1 1
te +(\/6n—5+\/6n—3+\/6n—1 \/2—n> +

= 1 1 1 -
—;(\/ﬁn—5+\/ﬁ—n—3+\/6n—l 2n> Zan

n=1

OuesHaHO, 3TOT PAA MONYYAETCS U3 FAHHOTO PAMia B pe3yabTaTe TaKOH MEPECTaHOBKM: 32 TPEMSA
MOMIOXUTENEHEIMY YiIeHaMyU CleflyeT ofuH orpunarensHuu. [loxasxkeM, uro paj pacXoguTCA.

1 1 1 2 1
B cuny HepaBeHCTBa Tt e T A e AR 0, uMeeM olieHKy oOmero uneHa
o0

BTOPOro pAja: an > ﬁ. [ockoasky pax E Ts‘:;_:rf no teopeMe 4, n.1.5, pacxoaurcd, TO 10
n=1

o<
reopeMme 1, 1n.1.5, pax Z Gn TaKKe PaCXORUTCH, MTO ¥ TPeGOBaxOCh. 3aMeTHM, YTO MCXOXHHIN
n=1
DAR CXONUTCA Mo Npu3Haky JleitGuuna. »
HccnenoBars cxomuMocTs 3HakoMEpPEMEHHEIX PAXOB:
1,1 1 1 1 1 1 1
T2 1+ -42-2--—-2 s+ +-— ...
2 3 4 5 6 + 7 8 + 9
« [lockonsky CrpyNNMpOBaHHEINA PN, COTNacHO MpUaHaky JleiiGHuLa, CXOMUTCS, TO, Ha OCHO-
BaHMU [OKa3aTenbCTBAa, NPUBENEHHOTO B IpUMepe 65, NPUXOXUM K BHIBOLY, YTO JAHHHIM DA TakKe
cXongurcda. »

"3 i In!%pn nx
. sin —.
n=1 i 4

« Hockoneky

3 sin &7 = (03) 7 Jom 2R ean 2 e < Ly
41 8 8 8 sin 3’
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a MoclenoBaTeIbHOCTh (n"1 Int%® n), HauMHasd ¢ JOCTaTOYHO GOABINOTO %, MOHOTOHHO CTPEMMTCH
k Hymo (370 BEITEKa€T W3 TOLO, YTO

im 2z l'%z=100 lim z7'W®z=0, (¢7'W'®z) <0Vz>e'"),

z—4 00 =400

TO, cornacno npua}[axy Nupuxne, TaHHHA PAJ CXOMUTCS. P
"4, }: nsm n

n
P - 2 o o ©
« Pagu E g——;)— u z g——llfﬁ-ﬁ CXORATCS: TEpBHH ~— 10 MpH3Haky Jle#buuua, sropoil (B

n=1 n=1

n
CUIIy OrPaHUYEHHOCTH NOCIeR0BAaTENbHOCTH (Z (—1)* cos 2k> ,

/—\

- 1, (="
Z( 1)* cos 2k| = ’ -+ Yoo cos(2n + 1)} <

k=1

1+ (cos1)™!
2 1

) 1
M MOHOTOHHOTO CTPEMIEHMS - K HYMIO TpM n — 00) — 1o nipusHaky Hupuxie. ClefoBaTelsHo,

UX NONYypPa3HOCTh
o
n=1

ABIAETCA TaKKe CXOMAMUMCI PAAOM. M
had n
5.} =D
= nt (-1)7
< lIpepcrasngas ofmui ileH pifa B BHAe

o)
v+ (1)

n

1) = nsm n
(1 — cos 2n) Z

B | -

n=1

n—(-1)"
n—1

= (- L

n—1 n-~1

_.1)"

U 3aMevad, YTO paAX Z ﬁ-——)—— nio npusHaky JleiGHuna, cxoguTCs, a pag Z T PacXORMICs

n=2
(k +00), 3axkIIOMaeM, YTO JaKHKIH PAR Takxke pacxogurcs (k +o00). P
xR

76. Zsin(ﬂ'\/ n? + k?).
n=1

o [lockoasky

n=2

sin (r\/m) =(~1)"sin7 (m - n) = (=1)"bn,
mk?

n24k24n
ApK 1 — oo, TO, 1O NpusHaky JleHOHUI, PAX CXOOUTCA. P

0
n,
7.3 (@R
n
n=1 ,
« PaccmoTpuM pan, monyyeHHHH B pesyisTaTe TPYNNUPOBKH WICHOB aHHOTO pana. Mmeem

1 1 1 1 11 l)
- ~ = -t el T e N - T
(1+2+3)+(4+...+8) (9+10+ +15

k1 1 1

rae by = sin — NOCIeROBATENHHOCTD, MOHOTOHHO (ITPM 7 > Mo} CTPEMAINAAC K HYTIO
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[Tockonsky
_1, 1 1 2%k +1
Ak—k2+k2+1+...+(k+1)2_l< 52 0, k — oo,
Ax—A ~@k+U§§ ! SIS SN SIS
BT < m)((k+1)7+m) F+ak+2 Prk+3
m=
5 2k +1)° _ 1 _ 1 50
(k2 +2k)(k2+4k+1) K2 +4k+2 k2 +4k+3
npu k 2> ko, TO pan Z Ak, COracHO npusHaky JleM6HULa, CXOXUTCS. A TOra Ha OCHOBAHMM

BEIBOJIOB, nonyl{e}mmx B npuMepe 66, aHHLEI PAN TaKkKe CXOMUTCA. W

COS
n+1
78. Z ik

n=2

4 Umeem

1('712 n2

— (_1\" _ - (= ntl T
cosn+1—-( 1) cos(ﬂ'n_*_1 7rn> (—-1)*"" cos

n+1’
oo 1 n
Tax kax pag Z Ll;)"T no npu3Haky JleuBHuna, CXOXUTCA, 2 HOCIEAOBATEIBHOCTEI (cos +1)
=2

MOHOTOHHa H OTPaHUY€Ha, TO UCCIeXyeMEIi PAf, 1o npuaHaky Abend, Takxe CXORUTCA. P
79. okazaTp, 4To 3HaKO4EpeRYIOMMHC PN .
bi—ba+bs —bet ... +(=1)"""bn 4 ..., bn >0,

b

CXORUTCA, eClIU =14 £ +o0 (l) npu n — oo, TRe p > 0.
n n

bn+1

« Kax crenyer ua npnmepa 35, npu p > 0 nocllegosateasHocTs (by) | 0 mpu n > ny. Hostomy,
no npuaHaky JleiGHuiua, JaHHHN PAX CXOAUTICL, P
Hccnenosars Ha abCcoMOTHYIO CXOMUMOCTD CIERyIOMWMe PARBI:

80. im (1+(:;1;,ﬁ>.

« [ycrs p < 0. Torna ofmuil uleH psma ¥ Hymio He CTPEMHUTCA M, CIEOBATENBHO, P
pacxonured. Honarax nanee, p > 0 u nouns3ysace dopMynou MaKkiopeHa ¢ OCTaTOYHEIM 4JE€HOM B
dopme TleaHo, HaxomuM

~1)* -1)" 1 1
ln(1+(np) )=(__)____+ (n”) npu n — oo.

ne 2n2p

oo
- n u
Hockonsky pax Y, Lﬂ?—, cornacko mpusHaky Jeit6uuua, cxonurcs mpu p >0, a X Y an, THe
n=1 n=1
1 1 1
o3y T O (n,,) o Teopeme 4, m.1.5, cxonwrca npu p > 3 (npu P < 3 PAR pacXomuTcd K

0), T0 KaHHHI PAX CXOTUTCA TOABKO MDH P > 3 5

B cuny HepaBencraa
(=1"
n|14-~——
(+5

¥ TeopeM 1, 4, 11.1.5, maHHEIN pax cxonurcs abcomoTHo npu p > 1. CneropaTentHo, NPU 3HaYEHUSIX
P, ynonnernopmomnx Hepan'eucrny ;—}< p < 1, uccnenyemulit PSR CXOHUTCS YCIOBHO. P

81 Z(n+( ])n)p

a;

1
<

2
2P < r>0
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« [Ipn p < 0 ofmuM HleH pifa He CTPEMMTCA K HYINIO, T.e. PpaAf pacxonurcd. [losTomy,
cuKTas, 4to p > 0, ¥ npuMenss dopmyry Maraopena ¢ ocTaTouHnM unenoM B opme Ileano,
npeo6pa3oBRIBaEM oﬁmui’r YJeH psAa X BULY

(~1)" _ n,_ - (_l)n _p—
g = (1+5F) -
- 1)+ 1 -1)" !
=(~1)"n p(l'*'p-(——;z)_--*-o(;)):(nl’) nP+1+o(n”+l)

el el
(=" P i o o
npu n — oo. Psmm 22 — 22 (n”l +o (M,—.,_T)) cxopsTca npu p > 0 (nmepsmit — B cuay
n= n=
npusHara Jleibuuua, a sropoit — mo Teopeme 4, 1.1.5). IosToMy MCXOmHHU psf CXORMTCS TPH
3TOM K€ YCIOBMH.
Iockoasky, manee,

1 1 1 —
< < =
P Sk (P S@m-1p "%

M AR E CXORMTCSA IIpH p > 1, TO, B CHIIY HOCIHENHET0 HEPABEHCTRBA M TeopeMH 1, 1.1.5, ManHE1i

pag cxonm‘cx abcomoTHo npyu p > 1. Cuenosarensto, npu 0 < p < 1 MccaegyeMuiit psj CXORUTCS
YCHOBHO. >

82. ZnP+sm—

« O‘{eanm{o, npu p € 0 PO PACXOQUTCS, NMOCKOIBKY IIPH 5TOM He BHIOIHSIETCE HeoOXomMMoe
ycuoBue cxoguMoctu. IIpu p > 0, xak u B npeguaydeM NpuMepe, MPeRCTaBUM OGN WiIeH pAfa
B BUJE

-1 gin 25\ !
sin'—t—f(np-i-sinn—{) =n" sm——(1+ ) =

4 4
sin 2% sin 2% 1 sin 2% sin® 5F 1
= 1- +ol—] )= - +o|—=}), n-o0.
nP n? ne n? n2p n2p
ﬂ1l'

Pan E ——*—- CXOQMTCH, MO NipusHaky [{upuxie, mpu p > 0, HOCKOAbKY

n=1

X cos —
Hanee, psg E —ny}— npH p > 0 CXOOMTCK TaKxKe MO NpM3HaKy [|MpMXIe, a psaj

n=1
=] 1 1 .
> (w+e ()
n=1

1
CXOQUTCH MO TeopeMe 4, 1m.1.5, roapko npu p > 3+ llosroMy moaypassOCTh STHX psnos

o0

[+ ]
1 1 1 os-E (l )
i (m e () -3 +olam
n=1 n=1

ABASETCA CXONAMUMCSH TIDK p > l paaoM (npu 0<p< % psaxn Z —i-; pPacxoguTcH Xk +00, MO3TOMY

n=1
M Tocaenuui PR pacXopurcs k +oo). CaefosaTeisHo, KCxoquLl PAR CXORUTCE THIIE lTPK P> -
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as ycravosaenns o61acT abCoOMOTHON CXOAMMOCTH BOCIIONb3YEMCS OLEHKaMY

‘sin l Ism——l 1 <2{sin"4—”l 1 cosZT  sin®ZIT < Ism’;—" g
2nP ne R T T R Y I
1+_L.
n?

M TeopeMamu 1, 4, m.1.5. W3 31Mx HepaBseHCIB ciemyeT, 4TO HaHHEIN psif CXOOMTICH abCoMIOTHO
s npu p > 1. Ilostomy mpu % < p £ 1 psif CXOOUTCHA YCIOBHO. P

X (—1\VA
83. ZLI,,)T- 1)
n=1

4 OuesugHo, mpu p > 1 pag cxomurca abcomorHo. [{as BHACHeHMS 06IacTH CXOQUMOCTH

DPAcCMOTPUM PSR
o«

D (=1 An, ®)
n=1
e An = n;) =+ =5 o +1)P et o +2n)! , IOIY4YEHHK U B Pe3yIbTaTe IPYyNNUPOBKY YJIEHOB JaHHOTO
papga. [lockomepky 0 < A, < 2:2",',1 —0npun—ooup> %, a Takxie
2n
((n+ 1)2 + l)P - (n2 + l)p 2 - 2 -
Ap = Any1 = - - - 4 2)7P ~ 3)°F
+ §(n2+1)1’(n2+2n+|+1)? (" +4n+2) (n*+4n+3)7P >
S (2n +1)((n* + 4n + 1) — (n® 4 20)7) 1 B 1 50
(n? 4 2n)P(n2 +4n 4+ 1)P (n2+4n+2)? (n®+4n+3)P

IpH JOCTATO4HO GONBIOM 7, TO, B CMIIy npusHaka Jleiibunua, psaa (2) cxomurcsa. Kpome Toro, An >
1 . 1 \

(—"—%)7 He crpeMMTcq K O mpu p < 7 3 TIOITOMY DSt (2) pacxomurcs, ecmu p < % CnenoBatesibHO,

COTIIacHO npuMepy 66, psax (1) cXogMTes auutb npw p > 1 Taxum obpasoM, 061aCTh YCIOBHOU

CXOAYMMOCTH psija (1) OTIpefleNsLeTCA HEPABEHCTBAMM 7 1< p 1.»

84, E( 1 [In n}

4Px,11

- k-1 1 1
;(—1) ([-‘I_l—]ﬁ'f'...'*'m),

o 1
NOAy4YeHHHH B peaynma’re rpymmpomm IEHOR JaHUOTO Pifa, B CWIY OUCHKM ry=yy + ... +

fak=1 1
"r = [:] [e ] — 17, k — oo, pacxomurca. CllenoBaTeabHO, COTTaCHO MPUMeEPY

66 UCCIEyeMB DS TaKXKe PACXOTUTCH. P
0o P
- 1-3-5...(2n—1)
85. -t .
B S v vr o s
n=1
4 PaccMoTpuM oTHoLIeHUe

(1-3-5...(21;—1))”: (1-3~5...(2n-1)(2n+1))P

2:4-6...(2n) 2-4-6...(2n)(2n+2)

1
(1+2n+1) 1+2n+1+ ()'1+_+°( ) n oo

Orcrona BHAMM, 4To, Coracuo NpKMepy 79, PSR cXomurcs, ecau p > 0. Tax xax npy p < 0 obmgmit

YlleH paKa He Cl‘PeHu'rcx K HYIIO Ppu N — 00, TO ITO YCIOBKe (r> 0) aBasercs HeoGXxoAMMEIM
Bas cxonm‘m
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Hanee, mo npuawary Iaycca, psap cxomurca abcomorno n¥ums NpK p > 2. CremoBaTelbHO,
TPK 3HaYEHUIX P, YHAOBAETBOPSIOMUX HepaBeHCTBY. 0 < p £ 2, maHHHI PAN CXOMMTCH TOIBKO
YCIOBKO. >1 ) ) ; ; ;

86. l_p"i'q_+3—p_4_q+"——6—q+ see o

4 Cpasy 3ametuM, uto ecid p < 0 uak q < 0, To psx PacxXofMTICE B CUIy HeoGXOAMMOTO
npuanaka. [losToMy panee, cuMraem, Yto p > 0 u ¢ > 0.

Hmes B Buny npuMep 65, crpynmupyeM 4ienn JaHHOTO psafa cleRyiouuM obpasom:

1 1 11 1 1y = 1 1
F-#)tE-w)E-a)r - 2 (n—p'——<n+1)q)-
Taxk Kak

1 1 q 1
= wtmmte (), now
10, 1o Teopeme 4, n.1.5, crpynnuposaumniM pax cxogurcs npu p = ¢ > 0. Ecam xe p # g,
TO OTCIOAA CIEAYeT, YTO PAX CXORMTCL mpu p > 1 u ¢ > 1 OITHOBDEMERHO. A TOTa, COTJacHo
YIOMAHYTOMY NPUMEPY, P ITUX Ke YCIOBHAX CXOAMTCH U NAHMKIA PSl.
Ouesugo, a6comomo PAR CXopuTCE IMIB pu p > 1 M ¢ > 1. p

1 1 1
87.1 +5 - + + 7 4—P +.
<4 Pag 1 + + + + + s + ..., cocTaBIeHMHH #3 a6COMOTHHX BEIHYHH HIECHOB
JaHHOTO pAfia, CXOMUTCS JMIUb IpM p > 1, TaKk Kak NpH 3TOM YCIOBHUHM CXOOUTCH PSR E u

n=1
YjaeHH a6CcomoTHO CcXogauerocs psiga MOXCHO IEPECTABUTE B moboM MOopsAAKE.

Ilpn p = 1 noayvaeM psij, CXOAMMOCTH KOTOPOro McciepmosaHa B mpuMepe 70. Tam Mu ycra-
HOBMIM, YTO PAJ CXOTUTCH.

Paccmorpum cay4ai, korga 0 < p < 1. O6pasyeM NOANOCIEXOBATEABHOCTD YACTHUMEIX CYMM
manHoro psma (San), roe

1 1 1 1 1 1 1 1
Sn=l——— _— - aee - " e — =
3 I TR ™ Pl Gy i PG P G P L T
1 1 1

=Con + (2n+1)P + (2n +3)r toet (4n = 1)P’
(Czn,) —— IOANOCIEAOBATEIBHNOCTh ITOCAECAOBATEIPHOCTH YACTHYHUHX CYMM CXOOAIIEerocsi psAna
Y L_—lj—:_—l Ilockoabky
n=1

1 1 1 n

.+

-+ 400 IIpH N — 00, TO

Gnriyr T @ty (@an—1 > @n—1)

1 1 : 1
lim Sip = lim C: lim e ——— | = .
o Son = ltm Con + M ((2n+1)P tamap Tt @S 1)») oo
Caeposatensso, Januni pan npx 0 < p < 1 pacxoguTci. 3aMeTHB, YTo PacXOAMMOCTh €ro NpH
p £ 0 caenyer u3 HeoGXOOHMOrO YCIOBMA, OKOHY2TEIbHO YCTAHABIMBAEM, UTO MCCAERYEMKIH DA

a6comoTHO CXOOMTCH, eciK p> 1, ¥ ycnom-xo, ec.\m p=1.p»
1 1 1 1 1
88. ot tw — 4 ...
14 + + + + llP 5 +
« Owenmmo, npx r > 1 namu.m pzn cxoauTes abcodioTHO, 60 NPH 3TOM YCROBHHM CXOANTCA

pan E =5+ ¥ YIEHH ab6CONIOTHO CXORAMErocs PEAa MOXKHO nepecunm B moGoM nopsaxe.

-t
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Mycrs 0 < p < 1. PaccMOTpHM MOANOCTeNoBaTEMBHOCTS (S3n) NOCIENOBATEXLHOCTH HaCTHY-
HEIX CyMM JlaHHOTO pspna. Vimeem
1 1 1
Ss

»= (2n+l)P+ (2n+3)p toee (4n - 1P’

IHockonsky San > h—"zw — 00 NpH N — OO0, TO JAHHKIN PAR PaCXOTUTCH.

1 o v
Iycrs p = 1. Torma 0 < San < 3 ¥, Mo TeopeMe 0 MOMOTOMHOM OTpaHMYEMHOH IoCIenoBa-

TenbHoCTH, lim S3, xoHeueH. CleoBaTEIbHO, CXOMUTCS PAN
=00

1 1.1 1 1 1 1
(+3-0)+G+i-5)+Gra-s)

A Tak Kak BCe yCIOBMS NMpuMepa 65 3Mech BHIIONHEHE!, TO JaHHBIN P TAKKE CXONMTCH.
Yuurasas eme, 4to npu p < 0 UCCIeqyeMBIN sl PACXOAUTCSH, OKOMYATeTLHO yCTaHABIMBAEM,
YTO OH CX0AMTCH abcomoTvo MpU p > 1, a npu p == 1 — ycunosHo. P

89. 2 01,1 2 1 1 2
-t et mtetmwt )

« Paccmotpum psag

1 2 1
2 (;z_"_(n+l)"+(n+2)”)’ @

n=1,4,7,...
HOy4eHHAIN M3 TaHHOTO B Pe3yabTaTe TPYNIMPOBKM €ro WieHos 1o Tpu. Cumrtas, yro p > 0 u
q > 0, uMeem

_1 2 1 (1 1 q ) 1 (1
= (n+1)"+(n+2)"—2('1‘1_;~n—?)+2(n"+1-nP+1)+o(nq+‘)+o nP“)’

n — 0.

Otciona, B CUIly TIpU3HAKOB cpaBHeHus, N.1.5, crnenyer, yro npu p = ¢ psn (2) cxomurcs. Ilycts
» #¢. Torna a, ~ -;;;;1(,'—'7 NPH N — 00, M, ClefOBaTeNbHO, TI0 IPUHAKAM CpaBHeHUs, pad (2)
pacxoguzcd, ecan min(p, ¢) < 1. Tax kax Bce ycaosus npusMepa 65 3MeCh BHIOIHEHE, TO BEIBOIH,
orvocsmmecs k psay (2), ocraores B cuae pas paga (1).

3amevas eme, yro mpu p < 0 wam ¢ < 0 uccaepyemsiit pax (1) pacxomures (ofwmil wieH
psifia ve CTPEMHUTCH K HyIo), a ipu p > 1 ¥ ¢ > 1 oH cxogurcs abcomoTHo, 3aKmoYaeM, TO NIpH
0 <p=gq< 1 pan cxomurcs ycIobHo. P

90' i (’:)’ rme (’:) = m(m—l) ..1;!(m_n+1).

« [1ns yno6cTBa npencTasuM obmuil WieH pAla B BUIe

(m) e (1), by BTmYEomo) . (- mm

n!

Owuesuauo, npu m € Zo pan cxopurcsa abcomormo. [losToMy, MCKIIOMas 3TOT CIy4aif, MOXHO

o6pa3oBaTh oTHOLIEHHE
b .
L + ."il_ + _L
bnet n n(n — m)

Tax xak MauMHas ¢ HEKOTOpPOTO HOMepa ng, NMocAenoBaTeabHoCTs (by) MMeeT oNpeNeTeNHbLH 3HAK,
To 6ynmeM cHMTaTh, 4TO by > 0, n 2> ny. B TakoM cry4ae u3 oTHOLIEMMS (1), yUMTHBag NpKMeD 79,
HaXooMM, YTO pAX cXogurcd, ecnid m + 1 > 0. ITockoabxy npu m + 1 £ 0 nocrenopaTeaIsHOCTH
MOHOTOHHO BO3pacTaer, To ycaosHe m + 1 > 0 aBagercd Takke ¥ HeoGXOIMMBEIM NI CXOMMMOCTH
pana. [lanee, no npuanaxy laycca, ua (1) cnemyer, uro psan cxopurcs aGeomoTHo, ecmu m > 0, a
npK m < 0 — pacxomurcs (a6cosoTHO).

Takum o6pasoM, Bce cka3aHHOe TO3BONAET cAelaTh BHIBOA, YT0 MpH m 2 0 pax cXomMrcs
26comoTHO, 2 eciu —1 < m < 0, TO PAA CXORUTCS YCIOBHO. P
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s nti
(-1
91. MokasaTs, uTo cyMMa psma E
n=1
« Tlockonsky psm, B cuay npuamaka JIeW6HULA, CXOOUTCH, TO MOANOCIEAOBATEILHOCTH Ya-
CTUMHHIX CYMM €0 MMEJOT OfMH M TOT ke TNpeel S; NpU1eM MOANOCIeN0BATEAbHOCTE (S2n ),

s2n=(1_§g)+(§g_4ip)+...+(ﬁ-ﬁ),

BO3paCTaeT, a NOANOCIeR0BATEABHOCTD (Szn_1),

11 1 1
Sm-1=1- (27_55)_ T ((2n—2)r - (2n-—l)P>’

y6usaer. Cregosatensno, San < S < S2n-1, OTKyHa HaxomuMm, Y10 S < S1 < 1. [lna moxasarens-

CTBa OLEHKY CHUIY PaCCMOTPUM MONNOCIeRoBaTeabHOCTh (Sin—;). Ilockoabky rpadux gpyHKiMM
1

Z+ =, p >0, z>0, aBaSeTCS BHIYKIKM BHH3, TO BHNONHSIOTCS HEPABEHCTBA

1 1 2 1 1 2 1 1 2
v e s wmlie +

1
IS KaXKAoro p > 0 JeXUT MeXTy 3 ul.

(4n ~1)» " (dn+1)P > (4n)?’

Orciona aas Sin—1 MMeeM OLEHKY

101 1 1 1 1
Sgn_1a1-5;+3—,,—4—,,+---+(4n_1)p_(4n)P+(4n+1)P >
11 1 1 !
>1__2_P+4_P_ (4—.n_2 (4n)P_1 5;52":

Y3 KOTOPO! NpefelbHHM IIEPEXONOM TIOAYYaeM

lim Sip-1 =52 1—2— lim S2n, =1 __S_.

n =00 n—o0 2P

Hrak, S 2 > —, yTo ¥ Tpe6oBaloch AOKa3aTh. P

2P+1
92. Croabko wIeHOB psfia ClefyeT B3ATh, YTOGH MOAYYUTh €ro CyMMy C TOYHOCTHIO [0

e=10"", ecom:

n+l

) E n2 zsmn

<4 a) Cornacuo OlI€HKe OCTaTKa, BHITEKalomel U3 npusHaka Jenbuuua, HyxHoe yucio N Ha-
1 -6 6
XOIUM M3 HepaBeHCTBa 1077, otkyma N 2 10° (em. n.2.2).
I P Jooi < , otkyma N > 10° (cm. 1m.2.2)
6) B cuny npusuaxa [Jupuxie, pag cXomurcs, a nmo n.2.5 cyMma psafa paBHa CyMMe CTDYIIH-

POBaHHOIO psfa
180n—1

& sin k°
PBCHRESIEAEYCY SR D
n=1 . k=180(n—1)}+1 \/k—:

KOTOPHIi, OYEBU/IHO, SIBISETCA PLAOM INeibHulleBa TUMa, T.€. CXONAIMMMCS NO Npusnaky Jleitbuuya.
CrepoBaTenpHo, AL OCTaTKA 3TOTO PSfa CIPABEINBA OLUEHKA

180n+4179 s k° 1 180n4179 1
52 S5 iak < e <0,
N
k=180n+1 k fson + 1 k=180n+1 + 360

orryma N > 1,32-10%.

93. [oxazaTs, uTo rapMOHMHecKuii PSX OCTAWETCH PACXORAIMMCS, eCIH, He MEPECTABIAN
€ro YAeHOB, HIMEMHMTh 3HAKM MX TAK, YTOGH 3a P MONOXKHTEILHEIMH YUleMaMH CilefoBalo G g
OTPHIATEABHEX 4a€HOB (P # ¢). Cxomumocts GypeT MMETh MECTO IMWL NpH p = q.
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« YXa3aHHHI B YCIOBKM piJ

1,1 11 1 1 1 1
I+ttt e —— L ———— L —— ~
23 trTrH1 Pz ETRETTES 2p+gq
B CHIIy NpuMepa 66, CXOMUTCS MM PACXOQUTCH OXHOBPEMEMHO C PANOM
1 1 1 1 1 1 1
I+=+. 4= )| ——=+—+... + + +ot—]-.... Q1
( 2 p) (p+1 p+2 p+q) (p+q+1 2p+q> ™)

Ilycts p > ¢. llockoabky cnipaBeIIMBEL OLLEHKYU

1 1 1 1 q 1
Seo={14+24. .+ )-(—+ ... +——)>1-3=(p -2,
: ( 2 P) (P+1 p+q> P v )p

1 1 1 1
S5y =35 — ... - i —1]>
4 2+(p+q+1+ +2p+q) (2p+q+1+ +2}J+2q>

>S5+t =—L> (p—9)<%+L>,

2p+q 2p+g 2ptgq

1 1
San > (p — +—-+<-.+————-— =z, >0

u lim z, = 400, T0 pax (1) pacxomurcs.

n—oo

Ilyers p < ¢. Torma, oueHuBast 4YaCTH4HEE CYMMH DAfia CleqylomuM o6pasoM:

q 9-p 9-p g 9-p 1
S1<p, S2<p————, Si<p-——, Si<p—-"—=- , S < ——(1+-),...
! Py S hre Pk 2+ ) T 2
1 q P 1 1
oy San < ———-—( +-+. )———-——, Sant1 < ——-————(1+-+...+—),
™ <Py tas1) Tapse M P T ey 2 n
HAXOmuM, uT0 lim Spnpi = —oo, T.e. pan (1) pacxogurcs.

Haxonen, nycts p = ¢. Torma psn (1) ectb psa neituuiena TUIA, CIEXOBATENBHO, OH CXOXMT-
ca. »

YnpaxHeHKs AN CAMOCTOATeNbHOH PaGOTH

HccnepoBars cxomMMocTh cnenylonmx PSOB:

- n g——l): ad . n cosn
31. E e ” sin (“’”) 32. E ( n )q". 33. 3 sin® nln (1+2—ﬂ’£ﬁ—-).

n=l

34. Eexp{]" "}C:l’n: 35. 2 arctg n tg (sm,/nz_’_1 }sin (n+%)

=1

n2
36. z a.rcsm cos—- (=)™ 37. Z 2“_(1'“‘34':1 38. i frﬁ,c:sin (7r\/3 n3 + n?).

Ms

39.

n=1 n=l k=1 n=1

1
n 1+= X sin(n
((2 arctg —LﬂL) " 1) 40. E n=¢ Z: kP cos® 2n, p € N. 41. > —(——ﬁ

o] 0 +oo
42. 2 (=1 (e b A L+ ) ~1)"

oo 1 2 0o 1‘}\2 .
144. 3 [(1-2®)"" dz -sinn. 45. 3 [ *idg
n=10 . 0
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o0
46. Y an,IAe G €CTH PelleHHE 3a[a4H
n=1

(n+2)ans2 + 2(n 4+ 1)8ns1 +nan =0, a1 = =1, az = %

o0
HccnenosaTh . CXOOMMOCTD MaTPUYHEIX PANOB E Ay, ecau:
n=1

sinl —cos1 n sinn cosn
n n

. n .. tn 1 n3
47, A,,:(COS] sml) " IT 48, A, = 2n ~1 arctg 3 +2)(_1)n‘

§3. [lencTBUS HaX psAgaMu

3.1. Cnoxenue pamoB.

Ecou pagu -
[+.2] [+.2]
Za" n an, an, bn € L, 1)
n=1 n=1

cxonsrca B L, To CIpaBe[IMBH PaBEHCTBa

i(xa" +”'b") = Aian +u ibn’
n=1 n=1

n=l
TAe A, § — NPOM3BOALHEE [EHCTBHTEIbHHE MIM KOMIUIEKCHEE YHCIA.
3.2. llpasuno Kommu.
Ilon npoussemenveM nByx panos (1), rae a,, b, — uMcHa, NMoMMMaercs TpeTHM PAX, oburMi
YiIeH KOTOPOro MMeeT BT,
Cn = aibn+azba_1 + ...+ anb;.

o0 oo o0
Boo6ue rosops, E cn # ap E b,,. Omaxo, ecau oguu U3 pAAOB CXOQUTCS, 2 BTOPOH CXORUTCS

n=1 n=1 n=1
) ) )
E Cn = E an E bn.

abcomoTHO, TO BCEra
n=1 n=1 n=1

OT1a dopMyna ClipaBefIMBa ¥ B TOM CIy4ae, KOT[a BCE TPH PAfa CXOEATCA.
Haiitn cymMHu psos:
oo cos 2ny
94. 3
an

n=}

« Ilocronbky

—%, ecan n#3k, k€EN,

2nw .2 MW
COS—S——I 2sin 3 —{ 1, ecnmu n =3k,

o0 o0
1 1
M paARH E 239 = CXOR4TCH, TO, Ha OCHOBAHMM yTBEpKHeHuA Mm.3.1, HMeeM

2‘
. n=1 n=1
-] 2n»
cos5- 1461, 1y 1 141 1y, 1 1¢1 1y '1
Y= are) et ) rE o) e =

n=1

>

= 1
e DI

1 ns=l

-~

o
[Ms

D]

n
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95. Ez[!;-]y[nﬁi], ryl < 1.
n=0

o0
« B cuny cxommmocty paga ) (zy)", Ma ocnosaumy yreepxaenus 1.3.1, umeem

n=0
Z [ ] [‘-H] =1 +y+zy+zy2+z2y2+z2y3 +...=
n=0
= Z(zy +y2(xy =(1+y) Z(zy N
n=0 n=0 n=0
96. Tloxasars, uTo
Z FE al 1
n= n=0

o0
1
« Psn ) = cxomuTCs, MOSTOMY, COTIAcHO 1.3.2, MMeeM

) 1 oo 1)1 o0 )
;(n—l)'z((n—)l)! =;c"=1+20"’

rae

- n _ 1 _ (=
cn=§akbn_k+1= 1) Z(k—-l)'(n ) af = (k—l)!’ bk—_(k—l)!.

Tlockousky Y. F(%l};t? = ;1,-(1 -1)"=0,n€eN, 10
k=0

ent1 = (~1)" Zk'( 1) =0, n€N,

YT0 ¥ TpeboBaloCh NMoKa3arb. P
(_1)n+1
97, ToxasaTs, ¥To KBaAPAT CXOALIErOCs psa E S gBIAETCA PAAOM PACXOASIIUMCH.
, e Vn
« IIpexpe Bcero 3aaMeTuM, MTO RaHHEI! PSA cXOXHMTCS (ycaoBHO) no npuskaky Jeibuuua. Ilo
NpaBHay n.3.2, uMeeM

_v )| 1)""‘”)_ 1y
"_;( vE  Vn—k+1 =1 Z,/k(n k+1)

Ilockonnky -—k?r—‘\/_—l:-ﬁ 2>i,neN, k =1, n, 10

Z\/k(n—k+1

00
Cnemosarensno, pam ), cn, B CHIY HeOGXOAMMOIo NPUIHAKA, PACKOTHTCH. P
n=1

98. Mposeputs, uTo npouasenenmue nByx pacxogduuxca PAROB

B xS E )
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ecTb aBCOMOTHO CXORAIMUIACT PAM.

« Jlerxo ycranosurs (xoTs 6H ¢ noMomsio npuaHaxa Koum), uro stn pamm pacxopsrea. Ilo
NpaBUIY NePEMHOMXEHUSA PAJOB MMeeM

n-1
Cnp = albn + blan + Zakbn—k+1,
k=2
e . ,
3\"~ 3\~ - 1
a1=1,an=—(§) ,b1=1,bn=(§). (2" 1-{--é:),n=2, 3 ...
CuegoBaTenbHo,
-1 n—1
_ 3 n-2 et 1 3 n-1 2 n 1 3» -2 X n-1
w=(3) (7rm)-(G) T m LY 3
k=2 k=2
Torma
o0 o0 n—-1
S5

n=1 n=1
YIIpaxcne}mz jit) &9 CaMOCTOATETbHOMR paGOTH

HCIIOJILS)’S[ npannno Komn, nepem{ommb cnenylonme px,um M HallTM CYMME NTPOMIBENEHHUM:

n fe ) o
49. E Em, 502 Ey 51. EL“-‘J— .52.2@2#.

n=1 n"l
n(3 1 -n (G2 9h
53. 2(-1) ()" E oThea- 5% Ee E .
n=1 n=1 n=1 n=1
55. JlokasaTs cnemyioniue CBOMCTBA MaTPUYHOM 3KCIOHEHTHI:

a) 51“45"3‘4 = e(¢l+12)-“; b) (ezA)—l = e—:tA’
e A — mobas 4McIoBas KBafpaTHas MaTpulia, ri, 2, £ € R.
56. Iloxasars, 4To B 06ueM ciayyae

AB , A+B
ee” #£etP

e A, B — xBajparHre MaTpHUIH.
57. Iloxaszats:
a) (eA)' = e?", rle A* — 5PMUTOBO CONpSKEHHAS MAaTPHI[a;

6) ecmu A" = — A, To MaTpHIa € — OpTOrOMaIBHAS;

B) ecu A* = — A, 10 MaTpHua ¢? — yHMTapHas.

§ 4. DyHKIMOHAJIbHEIE NIOCIEOBATEIBHOCTH M PSIAHL
CroncTBa pAaBHOMEPHO CXOMSAMMXCS
QYHKIMOHAJILHBLIX MOCJIe[0OBATEJbHOCTEN U PANOB

4.1. IToraTHe pPaBROMEDHOM CXOXMMOCTH ROCTEROBATENLHOCTEH PANOB.

Onpepenenne 1. [Tocaedosameavnocme pynxyuii (frn), fn : X — R(C), n € N, nasvisaemcs
cxodaujeiica nomoveuno x pyuxyuu f : X — R(C), ecau npu xaxdosn guxcuposannon zo € X
Yucaoceas nocaedosamenvnocmv (fn(zo)) cxodumes x wucay f(:co), m.e. Ve > 03N = N(e, xo0)
Takoe, 4yTo ¥n > N cnpaeedauco nepasencmeo

[fa(zo) — f(zo)l < e.

Gynsuns f HasHBaercs npedesvnot aAK NocaexoBaresbHOCTH (fr).
e . . L . hiei
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Onpenenenue 2. [Tocacdosamersuocms ynxyui (fr), fn : X — R(C), n € N, nasvisaemcs
pasnoxmepno cxodsuetics x pynxyuu f: X — R(C) na snoxecmee X, ecau Ve > 0 IN = N(e)
maxoe, ymo Yn > N AVz € X sbinoansemcs wepaeencmeo

[fn(z) = f(z)] <e.

B stoM cayvae mumyt fn(z) = f(z) Ha X.
OnpenencHnre 3. Pynxyuonarvuviti psd

Zuk(z)=ul(x)+u2(:c)+ I Y € 1 1
k=1
e ux ¢ X1 — R(C), X; D X, vasuBaeIcs cxodamumcs nomoueuno Ha muoxecmee X x c60-

eti cymme S(z), £ € X, ecau czodumca nomoueuno n0CAEF06AMEALHOCMIL €20 YGCTMUNNBIT CYMM
(Sn(z)), m.e. V2o € X 3 lim Sa(Zo) = S(z0).
n—oo

Onpenenerne 4. Gynuxyuonaavnsiii pad (1) vasvieaemcs pasHoKepHo CTOIRUUMCR K c60ed
cymme S(z) na muomecmee X, eCAU nOCAEIO6EMEALHOCTIL UBCTRUUNLIE CyMK (Sq(z)) smozo psda
pastoxepho cxodumes wa X x S(z).

4.2. Kpurepuit Kourn.

Has pasHoMepHoit cxomumocty psfa (1), m4.1, Ha MHoxecTBe X HeoGXOMMMO M HOCTATGHHO,
4ro6b Ve > 0 IN = N(e) Taxoe, uto Vi > N A Vp € NAVz € X sumnonnsioch nepaseHcTBo

|Snap(z) = Sn(z)| < e.
4.3. BaxkHeH1Me JOCTaTOYHHE NPH3HAKH PABHOMEDPHOM CXOLHMOCTH DPAIOB.
MaskopanTHLIE OpusHax Beilepmrpacca. Ecau Jax € R maxue, umo Yz € X cnpased-
o0

auesi uepasencmea |ux(z)| € ak, k € N, u pad 3 ar czodumcs, mo pad (1), n.4.1l, cxodumes
k=1

pasromepsio va X .
o0

Ipmamax [dmpuxme. FEcau uacmuunsie cymmor pda ) ax(T) pasHoMepHo ozpanuuenst
k=1
na X, me. IM > 0 maxoe, umo ¥z € X A Vn € N svmoanuzemcs nepasencmeo |Sn(z)| =

n
3 ar(z)| € M, a pynxyuonaavras nocaedosameasnocme (b (z)) ydosaemesopsem deys ycroeu-
wn:
a) V2 € X : bny1(z) € ba(Z) V1 > no;
6) ba(z) = 0 na X npu n — o0, mo PymxyuoNarvrsid pad
e
ax(z)br (<) M
k=1
cxodumcs pasnomepro na X .
(o]
Ilpmsnax AGens. Psd (1) czodumcs pasmomepo wa X, ecau pad Y ax(z) czodumcs pas-
k=1
HoMepho na X, a pynuxyuu by ydosaemeopaom J6YM YCAOGUAM:

a) 3M > 0 maxoe, umo Vz € X AVE € N evimoansemca nepasencmso |b(z)| < M;
6) Vo € X nocaedosameavnocmn (bx(zo)) Monomonna npu k > ko.

4.4. HenpepubuocTh npefenbHol GyExNuE M CYMMH pSia.
Ecau nocaefosareasocts Henpepusunx Gysxumit (fn), fa : X — R(C), cxomurcs pasHoMep-
[+.2]
no Ha X & dyuxyuu f : X — R(C), To f nenpepusua na X. Ecait Bce unexs psna Y uk(x)
k=1

MeNPEPEIBHE Ha X ¥ Paf CXONMTCA paBHoMepHO Ha X k cymMe S5(z), To byukums S HempepHBHa
Ha -
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4.5. [louneRHWE NpefeIbHNE Nepexol B PARax H PYREIHOHAIBHEX
IOCHef0BATEABHOCTIX.

Ecay dyHrumoRarbHRiL pag (1), n.4.1, cxogurea pasnouepno B HEROTOPOH OKPECTHOCTH TOYKH

To M eCAH hm ui(z) = cx,.k € N, 10 uncnosoit pax E Ck CXOMMTCH, MpHYEM
k=1

oo
xlil: uk(z) = Z k.

Ecau nocneposatensHocTs GYHXUMMA f,.) n € N, panHOMEPHO CXOTHTCH B OKPECTHOCTH TOUKU
zo M Vn€N 3 hm fn(z) = An, 1o HocnenoBarensHocTs uncen (An), n € N, Taxxke cxomnres u

lim (hm f,.(z)) = lim (lim f,.(z)).

I—zxg \Nn—00 —00 \ r—IZg

4.6. IlpepensHNIE NepeXxox MO/ 3HAKOM HETErpPaja H NOYJCHHOE HHTerPHPOBaHHe PRAa.

Ecam nocnexosaTeasKOCTh MHTErPUpyeMHX bywrumit (fn), fn i [8, ) — R, n € N, cxopmrex
pasHoMepHo Ha [a, 8] x dyuxuuu f: [a, 8] — R, 10 Vzo € [a, 8]

/f,.(t) at= /f(t)dt Yz € [a, 8], n — o0.

Ecau pan (1), m.4.1, wieun roTOporo HrerpupyeMsl Ka [a, 8], cxomHTcsa paBHoMepHo Ha [a, b}, To

CpaBeNIHBO PABEHCTBO
x 00 =z
/ Sydt=Y / uk(t) dt,
k=1 2o

)
T.e. pan (1), m.4.1, MOXKO MOUMEHHO HHTErpPHPOBATS Ha oTpeske {zo, 7} C [a, b].
4.7. lipenensENE Nepexox MO 3HAKOM NPOH3BOAHOK H MOYIeHHOE
nueddepeHREpPOBAHHE pAjA.

Ecax nocrenoBaTeAbHOCTL HenpephBKO mu(dbeperiupyeMbix Qyurunit (fr), fa : [a, b)) — R,
n € N, cxogurcs x q:ymuum f : [s,8] — R, a nocnemoparensuocts (fr), n € N, cxomurca
pam{ouepuo K q:ymumu : [a, b] — R, 10 (bymumn f Taxxe nuddeperuMpyema Ha [a, 0 u
f'(z)= ¢(:s) = hm f,,(:s) T.e. KOMYCTHM NpefeIbKHM MepeXxox MOX 3HAKOM MPOK3BORHOK.

Ecaw pan (l), . 4 1, ¢ HenpepuBHO KuddEpeHIHPYEMEMH YI€HAMU CXORUTCH Ha [a, b], a pan

TPOU3BOXHEIX
o0
=E uh(z)

CXONMTCA PaBHOMEpPHO Ha [a, b), To cymma pama (l) n.4.1, nueddepesumpyeMa Ha [a, b), npruem
Ha 3TOM OTpe3Ke BHMOTHAETCA PaBEHCTBO

S'(z)=o(z) = Zu‘, z),

k=1

r.e. pan (1), n.4.1, MoxHo MOYTEHHO KU DepeHEUPOBaTS. :
OnpeReanTts NPOMEXRYTEH CXOAHMOCTH (aGCOMOTHON M YCAOBHOI) CIENYIOIHX QYHKUHOHANE-
HBIX pmon

n? sin nz
99, Z T+ ne —_— >0, 0<z< .

nxl
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1

1
an = m T 0 npu n — o0, T.e. yTobH

« JIna cxogumoctn PpARa Heo6XoxuMo, 4To6H ~—r

q9>p.
. . - 2
A6comorHas cxonumocTs. Ilockomsky |sinnz| > sin’nz = 1—‘%’—"'—, TO pAR

o0
cos2nz ,
Zl+ 7lsinnz| > 221+n‘1 24 1+nq"

n=l n=1

pacxopurcs nipu 0 < ¢g—p < 1- Heucrnurenmo, NMEePBHMU PAA CripaBa, B CHIY TeopeMnl 4, m.1.5,
PACXORUTICA K +00, nocxonsxy qu ~ ——; IPH N — 00, 2 BTOpOM psan cnpaBampu 0 < g—p < 1,

rio npuaHakry [lupuxae, cxogurcs, ubo

nd

n

Z cos 2kz| =

n=1

1
= |sin 2}

sinnz cos(n + 1)z
sinz

M l+n‘IIOIIlmn—»oo

Kpome roro, nockonsky |sinnz| < 1, 10 pan

>t

n=1 n

n
lsmnzl Z Tone

(=]
=1

Ty ™ mi=s TPM n— o0).

Taxum ob6pasoM, HCCAeRyeMBlH P CXOAUTCS abBCOMIOTHO TOABKO NpH ¢ — p > 1.
YcaoBras cxopumocts. IlpeacraBnss pawumlif pan B BUde

o,
E sinnz 1
ni—P 14n-9

n=1

B cuay TeopeMm 1, 4, n.1.5, cxomurcs, ecan g —p > 1 ( =

U MOAB3YACH NPU3HaKoM AGens, HaXOXHM, 4To mpM ¢ — p > 0 psap cxomutcs. [JeHcTIBHTensHO, B

o0

. .

5TOM Cay4Yae MOCIeROBATENbHOCTE (m-:;) T1mpun — 00, apan ) 2275, B CUIy MpH3HaKa
n—l

Hupuxae, CXORUTCA. CnepoBatensuo, ipu 0 < g — p € 1 MCCAeRyeMHIit PIA CXOTUTCA YCIOBKO. B

100. E,,Hn’”?"'
n=1

« Ilycrs 0  y < 1. Torna pan, no npuskaxy Koumm, cxoputcs npu |z| < 1.

[eicrBuTensxo,
.o e . 1
lim ‘ =z} Iim ———= =z] < 1.
n—oco \ B4 Y" | In—oo vn+y? | I
n n 1
Ecm0gy<l uz2l,10 n:y,, > :T > 737 CnenoBarensHo, B cuny Teopemtr 1, m.1.5,

FAHHBIH PAR PAaCXOXUTCH, uﬁo PACXOUTCS FaPMOHUYECKMH Dsfl.
n
Ecnm 0  y €1 u £ < —1, To obmui unex psafia X HYAIO He CTPEMUTCH, Tak kak lim -L'-J—-,,- =

=00 nty
+o0.
Ecan 0 € y £ 1, 2 = —1, To nonyuum pan neitbuuieBa Tuna:
n+yn
n=1

Iycts y > 1. Torga pag

o0 n
S°(2 R
y) 14+ny™’

n=1
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B cuny npuskaka Komw, abcomorHo cxopures, ecau [z] < y.
o . n
Ipu z = +y obmuit YXeH UCCTERYEMOrO PAfia K HYXIO Ke CTPEMMTCH, Tak kak lim ;;i—y—; =1.
=00

Hrax, ecntu 0Ky <1 v |z] <1 wmam |z <y u y > 1, o pan cxomurcs abcomoTno. Ecam xe
=—1u 0 y <1, TO BaHHKN PsA CXOAMTCH NHIIL YCIOBHO. P

101. Z‘i(i:_yf_) £330,
n=1

<« Paccmotpum Tpu caywas: a) 0 < £ < 1;6) z = 1; B) z > 1. B cayuae a) umeem

o0
. n
In(1+4z") ~ z" mpu n — oco. Tak xax pan ) 3, cormacwo npusnaxy Komm, cxomures mpi
n=1
m060oM y, TO, B CUIy TEOpeMEI 3, 1.1.5, IDK TAKUX e YCHOBHAX CXOAKTCA H MCCIENYeME P
o

B cay4ae 6) nmony4aem pan E ‘%yl, XOTOpHM nMpH ¥ > 1 cxopurca no m.1.4.
n=1
Haxownen, ® ciy4ae B) nmeem

In(l+z")=nlnz+In (1+;1;) ~nlnz+zln, n — 0o.

O

E ;’_1:_". CXORSTCE MpH y > 2, TO JaAHHHIH psj, mo TeopeMme 3,
n=1 n=1

n.1.5 Takxke cxoguTca Npu ¥y > 2. b

o0

a
102. ﬂoxaaaTL, YTO €CAH pAfd anuxne E —: CXOAUTCHE NPH T = Zo, TO ITOT PAR CXOIMUTCHA
n
n=1
TakXe NpU T > Zo.
< K pany
[ 0
Y=l
n® nzo n:: g
n=1 n=1
ad 1
NPUMEHUM NMPU3HAK Abens. Snech pag E ’n CXOOUTCA I10 YCIOBHIO, (E) — MOHOTOHHAadA H
n=1

olpaHHYEHHAs eqUKULUEH MOCTeN0BATEALHOCTE VI > To.
CrepoBareanHo, no npusKaxy AGens, PAa CXOMHICA TakXe TPH £ > Zo. P

103. Joxaszars, 4To ANa paBHOMEPHOI CXOMMMOCTH Ha MHOXkecTBe X NOC/TEN0BATENbHOCTH
(fa), fn : X = R(C), n € N, x npepensnoit dywxunn f : X — R(C), neobxonumo u mocrarodHo,

YTO6H
Lim (sup rn(z)) =0,
n=—00 X

rn(2) = |f(2) = fa(2)I-

<« Heobzodumocme. Iyers fo(z) = f(z) wa X, n — oco. Ilo onpenenennwo 2, m.4.1, sro
osuaiaet, yro Ye > 0 AN = N(e) raxoe, wro Vn > N A Vz € X BHNONHAeTcs HEPABEHCTBO
[fa(z) — f(z)| < €. Otcrora cnenyer, uro sup ra(z) < &.

rae

Hocmamounocme. Iycrs lim | sup r,,(z)) = 0. Tornma no ompefeIeHUIO Npefena YHCAOBOR
n=—-0o0 x
nocnefoBatensHocTn Ve > 0 AN = N(¢) Takoe, uro Vn > N 6ymer sup rn(z) < e. Ho mockomsxy
X
Ta(z) € supra(z), 10 Ta(z) < e ¥z € X. Hocnennee, no onpenenennio 2, n.4.1, ozHavaer, 4ro
X .

Jn(z) = f(z) va X npu n — oco0. »
HccrnenoBars Ha paBHOMEPHYIO CXORMMOCTS CeLyiomue byHKIMK:
104, fa(z)=z"~z"t, 0<z <1
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« Oueuano, f(z) = lim fa(z) =0 npu 0 < z < 1. Hockomsxy
n—0eo

sup Ifa(a) = f@) = —= (142) ", dim (= (142) ) =1 im —— =0,
0gzgt n+1 n " neco\n+1 n en—pon+ 1

TO NO KPUTEPUIO, AoKasaHHOMY B npumepe 103, fo(z) 3 0. »
105, fu(z) =z"-2z"", 0z <1

<« Umeem f(z) = Lim fa(z) =0, z € [0, 1]. Oyuxumsa f,, gocruraer abcomOTHOIO MAKCHMYMa
. = 00

. 1
BO BHYTPEHHEH TOUKE CEIMEHTA: Tn = 75 In G]O, 1{. Takum o6pasomM, uMeeM

sup rn(z) = falzn) =
z€[0, 1]

| bt

,  lim ( sup r,,(z)) =l¢0.

n=—00 16[0.11 4

Otciona cienyer, 4To HOCAENOBAaTeILHOCTh
106. =—"  ogzgl.
f"(z) 1+n+z’ NS
« Herpynno supers, uro f(z) = lim

—

fn(z)) cTpemMHTCa K HyIO HepaBHOMEpHO. B

nr

= lim ;77 =2 u cnpasepnpa onenka IZE)I,)U el ] N
2
Pyl [Tosromy
lim ( sup |fa(z) —f(z)]) =0, falz)3z.»
n=o0 \z€[0,1]}
107. fa(z) =+/2%2+ ;1;, —00 < 1 < 400.
< [Ip n — 0 fa(z) — |z| Ha unrepBase ] — co, +oof , npuuem
N 1 1
sup T +n—2—|x| = sup ==
o =y

nostomy fn(z) =3 |2| Ha Bcelt uncaosoil mpamoit. »

108. f,,(x):n( z+l—ﬁ>,0<z<+oo.

V n
« OyesunaHo
. 1 1
fz)= lm ————— =%, 0<z< +oo.
n—oo 1 2\/;
T+ -4z
Mockoasky
1 1 1
sup  |—m= — —————| = sup =+
0<z<400 2\/; !

2
1 400
z ‘/; 0Lz \/_ ( 1 \/—>

TO, IO yTBEPXKAEKHIO npuMepa 103, mocnenoBaTe I HOCTE CXOAUTCA HEPaBHOMEPHO. &
sin nz
109. a) fu(z) = —— —00 <z < 4005

6) fa(z) =sin %, —00 < £ < +00.

< Hmeen: .
2) () = lim ez _ g

b

6) f(z)= lim sin Z =0,
N~ 00 n
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Hockomsry B cryuae a)

sup  faz)= -71-1- — 0 npu n — oo,

~00<z<+ 00
a B caydae 6)
.z
sup |sin—| =1
—LrLl4 o0 n
(mocturaercs npu z = —(2k +1), k € Z), 1o, B cuny npuMepa 103, 3axmouaeM, YTo B CIyvae a)

fa(z) = 0, a B cayuae 6) nocaenoBaTenbHOCTH CXOAMTCS HEPABHOMEDHO. b
110. a) fa(z) = arctgnz, 0 < z < +00; 6) fa(z) = zarctgnz, 0 < z < +00.
« a) Umeem f(z) = lim arctgnz = . Ilockombky
n=—-00

s
sup |— —arctgnz|= lim

0Lt o0 240
TO NOCIEROBATENBHOCTh, COIMTacHo npuMepy 103, cCXOQHTCS HepaBHOMEPHO.
_ 6)3mecs f(z) ==, ra(z) =2 (-2'5 — arctg nz). Hcnoansys pasencrso 7 —arctgnz = arctg ;1;,
z > 0 u HepaBeHCTBO arctga < a, a > 0, UMeeM OLEHKY

z (I — arct nz)
2 g

He3aBHCUMO 0T T €)0, +oo[. CaenoBatensko, no onpenenenko 2, m4.1 fo(z) =3 ’;—: »

d

z arctgnz| =
) gne| =

1 1 1
:zarctg—:E <z——-=;—>0 n — o,

nzr

111. fa(z) = (1 + f-) : a) Ha xoHeuHoM uuTepBane g, b[ ; 6) va unrepBate ] — oo, +o0of.
n

« B obokx caydasx serko Haxoaum npepenbkyio dynxumo f : z — e”. [lanee, B cayuae a)
NpefCcTaBAseM NOCIeNOBATEILHOCTS B BUAE

fn(z) =exp (nln (1 + %)) . (1)
3necs n > N, rae N Bubupaercs u3 oueBuaHoro yciosus 1+ f,— > 0 npu 7 €]a, b{. IIpumenss

GyHeuuH z — In (1 + f), dopmyny Telinopa c ocrarouHbiM 4YaeHoMm B ¢opMe Jlarpamxa, us (1)
noNy4aeM

242
fa(z) = exp (z - 225") , neN.

()l Ee )

rae M = max(|a|, |8]), CTPEMNTCH K WYIIO TIPH 1 — 0O HEIABHCKMO OT £ €]a, b, T0 Mo ompenene:
wuo 2, m4.1, fu(z) = €® uala, b[.
n
()
n

B cayuae 6) nonyuaem
noatoMy  sup  rp(z) = +oo. Taxumobpasom, mocnenoBaTenskocts (fn(z)) Ha Beeit YncnoBoi
~oo<zx<+00
MPAMOM CXORMTICS HEPaBHOMEDPHO. b

Hockonnxy

= 400,

-4 00

112. f,,(z):n(z:l;—l),lszga.

«¢ Jlerko waitty, yto fn(z) — Inz na [1, a] npu n — oo. lanee, npumenss dopmyay Teitnopa,
HaXOMUM

mn(2) =

1

lln.z
n(zn —1)—~Inz

(en

2
= In 1+lln:t-—ln Let» _1) —Inz|
n 2n?

-1)-lz|=

2 2
In“z eg‘ < In ae‘(n
. 2n

-0
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Tipu 1 — 00, 0 < £, < ==. CuenosarensHo, fr(z)=3Inz na [1,q]. »

113. 1
n’z, e 0<z< <,
2(2 1 %
fa(z)=4¢ n (;—z), ecam -~ <z<Z,
0, ecim T 2 %,
Ha [0, 1].

« Tocronsxy fo(0) = 0, To lim fa(0) = 0. Haxee, Vz €]0, 1] 3N : Vn > N Gyger z > ;2;
n—o0
CnenoBarensko, fn(z) =0 u lim fn(z) =0 npu z € [0, 1]. Taxum obpasom, f(z) = lm:o fa(z) =
n—00 n— N
0 nipu z € [0, 1].
Hockonsry sup fn{z) = n (4 moCTHTaercs Ipu z = :—;), ro lim (sup fa(z)) = 400, B cuny
n—00

z€lo, 1]
Yero nocilefoBaTENBHOCTh CXORMTCA HEPRBHOMEDHO. b

114. Hycrs f — npoussomsuas hyHEIMA, ONpeaeneH S Ha OTpeske [g, 8] u fa(z) = L’—I{-S—z-)—]
loxasats, 4to fa(z) = f(z) npua <z < b, n — oo,

« U3 onpepenenns uemoit wactu caemyer, uro (nf(z)] = nf(z) — pa(z), 0 < pn(z) < L.
Tloatomy fn(z) Moxmno npencraButs B BURe fn(z) = f(z) — &‘;(lﬂ Orciona waxogum lim fn(z) =
f(z), a Tarxe |fn(z) - f(z)] = &‘;(‘ﬂ < % =0, re.fa(z) 2 f(z). »

HccnepoBars Ha paBHOMEDHYIO CXOQHMOCTS CXelyIOIHe PAMBI:

115. Z ;zl; Ha orpesre[-1, 1].

n=1

<« OueHnsad ocTaror pana caepyiomum obpasom:

z
18(z) = Sa@) = Y | < Y 7 —0 mpu n— oo,
k=n+1 k=n+1
rae S(z), (Sn(z)) — cooTBeTCTBEHHO CyMMa M MOCHENOBATEALHOCTH YACTHUKEIX CYMM AaHHOIO

(=]
1
<Y =< +oo), 3aKII0TaEM, YTO

(=]
n
Pifla, CXOMMILErOCA B CHAY NPH3HAKA CPaBHEHMS (l b Z—,
n=1

n=1
paccua’rpunaeuuﬁ PAO CXORUTCA PABHOMEDHO. b

o n
116. Z -:—l Ha unrepsaxe 0, +oof.

n=0

LI
« Ilockoanky cymma sroro psma S(z) = €, 1o ocraTox pama rn(z) = € — ) i—, Ho
k=0
sup |ra(z)] = +oo (byurumua z — e* crpemurcs K 400 npu £ — +00 GHICTpee Mobolt CTeneH-
0z 400
HOI DYHELMK T +— T™), MO3TOMY PAN CXONUTCA HEPABHOMEDPHO. b

117. Z(l —z)z" Ha orpeare [0, 1].
n=0

S _
« Yactnymas cymma pama Sa(z) = Y (1 - z)z* = 1 — 2™, 0 < 7 < 1; orciona Haxomum

k=0
CyMMYy paQna:

_ )1, emm 0z,

5(z) = { 0, ecim z =1,

Caenosarensko, sup |Sa(z) — S(z)| =1, T.e. mAKKHK PAX CXOAMTCA HEPABHOMEDHO. B
021 .

3amevanne. Ecam $ysxumoBaIEHLIL PANl HEDPEPWBHKX HA OTpeske ¢hyHKIui ciomca Ha ?TOM
OTpe3ke K PAdpLAEOl HYHKIRN, TO PAR CXONMTCH HEPABHOMEPHO.
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= z
1180 Zl((n—l)z ,0<I<+w.

+1)(nz +1)

<« Haxonum yacTM4HYIO CYMMY papa:

n z n 1 1 1
=Y T 0 7D =Z<(k—1)z+1 “kr+1> BRRETEES

k=1 k=1
OTKYAa modyaeM, 4o S(z) = lim Sp(z) =1, 0 < z < +o0. [Janee, nockoasky sup -—5+—1 =1,
n=oo 0<r<+0 nE
TO P, CXONMTCA HePaBHOMEDHO. P
119. n2 1a) 0<r g 0;6) ¢ < :
;(l+z)(l+2z)...(l+nz) )OSz mee>056) ez <o
« IIpencrapnsaa obuiit uaeK pana a,(z) B BuUAe
an(z) = 1 1
" (I+z)(1422)...(0+(m-Dz) (1+z)(1+22)... 1+ (r—1)z)(1+ nz)’
HAXOIMM YaCTHYHYIO CYMMY DAJA:
1
Sa(z)=1- .
(=) (1+z)(1+2z)...(1+nz)
OTcrona cuepyer, 4To
S(z): lim S () = 1, ecau z> 0,
n—oo 0, ecik z=0.
Hanee, B cayuae a) umeem sup |S(z) — Sn(z)] = [S(+0) — Sn(40)] = 1, nosTomy psan

0<x <+t o0
CXONIMTCS HepaBHOMepHo. B cayuae 6) naxomum

1
su S(z) - Su(z)| = —0
z<:<g-oo| ( ) n( )l (1+€)(1+26) (1+ne)
NpPH N~ 00, B CHIY Yero pan CXOOMTCE paBHOMEDHO. b

[oasaysck npusHakom Beitepmrpacca, 4oka3aTh pABHOMEPHYIO CXOIHMOCTh B YKa3aHHEIX PO~
MEXKYTKAX CIeAYIOWMX PYHKIHOKATBKEIX PAROB:
o0

nr
120. E m, |13l < +00.
n=i

<« Haitmem sup |an(z)|, rae an(z) — o6mmit unen pana. Mmeem
[zj<4 o0

1
sup laa(z)|= sup |——5—2 =
jz| <400 je)<too | 1 + 02

3
2n2

M JOCTHTAETCA NPU T, = % CaenoBarensHo, pag E i- ABAAETCS Ma>KOPAHTHHIM A4 AAHHOrO
n n=12n

paga. Tax xak Ma)KOPAHTHEIH PAJ CXOQUTCH, TO HCXOAHEIM PAd, COrTacHO mMpu3Haky Beidepmrpac-

ca, CXOTHUTCA panuouepuo >

121. Zfz +z "),%<|z|<2.

<« Jlerxo waliTu, 4to

sup (z"+z7 ")=2"+ ZL" < o™+,

1
7Sl=l<2

Ilockoabky, k TOMY e, PXK Z TZ"'“ B CUIy mpu3Hara K’ Axambepa, CXOEMTCH, TO MCCIEAye-
n=1
MBIt DALl CXOXMTICA PABHOMEDHO. P
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oo zn
122- Z T"—]I’ |2| <a,rgea> 0.
il byt

4 Ma’kopaHTHEIM IIs HaHHOTO PAAA IBALETCH PAR E ﬁ- CXOAMMOCTh KoToporo mpu a < 1
n=1 |7
o4YeBHAHA, Tak Kak B 3TOM cnyvae

o0 o0
a” n
> <
n=1 L2} n=1
Ilycrs @ 2 1. Toraa, o6o3kayas Yepes S, MOCHeNOBATENLHOCTS YACTHYHEIX CYMM Ma)XOPaHT-
HOTO PHNa, B CHIIY OL{€HKH
2 3 2n a2t had 2k+1

a a a a
o< Spapr =gttt a+22 =5

nonyuum Sp, § S. CiuepgosaTenbno, NoCIeNoBaTenbHOCTSs (Sy,), GYyAYYH MOHOTOHHOM BO3PACTAlO-
e, OrpaHMyeHa cBepxy. A Torja, mo M3BECTHOW TeOpeMe, OHA CXONMTCH, T.e. CXORUTCH Maxo-
PaHTHRIM psd. P

123. Zm(u — ) 2] < a.

« Hcxoms w3 HepaBeHCTBa
2 2 2
T T a
<In{1+4 < <
= ( nlnn) Snln®n  nln’n

Ma’KOPAHTHOIO IS RAHHOrO GYHKIMOHAIBKOrO, MPH-

M CXOOMMOCTH YHCIIOBOTO PAAa E
=2
XOIHM K BEIBOAY O PABHOMEDHOMW CXONMMOCTM MPEMI0XKEHHOro pAifa. b
HccnepoBaTs Ha paBHOMEPHYIO CXOQMMOCTS B YKa3aHHHX MPOMEXKYTKAX ClefyiolHe QyHKIH-
OHANbHEIE pxnu'

nln n’

i
124. E 2 nnz: ) Ha oTpeske € L £ K 27 —¢, rae € > 0; 6) Ha oTpeske 0 < z < 2.

n
a) [Tocxonbky wacTuuHbE cyMMBI Y sin kZ OrpaHMHeHH:
k=1
n ntl

) sin —sm g 1 1
Zsmkz = < ¥ < ==

o1 sin ; sin 2 sin 2

1
a NOCIeN0BaTEABHOCTh (;) 1 0 mpu n — 00, To, No npu3Kaxy [Iupuxae, psax CXOAHTCA PABHOMEPHO.

6) B aToM cyuae yrasauuad CyMMa He SBIS€TCA OIPAHHUEHHOMN O COBOKYNHOCTH NepeMeKHBIX
z W n, nockoasky mpu z = =, n € N,

kx
E m—-=ctg2 — 400 mpH N - 00.
k=1 .
CrenoBaTedsHo, npusHak [{upuxne nenpumeHum.

Bocnonssyemca xpurepuem Komu. Bass & = 0,1, ouenum pasxocts

: 1)z  sin(n+2)z sin 2nz
San(z) = 5n = (sn(nt .4 3020 =
IS2n(2) = Su(a)l] o—ry wio ot o
n 1
. 1'—";
sin (1 + = sin (14 2 . .
= ( n) ('f',.)_‘_m_'_san?sml>€

n+1 n+2
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npH mo6oM n. Crenosarensko, no kpurepnio Komx, nocirenosareaskocTs CXOAUTCK HepaBHOMED-
KO, T.€. HEDABHOMEPHKO CXOMTCA HCCAENYEMBIH pafl (CXOXUMOCTH pAfa NPH KAKIOM (PHKCHPOBaU-
HoM z €)0, 2x[ caenyer u3 Toro e npHaxaxa [IupHxse, a Ipn £ =0 M z = 27X CXOAMMOCTS pAxa’
OueBHAMA), P

o0
125. ZZ"sin%, 0<z < +00.

1 2\n 1
<« IIpu xaxmom ¢urcuposaknoM z > 0 umeem 2" 51113—,,— ~ (5) Z TMpu n — oo. O1cona

cxefyeT, 4ro ro teopeMe 3, m.1.5, RAHHEIN pAa CXOAUTCA. I MCCIeROBaHMA HA PAaBHOMEPHYIO
. o _ 1
CXORUMOCTS pAna mpumenum xputepuit Koum. Ilycms e =1, p=n, z'= 55. Torma

|Sn+p(z) — Sn(z)| =

T.€. PAd cxonm‘ca HepaBHKOMEPHO. P

126 Zsmzsmnz $<+00.

n=1
« [lockonsky YacTHUHHIE CYMMB, B CHY OLEHKH

Zn:sinzsinkz =2

n=1

.1
m—l-l>2"+lsm§>s, n>l1,

ngt o b onga s 1 2n
2 sm3+2 sm32+...+2 m

smmsinnqlp1
2 2

z
Cos —

: <2,

1
-= S 1
OrpaKMYeHH, a PYHKLHOHANbHAA NOCIeA0BATETbROCTS ((n +z) 2) PAaBHOMEpPHO MO T (7;?:’ <

L. 0} u monorouno 1o 1
vn

1 1 1
- = 0
Vatz atl+z \/(n+z)(n+1+z)(\/n+1+z+\/n+z)>

CTPEMMTCA K HyIiO IPH % — 00, TO, COFNaCHO NPH3HaKy JIMpuxie, pan CXoaMTCA PABHOMEPHO. B
1)[\/7

127.
"Z__l \/n(n +z

1
Pan E (—HL cxomurcn (cM. npumep 77), a GyURLMM T (1 + f)_7 OFPaHMYEHH YH-

£z < +o0.

n=1
cmoM 1 ¥ npH xax oM uEcHpoBauHoM z > 0 06pa3ylIOT MOKOTOKKYIO nocnefoBaTenbHocts. Cae-

IOBaTeNBbHO, 1o MpU3KaKy A6ens, JaHHEMU PAA CXONAKTCA PaBHOMEDHO. P
o0

128. Moxasars, 4T0 a6COMOTHO U PABHOMEPKO CXONAMMICE DA Z fna(2),0< 2z <1, rae

n=l
0, ecan 0z <2 ("),
falz) = isin?(2"*'xz), ecun 2=t ¢z <27,

-n
0, ecin 277z K],
Hemb3d MaskKopUPOBATh CXONSMMMCI YHCIOBEIM PAROM € HEOTPMUATEIbHHIMU YIEeHaMU.
< Herpynuo maittu, uro

0, eciu % £zgl,
Sa(z) = %sin’(Z"_‘“rz), ecun 27 gz <27k, k=T,
0, ecnm 0Kz 2-(nH),
0 ecnn ;€z<1,
)stz_k, k=ip°°y

, z

S(z) = bm Sa(z) = Fsin?(2**'xz), ecam 2-(k+!
nme 0 ' ectu z=0

] -
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rae (Sa(z)) u S(z) — mocaEROBATENBHOCTH YaCTHYMKIX CYMM M CYMMa JaHHOTO PAAa COOTBET-
crBenno. [anee,

0, ecau -;- <zgl,
S(z) — Sa(z) = -i- n?(2¥txz), ecam 27 ) <z <27 k=n+1, o,
0, eciu =0
Hockonsky sup |S(z) — Sa(z)] = ;—% (mocTuraerca npu zn = -2%5) CTPEMUTCH K HYNIO NPH
0z

n — 00, TO PN CXONHTCK PaBHOMEPHO.
AGCOTIOTHAS CXORMMOCTS PAfa ClelyeT M3 TOTo, Yro npHu dhukcupoBauuoM z € [0, 1] ok comep-
KHUT Ke 6onee ogHOrO OTAMYHOTO OT HYAsA YJeHa.

IIycTh ¢p — YAeHH YHCHOBOTO MaxopHpyomero paga. llo ycmoBuo, ¢n 2 sup |fa(z)|.
0g2K1
1 3 1 = 1
[ockonsky sup |fa(z)|] = - w mocturaercs mpu z = 53pz, T0 ¢n 2> ;. Onwaxo pan D =
0zt n=1

PACXOMTCS, NIO3TOMY MUCXOZHHIM PAJ HENb35 Ma’KOPUPOBATH CXOAAIIMMCH YMCIOBHIM PANIOM C HEO-
TPHUATENbHHIMH YJICHAMU. b

129. [oxasars, uto ecam psz Ega,,(z), YIeHB KOTOPOTO — MOHOTOHHEIE (DYHKIMH Ha
n=1
cermenre [a, b], cxoamutTcs a6COMIOTHO B KOHUEBHIX TOUKAX 3TOFO CETMEHTA, TO AAKHBIN PN CXOAUTCS
aBCOMIOTHO M PaBHOMEpPHO Ha cerMente [a, b].
« [IpusuMas Bo BHMMaHMe MOHOTOHHOCTb PYHKIUMH n, OUEHHM OCTATOK PiARa ro(z). Ilpnu
z € [a, b] umMeem

Ira(z Z ler(@)| < Y max(ler(a)l, lex(d)])- (1)
k=n+41 =n+1

HMockoabky psap ¢ unewamu pn(z) cxopurcs abcomorHo npu z =a U £ =5, To Ye > 0 IN = N(¢)
Takoe, YTo Vn > N BHNOAHAIOTCS HEPABEHCTBA

Y leal<s Y le®l< g ®

k=n41 k=n41

Tax xax max(|p«(a)], |[ox(d)]) < Jx(a)| + Jex(B)], To Ha ocoBaHMU HepaBeHCTB (2), HepaBEHCTBO

(1) npuuumaer sug
o

Ira(2) < Y (lex(@)] + lex®)l) < e,
k=n41

OTKYAA CHeflyeT, 4TO rn(z) =3 0, £ — 00, T.e. HCCAEAYEMKIH PAA CXOTHTCA PABHOMEDPHO.
A6comoTHas CXOZMMOCTS PANA BhITexaeT u3 oueuxy (1). »
o0

a
130. Moxasats, uro ecam pan E ap cxogurcs, o paa [lupuxie E —:— CXOAMTCS PABHOMEPHO
n

n=1 n=1

mpu z 2> 0.
1 “
< Pyuxruu z — 77 OFPaHWYeHH! eAMHMLEH U NPH KAXKAOM T 2 0 o6pa3yioT MOHOTOHHYIO TO-
OO0
1
CAeR0BATENBHOCTS (n—; — (n_-:F 2 0), a pax E @5, CXORUTCA TO-YCAOBMIO; IIO3TOMY, NTO NPH3KAKY
n=1
00,
A6ens, pag :—: CXONUTCA paBHOMepHo npu z 2> 0. »

n=]

oo .
131. Moxasats, uyro dynxumMs f : z +— Zsm =

35— HeNpepPHBHA M HMEET HeNpepHBHYIO
n

n=1

- IPOM3BOAHYIO B oGracTi —oo < T < +00.
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4 DyHxyUH T +— sin Nz, T 1 COSNT HENMpPEPHIBHH B ykasaHHoit ob6nactu. Kpome Toro, psam

=Y 58, fe)=3 =F,
n=1 n=1

B CuIy mpu3Haka BellepmrTpacca, cXofaTca paBHoMepHo. Il03TOMYy, BO-TEDPBHIX, MouxeHHOe M-
depeHuMpoBatie TAHHOTO PSMa, COTMACHO T.4.7, BO3MOXHO; BO-BTODHIX, COTNAcHo m.4.4, GyHKUMU
f u f' HempepHBHHL. P

(o] .
132. Hoxasars, uro pax E (nze™™ —(n~ l)xe_("—l)x) CXOTHTCS HepaBHOMepHo Ha [0, 1],
n=1
OIHAKO €ro CyMMa eCTh 3HaueHHe (YHKIUMH, HETPEPRIBHOM Ha 3TOM OTpe3Ke.
4 Nmeem

n

Sn(z) = Z(kre_kx — (k= 1D)ze * %) = nze™*, S(z) = lim Sn(z) =0, z€l0,1]

n 00
k=1

Takum ofpasom, S — wenpepuBhad na [0, 1] dynkuus. Opuako, sup |Sn(z) — S(z)| = l:,
z€f0,1)
HO3TOMY DHJ CXOIMTCH K CBOEH CYyMMe HepaBHOMEpHO. P

133. Onpemennts 061acTH CyIeCTBOBAHKA BYHKUMHM f H HCCIEXOBATH €€ Ha HETPEPHBHOCTD,

o0 o0
1\" z+n(-1)"
ecau: a) f(z)=z<z+;) ; 6) f(z):Z———r2+n2 .
n=1 n=1
4 a) [To npusnaxy Kowwu, panx cxomnrcs, ecan lim lr + %| <1, 1.e. npu |z| < 1 (K pacxoguT-
n—~+00

CA MpM £ > 1, TAK KaK B 9TOM ciy4ae ob1uM YIeH pafia He CTPEMUTCH K Hymo). PyHKUHA |, TakHM
ofpa3oM, onpefieneHa ipH |z| < 1. Ilpu |z| < 7 < 1 yHKUMOHATIBHEIN P CXOXUTCS PABHOMEPHO,
NOCKOIBKY CXOQHTCH MaXKOPAaHTHHRIM IJAs HEro PAJI C YIeHaMM (r + &)" [Toaromy, Ha ocHoBanuu
n.4.4, MOXHO yTBepXkaTh, 4To GyHKuHA [ HempephiBHa npH |z| £ r < 1, T.e. HenpepuBHa Ha
untepsare | — 1, 1[.

6) dyuxuud fn : z — Ltl;l_ﬁ"‘,)l HeNpEPEBHa NPY —o0 < £ < 400, a PAK ¢ YieHaMu fn(z)
PABHOMEPHO CXOIHTCS Ha BCeH 4YMCIOBok mpsMol. B camom gmerne, npencrasus dyHkumy f, B Buge

n? z (="
f,.x»—»m<;;+—-n~‘ [}

2
3aMevaeM, YT0 QYHKUMH @Pp @ T — ;ﬁ? OrpaHM4eNsl B COBOKYTHOCTH (pn{z) € 1) H IPH KasIOM

00
£ 06Pa3yI0T MOHOTOHKY O TIOCHENOBATENLHOCTS 1O N, & DAL Y <f2— + ﬁ_—_:i’:) CXOIHTCS PaBHOMED-
n=1
fe <]
HO Ha xaxgoM HuTepBane | — L, L[, B cuay vero pag Y fn(z), Mo mpusnaky Abend, cxomurcs
n=1 .
pabHoMepho Ha | — L, L. IlostomMy cymma pspa sBaseTcs HenpepHBHON dyHxuedl Ha |~ L, L[.
B cHay npon3BoasHOCTH 4HcAa L, yTeepxaeM, yTo CyMMa pAJa HenpeprBHA Ha BCeH YHCIOBOH
nmpsAMoi. W

134. Nokasars, uto m3era-pynxums Pumana

=1
C:z»—»ZF
n=l

HeTipephiBHa B 061acTH £ > 1 ¥ uMeeT B 310M 061aCTH HEMPEPHBHEIE TPOM3BOIHEIE BCEX MOPAXKOB.
o Iycib x 2> x0 > 1. Toraa, B cuny cxomuMocTH psana
o0

P
El-i—:-z—:l, PEL, (1
nm=i y
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H TipusHaka Beiiepurtpacca, saxiouaeM, 4To pij

(o]
Z Inn Z Inn
nro

n=1 n=1

CXOIMTCS paBHOMepHO TIPM £ > Zo > 1. Tax Kax, kpome Toro, GYHKUMH £ — 1~ °

yKXa3aHHOM 061aCTH, TO, COTAACHO T.4.4, PYHKLUMK

ro () = (-1 ST

nz

HeNpPEPEIBHEI B

TaKXe HeMpPepHIBHEI MPH £ 2 g > 1, T.e. mpu z > 1.
zg—1

Cxopumocts paga (1) BriTekaeT M3 NMPU3HaKoB cpaBHenus m.1.5 u ouenxu Infn £ n” 2
zo > 1, cipaBela¥BOY NPH HOCTATOYHO 6OJILLUIOM 1. P

135. Hokasats, uTo ToTa~pyHRUMS

400
6:z E e"™E
n=—o0oo

onpeneineha 1 GeckoneyHo auddepeHuupyema npu z > 0.
—nin]z

4 CxopMMOCTh HaHHOTO PAfla BRITEKaeT M3 CXOMHMOCTH Pifia € of1MM 4ieHOM € W TIpH-
—nn? -
3naka cpabhenns m.1.5 (e7™" ¥ < """ r.e. dyukums § onpenesena npy z > 0.
Hanee, paccMoTpuM psn
+ 00
2p —wnzzg
n“Fe , PEN, (1)
n=—oo
rae z 2 2o > 0, ABAAOWHACT MasKOPHPYIOUIMM TIO OTHOIIEHHIO K PITY
400
2 - 2
E nPe” T (2)
n=s=-—-o

Mockoasry pan (1), mo npusnaky Komm, cxomurcs, To, o npusHaky Beitepmrpacca, pan (2) cxo-
aurcs paBHoMmepho. CaepnoBatennHo, cornacHo m.4.7, pyukums @ moboe uyucao pa3 auddepeHuH-
pyeMa npu = 2> zo > 0. B chay npousponsHocTH umcha o, CHENaHHOE 3aKIIOUEHHE TIPHTOLHO NPH
z>0.p»

136. OnpeneanTts 061aCTh CyuleCTBOBAHHA GYHKUMHM [ M HCCIEXOBAaThH ee Ha gHdepeHuH-
PYEMOCTE, eciu:

— (=1)"s = sl
a z)= Z s 6 z)= Z —_.
) 1@ =Y S0 =) S
n=1 n=1
4 DyHryHOHaNbHAA NMOCHAENOBATENLHOCTh (;'—_%;) TIPY T # —n MOHOTOHHO N0 7 CTPEMMICH K
Hymo. CnemoparenbHo, o Mpushaky Jleibunua, pag cXxogurcd, 71.e. PyHkuMs f cyurecTByeT MpPH
BCeX T # —n,

Hockonbky pyHruuu (ﬁ;)’ {n¥s)7 METPEPHBHH NPH I # —n o pag

(n+z
, =\ n(-1)"
re=3Y ar

B C}‘lﬂy NPpU3HaKa I[upuxne, CXOAMTCA PAaBHOMCPHO HA KaXIAOM 3aMKHYTOM MHOMXeCTBe ‘{MCJIOBOM
RpAMOM, He COllepxKaleM Touek T = -1, =2, ..., To HounenHoe auddepeHIMPoOBaHHe pALa a) NPH
z # —n, 1 € N, Bosmoxuo.
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6) Pag cxonurca pasuomepuo, no npusHaxy Beitepmrpacca, npu Bcex xoueurnx z. [feiicreu-
00

A 1
€ %5, A = const, w pan’ ) -3 cxomurcs. CnemoBarensyo, dymnxumus f
n=1

z
TENBHO, 37eCh ;—,-l;-lz—,

CymecTByeT MpH Bcex T €] — 0o, +oof.
Hanee, punonHas dopManshoe IudbepenMpoBaHKe PITa, TONYHaEM

En sgn:c—:c|:¢:|, 240, ()

(n? +22)?
I _.n2sgnz—zlrl < n3442 202 2 = 2
OCKONBKY ©n(Z) = et S T € S5 =7 UpM n 2 no M pax » =7 CXORMICH, TO,

n=1
o mpu3naky Bestepmrpacca, pan (1) cxomurca pasHomepho npy |z| < A. A Torma, npuHMMas BO
BHMMaHHe HETPEPHIBHOCTE MDYHKUMH ppn NPU T # 0 M yUUTHBas 11.4.7, 3aKII0HAEM, YTO NIOYNEHHOE
mubdepeHuMpoBatue paxa 6) CIpaBeLInBoO.
[as uccaemopanus Ha auddepeHunpyeMocTs paga 6) B Touke T = 0 paccMorpumM

. f(Az) - f(O) lim |z} =
Allinio Az Ax-»:bo Ax "Zz:l n2? + : (2)

00
BJICCL pan E "—2_"_"(‘13—.:)2' CXOIHTCS PaBHOMEDHO MO NPH3HAKY Bey"[epm'rpacca. H03TOMy, COrJacHO
n=1

m.4.5,

[+ [+

1 1
Li —— = — . 3
rrmo Lt 72 4 (B2)? Z - <+o0 3)
n=1" n=1
1 = 1
Torma, kak cremyer u3 (2), ¢ yuerom (3) moxno Hamucats fi(0) = Y -, fL(0) = — 3 .
n=1 n=1

Takum o6pasomM, dynxuus f B Touke T = 0 He nuddepeHunpyema. p
137. IIpx XaKMX 3HAYEHMAX MapaMeIpa «: a) MOCIEHOBATENLHOCTS

(fa(2)),  fa(z)=n 2™, z€N, )

cxopuTCcs Ha oTpeske [0, 1]; 6) mocnegobatexasHocTs (1) cxomuTcs paBHoMepho Ha [0, 1]; B) Bo3mo-
AeH TIpefleNbHEIM Nepexof MoJ 3HAKOM MHTerpaja:

1

lm [ fao(z)dz?

n—o

0
«a) Ecnv £ > 0, To, ucnonsays mpabiuto JIOMUTAN A, TETKO TPOBEPHUTE, YTO lixf yize ¥ =0
y—too
npu mobom a. llpu = =0 umeem lim f,(0) = 0. lloaromy lim fn(z) =0 npu scex z € [0, 1.
n=+0od ne=o

6) Hockoapxy

) 0, ecan «o <1,
lim | sup n%ze™™ )= - lim n** = -‘e-, ecnin a =1,
n-+00 \ zglo, 1] € n—oo

400, ecmn a>1,

TO, HA OCHOBAHUM YTBEPKAECHUA MpUMepa 103, BaHMad MOCNENOBATENBHOCTE CXOMHTCS paBHOMEPHO
TOJNBKO TIpH @ < 1.

8) [Tockoneky f lim f,.(:c) =0,a hm ff,.(:c = hm ((——e“" (:—,-q-%‘-))n“) paBex

n2

HYNIO AMWE NPH a < 2 TO npeneuumu nepexon NOR 3HAKOM HHTErpalia BO3MOXKEH 'ronbxo npy
a<2.» - :
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138. TMoxasars, uro nocaenoBarensuocts (fa(z)), fa(z) = nz(l — z)", n € N, cxonurcs
HepaBHOMepHO Ha Cermente [0, 1], omaxo

1
tin, [ 1@tz = [ lim fue)ds
[} 0

« OuesupHo, npefiensHad GyHKUHS paBHa Hymo Ha [0, 1]. Jaxee,

i " n n+l 1 # 0

im sup (nz(l—=z 11 ( ) =-

n 00 36(0?1]( ( ) n+ 1 e !

noaToMy nociepoBaTensHocTh (fn(z)) cxonurcs mepasHomepHo. B To ke Bpems
1

. n _ n
nlLInoon/:c(l—z) d:c—"hix:on/(l u.) du—nlingo——-———-——(n_*_l)(n_*_” 0. »
0 0
Haittu:
. ( n+1 zn
120, g SN 2

n=1

« [MaHuniit pag, cornacHo mpusHaxy AGexs, cxomuTcs pasHoMepho B ob6nactu z > 0. Kpome

. —1)*t n LY 2] .
TOTO, :hlln 0 Lg‘_" ;;;T = 2n ; MOITOMY, COTIaCHO H.4.5, BO3MOXKEH NMpEIEIbHRMHN NMEPEXOT

oA 3HAKOM CYMMHI:

( 1)n+1 .’D" ( 1)n+1 l
z--l—O Z n "+ 41 Z 2 In2.»

n=1 n=l

140. lim Z(z 2"t

T=1—0

< Hocxonsxy HaHMBIR PAJ CXORMTCA HepaBHoMepHo Ha [0, 1], To Mu He uMeem npaBa mepexo-
AMTH K NMpeReny nop 3HakoM cyMMul. Iloaromy waiimeM 3TOT mpefen, MpeABapHMTENBHO BHYMUCIHB
cyMmy na}moro pana. Umeem

. 1, ectn 0<z<],
z-»l—oz:(l—z)z = hm (lim (1 —z"))= lim {0’ ecmm 1:;1 }:1"

=+1=0 n-+oo0 Zl=0
n=1

141. 31_1‘mo 2:1 T

« [lavuuit psg, B cuny npusHaxa Belepurrpacca, cxonurcs paBHomepHo npu £ 2> 0. [loatomy,
cornacHo n.4.5, nmeem

o0 (=] o0 l
z-.+oZ 2nn* Z +0 2"n’ Z ™=
142. lim P —
T 00 et 1+ n’x’

23 1 = 1 “ !
<Tlockonbky — SUP {737 = 53 MPAR ) -5 CXOMMICH, TO, MO NPH3HaKy Beliepmrpacca,
-0 LzL+ 00 nml
v . 2 .
NAHHHK PAJ CXORMTCK PaBHoMepHo. 3aMevas eme, uTo lim -f5y = n—‘;, Ha OCHOBaHMK 11.4.5

—o0 1+
MEPEXOAKM K Npefieny NOJ 3HAKOM cynn(u' =

=00 Z 1+ n’z’

1
—; »

uM8
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o0

T
143. Bosmoxuo au nounenHoe nudbepeHLMpoBatne PIRA Z arctg n—7?
n=1
« Oyuxunn z +~ arctg =5, n € N, Henpeprisno nudppepenippyemu mpu |z < co. Ha orom xe

x

o0
MHTepBale DYHKUMOHANBHEIH ST arctg =5, Kak cleiyer M3 Teopemu 3, m.1.5 (a.rctg S~

n=1
2

n v
7iga7 B CHIY TpH3Kaka Beitep-

npy n — oo), cxogurcs. Kpome Toro, psaf NMpOM3BOTHEIX 2

n=1
mTpacca, CXOGUICA paBHOMepHo mpH |z| < oo. CnemoBaTenbHo, coraacko 1m.4.7, nounenxoe gud-
depenuupoBaHte psa BOZMOXHO. P

i 1 1
144. BoamoskHo MH MoYNeHHOE UHTETPHPOBAHUE PIIA Z (zm - zE'T-_l> Ha cerMeHTe
n=1
(0,1]7
« Jannwtit GynxuUMOHAABHHIH paa cxomutcs Ha [0, 1] HepaHomepHo. [elicTBuTennHO, 14
HaCTUYHOM cyMMHBL Sy (z) M cymmut S(z) pima umeem

1
0 ecim =0
Sn(z) = —z +x2n41, S(z):{ 1’-—_@, ecnn 0<I,< 1.

BumuMm, 4ro cyMma psma — pa3puiBvas QYHKUMS, MO3TOMY PSA He MOXET CXONHTHCH paBHOMED-
Ho. CumenmoBarensyo, BOCMOAB30BATLCH yTREpKAeHHeM 1.4.6 ME He MMeeM npaBa. TeMm He MeHee,

TMOCKOILKY
1 S(x)dz =1 i ‘ xznl-u 1;2731—1 dr = li ___1_ = .1.
T2 . T2 ‘n(n+l)—2’

0 n= 0 n=

TO MOMINEHHOEe HHTETPHPOBAHME PANA BO3MOXKHO. P
YnpaxHeHHS a9 CAMOCTOSTEIbHOH PAGOTH

Hccnemobats Ha paBHOMEDHYIO CXOTMMOCTH CAelyolHe QyHKIMOHAIBHEE CeMeHCTRA:
58. a) fy(z) = ;5—# npu y — +oo0, £ €]0, +00;
6) fy(z) = T_:iy— npu y — +0, z €]0, 4o0f;
B) fy(z) = ’+y mpu y — +0, z €]1, +A[;
r) fy(z) = Wy_? npu y — +0, z €]1, +oof.
59, fy(:t:)—tg2 , £ €)0, 1[: a) npu y — 1; 6) mpr y — 2.
)=

60. f,(x) = S 2 €1, +onls a) mpi y — +o0; b) mpi y — .
—+—-
v
61. fy,(z) = i-(exy — 1}, z €]0, +oo: a) npu y — +0; 6) mpu y — —0; B) mpH y — —o0; I)
npu y — 1.

62. fy(z)= &'%‘15_1(‘_!42’ z €1, }w[: a) npu y — +0;'6) npu y — +oo.

63. fy(z)=yln(z? +y?), z €)0, 1[ a) mpu y — 0; 6) mpu y — 1.
Hccnepopate ua pam{ouepﬂylo cxonuuocu (yHRIMOHANBLHEIE TOCHEI0BaTeNLHOCTH:

64. fu(z) = e™™%: a) z €]0,1; 6) z € [1, +oo[. 65. fulz) = ﬁ;g—, a) z €0, 1]; 6)
z € [1, +oof.
66. fn(z)= M‘F:—.:-l: a) z €]0,1]; 6) z € [1, +oof. 67. fu(z) = (1'+ _"-lz-)"x ,0<z < 1.

68. fu(z) = jsin (5-%1) dy: a) z €)0, 1[; 6) z €]0, +oof.

69. fn(z) = j‘ﬁ’_‘;'ﬁ_:l_}_‘l; a) z €)0, 1f; 6) z €)1, +ool.
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70. fa(z) = ) arctg E:,—', z €]0, +oo. 71, fa(z)= 3 In (l + ;’-‘:—,) , T €]9, 1.
k=1 k=1

Hpenpapurensno onpenenaus o61acTh CXOAUMOCTH (YHKUMOHANBLHOIO PANA, UCCIAENOBATE €TO
Ha pam{ouepﬂyxo cxonuuocu

72. 2(n+1 .73. 2(2"), 74. Ei—jm—,"—

n=0
©
" (=1)" cos(2n+1}x nr nz
Z:O rYY) . 76. "Z:Ie .77, E nre”
n= =

78. Moxer nu GyHKUMOHAIBHBIH PAT paspmmux YHKLMI, CXONAUMHCT HEPaBHOMEDHO Ha
unTepbale Ja, b, IpeacTaBAiTE Ha 3TOM MHIEpBae henpeprBrylo pyHxumo? [Ipusectu npumepHL.
o0

— 2
79. Hycre lim {/lan| = 1. Hoxaszars, 4to psg Y Gne™"™ ° PaBHOMEPHO CXOQMTCA TPH
n— 00 n=0
Z2e>0.
O60CHOBATE BO3MOXKHOCTB no‘me}{}{oro nnd)(bepeﬂn}{ponamm PANOB B YKa3aHHBIX 06IaCTAX:

o0
80. Z cosmz oo g g1l E 1+"zh,|:¢:|#l 82. Z = el < 1

n(n41)?
n=1
1
83. Z n’c-::os(\/'x)’ 0 <z <2r. 84, Z n‘:’ > —, e>0.

n=1

85. Moxc}{o TH yTREPAIATE, UTO:

a) ecnn dyHkuMsd f HempepHBHA Ha KaxjoM orpeske [a, 8] Cla, b[, To oHa HempepmBHa Ha
HHTepBale |a, bf;

6) ecu mocaenopaTedbHOCTh (frn(z)) paBHOMepHO CXOTMTCS Ha kaxpmoM orpeske [a, ] Cla, b,
TO OHa PaBHOMEPHO CXONUTCS Ha MHTepBane |a, b[;

B) ecau mocnefoparensnocth (frn), fn € Cla, f], n € N, paBHOMEDHO CXOEMTCA Ha KaXIOM
orpeske [a, f] Cla, b[ x dyuxumu f, To Ha unTepBaxe la, b mpemensuas pyHKuMSI HETPeMEHHO

HenpepripHa?
Haitru:
- 1 arcsin ——;li—‘-
86. xl-lfi‘o; 2 thn—s—lcosnz 87. zlixgo E ;m—_-:—:)- 88. yETw Ef Tiniaity dz.

89. lim 3" (tl)-"—ﬂ ”) 90. lim E

n
y—0 ) vt y=—140 24

91. HocnegoparensHocts dyuxumit (fr), fn € Rla, b], n € N, nasupaerca czodsuetics 6
cpednem x dynxuuu f € Rfa, b), ecan

b
Jim [|fa(z) ~ f(z)*dz = 0.

IloxasaTs, uTo M3 paBHOMEPHOW CXOTMMOCTH TTOCAENOBATEALHOCTH MHTEI PHPYEMBX (DyHKIMH BH-
TEKaeT CXOAUMOCTh B CPEHEM.

o0
92. QDynxuMoHambHHIL PN ) an(z), an € Rfa, b], HasHBaeTcs crodaujumca 6 cpednes x
n=1
byuxuun S wa [2, 8], ecnu mocnenoBaTensHOCTE €ro yacTuHux cymM (Sn(z)), n € N, cxomurcs B
cpenteM x S Ha (e, b]. [Jokxasars, 4To ecnM GyMKIMOHANBHHIL PSL C HHTErPHPYeMKIMHM YIEHAMH
CXOIMTCA B Cpeimem x MuTerpupyemolt gyuxunu S Ha [e, b], To Vzo, z € [a, b] cnpaBenauso
PaBeHCTBO

f S(t) dt f n,.(t) dt.

nsl;,
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o0
93. oxasaTs, 4T0 eCAM PYHKUMOHANLHEN PAR ) 6n(z) C HEMPePLIBHO A bepeHLMpy EMBIMH
n=1

o0
“JIeHaMM CXONMTCH NMOToMe4HO Ha [a, b], a pam Y ak(z) cxomurcs B CpefiHeM x HenpepHBHON
k=1

o0
dyuxumuu o, To GyHkuus Sz Y an(z) mpdeperunpyema Ha e, b n §'(z) = o(z).
n=1
94. BuiTexaer JIM 3 HOTOMEMHOM CXORMMOCTH Ha [a, b] GyHKUMOHANEHOM NOCNENOBATENLHOCTH
(fn(z)) cxomumocTs ee B cpenHeM Ha 3TOM orpeake?
Y6enutrcs, uro cnenyoimue GyHKIUMOHAILHEE OCNIENOBATENLHOCTH CXORATCS B CPefHEM, HO
HE CXOISTCS PaBHOMEPHO K (hyHKIMSAM, MONYyYaeMbM MOTOYEYHMM NPEAENLHHM NEPEXOAOM:
95. fu(z) = /ne "%, z €10, 1]. 96. fu(z) = 1_:%, z €0, 1].
In(14ns? i
97. fa(z) = [24E22) _ 1), s €0, 1]. 98. fu(z) = 222, 5 €]0, +oo.
Hoxasars, ¥ro no4neHuoe nmpq)epeuuuponauue CIENyIOMUX PAOB BO3MOMXHO:
00 e
-Nnx
99, 2;16 (m—n) z €)0, 1{. 100. ,.ElL)— ze]o 1.

Tloxasars, 4TO MOMIEHHOE MUTETDUPOBAMHE CIEAYIOIMUX PSAOB Ha YKA3aHHOM OTPe3Ke BO3MOX-

Ho:
o0 o0
101, Y (-1)"'z", z €0, 1}. 102, ) (7.‘::1“)((‘?;‘1),7?) zelo, 2].
n=1 n=1

§5. CreneHHble pAXHI

5.1. Kpyr ¥ pajHyc CXOQHMOCTH CTelleHHOTO pPAna.

Onpepnenenne. Psd euda

(=]

Za,.(z —a)", 2de an, z, a € C, 1)

n=0

HA3LIBAECINCR CMENENNBIN PRIOM; ap — KodpPuytienmbl cmenennozo pade (oxu He 3zeucam om
z), 8 — PUKCUPOBAHHAR MOUKG HA KoMRAEKCHOG nAOCKOCIY.

Teopema. Kandvidi cmenennoti prd cxodumcs abcoromno enympu wexomopozo xpyza |z—al| <
R, 20e paduyc xpyea R 2 0 onpedeagemces no gopuyre Kowu—Adamapa

%, ecay 0<l= .— \n/ Ian| < 4o,
R= 0, ecar = +oo,
+ ecar =0,

uau no gopmyae

R=lim

Nt OO

, 2

Gn4l

ecau Imom npedea cyujecmoyem Toms 6ol 6 KeCOOCMBERKOM CHbICAE.

Bue kpyra |z — a| < R pan (1) ue cxomurca uu s omuoit rouxe z € C. Bompoc cxogumocTy
pama (1) B Touxax oxpyxHuocr |z —a| = R, R > 0, ocTaercd OTKPHTHM M pemaercs OTAEILHO
Aild KaXJoro psapa.

B cayvae, korfa an, 2, 4 € R, BUyTpeHHOCTE Kpyra CXoAMMOCTH BHPOXKJaercd B MHIepBaX
la—R, a+ R, R > 0, na neicTBuTenbHOMN NpIMOI.

IIpn R = 0 xpyr BHpOXKFAETCH B TOMKY 7 = G, a npu R = +0o0 npencranager ;onmxe.xcnyn
AACCKOCTE (xmt MMCHOBYID HPAMYI, €CAH PR (1) .leimmxex)
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5.2. OcHoBHEe CBOHCTBA CTEeHEHHHX PANOB.

CyMMa CTeneHHOTO pA&a BHYTPH KPYTa CXONMMOCTH RpeAcTaBaser co6oil HenmpepuBHYIO QYyHK-
umio. Ecau pan (1), n.5.1, neiicTBUTENLHEIR M Ma KOHIE €TO HHTEPBala CXONHMOCTH 2 = R+ua, R>
0, PacXofurcs, TO CXOAMMOCTb PAfa Ha unTepBane [a, R + o He Moxer GHTb paBHOMEPHOH.

Ecau meicTBUTenbHHI cTenmeHuoMi psn cxouurcs npu 2z = R +a, R > 0, To cxofuMocTh pafa
6yner paBHoMepHoOil Ha orpeake [a, R +a).

CyMMa [eHCTBHTeNLHOTO CTENMEHHOTO PANla BHYTpH MHTEpBaNa CXOIMMOCTH MMeeT MpOM3BOJ-
HEle Jo6oro mopspaxa.

Teopema (A6ens). Ecau deficmeumenvnotii cmenentoti pad cxodumcs 6 movxe z = R+a,
R >0, mo ez0 cymnua S(z) npedcmasasem coboii snauenue nenpepvienoti caesa dynxuuu s amotl
mouxe, m.e.

S(R+a)=_lm §()= Y anR".
n=0

AH&JIOI‘M‘-{HHC YTBEDXXICHHSR CNIpAaBEANIMBL U ANk 1eBOT 0 KOHI[a MHTepBaﬂa CXOOTHMOCTH.
5.3. Pasnoxenne pynxnuu 8 pan Ternaopa.

Onpenénenne. Tycms f:Ja— Ri, a + Ro[— R, Ri > 0,1 =1, 2. [osopam, ymo dynxyus f
pacxaadsisaemcs 6 cmenennod psd na unmepeade Ja — R, a + R[, 2de 0 < R < min(Ry, Rp), ecau
3an € R, n € Zo, maxue, umo Vz €)a ~ R, a + R[ cnpasedauso pasencmeo

()= an(z - a)™

n=0

Teopema (Teiinopa). Jag mozo umobut ynxyus f sozra bvums passoxena ¢ pad Tedaopa
ne unmepeaae Ja — R, a + B[, R > 0, neobzrodumo u docmamouno, umobbt ona bviaa becxonesuso
duddepenyupyena v ocmamounviii uaen 6 popuyne Tetiaopa das amoti PynxYBY cMPeMVACE K
NYM0 NPU N — 00 HE YKAIGHHOM UNMEPEARE.

Pasnosxenne umeer Bun

® (k)
0=y L0t (1)
k=0

Dyuxuus f, pasnarajomaics B psn Teitiopa, HaskBaerca awaaumusecxotli u ee pasmoxennue (1)
€IHHCTBEHHO.

Ilpakruvecku- BaxkunMH SBAKIOTCA CAYYaH NPENCTABIEHMS OCTATOMHOLO YJ€Ha DA3NOKeHHs
(1) » dopme JMarpanxa

*\ fB)(a ("+1) (g T—a nt1
Rn(z)=f(z)—z~—f k!( )(z—a)k=f M En:(ig' ))(z—-a) ¥
k=0 )

¥ B dpopme Komu

N

Rn(z) = f(n+l)(a -{'-"01 (z - a)){l —8, )n(z _ n)"'”,

me0<#<1,0<6 <1.
5.4. Pasokenns oCHOBHMX 3MeMEMTAPHRX QYHRKIHI.

Tonaras B dopuyse (1), 1.5.3, a = 0, NoAyYaeM NIATH OCHOBHBIX PasiOMEHMiL:
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o0 z"
I e’=ZF, |z] < oo.

n=0

hd n2n+1
1L sm:c—z; Gn il s 2] < .
o n2n
I11. cosz—z (2 » |2] < oo
n=0
m_ mm—~1)...(m-n+1) ,
IV. (1+1) _1+Z1 = " ~1<z<1.
had —_ n-i.n
V. 1n(1+z)=z(—-1—);—i,—1<z<1.
n=1

Pasnoxenus I—IIl cnpaBegnuBu a5 Bcex KOMINEKCHEIX 3HaueHMM T, pasnoxenue 1V BumoaHs-
erca ipu |z} < 1, m € R, a-pasencreo V — mipu |z| < 1, £ # ~1.

5.5. Onepauuyu Haj CTeneHHHIMH DAJaMH.

Pamn
(o]
Za,.(z-—a anz—a
n=0 n=0

BCE€rjia HMEIT 061[(66 MHOXECTBO CXOMMMOCTH M BHYTPH ITOI'O MHOXXE€CTBa CIPaBEIJIMBEI CIAE€IYIO-
M€ OMEpAUMH CIOXKEHHUS U YMHOXEHHI!

AZa,.z-—a +qu z—a) i)an+ubn)(z—a);

n=0 n=0 n=0
[+ o< [+
E a,.(z—a)"g bn(z ~a)" = E cn(z —a)",
n=0 n=0 n=0

rae ¢n = Gobp + @1bp—1 + ... +anbo; A, g — umcna.
Ecan crenennoit pax (1), n.5.1, geficTuTenen, T0 BHYTPH MHTEpBAana CXOLUMOCTH €TO MO~
HO 1o4jieHHo IudhepeHIHPOBATE U TMOYJIEHHO UHTEIPUPOBATE; JIIPU 3TOM MHTEPBAN CXOTUMOCTH
TMOAYYEHHOT 0 TaKUM 06pa30M pafla COBMAfa€T C UHTEPBAJIOM CXOOMMMOCTH McXomHoro pspa. Coor-
BeTcTBYIo1UHEe GOPMYIH MMEIOT BUL:
I

Za,.(z -a)" ] = Z(n +1)ans1(z — )",

n=0 n=0

- n _ - Gn — n41 1
/ z—;an(z—a) dz—z—;n+1(z a)"" 4+ C.

Onpenenurb pagHyC ¥ MHTEPBAJA CXOOMMOCTH H UCCAECAOBATh NOBeleHHe B TPaAaHHYHBIX TOYKaX
HHTEPBANA CXOAUMOCTH CIREAYIOIIUX CTENEHHR X PAAOB:

3"+ (=2)" n
146. ; ———(z+1)".
« Ilo popmyne Komu—Apamapa umeem

1 _ o af3n (=2 w9k 4k
R Am n = Jm_ TR

. 4 2
TMOITOMY NPH — = < T < =3 PAA CXORHTCA aGcomoTHO.
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! 4
Hccnenyem nosegenue cTEMEMHOTO PSOa Ha KOMIAX MHTepBada cxogumoctd. Ilycrs = —3.
Herpynuo Bupers, uto pan
(=] fes) (=]
SHCA G S E 3 (2
n 3n n n \3
n=1 n=1 n=1
CXOOMTCS, TaK KaK paBeH CyMMe JIBYX CXONSUIMXCH PANOB.
2 p
fIycts £ = —3. Torma uncnoboi pag
(o]
3" + (__2)n
n3» !
n=1
14(=2)"
Y Ll ) MRS C R
B CMJIy MTPU3HAKA CPABHEHHS, PACXOIUTCS = - > = | . CaepopatensHo, B TouK
4 . 2
T = —3 CTeMeHHOM Psji CXONMTCH IMIb YCIOBHO, B TOUKE T = — > — PACXOIUTICA. b

- ("!)2 n
147. z_; (2n)!z .
« Ilo popmyne (2), n.5.1, Kaxomum

R= lim (n))?*(2n + 2)! - lim (2n +1)(2n + 2)
n— 00 (211)'((71 + ])')2 n— 00 (n + 1)2

noatomy npH |z| < 4 pag cxomurcs abComOTHO.

=4,

oo
N 1)247
Ipn z = 4 moayuaem uncaoBoMt psx Z @n, TOAE &y = '(’2"),
n=1

TO @y < @Gn41. ITO O3HAYAET, YTO TMOCHEAOBATENBHOCTH (Gn) MOHOTOHHO BO3pAcTaer.

ap _ __ i_
. Hockoanky PR =1--+

1
2n(n+1)
CaepoBarensho, o6mMil YreH psfa K HYmIO He CTpeMMTCH, T.e. pam pacxogurcia. [lo sTol e

TMPMYUHE OH PACXOIUTCA U B TOuke £ = —4. P
00 2
1 n
148. (1 _) ",
n=1
4 o dopmyne Komn—Apgamapa HaxoIuM Paguyc CXOIMMOCTH psja:
1 1\"
—= 1 (1 —) =e.
R n—{go + n ¢

1 1 "
CaepopareabHo, npu |z| < T panm cxomurcs abcomotho. Ilpn z = S moayuaem uncuopoit psg

0 2
1yn? 3 .
Y an, tHe an = (1 + ;‘—) —. [lokaxem, uTo o6wHil wneH 3TOro psfa K HYMIO He CTPEMMTCH.
n=1

[eitcraurenbno, uMeeM

1
a,.=exp{—-—n-|-n21n(l+%)}:exp{—n-{-n2 (%—#+o($§))}—ve-3, n — 0.

1 © u
Taxum 06pﬂ30M, B TOYKE T = . CTENEHHOHK PAl PACXOIHTCS. Ilo Toit xe NMpHYHHE OH PACXOIHUTCA

U B TOYKE I = —%. »
o0 | \
n!
149. Z -—n;:ﬂn, a>1.
n=1 a

<« Haxommm panuyc cxomumoctn papa mo dopuyzne (2), m.5.1. Hueem

14(nt+1)? 2n+1
R = lim ___n;a = lim & — =
n-soo ¢" (n + 1)' n—oo 41

+00,

CHEIOBATEALNO, NAHHEIM CTEMEHHON! PAN CXOMUTCA MO BCEH YUCIOBO MpsAMoil. P
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(135 (2n-1)\ fz-1\"
150'2"( 2-4-6..- (2n) ) (z2 )

n=1

<« Ilo dopmyne (2), n.5.1, Haxomum
(2n — 1)!Y(2n + 2)" . ( 1 )” _
k= lm 2 ( @ansDn ) " lm A\l ggT) =%

Cnenosarensho, npu —1 < £ < 3 paf cxoaurca abcomoTHO.
{Ipu uccnenoBauuu xapaxrTepa CXONMMOCTH pPsfla B Toukax z = —1 M z = 3 noassyeMcs
COOTBETCTBEHHO NpuMepoM 79 u npusHaxoM [aycca. Hmeenm

P - .
2n =(1+#) =142y 21 +o("l,),n—*oo,

an+41 2n+1 2n+1  2(2n +1)2
P
I'fie an = ( 2('2':)1,,") . Orciona, yYuTHBas yNOMIHYTHEe HPU3HAKH, 3aKTi04aeM, YTO B TOUKe T = —1
PAK cxofmuTca mpu p > 0, a HpH p > 2 oH cxoguTCA abcomoTHo. ClemoBaTenbHo, B TOYke T = —1

OH cxomurca ycioBio mpu 0 < p € 2. B rouxe £ = 3 pan cxomurcs abcomioTHo mpu p > 2 K
PacxofMTCs npu p<2.p»

2" (n! d n
151. E o () -

< Ilo zpopMyne (2), n.5.1, monyyaem

. 2"%(n!)? (2n + 3)! . 2n+3 )”
= = = 2P,
R= lim ((2n T () A, ( ntl
MoatoMy pagn cxommurcs abcomorHo npu |z] < 27.

Paccuorpuu noBefeHHE CTEINIEHHOI'O pAfa B TPaAaHHYHBIX TOYXKaX HHTEpPBajda CXOQHMOCTH. Hﬂﬂ
3IToro oﬁpasyeu OTHODIECHHE

an 1 )p P ( 1 )
Gn41 ( +2n+2 +2n+0 nlte )’ €>0,n— oo

2"(n1)?
TAE Gn = ((2n +1)') 2P, Toassysacs npusHaxoM [aycca, M3 sToro oTHOmEHHS HaXONMM, YTO B

Touke z = —2P pap cxopurca abcomoTHO NpK p > 2, a npu p § 2 paf pacxogurca. Ha ocHoBanuu
e npuMepa 79 ycraHaBaMBaeM, 4To B Touke = 2° paj cxoAuTca npu p > 0; a6CONIOTHO CXOTUTCA
npu p > 2 (no nmpusHaxy laycca). CremoBaTenbHo, B 2TOM TOYKE OH CXOAMICS YCIOBHO, €CIH
0<p<g2. P

152. E m-1)...(m=-ntl)

n!

< [Tna ynoﬁcma MCCIEOBAHUA NMPENCTABUM PANl B BHIE

E("‘l)"—l (n—1-m)(n— 2'; m)... (1 —m)mzn'

OueBuano, pag cxogurcs abcomorHo, eciu m € Zg, a T — mio6oe; nosToMy Raiee GymeM
cuuTaTh, yTo M € R\ Zo.
Hna HaxoXfeHus pajMyca CXONMMOCTH NpuMeHseM dopMyny (2), n.1.5. Hmeenm
. n+1
R = lim + l =1,

n=—+00

Gn4l n—»oo

rae

- (n—l—.m)(n—ZTm)...(l—m)m.
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HMycrs z = —1. Torga, cOCTaBAAA AAK YHCAOBOTO PANA OTHOLICHHE
[ m+1 mm+1
n_ypymtl mm+tl) )
Gntt n n(n — m)

M NONB3YACH NPU3HaxoM [aycca, HAXOTHM, YTO B ITOH TOUKe CTEMEHHON PAX CXOMUICK a6comomo,
ecin m > 0, u pacxonuTcs, ecau m < 0.

Mlycte z = 1. Torma us (1), Ha ocHoBaHMKM NpKMepa 79, 3aKIIOYaeM, YTO CTENEHHOM pAn
cxomurcs, ecan m > —1. CuaenoBaTensHo, npu —1 < m < 0 psaf CXONUTCK yCIOBHO. P

153. 2(_,._1') (%)"z".

« llpumenss dpopmyny (2), n.1.5, nonyqaem

RS
n—s00 n+1

CaenoBaTensHo, npu [z| < 1 cTenenmoit P CXOXMICA aGCOMIOTHO.
HNycts £ = 1. Torma, MMes B BUAY yIBepXKaeHHe npuMepa 79 AiaA paga E(—l)"b,_., rae
bp = (-})" -:—,, COCTaBMM OTHOUIEHME

be 1\ 1\ _
b,,+,“‘(l'n+1) ‘e‘p{1+"ln(l_ +1)}

1 1 1 1 1
-e"P{”"(“—nH'——z(nH)z+°(;ﬁ))}~‘+a:+°(;)’ nooo (1)

Teneps BUAUM, YTO NO yKa3aHHOMY YTBEPKIEHHKIO DA CXONUTCA.

Mycre z = —1. Torpa, Bocnoxs30BaBIKCh NpusHaxoM [aycca, u3 cooTHomenus (1) moxy4um,
YTO CTeNmeHHoM P pacxogutca (3fmeck p = 1). Orciofia crefyer, YTo B Touke £ = | MMeeT MecTo
YCHOBHAA CXOMMOCTh. P

154. i(1+%+ ...+%)z".
n=1

« Hocxkoasky 1+%+ rl—‘=lnn+C+en,'ro

lim \"/1+l+ +—"'hm Vinn+C +en=1.
n—+00 2 T— 00

TaxuM ob6paszom, no popmyne Komu—Anamapa, pag cxoputcs npu |z] < 1. Brouxax z=1 u
£ = —1 piAR PacxXomMTCA, TaK KaK obLMK YIEH PsAfa, Ha OCHOBAHMM YKa3aHHOTro BHLIE NPUMepa,
He C'rpeumcx K HYJTIO npu n — 00. P

3 — n-
155. Y B+CUY",
n=1
< llpuMensa popmyny Komn—Anamapa, noryyaem
R ol ) A
- n—oo VIT - k=~ co 2:'/2k
Otciona caegyer, uro npu |z| < % PAA CXORUTCH abComoTHO.
Mockonbky mAs MORNOCAEROBATENBHOCTH (S2n) MOCHETOBATENBHOCTH YACTHYHEIX CYMM YHCIIO-
o0

R = lim

=+ 00

Gngl

=4.

00 nyIR
- 1
BOrO psinga E G417 BHINIOJIHAECTCS HepaBEHCTBO Son 1 % E %, TO B TOYKe T = +; pan
k=1

n4r
n=1

pa'chIIKTC!. AHaNoru4Ho B TOYke T = —% HMeeM

Sm=-g+lo Loyl oL 1
ti 23"'4 - 22"-1(21;—1) E ;2”‘-1(%—1)'
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CremoBareasHo, lim S2n = 400, NO3TOMY M B 3TOM TOYKe PSI PacXORMICA. P

n—oo

2 (=1)vA
156. Z %z" (pan Hpuurcxeitma).

« Cornacro ¢popmyre Komu—Anamapa, naxoaum

(oA | _

n

hm——:

R n—oo n-—+00 '\/_

Taxum o6pasoM, cTemeHHOM pAR cxomuTcsa abcomorno npu |z| < 1.
B Touxe z =1 momyyaeM YMCIOBOM AR, CXOLMMOCTH KOTOPOr'O A0KasaHa B mpuMepe 77.

B Touxe z = -1 nony‘{aeM pan
o0
( 1 ﬂ+[ﬂ . hnd (_1)"+[\/;ﬂ 1
Z > T > g (1)
n=1 n=2
(n#4,9,16,...)

Mockonpky meperK psf, HaxoMAUMicA ClpaBa B paBeHcTBe (1), reibHKLEeBa THITA, TO OH CXOLUTCA.
Bropoit pam Takxke cxomurca. Tax kax, kpoMe sToro, psj, HaXOoNSUIMICI CleBa B paBeHcTBe (1),
aGCONI0THO PACXOIMTCA (Kak TapMOHHYECKHM), TO MBI IIPHXOAKUM K BHIBORY, 4TO B Touke T = —1
TaHHEBIH CTENEHHOM P CXOMKTCHA YCIOBHO. P

v(n)
157. Z wn (1 — z)", rae v(n) -— xKomuvecTBO LUPP UKCIA 7.

n=l

« [To popmyne Komu—Anamapa monyuaem

1 lim 10ts nl+1
R V7 7

(cM. npumep 45), T.e. npu 0 < £ < 2 cTeleHHOl PN CXOLUTCA aBCOTIOTHO.
B cuay Hepasenctba n = 108" < 100871+ < 10'6*+! = 10p, saxmovaeM, uTo B TouKax z =0
M T =2 pal PACXOAMTCA, TAX KaK TNPH 3TOM oMK uJeH PAna He CTPEMMTCK K Hymio. W

158. Onpepeants unrepsan CXOJIMMOCTH -pa3I0XKeHHA B CTENEHHOH paf PyHKumuu f : z —
z

2 —55 46"
« [IpeoGpasosrBas byHxumo f mis ciydaes a) M 6) k Buay

z t+5
)16 = ooy D Its) =el) = gy =25
¥ MIPUHMMas BO BHHMaHHe TO, YTO PaiHyc CXOMMMOCTH CTEIIEHHOr'0 PAja ONMpPeNeIsieTCs PaCCTOAHH-
€M OT L(EHTPa Pa3NOKEHUS [0 IePBOK 0COGOH TOUKH aHANHTHYECKOM (PYHKUMH MM KaKOH-HHOYNb
€e TIPOU3BOJHOM, HaXOUM:

a) = 2 — Touka 6eckoHeuHoro paspuiBa pyHkuHMK f; £ = 0 — LEHTDP Pa3MOKEHUS €€ B CTE~
TexHoi pap (To yCiIoBKIo), a MosToMy R = 2 M HHTEPBaT CXOAMMOCTH OMpPENeTIeTCA HEPaBEHCTBOM
|z} < 2.

6) t = —2 — ToUYxa GecKOHeuHOro pa3pHBa (pyHKUKM p,-a t = 0 — HEHTp Pa3noXKeHHA ee B
cTeneHHoi pan (Mo ycaoBuio yHKLMs ¢ pasmaraercd mo cTemeHsM ¢ = z — 5). CaemoBarensHo,
R =2, unreppan cxoguMocty pafa | —2,2[ unu 3<z< 7. p»

N

a) mo cTeneHaM z; 6) 1o cTemeHsM GuHoMa (£—5), He IPOM3BONK CaMOro PasnoKeHHU.

2n-1
159. Moxwno mu yreepxknats, yro pN(z) = z;(—-l)"_l(—;l—_—l)?:z sinz ma |- o0, +oof
n=
npu N — o0?
o0
« Tocxomsxy El(__ "’l(;—j..—l)T =sinz, z €]~ 00, +f, a
n=
Zn—l
su sin z — 1) "'"l = +o0
—oo<zl<)+oo E( )I ’

n=1
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To, COrlacHO MpHMepy 103, nocienoBaTeabHOCTs (N (Z)) CXOMUTCS HepaBHOMEPHO Ha ]—00, +oo. b
Ioabayscy pasnoskeHusMM 1.5.4, HAIMCaTh Pa3lOMKEHUS B CTENEHHOM DAN OTHOCHTENBHO Z
ClIefyomux q)ynmuu“{:
160. z — sin®z
<4 Hpeoﬁpasonan sin® z x Buny sin® z = —(3sm T —sin 3z) ¥ BoCNONL30BAaBUIMCH Pa3IoKEHHEM
byHxuK cm{yc HalieM
-1 e 2 -1 *x 2n-
sindz=2 Z n—l 7" _ lz n-l " - lz(_l)n—l 3 — 3! preils
@n-1) 2 2n—1)' . (2n —1)! )
Ilo dopmyre (2), n.1.5, merxo HalWTH, YTO ITOT PAN CXOTMTCA a6CONIOTHO MPH BCex Z. P

161. z —

(1-z)
« Iocxonsky (l—_l.—z-)l (1_1)2, 10, AMddepeHIUMPYS NOUNEHHO pasiokenne aag (1 — 1:)'1,
00
moxyvaeM ‘(—l:lzﬁ)- =Y nz" |z] <1 >
n=1
162. 2> — 2
o (1-2)(1-2%)

« Paznaras manuyio apo6s Ha mpocreimme

z . 1
-2 (1=22) =~ ~"1(1+=7) 4(1_1) + 2(1_1)2 u MC-
Moxe3ya pasnokenue [V, n.5.4, a Takxke pesynbTaT NPeABAYIETo NPHMepa, MOXKEM HanKCaTh

(1 _.1;)::1 _22) = —%;(-—I)”z"_ izz"_i_ %Z("'*" 1)1:" = %;(2"4’ 1 +(_1)n+l)zn

n=0 n=0

ITo popMyne Komu-—AnaMapa HaxoauM MHTepBakx a6COMOTHON CXOMMMOCTH MOXYYEHHOTO CTENeH-
Horo psama: |z} < 1. p»

163. 5> — 1
14+z+ 22
<« Hlpencrapass maunyio apo6s B BHAE
1 1 _ 1 _
1) = 1+z422 1-(t+)z+22 (z-t)(z—17)

_ 1 ( 11 )_ 1 [t i

Ti-i\z-t z-1/ t-t\1-zt 1-3t)’
et = €% o = 23" , M MCToaB3ys pasnoxenue 1V, n.5.4, a raxxe dopmyny Jinepa et =
cos a + 1sin a, MoAyYaeM

0o 0o
—_ 1 n g ni _ 1 n/ntl -n
f(z)—:—t;(tz:(zt) —tz(zf) )_mzz (t Zz sin(n + 1)p
n=0 n=0 n=0 n=0
ITlo popmyne Komu—Agamapa HaxoquM PaguyC M MHTePBaJd CXOMMMOCTH STOL'O PAMAa:

& Vet Del=1 R=1, |z|<1»
R n=—+00

164. ;- —_ SR
e l—2:zcoso.f-|»av:2

« Tlonarag sina = -—,;.—, cosa = 'ir', e z = €', ¥ pasnaras HaHHYy®© Apobb Ha npocTeMliine,
NnoJyyaeM

zsino _1 ( 1 1 )
1-2zcosa+122 2t\l=-2zz 1~2%/°
IlpuMenss X NpaBoit HacTH PTOr0 COOTHOMeEHHS Pasioxkenue IV, n.5.4, MoXKeM HAMCATh

% )
zsin o 1 ~ )
1 -~ 2xcos o + z2 = zzz“(z“—z“) =Ez"sm na.

n=0
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OueBuINO, MOXYyYeHHEI pAx cxomnrcsa abcomoTno npu |z} < 1. »
165. z —»In(1+z + 2° + z°).
« [Ipeo6pasoBriBas nanHyio GYHKUMIO K BUAY
In(1+z+2°+2°) =l(l +2) +In(1 +2%), 2> -1,
M MCNOJIB3YA pa3foxkeHHe V, 1.5.4, nodyyaeM
0
1n(1+z+1:2+1:3)=2 +E ""lz , —l<z gL
n=1

CxaaasiBast noxydeHHble pAan B o6mIeH 061aCTH MX CXOHMOCTH, OKOHYATENBHO MMeeM

o0
1 - . 3
In(1+z+2>+2%) = 2 - ((-1)" ! 4 2sin(n — 1)5) ", 1<zl
) n=l
Herpynmo BumeTs, uTo npH |z| < 1 3TOT pAx cxomUTCH abCOMOTHO, a B TOKE £ = 1 CXOmUTCH THNB
ycnoBHo (no npusHaxy [Iupuxae). »
166. z — "% cos(z sina).

« PaccMatpuBas manHyo dbyHKUMIO Xax

Re (e.‘tcos a+iz sin a) = Re (eze‘°’)

M NIpMMeHNSIS pasnoXeHHe |, 1.5.4, MoXkeM HanMcaThb

(o]
n Kﬂu
e ™ cos na
€*°* % cos(zsin a) = Re E E
n=0

n=0

n s n
Mockoxexy Z M"_“_l <Y E L’-L- M BTOPOI CTENEHHOI PAN B 3TOM HEPaBEHCTBE CXOAMTICA NPH
n=0
BCex T €)oo, +oo[, TO NIOA1yeHHOE PasIoXKeHHeE CIPABENTHBO NPH |z| < o0. B

PasnoxuTh B cTeneHHOM P Clenyomue yuximm:
167. f:z+— arcsins.

« C noMomysio bopMyan IV, n.5.4, nMeem

Fy= -ty ELCD ED) o Comntl) oy

HHrerpupys 3ToT psifi mounenHo (YTO BO3MOXKHO BHYTPH MHTEPBala CXOMUMOCTH), HAXOMUM

— 1) g2n+?
f(z C+z+z (2n—1) =

nal 2n+1
n=1
Tak xax f(0) =0, ro C = 0. CnemobaremnsHo,
(2n =1 2niy
a.rcsmz—z+z2"n12"+l)z , lgl< L

Ina mccnegoBaHUA CXOMMMOCTH PHfa B KOHI[eBHX TOUKAaX NPMMeHS€M NpuaHak Paabe. HuMeeM
. a4+ 10n+6 6n® +5n 3
im n|{ ——m———~1| = lm —4———— —— =~
n—oco (4n’+4n+l nwcodn?+4n+1 2
NoTOMY NpH Z = %1 pag cXomuTCE abCOMOTHO.

Takum 06pa3oM, NOXyyeHHOe pasuoKeHHe, B CHIY TeopeMH AGeis, cnpaBenueo npH [z < 1
T.e. BO BCel 06MacCTH CymecTBoBaHUA arcsinz. b

168. FizIn(z++/1+22).

>1,



§ 5. Crenennse paan 67
1
« Paanaras npoussoxuylo naumoit dpynxuuu f'(z) = (1+2°)73 npu |z < 1 B cTenennoit pan

=143 1)"(2" )” J

n=1

HHTEIrPUPOBAHHEM NOC/AeqHEro nojy4yaeM

(2n - 1)":v2""'l
_z+2 -)" (2")“(2"“) +C, |z|<1.

Mocxoarky f(0)=0,10 C=0
Kax u B mpegmpymenM npuMepe, HaXoHM, YTO NMOXyYeHHOE Pa3noKeHHe CXORMTCA abCoMmOTHO

npu |z| € 1, ¥ B KOHUEBHIX TOUXaX CyMMa PAKa PaBHa, 1o reopeMe AGens, sHauenunio pyHxuuu f
B 3THX To4kax. Taxum oﬁpasou, HallUCaHHOE Pa3ioXKeHKe cnpaBefnuBo npu |z| < 1. p

169. 5 z»—»axctg

-2
1+ 4z
« llpencrasass pyuxuuio f B Buge

2-2z
f:z v arctg e arctg 2 — arctg 21 — re(z),
e
0, eciu z > —-%,
e(z) =

!

1, et z< -0
4 pasnarad B pan byHXUMIO T — arctg 2z ¢ IIOMOMBIO MOYJIEHHOTO MHTETPUPOBAHUSA PANa NJIA ee
TIPOM3BOHOM, HAXOMUM

22"+1 2n+1
g = arctg2 — Z Wi’ — 7e(z).

n=0

a.rctg

o 1
Mockonpxy MoNyveHHEt PR cxoauTcs npu |z] € 3 (abcomoTHast cxomuMocTe ero mpx lz| <

1
3 YCTAHABIMBAeTCK C MOMONIBIO NMPH3HaKa I'AnmaMGePa, a B KOHUEBHIX TOYKAX — C TOMOINBIO
npusHaka Jleit6Huna), To B gaHHOM cayyae

0, ecau % <zg %,
¢(z) = 1 1
1, ecau -3 £z< - - »
170. 7 zn—»a,rctgz 2,Iav|<\f
« IIpencraBasas npoussonHyio pyHxiuu f B Buge
-, 1 t2
7)) = —> —
f( ) 1+t4 + 1+t4’

e t = 7’2-, M nonp3yscs dopmymoit IV, m.5.4, Haxomum

f(e) = (18" 4 Y (-1,

n=0 n=0

Ouepunno, npu || < 1 o6a paga crpasa abCoXIOTHO CXOMATCH, MOoaToMy NpH [t < 1 MX MOXKHO

CIOXKHTE., MMeem
@) =3 (e = Z( plE1Z e« v,

n=0
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OTKYAla MHTETDHPOBAHUEM nony‘{aeu

+1
f(z)—;( il 2,,“) lal < V2.
Mockonbky MHTepBan abCoROTHOM CXOMMMOCTH PAAA TOCHE MHTEIPHPOBAHMS He MEHHAEICH,
TO momy4eHHHUH pax cxomguTca abcomorHo mpu |z| < V2. B 'ro‘ucax Iz} = £v/2 pan cxomur-
Cfl, HO TOJBKO YCHOBHO. [[eHCTBMTENBHO, MOCTEROBATENBHOCTS (35—

(3]

-1)lz

k=0 .
XONMMOCTE PAfla B 9THX TOYKax Cliefyel M3 PacXOJMMOCTM rapMOHMYeckoro psfa. Ho Tax Kak
dbyuxuus f B Tourax z = £+/2 He onpefiesieHa, TO MONYHeHHOe Pa3NOKEHHE CIIPABENIUBO TONBKO
npu |z| < V2. DToT npuMep MOKABHBAET, YTO CyMMa PANla MOXET CYNECTBOBATh Ha MHOMKECTBE

" GOMBINEM, YeM TO, Ha XOTOPOM 3afjaHa QYHKIMA. P

171. f:z > arccos (1 — 2z°%).

« [Tuddepenuupys byuxuuio f, moryqaem

' 2
\ )= 282,

Toassysce pazmoxenueM IV, n.5.4, naxopgum

) L0 mpH - o0, a

£ 2; nosToMy, coriacHo mpusHakxy [{upuxie, pfA cxomurcsi. AG6COTIOTHaA pac-

0<|zl< 1.

fl(z)=2 1+Z n )“ z  lsgnz, 0 <zl < 1.
HHTerpupys NMOMTeHHO MOMYYEHHHIR P, MMeeM

(20— 1)t JafPmt!
f(z)=2 Iz|+2 2n),, i

S10T psaAm, cornacHo mpu3Haxy Paabe, cxommurca abcomorHo npu |z] < 1, T.e. Bo BCeit obracTH
cymecrBoBaHusA GYuxuuu f. p

172, dyuxmmo f : z — Inz pasioXuTb B CTENEHHON PAX IO LEAHIM MOMOMKMTETHHEIM

I -
CTeneHsM pobu .
+ 1
t+1 ¢ 1 ~1
« [omoxus == ey L=y, nonythf( ) =F(t)=In; 1 Tockomxy z > 0, To |:+1 | =t| <1
(3aMernM, uTo cnpaBemaMBO M OGpaTHOE y'rBepxcnemxe). C‘nenona'renmo MCIIONB30BaB HOPMYIY
V, m.5.4, MoXeM HamHcaThb

t+1 t’"" -1\ 1
it =m - E’ }( ) : .
= (+8)-h-9=2) = z+1 m_1"

n=1

(o]

173. ycm fl(= Z Hoxasars Henocpencrsenuo, uro f(z) f(y) = f(z + y).

=0

« HepeMuoxas pagu z —u z -, TomyyaeM

o =3 (2 T

n
Ho tax xak (z +y)" = Y Chz"*y*, 1o
k=0

el n zn—k k
2, (E (n —k;l!k!) - Z . :.y) =fz+3),

n=0 \k=0
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YT0 U TPeGOBallOCH IOKa3aTh. P

174. Hycrs, no onpenenenso,
e 2n41 n n
n T
SINz = - H CO8T =
“=0( ) (2n+1)! E (2n)'

IToxasars, yTO Sinzcosz = 3 sin 2z.

« 3anucuBasg JTaHHBIE€ PA3JIO)KEHUA B BHIE

00 ..
sin 3 >, cos &
z", cosz = E 1)
n!
n=0 n=0
M MONB3YACH MPABUIOM yMHOXeHHA paaoB Komu, umeeM
00 sin n—k)m
. n 5T cos Q—Z—L 5
sinzcosz = E enz”, cop= E k'n—k)! . (2)
n=0
o0 n
1 —1)*
() _ - 0, uro

(=K _ L nr o qykbtlgnamoo2n
= gsin -+ (-1)"" gsin = w0 ”’gk!(n-k)s”?;)m(n-k)s

o km
Tax xax sin 5 €08 *—; 3

BHITEKAET U3 dIeMEeHTapHOM (OPMYIHl
nlzn—k k

e+ Z
" H(n—k)

mpu £ =y =1 u z = —y = 1 COOTBETCTBEHHO, TO
sin —k
COS ﬁ"_)l 21‘!—1 . nr

C"_Z k'n-k)' =

A torma, coraacto (1) u (2),

(]

. 1 2"sm—-" 1
smzcosz:iz——-' z" = = sin 2z,
n!
n=0

uTo u TpeboBagOCH mMOKa3arh. P
175. Hanucats necxombxo wieHoB Pa3q0XKeHHUS B CTENEHHOM PAMN (pyHKIHH
-1

fize E"z-:l
n=0

« Crenyer nogobpats xo3pdUUMEHTH rp TaK, YTOGH BHIHOJHAIOCH TOXKAECTBO MO T

o0 0
Zanz"znil =1 Zanz = f(z).

n=0 n=0 n=0

OTo paeT GeCKOHEYHYIO CHCTEMY YPABHEHWH OTHOCHTENILHO (p!

- a; 1
@ =1, Zl:n—i+1_—n+1’ neN,

1 1
=5 2= =5, 03 =3, .

M3 KOTOPOH JOCHEeXOBATENBHO HaxomMM @) = A
TlpousBofs COOTBETCTBYIONME MEMCTBUA CO CTEEHHHIMM PANAMM, TMONYMHT: Pa3lONKEHHA B
CTENEHHEIC Pkl ClIeyOmMX Yy HKIMK:

176. f:z (1—2)*ch 3.
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Tn. 1. Pagm
« Pasnaras dynxuuo z +— ch+/T B pag 1o creneHaM /z, MonydaeMm
o0 z" oo
f@)=(1-22+2%))

OueBupno, 310 pa3noXeHHe CIPaBeNAMBO NPH BCEX Z. P

177, f:z+— 1’1 —2).

0 n
« BosBong B xBagpar pag — Z IT =1n(1 — z), monyuaem f(z

- 1 2
c"_g(n-i-l—k)k— (

—-2z-2 + =
1 I ]
n=2 (2") n=1 (2 ) n=0 (2")
3 o
=1--z

n=1

1
T 1+

Z CnZ

+a4 +l)
SHgto+o)

Tak kax lim ¢, =1, To pa3moxkeHue crpaBegauso npx [z| < 1. »
n-—od

178, f:z— e“cosz.

« Pasnaras gyuximio f: z +— e*M*%) p crenennon pan

(=

~—

n=0
u 3aMmedvad, uto f(z) =

TTockompxy

V2" nr
(ol cos | <

“ 1

" _iz\/— (

n=0

e f(z), monysaem

n=0
pasnoxkeHHe BO3MOXHO Taxxke Ipu |z]| < co. b

179.

cos il + isin mr)
4 4

poom{ (225 e s
1

npu z =0.
« [IpunuMas Bo BHMMaHMe pedynnTaT npuMepa 167, HaxoIuM

o -1 2n
(1+Z (2n — )Nz

n=1
e

il 2n+1

"_Z":(Zn 2k — 1)1t

!o(2k = )2k}

Mo ungyx1MM TOKaZEIBaEM, YTO

z": (2n — 2 — 1)1(2i — )Y
£ (20 — 24

(2n - Zk)“

@n—2k+ 1)(2k+1)’

S N 2_ S
> =(§ (2n)!!(2n+1)) =3 ™,

n=0

(-1t =

N2 2 —2i + 1) (2 +1)

22n+1(n!)2
Grnt+2)l

0
Mﬂ“’!ﬂl_ Hpam Y, Mﬂ“"ﬂﬂ cxonurcs npH |z| < oo, To MOMyUeHHOE
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TlosTomy
22n+l

Z (2n + 2)I ) (1)

Jlerxo ycranoBUTS, UTO 3TOT PAX CXOMUTCA np}{ jz| < 1. [lns BHIACHeHMS BONPOCA O CXONUMOCTH
psana (1) B xoHlleBHx Toykax T = 1 BocnonssyeMcd npusHaxoM Paabe:

. a 3 2n+3 3
hm 2 n= hm n - —'—:l:‘— ==> 1.
N 00 a,..“ n—oo 2" 2n(n + 1) 2
Bunum, uro pan (1) cxomurcsa abCoMOTHO TakkKe M B KOHIEBHX TOYKaX HHTEPBAA CXOMMMOCTH

|z| < 1. CnepoBatenso, pasnoxenue (1), B cuay HenpepuBHocTH dyHkuum f Ha oTpeske {—1, 1]
u TeopeMnl Afeast, CpaBeIMBO Ha YXa3aHHOM OTpeske. P

180. Hycrs S=(I-A)"" u lim A" =0, rme A — xsagpatHas matpuua, | — enMHMyHad
Nn—00

MaTpuia. Pa3snoXuTh MaTpuuy S B MaTPHYHLIA DA MO CTemeHAM A.
« Tlo ycnoBuio umeem
(I-A4)S=1,
OTKYZa
S=I+AS, S=I+A(I+AS)=I+A+A’S, ... S=I+A+A%+ ... +A"S.
Hockomexy lim A™ =0, o lim A™S = 0. CnemoBarensHo,

n— 00 n—00
o0
S= EA". »

n=0
181. Mycms § = (2I-—-3A+Az)_1 u lm A" =0, rpe A — xBagpatHas Marpuita. Pazmoxuts

n=—oo
MaTpuiy S B MaTPHYHHK PSR MO CTemeHaMm A.

« IpencraBumM Matpuuy S B Bufe
=2 -AI-A) ' =T =A@l - A =a(l - AT+ 821 - 47,

rge a, § — MeXOTOpHE YMCIOBHe ko3(pduuueHTH. [Ing MX ompemeneHMs yMHoxkuMm S CileBa Ha
I - A, acnpaBa — ua 2] — A. B pesyasrare moiyYuM TOXIECTBO

I=a20-A)+ 8 - A),

M3 XOTOporo HaxoguM a =1, = —1.
Taxum o6pasom,
1 ANT!
= I—A"—-—(I——) .
-4 -3 5
Hcnonrsys pasiodkenHs u3 MpefH/AYIEro NPUMEPa, OKOHYATENLHO ITOTydaeM

0 o0 An 0
S=2A"‘ZW=E(1' 2n+l)An

n=0 n=0 n=0

o0 o]
182. Moxasats, uro ecan: 1) an 2 0 ; 2) cymectByer zlir}{l_OZa"zn =5, 10 Z:a,,R" =S.
n=0 n=0
« B cuay ycnoBus 2), uMeeM

00 N 00
lim E anz" = E e R" + lim E a,z" =S,
z—+R-0 z—=R-0
n=0 n=0 n=N41

OTKyna

. .
S—Ea,.R" = an, 1

n=0
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e
=
ay = lim Z anz™,
z—R-0
n=N+1
N
Mockoanky manee an > 0, To ay > 0. Ilostomy u3 (1) caenyer, uto 0 < 5 anR™ < S.
n=0

N
Mocaennee o3HavaeT, 4YT0 NOCAENOBATEABHOCTD (E a,.R") orpannyvena. Ho Tak kax oHa eufe ¥

n=0

o0
MOHOTOHH2, TO, B CHly K3BECTHOM TEODPEMHI, CXONMTCH, T.e. CXONMTCA YHcioBoK pan ) anR™. A

n=0
TOrna, no Teopeme AGens, 6yneM umerh
lim anz™ ZanR
z~+R~0
n=0 n=0
Ortciona, TPHHAB BO BHKMaHKe yclIOBHe 2), HaiiieM
o0
Y aR=5»
n=0
Pasnoxurs B C'rene}u{oi{ PAX QYHKIUMH;
sin ¢
183. fizee / sint gy
. - n
<« Pasnaras Pyuxuuio t — ﬂ-‘ t # 0, B cTenmenHo# pag s": 2 (2ln+;), ) >0, u

HHTETPKpYS NOCAEIHKH, MonyYaeM
2n41

f(:c /wdt "Zﬂ(_l)n@—n;—zl—)ﬁm’ |Il < . >

x

tdt
184. _fl‘l—#/-m
0

<4 Kospduumenrs a, cremeuHoro pajga MofHHTErpalbHOi PYHKUMK HalgeM U3 TOXKAECTBA

—_ —1)"¢" n u .
1= Eo L;)H_ Eo a,t", KoTopoe JlaeT cKcTeMy aarefpanveckx ypaBHEHHH OTHOCHTENBHO ak:
n= n=

n
ag(—1)**! 1
do=1% Z n—k+1 n+1

k=1
W3 ar10ik cHcTeMm ypaBHeHyit MOCAeOBATENbHO TONyYaeM 4) = %, a2 = —%, as = ,_,—14-, KT A
Tarum ofpasoM, HMeeM
x
o0
_ tdt ! 2 2
z)= -—-—-—-=Za =r+—=+=+....
1) /ln(1+t) LS T % Twt
[} n=

Mockonsry dyHxuua ¢ : ¢ = m,wp(o) = 1, aHAIMTHYHA BCIONY, 33 KHCKIIOYEHHEM TOYKH
0

t = —1, To PagKyC CXOXHMOCTH DIfa E ant™ pasen egmuuue. ClefoBaTedBbNO, Takoi Ke PamHyC

n=0
CXORHMOCTH HMEET ¥ NMOAYYEHHOE M0CHe HHTErPHPOBAHKA DA3AOKEeHHE. P
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[Ipumensa nounennoe nuddepeHuNposanite, BHYKCIHTE CYMMH CIEAYIONHX PAJ(OB:
z T

185. z — — + — — ...
"3 + 5

« [auusnt pan, coraacHo gopMyie Komu—Amamapa, uMeeT pajgHyc CXOIXHMOCTH, PaBHHIH
enunuie. CoraacHo n.5.5, CTeNeHHO PSl MOKHO MOMIEHHO TH(pdepeHIKPOBATh BHYTPH HHTEpBa-

1
na cxomuMoctd. Umeem 1 —z2 42— ... = 557 |2] < 1. Orciona snTerpuposanue noxnyaem
3 5
- +% — ... =arctgz + C. Tonaraa agecs z = 0, naxonum, 4o nocrosunas C = 0.
OxoHYaTeILHO KMeeM
3 .8
z—z—+-z—-— = arctgz
Tt .

3ameTHM, 4TO B KOHIEBHX TOYKaX KHTEPBala CXOIMMOCTH 3TOT psn cxoaurcs. llostoMmy, co-
riacHo TeopeMe AGens, cyMMa psjia eCTh HellpepriBHadA QYHKUHKA Ha OTPe3Ke [-1, 1]. Tockoasry
GyHKUMS T +— arctg £ Takyke HeNpephIBHA Ha 3TOM oTpe3Ke, TO MOCaeHee PABEHCTBO CIIPaBE RO
npH scex z € [-1, 1}. »
2 gt
<« OueBuIHO, STOT AN CXOTHICK HA BCeit UKCIOBOR mpsamoi. OBosHauas yepes S(z) cymmy
HaHHOTO PAMa, MOYIEHHNM [K(pdepeHUHPOBAHKEM €0 MOaYyYaeM ypaBHEHHS

S(z)+5'(z)=¢€", S(z)-S'(z)=¢7".
Otrcrona
1 = -z
S(z) = 5(6 +e "y=chz, |z|<o0. P
2 3
z z z
187.T—§+é—§+§'—4'+ 2
<« [ludpepeHuKpys NOUNEHHO PAIL BHYTPH KHTEPBAIa CXOIHMOCTH, ToTyHaeM >+3+ =+... =

S(z), |z] < 1. YmHO)as o6e HacTH 3Toro paBeHCTBa Ha 22, z # 0, ¥ moabaysck popmytoit V, n.5.4,
HaXOxUM
1 In(l-z)
S(z) = —= — ———=, 1
(5) =1 - 2 (1)
IIpx z = 0 monaraem S(0) = % (z = 0 — ycrpaHKMas Touka paspusa GyHKuuH S). Hmure-
rpupysa (1), HmeeM

/S(z)dz'=1;’”1n(1—z)+c. 2)
Tak xak ll_!ﬂ] (f,_;-{»%-{»%-{» ) = 0, 10 u3 (2) Haxomum C = —liﬂl%’ln(l -z) =1
CuaenosaTteneHo,
2 3 l—x
oz oz T _ ) 1+ ="In(l—1z), ecmn z#0,
1-2+2-3+3-4+""{ 0, ect g =0. (3)

Ilpx |2| < 1 370 PaBEHCTBO rapaHTHPOBAaHO TECPEMAaMHK O BO3MOXKHOCTH NovieHHOro Juddepen-
UKPOBAHNA K KHTETPHPOBAHHKSA CTENEHHOTO PANla BHYTPH HHTepBala cxoguMocTH. I[lokaxkeM, uTo
¥ B KOHI€BHIX TOYKaX KHTEPBalda z = %1 3TO PaBEHCTBO TIPH HEKOTGPOM YCIOBUH CHPaBERAMBO.
JecrenTenbHO, NMOCKOABKY PacCCMATPHBAEMbIR CTETIEHHOH PAj B ToMKax z = %1 cxofMTcs, To,
Ha OCHOBAHKK reopeMh AGend, ero cyMMa IBiafercd HelpepPHBHOi pyuxuneit Ha oTpeske [—1, 1]
Ecax sHauense ¢yHruus B pasencrBe (3) cripaBa B TOUKe X = 1 NONOXKHTH DaBHHIM eJHHKLUE,
TO, Kak NETKO BHJeTh, 5Ta (DYHKUKA ua cermeure [—1, 1] Tarxke Gymer Henpepusnoit. [losromy
OKCHYATENBEHO MOXEM 3aIUCATh

z 2 3 1+1%zln(1'—z), eciy —-1<z2<0,0<z<1,
T2tz tggt-=) 0 oty

1, ectk z=1.»
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188. 1+2 +1 3 LI

2:4-6
/ < He'rpym{o nporl;%psuu, YTO PafMyC CXONMMOCTH psfa R = 1. VYmuoxad npoussommyio
S'(z) = 3 + ——Zz + “—632 + ..., |z} < 1, cymmnt mansoro psga Ha 1 — 2,z # 1, noayvaeM

ypam{e}me (1-1)8(z) = ES(I). Oburee pemenne 31010 ypasHenus ects S(z) = %, C =
const. Honaraa 3feck z = 0 ¥ yunrmsad, yro S(0) = 1, naxogum C = 1. Curegosareano,
S(z) = _I, jz] < 1.

CxolHMOCTb PAcCMaTPHBAEMOTO PAia B KOHUEBOH TOUKe I = —1 IerKO yCTAaHOBHTE, eCIK
BOCIOJAB30BATECA MPKMePoM 79; pacxoX¥MOCTE psfla B TOYKe T = 1 ciaelyer ¥3 mpusHaka ayc-
ca. Takum ofpasoM, cyMMa psjia, no Teopeme A6ens, eCTh HempepriBHas (YHKUKL Ha [-1, 1.
Nockoasky byHrUMS T — ~=; TakKe HeNpepHBHA Ha [=1, 1], To oronvaTenBHO UMeem

z,1:3, 1:3:55, 1
14 - 4 — e = . .
+2+2'4z +246 + — npu 1gz<l. p»

IIpuMensas MOUNEHHOE KHTETPHPOBAHKE, BHUMCIKTE CYMMBE! PSJOB:
189. z —42° +92° —162* + ...
u _ n-1_2_n »
« OBmuit WieH 9ToTo psafa ¥MeeT BHI an(z) = (—1)"7 n®z". IlosToMy ierko moxHo HaiTH,
4TO pajHyc CXxouuMocTH psfa R = 1. Pasgemun Ha z, z # 0, cymmy S(z) ganHoro psga, a 3aTem .
TMOMJICHHO €10 KHTETPHPYS B HHTepsane | — 1, 1], noayvaem

/Si”) de=z—-202+325 -4zt + ... +C =

(e g% gt " 2 _,3 C=_F cC
(z" - +z" —...) —z+z" 2"+ ...+ (1+z)2+

HudpdepeHuupys NModyueHHOE PABEHCTBO, HAaxouHM S(z) = (’—1(%)’—}, |z} < 1,z # 0. Herpymuo

BHJI€Th, YTO OTpaHKYeHKe T # 0 3[eCh MOXKHO CHATE. P
190. 1.2z +2.32 +3.42° + ...
« O6muit uneH paga ¥Meer K[l an(z) = n(n + 1)z", MoaTomy

Re— =1
lim 3/n(n+1)

n~+00

TakuM 06pa3oM, CTeNeHHOH PAJl CXOIKTCA K CBOEH cyMMe mpk |z| < 1.
TlouneHHO KHTEIPKPYS PaccMaTpkBaeMulit pan B uHrepsane | — 1, 1 asaxnam, nonyvaem

dz _ 2, .3 a I _.Ci
/F(/S(z)dz) =z+z +7 + ... ; +02_1—-z +C,, 0))

rie C1, C; — MOCTOAHHEE KHTeTPHPOBaHksd, £ # 0.
Ouddepenuspya parencreo (1) ABaXIHL K yuHThBad, 4T0 S(0) = 0, OKOHYATENALHO HAXCIHM
2z
S(z) = - lz] < 1. »
Tonp3ysaCch COOTRETCTRYIOMMMH Pa3l0KEHHAMH, BHUKCIKTD C YKa3aHHOHK CTENEHBI0 TOUYHOCTH
crepyiomue 3HauYeHud byHKIKH:

191. sin 18° ¢ Tounoctsio 0 107°
« [lonb3ysce pasnoxenyueM QYHKUKH CHHYC B CTETIEHHOMN pAJl, MOXKeM MAITHCATh

. o . ( l)n—l 1r2n—1
sin 18" =sin 10 = 2. (2a 1) T01°
n=1

Tak xak 3TOT pax jJei6HULEBa THNA, TO OCTATOK DAXa He NMpeBRHINAET 1O a6com-mox Bemuxe
-5
nepBoro ¥3 OT6POMeHHBIX yaeHoB. llosTOMy, Rak CilefyeT U3 HepaBeHCTB ’rﬁ'o'* < 10 < —,ﬁ;
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AAS MoAydYeHHs pesynbTaTa C TpeGyeMOil TOMHOCTHIO MOCTATOUHO B3ATH TPH YI€HA Pa3fOKeHHA.
Hmeem

2 4
I T x x x x .
Il I bt =X (12 T 107%) =0,309017 ...
TR TR [T 10( 600 T 12 ) ’ >

192. g9° ¢ Tounscrsio mo 1075,

(4)
< B cuay ouemm R = i—yﬁl (51:6)‘ < 0,0005 (f(x) = tgz), ans nonyveHus npubiuxeHHo-

I'0 3HAYCHHA tg —6‘ C ykaaal-u{on TOYHOCTBIO HOCTATOYHO B3ATH IBA 4YJI€HA PA3N0XKEHUI tby}mmm
TaHTeHCa B CTEMEHHON pan. Vimeem

3 r 2
tg9° —tg20 +3203=%(1+m>=0,158....>
193. Vicxons us PaBeHCTRa % = arcsin %, HARTK 4HCIO T ¢ TouHOCTHI o 107%.
<« [lonpsyemcs pasnoxenuem QyHKUMH T + arcsinz B CTeeHHOM pan (cM. npumep 167).
Hmeem
’ arcsm—: +Z 2n—1”

23"+1n‘ 2 +1)

HOCKOJILK}’ A% OCTaTKa JMAaHHOTO pAja CipaBeii¥Ba Ol €HKA

o]
Fae 3 oL < (2n+ )1
o . 2BR+1EI(2k +1) T 3- 23742 (n 4+ 1)1(2n +3)

k=n+4

2n4 1! _
¥ HePaBEHCTBO 63 PED 2(n+1)(2n+3) < 10™* pumonHserca MpK n 2> 4, To AAA MolyveHus mpu6au

XXE€HHOro 3Ha4Y€HUd YKHcaa 'g c Tpeﬁyemou TOYHOCTBIO AOCTATOYHO B3ATH NATh UI€HOB YKa3aHHOI'O
Pa3N0XKEHUA:

T 1 1 3 5 35
Nt —F e bt — =05 ey
6 2 t 48 + 1280 + 14336 + 72 - 8192 ’ 2359
orkyna 7 == 3,1415 .... »
194. Tonwayace dopmynoit In(n+1) =lnn +2 (an-{-l + 3(2nl+ g + ) , HalTi In2

In 3 ¢ TounocTeio O 107°

« [lokaxem cHayana, xak IHody4veHa sta opmyana. Pasnaras ¢ymukumd z — In(l+z) B
1 ,
z = In {7 B cTeNMeHHLIE PANH 1O CTENEHAM T, 3aTeM CKIAAKBAL KX B 06meil 061aCTH CXORUMOCTH

jz] < 1, Haxogum
3,5
*_’2:2(z+f3—+35-+...>. (1)

1
Monaraa agecs z = TngT MOAYyHaeM ykasaHHyio opmyay.

Haityrem Teneps coorsercTRylONmME UHCIA k YineHoB pana (1) It BHIMKHCACHKS NPHEIMMKEHHEIX
3HaveHuR In2 ¥ In 3. C srokt uensio ouenuM ocraTok Ry sroro papma. Hmeem

2k+1 2k+4+3 2k41
Rk=2(f——+3—-——+...>< 2z

—

In

—

2k+1 ' 2k+3 S RE+ ) -2
Orciona cnenyeT YTO €CHK T = (n =1),70 Re 107%, maunmasa c k= 5,a ecnu z = % (n=2),
T0 R < 107°, HauumHag ¢ k = 3 Tamm o6pasoM, -
1 1 1
n2x2 ( + 1t ot Eee T 177147) = 069314 ...
1 1

ln3z0,69314+2(-5—+ +———) =1,09860 ... . »

375 7 15625
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195. C noMomsio pasnosxenuit MOTEHTETPANLHEX (yHKUKI B PSIB BRIMHCAKTH C TOYHOCTBIO
go 0,001 cnepyolmue KHTETpadbi:

1 4 + o0 1
_y2 1y dz
a) /e *dz; 6) /ezdz; B) /m, 1) /z’dz.
0 2 2 o
< a) Tonr3aysace pasnoxenuem I, n.5.4, Haxonum
o0
- -yt
e = ( |) 2" |z] < o0,
n!
n=0
oTKYyNa
1
o
—z? (-n"
dz =
/ =3, nl(2n + 1)
0 n=0

TNonyuennni psg ZeibuKleBa THUNA, MOITOMY €CIH Iiaf HAXOXKAEHUS NPUGIMKEHHOIO BHAYEHUS
AaHHOTO WHTErpalla B3sTh k 4jeHos pAMNa, TO MOIPEMHOCTH He mpessouneT (k + 1)-ro vieHa pa-
na. M3 sToro yciosus Haxomum HyxkHoe umcio k. Vmeem < 0,001, oTkyna k 2 4.

1
(k41)!(2k+3)
CrheffoBaTenbHO,

1

—a? 1.1 1,1
Mlec o = 0,747 ...
/c derl-3tg " mtae 0™
0

o 1
6) Ioneayace GopMynoit I, m.5.4, u pasinaras MONWHTErPaIbHYIO PYHKLMIO MO CTENleHAM -,
1
— 0 1
MoayYaeM ez = Y =izr» |z| > 0. MuTerpupys sT0T pan MOMAEHHO, HMEEM
n=0
4

1 - 1 1

2
Orpanuuusaice k 4neHamu pana, HaxolHm
4 k
1 1 1
2 n=

W3 ouenxs ocraTka pafa

oo

1 1 1 1 1
Z n(n+l)!2n (1_-2—7:) < (n+1)!2n+1(n+1) (1+ 2(n+2) + 22(n+2)(n+3) + ) <

n=k+1

1 1 1
—_— 1+ —— 4 ———— 4 ... | £ 0,001
<(n+1)!2"+1(n+1)( +2n+4+(2n+4)2+ >\ ’

clefyer, 4T0 A NOAYYEHHS pe3ynpTara C YKa3aHHOH TOMHOCTBIO Hy# MO B3sTE k > 3. Taxum
o6pasoM,
' 4

L 1 1 7
/ez d”~2+°’6931+§+a+€€6§"2’834"‘
2

(vam 2,835 c uabnITROM).
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2 2, NosTOMY MONHHTEIpaNbHylo QYHKUKIO pasnaraeM 1o crenenaM ;. Hmeem

B) 3nech T 2
' 8y-1 _ 1 1\ )"
(1+1‘) =F(1+'z—3) —-Zm, lzl>1,
n=0
OTKYyHa
400
dz i (-n"
1428 £ (3n +2)25n42

Ilockoabky pan deibHULEBA THHA, TO AAA TOAYYEHHS pe3yabTaTa € YKA3aAHHOW TOYHOCTBIO JOCTa-
1
TOYHO B34Th YKCIO Kk UYIE€HOB PAAA, YAOBAETBOpAIOUEE HEPABEHCTBY ETOvER £ 0,001; pemas

ero, HaxonuM k > 1. CaegorarenbHo,

400
dz 1 1
—_— == .. =0118 ...
/ T+ 8 Teo "
2
z FIn% o pasnarag ee B CTENeH-

= €
= z"In"z
~——_. HHrerpupys aror pan

n!

(wnu 0,119 c usbniTrOM).
) IlpeacraBnas MoghiHTErpaibHylo (BYHKUUIO B BHAE T
z

r
HOU pAn 1o creredsm zlnz, r > 0, MoXeM HamKcaTbh T
n=0
MIOYJIEHHO, TOayYaeM
1 o 1
z 1 n n
zdr = — [ z"In" zdz.
n!
0 n=0 %
W HTErpupys Io 4acTaM, umeeMm
1 1
m _ n
Inn= | 2" h"zdc =——— [ z™ " 1zdz = - Inn—1.
: n+1 m+1
0
., HaXOUM

Tonaras B Mony4YeHHOU PekyPPEHTHOM GOPMYyTe MOCTENOBATENLHO 1 = 1, 2
2! n nl
y dan = ("1) m‘i)—nlmo

1
lmO, 1m2 1"‘)0) e

Iy = —

ml m+1
-* ~1)"nt

, oTkyfa Iy, = ('(J'l))T':‘T

Lnn = m+1)"+1

1

Tak xar Imo =f:c"‘dz =7
0

o0 —1”

1
Taxum o6pasom, [z7dzr =) T
0 n=0

Kaxk Cleny€eT K3 OMEHKU OoCTaTKa palla
o
1 k
(=1) 1 __ <0001,

E (k + 1)1 < (n+2)ynt2 =

k=n+1
Jnd BHIMHCICHHS JaHHOrO MHTerpaia ¢ TovHocThio fo 0,001 XOCTaTOYHO B3iATH YETHpPE MEPBHX

YieHa 910T0 pafga. Torpa moayuum
1
e, L 1.1 1
/z dz =1 4-l--27 ﬁ—0,783....>

196. Haiiru ¢ ToyHocThIo fo 0,01 pauHy ZyrK opuoM NMOJYBOMHEL CHHYCOMJIH y = sinc,

oL
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<« JauHa s yxazaHHol# Xyr# BHpaxaercd MHTerpalomM

n

s=/ 1+ cos? zdz. 03]

0
[Ipeo6pasoskisas nonmn’reri)anbnylo OYHKUKIO K BHILY

v/ 1+ cos? =\/§(l-l--%c052:c)5

“ 1
K 3aMeYas, UTO %] cos2z| < %, pasnaraeM ee B CTENEHHOR PN MO CTEPEHSM 3 COS 2z, UCTIONb3YH
dopmyny IV, n.5.4:

V1 + cos? ..\/'( Mcos 2z). 2)

(2n)113"

VinTerpupys sTOT pAX NMOYIEHHO, MONY4aeM

-
/\/1 +cos?zdr = f (w+ Z 2211’1)”;“ In) ) ®3)
0

rae
4

I, = /cos” 2zdz. (4)
0

Mounennoe ¥HTErpupoBatKe pAfa 3]eCh BO3MOXKHO, TaK Kak paf (2), mo npusHaky Beitepmrpacca,
CXORMTCS PaBHOMEDHO 110 Z, & QYHKUKH I — cos” 2z HempepuwsHH. YHTerpupys B (4) mo vactam,

HaxoauM
T

I, = -;-‘/cos"'1 2zd(sin2z) = (n — )(In—2 — In.),

0

orkyfa In = 1'{—11,._2, n € N\ {1}. Hockoasky Iy = x, a I} = 0, T0 H3 NMoyYeHHO} PekypPPEHTHOM
opMyant HaxogHM
(2n — 1)

(2n)!!

Hcnonssys aToT pesynsrar, k3 (3) ¥ (1) oKoHvaTennHO HMeeM

(4n—1)” n—l)”

Oue}mnaa OCTATOK MOCJIECHHETo pafa:

N (4n — 1)U(2n — 1)U (4k + 3)1(2k + 1)1t (4k +7)(2k +3)
Z (4n)1132m (20 )1 < 32k+2(2k + 2)1t(4k + 4)1 <1 + 9(4k + 8)(2k + 4) + ) <

Ln = 7w, Ibp-1 =0, neN.

n=k+1

1 5
<6-3.2'=+2(1+ + 1t ) 3. 9k+2

¥ yuurHBad, 4To afconiorHag MOTPEMIHOCTh NP BHYKCICHHKK NAHHOI'O HHTECpana HE MONKHA

3 -
npesnimaTs 0,01, YHCIO NepEHX YIEHOR PAAa HAXOXHM K3 HEpaBeHCTBA x\/: ﬁ_ﬁ 1072, Ero
pemenus k 2 1

CrnelioBaTensHo, 8 & w\/—%_(l + f;) =392....»
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YnpaskHeRnS 112 CAMOCTOSTeIbHOHR PaGoTH

Hasru PagHyCH CXOXHMOCTH CIeYIOUWHKX CTelleHHHX DANOB:
heacl 2 o0 2 o]

103. 3" (ntg2)" (z—i)". 104. Y (inarcsin M2 105 Y B nt3)(nt?) .t pn,
n=1 n=1 n=1

el x 1 =1} R
106. S sintsin2 ..sinl.(z—1)" 107, Y EL @rol (34
n=1

" 2n)  (2n)!!
n=1

108. fj "z_jl C24+1((2k — 1)1 ((2n — 2k + 3)1)? 22

COLh

n=1k=0
o0 (1g2)(™]| _ ] (arctg(2sinz))(“)|z_
109. Y ——mﬁz". 110. ), ————————= 5",

n=0 n=0
PasnoxuTe B creneHHne PAIL O CTCNECHIM qjy}mum{:

—z2 2zt
113. z ¢ Y =

n=0

1 1 1
114. z = [In(1+ zt)dt. 115. z — [arctg(zt)dt. 116. z — fe"”z’2 dt.
0 0 ' 8

111, 2 = sin® 2. 112 2 5y

117. [lokasaTs cripaBefauBoCTE QOPMYIHE

dit(etA) = AetA,

e A — NocrosHHas KBajJpaTHas MaTpDHIA.
118. Tlycts A — xBagpaTHa® maTpkua. [loX0%HUM, MO ONMpENENEHKIO,

o0 (=)
. 1 A2n—1 n A%®
sin A= 'f:_:l(—l)" 1(—2"—_1—)!, cos A= ,;_0(_1) Gny

IToka3ars, YTO MATPHYHHEE PANB CXOAATCS JUIA MPOUIBOABHHX A.
119. lIycts A — xBampaTHas MaTpHia. [IonoskKM, Mo OTPEfEIEHHIO,

In(l + 4)= 3> = 4m (1)

n=1

Ms

MokasaTs, uTo ecau a2, < 1, THe @nk — dIeMEHTH MAaTPKUH A, TO psaf (1) cxomuzcs.

1

=
1

n,

§6. Pagm ®dypne

6.1. OcHOBHNIE OnTpefeIeHnS.
Onpenesterne 1. Cucmema Qynxyud

1 XL . %T kxz . knz
=, €O8 —~, sin —, ... cos —, sin — ..., z €[], 1],
2 l l l
HA3bIBAEMCA OCKOBHOT mpuzoNomempuueckoll cucmemoti. Ima cucmema OpmMozoRaALHAE Ka
ompeaxe [, I}.
Onpenenenne 2. [Iycme f € R[—1, []. Yucaa

] ] {
o=} [Fein o=} [ r@)ees B2 n, b=} [y B an, ken,
e } - -1

Ha3vi6aromen xospuyuenmanu Pypve pynxyuu f no ocxoexoti ﬁzpueouo.uempuuecxoﬁ cucme-
Me.
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Onpeneaenne 3. Tpuzonomempuueckuii pad

a - kxz kxz
0 . x
—-2— + kE_l (ak cos —r— + by sin —7—-)

naivieaemca padosu Dypve dynxyuu f. B wacmrocmu, ecau dyxxyus f yemnas, mo ee pad

Pypve umeem sud
a - kxz
30- + 2 @) Cos -T-;
k=

pad Dypve neuemnod Pynxyuu usmeem sud

Zkaln kxz

Onpegenenne 4. Pynxyus f: [, l] — R nasvisaemcs xycouno-senpepuienoit wa [, 1],
€CaU oNa Kempepbisna 6 xaxcdoli mouxe t € [—1, I], 3a ucxmouenues, Svims Moxem, xownewnoza
NUCAA MONEX, 20e OHG UMEE PA3PHIGHI NEPEO20 POOG.

Oopepenenne 5. Pyncyus f : [, ]] = R nasvieaemca xycouno-zaadxot wa {~I, [}, ecau
IMG PYRKYUS KYCOYHO—HERDEPDIGHR U UMEEM NENPEPLISKYIO NPOUISOINYIO Ha IMOM Ompeixe, 3a
UCKAIOUENUEM, DbIms MOWETM, KONEUKOZO YUCAR MONEX, 6 XaWAOU U3 KOMOPHIT NPOUIEOOHAR UMKEEM
XOHEUNDIE 0ONOCIMOPONNUE NPEDERLHbIE INGYENUS,

6.2, TeopeMut o paznoxkeHRE B pgn Dypbe.

Teopema 1 (ocHosnas). [lycms xycouno-zaadxas wa ompesxe [~1, I dynxyus f nepuodu-
qecxy ¢ nepuodos 2] npodoaikena Ka sc1 uucrosyrw npamyw. Tozda mpuaouomempuqecxuu pad
Pypoe dynxyuu f cxodumca 6 xaxkdott mouxe £ €] — 00, +00[ K InAYERU0 (f(z —0)+ f(z+0)).

Teopema 2. Ecau das wenpepuissotl u xycouso—zaadxol na ompesxe [— I 1] pynxyuu f evinoa-

naemca pasencmeo f(—1) = f(1), mo ee mpuzonomempusecxui psd dypve czoaumcs PGBROMEDPHO
NG 3MOM OMPEIKe u CYMMA €20 paena 3navenuw pynxyuu f Yz € -1, 1].

6.3. O muddepeRUpoBaHNY H HRTErpHpPOBAHHH panoB Mypke.
Oycrs f € C™=1, 1] w f(=1) = f(), F(=0) = f'(), ..., ™ (=1) = F™(1). Tycts, kpome

Toro, pyHKUUS f uMeeT Ha oTpeske [—I, [] KycouHo-HenpeprBHYIO MPOW3BOHYIO MOPSIKa M + 1.
Torpa: 1) cxogKTCE YHCAOBOR pafg

5 ()" st + ey

k=1

2) pan Dypee TaKoi (YHKUHK MOXHO M Pa3 MOYIEHHO NiddepeHHHPOBATE HA YKA3AHHOM
oTpeske.

Papg Dypre unrerpupyemoit no Pumany na orpeske [—I, I] dyuxuns f MoxkHO MHTErpHpOBATE
TIOYJIEHHO Ha 3TOM OTpe3Ke.

6.4, Pasnoxenne B pag Dypbe N0 APYTHM OPTOTOHANHERIM chcTemaM. OpTOroHATBHEE

IOTHHOMBEL.
1) Monunomu Yebumera Ty (z) =

. o 1
¢ BeCoBOM QYHKUHeK T — 7.===, T.e.
1

2"'1 cos(n arccos £) opTOroHaapHH Ha KHTepBane | — 1, 1]

—~z2

Tm(z)T,.(z)d L
\/— 1—22 22n-1 "™

~1
rae

6mn={ 0, m#n,

1, m=n.



§6. Pagur dypoe 81

2) Ilonunomur Nlexanapa Pa(z) = 2.+".- ﬂ:—::—l): OpPTOrOHAILHE Ha OTpeske [—1, 1], T.€.
1
Prn(2)Pa(z) dz = —— §
m(z)Pn(z z—2n+1 mn.
-1

x d n_ -z o
3) Homunommn A6exs—Jlareppa Ln(z) = = —LL—:—I o61aa10T CBOKHCTBOM OPTOTGHANBHOCTH
Ha uHTepsaze |0, +00| ¢ BecoBolt dyHrukeit z — . Takum obpasom, umeem

400

/ ¢ Lin(z) Ln(2) 42 = bmn.

0

2
4) Honunomur Yebrimena—3Ipmura Hn(z) = °IT & — 2 OTpefleNeHH Ha BCel YACIOBOM Tps-
MO¥ ¥ [II% HEX CIIPaBeJTKBa hopMyaa
+o0 2
- \/27&'
/ e 2 Hu(z)Hn(z)dz = Smn.

0
Paznoxuts B pag Pypee B ykasaHHEIX HHTepBAJaX Cilefyomue GyHKIKH:

197 fizr A, ecan 0<z <l

0, ecux l<z<2l, A — nocrosuuas, B yHTepBaie |0, 21[.

< Kax sunum, fanxas GyHKIHS KyCOYHO-TIaAKasA, MIPKYEM TOUKa £ = | — TOYKa paspnBa Hep-
Boro pona. IlosToMy, cornacHo Teopeme 1 0 pasaoxenur, Pynkums f moxer 6HTH HpencTaBieHa
panom Dypre.

Tepuonuyecku (c neprogom 21) npofomkasd GyHKUKIO f Ha BCIO YHCIOBYIO NPIMYIO, IOCTPOHM
hyHKIHKIO
A,  ecmr 2kl <z <(2k+1),
%A, ecnd z = ki,
0, ecan (2k—1)l<z <2k,

ffire
rae k € Z.

CornacHo ykasaHHoM TeopeMe, GyHKuMs f° COBMAafaeT B KaX0i TOYKE I YKCIOBOR TPAMON
¢ ee cxopauMcs pagoM Dypee:

o0
- X . z
f (z)=%+z:l(a,.cos———n7 +b,.sm—-—n: ),
n=

rae
1 i
ap = A, an——/f‘ z)c0s dl‘-——/_f z)cos—dz-—/cos#dz:()
o
1
_1 o v n¥E A 'ﬂ_i_"ﬂ
n = l/f(z)sm 7 dz—l sin — d:c‘-mr(( 1) 4+ 1)
e o
00
CuenoBarensHo, f*(z) -’,} -;A- E 2n_1 00, +00[

TOBKO IPH 0K s <] yu I<z < 2l. B
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198, f:zw |z| B nureprane |~ 7, 7[.

« J1a QyHEUUS HEeMPepHBHa Ha |~, 7] H MMe€T kyCOYHO-HENPEPHBHY IO NPOMIBOAHYIO BCIOAY,
3a ucknovenneM Touky ¢ = 0. Ilepuomuyecku (c nepronoM 27) nmpomomkus dynxymio f Ha BCoO
YHCAOBYIO MPAMYl0, NOCTpouM dyHEuMO f* @ T v |2 — 2k7]|, ecam |z — 2kx| < 7, the k € Z.
Tlocrpoennad hyHKIUL yNOBIETBOPSET TPeGOBAHMIM TEOPEMKl O Pa3IOKUMOCTH B CXOMAIMIMCT K
Heit pag Dypre.

Tockonrky dyuruus f* uerxas, 10 by = 0;

T

an = —/f(z)cosnzdz /zcosnzdz— --—(( N*=1), a=n

CnenoBaTensHo,

x
* k
f(z)=%_%z______cos(2 + 1) ~00 < T < 400,

2 3
k=0 (2k+1)
w4 = cos(2k + 1)z
f(Z)—E_;kZ;W’ -tz T D

199. f:z s sinaz s unteppane | - x, 7, a E R\ Z.

« Tlo nanwon dyHruuu nocTpoum oyukuwmo f* : z ~ sin(a(z — 2kn)), ecan |z ~ 2kx| <
7, f*((2k+1)7) = 0, k € Z. D1a yHruMI ABATETCL KYCOUHO-TIANKOM NpH [z — 2kx| < 7. KpoMe
TOTO, %(f'(zk —0) + f*(zx 4+ 0)) = f*(z), rme £x = (2k + 1)7 — TOUKK pa3phia MEPBOTO POfa
odyuruuu f*. losToMy dyrximio f* MOkHO pasnoxuTs B pig Dyphe, CXOAAMUNACT k Helt B KasKIOK
TOMKE UMCIOBOH IIPAMOH.

B cuny severHocTH dyHRUMY f* KO3DOULMEHTH an = 0;

L

1\
bn=-2—/sinazsinnzdz=z(—-ill—2n-
T T n?-a

0

sinar, |a] # n.

TakuM o6pasoM, UMeeM

x
2sin Ta nsin ng
fiz) = ——W—"z:(—l)“+1 T lel<eo
n=1

2sin ra n41 NSID T
f(z )_ Z( 1)"’1 oL lzj < 7. »

n=l

200. f:z > z B unrepsane la, ¢ + 2I[.
< Oynruns

.. z—2lk, ecun 2k+a<z<a+2k+]),
f 'zH{a+l, ecmu g =2k,

k € Z, nocrpoeHyas Ha OCHOBAHMM JaHHOM GYHEUMHK M COBNANAIOMaL C Helt Ha MuTepBale |a, 4 +

2lf, sBasercs 2l-nepuommueckoit, kycouHo-TaamKoik. Kpome Toro, B Toukax paspuBa z = 2lk
BHINONHAETCS PaBeHCTBO

(o) = 2 (F o= 0+ (en +0)) = a+1

Mosromy dynxuus f* pasnoxkuma B CXousmmmilcs kK Meil B Kaxmoit Touke z €] — 09, +oo[ pag
Dypse.
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anee, nMeen

ao = 2(a + 1),
at2l a2l
/f(z cos—-—-dz—T/f(z)cos-l-cﬁdz=%/zcos#dt-%smfg,
) atal )
/f (z) sm—-dz—T / f(z )sink—:—z-dz:—kz:;cosk#, keN

a

Taxum o6pasom,
. A1, nrx
f (z)—a+l+;—2;sm—7—(a—z), lz] < o0,
=1

f()—-a+l+21 —-sin%(a—z), a<z<a+2.p»

n=1

Pa3IokuTh B pif ClelyoInie NepHoguieckue hyHKIUNU:

201. f:z+— sgn(cosz).

« [lanuast QyHKUKS KYyCOYHO-~HENPEPHEHa (TOUKH Pa3pEBa £y NMEPBOTO PONA YIOBIETBOPAIOT
ypaBHeuuo cos rx = 0) M MMeeT KYCOUHO-HENpepHIBHYIO NpousBomuyno f'(z) = 0 mpu z # zx.
Kpowme 1oro, dysxuus f mepuonudeckas c mepuopoM 27 u f(zx) = %(f(a:)c -0} f(zx +0)). Cie-

KOBaTEIbHO, OHa MOKeT GhITh pasnoxkexa B psin Pypre, cxopsammitcs B KaXKoit TOUKE T YHCIOBOK
NpsIMON.

Y4HTHBAA YeTHOCTH PacCMarpuBaeMoit PyHKuMY, HOTyHaeM

bp=0, a;=0,

o o
2 4 .
an=Z/sgn(cosz)cosm‘dz=—/cosm:dz—Z/cosnzdz:—smﬂ, n €N,
T T T ™ 2

2
Takum obpa3oM, umeeM
o0
45 (1
sgn(cos z) Z —sin —cosnz p ; T} cos(2k+ 1)z, —o0 <z < +oo.p

202. f: 1z~ arcsin(cosz).

« Herpynmso nposepurs, 4To 5Ta QYHKUMS HellpePHIBHa Ha BCEH YMCIOBOH MpAMOM M UMeeT
KYCOYHO-HENPEPHIBHYIO NPOM3BOTHY (oHa He nutbdepeHUMpyeMa TOIRKO B ToYKaX £ = k7, rae
k € Z). Kpoume T0r0, OHa 27-Nepuonuyeckad. CiegomaTelnso, ee pig Dypbe cxoguTcs K Heil B
KaXkgoit Touke T €] — 00, +00f."

TlpunuMas B0 BHMMaHMe YeTHOCTS JaHHOM YHRUMH, HaXOmMUM

k3 T
b, =10, ao=2- (Zr——-z)dz=0, an=Z (I—z)cosnzdz=—-2-w, n €N.
] 2 ] 2 ] n?
0 0

Hrak,

(=] (=]
. _ 2 {(-1)"-1) _ 4 cos(2k + 1)z ,
arcsin(cos z) = —;r_z_: T cosnz = kz_; “RETIP —00 < T < +00. p

203. f:z (z) — paccTosHue T 10 6avrKaiinrero 1eIOro YMCIA.
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o Oynxumsa f — yerHad, MMeomMasn nepHog I' = 1; B OCTAABHOM €€ CBOMCTBa aHAIOTMYHB
cBoiicTBaM QYHKIUH T + arcsin{cos £), paccMOTPeHHO B NpedbIAylieM npuMepe. Jlosromy

1 1
~1)" -1
bn=0, ao=4 zdz:l, an, =4 zcos21rnzdz=-(-)—, n €N,
2 n2n?
0 0
Takum o6pa3oM, HMeeM

2 = cos(4n — 2)xz

2 (2n — 1)
n=1

, jz) < 00

o0 .
sin nz
204, fiz— Ea" prageat la| < 1.
n=1

« Hocroabry

nsidnz
a2

n
nnz | alalle] Z af*lz| _
sin z Tsinz]’ | sin z|
T0, COTJIACHO MpU3Haky Beltepurrpacca, MaHHEIA P CXOZMICA PaBHOMEPHO Ha KaXI0M OTPE3KE,
He cofepkKameM Touek z = kw, k € Z. Tax xak, kpome T0T0, QYHKUMI Z — S;“—"zi HelpepHBHa
npu z # k7, 10, coridacHo m.4.4, byHkuus f HempephisHa NpH T # k7.
AHaTor¥4Ho MOXHO NOKa3aTh, YTO (YHKUUS

oo .
’ 21 COS NI SIN T ~ COS T SIN NI
f iz E a —
sin® z

TakKe HeTlpepriBHa Hpu I # k7. Kak ciegyer u3 paBencrs

o . 3 a"sinnz
_ 2SIl NZT T n=1 —_
lim f(z)= zll.k E a"—— = lim =——— =
n=1

Tk sin r—km sinz

o0
3" na™cosnz

X
= lim &2 E na”(~1)("* 0k = g,
z—km cosz ’
n=1
z = k7 — TOYKM YCTPaHMMOro pa3priBa pyHkuuu f.
Taxum o6pasom, nepuoguyeckas QpyHKuus

x f(z), ecam =z # kn,
f 'zH{ﬁk, ectn I = km,

pasnaraeTcs B CXORAWMMCS K nelt Bciony psk Pypre. UMeem

o

f(z)= Z ;,(:-:—‘;(sin(n — 2)z cos 2z + cos(n — 2)zsin 2z) =

n=1

=§:ansm(n +2Ea cos(n—l)z——a+a Z ,,,smnz+2za cos(n — 1)z.

smz
n=1

Orciofga Haxomus

kd o0
- «a a® a®
=) = 2 =1 +221—a2 cos(n—l)z::1 5 +2°‘21_azc°s’w~’

n=1 n=1
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205. Oysxuuio fizm z° pasnoxcure B pax Oypre: a) N0 KOCHHycaM KPaTHEIX [yT; 6) no
CHHyCaM KpaTHux myr; B)  uuTepsane ]0, 2r{. Iloap3yscs sTMMM PasmoxeHUsMH, HallTH CyMMEL
PAROB:

x

N T N Vs 1
Z-rﬁ’ Z n?z ;(%—1)2'

n=1 n=1
< B ciyuae a) dynkimo f, paccMaTpusaeMylo B CHIy yCIOBUS NMpHMepa TOIBKO Ha OTpeske
[~7, 7], nepuonuyecku (c nepuogoM 27 ) MPONOIKHUM Ha BCIO YMCIOBYK NMpsamylo. Toria momxyuum
HEeNPEPEIBHYIO U KYCOYHO-TAagkylo Gdykimio f*, cosmamaiomyio ¢ dyuruuenr f npu |z) < = u
pasiaraiomyiocs B pin Dypse Tomsko mo kocuuycam. [Jas xospduunenros an, b, umeem

k3

2
4
bn =0, ag = %/zﬂiz: 2 an=%/z2cosnzdz=(—l)"—— n €N

kR
[MoaTomy
x r? - (=1)"cosnz
fAz)= 5 +4Z———n—2-—-—— NpH Bcex z €] — 0o, 400[;
n=1
2 7 A (~1)" cos nz

r =

+ 4

™

- TOJbKO NpH |z} L 7.
3 n2 | ! =
n=1

[1g molyyerus pasloskeHus B clydae 6) QYHMEUMIO T + £°, PaCCMATPHBAEMYIO HAa HHTED-
Balle |0, n[, mpogomxum na | — w, 0] HevernrIM 0o6pa3oM, a 3aT€M Tak NOCTPOEHHYIO (GYHKUMIO
nepUonHYeckH (C mepHOgoM 27) MPOXOMKUM Ha BCIO YMUCIOBYIO NpAMYyIO. B pesyinTaTe moxyuum
DYHKIHIO

£ |z — 2kx|(z — 2kx), ecam |z ~2kn|< 7,
TTY o, ecit 1= (2l + )7,

k, | € Z, onpegenentyo BCIONY Ha YHCIOBOW NPAMON M YIOBICTBOPAIOUYIO BCEM YCIOBUSM Teope-
Mil 1, 1.6.2. Buuucius xosdummnenTs

o
_ 2 2 . 2% +1 4
an =0, b, = ;/x sinnzdzr = 7(—1)" + W((_l)n -1),

0
MOJKEM HallUCaTh

£y = 3 (Z + (-1 - 1) sinnz, fal < o,

n=

o0
22 = E (2?"(_1)"‘“ + W—‘:F((—l)" - 1)) sinnz, 0Kz < .

n=1

-

Hakonent, 8 cayyae ) no dpyukuuu f : z — 22,0 < £ < 27, CTPOMM 27—TlepHOIMUECKYIO
dyuximio f*, cosnanaomyio ¢ dynruueir f : z ~ z° TOIEKO Ha MuTepale )0, 27 M B TouKax
paspuisa z = 2k7, k € Z, pasryn 272, Torma and koo hUMHEHTOR an ¥ b dyHEIMM f* MMeem

L 2 2 2

U pwiee [raie L [sae T

GO—W/f(z)dz—ﬂ_/f(z)dz—W/zdz._3,
Zr ° 2

* 27
1 . 1 - 4
an=;/f (z)cosnzdz:;r—/f (z)cosnzdr = —,

n
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2

kg
. 4
n:-l-/f'(z)sinnzdz= -l-/zzsmnzdz=——7r, neN.
T T n
- Q

CuenoBareasHo,

ft(z)=$+ Zcosm:_4 Zsmnz le] < oo,

n=1
2 0 x© .
2 4m cosny sin nz
z=——+4§ 3 —41r§ , 0<z<2m.
3 n n
n=1 n=1
o0 o0
1 2 —1 n+41l
Ionaras B ciyvae a) £ =7 ¥ z = 0, Noly4aeM COOTBETCTBEHHO »  — = =, 3 L—,S,—— =
n=1 n=1

2
%. CxiagsiBas HOYIEHHO 5TH [Ba CXONSIMXCH PAfa, HaXOMUM

2

PREEIIESR
— (n-1)2" 8~

1 = . 1 = ' =
lloaraysce dopMyTaMu Cosz = E(Z +%),sinz = Z(Z —Z) e z=¢",Z=¢
paznoxenus B psg Pypre crenyomux OyHKIUMI:
206. £~ cos’™z, n € N.
« Ilonn3yscy yxasauHsIMM popMynamu, a Taxkke dopMytoi 6uHoma Heiorona, moxkem Hanu-
carb

' NONY4YMTH

cos?™z = Z%;(z +2"7 = & Z Ch 22 mk) = E(cos?(m ~ )z +isin 2(m - k)z) =
k=0
E Ck., cos2(m — k)z = Cim | Zc’""‘ cos 2k
= am qm 22m-— 2m .
k=0

3leck MH BOCHOIbL30BATHCEH TokFecTsoM Cf,, = Cg,'n""k , @ TaKXKe YeTHOCTHIO DYHKUMM T —
cos 2kz ¥ HeueTHOCTHIO YHKUMK T — sin2(m — k)z. B

07. 14 — 4502 ,
2 zHl—chosz-{-qz"qI(l

« IlpuMenss ykasaHHHe B NpegsigymeM mpumepe GOpMyInl X pa3larast maHHYIO Apobsr Ha
NPOCTEHITME, MONYyHaeM
gsinz _ 1 1
1-2gcosz +¢%  2i(1—gz) 2i{1~gqz)

Hockouanky |gz| = |gZ] = lg} < 1, 10 CrpaBenmuBH pasnokKeHNS B CTeNeHHhle pAABl (hYyHKLUH
gz (1—qz)"" u g%z~ (1 —¢7)”? 1o cTemenaM gz M ¢Z cooTsercTBeHHO. MMeeM
gsinz 3 = ne'”
1—2qcosz +¢* 2,24 (=" )= Z —Zq sinnz. »
n=90

208. z (1 - 2g9cosz +¢°), lg| < 1.

4 [Iuddeperuupys NaHHYI0 QYHKIMIO I0 T ¥ MOAB3YSCh NPeNEILYIINM. Pa3NoKEHHEM, MMOTY-
YaeM

o0
(In(1 - 2gcosz + ¢*)); = 22 ¢" sinnz,

n=1
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OTEygma
qﬂ
-— 2y -_— —_—
In(1—-2gcosz +¢°) =-2 E - cosnz + C.

n=1

Tlonaras sgecw z = 7, HaxomUM

n(l+q)=) "7(_1)"“ +C.

n=1

Orciona, » cury dopMyant V, § 5, creayer, uto C = 0. Mtak, oROHYaTeIBHO MOLyYaeM

Noid n
In(1 —2gcosz +¢°) = —ZZ%cosnz. >

n=1

209. Pasnoxuts B paf Pypbe HeorpaHuueHHYIo MEPHOTHUECKYIO dyHELMIO f : T — In

sinzi
51

4Tycre 0<e<z—2krn<2r—¢,r0e ¢ >0 u k € Z. Torna cremensoit psyx

o0
n

z

E :_’ (1)
n

n=1

e z = ¢'%, CXOMUTCA NpH BCeX YKa3aHHHEIX I.
[Nalee, nokaxeM, 4TO

sin = 1_’), Inl=0. ()

bn fein 3

= Re (In

eitcreurenbso, NOML3YACH U3BECTHEIM PaBEHCTBOM

_ [|1—cosz
- 2

M npepcTanleHueM W = |w|{cos ¢ + isin @), Tme W — HeKoTopoe KOMIIEKCHOE UUCIO, ¢ — erd
1
aprymenr, Re Inw = In |w|, monyuaem (momoxue w = (1 ~ z})

1-2z ll—cosz . T

YTo H Tpeﬁosanoct, AOKa3alh.

Takum o6pasom, ucnoassys opmyay (2) u pasnoxenve GyHEuMKU z ~ —In(1 — z) B pan (1),
NMeeM

sin =
2

In

o0 [~
z P COSnRI
in =] =~ - —=-In2- —_—
sm2' In2 ReZ - Z_; -

n=1

Tak kak 4MCIO € MOXHO B3ATb Kak YIOGHO MAEIM, TO OTCIOAA CIEAYyeT, YTO NMOAYYeHHOE pa3io-
JKeHMe CIpaBEeNIMBO NpH Bcex I £ 2kw. p

z
210. Pasnoxurs B pan ®ypre byuxumo f : z — /lnﬂlctg%l dt, -tz L.
)

<« HNpoussomuas pynxummu f, pasHas

b1 z|_1 I
f""'i‘“l"‘ﬂil-i(‘“|°°?2| hlm‘il)'.
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SABISETCS 27 -TIEPHOAHYECKOl hYHKUMel 1 Ha nHTepBatax 0 < |z| < 27 Moxer 6bITh npecTaBaeHa
pagom dypre. [[elicTBUTEIbHO, Ha OCHOBAHMHM MPEREIAYIEr0 NPHMEpPa UMeeM

In sm— =-n2- Zcosnz #2kx, k€EZ
N R Y LA
21" ~ n ' '

TlosTomy, ecau = # k7, k € Z, 10

Iem~1- cos(2n — 1)z
f(z)= 52 cosnz.—z e
n=1

UHTerpupys MOLYUEHHEIH px NMOWIEHHO, HAXOLHUM

fly= [ ey - ek

n=1

T
211. Kax cregyer npogomxurs 3agaKiyio B Mxtepbaie ]0, E[ HenpepripHyO dyHkumo f B
o0
unTepsal | — %, x[, 4To6H ee pasnoxenue B pan Pypre umeno puy f(z) = ancos(2n — 1)z,

n=1
—r<ze<n?
4 Tlocrkouasry b, = 0, 10 bysRIMI f — 4YeTHad, T.e. ee ClHeNyeT NPONOIKHTHL B MHTEpBAl
] — 7, O[ yersrM o6pa3zom. [lalee, 3aMeyas, YTO B JaHHOM pas3LOXKeHMH OTCYICTBYIOT 4ieHHl
@2y COS 21T, 3aKIIOYAEM, YTO

az“:%/f(z)cos?.nzdz=0, n € Zo.
0

Pasbusas s1oT MHTerpal Ha mBa MHTErpala:
) 2 ™
/f(z) cos2nzdr = /f(z) cos 2nz dz + / f(z)cos2nz dzx
0 0 ul

1
¥ TPOM3BONA 3aMeHy: B IlepBOM HHTerpale £ = (7 — ¥), a BO BTOpOM T = %(w +y), nony4aem

/f(z cos2nzdz—( l)n/(f( )+f( ))cosnydy—o

0

HIH
0

ff(z)cos2nzdz=g%y'/(f (%+%)+f(g——%))cosnydy=0.
0

-

Orciona caegyet, 4ro
k3

[+ +5(-9)mmarms,

T.e. QyHKIHL P:y > f (2 + 1) +f ( g) gpagerca HewerHoit. Ommaxo pymxuna P ouesumio,
YeTHas, nostoMy B(y) = .
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Urax, momxmo 6y f(ZY) = —f(%5%), lyl < 7 nau, ecan BepHyTHCE X mepeMennolt &
no dopMyne z = "-”, f(r - z) = —f(z). Cnenosuenbno rpadHK Tak MOCTPOEHHOM QYHRIUK
HomKeH GHTbL CHMMeTpMUHEIM OTHOCHTEILHO NMpAMO# T = 0, a TOURM T = i~ AOMKHEL GHITH
UeHTPaM¥ CUMMeTpuy ero Ha uKrepsatax 10, x[ u ]~ =, 0] coorpercTsenHo. B

T x

212. Dyuriymo fizmz ) — T | pa3moXXUTh B HHTepBale ]0, —2—[: a) Mo KOCHHYCaM

HEYETHEIX IYT; 6) no CMHYCaM HeYeTHHIX JYT.

4 a) Paccmorpum 2r-mepnomuteckyio dyHkumo f*, KoTopas B MHTepBaie | — 7, 7| onmpene-
ASETCH ClefyOWUM 06pasoM:

f(z), ecmr 0<z< -’25,
f(-z), ectt —Z €z<0,
ffize x ?
’ (z-7)(z-3), ecm <z,
(c+7)(z+3), ecm -xgzg-3

Ovesumno, mocrpoerHasd (YHKIUS HeNpephIBHa B KaKAOM TOMKe T YMCIOBOM NPSMOH ¥ MMe-
€T KYCOYHO-HeNpepHIBHYIO Mpou3BogHyio. KpoMe roro, oHa dersa u ee kospuunentes Pyprne
azn, 1t € Zo, paBHE HYNIO, TaK Kak

azn = %/f'(z)cos%z dz = %/f‘(z)cosan dz =
- 4]

m

T 2
z (—2-—1) cosZ_nzdz+;/(z—1r) (z— 5) cos2nz dzr =

L
2

BN

@ —~——ia

™ ™

Z 2
2 n L 2 n T
= —(-1 - — —(— - — =
7‘.( ) /y(2 y) cos2nydy+7r( 1) /(y 2)ycos2ng,1dy 0
0

0
(3nech MCNMOTB30BaMUCL NORCTAHOBRY: T = g -y U= % +y).

Taxum o6paszom, pynriua f*, cosnagaiomas B uHTepBaie |0, [ ¢ byHruMer f, Moxer OHITDH
pasiokeHa B pan Pypre TOILKO MO KOCHHYCaM HEUETHRIX JYT. I/IMeeM

bp =0, azn-1= %/f'(z) cos(2n — 1)z dz =
0

™

=;2l_— /z(g——z)cos(Zn—l)zdz+/1{(z—w)(z—%)cos(Zn—l)zdz =

0 -
2

-2 4 ("
T (2n-1) (l+1r(2n—1)) neN.

Pasnoxenus dyxeumit f* u f useior Bun

f‘(z) = —2"z=:1 (5;1}__1)2 (1 + : (é ) )) COS(2n - 1)2, |$I < 00,

f(z) = ..2“2::1 Gn f_ 72 (1 + xg;? 1)) cos(2n — 1)z, 0<z< 325
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6) Hockoabky B PasioKeHHH dypre NOMAKHE OTCYTCTBOBATh KOCHHYCH, To dyHkuus f°, co-
snagaonfas s untepsaie J0, > c pynxunei f, newerna. Kponue Toro, mo ycnosuwo, nomxno Gers

., 3 "
bon = —::/f'(z)sin 2nzdzr = ?r—/f'(z) sin 2nz dz + % /f'(z) sin 2nz dz = 0.
0 0 z

1 1
Tpoussens Bo BTopoM MHTerpale 3aMeHy T = ;(w — ), a B TpeTbeM T = gl + y), moxyuuM

o =2 [ (1 (5-2) - (549 mwvir=o

0

HIN
0

=2 (5 ) (5 2) oo

-7
W3 aByX noCIeqHHX paBEHCTB HAXOAUM

ka3

o e [ (5 9) - (54 ) smomis =0

-1

OTKYHa Cllefyer, 4To GYHERUMA y +> f* (% - -:—) - (-2’5 + -;-) yerHad. Ho Tak kak OHa eme M
HeveTHa (410 OYeBUAHO), TO f* (% - 32’-) = f* (% + %), WM, BO3BPaN[aiACh K IEPEMEHHON T, MOKeM

samucats f*(z) = f*(x ~ z). TeoMeTpHueckH 310 paBeHCTBO O3HauaeT, YTo rpadmk dynkuuu f*
B nHrepsale ]0, 7| CHMMeTpKUeH OTHOCHTENLHO NPIMOH T = 7.

Takum o6pa3soM, R1a mocTpoeHus rpadura GYHKUMN f* ¢ yKa3aHHLIMM CBOMCTBAMM CIleyer,
) k3
BO-NEpBHIX, TpaduK PyHKuMy f 3epKailbHO 0TOOPa3HTh OTHOCHTENBHO MpAMON T = 3 B MHTepBal

10, #[; Bo-BTOPHEIX, TaK MoMyUeHHEI! B uHTepBae |0, 7| rpaduk dpyHriuu f* oro6pasuTs HeUeTHEIM
06pa30M OTHOCUTENRHO ToukM £ = 0 KaK-1[eHTpa CUMMeTpU¥ Bcero rpaduka s uHTEpBal | — 7, 0.
Torpa aus xoapdpuyuertos Pypre moxyyum

a0 =an=0, by =0,
™

bamet = % / f*(z)sin(2n - 1)e dz =
0

™

T (g— - z) sin(2n — 1)z dz +%/ (% - z) (z —7)sin(2n — 1)zdz =

[}
E R
O\NH

NE

21 (A
T (2n-1)2 (1+ 7r(2n—l)) » n€N

CrenoBarenbHo, pasnoxeHue dyHKuuy f* MMeeT BUA

. — [ 2(=1)" 8 :
f (z):Z ((21(1_.)1)2 + ~(on _1)3) sin(2n — 1)z. »

n=1

213. Oynxuus f awTHnepMoxHdeckas C nepuomoM ¥, T.e. f(z 4+ 7) = —f(z). Kakoit
ocobennocThio o6aamaer pan ®ypre sToit hyHRUMY B MHTEpBANe | — 7, 7[?
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“ HPelmonarax, YTo qakHad GyHKUMS pa3IokKuMa B pin @yphe, C yHETOM ee AHTHNEPHOAN Y-
HOCTH, NOAYUaeM

* L4 2
ag = ;lr—/f(z)dz=-;lr-/f(2+ﬂ)d$=—%/f(z)d”=—“°)
— -1 0

OTKYHa clefiyet, uro ag = 0.
Nanee, naxoqum

- . 2
_1in+!
ap = %/f(z)cosnzdz = _-}/f(z+ T)cos nz dz = -(-—lzl:——/f(z)cosnzdz =(=1)""an
S Zn 0

(3mecs Mu ucmonnsosann pasencrso f(z +27) = f(z)). CaenoBaTenbHo, dzn = 0. AHamoru4Ho
ycranaBausaeM, 410 by =0, n €N. p

214. 3nas xosdduumentsr Dypve an, b, MHTerpupyeMoit byHEUMM f, MMelollell TepHOX

27, BEIYMCINTG K03(duumeHTH Dypre @y, bn, n € Zo, “cMemenuoi” dyHkumy ¢ — f(z + h),
h = const.

« YunTesas 27-TePHOMUUHOCT: ¥ MHTETPUPYeMOCTh byHKuMY £ — f(T + k), umeem

w+h

an = —-/f(z+ h)cosnzdz = — / f(t){cos ntcos nh + sin ntsin nk) dt = an cos nh + by sin nh,
—_ —1r+h
w+h

by = —/f(z +h)sinnzdzr = ~ / f(#)(sin nt cos nk — cos ntsin nh)dt = by cos nh — an sin nh,
—ﬂ+h

neN, G =ao. »
215. 3naa xosddminents Dypbe an, bn, n € Zg, HHTErpUPYEMOit GYHKUMK f C MepHOTOM
27, BRMUCINTL Kosddulineutrt Pypre An, By, n € Zo, dynxyun Crexiosa
z+h
1
= d¢.
o) =gy [ flerae
z~h

« Pax Dypre

o0
L +Eancosnz + bn sin nz ~ f(z)
2 n=l
2T-TepMOMUYECKOf HHTEI pUPYeMOit GYHKUKK f, COTMACHO IL.6.3, MOYKHO OUTEHHO UHTET PUPOBATS.
TlosToMy, MHTErpupyE €ro moumeKso no § B mpemenax oT £ — kb 10 = o b, nonyyaem

o0
a—;— + 2_:1 (%% sinnhcosnz + %%sin nhsin nz) = fu(z).
Orciona Haxogum Ao = ag, Ap = ;;.-sm nh, B, = -—sm nh. »

Paanosxurs B pan Oypre no noaunHoManm ‘-Ieﬁumena
216. f:z - 2° , € -1,1[

« Ucxonyum us ofmero npexcraBaeusd dynxuuu pagom Dypre:

3 = Z anTn(z), (1)
n=0
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re an — kosdpuunenrnt Pypbe, nopaexamue onpeneresuo. JIAg HX BHUKCIEHHS BOCNOIb3Y-
eMcH CBOMCTBAMH OPTOrOHAJNBLHOCTH NoduxomMos UeGrmesa B uurTepsane | — 1, 1] c Becom \/1-1—2
-—

Yuuoxus obe yacTH paBeHcTBa (1) Ha BecoBylo yYHRUMIO ¥ NpouHTErpHposas no z €] — 1, 1, 8
CUIY YKA3AHHOTO CBOMCTBA M HEYETHOCTH BYHELHM T — I°, MoXyuuM ap = 0. [Jasee, yMHORHB

o6e yactu pasercrsa (1) Ha \7/‘—':4—%. dz, m € N, u ripounTerpuposas no z €] — 1, 1, naiigem
-z

1
IsTm(z)d _ Tm
e R T

Jas BEMMCIEHNS MHTETpaja BOCIOAb3YyeMCH SBHEIM BHPAKCHHEM MOJMHOMOB UeGHmeBa M
NpOM3BENEM TOICTAHOBRY arccosr = f. Torpa momyumm

,,', 7 0, ectu m#1l, m#3,
amz—/cosatcos(mt)dt= 8 ecmm m=1,

rel

1, ecay m=3.

Taxum obpazom, z° = 2- 1{z)+ Ta{z) ¥z €] -1, 1[. »

217, fiz -z}, z €]l -1, 1]

4 Kar u B npepmpymeM npumepe, mpepcrasigeM RaHHYo GyHEumio B Buge f : z +— ag +

o«
1

Y 6nTu(z). TlocnenoBaTensHo yMHoKas 06€ 4aCTH ITOr0 paBeHCTBa Ha T ¥ MHTErpUpys 1O
-

n=1
z €]—1, 1[, a Takxe yMHOXak Ha -\!/-'lég% ¥ MHTerpupyd mo z €] -1, 1{, noay4aem (nomsaysco npu
-3

3TOM CBOHCTBOM OPTOTOHANLHOCTH nommouon):

jzldz 2 rdz 2

a -- =
°= \/1--::2 V1 —-z2
1
m m
am = ?—W— I—ﬂcoix_n:_——u;ﬂ?i)dz=g;/lcostlcos(mt)dt=
-1 4]
k.3
z
2,,./ (mt) dt 2m/ tcos(mt) dt > e D
= —— [ costcos(m — — f costlcos(m = m4l €os o~
v P4 n 21\' T——-_n%i-’ m¢l

0l

Hrag, npu |z < 1 uMeenm

2 had k+1

3 Z -1 Lak(2)- >
k—

Jz| =

ano

Pasnoxuts B pag Pypre no nonunomam Jexanapa dyHxuun:

218.

fize 0, ectm -1<z<0,
: 1, ecan 0O0<z<1.

o Mmeen f(z) = i ax Pi(z). Toaromy

k=0

1 1
ax = 2% -1 / F(2)Pu(z)dz = 2 + ] Pu(z)dz =
. -1 . _ o i
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1
2%k+1 [ 1 d¥(2 1) qp EF1 dk=1(z? - 1)*
=73 TR & TR dr |
[}

1
g = -;-/f(z)Po(z)dz =2 keN.
-1

ak—1 z2-1)* 1
OcraeTca . BEIUMCIUTS +Ld, =T

. OuesugHo, npu mTioboM k > 1 B Touke z = 1 3To BH-
)

pakeHHe paBHo Hymio. [l BHYHMCIEHHS 3MAMCHUs ero B Touke r = 0 Bocnonsayemcs Gopmy:oit
6unoma Hplorowa:

(k~1)
((z2 _ l)k)(k-l) = (Ek: CL(_1)1I2(k-l)) =

=0
gkt
2
Ch-1)'(2k = 20)(2k — 2 — 1) ... (=21 + k+2)* 72 (1)

=0

M3 3Toro CoOTHOMEHMS CIeRyeT, uTo ecin k — wHCIo 4eTHoe, To mpu T = 0 cymma (1) pasHa
Hya@o; ecitu k = 2m + 1 — uuciIo HeYeTHoe, To B Touke T = 0 cymma (1) paBHa

Cpth (1) 2m(zm - 1) ..
Tarnm o6pazom

(4m + 3)(-1)™(2m)!

d2m =0, domp1 = 2m+2aml(m 4+ 1) m € o
CuegosaTensHo,
1 (=1)™(4m + 3)(2m)!
=1 Z ot T Pomyr(z).

m=0
219. f:z— |z npu |z| < 1.

« Kax ¥ 5 npepmpgymen npumepe, sanuieMm
= %41 [
fz)=>_ axPi(z), ax= ——/L’EIPI:(I) dz.
k=0

IIpu k& = 2m + 1 uMeeM dom41 = 0, Tak Kak B 3TOM CAy4ae MojBHTErpamoHas GyHRUMA
HederHa®. [Ipu k = 2m NogmHTerpaxbHas QyHKIMS HETHA, TOITOMY

1
go=l g 4m+1 Id”“(z’—l)”"‘d _
0Ty BT EmEm) om0
’ .

i @m-2(g? —~ 1)
- dz2m—2

_ 4m + 1 d2m—1((12 — 1)2m
= W (2m)! dz?m=1

0

1
0)
4m +1

= Fgay@ -~ VM, meN.

z=0

AHaJOrM4HO NpogeNaHHOMY B NPHMEpE 218 MoxeM 3amMcaTs

((2* = 1P™) ™D g = (~=1)™ Ot (2m — 2)1.
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HUrax, okonyaTeabHo uMeeM
4 D(2m - 2)!
)™ (4m +1)( )sz(z). >

1 (-1
f@)=3- Z Pm(m = 1)i(m + 1)!

Pasnoxuts 3 pag Pypoe no noaunoMam Jareppa Ln(z) npu r > 0 crenyomue QyHRUME

220. f:z e,
oS
« IlpepcrasuM dyurumio f B supge f : z +— Z anLn(r) n ucnomssyeM opTOroHalTLHOCTH

n=0

noanHoMos Jlareppa Ha £ > 0 ¢ BecoM ¢, Ilpu n > 1 noayyum

+o0 +o

n n_ —%x

an = /e_’(”“)Ln(I) dz = -;—' / e'”i—(;—;;—-—)dz =
0

0
_ 1 —az d"_l(z" —z)
el dzn-!

dzn—l

+o0
too : n-l¢, n_ -z
+a/e—“’~——————-d (2 ) dz

]
]

IIpogonxkas HTETpUpPOBAHHE MO YACTIM, HAXOTUM

+0o0
a” —(14a)z
n=— | z"e dr
n!
0

HPKMG}{XH K NMOoCHCOHEMY HHTEIpalJy TakiKe METOJ HMHTErpMpOBaHMA IO YacTAM, Nocae n-To

n

uIara noxyqaemM
400
—(1449)z _ a
/e dr = ——_(l-f-a)"“’ neN.
0

Hp}ﬂlMMM BO BHHMaHHe e€lle, YTO 4¢ = + ; OKOHYATECILHO UMEEM

1« a"
flz) = mg (l—fll_-;-);L..(x). >

221. fiz—z" 0321
4 Humeen
+00

a = / "¢ " dz = n!,

0

+00 400

i . dk(zke—:) o l o dk—l(zkc—z) +00 . - dk-l(zke—z) i B
dz* = H dgT PP S
0 0
400

n! k
(n—k+1), 1<k

W=
-_-(‘kl!) n(n—l)-..(ﬂ—k-l'l)/z"e“dl:zi-(—l) n(”_l).“

Ecmn xe k > n, o a‘n = 0. Taxum obpa3son,
=)= ‘ E("U"W—l—lm(z) >
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Paznoxurs 3 pag Dypse no nomunomam Yebumepa—3IpMura crepyomme GyHRIMY:

-1, <0,
222.f:z»—>{ Loz<o

« HamuweM ucroMoe pasioReHue B BUAE

f(z):Zaka(I),
k=0
e
+o0 2 9 2 te 2
- [ eFromme=E [ Fagi i [Fnme
== [T o) = T2 He)dr + 7 |
—C0 o0 0

a0 =0, keN

Hoavaysch IBHHM BHpaskeHUeM NOTUHOMOB Hy(z) ¥ MpoM3Bojs B MepBOM MHTErpale 3aMeHy
T Ha —I, mofxy4yaem

23

_ 1A= ymdk (e"z_) doo (DM ( fi)(“")

= 2
Virx dz* Jox ¢

z=0

3

2\ (k~1)
z
s BHYMCTeHHS BHPasKeHMs (e 2 ) paccMoTPHM YHELHMIO 4 : T +— ¢ 2 .BadB npo-

z=0
U3BOHYIO, 3aMevaeM, 4TO 3Ta PYHKIUS yIoBIeTBOpseT auddeperiarsHoMy ypaBHeHuo u'(T) +
zu(z) = 0. IlpHmMenss x oaToMy paBeHCcTBY thopmyry JleibHuua, noryyaem

n~1

u(z) + Y ChLis M u(z)) "0 =o.

k=0

Hoaaras 3ecs £ = 0, nMeen pexyppenTHyIo dopmyry u(™(0) = —(n=1)u{""3(0), n € N\{1}.
Tockoasky u(0) = 1, u’'(0) = 0, To oTciopa Herpymno moxyuuts u(?)(0) = (—1)'(2l = 1), l € N,
w24 (0) = 0.

Taxum ofpasom, ecant k = 21 + 1, To a2141 = (—1)“1\/%(21 -)hileNa = —\/g; ecan
xe k=2, To az = 0. -
CrepoBaTeIbHO, OKOHYATEABHO MOXKEM HAIMCATDH

223. f:z 2.

< Kak u B npeanigymenm npuMepe, uMeeM

+ 00
22\ (§) - 2 (k=2
akzm/z(e--; dz.—.l__‘il_)_k. e_; =
V2 Vr
)

, keN\{1},
=0
_ _ =iy
W =0 S s
‘ 1 Vi _=_’d 2 Vi _zid 2
—— — 2 I e 2 = e—==.
o= T em g [eTen

-_N o
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TlosToMy pasmoxeHue npencrasasercs s mme
- (=@ =-2) 2)'
ol = \/_ Z U= o). »
224, f:z—e7",

4 Buuscaum xoapduLMeHTH pasnokeHus

1 T e\
=—= [ e |e 2 ) dz, keZo.
]

HHTerpupys mo 4acTiM, NodyvaeM

. a2\ G-t 2 22 \(F=1)
ar=—= (e |2 +a / e e 2 dz |,
V2x
— e
Win a; = aag—1. Horaras B 3Toif pexyppenTHol dopMyre k =1, 2, ... n IpUHKMas Bo BHUMaHMe,
YTO
+oo 2 +00 a2 +oo
—az-3_ =2 2 %= 2 a?
—T as 2d =f/ (z+a)+ =——\/.=/€ 2dt=€2,
-0 -0
noryvaeM

GZ
ax=e2a" ke
Taxum o6pa3oM, OROHYATEILHO MMEEM

= GTZ H];(I).P

YnpasHeHER 11K CAMOCTOLTENBHOR paboTH

Paznoxuts B TpHroHOMeTpuyeckuit pag Pypse c:tenymnme dyHRIMH:
120. f:z 2245,z €] 1,50 121. f:z s sinn’z, z €] -1, 1[.
122. f:z +— sgnsin2z, z E]—g, 5[ 123. f:z > cosz, z €0, 1[.
124. f:z > cosz, T € (2, 3]. 125, f:z — arcsin(sin2z), z € R.
126. f:z > e “**(cos(2z —sinz) + 2cos z cos(sin z)) — cos z.
127. f:z e~ “**(sin(2z —sinz) — 2cos zsin(sin z)) +sin z.
e
128, f:z > +z: e~ 450, z€R. 129, f:zsinzln (2cos %)

n= =0

130. f: z»—»coszln(Zcos ) 131. f: zr—»fe“ dt, z€]—x, x[.

z .
182, f:zm [2dt z€]-1, 1]
0

§ 7. CymmupoBanue psajgoB. Buuncienne
OonpefeNeHHBX HHTErPAJIOB C IOMOMbIO PSANOB

7.1. HemocpepcTBeEHOE CYMMEPOBAEHE,
Hycrs TpebyeTca MpocyMMUpOBATH CXONAMKCE PAX

o0

Y tn, wn€l )

n=l
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TIpencrapaseM 4, B BHAE % = Unti — Un, TAE Un41 = Sp + v1, (Sn) — nocuenosarexsHoCTh
YACTUYHHEIX CYMM RaHHoro paga. Torma, ecm Hm vn = vo, TO

n—sco

o«

E un = lim Sp =90 — 0
=00

n=1

B ToM cayuae, korga ofmuit YiIeH paga HMEET BUL
1
U = ——————, un € R(C),
Apdntl ... Gnim
i€ Gtk = dn + kd, k =0, m, d = const. To
1 1

Up = —_—_—
md Bnlntl « .- Gnpm—1

7.2. MeTox cyMMRpOBaRHS PLNOB, OCHOBAHHKI Ha TeopeMe AGenas.

Oycrs pag (1), n.7.1, cxogurca. Torga ero cyMMy MoXHO HaHTH To GopMyie

o o

E Un= lim unz”.
z—1-0

n=0 n=0

7.3. CyMMEpOBaHHe TPEIOHOMETPHYECKHX PSACB.

o0

n iz
E Unz , z2=e¢ ,
n=0

Bcan cymma crenensoro psma

nssectHa ¥ pasHa C(z) + iS(z), 10

o o
Zu.. cosnz = C(z), Zu,, sin nz = S(z).
n=0 n=1

Yacro GuBaeT nofe3HEIM paj

oS
Z_:%= z’ In1=0,

cxopsaumitcs npu |z| € 1, 3a UCRMIOUCHNEM TouKK 2 = 1.
Hajru cyMME pajos:
1 1 1
225.
1-2-3+2-3-4+3-4-5+ §
« HerpynHo BugeTs, uro o6 MMM HIEH 3TOTO PAJa U, PABEH A2y ) TR wMcna n, n+1, n4
2 ofpasyloT apudpMeTHHeCKyIO Nporpeccuio ¢ pasHocTsio 1. [losToMy, cormacko 1.7.1, moxyyaem

1
S= _——— = | -
"Z.;"("+1)(n+2) 2,

n =00

rge v,.=—%-;(—;‘1;—17, m=2, a, = n. Ho Tar xax v ——}, a "h_l’nwv,.—o 0 S = %
1 1 1 1
226, — - ——F — - —+....
26. ;5 -satra st
o (=y+
« OBumit 4reH RaHHOTO PARA %, = e CregoBaTensHo, Mo NPU3HAKY CPaBHEHUH, DA

1
abcomoTHo cxopurc, U60 |un| ~ <3 MU n — oo.
Paccmorpum cremennol pan

f(z) E ”(n F 1)




98 la. 1. Pagm

Oror paAn abcomoTHO CXORMTCH NMpH |z) < 1 u, xar moGoli CTemeHHON pAN BHyTpM MHTepBala
CXOTMMOCTH, ¥MeeT NPOU3BOIHYIO
xR
n
I
f@)=Y = =m
n
n=1

WNHTerpnpys ofe 4acTH mos1y4eHHOTO paBEHCTBa, HAXOIHM
fley=(1-z)In(1-z)+z+C.
Mocronsky f(0) = 0, To oTcioga caegyer, uto C = 0. Nrax,
fz)=(1-2)In(1 —z) + =z
Kak BuguM, sffecs BroaHe IPHMEHHM METOR CYMMHEpPOBAHNA panos Abens (cm. n.7.2). [Tostomy
HMeeM

() i o Wl —)hn(i - = 2in2 -
Zn(n-{-l) z-h-{rlx+oz_;n(n+1)_=--1+o((1 (i —z) +2)=2m2-1.»

n
227. ; (n+ 1) (n+ 2)(n +3)°

d TlpegcraBass JaHHHEM CXONAIUIMMCA PAN C TOMONBIO MeTONa HeonmpeneaeHHHX xosdpduunen-

TOB B BHjI€ PA3HOCTM ABYX CXOQJIIMXCS PIIOB:
o0

n 1
S=§(n+1)(n+2)(n+3)=§”z=:l(n+2)(n+3 T2 et n+1) n+2

NPHMEHAEM METOJ] HENMOCPEACTBEHHOTO CYMMHUPOBAHHNSA. JIJUI Ka)XJOTO H3 ABYX TMOCAECTHHX PAXOB

nMeeM
N
1

S e (G-l

N-ooo
3 g (G- G- D+ -+ (- ) -

CuegoBarefasHo, S = Z‘ »

= 1

« IIpeofpa3oBrBas yacTH4HYIO cymMmmy Sp Paga K BHAY

Ie~/1 1 11 < 1 1 (&1 8
S":;E;(E‘m):E(;E“klm)=z(zz'EE)’

k=1 k=n+1

il

noxy4aeM

o«
1 1 1
229. 23t s tse Tt

« Tlpusons paHHm paj K BURY

1 1 1 1 1 1
5((m“ﬁ)+(m“rs)+ ")“.531

e S — cyMMa psfia, PaCCMOTPEHHOro B IprMepe 226, nogydaemM

1 1 1 ‘ 1
T23 335 seq T - =k2-3>
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230. 3 nzl_ -
n=2

4 IIpeo6pazoprrpad pag x BHAY

o

1
§= Zrﬂ—-l Z:n(n+2

n=2

U MCIOAB3Ys peaym;ra'r npuMepa 228, HaxolumM, uTo S = % >
-1
231. 2n
Z n?(n + 1

< Pasnarax o6UIUM 4MeH psAfla Ha NPOCTHE Apobu, HaXoTHM

-1 (l__l_)__l__ 3

a2(n+12  \n n+1 n?  (n41)2
Hocxoas axy

n(n +1) ’ —1n2— 6’ _1(n+1)2— 6 !
TO

1
232. Z D

< Hpenc'rannxx YaCTHYHYIO CyMMY Sn PAfla B BHje

"1 2 /1 1 1 o
n = _———— ) =2 — | —— = 1- -
5 Z(k 2k+1) Z(k (2k+1+2k)) 2( > k)

k=n+1

=1 k=1

# monp3ysch bopmyaok 1+ %+ +— =Ilhn+C+en, en — 0, n — 00, HaxognuM S = lim S, =
n-— 0o
2(1 -In2). P

233. Z *(n + 1)
< ﬂuq)q;epeﬂuupyx CTENeHHOH P

o0
2 n+1
S CIT e
g n.

MOY/I€HHO, molfy4yaeM
(20¢™)' = Z(nﬂ)z"+1 z”
L
n=0

OTKyjga, Mojarag z = ], HaXogUM

22(11'-{-1) NS
n
n=0

234. 3 -1
;1 nZ(n +1)2(n + 2)%°
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« O6uuit wieH paaa paziaraeM Ha NpocThe Rpobu:
1 _ 3 3 1 1
T g T e P T e S g R
1 -3 1 1 1
nt2f s I T i Am R

+

CyMMupys pagu

P
n=1 (n + 2 n= n? 6 , n=1 (n + 1)2
OKOHYaTeIbHO HAXOOHM

2
="—_1_ ,
6

)

7r o0
=55 Zl

. n2(n+12(n+2)2 4 16
n=
o0
~1)"n
285, 3 =W
8 Z (2n 4+ 1)!
n=0
4 3aMmeuad, YTo 3HaueHHE CTENEHHOIO pAja
( l)n 2n+l ( l)n. 2n )n 2n+1 1
Z Gn o 1) = Z o 22 n 1) E(zcosz—sm z), |z < oo,
NpH = = ] CoBnMagaer C JaHHLIM YHCIOBLIM PAJIOM, HMeEM

Z (2n1)" (cosl —sinl). »

236. 3" ="
' n?4tn-2
n=2
« Pasnaras gpobsn 3_4-15 Ha MPOCTHE, MOXKEM HAHCATh, YTO
( 1 n, n-—1 ( l)n n—1 1 had (—1)"I"+2
an—}-n— Z n—1 3;32 n+2 =

1 1 2?2 7
._gln(l-‘-.’r)"é—:ﬁ-(*—].n(1+$)+x-——5+—3—>, 0<|Il<1.

Orciona, npuMeHss TeopeMy AGeist, HAXOTHM
Z =y 2(1)" L T
= ==h2-—.p»
n24+n-2 :-1—0 n4+n-2 3 . 18

-1"(2n% +1 "
2372( ((2), )2

< HPEIICT&BJIXX I[&HHHM psm B BHJi€¢ CYMMEI nByx CXOAANINXCH PIIOB:

(=) RN (=yrz>

¥ 3aMeyas, YTO CyMMa BTOPOro Pija PaBHa CO$ T, BHMMCIIEM CYMMY NepBoro piaga. Mmeem

) = Z‘—(;l-—)— = 26(2),
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e

oS

_ (_l)nnz2n—1
wle)=)_ @n-1)

n=1

MHTerpipys MOYIEHHO 3TOT Psj, HaXOTHM
x
2n—1
1z z .
<p(t)dt——— -n" 1————=——sm:a:,
fotou=5 Y0 G =

orxyna p(z) = —% sinz — £ cos z. Caenosatensno, f(z) = —3(sinz +zcosz), a

2
S(z) = (l—f—->cosz—-2-smz, |z] < c0. »

238. Z 2n+1)'

<4 Hycrb z > 0. Tlomaras z = yz, nmMeeM
o0
Z 2n+1 Z(2n+1 =v5:(1),
n—O
2 2n+l

re Si(y z h o Wurterpupys stor pag nowaeHmo, noxydaeM

o

2n—

/S, t)dt = %Z T T _ysz() (1)

rjge

AHaJIOIrHYHO HaXOOMM

f 1ea ™" 1 :
/Sz(t)dt=§2m= E(Shy_y)' (2)
o n=

Nnddepenunpys obe yacTn paBeHcTBa (2) no y, HaxomnM yuxiumio S;. Touno Tak xe Haxo-
anM GYHEUMIO S1 M3 ypaBHEHHS (1) OxonvaTeIbHO MMeeM

Z (2,,+1), =i ((z+1)51:/\g —chﬁ), >0, S(0) =

(3ameTuM, uTo B TouRe T = 0 MpaBax YacTs 5TolH GOPMYIH, Ha OCHOBaHMY TeopeMul A6ens, paBHa
ee NpefleIsHOMY 3HaYEHHIO TIpu = — +0).

Tlpx z < 0 BHINOJHAEM aHANOTHYHHE BHKJIANKH. B pe3yibraTe NpHXOTHM K TaKOMy OTBETY:

S(z) = Z (2n+1)| = ((z+1)5‘n\/_‘/__— cos -z), <0, S(0)=0»

C nouommo TMOYJeHHOTo guddepeHUUPOBaHNI HaliTH CYMMY pPsJI0B:

239 ( 1)n—1 2n
Z n(2n—1 )

nal
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<« [Iudpeperimpy TaHHBIH PN MOYIEHHO ABAXTH (B MHTepBaJe CXOMMMOCTH CTENEHHOM PAR
MOXHO IMO4IeHHO N depeHuupoBaTs Mo6oe YUCIO Pas), HAXOIUM

n(z) _ ZZ( 1) n—1 2(n-—1) _

n=1

1+32, =} < 1.

Orcona nocienoBaTeIEHEIM HHTETPUPOBAHHEM 1O T ABAXKIH MOIY4aeM
f'(z) =2arctgz +C1, f(z)=2zarctgz —In(1 + 2}y +Ciz + Cy.
Mockonsry f(0) = f'(0) =0, 1o C; = C, = (. CuenosatensHo,

o0

(_l)n—IIZn _ 2
Z TR Ty = 2z arctg z — In(1 + z°).

n=

[Tockonbky MAHHBIN CTENEHHOM PAX CXOMUTCA Ha KOHIaX MHTEpBala CXOAMMOCTM T = +1, ToO,
COTTacHo TeopeMme Afiens M HeNpPEpLHBHOCTH NMpaBoM YaCTH, MOXEM YTBEPXAATh, yTo MOCIeNHEe
COOTHOWEHMe CTIPaBENIHBO TpH |z| < 1. B

240. 3 Qﬁiﬂ}l’—z-

n=0

« O6oznavad cyMMy 3T0TO Pafa depes S(z), |z| < 00, ¥ MHTET DUPYA PAA NOLIEHHO, TIOXYYaeM

/S(z)dr =i’

n=0

2n41 2
+C =z +C.

Huddeperuupys no £ ofe 4aCTH ITOTO PaBEHCTBA, HAXOTUM

2
S(z) = (1 +22%)e”, |z|<o00.»
Mcnoassys meron Afens, HalTH CYMMEl CIEAYIOWMX PANOB:

1 1 1
241. I_Z+7_ﬁ+""

<« PaccMoTpuM cremnensoi pan

Jlerko maiity, 4To OH cxomurca abcomotHo mpH |z} < 1. [Janee BuguM, 4ro B TOuke T = 1
CTeneHHOM AT COBMaTaeT CO CXOAIWLMMCS (B cuny mpusHaka JIeHO6HMIA) IAKRHBIM UHCIOBHM PAXOM.
CaenmoBarensHo, 1o reopeme Abend, 6yzeM umersb

1.1 1 .
l—z+?—ﬁi+... —-z_lilln_oS(z).

Octaerca naiiru S(z). [IuddepeHuMpys pal nOYIeHHO, HOIyvaeM

)t o L
S'(z):Z(—l) z® =-i—-i—-?’ lz] < 1,

n=0
OTKYHa
dz 1 l+z 1
S(z)= | ——==In — arct, +C
=) /1'*’33 s RV S \/_

Tockonrky S(0) =0, 10 C = -6: Cnenona'renmo,

S(z) = l L LA lucg L
3 Veroial VB f 6v/3
TlosTomy oxouvaTensHo Maxommm 1—;+ ;—1%+ ces = §1n2+ A | 2
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1.3 1-3-5
242, 1- -+ — -
2 2-4 2-4-6 +
« Tlockonsry npu |z| < 1 cipaseanuso pasitoxkerue (cM. dopmyny IV,§ 5)
23 _ 2:(1)@n-lw
(427 2 Tt (2n)tt

¥ JaHHKIHM YUCTOBOH pAf, B Culy npusHaka Jenbunua, cxogurcs, To, o Teopeme Abend, noxyyaeM
1 1
= lim (1+13) 2=%.>

1 1-3 1-3-5 "
2 24 246 77 ami-o
11 1.3 1
243. e R
4 I45-3+57 5+
<« CXomMMoCTh 3TOTO PANa NoKa3aHa B Ipumepe 167. TaM sxe MEI MONYUMIK PasioKeHHE
(2n-1)1t gt
z +E Zn)" (2n+1) =arcsinz, |z|<1
™
= -2' »

M3 KOTOpOro cnenyer, wro 1+ - s+ 57-¢+
HaliTi CcyMMH CIENyIOIMX TPHTOHOMETPHYECKHX PATOB
0 .
244 Z sit nr
- ——
n
n=1
<« PaccMarpuBaeM »T0T psl Kak MHUMYIO 43aCTh CTEMEHHOTO psia
z" 1z
— = z=¢e", 0<|z|<m,
n 1 -z

e nox In z mouuMaeM Ty ero Berss, mas koropoit In 1= 0. Torma 6ymeM uMersb

o,
S(z):ZﬂI%E:Imln(l ):arctg gf='
n=1 2
2 ecm 0<z <,
1sgn (tg E) - arctg (tg E) = 2
2 2 5=, ecm —m<z <0

Mockonbky dyHxuua S 2r-nepuomrdeckas u S(kx) = 0, k € Z, T0, MCNIOAB3Y S TOCTEXHHH

ectn 2kr <z <2(k+ )7

pe3ynbTaT, MOXXEM HANUCATh, YTO
(2k41)m—2z
S{z) =< - 2 !
0 ecnd = 2kw.»
)

o
nCOSNY
n=2
<4 Paccua'rpnnaa PAX Kak neicmmenm«ym HacTh paga

z2)" ;
(=2) r=e —r<zgnm

an—l’

n=2

(=2)"

(=1)" cosnz 1)"cosnz
Z =Re an-—]

n=2

MOXKeM 3anucaTh
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Ilpu ycaoBum, ¥T0 2z % —1, NOCIETHUI PAX NpEACTABIIEM B BHAE CYMMH ABYX CXOXALIHXCA
pARoB:

S IS S L (41 5 B0,

n=2 n=1 n=3.

CurepmoBareasHo,

n .
E( 1) AL %Re (zln(1+z)+l—f—M) =3 (1—-;-cosz-sinz), e’ #~1
z

n=2
3ameTuM, uTO OrpaHuyenue e'® # —1 3ech MOXKHO CHATh. [leMcTBMTenbHO, ecau e'® = —1,
o0
“ 1 v 3
10 cosnz = (—1)". Ilpx sToM momyvaeM uucroBoi pAX 777, DaBHHI ; (cM. npumep 230).

n=2
1

1 . 3
Kpome Ttoro, ecnn cosnz = (~1)", 10 7 (1 - ScosT —zsin z) = ;. Hrax,

E( 1) cosnr 2(l—%cosz—zsmz)

Vz € [~n, 7). Janee, B cuny 27-TepHMORHYHOCTH CYMMEI 3TOTO DANA, 3HAYEHHS TIOBTOPAIOTCA. P
(o]
246 cosnT
. E et

n=0

« Jlerxo HaxomuM, 4TO

=) =)
n
C0$ nx z i si
E ~——=Re E — =Ree® = Ree®™* '™ ¥ = ¢ cos(sinz), |z} < 0. B
n! n}

n=0 n=0

Hamru cyMMH cnenyloumx PALOB:
((n=1)) o son
247. E o )| (2z)

< Hmbq)epeﬂuxpyx 3TOT PAR MO T HBaXKAH (B MHTepBale CXOZMMOCTH |z| < 1) M ymHoxas
BTODYIO NPOM3BOXHYIO €r0 Ha 1 — z°, mocxe uekoTOpHX NMpeobpa3oBatuil pAIoB NoaydaeMm Audde-
PEHUHANbHOE YPABHEHHME OTHOCUTENLHO HCKOMOI cyMME! S(2) pama:

(1-2%8"(z)—28'(z) -4 =0.

IIpousBogs B HEM 3aMeHY HE3aBMCHMOIO NEPEMEHHOrO T TO ¢opMyne t = arcsin r, MpHXOTUM K
ypaBHeRuo S"(t) = 4, U3 koTOpOTO MaXOAMM

S(t) = 2% + Cit + C;, Ci, C2 =const..
Tak kax S(0) = S'(0) = 0, 70 oTCIOma nONy1aEM
S(z) = 2(arcsin 2)?, |z] < 1.
Herpynso HaitTH, ¥TO 4MCNOBOM PN
Z ((n=1)?,
(2n)! k
n=1

SBNAIOMUIACT 3HAYEHUEM TaHHOIO CTeNEHHOro pafa Npy r = =1, B cuny npusraka laycca, cxo-
puTca. A TOTHa, 7o Teopeme ABeins M Ma OCHOBAHMM HENDEPHIBHOCTH yHKIMM T — 2(arcsin r)?
Ha cermente [—1, 1], MOxeM yrBepxamars, yTo S(z) = 2(a.rcsm z)? mpu |z] < 1. »

1 ! 1

1! 2!
248 St ETeey

(z+1)(z + 2)(z + 3)
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<« [Ipexpe Bcero ycranapimpaeM obxacts cxomumocty. 114 aToro, 3aMewad, 4To o6yt YiaeH
PAma an = m, z # —k, k € N, HauuHad ¢ HeKOTOpOro nocra'rmmo Gonbmoro HOMepa

HMeeT OnpelleleMHIN aHaK, npuMensieM npusHak [aycca. Hmeem a—"—"; =1+ Orciona,

n(n+1)
B CHNIy NPMBEIEHHOTo NPU3HAKA, CIENyeT, YTO pAX CXOLUTCH TONBKO IpH T > 1
Haitmem teneps cymmy S(z) maumoro pama. C aToif nessio NpefcTapuM OOmMit 4N€H pAla B

BUIIE

an =

1 ( n! _ (n+1)! )
=1\ (1+2)2+z)...(n-1+2) (14+z)24+2)...(n+2))’

¥ BEIMMCIMM 4aCTHYHyIo cyMMY Sn(%) paccMarpuBaeMoro psja:
1 1 2! 3!
Sn(z) = -
(=) z+1+z—l<(l+z (1+.c)(2+z))+

3! i 4!
+ ((1 +z)(2+2) B (1+z)(2+z)(3+z)> +

n e N\ {1},

+ '+< n! _ (n+1)! ))___
Q+z)(2+z)...(n=-142) (Q+z)2+2)...(n+2)
_ 1 (n+1)! _ 1 (n+1)an
Tr-1 @-){1+8)2+z)...(n+z) z-1 z-1
Mockonpky pax cXOAMTCH, a YNEHH pAfa MOJNCKHUTENBHR M MOHOTOHHO YGHIBRIOT, TO, B CH-
ny npuMepa 13, cnpaBegauBo coorHomenue lim (n 4+ 1)an = 0. Ipunumas ero BoO BHHUMaHHE,
noxyvaeM e

S(z) = th,,(z)——-l—l, z>1.»

b e d -

oo
1
249. 4 il % ... TpH YCIOBHH, 4T0 T > 0,a, > 0 u pda —_——
a2+r+a2+za3+:c+ PH Yy s y Gn pnza

n=1
PACXONAUIHHCA.
« IIpencraBnsga obmuit wieH bn(z) pama B Bune
a1a2 ... Qn
ba(z) = =
(=) (a2 + z){(as + 2) ... {an41 +17)
1 a1az ...0yn : a1a2 ... Gp41
= - - ) € N 1 3
z((a2+z)(a3+z)...(an+z) (a2+z)...(an+1+z)> " 1

HAaXO[MM YAaCTHYHYI0 cyMMY Sn(r) marHOro psga:

ay 1 Cilaz 010203
Sn(z) = = ( -
(2) a2+z+z( a2 +z (a2+r)(a3+z))+
( ai1a2a3 a1Q2Q3Q4

(a2 +z)(as +2) - (a2 + z)(as + z)(as + z)) + .+

( 412203 ... &n _ 31482 ... Gn4l )
(a2 + z)(as + 3) (an+z) (a2+7).. (an+1 +1z)

a; 1/ aa, a1a3 ... Gn4l
- z - N\ {1}.
“’+’+”(“2+’ (a2+3)(a3+z)-...(an+1+z)>’ =M}

Tax kax
2243 ... Gn4l 1 1

(a2+z)(a3+z) (a,.+1+z)=(1+:_2)(1+§). (1+——)<1+zif—
q=2

Gn4l
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H Pl C TONOKUTENLHEIMU 4IEHAMH MOXKET PACXOIMTHCT TONBKO K GECKOHEYHOCTH, TO
2102 ... Gn4l
lim
n—oo (ag + z)(a,s + z) Aang1 + z)
Crenosatensno, S(z) = lim Sy(z)=-2. »

n-—o0
2 . 4

250, =~ z T ..
1—22+1—z4+1—13+

« [IpencraBnad 4acTUYHYIO CyMMY PAfa B BHjle

1 1 1 1 1 1 1
si01= (e ) (2 )+ (s~ )
(=) 2\\1—-2z 1+4+¢ + 1—22 1412 + + 11—z 14 22
1 1 1 1 1 1
—5(1—z+(1—m2—1+z)+(1—z4_1+22)+

N +( 11 )_ 1 )_
11—z 1427 1+

1 1 1 z? z* 2" 1
) (1—x+l—z2 +1-—z4+1-—z8 to +l—-z"”‘ 1422 )’
noxyuaeM
s, Sn ’r !
- (z) + (Z) 32n+1 - 1+Z2n ’
OTKYHa
1 1 2"
Sn = - - .
(z) 1-z 142 12"
Mosromy, ecu |z| < 1, 10 nli_.man(z) = 1==. Ecmu xe |z| > 1, T0 "li_x’noo Sa(z) = I-l-_z
CrnegosaTenbHo, CyMMa pafia
T, ecm |g| <1,
Sg)=4
=, ecm [z[>1.»

251. Z ______~zn)(l —

< Paccmarpnnax 4acTHYRYIO cyMMy S,(z) pama

z? 1 z
Sn(z) = (1-1)? (l+z+(l+z)(z"’+z+l) +

z2 zn—l
+ 3 +... 4+ —
(g2 +z+1)(z3+22+z+1) Q+z+ ...+ ) 1+z+ ... +27)
M 3aMevad, 4To

™! 14z4...4z"" 14z4... 422
O+z+224 ... +2" )1 +z+...4+2") 1+z+..+za" 1+4z+..+a1
n € N\ {1},
nomyyaem
Sn(z) = 2 1+zt...+2"7  2?  1-z"
(1-2)? 14z+4+...+z" (1-2)21~znH!
Orciofia clexyer, uto ecau |z] < 1, 10 S(z) = lim S,,(:r:) = ~* . Ec xe [z} > 1, 10

ek
S(z) = hm Sn(z) = -1—_-;)-;, rge S(z) — cyMma pana >
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C noMoIIBIO Pa3I0KEHHA NOTHHUTEIPANBHON QYHKUMM B DA BRIYMCIMTE CIENYIOMME HHTETpa-
TR

1
In (z + V1 + 22
252, / —(-—‘——dz.
z
<« Ilpu |z| < 1 cipaBennuBo pasnosxeHue

)?(2n — 1)tz
h‘(z+ 1+12) _z+2 (Zn)1(2n +1)

(cm. npumep 168). Pasgenus MOUNEHHO 3TOT pAM Ha T, T # 0, ¥ IPOMHTErPUPOBaB €ro B Npefenax
ot 0 go 1, mOxyuYuM

(2n)M(2n +1)?

/ (z+m) i ~1)"(2n — 1)t

z
° n=1

1
253. /zp_l In(1 — z%)dz,p>0,¢>0.

<« [lanHHIH uHTETpat, B006HIE TOBODA, ABAIETCA HECOBCTBEHHHM, MO3TOMY
1 l—¢qg

/zp_l In(1-z%dz= lLm 2?7 n(1 — 29) dz.

€140
0 tg—+40 €
oC an
Iocronbky npu 0 < £ < 1 cnpasenauso pasnoxenue In(l — z9) = — E —,To

l1—eq
qn+p _ 1 - 52)‘"‘”’

00 ad qntp 2 (1 = g, )0ntP
p—1 In(1 ~ 29 € _ & _ (1 —e2) =
./ Z n(gn +p) E n(gn + p) ; n(qn +p)

n=1 n=1

oSS =)t
—ei’zn(an) < 52)"; n(gn +p)

3amedad, UTo 06a CTENMEHHKIX pAfa CXONATCA NPU €1 = €2 = 0, Ha OCHOBaHMK TeopeMH Abens,
uMeeM

€1

1
q\n

0 oc q\n
P~ 1 — 2N de = li P (1) _% VP ((1-e)) - _ 1 )
/r a(1-a%)dz elﬂoq;n(qn+p) 5211_:.:10(1 &) Z n{gn +p) Z;n(qn +p) >

° = n=1

1
254. /h\t In(1 — z)dz.
o

<« C moMompio OHOKPATHOrO NPUMEHEHHS MeTOda MHTErDMPOBAHMA NO YAacTAM TPHBOTHUM
TaHHHEIH MHTErpal K BULY

1-z

1 1 1 1
/lnz-ln(l—z)dz:-/ln(l—z)dz—/lnzdz+ lnzdz' (1)
o 0 0

0
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Cyurad, uto 0 < &; € £ € 1 — &2, 3anKCEHBaeM COOTBETCTBYIOMIME PA3IOKEHHS B CTEEHHEIE

pAmEL
a = z" (-2 hi-g) _ = (1 —z)*!
In(1 - z) E_ - lnz-—g — T2 _—E —

n=1 n=1

Iockonsry
1 1-eg

/lnz -In(1 - z)dr= lLm / Inz-ln(l - z)de,
)40
o] ‘;-‘+° 3
10 ¥3 (1) MOYNEHHEIM MHTETPHPOBAHHEM CTETIEHHEIX PANOB, Ha OCHOBaHUM TeopeMH Abexs, nomy-
HaeM
1
=)

i 1- n4l _ _n4l

[z mt-aa= im (Y Gz

- n 1
/ azte\em et D

=) =) =) (o)
(1 — &)™t —ept? &g ~(1-&)" 1 72

n=1 n=1
400
zdr
285. [ 22
0

« Ilomarasz t = e’z"‘, TNoNy4aeM OOMH M3 HHTEI'DANOB, BRIYMCIEHHAIX HAMH B JIpEORAYLIEM
npuMepe:
400 1
zdr 1 Intdt
e2me 1 4x? [ 1—t
0 0
IlosToMy umeem
400

zdz 1 >
e —1 7 24’
1]

256. Pasnoxurs 1O LETHM ROMOXKUTEIBHEIM CTETeRam moRyns k, 0 € k < 1, mommeni
3NIMATH4ECKHH HHTErPal NEpBOro Poja

il
f d
k =/'__f_
1—-k%sin ¢

<« Tlockomery k?sin? ¢ < k2 < 1, To BO3MOKHO Pa3NOXKEHHe {cm. dopmyny 1V, §5):

hd -]
! =14 E Mlcz" sin®" . (1)

/1= k2sin% ¢ e (2

oo
2n—1)t . 2n—1)!! .
B cuny oueunxu k’"%?— sin®" ¢ < %J,,Lkz" < k¥*" u cxomumoctn pama Y k*", pap (1) cxo-
n=l
HMTCA PABHOMEPHO (mo npusHaky Beitepmrpacca) mo . Kpome rtoro, unens pama (1) sasiorcs
HENPEPHIBHEIMH DYUKIUIMH, TO3TOMY, IO OMHOMY U3 CBOHCTB (hyHRUMOMAIBUEIX PAAOB, paccMa-
TpHBaeMEIl GYHKIMOHANBMEIH Pl MOXMO NOYIEMHO HUTErPUpoBaTh. MMeeM
n

F(k) =2 +Z (2?2;)? |k2n/8i!l2n edeo.

0
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w

F;
. 2n—1)!
O1coma, NOAB3YICH PAaBEHCTBOM f sin®® g dp = ’2—' gm%—, OROHYATEALHO HaXOTUM
0

T = n—l 2 2n
F(hy=7|1 Z:( O ) P IS

Hoxaaa'rb paBeHCTBa:

257. / 1.
nﬂ

< Hocxonmcy
1 1

& /e"“’(’) dz,
Iz

0 0
e

_ ) zlnz, ecmm 0<z (1,
(”)'{0, si =0,

L o

OTKyfa, Ha OCHOBAHMH Ipumepa 195, r), nonyvaeM HyxHyio dopMyny. b

258.

TO

- S

° n=0

2T

L
. =, ecam n€N
e“”“cos(sinz)cosnrdr = ¢ » ’
2%, ecmu n=0.

cos ¥

« Pasnaras dynrumio z — ¢ cos(sinz) B pan, HaxomuM

o0
coskz

Xk
€ ¥ cos(sin ) = Re (¢*) = Re Z %- = T

k=0 k=0

rme z =¢'" =cosz +isinz.

IMoayuerHruit pajt, B culy npusHaka BeltepmTpacca, CXOQHICS PAaBHOMEDHO Ha BCEH YKHCIOBOIM
OpAMOM M (YHRUMM & > COS kT HENpEpHBHEL, M03TOMY PAji MOXHO HMOYIEHHO MHTETDHUPOBATh
BMecTe ¢ byRKIMeR T > cos nT. VMeeM

27

T
/ec"” cos(sin z) cos nz dz = E o /cos kzcosnrdr = = ecamn eN,u
k=0
2
€os ¥
/e cos(sin ¢} dr = Z W /cos kzdr =
° k=0

BrrunciauTe unTerpann:
w

259, / zsinz
0

1~2acosz 4 o
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<« Ilycre |a] < 1. Tlonsayscs npumepom 164, Haxogum

L
= | —zsinz o
I—/I—Zacosz+a2 /Za zsin ne dz.

° n=1

MNockonnky byHRUMK T — Zsinnz HenpepHBHH Ha [0, 7] M QYHKUMOHAILHEIN pan cripasa,
B CMJIY Ma’XKODaHTHOrO NpH3Haka BeitepwTpacca, paBHOMepHO cXomutcs (3nech la™ 'zsinnz| <
o0

7la|® wpax ¥ |e|*™" cxomurcs), To paccMaTpuBaeMHIt DAL MOKHO MOMIEHHO MHTETPHPOBATS.
n=1
Nmeem

i 1)”“ 1={ Zhn(l4+a), ecmn a#0,

T, ecitn o= 0.

Hycre |a| > 1. Torna, npeoﬁpasonmnax MOKIHTErPANBHYIO (byHKLMIO K BHIY

rsinz
a?(a=?~2a"lcosz + 1)
M TOJB3YACHh TOAYMEHHAM BRILE DE3YNLTaTOM, MOXKeM 3aNHCATh

I=£ln(l+-1—), laf > 1.
o o

Iycte o = 1. Torga MCXOMHEIMK UHTETPAX MUMEET BULX

ks

I=2 tdt

tgt

0
Dyuxuus
1, ectH t=0,
i
fitm g o ecmt 0<1tr<§,

0, ectt t= P

HENpephIBHa Ha OTpe3Ke [0, g] CruenoBartenbHo, OH3 MHTErPUPYEMa, T.e. JIOCIETHUK HHTeTrpal
HMeeT CMEICI.

1)+t o
Kpome TOTO, pAx E L—%’— B CHIY NPpH3HAKA J'Ienﬁnnua, CXOJIUTCA. HOETOMy o TeopeMe

n=1
A6ens o

_l)n-{.l

Ig=1 = L_____,_ =7ln2.

[a 1 7"; y

IIycts o = —1. Torma uHTerpan
kil
I= 1 stg Zdz
3 g

0
27
paCXOOHTICH, TaK Kak ztg ; ~—— NpH T — T.
Taxum 06pasoM, OROHHATENLHO TIOIYHaeM

%ln(1+a), ecmt ~1<a<0, wmm 0<a<l,
I=¢{ = ectn a =0,
Zln (1+%), ecmn |ef> 1. »

260. /ln(l —2acosz + a’)de.
0
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« Mycrs |a] < 1. Torma, moab3ysck pesyiasratoM npumepa 208, nonyvaeM

™ o0 n ™
2 a
= — = - —_— d =0. 1
I /ln(l 2acosz + ") dz 2 El " /cosnz T (1)
0 n= o

Hycts o] > 1. B sroMm caywae, npeobpa3oBrBag 3naveHHe NOTHHTETPANbHO PYHKUMH K BHRY
In(1 - 2acosz + o) = 2In|e| +In (1 - %cos T+ a—l.‘,-) M Tonb3ysach paBercTsoM (1), Haxogum

I=2rl|a

Iycte o = 1. Torma, no teopeme Abeis, MoKeM HanucaTs

(o=}
In(2(1 ~ cosz)) = -22 E%E’ T # 2kn.
—

CrnenoBaTelbHO,
. 1r 7T
) _ . cosSnzT
Hazt = /ln(2(l —cosz))dz = lim, /ln(Z(l —cosz))dz = =2 lm/ / Zl — ¢
. . A n=

3ameyas, 4TO, O ApHU3Haky [Iupuxie, pAA, CTOAIMMME 11O 3HAKOM MOCIeHer0 MHTETpaxa, paB-
HOMEpPHO CXORNTCH, a hYHKIUH T — COS NT HENPEPHIBHH, BENOIHACM O4IEHHO HHTEF PHPOBAHHUE:

o,
sin ne
IIQ_I =2 lim CHE
€40 n
n=1

Tax kax jﬂ:——}‘—' < — M pax E CXONUTCA, TO, IO MasKOPAHTHOMY NpHM3HAKY Beitepmrpacca, pajg
nx1

P $27¢ | aBHOMEpHO (IO apaMeTpy ¢) cxoputea. Kpome roro, lim sinne = 0. CregoBarensuo,

n>i e—=+0

MO OAHOMY M3 CBOMCTB PABHOMEPHO CXOZAMMXCA PAIOB, MOJyUYaeM

Tacs =2 lim sm:E=0.
e—~40 0
n=1
AHaloru4yHo ycTaHaBauBaeM, 4To [la=—1 = 0:
OKoHYaTEeNTBHO UMeeM
I= 0, ecmn || <1,
=) 2rln|a|, ecam jo|>1.»
Haitty cymMmMH creayomux MaTpUYHHEX PAAOB:
= far At 1 2
261. S—Z(g—n—@—)h( 1
n=0
o0
<« Iockoarky > B™=(I-B)"' npu || B|< 1, 10
n=0
oo A" oo A A’" oo A2 n A2 -1
SE=X() =097 -2 (F) - (-F)
n=0 n=0 n=0

3aMeTHM, YTO B ClIy4ae NMePBOrO pafa B = -I-A ull Bll= % Il All= §v 12422412412 = i;j‘ <1,

ascaywae nroporo —B=4 y | Bl=L || A |= LV F TR =Y < 1.
Taxum o6pazom,

=% (5-5)=-9) - (-9) 2

n=0
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Buuncnas o6paTHiie MaTPUUH

== (00 () 697

M HOACTABNAA UX 3HaYEHUe B paBeHCTRO (1), Modyvaem

1 17 57
S=§§ _221 17 N 4

®© Lo
262. S=Z(n+l)A",rne A=<i )
3

s Sy (£0) a-ay

()

CYL- IR

SN
L
1]
oolw
ol
TN
|

[T

O s
\—-/

ESTR TN

<« Tlockoasky

TO

2 13
(72)2 432 1 >
35/ 245\ 4 1 '

YnpaskHEeHRS IS CaMOCTOSTeIbEOR paGoTH

[¥5)
il
TN
|
e N[
B W

Wi W
e Wi

Haditu CyMMH cnenyloumx pxnon
n+2
133. Z (n+2)(n+5 134. Z n3_3n42 3n+2 135. Z [CXISYEN

136. Z . 137, Z n%e™™ £ > 0. 138, Z ———",(n+1).

(X)
cosnz €os nz _(en=-1)tt
139. }: s 140. }:(n_l)"(nm 141, Z(zn),,(2n+l) sin(2n + 1)z.

C noMompo pasnoxkeHud HOTHHTET PANLHOR Q)ynxuuu B PN BHUYUCIATH CIERYIOUME HHTIEIPa-
7 (B npuMepax 145—148 A — nocTogHHad MaTpHLa):
1

n=2

n
0

+co
143. f si(z) dz, rne si(s) = — [ %4 dt — wurerpamsmit cunyc.

142. ferf(:c) dz, rpe erf (z) = %fe"'z-dt — MHTErpa’ BepOATHOCTEN.

L]

1

144, fsin(sin r)dz. 145. fe’“z dz, A> = —A.
0 0

146. [sin(Avz)dz, A = A. 147. [cos(AyT)dz, A* = 1.
0 o

1 .
148.[ zIn(I + Az)ds, A= ( sme —c?sqa).
; —cosp —sing



I'nasa 2

HIunddepennnaibHOe HCUUCTIEHNE
()YHKIIMY BEKTOPHOI'O apryMeHTa

§1. Ilpemen dpyuxunun. HenpepuiBHOCTB

1.1. NMpengerx pyExEun.

. Iycrs wucaonas dpyuxuusa f onpenenena s obuactu E\{xo}, rae E CR™ ,a %o = (23, 23, .
T,,) — BHYTpeHHAS Wi NpefedbHad To4ka obmxactu E.

Onpegenenne 1 (Teiine). Pynxuus f umeem npeden (npedeavroe snauenue) npu £ — o (6
mouxe %o ), ecau cywecmeyem yucio A € R maxoe, umo das npoussoasyoli nocaedosamensnocmu
(zn) snauenuti £, € E\{xo}, cxodaweiica x mouxe o, coomeemcmeywuias nocredosamenvrocms
(F(xn)) anauenuti pynxyuu f czodumes x A.

IIpu 310M uucao A HaskiBaeTcd npedeios Pynxyuu f Ipu & — Lo, YTO 3aMUCHBAETCH

lim f(z)=A, wm f(z)— A npx T — %o,

vey

T—Zg
wan
Im  f(z1,..., zm) = A,

21—022

Im:;ze"
wau

0 )
flzy, ..., Zm)— A TPH Ty — Iy, ..., Tm — Tpp.

Onpepenenne 2 (Komu). Pyncyus [ useem npeder npu & — Lo, €CAU CYUECTBYEM MAKOE
uucao A, umo Ve > 0 36 > 0 maxoe, umo V& € E, ydosremeoparuuz yeaosuw 0 < ||z2—2of| < §,

2de

e = 2oll = p(2, 20) = /(51— 227 + (52 = 89F + .. + (om ~ )2,
6BINOAHAETNCA REPGBERCMEO
|f(=) - Al <.
O6a onpenenenus npenena (leitne u Komu) sxsusanentHer.
1.2. HenmpepHBHOCTBD.

Iyers f: D —-R, DCR™,ax €D.

Onpenenennme. Pynrkyus f nasviesemca senpepuienoti 6 mouke xo € D, ecau svinoansem-
cA M1060€ U3 IKGUGAAENMNGIT YCAo6ull:

1} Ve > 0 36 > 0 maxoe, umo |f(2) — f(20)] < €, xax moavxo || — xo]| < 5;

2) das npouasoavuoii nocaedosamenvrocmu (Zn) anauenutt Tn € D, czodaweiica x mouxe o,
coomeemcmeyouas nocaedosameasnocms (f(En)) mauenudi gynxyuu f crodumcs npu n — oo
x f(%0);

3) zlin: f(x) = f(zo) uau f(z)— f(20) — 0 npuz— =2 — 0;

=0

4) Ve >0 3§ > 0 maxoe, ymo
f(S(zo, 8)) Clf(20) — ¢, f(2) +¢l,

URY, ¥TRO MO XEe CAHOE,
T : S(2o, 8) —=]f(%0) — ¢, f(=o) + ¢,
2de S(%o, §) — omxpeimeiti wap 6 npocmpancmee R™ ¢ yenmpom ¢ mouxe Zo u paduycom .
BUX f stenpeprisua B o6xacTi D, ecim oMa HempepHBHA B KaXgoil Touke o6ractu D.
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1.3. PaBHOMEDHAR HENPEPHBHOCTD.

Onpenenenne. Pynxyus f: D — R, D € R™, nasmeaemcs paenomepno—nenpepuionoil 6
o6nracmu D, ecau Ye > 038 > 0 maxoe, umo Vx € D A Yy € D, ydosaemeopswouius ycaoeuo
[z — yjl < 8, evinoansemcs nepasencmeo |f(x) — f(y)| < e.

Teopema (Kantopa). Ecau dynxyus f: D - R, D C R™, nenpepuiena 6 samxuymoti 02pe-
nuuennoti 06aacmu D, Mo ONa PAENOMEPHO-HERDEDHIBHA 6 amoti 06AacmY.

1. Moxasats, uro mua dbyuxu f(z, y) = 27y
T+y
lim (?g})f(x, y)) =1, 313}) (il_glo f(e, y)) = -1,

B To Bpemd kak lim f(z, y) He cymecTByer.
—0
y=0
< lmeem

lim(limr—y>=lim£=l, lim(limr_y)‘lim:—‘:—l-
z—0 \y=0Z + ¥y z=0 T y—=0\z=0Z+Y y—0 ¥

11 2 1
ITockoabRy MOCTENOBATENABHOCTH (Zn, Yn) = (", ;), (zh, yu) = (n, ;) cxonares K touke (0, 0)
Hpu n — 00, & COOTBETCTBYIOIIME OCAEXOBATENBHOCTH SHAYEHUI tbymcum{ CXOISTCH K PasIMYHEIM

npegeram

F(@n, ya) =00, f(zn, yn) =

ERES R
W=

npu n — oo, To npefen lim f(z, y) He cymectryer. B
Eat]
52y
22y? +(z — y)?

lim (5131 I (=, y)) = lim (xhgg =z y)) =0,

TeM we MeHee lim f(z, y) He cymectryer.
z =0 .

2. Mokasats, yto gug dyHxuun f(z, y) =

y=—0
« PaBeHCTBO MOBTOPHEIX NIpefedoB clefyeT 3 Toro, yro lm f(z, y) = 0, h'n}) flz,y) =0.
y—0 Z—

To, 4TO NBOMHOK NpPeNien He CYMIECTBYET, CleRyeT W3 TOTO, YTO HOCIENOBATENBHOCTH (Zn, Yn) =
11 11
o ;) » (zny wn) = (5 -——;) cxopatca K Touxe (0, 0), a cOOTBETCTBYIOIIHME IIOCAEROBATEILHOCTH
SHaueHMH QYHKLUHA CXORATCA NP it — 0O K PA3IM4HHIM NMpeReTbHEM 3HAUCHUAM:

1 1
F@n yn) =25 o1, f(zh, yh) = —2p — 0. >
ot At

.11
3. Ioxasats, uro mas dyuxuun f(z,y) = (z + y)sin S sin =~ 06a MOBTOPHHIX Npefela

z—~0\y—0

lim (hm flz, y9 ¥ lim (hm f(z, y» He CYIIECTBYIOT, HO, TeM He MeHee, CYIIECTRY T hm f(z y)=0.

y—on
< Iycms y # ~—, n € N, rorga ysin - ” # 0. OueBUIHO, NOCTENOBATEABHOCTH (Zn) = (M)
(zn) = (m) CXOATCA K HymiO NP4 n — oo. [Ipu 3TOM COOTBETCTBYOINHE IIOCIEROBa-

TeabHOCTH 3Havenudt dywrwun (f(zn, y)) = (0), (‘f(za, y)) = (y sin %) npu n — 0O CXORATCK

K PasiMiHLHIM MPEReILHIIM 3HayenusM. Cuenoparensko, im f(z, y) He cymecrsyer. AHarorM4no
=0 R
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yCTaHaBAMBaeTCd, 4To lim f(z, y) TakXe He cyuiecTByeT. Mz 3Toro BriTexkaeT, Y16 062 NOBTOPHEIX
y—0

npegena He cymiecTBYioT. Opnuako U3 HepaBeHCTBa 0

(z+y)sin§sini <z +yl < el + 1l

ClpaBelaKBOro NpH TOGHX z # 0, y # 0, caexyer, y10

. 1 1Y)
lim ((z+ y)sm; sin ;) =0.p

z=0

y—0

. 2zy
4. Cymecrsyer m npegen lim ———1

=0 T+ Y

y—0
1 1 ! '
< DTOT mpegeN He CYWECTBYET, Tak KaK MOCIEKOBATENLHOCTH (Zn, ¥n) = (=, T}, (25, ¥n) =
11
(—, ;ﬁ) cxopaTes K touke (0, 0) npu n — oo, B To BpeMA KaK COOTBETCTBYIOIIHE NIOCIENOBATETb-

n
HOCTH 3HaueHUN DYHKUMM CXOOATCA K Pa3IMUHHIM NIPENEIbHEIM 3Ha4eHUAM:

2 2
) P
flzn, yn) =% =1, flzn, gn)= T2 =0
nz mtw
MPU N — 0. &
— 2_
5. Yemy pasen npeger dyuxwun f(z,y) = z°¢ " ~¥) ppoap moboro aywa r = tcose,

y=tsina, 0 <t < +oo, npu t — +o00? MoxHo 1K 3Ty PyHKUKIO Ha3BaTh 6eCKOHEIHO MAlOH TIpH
L—00 MY — !
<« O6osnauum F(t, o) = f(tcos @, tsin &), Torma

62 cos? ;
F(t, a) =t cos’ ae™" 2t <o 2.

Eciu o = :t%, 10 F (t, :t%) = 0 u, cregoBaTeapho, F (t, i%) — 0 mpu t — +o0.

Ecau xe o # :t%, 10 cos’ o # 0 u t* cos® @ — tsine — +oc npu t — +co. Torxa, o MpaBUAY
Honurans, moayyaem

2
. . t . 2t
lim F(t, ¢)=cos’e im ——p—— =cos’a lim - — — =
= oo tet oo gt CO8f a—tsna st 00 (Zt cos? o — sin a)e‘ cos? a=tsin a
. 1
=cos’ & lim =0

t—4% (C052 o — ﬂ_;_‘;ﬁ) €t2 cos? a—tsina

Hoatomy Lm F(t, @) = 0 npu mobux « .
t—+ o0

Dyuxuus f He ABAAETCA GECKOHEYHO MATON NPH £ — 00 M § — 0O, TIOCKOIBLKY IPU Ip = N —>

+00, ¥n = n® — 400 NoAyHaeM paBeHCTBO lim f(zn, yn) = im n e~ = lim n? = 400,
n-—+oco n—oo n—co
TpOTMBOpEeYaliee ONpenedeHuI0 GeCKOHEYHO MAIoH BETHYMHEL P
6. Haittu lim (lim f(z, y)) # lim (lim flz, y)), ecm:
z—a \ y—b y—b \ z—a
2, .2
_ T +y _ _ . _ z¥ .
a)f(Z,y)—mva—oo)b—oos G)f(zyy)_m»a=+ooab=+0;
. 1 Ty
B) f(z,y)=silh——, a =00, b=00; 1) flz,y)=—1t , a=0,b=o0;
) f(z,9) P , ) f(z, 9) Pl mreen

R) f(z, 9} =log,(z +9), a=1,b=0.
< a) TIpu z # 0, y # 0 umeem

2

. . 2 2 Z 41 2 2
lim (hm\:c +y)=lim lim—yi—-—-—)=0, lim (limz+y>=]iml=l.
y—oo

2
z—00 \¥—o0 % 4 yt Py y-*ooi?_+y2 y=oo \ 2—ec0 $2+y4

y3
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6) Oyuxuus y — £¥ wenpepsisna npx y > 0 (7 cuMTaeM OCTOSHHEIM), TIOITOMY lixgo ¥y=1,
y—‘

TIPH TOCTOSHHOM 3HadeHuu y > 0 QyHrRuus £ — 2 HenpephBHa IpH Bcex r > 0, TOITOMY
Iim z¥=+4o0.

T4 0O
Ioapaysck nOTy4eHHEIMY pABEHCTBAMHU, HAXOTHM

. . z¥ 1 . . z¥
lim lim ==, lim lim =1
z—4oo \y—+0 1+ ¥ 2" y—+40 \z—too 1 42V

8) IIpu KaskmoM pyKcHpoBaHHOM & ByHKUKA HENpEpHIBHa TI0 ¥, ecikt |y| > 2|z|, a pK RcaKoM
Iyl

(DMKCHPOBaHHOM y — HEINTpEpLIBHA IO T, Kak Toabko |z| > .. Ilostomy
. . =z . . wz .
lim sin =0, lim sin = lim sin 7 =
y—oo 2c 4y Z—rco 2z+y Z=r00 24 3

CnenoBarensHo,

lim | lim sin —— =0, lm { lim sin T =1
=00 \ y—oo0 2c+y y—00 \ 00 2c 4+ y

r) Hpxn bUKCHpOBAHHOM T # 0 hm

I _”y = 1, nostoMy, B CHIy HeNpepHIBHOCTY TaHIE€HCa,

noxyvaeMm hm —tg 1+=y =0.

. tg o
Hycrs Tenepb y duxcuposannoe. Torxa, nompaysce Tem, yro lim £2 = 1, umeem
Z—0

. . 87 -1
hn}) flz,y) = hm +zy (14zy)” =1
z=0 z—0 1+1y

Ha ocHOBaHWM 3THX PABEHCTB HaXOMUM

. . 1 zy \. . .1 zy
Im —¢ =0 lim —t =1
ilg}) (y—’n:o Ty & l+zy) " oy—eo (?ﬂ Ty & 1+ Zy)

r) Umeem f(z,9) = log (z +y) = -'-‘—@iy-l £ >0,z+4y >0,z # 1. Hs nenpepusuoctu
norapudmuieckoir GYHKIMHM CIELYET, HTO

lim f(z, ) = lim n(z+y) _Inz_
—

y=0 Inz nz

T y—0

CaemoBatensHo, lim (hm f(z, y)) =1.
Tlockompky

fm In{(z+y) | 400, ecmm -1<y<0,
z~1—0 Ilnz | —o00, ecmu 0<y<+00,

In(z+y) [ —o0, ecim —-1<y<0,
z=140 Inz | +oo, ecau 0<y< +oo,
lim BE+Y) _

1_.1 bz =1, ecmmy=0,

TO hm1 f(z, y), a BMecTe c HuM B lim0 (hn} flz, y)) He cyU[eCTBYIOT. b
T— Y L=

Ha#ru caegyomue gpoiutie Npefenss:
7. & t+y

72 — 2"
smg et -2y +y
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<« Hoxp3yace oueBuMHEIM HePaBEHCTBOM 2? —zy+y* 2 oy, monyvaem (npn z #0, y #£0)

T4y x+y 1 1
2 7| S Tl T T2l
22 —zy+y SR
Orciona cienyer, uTo
1 1
o<t < gm (o) -
z~co 2% — 7y y? ] ¥
Taxum o6pasom, li.néo 7—2%{-7 =0.p
y~oo
8. lim = +y

;_.oo rt + y“

< llycts z # 0, y # 0, Torma
2, .2 2 2 P
? 4+ T
Gttt )
t4yt 4yt iyt oz ¥t 2?2 g2

0<

. 1 1

ITockonsky lim (2—2 + F) = 0, 70, NOAB3YACh HepaBeHCTBOM (1), 3akimiovaeM, 4TO
Z =00
y—oo

2, .2
Ii -ZT—+—y4 =0.p
mR Tty
9.1im sin sinzy
=0 X
y—a . .
< Hmeen 22 = M ¥, ¥ # 0. Tax Kax hm s"‘y’y =lm = =1(zy=1ta# x), 10
—0 10
yaa
. si . int q.
Jim 5 = S fmy = >
y—a
10. lim (z2 +y2)e'(’+”).
Z = 0O
y—=+00

« Iloap3syacs sleMeHTapHEIM HEPaBEHCTBOM
2 2 2

22
2 —(:t+y)_ Y 1:_ _?{_
(= +9°)e e’+y+e‘+9<e’+ey’

CHpaBefauBEIM IIpu z > 0, y > 0, noayyaeMm

Tt 0O z—d 0 e’ ey
y—+00 y—+x

2 2
0< lim (z2+y2)e_(’+y)< Lim (f_+2_) =0.

Orcioma lim (22 4 92)e~(*t¥) = 0. p

Tt O
y—~+4oo
I:

11. Lm 7y .
z—too \ T2 + 92
y—+co .

< U3 oyeBHmHOTO HepaBeHCTBa 52 +9* > 2zy cienyer, 4ro —,’f;; < % MosTomy 0 <
3 o\ &2

z zY —

(;ﬁ%) ( ) — 0 mpu £ — +00. OQTciofia BHTEKaeT, 4To zkrfw (T’:{F) =0.p

y->+oo

12. lilll(z:2 + y2)¢9y
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1/ ,24,2)2
« W3 nepasencrs z2y? }(z2 +93)% 1 2 (22 +y2)’2”2 > (22 -}-312)4(°r ) , CHPaBeIHBEIX
mpu 0 < 22 + y2 < 1, u u3 Toro0, 4TO
2y2 1.2 [
lim (2 4+ y° )_(’ P s fim et = lmed =1,
z=—0 t—+40 t—40
y—0

. 2
BrITexaer pasencrso lim (z? + yz)’ V=1.p»

z—0
y=0
22
1\ =5y
13 hm (1 + ;) ty .

< B ciiy HenpepHIBHOCTH NMOKA3aTENBHOM K JorapudMuyeckod GyHKUNHE, UMeeM

12
: 1\35 _ . 1 ( l>; _
Ih—{noo(1+r) fzg:exP{1+lln 1+z =k

y—a £

im ———.
VAR
« Tlonpsysace HENpPEepHBHOCTDIO TOrapuPMUYECKOH (PYHRUMHM U TeM, uTo lim \/;2 +yP=1#
o
0, monyvaem
lim In(z +e) In2

= 2 g2 1
=1 /2% 4y

15.100 xaxuM HATPABIEHUAM @ CYLECTBYET KOHEWHELH TIpeed:

=ln2 »

. =z . 2_,2 .
a) lim e=*+v?; 6) lim e* ¥ sin 2zy, ecruz =pcosy u y = psing.
p—40 p—+ o

a) Konewnmit npegen

cos g

lim e"ﬂ2 = lim e ¢

p—+0 p—+0
CyliecTByeT TOrfa, Korga cose < 0, 1. €. ecin g- Le < 37"
6) Hmeem

p cos2¢

. 2—- . .
lim ¢* y251n2:cy= lim e in{p? sin 2¢0).

p—to p—+oo
Hockombry p? — +00, 2 p = sin(p2 sin 2p) — orpa}m‘{em{aa dyHELHUS, TO npenen 6yne'r KOHeu-~
HEIM, ecy cos 2¢ < 0 uaum sin2¢p = 0. B nepsoM cayuae Z <p< 3” 5—" < ¢ < ==, BO BTOpoM
= 0 p=x.»
Haﬁm TOYKY pa3pHIBA CHENYIOWHX DYHKIUMA:

1
16, u= ———.
Vet + 92
< Dyuxuua (z, y) = 22 + y* HenpepuBHa TIp¥ BCeX & M J KaK MHOTOWIeH oT T ¥ y. Lo
M3BECTHOH TeopeMe O HENPEPHBHOCTA CYNepPNOSHLUKH HeNpepHBHEX (QyHkumi, (z,y) — (z2 +

1
%)% — TakKe HempepsBHa GYHKLUMA TIDK BCEX £ ¥y, kKpoMe Toukx (0, 0), rre 3HaMeHaTel b

1
(£ + y2)2 obpamaerca B Hyas. CaefoBaTensuo, (0,0) — Touka GeckoHeYHOTO pa3phiBa. b
T+
17 = 225
+ 3
4 [lockoabky uMcCOuTeNb M 3HaMeHaTeldb — HeNpepHBHEIE (DYHKUWM, TO FaHHAL DyHKIUSL
MOXKeT ¥MeTh paspHB IMIKh B TOYKAX, e 3HaMeHaTeab  + y° ofpamjaercg B HYAb. Pemasx
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ypaBuenne z° + y° = 0 oTHoCUTenbHo y, HaxomuM y = —z. ClleloBaTexeno, DYHKIUUA HMeeT
Pa3pEIBEI Ha NPSIMOK § = —1z.
Iycts 20 # 0, yo #0 u zo+yo = 0. Torna
z . 1 1
Py 1:3:1;3 ==1iuzln 2~y +y° = T2 — Toyo + Y&
¥y—¥o ¥y—¥o 0 0
3uauxr, Touku npamoit y = —z (z # 0) — ToOUKH ycTpaHWMoro pasphiBa byHkuum u. Hs
COOTHONIEHHS )
T .
3 Ty _ lim 7 = +00
20 23+ Y g0 rZ-zy+y
y—0 y—0

crenyer, 4o (0, 0) — Touka GecKOHewHOTO PaspHBa. P

18. Tloxasars, yto dynrus

2
Y (- T
flz,y)=4q 22 +¢?
0, ecau z2+y2=0,

HeNIpepLIBHa 10 KaXKXOH #3 [HEepeMEeHHHIX T M Y B OTREAbHOCTH (Npy PUKCHPOBAHHOM BHAUEHMH
[PYTOM IlepeMeHHOM), HO He SBIAETCA HETPEPHBHOM 110 COBOKYMHOCTH 3THX HePEMEHHEIX.

< [lycts y # 0 u zo — m06bie PUKCHPOBaHHEE YMCTa. TOTNa

. 2zy 20y
lim = lim =
z—zg f(z’ y) z=zg €2+ 32 3% +9?

= f(l‘o, y)-

Ecan xe y = 0, o npu mo6oM zo # 0 lim f(z,0) = 0 = f(zo, 0). Hakouey, ecim y =0 u
T—zq
o =0, 10 lin%)f(z, 0) = 0= f(0, 0).
Z —!

TakumM o6pa3oM, nmpu KaxkgoM GUKCUPOBAHHOM y PYHKIHMA f HENPEPHIBHA IO NEPEMEHHOU
z. Beumy cuMmMeTpuy QOyHKUHE OTHOCUTENBHO I ¥ y MPH TO60M OUKCHpOBaHHOM r GyHKuHs f
HeNPePEIBHA 10 IEPEMEHHOU Y.

Onnako GyHKIMS f He ABIAETCA HENpPepHIBHOM N0 COBOKYITHOCTH NepeMeHHHX B Touke (0, 0).
[leficTBuTeIbHO, 066 NOCAEROBATEALHOCTH (—1';, ;1;) " (%, %) CXORSTCH Npu n — oo k Touke (0,0),
a COOTBETCTBYIONIME MM IIOCTENOBATENLHOCTH 3HAYEHNH QYHKIHM CXORATCA IPU 1 — 0O K Pasiaui-
HEIM NpegeabHEIM 3HAYEHAIM:

A

2
AN 2Ly f(3 )
n’'n 1 4
at non el

T 1
n? n?

S

>

+
Sl

19. Tokasars, yTo dynrumMa

$2

LY
f(zvy)= x4+y2
0, ecmn T2+ y2 =0,

, €CIH x2+y2¢0,

B Touke (0, 0) HenmpepHBHA BRONb KaXKOTO Ayda £ = tcosa, ¥ = tsina, 0 € ¢t < +00, IpoxoAs-
ET0 Yepes 3TY TOUKY, T. €. CyHIeCTBYeT liné f(teos a, tsin o) = f(0, 0}, ommako 3Ta byHKLUA He
t—

ABJAETCS HeIIPepHIBHOM B Touxe (0, 0).
< Nnveem

. . tcos? asin o
lim f(¢cos a, tsin a) = im ————v—o—.
t—~0’f( o tsin a) =0 #2 cos* o + sin? &

Hockonbxy f(tcosa, tsina) =0 nmpu a = %"—, k € Zg, To TIpH 9THX 3HAYEHUAX O

%in'l)f(tcosa, tsina) =0 = f(0, 0).
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Ecru 0 < o < 27, o # %"—, EeN, 1o t*cost a+sin?a > 0 u t? cos® o + sin? @ — sin? @ > 0 npu

t — 0. CuegoBaTenno, im f(tcosa, tsin o) = 0 = f(0, 0). Takum o6pasom, BRoas MOBOTO KNy,
t—0

npoxonauero yepea touky (0, 0), byHkuua f HeNpepEIRHa B 5TOM TOYKe.
To, uto Gyuruus [ uMeer paspus B Touke (0,0), caefyeT ua Toro, yT0 MOCHENOBATEIBHOCTD
1
(7 ;15) cxomuTcs K Touke (0,0) mpu n — oo, a

20. HccrenoBaTs Ha paBHOMEPHYIO HETIpePHBHOCTS NMHERHYIO bynkuHo f(z, y) = 22 —3y+5
B GeckoHeuHoit maockocti R? = {(z, y) : || < +o0, [y] < +00}.

« [Ins mo681x Touek (21, y1) u (22, y2) GeckoHeuHoit nuaockocts R? umeem
1f (21, 1) ~ fl=2, y2)| = [2(21 = 22) = 3(31 — 92} 21 — 22| + 3|1 — 2.

Hycte ¢ > 0 — NPOM3BOABHO 3afaHHOe YUCHO. TOINa NPM YCIOBMH, HTO |21 — Z2| < % =6,
[ —p2] < % = §, cnipaBeqauBo HepaBeHcTBO |f(%1, ¥1) — f(z2, 12)] < § +5<e,u3 KOTOPOTO, 1O
ONpeNieIeHUIO, CENYET PABHOMEpHAH HEPEpEIBHOCTS byHKuny f Ha R2. p
21. HccremosaTs Ha paBHOMepHYI HeNpepHBHOCTE B muockocty R = {(z,y) : |z| <
+00, ly] < 400} byuruno u = /12 42,

« 1 npoussoasHoro € > 0 u mobix (21, ¥1), (22, ¥2) € R® umeem

VA - B4 =

[u(e1, 11) — w22, y2)| =

_zi—z)(mit22) + (1 — ) +p)l - lz1 4 2o v —wollys + 92|
- ~ ~
VI + B+ 33+l VE+R+VEE 8 o+ + /2R + 43

|£1|+|$2l |y1] + 192 € € _
\/— \/_ \/1— \/— |$1—$2|+|‘y1—y2l<§+§—-

Kak TONBKO |21 — T2| < 5 =6 |y — 12| < % =§.

<l = 2| —=—F

CeNoBaTEabHO, TI0 ONPERETEHAIO, GYHKLHA ¥ PABHOMEPHO—HENpEpHIBHA B IIockoctn RZ. B
: T 2 2
22. Byger mx bynxuma f(z, y) = sin m B ofmactu z° + y° < 1 paBHOMEpHO-
HENPEPHIBHOK 7

4 Oyuxuua 7+ (1 — 22 — y?) HempepHIRHa IPY BCEX BHAYEHMAX Z ¥ § Kak MHOTOMIEH OT T
n y. Tlo TeopeMe o CyNepHOBHIMH HETIPEPHBHEIX DYHKLMIL, TaHHAA DYHKLHS TAKXKe HENPepPHIBHA
IIpY BCEX 3HAYEHMAX I M Y, YNOBIETBODAIOUIMX HEPABEHCIRY z° + y° < 1.

Ilokaxem, uTo B 3TOM 06JacTH RaHHad GYHKIMA HEpaBHOMepHo~HenpephieHa. C aToi nHedbio
BO3bMEM [BE IIOCTENOBATEALHOCTH

1 1 .
M,.—(xn,y,.)—(ﬂl—-.—zzcosa, l—é—ﬁ-sma>,
2 2
M, = (z,, yh) = - - i
n = (Zn, ¥n) 1 1+4ncosa’ 1 1+4nsm“’

n €N, 0 < a < 27, npuHannexamue o6xacry onpefenenns bynxuuu. Hockoasky p(Mn, My) =
1
Vo Z e T (=g = ‘\/1—-1—-—\/1—%

|sm 2n7 — sin (2 + 2mr)| = 1 npu Beex n, To xas € €]0, 1[ He cymecTnyer uucra §, y‘iaCTBlemero
B OlIpefieIeHKU PaBHOMEDHOM HenpepHBHOCTH. P

— 0 mpx n — 00, a |f(My)— f(M})| =
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.z . .
23. [awa dbyuxuns u(z, y) = arcsin —. fBagerca am sTa PYHKUMA HENpPEPHIBHOK B CBOSH
)

obractn onpeneaenuns E7 Byner au dyHxuus u paBHoMepHo-HenpepuBHO B obmactn E?

<« O6nacts onpeneienus E onpenenserca wepapencreami |z| < |y|, y # 0. B srolt obmacta
GYHKUMA u HEITPEpPHIBHA KaK CyNepIIO3HIMI HEIPEPHRBHHIX By HKIMI.

Onnako maxHas GYHKIHA He ABILETCA PABHOMEPHO-HENDEPLIBHOM, TaK Kak M TOCHeROBa-

.y i1 1 1
teasHoctedt (M,) = (;, ;), (My) = (;, —;.-) ClpaBeNIMBO COOTHOLIEHUE

1 1)\2 (1, 1\*_2
oo, )= (- 1) 4 (L4 1) =2
n n n n n
IpH n — 00, 2 PACCTOAHKE MEKNY SHaueHHAMU DYKKIMH B COOTRETCTBYIUMX Toukax |u(Mn) —
u(M;,)| = |arcsin 1 — arcsin(—1)| = 2arcsin1 = 7 ne MoxKeT GHITb MeHbINE YHCTa 7. B

!
24, TloxasaTs, 4T0O MHOXECTBO TOYeK pa3puisa dyuxuwu f(z, y) = rsin ;, eciu y #£0, u

f(z,0) =0, He ABAAETCA 3aMKHYTEIM.
< Ilycts yn = ey o = —"-:—‘;, Ile To — HpPOM3BONBHOE (huKCUpoBamHOe uncio. Torma

NOCIeN0BATeABHOCTE (Tn, Yn) MPK N — 00 CXOOMTICA K To4Ke (2o, 0). M3 coornomenns

lim f(zn, yn) = lim — sinM

n—+00 n—co 1 +n 2

= Zq #f(l‘o, 0)=D1 Zo #D)

caenyer, uto (zg, 0), zo # 0 — touka paspuBa dywxuuu f. A us Hepasencrsa |f(z, y)| =
|z sin il < |z| cnemyet wenpepmrHOCTS dynkumn f B Touke (0, 0).

TakuM 06pa3oM, MHOXKECTBO TOYEK pasphBa Gykkuuu f sanoaHser cmiaoms ock Or, 3a uc-
kmodeHyeM Touky (0, 0), koTopas ABNSETCA MpeNeTbHOHR TOUKOM 3Toro MHoxecTBa. ClegoBaTens-

HO, MHOX€CTBO TOYeK Pa3pHBa QYHKUMHU [ He CONEPHKUT BCEX CBOMX NpeRedbHEX TOYEK, a T0ITOMY
HE ABIFETCA 3aMKHYTHIM. D>

25. Toxasats, 4To ecm# pyHKUMA f B HeKoTopoi 06macTs G HeNpepLIBHA 110 ITEpEMEHHOM
T ¥ paBHOMEPHO-HENPEPHIBHA OTHOCUTENBLHO I IO IIEPEMEHHOR ¥, TO 3Ta PYHKLMA HEllpEePHBHA B
paccMarpuBaeMoi o6racTy.

< [11% tpou3BoOAbHEIX TOYEK (Zo, Yo} # {To+ Az, yo+ Ay) U3 obaacTy onpegenenus GyHKLyu
f nmeem

’Af(zov y°)| = |f($0 + AZ, Yo + Ay) - f(ZO) yO)I <
< tf(zl) + AZ, Yo + Ay) - f(zo + AI, yo)l + lf(zc + AI, yD) - f(ZOa yo)l (1)
CornacHo paBHOMEpPHON HeNpepHBHOCTH QYHKIWA f OTHOCUTENBHO T IO NepeMeHHOH y, Ye > 0

361 = 61(e, yo) Takoe, 4To, ecu |Ay| < 61, HepaBeHcTRO

|f(z0+ Az, yo + Ay) = f(zo + Az, w0)| < 5 (@)

CIIpaBeIUBO A4 MIOGHX o + Az %3 obmacTu onpeneneHus dyukuuy f.

Hanee, B cany HenmpepHBHOCTH GyHKuMH f 110 NepeMeHHO% £, AJAA yKaszauHoro pavee £ > 0
362 = ba(e, 2o, yo) Takoe, uto

|f(20+ A2, 30) = f(z0, 90)] < 5, 3)

ecmu [Az| < 8. Ilycrs § = min{é:, 8}, Torma npu |Az| < §, |Ay| < 6 HepaBenctsa (2) u (3)
6yayr sumomnenst. Ilostomy mpu |Az| < §, |Ay| < § u3 Hepasencte (2), (3) u (1) crenyer, 4o

|1Af(z0, y0)] < €, a 310 ¥ o3HauaeT HempepHEHOCTS byHKIMHU f B Touke (Zo, ¥o). »

26. [oxasats, 4T ecau B HekoTopoit obmactu G dyHKUUA [ HEeNpepEBHa IO llepeMeHHON T
¥ yROBIETBOPAET ycaoBMio JIMImuia o nepeMeHHoH g, T. e.

]f(:c, yl) - f(fc, y2)‘ < L‘yl - y2‘,
re (2, 91) € G, (2, 92) € G u L — nocTosuHas, T0 5Ta GYHKIMS HempepHBKA B KaHHOM 06XaCTH.
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« Tlockompxy yHxuMs f ymoBIeTBopseTr yCIoBMIO JIMMUIMIA IO IEpEMEHHOM ¥, TO Jas Hpo-
M3BOBHOTO € > 0 M mo6HX Touek (Zo, ¥o) ¥ (z, y) us G uMeeM

|£(z, y) = f(zo, ¥o)| < |f(=, y) = fl=, yo)l +1f(z, yo) = f(zo, yo)| <
SLly_y0|+|f(zy y?)_f(zox yO)l‘ (1)

B cuny HenpeprIBHOCTH dyHXLMK T+ f(Z, o) B Touke To, MOXKHO ykaaars Takoe &, = 81 (¢, Lo, yo),
YTO IIpH |T — Zo| < §; MMEET MeCTO HEpaBEHCTBO

|z, 30) - flzo, w0)] < 5. @)

Ws nepaBencrs (1) u (2) npu ycaosuu, uro |z — zo} < §, |y — yo| < §, rme § = min (61, EEZ)’
TIOAYy4YaeM HEPABEHCTBO
e ¢

172, 9) = floo, w)l < L=+
KOTOpOe OKa3HIBAa€eT HempepHBHOCTSL dynkiuy f B mo6oit Touke (Zo, yo) € G. P

27. Mycts dbynxums f HenpepmisHa B obmacty G = {{z.y): a <z < Ab<y < B}
a TOCTeNOBATEABHOCTs (BYHKIUME n +— ¢n(z), n € N, cxomuTca paBHoMepHo Ha [a, A] ¥ yno-
BueTBopsieT ycuoBuB b £ ¢n(z) € B, n € N. Jloxasars, 4To NOCIeNOBAaTENBHOCTh bYHKLUMNA
Fn(z) = f(z, ¢a(z)), n € N, Taxske cxopurcs pasHoMepHo Ha {a, A].

o« Tlockonpky dyHKuMS f HempephIBHa B 3aMKHYTOH o6macT G, TO 0Ha paBHOMEPHO~HeETpe-
pHBHa B 3Toil o6mactu. CuepnoBareabno, Ve > 0 35 = §(e) Takoe, YTO HEpaBEHCTBO

f(z, 4') - f(=, y")l <e (1)
cripaseauBo nast Beex z € [a, A} u ¢,y € [b, B], xoTopkle ynoBAETBOPAIOT HepaBeHCTRY |y’ —
y"] < §. B cuny paBHOMepHOH CXORMMOCTH Ha cerMenTe [a, A} mocaegoBaTeasHocTH {pn(z)), V6 >
0 (B ToM uMcae u pas 6, ykazaHHoro Bhile) IN = N(§) taxoe, uT0 |@nip(T)— n{z)| <8 Vo > N,
¥p > 0 u Vz € [a, A]. Tlomaraa b Hepapenctse (1) y' = @nyp{z), ¥ = @nlz) (Pnip(2), pn(z) €
(b, B}), moay4aem HepaBEHCTBO

If(x: ‘Pn+P(x)) - f(zx ‘Pn(z))] <e,
cipagepausoe Yo > N, Vp >0 u Yz € [a, A].

Taxum o6pasom, mocaenoBatedbHocTh Fr(z) = f(z, pn(z)), n € N, cxopurca paBHOMepHO Ha
cermenre [a, A]. »

=5’

28. Mycrs: 1) dynxuus f nempeprpra B o6macti R = {(z,y) :a <z < A, b < y < B};
2) dyHKUMS ¢ HempepHBHa B HHTepBaie |a, Al M uMeer sHaueHud, NpuHayIexKamue UHTEPBAIY
16, B[. Dokasats, uro dpynkuus F(z) = f(z, ¢(¢)) nenpepusna B uutepnaie la, Al.

« Ilycre (zo, ¥o) — TIpoM3BOABHAsA Touka M3 obmactw R. W3 HenmpepriBHOCTH byHKUMK f B
obmacru R Burekaer, uro Ve > 0 38; = 81(e, zo, yo) Taxoe, uro

1f(z, 9) = f(zo, yo)| <, (1)
ecau |z — zol < 81, |y —yo| < b1.
O6osnaunm ¥ = ¢(z), yo = @(2o). s HenpeprBHOCTH DYHKIMHK ¥ = ¢(z) Ha MHTepBaxe Ja, Af
BHITEKAeT, YTO NI YKasaHHOTO BHe §; 36, = 65(8;) Taxoe, uTo
le(z) — ¢(zo)| = Iy — 90| < 81, (2)
ecnu |z — zo| < &2. CnemoBarenso, ua HepaBeHcts (1) 1 (2) ¥ M3 Toro, uro y = ¢(z), y €Jb, B,
eciM z €la, A[, BHTeKaeT HePaBeHCTBO
I.f(za 90(3)) - .f(z()a ﬁa(xo))! <§,

CMpaBeJIHBOE NPH |z — To| < § = min(é;, §2) ¥ poxasrIBalomee HEMPePHBHOCTS yHkIMH F(z) =
f(z, ¢(z)) na unreprane la, A[. »

29. Tycrs: 1) dynxuus f HempepuieHa B o6zact R = {(z, y):a <z < A, b< y < B}; 2)
dyHxuus ¢ = p(u, v) ¥ y = ¢(u, v) HenpepsibHH B obmactu R = {(u, v):a' <u <A, ¥ <o <
B’} ¥ uMeroT 3HaueHus, IpUHAlTexKalMe COOTRETCTBeHHO uHTepBanaM Ja, A[ u 1o, B[. Hokazary,
yro dynxuMs F(u, v) = f(e(u, v), ¥(z, v)) Henpepmska B o6macty R'.
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« Dlycrs (uo, o) — npousBonbHas dMKCHpoBaHHad Touka M3 R', a zo = ¢(uo, w0), yo =
¥{ug, vo). U3 ycnosus 1) purexaer, uto Ve > 0 3o = (¢, zo, yo) Takoe, 4To

' [z, 9) = f(zo, o)l <¢, (1)

ecau |z —zo| < 0, |y —yo| < ¢. Ua ycnoBus 2) caenyer, uTo A4 ykasaHHoro BHlle ¢ 36 = 61(0) =
8(e, uo, vo) Takoe, uTo P Ju — uo| < § M |v — vo| < § CIpaBeRAUBH HepaBeHCTBa

lo(u, v) — ¢(uo, vo)| <o, |P(u, v) — ¥(uo, vo)| < 0. (2)
U3 HepaseHcTs (1) ¥ (2) HeNOCPeNCTBEHHO ClefyeT, YTO
[f{o(u, v), ¥(u, v)) — flp(zo, v), Y(vo, vo))| = |F(u, v) — Fluo, wo)| < =

npu |u — ugl < 8, |v—wol < 8, . e. uTo byHKMA F HempepmBHa B Touke (%o, ¥o). [lockoarky
(0, vo) — mpoM3BONBHaAN TOYKa U3 R', 3axmovaeM, 4o dyuxuus F HempephisHa B o6aacty R'. »

YnpaxHenus pas caMoCTOATEdbHOR paboTH
1. oxasars, uro dynkumsa (z, y) = Az® + Bzy + Czy® + Dy®, (z, y) € R?, umeer B Touke
3

(0, 0}, o MeHn el Mepé, TOT e MOPANOK MadocTH, 4To U p = (2 +¢°)2.
2. Torasars, 4To HAS MOCIAENOBATEABHOCTH Gnm = n, m € N, umeem

n—m+0,5’

lim (hm anm) = lim (lim anm),

M = 00 Ti == 00 o= OO m-—00

TeM He MeHee lim anm He cymecTByer.
S
sinn o o .
3. [Toxa3aTh, 4TO (A4 IOCAEKOBATEABHOCTH Qpm = R, mE N, nBoitHoit tpegen im anm
i 00

m-—>00
CyIleCTByeT, B TO BpEMSA Kak

lim (hm a,.m)¢ lim (hm a,,m).

m=+00 00 N—=+00 \M-—=00
BriacHMTB, cymecTBYIOT IH clegyoliye IBOHHEE ITPERerbl:

. In?n-in?m . tgmit . 1 &
4. lim T 5. lim JERES™ g Lim - Z cos —.
neoo m(n?)+inZm n—oo 1—-tgnigm n—soo M m
M= 0O ™m—s 00 m—00 k=1

4

4 2
7. Ioxasars, uro dynxuun f(z, y) = Gﬁ%)_a’ 9z, y) = -1—2—:?:
Touka {z, y) crpemutcs k Touke (0, 0) Broas Mmoboil IpsAMoit, Tpoxondmelt vepea Touky (0, 0}, Ho
oT# GYHKLUMHM He MMeIOT mpepgena B Touke (0, 0).

Hayryu npepensi:

CTpeMATCd K HYIIO, ecly

1

. l1—cos{zy . 2 2 \z24 ... 22
8. hnt —Ty-(,—l 9, ]m}’(}-l-x, + 4Rt e 2 = (21, 22, ..., Zm).
T Z—

y—0
2 2 2 1
. ¢’1+”2+"'+"°m . .o ==
10. I]ingo Ty T e = (1, ..., Zm), @ > 0. 11. 1133: yre=v> |
y—0

C nomompio “e—§” paccyxkmeHH# F0Ka3aTh HENPEPHBHOCTE CIERYIOMUX bYHKILMIA:
12. f(z, 9) =1+ 224+, (z, y) € R2. 13. f(z,y) = VT F €%, (z, v) € R,
14. JToxasaTs, 4ro ecau qyrkuus (z, y) = f(z, y), (z, y) € R?, nenpeprisna mo kax ol mepe-
MEHHOH £ M Y B OTACABHOCTH ¥ MOHOTOHHA IO OYHOM M3 HUX, TO OHa HENpEePHBHA IT0 COBOKYMHOCTH
NepEMEHHHIX.

15. HccnenoBaTh Ha paBHOMEPHYIO HENpPEPHBHOCTD B B2 (yHKLMIO
= 2 2 gj 1 2 2 =0
z= /2% +y?sn m, “+y° #0, f(O, 0) 0.

16. [oxasaTs, wro ¢ynxums f(z, y, z) = sin(z? + * + 2%), (z, 9, 2) € R®, He amasercs
PaBHOMEDHO—HENPEPHIBHOI B IPOCTpaHCTBE R°.
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§2. YacTHHE NpoU3BOgHEIE U AU PepEeHIAAIILI
Q)yHRIIHH BEKTOPDHOI'O apryMeHTa

2.1. YacTHEle NPOH3IBONEELE,

Mycts QJymcuml % — f(z) onpepenena B o6aactu D mpocrpancrsa R™; {e1, ez, ..., em} —
CTaHJAPTHHIM 6a3KUC ITOTO MPOCTPAHCTBA, a Xy = (T3, T3, ..., Try) — ToUKa o6JacTH D.

Onpepesenne 1. Pasnocms f(x) — f(z0) nasvieaemcs ‘noanbik npupawenues gynxyuu f
6 mouxe 20, a f(zo +(z; —z7)e;)— f(20), j =T, m — uacmuvik npupamenuen pynxuuu f
no nepeMennol T, 6 mouxe Zo.

Onpepesaenne 2. Ecau cyuiecmeyem xoneunniti npeden

flzo 4 (z5 = m)es) = f@) g M)

. 0 -
zj =T z; :EJ

MO 0K HAILIGLEMCR YACM ROt npoussodnot Qyrxyuu f 6 mouxe To no nepeMennotl r; u 06oana-
Ygemcs

‘gi.(mo)» uay fo.(20), nau D; f(zo).
I

DyHxuMs f MMeeT B TouKe Tp HACTHYIO NPOM3BORHYIO f;j TOTHA ¥ TOABKO TOTAA, KOTA B 3TOH
TOYKe CIPaBENIMBO PaBEHCTBO

f(zo +(z; - 23)e;) - f(=0) = (——(10) +a(zj, g50)) (x5~ 23),

rre a(z,, To) — 0 mpK T; — 5.
2.2. Iuddepennnpyemsie HpyHRIMA.

Onpepeaenne. Pynxyus f: D — R, D CR™, nasvicaenmcs dugddepenyupyenoti 6 mouxe
29 € D, ecau noanoe npupawenue gynxyuu f 6 smoti mouxe MOXHC npedcmasume 6 6ude

f(z) = f(20) = L(z — 20) + a(z, z0)llz — 2o, 1)
20e L{x — z0) = Li(z; — z?) + La(za — ::g) + oo + Ln(zm — :c?n) — aunetinoe omobpaxenue
npocmpancmea R™ 6 R, a a(z, 20) — 0 npu z — z0.

hy
h2

Ipu srom Beanuuna Lh = Lihi + Lok + ... + Lmhm, tne h = . ~— IPOM3BOIBHEIM
hm

BexTOp mpocrpaHcTBa R™, HasEBaeTcq Juddepenyuaros dynxyut f B Touke Zo M o6o3Havaercs
df(20), a MaTpuua auHeltHoro orobpaskenus L : R™ — R HasuBaercs npouséodnoti bynxuuu f B
TOuKe %o M 06osHavaeTcs f' (zo)

Toxaraz B (1) 2 =20 + :cJ €;, MOJIy4aeM PaBEHCTBO

f(2o + (x5~ 73)e;) ~ f(2mo0) = (LJ +a(zj, 2)) (z; — 73),
M3 KOTOpOTO, B CHiIy NMyHKTa 2.1, cnenyer, uyro L; = 6.1." (zo).
CuepoBarensno, Ans nuq:q:epemmana df(a:n) noxy4aeM GopMymy

/]
df (%) = (:no)h1 + -——(mo)hz + ...+ #(mo)hm (2)
MM, ecau hj = 7 - 2] = dz,-,
_ of of of
df (20) = %(m)dzl + 5-2;-;-(::0) dg2+ ... + amm(zo)dzm,
a fas npoussopgHoi J'(xo) — paneuc'rno

f@) = () @) .. gh(e). @



§ 2. YacTHHe MPOH3BONKEE H QHPdepernrantt GyYREIHAE BEKTOPHOro aprymenTa 125

Teopena (mocTaTounoe ycaoBMe muddepenuupyeMmoctv). Ecau dynxyus f umeem 6
OKPECMNOCIMU MOYKY Lo NAGCMNLIE NPOU3GOINbIE gff(z), J =1, m, nenpepuisnvie 6 mouxe o,
mo oxa dugdepenyupyema 6 smoti mouxe. ’

Ecan pyuxuus f puddepeHurpyeMas B kaxpnod Touke obmactu D, To oHa HasmiBaercs dug-
depenyupyemoti 6 obaacmu D.

2.3. YacTHHE NPOR3BOJHHE CIO0XHOK QYHRKIAR,

Ecan pyuxuus f : D — R, D C R™, nudbdepeHuupyema B touke z € D, a dyuxuuu
¢i: G - D, G C R" i =1, m, uMeror yacTHele NPOM3BOHHHE B Touke ¢t € G ¥ = =
(p1(2), @2(t), ..., em(t)), TO

2(—2:;—“’—)@) :i( )g‘:;(t), k=Tn, t=(t,t2, ..., ta) (1)

t=1

2.4. Mnddepennupyemute orobpaxxenns.

Onpepenenue. Omobpaxenue f: D — R™, D C R™, nasvieaemcs dudpdepenyupyer vis 6
mouxe o € D, ecau npupawenue f(z) — f(zo) omobpaxenus f 6 mouxe o npedcmasuMo 6 sude

7(2) - f(zo) = Az~ 2) + (2, 20|12 - 2]

2de 0
An Az ... Aim 1 — 2,

Az — zo) = A2 Az ... Am T2 — 13

Anl An2 e Anm Tm — x?n

— aunetinoe omobpaxcenue npocmpancmea R™ 6 npocmpancmec R™ | a a(z, 20) — 0 npuz — 2.
84
Ecau oro6paxenue f nuddepenuypyemo B Touke Xg, T0 Aij = Be; i(z) n

9h of Sh
0z Oza Bzm
0f Bf2 9
A= 31:1 3::2 3::,,.
8fn 0fn 8fn
E 5?2- 0Tm

HashIBaeTcs nPou3eodnoti omobpaxenus f B Touke To K obosHavaercs f(zo).

Ecau o’roﬁpaxce}{ue f: D —R", DCR™, nuddeperuupyeMo B Touke € D, a orobpakenue
g:G — D, G CR*, nucdbpepenumpyemo s touxe t € G ¥ z = g(t), 1o

(Fog)®)=F(=)d'(t)

MIH B MaTpH4HOM ¢opme

dfiog) fiog) o(fiecg)\. s0fi £ Sh\ /991 dg 991
-9ty aty BTN dzy 8z 7 Oz || Ot Atz T O

(f20g) 8(f209) Af209) | | 8f2 0f2 0f: ||'302 9o 992
oty ot o Otk =l 9zy 08z2 = Ozm oty oty T Ot

9(fnog) 9(fnog) d(fnog) fn Ofn Ofn |\ Ogm Ogm 9gm
a dty o Oty 911 8z2 = Otm it A, T Bty

2.5. Yacrume npomssopntie & aEddepennAanN BECIIAX HOPANKOR.

S HY;;T" dyrxums f: D — R, D C R™, umeer yacThile MPOUBBOIHEE B HEKOTOPOI OKPECTHOCTH
zo, e .
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Onpenenenne 1. Ecau dynxyus ¢ a%L(:c'), z € S(xo, 8), useem 6 movuxe To uwacmuyw
2

npou3eodxyw no nepexennotl i, Mo ee Hasvisawom wacmuol npousscduot emopozc nopioxa
uau emopoti uacmuot npoussodnodt u oboanauarwm

’f
0z;0z;
IIpu sToM, eciu t # j, TO YaCTHasi IPOMBBONHAS HABHIBAETCH CHewannod, AHATOTHMHO Ompe-
HEAAIOTCS NMPOM3BOTHHEIE MOPANKA BHILE BTOPOTO.
Onpepenenre 2. @ynxyus f nasvieaemcs n pas dudpPepenyupyemoti 6 mouxe o € D,
€CAU ONG UMECT 6 HEXOMOPpotl oxpecmuocmu dmoth MoNKY 6CE Yacmusie npouzsodnsie (n — 1)~2o
nopROKa, XAXIAR U3 KOMOPHIT RE6AREMCR JudPepenvupyenoti dynxyuet 8 mouxe Zo.

Teopema. Ecau pynxyus f dsawmdvi duddepenyupyema 8 mouxe o, mo 6 3moti MouKe esvi-
NOANAVIMCS PABENCMEA
8 f 3 f

az‘»axj(‘”"):axjax.-(‘”")’ hi=5m @

(z0) uau f;'j,‘. (o).

W3 sToM TeopeMu mony4yaeM clenyolllee YTBEPKIECHHE: CHEWARNAR NPOUIGOONAS L —20 NOPROKG

s

Al .12 Tis )
0z;'0z;? ... O]

n+n2+ ... +n,=mn,

HE 3a6UCUM OM NOPROKGE, 6 KOMOPOK NPOUIBOOUACCH Juddepenyuposante.

Onpenenenne 3. Juddepenyuason emopozo nopaoxa (uau smopuvis duddepenyuanon)
d*f dsawdn duddepenyupyenot Pynryuu f nasweaemcs duddepenytan om GyHKHUY T df(z),
m. e. d*f = d(df).

Anaxorvuno onpepneasorcs xubdepeHuuann 6onee Brcokoro nopanka. [Iuddepenuuar n-ro
nopsipka n pas pHbdepeHuupyeMor pyHKIMK f BRIMUCIASETCS N0 GopMyiIe

] ] a n
dnf = (a_'“ et +a—xm-h,,,) f. @)

2.6. [IpomssonHas no Hanpasxenuw. ['papment.

Oycrs dyuruns (z, y, z) — f(z, y, z) nuddepenuupyema B o6xactu D C R® (zo, ¥o, 20) €
D. Ecau HampaBaenye ! 3afaeTcs HampaBiASIOMMMM KOCHHYcaMu (cosa, cosf3, cosv), T0 MpoMs-
BOOHad II0 HampaBieHHI0 | BHYUCISETCA 10 hopMyne
of of . of af
- = —=—Cos«x - COS - COS 7.
Bl = 37 CSHT gy oS Pt 5, cosy
Omnpepenenre. I'paduenmon pynxuuu f 6 mouxe (Zo, Yo, 20) Ha3visaemcs 6exmop, o60-
%nauae.ubm cumeonon grad f u userowutli Koopduname, cOOMEEMCMEENHO PAEGNbIE NPOUIBOINBIM
8f o
ai’ 8{/’ ai 6bINUCTENHBIM 6 MOuKe (Zo, Yo, 20).
TaxuM obpazom,
2
grad f = ft+ af1+ afk
npy4eM B 3TOM CIy4ae MOMKEM 3aIIMCaTh, YTO —L = (a, grad f), rae @ = (cos @, cos 8, cos 7).

Tpanuent dpynxuuu f B 1ouxe (Zo, Yo, zo) xapaxTepuayeT HanpaBleHHE K BETHYKHY MaKcH-
MaJBHOTO POCTa 3Toi QYHELMM B Touke (Zo, Yo, 20). CuegoBaTemsHo,

2 2 2
d f) af of of
—= = ||grad f|| = — - —=].
().~ tani=y[(2) + () + (%
Bexrop grad f B ganHoil TotKe (%o, Yo, 20) OPTOrOHAJNEH K TOM NOBEPXHOCTH YPOBHA QYHKIMK
f, koTOpad MPOXONMT depes TOUKY (Zo, Yo, 20).

30. Haitrx fA(s, 1), eca f(z, 3) = +(y — 1) accsin \/;
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<« Cornacio onpefieneHUIc YaCTHONH POUIBOLHOI, HMeeM

fi(z,1) = f(:c+h 1) flz, l)

Tak xak f(z+h,1)=z+h, f(z,1)=z,T0

’ _ z‘l‘h—x
f:(xal)_’]l'lglo h

31. Haiitu £2(0, 0) u £,(0, 0), ecnu f(z, y) = Y/ZTy. Apaserca au sra dynxius gubdepen-
uupyeMoi B Touke (0, 0)? ‘

4 MCXOI!X M3 onIpeneNeHUs HYaCTHHX NMPOU3BONHEIX, UMEEM

oy JE02F0.0) _y, Y2020

f

h
h-.oF—l'b

0,0 = lim =0,
fz( ) z-—0 z -0
; . 0,y) - £(0, 0 . ,3/0- -
y—0 Y y=—0 y
Onsa uccaenopanus nmbd:epe}mupyeuocm na}{}{oi& cdyHx1MM B TOUKe (0 0) samuureM ee mpu-
pamienye B aTolt Touke: f(z, y) — f(0,0) = a(z, y)\/z? + ¥2, roe a(z, y) ,=/xy7:;+?.

IMockoasxy Ly = %Q =0, L = %Q)- = 0, 16 nas puddepeHUUPYEMOCTH He06XoIUMO,
4To6H pyHruus (T, y) = a(z, y) 6rTa 6eCKOHeYHO Malolf npH /22 +y2 — 0, T. e. ipu £ — 0
uy—0. Hycnx- Y=< ,nEN oueBupHO, T — 0 u y — O mpu n — oo, Taxk xar
TOCHENOBATENPHOCTE TOYEK (-:;, —:—) npu n — oo crpeMutcs x Touke (0, 0), a cooTBeTCTBYIOMas

n'n V2
00, To GYHKIKHA « He aBisfercs GeckoHeuno Mamoit mpu z — 0,y — 0. Ilosromy dbymxuus f
nexnddepenuupyema B Touke (0, 0). »
32. dsaserca am nuddepeniupyemoit byHKLHS flz, 9) = Vit + 43 B Touxe (0, 0)?
4 HaxonuMm npoussonnbie

f;(o, 0)=]j_‘3) .f(xa 0)_.f(07 0) =]im£—1, fsll(ov 0)=]jm f(07 y)—f(O, 0) = lim -y-=l.

z z~0 T y—0 Y y—0 Yy
[Ipencrasum npupamenue ¢yuxunt f B rouxe (0,0) B BHpe

£(2,9)-£0,0) =¥/ 3 = w4yt (VF 47 — 2= y) = £2(0,054 5,0, 0y-+alz, V7 + 4%

Ye2ryd~a-y
roe a(z, y) = el

HOCKOHLKy NOCIECAOBATEIBHOCTD

. 3, .
KM TIOCHENOBaTeAbHOCTh BHAYEHUH (YHKLUM (a (l, 3-)) = (ﬁ) CTPEMMTCA K +00 TIPK 1 —

D)= ()= (57). ren

'He ABAsETCA GECcKOHEewHO Manoi mpx n — oo (T. €. mpK = — 0, y — 0), To oz, y)y/2> + 42 #
o(y/z2 +32) npu z — 0, y — 0 u dynruus f Hemnddepenmpyema B Touxe (0,0). »
l
33 Hccnenosats Ha uddeperuppyemocts B touxe (0, 0) dynxumio f(z, y) =€ =49 npu
4+ >0 u f(0,0)=0.
« Kax u B npepsinymeM nHpuMepe, HAXOAKM YACTHBIE [IPOM3BOIHEIE

:—0 z

£(0,0) = hm———-Llo ) g (U °‘ V=0

gyt v s
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Aa TOI‘O, 4yro npupamexue pyHkuuy f B touxe (0, 0) npencranuuo B BHJE f(x, y) — (0, 0) =
e =’+V’ = a(z, y)\/2? + 32, tme oz, ¥) = me =’+v = lpe P’, a ;e p’ — 0 pu p =

v/ 22 + 32 — 0, HEMOCPEACTBEHHO cleRyeT, 4To byHkuus f nuddepeHuupyema B touxe (0,0). »

34. Tloxasats, uto bynxums f(z, y) = /|zy| HenpepriBHa B Touke (0, 0), MMeeT B 3TOM TouKe

obe wacrHule npoussogHute f5(0, 0) u f,(0, ) OfHako He SBIseTCH TUddEPEHITUPYEMOH B ToUKe
(0, 0). BHSICHUTb NOBefeHMeE MPOUIBOTHEIX f u f, B oxpecrHoctH Touxu (0, 0).

4 Honbayscr: OIpeneIeHUEM YaCTHRX ITPOU3BOAHEIX, HAXOOUM

£240, 0) = tim £2:0= vl o

z—0 z

0.0 = i 002100y \/|o i _

y—-o y ¥
Mockonsxy
ViZY
f(0,0) = \/|zy| = /22 + y’\/-*-—z—l——;_—'—z = a(z, y)\/2% + ¢?,
24y
e

1
Vizyl (1 1) w2 1
afz, )= —t——Hal|—, -] = ———— - — #£,
( ) /‘$2+y2 n'n __1?+_1? V2

To dyuruus (z, y) + afz, y) He aBasercs GeckoHewHo Mauoif NMpH \/z2 +y? — 0. Orcioma
cxenyer, uro ¢ynxuus f Hepudbdepenuupyema s Touxe (0, 0). s coornomenns Af(0,0) =

v/|zyl — 0 npu z — 0, y — 0 caenyer HenpeprBHOCcTL dbyHkuMK f B Touxe (0, 0).
U3 papenctsa fi(z, y) = %,/I ‘sgnx npy z # 0 ¥ Toro, uTo hm fi(Z, %) = lim g

2

Tt OO
+00, caepyer, 4TO NpOU3BOHas f; HeoTPaHMweHa B okpecTHoCTH ToukH (0, 0). Dto saxmoueHue
CIpaBEIHBO M IS MPOMBBOXHON fy. B

3
35. Toxasars, uro dyHxuMs flz,y) = ;-;—3;6—, ecn 22 +y2 £0 f(0, 0) = 0, Tepmut

paspHs B Touxe (0, 0), OEHAXO MMeET YaCTHEIE IPOM3BONHHIE B 3TOH TOUKE.
o 1 1
« U3 coornomenuit (3, =5) — (0, 0) (mp n — o0)

1
. 1 1 oE 1
lim f(-, “) = lm — = #0=f(0,0)
n—0c0 n' nd n—.0o -'-.1? + —1? 2
caenyer, 4r0 GyHKIUUS f TepNUT paspuiB B Touke (0, 0).
IToxpaysacy onpefgeneHHeM 4acTHEIX IPOM3BOIHEIX, HAXOXUM

f;(()’o):li-%M.;_.M:h 9=0, f;(0»0)= m&i’l__m:]jmg:o"

z—0 T y—0 Yy y—0y

-—-——z-y——, ecnw 22 +y° #£0 u f(0,0) =0, B
1/1;2+y2

oxpectHocTH ToukH (0, 0) HellpepHIBHA M MMeeT OrpaHMueHHHe YaCTHHe NpoM3Bomkue f, U fj,
onxaxo HepMdeperuupyenma B touxke (0, 0).

<« Tlpx 2% + y® # 0 Gymruma f HempephiBHA Kak sneMeHTapHas. I3 0MeBUIHOTO HepaBEHCTBA

36. Toxasars, uro pynxums f(z,y) =

If(z, y)l = \77_;_—,‘ < 3@ H M3 TOTO, 4TO En% 2l = 0, noxyuaen En_o.ogf(z:, y)=0=f(0,0).
= y—

Taxum o6pasoM, QyRxuuL f HempeprBMa B Touke (0, 0)..
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Umeem

2%y ' f(z: 0)-f0,0 . 0_
f,(z y)= \/ 2+y = +y2)3, x2+y2¢0: f,((l 0) = ———x— BE%):: =0,

2
yz 2 2 1
folm, ) = —=— - y Tyt #0, f,(0,0)=0.
v(z9) Vet @+ ) o

O1ciona, Moab3ysSCh HEPaBEHCTBOM ;;’# < %, ybexxgaeMcs, 4YTo
|z |zy] |z] 3 3
fa(z, )i < + <5 M i<s
z )'\ $2+y2 $2+y2 $2+y2\2v !I( 4 \2

T. €. YTO YKa3aHHHE IIPOUIBOIHEIE OF PaHHUEHE.
SanumesM npupamenue dyHkuuu f B touxe (0, 0) B Bupe Af(0,0) = -—“;\/.% = alz, y)p,
z3+y
rre afz, y) = 1—:_;’!,—,, p = /22 +y2. Jlerxo y6enutncs, 4ro PyHKUKS o He ABIgeTCE GeckOHEYHO
Mayol npy = — 0, y — 0, a mosroMy dbynxuus f Hemudbdepenuupyema B rouke (0, 0). »

37. Moxasats, uro pynxums f(z, y) = (z* +y°)sin v iy’ ,ecim 2 +y2 #0 u £(0,0) =0,

MMeeT B OKPEeCTHOCTH Touku (0, 0) mpoussonusie fi u fy, koTophie paspusunl B Touke (0, 0)
HeoTpaHMuEHH B M0G0} OKPECTHOCTH €€; TeM He MeHee 3ta (GyHKUMA auddepeHUMpyeMa B ToUKe
(0,0).

4 Ecan 22 + y* # 0, 1o wacTHBie MpoHsBomHHe f, M f, HAXOLMM, NOIb3YACh HOPMYTaMU U
npaBUIaMyu TUP PEPEHUUPOBAHUS:

2 0s ! fi ) = 2ysin 1 2 cos =
Tty Dt g y(2,9) =2y 24y D4y ity

Ecau e =0 u y = 0, To mpoussontsie f2(0, 0) u f,{0, 0) HaxogMM, UCKOIL U3 HX CIELYIOUIETO
oTpeneeHns:

fulz, y) = 2z sin

£:(0, 0) = lim (2, 0)~ £(0,0) _ . oPsingy

z 20 z

=0,

aHaIOrM¥HO HaxoxuM, 4To f,(0, 8) =0.

ToxaseM, 410 wacTHIie NpousBofHbe f; M f, paspuBHE B Touke (0, 0) ¥ HEOTPaHMYEHH B
mo6oi ee okpecTHocTH. C aTolM uenmo BHIGEpEM nocnenonuenb}{oc-r}, (%n, Yn), cXopsmIyIOCH K
touke (0, 0), ¥ Takyo, 4TO CO8 ;gTy =1, T. e. =~ = 2nr. Ilycrs, HanpuMep,

nt¥n zatyn

Tn =

1 ] eN
—_— ey ——— n .
2¢/n7’ Yn 2/nr’
Hockombky Trn — 0 M yn — 0 IPH © — 00, TO MOCHENOBATEALHOCTE. TOUEK (Tn, Yn) HOMajaeT
B mobywo okpectHocTs Touku (0, 0). TIpu aroM cooTmeTcTBYIOMas NMOCHENOBATENBHOCTS 3HAYEHUH
byHxuun fz(Tn, ¥n) = —2/n7, n € N, crpemurca x —oo. CnenoBaTennHo, yacTHas TPOM3BORHas
fz paspmiBHa B Touke (0, 0) M }{eorpanu'{e}{a B M0G0l ee OKPECTHOCTH. AHalOTMYHBIE BHIBOJHI
CIpaBeAIMBH K OTHOCHTENBHO fy.

Hocxomsxy f,(O 0) = £, (0, 0) =0,a npupame}me Af(0, 0) mpepcraBKmo B Buae A f((l 0) =

(z* + *)sin =2z z,ﬂ, = po(p), roe op) = Psmﬁ — 0 npu p = \/22+y?* — 0, T0 pynxuus f
muddepenimpyema B Touxe (0, 0). »
Fu

2y
38. IIpoBeputp paBencTBO -‘,,—3-:-5; = 33 30’ ecau: a) u =z 6) U = arccos \/i

4 a) Hmeem

98 _ 2 4 3u du 3 3u 2
— =y — = yi-1 - ¥ - yi-1 2
3z ) 3y 9= 29z¥ Y(149° lnz), : 2yz¥ Inz, 929y 2yz¥ "1 4y Inz).
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ol a?
OTciopa HENMOCPEACTBERHO ClERYeT PAaBEHCTBO -5% = 3;;-‘;, crpaBefJHBoe I BCex TOHEK (2, Y)
B 06JjaCTH ONPENENEHHA CMEMAHHEIX NMPOM3BOAHEIX: § < T < 00, —00 <y < 00.

6) AHamoOrM4HO NpENHIYIEMY HaXoIMM CMelllaHHEIe MPOM3BOHEIE

M y6exxgaeMca, YTO OHM PaBHH B 06JacTH UX onpenedeHud: 0 < i < 1.

31y NpuMepH HIMIOCTPHPYIOT YTBepKACHHE O PABEHCTBE HENPEPHIBHRX CMeIIaKHbIX MPOM3-
BOIHBIX, OTAMYAIOMMUXCH MOPALKOM MX BRIMUCTECHUS. B

. 2
39. ycrs f(z,y) = xyzz+y2’
ve(0, 0).
< Tlpu 2% + y° # 0 uMeen
2 _,2 2,3 2 : Y
) _ ozt —y 4z”y ! et B
fe(@ ) =y gt @rey BEN=tare T wraE

Ecar z = y = 0, To mpoxssomusie f,(0,0) u f,(0, 0) HaxogMM HeMOCPENCTBEHHO M3 MX
onpeneneHus:

£2(0, 0) = lim Mﬂ

z—0 z

ecan 22 4+ 3% # 0, w f(0, 0) = 0. Ilokasars, uro f1,(0, 0) #

=0 T y-0 ¥ y—0 Yy

Honbsysca 3TUMMY BHAYCHUSAMH, HAXOOIUM CMeIIaHHEIE IIPOM3BONHBIE:

;Iy(o’ 0) ].l .f:( »y) .f.z'(o 0)

__'1’
y-'Oy
,0)—f. (0,0 . 3
;;(0’0)=MMJ hmf_3.=1
z—0 xz z=0 T

Orcrona y6expaemcs, uto f,y(0, 0) # fy(0, 0).

3aMeTHM, YTO B TOuKe (0 0) He anom{mo-rcs HOCTaTOYHbIE ycnonus paBeHCTBa CMelIaHHEIX
npoussopHux. B caMoM peae, mpy z* + y° # 0 HaxomuM

1 22 — o2 82242
15 9) = fiale, ) = 550 (1+ g )

24y 2 +y?)?

1
IIockonbky MOCTENOBaTENLHOCTS (Mn = (-“- -—)) crpemurca k Touxe (0, 0) mpu n — oo, u

lim fiy(M,) = lim f.(M,)= :,: (1 + 5o (a’+1) , T0 CMeIlaHHLIe IPOU3BOHEIE TEPNAT Pas-
N=+00 =00
puiB B rouke (0, 0). »

2z
40. Cymecreyer mu f;y(0, 0), ecan f(z, y) = ;—2——+—y§5 mpu z2 +3° £0 u £{0, 0) =07
« Tpu 2% + y® # 0 umeem fiz, 9) = %’gj;—;;l. IMoassysachk onmpepeieHueM POU3BOTHOM,
HaxXoHuM
f;(o,o)=uﬂw=ﬁm9
T

z z—0 T

=0.

Mockonsxy npepen
2y
i O = £0,0 _
y—0 y y=0 ¥
He CYIeCTBYET, TO MPOM3BORHaa fy, B Touke (0, 0) Takke He CymecTByeT. b

41. Tloxasats, uto ecnu mudpdeperimpyemas byuxius (z, ¥, z) — (2, ¥, 2), (2, ¥, 2) € G,
YHOBIETBOPSET yPaBHEHMIO
L 8f | of

9f _ 1
zgg HUgy te5, =, , (1)
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TO OHa SBISETCS OMHOPOXHOM (DYHKI[HEH CTEIIEHH p.
4 PaccmoTpumM GyHxumo
_ f(tzo, tyo, tz)
F(t)= — (2)
Ona onpeneneHa, HeMpepuIBHa U audbepeHIMpyeMa s Beex > 0, must KOTOPHX Touka (tzo, tyo,

tz0) € G. BuuMcass npoussopHylo ¢yuxuuu F, momyuaeM BhpaKeHMe, YMCIMTENs KOTOPOTO
paBeH

t (zo f2(tzo, tyo, tz0) + yo fy (120, tyo, tz0) + 20 f1(tx0, tyo, t20)) — pf(tzo, tyo, tz0). (3)

3amenss B paseHcrse (1) z, ¥, z Ha {Zo, o, (20 COOTBETCTBEHHO, IIPHXONMM K BHIBOXY, 4TO BhHI-
paxenue (3) paeHo nymo. Cuepgosarenso, F'(t) = 0 u F(t) = C = const. [{n14 ompepenenus
KOHCTAaHTHI TTONOXKHKM B (2) t = 1; TakuM obpasoM, C = f(zo, Yo, 20). OTCloNa, moAB3YyACH paBEH-
crsoM (2), moayuaem

f(tzo, tyo, tzo) = t* f(zo, Yo, 20), (2o, Yo, 20) EG. »

42. [oxasaTs, uTo ecaiu f — nuddepeHIHpyeMas oJHOPOTHAA (GYHKIMA CTEIIEHH p, TO ee
“acTHBIE IIpoMsBoRHHe f;, fy, fi — opHopomHue dynxiuuu (p — 1)—if cTemeHy.

« [Tockoabky f — oxHopopHasd GpYHKIUA CTETIEHH p, TO CIPABERAUBO PABEHCTBO f(ta:, ty, tz) =
t*f(z, y, z), MpuyeM BrIpaskeHue B AeBoil acT puddepenuupyemo. [uddepenunpys nocieytee
paBeHCTBO To z, nodyvaeM fi(tz, ty, tz)t = tPfi(z, y, 2) wau fi(tz, ty, tz) = *7 fo(z, 9, 2). Ua
IIOC/ENHETo PaBEHCTBa CIAEAYET, 4To fi -— ONHOpPOXHad pyHKIMS CTelieHH p—1. 11 MpouaBOTHKIX
fy ¥ f; Roka3aTeabCTBO aHaloruuHoe. b

43. Tycrs (z, y, 2) = u(z, y, z) — AB2XIH MHddepeHIUpyeMas ONHOPONHas BYHKUMS N—if
cTeneHy. [Joxas3aTs, 4TO

2
2 a a
<xb—;+y%+z£> u=n(n - 1)u. (1)
o Ilockoasky u — opHopopHast byHKLMA, TO OHA YNOBIETBOPSET YPABHEHHIO
du ou ou
z—ég-i-y%—{-zz—nu. (2)

3aMeHAS B 5TOM DaBEHCTBE I, y, z Ha {Zo, Yo, t20 U xucddepeHUUpyYS €T0 10 t, ToXyHaeM
Touy + Youy + zoul + tzjuls + tygu;'z + tzgule + t(2z0youn, + 2T0z0uy; + 2ozouy,) =
= n{Touz + Youy + 20uy),
1,

Te MPOM3BOAHEIE BHIMMCIEHH B Touke (IZo, tyo, tz0). Ilomaras B mocienHeM paBeHcTBe ¢ =
uMeeM

2. n 2 i 2.1 1 " n ! ! '
Tolga + Yoy + 20 Uz2 + 2ZoYolzy + ToZoUs, + Yozouy,) = (0 — 1)(zou; + youy + 20uz).

OTciopa M 43 paBeHCTBa (2) HEOCPENCTBEHHO CIENYET, YTO

2
d d i)
—_— —_— _— = —1)u.
(zo 52 T % +z0 82.) u=n(n—-1)u
Tax xax (zo, Yo, z0) — NPOM3BOABHA foqlca, TO paBeHcTBO (1) moxasaHo. B

44. [Toxasats, uto ecau u = \/12 + 92 + 22, T0 d% > 0.

< O6osnavas ¢ = z* + y* + 2° n nocnenoBaTenbHO MUhPEpEHLMPYS BHpakerHe © = /g,
HaXOXMM

du = —lqa-(:cd:c+ydy+zdz),

7

1
1 (:cd:c+ydy+zdz)2=

d%u = —=(dz? 2 P
\/a( +dy*© +dz°) er
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(5% + y* + 2°)(d2® + dy° + d2*) — (zdz + ydy + 2dz)* _
(vey N
(zdy —ydz)? + (zdz — 2dz)* + (ydz — zdy)
(/e

45. Ilpennomaras, 4TO T, y MadH 10 abCOMOTHOM BeINYUHe, BHBECTH TpUGIMKeHHEe DOp-
MYJIhl IS CTERYOMUX BRPaXeHUi:

a) (1+2)"(1+9)™; 6) Inf{l+z)ln(1+y); »)arctg 11::;'

« Ilycts pyuxuns (2, y, ..., 2) — f(z, 9, ..., 2) AnddepeHUUpPyeMa B OKPECTHOCTH TOUKH
(0,0,...,0). Torma

flzoy, oo, 2)=F(0,0, ..., 0) = f1(0,0, ..., 0)z+Fy(0,0, ..., 00y+...+f5(0,0, ..., 0)z+0(p),

THe ofp) — GeckoHedHo Malas Gollee BEICOKOTO OPSAKA 10 CpaBHeHMIo € p = (/22 +¢% + ... + 2%
Or6paceBas Beanunuy ofp) u nepenocs f(0, 0, ..., 0) B IpaByo 4acTh, NOTy4aeM NpubSIMKEHHOE
PaBEHCTBO

F(E, 9 o, 2) ™ F(0,0, ..., 0) 4+ £4(0,0, ..., 0)z+£5(0, 0, ..., O)y+ ... + 40,0, ..., 0)z. (1)

Tockomsky nmpemyokenHte yHKUMN TuddepeHInpyeME B okpecTHocTH TOukH (0, 0), To co-
OTBETCTBYOUME MPUETHKEHHRE DoPMY Il MTPUHUMAIOT CIeNyioIuil BUL:

a) 1+2)"(1+ )" = 1 +mz+my;

6) In(1+z)In(l +y) = zy;

B) arctg f:xgy rz+y. »

2
20.»

46. 3amenss npupamense Gyuxuun qudPepeHUMaloM, TPUCIUNKEHHO BHUUCINTE:
2

a) 1,002 - 2,0032 - 3,004%; 6) -——1—’0—3———;

170,98 ¢/1,08°

B) /1,023 + 1,97%; 1) sin29°tg46°; m) 0,97"%.

< a) 3amucwBan paseHcrso (1) U3 mpenmaymero npumepa aas oyukumu f(z, v, z) = (1 +
£)(2+y)°(3 + 2)°, umeem

1+2)(2+9)°B+2)°~=1-22.3%+2%. 3% +22 . 8%y + 2% . 3%2.

Honpcrasasa B 310 pasencreo z = 0,002, y = 0,003, z = 0,004, noxyvaem 1,002 - 2,003 - 3,004° =~
108 4 0,216 + 0,324 4+ 0,432 = 108,972.
2
6) 3anucas nna dyHkuuK f(z, y, 2) = 14z NpUBIUKEHHOe paBeHCTBO f(z, ¥y, 2) =
) y (2,9, 2) T ™ P (z, 9, 2)

142z 4+ %~ Z u nonaras z = 0,03, y = 0,02, z = 0,05, noxyyaem

1,032
v/ 0,98 4/1,05°
B) meem /(1 +2)° + (2—-y)® =3+ 5 — 2y. yers £ =0,02, y = 0,03, Torna

V1,028 + 1,978 ~ 3 4 0,01 — 0,06 = 2,95.

) B npu6mikeHHOM paBeHCTBe (CM. MpeOMAYMMIL IpUMeD)

& 1+ 0,06 +0,0066 — 0,0125 = 1,054.

. (7 x . 1 T, T . %
sm(g—-z)tg(z+z)zmgtgz—cos5t322+m-€mz

t
noxaraeM z = 0,017, torna

sin 29° tg46° = 0,5 — 0,866 - 0,017 + 0,017 = 0,502.
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n) 3anncuBas gas dyuxunn (1-1)'+Y mpubmukennoe pasencrso (1—z)'*¥ x 1-1 1 nonaras
B HeM z = 0,03, y = 0,05, moxyuaen 0,97% ~ 10,03 = 0,97. p

!
47. oxasats, 4ro pyHKuud f, MMEOUAS OrPAHUYEHHEE YaCTHHE NPOH3BORMEE f; U f, B
HeKOTOpOl BRIMyXJoM o6lact E, paBHOMepHO-HellpepHBHA B 9TOM 06IaCTH.

« Iycts (z1, y1) u (22, y2) — fHBE MPOMBBOMEHEIE TOUKYU U3 obmactu E. B cuny smmyxmocty
obmactu E, 10uka (22 + t(z1 — z2), 32 + t(y1 — y2)) npuHammesxur obnacru E mpu 0 <1< 1.

Gynxkuus (1) = f(z2 + t(z1 — 22), 32 + H(y1 — y2)) umeer npu t €]0, }| orpanmyenHyIo MPO-
U3BOIHYIO

¢'(t) = (21— z2) fa(za + (21— 22), Y2 +t(y1—12)) + (31 —¥2) fy(Z2 +1(z1 = 22), w2 +t(1—32)) (1)
u 9(0) = f(z2, y2), (1) = f(z1, 1). Henompays dopmyny Jlarpanxa u pasencrso (1), Haxomum
o(1) ~ 9(0) = f(z1, y1) = flz2, 92) = ¢'(§) =
= (21— 1‘2)]1(152 +&(z1 - z2),y2 + &(y1 — yz.)) +
+ (0~ y2)f;,($2 +&(z1— 22}, 92 + &(v1 — yz)), 0<é<l (2)

CornacHo yCIoBHIO, CYU[eCTBYIOT Takue mocrosiHue Li u L2, uro

fzl < L1, [fl <Lz ¥(z,y) € E. ®3)
W3 cootxowenumit (2) ¥ (3) BEITeRaeT HePaBEHCTBO
[f(21 91) = f(z2, 2)l <21 = 22| L1 + [ =y La. (4

Iycts € > 0 npoussonssoe. Tornga, B6Kpad § = min (;Tx’ 5;—2) , Ans mo6Hx Tovek (I1, ¥1)

u (22, y2) Takux, 4uTo |1 — 22| < § u |y — y2| < 8, us (4) nonyvaem Hepaseucrso |f(z1, y1) —
f(z2, y2)| < &, NoKaskIBatoUlee PaBHOMEPHYIO HEMPEPHBHOCTL DyHRUUMU f B obnactd E. »

48, [oxasats, uTo eciu dyuxuus (r,y) — f(z, y) HenpeprBHa MO MepeMEHHON = NpPK
KaXOOM PUXCUPOBAHHOM 3HAYEHUU y M UMEET OrPaHU4EHHYIO MPOU3BOMIHYIO N0 epeMEHHOM ¥, TO
9Ta QYHKUUA HelPEPHBHA IO COBOKYNHOCTU MEPEMEHHHX T U y.

4 Cornacxo ycnosuw, IM > 0 Takoe, uro

Ify( i< M (1)

RIK BCex Touek (z, y) us obnactu G onpeneneHus ¢pyHxunyu f.
Hycre € > 0 npoussodsHoe, a (zo, yo) — M1062s Toura U3 G. Torma

[f(z, y) = f(zo, %)l < |f(2, ¥) = f(z, o) +|f(=, y0) = (%0, %0)| <
< fulz, 0 +8(y = yo))lly = wol + [ £(2, 30) = f(z0, 90l (2)
B cuny nenpeprBHocTH dyHKunu f Mo £, IpK ¥ = yo 361 = b1 (e, yo) Takoe, uro
|£(z, 90) = £z, 30)] < 5, ()
ecu |z — zo| < &1. M3 (2), (1) u (3) nonyuaem
|£(z, 9) = F(z0, 30)| < Mly ~3o] + = <,

ecau |z — zo| < 6, |y ~— yo| < &, e § = min {-2-%?, 61}, YTO ¥ TpeGoBaNoOCh KOKa3aTh. P

49. Tycrs (z, 9, z) = Pa(z, 9, z) ~ ORHOPOXMHI MHOTOW/eH cTemeHM n. [Jokasars, 410
d"Pu(z, y, 2) = n! Pn{dz, dy, dz).

<« [Iycts (z, y, z) — mpoussombHas TOMKa M3 obracTH ompenemermns dyHxuuu P,. Tax xax
P, — oxHOPORHEI MHOTOMNEH CTEleHH 1, TO NI Her'o CIpABeNIHBO PABEHCTBO

Pn(tz, ty, tz) =1" Pu(z, 9, 2). (1)
Buuncaum n-10 npoussoguyio or obeux yacreit aToro paseHcrsa. OveBHEHO,

P{M(tz, ty, tz) = n} Pa(z, 9, 2). (2)
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O603nayad TeBy1o 4acTh paBeHcTBa (1) yepes F(t) u nocmenoBaTeasko uddepeHUpy, Haxonum

i _OPn 3Py 3P, (B8 B 2
F(t)—-——-—z+-—-——-y+-——-—z-—<a£z+ayy+azz>Pn,

5z Ty 't S
1 a Pn 2 32P" 2 aZPn 2 a Pn 32Pn 32Pn - a 3 3 ’
PO =gze 4 5g ¥V + 577 Y255,V 50,7 1 0y0: = \0:° T 5V + 5:°

IManee, MeTONOM MATEMATUUECKOM HHAYKUMH JIETKO JOKA3ATh, YTO

n a a8 o\
F( )(t)=( 61:+y8 +za> Pn(tz, ty, tz).

Iockonbky P, — ORHODOIHEIM MHOrOYIEH CTENEHU 1, TO YaCTHHE MPOM3BONHKEE ITE€PBOro MOPK/-
Ka — ONHOPONHEE MHOFOMIeHH cTeneHu n — 1 (cM. npumep 42). OTciona clleiyer, WT0 YacTHBIC
MPOU3BOJIHEIE N—T0 MOPANKA SABIAIOTCA OJHOPOTHRIMU MHOrOYIeHAMK HYIEBOTO NMOPANKA, a CIEeRO~
BaTeNbHO, SBIKIOTCA MOCTOAHHEIMU, T. €. He 3aBMcaAT oT t. [losToMy MOXKHO 3amucath

n
F™M () = (z—% + y-% + z:—z) Pu(z, 9, 2). (3)
Cpasuus (2) u (3) u sameHus z, y, z Ha dz, dy, dz, noNy4uM JOKasHBaeMOe PaBEHCTEO. P
50. H;(cn Au = 1:5% + yg—:. Haitu Au u A%u = A(Au), ecin a) v =
6)u=1In \/.:cTy2

8 —2zy
< 2) Umeen Au = Crone (,2+y2) +y3y (xz+y2) =z (_.,2+y2)2 +y(x2+;2)2 = _Iziyz =-u. B
CHIY OTHOPOTMHOCTH onepaulm A, A%u=A(Au) = A(—u) = —Au= (—u) =u.

6) AHamornuno Au =z 5= (ln\/aﬂ +y2)'+y a‘ly (ln 2 +y2) = x2+y2 + :.2+y =1, A%y =
A(Av) = Al=0.»

ou\’ ou\’ du Pu v % .
51. HyCTL Ay = (5;) -+ (5;) -+ (az Aoy = ﬁ + W + 'a? Hastu Aju U
1

Aoy, eCli Y = ————r.
[22 4 42 + 22
« Beopa ofozHauenue r = /22 + 92 + 22, HaxXomuM

aLN?  salN%  /al\? z\2 v \2 272 1
Al“(?ﬁ) +(5;> +<5;) =(-5) + (-5 +(5) ==
3 /1 3 /1 8 /1
A?“-a—ﬁ(;)*‘w(“)*‘m(ﬂ
1

Mocxonsxy ;:—,(;)':%(—ris)_—._l r:, a,ﬁ()__—l' 3:’ %(l)z__l__*_s%:’

r r3
3 3(a24y%+2%) 3
T0A2u-—r3+ - r5+z =T r3=0)"'¢0-’

I »
z2 +y2’

52. Moxasats, uro dopMa muddepeHIHAIOB TPOUBOTLHOTO TOPANKA hyHKIUK (& m¢) -
f(&, m, ) coxpansercs mpu 3aMele apryMentos &, 7, { TudeiHKMU GyHKuuaMu: § = a17 +azy +
asz,n=bz+bay+ bz, { =12+ c2y + c32.

<« Brrumcnsa sropoit nuddepenman dywiapn: d°f = fi; d6*+ £, dn’ + f3 d¢* + 25, dé dn +

f déd¢+2 f dndl+ ft d%+ f,7 d%+ f( d% wm saMeuas, uTo, B cHITy AMHeinocTH byHKumi &, 7, ¢,
HMeIoT MecTo paBeHcTBa 4 = 0, d% = 0, d% = 0, monyuaem

2f _
df—(a£d£+ acd(')f
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Meroxom MaTeMaTH4eCKOM HHIYKIMK JerKC AOKa3arh, UTO

3
d
CC)f,

T. e. yr0 bopma auddepeulMaIos MPOUBBOILHOIO NOPAKKA COXPAHAETCA NPU 3aMeHe apryMeHTOB
TUHEAHRIMU QYHRUUAMU. P

Haitrn noanste guddepeHipiantl NepBOro 1 BTOPOro NOPAAKOB OT CAEKYIOUIMX CTOMKHEX PYyHEK-
unit (z, y, 2 — He3aBUCUMHE NEpEeMEHHEIe):

53. u= £ (Vo +7).

« Juddepennupys u xak CROKHYIO QYHKUMIO, HOIyyaeM

du=f'a(yerry) = pRIE gy n gy R L g (————— z “’d”) :

ne d
a'f <E£+

Tax xax

d(f,)=f,,1:dz+ydy d zdz +ydy =(yd1:—1:dy)2
\/;2 +2 \/;2 +y2 \/(?2 +¢2)°

TO OKOHYATETHHO HaXORUM
w(zde +ydy)? |, (yde ~ zdy)?
2+ 92 N CETaE

=f , 1:2+y2=,é0.>

54. u=f(§, n), meé=zs+y, n=z-y.

« [Tockomeky aprymeHTH £ U 7 ABIAOTCA IUHEHHHMU GYHKLUSMU, TO dopMa uddepeHus-
alloB IIPOM3BOJIBHOTO TOPAKKA coXpaHseTcs (cM. NMpumep 52).

TTosromy, BRuMCIIL AUDDEPEHMATH
du=fld¢+ frdn, d%u=fi1d€* +2fi> d¢dn + fir dn’,

' n o _ 8t e _ 8% n __ 834
rae fi = f2 = Bn’ 1 = e fiz = g f2 = 575, M BMeCTO d§ u dn nopgcraBass HX
3HAYEHUA, Humeu}me U3 PaBeHCTB § = T+ y, ) = T — y, Moxy4aeM

du = f(dz +dy) + fo(dz —dy), du=f1{dz +dy)’ + 2fiy(dz” - dy®) + fra(dz — dy)*. >
55. u=f(£,n), me £ =2y, n = 3
4 [Indpdepenuupys v Kak CAOKHYIO PYHKUMIO, IOAYYAEM
d zdy
du=filyds +rdy) + HEZ,

d’u = f{\ (y dz+z dy)® +2f(% g_d"c_y.__+f (&‘c;ﬁﬂ) +2f1’dzdy_2féw_ >

¥
56. u=f(z,9,2), ez =t,y =1, z=1".
<€ AHAZOTHVHO NpefHAYIEMY

du = f) dt + fi2tdt + f338° dt = (f] + 2tf; + 3¢° f3) dt,
Pu = fl1 4 + Fidt? di® + Fh9t d® + 4F 15t de® + 62 F1b dt® + 12 Fi 48 + 2f, 4% + 615 dt° =
= (fit 4 482 f35 + 9t fi + 4t £l + 682 f15 + 126 £ + 211 + 6tf3) dt*. >

57. w= (g, n,¢), e £ =22+ %, n =22 — 9%, { = 224.
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<« loap3ysace npaBunom qudpepeHIMpoBaHUA CICHHOH DyHKLUMH, HMEEM
du = fi(2zdz + 2y dy) + f2(2z dz — 2y dy) + f2(2y dz + 2z dy),
du = 4f) (v dz +y dy)® +4f32(z dz ~ ydy)® + 4fs3(ydz + £ dy)” +
+8f12(a dz® - o* dy”) + 8f13(z dz + ydy)(y dz + zdy) +
+815(z dz — ydy)(ydz + 2 dy) + 2§(dz? + dy®) + 2f2(dz” — dy®) + 4fi dz dy. »
Haittu d™, ecnm:
58. u = f(az +by +cz).
« Hlocxonsky B ganHoM clyvae dopMa guddepeHunanoB UHBapUaHTHA (cM. mpHMep 52), To
d"u = ™ (d(az + by + c2))" = f™(adz + bdy + cdz)™. »

59. v = flaz, by, cz).

4 B cuny wnBapranTHocTs dopMu muddeperimanos n—ro NOpanka (CM. IpuMep 52), uMeem
) 0 9 r
™ = (--—ada: —bdy + —cd ) s, t, 1),
= {grade+=bdy + o-cdz) fls,t,1)
e s=az, t=by, r=cz. »
60. u=f(s,t,7), rme s=a;z+biy+c12, 1 = a2z + boy + c22, T = 23z + b3y + 2.
« Hcnoasayem uHBapHaHTHOCTS GOPME n~To muddepeHimata (cM. mpumep 52). Ameen
a

s _ (9 0 n _ P
du-(—a:ds+adt+$dr) f(s,t,r)..((aldz+bldy+c1dz)3s+

8 n
+(a2dz+bady+co dz)%-{- (a3 dz + b3 dy +ca dz)a) f(s,t, 7). »

61. Mycre u= f(r), the r = /224 y2 + 22 ¥ f — pBasuH AUddepeHUMPyeMas HYHKUUA.
‘ FPu 8%

IToxasaTs, uto Au = F(r), rge Au = 3 +=— 5 =+ Py

F.

— onepartop Jlanmaca, ¥ HalT! GyHRKUMIO

<4 VimeeM
9z ! r’ 81:2 f + f f

AHATOTUYHO HaXOOuM

u y? v 9% 22 /1 2
=G g
TaxuM o6pazom,
Au = f//.'C +y +z + f 1? +y +z

Fefeif - = A ip =R

62. [oxasats, uto ecau dyuxums u = u(z, y) ynosueTsopier ypasuenuwo Jlamnaca Au =
2 32
T
33 + 37 =0, o byHRIMI v =y m, ;—5-%-—2 TaKk)Ke yHOBAEeTBOpIET 3TOMY YPABHEHMIO.

« Beons xua ynoBersa ofo3nauenns ¢ = , HMeeM

z34y?? b= z’+y
B _ 0% v )
9z laz‘“ 252 By = a +“’ay

#v ., (B dp 39 3y 8p L)
, Frodl a‘z) g 5t ”(a ) tugEt e

8%y 2 3p 8 ae\? 8 P
rmin (32) +ande 2 run (B) +ule et
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rre 1 Ou u/ oy ﬁ” 8 u un 82u uu u
Re uy = 7o, Y2 = 3, 11 = 5oz 12 = Fo5g, Y22 T 557
Orcona

- ((’g«g)’ ; (g«;)) bt ((g)’ ; (%)2) ;

dp 3¢ dy
+ 2u1y (31: 3:c+6 3y )+ 1 Ap +ug A (1)

Bruucnas npoussomrie

dp _ -2 dp 2y e _ (s’ -3y%) Py _ 203y’ —2?)
9z~ (z2+y2)2 By - (£2+y2)2v 92 (z2 +942)° ' oy? - (=2 +¢2)? !
3y wy oy _ Py Py _nuBl-y) Py _ w3

¥ @Ay By @AyR P (@A o @)

y6exgaemcd, 410

dp Oy By Oy
—— —— —— = = (). 2
dz 0r ' Oy oy 0, Ap=0, Ay=0 @
Taxuwm o6pasom, 13 (1) u (2) u u3 Toro, uro Au =0, cilefyer
1
A @397 Au=0.»

63. Toxasars, uTo ecau dyHKuMA u = u(z, 1) YIOBNETBOPIET YPABHEHUIO TEMIONPOBOTHOCTH

du 23211, == z 1
b i yHRIML v = me taity pr el ,1 > 0, Takxke yHOBIETBODAET ITOMY
ypaBHeHHIo.

« Haxomum npoussogHile

z2

2
"y 1:’”; —_—
1 e 4a?t,

]
v, ={_ (/3 + Uy )
¢ ( 2Vt 403 \/t? a’ \/t_5- as/t

2 " z2
U Iu (/3 —_
‘UZQ = 1 + 11 e 4a?t,
2a3v 3 4a5\/ a5Vt5 as/t8
T uepes u; ¥ u); o60o3HaueHH YaCTHHe NPOM3BOAHHEE DYHKUMK ¥ IO [EPBOMY APryMeuTy, 2

uepes uz — 10 BTOPOMY apryMeHTY, U [O/ICTaBI%eM MX B BHIpaxeHHe v;—a’v,. [locne ympougenmuit

noxy4aem

2
vy - a2v;'2 = as\l/t—se- :% (u2 - a2u'1'1)
Coraacto ycnosnio, up — a’uf; =0. Tlostomy v} — a0’ = 0. p
64. [oxasars, uTo dyHKRUMSI u = %, e r = \/(z=a)?+ (y=b)2+(z~c)?, npu r £ 0
8%y | 8%u 3_21_1._ _

YEOBJIeTBOpAET ypaBHeHmMo Jlannaca Au = -az—2+ 'a—yz-+ = 0.
o Nneen
Qg____l_gl‘_____l_a:-—a__z-—a _612_11___1__!_3(1;—(1)81‘__1 3(z — a)?
9z = 129z 2 ¢ 1 82 3 " s ptT

AMazoruyno HaxoRUM

Bu - 1 Sy~ Pu_ 1 3-of
S S A R S A S
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CrrafeiBag 1ocieIHHe TPH paBeHCTBa, MONyiaeM

3 3 3.3
Au=——3~+ —5((z—a) +@-b*+(2-¢) ) ._-—r—3+;5-=0. >
65. Ilycrs dymamn uy = ui(z, y, 2) ¥ w2 = u2(z, y; z) YROBIETBOPSIOT ypasHeHuo Jlannaca
Au = 0. [loxasars, uto Qymxuus v = w(z,y, z) + (¢® + ¢* + z*)uaz(z, ¥, 2) ynoBmeTBOpRET
GurapMonuyeckoMy ypasHeHuo A(Av) =0.

« IlocuenoBatensuo puddepeHUpy, HaXOIUM

v O duy v u 8%u,
3 = s +2:w.2+(1: +y +z)8z a—z—2—_32+2u2+41:—-——+(1: + 9y +z)az2.
AHaIOTMYHO
8% 3 i Puy %0 8wy % uz
3y2 5 t2u 2+4y—-——+(z +y' +2 )W' Fr Ry v 5+ 2+4Z—-——+(£ +9 4z )322'
Cnenoaarensno,

dus duy duz

2 2 2
Av—Au1+6u2+4< > +y3&—+z—5;—)+(x + 9% +7°) Au,.

Yuurtnipad, 410 GYUKUMK u1 U U2 YIOBIETBOPAIOT ypaBHenuio Jlammaca, T. e. 4T0 Auy =0 u

Aug = 0, nonyvaem
dug A Ouz
Av=6 flo—" 4 y—"+2z—-2).
v=hut (xaz 9% +’az>

H 8%Av  92Av  8%Av
axoas NMpOoU3BOJHLIE 822 0 By? ) @22 Y CKTagkiBad UX, UMEeM

u 8 uz 8ug Buy 8 uy
A(a) = 1480 +4 ( 5 tV5a oy T7am20: T og70s TV T
uy 8%uy 8 uz 8ua
+z(9y2 dz +23z2 dz +y322 dy T2 dz°

3anucuBag HmocnegHee paBeHCTBO B BUJIE

A(Av) = 14Au; + 4z—a—-(Au2) 4yl ; (Bug) + 4;;;’

1 TONB3YACH TeM, YTo Auz = 0, yGexxxaeMcs B CPaBeRANBOCTY paBetcrea A(Av) = 0. p

66. Iycts (r,y, z) — f(z, ¥, z) ects m pas mupdepeHIMpyemas ORHOPORHAI DYHKUHUL
usmepenns n. JoxasaTs, uto

(Auz)

a m
(5‘9— +v3, +§) fa vz =nn=1) ... (0 ~m+1f(z, 3, 2).

<« Hycrs (z, y, 2) — npowssoasHas GUKCMPOBAHMAd TOUKa W3 OGNACTHM OIpeNeneHus pyHK-
~wm f, a m < n. B cuay ormoponmocty, cnpasexauso pasencrso t"f(z, y, z) = f(iz, ty, tz).
Hocnenosatensuo auddepenuupys ero m pas mo i

e d ad
"t lf(z)y) Z)— f+yaf+ a:: ( -|'yay-|'z )f(tz’ty)tz)v

¥y
n= Bf | .5 8 P
n(n = W2 f(z, y, z) = 2* 7ty v y{+ ’az{+2 V5 (,’; +

#f ?f (8 o o\
+2£z-a—z—az-+2yzayaz= 15;4-#5;-{-26—2') f(tz,ty,t:),

.............................................................................
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¥ nomarag t = 1, noxyvuaem TpebyeMoe paBeHCTBO. P

67. Hycrs 1° = vw, y* = uw, 22 = wo u f(z, 9, z) = F(u, v, w). Joxazars, uro zf; +yfy+
zft =uF,+vF, +wF),
« CornacHo ycnosuio, HMeeM

Flu, v, w) = f(v/ou, vaw, v/am).

uddpepeHnmpys 370 paBeHCTBO MO ¥, ¥ U W, HAXOAUM

' _ gt w ’ v -
Fu"fy2\/w+f12\/ﬁr f: \/—+fz \/— 2\/—— fyzm (1)

Ymuosxas nepsoe us pasencrs (1) Ha u, BTOpOE Ha v, & TpeTbe Ha W ¥ CKIANHBas UX, HOIyHaeM

Fo=forr

'U'F +UF,+WFw—fy2\/—+fz?f— fxz\/—'*‘fz
+f:m+fym=

Otcona, HCNOAB3YS YCIOBME 3a[[auM, OKOHYATEILHO HAXOIHM
uFy +vF, +wFy =zfs +yf, +2f.. »
HyTem nocrenosaTensHOro AU depeHUUPOBAHNT UCKITIOUNTH TPOU3BOIBHEE PYHRKIUK © U P
68. z =z 4+ p(zy).
4 HalineM JacTHEe TPOU3BOTHEIE ITO T U MO §:

Voufl +awfy + vt

Q—Z--—1+ ' ==z
az_ Yo, ay— ® -

Cox¥M NMoXyYeHHEIe paBEHCTBA, YMHOKMUB NIepBOe U3 HUX Ha Z, a BTopoe Ha —y. Torma momnywum

xéi 92 =z.p
oz yay -
69. u=p(z -y, y-2).
4 Nmeem gﬁ- = i, g% = -y} +<p’2,_% = —h. CxIajmBag 3TH PaBEHCTBA, MONYYaeM

du Bu Bu
wTotsm=0»
70. z = o(z)¥(y).
o Umeem 92 = <P'¢, &z = ', Orciofa a—:' i Y'Y = 2"y’

a
C npyro¥ CropoHm, Frs ;y = "y CaepoBatensHo, U3 noc'Iemmx RKBYX DaBEHCTB HeENOCpe[l-
8z 8z _ 8%z
CTBEHHO BRITEKAET, UTO 7 3r = 2575, - »

T1. 2= p(en) +y (5)

4 Ucnone3ys paeencrBa

9z 1 8z 1 9z z &z z?
MM A TR O Ao
noly4yaeM Cliexyomue cOOTHOUEHUS:
32 0z 2z 2 321 2 322 2z ’
az yay ¢7 zg—z—i—y ayz’_y¢1

¥3 KOTOPHX HeNoCPeNCTBEHHO Bu‘rexae’r, YTO
i 6 z - 3%z . dz oz
922 oy oz

72, Hiﬁm npoussoAHyo QyHRUMK 2 = 1 — y° B Touxe M = (1, 1) B Hanpasmenmun 1,
L Yroa o = 60° ¢ MONOXKTEILHEM HANpaBiAcHKeM ocH Oz. .
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o Umeem %7@ = 9%(-1—200511 + —(——lcosﬂ = 2cosa — 2cos B. Taxum oﬁpaaom, —-i—l =
1-v3. »

73. Haitru MNPOM3BOXHYI0 PYyHKUMM 2z = ln(a:2 +y2) 8 Touke M = (2o, yo) B Hanpasnenuu I,
TIepNEHAUKY IIPHOM K ITMHHM YPOBHH, NPOXONAUIEH Yepes 3Ty TOUKY.

« Tockonsky BexTop gradu B Touke M opToroHaleH k IMHUM ypoBus ¢ = In(z? 4 ¢?),

npoxousueit yepes Touky M, TO HaNpaBIfIOUMe KOCHHYCH BeKTOpa | DaBHE HaNPaBISIOLIMM
kocuHycaM grad u B Touke M, T. e.

8z(M 8z( M
3z Sy
cosa = —3E ——  cosff= —FL——
Terdo = erad u(0)]
dz(M) _ 2z (M) _ 2y
Ho =5 = a0 “ov = Zeal
2 j 2
92(M) 9z( M) 2
lrad w(M) = \/ ( ) +< - ,
0z dy V/,g +9

T
MO3TOMY COS @ = Wered cosf = ,-,——,z. CaenoBaremsHo,
Yo U+ 0
0z(M)  8z(M) cosa+ dz( M) 2

al — oz dy cos f = /2% + y?

2 2 )
74. Haittn npoussogyo dysxuuu z = 1 — (E— + -y—») B Touke M = (_a_ ———) no

(23 +y5 #£0).»

a? b 22
v

b2
« TasreHnc yrita HakIoHa HOPMaJH K JaHHOK KpUBOH ollpeielseTcs popMyIon tg o = — 7%—7,

M M z
HANPABACHUIO BHYTPEHHEH HOPMAIU B 3TOH TOYKE K KpMBOM 2 +

b .
e y = ~Va? - z2. Orcoona tga = %, a HallpaBASIOUIME KOCUHYCH BHYTpEHHEH HOPMAIH BHIpa-
b a

HAIOTCH POPMYTAMU COS @ = — ~=====, €08 } = ~ —===— (MK GepeM 3HaK MUHYC, NOCKOAbKY HOD-

Popmy T 0B = s (i Gep ye, y HOp
Mallb BHyTpeHHsas). BocnoabsyeMca dopmyaol npou3BoiHoOl Mo HalmpaBaexuio © = (cosa; cos f):

dz(M) _ 9z(M) 9z( M)
3 = cosa +
n Oz Jdy

cos f3.

Bruruncass TIPOU3BOHEIE -B—ZLM f, —i—l ——- , HaxolIuM
8z a 8y

dz(M) _ W2 . w2 V2R +1) .
on avaZ + 52 by/a? £02 ab '

75. Haitrn IPOU3BORHYI0 GYHKUMK 4 = Tyz B Touke M = (1,1, 1) B Hanpasnesuu | =

(cos &, cos B, cosvy). Yemy paBHa BeIM4MHa rpaHeHTa GYHKUUU B 3TOH Touke?
Su(M Ou(M u(M .
4 OuenupnHo, "E(,x ) =1, "éy ) = 1, “éz l=1. 1o ¢opMyle NPOU3BOHOM N0 HANPABICHUIO,

NOnyuuM
du(M) (M) du(M)
ol = ar ot 3y ©
Bemmausy rpafiuenta ompeneaum no ¢popmyre

_ (00N | (@) | (ud))?

nga.du(M)“-—\/( ax,) +( 2 ) T\ =V3»

76 (Onpex)xe:mn yrox Me:xp;y rpaguentaMu yHrIMM 8 = 2% 4 y? + 22 B TOUKaX A —(6, 0, 0)
0,¢& 0

osﬂ-p%l—)-cos-y=cosa+cosﬂ+cos7.
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4 Hneen

gradu(4) = (31;(:1), Bua(yA), Bua(:i)) = (2¢, 0, 0),

_ [ %u(B) 0u(B) 8u(B)\ _ .
grad u(B) = ( % By ' 3s = (0, 2, 0).
Orciona |igrad u(A)|| = 2le], |lgrad u(B)|| = 2le|. IoacraBusas oK 3Ha¥eHUS B PABEHCTBO
(grad u(A), grad u(B)) = |jgrad u(A)|| l|lgrad «(B)|| cos ¢,

noxyvdaeMm cosp = 0, T. e. ga=£ »

77. Hoxasa’rs 410 B TOMKE Mo = (24, %0, 7o) YTOT MeXIy TPaRUEHTaMH beHI(I.(MH u=azg®+
by? +cz?, v =0z +by +ez? 4+ 2ma +2ny +2pz (a, b, ¢, m, n, p — TMOCTOARHEIE U 4 245242 #0)
CTPeMUTcH K Hyllo, eCIM Touxa M, yhgaaserca B 6ecxc0}{equocn>
« Nueen cos p = Sdmgndy) o,
llgrad u]j [{grad vi|
grad v = (2azo, 2byo, 2¢20), grad v = (2azo + 2m, 2byo + 27, 2cz0 + 2p),
llgrad u}| = 2\/(azo)2 + (byo)? + (c2z0)?, |lgradvj| = 2\/(0.1:0 +m)? + (byo + n)? + (c20 + p)°.

TOI‘IIB. yrox @ onpeneniercs U3 paBEeHCTBA

azo(azo +m) + byo(byo + n) + c20{cz0 +p) .
v/ ((a20)? + (bgo)? + (c20)?)((az0 +m)? + (byo + 1) + (cz0 + p)?)

Briuncaum sinp u moxaxem, uto sin @ — 0, ect \/z2 + & + 22 — oot

— 2 _ 2 — 2
Isiw|=\/f°_—cEsz_¢—.;\/((u (azon — byom)? + (azop ~ czom)? + (byop — czon)
o}

P + (byo)? + (cz0)?)((sz0 + m)2 + {(byo + n)? + (cz0 + p)?)’

Monssysce HepasencTBaMu 2|zoyo} < 22 + 92, 2zozo| € 22 + 25, 2oz} < ¥2 2+ z§ ot oﬁzoauaqaa
HauBGONBIWMA N0 abCONIOTHON BelM4MHe U3 Ko3(POUUUEHTOB YUCIMTEN NPY I3, Y5 U 25, 4epes
A%, nonyvaeM oleHKy

cos P =

(azon — byom)® + (azop — czom)® + (byop — czon)2 < Az(xg +9s +2).

He orpasifuBas oﬁumocm Gynem CHUTATE; 4TO 4 #0,b#0, c#0. Ilycrs B = min{|a}, |}, |cl},
Torna a’zd + 62yl + ¢?22 > B2k 4+ 42 +20)
Taxum o6pa3om, UMeeM OLEHRY
A\/2——2_—2
0 Jsingl < tht =
By/z? + y2 + 22+/(azo +m)2 + (byo +n)? + (cz0 + p)?
= : (1
B\/(azo + m)? + (byo + n)? + (cz0 + p)?

Ouesnnno, ecnn \/z3 + 42 + 22 — o0, 10

V(azo + m)2 + (byo + n)? + (cz0 + p)2 — oo

TO3TOMY M3 HepaBeHcTBa (1) clemyer, uTo sin ¢, a BMecTe ¢ HUM M { CTPEMHTCE K HYIIO, eCiit
touka My ynansercs B 6€CKOMEMHOCTD, P

78. Hycrs v = f(z, y, z} — nmeaman nuddeperuupyemas pyuxuus 1 I = (cos a1, cos fy,
cos 1), &2 = (cos arz, cos Bz, cosy2), Is = (cos &, cos P, COSy3) — TPH BIAUMHO MEPETAUKYILP-
HHX HallpaBaenud. [JokasaTs, 4ro:

Bu du AYNCAYE
oy = (%) + () + (%)
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?u  %u  Pu  Pu  FPu  FPu
O taE ToE o o Ton
<« 2) Haxonum npoussonusie yHrIMu u 1o HanpasyenuaMm b, b, la:

8 du du ou

—BTI = Ezcosm + acosﬁ; + -a—zcos'y;,

v  Ou du du

FTe 35 o5 + — 9y cos 32 + 05 T2, (1)

-al aucos +8 cos B +§—cos
FTR o3 3y 3 ¥3-

O1coNa HeoCPeCTBENHO CllefyeT:
du\? | (Ou\?  [ou\? _ [ou)’
(51%) + (mu;) + (51%) = 5% (cos2 a1 + cos® a3 + cos? o3) +

) 2
) i
+ <3—;) (cos® B1 + cos® B2 + cos’ f3) + (53) (cos® 11 +cos” 12 + cos” 73) +

du Ju

+ 28—1 a—(cos o1 cos By + cos arz cos 2 + cos s cos f3) +

23— %—(cos @1 COS Y1 + COS 0r COS Y2 + COs a3 €08 ¥3) +

ou 3
+ 2511 ;(cos B1 cos 71 + cos B2 cos ¥z + cos 3 cos v3). 2
y 0z
Tlockoxsry MaTpuia
cosa; cosfi Cosyi
cosaz cosf2 CosTY2 3)
cosas cosff3 COsvya

ABJSETCA MATPHLeH Iepexona oT opTOHOpMUpoBanHoro Gasuca (1, , k) K OpPTOHOPMUPOBAHHOMY
6asucy (li, Iz, I3), To oHa o6iamaeT TeM CBOHCTBOM, YIO CYyMMa KBaiPaTOB 31eMEHTOB 1060l
CTpokH (cTON61a) PaBHa eAUHHIE, @ CyMMa TIPOM3BENEHNI COOTBETCTBYIOMMX JIEMEHTOB ABYX pas-
JAMYHEX CTPOK (CTON61OB) paBHa HyIO.
2 2
du du
Taxum o6pasom, B paBencTse (2) K03PPULMEHTH IPK KBaZpaTax IPOM3BOLHBIX (5;), (5;) )
du Su Su 8u fu 8u Ou
( az.) PaBHHI €IMHHIE, 3 TIPH NMPOU3BENEHMAX NPOMIRONHEIX Z= oo, o= 5o, 5o 5. PABHHL Hyimio.
Y4nthBag 570, #3 PaBEHCTB (2) HENMOCPENCTBEHHO NOXYYaeM PaBEHCTBO a).

8 Bu

B3y _ 6
6) Haxomum 57 = iy \3i; ) TBE &, ONPENeIeHO NIEPBEIM U3 paBeHcTs (1):

9* 9* 9% Fu
bl—: = :3-z—:cos2 ay + — e cos® ﬂ1+ cos 7+
1
2 2. 2
+2 B z cosay cos fr + 2 gu cos &g cos Yy + 2 °
. dydz

3z oy 8z 0z
8%u  8%u
AHaJOrM4HO BHYHCIAEM 77, 57 CrralbBagz noxyueHHHeE PaBEHCTBA, HAXOXUM
2 3

Pu  Pu Py &
E t5E £ t5E T 5}12(0052 o + cos” az + cos” a3) +

cos f1 cos 71.

L )
+5;2—(coszﬁ1 +00§2ﬁ2+6052ﬁ3)+-é—:(0052 " + cos” vz + cos” y3) +
2,
+2 925y (cosalcosﬂl+cosa2cosﬂ1+cosascosﬂa)+
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+ Zaa:;z {cos &y cos y1 + cos a2 cos 12 + €08 ar3 €05 73) +
+2 aaz e (cos B1 cos 11 + cos B cos vz + cos B3 cos s ).

O1cioma, BOCIONBL30BABIHMCH CBOMCTBOM MaTpUUH (3), IOJy4nM PaBeHCTBO 6). b

79. Nycrs u = u(z, y) — nuddepeniupyemas GyHKIH 1 TpH y = 5° UMeeM u(z, ) =1un
O = z. Halitu O mpu y =
9z~ dy pry=a-

<« Tockoxrry, Mo ycnosuio, u(z, £°) = 1, To oTcONa, HCIOABAYS NUddepeHIUPYEMOCTD PyHK-
8 .
UK ¥, MoayHaeM 3-u(z, 2:2) =0,T. e

du(z, 2%) + du(z, 2:2)2z _

=0. 1
oz oy (1)
2 2
Ho, no ycrosuio, 2 52~ = z, mosTomy ua (1) caenyer, 4O ﬁ%;z—l = —%. >
%u  Hu

80. Iycts dynruua v = u(z, y) YIOBIETBOPAET yPIBHEHHIO 37 = ( u, KPOMe TOTO,

a2
cxenyoumM yciosuam: u(z, 21) = z, up(z, 2z) = r°. Haittn uz.(z, 2z), ui’ly(z, 2z), uyy(z, 2z).
« [luddepenuupys obe wacTu pasencTsa %(z, 2z) =z mo z:
ug(z, 22) 4 2uy(z, 22) =1
¥ TOJL3YSCh PABEHCTBOM u4(Z, 27) = z°
cHoBa nuddpepeHHpyeM IO z:
22 + 2uy,(z, 22) + duyy(z, 22) = 0.

OTcofla, y4UTHBAA YPABHEHHE Uj, = Uy, H TOKNECTBO Uhy = Uy, , NOAy4aeM

, ogy4aeM 2 + 2u;(z, 2z) = 1. Hocaennee PABEHCTBO

2ug,(z, 2z) + Uy (z, 27) = —2. (1)
Hanee, nuddepennupys pabeHcTo ul(z, 2z) = z° 10 T, uMeeM
upe (2, 22) + 2ugy(z, 27) = 22. (2)

Pemas cucremy ypasHenuit (1) u (2) oTHOCHTENBHO g, Uy, M YYUTEIBaH, 4YTO Uz, = Uy,
HaXOIUM

. 4 5
up(7, 27) = uyy(z, 22) = ——;—, ugy(z, 2z) = ?z >

. 2
81. Haitrn pemenste z = z(z, y) ypasuenus a—z = z% 4 2y, yloBIeTBOpIOUIEE YCIOBUIO
) Y
z(z, 23 = 1.
<« Unrerpupys ypasHeHue no y, HaxonuM z(z, y) = 22y + y* + ¢(z), rme ¢ — moka Heolpe-
AeleHHax Q)yma.mx an HaxOXAEHUA HeUaBeCTHOM QYHKIUM cp HCIoxs3yeM ycuosre z(z, z°) =

1 R z.'(z:é ) = z2z? 4+ 2* + p(z) = 1. Otrcioma p(z) = —2z* + 1. Taxum obpasoM, z(z,3) =
z y+y -2zt +1.»

82. Hai &
. Haittn pemenue z = z(z, y) ypasnenus 50 = ° 4+ y, ynosieTBOpSIOUIEE YCIAOBUAM
z0y

z(z, 0) = z, 2(0, ) = ¢°.
< Umeenm
x

da(z, 2
-i(i,—yl=/(z+y)dz+<ﬁo(y)5%—+w+¢o(y),

0

4 2 2 2
z(z, y)=/ (%+zy+<ﬁo(y)) dyaz—z-‘f+-’—§-+¢(y)+¢(z),

o
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tne (y) = fw(y) dy.
0

Ucnoneays ycuosue z(z,0) = r, Haxomum z(z, 0) = ¥(z) = r; cremosateasHo, z(z,y) =
2 2
L HE L o(y) 4z
Hanee, us yeaoHs z(O y) = ¢? caenyer z(0, y) = ¢(y) = y*. Taxum o6pazoM, OROHUATETEHO

umeeM z(z, y) = -‘-—“-iﬂ-+y +z.»
32
83. Haiiry pemennue z = z(z, y) ypasHenus 2=, YHOBIETBOpAIOUEE YCIOBUAM 2(2, 0) =

ay?
1, zy(z, 0) = z.
« AHaJOTHYHO IMpeRHRyLeMy M =2+ ¢(z), 2(z, y) = ¥° + vo(z) + 9(2).
IIpunsiMas BO BHuMaHKe, uto 2(z, 0) ¥(z) =1, z4(x, 0) = p(z) = =, OKOHHATENLHO HaXOTUM

z(z, y)=y2+zy+1. »
Haittu nponasonnyo crenyomux orobpaxenuit fo g:

B4. 1:(r,0) ([ 557), g:(z,y)»»(”z*y”z),ecm

Tsin @ arctg ~
& z

g=rcosp, y=rsing, (r,9)€D, )
D={(r¢):0<agr<ROILp2r—-6 0<§<2n}. (1)

<« Ilo dopmyne muddepenurpoBating CI0KHOTO 0TOGpaKeHUT HAXOMUM

(fog)=f" g—-(c°5“’ "’Sin*’) (m 7?577) (2)

sing rcosp s o

Hockonsry 22 + 3 = 7%, To us (1) u (2) noxywaem

Zcos @ rysin ¢ ycose _ resing
' \/12+y2 z24y? \/,2+y 22442
(fog) - x sin @ TYCos @ ysin ¢ T COS @

VT2 hy? 224y3 Vriry? z2+y?

T Cos ¢ z2+112
85. fi(r,0,2)— | rsinp |, g:(z,9,2)~ atctg-; , ecIn

z

z
z=rcosp, y=rsing, z=2, (r, ¢, 2)€D, (1
D={(r,0,2): 0<a<r <R 02 -6 |2| < H, 0<6<2rn}.
< Umeem
(fog) =f-g'=

z zcos&_{_rysinw yeosy _ rEsing 0
(cosga —rsin g 0) P19:  elig V= rer B YR v Sl o

0
simp TCOS @ 0 I _z 0= z sin ¢ Ef—cﬂ%ﬁ y sin +r:cos¥ 0
134.‘.,2 ;2.6”2 . o 734y 7$3+y2 . xé4y

0 0 1 z34y?
0 1

Yuurersan paseucrsa (1), OKOHYaTeRBHO HAXORUM

100
(Feg)=[(0 1 0}.»
0 0 1



§ 2. YacTEHe nporssoRHNe B auddepennuars GyHEUHE BeRTOPHOTO apryMeRTa 145
88. Iycre

/22 +y2 +z2

7 cos psin § arctg ]
gi(r, e, 0)— | rsinpsing |, f:(zy, 2)— z ,
rcos ¥ arccos

(re,0)eD, D={(r,¢,0):0<ar<R O0Lp2r—60<0x 0<6< 27},
r=rcospsind, y=sinpsinf, z=rcosh. (1)
Haittu (fog) u (gof).
<« Tlo dopmyre puddepeHitHpoBaHus CIOKHOTO OTOGPAKEHUS, HAXOLHM

(fog)=f.-¢'=
T Yy .
;’2"'”;""2 \/‘2"’,”2‘“2 \/’2"’6’2*’2 <cos<psin0 —rsin @sin 8 rcos<pcos€>

z

= T Zi4y? 2y’ singpsind rcospsinf rsinpcosd
zz yz _ /e 4y? cosé 0 —rsin @
Vaity¥(attyitat)  yfrityd(aeyd4s?) z24y?tz?

YMHOXMB MaTPHIH ¥ IMOJCTaBMB BMECTO Z,y ¥ Zz MX 3HaueHns u3 (1), moxyuum

100
(fog)':(o 1 0).
0 0 1

100
{(goPH'=10 1 0].»
0 01

87. Haittw F', eciu F = (fo go h)(s, t, u),

fi(z,y)»—-»(\/z2+:2), g:(r,‘P)"‘(TCOS‘P)’ h:(s,t,u)H( sty )’

arctg z rsin @ 242 4P

AHaJIOTHYHO HaXONUM, YTO

T=rCcosp, y=rsing, 7= sty p=35 +1 4.

<« Yimeem
F=f.¢gn.
B cuany accoumaTHBHOCTH NMpOU3BEZEHHA MATPHII, CIPABENIHBO PABEHCTBO
F = (fv"gl)‘hl'

A mockoxsKy

f-g'=<7’:=+ﬁ 7:5.,,%) (cos<p —rsimp)=(1 0)‘ h;=(tu su 3t)’

i 0o 1)’ 2t 2u
p e o sin @ Y COS @ 23

j.,

TO
F'—-(l 0)(tu su st)_(tu su 3t) >

TN0 1/\2s 2t 2u) T \2s 2t 2u)°

YopaxaeHHS IS CAaMOCTONTETHHOR paGoTH

Halitu yacrHsie npousBonKEe cAeXyOMUX ByHEIMIA:
17. f(z, y) = 5'3!'—’1. 18. f(z, 9, z) =In(zy?2%). 18. f(z,9) =z*y+ 227y + 29 + 2~ 9.

x 2 . &
20. f(z, y) = w21 f(z,9) = 2. 22. f(z,9) = (22°y* -2 +1)°.
23. f(z,y) =arctg L. 24. f(z,9) = \/s2+9?> ~z+1. 25. f(z, 9, 2) = /o2 + 92 + 2%
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26. f(z, y) =2°7Y. 27. f(z, y) =In(z® +sinzy). 28. f(z, 9, 2) =In(z® +2¥ +tg32).
29. f(z, y) = cos(2z + 3y +1). 80. f(z,y) = eV, 31. f(z, y) = (z + ).

32. f(z, y) = arctg 2L, 33. f(z,y) =2 ¥. 34. f(z, y) = In(e® + 2¢¥).

1-zy

35. f(z, y) = arctg ;’g. 36. f(z,y)=zy~- % + %

37. f(z,y, 2) =2>+ 92 + 2* + zy+ Tz + yz + zy2. 38. f(z, v z) = (zy)*.

39. f(z,y, z) =2". 40. f(z, y, z) = arctg z + arctgy + arctg z.

Haittu nuddepenimais cregyoummx yHrumit:

41. f(z,y) =sin(z* + 9%). 42. f(z, y) = arccos (zy). 43. f(z, y) =Intg %

44. f(z,y) = arctg (22 + ¢°). 45. f(z, 9, 2) =In(z +y — 2). 46. f(z,y) = z¥.

47. f(z, y) = cos(zy). 48. f(z, ) = 2° +¢° - 2y.

49. f(z,y) =e~"¥. 50. f(z,y, 2) = 2y + ¢’z + 2%y,

HenocpencTBeHHHM BHYUCIEHUEM IPOUIBOTHEIX IPOBEPUTE TEOpeMY Jitnepa 06 OFHEPORHBIX
PYHRUNIX:

1
= . z+y4
51. f(2,9,2) = (a* +9" +2) 2l Z. 52, f(z,y, 2) = Yoz 53, f(z, v, 5) = sin AR,

= z - 2 2 2 = z
54. f(z,y, z)= m 55. f(z, 9, 2) = /22 +y% + 22, B6. f(z, y) = arctg -
Haijtts 4acTHite mpoMaBogMEle EPBOTO K BTOPOIO MOPAAKOB B CIENYIOUWMX TIPHMEDPaX:

57. f(z,4) = -;-111(2:2 +9%). 58. f(z,y) = arctg fj:y.

59. f(z, y) = zsin{z +y) + ycos(z +y). 60. f(z, y, 2) = /2 +4* + 22

Halitn npoussonHEle MePBHX NBYX NMOPANKOB OT (hYHKLMI:

6l. u=p((,n), E=2+y,n=2-y 82 u=p(§n), =" +¢" + 2% n=1yz.

63. u=¢(¢,m), E=5,n=1. '

64. T 2 2 2 u Ju 8u u Su u
. Ilokasate, uto ecaun z° =€, y* = (£, z° = (7, TO 25;+y3§+z-5;=6-5+17§,;+C5?-

65. Hoxaras z = arcos® ¢, y = brsin® ¢, HaitTn AKCGHMaH

w it

gz B2
ar 8¢
oy oy |-
gr B¢
66. Ilogaras z = arcos® psin® 8, y = brsin® psin® 8, z = cr cos® 0, HailTu sxo6uaH
bz 8z Oz
o By 08

Die,yz) _ | 8y &y

Dlre ) — |8r By 6}

(r ¢, 8) o % 5
ar By 86

67. Ilonaras z = £9¢, y = £n — €nl, z = n — £n, HaliTH AROGUAH %(%—'yﬁ%.

68. [loxasaTs, 4TO eCOM T = cO5¢, y = sinwcosh, z = sin psin Hcos¢h, To IKO6MAH paBeH
—sin® psin? Osin 9.

69. [oxasaTh, 4T0 NpH #; = —e up = —%2— y; = —2— 1me 12 = 2% 4 y? + 2°
’ P V1-r2 ’ Vl—r” Vi-r? ! y !
CNPaBENIUBO PABEHCTBO

D(uz,uz, us) _ (- rz)—g‘

D(zx1,z3,%3)
2
8u 2 8%u 1 -
70. Iposepurs, uro o =0 gg3 CCHM U = —me 4aPt,

: du Bu Su _ _[=
71. Ilposepurs, 4ro z 5= tyg o5 =0, ecmu= (y)

Briuucaurs srpakenus:
8%y 8y 82
72. oy —2-5;3; + -67.5‘-, ecliy 4 == <p(z +9).

83%u 82 84 \?
73. 57 -5} - (5;5‘;) , ecan o = o(zy).

@ |n
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Hponepxrh clenyloliye paBeHCTBa:

2
8 8 8 _
74. (za+y;‘;+z—) % =0, u_\/z2+y2+22.

5. g:+ +-——=c+y+z u-ln(z +y + 2 - 3zyz2).
a 1a & 8 8 -
76. ia: y-é-!’7= y’,,z—y‘P(z +9?). 77.vﬁ—m—'§—2a~a—;=a2u,u=e oz —y).

8%u 8%
8. 55 ~ 557 = =20, u=p(y—z)—zp'(y - 2).
. z2

8z z bl
79. (2? -—yz)s;-f-:cyg; =zyz, 2=¢eYp | ye2¥* |. 80. -—+ ag2 2 =0, u=In(z? +¢%).

81. $2§—:+2$y818y+y ay2 _0,,ecnnu=x<p(§).
82. z 28 = +2zy8¢8y+y2-g—y';—= (n=1)u, tne u=z"p (%)+ml'"<p (1)

: T
83. %2‘._2::—83'4.5-”—2-_0, ecn u = zp(z 4+ y) + y¥(z + 9)-

., 2 2 2 a2 )
84. a* (u%; - (~§—:) ) =} (ug—y% - (g—y) ), rae u = play + be)y(bz — ay).

su 8%u _ 8u 8% _ 6 lnz @' (2)¢'(y)
85. - o5 B3 = By a7 SO U= fz + o(y)). 86. =2z, 2= COrTTONE

§ 3. HesiBHbie QyHKIUM

3.1. IIpHBUHEN BeNOgBHKHOH TOYKH.

Iycts X — MeTpu4eckoe IpOCTPaHCTRO.
Onpenenenve 1. Onepamop (omobpaxenue) A : X — X Ha3bi6GemMca CHUMAIOUUM, €CAYU

36 €0, 1[AVz, y € X : p(Az, Ay) < bp(z, y).

3 onpenenenus ciegyer, 4T0 ONEPATOp A YHOBAETBOPSET YCI0BHIO JIMITIINIA K, CIE€NOBATE b
HO, PAaBHOMEPHO HEIPEPHIBEH.

Omnpegenenne 2. Touxa T € A nasvicaemes nenodsux noil mouxoil onepamopa A, ecau
AT =2 m. e. €Ciu 0ONG REAREMCR PEUERUEM ONEPAMOPHOZ0 YpasHenus AT = x.

Teopema (Kauunononau—ITukapa—Banaxa). Besxuli caumawuwus onepamop A, omobpa-
aawuutl noaroe mempuuecxoe npocmpancmeo X 6 CebR, UMEEM 6 3MOM nNpocmpancmee eJun-
CIBERNYI KENOTEUNNYIO MOUKY.

3.2. Onpepenerue HexBHOH QYHEUHM.

Mycrs 3apano orobpaxenne f: X xY — Z, me X C R™, Y C R", Z C R, npuuem
MHOKeCTBO Z CONEPIKHT HYJIEBOH 3JdeMeHT IpocTpanctBa R™.
PaccmoTpuM ypapnenne
flz, y)=0. (1)

Ecnu cymectsyior Hemycrhre MHoxectsa E C X u F C Y Tarue, uro Vz € E ypasuenue (1)
HMeeT eMHCTBEHHOe pelleHre ¥ € F, To MOXHO olpeneiuTts otobpaxkenne ¢ : E — F, mocrasus
B COOTBETCTBME KaXpoMy & € E 1o sHauenne y = (), y € F, xoTopoe npy 370M T sBAIETCH
pemenneM ypasreHus (1). B s1oM ciyuae ypaBuenue (1) onpegenser ¢ Kak HesBHoe oToGpaxkeHue
E — F .z~ (), KOTOpoe HA3WBACTCA HeA6HbIM omobpanenues (IIpu n = 1 — Pynxyued),
onpeferfeMEM ypasHeHueM (1).

3.3. TeopeMH 0 HesBEOH GYyHEXHH.

IlycTe 3agaHo ypasHeHHe

f(z1, z2, ..., zm, ¥} =0, 8))]
KoTopoe aamuimeM B BuRe f(%, y) =0.
3neck z = (21, T2, ..., Zm), T € S (%0, a), T = (z3; 23, ..., Zm), ¥ € S(%0, b), S(%0, b)) =

Jvo — b, yo + b[. O6oznaumm D = S(xo, a) X S(yo, b)
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Teopema 1. ITycmov dynxuus f: D — R ydosaemeopsem cacdyoujus ycaosuss: 1) f ue-
npepvieras 6 D u f(zo, yo) = 0; 2) 6 D cywecmeyem wacmuas npoussodnas f,, nenpepvisHas 6
mouxe (%o, ¥o); 3) fy(®o, o) #0.

Tozda 36 €]0, a[A Je €]0, b[ maxue, wmo ypasnenue (1) onpedeasem eduncmeennyw Gynxyun

y: 5(2o, 6) = S(wo, €), ()
Henpepbishywo & wape S(To, §), u maxyw, ymo y(Zo) = Yo.

Teopema 2. ITycmu evinoanensi 6ce ycrosus meopesvi 1 u 6 obaacmu S(%o, §) x S(yo, €) C
R™H cyuecmey0m nenpepsisHbic npou3seoousie f;j, j=1,m, f,, npusex f, # 0. Toeda nessnas
dynxyus y : S(xo, 6) — S(yo, €), onpedenennas ypasrenuen (1), duddepenyupyenma 6 xaxdot
mouxe wapa S(Xo, §), a €€ yacmubie NPOU3EOdHBIE EHINUCARIOMCK N0 POPMYAAM

fz;(=, 9) —
! &1 3 .
Yo (&) =-—"F——, =1, m. 3
EJ( ) f}j(xy y) ( )
Iycts 3anana cucrtema ypasHeHuMi

fi(2'1,I2,.--,17m, yl:y%"-:yn)‘_“oa 1= y 1,

KOTOPYIO 3allMllieM B BHJe OJHOTO BEKTOPHOIC ypaBHEHUHA
flz, y)=0. (4)

3neck & = (21, £3,..., 2Zm), & € S(%0, ), @ = (23, 28, ..., 20), ¥ = (41,92, ..., ¥n), Y €
S{Yo, b), %o = (4, 93, ..., 97). O6ozmauum D = S0, a) x S(y,, b).

Teopema 3. IIycmov omobpamenue f: D — R™ ydosremeopsem caedywusun yciosusn: 1) f
nenpepuisnoe 6 D omobpanxenue u flxo, ¥,) = 0; 2) ¢ D cywecmeyem vacmuas npoussoduas

afy 8
gz}(% %) (20, %) - -g-ﬁ-(w %o)
a
fo,g)= | (%) A w) - Gr(Ee %)
L [ N ’
8fn n 8fn
E(mo, '.'lc) 3“(30: yo) 5",%( Q) yo)

nenpepuisnas 6 mouxe (Zo, Yo );

3) det f, (%0, ¥5) = Dlnafanntn) £ ) g moue (20, Yo)-

D(y1, y2, s ¥n)
Tozda 36 €]0, a[A Je €]0, b maxue, ymo ypasnenue (4) onpedersem eduncmsenroe omobpa-

Henue
y: 5(30, 6) - S(ym E),
Henpepuisoe & aamxnymon wape 5(To, 8), u maxoe, ymo Y(w) = y,.
Teopesma 4. Ecau svinodnens sce ycnosus meopemvi 3 u 6 obaacmu D cywecmeyrom we-
npepsienvie yacmusie npouseodnvie f,, f,, a mampuua f, (=, y) obpamuma s smoti obaacmu, mo
omo6paxerue y : S(xo, §) — S(Y, €) uPpdepenyupyeso s xaxdod mouxe ¢ € S(xo, §) u npu

¥'(2) = ~(f, (=, ¥)) ' fol=, ¥). (5)
3.4. OGparHoe oTo6paskenme.

Hycrs 3agano otobpaxenne f: X - Y, me X CR™ Y CR".

Ecau nua kaxgoro y € Y ypaBuerue f(:c) = Y UMeeT EQUHCTBEHHOE pelleHye T € X, To Ha
MHOXeCTBe Y MOHO OpeNeruTs orobpaskenue f° : ¥ — X, MOCTABUB B COOTBETCTBHE KAXMIOMY
¥ € Y To anadenne x € X, ROTOpOe MpH 5TOM Y SBAETCE pellenneM ypashenus f(z) = y. Tax
ONpeneleHHoe orospaxcerme HA3BIBAETCA 06pamHbiM IO OTHOIIEHUIO K 0'1-06pa>1ceﬂmo f.

ﬂcuo, 4To oTOGpakenue f ABATETCA O6GpaTHEIM oTobpaskenmio f !, moaTomy oTobpaskenus f
u f! HasmBaloTCA B30UMNO 0BPAMNBIMY.

U3 gannoro snme onpenefeHus cleayer, YTo

FRe))=2 vVzelX,

1
)=y VyeY. @
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Teopema. ITycme omobpaxenue f : X — Y ydosaemeopaem caedywouus ycacsuss: 1) f
nenpepsiono 6 X u y, = f(2o), To € X, Yo €Y; 2) 6 obaacmu X cywecmeyem npouseodnaa f,
HENPEPLIGHAR 6 MOYKE Ty, NPUNEH KAMPUUG

g—ii-(wo) %(zo) '%zf_::(m")
) G o G
neswpowdena, m.c. det f(z0) = FIL- Ll (a0) £0.

_ Tozda 35(w, €) € X A 35(y,, §) C Y maxue, umo 3as cyxentz omobpaxerus f wa wap
S(%o, €) cywecmeyem eduncmeensioe Henpepbistoe omo6paxcenue ' : S(y,, 8) — S(%o, €), npu-
HuMGIOUEE JHANENUE To Npu Y = Y, m.e. FH(y,) = @o.

3710 oTobpaxkenue audDEPEHIMPYEMO B TOUKE ¥,, ¥ eI'0 IPOM3BOAHAS B 3TOH TOUKe BHIMHUCIS-

ercs 1o dpopMyie .
Iyt -
(F (%) = (F (=)™ (3)
Ins axobuaHoB ua hopMynsl (3) M0xy4aeM paBEHCTRO

-1 -1 -1
D(l 3 J2 s Jn

D(yly Y2, .oy yn)

) (4,) =

: {4)
D(fls f2) ceey f")
D(It‘l, L2y vuuy In) ((Co)

Ilpu gopMyauposke GoxplHHCTBA 3aa4 3TOTO maparpacda MPejnoIaraeTcs, YTO BHITOIHEHE
YCIOBUS, 06€CNeYHBAONHE CYMECTBOBaHMEe HeIBHEIX DYHKLUMH U UX COOTBETCTBYIOMMHX ITPOH3BOM-
HHIX.

88. TMoxasars, uro dyuxmus [upuxae

_} 1, ecam =z pamoHamwHO,
y= 0, eciM I UpPPaLMOHANBLHO,

Pa3phIBHAS B KaxI0# TOUKe, yIOBICTBOPSET ypaBHenuio y° —y = 0.

<« B panmonansubx To4Kax 3HaUeHue Q)ymcuvm ¥ ¥ ee KBajpaTa y° PaBHO eNUHULE. HOSlOMy
B 3TMX TOYKAX BEINONHAETCA PABEHCTBO §° — y = 0. Ech £ uppaumoHaisHo, To y =0, 3> =0, u
MEI CHOBa Y6eXTaeMCH B CIPaBeIIMBOCTH PaBeHcTsa y° — y = 0.

Taxnm 062pa30M, NpH BCeX JEHCTBHTENBHHX 3HAUEHHAX T yHKuus [upuxie yaoBaeTBOpAET
ypasHewo y° —y = 0. »

89. Iycrs dyuxums f onpenenena Ha UHTepBate Ja, b[. B xaxomM ciy4ae ypasHeHHe

f(zly = 89
uMeeT npx o < T < b eguHCTBeHHOE HenpepHBHOE pemenue y = 07
« Ouesnano, ¥ = 0,a < z < b, FBaAETCH HENPEPHBHHM pelleHHeM ypaBHehus (1) Tpm
mo6oit dyuriun f, onmpepexenHok Ha uutepsaie a, b[. Ilycts y = y(z), ¢ < z < b, — npyras
HenpepHBHAA QYHKUUA, ABIAIOMAICH PelerneM ypaBHenns (1), u Touxa zo €la, b[ Taxas, uro
¥(2o) # 0. Ua HenpepusHocTH y cilemyeT, 4To y(r) # 0 Ha HexoTOpOM MHTepBaie la, B[Cla, B,
CORepKAUeM TOUYKY ZTo. Torda AJA BHINOJHeHWA papenctsa f(r)y(r) = 0 ma m-trepnane 1o, B[
HeoGXonMMo U ZOCTaToYHO, 4To6H f(r) = 0 muas Bcex z u3 MHTepBada |&, B(Cla, b
Taxum 06pasom, ecin MHOKECTBO Hy el GyHKUMM f He 3alOIHAET [{eTMKOM HHKAKOM HHTEpBA T

Ja, 8[Cla, B[, T.e. Hurme He mmotHo Ha Ja, b[, T0 y = 0 — enUHCTBeHHOE HENpepHIBHOE pelteHUe
ypasHenux (1). »

90. Iycrs dyrkuMyu f M g ompeneseHH M HenpepLIBHE B MNTepBate Ja, b[. B kakoM cryuae

ypaBHeHHe
f(z)y = g(z) ®
uMeer HA MHTepRage |a, b[ enuncrBeHNOe HempepHBHOe pemenue?
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« llycts ypasHenue (1) MMeer IBa HelpepHIBHBIX pelrenud y = y(z) ¥ z = z{z), a < z < b,
T.€. ;yc’m f(z)y(z) = g(z), f(z)z(z) = g{z). Orcwoma crenyer, uto f(z)(y(z) — 2(z)) =0, a <
z <b.

TaxuM o6pazoM, pemenus y M z ypassenud (1) cCOBNagaioT, eciM OXHOPOXHOe ypaBHeHue
f{z)y = 0 uMeeT enuHCTBenHOe HeNnpeprBHOe pemekne y = 0, a < ¢ < b. Dro, B CBOIO OHepens,
BO3MOXHO JIWII5 TOTA, KOTIA MHOXECTBO HyJel QYHKIMH f HMITe He IUIOTHO Ha WHTepBaie Ja, b
{cM. mpuMep 89).

Ecmn f(z) # 0,ea < £ < b, To oueBuaHo, § = T(Lz% — €IMHCTBEHHOE HETPEPHIBHOE pelieHHe

ypasHenns (1). Ilycts f ofpaumjaerca B HyTh B HEKOTODOM HUIAE He IJOTHOM MHOXECTBE TOHEK

{¢} Cla, b[. Torma oTHomenue % He onpefieseHo Ha MHOKecTBe {£}, a ynkumus y = % sBAgeTCA

pelilenueM ypasHerus (1) Toxbko Ha MHOMeCTBe Toek WHTepBana Ja, b, B KoTophix f(z) # O.
Ecan notpeGosaTs, 4To6H CymecTBOBaX KOHEUHHIR mpegen
z
==t f(z)’

4710 BO3MONKHO JWIIB B ciayyae, korma ¢(§) =0, £ € {£}, To pynruns
9(2)
f=)'

z+— i () z =
l‘f’f( P ¢ Eefé),

6yZeT eMHCTBEHHBIM HellpepHIBHKM pellletineM ypassennus (1).

Wrax, ypasuenue (1) uMeeT exuHCTBeHHOE HENPEPHBHOE PelIEHHE, €CIU: 1) MHOXKECTBO TOYEK
{€}, B xoTopHx f(¢) = 0, Hurne we mroTHo Ha ], b[; 2) g(¢) = 0, € € {¢}; 3) cymectByeT KOHeUHHI
npenen (2) Axs Bcex todek £ € {¢}. »

91. Tycrs namo ypasuenue

T

€la, b, T #&, £ €{¢},

«* + y2 =1 (l)
u
z—y(z), -1€r<1, (2)
— yHKIMA yRoBIeTBOpSIoWas ypasrenuo (1).
1) Cxoasko dyurumit (2) yyossersopser ypasHenuno (1)?
2) Cxoabko HelpepHIBHHIX (yHEIMi (2) ymoBiaersopder ypasuenuo (1)?
3) Cxoasko HempepHBHEIX (ynrimit (2) ygosrersopser ypasHewuwo (1), ecmn: a) g(0) = 1;
6) y(1) = 07
<1) CDymcmm, YHOBIAETBOPAIOMWMK YPABHEHHIO (1), Gecumcaennoe MHOXKECTBO. Hamnpumep,
ects zx = —1 + & (k =0,n;n=2,3,...), To Za% mo6oro n = 2, 3, ... GyHKIMs

V1—122, ecim zok €7 < Toktl,
Yz —V1-22, ecam Zakg1 € T < Tak42,
0, ecin zr=1,
rae k =0, n, yaosiaersopseT ypasHerumo (1).
2) Ecan z — npoussonsHoe ¢ukcupoBannoe uucao u3 cermenra [—1, 1], To ypasuenue (1)

HOMYCKaeT ABa pEIlEHHI:
y=vV1-22 y=—v1-2°%

TaxuM 06pasoM, MOXKHO ONpeReMTh IBe HENPEPHBHEE GYHKIMu ¥ = V1 — 22 u y = —/1 — 22,
—1 < z €1, ynosaersopaomue ypasHeruo (1).

3) OueBMgHO, TOABKG OHA M3 HalleHHKX B MPEXHAYMeM nyHKTe QyHEIMit y = v1 — 22 yao-
srersopser ycuosyio y(0) = 1. Ycaosuio 6) yaosaersopsoT ofe byHRLHMA. >

92. Hycrs mauo ypasHenue

2=y (i
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u
z - y(z), —0 <7 <+, (2)

— (hYHKLMA, YIOBNeTBopoIMas ypasHenuio (1).

1) Cxoarko tbyHruwmit (2) ynopnersopser ypassexuio (1)7

2) CroiipEo HeMpepHBHLIX GYHELMIL (2) yRoBIeTBOpAeT ypasHenuio (1)?

3) Cxoanko auddeperumpyemux dynxumit (2) yroBersopser ypasuenuwo (1)?

4) CxoneKo HempepHBHHX (yHEUMit (2) yroBieTsopger ypaBHenuwo (1), ecmu: a) y(1) =1; 6)
y(O)=07

( )5) CronBKO HeMpeprBHEX dynikuuit z — y(z),1— 6 < £ <1+ §, yaoBITBOPSET ypaBHEHMIO

(1), ecam y(1) =1 n § gocraTouno Maxo?

« 1) Tloxasxem, uro ypasHenuio (1) yHoBiIeTBopAeT GecuncHeHHOE MHOXKECTBO GYHKIMMK. 3a-
NafMM HPOU3BONBHO MHOXKeECTBO {a}, 3:/€MEHTaMH KOTOPOTO ABAAITCE MOHOTOHHO BO3pacTajoliue
TTOCHENOBATENBHOCTH Tol, Ta2, +.. ; Tan, --. TAKHE, YT LM Zan = 400 npu BCEX a.

Nt oo

Has xaxporo a dyHrIUS

~|z|, €cm z < zai,
yiz |z}, ecmt zazn-1 € < zazm,
—|z|, ecmm Zan € Z < Tazntl,

e n € N, onpenesena npu Bcex z M yRoBaeTBOp#eT ypasHeruo (1).
2) Us ypasnenns (1) Haxomum |y} = [z], —oc < < +00. Orciona, B cBOW ouepens, MoxyUaeMm

y=-z, y=1z, y=|z|, y = —|z], ~00 <z < +00. (3)

OTH 4eTHpe HeNpepHBHbEe GYHKIMH YAOBIETBOPAIOT ypaBHenuio (1).

3) Hockoxsky dyuxmuu y = |z| u y = —|z| He MMeoT nponasonHoit B Touke £ = 0, To
u3 deThpex ynxuui (3) roabko gse y = z, ¥ = —z, z € R, asrworcs guddepekuupyeMEMu
pellteHuAMYU ypaBHerus (1).

4) HenocpenpcrBennok nmpoBepkoi ybesxgaeMcs, 4to cpeny dyHkuuit (3) Toask0 [BE §y = M
y = |z| ynosseTBOPAIOT yCHOBMIO a) M BCe YeTHpe QYHKUMHU YIOBIETBOPAIOT YCIOBMIO 6).

5) Tlockoabky HempephiBHEie yHKIMK ¥ = Z U § = [z], yAoBrerBopsomue ycrosuo y(1) = 1,
TOX/[leCTBEHHO paBHH B MuTepsate J1 — 8, 14+ 8, 0 < § < 1, To mia Bcex z ua 3TOTO MHTepBANA
TOJBKO OfHAa HeNpepHBHad (QYHKUMA Y = T YHOBIeTBOpAET ypasuenuwo (1). »

93. Ypasnenne

2_2 +y2=zé +y§ (1)
onpegenser ¥ Kak GYHKIMIO 0T z. [las KaEMX MHOXKECTB TOYeK YMCIOBON OCH TaKuX QyHKUMi: 1)

omHa, 2) mBe, 3) TpH, 4) Hetbipe? OnpemeauTs TOUKM BeTBIEHMs STON BYHKIUM U ee HETpEPHBHbLE
BETBH.

« M3 ypasuenns (1) Haxomum

O1clona HEMOCPENCTBEHNHO CHENyeT:

1) ypasHenne (1) MR NPy XakWX 3HAYEHUAX I He ONpERENseT eNMHCTBEHHOH byHruum (Her
o6mux Touek, B KOTOPEIX COBMAfAM G BCE YETHpE 3HaYEHHuT y).

2) Ypasnenne (1) onpefteiser Abe GYHEIUMM, ecan

0<z]<1 x |zi.—.\/l—t—‘/z.

3) Ecax 2 = 0 wam |z| = 1, 10 papencrsa (2) mawT Ham Tpx sHauenus y. Iostomy ma
upoxecThe {1, 0, 1} ypasuenue (1) oupegeaser Tpu Qyuxmmy.
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4) BEcan 1 < |z < l+—2-‘/—-2_, 10 ypasuennue (1) onpenenser uernpe dyuxumu. Ha (2) yGexnma-
eMcg, uTo

npy € = 1 IBAAIOTCS HEMPEPHBHEIMY BETBIMM,

Touxy (zo, yo) Ha3HBaIOT mouxoll semsaerus fus ypasHennsd F(z,y) = 0, ecin a) F(zo, y0) =
0; 6) He cymecTByeT OKPeCTHOCTH Touku (Zo, §o), B KOTOpoil 6K HaHHOE ypaBHEHHE YHOBIETBO-
pAROCH eNUHCTBEHHON HempepHBHON dyuKumelt y = f(z) 1 Takoi, uTo Yo = f(ro). Has Hauwero

cayvas (+1, 0), (:t\/ 1+2‘/§, :t&z-) — TOYKM BETBICHUA., P

94. Mycrs dbynruns ¢ — f(z) nenpephisya py a < < b 1 y + (y) MOHOTOHHO Bo3pacTaer
¥ HempephBHa npH ¢ < y < d. B xakoM ciy4ae ypasnenue @(y) = f(z) onpenenser GpyHxumuo
¥y = ¢} (f(z))? Paccmorpers mpumepwt: a) siny +shy = z; 6) e¥ = —sin’ 2.

4 Oysxuns y = p~ (f(2)) onpenensercs cienyou o6pazoM: s mo6oro hUKCKPOBaH-
Horo 3HaveHus T €la, b[, T.e. miag puxcupoBannoro sHauenus f(z), CTABHICA B COOTBEICTBHE TO
3HadeHYe ¥, KOTOpoe ABILeTCA pemeHneM ypasHenus p(y) = f(z).

Mockoneky GYHKUMS ¢ HETPEPHIBHA ¥ MOHOTOHHO BO3pacTaeTl Ha MHTepBale ¢, d[, To ypasHe-
Hue p(y) = A UMeeT eNUHCTBEHHOE pelienue ¥ = ¢+ (A), eciy HiCI0 A TPHHATIEKUT MHOKECTBY
3HaveHud GyHRIHU @, c < y < d.

TakuM o6pasoM, ypaBHEHNe HMEET eAMHCTBEHHOE pemenne ¥ = ¢~ (f(z)), ecnu MHoxecTB2
sHaveHud QyHKME @, c <y < d, ¥ f, a <z < b, uMeoT obuIME TOUKH.

PaccMorpum npumepn. a) siny +shy = z. 3pecy dynxuus y — ¢(y), —0 < y < +oo,
HenpeprBHa. [Joasaysch dopmymnoit Teitropa, HaXxonuM, 4To ITPOU3BONHAL

2 .4 2 4 ¢ 8
"y) = =(1-¥.+% _ y . ¥ = LA
«p(y)-cosy+chy—(l 2!+4! ...>+(1+2!+4!+...)—2(1+4!+8!+...),

-0 <y <+,

nonoxureasua. CiefoBarensyo, Qysruus y — (y), —oc < y < 400, MOHOTOHHO BO3PacTaeT.
Hockonpky MHoxecTBa sHaueHwid dyHkumi o(y) = siny +5hy, —00 < y < +o0, u f(z) = 2,
-0 < ¢ < +00, COBIMAfAOT, TO YpPaBHEHHE Sl y + sh y = £ onpefeNseT eqUHCTBEHHYIO DYHRLMIO
¥y =w(z), —00 < £ < +00, 06PAIAOITYI0 3T0 YypABHEHUE B TOKIECTBO.

6) e7¥ = —sin’z. B arom ciyuae Muoxecrsom sHavennit bynrunu y — o(y), o(y) = e7Y,
~00 < ¥ < 400, IBILETCH MOMYOeCKOHEUHHIl UHTEpBal ]0, +oo[, a MHOMKECTBOM 3HaueHUH QyHK-
uun f{z) = —sin® z, ~00 < £ < 400, — cerment [—1, 0]. Tockomeky 3TH MHOXECTBA He UMelOT
OBmMX TOuEK, TO ypaBHeHHe e~ ¥ = —sin’ ¢ He uMeer pemenuit. »

95. Mycrs
z=y+o(y), (1)

tae ¢(0) =0 u |¢'(¥)] < k¥ <1 npx —a < y < a. Jloxasars, uTo MPK —¢ < I < & CymMECTBY-
€T eIMHCTReHHA% IMpdepeHIUpyeMad GyHEIMS 3 — ¥(z), yRoBiIeTBopaomas Ypasnenuo (1), u
Takaid, uro ¥(0) = 0.

4 U3 ycaoBua caeNyeT HepaBeHCTBO ;‘:—’; =1+¢'(y) >0, —a < y < g, obecneunnaonee
CTPOr'yI0 MOHOTOHROCTS HEIIPEPHIBHOM PYHEIMH £ = y+¢(y), —6 < y < a. Ilycts € = min{jz(-a+
0)}, |z(a—0)]}. Torna, B cuny crporoit MoroTOHHOCTH hyHKUMK T = ¥+ ¢(y), KaxmoMy T €] —e, ¢f
COOTBETCTBYET TONBEO OXHO 3HAUYEHNUE Y €]~ a, af, nas xoroporo y+¢(y) = . IlosTomy Ha ]—«¢, £]

cymecTsyer pyuxums y = y(z), obparHas nas dyuxpm z = y + ©(¥) ¥ Toxke CTporo MOHOTOMHaS.
A Taz xax ypassenne (1) npu y = 0 wmeer pemenne z = 0, 1o y(0) = 0.
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Mozaxewm, uro pyurunus y = y(z) nuddepenuupyema. lycts zo, 2o + Az €} —¢, e[ u Az # 0,
TOrna Yo, Yo + Ay €] — a, af, rae yo — XOpeHb ypaBueuHs Zo =Y + (¥), Ay #0 1 Ay — 0 npx
Az — 0.

ITockoabky cymecTByeT mpexen

Az ey +Ay) — plwo) \ _ !
Algﬁo Ay _AI;IEO (1 + Ay =1+¢ (1),

A 1 . d
TO U3 TOX[ECTBA ﬁ = %5 Y0expaeMcs B CyMeCTBOBAHMM NMPOK3IBONHOM ﬁ- CuaepopaTelsHo,

dyuruus y = f(z) nuqxbeﬁfm{unpyema Ha)—e, el »
96. Mycre z — y(z) — HeanHas yHKIMS, OMpeNenseMas ypaBHEHHEM
z = ky + o(y), 1)
rfe nocrosyHas k # 0, y — o(y) — nuddepentupyeMas nepuonyueckas GYHKUUT C ITEPUONIOM
w u Taxas, uto |¢'(y)| < |k|. Hoxasars, uto y = %+ ¥(z), rne ¥ — nepuonndeckas GyHKLUUI C
nepuogoM |klw.
4 Otobpaxenue A, ompenenseMoe paBeHcTBOM Ay = = — ‘—’1%)-, npeoGpasyeT MHOXeCTBO

E
C] — oo, +oo[ B cebsa. Moxaxewm, uTo 310 OTOGpakeHue cxuManmee. JleHCTBUTENBHO, AIS JIO6RIX

dyHrunit y u z us C] — oo, +oo[, Monbayscs Teopemoii Jlarpanxka, noaydaeM

!
p(Ay, Azy= max |Ay—Azl= max el —oWl _  pax M\ﬂ-’-iﬁ
—o<E <400 —c0<T <00 k —co<z<t+oo k]
le'(él (€)1
< LAt 7= LT ,
2o Ry . L . RS T

'
rae £ HaxomuTca Mexay y u z. Tax kax |¢'(y)] < |k}, 70 0 < § = max Ol « 1, CaenosarensHo,

1]
p(Ay, Az) € 0p(y, 7), ¥ cxuMaeMocTb oTobpakenus A HokasaHa.
Taxum o6pa3som, cornacHo TeopeMe 1.3.1, cymecTByeT equHCTBEHHad dyukuna y € Cl—oo, +oof,

YAOBIETBOPAOIAS ypaBHenui y = Ay, T. e. ypasHesun (1). O1a QyHKIUS ABITETCH mMpefedoM
MOCIeJ0BaTeNbHOCTH

F TR T
Ilepexons k mpeneny B MoclenHeM paBeHCTBe, Moly4aeM ¥ =  + $(z), e

% ¢(0) _E_.@(ﬂl'l_). (n=23,...).

1.
$(2) = -7 im (yn-1(2)).
X n=s00
Moraxem, uTo QyHRUMK 2 +— P(Yn-1(2)) (n = 2, 3, ...) NepUORMHECKHe NO NEPEMEHHOI T
¢ mep¥onoM |kjw. [lng moxasaTenncTBa MPUMEHHM METON MaTeMaTwdeckoit MHaykuuu. lIpx n =

2 dynrmus z — p(y1(z)) nepuonudeckas mo z ¢ mepwonoM |k|w. [eiicTBHTEnBHO, corlacHo
ycaosuio, (2 + w) = p(y), nostToMy ‘

oz + M) = o (’—%—j"’—“’ . -"i—")) = ol(2) +wogn k) = (3i(2)-

Hanee, npeanonaras, 4ro GyHEUUK 7 — p(Yn_1(2)) ¥MeeT nep¥ox |klw, Momy4aem pareHcTBO

Pynlz + kW) = ¢ (ﬁ-élﬂﬂ - %v(yn_l(z + Iklw))) =

= (F — 390n-1(2)) + wsBn k) = p(yn(z) + wsgn k) = p(a(2))
M3 ROTOPOr CHeRYes, uro |kjw — mepHon GyurUKK 2 v+ @(gs(2)) No NepememoNR 2.
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Npenensuas pyHxIMs 7 — ¢(z) Takxe NepHOmUdecKas c nepuogoM |klw. Trobu y6enwrncs
B 3TOM, XOCTQTOMHO B OYEBHAHOM PaBEHCTBE

9(z + ko) = 9(2) = (90 + ) + Folans(z + 1)) + (~3oon-1(2)) - ¥(2)

TepeltTH k mpefeny npu n — o0o. IlockonbEy ka’kmoe W3 CITAIA€MBIX PaBHOMEDHO CTDEMUTCH K
HYIIIo, To B Tipefede Moay4aem paseucTso P(z + [kjw) — ¥(z) = 0, mokasmpalomee NEpPHOXUYHOCTS
byHRIUK ¢, B

7. Iorasars, uTo mpx 1 + zy = k{z — y), tme k — mocToAHHAA BENHUMHA, HMEET MECTO
DABEHCTBO
dz dy

T2 1+¢ ()
« Ilockonsky z # 4y, 10 k = H—’!. Huddepeniupys 9Tc paBeHCTBO, NOMyHaeM
y)(zdy + ydz) = (1 + zy)(ds — dy)
(z-9)
Orcona caenyer coorsomenue {1+ z%)dy — (1 + y°)dz = 0, pasHocumpHoe pasencrsy (1). »
98. MorazaTs, uTo eciu

0= &=

Y+ +45 —1=0, (1)
TO an zy > 0 CIpaBeIMBO PaBEHCTBO
dz d
= (2)
Vi-zt \/1 -yt

< Muddeperimpys pasencrso (1), nonysaem 2zy° dz + 222y dy + 2z dz + 2ydy = 0. Orcoma
HaXONHM

z(1+¢*)dz + y(1 + 2%)dy = 0. (3)
Ha pasencrsa (1) caexyer

2 2
2 1=y 4, 1-2° /1— - /l-—z
z _1+y21y 1+ 2’ 1+y2)y 1+$2 (4)

Ecau z u y onHoro 3aHaka, T. e. eciu zy > 0, To, 3aMeHAs B paBeHcTse (3) T U Y MX 3HAYEHUAMH
{4), nony4aem

1+ 2(1+;q)dar,+\[1+ 2(1+z Ydy =0, \/T—y*dz+\/1—z‘dy=0.

Orciona HerocpecTBEHHO CllefyeT paBeHcTso (2). »

99. [okazats, uTo ypaBHeHue
@ +¢) =d*(z* - ¢%), a#0, (1)

B OKPECTHOCTH ToukM (2, ¥) = (0, 0) onpefenser aBe pudpdepenimpyenmue yskuns y = y1(z) ¥
y = y2(x). Haiity y1(0) u y5(0).

« s gocratouno manoro & > 0 ¥ MoSoro GUKCHPOBAHHOIO I €] — €, [ u3 ypaBHeHus (1)
HAXOIWM Ba SHaueHMs: y = () u y = —p(z), re

22, 2
e(z) = 2a%z +T-z -7

Tax onpepenexras QyHruys z — @(z) HempepusHa Ha | — ¢, €[ u 9(0) = 0. Hosromy moxRO
ONPENENHTh HETHPE HENPEePHRBHEIE (yHKIHK:

z), e 0 —pl(z), 0<z<es,
yﬂz):{“’() ciK £z <e, m(s):{ o(z), ecmm

—p(z), ectm —e<z<0; o(z), ecm —e<z<0;
ya(z) = p(z), ~e <z <& u(z)=—p(s), ~e<z<e,
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yRoBIeTBopsiomue ypaBHeruo (1).

Hccnepyem wna muddepenimpyemocts st Gyssuvy npia £ = 0. C 5Toil Heaslo BHYUCINM
¢ (0). Hmeem

N ) Rk C) N J2wras + & - 2___
L (0) = A..-o Az A:—o—OA s + Az =

202022 + £ - At - Ag2a2 - & |AzlVaZ = B2
=Ahm =Ahm 0 =
F=—0 T
Az\[\/2u2Az2+‘-‘}+Az2+;—2 Az\/,/zamz2+%‘—+m2+%’-
"‘A$2

Az~=0 N
\/262 A2 + -+ Ae? + 5

Anasoruuno HaxoguM ¢4 (0) = Alim , ﬂﬁ’—‘g;ﬂﬂl = 1. Orciona cpasy cienyer, 410 GYHKUMH ¥3
Z~v

M ys He uMelOT MpoxsBoxHok npu z = 0. Mockombkry ¥1-(0) = —p_(0) = 1, 371, (0) = ¢4 (0) = 1,
™o QJymclmx Y1 MMeET NPOHIBOTHYIO NPH T = 0, paBHyI0 egvHMUE. AHAJOTMYHO W3 PABEHCTB

92-(0) = ¢(0) = -1, 92, (0) = ~¢%(0) = —1 caenyer nucrdbepeHLUpPyeMOCTh DYHKIUK Y2 TPK
z =0, IpuyeM yg(O) -1.»

100. Haitru ¢ mpu 2 =0 u y =0, ecan
(2 +4°) =327y —¢°. 1
<« Ipencrasum kpusyio, onpenenseMyio ypabuenueM (1), B mapaMerpudeckoM supe. C sToi
Leabio HoloxuM ¥ = tr. Torma us ypasHeHus (1) HaﬁneM z = (:13-:2;? IloncraBue Haitnenuoe

3HadyeHUEe I B PABEHCTBO y = 1T, MOIY4UM § = (1 +t’)2 3ameTuM, uTo z = 0 ¥ y = 0 npu Tpex

3Ha4eHusX mapaMerpa t : t = 0, ¢ = \/'3', ta = —\/~ Ocraerca BHYHCIUTH NPOU3BORHYIO OT
TlapaMeTPHUECcKH 3afaHHOH QYHKLMY IIPU 3TUX 3HAUEHUAX IapaMeTpa, T. €. npy ¢ = 0. Hmeen

dy _ (1+8)(6t — 4%) — 4(38 - t*)
T (1+82)(3-3t2) —4t(3t — )
Orcioma mpu t =0, t = /3 u t = —/3 Haxomum

4$1(0) =0, 12(V3) = V3, gi(-V3) =-3.»

"t

101. Hairx ¢/, 3" u ", ecan z +rzy+y°=3.
o Honbsysacy dpopmynoir &% dy = —-"f- noJy4aeM

iz
dy 2wty .
dz = Z+2 H z# 2!/,
Py __(2+29)2+y) -z +y)(1+2y) _ 18 v o 20
dz? (z+2y)2 (z+2y)3’ Y3
ey 162z
Py ( +2 )4(1+211 (—z+_2y)—5’ T# -2y »
102. Haitrw o', 3" w ¢ nprz =0,y =1, ecan
P —zy+2” +z-y-1=0. 1)

< Tpuxus mupdepempipys pasencrso (1):
2 —y—zy +4yy’ +1 -9 =0,
2-2 — oy + 4" + 4" - 4" =,
y _zy”l+]2y'yll+4yy y”=0



156 Ta. 2. Juddepernuansnoe ucuncaeane GyHEOHE BEKTOPHOTO apryMeHTa

# NOACTaBIAL B Pe3YNLTATH 3uavewus z =0 u y =1, nonng.eu cucTemy ypabwenmit 3y’ = 0,
2+43y" =0, 2+ 3y"” =0, w3 xoropoit Haxomum §’ =0, 3" =—3, y"' = —%. >

103. oxasats, wro xas xpusoi BToporo Mopsgka

az’ +2bzy + ey’ +2dz +2ey+ f=0

£ ((y")‘§) =0, )

<« 13 ypaBHeHus KpuBOiL MonyYaeM

ClpaBeRauBoO paBEHCTBO

y=1(~0z + )2 V7 - ac)a? + 2(be — edjz + 2~ f ).

HaXOHMM BTOPYIO NMPOU3BOXHYIO!

bt (b2 — ac)z + (be — cd)
\/(62 —ac)z? + 2(be —cd)r + €% — cf '
" :i:}— (6% — ac)(e? - cf) ~ (be — cd)? .
¢ /(8 — ac)z? +2(be — cd)z + €2 — cf)?

Orcrofa moslyuaeM pPaBeHCTBO

!

y =

O [ =

-2
3

(y")“i% - (i(b2 — ac)(e® - t;f) ~ {be - cd)Z) (8% = ac)a? + 2(be — cd)z + ¢ — cf),

U3 KOTOPOro chefyer pasexcrsp (1}. »
Aas dyskuuu z = z(z, y) HaliTy YacTHHE MPOU3BOZHEIE IIEPBOTO ¥ BTOPOrO NOPANKOB, €CIU:
104. 2* —3zyz=4®.

o Yacrime npoussonuiie dbyHRuMY z, onpegenseMoit ypabHenueM F(z, y, z) = 0, Haxopun
o GopMyram

oF 2
9z _ a9z _ &y
dz = 8E’ gy oE’
&z 8z
as Hawmero caydas uMmeem
a9z ~3yz  _  yz 0z Tz

_ 2
dz ~  322-3zy l-zy OBy -zy @ # .

YuursBag, 4To z = z(z, ¥), HaXOIMM BTOPHE NPOHIBOXHEIE:

Pz _ (£ = TPy - yz (2:82 - y) (2 — 29)y =, ~ 92 (Zz;#_-’;; - y) s

7. __2zyz
£re (22 < zy)? - (22 — 2y)? CEEET)
Pr aets o (e (sef) —ve (25 -s)
Gy~ (-zyp ozdy (s —2y)? )
2 Y7 2x2%
_Eo (e B5) v (3 oe) a4,
(32 —zy)? - (22 - 29)® ' v

105, 2= /22 —y2tg —_—.

22 —y?
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< AyanoruiHo HPEeRHRyUIeMy HMeeM

2 —7:%;1:57::_74-\/1,2—3/2@8-2 (7::—7) —'——(‘\/z—:i—yz)s

/ - z 1
1-—- z'z—y'zCosz(ﬁ)m

Hs yenopua caenyeT, 4To

z
tg = co! =
VT RV 22-g? Ty

Ucrionnsys sTv paBeHCTBa, MONy4aeM

z
\f’ —y? /22 —y? t (’2‘92) (’2‘!4’ +1) zz

dz 2 2
%z_ 232 =$2_y2) $¢y
-
Takum sxe criocofoM HaxomuM -‘:—: = —z—}’:’;;, z? & 42,
Haxopum Brophle mpou3BonHile, UCHONL3YS HauNEeHHIE MEPBHE IPOU3BONHEIE:
2
&_(x’—yz)(z—kz—g—i —zz-20 (= "9)(2‘*' )—2217 ¢z
o2 - (32 _ y2)2 = (1/'2 - y2)2 = ($2 — 92)2 3
8%z ( -y ):c-—- —zz(-2y) (x —y ):z +2zyz Tyz
oy~ (@ - 7 R R
8
822 (z? - %) (z_yé) - yz(-2y) o2z R
o o =~y AV
Haitrn dz u d , €CIIH:
106. L= 2 + 1.

| (,tm'raa, uT0 7 = 2(z, ), B pesyasrare AudQePEHUMPOBAHNI IOy aeM

zdz—zdz _ yydz—zdy
z? Tz y?

k)

yzds —zydz —yzdz + 22 dy =0.
Orciona
Hydetzdy) o,
¥z +2)-
HuddepeHuupys pasencrso (1) H BHNORHAL YUPOWIEHUS, HAXOIUM

dz =

¥(z 4 2)d% = zdzdy + (zdy - zdy) dz — y ds?,
OTKYla Ha OCHOBAHWH PaBeHCTBa (2) OKOHYATENBHO MOMYy4YaeM

2*(ydz — z dy)®

dz=- -z,
z Yz +2)P 2# e
107. z - z = arctg —4—.
72—z
4 [Inpdepennupys, monyvaem
1 (z=2)dy — yd(z—z)

d(z—z)= vt (’—‘) (z—z)

157
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OTCIONA

(=2 +¥* +9)d(z—z) = (z — z) dy, 1)

(z—-2)dy
(z—z)P+y*+y’

HIR

dz =dz +

Muddepenynpys pasesncrso (1):
((z = o) + 97 +4)d*(z = 2) = =2((z — 2) d(z — 2) + y dy) d(z ~ 7)
¥ TIONCTaBISS B pedylbTaT BHpaxeHue Lus d(z — z), Halinenroe u3 (1), monyuaem

dz(z —2) = d% = _2(y+1)(z —z)((2 —z)2 +y2)

2
((z—2P +94* +9)° a. ¥

108. Hairu ;T,ec:m Flz4+y+z22+9 +2%) =

o Tlocnenosatenbho nuddepeHIUpPYs [aHHOE PABEHCTBO, HAXOIUM

Fi(dz + dy + dz) + F;(2z dz + 2y dy + 2zdz) = 0, (1)
Fii(dz + dy + d2)* + 2F{3(de + dy + dz)(2z dz + 2y dy + 22 dz) +

+ Fl'dzz + Fpo(2zdz + 2ydy + 22 dz)2 + 2F2'(dz2 + dy® + d? + zdzz) =0,
rae F{ — wacTHas MpousBoRHa IO TEpBOMY apryMenty, Fj — 1o sTopoMy. Hasigensoe us nepsoro
panexérna BHpaxeHHe 2z dz + 2ydy + 2zdz = —%(dz + dy + dz) moxcraBisem Bo BTopoe. B
pe3ylbTaTe Tocie npeoﬁpaaonaxuﬁ nMeeM
-F | P+ 2R R F Fz 3

(Fi +2:F})d% = Féz

(dz + dy + dz)? — Fy(dz* + d2* + dy*).  (2)

Onpenenus us paBercrsa (1)
(Fi +2zF})do + (F{ + 2yF3) dy

dz =~ Fl+2:F] ' (3)
BREUMCIUM CYMMY et e 2F((s = 2)ds + (2 — 5} do) “
yra= Fl + 22F] '

Hs paBencrs (2), (3) u (4) Haxomum sTopoil muddepentar:

2
A(F Fy, —2F{F}F}, +F
{h 22(F{;2§F’)3 2 Fii ((z—:c)2dz2+2(z—z)(z—y)dzdy+(z—y)zdyz)—

oF! (F{ + 2z F3)% dz® + 2(F} + 22 F3)(F{ + 2yF3)dz dy + (Fl +2F)° dy*
2 (F/ +2:F})p (F{+2:F}p
~ 2F{(d2® + dy’)(F{ +2zF3) ™
IMonosuna xoapduunenra mpx dr dy pasHa 6826 CaegoBarelsHo,

Pz _4z—2)(z~y)
dzdy  (Fl+2zF))

&=~

2(F + 20 F})(Fi + 29F})
(FI +2:F))°

(Fx Fyy —2F{F,Fy +F2 Fl”x)" F;,

Fi+2zF;#0.»
109. Haittn d%, ecnw: a) F(z +2,y+2)=0;6) F (%, %) =0.
« a) llocaeosarensHo auddepeHupys, NoTyHaeM
Fi(dz +dz) + F3(dy + dz) = 0, (1)
Fii(dz + dz)? + 2Fi3(dz + dz)(dy + dz) + Fip(dy + d2)* + (F{ + F3)d*z = 0. 2
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W pasencrea (1) RaxoxuM nepeiit udpdeperuHa:

o Fidot Fidy
FI+F)
¥ BHIYuUciageM CyYMME
Flds+ Fjdy _ Fj{dz - dy) Fldr+ Fjdy __Fl(dz—dy)
F+F ~ FR+E Fi+F, F+F

Hcrntonrays sTH cooTHolleHMd, U3 pabeHcTBa (2) HaxogHM BTOpok Ruddepenuuan:

dz +dz =dz —

dy+dz=dy—-

& = ~(F + Fy)™ (B - 2F{FjFly + F{ B} ) (do - dy)".

6) MMeem

Fl,zdz;zdz_l_Fézdy;ydz:O‘ 3)

YMHoOast 9TO PaBEHCTBO Ha 2% w eme pa3 nuddepeHUpY, TOMydaeMm

F, (zdz —23; dz) +2Fl (zdz — zdz)gzdy - ydz) L (zdy - = ydz) (IF{ + yFé)dzz =0. (4)
z z
W3 pasenctsa (3) HaxopuM nepsniit middeperiman:
_ Fldz+ Fjdy
Ao = 2= Ty yF]
M BRIYMCISEM CYMMB
ydz —zdy yds —zdy
— = - T2 - = - —_— 5
zdz —zdz = zF, cF T yFl’ zdy—ydz zFy 2 4T (5)

Pemas pasencrso {4) orsocuTensso d%z u ucronb3ys pasenctsa (5), HaxonuM BrOpoit Huepen-
Huar:

&% = (zF] + yF;)~° (Fz Fi-2FAFFh+ F1'2F5I2) (ydz - zdy)?. »

110. TOycrs = = 2(y, 2), y = y(z, 2), z = 2(z, y) — dyHKUKH, onpeNensTeMble YpaBHEHHEM

F(z, y, z) = 0. Jorazars, 4To 5;—; g—z 3—: = 1.
« llpennonaras, aro z = z(y, z), us Toxgectsa F(z(y, 2), y, z) = 0 Haxomum gf = —-;ii-.
Hoctynas aHamorM4Ho ¥ B APYTHX CIy4adx, MOAy4aeM
oy _ _E & _ K
8z F’ oz F¥
M3 HaligenHux cooTHOlIEHMR BHTEKAET PABEHCTBO
s38-(5) (B (F)-
dy 9z 9z F! Fy F}
111. Haimu dz " d_y, ecu
dz dz
s+y+z=0, 2+¥+72=1 (1)

<« [Jannaa cucrema onmpefenser GyHxipmm z = z(2) ¥ ¥ = y(2), TPOUIBOXHEIE KOTOPHIX HAXO-
narca no qopmyie (5), n.3.3. Iuddepentupys papercrea (1) no z, noayyaeM cucremy

dz dy . dz dy =
dz+2—+1—0, 232-+23ld +22-—0,
us soropoll Maxoiune §F = 22, P = I8 sty p
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. dz dy d?s d%y __1
112. Haitrx iy dzz,dznpuz—ly——l 7=2, ecan ° 4+ Ez yT+y4+z=2.

« llpeanonaras, Yro faHKaA CucTeMa onpexelser hyHkUMK 2 = £(z) H y = y(z), nubdepen-
LMUPOBAHUEM €€ MO z MOJy4aeM

dz de dy
22— + 2 — 4 = =-~1. 1
z + y dz + dz M
Nonaras 8 (1) z = 1, y = —1, 2z = 2, monyvaeM cucremy
dr dy _ de  dy _
G &b Tt h
ay __

dz
U3 KOTOPOM HaXOZIH.M =4, az = -1,

Has Haxoxpenns BTopth MPOM3BOAHEIX Tipoitudhepenyupyem pasercrBa (1) mo z:
&’z dz dy &z d%y
2 = — + —=0.
2 d2+ ydz2+2(dz) +2(dz) L dzz‘}-dz2

Ilonarag B »T¥X paBeHcrBax z = 1,y = -1 2 ~ou 5‘—5 = -1, nody4aeM cucreMy, pemas
KOTODPYIO, HaXOMUM

dz 1 &y 1
dz2 = 4 d2 4
113. Hasitu du, dv, &%, d%, ecit u+v =2+ y, ysinu — zsinv = 0.
o [Ixddepennupys naHHHe paBeHCTBa, HOJYYAEM CHCTEMY
du +dv=dz +dy, ycosudu — zcosvdv = siny dv ~ sinudy, {1)
pelliasi KOTOPYIO, HaXODUM

du = (zcosv +sinv)dr + (zcosv —smu)dy d = {ycosu ~sin v) dz + (ycosu + sin u) dy
- LCOSU+ YCcosu - Tcosv+ ycosu )

HMxs #axoxpnenus Brophx auddeperumanos npomuddepertupyen cucremy (1). Mocae mpo-
CTHX npeoGpa3oBaHuil MONyUUM

ycosud®u ~ 2 cos v d% = (2cos vdz — zsinv dv) dv + (ysin u du — 2 cos u dy) du, d2u+dv— 0.

Otcopa -
- i = {2cos vdz — zsin vdv) dv 4 (y sin u du — 2cos u dy) du >
- yCcosu + T cos v ’
U u
114. Haiiru du, dv, d%, dzvnpnz::l,y:l,u:o,v:-},ecnne?cos?.:i ez sm~=
v v V2
V2
o [Tubdeperuupys ofe 4acTH TaAHHOK CHCTEMEI, HMEEM
$ y zgdu—udz ¥, v ydv—-ovdy dz
e-‘FCOS e 3¢Sln—'——~2——-—~—,
Y z y y V2 )
L . v zdu—-udz % v ydv—ovdy dy
ezsm--————z—-———}-e:cos—-————,‘,————-— .
Y z Y Y 2

llonaras apecs 2 =y =1, ¥ =0, v = T, NollyyaeM cucreMy

du —do+ -Edy:dx, du +dv— %@: dy,
%3 KOTOpOH HaXOXMM
du=1(dz+dy), dv=Zdy- L(az-ay). @
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Hanee, nuddepeHunpys pasencrsa (1), monydaem

u 2 — —_ o 2 — —_
v 2% % — 2(z du — udz)dz cetgn? Y d% — 2(y dv vdy)dy+

€= cos p v 7
‘ - 2 - z s - dv—vd
+e?cos£ (zdu udz) _[ydv 2vdy —oecsn?. zdu 2udac ydv 21} y =0,
y z? y y z y
ezsmv 2° du Z(zdu udz)dz s cos?. Y d 2(y¢§v vdy)dy+
z° y Y
u - 2 - 2 u du ~ dv—vd
+e;sin£ (zdu udz) _[ydv 2vdy $2es cos . BOY 2udz; ydv 21; Yo
y z? y y z y
Tonaras B MOCTERHIX paBeHcrsax z =y =1, u =0, v = ], mony4aeM cucremy

dzu—Zdudz—d2v+2dvdy—%dy2+du2—(dv—%dy) -2du(du—§dy)=
(3)
2

Py —2du dz + & —2dvdy+§dy2+du2—(dv—§dy) +2du(dv_§dy)=

W3 cucrem (2) n (3) naxomnm d%u = do?, d% = -;-(dy —-dz)’. »
dy dz d*y d*z
dz’ dz’ dz?’ dz?’
« CucreMa onpepenser XBe MapaMeTPH4ECKH 3aflaHHbIe DYHKUUHU:

g=t+t7, =ttt

y=t+t2 M a= 40

115. Oycrs s =t 4+t gy = +¢72, 2=t + 1%, Hajttn —

CunenosarensHo,
dy _ g _ -2 1 Py _z(#) _20-t7) _ .
E_E_—;—FZ—_Z t+?), t#il, ;1;2"— ‘_i.‘z. - 1 — t—2 ] t7é:tl)
dt dat
dz
dz 3 _ -3 - .
Iz % o - (t+ +1) t# 1
dz
£z £(E)  et-12) 1
TJF"_-——E‘? _°'"1—t-2 = (t+?), t£xLl»
1186. Iycrs
z = p(u, v), y = ¥(u, v). (1)

Haitty 4acTHEIE NMPOMIBOIHLIE NEPBOTO ¥ BTOPOFO MOPANKOB OT oOpaTHHIX QyHEUMEK u =
u(z, 3), v=1v(z, v).
<« [Tudpdepenuypys pasencrsa (1), HoayHaeM CHCTEMY

_ 9 9¢ _0y Y
dz—audu+a—v-dv, dy—m-du—}-a d'U (2)
M3 KOTOpol HaxomuM pydpeperinantl oT oSparneix PyHKIMIA:
_1 3¢' _ O _ Y dp
do =7 (Gedr-3 3o4), do=—7(sma-3Ea), ®)

e =32 8%_ %f 2¥ . M pasencTs (3) nosywaen

1y 139 0Ov_ 13y 3v_10p (4)
To' 9y Tov 3z I1ow oy 1I0u
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Huddeperumnpyem cucremy (2):

3<p 3<p 3*

v
z

o_@/’- a"’d’ + '/’d +283'/’dudu+ Y g
M HaXOAMM BTOpHe AucdepeHuuais oT oﬁpa'nmx dbyHruHL:

3 dp Py 9y &y dp %y 9 a’
du= 1((5?3:;2 7o) W25, dudv +

L dust o dot 32“’4 +23 -~ dudv + fdv’,

Houcrannss B 3TH paneucrna BHpaxenns (3) mas auddepenimanos u cobupas koadpdHLMEHTH
npu dz?, 2dedy u dy’, nonyvaem

Pu_ 1 ((asa %% _ 3 P )(a¢)2+2(a¢ Fo _ 0 &y ) 2% 8%

322 - B \\ 90 32 30 5w ) \5v B0 5udv 90 Bude ) 9v ou T

dp 8y O P\ [op)\?
+(%w*a—vav=)(a) !
Pu _1((02e dey)dde, (% Py 26 P ) (33, 2 06)
- dv du  Ou Ov

ov dudv Ov dudv
+(a_¢9fg_9zﬁ) 20 2%)

du du
&=l a0 By 0y ¢ (3_¢)2+2 M Po  dp 8y \ g 3ga+
B Ov dudv Ov udv / Ou v

dp Y 0y 8¢\ [0p\?
+ (a_ 3 ov 5‘) (3)

117, Oyuxuus u = u(z) onpenenserca cUCTEMOl ypaBHEHMI

u=f(z,9,2), gz, z), =0, h(z,y 2)=0.

B By dudv v dudv ) du dv

HTA P

Hajtru — du " ﬁ
dz © dz?’
4« IIpexnonaraa, ¥ro maHHas cucreMa onpenender TPU muddepeHIUpyeMble QyHKIME 8 =
u(z), y = y(2), 2 = 2(z), nuddepesuupyeM cucreMy no z:

du _df dfdy  dfdz dg dy g dz dh  oh dy  Oh dz
B =9 Tayds T o dn’ o‘a twiThn Cntnatna O
M3 nocreauux AByX paBeHCTB HaXOXHM NMPOM3BORHEE
dy L dz I
dz = L I 2
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Ucnoas3ys (2), us MepBoro paBeHCTBa cHCTeMH (1) Moay4aeM
du f I a_f Zi a_f 3f 3f _1_ D(fx 9, h) _ D(f) 9 h)
Tt tho'h Bz—I 3 +I’ +Ia =T Dz, y,z)— T Dz, 9, 2)
Hna onpepenenus :—33,'- muddepenuupyeM cuctemy (1):
Py _ 32f+32f(dy)+_f(dz)2+2 Pf dy . Pf dz  &f dyd: of &y of &z
dz? ~ B3z? dz/ ' 822 \dz 9z dy dz + 910z dz ' Oydz dz dz @ Oy dz? | Oz dz?’
0 g &g (dy) +8_2g_ (55)2“ ¥ gg“ o’g dz 9% dydz dg dy g &z
) +3y dz 922 \dz dz0y dz ' 9z 0z dz ' Oydz dz dz ' Oy dz? | 9z dz®’
8h  8%h O%h (dz\? Pk dy Pk dz , 3°h dydz 0k d’y Bk &’z
0= W-’-b? (ZE) +W (ZE) +23z8y Z:;+23:c82 Z:;+ oy dz dz E+ay dz? +3z dr?’
UcnonszoBas dopMmyasl (2), nocrentue paBeHcTBa nepenuuem B Gonee KOMITaKTHOM BHJIe:
e 1 a af &y | of &’z
F‘E( '”’a 5, ) Ity o
2
dg d%y dg a2z a 8 a
dy dz° © 8z d? 12 ho thgy thy ) o ®)
oh d*y Ok &%z a a
5yd? Tzd . [ (I‘a gyt s ) .

Us TOCIEAHHX ABYX PAaBEHCTB HAXOAMM NMPOM3IBOAHBLIE

Py 1 [ag(, d a .o\, an(,6 o AN
'72'—715<5;(118 +I2a +Isa>h-—; Ila$+123 +I3a g1,
@z 1 [an( o a\° oagf, 2 a a8\
Frel Tla-(a—y(hg+lzay+135;)g 3y 115;+Iza +135; h

H BRIMUCAIEM CYMMY

af d%y
By dz?

af #z 1

3z dz°

. 2
afdg ofog\ [, 8 .0 .8
((aya_z 9z ay) (I‘ tha g, ) ht

ofon _afon\(, 0 o 8\ }_
+ (8: 3y "By 32) (Ilaz“za thy) 9)=
Haxonew, us pasencts (3) u (4) orROHYaTeNbHO NOMy4aeM
2
D(f,9) (1,8 9 a
+D(y,z) 3z+123 +Iaa L]l.»

D({, 8 3 k, ) 2\’
—113( Ef z; (15‘“23 +Iaa> h+21;((’f)) (”"“23 +hs ) g). ()
& D(g, 2 :
2’;;“-1<1)g,3( .g.]2 +13 )f+2';((h’f§( +Ig +Is )g+

ou 3_u
5;’3_1;"

Ju

118. Nyer, ¢ = f(u, v, w), y = g(u, v, w), 2= h(y, v, w). Halku e
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« [TluddepeHuupys gavHHe PaBeHCTBA, NONAYyYaeM CUCTEMY
dz = fldu+ fldv+ fodw, dy=gudu+g,dv+g,dw, dz=nhy,du+h,dv+h,dw.
Orciona BHYKHCAIeM KM depeHuuan

dz fl fl
1 Py 1 D(g, b) D(h, £) D(f, 9)
du = dy g, gu|= ( dz + —-1Tdy + dz
DGR\ b AL el \Dnw) Dl w) T Dluw)
Caenosatenpio, 22 =2 2% =L 8 Ly e

v er T I 8y 17 82 I’

_Dfgh)  _Dah . _ Dk D(f, 9)
I= D(u, v, w)’ ! D(v, w)’ I D(v, w)’ L= D(v, w)’

|

119. TIlycrs ¢yurums z = z(z, y) ymoBueTBopseT cucTeMe ypasueHuit f(z,y, z, 1) =
0, 9(z, y, 2, t) = 0, rne t — nepeMennunit napamerp. Haittu dz.
« VMeem cucremy ypasHeHuUit

fodz + fydy+ fadz+ fidi =0, gzdz+g,dy+g:dz+g,dt=0.

Orciona
1 |fadz+fydy fi]_
dz = = v gy ((f29: = fige) dz + (fugi — figy) dy
2Lg |gidztgydy o) %&% ‘ ! )=
1
= ——(Ldz + I dy),
I
D(f. g) D(t,9) D(f,.9)
e I = Dz, t)’ L= D(y, t)’ Iy = Dz,0)* >

120.Tycre » = f(z), the 7 — HedABHaZ DYHKLUMS OT MEPEMEHHHIX T M y, OMpeferseMai
ypaBHeHHeM z = z + yp(z). [lorasaTs dopumyny Jlarpamxa

mu ! 0u
3y T aen {(sa(z)) 5;}-

« [IpuMennM MeTOx MaTeMaTHueCKOH MHAYKUAM. A4 3TOr0 mpexAe BCEro MOKaXKeM, 4TO
topmyna Jlarpatxa cnpasegiusa npu n = 1. Us ypasHesus z = ¢ + yp(z) Haxogum

az 1 8z e(2) ( de
T F s T T 1/-“#1)- oY)
9z 1-y d“’ oy 1- y}.‘zﬁ dz
Ucnonsays a1n dopMyas u paseHCTBo v = f(z), nonyyaem
du _dfds_ 0 G u_do_ g
dy dz 9y 1- y“d_‘:’ 9z dz dz 11— y“d_‘:
Orciona
du ou
5 = W5 )]

U MH y6exnaeMca B cipapeiMBocTy popMyasl Jlarparxa npu n = 1.
Ocraercqa moxasarTh, YTO W3 CHpaBeAdMBocTH opMmyns JlarpaHsika npu HekotopoM k > 1 BH-
TeKaeT CApaBefAMBocTh ee ipu k+ 1, 1. e.

M1y du
= {(tp( D ®)
[uddepesuupys popmyany Jlarpawxa upy n =k, nonyyaem

oty 3¢ k0 g1 kau
w7 = gy P g} = g (g { e ) @
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Ucnonpays panencrno -3 = tp(z) &=, BHTekalmee u3 pasenucrs (1), u Gopmyay (2), npeobpasyem
BHIpaKeHHe ;.—y- {( tp(z))" 5’} Hveem

5 (o) 5 } = Mol M T+ o) e =

= Kl () 22 B o) 2 (%—;—)=k<sa( 22T L o)t 2 (wla) S =

dz 9z Oz oz
_ xdep 0z du k 8%y dcpazau _
= Ke()'; 5z 5z +(#12)) ( (’)3z2 40z 05)
_ kdp 0z k+1 _ i{ k4108
= {4 1)) 5L 22} 2 4 (o) 57 = o= { (o) 5
Orciona 1 M3 paBeHCTBa (4) HEMOCPENCTBEHHO CEAYeET (3) >
121. Dynxuus z = z(z, y) samana ypasHenuem
Fle+zy ', y+2zz7Y) =0. (1)
{loxazats, uto zg + ygz =z - zy.
4 [luddepeHiupys paBeHCTBO (1), TIONyuaeM
F (d e ? zdy)_*_Fz,(dy_’_zdz-;zdz):O‘
y? z
Orcona
y(zF; - 22 FY) z(zFl - *F3) , '
= d d zF F#0.
R T YR TR 0 ThrvR?
CuregopareasHo,
3z _y(zF—2Fl) 9z _ a(zF{ -y’ F})
9z~ o(zF{+yF;)’ 3y y(=F{+yF;)’
YMHoxas HepBOe PABEHCTBO Ha T, BTOPOE Ha ¥ M CKJajmBai HX, y6esxaaeMca, 4To
62 +y 8z _ y(zF3— 2’ F)) +z(zFi - *F}) _ zsF{(z —zy)+yF3(z—zy) _ r—zu >
*oz 8y - zFl +yF; - zF{ +yF; B v

122. Mokasats, uTo byHruus z = z(z, y), onpenensemasd CHCTEMOH ypaBHeHUH
zcosa+ysina+In z=fla), —zsina+ycosa = f(a),

rie o = a(z, y) — nepeMeHHENHI napaMeTp H f — nPousBoARHas Muddepenuupyemas byHKIHA,

YHROBIETBOPAET ypPaBHEHUIO
2
9z\? az 2
() + (5;) =

< Hn@(bepemmpys NEePBOE PABEHCTBO CUCTEMH!, NoXy4aeM cosadz + sinady + (—zsina +

ycosa ~ f'(a)) da +% = 0. B cuny BTOPOrO PaBeHCTBA CHCTEMH, k0ahcpuument mpu da paBeH
Hymo. [lostomMy dz = T zcosadr—zsina dy. Orciona

3 3 . 2 : :

5—:—:=—zcosa, 5:-,=—zsma, (g:—)) +(g§) =2 cos’ o+ Psinf a =22 »

123. Moxasars, uro dynruua z = 2(z, y), 3aKaHHad cHcTeMolt ypaBHeHHil

(2= f(@)) =22 (1" —o?), (2~ f(a))f' (@) =az?,
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e o = oz, y) — nepeMex-mm"t mapamerp ¥ f(a) — npoussonsHax nudbdepeHLupyeMasd QyHRLH,

z
OBJIETBOPAET YPABHEHHIO — —— = ZY.
ya pACT YPp 3 By y

« [JnddepeHiupys Neppoe PaBEHCTBO CHCTEME, NONYy1YaeM
2z — f(a))(dz - f'(a)da) = 22(y* — &®) dz + 227 (y dy — a da).

B cuny BIOPOro PaBeHCTBa, k03¢ dUUMERT IPK do paBeH Hymo, a B CHIY HepBOr0 PaBEHCTBA,
y* — o’ = Z(z — f(a))’. Toasayacs aTum, nonywaeMm

T ydy 32z z—fla) 8z z2y

—(z—f(ﬂ’))dl"i‘ ~fla)’ Bz 5;=z—_-_—my z # fla).
OTciona BEITEKAET, YTO %E %3 = ’—'i—(ﬂ z_’fz’a) =zy. »

YnpakHeHHS XI% CAMOCTOSTEIBLHOH pa6oTH

87. e +2y+y° 4z + 2y —2=0. Hatiu ¢y mpu s =1,y = 1:

88. z 4+ y =Y. Haitru y”.

89. (22 + 3 —bz)* =a*(z* +¢°). Haitru ¢’ npu 2 = 0, y = 0.

90. 2z +4y° — 32y =0. Haitru v’ mpu 2 =0, y = 0.

91. [lanm ypasuenus z° —9° +2° =1,y -2z +7=0. Hattu ' u 2" mpuz =1, y = 1,
z=1,

92. Us cucreMun

Pl +8=d, PP+ =P

Haitu y' u z'.

93. Us ypapuenmit £2+y° - 2% = 0, % +2y° +32° = 1 Haittu d%y u d’%, e z — HezapucHMas
TepeMeHHad.

94. Us ypasuenuit z° + y° = 22%, 22 + 2y° + 2° = 4 najirn &= u :z’z' B Touke (1, ~1, 1), ecan

dz
z -—— He3aBHCHMas NepeMeHHad.
95. lycrs 2+ y+ z = a, 2° + y° + z° = 3zyz. Haiitu npoussoanste GpyHUmi ¥y U z.
96. B 'ro‘u:e (1, 1, —2) HAWTH NepBhie U BTOPHIE MPOH3BOJHBIE GYHRUMK y U 2, eCid £+y+2 =
0, 2+ y -2 =10.

97. 2+’ + 2 =22, Hamn .98, 22440 +z — 32 =0. Haitu aia
99. zcos y+ycosz+zcosz=a. Hajitu %zi u 3;. 100. zy+zz+yz = 1. Halitn dz u d%.

101. Haitti d%s B Touxe (a, a, 0), ecu 2+ 2% — 3azz = ¢°.

102. Haiitu BTOpHeE WAacTHBIE IPOU3BORHLIE z, €CIH 3TA GYHKUML OT £ U y ONMpeAelseTcd
ypaBHeHHeM ¥ = zo(z)} + ¥(2).

108. TlokaszaTs, YTO 2, 3a/laHHa% Kak PYHKUMA OT T M Y YPABHEHHEM Z = I (-:—), yRosxe-
TBOPSeT YPABHEHHIO KOHMYECKHX nonepxﬂocrei[

+y——z

104. Tlokasats, 4To Mpy ¥ = zp(z) + ¥(z) ynoBaeTBOpsETCA ypaBHeHHEe
oo (o)
8s% 897 — \Bzoy) "~ V'

105. Haittu y' u y", ecan z* + y* = 4azy. 106. Halitu ¢’ u v, ecnu 2° +4° —5zy = 0.

107. Haitti y", ecan arctgf = In\/z2+4y2. 108. Halirn ¢’ mpu z.= 1,y = 1, ecmn
Pty =z+y.

109. Haditu ¢’ nmpu z=1, y =1, ecmm z° +2y° ~3zy = 0.

110. Jans ypabuenus z°—y° +2° =1, y—22+2=0. Hakru y' w 2’ nmpuz =1,y=1L z=1.
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111 25+ + 8 =d®, S+t + 24 =b*. Haltru o' u 2/,
112. Hatrn 22 5 22 ecu 22 +2° +4° - 32 =a.

8z 8y
113. Haiirn ai’;y , ecau 25+ 322 +3¢% — 3(z +y +2) =0.

114. Haitru %:-, -:—:-, %t’-, %"; mpui=z=y=z=1,ecmn t+2z+y+z =5, e+’ +y* 424 = 4.

115. Haiitu %Vt-, -gy;, %,%nput:z:y:l,z=—3, ecnut+4r+y+z=3t"+z*+

vt -2 =130, :
116. Haiitu %, ecu z* +y* +2* = 4z. 117. Haiitn aizgy ; ecan z° + y* + 2° = 5z,
118, Haittu g:— " aizgy, ecmt 22—~ 2P+ 22 —4z +22=5.
119. Haittu d%, ecan -:—z— + *"b; + z—z =1. 120. Haitti d%, ecan cos® £ 4 cos® y + costz=1.
121. Haitru -g—:- u -g—:, ecth Fz—y,y—2,2-2)=0,

2
122. Haittu gTz;, ecmu F(z,z+y, z+y+2)=0. 128, Haittu gT:’ ecmn F(zz, yz) = 0.
124. Haittu -g—:-, %E—, gy—z, %:—, ecmn F(z,y,2,u)=0,8(z, 9, 2,4)=0.

125. MoxkasaTs, ur0 zg—: +y% +z% =0, ectt uv =3z ~2y+z, v =z +4° +7°.

2
126, s +yv =0, uv —zy =5, npu z = 1, y = —1 npunnMaeM v = v = 2. Hajitu %1—2 H
&%y
8z by’

L8 8 .
127. Hajitu -é " 5—:—, eclM z =acosusinv, y = bcosucosv, z = ccosu.

§ 4. 3aMeHa IepeMeHHHIX

4.1. 3aMeHa nepeMeHHEHX B BHPaXeHHLX, COflepkalfHX 0GHEHOBEHHKE NP OH3BONHEE.
Ilycrs mano wexorTopoe BHIpakeHue

dy &
V=V<z:y) E%, d_zg:-'-)) (l)

cofiepKalee He3aBHCHMOE NepeMeHHoe r, QYHKUMIO z + y(z) M NPOM3BOAMBIE OT y NO T MO
HEKOTOPOTo mopAnka. Tpebyercs mepedTH K HOBHIM NEepPeMeHHHIM — HEe3aBHCHMON MepeMeHHON ¢

H GyHKUMK OT Hee t — u(t). [IpuveM 918 nepeMeHHIe CBI3aHEl C IPEKHUMU NEPEMEHHEMH T H
Yy ypaBHEHUAMM

z = f(t,u), y=g(t, u). (2
Us ypasuenuit (2) Haxopum
d 8g , 8g du 4 (d
w_ 4 _Pamt (8 ()
T dz T 9f | Bf du?® dz2 = 4= A 3
dz at ot Toua dz dt e ®
z=f(t,u), z=f(t,u,

Ucnoapays paseucrsa (1)—(3), nomyvaem

. du d*u
V—F(t,u, m’, F,)

4.2. 3aMeHa MepeMeHNEHIX B BHPaREHHIX, CONEPRAINX TACTHLE IPOHIBOAHEIE.

Orpa}mtumcx cayvaeM OBYX HE3aBHCHMEIX NE€PEMEeHHHIX. B ocraapnmx CIy4adX nocrynaeM
AHAJOI'HYHO. Hpennonoxcuu, YTO 3aJflaHO BEIpAXKEHMeE

_ 9z 0z
A—F(z,y,z, F) -5-3;,..), )

COfIepAEAIEE HEIRBUCHMEIE NIEPEMEHHELE 7, Y, QYHRIMD (I, ¥) — 2(2, ¥) ¥ ee HaCTHHE NPOHIBON:-
e, Bueceo mesasncunmix NEPEMCHHNX T, ¥ K PYyHRIUMNK 7 TPeOyeTct BBECTK HOBEHE HE3ABHCHMEE
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NepeMeHHse %, v ¥ HOBY® dbyHxuuo (u, v) — w(y, v). [lepeMeHHEIE u, ¥, w BEHIPaXalTCe Yepes
z, ¥, z C MOMOMBIO PABEHCTB
u= Sa(z) Y z)) v= ¢(z) Y, 2), w= X(za Y, z)) (2)

D .
Tae GYHKUMH @, ¥ M X AOCTATOMHOE YuCIO pa3 AuddepeHLUHPYeMH K é(%%%c)l # ( B HeroTOpOH
obyacru.

s pemeHns noCTaBreHHON 3afjawd AOCTATOYHO BHIPA3HTE aPryMeHTH (yHKUMM F 2epes

u, v, w, %"-:’-, ;ﬂv, ... C a10it yeasio sanuiem auddepeHimalbl papeHcrs (2):
du=%§dz+g¢d +<;ga (g—:dz+g—§-dy), (3)
dv=%’£dz+a¢dy+g¢ (azdz+g§dy), (9)

dw:Z—Zdu+%';”d ‘;"dz+3"d +‘;"( g;dy) )

3ameHas B nocneAHem paBencTse du u dv ux supaxeHuamy (3) u (4) u npHpaBHUBag KoahPHLH-
eHTH ipu dz ¥ dy, noxy4aeM cucTeMy

ow (330 8ga 32) Qg(aﬂﬁ A 8z) 3x ax d2z
v

du \dz * 9z 0z 9z oz 9z " 9z 9z’ 6
dw [ dp %3_7; 6¢+6¢v 9z 6x 9x 0z (6)
du \dy 9z Oy dy ' 8z dy 9z 3y’
U3 KOTOPOH HAXOMUM
8 8 ow by , Sw oy B
Q_{___z:a:‘*'a(::ﬁ 'af 9z _ ﬁ3%+—6‘v£3§—'5§ 7
8z 6w8¢p+8wa¢ By 51/-__2-'5%+6—w§3 8 (7
Ou 8z 8v 8z 8z dv 8z 8v 8z 8z

YacrHBE npOH3BOAHEE BTOPOro NMOPANKA ONPENENATIOTCS U3 PABEHCTB, HONYYEHHLIX B PE3yirb-
TaTe BHIYACIEHHA Nepporo auddepeHialia oT YK€ HAWJEHHKIX TPOHIBOAHLIX NEPBOTC NOPAAEA.
Ecan e nepeMentinie u, v, w CBA3aHH ¢ MPEKHUMU TEPEMEHHEIMA I, ¥, Z yPaBHEHUIMH
z= f(ur v, w): y= g(ur v, w): z= h(u) v, w))

rae GyHruuM f, g U b pOcraToMHOE WHCHO Pa3 mudhepeHIMPYeMEl, TOCTYaeM ClenyiomuM obpa-
soM. Ucnonssys uHBapuMaHTHOCTE PopMEl nepporo AudiepeHuKata B paBEHCTBAX

_dz(f Of . Of (qw.  dv )+
dz 6(6ud+3d+3w(3u T
ag ag adg (3w ow )) _
+a (3ud "+ 50 1 3w 3ud 5% %)) =
oh oh oh (310 ow )
—Td +3 du+ 3w -(,-ﬁ-du+-¢%-dv (8)
H cpaBHuBai koaddummenrs npu du, dv, TorywyaeM cucTeMy
B (0 of du) 0z (39 os du) _0h 9k Bu,
3z \0u ' dw ou dy dw ou/) ~ 3u ' ow ou’ )
?ﬁ(g+_¢'?i?_t£)+?i(2_g+3g 3w) ok Ok dw
9z \dv  dw Ov dy \dv '~ Bw v v " Bw v’
H3 KOTOPof HaxomuM a: n g; Kax byHEIHH a:; n g‘:.
124, IpeoSpazorats ypasHeHu: a) v'y" 3y"2 = g; 6) y’2 v~ 10y’y”y"' +124" =0,
npmfin ¥ 3a HOBYIO HE3aBHCHMYIO flePeMEHHY. ' e
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169
« Coraacxo npasuny auddepenuuposanyd o6paTHoR QYHKINY, HMEEM

d3s
dy 1 "23'.__1_._("3’) 14(1)__ &
z—:._‘.’ zz—“dy dz dz gy \ 4= (_a_z_
v

dts d_£2+0dzdzzdz 15 f_z_s
Tyt \dy dy® dy? dy
3aMeHdd B PaBEHCTBAX a) M 6) MPOUSBOAHK

i 7
dy
dy dly 4y 2% ToNEKO YTO BEMMCICHHBIMM HX
e @ X o BKO YTO BBRIYM
3HAuCHUAMH, TIOJY HaeM:
5
dsz dz . diz
a) dy—,+z(;;) —0,5) E—D. [
125. IIpeobpazopars ypapuemnue y” + -y +y = 0, npuudB r 32 PyHKUMIO, ¢ = Ty 2a
He3aBUCHMOe NepeMeHHOE.

« Ilo dpopmynam (3), n.4.1, Haxogum

dy 1 t )
dz ;& 72 2
Ta
2 d’z
Py ddy 1df1 ¢ S 2 @
2 drdr Ed\o& 2] T T T aeN3 | g4z T L3°
dz dz dz = di L z (,&_ nZ o
W3 ycnosua samayu u paBeHcTs (1), (2) oroHuaTENBHO HONyHaeM

a2z (dz)3
— —t{=) =0.»
dt? dt
Bsong HoBHe nepeMenunie, npeofipasopaTs cienyiomue obpIKHOBeHHEIE AudpepeHIHATBHEIE
YpaBHEHHA:

126, z%y" + 2y’ +y =0, ecu z = €'
4 Unveem

z2 dt dt

3aMeudq B RaHHOM ypaBHEHMHM Z Ha e', mpoussomnue y' M y
SHaYEeHMAMH, NMoAyYaeM

“——=—--——=—--——=e"‘§l &y —td(-—tdy) ~2t ﬂ_iﬂ_
dz  dt dz % dt de2 dt )’
— BHYHCTEHHHMM BHIIE MX

) Eﬁy +y=0.p
127. y'" = 6y

) ecimu t = In |z|,
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« Nlpx z # 0 umeem

t
&y 1 d d"'y_dy L&y _ Py oy
i Tt ¢ dt) ) 23\ dt de2 7 Ydt )
TakuM oGpa3oM, gaHHOe ypaBHeHUE NpUOGpETAET BUR

Py Ly . dy

7 ~dg tig sy =0.»
128. (1-2%)y" — 2y’ + 0’y = 0, ecuu = = cost.
o Buruycium mpoussomHsLe

dy 1 dt 1 dy dy_ 1 d(__l__dy)_ 1 d% costdy
sint dt sin’t d?  sin®t dt’

dz = % (dy sint di' dz2 st dt

IlopcraBndad MX B faHHOE ypaBHeHHe M 3aMeHAd T Ha cost, nodyvaeM
d2

+ n’ 0.»

wTnYE

2
"ot m = 4
129. 4 +ythz+chzzy_0, ecmt z =1In tg 5.

< Nmeem
dy 1 dy . dy d’y _ d ( dy) d*y dy
AP A —Z — = sin” t—— T
Pl sin dt’ 72 smtdt sin ¢ 7t sin® P75 +smtcostdt

dt

A Tax xak thz = —cost, ch,: =gin®t, 10

m? 2 dz.',l 2
v +y'the + —— h2 =sin“t F-{-my =0.

Orcrona ::2 +miy=0.p

130. 4" + p(2)y’ +q(z)y =0, ecmn y = uexp{—% /p(f) d{}.

<« HaxopguM npoussopHire

2= ttemd -1 ey - Bduenpd - /p(s)de}= (%-P(;’“) expd -3 [e) de},

Ty

d?y &y du udp  up’(z 1
m=(zrz‘1’<‘>z;’m+ )3 [ o0

Tlocne moncrasosu ux B YPaBHEHHE oAy iaeM

d%u p’(z) 1, -
T + (q(z —-4—-—-2-11(2) u=0p

131. z*y" + 2y’ =20 =0, ecmm z =¢' u y = ue®, rne u = u(t).
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« [lo popmynam (3), m.4.1, uMeen

du 2 4 (dy &y | gdu 2)
N CATO LTS 1 (#og+a)e oo o,

2 _ = = 2U 5%
dz et dt dz2 :._’:. et arz ' T dt
Torma ypaBHeHMe 3aNMIETCS CIEAYIONMM oﬁpasoM:
d*u
rr + (u +3) +2u
132. 1+2%y" =y, ecuz=tgt w y = zi? e u = u(t).

« AHANOrMYHO NMpeBITyNIeMY IIDUMEpY HMeeM

dy E—co—::ts%l‘,ﬂ—nt ’ . d*y  u’cosi—u'sint+ u'sint+ucost " 3
== Ll = gy costtusint, —= = T = (¢"4u)cos’t,
dz — dz? S
cos*t cos®t
rae u' = %. CaefoBatensHo, 0:4 t(u” + u)cos’t = e, I W' =0.»
133. y"+ (x+y)(1+¢)° =0, ecmn :c—u+t " y=u-—t,rne u = u(t).
« Ilo popmynam (3), n.4.1, umMeenm
dy _w'-1 &y 1 (@)= -1 2"
dr w41 dz? T w41 (u' +1)? T (w4 1)
rre v’ = 2=, [lofcTaBnsgs 3TH BRIPaKEHHS B YPaBHEHHe H 3aMeHST B HEM T M J COOTBETCTBEHHO
Ha u 41 M u — t, noayyvaem u” +8u(’)® = 0. »
1 u '
134. " — 2Py " +zy' —y = Oec:mz—?ny=—t-,rneu=u(t).

« [lo dopmynam (3), n.4.1, uMeem

v 2 d (dy 2 ’
dy A e Py 5@ o P v du)
iz~ -3 dt 7 dz? & dt2 dt ' di dt2’
3 2 ﬁ) 3 2
d°y _ de \ds? 2f,5d°u 2d°u
PP S (’z;s'“t e )
Takum 06pa3oM, TaHHOE YpaBHEHUE I[PHHUMAET BHI
d*u d’u | du
£ =
s + (3 tE+tg=t*
135. IIpeotpasosats ypasuenue Croxca 3" = (—z——-_a)éy——b)_f’ notaras ¥ = - zb’ t=
z—a " M
In T ¥ cmTad u dyHKIMell nTepeMeHHOI .
« 13 popMysa npeobpasosaHus npu f_—:—:' > 0 HaxompuM
_{a—b)e a—b _(a—b)u
Pres e FhEro VETe
CurenoBaTenbHoO,
Ay _ Au(l-¢')® 1)
(z—a2(z—bP = (a~b)%e2t’
Haxonum npouspoaHsle
d d
w_ % a Py a2 0 (F-%)
== -:ﬁ: = (e l)ﬁ +u, dzz = % (a=b)er . 2
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Cpasnusad papencrea (1) u (2), moce ynpomenui noxyyaem
d’y du Au

a2 " dt T (a-b)2

AHANOTHYHO MOCTYNAEM, €CIH % <0.p»

F

u
136. IpeoSpasopars ypasnenue (1-2°)%y" +y =0, monaras z = tht, y = —, rae u = u(t).

cht
< Jnddepenuupys y xax HapaMeTPHYeCKH 3afaHHyIo (PyHKIMIO EpeMEHHON T, HaXoXuM
u'cht—-usht
dy _ Tam

dr ~ 1
ch?t

2 I —_
=ulcht_usht, M.:M:(u”_u)chst_
dz? L

chZt

dz
Orciona n 13 ycloBns clenyer o3 = 0. b

2
" t 3 " t
137. Doxasars, uro weapuman S(z(t)) = z ( ) _3 (271 HE MEHAET CBOETo 3HAYEHMS

z'(t)
np¥ apobuo-auHenHoM npecbpasoBanui y =

< ViMeen

, " 2
;L _ p "_ _ T _ 2¢cz
y' = (ad — bc) DA y" = (ad - be) ((cz +d)?  (cz+ d)3) ’

" 1 2, P
" _ z bcz'z 6c’z
y' = (ad=be) ((cx +d)?  (cz+d)? + ez + d)*) )

Orcrona

z! cI+d+(CI+d)2 2
_ " 6ez” 6c*z” 3 (z")z 6ez" 6%z " 3 (_{’_’

I’

¢z+d (cx+d)? 2

IIpeo6pa3oBaTe X MOAAPHHIM KOODAMMATAM T ¥ ¢, HOJArad T = TCOS ¢, Y = 7sin ¢, Clenywo-
mue ypaBHeHHA:

138. & _zty
dz z -y
<« Ucnonrsya dopMyas (3}, n.4.1, Haxomum

dy di';sin(p-}-rcoszp
B_gerir o)
dr 4o s

% Cosp—rsing
CaenopareisHo,

g .
I SMPFTCSP  co5p4sing
%cos<p—rsin¢ cos ¢ — sin g

Tlocae npeobpasoBanui nmoryyaem % =r.p

139. (zy' - y)? =2z9(1 + y'z).
« Ucroapays pasesicrso (1) npensmymero npumepa, noly4aem

. 2 . 2
,cos¢lli‘“_"_‘t’_°£’;€_,sm¢ =2rzsi_n‘pcosxo 1+ w .
1/ cos ¢ r'cos¢ —Tsin @
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1-sin2¢ 2
sin 2¢ . >

140. (2% + y*)%y" = (z + y¥')°.
<« [Indpdepenuupys pasercrso (1) us mpumepa 138, noayyaem

2
Orcioma v =

d 2
" _ E(y') g2 e J = dy ,_dr
4 g‘i (r'cos ¢ — rsin @)®’ dz’ do’
°

3
r3y!
(r! cos p—r sin )37

Tax xak (z2 +¢°)° = r*, 2 (z +yy)° =
ChefyloleM Bupe:

TO JaHHOE€ ypaBHEHMe 3alMIIETCHA B

i+ 2’ - ) o o’ r'cosp —rsing # 0
(r'cosp —rsing)®  (r'cose —rsin ¢)3’ ¢ P
2
wm r(r? 420" —rr') = NS
H
141. Kpusnsuy naocckot xpusoit K = —I—‘%—f’—s— BHPA3UTh B NOJAPHHX KOOPAMHATAX T ¥
(1+95)?

¢.
« Ucnoarays sripaxkenns nas y' u y”, sanmcanHule B TOASPHON CHCTEMe KOOPAMHAT (CM. TIpH-
Mepw 138, 140), Haxogum

1'2-+-2r'2 —rr!!
(r! cas g—rsin )3

2 2
K= =}r +2r :r i, v cosp —rsing # 0. B

3
< 2=
1+ r!sin g4rcos 2\ 2 (r2+rl )2
rfcosp—rsin g
142. B cucreme ypasnenuit

dz
at
NepelTH K MOALPHON CHCTeMe ROOPIHHAT.
< [Indbdepesunpys paBeHCTBa £ = rCOS @, ¥ = rsil ¢ Mo t, Nody4aeM CUCTEMY
dz dr . de dy _dr
TS pese-rsisen, =
M3 KOTOPON HaXOJUM

ﬂ dzcs +d sin gf—l(—dzsm +d cos)
@ JesrT e = dg NPT g ©O°F

dt  r
y 2 s kr? du Er? si g~
YMTHBAH, 4T0 - = rsin ¢ + kr’cosp, = = —rcos ¢ + kr”sin ¢, oxoHYaTEIPHO HaXONUM

d dt
kr®, ZL=-1»

d
=y + kz(2® +¢°), d—f = —z 4+ ky(z* + ¢%)

de
sm¢+rc05¢dt

d* d?
143. NpeoSpasosaTs BrIpakenie w = 1—= iz Y dt; , BBOIZ HOBHE DyHKIMK T = \/z2 4 32,

¢ = arctg £ P
<« JlupdepeHuupys pasencTso ¢ = arctg L, naxogum
dy dz
do _T% “Va
dt 24y
Orcona rzd" =z y—
an:q:epemmpyx TMOCNeNHEE PaBEHCTRO, OKOHYATEIbHO NONyYaeM
d ( 2d¢) d2y dz

a\" %) % Ve =
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Brons noBsle He3aBMCHMEIE TIEPEMEHHEIE § M 7, PELINTH CACIYIOIKE yPaBHEHNS!

dz 0Oz
144. 3% = 37 3’ ,yeci é=z+y, n=z—-y.

<« Vmeem
b 003 gron_oe 0 ks son_ 0 o
r 30z  dndr 3 '8y By 03¢ dy Bnay—8£ dn’

Orcmna = - 2—; = g—: = 0. Taxum ofpasom, pelras ypaBHeHue g—: =0, naxonum z = ¢(£), uan
= ¢(z + y) Ihe ¢ ~—— NPOH3BoAbHaA IHdhepeHUMpyeMast HyHKIML P

145. y—:—z?—o ecm{&-z pd n=12 +y

<« Brruyciss mpoussoghnte 5o 8z 35 + = -2z, g; = 2y, HaxOogMM y—- - z—- = y— = 0.
Orciona z = ¢(n) WIH z = (1:2 + ¥ ) THe w — npousnonsnax avddepeniupyeMas QJynxunx. »

146.:5 + 1+ 92 -g—-—zy,ecmu—hlzuv—ln(y+m)

<« [To npasuay auddepeHuporanus CIoKHOH DyHKIMH, MMeeM

Oz 020w 0xdv_021 8z _0z0s 0zl _ 95_1 £#0
3z Oudz Bvdr duz dy  dudy 9v 8y Bv 1+¢° '

Hcnonpays 5T paBeHCTBa M TO, uTo T = e, y = shv, U3 yciopMs moxyyaem Ez‘- + 5—:— =e%shv. p

147. (z+y)§£—(m—y)g=0, ecmmu=In/z244y* 5 v= arctg%.

dy
< AHamoTMYHO TpeIHymeMy TPUMEDY NMEeM
9z 0z y 9z 8z _ y 09z 4= 9z
8z 12 +y2du z2+y?dv Oy 4y’ ou  z2+y? v
8z 8z
lloncraBaas 3'1'}{ Bmpmel-mx B NaHHOE ypaBHeHne, NOAyYaeM z- — 5= =0. B
148. z a~—z+ m2+y2+z2,ecxuu=%uv=z+ z? 4+ y? 4 22,
< I/ImeeM
9z _9z8u 3z v _ _ y.0z A - AR
dz  Oudzr  Ovdr  z*du t2+y2tz2 Oz ) O
8z
3z 0z 9u 3z dv laz+ y+ 25, +az Bz
9y Oudy Ovdy 1z du /2 42 + 22 0y Bv
Orciona
L] 1 8z 8z
?_{_ 126u+v~230 32_?55 T;Lza_v
- v Oz LY v 8
9z I-=& W 1-5F
Taxum 06pasoM, qanHoe ypaBHeHie PEACTABYMO B BHIE
2,,2, .2
¥+ y“+v° 9z 9z _ 1
-2 o UhMg =3 b
7]
149, zz Y =2 ecmmu=2r—22 w v= L.
3 z z

<« Ilo npasuay muddepeHUMpoBaHU CIOKHUCK hYHKIMH, MMeeM

9z 0z ( az) dz ( ¥ az) 9z 9z dz 9z (1 y 0z
2-22— e —=—=—|-2z— =l
9z o + dv 229z/’ 08y Ou 2z ay + dv \z 2% 0y
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Orciona o
8 1 86z
dz _ 253 9 _ : o
3 1+2z-—+ gv—" oy 1+2zg§+%-:—:
Torna nanHoe ypaBHEHME 3aMMIETCE B BUIE
¥ 8z
+ Z 9. _‘?_
bz — "
14 225; + = B z
2 . 8 2
Honaras smecs 2z = u+2%, ¢4 =9, 2 = “;: , TIOCTe YNPONEHMH norydaeM 3 = = 'z‘;"_zu,
2
z u. p
g ) az\’ 1
4
150. Mpeobpasorats Brpaxenue A = (3 ) + (55) , ofaras £ = uv, y = -2—(u2 - 'uz).
z

< v depeHuupys z kak cIOKHYIO GYHKIMIO, TOTy4aeM CHCTEMY
0z 029z 0z3y _ 0z 0z 9z 9z 3z 0z Oy az 0z

34 920 T 9ydu 3z T 3yY w9590 TOydv 9z By

M3 -KOTOPOM MaXOOHM

v
2, .2
=8 o Z o8 S 2,24
CnenosaTennuo,

LGS o) (@) (@)
(u? + %) STy

9z oz

— + y-— =0, npHHaB 32 QYHKUHIO, 3 ¥y H 7 32
dz dy

151. TipeoSpasosats ypasuenue (z — z)
He3aBHCHMEIE JIEpEMEHHEIE,
« 3anyurem pasencTso (5), m.4.2, momaras B HeM v = z, ¥ =y, W = z. [loayumum

dz:a_’<a’d +£d>+a—zdy.

9z \ 8 0 dy
Cpapunpas k02bduUKEHTH npH dZ ¥ dy, MoIy4YaeM cUCTEMY
M3 KOTOPOH HaXOM¥M

1 B

az g_:’ dy %:_'

Hannoe ypasHenue npeobpasyercs crenyomum obpasom:

oz
z—2z Y5 gz -1z
F——%:O,nun-{,;y—: - y#0.p
8z 8z

152. Tipeo6pasorars ypashenue (y ~ z)—gf +(y+ z)%-s = 0, npuHaB 7 3a QYHREMI, 2

%=y —2z,v=y+ z 3a He3aBUCUMHE NEPEMEHHHE,
4 [loxaras B pasencrre (5), m4.2, w=7z, u=y —2, v =y + 2, UMeeM

J0n(y Bxg 85\ 8s (85 s
dz—a“(dy azdz aydy) B0 (dy-}-a d$+ad).
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CpasnyBas x03pGUUNEHTH NIPK dz ¥ dy, MOTy4aeMm

(o020 8ads | 0z 0s0s 05 050
T Qudr " dvdx’  Su Odudy O8v Jdvay
Orciona
oz oz 8z oz
_a_z_=___1_ a_z=_8u+8v (y_z)_z+(y+z)25 u _,Uau+8v =0.
8z — 0z __ 8z’ gy 9z _ 8z’ az y &= _ %2 bz _ bz
8y Su 8y Su : 8y Su 8y Su

Ilocre ynpomesun OKOHYATEIFHO HAXOIUM

9r IJr u oz
ta=y (#ogrn) >

2 2
153. IIpeo6pasoaTs Bupaxenne A = (%) + (g:;) , IPHHAB I 32 QYHKIHMIO ¥ U =

Iz, ¥ = Yz 3a HE3aBHCUMEIE NIepEMEHHHIE.
<« AHallOTHYHO MpefHYMmEeMY IPHMEPY MMeeM

az 0z 0z oz dz oz
dz = — [ zd —d — — —d —dy].
T ™ (z :c+:caz z+zaydy)+au (zdy+yaz z+yay y)
[las onpeneneHus -g—i b’ % Togy4yaeM CHCTEMY
Oz dz Oz dr 9z dzr 0z oz dr 9z
l= gt Tom e Y o) 0= Tom oo+ 2o + Y —.
’au+’au a:c+y5v oz’ "3 6y+zav+y3v dy
Orcioma
3z l—zgz— _ zu-uzz—: dz _ —z-gf _ —“2'2—:

dr ~ p92 L0 2,8 [ ea\ gy Br 8 T o7 8 Bsy-
Tou TV ° (“au"’”av) y oz tvs 2 (”’au‘*'”au
CaenoBaTeasso,

20 — 270’ + o ( %z_)z + (%"7)2)

oz ar\?
A= zt (u—+'v—) #0.p»
. 8z az\? ’
It (ua + .va_:) Jdu dv
du  Ou  du
154. Tipec6pasosarts ypabHentie — + — + — =0, nmogarag £ =z, =y—z,( =z —z.
9z  dy 0Oz

« [Inddepenuupys u kak cHoxHyo ByHKIHIO, HAXOMUM
du du Ou dJu Ju Ou du du

9~ € an o By oy bz o
CuaenoBaTtensno, g% + -g—; + % = %’Ei =0.p
HepeitTn ¥ HOBLIM MEpEMEHHEIM U, ¥, W, TRe W = w(4, v), B CACRYIOMUX yPaBHEHMAX:
dz 2z 1 1
155. Y3 = :c-—y- =(y—z)z,ecthu=2> +3°, v= ;+ ;,w =lnz—(z+y).

« Tlonsayscy popmynamu (7), n.4.2, noxyvaem

8w 8 Bw 1
O N T
=TT 1 9 ppETT——— 1
9 - % -:
CremoBaTerbno, JAKHOE YPABHEHNKE 3aMMIIETCH B BAME
ow yz ow ow zz dw
28Yz—— — = — - —t e —zz=(y -
Ve 28 TV 2zyz 7a T y? dv 2= (y -2z,

MIH, NOCE YIPOIEHHi, :—': =0.p
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a 9z 1 1 1 1
156. 22Z 4y 2——22 ST UT L, U= == —, W = — —.
oz dy Yy z z oz
« Ipusmenss Gopmyay (7), m.4.2, HaxXoAuM HACTHLIE IPOUSBOTHEIE
& Suw 1 1 dw 1
9z _ ;ﬁ By 22 22 9z _ "5 g3
Fr-E—TTT— ) I E T
dz - dy -=

o
NONCTaBAAA KOTOPHIC B NaHHOe ypaBHEHME, NNONYyYaeM '51:’ =0.p
2 o9z
—=r4yz, M U=Y2 —~Z, V=2 - Y, W=TY ~ 2.

az
157. =+ (1~
(s1+5) g+ (=) 5
<« Hcnonpaysa Ty 2xe dopMyny, 4TO u B NPEXEIAYIIEM IPHMEDPE, HAXOXHM
9z _ —g—:’-&-g* —y 2{__572_3_.,_”
-9z 3uy+—z+1 dy- 3uy+——-z+1
OTciona 1 43 JaHHOTO YyPaBHEHHS NolydaeM
8
(zy+2) (55 - For+y) +(1-¢) (-Fra+ o +1) _
Bw Sw =z+yz
eyt s+l

8
MU, nocle CBeNeHUA NMOMOGHKIX 4/IeHOB, 3—'" =0.»

2
az dz zaza W w
158, (zg) +(y£) 7 3y yecan z = ue¥, y = ve¥, z = we¥.

8 . 8 8
« [Ins onpenenexus 3= u g; xak GyHKION OT 3= ¥ 5o samuureM cucrenmy (9), m4.2:

Oz dw oz c')w dw Iz Bw 0z dw dw
= = (1 —_—
2 (H M >+a vl — e 5va oy ( %% ) M+w)5
Orciona
oz (1+w)ge 3z _ (1 +w) 32
o ™ 8w dw *

= Bw 3w Bw Ow *
9 14ugr ey twg o 3y~ 1+ult +ofttwft 5

Takum 06pa3oM, B HOBHX NEPEMEHHEIX U, U ¥ W HaHHOE YPaBHEHHE MMeeT CIeNYIOmMMA BUL

(e + 08+ e+ w1’ wre g R+
2 2’
(e s mE B (7ot el tw®)
AN, MOC/TE YIPOIEeHUH, (u~——) +( ) —"’23: 13% >
= rsin ¢, caemyio-

[IpeoGpasoBaTh K MOAAPHHIM KOOpnMHaTaM T % @, Mogarag I = rcos ¢,

mye BHPaXKEHUA:
du du du du du dou
159. ) w=22% —y2% 6y w2 1% = (%) 4 (2
9.2)u * oy ”az’ﬁ)"’ I('):1,"*"1,¢').1,/’B)w (3:) +(3y)
< Umeem
Gu Oudr dudp du_ dudr QE dp )

3z 9r oz " 9p 8z’ 3y or 3y  dp By
Ipoussopuzie FE’ g:, %‘5 " %;— HAXOIMM U3 CHCTeM, IMONYYEHHRIX B pesynrTaTe qudbepeHupo-
BaHUA PABEHCTB £ = rCoSy, Yy =rsilp MO £ ¥ ¥
ar . O
0 =cosgag - rsm(o-ai;,

.2 a -, a
0=sm¢5£+rcos¢-a—:, l=smqaa—;+rcos¢-a%.

1=c0s¢%:-—rsin¢-g—:,



178 Tx. 2. Huddepennuarpuoe KCIRCICHEe QYHENME BeKTOPHOTro apryMeHTa

Orcrona 3 5
or 9y " r ¢  Cosp
—_—— — D e ———— —_— = — . 2
2z = % 5 r ' dy S dy r @
Papericrsa (1) sanuureM B BuRe
du _ du cos du sinp du _ du sin ?_ti cos 3)
3z ar ¥ 75, v ' By or o0 r
TakuM ofpazom,
a) w=rcosp (-—sm¢+ Ly °°j“’) ~rsing (—cow - %:i i"’—“’) = %;
6) w —rcos¢( o8 — 8u sing )+rsm¢( sm¢+§%-°—°:—’i) =r%%;
z 2
B) w= (3 cosp — 2 '"’,“’) + (a—"sm¢+ gy °°:“’) = (%%) +% (%) >
9%u 2 2 2
»*u 20%u »*u 2 20y u
. = = ; 2
160. a) w = +8y ;6) w zaz+2yaay+ya2n)w v zyaxa+
2
20%u Ju du
T ay2 (Ia—z + y-a;) .
<« Oucbdepenuupys panencrea (3) i ucniosays papesicrsa (2) us npuMepa 159, Haxomum
a_zi__q_(au) ar @ (au) e _
dz2 ~ 3r \dz/ 9z oz
- Qz_ums +_a_usm2¢ +2_c')_u_ cospsing | Fusin’y  Fu cos¢sin¢’
ar? ar r dp 72 dp? 12 dp Or
et L L)
dzdy ~ or dy az) 3y ~
2 2 2 2, L cin?
=_£cos¢m¢~au cospsing  Qu sin’ ¢ — cos? ¢ Oy cospsing  d°u cos® g - sin ¢’
ar? or r 3¢ 2 ' 2 dp Or T
u_0 (ou\or 9 (du
dy? ~ 9r \ 9y ) 3y ' dp \ dy
2 .
=Q_£ sin? +Bu cos® ¢ 2au cos¢smtp+aucos ® u cosgsin g
ar? a r 3y r2 dp? 12 dpor
Ha OCHOBAHMH THX PABEHCTB NONYaen:
& 2
Du=52+ R L 86 w=r"0t ) u= 23
3y 3y
161. Pemnrs yparnenne 57 = 0557 PO HOBLIC HESABUCHMEIE NIepeMexntikie £=1z - at,
n:=2+at. ’
<« Nmeem

3z

du _dudf Judy du du 8u_ 2 ( )8£ _a_(au) ay & u u
o

Gz € 9s T ondz ot "oy 322 B¢
Ou _du 9  Ou 81] du

du

i 3t+3n YRR TS

3214‘ a 13 31] 2314
r as() FR (at) T

Taxum o6pasoM, FauHoe ypaBHeHUE NPUHUMAET BHJ

Pu_
adn

2au ga’
et e

3z~ 9€ " "3 am

u

an?’
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OTCIOI[a TNoCneqOBATECIPHARIM nHTeerPOBa.HHeM HaXooguM
B1© = / 1(6)de +9(n) = (6) + ¥(n),

roe (&) = f f(&)d¢ n ¢(n) — npoussorsnnle muddepenumupyemte bynxuun. Bosspamasics k
HpeXHUM NepeMeHHHM, OKOHYATETbEO Noxy4aeM u(t, z) = ¢(z — at)-+ ¥(z + at). »
[IpuHsB ¥ ¥ v 32 HOBHE He3aBUCHMEHIE NlepeMeHHbIe, IPeo6pPa30BaTh CENYIOMME YPABHEHHS:

6 z 9z &z 8z 0z

162. 2 Bz ay ay2 + dz 6y
<« Ilo npaBuny quddepenuyporaHus CIOKHOH QYHKUMH, HaXOXUM

B_frdu Dy e 0 Px_ 0 (0)0u, D (05yd _Op, O

dr Odudzr  Ovor Ou Odv 9r? 8z /) 8z ' Ov \9x/ 8z = Ou? dudv = Ov?’

AHaToTHUHO HaXOIXM OCTaJbHEE HPOM3BOTHEIE:

%z 262z + #z 9z 9z _ 09z 9z & 46"’: s 8%z + &z
drdy  O0u? | Gudv Jv2’' By Su dv’ By Hu? dudv  0v?’
[oncraBass BHYKCICHHEE TPOU3BORHEE B JAHHOE YPaBHEHNE, NIoCIe CBENeHNA NOKOGHEIX WICHOB

:i:O.b
62 2
163. (1+zz)51—i+(l+y2 2+z£+g,/(,£;—; = 0, ecan u=1n(:l:+\/1+1:2),v =

)6y2 dz
ln(y+\/1+y2).

<€ AHaJoTruYHO NPeNHAYmMEMY NPHMEPY HaXOMUM
0z 0Oz du _ 0z 1

=0,ecmtu=z+2y+2,v=z—-y~-1.

____t?_(az)du+azi 1 _iz_ 1 _gi T
2~ 8 dr " dudr \\1+z2/ Outl4z2 Ou /(1_*_12)3’
o _0:do_0s 1
dy Odvdy Ov [14g

Pr_o (0N, od( 1 \_ 1 8y
9y?  dv \dyjdy Ovdy Vi+gy? 0v2 14942 Ov \/R+y2)3

32
CaeporatennHo, ypaBuensie npeobpaayercsd x BURY E;— + 5—;;- =0.p

8z 3%z z
2 v
164. :c-;é-— 32 O,ecm{u:zy,u:;.

<« llocrynas Tax XKe, xak H pPaHbIle, HAXOXMM

dz Oz az1 9z 9z, 9%z %z 1

o' oy ! Tae T g
9z 9z 9z z &z 3222 &z ¢ 0%z 8z
o d Gy O et g TaR g ey
2z 1 8z

Takuum 06pa3oM, ypasHeHite peo6pasyerca K BULY 3 a5 P

165. C nomompo axneiinoi saMens € = T 4+ A1y, 7 = T + Ay NpeoGpasoBaTh ypaBHEHHE

& u »u »u
Ager T 859y T =0 W



180 Tx. 2. Haddepennranrsnoe ACIRCICHRe QYHRHE BERTOPHOrO apryMeHTa
rae A, B u C — nocrossnsie u AC — B <0, x suny
32
=2 <. ()
o€ 9y
Hajtry o6muit Bux byHKiuK, yIoRTeTBopiiomen ypasHeHwio (1).
< Bruucunas vacrunie mpoussonnse

du du  du O'u H*u 9w . 8%
Fraal T = W"?“E@E“LE?’

du Ou Jdu %y 8% %u
-5—9-—-6—6'/\x+-3—n-/\2, 597 652/\ +28£8 —=—AA + P A3
8%y 3%u u 8%u
520y 08 x+52-5;(/\x+/\2)+8772->\2
¥ MONCTARAAL MX B ypaBHennue (1), Homyvaem
c P L aoan Aa) o+ A) 28 2 u_o 3
(OX;+2B% + A) g +2(Chida + B +ha) + A) 5o )37 =0 )

Ecam A; u Ay #83410TCa KODHAMH ypannexmx CXN4+2BA+A=0,1.e A 2= :Eﬂcf._f;"_g, C#

2
0, o 8 ypasHeHuHK (3) xoaduiMesTH npu ae; u g”'; o6pamaioTcs & Hyab. [lockoapry AC—B? <

0, To A # A2 H CAi A +B(/\1 +)\2)+A#0
CregoBartenpso, ypaBHehue (1) mpeofpasyercs X BHRY (2) Pemenuem ero Gymer dyHruus

u = (&) + P(n) (cM. pemenne ypasHenns npumepa 161). BosBpamasch x CTaphiM TepeMEHHEIM,
noay4aeM u = ¢(z + My) + ¢z + Xay). »

9%z 9%z

166. Hoxasars, uTo ypassenue Jangdaca Az = 327 + 6—3/7 = 0 He Mensercs nmpu JTobon

HeBHIpOXKIECHHON 3aMeHe MepeMeHHHX Z = ¢(u, v), ¥ = ¥(u, v), yOoBAETBOPAIOIIER YCIOBHAM
o0 06 dp__ov 0
du dv’ v du’
<« [Inddeperminpys z xak cIoXkHyo QYHKLUMIO M ucnioapays ycrorue (1), moxyuaem

8z Bz dp Bz O0p Iz 0Oz Op | 8z dp

3u- 95 0u By 90 Bv 95 30 oy ou’
AHalorMYMo BEIYMCIIEM

&_QZ(%) 8%z a¢%+az(é_)2+azaz¢ Bz 3¢
du?  9z2 8z 8y Bu dv = Ay

ou L

Qf_z__zz_z_(a_vi) 262 3¢ dp Bz(_‘_) Bz?_g+ z %¢
80?9z \ v dzdy ou dv du 3z 0v? ' 9y dudv

Cxnanmipas gBa HOCIETHUX PABEHCTBA, HONYUAEM

2 &z ap\? dp\*\ (&2 8%z o ¢\ 92
5@%@*((5@") +(52) ) G +ar)+ Gatam) o @

Hanee, nuddepeHrupys neproe U3 paBEHCTB (1) 1o %, 2 BTOpoe Io v

a2 udu’ 02 dudu’
ybexmaemca, YTO

o By

-5’?; + ¥ = 0. 3)
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Haxone, n3 ToTo, YTO 3aMeHa HEBRIDOXKIAEHa, M3 paBeHCTB (1) caenyer

8¢ 8¢ 8¢ 8
D(g,¥) |35 a0 | | @ _(a_¢)2+(§£)2¢0
D(u,v) |ov ow| |_oe oe| \Ou dv '
8u 8v 8v Su
8%z 8%z
Taxum o6pasom, u3 pasencrsa (2) HaxommM gz + 35 = 0. B
2 2
167. IpeoBpasopars ypasnenns: a) Au = 37;+g;12i =0;6) A(Au)= 0, nonaras u = f(r),

rge 1 = /72 4+ y2.
< a) meenm
du dudr duz z92u_dzu:4c2 du r* - z?
9z  dr oz drr’ 9z2 dr? rZ ' dr
ANaZorM4HO HaXOZUM %; = % z—: %—'; Tz:syz
6) Hoctynas, kak u paHsile, moxyvaenm

o) duz Luz duz

_ d%u 1 du
. Crenopatempho, Au = o5 + 7 3

dr drd ¢ " drt g2 dr ¥’
*(du)  duz®  Pul  Purt-37" dur’-35°
B R S = S el =it
7 (Au) _ d'uy? Pul Purt-3" dur? -3
By  drtrZ At drr o dr s

.dq_" Eﬁ_Ldzu_*_Lﬂ‘.,,

dr + r drd r2 dr? rd dr

Taxum obpasom, A(Au) =
168. Bupaxenns

2 2 2 2 2 2
du du du 0*u  0%uw | 0%u
={ — —_ _— Aot = — 4+ —— —_—
Bru (5:5) + (By) + (32) ’ =0 + y? + dz2
npeofpa3oBaTh x chepUUECKMM KOOpAMHATaM, Hofdarad ¢ = rsinfcosy, y = rsinfsing, z =

rcosf.
<« [IpencrarumM gannoe npeobpa3oBalye B BUIe KOMNOSHIMH IBYX HpeolpascBaHuu:

z=Rcosp, y=Rsing, z=z, (1)
R=rsing, ¢=¢, z=rcosh. (2)

IIpu samene (1) nMeem (cM. npumep 159, B)):

ou\" (ou\'_ 1 (au)' (8w’
oz dy/ T R\ 0y AR
2 2 2
CauenonaTtensho, Aju = -I% (g—:) + (%‘2) + (‘—;;;—) .
[Ipumenss npeobpasosanne (2) (cM. npumep 159, B)), moayvaem

' (au) 1 (o) (au\' 1 (5u)'_ 1 (ou)
oR dz ) ~ r2 \ 88 ar ] R2\3¢/ ~ r2sin?0 \dp )

OxonYyaTeTbHO HAXOMUM

2 - 2 2
du 1 {0u 1 du
A‘""(E) +r_2(ﬁ) Y entd (5{3) '

AnagoruuHo, ocymecrsass 3ameHy (1), nogyyaem (cM. npumep 160, a)):

Pu 10u 1 e P u

Mv=amt R T E o T o



182 Ta. 2. Tuddepernuansuoe RCURCIeHRe PYHRINE BEKTOPHOro apryMeHTa

CornacHo npeo6pasopanuio (2) (cu nphumep 160, a))
Po Fo_u 10u, 17
aR2 9z7 a2 " rar 12 962
Honaras B pasencre (3) us npumepa 159 y = R, ¢ =0, rne R = rsin 6, nonyyaem

10u _ 1 (?_Es.me_l_a_ucose) lau_*_ cos @ 8_14
ROR ™ rsinf \dr 3 r )73 " rsmb a6
2
HB nByx TNoCneTHUX paBeHCTB M K3 TOro, 4yTo ';'—2 %ﬁ;’% = m *8—:;, HaXoIaMM
Pu 10u 18%* 18u  cosf du 1 8y
A=t e Y o Y o T om0 56 T rZem?f 97
_ 1/ 2814) 1 a(. au) 1 3%
=z (81( o) Tams 50 \"0% ) taa 502 ) »
2 2 2 2
169. B ypasHenuwu z (g ‘;_*_ g z) (g:) +(g_;) BBECTH HOBYIO (DYHKIHMIO W, OJarasd
w=z2.
« Umeem

dw . 0z dw , 9z &w 2z\° . 9z 8w az\* _ 8%
52 -—22’5—2-, —aTl —2z-(-9—!-l-, a—z;—Z(a—z) +2ZT —_— — —_—
OTciona HaxomuM

o 1w 8x_1dw Bz 10w 1 (ow)' & 12w 1 (9u)
dz 2z 0z’ dy 2z 0y’ "022 2072 4w \9z )’ z =

Wcnonrsys naitieHHnle ¢opMynH, 3anylieM TaHHOE yPaBHEHHE B Bufle

2 2
FPw 0w dw dw
w (W + ’5!72— =\ 3z + -é; >
Hpunss u ¥ v 3a HOBHle HE3aBMCHMEIE NIEPEMEHHHIE M w =
npeoﬁpaaosarb ClleyONMe ypaABHEHHU: -

170. y +28" 2 z

= eI U= —, V=2, W=2T— Y.
a 5’ 3 )

< Hpnmenzx BTOpYI0 H3 thopmyn (7), n.4.2, nomyyaem

Bw z
9z (_F) +1

w(u, v) 32 HOBY© QyHKUMW,

-4

y6exnaemcd, YTO faHHOe ypaBHEHHe IPHHUMAET BHN

duz — 7
171 82_1 _ azz 822

= = =¥ vw=2

323 818y+8y2_0"ecuu—z+y’v_z’w_z

< Hpmaelux dopmyae (7), 1.4.2, HaxopmuM

o e CE s e _ydw s 0 GG
z

lI.I1
oF

+
o

Z =—8u TG s
s zdv ' Iy i
‘ =
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Nuddepenimpys nonydeHnHne PaBEHCTBa, HAXOXUM BTOPEIE IPOM3BONHEIE

3z _ w y Fuw

v 3w _dw
Fr il " v

T 47 Y Yot
z dudv + z3 dv? + au’
¥z _ Pw (y _1) Pw ydw du
Az dy vl T dudv 2 v v’
32z_£82w Pw +l&
3y " 0u? " "9udv 'z v’
3aMeHs5 B JaHHOM ypaBHEHMM BTOPHIE IIPOU3BOAHEIE HAMJEHHEIMH UX 3HAUEHHAMH, IOy HaeM
8w
_5"—2 =0 >62 82 82
z z z
172. 5;+2_—8z8y +-5;I;=0, ecmMu=g+y,v=r—y w=zy—=2.

« Ilpumenss te xe GopMyus, YTo u B MPEAHAYILEM TPHUMeDe, HAXOAUM

o:_ 0 _gw 8 v ow
3z ou ov ¥ 9y~ du ' v

Hanee,

?_2_z_ __1_9_2_12_ 3w _ 3w 9z 3w B w

a2 T du? du 0v

_ ] 822_ 3w Pw 8w
37 2oy w@ Tl T e

ay? =% tima e
TakuM o6pasom, ca”

1

z z z _ _1 _1 _ .y
173. 572 T 5a 5y + g = MU= 2(z+y), v= 2(:5 y), w=ze’.
« Cornacho dopmynam (7), m.4.2, uMeeM

Sw 1 Sw 1
0z _ By 3 ‘5—,,5_16_,,(82_*_82)
dz ~ —e¥ du v/’
Haxomum BTOpHE NpOM3BONHEE

2 2 2 2 2 2 2
Pr 1oy (Fs P P\ Fr 1, (Fs P00
0z 4 du? Judv = Gv? dzdy 4 du2  Gv? du T Ov
3anucwBaeM Teneps MpeoGpasoBaHHOE yPABHEHHE:

8z 8z __
Bz + 8udy — w. »
174. B ypasuenuu

82 82 82
(1 +q)5;;- ~-(1+p+ q+2pq)5;aiy +r(1 +p)# =0,

rAe p = 7z M g= %’ nonoXuTh 4 =z +2,v=y+z, w =2+ y + z, cuutad, yro w = w(y, v).
« Haxopum mpoussonisie gf =pmu %; = ¢ (cM. popmyan (7), m.4.2):

Sw Sw
e~ 1 3~ ow  Ow
_ 8 =_8u =2 - 1.
Pyt A meAsgt g Tl
O
TCIONA ﬂ(a_w_l) o 8_w__1)
g1 +g)= -2, p14p) =2 2, "
1 ow ow ow dw
1+P+9+271=ﬁ(1—a—5+ EW)
3ameqax, yro
/] L7 Sw _ dw _ dw
A 8z A 3y



184 Tx. 2. Taddepenqmansnoe ncancienre PyHRIHE BeKTOPHOTO aPryMeHTa

HAaXOMMM BTOPDHIE€ NPOM3BOXHEIE:

Pt o (o) B o (BB
3z2  Ou Oz  Ov Oz du A v A A

1 (8w <8w)2 o Pw Q‘E(?;"i—l)Jr?—zﬁ(i‘f-l)z
AZ\ 8u® \Bv dudv v \Ou v2 \ du ’

&z _Opou  9pdv

= 2
8zdy 0Ou dy ' v By ()
1 [0%w dw 8w Fw (dw  dw Fw dw [dw )
= —_— — —_ |+ — - —_—— | — —1
A3 (8142 v \ oy 1) +8u80 (Bu + v 1) + 9v? Ou (Bu ’
Pe dabe b _L(%w (zte)’_za’w ?2(?2_1)+@(?ﬂ_1)2
9y ~ Bu dy *5 dy 902 \Bu dudv du \ Ju u? \ Ju )
W3 pasencrs (1), (2) 1 paHHOTO ypaBHeHUS CIENyeT, YTO 8u Bv =

8%z &*
175. Tokasats, uTo BUA ypaBHeHus 5:::—; 51/—: - Bz By = 0 He MeHseTCa MpH JIOG0M

PACIIpEleIEHHM PoJieH MEXK]IY IIePEeMEHHLIMY T,y ¥ 2.

« [ycte, wampumep,  — byurius, a y ¥ z — He3aBHCHMBle NepemeHunie. Ycnomssys
HHBAPHAHTHOCTH (POPMH nepBoro pudepeHymaia, MolyiaeMm

oz oz [ 0z 0z

CpasHuBad x03pPUUMEHTH PK dz u dy, MolydaeM CHCTEMY

_ 0z 9z _ 0z Oz 0z
=%z 01 ~ by + 9z oy’
8z
U3 KOTOPOIf HaXOoIMM -g—: = -El_; %"; = -%‘
8z 8z

Haxonum Brophie Ipou3BomHHeE:

2 8z 2 8%z 8z 0%z oz
i_z.—-..a_. ._l.. 3_2___5_-25_ 9 —_?_ ._l_. +.2. _1._ 53_5_62255"&5145?
az? 3z %’z_ oz (5_1_)3 ' dzdy  dy \ &= 8z %’_ Jy (i’.)3 ’

8z 8z z 8z
8 8 s (0:\ _ 0% o5 0c , 8% ()’
622’ a ("'a_y + a T8y az 8y? \ oz 8z dy 8z 9y 8z2 \ 8y
R Gy \ &= az\ & |5y oz :
y 8z 8z y (3;)
CnenoBaTelbHo,

a9 (9% \'_ (e (02 )Y (3:)'_,
dz2 9y? dzoy) ~ \0z2 9y 3z 9y 9z ) —
2-’ 21 2-’
T, €. g;fé—f—(gaz—a—y) =0.

AHaOTMYHO NOCTyNaeM, cunTad y (PyHKUMEHR, a T U 2 HE3ABUCHMLIMK NEPEMERHEIMK. P>
176. Ipeo6pasosats ypasHenue

3z 3z\ 8%z 3z 0z\ 8%z 3z 0z\ 3z
A(E’ 5) ‘7;;;-!-23(5, 5) ——3zay+o<£’ 5) 3y =0,
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npuMendas npeobpasosannue JexaHapa

0z 0z 0z /)

2
X_a_z')y—a_yyz-z_'*'y'—;_zr (1)

oz 0
e Z = Z(X,Y).
« Mpeanonaraem, uro GbyHkuus z = z(Z, y) yHOBIETBOPAET yCIOBHIO
_Pa s @\ DY) o
~ 8z? g2 3zdy) ~ D(z,v) )

Mucdepenunpys Tperhbe 13 paBencrs (1) o ¢ ¥ Mo Y u y4UTHBaL, YTO 6—; == === =

oY a8y _ 8%
B2 .57 = Ey_” noJy4yaeM

0L 8 P Fa Pp 9L Bx 010 #r |
5X 922 T OY 030z 922 ' Yaydz OX dzoy ' 9Y 02 o050y | Jog

Orciona, B culy yclosus (2), HaXomuM

YA az
=% Yoy (3)
Hanee, muddepenuupys paseHcTsa (3) o £ U MO Y, HMeeM JBE CHCTEMEL:
1= 3z 82z+ 8’7 &z _ &z 822+82Z &z
T 8X? 9z2 ' 0Xa8Y 8zdy’  8XaAY 0r? ' Y? 3z dy
H
_PZ &:  8Z Pz L P2 PZ Pz
T 8X2 9z0y  8XaY 9y2’  aY aX Oz dy Y2 ay?

Dz,

1
C onpenenuTeseM OTIMYHEIM OT HY 14! #)'(—% = 7 # 0. Hoaromy YKa3aHHRI€ CHCTEMEBI OTHO3HAYHO

ONpeneasoT BTOphle NPOU3BOXHELE:

2 2 2
_a.z_z—_ng 9z —_Bigy 2_5—/’% (4)
dz2 ~ I-V 9zdy I Ayt I
Ucnonssys pasencrsa (1) u (4), samucrBaeM npeoGpasoBaHHOE ypaBHEHME B BUE
&z &z &’z
A(X, Y)m - 2B(X, Y)m +C(X, Y)W =0.p»

YnpakHeHHs 1I4 CaMOCTOATENPHOR paboThl

128. [IpMuaTh ¥ 3a HOBOE HE3aBUCHMOE NepeMeHHoe M Npeo6pasoBaTh ypanHeHue y — zy’3 +
efy” =0,

129. [Ipeo6pasosars ypasHenue y'y"’ — 3y"2
dyHxHIO OT Y.

130. IIpunars y 3a HoBoe He3aBUCHMOE IlepeMEHHOE M TPeo6pa3oBaTh ypaBHEHHE

" _

= 0, NpuHAB He3aBHCHMOE NEPEMEHHOE Z 3a

yr2 yIV _ loyly”y"{ +‘15y 0.

131. B ypasuenuu z2y" + 32y’ + y = 0 nosoxuts z = €',

132. IpeoSpasoats ypasuenue z°y" + 2z%y” — zy' +y = 0, nonosus ¢t =Inz.

133. B ypasnennu (z +6)°y" 4 3(z +6)’y” + (2 + a)y’ + by = 0 nomoxuts ¢ = In(z + a).
134. B ypasuennu (1 + 2°)%y" +22(1 + 2%)y' + y = 0 nonoxuts z = tgt.

135, HokasaTs, 4T0 ypaBHEHHE

d’y 32‘ _e-:: a; 4‘"'2
2':2_ + 2;2s+e—21 -d-% + (e2’+e-y7’)3 - 0




186 Tn. 2. Duddepermuansuoe Bcancierne HyHREOHE BEeRTOPHOrO apryMeHTa

NIpH NMOMOMIM NMONCTAHOBKH T = %ln tg 2t npeobpasyercs K BMIY y" + 4m2y = 0.
136, IIpeo6pa3oBaTh ypaBHeHHE

242 .1 2y ! 2zy __
22y ~2(1-2)y' + E =0,

ety
e21+1 .
Hpeoﬁpaaosa'rb K MOJAPHEIM KOOPJIMHATAaM, MOJOXUB T = TCO8p, ¥ = 7 sl p:

137. _’!l';!l‘ 138. ztyy'
14472 -y’

139. [Ipeo6pasosats ypasHenue

MOJIOKHMB T =

a2
Toh - —- L +ry =0,
TIPHHAB 3a HOBHL apryMeHT § = =
140. [Ipeo6pa3oBaTh ypaBHEHME

eyih ~z (%) +y2 =0,

B3jB 32 apTyMeHT J M 3a Honym QJnyumo z=In ="-.

141. B ypaBHenunu z + y—- — 2z =0 NoNoOAKMTL U =2, v = % M MPUHATL ¥ M v 3a HOBHE

He3aBHCHUMELE nepememme
142. [Ipeo6pasoBaTh ypaBHeHuE

(z+mz)5E + (y+n2) 52 =0,

NPHHAB 4 M U 33 HOBHIE HE3ABHCMMBIE lepeMEHHEIE, eClU U = T, U = :_:—:;.
Tpunas u u v 3a HOBHIe HesaBHCMMEle lepeMeHHEe, Mpeo6pasoBaTh CIENYIONKe YPaBHEHHA:
143. gi; +Hg+m 2=0,2c =4~ y = uv.
144. g—z+2zy282+2(y v )ay+z y z—0 z=uv,y=i—.
[Ipeo6pasosats oneparop Jlamraca Au = 532 u 4 &y 8y2 g—i’,i, Tonaras:

145. c=caf, y= (%> —a®), 2=2. 146. z =achécosp, y = ash{sing, z=z.

§5. dopmyia Tensopa
5.1. dopuyna Teinopa:
Ecau pynxuus = — f(z), = € S(zo, 6), = (21, 22, ..., Tm), To = (23, 23, ..., %), BaACI-

cs n+ 1 pas muddepenuupyemoit B okpectHoctH S(Zo, §), To AAA BCeX TOUEK SToM OKPECTHOCTH
crpaBemiMBa popMyaa

$)= £+ 3 g (1= Dt 4 emm g ) S+ Rale), D)

k=1
rae

n+l
Rn(z) = (—n'l”f)" (Ge: —22)512—1— + oot (2m —zg,.)gg-"—') f(zo+8(z—20), 0<O<L.
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5.2. Pan Teiinopa.
Ecin pynkuus z +— f(z), € € (2o, §), 6eckoneuno qudppeperuupyema u lim R.(z) =0, 10
n-—00
sTa QPyHKUMA HOMYCKaeT IpeficTaBleHMe B Bufle CTENIEHHOTO PAfa

@) = flao)+ 3 (1= R+ .+ (2= 25 Feo) W)

KOTODHH HasHBaeTcs padom Tetinopa pus pynxuuu f B okpectHocTH S(Zo, §). YacTHEIE cyvau
dopmyn (1), m.5.1, u (1), n.5.2, npx 2o = 0,0 = (0,0, ..., 0), COOTBETCTBENHO HA3HBAKOTCA
gopmyramu Maxaopera u psdom Maxaopena.

177. dyuxumo f(z, y) = 22° — 2y — y* — 6z — 3y + 5 pasnoxurs no Gopmyne Teitnopa B
oxpectHocT® Toukyu (1, —2).

<« [Jannas yHK1uA uMeeT HelTpePHBHEIE HYaCTHHE POK3BONHELE T060T0 Nopaxka. IJockoapKy
BCe MacTHHE NPOK3BORHEE MOPATKA BHIIE BTOPOTO PABHH HYJIO, TO OCTaTOYHEIM ‘iieH Rp Vr > 2
obpamaerca B HyJs, ¥ Popmyna Teiliiopa npunuMaeT CleXylolUi BU;:

flz,y)=f(1, -2) + 2f(—;’z-:gl(z -1+ -af(l’—y"z)(w 2) +

+%(w(z—l) +2 it

dz? 30y

— )( -y +2)+ éz—f—g——ly’;l)(yﬂ)z). (1)

Haxomum yacTHEIE MPOM3BOTHEE:

8f(£, y) _ 8f($, y) —_— e —_
5 = 4z —y -6, —_8y =—z-2y-3,
i,y _, Piay__, Pfay _ _,
dz? ' 3zdy ’ 9y? ’

Buuncnss 8 touke {1, —2) sHauenns GpyHKuMM K ee IMPOM3BOXHEIX

s, -p=s, HGZD_, UG,

3y
3 f(1, ~2) -4 a2f(1 -2) _ P, =Y _
dz? ’ 9z dy ’ ay?

¥ MoNp3ysack pasnoxenuem (1), momyyaem
f, ) =5+20z -1 -(z-1)(y+2) - (y+2)*. »
178. @ywxuwo f(z,y,2) = z° +y° + 2° — 3zyz pasnoxuts no popmyne Teirtopa »
okpectHocrH Toukk (1, 1, 1).

<« lockonrky BCe YacTHHE MPOU3BORHELE MOPSIKa BHINE TPETHErO PABHH HYJIO, TO OCTATOY-
HEli uneH R, dopmynn Teitlopa pasen Hymo ais Bcex n > 3. CreoBaTelsHo, B JTaHHOM CIyYae
tdopmyna Teitnopa npuHUMAaeT BuN

£ 3 D =10, 1, D)+ d (L1, 1)+ 2 8L, 1 1)+ 5 (1,1, 1), M

me dz = z—1,dy = y—1,dz = z — 1. Buumcass B Touxe (1, 1, 1) 3Hadenus GyHKuuu u ee
mupdepenuuaion
f@,1,1)=0, df(1,1,1)=0,
Pf1L L) =6(z -1+ -1+ (=1 - (z-)F-1) - (z 1)z -1) - (- 1)(z-1)),
EF1L 1L ) =6((z—1)+(@ -1 +(z—1)° =3z —1)(y - 1)(z— 1))
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M Toar3yscs pasnoxkenyem (1), noryyaem
fg,9,0)=3(@ -1’ +@ -1 +(z-1’ -(-D)y~-)-(-DE-)=-(y-1)(z=1))+
+(e-1)’+@-1)’ + (-1 -3 -1y -1)(=z-1).»
179. Haitrx npupamense, nonyuaemoe hyuxumeit f(z, y) = z2y 4+ zy° — 2ey npu nepexone
or 3HaveHuMt £ =1, y = —1 k sHauenumam z) =1+ h, gy = -1 4+-k.

4 B pannom cayyae pasnoxenne Gynxuuu no gopmyie Teitnopa B okpectocTu Touxu {1, —1)
MOXHO 3allHCaTh B BHJIE

250, =) = 7(e,9) = £0, = = 20T gy Py 4y

(R0 =) a8, 1) PH0-1) o
S A A Gk B2 Y 9l dA T N LA 70
+2!( Froanl Chul M R (z-D+1)+ 532 (y+1)° ) +
1 (8%f(1, -1) s, L0 (1, 1) 2
+§<T(z_l) 3Gy -+l +
aaf(li _1) 2 aaf(l’ _1) 3
#3521+ w1y ).
Monarag sgeck z = 14k, y = —1+k u BEUHCAAL yKa3aHHElE IPOMBBOIHEE, Modyuaem Af(1, —1} =

h—3k—h%-2hk+ K + K2k +k*h. »

180. B pasnoxenun dynxuns f{z, y) = z¥ no dopmyne Teitropa B OXPECTHOCTH TOUKM
(1, 1) BEIMKCATEL YJeHH O BTOPOr0 NOPAAKa BRIUHTEIBHO.

« HaXopum cHadalla yacTHHe NPOM3BOJHEIE [0 TPETHETO NCPSAXKa BRIIOUUTEILHO:
fi(z, ) =yz*™, fi(z,9)=2'lng;
faa(z, ) =y(y— 1)=* 72, fay(z,9) =(1+yln )zt f;'z (z,9)= ¥ In’ z;
Fie, v) =y -y~ 202", S5, 9) = (- 143y~ )hz)z
Fay2(z, 9) = (y®z +2Inz)z¥?, fyil(z, ) = 210 2.

3arem BHIYMCAAEM 3HAMYEHMA QJyHKuHH H ee NMPOM3BOIHAEIX NMEPBOTO ¥ BTOPOT'O IOPANIKOB B TOYKe
LY fLY =1, (LY =1, f(1,L1) =0, f2(1,1) =0, fo(1, ) =1, fz(1,1) =0
sanuceBaeM quddepeHMANLl IEPBOrO ¥ BTOPOIO NOPAMKOB B 3TOM TOYKE:

df(1,1) =de, d*f(1, 1) = 2dzdy.
HCKOMOe Pa3iloXeHUe 3aIUIIeTCE B BHIEe
1
f(z, ) = f(1, 1)+ df(1, 1) + §d2f(1, 1)+ Ry (1+0dz, 1+0dy) =
=14dz +dedy + Ra(1 +6dz, 1 +6dy),

rie
dz=z-1, dy=9y-1, 0<8<1;
1
R2(£» y)= 'édaf(z) !I)=

y -1 —_ — — 2
=E_<y(y My =2) j5. 33 1+s;(2y Dinz 2y 4 g¥ln ’:21"”dzdy2+1n3zdy3).>

6 zd

181. Pasnosxuts no dopmyne Maknopena 1o ulleHOB YeTBepTOro MOpsKa BKIIOUATENLHO -
byukumo f(z, y) = /1 — 22 — y2.
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« Haxomnm muddeperHimann yHruny f Ko 4eTBEpTOro MOpARKa BKIIOYHTENLHO:

f(.t, y) = (l - 22 - y2)§’ d.f(zv !I) = %(1 - z2 - y2)—%(_2z de — Zydy):
1
2

Pf(e, y) = —-%(1 - - yz)"%(-Z:c dr - 2ydy) + %(1 —2? — y?) T2 (~2dz” — 2dy?),
d*f(z, y) = '2-(1 —zz—yz)—g(—h dz — 2y dy)® — i—(l —zz-yz)_%(——Zz dz - 2y dy)(~2dz* - 2dy*),
d*f(z, y) = —i-%(l —z - y’)_%(—-% dz - 2ydy)* +

+ 2—(1 —z- y2)—g'(—2z de — 2y dy)?(~2dz® — 2dy®) - %(l e yz)-%(-Z dz? - 2dy*)>.
Tlonaraz sgecy £ =y =0, dz = z, dy = y, nony4aem

7(0,0)=1, df(0,0)=0, d*(0,0)=—(z*+9%), &0, 0)=0, d*f(0,0)=-3(z+4")".

Temneps nerko 3anucaTs TpebyeMoe pasioxkeHue:

1 1 1 1 1
F(0, 0)+df(0, 0)+ 57 °F(0, 0) 4 35 1 (0, 0)+ 5 (0, 0) = 1= 5 (" +47) = 5 (=" +4")" - ... >
182. BmBecTn HPKGJIPDKEHHHG q)OpMyJIH C TOYHOCTBHIO [0 4JI€EHOB BTOPOro NnopAnkKa Ing
BHIpaXKeHMi: a) <82, 6) arct 1424y
P " cosy’ 8174y

a) IToxssyscs opmynamu

1
cnpaBelJIMBEIMU COOTBETCTBEeHHO nMpu t — 0 u ¢ — 0, monyuaem

1 1
cost =1 = +o(i), = =1+g+4 +0(¢),

cosy  1- $v% +o(y?) -

1-222 4 0(2?
Cos T 2 ( ) — (1 — _12_3;2 + o(zz)) (1 + %yz + O(yz)) =

1 1 2 _ 2
=1—-z2+—y2+zza(y2)+y20(z2)zl— it
2 2 2
6) O6osnavas f(z, y) = arctg 1—_—;—+y-, srrumcasenm f(0, 0), df(0, 0), d*f(0, 0):
T 2(1 + y)dz — 2z dy
0,0) =arctgl = —; = df (0, 0) = dz;
f( )0) arcgl 3’ df(zly) (1—z+y)2+(1+z+y)2’ f(07 ) dz:

=(2(1 + y)dz — 22dy) (2(1 ~ 2 + y)(=dz + dy) + 2(1 + 2 + y)(d= + dy))
(1-z+y2+(1+z+9))
d*f(0, 0) = —2dz dy.
Ianee, nonesyice bopmynoir Makiopena
£z, 9) = 0, 0)+47(0,0)+ 3 870, 0) + ...,

TRe dz = z, dy = ¥, MOMy4yaeM HCKOMYIO NpubmkKeHHYI0 PopMyly

d*f(z, y) =

3

183. Vnpocrurs Brpaxkenne c08(z + y + z) — cOS T COS Y COS Z, CUMTAA T, ¥, 2 MATEIMH IO
abCoMIIOTHON BeMMUMHE,

4 Ucnonsays dopuynry Maxiopena mua cost, nmeem
z2 y2 22 1 2
coszzl-T, cosyzl-—-—z—-, coszzl——z—, cos(z+y+z)z1_—-2—(z+y+z).
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3aMeHsd B JaHHOM BHPAXKEHMM KOCHHYCH IOJYYEeHHEIMM NMpUGIMKeHnaMu u oT6pacHBas Be-
JMYMHH BhIIIe BTOPOTO NOPAKKA MaJIOCTH, HAXOAUM

1 . 22 P 22
cos(z+y+z)—coszcosycoszzl—E(z+y+z) - 1—7 1—7 1——2— =

1 1 1 : 1
=1- 5(3:2 +9P+22) —(zy+rztyz) -1+ -2—(:::2 +y*+7) - Z(z2y2 +222 +47%) + §z2y222 &
~—(zy+zz+yz). >
1
184. dynxumo F(z, y) = Z(f(z-}-h, y)+f(z, y+h)+ flz—h y)+ f(z, y—- b)) - f(z,v)

Pa3loKHUTE 10 CTemeHAM h € TOYHOCTHIO JI0 ht.
<« Tlo popmyre Maxaopena, umeem

2
Fz,9)= (f +hf,+ h—f”: + f”' + f,4 +o(h*)+

h3

2
+f+hf,,+ f=+ f”s'+ f,,.+o(h‘)+f—hf;+h7f;’a f”a’+ f.+o( Y+

! h2 " h3 1
+.f-hfy+7fy2 _fy3+ f +0( )) f7

Ile 3HauyeHMs PyHrUuM f M ee MPpoU3BOTHHX f("), n = 1, 4, BHIMHCIEHH B TO4ke (T, y). Tlocne
NpHBENEHU A MOTOOGHEIX MOy UM

2 h‘
yri!

Fz, !l)———( 2+ fp) + =(Fd + F0) +o(k*). >

185. Pasnosmurs 1o cremensm b u & dynxuuo
Az,,f(:c, y)=f(z+h, !I+k)-f(z+h: y)_f(z’ y+k)+f($, y)

<« CHavaua samuutem pasioskenue Gynxuuu (b, k) — f(z +h, y+k) no popmyne Makaopena:

2 92
f(z+h,y+k)=f(z,y)+hafg:”)+kafgcy’y)+h7afa(”;")
& i@y P azf(z y) a a\"
+ hk 53t +Zn' hor 5, flz,p). (1)

HpencTasass cuMBonMUeckyo 3anuch n-ro qudpdeperyuaia B cieayoe hopMe:

n

a b/] " - n! mn-m 8nf(z’ y) _
(2eb2) s § g et

ot m!(n — m)! dz™ dyn—m

n-1
_ n! mpn-m 0" f(2,9) 20" f(z,9)  ,n0"f(z,y)
—Zm'(n m)lh k amayn—m+h S Tk o

pasioxkene (1) sanuiteM B Buge

af(z v 1 ) B 3f(z,y) , ,, (= 9, K 3f(y)
flz+h y+k) = flz, y)+h +k o +o =g thk 522 +5 e

0 n-l

h™mE™™ 3" f(z, y) 1 (0" f(z y) | 0710, y))
+ % s B +§3 = (h_ +E =g )

n=3 m=1
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Tanee, ucnonassys sTo paBeHCTBo u pasioxkenns pynkumit f(z +h, y) u f(z, y +k):

8fz 9 B Pfy) = h" 0" f(z, y)
2 02 +Z

fz+h y)=f(z,9) +h

— nl 9z '
3 ) k2 82 ) = k" anf z,y
f(z, 9+ k) =f(z, 9) + fg”y”)-f? fa(;z y)+z=gﬁ~—a(yn )

3anmuCHBaeM pasiokeHue Qynkuum Az f(z, y):

P ey ) P ()
Azyf(z) y) hk———== ) +E Z 1n| n— l oz™ ayn—m
n=3 m=1

186. Pasmomuts no crenenam p hyHKUMIO

1 .
F(p)= ﬁ/f(Hpcosv, y+ psing) dyp,
0

e byuxuus f quddepenuupyema Moboe Huclo Pas U paslaraercs Mo CTENEHAM p B CTENEHHOX
pan.
« 3anuuien pasaoxenue dynxunu {p, ) — f(z+pcosy, y+psin p) no dopmyne Maxaopena:

k
a . a
f(z + pcos g, y +psin ¢) = f(z, y) +E (cowg +sm<p;9fy) f(z, y).

Ilpenmnonaras nounenHoe MHTETPUPOBAHME TOTO CTENIEHHOTO PANa BO3MOXKHEIM, MOJyYaeM pasio-
senue pynkuuu p — F(p) no crenenam p:
2r
o k
1 a . a
— €OS @ =— + Sih P —— z, y)de.
F(p)=f(z,9) + k!%/( g, tenes f(z, y)de
k=1 °
HMockonsky

k

B, -
<cos<,aa +sm<pa> fz, y )-Zﬂ(k—]) azJay,ﬂz cos’ psin®7 o,
31=0

TO pasioxkenue hynkuun p — F(p) MoxHo 3ammcaTs B Bule

2
K f(z,y) 1 i ke
f(z, !I)+Z T Z = ])'———axfay"‘i Py /cos’ psin” 7 pdp. (1)
0
PaccmoTpum umTerpan
27
I(J:k*J)=ﬁ/cos’¢smk T odp. )

0

Ecin j = 2m — 1, 1o cos’ psin* ™ pdp = Pi_i(siny)d(sing), rae Pi—i(singp) — mmorowren
creneny k — 1. Orcloga cregyer, 4To

I2m—-1,k-2m+1)= -2;1; /Pk_1(sin @)d(sin p) = 0.
°
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AwanoruyHo, ecmt k=2n— 1,710 I(j,2n ~1-3) = 0.
CuaenoBaTensHo, uHTerpax (2) oTaMYEH OT HyJd TOABKO B TOM Cry4ae, ecud k = 2n, j = 2m:
2

1 2 : 2n-2
I(2m,2n—2m)=-2— cos ™ @sin“" T o,
T
o
Biruycngs 3T0T MHTETpPal MHTErpHPOBAHHEM 1O '{aC’rﬂM, noayqaeMm

2m -

I(2m, 2n — 2m) = 52—+T

I(2m — 2, 2n — 2m + 2).

Orcrona caenyer, 4ro
(2m - 1)(2m —3) ... 3-1.I(0, 2n)

1(2m, on = 2m) = e T Ty(an —2m 13) . n-3)(2n-1)
(2m — 1)!{(2n — 2m — 1)!!
= I(0, 2n).
(2n - N
Hoassysacs TeM, 4To
2% %
1 . 2n _2 . am _(@n-1t
I(0, 2n) = 2ﬂ_/sm pdp = r/sm pdp = I
0 0
noxyyaeMm
Q2m—-1)M2n—2m -1 2n -1 (2m - 1)!(2n - 2m — 1)!!
I(2m, 2n — 2m) = = .
(2n - i (20 )Y (2n)!!
Hanee, yuutsBag, uto (2k — 1)! QE——I)'—',(,&J-’-' = Q—k)T, OKOHYATENbHO MMEeeM
(zk)! P

_ (2m)!(2n — 2m)!
I(2m, 2n — 2117.) = W_—m—)l
SaMensas B pasnoxennu (1) k Ha 2n, j Ha 2m M MCMONB3YS PaBEHCTBo (3), Mony4YaeM

F(o) = (z, 9) + Z (Zn ' E (2n)! (2m)!(2n -~ 2m)! 0" f(zy)
m= 0

— (2m)!(2n — 2m)! 227nim!(n — m)! Oz2m Gy2n-2m

> (p) L t 2n e 2n
2 n a f( 7y) 1 4 n
flz, 9)+ Z (n)? E ml(n — m)! 8z2m gy2r—2m = f(z, ) +E (nl)2 (5 A f(z, y),
=1 m=0 n=1
roe A = a? + 6—!12-. »
Paszoxurs B pax Maknopena cnenyiomue gyHrimu:

187. f(z,y) = (1 + 2)™ (1 +9)".

4 Vneenm 1
f(z, 9) = £(0,0) + df(0, 0) + 5 °(0, 0) + ... )
Brruucianym B Toure (0, 0) 3Havenus QyHRUMM M ee quddepeHIHaioB:
f(07 0) =1,

df(0, 0) = m Az + n Ay,
d*f(0, 0) = m(m — 1) Az® + 2mn Az Ay + n(n ~ 1) Ay?

lonaraa sgeck Az =z, Ay = y H NOACTaBAAA PeaynbTaT B PaBeHCTEBO (1), MomyyaeM pasmoxkenue
byurnuu (z, y) — f(z, y) B pax Makaopena:

fz,y) = l+mz+ny+—2-(m(m-—l)1:2+2mnzy+n(n—-1)y2) +....»
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188. f(z, y) =In(1+z+y).

o Nockonsxy (z, y) = 1+ +y — nuHeliHag GyHKUMA, To PopMa auddepeHnMala TI060r0
nopsaaxa o6xajaer cCBOMcTBoM WHBapHaHTHocTH. [TosToMy

(o, 9) = Y -yl :y)n =2 (_i)n > m.!(nn-!- Y =
=Z Wzmy“m, z+3y/ <1 »
n=1 m=0

189. f(z, y) = ¢"siny.

o Pag Maxnopena gaa ynxiunu

fen =100+ % (s2+v) 10,0

nsl
npecbpasyeM ClelyiomuM o6pa3oM:
o0

=Y 5 (v +y§—y> 10,0 =

n=0
lz™y""™  3"1(0, 0) Tyt 9T f(0,0)
= Z n! Z rnn'zn— ! dgm fyn—m ZZ mi(n — m)! z™ gyn—m"

n=0 m=0
[Toxaras n — m = k, nonmysaeM
xR ® m_ k am+k
_ "y 077N f(0, 0)
fo =20 T ey S
k=0 m=0
[ag nawero cayvas
At f(z, y) O™ (eTsiny) . . ( w)
dzm oyt T 9z™ Byt e s y+k5 '

Orcona

dzm dy* s 0, ecim k= 2n.

[Topcranadasd nmociennee BupaskeHue B popmyny (1), momyqaem

™% f(0,0) _ in_kl—_{ (-1)", ecn k=241,

. 1nm2n+1
ezsmy..zz(m')2n+l .zl < oo, Jyl < cc. B

n=0 m=0
190. f(z,y) =€ cosy.
« Vcnompayem popuyay (1) ua Npegriymero npuMepa. [[1d 3TOro HaXORMM NPOM3BOIHEIE

™ f(z, ) _ 0™ (e® cos y) . kx
o~ e = (v 7)

M BHIYMCAAEM UX 3Ha4YE€HUA B TOUKE (o, 0).

w SE_) (1), ecm k=2m,
azm dy* 2 0, ecay k=2n+1.

Nonsaysack dopmygoii (1) 13 MPERRAYMErO NPHMEDa, OXOHYATENBHO TTOIYYaeM

_1)" m 2n
e“cosy = ZZ m'(2n)l y lzl < o0, |y} < 00. B

ne=0 m=0
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191. a) f(z, y) =sinzshy; 6) f(z, y) =coszchy.
« a) Haxopum mpomssonHEle

O™ f(z,y)  0™**(sinzshy) _ { sin (z+ -";—”) shy, ecmu. k=2n,

dzm oy dzm oy sin(.'c+-"—;1)chy, ecmu k=2n+1.

Ilonaras 3pecs z = 0, y = 0, umMeeMm

am+kf(0 0)
—————-—azmay (-1, ectum=12s+1, k=2n+1,
erj—k—(___ ) = 0 B OCTalIbHHX CIy4adX.
dz™ y*

Mcnoassys ¢popmyany (1) us npumepa 189, nomyvaem

& 2s+1 2n+1
smzshy—zz 233—1 '(2n+1)" jz] < o0, ly] < .

s=0 n=

6) AHamOru4YHO MpefHayIeMy CIYYAl0 HAXOTUM

8"'+"f(z, 9) _ 8"'+k(coszchy) _ ) cos (z+ )chy, ecmu k= 2n,
dz™ gyk dz™ 9y* cos (z + —5—) shy, ecou k=72n+1.

Orciona
g™t (0, 0) s
Froy e (-1)%, ecmu m = 23, k= 2n,
™10, 0)
dzr™ Jy*

TloncraBindad HaleHHEE 3HayeHUs NMPOM3BOIHEIX B tpopmy.uy (1) u3 npumepa 189, monyyaem

s 2.9
coszchy—zz 23 n )l , |zl < o0, 7l < 0. »

s=0 n=0

192. f(z, y) = sin(z? + ¢°).

4 HCHOHbSyﬂ M3BECTHOE Pa3NOXKEHHE

= 0 B oCTaNABHHIX CRy4YadX.

n-l 2n—1

smu_z 2n-—1)' ,

CTIpaBeRTHBOE TIPH |u] < 0o, MoxyuaeM npH 4 = z° + y° dopMyny Maxmopena mas sin(z? + y?):

. e -1 n-1 .'c2+y2 2n—1
sin(a? +97) = ) ¢ )(2(11-1)!) ;T Ay < oo b

n=1

193. Hanucars Tpu uaena pasnoxenus B pag Maxaopena dyHruym
1

fzy)= | Q+2)¥at.
!

« lpu |z} < 1, |y] < 1 umeen
1

f(z, v) =/ (1 +t2zy + —;-tzy(tzy - 1)..-.2 + ) dt.

]
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[locie nurerpupoBanusa HaxonuM f(r, y) =1+ % ( - -—) y+..

194. Oyuxuuo (z,y) — e*t¥ pasnokuTh B CTENEHHON PAX MO LWEAHM NOTOKNTEREHEIM
crenensM 6uHomon (z — 1) u (y—1).

« Tlockonbky crenenHoi paj aBiagerca panoM Teimopa mua ¢yuxumu f, To AXA NOLyHEHHA
rpefyeMoro pasnosxeHus npuMeHuM dopmyay (1), 1.5.2, xoTopas 3amumercd B BUfE

fe,y) = £(1,1 +Z ( +(y—1)§§) 11, 1), (1)

[ peo6pasysa nanHyio dopMyIy

f(z;y)=2;1~!(z—l)a +y=1)5 ) 1,1) ZJ.Z"'(’”‘I =17 aaz:fa(i;fl
n=0

(n—m)!
n=0 m=0

¥ ofosHavad n — m = k, MolydyaeM

x > m(, _ 1)k gm+k )
f(z’y)zzz(z—l) (y=1" 9™f(1, 1) @

mlk! dz™ dyk

Haxomum npousBoaHule
am+lcf(z’ y) arn+lc( ::+y) arnez akey
dz™ dy* az™ dy* ar™ 3Jy*

T
= e¥ ="MV,

omtkg1,y
3aTeM BHIMMCIAEM MX 3HaYeHud B Touke (1, 1): _a:"%fa;rl = e? M, mopictaBaaa B bopmyny (2),

nonyvaeM
-1
flz,y) =€ ZZ m'k' ) , 7] < 00, |y} < 0. B
k=0 m=0

195, ycrs z — Ta HeaBnas byHRUMA OT T M Y, ONpefenseMas ypaBHeHueM z° — 22z +y =
0, kotopad nmpu z = 1 W y = | npuHMMaer sHaueHHe z = 1. HamucaTh HeCROABRO HIEHOB
pasioxeHua GYHKUMH z N0 BO3PACTAlOIMM cTeneHAM GuHoMoB (z — 1) u (y — 1),

« U3 ycaoBus sagauu cueayer, 4ro z(1, 1) = 1. HaxoguM 4acTHEIe NpOM3BOIHEIE OT z KaK OT
HesABHO 3aJlaHHON (PYHRIMH:

0z 2 dz _ 1
dr ~ 3:2-2¢" By 32-2z’
8z B,
_6_"_’_.2_: 2(3z2—21)6—z—2(ﬁzg%—2)z 8%z _ 622—2—2 3_25_ 6z6—;
dx? (322 - 21;)2 ' Bz oy (3z2 — 23)2’ 7 = ———_‘(322 — 21:)2, e
B Touxe (1, 1)
9z 3z 82 2 2
'a‘—=2, a—=—l,——z=—l6, _32 =10,?—z=—6,....
z 'y dz? dzr oy ay?

" Mcnonssys dopumyay (2) mpensimymeit 3ajayu, moxyyaem

2z, y) =142z =) = (U=1)~8(z~ 1) +10(z ~ 1)(y—=1) = 3(y = 1) + ... . »

YupaBHeHRS a4 camocTOITEALHOR paGoTh
R I
147. GOyuxuuo f(z, ¥) = +2Y +2y+24y pasnosuts no dopmyne Tetnopa B OKpecTHOCTH
Touxy (1, 1).
Pasnoxurs no popuyse Mariopena crenyomue dymspunu:
148. f(z, y) = =¥, 149. f(2,9) = z’siny 4 co8(z + ). 150. f(z, y) == V",



196 Tn. 2. JudPepennmanbroe RcUHCIeHRe PYHEKIHA BEKTOPHOI'0 apryMeRTa
§6. BRCTpeM}’M @YHRHHPI BEeKTOPHOI'0 apryMeHTa

6.1. OnpenelenHe TORAIBLHOTO 3XCTPEMYMA,

ycrb %Jyl—[KuMﬂ ¢+ f(z), x = (21, T3, ... , Tn), ONpenenena a MHoxectBe D C R™ i rouxa
2o = (29, 23, ..., %), o € D. ToBopar, uTo GyHKIMA f MMEET B TOYKe To AOXGALRbIL MAKCUNYM
{Munumys), ecu CymecTBYeT Takad OKpeCTHOCTh S{Zo, §) = {2 : 0 < p(2, x0) < 8} Tournu %o,
4TO M BCex Todek & € S(xg, §) M D BHNOAHAETCS HEPABEHCTBO

f(2e) 2 f(z) (f(20) < f(2))- (1)
JloKa#bHBIH MakCUMyM W JOKaTbHEIH MUHMMYM 06beqMHTIOTCA 0BIGMM Ha3BaHUEM AoXaAAbHbLY
IKCcmpemyM, 3 TOUYKY, B XOTOPHIX OH QOCTHTaeTCsd, Ha3bIBAIOTCH SKCmPCMaJIbelMU moyxamu.
Ecau dyuxuns f uMeeT B Touke o AOKAIBHEI SKCIPeMyM, TO NolHoe npupaltenue A f(zg) =
f(®)~ f(xo), & € S(®e, 6) N D, 5708 pyHKUMHK B TouKe To YAOBACTBOPHET OTHOMY M3 CIIEIYIOMIHMX
ycaosuit: Af(zs) < 0 (B cayvae moxaapHoro MakcumyMa), Af(®o) 2 0 (B clywae doxaasHoro
MMHUMYMa).

6.2. HeobGxopuMoe yci1oBHe JOKAIBHOTO SKRCTPEMYMA.

Hycts dyuxuus f uMeer B Touke Lo AOKaTLHEIA 3kcTpeMyM. Torja ecnu B 3TOM TOUKE CY-
EeCTBYIOT Y4aCTHRI€ ITPOU3BOJHEIE nepnoro TNopsAaxa IO BCeM [TEPEMEHHBIM, TO BCE 3TH YaCTHBI e
IPOU3BOIHble PABHH HyHNIO0. Takum 06pasoM, B 5T0M CIy4ae 9KCTpeMalbHble TOMKH dyHriuy f
YAOBIETBOPAIOT CHCTEME YPaBHEHHH

f::j(zo) =0, } = 11—7{ (1)
Ecnu xe pynxuna f nuddepeHuupyeMa B ToUKe Lo, TO COOTHOIEHHE
df(zo) =0 (f'(z0) = 0) (2)

ABIAETCA HeOGXOMMMBLIM yCIOBHEM IOKANLHOIO IKCTPEMYMA. 1OYKHM, B KOTODHX BBINOAHAETCHA
ycaose (1) uam (2), HasHIBAOT cMayuoKaprbmy mouxamy. PYyHKUMA [ MOXeT IPHHMMATDH JO-
KaJbHBIH SKCTPEMYM TOABKO B CTaLHOHAPHHIX TOYKaX MM B TOUKaX, B KOTODHIX 4acCTHBIE IpO-
H3BOLHEe TIEPBOTO MOPAAKA He CYIECTBYIOT. Bce 3TH TOUKM HABLIBAIOT TOUKAMH 603MONHO020
IKCMPEMYMA.

6.3. 3naxoonpeneIeRANE KBATPATHUENE GOPMEL.

n n
A(hla h2a ey hn) = Zzaijhihj; iy = Gyi, (1)
i=1 =1
nepeMeHHbIX hi, ha, ..., hn HaswBaerca xsadpamuuwoli gopamoti. Yucia a., Ha3EBAOTCA X03-
Quyuenmamu xeadpamuyroti Gopmi,

Kpanpatuunas ¢opma (1) HaseBaercs noaomumeasto—-onpedeaenyoti (ompuyameavso—onpe-
aeneunou) ecan nnx MIOGHIX 3HaYEHUH HepeMeHHHX Ry, hy, ..., Rn, OZ4 KOTOPBIX BEIMOAHAETCH
ycaosue h: + h3 .+ h% >0, 312 popMa KMeeT NOROKUTENLHbIE {OTPULATETLHEIS) BHATEHMUS.
Honommensno" n o'rpuua’rens}{o-onpenenel-mme OpMEI 06EeAMHAIOTCA O6IHM Ha3BaHHeM — 3Ha-
KOOMnpefeneHHne POPMEIL.

CdopMyIupyeM KpUTEPHH 3HAKOONPEAeTeHHOCTH KBafgpaTU4yHO! dopmel — xpumeputi Cunv-
secmpa. [Jas mozo wmobst xeadpamuunas gopaa (1) 6viia nososumessro-onpedeaennot, weob-
00UMO U JOCIMAMOURO, YMOEL! BLINOARIAUCE HEPABENCTNEA

Dyuruvs

Gy an @ air @2 ... din
a1 812 voMz s 421 @2 ... 42n
an >0, 4 a2z >0, a1 az ax|>0, > 0.
a3 0432 da3 a1 @n2 a
n n sev. OGnn

Hrs mozo wmobti xeadpamuunas popma (1) 6siaa ompuyamensno-onpedeaesrot, veobzodumo
% JOCTRAMOYNO, YTROEY! UMERU MECMO HEPUBENCINER

ay a2 ... a1
G 612 613 n|@21 d22 azn
>0,{a a2 as|<0,..., (~1) o ni>0.

431 @32 as3

a1 4612

a1 <0
" la2zr a2z
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6.4. [focTaToYHHe yCcIOBHES MOKAIBLHOrO 3KCTPEMYMaA,

IIycTs B HEKOTOPO} OKPECTHOCTH CTALMOMAPHOM TOUKH Ty PYHRuMs f EBaskAH AubdepeHuu-
8 ..
pyeMa M Bce HaCTHHE NPOU3BOJHEIE BTOPOro MopAfxa —5# (i, § = 1, n) HenpepHBHH B TO4Ke

y Y 2

Ecau B sToit Touxe BTOpoit Auddepenunan df(zs) = E 8.2:, 62: ~——=— dz; dz, npeacTaBAgeT Co-

ig=1

GO 3HAKOOTIPENENEHHYIO KBANPATHYHYIO HOPMY OT nmbtbepemmanon dzy, dz3, ..., dz, HeszaBu-
CHMMBIX IEPEMEHHBIX, TO B TOUKe o (PYHKUMs [ NpUHMMAET JOKATbHEIN SKCTPEMYM. Igpu ITOM €clH
d*f(20) < 0, TO B TouKe To byHKUMSA f TPHHHMAET TOKANBHELA MAKCHMYM, a eciu d°f(zo) > 0, To
JOKAAEHEI MEHEMYM,

Paccmorpum byHKUMIO AByX MepeMeHHHX. I[[ycTh B HEKOTopOWl OKPeCTHOCTM CTalMOHAapHOM
104Kk (X0, Yo) dyuxums (2, y) — f(z, y) ABaxas WddepeHUNPYeMa i BCE YACTHEE TPOHIBOTHELE

8* 92 82 o

BTODPOTG MOPSAKA @iy = ‘é}%ﬂ a2 = 3—1—8%, an = 5y—£ HEIpepHIBHEL B a10# Totke. Torna ecau B
Touke (o, Yo)

2
A(Io, yo) = 611822 ~— Gy > 0,
dyukuua (z, y) — f(z, y) uMeer B 3TOi ToUKe NOKANBHBIN IKCTPEMYM, & HMEHHO MAKCHMYM NPH
@11 < 0 ¥ MMHMMYM npu a1; > 0. Ecau xe B Touxe (zo, yo)
2
A(zo, yo) = 611022 — a3z <0,

TO QyHKUMA [ He MMeeT NOKaJbHOI'C PKCTPEMYyMa B 3TOM TOUKE.
Caywait, korga Ao, ¥o) = @11622 — 635 = 0, TpebyeT NOMOTUUTETLHEHX HCCHEROBAHHIL.

I[Iycts B HeXOTOPOH CKPeCTHOCTH TOukM o GyHxuua f(2) = f(z1, 22, ..., o) m pas qud-
¢depeHUUPYEMa U BCe HacTHHE MPOM3BOTHEE M-TO NOpAAKA HENPEPLIBHEL B 5TOH TOUKe, MpUYeM
df(20) =0, d*f(zo) = ... =d™ f(z0) =0, d™f(z0) 20

Torga, ecam m HedeTHOe, TOUKa To He ABAAETCHA IKCTPEMATLHOH, eCIM e M YeTHOe, TO B TOUKE Ty
YHKUMA f MMeeT 9KCTPeMyM: JIOKATBHBIH MAKCUMYM, eciu d™'f(%o) < 0, u ZOKaXbHKIM MHHUMYM,
ecmu d™f(xo) > 0.

Ecau 8 coorHomennax (1), m.6.1, MMeer MecTo paBeHCTBO i M06oro Mamxoro § > 0 u He-
KOTOPHIX 3HAYEHWH &, OTAKMHHIX OT Ty, TO MOKAABHEIM 3KCTPEMYM HA3HBAKT HeCMpoum (COOT-
BETCTBEHHO HECMPOZUM AOKAALHBIR MUHUMyMOM K Hecmpoz2um AoKaavHbIM Maxcunynon). B ITOM
clydae JOKAJILHEIM 9KCTPEMYM JOCTUTAETCH HA HEKOTOPOM MHOKECTBE TOYEK.

Ecan sxcTpeManbHas TOYKa o MPHHALTEXMT rpanule o6ractu D ompeneneHns QJnyuml f,

TO BKCTPEMYM HA3EIBAIOT Kpaesbik (COOTBEICTBEHHO XPGESbIM MAXCUMYMOM H KPAESHIM MUNUMY-
HOM).

6.5. OrcTpeMyM HedBHO 3afaRHOH QYHEIHA.
Ecau HesBHag dbynxuma v+ u(z), € D, D € R", onpenenserca ypasHeHueM
F(z, u) =0,
TO
F(z, u(x)) =0, zeD.
Tlycrs dynruma u ABaxnn HenpepriBHO muddepeHumpyeMa 3 D. Torga B crallMOHAapHON TOYKE

2o € D cnpaBeIMBL PaBEHCTBA

1
du=—5r(Fs doy + Fy doa + - + F;, dza) =0, "
F(zo, uo) = 0,

e uo = u(%). IlockompKy CMpaBeNIMBO M o6paTHoe YTBepXIeHHe, TO CTallMOHAPHHE TOYKH
MOTYT OBHITE Hal[eHH M3 CUCTEME!
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Ewe pas nuddpepeHipy s nepsoe us paseHcTs (1) ¥ y4UTHBAdA, YTO B CTaliMOHapHOM Tovuxe du = 0,
Iony4aeM

o1\~ @F
du = P 57, doi 4o (2)
I,J=

Ecan d% > 0 B Touxe o, To GYHKUMSI 2 WMeeT MHHMMYM, €CIH e B oToit Touxe du < 0, To
MaKCHMYM.

6.6. YCIO0BHHE 3xCcTpeMyM.

Nycrs dyuxuma f(z, y) = f(z1,...,Zn, %1, ..., Ym) ONpEleNeHa Ha HEXOTOPOM 06IACTH
D c R™™. Ilycrh, xpoMe TOro, Ha MEPEMEHHEIE ¥, ¥ HANOXKEHO m JONOIHUTENLHEIX YCIOBUI
Fi(z, y) =0,
nemn =l g
Faul(z, y) =0,

KOTOPHIE Ha3HBAIOTCA YPAGNEHUSMU CORIU.

ToBopar, uTo GyHKIua [ UMeeT B TOUKe (To, Yo) YCAOEHbIL MAXCUMYM (YCAOSHBIT MUNUMYH),
ecan HepaBeHcTBo f(2Z, ¥) < (%o, ¥) (f(2, ¥) > f(%o, y,)) BHIMONHAETCA B HEKOTOPOH OKPeCT-
HOCTH TouxH (Zo, Yo) NMPH YCIOBMH, uTOo TOUKM (Z, Y} M (&o, Y;) YAOBIETBOPAIOT yPaBHEHUAM
csasu (1).

__ Hccneporanme GyHRUMHM Ha YCHOBHEH 9KCTPEMYM TP HANMMMM ypaBHeHmM cBa3u Fy = 0, j =
1, m, CBOOMTCA K MCCHENOBAHUIO Ha OGBHIYHBIU SXCTpeMyM DYHRIMH

m
8z, y) = f(=, ¥)+ D_ N Fi(z, ¥), (2)
=1
HasuBaeMoi Qywxyueti Jazpanaa, toe Aj, j = 1, M, — IOCTOAHHEIe MHMOXMTenn. IIpu sTOM
anax BTOporo mMuddepermuuana d°®(zy, y,) B cTauMoHapHOl Touke (To, Yg) OMPENeNTET XapaxTep
IKCTpEMYMa NPU ycaoBuM, 4To gudpdepeHumann dz,, dzz, ..., dzn, dyy, dy2, ..., dym cBA3aHH
COOTHOMEHUAMU
dF; = OF; —
—Ldz —Ldy, =0, 1
8: K+ a Ys =

6.7. AGCOTIOTHHEA 3ECTPEMYM.

Ecau dyuxuua f(z) = f(zi, 22, ..., Tn) muddepenyupyema B obracti D C R™ ¥ Hemnpe-
PLIBHA Ha 3aMHIKaHMM D, TO OHa JOCTHIA€T CBOEro HaMGONbIIEro M HaMMEHbIIEro 3HAYEHMH HA
MHOXecTBe D unM B cTallMOHapHOI TOUKe, MIM B TOUKE, IPMHaNNexalleil rpatulte o6tactu D.

Hnsa onpenmenenus aGCOMOTHOTO KCTPeMyMa bYHKUMH f Ha MHOECTBe [) CpaBHMBaeM Haw-
Gonpliee ¥ HaMMeHbLIEe 3HaYeHUS GYHKUMM f B CTA{MOHAPHHIX Toukax o6aacTu D ¢ HauGoabmuM
M HauMEHbIIMM 3Ha4eHUAMHU PyHKUMH f Ha rpaHuue obmactu D.

Mccnenosats Ha noxampHeIl 9XCTPEeMyM craefyomue hyHKIMU:

196. z =z 4+ y* — 22 — 229 — ¢°.

<« Burincnun vacTunle npoussonume: z = 4z° — 2z — 2y, zy = 4y° ~ 2z — 2y. CraumoHapHsle
TOYKM HaMJeM U3 CHCTEMH

47° —22 -2y =0, 4° -2z -2y=0.

Ona umeeT Tpu pemenus: 73 = 0,y = 0;z2 = ~1,y2 = —=1;z3 = 1,43 = 1. [lng npomepxu
JOCTATOYHHX YCHOBHIl JOKaJBHOTO 3KCTPEMYMa BHMMCIMM BTODHE NPOM3BOIHEIE Q1 = Z.-

z2
122% ~ 2, @12 = 20y = =2, Gpz = z;'g = 12y% — 2 ¥ cocTaBUM BHIpa’KeHue

A(z, y) = a1 azg — o = (1222 ~ 2)(124° — 2) — 4.
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Mocronbry A(0, 0) = 0, To M9 BEIACHEHHA BOMPOCA O CYMECTBOBAHUM PKCTPEMYMa PacCMOTPUM
npupamenue GyHEUUU z B Touke (0, 0) : Az(0,0) = z(k, k) — (0, 0). Ecnu k =h, tne 0 < h <
\/52-, 10 Az(0, 0) = 2h? (h2 - %) < 0. Ecmut e k= —h, tae h > 0, 10 Az(0, 0) = 2h* > 0.

CruepoBaTeunbHo, npupamenne Az(0, 0) npuHMMaeT 3HaYeHH Pa3HEIX 3HAKOB, a TIOITOMY IIPH
z1 =0, y1 = 0 sxcTpeMyMa Her.

B rourax (-1, —1) u (1,1) A =96 >0, aTax kax an = 10 > 0, T0 B 3THX TOUKaX QYHKUHUA
MMeeT MUHHMYM, NPUYEM Zmin = —2. P

197, z =224 + ¢ — 2% - 22,
o U3 cucremn
z',=823—2.'c=0, z;=4y3-—4y=0
HaXOMM CTalHOHAPHHE TOUKH:

o 0 00 (), (5. (3), (5e). (3. (B0

Brruncass Bropeie MPOMsBORHEe z1p = 242% ~ 2, 24, =0, Z2 = 12y — 4 n cocTaBIAg BHIpa-

Kenue : R

Az, y) = anaxn — a2, = 8(122° - 1)(3y* — 1),
naxomtm, uro A0, 0) = 8 > 0, A(0,1) = ~16 < 0, A(0, —1) = 16 < 0, A(3,0) = ~16 <
0, A(,1) =32>0, A(}-1) =32>0, A(~},0) = -16 <0, A(-3,1) = 32 >0,
A(-3, -1)=32>0.

CnenopartensHo, Touku (8, 1), (0, —1), (%, 0) u (—%, 0) He ABAAIOTCS PKCTpPeMalbHBIMM. 10Y-
xu (0, 0), (%, 1), (%, —1), (—-%, 1) H (—%, —-l) — BKCTpeMalbHile, MpuyeM B Touke (0, 0) —
MaxcUMyM (TOCKOABKY Zh3(0, 0) = —2 < 0} M Zmax = 0; B Toukax (—;-, 1), (-12-, —1) , (—;-, 1) u
(—%, —1) — MuHMMYM (TloCKOTBRY 205 (:1:-;—, :i:l) =4>0) U Zmin = —-%. >

198. z = 2%y*(6 —z — y).

4 CocraBadas cucremy

70 =1y°(12-32 - 2y) =0, =z, =2°y*(18 — 3z — 4y) =0,
a 3aTeM pemas ee, HaxofHM CraumoHapele Touku (2, 3), {0, y), rAe —o0 < y < +o0; (2, 0), rme
-0 < 2 < +00. .
Jlna NPoBEPKM MOCTATOMHEIX YCHOBMH NOKAaNBHOLO KCTPEMYMa HaXOAMM NPOM3BOJHEIE

2 = 12" — 62y° — 29*, 21, = 3629% — 92%y° 8zy°, Z;,2 =362%y — 62°y — 122%y%. (1)

ockombry z;5(2, 3) = =162, z5,(2, 3} = ~108, 2,5(2, 3) = —144,a A(2, 3) = 144-162—108% > 0,
TO B To4xe (2, 3) QyHKUMA z UMeeT MakKCHUMyM, NPUYEM Zmax = 108. B Touxax (0, y) u (z,0)
BHIpaxeHue A = a1 azz —ay, 06palllaeTcs B HYIb, a 3TO HUYETO HE TOBOPHT O HAIMYMH SKCTPEMYMa
B 3THX TOYKaX.

Jng mansHeHmHX McclelloOBaHMI BHIYHCINM Npupalenue GyHxuuu B Touke (0, y), —oo <y <

“+o00:
Az(0, y) = Az (y + Ay)’ ((6 - Az)(y + Ag) — (y + Ay)’) .

Jlerxo yGemurhca, 4To NpH HocraToyHo Mankix Az u Ay Az(0, y) < 0, ecmt ~o0 < y < 0 nam
6 <y < +oo; Az(0,y) 2 0, eciu 0 < y < 6. [IpuueM B o6OMX CHYYATX NOCTUIAETCA 3HAK
pasencrea npu |Az| > 0 u |Ay| > 0 (sanpumep, ecnu y + Ay = 0). Cnegoparensho, B TOYXaX
(0, y), tne ~0 < y <0 uau 6 < y < 400, YHRUMA 2 MMEET HECTPOTHI MAKCUMYM, a B TOYKAX
(0, y), tne 0 < y < 6, — HecTporuis MUHUMYM. B touxax (0, 0} u (0, 6) pyHxuUua z sxcTpeMyMa
He MMeeT, Tak Kak npH = = 0 npupamenne Az(0, y) MendeT sHak IpH mepexole TepeMEHHON ¥
yepea Toukn y =0 u y = 6. ‘

HManee, ua paseHcts (1) cuemyer, 4To Bropoit muddepeHUMan paBeH HyI B TOYXaxX (z, 0),
-0 < z < +oo. [dna nam,l—[eﬁmux MCCRENOBAMKH BEIYMCIMM npMpamenye QYHRUMM B TOYKaX
(z, 0), —00 <z < +o0:

Az(z, 0) = (z + Az)? Ay’ Ay(6 — z — Az — Ay).
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Oycrs Az u Ay — npousBoXbuo Maikle ¥ TakMe, Y10 Z+4+Az # 0, 6—r—Az—Ay # 0. llockonpky
Az(z, 0) xa® dyHKuMA nepeMennnix Az, Ay B Tourax (Az, Ay) u (Az, ~Ay) npuHuMaeT 3Ha-
IeHMA Pa3HEIX 3HAKOB, TO To4Ka (z, 0), —00 < £ < 400, He ABIAETCA IKCTPEMANBHON. P

199, 2 =2 +4° - 32y.
« Brryucaus yacTHHE NPOU3BOMHEIE M MPHPABHAB UX K HYIIO, MOIYYHM CHCTEMY
zo = 32 — 3y =0, z’ =3y —3z=0.
Pewsus a1y cucremy, Hargem crauuouapHHe TOYKH (0 0) u (1, 1). SaTem samumeM YacCTHHIE IIpoO-
M3BOAHEIE BTOpOI‘O TMOpAAKa z = 6z, z,y = =3, zy; = 6y ¥ cocTaBuM BHpaxeHHe A(z,y) =

aijaze — a3, = 362y — 9. B Touxe (0, 0) nMeem A = —9 < 0, Tak 4TO 3Ta TOUKA He ABIAETCA FKC-
TpeManbHoi. B Touke (1, 1) umeem A = 27 > 0, a;; > 0, cIeAOBaTeNbHO, B 3TOM TOUKe DYHKLHSA
MMeeT MMHUMYM, NPHYEM Zmin = —1. B

50 20
200. z=:cy+—z-+?,z>0,y>0.

4 U3 cucremn

50 20
Zy = -—= =0, z;=z———2-=0
z Y
HaXogUM eJUHCTBEHHYIO CTALIMOHAPHYKO TouRy T = 5, y = 2, npuHangaexamyo obaactu onpege-
00 40
JeHus PyHkuuH. Brrumcans npoussomunie zlp = 113 , z_,','y =1, z;'z = I3 W COCTABUB BRIpaXKEHKE

Az, y) = :00
(5, 2) pyHxuus umeer MMHHMyM (zmm = 30).

201.z=zy\/1—-£—iz.

4 U3 cucremn

HaxofMM CTauMoHapHire Touxm: (0, 0), (\/-, 5-) ( \/-, ——5—-), (—\%, —-\-/‘-’-5), (——“ﬁ, %) B

2
Toukax (2, y), NPMHARAEXAIUX DAMUICY 1 = = + & 52’ KOTODHIM ABIAETCA TpaHULeH o6racTu
onpefleteHHs (PYHKIUM, YaCTHEIE IPOMIBORHEIE He CYNECTBYIOT, a [I0ITOMY SBISIOTCA TOUYKAMM
BO3MOJKHOTO KPaeBOI0 3KCTPEMyMa.

[lna MpoBepky AOCTATOYHEIX yCIOBUMM 3allMIIEM BTOPHE IIPOU3BORHELE

zy 222 3y2 zy 3 322 gy_’

, a3 -%r) w3
2,2 Zyz 3 )
a? b2 a? 52
322 322 y 29t
"o - a2 + ,,4 + “adp2 T Tyt
Zzy = 3 )
_2 _¥2\2
W
a 3aTeM BHYMCIMM 3HadeHue A B cTauMoHapHEIX ToukaXx. HMwmeem A(0,0) = —1 < 0, nosto-

. b
My 3Ta TOMKA He ABIAETCA SKCTpeMairHoM. llockombiy A (i%, iﬁ) = 4 > 0, To TouRH

(i-\-‘}-;, i-\%) ~— 3KCTpeMaibHEe. A Tax Xag

" a b " a b 4ab
23l 0=, = | =22 ~—F ——F= ="—<0
Vv3' V3 v3 V3 9
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s [ a b " e b 4ab
y = =22\ ! = >0,
Z'z( 3 \/§> z”( V3 ﬁ) 9

a

b
TO B TOYKaX (%, %) " (—-75-, —-%) bYHKUMA z MMeeT MAKCHMYM, a B TOYKaX (%, —75-) H
a b
(—75, 75-) -— MMHHUMYM.

2 2
OcraeTcq uccaenoBaTh TOUKH (2, ¥), TAe 1 = f:—z- + %;. 3anumem npupalnieHue QYHKIMH B 3THX
TOYKaX:

2

Ouesuano, Az(r,y) > 0, ecmm 0 < z4+h <2< 8,0 <y+k <y <b nm —a<z<
T4+h <0, -b<y<y+k<0;Az(z,9)<0,ecmnd0<z+h<s<a -b<y<y+k<0 nm
—4< 1< 1+h <0, 0<y+k<y<b. CaegoBaTenbHo, B TOUKaX (X, ¥}, IPHHANLIEKAMMX SILIUICY
U PacnonoXKeHHHX B TePBOM M TpeTbell YeTBEPTAX, (PYHKUMA MMeeT KpaeBOW MUHUMYM, PaBHEIA
HylIo, & B TO4KaX (2, y), MPMHANIEXKAIMX IIMICY ¥ PACHONOKEHHHX BO BTOPOH M 4eTBEpPTOM
4eTBEPTAX, — KPAeBOH MaxCHMYM, PaBHEIH HYIIO.

B touxe (0, b) npupameHsue

Az(0, B) = k(b +K)y/1— '—;; _¢ ':21‘)2

TONOXKHTETBHO IPH KOCTATOYHO MamoM h >0 u 0 < b+ k < b ¥ oTpuutaTenBHO MpPK ZOCTATOMHO
MatoMm h < 0 ¥ 0 < b+k < b. CnenosaTensHo, B 3TOM TOUKE IKCTPEMYM OTCYTCTBYeT. AHAJIOrMHO
nokasplBaeTcs, 4T0 To4kH (0, —b), (£a, 0) He ABAAOTCA 3KCTPEMAALHEIMH, P

202.2- a2+by+c

=2V bl
/12+y2+1

« HaxopuM YacTHrle MpoU3BOfHbEIE ¥ MPHPAaBHUBAEM MX K HYTIO. B pesyabrate moxy4aem
CHCTeMY

S o= a(z? +3* + 1) — z(az + by +¢)
- 3

T

Az{z, y)=(z+h)(y+ k)\/l (= ‘:2”)2 R

) bz + 9P+ 1) —ylaz + by +¢)
3

=0, zy =
(22 +92 +1)2 (a2 +9* +1)2

=0. (1)

3 ' 3
YMHoxa% mepBoe PaBeHCTBO 3TOM cHcTeMsl Ha —b(z® + y® + 1)2, Bropoe Ha a(z® + y* + 1)2
M CKIAfBIBajg X, Tony4aeMm ypaedenue {bz — ay)(az 4+ by + ¢} = 0, us xoTOporo ciremyer, 4To
bz = ay, az + by + ¢ = 0. Orciona u u3 (1) HAXOOMM CTAUMOHAPHYIO TOYKY: T = %, y = 9, c#0

[
(ecan ¢ = 0, o ipn a® + b* + ¢* # 0 DyHRUMA 2z He UMEET CTALHOHAPHEIX TOYEK),
TIn9 4aCTHEIX TPOM3BOIHEIX BTOPOTO NOPSAKA MMeEeM BEIPaXKEHHUS

2= - by+ec - 3z(a(z® +9° +1) —-z(asz + by + c)),
(22 + 42 +1)2 (22 +92 +1)2

2= - az +c .- 3y(b(z’+y2+1)—y(a§+by+c))l
(Z*+9 +1)2 (22432 +1)2
2y =— az + by + 3zy(az + by + c)~

3 3
@+ +1)2 (2492 +1)2
Brruuciasg 3HaveHusd B CTallMOHAPHOM To4Ke BTopmx NPOU3BOJHHX

w (o b ____ii__ w fa b a? 4 ¢?
z? ;’; - 2 5 31 22 'Ea; =—
a b 2 4
o(5+5+1) ($+5+1)7
a b
z:y(‘c‘,'c')=‘—a-b~———

3
c(%}.}_%;_}_l)z
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a b a2 B N\ (P+lr+d oW
A(z’z)—(zz"*zi“) (—— e T )

T. €. 3KCTPEMYM CyUIeCTBYyeT.

Mockonsky BTOpas MPoM3BOAHas z.. B CTAMOHADHOI TOUKe OTPHLATENbHa TPK ¢ > 0 U modo-
KHTeqbHa pH ¢ < 0, TO B NEpBOM CIy¥ae QyHKIUA z UMEET MAKCUMYM (Zmax = /a2 + b2 + ¢2),
a BO BTOPOM — MUHMMYM (Zmin = —v6% + b2 + c2). »

203. z=1- \/c2 +y2.
« Jlerko y6equThcsa, YTo DaHHAf GyHKLUS He HMEET cTal[KoHAapHEX Touek. Ho B Touxe (0, 0)
YaCTHHE MPOU3BOJHEIE IIEPBOTO MOPANKa He CYWECTBYIOT, Tak KaK Pa3HOCTHEIE OTHOWICHUS
2(Az, 0) —2(0,0) _ |Az]  2(0, Ay) —2(0, 0) _ |Ayl
Az Az’ Ay Ay
He nmewor npepeaos. Creposareasno, Touxa (0, 0) sBasercs ToOuKol BO3MOXHOLO 9KCTPEMYMa.

Us Toro, yto mpupamenue z(z, y) — z(0, 0) = —1/z? + y? oTpUUaTENLHO, 3aKAIOUaEM, YTO B FTOH
Touke QYHRUUSL UMEET MAKCUMYM, IPHYEM Zmax = 1. P

204, z=z 4+ y+4sinzsiny.
< [Ins onpenelneHHs CTaMOHAPHHEIX TOYEK IONYYaeM CHCTEMY

HaXOMIMM, 4TO

zy=1+4coszsiny =0, z; =1+4+4sinzcosy =90,
TIpeo6pasys XOTOPYIO X BHIY

1—2sin(z — y) + 2sin{z +y) =0, 1+ 2sin(z ~y)+ 2sin{z+y) =0,

HaxoTHM
. . 1
sin(c—y) =0, sin(z+y)=-3;
oTClofa
z+y=(—1)m+l%+m1r, me€Z z—y=nt, n€l, (1)
WIH
L " " T
z= (-1)'"+‘§ +(mtn)g, y= (_1)'"*”ﬁ +(m-n)z, meZL nel
Haxonuum BTOpre mpoussomuuie z,; = —4sinzsiny, z,; = ~4sinzsiny, 27, = 4coszcosy u

coCTaBIsfeM BHpaXkeHHe
A(z, y) = 16sin’ zsin’ y — 16 cos® z cos” y = —16 cos(z — y) cos(z + y).

Hns BEMBCITEHMS 3HaYeHUH BeIpameHut A(z, y) B CTAUMOHADHHIX TOYKAX UCIOMb3yeM (POPMYIhi
(1). B pesyasrare moxyuaem

A = —16cosnx cos ((—1)'"“% + mw) = (=)™t 16 cos 16[’ neZ meL

Orcioa caenyer, 4To npu m + n + 1 YeTnoM A > 0 ¥ 3XCTpeMyM CyI[eCTBYeT, a IPH m + n + 1
HEYeTHOM KCTpeMyMa HeT. TaxuM o6pa3oM, DYHKUMA MMEET 3KCTPEMYM IIPH M -+ 1 HEYeTHOM. B
3TOM COy4ae YHCIA M M N Pa3IHYHOH YeTHOCTH.

Jlns BHACHEHNH XapakTepa SKCTpeMyMa NpecGpasyeM BTOPYIO NPOU3BORHYIO Z., K BULY 2. =
2cos(z + y) — 2cos{z — y) ¥ BHYUCINM ec sHa%eHMA B IKCTPEMANBHEIX TOUKax (TOrma m + n —
HEYETHOE):

Zg2 =2 (cos ((—1)'"“% + m1r) —~cos mr) = (-1)"V3 - (-1)"2.

:2 =/342>0u DYHKIMA HMEET MUHUMYM;
eciu ke m = 2k — 1 — nedeTHOe, a 1 = 2r — 4YeTHOe, TO z;’, ==/3-2<0x byHRUMA MMeeT
MakCHMMYM. BHYHCAMB 3KCTpeManbHBIEC 3HaYeHRS (PYHKIMH, TIOTY YHM

twin =201 —2-VE—%, F€Z mu=(k-Dr+2+V3+%, kE€Z.»

Ecnu m = 2k — yernoe, n = 2r—1 — HeveTHOE, TO 2
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205. z=(22+ yz)e‘(’2+y2).
« Peuru cucremy
2,2 (242
= (20 - 22(z% +99))e ) =0, 2 =(2y-2(e® +97)e T ) =0,
TIONy4HM MHOKECTBO CTAMOHAPHEIX TOUEK, cocTosmee U3 Touky (0, 0) ¥ Touex OKpyKHOCTH 22+
2
y* =1,
HaxopguM BTOpHIE POM3BONHEE
(2 ay?
2 = (422(z° + %) — 1227 +2)e 7= ),
(2442
2 = (4P (57 +9°) — 1297 + 2)e T V),
2 2
= (4zy(z® +4°) - 8zy)e ™ ¥,
Mockonsxy B Touke (0, 0) 22 = 2, zyz =2, 23y, = 0, A(D, 0) = 4 > 0, T0 B 970} TOUKE PYHKUUA
UMeeT MUHHMYM ( Zmia = 0).

Jlnst TpoBepXM NOCTATOYHHX YCIOBUM B TOYKAX, TIPHHAUIERK ALY OKPYKHOCTH 2 4 y =1,
cpy}{xumo 7 6ymeM paccMaTpMBAaTh Kak cpymcumo ofHOl TTepeMeHHON t = z +v¥,re. 2 =te”" nua
koTOopoit t = 1 ABNseTCH cTayMoHapHOH Toukoit. [Tockonsky BTopas mpoMssofHas z” = (t— 2) -
orpuuaTensia mpu t = 1, ro (py}{mmx Z umeer MaKCMMyM Takum ofpasom, HatHad cpymuma
(2, y) = 2(z, y) UMeeT HECTPOrUit MAKCHMYM (Zmax = €~ B TOUKAX OKDYKHOCTH 4+ =1.»

206. u =12+ y* 4+ 2% + 22+ 4y — 62.

< 3 cucremu

up=2z4+2=0, uy=2y+4=0, u, =2z-6=0

onpenenseM eTHHCTBEHHYIO CTALMOHAPHYIO TOUKY z = —1, y = —2, z= 3.
Haxomum BTOpHeE IpOM3BORHBIE: U); = 2, u;’ 2, u"; =2, upy = uf, = uy, = 0. Takum
obpasom,
H H
" " Ugz Usy Uiz
u12 uzy 1 " "
s =2 >0, " =4>0, |uy, U2 U, |=8>0
Uyr Uy

" H "
Uzg Uzy U2

T. €. BTOpoi nuddepenuan d*u, cormacko kputepmio CUTBBECTPa, IPENCTaBI%eT coboil MOM0KH-
TeabHo-ONPEeNeHHYIO KBafpaTHuHylo dopMy. CuemomarenbHo, B Touke (—1, —2, 3) dyHkius
MMeeT MUHUMYM (Umin = —14). B

207. u =2+ 3% + 2% + 122y + 22.

<« Ameem

u, =3z° +12y =0, uy,=2y+122=0, u; =22+2=0.

Orcona HaxoIuM CTalMOHAapHEIE TOUkM: T1 = 0, 31 = 0, 23 = —1;z2 = 24, yz = ~144, z, =
—1. [lanee, Haxomum BTopsie IPOHIBOJHEIE Uy = 6z, Ugy = 12, 4y, =0, uy, =0, uyg =2, ul; =2
Y BHIYUCISAEM B CTAIMOHAPHHIX TOYKAaX 3HaYeHMd ONpeeinTeneit

" " "

" uzg u,y Ugz
I uz? uzy
—_ — " " "
Ar=ug, Ap=| L As=lu uwn o ugs| 1)
Upy U2
v y

Uzs ulz,g . u:z
B rouxe (5, 0, —1) mepBEIi ¥3 3TUX ONpenenuTeNneil o6pamaeTcs B HyiIb, TI03TOMY BOMPOC O Cyite-
CTBOBAaHUM 3KCTpeMyMa B 3Toil TOUke Tpeﬁyer na:xmenmnx UCCIEeTOBAHUIMA.

H3 paBencrsa Au(O 0, —1) = Az® + Ay® + A2% + 12 A zAy crenyer, uto npu Az =12, Ay =
Az=0,Az=—? Ay = Az = 0, roe ¢ # 0, TpUpalteHHe MPUHUMAET 3HAUEHHS Pa3HEIX 3Haxon
CuenoBaTensio, Touxa (0, 0, —~1) me ecTh BXCTPeMaibHa.

B Touxe (24 —144, —1) A; =144 > 0, A2 =144 > 0, A3 =283 > 0, mosToMy yHXUUA B 3TOH
TOYKE MMECT MUHUMYM (Zmin = —6913). »
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2

2
Y z 2
Lu= AR 0, 0, 0.
208. u x+4z+y+z,z> y>0 2>

« U3 cneremur

2 2 2 2
M z z
u,=1-—y—2_.0, uy=l—-—2=0, Uy = — ~ —
z 2r oy y oz
1
HaXOAUM eUHCTBEHMYIO CTALMOHAPHYIO TOUKY: L = -,y = 1,z = 1. 3areM HaxXOoiuM BTOpHe
2 2 -
"o oy "o y "o_ wo_ 1 2z w2 "o 2 4
TMPOMSBORHEIE U ; = 573, Ugy = ~ 377 Uzz = 0, Yy2 = 37 + pF o Yy T Tym U F g + 3 H
v 1 . i " H
BEIMMCASEM UX 3HaYeHUS B CTAllMCHAPHOM TO4HKe: u;’; =4 ugy = —d Uy = 0, U = 3y, =
"
'-2, U2 = 6.

Buuncasa onpegennreny {cm. npuMep 207) Ay = 4, Ao = 8, A: = 3. zaxawoyaem, 4To B
TOYKE (é, 1, l) DYHKIHT ¢ MMEeT MHHUMYM (umin =4} b

209. v =2y a -2 -2y - 3z),a > .

<« Pemyus cucremy

= ¢*7 (a-—22: 2y—32) =0, u.; = 2Iyz3(a-—x-3y-—-3z) =0, ul, =325’z (a—z—2ty—4z} =0,

TICIAYYHM TCUKY (;, %, ;5) u rouxu (0, y, z), npusaguexamue upamoi ¢ = 0, 2y -+ 3z = a; TOUKK
(z, 0, z), IpuHajIeKaTMe TAGCKOCTH § = 0; ToukH (1, y, 0), TPMHAANEKANIMe TUIGCKOCTH 7 = 0.

[IpoBepyrM, REIMOAHAIOTCE MK KOCTATOYHHE YCIOBUE JOKANBHCTC 3kcTpemyMa. C atol ueapno
Hal{ieM MPOM3BOJHEIE BTOPCTO NOpAIKA

u, = =272, wl, =22f(a-22-3y-32), ul,= 342 2% (a — 22 - 2y — 42),
'U:gg =2z2°(a —z — 6y ~ 32), uy,=6zyz’(a—z—-3y~4z), uls=sdzy’z{a— - 2y— 82\

N a 245 " 2a® " 36° " sa "
B rouke (7, 7 ;) nMeem U, = —TE Ugy T, Ug U Uye T oy Uy

u =
z2 =

Az ¥ A; — OIIpeReIMTeNH KBAAPATHYHON $OPMEL
NN

OTciona 2akIio4%aeM, YTO B 3TOH TOUKE PYHKLUUT HMeeT MAKCHMYM (umu = 77)

Hoabaysck pasericTsamu (1), 3anuceiBaenm BTopoit Anddepeniuan Gy HRmMy u B To4Kax (0,4, 2):
du = —2¢% % (de® + 2dr dy + 2du dz).

Ho suny muddepenunana rerko y6equThcs, YTO OH MoXKeT UMETh IPOTHBONOI0KHAEE IHAKM, T. €.
HE SBIETCA 3HAKQONpededeHHOU GopMoll or mepeMerkbix dz, dy ¥ dz, a No’TOMY B TOYKAX
(0, y, z) sxcTpemMyMa HerT.

Bamucmsag BTopolt guddeperunal B Touxax (z, 0, z):

du = 2zz3(a ~1z —3z) dy?,

y6expmaeMcs, 4To MpH a ~  — 3z # 0, £ = 0, 2 # 0 OH mpencrapager cobol 3HAaKOONPERENEHHYIO
dopMy. CremoBaTenbHo, B TouKax (z, 0, z) TIpu ycuoBuu, 4T0 ¢ — 2 — 32 # 0,z # 0,z # 0,
ByHKUMA u MMEeT HECTDOIMIM 3KCTPEMYM, PABHLA HYNO.

B touxax (z, y, 0) Bropoi muddepeHuMal ToKIECTBEHHO PaBEH HYMO, ORHaKO du = 62y (a -
z — 2y) dz® # 0, MOITOMY 3TH TOUKM HE ABAAIOTCK IKCTPEMATLHNMU, P

210. u=sinz+siny +sinz—sin(z+y+2),0<z<T,0<y<n 0<zgm
< Naeen

Uy =cosz—cos(z+y+2z)=0, u,=cosy~cos(z+y+2)=0, u;=cosz+cos(z+y+z)=0.

Pemue 31y cucTeMy, MOTyYMM TPU CTaLHOHAPHEIE TOUKH

*
(%7 Ey g) 3 (0) 07 0); (7", e} 11').
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[IpoBepHM, CyuieCTBYeT JU 3KCTPEMYM B KaskIOH U3 3THX Touek. BBIMMCAAL sHAYEHUS BTOPHIX

TIPOH3BOIHHEIX
"

Uyg =—sin:c+Sin($+y+Z), Ugy Sin(z+y+z)7

"

Uz = ~siny +sin(z +y+z2), u,, =sin(z+y+2),
" : . " .
upe=—sinz+sin(z+y+2), uy =sin(z+y+z)
w w s ! + 1" i ! n
B TOUKe (—2-, z ;), Momy%aeM ), = =2, Uy, = ~1, 43, = —1, u’yz = =2 4y, = -1, u,; = =2,
Otrciona creayer, 4T0
1" h I
I 1 Usz  Uay e
U2 u-"!!
1 _ - " o o
Ay =u; <06, Ay = " " >0, Ay = Uyr Uz Uy | < 0.
Uy Uys |

" 1 H
Uze Uzy Uy
T . . (oM m . . u . ) \
aKHM 06pa3CM, B TOYKE (3 3 ;) QYHKUMA HMeeT NOKATBHEIN MAFCUMYM {Unax = 4}
B toukax (0, 0, 0) u {7, x, *) bYHKUMS MMeeT KPaehCH MUHUMYM, PaBHBIH HY M0, JTO CaeryeT
U3 TOTO, YTC TipH mo6mX NpupalieEusx Az, Ay, Az He3aBMCHMHIX nepeMeHHEX Ha obracrn § €
Ar € 1,0 € Ay € .0 € Az € 7, Bo T2RHX, uTo 0 < Og + Ay + Az < 7, crpaBemiysu
HEPAREHCTBA
Auf0, 0, 0) = u{lx, Ay, Az —u(0, 0, 0) = w(Az, Ay, Az) =
=sin Az + sin Ay +sin Az ~sin(Ddz + Ay + A2V 2 0,
Au(r, mo7) = u{r — Az, 7 — Ay, 7~ Lz)~ uln, 7, w) = u(Az, Ay, Az) 2 0. b

211. U=,z corp(l=21 =2z = ... =a%q), 22 > 0,22 >0, ..., £q > 0.

< lipuparnupasg k HYTO 4YacTHHE NPOM3BCAHEIE MEPBOTO flopAlKa, HoJyHaeMm CUCTEMY 4as
CripEIeNeHHS CTALNOHAPHBIX TOUEK:

v, =zh2f g — ) =0
up, = 2mza 2y L en(e - 22) =0,
! . 2,.3=1 ny¢
Uz, = IT(T2T; In{p—1r3)=
3 -1 -—

uh, = nzirizy .. 2Tl e —p =0,
rae ¢ =1—2;1—2z2— ... —nTn. Tak Kak ¢, > 0, ) = 1, n, TO CTRUMOHAPHE® TOUKK IOIAKHEL
YROBIETBOPATH CUCTEME

p—z,=0 3=1,n (1)

B cucreme (1) ua nepBoro ypasneHus BHYTEM BTOPOE, M3 BTOPOLC — TPETHE K T. & I pesydb-
TaTe MONyYUM CHCTeMY e :

—z;+ 241 =0, J=1n~1,
13 KOTOPOH CIERyeT, 4To T3 = L2 = ... = In. [[ONB3YACh 3TUM, M3 NIEPBOr0 YPABHEHUA CHCTEMEI
(1), koTopoe B 3TOM ciy‘ae zanumercs B Buge 1~z1(1+2+.. . +n)—1z; = 0, HAXOZMM CTALUOHAPHYIO
TOYKY T =zz=...=zﬂ=;—;ﬁ.
Haiigem nmpousBomHbie BTOPOTO NOpANKa

" 2.3
uzg = —21213 Iz,
" 2 k=2 n 2 k-1 e
U =k(k—1)z122 ... % . Zple—zk) —k(k+ Doz ... 27 ... 2q, k=2, 7,
" 2 k-1 m—1 n 2 k1 ——
Ugy o = kMT1Z3 ... 2 oo Em ... Tp(p—zk)—kmzizy ...z ...zp, k,m=1ln, k#Fm

O6o3HauuB Yepes z obmee 3HAYEHHE XOOPIMHAT CTAUMOHAPHON TOUKN £ = £1 = T3 = ... = Tp, =
7 ¥ny2 @ Y€pes a;; — 3HAUEHUA TPOU3BONHHIX u;". z; B CTA{MOHAPHOW TO4Ke, ¥ 3aMETUB, YTO B
CTaIHOHAPHOM Touge ¢ — zx = 0, k =1, n, momyunm

nl4n—2 n?4n—2 n24in—2
—all, = _ ——— I —— " —————
a1 =42 =227 3, gu= Uz = ~k(k+1)2™ 2, akm =Ug,, =-kmz~ 2 . (2)
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. Jxd HccrenoBaHMS 3MaKOOIPERETEHHOCTH XKBagpaTHYHON (GOPME!

du = Z ai;dzidzj, @i =uy,.,, ®3)
i, )=1
BBEIYMCIMM OIIpERCIUTENDL
611 412 G613 ... Gim
a21 a2 az23 ce ad2m
Am=1{6:1 @32 daz ... G3m |. (4)
Omi Gm2 Gm3 ... OGmm
'n.2+n—2

CorxacHo dopmynam (2), 3 k-if CTpOXHU onpenenurens (4) BHHOCUTCE COMHOXMTENs (—1)kz 2 |
TO3TOMY

2 2 3 4 .. m
a1 334 m itz ,
parn—2 (1 2 4 4 m RITn—L m°+m
Am = (~1)"mlc™ 2 123 s m | = (1) mlzT 2 '"<1+——-2———).
1 2 3 4 m+1
OTciona HeNMOCPENCTBEHHO BHTExkaer, 410 Ay < 0, A2 > 0, A3 < 0, A¢ > 0, ..., T. e. uTo dop-

Ma (3) oTpMuaTelIbHO-ONpenemeHHasds. TakuM ofpa3oM, B CTAUMOHADHOM Touke QYHKIMSL MMeeT
MakCUMyM. BRIMMCIss 3KCTpeMalbHOoe sHadeHue DyHKUUM, UMeeM

n2+n+2
U —(———2 ) 2 »
M \n2 042 ’
2

212. u—z1+——+ + 4

+— z;>0,1=1 n.
Tn-1
« [IpypaBHAB X Hym1O YacTHHE MPOM3BOZHMEIE MIEPBOrO MOPANKA, MOXYYMM CUCTEMY MIA OIpe-
JeNXeHUS CTaMOHAPHEIX TOYeK:

' I2
Uy, = 1- == 0,
£
: 1 Th41 —
Uy, = — =0, k=2 n-1,
Zk-3 Ty
L1 2,
Ug, = - =U
Tn—-1 Zn
A
OTCioNla HaXOMUM CTALMOHADHYIO TOUKY Iz = I+, £3 = o, ..., Tn = I}, 21 = 271,

C yexnbio MPOBEPKH XOCTATOMHHIX YCIOBHMI 3KCTPEMyMa HAaXOOUM BTOpHE IpousBoghbie. Ofo-
3Havas 4ij = Uy, z;, TIOAy4aeM

2 1 .
a5 = —, G2 =——5, a1; =0, 3 =3, n;
31’ 1 z2’ 7 s J y %y
— 1 —
Gkt = ogEmy Ok S g Gkkb = 5 ok =0,

1 (1)
j=4Lk~ 2,]—k+2 n, k—Z,n—l,

4 2 e e *
Gnn—1 =~ —m—7, Gnn = —55 =~ Gn =0, y=1,n -2
1:1 1 z

Jns uccnepoBaHMs 3HAKOONpPEREIeHHOCTH KBaIpaTU4HOH# GoPMH

d%u = Z ai; dz; dzj, ' )

$, =1



§ 6. JXCTpeMyM QYHENHE BEETOPHOrO apryMeNTa 207

rae xosdduunenTH onpegeasiorcs popMyaanmi (1), paccMOTPHM ONpeReTHTeNsh, 06Pa30BaHHKLA U3
k03 buHenton gopmst (2):

2 1
o —;?' 0 0 ... 0 0
-;‘? ;21, -;“; 0 .. 0 0
Am=| 0 -;‘:- ;2{ -;—2 0 o |- (3)
et e o
0 0 0 0 .. —=mmr e
1 1
[Ipeo6pasys onpeneautens (3) x Buay
2 1
wo-E 0 0 0
0 SRR 0 0
- 4 1
Am = 0 0 3;? —;f 0 s
0 0 0 0 o

3aMeyaeM, 4T0 Am >0 mpu m =1, n.
Taxum o6pasoM, xBagpaTH4Has (opMa (2) mOMOKUTETLHO-ONPENeNeHHAd U, CTEROBATENbHO,

1
GyHRUUS U UMeeT MUHUMYM | Upip = (n + 1)2 ntl ) . »

213. (3apawa Todirenca.) Mexny nByMS MOTOKMTENLHHMM MMCTaMM G ¥ O BCTaBUTH
. Tn

n 4HceX zi, £2, ..., Ln TaK, YTOGH BeIUYUHa APobU u = “Ts )(:lfiz 3 ) 6niTa
1 1 2) - n
Hauborbie.
« Jlorapudmupys dyuxuuio u u ofo3Ha4ag v = In u, uMeeM
v=Inzy+lnz;+ ... +Inzn ~In(a 4+ z1) = In(z; + 22) — ... ~In(zn-1 + zs) —In(zn + ).

OyeBUAHO, JKCTPEMANBHEIE TOYKH Q)y}{mmﬁ U ¥ ¥ COBIANAIOT M, CIE€NOBATENLHO, ONlpenens-
IOTCH U3 CUCTEMHBI
! 1 1 1 0
b

Yen = an T Faoiten | Eatb

z3 u

-

o 1
W3 mepBoro ypaBHeHUS 3TOM CHCTEMB HaxXONUM Zp = ;:cf; U3 BTOPOTO 73 = 7-I2
2 - i . by e
T. 1. /3 mocennero ypaprenus naxogum b = 72— = 5 Orcona BarumcseM 2, = a (;) nil,
—

Taxum o6pasoM, xoopouHaTH crapioHapHol Touxy M MOKHO 3amicaTh B BUIE reoMeTpHYeCKoil
1

MPOTPECCHH 1 = 4g, T2 = 4g°, ..., Tn = aq", 3HAMEHATENh KOTOPO ¢ = (E)TJH
HaxoguM BTOpHIe MPOU3BOHELE
1 1 1 1 —
i " " .
Vg2 = ~75 ~ = e, = =3 n:
= H * (a+z1)? + Tt mp 0% (oo B hog=3%m
'U” - ____1—. v” _ 1 1 1
TTh—1 (zk—l + zk)2 ’ z: - z)zc (xk—l + zk)z (xk + zk+1)2 )
" 1 ) ) o
v‘h’h+1=m: Vas; =0, j=1k-1, j=k+2,n, k=2,n-T;
" 1 1 1 o
v —y = T——e " e A " =0 =T 73
N Corrrwy SRS S S P e A T T cA A
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¥ BHMMCAAEM BX 3HAUeHMS B CTayHOHADHOI TOUKe {4i; = vy, z):

1 R
0 = 5———>, 012 = 55—, 81; =0, J =3, n;
T A T g T

1
Ok kel = ~or Ty Gkk = mosr Tyt gy Gkk4l = oot —<7, 6k =0y
@@F2(1 4 q)2 a2gF 11 + g)* BT @142 M (1)
j=Lk-1j=k42,n k=2,n—-1;
Gnn-1 = 1 Gnn = —2 tny =0,5=1n~2.

a2q2n-2 (1 + q)2 ) a2q2n-l (1 + q)2 )

Kax u B mpemmmymux npuMepax, BHYUCIAEM ONPENEeUTes M Am, 06pasoBaHuple U3 kooddu-
LMEHTOB KBagpaTH1iHOH HOpMEL

n

do(M) =Y ay; dai ds;. ()
¥, =1
Hockonsxy uMcra ai; B paBeHCTBax (1) MMeloT ofmuit MHKUTETD m, TO, BHIHOCH €ro
3a 3HaK OnpegeluTeNs, IOTydaeM
B A 0
P T )
RS S I O N ; o
= AT 0 = -% % - 0 o |-
1 2
0 0 ] ) qﬂm—z q2m—l
[Ipeo6pasys onpenemyrens (3) x Tpeyroasuoi dopMe
2 1
LR e
) S IO |
R Tl I }
m+1
0 0 0 0 —qu-;.-x !
a 3aTeM BHIMMCIAL €ro, UMeeM Ay, = % Ortciona crenyer, 4o A; < 0, A2 >0, Az <
q q™
0, ..., T. e. uTo kBajgpaTuunai dopma (2) orpunyareasno-onpefenenad. [ostomy byHruus v, a

BMeCTe C Helf ¥ GyHXIUA % B Touke M MMeoT MakcUMyM. W
HaliTi 3KCTpeMaNbHEIE 3HAYEHUS 3aJaHHON HeSBHO (PYHKLMM Z OT IIePEMeHHMX  H ¥:
214. 22+ y? + 22 — 22+ 2y — 4z - 10=0.
< Dynxuus F(z, y, 2) = 22+ +2° -2 +2y—-42-10, (z, y, z) € R®, aBaseTcs MHOTOUACHOM,
a MO3TOMY HenpephiBHa ¥ nuddepeHuMpyeMa CKkolb yroguo pad. ClefoBaTelbHO, B OKPECTHOCTH
T060i ToukH (zo, Yo, %), B KoTopoit F = 0, F, # 0, BrmoaHeHH BCe yCTOBuS TeopeMul 1, 1.3.3,
coriacHo Koropoit ypasHenue F(z, y, z) = 0 onpenenser nesBHyw dyuruuo (z, y) ~ z(z, ¥),
TPUHMMAIOIMYIO B ToUKe (Zo, Yo) 3HAUCHUE Zo. ITA DYHKIML CKONB YTOAHO Pas muddepenumupyeMa.
[lrs ompepereHus CTAIMOHAPHEIX TOYEK W 3HaveHusd GYHKUMH B HUX COCTABIAEM CHCTEMY

Fr=2~-2=0, i=2y+2=0, F=o'+¢° + 2 - 20+ 2y — 4z - 10 =0,
U3 KOTOPOM HaXOguM
Mi=(,-1), 1=-2 M:=(1,~1), =6

Hocxoasxy mpoussontas F) = 2z — 4 B Touxax (1, -1, ~2) u (1, —1, 6) oranyna or Hyus, TO
ypaBHeHme F = 0 B OKpeCTHOCTH KaXKOK W3 3TMX TOYER oNpeNelseT HexBHyw byHxuuw (T, y) =
2(z, y), npunuMapy® B Touke M, sxadenue z;, i =1, 2.
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}Inx MpOBEpKH ROCTATOMHKX YCHOBHIt SKCTpEMyMa HaXORMM MacCTHHE NpOM3BORHHe Fl» =

2, gz = 2, Fyy v = 0 ¥, monsaysck dopmynodt (2), n.6.5, BEuMCIIEM BTOpoi mubdepeHuyan B
craunonap}mx 'ro‘max Tockoasxy B Touxe My 1pu z = —2
dz= Z(dz2 +dy?) >0
a B Touxe M, mpu z =
dz= —i—(d:c2 +dy’) <0
TO Zmin =—2, Zmax =6 mpu z =1, y=-1. p

215, B+ P+ P — ez —yr+ 20+ 2 +22-2= 0.
< Y3 cucremur

Fi=2c~z42=4, Fy=2y—-z+2=09, Fes*+ ¥+ —cz—yz+2c+2y+22-2=0
HAXOIUM CTAMOHADHBIE TOMKM U 3HAUEHUS DyHKIUY

M= (-3+V6 -3+V6), z1=-4+2V6 Mp=(~3-V6 -3-V6), z=-4-2V6
Haxonsym mpoussonuste Fy = 22—z —y+2, Fi =2, F;’ =2, F}, = 0 u, yGeqmburucs, uto F; # 0
B Touxax My u M, BuryucaseM BTopol quddepeHuuan B 3TUX TOYKAX:

dzz(Ml)——T(dz +dy?), d%=(Ms) = \/_(dx +dy?).

CrenoBaTenbHo, Zmin = —4 — 26 B Touxe Mz ¥ Zmax = —4 + 2v/6 B Touxe M;. B
216. 2 +y* + 2 - 28222 + P + )= 0,2 >0,
<« [lns oTipefeienus Towex BO3MOXHOTO 3KCTPEMyMa pelllaeM CUCTEMY
Fo=42"~4a’2=0, Fy=4’-4’y=0, F=z+y'+:' -2+ +7) =0
U3 KOTopoil HaXoQMM HIEeCTh CTALMOHADHEIX TOYEK ¥ MECTh 3HAYEHMUI DyHKIMUM:

M, = (0, 0), z1=a\f' M,=(0,0), z2=—a\f2;

M34-—(ﬂ:a :t:a z34—av1+ 3; Mse-—(:ha :t:a) 25,ﬁ=~a\/1+\£.

[anee, HaxomUM TMPOU3BONHEIE
Fi=47"-4d’2, Fjn=120"—4d®, Fa=12"-4d>, F) =0

Hocxomsky FJ(Mi) # 0,1 = 1, 6, TO B OKPECTHOCTH KakNOit M3 HAIIEHHEX ToueX ypaBHeHMe
F = 0 onpepenster nespryo dynxuun (z, y) — z(z, y), NTpuHUMalomyo B Touke M; 3HaueHUe
4, 1= i—,_ﬁ

B Teurax M;, i =71, 6, BeuMcIgeM Bropoit guddepenusar d’z:

- dz? + dy? dz? + dy?
(M) = =, do(M) = - =t
YR 2 2 2
% (Ms,s) = =2(dz” +dy°) &Po(Ms,6) = 2(dz” +dy°)

a\/3+3\/§ ’ a\/3+3\f3.

CaepoBaremsuo, B Touxe M) dbyHXuMS UMeeT TOKaTBHEI MUHMMYM (Zmin = ay/2), & B TOUKe
M; — MaxcuMyM (Zmax = —a\/f), B ToukaX M3 4 — MakCHUMYM (Zmax = aV/1+4 \f3), B TOYKAX
Ms, ¢ — MusuMyM (Zmin = —aV 1 +3).

HccrepoBaTs ma yCHoBHEIN SKCTPEMYM cienyiomiye QyHXIMMN:

217, 2=zt 42l 4 tzn, ecanzy 4124+ -+ zp=na,a>0, m>1.

<« CocraBaseM dyuryuio Jlarpanxka (cm. dopmynu (2), 1m.6.6)

Q:iz?‘+l (iz.‘—na)

f=1 i=1
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U 3alMKCHBAEM CHCTEMY

&, =mz7 ' 4a=0 (i=1,n), Ez.‘ = na,
=1

m-1

U3 XOTOPOM HAXONMM A = —ma ¥ KOOpHMHATH Z; = 4 Touk¥ M BO3MOXKHOrO KCTPeMyMa

n .
(a, @, ..., a). Hamxee, Haxomum Bropolt nnddepeniman d*® = m(m—1) z :c:"‘2 dz? ¥ BEMMMCITEM
i=1
ero sHa4eHue B Touke (M, A):

2H(M, \) = m(m — 1)a™ Z dz?.

Tax xak dz<1>(M,' A) > 0, 10 B Touxe M QyHrRuMA 2z UMEET MUHUMYM (Zmin = 14" ). P

218. u=zyz, ecmm 2* + y% + 2% = 3.

< AHaTOrMYHO IpeNHAYIeMy TpUMepy cocraBiseM dynriuio Jarpamka & = zyz+A(z+y° +
2% — 3) U 3amKCHIBAEM CHCTeMY NS OTMpeNeNeHMs A ¥ KOODAMHAT TOUKH BO3MOMKHOTO wKCIPeMyMa:

P, =yz+22z=0, ¥, =zz+2\y=0, &, =zy+2z=0, 2+ +72=3.
U3 sTolt cucTemMm HaxomuM BoceMb cramuoHapHeix Touex: Mi = (1,1,1), Mz = (1, -1, —1),
M; = (-1,1,-1), My = (-1, -1, 1) nas ,\1 = -7 1 Ms =(-1,-1,-1), Me = (-1,1, 1),
M7 (l —l 1) Ms—-(l 1 -—1) oI /\2
Haxonnm BTOpOit muddepeHyuan (py}{xmm Jlarpanxa
d*® = 2A(dz” + dy’ + d2%) + 22 dz dy + 2y dzdz + 2z dydz. (1)
Ousa A\ = —% ¥ Touxu M uMeeMm

O(My, M) = —dz? —dy® — d2° + 2dz dy + 2dz dz + 2dy dz = —(dz — dy)* — dz° + 2(dz + dy) dz.
BaMeHss B MOCHIETHEM ClaraemoM puddepenuyuar dz €ro 3HadeHKeM, HaWgeHHEIM U3 YpaBHeHHS
cBa3u B Touke M), dz = —(dz + dy), moxy4aem HepaBeHCTBO d2(I>(M1, A1) = ~(dz —dy)? - d2*
2(dz + dy)* < 0, m KOTOPOrO CIefNyeT, 4ro B Touke M) GYHKUNT u MMeEeT MakCHMYyM.

Ous A; = —% u Touxn M; us (1) u ypasrenus cpssu moxydaeM d°®(Mp, \) = —dz? - dy® —
dz?—2dz dy 2 dz dz+2dydz, dz = dy+dz u, crenopatemsho, d*®(Mo, A1) = —(dz—dy)* -dz*—

2(dy+dz)* < 0, mosToMy (py}{xlmx u B TOuke M, MMeeT MaxcuMyM. AHAaIOrUYHO yCTaHaBIUBaeM,
4T0 QYHENMA ¥ HMeeT MakKCHMyM B Toukax M u Mi. Bo Bcex 3TuxX T04KaX umax = 1.

Ous A, = 3 u touxu Ms us (1) u ypasHemus cadsu noxyvaeM d°®(Ms, A2) = dz” + dy* +

dz® ~2dzdy — 2dzdz —2dy dz, dz+dy+dz=0. Orciona cuenyer uepasencrso d>®(Ms, \2) =

(dz — dy)* + dz* + 2(dz + dy)? > 0, u3 xoToporo axmovaeM, 410 B Touke My GyHRUMA u HMeeT
MUHUMYM.

Jerxo y6enurncs, 4to B Toukax Mg, M7 u M, dyuxuus u Taxke MMeeT MUHUMYM, IIpUYEM
Umin = —1. P

219, u=zmy"2P, ectnz+y+z=a6(z>0y>0,2>0m>0,n>0,p>0,a>0).

< OyYeBHOHO, PXCTpeMaNbHEE TOMKM DYHKUME ¢ M v = lnu coBmamaior. [losromy Gymem
MCCIeIoBaTh Ha YCAOBHHIN 3kcTpeMyM GyMximio v = Inu = mlnz 4+ niny + pln 2 npu ycrosuu
z+y+z=a.

%ocramxx dyuxumo Jlarparka @ =mhaz +nlny+ plnz + A(z + y + 2 — @) ¥ cucremy

<I>;=g+/\=o, Oy=2+r=0, 8 =212=024y42=
v ‘

HAXORMM KOOPIMHATH TOMKH BO3MOXKHOrO sECTpeMyMa: z =mt, y =ni, z = pt, e t = 7+¢T+_p'
Ilockonsxy Bropoit RAuddeperiman dynrnuu $
mdz® ndy® pd2?

2 7] TTa

d2® = -
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B Touxe (mt, nt, pt) ynoBaerBOpseT HepaBeHCTBY d°® = — (mt, + m, + pt, < 0, To pyHryus
o mPntp?amtntr
v, 3 BMecTe C HeHl ¥ u MMewT B Touke (mt, nt, pt) MaxCUMYM | Umax = W >
22 y2 Z2
220, u =z + y* + 2%, ecn =t +—c?=1 (@a>b>c>0).

2 2 2
<« [Iuddepenmpys dyuxumo Marpawxa & = 2% + 2 + 2° + A (7’:—2- +L+5- 1) o BCeM
IepeMeHHEIM ¥ TIPUCOENUHAS ypaBHEHMe CBASH, TIONYHaeM CHCTEMY

2 2 2 2
(I>—-2:c+—£=0 (I>'._2 +2/\y_0’ &, =22 +Z§_z.—(), f._+y_+z_=1’
b2 a? b ¢
U3 xo’ropou HAXOOUM A ¥ TOYKM BO3MOXHOIO SKCTPEMyMa: A 2 = -2, M2 =(0,0,%c); Aa, s =

M34—(:{:a 0, 0) /\55=—b Mss—(o Xb, 0)
an TIpOBEPKH NOCTATOMHEIX YCIOBYI HAXOXUM BTOPOil audbdepenuuar d°® = 2 (l + f—z-) dz?+
2 (l + ;)‘2-) dy® +2 (1 + 32-) dz?. Ws neparencrs

2 2
dO(M, 2, A1,2) =2 (1 - :—2> dz’ +2 (1 - p‘) dy® >0,

2
dzq)(M3:4,/\3,4)=2<1——)d +2< 2>dz2<0

cregyer, uTo B Toukax Mi 2 QYHKUUS U MMeeT MMHMMYM (Umin = c°), a B Toukax Ms s —
MaKCUMYM (Umax = az).

B Touxax Ms ¢ mpu dz = 0,dz # 0 d*®(Ms,e, As,6) = 2 (1— Z—:) dz* < 0, anpu dz #

0,dz =0 d*®(Ms 6, Xs,6) = 2 (1 - Z—:) dz? > 0 . Tostomy Touxku Ms ¢ He ABIAICA BKCTpe-
MAJIbHEIMU. P
221, u=242", ecrnz+2y+32=a (z>0,y>0,2>0,a > 0).
< Cocrasus dyuxuuno Jarpanxka qud BCMOMoraTeabHol GyHRuuy v =Inu
S=Inz+2lny+3mz+A(z+2y+32—a)
¥ 06pa3oBaB CUCTEMY

@;:%—}-/\:0, ¢;=§-+2/\=0, ¢',=-z—+3/\=0, z42y+3z=a,

v 6 U
TMOXY4YUM A ¥ KOOPIAMHATH craunonap}{on TOMKM: A = —=, g =y =2 = -“-. A Tax xax BTOpOU
dx?  dy® d
mubdepernnuan d>P = -5 - —y%— — %5~ B CTayHOHAPHOM TOYKe YZOBIETBOPAET YCIOBHIG

6
d%p(ﬂﬁﬁ,__):___ 2 L d? ads) <0
6866 a g (de” +dy" +d7) <0,

o o 6
To QYHEKUMS v, 3 BMeCTe C Helf U DyHKUUS ¥ MMEOT B 3TOM TOYKE MaKCUMyM (umx = (%) ) >

222, u=zyz, ecm 2®+ y* +2° =1, z4+y+2=0.

« [IpupaBHuBad X HyIO npousBonuie dynxuuy Jlarpamxa @ = zyz + A(z® +y° +2° - 1)+
p(z+y+2)mo z,y U z, MOTyHaeM CHCTeMy

O, =yz 42Xz +p=0, Oy=zz42y+p=0, O, =zy+2Az+p=0,
pelllast XOTOPYIO COBMECTHO C YPABHEHMSMM CBA3H 22 + y° + 2° = 1,z 4+ y + 2z = 0, HaxomuM
HIeCTh TOMeK BO3MOXKHOTO JKCTpeMyMa: M, = (L 2 ——-2—) , Mo = -2, ) M; =

2 31 1 1_, _ 2 1 2
('\/(?’ Ve '%‘) npu A = WA M, = (—%, —7 %),Ms = (—x, 7 —\/g)

1

1
éga -7 "7;) Tpu A = —5-175.

;z
I
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Hanee yaxonum Bropo muddbeperuuan

2p = 2X(dz® + dy’ + d2°) + 2zdz dy + 2y dz dz + 2z dy dz, (1)
a N3 ypaBHeHuﬁ CBA3M NMOAYMAEM COOTHOMIEHUS
tdr+ydy+zdz=0, dr+dy+dz=0. (2)

[IpoBepum BHITOMHEHYE MOCTATOMHHEX yCAoBMM 1ag Todek M1 u M,.
Hdas srux Touex

T=y=2) z= -4\ (3)
Torga ua (1), (2) # (3) noayuss paBeHCTBO
4 & = ((dr - dy)’ + d2* + dz® + dy°).
Orciona cueayer, ure mpu A < 0 (T. e, B Touke M) d°® < 0 # B aTol Touxe dyHKUMA &

UMEET MAKCUMYM | Umax = m). Hpu A >0 (1. e. B TouRs M) d?$ > G, nosToMy B 5ToH TouKe

s
QVHKUMA 4 ¥MeeT MUHUMYM (uman = —;75}.

A¥allorHuYHO yCTaHaRAMBaeM, 4yTo B To4kax M; v Me dynruud u uMeeT MakcuMyw ’/umx =

R

_...._| g . g — £y i 2= e e |

%) a B Touxkax M, u My MEHHMYM (umm v’C) b

223. u=zy+yz. ecmurt i =2, y+z= 24 >O y>0 z> 0.

<« OGpascnan dyuruwo Jarpanma & =y + gz + M2® + 5% — 214 sy + 2 — 2} ¥ cocrenus
cUCTEMY

P=y+22=0, Sy=z+z4Wy+p=0, P =y+p=0, x2+y2=2, vtz=1,

HalgeM uscia A, 4 M KOOPAWHATH CTal{MOHADPKOM TOuRM: =y =z=], A= —> p= -~}
Samuurem Bropot mudidepentman d°d® = 2)\(dz + dy? Y+ 2dzdy + 2dyds u NOTORKM B HeM
A= - % Torza nonyunm d°® = —dr? —dy? + 2dz dy + 2dy dz. Us ypasenus cagon crepyet, wro

dy = ~dz = —dz, nostoMy ¢°® = —~dz? — 3dy* — 2dz* < 0. Taxum obpasom. s Touke (1, 1, 1)
QYHKIUHS 4 AMEET MakCHMYM, pasumii 2. b

224, y =sinzcsinysinz, ecinz +y+z = % (z>0,4>0 2>0)

ki
« Cocrapass Bcromorarensiys gysxunio ¢ =Insin z +Insiny +Insin z 4+ A (I +y+z— 5)
U cHcTEMy

T
Pp=ctgz+A=0, T, =ctgy+r=0, P.=ctgz+A=0, Thy+z= o,

NOJyHaEM TOUKY BOBMOXKHOTG 9KCTpeMyMa T =y = 7 = . Tak Kak

dz? dy? d

o= -( e+

sin? sm'y sin /

TO B TOUKE (6, 6, s) cpymcxma MMeeT MaKCHMyM, PaBHEIR % >
225, u= —-+ 7 + ,ecay 2+ 4P 42° =1, zcose+ycos B+ zcosy =0 (e > b>c> 0,

cos? a -+ cos? ﬂ+cos 'y_.l)

2 2
<« Cocrasus dynkuumo Jarpanka &= 5+ 5+ 5 - AMz?+y°+22 = 1)+ p(x cosa+ycos S+
ZCosv) ¥ NPHPABHAB K HYNIO ee npomnonme 1o z, y Mz, IOYMMM cucTeMy
2z 2
o, = ;—2——2/\x+ucosa =0, &, = P_ 22y +pcosf=0, ¥, = _z_ -2 z 4 pcosy = 0. (1)
YMHoOKad mepBOe paBEHCTBO cycreMsl (1) Ha £, BTOpOe Ha y, TPeThe Ha z M CKIaLIBAA WX,
TIOIy4a€eM PaBEeHCTBO

2 2 ‘
Z(i—z+ %5-+%2~) —2A(z2+y2+zz)+u(xcosa+ycosﬁ+ zcosy) =0,
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¥3 KOTOPOTO C y4eTOM YpaBHEHWH CBA3M BHTEKaeT, TO

Taxum 06pa3oM, Umax = Max A, Ugin = min A.
Peuras ypasHeHMe (1) OTHOCHTENBHO T, ¥ M 2z W yMHOXAA JeBhie ¥ NIPABBIC HaCTH I0JLyYeHHEIX
PABEHCTB HA COS @, COS 3, COSY COOTBETCTBEHHO, HaXOmWM (C YueTOM YPAaBHEHMs CBA3M Z COSa +

ycos B+ zcosy=0):

2 2
T Fl z
atEta

213

~A=0,T e uroc A = u.

cos*a  cos? cos? y 0
Tttt s
oz = z
Hau ) .
% / sin“a | sin ﬂ sin? cos’a  cos®f  costy
)“..)“‘ - +" o '+ 2 ) I =0
\| ¢ b c2 c2h? a‘c aZh-
Fcny Ay # Ay — KGDHK 3TOre YpaBHeHust, puveM A1 < A2. TO Umax = A2, Umin = A1, W
226, u=0t 2l 4 4 2%, ecum
o z
-—-{~— =1 (g > 0,i= 1 ).
(5% az Gn
n / n )
< Mueen = ‘, e ( :): %‘- —~1). W3 cucreus: L = 22, + A= =0, 5= 1, n, Haxenum
=1 N : !
A o
L, = e =1 u, (1}
= !
2a,
4 Ui VPABHeLUs CBAZK M [aBedcTs {1) roaydaem
2 PRI,
A=~ T, = c1=1,n (2}

.
{lockonsry 4°¢

Umin ==

x.ui"‘

227, w=ifzh 4+

n sl
e G | G &= P -
« Cocrasnas gynxmmc Jdarparxa ¢ = Z P +ala- 3z
=1 3=1

zh(p>1),ecan 2i+ 12+ ..+ 1o =afe>0).

) , @ 3aTeXM CHCTTMY

1 ——

- A

i

@, =pzy”
-1
nonysaem A -p( )p , Tk = 2

n
Haxomsm Bropoit guddepentuas d’® = p(p — 1) 3k P=2 d2? W, BHMMCHAA ero BHAUeHUE B
k=1

2
dz} > 0. CnenopaTemnHo, B

)o»

Lorpr,ecmt 2 >0, 53+ 234 ... Fza=a{(a>0,a0; > 1,i=1,n).
= ln u cosnagaioT, 6yKeM HCCHENO-
n

n
cTauMOHAPHol Touke, y6exmaemcd, uto d°® = p(p—1) Y (£ £)P
=1

x

u . P
CTAMOHAPHON TOuke BYHKUMUE U HMEET MUHMUMYM (umin = B%T

228,

« 3aMeTHB, 4TO 3KCTpeMalbHEeE TOUKH DYHKUME ¥ ¥ ©

u=zigy?

BaTh Ha MOKAIBHEI 3kcTpemym dyurxuuo v. O6pazosas dyusumo Jarpanxa & = 5 o;lnz; +
Jj=1
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n
A (E T;— a) M pENIHB CHCTeMy

J=1

3

o —
<I>',k=~x—k-+z\=0 {k=1,n), T;

i

a,
1=1

TIONMy4NM 3HaYeHNe A M KOOPAWHATH Touky M BO3MOXKHOTO 3KCTpeMyMa:

n
1 J—
A:w—Zaj,xk= :ka (k =1, n).
a
1=1 ZO’]
j=1
n

Haiizen propoit muddepenuyan: d*® =~ 5 —:—% dz?. BameTys, uTo
k=1

l n
fon=-1(Tu

1=1 k=1

n
2
dzy

g

<90,

3aKdAKYaeM, YTO B TOYKE M GyHKIMA ¥4 UMeeT MAKCHMYM
ajtazt ... +an

o
Umax = @i lag? ..Lant | — >
Sai
i=1
n
229. Hadity sKkCTpeMyM KBAaZPATHUHON GOPMEL 4 = E @iy Ti%; (ai; = a; — OeHCTBUTENH-

1,1=1
n

2
HEI€ YMClIa) TIPH yCIOBHM 2 i =1.
$=1

n n
« O6pasyem dyHnkusio Jarpanxa ® = Z @iy TiT; + A <l - Z :cf) ¥ COCTABMM CHCTEMY

i, j=1 i=1

1

EQIzl = (@11 — A)z1 + @282+ ... +81aTn =0,

1

54’;2 = a1 + {a22 = A)T2 + ... +a20Tn =0y (1)
1., .

iq)zn = an1T1+ @n2z2+ ... + (ann o A)xn =0.

CucreMa (1) vimeer HeTPHBYMANRUOE PElleHHE TOTAA ¥ TOABKC TOTAA, KOIJa UMCHO A SBIASETCS
KOPDHEM YDaBHEHUS

a3 — A a1 Q1n
a21 a2 —A ... a2n =0 (2)
ani Gn2 vie Qpn — )\

Tlokasxem cHawama, 4To KOpHHU A ypasHenus (2) peicrBurensuste. [lng aToro 06osHauMM uepes
A cimMerpuuHy©o Matpuuy {a;,} samanHoll xsagpatuyHoit opMH uw. Torma cucremy (2) moxho
3amMMcaTh B BUAE

Az = Az, (3)
rie ¢ = (1, 2, ... , £n). [IPEANOT0KHUM, YTO A KOMILIEKCHOE, T. €. 4T0 A = v+, THe & = +/—1.
Tockoanky a;; — meACTBUTENLHHIE MMCHA, TO £ = 4 + iv. Torma u3 pasencrsa (3) cienyer

Au = au — fu, 1)
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Av = fu + av. (5)

YmHoxaA cransipuo obe acTH paBeHCTBa (4) Ha v, a paBeHcTBa (5) Ha ¥ ¥ BHYMTAas Pe3yabTaTH,
noiyYaem

(Au, v) — (Av, ) = —f((u, v) + (v, v)). (6)

Taxk xax (Au, v) = (4, A"v) = (4, Av), rre A" — TPaHCIIOHUPOBAHHAA MATPHIA, TO H3 {6) HAXOMMM
B((u, u)+ (v, v)} = 0. Ilockousky (u, u)+(v,v) #0, 10 # =0, T. . A — FEHCTBUTENHLHOE UUCIO.
Mycts A1, A2, ..., An — KOpHH ypaBHennd (2). Torma mna xammoro Ay, i = 1, n, 3 cHCcTe-

n
M (1) nipu ycnosuw, uro £? = 1, HaxOZUM TOUKH BOBMOKHOTQ SKCTPEMyMa

=1
(:cg"), xg‘), ceey 29) , i=1,mn.

Hanee, ymHoxas pabencrsa (1) Ha z1, &2, ..., Tn COOTBETCTBEHHO ¥ CKIAXLIBAi MX, MMeEM
n n
i 2 _ -
@i, Tizj—A Y £7 = 0. YuuTHBad ypaBHEHHE CBAIM, NIOAYHAEM PABEHCTBO U(L1, T, ... ; Tn) =
i, 5=1 i=1
. ; )
A, KOTOpPOE B TOYKaX BO3MOXKHOI'G 3KCTPEMYMa 3aNUILETCE B BHAE ¥ (zg'), xg'), e zﬁ,)) =X, =
1, n. OTcioga ciegyer, YT0 tmax = MaxX Ai, Umip = ML A;. B
1<ign 1gign
n n
T+ T+
230. Hoxasats Hepapencrso __2_y__ > (—Ty) ,ecmn2l, 220, y20.

« HccnenyeM Ha ycnoBHHM kcTpeMyM QYHKUMIO 8 = -’L;Ln,- ectu ©+y = 5. CocraBun
dyuxumio Jarpanxa ® = %(z" +3¥") +A(s ~ z — y) u cucremy

n-1 n—1
Q',:nzz -A=0, ®;=ny2 -A=0,z4+y=s,

HaiigeM wicaa A, a TaKKe KOOPIMMHATH CTAlMOHAPHON TOHKM (DYHKIMH u:
n (s\"! s
A=— (—) r=y=—-.

Y =2
Mockonsky Bropoit auddepenuuan d°® = 1(’—'5"—11(@"‘2 dz? + 4" %dy®) » TouKe T = y =

- -

3 YHOBIETBOPAET yCHOBMIO d*® (%, ;) = ﬂl‘;—l-l (—;—)n (dz® + dy*) > 0, To dyHxuMa u mmeeT
MMHMMYM B TOUKe (%, %), T. €. Umin = (%)" < ulz, y), ecan £ 4y = s, wau (-’—'2*—!)" < ’_}9_ >

=1),

231. Toxasars nepasencrso leasgepa

n n

1 1
r [ D q
Za;zgs Zaf Zz;’ (ag}(), z;20,i=1,n; p>1,

=1 =1 i=1.

+

3 |-
-

« Hccuenyem Ha ycnosHLI! sxcTpeMyM GyHKUKIO
n ? n
u= E af E z

i=1 i=1

n
NpH yCI0Bum, uTo A = Z a;zi, rne A = const. CocraBum pyuxymio Jarpanxa

=1
1 1
I n 7 n
(E xf) + A (A—Za;z.-)
=1 =1

(-]
it
TN
%
R
S’
b
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u obpasyem cucreMy
1
n n q -
1 -1 [
&, =z} }:af Zz? -Ae; =0, j=1,n 1)
i=1 i=1
He orpanuuusas obmnoctn, 6ymem cuurats, uro z; > 0, a; > 0 (i = 1, n). Paspeaun j—e
paBeHCTBO cHcTeMH (1) Ha m—e paBEHCTBO TOM Ke CHCTEME!, MOTyYHM

ITm am )
Otciona Tpy GUKCHPOBAHHOM M HaXOIUM

1
a a1 L m—
Ij=xm('—]‘>q1, i=1,n; j#m. (2)

Qm

[lopcrasus (2) B ypaBHeHME CBA3M, UMeeM

m
=1
igm
WiIH
n q
Im g-1
— Y o = A (3)
-1 =
aq =1
1
Hcmonsaya o, uto Zi—x =p ;5= %, u3 (3) momyvaeM KOOPAMMATH TOUKM BO3MOXHOIO BKCTpe-
MyMma:
4
Aad ——
m = m=1,n.

n s
PEH
=1

ns nmpoBepkM KOCTaToYHHEX YCIOBME Haxogywm BTopoi muddepenuuan dyuxuwn &:

1 1
n ; n ;_1 n . n
dd = E a¥ E zf E ¥ dey A E a, dz,,
1=1 t=1 i=1 =1
1 1 1
n ; n =l a n —=2 n 2

i~

o= (V) [@-n[Xa) Laratra-o| Y] (Lo

1=1 =1 =1 i=1 i=1

n
B cuny ypasuexHH# cegau, Z a, dz; = 0; noatoMy
=1
2(q-1)

n 2 n

-1, A . dr; =
;z? dz; | = iaf ga.d:c. 0

i=1

B CTALMOHADHOM TOUKe H, clenoBaTensuo, d°® > 0.
Takum o6pasom, B CTaHMOHADHOH TOUKe PYHKUHMSA 4 MMeeT MUHUMYM (Umin = A), nostomy
% 2> A, YTO paBMOCHIBHO HEDaBEHCTBY [enbmepa. P

Onpegenurs uanbonsmee (sup) u Haumeusmee (inf) sHavenus dyukuuit B yka3aHHHX 06na-
CTHX:

232. z=12%+y* — 12z + 16y, ecim z° + y* < 25.
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« Dyuxuus z HenpepHBHA B 3aMKHYTOM orpaHuyenHoM Muoxectse {2z +y° < 25}. Tlostomy,
COracHO M3BECTHOI Teopeme Beltepmrrpacca, oHa Ha 3TOM MHOXeCTBE JOCTHTAET CBOMX TOMHBIX
Bepxnen X HWXKHel rpateit. O4eBugHo, sup z (inf z) pasen Hanﬁonsmemy (Hanme}mmeuy) ¥3 3Ha-
YyeHWH PYHKUMH z B TOYKAX BO3IMOMKHOIO JKCTpeMyMa Ha MHOKeCTRE {z* +3y* < 25} uau » Touxax
BO3MOXHOTO YCIOBHOIO SKCTpeMyMa, ecili x +4° =25.

Mockonsky cucrema z) = 2¢ — 12 =0, z, = 2y + 16 = 0 He wMeer pemeHuH, NIPUHATIEKANX
muoxecrsy {22 +y° < 25}, 1o sup z u inf z gocrHraoTca Ha okpyxHocrr T + y? = 25.

Cocrasasa dyukumio Jlarpanxa & = 2% +y° — 120 + 16y + A(25 — 2% ~ y2) U pellag cucTemy

@, =2 ~12-2Xz =0, &, =2y +16 — 2Ay =0, ° +y° = 25,

HaXoJHM [Be TOYKH BOBMOXKHOTLO yCuoBHoro skcTpemyma M: = (3, —4) u M, = (-3, 4). Bu-

YMCHgS 3HaueHud pYHKUMu z B aTux Tourax z{Mi) = =75, z(M>) = 125, sakmiouaeMm, 4To
supz = 125, inf z = ~75. »

233. u=4? + 2y2 +32%, ecan 2+ y2 + 22 < 100.
4 AHajoruyHo NpegHIAyNIEMY IPHMeDY M3 CHCTeMbi

up=20=0, uy=4y=0, u; =62=0

HAXOIMM CTauMoHapHyo Touky M) = (0, 0, 0), npMHaTIeKALLYIO MHOKECTBY {rz 4;-y2 +2% < 100}.
Cocrasass ¢ynkumio Jarpamxa & = 22 +25° + 32° 4+ A(100 — 2% — 4 ~ 2%), u3 cucremu

Pr=2r—-22x=0, by =4y ~2Ay =0, &, =6z —2Xz =0,
4y +22 =100
HAXOTHMM TPY TOMKY BO3MOXKHOTO yClIOBHore skcrpemyma: My = (10,0,0), Ay = 1; M; =
(0, 10, 0), A2 = 2; M4 = (0, 0, 10), A3 = 3. Us pasesicrs u(M) = 0, u(Mz) = 100, u(M3) = 200,
u(M4) = 300 Brirekaer, 4ro supu = 300, infu =0. »
234. u=c+y+z,ecmm P+ <2< 1.

« Jlerxo yGegnthest, 410 PYHKUMA u He MOMET MMETh 3KCTpEMYMa BO BHYTPEHHMX TOUKaX
06ACTH ONpeneeHys, o3ToMy Sup u ¥ inf 4 JOCTMIaloTCA WM Ha OCHOBaHMM Komyca 0  z° +
¥ €1, z=1, win Ha Gokosoit ITOBEPXHOCTH KOHYCa 2z = 4yt 0g€z< 1.

Myers 0 € 22492 € 1, z = 1. Cocrasassa ¢pyuxuumo Jarpanwa & = ¢ +y+1+ A1 -2% - 3?),
¥3 CUCTEMHL

b, =1-2\z =0, b, =1-2xy=0, 2 ryi=1

HaXOAUM 4YeTHIpE TOYKHK BO3MOXKHOIC 3KCTpeMyMa!

V2 VRN (V2 Ve _££1 V2 _vIo)
2 2 3 2 H 2 ) ¥ 2 H k) 2 b 2 ) *
Tenepb Haxogum 'rouxn BO3MOMKHOIO excrpemyma GYHKIMH ¥ = £+ y + 2° + e ecnn 0 <
° + 32 < 1. Umeem v, = 1+ 2z _0 u, =142y = 0. O'rcxonannaycnomx z =1 +y

1
NOJIy4aeM elge OfHY TOYKY BO3MOXKHOTO DKCTPEMyMa ( s —2, 15)
Brrumcnas sHavenus GyMKUMM 4 B HafileHHHX Toukax, 3aKimo4aeM, 4To sup ¥ = 1+v/2, inf s =
1
—-Z.»

2

235. Cormacmo mpumuyny epma, cBeT, HCXONAMMIA M3 TOMKY A 3 NONAZAOWMH B TOY-
Ky B, pacnpocrpangeTcs no KpMBOH, I NPOXOXKTEHHsS KOTOPOit Tpebyerci MMHMMYM BpEMEHH.
Ilpeanonaras, ute Touku A m B pacnonoxeHs B Pa3IMYHHX ONTHYECKMX CPEIax, pasfeleHHEIX
TIOCKOCTHIO, MPMYeM CKOPOCTh PACHpOCTPaHeHWs cBeTa B NepBOif cpeXe paBHa v, & BO BTOPOH
vz, BEIBECTM 3AKOH npelioMiIeHUd CBETA.

« llycts t; — Bpemsa nmpoXosKeHMs cBeTa B NEPBOH cpexe, t; — po Bropoit. Torxa (puc. 1)

- e - b — =
h = s b2 = TTeoran Tpebyerca uccienosars Ha 3kcTpeMyM ¢yukmuio T =t +t; =
&

sreosar T Vacosa, TP ycxosun, uro | =atgoy +btgaz.
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v a b
3anucas pyuxuwio Jlarpanxa ¢ = vicosar + Trcoros + A(l -
atga; — big az), u3 cucremu
o = asin o) Aa
ap = 2 OS2 e
vicosta; cosfa
' bs'm a9 /\b
i o, = 2 - 7 =0,
;l v COS” (2 CO8° arp
b =atga; +btgas
| @ IB HaHjzeM, ¥T0 B CTALMOMApHOH TOUKe BHIIOAHIETCA YCIOBUE
| siney; sinap
A= —— = —-Z, (1)
v v2
Puc. 1

Orciona ¥ 3 NOCHETHEr0 YpaBHEHMS CHCTEMH MOXHO HaWTH
YHCIO A, a 3aTeM YIIH o1 ¥ ao. Ho genars storo ne 6yzem, rak
KaK B JajbHeMiIeM KOHKDETHHE 3HAueHMs 3THX BeTM4YWH HaM He
noHaxobgarcd.

. Jlas npoBepku BEINOJHEHMS JOCTATOYHEIX YCIOBMHE HAXOXNUM
Bropoi audbepeHuMan

P = ( a + 2 sin ay (smcn _)‘)) do? +( b +2b sin a2 (sma2 _,\)) dol.

v1 €Os @) cos® oy v v €OS @y cos® o vy

B cuny ycmosus (1), B cTauMoHapHOM Touke

2 a 2 b 2
e = day daj > 0.
vy COs 2 COS 01y

CaegonarensHo ukivs T MMeeT MUHMMYM, €CiM BEITONHAETCH paBeHcrso S50 = 8892 oy,
y Py yM, p - P
1
poe JaeT HaM 3aKOH NpelOMIEHUSA cBeTa. P

YopasHeRAS AI% CAMOCTOATEIBHOM PaGoTH

Haiitu sxcrpemalibHEE 3HAHYEHUS CleRyOmUX GYHKIMNA:
151, z=2? + 2y + y° — 3az — 3by. 152. z = 2* + y* ~ 227 + 42y — 27,
153. z=2+94° —~ 92y + 27T pu 02 <0, 0< vy < a0, 2> 3.
154. z2=/(a —z)(a — y)(z +y — a). 155. z = (acosz + bcos y)* + (asin z + bsin y)°.
156. u = zyz(4a —z —y — z). 157. u=zl4+y’ 422 —sy+ 22+,
158, u= S0 450 050,250, 159, u= i 4 L 4 E 0,y>0,2>0
U= P ,22>0,y>0,2>0. .u—y+z+z+z+z+y, z>0,y>0,2>0.
160. 622 +6y% +62% + 4z —8y ~82+5=0. 161. 52° +5y° +52° — 2zy - 222 —2yz~ 72 = 0.
162. by~ 3sy° + 6z 4+  + Ty + 22 —32-14=0. 163. z* +y* + ' = 2a%(z* 4 4* + 2°).
Haittu Hav6onsimee H HaviMeHbIIEE 3HAYEHHS CIEAYOMMX GYHKUMH, CBA3AHHLIX yKa3aHHLIMHU
YCHOBHAMK:
164. u=z 47y, 21’5"';_2 = :—, 165. u=z2yaz4; 2z 4+ 3y + 4z =a.
166. u=z2+2yz+3z2; 24yl 4+t =1,24+29+32=0.
167. u=zyz;x+y+2=05,2y+yz+zz2=38.
168. u=z*+ 2 + 25 s+ my +nz =0, (:::2+y2 +zz)2 =a%s% + Py® + 222
2 2 2
160. u=S+ 5+ 522+ + =L s+ my+nz=0.
170. HepaBeucrso Agamapa mils ompegeauTens TPETHETC IOPALKA

l

a b ¢
u=1] a1 bl (5]
a2 b2 c2

HMeeT BuK
jul<leema® +P + =1L al+B+3=1, sz +B+2 =1.
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JloxasaTs 3T0 HepaBeUCTRO.

171. BHyrpH YeTHpexyro/pHMKa HaWTH TOMKY, CYMMa KBafpaTOB PACCTOSHMM KOTOpOi OT
BeplIMH Ghlna O HaMMeHBIIeN.

172. Haittu TO4Ky, CymMma KBagpaTOB PACCTOAHMH KOTOpPOH [0 HAHHHYX Todek Gkina 6H1 Haw-
MeHBIIEH.

173. Hawiru naubonpmmit o6bem Napannenenunena, eciu cymma erc pefep pasna 12g.

174. Oxoli0 npAMOYroasHOTC Mapaiienenynena ¢ pebpamy 2a, 20 u 2¢ onucars HAUMEHBLIIMA
110 oGbeMy BILIANICONL.

175. Yepes touxry (a, b, ¢) npoBecry mIoCcKocTs, 06pasymOIUyoO C MIOCKOCTAMYH KOOPIMHAT
TeTpasZp HaMMEHBUIETC obbema.

176. B ganHmit KoHyc BIMCAaTh NPAMOYTOMLHEIN napaiienenunes Haubouasurero obbema.

177. Kakoit u3 koHycos ¢ maHHOM NIOmMAamsl0 GOKOBOM MOBEPXHOCTH S MMEET MauGoALIINH
obrem? . ) .

178. Halitu nmaomags s >1IMIICA, NONYHEHHOTO NPY CEYEHWH ILINICOMIA % +E+53=1
nnockoctso Iz + my +nz = 0.

. 2 2 2
z “
179. Tlposect k smmMncowuy 27 + 37 + 27 = | KacaTeabHyO IIOCKOCTE C HauMeHpuelt
CyMMO¥M OTPE3KOB Ha OCHX.

2 "2
180. B cerment saauntyyeckoro napaGonouma z = % + :—2-, BEIPE3aHHBIN IIOCKOCTRIO z = K,
BIMCATh MPAMOYTONBHHI Napalielenuner ¢ HauGoasmuM ofbeMoM.
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94. Her. 103. 1. 104. 1. 105. 0. 106. co. 107. 4. 108. ;. 109. I. 110. 1. 111. ) aaz™,
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an= G (116" - L47). 112, 2 3 sin I(n 4 D2 118 32 2"24*@ i

n=0 n=0

114. Z n(n-H) - 115, Z 2n(2n l) - 116. Z ! (Zn-Ll)"

120.9——2 Zsin 2%z + 1). 121 2dng? Z—%—“—%Tsmk"rr

sin2m(2n—1)z : 2nm(l—cos 1) sin 2nrz—sin 1 cos 2nnx
R =t 123. sin1+2 Zl e .
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122. %
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0 ip BT 0 n ) "
125. % b f‘lkiz—sin%z. 126. 5 %%T"fcosnz. 127. ) GO G g
n=1 n=1

k=1 ("+1)!
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128, % e"a" cos2nmz. 129, %sin:c+ ¥ %;l_)_Tsinnz, lz| < 7.
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o0, L
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T 73 Byl T v 130 822 v 13 618y w3 826z r3’6y82- R VA +yt 425
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o 18 3 & 18 - c 2a—1
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x(cos psin pcos §)*~1. 87, £9°. 72. 0. 73.0. 87. ¢y = é 88. y"' = ﬁ%ﬁ%. 89, ¢y =
+IV a7 90,y =0, y' =00, 91, y' =1, 2" = % 92,y = 22=R 1= K= g3 g%y =

y(y—2)°* 2= 2(z—y) "

20y +16:z 2 2 ___5: —z? 2 ' "o . b EZZ r_ Ty
i dz*, d*z = 752 de®. 94. z' =5, ¢y =12. 95. y = v 7 = o # 0.
-1, 2’ = =_% = 224(=1)? &z —2zly? oz _
96. y' =1, 2/ =0, y" =—%, =% o7. L= e 98 ety = AL 9. 2=
Zsing—cosy B8z __ zsiny~—cosz 100. dz _ ~{y+z)dz—(z+2) dy dz — lg-l-z)dz +4zdzdy-L(z+zLy
cosz-ysinz’ Oy _ cosz—ysinz ' z+y (z+y)®

01 & = J(ds® - 24¢%). 102. 3F o (ww')s (2(”9" +)ee’ - (z¢' +4") 2) asey =
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a?zt~10a23y3 42032y + 322404325y 2 4%y . 106, ¢ = oy w82 —14z4y‘+2zy+4z vo4e28y3 4245
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107. y" = 2—(&;—’_%)!:-1 108. y' = —1. 109. y = 0. 110. ¢ = }, 2/ = L. 11 y' =

S o= HETL 20, y#z, 2 £ 0. 112, 2: =1-fiz;, & o s, 2 #1113 awy
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[} 112 8 12 8%z _ 3z° 32822 8%z aztyis?
3= 3 & = T Wb gm=atanyy 2 AL W g =g 2 A L
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' 2 3 2 3
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2
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2 2 8? 8
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146, Au= 37 (%‘{5 + -j;’%) +2%, tre 6 = ch®¢ —cos® p. 147. f(z, y) =5+6(z—1)+4(y—1)+
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153. Muuumys 7 ipyt © = y = 3. MakcumyMm z = a® +27, ecmu a € 9, u 2a° —9a® 427, ecm a > 9.
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171. KoopnuHaTH ee PaBHH cpenHeMy apMdMeruveckoMy KOOPIHHAT BEPIIMH. 172.: Koo?nm{i:vrm
€e PasHH cpefHeMy apH(PMeTHYeCKOMY KOOpPOUHAT JAHHEIX Touek. 173. a®. 174, E; + ’;—, + :—,— =
3. 175. % + % + f = 3. 176. Bricora nmapaiielenunmena pasHa g, rge h — BEICOTA KOHyCa.
177. Ecit R — panuyc ocmosanus KoHyca, 1o wR*v/3 = S. 178. SVa?E £ i2m? + ¢?n? =
2 2 2
mabe/ 12 +m2 4 02, 179. -’? + Lg + —';: a3 4+ b3 4¢3, 180. 2v = abh?, (i-'T bvh -'5) —
b c
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