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NPEAUCIOBHUE

COopHHK cOCTaBJieH Ha MaTepHuajle 3aHATHH 1O Kypcy
MaTeMaTHYECKOro aHajn3a Ha | kypce MexaHHKo-MaTeMa-
THueckKoro ¢axyasrera MI'Y u oTpa)xaer omnblT mpemoaa-
BaHHs Kagenpsl MateMaTHyeckoro aHanauda. OH COCTOHUT
U3 ABYX uacTteH, coorsercTByomux I u Il cemectpy.

B Kaxpao#l yacTH OT/Je/JbHO BbIZEJEHb BbIUHCJHTENbHbIE
ynopa)XHeHHss W TeoperHuecKHe 3anayd. [lepsasg dacTob
BKJOUYaeT NOCTpOEHHE 3CKU30B rpa¢HkoB (yHKUUH, BLI-
YHCJEHHE NpejesoB, JuepeHHalbHOE HCUKCIEHHE (YyHK-
IHA OJHOr0 HEHCTBHTEJILHOTO NEPEMEHHOTO, TeOpeTHUYecKue
3agauu. Bropas uwacTte — HEONpeaesenHbld HHTErpaJs, of-
penenennnlfi uaTerpan Pumana, nuddepenuHaspHoe HCUHC-
JleHHe (QYHKIHH MHOTHX II€peMEHHBIX, TEOpeTHYeCcKHe 3a-
JAauH.

B ryaBax, cOpepxKalIHX BHIUHCAHTEIbHBIE YIPaXKHEHHs,
KaxXJABbf naparpad npeaBapseTcss pasBepHYTHIMH METOILH-
YeCKHMH YKa3aHHsAMH. B HHX pmaHB BCe HUCIOJb3yeMble
B 3TOM naparpade onpeleseHusi, GopMyJHPOBKH OCHOBHBIX
TeOpeM, BBIBOJ HEKOTOPbIX HeoOXOOMMBIX COOTHOIIEHHH,
npuBeNeHbl NOnpoOHLIE pelieHHs XapaKTepHbIX 3apat, 00-
PalieHO BHHMAaHHE HA 4YacTO BCTpeyaroliHecs OWHOKH.
Bcero B 0o0eux uactsax pasobpano okoao 250 mpumMepos.

ConepXasue 3aja4 ¥ YOpaxHEHHH COIVIAacOBalio ¢ Teo-
pPETHYECKHM KypCOM MaTeMaTH4YecKoro alaJu3a, YHTAaeMbIM
Ha | Kypce Mexmarta. Boawiuas yacts 3ajay H ymnpazxHe-
HUH OTJIMYHA OT 33424, COAEPKAUIHXCA B H3BECTHOM 3ajay-
Huke B, [l. [JeMuRoBHua, CYUIECTBEHHO TaKXe H3MEHEHO
H3jnoxeHHe H 06veM TeMul «llocTpoenue 3cKH30B M rpagu-
koB ¢ynkuufi». B rnasy «Buuncienue npegesioB» BKIoue-
HO 60JIbIIOE KOJHYECTBO YIpakHenuiH, TpeOyHX HCHO/b-
soBaHus ¢opMyan Teidsopa. B raase «/uddepenuunannnoe
HCUHCJIeHHe (PYHKUHH MHOUHX NepeMeHHbIX» METOAHUecKHe
YKa3aHHsl HANHCAHB ¢ TOYKH 3DEllHs COBPEMEHHOro HaJIOo-
KEHHs TOH TeMH B yueOHHX Kypcax.,

B o6e uactH cOopHuKa BKJlOueHO okojo 1800 ynpax-
HEHHH Ha BoYHCJAeHus H 350 TeopeTHUECKHX 3a7ady.

ABTODHI BHPAXKAIOT HCKPEHHIOW GJAarofapHoCTh BCEM
COTpYAiHKAM Kadenpni MaTeMaTHuyecKOro aHaJjJH3a Mmexa-
HHKO-MaTeMaTHuecKoro ¢axyabreta MI'Y um. M. B. Jlo-
MOHOCOBA 3a no.estble 00CYyIKI€HHS, 3aMeuaH¥s, Npeio-
Welnsl NPU NOATOTOBKe HACTOANMIEN KIIHTH.
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Yactbl

'’PA®UKH, NPEAEJDI,
JAPPEPEHIRUAJIbHOE HCYHCJ/IEHUE
dYHKLIHUHU OAHO NEPEMEHHOMN

I'nmasa |
IMMOCTPOEHHUE 9CKHU30B rPA®PUKOB
dYHKIUA

§ 1. 3JEMEHTAPHBIE NPEOBPA30OBAHHA TPA®HKOB

OCHOBHLIMH 3JeMEHTADHBIMH (PYHKIHSIMH CUHTAIOTCA: CTEREHHAR
Ppynkyus y=x°, noxkas’aresvrHan Gyskyus y=a*, a=>0, a1, aroea-
pupmuveckan pyuxyus y=logsx, a>0, as=1l, Tpusonomerpuuneckue
pyskyuu y=sinx, y=cosx, y=tgx, y=ctgx, obparnbie TpuUOHO-
merpuyeckue pynkyuu Yy=arcsinx, yYy=arccosx, y=arctgx, y=
=arcctg x.

JaemenTaprold Ha3biBaercs (QYHKIHUS, MOJAYUEHHAsT H3 OCHOBIBIX
9JIeMEHTAapHbBIX (YHKUHH KOHEYHLIM YHCJIOM HX KOMIO3HLHA H apud-
METHUYECKHX OTepalHi.

Paccmorpum noctTpoeHHe 3CKH30B rpa@HkoB ¢GyHKUHE NyTeM Ka-
UE€CTBEHHOrO aHaJu3a C HAHUMEHBLIHM YHCJIOM BbIUHCIEHHH. Mbl Bhije-
JIUM HEKOTOpble KJaacchl 3JIeMEHTapHBIX (YHKIHH H YCTAHOBHM HX
rilaBHB€ CBOHCTBA, ONHPASACh HA H3BECTHBIE CBOHCTBA OCHOBHBLIX 3J2-
MeHTapHuX (YHKUUHA H mpaBuja npeobpaszoBaHHus rpadHKa NpH onpe-
HeJeHHBIX onepauusx ¢ ¢ysxuued. Texnuxka auddepeHnnpoBanus
NpaKTHYECKH NPHUMEHATbCA He Oynaer; Oha Jub0 H3JHUIHAA (HeT Heob-
XOJHMMOCTH NOJb30BaTbCA NMPOH3BOJAHOH [JisT ONpelesieHHsI MOJNOXKeHHsT
BepIUHHBI apabosbl HIH MaKCHMYMOB CHHYCOMABI), JHOO CJOHIIKOM
rpoMo3jKa, HampHMep, NpH aHaju3e pauHoHaJbHHX Apobeii. Ho He-
KOTOpbl€ YTBEDXKIEHHSI, KOTOpPbIE CTPOrec MAOKA3bIBAIOTCH € NMOMOMIBIO
AU QepeHIHANTBHOIO HCUHCAEHHs, OyayT cQOpMYJHPOBAHBl, H COOT-
BETCTBYIOUIHE CBOHCTBA (QYHKINHH H HX rpadHkos OYAYT HCIOJbL3O-
BaThCs. DoJjiee KOHKPETHO O TOM, YTO HMEHHO AOJIXKEH HIJICTPHPO-
BaTh B NOBeXEHHH (PYHKUHH 3CKH3 ee rpaduxa, 6yfer CKasaHo B CO-
OTBETCTBYIOUIHUX 3aMeYaHHsX H Ipud pa3bope MpHMEpPOB.

HonyctuM, uto moctpoed rpaduk ¢yukuun y=f(x), x=X. B cie-
Aylouie# tabjHLE OMHCAaHO, KaK H3MeHseTca 3TOT rpadHK TNpPH omnpe-
AeNeHHOM npeobpa3oBanun GyHKIHH f(x) Wi ee apryMenra.

[locrpoense rpadura ¢dynknuu y=Cf(ax+b)+D B obwen ciyuae
CBONHTCA K psAldy mpeoOpasoBaHuil (CABAr, cxkaTHe, OTOOpaxKeHHe
H 1. A.) rpaduxa dbyrruuy f(x).

IlpencraBuMm y B BHIE

y=04?(x+£ﬂ]+D.

a
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Ta6aunua

I1peoGpasoBanue, KOTOPoe CHeAyeT MPOBECTH

Dy HK1HA ¢ rpaduxoM y = f(x) ua naockoctd XOY
f(x) +A A%0 Cnpur BBepx 1o ocH OY rpadura ©yRKUuH
y=f(x) va A enmmun, ecmu A >0, H CABUr BHH3
Ha | A | eaunnn, ectn A< 0
f(x—a) a+0 casur Bnpaeo mo ocH OX Ha @ €IMHHI, €GIH

a >0, casur Baeso Ha | a| exunun, ecan a<0

Bf(x), B>0 k1

pacTsKeHHe BJoab ocd OY otHocureabo ocH OX
B k pas, ecan k> 1, ckarue Blloab ocH OY B 1/k

pas, eciin 0< k<!

f(ke), B3>0 k1

cxKaTHe BRoMb ocH OX oTHocutenbHo ocH OY B R
pas, ecay k> 1, m pacraxenwe B 1/k pas, ecau
0k

—f(x) cHMMeTpHYHoe orofpamenne rpadHKa OTHOCHTEILHO
ocH OX

[F(x)| yacTh rpadHKa, pacnosioxennas umxe ocn OX, cHM-
METPHUHO OTpPaKaerTcst OTHOCHTENbHO 3TOH OCH, OCTalb-
HAa® YacTb ocTaeTcs 6e3 HaMeHeHHs

f(—x) CHMMETpHYUHOE OTOGpZKeHHe TI'padMKa OTHOCHTENLHO
ocu OY

f(x1) cTepeth uacTb rpaduka (yHRUME Y = f(x), JexRa-

plyro cleBa ot ocH OY; ocrasdTh wacTh Trpaduka
Yy = f(x), nexamyio cnpaea or oci OY H Ha hed;
yacTs rpaduka QyHKuuH y = f(x), DacHOJNOKEHHYIO
B obmactH x » 0, cuMmeTpHyro 0TO0pasuib OTHOCH-
TeapHo ocH OY B o6Gracts x< 0
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V3 takoro npeacraBjeHds ¥ BHIANO, YTO JUIA NOCTPOEHHs rpadHka
3TOR (QYHKHHH JOCTATOYHO NMOCTPOHUTDL rpadHK (yHKUHH

—Cf (a (x+ ——Z—))

Haa nocrpoenus rpaduka GYHKIHY Yy AOCTATOYHO NMOCTPOHTHL rpaduk
byHKIHHA yzzf[a (x+ i)] B cBOI0 ouepean anfA  MOCTPOEHHA
a

rpaduka GYHKIHH Yy AOCTATOYHO MOCTPOHTH TpadHK (QPYHKUHH Yaz=
=f(ax). Urak, nna nocrpoeHus: rpaduka ¢yHKIHH y=Cf[a (x -+

+ —?—)]—l— D HeoOXOHHMO ¢ rpadHroM ¢QyUKnHH f(x) NpOH3BECTH
a

chejyouine npeoOpas3oBaHud:

1. Cxkare uaH pactanyTb rpadur ¢vukund f(x) Broab ocu OX
oTHocuTeapHO ocH OY, ecin a>0; cuMMeTrpHuHo 0TOOPa3nTb OTHO-
caresbHO ocd OY H cxKaTh HWIH PacTsaHyTb BAOAb oCH OX oTHOCHTE/Nb-
HO ocH OY, ecan a<0.

2. CaBunyTth no ocH OX noayuedHblt rpapuk ¢yHKUHH f(ax) Ha
b b
— BJIEBO, €CJIH — >0, u Bupaso, eCJH — < Q.

3. Cxkatb HJIH pacTaHyTb TOJYYEHHBIH rpadHK  (QYHKIIHH

f[a (x + -—b—)] BAOJAbL OcH OY orHocHTeqbHO ocH OX, ecan C>0;
a

CHMMETPHYHO 0TOBpa3uTh OTHOCHTENBbHO OcH OX M cXaThb HJH pacTd-
HYTb BLOJIb ocH OY ordocutensno ocH OX, ecin C<0.

4. CaBuHYThL mnonaydeHHH# rpadur ¢yrkuun Cf [a (x + —%—)J Ha

D BBepx, ecniu D>0, w BEu3 Ha | D], ecan D<0.

ITocsienoBaTesIbHOCT 3THX NpeoOpasoBaHHA INPH  TOCTPOEHHH
rpadpuxa YHKIUH Y= Cf(ax+b)+D MOXHO TPEACTaBHTb CHMBOJIH-
YeCKH B BH/JE IENOYKH

f(X) > f (ax) — f [a (x + %)]E—f(ax-{-b)—»Cf(ax—]—b)—r
—Cf (ax 4+ b) +D.

Ha npakruke ynoGuee nocrpoenue rpacduka ¢yHkunmd y=Cf(ax+
+b)+ D naudHaTL ¢ HADHCAHHS LENOYKH

Cf (ax + b) + D« Cf (ax + b) <« f (ax + b) =
-:—:—f[a (x +—-Z-) ] <« f (ax) « [ (x).
Orciona BHEHO, rpadux KakoR (yHKUHH B STOM leNmouke sIBJAETCS

6a30BLIM JJ1s1 mOCTpOeHus rpaduka nocienyiomeil QyHKIHH.
IIpumep 1. Ilocrpoum scku3 rpaduka QYHKIHH

y=logs(1—2x).
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Pemenue. Hanuwem uenouky npeoGpasoBanuil:
10g3 a —2)(7) = 10g3 "_ 9 (x__ __é__) ] < SABUY Ha 1/2_BipaBo

<« logg (— 2x) <« log, (2x) <« log, .

Hrak, noctpoenne sckn3a rpadpuka ¢$yHkuuH y=log;(1—2x) naum-
Haercs ¢ mocTpoeHusl rpaduka y;=logsx, 3aTeM CXKAaTHG 3TOro rpa-
¢uxa BRoib ocH OX orHocHTeabHO ocH OY B fBa pasa, 3aTeM CHM-
METPHYHOro oTOOpaxeHuss OTHOCHTeNbHO ocu OY H, HakOHel, CIABHra
noJyyeHHoro rpa¢guxa Ha 1/2 BnpaBo BRosb ocH OX (cMm. pHe. 1).

A
!
y . ¥ J
- - o
g 7 A gf117 x
V4
y=log; & y = logy(2x)
Ay Ay |
6 b2
!
|
t
f
| . L
-1 _1\ 1o z oN 11 1z
-2 :2
y=Log,(-2z) y=tog,(1-2x) : .
!
!
I
i
Pxuc. 1

Uro6m wu3bexkaTb OMHOOK NPH NOCTPOEHHH rpa¢HKOB, CJenyer
NOJYEPKHYTh €l1€ Pa3s, uTO BeJHUMHa CABHra BjpoJb ocH OX ompepne-
ASeTC TOH KOHCTAHTOH, KOTOpasi mnpHOaBijseTcd HeNoCpejCTBEHHO
K apryMmedry x, a He K aprymesnry ax. [lostoMy mjisi HaXxoxjeHHus
3TOH KOHCTAHThl BHIpaXKeHHe ax-+b cHayana npeoGpasyercs K BHAY

a(x+-%—).
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B ¢BS3H ¢ 3THM peKOMEHAyercs omepamiio caBura Brojb ocu OX
NPOBOAKTDL MOCJE ONEpamHil CKATHA HJIM PacTAXKeHHs BAoJab ocH OX
OTHOCHTENBHO OcH OY.

I[Tpumep 2. IToctpoum acku3 rpadpuka ¢QyHKHHH

3nx —4n

y=—21g

Pewenne. Hanuem nenouky npeobpazoBaHui

R N I

- tg'ﬂg—«tgx.

ITocsienoBaTeNlbHO 5CKH3bI CMOTPH H2 PHC. 2.

r by | I . VA
l l I | | | | |
l : : | | | : :
| I I 5
| | | @ ]
! | |
f | ! I | |
t , l ! * t ! l
5 } ; gl 1 } [ ' P
dny frm Aoz fnoimoz -5y fed floifes
2 2| 2 2 | |
i | | } | | | |
n i i | o T
| ’ | [ v-toe R R T
| 1 | { ! l : |(9=t97“’
I I l } ! ! i ]
t |
¥ |
ﬁ { ! ] A }
l | |
2 | 0 | | i | 2
3 | | l I i
{ I |
/N
i , ! |
szfoli e v T 3\s 2\l 17 &\ 1 7R
37 :3 3 :3 173 3}7‘ AN
f ' | I | |
| | | | |
r | i} |
1 b 2‘5\| TR
| | } f l 1[3 'iJj
! ! , y=~2tg JEg -4
3
y=tg [F(=-3)]
Puc. 2

8
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IIpumep 3. [loctpoum 3ckus rpaduka GyHKIHU

_ 1y E3
y == s1n(3x+ 2 ) + 1.
Pemenne. HanuiieMm nenouky npeo6pa3oBaHHIi:

1 . ) 1 1 . Tt
~5—sm (3x+ T) + 1« ?sm (Bx—}— ~4—)-<—sm (3x-|— —4—) ==
== sin [3 (x + —%—) J «— sin 3x <« sin x.

[TocaenoBaTesqbHO 3CKH3BI CMOTPH Ha PHC. 3.

-3m_ __
12 12 12
~37
A IS

I

! |
Dm 8n S;x mi0 o mw I ma

7z 7 VAV 4

! . A
y= }‘SLH(&I: +4—)*1

Puc. 3

AHaJlOTHYHBIM METOJOM CTPOSITCA CKH3W TpauKOB (YHKIHA
C MDHMEeHEHHEeM H JPYTHX npeobpasoBaHHi.
IIpumep 4. Hocrpoum scku3 rpapuka’ y=1log. |1 —2{[x] —1]].

2

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

Pemenue HamuieM 1emouky npeoOpa3oBaHHi:

x>0 CABHr Ha 1 BOpaBo

10g1/211—2]|x|—-——1||4— 10g1/2|1—2|x—1[1<—-

x>0

<« logy o]t —2]x| |« logi |1 —2x|=logi2|2x —1|=

2 (x—_‘2-)

cmarTHe B 2 p.

cnpur Ha 1/2 BOpaBo x>0

-« 10g1,2 IQJC[-<—-

= lOgl/z

“— 10g1/2 2X 10g1/2 X.

DCKH3H CMOTPH Ha pHC. 4.

) y4 g A
] 8
0 0 j_\? i/ o\7 =
? 7 7
y =logy,l2z) y =logy,|2z|

51 §

Pas6epem cienylOLIHA npHMEp, rae noTpedylOTCss HECKOJbKO HHbie
paccyXIeHHs.

ITpumep 5. IlocTporM 3CKH3 rpadura GyHRUHH y=2!/%,

Pemenune. I'padukn o¢yuxunit g=1/x u y=2¢ CcMOTDH Ha
pHc. b, a, 6. Odynkuus y=21* onpexesena Ha oObeiHHEHKH MHOXKECTB
(—o0, 0) u (0, +o0), T. . Ha MHOXecTBe (—oo, 0)|J(0, +o0). Ha
MHOXKecTBe (—o00, 0) dbyHkuna g(x) MoHOTOHHO cTpeMurcss K 0 mpH
X—»—00 M MOHOTOHHO CTPEMHTCH K —oo npH x—0; Ha MHOXeCTBe
(0, +o0) byunxkuua g(x) MOHOTOHHO CTpPeMHTCsi K +oo mpH x—-0
H MOHOTOHHO CTpeMHTCs1 K 0 npu x—»+-o0o. Otclofa Jerko 3aKJIOUHTh,
4TO QyHKnus y=2€ omperesieHa Ha MHOxecTBe (—oo, 0)U(0, +o0).

10
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Ha muoxectBe (—oo, 0), Korza Xx CTpPEMHTCH K —o0, (QYHKUHA
y=2¢ cTpeMHTCs K €JHHMIe, OCTaBasch MeHpwe 1, a Korxa x—0, TO
crpemurcs k 0. Ha muoxecrse (0, +o0), koraa x—0, OyHKUHA
y =28 cTpeMuTCs K +00, a Korja x—+-0o0, TO CTPEMHTCA K €JHHHLE,

q a g4 7 6

<

B

<
"
<
&Y

1
7 =29 =2*
§= 7 y=? 7

Pnrc. 5

octaBasch Goabine 1. Temepb pucyeM 3ckH3 rpa¢uka GyEkuHH y=21/*
(cM. pHc. 5, 8). .

3ameuaHnHne. [losyueHHble HCCIeZOBaHHSA II0JIe3HO CBECTH B
TaBJuIy H TOTOM CTPOHTbL rpacduk

YYaCTKH MOHQTOHHOCTH (hyHK-

1

1 HaMeHeHHe g(x) Ha 3THX yuac-
g=— ONn—o0 | +00NO0 | rgax

1 H3MeHeHHe y = y(g(x)) Ha 9THX
1%0 +ooN 1 | ygacrkax

[Tpumep 6. [ToctpouM 3cKH3 rpadura QYHKUHE y=logip{x?+x).

Pemenne. IloctpouM rpadukn g=x2+x H y=10g12g (cM.
puc. 6, a, 6). Tak kak npu —I<x<<0 ¢yHxuHa g=x?+x He moJo-
XKureapHa (pHc. 6, a), 10 ¢ynkuua y=10g ;2 (x?+x) onpexnesnena npx
xe (—oo, — 1) (0, +o0). CocraBum Tabauny.

x —oo /1 0/ +oo
g=x*+4x +oo™N0 0 /4 oo
y=log,,g — 00 /' 400 400N\ — o0
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[TepexonuM K 3cku3y rpaduka ¢ynknuu y=Ilogiz (x*+x) (cm.
pac. 6, 8). OaHO#l H3 CYLIECTBEHHLIX KayeCTBEHHHIX XapaKTepHCTHK
GOYHKIHH sIBJASETCH €€ NOoBEeAeHHe Y «IPaHHuubl 00JacTH OmpejeseHHs >,
T. €. OpH X—a, Ije a — TpaHHYHas TouKa o6JacTH ONpeneseHHs H
IpH X—>—+ 00 HJAH X——o00, ecJH 00JacTb onpejeneHHss He OrpaHHue-
Ha cjeBa WJH crpasa.

BBeneM HeKOTOpHIE KOJIHYECTBEHHBie OHEHKH ITOTO TOBENEHHS.
Ecau npu x—+oo uad x——oo passoctb [(x)—g(x)—0, To rosopar,
4TO GYHKUHH f(x) H g(x) Ha MJIIOC HJIH MHHYC GECKOHEUHOCTH BELyT
cebsi acumnroTHueckd opuHakoBo. Ecinm g(x) mo crpykrype Oodsee

Jg Ay l[ J Y
a ] } ]
|
21 15 2148
2 o _ 2 ! Z .
P 20 z i r\ q e z
7 |
g=ztrz y=logy, g |
. y=logy,(r?+ )

Puc. 6

«mpocTar, 4eMm f(x), To roBopsAT, uTO f(X) ACHMNTOTHYECKH BejxeT
celst KaK g(x).

xtl _[__ eax

[Tpumep 7. PaccMorpum dynkimo y = — Y
X e

[Tocne ToxaecTBeHHHX npeolpa30BaHHuN HOJYUYHM

x4+83x :ex+( x4 . xﬂ ) . ( xﬂ + 1) =x2+ e?l___xﬁe2x
- eax L]

x2 + eﬂx e‘zx ex xa _l__ esx
. x2 . x? . x?
MNockonrky lim ——= lim —= lim — =0 (noxkasarenrsHasn
X— 400 e2x Latoo 3% xrpoo €F

byHguHa y=a*, a>1, Ha maoc 6eCKOHEYHOCTH pacTeT OHICTpee cTe-
NeHHO#R y=x®, a>0, 3T0 CTPOro AoKa3nBaeTcs No3xke) u  lim x%6%% =

X—>—00
2

. Z
= lim —— =0, To0 BuAHO, 4TO y(x) Ha mIoc GecKOHeYHOCTH ACHMI-
gatoo €22

TOTHYECKH Bener cefs KakK e* M Ha MHHYC OECKOHEYHOCTH — Kak x2,
Ecin  g(x)=kx+b w f(x)—g(x)—>0 npu x==+too (x—>—o0),
TO TOBOPAT, uTO rpaduk QyHkuHH f(x) wumeer mnpaByio (JeByio)
dCHMITOTY, HaK/JIOHHYI0 npd k70, ropuaonranbhyio npu k=0. Ilpa-
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Bafd acHMTOTa CYLIECTBYET TOrAa H TOJLKO TOrjhd, KOrjga CYUIeCT-

ByIOT 00a mpepena: ky = lir_? yix) H b= lim (y(x) —k,x), Je-
X —»—-00 X400
Basi — KOrja cyuiectByior k_ = lim Yy p = lim (y (x) — R _x).

X —»——00 X X 00

Ecnu npaBast W JieBasi acHMITOTHI COBNAAAIOT, TO TOBOPSAT, YTO I'Pa-
GHK QYHKIHH HMEeT acHMOTOTY (HAKJOHHYIO HIH rOPH30HTANbHYIO).

I[Tpumep 8 Paccmorpum dyukuuw f(x) =x+ (sinx)/x. Tax kax
(sinx)/x—>0(x—o0) (mouemy ?), T0 OpsMas y=x eCTb AaCHMITOTA
rpadrka stoii ¢yHkuuH. OGpatuTe BHHMAaHHE, 4TO rpadHK [QaHHOM

y A
\{/@
|
|
1
0
| |
| ]
! f t |
AR
| | -
—sz —*2'.7[ —az} 1] 7 n In Z
E | Sin &
| | y=z+ S
E |
| !
!
|
!
Pue. 7

DYHKIHHA NEpeceKaeT CBOI aCHMNTOTY B GeCKOHEYHOM 4YHCJE TOuYex:
x=Fkn pana kaxjgoro nenoro k, k5=0. Dckus rpaduka gandolt QpyHKiHMA
NpHBeJeH Ha pHC. 7.

Ecau npu x—a{x—a*, x—a~) ¢yskuus f(x)} crpemurcsa ¥ 6Gecko-
HEYHOCTH, TOTJa npsiMasi X=a $BJseTcHd BePTHKAJIbLHOM aCHMITOTOM
(mBycTOpoHHEAi HJIM OZHOCTOpOHHER). B TakoM cayyae HHOTZa HC-
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MOJIb3yeTcsl CJeAYIOLlasi XapaKTepHCTHKA (QYHKHIHH: €CIH B HEKOTOpOf
OKPeCTHOCTH (mpaBOH HJH JIEBOH NOJYOKPECTHOCTAX) TOUKH X=a HMeE-«
er Mecto coortHomenne 0<C < |f(x)/g(x)]|<C; TO roBOpPAT, uTO
f(x) umeer npu x—a (x—a¥, x—a~) nopsanock pocra g(x).

§ 2. TPA®HKKR PAULHOHAJIbHBIX ¢YHKIHA

Onpenenenue PauuonaavHoil ¢yHkiuHel  (palUOHAJbHOM
ApoObI0) HA3BIBAlOT OTHOLUEHHE ABYX MHOTOUJEHOB:

R(x) = %—i—;— (Qu (%) 5 0).

Ilpocrefimum nocne MHOrOY/JIEHOB MOLKJIACCOM pPaHOHAJBHBIX (DYHK-
ILHA SBJsAETCA KJacc ApOOHO-NUHEHHLIX DYHKUHH

ax 4 b
X)=——"—, %0,
Y =— > 7
Ecin  uHcAHTEIb M 3HaMeHaTelb  ApOOHO-JHHEHHOH (YHKUHH
=-—a%‘—5—- HMET OCIIMH MHOXHTENb X-—q, TO (GYHKUHS BCIOAY,
cx
KpOMe TOYKH X=-—d/C, ecTb MOCTOSIHHAA a/c H rpadHK ee HMeeT BHI,
by
|
I
|
|
| 3
| 5
:/ “ ———————— T——;];:_—_—_*::.ﬂ—-—-
) iV _
- ¢ _Zi[To T
= 5113
1 |
.4 g T |
c |
I
I
Puc. 8 Puc. 9

H3o0paxenHuit Ha puc. 8. O6paTure BHHMAaHHE Ha OTJHUYHE 5TOTO
rpa¢uKa ot rpaduxka GyHKnuHu y=a/c!

B rasbuefiiueM npemnojaraeM, 4yTo paccMartpuBaemasi Apobb HeCO-
kpatuMma (r. e. bes=ad). Ilocne ToxaectBeHHOro npeoOpas3oBaHHs

bc —ad
ax -1 b a c? k
...___“f__z___{___________z_a_ +
cx+d c d c d
S =+
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BHJHO, uTO rpaduk APOOHO-NHHeHHOH (YHKHUH — KpHBasi oOpaTHON
NponopUHOHANBHOCTH Y=Fk/x (runepbosaa), casuuyras no ocu OX Ha
|d/c| BnpaBo MK BAEBO B 3aBHCHMOCTH OT 3nuaka d/c u mo ocu OY
Ha |a/c| BBEpX HJH BHH3 B 2aBHCHMOCTH OT 3HaKa a/c. Taxum olpa-
30M, YTOGH MOCTPOHTb 3CKH3 rpaduka npobHO-JIHHeHHOH  (QYHKLHH,
JOCTATOYHO 3HATb €e ACUMITOTHl H PacloJiOXeHHEe OTHOCHTENBHO HHX
ofROH u3 BerBed rHnep6oaLl, TaK Kak BTOpas BEeTBb CHMMETPDHYHA
C [epBoil OTHOCHTEJIbHO TOUYKM TepeCceYyeHHs ACHMNTOT. ACHMNTOTaMH
ABJSIOTCA NMpsAMBe x=—d[c U y=a/c, NOJyUeHHbIE COOTBETCTBYIOLHM
CIBUTOM ACHMITOT KPHBOH Yy=£k/x, a nojoxeHne 01HOH H3 BeTBeH omn-
pelnessiercss TOYKOH mepecedenus runepboin ¢ ocvio OX uin OY.

- 3x -1

[Ipamep 1. IlocTpouMm acku3 rpacdura QyHKUHH Y =_—m.

Pemenne. AcumMnoToraMH saBisiioTca npsiMble: x=-—2/5, y=3/5.
Touka nepeceuenuss runepboant ¢ ocbio OY ectp (0, y(0)) = (0, 1/2).
Hrak, onna H3 BeTBell rHnepOOJIBl JIEXKHT B 4ETBEPTOH HETBEPTH OT-
HOCHTEJIBHO aCHMHOTOT, BTOpasi, CHMMETPHUHAsA ¢ nepBoll, — BO BTO-
poil. DcKu3 rpaduka CMOTpH Ha pHC. 9.

M3 s3cku3a rpaduka pamHOHaJbHOH APOOH AOJIKHBI ObLITb BHIHHI
ClefyionHe CBOHCTBA: 3HAK, HYJH M TOYKH HeONmpeAeJeHHOCTH (QYyHX-
1lHH, €e MOBeJeHHE OKOJO TOYEK HEONpenesIeHHOCTH H aCHMIITOTHYeC-
Koe nopefenne Ha O€CKOHEYHOCTH.

Bcsakas paundoHanbHas Apobb R({x) mpeacraB/igeTcs B BHAE CYyM-
MB MHOrOWJieHa H OpaBu/bHOH JApOOH (cTemeHb MHOIOYJEHAa YHCIH-
TeJIAd MEHBIIIE CTENEHH MHOrouJieHa 3nameHartend), T. e. R (x) =T,(x) +
+ Py, (x)

Qm (x)
Apobb MpH X—-o0 CTPEMHTCS K HyJIo (noueMy?), mostoMy R(x) Ha
6eCKOHEUHOCTH acHMNOTOTHUECKH BegerT cels xak MHorowleH 714(X),
B YaCTHOCTH, NPH X—>—+00 H X——00 HJIH YXOIHT B GECKOHEYHOCTb,
HIH HMeeT OJHH M TOT Xe€ KOHeuHH#i mpenei. Ecax paccMmarpHBarhb
TOJNILKO HECOKPAaTHMEIE APOCH, TO Yepe3 KaxXIyw TOYKY HeoNpefeleH-
HOCTH (HyJib 3HAMeHaTeNsd) MPOXOAHT BEPTHKaJbHAasg aCHMIITOTA; €CJIH
X=qa HYJb 3HaMeHaTeJNsd KPaTHOCTH kR, T. e. 3HaMEHaTeJb HMEeT BH]
(x—a)*Q(x), Q(a)s40, To nmopsamok pocta GYHKUHH OKOJO TaKOH
TOUYKH ecTb 1/{(x—a})*

Ecan o — KopeHb YUC/IHTENs KPAaTHOCTH M, TO QYHKIHS B OKpe-
CTHOCTH TOYKH X =qa HMeeT Bua C{x—a)™.

ITpumep 2. [ToctpouM 3cku3 rpa¢uka GyHKIHH

4x5 4 13x1
(x4-2)2(1—x2) °

Peimiengue. 3anHiueM COOTHOMIEHHA

, k<m, rne T4 Pp Qm — wmuoorounessl. IlpaBusibHas

y:

(il 95x% - 4x — 12 _
(x+2)% (1 — %) (x4-2)2 (1 —x) (14 x)
ot (4x 4 13)

Tt i—m)
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OTclofa 3akJo4aeM, 4YTO TOUKH
x=0, x=—13/4 — Hyan OJyHK-

LIHH, OpsaAMBEe X= —2, x= —1,
X=1 — BepTHKaJbHBIE AaCHMITO-
TH, nOpaMmaa y=— —4x+3 — Ha-
KJOoHHass acuMirora. Ilepemena
3HaKa (QYHKUIWH [OPOUCXOAHT B
Toukax x= —13/4, x= —1, x=1;
Touka Xx=( — KOpeHb UETHOro

NOpAAKa YHCAHTENA, TOUKa X=
=-—2 — 3HaMeHarTeJsis, TNO3TOMY B
3THX TOYKAaX 3HaK (YHKUHH HeE
MeHsieTcsl. IJCKH3 Trpaduka mnpen-
craBjed Ha puc. 10. 3aMeTumM, uro
Ha mnpoMmexyike (—1, 1) xpu-
Basi JBaxKAbl Mepecekjga acHMI-
ToTy Y= —4x+3. Tak Kax MHO-
rouned 256x2+4-4x — 12 6oaee AByX
KOpHell uMeTb He MOxKeT, To 00Jib-
e TOueK MepeceueHHs rpagHka
(GYHKIIHH C 5TOR 2CHMITOTOH HeT.
Boobuie, TouHoe TNOJOXKEHHE Ta-
KUX TOUEK 4Yalle BCero HaXOJHThk
He 00dA3aTeJbHO, JOCTATOUHO Or-
PAHHUHTBCA KadyecTBEHHHIM aHa-
JIM30M, Kak B 3TOM IpHMepe.
ToyHo Tak XKe 4YMCTO KauecT-
BEHHBIE PpacCyXKIeHHA O I[0oBeje-
HUH (YHKUHH T[PHBOAAT K BHI-
ABJEHHIO 3KCTpeMaJbHBIX  TOYEK
Ha npoMmexyrtkax (—2, —1), (1,
Puc. 10 +00).

§ 3. TPAGHKH AJITEBPAHRYECKHX dYHKIUHRA

B stom maparpade paccMaTpHBaeM (YHKIMH Buia y = PP (x) -
PP(x). .. Pir(x), rae Pi(x), ..., Pe(x) — MHOrouwlens, a ai, @, ...
., O — DAIHOHAJIbHBI® YHCJIA, HIH KOHEYHbBle CYMMbl TaKHX MPOH3-
Benenuil. [locje BobienenHs Bcex MHoxHuteaell Buia (x—a)f, [>0

npousseserne P ... Pk npumer Bua

(x—a))* (2 —ay))™ ... (x"ap)ap - T () (1)
(x— b)) (x—bg)Be ... (x—bg)"
rie a,=0, 1<<i<Kp, B;=0, 1<{j<{q, T(x) Bcioay onpejiejeHHas H He
obpawaiomascs B HyaAb pyHkuua. Eciau B (1) Bce a; — HaTypaJsbHble

YHcaa, Bce P; paBHnl Hymo H T(X) — MHOrOWIeH, TO YHCIA G, d, ...
-» Op HA3HIBAIOTCS KOpHAMU, & 4yucia ag, g, ..., Op HAa3BIBAIOTCA
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KPQTHOCTLIO COOTBETCTBYIOLIErO KOPHS; B 00lleM cjayuae MPHHITO ro-
BOPHUTH O TIOPSAJKE KOPHSI B YHCJHTEJ]E H B 3HAMeHaTeJe.

3/
Hanpumep, ¢yHKuus y=x7/ —* __ HMeer B UHCJHTeJE KO-
V (x +2)?
peub x=0 nopsajika 4/3, a B 3HaMeHaTe/e KOpPeHb X=—2 TOPAA-

Ka 2/3.
OtrMeTHM OCHOBHBIE CBOHCTBA CTeNeHHOH (GYHKIHH y=x* C MoJjo-
JKUTEJbHHIM palKOHANbHBIM TNOKa3satejeM a=m/n, rae meN, neN.

Ecnu n yernoe, To ¢yHknusg y=x"" onpenenena ans x>0 u
n-— n, —
y = (Vrym =y ”
Ecniu n HederTHOe, To GYHKUHMA y=XT/" onpejesedHa AJs Bcex Lei-
CTBHTEJbHBIX X, pHueM aas x>0 umeeM

y=(x)ym=yx"

g (—x) =/ =Xy =(—Vx)m = (— 2.

Orciofa BUAHO, YTO OYHKOHA y=x"/" HeueTHa, €CJH M H N HEUeTHHI,
H yeTHa, eCJH N HeueTHo, a m 4YerHo. [lostoMy ans Jjioboro panuo-
HaJbHOTO ¢ JOCTaTOYHO pacCMaTpHBaATh noBegeHHe (QyHKUHH y=x*
Ha NOJIOXHTEJNbHOR NOJYOCH, a €e NOBeJeHHEe Ha OTPHLATEJNbHOH NO-
JYOCH, €C/H OHa TaM onpejesaeHa, o0yca0BJIHBaeTCsl CBOHCTBOM yeT-
HOCTH HJIH HEUETHOCTH.

Tak kak >0, TO rpaduk QYHKUHH y=Xx* NPOXOAHT yepe3 Hadalo
koopauBat, Touky (1, 1) B OyHKUHA cTpeMHUTCS K IUIIOC GecKoHed-
HOCTH HpH x—>too. UeM Oousblie o, TeM OGuuxe K ocu OX rpapuk
GYHKUHH y=x* Ha npoMexyrtke (0, 1) u paabme or ocu OX nHa mpo-
mMexyrke (1, --o00). Iloab3ysich TeXHHUKOH NH(¢PEepeHuHpOBaHHA, MOX-
HO TOKa3aTh, YTO NPH a>1 rpaduk GyHKUHH y=Xx* HE TOJDKO JIEXKHT
HuXKe npaMoll y=x Ha (0, 1), HO UMeeT B HyJe FOPH30HTAJIbHYIO Ka-
carteibHYyI0, a ecau 0<a<l, TO rpadHK QYHKUHH y=Xx% JIEKHUT BLllle
HPAMOR y=x U HMEeT B HYyJ€ BePTHKaJbEYK KacaTeJbHYIO.

IDTH XapakKTepHble CBOACTBA CTENEHHOH (YHKIHH HCNOJb3YIOTCS
JJ1d TIOCTPOEHHS] 3CKH30B rpaHKOB.

OrMeruM eme, uto rpadHk ¢yHKUuH y= (x—a)*-h(x) (ecan
h(a)=0, u rpadur GyHKuMH h(Xx) He HUMeeT B TOYKE X=a BepPTH-
KaJbHOH KacaTeJibHOH) HMeeT B TOUKE X=a BEPTHKaJbHYIO HJIH TOpH-
30HTAJbHYI0 KacaTeJbHYI) OJHOBPEMEHHO ¢ rpadHkOM (QyHKUHH
y=(x—a)"

Mpumep 1. Jas dbysxuun y=1,/ x2 (x* — 1) noBemeHHe B OKpecT-
noctH ToukH x=0 onperejsercs MHOXHTeqeM (—y/ x2), IOCKOJbKY
y=y'x® .7/ x*—1 u f’/x3_1 # 0 npu x=0. IloBeneHne GyHKUUHK
y=13 % (x®* —1) B OKpecTHOCTH TOuKkH X =0 nokasamo na puc. 11. B
Touke X = | TOBejeHHe OYHKUHH Y =1/ X% (X3 —1) ONpegenseTcsi MHO-
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};{HTEJ]EM f/x—l , TIOCKOJIBKY y==i°’/x~—-l . ;3/x2 (F+x+1) u
V(P +x+1) %0 npn x=1. ScKH3 rpadHxa JAHHOR GYHKUEH npH-
BeJeH Ha puc. 11.

Y
Ay
7 z
|
|
|
— e
) 7 &
Pruc, 11 Puc. 12

Mpumep 2. Mas dynkuun y= |/ x2 —x3 nosegenne B Touke x=0
onpenessercs MHOXHTeNeM Jx2=|x|, TaK Kak Y=V 22 — 2 =} X
XV 1—x, a B Touke x=1 onpeneasercs Muoxuresem /1 —x. De-
KH3 rpaduka AaHHO# QYHKIHU npHBeIeH Ha puc. 12.

Ecnu y=y,(x) +y2(x) ¥ OyHKUHA y,(X) HMeeT B TOUKE X=X
BEPTHKAJbHYIO KacaTenbHyl0, a QYHKIIHS Yo(X) HEe HMeeT Takoi kaca-
TENBHOH B TOYKe X=Xp, TO GYHKIHAS Yy HMeeT B TOUKE X=Xp BEpPTH-
KaJIbHYIO0 KacaTeJIbHYIO.

[Ipumep 3. Fpadur dbyHKuHH y=}xr—cos x Kacaercs ocu OY

B touke (0, —1), nmockoabKy rpaduk (QYHKOHH y=}Xx HMeeT B Touke
x=0 BepPTHKaJbHYIO KacaTeJbHYyI0 (puc. 13).

Ha asckn3e rpaduka ¢yHKUHH
y=P{(x)- Py (x) - ... . Py (x),
rae P;(x) — muOrousnens, a;— pa-

! ! IIHOHAJbHBIE YHCJIA, JOJIKHBI OBITh
! ! ! BHJAHbLl AaCHMITOTH 3TOH KDHUBOIM,
, | , TOUKH TeEepeceye’HHs ¢ OCAMH KOOp-
g r 7 JIr 2r @z JHHAT, PacrnoJiokeHHe KPHBOH OT-
0-1) z “ : HOCHTEJIBbHO Ocefl KOODJAMHAT, TOU-
KH, B KOTOPDHIX KPDHBasd HMeeT Bep-
THKAJbHYIO HJH TOPH3OHTAJbHYIO
Puc. 13 KacaTeJbHYIO.
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[Ipumep 4. Iloctpoum 3cku3 rpaduxa QyHKIHH

_Vie—1nrat2-vi—2

Y 6
¥V (x+ D (x+4)
Pemenne. @Pyrkuusa onpegeneHa npu x>=>—2, Toukn x=—2,
x=1, x=2 — Hyau ¢yHKuuu, mpamasa x=—I1 u ocb OY — BeprH-

Ka/JbHble aCHMIOTOTHI, lepeMeHa 311aka (PYHKUHH MPOUCXOZHT B TOWKaX
x=0 1 x=2, rpaduK HMeeT BEpPTHKAJbHLIE KacaTeJbHble B TOYKaX
X=-—2 K Xx=2, Touka x=1 — yrjoBas (T. e. B OKPeCTHOCTH 3TOH
TOUKHK AaHHas ¢yHKnHA uMeer Bug CV (x —1)2 =C|x —1{). Iocae
npeobpa3oBaHus, TOXKAECTBEHHOIO JJs X >2, HMeeM

_ Y U112 - yVI—2ix

Y O 105 (0 F4/x)

Orciona BHIAHO, YTO MpPH X—+oo npamas y=1 - ropu3OHTaJbHAS
acCHMIITOTA. JCKH3 rpacdHxka QYHKUHH NpeicraBjeH Ha pHc., 14.

Yy

¥

{
|
|
|
!
|
|
|
!
|
A
b L ] W”__
- -
| |
|
|
|
[
|
|
r
|
|

/1

Puc. 14 Puc. 15

[Tpun noctpoennn mogo6HBIX 3CKH30B, BoOOuIe roBopsi, He Tpelyer-
Ci OTBETZ Ha BONPOC, NepeceKaercsi JH rpaguk ¢pyHKIHH CO CBOHMH
acHMNToraMu. B NaHHOM npuMepe MOXKHO OTBETHTb Ha 3TOT BOIpOC.
Myerb —1 <x <0, rorpa |[x—2]>2, |[x—1]1* |x+2]|>1,

XY G DG +d) <VE ny>72 / VT =1, 1. e. rpadux GyHk-
MM HA 3TOM NPOMEXKYTKE JeXHT Bblule acHMNTOTH. IlycTh x >>2, Toraa
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{x— 1) (x 4 2)3 (x—2)2 = (x— 1)® (x2--—4)2(x—|— DX (x+4) P-4 L

< x4 x+4)(x®+2x 4+ 1)2, cienoBarebHO, y~-~‘/(x'—n6 (x4 2)° (x—2)7 <1,
Vet )i (x 1 4)

T. €. KpHBas JCXKHT HIXKe aCHUMIITOTHI.

I[Tpumep b.Tlocrpoum acku3 rpapuka QyHKIUHH ¥ =X 4 Vi —4.

Pemenne. Pyuxuus ompeneneHa mpu x=2 u x<L{—2. PaccMot-
pHM (YHKUHIO npd X>=>2. B Touke x=2 rpaduk HMEeT BEPTHKAJbHYIO
KacaTe/bHYI0, IPOXOAHT uepe3 TOUuKy (2, 2) W MOHOTOHHO pacTer
X nawc 6eckoHeuHocTH ¢ pocToM x. [lpoBepuM, HMeeT Ju rpadHk
HaAKJOHHYIO aCUMIOTOTY

lim < = lim (H— ‘/1-—— : )=2; lim (y —2x) =
Xr+oo X X—»-4-o00 X2 X—+-4o0

. - . —4
= lim (V' »® —4 —x)= lim =0.
X—»-}-00 X400 }/x2—4
CnenoBareibHo, NpsiMas y=2x — npaBast acuMmnroTa. [Las paccMmoT-

peHuss QYHKUHH Ha TNpoMexyTke x<—2 yaoOHO cAeJaTth 3aMeHy

2=—x, TOoTJa y:]/zz--é} —2 H BHJHO, YTO 118 2>2, y>—2, IpH
2=+ o0, y-—»0; B TOuKe x=—2 rpauKk uUMeeT BepTHKa/bHYIO Kaca-
TEJbHYI0, INPOXOAHT uepe3 TOUKy (—2, —2), H TaK Kak y=

- AT TO (YHKUHS MOHOTOHHO yObIBaer mpH 2-—»+oo (x—»
24— 2
~—o0), Dckus rpadura QYHKIHA NpefcTaBaeH Ha pHC. 15
[Ipu mocTpoeHHH sckH3a rpaHKa CJIOXKHOH (YHKUUY, B onpeie-
JleHne KOTOPOH BXOAAT (PYHKU MU

{ x, x=0; . I, x>0;
lx] = o hsignE={ 0, x=0;
% X< 1, <0,

#anboJiee ecTeCTBEHHO BBIEJIHUTb H PAacCMOTPeTh OTJENbHO MPOMEKYT-
KH, Ha KOTOPbIX BLIpAaXKeHHE N[OJ 3HAKOM MOAYJSA HJH Sign He MeHser
aHaka. CrouT o6paTuTh BHHMaHHe Ha TO, 4TO (pyHKuMs |x| — a3ne-
MeHTapHas (moueMy?) M HelpepbiBHAsl, HO HMeeT B HyJe YIVIOBYIO
TOYKY, TadK YTO H B KOMIO3HUHH C 3ToH (PYHKIHEH HelnpephLIBHOCTh HE
HapyllaeTcs, a YrJioBble TOUKH MOTYT MOSIBHUTLCA; PYHKLHSA y=signx

paspbiBHA, ¥ IPH KOMIIO3HUHUH C 3TOH (DYHKIUHEH TAKXKE MOI'yT NOABHThb-
€5l TOUKH pasphiBa.

§ 4. OBPATHBIE TPUTOHOMETPHYECKUE ®YHKI HHU
H UX TPAPHKH

Pacemorpum ¢yHRuHio y=sin x. dta ¢yHRUMs, paccMaTpHBaeMasi
Ha BceH 4HCJOBOH NPSIMOH, He sBAseTcs MOHOTOHHOH. YTobBI roBo-
pure 06 obpaTHOl (QYHKIMM, BHIAENHM YYacTOK MOHOTOHHOCTH (YyHK-
HHH y=sinx. OJHHM H3 YYacTKOB MOHOTOHHOCTH 3TOH (YyHKUMH $B-
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Jsietcss oTpe3ok —mu/2<x<{n/2. Oyukuuw, obpaTHyww AasS PyHKILHH
y=sinx, xe[—n/2, n/2], o0o3HAaUUM uepes y=arcsinx, T. e. Y=
=arcsin x o3Hayaer, 4to x=siny u —u/2<<Yy< n/2. Ecan paccMoTpum
$yHKUMIO y=sSinz Ha APYroM yuacTke, Hampumep mn/2<z< 3n/2, ToO
cymectByer oOpaTHasi (QyHKLHS, KOoTopasi Bhipaxaercss uepe3 (yHK-
LH y=arcsinz caeaywmuM ofpa3oM: y=m-—arcsinz (moyemy?).
AHaJOrHYHO, paccMarpuBass (QYHKUHIO YH=COSX Ha [IpOMeXyTKe
{0, m], onpenensiercss o6paTHaa QYHKUHs y==arccosx, T. €. 3aliCh
Yy=arccos x o3nHauvaet, uto x=cos y u 0<{y<Cm.

Hast pysruny y=1g x Ha npoMexyTke (—m/2, n/2) onpenensercs
obparHag (yukuus y=arctgx, 1. e. 3anuch y=arctg x o3Hauaer, 4TO
x=tgy u —an/2<y<<a/2. Hdaa PysHKuur y=ct@x Ha IPOMEKyTKe

Ay AY
N £
| ]
1 s
| [
—rE 0 iz z 0 z
; |
— T 57 y=arcsing R P
n/2 /2 y=arctq x
\Y %4 2
S T
K | -
t [ '
l .7{/2} 0 -73/2
| {
i |
| -
-1 g 1 L ] _ T
y=arccos x y=arccetg x

Prc, 16

{0, n) ompenensiercsi obparunas ¢yuxuus y==arcctgx, T. e. 3amich
Y=arcctg x o3Hauaer, uTo x=cigy n 0<<y<am.
'( [lpuBoauM rpaduKH OOpaTHBHIX TPHUrOHOMETPHYECKHX  OYHKUHA
{cMm. 16).

I[Tpumep 1. IlocTpoum sckus rpaduxa GyHKUHH

. —2
y —arcsin = B
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Pemenne Ilniiem uenouky npeoOpa3oBalui:

X — CHOBHI 112 2 BNpaBo

2 = arcsin [-lé—(x—-z)] <

y =arcsin
. 1 .
< arcsin - ¥ arcsin x.

[ocnenoBaTebHO 3CKH3bl rpaduKOB cMOTpH Ha puc. 17.

) a 4
_ Ay
y=arcsin &
T T 1
| | | }
— | .
Jx ooL—7 5z
' ’ |
. K:; _______ ]
f /2 /
~ _t/=arcs£n3~a: 'y=arcgin|;§(x—-22l

Puc. 17

Mpumep 2. [loctpouM 3cku3 rpadura QyHKIHH
y =arccos| (1 —2{x!)/3].
Pemenue. INumeM uenoyky npeoOpa3oBaHHH:

arccos | (1 —2]x|)/3] «Z=L arccos|(l —2x)/3 } =
1

2

2 0
== arccos | —g'(x———é—) |<— cpur ve 1/2 BTPAR0_ arccos l - x[E=
2
< arccos | = x |- arccos x.

IMocsenoBaTebpHO 3cKH3b rpadHKOB H306paKeHn Ha DHC. 18.

_Tg___ Ay Ay 5

. A e J
| | - .
{ : y=arccos %a:l % Y= arecos I-J-(z:-z)l 17
//’“vﬂ\\\
|
!

1 >
Lz \arceos N l
| =arieos<T , \
- > { L \ - | -
3 -1 a(zgx 1 -1 g1 3 2x 2 _1 0% 2z
? 7 2 72 2 2
-z
y =arfos & y:arccos.’g—"{
Puc. 18
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CrpaBefMBLI caejyiouipe QOpMy bl
arcsin (—x) = —arcsinx, |x| << 1;
arccos (—x) =n —arccos x, |x|<<1;
arctg (—x) = —arctgx, |x]|<oo;
arcctg (—x) =n —arcetgx, | x| <oo;
arcsinx +arccosx =n/2, (x| <1,
arctg x - arcctg x =m/2, |x| <eo;
arcsin (sinx) =x, x| w/2;

sin (arcsin x) =x, |x|< 1,

arccos (cosx) =x, 0<Cx<Cm;

cos (arccosx) =1x, |x|<1;

tg (arctg x) = x, |x|<o0;

arctg (tgx)=x, |xi<n/2;

ctg (arcctg x) =x, | x| < o0;

arcctg (ctgx) =x, 0<x<{m;

: CEER) X
arcsin x = arccos Y'1 — 2 = arctg ——— =
1 — x2

= arcctg l/ix:’f, 0<<x <1

arccos x == arcsin )/ 1 — x* = arcig yize _
X
— arcctg ———, 0<x<1;
& Y1 —x2
arctg x = arcct L — arcsin ——— = arccos S —
g - gx"'— sz-Jr'l Vx2+1’

arctg x + arctgy = arcctg i~ , x>0, y>0

X4y
arctgx — arctgy = arctg —=—%—, x>0, y>0;

1+ xy
arcctg x + arcctg y = arcetg xy;l , x>0, y>0.

X1 Y

JlokaxeM HEKOTOphHIE H3 HHX.
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1. arccos (—x) =m —arccosx, |x|<1.

Iycts arccos (—x) =o, Torga coso=-—x u 0<a<Cmn. U3 coor-
vomenus Q< a <K m cneayer 0<C m —a < 1, a H3 COOTHOILEHHUS COS O =
= —x cJefyer, 4To cos (;t —a) =x. [losToMy 7 — @ ==arccosx, OTKyna
Q == JL —arccos X, T. €. arccos (—x) == — arccos x.

2. arcsinx -+ arccosx = m/2, |x|< 1.

Ilycts arcsinx=a, arccosx =@, torza x=sina=cosf 1 —m/2<C
Lo /2, 0<CPp<Cn. Hmeem sina=cosP =sin (/2 —f). Vi3 coorHO~
mennst 0<CP< o caeayer, uro — 1t/2 < 7/2 — P < n/2. Urax,

sina =sin(n/2 —f) ¥ —n/2 <<a<<n/2, —n/2<Ca/2 —PB<C /2.
[losToMy o =m/2 —f, oTKyga moJjyyaeM, uTO
a+B=mn/2, 1. e. arcsinx -4 arccos x = /2.

3. arcsinx =arccos V' 1 —x2, 0< x< 1.
[Iycrs 0 < x < 1. O6o3nauum arcsinx==c, Torga x =sina, 0 <a <

< n/2. 3uaupr, cosa= -4 VY 1 —x2, OTKYJa
o =arccos 1 — 2, T. e. arcsinx=arccos Y1 —x2,
uyTo ¥ TpeGoBaJoCh N0Ka3aTh.
4, arctg x + arctgy == arcctg -1—1&~—, x>0, y >0,
X+ y

O6osnayum arctgx =a, arctgy=p, x>0, y > 0. Torpa x = {ga,
y=tgh, 0< a<< /2, 0<P <m/2. TlosTomy

1 —tgatgPp 1 —xy
0< o n, ctg(x = = )
<a+p< g(a+p) Gatwh ~ ris

Tag kak 0 < a+f <, 10 a4 P =arctg —I——i%y—, T. €.
X
arctgx—karctgy:arcctg—l—tx—y-.
x+y

[Ipumvep 3. Beuncauwm arcsin(sin 10}.
Pemenune. Ilockoabky arcsin(sinx)=x npu |x|<n/2, 7O,
MoJb3ysiCh CBOACTBAMH (PyHKUMHA y==Sin x H y=arcsinx, a Takixke Ie-

DHOJHYHOCTBIO (GYHKUHH y=sin x, pMeeM arcsin (sin 10) =
=arcsin sin(10—2n) =arcsin sin [n— (10—2n) ]=3r—10, TIOCKOJBKY
| 3n—10] <m/2.

IIpumep 4. IlocTpoum  scku3 rpapurka  (QYHKUHH Yy=
=arccos (sin x?),

Pemenue. O6aactoio onpeaeneHuss (yHKUHH SBASIETCS BCA OCb
OX. U3 roxpmecrsa arcsinx+arccosx=mn/2 npu |x|<<] nmeem
arccos (sin x2) =n/2—arcsin sinx?2 (rak kak 0<sin? x<{l ans nwobo-
ro x). B cuny uerHocTH ¢pyHKUHH arcsinsin x? gocTtaToYHO MOCTPOHTH
ee rpaduk B obnactu x>0. [Tockoapky arcsinsinx=x, ecan |x|<<

< n1/2, 7o arcsin sin x?=x? npu x%<xw/2, T. €. NIPH 0<<x<<Yn/2. Cneno-
24
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gate/LHO, TIPH ng‘(\]/g_/?_ uMeeM, 4To arccos sinx?2=mx/2—x? (cM.
puc. 19, a). Ecnu x&= (Va/2, V3n/2), To x’=(n/2, 3n/2), a NOCKOJAbKY

x?—ne=(—n/2, n/2) n sin(x*—n)=—sinx?, 710 arcsin(sinx?)=
=arcsin(~—sin(x?>—n)) = —arcsin(sin{x®*—mn))=-—(x%—n) =n0—x2
A

I
Z

A
‘/?_E

] I
AEEFElE [ VE T

Puc. 19

[osromy mpu x& (V' /2, V 3n/2) rpadmk McxomHo#l (yHKUHH COBNAjza-
er ¢ rpapurkoMm ¢yHrumn /2 — (v —x%) =x%2 —m/2 (cm. puc. 19,6).
Mpu x e (V' 3n/2, V' 5/2) umeem, uto x2e (372, 57/2), x —2ne
& (—mn/2, n/2), u Tak %aKk sinx?=sin(x? —2x), TO arcsinsini®=
=x? —2n, Tlostomy npu ¥ € () 3n/2, V 5n/2) rpaduk ucxonmoii pyHK-
uuH oBugjaer ¢ rpapukoM QyHrRuMH 7/2 — (¥ —2m) = Bm/2x2 (CM.
puc. 19,8). Anagormuno mpu x =(V 2k — 1) 72, V (2k+ 1) n/2), k>3,
HMeeM, YTO rpapuk HCXOAHOH (PYHKIHH COBHAnaeT ¢ rpadukoM (YHKIIHH

y=m/2 + (— 1)+ (x2 —kn).

OxoHuare/NbHBIE BHA 3CKH3a rpaduka GYyHKLHH 4= arccos sin x? mnpexn-
CTaBJjleH Ha pHc. 19, s.

§ 5. KPUBBIE, 3AJAHHDBIE NIAPAMETPHYECKH

Kpueoi, 3adannoii napamerputecku, Ha3biBaeTCsl MHOKECTBO TO-
uyex miaockoctH XOY, KoopAHHATH KOTOPHIX ONpeaeasloTcsl H3 COOTHO-
mwenud x=x(f), y=y(f) NIpH KaxXa0M (HKCHPOBAHHOM [ H3 HEKOTO-
poro mHoxecrBa T. OOnyHO B KauyecTBe MHoXectBa I Oepercss HEKoO-
Topull mpomexkyToK. Ecnu or ¢yHrupi x(f) u y(¢f) mnorpeboBarb
TOJIBKO HeNmpephiBHOCTh Ha IpoMexyTke T, To o6pasoM 3Toro mnpome-
XKYTKa 1pu otoOpaxKeHHH x=x(!), y=y(f) MoxeT OLITb MHOKECTBO
B miockoctu XOY, coBceM Hemoxomkee Ha HHTYHTHBHOE INpeJiCTaBJie-
Hie o xpuBo#. Hanpumep, MOXHO 3anatbh Takoe orobpazkeHue, UTO
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ob6pasoM Oyaer BHYTPEHHOCTb KBajpaTa. He yraybasisce B TeOpHIO
KPUBBIX, [pPeAIOJiaraeM, 4TO paccMaTpHBaeMBIH NMpoMeXyTok T H3Me-
HeHHsl mapaMeTrpa { pa3buBaeTcss Ha KOHEYHOe YHCJI0 MPOMEXYTKOB,
Ha KaXJoM H3 KoTopeiX (pyHKuusi x{f{) crporo MoHoroHHa. Ha Takom
IPOMEXYTKE oIpeneseHa obpartHast QyHkuuda f(x) u y(f) =y (t(x)).
Hrak, kaxaoMy IPOMEXYTKY CTPOroH MOHOTOHHOCTH x({f) COOTBET-
CTBYeT ojHo3Hauuast (QyHkuus y(x), rpaguxk KOTOpoH Ha3bIBaercs
BETBbIO AaHHOH KpHBOH. KonnuecTBo BeTBefi ompejensieTcsi KOJHYECT-
BOM Y4acTKOB CTporod MoHoToHnocTH x(f). Ecnm toura (x(fp),
y(f)) He sBnsercs obumefl AJs1 HeCKONbKHX BeTBeH JaHHOH KpUBOH,
TO B OKPECTHOCTH 3TOH TOYKH MOKHO onpejaendtsh QyHKUHIO Y=y (x),
3aJlaHHY10 TNapaMeTPHYECKH, TpadHK KOTOPOH IIPOXOAHT uepe3 3Ty
TOUKY.

Hns nmocTpoeHHs 3CKH3a KPHBOl, 3aJaHHON mapaMerpHyeckH, Ha
miockocTd XOY Heo6xonMMO OTIENbHO paccMaTPHBATh YYaCTKH Mo-
HOTOHHOCTH X (f), a 3aTeéM IIPOBOAHTh pAacCYKAEHHs, aHaJorHuHbIE
TEM, KOTOphle NIPOBOAATCA IIPH PACCMOTPEHHH CJCXKHOH (DyHKUHH.
Ilycts ¢ Bospacraer. Torxa ecay x(f) M y({) Bo3pacraiorT, TO ABHKE-
HHE [0 KPHBOH NDOHCXOJHT HamnpaBo BBepx; ecaH x{{) yO6oBaeT, a
y(t) BoO3pacTaeT, TO ABHXEHHe MO KPHBOH IPOHCXOAHT BJIEBO BBEPX
B T. A. Ecau npu t—1f, umMeeM x—a, a y(f) crpeMutcst K 6eCKOHeUHOC-
TH, TO KDHBasl HMeEET BepTHKaMdbHyl0 acHMnToty x=a. Ecau npn
t--ty uMeeM, 4uTo x(f) crpemurcs K OeckoneuyroctH, a y(f)-»b, 71O
KpHBasi UMeeT ropH30OHTaNBHYW acuMmnrory y=~. HakJ/ouuaa acumn-
TOTA MOXET OHTb TOJbKO TOrAa, Koraa NpH f—fy QyHKuud x({) H
y(f) onHoBpeMeHHO cTpeMsTCs K GeckoHedHocTH. Kos(gpHuueHTH
8CHMNTOTH y=kx-+b BHUHCASIOTCS, KaK ObLIO YKa3aHo BLIle, C 3a-
MEHOR yCIOBHS X—»00(X—-00, ¥—>—00) Ha YCJOBHE [~»iy({—fot,
t-+t0—).

M3 Bcero BHIUECKA3aHHOTO BHAHO, YTO IJsl [OCTPOEHHs] 3CKH3a
KPUBOH, 3aiaHHOH mapaMeTPHYeCKH, BaXKHO TOUHOE OlpeleseHHe
Y4acTKOB MOHOTOHHOCTH, N0 Kpa#iHed Mepe ¢yHKuMH x(f). HHuorma
9TO MOXKHO CAeJaTb H3 KadeCTBeHHLIX coobpaxkeHu#, HO 4acTo MPHXO-
JHTC 00pamaThCsd K NOMOILH IIPOH3BOMHBIX.

Ar Jy

Puc. 20
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I[Ipumep 1. IMocTpoum 3cku3 KpuBoR x ={¢/{1 + %), y=13/(1 4-13).

Pemenue 3Dckusnl rpadpukoB dyHKuHH x(f) H y(f) cMoTpH Ha
puc. 20, a, 6. [lpumeM Ge3 Aoka3arenbcTBa, YTO TOYKA fp — €AMHCT-
BeHHas Touka 3KcTpeMyMa x(f). Torma yuyacTkaMH MOHOTOHHOCTH
x(#) 6ynytT npoMexyTkH (—oo, —I1), (—I, t), (fo, +o0). Ouennum
noJiokeHHe ToukH & Ilockonepky y/x=I, To aas 0<t<1 umeem, 4TO
Q<y<x, T. €. HccJelyeMasi KpHBast JIEXKHT B MepBOH uUeTBEPTH HUXKE
npsMoll y=x, a ana t>1 — Bouue. Taxk kak x(1/f) =y(¢), y(1/t) =
=x(f), TO KpHBas CHMMETPHYHA OTHOCHTEJBHO NpSAMOH y=x (BMecTe
c ToukoH (x, y) Ha Heii JeXHUT H Touka (Y, x)). bEcan f,>1, TOo TOUKA,
caMMeTpHUHasi ¢ Touko# (x(fp), y (L)), Jexailefd Bhlllle IpPAMOH
y=x, BMeeT KoopauHaty x=y (to) =x(1/{y), Oonpuiylo, yeM x (%), 4TO
nporuBopeuuT ycaoBuw. Hrak, 0<fp<1.

[IpoBepuM, HMeeT JIH KPHBasi HaKJOHHYI0 acHMnroty. Mwmeewm

lim y/x=limt=-—1; lim (y+x)=1limt({¢+ 1/{+1)=
{——1 t+—1

t—>—1} t»—1

= lim t/(2 —t + 1) =—1/3,

t»—1

1O3TOMY mnpsiMasi y=—x—1/3 ecTb HaKJOHH4S acHMITOTa HCclexye-
Mol kpuBod. KpuBast mpoXoauT uepe3 Hauano koopauHart: x(0)=0,
y(0) =0. Koraa ¢ pacrer or 0 fo fp, 3Hauenus ¢yHruui x(f), y()
pacTyT, ABHXKEHHE TI0 KPHBOH INPOHCXOAHT HalNpaBO BBepX A0 TOUKH
(x(%), y{tp)). Korpa ¢ y6uiBaer or 0 no —I, ABHXKEHHE TIO KPHBOH
IPOHCXOAHT HaJleBO BBepPX, aCHMITOTHYECKM NPHOIHXKASACH K NPAMOH
y=—x—1/3. B Touxe (x(%), y{fo)) HauuHaercd BTOPAasl BeTBb KDH-
BOH, COOTBETCTBYIOUlas H3MEHEeHHo { Ha mpoMmexyrke (fo, +oo).C poc-
ToM { ¢GyHKUHS x(f) yObBaeT U [BHXKEHHE 1O KPHBOH TPOHCXOAHT
BJeBO, cHauana BBepx a0 ToukH (x(1/fp), y(l/fp)), a 3arem BuH3;
npu t—-+oo umeeMm x(f)--0, y(f{)—0. Hakoneu, npu pocre ¢ Ha upo-
MexyTke (—oo, —1) ¢yHkuus x(f) Bospacraer, y(f) yOwiBaer. Ilpu
[——o0 noayyaeM, uto x({)—0, y(i)—0, npu (——1 npBuxkenHe no
KPHUBOH MPOMUCXOJHT BOpPaBO BHH3, AaCHMITOTHYECKH MPHOJIHKAACH
K npsamoil y=—x—1/3. Kak yxKe roBopu/ioch, KpUBass CHMMETpPHYHA
npu 3aMene { Ha 1/f, nosToMy MOXHOC ObLIO OBl OrpaHHYHTLCS pac-
CMOTpeHHeM ! Ha npoMmexyTke (—1, 1), a ocraBuIyrocs yacTb HapHco-
BaTh IO CHMMETPHH OTHOCHTENBHO NpAMOH y=x. JCKH3 KDHBOH Impen-
CTaBJeH Ha puc. 20, 8.

Ilonb3ysachk TexHHKOA AuddepeHIUpPOBaHUA, NOKAXKeM Telnepb, YTo
YTBepXKAEHHE O MOHOTOHHOCTH (YHKUHH x({) BepHO, H ONpeneHM
TOYHO 3HaueHHe [;. MeeM

O LE S ot LA T
(4 1)* (24 1)2

Mpu t < 3/1/2, ts=—1, umeem x; > 0 H osToMy X (f) cTporo Bo3-
pacraer Ha mpoMexkyTkax (—oo, —1) u (—1, ]3/1/2); npu > 1"7_1_{_2
HveeM x; < 0 M nostomy x ({) crporo yoOniBaeT Ha IPOMEKYTKe G172,
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4 o0). Tak Kak ¢yHKUHA x (f) HenmpepulBHA B TOUKE f, = f/1/2 , TO 3Ta
TOYKA ecThb TOUKA SKCTpeMyMa (TOYKa MaKCHMyMa).
IIpumep 2. I[TocTpoHM 5CKH3 KPHBOH x=a cos®?, y=a sin3{, a>0.
Pemenne. Tak xak Touka (x(fo+2m), y(fe+2n)) coBnapaer
¢ Touko# (x(fo), y(f)), TO NocTaToyHO paccMaTpHBarb [ Ha mpoMe-
xkyTKe (0, 2r). Ilocrponm sckm3nt rpaduxoB QyHruuit x(f) u. y(¢)
(cm. puc. 21, a, 6).

Puc. 21

[lpomexyTkaMu MoHOTOHHOCTH X (f) siBasiorest (0, ) ©w (7, 2m).
Korga ¢ pacrer ot 0 1o n/2, ABH:KeHHe MO KPHBOH HPOHCXOJUT BJIEBO
BBepx oT ToukH (a, 0)=(x(0), y(0)) mo rtouku (x(m/2), y(n/2)) =
= (0, a); rorpa ¢ pacrer oT /2 A0 m, ABHIXKENHE 110 KPHBOH NpOHC-
XOJAUT BJI€BO BHH3 A0 TOukH (x(m), y(n))=(—a, 0). B s10#i TOUKE
HauyHHaercsd BTopas BeTBb KpHBo#. Korma f{ pacrer or = a0 3m/2,
ABHXKEHHE 10 KPHBOH MPOHCXOAHT BIPaBO BHHU3 J0 TOYKH (x(37/2),
y(3/2))=(0, a). Korga ¢ pacrer or3n/2 no 2m, ABUIKEHHE MO KPHBOMH
MPOHCXOAKT BIPaBO BBePX Ao TOYKH (x(2m), y(2n))={(a, 0). Tax
Kak  x{(2n—10)) =x(to), y(2a—to)=—y(to), x(n—ty)=—x(ty),
y(n—to) =y (to), 10 BMecTe ¢ TOUKOH (Xg, §o) Ha KPHBOH J1eXKaT TOUKH
(—x0, Yo) M (X9, —Yo), T. €. OHA CHMMETPHYHA OTHOCHTEJBHO O5EHX
KoopauMHaTHEIX ocelt. IlycTe ¢ Mensiercs Ha npomexytke (0, 7/2). Co-
OTBETCTBYIOLIHE TOUKH KDHBOH JexaT B nepsoll uersepTd. Paccmort-
PHM MHOXECTBO To4yek X¥=acos’t, f=asin?t. 1o orpesok mnpaMmoi
X+§J=a, nexamuit B nepBolt derBepTH. Tax Kak npu JiboM f,
0<i<n/2, x<X, y<@, To HccaenyeMass KpPHBAsl JIEKHT HHKe 3Tol
npsiMOH. DCKH3 KPHBO# npejcraBien Ha puc. 21, 6.

ITppmep 3. Ilocrpoum scku3 KpuBOH x=acos2{, y=asin3f,
a>0.

Pemenune Tak kak Touka (x{fo+2n), y(fy+2n)) coBnagaer
¢ TouKoH (x(f), y(fr)), TO mOCTATOUHO paccMarTpHBaTh { Ha IpoMe-
KyTKe JJuHBE 27, OTMeTuM eire CleAyollHe COOTHOMIeHHs: X (——1) ==
=x(t), y(—t) =—y (), x(n—1t) =x(1), y(n—t) =y(¢); ¥3 HUX BHAHO,
UTO NPy H3MeHeHHH ¢ Ha npomexyTke [0, /2] moayyamoTess Te Xxe
TOYKH KDHBOH, UTO M NPH H3MeHeHHH ! Ha [n/2, m], a NpPH H3MEHEHHH
t na npoMexyTke [—mu, 0] monyuawrcsl TOUKH KPHUBOH, CHMMETPHUHEIE
OTHOCHTeNbHO ocH OX ¢ TOYKaMH, TMOJYYeHHRIMH IIPH H3MeHeHHd
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Ha [0, n].

Takum obpa3oM, HOCTATOYHO paccMaTpHBaThL { Ha mpoMe-

xytke [0, m/2]. [locrpoum rpadukn ¢yuruuia x(¢) B y(f) (cM.
pHc. 22, a, 6).
A a 5/1\ J

_____ a a

P\Jr z T/ BN\ E TS

L \¢ 2 & z Lo e oY ING 7/
AU ERE o At Z_ﬂ WY EANVE:

_\l/¢ 4 6 \I]F

> N\ R
T=ac082t y=asin 3t
Puc. 22

Ha npomexyrtke [0, n/2] x(f{) MoHOTOHHO yOHiBaeT, cleloBaTe/b-
HO, 3TOMY TPOMEKYTKY COOTBETCTByeT ojHa BeTBb KpuBoil. Korma 7
pacteT ot 0 00 m/6, ABHXKEHHE IO KPHBOH NPOHUCXOJMT BJIEBO BBEpX OT
toukn (x(0), y(0))=(a, 0) 1o Touru (x{(m/6), y(n/6))=(a/2, a).
Korzaa t pacrer ot n/6 no n/2, nBUKeHHe 1O KPHUBOH MPOHCXOAHMT BJle-

BO BHH3 10 TOYKH (x(7/2), y(n/2))=(~a, —a), nepecekas ocp OY
B Touxke (x(m/4), y(n/4))=(0, a¥2/2) wu oce OX B Touke
(x(n/3), y(m/3))=(—a/2, 0). Ilpu zanbHeiimieM pocre ( OT

/2 1o m, Kak O6blI0 oTMeueHO Bhie, Toukd {x(f), y(f)) nexar Ha
TOH ke camoll KpuBoid. Ilpn mamenenuu { ot 0 o —n noayyaem Bro-

pPYXO BeTBb KDHBOHK, CHMMETPHUYHYIO C MepBoi OTHocuTeabHO ocu OX.
2CKH3 KPHBO#H IIDejacTaBJeH Ha pHC. 22, 8.

§ 6. NIOJIAIPHASS CHCTEMA KOOPJHHAT
M YPABHEHHA KPHBbBIX B 3TOH CHUCTEME

Honapuas cuctema xoopOunar onpelensie1css 3ajaHneM HEKOTOPO#H
Toukn O, HasnBaeMoH moJiocoM, ayuya OP, BHXOASLIET0 H3 3TOH TOU-
KH, Has3blBAeMOro IMOJsAPHOH ocblo, maciutaba Anasi H3MepeHHus AJHHBH
H HanpaBJjieHHss oTcueTa yrJoB. [lo/loHTENbHLIMH Has3biBaeM YIJb,
OTCYUTLIBAEMLIE OT IIOJSIPHOH OCH NMPOTHB YacOBOH CTPeJKH, a OTPHU-
LaTeNbHBIMH — 10 YacCOBO# CTpeJKe.

[Toaaproimu koopdunatanu r u ¢ To¥ku M, He cosnadaroujeil ¢ no-
AOCOM, HA3BIBAIOTCA: pacCTosiHHe r OT Toukd M jpo mnonwca O u yroJ
¢ OT noJsipHOH ocH jao Jayda OM. Insa nomwca O moaaraercsi, uTO
r=0, a ¢ — He omnpenenel. [loaapurit yroa toukH M, oT/AHYHOH OT

, HMeeT OeCKOHeUHO MHOTO 3HayeHWi, rJaBHHIM 3HAauYeHHEM yrja @
HasplBaeTCsl €ro 3HaueHue, yAOBJeTBOPsioilee ycaoBHio 0<Cop<2m.

Ecau nonoc O npuHATH 3a HavyalC JEKapTOBOH NPSIMOYTOJbHOR
CHCTeMbl KOODAMHAT, HANpPAaBJeHHe MOJAAPHOH OCH 3a IOJOKHTEIbHOE
nanpassienue ocd OX, a 3a oce UY npHHATH TAKYIO OCh, 4TO yroJ OT
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MOJIOXKHTENbHOrO HampaBaeHus ocu OX N0 mOMOKHTENAbHOTO HallpaBb-
nenust ocy OY paBeH m/2 (TakHe CHCTEMBI Ha30BeM COBMeELUEHHLIMH),
TO MeXAy AEKapTOBEIMH KOOpJHHAaTaMy X, y Touk#u M u ee moasp-
HBIMH KOOPAHHATAMH 7 H ¢ HMEIOT MECTO COOTHOLIEHHS:

X=rcos¢, Yy=rsineg.

U oopatho, r=Y x2+ 42, cosg=x/r, sing=yjr.

3ameuanune. Ecau x50, y=0, To yron ¢ MoXHO Ha#iTH H3 yc-
JioBust 1€ @=y/x, npuYeM 3a rjaBHOE€ 3HayeHHe ¢ B3ATb YroJa U3
[0, 2n) Takoii, 4TO 3HAK Sin ¢ paBeH 3HAKY Y.

I[Ipumep 1. Ilycre Touka M(x, y) HMeeT nexapToOBH KOOpAHHA-
Thl (—1, —1). HaiigeMm mnoJasipHble XKOOPAMHATHI 3TOH TOYUKH, eCAH
CHCTEMEI COBMEIIEHHI,

Pemenue. r=yV (—12+(—1)2 :VQ—;

cos@=—V2/2, sing=—)'2/2, otkyna ¢="5x/4+2nk, ke Z,

T. €. NOJsIpHbie KOOPAHHATH TOUKM M ectb r=}2, @=>5a/4+2nk,
k7.

[Ipumep 2. HapucyeMm KpuBYIO, 3a4aHHYIO B HOJSPHOH CHCTeME
KOOD/JHHAT ypaBHEHHMEM r=C0S 3¢.

Pewenne. Pynxkuus cos3p — nepHoAMuEcKas ¢ IVIaBHHIM Me-
puonoMm T, paBHBIM 273, MO3TOMY HOCTATOYHO NOCTPOHUTL KPHBYIO /s
0<<gp<2n/3, a 3areM, HCHOJNB3YS NEPHOAMYHOCTb, TMOCTPOHThL ee AJs
2n/3<@<4n/3 u, nakoreu, Aas 4n/3<Ce<<2n. [locTpoumM Ty uacts
KPHBOH, KOTOpag pacnoJjoxeHa B yrie 0K <2n/3. Pyuruusg r=cos 3¢
Ha oTpeske [0, /6] MoHOTOHHO yOmBaer or 1 mo O; Ha miTepBafe
(7e/6, m/2) r<0, mo3TOMY HET TOUEK JIHNHH, PACIONOXKEHHLEIX BHYTPH
yraa n/6<g@<m/2; Ha orpe3ke [m/2, 2m/3] XKpHBas MOHOTOHHO BO3-
pacraer ot 0 no 1. Oasa ¢ [0, n/6]U[n/2, 2r/3] >cKu3 KpuBO# mpex-
cTaB/eH Ha pHc. 23, a. Ocrajoch MOCTPOUTh KPHBYIO B APYIHX JBYX
yraax: 2n/3<g<4n/3 u 4n/3<<p<2m, HCOOAB3YsT IPH 5TOM NMEPHOAHY-
HOCTb GYHKUHH cOs 3¢. DCKH3 KPHBOH NpHBEJEH Ha puc. 23, 6.

Puc. 23
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[TIpumep 3. OnpepennM BUA KPHBOH HAa AeKaPTOBOH MJIOCKOCTH
XOY, ypaBHerHe KOTOpOH B NONSPHOH CHCTeMe KOOPJAHHAT, COBME-
HIEHHOH C JI€KapTOBOH, HMEET BH 7 =CO0S @.

Pewernne. Ilockoabky r=Vx2+y?, coso=x/Vx2+4>, T0 B
IEKapTOBOH CHCTE€Me KOOpPJHHAT YypaBHeHHe KPHBOH HMeeT BHJ
V342 =x/V 2+ unm x24y2=x, otkyAa (x—1/2)2+y?=1/4, —
3TO €CTh ypaBHEHHE OKPYMXHOCTH pajuyca l/2 ¢ ueHTpoM B Touke
(1/2, 0).

3amMeuaHue. M3 ycinoBus r=cos¢ caeayer, uto r?=rcosg,
OTKyZa x?-+ y=x.

[Tpumep 4. IloctpouMm 3cKM3 KpHMBOH, 3ajaBaeMoif B I1eKapTOBOX
cucreMe ypaBHenHeM (x?4y?)3/2=2xy.

Pewenue. JSlcHo, uto KpHBag
pacnonaraercs B | u [Il xmBaxgpasn-
TaX CHMMETPHYNO OTHOCHTeNbHO Ha-
yajna  KOOpAHHAT {ectm  TOuKa
M (xp, yo) MCKHT Ha KDHUBOH, TO H
tTouka M’ (—xo, —Yo) JEKMT HA KpH-
Bo#). [loaTOMYy EOCTaTOUYHO NOCTPOHTH
KPHUBYIO B NEePBOH YETBepPTH.

IlepefineM K moOJNsApHOH cHcTeMe
KOOPJAHUHAT, COBMEIIEHHOH ¢ jekap-
TOBOH, Torga HMeeM ri==2r? cosg
sing unu r=sin2¢. Ilpu n3meHennn
yraa ¢ oT O a0 m/4 r BO3pacraeTr OT Puc. 24
0 1o 1! (ma puc. 24 s3To ABUKEHHE OT
Toukd 0 1o rouks A — nyts I). Ilpu
H3MEeHeHHH yraa ¢ or /4 xo n/2 r youBaer or 1 1o 0 (nHa puc. 24370
aBuxkenue oT Toukd A no Touku 0 — nyts II). HMcononwsys sameua-
HHe, MPUBejcHHOE BhIlEe, IOJyYaeM 3CKH3 KPHBOH (CM. pHC. 24).

§ 7. ®YHKILHH, 3AJAHHBIE HEJBHO

Ilycts 3amano ypaBuenne F(x, y)=0. Ecin MHOXKeCTBO TouexK
mwiockoctu XOY, KoOpAHHATHE KOTOPHIX YAOBJETBOPSAIOT 3TOMY ypaB-
HEHHIO, COCTOUT M3 KOHEYHOr0 YUCJa HeNpepLiBHBIX KPHBHIX, Kakjas
B3 KOTOPHIX ecTh rpaduk oJHO3HA4YHOH (yHKUEH y=Yy(x), To roBO=
PAT, UTO 3TO ypaBHEHHE HESBHO Olpeje/sieT COOTBeTCTBYOIIee ceMmei-
cTBO (GyHKUHE y;(x), yo(x), ..., Yye(x). Ecim Touka (xo, Yo) JEXKHT
TOJIbKO HAa OJHOH H3 3THX KPHBHIX, TO YCJOBHE Y(Xp) =Yo MNO3BOJSET
ONHO3HAaYHO BHIOpaTh 3Ty KPHBYIO H3 BCero ceMeicTBa, T. €. ypaBHe-
Hue F(x, y) =0 u ycnoBue y(xo) =y onpenensitoT (WJH 3a4alT) OI-
HO3HAYHYIO HESIBHYIO HENpepHBHYI0 (DYHKIHIO B OKDECTHOCTH TOUKH
(X0, o) Takryto, uto F(x, y(x))=0, y(xo) =yo.

IIpocrefiinM ypaBHeHHeM Buaa F(x, y)=0 sgBjasercs ypaBHeHHE
x—f(y) =0, onpeneasioumtee ynxuuio, o6patiyw K f:y=f1(x). Ocp

Y meHnsiercs mMecrami ¢ ocbio OX npH CHEMMeETPHuYHOM OTOOparKeHHH
njiockocTH XOY OTHOCHTe/NbHO OHCCEKTPHCH NMEpBOro KOOPAHHATHOTO
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yraa. Takum obpasom, KpuBast y=[(x) cMMMeTpHYHa KpHBOH x=f(y)
und y=["!(x) oTHocHTenbHO 3TOil OuccekTpuchl. Ilpn sToM ortobpaxe-
HUK HelpepheIBHAsT MOHOTOHHAs (QYHKUHS MNepeHaeT B HeNpephBHYIO
MOHOTOHHYI0 (YHKUHIO, T. €. ofOpaTHasg (PYHKUHS OAHO3HAUHA, Helpe-
pbiBHa W MoHOTOHHAa. Ecnm ke HenpepbuiBHas ¢yHKuus x=f(y) He MO-
HOTOHHA, TO KpHuBag, onpeienseMass ypaBHeHHeM x—](y) =0, yxe He
Oyner rpapukoM (PYHKUHH Y=y (x), TaK KakK HET OJHO3HAuYHOH 3aBH-
cUMOCTH GYHKIHH OT apryMeHra.

Ecnn ypaBHenne F(x, y)=0 MOXHO pa3pellHTb OTHOCHTENbHO OJ-
HOH H3 MepeMeHHLIX, TO NOCTPOeBHe MHOXKecTBa ToueKk (X, y), MAJd
KOTOpLIX 3TO ypaBHeHHe crnpaBelsiHBO, clelyeT H3 NpeAbIAyLIHX pac-
cMoTpeHHH, VHorja MOMXHO BBeCTH mnapamerp ! Tak, 4TO ypaBHeHue
F(x, y)=0 paBHOCHIBbHO cooTHOWeHHW {x=x(!), y=y(t), t=T}
(B1u HECKOJBKHMM TAKUM COOTHOUIEHHSIM).

I[Ipumep 1. Hapucyem B cucreme XOY 3CKH3 KpHBOH, 3a]aHHOH
ypaBHeHHeM Xx=Yy—sin y.

Pemenue UWwmeeM, uto x(kn)=4n, keZ;, x,/=I1-—cosy=:0,
X(y) — wMoHOTOHHAas HeueTHas (YHKUMsS. DCKH3 KPHBOH B CHCTeMe
YOX npencramsieH Ha pHc. 25,a, a 3CKU3 KPHBOH, onpeleseHHol ypas-

HeHueM x=y-—siny (r. e. B cucreme XOY), npexcrasien Ha
puc. 25, 6.

Az
3 e ¢
a $ J )
i
|
| L
= : r
| I
I | D |
— L) - - Zfz i [ A T -
SIn-aaf/s\0 o2 3n Y x
Lo . |
! Z=y-sthy T=y-siny
Pue, 25

I[lpumep 2. Hapucyem 3cKkH3 KPUBOH, 3a4aHHOH ypaBHEHHEM
X=Yy Cos Y.

Pemenue. @yuruus x(y) — HedeTHas:; Aad y=0 umeeM

| x|y, x(a/2+kn)=0, x(2kn) =2kn, x((2k-+1)a)=—(2k+1)n,
Scku3 kpuBo# x(y) B cucreme YOX mpencrasnen Ha puc. 26, a, a
3CKH3 KpuBOH y(x) — B cucreme XOY, onpenensieMoli ypaBHeluHeM
X=1ycos Yy, npeacTaBJjeH Ha pHC. 26, 0.

32

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

Az

a 'SJ//\\/
il

|
I
}
I
I
]
Z

&,
\&
AN

\\ /
]
v
gﬂlz/
\[}~ -
0 r
g7 N Z=Yy0sY
P 3
T N\ _

L

Pue. 26

S
\

[Tpumep 3. Hapucyem B cucreme XOY s3cku3 KpusoH, 3agaH-
HOH ypaBHeHHeM x°+ y°=2x%y2,
Pewenue, 3ameruMm, uto Touka (0, 0) npuHaiJeXuT HaHHOH
xkpusoi. Hpyrux rtouek suna (0, y) ma sroit kpuBof Her. rs no-
CTPOEHHsI KpHBOH BBeldeM mapaMmerp f=y/x. Torna aaHHOe ypaBHEHHE

npeodpasyercs CJAEAYIOUUM 06pasoMm:

x5 (14 £5) = 26254,

OTcrofa BHAHO, uTO ypaBHeHHe x°+ y®=2x2y® PaBHOCHIBHO COOTHOLuE-
uuaMm x (1) =22/ (1+ ), y(f) =26/(1+#), Tak Kax Touka (0, 0) Tak-
JKe MpUHANMIeXKHT 3Toit KpuBo# npu {=0. [locTpoenne Takux KpHBHIX
6b10 nposeneHo Brie, Kpusas npefcraBiena Ha puc., 27,

J ) o A
x Y
i y \;?‘ y
| a ] x s
|
f
}
; 51 . I o P
-1 0 3 r -1 g 1 t 0 £
P
' _ 2 s
I L= 7+1° y T 1etS
Pﬂc. 27
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[Ipumep 4. HapucyeM B CHC-
teMe XOY 53CKH3 KpHBOH, 3ajaH-
HOH ypaBHeHHEM

Xyt =224y

Pewenne. TIlepefiem K mo0-
JSIPHOH CHCTEMEe KOOPAHHAT, COB-
MEIleHHOH ¢ JeKapTOBOH, moJiaras
X==rcosg, y==rsing. Torpa ypaB-
HeHUe JaHHOH KPHUBOH NpHHHMAaeT
BUX

r?=1/(cos* p+sintg), 1. e
r’=4/(3+cos 4¢g).

Pue. 28

[locTpoerne TakuX KPHBHIX TakXe Obi0 npuBeleHo Boire. JCKH3
JaHHO{ KpHBOH mpeAcTraBied Ha pHc. 28.

3adauu

B onno#i W To# XKe cHcTeMe KOOPAMHAT MOCTPOUTH 3CKU3H rpadu-
KOB CNeAYIOWHX §yHKIUN:

1. y=x, y=x2, y=x*,
2. y=x, y=x83, y=x5
- 3, — 4,
3. y=x, y=Vx, y=v'x, y=v'x.

1 1 1
4. _— —— = —
y % ’ y xz ] y xa

5. y=V=, y=v &, y=y'%.

7. yz(—:;-)x, y=3"% y=2"% y=x.
8. y=x, y=log, x, y=Iogs x

9. y=x, y=logysx, y=log,;x.

10. y=x, y=sinx, y=cosx.

11. y=x, y=1gx, y=cigx.

Vicnoab3ayss npasuso noctpoerus rpaduxa yHxuuum y=Af(x) no
rpadpuky byukuur y=7{(x), NOCTPOHTb 3CKU3H rpaHKOB CJeAyIOIHX
PYHKUIMI: ‘

12, y= —x2. 13. y=—-——1—. 14. y== —cosx.

x .
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{5. y:é_ tgx. 16.y =3 log,x. 17. y=2,1 Vx.

18. y= ——-—;-- 5%, 19. y =%]og1,3x. 20. y=0,2ctgx.

Venonb3ys mpaBuiio noctpoedus rpaduka dyHkuyy y=f{—x) no
rpabuky ¢yHruun y=f[(x), NOCTPOHTL 3CKH3H FPa@HKOB cJelyOLHX

$yHKLH#H:
o1. y=log,(—x). 22. y=y —x. 23. y =V —x.
24. y=sin(—x). 25. y=tg(—x). 26. y=ctg(—x).
97. y=27", 8. y=(3) W y=@D7"

30. y=-—3f/:c. 31. y=cos(—x). 32. yz(—l—)usx.

)

Hcnonbsys npasuao mnoctpoennsi rpaduka ¢yHRuMH y=f(kx)
(k+#0) no rpaduky y={(x), 1OCTPOHUTE 3CKH3H TPaHUKOB CJeAYIOLUIUX

GyHRLIB:
33. y=sin2x. 34. y=cos%-x. 35, y=cosmx.
36. y=sin —x. 37. y=1log, 2x. 38. y—log (—;—x)
n
39. y=ctg%x. 40. y=1g3x. 41. y=V2x.
3 prmeme 100 33 j—
42. y=9—0,5x. 43. y=y —2x. 44. y="7/4x,

45. y=1log,(—3x). 46. y=sin(—2x). 47. y=ctg (—2x).

Hcnonbsysa mpaBuio HOCTﬁoeHHH rpaduka oyuruun y=f(x+a)
(a#20) no rpaduky ¢yHRuHH y=[(x), DOCTPOHTH 3CKH3Bl Tpa(HUKOB
cheayromux QyHKuM:

48. y—(x—2)% 49. y=(x+1)3 50. y=V2 +=x.

51. y=(x+4)>2. 52. y=cos (x-——::—). 53. y=sin (x-}—-%).

54. y— ‘3_ | 55. y=tg (1—x). 56. y=(2, 2)"*
x.._-

57. y=VYT1—x 58. y=1/x7+ 3. 59. y=1log,; (x+1).

Hcnonesys npasujo nocrpoenust rpaduka dynkunu y=f(ax+"b)
No rpauky yHKIHH y=/[(x), DOCTPOHTL HCKH3HE TrpadHKOB 'cJaeAyI0-
muxX QyHKuUHUi:

60. y—log, (2¢ +3). 6l. y:ctg(Qx—J——g—)_ 62. y—tg (3x+-"2-),
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63. y=ctg 3”"“. 64. y=cos 2 4 . 65. y=tg (2x———3;-).
66. y=sin Snx——n._ 67. y =cos 2= g, y=tg (5x————::—),
69. y=- ’2. 70. y=1 2—3x. 1. y =V 1 —3x".
—2x
3 rme—
2. y=y (2x—5)? Y= 4. y=(n—3)*!,
2. y=y (2x—35)*. 13. y T 74. y=(n—3)*",
75. y =sinx+cosx. 76. y=x2%-42x-—0>. 77. y=2x—x2% |- 4,

Hcenoawsys mpaBuao nmocrpoenuss rpaduxa ¢ynkuun y=f(x)+A
no rpaduxry dyHKuuM y=f(x), NOCTPOUTDL ICKUIH rpa(pHKOB cJIeylo-
IHX QYHKUHH:

78. y=1-+sinx,

79. y=2—3cosx. 80. y=2—) —x.

81. y=2 +log,(l +x). 82. y=sin?x. 83. y=cos?x,
84. yz%——%]ogl/g(l + 2x). 85. y-_—.2-—3:;/1—2x.
86. y=sin*x 4 cos®x. 87. y=2—3(x—1)%
88. y=ux%+4x+8,. 89. y=1—3x—4x%
[TocTpouTs 3CKH3BI TIpauKOB CJAEAVIOIHX  IpOGHO-JUHEHHBX
bynrumi:
5x —1 9x —3 44 x
Y= Y= — 92. y=
9. y 3x+ 2 M. y 15x — 5 y 2+ 1
7x 42 5x 4 20 2x — 8
Y= . %M. y= . 5. y=
93. y X y 3x+ 12 95. y X —
96. :_x+2* - :_7x+6. 8. y— l4x— 8
y x5 . x+1 9. y 2x—1
IHocTpouTh 3CKH3R TrpadHKOB CJAEAYIOMIHX palHOHAJBHBHIX (YHK-
LHH:
99. y=(x—2) (x2—4). 100. y=(x+2)(x—1)3.
101. y=(1—x*) (x+3)(x—2)2. 102. y=(1—x) (1 —x2)3 (2 + x)°.
103. y=—2_, 104, y=—"—
l—x 1 — 52
105. y= . 106. y_i_;“il_
212 ¥+ x+4+3
107. y=—2—2_ 108, y=*—9=9)
2x2 —1 ° x2—5x+6
£ dy 3x2 —2x— 1
9. y= Y= .
1 = e = e et
3x3+4x+ 1 (x2—3x—4) (x —3)
111. y= . 112. y= .
Y=t -1 = e (= 9)
36
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113.

x2—9
5, yx—D(x+2)2 .
11o. y D
117. y= X AR 20
(x—2)%(x+1)

19, y= G-+ (43)
(x2—4) (x4 23

121. y= ot 2x% — 32

x84 4x2 4 4x

y:

(¥ —4) (x+1)%°

4. y——>r—* .
(x+2)% (x— 10)

16, y— (=D 1T
(x— 1) (2x + 1)

118. Y= (x+1)2(x_2)2 .
(x—3) (x241)

120. y= x4—9x2 .
(x—4)* (x4 1)3

192, y= (F=2) (#4200 + 39

(4x2—4x - 1) (4x2—1)

*

[TocTpouTth 3cKH3H rpad¥KoB cleAylOWHX anrebpandyeckux QyHxK-

HHH:

123.

125.
127.

129.

130.

y=Vo—17 x—2). 124. y =V G+ —2°C + 1),
1 L 2

y:):*/fz-—x. 126, y=(x+1)* (x—1)* (x—2)2 (x—3) °.

y=Vx19+V»—09, 128, y=x2/3 +]5/(x—-1)2.

VGET9r x—3)

y::

VTG YT

VT =22+ D)

y=

¥ (x+2)2(x+5)

[TocTpouTh 3cKu3E rpadHKOB caeAyOWEX GYHKIY:

131.
133.
135.
137.
139.
141.
143.

145.

147.

149.

y=|x|—x.
y=|x|—Y .
y=]2x—1]—2].

y=|x|+|jx+1].
y=x*—|x|.

y=x2—3|x| + L.
y=|x?+ 3x] +2x—8.
_2x—1
4= 3x+2l'
y= Ix]1—1 '
X
Yy =sign cos x.

132. y=|x|—(Vx)°

134. y=|jx|—1].

136. y=|x|—|x—1].

138. y=|x|—[|x+1]|—|x+2].
140. y=|x*—1|—x2.

142. y=|x2+x|—x+1.

144. y=(|x]—1)(x+ 1),

146. y-—=————-—|L;x_"+3’ch .

148. yz%—l—i—?l—.

150. y=ux 4 signsinx.
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151, y— x? sign cos nx
14 x3
153. y=signsin nx 4 signcos nx, 154, y==sign (sin nx -+ cos nx).

152. y=13/x2 sign cos mx.

BrIYHCTHTE:
155. cos (arcsin 1). 156. sin (arccos 0,8).
157. sin (2 arccos —-;—) 158. g (arcsin -—2-)

159. cos (arcsin %——arccos —123—) 160. sin (arctg %)

161. sin (arcsin —;—- -+ arcsin -i-—) 162. tg (Qarc tg (-—-—;—))

163. arcsin (sin 11). 164. arccos (cos 7).
165. arcsin (cos 8). 166. arctg (tg 25).
167. arctg (ctg 4). 168. arcctg (ctg17).

Jlokazare, uTo:

169. arcsin — — arccos —- = arctg—f— = arcctg ~3—.
5 5 3 4

170. arccos (——-—9--) = n— arcsin —%(:—.

41
171. arcsin (——L) = -—arctg-—7—_
25 24
172. Qarctg-l—+arctg _.7__=_ﬂ_.
4 23 4

173. n—arcsin 0,9 =2 arctg 4.
2 1 k14
174- t —— _— =
arctg 3 + arctg 5 .

175. cos(2arccosx) =2+2—1, |x|< 1.

176. sin (3 arcsinx) =3x—4x%, |x|< L.

I —x2
177. arccos T =2]arctg x|, |x|< oo.

178. ctg (arctg x) = —i— 0L x| < oo,

38
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arcctg x, x>0,
arcctg x—m, x < 0.
{

179. arctg L:{
X

arctg x I x<1

180. arctg brx_ : |

1 —x

arctg x— -3—”—, x> 1.
L 4

[TocTpouTh 3cKH3H rpadHKOB CAGAYIOWHX O0OPAaTHBHIX TPUTOHOMET-
puieCKHX QyHKIHIA:

181. y=arcsin(2x+1). 182. y=arccos (3x—2),

183. y=arctg (2— 3x). 184. y=arcctg (1— 2x).
185. y =arcsin (1:5"). 186. y=arccos (1'*;3’6).
187. y=arccos ( 1_'2lx[ ) 188. y=arcsin (E.ifﬂ)
189, y=arctg (_1%"_1_) 190. y:arcctg( 2"”5_3).
191. y=arcsin . 192. y=arccos 2 .
x+2 x—3
193. y=arctg 1 194. y=arcctg L
4 X
195. y=arctg x+2. 196. y=—arcctg * 1 1 .
x—3 jx]—2
197. y=arctg _‘I/lg_;;lz 198. y=—arcsin iii
1 1
199. y= . 200. y=
y arctg | |x|— 1} y 1 —1x]
arcsin
201. y=arcsin (sin x), 202. x=arcsincos x.
203. y=arccos (cos x). 204. y=arccos (sinx).
205. y =arctg (1gx). 206. y=arcctg (tgx).
207. y=arcsin (g x). 208. y=arccos (ctg x).
209. y=sinarcsin 2x, 210. y=cos (arccos —l—)
X
211. y=sin (arctg x). 212. y=sin (arcctg x).
213. y=tg(arcsinx). 214. y=cig (arctg x).
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215. y =tg (arccosx).

217. y =arccos sin x>,

219. y=cosarcsin -—1—,

X
221. y=arcsin 2=l .
x4+
223. y=arcctg il .
X

225. y=arcsin (x—1) (x4 2)*

(x+ 1)

226. y=arccos X — 4

(x— 13 (x+1)
x4 4x2 - 4x

227. y=arctg

x2—9

xt — 4x® | 9y

228. y=arcctg

(x—2)? (x+ 1)

229, y—arctg LG+ 12
(2+1) (x—3)°

230. y=arcctg ' — 9%

231. y=arctg X x

(x—4)3 (x+ ¥

216. y =ctg (arcsin x).
218. y =arcsin cos }/ x.
220. y =arctg (tg (2x+ 1)).

222, = arctg 22—
x?
‘ 2f | |
224, y=arct
y =arctg ——.

232.

(x42)*(x—10)°

(x4 1) (x—2)*

y =arcctg G T

IToctponts 3cku3b rpaduxkos caeayowux GyHKuHi:

233. y=(Vx)"— |x|.
235. y=log;/e (x—1)2.
237. y= -———;— sin xcos x,
239. y =) 1—sin® .
241. y=sin?x 4 cos® x.
243. y =2'8sn*

245. y= ')

40

234. Y :ﬁlog,z.
236. y= 2!108111 .

238. y =sinx— V'3 cos x.
240. y=Y1—cos?x.
242, y=tgx-cigx.

244. y-—=sin®x—cos®x.

246. y=cosx+ Y costx.
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247. y=sinx— Y sin? x.
249. y=—1—+ctg|x[.
tgx
251. y=(}sin 3x)®.
tg x
83, §=—22—.
2 Y ¥V I +tg?x
255, y— 1 + |cos x| .
sin | x|
257. y=|x*—x*| +4.
259. y=V 2 (x—1)? (x—2).
261. y=%/x6(2 +x)* (1—x).
263. y =1/ Txt (x— 3)% (*— D",
265, y— lx—31 +1x+1] ‘
|x+ 3| + lx—1]
267. y-—clifx”——xh—l.
269- y$|x+21(x_l)2_
x24+1
271, y=—L=D =2
(Ix]—1)? (x~—4)
273. y= ‘ .
x*—4|x} 43
1
275. y== :
J loge (x —3) — 1
2717. y:rlogl/g|x2—-x|.
. | x|
281. y=log, \XE2
2—x
283. yzzlsinxl—i—lcosxl
x3
285. y—= :
Y logal__xa-

248. y = —
Y x4+1 x°
250. y =sin*x—costx.
252. y==(V cosx)*.
1
254- A
y V1 Fig%x
256. y=|x*—x% 42|,
258. y=(]x| + 1) (x—3) x2.
260. y=%/x3—3r2.
. 1
262. y—= .
TPy Y
264, y—2 X 11—3I
lx— 1142
266. y—x—1=2
Hx] — 1} —2
268. y=|Y @t x—2].
270. yz(xa—l) (x+4)lx|.
(x4 42) (x—3)
|
272, ¢ = ———,
2 y=
274, y=—o "
sin x - cos x
1
276. y= )
YT—2[x]—1
278. y=Ilog; sin2x.
280. y=log;,;cos Sax—
.
1 \ax—1
282. y=(—
- (5
{1—2x]
284, y=2 *T
286. y=1log,|1—27%|.

x—1 x
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287.

289.

291.

293.

295.

296.

297.

299.

301.
303.

305.
307.

309.

311.

313.

315.

317.

319.

321.

42

y = cos? (2x+—3—) 288. y=sin4(5x-—-i‘;l),
sec ( 2nx—3n)
y=2 8 290. y=e¢—¥+*,
y:sin—l— 292, y=cos—1-,
X X
y = (1 — )8 204, y=s2 2y U2
I [1—x]
y— 4+ 157
x4 1 X
x4 x x%—x x2—1
= -+ .
YETRT T T=s T T
2x—n
tg | ——
y:(——;—-) = )—1. 298. y=3*nt FHeostx,
H X8
y =(__:1;’_) sin®x—cos’x 300. y=2 n—t
y=x-sinx. 302. y=x—sinux.
y=x+2x, 304. y=x+(nL)x.
y=x*sinx. 306. y=xsinx.
Yy =e*sin nx. 308. y=e"*cos nx.
s __ _Cos zux
y =e* sin 2mx. 310. ¢ it
y=(x2— 1) cos =, 312. y=(x"—I)sin—.
X
y =arctg lgx. 314. y=arccos =
. x+1 _ x3—8
y =arcctg Ig T 316. y=arctg PR
2x— 4 1
_ o . y=arct .
y =arccos = 318. y=arclg ——
— arct ) 320. y=arcctg »—1
b= rcg( sin? x cos? x ) YT A—1"
_1 1
= X x—1 T x4+ 2 )
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324.

326.

328.

330.

332.
334.

336.

338.

340.

342.

344.

346.

348.

350.

322. y = -
o= 1
323. y— fj?
g¥rl |
325. y=x(2——sin L)
X
327. yzxarcsin—l—-.
X
1
29.
329 4 Y2 — 11—V |E—4
331, y=y 2+ 241
333. y=1 F—1)—x
5= 1
335. yy x® + S
Yx—1
337. y=2T2 V%
x—1
339. y =V 1— x%cos —.
X
341, y=y (x+ 2 (x—1).
=3/ 3 1
343. y =}/ x £t =
345. y=3/ (x— 1)y —y/ (x+ 12
T 1
347. y:—_V"_+
x |sinx]
2% — 1
349. y = etk
351. y=Y 2+ x+1—Y2—x+1.

1
y= (Siﬂ 7) cos(2lxi—l).

y = x2 (2 -+ sin® -1—)
X

y= =7

1 \x2—1

(2) —!
=—y/ %4 x
y=x+ i”/(x-—l)ﬁ
y=y *— .

1/2——x

— A !
y=V =
- 2.
y= |x+3| TV xF
_Vx
y_xz_tl

3
. xX2—x
y= X2 __x—6

y=1y  (x—2)% +6x—10.

y=y 2+ {1+ 2"

3
y= VY x—1
x2 41
1
x2e* 1
y:
—bx—4
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350, y— YECETDE—2)
] x2—T7x 412

353. y=arctg 354. y=log, (x + V x2—4x)

2* —1

355. x=arcsin (x —— ‘/xﬁ—_;..).

4
356. y =3/ xarctg XX 1%

2x — 1

" 357, y==e—1000—2)* 4 o—100(1+2)* 358. y= 17 xil n ]7 z+? .

359. y=(x— NV E+ 1P C—x -V x+V (x| +1).

360, y— ex (x2—4;+3)
X —

361. y=(VI—r2—x—3)e* x (x—1).
362. y 1/""" 1/(x — 4)2

X ~—2

363. y =2+ (Jx]—2—||x] —2|).

364. y=2%"1 [sgn(4—x?) +1].
365. y=x V| —1|—Vx+1+1.
366. y=arcsin (x V x2—1—¥ | x*—2]).

[TocTpouTh 3CKH3H rpaHKOB CJAESAYIOUIHX KPHBHIX, 3aJaHHBIX ma-

pPaMeTPHYECKH:
367, x () =——, y()= tfl .
368. x (f) = ;‘ Ly (= 1+ts'
369. x(t)_-;%r, y()——-l—i—t-,j—.
370. x (1) =12, y (f) =~ Ti‘?‘.
371 x ()= ;(t_:m 4= (t+2)t:t+n '

44
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372. x(f) =

4(t-——l) y{) = t+l

t (1 — 41?)
. . H = ——
373. x (f) =~ (t) —
1241
374. A Y=

375. x (f) =arcsin (smt) y (t) =arccos (cos f).
376. x () = arctgt y(f) =13—Lt.

377. x()=(Inf)sint, y(f) =cos!t.

378. x(t)=-e!sint, y(f)=elcost.

379. x(t)=sin2t, y(f) =sin4tL.

380. x (f) =sin4t, y(f)—=cost.

381. x(f) =cos4¢, y(f)=cos3t.

[TocTpouTh 3CKH3H rpaUKOB KPHUBBIX, 3aJlaHHBIX B INOJADHOH CH-
CTEME KOOPAHHAT yPaBHEHUAMH:

a

382. r=2¢q. 383. r=-7¢—. 384. r=e?0,

385. r =sin @. 386. r=cos o, 387. r=cos2¢q.

388. r—=cos5¢. 389. r= Cotq) . 390. r= Sif”p .
391. r=2. 392. = n/3. 393. r— wsgq)j_smaq)
394. r2=qa?cos2¢. 395. r=sin3—g—-. 396, r=1-+42cosq.

[Ipeo6pasoBarb K NOAAPHBIM KOODAMHATAM ypaBHEHHE JHHHH (CH-
CTEMB! COBMELLEHB!):

397. x*+y2=x. 398. 4 yP—y. 399. x? 4 42 =5.

400. y=2x. 401. y=4. 402. x=3.

403. x+y=2. 404. (X2 + 122 =xy. 405. (£ + y?)? =x2— 3.
406. x* 4yt =x2 + 42, 407. x*+ y* = (x*—y?)>.

408. xy? -+ yx? = (x? + y)°.

[Tpeo6pazoBaTs K AEKAaPTOBHIM KOOPAHHATAM YpaBHEHHE JIMHHH
{CHCTEMBI COBMEIIEHH):

409. rcosp=3. 410. r*sin2¢=2. 411. rsing =2,
45
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412,
415.

r=2cos@. 413. r=1+4cosq. 414. r =cos? ¢,
1
cos@ 4 sing

r=y2. 416. q>=—E-_ 417. r=

HapucoBaTth 3cKu3bl TpadHKOB CAEAYIOIIHX KPHUBbIX:

418

421.
423.
424.

425.

426.
428.

430.

433.
435.
438.
440.
442.
445.
447.
449.
451.
452.

453.

46

ly| =x—1. 419, |y|=1—|x|. 420. |x|+ |y| =1.

[x]+1y]=1. 422. |x4y|=—x+ [yl

x| —1gll=1.

[zl +11y]—31=3] =1

91 =2 (1x1—x).

ly+ 1yl]=]1x]—x]. 27. Xty =x+2.
R4yi=x4y. 429. —’;—2+y9=1.
-ﬁ;-—yﬂ_——l. 431. P+ yo=1. 432. x4 yt=1.
Vi+Vi=Va 84, Y B+Y P=V @
yr=x—x% 436, x=y—y>°. 437, x®2=y—y3.

Y2 =x - x3—2x2. 439. x4 y=1.
xt—yt =x2—212, 441. y3—x2y 4 x> =0.
24P =xy? 443. 2=yt 4 45 444, 2x*— 32 4+ 4 =0,
—xy+yt=1. 446. 44% = 412y + 5.

X3 4 y3 =3x2. 448. y3—2y2x—x? =0,
x4yt =x8 4 gt 450. §° + x* = xy.

max {(144— 25x®*— 9y?— 54y), (min (y, 25— 5y— x?))} =0.
(x? 4 y2— 25) (16x2 4 y>—4) (x® + 1642 — 96y + 140) X
X (4x*—16xsign x + 44— 16y + 31) =0.

{(42——385ignx)y+x(]7( x—2 )2—- 1) (V13— dx+ 1)} x

10

X {91V5y—x(x—1) Vx+ 2} {4x® + 1642 + 56x— 64y -+
+ 259} =0,
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454.

455.

456.

457.

458.

459,

460.

{(4y + «%)% +sign (® + 2x) + 1}-{(x* + §°)>2—

—4x (22— y?)} =0.

{x*—sign By—g*) + 1} - {(F + 452 —2(|y] +y) P+ )} X
X AP+ =29+ 12 —2(1y—1| +§—1) (¥ —4* + 2y— 1)} X
X {(x® + y2—6y - 9)*—2 | xy—3x|} =0.

{x*—sign (6y—y*)} {x* + (y—6)*} X

X {(y—5)® + (x—2sign x)2—1} X

X {(y—6)% + (x—sign x)?—2sign (y —6) + 1} X

X {(x* + 42— 16y | x|} - {min [(x*—3y*), (9y+ 18—

— |5x2—2])]} =0.

{min [(x? + y2—2x), (x* 4 1643—1), y]} X

X 8y+xV |x+1](©2+x—x)} {2¢* + 22— 2x—2y + 1} =0,

[27y——x2 (x+2)2(2—x) (VQ_-:}& + x;};)S )} X

X {max [(y—yx + 3 ?/x__2 (e—lﬂﬂ(x—i—])a + Ge_log(x_g)z))'

sign (x—2) + %] } . {9x% 4 48x + 9y + 64} =0.

(max{(2— | x| —2 |2y —x +3]), (min[(x2+y*—4x),
Bx2— g2+ 9—4xVI— ), (42 +x+1—=5y¥V T+ x)D) x
X (16x2—32x + 16y2— 32y + 31)=0.

[(x+4)* + 1—sign(1—49)] - [(x +3)* + ¥ +

+ 2sign (x + 3) + 1] [(2x 4+ 3)* + y2—1] X

% [(2—x)*—sign (1— %) + 1] - [4° +sign (@ —x) +1] X
% [(v—3) -+ 5+ 2sign (x—3) + 1] - [&—2) + (3—1)* +
+ sign (2—x) +sign (y— 1) + 1] - [(x*—9x + 20)*—

—sign(1—y?) +1] - [(y+ |x—4| + |x—5])2—

— sign [(x——4) (-?Zl—-x)] + 1]———-0.

47

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

I'aasa Il
BLIYUCJEHHE TNMPEAEJIOB

§ 1. MPELEJ ®YHKILHH

Ilycte @ — TOouka paciimpeHHOM 4YHCAOBOH MNPSMOH, T. €. YHCHAO
MJAM OJHH M3 CHMBOJOB oo, —oo, oo, OGosHauum wuepes U(a)
OKPECTHOCThL TOUKH a M uepe3d U(a) — NPOKOJAOTYIO OKPECTHOCTD:
U(a) =U(a) \{a}. Ilyctp ¢$yHruus f(x) ompeleseHa Ha MHOXKeCTBE
E, nas KOTOpPOro TOYKa g €CTh MpexenbHasi Touka (Touka CrylleHus).

Onpenenenue Yucao A HasmBaeTcs npedesom ¢pynxyuu f(x)
nps x—a (o6osnauenune: A=Ilim f(x)), ecan mas n1060ro NOJOKH-

X—>a

TespHOro uuciaa €{(Ve>0) cyuiectByer oxpectHocTh U(a) TOuKu
a(dU (a)) rakas, yro g J0GOr0 x M3 MNPOKOJOTOH OKDECTHOCTH,
npuHaaiexaulero E(VxeU(a)(\E), BHNOJAHEHO HepaBEHCTBO

[f()—A] <e (Ve >0 BU@): Vx=U@NE |f (n)—A| <e).

B Takom cayuae mHorga ropopar: O¢yHKuus f(x) npH x—-a HMeeT
mpejeJ, paBunifi A (f(x) cTpemurcs K A npu x—-a).

Ecan a— cobcTBeHHas TOUKa 4YHCAOBOH mpsAMo#ft (T. e. uucjI0), TO
okpectHocThiO U (@) saBasercs udTepBaJs C UEHTPOM B TOouke a. Toraa
onpejnejeHHe npenesaa sanucoiBaercsl B TakoM Buae: A=lim[(x),

X=r

ecan aas awboro nojoxutenpHoro uuciaa e{Ve>0) cyllecTByer Ta-
Koe noJsioxutenbHoe ynucao § (H6=38(e)), uro ans awboro x(Vx) Ta-
koro, urto 0<|x—a|<8, x=E, punosneso uepasencrBo |f(x) —
— Al <e. '

IIpoxonoTtoi oxpecTHOCTBIO HecoGCTBEHHOH TOuKH (4 00) fAB-
Jsiercst 060K Jyu x>q; TPOKOJOTOH OKPECTHOCTBIO HEeCOOCTBEHHOM
TOUKH (—o0) — a1060f ayuy x<a; NPOKOJOTOH OKPECTHOCTHIO Hecob-
CTBEHHOH TOYKH (00) — oObenunenue aByx ayuel: {x>a}U{x<<—al.
Torza ompeznenenne mpenena 3amHCHIBAeTCs (C HCNOJb30BAHHEM CHM-
BOJIOB) B TAKOM BHJE:

lim f(x)=A(lim f(x) =4; limf (x) = A4),

K00 % +—oco xa00
ecIH
Ve>0HC=C()>0:Vx,x>C, xeseEx<L—C, x&E;
lx] >C, x€E) |[()—A] <e.
Buumanne! B onpenenenun lj_lzlf (*) =A Her HHKaKHX YCJAOBHH

Ha 3HaueHue f(a); Oosee Toro, uer maxe TpeGoBaHuA, YTOOH QyHK-
uus f(x) 6uia onpepeseHa B Touke g. I1o3TOMy HM HeonpeaeJeH-
HOCTh ‘B TOYKE @, HHM 3HaueHue f(a), ecau a<=E, He BAuAOT Ha Cy-
HecTBOBaHKE M Besauuuny lim f(x).

xX—=>a
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1, x£5,
0, x=05.
Tak Kag pasnocTh [(x) —1=0 nas Bcex 3uauenuii x, Kpome x=5

(T. e. B no6o#t oxpectHoctu U (5)), TO M3 ompeneneHus npejesa ciae-
ayer, uro limf(x)=1.
x=>5

[Tpumep: Tlyctp f(x)=l

B uactHocTH, ecan aBe ¢ysEkuuMd f(x) u g£(x) coBnafaioT B Hexo-
TOPOH NPOKOJOTOH OKPECTHOCTH TOUKH @, TO JU60 06€ OHH HE HMEIOT
npefenaa npu x—a, aubo limf (x) =1lim g (x).

X—=a X=d

IHycTe @ — co6cTBerEas Touka uucesaoBoil npamoil. Ecau B onpege-
JeHnu mnpexpena ¢QyHkuuy f(x) 3aMeHHTp MHOXKecTBO E Ha MHOXKecT-
B0 Ey=EN{x>a}(E_=EN{x<a}), TO0 noayuuM omnpenejeHHe OQHOCTO-
DOHHHX TIPEleJIOB B  TOYKE Iinlf (x) (lim f(x)). B Tepmunax

X—=+ad

X-q—

OKpecTHOCTeH 3To 3HauuT, uto Oepercs mpaBas (neBas) MOJYOKPeCT-
HOCTb TOYKH @, T. € HHTepBaa Buia (a, a+8), 6>0, ((a—86, a),
6>0); B TepMHHaAX HEPAaBEHCTB 3TO 3HAYUT, YTO pPacCMATPHUBAIOTCH
3HauYeHHsA x, yAOBACTBOPSAIOLIHE HEPABEHCTRY

0<x—a<s$, 6>0 (0<a—x<8, 6>0).

Jlas nmpocTOTH M3J0XKeHuA B jadbHefimeM cuurtaeM, uto [(x)
Onpeje/eHa BCIOAY B HEKOTOPOi, GBITh MOXKET IPOKOJOTOH, GKPeCcTHO-
CTH TOYKH g, TeM 060Jiee UTO NPH BHIYUCJEHKH NPENe/]OB HMEET MecTo
MMEHHO 3TO.

IIpumep 2. Ilogaxem, uro lim sin x=1.
X—T/2

Pewenune Onuedum passocts |l —sinx| (cMm. onmpenenenue).
Hmeem | — sinx=2cos(n/4+ x/2)sin(n/4 — x/2). Tax Kaxk 1% AM-
boro x:|cos(n/4+x/2)| <]l n |sin(n/4—x/2)|<|nf4—x/2], TO |l—
—sinx|<{|n/2— x|. CaenoBarensho, eciin 8=e, TO H3 HEpPaBEHCTBA
0<|{x —=n/2| <6 caemyer mepaBenctBo |1 — sinx|<e. Taxkum o6pa-
30Mm, 1as1 Ve>0 Ho=¢, Vi:0<|x—n/2]<86=>]|1—sinx| <s,

T. e. lim sinx=1.
X—>m/2

Crenyer o6paTuTbh BHHMAaHHE Ha TO, YTO MHl HE pellaeM HepaBeH-
¢tBa |1 —sinx|<e, T. e. He HAXOAUM MHOXKECTBA BCEX TeX H TOJNLKO
TeX 3HAaueHHH x, AJIsI KOTODHIX OHO BepHO. Hac mHTepecyer TOJABKO
OmpefiesieHHe TaKOH OKPECTHOCTH TOUKHM a=m/2, B KOTOpPOH 3T0 Hepa-
BEHCTBO BHIMOJHSAETCS. BHIMONHAEGTCS OHO BHE 3TOH OKPECTHOCTH MM
HET, Hac ne uHTepecyeT. B rakofi cutyauun 6rniBaer yao6uo 3apanee
BLIIENHTD HEKOTODYIO OKPECTHOCTb TOYKH @, B KOTODPO# H NPOBOAUTH
AajpHefimue oueHkd. Heo6XoauMO TONBKO CJAEAUTH 33 TeM, uToOH

OKpecTHOCTh, HaljeHHAas B pe3yJbTaTe 3THX OIEHOK, HE 0Ka3ajach
Goublle, yem BhHAENEHHAS 3apaHee.

ITpumep 3. IokaxkeM, uto limx2 =9,

X~—3
Pewenue HeobxomuMo ouenuts pasuocts |x2—9]. Hmeem
[x?— 9| =|x—3]|-|x+3]. Tak Kax Ha Bceil YHCAOBOH NpPSIMOK MHO-
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2KATeNan |x— 3] He orpaHWuYeH, TO OLEHKY TNpPOU3BeJEHHs <CAeAaTb
Npollle, ecay BLIAEJHTh HEKOTOPYIO, Hampumep, l-OKpeCTHOCTh TOYKH
a=—3 — nuurepBaa (—4, —2). Ias scex xe=(—4, —2) umeem |x—
—3|<7, caepomarenbHo, |x2—9|<<7|x+3|. Tak Kak O-OKpecTHOCThb
TOUKH a=-—3: (—3—0, —3-+38) He HOJKHA BHIXOAUTH 3a INIpeAeH
1-okpectHocTH, TO Gepem S§=min(l, €/7), u U3 ApeABIAYIIHX OIEHOK
BuaHO, 4TO H3 HepaBeHcTBa O0<|x+3|<§ cueayer HepaBeHcTBO
| x2— 9] <e. Takum o6pasoM, lim x*=9,

x—+—3

Tpumep 4. Ilokaxem, yro lim x sl x =0

xs+o0  Xx2— 100x + 3000
Pemenne Tak Xe, kak B NpeAbayllleM TpHMepe, BbIAEIUM
YA0OHYIO A gajbHeHIIHX ONEHOK OKDECTHOCTh TOuKH +oo (/yd
x>a): umendo ayu x>200. Iasa x>200 umeem  x2— 100x - 3000 >

2
> x(x—100) > x? CJIe0BATENbHO,

xsinx
x2 — 100x -+ 3000

]< = z—i-.

2

Taxum ob6pasoMm, ecan a=max {200, 2/e}, To u3 HepamexHcTBa x>0
CJeNyeT
xsin x

g, T. e. lim =0
l< ’ x»too X2 — 100x 4 3000

xsinx
x% — 100x 4- 3000

[Ipumep 5. Iloxaxem, utro ¢yuruua f(x)=sin(l/x) ne wumeer
npeaena npy x—0.

Pemenue. 3anuumem ¢ ucnosb3oBaHUEM CHMBOJOB YTBEDXKAEHNE
«gicno A He sBasiercs npeneioM GyHKuHH f(x) npu x—a (a— cob-
CTBEHHASl TOYKa YHCJAOBOH NMPAMOMH)»:

Hey >0: V6 >0 Hxy=x(8): 0 |xpg—a| <6, xs<E,
|[ (xg)—A| = ¢

Ecau A=0, To Bo3bMeM go=1/2 u xp=1/(2nk+n/2), torna Védke
eN:0<x,<6 u |f(x)—0|=If(xe) |=1>89, TakUM o006pasom,
HyJb He ecThb mpenesa f(x)=sin(1/x) mpu x—0. Ecau xe A=40, 1O
Bo3bMeM g,=|A]/2 u xp=1/2n;. Torpa VEHR&=N:0<xz <8 u
| F(xr) — A] =|A| >, Takum o6paszoM, u ai060e OTAUYHOE OT HYJS
yucJao He ecTb npepen dyakuun f(x) =sin(i/x) npu x—0.

M3 mpuBejeHHBIX IPUMEPOB BHAHO, UTO, MOJIL3YSCh ONMpejejeHHeM
npenena, Mpl HpOBepsieM, SIBJSIETCS AW JaHHOE UYHCJIO MpeneaoM paH-
HON (PYHKUUH HJAH HeT, HO HE HMeeM KOHCTPYKTUBHOTO METOAa BHI-
YHUCJHEHRUS Tpelieia RaHHOH DYHKIUH.

HenocpencTBeHHO W3 ONpefeJeHHS IIpeiesia MOXKHO MOJYUHTh
yTBepxKAeHUS: ecad y(x) ecTb mocTosHHasi QyHruds, T. €. y(x)=C,

o limy (x) =C;, ecau y(x)=x 4 a— cobCcTBEHHAS TOUKAa YHCJOBOH
X3
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npaMoi, TO hmJ(x)-—hmx a. HecMoTpsi Ha TpPUBHANBHOCTD 3ITHX
X—=a

paBeHCTB, OHH HBJIHIOTCH OTHPaBHBIMH TOYKAaMH AJA BHYHCJACHHUA Hpe-
J€JI0B.

OcHoB8Hble YTBepHOEHUA, UCnOAb3yemole OAR  BOIMUCAEHUS npes
denos.

EcjH CyHIecTBYIOT Ilmf1 (x) u llm fa (x), 1O

a) Ilm(f1(x) '*’fz(x))_llmfl(x)+llmf2 (%)
)ilfil(fl(x) fZ(x))—‘llmfl(x) lif?fa(x)'

he lim f, (x)
I. 0 1 1 X —-a
) e ) 0, o lim ol = o

d) ec1t B HEKOTOPOH ITDOKOJIOTOH OKPECTHOCTH TOYKH X =a HMeeM

[LO<gW<<f,(x) n llm)F1 (¥)=1limf, (x)=A4, to limg (x) =4

X—=a

(DpHHUWHN ABYCTODOHHEro OrpaHHYeHHS).
[Ipumep 6. Haiinem llm(oaox" +ooxt—lp Lo + @) (@—

COOCTBEHHAsA TOYKA qnc.noson TIPSIMOH) .
Pemenue Ilone3yscy yrBepXAeHHAMH O Ipelele CYMMBI H Npo-
H3Be/IeHHd, N0JAYyYaeM, 4TO

lHm (e + a1 4 L+ apx + o) =00 + aa™! +

x->a
+ oo+ An—i@ - Ay,

T. €, IpeJles] MHOTOUWJIEHA NIPH X, CTPEeMAILEMCS K YHCTY 4, CyLIeCTByeT
H paBeH 3HAYEHHIO 3TOTO MHOTOUYJIEHA B TOUKE 4.

B panpHefinleM NOCTOSIHHO NOJb3yeMCs TeM, 4TO AJad Jai06oft oc-
HOBHOH 3JeMeHTapHO# (YHKUMH f(x) H TOUKH @ M3 ee obaacTH ompe-
JAeJIeHHs CIpaBeJIHBO COOTHOILUEHHE

lim f (x) = f (a).

Onpenenenne. Eciu dyukuus f(x) ompenedeHa BCOAY B He-
KOTODOH OKPECTHOCTH TOYKH 4 (MpaBOH NOJYOKPECTHOCTH, JIeBOH Io-
ryoxpeethoers) 1 lim[ () = (@) (lim /(9= (@), lim [()=f @),

X-sa X-ra X—=ra—

T0 GyHKIHUSA f(Xx) Ha3bIBa€TCs HENpepuieHOl 8 To4ke a (HempepLIBHOH
ClIpaBa, HElpepPHIBHOMH CJeBa).

Ilonb3ysick »TUM onpefeneHHEM, MOXKHO NpEeABAyLiee 3aMeuaHHe
ChopMyNnHPOBATh TaK: KaXJasi OCHOBHas s/eMeHTapHas (PYHKUHA He-
npepbiBHA B KaXA0H BHyTpeHHe#l TO4YKe cBoeli 00acTH onpexeneHus
H HempephiBHA ClIpaBa (cjesa) B KpafiHell jeBoft (Kpafimell npaofi)
TOYKe 06J1aCTH OIpedeeHHus.

Ilpu BhlUMCJIEHHH NpPeAeNOB MOCTOSIHHO NPHUMeHSIeTC Teopema O
npedense Komnosuyuu:
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ecan  (yHkuus f(x) HempephlBHA B TOYKE X=a M CyLLECTBYeT

limx(f) =a, 70 BepHO yTBepxKaeHHEe
d=aty

lim f (¢ () =/ (lim % () = F (a).

IMpumep 7. Hafigem lim In(1 4- ¥ 1 +sin® (x/2) ).

X-+4n
Pemenue Hanumem uemcuky cooTHoueHUuH
Y =x/2, Ys =siny1, Ys =y§: Yy = 1+ Y3
Ys = V.%: Ys = 1 + Y, Yo =10y,
[Ipumensas mocnefoBaTebHO TEOPEMY O ApEAeae KOMNO3WIMH, HO-

JIYYHM
lim y, (x) =2n; lim y, (x) = lim siny, =0;
X=pdRt X4 Yi—2n

llm Yy (x) =lim y2~0 llm Y, (x) =

Y0

“"lll‘l‘l(l +y)=1; limy, (x) =limVy,=1,

Y0 X-+471 Ya—>1
lim yg (x) =lim (1 +y;) =2,
X>4n Ys—>l
lim In(1 + V14 sin? (x/2)) = lim y, (x) =lim Iny, =1n2.
X-+47 X475 Ye—r2

3aMeTHM, UTO YC/AOBHE HENPEPHBHOCTH (PYHKUMHM [ B TOUKE Xx=a
B TeOpeMe 0 mpellesie KOMNO3HIMM HEMb3S 3aMEHHThL Ha YCjOBue cy-
1IeCTBOBAHHs npejena QyHKUHH [ TpH x—-a. Heno B ToM, uTO ecaH
hmf(x) =4, llmx(t) =a " llmf(x(t)) CYHUIECTBYET, TO BEpPHO pa-

BeHCTBo llmf(x (t))—llmf(x) HO CYILeCTBOBaHHe npexpena
Fx (1)) He anITeKaET M3 CyILLeCTBOBAHHA mpeienoB ¢yHKuui f(x) #
x(1).

ITpumep 8. Ilycts

. 1, x5=0,
x) =sign?x =y '
f(x) =sig { 0. x=0,
o
t, xe (1/2k, 1/(2k—1)), ksZ, k£0;
x () ={ —t, x=1/(2k+1), 1/2k), k= Z, k+#0;
0, x=1/&, keZ, k=£0.

ITycts >0 — npousBonbroe yncao u §=e. Tak kak |x(f)|<|¢],
TO U3 HepaBeHCTBa 0<|t] <6 caexyer HepaBeHcTBO |x( t)]<e, T. €.
glr?x(t)— . Tak kak anas Jwboro x==0 umeem f(x) —1=0, 10
limf (x) =1.

X0
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PaccmoTpum f(x(t)). dns moboro 6>0 B untepBasax (—§, 0) u
(0, 6) na#nerca GeckOHeUHO MHOro £, P aBHEIX 1k, k=Z, kR5~0, nas
KoTopuix x({) =0 u, ciaenoBaTeNLHO, f( (2))=0. C zpyro# cropouw,
OpH BCEX 3HAYEHHUAX 'f, OTIMYHBIX OT Hyad, M 4ucea Bula l/k, keZ,
k=0, umeem x(t)==0, caenoBatensHo, f{x(t)) =

Takum oOpasoM, B a1060fi MPOKONOTOH OKpPecTHOCTH TOYKH (=0
dyukuug f(x(f)) npunumaer Kak 3HaueHue l, tak u 3HauyeHue 0. OT-
cola caelyer, uTo f(x(f)) He uMeer™npenena npu {—0.

IMpumep 9. Haiigem limx?sin(1/x).

x—0

Pemenue, I[loapsysick HepaBencTBoM —x2<x2sin (1/x)<<x? u

NpPHHIMIIOM JABYCTOPOHHETO OrpaHMYEHHs, moJydyaeM, 4To

lim x? sin (1/x) =
x-»0

KB—1
[Ipumep 10. Hafigem xliﬂ sy

Pemenune, Ilonb3ysch pe3yabTaTOM NEPBOrO NpUMeEpa M YTBEp-
HKACHHOM O npedede OTHOLIEHHA, noaydaeM, UTO
lim (x3—1)

li ¥¥—1 g =11

1 == =
x>—1 X! —4x+4 3 lim1 (x2 —4x + 3) 14443
X

1
7

Onpenenenue Pynkuusa f(x) npu x—a Ha3pBaeTCss O€CKOHeU-
HO 60JBILOH, ecyaH AAsA J60ro nodaoxuTeanHoro yucaa C cyliecTByeT
okpectHocTs U(a) Taxkad, uto |[f(x)|>C aas mnobnix er(a)ﬂE
(E — muoxecTBO onpenenenus GyHkuuu f(x)).

3aMeHsIT B 3TOM OIpPEAECICHHH HEepPaBEeHCTBO |f(x)|>C Ha f(x)>
>C(f(x)<—C), monyyaem onpeaesieHHe MNOJOXKHTENLHOH OeckoHeu-
'HO 60JBIIOH (OTpHua'reJIbHoﬁ GecKOHeUHO 00JpLIOH) (YHKIHH.

CpapuuBas onpeaesenue OeckKoHEUHO GoAbLIOH (yHKUHH ¢ ofnpe-
JeneHueM (YHKUMH, @MeIeld npeaena, BHAHNM OOAbUIYID OOILHOCTB:
GCNH B MEPBOM ONpENENeHHH TpebyeTrcs, uTo6B BCE 3HAyeHus (QPYyHK-
IIHH B HEKOTOPOH NPOKOJOTOH OKpecTHOCTH ToukM a ocd OX nonaja-
JH B 3afaHHYI0 OKpecTHocTh HecoOctBenno#n touxu ocu OY, Bo BrO-
poM onpeneseHHHn Tpebyercs, 4TOOH BCe 3HAUEHHs Cl)yHKllPlPl B HEKO-
TOpo#i IPOKOJOTONH OKpecTHOCTH TOYKHM a ocH OX nonaganu B 3aiaH-
HYIO0 OKpecTHocThL cob6cTBeHHOH Touku A ocu OY.

Koporko yrBepxkienue, yro ¢QyHKUHA [(x) Apu x—a sABaAsAETCH
6eckoHeyHO GonbuIOd (MOJOXKHTEABLHOH OeckOHeYHo O60JbHIOH, OTpH-
nareJbHOH GecKoHeuHO GONBbIIOH) 3amUCHBAETCH TakK:

limf(x) =00 (limf(x)= 4 oo, limf(x) == — 00).

X—+»d X—>a X—-a

OcHosHble cOOTHOWERUR O0AR GeCKOHe4nO Ooabuiux (hynxyudl:
e) ecnu llmf(x) 0, f(x)5£0, o lim

x—a x

00paTHO, ec.nn llmf(x)——oo TO llmllf(x)

X—>a

.—w'
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f) ecan lim f, (x)=o00 Ilm fa(x) =A, To lim (f, (x) + {3 (x)) = 00;

X—+a

g) ecin limf, (x) = +oo H limfy(x) = 4+ 00, 10 lim(f, (x) +

+ fa (X)) = + 005
h) ecmu limf, (x) =00 u llmf2 (x) =A =0, T0 lun (/L (X)) fo (x))=00.
Us cooTHOmeHwUi: a) — h) cnenye'r 4TO ec.nn llm [y (x) = A# 0,

X

fa ()50, limf,(x)=0, T0 Ilmf1 (x)/f2 (%) = o0; econ XKe llmf1 (x) =
lim f, () =0, 10 limfy (), () =

X—a
1 2
I[Tpumep 11. Ham(eM lim —nbe +d4x+2)
x>0 In (x19 + x3 4 x2)
Pemenne. Ilonpsysce COOTHOLIEHHEM €)' H yTBEPXKAECHHEM O
npeaese NPOU3BEIEHHA, TOAYIHM

In(x*+4x+2) _ .. .
x>0 10 (x10 4 x3 4- x%) —"lf_*n(;l In (x +4x+2) X
X llm l —"'——11’12 . 0::'.0_

x>0 In{x0 4+ x* 4 x2)

Mpumep 12. Haiigem lim ——

X——00

1
—. TTpume-
" p

X
Hast COOTHOLICHHE E) H YTBEPXKACHHE O IIpeAeNi€ NPOU3IBELEHUA, IIOJyYacM

lim (2x-—‘-)= lim 2% . lim - =0,

X——00 X X——00 x—+—oo X

OTKYyJla, NPUMEHHUB elle pa3 COOTHOLUEHHE €), cnenyeT, yTo lim x/2% = -— oo,
X—»—00
Npumep 13. Halinem lim (Y 4x% 4 4x + x).
X—>1t00
Pemenue. U3 cooTnomenus g) caenyer, uTo

lim (V/ 4x® + 4x + x) =

X-»--00

Mpumep 14. Haiigem lim (x -+ cosx).

X—» 00

Pemenue. Tak kak O0< |cosx/x| < 1/]x|, TO npuMeHsid COOTHO-
lIeHHe €) H [pPHHUMI JBYCTOPOHHErO OrPaHHYEHHsA, I0JyYaeM, YTO
lim |cosx/x| =0, 1. e. lim cosx/x =0, cnenosaTe/ibHO, B CHJY YTBEPXK-

X—+00 X-—+00

nenust o npesete cymmul lim (1 + cos x/x)= 1, npuMeHsiA cooTHOIIEeHHe h),

X—00

nojayyaem, 4To

lim (x 4 cos x) =1im x (1 + cos x/x) = oo

X—»00 X—+00

PaccMoTpuM Teneph, KaK HAXOAMTCA NPelles  CTENEHHO-MOKa3a-
rTeabHoll dyukuua [u(x)]?® (u(x)>0).

54

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

TTonb3ysich HENPEPHLIBHOCTLIO [MOKA3aTENbHOH (PYHKIHH, NOJydaeM

lim [o(x) 1n u(x)]

lim u (x)?® = lim e¥(® In u(%) = "4
X—a X—a

TakuMm o6pasoM, HaxOxAeHHEe npejesa CTENEeHHO-MOKa3aTeJbHOH
GyHKUHU CBOAXTCA K HaxoxAenHwo lim [v (x) Inu (x)].
X—»a

Paccmorpum nojpobuee otaenpvnbie cayuau (I—III).
I. Ecan limov (x) = A, limilnu(x) =B, 1o limu (x) =eB, Tak Kax

X->a X—ba X—a
Him 1o a(x)
lim u (x) = lim eln ux) — ¥ = ¢B
x-sa x—a
H

lm Jo(x) In u(x)] lim o(x)

et =AB = (¢B)A=[limy (x)]"*
x-»a

JpyrumMun  caosamu, ecau limu{x)=u, u >0 u limov(x)==v, TO
X—>a X—=a
lim u (x)*® =y,
xa lim [o(x) 1o u{x)]
II. Econ lim [o (x) Inu (¥)] = + 00, To u £° = 4 00, ec-
¥a Hm [ov(x) In g(x)]

au lim [o (x) Inu (x)] = —o0, T0 €7 =0.

X—ra

Orciopa BumHO, uTo ecadm lim{v(x)Inu(x)]=oc0 u mnpousseneHue

X—a

v(x)Inu{x) He coxpaHseT 3HaK HH B KAKOH IIPOKOJOTOH OKDECTHOCTH
TOYKH @, TO QYHKIMUS u (x)%*) ==gv® Inul) ge uMeeT npesesia mpH x —»a.

INMpumep 15. Haligem l'm( a )Ct“x,
P P A xl-u 41

Pemweaune. Tak Kak

2
lim In—Z< :ln-—l-, a limctg nx = o0,

x>l X241 2 x—1

TO

lim [ln 2:2_1 - ctg nx] = 00,
X1 X

Tlpn 0 < x < 1 umeem, uTO

ln;%l—ctg nx >0,

npu 1 <x < 2 vMeeM
x2

x4 1

In

cclgax < 0,
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x?
x2-4-1
B J11060# IIPOKOJNOTOH OKPECTHOCTH TOYKH a=1 npHHHMaeT 3HAYeHHS
pasHulx 31akoB. Iloatomy dyukuus

TakuM o6pa3oM, GeckoHeuHo Goabllras QyHKIHS In - ctg nx

ctg ix In
( zi1\dgm=e ¥ 41
X

He uMeer mpelena npu x—1 ¥ He sABAsfercs GecKoHewHo GoablIofi mpu
x—1. (B To ke Bpems

]im( 2 )“t”"=+oo. Iim( x )“““":0.)

x4\ X241 x>l— \ X2 4-1
. . 213
ITpumep 16. Hafinem lim (snl—“x—)x+ :
x>l 4 '
Pemenue, Tak Kak
.. 1 .
limsin X =——, lim(x*+3 =4,
x—1 4 V2 x—»l( )
TO
. . nx \x*43 1 4 1
lim (sm ————) =(-——-_—.-) == —,
P 4 Y2 4
. tg*
[Tpumep 17. Haiigem lim (ﬂL)cg m.
x—1 x+3
Pemenue. Tak Kax
lim 21! =—1—, limctg? nx = + o0,
x->1 x+3 2 x—1
TO
lim ctg? nx In Junk = — 00,
x=>1 x+3
cJie10BaTe ILHO,
. ta?
nm( X+ 1 ) " —0.
=1\ x+3
tg =
[Ipumep 18. Hafinem lim (sin?x) 2,
x— i+
Pemenue. Tak kak
lim Insin?x=—o0, lim tg-f-=-—°°,
X4 any 2
TO
tg =
lim (Insin?x)-tg—== 400, lim (sin*x) 2 = + oo,
X+ 2 X+
56

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

II1. ITycte B mpousBeaenun v(x)In u(x) npexea oaHOTO U3 COMHO-
kUTeNel NpH x—a paBEH HYJI0, 4 BTOPOH COMHOXHUTEIb SBJfAETCH
6eckoHeuHO Gonbmol Pyakumuel, Takoe nonoxeHue BO3MOKHO B Tpex
caydasx:

a) limv(x) =0, limu(x)= 4 oo (cHMBOAMyeCKH o00%),
X-+ad

xX—-a

6) limu(x) =0, limu(x)=0 (cumBoanueckn 0°),
X—»q X

-+

B} limv(x)=o00, limu(x)=1 (cumBosHueCKH 1%).
X3

X-+a —P,

HenocpexncTBeHHOE® NPHMEHEHHE TeopeM O CBOHCTBaX MpeAeaoB H
6eckoHeuHo 6oabIIMX (DYHKUHHA HE faeT BO3MOXKHOCTH BBIYHCJAMTL Ta-

. X
Kue npeaenn. Tak xe OOCTOHT A€o0 ¢ BLIYHCACHHEM llmii—;, Korna
x—+a X
limf(x) =limg(x)=0. STOT npelea Heab3s HalTH, NOJb3YACh
xX—+a X0

TEOpEeMOH o IIpejeje OTHOIIEHHS, TaK KaK Npelen 3HaMeHaTels pa-
BEH HyJl0, HeAb3sl HCNO/Ab30BAaThb M COOTHoWweHHA e)—h), Tak kak
npeles YHCJAUTENS] PaBeH HyJ10, B aToM ciyyae roBopsiT, uTO uMeercs
0

HEOMPEACNEHHOCTD .

ARanoruyHo BBOASTCSH CHMBOJMYECKHE 0603HaYeHHs HeOompeieneH-

- oo
Hocreff ——, (.00, 00-—o00,
o0

B Tex cayuasx, KOrla HMEET MeCTO HeONpeleJIEHHOCTh, AJs BHYH-
CJeHHs Npefesa — «PAcCKPHITHS HEONpPeHeNeHHOCTH» — NpeoGpasoBH-
BAIOT BHIpaeHHe TaK, YTOOH NMOJYYHUTh BOSMOXKHOCTh €r0 BBIYHCIHTD.
Huasi Takux npeo6pasoBaHHil HCMOJBL3YIOTCS HJIM TOXKIAECTBEHHHBE (B
NPOKOJIOTOM OKPECTHOCTH TOUKH @) COOTHOLIeHHs, JuGO CpaBHeHHe
nosefeHust QyHKUHHA NPH CTpeMJEHHM apryMeHTa K NMpeAeabHOil TOUKe.

(7] - xs_ l
ITpumep 19. Hailinem lim
X—1 x2 —-— 4x + 3

na i).

0

Pemenue B npokonoToli OKPEeCTHOCTH TOYKH x=1 ¢yHKIHH

x¥—1 P4 x-41
H TOXKACCTBCHHO pPaBHb!, 3HAYHUT, HMEIOT
X —4x 43 x—3
x24-x-41

npa  x—1 omun M tor ke unpepen. [Ipexen lim-=~—"—"— Bpunc-
X1 X —

JAETCA C HCNOJb30BAHHEM YTBEDXKIEHHA O Npejefie YaCTHOro H Impe-

Aeje mHorougeHa., Mrak,

( Heonpene/eHHOCTb TH-

lim (x22+x+1)

. 5 -1 . 24 x4 1 x—1 3
lim—X—""  =lim = =——
x+] x2-—4x+43 x—+1 x—3 lim {x —3) 2
X1
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[Ipumep 20. Haiinem

. O™ - o X L. Fpagx 1 O
iin; E’oxm+B11xm_1+ +ﬁm—11x+ﬁm (m >n=1, aOﬂO#O)

o0
(Heonpezxenennocm -——-)

o0
Pemenue, O+ oqxtl + L.t opx oy
Box™ 4 Prx™ 1 + ... 4 Brax + Bm
1 l 1
G xm=n LR el U I ght=1 T "T

1

\ 1 I
Bo+Bi—4 ... +Bmaa -+ b
X X X

n
C/1e10BaTeNbHO, [im —& i kL M) (npaBuJbHAsA PallMOHAJb-
xroo Pox™ + ... + Bm Po
Hasl Apobb NPH X —= 0o CTpeMHTCH K HYJIO).

Ecnu B uncauTene tako# Apo6H CTOMT MHOTOUJEH HYJIEBOH cTelle-
HM, T. €. KOHCTAHTa, TO CTpeMJeHHe ApPOoOH K HYJK IIPH X->»00 CJae-
AyeT HenocpeACTBEHHO H3 COOTHOLIEHHs €) a5t OecKOHeYHO O6oJsbIIHX
$OyHKIHA,

[Mpumep 21. Hafizem lim (/' %2+ 4x+5 + x) (HeonpeseseHHOCTD

X—r—00
THIIA 00 — 00),

Pemenune. Ecam x <0, 10 (Vx2+4x+5+x)=]/;z—g——“;_5—5 P

5
4+— L
, cnenosaressio, lim (Y i¥+4x4+5+x) =
]/1+ +—-——

H pumep 22. Hajinem lim Y1+ cosx - tg —~ (HeompeneNIeHHOCTD
X7+

tHma 0 - 00),
Pemwenue. Ecmn n<x < i;—, 10 Y'1+cosx =V2cos2—g— =

o X
= —1/2 cos—=, cJenoBaATENBHO,
2

lim V' 1 +cosx -tg-f- = lim (——Vfcos—f—tgf—) =—)2.
Xt 2 x>T4 2 2

Mpumep 23. Haigem lim S(¥ T4 +2)
x—»o0 I (10 4 x3 + x)

( HeollpeieIeHHOCTh

oo
THIIA ——— .
oQ
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Peumienue. Hmeem

4x 2
n (24 4r42) _ 2’n|x]+ln(l+ x ) B
In(xlo+x3-|—x) 101n|x|+1n(1+x_3:;_x_)
4x 42 |
2.1 1n(1+ o )
_ In{x]
xB4+x
10 4 ln(l—i——-—xm )
Int x|

IlpuMenss cooTHouieHue €) Ans GecKOHEuHOo Goabmnx QYHKUHH M CO-
OTHOUIEHHe b) Anf BEIYHCIEHHS NIPEAENOB, MOJyIaeM

In (l+ 4x—i_2 ) 4 2 1
lim X —1im In (1+—”:-_)-1im-—-—=0,
Xmp0O ln|x| X300 x? x>0 ]l‘l|JCl
In (H_L"L‘l_)
lim X =0,
X— 00 In{x]

OTKYy/Ja, IPHMEHAA COOTHOMIEHHS a) H b) ans BHIUHCJEHHMS NIpE/ENOoB,
noJIydaeM

lim In{«24+4x42) 240 1

x->00 10 (%10 + X+ x) 10+0 5°

Mpumep 24. Haiizem lim —— (Heonpeaenennoc'rb THMA -—03—)
X—-}-o0 2% o0

Pemenne MeroloM MaTeMaTHUeCKOH HHAYKIHH JROKa3bIBAETCH,
UTO AJS BCeX HATypaJibHHIX yucen n umeeM n<2”. Ilouab3ysace MoHO-
TOHHOCTBIO MOKasaTenbHoH GYHKHHM 2%, OTCIOZA moJdyyaeM, UTO IJs
x>0 nmeem x/2<[x/2] + 1 <2/ Px/2+1 rne {a] — uenas wacthb
a. CanenoBarearto, aaa x>0 uMeem x2/4<2x+2 g 0<x/2*<16/x, I1pn-
MeHAs COOTHOUIeHHe e€) AaA ‘OeCKOHeuHOo O0JbHIHX QYHKUHHA, n0ay-

yaeM, uTo
lim X =0.
Xx-—>too 2%
[MMpumep 25. Haitnem lim x* (Heompemenennocts THma 0°).
x>0
Pemenne. Heo6xozumo =Halitw lim xInx. Tlonoxum x=2-9,

x>0+
Torna ycaoBHe x—0-4 3KBHBaJeHTHO YCJOBHIO a—--+oo. [Toab3ysch

pe3yabTaTOM NMpeAHIAYIEro IpuMepa, NOJyyaeM, 4To

lim xInx= lim —%"2 _o.

X0~ -+ —-00 20’.
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CJEA0BATEJDbHO,

lim xinx
lim x*¥ = %0+ =e=1.
x>0+

CpaBHenne noseseHus QYHKUHHA PR x—>a.

Onpenenenud.

1. f(x)oog(x) nupu x—a(f(x) asxsusasentha g(x) npu x—>a),
ecad f{x)=a(x)g(x), rae a(x)—1 npu x—a.

2. f(x)=0(g(x)) npn x—a, ecin [(x)=a(x)g(x), rae a(x)
orpaHdyena B HEKOTOPOH TPOKOJOTOH OKPECTHOCTH TOYKH X=da.

3. f{x)=0(g(x)) npu x—a, ecan [(x)=a(x)-g(x), rae a(x)—>0
IpH x—>a.

3ameuanne. Ecan g(x) He obpamiaeTci B HyJbh B HEKOTOPOH
IIPOKOJIOTOH OKPECTHOCTH TOYKH X=a, TO :

f(x)oog (x) upn x—a, ecau lim L% — 1;
x—»a g{x)
f(x)=0(g(x)) npm x—a, ecau OTHOIUNEHHE é—%% OTpPaHHYEHO B
HEKOTODOH MPOKOJOTOH OKPECTHOCTH TOUKM X =4,
f(x)=0(g(x)) npu x—a, ecnu llnz.-;:(_é)i. =0,

OrmetuM, yto cumBojom O(1) obosnauaercs OrpaHHyYeHHass B He-
KOTOPOH MPOKOJNOTOH OKPECTHOCTH TOYKH X=a (YHKIHA, CHMBOJOM
o(1) obGosHauaeTcs (PyHKuHs, UMEIOLlas HYJNEBOH mpeiea MNpH X—a
(6eckoHeyHO Masas (YHKUHS NIPH x—a).

Csoiictsa gsedennsix coornowenuti. (Besne nmoxnpasymesaercs, 4To
x—>a.)

1. Ecam f(x) oog{x), ro g(x)ocf(x) (cHMMMeTPHUHOCTL COOTHOLIE-
HHsA 9KBUBAJEHTHOCTH).

Ecan f(x)oo g(x) u glx)oo h(x), 10 f(x)0 h(x).

Ecau f(x) o g (x), 10 f(x) =0 (g (x))-

. Ecau f (x) =0(g (x)), T0 [(x) =01(g (x)).

Ecna f(x) ¢ g(x), To o(f(x))=0(g (x)).

Ecau nocrogunas €+ 0, To

C-0(gx)=0(gx), C-o(gx))=o(gx)).
00(g(x)=0(g(x), O(o(g(x))=0(0(gx)))=0(g(x)),

0 (0 (g (x))) =o0(g (x)).

h(x) - 0(g(x)=0(h(x)-g(x), h{x)-o(gx))=o0(h(x)gx).
Og(x) - 0(g(x)=0(g*x), 0(gx)-olgx) - o(g ),
0(g (x)) - 0(g (x)) =0 (g*(x)).

10. 0(gx)+0(g(x))=0(g(x), O(gx)+o(g(x)=0I(gkx),

0(g (x)) +0(g(x))=o0(g x)).

1. Eeam [ (x) oo g (%) m h(x) os(x), 10 f(x) - h(x)oc g (x) -5 (x).
12. Ecan lim f(x) =k5=0, 10 f(x) 0 k.

X=r

W3 5TuxX cBOHCTB chenyeT, uTO ecad f(x) oo g (x), To f(x) —g(x) =
=0(g (x)) wan f(x) =g (x) +o0(g (x)). Ecau dyskuusa f (x) npeacrasnena
B BH/E TaKOH CYMMBI, TO TOBOPAT, 4T0 g({(x) ecTb raaBHas 4acTh f(x)
IpH Xx—a.
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[Tpumep 26. PaccMOTpHM coOTHOINEHHE

lim oox" 1 oyt + e + Gn1X + O
X—>00 OlgXx"
ol
G —— =4 .+,
. X X2 xn
= lim " =1, og==0.
X->» 00 0

CJlien0oBaTeNLHO, Opx™ €CTh rJaBHas yacTh

Aex" o x4 Lt x+a, (0g=0) mpa x —- oo,
(O6pamaem BHHMaHue, UTO, HANPHUMEpP, QYHKIUH

Y=o X"+ X" u y=aux" x4 o2

TaK¥Ke SIBJSIIOTCA TVIABHBIMH YaCTSIMH AaHHOH (YHKLHH NPH X—00.}

IIpumep 27.
]im Cﬁ(}xn + alx"‘l + . + an__mxm .
x>0 an_mxm
. QXM - ML L oty
= lim 2T T A e A ) (g, 20, a0, 1<
x—0 CGn.m
Sm<n),
CJIEL0BATE/bHO, @, X" eCTb IJIaBHas u4acTb ogx” + X" 14 ... 4 a, 4™
npu x — 0.
CnpaBesIuBE CAeAYIOlLIHE COOTHOIUEHHS (08a ocHOsHbIX npedesa):
. sinx . ex —1
lim =]1; lim =1,
x—+0 X 20 § 4

B npyro#t sanuchu:

sinxoox, e*—1ocx npr x—0.
Otciona nonyuaeM, uto apu x—-0:

s 9 X x? "
1 —cosx=2sin - O (cBoiictso 11);

sin x

tgx = oo x  (csoiicta 11 n 12);

Cos X
arcsin x oo sin (arcsin x) == x;
In(l4+x) venttn ] =y,

CBefeM TIONyYEeHHBIE W AHAJOTHUHBIE MM COOTHOLIEHHs B Tabjauly
(c. 62). U3 paso6paHHEIX NPUMEPOB CNEAYET, YTO MPH x—>-+oo

1) apx® o+ ..+ X t+oa,=
=0(B0xm+ﬂ]_xm_l+ .o +ﬁm——lx+ﬁm) (aoﬁo#:(), m> n)'
2) x=0(2%).
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DKBHBAJIEHTHOCTL NIPH X — PaBeHcTBO TIpH X = 0
sinx o x sinx = x 4 o(x)
x2 52
I—cosxm? cosx:l—-?—{—o(xz)
fgxcox tgx=x+o0(x)
arcsin x o x arcsinx = x + o (x)
arcfgx o x arctgx =x+ o (x)
ef—1oox e* =1+ xto(x)
In (1 +x)x In(l +x}=x-+o0(x)
(14+x)"—1 o mx (M+x)"=14+mx4o0(x)

ITpumep 28. CnpasennuBu COOTHOILIEHHS:
X

2
145 — 1 2
lim 14 tgbx —cosx =lim +5x+o(x) + 2 To(*) _

3 — 5 2
=0 YT— — YTz 0 1_xT+o(x=)—1——§-—+o(x)

—1lim 5x 4+ 0 (x) = 1lim 54 o0(1) _ 5 ~ 95
— om0 ——qo) =
5 5 5
lim In (e* 4 x} — sin 3x — lim In{l4+2x+40(x)) —3x+0(x) —
- arctg 4x x>0 4x -}- 0 (x)
—1im 2x —3x -0 (x) — lim —140(l) _ 1,
x>0 4x + o0 (x) %0 4-+0(1) 4"
x2
1im tg x —sinx —lim tgx (1 —cosx) —1lim (x-{-o(x))(l—-l—i——é-——l—o(xﬂ)):
x->0 X3 X0 X x—0 x?
—ret®)
= lim =—,
x>0 b2 2

Has yupomeHns BHKNAAOK MOJE3HO 3aMETHTh, YTO H3 COOTHOLIE-
HHAsA foog npu x—a caepyer, yro limh(x)f(x)=Ilimh(x)g(x) uan
X—a

X—>a
oba 3TH npejesa OJHOBPEMEHHO HE CYILeCTBYIOT, T. €. IIPH BBIYHCJIE-
HUH npejena npousselenus f(x)-g(x) oxuH H3 coMHOXUTeaeH f(x)
Hian g(x) (uam o6a) B TOM NPOU3BEAEHMH MOXKHO 3aMEHHTh DKBHBa-
JeutHon QyuruHefl. Iloab3yscy aTHM cBOMCTBOM, pelleHue NpeAbIAY-
1ero NpUMepa 3aMHChIBAETCS KOPOUeE:

x2

x .
. . . 2 1
lim =1lim =lim —— =
X0 x3 x>0 x3 X0 X3 2
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B 5TOM NpHMepe SCHO BHAHO, YTO cooTHoweHue f(x)=o(x) upu

. X
x—0 onpenejaseT TOABKO TO, yTO lim ) =0, noaToMy H3 COOT-
’ x—0 X
powleHu#l sinx=x+o(x), tgx=x+o0(x) (x—0), caelyer TOJBLKO, YTO
tg x —sinx —0

tg x—sinx=o0(x), x—0 (csofictea 6 u 10), T. e Hm -
x—0

HO 9TH COOTHOUIEHHMs HHKAK He MAKT cpaBHeHHs (yHKIHH tg x—sinx
¢ ¢yukuneil x3 Juag raxkoro cpasnerusi Tpebyercsa GoJee ray6oxuit
aHaJIu3. .
Bruumanue! Oana u3 caMbX pacnpOCTPAHEHHHIX OWHGOK NPH BH-
yHCJEHHH MNpejeNna HEeKOTOPOrO BHIPAXKEHHS SaKJIYaeTcs B 3aMeHe
¢YHKIHE, He ABJAIIIeACS MHOMXKHTENEM BCEro 9TOrO BblpaXKeHHs, HaA
5KBHBaNeHTHYIO (GYHKUMI (4ame Bcero TaKas oOwWwHOOYHass 3aMeHa
jejaaeTcsi B OTACJBHOM claraeMoM anarebpamyeckoil CyMMbI).
ITpumep 29. CopaBelJiHBE CJACAYIOIIHE COOTHOLIEHHS:

. - — sin? . —_ 29
lim 2 -2 cos 2x — sin? 2x —lim 1 ‘2c052x+cos ‘x L

x->0 xi x—0 xt
. I — cos 2x)2 . 4xt
=lim ( =lim =4,
P xt x>0 x*

Ecnu xe zamenuTs QyHRuH y=2— 2c082x npu x—0 3KBHBaJEHT-
HOH dyukuuell 4x2 u dyuruuio y=sin?2x sxkBuBaJeHTHOH GYHKuIHEHR
. . 4xR—dx
4x%, 10 monyuyuM lim ———
x=0 x4
YeHHLIM BEPHHIM pe3yJbTaTOM.
. X
MMpumep 30. [Moawsysacey teMm, yro lim —TzO (cMm. c. 59) m
X400
COOTHOINEHHEM e) aaf OeckoHeYHO O60nbIIMX (PYHKLUHH, onyyaeMm, 4To

=0, 4To He coBmajaer ¢ paHee NOJYy-

X 1

1 — . —
lim 25F% . jim A A
X-»--00 2x2+x X—»-00 2%

Ecan xe B dyurkuuu y=2%+*¥ 3aMeHHTb MOKaszaTe/llb KBUBAJIEHT-
HOK mpH x— -+ oo QyHKuuell y=x2, To HOJyUHM

xB
Xx—>-+-00 2xz X->-00 2% 2x=—-x

YTO He COBNAJAeT C pPaHee MOJYYEHHHIM BepPHHIM Pe3yJNbTaTOM.

Ecau uwercs npefen QpyHKuud npu x—a, a0, 1o aas yAoOcrBa
MOXKHO mepelHTH K HOBOMY apryMeHTy y=x — @, Npejen KOTOPOro pa-
BEH HYJIO MPH X—-a.

MMpumep 31. Hafizem lim (x — m/4) tg 2x.

xX—Jt/4
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Pewenune. INonmoxum x — nfé=y, Torna

lim (x—--n—) tg2x=limy - tg (2y + —“—-) =limy(—ctg2y) =
x—b—:'-t- 4 g0 2 y~0

4

=—1im(.y -cosz)=——lim / + lim cos 2y =

y—0 \ sin2y y—0 sin2y yuo
=_(1im-—%’—) =
y-0 2y 2
IIpumep 32. Haiinem
3nx®
cos
2

lim -
>l In@2x —yx)

Pemenne. Ilonoxkem y=x—1, Toraa

cos S cos (—:i:r—c—(l—}—y)“)

lim 2 —[im 2

= n@x—yE) ¥ mEey+2—yTFy)

cor (22 22
os{ =5 -+ 5 ay+0(y))

. 3n
sin (Tay—!— 0 (y))
=lim =lim =

- 1 — 13
§=0 ln(2y+2—l—-*7—y+0(y)) 40 ln(l-i—"-?-'y-l-f’(y))

=£1;i£1 [(3%%4-0(!/)) : (—17—3—.!;+0(y))]=-z—:;m-

Tlpumep 33. Haiigem

tg ax

lim(sinnx+4+x) 2 |
Xx—1

Pemenue. Bruyucaum

x—1

lim [tg-l;- In (sin :rtx—}—x)],
nonarasg y =x — 1. Mmeem

X1

lim [tg% In (sin s+ x)] — lim [tg’i‘i’-;ill In(sinn (y +1) +
y—0

+y+ l)] = —lim [ctg 2 +y--—sirmy)] =
y—0 2

= —lim [_2_ (y —sin ﬂy)} i 2= to () _ 2(x—1)
y—+0 ny y-0 Yy n :
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Cu1e110BaTe/bHO,

tg nx 2(n—1)

lim(sinnx+ x) 2 =e =
X1

OTMeTHM, uTO NPH X—a yTBepxAeHHs «f(x) oacg(x)» u «g(x) ecTb
rnasHas uacTh f(x)» paBHocuapHB. Tak Kak QyHkuusa f(x) npu x—a
uMeeT GeCKOHeyHOe MHOXKeCTBO IKBHBAJIEHTHHIX (GYHKUHH, TO NPH IO-
CTAHOBKE 33434 BHAEJEHHS TJIaBHOH 4acTH f(x) npu x—+a, T. €. Ha-
XOX/JE€HHH 3KBUBAJEHTHOH (PYHKIUH, YKA3HIBAETCA, KAKOH HMEHHO BHJ
3Ta rJaBHas 4acTb AOJIXKHA HMETh.

I[Ipumep 34. Haiinem raasuyw uacTs BuAa Cx® Ans (YHKUHH

3/>% 1—x?
f(x)—_—.Vx+ Vi3 .lnm— npu x 0.

Pemesune. HmeeMm

Vx+;/x_2 -ln—:—_i:_-i—:-—=vx+x2/3-ln(l-——l-?-f—zx7)=

1
3

=|x| x173 1 .11—1(1____3’2’_)N|x|1/3.(_2x2):

14 x*
=—2{x|7B (x 0).

ChemosaTtenbHo, ryaBHO# yacTeio f(x) mpu x—0 saBaserca QyHK-

L Hst

g(x) =—2|x|™.

IMMpumep 35 Haitgem rnasuylo yacts suaa C(1 — x)¢ ana dynk-
Ly

f) =4y x — 5y % +1 npn x—1.

Pemernue, Ecau BBecTH HOByIO HepeMeHHyl 2=1-—x, To moay-
UM, 9TO

F()=4(1—2)V* —5(1 —2)15+1=4 (1 —-—Z——;—o(z)) —

.__.5(1_—"5--}—0(2))—}-1:4-—z+0(z)—5+2+0(2)+1=0(Z)- ‘

TakHM 06pa30M, 3THM METOJAOM MHl He MONYUYHJAH (YHKIHIO, SKBMBA-
JIEHTHYI0 paHHOH. BBegem mepeMeHHyo f Tak, yToOH H30aBHThCA OT
HppaluoHaapHoCTH: x=129, Torga Tak Kak x-»1, 10 f-1 u

]l —x=1—2=(1—0)(1+t4+2 4+ ... + 1% 0 20(1 —1),
1 —x
20

1 —f~
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[(x) =4t —5tt+1=(1 —1£)? (43 + 32+ 2t + 1) o0 10(1 —1)2.
CaenoBaTteabHoO,

(A—2? ;o=
400 40

f(x) 00 ——r—
Hrak, rsasnofi yacteio QyHKuuu f(x) seasercss GyHKIHA

D (x> 1).

=
g ="—3

ITpumep 36. Halfinem riaBnyio uactb Buia Cx® njst QyHKIHE
[ (x) =arctg x — arccos L IIpH X — + 00,
X

Pemeunne. Hmeem

lim (arctg X — arccos —~1——) =0,
X0 X

CJIeNOBATEJILHO, TIPH X —- -} 00

(arctgx —arccos—-—l—-) oo tg (arctgx — arccos .l.)‘___ x—VE_1
x x /i |4 xyE—1

1 1
= . N0

x+VE—1 ( 1 I/ 1
x3 + 1 — )
x2 x2

1 1 1

. Qo .
xz 1 2x3
x(l—}-l/l-— pr )

a0

1

Hrak, raaBHOf uwacThlo (YHKIHM siBaseTcsl QYHKOMSA g (x) = " (x —~
X

—» +- 00),

IIlpumep 37. Haiinem acumnToTel rpaduka dynkumn y=x-+1 +
+ Var+3x+7.

Pemenne. Ilpn x-— 4 oo umeem

y=x+1+4+x =x+l—|—x(1+zix+

+ +o(x)) =2 +—=+o(l),
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a Nnpu x=-—00

y=x+1-—-x‘/ 1—1——3—+L2 =x+l—x(1 +—3——|—
X

X 2x

7 1 1
W oL 1),
+ = +o(x)) —+o(l)

Hrak, rpaduk fanHof OYHKIMH HMEET NPaBYI0 aCHMOTOTY Y=2x-+
+ 5~ H JIEBYI0 aCHMITOTY y=—1/2.

§ 2. NIPEJEJ NOCHENOBATEJIBHOCTH

ITocaedosareavnocts {@n} ecTh PYHKIHSA, 3agaHHadA HA MHOMECTBE
HatypanbHex uncen N={l, 2, 3,...}. 3T0 MHOXKECTBO HMeeT eIHH-
CTBEHHYIO NpPeAEALHYI) TOUYKY — HecOOCTBEHHYI0 TOUKy -+oo. Ilepe-
dopMynupyeMm omnpeaeneHue npedesa GyHKUUM Ha cay4dad nocaedosa-
resvrocTu: A =1im a,, ecin ans moGoro nonoxuTenbHOro &(Ve>>0)

N0

uainercst takofl noMep N(HUN), uto ana mawoboro n, n>N(Vr>N),
CIpaBeJJIuBO HepaBeHCTBO IA—an|<e. Ecin BMecTO MHOXecTBa
BCEX HATypaJbHBIX YMCE] B3STh HEKOTOpOe ero OecKOHeYHOe MOAMHO-
xkectBo {n:}, k=1, 2, ..., ng<flg4;, TO NOJYYHM NOANOCJIEIOBATENb=
nocte {an}. Ilpenen moamocsienoBaTeIbHOCTH {@n}, €CAH OH CY-
ILECTBYET, HA3LIBAETCH HACTUYHbLIM npedesom OanrHol nocaedosareab-
HocTU.

Ecnu nocnefoBaTebHOCTh OTPaHH4YEHA CBepXy, TO H MHOMKECTBO
BCeX €ee YACTHUYHBIX MPEeJEeJOB OTPAHHYEHO cBepxy. Torma A0KasH-
BAaeTCH, UTO 3TO MHOXKECTBO 00653aTeNbHO COAEPXKHT MaKCHMaabHBIHA
9J€MEHT, DTOT MAKCHMA/bHbIH S/JICMEHT Ha3BIBA€TCA BEPXHMM Hpeje-
JOM pnaHHOH mnocjenoBaTeNbHOCTH W 06o03Havyaercs lim a,. Hpyramu

n-—>o0o

caoBamMu, A=1im a,, ecnu Ve >0 IN : Va>N : a, < A+e

= 00

SOC | {ank}:LLrannk=A.

Ecan nocaenosatensEoCTh He OrpaHHueHa csepxy, o  lima,= +

00

+ oo,
Aunajgornuno onpegeasierca  lim a, — HuxHHA Opeaea nocjenos
n—o
BaTeNbHOCTH {@,}. Ecsqiu mociefoBaTe/bHOCTh, HE OTPAHMYEHA CHH3Y,
10 lima,==-—o00, B NpoTHBHOM cJyuae B=lima, ecTb HauMeHbIIHH
R—-o00 1l w00

M3 YyaCTHYHBIX Npeaenos, T. e. B=lima,, ecan Ve>0 HN:Vn>N,

an>B—¢ u H{an,}: lima, = B.

koo

n—>co

Ycaosue CyuleCTBOBaHHA IMpeacja nodJejoBaTeNbHOCTH 3SKBHBA-
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JIEHTHO YCJIOBHIO DaBEHCTBA BEPXHEro M HUIKHEro NpenesoB 3TOH mo-
CJeL0BaTeJbEOCTH.

Tak Kax nocJe0BaTeNbHOCTb €CTh PYHKIHA, 3ajaHHas Ha MHOKe-
CTBE HATypaJ/JbHBIX UHCeJd, TO BC€ DPACCMOTPEHHHIE BbllllE METOJAH BH-
YHCJAeHHs NpeaenoB (GyHKIHH NPpHMEHAIOTCH M AJs BbIUHCJIEHHS Ipe-
J1€JIOB TI0CAEe10BATENbHOCTEH.,

PaccMOTpUM elle OAMH METOJ BHIUHCJEHHST mnpeaeda Moc/JeloBa-
tTesbHOCTH. PasfepeM ero Ha nmpuMepax nocJjeloBaTeNbHOCTEH, 3a/laH~
HBIX pPeKyppEeHTHO.

[Ipaumep 1. PaccMOTPHM NOCTEAOBATENBbHOCTh @y =1, Gpy1 =
[ .
— —2-+1, Vhe NIlpexae Bcero BHACHHM, cyilecTByeT Julima,.

2 n—>o0
MerosoM MaTeMaTHUeCKOH HHAYKUHH MpoBepsieM, uTo st Joboro n
CIpaBelAHBO HEpaBEeHCTBO a,<2. OTciofa noJayuaeMm, 4TO Qypip)—
—Qp=1—a,/2>0. TakuM o06pa3zoM, {a.} MOHOTOHHO BO3pacTaeT H
orpaHuueHa cBepxy, CJe40BaTeNbHO, NMOCAEJ0BaTebHOCTh {dn} HMeeT
npenen. O6osnauuM ero yepes A, Ilaa omperenenuss A nepeisieM K
mpefiesly B PEKYPPEHTHOM COOTHOIIEHHH Qny1=0an/2+ 1, uMeeMm A=
=A/2+1, orkyna A=2. Urak, lima,=2.

n—»0oe

ITpumep 2. PaccmMoTpuM noc/ieRoBaTelbHOCTh

a,=VeVoyr . . 1V2

(n xopueit). BospacTanue a, ¢ pocTOM n cielyerT HEMNOCPEACTBEHHO
u3 GOpMyJB AJs  a,. Jna toro utobn cAenaTbh BHIBOA O cylle-
CTBOBAHHH IIpejena &, HeoOXOAHMMO mNpPOBEPHUTb, UTO IOC/EAOBa-
TEeNbHOCTh @, OTpaHuueHa cBepxy. JMleficTBuTenbHO, 3aMEeHHWB B I10-
caenHeM paauKanie yucao 2 Ha 4, TEM CaMHM YBEJAHYHB BhiDaXKeHHE
IS @y, TIOJYYHM, 4TO AJas Awboro n BumoJassercs a,<2. HUrak,
lima, cymecrsyer. O6osnauum ero uepes A. dna onpenenenus A

-0
mepeiiieM K Opeaeny B PEKypPPEHTHOM COOTHOWEHHH @,=V 2+ an,
umeeM A=}2+ A, orkyna A=2. Urak, lima,=2.

n—-ow
Ilpaumep 3. PaccMoTpuM mnocJaen0OBaTeAbHOCTh @,= (—1)7, ne
eN. Tak KaKk Gy, =1, a1 =—1, 10 lima,=1, lima,=—1, o7-
l—»

=00

KyZa cJeAyeT, YTO AaHHas NOCJAEAOBATENLHOCTb INpeAeja He HMeerT.
Unens ee yAOBJETBOPSIOT PEKYPPEHTHOMY COOTHOWUEHHIO Qpn=-—0y_i.
Ecau dopManbHO nepefiTH K npepeny B 3TOM COOTHOUIEHHH, TO IIOJY-
yuM lim a, = — liman,_;, otkyna lima,=0. 9ToT nNpPHMEp nOKa3H-

=00 n—>w n-0o0
BAaeT, YTO BO3MOXKHOCTb NI€PEX0Na B PEKYPPEHTHOM COOTHOLUEHHH K
npeneay poJsxHa ObpiTh 0O00OCHOBaHA, T. €. CYIECTBOBAHME [pelea
JOJXKHO OHITH YCTAHOBJIEHO 3apaHee.

BolupcieHne BepxHero H HHXKHEro IMpeaesioB NOCJAEI0BAaTENLHOCTH
CBOJAUTCS K TOMY, YTO BHIAEISIOT CXOAfIIHEcHs MOATIOCAESA0BATENbHO-
CTH M CPaBHHBAIOT HX IpefeJibl — YAaCTHYHBIE NIpeAesbl HCXOAHOHA flo-
CNe0BaTEILHOCTH.
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n
IMpumep 4. [ycTh JaHa NOCAEAOBATENBLHOCTb @, =n—1", n& N.
Tak Kak aas Jwo60ro n uMeeM, u4To a,>0, To m0b60#k YacTHUHHI npe-
aeJ 3TOH MOoCJeN0BaTeNbHOCTH HeoTpuuaredeH. ITocKonbky asn=2n H

10 lima,,=lima,= + o0 u limag4 = lima,=0.

a: T s
nt 2n+41 n—roo f—-00 n—oo

n—-co

IIpumep 5. Ilycrp AaHa nOCAENOBATENLHOCTL @, == (2 -+ cos%?) X

X (1 + ~l—cos %’L) neN. Tak kak Aas m0GOTO 1 HMEeM, 4TO &n <
n

<3(1+1/n), 1O Ti_r'ﬁang 3. C napyroii cTopOHH, ajoe=3(1+1/12k),
1—» 00

OTKyAa ciaepyetr, yto lima, =3, Toudo Tak e M3 COOTHOUIEHHH Qn==

n—,co
>=1— ln, paa neN ¥ agys=1, kN, caeayer, yro lima,=1.
i =»c0

3aMeuaHue B 3ToM npuMmepe KpoMe NOAMNOCACAOBATENLHOCTEH
{aiox} U {Ger43} CYIECTBYIOT M NOANOC/AEROBATENBHOCTH, CXOAsLLHECS
K npeneay, oramuynoMmy or 1 u 3, nanpumep {aer42). Ee mpenea pa-
BeH 3/2.

Hcoonb3ysa nmoHaTHE npepena ioclneA0BaTeNbHOCTH, MOXKHO JaTb
ONpENeICHHA BepxHez0 H HuicHezo npedeios ¢pynkyuu f(x), xE:

uucao A ects Bepxumi npefen ¢ysruuu f(x) npm x—-a (o6o3na-

yenne A= limf (x)), ecin Ve >0 U (@):Vx=U(a), xE, f(x) <

< A+ eu cymecTBYeT NOCAEROBATENLHOCTb Xp—>a, I Kortopofl A=
= limf (x,). Uncao B ecth Huxuuil npeaen ¢yHKuuu f(x) npux—a

—>00

(o6o3nauenne B=lim f(x)), eciu Ve >0 AU (@):VxeU(@), reE

X=d
f(x)>B—e u cymecTByeT [OCJeA0BATEABHOCTD Xp—+@, IJs KOTO-
poii B=lim{(x,).
k—o0

YcaoBue cymecTBOBaEus npeAena (DyHKUHH [IPH x—*>a SKBHBAJEHT-
HO YCNOBHMIO PABEHCTBA €€ BEPXHero M HHUXKHEro npelesoB IpH X—-a.

[Ipumep 6. Pacemorpum QyHKIHIO f(x)zsirl—n— npu x—0.

X

C ozHOH CTOPOHHI, -—lgsin—n—gl nas Juoboro x, x=£0; ¢ apyrod
4

1

. k1]
CTOPOHBI, €C/IM Xp = ke N, 10 x,—0 H sin—=1; ecau

2k 4 1/2 ’ Xp
= 1 ~ .. T
X, = ———eo k&N, 10 x, >0 H sin——=—1. Orcrioga ciexgyer,
T 9r—_1/2 B x,, A o
yto limf(x)=1, limf(x)=—1. CnegosaTenvHo, jgaHHaA QyHKUHS
-0 =0

npeneqa npH x —0 He HMeer.
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§ 3. BBIYHCIAEHHUE NPENEJOB C MOMOILIO
SOPMVYJbl TEAJIOPA

HNuorga cOOTHOUWIEHHSI HKBHBAJEHTHOCTH MOTYT 0OKa3aThCHd HeEAO-
CTATOYHBIMM AJISl ONpEAeeHUsl TJIaBHOH YacTH (QYHKUHH [OpH X—-a.
B rakom ciayuae OZHHM H3 METOAOB OIpeleJieHHs IJaBHOH UacTH sB-
JsieTcss pas3JyioxeHHe QyHKUHU B MHorouseH Teilnopa ¢ 0CTATOYHBIM
ynesom B ¢opme Ileano. Ilpu 3TOM BaxHO, ¢ OAHOA CTOPOHH, HE IIO-
TePATh UNEHOB HYXKHOTO MOPsJKa, B3SIB CJAHINKOM MaJyK CTENEHb
MHorou/jeHa Te#nopa, a ¢ APYyrofl — He BRINKCHLIBATL JIMIIHHX YJIEHOB,
TaK KakK 9TO 3arpOMOXKJaeT M 3aTpPyAHseT BHKaaAku. [lostoMy npu
BHUMCNEHHH MNpeJesoB [0J€3HO OUEHHUTh 3apaHee, KaKoro nopsika
MaJIoOCTH NOTPEUIHOCTh YK€ HE BJHAET Ha Npeles COOTBeTCTBYKOIIETo
BHIDaXeHHu4.

Mnrozousenom Tediropa nopsadka n pynkyuu f 8 TouKe a siBAsieTCs

n

mHoroused 7,{f, a) Buna Z ¢, (x—a)* Takot, uto f—T,(f, aY=
==0

=o0(x —a)™. IlpuBenemM crexnymomHe 0CHOBHEE (POPMYJIBL:

.+-—x:1 +0(x"), x—=0;
n:
2n

(2n— 1)!

n—1

6) sinx:x——’;—j-{—;—?-}- A (=1 +o(2n), x—0;

B) cosx~l——j—+—x:—+ +(——-1)"—§— + o (x2*+1), x —0;
2 (2n)!
r) ln(l+x)==x~—-—%-—+—-§—+ ...+(—-1)"_‘£+0(x”), x-»0;
n

m{m—1)

0 (1+xm=14mx+ = . P IR

+m(m—1)...(m———n+l)

n!

x" +4o0(x"), x—0.

O6paTuM BHHMaHHEe Ha TO, YTO CTENEHL MHOrouYJeHa Te#jaopa
T,(f, a) moxer 6bITb M MeHbllle ero mnopsaka (Ooabile He MOXeT
ObITL MO ONpEeAEJEHHIO), T. €. Jl00ble ero Ko3(pPHUIHEHTH, B TOM YHUC-
Je ¥ IIPH cTaplIMX CTEelleHsX, MOryT GuITh paBHH HY.JI0. B uyacTHocTH,
ONHH M TOT XK€ MHOrO4JeH Moxer OnTh MHOroudeHoM Tekaopa pas-
HBIX MOopsAAKOoB (yHKuuu f B Touke a. Hanmpumep, Muorousen x-—is—
ABJSIETCH MHOrou/eHoM Telnopa Kak TpPeThero, TaKk H 4eTBEPTOro Io-
PALKOB (YHKIHH sinlx B HYJAEBOH TOUKE.

[Ipumep 1, Tycre y(x) =(x*—2419 e**. Tak xak y(x)oox® mpu
x—0, T0 Bce MHorouneHn Tefijopa HHXKe HIECTOTO nopsiLKa OYHRIHHA
Y B HYNEeBOH TOYKE NPEACTABAAIOT c000# TOXAeCTBEHHBIH HyJb (Co=
=( =Cy=(3=C4=C5=0). Tak Kak y—xf=0(x%), x—0, To MHOrou/seH
Tefinopa wecroro nopsaka Te(y, 0) GYHKUMH y B Hy/J€BOH TOUKe
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ecTh x5, a Tak kak € =1+ x*+ o(x*) u, ciepoBaTesbHo, Yy(X)= (x'—
900 (1 4+ x4+ 0 (H))=x— 1040 (1), 10 Te(y, 0)=T,(y, 0)=
=Tg(¥y, 0)=Ty(y, 0) =2 u Tyy(y, 0) =x"—x™.

M3 Bcero BHIIECKA3aHHOTO CJAEAYeT, YTO ecqii B MHorowleHe Tefi-
Jopa nopsiika n QyHKUMH y B TOYKe a BCe KOI(DHUIHEHTH ¢; C HOMeE-
paMu MeHblie B (k<n) pasunl myal0, a ¢x7#0, To npu x—>a uMeem,
yto yoo T, (y, 0) oo cp(x — a)?,

Hcnonpsyst dopMyan a)—a) AJsl HaXOXKAEHHs MHoroyjeHa Teil-
nopa, HeOGXOAMMO NDaBHJIBHO OUEHHBATH OTKJIOHEHHE IOJyUYeHHOTO
MHOTOYJIEHAd OT AaHHOH (YHKUHH, WHaUe MOXKHO JONyCTHTb rpyOnie
OIIMOKH,

[Ipumep 2. Halinem wmuorounennl Teilopa mnepsoro, BTOPOro,
TPETbEro M YeTBEPTOro NopsinkoB ¢yHKuuH y=In(l1+x+x%) B Hy!e-

BOH TOUKe.
n
Penrenue. BocnonssyeMcs dopmynoit In(l + a)=2 . +
l
i=1
+ o (&™), a—0. B nameM npuMepe a=x+x2 3aMeTuM, uTO QOO

oox, x—0, caepoBateabto, o{a®)=o0(x"), x—0, neN. IlosTomy
In(1+x+x2) =a+o0(a) =x+x?+0(x)=x+0(x)., Hrag, wMHOrouneH
Tefinopa nepsoro nopsaxa QyHKUMH y B HyJAeBOH Touke ecTb 1:(y,
0)=x.

O6paTuM BHMMaHHe, 4TO IIOCKOJLKY y=x-+x?+0(x), TO He/b3d
yTBEepPXAATh, UTO MHOTOUJEH BTOpPO# cTeleHH x-x? sfBJAeTcss MHOTrO-
uneroM Teiiopa Broporo mopsaaka GyHKIHH B HyJeBoH Touke. Iloka-
KEeM, 9TO 3TO HeBepHo, [lelicTBuTenbHO, mpu x—0 In(l+x+1%)=

=In(l+a) Zo‘“aTz + 0 () = (x + xz)—-;'“ (x + 122 +o(x%);  upw
PAaCKPHITHH CKOGOK HCIOMB3yeM To, uTo0 x*=o0(x?), ecau k>2, keN,
cnemoBarennHo, (x4 x”)—-——;— X+ +o(x?)=x+ xﬁ——mé- x2 40 (x?).
Hrak, maorounesoM Teisiopa BTOporo mopsiika QyHKIUKK y B HYyJeBOH
TOYKe sBasiercs MHoroujgeH T,(y, O)=x+ —3‘5- Takum xe o6pa3oM

noJiygaeM

In (1 +x+x2)=x—|—x2—-—-;—(x—|—x2)3—i—%(x—|—x2)3+o(x3)=
=x+x2—% (x2—|—2x3)——:13— x3+o(x3)=x—|—%x2———;— x3 + 0 (x3),

CJIe0BaTeMbHO,

1 4
Ty(y, 0) =%+ — e

In(1 —i—x—|—x2)——=x+x2—%(x -|—x2)2+—;-(x +x2)3-—%-(x+x2)4 +

+ 0 (x%) =x+—%~x2—%x3-—%—x4+o(x4),
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¢Jle0BaTe bHO,
4

1 1
T|4 (y, 0) =x+-—2—x2""‘?x3'—'-z- xt.

[Tpumep 3. Haitgem raasuyio wacts Buga C|x|® ¢yHRILH
y(x).msinx———ln(l +x+ _x;___::_) npu x—0.

Pew enue, [Tonbayscs popMynamu 6) u T), nullleM HOCNEfOBaA-
TeJbHO MHOrowleHnl TeHyopa ¢yskuuu y(x) B HYJeBOH TOYKe yBeJH-

YHBAIOLIErocs MOPAZKA, MOKAa He NOJYYHM MHOrOYANeH, OTAHYHEIH OT
HYJIS.
a5 nepBoro mopsnka HMeeM

y(x)=sinx—In (1 +x+f§-—-—‘:-) =(x4—o(x))—-(x+o(x))=

=o0(x), x—0,
1. e. T,(y, 0)=0.

Hns BToporo mopsaxa
Yy(x)=(x+o0(x*)— (x + i:—-———é— x40 (x’)) =0(x?, x—=0,

T. €, Tg(y, O)EO
Hans Tperbero mopsiaka
y(x) = (x-——iﬁa— +o(x3))-—-(x-|— i;———-;- (X2 4+ x8) +—;-x3+o(x3)) =
=0 (x%), (x—>0),
T. €. T3(y, O)EO
Ins yetBepTOro nopsinKa

Yy (x) = (x—-fﬁi+0(x‘))-—(x+ i__”l__L(xz+xa+1‘_)+

o (xs+_3L2”i)_--i_ B+ o0 (x‘)):o(x“), x>0,

T. e. T4(y, 0) =0.

s naroro nopsiaka
x5
120

W =(x— %t To o))~ (x4 L (24wt

2 8 2

_x‘___x_5 1 q, 3 By 1 4 5 _l__ —
+ )+ (2 ) 2 o)

z—%—x"—i—o(.ﬁ), x—0,
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t. e. T4y, 0)=—T15-x5 U creneHHas (QyHKUUA _—113—"5 ecThb I'JIaBHas

4acTb (QYHKIIHH y=sinx-—ln(1+x—|— -‘%-—-’g—) npu x-—0.

[IpuMep 4. Hafinem rnaBHyw dacts Buaa Clx—1]|% yuguun
y:;/}c”--x‘—i—l-—-jsfe"—l npu x — 1.

Pemenne., YUro6m BoCmo/ib30BaThCst (GOpMysaMH a)—n), chaes
JlaeM 3aMeHy nepeMeHHoro x=1I+1, Toraa 3azaua CcBOZHTCH K Ha-

XOX(llJt:-tHHIO raaBHof uactd Buaa C|t]® dynrumn y(€) =1+ + 24—
2i-f12
—e ® npu 0. [Monb3ysick dhopMysnaMu a) H 1), NHIIEM MOCJ]ELO

BaTeJbHO MHOroujenn Telsopa yskuuu y(f{) B HyJeBoli TOuke ygme-

JUYHBAIONIErocsl MOPAAKa, MOKAa He MOJYYHM MHOTOWIEH, OTJIHUYHBIH OT
HYJIS.
Ins mepporo mopsaaka

g =(1 48 —eite= (14 —t40())—
-—‘(1 + I—:-+o (t)) =0(f), t—0,

T. e. T, (y, 0) =0,
ILJIH BTOPOro nopsaakKa

1 3 ¢ ? 1
f) == — (+B)——1 ) | — —_— e ——
5) (1+ e +O(t)) (1+ P Tt e
+o(t2)) = 0(f?), t~0,
T. e. To(y, 0)=0.
Hast tperbero nopsinka
1 3 7
D=1 +— ({4 &)—— (12 8) 4 e f3 3) | —
y () ( + (O —— (B + 2% + =t +o(t))
U SRS S S B O
(1+ 4+8+2(16+32)+6 64 +o(t))
=-——é—t3+o(t3), t 0,
T. €. Ty(y, 0) =—-——é—t3 H CTefeHHass (yHKUUSA ——%t*’ ecth TJIaBHad

yactb GymkmuE y(f) = (1 + ¢t + ¢3)'"—et/A+#8 npy~ > 0. Boappamiasich
K DepeMeHHOMYy X, NOJayyuM, 4yro ¢yHKnHg —1/6 (x—1)® ectb raasuas

qacTh PyHKBHH Y (X) =14/rx2—x+ I——f/c"—l npR x— 1.
r3

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

I[Ipumep 5. Halinem npenen

lim sin (sin x) -—xs'/l —_x2

x—0 Xxb

Pemenue Tagk Kak B 3HaMeHaTeJe CTOHT x5, TO JOCTaTOUHO
HafiTH pa3jioxXeHHe YHCIHTENs] B MHOrouwleH TeHa0pa ¢ MOrpeIlHOCTHIO
nopsaaka o(x%) npu x—0. Tak xak sinxox, T0 0(x%)=o0(sin®x), x—=»
—0. 1o popmyne Telisopa umeeM

<o fos o in . S sin® x . 5
sin (sinx) =sinx 5 + 120 ~+ o (sin® x),
sinx-—x—--f:-+ i + o0 (x%)
- 6 120 )
Torpa
sin3x=(x——%+ 1";0 +0(x‘))3=(x+a(x))’=

=x3 4+ 3x%-a (x) + 3xa? (x) + a® (x),

rae a(x)=——’§—+ 1’;50 + o (x8). ITosTomy a(x)co—-—’;-a-, x—0; xa? (x)~o
Nx-sié=o(x5), x—0; or.3(x)m—-—2x+6-=o(x5). x—0, u, crenopa-

. X8
TeJILHO, sm3x=x3——-—;——x5—|—o(x5), x—0. Tak kak o () C\:—-—G— =0 (x),

x—+0, 10 x+a(x)cox, x>0, v sintx=(x+a(x)’c0x® x=0, 1. €
sin®x =x® +o0 (x5, x— 0. Hrak, npu x -0
¥ x5

& T 120

X6

+o0 (xs)——-%,— (x?'——) +

sin (sinx) =x— 5

5 1 B) — O B 5
+ 0 (x%) + o0 P+o(x®)=x 3 + " + 0 (x5).

AHaNoruuHo

1
#V TR =2 (=) = (1= = 0 () =

=x—%x3—-—;—x5+ o (x°).

Hrak,
sin (sinx)-—:::13/1-———-Jc2 =x—-—;—x3+-1-16-x°+0 (x3)—x +
+-—-1—x3—i——1—x5—|—o (x%) :—l-g—x5+o (*®)
3 9 90 ’
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H, CJIef0BaTeNbHO,

3 e

. sin{sinx)—x+y 1 —x% .
lim ( ) Y =lim
X0 x5 PN

19 o(x%)\ 19
( 90 + x5 ) 90

IIpuBeneM eie psig NPHMEpPOB PasJOXKEHHS MO CTENeHSIM X HEKO-
TOPHIX QYHKUHI,

[Ipumep 6. Halinem pasnoxenne pynkuun y=tg x npu x—>0 no
nopsanxa o(x°).

Pemexnue. Ilepsnit cnoco6. Umeem

-1
2

tg x =(sinx) (1—sin®x) ~ =sinx (1 + —;—sinzx-i-—z—sin‘x—i—

—!—o(x")) =sinx—|—%sin3x+-—2—8in5x+O(xb)=

I DR S LI PO ’
.ﬂ[x S + ™ +o(x°)] + ; [x 5 +o(x“)] +
[+ o (P +0 () =x— 42—t o () +

8 6 120

A s ¥ 5y L S b By
—|—2x 4—i—o(x)—|—8x—i—o(x)

—x+ 2 4 2 yo(x%) (x—0).
3 15

Bropoft cnoco6. Hapnexur naiitu pasnhoxenue ¢yuxuun tgx no
CTENeHsIM X ¢ morpeurHocTbio 0(x°%) mpn x—-0, MmeM 310 pasnoxeHnue
B BHJE

tgx =ay+ a,x + ax® + agx® + axt + agx® + o (£%).

M3 Toro, uto y=tg x — HedeTHas QYHKHHS JerKo MOKa3aTth, UT0 do=
=ay=a4=0. ITocko/bKY tg xo0 x npH
x—0 4 ax+axd+ax’+o(®)xcax, x—0, 0 q=1.
Jns HaxoXaeHHs OCTaNbHHIX KO3((HIHEHTOB HMeeM COOTHOLIEHHE
sinx= (x4 asx®+asx®+0(x°)) -cos x, x>0,
HJH

x3 x°
x...._. e
6 T 120

+ 0 (x%) =
— 3 5 5 X 5
(¢ + 02+ a8 +0 () (1~ -+ Z-+0 (),
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T. €.

X w 5y — a( __L)
X 6+12o +o (¥} =x+x|0a, > 4

+ %8 (ab———iz;— _él?) + 0 (x9).

[Mone/uB 5TO PaBEHCTBO HA Xx°, MOJyyaeM
1 x2 2 1 3 ay 1 ) 2
—— - ——d o) =ag——+ X | Gy — T o{x*).
L2 o) a4t (G ) T O
Ilepexons K mpejeny npH x — 0, monyyaem

L g, T.e ay=
5 % g2’ %3
AHAJOTHUHO H3 COOTHOILEHHA

x3 a 1
0(x?) =« [ @g——>- -——) o (x?
120+ (%) (5 2 24 +o(¥)

noay4um, uyto as=2/15.
1 2
Urak, npu x -0 nveem tgx=x+ ?x"’—I—?ﬂ + 0 (xP).
TIpy pa3ioeHUH DPalHOHAJBHBIX JApobedt yao6HO MOJb30BATHCA
MeTOAOM AeneHHs MHOTOWIeHa Ha MHOTOWIEH YIJVIOM.
IMpumep 7. Haiizem pasaomenne Qynkuun
14 x—4x2 4 243

e e 10 a o(x") mpu x—0.

y:::

Pemenue Hueeu

14 x—4x24+2x% 143x+ 42
14+3%+ 2 [ 9g+ x4 x*—4xd +11x° =200+ 7657 +o(x )

—2x—bx?+2x3
—92x—6x2—2x3
XA
x2 4+ 3x34-x1
x3____ x4
T34 3x 445
—4xt— B
11x3 -+ 4x8
—29x8—11x°

767+ 0 (x7).

[Ipumep 8. Hafinem pasjoxernHe dynruuft y=shx u y=chx
mo nopsaka o(x”) npu x—=-0.
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Peumenue, ITonyuaem, 9o
e¥ — e~ x2 x3 x4 xb X8

_ _L XX
shx = 2 _2[(]+x+2!+3l+4!+51+6!+7!+

nY (1. x2__x3 X8 x6 X7 . _
+ ol )) (l x 2! 3! + 4! 5! t 6! 7! +olx ))}
x3 xB

X7 -
— 7 0).
x+3!+5!+7! +0(x) {(x—0)

AH”agoruyuo
ex ex
chx= +

. x? x4 X8 .
=14+ o + i + o +0(x) (x—0).

3adauu

1. Joka3aTh COOTHOIIEHHA (x-+a):

a) ecan f(x) o g (x), To g(x) oo f(x).

6) ecnn f(x)~o g(x) u g(x) X h(x), 10 f(x) Nh(x)

B) ecJH f(x)>° g (x), TO f (X)”O(g (x));

r) ecan f(x) =o0(g(x)), 10 [(x) =0(gx));

1) ecan f(x)oo g(x), 1o o(f (x)) =0 (g(x));

e) ecmu C—xkoucranta (C=£0), To C- O(g (x)) =0 (g (%)},
C-o0(g (x)) =o0(g (x));

() (0§)0 (g(x)=0(g(x), O(o(g{x)))=0(0(g(x)))=0((gx))=
=0(g .

3) h{x)-0(g(x))=0(h(x)-g(x)), h(x)-0(g(x))=0(h(x)-g(x));

H) O (g(x))-0(g(x)=0(g*(x), 0(g(x)-0(gx)=0(g?(x)),
0 (g (x))-0(g(x)) =0(g*));

k) O (g (%) +0(g(x)=0(gx)), 0(gx)+o(g(x)=0(g ),
o (g (x))+o(gx) =0(gx);

J) ecnu f(x)mg(x) u h(x)ocs(x), 10 f(x) 2 (x) >0 g(x)s(x);

M) ecan lim f(x) =&, k0, 1O f(x)f\:k

X=»a

2. IlokasaTp, uto aAg Jwbeix a>1 1 p>0 npu x—-+o00 xP==
=9(a¥), Inx= o(xP) H UTO llxl_li_(ctgx)‘g"——l

3. ITokasate, uto mas awboro p>0 npu x—0 Injx|=o0(1/x?).
4, ITokasatsb, yto x — sin x=0(x3) npu x—-0.
5. Hafitn raaBapie yacTd - puAa Cx® mpu x—-+ 00  CIeAYIOIIHX

$yHRIHIT: .
a) b:;i+z:;;_1: j_i:l:xtfz;n 6) Vx + Vx+ Vx E
a,be 7= 0. r) x% arc ctg x;
B) (x—y B—1)% + (¢ + n) x?arcctg (— x);
+V/ E=1) (@>0); 2

e) (#2—4x+10)e”

&) In (6% 4 44 4); 3) (2 +2)In(x+2)— 2 Inx;

n . .
H) -;——arctg P K) arcsin 4x+17‘ -
- x34- 10x
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6. Haiitu ryaBuple yacTd Buga Cx® npu x—-0 caenyoux HK-
y

IHA:
a) (1 +mx)"—(1 + nx)™, 6) V1 — 2x— 45 +x—1;
mne N
‘/ — r) %n/l—|—ax-1n/l—|—bx—~l;
Vst Vitvs ;
e) a*—b*, a=tb;
x) Incos mx; ]

%) 1+ sin ax— cos ax; 3) €0S x-c0s 2x-cos 3x—1;

n) In(x2 + 4%); K) ctg nx,
7. Haiitu raaBuble yactu Buga C(l —x)® npu x—1 crenyomux
GyHKIUH:
a) x*+ 5x?—3x—3; 6) x+x24 ... +x"—n;
B) (x®*—xt—x% 4 1)tg nx; I') arccosx;
x) x*—1; e) Insin-==,
X)) 3-2%—2. 3%, x
1 e~
. 2
) ax 3) 3 i
In th l/l—-—-l/x
ST
K) VX=X gy,

arctgx —m/4

“ 1
8. Haifith raaBubie gacth Buga C-—5 - Ig ceAyIOIIHX NOCTERO-
n

BaTeJbHOCTEd MpPU n—-00:

a) an:?;/n"—i-an + b—n;

6) a,=In ntl gin .

n+5 n

B) a,=sin () n? +4);
r) an=a7—%(b_"-+ c™), a>0, 5>0, ¢>0, a®=£bc;

nn
a,=ctg ————1;
11) " g n—2
e) a, =sin LY
" 2n+1 ’

x) a,= (V' n+2—y'n)arctg -tlz-;

3) 4, =V YT,

H) @, =-———arc sin ———e—;
S ym+1 '

X) a, =In(1+3"%).

(f
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9. IIpoBeputh, uro npu x-—>-0:

a) xarctngO(x) Hx=0 (xarct L);
X ;

\

x r
6) xcosi=0(x), HO xr/:O(xco -—1—-)
X X

10. IIpoBepuTh, uTo NpU X—-00:

a) Yx*+darctgx=0(x) u x=0(Y £+ darctgx);
6) In (* +2%) =0 (x), HO x 5= 0 (In (¥* + 2%)).

Brlydcaurs:

{1. lim 2+*—6
" el B—3x+2°

13. lim 2t x—8
X=»c0 x2~3X+2'

15. lim K1
to—] ¥ —3x—2°

17. lim 1/25+x—1/29——x -

X2 x"'—'l‘

19. lim (¥ #® + 5x +x).
X—++}-co

21, lim (/2% + 2x —x).
X400

23. limx (Y X2+ 1 +x).
X0

25. liT V1+2x+2—v 2
X-~»—}-c0

12. lim X tx—6
x—2 x’-—-3x+2

14, Jjm P12+ 16

x=>2 x3—4
16. lim—t=V2—x
x5 3/ x— 13-+ 2

181m3V1+x_4V1+x+1

20 2—2y1—x
20. lim (Y x® + 5x + x).
22. lim (/%% + 2x—x).

K OO
24. limx (y/ 2+ 1 +x).

X=p—00

—4x+1).

26, lim (V1 +2x+ & —y 22—

X+—00

4x + 1).

27. lim (Y P+ 2 +x+ 1—Y B—2 Fx—1).

X-po0

28. limy% (VXD —y =17 ).

X—00
29,
3, — 4, —
a) lim 3/ 1+x—ay1+x+1 |
-0 2—2Y1i+x+x

3 e 4 p——
6) lim 3/1+x—4¢1+x+l.
X+

2—2yY 1 —x—x
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ax

in sin—2—
30. lim ==X, ’ 3t. lim ————
x—0 X x—=} X
Si“_:;x_ t
32. lim——= 33. lim B
X—ree X x—=0 2x
34, lim 28X 35, lim 218X
Xl 2x r»o0  2x
36. lim x (-—’—t——arc tgx). 37. lim x(mw—arcctga).
X—i-+c0 2 X3—00
38. lim sin auix 39. lim cos(xe*) — cos(xe %)
" %1 sindnx , " xs0  arcsin®x :
. 2nx + cos xx 1 1
40, lim —= . - AT
- 40 In(x? — 2% + 2) 41. lim x2 (e ¥ —e *¥).
42, lim (xtgx————ﬂ-—). 43. lim XS
. 2cosx x>0 X+ sin3x
2
44. lim sinx -+ cosx 1 45. lim l—i—xsmx'—cos_Qx
x—n 5in2x —cos2x + 1 x-+0 arc tg sin? x
. &in® ox — sin? i — sin2
46. Iim sin® ax — sin? Px . 47. lim ¢ sin 3x — sin? x .
PN arc tg? x 4 x3 x>0 tg2x+In(1+7x)
48 ‘lim In{1 + x — x?)-}- arc sin 2x — 3x3

x>0 sin 3x + tg2x -+ (X — 1)1
49. lim cosx 4 cos2x+ ... fcosnx—n

x>0 sin x%
50. lim sinx }-sin2x 4~ ... +sinnx
T 0 Y1+2x—1
51. lim tgx+tg2x+ ... +tgnx .
x>0 arctg x

52 lim ViFoxtyiior—y T or— V156
|20 Vitr—yitex

53. lim———2cte'*
T %0 Vl—t-xsinx -—-Vcosx

14 sinx -+ cosx

54. lim —— . 55. lim —8I%
xR { nnxd — 5 x—>—2 x—i—2
sinx __ ,sin2x . 3 1 — 3% — —
56. lim ———° . 57. lim Y L3 — V1%
X .'/ 3 — %0 1 — cos nix
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3 m—— S
58, lim Y= —V1—2 59. lim (a% —a)” i
20 cos % w1t i1 —V2x—2
2
Insin—% |
60. lim 61. lim nC0R¥
x—>1 ?’;‘_31/5‘ =2 o 53 4—Viax
62.
— 4 4 e
2) lim | 4—;/4x4+l; 6) lim Veeilid—yaxdt1 .
x—+4o0 b 4 X——c0 X
—_ [ —
63. lim VAF1—yFi2 . 64. lim '/x2+l~'/xb+2.
X—»—co X x—++too b 4
65. Iiinxa(l/x2+]/x4+l —x VQ—).
X—1+00
66. lim x3(l/x2+l/x4+ 1 —xy2 )
x>—o0
67. lim er—¢
x—2 (x —4)e* + xe*
In (x2+ cos _1’;1_5_) 6 1 (3 + e¥)
i 9, lim———,
68. lxl_lR Vx—1 0 In(1 -4 xe¥)
. Incos 4x . In(2x2 — x)
70. lim 7 : 71. llm_ H D)
0 224y 122 —1 x>0 (x4 2%
. In(2x2 — x} 73 1 Insin? ax
72. lﬁ_rf} In(x® + x% — x) ' gl}; insin? bx
im R4 i) 75. lim —=2=%_ (a>0).
Ly e T s>b Y bxE —b @>0
76. 1m;ﬂ (@>0, B> 0).
X—>
.' 2 _16 . Pt (>0,
78. lim :
7. I;il‘é In(x2—x—1)° 8 i-w Incos2x 6>0).
79, lim 2%/l+sin3x-—1—i—tgx
T a0 arc sinx :
«_ B
80. lim— "=~ 81. lim———*
x—>e — x—1 -'/x._. 1
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82

82, lim-=2 (@a>0).
xa>a X—0a

83, lim V1= —¥1—cosx 84, lim S“”"‘B (B = 0).
%0+ Vsinx x—~1 sin2nx

smx sin x _l_
85. ]im[ o ] @>0, 5> 0).

x>0 2

. 1
6. lim( sin oy )‘i?ﬁ (@stkn, po£na, keZ, ne ).

x—>p \ sinpx
nx
87. lim (2- --)““—. 88. lim (2% -+ sin x)c'e =,
X o x—0
1 —
89. lim (1 + tg? x) Tncos 90. ]ir{1[ln (e"—I—x—-I)]V[-' ~-1
x->0 X

91. lim [In (x® 4 e¥H1)]cte =,
x>0

92. lim(ml—k%jL s ") sinx (a, > 0).

x—0 n
e Rv 1
93, lim Veosax — ¥/cosPx 94. lim (1 + x%e¥) 1—cos ¥
" xe0 arc tg? x £>0
5
. 2 __l__ x3—}—2x)
9. ng-lox (COS x 148/
or 4 1 \tg X _ 1
96. lim(f———+—-)' T 07. lim (x*+ sin? n) ¥
x—1 [x.3* x—>1

1

98. lim (cos 2mx) In=*—25+2)
X1

I
9. lim Y% —2Vx ) BE,
x>

1
100. lim [In(x4-e¥)] oete*,

x—04
101. lim [M]/e“*“’- 102. lim (fg ——) g

X400 x X1 4

t nx e 1

103. limx° 2. 104. lim( 0s X )'fva‘-m- .

X1 x—>7 \ cos 3x

——-—tgﬁ

105. lim (2— e—%)cte*, 106. Lirrll(4"-—l/x+8) 2,

X0 -
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107.

109.

111.

113.

114,

116.

118.

120.

124.

125.

126.

127,

128,

129.

130.

132,

lim (3% 4-x) sin ¥ 108, lim[cos (sin x)] #rcsintx
x—0 X0

<t e 1
tim Y & =1 110. lim V"_ L.
X0+ arc stn x x—->0— arc sin x
lim '|/1+cosx 112. lim Vl—l-cosx
it x— 3t " xon— x—mn )
lim ( V_S —— 2 )
x> \g¥ x —1 Vi —1
lim arc sin x — arc tg x 115. lim arc sin x )-—xl.—
£-+0 x»u( arc tg x )
lim (1 + arc ctg —l-)x. 117. lim |thx]sh 2%,
x—>-too X x—0

sin 2x
lim —{&0sx)” " —1 119, lim (thx)se 2=,
x—+0 X—»+o0

1
li arc cos x . 121. lim (t _’E)W
xf—»nlfl— V—— Inx xil— g 4
Hafitu caepyloiipe npegessl:
122. limy7n . 123. lim—‘:-:- @>1.
n—oo n—00
lim —12 +(=1)""
n—»00 3tinn ’
) | 1 1
r}Lror:( 4.7 t 7-10 Tt (3n+1)(3n+ 4) )
. 1’ 1 1
l_lg.}( 1.2.3 + 2.3.4 fL e ¥ n(n+1)(n+2) )
[ ———— 3 .

im(y/ns2 —2yntl +¥7)
n—oo
lim ynt+ant+1 —¥Yn243n—1
n->oo In(1+4 n)—1n(2 + n)
lim( 3 — — ! )
oo Vn—|-3-——]/n 1/n+2—'l/-n+l
lim n arccos n 131. limn(nv a —1).
n—»co n? 41 n—»o0
limn ln(l—- —rl:— cos a (Y 4n2 + 10).

1

1

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)

83


http://www.novapdf.com/
http://www.novapdf.com/

133. lim (-—2— arc tg nx)“fg’”V'T'—:*:T (x > 0).

ooy I

134. JlokazaTh CXOJAHMOCTb H HAUTH Npejfesnbl CAeAYIOUHX Iocge-
ZOBaTeNbpHOCTEH:

a) a,=sin(sin(sin ...sinx))...) (n cxofok);
6) Qp==Xnt1—Xn, THE 0 < X, < % <. . < X, < v v H X, =12 Xy

B) Qnt1= "a"jA , a;=0;
T) appi=arctga,, @, =25;
) an+x=‘?(2an+—cl%—), a,=M>0;
&3, 3+L1,3+—3_ 34 1

3 3+—-:1;-— \3+_;:_ll—

3

135. Haiitu lima, u lim a, noc/egoBatenbHoCTei:
2) anz(_(—ln):th)&”i 6) a,,:nm(1+ (s );

B) a,=(n+ ):(n+1+n-(—1";
r) a, :(1 +sin~’i"—)(1h_cos _i;ﬁ_)

136. Haittu limf(x) u lim [ (x) cnexyromux GyHKUHH:
Y0 x>0

x—~0

1

4) () =—35% 0) [ =e (2 +4x 4 1);

B) f (x) =(sin wx)cos —xn—

137. Haiitu limf(x) u lim f (x) dysKumH f(x)::arctg-—-—l-——-sin-%.
X2 ";:'_:_2 X— X—

138. IlpoepHTk caeayroune dopmyas (x —0):
a) (1+x)x=‘:1+x2———’-;i+-g—x*+o(x4);

3 ——{E- - 3 _-.-«f.-o-. _x‘.i 12y .
6) In (14204 )= w0 % 42 o (319,
B) ch(sinx)=1 —i—%z—-ig-—ko(x‘); |
r) cos(shx) =1 ——ﬁ—ﬁ+o(x4);

2 8
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1 1

- . x2 37
R) (chx) = =e '[1 12 T a0
—-x+—-———x5—|—o(x5)

e) sin (tg x)

x) tg (th %) =x—T";-+o(x5).

139. Ipu x » 0 maiiTh riasAbie vacTH BuUpa Cx" aas

¢YHKUHH:
a) (cosx)?sin*— =)

40

1

6) e—(1+%)*;

1 1 x

B) (1 _|_x)"x_+‘2"'“‘r§'___e;
r) tg (sinx)—sh x;
n) (cos x*—1) arctg x?. 2x%es1n%;

e) sinx*— In (1 + x3 + i;-),

x) [sh (shx)—tg x] arcsin x*;

3) 1/cos(x1/6 )—l——ln (1—x%);

1) ]/cos (3xe 5l )—cos V3 x)

K) [sh (shx—— tg x+ —g—x3) ] tg 2.

5 e ————————
a) pitg(sinx)—sin(tg x)} -——]/1 +sinx .

4o (v‘*)]

BhuUcAuTs npegenbl, ucnoab3ys dopmyiy Teiiopa:

140.

142,

144,

146.

148.

lim

x—0

lim

X0

lim

x—0
lim
x>0

lim

Xx-»0

3 - .
xy cosx —sinx

x5
4
Yooy —V e*
x3
-—2x’+%x‘
cos2x —e
tg x4
.
(L4 %) *  —er
iIncosx
3 [
tgx—xy 114 2 .
X0

141.

143.

145.

147.

149.

lim sin(sinx)— thx

x>0 x5

CJeAYIOLIHX

6 ———
lim Incosx2+ /1 -+ 3xt—1

x>0 x8

—ox _i x4
. cos2x —e
lim -
x-»0 tg x4,

‘/x—i—S

18 /sin 13— 18x-+x"

x18

lim

X=+0

lim

X0
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sin x T3
50. I (cos x) —¥Y1=%
150 I:Eé xé

151. lim Incos? x 4«2 61/ 1+ x2—xt

x-0 xﬁ
152. lim cos(sin £)— ¥ 1— x21xt
| X-»0 x4 ]

tg(sin x)—sh x

153. lim

x>0 (?/cos x — 1)2 arctg x?

X X

] —x2
cosx-—chx—e ~ chx-+cosx

. e
154. 1:3 ”

3
x*')/l—{—x—-sinsx-—x—tgx
. 2
165, lim 3
=0 In(1 4 23) (Y 1424 —1)
8 e
y 1+ 3sinx—e = —shx

56, lim
! x>0 arcsin 3
157. Hm e* — cos xi/'l+3x—i—6x2
C 20 arcsin 2x-1g x-sh 3x
1
—_ x2 3
(14x) * — e(“/ 1——~x+—2-+1/1—|-_x’-——1)
158, I:E:l) prs
x*
159. lim sin (xe © )— xcos x2
T a0 x2.In(1 4+ x3)
. x
NELE S
160, lim e
>0 Incosxdy 1+ x2—1
—xt
161. lim e 2 —1/cos2x -ch x°
C g0 1n%(cos 2x)
162. lim e*.cosx—chx

£—+0 x5 x3sind x

3 — 5
163. lim e* cos x cflx—}—x
x>0 x84 x3sind x

. 1 —(cos x)si" * '

164. lxl-rprtl) x —sin(x4 #%)
1

165. lim —4+ 2~ —el’

50 In(x-}-cosx)—x
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x3

Incosx+e * —1

166. lim
x—0 (,/ 1+ 3x— ¥ 1+ 2x)tg?(sin x)

V11— x“—cosxln(l—i—x)— 5

167. lim

x50 tgx —sinx

168. lim sin* x —-x3e ¥ — x3
T xs0 1—VY1F xPcosx

3

sin(sinx)— x 4 -%—
169. lim

x—0 sh(shx)— tg x

5
In(1—x+x3—x¥4x1)—In(1 — x+x2)4x3 cos x— —J;— i/l+3x

170. lim
x—0 x7

171. lim (2x4 In (1— —) —|—1/8x°—|- 100 F 145 + 15x“+16x5).
X--»00

— % xt

172, lim 082X =e
x—0 tg(3x2)— 3 thx?

173. lim %/'cos 4x —cos(2xe‘.)
T x~0  (sin2x—2tgx)3

174. HaiiTH HaK/JOHHYI0 ACHMOTOTY AJsi rpadHka QyHKIIMH:
a) y=y x* 4+ 2x+3 —x;

1
6 y=@x 43

B) y=y x4+ 15 —ut
..o 1=
r) y=x2sin—;
X

1
A} Yy=xCc08s—,;
X

€) y=In(l + &%);
x) y= x24-sinx

x—|—Vx2—— 1

Omeemast

%0 L n— _;'
5. a) —b—x" m. 0) x
0

. B) 29¢%; 1) x; n) nx?; e) x%, x) x*In4;
1
3) 2x; H) —-217; K) —;—t—. 6. a)—fl—n—(-'?f—f)—xz; 6) —2x%; B) x8; 1) (..;.‘;._*_

L PN Ly 3 a. © 3) —=T7x2; xin4; K L
+ " )x, }1) 2 X e) xIn b ' }K) ax, 3) X H) ) 7t
- 87
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1

7. 8)—10 (1—x); 6) — ”‘"+” 20t 1y B)—8r(1—0)% )Y 2 (1—1 2 ;

4

D —(1—x); ¢ -—--1‘——(1—x)=; x) 6In-- (1—x); ) =Y/ T (1—) 7;

_._._2_ — ) —_ 5 — x)—Y/5, L. .
H) (1—x)"4 k) 2(a—b) ® (1—x) 8. a) s 6) ~
(— ) 1 a T, . 1 ‘In2 |
) 2n nk; 1) In vy bc ' 2) n’ e) on’ *) n?/? 3) n? '
1 \—1 3
—_— — ) . 11.—1. 12, 5. 13. 1. 14. 0. 15. co. 16. —.
H) )/_,K)ln3(n) 1. —1 1. 14.0. 15. o0. 16. —
17 '_2?' 18- 0- 19. + w! 20' — _g—o 21t 10 22- +m. 23. +wr

2 10 1 1
_ 1 95 3 26 —3. 27. 2. 28. 1% 99 gy L. 6 L. yxa-
24. > 25. 3. 26 A 3 3 ) 5 6) 5 LBfKa

sampNe x—f2—_1. 30. w 31. 1. 32. 0. 33. —;- 34.-;‘-. 35. 0. 36. 1.
3n?

37. —1. 38.—-—-};—. 39. —1. 40. — 41. 1.742. —1. 43. —-;—.

44, —-;—. 45. 3. 46. o2—p?. 47. —3—. 48. 1. 49. — "("+‘i;2"+”

5o, Mntl) gy nntl) 59 40 53 4 54 3 55 x 56—
2 2 3 2 2

-

57. ——. 58. 0. 59.0. 60. 0. 61. —2y/Z 2 62. a) 1—}4

n

»r

6)7 i—1.63. —2. 64. 0. 65. 72 . 66. — o0, 67. 0. 68. 4—z. 69, 1.

3 3aIna o 64
—— . s« T e . . 74. —. 5- . . . . T -
70.—12.71.1.72 . 73. 1 : 7 5 76. In B 77 3 In 2

1 a 8 1 a
— Srrre— —— P « T . _ L] 2- a i L] -
78. 5 In = 79 - 80 ” 81. 5(a—p). 82. a2 In 83. 1

e
1

84. __2‘;_. 85.1 ab. 86. escteeB, 87, ¢ =, 88, 2. 89. e2.

/ 1
+— n —
90. esk e). 91. e. 92. ¥V a,, 0, ..., . 93. oo g4, e2. 95.—1%.

m
2

9. (_;7 ._i_)"'é? 97. &. 98. e=2, 99. 1. 100. 0. 101. 1. 102. e~

- - -3-(4114__1_) _1
103. ¢ = . 104. €% 105. ¢. 106. ¢ = 6 ). 107. 3e. 108. ¢ 2.
109, 1. 110, —1. 111, Y2 112. — Y% 113 — L. 114 L.

2 2 2 2

88

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

1 - X

115. e 2. 116. ¢ 117. 1. 118. —1. 119. =1, 120. V2. 121. ¢ *.
122. 1. 123. 0. 124. 0. 125. -le— 126. % 127. 0. 128. —2. 129. 0.

(33
<

130. V2. 131. Ina. 132. —1. 133. ¢ ™. 134. 2) 0; 6) m; B) ——;

) 0; 1) %/ﬁ; e) i‘i".%lﬁ_ 135. a) 0, + o0; 6) —1; 1; B) -—12-; + o0}

r) 0; 4. 136.a) 1;—1; 6) +o0; 0; 8 0; 0. 137. —’2‘-; — -’2!-
R S TP L s 1 s e
139. a) m X', 6) = B) o x% 1) ” X%, ) —x'% e
.__...!...xm; }K) .._._1_..x7; 3) ...__1_3._)53; H) _ixG; K) _.Lx7;
8 30 30 20 8
p —x 10— 14— L opa2. L a3 1T
b6 45 30 24 24
144. —- 2. 145. 0. 146. —10. 147. — -1 148 11 149 — L
3 81 45 180
150. . 151, —- %0 52, 1 153 — 1% 154 % 155 .2
4 360 6 3 45 16
156. —. 157. —. 158. — —e¢. 159. —>—. 160. — ——. 161. —
3 2 2 180 25 12
3 a2 1 ' 2
162. 0. 163. 1. 164. — —. 165. — <=, 166. — ——. 167. — —2_
5 4 12 3
168. ——. 169. —3. 170. .. 171. 0. 172. — 22 173. —3.
2 24 295

174. a) y=1 mpu x >+ o00; y=—2x—1 npH x >—o0; 6) y=2¢-+5;
B) y=%“%: I) ¥=x%; n) y=x; €) y=2x npa x—+ oo; y=01pn
X —»— 00; "¥K) y=-;c— IpH X — 4 oo,

IFaasa I1I

AUPPEPEHLIHAJNIBHOE HCYUCJIEHHE

PYHKUHUA OJHOTO NEACTBHUTEJIbBHOTO
NEPEMEHHOTO

§ 1. BIYHCJEHHE NPOU3BOAHBIX

IHyers f: (a, b))—R onpenenena na uutepsaie (a, b)=R u x&

€(a, b).
Onpesenenne. Uucao lim L&t AA") —1®)  yasmmaercs
Ax—>0 X
npoussodnot ¢ynxyuu f 6 rouxe xy u o6osnavaercs [’ (xo). Onepauus

a9
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HaXOXKAEHHs NPOH3BOAHOH HasnBaercd Jugpgpepenyuposanuem. PyHK-
M5, HMEIOUas MPOM3BOAHYIO B NaHHOH TOUKe, Ha3mBaercsl AHQGe-
peHuHpyeMofi B 3Toll Touke. HeoOxoauMeiM ycioBHeM guddepeniu-
PYEMOCTH B TOUKEe fBJIAETCS HENPepHBHOCTL QYHKIUHH B AaHHOH
TOYKE.

Ecau ¢dyuguua [ audpdepenuupyeMa B KaKAOH TOUKE HHTepBala
(a, b), T0 Ha 3TOM MHTEpBaje onpenensercs (yHkRuug [, 3HaueHne
KoTopoli B Touke x&(a, b) paBHO npoussodnoid ' (x) @ynkyuu | B
3TOH TOYKe,

Qopmyabt OupepenyupoBAHUA OCHOBHLLX IAEMEHTAPHBIX (PYHK+

yud:
1. (1)" =0. 8. (ctgx)’ = ———
sin® x
2. (x9)" =txe—1,
3. (@) =a*Ina N 1
(B yacTHOCTH, (€*)' =e¢*). 9. (arcsin)’ = Y1—x
' 1 ' 1
4. (logzx)' = - 10. (arccos x) ===
’ 1
(B yacTHOCTH, (In x) :T)'
. 1
. "= . 11. tg x)' = )
5. (sinx)’ =cosx (arctg x) T
1
2. tg x)! = —
12. (arcctg x) T
6. (cosx)' = —sinx. 13. (shx)’=chx.
14. (ch x)’ =shx.
1 1
. "= . (thx)' = i
7. (igx) cos?x 15. (th %) ch®x
, o —1
16. (cthx) = ey

3aMeTHM, 4TO BCe 3TH (QOPMYJH clpaBeaJuBH IJA TOYEK, ABAAIO-
IIUXCA BHYTPEHHUMH TOUKAaMH NPOMEXyTKa, HAa KOTOPOM 3aBHCHMOCTb
[ or x 3amana cooTBercTBylOmel QyHKLHeH, ec/H B 3TOH TOUKe aHa-
JUTHYEeCKoe BeipaxeHHe [ (x) HMeeT cMBICI.

OcHoBHbie npaBuaa aupPepeHHPOBAHNS

Ecnu f u g dyskuuu, audoepeHuupyeMbe B TOUKe Xo, @ H P NO-
CTOMHHEIE, TO B 3TOH TOYKE

) (of +Bg) =af +pg’;
2) (fg)' =fg+ g

3) (;)’=f'gg:g"° (g (%) 5 0);
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4) ecau h(x) nuddeperuupyeMa B TOUKe Xo, a f(h) andpdepenuu-
pyeMa B Touke Ao=~Fh(xo), TO B TOUKE Xq

fx’th,° x’!

yHIeKC /i B BHIDAXKeHHH [n’ NMOKAa3EIBaeT, YTO NmpousBojHast Gepercs MO
apryMenty h, T. e.

f' — lim f(h0+Ah) —f(hn)
e Ah )

Oas  puddepeHunpoBaHus CTENEHHO-MOKA3aTeNbHOH  QYHKUHH
{a(x)] ) (u(x) >0), rne u(x) u v(x) auddepeHnUpPyeMH B TOYKe
Xo, IOVIB3YIOTCA TOXAECTBOM [u(x) ] 0(¥) = gv(x)in u(x),

Crenennas ¢pyskuusa y=x® npu 0<a<1 omnpenenena, o He Jud-
depenuupyema npu x=0; u uMenHo npu x=0 ananuTHyeckoe BHIpa-
JKeHHe ee NMPOM3BOAHOH TepseT CMbICJ. TOUHO TakK ke aHaJHUTHUeCKOe
BHIpAXKEHHEe NPOH3BOAHON (YHKIHH y=arcsinx U y=arccosx Tepser
CMbICJI, ecin |x|>=1, T. e. UMEHHO NpH TeX 3HaueHHsiX apryMenTa,
IPH KOTOPHIX COOTBeTcTBywIIMe PyHKIMH NGO He ompeneseHsl, JHOO
He auddepennupyemet. Bee ocTanbHbie OCHOBHEIE 3j1eMEHTapHBIE
¢ysrurn pudpdepeHunpyeME BO BCeX TOUKAX MHOXKECTBa oOlpejese-
HUA, H aHAJHTHUECKHE BLIPAXKEHHSI HX NPOH3BOAHBLIX HMEIOT CMBICJ BO
BCeX TOUKAaxX COOTBETCTBYMOIIEro MHoxecTBa. [lostomy anwbas »sie-
MeHTapHas QyHKuua [ guddepesmHpyeMa BO BCIKOH TOUKEe, B KOTO-
pOH aHaJIUTHYECKOEe BEIpaXKeHHe ee NPOM3BOAHOH uMeeT cMeica. Ecau
e aHaJUTHUeCKoe BHIpaXKEHHe MNpPOu3BOAHOH (T. e. dyHKuua [) He
OlpejeseHO JJISl HEKOTOPOTO 3HaueHHs Xo ¥3 MHOXKECTBa OIpeles]eHHSA
f, TO 3TO TOBOPHUT O TOM, YTO KakKasi-TO M3 OCHOBHBIX 3JI€MEHTaPHBIX
GyHKUHH, KOMIO3UIKEH KOTOPHIX aABJseTcs GyHKuud f, He nuddepen-
llipyeMa NPH COOTBETCTBYIOLlEM 3HAU€HHMH apryMeHTa; H, cjaeloBa-
TeJBHO, BONPOC O CYLIGCTBOBaHHH H BeJHYMHE NMPOH3BOAHOH f B 3TOM
TOYKe TpebyeT AONONHUTENBHOIO HCCAeJOBaHMS. B

Mpumep. Iyets f(x) =x) (1—x)2sinx?, x& (— V'3, V3). Dop-
ManbHO NpHMeHss npaBuia AuddepeHuupoBarus, HoJgydaem

' — oo 2 C2xcosx? - (1 —x)2 —2 (1 —x)sinx®
"=V (0 —x)?2sinx®+x T . (1)

Qyuxnus [ ne onpemenena Tonpk0 mpn x=0 u x=1. I[Tostomy aas
Bcex x u3 mHoxectBa {(—V¥3, V3) \{0}\{1}} npoussomnas cymecr-
ByeT U ee 3HaueHue Bhiumcasgercs mo popmyae (1). Bompoc o cymecr-
BOBaHHH M BejxYHHe NPOH3BOAHOH NaHHOH (yHKuHHH npu x=0 u npu

Xx=1 pellaeM HeNOCPeICTBEHHO HCXOJS M3 OIpeJAeJeHHs NPOH3BOLHOMN
B TOUKe,

PaccMoTpuM OTHOlIeHHe f o 1) — 1 (%) mpu =0 u x,=1. Ecan
f

X,=0, TO f(h)’:-f(O) =V (1—~h)?sin A%, caegoBaTesbHo,

lim L0 =LO _o_r0).

b0 h
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Ecmu xg=1, TO Ay +hf)z_f(1) =(1 +h)Vsin(l + h)2- /hh’ . Jrta pyHK-

IUsT He uMeeT npenena npu h—-0.

Urax, o¢yukmus f(x)=xV (I—x)?sinx® nme auddepeHuHpyeMa
npu x=1, a npu x=0 uMeer NpPOU3BOAHYIO, PaBHYIO HY/JIIO.
[Ipumep 2. Halinem npon3BOAHYI0O PYHKUHNH

4x2 —2x 4 10

y= e

Peumenue Hmeem

y==4x%2—2x12 4 10x~1/2,
y =4 -—-23—x‘/2—2-—; 2 410 (— 1/2) 4372 =

6x2—x—2>5

= TV x >0.
ITpumep 3. Hahgem npoussoasyio ¢yskuun y=x{(cosx—
- 4sin x).

Pemenue Hmeem
Yy =(cos x—4sinx) + x (—sinx—4 cosx) =
=(1—4x)cosx— (4 +x)sinx, x=R.

arcsin x

[Ipumep 4, Halinem npousBoaHyl0 GyHKUHH Y = e

PeweHnue, Ilonyuaem

———— (1 — x%) — (— 2x) arcsin x —_—
;/I—xz( )= 2 _ V1—x®4 2xarcsing

(1 — x2)2 (1 — x2)2

y = x| < 1.

Mpumep 5. Haiinev npomssognyio oynxkumuu y= VY 1g®2x+2,
] < =-.

Pemwenune. 3amnumeM y(x) B BHAE LENOYKH CymepHo3uuHi OcC-
HOBHBEIX 3feMEHTapHMX (YHRuui: y=~hv2; h=1£342; t=tgz, z=2x,
ChnenoBartefbHoO,

Yy,=y,-h, =y, h-t, =y, h-t, 2, =

=~%—h_”2-3t2-——1——- 2=—;-  (tg3 2x + 2)~1/2. 3 tg? 2x- .2,

cos? 2 cos? 2x
T. el

y. = 3tg2 2x
* Y12 £ 2. cos?2x

g2
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[Ipumep 6. Hafinem nponssoaHyo PyHKUHH

y = In? arctg? ‘/ xls .

Pewenue, [Tonysaem

\ 1 1
'=31n? 2 — - 2 arct ‘/—— X
y' = 3In?arctg = = g &
arctg? Ty

In? t“/z
9narcgl 5 v;

' 2 T4
—_— 1
b X3 arctg }/-—-3—
X

[Ipumep 7. Hainem mpousBoanywo ¢yeruuu y=x* x>0.
Pemenune. UmeeM y=e*1n %

x>0.

X

y =efn*(xInx) =e*in* (lnx+x-—1-) =

=e*n*(Inx 4+ 1) =x*(Inx + 1).

Yucaa

o fa AN —F (%) o oA —Flx)
Aiigl+ Ax =f+ (o) HA:Irl—g]— Ax - (xo)

HA3HBalOTCS COOTBETCTBEHHO JIEBOH W NpPaBOH NPOU3BOAHOH (QyHKUUW

[ B Touke xo. ¥YcaoBue [y(xo)=f-"(xo) >xBHBanenTHO auddepeHnu-

pyeMOocTH yHKuHMH f B TOUKe xo, NP 3TOM [’ (xo) =["4 (x0) =] (x0).
IMMpumep 8 Hafaem f'1(x), ['-(x) ana dysxuun

s
Pemenne, Hmeem
AP Ll et N

oV1—e* Vi—e*
Oyukuua [’ onpepenena aas scex x%0. Eciu x—0, TO
P

Vi—e* oV a2,

CcJaeJ0oBaTeJEHO,
, 50 o= P
0= lim 2210 i Vi—e® V2
204 x #>04 x x>0 X
H
. — f (0 ] —
£ 0 =lim ~2="0 i Y2 oy 25—,
x—>0— X X—>0— X x-+0— X
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Virax, flr(x>=f'_(x)=7?_—x'——,, X0, fr O =1; [-(©)=—1.

Tax xak ['2(0)=f'-(0), o B Touke x=0 paccmarpuBaeMuss Hempe-
puiBHas PyHKuHs He nuddepeHyHpyema,

IMpume p 9. Haiigem f'+ (x), f— (x) ana dyskuun f(¥)=xV In (1+x2).
Pemenue. Hmeem

e & Sarmreoey % 1
FFo=Vin+)+ Warrrenre e

Oyuguua [ (x) onpenenena ans Bcex x=0. Hasa x=0 naxonum

’ — (0
£ () =lim L9 =TO i 2/ OFD i i T 8 =0
x->0+ X x—0-4 X x>0+

f— (0)=0.

Tak Kak f4(0)=f_(0)=0, To f(0)=0.
Hrak, ¢yukuua f(x) aubddepenuupyema Ha Bced uYUCA0BOH mps-
MOH H

TR x2 .

0, x=0.
MNpumep 10. Hafinem [ (x), F~(x) nas dyuxnum

fr @) =f- () =f"(x)=

.1
x sin—, x==0;

[lx) = x
0, x =0,

Pemenne 3aMeruM, uTo (PyHKUMA [ HEMpepLIBHA Ha BCeH YHCs
Josoit ocu (nouemy?), Ectu x7:0, 1o

, , ] 1
P (0) == () =f' () =sin ———x -~=-Cos — =
X x2 X
1 1

.1
=Sl ———CO08 —,
x x X

Haftu npouasoanyio ['(0), noneaysce ¢opMysaM#d H NpaBHJIAMH
IuddepernpoBaHus, Heab3s, Tak Kak Toyka 0 He JIEXKHT BHYTPH HH-
TepBajsia, Ha KOTOPOM 3aBHCHUMOCTB [ OT X 3ajasa 5JeMeHTapHOR
[T x - 0 . 1
dynkuues. Tak kaxk JO=10 _gp-L
X X
er npelesa kak npu x—>0-+, tak u npu x—0—, To dysxuus | He
nMeerT B Touke x=0 HH neBOH, HX NpaBOH NPOHU3BOAHOH.
Ha npaktuke yno6Ho moab30BaTBCH chaeNyIOLIUM CBOHCTBOM: €CJIH
$yHKNHS f HempepHBHA B TOUKe @, NPOH3BOAHAs [’ cyuwlecTByer B He-
KOTOpoll npaBoit (/eBoft) MOJAYOKpecTHOCTH @ u cyuiectsyer lim f'(x)

Xx—at

- 1
H QyHKuust Siln— He HMe-
X

04
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(lim f'(x)), To stor mpexen pasen ['i(a)(f'-(a)). Obparum BHH-

MaHHE, YTO yCJOBHE HenpephHBHOCTH QYHKUHH [ B 3TOM YTBEPXKACHHH
cyulecTBeHHO. B caMoMm zede,

NyCThb
1
arctg —, x % 0;
f(v) = :
0, x=0.
TorAta

~nm=HmeM<Hm<1§gcﬂ=mz

X—(0—

T. €. ®yHKIHA f B Touke x=0 He sBAsfeTcs HENPepHIBHOH HU CIpaBa,
HU cJeBa, OTKy/Ja BHJAHO, UTO GOYyHKUusi [ He uMeer B Touke x=0 HE
JIeBOH, HH NpaBOH Npou3BOAHOH. B TO ke Bpems aas x+#0

1
4
X)=—
==
H cylHecTBy!OoT 06a npezena

lim f ({) =—1, lim f' (x) = —1.
x—0— x>0+

ITpumep 11. Hafinem nponssoanyio ¢pyunxunu
arctgx, x>0,
Ty ={ R
x2+x, x<L0,
Pemesn ne. 3ameruM, uto PyHruus f(x) HenpeprlBHa Ha Bcel
yucaoBod npamoi. Jdasa x>0 umeem [’ (x) = s x<O0

14+ x2’
[/ (x)=2x+1, caenoBaTeabHo,

f(0)=1im —— =1, £ (0) = lim (2x+1)=1.

x—01 1 + x? x—0—

Hrak, dyukuusa f(x) nadpdepeHuupyeMa na Bcelt uucaoBOR npsmMoll B

1

N Tl
f(JC)— l, x____o;
2x+1, x<0.

IMMpumep 12. HafineM npoudBonuyn ¢yHKIHH

1
F) = (x—4) arctg —
0, x =4,

, X £ 45
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Peumenne. 3ameruM, uto PyHKuua f(x) HempepelBHA Ha BceH
gucaoBoit nmpamoil. Ecau x++4, 10

’ _ i x—4
f' () =arctg x—4 - 14+ (x—4)2°
OTKY/a MOJiyyaeM

f1 (4) =lim () =

f- (4) =lim f" (x)_l— -

x—>4—

Urak,

' Y ¢ . 1 x—4

P00 =Fo =11 () =aretg ——+ 5=, ¥4,
TaK Kax

f_ 4) = f+ (4)——«1;—-, TO B TOYKe x=4

dysxuus f (x) He auddepeHnHpyema.
pumep 13. HafineM npou3BoaHyo pyHKUHH

.1
xsin—, x=£0,

f (x) “—:I x
0, x=0.

A | 1
Pemwenue, HmeeMm [ (x) =2xsin — —cos—, ecan x 5= 0.
X X
3navende f(0) BHUHCAUM IO ONpeXENEHHUIO:

x~>0

) o1
= limxsin— =0.
x>0 X

Urak, dyuruusa f nudpdepenurpyema Ha BceH YHCIOBOH MPSAMOH, H
2xsinl-—cos—l—, x=5=0;
f'(x) = p 4 X
0, x =0,

3aMeTHM, UuTO HpeAess l1m f'(x) ¥ lim f' (x) He cyuwecTByIOT.
-0+ x>0~
[Ipumep 14 HyCTb

_ g, x>a;
fl) = { P

Kagomy ycnoBui0 ZOJIKHEL YJOBJETBOPSTL HENPEpHBHEE (yHKIHH g
H h, uto6H ¢yEKuEs [ 6nna auddepenuupyeMol Ha Beel UYHCIOBOR
anM0H>
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Pemenne. Tak kak f(x)=g(x) 2 x>a u f(x)=h(x) pusa
x < a, 10 ycaoue auddepeHunpyeMocTd g ajd X >a v h pna x < a
Heo6XONMMO ¥ JOCTAaTOYHO st AuddepeHIHPYeMOCTH [ HA MHOMXECTBE
{x << a}U{x > a}. Oasa andpdbeperuupyemMocTd [ B TOUKE @ IDEKIE BCErO
HeoGXoAUMO YCJOBHe HempepwBHOCTH A (@) =limf(x) =f(a), 1. e
X-+a
Hm A (x) =g (a).

X-=>q-—

Ecau Ax >0, 10 f(a+A:)_f(a) = g(a'*'ix)_g(a) ; ecan Ax<0,
X X

[ (a-{-zix)—-f @ _ h(a+A:)—h(a) . Takum ofpasom, nJs auddeper-

X X
nupyeMocTy f B TOuKe @ HEOGXOAMMO H [OCTaTOuHO, 4TOOH g (@) =h(a)
u g, (a) =h_ (a), nocKOIBKY ,

TO

C o garA)—g@ o h@t+A)—h(a)
(@) ”Alf& Ax ui- (@) “—53—1:31— Ax '

[Ipaumep 15, Ilycts
o =|

er, x<L 0,
2+ax+b, x>0

HafineM Takue 3HaveHus a u b, utobm f O6mna aubdepennupye-
MO# Ha BCeH YHCJOBOH IPSIMOH,

PemeHnue. 3aMeTuM, 4TO TaKk Kak [ pgoMKHA OHITH HenpepeiBHA B
touke 0, 10 limf (x)= lim f{x)=lim f(x) =1, T. e.

x—0 x—0-+4 X3 (=

lim (#* +-ax - by =b=e"=1, otkyna b=1.
-0+

Hanee, f1(0)=(x2+ax+b) |zmp=a u f_(0)=(e")|s=o=1, caenora-
reapro, [(0) cymecrsyer, eciu a=1 u b=1. Tlpn »Tux 3HauenHusx
a u b dynxuus [ puddepennupyema Ha BCell NpAMOH.

[lepefifem Teneps Ko BTOPOH NPOM3BOAHOM H NPOM3BOJAHOH 1-TO TO-
psiKa. ‘

[Mpoussonras ¢yuxkuun |’ (x) HaswmBaercs gTopoli npousgoduol
¢ynxyuw f u obosnauaerca /. Jlanee onpejesnedHe HAET NO HHAYK-
WHH: npoussodnds n-20 nopadka (n-g NPOH3BOAHAs) - f* ~ ecThb
NPOH3BOAHAsT OT NPOHM3BOJHOH (n—1)-ro nopsaka: f(®=(ft==D)’,

I[Ipumep 16. Hoxa;_i{eM, UTO #7-s1 NpOou3BoAHAsA OYHKUHH Y=
=sinx ecTb Sin (x + %n)

L

\

Pewenue. Hmeem y' ==cosx=sin (x-i—-—:—;*). Ecmn  y=b (x) =
=sin (x +—:25—(n——1)), TO
¥ () = (=D ()’ =cos (x + - (n—1)) =sin (x + 5 n).
\ \

Corslacko NpHBUKMIY MaTeMaTHUeCKOH HHIYKUHH (QopMyJaa /J0KasaHa.
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Cnpasedauset caedyoujue Gopmyast:
(@)W =a*In"a(a > 0), (&)™ =e*,

(sin x)M =sin (x + % n);

(cos x)™ =cos (x + —“2—11);
(xm W =m(m—1)(m—2) ... (m—n-+ 1) xm—",

{(— D L{n—1)!
"

(In x)™ =

Jaa HaxoXAeHHs n-fi nNpou3BoAHOH PYHKuHMH f B HEKOTOPHX CJY-
yagx noJiesHo (pyHKHHIO NpeaBapHTeNbHO mpeobpa3oBatb, HaNpPHMEDP,
palHoOHaNnbHY0 (PYHKIHMIO Pa3JjOoXHTh B CYMMY Hpocrtefimiux Apoben,
[MOHH3HThL CTENeHb TPHUIMOHOMETPUUYECKOR (YHKLHH C OOMOUILIO KpaT-
HBIX YrJOB, NepedTH K KOMIJIEKCHRM MepeMeHHuM H T. A. Tak, Ha-
NPHMEP, NPH HAXOXKAEHHH -3 NPOU3BOAHOH OT PYHKUHH

1 1+ x

Y=y Yt y=ing s

, Yy=sin2xcos?3x, y=e*os x
y=e*cosx
NpeCTaBHM HX COOTBETCTBEHHO B BHJE

y=mr =7 () y=sint=
x—{—l}

2 —1 2 x—1

=—:—3— (cos 4x—4 cos 2x + 3);

14=x

= —— . =. . 2 _
3%+ 1 In|14x|—In|3x+1]|; y=sin 2x-cos? 3x

y:ln

\

—-i—- (sin 8x —sin 4x) + —%— sin 2x; y=e* cos x = Re ¢x(+9,

[Ipy HaxoXJIeHHH TIPOM3BOJAHLIX BBICUIHX MOPSJKOB OT IPOH3Bele-
HUS ABYX DYHKUHE NOJIE3HO NOJAB30BaTheA Gpopmyacid Jedbrnuya:

ecay Kaxjas H3 QydKuu# u=f(x) B v=g(X) HMeeT B TOUKE Xo
IIPOU3BOAHYIO n-TO NOPsSiAKa, TO HX IIPOHU3BEJEHHE 4-U TaKXe HMeeT
7-10 IPOH3BOAHYIO B TOUKE Xg, pHUEM

n
(4 - v)® :PE CEu®
k=m0
31€Ch

1!

=g, vO=0o(), CF=x-"___
( )1 ( )’ n Bl (n———k)! :
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Mpumep 17. HafigeM y9®, ecan y(x) = (x%-+4x24+2) e~
Pemenue O6ossaunm u(x)=x*+4x2-+2, v(x)=e?, TOrna, npu-
Mensis Gopmyany Jlelbnuna, nMeem

[(x2 + 447 + 2) €2¥]U0 =Clo- (4% 4 4x* + 2)(0 - (¢25)110 -

+ Clo- (#° + 422 4 2)10. (2)®  Clp- (x3 + 447 4 2)2) - (€29)® +-
4+ Clo- (X8 + 442 4 2)@). (625)(1) == 210 g2x. (3 1 452 4 2)

4 29.10. (342 4 8x) e2* + 28.45. (6x + 8) €2* 4+ 27-120-6- &~

31eck MH BOCIOJIb30BaJHCh TeM, YTO BCe NPOM3BOAHBIE NOpAiKa 06o-
Jee Tpex oT GpyHKuuu y=x3+4x2+2 paBHH HYIIO.

[TosicHum Teneph, KaK HAXOASATCS NPOM3BOAHEE (GYHKUHH, 3afaH-
HEIX NapaMeTPHYEeCKH.

[ycTs Gyuknus y(x) sagana napaMerpudecku: x=x(f), y=y(f),
te=T. Ecau B HexoTopoM mnpoMexyTtke (a, B)=T ¢yukuuu x(f) u
y(t) nuddepenunpyemnt u x' ()50, To B npomexytke (a, B) PyHk-

, Yy
nus y(x) oAHO3HauHO onpejejaeHa, nuddepenuupyema H Y, = ——.
X
[lponsBoxHas y, cBsi3aHa C apryMeHTOM X TaK Xe, KaK ¥ HCXOAHasd
¢yukuus y uepes mapasetp f:y, =¢(¢), x=x(t). [Tostomy npu BH-
MONHEHHH COOTBETCTBYIOIHX YCNOBHH Bropas HNPOH3BOAHAS ¥ IO X

W r s (y’); y:;'t.t—xézyt
paBHa yxsz(yx)xz x, - 7
xt (xt)s oy

[Ipumep 18. Hafipem gy, y,, 0 y,, naa QyHKuAM y(x), 3a2HHOH

napaMeTpHYEeCKH:

H T. R.

x=a(t—sint), y=a(l —cost).

Pemenne Tax xak x;/=a(l —cost?) HeoTpuuatesbHa aas it
F2nk, k<Z, T0 B COOTBETCTBYIOUIHX TOUKAX

1

i
' . 2 sin? —
g, = Y+  sint —clg t Y, = 2
¥ T T cest oo Im .
% I —cost 2 2asinﬂ;
t 4
cos —— cos —-
. 1 Lo 2 . 2
_-—4'43’“”13__ 4=izt in5t —42i7t
a sin* — a*sin® — .« sin® — a? sin? —
e 2 2 2

Paccmorpum teneph audpdepeHuupoBanne PyHKUHH, 3aJaHHOH He-
ABHO, T. e. cootHomeruem F (x, y(x))=0. [Ipeanosoxum, 4To TaKas
Gyukuus onpenesena n auddepernnupyemMa Ha HEKOTOPOM HHTepBalje
(a, B). Torna npu dopmasbHOM pgHbDepeHUUPOBAHHH COOTHOMIEHHS
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F(x, y(x)) =0 nmo nepemeHHO# x nmOAYyUHM JHHEHHOE OTHOCHTEJNBHO
Yx yDaBHeHHE, H3 KOTOPOTO HAaXOIMM BHpaxeHHe 3TOfl NPOH3BOLHOMN
{ycnoBue cyulectBOBanusi u AH(GepeHUHpOBaHHS 2a37JaHHOH TaKHM
obpazoMm ¢yHruuu y(x) paccmarpuBaeTcsi B TeOpHH (DYHKUMH MHOIUX
NnepeMeHHHX ).

Hpumep 19. Ilyers dyrxuusa y(x) onpenensercs H3 ypaBHCHHS
3+ yt— y® —x=0.

Hatinem vy, (1), ecan y(1) =1,

Pemenne, 3amMerdM, uto 3HaueHHd x=1! H y=1 yI0BNCTBOPAIOT
JAarHoMy ypasBHeHuio. InddepeHuupys cooTHollenHe

2+ (x) + 4P (x) —x=0
mo nepemedHo#t x, nmojnyyaem
3x24+ 3%y, — byty,” — 1=0.
Ilpu x=1n y=1 umeem
34 3yx (1) — 5y’ (1) — 1=0,

oTRyaa y. (1) =1.

[Tpu coorBercTByOIMX yCA0OBUSX GyHKuus y(x) Oyner uMeTb M
NPOH3BOAHEIE BHICIIHX MOPSIKOB, KOTOpHiE ONPEAe/sioTcst ypasHe-
auamu  (F (x, y (0)).=0, (Flx,y(x)),=0wu 1. 1.

[Ipumep 20. Ilycte ¢ymxuua y(x) onpelensercsi H3 YpaBHEHHS
I v ! 44
In(x*+ ¢ =x—y u x0:y0=7~2:. Hafiger ' (x) v 4" (x,).

Pemenne. Huddepenuupys coorHomenue In(x*+y?(x))=x—
— y(x), uMeeM

2% -+ 2y (%) y,, (%)

—_— 1’ ::O
x2+y2 (x) 1 +y 1(x) [}
HJIH
2x+2y(x)y (x) — (1 — ¢’ (x)) (x*+ 42 (x)) =0, (2)
, X2+ (x) — 2%
OTKyna cliepyer, 4uro y' (x) = ,  CJIeJI0BaTesBHO,
YRR clenyeT, WTo ) = Ty @ poRaTEE
y' (—1_—_) m-l;VE—. Juddepesunupys no x paBeHCTBO Yy =
Y 2 1+y2
=x2+y2—~2x

, noJayduM y”. 3ameTum, 4TO B COOTHOIIEHHE, Onpefe-

Xyt 2
Jsiioulee y”, BXOAUT y', KoTopoe y:kKe Hafaeno. Texudueckd npoue
BRIYHCAHTE Y7, auddepenunpys cootHoulenne (2). B Halmem cayuae
HMeeM

2420 ()P +20 ()Y +y (P +y* ) —

—(1—y" (&) (26 + 29 (x) y' (1)) =0.
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Orkyna
2+2(1;@-)'+v2‘y” () +¢ (=) -

14-V72 V2 Y 2
1—V'2 5,5 1—V2
eV = 24+1V2 ——= =0
(' 1+V‘2)(v 4 1,}’“5)
H
Ly 2/ 4V

§ 2. JHOOEPEHIHAJI ®YHKUHHU
H KHBAPHAHTHOCTL ET'0O ¢OPMBI

ITycts f ompenmeneHa B HekOTOpo#l OKPECTHOCTH TOUKH Xxo. Ecam
npupallesne QYHKUWH [ HMeeT IVIaBHYIO YacTh, JHHEHHYIO OTHOCH-
T€JbHO HNPUDPAILEHHA apryMeHTa, T. €, eCJH clpaBedJIHBO NpeacTasJe-
HHe Af=f(xo+Ax) —[(x0) =AAx+o0(Ax), Ax—>0, rae A0, T0 37a
rnaBHast uacTe AAx HasniBaercs oJugpgeperyuarom df ynxyuu [ B
TOYKE Xo H T'OBOPAT, UTO [ HMEeT B TOUKe Xo AHPPepenunan. B cnyuae
A=0 guddepenunal GyHKUHH [O ONPEHENEHHIO CUHTACTCS pPaBHBIM
HYA10.

Hnst GyHKUMH OJHOTO HEPEMEHHOro CylleCTBOBaHHEe NPOH3BOAHOH
B TCUKE Xo H CyllecTBOBaHWHe JAH(Q¢epeHuHala B TOUKE X; 3KBHBa-
JJeHTHBI. [103TOMY TepMUH «AHDPepeHLHpyeMass B TOUKE Xo QYHKIHHA»
03HauaeT ONHOBPEMEHHO CYyLIeCTBOBaHHE H INPOH3BOAHOH, H IHPde-
penuHana y GyHKUHH [ B Touxe xo. Ecam ¢yHruua nuddepeHuupye-
Ma B TOYKE Xp, TO ce Audeperuuan B 3Tok Todre paBeH [, (¥o)Ax.
B vactaocry, pas dysuruuu y=x uMeeM dy=Ax, 7. e. nudpdepenunas
He3aBHCHMOTO IepeMEeHHOro X coBmajaer ¢ npHpaiuenueM Ax. ITosTto-
My auddepenunan dyukusu [ sanucwBaercy B ¢dopme df=f,dx, n
NpOH3BOAHAA f,' MOXKeT OHWTb 3amdCaHa KdK OTHOLIleHHe audpdepes-
NHAJNOB: fr= af_

dx

Ocrosnble npasuia swlducrerus Oupgpepenyuaros Gyukyul Te
XKe, 4YTO H JJs BHIUHCJIEHUS IPOU3IBOIHOH.

Ecau ¢yukuun f n g anddepeHnupyeMs B TOUKE Xxg, TO B 3TOH
TOUKE HMeeM '

1. d{of +pg) =oadf +Pdg (o u f—nocrosHHuLie);
2, d(fg)=gdf +fdg.

foN_ gdf-—-fdg .
3. d( =) (@) #0)

I'naBupiM cBoficTBoM AuddepeHuHana sBJAsSETCd HHBAPHAHTHOCTD
ero GOpMHE OTHOCHTENBHO KOMIO3HLWM (PYHKIHHA, 8 HMEHHO €CIH Y=
=y(x) n x=x(t), 10 dy=y,/dt=y,’ - dx. HeobxomumMo TOJLKO HMETb
8 BHJY, UTO €CJH X — He3aBHCHMasi nepeMeHHasi, To dx eCTh NpHpauie-
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HHE Ax, a ecan x=x(!), To dx ecrp rJlaBHas YacTe NpHpauieHHs Ax,
JNHHeliHasg OTHOCHTEeNbHO Af,
CBoficTBOM HHBapHaHTHOCTH zuddepeHmuansa WHPOKO NOJABIYIOTCH
npy mnpeo6pa3oBaHUH BHIPAXKEHUH, COLEPKALIHUX NMPOU3IBOJHHE.
I[Ipumep 1. [Iycte nano suipaxenne (1 —x2)y,’ — xy(y=y(x)).
ITonoxum x=sinf, tTorna, nepexois B 3TOM BHpPaXeHHH K HOBOH Hes
3aBHCUMOH nepemeHHoﬁ t u cuuras, uTo y=y(t), umeeM

dy

dt

r

Y=

, dx=costdt, y,=

dx
Cile0BaTeNIBHO,

(1—x%) y.—xy = (1 —x*)dy —xydx __
dx -

(1—sin21)y;-dt—sint-y-cos tdt . ]
= =cost,- yy—ysint,
cost - dt )

B nanxoMm ciaygae, BMecTo TOro 4to0H HCIOJb30BaTh noHATHe Audde-

peHuHala, MOXHO OBJIO NMOJb30BATHLCS TOJABKO nNpaBuaamMu Aundde-
o , Y4

PEHUHPOBAHHSA CROXKHOR QYHKUHH: yi =y, %, OTKyla Y,= ——, HO
X
t

npu 6osee CHOKHOH 3aMeHe nepemeHHoﬁ 1 OYHKIHH HCIONb30BaHHUE
auddepeHuuanoB paer fosee npoctolt MyTh IPH BEYHCJICHHAX,

Ipumep 2. B Bupawennn (l+x2)y”"—y, rae y=y(x), nepei-

AeM K yHkuum u(l), ecmn Y= = x=1gt.
Cos

Hmeem

. dy , d(y,) dt

Vi dx ’ Yar = Ya)x = dx dx = cos?f

dy — cost-du-+usint - dt y,___cost-du—‘rusint-d! <
cos? ¢ A cos?f . dt

X cos*t=cost - u,+usint; d(y) = —sint - dt - u; +

+cost-d{u) +dusint +ucost - dt = —sint - u,dt +
+cost - updt 4 sintfu, - dt +ucost - dt;

y d (y;) (—sint. u;dt 4+ cost . u;dt 4 sinf - u;dt -+ ucos fdf) cos? ¢
Y = dx dt

=083 t (uy, + u).

IloncraBiasis BoIpaMeHus s y U y” B HCXOLHOE BHIpaXKeHue, 1Noay-
yaem
. " . H 2f
" 3 u  u'cos*t—usin
(I 4-tg®1) (u,. + u) cos® t — =

cos i cos i
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Mpumep 3. B Bupaxenun 2y”"+ (x+y) (1 —y)3, y=y(x) ne-
peffieM K QyHKUHH v (U}, eClH x=U+0U, y=0v— U.
Pemenue Hmeem dx=du+dv=du(l1+v,);

, , dy v,—1
dy =dv—du=(v,—1)du; y,= = :
dx v,+ 1
dy — d) (W +D)—d@) @ —1) 24
* (v + 1)? (v + 127
A 2dv’ 20,

Yo dx (v + D2du (i -+ ) (14 o)8
IlogcraBanas BelpaxeHus Ik X, 4, Y, ¥” B HCXOZHOE BHpaXeHue, 10-
Jyuaem

" ’ 3 "
4%2, 1ol — vlf—l _ 4v,, +’40 .
(1+09,)? ot (1 +419,)?

§ 3. NTPHJAOXEHKA OJHPPEPEHIIHAJBHOTO
HCYUCJIEHUS

KacareabHble B HOPMAJAH K KPUBBIM

[Tycte L — HenpepriBRas KpHBas H touka Mg aexur na L. ITyctp
iy — nonynpamas, seixofasiuias u3 My W npoxoxsiulas uepe3 HecoBma-
pawomyn ¢ My roury M, nexamywo Ha L, PaccMOTpHM MHOXKECTBO I10-
AYNpSAMBIX {5, KOTHa ToOuKH M nexar na L no oxny cropony ot Mo,
Ecnu cywecrByer monynpamas lo, BHXoasiulas w®3 TOUKH M, rakas,
910 yron Mexny lo u [y cTpemurcs K HyJdmw, koria M—>M,, to mouay-
npsaMas lo HasuBaercss oOHocToporKeld noaykacareavroll k¥ L B TouKe
M,. Ecar B touke M; cymecTBYIOT OQHOCTOPOHHHE IOJyKacaTeJbHbE
K L xax c oqHOH, TaK M ¢ APYyro#l CTOPOHH H YIroJl MeXIy HUMH pa-
BeH 1t (T. €. 5TH [B€ NOJYyNPSMBbl€ CAHBAITCA B NPSAMYIO), TO 3Ta Nps-
Mas Ha3hBaeTcs xacaresvrold k xpusod L B touxe M.

Ecnu xpuBass L Ha IJIOCKOCTH sBJsSEeTcS rpadHKOM HenpepbiBHOA
¢ysruuy y=y(x), To AubdepeHUHpPyEeMOCTs 4 B TOUKE Xy 3KBHBa-
JIEHTHA CYIIEeCTBOBAHHIO HEBEPTUKAJBHOH KacateJbHOH B TOYKe
Mo(xo, y(x5)) xpuBOH H ypaBHeHue y—yo=y’ (xo) (x—xo) sBIAAETCA
ypaBHeHHeM 3TOH KacaresbHOH.

Ecnu ¢yHruus y HenpepriBHa B TOUYKE Xp H lim y—-—-—-————(xi _—z(%) =

XX — Xy
=-+o0 (HnH —oo), TOo B Touke Mq(xo, ¥(xo)) cOOTBETCTByIOLlAsT KpH-
Bdsl HMEET BEPTHKAJBHYK KacaTeNbHYI0, YPaBHEHHE KOTOPOH eCcTh X=
=Xp. JIOKaJIpHOE NMOBEJEHHE KPHBOA B OKPECTHOCTH TaKOH TOUKH IIO-
Ka3aHo Ha puc. 29, a u 6.

Ecan B Touke x, HenpephiBHAas GYHKUMS Yy He XHpdepeHuupyeMa,
OJHaKO CcywecTBYIOT ¥ +(x0) ¥ y'—(Xp), TO COOTBeTCTBylOINaf KpHBad
nmeer B Touke My{xo, y(X0)) ORHOCTOpDOHHHE MOJIyKacaTeJbHHE: Je-
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I q g
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_ | I
0 z 0 .
i
i

Puc. 29

BYIO — NOAYNPAMYIO ¢ — Yo=Yy _(xp) (¥ — x0), ¥*<<xo H TpasByio — I0-
AYUPAMYI0 Y — Yo=Y +(xo) (x — xo), x>=x,. Torza Touka xo Ha3bi-
BAGTCA TOYKOU u3aoma HaU yero080d rToukoli Kpusoid (cMm. puc. 298,

e, 0).
Ecau (yHKUHS y HempepeBHa B Touke x,  lim LU =4C0) 4 o
X—>Xo-t X— Xy

y(x) —y(x) [ y (%) —y (%) __ o Y — g (Xo)
= oo( A A L lim =

lim — 00,
X—rXg-|- X — X5 X-+Xg— X — X5

lim
X—Xg— X — Xp
= 4 00), TO COOTBETCTBYIOINAs KpuBast B TouKe M, (x,, y(¥,)) HMeeT

/

JeBYI0 W IPaByK IOJyKacaTeJbHBle, KaxXAds H3 KOTOPHIX sBJAsSeTcH
BEPTHKaNBbHOHl TMOJYNpAMOHN, HampaBJeHHOH BBEPX: X=Xo, Y=l
{BHH3: x=xy, y<{yo). Touka KPHBOH, B KOTOPOH ONHOCTODOHHHE IIO-
JyKacaTeJbHble SBJAITCA OAMHAKOBO HATPaBAEHHBIME OJYIPAMBIMH,
HaswlBaeTca royxol so3spara. lloBenesne KpUBOH B OKPECTHOCTH Ta-
KOH TOYKH NHoKasaHo Ha puc. 30, a, 6, 8. OTMeTuM, uTO Aad rpadpuka
HenpepHIBHOA (PYHKIHH BO3MOXKEH °~ TOJBKO ONHH M3 BapHaHTOB: a)
anu 6). A

Ecau nre KpuBHe uMewT o61yio Touky Mg ¥ B 3TOH TOUKe KaxXK-
JAasi U3 3THX KPUBHLIX HMEET KacaTeJbHYK, TO YIVIOM MEXAY 3THMH
KDHBHIMHM HAa3bIBaeTCs YroJl MeX1y HUX KacarenbHHIMH B Touke M,.
Hns xkparxoctd B jgaspHefdlueM BMeCTO CJIOB «KpHBas, SBJAIOLIAACA
rpad koM PYHKLHH y=y(X)», TOBOPUM <«KpuBas ;= (x)>.

IIpumep 1. Hanumesm ypaBHeHuss KacaTedbHBIX K KPHBOH y=
=x2"% B ToyKax ¢ abcuuccamu: a) x=0, 6) x=—1.

Pemenne HMmeem y(0)=0, y(—1)=—2, y =2"2—x2-*In 2=
=2*(1—xIn2), y(0)=1, y'(—1)=2(1+1n2).
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CnenoBaTesbHO, ypaBHEHHS KacaTelJbHBIX COOTBETCTBEHHO OynyT:
a) y=x, 6) y+2=2(1+1In2) (x+1) (cM. puc. 31).

a J 8

A

|

Do - il
0 Z, z 0 X, & 7} y L
Puc. 30
Ay PR
\ 7 %)
/N
1.5 /
FEA "
/’,:é //‘%_J//
A Y
! ey /
: \\ // +:'
Py e i .,
/ Y
o e Y
/,e:/ ~\_’ | .
-7 / /
i / I
y - Y ‘
v S0 7| z
/ , !
Ve
/ /
£/
/
/
i
Puc. 31 Pnc. 32
ITpumep 2. HanuileM ypaBHeHHs] KacaTeJbHHX K KPHBOH 4=
| S —
=x7 (1—x) B Toukax ¢ abcumccamu: a) x=0; 6) x=1; B) x=9.
Pemenne HMmeem y(0)=0, y(1)=0, y(9)=—18,
1 — —
¥ =(1—2)""—x e (1= =— (=97 (3—4y), 3)
4 7 ll
yO)=1, y (@ =—-".
CaenoBatesbHO, YpaBHeHHSI KacaTeabHHX OYAYT B caydasx a) H B)
11
COOTBETCTBEHHO Y =X H Y+ 18=—T(x—9); B cjayyae 6) npu x=
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=1 gopmyna (3) Tepsier cMuica, B mannoMm cayyae MOXHO Hemocpegs
CTB€HHO BHYHCJAHTE, 9TO

“my(x)~—y(1)=1im ; x = — 00
X1 x—1 x_.>1_]/(1_x)2

3ameTHM, 4TO MPOILE HMCIOAb30BATH YTBEPKIAEHHE: ecaH f(x) nempe-
pHBHA B TOuKe Xo B limf’ (x) =00, 10 lim (f (x}— f (x))/ (x— Xy) = 00

X=Xy X=X,

{coorBeTcTBEHHO + 00 MM ;——oo). Takum ob6pasom, B Touke (1, 0) He-
npepniBEas KpuBasg Y=x3 1 —X HMeeT BODTHKAJbHYIO KacaTelb-
Hyio x=1 (cMm. puc. 32),

IIpumep 3. Hamumem ypaBHeHHs KacaTenbHHX K KPHBOH x=
== 2c0s f — €0s 2¢, y=2sin t — sin 2{ B TOUKaX:

a) t=mn/2; 6) t=m; B) t=3n/2.

Pemenne, Umeenm

t=n/2=3x=1, y=2; t=n=x=—3, y=0;
{=3n2=x=1, y=—2;

o3t ¢
sin ——— sin —

’ y; 2 2 I 3t . 4 . . ’ =
COos — 8in—
2 2

CaenoBaresnbHO, YpaBHEHHS KacaTeNbHHX OyAyT B ciyyasix a) M B)

COOTBeTCTBeHHO Yy—2=—(x—1) u y+2=x—1, 6) B TOUKEe I=
=n(r=—3, y=0) dyuxuus y,” He onpenenesa.
PaccMoTpuM KpDHBYIO B OKPeCTHOCTH TOYKH x=-—3. [lapaMeTrpuue-

CKYI0 CBsI3b X H I MOMHO pacCMaTpHBaTh W KakK onpejesjeHHe QyHk-
uud y(x), ¥ Kak onpenenenne pyukuuu x(y). Tak xak B OKpecCTHO-
CTH TOUKH f=n uMmeeM Yy, <<0, TO B 5TOH OKPECTHOCTH X €CTh HEIpe-
PHIBHAst OJXHO3HaUHasd GYHKUHA 4y H X =X [y’ =ctg (3t/2), 1. e. ypaB-
HEHHe KacaTeJbHOH K rpaguky 3ToH (yHKUHMH B TouKe y=0, x=—3
ectb x+3=0-y wuam x=-3 — KacareapHass mnapanayneasHa ocu OY.
Ecau xe paccmaTtpusBaTh GyHKUHIO y{X), TO ToukKa x=-—3, y=0 gB-
asiercs obuje#r TOYKOH rpauKOB HABYX OAHO3HAYHHIX HENpPePHBHHIX
¢yukuui 1 {x) 4 y2(x), COOTBETCTBYIOI[HX YY4CTKaM MOHOTOHHOIO
usMeHeHHa x(f): npu {=(n/3, n) x y6riBaer ot 3/2 no —3, npu fte
& (rn, 5n/3) x Boapacraer or —3 mo 3/2. Tak kak x>=—3, T0 o0be
BeTBH y;(X) H y2(x) KpuBoh x=x(t), y=y(f) nexar cnpasa ot Ips-
MOH x=-—3, H B 3TOH TOUKe MOXHO TOBOPHTbL TOJBKO 00O OIHOCTO-
POHHHX NOJIyKacaTeJbHEIX K Kaxaoi u3 perBed, MmeeMm

lim g (%) = lim tg=X = t o0, lim g (x)= lim tg*=—co.
x+—34 trn— 2 x—>—3+ >4 2

OTcroaa, paccMaTpuBas KPUBYK B LE€JIOM, BHIHM, UTO IOJyKacaTenb-
Has «CcBepxy» B Touke (—3, 0) sBJisieTcss BEPTHKaJLHOH NOJAynpsiMOH,
HalpaBJeHHOH BBepx: x=—3, y=0;, moaykacatenbHasi <«CHU3Y» —
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BEPTHKAJLHON MONYNpPSMON, HANPaBJIEHHOH BHM3: X=—3, y<<0. Tax
KaK yroJ MeXILy 3THUMH NMOAYNPAMBIMH DaBEH T, TO KpUBas B TOUKe

HMEEeT BePTHKAJbHYIO KacaTelbHylo x=—3 (CM. pHC. 33).
~
/A
—‘\\/ ,/ ‘:.\
iy ‘k " "y
Q//\Q\
~ 3
y //Q’_‘
NI,
NV gf’f
2L~/
|
1
. -3 oA\ _
~2v3-3 | [2%3*3 z
A
~TI3 —F==|-2
i
Puc. 33 Puc. 34

ITpumep 4. HanumeMm ypaBHeHusi KacaTeJIbHBIX K KPHBOH Xx=
=92t — {2, y=3{— 13 B Toukax a) t=—1, 6) t=1; B) {=V2.
Pemenne, HMmeem t=—1=2x=—3, y=—2; t=1=x=1,

y=2; t=V2=3x=2V2—2; y=V;

Y _3(1—1£) _ 3
xp  2(1—1t) 2

y,= (1+1), t1;

’ ’ 3 -
yx‘t:——l ::07 y;!t.,]/"i:?(l + V2)

CaenoBaTeNbHO, ypaBHEHHS KacaTeJbHBX OyAyT B CJaydYasxX a) H B)
¥ — 3 — —
COOTBETCTBeHHO Y+ 2=0 1 y——VQ =—2-(1 + V2)(x——2}/2+ 2)i

3(1—2)
2 (1 —1)
YyHe OT npeibayulero npumepa npu =1 u y,'=0, u x,"=0. IToaTomy
HeJIb3s YTBEPXKAaTh, UTO B OKPECTHOCTH ToukH (1, 2) mepemenHas y
ABASIETCA OJAHO3HAuUHON (PyHKIWEH x WM nepeMeHHas X SBJASETCH OX-
HO3HauHOH (yukuuedr y. Pyukuus x(f) mmeer aBa yyacTka MOHOTOH-
BocTH: Ha (—oo, 1] oHa BO3pacraer OT -~oo X0 1, Ha {1, +oo0) — yOH-
Baer oT 1 10 (—oo). COOTBETCTBEHHO HMEEM JBe OJHO3HAUHLIE He-
IpephIBHLIE BETBH paccMaTpHBacMo# KpuBoii 4y (x) u yo(x) xaxnmas ¢
ob6aactoio onpenenedns x<_l. Touka Mq(1, 2) — obwasa aas uux. Tak

cayyae 6) B Touke f=1 QyHKUHSA He onpelejeHa. B OTJaH-
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Kak ¥x<<I, TO MOXHO ONpPENEJHTh TOJBLKO OJHOCTOPOHHHE HOJAyKaca-
TeJIbHBIE K KaXJ10# H3 BerBeil B Touke M, Umeem

lim 8822 Jim g () = lim = (149 =3;

ri— x—1 X—1— X 1—
lim 2% =2 [im y (x) = lim = (1 4+ #) =3.
—>1— Xx—1 Xr]l— —>1— 2

Hrax, nonynpamas y— 2=3(x— 1), x<1, asasercs obuwel noayka-
caTeJbHON JJsA o0eHX BeTBeH pacCMaTpHBaeMOH KpHBOH B TOUKE
(1; 2). Touka (l; 2) — Touka Bo3BpaTa (cM. puC. 34).

ITpumep 5. Hanuuiem ypaBHenusi KacaTenbHbiX K KpHBOH xy(x+
+y) +x2=2y4% B Toukax ¢ abcunccaMu a) x=4; 6) x=0.

Pewenne M3 nansoro ypaBHeHHs NoJyyaeM

x4 Y xt 4 8x2 — 443
4 —2x

y:

H

T. €, KpHBafg COCTOHT H3 ABYX BeTBeN

LB VAE e —a8 Yo = 2 — V] 82 4
! 42 2 4 — 9% '

Taxkum o6pasoM, 3HaueHue Xx=4 onpelesieT ABe TOUKH, Jexallue co-
OTBETCTBEHHO  Ha JByX  BeTBAX  KpHBOH: M, (4, —2V2—4) u
M, (42V2—4), a npu x=0 umeeM y,=y,=0, T. e. Touka M, (0, 0)
ABJaseTcsa obmel Agasg obeux BetBeH. I[losapaysack npaBuiaom audde-
PEHIHPOBAHHA HEABHOH (QPYHKIMH, HAXOAHM, UTO

2xy + 2%y + 2yy'x + PP+ 2x =4yy’, (3)

2xy + y* -+ 2x
4y —x2 —2xy
vouke M; u B Touke M, paBHH HyJI0, H ypaBHEHHUS COOTBETCTBYIOIIHX
KacatelbHHX ecTh §=2)2—4 u y=—2)2—4. B touke M,(0,
0) ypaBHenue (3) BHpOXKZAaercs — IpeBpaulaerca B ToxaectBo (=
=0. Hafith kacaTenbHyl0 K KaXJ0#f H3 BermBell B 3TOH TOUKE MOXKHO,
ganpumep, AuGdepeHUHPYs KaXKAYIO H3 ABHHX OYHKUHA y(x) H
Y2(x), oAHAKO cAenaeM 3TO APYFHM Clnoco6oM, MOCKOJABKY YacTo ypaB-
HEHHsl BETBEH HEABHO 3aJaHHON (QYHKUMH HEe BHIPaXaloTCd aHAaJHTH-
4eCKH B ABHOM BHIE y=y(x) anu x=x(y).

B HexoTOpHX CJaydasix yAaaeTcsd pa3feNHThb BeTBH KDHBOH, 3ajaH-
HOH ypaBHeHHeM [ (x, y) =0, BBeneHueM mapaMerpa. Tak, Aas Hallel

KpHBOH BBeleM NapaMerp !=--, Torfa napaMerp ! M nepeMeHHas
X

218 - 1
X = ——

t(1+1)
Touxke Mo (0, 0) cooTBeTcTBYIOT nB2 3HaueHHs Tapamerpa t=1/}2 u
t=—1/y2. Jlerko npoBeputb, yto Qyukuus x(f) CTPOro MOHOTOHHA

OTKyJa Yy = YrnoBue Ko3pdHNHEHTH KacaTeJbHOH B

X CBsi3aHH ypapHeHHeM {x?(x+ix)+x?2=21%2x2, orkyna
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KaK B OKPEecTHOCTH Touku f=1/}2, Tak ¥ B OKDECTHOCTH TOHKU [=

=—1/Y2. Tak uro NEHACTBHTENBHO IPH H3MeHEHHH [ B COOTBETCTBYIO-
mieff OKPECTHOCTH 3THX TOUEK Ml [OJIyyaeM JBe pas3jiHyHble BETBH Ha-
wef kpuBoit. Hmeem

=5 _1im L —1lim¢.

" {0) =1lim
yx( ) >0 x—0 x>0 X x=0

Tlockoapky ycioBue x—( Ha OJHOH H3 BETBEH 3KBHBAJEHTHO, YCJO-
Buio {—1/Y2, a ma xpyroii — ycnoBuio t——1/y2, To KacaTenbHas K ox-
HOW mz BerBelt B Touke (0, 0) uMmeer ypaBreHHe y=x[}2, a K upy-

roi — y=—x/y2. OrMerum, uto ocoGas Touka Mq(0, 0) kpusoi
xy(x+y)+x*=2y% npencrapaser cobOH TOUKY HepeceueHHs IBYX ee

IJaJKHX BerBeli, ofpa3yollux Mexay cofofl yroa a=arctg 2y2.
IIpumep 6. Hafinem yroJa, nos xOTOpEM HepeceKalTcs KpPHBHE

x4+ y2=12x n y:f/(x—-ﬁ)‘_,

Pemenune Yrobe HalTH TOYKY HepecedyeHHs KPHBHX, Hano pe-
LIHTh YypaBHeHHEe (x—--6)2+~,3/(x-—-6)4=36. [TomoxuM (x—6)?=23,
Torga 23+22=36. Tak kak 23+ 22—36=(2—3) (2*+4z2+12), o ypas-
HeHHe HMeeT eJHHCTBeHHbH KopeHp 2=3, oTkyga x=60-+ V1.
Urak, TOuKaMH NepeceyeHHs KDHBHX sBJSIOTCH ToukHm M, (6+Y27,9)
u My(6 —V 27, 9). Ilas nepsoii KpuBoil umeeM 2x+2yy'=12, orkyna
Yy = (6—x)/y. CnexoBarespHO, yrioBHeEe KO3(pOHUHEHTH KacaTeJbHBIX
K Hedl B Touke M, ectw ——V§/3, a B Touke M, ecth V§/3. I
BrOopofi- KpuBol Yy =2(x—6)!/3/3, cnexoBartennHo, B Touke M; yrio-
Bo#l KoapdHIHEHT KacaTeabHof ectb 2/3 V3, a B Touke M, ecTb

—2/3y 3. Vram, nog KOTOPHMH IIEPECEKAITCH KpPHBHE B TOUKAaX
M, 1 M2, OniHHAKOBH H paBHH

= arctg-s-—%‘{-:-3 (cM. pHe. 35),

arctg

IIpumep 7. Halizem yros Mmexpuy JeBofi ¥ npaBofi moJykaca-
TeJbHRIMH K KDHBOH y=arcsin

B yrJoBoH TouKe (CM.

14 %2
ctp. 104).
Pemenue. MMeem
= 1 .2+2x2—'4x2: 2(1_x2)
. ]/ 2\ (L) V({I—2) (1+22) (Fxi=1).
l-_(l—l—xz)
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CJjej0oBaTeNbHO, YIVIOBHIMH TOYKAMH MOTryT OHITb TOJBKO TOUKH
M, (1, /2y 1 My(—1, —/2). Yincem

. ——'2 L4 - r
‘ = i L= = —1; ¢ (1)=lim g, =1.
y, (1) = lm g, = lim ———3 y_ ()= lm g,

YrioBeie K03(@HIHEHTH JEBOH H NPaBOil NOJYKACaTeJpHBIX B TOUKE
M, papust 1 u —1, yroa Mexay HHMH paBeH n/2. Tax Kak pyHrUUSA

AY
AY
— ; \312/2
-
I\
-~ |
0 6 2z = S A z
VAN
DA 2
)2 !
Pre. 35 Puc. 36

y(x) HeueTHasi, TO KpHBass CUMMETPHYHA OTHOCHTENLHO Hauala KoOp-
NHHAT H yTOJ MEXJAY JIEBOH M mpasoil noJyKacarelbHBIMH B touike M.
TakXe paBeH /2 (cM. pHC. 36).

Boapacranue u yOniBanue QyHKUHM

Onpepenenue. Ilycts ¢yHxkuus f omnpejgesieHa Ha HHTepBaJje
(a, b). Ecau npousseaenune (f(x:)—f(x2)) (x1—x2) He MeHsieT 3HaKa
Ha (a, b), TO roBopdaT, uyTo GYHKUHA [ MOHOTOHHa Ha (a, b). Ecan
(Flx)—F (x2)) (x1—%2) >0 ((f(x1)—F (x2)) (x1—%2) <O) anss MOCHIX
X1, Xa, X,7Xx9, M3 (a, b), T0 [ cTpoeo so3spacraer (cTpozo yboisaer)
Ha (a, b), ecan e 3TO NpOH3BelleHHe ofpamniaeTcs B HyJb AJS Heco-
BIALAIOIHX X;, X2, TO I'OBOPHAT, UYTO MOHOTOHHOCThL HeCTporas.

Ecnn monotoHHast Ha (a, by ¢yuruua auddepesuupyeMa Ha
(a, b), To ee nmpousBogHas He MeHseT 3Haka Ha (a, b). Ecau [ nud-
¢epenuupyema Ha (@, b) u [/ (x)=>0(/"(x)<0) ans Bcex x&(a, b),
HCKJII0Yasg, GBITH MOXKeT, KOHeuHoe MHOXecTBO (Ha Kotopom [’ (x)=0),
1O f cTporo Boapacraer (ctporo y6mBaer) Ha (a, b).

Onpenenenune. Oynkuus f, 3aganHas Ha (a, b), uMeer B TOU-
Ke xp<(a, b) JoKanbHHHA 3KCTpPEMyM, eCJH CYILIeCTByeT TaKas OKpe-
crHocTh U(xp) & (a, b), uto pasHocts [{x)—f(x;) He MeHAET 3HAKa
ans xU (xo).

Ecau f(x)—f(x0)<<0 mas moboro xU (xo), TO TOYKAa Xp Has3bIBa-
eTcs Toukoil maxcumyma, ecanm f(x)—f(x)=0 ana moboro xe
U (xp), T0 X HA3HBAETCH TOUKOL MUHUMYMA. 3aMETHM, 4UTO TOYKA
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JIOKaJbHOIO 3KCTpeMyMa 006s3aTe/bHO €CTh BHYTpPEHHsAs TO4YKa objac-
TH OnpeleseHHst QYHKUHH,

Touku, B KoTOpHX f(x) ompenenena, a ['(x) paBHA HyA HAKH He
CylLIeCTBYeT, Ha3hBaeM KPHUTHYECKHMH ToukaMu f. Bcsgkas touka Jio-
KaJbHOIO 3KCTPEMyMa SIBJAETCs KPHTHYECKOH TOUKOM, HO, KaK I0Ka-
334HO HHXKe Ha IpuMepax, He BCsiKAsg KPHUTHUECKas TOYKA e€CTh TOYKa
3KCTpEMyMa.

Hocrarounsie yca08us AOKAAbHO2O 3KCTPEMYMA

1. Ilycrs ¢yHkuus f(x) HenpepHBHA B HEKOTOPOH OKPECTHOCTH
KDHTHUECKOH TOUKM Xy M Aud@epennupyeMa B €€ NPOKOJOTOH OKpeCT-
soctH, npuueM [f'(x) B neBod (U—-(x0)) u nmpasoit (Ui (xy)) momayox-
pectHocTAX coxpauser sHak, Torma ecam f'(x)>0 nns xeU_(xy), a
J'(x) <0 nns xeU+(xp), TO TOUKA Xp €CTh TOYKA MAKCHEMyMa; ecjH
F(x)<0 zna xeU_(x) u ['(x) >0 ana x&U(xy), T0 Touka X, —
TOYKAa MHHHMyMa. TpeboBaHue HenpepHIBHOCTH (YHKUIHUH f(X) B Touke
Xo CYLLECTBEHHO.

[Tpumep 8. Ilyctp

1 4+x, x<0;
fx)= 0, x=0;
—1l—x, x>0,

torga f'(x) =1 mpu x<0 u [ (x) =—1 npu x>0, T. e. npH nepexoxe
yepe3s TOUKY x=( NpOH3BOAHAs MeHseT 3HaK, HO Touka x=( He #AB-
JISIeTCsT TOYKOM JIOKAJBbHOI'O 3KCTpeMyMa.

2, Tlyctp [ uMeer B TOUKe Xo HPOH3BOXHyI0 mopsigka n, [/ (x) =
=" (%) =... =" (%) =0 u [ (x9)540. Ecnu n — uernoe H
f™M(x0) >0, TO xo — TOuKa MHHHMyMa; ecau [("{x) <0, TO X9 —
TOYKa MAaKCHMYMa; €C/IH 11 — HEYeTHOE, TO KPHTHUECKasd TOYKa Xo He
Oyaer TOYKOH 3KCTpeMyMa.

Ecan ¢ynxuus [ paccmartpuBaercs Ha orpeske [a, b] uam Jayue
[a, +o00), TO KpOoMe JIOKAJALHBIX KCTPEMYMOB [ MOXKET HMerb Kpae-
BOH 3KCTPEMyM: TOUKa a (Touka b) siBasiercsi TOYKOH KPaeBOro 3KCT-
peMyMa, €CJIH CyHIeCTBYeT TakKasd ee NpaBas (JeBasi) IHOJyOKpecTs
HOCTh, B KOTOpOH pasHocth f(x)—f(a) (f(x)—f(b)) He ™enser
3Haka.

ITpumep 9. Hallaem TOukH 3KCTpeMyMa H IPOMEXYTKH MOHO-
TOHHOCTH (PYHKIHH

1+ Vx+1
x-+2

Pemeunne Hwmeem

, . l—y x+1 L

Y ) =—— e (> ).

dyHrIHa y(x) ONpeleseHa H HenpepbiBHA Ha Jyde x>—1I1, a QyHK-
nHg ¥y (x) — Ba ayue x>—1; ¥y’ (x)>0 pag —1<x<0, ' (0)=0

11

+arctg Vx+1.

y(x)=
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y' (x) <0 gns x>0. Mrax, Ha uHTepBase —1<x<0 ¢yukuusa y(x)
T

so3pacraer, Ha ayue x>0 — y6mBaer, lim y(x)=—; B Touke x=
X+ 2
=—] — xpaeBo#i MHHHMYM y(—1)=1, B T0yke x=0 — JOKAJILHEIA

H afcoMOTHHEA MakcuMmyM Y (0) =1-+n/4.
[Ipumep 10. Hafinem Toukm sKCTpeMyMa H NPOMEXKYTKH MOHO-

3 f———
TOHHOCTH OYHKUKEH Y (%) =x%V ¥8—1,
Pemenne, Mmeem

2 (1122 —9)
y’ (x): 3 ———
3y (1 —x?)?
3 ) 3 i
Toukn x=0, x=1, x=—1, *=-7=, ¥=-—<7= SBJAOTCH KPUTH-
Vi Vi

JeCKMMH TOUKaM{d AAHHO# HenpephiBHOH ¢yukuuu. DyHruus gy’ (x)
MEeHsieT 3HaK TOJALKO B TO4YKax x,=—3/Vii u x,=3/¥1l, mnpruewm

¥ (x)>0 nas x<—3/VI1, y'(x) <0 mas —3/} 11 <x<3/¥11, y'(x) >0
nas x>3/y11. Takum o6pasoM, QyHKuHs y(x) BO3pacTaeT Ha mpoMe-
KyTKax (—oo, —3/Y11), ybnisaer na (—3/y11, 3/y11), Bospacraer

Ha (3/}11, +o0), B Touke x;=--3/}11 umeer NOKaJbHBIH MAaKCHMYM,
B TOUKe X3=3/}1l ~— noxaJbHBIH MUHHMYM. KpHrHUuecKHe TOUKH
x=—1, x=0, x=1 He ABAATCA TOUKAMH JOKAJbHOIO 3KCTpeMyMa.

IIpumep 11. IloxaxeM, uro pyHKUHA y(X)= (1 + ——1*-)& CTPOTO
X

Bo3pacTtaer npH x>0.
Pemenune. HMmeem

i LN oxl 1
y' ) (1+x)(ln X x+1)°

x .
Tak Kak (1 + ——1—) >0 paa x > 0, To 3HaK Yy’ (x) coBnagaetT cO 3HAKOM
X

dyHKI MU g(x)zzlnx+1—* L. Hueewm lim g(x)=0, g (x)=
| | X x+1 X0

PRI <0, x>0. Hrak, ¢ysxuus g (x) CTpeMHTCR
K HYJIO NPH X—»- 0o, MOHOTOHHO yOHmIBas, cjeloBaTesbHO, AJA BCeX
x>0 ¢yukuuss g(x)>0 u, snaunr, y’'(x) >0, x>0. Orkyaa BriTexaerT,
4TO y(x) crporo Bospactaer npu x>0.

[Tpumep 12. Jokazats HepaBeHcTBO 142 Inx<{x? nas x>0.

Pemenne. Paccmorpam dyuxunuio f(x) =x2—2Inx—1. HUmeem

f(1) =0, f':%_("_leu. Oas x>1 nameem f{x)>0, a ana 0<x<1

nmeeM ['(x) <0. Takum obpasoM, f(x) Ha untepmane (0, 1) yGuBaer,
Ha HHTepBaJte (1, 4+ oo) Boapacraer, H Tak Kak f(x) HenpephBia npH
x=1, TO TOoYKa x=1 saBasercs Toukof MuHHMyMa. CJenoBaTesbHO,
aaa x>0 f{x)=x?-2Inx—1>f(1)=0, orkyXa u BHTeKAaeT HepaBeH-
CTBO x2>=1421nx, x>0.

112

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

Ilycty nenpepuiBHas ¢yRKuMs [ 3agana Ha orpe3ke [a, b]. Torna
Ha oTpe3Ke {4, b] CylLeCTBYIOT TOYKH X H X TaKue, 4TO

f(x) = max f(x) n f(xz)—mmf(x)

x€fa,b) fa,b]

Ecau xors 6H ofHa H3 3THX TOUYEK JIEXKHT BHYTPH OTpe3Ka, T. €. Ha
unrepsanae (@, b), To B 3Toi TOUKe (YHKIHA [ HMeeT JIOKAJbHHA
skcTpeMyM. TakHM 06pasoM, TOUKH X; H X; BXORAT B MHOXeECTBO,
COCTOsIIEE M3 BCeX TOUEK JOKaJbHOTO 5SKcTpeMyMa ¢yHKuun [ Ha
(a, b) u woHUEBLIX TOUEK X=a H x=Db.

B cBow ouepenb 3TO MHOXKECTBO €CTb MOAMHOXKECTBO MHOXECTBA,
COCTOHAILEI0 W3 TOYEK X=a, X=0 M BCeX KPHTHUYECKHX TOUEK (PYHKuHH
[ na (a, b). CpaBunBast 3Hauenuss QyHKUHH [ BO BceX TOYKAX 3TOro
MHOXeCTBa (T. €. B KOHIEBEIX H KDHTHYECKHX TOYKAaX), HAXOILHM
max f(x) ¥ min f(x).
x€Efa,b] x€Efa,b}

IIpumep 13. Hafizem max f(x) H min &f(x).ec.nn f(x) =

4

x€f—4,4 xef—4
=x3+3x2—9x+5.
Pemenne Taxk xak dyuxuus f(x) nudpodepenuupyema Ha sced
INPAMOH, TO KPHTHUYECKHE TOUKH IAHHOH QyHKUHH €CThb T€ TOYKH, I'Ie
f (x) =0. INockoapry f'(x)=3x2-+6x—9 u f'(x)=0 mnpu x=—3 u

x==1, TO KpHTHYECKHE TOYKH €CThb X;=—3 H Xge=1. 3TH TOUKH NpDH-
Hajanexar orpeaky [—4, 4). ConenoraresbHo, HaJO CPE@BHUTh 3H&YEHHE
QYVHKIHH B TOYKax Xo=—4, x;=—3, xo=1 # x3=4. TlockoabKy

f(—4)=25; f(—3)=32, f(1)=0 u f(4) =81, 10 gmfi{]f(x) =f (4) =81,
min f (1) =f(—1)==0. o
IMpumep 14. Halizem max f(x) u min f(x), econ f(x)+|3x*—

[—2,3] —2,3

— 16x% 4 2442 —43]. =

Pemenune, @yuruus [(x) Moxer Onith Heguddepesuupyema
B TeX TouKax, rae 3x*—16x34+24x2-43=0. Hmeem 3x*—16x%+24x%2—
—43=(x-41) (3x3—19x2+-43x—43). Tlonoxum g(x)=3x3—19x2+
+43x—43. Torna g’(x) =9x2—38x+43>0 nnsa BCcex x, T. e. g{(x)
MOHOTOHHO BO3pacTaeT, H TakK Kak g(3)=—4, 10 g(x) <0 aas Bcex
xe [—2, 3]. CaenoBaTenpHo, x=-——1 eIHHCTBEHHAs BO3MOXKHas TOUKa
HequppepeHuupyeMocts f(x) Ha [—2, 3]. Ona x<—1 umeeMm ['(x) =
=12x(x—2)2, anag x>—1 umeem [/ (x) =—12x(x—2)2, caenoBarelb-
HO, KPpHTHUECKHMH ToukaMH f(x) Ha orpeske [—2, 3] O6yAyT TOYKH.
x1=—1, xp=0, x3=2. Buunucaga 3nauenus f(x) ang xo=—>2, x;=—1I1,
x2=0, x3=2, x4=3, nmoaydaem f(—2)=229, [(—1)=0, [f(0)=43,
f(2)=27, f(3)=16, 1. e.

max f(x) =f(—2)=229, IEmir; f)=f(—1)=0
_2' ﬂ

[—2,3)

dopmyna Teinaopa, npasuio Jlonuraas

[lyctes ¢yHxuus f B HEeKOTOpOM HHTEpBaJe (a, b) HMeeT n NPOHU3-
BoanHX. Torga gas mobofi ToOukH xe=(a, b) MOXKHO HamHCATb MHMO-
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n k
Ta(f, %)= 2 12 () (x—x,)*.  PasHocTb

20uaen  Tedaopa n

k=0

Ra(f, x0) =f (x) ~Tr(f, x0) Ha3bIBaETCH OCTATOUHOIM HACHOM (POpMYAb
Teiiaropa f(x)=Ta(f, x0) TR (], %0).

[IpH paHHBIX YCJIOBHAX, HasaraeMHX Ha ¢yrkuuwo f, Ra(f, xo) =

=0{X—Xg)" (X—xg) ¥ R, HA3LIBAETCH OCTATOUHbIM HYACHOM 8 (hopme
Ieano. Ecnu norpebosath, uto Ha (a, b) cymectsyer f*+D(x), T0
f(ﬂ-H)(

_ E) ;. \n+l .
Ens gmoboro x u3 (a, b) R,(f, xg)———-—-(n+l)! (x—x,) ', Tae E

HEKOTOpas TOYKa HHTepBala (Xp, X), H R, Ha3nBaercsl OCTATOYHOIM

yieHom 8 gopme Jazpania.
HcnoabszoBanne dopmyan Tefjopa ¢ OCTaTOYHBIM ujeHOM B ¢op-

Me [leaHo nnsi BbijesleHHsl TVIABHOH 4aCTH (YHKIHH [ B OKPECTHOCTH
HEKOTOpPOH TOYKH HW AJS BHIYMCJIEHHS NpefetoB ObLIO NoApobHO pac-

cMoTpeHo Beiue, Boipaxkenue R, B ¢opme Ileano B oriHuHe OT Ra
B ¢dopme JlarpaHxa Ho3BOJAET OLEHHThb BeJHYHHY NOIPEUIHOCTH, JO-
nyckaeMmofi npHu 3aMeHe QyHKuuM [ MHorousieHoM Tn(X) Ha HEKOTOPOM

TPOMEXYTKE.
IIpumep 15. OueHnM NOrpemrHoCTh NpH 3aMeHe QYHKUHH f(x) =

=arctg x muorounenom Teisopa Ts(f, 1) na orpeske [1/2, 3/2].
Peuwenne. Ilockoabky

(=" (n—1)!
(14222

-’(STO MOJKHO NOKa3aTb, HCHOJAbB3YA TOXKIECTBO

[, L () = sin (narcctg x), n>2

Tt

11 11y,
14 %2 26 (x—i x—}—i))'
TO

1 1 1 N 1
To(fs )="" 4 o= 1) —— — 1P + = = 1= = e— 1)®

f)—Ts(f, )=R;({f, 1)= A (g)élxﬂl)e'

Tak xak Touka E Jexur wmexay x #H 1, |x—1[<1/2 =
|sin(n arcctg £) |1, TO
1 sl 1 81 !

£ 1 \6
. | Rs (f, l)lé(—g-) -—6!"(1+§2)3< 2.6 5 6.58 750 °

HMTak, MHorousen
Dol e L e 1 (k18
L e ) = D b e 1) ()
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npubnuxaer ¢yskuuo arctg x aaa Becex x&[1/2, 3/2] ¢ norpem-
HOCTBIO He GoJee ueM 1/750.

fipapuao Jlonuraas. Ilycts QyHkuuH f H g onpeleseHs H Audde-
pEHUHPYyeMbl B HEKOTOPO# npaBofl noayokpectHoctdH To4kH a:Ui(a) =

={x: a<x<a+§}, 6>0, npuuem g’ (x)#0, x=U+(a) u lim ) 4
Y

x—a+ g’ (JC)
Torpa, ecan
I} Ilim f(x)= lim g(x)=0
x—sat x—va}
HJH
2) lim f(x) = lim g (x) =oo,
x—a+ xa--
TO
x+at g (x)
[IpaBuso BepHO M TOrma, xKorga A eCTh OJHH H3 CHMBOJOB oo, + 00,
— 00,
. b4
AHanornuHoe yTBepXJeHHE CUPaBemJuBO H Aas lim LG N )¢
x>a— g (X)
lim—f—((’i) (B mepBoM cayuyae QYHKUMH [ ¥ g NOJXKHH YIOBJIETBO-
x»a X
DATh COOTBETCTBYIOIIMM YCJIOBHSIM B HEKOTODOH JI€BOH MOJyOKpECTHO-
CTH TOYKH @, BO BTOPOM CJyyae -— B HEKOTOPOH NpPOKOJOTOH OXpe-

CTHOCTH TOYKH Q).
ITpumep 16. Hakinem

1 \ Inx

lim( 1 —-nctgnx),

Pemenne. Yro6s HMeTb BO3MOXHOCTb TMPHMEHHTH NpaBuiIo Jlo-
NHTaJf, NPeACTABMM LAHHYIO Da3HOCTb B BHJ€ OTHOLICHHMA (QYHKUHD

1 i —alnx-
—nctgax= singix—xIn x-cosqx f(x)

inx In x-sin fux g(x)

Gyuknud f(x) =sinmx—nlnxcosnx H g(x)=Inx-sinnx yposaer-

BOPSIOT YCJIOBHAM NPHMEHMMOCTH npaBuia JIONMHTansd NpPH X H3 OKpe-

cthocth U1 (1) =(1/2, 3/2)\{l}.  OrtHomwenne NPOH3BOAHBI%
2

f'(x)/g’ (x) paBHO

L .
7 COS X — — €Os fix -+ 71® In x- sin fix
x

1
— sin@x + mcos mx-1n x
X

TIX COS TLX — T cos ;X -+ n2x In x sin nx

sinnix 4 v cosmx-In x
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JTo OTHOLIeHHE OlsiTh NpeACcTaBisier CoGOH HeOMpeAe/NeHHOCTh THIA
0
< {IpumenuM npasuso Jlonutang k Hemy. OTHOLIEHHE NPOH3BOAHON

HYHCJAHTENA K HpOHSBOILHOﬁ 3HAMCHATEJIA pPaBHO

7t cos stx — n3x sin nx 4+ 02 sin 5x 4 02 In x- sin mux <+ n? sin ux 4+ n8x In x cos nx
71 cos nx 4 1 cos x In x -+ ;v cos nx — n2x In x sin nux

Ilpenen storo orHollenns npuH x—>1 pasen /2, CuegosaresnbHo,
lim L) L
=1 g (x) 27

Taxum o6pasom,

. 1 .. sinmx—mcosmx-lnx
lim —nctg nx | =lim — =
21 nx x—1 sinnx-Inx
— lim nxcosnux — R cosnx 4 nixlnx-sinmx

%1 sin tx | fix cosx-Ilnx

—lim ncos tx — rZxsinmx-+-n?sinmy H-n? Inxsinnx + n2sinmx -néx Inx cos e

P 7 cos fix + M cos ®x ln x 4 swcos mx — n2x In x sinnx

1
o *
Tlo CMBICJIY 3Ta ILCNOYKa pPABEHCTBA HOJKHA YHTATLCA C KOHIA: TakK
Kag npeaea mnocJenHero OTHOIIEHHK A CymecTsyeTr, TO CylieCTBYET H pas=
BEH eMY Nnpexes nNpeanocJelHero OoTHOWe s H T. 1.

Ecan xe npeaes OTHOLICHHA NMPOH3BOILXHHIX HE CYIIECTBYET, TO 3TO
HHYEro HE TI'OBOPDHT O CYHIECTBOBAHHH HJIH HECYHIECTBOBAHHH IIpelecJda

OTHOWenHA (ysHkuHA. [IpHBereM COOTBETCTBYIOIIHH lpHMep.
Ilycrh

f(x):xzsin—-l—-+2sinx H g(x) =x,
X

Torna

lim—f—(—x)—-zlim (xsin ! + 2 sin £ )::2,
X

0 g (X) x>0 X

1 1
2x sin— —cos — - 2cos x
x

g (x) 1
jgesaa npu x — Q.

[IpumMensgs nmpasuso Jlonmuransg, HeoGXOAMMO TaKXKe CJHeIHTh 3a
TeM, 4TOOH OBIJIO BHINONHEHO JHO0 ycaoBHe 1), aH6o yciobue 2).
Tak, sanpumep, nycTb

4 _OTHOHIeHHE H HE HMEET IIpe-

f(x)=sinx+tcosx u g(x)=x+2
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Torna
-0 g (%) 2 =0 g (x) X0 1

(3necy He BHIOJHeHw HH yciaoBHe limf(x)=lim'g (x) =0, HH ycjoBue
c

x-30 X—
lim f(x)=1im g (x) = o0.)
x—0 x—=0

Mccnenopanne GyHKIHA H NOCTPOCHHE KPHBHIX

CyuraeM, UTO HCCJAEA0BATh (PYHKIHIO — 3TO O3Hadaer:

1) HaliTH obaacTp onpeneseHus;

2) orMeTHTH (€cJH OHH ecTh) 0COOeHHOCTH (DYHKUHH (NepHOIHY-
HOCTb, YETHOCTb H HEUETHOCTh, COXpAaHEHHEe 3HAaKa), HAUTH TOUKH Ie-
peceueHus rpadHka GYHKIHH C OCAMH KOODJAHHAT;

3) eclMH rpaHH4YHbie TOYKH OOMACTH ONpelesieHHA (QYHKUHH TpH-
HajajexaT €, To Ha#fTH 3HayeHHs DYHKIHH B 3THX TOYKAX, B INPOTHB-
HOM cJIydae — BBISICHHTH NOBejaeHue GYHKUHMH B OKPECTHOCTH 3THAX
TOUYEK (BKJIOUasi H HeCOOCTBEHHBIE TOUKH —00 H + 00);

4) HalTH HaKJIOHHBIE ACHMITOTH (BepTHKalblbie H TOPH3OHTAJb-
HBIE OTIPeAesISIOTCS B MyHKTe 3) HJAH yOeAHTbCs B HX OTCYTCTBHH,

5) HafATH y4acTKH BO3pacTaiHus H yOnBAaHHS (QYHKILKH, ONPE/EJUTh
JIOKaJIbHble H KPaeBhiC 3KCTPEMYMHI;

6) HaliTH HHTEpBaJH, HAa KOTOPHX (QYHENHA BBLINIYKJIA BBEDX HJH
BHH3, ONPeNe/HTL TOYKH nmeperunda.

[lo pesyabTaTaM Takoro HCCJHen0BaHHS GYHKUHH CTPOHTCH €e

rpadux.
3
[Ipumep 17. Hccaenyem QyHKIHIO yx% H HOCTPOUM
x___._
ee rpagdHxk.
Pemenmne.
1} x%1;
2) mpu x=0 y=1, npy x=—1 y=0, upx x>—1 y>0, npu
x<—1 y<0;
3) lim y(x)= +o0, Iimy(x)=+oco, lim y(x)= + oo,
X1+ x—1— X—+-4-00
lim gy (x) = — oo;
X — 00
4) ky=lim £ —1, b .= lim (y(x) —x) =5,
X+ +-00 > 4 X+ 400

k_.= lim —M=I, b_ = lim (y (x) —x)=5;

X+ —00 X X+ —00

5y () =—EELEED i, v >0 mr x<1 o x>5

y' <0 opu 1 < x<5;

6) y”(x):%(-?-l?)—i)—, x#=1, y" >0mpu x> —1, x%=1, ¥y <0

npd x < —1,
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1 a
HTtak, dyHkUus y(x)z—((f-j——i-;—z- onpejaenena Ha MHOXKECTBe
x.-_.

(—oe, 1)U(l, +o0). I'padux ee mepecekaer ocb OY B touxe (0, 1)
u ock OX B Toure (—1, 0). Bepruxkanpuas acuMntoTa x=1, HaKJIOH-
Hast acHMnTora y=x-+9. Ha npomexyrxax x<1 u x>5 pYHKUHS

BO3pacTaeT, Ha npoMexyTke | <x<b y6rBaeT, B TOuKe 5, 13%)

HMeeT JOKaJgbHblii MunnMyM. Ha mpomexyrtke x<<—1 ¢yHKuus BH-
NykJia BBepX, Ha mpomexyTkax —l<x<l1 B x>1 — BHH3, (—I, 0) —
TOuKa neperuba. I'padHk AaHHOH (yHKIUHH nmpeacTaBieH Ha puc. 37.

i1

13,5

&y

!

///’x I i
b

// Ejfl ;

L

(3“0/ =7 0*. J
X / i
7 |
7 !
!
!
|
j

Puc. 37 Puc. 38

Ormerum, uto Yy (—1) =0, 1. e. rpauxk GYHKUUH HMeeT B 3TOH TOUKE
FOPH30HTAJBHYIO KacaTe/NbHYI0, TOYKE X==—]1 sIBJASETCHA KPHTHUECKOH,
HO JIOKAJILHOTO KcTpeMyMa Vv GyHKIHH B 3TOH TOUKE HeT.

[Tpurmep 18. Hccaenyem ¢yakuuio y==(x —>) 13/;2 H IIOCTPOHM

ee rpaux.
Pemenne. Mmeem
1) xeR;
) y=0 mpn x=0 v x=5; y>0 npui x>5 y<0 mpu x<
<5, x50;
3) liT y(x)= 400, lim y(x)=-—o0;
K =100 X~ ~-00
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4) by =lim L% — Lo, k= lim L) = | oo

X—-{-c0 b 4 Xpmem OO X

—1/3 ;,
5) y’(x):Sx 3(" 2),x=,&0, Yy () >0 mpu x<0 1 x>2;

Yy (x) <0 mpu 0 < x <2

4

6) 4" (%) :_191)5 3 (x41), x50, y(£)>0mpu —1<x<0 u

x>0; ¢y (x)<0 npu x< —1.

3
Hrax, dbyakuua y(x) =(x —95)y x* ompegeseHa Ha BceHd 4HCJIOBOM
npsimoit. I'paduk ee nepecekaer ocp OX B Toukax x=0 u x=35.
AcumnToT Her. Ha npoMexytkax —oo<x<<0 u 2<x< -+ 0o DyHKuHA

Bospacraer, Ha npoMexyrtke 0<x<2 — yOmBaer, B Touke (0, 0)
3

HMeeT JIOKaJbHHH MakcHMyM, B Touke (2, —3 7 4 ) — JoKaJbHBL
muHuMyM. Ha npomexyrkax —1<x<0 u 0<x<+4 oo (yHKUHS BHI-
fIyKia BHH3, Ha IpPOMEXyTKe -——oo<x<—1 — BBepx. Touxa
{(—1,—6) — Touka meperu6a. Ilockoawky f(x) HenpepriBha B HyJe H

lim 48 =vQ) 228

x~0-4 x—0 x>0+ ?/}" !

lim ~4(x)—¢ () lim =*—° = 4 00

*—>0— x—0 X—0— :]3/; ’

TO noaympsamas x=0, y<0 sBasercd H JeBOH H NpaBoOi HoJyKaca-
TeJIbHOH K rpadpuky ¢yHKuuH B Touke (0, 0). CnegoBarennHo,. TOUKA
(0, 0) — Touka Bo3Bpara KpuBoH. 'padmk paunoii GyHKIHH npen-
£TaBJIeH Ha pHC. 38.

ITpumep 19. HcenenyeM u nocrpouM rpadHK KpHBOH, 3aXaHHOM
f1apaMeTpHUYECKH

£ &
s YO=%TT

x(t)= Frl

Pemenune. IlapameTpHuecKHe COOTHOLIEHHS OIpeNeNsIOT (DyHK-
LHIO Y(X), OXHO3HAUHYIO H HENpPEepheBHYIO HAa TeX NPOMEXKYTKaX H3Me-
HeHHsI napamerpa £, Ha KOTOPHX (QyHKIHS x(!) HempeprBHA H CTPOTO
MOHOTOHHA. Bripeaum takue npomexyrku. MMeem

Y= r (2 —13)

Ty YT erg

Ipabuxu pysxuuit x(f) u y(f) usobpaxenn nHa pHc. 39,a, 6. OyHK-
Hus x(f) CTporo MOHOTOHHA Ha YeThHpeX NPOMEXKYTKax: (—oo, —1);
(—1, 0, [0, 1), (1, +o0). Tak Kax QopMaanhoe gHDDEPEHIIEPOBE-
HHEe Ha BCeX NPOMEXYTKaX NPOM3BOLHTCS OJHHAKOBO, TO HMeeM TpH
150 u t%=—1
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g = tE—m@E—nr (3 —2) ({ — 1)

’

(3 +1)2(—2¢) 2(r2—1t+41)2
. (1) (P —32 4 9% —8) .
Y= YT t£0, i —1,

Ilyets t<—1, TOrna:
1) x>1 (cwm.. puc. 39, a);
2) y<0 (cMm. puc. 39, 6);

LA | 1Y
i AN | J
! 7 ! E I
= T | %‘i
g N I\
RIVIAMY i ;—7 7 53
| ; 32 ||
I I b
Y ti+]
Prc. 39

3) ycaoBue x—- 1+ 3SKBHUBANEHTHO Ha NPOMEKYTKe [ < — | yCaAOBHIC
t - —oo, moyromy lim y(x)= lim y(f)=0; touno tax xe lim y(x)=
Ai>l-+ f—>—o0 X——-00
= lim y({) =—ox;
t>—1— )
4) by = lim 29— fjm 28— iy =1 2
Xt X t>—1— X () t>—1— 22—t 1 3
. 2 . 2 (2t —1) 1
b, = lim )+—x)=li ==
T e (y( )3 ) i 3(t—1) (B—tL1) 6

5) Tax Kak t<—1, T0 ¥’ <0;

6) ob6osznauum uepe3 g(f) muorousaen 3—31249{—8; Tak Kkax
g(—1)=—21<0 u g'(f) =3t12—6t+9>0, To g <0 nas <—1.
Orciona caeayet, uro aas t<—1 umeem y,, >0. Mrak, BetBb KpHBOH,
COOTBETCTBYIOIlAS H3MEHEHHIO [ Ha NpPOMeXyTke {(—oo, —1), npen-
craBaser rpaguk HenpeprBHOH, OTPHLATEJNbHOH, MOHOTOHHO YObBa-
Iolled, BBIMYKJOH BHH3 Ha Jyuye x>1 QyHKIHH C acUMOTOTOH

9 .
=X + L H KpaeBplM ycjoueM lim y(x)=0. .
3 6 x>

[lyets —1<<t<O0, Torxa:

1) x<<0 (em. puc. 39, @);

2) y=0 (cM. puc. 39, 6);

3\ ycaoBHe x-»>—o00 3KBHBAJEHTHO Ha HpoMexyTke —1<t<0

yeaosuro  f-—>—14, mostomy lim y(x)= lim gy () = + oo, 3Haue-
X—>—co 14

HUIO x=0 cooTBercTBYeT 3HaudeHHe {=0, cjaej0BaTeIbHO, 3HAUEHHE Y
npu x=0 pasuo 0;

Chm SO 2 ( _2 ):_1__.
4) k_ t—ll—r?-{- e o b Jim yit) =5 x()) =

5) Tak kak — 1<t <0, 70 y, <0, limy,=—1;
t—+0—
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b) y,.<O.

Hrak, BeTBb KPHBOH, COOTBeTCTBYIOIlAasg H3MeHEHHIO [ Ha mpome-
)yrke —1<¢<0, npeacraBisger rpap¥K HENpepLIBHOH, HEOTpPHIlA-
TeJAbHOH, MOHOTOHHO YOBIBaW0OIEH, BLINYKJOH BBepX Ha Jayde x< 0
OYHKUHH C aCHMITOTOH y:-—-% x+% H KpaeBbIM MHHHMYMOM
x=0, y=0, nMeomel B Touke (0, 0) JeByr HoJyKacaTeJbHYIO: Jy4
y=—x, x<0.

Ilycts 0<t<<l, ToOrma:

1} x<<0 (cM. puc. 39, a);

2) y=0 (cm. puc. 39, 6);

3) ycnoBue ¥——oo 3KBHBaJIEHTHO Ha npoMexyTke 0<If<1 ycao-

BHIO !—1—, mostomy lim y(x)= lim y(t)z—;—. 3uauenuo x=0
X —o0 t—»1—

COOTBETCTBYeT 3HaueHHe y=0;

4) HaKJOHHBLIX ACHMNOTOT HET, TaK KakK npu x— —oo y(x) He fAB-
Jsercst 6ecKoHeuHO GONBIION BeJIHYHHOH,
5) Tak Kak 0<Ct<C 1, 10 5, <0, Itmgy; =—1;
—

6) 4. <0.

Urak, BeTBb KPHBOH, COOTBETCTBYIOLlasi H3MEHEHHIO [ Ha MpoMe-
xytre 0<{i<l, nmpexacraeasier rpadux HeNnpepuiBHOH, HEOTPHLATE/b-
HOH, MOHOTOHHO yOHhIBa1ouleH, BEIIYKJAOH BBepx Ha Jayde x< 0 (pVHKUHH
¢ acUMIOTOTOR y=1/2 u ¢ KpaeBbiM MHHHUMYMOM x=0, y=0, uMernomed
B Ttouke (0, 0) JsieByi0 mojykacaTeJbHY — JAyY y=-—x, x<_0.

Taxkum obpasom, Touka (0, 0) saBasercas oOmeH TOYKOH JBYyX
BeTBEH KPuBOH, KOTODHIE MOAXOAAT K Hed cjeBa M cBepxy, U obe 3Th
BerBu uMeror B Touke (0, 0) oluiyio JeByl NoJyKacaTeqbHYK: JAyd
y=—x, x<0. Touxa (0, 0) sBasgercqg TOUKONi BO3BpaTa KPHUBOH.

IMycts £>1, Torpa:

1) x>1 ((:” pue. 39, a);

2) y>0 (cm. puc. 39, 6);

3) ycnoBHe x—1-+ 35KBHUBAJIEHTHO Ha npon&emyme {>1 ycnoBuw
{—-+4 oo, noatouy lim y(x)= lim y(i) =

X1+ {400
Ananornyro lim y(x) = Ilm y(t) =
X400
4) HaKJOHHHEIX aCHMITOT HeT,

5) y;>0 Jilht:i t>13/_,"r e. ans 1<x<1?;/_/(1?7‘1_“1)‘y'<0
,zuml<t<1/2 T. e, mﬂx>1/4 /(1/4———1) Tqua(1/4 /(1/4—

—1); 1/ 4 /3) — TOUKa J0KaJbHOro MaKCHMyMa;
6) nasa MHOrouneHa g(f) =i*—3124+9f—8 wumeem g(l)=-—1<0,

W =—3VF +9yT —6=—3(/T —1)(y/2 —2) >0,

g ) > 0.
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3
CrenoBatenbHO, Ha npoMexyTke (1, 1/ 2) cymecTeyeT eqHHCTBeHHAs TO4-

Ka t, Takas, uto y,<0 nas 1 <t <ty v y,,>0 nas t0<t<13/2 .
Hrak, BeTBb KPHBOH, COOTBETCTBYIOLIAS H3MEHEHHIO { Ha NPOMEKYTKe

t > 1, npencrasisieT co60d rpadHK HeNpPepbIBHOR MOJIOKHTELHOH HAa Jy-

ye x> 1 ¢ykuuu. Dra QyHKIHA HMeeT ropnsoHTa.anyro aCHMHTOTy

y=1/2 u kpaesoe ycjoBue lim y(x)=0. Ha npomexyrke (1, 1/ 4 / (1/ 4 —
x->14

—1)) (pyHKuHﬂ BO3PACTACT, Ha NPOMEHYTKE E/ (1/ 4 —1), + oo) y6HI-
BaeT, TOUKa (]/ 4 / (1/ 4 —1), 1/_ /3) — TOYKa JIOKaJIbHOrO MaKCHMyMa.

CywectByeT Touka x5=1x (f;), X, > 1/ 4 / (1/ 4 — 1) Takas, 4yTO Ha IpoMe-
xyTke (1, x;) OYHKuHMA BHIOYKAa BBEPX, HA IPOMEXKYTKE (X, -+ ©0)

L

BLNyKsa BHUS, Touka (x(fy), yllo), ,€ (1, ¥'2))— Touka neperuba. 3a-
MeTHM elle, YTO IIPH [apaMeTpHYecKOM 3aJaHHH KPHBOH, €CJIH CYIIECTBYIOT
npejennt limx (f) =a, llmy(t) b, 10 TOuka (@, b) TakKe CUHTaETCH

f~» oo
npHHARJeKaImeR STOH KpHBOH Takum 06pa30M B HalIeM cJaydae TouKa
(1, 0) npunannexur Kpusofi. HMimeem lim y, = lim y =-—o0 gua t <
x—1- t— —oo
<—1u limy, = llmy—+oo g ¢ > 1.
14 t>-too

Takum oGpa3oM, BeTBb KPHBOH, NOAXOAAIIAN CHH3Y K Touke (1, 0),
B 3TOH TOUKE HMeeT OPaByl0 ToOJyKacaTeJsHylw — ayu x=1, y<0;
BeTBb KPHBOH, HoAXxoAsiillas cBepxy K touke (1, 0), umeer B 3TOH TOY-
Ke MPaBYIo HOJYKacaTtenbHyio — ayy x=1, y=0. ¥roa mexay 3THMH
Jy4yaMH paBeH g, CJ€J0BaTeJbHO, KpuBasa uMeer B Touke (1, 0) BepTH-
KaJbHyio KacartenbHyio x=1, O0bequHsAs BCe CKa3aHHOe, CTPOHM KpH-
By (cM. pHc. 39, 8).

3adayu

Hafitu npousBoaHyio caenylomein QyHKIHY:
3 ,—
1, y:w.

pe 2. y=(3x—>5)%
R e — 4. y—=vy Bx —3) .
Ve
Y —
1—y 1+ x 1
5. y= .Y =—
4 xV1—x 6.y sin® 2x
7. y=xIn(x+ V2 +1). 8. y:lntgx+~—;——ctg2xv
9. y=e¥*. (x+ 3). 10. y =e~* (cos x + sin x).
X .
11. 235"1 5 2 cosx + xsinx
4 ) 12. y=log sinx —xcosx
1 —2x .
18. y=arctg ‘/ T 14. y=x*arctgx.
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15.

17.

19.

21.
23.

25.
27.

29.

31.

32.

33.

a) f(x) = x| (1 —cosx);

B) f{x) :l 3

sin2x 41

y=x-2—% 18. y =—-""—,
Sin X — CosS X
y:2§/tg5x+1_ (8. y— In (x +¥ 1+ 5%
yiia
= gimt+e 20. y= L —«
y Yy = arccos e
xtg'—'-
y = x* - arccos 3x. 22. y=4 2,
y= (%)arcsin x". 24. y— garccty V—m.
sinx 3
y=(arcsinx) * . 26. y:(arctg4x)‘/‘+"2.
y:(tg_?)xarcsian 28. y:(ex_i_e-x)cosi’x.
3 pr—
Y= (ctg %)‘/ — 30. y —arcsin (sin x).
WE 1y, x 0,
y — X
! l, x =0,
(x 4 1) arctg? l +2x, x%=—1,
y: x+1
| —2, x=-—1.
Hatiru ['{0), ecnn

6) f (x) =
{ 0,

X

[ xzcoswé— +~§—, x = 0;

0, x =0.

sin (x‘ sini), x=%0,
X

34. Halitu uucna ay, by, as, by Tax, urobul cienyomue GYHKIHH
OnaH [uddepeHnypyeMsr Ha Beeft YHCJIOBOH NpAMOH:

a) y ={| cosx, XE&E {——2- —E—}

f n
a,x “ bl! X > "'"2—,

n
azx+bz, x<"‘”_;
( 2

ax*+ b, x>1,

6} y = xsinax, xe&[—1, 1],

[ Gpx -+ b,, x< —1;
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a, (x—2)24+56, x>1,
B) ¥ = | x?arctgx, 121 1,
az(x+2)2+b2, x<~1;
alx’—i—b x<——
) y=1

x21nzx, —l—éx\{e,
€

35. HaliTn MHorousnes HauMmeunlie#d creneHH g{x) Takog,

¢yukuna f(x) Onina: 1) HenpepwiBHA Ha BceH npamoii, 2) nudpdepeH-

LHpyeMa Ha BCEH IPAMOH, ecaH
dx

o xl=1,
a) f(x) =| 4+
f(x), x] <1,
(e, (1<,
6)f(")—{g<x>, x> 1;

4 — x?
) () = { i SIS
gx), |xI<1 wm [x][=2.
(TOJIBKO DYHKT 1)
Haitrn y_ (x) n gy (x) nas caeayomnx GyHRuuf:

1 — x? :
36. y—=arccos e 37. y=x|sinx|.
= _1 *#0, [ xarcsmcos--—
} Ov x=0. l O’
40. y=arcsine*". 41. y=arccos | R —

42. IIns Kakux 3HAYEHHH p U ¢ QYHKIIHA

y=1x"cos =, x=£0, y(0)=0 (¢>0)

a) HempepblBHA B TO4Ke x=0;

6) na@@epeﬁunpyeMa B TOuke x=0;

B) ¢yHKUHA y (x) HempepnBHA B Toyke X=0.

Hafith nmpousBoiHYl0 A-TO NOPAAKa CIEAYIOHIHX rpyHKupm

1

43. y =cos*x. 44. y =, 45. y=(x3+x+ 1)e73~.
x2—5bx 46
46, y=e " sinx. 47. y = —f—i—%——— 48. y = ;j_m; .

¥y 1—x
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1
14x
52. y=e3sin4x. b3. y=arctgx. 54. y =e*cos?x.

HaiitTu mpousBojnbie yKasaHHOrO TOPAAKAa CAEAYIOUIHX (GYHKIHE,
3aflaHHBIX MapaMeTpUUYECKH, eCJIH:

55. Y., 1 x(f)=¢l (cost+sint), y(f)=et (cost—sint).

49. y=sinx-cos?2x. 50. y=x%sin?x, 51. y=xIn

58. 4y, x(f)=a (cost——lnctg%), y () =asint,

57. Yl x(t)y=In(t+ V1+18), y(t)zﬁjﬁ"-

58. y.. 1 x(f)=a(l+cost)cost, y(f)=a(l —cost)sint.

59. y.. i x(t)=acost+ (at + b)sint, y(t)=asint—(at-+ b)cost.

60. 4., :x () =acos®t, y(t)=asin®t,

61. y. ' :x(t)y=1% y(t)=Insint —tctgt.

62. y, 1 x(f)y=13+3t, y(t)=tarctgt —InV1+2.

Hafith npoussojHbe Yy, H Yy, CHEAYIOWHX OYHKUHE, 3aKaHHBIX
HesIBHO, €CJIH:

63. x4+ y=e*v, 64. x* —1 4 cosxy=0.
65. x3+ 44 —3yx? =2, 66. x>+ 2xy+ y*—4x 4 2y = 2,
x=1.
67. x(£* + YY) =a(x® — ?), BS. xcosny — ysinax = x — 1,
S — =t
r=— X=y=—".
ChenaTb yxasaHHYI 3aMEHY IIePEMEHHBIX B CAEAYVIOWHX ypaBHe-
HHSX:

69. x?y" —4xy' +6y=0, x=ef, y=y(l).
70. (t') +u™°=0, s=Int, u=u(s).

1. v"—|——yt—’—+(l—é W )v_—:O, u=Ytv, u=u(l).

tﬂ

72, u”+%u:0, u=7VYtz, t=es, z2=2(s).

m3 et 4 et
=0, x=
x| ’ 2

M. u"—q)u=0, u=7Vtuv, s=—-21--lnt, v="0(s).

3. (B—1Du" 4+ 2xu" — , u=u(f).

75. (u’)" + Pu® =0, s:—;—t’, u—_z.—-gv_, v=u(s).
s

76. (VEuw)y —t"ub=0, s=2V7, u=4v, v=u(s).
7. ¥+ 2y (y")2 =0, x=x(y).

78. ' — ;;z

=0, x=rcosQ, y=rsing, r=r(g).
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79.

X+ ")y —2(xy" —y) (yy' + x)* =0,
X=rcosQ, y=rsinQ, r=r(y).

Hanucate ypaBHeHus KacaTejbHOH M HOPMAaJH HJH IOJYKACATEIh-
HOH K KPHBOH B 3aJ{aHHOH TOYKe:

80. y=2"".sinnx a) x=0; 6) x=1.
81. x(f) =e~tsint, y({)=etcost a) t=0; 6)t=:{};
3
{ =
B) ,
82. x () =nt —sinnt, y(f)=t—arctgt a) t=0;, 6) t=1;
B) =2,
83. y=x’arcsin% a) x=1; 6) x=V3.
84, 2x* —y? —x2 + 2y=0, x= ]/lé" :
85. y=13/l—cos32x a) x=0; 6) xz—%
86. y=x3ctgnx a) ——--ih; 6) xz—é.
87. x®* —xy 424 4+x—y—14=0, x=1.
x 2y
88. 2¢ + 2% =6 x=2, y=1.
89. x ()= —3t y{t)=2+2t ayt=—1; 6) t=0;

B) t=V3.

Hafitu yraol MeXjay KpHBBHIMH:

90.
91.

92.

93.
94.
95.

96.

y=x*lnx, y=4—4x%
y=—, y=—t
IR Aairrpret
xOy=043, yO=@+)n(+1), y=——"7

142
y=4+213/x——2, Y =2x.
r=a, r*=2a?®cos2q.
r=>5acosy, r=a(4—3cos¢).
Hafitn Takoe snauenue R, uroGul OKpYKHOCTH X’-+y?=1 H

{x—2)2+y?=R? nepecexanuchb MOA NPSAMBIM YrJoM (6bLIH OpTOrO-
Ha/bHHI).

97. IlokaszaTp, yro ceMmeicTBO runeptoa x?>—y?=a? u xy=>=b 0b-
pasyioT OpPTOrOHAJLHYIO CETKY, T. €. Jio0as KpuBas NepBOro CeMeHCT-
Ba repecekaetr J0OOYI0 KPUBYIO BTOpPOro cemelicTBa HOJA MPSMBIM yr-

JIOM.

98. Haitu yroan Mexjy JneBoil M NpaBOil KacaTe/bHbIMH B YTJIOBBIX
TOYKAX KPHBHIX:
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a) y=V1In(1+9x?) ;

6) y=arccos e X
B) y=-arccos (sinx), xe&[—2mn, 2a].
99. Iokasatbh, uTo Jio6as KacartejbHas K JOrapudMHUYECKOH CIH-
pajiu r=ae™ o6pa3yeT NOCTOSIHHBI YroJd ¢ pajiHyCOM-BEKTOPOM TOY-

KH KacdaHHsl.
x2 y'a

100. IIpoBeputsh, uto J106ag KacareNbHast K runepbodie DraEra
a

=] o6pa3syer ¢ ee ACHMOTOTAMH TPEYTOJbHHK HOCTOSIHHOR TJIOLIAJH.

101. IlpoBepurh, uTo y actpouus x*3+y*3=a%® naa nwboit ka-
caTeJpHOH HJMHA ee OTPe3xa, 3aKJIOYEHHOTO MEXAY OCSMH KOOpH-
HaT, MOCTOsSHHA.

102. Ilposepurb, 4YTO y TpakTpuchl x (f) =a <1n tg —;——+cost), y(t) =

=g sin?, 0<i<m, gnas nw0O60f KacaTeJbHOH [AJHHA e€e OTpe3Ka OT
TOUKH kKacauus o ocd OX nocTosiHHA.

103. Haiity yron Mexay ABYMS OKPY:KHOCTSMH OAHOro paauyca,
€CJIH HEeHTP OJAHOH U3 HUX JIEKHT Ha JPYyroH.

104. IlpoBeputh, uto XpHBag xysin(x+y)=2x2—y® xacaercs
C MpAMOH y=x BO BceX O0IUHX TOYKAX, KpOMe HayajJa KOOPJAMHAT,

105. IIpoBepuTth, UTO paccTosiHHE OT Hayala KOOPAHHAT J0 b0k
HOpMaJH K KpuBOH x(f) =a(cost-isin’?), y({) =u(sint—icost) noc-
TOAHHO.

106. IlpoBepHTb, uTO KacatenbHBe K KPHBOH x(f)=a(l—sinf{),
y(t) =a(l—cos ), npoBegeHHEE B TOUKaX, COOTBETCTBYIOIIHX 3Haye-
HUAM ¢y H fo+n, NePNEHIHKYAAPHE npu JwboM fy7ekn, keZ.

107. Hafitu mpomexyTKM BO3pacTaHdsi H YOhIBaHHS, BLIAENHTH
TOYKH KCTPeMyMa H BLISICHHTH HMX Xapakrep AJas chaenyouied ¢QyHk-

LLHH:
a) y=x%"*, 6) y=(x—2)° V2
(2 —1)2’ Yz’
L) y=arcsin}/'1 —4x2 — e) y=arctgx —Inux;
—2V'1 —4x;
X) Yy =x*, 3) y=x—sin2x;
H) y=x"—Inx% K) yz%x—-xarctgx.

i08. [lokasaTp HepaBeHCTBA:
a) x—%< In(l+x<x, x>0

3

6)x——x6—<sinx, x> 0;
i 1
B) (¢ +4)° > +40)", x>0, y>0, 0<a<ls;
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r) e + e *>=x2+2;

2x 4 mx? .
n) Er Ty >arctgx, x>0
e

)K) sin x >sizy’ 0<x<y<:rc;

X
3) %—-ctgx<-—:;——ctgy, 0<<x <<y .

109. Hafitu HamGoJblllee H HaHMeHbllee 3HAYeHHs (QYHKuuH [(x)
Ha orpe3ke [a, b}, ecau

L f(x)=x343x* —9%+2: a) a=—4, b=2; 6) a=—1, b=0;
B) a=—6, b=4; |

1. f(x)=e*(x® —x—1): 3) a=—3, b=0; 6) a=—3, b=2;
B) a=—1, b6=0.

110. Hafitu supf(x) u inff(x), ecan
XCE XeE

L f(x):—’fi—fx—"’—_i: a) E={x:x>2}; 6) E={x:]x] < oo}

x2 410
B) E={x: |x] < 2}.
1. f(x):x2+3xrif i a) E={x:x >0} 6) E={x:|x] < oo}

B) E={x:|x| < 1}.

111. Cpennelt nmopsiaka s AJS ABYX TIOJIOKHTENbHBIX UHCEN a H b

Ha3niBaerca (QYHKUHA, ONpeheiseMas PaBeHCTBOM
1
as 1+ bs \'s
A (a, b)=(————2t-—-—-) , ecH s 0.

JlokasaTb, 4TO

a) min(a, b) <As<max(a, b);

6) ¢yuruna As{a, b) npu a¥#b ectb Bospacramwlias (yHKHUg Ie-
PEeMeHHOH s;

B) HaWTH:

) lim A, (a, b).

- —— 00

2) Hm A,{(a, b).
S0
3) lim A, (a, b).

s—0
112. Hafitu BeprukaJbHble KacatesibHble K KpHBOH r=a(l+ cos @)
H MOKAa3aTh, YTO KPHBAHA JEXKHUT MEKAY 5TUMH KacaTeJIbHLEIMHU.
113. Ilo yriam npsMoyrosbHOH NJAACTHHKH CO CTOPOHaMu @ u b
BRIpEe3aHbl YeThbipe paBHbIX KBaaparta. K3 ocraBueiica ¢urypsl obpa-
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30Bana KOpoOKa, BHICOTAa KOTOpPOfi paBHa CTOpoHe KBajapara. Ha#td
AJUHY CTOPOHH BbipE€3aeMOro Ksajpara, mNpH KOTOpOH mnoJaydyaercd
KopoSKka HaHOOJblUIero obbemMa.

114. Ilpounocte 6pyca C BPsSMOYTOJbHBIM NONEPEYHLIM CEYeHHEM
NPONOPIHOHAJNbBHA INPOH3BEAEHHMIO OCHOBAHHS Ha KBajApaT BLiCOTH
storo mpsiMoyroJbHuka. Hahtu dopmy rtakoro Opyca, BLITeCaHHOrO
3 OpeBHA, NONEpPEUH(E CeYeHHe KOTOPOro ecTb Kpyr pajivyca a, 10-
nyckaiouiero HauOOJAbIIYIO Harpysky.

115, Hafita Hanbo/billyld NJOLIaAb [APAMOYroJibHHKA, BIHCAHHOIO
CHMMETDHUYHO B CEKTOp Kpyra pajaHyca @ C IeHTpaJbHHIM yriaoMm 2a.

116. Hafitu naubosnpliuit ofweM KOHyca ¢ JaHHOH oOpasywoumed
JUTHHBL [,

117, HafitH HauMeHbWHH 00beM KOHyCa, CNHCAHHOIO OKOJO HOJY-
uiapa pajauyca da.

118. M3 cexropa Kpyra pajuyca a CBeprbiBaercsi KOHHYeCKas BO-
poEka. [IpH KakoM ueHTpPaJbHOM yrJe OHa HMeeT HaulOOJ/bLIAA

o0beM?
119, [IBe TOUKH paBHOMEPHO JBHXKYTCH MO ocsAM KoopiuHar. CKo-
pocTh MepBOH TOYKH paBHa Uj, CKOPOCTb BTOPOH — vg. B HekoTOpHLIA

MOMEHT BPEMeHH TOUKH 3aHHMadd nosoxenws A(a, 0) u B(0, b)
COOTBeTCTBeHHO. HalTH BO3MOXKHOe KparuaKulee pacCTOSIHHE MeEXIY
HHMH.

120. Touka aBHKeTCA NO HJOCKOCTH CO CKOPOCTbIO U;, a HO OCH
OX co CKOpPOCTBIO Uy, Up>vy. Hailitu nyTh u3 Ttouku A (0, a) B TOUxy
B(b, 0), TpeOylomuii HaxMelbIIero BpeMeHH Ha €ro NpOXOzXKjieHHE.

121. Priuar BTOpOrOo poaa HMeeT TOYKY OLOPHl Ha OLHOM KOHIE
ypaBHOBelIHBaeTcst CUIOH [ Ha BropoM. Bec epWHHUBl JJIHHBI phiyara
paBen m. Ha paccTosHHH @ OT TOYKH ONOPHI K phluary nojBeleH rpys
P. Ilpu kakof anuse poiuara ! cuna F OyjaeT HauMeHbIeH?

122. Yawka uMeer ¢opMmy noayuiapa pajiuyca a. B Hee onymed
cTepxeHb AauHON [, [>2a. HaliTH nojoxeHue paBHOBECHS CTEDIKHA.

123. CrepxeHp AJMHOH 2b onHpaeTcsd KOHIAMH Ha JIBE NpsMble
B BepTHKaJMbHOH NJAOCKOCTH, HAKJOHEHHble K IOPH3OHTaMH Mnoj yrJaa-
MU ¢ U B. [Ipy KaKOM HOJOXKEHHH CTEPXKH§ ero cepefiiHa HaXOLUTCH
BLIilIe BCEro?

124. Tlpu KakoM Hak/JOHe OOKOBHIX CTOPOH paBHoOeApeHHOH Tpa-
neuuy ee miouiaap Oymer Hanboablias, ec/U MeHblliee OCHOBaHHE TPa-
NIellHH PaBHO d, a OOKOBLIE CTOPOHHI PaBHHI b.

125. Ceuerne KaHasla HpejcTaBjisgeT paBHOOGEJpeHHYI) Tpalenuio
nnomanpio S u BecoTod h. Kakum posxeH OGuiThb yrosi Mexay 6oxo-
BOH CTOPOHOH H OCHOBAaBHEM, YTOOKLI CyMMa JIJIHH HHXXHEro OCHOBaHHS
H OOKOBHIX CTOPOH OHlJla HAHMEHbIIANA?

126. OT KanaJja WHPHHON @ NOJ NPSIMBIM YIJIOM K HEMY OTXOZMT
KaHaJa wupuHOi b. CTeHKM KaHajioB NpPSMOJHHEHHH BIJIOTh AO Bep-
HHR yraa, Hafitu maubosabiyio AAaudy OpeBHa [, KOTOpOe MOXKHO
CILIaBJIAATL HO 3THM KaHajlaM H3 OQHOI'0 B JAPVYroH. _

127. $SIpkocrth ocBemieHHs1 BHpazxkaercsd ¢opMmyJoi 1=—'—n~§r—l§—?i'
rA€ ¢ — YroJ HakJOHa JiyyeHl, r — paccTosHue OT IVIOLLIaJTKH A0 HC-
6 H. A BHHOrp:zzoBa k 129
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TOUHHKa CBeTa, m — IOCTOsiHHadA (CHJa HCTOUHHKa ceera). Ha Kakoit
BLICOTe /i HajJ0 NMOMeCTUTb ¢OHAph Ha crovsbe, YTOOEI OCBeuieHHe TOpH-
30HTAJbHOH MJIOINAJKH Ha PACCTOSIHHH @ oT cTtonba Obio HauboJib-
IIHM?

128. Ilox kakuM yraoM K ocH OX Haj0O NPOBECTH NPAMYIO uepes
touky A(a, b) (a>0, >0}, 4yTO6Bl OTPE30K €€ MeXAYy NOJOXKHTE]b-
HBIMH NOJIYOCSIMH KOODAHHAT HMeJ HaHUMEHbIIYIo AJHHY?

129. [Mox KakuM yrjaoM K ocH OX Hajo NpoBecTH HPAMYIO depe3
touky A(a, b) (a>0, b>0), uro6u TpeyroabpHHK, o00pasoBaHHbIH
3TOH npsAMO# H MOJOXKHTEJNbHBIMH INOJYOCAMH KOODIMHAT, HMEJ Ha-
UMEeHbUIHH NepUMETp?

130. Ha ocn OX nma#ith toury A (x, 0) (x>0) rakymo, 4To OTPE30K
[1, 4] ocu OY BuieH H3 TOUKH A ToA HAHUGOJIBUINM YIJIOM.

131. Hanucatr MHorousnen Teitmopa T4(f, 0) uerBeproro mopsizxa
IJisT CNeAyomuX PyHKIHH:

3/ 1
a) y:\/s‘zx; 6) y=(1 4+ x)*; B) y=arcclg x.

132. Hanucath, muorousen Teinopa T.(f, xo) mopsaka n u ole-
HHTh PA3HOCTbH ITOFO MHOTOYJIEHAa H (PYHKUHH Ha YKa3aHHOM OTpe3Ke,
NPHHHEMAs B KaUeCcTBe X; CEPeJHHY 3TOrO OTpe3Ka:

a) y=]3/3c_ Ha [—9, —7],n=4; 6) y=tgxna[—n/6, n/6], n=25;

B) y=COs X Ha [0, -’;—], n==6; r) y=xe* ua [0, 2], n=¢6;

L) y=xIn(l4x) ua [1, 3], n=4.
133. Buiyucraurs ¢ TourocTsio Ao 1073
a) V'10; 6) V26

B) arcsin —é-—; r) arccos (—-——i—);

0 Inl10 (In321,0986); ) In15 (in2~0,6932).

134. Hanucatbh MHorousieH TeHjopa TpeTbero HOpAJAKa B YKa3aH-
HOH TOYKE JJisl cleaymomel QyHKIHH ¥ (Xx), 3alaHHON HEABHO:

a) x*—4daxy + 20y + a2 =0, x=y=a (a > 0);

6) x*+ yP—axy=ad x=0, y=a,

B) ff—xPy+x°=1, x=1, y=0;

r} xcosy4ycosx=2x, x=y=0.

HaiiTy caeaylowue Npeaesbl, HCNONb3Yys npabuiio Jlonurand:

; —1
135, lim Snle— —1) 136, lim —2
x>1 Inx x>0 1+ 2insinx
137, lim B Ee) bin (1—ete) g0 gy x—n(VTHL4x)
x—0 1—cosx x>0 x—sinx
xZ
In(l4+x)4+ ——sinx .
139. lim 2 140. lim arcsin x — arctg x

x—0 arctg®x x40 In (1 + x3)
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141.

143.

145.

147.

149.

151.

153.

155.

157.

159.

161.

163.

. ( 1 1 )
lim -— :
x+0 \ tgx e — 1

2
(tgx+ Py )

lim (m—2arcig x) In x.
X-»—+ 00

lim
i 4
X e

2

lim ( *x T )
1 ctgx 2cos x
Xy ——
2
lim nx — 1 4 n }
=0 2x3 x (2™ —1) |’
. 1
lim xInln —,
x>0+ X
lim xlntg (-f—+—“~).
X->-}o00 4 X

1
ik arct:«:7
(F—arcter) .

1

lim

X—>00

x-—
lim x™& =1,
x—-0+4
lim (sinx)™ ",
X—>n—
ax
tg >
. X 2a
lim (2 — —-—~) )
x=a a

1
lim (2 V'x+ x)'™.

x>0

142.

144,

146.

148.

150.

152,

154.

156.

158.

160.

162.

164.

1 ( 2 1 )
im | — — .
x>0 \ sin?x 1 —cosx
Iim L«~--ctg2 x].
x—0 \ X%
L
_é— — arctg x
lim
X—1co 1 x—1
— In
2 x+1
X ¥ — %
lim xIn
X400 e* + E'“x
R
lim e” —1

x w00 2 arctgx? — xe

lim sinx-Inx.
x—04
1
lim (x+ 2% *
X—-}-00
1

. sinx \ l-—cosx
Hm ) .
x>0 X

_1

. 1 sinnx

lim ———) .

x—=1 X

lim (—1— arcctg x)x.

X—»—o00 e 4

tex

lim (Inctg x)
x>0+

1
lim WA
1+x) )

X—+-—00

( ctg

165. HaiiTu Takoe 3HaueHHe @, IpH KOTOpoM ¢yHKEHA f(x) Hempe-
pueHa B Touke x=0. IlpoBeputp cymecrBoBaHHe H HAHTH BeJHUHHH

npousBoauwx f/(0), f7(0), f”/(0), f'V(0), ecan

( sinx

ot
) H=] x0T
l a , x=0
C X |
L] 0’
6 fy=" = 7

B) [(x)=

6*

. a , x=0;
(1 ctgx, x=£0,
X

1 a , x=0.
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HccnenoBaTh QyHKIHH H HaYepTHTh MX TpadHKH:

168.

170.

172.

174.

176.
178.
180.

182.
184.

186.

188.

y= 2
x—2
. ’ 1 — x*
y= o
3/'-"—-—'——-————
y=v x(x—3)%
y:?’x3(3x+4)
(x+1)?
3 — J—
y=V &2+ G—2).
2x
y=y2e
y=VxInx.
y=xIn2Ayx,
y=xe %,
y ==2x -+ 4 arcctg x.
Yy = arccos x = .
1 4 x2 5
.o 1l—x2 2x
y =aresin .
14 x3 17

3

167. y=1/ -2
y=V =
169. y_(x+2)(x2+6x~L4)h
(x+1)2
171, y=5(x+2)
(x4 1)?
173. yzx————-a (x+3).
(x+1)*
175. y=y (x—2)*—v (x +2)2.
1
E3

177. y=(x—06)e
179. y=x%In%x

2/'3
181. y=-1

X
183. y =x%e—%,

185. y=xarct —(—“- --‘-)-
Yy=xarclg x 4+2x

x3
187. y:Q—}- 6"
X —

189. y =arcctg - %
X

HCCJIE,IIOBHTB H HaYepTHTb KPDHBLIE, 3aJaHHbIe lapaMCTpHYECKH.

190.

191.

i92.

163.

194.

195.

196.

197.

132

rO=5" y =5
s =3t w0 =02
1) =20 g =L
t) =1 vl =r—t.
r) =1yl =t
$O) =1 v =
x(t)_‘;“‘, y () =£ Int.

2
1 =—"—. y
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3B "

. = {) =
198, x(¥) P y (0 N
72 t2
= —
199. x(f) T y (b P
Orserest
[ EYELIOVELT 18 (3x—5)%. 3. 2 4. 0
33 3/ % Y (3x + 4)5 Va3
5 6 —5x— 7x% + 3(3x—2)(1 4+ x)?/3 6. —— 6 cos 2x
] 6x2 —x)3f2(1—{~x)2/3 | | sint2x
2 _r 2 1 9. £3% (3
7. n(x+ Ve +1)+ v 2+1 8. ——— . 9. ¢ (3x + 10).
P
oz o In3 . sin® 5~ . -—x" 2
10. 2e~*sinx. 1. 2 sinx-3 ) In2 (1—x?) sin 2x — 2x cos 2x~

1

13. — = 14. 2xarctgx+l+x2 15. 27" (1—=x21n 4).
(cos x -+ sin x) (sin 2¢ — 3) Jgrras in2 1
16. S L 17,2 e T e
— sin 2x g
8 V1+x2—xln(x+Vl+x‘) 19, —gima+e™ 2In8n(i+e7%)
' (1+2) YT+ 1 +e* '
xtg-f-
20. 3¥* o1, 9xarccos3x———2 922, 4 2-ln4-(tg—x—+
1+ x3 V1T — 98 2
( i )arcsinx*I 1 5
—_ In—.92x -
+—"—). 93, .3 = 3 24, UtV IF# 1n9
X —_X
2C052"'2“-
o ;:’H- — 25. (arcsinx) * (xcosx_z—smx Inarcsinx +
X X X
sinx 1 1 3/1"1”"‘ 9\ —2/3
* x arcsinx']/_l—-—x’) 26. (arctg 42) (—X(1+x)

3 e
1/;_{_,52. 4 t-x_xarcsian( 19 Int X
X Inarctg 4x + p—— 1+16x2)' 27. (g 2) arcsin 2x In tg 2+

+ ]_/Tix—t;xé Intg ; + 2 a:;:: Qx) . 28. (¢* 4 e %) (—2sin2x-In(e* +
+ e=%) 4 cos 2x-ff:—e———x)-. 29. (ctgi)ifﬁﬂ—x (-1— (e"-———e—")_ H‘%’- X
ex e * 3 3
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2 1 3

e* 4 e—%) Inctg X— = i
X (e* + e %) €5 —a
smT

i ’ n {1\ ’ 1 o k41
xok -tk y+(—§-+kn)—( 1)%, -’;—(2 +:rtk) —(—1)*" k2.

e"—e“x) . 30. y =signcoszx,

r — 2 (x4 1)arctg
. x+1 i
3] ’ lxcosx’—-81nx+l, x—_;éo; 32 ' x2+2x+2
LY==y # LY = 1 .
1 , x=0. harctgh — =+ 2, a1
ﬂs
Sl

14 1 T 1
=—5 =g &= b= B G=—p— =t
)/ 1 n 1 . 1 - 1 .
a’:T+T’ bgz-—-——2———T, F) alu——'—Q—' blv——' 232 . 52—33,

2 1 ¢, 6 . g2 —e? e? 4-¢e?
by=—2e. 35. a) 1) x, 2) ——x¥+—x; 6) 1) X+ ,
5 5 2 2
— 3 €2 3 1 g2 e?
2 2 '3 2,2 ~ p—2 —p2 _—— |}
)(46 4).r+ex+(4e +4e>x+(2 2)
| , ' 2signx , .
— remn . 36. e= == 0 0)y=2 0) =
B) 1) ——-+*+2. 36. y, =y 1+x,.x#,y+() , Y_(0)

=—2. 37. y:}j:fy’_-——i]sinﬂ +lecosxsignsinx, xs<kn, y. (0)=

=y (0 =0, y, (km) =lkm sign &, Yy (kn) = —'knsignk, kel
= In2

2"(1+ )—-1

X

38. y, =y = , x#0, y (0)=0, y_(0)=-—1.

RS
(2% —1)?

39. y+=y_=—i-sign (sin-—i—)—karcsincos%, x;&;::—, x#0, y, (0)

n 4 (0) e cymeerayior, y_ (=) =(—=1* (2 5k), o ()=

ak nk
== (k2. 0.y =y = 2" x20, g, (0)=
(—1) 15 Yp=t == *#0, 4, 0
=~ . Y . , i .
=—72, y_(0)=V2 4L y+=y_=jf“_"xa. x£0, y, (0)=1,
¥ (0)=—1.42.2) p>0;6) p>1; 8) p>g+1. 43. 2" cos (Qx +
it 2n—3 14 __1\n 1 o
+-2—n) +2 coS (4x+—2-—n). 44. (—D"n! ( PR
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1

A

(x__2)ﬂ.+l
46. (V2)"e—*sin (x+ 32” ) 17. 2,(;1),,
—_——n 1) -
~0° = 4 G2 - )
(—1)"-5-3""1.nl Lo qn )3
48. G 1) 49. o Sin (x+ 2 )

), 45. (—1)""23""2¢—3x (9x® | x (9—

6n) -+ n®—4n + 9).

(1.4-7-...-(3n—5))- (x—

1

- —n

: n_—=2.

’

3t . .onn
" sm(3x+ —2—)—{»

+ E;—n sin (Sx + E;—) . 80. y'=x—xcos2x+x?sin2x, ' =1—cos2x +

+ 4x sin 2¢ + 2x? cos 2x, yW =—2" 3 (4.1:2 cos (2x +

n n:(n2—1) )+(n2_n)cos (Qx_*_“_(’_‘z;%)__)),
= —9%In(l + )——— y——2ln( + )—
1+x

(= 1) (n—3
(x4 1)n

(— 1) (n—1

4x 4+ 3x>

! (2x2 + 2xn+ n?t—n), n>3. 52.

-;ﬁ) +4nx cos (2x +

n>3. 5l. y' =

(n) —

(14x)2 7
5%3* sin (4x 4+ ng),

¢ =arcsin —g—, 53. T ! sin (n arcctg x). 54. —eg-+% 5%
. 2 cos{—3sint sint
X €COS (2x+narcsm 75‘_) bb. TPy 56. —
57 ?2—1 3 cos2t 59 3(at 4+ b)sint—acost
. [ - — . . 3 5 .
(1+2)y 142 1642 (:055-;— sin‘*%t— (at + b)3 cosb ¢
1
5 1.
60. — 3 14 7sin%¢ 61 f42tcos b 2 sin 2¢ 1 — 2¢ arctg ¢
] 25a% cosl®{.siné ) 413 sin* { 9(1 -+
’ le—y ” 4x+4y‘ 2 Y " 2y
63. _ e r—— — ——— . = —_——— e —_—
Y 14x+y 7% (14+x+y)? Y sinxy x T x?
2 4x cos xy , x " 2xy + 4y% — x? ,
— — . 65, y = = . 66. =
x sinxy sin® xy ¥x=3 429" TF* (x + 2¢)3 Y
=—2; y;x--:—;—- mpu x=1, y=—>5; y, =0, y, =—1/3 npu x=1,
, 1 ” — V§ a a ’
==1. 67. = ————— = = — = — =
y=1 Y, V3’ Yex 9% IpH X 9 Y Viz Yy
1 ” 8V§ a a ’ —2
T T ays YTy HxEy Y=y BT
Ve = 333?22—)’;8“ 69. ¥ —5y +6y=0. 70. ¢+ ee+D.u"=0.
1. o' + (1—"—“%‘&)u=0. 72. 2+ (p-—}-)z.—.:o. 73. W'+
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cht m?
f— =0. 74. " — s 25 ={.
o ol 0 v"—[1 + 4etsg (e*)] v

76. o' —s8P =0. T7. x'—2x'y=0. 78. r' cos (2cp+—}-)—-rcos (2([;.__

+

=0.

L e T
—-T) =0. 79. r"—r=0. 80. a) y=nx, y= ~—--nx, 6) y= 2(x 1),

yz—j—(x-l). 8t. a) y—1=—ux, y——-lzx; 6) x_K-Q-e—”/“, y=
V3 Vi -F 1/‘

. - 2
=Te—~n/4, B) y=—-=e T, x=2"¢ 4. 82. a) y=—1, Y=

LAl _ﬂ__:_L___ T} — 4 (x— ),
5 x; 0) y+4 1 y (x—m), y+ , 1 47 (x— m);

B) x=2mn, y=2—arctg2. 83. a) y— £:(£+_1__‘) (x—1), y—= =

6
= (x—1); 06 y——ﬂ—-—(

V3), y—n=
KL
3 " V3
=——L1 _(x—V3). s4 y:-ﬂ-—l_-(xu—‘:-),y:vz (x——l—:)
2n 2 2 Y 2
s T
np X =——, y=0; y 2=———1_ (x—— 1_ \ y—2=—7172 (x-——l-——)
,/ Ny v Y2
3 —
npH X = —— I/, , Yy =2. 85. a) nonykacareqvHas x=0, y>0; 6) y— 27——‘
3 /""‘
( _ﬂ_)’y__ﬂ:___l_‘ff_(x____“_) 86. a) y——l—-=
V49 \ 6 2 V3 6 o4
_6—m 1 1 3 1y, . (U
(x 4)’ 4_":rn-6(x 4)’6)y s(x 2)’
1

32
y—u(x 12).87.;/ 3, x=1 opu x=1, y=3, y+2 2(x 1),
y+2=—2(x—1) npu x=1, y=—2. 88. y——-l:—}q—-(x——?), y—1=
=—2(x—2). 89. a) nonykacare/ibHad y+l=—-—;(x-—2), << 2

6) y:«:——g—x, y:-—“;'—x; B) y——(3+21/§)=}%x, y—(3+2V3)=

3
3aTh, 4TO Tqua (0, 0) enuHcTBeHHasi Toyka nepeceueHdA. 93. ¢ =
:arctd4/7 B Toukax (l; 2) m (3; 6); @=arctg1/2 B Touke (2; 4).
94. n/3. Ykasanue. ypaBHEHHe OAHHBIX KPUBBIX MP2CTABHTb B BHJE
x=x(9), y=y(¢), monarast x=r (p) cos ¢, y=r (P} sing. 95. arctg 2V/3.
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YVkazanne. Cu. mnpeapiaywmyio 3zagagy. 96. R= V3. 88. a) arctg (3/4);
6) arctg (4/3); B) n/2. 103. n/3. 107. a) Ha npomexyTtkax (—oo, 0),
(2, +o0) y6bipaer, Ha npoMexyTke (0, 2) Bo3pactaeT; npH x =0 MHHHMYM,
X = 2— JIOKaJIbHLIH MaKcuMyM; 0) Ha npomexyTkax(— oo, 0), (4/11, +00)
Bo3pacTaeT, Ha npomexytke (0, 4/11) yGoeaer, x=0—JoKaJEHbil Mak-
CHMYM, X ==4/1]1— JIOKa/IbHBIi MEHHMYM; B) Ha IPOMeXyTKax (— oo, —1),
(1/9, 1), (3, + o) y6uisaer, Ha npomexyrtkax (—1, 1/9), (1, 3) Bos-
pactaer, x=1/9 H Xx==3—JOKanpHbIe MAKCHMYMEI; T') Ha NPOMEXYTKaX
(0, 1), (e*, + oo) yOnieaer, Ha npoMexyTke (1, e') Bospacraer, x =1—
MHHHMYM, X ==e*— JICKa/bHbI# MaKCHUMyM; 1) Ha MNpoMexyTKax (—1/2,
—1/4), (0, 1/4) Bospactaer, Ha npomexytkax (—1/4, 0), (1/4, 1/2)
y6biBaeT, NpH x =k 1/2 KpaeroH MHHUMYM; IIpH x= =+ 1/4 MakcumyM,
x =0— JloKasibHB MUHEMyM; e) Ha npoMexyTke (0, + oo) yObiBaer; X)
Ha npomexyTke (0, 1/e) yCuipaeT, Ha npomexyTke (l/e, 4 oo) Bo3pacTaert,

x =1/e MuHHMYyM. 3) Ha npomemyTKax(—%— 4+ k< x <ig'~ + nk), k=2,

BO3pactaeT, Ha npoMexyTtkax (—n/6+ nk<x< /6 + nk), ke Z yOniBaert,
X =—n/b+4+nk, R & Z,— noxantHble MakCHMyMbl, x=mn/64 nk, ke Z,
— JIOKaJIbHble MEHHMYMBI; H) Ha npomexyTkax (— oo, —1), (0, 1) y6u-
Baer, Ha nmpoMexyTteax (—1, 0), (1, + oo) Eospactaer, x=o1—
— MHHHMYM; K) Ha NPOMEXYTKe (— oo, - oo} BOspactaer. 109. I. a)
maxf(x) =29, minf(x)=—3; 6) maxf(x)=13, minf(x)=2; B)
max f (x) =78, minf(x)=-—>52. II. a) maxf(x)=>5e2, minf(x) =
=—1; 6) maxf(x)=e* minf(x) =—e; B) maxf(x)=1/e, minf(x) =
=—1, 110. 1. a) supf(x)=7/5, mff(x) 8/7; 6) supf(x)=7/5, inf
f(x) =0; B) stpf(x)=28/7, inff(x)=0. 1. a) supf(x)=2, mff(x)-ﬂ
6) supf (x)=2, [inff(x)=~—1/4; B) sup f(x) = 3/4, inff(x)=—l/4.

111. B) 1) min(a, &); 2) max(a, b); 3) Vab. 112. x=2a, x =—q/4.
113. atb—y a—abtb¥ . 114. 2a/V3— mupuna, 22/ 2/ 5—sricora.

6
i15. a?tg->. 116, 22 7. Y2 e 118, 2 ‘/_
- 2 9¥3 2
119, 180l 490, Eesm x=—21__ b, 10 snomanas ACB,
Vi + = va — o}

rie C=C(x, 0); ecnn x> b, 10 npamas AB. 121. [=V2aep/m, ecan
p>ma/2; l=a, ecin p<Cma/2. 122, Tlpu /< 4a yros Hak/OHa CTepK-

HA K TOPH30HTY paBe€H arccosl+ VET 128‘12. 123. @ =arctg sm_(“"“ b) ,
1€a 2 sina-sin B

Va2 18ht—q
4b )

Tt h? h? h?
125. ¢ = —- NpH S}——-, cp::arctg-—— IpH S<-?, 126. ! ={(a?%® +

rle ¢—YyroJ HaKJOHAa CTePXKHHA K ropHsoHty. 124. @ =arccos

A———

Yar
—{-b2/3)3/2_ 127. h=—=. 128. = arctgv . 129. g=arcsin

V5"

Vats
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. a—D5b x3 xt
~—arcsin —m 130. x =2. 131. a)l-—— 18 + 3940 y
s e

_ A I 2 5 3
132. a) 2 + 5 (x+8) + 9.5 (x + 8% + ” (x + 8)% +

+ s 8, R, B 2§;2f S O xR,
Rl 1<y (§) o <563 ) yr—yr 1)
BETC1 Sy AT Gy s ol Gt B 2

=)y o E) R D)SE) TS

oyl e e e L e e 5
’F) e 2e(x 1)+3e(x 1) 8e(x 1)+3Oe(x 1)

L ey 1L, 2 (o
s WD R, DIS - =5s W) 213+ (In3 4 =) =2+

L4 e b5 e oye b4 oy
+t5 g =P =2 - (=2, R 2)IS

6 6 1
58«1 133. a) 3,162; 6) 2,963; B) 0,340; : ,
ésl 2 <100 133. a) 3,1 ) 2,963; 8) 0,340; 1) 1,823; n) 2,303;
{x—a)’,

) — (g X Lo
e) 2,708. 134. a) a+ (x—a) " (x—a) PR 6) a-+ 3 *

_%ﬂ; B) 5(x—1)+130(x—1)% 1) x4 135 1. 136. 1/2.
137.°2. 138. 1. 139. 1/2. 140. 1/2. 141. 1/2. 142. 1/2. 143. 0.
144. —i— 145. 0. 146. —1. 147. —1. 148. 0. 149. n¥/6. 150. —1/2.
151. 0. 152. 0. 153. 2x. 154. 2. 155. 1. 156. /3, 157, ¢. 158. e'/x,

_1__ 2

159. 1. 160. e™. 161. ¢ . 162. 1. 163. Ve. 164. 1. 165. a) a—1,
#(0)=0, /" (0)=—1/3, " (0) =0, f (0)=%; 6) a=1; f' (0)=1/2;

f(0)=1/3; 7 (0)=1/4; f*V(0)=1/5; B) a=0, f' (0)=1/3, ["(0)=0,
{7 (0) =2/15, f‘m (0)=0. 166. x=£ f/_f; AaCHUMIITOTHL y=2x H x:VQ_;
JIOKAJbHBIH MHHHMYM (2, 2——25—); JIOKaJbHBA MakcuMyM (0, 0); na(—oo, 0)

—

B (2, +o0) Bospactaer; ma (0, ¥'Z) u (2, 2) y6omaer; (-—3/4,
___i_%/zf)——'roqxa neperu6a; na {— oo, ——]B/Z) H (;/—2—. + 00) BEITyKIia

BHH3; Ha (—13/ 4, 13/ 2) Buinykna BBepX. 167. x4 4= 1; wetHas; acumm-
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Tothl X=—1, x=1 U y=—1; nokaapubi MuHEMyM (0, 0); Ha (0, 1)
u (1, + oo) Bospacraet, Ha (—oo, —1) u (—1, 0) y6ubaer; (0, 0)—
TOYKa BO3BpaTa, BEPTHKAJLHAsA nojykacarespHas x =0, y > 0; (—1/3, 2);
(1/3, 2)—ToukH meperuba;, Ha (—oo, —1), (—1/3, 0), (0, 1/3),
(1, + oo) BuimykJa BBepx; Ha (— 1, —1/3) n (1/3, 1) BumyKJa BHH3,
168. x=£0; uernas; acumntotet x=0 H y=—1; B Toukax (— 1, 0)
u (1, 0) BepruxasibHas KacaTesbHast; Ha (— oo, 0) Bospactaer; Ha (0, 4 o)

y6biBaeT; TOUKH meperuba (—V/'5/3, i?/4/5) (V5/3, Y4B), (1, 0)
n (—1, 0); na (—oo, ——1) (—V5/3,0), (0, V5/3) u (1, + )
umyksa Bems; wa  (—1, —V/5/3) u (V'5/3, 1) sumykna seepx.
169. x=—1; y=0 npu x———'l/5 3, x=—2, x=715—3; acumnro-
TBl x==—1 H Yy=x -} 6; JOKaJLHLI} MaKcumyM (-—3 5/4); Ha (-—-oo —3)
u (—1, + o) Bospactaer; Ha (—3, — 1) yOhBaer; TOuKa neperuta
(0, 8), ma (—oo, —1), (—1, 0) Buinykna BBepx; Ha (0, 4 o0o) BhINyKJa
BaH3. 170. y=0 npu x =0 U x = —3; aCHMITOTA Y = X— 2; JIOKAJbHBIH

makcumyM (1, VT): nokanbHe MuHEMYM (3 0); (3, 0)—Touka BO3Bpa-
Ta; BEPTHKaJbHAS NOJyKacaTesbHass x=3, y = 0; Ha (—o0, 1) U (3, + o0)
Bo3pactaer; Ha (1, 3) yOwnieaer; Touka meperuta (0, 0); na (0, 3) u (3, + o0)
BLINYKJia BBEpX; Ha (- oo, 0) Bemykna BHM3, 171. x%=—1; y=0 npu
x=0 u x = —2; acumnTotel x=-—1 ¥ y=x—1; Bo3pacraer Ha (—oo, —1)
u (—1, +4 o0); Touka mneperuba (0, 0); ma (—oo, —1) u (0, +o0)
BoiykJsa BHH3; Ha (— 1, 0) Bmmyksa Beepx. 172. xs4—1; y=0 npu
x=0 u x=—4/3; acumntoTel x=-—1 ®W y=23x—>5; BO3pacraer Ha
(—oo, —1) u (—I1, +o00); ToukH meperuba (—2, —16), (0, 0);
na (—oo, —2) u (—1, 0) Bemnykya BeepX; Ha (—2, —1) u (0, + o0)
Boinykia BHH3. 173. x¥—1; y=0 npu x=0 u x=—3; acumnroru
x=—1, y=2x; BospacTaeT Ha (— oo, —1) u (—1, + o0); TOUKH mepe-
ru6a (0, 0) u (3, 81/32); na (—oo, —1) u (0, 3) BomyKJa BHHU3;

a(—1, 0) u (3, + o) puinykya BeepX. 174. UeTHas; nosoxuTesbHaS,

NoKasehbll MakenmyM (O, 2%/@_); wusamym (—2, 2V/2) u (2, 27/2);
Bo3pacraeT Ha (—2, 0) ¥ (2, +oc); y6uBaer HA (—o0, —2) u (0, —2)¢

B Toukax (—2, 2:13/5) u (2, 2%/ 2) pepTHKAJbHBIE TIOJYKAcaTe/IbHEIE

Xx=—2 y> 2% u x=2, y>2-':/2_; BHIIVKJA BBEPX Ha (— oo, —2),
(—2, 2), (2, + oo). 175. Heuernas; y==0 npa x=0; acumnrora y=0.

Makcumym (—2, 2%/5); wmumamym (2, —27 2); Bospactaer Ha (— oo,
—2),(2, +o0); y6ueaer na (—2, 2), B Toukax (—2, 2?/2_) "
(2, —2 1/2) ECPTHKA/LKbIE [ONYKACATEIbHbIE X = —2 y<2Y T w x=

=2,y =>— 23/ 2, touka neperu6a (0, 0): Ha (0, 2) 1 (2, -+ o0) BBINyKJa
BBepX, Ha (— o0 ,—2), (—2,0) Brinykna euu3. 176. Heorpuuarenbras; y =0
npu x = 0; acumnrora ¥y =0 npH x— + 00; JOKaIbLHBIA MaKCHMyM(l , %/ e=2);
munumym (0, 0); Bospactaer Ha (0, 1); yObiraer Ha (— oo, 0) u (1, - o0);
B Touke (0, O)—eepruxasibHas noaykacateJehas x=0, y=>0; ToukH

neperu6a (x,, y;) H (X5, ¥,), e x1=1—]/-3—, Y =yx), xy=1+

2
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3
+]/?, Ys =Yy (x;), Ha (x,, 0) (0, x,) BHIDyksa BBepx; Ha (—oe, X;)

(x4, + oo0) Bumykna BHH3. 177. x40, y=0 npu x=06; HakJIoHHAA
aCHMITOTa y = ¥~—7; BEpTHKa/bHad acumnrota x=0, y<L0; lim y(x)=

Xx—+0-4
=0; JokajpHe Maxcumym (—3, —9 Ve); JOKanbHE MHHEMYM
(2, —4/Ve); lim y' =0; Touxka neperuba (x,, yo), TAe x,=6/13, y,=

x>04
=y (x); Ha (—oo, 0) m (0, 6/13) Bmmykaa BBEpX; Ha (6/13, -+ o0)
Boiyk/aa BHH3. 178. x >0; y=0 npu x=1; lim y(x) =0; MuHuMyM

x—04-
(1/¢*, —2/e); Bospacraer Ha (l/e?, +4o00); y6OuBaer Ha (0, 1/e?);
lim y" = —o0; Touxka nepernGa (1, 0); Ha (0, 1) BhmykJia BBepx; Ha

x—-=»04
(1, + o) Boimykda BHH3. 179. x > 0; HeorpHuatTeabHas; y =0 npu
x=1; lim y=0; noxamcHoli MmarcumyMm (l/e, 1/e?); wmuaumym (1, 0);

x-0-+
Ha (0, 1/e) u (1, + oco) Bo3pacraer; Ha (l/e, 1) yGuiBaer; lim y =0;
o x04-
TOUKH neperuba (X,, y;) # (X5, Y3), Tme Ing, =(—3—¥5)/2, Inx,=
—(—3+VB)2, 4=y (%), %a=U () Ha (0, %) U (x, + 00) BEMyK/A
BHH3; Ha (X;, X;) BbiykKJa BeepX. 180. x > 0; HeorpuuarenbHast; y=0

npu x=1; lim y(x) =0; muauMyM B Touxe (1, 0); JoKanbHBIH MaKCHMYM
x>0+4

B Touke (e—%/3, e—2/3 13/ 4/9); B Touke (1, 0) BepTHKAaJbHAS HOJTy KacaTe b=
Has x=1, y>>0; Touka mneperu6a (%/E, i/e/—g); Ha (0, 1) u (1, '3/5)
BLIIYKJIa BBepX; Ha (?/E, + o00) BhiIyKJsia BHU3. 181. x > 0; Heorpuua-
TeqpHast; y =0 npd x =1; x =0, y = 0— BepTUKa/15Has ACHMNTOTA; aCHMII-
ToTa ¥ =0 npHu x— + 00; MuHAMYM B Touke (I, 0); JIOKa/bHBI MAKCHMYM B

Touke (e%/3, e“?r”i/ 4/9?; youmaer Ha (0, 1) u (e¥3, -+ o0); BospacTaeT Ha
(1, e¥3); B Touxe (1, 0) BepTHka/ibHasi mnomykacaTespHad x=1, y>0;
TOKa neperuta (x,, 4y) # (xa, ¥3), rae Inx, =@—V13)6, y, =y (x,),
Inx,=(3+V13)/6, y,=y(x,); na (0, x,) u (xy, + 00) BHIYKJA BHHS3;
Ba (x,, 1) v (1, x;) BmnykJa Beepx. 182. Uernas; HeOTpHuarTesbHas;
y =0 npu x = 0; acumnrora y = 0; MakcumyM B Toukax (—1,1/e) u (1, l/e);

MuEHEMyM B Touke (0, 0); Bo3dpacraeT Ha (—oo, —1) u (0, 1); y6riBaer

Ha (—1, 0) # (1, 4 o0); Toukd mneperHba (x,, y;), (%5, Y2), (X3, 4s),
1 5 1 Y

(%4, y)), THE X;= — —?]/5—#1/17, Xy = — —2—]/5—;/17, Xg =

1 R ———— 1 ———————
="2—V5““'V17, x4:'§" ]/5+V17, h=y (), Yp=Y(x), Y=
=Y (%3), Ya=1y (x,); Ha (—09, Xy), (x5, %), (%;, + ©0) BLIyKJA BHUS;
Ha (x;, %) H (x;, x,) Bollykna BBepx. 183. Heorpuuatesphas; y=0
npu x=0; acumnrora y—=0 mnpu x— + oco; mMHHHMYM B Touke (0, 0);
JIOKAJIbHbIH MaKCHMYM B TOYKE (2, %); BospacTaeT Ha (0, 2); y6uiBaer
i
Ha (—oo, 0) u (2, + 00); TOIKH meperuba (x;, Y,), (X, Y,), Ta€ X, =
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‘=2—"V§a Y=y (x), x,=2 +V2, Y=Y (x;); Ha (— o0, X}, (%5, +-00)
BLINYKJIa BHU3; Ha (x,, X,) BbIIyKJa BBepx.184. y—=2x npu x =0, acumn-
TOTA Y == 2% IPH X —» + ©O; aCUMNTOTA Y = 2X + 47 1IPH X —»-— 00; JIOKaJlb-

HBIH MakCUMYM B Touke (— 1, —24-3m); JoKanbHBII MHHHMYyM B TOYKe
(1, 2+ n); Bospacraer Ha (— oo, —1), (1 +o0); y6emaer Ha (—1, 1);
Touka neperuba (0, 2mn); Ha (—oo, 0) Beimyksa Beepx; Ha (0, + o0)
BHINYyKJa BHH3. 185. y=0 npu x=0; acumnrora y= (%———;—) x—1
1 37

fIpH X — + ©0; aCHMIITOTa Y = ( —————é—n——T) x—1 npH x —-—00; MHHH-
MyM B Touke (1, -—1/2); yOuBaer Ha (—oo, 1); Bo3pacraer Ha (1, + o0);

2x o,
Bbinyksa BHU3, 186. y—=mn/2 npu x=0; acumnrora y:-—-5—+~—2~,
JIOKaJIbHble MHHHMYMBI B TOYKax (—-2, n+-—§—-——arccos—~—-) (1, —2/8);

2 4 4

JIOKAJIbHLI® MAKCHMYMLI B TOYKaX ( —1, n+-5—), (2, arccos——-——-~5—);

2 ( 2 2
TOYK —1, ai+—=—1), {1, —— | — yrJaoBeie, B TO —1, —
«( ) 5) y e (=1, wt ]

Jiesast IoJlyKacaTespHaf Y == 5 } —{—-—-—-(x+ 1), x<{—1, npasasa no-

\

JiyKacaresibHast y=(n+?)———5—~(x+l), x>—1; B Touke (1, —2/5)

2 7
Jiepasi ogyKacatesbHag Yy = T (x—1), x<C 1, npaBas nosyka-
carenbHas y:——%—k%(x—-l), x>=1; y6bBaer Ha (— o0, —2),

{—1, 1), (2, + oo); Bospacraer Ha (—2, —1), (1, 2); Todka neperuba
{0, n/2); Ha (-—~o0, —1), (0, 1) BoimykJa BHH3; HA (—1, 0) u (1, + c0)
spinykna Beepx. 187. x >6, x<C0; y=2 nprn x==0; acumnrora y=
= —X—1 Npu x— —00; ACUMNTOTA Yy =X -+ D NpH X — + 00; JIOKaJbHEIH
MuHEMYM B Touke (9, 24 91/ 3), Kpaesoii MHHHMYM B TOUKE (O, 2); V6bI-
BaeT Ha (—oo, 0) u (6, 9); BospacTaer Ha (9, + ©0); BbIIyK/1a BHHU3

Ha (—oo, 0) u (6, 4 o0). 188. ys—g—— npn x=0; acuMnTOoTa Y=

= —-%——-%—; JICKaNbHBIH MAHHMYM B Touke (-—4, 8/17 —arcsin 15/16);
JIOKaJIbHBIA MakcumyMm B touke (0, m/2); Touka (0, m/2) —yrionas, Jiesas

) 32. 4 36
fionykKacate/Jibgasn Y =— ~— X; NIpasad noJjiykacate/bHafd Y = -— ———

2 17" 2 17 s
y6uiBaerT Ha (—o0, —2) u (0, + co); BospacraeT Ha (2, 0); BhIyKJa
sHH3 Ha (—oo, 0), (0, + co). 189. x=0; liriy(x)=0, Clim gy (x) =

x—0 x=r =

" 3n 1
=; aCHMITOTA Y = (7 —x)/2; JIOKAJLHBIH MHHHMYM ( —1, —+— ) :
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. 1
JIOKaJIbHbIA MAKCHMYM (1, —Z—-—?); ybuiBaet Ha {(—oo, —1}, (1, +o0);

BospactaeT Ha (—1, 0) u (0, 1); BeinykJa BHH3 HA (—oo, 0); BbINyKJa
Beepx Ha (0, 4+ co). 180. y=0 npu x=0; acumnrora y= —x - 1/3;
JokaabHuIl MdguMyM B Ttouke (0, 0); nokanbHBI MakCHMyM B TOUKe
(2/3, vV H3); ma (—oo, 0) u (2/3, + o) y6bieaer; ma (0, 2/3) Boa-
pactaer; (0, 0) Touka Bo3Bparta; BepTHKa/bHAH MOJyKacaTesbHasd x =0,
y>=0; (1, 0) Touka neperuba; Ha (—oo, 0) u (0, 1) Bbimyksa BBepX;
Ha (1, + oo) Bomykaa BHu3. 191. Kpusas cocTOMT M3 Tpex BerBed. [lns

nepsoii BeTsH Y (—x) = ,—y (x); opn x=0, x ==+ Vo, y = 0; N0KAJbHBIA
MHHEMYM B TOUKe (—1/2, —1/2); nokaJbHblil MakcHMyM B Touke (1/2,
1/2); npapas acmMnrTora y = —x + }/3; nesas acumnrora y= —x —/3;

Ha (—oo, —1/2) ¥ (1/2, + o0) ybuiBaer; ma {(—1/2, 1/2) Bo3pacTaer;
(0, 0) —7touka neperuba; Ha (—oo, 0) splmykna BHH3; Ha (0, 4 o)
BBIYKJA BBepX. Bropas BeTsb: X > 0, acHMnTOTa x=0, y=—x—V3;
MaKCHMyM B TOYKe (v 2/3, —4}1/2/3); Bumykna Beepx. TpeThsl BeTBb
CHMMETPHUHA CO BTOPOH OTHOCHTE/bHO Hauyaja KoopauHat. 192. Kpupas
COCTOMT H3 ueTsipex BetBedt. Ilepeasm metsp x>24, —92 <yl —4;
acumnTota y —= — 9/2; Kpaesoil MakcumyMm (4, —4); na (4, + o0) ybb-
BAaeT; BHINYKJa BHM3. BTOpasg BeTBb CHMMETPHYHA NEePBOH BETBH OTHO-
cuTe/bHO npsMoil y= —x. Tpersst BetBb x >9/2, y>=>0, y=0 npu
x=16/3, acumnrornl x =9/2 4 y=x—06, MuHuMyM B Touke (16/3, 0),
BhIIyKJa BHHU3. UYeTBeprasi BeTBb CHMMETDHYHA OTHOCHTEJIbHO IIPAMON
Yy = — X BTOPOH BeTBH; (4, —4)—TOUKa BO3BPATa KPHUBOH C NOJYKACATC/Ib-
Hoft y= —x, x>=4. 193. Kpurasg cocrouT u3 Tpex Beteedl. Ilepsas
BetBb —1<{x<J1, y(—x) = —ylx), y=0, mpu x=0, x=1 n x=—1,
(—¥'3/2, 2/3}/3)— Touka makcumyma, (V'3/2,—2/3 }/'3 ) —Touxa mumu-
myma, na (—1, —V/3/2) u (V'3/2, 1) Bospacraer, na (— V 3/2, V'3/2)
ybnisaer, (0, 0)—rouka meperuba, Ha (— 1, 0) Boinyksa Beepx, Ha (0, 1)
BbinyKna BHH3. Bropas BetBs 0L x<1, y=>=0; y=0 mpu x=1;
acumnrora x=1; (1, 0)—kpaesoit muHumyMq; Ha (0, 1) ybomBaer;

(V1_5/4, —2— 1/5—/_3) —rouka mepernda; Ha (0, 1/15/4) BbimyKada BHHS;

na (V/'15/4, 1) Benykna ssepXx. Tpetbal BETBL CHMMETDHUHA CO BTODOH
OTHOCHTEJILHO Hauasa Koopiaunat. Kpusaa B toukax (—1, 0) u (1, 0)

MMeeT BepTHKaJsbHBle KacaTesbHble x = —1 v x=1. 194. Kpupad cOCTOHT 43
Tpex BeTsel. Ileppas Beteb — 1<x<{1, y(—x) = —y(x); y=0 opu x=0,
y(—1) =5, y(1)= --5; Kpaesoit MakcUMyM -(——1, 5); KpaeroiH MUHHMYM

(1,—5); ma (—1, 1) y6umaer; (0, 0)—touka neperuba; na (—1, 0}
BelnykJa BHu3, Ha (0, 1) suinyksaa Beepx. Bropas Bertsb 0 < x<Cl;
y(1) = —5; y(2V6/7)=0; acumnrora x=0; (2V2/3, 4V2)—Touka
muraMyMa; Ha (0, 271/2/3) y6umaer; Ha (2 |/2/3, 1) Bospactaer; BolilykJa
BHH3. TpeTbsi BeTBb CHMMeTDPHYHA CO BTOPOH BeTBEIO OTHOCHTENIBHO Hadyajia

koopauHaT. Kpupas umeer B Toukax (—1, 5) B (1, —5) BepTHKaJbHLIE
KacaTesnbHble x = —1 ¥ x =1 H JBe JIBOHHbLIE TOUKH— [1€epeceyeHre IepBOH
BeTBH CO BTopoll M Tperhell. 195. Kpusas coctout u3 tpex BetBeli. [lepsasn
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sereb — 1<, y (1) = —2; y(—x)=—y(x); y(0)=0, y(—-1)=2;
kpaeBoli MakcHMyM (—1, 2); kpaeBoii muHuMym (1, —2); Ha (—1, 1)
y6eieaer; (0, 0) —rouka neperu6a; Ha (—1, 0) Bunykia Beu3; Ha (0, 1)
BHINYKJa BBepX. Bropas setsb 0 < x<C 1, y(1/3/2) =0; acumnrora x =0;
(1, —2) —kpaesoit munumyM; Ha (0, 1) yOnisaer; BbiyKJa BHH3. TpeTbs
BeTBb CHMMETDHYHA €O BTOPOH OTHOCHTE/NBHO Hayasla KoopauHar. Touku
BosspaTta kpuBodH (—1, 2), (1, 2); noaykacartespuble y=2-——12(x+ 1),

x=—luny=—2—-12(x—1), x<{1. 196. Kpupasg cHMMeTPHUHA OTHOCH-
TeJIbHO NpaMoil iy = —x; pH x = 0. Ha npomesxyTke (—oc, 0] umeem y=0
npu x =0, acumntora y =0, MHHHAMYM B Touke (—e/2, —1/2¢), Ha (— oo,

—e/2) y6umaer, na(—e/2, 0) ospactaer, (—V 2e/2/2, —¥ 2/2eV?)—
TOYKa meperu6a, Ha ( —oo, —}/2¢"2/2) Bunykiia BBepx, Ha (—1/26"%/2,
0) menykaa a3, 197. KpuBas cOCTOMT H3 IATH BeTmefl. Ilepeas BeTBb
x<—1/2, y<0; acumnroral y =0, x-=—1/2; ga (—o0, —1/2) y6n-

BaeT W BbinyKJa BBepx. Bropas BetBs x <0, y<C0; y(0)==0; acumnrora
1

= —2—x——T; BO3pacTaeT ¥ BbimykJa BHU3. 1perhsi BeTBb — 1/2 < x<Z0,

y=0; y(0)=0, acumnrora x = —1/2; ybuiBaeT u HMeeT TOYKY neperuba
Xo, COOTBETCTBYIOMmIeH f, TaKoMy, uTo [y 3f,—1=0; Ha (—1/2, %)
BHIIYKJIA BHH3; Ha (x,, 0) BEINyK/a BBepX. YerBepras BeTBb X >4, y >

=2/3; y(4d :—3—; acMMIITOTa Y =3 x——{z— , BO3pacTaeT u BBITYKJa BBEpX.

Ilatas BeTBb X >4, y<< 2/3; acumnrora y=0; y6biBaeT W BBUIYKJa BHH3,
Kpupasi HMeer BepTHKajbHbie Kacarenbble B Toykax (0, 0) 4 (4, 2/3)
CcoOTBeTCTBeHHO ¥ =0 H x=4 H JBOHHYIO TOYKY —IlepeceycHye MNepBOH
u propoit BetBeft. 198. xs£1; y=0 nmpu x=0; acumnroth x*=1, y=
=3x -+ 1; nokanpHbi MHHEMyM B Touke (27/19, 27/4); ma (—oo, 1)
d (27/19, + oo) Bospacraer; Ha (1, 27/19) yGosaer; (8/133, 8/175) —
TOYKa neperu6a; Ha (—oo, 8/133) Beinykna Beepx; Ha (8/133, 1) u (1, + o0)
BollykJsla BHH3. 199. Kpusasa coctouT B3 ueThipex BeTeeil. [leppas BeTBb
<0, —1/12<y<<0; y(0)=0; acumnrota y= —1/2; BO3pacraer;
BbilyK/1a BHH3. Bropas BerBp x < 0, y < 0; y (0) =0; acumnrora y =2x+

1
+T; BO3pacTaeT; BbIMTYKJa BBepX. Tperbf BerBb x > 1, y >0; acuMmroTHl

x=1, y:2x+%; MHHHAMYM B (4/3, 4); na (1, 4/3) yOniBaer; na (4/3,

-+ ©0) BO3pacTaeT; BLIIYKJA BHHS. Yerpepras BetBb X > 1, y<0;
acumnTotsl x =1, y= —1/2; Bo3pactaeT; BbinykJa BeepX; (0, 0)— Touka
BO3BpaTa KpPHUBOH C MOJIyKacaTeJibHOH Y =x, x<_ 0.
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Taasa IV
TEOPETHYECKME 3AAAUYH

§ 1. OBIIHE CBOACTBA YHCJIOBbIX MHO)XKECTB
HA NPJIMORA

MuoxecTBa o6o3nauuM OGospmiuMH OyKBaMH  JlaTHHCKoro ajda-
BHUTa. 3HaK «|J» ofGo3Hauaer oObeHHEHHE, 2HAK «[]» — mnepeceueHue,
a 3HaK «\» — pa3HoCTb MHoxkKkecTB. [dna awboro MHoxecra M
yepes CM o6Go3navypM pononHeHue MHoOXKecTBa M no Bceil npsimoii.

I. Jokasath, uTo Kaxjgoe u3 yciosuii A\B=A u AUB=08 nueob-
XOAHMO H HOCTATOUHO AJ:d Toro, utobet AcB.

2. Jokasatb, uto ecau ANB=D, 10 Ac(BUD).

3. IlpuBecTH npuMep Takux MHoxects A u B, uto A=BY(A\B).

4. HNokasarse, yto ecau A=B{D, to ANBcD.

5. IlpuBecTn npuMep Takux Muoxects A, B, D, uto A=BUD, uo
ANB=£D.

8. Hoxasats, uto AN\ (BUE) = (AN B) \\E.

7. IlpuBecT npuMep Takux MHoxkects A, B, E, D, uto D-—=Al}
U(BN\E), Ho D= (AUB)\E.

8. Hoxazatb, uto ecan D=AJ(B\E), o (AUB)\E<D.

9. Hokasath, uto (A:UA2) \ (BiUB2) <= (AN\B1)U(A2\Bs).

10. IlpuBectu npumep Takux MHOXecTB Ay, As, By, Bs, uTo

(AiUAz) \(B1lUB2) 7= (A1 \B1)U (A2 \By).

11. Jokasats, uTO

a) C(AUB)=CANCE;

6) C(ANBy=CA|CB.

12. JokasaTp, uto

a) C((AU B)\(ANB)) =(C(AUB)U(ANB),

6) (AUCB)N(CAUB)=(ANB)U(CANCBH).

ITyers E — noamHoxecTBO uHcioBoH npsmoi. Uepes E” obosna-
4Y¥M MHOKECTBO NpeIC/bHBIX TO4YeK MHoxecTtBa E, uepes £ — 3aMbl-
KaHee E, T. e. nmepeceyeHuHe BCeX 3aMKHYTHIX MEOXKECTB, cojepmxaliHx
E, yepes CE — MHOMXKeCTBO TpaHH4HBIX ToueK E.

13. IlpuBecTn npumepnl MHoxecTBa E, YAOB/JETBOPSAIOWErO COOT-
HOLIEHHIO!

a) E=E'; 6) E'"c E uw ENE'=@; B ECE u E'N\NE#{;
r) EE—E#@ u ENE's=g; n ENE'=g; e) supECE;
x)sup E= E; 3) supEe=EN E'.
14. T1puBecTn npuMep MHOXKECTBa, HMEIOILEro:

a) POBHO OLHY IpefespHYIO TOYKY; 0) POBHO IIeCTh NpPEAENbHBIX TO-

YeK.
i5. JaHo MHOMXecTBO £ Ha mpgMmoft, npuyem

inf lxn'_xml =a >0,
n,m,n=m
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TAE Xn, Xm — J0Obe Toukd E. JIoKazarth, 4To MHOMXKeEcTBo E He umeer

H{)Eﬂeﬂbﬁblx TOYCIK,
16. MoxeT N1 MHOIKECTBC, COCTOSsIUIee TOJNLKO H3 H30JHPOBAHHBIX

TOUSK, HMEeTb NpeJebHbie TOUKH.

17. JlokazaTth, uTO, MJisi TOro 4TOOL MHOMXECTBO OLLIO 3aMKHYTHIM,
HeOoOXOAMMO M A0CTAaTOYHO, YTGOB OHO cOAepxaJso BCe CBOH TOUYKH
IPHKOCHOBEHHUS, T. €. TOYKH, .IcOBIC OKPeCTHOCTH KOTOPBIX HMENT He-
IyCThIe NepeceyeHnsi ¢ MHOXKCCTBOM.

18. JlokasaTth, yto fJas Jiwboro MHomxkecTBa E mmeem E=E|E’,

19. Jloxazatb, YTO €CJH MHOXEeCTBO BK.JII0YaeTcsi B NPOH3BOJHOE
(T. e. B MHOXKECTBO BCeX MpeieibHLiX TOUEK ITOTO MHEOMKEeCTBa), TO
OHO HE COJLEPHT H30JHPOBAHHLIX TOUEK.

20. SIBnsiercad MM 3aMKHYTHIM MHOXECTBOM MHOXeCTBO pallHOHaJb-
HolX ToYex oTpeska {0, 1].

21, Halith MpoXecTBO IpelnesbHBIX TOYEK MHOMXeCTBA pallHoO-
HaJbHBIX YHCe.

22. TlpuBecTy npuMmep MHOMKeCTBa, He SB/AIOILETOCH HH 3aMKHy-
THIM, HH OTKPBITHIM.

23. Hafith MHOXKECTBO Npefie/IbHBIX TOYEK MHOMKecTBa Hppa-
HHOHAJAEBHBIX yHcesd, O0JBIIHX yeM [Ba.

24. TlpuBecTH npHuMep MHOMXCCTBa, ABJISIOUIETOCH OLHOBPEMEHHO
OTKPHITBIM H 3aMKHYTHIM.

25. okasaTh, YTO H30JHPOBAaHHAsl TOYKA MHOXKecTBa £ aBjasercs
rpaHH4YHOH.

26. [JokaszaTb, YTO ecqaH NpeAé/bHAas TOYKA HE NPHHAAJIEXKHT MHO-
JKeCTBY, TO OHa aBJISeTCS TPaHHYHOH.

27. JorasaTtsb, uto 4 (AUB)Yc=dAdB.

28. HoxasaTts, yto d(ANB)=dA| aB.

29. IlpuBectu npumep MHoxectBa A Takcro, utro A” Henycto, a
A’ nycro, tue AY=(A") u A= (A")".

30. Ilycts [ oroGpaxkaer otpesok [0, 1] Ha mMHOxectBO {C), C2, C3,
C4, Cs, Cs}.

Jlokazatb, 4yTo MO KpafiHed Mepe AJNA oxHoro H3 uucea ¢; (I<<i<C
<6) muoxectso f[~!(c;) umMeer npenespHYI TOuKy. IIOCTDOHTH mpH-
Mep oTo0paxeHus [ Takoro, YToGhi TOJHKO OJHO H3 TAaKHX MHOMKECTB
HMEJIO NPEeAeJbHYIO TOUKY; YTOOH POBHO TPH TAKHX MHOIKECTBA HMJH
NpeAeNbHYIO TOUKY.

N N
31. Ilyers E= |} E,,. Hoxasats, uto E'= | En.
n=1\ n=1

32. IlpuBecTd mnpumMep MocnefOBATENLHOCTH MHOXKecTB E, Takux,

o0

uyto aas mwoboro n E/=, a E's-J,rae E = U En

n=1
33. lokasaTh, 4TO HemycToe nepeceyeHue JAwo0Oro ceMeincTBa 3aMK-
HYTBIX MHOXKECTB 3aMKHYTO.

34. loka3aTb, 4TO CyMMa KOHEUHOTO YHC/Aa 3aMKHYTBIX MHOXKECTB
32MKHYTA.
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35. IlpuBecTH npuMep NOCAEA0BATEAbHOCTH 3aMKHYTHIX MHOXECTB
o

Pn TaKOﬁ, qT1o MHOZKECTRO A == U Fn He BaMKHyTO; B 4aCTHOCTH,
n=1

qTO6H MHOXKECTBO A GBIJIO HHTEPBAaJOM.

36. J{oxasaTb, 4TO cyMMa J10060ro cemMeHcTBa OTKPHITHIX MHOXKECTB
SIBJISIETCS] OTKPLITHIM MHOMXKECTBOM.

37. Jloka3aThb, YTO HENyCTOE NepeceyeHHe KOHEYHOTo YHCJa OTKphI-
THIX MHOXKECTB fIBJASIETCA OTKPHITBIM MHOXKECTBOM.

38. IlpusecTn npumep nOC/JAeLOBATEJbHOCTH OTKDPBITBIX MHOXKeCTB
o0

Gp, Takofi, uto mHoxecTEo A = (] G, — He OTKpHITOE; B YACTHOCTH,
n=1
MHO¥KecTBO A — OTpe3ok.

39. Hafitn 3amMbikaHHe MHOxkecTBa {2°/9}, rie p M ¢ HaTypa/bHBIE.

40. Jokasarb, 4TO MHOXKECTBO IPAHHUHBIX TOHEK JI000ro MHOKE-
CTBa 3aMKHYTO.

41. KakoBa MOWHOCThL MHOXKeCTBa BceX KBaJpPaToB Ha IJIOCKOCTH
€ pPalHOHAJBHBIMH KOODJIHHATAMH BEPUIHH?

42, Jloka3aTb, YTO MHOKEeCTBO HENepeCceKaIoUIHXCsl HHTEPBAJOB Ha
npsaAMoil He 6oJiee yeM CUeTHO.

43. JIokasaTb, 4TO €CJIH pPACCTOSIHHE MexAy JM00LIMH ABYMs TO4-
KaMu MHoxKecTBa A 6ojblie efHHHLB, TO MHoxkKecrBo A He DoJsiee yem
CYETHO.

44. JlokasaTb, 4YTO MHOXKECTBO BceX MHoTouleHoB P (x)=gay+
+ax+...4+a,x" ¢ pauNOHAJbHEIMH KO3 PHIHEHTAMH CUYETHO.

45. H3BecTHO, 4TO MHOMECTBO MNpeAeNbHBIX TOUeK MHoxecTBa A
CYETHO.

Joka3aTb, 4TO MHOXecTBO A cyeTHO.

L]
46. Mycts E= | E, u kaxpgoe u3 E, COXEPKHUT TOJBKO H3OJIHPO-

n=1
BaHHbie TOuKH. JloKasaTth, uTo £ He Gosiee ueM CUETHD.

47. okasarb, 4TO AJa J11060r0 cueTHOro MHomectsa A={x,} cy-
1IeCTBYeT YHC/O @ TAKOe, 4TO MHOMKecTBO {x.+a}14 nycrto.

48. IlpencTaBnTh MHOXECTBO HATYypaJIpHBIX 4YHCEJ KaK CYeTHOe
of6LefHHEHHe HelePeceKauuXcsl CUETHBIX MHOXKECTB.

49. TlocTpoHTh B3aUMHO OfHO3HAuHOe oToOpa)keHHe orpeska [0, 1]
#Ha uurepBaa (0, 1).

50. Tloctpouts B3aumuo opHO3HAuyHoe otTobpaxeHue [0, 4 oo) Ha
{a, b).

51. JlokasaTb paBHOMOUIHOCTBb oTpe3ka [0, 1] H KBajgparta ¢ BeD-
mwunamu O(0; 0), A(0; 1), B(1; 0); C(1; 1).

52. JloxasaTth, 4YTO BCHKOE HECUETHOe MHOMKECTBO COHEPXKHT He-
CYeTHOE OI'paHHYEHHOE MOJMHOXKeCTBO.

53. IlpuBecTH npuMep CY4ETHOrO MHOXKECTBA, KaxJj0Oe OrpaHHYEHHOE
IIOAMHOXKECTBO KOTOPOro KOHedHo.

64. [IpuBecTH npuMep CYETHOTO MHOXKECTBA, HMEIOLLEro pOBHO TPH
fipejejbHEe TOYKH,
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55. JlokasaTb, YTO BC€ TOUKH CUYETHOrQ MHOXKECTBA TPaHKYHBIE,

56. IlpuBecTH npHMep nOC/AEIOBATE/JLHOCTH BJAOMKEHHBIX HHTEpBA-
JIOB, KME@IOUINX OJHY TOYKY NepeceyeHus.
57. llpuBectu npuMep NOCAEIOBATENbLHOCTH BJIOKEHHBIX HHTEpPBA-
JIOB, COJEPIKAUIKHX B [lepeceyeHHH OTPE3CK.
88. IlpHBecTH mpuMep NOCHEAOBATENbHOCTH BJIOXKEHHBIX HHTEPBAa-
[}

n0B (@n, bn) Takoi, uto () (@, by) = . IIpH KakOM AONOJIUTENbHOM
n=1\
YCJIOBHH MOKHO YTBEPXKJaTh, YTO MNOC/AEAOB2TEJIbHOCTh BJOKEHHBIX
HHTEPBA/JOB MMEEeT HelycToe lnepeceyeHHe?
oo

59. Ilycre [a, 8] = \J £, rHe Fn — 3aMkHyTble MHOXecTBa. [lo-
n=1}
Ka3aTb, YTO CYHIECTBYIOT OTpe3ok [a, Pl [a, b} u umcno ny takwue,

uto  Fn,N[a, B] =], B].

60. IlpuBecTH npuMep nOCiexOBATENbHOCTH BJIOXKEHHLIX OTPE3KOB
o0

[an, br] TaKO#H, UTO MHOXKECTBO n la., b,] comepXHUT He MeHee ABYX
n=1
TOUYEeK.
61. Mokazatb, 4TO AJ5 NMOCJAE€L0BATENLHCCTH BJOXKEHHBIX OTPE3KOB

[@n, bn] MuOMKecTBO [ [@,, 6.] ecTb Wiu TOuKa, WIH OTPESOK.
n=l
62. JlaHO MHOKEeCTBO E:{O; I; —I—; —1—~; —L, cee !
2 4 8 2n
creMa MHTepBaloB (—e, &) u ((1 —e&)/2", (I +¢)/2"), n=0,1, 2, ...,
rae 0 < e< 1/2. BplyequTe KOHEUHy10 NOKCHCTeMY, MOKpbiBawiywo E,

63. dano wmuoxkectBo E = {1; %—; —1—; ceey —1—, } H CHCTeMa

y ++ - 1 CH-

4 2n
uHTepBanioB (—e, &) U ((1 —e)/2", (1 +¢€)/2%), n=0,1, 2, ..., 0L
< &< 1/2. Moxno Jiu BHIGPATL KOHEYHOE MOANMOKPHTHE M3 5TOH CHCTEMH
HHTEPBAJIOB?
64. Jano muoxkectso E={l, 2, 3, ..., n, ...} u cucTeMa HHTEpBa-
nmoB (n—e, n+e), n=1, 2, ..., 0<<e<1/2. MOXHO &K BBIGPATL KOHEY-

HO€ NOAMNOKPLITHE M3 3TOH CHCTEMBI HHTEPBAJOB?

65. IlpuBecTH npHMep MOKPHITHA OTPE3KA CHCTEMOH OTPE3KOB, H3
KOTOPHIX HeJb3s1 BBIGPATh KOHEYHYIO CHCTeMY NOKPBITHS.

66. ITpuBecTd NpuMep NOKPHITHA HHTEPBaJia CHCTEMOH HHTepBAJOB,
M3 KOTOPBIX HEJb3d BhIOPaTh KOHEYHYI0O CHCTEMY NOKPLITHA.

67. IIpuBecTH npHUMep MOKPHITHS HHTePBaJa GeCKOHEUHOH CHCTeMOMH
OTPE3KOB, H3 KOTOPLIX Hellb3s BHIOpPaTh KOHEYHOTO HMOKPHITHS.

68. IlpuBecTH mpuMep NOKPHITHA YHCJIOBOH NPAMOH HHTepBaJaMH,
He JONYCKalIero KOHEeYHoro NOANOKPBITHA.

69. [lokasaTb, 4TO ec/d M3 BCIKOro NOKPLITHS MHOXKeCTBA CHCTeMO
HHTEPBAJIOB MOXKHO BuIODaTh KOHEYHOE NOANOKPLITHE, TO MHOMKECTBO
OTPaHHYEHO (T. €. COAEPKHTCA B HEKOTOPOM OTPe3Ke YHCJIOBOH Nps-
MOH) .
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$ 2. NOCHAENOBATEJBHOCTH H HX CBOHCTBA

70. Kakoe cBOHCTBO HOCNEAOBaTEIbHOCTH OIpenessieT Caeaylouiee
BLICKa3biBaHHe:

vVneN HA>0, takoe, uto |a.| <4.

71. JlokasaTb, UTO e€cJH HeKOTopasli NOAIOCAefOBATENbHOCTh MO-
HOTOHHOH TOCJ€10BaTeNbHOCTH OTpaHHYeHa, TO H ¢amMa mocjenoBa-
TeJbHOCTh OTPAHHUEHA.

72. HpPIBeCTH npuMep HeorpaHHYeHHOM MOCIIEI0BATENLHOCTH, Y
KOTODPO#l €CTh OT'P2HHYEHHAS MOANOC]eAOBATENbHOCTD.

73. IlpuBecTH npUMep NOCJIEAOBATEJILHOCTH, ¥ KOTODO¥ HET orpa-
HHUEHHOH MNOJANOCTEAOBATEbHOCTH.

74. oxasaTe, uto y n1060:l nocreacBaTe/ibHOCTH €CTh MOHOTOHHAS
TIO/IIOCJI€ 0B aTe/bHCCTh.

75. Jlokas3aTb, UTO €CNH Yy MOCJELOBaTeJbHOCTH {an} HET KOHEUHHIX
YacTHYHHX MpeiesoB, TO mnocjiejgosatenvuocts {|a.|} crpemurcd
K +oco.

76. TlpuBecTH npUMEp HOCAeNOBaTeNbHOCTH {a@,} Takof, YTO
lim |a,| =4, a npexgesn noOCieAOBETENbHOCTH {@x} HE CYLUECIBYET.

N—»00

Iycrs {a.} — HekoTopasi mociexoBaTesbHOCTh H A — MHOXKECTBO
3HayeHHH 3TOH NoC/e0BaTebHOCTH.

77. Ilokasate, uro mpenesnbHas Touka A siBAsIETCS 4ACTHYHBIM npe-
JeJIOM TIOC/IeOBATENBHOCTH {an).

78. TlpuBecTn npumep nocnaepoBaTespHOCTH {@,} Takoii, 4TO TOYKa

a=lima, He ABJsAeTCS NpelesbHOH TOUKOH MHO¥ectBa A.

n_yo0

79. TlpuBecTH DNpHMEP NOCJIEJOBATENBHOCTH {@,} Tako#, YTO HH
OJMH M3 €e YaCTHUHHIX NPEeJIOB He NpHHaANeXKHT A.

80. ITokasath, 470 ecq¥ b €CTh YACTHYHBIA Ipe/es HOCNef0BaTe/b-
HOCTH {@n}, To b NpUHAANEXRHUT A.

Hana mnocjenoBaTebHOCTh {@n}. TlocTpoHTh nNOChEIOBATENb-

HOCTh {bs}, AJis1 KOTOPOi#l Kaxxoe H3 a; SIBJsSeTcsl €e YaCTHUHLIM Tpeje-
JoM. MoxeT JH moc/ieAcBaTelbiHocTh {br} KMETh YAaCTHYHLIE NpeJesbl,
OTJHYHBIE OT a;?

82, IlycTe mocliesoBaTeNbHOCTh {@,} CXONUTCS. SIBiseTCas JH CXO-
AANeHRCs NOCNeLOBaTeNbHOCTh {@nt1—an}?

83. ITocrpouth npHMep cxoxsiiefics HOCAeAOBATEAbHOCTH {an}, AN

o a
KOTOPOH IIOC/Ie10BaTENbHOCTD { = } pacxoputcd. [Ipm kKakom ye-

Qns1

a
JIOBHH Ha {a,} nocnenoRaTeNbHOCTH L } 06512aTeJIbHO CXOQHTCA?
any1
84. TlpuBecTH npuMep NOCAEAOBATENBHOCTH {@,) Takof, 4TO Qp—=

~»-4-00 H
a) lim(a,,, —a,) =10;
6) lim(a,,, —a,) = + oo;

n-—-»co

B) MOOCJAEJOBATENbHOCTh {Qn4—0qn} HE HMEET mNpenesa HH KOHeY-
HOro, H¥ 6eCcKOHEeYHOro;
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r) lim 22 =0;

=00 an

1) lim =% =3;
n

- 00 an

. a
e) llm_'iiL = -+ 00,
ns>oo Qp

a
XK) NOCTEAOBATEEHOCTD — - He HMeeT MpejeJa.
an
85. IlpusecTH nmpuMep CXOAMIEHCHA NOCAEIOBATENbHOCTH {Q.}, AT
KOTOpPOH n(an+1—an) CTPEMHTCH K GECKOHEUHOCTH.
86. Ioxasare, uyro ecad lima,=A, 10 lim |a,| = | 4].

n—00 n—»o

87. Iloka3aThb, 4yTO €CJH Y NOCJIEAOBATEeNbHOCTH {d,} €CcThb ABe TOA-
NOC/AELOBATENBHOCTH {@n} U {@m}, DprueM OOBEXHHEHHE HHIEKCOB
ne umg ectb Bce N u Qn,~>Q, Gm,—>Q, TO K Gr—>q.

88. JIokasaThb, YyTO AJisl CXOAHMOCTH INOCJAEHAOBaTeJBHOCTH {a.} He-

O0X0JHMC H AOCTaTO4YHO, YTOOLI cXoaHjachk Jwlas ee MOANOCAEeN0Ba-
TEABHOCTS.

89. [IokasaTh, YTO IJSi CXOAHMOCTH MOHOTOHHOH MNOCJE€AOBATENb~
HOCTH JIOCTATOYHO CXOAHMOCTH HEKOTOPOH ee IMOAIOC/ieAOBaTebLHOCTH.

90. [1ana mocienoBaresbHOCTh {@n}, ¥ KOTOPOH BCE MOAMNOCIENOBA-
TeJLHOCTH @yi, Qg oiy Qg oiy ..., E=1, 2, .., cXOAATCA K OAHOMY M
TOMY Xe yHcay b. UTo MOXHO ¢Ka3aTb O CXOAHMOCTH 110C/€40BATE/]b-
HocTH {a,)?

91. IlpuBectu npuMepnl nocjenoBaTeJbHOCTEH, YAOBJETBOPSIOUHX
COOTHOILEHHAM:

a) infa, <lim a,;
6) lim @, =supa,;

n=—0

B) infa, = lima,.
n—»o0

-

92. J1oxasaTbh, 4TO AJs JI060H mocjenoBaTebHOCTH

infa, <dima, < lima, <supa,.
P n

N 00 — 0

93. Jloxkasarb, YTO CXOASIIASCSA HOCJHEA0BATEJBHOCTE AOCTHTaer

JAu60 cBOeH HMXHell rpau, aubo cBoell BepxHeH rpauu, JH60 TOH H
Apyroi.

[TocTpOouTh NPHMEPH NOCJAEHAOBATENbHOCTEH 3THX THIOB.
94, Ioxkasatb, yto ecau lim a, < supa,, TO CYIIECTBYeT Takoe ny,

4YTO Qn, =SUPQ,. -
95. JlokasaTb, uTO
a) lim a, + lim b, << lim (a, +-b,) < lim a, + [im 4,;

n-»w n-oo n-—»w s QO n—oo
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6) lim a, - lim b, <lim (a, - b,) < lim a, - lim b, (a,>0, 6,>>0);

n—w n—»a n-e o0 n—sao n—+o

B) hm a, + lim b, < hm (An+ bp) < 1im a, + 11m b
n—rco n~—>00 n—»w

r) lima, - lim b, <<1im (a, - b,) <lima, - lim 6, (a,>>0, b,>=0).
R0 n—rx n—»w n— o n-+co

96. [IpuBecTH NpUMEpH MOC/AEL0BaTeJbLHOCTEH, AJIT KOTOPHIX B CO-
OTHOIIEHHAX MNpeibAyIeil 3ajadd HMEIOT MEecTO CTpPOrHe HepaBeH-
CTBa.

97. INokaszaTh, YTD €CJH IIOCAEAOBaTeJbHOCTH {@.} CXOILHTCA, TO
AJis 11060H mocJieioBaTeNbHOCTH {b,) HMeeM

a) lim (a, + b,) ——Ilman—]— llm B

6) lim(a, - b,)=1im a, - llmb (lima, > 0).
.00 n—-0o n.,,m n—»oco

98. loka3aTth, YTO €CJH IIOCAEKOBAaTeJNbHOCTh {@,} TaKOBa, 4TO ANA
n10608 nocaenosatenbroctd {0,} uan

a) lim (a,+ b,) =lima, +lim b,,

H—>w n=-»o0 n-»w0
HJTH
6) lim (a, - b,) = lima, - lim b, (a, > 0),
n->wx =00 n—»oo

TO NOCJAEZ0BaTENbHOCTD {Qn} CXOAUTCA.
99. HyCTb JAaHa MNOCJAENOBATE/AbHOCTh MOJONKHTENbHBIX 4Hcesd {aQn}

U lim — >g>0.
- In
JlokasaTb, yt0 cyumecTByoT uncaa C u N takme, uto a,>Cqg" nnsa
ao6oro n>N.
100 I'ch"rb JaHa NOIeJ0BaTe/NLHOCTD NOJOKHTEALHBIX UHCeN {a}

M lim —2 2 Lq.

n-ro In

IlokasaTs, uT0 a,=0(g"), n—»co,

101. ITycte nocregoBaTeNbHOCTh {Gn} CXOLHTCHA, a NMOCJIEROBATENb-
HocThb {bn} pacxoxutcs. UTO MOXKHO CKa3aTb O CXOJHMOCTH IOCJERO-
BaTeJIbHOCTEH {@n+bn} U {@n bA)?

102. IlpuBecTH NpHMepH ABYX nocieqoBaTeabHocTed {d.} H {ba}
TaKHX, UTO MOCJAEHOBaTeJILHOCTD {d,} pacXOAuTCs, a MOCJAEA0BATEAbHO
CTH {bn} u {a.b.} cxomarcs. [Ipu KakoM ycjoBuH Ha npexpea {b,} noc-
Jef0oBaTeNbHOCT {@, bn} MOXKET CXONHUTHCH, €CJH NOCJeZOBaTe/IbHOCTh
{a.} pacxonurcs.

103. {okasath, uyTo ecqiu lim a,=A, To

N0

lim 4G+ A+ ... +an —A.

n—oo n
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104. JIokasath, ut0 €cqiH @, >0, n= N u lima,=A, 10
n—~»0o

. n -
limyaa,...a, =A.

100

. a

105. Jloxasatb, 4yto ecam @, >0, n=N u lim L. =4 710
n—co an

. n

lim y a, =A.

n=ro00

106. IlocaenoBatenbHocTh {@.} Ha3LIBAEeTCA MNOCJEIO0BAaTENbHOCTBIO
C OrDaHHYEHHLIM H3MEHEHHeM, ecsH cylecTsyer uuciao C Takoe, 4TO
Aasa moboro neN

n
Y, laep —a| <C.
=1

Hoka3aTh, 4TO MOCAEAOBATEJbHOCTL C OrPAaHHYEHHHIM H3MEHEHHEM
cxoautcs. [lpuBecTH mpumep cxoAsilieHcss MOCJEJOBATENbHOCTH C He-
OrpaHHYE€HHEIM H3MEHEHHEM,

107. Jlokas3aTb, 4TO NOCJAeAOBATENBHOCTh @,=1 4- L + e + eee

2 3
avs L pacxonurcs.
n

108. Ilycte nocaenoBaTenbHOCTDh {@,} TaKoBa, 4TO:
a) HeKoTopas ee MoAMoC/eJ0BaTENbHOCTh {ank} CXOIHUTCH,
6) lim max {a,—an|=0.
k-0 nk<p "‘<‘-nk+1
JlokasaTth, YTO MOCJAEIOBATEIbHOCTb {@r} CXOAHTCH.
109. Ilycre mocsienoBaTesnbHOCTh {d,} TAKOBA, YTO:
a) HEKOTopas ee INOANOCAEAOBATENbHOCTD {ank} CXOJHTCH,

6) cymectByer uncyao M takoe, uto Jus ao6oro keN

Ink+l -nk|<M1
B) lim (@,; —a,) =0.

JlokazaTb, 4TO MOCJAEA0BaTEALHOCTh {Q,} CXOMHTCA.
110. Ilycte fa: [0, 1]—R. Ias vaTypanbHbelXx nn © m u uucaa >0
0603HayuM uepe3 B, .. MHOXKecTBO {x& {0, 1] : |[a(X)—fntm(x) | <e).

Ilyete Agn= ﬂ Be n,m. JOKazaTb, 4TO 1/l CXOAHMOCTH fn(x) Ha

m=1

[0, 1] HeoGxoauMo u JgocTaTouyHO, YTOGH AJ4 Jio6oro ¢>0 BHOOMHS-
JIOCh U Ag.nz[o’ 1].
n=I

111. lokasaTh HepaBeHCTBO bepHnysin

(1+x)"=1+nx, ne=sN, x> —I.
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Tn

1
112. JlokasaTtb, 4TO NOCJEIOBAaTEeILHOCTH an=< 1+ ——) u b, =
n .y

1 \n—{—l o
= ( 1 4 — MOHOTOHHBI H HMeIOT OOmui Ipepest:
\ n.J
lim a,=1im b, =e.
n— oo n-—>oo

113. JlokasaTb HEpPaBEHCTRO
n \

(-—)"<m<e-(-’gf-)", neN.

e
114. JloxasaTp HepaBeHCTRA:
1

1 Py _
a) p— <1n(1 —i——';l—)<-';—, ne N,
4

6) —-;;-<e—(1 + %)"<——, neN.

n

§ 3. PYHKIHHK. OBIIME CBOHCTBA

115. Iycts y=x%—3x.

I. Hafitn MHOXECTBO Ha IpAMOH OY, spasnornieecss o0pa3oM MHOMXKeCT-
pa: a) [0, V3] 6) [0, I]; B) (—1, 1); 1) (—2, 2); n) (—5, 5)

I1. Hafitu MHOKecTBO Ha ocu OX, ssssioineecss npoodpa3oM MHO-
XKecTBa:

a) (—2, 2); 6) [—2, 0]; =) (0, 110).

116. Ilycts X=[0, 1], Y=[0, 1]. Kakue u3 caenyomux QyHKIHA
y=f(x) sagawoT orobpaxenne X Ha Y; kakue — X B Y; Kakue 3aja-
10T GHexTHBHOE 0TOOpareHHe (B3aUMHO OJHO3HAUHOE), €CJH

a) f(x)z%tg—ﬂf—; 6) [ (x)=sin nx; B) f(x)=2(x —x2);

) ) =cos I n) [ (9= 9 f=(5)"

117. [Iycts A — aw6oe MHOXeCTBO H3 00JacTH  ONpeJleseHHs
ynxuun f(x). Kak coornocsarcs MHoxkectBa A u [~1(f(A))?

118. Iiycts A — mw060e MHOKeCTBO H3 00JiaCTH 3HAYE€HHH (YHK-
uuu f(x). Jlokasate, uto f(f~1(4))=A.

119. Tlyctb A — un060oe MHOXKecTBO H3 00J1aCTH  ONPEeNEJIEeHHS
cTporo MOHOTOHHOH (ynkume f(x). Kak cooTHocsaTcs MuOXecTBa A
n f1(f(A))? '

120. ITycts A 1 B — mHokecTBa K3 00JiaCcTH onpejesieHHs QyHK-
nHy f(x).

Joxkasarts, uto f(AUB) =f(A)Uf(B).
121. Ilycte A ¥ B — MHoxecTBa K3 06nactTH ompeaeseHus (yHK-

uuu f(x).
Hoxkaszats, uto f(ANB) <f(A)NRf(B). -
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122. Ilycts A ¥ B — MHoXecTBa H3 006JacTH onpeje/ieHus (yHk-
unu [(x), npuuem f{x) ocyiiecTB/isseT B3aHMHO OJHO3Ha4YHOe OTOGpa-
xenue. Torpa [(ANB) =[{A)Nf(B). Jloka3ars.

123. Tlyetb R — obaacty onpeneneHHs pyskuuy f(x) © A — Jjio-
Soe MHO2KecTBO M3 R. Kak CoOTHOCSTCS MHOMKeCTBa

JIRNA) u [(R)N\J(A)?

124 [Tycts B — o6aacts 3HaueHwit f(x) uw AcB. Hokasars, uro

[ (BNA) =F1(B) N~ (A).

125. JlokaszaTh, YTO JJisi JKOObIX MHOXecTB A u B H3 o6JacTH 3Ha-
yeHu#l ¢GyHKuHUH f(Xx) BepHO

a) [~H{ANB) =[1(A)Ni~1(B);

6) f~'(AUB) =[~' (4)Uj(B).

126. Oyukuusi [ orobpaxaer orpe3ox [a, b] B orpezok [a, b].

JokazaTb, uto ecau [(f(x))==x, To rpaduk ¢GyHKUHH CHMMeETpH-
YeH OTHOCHTEJNbHO NMPSAMOH y=x.

127. dyukuus [ ompelesena Ha Bceff YHCACBOHA NpsIMOH H €€ rpa-
$HX CHMMeTPHYEH OTHOCHTEJIbHO TOYkH A(a, b) w mpamoit x=C
{C==qa).

Jokasath, uTo (hyHKUHs [ mepHogHuecKas.

128. CpopmysnpoBaTh, UTO O3HaAuaeT, yTo GYyHKRUHUSA [ He sBJsCTCA
4eTHOH Ha mpoMmexyTke (—I/, [)*

129. ®Oynkuus [ ompeneseHa Ha CHMMETPHYHOM TNPOMEKYTKe
{(—L 1).

JlokazaTh, 4TO €€ MOXKHO TpEeACTaBHTb B BHAE CyMMBI HETHOH H
HEYETHOH (PYyHKLHI.

130. ChepmynupoBarh yteepxAeHHe: QYHKUHS [ He sBJsICTCS OF-
panuYeHHOH Ha MHOxKecTBE M.

131. Kakue u3 caeaywoimux QpyHKinHi sBJisiorcss 6€CKOHeYHO 00iib-
IUHMH NpH Xx—1, KaKHe OrpaHH4€HHBIMH, KaKHe HeOorpaHHUeHHbIMH:

a) y= P i — & ; 6)y——-—~—1—(sin—n—-+2);
x—1 x—1

X —1 x—1

B) ___sinﬂ(x—-l); r) :smn(x——l)cos n .
x—1 x—1 x—1
132. IlpuBectu npumep GYHKIHH, onpeleneHgod Ha [0, 1],
HeorpaHuuyeHHOH Ha Jwbom [a, B] {0, 1].
133. CopmynupoBaTb, yio O3Havaer, 4t0 ¢GYHKuus f(x) He sB-
JdsieTcsi MOHOTOHHOH Ha IpPOMEXYTKe [a, b].
134. Ssasitercst  nu ApDOH3BEJEHHE  JBYX MOHOTOHHBIX Ha

(—o0, +o0) ¢(yHKIHA MOHOTOHHOH Ha (—oo, +o0) (QyHKuHEH.

* Bciony B janbBefimeM Tpe6opanHe cGOpPMYJHPOBaTh OTPHIIAHKE HEKOTOPOro
yTBepX IeHHs O3HadaeT, 4YTO COOTBETCTBYIOULYIO (OPMyJHMPOBKY Haflo 3amnHcaTh Ha
ASEHKEe CHMBOJIHKH C HCIOJIb30BaHHeM KBaHTOpOB. Tak, HanpuMep, OTPHUAHHE YTBEpHK-
JeHua «uucjao A ABAAeTCS NPelesioM IoCaej0oBaTeIbHOCTH {Gn) NpH f—o0o» JOJXKHO
6HTH CcHOpMyHPOBEHO CJAefYIOMHMM 06pasoM: CYINeCTBYeT MNOJOXKHTeNbHOe YHCJIO &
Takoe, uTO A/ JioGoro HatypaabHoro 4Hcia N cyllecTByer HaTypa’RbHOe 4YHCIO N,
GoJLIIeE LHC/A N, nas KoToporo |[G.—A|=e, T. e

3e>0: yNeN gn>N:ja.—Al=>
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Oyukuusi f(x), onpeaenenHas B HEKOTOPOH OKPECTHOCTH TOUKH
Xo, Ha3bIBAeTCA MOHOTOHHO 803pacTaiouiell B TOYKE, €CJIH CYLIeCTBYeT
takoe 6>0, 9TO AJs J060ro x H3 JieBoH §-NOJYOKPECTHOCTH TOYKH Xo
(x " xp—0<x<xo) umeeM [(x)< f(xo) m ana Jwboro x H3 npaBoH
8-mosiyokpecTHOCTH (X : xo<x<<xo+8) [(x)=f(x0).

135. [lpuBecTH npumep (yHKuuH, onpeienenHoi Ha [—I1, 1], Bos-
pacraplne# B Touke xo=0 K He ABJSAILIEHCH MOHOTOHHOH Ha OTpe3Ke
[—§, 8] Ana awboro 6>0.

136. JTokaszaTh, uTo (YHKIHS, MOHOTOHHAs B KaXJOH TOYKE OTpe3-
Ka {a, b], MOHOTOHHA HA 3TOM OTpE3Ke.

137. Caenyer au u3 paseHcta inf f(x) = supb f (x), uro f mocrosHHA

x&(a,b)

€(a,b)
Ha (a, O)? ’

§ 4. NPEJEN H HENNPEPbIBHOCTb ¢#YHKIHHA

138. Iycts [ (x) =x%cos ~—, g(y)=sign®y. Tlokasatp, uro limf(x)=

x>0

=0, llmg(y)—-l HO Ilmg(f (x)) He cymuiecTBYeT. Oﬁ'bHCHHTb, noyemy

HEHPHMEHHMa TeopeMa o npe,uene CNOKHOA (YHKIHH?
139. [oxasats, uto paserctso lim f (x) = lim f (x) Heo6xoguMo u mO-

x—+xo X—>Xo

CTATOYHO A/ Toro, yTobn lim f (x) =A

X—+Xq

140. okasatb, yro cymectsyeT limo[f, (xo —6, xo+8)] ans mo-
601

Goii f, orpaHHYeHHOH B HEKOTODO¥ OKDECTHOCTH Xy, rie olf, («, P)] ectb
KosieGanue f na (2, P):

off, (& B)=sup |[f(x) —F ().
x4, %, € (a,B)

SToT mpejes HasbiBaercs koaebanuem [ e TOuKe Xo H 0OGO3Ha-
vaetes o (f, xo).

141. Jlokasatb, 4To (pyHKUHSA f(x) HenmpepLIBHA B TOYKE Xxp TOTAA
H TOJBKO TOTrJAa, Koraa o (f, xo) =

142. HpHBecm npHMeD orpaaneHHon B HEKOTOPOH OKDPECTHOCTRH
TOYKH Xxo=0 OyHKOUH, A5 KOTOPOH llm f(x) we cyumecrByer, 3

lim f (x) cymecrtsyer.

X
143. loka3aTthb, 4TO

o (f, x,) = max (lim f (x) —f (x,), 11m f(x) —limf(x),

F(x) — lim f (x).
144. Tlycts lim f (x) +#0, a limg(x) He cymecTByer. JlOKasatb, 4TO
XXy X—rXg
lim f (x) - ¢ (x) He cymecTByeT.
XX,
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145. ITycts limf(x)5=0, a @ (x) —OeckodeyHo GOJbUIAS MPH X — X,.

XXy
JlokazaTb, uto f{1) ¢ (¥) —OeckoHeyHo GoJbmasi MPH X — X,.

146. Uto MOXKHO CKa3aTb O HENpepbIBHOCTH B TOYKe X, (GYHKUHA
FO)+gw), f) —g() & f()g ), ecm:

a) ¢yuguusa f(x) HenmpepeIBHa B TOYKe Xxo, a (PyHKuusa g(x) pas-
phIBHA B TOYKE Xp,

6) ¢yukuuu f(x) # g(x) paspeIBHH B TOYKE XoP

147. TlocTpouTts npuMep GyHkuui f(x) u g(x) Takux, uro f(g(x))
HempephHiBHA B TOUKe Xxo, a Z(f(x)) paspmiBHA B TOUKE Xo.

148. ®dynknus f(x) ompeleneHa B HEKOTOPOH OKDPECTHOCTH TOYKH
xo. Ilyets {a,} — HeKoTOpasi yuC/IOBasA MOCJAEN0BAaTENbHOCTh HEOTPHILA-
TeJIbHBIX 4ucesa H Ajasi Jwboro n=N cywecrsyer §,>0 Takoe, uto H3
HepaBeHCTBA |x—xo|<8. cueayer HepaseHcTBO |f(x)—f(x0)|<an.
Kaxkoe cBo#cTBO QyHKIHH ONHCBIBA€TCA 3THM yc/ioBHeM? KakuM cBo#-
CTBOM [CJKHa 06JiafaTh MOCJel0BaTeNbHOCTh {an,}, 4TOOL H3 3TOro
YCJIOBHS cJiefloBaJia HelpPepPhIBHOCTD f(X) B TOUKe xqP

149. TokasaTe, uto pyHkuust PuMaHa

I, x=0,

R(x)= --l-—, x=-""u npobb - HecOKpaTHMa,
n n n

0, x —wppanHOHa/bHOE

pa3pbiBHA B KaK[o# pallHOHAJLHOH TOYKE H HempepbiBHA B KaXION
HppanuoOHaNbHOM,

150. Joka3arth, uto pyukuus Hupuxnie
0, x —paunoHa/LHOE
D@:{ pa '
1, x —uppanHOHaJbHOE
pas3phIBHA B KaXJOH TOYKE.
151. [IpuBecTH npuMep PYHKUHH HENPEPHLIBHOH TOJBKO

a) B OJHOM TouKe, 6) B JBYX TOYKax, B) B n TOYKaXx.
152. Jloka3aTb, 4TO €CJiH

feCla, b], ge<Cia, b]

#u
(P1=max{f» g}, @y=min{f, g}’.

70 @; (x) u @2(x) — HenpepuIBHBIE PYHKUKK HA [a, b].
153. Iycts f(x) — HenpepuiBHast QyHKiHA HA (—oo, +00) H

fO), x:1f)I<n,
f(x, n)= n, x:f(x)>n,
—n, x:fx)<—n, neN.

~ Jloka3sats, uto aas moboro n Qynkuus f(x, n) HenpepeiBHA Ha
.(—001 +OO)_
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154. Jdoxasatb, 4TO ecqaH f(x) HempepblBHAa Ha [a, b], TO

m (x) = mf f(&) 1 M(x)= sup f(§)
TaKXKe HenpepHBHH Ha |a, b].
155. Moset Jin pa3peiBHAas (QyHKUUSA YAOBJETBODPSThL YCJ/IOBHIO

Ve>0H 8§ >0 VA <8 |f(x,+h) —f(xg—h) | <e?

156. Moxer /i paspeiBHass QyHKuHS YAOBJETBOPATL YCJAOBHIO
Ve>0d 6>0: VI <8 f{x,+h) —2f(xo) +f(xg —h)| <e?
157. Moxet s paspuniBHass (PYHKIHS YAOBJIETBOPSTH YCJIAOBHIO
Ve>0H 8>0: VIa| <, VIR | <6 |f(xy+h) —

— 2 () +F (x —H)| <e?

158. Hafitu Bce HempephiBHBIe Ha (—oo, -+ 00) (dyHKIHH, YIAOBJE-
TBOPSIOLIHE YCAOBHIO

a) f)=F(2%); 6) flx,+x)=F(x) f(x).

159. ®yukuusa f(x) onpenenena Ha (@, b) H ylaoBieTBOpsSeT yc-
JIOBHIO

FOxy + (1 —0) %) <M (xy) + (T —2) f (xg)

s JIO6HX x1, Xe= (a, b) u awboro 0<<A<<1l. [loxasarts, uro [(x)
HenpepuiRHA Ha (a, ). BepHo sin yTBepiK/JeHHe, €C/iH BMECTO HHTEp-
Baaa (a, b) B3st oTpesok [a, b]?

160. [TpuBecTd npuMep pa3PHIBHOH B KaxXIOH TOUKe OTpe3Ka
{0, 1] dyHKUMH TAKOH, UTO ee KBAaJpar sIBASETCA HeNpPEepPLIBHOH Ha
[0, 1] byHkuHed.

161. [Tycre f(x) HenpepniBHA Ha oTpe3ke [a, b] U He mpHHUMaeT
Ha HeM HYJieBOro 3HaueHusl. [ToKazaTh, UYTO CYILECTBYeT NOJIOXKHTEb~
Hoe uucao 1>0 Ttakoe, yto jaJus Jjawboro xla, b] |f(x)]|>n. Iloka-
3aTh, YTO JJIs HHTepBaJa 3TO yTBep:KJeHHE HeBepHO.

162. Ilycts f(x) — HempepwpiBHass Ha (a, b) QyHRuMs H xi, X,
x3-—Jil06ble TOUKH H3 ITOrO HHTEpBaJia. [orga cyliecTByeT TOuKa §
Ha HHTepBaJIe (a, b) Takas, 4TO

(&) = (f (1) +F(x2) +1(x3)).

ﬂoxasaTb.

163. Ha naockocTu 3agaH NPOH3BOJILHBIH MHOTOYIOJbLHHK H HEKO-
Topuifi BeKkTOp. IToxasats, uTo HaleTcs mpsiMad, mapaJjajiesnbHas 3TO-
My BEKTOpY, pacCeKarolasi MHOrOYTrOJbHHK Ha JBe YacTH OJAHHAKOBOK
MN01a H.

164. Ha mjiockOCTH 3anaH NHPOH3BOJILHEIH MHOTOYIOJIbHHK H HEKO-
Topasi Touka. Iloka3aTth, uTo HalifeTcssi npsmasi, NpOXOAsAIIan 4Yepe3

3TY TOUKY H pacCceKarmolllas MHOroyroJibHHK Ha JB€ 4YacTH OJHMHAaKOBOMH
IJIOIEa A K.
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165. Jokaszath, yTo JIOGOH MHOrOWieH HEYeTHOH CTENEeHH HMeeT
XOTq OH OJHH MeHCTBHTENBLHBIH KODEHb.

166. okazaTe, uto ecan f=Cla, b], g=Cla, b] u f(a)>g(a),
f(b)<g(b), To HalimeTcst TOUKa Xoe=(a, b), B Koropolt [(xo) =g (x0).

167. JoxasaTh, uTo AJas J©000A pHenpephiHol ¢Gynxumu f: [0, 1]—
—{0, 1] cymectByer Touka xp[0, 1], B Kotopoli f(xo)=Xxo (memo-
ABHIKHEAS TOYKa OoTOGpaxKeHud f). '

168. IlpuBecTn npuMmep HempephiBHOTO OTOGpaxeHma f[: (0, 1})—-
— (0, 1), y KOTOpOr0 He cyliecTBYeT HeMOABHKHOH TOUKH.

169. ®dyukuus f(x) HenpepniBEa Ha (—o0, +c0) u f(f(x))=x
Juisl Bcex x& (—oo, +00).

JloKa3aThb, UTO CYLIECTBYET Xo TAKOe, uTo f{xo) = Xo.

170. ®Oyuxuua f(x) HenpepmiBHa Ha okKpyxHoctH. Jloxkasare, uTo
CYLIECTBYIOT JBe JduaMeTpanbHO NPOTHBOMOJIOKHLIE TOYKH a H b Ta-
Kue, yro f(a) =f(b).

171. Ilpusectn npumep ¢yuxumu [(x), onpenejeHHOH Ha OTpesKe
[0, 1], npuaumamowel Ha Jgwobom orpeske [a, b] [0, 1] Bce npome-
XKyTOuHble 3HaueHus Mexnay f(a) u f(b), no He sBaAsilollefics Henpe-
peisHO¥ Ha [0, 1].

172, IlpuBectH mnpuMep (YHKLHH, OrpaHHYEHHOH HaA OTpPeE3KE
[0, 1], HO pa3pBIBHOA Ha 3TOM OTpE3Ke.

173. JlokazaTh, yTO HelpepHBHasl Ha OTpe3Ke (PyHKLHsA, He HMelo-
I1asi Ha ITOM OTpPe3KEe HH OJHOro BHYTPEHHEro 3KcTpeMyMa, MOHOTOH-
Ha, [TpuBectu mpuMep, NMOKA3LIBAIOUWIHH, YTO JJsA pAa3PHBHHIX QYHK-
IHH 3TC yTBEpiKJeHHe HEBEPHO.

174. [okasaTh, uTo eciiu f{x) HenpephiBHa Ha oTpe3ke [a, b] u
HMeeT O6paTHy© (yHKHHIO, 7O -f(X) — MOHOTOHHast (YHKUHMA Ha
[a, D]. ‘

175. TlpuBectu npumep ¢yuxkuun f: {0, 1}—>[0, 1], He aBasiO-
wesicsi MOHNTOHHOH, JJis KOTOPO# cyiecTByeT ofpaTHas QyHKiHA

g(y) : [0, 1]—-[0, 1].
176. IlpuBecTy npuHMep pas3puIBHOH (YHKLEEUH, a9 KOTOPOH 00-

patHas QyHKIUs ABJIsETCS HENPEPHBHOHM.

177. IlpuBectn npumep MoHoTOHHO# na [0, 1] ¢yHKuuH ¢ Gecko-
HEYHbIM YHCJOM TOYEK pasphbiBa.

178. Joxasath, uro pjisi (QYHKLUHH, onpejesieHHOH Ha [a, b], mHo-
JKECTBO TOYEK CTPOroro JOKaJbHOTO 3KCTpPeMyMma He OoJjiee YeM CyeT-
Ho. [TocTpouts mpuMep QyHKuHH, HenpepniBHOH Ha [a, b], ¢ Gecko-
HEUYHBIM MHOXKECTBOM TOYEK CTPOTI'OTO JOKaJbHOTO 3KCTPeMyMa.

179. CymectByeT JH QyHKuusi f(x), HempepeiBHAsE Ha OTpe3Ke
la, b], BzaumHO oAHO3HAauHO otobGpaxkaiwiuas [@, b] Ha (—oo, +o0)?

180. CyutectByerT JH QyHKUHA [(x), HenpepbiBHAass HA OTpPE3Ke
{a, b], BsaumHO oxHO3HA4YHO oTOOpaxalouas [a, b] va (c, d)?

181. CymecrByer Jsu ¢yHRuusa [(x), HenpepbiBHas Ha OTpe3Ke
[a, b], B3aumMHo opHO3HauHO OTOOpaxaitmias [a, b] na [0, 1JU[3, 41°
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182, CywecTtByet Jin Gyuxuus f(x), nenpepniBHas Ha HHTEDBaJje
{0, 1), o/isi KOTOpPO¥I MHOXKECTBOM 3HaYeHHH SiBJsieTCS MHOXKECTBO

a) (0; 2); 6) (0; 2)U(3; 5); B) (1, +o0); 1) [0, 2]?

Ecau HeT, TO moueMy, €cJid 1a, TO IPHBECTH NPHMEDHIL.

183. CymectByer i Qyuxuusi [(x), HenmpepniBHAasi Ha HHTepBane
{—1; 2), nnsi kKoropo# o6pasom uHTepBasa (0; 1) sABAseTcs MHOXKe-
ctBo a) (0; 2); 6) (0; 2)U(3, 8); B} (1, +o0); r) [0; 2]. Ecan nert,
TO MOUeMYy, €CJH A3, TO MPUBECTH NPHMEPHL

184. CywecrByer au HempepniBHOe OHEKTHBHOe oOToOpaxeHue
{—1; 2) B R Takoe, uto o6pasom (0, 1) sBisierca MHOXecrBo a) (0;
2); 6) (0; 2)U(3; 5); B) (l; +o0); r) [0; 2]? Ecau wer, TO mouemy,
©CJIY J1a, TO IPUBECTH MPHMeEpHL,

185. Hdokasath, uto $yHKuus f(x) HempephlBHa Ha oTpe3ke [a, b]
TOrJAa H TOJBKO TOTJAA, ecJu AJs Jwboro ¢ MHoXecTBa {x, x|a, bl,
f(x)>c} u {x, xe|a, b], f(x) <c} oTkpuiTH OTHOCuTeNbHO [a, b).
Urto MOxHO cKa3atb O (YHKIHH, €CJH TAKOBBIMH SABJAAIOTCS TOJbKO
MHOXecTBa BHaa {x:xe[a, b], f(x)>c}? TlpuBecTn npuMep pa3pHIB-
HOH (PYHKuHH, AJiS KOTOPOH BC€ TaKHe MHOXECTBAa OTKPHITHI OTHOCH-
TeqsHO [a, b].

186. Ilycts ¢yukuuu f,(x) HempepblBHH Ha otpeske [0, 1] u
J(x) =lim [, (x) pas motoro xe= [0, 1]. lokasats, uro [(x) mMeer Ha

n—-rom
[0, 1] xoTs 6B OJHY TOUKY HeNpepHIBHOCTH.

187. JoxkasaTe, uTo ecau f(x) HempephiBHA Ha [a, b], To MHOXKe-
crtBo E\UESUEs) ... 3samkHyTo, rie E, — MHOXECTBO TeX TOUEK H3
[a, b], nas gotopuix n< f(x)<<n+ 1. [ToxasaTs, uTo B cayuae HHTEp-
Bajia {a, b) npejbiayliee yTBep:KAeHHE MOXKeT OLITL HeBepHO.

Paccmorpers npumep Yy = %, (a; b)=(0; 2).

188. CpopmynupoBath, 4yTo o03HauaeT, uyTo (QyHKuUHA f(x) HE HB-
JAETCs1 PaBHOMeDHO HempepulBHOH Ha MHOxecTBe M.

189. IlpuBecTn npumep (QYHKUIHH HeNpepHIBHOH, HO HE paBHOMEp-
HO HenmpepHIBHOH Ha MHOMXKecTBe a) 0<x<1; 6) x=0.

190. IlpuBectu npuMep (PyHKIHH HeOTPAaHHYEHHOH H pPaBHOMEPHO
HeNnpepLIBHOH Ha MHOKecTBe x=0.

191. HJokasaTh, YTO paBHOMEPHO HeNpepHIBHASL Ha OTPaHHYEHHOM
MHOXKeCTBe (PyHKIHA OrpaHUyeHa Ha HeM.

192, TlpuBecTy nmpuMep orpanHuyeHHOH M HempepuiBHOH Ha (0; 1)
(YHKILHH, He ABJsIOLIEHCS pPaBHOMEPHO HENMpePHIBHOH Ha HeM.

193. Hokasath, 4T0 QYHKIHSA [(x), paBHOMepDHO HempephIBHasi Ha
KaXJoM H3 ABYX OTPE3KOB, PaBHOMEPDHO HemnpepblBHA Ha HX o0belH-
Henuu. IlpuBecTu npumMep, moKasbIBaIOWIH#A, UTO AJS HHTEPBAJOB 3TO
YTBEpIK/JEeHHEe HEeBePHO.

194. dokasatek, uto pyskuus [{x) paBHOMepHO HeIpepHBHA Ha
dutepBasie (a, b) Torja H TOJBKO TOrAa, KOrja CylUlecTByeT Hempe-
puiBHas Ha oTpe3ke [a, b] ¢yuruus g(x), coBmajawuwast ¢ f(x) Ha
unrepsasne (a, b).

195. MsBectno, uro f(x) nenpepwBHa npu x==0 u lim f(x)=C.

X—-4-00
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JloxasaTh, yto a) f(x) orpannueHa npu x>0; 6) f(x) paBHOMepHO
genpepnlBHA Ha x>0.

196. HBasietca au QyHKUUA V;pasﬂomepﬂo HenpepHBHOH Ha
a) [0, 1; 6) (0; 1); 8) [5, +); 1) [0, +o0); m) [0, + ).

§ 5. B HePEPEHUHUPYEMOCTD #YHKIUHA

197. ITpuBectn npumep AByXx HeAudpdeperuupyeMbx QyHKuu# B
TOUKE Xg:

4) npousBejeHUE KOTOphIX AubGepeHUHPYyeMO B TOUKe Xo)

6) cymMMa KOTOpBIX AH(p(epeHuHpyeMa B TOUKE Xo;

I) 4acTHOe KOTOpHX An(depeHnUpyeMo B TOUKE Xo.

198. IlpuBectu mpumep ¢yuxuun, gudpdepeHnupyemoii B TOUKax
x1=0, xg=—1, x3=1 u paspuBHON B OCTaJBHLIX TOYKaxX OTpe3Ka
[—2, 2].

199. lmetor nu npousBoAHble B Touke x=0, cieAyioliHe QYHKUHUHS

a) y=x|sinx|; 6) y=x|x3].

200. ITycts oynkuus f{(x) puddepernnpyeMa B TOUKEe Xy M
f(x0)5=0, a dyuruus g(x) He sapaserca aAuddepeHLUPyeMOH B X, HO
SIBJIsIeTCS HeMpepblBHOH B Xo.

Jlokasats, uto ¢yHkunua f(x)-g(x) He saBasercs auddepeHHHpye-

MOH B X.
n

201. Haiitu f'(0), ecnn f(x) =[] (x +4).
k=0

202, IlpuBecTH mpuMep MOHOTOHHO#H (DYHKUHH, MIDOH3BOAHAS KOTO-
po#t He ABJIAETCA MOHOTOHHO# (QyHKIHEH.

203. Ilycte (Qyuxnusa f(x) — HeueTHas, puddeperuupyemas Ha
(—o0, +o00). Hoxrasate, uto ['(x) —ueTHasi PyHKIHS.

204. Joxa3aTb, 4YTO NPOU3BOJAHAS MEPHOAMYECKOH (YHKUHH sB-
JeTCs mepUOIHYecKOd (QyHKIHeH.

205. [okasaTb, ur0 ¢yHKuua f(x)=sinx-4cos Y2 x He ABIseTCH
NEePHOAHUYECKOR,

206. [Tpusectu mpuMep ¢yukuuu f(x) Taxo#, uro f'(x) cymecrByer
Bcioay Ha (—1; 1), orpannyeHa H Pas3phiBHA TOJbKO B Touke x=0.

207. Ilpusectu npumep Pyuruuu f(x) Ttaxo#, uto f'(x) cymect-
ByeT BCIOAY Ha (—2; 2), orpaHH4YeHa U MHOXKECTBO

{—_t ~1—}, n=1,2,..., ecTb MHOXeCTBo Touek paspuBa [ (x).
n

208. Hspectno, uto [ (x) muddepennupyema B Touke x=0 H @ (x) =
xzsin—-l—, x50,
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HJoxasats, uto [{@(x)) HMeer B Touke x=0 npou3soAHYy!O, paB-
Hyw 0.

209. Ilpusectu mpumep oyukmun f(x), audpdepenuupyeMoil Ha
(a, + o), y koTopo#l cymectsyer lim f(x), HO He cymecTByer mpe-

X—-}-oc
Jejia NpOKH3BOJHOH NpH x¥—--+ 00,
210. Ilpusectn mpuMep orpanudenHol ¢yukuuu f(x), anpdepen-
(1) 1] b4 r
uupyesoft Ha (a, +o0), Takoi, uro cymecrsyer lim f’(x), HO He

X-¥--00

cymecrsyer lim f(x).

X400
211, IlpuBectu npumep yHguun f[(x), Auddepenianupyemoi Ha
(0; 1), tako#t, uro limf(x)=o00, HO nmpemena mpou3BOJHOH HE cy-

x—>0
mecTByeT npu x—-0.

212. ITpusectn npumep ¢yukuuu f[(x), nuddepenuupyemMoll Ha
(0; 1), Tako#t, yto limf’ (x) =00, Ho [(x) sBAsieTcsi orpaHuueHHOMH

x=0-+}
Ha (0; 1).
213. Ilokasath, uTO ecjiH JJis HENPEPHIBHOH B TOUKe Xy (QyHKIHH

f cymectsyer lim /(1) =A, 1o cymectayer ['y(x2) =A4.
X—>Xy

214. TlpuBectn npumep HempepmBHOH Ha [—I1, 1] dynkuun f(x)
Takol, 4To aas Bcex xe=(—1, 1) npomssoxnas ['(x) cywecrByer, HO
He cymectsyer lim f'(x) u lim [’ (x).

x>0 X—>(—

215. IlpuBectn npuMep (GyHKUWH, HenpepbhiBHOH B x;=0C, HO He
uMeome B xo=0 Hu JeBOH, HHU APaBOH MPOU3BOJAHOM.

[ J—

216, PaccMoTtpum GyHRmEH 41 (x) = | x|, y2(x) =x u g3 (x) =V x% .
Ha orpeske [—I1; 1] y 3tux ¢yHKuu#l HET TOYKH, B KOTOPOH MpoH3-
BOJAHasa o6pauiaeTcsl B HyJb.

Kaxkoe ycioBue teopeMul Pouisisi HapyuieHo?

217. Jloka3aTh, 4YTO €CJH BCe KOPHH MHorouneHa P, (x) cremeru n
JelicCTBUTENbHH, TO Bce ypaBHenua P,® (x)=0 (k=1, 2,...,n—1)
HUMeICT JeHCTBUTENbHBIE KOPHH.

218, Noxasatb, uro dyHkuus f: (@, b)—R, uMeomas orpaxnueH-
Hy10 NMpousBoAHy® Ha (a; D), paBHOMepHO HempepwuiBHa Ha (a; b).

219. Ilycte ynkuusa f(x) auddepenuupyema na [0; 1] u f/(0) X
X[ (1) <0. Torna na untepBane (0, 1) cylmecTByer ¢ Takoe, 4TO
' (¢)=0. dokasars.

220. Tlycrs f(x) =F'(x) mns mioboro xe[a, b]. IlokasaTs, uto

ans o6 as [a, b], pesla, b], ecan f(a)<f(B) = [(a)<c<f(B),
TO CylecTByeT Toyka y Takas, 4To ye=(a, B) u [{y)=c (cBoiicTBO
Hap6y).

221, Tlycry ¢bynkuus f(x) nuddepenuupyema Ha [xi, x2] u 0<
<x;<<xp. Jloxazarp, uTO

I (af () —nf () =F (&)~ 3,

~2
rae s (xy, x2).
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222. Ilycre ¢yskuusa f(x] HenpepmBHO AubGepenumupyema Ha
(a; b) BepHo Jiu, uto Aas awboro 6 (a; b) cymectsyior x1&(a, b),
xoe= (a, b) takme, yTo B (X, X2) H

fr (B) — f(x2) _'f(xl).

Xg— Xy

223. Hapucosats rpaduk- Takoil HenpeprBHO AnbdepeHuHpyemol
¢$yuknuy f(x), uTo MHOXKecTBO §, yAOBAeTBOpAIOLlee COOTHOLIEHHIO
f(1y —f(0)= f’(‘g) COCTOHT POBHO H3 TpPeX TOUYeK.

224. Hssectno, uro dynxkuus f(x) sempepoiBHa Ha [0; 1], nudde-
peHuHpyeMa Ha (0 1), F(0)=4, f(1)=2, ['(x)=—2. ,I],oxa3arb 47O
flx) — nuneiinas QyHKIHA. ,

225, Oyukius f(x) umeer Ha (0, +00) HeNpepHIBHYK MNPOHU3BOJI-
nyto 1 f(0) =1, |f(x)|<le~™ maa x=0. JokazaTp, yTO CyUIeCTByeT
TOUKA Xp TaKas, uTo [ {xo) =—e >

226. [lycty ¢yHkiuu f{x) u @(x) auddepeHnupyeMb HpH X=Xp
u | (o) |<¢'(x).

LIOKasaTb 4To AJ X =X, umeeM |f(x) —F(xo)| < @ (x) —q (x).

227. Tlyete 9= C*(x = %), Y& C" (x = xp); @B (x,) = P& (xp) pas
k=0,1, 2, ..., n—1u o (x)> PP (x) ausa x = x,.

Jlokaszatb, yTO AJA X == x, HMeeM ¢ {x) > P (x).

228. Dynkumpa f(x) pas BceX X yAOBJECTBOPHET YCJIOBHIO

[(x +Ax) —f (x) =AAx +a(x, Ax),

roe |a] < C JAx]3.
Hoxasare, utQ f(x) =Ax+ B.

229. Tlycts f(x) ompenenena ma [a, ] u miA Jobbix x; e a, bl
%, < [a, b] |f (%) —F(x)| < K|x, —x,1%, rae K— KkoHcTaHTa 1 a>1.

Hokasartn, yro f{x) mocrosinHa Ha [a, b].

230. Ilycte f(x) ABAXIH HempepuisHO gupdepennnpyema Ha [0;
+ o), lim fx)=0, [0

x-—-loo

oxasaTb, 4TO hm ' (x) =
X-—»--00
231. llycte f(x) ABaxawm auddepeHipyemMa Ha BCeH OCH H Orpa-
HHYeHa.
Jlokasartb, uTO cyiecTByer xo takoe, uto f”(xq) =0.
232, CDyHKmm f(x) HempepHIBHO nmp{bepeﬂuapyema HE MeHseT

HanpaBjieHHe BHINYKAOCTH Ha (0, +o00) 1 lim f(x)=
x—»-{-oo

Hokasatb, yro lim f'(x) =
X »-}oo

233. UssectHo, uto ¢$yHkuus f(x) auddepeHnupyema piasa x=a,
He MeHseT HanpaB/enue BHOYKJIOCTH Ha [a, + o), npsamas y==Rx+b
ABJIIETCST aCHMOTOTOH f(x) mpu x—-+ oo H rpaduk [(x) pacnosoxeH
HHKe aCUMMOTOTHL.

[lora3zate, uTO mpW 3THX ycioBusax lim f'(x)=4% u f(x) Bonykaa

X~p-4-00

BBEpX,
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234. TlpuBecTH npHMep ABYX BLINYKJBIX BBepX (YHKUHMA TaKHX,
UYTO HX NPOHU3BEJEHHE He SBJSETCA BHIYKJIOH BBepX (PyHKuuen.

235. Oyukumsi f(x) nudpdepenuupyema na {0, 1], f(0)=0, u naa
HexoToporo £>0 cnpaBemanBo nepasenctBo |f/(x)|<k|f(x)].

Jloxasats, uto f(x)=0, xe|[O0, 1].

236. Tlycrs fe= C7 (—oo0, 4 00) m cymectByer L >0 Takoe, yTO
[F™ (x)| << L mns mo6bix 1 H TOGHX X.

Jlokasatb, 4TO ecqy f (—1—) =0 mpu ne= N, 10 f(x)=0.
n

237. Tlyers f(x) meaxnbt HenpepwBHO auddepennupyema Ha [0, 1],
f(O)=f(1)=0 u min f(x)=—1. Ucnonwsyst ¢opmyay Teitnopa, no-
xcio 14

KasaTh, 4TOo max "= 8.
x€[0; 13

Oresersi, pewienus, yrasanus

3. Hampumep, A=(0; 3); B=(1; 5). 5. Hampumep, A=1[0; 10];
B=[0;7]; D=][5; 10]. 6. Ilycts x &= AN(BYU E) =D. 310 3Hauur, uto
xeA, no xeBYE, 1.e. 1) xe A, no 2) xeBuld)x=E HU3l)mn
2) caenyet, uto x &= AN B, a orcoaa ¥ u3 (3) caeayer, uto x & (AN
NB)\E. Urak, AN(BUE)< (ANB)\E. C apyrofi Croposol, myCTh
xe (ANB\E, torja x= (AN\B), Ho xekE, 1. e. 1) x& A, HO
2) xeB u 3) xeE. U3 2) u 3) crepyer, uto x= (B E), orcwoaa #
3 1) caegyer, uro xe& AN(BUE), 1. e. (ANB\E< AN(BYE).
Tem campiM g0Ka3zaHo paseHcTBO MHOKecTB (ANBNE u AN(BUE).
7. Hampmmep, A=[0,1]; B=[1/2,2]; E=[2/3, 3/4}; D=]0; 2].
10. Hampumep, A,=]0; 2]; A,=][2; 4]; B,=[1;3]; By=1[5/2, 5].
11. a) Ilycte xe= C (A B), 310 3Hauut, uro x=(AUB), T. e. x=Ad n
x e B; otaona cnepyer, uro x&=CA 1 x=CB, 1. e. x&CANCB.
C xpyro#i cropouni, ecan x€s CA{YCB, »10 3sHauut, ut0o x€ CA n
x&CB, 1. e. xeA u x& B, cueposaresivio, x= AUB, 1. e. x &
e C(AUB). Urak, C(AYB)c CANCB u CANCB<=C(AYB), 1. e.
C(AYB)y=CANCB. 13. Hampumep, ia) E=[0;1}; 6) E=[0, 1]U
U= U 8) E=(0;1); 1) E=(0, HU{UB UM, » E=

— %J n=1,2,..., amm E={1}U{2; e E=(—1,1)U{2), nm
E=(=1,1]; %) [E=[0,2; 3 E=I[0,2]U{4}y{5}. 14. Hanpavep,
a) E:{ ”:1 } n=1,2,...; 6) E=E,JE,UE;UE;UEsUE,, rae

E, ={2i+-‘—};n=1,2,..., 1<{i<6. 15. Ykasamme. [loxasaTs or
n

npotueHoro. 16. Jla, HampuMmep, MHOMKECTRBO E:{—l—], n=1,2....
f

20. Her (cm. caenyomyio samauy). 21. Bcee jeficTBuTesbHBIE uHCIA.
22. Hanpumep, MHOXKeCTBO BCeX PallHOHAJIBHBIX YHCEJ HJH NPOMEKYTOK E =
=(0, 10]. 23. Bce peficTBuTesbHBIE YHCJA He MeHbIle yeM JBa. 24. Bes

1 1 1

npsivag H mycroe MHOxectso. 29. Hampumep, A:[ - + T ?],
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n, ke N. Ykasanne. Iloxasats, yt0 A’ = {%] U{0y, A"={0}, A" =g&.
30. Hanpumep, a) [(0)=g¢,, f(%) —c,, f (_;_ =gy, f (%)=C4,

F)=as, () =cs ann xe [0, N[0 -5 5 -3 15 ) F(0) =es
.

f(x)=c, nis xE(O; —;—), f(—):c3; f(X)=c¢, nia x& (—1- —2-);

3 37 3
f (—2—) =c¢g5 f(X) =ce A1 x = (—%—-, 1). 32. Hanpumep, E, cocTOMT H3

3
o 1 n—1 n—1
onuoii Toukn —, n<N. 35. Hampmmep, F,=|— ,
n

¥

n n

n=2,.... 38. Hanpumep, an(— ntl rrl ,neN.39. x>0,

n n
Yxazanne, ITokaszatb, uto B .noSom nuTeppate (o, f), ecin 0 a < B,
HalijieTcss TOuKa X, =2°/4. 41. JlaHHOe MHOMKECTBO CueTHO. YKa3aHHe.
Kaxipi#i Takoil KBajpaT XapakTepu3yeTcs YIOpsoueHHBIM HalopOM BOCh-
MH palHMOHaJMbHBIX yuces. 42. Ykaszanue. [TokazaTh, UTO 3TO MHOXKECTBO
5KBHBA/IEHTHO HEKOTOPOMY IIOAMHOMKECTBY palHOHAJbHBIX yucen. 43. He-
NOJIb30BaTh YTBePKAeHHe 3amaun Ne42. 45. Ykazanue. PaccMOTpeTs MHO-
xkectBo AN A’, nmpeanoJioxus, yro A HeCueTHO, APHHTH K NMPOTHBOPEYHIO.
46. HpHM.PHHTb yIBepKeHHe 3anaun Ne42 K xaxgomy w3 E,. 47. Yka-
3aHue. Tak Kak A —cueTHoe, TO MHOXKeCTBO 5B 3HaueHHi ]xn——xml , TIe
<A, x,, & A, He Gojlee yeM CYeTHO (moueMmy ?); cCJjejoBaTe/bHO, Haii-
JeTcs 4ueJao @, He Bxogsimee B B, T e. xX,+a=~x, HH OJ5 KakKHx

xe= A, x, = A. 48. Hanpumep, N = U (U (2n + 1) 2¥). 49. Hampn-

k=0 n=0
mep, obo3naumM x, =0, x, =1, x,= o A n=2,63,.... logoxum
@ (xp) =Xpro, B=0,1,...; 9(2) =2, ecsnt z;&—;?, k=0,1,.... Tor-

na ¢-—mucKoMoe orobpaxkenne. 50. Hanpumep, nmyctb ¢(x) B3auMHO OfHO-
3HayHo otofpaxaer [0, 1] na (a, a—;b ] (cpaBHHTb €  mpeabipyiLel

sanauelt), a @, (x) =arctg (x—1). 2% 4 a+b . Hyioe orofpaxenye
T

ectb @, () Ha [0, 1] um ¢, (x) na (1, + o0). 51 Ykazanpe. Kaxnaas Toy-

Ka KBajpaTa XapakTepu3yeTcsi ABYMs JeHCTBHTE/bHLIMU YuciaMH. 52. YKa-

sanfe. Ecin A, ectb mepeceueHHe MHOXKecTBA A ¢ oTpeskoM [—#, n],

o0
ne N, 7o A= U A,. 53. Hampumep, MHOMXKECTBO HaTypasbHBIX YHCEJ.
n=l1

54. Hanpuvep, E=E, JE, U E;, rae Ei={2i+ (_—21)“ }, ne N, (=

n

=1, 2, 3. 56. Hanpuwep, (-L+2, 2-%%), neN. 57. Hampe-
n n .

o (—
\
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ne N. TlocienopaTeIbHOCTDL BJIOXKEHHBIX HHTEPRAJIOB MMeeT HeNycToe Iie-
peceyeHye, eC/iH 3aMblKaHHE TOCJEAYIOLEro HHTePBasa NOJHOCTBHIO BXOLMT
B npeapiayuini warepsan. 59. Ilpeamosioxkum nporuBHoe. Toraa Ha no-
Gom orpeske [a, B] < [a, b] HalizeTca Touka, He npuHaniexamias F,, cie-
JIORaTeJIbHO, HaiifieTcs uHTepBan (o', f’), mesMKoOM BXOASIGHMHA B JOMOJHE-
Hue F,. Bosbmem orpesox [a,, B,], /exawuii ‘B 3TOM HHTepBasie, TOTAA

B 3TOM OTPe3Ke HaWIeTCsi HHTepea (ai, B.), NeJMKOM BXOJSILHiT B JONOJ-
Hegne F,. TakuM 0O0pasoM, CTPOHTCS IOCJIEJOBATEIBHOCTL HHTEPBAJIOB
o', Bn) TAK,uTO AJIA JIO60TO A (04, Pn) JIEHHT B JOMOJHEHHH K MHOXKE-
cream F,, F,, ..., Foqi1 ¥ 3aMuKanke (&, Pn)— 0Tpesok [0, Bn] — me-
)KHT BHYTDH HHTepRasa (s, Pn1). Mcmombays pesy/nTar npeabixyiiei

3ajavH, moaydaeM, urto [e, f] N {ﬂl(a,;, Bn)} 2. DTO NPOTHBOpEYHT TO-
n=

My, 9TO ﬁ (an,Br) = C {j F, a (CG F)Nle,B]=¢. 60. Hanpumep,
n=l

n==| n=}

3 ___ 3
1 , i , neN. 62. CucreMa CoCTOMT u3 HHTepBasia (— e, €)
n?41 nd+ 1
l—e 1468
on ' on
o™t -1--. 63. Jla, xora MHoxectBo E HesamkHyTo. (CpaBHHTB C Iipe-
= y P pe

H HHTEDBAJIOB ( )C HOMEpAaMH i, YAOBJACTBOPAIOLLHMH YCJIOBHIO

nelAymen sagauelt. 64. Her. 65. Hampumep, orpesor [0, 1] H coBoryn-
Hoctb OTpe3ka [—1,0] H cCHCTeMBI OTpesKoB ], ke N.

2k T 2k

m 1 1
Vxasanme. Tlokasate, uto eesim A, =[—1, 0] U (U [ o J), TO

Pyt on-1
aan moboro m umeeM [0, 1]\ A, 5= &. 66. [Hanpumep, nzrepean (0, 1)
H CHCTEMAa HHTEPBAJIOB (-—-1—, 1), ne N. CpaBHuth € aHAJMH30M MpPEfH-
n

Aymeit sajaun. 67. Hanpumep, mnnTepsan (0, 1) # cucteMa oTpe3kos
[—1— 2] , n=N. 68. Hanpumep, cuctema unTepBsasoB {—n + 2, Vn +100),

’
n

ne N. 70. D10 CBOHCTBO BEIIOJAHEHO AAA JIOGOH INOCHENCRATELHOCTH.
72. Hanpumep, a,=nt"". 73. Hanpamep a,=n?. 76. Hanpumep, a,=
n

=(— 1)®. 78. Hanpmmep, a,={[1+(—1)"]- l: . Yxasamue. A=

fn-—1

={—2+%} {0}, n= N. 79. Hanpuwmep, a,=:(—1)"- . ¥Yxa-

sanne. YacTuyHbIME HpejiesiaMH MOC/IEAOBATeLHOCTH {a,} ABAMIOTCA TOU-
ki 1 © —1. 81. UacTHuHEIMH npejesaMu nocjefoBateacHOcTH {b,} Oy-
AyT, HanpEMep, BCE YaCTHYHbe NPENEJEl IOC/e0BaTe/bHOCTH {a,} (cpaB-
Hpte ¢ peayseratom 3anaud Ne 80). 82. a. an1—a, —0 0pu n— 4 oo,

nn—1)
83. Hanpumep, a) an=il wma, =(— 1) ’ ;l!; 6) lima,=~0. 84. Han-
n n—-»oo

pumMep, a) a,,=10n+-:1—;"6) a,=n? B) a,=n-+(—1)" T1) TaKoH
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nocae0BaTeLHOCTH HE CYHIECTBYeT, Tak KAk YCJOBHA a,—»-+ 00 H

.t a

lim = — 0 p3zpMHO NpOTHECLeYaT (cM. 3ajauy Ne 100), 1) a,=3" +

fi—>00 23

+sinn; e) a,=n% =) a,=n(2+(— 1)". 85. Hanpumep, a,=
1 1y

=1 , HWJIH an:———L—-—' 90. Taxasa mnocdenopaTeJbHOCTE —HJIH
Y n ST

Vis
CXOJMTCA K "UMCJY b 1AM DPacXoguTCA. YKasapue. PaccMoTpeTb NOCJEeROBa-

TEJBHOCTD @, TAE @y =1, ecm k=(2p+1).27, p=N, g&N; a,=0,
ecii 2 =3" ne N, ua,=2, ecjH £ He BXOJMT HH B OAHO H3 BhHIlle-

1
ykasaHupix MmroxecTs. $1. Hanpmwmep, a) q,= —1—— , wm a,=(—1)"-
) n
e : 1
L l', HJH a1=—4) ani_‘l_r n>1; 6) an:2‘(_’“ l)n—-——, B)
n n n
o1 .
a,=—n, wm a,=—10+—, neN. 95. a) llyem lim a,=4,
n N—>»00

lim b, =B, lim(a,+ b,)=C, lim b, = B,, Orpanuunmcs c/y4yaeM, Koria
n—soc oo R—»00

A, B, B,, C xoneunbl {(ecH XOTsi (bl OFHO K3 5THX uHcesa GECKOHEUHO,
[0Ka3aTeJILCTBO aHaJoruuno). 1) CyliecTByeT MOANOC/EN0BATE/BHOCTE {My}

TaKas, 4T0 Qpn, + b k—»-C. W3 noxnocnenosaresbHOCTH E{ank} BbiGepeM
CXOLSLIYIOCH IIOANOC/IE0BATeIbHOCTD {ank }, Torfa lim a,, =A"> A, Tak
p p—yoo p
. ’ : .
Kak A =1im q,. Tak Kax bnkp=(ankp+bnkp)—-a,,kp, 0o C— A’ =Ilim bnkp,

n—oo P--Gc

a TaK Kak Bz]i_ni_bn, 10 C—A'>B. Urak, C>=B + A’ =B+ A.

N->00

2) CyuiecTByeT NOANCCAELOBATEIBHOCTL an ~» A. V3 nocsaenoBaTelbHOCTH
{b,,q} BEIOELEeM CXOASILYIOCA MOAMOCTEN0BATENbHOCTD {b,,q }. Tak Kax B, =
s

=lim b,, 10 by, —B'<B,. Torsa @ +bs A+ B'. Tak xax C=
s s §

N=—>0o0

=1lim (a,+ b,), 7o C<L A+ B'<C A+ B,. 96. Hanpumep, /151 HepaBeHCTB

HYHE';E)B a) 1 B)
1, n=23%; 2, n=23k;
a,={ —1, n=3k—1; b, = 0, n=3k—1;
0, n=3k—2; k= N; 1, n=3k—2; ke N,
AJis HepaBeHCTB MyHKTOB 6) H T)
{—;-,n:?;k; {3, n=3k
a=1{ 2, n=3k—1; by= {1/2, n=3k—1;
—;-, n=3k—2; ke N; 4, n=3k—2; ke N.
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98. Vkasaumwe. FEc/um nocienoBatenbHOCTh {@,} pacxoiuTcs, TO JJs
1I0C/IeIOBaTeILHOCTH b, = —a,, ne N He BbNOJHAETCA YCJOBHe a), a

1
JJ1s1 IOCTIeJ0BaTENbHOCTH b, =——, n & N He BLIIOJHEHO YCJOBHe O).
n

a a
99. YkasaHue. BoCHOJIB30BATbCS PaBEHCTBOM: @&, =4, * ~— . —— - . . .

a4y as
R . 100. Cm, ykazaume K 3anade Ne 99. 101. [TocsenoBatennb-
Qp_3
HOCTEL {a, + b,} pacxopnTcsi, MOCTEIOBATENbHOCTL {a,-b,} TOXKe pacXonuT-
cs, ecau lim g, 0. Ecan xe a,— 0, TO 3Ta N0C/IE10BATENHHOCTE MOXKET

1—300

KaK CXOJHUTLCS, TAK H pacXomuThecsi (cM. otBeT K 3ajaue Ne 102). 102. Ha-
IpUMeED, A, = ( - I)H! bn =

. Takoe noJsio}keHHe BO3MOXKHO, TOJIBKO

Vn
ecan b, — 0. CpaBHuTe ¢ otBeToM K 3agaue Ne 101, 103. Ilyern lima,=0.

H-3C0
Torpa pas moboro e > 0 nafizeress N, (¢) Takoe, uto —e < a, < & AJs
2lay +a+ ... +a,l
Bcex n > N,. Bosomem N, > Lt M M:Nl(—g—) uN=
€

= max{M, N,}, toraa mjaa n >N nveem

al+a2+...+an <la1+a2+---+aNil + IaN1+l+...+an|
n o= n n

Loy ... 4ay | N lay 1|+ ..o+l an
Ny n—N,

<

<

e £
< —+ — =&
2+2 ’

4TO JOKasbiBaeT yTBep:KjeHde sajgaun. Ciayualt A =~=0 cBomutes K pasol-
pandomy. 104. Yxaszanue. OtgensHo paccMorpeTh caydait A =0, a cayuait
A=0 cBectu K paccmorpenmo cayuas A =1. 105. Hcnonb3oBath pesyiib-

TaT 3agayd Ne 104, 106. ITpumepom MOXKeT CJYKHTb MOCJEI03aTeNBHOCTD

— 17 o
an:_(__)_, ¥kazanue. Ilpumenuts Kpurepuit Komn. 107. Tlokasats,

{ 7
2
qT0 NOCJe10BATETbHOCTDL Sgn ——'82:‘2—1 He CTpEMHTCﬁ K HYOO C POCTOM 1,

H MpHMEeHHTh KpHTepuit Komn, 108. {14 Takoi nocjeioBaTe/IbHOCTH Bhl-
no/HsieTcd Kpurepuit Kowu. JleficTBuTe/bHO, AJis NPOM3BOJbHOrO & >0
cymectsyeT K (e) Takoe, uro pna R, > K, k> K [an, —an, | <e.

B cray yciosmst 6) cymectyer takoe K, uTo |a, —an, | < &3 pus Vp:

N <P fpy H Vk > K. Tlyete N =max (nK (3 ), nx). I awoboro
3
m > N eguHCTBeHHBEIM 0o0pa3om omnpegedasietcss K (m) Tak, 4YTO fgmy <

<m< ngmir- Ecom o my >N, my >N, 10 k(m,) >K, k(m) >K =
k(m) > K(e/3), k(my) > K (e/3), |@m —am, | < |G, — Quy, | +
+ la"k(m,) ~Qny | 4+ | gy Oy | < e. 109. Ykaszanue. Hcnosib3o-
BaThb peayabtat sajaud Ne 108. 110. Ykaszanme. [lokasate, uto ycnoBHe
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3aJlayy SKBHBAJICHTHO BHINOJIHEHHIO KpuTepus Komm pist mocnrepoBarelib-
HOCTH [, (xy) npu /mobom x, e [0, 1]. 111. Ykasauwe. Hcnosb3oBats
METON MareMaTHUYeCKOH mHAyKLMH. 112, YKasanwe. Ilpumenutb HepaBseH-

a b
cTBO DBepuyaan Kk orHomenusm "L g b" . 113. Ykasanue.
Qn n+l

Vicnonb3oeaTh Meton mareMaTHueckod HHAYKLHH. 114, Yxasanue: a) Hc-
IIOJIb30BATL pe3dyJabTar 3apadd Ne 112; 6) ucmosab3oBaTh HEPaBEHCTBO

(1 + ?1_)2”< e< (1 + _I_>n+1 (cM. 3apauy Ne 112) u mnpHMeHUTH
n n

2 I \n
HEPaBeHCTBO DepHy/nM ;175 OuEHKH PasHOCTH (1 + —21—) —{1 -+ %) .
n n

115. 1. a) [—2, O]; 6) [—2, 0]; B) (—2, 2); 1) [—2, 2]; &) (— 110,
110); ¢) [0, 11U [0, 2); %) [—2, 2. IL 1) (=2, =) U (—1, HU(1, 2%

2) [—2, —V3]UI0, ¥3];: 3) (—V3,0U(3,5). 116. 1) X B Y;
2) X mpaVt; 3) X naY; 4) X 6GuekTHBHO OTOGpaKaeTcs Ha Y; 5) X Ouek-
THBHO otobpaxkaercs Ha Y; 6) X B X. 117. Ac f-1(f(A)) (cpaBHuTe C
sagauamMd Ne 115 u Ne 118). 119. A=f-1(f (A)).” 121. Paccmorperb npH-

Mmep f(x)=sinx Ha R: A_—_{x:xez [0, 2n+%”, B={x:x e [2=x, 4n]}.

122, Tlyemw yye f(AN B), Torga y, ectb suauende QyHKiuuH f(x,), rae
e ANB, 1. . xoe=A u x,= B. Cuegopatesinho, Yy = f(A) v y, =
ef(B), 1. e. yo=f(ANf(B). B cuy OGuekiunm X, — eIHHCTBEHHAS
TOUKa, s KOTOPOH f(xo) =y,. Ecmu x,= ANBiro wim x, A, win
Xo & B. Ecin xye A, 1o f Ha MHOKecTBe A HE nNpHHMMAaeT 3HAYEHHS Y,

T. e. Yy < f(A). Ecam xy= B, 10 y, & [ (B). [oayuendoe nporueopeune
nokaseiBaer, ut0 ¥, & A1 B. 123. Cwm. sagauy Ne 120. 126. Ykasauue.
Bmecte ¢ ToukoH (X, Y,) rpaduKy GYHKIHE DNPHHAAJERUT M TOYKA
(Yo, %o). 127. Yrasaume. [lycts TOouka M (x;, y,) Jexur HA rpadure
Gbynkuun. PaceMoTpum  pesyJsibTar noc/iefOBATENIbHBIX  CHMMETPHYECKHX
orobpaKeHHit TOYKH M oTHOcuTesbHO TOukd A, mpamoi x=-C, cHOBa
Toukr A u cHoBa mpsamoi x=C. 128. Cymectsyer x, < (—I[, {), uro
(%) #= [ (— %p). 129. Vkasaume. Paccmotrpets ©(x) = (f (x) + [ (— x))/2
H P (x) = (f (x) —f(—x))/2. 130. das mo6oro C>0 cymecTtsyer x, = M
Takoe, uTo |f(x) | > C. 131. a) Heorpannuenuas; 6) GeCKOHEYHO GOJb-
lasi; B) OrpaHHYeHHas; r) orpaHuuendas, 132. Hampumep, f(x) =
1, econ x=0;

= | n%, ecin x=-- m u n B3AKMHO APOCTLIE n>0;
] n y p ’ H

\ 0, ecam x HppalHOHAJBHO. 133. Cdopmy.n-
pyeM yTBED:KJEHHE, UTO O3HadaeT, uTo PyHKuHA f(x) He sABJAsieTcsd HeyOHI-
BalOMmied: CymecTBYIOT X, [a, #] u x, € [a, b] Takme, yro X, < X;, HO
f{x) >f(x). 134. He o6szatensuo, uHanpumep, y, (x)=x, y,(x)==x.

J 24+ x (2+sin L), x=£0;
X

135. Hampumep, f (x) =
[ 2 . x =0. 136. YKazanue.
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PaccMorpum cayuait  HeyGoiBatoile#t ¢yHKumH; ecau [(r) He SBASETCA
Takosoil Ha [a, b], To Halinyrcs ToukH o' < [a, b], b’ =la, b] Takme,
uto a’ < ', Ho f(a') > f(b’) (cm. oTBer K 33amaye Ne 133). Tlokasats,
4To B TOUKe ¢=sup{x, x<[a’, b'], f(x) = f(a’)} He BumoNHSETCH YCNO-
Bue HeyOwBanus, 137. Ia. Ykasanue, [lpoBecTn pokasaTesbcTBO OT MpO-
THBHOro. 140. Ykasauue. [lokasats, uto o[f, (x,— 8, x,+0)] ecTs
MOHOTOHHAsi H OrpaHH4YeHHasi (PyHKiuHsA & B HeKOTOpOH npaBo#i MOJIyOKpPeCT-

sin—}h, x> 0;
X

HOCTH Hy.#, 142. Hanpuwmep, f (x) = cosx, x<L0

5, x=0. 143. ¥Yxazauwue,
Paccmotpers tpu cayuwas: a) f(x,) > limf (x). 0) limf X< ) <<
<lmf(9; B) flo)<limf(). 146. a) (D +g(0) 1 f()—g ()

paspoiBHBL; f () g (x¥) MOXeT GLITb WAK HENpPeDHIBHOH, TaK W Da3pLIBHOM,
Hanpumep: 1) f(x) =x, g(x)=signx;, 2) fx)=x+1, g() =signx,
6) paccmorpern npumeps:: 1) f(x) =signx, g(x) = —signx; 2) f(x) =

, , arctg—l—, x==0;

= signx, g(x) =2signy; 3) fl(x) = g ) =
0, x=0;

0, x=£0;

1, x=0. 147. Hanpumep, g (x) =signx, f(x) =x(x2—1), x,=0.
148. OyHKUHA OrpaHHYeHa B HEKOTOPOH OKDEeCTHOCTH TOUKH X,. DoJee
TOr0, MOXKHO CKas3aTh, 4TO AJfA Joboro ¢ >0 HaHgeTCA Takasi OKDPeCT-
HOCTb TOYKH .¥,, YTO AJs JHOOOro X M3 3TOH OxpectHOCTH |f (x) —F (x )1 <<
<e+infa, YcaoBue infa,=0 Heo6XOIHMO M TOCTATOYHO AJIsi IKBHBA-
JEHTHOCTH CPOpMYJIHPOBAHHOTG VCJOBUS H HENPEDBIBHOCTH f(X) B TOuKe

X, 149. Ykazagme. [lokasaTh, 4To aJia 0oGoro HATypadsHOro N H JmO-
60#i HppallHOHAJILHOH TOYKH HaigeTcsi Takas ee OKPeCTHOCTb, B KOTOpOH

He GYJeT HH O1HOH PalKOHANBHOH TOUKH BHIA —, rie n<N. 150. Uc-
n
no/b30BaTh pe3y.ibrar 3agadd Ne 141, 151. Hanpumep, a) f(x) =x-D (x);

6) f(¥) =x(x— 5)D(x); B) f(1) = (x—1)(x—9) ... (x—n) D(x)
(em. 3zajgauy Ne 1505, 1585. [la. Hanprvep, f(x) = sign®x, x, =0

[ cos ~1-, x5=0;
o f(x) = l : %, =0.
0, x =0, 156. a. Hanpumep, f(x) =
{ arctg —1—, x 7 0;
= * Xo=0.
L 0, x =0, 157. Her. VYxazaume. Paccmorpers A’ =

= —h. 158. a) f(x)=C. VYkasanue. Jlna moboro x=R [(x) =
xf(g_) :f(—:—) - ... =] ( = ):f(()). 6) f(x) =a*. Ykasaue.
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Paccvorpers f(2) =f (1+ 1), satem f(n), ne N, sarem f(—;—), ne& N,

satem f (—'1), me Z, 3areM f(c), rae ¢ wuppaunonamsHo. 159. Ilycrtsb
n

x € (a, b) v a<lxg—hy<x;—h, <xy<x5+hy <xy+ hy< b, NOTOKEM

.h(h —hy) by, X{ =Xy, Xy=2X, —rh Torpa u3 ycnoBust zagaud noayyuM
HepaBeHCTBO (—f (x,) + f (x0 + hg))/ < (—f () + F (xp + ho))/h AmnaJio-
THYHO MOJYy4Yaercl HepaBeHCTBO ( (xo) — [ (oo — A )Ry = (f (x5) —
— [ (xo—ho)) k. O6osuaums A = (f (xy + ho) — f (xo))/he, B = (f(xg) —
— f (xg— ")) hy, mosyunM, 4yTO Ha wuHTepBasie (Xq—MHRy, Xo +H,) OYHK-
uusa [ ynosieTsopsieT HepaBeHCTBY B (x—xp) <f (xo) —f (x) << A (x —xy),
OTKYyJa CJelyeT HempepuiBHOCTb f B Touke X, Ecan xke x,=a nin x,=>b,

TO DasHCCTHOE OTHOLIeHHE (f (xg)—Ff (x))/(xo———x) OrpaHHY€H® TOJBKO C
OLHOH CTOPOHBI, OTKYJa HeIIpepHIBHOCTb He BhiTeKaeT. Paccmorpute (yHK-

umof(x):{ 0, 0<lx<LL; ' L

I, x=0, x=1. 160. Hanpumep, f(x)=D(x)— 2 (cm.
3ajaqy Ne 150) 162. Ykasauue, Ilycts x, << x,< x;, NOKa3athb, YTO
min fx) << f(E) << max [(x). 163. HYCTB | — npAMast, napajnebHasi

xe; 1 3] E[xi xSﬁ

JaHHOMY BeKTOpY, He mepeceKkaiomias IAaHHBIA MHOrOYroJibHHK; otk OX
nepneHAMEyaspra /; S (x,) —omaap UacTH MHOTOYTOJNbHHKA, JexKarlel
Mexmay npaMof [ H npsiMolt x=ux, [JOCKOJBKY JaHHBI#l MHOrOYTO/bHHK.
MOXKHO 3aKJIOYHTb B IipIMOYTOJbHHK, CTOPOHB KOTOPOrO mapasiiesibHbl [ H
0X, 10 |AS (x)|<< |Ax|-K. [danee Ham0o BOCIOJB3OBATLCA TEOPEMOR

0 npoMexyToyHoM sHaueHHH. 164. [lycts /—mnponssonbHas npsiMasi, mpo-
XOAAAst yepea AaHHYI0 TOuKy. BuibepeM Ha Helt mOnoXuTesibHOS HAanpap-

JieHHe H 00OSHAuMM HanpaB/eHHYIO TPAMYIO l. Iycrs [ (oc) ecTh HAMNpas-

JeHHas mpaMast, 06pasy10masi ¢ 1 yroa a (I(n)= 1 (2m) =1).
O€ospayum S (@) nromajb TOH YaCTH MHOTOYiGJIBHHKA, KOTopaﬁ JEXKHUT

cnpaea o7 [ (o). [loxazars, uto S(x) —HempepuiBras ¢yHknua Ha [0, a],
H BOCHCJib30BATLCA TEODEMOH O MPOMe:KyTOuHOM sHaueHuH. 166. IToxkasats,
9TO Hafjercst orpe3oK [a, O], Ha KOTOpOM MHOrOUJEH MeHsieT GHAK.
166. Ykaszanme, Paccmorperh dyHkumio ¢ (x) =7 (x)—g(x). 167. Ykasa-
wue. Eciu f(0)=a=0 u f(l)=b==1, To dyskuns ¢ (x) =f(x)—x
AomxHa npEEATE HA [0, 1] HysaeBoe sHauenne. 168. Hanpumep, [ (x) =x2.
169. Ykasanmue. Ilokasarb, uto f(x¥) nNpUHHMaeT Bce 3HAYEHHH OT — ©O
JO -+ 00 M NPEMEHHTb pe3ynbraT 3azaud Ne 126, 170. Tlpeanmonoxum
AJ5i OoNpefesIeHHOCTH, 4TO pajguyc OKpyiKHOCTH paseH 1. Ilycte M, —
¢$UKCHPOBAaHHAA TOUKA OKPYXKHOCTH H M (x) — TouKa, NOJy4eHHasi B3 TOU-
KH M, IIOBOpPOTOM Ha YroJl X B MOJIOMKHTEJbHOM HANPABJEHHH (IPOTHR
yacopo# cTpeskH). Paccmorpers QyHEnmio @ (x) =f (M (x))— F (M (x + m))

Ha orpeske; [0, n]. 171. Hanpumep, f(x):sin(—-—n—l——), X -;-—,
N\ T
IGQ
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arctg — x=,e—-é-;
e

1
2, x=-§-.

173. Yxasauue. JloKa3aTesibCTBO NMPOBECTH OT mpoTiBHOro. Ilpumep: f(x) =
x+1, —1<<x<0;

={ X, 0< x<1; 175. Hanpuwmep, f(x)=
1/2, x=0.

176. JlioGasi MoHOTOHHAs,, HO pa3phiBHasi yHKuMs, HampuMmep, f(x)=x+
0, x=0;

1727, 172" < x L 1/2"1, n e N.
178. VYkasanue. Ilycts E, ecTh MHOXKECTBO Tex ¥ H3 (a, b), uTo f(x)>

1
>f(x+1t) paa Beex ¢ Takux, yto 0 |<— B aCx—t <x+t<b.
n
Jlokasath, uTo MHOXecTBO E TOY4eK CTPOrOro JIOKaJbHOMO MaKCUMyMa ecTb
o0 &

E, v Kaxnoe u3 MHOXKeCTB E, COCTOHT TOJbKO H3 HM30JHPOBAHHBIX

n=l
ToueK., Jlasiee mnpumeHuTh pe3ynbTarT 3agagd Ne 46, [lpumep: f(x) =

. b1/
(x —a) sin , X5=a.
= X—a
0, x =—q. 179. Her, B cuny Teopembl 06 OrpaHH-

YEHHOCTH HenpephiBHOH Ha orpe3ke Qyskuuu. 180. Her, B cuny Teopemsl
0 MakCHMyMe H MHHHMYME HelpepbiBHOH Ha orpeske ¢dyHxnuu. 181. Her,
B CHJy TeOpeMbl O MPOMeXKYTOYHBIX 3HAUEHHAX HeNpepLIBHOH Ha OTpesKe
¢$ysknuu, 182. a) f(x) =2x; 6) HeT, B CHJIY TeOPeMbI O MPOMEKYTOYHBIX
3HAYEHHSAX HENPEePHBHOA Ha oTpeske yHKumuH; B) [(x) = 1 : ;1) fx)=
—X
= 14 sin2mx. 183. a) f{x)==2x; 6) Her, cM. oTBeT K 3ajgage Ne 182;
B) mer, tak xax f((0, ))<= f([0, 1]), a ma [0, 1] } Henpepusua,
cJle[[oBaTesIbHO, orpaHmyeHa; 1) f (x)=1-sin2nx. 184. a) f(x) =2x;
6) Het, cM. oTBeT K 3ajaue Ne 182; B) Her, cM. oTBeT K 3amave Ne 183;
r) HeT, TaKk Kak HelpepbiBHasi Ha OTpe3ke U OHeKTHBHAs HA HeM (QYHKIIHS
MOHOTOHHa, T. €. eciH 0<x <1, 1o f(0)<f(x) < f(l) (cMm. 3amauy
Ne 174). 185. OTKpHITHIM OTHOCHTEJbHO OTpe3ka [a, b] Has3uiBaeTcsi MHO-
XKeCTBO, ABIMOMEecs mnepeceyeHueM [a, D] ¢ OTKPHITHIM MHOXECTBOM Ha
npamoii. lycrs f<=Cla, b], Eic) =1{x, x=[a, b], f(x) <<}, x, € E (c).
Tak xak f(x,) <c¢, TO B CHJy HEmpepulBHOCTH [ B TOUYKe X, CYIIECTBYeT
Takas oxpectHocTb U (x,), ut0 f(x) <C mns Becex x=U(x) N[a, 8],
T. €. E(c) ecTb MHOXKECTBO, OTKDHITOE OTHOCHTEJLHO [a, b]. Touno Tak
XKe J0KasbBaeTcst 310 cBOficTBo A MHOkecTs  E (¢) ={x, X [a, b],
f(x)>c}. C ppyroi ctoponsl, mycTh Bce MHoxectBa E (€) m E(C) OTKpHI-
THl OTHOCHTeNbHO [a, b]. Bosbmem Touky x, € [a, b], uncao >0 u pac-
. CMOTPHM MHOXKeCTBO E (x,, &) ={x, x = [a, 0], |[ () —] (%) | <e}. Hmeem

170

f(—;—)—;o. 172. Hampuwmep, f(x)= |

X, €CJH X PalHOHAJbHO;
1—x, ecqu x MppaliMOHAJILHO.

+ signx. 177. Hanpuwmep, f(x) ={
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E (xy, &) =E(f (xg) + &) N E (f (x;) —¢), nostomy E (x,, €) — OTKpHITOE OT-

HOCHTeJNbHO [a@, b] MuOXKecTBO (cp. ¢ yTeep:xkaeHHeMm 3amaud Ne 37).

Tax xak x,& E (x,, €), To cywectByeT okpectHocTh U (x,) Takad, 4To

Uxy) Nla, 6] < E (%, &), T. €. [f(x)— [(xy) | <& nusi Beex x & U(xy) N

N [a, &}, uTo mOKasbiBaeT HEMPepPLIBHOCTL [ B TOuKe X,. I[lpumep: f(x) =
0, x=][0, 1/2];

1, x=(1/2, 1]. 186. V3 yrtBepKAcHHs npeiplayweli 3agadud cle-

JyeT, uTo aas Joforo € >0 u mobbix me N, ne N MHOXKeCTBO
Bome={x, x10, 1], |f, ()= fatm(x)| << €} 3amxuyro. Ilpumensas

. o0
pesyJasTaT 3agauH Ne 33, nosiyuaem, 4YTO H MHOXKeCTBO A, = ﬂ Bnme
m=|
3amkHyTO. Jasi x & An . umeeM |f, (x) —f (x)[<Ce. Hcnoabsys pesy.s-
taTel 3agad Ne 59 u 110, nonyuyaem, uto anaa jwboro orpeska [o, f] <
< [0, 1] wuafimercs umcio n, u otpesok [a’, f'] < [a, B] Taxoil, uro
| fr (x) —f (x)| <& nnst xe [a, B']. B cuny paBHOMepHOI HenpeDbIBHOCTH
fn, (x) Ha o, P] HaiineTcs otpesok [a, 6] — [a', '], Ha Koropom KoJe-
6anue fp, (¥) MeHblle g, cCJeloBaTesbHO, HA 3TOM OTpe3ke KoJgebaHHe f
meHbie 3e. Mtak, ans JsuoSoro € > 0 u moSoro otpedka [, B] < [0, 1]
Ha#geTcst OoTpe3oK [a., b.] < [o, B], Ha KoropoM koiseGanse [ menbie 3e.

1
TlocTporM cHCTEMY BJIOMKEHHBIX OTPe3KOB [a,, b,] Ans e = -— COOTBETCT-

BeHHO. Ecau ¢-—ofuasa Touka 3THX oTpe3koB, 10 o (f, ¢) =0 (cM. ycao-
eHe 3agaud Ne 140) u, chenopareqbHO, f HenpepelBHA B TOYKe ¢ (CM.
3agauy Ne 141). 187. ¥YKasanue. Vcnoan3osars pedynbrar 3anau 185 u 34.
188. CywectByer &£ > 0, uro nja moboro 6> 0 Haéiayres x, e M, x, = M,
uTo, x0T |x; —Xu| <8, Ho [f(x;) —[(x,)] =e. 189. a) Hanpumep,

. 1 .
y = sm—l—, wii y ——; 0) Hanpumep, y = xcosx, num y = sinx2.
X X

190. Hanpuwmep, y:'l/x_, Wil Y =x-+sinx. 191. Yxasanue, [lpescra-
BHTh MHOXKecTBO E B Buje o6beiuneHus MHoxecTB E, Takux, uro E,C

6 (1
< |(n—1)- (2 )
psiollee YCJOBHMIO: M3 HepaBeHCTBa |x,—X,| <8 (1) cnemyer HepaBeHCTBO

I\ () — f (x| < 1. 192, Hanpumep, y=cos-—i—. 193. Tlpumep: [ =

= |sinx|/x, E,=(—1, 0), E;==(0, 1). 195. Pewenue. a) B cuay
lim f(x)==c umeeM, uto ana € =1 cyuecTsyeT x,>=>0 Takoe, 4TO A/

mo%oro x> %, c—1<f(x) <c+1. Ha orpeske [0, x,] f(x) nenpepniBHa,
3HayuT, MO TeopeMe Befiepirtpacca orpanuuena, T. e. |f(x)|<C M, a toraa
s moboro x =0 |f(x)|<max{M, {c—1]|, |c+ 1|}. 6) Bospmem soGoe
e> 0. Cymecrsyer a> 0 Takoe, uro aas Jo6oro x > a |f(x)—c|<¢/2,
T, €. AJs JIOGBIX X, > @, Xy > a |f (x;) —F (x5)| <e. Ha orpeske [0, a-+1]
f HenpepbiBHa, moITOMY AJISi IAHHOTO e CyulecTByer Takoe 6> 0, uro jJis
mookix x, < [0, @ + 1], x, [0, a + 1] Tarux, uTo |x; — x| < 8,
If (x))— f (x,)| <e. Otctopa caeayer, uto ecan 8, =min{d, 1}, To naa
JOGBIX X, B 1, U3 [0, 4 00) Takux, uto |x, —X,|<8, umeem [f(x)) —
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— f (%) <e. 196. a) Ia; 6) ma; B) mAa; r) xa; x) za. 197. Hanpuwmep,

a) f(9)=1x|, g() =Ixl, 5,=0; 6) fW)=yF, glx) =1 —V=,
%=0;B) f(y=Ilx|+1, g(x)= (x| + 1) {x+2), x,=0. 198. Hanpu-
mep, f(x)=x% (x> —1)2D(x) (cM. 3amauy Ne 159). 199. [Ta. 201. nl.
202. Hanpumep, f (x) = x — sinx. 206. Hanpumep, f (x) =
={ x?sin (m/x), x0;

0, x=0. -
1\ 207. O6o3Hauum g (x) =x(x— 1)2sin .
X — (x—1)?

%(x):g(-—;—m—:_j%-), nosoxkuM @ (x) = (1 —x)?, x =[1, 2]; 9(x) =
) 2O=0 90 =a(—x, 5= (——,

nd-1' n n

], ¢ ) =(x+1)%, x&(—2, 1], Toraa dynruns f (x) = x%¢ (x)

=q),,(1x), xe[

n-+1
Ha HHTepBasie (— 2, 2) YHOBJIETBOPAET NMOCTABJECHHEIM YC/IOBHsIM. [Ipose-
sin (x2)

—_—

puthk 3710. 209. Hanpumep, f(x) = . 210. Hanpuwmep, f(x)=cos(In x).

X
211. Hanpuwmep, f(x)= L teost. 212, Hampumep, f(x) =1 'x.
X X
x%sin L, x==0;
214. Hamnpumep, f(x) = X

0, x = 0. 215. Hanpumep, f(x) =
! x sin —1—, x == 0;
= * wik f (x) =xD (x).
l 0, x=0, 219. Ykasanue, Ilycts /' (0) > 0,
torna f'(1)<0. Tak Kak f wHempepmiBHa Ha [0, 1], To cyulecTByer

TOUKA ¢, B KOTOpOH (PyHKuHMsA f gocTdraer MakcumyMa, npuuem ¢ = (0, 1).
221. Yxaszauue. IIpuMeHuTo Teopemy Komu o cpenHeM 3HaueHHH K

QyHKuHSM u=[ (x)/x u 0= na %1, %] 222. Her. Tlycts f (x) = £3;
X

(@, b) =(—1, 1), 6=0. Hana moboit mapel x, = (—1, 0), x,=(0, 1)
ameeM [’ (0) =0, Ho (f (x,) —f (x)))/(x; —x,) 5= 0. 224. Vkasague. Pac-
cMotpeTh GyHKuMIO g (x) =f(x) + 2x —4. 225. VYkasaume. Paccmorpers
dyukuuo g (x) =f (x)—e*. 233. Ykazanue. J[OKasarb, UTO B YCJIOBHAX
saja4d f’ (¥) MOHOTOHHa M orpaHuueHa. 234. Hanpuwmep, f, (x) =1— 22,

fo () = —a*. 23b. Pejuenne, [lycts e [0, ék—] Nn[o, 1]. Torna,
NpUMeHsAA Heol .OKPaTHO Teopemy Jlarpadia, nonyqaei\‘a () = If(x) —

—fO) L= 1 &) 1 x<EITE 1< 1FE) ] = — 1 (€) 8 <

1

<< <R e B e 0,9, Bus 0,5 (=

=1, 2,...,n—1). Tak rak f(x) orpannuesa ua [0, 1] u n— mo6oe
HATypaJibHOE WHCJIO, TO OTCiofa cJegyeT, uto f(x) =0 gzaa moSoro
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X [, 2kJﬂ[O, 1]. Ecmu k& < 2,1‘0[0, ” nfo, 1] = [0, 1}

1
H yTBep:KAedHe 3ajaud JoKasaHo. Ecayu xe & >-§~—, TO TIPCBOJUM Te e

PaCcCYXKIEHHS NOCJeNOBaTeJLHO HA KaXJIOM H3 OTPe3KOB [ L;;I , 2tk ]

-I_Qk_}__’ ] 236. Pemenue. JJoxa-

i=2,3, ..., [2k] u na oTpeske l
KeM, 4To Ajs gtoforo ueqoro k== (0 cymecTsyeT cXOAsAsacs K HYJO
[OCJe0BATE/ILHOCTL TOYeK {4,}, B KaxkI0H U8 KOTOPBIX f‘k’ (u,) =0.
JloxasaTensCTBO DpOBeieM METOOM MaTeMaTHueCKol HHAYKuuM. uas k=0
YTBEPKACHUE CiefyeT Hs ycqaoBus 3agaud. [lycTb mpexmosiokeHHe BepHoO
Ijisi k=m, T. e. CyWIecTBYeT IOC/Ie0BaTENBHOCT TO4ueK {r,} Takasi, 4yTo
limx,=0u f (x,) =0. Torna mnsa moboro i, i =N, B CUJIy TeopeMH

n—*co

Ponna Mexpy ToukamH X; WM Xx;4; Halijercd TOYKa Y; T4Kad, YTO
1
f{mT ’(y;) ==0, a 3T0 o3Hayaer, 4yTo CYUIECTBYET IIOCJ/IeJ0BATe/IbHOCTE {y,}
. ¢ 1
Takas, uto limy,=0 u f‘"‘+’(yi)=o. HtaKk, yTBepxJeHHe JOKa3aHo.

Orciona cienyer, 4TO f‘k) (0)=0 gna moboro HatypasisHOro B (Tak Kak

f €= C”). Tpumenss dopmyay Teiinopa K orpesky [0, xo], umeem f (x5 =
"o " (©) ™ I

=1 O+F @n+ L g+ LB g 2B g ¢

< |EI<1%|. Caegosarensuo, |f(x,)| << L|x]"/n! ans moboro HATYDasb-
HOrO 1 W Jioboro x,, T. e. [(x) =0, orkyma cnegyer, uro f(x)=0
upH moboMm x.
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Yacte Il

HEONPEANEJEHHDbIH

U OINIPEAEJEHHbBIU UHTETPAJIbI.
AUNPPEPEHLUUAJIIBHOE UCYUCJTEHHUE
®YHKLIUN MHOTUX TEPEMEHHDIX

I'anaea !
HEOCIIPEOEJEHHBIA HHTEIPAJ

§ 1. HEPBOOBPA3HASl U NPOCTEHIIUE CHOCOBDI
EE HAXO)XJAEHHSA

Onpenenenue Oyukuus F(x) BasbBaeTcs TOYHOL nepsood-
paswot nna Qyuxunu f(x) Ha (a, b), ecam F'(x)=f(x), x=(a, b),
HJIH, 4TO TO Xe camoe, [(x)dx cayxuT auddepenunanom ana F(x):
df (x) =f(x)dx.

Onpenenenne ODynkuus F(x) nasuBaerca o606uienHoil nep-
goobpasroil ans f(x) Ha (a, b}, ecnu F(x) HenpepmBHa na (a, b) n
Ans goboro x& (a, ) \ Ky, rae K, — MHOXeCTBO, cocTosillee He 60-
Jee yeM H3 n Ttouek, umeeMm F'(x)=f(x). Echu Her Heo6XOAMMOCTH
MOJYEePKUBATh, YTO MLl HMeeM JeJI0 HMEHHO ¢ TOYHOH HAH 0606leH-
HOH nepBooOpas3Hoii, To na3deiBaeM F (x) nepsoobpasnoi.

ITpumep 1. @ynxuus In(x+ Y1+ 5% ectb nepsooGpasnas AJs
dyskmun 1/1V1 + x*Ha sceft uncaoBolt npaMoi, 1. k. (In(x + V1 + x2))’
=1/V1+ x2. ®yskuus |x| ectb o6obiieHHaa mnepBoofpasHas AJA
¢yukuun signx va (—1, 1), rax gak |x|eC(—1, 1) u |x| =signx,
x5=0.

Cootnomenne F'(x)=f(x) onpenenser F(x) uHeoaHosHauHo.

I[Ipumep 2.

a) (cos2x)’=-—2sin2x,

(—2sin? x)’=—4sin x cos x =—2sin 2x;

6) [2In(V4+x2—x)] :_17:1:_—{—2_:7?’

In Va4 x2—x ’__ 2
[ V4+x2+xJ T Yirxr e

OcHOBHBIM CBOHCTBOM TepBOOODPa3HHIX SABIAETCS CAEAYIOLIEe: echu
F(x) u G(x) —nepBooGpa3Hble AJjisi 0AHOH M ToH Xe GyHKuuH f(x)
Ha OJIHOM H TOM K€ NpPOMEXYTKe, TO HX Pa3HOCTh HOCTOsiHHA Ha 9TOM
IIPOMEXYTKe,

Onpenenenue. MuoOXecTBO Bcex NMepBooOpa3HHIX IAAA JaHHOMN
Qynkuxu f(x) Ha npoMexyTke (a, b) HashBaeTca HeonpedeseHHbIM
unreeparosm 310H GyuxkuMH um obosnavaercs §f(x)dx (mpomexyToK
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(a, b) OGHIUHO MOXKHO OHpENeNHTb H3 KOHTEKCTa, Yallle BCEro 3TO
NPOMEXYTOK HeNpepHBHOCTH f(X) U MOITOMY He YKa3biBaeTcd).

CuenoBarenbHo, ecnu F(x) ecTes mepBooGpasnaa aus f{x) na
(a, b}, 10

ff(x)dx=F (x) +C.

I[Ipaumep 3. Hafizem touHywo nepBoo6pasHyio naas GyHKIHH
f(x) =e™! na Bcell yncioBoit npsMolL.

Pemenwne [Ipu x>0 umeem e*¥'=e* u pas 3100 QyHKuuE B
obnactu x>0 oxna us neppooOpasHuix Oyaer e*. Ilpn x<0 mnmeeMm
e*l=e== nns sroll ¢yHkunu B o6nactu x<<0 mepBooGpasHoit Oyxer
byukuus (—e*4-k) npu sio6oii nmocrogHHo#i k. Tak KakK nepBoog-
pasHast GyHKUHH e*' mo onpenesieHHI0 JoJXKHA ObiTh (DYHKIHEH He-
MPEPHIBHOHA, TO JOJXKHO BBHINOMHATLCA YCJIOBHE

lime*= lim (—e* -+ k),

x—->0-4 x—>0—

T. €. 1=—14%, otkyzna k=2.

Hraxk, pyHkuus

ev, x>0
F(x) = 1, x=0;
—e*1 2, x< 0

ABJSETCSI HeIpPepelBHOH Ha Bcedl wuucioBoi ocu. Hasg x>0 umeem
F'{x) =e*=¢e™ nna x<0 umeem F'(x)=e*=e"% Jlokaxkem, 4To 3Ta
¢ynkunsa Oyner TouHOH mnepBooGpasHo#t ans (QyHkuua e Ha ncedt
yucaoBoft npamoii. Jas 3Toro ocranoch nposeputh, yto F/(0) =ef=1.

Hmeem
F, (0)= lim ——O=FO __ jjy =L
x—0+ x ' x04 X
F (0= lim OOy =221 g g e
X—0— X X~ 0— X

F' (0)=F_(0)=F(0)=1=¢",
CuenoBaTessHO, MOXKHO 3alHCaTh

e +C, x>=0;
—e*424-C, x<0.

HoxasuiBaercst, uTo Jaw06as HenpepuiBHag Ha [a, b] ¢yHKuus
umeer Ha (a, b) TouHyI nepBoo6pa3HylO, HO B OTJAHYHE OT IPOU3BOJ-
Ho#l mepBooOpasHas 3JjeMeHTapHOH (YHKUHMHM He Bcerja Ipeiacras-
JiseTcs 3JleMeHTapHOH ((yHKUHeH, Halupumep, mnepBoofpasiue AIA

5elxldx:1~"(x)+0={

$yuxupi
sin x ex 2 oy
r 1 ox’ e, e
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CHNBHBIC CBOUCTEG H@OQDE@E./EEHHOBO Udreepaira
dj;(,;)d,«,,—-f(x)dx

(§7(x)dx)" =7 (x);

jd (x) =Jf (x)de=Ff(x) +C.

bauya rpocreliuux UHTe2palos

o+ 1 1 x
dx == — — _dx 1 = .
Sxa v —— +C (a% —1). j e . arctg +C (a5£0)
X —Injx| +C (x=£0). f._aﬁ‘fw:_m “+" +C (a0).
x a? — x2 2a a—x
j‘a"dﬁcz +Cla>0,a+ j‘ dx -—arcsm-——+C (a £ 0).
Ina 1/a2—-x :
d:
j’e‘dxze”—i—c. -fﬁ%_uln[x+]/x2+k]+C(k;&0).
j.smxdx-w-—cosx—;—c. jshxdx:ch.r+C.
fcosxa!xzsinxﬁuc. Schxdx:sh.r+c.
S___‘i____mtgx+c 5' dx — —cthx 4 C.
cos? x sh? x
dx , dx
j‘m———“—ctgx—rc j i =thx -+ C.

Haxoxnenne nepBooOpa3HOfl uJIM BBIYHCJCHHE HEONpeAeJeHHOro HH-
Terpajia B OCHOBHOM COCTOHT B 1NIpeo0pasoBaHWK INOJHHTErpajbHOIO
BEIPaKe€HHAA Tak, YTOOBI TMOJYYHTb HHTErpa’bl U3 3TOH TabaAuIbl
(«TaGaHyYHBIE HHTErpanbi»).

Ilpasunra seinucsenun HeonpedeseHHblx UHTEESPAN0S

1. {Rf(x)dx=FR[f(x)dx (k=0).

) g )] de=[](x)de | g (x) dx.

3. Ecit (f(x)dx=F(x)+C u u=¢(x) HenpepuBHO 1upPepeHIH-
pyema, 10 [f(u)du=F (u)+C.

[IpaBuiio 3 mokasslBaeT, uTo Tabjauma MHTErpasioB CHOpaBeAJHBA
HE3aBHCHMO OT TOTO, SABAACTCS JIH NepeMeHHasd HHTerpupoBaHud Hesa-
BUCHMOU nmepeMeHHOH Hau QYHKuUHeH. 3aMeTHM, UTO

dx :_l_,hd(ax+b), iy == 2 dxntl ,

a n--1
dx 1 1 .
—=dInx, —dx=—d (——), cosxdx =dsinx,
x x2 X
sin xdx = —d cos x, =dVx .

}/x

[Ipumep 4.
S(,H-1)dx=j(x+1)d(x+1)=judu=-‘;i +C=—‘-"ﬁ§f_+c.
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IIpumep 5.
[ 3—3ymdr = — = { (5—8071d (5—30) = — - (5— 39 +-C.

3aMeTHM, uTO [OJ 3HAKOM HHTerpana BhHIPaXKeHHe B CKOOKax MOXHO
BO3BECTH B cTellenb 5] W B3ATb MHTErpan Kak JuHeHHY© KomOuHa-
M0 HHTerpaJoB OT creneHHHX (Qyukuuil. IloHsaTHO, 9TO 3TOT MeTOR
3fechr KpalHe IpOMO3JOK, H HarJAgAHO BHAHO NPEHMMYIIECTBO NpPEJio-
JKEHHOIO 3Jech METoza.

ITpumep 6.

[ra—299 dr={[—5- 1~z + 5| 1 —2097dr =

_ ___é_ f (1 —2x)%d +—‘—S(1 —9x)¥dx =(_L)2S (1—2x)¥d(1—2x) +

+_é.(_-_;~” (1 —2%)%d (1—2x) = (1—2x) -——ié—é(l—2x)38+0-
[Ipumep 7.
1 1 1
- dx L= 1N 1 =
Se . xg—————Q—Se d( xz)f 23 +C.
IIpumep 8
d—x— r—
1 r cos? u
S ——dx = j — .
sin x sin —— cos—— sinu cos u SH1 i4-COS U =
2 cos? u
:S dtguj_-1111tgu|+C:In,tg—~f+C.
’tgu 2 i
ITpumep 9.
L (desina 1
arcsin® x Yy 1—x? arcsin® x 4 arcsin* x
[Tpumep 10.
dx Y arl-yae—T, 1
S Vx+1+Vx-—1 S 2 S‘l/x—l—ldx
1 1
L 1 dy =L 32_. 1 (v 1132 ]
251/;: i GaR) — (=124 C
Jadauu
Haiitu wumTerpanin:
— 3 e
1. 5(2—-3 Vx)2dx. 2, S(f—f‘}i‘{x—)dx
Vx
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14x \2 1 2 . 3
3. . . L B N
S( X )dx 4S(x+xz+x3)dx
5. S-‘—‘ii)-”idx. 6. j 2 dx.
X2 1— 2
7. S =2 iy 8. S L dx
8 4 x2 (x® 4 1)(x2—3)
dx 10 S 1 4 2x2 dy
w—1 ' (1422
11 S’ (42?4 o, (VIE2+yi== ,
) x(1+x2) | Y1i—«
13. S Vet 1—ya—1 4y 14. ,
'l,/x4—l 2x2+3
dx
- 16. ——
5. S 3x2—7' V2«
dx dx
17, dx 18, S’—T__—
7 _Sl V225 (V32 —7
92x—1 __ 32x+3
19. { (& —22dx. 20. {2 —dx.
~ * 0X_.32%, 48%
.qx. 22, \ ————
21. {2850 dx. 2. | e
23 (=1 4y 0q, [ 22—=1 4
3 S P X 5 X
25. Ssinz—;idx. | 26. Scoszé-dx.
dx cos? x
28. dx.
27'5 sin? x-cos? x” S sin? 2x *
29, Sctgzxdx. 30. Stgzxdx.
31, S'I/I +sin2xdx, v & (0,%—)132. S(2chx—-33hx) dx.
33. Sthzxdx. 34. S dx
x—1
i1
35. . 36. S
2x 43 (x4 2){(x+3)
37. S *+3 dv. 38. S 23X gy,
(x4 2)(x— 1) I +x
,39.5 dx 40. S(x——-l)”’dx.
1 4 2x
41. S(2x+5)” dr. 2. e
dx
43. L — 44, S R —
S AEET: Y (Lt 80)
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45

47.

. 5115/(_1 + 4x) dx.

49.

51.

53.

55.

67.

59,

61.

63.

65.

67.

69.

71.

13

75,

.

77. )

79.

81.

83.

85.

J
J

J

S x V1—2x dr.

2x —7 .
V14 3x

S e il dx

2x — 1

x—4
————dx.
}/xz,_g

(=

x+2 o
v x*—10 .

S x V1 —x2dx.

S’ xdx
1f-xt °

x4dx

Vit s

S dx
x YV inx

dx
j' x(2 + In2 x)
[oeg,

1] —e*

j‘ sin bx dx.

cosax sinfx dx,

@ _TL pa a:#'_ﬁ‘

{ sin ax sin px dx,

a;(:ﬁ! a'_fL'—'B
cos® x sin fx dx,
P11, P+ 1 3.

! cosV'x dx.
X

1/'

sin xdx.

5 (sinx -+ 2 cos x)? dx.

cos x dx
1 4 cos?x

46.
48.
50.
52.

54,

J
)

S (2x 4 3)2 (1 —x)8dx.

)

56.

58.

60.

62.

64.

66.

70

72.

74.

76.

78.

80.

82.

84.

x(x—2)%dx.

S (x+2) Vx—2 dx.

2+ 1 dx
x4+ 1 )

dx
S x(In £+ 3)

68. S
J’ e
) I+ ex

j cos —— dx.
7

3o
2

Y In*x dx.
X
X

dx.

§ cosax cos fx dx,

a#p, oax%=—BP.

]

J
J

§

sin? x cos aox dx,
a4+ 2, a0

stin x2dx.

cos xdx
1+ sinx

X cos xdx.

excose*dx.

dx
sin27x
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87, SL 88. 5'—-—_‘—__dx.
cos? 8x sin 3x

89. .[ L d. 90. jtgxdx.
oS X
91. 5ctgxdx. 92. j—l_z-—-l—x—-dx.
cos
93 & 94, { LTS8 4y
| 5 sinx 4 cosx ) 5 (x-+sinx)3
95. S dx, S SLE S 1
5 YV 1—4sinx * %6. V2-—sin?x g
97.5 L4 98 f— . 1 _dn
cos2.x I+ tgx j sin? x 1 +tgx
99, j‘ smﬁ?s.xdx; . 100. g‘arccthx dx
V3 —sintx J 1-4-9x2
101. s’ x+ y arctg 2x dx. 102. g arcsin x——arczcosx dx.
o 1+4x2 x }/-l '——;/;
103. 5 x'ﬁf?f_lfzx dx. 104. ) x—j—/al'CCOS‘ dx.
Vi A Y pr
105. j(shx-—chx)zdx. 106, Jﬁ@—
sh

§ 2. HHTETPUPOBAHHE IO YACTAM

Ecnu u(x) m v(x) — HenpepriBHO Au(depeHnupyeMHe (QYHKIHH,
TO

fudv=u-v— §vdu.

CyTb IpUMEHEHHA 3TOr0 METOAA HHTErPHPOBAHHA COCTOHT B TOM, UTO
uaTerpaa §ovdu Momxer OwbiTh «mpoie» uHTerpana fudv. DTO® MeETOA
9acTo NMpHUMEHsieTcs, KOrAa MO HWHTerpajioM CTOUT NPOH3BelEcHHE
«pasHopoaubix» Qyukuuf, nanpumep, e n xP, % u sinfx, x u lnx,
x warctgx u 1. m.

IIpumep L

fxcosxdx=jxdsinx=xsinx—{sinxdx=xsinx+ cos x + C.

3necs B uHTerpase [sinxdx nmoamuterpanpHas QYHKUHA He SABJAAETCH
IIPOU3BEJEHHEM «PA3HOPOAHHX» (DYHKUMH X H COS X.

[Tpumep 2.
S‘xarctgxdx:yarctgxd(f—)-——x—zarctgx—f—xi. L dx =
£ 9 9 2 14 x®
2 Aty (2L L
= arctg x 5 j LT dx#( 5 + > )arctgx 5 x+C.
x2

3zech B HHTerpase 5. T dx mnoAbHTerpajbHas QyHKIUA ABAAETCH

X
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ajarefpanyeckoil GOyHKuHed, a He TPAHCHEHAEHTHOH, K&K B NaHHOM
HHTerpaJe. :

Huorjga, npaMeHsis MEeTOX HHTETrPHUPOBAHUA 1O 4aCTAM, YRAETCH
NOJYYHTh HETPUBHAJbHOE YDaBHEHHe [Jif HAaXOXAEHHA mnepBoobpas-
#0H PyHKUHH.

I[Tpumep 3. Boiuncaum §e*cos xdx.

Pemenue Hmeem

I={e*cos xdx={cos xde*=e* cos x-+ f e* sin xdx=e¢* cos x+
+ {sin xde*=e* cos x+e*sinx — fe*cos xdx =
=e*(cos x+sinx) —[.

Tlosromy

e¥(cos x + sin x)

+C.

Se"cos xdx =

IIpumep 4. Buuncaum [ V®fkdx, k=£0.
Pemenue Hmeem

— 2 — 2 - xtdx 1/ V2 —_
I—SVx +hdx=xVx*+k TEE xV«2+k
B b—k e —
—-5 e dr=xVx:+k+ EIn|x+Vs2+ k| +1,
T103TOMY

fvxurkdxz "‘/"22“ + z Injx+VE Tk +C.

Jadauu

Ha#ity unverpanni

107, stinxdx. 108. gxcoszxdx.
109. jxsirﬁxdx. 110. S x-z- dx.
- cos? X
c xsinx
. dx.
111. chtgzxdx. 112 3 g
13, [eede. 4. | L
X
1
115, fxa In (1 + x) dx. 116. len(l—}— -;—) dx.
117. ¥ dx. 118. 5]/2-——:52 dx.
(1 - x2)*
119. Y'[/x2 + 3 dx. 120, Sarctgxdx.
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121. jarccosxdx. 122. J‘xz arctg x dx.

123. Sxarcsinxdx. 124. j‘ﬂ arctg x dx.
1 4 x2
125, j e** sin Bx dx. 126. j cos? (In x) dx.
127. ijdx. 128, Sxarccos—l——dx.
cos? x x

§ 3. 3AMEHA NNEPEMEHHOTIO

[Tycts Qyukums f(x) snenpepsiBHa, ¢dyHkuuu x(f) u f{(x) B3auM-
HO OOpaTHH W HempepeBHO AHpdepeHUHPYyeMbl Ha COOTBETCTBYIOIIHX
npomexyTkax. Torja mnepBooGpasHasi anst f(x) umeer BuA F(x)=
=®@(t(x)), rae ®(¢) ectb nepsootpasHasa ana ¢yHKuuu f(x(f)) X
X x'(1). KopoTKO 3T0 yTBepX€HHE 3alluChiBaeTcH Tak:

(f()de=F(x) +C=D(t (x)) + C=D () + C=[f(x(t)) x (t) dt.

Oyukuus x(f) moabupaercs TakuM 00pasoM, yrtoOB NOJAbIHTErPalib-
HOe BhHIpaKeHHe NpHHAI0 Oonee YROOHHIM AJA MHTErPHPOBAHUS BHI.
Buibop ee omnpelesseTcs KOHKPETHO BHAOM NOABIHTErpajibHOro BHpa-
XeHusi. PaccMOTPHM HEKOTOpBIE #aCTO 8CTpedatoujuecs 3ameHsl.

A. Briyncnenne unurerpanon §sin® x cos™ xdx; n, m— uejbe

I. Ecnu o6a noxasartensi 1 4 M — HEOTpHilaTeNbHBlEe HETHHIE YH@-
Jla, TO MPUMEHSTCA POPMYJb MOHHIKEHHS CTENCHH:

sin? x =—;— (1 —cos 2x), cos’x =%(1 + cos 2¢) .

II. Eciu n u» m — HatypajbHbie 4YHCJa TakHe, YTO XOTA Obl OOHO
M3 HUX HeueTHoe, TO B CJydyae HeYeTHOro #i HoJsiarawT sinx={¢, a B
clyuae HEYETHOIO f IonaraloT ¢os x=1 U npHMeHSKT JAu6o GopMyay
1 — cos? x=sin?x, 6o 1 — sin? x=cos? x.

III. Echy n u m— neasle oTpUlIaTeNbHBlE YHcla Takde, uyto 003
yucaa |m| u |n| auGo ueTHwle, n1ub0 HeueTHHE, TO noJarailoT tgx=
={ aubo ctg x=1 ¥ NpuUMeHAIT POPMYJH

, cos?x 4 sinz2x=1.

1 4-tg2x= 1 , 1+ctg?x =
co

st x sin? x

K 5ToMy THIy CBOAATCS MHTeFpanbl BHAA

j————-—-dx , n>0, u j——%—, m > 0.

sin® x cos™ x

B camom pede,

X
? d—
2

dx 1 du
sin x x X ori-t sin® u cos® u

211 gin® — cos —
2 2
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sinmu

) 4
[t - ofx+3) o
cos™ x sinm(x+—;-)

IV. Eciiu 1 1 m — yespie oTpUUATENbHBIE YUCJIA, NDHYEM OIHO H3
unces |n| uau |m| seuerHoe, TO B cayuae HeueTHoro |#i| moJsaraior
sinx=t, a B cayyae HeueTHoro |n| mnousaraiwoT cosx={ Huorza B
cayuae Goablux creneneil |n| u |m) nose3Ho B uHc/AHTENE MOABIHTE-
rpanpHoi QyHKIHMH HEOQHOKpPATHO 3aMEHHTh eNUHHUY CyMMOft sin® x+

+ cos? x.
V. Ecau n— 4yeTHoe 4HCJO, a M — LeJ0oe OTPHIATEeJBbHOE WYHCJO,

TO MOMKHO 3aMeHHMTh Sin’x mno Qopmysae sin?x=1—cos?x, u B 3TOM
cJayuae HHTerpaJbl CBOASTCH K MHTErpajiaM BuAA
dx
S 2 a=N,

cos® x

B cayuae ueTHOro M u ENOr0 OTPHIATENbHOrO A 3aMEHAT cos? x
Ha 1 —sin?x. B HexoTOpHX choenHadbHHX cAyuasx noJgarawor ig x=tL.

VI. Eciiu n HeueTHoe W m— lenoe OTpUnATeNbHOEe YHCAO, TO MO-
JaraT cosx=f #u npuMensT ¢opmyay sin?x=1—cos?x. B cay-
yae, Korja /m HeyeTHoe, a N — UeJioe OTPHIATeALHOE UHCJAO, noJa-
rawot sin x=¢ n npumensior dopmyay cos? x=1—sin?x.

TIpu BHIUMCJIEHHH paccMaTPUBaeMblX HHTETPAJOB UYACTO HCHOJb-
3Y10Tcs caenywinuge QopMyJaL:

sina-sin P =—;— [cos (a—B)—cos (a + B)],
cos o -cos P =—%— [cos (@ —B) + cos (@ -+ )],

sina-cos P ———% [sin (& —f) + sin (x - P)] .

Mpuwmep I
. . 1 2 —
sin? x cost x dx = — cos2xsm22xdx==—1—5 Fcos2x l—cosdx g
4 4 2 2
1 1 sin 2x
=——\ (1 4 cos 2x—cos 4x —cos 2x cos 4x) dx¥ = —— x + ————
16 16 32
sin 4x 1 1 sin 2x sin 4x
—_ — cos 2x + cos 6x) dx = X+ — —
64 32 S( t ) 16 32 64

1 . 1 . 1 1 .
——sin 2% — —sinbx 4+ C= — x+ —sin2x—
64 192 + 16 ™ 64

— ' sindr——L_sin6x+C.
64 192
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I[Tpumep 2.

§ sin® x cos*x dx=—{ sin*x cos*xd cos x = —{ (1 -—cos? x)? costxd cosx =
5
=—-S (cos* x—2 cos® x 4 cos®x) d cos x = __co; x n —;)—-COS7 — cos¥x LC.
I[Ipaumep 3.
5_.__.._}...____ dx = dx _ digx _
sin? x cos® x sin? x 1 =
cos2x cosbx tg® x —————
cosd x (1 + tgg x)3
(1t1tg?x)idtgx (1+a)° f.du * du
== — = 3 ‘
.“ tg?x j u3 J o + '_‘u +

»

+3judu+gu3du= fz +3 In}u] +~g-u“+—l—u4+(:=

1
= tg2 + 31n|tg x| +—tg x+—-tg x+ C.

Ilpumep 4.
sin? x . siné sinf xdcosx — (1 —cos?x )3dcos X
cos? x cos2 x 2x

—'".S 1—3u2+3u4_ud ==—+3u—-u3+—%5-——|-0_—_
u

“cos? x

= 4 3 COSX—C0S" X + + C.
Cos X
Iippmep B.
2 TN 3 u
di{x+— ' d—
cos X o Ty o . u v
sin® { x - — in® — cos® —
) ST 2
1 u v 4
i) dig — (1;:_1 2
_ ! 2 o) gig
i/ fy)
21 sins —2- . 16 tgﬁ—i 2
2 .cos® —— 2
COSS'—u_ 2
2

i 214 22 ne 3
S‘(l+z) dz— 1 j‘ 1 + 42% - 621 - 426 |- 28; dz —
16 Ezs j

1 1 1
—_ 4 2 J———lnz ——-z —_—2t L C=

sinx’ 3sinx

3 X | n
= —In|tg [=— 4+ =
4 cos? x + 8cos?x + 8 n) g( 2 N 4 )|+C'
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* sind Tt BT
sintx 1 —cos® x dx dx dx
S = (LS gy (o
cosd x cosd x cosix cos? x COs X

sin x 5 smx T
o5 s 3l (55l
4 cost x 8 cos?x g 4
Ilpumep 7
- dx _ (sin?x + cos?x)2dx :S sin x dx -+
sin® x cost x sin®xcost x cos? x
* dx dx 1 sin? x +-cosZ x
I
. sinxcos?x sin® x 3cosd x J sin x cos® x
c dx 1 CcoS X
= +2( Finltg 2} o+ (=t
+j sind x 3cos® x COS X tg 2 sin?x
1 X 1 2 CoS X
— In|t —-) C = + — +—1n
+ 2 g 2 ™ 3cos?x oS X 2sin2 x 2

B. VMuterpuposanue BHpaxeHHH, COAepKallMX paauKajb

Va2, Vartat, a=£0

I. Ecsi mozslHTerpanibHasi (YHKIHA COXEPKHT paukan V a*—x
a >0, To MOXHO TOJOXKHTS X ==a sint.

Tak Kak BeipaxkeHue J/a?—x® HMeeT CMHICA TobKO 1pH (x|<la,
TO W mnepBoofpasHad HIIeTCs Ha MpoMexyTke —a < x < a. Jlaa nepe-
MEHHOH ! MpOMe:KYTOK H3MeHeHus BBIOMpaeTcsi Tak, yTobnl —a<a sint<

b A af S
< a, ¢caenoBaTeNbHo, MOXXHO CYHTATh, YTO ——2—<t < 7, TOr 14 Vaz— xE=

=acost.
. Ecau noxguiHTerpajibHas (PYHKIMS CONepXUT pajukan V x%—a?
a
a> 0, To MOXKHO TONOKHTL X = =
cos

B stom cnyuae nepaco0pasHasl umieTcss Ha Jy4ye ¥ >a HJAH Ha Jyye
x < —a. Tax Kak HeT HHUKAKHX OCHOBAaHHH MNpeAIoYecTb OAUH Jy4Y [Lpy-
roMy, TO MOXHO BBHIOPaTh TOT Jy4, Ha KOTOpoM Oyzer OoJiee ImpocTas
3anmuch npeoOPa3’0BaHHOIO NOALIHTErPANLHOrO BHIPArKeHHs], T. €. Jyd x >4,

torga Oepem O0<i< —g— nYxt—a® =atgt.
B atoM Xe cayyae MOXKHO caenaTh 3aMeHy x=achi, Toraa
Vi —a? =Va(ch?{—1)=a|shi].

Il. Eciu noaemTerpasibHas QyHKUMA COAEPKHT pajuxand Va? + 1%
a >0, TO MOKHO NOMOKHTh x =atg{. Pyuxkuua x =atg? HenpepeBHO
JudpepeHiupyeMa Ha HHTep3aqa2 (—m/2, w/2), I[PH 3TOM NPOMEKYTKOM

5 9 a
H3MCHEH:IA ¥ ABJAeTCs BCH UHC/OBAad IIpAMas, moatoMy Vx? + a* =

cost
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B 3TOM Xe cayyae MOXKHO mOJNOXHUThL x=ash{, torga Yx2+a?=
=qch {.

Huas yano6eTBa mpuBeieM HEKOTOphie (POPMYJIH, cBsi3bIBalOlIHe TH-
nepoonanueckue QyHKIMM MeEXAY co0OH:

thy = 1% cthx =% ch?x—sh?x=1,

chx shx
ch?x 4+ sh?x =ch2x, sh2x=2shxchy,
41 2x—1
ch2x=--———~——-6h2; -, sh?x = ch 2

ITpumep 8. Brruucaum

x2
j V(xz + a?)3

adt
Pemenwue. TMonoxum x=atlgf, Toraa dx= 7
s

x2 . ad tg2¢.cosdf dt sin2 ¢

5 v (x% + a?)? o S a3 cos? ¢ j. cos ¢

_5 1 —cos?? dt:f dt -—gcostdtzs

cost cost J

d{ t -+ —
e )
= . ~x
sin (f—r —2—)

X
Tak xkak f=arcig —, TO
a

t
—sintzlnltg (:?+—;L) l —sint +C,

e =i 4 |-
X a
Il VEFE | +C.

Mpumep 9. Buuncaum | Va2 —42 dx.

Pemenue, Ilomoxum x=asinf, torja
S'l/az—— ¥dx = Sag cosztdt_—iS(l + cos 2t) df =

=.-'iz (t : -—I-Sln 2t) -I—C.

2 2
Tak kKak
. X . . X X
! = arcsin —, sinarcsin — == ==
a a a
. X i x2
cos arcsiin— — - 1l—==, |x|s*a,
a a?
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T0

TO

- 2 . a® — x2
S Vad—x dx _-_—a? arcsm% 4 x—‘/-a—z—x- +C.

Mpumep 10. Boluncimm | Va2 + £° dx.
Pemenwue, Tloaoxum x=ash{, rorza

S'l/a2+x2 dx :j,‘[/cﬂ(l +sh?f) acht dt = a? Sch%dt—_—

g Sfﬂ%ﬂdt:_‘;i (—é—sth-{— t) +C=£;.(shtcht+t)+c.

Tak kak
cht =T+ si*f :‘/1+—% ,
a

gt —sht-cht = XEV@+¥

¥

SVaz—!—xz dx = —;——‘Vaerxz —l——a; In|x+Va®+x% | +C.
C. BoiuuciaeHue uHTErpanaoB BUAa

(R (ex, %, .., em*)dx,

e R — paunoHansHasg QyHKIHA

dx

[Tonaras e*=z, umeeM R (e*, e2%,...,e"*)=R(z, 22,...,2") u
dz
=
e + 1
I[Ipumep 11. Bouncium S ~ +1 dx

Pemenue. [lonarag e*=z, umeeM

Smfi—_H—dx :5 z+1 . dz :I 2dz 5’ dz ::2ln|z-—-1|-—
2

e —1

—Injz| +C=2In|e*—1| —Ine*+C =In(e*—1)*—x -+ C,

z—1 z—1 z

D . VlarerpupoBanne OuHOMUAJbHBIX JUDeperHHanos
Tak naswBalorca audoepennuansl Buia x™(a-+bx")Pdx, rae

a,

b — nocTosIHHBIE, OTJAHYHbIE OT HYAd, M, n, p— pPalHOHAaNbHHE YHCIA.
Mepsoobpasnan aas QyHkuun x™(a-+bx™)? sBaserca ajeMeHTap-

HOl (pyHKIHE B CAeAYIONMX TPeX caydasx: a) p — ueqaoe, 0)

m--1

n
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m 41
I
a) ecau p — ueaoe, To noaaraot y=zV, rge N — o6mui 3name-
nartesan jipobeit m u A,

nesioe, B) +p—  1enxoe;

2 V"'
[Tpumep 12. Briyncaum { ———w—ﬁ;xf:_—dx.
(14 x )2
Pemenue ITonaoxunu x=2°% nockoasky p=-—2-—nenoe. Toras
— 3,— -
Vx=2% v x=2%, dx=62%dz
"

2 { 8 2
Y (= T
(14772 )2 (1+4-2%)% \ (1+22)7

2
— 5 5425 18,—18arctgz—6 _ddz
.9 (1 4 2)*
2
_ 2z =___1_Szd L - z + ! arctgz + C.
(1-+22)2 2 1422 2(1-4-22) 2
CrnenoBaresbHO,
-———Q—:-—-dx =iz5-——4z3+ 18z + 3z —2] arctgz+C,
(1+yx) > I+2
6 —
2=y X,
m 1 — aN
6) ecnu — uenaoe, Torga nojgarawrt a+bxt=2z", rpe N—
I
3HaMeHaTeab Apobu p.
xdx
I[Ipumep 13. Buuucnum S —
P Vo + Y
-1
Pemenne. I[lonoxum 14x%3==22 nOCKOJABKY Z2T° —3 —1qe-
Il
aoe. Torna
3 3 L
x={22—1) 2, dxz—i—(zﬂm 1) 2 -2zdz.
CnenosareibHo,
S ,_’Ei; —3{@—1yd==2—23+3+C,
V - v
2= 14+x%3%,
m-1

+p — uenoe, torga mnodaraiT ax "+b=zN trae

B) ecau

N — 3Havenaresn apobu p.
dx

IIpumep 14. Briuncaum —
p ) p fi//—l -—i— x4
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+p =0—

' m-+ 1
Pemenue. Tlonoxkum z¢=1+4x"* 1nockoabKy +
n

nenoe. Torna

x=(t— 1)1 dx=—2%(a*—1)"%4dz,
4
V141t =z (2t —1)-14,
C/e10BaTeibHO,
W S U S U RN S A
j lf/'} + x4 k z2t—1 4 u& z+4-1 z—1 )
-1 ¢ L |2l I——-—l—arc‘cgz—l-C', z2=(1 + x—Hl*,
2 241 4 z—1 | 2

Ecau noabiHTerpaJbias (QYHKUHS COAEPMKHUT TPAHCUCHAEHTHYIO (yHK-
U CJIOXKHOTO apryMmenTta ¢(x), TO MOJie3HO LA YIPOUIEHHA NONBIH-
TErpajibHOro BhHIPaXKEHHA cAesaTh 3aMeHy ¢(x) =1

[Ipumep 15, Beaucaum

Sarcsin ! dx.

Vx
1 2dt
Pemenue. [Nonoxum —=— =1, 1018 d¥= — ——
vV x
H
. 1 —2arcsin ¢

Sarcsm —dx =S dt.

-‘r/ X tB

Huterpupys nmo uyactsm, HMeeM
arcsin £ . 1 arcsin dt
—2{ —— __dt=\arcsintd = — —_—
2§ Jaresintd () ===V A=

1
d —
arcsin £ 1 ( 12 ) arcsin ¢ / 1
—— - — - """'"—'1 + Co
.12 al S 2 1 {2 T ]r i
— 1

{2

CaienoBarespHO,

] 1 y AR y—
arcsin —— dx = xarcsin —:—) +Vx—1 +C.
f Vz S

8 —
[Tprumep 16. BuurcanM eV *+ gy,

3 -
Pemenue. [MonroxkuM —7j x+1 =¢, Torma x+ 1= —13, dx=
= —3f3dt. CaepoBaTejibHO,

3 —
{eV #Hidy— 3 [et2dt = —3 (¢! 1 —2{ leldt) = —3 (¢! 12—
—2te! + 2e¢t) + C == — 3i%? | bte! —6e! +C, = ~—§/x +1.
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3adauu
Hafitu unTerpadnn:

129, Ssin"x dx. 130, jsm‘-‘xcos‘“’ xdx,
131. Scosﬁxdx. 132. S sin? x cos3 xdx.
133. fsin"’xdx. 134. S y
COS
135. S z:;z dx. 136. J- cos4x
sSin
137, s i‘;:;‘ dx. 138. j COSZ
sine
dx
139.
Scosﬁx' 140. Ssmﬁx
141. Sctg4xdx. 142. S c;m: dx,
COS
Fdx
3. \——M
14 SLsin‘*xCOS"x 144, j'ctg%dx.
dx - .
145. —_— 2 2 1 42
S sin? x costx 146. Sx Va4t d.
147. szl/a,z»-x2 dx. 148, j 2YE—a® dx,
2 4
149. S a dx. 150. S-——x—dx
(a? “dx2)3/2 (x% + a2)2
X _—
151, S S 152, S'l/e3"+ea‘dx.
g e
153, 5 Vﬁ_ 54 J Viiys
et 4+ 1 | - Vx
dx dx
155. 5—@1—— 156.57 ——
i x {F]/1+1/"x3
157, | 158. | Yo
V(1+Vyx) (2 4-x)
v —_
159, 55”dx, 160. chost dx.

§ 4. TIPOCTEAUIUE UHTEI'PAJIDI,
COHEP)XAIIUE KBAOPATHBIA TPEXYJIEH

PaccmoTpum unTerpansl pupa
I g Ax+ B dx; I1. Y 15 dx;

ax* 4+ bx+¢ J Vax2+4+bx+c¢
dx

m. ((Ax+ B EF bx + ¢ dy; j .
5( x+B)Vax*+bx+cdx; IV PRS-
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Brigensas u3 KBajapaTHOrO TpexuseHa ax?+bx+c nonuHeli  KBajpar,
samuiueM ero B Buxe ax?+bx+c=a(x+p)2+g. Ecain B unterpanax I,
I1, III coenarts 3aMeny x+ B =2, TO NOJYUHM HHTErpajhl

I §M dz: . (A8
az* 4 q ’ ' Vaz + g ’

. 5(A12+31) VaZfq de.

Briuncsienne 3THX HHTErpaJJioB B 3aBHCHMOCTH OT 3HAKa 4YHCJ1a a4 ¢BO-
AHTCSA K BEIYHCJIEHHIO HHTErpaJioB BHOA

¢, +D Cz+D -~ Cz+D —
— = —dz, \ ———dz, 22
.f 22 4 r2 4z, Va=xrt ¢ j,/,z__zzdz j(CZ—}—D)'[/r 2t dz,

j'(Cz +DYV2 =+ r? dz,

KaXabH H3 KOTOPHIX HpeicTraBisgeT co0of KOMOHMHaIHIO ABYX HHTE-
rpajoB, OJAMH H3 KOTOPHIX TaOAHUHBIH, @ APYrol cBOAMTCA K TabJHy-
HOMY, IpUMEHsisi paBeHcTBO d (224-a?) =2zdz. Unterpann | Va*—12dx
u }Vx?+k dx ne BxogaT B Tabauny Ha c. 176, HO OHH yKe GHIR
BBIYMCJICHBI paHee. Tak KakK WHTerpaJjbl TakKoro BHAa 4acto BCTpeua-
I0TCA B NPHJIOKEHHAX, 4 BBIUHCJCHHE HX TEXHHYECKH CJOXKHO, TO
npeaJsaraeTcs COOTBETCTBYIOLIHE NepBooOpa3sHble NMPOCTO 3aMOMHHUTh.
IlTosromy 3Tu HHETErpanbl TakK:Ke Has3HBAKT TabAUHHOIMU:

2
_— 2 F 1 e
SVx2+k dx zﬂ—%z—t—k-+?kln|x+1/x2+k | 4+ C.

- xV at—x? as . X
5]/:22 —x2dx = xVa—x + —-aresin — + C,
& a

2x -5

IIpumep 1. Boruncanm dx.
Vx2idx 7
Pemenne Tax gak x?+4x+7=(x+2)2+3, to, nonarag x+2=
=2, UMeeM
2x+ b dy — 2(x42)+1 dy — 2z 1 dz =
Vx2tdx+7 Va2rdx+7 2243
_ d(z® + 3) dz —9V/2 3.1 213 C=
TS +S—”2Vz2—+§' V2?4 3+ 1Injz+ Va2 + 3|+
=2V +4x+7 +Injx4 24+ Vx2+4x+7 | +C.
Ilpumep 2. Bouncaum 5 ,idx.
Yy 1—x—x2
1\2 5
Pewenune. Tax kak I-—x—-x2=——(x+ ?) +T’ TO, IoJarast

X+ —21— =2, UMeeM
191

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

. 1 5 5
—3(x+——-—)+-— —3z-—

- 2 2 2
j‘—-—————,___l 3 dy — p— dx = —————dz=
y 1—x—x2 YV i—x—x? 5
_
4
g 5
d( -
3 4 5
= /S — 7
2 S Ve TV
J Vi -
5 9% 4 1
+ ° —x2 + — arcsin ————+ C.
‘/ V5
IIpumep 3. Brmuucaum f Q2x+7)Vx24+x+1 dx.
Pewenune. Taxk xak x2+x+1:(x+ —;—)2+—3—, TO

5(2x+7)vmdx:ﬂ2(x+ %}+6Jvmdx=
—H X+ —)+.6h/(x+ -l-)2+%d(x+ —é—) -
_-S(Qz—{—ﬁ) ‘/z2+—-—dz- J ‘/.22 —}-—«Z—- dz +

+6j' ‘/zz—l—%—dz = gi/r22+~j—d<zﬂ +-§-)+

/

o

3

A v

6 / 2 —{——~3— dz= 2 {22 —3—)3/") 4
+ jﬁ‘ 4 3 4 + 4 +6

r

3 |
.+ —Infz+ 22+~2—} +C= %(x2+x+1)3"’ +
w3(xt ) VIETETT 4 Linfes L+ VETEFL |4C.

dx

(x — o) Vax2+bx+c
3aMEHY x — @ =2, TOrja nojyuaem HHTErpamn

i‘ dz . dz
2V a L bzt j
z |z} a

HNoawnTerpanbnast GyHKUMs HenpepbiBHA Ha Jyduax x> H x<a. Kak
YKa3rBaJOCh BEIILE, MOXHO BHIOpaTh TOT, H2 KOTOPOM 3aluchb MOABIH-
TerpaJbHOro BhlpakeHHs OoJee npocra, T. €. AyY x>a, a Toria 2>

192

Jas Belumcaenus HHTErpafia

jgejsiaeM B HEM

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

>0. Taxoit ke BHGOp B MOJOOHHX CHTyauHusiX NPUMEHSAETCS H JAajee
1

6e3 oco6oit orosopku. Ilonaras T, =Uu, mojyuaeMm TaOJIUYHHE HHTE-
rpan

3ameuanne B uuterpane IV MOXHO cpasy mOJOXHTb

1
x—a

= 2.

dx

(x—2y 22 F4x+8
Pemesnye, Ilonarag x — 2=z, uMeeM npu 2>0

dx 1 dz
x—2¥ 2P fdx-8 ¥ 2 S 2y E+298F2(z+2) +4

[Tpumep 4. Bouuciaum 5

st

1 j‘ dz __1 j‘ dz —
Y2 J zyBr62F12 V2 ; 6 12
2 |2| v

L=+ —
2 2

1 —du . 1 ¢ " du .
V2 ) Vitourtiow v ) 1 1
Vergor

1
e
AR l/ RO

()

_ B YA
— r@zlnu+4—l—‘/u+2u—l~l2 +C=

_ 1, 1 /1 1 1 _
=—va Tt THY sttt |tCs

1 1 " 1 1
2 Tt V (x —2)? + 2(x— 2) LIET) I+C'

3adauu

In

1
V24

Hafitu nnterpans:

fad w 5 —_
161. j—-—?"——--— dx. 162. 5 1—2% gy
x2 + x4 3 2x2 —4x —6
8 Y. A. BHuHorpazosa 193
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7 — 3x 4 — 11
6 L ] ————— d. »
163 S/x*+x+1 ¥ 164. f A dx

165.5 Inx+2 dx. 166. SV"‘““

Y T—Inx—In"x erx + eX L1
167. S cos X dx.  188. j’ e
V 1 —4sinx | cos®x e2x | 2e¥ |- 4
dx dx
69. o —————— S — - PP —
: S v et —5e* 46 170 S(x+1)Vx‘+1
dx —_
171. e ———l 172. 3 dx.
j' (x— 1)y a2 —10x -7 5(“_2)%6 tx+lax
T x4+ x
U&Suﬂanvd+mﬁﬂm. 174. | — 5 de.
175. X dx. 176. 5--Jf?f-—-n
yl—{—x’—}-x‘ xt—x2 5
. x (x -+ 1)2
. S 178. A M AR
177 Sx]/x*‘—}—x’-—{—l' j xy 14 3x -x2
179. S(x3+x)'|/l—{—x4dx. 180. chos?xcosxdx.
181. SVCOS?X sin xdx. 182. S Lrsiny i,
cos x  cos 2x

§ 5. HHTETPHPOBAHHE PAILHOHAJIbHBIX OPOBEH

B 3toM mnaparpade pacCMaTpHBAaeTCs HHTErpHpOBaHHE (DYHKIHIR

T (x
BUJA R(()) , rme T(x) m R(x) — MHorounesn oT x. Ecau crenens
X
mHorounena T (x) Gosblle HAH paBHa CTenmeHH MHorouneHa R (x), To

AeneHreM MHorouseHa T (x) Ha MHorouseH K (x) BHeJdseM ULeayk
yacre — MHorounen P(x), 1. e. 28

X
R D (x) +——— R rje CTencHb
mMHorouneHa Q(x) mensiie crenenn Muorouiena R (x). HHrerpuposa-
HHe DalHOHAJIbHOH (DYHKUHH CBOAMTCA K HHTECPUPOBAHHIO MHOrouJjie-
Ha ¥ NpaBUJbHOHA panHOHANLHOA APOOH.

HurerpapoBanne npaBHJABHON palHOHAJNBHOR APOGH % - OCHO-
BaHO Ha TEOpeMe O NPEeACTaBJIEHUH 3TON ApoOH KOHEUHOH CyMMOH MpO-<
credmnx Apobed, Bup 3Toro pasnoixeHHs 3aBHCHT OT pAas3jOXEHHS
mHOrounena Q(x) Ha MHOxuTedH. MHOXuteasm Buaa (x—a)® (e —
AeHCTBHTENbHBIA KOPeHb MHorouieHa Q(x) xpatHocTH k) COOTBercCT-
BYIOT R mpocTelIunx apobeii:

Am __ m=1,2,... k

(x—a)m

rae A, — nocTosiHHBIE.
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Muoxureasam Buna (x2+px+gq)! (rpexunedH x2+px+q He HMeeT
JNeHCTBUTENbHBIX KOPHeH) cooTBercTByeT ! mpocredmux apobeil Buaa

Bix + DE
(¢* + px + )t ’

rae B;, D; — noctosunsie.
Ecnau pasnoxenne muorouneda Q(Xx) Ha MHOXKHTEJNH HMeeT BHJA

Q(x):(x-—al)k‘-(x—-a,)k‘- ceo (x—ai)ki-(x’+p1x+qx)l‘- ces
ce. (x2+p.-x+q,-)li,

rae oy, ..., &; — JEACTBHTEJbHBE KODHH MHOTOWIEHA, COOTBETCTBEHHO
KPaTHOCTH ki, Rg, ..., Ri, a TpexuleHn x*+px+gq,, ..., x2+p;x+q; ne
P(x

i=1,2,...,1

]

HMEIOT AeHCTBHTENbHHX KOpHeH, TO pasyiokKeHHe B CYMMYy Hpo-

Q(x)
creimux Apobed HlLeTCs B BHLE

1 1 !
P __ AP A} A(k,)

Q (x) X —ay (x — a,)t o (x— a-J.)k‘

t

(i) 1
A Ak By 4 cth

X -y o (x——a‘)kf £ - px gy
Begcd )
(x? + pix 4-q1)? o (* + prx -+ "1"1)11
; (0 ()

B{'x 4 ¢ N B{x + N N B‘; x4+ C,f

#4pxtg @Epxtg)t T @ pxtg)ti
3necs 8 (1) APV, ... A0, B, ... ,BE?, c, ... ,CE‘;.’_ HEKOTODHIe,
NoKa HeonpeeJeHBne KO3QPHUKEHTH, croco6 OTHCKAHHA KOTOpPHX 6y-
AeT yKasaH HHKe.

HTak, HHTerpHpOBaHHE palMoHaNbHOX (QYHKUHMH NPHBORHTCS K HH-
TerpupoBaHulo aApobelt BHJA

L A4 1 —P _ p>o . _B2EC
x—a (x —a)* x4 px g
V. Bxr+C , m>=2.

(* + px + g™

(Tpexusnen x¥+px+qg He umeer JeficTBUTeNbHHX KopHe#t). Hdasa mpo-
Gefi Bupma I, II, 111 coorBeTcTBEHHO HMEeM

g A dx=Aln |x+a| +C;

xXx—a

X = — +C, k= 2;

(x — a)* k—1 | (x— a)t7

8% 195
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Bp

—--(2x+p)+C— ;
dx =

S’ _Bx+C S’
’”+Px+fi x4 px g

A )

Bp p
2) 5

pl p!
s_ _P__ .
‘/q 1 ‘/q 1
p?

(Tak kak x?-+px+q He umeer HefiCTBATENBHHX KOpHEH, TO 9—

:%1n1x9+px+ql+

>0 ),I'Ipn BHIUHCJAeHHH MHTerpajsa IV mocrynum craeaywowum ofpa-

SOM: MPEACTABUM JHHEHAHYI0 (YHKUHIO B YuCAATENe B BHAE KoMOuHa-
LKA MPOH3BOHOK Kaanpamoro Tpexu/ieHa H KOHCTaHTH, T. €.

B _Bp
ey (3 7 @xt o+~ o
(** + px+ g™ i (4 px 7
:“Q_S d{x? 4 px 4 g) +/C_____B_,r_)__) dx _
2 (= + px + gy \ (¥ + px + @™
B 1 ‘ +(c __ﬁ”—)l,,,, m> 2.
2 l—m (4 pr gt 2

PaccMOTpHM HHTErpan

dx ! pd
m= - 01.
(2 +px+ " K 4 7< )

) 23
BujenenneM moJHOro KBajpara x3+px+q::(x + —5) +q—-—-’~:— H
dz

(b*-}-z’)m *

Jas BHIYMCIEHHS TaKOro HHTerpase HCIIOJII:SYETCH NOJICTAHOBKE 2=
=btg u HIH BLHIBOAMTCH pPEKyppPEHTHOE COOTHOLIEHHE, NO3BOJSKINee
NOHH3HTh CTEeNEeHb /M B 3HaMeHaTeJe HHTETPHPOBAHHEM IO HYACTAM.
HeiictButensno, mnpeacranasas I, B BHAe KOMOMHAUMH [m—; H

3aMeHOH x + T = Z OH NPHBOJKTCH K BHLY f

j' 2 jii)m H BHYHCAAR NOCJeILHHA HHTEIrPHPOBAHHEM IIO YaCTAM,
NOJYYHM
(B3 1 22) — 2B
Imzj. (3 _:_zbg)m :”Bl?j. (b(;—j )ba)mz dz =
-"-‘-"l-‘lm—-l-—-l— g ¥z 1 o
b3 b2 (23 + o)™ bt
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1 { 1 1 \ 1
"?szd\ U= e ) et

z _ H dz
203 (m — 1) (2® 4 b¥)™m1 2(m—1) 53 j (z* + pE)mL
2 2m— 3

Y Y BT = Y — ft.

+

==

Jnn HaxoXJaeHHs1 HeompeXeJeHHHX KO9PEHHIHEHTOB NPH PA3NOKEHHH
P (x

npaBHAbHON panHoHaJbHOH ApobH QE; B cyMMy npocrefmux apole#t

X
NpaByi0 yacTb HCKOMoro pasnoxeHnus (1) npuBoasatr K ofuremy 3HAa-
MmeHaTesr0 (EM Oyaer MHorowneH Q(x)) w y moJy4uHBIHErocs B YHC-
JHTeNe MHOro4/eHa, H y MHorouseHa P(x) npupaBHHBaOT KOSQOH-
OHEeHTH NpPH OAHHAKOBHX CTeleHAXx x. TakuM obpasoM, noaydaercs
CHCTEMA JIHHEHHHIX ypaBHEHHH, H3 KOTOpPOH HaxoAsfTcsa HeompejeseH-

Hhle Ko3gdunueurn (B asrebpe AOKa3LBaeTCsa ee OLHO3HAYHaf pas-
pelIuMOCTE).

IIpumep 1. Buqﬂcmmg

xdx
x+DE—2
Pemenue. Pasnoxenue ppolu

x
ocTefilK
PRy B CyMMy NpocTefilunX
Apobeli HuleM B BHJle

b 4 A B c
= 2
GihE—D" i+l a—2  Goz @

IlpuBoas B (2) k ofuleMy SHaMEHATENIO NMPABYIO YacTh, HMeeM

» _AE—2P B+ D (x—24C(x+ 1)
F+1) (-2 (x4 1) (x—2)® '

[pupapxuBas dncautTesn apolefl, nosyyaeM TOXKAECTBO

x=A (x—2)*+B (x+1) (x—2) +C (x+1). (3)
INepenumewm ero B BuAE

xe=(A+B) x3+ (C—B—4A) x+ (4A—2B+C).

INpepaBuupas k03QPUIKEHTH NPH OJHHAKOBLIX CTENEHAX X, NOJyyYaeM
CHCTEMY ypaBHeHHHA

A+ B=0,

C—B—4A=1,

4A—2B + C=0,

1 i 2
oTkyjid A= ——, B=we- (C=—
VZit g o " 3
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CaenoBarenbHoO,

xdx 1 dx 1 dx 2 dx _
S(p+nu_ﬂp"'_kajx+4 +TTSx~4 +:3j(p—m=“

x—2 _?__ 1
x4+ 1 I 3

Muoraa noJjie3aHo B paBEHCTBO, IIOJYY€HHOe NPHPABHHBAHHEM MHO-
rodieHa P(X) Kk uHuc/uTeN10 ApOOH, nOJyd4eHHOM mocJie NpHUBEAEHHA K
oflieMy 3HaMeHaTe I0 mnpocTefiluux Apolefi, NMOACTABJAATE BMECTO X
HEKOTOphIe clelHandbHo nojolpaHHue YuCcAa (0OOHYHO NeHCTBHTEJIbHHE
KODHH 3HaMeHaTeNls NAaHHOH pauHoHanbHOR apodu). B pesysbrarte mo-
JIY4810TCH JIHHEeHHbe YPaBHEHHS OTHOCHTENbHO HCKOMHEX KO3 (QHIHEH-
TOB, XOT CJACAYET NMOMHHTh, YTO NPH NOACTAHOBKE NPOH3BOJILHLIX HH-
CeJl MOJIy4EHHble YPAaBHCHHS MOI'YyT ObIThb 3aBHCHMEIMH.

[IpumenumM 3TOT MeTOn K NpeIHAylieMy MNpHMepy, noJjaras B
roxpaecrBe (3) x=2, uMmeem 2=3C, otkyana C=2/3. Ilosaras x=—1,
nMeeM —1=9A4, orxyna A==—1/9. [losaras x=0, umeem 0=44—-2B+

+C, otkyna c¢ yueroM HafigenHnx A=—1/9 u C=2/3 unMmeem B=
=4A+C/2=1/9.

In

1
—9— X —2 +C'

Mpumep 2. BbI‘JHC.ﬂHMS W —x—2
(1422 (x—1)
Pemenwne Pasnoxenne ppobu o —x—2 B CYMMY IIpO-
| PO i rwe—n © 7
CTeAIIHX Apobed KIeM B BHAE
32 —x-—2 A n Bx - C Dx - E

(1422 (x—1) x—1 N (DL
Kos¢puunent A, B, C, D u E onpenelnm, MCXOASl H3 TOXKIECTBA
3 —x+2=A(1+ x0)2+ (Bx+C)(x—1) (1 + x*) + (Dx+ E) (x—1).
[Tonaras x=1, naxonum A=1, IlpupaBuupas Ko3pPHUNEHTH TPH OXH-
HaKOBLIX CTENEHAX X, IPHXOAHM K CHCTeME ypaBHEHHH
A+B=0,
— B4+ C=0,
! 24A—C+D+B=3,
C—B+E—D=—0
A—C—E=2,

OTKyAa HaxXOAHM, VYHTHBas, 4T0 A==1, ocranbHue KO3PPHUHEHTH:
B=—1 C=-—1, D=1, E=0.

\

CJiegoBaTtebHoO,
3x2 —x -2 . d«  ( x41 dx S xdx _
5 (22 (x—1) dx“g x—1 Sl+x2 4 T
_ 1 2| 1 1
=In|x—1| ; In}jl 4 x*| —arctg x T T +C
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Tak xak pasjioxeHHe Ha mnpocreiimide Apo6H yacto TpeByeT rpo-
MO3JKHX BBHIKJNAJNOK, TO HHOTAZ NpH BHIYHCJACHHH HHTErpajiop oT pa-
IHOHANBHOR (YHKUHH NOJE3HO NPOH3BOAKTL HEKOTODHE mpeofpaso-
BAHHA, €J1aTh 32aMEHH NepPeMEeHHHX, NO3BOMAIIIHE YIPOCTHTL BLIUHC-

JeHHe NaHHHX HHTErpalios.
[Ipumep 3.

S (x+2)f;x——3)' 25[';—(xi3”xi2)]!dx

1 e, | dc 2 S dx _
25 S (x—3)0 ' 25 .( (x+2° 25 Jiz—3)(x+2

1 1 1 1

1

2 1
25 (x—3) 2B x4-2 125 H £t—3  x-+2

i 1 | 1 2

25 x—3 95  x-2 12

2
+"ﬁln lx+2]| 4+ C.

I[Ipumep 4.

j* dx =_L5'x'+2—x e
224 2 ) x (24 s

Il

]dx

— . — . ~ Injx—3| +

_1 ___L_____Lf__fix__:__l_ L b Nae—
T2 S 28 (2 4 x%) 2 ) @+ 4 5( x3 2+x3)
1 dx 1 x 3 X
— e — —— — — t IE——— C-
2 5(2-}-143)5 4x 8(x142) 8y 2 arctg V2 +

IlpumMep 5.

X1 dng (c+—6Gx+P+126:4—9

(x+28 (x4 2)¢

X =

dx dx dx dx
= —B6 ) — 412 —_— | —— =
j (x+ 2 j(x+2)4 * 5 (x+2)° S (x+2)8

14 2 3 9

et et @+ | seiop
IIpumep 6.

dx . - dx . (1—2)7dz

jxﬂx-—l)ﬂ #S o ( x;l )5 _j. 28 -

£ =

__j- | — 724 212 — 362 4 B — 2B 4 TA—7"
2
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dz dz dz dz
5‘ 5 + IS 2 35; 23
+355 zlj' + 7S‘dz—-—jzdz=

_ T 3B B
525 + " z‘+2z’ - 211n 2| +

+ 72— 4C, z=2=L

MMpumep 7.

S dr =S x3dx’ 1 dx? -
x (1 — x%) x% (1 — z9)s T3 S (1 — 29 =

215 du ___1_ 1 SR S
u(l—-—-u)' 1_u(u"' ) =

1—u

*_—S (1—u)= *S( )=
——-______. —— u —

- 3 1 —u T 3 11—ll ~ U +C

_ I ! 1 x3

=3 et R
IHpumep 8.

ST(;J':"%T% (2 —2) =’H Py

1 du 1 Uu—2—u
s S = S du=
2 u? (u—2) 4 u? (u—2)
1 du 1 du 1
T4 u? +T u(u—2) T 4u +
1 u—2 1 1 X 2
—""l C: = 11
+ 8 f u l+ 4x1 + In X2 |+ ¢

I[Ipumep 9. Haa x=z£0

o)

S(x*+x+1)' "S (+ +1) =
d(x+-—1-)
:S (x.;_—l;-jl)z =5 @t
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=T et T T

IMpumep 10.

x2+1 dx:S xs(l"}‘";;) d .
x4 35241 )

i _
=—?—§-—arctg 1/’31 +C.
Ilpumep 11.
SJC‘—FI dxxgudx_}.gj dx=
x—1 ‘
— . de 1 | 2=,
jx“—}-x’—}—l st T3 x3+1]T
(x—}-——\ x+‘L ]
1 21 1 x
+S =3 x3+l!+ 7! i te=
T =
=___1 _’f.t"_x_—t..l._’ C.
3 x3+1 }+ B4 x-1 i
[Ipumep 12.
37507 4 3 S’ d (x® + 4) ___j' ; _
e+42 8 ) (B4 4 ) (A4
____5‘ 5 du L
- 4 , @442
1 5 x4 5 o4 X
- 8'x8+4+2'x8+4+é4ardg2+b
x¥x
Ilpumep 13. Bemucaum j_(?:—:%—);-'
Pewenue,
_ xddx S _1 S‘ xd(*—3) _
(x’-—3)3 - —3)3 2 (x2 — 3)8
L i der gy v _LS___ﬁ__-
g Sx( 9 d(x*—3)7%) = 4 (22— 3)? T (x2—3)%
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S dx _ 1 j‘3—-x'+x‘ dx—
(x® — 3)2 3 (¥2 — 3)2 —

1 dx xdx
el Bl Ry

I

1
! Y34 x 1 7 4@=3
= — In — _|--—S.x =
6V3 | y3—x| 3 (x* — 3y
1 V3+x 1 — 1
—_— — ——— d ]
6¥3 3 +65x (x2_3)
_ 1 V§+x 1 x RS _
Y E 3 6 x2--3 = 6 J x2—
1 3 1 1 3
| Y| 1 * P AL L )
6V'3 6 $—3  12¥3
CnejoBaTesibHO,
x%dx e 1 x 1 X T
(2—3° 24 1—3 4 (x2—33
+ | ¥3tkE e
483 V3—x

Meronx OcTporpanckoro

P(I)/IHor,ua NpH HMHTErpHPOBAHHH MPAaBHJALHOH palvoHaNbHOH ADPOOH
X

Q(x)

IIMOHaALHON yacTu nepBoobpasuofi. Ilycte Q(x) uMeeT kpaTHBIE KOp-
uu (BKaouas M Kommiaekcuse), CoctaBum Muorounen Qq(x) Tax, uro-
6B BCe ero KODHH OBIJIH NMPOCTHE M KaXAHH KopeHb Qy{(x) sBasics
6n KOopHem MHorousneHa Q(x). Toraa Q(x)=Q:(x)Q,(x), rae kKopHM
Q:(x) ectb KOpHH MHorouJeHa @ (x) ¢ KPaTHOCTAMH KaXIBil Ha
eIHHMIy MeHblle, B uacrHocTH, Bce mpocTeie KOpHH Q(x) O6yayT Kop-
HAMH Qq2(x) 1 He OyayT KOpHAMH Q,(x).

CnpaBeaiHBO COOTHOLIEHHE

HCOOAB3YKOT METOM, CYThb KOTOPOro COCTOHT B BHAEJECHHH pa-

P(x) . R({x) (D(x) 4
Q) R +S Q: (X) o @
rge R(x) u ®(x) — wMHOrousneHno ¢ HeomnpeJeJeHHBIMH Ko3(dduuHeH-

TaMH, CTENEeHd KOTOPHIX COOTBETCTBEHHO Ha eJIMHHIY MeHbllle CTeme-
Heil MHorouseHoB Q;(x) u Q:(x). Heompezenenunle ko03dGHIHEHTH
MHOrousnieHoB R (x) u @®(x) BmuucasfmoTcs npH nomomu auddepeniu-
poBaHus paBeHcTBa (4). O6nmuno meron OcCTpOrpaickoro npHuMeHs-
eTcsl, ecnin MHorounex Q(x) HMeeT HeCKOJNbKO KOpHeH O60JbIIOA KpaT-
HOCTH.
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2x + 12
(2 -+ 4x - 8)?

IIpumep 14. Bouucanm S
Pewenne. Tlonaraem
S 2x 4+ 12 de— ax-+ b +S‘ cx -+d dx.
(x2 4 4x -+ 8§)3 x* 4118 x?}-4x+4 8
JuddepeHuupys 370 PaBeHCTBO, NOJydYaeM

2x + 12 _a(x®+4x+8)— (2x+4) (ex 1 H) 4 cx -+ d

(22 + 4x 4 8)2 (x* 4+ 4x 1 8)2 2| 4x4-8°
OTKY/I2
2% + 12=a (2® + 4x + 8) — (2x + 4) (ax + b) + (cx + d) (x* + 4x + 8).
(5)

IMpupaBHuBasi K03 (HIHEHTH NDH OJAMHAKOBHX CTeNeHAX X B OGeHX
YacTAX paBeHCTBa (D), NOJYYHM CHCTEMY ypaBHeHHN

= 0,

0=a—2a+d+4c,

2 =4a—4a + 2b + 4d + 8c,

12=8a—4b+ 8&d,

oTkyna ¢=0, a=d=b=1. CegoBaTtenbHo,
S' 2x 4+ 12 dx— x4 1 +S dx

—

(x2 + 4x -+ 8)? x4 4x 4 8 (x4 2214
_ x+1 1 { x4+ 2 C
ﬁ+4x+8+_2amg 2 + o
3adayu
Ha#Tu unrerpafs:
183. S dx . 184. Su——di‘-——
x4+ (x+2) (x2 — 1)?
185. j’ x| 186. S' dx .
22 (1 + x3)? (x+ 1) (x2 + 2)
187. S 2 d. 188. S e
] — xt x84 1
189. [ —%* 190. 5 2 4
+ 1 1+ xt
191. *—1 g 192. S *
(x4 x4 1)? x(x —2)°
dx 2x3 - xB
. . 04. dx.
193 f(x’—3x—}-2)‘ . Sl+x6 *
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195. S—‘B—_—m 196. S-—i:_’__ dx.
x (14 x%)? 4131

x® 1 x—1
197.5 el 198, S reapraald
199. S 24! g 200. 5 dx
%+ 1 £ (x¢ 4 1)
201. S——"—’-——"‘dx. 202. 5——1"—_dx
(1 4 243 (x4 1)°

§ 6. HHTETPHPOBAHHE HEKOTOPHIX
TPUHTOHOMETPHYECKHX ®#YHKH HA

Huterpanu Buna {R(sinx, cosx)dx, rie B oGmeM cayyae R — pa-
IlHOHa/IbHAsl (YHKUMSA, NPHBOAATCS K HHTEIDHPOBAHHIO pPAIHOHAJb-

HBIX QyHKIHA ¢ mOMOLIbIO YHHBepcaJnHON MOACTAHOBKH g wg-——__—_ t,

NpH 3TOM
) 2 sin —
sinx =2 sin->- 0§ —=— % _ . cOst - =
” 2 CcOs X 2
2
=2tg = ! — 2
14

1 — tg? —
. &5 _l—n
Tolaps
1+tg’—£— +
2
x=2arctglf, dx= 2dt
1418

O6patuM BHHMaHHMe, YTO NpHMeHeHHe nojcTaHoBKH tg(x/2)={ Bo3-
MOXHO TOJBKO Ha HNPOMeXYTKax, He COJlepXallMX TOuYeK BHJIa 2k,
ke=Z. B panpHefiwieM 370 nojApasyMeBaeTcsl.

flpamep L

(’ dx HS dx
4 3slnx4-cosx X x

x x
6 sin —E-cos 7+ cos? —— - sin? —

dx

x x x o
3 — {14+ 6tg — —tgd—
cos 2 ( + 6 tg 5 g 2)
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ot
=2 S( M —10
U —
Vo - ftg— — 1
_ L u-—3-]/1_(3 ‘+C=:
2V'10 u—3+ V10
. tg—;———3—~|’m
:-—-V(_l__0 In +C.
tg —;——3+;/10

[HoncranoBka t=tg(x/2), aBasgmouiascs yYHHBEpPCaAbHOH IJg HHTE-
rpajoB OT palHOHaJbHHX BHIDAaXKeHHH, colepamux (YHKIHH Sinx
¥ COS X, MPUBOJAMT HHOTAA K JAOBOJBHO CJOXHBIM BHIKIaakaMm. Huxe
pacCcMaTpHBAIOTCS HEKOTOpHIE CJAy4YaH, KOTAa MOAHBIHTEerpaJdbHas QyHk-
IMs NPHBOAHTCA K palHOHamlbHOH npob6u 6osiee npocTHIM cnocoBoM.

I. Ecan R(—sinx, cos x)=—R(sinx, cosx), ToO npHMeHseTcs HOA-
CTAHOBKA COS'X=l,

II. Ecnu R (sin x, —cos x)=—R (sin x, cos x), To npuMeHseTcs MOJI-
CTAHOBKA sin x==I.

IH. Ecin R(—sinx, —cosx)=R(sinx, cosx), To npumenserca
TI0JICTAHOBKA tg x=".

3amevuaHue, Jlwoboe paunonanbﬂoe Bmpa}erHe R (u, v) Bcerma
MOXHO MNpeICTaBHTb B BHJIE CYMMB Tpex BHIpaXKeHHH, pPacCMOTpeH-
#Heix B nydkrax I, 11, III:

R(u, U) == R(U,U)-—2 (—U' U) + R(__us U)"'QR('""“;”""U)

R(—u, —uv) 4+ R(u,v)
2

+

+

sin xdx

[Ipumep 2. Brryucaum S

cos® x (sin x -+ cos x)
sinx

Pemenune. R= .
cos® x (sin x + cos x)

Tak kKak R(—sinx, —cosx)=R(sinx, cosx), To, mnojaras tg xw=f,
HMeeM

sin xdx _S tgxdtgx
S.{cos"x(sinx—f—cosx) 1 +tgx

=—In|l+igx| +tgx+C.

[Tpumep 3. Bomuucanm g sin 2x dx.

4dcostx + 12cosx —7
sin 2x

4cos¥x + 12cosx—7

Pewenmne. Ilycte R=

- 208
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Tak kak R(—sinx, cosx)=-—R(sinx, cosx), To, moJjaras coSx=},

HMeEeM
3‘4 : smlzx 7dx=5 —-Qtd;‘ —
cos?x + 12 cos x — 4(t“+3t+-4——)-—16
. ) tdt ____LS udu +i du
2 3 \3 2 ) w—4 ' 4 ) ur—4
(1)
2
e + 2 |22 =
4 16 u- 2
1
i 3 \3 3 osE—Ty
= ——Ini{cosx4+—} —4|+—In|—— C.
4 l( T 2) 16 t
cosx + —
2
cos xdx

[Ipumep 4. Boluucnum S

costx - simf x4 2sin?x +1°

COos x .
Pemenue., R = - - . Tak kak R (sin x,
cos*x 4 sintx - 2sin? x - 1
— c0s Xx) = — R (sin x, cos x), TO, moJarast sinx==¢, uMeeM

S‘ cos xdx ___S dsinx .
costx -+ sin*x + 2sin?x 4 1 1 4 sind x 4 (1 — sin?® x)? + 2 sin? x

_LS a S t+v2 g
27 41 4Y2 J prtVY2+1
1

- S t—v2 g P g Sintx v 2sinx+ 1
4y2J p—ty2 41 8Y2  sinfx—y 2sinx+ 1
1

+

4 [arctg (1/2sinx + 1) + arctg (V2 sinx—1)] + C.

4V 2

HHuorma, ecaw 3TO He HapyulaeT PallHOHAJBHOCTH HOJBIHTErpalb-
HOro BHIpaXXeHHsl, NOJe3HO NOHM3UThL CTEIeHH Sifx M €OS X, HCIOMb-
3ys nepexoj K KpaTHHM yrJjam.

dx

sinf x + cos8x
Pemenue. [lpuMenss ¢opmyJibl

[Tpumep 5. Bouncaum j.

cos? x — 1+ cos2x sin? x=?1—c032x
2 2 ’

. 1
HMeeM cos® x 4-sin® x = v (1 + 3 cos? 2x).
206
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Ilonaras tg 2x==f, HaXOAHM

S - dx _ 4dx ) S’ dt zarctg—tw L C=
sin® x + cos® x 1 - 3cos? 2x 44 2
= arctg tg;x +C.

pHCCMOTpHM HEKOTOpHE CICIUAJbHBIE METOAHI.

inx—3
Ilpumep 6. BouucanM S ST 205X dy,
4sinx4 Scosx

PeweHnune IlpexcraBum unciaHTens (sinx—3cosx) B BuIe JIH-
HefiHOH KomOuHauuu 3HaMeHaTeast (4sinx+5cosx) u ero npouason-

HOH, T. €.
sin x—3cos x=A (4sin x+5cos x) +B (4cos x—5sin x).

Has Haxoxpnenus kosddunuentoB A 1 B uMeeM cucremy

1=4A—5B 7
{ ’ OTKyza A:———l, B=———l—,
—3=5A+4B, 41 41
NO3TOMY
S su.1x—3cosx dy — — 11 S4s%nx—|-5cosxdx__
4 sin x 4 5 cos X 41 4sinx-+bcosx
17 Sd(4s'lxlx+5cosx): 11 — 17 ln|4sinx+5c05x]+c.
41 4sinx 4+ Scosx 41 4]

2 si —
IMMpumep 7. Bouucaum S ?mx'*"cosx L .
sinx —cosx 4 2

Pemenue. IlpeacraBum uucautens (2sinx+cosx—1) B Buae
JIHHEHHOH KOMOMHanuyd 3HaMeHaTeJas (Sin x—cos x+2), ero npou3BOA-

HOH ¥ KOHCTAHTHI, T. €.
2sin x+cos x—1=A4 (sin x—cos x+2) +B (cos x+sin x) +C.

Ins naxoxnenns kos¢pduunentop A, B u C nMmeeM cucremy

2=A+B,
= —A+4 B,

OTKy1d Bz%-, Az—é—- C = —2. Ilostromy

sinx —cosx+ 2 2 Jsinx—cosx+ 2

S’Qsinx—}-cosx——l dy — 1 Ssin.r—cosx+2dx+

+__3_;_S .cosx-{—smx dx—QS - dx _
2 Jsinx—cosx+ 2 sin x — cos x + 2
1

=?x—|—.—z-ln|sinx——cosx + 2| —
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__2 dx .
X x x :
2 sin -22:- cos—f-z— — cos® -;-— + sin® Y + 2sin3 Y +- 2cos’-;—

s ¢y
=-—x+4 —In|sinx —cosx + 2| —4 =
2 2 31(3”1 2tg> 41
cost o {3tef o+ 2tg o + )

1 5 _ 3tg-§‘+1
=_é_x-q__—2-ln|sinx-——cosx+2| —272arclg 5 +C.

2sin*x 4-3sinx cos x4 5cos? x dx
sinx—2cos x .
Pemenue. IlpencraBum Buipaxkenne 2sin?s+3sin x cos x+5cos? x
B BHJe

[Ipumep 8. BHHHCJIHMS

2sin?x+3sin x cos x+5cos?x = (A sin x+B cos x) (sin x~—2 cos x) -+

+C (sin?x+cos?x) .
IAas naxoxpneHust kosdduunenros A, B u C umeeM cucremy
9 19
3=B—24, OTKyaa A;-—-;, B:"%' C_____.s___
0= —2B4C,
ITostomy
S‘25in3x+3sinxcosx+5coszxd _
sinx—2cosx o
=~ cosx—2sin x4+ 19 dx -
5 5 5 sin x — 2 cosx
24 tg —
g —
9 . mE
z——cosx_——3-51nx-i— ! 2 =
5 5 Qt 2_£_ 21 __x_. o
g A 21tg 5
X | l/g
9 3 19 R
== ~—C0§ X —~——Sinx + —In — |+ C
5 5 5V5 o I V'S
ey T Ty
3adaqu
Ha#fitu nHrerpans:
203. g—‘-‘—"_ 204. S-———J-f———-—
3+ sinx 14+ 5cosx
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205‘5‘ . +ax 206. S‘cosxdz
sin x

2cosx+6 2—cosx
——— 208. ——————_
207. §31n2x~51n 2 .S 1 4 sin®x
dx dx
209. \ —m— 210. )
209 Sl—}—cos“x' S(sinx—i—cosx-}—l)’
211 sinx dx 212. S’ sin x dx
) Scosﬂx—-Scosx—}—T si?x-—3sinx+2°
213 cos xdx 214 S cos 2x dx
) Scoszx—5c03x+6' sinx -+ costx
215 sin 2x p 216 S sin? xcosx dx.
) S sint x+cos‘ ' sinx -+ cos x
217. S 218. g_—-‘-- dx.
I +cigx
219. S sin % dx. 220. S-_S'-m—‘?f—dx.
2sinx 4 3cosx I +sin? x
cos 2x cos 2x dx
—_—ax. 222.
221. 5l+cosz dx S sin® x cos x -+ cos® x sin x
223, S'__fis?-’i—- dx. 224, Siﬂiﬁf—_ dx.
sinx+3cosx ! 4cos? x
*  sin2x dx
o\ ————dx. 226, \ ———,
225 5 1 - cos? x dx Ssin“x—{—cos’*x
997 P14 tgtx dx 9298. S sinx +cosx 41 dx.
] (4 +-tg?x) tg3x ) 2sinx4-cosx + 2
929 2sinx 4 cosx dy 230. S 1+ 3sin?x 4 2sinxcosx dy.
] (2 cos x— 3sinx)? ) sinx—2cos x

§ 7. MAHTEYPUPOBAHUE BbIPAJKXEHUH,
COAEPKAIIUX PANHKAJADBI

I. HuterpupoBanHe QYHKUHH BHAA R( V ax—l‘ﬁ\ rie R — pa-
, yx—}-ﬁ

IfHoHaAbHass (YHKIMS JIBYX apryMeHTOB, m — HaTypaJibHOE YHCIO,

a, P, vy, 6 — HEKOTOpPHIE KOHCTaHTHL.

ax -+ —ym

ye+ 6

Torga x OyJeT HeKoTopas panHoHaJbHAas (YHKIHA @(f) H uHHTerpan

34aNHILIETCS B BHJE

JR(9(?), Yo' (1)d4,

rjle NOJbIHTerpasnHas (QyHKUHS ecTb paunHoHaspHas ¢yHkuusa £
¥/x+1 dx.
B—Vx

I1pn uHTErpHPOBAHMH TAaKHX OYHKIHA I10JarawoT

4

Tlpumep 1. Buuucium
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Pewmenue. IlogoxuMm Yx=£ Toria =dt, 1. e. dx=2td¢

dx
2y x
’/;Jrl,dngli'—l-.fztdt:izs ““ dt.
22—V ot 3

Pasnarag pannoHaabHyo QYHKIMIO tta—ill B CYMMY NpOCTEeHIIHX APO-
Oefi, umeeMm
Vit oo A0 4 20 2 gy A gy —
xz——q/x t—1 24t 3
t2—2(+1
——In| 2 1 C=-——l —_— 1t C=
3 ln[ LU 3 B4t 4 *
2 x—2Vix+1
=] = C.
3 & x+2Vx+1 +
dx
HPHMep 2. BbI‘IHCﬂHMS—-_—_——‘}—__'.
Vi+vy'x _an
Pemenue, Ilonoxum f/x_=t, TOrfa — de=dt, T. e. dx=

=413t u

S“‘:‘qir-:=4'g £d =4S s “—“45(1‘—--14—*——1———) dt =
Vityz 1t t+1 t+1

—4 (—tg——t+1n]t+1|) +C=2Vx—4 YT+4ln|yr+1]+C

dx

VE=1PGET2s
Pewenue. IlpeobpaszyeM noabiHTErpaJbHyr0 (PyHKIHIO K BHAY

1 1 ‘*/(x+2)3
V=1  (x+2)? x—1/"

x+2

flpumep 3. Boluucmum

Ilonaras =1{*, uMeeM
x__
4 4 —1
P L P S LR Pt - TS
#—1 #—1 (14— 1)2
Torja

dx :j‘ 4 (x+2 3. dx _
V=13 (x L os x——l) (x+2)*

210

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

Z‘S'ta (f4_l)3. (— 12¢3) dt:S__i_c_i_t_ :....i.._l....f_C:
9re (tt—1)3 3 ¢ 3

__ 4 x—1
T3 x4 2 +C
o R (x)
I1. Unterpuposanue GyHKUHE BHAA vyl rie R{x) —.

palHOHaAbLHas ¢GyHKIHS.
Bupensia ua panuoHanwbHOH apo6u R(x) meaywo uacte — MHOro-

uted P(x):R(x)=P(x)+ (2((;)) — H packJaawsBasg Apobb -g%)-
x
B CyMMy TpOCTeHWIHX ApoleH, BHAUM, YTO HHTerpupoBaHue (PyHKnuK
1/&_’5—%%@——0 NPHBOAHTCA K BHUHCJEHHIO HHTErpajioB CleAYIOUIHX
TUIIOB:
P (x)

a ————dx, P(x)—MHOrouJeH;

) SVax2+bx+c » P @)

6) Ads , A-—Koncranra;

(x —a)® y/ ax? + bx ¢
(Mx + N)dx

B)S ——

(# + px+ @)™y ox® + bx + ¢

M, N —xoHCTaHTH H TpEXUJEH

X% -+ px + g He VMeeT ACHCTBHTEJBLHLIX KOpHEH.

¥YxaxeM MeTOAHW BBIUHCJEHHS ITHX MHTErpaJos.
a. Moxno mnokasats, u4To nepBooOpasHyld a8 QYHKIHH

V_’Lffz_—l-” rpe P{x) — MHOrouJeH CTeneHH n, cjlefyerT HCKaTh
ax X c .
B BHJE
P(x)dx — ] + S 1
S Y s br1e QW Vaxt +ba+c -+ Vm' ()

rae Q(x) — MHoroulen creneHH (n—1) c HeomnpeneneHHBIMH KOS(PH-
UHEHTaMH, A — HeH3BeCTHAas] KOHCTaHTa.

Koadduunentst MHorouwteHa Q(x) H uucA0O A HaxoAsATCsl IPH MO-
Molu anddepeHuupoBaHua Toxaecta (1).

(3 —2)dx
4, e
Ilpumep Briancaam oV
Pemenune. Ionaraen
(x3—2)d * T dx
]/_—x9+x+l =(ax*+bx+ ) Va+x+1+A j-—-—-—-———-—-V s
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JudbdepeHuupys 370 TOXKISCTBO, HMeeM

x3—2 , sl
V——-————-———m—-(2ax+b)}/ +x+ 14
n (ax? 4+ bx 4-¢) (2x + 1) A
2y X2 Fx 1 Vas+x+1
OTKYy/4

9 (x3—2) = (4ax+2b) (x2+x+1)+ (6x2+bx+c) (2x+1)+2A,

Jlasi HaxoXJeHHsS HeomnpeleneHHHX Ko3bduuuedToB a, b, ¢ u A noay-
daeM CHCTEMY YpaBHEHHH

2 =4qa 4 2a,
0=4a + 2b4 a -+ 25,
0=4a+2b+ b+ 2c,

—4=2b+4c+2A,
1 5 1 2
OTKyZa &=, b-————;é—n €=——=, A= o
ChenoBaTtesIbHO,
(1 4 5 ., 1 2 1 —
SVx2+x+1x (3x 127 % )Vx+x+

«-—-x’——-—s—x———-—)]fx’—{—x—i-l——

S‘/(H_;_)gjL% (3 12 2

+C.

_% Y o ovarsT
" lnlx+ > + V4 x+1

Adx . 1
NOJACTAHOBKOA (X—a)=—
(x—a)ky ax 4 bx+c

6. Wnrerpan euna p
UPHBOJAUTCA K BHJIY, PACCMOTPEHHOMY B IpeABAYILEM IYHKTE.

dx
[Ipumep 5. BbuuCIHM \ ———m,
P P x? Y a1
Pewenne, Iloaoxum x—_-—-:-, Torpa dx —= ——-:—2-— dt uw pm >0

HMeeM
S dx _____j' 18 dt _ t*dt _
By el / . S
nl/ 14—
Vot

[y

¢t
V141
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=~—-m———§ﬂ——-—%—ln\t+]/1+t’|+ln\t+‘[/l Tl +C=

.-=__‘V;+"+ ; Inlt+VI+8|+C, f==—1;.

B. PaccMOTpHM BBMMCJICHME HHTErpaJa

Vad Fbx fc(+prt+)™
Ilpepnonoxum BHauage, 4To
ax*+bx+c=a(x*+px+q).

Torna
Mx+ N 0 (Mix Ny dx
S dx= Fi/3°
(4 px+q)™ Vas® +bx+c (x3 + px + )" T
ITockoabky

My + N, =23 25+ p) + N, — 22,

T0

(___ Mzt N g :CS d (2 4 pr+q)

.j (xz+px+q)m+1/2 X (x’+px+q)m+l/2 +
dx

5 S(x'+ px+ qymi2e

IlepBuifi 3 MOJYYEHHBIX HHTErpaJjioB Taﬁnnqﬂgxﬁ
X

Jas BHUHCIeHMss  HHTerpana EFPICIE
noacranoska AGeas: t=(Vx*+pxtgq).

B o6mem cayuae, T. e. €CIH OTHOLIEHHE TpexduieHOB axi+bx+c #
x?+px+g HemoCTOsSIHHO, B HHTerpaje JAeJaioT 3aMeHy TnepeMeHHOro
TaK, YTo6u BO BHOBb MOJYYEHHBIX TPeXwIeHaX OJHOBPEMEHHO HCYC3JH
YjieHn C MepBoOifl CTenmeHbio. DTO JOCTHraeTcs, HalpHUMep, C MNOMOIIbLIO

npHMeHseTcs

ot
ApPOGHO-NTHHEHHON IOACTAHOBKH Xj= t-:—lﬁ ,
€CJIH p:;é——{)—-, 7| x-——-t——-——p—, ecyid p==-—,
a 2 a
B pesysbTate nosyyaem HHTerpaJ
S At - B
(B A)™y 8 47

Jlais BHIUHCJIEHHS 9TOro HHTErpaJjia IpeJCTaBHM e€ro B BHJE

S At dt + dt
(B4 A YoB +r I(tﬂ+1)m{6:=+r
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K nepeoMy H3 9THX HHTerpajoB mpHMeHsieM NOACYaHOBKY u =} '+ r;
a KO BTOPOMY — nojCcTaHOBKY v= (¥ Gt’ +r).
ITpumep 6. Bouucianm

i
Peumenune. Ilonaraem

_— 2% -+ 1
t:: 3 2 = ——————
(V2 +x+2) Ve et

TOrjia
PP +x+2)=4x 4 4x+ 1=4 (224 x4+2)—7,
OTKYZa

—7
42— 4

Iapdepeniupyss paBeHCTBO
tVa4+x4+2=x+ -512-—

¥ +x+2=

HMEEM

(2x+ 1) tdx —dx
2V A+ x+2 ’

dt Vx2+x+2+

OTKyZa

dtV 24x+2+4+ dx=dx.
Urak,
dx _dt
Yeafrz+2 11—’

NO3TOMY

x — — 1 =
S(x2+x+2)w Vit x+2 (224x+2)2
_(_dt (44 18 0 =£( _._‘3_) —
S . 5 j(l ) dt =—— (¢ +C

11— 49 3
16 2x 4 1 1 ( 2x + 1 3] ",
49 [2Vx2+x+2 24 Vx=+x+2) :

(x—}-2) dx
Ny 42"

[lpuMmep 7. BomuuciuM S o

Pemwenue. Humeem

x-+2 dx=5' xdx + dx
S.;(x*+1)l’xﬁ+2 (B + 1) VT2 TESYZ ek
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xdx _1 1 1 2zdz
S(x‘+l)Vx“ 2 2 (u+1)Vu+z S(z*—ml)z

___L z Va2
‘"Sz' 2 ,z'—F"lJrC— »/x=+2+1|+
2dx

Jifs BRIYHCJICHHA HHTErpala . e [IOJIOKHM
A P (1) V42

2 —
t—'(vx +2) }/‘m
Torpa 2 = * , T. €
x4 2
g 2 Iy
=, tVa+2
. Y xt dx —dx dx _ dt
R s R = S
ChnenosartebHO,
2dx . . ___S _
(2 + 1)y BF2 —S 1—¢2 9 1+t"

| I i

=2arctgt+C—_—23rctg-‘-/-;‘§—_—Jr?

x4 2 v I/x’ 2 — 1t l+
j(x=+1n/x_=+2 "2 Nyarei1
x
+ 2 arctg Vm+c
dx

Ha npoMexyTke x >0

3ameganne. Haterpan J (

XL 1) Y242

F e d
(x < 0) sameno#t uz—:-; OPUBORHTCHA K BHIY 5 P du

DY1+4+2u

A x4 -7 d
—— GX.
(#+1)¥Ya+1
x4 134 dx—7
X841

IIpumep 8. BryHciaum

Pemenne. Buaeass ua npoGu MpaBUJIbHYI0 4acThb,

HMECM

x4 x3 - 4x — -—8
T ‘—x+l+ x°+1 .
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3x —
x4+ 1
3x—8 A Bx 4-C

x4 1 x4+ 1 —x4+1’

oTkyaa 3x—8=A (x2—x+1)+(Bx+C) (x+1). [losaras B 3TOM paseH-
cTBe x=-1, HaxoxuMm A=-—11/3. U3z paBeHCTBa A+B=0 u A+C=-8

1
HaxoquM A=—B= —— C_-—-————.
3 3

PasnoxuaMm apolb

B CyMMy npocTefiuux npoGeh

CaenoBaTtenbHo,

11
— ——dx

S a4 —7 dx — x-41 +
(B 1)y 21 L/xwl J‘(x+1)1/x*+l

11x— 13 .

+ 3 S(x’-x+l)]/x’+l ds;
x4+ 1
Vet
Oas x4+ 1 >0 umeem

dx=]/x”+l+ln]x+'l/x“‘+ll—}—c.

i S‘ dx _ 1 dx ~_
3 Ja+nVeri 3 S ‘/’ 5 5
Gt Y-t e

. 11 u
3 jfl—-—Qu—}—ng
11 1 1 2 2

= - In [ J——
3¥3 x+1 2+V1 x+l+(x+l)2|+c

Takum o6pa3om,
A3+ 4x—7
(P+ Y41

de=V+1+In|x+ Ve E1|+

i1 1 1 [ ox2 i
= — +V s
32 |x4+1 2 (x 4+ 1)2

=V 1+Inlx+ VB L1+

In

1ix— 13 .
+ +—5(x3—x+l)Vx2+ldx—

! /x2+1 ‘_

In| s — —
TP
——Q—arctg‘/ el 4 | VEEFD VR4l
3 (x=1*  ¥3 Ve —yBx+1)
BriynciieHne nocsegHero WHTerpajga paaobpaHo B CJAEAYIOLEM TpH-
Mepe,
ilx—13

[Ipumep 9. Bouncnum S(xﬂ—xqtl)]/m dx,

+C.
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Pemenune. Tak Kak OTHOUWeHHe TpexujJeHOB x*—x+1 u x2+1 —

He KOHCTaHTa, fojaraeM x = O;‘:F . Torna
A —x+ 1= a¥? 4 2af P2 —(at+P) ¢+ 1) -2+ 2+ 1
(t+1)8 ‘

IlpupaBuuBas K HyJ0 KO3p(QHIUHEHT fpd { B HHCAATENE NOJYYeHHOH
ApobH, uMeeM COOTHOHIEHHE MeXJy a H P

2af—a—p+2=0.
IMockonbKy
Apl= a2t? + Q0P + P2+ 12 + 2441

(¢t+1)? ’

TO, NIPUPABHUBAsl K HyJK K03(d¢HIHeHT Npu [ B YuCAHTENe 3TOR ApO-
6y, nosyuaem elne OJHO COOTHOUIEHHe MeXn1y a H PB: 2ap+2=0. U3
CHCTEMHI

{ 2af—a— P+ 2 =0,
20 +2=0

Haxoaum —a=fp=-—1.

CJIE,I[OBaTe.HbHO, B JNaHHOM HHTErpase€ HaAo CACJATh 3aMEHY
f—

X = 1 Torpa umeem
a__ __P+3 s 242
F—xtl= (42’ x+l“(t+1)"
[OITOMY
Hx— 18 =——2=28 e 2 4,
1 (¢t 4 1)2

11x—13 dxz—Qij (t + 12) dt
5 (—x4+ 1Y+l By 2+1

Ilanee, nMeem

,‘. tdt Sd,/tz_u _*S- _
(B4+3)y 1 £ +3 ut+ 2

VEL]

1
arctg —— 4+ C =—— arct — +C.
v o yE Ty e
Il BblYMCaeHHS 5 T S)d:/'trﬁ_ cAeslaeM MOACTAHOBKY z = (/12 + 1)’
I/IMeeM dz . dt tz + 3 o 3— 222

1] —22 °

1—22 Bl
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S dt _ dz l_ln )/E+z)/_2_ 1C=
(24+3) YV BF1 3—22  oy% V3—2y2
_ 1_11_1 V313 +1/'E"t LC.
26 Y 3343 —y2 ¢
CnenoraTenbHO,
j. 11x — 13 dx:=—-2arctgyt2_i'l .
(22—t DY B Y2
—4YTIn V3rf3 +y2¢t LC,
Vaerfr3—y2t
rae { = du .
I —x
3adaxu
BruyHCANTE CAeayiOmHe HHTerpassl:
x 3+ 2 dx
. 232. —
231. S S 32 Jxaﬂaﬂ
iUy dx
233. i B 234. SR
33 y1—%" 3 (14 ¢y 1 —x2
235. (Y245 g 236. S —
x4 2 (x* + x)
xt—5x3 4 6x—7 9 8 x2 1 d
237. o dx. 38.3 o=
dx 3
239. Y o S 240. S(x—i—l)"l/x +4x+ 1dx.
— 1 x -1
. dx. 242,
241 Sx;/1+3x2—|-x4 x J (x® 4 l))/3--—x2
243. P St L dx. 244. s
(x342x— 1) Vx—}-)/;'
245.5 dx , 246. “/"“
Vx (x+i)= *
247. j . 248.‘Y
(x+1)2 (x —1)7 (x-—l)/x
249, S . 250. 5 d
Yy 2x —1 S T (3—z2)y 1—x
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252

' j- 1+ V%
Vi- Vo) V7

§ 8. 3AJIA9YH HA PA3JIHYHKIE METOAH

MHTErPHPOBAHHYA

[Ipumenss pasnHuHHe METOAH, HafTH CJlelyOLIHe HHTETPasH:

253. S———d"——-
xInx—x
dx
255.S e
) 4

257. S-——‘?—-
e3r 1+ 6

259. S Xdx ,
(1+ 2)2 (2 + x)?

261. { —2 — dx.
: .(V1+x= ¥

263. ! dx

sin®x

265. S ST g,

cost x

267. J' *_ dx.

sin? x

dx.

269. len
1 4 x3

271. 5 dx
(1 + £2)2 (2 + 9)°

273. j dx

sinfx—5sinx+ 6

275 5‘ sin 2x dx

sindx —costx

277 j‘ cosd x dx

sin® x

279. S x®arcsin x dx.

281. S—ﬁ—— dx.
e4x 44

254

256

258.

260.

262.

264.

266.

268.

270.

272.

274.

276.

2178.

280

282

x 41
' vV 2lnx+ 28 d.

x3dx
'5Vﬁ+ﬂ'
j_ﬂ___ dx
13 (1 —x)

dx
S 1+ (1—x)?

¥ 4

cosd x
J. dx.

sin x

S x® cos xdx.

X
. dx.
sin x

dx
(x+1) (14 2)*

dx
S 2+ sinx+cosx

cos xdx
cos?x —3cosx 42

dx
sinx - sin 2x

S x arcctg x dx.

. 5 x3arctg? x dx.

dx
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3
283. .Yx’(l - %) 2dx. 284. j'°°5 x
sind x

285. 5 S — 286. S Vit2yE .

sin® x cos® x {;({;—_*_ 3/;)2

dx ox — 1
287. { —mM8—, 288. e A—
S sin® x cos® x 58 S ¥V 3—4x% F 8% dr

289. 5 dr . 290. j' _ dr _

(%‘y;__‘}'/;)(;/; 42 ?/;)2 2sinx 4 3cosx +5
201. 42 . 292, J' 47 v

YV 3% —6x 13 ‘/xﬁ Vx-l-]/x)a

| L
293. S Vi35 4r 204 5' dx ,
Vil ay)? x—V) VI =10z 17

295, dx  296. j‘x*+1
(x— 1) (x — 2) (x — 3) (x — 4)

207. WA x—2 gy, 208. { L4+ dx.
(x— 1)3 (22 + 1) X x®fx )
209. { -1 4. 300, j' X244
(2x+1)8 (x—2)4
(x*—1)° xv—i-l)
303. S___________ 304. S x(]+2x!
x3 (x4 1)
305. S xdx 306. g .
x84+ 1 xa(x3—4)
xidx
307. S W.
308. ('( ) /) _x
J ‘/ x4+ 1
dx xdx
" prmt———— 310- ———— e .
309 (x+ 1)V 3x* { 4x .g(x2~—3x+2),/x2—4x+3
311, | dx 312 S cost x dx
' J (2sinx—3cosx—5)t ] sin x (cos® x + sin3 x)
dx 1
313.5 . 314. j'-——---—-dx
VE s+ vE) =1
220

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

3m.y
3n.5

(x* — 1) dx

(4 x+1)% 7
dx

(x— 13V 2—2% °

319.‘Yx‘1/1—%x2 dx.

321. Sarcsin l/ X _ dx.
x+1

323.

325. 3 tg® x dx.

327. § ctgdxdx.

3mpg
3m.f

333.

335.

3%.5

3“'5

3%.5

3%.5

3#.5
349. S

S(x‘—l—3x+2) y3—dx a2

S 51nx+tgx )

3W.S

dx

sinx+ctgx

cos xdx

cos? x - sind®x

(x243)%%

xdx

-l/l“—;/l——.vc’a
x— 1 dx.
x4 1

dx

o (14 x8)

B (L— )

(1 + x%)®

3m.j x4 2 dx.
(x7— 1)y 14 xt

3w.g = ____.
(A—1)y 1 —2?

dx
320.
S‘ IR VA -

322, ('__._fiiﬁ___

J 2—xt o x0’

3M'S“_£L“'
sin x cos®
3%.g
sm“m:os2
398 S‘ sin? x
) 059 x
3mLS
mhtccrs‘l
239 S Ry R dr
(x+1)(a—3"3FT)
334, S‘ cosxdx
J sinx—5cosx
3%.S_wﬁ;__
cosx +tgx
338. (4
J cosx -+ ctgx
a L 3x+1
40. i d
¢ S’(xZJ,—Qx—-I)WQ ¥
349 S sindx dx
) cos x (cos? x -} sind x)
344. F ax (a==0)
(Y 3a+y —a?)
346. S ol
x8—5xt —5a8 -1
3%.5__Eth
X (14 x4
350. S
Wl)i
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351. Sln(—x+|f1+x2)dx. 352, S(e"—sinx)’dx.

353. j' (arccos x)? dx. 354. (T — 2)2 e*dx.
—x

355. S —Vl—x——;—- arcsin x dx. 356. j cos x dx
— X

sin®x — cos® x

357 sin® x cos® x dx 358 S’ dx

) (sind x 4 cos® x)3 ' ] sin® x — cos®x
359 dx 360 2sinx —cosx+ 3 dx
| §3ctgx+2sinx' | SSsinx+COsx+1 )
361. S‘ 2 sin?* x + cos? x- dx. 362. S cos x sin x — sin?x dx.

sinx -} cosx 2sinx 4 3cosx

dx x3 2«24 x—1

363. T 364. —

(x+ 1Dty 0 —2x Y xtp2x—1

365.S Va1 40 366. Sx’"l/xz—}—tlx dx.
X

dx dx
367. | 1 368. 52+V?'
- 3 -
369. S-l—*—‘f{- dx. 370. S—‘/—"’—_—dx.
1—Vx 14+9x
o
371. S L I— 372. S et 1)* gy
Y FEGFIR (r—=1"
373. 2 dx. 374. SZ“"/" dx.
]/x+l V”x_—l—l
375. —x 376. 2—x
S.v 1+x * S l—x
377. 5 V¥ 4 378. 5
14+ Y Y 12 +Vx+3
379. S( L )3”2 dx. 380. S——-—d"—S-T
1 4-x Vi—yx
381. 1=2 gy 382. SB d
(1—3¥x) Y x—1)2(x+1)
3
— 4 —
383, (VX3 4y 384. S ‘/1"; VE 4y
32—V X
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385.S & 386. S x— 1 dx.
xy T4« Vx+1 43y (14x)°
387. Vrrl 42 40 38 S 4 ax ,
(x+ 12—V 21 V x—2) (x - 1)5
389. (sin x — cos x) dx
(sinx - cosx) ¥ sin xcos x | sin®x cos? x
390. S o
sindx + cos®x
dx x
391. — 392. dx.
Scos“x+cosx-]/ sinx cos x S cost x *
393. S elxt2) g4y 394. S £SInX T COst gy,
(x+3)* x?
395. lex—lldx. 396. ~(|1--4x2|dx.
397. Smin (Vx, 2)dx. 398. \'max(jxl, 4) dx.
399. Imax (4—x2, 2)dx. 400. Smin {b—x2, 1, x¥} dx.
Orseror *
12
1. 4x— 8x3/2+-—9-x3. 2. ix5/4+£—x‘3. 3. ————1-—+2]n|x]+x.
2 5 13 x
4 Injx|— 2 — 2 5. 1 43njx 43+ . 6 — x +
X 2x2 X 2
+ J—ln} L4 1. —x + 7“_ arctg —— 8. Ip_ln x—‘/i —
2 I —x 3 V3 8y'3 |x+V3
1 x—1

S arctgx. 9. — In '-—- —l—arctgx. 10. arctgx — -—1—.
4 4 2 x

x+1
11. 2arctgx + In|x|. 12, arcsinx+]n[x+'|/1+x2|. 13. 1n|x+

+ VE—1|—In|x+V*+1 | 14 1 arctg "/—i—x

Ve
5. ___‘:-m' V3x=VT | 1, arcsin——. 17. ——In|VZx+
2y 21 V3ixr V7 V2
52 B 1 Y aE 7 25
+V22+5]|. 18 v In| V3 x+V3ZE—=7]. 19 —
2100 & gy, ! (_1_ ST 2/ (.L) 21, 3%
In 10 In4 2In9 9 ) In4 4 In30

* B oTBeTax 3Torc pasjeta palH KPaTKOCTH NPOH3BOJbHasA aAJHUTHBHad no-
cronaHHan C onylleHa,
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3x

\ X x 2 - =
22. (32 ) L 93 x4 2 [ 42 2].
5 32 2 in2 3

95, Ly SNX og X L SOX  og v ctox. 28. — —tgx—
* 2 2 + 2 sx g% 4 s

*—i—-ctgx. 29, —x —ctgx. 30. tgx—x. 31. —cosx 4 sinx.

32, 2shx—3chx. 33. —thx+4x 34. In|x—1}. 35. _lé- In]2x+ 3].

36. In | XE2 I 37. Ln| =2 I 38. xIn|l1+4x|. 39. Lox—
x+3 3 x 42 2
1 (x — 1)1t I 1 -
—_— . 40, 41— (2x +-5)'8, 42, — (1 — 29,
" Inj1+2xj. 4 1 % (2x +5) = (1 3x)A
s . s
43. — Y T—<3%x . 44.-:-35-—(1+3x5). 45, — (1 +40) 15 |
| 5

ooy Lo L —ony 2 1 9
46, = (r—27 + 1 (r—2% 4T. ——(1 —29 (1 — 2002,

48. -i— (x—2)5/2 + -g—(x——2)3/2. 49. %(1+3x)3{2 —-_%.‘?_(1 +3x)12,
50. —(’-‘+T”2—-2x+21n|1+x|. 51. -;— 3 4 %er—g— In|2x—1].
52. ——%g(l ) 4 2(1 — gy _-?5— (1—x)° 53 VE—2 —

——-4ln]x-+ V2 —2|. 54. x; + 2In|x? — 4. 55. -—;-—arcsinx“.

56. 3V 2+ 4 —In|x+VE+ 4| 57. V2 —10 +21In|x + V10|,
58. -E—i%——arcsin VT 4oV [2a 59.-_—;-(1 — x3)372, 60. ——~;——(1—x")°.

1

61.-—-1——arctgx2. 62. 1% In x3—-]/5_ . 63.—2—-]/3-+ x>, 64. — : .
2 695 B+ V5 5, 4intx ‘
65. 21/Inx. 66.In|lnc+3|. 67. —V-‘f—;}'ctg ]‘;*g . 68. %ﬁln5/3x.

69. —e*—2Inj e —1]. 70. In(14ev). 71. —--é- cos5x. 72. 7;sin}-—’1’—x.
73. _;_.[;.:1?.6 cos(a—P) x— ;_41:6 cos (a+f) xJ . 14, ~—;-—[ EE; sin(f—a)x +

1. 1 1 1. 1.
+msm(a+[3)xj. 75. ?[msm(ﬁ—-a)x-msm(a—kﬁ)x].

1. 1 1 : " 1 :
76. oo s1nmx-——&—[—§-:a—s1n(2—-oc),x+ = sm(oc+2)xJ.
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3
TG s(B—1) x m—mcos B+ DHx— YR cos (3 +B)xr—

cos(ﬁ—B) x. 18. —%cosx”. 79. 2sinVx . 80. In|14-sinx].

8(t3
1

T 8B—3)
81. -—J—;——-i—sm% 82. —+-——-—sm2x 83. -E—x——cos.‘Zx—i-Tsxanx.

84. sine*. 85, —L_[n| ¥ 2dsinx
2y2 1/2 —sinx
88. -;—lnltg_a’i_ 89. In]tg (_i.+_“_)l 90. —In]cosxl.

1
t — 94, ——
Fie(5 5l
95. —%]/1—4 sinx . 96. —~]n|cos x+V1+cos?x |. 97, In|1+tgx|.

1
. 86. -—Tctg 7x. 87. —8—-tg8x.

91. In|sinx|. 92. tg-;—.

snx
V3

101. —%—ln (1 + 4x%) +—;— arctg3/2 2x. 102, % (arcsin® x 4- arccos? x).

98. —ctgx +In|l +ctgx|. 99. —?12- arcsin . 100. ——-é— arcctg® 3x.

103. _-i--v 1 —4x® + —;—arcsirﬁ 2x. 104. — Y1 —x2 ——i-arccos5/2x.

105. —%—- sth——;— ch2x. 106. — 2cth2x. 107. — xcosx + sinx.
2

108. 2= +-1—x sin2x +—i—cos 2x. 109. —S—-sinx -—-ixcosx L sin3x-4-
4 4 8 4 4 36

+ —é-—xcosSx. 110. xtgx+Injcosx|. 111. .__x;_.__xctgx—i—lnlsinﬂ.

2. —* Ko Ty _ 2 _
— In’tg(Q -+ 4)i 113. x In% x 2xInx + 2x.
Inx 1 x3 x3 x2 1 1
114, — —— 1158.—In(14-x)— — ] .
X, X 3 (l+x) 9 + 6 3x+ 3 n(l+x)
113__’i_1n( UL ___‘_. L arcte e —F
5 14 pul el In|1+x]|. 117 5 arctgx S

18, ZV2—x - arcsinr. 18- V315 + ——-—-lnlxﬂ/x2 13 .

120. xarctgx+—2~ In (14x%). 121. xarccosx—} 1—x% . 122, —arc’tgx——~

1 1 e —

—-——6—x2—§--6—1n(1+x2). 123. —%—-arcsmx—-—i—-arcsmxﬂ-—;-; 1 —x2,

124. 2xarctgx-——}n(l+x‘-’)+-—;—- arctg®x. 125, asmﬁx_ﬁﬁcosﬁx eox
a2+ 2

126. ;C 4 2598 (21nx) "*l‘ozx sin (21n ) 127. tgx - Incosx + tgx —x.
2 1 1 —_ . 3 sin2x sin 4x

128. X arccos — —— . V*—1 -signx. 129. 2 x— + .
2 X 2 v‘ g 8 4 32
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393. —° 394, 9%

x+3 x
x3 x2
X x>
3 2’ =1
395.
x8 x? 1
_ — x <1
3 + 5 3 <
[ 4 2 I
—_ —_—x = x> —;
X+ 3 + 3 > 5
396. | x — — &3 |x|<-—l—'
" 37 T 2y
A a2 1
X+ 3 x 3 x < 7
— %2, 0 x4 xz
307. 308. |5 T8 >4
8
2x —3 X >4. . :;“ _ 8, x<— 4.

3 —
{4y — i3— x<V'2;

399, | 2y -+ 4‘22 xSV

2x — 4‘3{2 L —V2.

r5x—-f§—+6, X< —2;

2
x+-§-, —2<Lx L —1:
00 | 2 e 1

x——-—g?-)— 1< x<C2;

Bx — i;--e, x> 2.

.
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Taasa Il
ONPEAEJIEHHbBIA HHTETPAJ PUHMAHA

§ 1. BBIHUCNEHUE ONPEXEAEHHOIO HHTEFPAIJIA.
NNOHATHE HECOBCTBEHHOTI'O HHTEIrPAJA

Onpeneanenne. Ilyctb ¢yHruns f(x) onpenenena H orpaHu-
yeHa Ha ortpeske [a, b] Koneunyio coBokymHocTb Touek {Xp}}',

a=xo Xy <Xp<...<Xn=Db
Has3oBeM pa3buenuem orpeska u obo3nauuM uvepes T. Ilosoxum
My= sup f[fx), m,= inf [(x), 1<<k<n

xp ySESE By | SESE,
Torpaa

S(f, T)= z M, (x,—xn_1) —eepxnan cymma Hapby,

Re=al

' n
s(f, T) = Z my, (x, —Xp_1) —HUNMCHAR cymma Hapdy,
k=1

I, [a, b =inf S(F, T); I(f,[a, b)) =sups(f, T).

Hans awo6oft orpanuuendoli GyHkuuun f Ha orpeske [a, b] umeeMm

I(f, [a, b)) <I(}, [a, b]).

Onpenenenune Ecau I=I=I, o pyHKuusa [ Ha3HBAeTCs HH-

TerpHpyeMoR B cMmuicie Pumana Ha [a, b] u uncno /I nasuBaercs on-
b

pedesennoim unrezpasom ot f uo [a, b]. O6o3navenue: / =j‘f(x) dx.
a

3T0 onmpejlesieHHe 3KBHBAJIEHTHO TaKOMYy: myctb T — paabuenue [a, b]
H {E,);_,— COBOKYIHOCTb TOUEK TaKHX, YTO Xx<Ep <X, k=1, 2, .., 1,

Toraa f mHTerpHpyema Ha [a, b], ecan

i :
lim Y F(8) (r—x) (1)
max(x,—%, ;)0 el
CyulecTBYeT H He 3aBHCHT OT Bubopa Touek ({E,)_, u pasGuedns T.
Ecan ¢yukuus [ HenpepmBHA Ha [a, 6], To oHa HHTerpHpyeMa
Ha [a, b].

1
[Ipamep 1. Bounciaum j{*/;a sin® xdx.
-1
Pewmenne, Tak xak ¢yukuus i"/x2 sinfx  nHenpepHBHa Ha
[—1, 1], To oHa muHTerpupyeMa, T. e. MOXKHO HalTH BeJHYHHY Npe-
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gesa (1), BnbHpas HEKOTOPYI YIAOOHYIO NOCJ€L0BATEJbHOCTh pas-
6uenuii Tm H TOYEK §;, COOTBETCTBYIOLUHX JaHHOMY pa3bHeHHi0 Tm.

. L —m .
Ilyctb Tm — coBOKyndocTbh TOYeK x; =—— O0<i<2m, meN. Bu-
m

6epeM TOUKM §;, ABJSIOIIMecs CepedHHAMH orpeska [xi.i, X, l1<i<
<2m, Torza

o2m
S”‘:Z f(gi) (x; —xi1), 8= —8n—ps1, 1R m,

{==l

| .
5| x,-—x,-_;zjn—, I<iKm.

CilepoBarenbHO, B CHJY HEUETHOCTH (PyHKUHH [ HMeeM, 4TO

1 m
Sp=— 2 (F (Z) + f Emesrr)) =0,
£=1
YcnoBue max(x;—x;_;)—0 3KBUBaJEeHTHO YCJAOBHIO m—»co. HTax,
1
[ 3/ 3 sin® xdx =1im S, = 0.

.

1 171—>00
H

Ecnu dyHruus f yarerpEpyema Ha [a, b], To mo onpenpenenuo
b

f flx)de=— ( f (x) dx.
b

a

Jlnsi BHIYHCIEHHS ONpefeNIeHHOro HHTErpajid OCHOBHOH sBJsieTcS
reopema Heoiorona — Jletibnuya: ecnu [ HenpepuBHa Ha [a@, b] u F
nepBoo6pasHas anaq f Ha [a, b], 1O

b
jf(x) dx=F (b)—F (a) =F (x) |.

I[Tpamep 2.

) 4

/2

] in3 2
cos? xdx = (sm xX— s”; * ) -

0

Sy 15 |

Ecau ¢ysknua [ ¥ g orauuaiorcs ApYyr OT Apyra TOJBKO B KO-
HEYHOM dYHCJle TOYeK, TO OHH OJHOBDEMEHHO HHTETPHPYEMH HJH HeT
B cMuicie Pumana Ha [a, b], 1 ec/ii HHTETPHPYEMEI, TO

ff(x) dx:fg(x) dx.‘

[losTtomy ¢opmyna Herwotona — Jlefibuuna npumenuma u TOraa, Ko-
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raga ¢byHkuus f coBmagaer ¢ HenpepuBHOM (GyHKUHEH BO BCeX TOUKAxX
orpeska [a, b], kpoMe, ObITb MOXKeT, KOHeYHOrO 4YHCJIa TOYEK.

Koneunaa addurusnocte onpedesennoeo unrezpaira; ecau [ HH-
TerpHpyeMa B CMHcie PuMana Ha orpeskax [a, b] u [b, ¢], 10 [ uH-
TerpupyeMa Ha [a, ¢] u

Frode s e =700 de
a b a

Kpurepuii unteepupyemoctu Jlebeza: ¢ynkuusi [ wunterpupyema B
cmbicne Pumana Ha [a, b] Torza u ronbko Torzaa, Koraa f orpaHuueHa
Ha [a, b], u MHoxecTBO E TOuek paspuBa [ Ha [a, b] ecTs MHOXKeCT-
BO MepH HyJb, T. e. Aasa Jwo6oro >0 cyulecTsyer Takas cyeTHas
(xoHeynan) cucrema untepsagon {{a; b:)} Takux, 4TO

Ec (] (a, by,
=l
o N
E (b; —a;) = }VIEL ?:‘1 (bi—a;) e

i=]

M3 xpurepus Jlebera, B YacTHOCTH, CJeLyeT, UTO OrpaHHYeHHAN
GyHKIHsA, HMelOmas KOHeyHOe YHCJIO TOYeK pas3phbiBa NepBOro poja
Ha {a, b}, unrerpupyema Ha [a, b} Iaa BbwucieHust onpeineseHHOro
HHTErpaja TaKOR ¢yHKUHH orpe3ok [a, b] pasbuBaercs Ha KOHedHOe
YHCJIO OTPE3KOB [ar, by] Tak, uro f aaa x&(ag, br) coBnanaer c GyHK-
IHel, HenpepHBHOR Ha oTpeske [ap, bz

ITpumep 3.

45 E 4 2 3m 47

i‘ x sign (sin x) dx =Sxdx-—§ xdx—f—S xdx——j‘ xdx=
o/

0 0 b2/ 2n 3n
T x2

0 2

2n x2

r 2

47T
= —92n2,
3n

3n xn

ont 2

x2

2

Ha gopmuyrst Herorona — Jlelibruya evisodsarca caedyroujue ¢op-
MYAbL,

1) Ecnu dysxuuy 4 v v HenpepbiBHO nuddepeHnHpyeMn Ha |a, b],
TO

b b
5 udv=u (x) v(x) |t— s vdu
a a
(uHTerpHpOBaHHe TO YACTSIM ONpelesieHHOTO HHTerpaJa).
[Ipumep 4.
an
S xsinxdx = —xcos x| 27+
c
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2) Ilycte x — HenpepbiBHO aHddepeduUpyeMas ¢ydxKuus Ha
e, Bl v f — HenpeprmiBHa Ha otpesxke [¢, d]=x([a, b]) ([¢, d] — o06-
pa3 orpeska [a, b]). Torna

x(p) B
[ PO de=[F(x() ' (t) at

*(a@)

(3amMeHa nepeMeHHOrO B OHpeJeJeHHOM HHTerpaJe). 3aMeTHM, 4TO
B 3TOM YTBepPXJEHHH He NPEANOJaraetcsi MOHOTOHHOCTH (QYHKIHH X,
foJiee Toro, He mpeanoaaraercsd, uto [x(a), x(B) J=x([a, B]).
[Ipaumep 5.
2

S.x(3x4—4x2 + 1)dx:(32“ ! +—"§-)IQ — 18
2

C mpyro# CTOpOHH,
2

2 6
Sx (3x*—4x% 4 1)dx = S (x*—x) (32— 1) dx _—:j 2dz=18.
-1 0

6
OO6paTtuTe BHHMaHHe, YTO 3aMeHa NPOH3BeJeHAa B HHTerpalje gzdz
H QYHKHHA z=—x3—x HenpephiBHO nuddepeHuHpPyeMa, HO He MOHO-
ToHHAa Ha [—1, 2].

IIpn 3ameHe mepeMeHHoro B ONpeleJIEHHOM HHTErpaJe B OT/JIHYHE
OT BBIYHCJIEHHS IN€PBOOOPA3HON HE HYXXHO BO3BPAMIAThCs K HCXOI-
HOMY apryMeHTy, Tak KaK NpeoGpa3oBaHHHIil HHTerpaa Oeperca no
TOMY OTPe3Ky, 0 KOTOPOMY H3MEeHSIeTCs HOBHIH apryMeHT.

ITpH BBIUKHC/AEHHH HeEONpeleNIeHHOTO HHTerpasjga HHOTAA AeJaNHCh
npeo6pa3oBaHusl MOJHHTErpaJbHOH (DYHKUHH, TOXKIECTBEeHHHIE He AJA
BCEX BO3MOXKHBIX 3HAYEHHH apryMeHTa. B sTHxXx ciayyasax AJas npo-
CTOTH NOJApa3yMeBaJOch, 4YTO NepBooOpa3Hast HAXOXHTCA Ha TeX Mpo-
MEXYTKaX, HA KOTOPBIX HeOO6XOAuMoe TOXK/JeCTBO HMEEeT MeCTO.

IIpH BLIUHCJACHHH oONpefesNeHHOTO HHTerpasa mnepBoobpasHas
HIIETCA Ha 3a7aHHOM OTpe3Ke, NMO3TOMY 371ech HeoOXONHMO CJEIHTh

3a TeM, yTOOH He Npou3BecTH Npeobpa3oBaHie, HE ABJIAIIIEECT TOX-
AeCTBEHHBIM.

dx
x—23Yx2—10x 1 13°

L
[Ilpumep 6. Brouucaum S(
—1

I
Pewenne. [lenaem 3ameny ——5 =% Tora
X —

dx dz . — |2} dz

—t

(x—2P3 Y % — 10x +. 18 1 e T Vi—6z—32
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Tak xkak x<<2, 10 2<<0, cienoBaTenpHo, |2| =—2z U

1 —1
~ dx _r zdz .
_\ (x— 2y 25— 10c 4 13 .\ ¥V 1 —62z—3z2
—1 —1/3

OTMETHM HEKOTOPHIE YACTHLIE CAY4GU 3AMEHbE NEPEMEHHOZ0 8 On-
pedesenHOM uKnTEeZpase, TO3BONSIOMIHE YIPOCTHTh BHIYHCJIEHHE.
a. Ecnu f — verHas W HenpepoiBHad Ha {—a, a] yHkuus, to

[ a

gf(x) dx::2§f(x) dx.

-—a 0

6. Ecnu f — HeuerHas ¢yHKuHs, HenpepuBHas Ha [—a, al, ¢
0 a a

jf(x)dx.—_—-—j F(x)dx n Sf(x) dx =0.

—a 0 —a

B yactHocTH, pig J1060ro HaTypanbHOro HEYyeTHOro R

1!

| sin*xdx=0.

—t

B. Ecau f — nepuoanueckas dyuxkuusa c nepuorom 7, HenpephiB-

Has Ha [0, T), To f uHTerpupyeMa Ha Jaw6oM orpeske [a, b] u
atT T

( f (%) dx:Sf(x)dx.

B wactHocTH, ecsd £ — HeueTHOe HATypaJbHOE YHCJIO, p — HaTypasb-
HOE YHCNO0 U @ — JI060e JEeHCTBHTEAbHOE YHCAO0, TO

a-+t2px a—ij?p:t
S' sin® xdx = 5 cos® xdx =0,
a a

Boapwiaa uwacts ymorpebssieMBIX HPH BHIYHCJAEHHH Heolpeje/eH-
HEIX HHTErpasioB INOJACTAHOBOK ABJSIOTCS HelpepbBHO AH(depeHLH-
pyemeiMd ¢$yHKuuamMy. OjJHako, HanmprMep, yHHBepcaslbHas InolcTa-
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HOBKa tg(x/2)=={ yxe npeacrasiser (QYHKIHIO pa3pHIBHYIO, eCJH
OTPe30K HHTErpHpOBAHHSA BKJIOYaeT TOYKH BHA2 m{2k+ 1), ke=Z.
n
dx

IIpumep 7. Paccmorpum g. Tieors’

[}

Hafinem HeonpepesdeHHHi HHTErpaJ, nonaras (=tg(x/2).

S dx __j* 2d1 ___5 dt
3-+cosx - 1 — 2 2412 -
(+m (34575 )

tg(x/2)
= arct - C:~————arct + C.
Ve &VF 1/ + V3 e Ty

Ecan ¢opMmanbHO chesaTh YHHBEPCAJbHYIO NOACTAHOBKY tg(x/2)=t¢
B ONpe[eJeHHOM HHTerpajie, 10, TaK kak tg0=tg n=0, noayuum

0

j‘ dt =0’
9 g2

0

¢ ApYyroi cropoutl, 1/{3+cos x)>1/2,
H, CJelI0BaTeNbHO,

27

s' ¥ son. L og
J 34-cosx 2

Takasi 3aMeHa cjeJaHa HENPaBHJIbHO, TaK KaK HapyUIeHO YCJIOBHE

HenpepbeHocm byukunn t=tg(x/2) Ha [0, 2n]. DyHKuHa F(x)--
1 tg (x/2)

= arctg —--—— He sBaseTcH NepBOOOpa3HOH AN =1
Y 2 g 2 P P f 3+t cosx

Ha [0, 2n], Tak Kak F paspbiBHa B TouKe x=gx. YTOGH NOJYYHTEL Nep-

BooGpasuyio aas | Ha [0, 2r), 3amMerum, yro PyHKIUSA

1 tg (x/2)! .
———,—_2:-al'Ctg ('7_2—'—-), 0§x< I,

G(x)=l
71,§—arctg (—-t—g—(ﬂz—)—) +C, n< x2n

|
HMEEeT NpousBoauyio, paeuyio [ mis Bcex x<[0, n)U(m, 2n]. OyHk-
uug G(x) — nepsoobpasuast ans [ Ha [0, 2rn], ecnu oHa HenmpepHBHA
B TOYKe x=gm. Jas storo mocrosiHHas C [NOJXKHA YIOBJETBOPATH CO-
OTHOILEHHIO
. ) !
lim F(x)= lim F +C eyl C,
X—>7T— ( ) X->"+ ( ) 2}[2 2V2 T

otkyna C=mn/}2. Teneps, npumensis ¢popmyay Helorona — Jleii6unua,
noJiyyaem
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P

_dx _ tgn n
S 5T c0e7 = (2n) —G (0) = V_ ——arctg 5 + v
1 tg 0 T
— arct ——
g V2 )/’2

Bonee npocteiM H o6uiuM sBAsieTcs ClAeAyIOL(HA MeTOJ BHIYHCJHAEHHS
3TOTO HHTErpana.

byuxkuus
F(x)= V_ arclg tg{;cgz) , 0Sx < m;
Fy (%)=
i ,}_1,2:1_ F ()C) 2 V? y X0

€CTh nepBoobpa3Has A/ 1/(3+cosx) Ha orpe3ke [0, m]. DPyHKUUA

fg (x/2)

F () =—=arctg —="— < x<2m,
V Y2
Filix) =
. T
xligtn+F(X) = —'T}/—_Q_—, X —7

ecTb nepsoobpasuasi ans 1/(3+cosx) ua orpeske [m, 2r]. HMcnoib-
3ysi CBOHCTBO aapuTHBHOCTH H (opmyny Heworona — Jlefibnuua, no-

Jyuaem
2n d 27 p
X b4
[ B e
3-tcosx g 3+cosx 3-tcosx
0 0 7

—F, () —F, (0) + F, (2n) —F, () =
= Hm F (x) —F (0) + F 2n)— lim F(x) =

X—>I(— X—J1-4
k1 + T .
2V 2 22 Ve
STOT METOJ, BHIUHMCJIEHHUS SIBJISIETCS! PUMEPOM NpHMeHeHHs obujezo
yreepscdenus: MycTb f HenpephiBHa Ha [a, b] u Bumpaxenue f(x)dx

MOXXHO NpeicTasHTbh B BHAe g(f(x))di(x), rae pyHkuusa { Henpepus-
Ho nu¢depennupyema Ha [a, b),

t(@=a u lim f (x) = + oo, TOrA2

X—=>b—

ff(x)dx= lim | g dt= lim_(G()—G (@),

g——-o0 4

rae G — neppooGpasHas s g Ha Jayue i>inff(x), x=[a, b].
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Onpenenenue. Ilycte § HenpepbiBHZ Ha Jyue x>p u F(x) —
nepBoobpasHas aJd f Ha Jayue x>p. Eenu cymecrsyer

lim j?f (x) dx =

-~ —-00
0+p

lim (F () —F (p)),

q—>_|-oo

~+-oe
TO 3TOT npenen o6o3Hauaercs S [ (x) dx u HaswmBaeTc cxodawumcs

p
HECOBCTBEeHHbIM URTECPANOM.

[Tonnoe paccmorpenue CBOHCTB HeCOOCTBEHHHX HHTErpaJioB clena-
HO NO3KE, 3/leCh OTPAHHYHMCS TOJBKO TEMH BONPOCAMH, KOTOpble BO3-
HHKAI0T TpHY 3aMeHe NepeMeHHOro B MHrerpale PumaHa. Bypem cuu-
TaTh, 4TO NepBOOOPA3HYI (QYHKUHMH f MOXKHO HAHTH, NMOTOMY BHIUH-

cleHue Tpejgesna NPOM3BOAMTCA HemocpeacTBeHHO. HecoGerBeHuuH
o0 p

HHTerpaJs BHAa I g ($)dt v aHasOrH4HBIA HHTErpaJ j g dt mo-
p —00

Ay4yaloTcsl NPH 3aMeHe B HMHTerpade PuMana ¢ NoMOUbo QyHKUHA
{=1(x), HenpepmBHO aubdepenuupyeMofi Ha nOJyHHTepBaJje [a, b)
(unu {a, b]) u sapasowedcs OecKoHeuHo OOJBILOH OIpPELENEeHHOTrO
3Haka npu x—b— (uwiu x—a+). 37ecp CYUIECTBEHHO, 4TO 0co0Oo#
TOYKO# (QyHKUHH [ SABJSETCS UMEHHO KOHel (JeBHH HJii NpaBbi) O7-
pe3ka [a, b]. Ecau ocoboit Touxodl f(x) (Kax B pasoOpaHHOM BEIHIe
npuwepe) ABJASIETCS BHYTPEHHAd ToYKa ¢ anTepBaJIa (a, b),-

jf(x) dx pas3buBaercsi B CyMMy Sf (x) dx—l—) [(x) dx n nepexojn

K aprymeHry { lesaercs pHSﬂ;EJIbHO B Ka}Kﬂ,OM U3 CcJaraemalx.
Mpumep 8. BHuucjIuM

1
dx

ST

Pemeunne. [lpumensis MeTO] HHTErpHpOBaHHs AU (pEpEHIHANb-
Horo GuHOMa, caenaeM sameny f=y/ 1 + x5, ®yuxuus f(x) senpe-
pEBHO audepenuHpyeMa Ha NOJYHHTEpBaJax [—1/32, 0) n (0, I]
touka O gBssdgercss 0co00# TOUKOH f(x), mpHueM

D

X—>0-

lim t (x) = — o0, limt(x)= + oo.
X~0-4

[TosToMy B COOTBETCTBHH C H3JIOXKEHHBIM BHIIUE HHTErpaJs BbIYHCJSA-
eTcst cJeAylouuM o6pasoM:

0

: dx — dx I
_13:32 Vv _f‘;az Vv 5 (1/1+V xS)
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e oy Yy
dt at . dt
= 5___‘6‘:@”‘5 S‘(l#tﬁ)* =° .V i—m

_“3 7 oo —0
i3 dt t 1 (¢t —1)?
Y 5 —in =
+9 I__ (1 —3)2 [53——1 + 3 . B—1
3 2
g =
2 %+1 11V 7 5 (f_l)3
e 2] [V 5[t e S 42
2 26041 1> _ 5 3/5 3,5 1+1/7___
—_——— rctg-—ﬁ——“a __—8/7 5]/2—‘-51“ 2

8/ 3,/
3 e 1o 10 2y 241 . 10 23/ 7—1
—5In(y/2—1) — arct — arctg ————.
(v 2—1) ——= + ——arclg 73 5 arcte ——=
JdpyrumM BuioM HecoOCTBEHHOro HHTErpaja sABJSIETCS HHTErpal
E/)

S f(x)dx, ecnu ¢yukuus f He orpaHuueHa Ha [a, b], Ho HenpephiBHa

E43

Ha [a+te, b] npu yobom &, 0<<e<<b—a (umu Ha [a, b—e]), T. e. He
OrpaHHyeHa B OKPECTHOCTH TOYKH @ (TOuku b). DTOT MHTErpaJ cyuie-
cTByeT (CXOHHUTCS), €CJH CYLIEeCTBYET

b b
lim 5 f (x) dx:j'f(x)dx:ub)-— lim F (b))

e—+04 ale —a

b—e b
(lim j fx)de= (f(x);dx),
e—~+04 ) &

Takoro BHAa HHTErpaJ TakKe MOXET MOJYYHTBCS NPH 3aMeHe nepe-

MEHHOTO B uuTerpasie Pumana.
[Tpumep 9. Bouncaum

V1 —VI—x%, x=£0;
Ve, x = 0.

Pemenne. ®yHnkuus f{x) wenpepnpna ra [0, 1]. ITocae 3ame-
HH ¢ =V 1—x? noxyuaem
1

Sf (%) dx, ecan f(x) =[

o tdt
Vi1i—: vV i—t
1 0

B nociefHeM HHTerpaJe noimnierpadeHas QyHxwus f/y1—t ne orpa-
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HuyeHa uwa [0, 1). Tax kak nepBooGpasuas odyuxuuu t/yl—t uHa o1-
peske [0, I—e] npu nwbom &g, 0<<e<1 paBsHa

—z—(l--—t)"‘/2 —2VIi—i,

TO

1 —8
S tdt __h.mS tdt
O,Vl-—t' 20t y1—i
0

i ]im (183/2_—_28]/2 _5_2_...._ ._?._\ :i...
=01 3 ) 3

HecoOcTBen#nlii HHTErpa/’ MOXKET MOSIBHTBCA M NDH HHTErPHPOBAHHH

JIO 4acTaAM.
1

[MIpumep 10. Boiuncanm Karcsin xdx.
0
Pemenue. OyHKUHA arcsiny HenpepuBHO ﬂnq)q)epeﬁunpyema
Ha orpeske [0, 1—&] pns moboro £>>0, HO He sBJsieTCH TaKo# Ha
orpeaxe [0, 1]. [TosroMy uHTErpHpOBaHHE MO YACTAM JOMYCTHMO TOJb-

KO Ha orpe3kax Buaa [0, I—e], €>0. Ho Ttak xkak uHTerpax
1

j' aresin xdx  cyuiecTByerT, TO
0

1—e

1
S arcsin xdx = lim arcsin xdx =
h e~ 0+ 0

I—e
—_ x \
— i )=
1]

= lim (x arcsin x

€0+
= lim ((1 —e) arcsin(l —e) + V1 wxﬂ] =T 1,
£~>0-3- 2
T. €.
1—e
lim garcsinxdx—— lim (F (1—e&)—F (0)) = F (1) — F (0),
2-+0—}-6 - e84+

rie HenpepriBHas QyHkuus F (x) = x arcsin x + 'l/l —x* — nepBoofpas-
Has Aas arcsinx Ha orpeske [0, 1]

Ha npakmHke Taroro pojga HHTErpajbl MOXHO BHIYHCHANTH §e3 BBe-
JeHHs CHMBOJA Hpejiesia, TaK KaK B HallleM CJy4ae MOMKHO INHCaTh

1
jarcsin xdx = (x arcsin x + V1 — %) [o = —“'-25——*1 ,

0
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HIM (NOCKOJIbKY NEpBOe cJiaraeMoe — HenpepHBHasi (BYHKIHA)

Pl .

1
. . xdx
arcsinxdx =x arcsimn x lé -—-S '—']7-—1.__._..."—-:'—5 =
—X
0

n E— F1 8
=-2———1/1—~—x2 =1

§ 2. INIOWAADL IJIOCKORA OBJIACTH

[lycrp XOY — pexkaproBa cucreMa KOOpPAMHAT Ha MJOCKOCTH.
Crandaprroi ornocutesvro ocu OX obracrero D nasbiBaeTcss MHOMXKe-
crBo Touek M(x, y), Ans kKoTopeIx a<x<b, y(x)<ysy:(x), rae

y1(x) n yeo(xr) — HenpephiBHBIE
by dbyekuuu Ha la, b]. T'eomeTpuueckn
3TO 03HaHaeT, YTO CJeBa H chpaBa

v 5 4,() 006JlacTe oOrpaHH4YeHa OTPE3KaMH
l IpsAMBX X=a, x=0 COOTBeTCTBEH-
Y(x)

HO (MOKeT OBITh BHIPOXKaOUIHMH-
| -
l Csl B TOUKY); rpaduk (QYUKIHH

[
&y

p 7 Y=y (x) siBJsieTcsl BepXHEH, a rpa-
buK ¢QyHKUHH y=Ys(x) — HHXK-
Hell rpaHumeft obaactu D (oM.

Puc. 40 puc. 40).

AHanoruuHo CTAHOAPTHAS OTHO-

cureavro ocu OY obaacte D ectb

MHoxecTBO Touek M(x, y), AAg KoTophX c<y<d, x(¥)<x<x:(y),
rae x,{y) u xo(y) -— HempepoiBHHe GyHKUHH Ha [c, d]. B atom cay-
yae obsacte D cBepxy n CHH3y OrpaHideHa OTpe3KaMu HPSIMBIX §=¢C
H y=d, ceBa # cnpaBa — rpapukamy QyHKIHE x=x,(y) # x=2x2(y)

COOTBETCTBEHHO.
PaccMoTpyuM yacTHBIE ciyuali craugapTHOM oTHOcHTEaBHO ocH OX
obnactu D, xorna y,(x)==0, a y=f(x) — Bepxuas rpanuua. Takyio

obJ1acTb Ha3oBeM Kpusoaunelnoi rpaneyuedi (cM. puc. 41, a).

Iycts T:a=x0<<x<xo<<l..<Xi<<Xip1<<..<Xp=b — pasGueHue
orpeska [a, b].

Ay Ay
y=flz) f
il |
|
E o : i l | -
T a ) b @
Puc. 41
a b
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0O6030ayum

m,= min f(x), M;= max f(x),
EZRLA [ 10 %]
n n

Sr :Z m; (x,- --—)Cg_1), ST T—‘Z Mt (x;—-—x;._l).

(=1 [=2]

Torpa sy 1 Sy npelcrasisiior cobofl niomanyd GUryp, cocTaBJeHHHIX
H3 NPSIMOYTOJILHHKOB, OCHOBAHHSIMH KOTODHIX SIBJASIOTCS OTPE3KH [Xi—,
X:], a BHICOTAaMH — COOTBCTCTBEHHO HAHOOJIBIIEE H HauMEHbUIEE 3HA-
uyeHus! QYHKUHH y={f(x) Ha 31OM oTrpe3ke. [leppas u3 aTux ¢uryp co-
JAeP:KAT BHYTPH cebGs pacecMaTPUBaEMyl0 KPHBOJIMHEHAHYIO Tpanenyo D,
BTOpasi coAepKuTcA BHYTpH Hee (cM. puc. 41, 6). EctectBenno tpebo-
BaTh, UTO0H MJOWIALL Sp KPUBOJHHEHHON Tpaneuun D ynoBaeTBOpsiia
COOTHOWIEHUIO ST<Sp<Sr npm nwobom pasbuenun 7. Tak Kak ¢QyHk-
uus y==f(x) HenpepnlBHa Ha [a, b], TO

b
sup sy = inf S,-:S [ (%) dx.
T T s

Onpeneaeunne. [laowadsro Sp kpusoaruretinoti rpaneyuu D Ha-
3LIBAETCS BEJHUYHHA

Sp =supsy=inf S;.
T T
K3 onpenenenunsn cnenyer, uto
b
Sp= S Yy (x) dx.
[#4

ITnomany Sp cranmaprHoii oTHocurenpHo ocu OX obnacry D:
(D={(x, y) :a<x<b, y,(x) <Yy<y:(x)}) BolunCcAsiercs no opmyse

b
Sp =I [4a (x)—y; (x)] dx.

Tlnomane Sp cramgaprHO# oTHocurenbHO ocu OY obaactu D:
(D={(x, y) :c<y<d, x,(y) <x<x3(y)}) BHuucasercs no dopMmy.Je

d
Sp :5 [x; () —x, (9)] dy.

4

Eciu obnacte D MoXHO pa3buTe Ha KOHEWHOe UHCJAO oOJacTel
k

D;, I<i<k, D= |} D; 6e3 o6mux BHyTpeHHHX TOHYEK, TO Sp — MJO-

[ 1

k
wans D paBHa cymMMe muomagel D;: Sb—:z Sp,-

i=l
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IIpumep 1. Hathinem noomans 061acT, orpaHHYeHHON JHHHAMH
y=x—1u yi=x+1.

Pemenne. Jlannas ob6JacTb fABAAETCS CTaHAapTHON KaK OTHO-
cutespHO ocu OX, a mMeHHo

D={(x,y): —1<x<3, g (<Y< Vr+ 13,
rape

| =Vx+1, —1<<x<0;
Y, (x) =
x‘—“'l, O<x<3r

TaK U OTHOCHTeNbHO ocu OY:
D={(x, y) : —l<y<?, Y—l<x<y+1} (cm. puc. 42). INromane
p AAHHOH 00JiacTH MOXKHO BBIYHCJHTH OXHHM H3 ABYX CIOCOGOB:

3
I Sp= S(Vx+l—y1(x))dx_ Szv:u Tdx +

—1
+ S(Vx+1—x+ 1)dxm-%-(x+1)3f2 o, +

(x—1)2
2

3 9

2 . 3213 __ —
+3 (x+ 123 =

2
1. S, = S (y+1—g2+1)dy= (—--931+i;—+ 2y) '2 =
—1
[Tpaumep 2. Haiizem nuomanp o6snacTh, orpanHueHHON KPUBHIMH
24 2ax—y?=0 u ax—y?+2a?=0, a>0.

Pemenne. [lannag obsaacts (cM. puc. 43) He sBJAsieTCH CTaH-
I1apTHO# oTHOcHuTeNbHO ocH OX. Ee MoxHO pasz6uTh Ha Tpu CTaHaapT-
Hble oTHOCHTEeNBHO ocu OX obaacru:

={(x,y): —2a<{x<0, — V2l tax<<y< V2a? -+ ax)},
D,={(x,1):0<x<La, V2 +2ax << y < V2 +ax),
D,={(x,y):0<<x<a, — V2 +ax<<y<{ —V** + 2ax).

M3 cummerpuu obaactu D orHocHrensHo ocy OX BHAHO, 4TO ee nJo-
mals Sp ecTb yABOeHHAs NJowWais o0JsacTH, siBAsgOLeiica obObeine-
HHeM JABYX CTaHAapTHHIX OTHoCHTeNBHO ocu OX obnacred

512{(x, Y —2a<<x<L0, 0<y<< V20?4 ax}
H D,.
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Orciona

Sp=2 [ 59 V2a® + ax dx -+§(vm~vm§) dx] —

—2a 0

=2 [ (@ 2020, — (25 VI Bag +

+—a§ln (x+a+ Vi + 2ax)[g] =2a* V3 +a?In 2+ V3).

Puc. 42 Puc. 43

Oruocurensno ocu OY nannasi 061acTh ABJSETCS CTAHAAPTHO:

2q2

— —— 2 ___ ——————
D={x, 4): —aV3<y<aV3, —=-<a< —a+ Vi + o).

CHoBa, HCIOab3ys cuMMerpHio 00J1acTH, noayyaem
aV'3
£} ’ ———— 2
Sp=2 5 ('l/y2+a2---a———-—y~— —{~2a) dy =
a
0

=202 V3 + (yVy2+a”+a2 In |y~1+-1/y“3+a2l——2§i—3-) ‘;ﬁ—

=2a2 V3 +aIn (24 V3).

{3aMeruM, 4TO NPH 3TOM cHocobe pelUEHHs BHIYHCJAEHHS MHpoule.)
[MepefizemM ® BHIUHCAGHHIO mJomazx o6JacTH, OrPAHHYEHHOH KpH-
BOM, 3271aHHOH napaMeTPHUECKH.
[Iycre oOnacte D orpanHyeHa HeNnpephIBHOM 3aMKHYTOH KPHBOH

Dix=x(t), y=y), te [Ty, T1], x(To) =x(T), y(To) =y(Ty.
249
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PacemorpuM monpobro mpocrefimnit cayuait: orpesok [To, T1] npeaut-
ca toukoii te(To, T1) Tak, 4TO Ha KaxkaoM M3 oTpe3koB [To, 7] H
[t, T1] $yHKUMs X CTPOrO MOHOTOHHA H HENPePBIBHO AHpdepenunpye-
ma. Torpa xpusass I' cocTouT M3 [ABYX BETBeH, KaxJasd M3 KOTODBIX
eCTb rpaHK O HO3NAUHOI UENPEPHIBHOR QYHKIHH Y=y, (X) u y=y:(¥X).
Ipeanonoxum ellle, yr0 JJsA J©000ro x BHIIONHEHO COOTHOLIEHHE
Y (x) <ys(x), Torma xkpusas y=yo(x) ecTb BepXHsid, a KpHuBas
Y=y (x) — nmKHsa rpaHuua obaactd D. Ecam npu Bo3pacraHHH t

AY
3a

—a 0 Ja &

- Ja

Pue. 44 Puc. 45

kpupasi I' mpoxourcst Tak, 4yro obaacte D ocraercs crepa (NMOJIOXKH-
TesibHOE HanpasjeHHe 06xoja), TO BepXHAS rpanuua obxacra D mpo-
XOIHTCA cHpaBa HajeBO (3HayeHue X yObIBaeT), a HHXKHASA TrpaHHULA
o6aacta D npoxoaurcs cjesa HanpaBo (3HaueHHe x BO3pacraer),
puc. 44. Ecam Sp — muomans obaacta D, To umeem

b b b
Sp = { (42 () — 41 () dx = [ g5 () dx— [ g () dx.

CnenaB B mepsoM uHTerpaje sameHy x=x (1), & [T,, ), a BO BTOPOM
x=x(f), t & [v, T,), noayuaem, uTo TaK Kak ¥, (x (1)) =y (), t =[T,, 1)
uy (x@)=y(), t€][r, Ty, 10

T Ty 7
S,,':-—S y(tyx, dt — 5y(t)x;dt=——5y(t)x’(t)dt.
To T T

Takum xe o6pas3oM nosyuaem, 9ro ecau orpesok [To, T,] nenaut-
cs toukoii te (To, T)) Tak, uTo Ha KaxxoM u3 orpe3kos [To, 7] u
[v, T\] ¢yaguHs y CTPOro MOHOTOHHA M HENPEPLIBHO AN (epeHun-
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T,

pyema, to Sp = f x(y (f)dt. Ob6bepunss stu ABe (HOPMYJHI, NOJY-
T,

yaeM cJaenyroulyio hopmyay:

Sp=5{ Oy -y ) ¥ W) ar

MOoKHO J0Ka3aTh, YTO BCe 3TH TpU (OPMYJBE CHpPaBEeAJHBH U B
GoJee obmieM ciayuae, KOrja HenpephlBHasi 3aMxHyTad KpuBas [ :x=
=x(t), y=y(1), t=[To; T1], nupoxoaurcs npu uaMenennu ¢ or To no
T, Taxum oOpa30OM, UTO orpaHHuMBaemMas 3ToH KpuBoH obaacts D oc-
TaeTcst cjeBa, Kakyw H3 HHX yjnobHee NDHMEHSTb, 3aBUCHUT OT KOH-
KpeTHoro BHaa GQyHKUHE x=x(f) H y=y(f).

[Ipumep 3. Ha#ipem naomanp o6aactd, orpaHHYeHHOH Her/eH
KpHBOH ‘

x=a(?—-2t), y=a(?—1)({—3), a>0,

Pemenue. Ileras kpuUBOH NDPOXORAUTCH B MOJOXKHTEJBHOM Ha-
npaBjeHuy IpH u3MeHeHHH [ or —1 no 3 (cM. puc. 45). Ina BHyHc-
JIeHus! NJOILagH MOXKHO NPUMEHHUTDh JM00yio u3 tpex popmyJs, COOTBET-
CTBEHHO HMeeM

Ty 3
S= — g y ()« (1) dt = — Saﬂ (2 —1) (t—3) (2t —2) dt =
] 4

T,

3
= 9g3 S (H—A4f + 22 + 4t —3) dt =
—1

5 2 3 !
—_ 92 [ _p H_a a__3¢ — 17 g2
a(S th =13 - 2f 3)!1 1 =

T, 3
S = 5x(r (f) dt = \ a? (2 —21) (38 —6t —1) df =
To i
_ a8 15 o 1 4 2l |2 - IRIpTY
_a<5t 34 4 t+t)_l 17——a

S S @Oy t)—y ) x' (t) dt =

3
S 2 (A A3 4 T 6f +6) df =

SEYES

I
vo | —

3 1
—t3 2 | 6t — 17 — g2,
3¢ +6)1 17 T

—1

m|~

251

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

[Ipumep 4. HafizeM niaomanps o06aacTH, OrpaHHYEeHHOH KDPHBOH
x=at?/(l +1Y), y=at3(1 + 1), a >0.

Pemenune KpuBasi ob6pasyer HABe CHMMeTPUYHHIE IeTJaH (CM.
puc. 46). DepxHdAs M3 HUX NPOXOAUTCA B MOJOXKHTENLHOM HalpasJe-

1)
F=r{p)
7 z .
$ @y
0 D
Pac. 46 Puc. 47

HHH npH H3mesneHuiu ¢ or 0 po +oo. HafigeM nmiaouraaes o6aacry, eio
orpanHyeHHOH. B panHoM cayuae ynoGHO IPHMEHHTb AJS BHYHCACHHS
CAMMETDHUHYIO GOpMYJly

7y
5 | oy =y ] dt
!To

Sp=

Tax xak y=ix, 10 xtf —yx'=x(x+ix')—ix-x'=x2, oTRy1a

o0 +o0

1 a2t . —a +o0 a? S dt  a'n
2 (1 + ¢5H2 B8(1+#) o 8
0

Sp=

142 162"

CiienoBaTtenbno, niomanp sceil obaacta paBHa ma?/8Y2. OTmeTnM, 4To
paccMmaTpHBaeMasi 4acTb KpHBOH ecTb of6pa3 ayua ¢>0, nosromy
IJI0U12b MOXKHO BBIYHCJHUTHL C MOMOIILIO HecOOCTBEHHOrO HHTerpaJa:

—+ oo
S @ (f)dt. O6 nuTerpanax Takoro Buja cM. crp. 246.
0

PaccMOTpUM Ha NJIOCKOCTH HOJNAPHYIO CHCTEMY KOOpAHHAT. B 3TOM
Clyyae dHaJIOFOM KDHBOJIMHEHHOH TpameuHn OyJeT KpuUsBOAUHCHHbLE
CEKTOP: MHOXKEeCTBO TOUeK

M, @) < o<, (h—R<<20), 0<Sr<<r(9),
rae r{p) — nenpepsiBHasf QYHKUHA Ha [qo, ¢1] (cM. puc. 47).
252
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ITaowade Sp xpuboauneinozo cexropa D={(r, ) : Qo< p<q,
O<r<r(p)} BHuUHCASETCS MO pOpMy.e

Q1
1
SD:—{& r* (9) de.
Pa

Iipumep 5. Halizem niomane o6/1acTH, OrPaHUYEHHOH KPHBOM
r=asin3g, a>0.

Pemenne. Kpupad obpadyer TpH CHUMMETDHUHBIC NETJH, KakK-
Aasi M3 KOTODLIX OrpaHHYHBAET KPHBOJHHEHHHIH CeKTOp (cM. puc. 48).

\ Z < Ay
| / 3 -
| -
1 P
l
|
P
—3a -q
Puc. 48 Puc. 49

Pacemorpum mepBHI H3 HHX:

D, ={(r, 9): 0< o< n/3, 0<r<Casind g}
[Inomanp ero pamua 1/3 nyomamu Bcefi o6racTH, orpaHHUeHHOH xaH-
rnoi xkpusoil. CiegoBaTenbHo,

/3

Sp =38p, = —-g—— y a?sin? 3gde =
0

na?
4

[Ipumep 6. Hafizem maomans ofnactu, aexainell BHYTPH NETJAH
KpuBoH x=a(t>—2¢t), y=a(t>—1)({—3) u BHe KpuBOH r=a(3—
—2cos @), a>0 (cucTeMH KOOPAMHAT COBMEIIEHH).

Pemwenune YHT00H BBHIACHHTL B3aHMHOE pacHoJIOKEHHE 3THX KpH-
BHIX, CpaBHHM HX C OKPY2KHOCTLIO

S={x, y): ¥+ 2ax + y* —9a* = 0}.
Has touek mepsoli KpuBOH HMeeM
X2+ 2ax + Y2 —9at =a% - (t—2) [(12—2{—2)2 + 1] =
=a?x [(?—2t—2)2 + 1].
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‘CJle10BaTeNbHO, 4acTh ATOH KPHBOI, Haxopsuiascs cjaesa or ocu OY
(x<<0), nexUT BHYTPH OKPYKHOCTH S, a 4acTb KPHBOH, HaxoaAwascs
cipasa or ocx OY (x>0), — BHe 3T0# oxpyxHocTH. [lng TOUEK BTO-
POl KPHBOH, Jexalux caesa oT ocu OY, umeeM n/2<gp<3m/2, cue-
JoBaTenbHO, r=>3a u r?’=3ar—~2ar cos ¢ =>9a>—2ar cos¢. Ilepexons K
JeKapTOBOH CHCTeMe KOOpAHMHAT, MOJYYHM, UTO HAJS BCeX TOYeK BTO-
poil KpHBOH, Jexamux cieBa oT ocu OY, nMeeMm x2+-y%4-2ax—9a2>0,
T. e. cieBa or ocH OY uacTh 3TOA KPHBOW JIEXKHT BHE OKDYXKHOCTH S
Ecin xe —n/2<<o<<m/2, To r<<3a u r’=3ar—2ar cos@< 9a’—
—2arcosg, T.e. x2+y?+2ax—9a?2<C0, 3HauHT, cupasa oT ocH OY
YacTh 3TOH KPHBOH JIeXKHUT BHYTPH OKpyxkHocTH. Hrax, mannasa o06-
JacTh JexXHT cnpaBa oT ocH OY (cm. puc. 49). Tax xax oHa cHMMer-
puuHa oTHocHTeJabHO ocu OX, To ee nmaomanab Sp paBHA y/JBOEHHOH
Pa3HOCTH NJOIMIAAH KpHBosuHeHHoH tpameunu Dy={(x, y) :0<x<3a,
O<y<y(t(x)), —1<t<0} u naomanu KPUBOJIMHEHHOTO CEKTOpa

Dy={{r,9): 0<o<<n/2, 0<<r<<a(3—2cosg)}.

CaenoBaTennHoO,
0
Sp=2 [ Saz (3t4— 1263 £ 1182 - 2f) df —
n/2

«_—;— S a? (3—2 cos )2 dq)] — 9 (—§—t5~—3t*+—1§1—t3+t2) °
0

-1

i
.

2
—a? 5. (9—12cos ¢ + 4 cos? @) dp =a? (24-—?5——-—1—21-— n\)
0

§ 3. ObBEM TEJIA BPAILEHHS

[Mycts D — xpuBOJHHeHAHas Tpalenus:
D={(x,y):0<<a<<a<<h, 0OCy<<y(x), y=Cla, b}

yk VOX —reno, nonydueHHoe BpallEHU-

em D Bokpyr ocu OX. Hns pas-
OHeHHA T :a=xo<x<..<Xp<Xp4|<<
<...<x,=b orpeska [a, b] o6o3Ha-
ynM uepes Dr burypy, cocrapieH-
HYK U3 NPSMOYTOJbHHKOB, OCHOBAa-«
HUSIMH KOTODPHIX SIBASIOTCA OTPe3KH
[Xe, Xp+1], @ BBICOTAMH — HaHMeHb-
HIHe 3HAYeHHs Y Ha [Xg, Xpt+i]. DH-

0 rypa Dy compepHTCA B KPHBOJH-
gefinon Tpaneynu D (cMm.
Puc. 50 puc. 50).
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[Ipn Bpaiuenun Dy Boxpyr ocu OX moayunm Tteso Viy2X, coupep-
xauieecst BHyTpU Tesa VO Tejno V;O¥ cocTaBneHO 13 DpAMBIX Kpy-
FOBLIX IIMJAMHAPOB, 00pa30BaHHBLIX BpallieHHeM HPSMOYIOJbLHHKOB, CO-
craBasiiomux Gurypy Dr. BelcOTa KaXAOr0 Taxkoro UHUJAHHAPA eCTb
(Xrr1—Xg), PafHyC OCHOBAHHS — M, = min y (x), nostomy | V70X| —

- bx,. xp 440

o0beM Tena V¥ — pasen }: wm; (Xer1—xg).  OGbemom | VOX| re-

k=1
na VOX nazoeem sup|V:%%|. Tak kak |V7%%| ecth HHXKHSS cyMMa
T

ILap6y merpepHBHO# $yHKUHH my?(x), TO

b
V| =sup|VF| == { 42 (v) dx. (1)

a

ITpu Bpanrennn Dr Boxpyr ocu OY kamxasil u3 HpAMOYTrOJbHHKORE,
cocraBasiiownx Dy, o6pasdyeT UHJIHHIPHYECKOE KOJbBLUO, BHICOTA KO-
TOPOTO eCTb Mg, @ OCHOBAHHEM SIBJSIeTCH XOJbLO C BHEIIHHM paiHy-
COM Xp41 H BHYTPEHHUM Xp. OObeM TaKOro HMHJIHHIPHUECKOrO KOJblLA
paBeH fMmg(Xpi1’>—x12).

Teno Vr°Y, nonywennoe Bpamenwem Ds porpyr ocu OY, ectb
00belHHEHNE 3THX WHIHHIAPHUYECKHX KOJIeN, M03TOMY ero oowem | V97|
paBeH

n—1

Z Uy, (X4 —X3)-

IlpeicTaBuM pa3HOCTh Xeyi>—Xi? B BHIE

2% (Xpgr—Xe) + (Xpp1—Xe) 2

Torna
n—1
kzo qum (X —%3) :k_Z; 2qumyxy, (Xet1— X} +

—1 n—1 n—1i

- Z Ty (Xpg1 —Xp)2 = Z 2nmx, Ax, + Z qumy, Ax;.
k=0

[lepBasg cyMMa ecTb HHXKHSAA cyMMd JapOy nnsi HenpepbiBHOH (ByHK-
HHH 2nxy (x).
Ecau nmapamerp pasbuennss T ectw A(T), TO unsi BTOPOH CyMMH

MMeeM
n--1 n—1
? suny, Ax; < M (T) }7 sumy, Axy,.
F=0
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b
Crenosarensto, npH A (T) — 0 nepsas cymma crpemurcs K 2 \: xy (x) dx,

a

4 BTOpafd CTpEMMTCA K HY/IO, TaK Kak

n—1 b

lim A dx.
am s‘:onmk Xy, = Sny (x)dx

Ob6vemom |V°Y| Tena V% 6yneM Ha3blBaTh sup]V?Y[. W3 npeawinyuiero
T
CJIeyeT, YTO

b
[V =2x gxy (x) dx.

[Mycts ynkuusa y(x) uenpeprlBHa Ha oTpeske [a, b]. PaccMorpum
obJacTtu

Di={(x, y): a<x<b<0, O<y<y(x)};
Dy={(x, y): O<a<x<b, y(x)<y<O};
Ds={(x, y): a<x<b<0, y(x) <y<0}

H Tena V 0X, V,0X V,0X V,0Y  V,0Y Vi0Y pojyyenHble BpallleHHEM
obnacreit Dy, Dy, D3 Bokpyr oceit OX s OY coorsercrsenno. Ilosro-
pfAs BHUIENpUBeJEHHBIE DAaCCYKAEHHS, NoJayyaeM, 4TO OOBEeMB 3THX
TeJd COOTBETCTBEHHO PAaBHBI:

b

IV?XI ::nSny)dx, { =1

b
V) =2a\lay () |de, i=1, 2

[Mycte D -~ cranjgapruas otHocHTenbHo ocu OX obGnacte:
D={(x,4): a<x<b, yi1(x) <y<yz(x), y1(x)=CJa, b],
yo(x)e=Cia, b]}.

Ecin ccs OX He nepecexaer D, 1o uepes VO2X oGozHauum Teso, 06-
pasoBaiHoe Bpalteniem D Boxkpyr ocu OX; ecau oce OY He mepece-
kaer D, to yepe3 VOY ob6ozzayum Teqno, o6pa3oBaHHOe BpauieHnem D
Bokpyvr ocd OY. OObeMBl THX TeJ BHIUHCAAIOTCH KaK Pa3HOCTb HJIM
cyMMa o0beMOB TeJs, NOJYYeHHBIX IIPH BpallleHHH CCOTBETCTBYIOIIHX
obaacteit Buga D, D2 u D3, paccMOTpeHHBIX Bhillle, B 3aBHCHMOCTH OT
3HAKOB YHCeJ a, b H 3HakKOB (PyHKUHUHA y;(x) K yo(x). Hanpumep, ecau
a<<b<0, y1(x) <0 m yo(x) >0 pan x[a, 6], 10 |VOY| ecrb cymma
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o6bveMoB |V Y| u |V397] ren V%Y u V3%, nonyyeHHnX OT Bpamie-
nust obmacreit D\={(x, y): a<x<b, O0<y<y:(x)} m Di={(x, y):
ra<x<b, y,(x) <y<0} sBoxpyr ocu OY.

13 sTux coobpaxeHnuit mosyyaem, 4To

b
Vo = 19200 —92 (1)1 dx, (1)

b
V| =2n {121 03 (0)—, (1)) dix.

[Tyctb Tenepp D — oGaacrts, orpandueHnas HempepHIBHOH 3aMK-
HyTOH KPHBOH

:x=x(t), y=y(t), t=[Ty, T1], x(To) =x(Ty), y(To) =y(T),

npudyeM npud u3meneHuu £ or Ty po T, xpuBas I' IpOXOAHTCH TaK, 4YTO
obmacts D ocraercs cnaeBa. Tak e, KakK ¥ NPH BHUYUCJEHHH IIJIO-
utazed, BHIBOAMTCS, YTO ecad [) He nepecekaercsl ¢ COOTBETCTBYIOHIEH
OChI0 KOODAHHAT H (PYHKUHH X 4 y HenpepHBHO AHddepeHIHPYEME

Ha [To, T]], TO
T, T,
V¥ =—a{ o rwa=2a1x0 g0y 0 a,
To Ty
T, T,
Vo =—2n; 1x(t)y @)1 By dt=n§ x2(t) g’ () at.
o Ty

Ecnu xpupas I': x=x(¢), y=y(t), t[Ty, T1], ne samxHuyTa, HO
y(1) 20, t<[To, Th], y(To) =y(Ti) =0,
x(To) =b, x(T)) =a, b>a,
u obnacte D orpanuyena kpueod I' u orpeskom [a, b] ocm OX, Tto

D moxHo paccmMaTtpuBaTh Kax 0GJacTh, OrPaHHYEHHYIO HelpepHIBHOH
3aMxHyTOft KpuBo#l I'y:x=x,(f), y=y:1(t), t<[Ty, T3], To>T), rae

x(t), te|[T,,T,], y(t), te[T,,T,],
*. ) :la + 2= (T (T, Ty ) zlo, te (1Tl

Torpa mpu namenenuu ¢ or Ty go Ty kpusasi I'| mpoXoaHTCs Tax, 4TO
obnacte D ocraercs caesa.

Caenosarenpno, obveM |VOX| tena VOX poayueHHoro npu Bpa-
IeHHH TakoH oOsactd BOKDPYr ocn OX, Beludcasiercs mo ¢opmyde

Ts T,
V¥ = —-—u§ g2 (1) x; (tydt = —n \ g2 (6) &' (1) at
. Ty
10 H, A. Bawnorpanona 257
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HJH o GopMmyde
T

VO =2nd |x (&) g ()1y; (ty dt.

Te

Ecau cbaacts D ue mepecexaercs ¢ oceio OY, 10 o6bem |VOY| Tena
VoY ponyuennoro npu BpaweHun D Boxpyr ocu OV, BLUHCHsSETCS
10 GopmyJe

Ty

7y
VO] = —20\ 15, () gy ()1 (ty dt = —2n\ |x () y (0107 (1) dt
To T,

HJH 10 (popMyJie
T,
()4 ) I ’
V¥ = | ety g () .
To
Touno Ttak ke nas ofnactH D, orpaHHYeHHOH KPHBOH

Fix=x(t), y=y(0), t& [Ty, T1], x() =0, t = [Ty, T4], x(To)=
=x(T,) =0, y(Ty)=c, y(Ty)=4d, d>c, n orpeskom [c, d] ocu OY,
o0beMbl IVOXI H ]V°y| TeJsl, MOJYYEeHHBIX TIPH BpauieHHH D) OTHOCHTEILHO
oceiit OX u OY COOTBeTCTBEHHO, BBIMHCJIAIOTCA IO (popMysam

T, T,
V¥ = —a\ @y ydai=2x | |k g )1y O,
T. To

T,

o
VY =—2a\ |x(0)y ()% @) dt=a \ 2 () y () dt.

T. TO

O6pamaeM BHAMaHHEe, 4TO NpUBeNeHHble (OPMYJH CHpaBelJHBH H
st obnacreii, He SIBJASIOUHXCS CTAHAAPTHHIMH OTHOCHTEJbHO JH0OOH
H3 OCeH KOOpAHHAT.

Ecnin rteso ofpasosano BpameHnem obGmactu D BOKpyr ocu, He
nepecekatiuein obaacte D M He fABagOlledcd OAHOH H3 oceil KOOp-
JHHAT, TO AJS BBIUHCJEHHs o0beéMa NOJYUYEeHHOIO Teja JAeJalT 3amMe-
Hy CHCTeMBl KOODJMHAT Tak, 4TOOH B HOBOH CHCTeMe ORHA M3 KOOp-
AMHATHBIX ocell cOBmMaJa ¢ OCbI0 BpPallEHHA.

B uyacrHOCTH:

&) eCJIH OCblO BpameHHsd sBAseTcs npsimMas y=I, He mnepecekalo-
mas obaacte

D:{a<x<b, y1(x) <y<yz(x)},

T0 o6beMm | V!| Tema V!, monyuennoro spainennem D BOXpYyr 3Toil OCH,
BHIYKCAACTC 1o QopMmyJie

b
VI = [ [(ga—0)2 — (g, —1)?| dx,
258
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6) ecau OCbhIO BpalleHHs BJsIeTCSl npAMast x=1{, He mepecexalo-
tjag obaacTte

D:{a<x<h, yi(x) <y<y:{x))},

TO 06beM |V!| Tena V!, noayuenHoro BpamenseMm D BOKpyr 3tofl ocy,
BBIUHCJISAETCS 110 (hopMyJie

b
Vi =25 § (g, —gy) 10 —11dx.
a8

O06e 211 HOPMYJH NOJYYAIOTCA NEepeHocoM ocefi KOOpPJUHAT Tak, YTO-
Ob B HepBOM ciaydae och [ crasa noso# ocnio OXi, a BO BTOpOM —
och I crana HoBoO#M ocbo OY,.

Mpumep 1. Obnacte D pacnonoxena B HpaBoi NOJYIJIOCKOCTH
(x>0) u orpannuena JNHHHAMH y=x H y=2x—x3 Hafintem ob6bemn
Tes, HOJyuYeHHBIX NpH BpaiieHHn obaactH D (cM. pHe. 51) Bokpyr:

_yA
7\
42 5 J
Vi [, ¢
=T
|
A
|| -
}} -1l o 7 z
:
0 2 1 L
V%
-3
Pue. 51 Puc. 52

oa) oct OX; 6) ocu OY; B) ropusoHTanbHON KacaTedbHOH K BepX-
Hedl rpanune D; r) npamoi y=x. ‘

Pg;peﬂue. O6aacte D siBasiercs CTaHZAapPTHOH OTHOCHTEJBHO
ocn OX:

D={(x, y): 0<x<], x<y<2x—x3),

CJACI0BATENLHO,

1 1

a) |V =g ( (2x—x3)2—x¥)dy=n j. (2 —4xt + BxY) dx =
0 i

|4 . 1om

_n[7 5 +1} 35’

10* 259
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1 1
6) |V =2njx (24 —x3—x) dx :an (W —xtydx =
0 0

1 1 4n
_— n — et - =__._.
( 3 5 ) 15
B) a5 GOYHKUHH Yy=2X—x% TOPH3OHTAJbHAsi KacaTelbHas K e€

rpaduKy DpPOXOLHT Yepe3 TOUKY (‘/_2_ 4 ‘/i) T. €. B 3TOM
3" 3 3/ -

cayduae OCbIO BpallleHHS ABJAETCS NpsMas y — 4 Vl Chenaem
3 3

epeHoC OCeHl KOODJHHHAT, T. €. IepefiieM K KOOpAMHATaM U, U Tak,
4 2

qTo U=X, U=y-—-—§- 5 torga ocs OU Oynpet ochio BpallleHus,

H B HOBOH cucTeMme xoopauHar obiaacte D Oymer cranmaprHoil OTHO-

cuTeJbHO ocH OU:

D— {(u, 0):0<Cu<1, u——*-;— V%gvgwmu"———;—- ‘/-—g—}

CaepoBarenbho, o6beM | VOU| HckoMoro Tesa BHUHCAsieTcs 0O ¢op-
MyJle

1 —\ 2 T\ 2
|V°U] :3‘[3 [(u__il/f_) __.(Qu__us__._“_ ‘/.E_) ]du:
o 3 3 3 3

1. 4 2 9 4 9
14 2aS2 o4 .__)z_.
7T 3\/3 +3‘/3

a2/ 212
3 3 35/
T) chejaeM noBopoT oceff KOOpAHHAT Ha m/4, T. e. mepeidneM oOT
NepeMeHHHX X, Y K NepeMEeHHHM u, U no (opMmysaaM

u=xcos nf4+y sin n/4,

(2)

v=—2x sin /4 y cos n/4.

Torna u = Vx§ -+ };IE , V= — 1;5 -+ ]35 , OCbI0 BpAaIllleHHA CTaHET

ocy OU.

Ewe pas o6patuM BHHMaHHe, 4TO dopmyna (1) uMeer mecto njs
KpuBoauHefinoii Tpanenny. [losroMy ecsiy MBI XOTHM ee HCIOJIb30BATh,
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TO He0OXOAHMO mOKa3ath, 4ro O6nacte D H B HOBOH cHcTeMe KOOp-
JHHAT sBJAsieTcs KpUBOJHHe#iHOH Tpaneuned. [Tokaxkem sTo gas Ha-
ero cJjaydas.

HetictBuTensno, orpesok AB:A=(0, 0), B= (1, 1) npamoii y=x
nepewen B orpe3ok [0, ¥2] ocu OU.

[Tokaxem Temepb, uTo KpuBasg I'' O<x<1, y=2x—x3 apasierca B
HOBOH CHCTeMe KOOpAMHAT rpaMKOM HeKoTopoH (¢yHKUHH v=v{u)
anas O<u<y2, . e. uTo Kaxuoi tTouke Mo= (4, 0), O<up<y2, co-
OTBETCTBYeT enuHcTBeHHas Touka M(ug, v(uy)) na I', mpoekuus kKo-
topoH nHa ock OU ectb M. HeficTBUTeNbHO, B IPOTHBHOM cJydae Ha
kpuBofi I' Hawsace On Ho KpaHHed Mepe OfHA mnapa TOueK
M, (x1, y(x1)), Ma(xo, y(x9)) Takas, urto npsamas MM, Ousna G nep-
MEHJUKYJSApHA K TPAMOH y=Xx H, CJENOBAaTeNbHO, BBIIOJHSAJAOCH O

pPaBEHCTBO
y (x2) —y (x1) =1, 0<C{x, < 5, << 1.
Xg— X1

y(xz)’—y(xl) =yr (C), rae
Xg ~- X1
X <<c<<xgy, M TaKk Kak Y (x)=2—3x2>—1 nna 0<<x<<l, 10 Takoe
DABEHCTBO HEBO3MOXKHO.
[Tockonbky

Ho B cuny reopemu Jlarpanika HMeeMm

D={(u, v) :0<u<y2, O<sv<uv(u)},

10 06bem | VOU| rtena, mosnyueHHoro npu BpaumeHHH obaacty D otHo-
cHTeJibHO ocu OU, paseH

V2
V¥ =x | @) du.

0

B nanHom nmpuMepe ajs aHaJAMTHUECKOro BHpaxKeHHss QyHKUHE U OF
u HeoOXONMMO H3 cooTHOleHHs (2) Ha#itu x(u, v), y(u, v), noxacra-
BUTb HX B COOTHOLIEHHE Y=2x—x3 M M3 MOJYYEHHOIO COOTHOIICHHSH
Mexjay 4 M v Halitu v(u). Bce 3to npuBomuT X TPOMO3AKEM BEIK/AL-

KaMm, no3ToMy npeobpasyeM 3TOT HHTErpaj K BUAY jcp(x) dx.
a

Beanuuna v(u) ects paccrosHre touxH M(x, y) Ha KpuBO#H
T:{(x, y), O<x<1, y=2x—x%
OT NpaAMOH Y=x, TaKuM 00pa3oM,
_|=* y {_|—=x+y | __ 1x—+I
v@i=| 75+ 7] =R ZhE
Hanee, sua ocu OU, T. e. Ha npamofi y=x, umeeM dy=dx, IO3TOMY

VIE (dx + dy) =V dx.

du=
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Urak,
V32 1 -
VY% == S vg(u)duan—(-—Jf—_E’Q—Vﬁdx=
0

0

_ --}%-S(x°—-2x4+x2) dx=~;‘,-‘-§ (—-——+——) _ V2

IIpumep 2. Hafizem obbeM Tena, HOJAYYeHHOTO NPH BpAalleHHH
o0JjactH D, orpanuuenHoil nmerJsiedl KpHBOH

T:x=0£—2¢ y=(2—1) ({—3),

a) Bokpyr ocu OX; 6) BOKpyr BepTHKaabHOA KacartenapHoH K T.

Pemenne. Jlerna xkpuroii I' npoxoguTcss npH H3MeHeHHH [ OT
To=—1 no T,=3 rax, uto objgacts D ocraercs cleBa H COCTOHT H3
JBYX uacTeHi, CHMMeTPHMYHBIX OTHOCHTenbHO ocH (OX, cOOTBeTCTBYIO-
mux u3MmeHenuio £ ot Tg go To=1u ot Ty no T (cM. puc. 52).

PaHee cmnenuaspHo 0roBapHBaJjOCh, YTO OCb BpalleHHsds He Iepe-
cexaeT obaactb D, yHaye He CHO, KaKO€ TeJO BpalleHHs paccMaTpH-
BaeTcsd. EnHHCTBeHHBIM HCKJIOUEHHEM SBJsSeTCH TOT cJyyaH, Koraa
OChb BpalleHus ecThb ochb cuMMerpuu obaactu D. Torma reomerpuue-
CKH HarJsigHO, 4YTO peub HAeT O Teje, NOJYYeHHOM IpH BpallleHHH
BOKPYT OCH cuMMeTpuu obnactu D oxgHOH M3 Tex yacTell, Ha KOTOphle
3Ta OCb jgenut D.

a. Mrax, Hapo Bbluncaute obwem |VO¥| rena VOX, nonyuesHoro
npH BpameHHH BOKpyr ock OX obGmactn D, orpaHHueHHOH KpHBOH
Ty :x=102-2¢, y=(*—1) (i—3), t=[—1, 1], u orpeskom [—1, 3] ocu
OX. Hmeem

1
V| = —n S (2—1)2 (f —3)? (2 —2) dt =

-1
1

= —2m S (7 —T18 1~ 135 4 54 —99¢5 4 113 4 15{ — 9) dt =
=1

64

2(t—1)
32— 6t — 1"’
t=1. CaepoBarennpio, BePTHKAJbHONH KacaTeJbHol K I' ABasercs nps-
Masa x=x(1), 1. e. x=—1. Ilostomy

6. Tax xax Ha xpusoff I' umeem x = 0 X,/=0 npu

3
V| =—2= S y(t) (x () + 1) x' (B dt =
—1

3
= —2n S (t—1)2@E—1)(t—3)2(—1)dl =
=1

262

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

3 3
:ZPAng(ﬁ—U%ﬁ—Qﬁ-mdh=—4n [(—1)*—4(t—1)*]dt=
_'1 —1

16 m-210 2048

4n 3
= at—1p, -1 = =
- ( | A 7( ) 1=y - o

[ITpumep 3. Danunc -i:—-—{——z;- =1 peaurcsa mnpsmoit Ax=By
a

(AB=40) na nBe cuMMeTpHuHHe uacTH. Haligem o6bem Tenda, moay-
4eHHOTO NpPH BpallleHHH OJHOH M3 3THX uyacTel BOKpYTr npsiMoli Ax=By
(cM. puc. 53).

Pre. 53 Puc. 54

Pemenne. CaenaeM moBopoT ocefi KOOpAHHAT, T. €. nepefijeM K
KCOpAHHATaM 4, U Tak, 4Tofun ocb OU crana ocbio BpalueHHs. Yrod

A
II0BOpPOTa paBeH @=arctg p » ClIeA0BATEIBHO,

Bx Ay
I =
VAT B + yAafFBE'®
— Ax By

Yy R

PaccmarpuBaemas o6macte D He sBAsieTcst cTaHpapTHOH OTHOCHTENb-
Ho ocn OU, mostoMy ynoOHO paccMaTpHBaTh SJUTHIC B TapaMerpH-
YeCKOM 3ajanHH, NOCKOJBKY TOria ¢opmysa BHUHCIEHHS oObeMa
Tejla BpaUIeHHA He 3aBHCHT OT TOro, CTaHZApPTHA HAM Her oGjaacts Dr
OTHOCHTEJNbHO OCH BpalleHHs.

[Tonoxxum x=acost, y=bsint. Torga o6Gaacts D orpannyena

Kpupoil I':
aBcost -} bAsint
VatreE
—_ i
0 — aAciost+stnt, Tn\<\f-.<..T1,
y A2 | B2
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H orpe3koMm ocH OU. 3HaueHus To u Ty maxoasrcs u3 yeaous v (1) =
=v(T,) =0, otkyna T, -arctg—, Ty=Ty+n. CarenosaTennsHo,

T,
Vad :—uSv’(t)u’(t)dt= —

Ty

+ b*B*sin®t —2ab AB cos t sint) (bA cos { —aB sint) dt =

— T\ (a®A4%cos?¢
- 37 S(a cos?f +
(A% + B) .

= _—m S [a?bA® cost —ab’B3sint + sin? £ cos ¢ X

X (6°AB?—a? A% 4 2ab AB?) —cos?{ sin t - (@3A?B —ab*B? 4-

+ 2 AB)] dt = — j’; 7 [aszs sin Ty + ab®B® cos Ty +

+ S0 Ts (AR gt6A + 22°6AB) -

+-E°s;i (a3A*B—ab?B® + 2ab2A23)J .
— 2n

(A% 4 B2)3/2.3 (A2a2 4- B2?)
+ aBA3 (BPAB? —a%b A%+ 2020 AB?) + b°B3 (a3 A2B —ab®B? +- 2ab?AB)| =

4 ab
B (A2 4 B2)3/2 (A42q? 4 BbR)3/2 [A2q% + B2b*]2 {A% + B?]| =

3/2 [(3a%bA* + 3ab3B%)(A%a® + BH?) +

__ Anab V A2q2 - Bip2
3y A2+ B

[Tpumep 4. Hafizem obbem Tesa, nOJy4eHHOTO NPH BpalleHHH
obsactu D, orpannuenHo#t xpupok I' : r=asin3dg, a>0, 0<gp<n/3 BO-
KpyT:

a) noasipao#t ocH; 6) ocH ¢=mn/2 (cM. puc. 54).

Pemenmne. IlepefineMm K nexapTroBod cCHCTeMe KOODXHHAT, COBMe-
HWIEHHOH ¢ HOJIIpHOH. KpHBaH I' B 3t0fl cucreme 3anmuchiBaercs B na-
paMeTPHUECKOM BHJE: x=a sin 3pcos¢, y=asin 3¢ sing, n npu u3Me-
"enun ¢ ot 0 xo m/3 npoxomutcd Tak, 4yrto obaacte D ocraercs cJaepa.
Ocsamu Bpanienust sBasilorcesi cooreercTsenno ocu OX u OY. Cuenopa-
TeAbHO,

2
3
a) V¥ === { @@ x @ do=

0
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/3
a

7 ’ S (cos 29 —cos 4¢)2 (2 cos 4¢ + cos 2¢) dg =
0

—_—— r——

/3
na® 3 “ 3 3
= S (7 cos 2¢ —3 cos 4q)+-2—c056q) + - cos 109 —
¢

na’® 3 . 3 . 3 .
—cos 12¢) dg = [Tsm 2q)———4- sind ¢ 4- —stm lOcp]

/
=
0

_ 2Tnad Y3

a0 !
n/3 5 n/3

6) IV = § 2@y @do=2" | (sin2p+sindg)x
() 0 '

/3
X (2 sin 49 —sin 2q) dqazi:; S (-i;’- sin2¢ 4 3sin 49 +
0

+ 2sin ch——i— sin 10g —sin l2tp) dp =

/3 _ pad 8l

0 40
GameuaHue. Ecrb dpopMyna, Bupaxamomas o6bem Tena, nonay-

YeHHOro BpallleHHeM KpHBoJHHefiHoro cexropa D : {(r, ¢), 0<qo<p<

<@y<n, 0<r<r(p)} oTHOCHTENBHO TIONAPHOH ocH 6e3 mepexona K je-

KaproBofi cucreme Koopauuat. 1y $HopMyay npeasiaraem BHBECTH ca-
MocrosiTesibHO (3anaua Ne 90 ato# raasw).

Ped
—

e 3 3 3
- [ ~ = ¢os 2q>-—-T cos 4@ +—~ cos IO‘PJ

§ 4. JJIMHA AYTH KPHBOR

Onpeneanenne. [Qyeod xpusod T HasopeM o6pa3 orpe3ka
[To, Ty] npn HenpepniBHOM OGUEKTHBHOM OTOOpaxkeHHH X=x(t),
y=y(t), z=z(1), te[Ty, T] u obosnauum T :{x(f), y(£), 2(t),
tE[TQ, Tl]

Nycts 1v: To=ty <t <tfe<<..<tp=T; — pa3buenue otpesxa [T,,
T)]. Kaxnof Touke pasGHeHHs T COOTBETCTBYeT Touka Mp= (x(f,),
y(tx), 2(tx)), O<k<n, Ha xpuBoil I'. Uepes I', obo3yaunm JoManylo
¢ BepwHHamMu Mo, My, ..., M,, a ee gauny o6osnauum uepes |I.|.

Onpenenenune. Haunod Oyeu I HasbiBaercss 4HCHIO

|F| =sup|T,].
T
3aMeTHM, YTO OjHA H Ta 3Xe JIHHHA MoxXeT GbITb 00pa3oM pa3HBIX

OTPE3KOB HpPH pasHbIX OHEKTHBHHX OTOOpaXKEeHHSX, T. €. MOXeT OHThH
PasHpiMu cnoco0aMy napaMmeTpu3oBaHa. 1ak, HalpuMep, Bo3bMeM Ha
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neKaproBoi maockoctd XOY nonyOKpy:KHOCTb ¢ LEHTPOM B Hauaje
KOOpAHHAT pajuycoM l, Jexaiylo B BepXxHeH [OJYNJIOCKOCTH. ITY

JHHMIO MOXKHO IIDEACTABHTL Kak OrobpameHHe y=V1—x2,
—1<CxL 1, HJIH Kak oTchpaxenne x=cosf, y=sinf, O0<i<m,
nAu Kak orobpaxenue x=1—t¢, y=712—1 0<t<2, u 1. 1. Bonpoc
o TOM, KOTJAa Da3uble NapaMeTpHUeCKHe 32J]aHHA KPHUBOH ONpelensior
OJHY M Ty Ke JHHHIO, 37eCh He paccMarpuBaercd. OrpaHdyuBasch
HarJAaAHbIMH COOODaKeHUsIMH, OTMETHM TOJBXO, UTO AJHHZ AyI'H KpH-
BOH ecTh €€ BHYTPEHHSS TeoMeTpHueckKas XapaKTepHCTHKa, He 3aBH-
csimas OT crnocoba ee mapaMeTpH3alMH.

[ycts samana ayra xpusoit T :{x(¢), y(¢), z(f), t<[To, T]} u
$yuxuun x(t), y (), z(f) HenpepbiBHO Aud¢eperunpyemn Ha [Ty, Ty,
Torga aauHa I Beluncasiercsa no dopmyse

T,
T = VEFF G+ @, (3)
Te

Ecau xota Obl onua u3 ¢ynxkuwi x(f), y(¢), z(f) ne sBagercs
HenpepblBHO auddepenyupyeMoir na orpeske [To, T1], HO Bce GyHK-
uud x(¢), y(t), z(¢) nempepoisHO aH(depeHUHPYEeMB Ha OTpe3Ke

[Ty, T\—¢e] npu aw6oMm &, 0<e<<T—To, pyHKUHA ]/(x;)2 + () + (2)*?
HMeeT HempepuiBHYI0 nepBoolpasHyio Ha orpeske [To, Ti], Torza kak
H TNpHM PaCCMOTPEHHH ONpeleNeHHOro HHTerpaJia MOXKHO BOCHOJbL30-
BaTbes .pOpMysof (3) AJs BHUHCIeHHS IJMHHB AyrH Kpusoi I', mo-
HUMAas HHTerpaJs B 3TOH (popMmyse Kak

Ti—e

im V&) + @)+ @)t

[Ipumep 1. Paccmorpum mnoayokpyxaocts I':x?+y =1, y>0.

BeejeM ee mapaMeTpU3alyio CaeAyomuM o6pasoM: x=x, y=}1—x%
Torza I' ectr OuexTuBHBI 06pa3 otpeska [—I1, 1]. @yuxuus

y=11—x®> ne sapaserca audbdepeHunpyemoir B TOuKax x=1 u
=—1, Ho ua otpeske [—Il+e, 1—e] 3Ta dyHKUUS HENPEPHIBHO

anddepennapyema aas gwoboro e, 0<<e<<l. Tak xax y,= “—']7?%—';?
Ha [—14¢, 1—e],
’ , . T3 1
K+ W =1+ @), VI+ ()=

1 —x2

)\ .
¥ nepBoobpasHan QyHKUHH Vie $yHKIOHSA arcsin x — HenpephiB-

1 —x2
na na [—1, 1], To nanna panHod Kpuso# I' BHUHCJISETCH C/IELYIOUINM
obpasoM:
- d
I = | —2%— =arcsinx|., =mn.
T={ = '
—t
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3aMeTHM, 4TO MOXHO pPacCMOTDeTh TaKylo HapaMeTpH3allHio 3TOH NOo-
ayokpyxsoctH T:x(f), p(f), z(t), ts[ty, 1], ar0 dyHKUHE x(f) u
y(t) Oyayr HenpepnlBHO AHbbepeHmHpyeMbl Ha [fo, #], Hampumep
x=cost, y=sint, t[0, n]. .

[IpnBenem HexkoTopHe YacTHhie caydad popMmydasl (3).

1. Ecou xpuBast I’ nexur B naockoctH XOY, 1. e. 2(f) =0, to

T,
IT| =§ V €+ (g dt.

2. Ecau kpusass T' nexut B niockoctw XOY u sBasercs rpadu-
KOM HempepuiBHO fHOdepenunpyemoit Gynkuun y=y(x), x&[a, b}, 10

b
T} = VT+ @R dx

3. Ecau naoexkas xphiBast I' 3apana B NOJNSIPHOH CHUCTEME KOOPIH-
HaT Kak rpacduk HempepuBHO AU bepeHIHpYeMOR (YHKUHH

@

r=r(@), 9 [¢, 9], 10 [T} =} Vr+{)de.

Qe

Ecan kpuBas I' samruyta, T. e. X(To) =x(Ty), y(To) =y(T1), 2(Ty) =
=2(T;), to T ectv GuekTuBHHHA o6pa3s He orpeska [Tg, T:}, a npo-
mexytka (To, T,). Bce paccyxkpenuss u (GOpMyJaB uisi BHIUUCJICHHS
AJYHH AaHHOA 3TOH 3aMKHyTO#l KPHBOH ocTawrcs 6Ge3 H3MEHeHHS.

Ilyerp 3apama xnyra kpusod I':x(f), y(f), 2(f), t=[To, Th], =
¢yuruuu x (1), y(¢), z(¢) wenpepusuo audbdeperuupyemu Ha [Ty, Ti].
PacemoTpuM ¢yHKIHIO

it
st)=] V (5P + )+ @Rt —

aauHy vactd KpuBofi [' or HauansHo# Touku M= (x(7To), y(To), 2{Ts) )
1o ToukH M= (x(%), y(?), 2(¢)). Auddepenunan byakuun s(f) Hazbl-
Baetcs Oughgpepenyuanrom dyeu kpugoli I' m oboanavaerca ds.

Ecnn sapmaHa pyra KpUBOH

T:x(f), y(b), 2(8), t<[To, T1],

rne ¢yuxkunun x(f), y(f) u z(f) HenpepuBHO aAHbGepeHIHDPYEMH Ha
[To, T4], TO

ds=} () + ()2 + () dt, t<|[T,, T,

Ecau xpusasi I' nexur B maockoct XOY, 1. e. 2(f) =0, T0

ds=V (x)*+ (y)* dt.
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Ecan xpuBas I' nexur B miockoctH XOY u sBasierca rpadHkoMm He-
npeprBHO AudepenunpyeMon ¢dyuxnnn y=y(x), xe[a, b], To

ds=V 1+ (y)2dx, x<[a, b).

Ecan nnockas kpuBasi I' 3apaHa B moasipHO$f cucTeMe KOODAMHAT KakK
rpaux HenpepuBHo XU depeHnupyemol GyHkuuu r=r(¢), ¢[@o,
¢1], TO

ds=/[r2+ (ry)?] de.

[Tpumep 2. Halfinem gauny aymm xpuso#t I':y=chx or ToukH
A(0, 1) no toukn B(b, chb).

Pemenune. Tak kak y,'=shx, 14 (/)2=1+sh?x u pgyra T
sipJisercst OHEKTHBHBIM oTo0paxexuem oTpeska [a, b], To

b b
|F| =S(l +sh”x)”zdx:fchxdx:shx|2=shb.

] 0

IIpumep 3. Hahigem HJAHHY AYTH KPHBOA

T:ix= 1 y? ; Iny, 1<<y<e.

Pemenne. Bo3pMeM B KauecTBe TapaMeTpa INepeMeHHyIO Y.
Torna

SR N e—pg (o LY _ 1 R
=g V= (=2 ) = (v + )

Tax xak aas y=>1 umeem x,/>0, To oro6paxenue y=y, x=x(y),
l<y<e, GuekTHBHO, O3TOMY

e
1 1 1 /42 e 2241
- 2§(y+9)dy 2(2+-lng,$)ll '

4

[ITpamep 4. Hafinem anuuy ayru KpuBoit I :x=acostf, y=
=g sin*{, a>0.

Pemenune. Iyra I' asasiercd OGHeKTHBHBIM OTOOpaXKeHHEM OTpe3-
Xa [0, nf2]. Tak xak

x'=—4acos?fsint, Yy =4asin®tcost,

()24 (y')?2=16a2 cos® t sin? { - 16a2 sinb £ cos? t =

=2a? sin? 2¢ (14 cos? 2f}),
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TO

n/2 1
1T —=aV2 S V1 -+ cos? 2f sin 2¢ df = ,;E 51/1 422 dz =
0 —1

- ,;E CVI+2A)+In(+VI+2)jo=a+ alnsgﬁ).

IIpumep 5 Hafinzem nauHy AyrH KpHBOH
I'ix=tsini, y=tcost, z=____2t';/2f.

ot touxu A (0, 0, 0) xo Touku B (0, 2r, 8nyn/3).
Pemeunne Tax kak

x'=sint+tcost, y =cost—tsint, ' =V,
()24 ()2 + (Z)=(t+1)?

@ ayra I aBasercs GueKTuBHBIM o6pa3oM orpeska [0, 2r], 1O
2n
T ={ ¢+ 1)dt =2x2 + 2x.
0

Mpumep 6. Hahmem anuay azyrn xpusofi I :r=a(l+cosg),
a>0.

Pemenue Ilockoabky ' — 3aMkHyTas KpHBas, OHa ABJseTCH
OueKTUBHHIM o6pasoM moaynHtepBada {0, 2r). Tak Kak

ro=—asing, r*+ (r')*=a* (2 + 2 cos §) = 4a®cos? %—,

TO

2% 1
1T = ( 2a|cos—T—ldcp:4a (cosidcpz&'sini "~ 8a.
:)l 2 . 2 2 lo

ITpamep 7. HallneM nauHy AYTH KDHBOH

I‘:cp:%(r 1—-1—), I1<<r<s.
7

Pemenne. 31ech MOXKHO SIBHO BEIPA3HTb 3aBHCHMOCThE r=r(¢),
OJIHAKO B 3TOM NpHMeEpPE 3TO NMPHBOJHUT K IPOMO3JKHM BHIUHCJCHHSM.
Ilpoute (B HEKOTOPHIX CJyuasX E€LHHCTBEHHO BO3MOXKHO) mpeobpaso-
BaTh NOARIHTErpajbHOE BHIpaXKeHHe AMsi BhiuucjeHus || Tak, urolul
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OHO HEHOCPEeNCTBEHHO BbIpa)KaJsoch uepe3 ¢yHkHHIO @(r), T. €. cie-
Jath 3aMeHy ¢=¢(r). Torna

Vea@rpdi—=y r st

e o dr="VrE (@2 + 1 (sign ') dr.

Haa paHHOH Ayrd XPUBOH HMeeM

, 1 I Y s 1 1\2
(prz-—2—( ——r—z-')>0, r‘é((P)z—i'-l—-T(r_{'_m)-

CiieqoBaTedibHO,

5
IPi= o (r+) dr = (S5 Inr

1

1
—6 + ?ln5.

I[Ipumep 8 HafzeM panHy Nyru KpHBO#H
[:ir=ue?, ¢=u?42u, O<Cu<ll

Pemenne. B 5TOM mpuMepe CBS3b MeXLY HONAPHLIMH KOODJH-
HaTaMH r B @ Touku M xpuBok I' 3ajaHa mocpencTBOM mapaMerpa u.

IIpeo6pasyem Bripaxkenue V72 + (r')2de Tak, uToGH OHO HEIOCPEACT-

BEHHO BHIpaXkajoch uyepe3 QyHKUHH r{u) H :p(u) T. €. JesaeM 3aMeHy
¢=¢(u). Torna

]/Wdcp:bfrzﬁ'( r; )2' ¢, du=

= ]_/rz- (@) + (r)* (sign (p;) du.
Hna panHol KpHBO#H HMeeM

r,=e* (1 4+2u), ¢,=2u+2,

fz-((p’)2+(r')2-—-e"”-[4u2 (u2+2u+ I)+(I+4u+4u2)]~:-

— et (2 4 O + 1)2,
CJaienoBaTeNbHoO,
2
IT| :Sezu (22 + 2u + 1) dum—;—[ez“(fl_uz—l- D]|i= 9""2““ .
t]

§ 5. IJNOWAJXDb NMOBEPXHOCTH BPALLEHUSA

[loBepxHOCTH BpallleHHs COCTAaBJSIOT OJHH H3 HPOCTEHIIMX KJaac-
coB noBepxHocred. s Takux noeepxmocreit obuiee, BecbMa CJO0KHOE

¥
oHpenesCHHe naoliaXH NOBEPXHOCTH MOXHO 3aMEHHThL 6ojee npoc-
ThIM.
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Ilycts maum gpuBas I :x=x(f), y=y(t), z=z(l); To<I<T,,
x=ClT,y, Ti], y=C' [T, Ti], 2&C'[Ty, T)], n npsmas [, aBasio-
qlasicsl ocblo BpaueHus. O603HaUuM uepe3 S MOBEPXHOCTb, MOJYYeH-
nywo ppawennem [ Bokpyr ocH L Ilyete v:To=fr<<ti<<ty<<... <<
tpp <. .. <. .. <tp=T, — pasbueune orpeska [T, Ti]; [\ — soma-
iag, BnHcaHHas B I', coorBercTBylomasi pasdbhenHo 1, S; — MOBepX-
HOCTb, HOJyuenHas BpauleHueM I'; BOKpyr [

O6osHauum uepes p=p(M) paccrosnne ot toukn M no ocu [
OTpe3ok yr= [My_1, M;] JsoMaroi I, mpum BpalleHHH BOKpYT ocu !/
obpasyeT noBepxHocTb Se. B 3aBHcHMocT# oT yryia, 00Pa30BaHHOD
OTPE3KOM ¥, C OChi0 [, Sy fABJAAETCA JHOO YaCThI0 KOHHYECKOH MOBepX-
HOCTH, JHO0 YacThbio UHAHHAPHUECKOH MOBEPXHOCTH, Ju00 KOJbIOM.

Ecnu |ye| — niuHa ye, a |Sg| — nnowanpb Sg, T

| S| ZQHIYk‘p(Mk):

=2V (xp, (1) — Xp—1 ()% + (Yg, (£) — Y1 ())® + (2 (£) —2e—1 ()2 X
X P (Mk) ’

rie M, — HekoTopas TOUKa, Jexaulas Ha v MoXHO nokasaTh, YTO

| Sp| =2n ]/[xf (t)]? -+ [yt (te)]? + [zt ()20 (M) - (t —te—) +
+ 0 (t, —tr—1).

Toraa AJist MJOLIAAH MOBEPXHOCTH S, HMeeM

18, = Y18l =27 LV @GP + ¢ GOE+ 2 (P X
k=1

k=1

X p (M) {ty—1te—) +0(1).
Onpesenenne [liouanpo MOBEPXHOCTH S Ha3biBaeTCss UHCIO

|S|=31:P|Sx|-

B Hamux npeinoJiOXKeHHsX O raaakocth OyskuHiE x(f), y(f), 2({)
MMeeM QopMmyay
T,

S| =2n{ p(t)ds,

To

rae p(t) ects paccrosiue ot Toukn M (x(t), y(t), 2(t)), "exaued
Ha T, 1o ocu BpauieHus [, a ds — auddepennunan ayru I'.

IIpumep !. HafineM niomanb moBepxXHOCTH, MOJIyYeHHOHA Bpaule-
uueM xpuBoil I : y=sinx, 0<x<n, Boxpyr ocu OX.
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Pemenue. BBejxeM B KauecTBe napaMerpa nepeMeHHywo x. Tor-
Ja AJjisg Touexk KpuBoH I mosyuaem

p(f) =p(x) =y (x)=sinx,
ds:]/l + [y, ]2 dx =11 4 cos? x dx.

CaeaoBaTesibHO,

It
1S| =2ngsinx]/1 T costxdx—2n (—

0

Cos x

5 V1 4 cost x —

_-}é_lnlcosx-}—'\/l +cos? x

)i::Zn(V§+In(l +1/2)).

[Ipumep 2. HafineM miouiajab NOBEPXHOCTH, NMOJYUEHHOR Bpalle-
HueM jgoMmaHofi ABC, rue A=(1; 5), B=(l; 2), C=(6; 2) BOxpyr
ocu OX.

Pemenue 3anumem orpeskn AB m BC B napaMeTrpHueckoM
BHAE!

AB :x=1, y=t, 2<I<5,
BC:x=t, y=2 1<I<6.

Hans orpeska AB umeem p(¢) =y(t) =4,
ds=V0+ 12 dt =dt.

Hast orpeska BC umeem p(t) =y () =2,
ds=V17+0dt =dt.

[Tostomy

5 6
1S| =[Sy +1S,] = 2n§tdt+2ug2dt=
2 1

— 9% (-321~ 2) 4272 (6—1) =41n.

ITpumep 3. Xopna AB okpyxuoctu I' paanycoM @ HaxogHTCH
Ha paccrosinufi b (b<a) or umeHTpa OKpyxHocTH. HailifeM miowans
NIOBEPXHOCTH, NOJIyUeHHOH BpailleHHeM BOKDPYT 3TO#H XopAb KaxjaoH
n3 yactet I'1 n I'y, Ha KOTOpHIE XOpAa AGMHT OKPYZ&HHOCTD.

Pemwenune BpegeM 1eKapToBy CHCTEMY KOOPJHHAT Tak, UTO ee
HavyaJo COBMajaeT C LEHTPOM OKPYKHOCTH, ock OX napaJieinHa
xopae AB (cM. puc. 55) u mycTh Xopaa JeXuT B BepxHeH MmoJaymioc-
KOCTH. 3alnuilieM ypaBHEHHe OKPYXHOCTH B NapaMeTPHYECKOM BHeE:
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x=acost, y=asint, 0<¢{<2n. Torga Touka B cooTBeTCTBYyeT 3Ha-

- b
yeHH0 Ty=arcsin—, touka A -— sHauenuio T,=n—T, HUmeem
a

I'':x=acost, y=asint, t=([T,, T4,

I2:x=acost, y=asint, te[T; 2n+To).
Ona T'1 umeeMm

p(t) =y—b=asint—b,

ds=Va?sin®f +-a®cos?t df —adt.

/

A_/

!
] 3 P
i
=]

Pue. 55 Puc. 56

ChaenoBatenbHo,

— T@

|S| =2=x ( (asin?—b) adt = —2na? cos #| 7"+ —2abn (n—2T )=
.T'o *

=4asn ( ‘/ | —--b—:} ) —2abn? + 4nab arcsin—g— =
a

a

=danVa:—b — 2abn? + 4nab arcsin L .
a

Has Ty umeeM p (£) =b—y; ds=adt. CnepoBaTennHo,

2n+T,
S| =2n \ (b—asint)adt=2nab(n+2T,) 4 2aPncost] 5470 =
n—T,

= 2n2ab 1+ 4nab arcsin —— +4na Var —b
a

[Ipumep 4. HallgeM miowagb MOBEPXHOCTH, MOJYYEHHOH Bpa-
uierneM Kpuod I':r=a(l+cos@), a>0, orHocuTenbHO J€BOH Bep-
THKAJbHOH KacaTeNnbHOW K 3TOH KpPHBOH.
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Femenue, B mekaproBod cucreMe KOODAHHAT, COBMeElIEHHOM
€ NOJSPHOM, X M y 3aMUIUYTCs KakK QYHKUHK napamerpa ¢:

x=r(p)cos@, y=r(g)sing,
T, €,

x(@)=a(l+cosq)cosg, y(g)=a(l+cosg)sing, 0 Ko< 2n.
Hansa nubdepenusana nyru I' uMeeM BripaxKernue

ds=V/ (e) + [ (@) dp—a /(T cosqy + i g dy =
— °
_2alcos 5 ‘dq:.

JleBas BepTHKa/AbHasA KacaTejbHas K KpHBoil I’ mpoXxoaHtr yepes TOUKY
M(x(q@o), y(pc)), TAe X(go) — HauMenblee H3 3Ha4eHAN x(Qe)
Takux, u9t0 X, (pr)=0. [IIpoussopnas x,/ pasBHa a{—sing—
—2sin @ cos @), caegoBaresnbHo, X,/ o0pawaercss B HYJb B TOUKax

- 2n 4n

G=0, g =" B=n, P=—1r, §;=2m.

Haumenbiee zHauenne x(@r) nNpHEHMaeT npr k=2 W k=4, Hrak,
JeBasi BePTHKaJbHad KacaTeJbHass HMEET ypaBHeHHeE x=-——:—- (cMm.
puc. b6). Paccrosmme p(p) ot Toukn x=x(p), y=y(y) A0 ocH Bpa-
e HHAs ( MpAMOH X == —-—Z; paeHo () +—Z—. CyienoBaresibHO,

or
1S| =2u5 [a:(l +c05(p)c05(p+-—:-:—] Qa!cos—;P-’dqa =
0

n

= 4nia? S(—z—cas g’+ Z COs 3:) +——;—- cos—s(p—)dq) =
0

2

= 47q? (5sin-£ - sin % -+ 1 sin —@-) r =2 nee
2 2 5 2 0 5
I[Tpumep 5. Ilyects ' — uvacts KpuBoii y=3x—x3, nexauiad
8 npaBolfl noaynaockocth (x=>0) Bniumie npsiMoii y=x. Ha#lzem nJo-
alagb NMOBEPXHOCTH, NMoJayueHHOH BpaumieHHeM ' BOKpyr npaMof y=x.
Peumenne U3 ycnoBras 3agaun ciaelyer, 4yro

T:y=3x—x3, 0<<x<<y2.
Toraa

ds=71+9(1 —x2)2dx,
'p(x)_-—- [8x —x¥ —x|  2x—x3

V2 VT
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CJaencBarelbHO,

143
IS| =012 j' V1491 —x2)? (2—x?) xdx =
0

— 1 —_
=.._....E.I...J_{_.2_.... 2 . — ﬂV?. _t_ / 5
: j'l/l—{~9t (1—1 dt =22 (2 VIFoF +

+%1n[3t+'|/1+9t2])1'_1—— 2V2_ 9)T0 + In(3+ VI0)).

[Ipumep 6. OGnacTe, orpaHu-
yeHHasi 4YacThl0 COHpalu r=e®,
n/6<@p<Tn/6, 0 npsamoii, npoxofis-
uled yepes KOHIEBhle TOUKH CHHpa-
Jd, Bpaumiaercss BOKPYr 3TOH nps-
mo#i. Hafitu o6beM ¥ naowaie Mo-
BepXHOCTH IOJYYEHHOTO Teja (CM.
puc. 57).

Peuenue. BubepeM aekapro-
By CHCTeMY KOOpAHMHAT TaK, YTOOHI
HayaJg0 KOOpJAHHAT COBOANO C IO-
JIOCOM, TMOJOXKHTeJAbHadA IOJYOCh Puc, 57
OX ¢ nydom @=n/6. Toraa

X=r (cp——-g—) cos (@ — m/6) =e?—6 cos ((p~—~-1),

Tty o, . b1/
- . — 11/6) — gP—11/6 LS
Yy=r (tp 5 )smw n/0) = e¥—"/% sin (tp 5 )

Hafizem ds no ¢opmyae

ds=V r(g) +(re)* dg=ev-VZ do.

Tak xak ocwlo Bpamenns sBjsercs ocb OX, To

p(9) = |y (9)| =e* sin (tv——%)

CJ1e10BaTEJBHO,
7n/6

|S| =2rn S V2 e2otws sin (q:———) do -—2:1:1/_S eA+n/6 gin fdf =
/6

2 2sint—cost 5— 1
_ 2y sin : cos et |7 = /6. 25Y/2 ,?(82n+1)_
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O6beM Tena BHYHCAETCH Mo opMyJe
71t/6
(Vx| = —n | 4*(9) 5, do=
/6
7m/6

6

14
= —0 S e20—n/3 gin? (cp-—-—--—“—)c;p ° (cos (tp—-g—)—sin(tp—--g—))dq)

/6

n

I
=1 Ye'“ (sin*t —sin? fcost) dt =mn g g3t (
0

0

9 1
— sin t——3-cost ——C0$ t—ism t
4 4 4

) 1
ismt——cost—-—
4 4

—-——l-sin 3t +jl——cos St) dt:( edt 4

10

n

4 reedt
18

3 3 3 3
—=—s5in3{ Tcos3t+—4—c053t-{~-—4-sin31 )

— L I ___1_ 3
_.n( = (@ 1) —— (e“+1)).

Jadauu

BuyncauTts:
o
1. S sint xdx.
0

8/3
xdx

(x—3)2 ) 89 —60x + 10x2

n/4

sin? x
'5. S - dx-

cosh x
—/3

—a

- dx
o S “(V3a+Viiia®) .

—2a
/2 .
9. S sin* x.cost x
sinl® x -+ 6cos!? x
-~ /2

dx

11. S : .
stri® x 4 cosé x
0

276

—2
5/2

4.(
5

n/2

6. g
n/6
on

0

2

|~

Y3

dx

(x*—8x+15) Y b6x —x2—5

cosZx
———dx
sind x

bo. |
12, S

4 4 cos?x.

x2+1
xt4+1
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13.

15.

17.

Hafith naowans obaactu, orpaHHyeHHO

! !
S x arctg®xdx. 14. S' cos? (In x) dx.
0 0

1 1

S arcsin? xdx. 16. S

- | —1

1¢ 2

j'—-‘“— dx. 8. S
1+ x2

0,1 1/

e

NPAMOYrOJbHHEX KOOpAHHAaTaXx *:

19.
20.
21.

22,

23.
24.

25.
26.
217.
28.
29,
30.
31.
32.
33.

y=x2* y=0, x=2.
y=asinx, y=acosx,
y=xIn?x, y=xlnx,

y:-zicosx, y=atgx, x=0,

y=xt—4x3 45, y=cosnx—I1,

2a3 4a X
A=l P
Pr=x*—xt
X =xr—yr

y=x, Yy=-—x, "'y2+2x2=1'
$=x—y?a, y=0

¥+ 4y =8a%, X*—-3y:=a (x=a).

y—y=x, y=—(1+x?3 y=0.

cosxIn(x+ V1 + x?)dx.

L el S dx

It

KPDHBEIMH, 3aJaHHEIMH B

yP—y=x, y=—@+x? y=0, y=—1

x=cosmy, 4y*=3(x+3).

34, Hafitu njouaip KaXaol u3 yacTel, Ha XOoTophe mnapaboJia
y?*=q(a — x) pasbuBaer kpyr x>+ y?=a?

35. Haditu naowazns o6nacTH, 3akijiloueHHOR MexJay napaboJof
y=x%—2x+3, KacatesbHOH K Helt B Touke M (2, 3), u ocsio OY.

Hafitu niomaigs obnacTH, orpaHHuUeHHOH KPHBOH, 3aJ]aHHOR mapa-
MeTpHUeCKH **,

36.
37.

38.
39.

x =3, y=23t—1,.
x:._t-(ﬁ_t) y:_t?_(ﬁ-——l),
3 ' 8

x=qcost, Y=bsint (anaunc).
x=acos’t, y=asin®f (acTpouna).

* 3aMeuanne. Bciofy B STOM pasjieNle 3HaueHHS OYKBEHHHX NapaMmeTpPoB CuHM-
TAIOTCA NOJOXKHTENbHEMH.
** 3ameuanue. Ecnn y=1tx, 10 y/x—x/y=x%(t).
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40. x=asint, y=asin2t
_ } (kpuBble Jinccaxy).
41. x=acos3t, y=asint

PP 7 S £

IS S (L+e)2
43. x=acost, y= asm?t
’ 2+ sint

[lIpuBecTy ypaBHEHHe K MmapaMeTpHYECKOMY BHAY H Ha#iTH mjo-
maap o6Jiactd, OrpaHHYeHHOH netyeR KpHBOH:

44. X2 + P =axy. 45. (x +y)® =axy.
46. x*=axy® + ay’. 47. x* +y® = ax?y’.

Ha#ity naowags o6JiacTH, OrpaHHYEHHON KPHBBIMH, 3a]aHHHIMH B
NOJIIPHBIX KOOpJAMHATAX:

48. r=acos de. 49. r =asindeg. 50. r=a(l—sing).
51. r=atgq, g=mn/4. 52. r=a({2—cosq). b53. r®2=a?eos 49,
54. r=2¢, (0<q<C2n), 55. r=-"502% 5§, (1+sin?2q)a.

cos @

¢ =0.

57. Hafitu nnomasnb obaacTH, orpaHHYeHHOH KpHBOR r=a}/cos 2@
W HaxoAsmlefics BHYTpH Kpyra r=a/}2.

58. Haifitu nyomanp obnacty, OTpaHHUEeHHOH KpuBoH r=qa(l+
-+ Cos @) M Jexaile# BHe KpHBOH r=3a cos ¢.

59. Hafitu cymMy nuomageit obsacreil, OorpaHHU€BHBEIX KPHBOH r=
a=cos 3¢ U Jexauux BHe Kpyra r=af2.

[TepediTH K NOJIIPHBIM KOOpA¥HATaM H HaHTH NJOIIaAbL 00JAacTH,
OrpalHYEHHOH KPHBOH:

60. x* + y* =acxy. 61. x% +y*=2ax, x®+y*="2ay,
M(a/2, a/2) e S,

62. x4+ yt=a%2, 63. x*+y>=a, x* +y?=2ay,
M (0, 3a/2) & S.

64. (£ + y?)® =axty. 65. (x® 4+ y%)® = a’x%y2.

66. (x84 y®) =a® (x* + y4). 67. x® +yf=a’xt.

68. Hafith nsaomaap o6JsacTH, ABASIOLEHACA nepeceyeHHeM obJa-
crefl, orpaHMYeHHBIX KPpUBHIMH (x24-y?)2=a?(x2—y?) n

(x2+y?)2=2a%xy.

69. Hafitu naowanp obnacTy, jJexauei MeX1y KpUBBIMH

(x24+12)2=a2(x*— y?) u (x2+y2)2=4a?(x2— y2).

70. Haiity miowane obJiacty, pacnoJiOXXeHHOH B mepBOM KBajpaH-
Te, OrpaHHUYEHHON KpHBOH fz:—g—sinﬂ 29 u Jyexauie#i BHe KpUBOH
xi+yt=x2+y? (nonsipHas M AE€KapTOBA CHCTEMHI COBMELIEHH ),
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71. Hafitn naowaab obJsactTh, nexaiied MeXK1Y KPHBHIMH

Hafitu o6bembl T, 06pa3oBaHHBIX BpalleHHeM (HTYpH, orpanu-
YEeHHOH JIMHHSIMH:

72. y=cos x, y=2c0s x, x=*nf2
a) Bokpyr ocu OX; 6) Boxkpyr ocu OY,

73. y=e*—1, y=2, x=0.
a) poxkpyr ocu QY; 6) BOKpyr npsiMo# y=2.

1
74. y 1+x2’y 0, x==1
a) Bokpyr ocH OX; 6) BOKPYr OCH CHMMETPHH; B) OTHOCHTE/JbHO TIpHA-
Moll y=1.
75. y=sinx, x=0, x=n, y=0
a) BOKpyr npsamoi y=-—1; 6) BOxpyr npaMoi y=1; B) BOKpyr nps-
Mo# x=—1.

76. Hafitu o6beM Tena, mMOJNYyYeHHOTO NpPH BpalleHHH Kpyra pa-
JHYyCOM @ OYHOCHT@JNbHO NPAMOHR, JexalleR B IJIOCKQCTH Kpyra H OT-
cTosel OT ero IeHTpa Ha paccrosuuu b (b>a).

77. Jlan Kpyr paaHycoM a M npsiMas, Jexaulasgs B NJOCKOCTH Kpy-
ra Ha paccrosuuu b or neurpa (0<b<a). Hafiru o6veM Tena, moay-
YEHHOro MPH BpalleHHH BOKPYr 3TOH NPAMOH KaXKJOH U3 yacred Kpy-
Ta, Ha KOTOphIe ero JeJIHT JaHHaf NpaMasd.

78. Halitu o6bem Ttena, o6pa3oBadHHOro BpalieHHeM (PHrYDHI, Orpa-
HHYCHHOH JIHHUAMH Yy~ y=x, x=0 a) Bokpyr ocu OX; 6) BoKpyT
ocu OY.

79. Hafitu o6beM Tena, nmonyyeHHoro IpH BpallleHHH napabonuye-
CKOro CeKTopa ¢ OcHoBaHueM 2aq # BbIcOTOH M a) Bokpyr ocHOBaHuf,;
0) BOKpDYr OCH CHMMETPHH; B) BOKPYI KacaTeJIbHOH, MPOBEREHHON ye-
Pe3 BEpUIHHY CEKTopa.

80. Haiitu ob6beM Tena, mosyueHHOro INpPH BpalleHHH (QHrypH,
'OTpaHHYeHHON JUHHAMH Yy=x(3—x), y=x: a) Bokpyr ocu OX;
6) Bokpyr ocu OY; B) BOKpyr npamoi y=x.

81. Hafitu o6beM Tesa, noJyyeHHOro HPH BpalleHHH YacTH 3JJHKI-

x? y? -
ca — +-=—=1, Jnexamero Mexay npsMbMH y=h u y=—~h (0<
< h<b) BOKpPyr BepTHKaJbHON OCH CHMMETpHH.

82. Hafitu obbeM Tena, monaydeHHoro npH spaueHud QHrypH,
OTpasduYeHHON auHHAME x3=y2, x=0, y=—1/27, y=8 BoKpyr ocu OY

83. Ha#itn o6beM Tela, MONYYEHHOro TNpH BpalleHHAH (QHrypHI, fB-
Jswomefics obwelt yactbio Kpyros x4+ y?=2ax n 22+ y2=2ay:

a) Bokpyr oci OX, 6) BOKpyr npsaMoil y=x.

Hafitu o6beM tena, 06pa3oBaHHOro mpu BpallleHHH ofaacTu orpa-
HHYEHHON JIHHHUAMH:

84, x=acos?t, y=asin®!

a) Bokpyr ocu OX; 6) Bokpyr npsmoft x=a.

85. x=asint, y=asin 2¢
a) pokpyr ock OX; 6) Bokpyr ocu OY; B) Bokpyr mnpamoii x=a;
£) BOKpYTr NpsSMOH y=a.
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86. x=a(t+simnt), y=a(l — cost), O0<I<2m, y=0
a) Bokpyr ocu OX; 0O) BOKPyr OcH CHMMETPHH; B) BOKDPYL NpPsMO#R,
y=2a.

87. Hafitn o6beM Tesa, NMOJYYeHHOrO NPH Bpaumes#Hn o6jacrTH,
OTPaHHUECHHOH KPHBOH

x=2asin2f, y=2acos ¢
a) Bokpyr ocu OX; 6) sokpyr ocu OY.

88. Hafitu ofbeMm Tesa, NMONYYeHHOIO MpPH BpalleHUM oO6JacTH,
OrpaHHUYEHHON TeTJefl KPHBOH

x=acos 2, y=acos 3t
a) BOKpyr npsAmo#l x=a; 6) Bokpyr ocu OX;

B) BOKPYr NpsAMOf x=—a.

89. Hafitn o6bem Tesa, MONIYYEHHOro TMpH BpallleHHH 0O6J4acTH,
OrpaHH4YeHHOH KpHBO# r=a(l+cos @) BOKpPYr JseBOR BepTHKaAbHOR
KacaTeNbHOR K 3TON KPHBOM.

90. IlokasaTh, yto 06beM Tesna, o6pa30BaHHOrO BpallleHHEM BO-
Kpyr nonsipHoH ocx obaactd 0<CaSo<Kp<sn, 0<r<r(q) (p n r—
NOJNADHEE KOOPAHRATH), PABEH

B
'32;' n 5r3 (p) sinpde,

v

Hafitu o6beM Tena, 06pa30BaHHONO BpaleHHeM 0O6JacTH, orpaHu-
YEeHHOH KPHBOW, 3alaHHOH B NOJSPHHEX KOOpPAMHRATAX:

91. r=a(l +sin® @) BOKpPyr HOJAPHOH OCH.
92. r=acos®@ BOKpPyr MOJAPHOA OCH.

93. r =a[sin2¢| BOKPyr NOJSAPHOH OCH.

94. r=ae?, 0o, 9=0, p=mn BOKpyr HoJspHOHA OCH,
HafiTh qauHE Oyr cleiylomuXx KPHBHX:

95. y==Inx, 3/4<Cx<C12/b.

96. y=1-—Incosx, 0<<x<n/3.

97. y=In(1—x%), O0<<x<1/2.

98. y=arccose*, O0<x<1,

99. y=V1—x%+arcsinx, 0 x<<7/9.
100. y=V1—x% +arccosx, 0<<x<<8/9.

101, y=VYx—=x2 —}-—é- arcsin (2x—1).

102. l/ +1/——*;—=1.

103. (-i;- QEEPRY P V.3

[* 1

o R

g

Yy ‘/ —-‘!!--——é— Vay or touru A (0, 0) xo Touxu B(af6,a).

a

104. x=

e
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i a? y®
105. x= .
r=- a+ » -+ o OT TOUKH A (a,a) po touku B (5a, 3a)

106. HafiTn g/uny nosyKyGHuecKol napaGosin yz—_:-—z—- (x — 1)3, a3a-

o X
KJIOUEHHOH BHYTPH mapaboJinl 42 =

107. Haiity anuHy rpaHnuel 06/1acTH, OrpaHHUEHHON JIHHHSIMH

y:ex, y:Q-V-X','—, x=0, y= ].

108. Hafith n/uMHY rpaHAUB OGJIACTH, OrpaHHYEHHOH JIMHHSMH
— 3, —

y=2Vx , y=2;/x2_.

109. Hafty piauny JHHHH

X

y(x):fvﬁ—l df, 1<x<<2.
1

110. Haitti a/mHy JIMHMH

y(x)) = S Vcos 2t dt, 0<x<m/4.
0
111. Haiite gauHy JHHHH

X
yx) ={(Vsin2tdt, 0<<x<<n/4.
)
HallTH pmuHBl Ayr CJeAYIOIMX KPHUBbIX, 3aJlaHHBIX MapaMeTpPHUeCKH:
112, x=acos®*f, y=asindt.
113. x=acos’ ¢, y=asin®t, 0<I<n/2.
114. x=2asin?t, y=2acost.

115. x=In(1+1?), y=_2arctgf — 2{+8 ot Touku A (0, 8) A0 TOYKH
B(In2, n/2+6).

116, x= (?— 2)sint+2fcost, y=(2—1?)cost+2¢sint, 0],
117, x=6at5, y=>5atf(1—18) or mouku A(0, 0) nH0 TOUKH

B(6a, 0).
118, x=2ash3¢, y=3acht or toukn A (0, 3a) go Touku B(xo, yo).
119. x=acost, y= —2alnsint or Touxkn A (0, 0) go Touku B (x4, ¥y)-

120. x —-—-E-sint(l +2cos®t), y=acos*t or Touxku A(0,a) no TouU-
kH B{a/2,0).

121. x=a (cost +1ntg—;—\l, y=asint or touku A (0, a) 1o ToukH
/

B(xﬂyyﬂ)
122, x=2acost, y 2asint, z=at, 0 < 2.
_ 2, Ve ) L 2, 0 1.
123. x 3t+2t,y 3t+2,z 3+ SIS

124, x=¢t (cost +sint), y=e' (cost—sint), z=ht, 01 < 2n.
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125. x=acos*t, y=asin®r, z=acos2t.
126. x=a(fcost—sint), y==a(fsint +cost), z=ht, 0TI ¢,
Hafith anuHp Oyr KpHBHX, 33jJaHHHX B MOJADHBIX KOOpPAHHATAX:

127. r =cos? iﬂ 0/ 2. 128. r=acos? (¢/4).
Q
125. r=¢?, 0<C < m. 130. 9= -—;—Vrg—}—§+ln]r+
+VrE+2], 0<r<.
131. 9=Inr+4r, 1< r<{o.

132. Hafitu mauuy IZyru cnupann Apxumena 7==a@, Haxogsuleics
BHYTPH Kpyra paauycom 2am.

o o na
133. Hafith anusy ayru runepboiuyeckod cnupasiu r=——cp-, o>

>0, Haxouselics BHYTPYE Koabla a/4<r<2a.
134. Hafitu anauygy rpaBunb obnacred, orpaHHYeHHBIX KPHBLIMH

r— a ur=a(l-+cosq).

. @
4 sin®
ST

Hafith nnauny ayra xpuBo#, 3afaHHOd B fHoJspuofi cucTeMe Ko-
OpPAHHAT:

135. r=acos?u, ¢=2(u—tgu) or rouku A(a,0) 10 TOUKE
B(a/2, n/2—2).

136. r=a(l +1gu), p=tgu—In(l +1igu) or rToukn A(a,0) mo
TOUKH B (g, @) .

Hafitu nnomagd noBepxHOCTeH, o0pa3oBaHHBIX BpalleHHeM cle-
AYIOLUIHX KpHBbIX'

137.

:1 (a,>/b)a

a) BOprI‘ OCH OX, 6) Bokpyr ocu OY.
138. yz—l—-, 0< a<Cx<<b Bokpyr ocu 0X.
X

139. y*+4x=2Iny, 1 <<y<<2 BoKpyr ocu OX.

140. Ha#itH njowmwanp noBepXHOCTH Tesia, MOJYUEHHOTO BpailieHHeM
OKDYXKHOCTH PajHYCOM @ OTHOCHUTEJBHO IIPAMOH, JeXKaileld B ee mioc-
KOCTH K OTCTOsIIeH OT LleHTpa Ha paccrtosiue b (b>a).

141. Ha#iTh njomlagp MoBepXHOCTH TeNa, MNOJYYEHHOro Bpauie-
Huem BOKpyr ocu OX nersiu xpuBofl 3ay=x(a— x)2.

142, HafiTu nosHy10 mJomajb MOOBEPXHOCTH TeJa, NOJYUYEHHOTO
BpamenueM BOkpyr ocH OX ob6nactu, OrpaHHUYeHHON JUHUAMH y?=2x
H 2x=3.

Hafith nnomanan noBepxHocTeil TeJs, 06pa30BAaHHLIX BpallEHHEM
KPHBOH, 3a/JaHHOH mapaMeTPHYEeCKH:

143. x=etsint, y=et cost, 0<t<n/2
BOKpyr ocu OX.

I'4
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144, x=a(t+sint), y=a(l+cost), 0<i<2n,

a) Bokpyr ocu OX; 6) BOKpyr ocu OY; B) BOKDyr oCH CHMMETPHH;
r) BOKPYr mpAMOH y-—2a

145. x=a(cost+ln_tg—;—), y=asint, n/2<(t<3n/4, BOKpyr
ocu 0X.
146. x=2asin?¢, y=2acost Bokpyr ocu OX.

147. x=a(2cost—cos2f), y=a(2sin{—sin 2{) Bokpyr ocu OX.

HafiTn njomagn nmosepxHocTelf, 006pa3oBaHHBIX BpaileHHeM AyrH
AB kpusoii:

148. x=af?, y= -——at 3-—1t%, A(0,0), B(3a,0),
a) pokpyr ocu 0X; 6) Bokpyr ocu OY.

149, xz—z—at‘*, Y= %a(5t3-——3t5), A(0, 0), B(5a, 0);
a) Bokpyr ocu OX; 6) Boxpyr ocu OY.

150, x =2af*, y— ~—“}a(2!2——t4),

A(0,0), B(4aV2 ,0),

a) Bokpyr ocu OX; 6) Bokpyr ocu OY.

151. HaiiTy nJoulajges NMOBEPXHOCTH Tend, NOJYyYeHHOTO NpH Bpa-
wenuyn o6gacTH, Jexanleii BHYTPH OKPYXHOCTH r=2asing H BHE
OKPYXKHOCTH 7=a, OTHOCHTEJIbHO OCeH KOOPIMHAT.

152, Hafith njoumaipr HOBEPXHOCTH Teaa, o0Opa30BaHHOro Bpaile-
HueM 06aacid, OrpaHHYEHHOH KPHBOH

r2=q?cos?q@+b?sin2g (a>b),

a) Bokpyr ocu OX; 6) Boxpyr ocu OY.

Orserol
"3n 7 , 3 . 1 1 ]/3 + 2
. . — | aatea— —— 4 hanass _— T —_—
1. e 2, 95 m. 3. 6—arcsin AT +arcsm}/10 4l V15+4
- _ tg_i‘_
! 3 /1 3 v/, 7 s, | 24
—_— = —. b5, = — V3 In
4(]/5 1’3) 8V2+4V+8 t T
€7
14 n V'3 . 2n n iy
—_— — — In3. 8. —. 9. —. 10. e
6 5 V.1 12a da n3. 8 Y 3 56 445
11, 4n. 12, -~ W2 s %y Lmo 14 2
; T > + arctg ; 13 " (4—m) + 5~ In -
5. ig_.—z;. 16. 0. 17. 0. 18. 0. 19. 2_—-—"“ 20. 2212 . 21. 1.
' 1 . /3 46 n
22. g (— £ln 2 .2.—.2.3( ——12‘ 25, .
a ( 3 +In 5 ) 3 5 4. a 2+ . n J- .
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8 8 = = a? n
26, —, 27. — g®. 28. . 29, 2 Lad [ -
= 27— 2. VZIn (1 +V2). 29. 2 30a(2
1 - 7 43 2
——— .31, —. 32. =2 33. 6=, 34. S,=8, =
= 1n(2 +v3)) 31. —. 32. —. 33 —. 34. §,=5,
na® 2 a na? 4 8 72 - 27
= — =g §,= —. a% 35. —. 36, — /3. 37. =L,
4 3 & Vs 5 T 5 ¢ 3 6 5 14 5
8 8 3V3 1 na?

38. mab. 39. — na®. 40. — 2. 41, 2. 42, — 43. —
nab. 3 5 e . 41 o - 3 ]/3_(16
—9V3). 44. X 45 L 46, L 47 % 48 T g9

6 60 210 ‘ i0 4 4

50. 22 51, L (4—n). 52. 2% 53 42 54. % 53 55 2 (4—n).

2 8 2 3 2

19 a? 5 mnag? na® V3 na?
56. —mna®. 57. —(n 1 6—37/3). 58. 2. 59, . 60, =,

8 6 (n V ) 4 12 T 8 2

2 3 2 e V'3 7 a1
61. % (n—2). 62. 22 63. ¢ = . 64. =2 5.

9 ( ) V2 3 + 2 64 512 6 8

66. = mat. 67. “T. 6. a ——-‘-/-2—). 69. 3a%. 70. = 4 — —
3 2 2 6 3

3m*
2 1
73. a) 1(31n23—61n3+4); 6) n(91n3—8). 74. a) %(2%); 6) nln 2;

6) m? — 2m.

1 5 2 (15 3
wes arctg /2 . 71. na (1/2 ; ) 72, a)

3n? n

— 75. a)—rg— + 4m; 6) 4n— n?; B) 2n? + 4m. 76. 2n%a?b.

B)

77. 33“_ VaE =B (2a® + b?) —2na?b arcsin Ve : 2; Va?—b® 2a® +

a

+ b%) + n?a?h + 2na?b arcsin —!3-. 78. a) ﬂ; 6) —1-@-. 79. a) —l-ﬁ—naHﬂ;
a 15 105 15

Jm2H; B)_S_n:aHz. 80. a) 56m ; 6) ; B) gn )/ 2 . 81. 230%(3'52_}12),
2 5 15 3 15 3b2

3n 1 na’d = 5 T
g2, 3% (o1 1) g3 —9): 3 5 _
! ( 37) a) o (n—2); 6) @’ V2 (6 . )

32na3 203 2.3 a
84. a) na ; 6) Inla 85, a) 16 nas: 6) n2a ; B) 16na :
105 4 15 2 3

6) 8n

nas.

r) 3
86. a) n%ad, 6) 2na® (if————g—); B) 3n%ad. 87. a) 4a®n?; 6) -%Qgs-asn.

11nad na®yY'3 118 34/3 2,3
88. Vox— 17" Vx=a“‘=‘_'/3;—“= Ve g 2208°Y3  gg 1307
YkasanHe. Jlepasi BepTHKa/JbHasi KacaTesbHas HMeeT ypaBHeHHe x =@ (x,),

. 236 4 64
rae x =minx Ha [0, n]. 91, == ma®. 92. — mad. 93. — nad.
(%) (p) Ha [0, =] @ T 93 o @
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94. ———l—wa3(eﬁ"+1) 95. -——+In2 96. In(2+V3). 97. ln3-——2—

2]/2 4V2 ad+-b?
— . 100. . .2 .
98. In(e+ VE—1). 99, T 100, — 101. 2. 102 e T

a?h? b(V a®+ 5% L b)
(a? 4 67)/3 +1n a(V @+ a* —a)

. 28 .
TpHYECKOMY 3amanuio KkpHBoil. 103. e a. Ykasaume. IlepefiTu x mapa-

-+

. Yxasaaue. IlepefiTH Kk mapame.

METPHUECKOMY 3aJaHMI0 KPHBOH. 104. 7%. 105. —E:-;-a. 106. ‘/2 — (%2 —

— 22y, 107. V1 +e& +e—2+ 2In(1 + V2 ) + In (v1+e2— 1).

108. 12 +1In(1 +71/7) +—2?7—(103/2-1). 109. % 110. 1. 111. 1.

112. 6a. 113 —Z——a(?——- ‘"‘2;;3) ) 114. 22 V5 +aln @+V5).
115. 22 —2. 116. 1/3. 117. 10a. 118, 2ach3t ——3acht +a, x(t)=

costy—
cos 0+1 I

122. 2a7/5 x. 123. -211_ 27 V3 —2V6 ). 124, VE L de"—ViF + 4 +

=Xy, Y = yp. 119. acosty+aln y X(Eo)=Xo, Y(to) =Yo-

V4e™ f e g 1/ 22 | pay
+hln( TR % —2x. 125. 10a. 126.3— a?to +h +5;]nlat0+

+V @ + m -_—;i Ink. 127. = @2a+3 V3). 128,
a

16a

120, L x
3

X[(a2 -+ 4)2—8]. 130. . 131 3VE—VE + -é—lnl 6+ V3T l

2+y¥'5
132. a(nV4ni+1 + —5— In 2n + V4nt+1). 133. na X
Sny 2y 16 1Y, @ o T6a 764 — 1T 71670, 134, L—2(/
xln( —r )+4(V16n+ 4 —) 1+ 16a%). 134. L,=2(l,+
Flo41); Ly=I1+1lg Ly=2(l,+1y), 11=4v§“asin%, l, =
3 n
..o a COST 1 t 3n cos?
=4asin—, L=~ (_ — +-2—ln‘ e | S T

s 3
co
1 n . 3m a 8
—-———ln1tg -——-I , ly==4a (1—3111——),15: —
2 16 8 2 2 sin? on
8
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1 3n
—_— 5 Inltg—lé—

. 135. 2 (1— V2 ) 136.a( g 1«

2 2 cos? Qo 2

X In

tg (-29_+ _"_)’) 137. a) 2mb® + Qnab-—aic—?i, 6) 2ma® +
2np? a Va? —p? nf B+¥Y1+8
4 ]n[ (1+e)] —> . 138, 2al (a2+;/1“3€71‘2 )+

_+2n(‘/l—|————v 1+bi;); 139. —::%[9——8]n2]. 140. 4x%ab.

g @
141. . 3; 4 V2 Tl [(-—Z")S/Q—QWJ. 143, M(en__g).

3 \ 2 5

144. ) 2 nat; 6) 16ma; 5 - e ) e 145, 2na2( L )

(5%2—1). 147. —1—?8—:-@— 148. a) 3ma®; ©) —2%?/—3

2nq?

146.

149. a) ﬂ.ﬂ:a"’; 6) 1240 ‘/—E’—-naz. 150. a) omna?; 6) —5%—6—’[/2 na?.
3 63 3
151. a) na? (——S—n+ 41/3‘); 6) 4na?. 152. a) 2a (a2+ L
Y at — bt
) 6) 2n (b2 4 aresin-t =¥ )

Va4 — bt + g?
b2

x 1

FTaasa 111
ARG PEPEHILUAJNLHOE HCHHUCJAEHHUE
GYHKUHUN MHOI'UX HEPEMEHHEIX

§ . NIPEAEJ ¥ HENNPEPBIBHOCTD

Toukofi x B mpoctpancTBe R™ HasplBaeTCcs YNOPAJOUEHHBIH HAbOD

gucen x= (x;, Xo,...,Xm). DBesnuuna ‘/ fo Ha3bIBACTCS HOP-
i=1

moti x=R™ u oboanauaercsa |lx||; ecin Hy:KHO yTOUHHTb, B KakKOM
liPOCTPAHCTBE HaxoAHTcs X, MHMYT ||X ||zm, HO OOHYHO HHAEKC omyc-

KdeTcst, TaK KaK H3 KOHTEKCTa fACHO, O KaKOM TIpOCTPAaHCTBE HJET
peub. Tak Kax

m
max |x;|<< ‘/Zx? < Vm max |x],

I<i<m f==1 I<i<m

10 ycaoBHe Hx||--0 skBHBasieHTHO ycaoBHio max |x;|—0.
1y =<<m
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Hopma B npocrtpancTse R™ urpaer Ty e poJib, 4TO H abCcoaior-
Hasl BeJHUMHA AJAS TOYEK YHCJIOBOH npsMoi. Paccrosuue ot x no my-
as—d(x, 0) —paBuo Hopme x:d{(x, 0)=Ixll; paccrosuue wMmexny
TOUKaMHu x W y paBHo Hopme (x—y) :d{x, y)=lIlx—yl. B nanbnei-
IeM pPacCTOAHHE MeXJy TOYKaMH x¥ H Yy 3anuceBaeM B BuIe |x— yjl.

Orobpaxenue f:E—~R? EcCR™, 3anucHBaeTci B KOOPHHATHOM
dopme f=(f1, fo, ..., [x), rme fi:E—~RY i=1,2 ..., n*. Ortob6paxecnne
[:E—~R, ECR™ wnaszoBeM ¢yHKUHeH (neficTBHTeNbHO3HAUHOH (QYHK-
unell) TOYKM XER™: x=(xi, Xo, ..., ¥m) HIH QyHKUHER m rme-
peMeHHHX f(x)=f(x1, X2, ..., *m). HccienoBanue mHOrux cBoficTB
otobpaxenus [:E—~R", ECR™, cBOAHTCA K HCCJAEAOBAHHIO STHX
CBOHCTB ero KoopauHaTHbix GyHKuH# fi, fo, ..., fa, fitE—R' TosTo-
My B Hacrosule#t riaBe Oosee noapoOHO aHAJHIHPYIOTCH QYHKUHR

f: E—~R, ECR™

Onpepenenue, [lycrs f:E—Rn, ECR™ n My — npejenpHas
touka E. Touka A=R"” nasnBaeTcs npedeaom otobpaxenus f(x) npu

x— My: lim [(x)=A, ecaun ana moboro >0 cymecrsyer §>0 Ta-
X—+My

Koe, yto Aas Jjgioboro x=E, yaopiaersopsiomero ycaosuio 0 Jlx—
—M0||Rm< 8, sumoansercs |[f(x)—A Ian< g. 3anuuieM 3To onpe-

A¢lIeHHe ¢ HCIIOJb30BaHHEM CHMBOJIHKH!

Ve>0d8>0:VaesE, 0 lx—Moll m <8IF (x) —All , <e.

B TepMuHAX NOKOOpAMHATHOM CXOAHMOCTH yTBepxkaenuwe lim f(x)=
x—+M.,

=A,Mo= (01 x2°%...,x%), x=(x1, x2,...,%m)”, 3anHCHIBaeTCS TaK:
Ve>0d8>0:Ve=(x, X5, ..., %), x=E,
0< |5~ <8 (i=1,2, ..., m)=>[f()—All,<e.

Otobpaxenne [: E—Rn, ECR™, rpe B KoopanHaTtHO# 3amucu f=

= (f1, f2s---+fn), fi : E=R umeer Touky A= (a1, o, ...,an) mpeneiom

ipu x—M, rorjga ¥ ToabKo Torfa, Korga lim f;(x)=a; nna mobo-
x—)-f\dg

roi=1,2,...,n.

Kputepu#t Komwn Ilyers f: E—Rn, ECR™, u M,— npeznens-
Hag touka E. I[lpegea lim f(x) cymectsyer Ttorma u TOJbKO TOTAA,

X—+Mq
Korja Ajas Jwoboro >0 cymecTByer §>0 Takoe, uTo AMA JIOOHX X1 €
&E n x;=FE u3 nepasencts( <|[M0~x1|}Rm <4, 0L ||M0—-x2HRm<

< 8§ cienyeT HepaBeHCTBO
I (x1) — F(x2) | <e.

* B paaptehiulem npoctpaHcTBo R! Gyzem o6osHauaTh mpocta R.
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C ucnoib30BaHHEM CHMBOJIOB 3TO 3alHCHIBAETCS TaK:
Ve>03q8>0:Vy,€E, Vi,eE, 0< |IMy—x, || <8,
0 WMy —x [ < 6= (I f (x)) —[ ()l < e,

Onpeneaenne. Ilycts f:E—R", EcCR™, u mHoxectso Uc
<Rm, Toraa xoaebanuem orobpaxenus f na MmHoxectBe U Hasnl-

Baercas  sup ||f(x)—F(x)]l u o6Gosnauaercs oy (f). Hcnonssys
x5 €UNE

NOHATHe KoJaebGanus otobpaxenus [:E—R" EcCR™, Ha MHOXKeCTBe
UcRm™, kpurepuft Koumm cymiectBoBaHus mnpesnena dopMyanpyercs
TaK: nycts f:E—Rm*, ECR™ u M,— npenenpnas touka E. Ilpenex
ﬂirﬁ f(x) cymecrByeT Toraa H TOJIBKO TOrjaa, Korga aist Jioboro g>
X~»iVly

>0 cymecrByer okpectHocth U=U(M,) Toukm M, Takas, uTo
o5 (f) <e, rae U=UN{Mq.

Buiuncienne npenena QyHKUMH MHOTHX NepeMeHHEIX YacTo CBO-
IWTCS K BEIUHCJIGHHIO Tipenesa QyHKIUHH OJHOro nepeMeHHoro Ju60 C
TIOMOUIBIO OLIEHOK, JROO 3aMeHOH NepeMeHHBIX.

“ . sin'xy

Ilpumep 1. Haiizem npegen lim ——.

0 VX2 i
y—0

Pemenwue, YcmoBue (x, y)—(0, 0) 5KBHBaJEHTHO YCJOBHIO

Vx2+y2—+0. Tak Kax

[sinxy | < |yl < — (62 + 9,

TO

0 sinxy
R

#, CJIeN0BaTeJ/IbHO,

bl i
Ve

——VFEP,

. sin xy
lim —L— =
x>0 V22 2
=0

. : In® (x {y)
- ] -
I[Ipumep 2. Haiigem npepen xl_I;rll RIS o

y->0
Pemenue. Tak kak z=x+4+y-—l, 10 Inz~z—l=(x+y—1).
Bpenem HoBole nepemennbie r ¥ f: x=1+rcost, y=rsint, Toraa yc-
aosue (x, y)—-(1, 0) sxsuBasenTHO ycnoBHIO r—0 H

lim In? (x +y) — lim (x+y—1)?2 _
i VEFPE—2F1 ey 2ty —2xf1
4—=0 y—0
=“mr2(cosz’+sint)3:0'
r—0 r
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[Mpeaea dynkuun f{x)=f{x1,...,%Xm) HOPH YCIOBUH X,—>00
(xg—~>+o0; Xp—>—o0) u x—x0 i=1, 2, ..., m, i¥k paccmarpu-

1
BaeTcsl KaK npeaesa QyHKIUH f(xl, Xoy vooy Xpot, R Xetly «-ey %)
npu {—0 ({—-0+, —0—) u x;—x0° i=1, 2,...,m, i==k. Ecan Gec-
KoHeuHo OOJBUIOH SBJSICTCSI HE O0JHA KOOpPJAMHATa TOYKH X, a He-

CKOJIbKG, TO aHaJJOr'HYHO BCE 3TH KOCGPAHHATBI 3aMEHAKTCSA NEepeMeH-

1 1
HBIMH —, —— H T. ]

1 b
xe

ITpumep 3. Hafigem npegen lim (1 + L)m
X—»o0 X

y—+3
Pemenune OGosznayum x=1/f, Toraa ycioBue x—»oo y—3 3KBH-
BaJIeHTHO ycaoBuio (¢, y)—(0, 3), caenoBatensHo,

lim X In (1 + ..1_) — [im E.l_(i:tf_)__ lim 1 — 1

fvoo X4y x 0,3y ¢ (1 - 10) (g =(0,3) 1 -ty
y=>3 .
H
x? tim —in(14 =)
| | Ry mer L E
X—00 X
y->3

Onpenenenue. Ilycte My mpenenvnas Touka £E u MyeE.
Orobpaxenne f:E—Rn» EcCR™, nenpepslBHO B Touke M, ecau

Lim 7 (x) =f (My).

Orobpaxenue [: E—»R", ECR™, rjge B KOODALHHATHOM 3amucH f=
= (1, for---»fn), [i : E—R, HenpepoiBHO B Touke My<E Toria H TOJb-
KO ToT[a, Korja Kaxjaa u3 byukuui f;(x), i=1, 2,...,n, nenpepnis-
Ha B 3TO# TOUKe,

HenpepoBHOCTE QYHKUMY MHOTMX NepeMeHHBX [ B Touxke x 0oOHIY-
HO YCTAHABJHBAETCS MO TeopeMe O KOMMO3HLUHH HempephlBHBIX (yHK-
uuit. Ecau xe B nanno#i touke QyHxuusa [ He sABASETCS KOMIO3HUHEH

HenpepoBHEIX QYHKIHHA, To Bonpoc Tpebyer HHAMBHAYAJbHOTO HUCCTe-
JOBaHHSA.

IIpuBenem cooTBeTCTBYIOLIHE NPHUMEPHL.

[Ipumep 4. HenpepuBHOCTh QyHKIUHH
sin xy g 5 .

———— X -+ # 0,

fl, h={yere " Y

0 ., x4+y*=0

B n0boi touke M= (x,, yo), kpome Touku My= (0, 0), caexyer u3 He-
NpepLIBHOCTH MHOrOWiEHA, CHHYyca, KBaJpaTHOrO KOPHA H YCJOBHSA
Xo?+ iy?==0; HenmpepHBHOCTL f B TOuke M, cjeiyeT H3 paBeHCTBA

lim slit xy
(x.y—-(0.0) ¥ 224 y°

=0 (cm. c. 288).
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[Ipumep o HenpeprBH(}CTb GYHKURY

2+ , y2+22#0’
f(x, y, )= y‘+ 2
ax? , PP+ =0

B moboii Touke M, (X, Y., %), Tae ys+25==0, ycranaBamzaeTca TaK
XKe, Kak # B npepelnyiuiem npumepe. Ilycte M, =(x,, 0, 0), x,5%0.
PaccmoTpuM, Kak BeayT cebs snaqemm f (M), ecnu Touka M npuOAHaeTCsE
K Touke M, no npaMeM X=x,, y=0 U x_.{o, y=z Hdaa M(x,, 0, 2
HMEEM f(M) =ax; H 11m f(M)—axé—f(M nast M (xy, 4, 4), y==0,

M

umeem [ (M) = axl+ ~§— u lim f(M)=ax] + -—5- = (M,), Tak xak x,0.
MM,

Urak, f paspeiBHa B TOuke M,, GoJjiee TOrO, TaKk KaK B JIOGOH OKpecT-
HoctH M, ¢yHkuus f npHHHMaeT KaK 3HAUEHHE ax), TaK H 3HaYeHUe

Xp

X o L
ax§+~2i, TO KoJsieGaHue f B 9TOH OKPECTHOCTH He MeHee Caeno-

BaTeIbHO, B CHJYy KpuTepust Komx, ¢ynKuHa [ He HMeeT npcpesia NpH
M- M,.

Hccnenyem senpepoieiocts f B Touxke My =(0, 0, 0). Tak kak |yz|<C
Q*é—(yz-{—zz), o |f(x, y, z)1§|a]x2+——;—|x| npu yrrz2£0;

\f(x, ¥y, 2| =la|x® opy y*+22=0. Ecom M (x, ¢, 2) M, (0, 0, 0),
10 x —0, caegosarensro, lim f(M)=0=f(M,), T. e. [ HenpepuiBHa
M- M,

B M,=(0, 0, 0).

kitax, mHoxecrBo M Touek pasphiBa [ sBasietcst ocbio OX ¢ BHKO-
JIOTBIM Ha4aJiOM KOOPJIHHAT.

OGpatum BHMMAaHHe, YTO A AOKA3aTeNbCTBA TOTO, YTO (DYHKIIUHA
f paspbiBHa B TOUKe Mg, AOCTATOUHO HAHTH TaxkHe ABe JHHHU, [IPOXO-
Asue uepes TouKy Mo, 4yTo [ UMeeT pasHBIe mpeaesbl, Korjga Touka M
CTpeMUTCs K Touke M, OcTaBasick Ha OJHOH M3 »Tux JauHuil. Korna
JKe NPOBEPSIeTCH HeNPEPHBHOCTh (PYHKIHH MHOTHX NMEpPEMEHHBIX B TOU-
ke My, 10 HeoOXxOaMMO paccMarpuBaTh HoBeleHHE 3TOH (QYHKLHU He
Ha OTAENBHBIX NHHHAX, IPOXOASUIHX Yepe3 TOuky Moy, a BO Bcex TOu-
KaX HEKOTOpDOH MOJHOH OKPeCTHOCTH TOukH M, npuueM Heo6xoauMo,

uToORl NpL JMOO0OM CTpeMAeHHH HEKOTOpoi# TOYkH x K Touke My Gbuio
BuIMOJiHeHo lim f(x) =[(M,).

x-M 0
ITockonbKy TexHHKa BbIUMCJAEHHS npefena (yHKUHH MHOTHX mepe-
MEHHBIX aHaJIOTHYHA TEeXHHKe BHIUHCIEHHS mnpexena PyHKUHUH OJHOIO
nepeMeHHOro, TO B 2TOM pas3jene NOMEIlleHH TOJbKO TeOpeTHUECKHe, a
He BBIUMCJIHTE/NbHBEIE 33aja4H, CBs3aHHbIe C MOHATHAMH npejgesia H He-
NPEPLIBHOCTH (PYHKUHH MHOTMX MepeMeHHEIX.
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§ 2. TPOU3BOOHASA, NEPBBIA NP PEPEHIIHAJ,
YACTHELIE MPOU3BOJHBIE

Ilyets f: E—»R", EcR™, u xo=FL — BHyTpennas Touka £E. Pac-
CMOTPHM JuHefiHoe MpOoCcTPaHCTBO BEKTOPOB A PasMEpPHOCTH M, HMEIO-
ITAX HayaJo («NMpUJOKSHHBIX») B TOYKE Xy TakHe BEKTODBI Ha30BEM
BeKTopaMu cMelnedusd. KaHOHMyecKMM O0a3ucOM B TaKOM IIPOCTPaH-
ctBe Gyaer 6asyc U3 «NPHAJOKEHHBIX» B TOYKE Xy HEHYJEBLIX BEKTO-
pOB, KOJIJIMHeapHHX Ga3MCHBIM BEKTOPaM HCXOAHOIO IIPOCTPAHCTBA
Rm™ B artom 6asuce KOOpAHHATH BexkTopa A o6o3HauuM Ax;, Axs,...
ey A,

Onpeaenenne. Orobpaxkenue f:E—R®, ECR™, oJugppepen-
yupyemo B Touke xp L, BHyTpenrel aaa E, ecau

f(xo+h) — F(x0) =L (x0) b+ a(x,, h),

rae h — Bektrop cMelieHus, L(xg) : R™—R" — juneiinoe orobpaxeuue
u lla(x, Allgn=0(lhllgm) npn

’m v1/2
[ R llgn—0, tae {lAllpn =13, Ax2)""
=1

JInnefinoe oroGpaxenue L (x,) HaswBaeTcsi NPOU3BOAHBIM oTObOpa-
KeHHeM [ HJIH MPOH3BOAHON orobpamenus [ B Touke x, H 0003Ha-
gaercq [ (x).

I[Ipumep 1. Paccmorpum oroGpaxenue f:R2?(x, y)—>R?(u, v),
3ananHoe (opMynamu u=x%+y?, v=xy. Bosbmem TOouKy My= (1, 1
[TokaxkeM, yro AanHoe oToGpaxenne [ pudppepeHuupyeMo B 3TOH
Touke. BekTtop cMmelnenus o6osnayuM A. Ero koopauHaTel B KaHOHHYE-
ckoM Gaszuce ofosnauum Ax, Ay (cm. puc. 20). Mmeem

fMo+hm)=f(1 +Ax, 1 +Ay) ={(1 +Ax)*+ (1 +Ay*%
(1 +Ax) (1 + A} ={2 +2Ax +-2Ay + A2+ Ay%;, 1+ Ax+ Ay +
+ Ax-Ay}.

Pasnocts f (M, +h)—f (M) npeacraBuM B BHJE
{2+2Ax 4+ 20y + A2+ A% 1+ Ax+ Ay 4-Ax-Ayy—{2; 1} =
={2Ax +2Ay; Ax+ Ay} +{Ax®+ Ay?, Ax-Ay}.

Oro6paxkenue L(1; D h:h={Ax, Ay} - {2Ax + 2Ay, Ax + Ay} aunefinoe.
Hefictsutenbyo, ecn hy = (Ax,, Ay,), hy=(Ax,, Ay,), 10

L(l_, 1)h1={2Ax1+2Ay1’ Axl +Ay]},
L1, 1)h,={2Ax, + 2Ay,, Ax, + Ay,}

L, 1)y +h)=L3G, b+ L(1, 1)k,
11 291
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L(1, 1)(ah)) =alh, (npoBepbTe).

Hopma BeKTOpa o(M,, h) ={A® + Ay, Ax - Ay} |)aBHA
2 + Ayﬂ

V(Ax® 4 Ay?)? + (Ax Ay)?. Tak kak (AxAy) << Ax ; TO
WE
VBE T8+ (A AP < L2 (A + Ag?) =

= VAP + A3 V5/A (A2 + Ay?) = o (VAE + Ag?) =0 (l| k)
mpr ||A [0, 1. e. [l (M,, B)l|=o0(||E|l) npu 2 —0.

CunegoBarteanHo, L(1, 1) ects npouaBoaHoe oToGpaxkenHe orobpaxe-
uus f. Besikoe nuHeiiHoe orobpaxkeHue B onpeaesennom O6asznce xa-
pakrepusyercs Hexkoropofi martpuuefi. Hamemy oro6paxkenuo L(1, 1)

2
B KanoHunyeckom bGasHce oTBeuaer Martpula (1 1)

Ortobpaxenue f: E—~R", EcR™, nuddeperHnupyemoe B TOUKE xo,
HenpephbiBHO B 3TOH TOYKE.

Ocrosuble npasusa dudpepedyuposanus

1. JTunefidocTh: eciau orobpaxenus fi: E—~R», fo: E->R"®, EcCR™,
auddepeHnupyemMel B ToOUKe xo&=L, To uX JuHEeHHas KoMOUHANUA TaK-
)Ke audoeperHnupyema B TOUKE xg H

(aefy + BFy) (x0) = af| (x) + Bf 2 (%)

2. JInddepeHuupoBanne KoMnosuuux orobpaxenuit: ecam orobpa-
Kenue [: X—Y, X&R™, YcR®, nubdeperuupyeMo B Touke xoEX, a
orobpaxkenne g:Y—>R7? nubpdepenuupyeMo B ToUKe Yo=f(xo)EY, 1O
KoMuoszuiua gef: X—R9 nudpdepennupyeMa B TOUKe Xy X NPOU3BOA-
Hasgs (gof) (xo) ecTb KOMIO3HIHsS NPOH3BOAHBIX g’ (yo)of (xo).

Orob6paxkenue [:E—R» E=R™, rge B KOODAMHATHOH 3alUCH f=
= (f1, for...»[n), [i: E—R, nindpdeperuupyemMo Toraa ¥ TOABKO TOTAA
B TOuke Xo=FE, Korfa KaxjJoe H3 orobpaxenuft f;:E—~R, EcRm;
(=1, 2,...,n (1. e. byukuuii f;}, auddepeHuupyeMo B TOUKE Xo.

IIpoussoanofi ¢yukumu [: E—R, ECR™, B TOuKe X, SBJSCTCS JH-
HeliHoe oToOpaxkeHue B R, ompejesieHHOe Ha MNPOCTPAHCTBE MPHJIO-
JKEHHBIX B TOYKe Xg BeKTopoB A. Takoe JuHelinoe oToOpaskKeHHe BeK-
topa h(Axi,...,Axn) npencraBasier coboll JauHefdHYyO (opmy OT
Ax., ..., Axm. IDra auHenHas (Gopma KOPOTKO HA3LIBAETCHA NEPBHIM
auddepenunanom GyHknuu [ B TOUuKe xo U ofo3nauvaercs df(xg). 3xa-
yeHue 3TOH JUHeHHOo# (OpMbI Ha3bIBaeTCsi 3HAYeHHEM TMepBoro aug-
bepenunana ¢yHkuuu [ B TOUKe Xx; Ha BeKTope A u obo3Hayaercs
df (xo0) h.

ITo aTOoMy onpepeseHdto AJas (PYHKIHH OAHOTO TE€PEMEHHOrO
[:(a, b)—>R ee npou3BOAHOH B TOUKe xo=(a, b) sABiaseTCA JHHEHHOE
otobpakenue oAHOMepHOrOo Bexktopa hA=Ax B R, T. e. yMHOXKeHHE
3TOTO BEKTOpa Ha Takoe YHCJOo @, 4TO

[(xo+Ax) — f(x0) =aAx+o0(Ax).
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CpaBHHBasi 3TO ONpeJeJeHHe C paHee AAHHLIM ONpeJeJeHHEeM INPOH3-
BOAHOH (PYHKIHMH OJHOTO NEPeMEHHOTo, BUAMM, UTO KO3(Q(HIMEHT o
’ . i Fxg - Ax) [ (x0)
ectb ' (xp) B mpexHeMm cmbicje: o= lim . Hpyrumu
Ax—0 Ax
CJOBAMH, B NpexHeM olnpeleJeHHH He caMo JuHefinoe orobpaxkenne
BeKTOpa A=Ax Ha3bBaJOChb NPOHU3BOAHOH, a KO3PQPHUIHEHT 3TOrO JH-
HellHOro OToGpaKeHus, T. €. €ro 4HCA0Bas XapakTepHcTHKa. Tak xak
npsiMasi MPONOPIMOHAJbHAs 3aBHCHMOCTh B3aHMHO OJ1HO3HAUHO OIpe-
AeJsisieTcss CBOMM Ko3(h¢huiHeHToM, 10 A (PYHKIHH OAHOro mepemex-
HOro INPOH3BOJHYI0 MOXKHO CUMTATh KakK UHCAOM, TaK M JUHEHHBIM
npeobpazoBanyemM BEKTOPOB CMENIEHHS, XapaKTEePH3YIOIIHMCA 35THM
yuciaoM, 3unauenne auddepednnana df (xo)h=a-Ax Qyuxuuu f oAso-
ro HepeMeHHOro Ha BeKTOpe A=Ax TOJHOCTBIO cOBHajaer B 06OHX
OTpe e eHUSX,

JInsi anaA0THYHOH YMCIOBOH XapaKTepHCTHKM NPOH3BOAHOH (YHK-
uun f: E—-R, ECR™, mZ>>2, BBOLUTCS IOHATHE 4aCTHOH NPOM3BOAHOM
| no onHoMy H3 mepeMeHHbIX.

Onpenenenune. Ilyers f: E—~R, EcCR™ m>=2, u xo=E — BHY-
TpenHsas toyka E. YacTtHoit npoussodnod ynxyuu [ 8 Touke xp=

= (x,% ..., x%) Tmo mepeMeHHOMY X; Ha3LIBaeTCs
o .0 0 0 0 0
lim fxy, x9, .., Xy, X, + Ax, Xiign vees X)) —
Axi—>0 Axl.
0 0 0 0 0 0
—F (X, Xg, covy Xy, Xy Xiig, eee, X))
Axi ’

ecJy 3TOT npejaed cymectsyer. B 31oM cayyae ropopsr, 4To [ uMeeT
YacTHYIO NPOH3BOJAHYIO 10 X; B TOUKE Xo M 9Ty NPOU3BOAHYIO 0603Ha-
¢ : .
yamor -an (x,) wm f"i (xg), mm f; (x,).
i

YacTHas npou3BoaHAas f"i (x0), %=1, x3, ..., X% ..., x)), BBHYHC-
adgercss OOLIUHBIMU MeTogaMmu AuddepeHuupoBanud (QyHKIAH OJHOTO
MepEeMEHHOro, CUHTasl BCE KOODAMHATHL TOYKH X (X1, Xa,...,%Xm) (BCE
apryMeHThl (YHKIHH) (PUKCHPOBAHHBIMH, KpoMe ToH, 1Mo KOTOpoH Oe-
percst IpOM3BOAHAS, T. € X;=x;° (j7=i).

Ecnin 00603HauuTh

f; (xl)__:f(x(l]’ sy xio_.li Xiy XP+1, reey x?ﬂ)!
TO

i} *

L ey =0y

ax,;

o ou ou

[Ipumep 1. HalfizeM yacTHble NPOH3BOAHbLIE T oy o dGVHK-

oud u(x, y, 2) :arctg):—‘Hi B Touke My=1(%Xy, Yo, 2o)-
—_ xy
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x29+y_g_

Pemenne. [Iuddepenunpys dynkumo u; (x) =arctg — o x,
- 0
noJiyyaeM
2
du . 2+ ¥y
3 (My) = (u] (xp))' = - 2,2 1 9 3 )
X — 2x449 + XYy -+ 208020 + Y 1 %g 2h
AHaJioruuHo
du M) — 14 x%zo
Y 1 — 2x40 + XY + 2X91020 + Y5 + %320
ou L Xp— x(?}yo
— (My) = 2.2 0 4 21 22,2
gz 1 — 2xg0 + XgYp + 2x0leZo + Yo 1 ¥ 20
Iiprmep 2. Haifige TH OH3BOILHbIE bu Ou  Ou
1 . eM U He o BOIH , ,
P P A ac P A 0x ay 0z
byHKIMH
p=x¥+y*+2* (x>0, y>0, 2>0).
Pemenue.
oyt 425 Inz, LI Inx 4+ zy=1, o4 =y Iny 4 xz2¥1,
dx dy 0z

Kak yxe orMmeuanoch B cayuae (PyHKLHH OLHOrO IEPEMEHHOTO, HC-
II0JIb30BAaTh (DOPMYJIBl NMPOM3BOAHBIX 3JEMEHTapHbBIX PYHKUMH u npa-
Brsa AuddepeHuipoBaHnsd MOXKHO TOJABKO B T€X TOUKAX, AJd KOTO-
PbIX 3HaUeHHs (PYHKIWH B caMOH TOUKE M B HEKOTOPOH ee OKpecTHO-
CTH 3ajaHbl OAHHM M TE€M Ke aHaJUTHUeCKMM BbipaxkeHueM. B npo-
THBHOM CJyuae NPUXOAHTCH HAaXOAUTh NPOH3BOAHYIO APYTHM IyTeM,
HanpuMep ee HEeNoCPeACTBeHHHIM BBIYMCJeHHeM uepe3 npepena. Brun-
CJIeHHEe JacTHBIX NPOH3BOAHBIX (PYHKLHMH MHOTHX MEPEMEHHBIX B TaKoOH

ocoboii Touke xo= (%9 ...,x%,) HHOrxa ympouaercs TeMm, Yyto HAJIA
GyHKIMN OLHOTO IEepeMEHHOr0

* () —f(x0 0 0

f[ (xf)'_f(x[i SRR xg__.lv Xty xj_{_p Tty xgn)

Touka x;° He 6ypeT ocoboii.

IIpumep 3. Haitnem gz , z: . Z’: a7 QyHKIHH
2 xXyz 2 2 _£ ()
ulx, g, 2)= X y2+22.y+2# ;
ax? , B2+22=0
B Touke Moy= (1, 0, 0).
Pemenune., Tak kak u](x)=u(x, 0, O)y=ax*, 1O g'j: (M) =

={u])’ (1)) =2a. Tax kak u; (y)=u(l, y, 0)=anpu modom Y,
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TO %(Mo):((u;)’ (0)) =0 u ananoruunHo %(MO):((u;)’(O)) =0, rage

u; (2) ==a.

Hrag, pynkuus u umeer B Touke My Bce TPH YacTHHIE MPOU3BOJ-
Hble, HO, KaK Obljio NOKasaho B mpumepe 5 § 1, paspuiBHa B 370
TOUKE.

Bnumanne! Oaa ¢yukuuu f:E—R, ECR™, m>2, cylecTBoBanye
YacTHBIX IPOH3BOAHBIX B TOUKe Mo He rapaHTHpyeT HeNnpepHBHOCTH H
tTeM GoJsee subdepennupyeMocT f B Touke M.

Ecan pyukuus f: E~>R, EcR™, m>2, nuddepenuupyemMa B TOU-
Ke xoeL, To f ¥MeeT B 3TOfl TOYKE UaCTHBIE NPOH3BOAHLIE NO BCEM
IIEPEMEHHBIM, U 3THU IIPOHU3BOAHLIE SIBNAAIOTCA KO3(pduuieHTaMu JHHEH-
Hoit popmu df (xg), T. €.

df (xp) h= f; (0) Ay + fz (xo) Axy+ ... -+ f;n (x0) Ax,,,

rae h=(Ax,, Ax,, ..., Ax,).

Pacemorpum byukumo s; (x) =x:, x= (X1, Xo,...,%Xm)ER™, =1,
2, ..., m. Ee npupamenne  Am;(xo) =m;(xo+h) — ni(x0) =Ax; ecth
JuHeidHoe oToOpaxkenne L Bektopa A= (Ax;,...,Axn): Lh=Ax;, cie-

AoBatesbHo, dx;=dn;(xo) =Am; (%) =Ax;. B cuny artoro paseHcrsa
nepBHi auddepennnan GyEKuuH [ B TOUKe Yo MOXKer OHTb 3amucad
B dopme

df (x()) = fi (xu) dx1 + f:q (XO) dxz + te + f;n (x()) dxm :2,: f;e (xo) dxk'

=1

Wmenno 3ta dopma 3anucu nepsoro aubdepenuvana QyHKHHHM
HaudoJslee ynotpeburtenbHa. ¥Y106CTBO ee B TOM, 4TO B CHJY TEOPEMBHI
o pupdepeHuHPOBAHHHE KOMIO3HIHH 3Ta (OpMa COXpaHSIeTcss H TOT-
Aa, KOTAA X1, X3,...,%m ABAAIOTCA HE TOJBKO HE3aBHCHUMBIMH mepe-
MEHHBIMH, HO H (QyHKUHAMHM HEKOTODHIX [PYrHX HE3aBHCHMEIX apry-
MeHTOB: X;:E—KR9, i=1, 2, ..., m. B sroM cayuae cumBosa dx; yixKe
ecTh He npupauierHue Ax;, a auddepenunan yHkuuu x;.

Kax yxe Oelo nmoxa3aHo B npumepe, cyllecTBOBaHHe B TouKe M,
YaCTHBIX NMPOU3BOAHBIX PYHKuuM [:E—~R, ECR™ m’>2, HelocTatou-
HO A Aud@epeHuupyeMoctd f B Touke Mo ITo TOJNBKO HeoBXOIH-
Moe yciosue. JubdepennnpyeMocts pyHKUHH MHOrHX NepeMeHHHIX B
TOUKE xo OOBLIYHO YCTAHABJIHBAETCSI ¢ NOMOILBIO CJAEAYIONIETO AOCTa-
TOUHOro yciaosus: ecan G— obnacts B R™ u dyukuus [ : G—>R umeer
JacTHbIE MPOU3BO/JHLIE B HEKOTOPDOH OKPECTHOCTH TOYKH xo&G u 3Td
NPOU3IBOANBIE HETIPEPLIBHLI B TOYKE Xg, TO f AMdPpepeHuupyemMa B TGU-
Ke Xxj. '

Knace QyHxuuf, nMeOmHX HempephiBHEIE NPOH3BOJHHE B HEKO-
Topoii obaactn GCR™, ofo3znayaerca C!(G). Bee ¢dynkumu §: G—R
ka1acca C'(G) uenpepmBHH M auddepesnupyeMs B KaxAOH TOUKe
o6aactu G, HO CyNIecTBYIOT HenpepbiBHHE H Aaxke auddeperunupye-
Mble B Kax 10 Touke Mo&G oyukuny, He Bxoaamue B xiaacc C'(G)
(3a cuer TOro, 4TO yaCTHHIE MPOU3BOAHLIE GYAYT Pa3phIBHHI).
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llpumep 4. (Pynkuus, Auddepennupyemas scroly B o0sacT
G, 1o He npuHagnexanias kaaccy C!'(G).)
Ilyets

Go R, G={(x, y): 2+ 2 < 1)

g3 In (2 + x43), x4 12 0,
2(x, 9= 0 , X2 y*=0.

B kaxno# Touke M =(x, y), Kpome HayaJa KOOpHHHAT

1/3 7/3
97 s 0z _ 4 Y1310 (g + x/3) + ..___2_9____'
Ox 3(2+ 23y oy 3 g2 4 173
0z 0z
OTKYAa BHJHO, UTO B STHX TOYKAX YACTHLIE MPOM3BOAHBIE -——H —-
X Y
HeNpepuiBHEL U, caeAoBaTenbHo, GyHkuusa 2 auddepesuupyema B 3THX
TOUKAaX.

Paccmorpum  T1ouky Mo= (0, 0), umeem Az(0, 0)=2z(x, y) —
—2(0, 0)=y**In (y?+x¥3). Tark kak mas |x|<1/2, |y|<1/2, y*+

+x43<1, 10
[In(y2+x43) | <|Iny?| =2]|In}y] |,

OTKyZAa
1Az (0, 0)|<<|y| -1yl 2|n]y| | =o(ly]) =0 (VE+?),
x2+y? -0,

Canenopatennho, ecau L (0, 0) — nuHefiHoe oToGpaxeHHe, nepeBOXsi-
ee BexTop A= (x, y) B HyJb, TO

Az(0, 0)=L(0, O)h+o(VET+y?), 2+ >0,

T. e. GbyHRuua 2(x, y) nudpdepesunpyemMa B HayajJe KOOPAHHAT H
dz(0, 0) =0-Ax+0-Ay. Orcioza ciaenyer, yro

gz 0z
— (0, ) =0, — (0, 0)=0.
ax ( ? ) ? ay ( ¥ )

0z -
[TokaxeM Temepb, 4TO —. Pa3phiBHAa B Hauale KOOPAUHAT. Heit-
X
CTBHTEJILHO, ecad y=x%/35£0, to

0z 4173 2 1
- — +8/9 — e
Ox (x, §)=x 3 (x3 4 x¥3) 3 X1

u ecan Touka M (x, y) npubnuxkaerca x touke Mo= (0, 0), ocraBasch
Ha xpuBOft y=x2/3, 10

lim 22 (M) = co.
MM, OX
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0z
I/ITaK, —é—— pa3pbilBHA B HauaJe KOODIHHAT W HAaiKE He Oor'paHHd4YeHa
x

B n1000H OKPecTHOCTH HadasJa KOOPJHHAT.

Ecrn B QopmyaupoBke 3afauu, cBszaHHOH ¢ aubdepennupona-
HueM ¢ynkuuu [: E—R, ECR™, cneusaJbHO He OrOBOPEHO, YTO
byuxnus paccMatrpuBaercss B 0co060H TOYKe, TI€ HENPEPLIBHOCTL ca-
MOA (GYHKIHH HJM €e YacTHBIX IPOHM3BOAHBIX He CJeAyeT Henocpen-
CTBEHHO M3 HENPEPEIBHOCTH KOMMNO3HIHH NDPOCTEHUIHX 3JEMEHTAPHBIX
¢ysknuii, To Bcerga npeanoJsaraeM, yto pedb HAeT ol HCCJIesOBaHUH
pynkuuu [ B Touxkax obsacta GR™ takofi, uto fe=C'(G). To, uto
Takasi 06/1acTh CYIIECTBYeT, MOXKHO YCMOTpPeThb M3 CaMOro 3alaHUs
byuxunn f. Takum o6pasoM, audpdepenunpyeMocTs QyHKUHH 3apaHee
npeanosaraercs.

IIpumep 5. Hajinem nepBuifi nupdepernuan GyHKuuH

f=1n(4 — x2— 42+ 2x2+ 2yz — 222).
Peme nue Qynxkuus onpenenesa B obaactu
G={(x, y, 2) : X2+ y? — 2xz — 2yz+222<4}.

JTa obaacte NpeAcTaBaseT coG0H HAKJOHHHH LUJIHHAD, TOPH3OH-
TaJbHHIM CEYEHHEM KOTOPOro Ha BEHICOTE 2=/ SBJSETCH OTKPHTHIH
Kpyr (x—h)*+ (y—h)*<4.

Tak kak

of _ 2z — 2x

9x  4—x2— 24 2xz 4 2yz— 222’

of _ 22 — 2y

0y  4—x2— gy 2xz2 4 29z — 222

of _ 2x + 2y — 42

0z 4— 5t — Y2 4 2%z + 2yz— 222’
to fe=C(Q).

Taknm 06paszoM, B kaxjaofi Touke Mo= (X, Yo, 20) =G Qyuxnus f
aubdepenuupyeMa u

df= 2(z—x)dx+2(z2—y)dy+ 2 (x4 y—22) dz
4 —x2— y? 4 2xz 4 2yz — 22° )

[lyers f&=C'(G), torna JuHeliHOe oToGpaxenne [ B KaHOHHYe-
CKoM 6asuce HMeeT MaTpHIy

Ofy  Of of
x;  Oxa  Oxy
Ofn  Ofn Ofn
Ox; Oxe T OXm

JTa MaTpuia Ha3wBaeTcs MaTpuuell SIKo6u oToGpakenus f u 0603Ha-
yaerca (f').
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Ecnu crenuaJbHO He OTOBOPEHO MPOTHBHOE, TO B 3ajauax Ipearno-
Jaraercsi, uTo AaHHoe oTo6paxkeHue [ paccMaTpuBaeTcsi B TOUKax 00-
aacta G, aas koropoit f=C1(G).

I[Ipumep 6. Hanumem marpuny HAxo6u otob6paxeHHs

f: (us U)_*(xli ":2’ x39 x4):

u
x, =arctg —. X, =1n (u? + v?), x;=ur?, x,=u’v,
B obsaactH G={(u, v), |u|< o, v >0}
Pewenne. Haxons cooTBeTcTBywllie INPOU3BOXHBIE (DYHKIHMA

X1, X9, X3, X4 IO U4 H U, HMEEM

(v U )
u? 4 g2 _ u? . g2
, 2u 2v
(") = u? o2 42 4 o2
2 2uv
U 2uv u*

Martpuua SIxo6u orobpaxkenus f: E—~Rm, EcCR™, sBasgercs xBaj-
pateoil. Omnpepesutenb TakoH MaTpPHOB Ha3bBaeTcsl sKOOHAHOM
otobpaxenus [ u obosnauaercs | (f)|.

[Ipumep 7. Hajinem saxoGuan oToGpaxenus f: (4, v, w)—(x,
Yy, 2), Xx=uUvcosw, y=uvsinw, 2=u+ v+ w.

Pemenune Haxons ccoTseicTByIOLile NPOH3BOAHBIE (YHKuUA
X, Y, 2 O U, U U W, HMEEM

VCOSW U COSW —-UDSIinw
[(f)] =|vsinw usinw  wvcosw|=uv(u—Uv).
1 1 1

Teopema 06 obparnom orobpaxcenuu
Ecau obnacte GR™ u oTobpaxkenne f:G-—+R™ yRoBIeTBOPSIOT

YCAOBHAM:
) feC(G);
2) F(x0) = Yo, x0=G;
3) matpuna (f' (x0)) obparuma,

TO CYHIECTBYET OKPeCcTHOCTh TOYKH Xg U(Xp) =G 1 OKPeCcTHOCTb TOUKH
YoU (yo) Takue, uto orobpaxenue [:U(xy)—>U(yo) OuekTuBHO (B3a-
HMHO ofnosHauno), f'eCli(U(yy)); ans awboro xesU(x) u y=
=y (x;) Bumoanserca cooTromenue ((f=%) (y1))=(F'(x1)).

3JaMeuaHue YcaoBie 3 TeopeMH 3KBHBAJEHTHO YCJIOBHIO!
skoOuan oTo6paxkeHus [ B TOUKe Xy OTAHYEH OT HYJI.

[Tpumep 8 Hafinem arkobuan otoGpaxenus f: (4, v)—(x, Y)
xu=x?+y? xv=y (x50, y==0).
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Pemwmernue. Taxk kax sgecp Jerde sanucate obpaTtHoe orobpa-
Kenue

L3 2 '
(¢, >, v): =20y

b )
x X

TO BBIUHCJHM CHauaJa ero gkobua
AN
u x2 X 1 T
()] = L= ().
- X
X

Uy u
Tak gak —=v u x:m, TO, HCIONB3YSl COOTHOLIEHHE MeXxy ornpe-
X Ly

JAeJUTENSIMH B3aHMHO 0OpaTHHX MaTpHI, NoJyyaeM

()] = = =
L (1\2 (14 o2)2
+ x)

Ecnu otobpaxenne y:X—Y, XcR™, YCR™, ynoBjeTBopsieT yc-
JIOBHAM TeopeMbl 00 oOpaTHOM oToGpaKeHuyu, TO, pasyMeercs, MOXK-
Ho Ha#iTu M matpuny Hrob6u obpaTtHoro otobpaxkenus x:Y-X, a
UMeHHO (x') = (y’)~!, u TemM caMbiM HaHTH YacTHHE MNPOM3BOJAHBIE

X . .
—_—, i=1,2, ..., m, j=1, 2
0yj
cto caoxeH. JIpyrofi Merol HaxoXAeHHS YacCTHHIX HPOH3BOAHBIX 06-
patHoro orobpaxenus OyAeT pa3zo6paH HECKOJbKO IO3Ke,

AnanoruyHO [OHATHIO YacTHOA MpPOU3BOAHOH ¢yHKUMM [:E >R,
E < R™, BBORUTCS TOHATHE YAaCTHOH NPOM3BORHOH otobpamenus f:E— R",
E < R™, no noanpectpanctsy. Ilyers

, ..., m. Ho stor nyrs ua-

?

X=(%y, %o, ..., X)) ER™, 1<gm, u=(uy, ty, ..., )R,
V=(0y, 2, ..., Un) ER" 7, a6 u;=x;, 1<i<q, U v;=1xg4},
1< j<m—q.

Bospmem xy=(x9, x2, ..., x%) = E u o6o3naunm:
Frlw)=F Gy, tg, ooy u))=Fxy, X5 oo, %0, 200, .00, XD),
F@)=7" (v, vg, ..., Um—g)=F(x%, &I, ..., xg, Xgdly ooy K)o

Toraa —o (r0) = (") () % L () = ()’ (@)). Awanormso onpe-

d d
JAEJAIOTCA YacTHBIE TIPOH3BOAHBIEC "[fj H a{/ , €CJIH KOOPDAHHATBLI TOYKH
¢

X=(X1,...,¥m) ER™ pacnpeneasiiorcsi B KOOPAMHATH TOUEK UER? u
veR™7 fojee C/A0KHBIM CIOCOGOM, a TaKxKe ecid NpocTpaHCTBO R™
MpeACTaBIsieTcss B BHAC JEKapToBa NPOU3BEJEHMS He ABYX, a OoJee
MOANPOCTPAHCTB. :
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of " of B
oX

[Ipumep 9. Hanumem wMatpuusl OTOOpaKeHHH ¥

KaHOoHHUeCcKOM Oazuce, ecJaH

FiXXY -, v), X={(x, %, %)}, ¥ ={{y,, 45)}

U
U=x4 + Xollg— X3 (yl + yz) ’
U =X, XoXg + XoX3lfy + Xgl1Ya + Y1YaXy.
Pemenne. Haxoas cooTBeTCTBYIOUHE UYacTHHIE [IPOH3BOJHEIE,
“HMeeM
o _ ( Y Y —th—Y )
0X XoXs+ Y1Ys X1Xg+ YyXs XX +XoYy -+ YiYs

of ( Xy— X3 KXo — X3 )
oY XoX3 -+ Xalfo 1+ YoXy Xgly T Y%y

§ 3. AUPPEPEHILHPOBAHHWE CJAOXHbIX ¢YHKIHA

Ecau 3aBucumocTs (PYHKUHMH OT apryMeHTOB 3ajlala yepes HekKo-
TODHIE€ NPOMEKYTOYHBIE NEepeMeHHble, T. €. MBl HMeeM HeJO0 ¢ KOMIIO-
-3ULAeH GYyHKUHUH, TO FTOBODPAT, YTO 3a0AHA CAOHKHAA PYHKYUA.

Ilpumep 1. Hahimem nepBbiit ,umi)q)epeHuHaJI bynruun f: G—R,
obanacte G E={(u, v):v>0}, B npousBosbHoH TOuKe (u, v)ed,
ecau

flx, y, 2)=x>+y?+-22—3xyz u x =uv, y:-ivl—, 2=u-+uv.

Pemenue PasyMmeercs, MOXKHO BHIMHCAThL 32aBUCHMOCTh
F*u, v)y=Fx@, v), y, v), 2(u, v))=
u3
=u3v3—{——3+(u+v)3—3u2 (u +v)
v .
1 HaxoAHTbh audodepenuuan [*(u, v). Ho npu Gonee ca0XHBIX cBA3AX
MEXK]y NEPEMEeHHLIMH MNPOILE HCTONL30BAThL HE3aBUCHMOCTb (QOpME
nepsoro auddeperunana oT TOro, He3aBHCHMBIMH HJH 3aBHCHMBIMH

nepeMEeHHBIMH SBJIAIOTCA (popmaﬂbﬁble apryMmentol. Torza B HalleMm
npuMepe puppepeHUUpPOBAHIe BBHIIOJIHAETCA CAEAYIOWAM 00pasoM:

df = (352 —3yz) dx + (352 —3x2) dy + (32 —3xy) dz =
=3 [ (u%zm-‘fz— — u) (v du 41 do) +

U
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vdu

+ (-%;—-——uzv——uvz) ——U_;"u—dv + ((u +v)2—u?) (du ~§~dv)} —
=3

[(u203——2u2 + v? —}—-%—) du -+ ( —-u—:+u302 +2uv+vz) dv].
v U

MIpumep 2. Haiinem mnepBufi auddeperunan bysxuuu [:G—
—>R, o6nacte GSRE, GE={(x, y, 2) : x>0, y>0},
ecau

flx, y, 2) =@ (x¥, y=).

Pewenune. HmeeM

df = @,d (x¥%) 4 @, d (y*°) =@, (yzx¥*~ dx +2x¥* In x dy + yx¥* In x d2) +
+ @, (2™ Iny dx + xzy**—1 dy + xy** In y dz) = (yzxv*—'q] +
+zy©lny @) dx + (Ex¥* Inx @ +xzy**~1@)) dy +

+ (g Inx @, +xy*Iny g;) dz.

Ipumep 3. Hanunem wmarpuuy $ko6u orobpaxenus [=hog,
f: (4, ©)—(& 1, T), ecan

g:x=ucosv, y=usinv, 2=uv,
h:E=x2—y?, mn=xz2, [=yz.

Pemwenue Haxoas cooTBeTCTBYIOLIME NPOH3BOLHEE, HMeEEM

COSU —usinuv 2x —2y O
(g'y=|sinv wucosvy, ()= z O x).

v U 0 2
CJe0oBaTebHO,
2x —2y 0\ /cosv —usinv
((hog))=W"-(g") =] = 0 x{isinv wucosv]|=
0 2z vy v u

2 COSU + xv —2u sinv + xu

(2xcosv-—2ysinv —-2xusinv—2yu cos v
zZsinuv 4 yv U COSU + yu

2UuUCOST  uicosu—ulusiny
Quusiny  u?sinu + u?ycosvy

(2u cos (20)  —2u?sin (2v) )

[lepedopmyaupyem obuiyio Teopemy o AudPpepeHUMPOBAHHH KOM-
fIO3HUHH OTOOpaXKeHHH Ha cay4al KOMMO3UUHH QYHKUHH.
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Ilycty f:G—R, obaacte G R™, f=[(x1, ..., xm)=C' (G}, Hycrb
nanee xi:A—R, obaacte AERE xi=x;(f, ..., tx)sC'(A). Toraga
caoxuasg dyuxuua [(H)=f({, ..., L)=f(x1(f), ..., xm()) audde-
peHuupyeMa B KaxXKI0H Touke [(EA u

{ dx )
atj
6}(?2 i
of (af of of ) 37, E of Ox;
= * IR | ’ i = YY)
6t] \\ 6/‘&‘1 ax‘l axm . axl 5t1
. =]
Oxm
L 9
ji=1, 2, , k. (1)
o du au / X Xy
Mpumep 4. Haiinem : , , ecnu u=f (x, _—, —
ox dy y 2

Pemenue. U3 dopmynu (1) nmosyuaem
ou o .1 I Y ( X ,X
Ay _fl'{_fg y _l_fg 2 ’ ay —fg ‘ y2)+f3 2 ?

du :f(—' Xy )
9z 3 2 )

MoKHO HaHTH 3TH 4YaCTHHIE IIPOM3BOAHbLIE TaKiKe Uepe3 BhIPaKeHHe
nepsoro auddeperuuana GyHKIHHU

du:f;dx+f;d(—;—)+féd (iz%’-‘)zf;d,wf;

, zydx + axdy - xudz { oo 1 . Yy o
+fy - =(F+ - hAt ;) des

dx—xd
Y - y +
Y

X e X oo Xy
(gl T e

c Ju ou
Tak Kak uactHble NpOH3BOAHBIE = o 3 GyHKIET @ CCTH COOT-
X y z

BETCTBYIOLLHE KO3(pOHIUHEHTH ee puddepeHuHaNz, TO

Ou _gr L gy g
dx _f1+y fg‘!“‘ 5 f3a

du X . 2y
ay —( y2) f2+ 2 f3’
du XY N\ e
0z ( 2 ) I

Ha NPpakKTUKe NOJABb3YVIOTCA KAaK OJAHHM, TaK H ADYTrdM METOLAMH.
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§ 4. IPOM3BOAHBIE BbICIHUX NMOPSAIKOB.
BTOPOR JHOPEPEHILHAJ

Ecau byukuus f:G—R, onpenenestas B HeKOTOpoH obsacth G
of

«<Rm B Kaxjok Touke ¥<( HMeeT UaCTHYI0 NPOH3BOAHYI0 ——, TO
x.
of ‘
5Ta yacTHAs NPOU3BOAHAA CaMa €CTh PYHKIHSA ot G-—>R, wuacrupe
Xi )
TIPOH3BOAHBIE KOTOPOH MOXKHO pPacCcMaTpHBAaTh.

4 a
Onpenenenue. Ecau @ynkuus a—f:G~>R, G R™, umeer
X
@ [ of
YACTHYI0 NPOM3BOARYI0 ——{——)|, TO 5Ta MPOH3BOJHAA HA3BIBALT-
X X
csl 8TOPOL 4acTHol npou3sodroid oT | no x; u x; U oGo3HaAu2eTCH
azf I
— WJHK W f..
dx;j Ox; fx £ I
TeopeMa. ECJ]H dyskuusa f:G—R, GoR™ umeer B objactu G
02 (}2 -
YACTHBIE NPOU3BOAIBIE — [y f . TO B KaxXIoH TOuke X&
0xj 0x; Ox; 0xf
=0, B KOTOpoii 06e 3TH MPOH3BOAHLEIE HENMPEPHIBHL, HX 3HAYEHHS COB-
majgar.

Ilpumep ¢yukumu f(x, y), ana koropoit [, <[, mnpuBemen B
TEOPETHUECKHUX 3agauax (cm. c. 408).
Ecau omnpenesnena uvacrHass npousBojHas GYHKUMH [ HOpsigKa

. flk
k.ffh’,,,,__‘gk DO LEPeMEHIBM Xi, Xip ..., b, TO YaCTHAA MPOM3-
BojHas mopsiaka (k+1) no mepemenumM X;, X, ..., %, onpexe-
JISleTC COOTHOLUEHHEM
(k41) 0 sk
fn’: l’l:"E axr: (fil,iz,...'f:k)'

M3 BroillenpuBeneHHOH TeopeMH CJeAyeT, YTO €CJAH BCE UacTHHE
TPOH3BOJAHEE MOPsinKa R QyHKunM [ HempepwBHE B obaacta (G, TO
3HaUeHHe BCeX MPOU3BOAHBLIX [ M0 MOpSAAKAa B BKJAIOUMTENbHO He 3aBH-
CHT OT nopsiika auddepennupoBanud. Kiaacc QyBKUMH, HenpephIBHHX
B G BMeCTe CO CBOMMM NPOHU3BOAHBIMY 10 NOPSAKa £ BK/IIUHTENBHO,
ob6osnauaercs C*{G). Eciu npu dboOpMyJHpPOBKE 3a7aUH He OTOBOPEHO,
410 (PYyHKUHS HCCIeAyeTCsi B oCo60OH TOUKe, TO BCErjga MoapasyMe-
Baercs, 4YTO pPaCcCcMaTpHBAIOTCH TOUKM TakoH obaacth G, uto fe
=C*(G). To, uto Takasd ofJacTh HENyCTa HJAH BHITEKAET U3 YCJOBHSA
HJIH OTOBApHBAETCsl B HeM,

dyukuuH kKJiacca C*(G) nazpizaloT rIagkuMH OYHKUHSAMH 00 HO-
padka k B G.

Ecau feC*(G) pna moboro k=1, 2, ..., To roeopar, 4to &
<=C=(G).

[Tpumep 1. Ilycts f(x, y)=x1In(x+y?).. Torna obnacreio G, And
Kotopoii fe=C=(({), ssasercs Jrobasg 06/acTh, BXOAALLAA B MHOXe-

o O f
<tBo D:{(x, ry?2>—x}. Hafinem H Ji1 IPOH3BOJIb-
{(x, ¥)y } rem — G gy AR mp
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HOH TOUKH Takoi obJiacTH. I10JB3ysICE HE32aBUCHMOCTERIO TIPOH3BOLHBEIX
BRICLIEr0 MOpsiAKa OT Nopsiaka AHPpOdEepeHU#POBaHHA, NOJaydaeMm

0 X
S=Inet g+
a*f d of 2y 2xy 2P
Ay dx - dy ( 0x ): x - 42 _(AH’-yQ)2 (2]
a3f o3f 3 o2f 642 8yt
Ox Dy? - dy Oy dx - Ay (ayax y :(x+y2)2 (x4 ) N
_2y? (3x —y?)
A
#af o%f 0 ( o*f )__ — 4y3
dx2 dy Ox dy Ox dx \ dyox (x --y2)3’

foff 0 a3f ) 1243
a3 dy ox (

029y ] (x-+u)t

s BBIYMCJI@HHS] MPOH3BOAHBEIX BHICHIIHX MOPSIIKOB CJOXKHHIX (yH-
KLHH noJab3yIoTCs ¢dopmysaoii (1) BbIUMCAEHHST mepBOH NPOH3BOAHOMN
CT0XKHOH (PYHKIHH, YUHUTHIBasl, UYTO BCe UACTHblE MPOM3BOJHEIE CaMH
eCTb CJOXKHBEe QYHKIHH AaHHBIX 2pTYMEHTOB,

IIpumep 2. Haiinem

, ecan [=uln(w?—0?), u=tg(xy),
dx oy
v =sin (x—y).

Peurenue. Brunc/isgeM 4acTHYIO NPOU3BOJHYIO NMEPBOTO MOPSIKA

O _ 0 ou O 0 Tyoa ey % ] y
dx du  Ox dv dx | u? —v? | cos? xy
2w cos (X —y)

uz -

He noacraBissg BLIpaXKeHHe # W U 4epe3 X H Y B 3Ty NPOHU3BOAHYIO,
BBLIYHCJ/S€M 9aCcTHYIO NPOU3BOAHYIO BTOPOTO MOPSKa

o ()=t 52 i

ox 0y N oy ox dy ox dy u? — 2 | cos? xy
d 2uv d 2u? ]
— cos(x—y) =—— | In (& —0v?) + ——— | X
* oy { u? — yt ( y)} dy [ ( ) uﬁ—sz
' 2u? 1 2yx si ~
5 ¥ + [ In (u2—0?) + u ( + yx sin xy ) .
cos? xy u? — > COS2 Xy cos? xy

0 Quy 2uv .
—_— COsS (X — —— —_— Sl (X — =
> (uz_*vz) (x—y) ————sin (x—y)

oy ( 2u 4 du 418 x
cos?xy |\ u?—ro? w—v*  (ur—v*)?) costxy
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20 duty )
+ (F W — 2 + (uz_vz)z) (—cos (x—ﬁy))J +

+[In(u2-——02)—{— 2ul J( 1 _'_Qxysinxy\__
u? — 7%

cos? xy cosdxy /
2 42
—cos (x —Y) ( AN i -
L u— 12 (u2 — v2)2 / cos?xy
(2 duo? {—cos (x— 2 sin (x—
T Ve g2 + (w2 — v2)2 ( ( 9) U — p2 ( Y)

Iis HarasigHocTH OTBETHl K 3ajauaM Takoro THna JarwTcs 060Jb-
nefl 4acthio 6e3 MmOACTAHOBKH B OKOHYATEJbHBIH pe3y/bTaT BhIpaxKe-

HUS 4 M U uepe3 x M Y, a TOJbKO YKa3bpiBaeTcs elle pa3 HX 3aBHCH-
MocTb, OTBeT K NpeAbAyIieMy NPHMEDY:

9 f  2xy u® — 3uv? 9 ur v
dx dy costxy (u2—u?)? (w2 —u?)2
__ . 2 __ 72
X(U (x-=§) c0s (£ —=¥) | ) coe (x_m e o)
cos? xy f cos® xy
. 2 1
4 2xy j<mxy In (12 —Uz) 4 2u
cos? xy ur —v? cos?zxy
4xy sin xy u? . 2uvsin (x — y)
cos? xy Ut —y? u* — v? ’
rae u=tg xy, v=sin(x—y).
u 92 a3
[Tpumep 3. Hafineum g . eca u=f(—x-, —-y—)
dx 0y Ox 02% Y 2

Peumenue.

ou | 0?u 3, | S | Y
"'_:fx_‘ = (_ fl)z___2_1+

dx Y dx oy oy y Y

1 " x U\ 1 4 X o 1 o

+'"“(11( 2)'{'/(127)“"_}' 1 -Efll—!-yz»w'
a2u — a 1 ff\ 1 " (-—_‘_U_) —_ 1 "
dx dz 0z ( y 1) y 12 22 2

o 9 du N\ 2 __l_(r:r(___!j_))__
Ox 022 dz ( Ox 0z ) 2 12 22 122 22

2 o

_ y prr
‘_';3" 12+;'f122°

Onpepenenue. Ecau f:G—>R, obaacts GoR™, f&C2(G), 10
sTopbin dugdepenyuaron pynxyuu [ (oGo3nauaeMum d?f) Ha3nBaeT-
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¢l KBajpaTHunas Gopma OT npHpailleHHi aprymeHtoB AX;, AXs, ...
Axm:
ey :

m
d*f = Z - Ax; Ax;.
ij=1

B cuay paBencrtBa Ax;=dx; BTopoli audbdepenuuan GyHKuun o6HYHO
3aMHUCHIBAETCS B BHJIE

m

0f
d?*f = dx;dx;.
/ E 0x; 0xj L
i,j==1

[ycte GeR™, f: G—~R", f&C?((Q), xo=G. 3nauenye nepsoro aug-
depennyana GyHKuHH [ B TOYKe Xo Ha BekTope h=(Ax;, Axy, ...
..., Axn) naer aumnefinoe mpubJ/iHiKeHHe NpHpalleHHs QYHKUHH C NO-
rpemnoctsio o([All) npu lk[—-0.

f(xo+h)—f (x0) =Af (x0) =df (x;) h+o (lIxll)

npu [|hli—-0.
3nauenne BTOpOro auddepenuuana GyHKUHH [ B TOUKE Xo Ha BeK-
Tope h maer KBajpaTHuHOe MpuO/HIKEHHE Pa3HOCTH

Af(xo)—df (x0) 1
< norpemroctsio oflifll?) npu [lAl—0, 1. e.

Af (x0) —df {x0) h=d?¥ (xp) h-+o (I1k]?) (l|A]l—-0).

B otsnune ot nepsoro aHddepeHuHana ¢opma BToporo Aubde-
peHuMaJsa, Boobllle roBopsi, MeHsIET BHJ NPH 3aMeHe He3aBHCHMBIX ap-

FyMeHTOB X; Ha ¢ynkuun X;:A—G, AcCRY, i=]1, 2, ..., m, a HMeHHO:
aycts GeR™, [:G—R, [=C2(G), AcRY, xi:A—G, x,=C%*((), i=
=I’ 27 trry mr gA_yRy g(tla t?r LR | tq)zf(X1(t1,t2, ety tQ)""
weis Xm(ty, ..., tg), TOrRa g=C? (A), HO BHIpaXKeHue

q
d°g
d*g = dt, dt;
& '1)81 ot ot; '

He 00543aHO cOBMajaTh C BBIpAKECHHEM

m

02
E LGy, oo By o Sy, ootV dxi (b, oot

Gxi ax,

i,j=1
Xdx;(ty, ... t,).

[Mpumep 4. Ilycre f(x, y)=xsiny +ycosx, rie x U y — Hesa-
BHCHMbIE mepemeHHbie. Toraa

df = (siny —ysinx} dx + (xcos i -+ cos x) dy
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d*f = —ycosxdx? —xsin ydy® -+ 2 (cos y—sin x) dxdy.

ITycte Tenepsb
g, v)=f(xu,v), y,v),

rae f{x, y) ompenesena, Kak paublle, H x=uv, y=u*—uv? Torpa

dx =udv + vdu, dy = 2udu—2vdo

H
dg = [sin {u? —1v?) — (42 —0?) sin uv] (udv + vdu) +
+ [uv cos (u? —v?) + cos uv] (2udu—2vdv) =
= (v sin (u®>—v?) + 2u? cos (u? —uv?) + 2u cos uv —
— (v —0%) sinuo) du + (u sin (@ —0v?) — 2uv? - cos (U2 —v?) —
— 2vucos uv — (U3 —uwv?) sin uv) do,
T. €.
d . .
28 —psin (u? — %) + 2uPe cos (u? —v?) + 2u cos uv— (v —u?) sin yo;
ﬁﬁ— =u sin (4 —v?) —2uv® cos (u? —v?) —2vcos uv-—(u® —uv?) sinuv.
ov
Torna
d’g 2__ .2 35 & 2.2
—57:6%(:05 (u? —v?) —4udvsin (12 —v?)—
u
—4uvsinuv + (2 + v*—u??) cos uv,
2
e _9 (% —1?) cos (u? —v?) + (4u?? + 1) sin (2 —0?) —
duov
— 3 (u? —v?) sinuv —uv (42 —1v?) cos uv;
d*g 2 __ .2 3 qin (12 2
P —6uv cos (u? —v?)— 4uov? sin (U —ov?) +
v
+4duvsinuv + (u?v? —2 —ut) cos uv.
CiegoBaTebHO,

d?g = [6uv cos (u® —v?) —4uusin (U2 —v?) —
—4uy sin uv + (2 4 v*—uv?) cosuv] du? +
-+ [— 6uv cos (u? —v?) —4uv? sin (42 —v?) + 4uv sin uv +

+ (W2 —2 —u?) cosuv] dv? + 2 [2 (u® —uv?) cos (uB—v?) +
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+ (4u20? 4 1) sin (U2 —ov?) — 3 (4 —v?) sinuv —

—uv (u? —0?) cos uv] dudv.

Ecau xxe dopmanbHO 3aMeHUTD X, Y, dx, dy B BHpaxKeluH

dxder fdy2

Pl g
ad+2

gepes u, v, du, dv, TO NOJyYHnM

A*f = —ycos xdx? —x sin ydy? 4- 2 (cos y —sin x) dxdy =

= (— (u® —1?) cos uv) (vdu + udv)® —uv sin (u? —v?) (2udu— 2ovdv)? 4-
+ 2 (cos (u? —v?) —sin uv) (vdu -+ udv) (2udy —2vdv) =

= [4uv cos (u? —v?) —4ulv sin (u? —v?) —4uv sin uv +

4 (vt —u?0?) cos uv] du? 4 [— 4uv cos (u? —v?) —4uvd sin (1% —0?) +
+ 4uu sin uv + (u20? —ut) cos uv] dv® + 2 [2 (U2 —0v?) cos (u?—o?) +

+ 4u?o? sin (¢* —0®) —2 (4* —0?) sin uv— 2uv (u® —o?) cos uv] dudv.

Tlpn u=n/2, v=1 ¥ dv=0, du=+0 umeem
d*g—d?f = n cos (_’Zi — 1) du* =0,
T, e, d?g = d?f.

[Tycte o6aacts GoR™ Ecnm ¢ysruua [: G—>R, [f(x)=[(x,...
.., Xm) JIHHEHHO 3aBHCHT OT KaiKAOIO X;, (=1, 2, ..., m, T0o Bce ee
BTOpPHie YaCTHHE MPOU3BOAHBIE PaBHBL HYJIO, C/€L0BATENbLHO, B CHJY
onpeaenenus d?f=0; B uvactHOCTH, A5 GYHKUMH m;{x)=x; HMeeM
A?i=d%x;=0

ITospsysach Teopemoit 0 nHpdepeHUBPOBAHUN CJAOXKHOH (QYHKLUHH, @O-
JiyuaeM cJieayriomyw ¢opmyay. Ecam f:G—R, G R, [ C*(();
X=X, Xg, . y X} ! A>G, x;: AR, ACR, x,=€C*(N), i=1,2,..

1m; g: A-_)'R! g(t) :g(tls tz’ ve- 3tq) :f(xl (tlv th ‘e lfq); x2 (tly t2$ e

tq)i ver sy X (tla t2"" tq)) TO

d*g = 2 P dx;dx +Z /. dzxt

i,j=l

TlepenuweM 31y dhopMmyny B Buae

&g ——E(dxd( ) of det)

L
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KopoTko 3T0 COOTHOLIEHHE MOXHO 3amHcaTb GHOpPMaJbHEHIM paBeHCT-
BOM:

g\ O 4.\ = mjlf N
dg_;;d(ax£ dxt) _—d(l‘ - dx,)_.d(dg),

=

KOTOpoe€ y,IL06HO HCMOJIB30BaTh NPH BRIYHC/JICHHAX,

IIpumep 5. Haiinem mepBuii M BTOpOoH nuddepenuuanbl yHK-
uuH z(x, y) =f(u, v, w), ecau u=x?+y? v=x—y? w=2xYy, x 0 Yy—
He3aBHCHMBle nepemeHHne H f=C?(G), G=R3.

Pemenne. Taxk kak

du =2xdx 4 2ydy; dv=2xdx—2ydy,

dw = 2ydx + 2xdy; d*u=2dx* 1 2dy?,

d® =2dx® —2dy?*, d%w=4dxdy,

T0

dz = fidu + fodv -+ fadw = f1 (2xdx + 2ydy) +

+ fo (2xdx—2ydy) +f5 (2ydx + 2xdy) = (2xf) 4 2xfz + 2yfs)dx +

+ (2yf1 —2yf2 + 2xfs)dy;

d2z=f1; (2xdx-+2ydy)*+ faz Qxdx —2ydy)® + fas (2ydx + 2xdy)? +

+ 2f12 (2xdx + 2ydy) (2xdx —2ydy) + 215 (2xdx + 2ydy) ¥

X (Quydx + 2xdy) + 2fa3 (2xdx —2ydy) (2ydx + 2xdy) +

+ fy (2dx® + 2dy?) + fo (2dx® —2dy?) + fs4dxdy =

= (4211 + 4x%fa5 + 4y*fas + 8x2f12 + Bxyfia + 8xyfas + 2F1 + 2f2) dx? +
+ (48211 -+ 45%Fo + 45233 —8y2f 12 -+ Bxyfia— 8xyfss + 21— 2f2) dif +
+ (8xyfi1 —8xyfaz + 8xyfs + 8 (42 + 42 fia + 8 (68 —y?) fus + 4fs)dxdy

HJ/IH

d?z =d [(2xf; + 2xf2 + 2yf3) dx + (2yf1—2yf2 + 2xf3) dy] =

=[2fidx -+ 2xd (f1) + 2fadx + 2xd (F2) + 2fady +

+2ydfs] dx + [2fidy + 2yd (F1) —2fdy—2yd (F2) -+

+ 2fadx + 2xd (f3)] dy = 2f1dx® + 2f 2dx® + 4fsdxdy +

4 (Fudu + frodo + fiadw) (2xdx + 2ydy) + 2f1dy? —2f 2dy? +

+ (Fiedu -+ faodv + fsdw) (2xdx —2ydy) +
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+ (Fisdu + foadv + fradw) (2ydx 4 2xdy) =

= 2f1dx? + 2fodx? + 4fsdxdy + (2xdx + 2ydy) X

x [fii (2xdx +2ydy) + fiz (2xdx—2ydy) +

+ Fi3 (Qydx + 2xdy)] + (2xdx —2ydy) - [F12 (2xdx + 2ydy) +
+ foo (2xdx — 2ydy) + f23 (2ydx 4 2xdy)] +

+ (2ydx + 2xdy) - [fis (2xdx + 2ydy) + fas (2xdx —

—2ydy) + fs3 (2ydx + 2xdy)] + 2fidy® —2f:dy?.

§ 5. AMOPEPEHUHPOBAHUE HEABHBIX ®YHKIIHA

Teopema. Ecau orobpaxenue F: U—R", onpenenendHoe B OKpe-
ctHocTH U TOUYkH (X0, Yo) ER™", x&=R™, yo=K" takoBo, uTO
1) F(xo, o) =0;
2) FeCH(U), k=1,
3) (—Qf—\‘ —  obpartumas wmatpuua (Y={y, (xo, y)U),
o ) (Xq.40)
TO CymecTByieT (m-n)-mepuas obaacts V=ViXVyU, rae

Vgg:{xa‘xe Rm, “x—x()”<a}1
V;:{yayERn) “y"""'y()”<ﬁ},
H Takoe oro0paxenue

f:Vi—>Vy, feCH(VY),

uyto A Jawbofi Touku (x, y)eV coornoimenue F(x, y)=0 sxkBuBa-
JETHO COOTHOIeHHIW y=[{(x), T. e. F (x, [(x)) =0, x&Vx™.

B koopaunatuo#i gopme 3Ta TEOPpeMa BHIVISIAHT TaK.

IlycTs 3apaHa cuctema ypaBHEHHH

F1(x1,x2’---,xm,ypyz,---syn):()-
FZ (xl,xz""ixm) yl: y29'-'ayn):0:
Fn(xl!x2""’xmv ylvyZJ"':yn):O

H BHIIOJAHEHB YCJIOBHA!
1) cymecTByeT TO4YKa

(XO, yﬂ)’ XOI(X?, v . ,x(,)n), y():(y?3 e ayg)
trakas, uto Fi(xq, yo)=0,i=1,2, ..., n;

2) cyulecTByer Takasg okpecrHocTh U (xp, Yo) SR™t"  TOuKH
(X0, Yo), 4TO

FieC U x,, y)), i=1,2,...,n, k=1,
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3) sikoOHaH

OF, OF,
Oy 7 Oyn
oF,  aF,
dyy P Oyn

B TOUYKe (X, Yo) OTJHUEH OT HYJ.
Torpa cymecTtByer okpecTHocTh V (Xp) CR™ TOUKH X5 H PYyHKIHH

yi: V(xg) >R, yiesC*(V(xe)), i=l1, 2, ..., n, Takue, 4T0

Fi(xy, X2, ooy Xmy 1(X1y ooy Xm)y ooy Yn(Xy, oo 0y Xm)) =0,

i=L2,...,n
B obsacta V(xo).

OVYHKUHH Y1, Y2, ..., Yn HABBIBAIOT HEABHO 3A0GHHBIMU CaHHOU
CUCTEMOL YpasHeHul WIH HEABHO ONpeCeACHHbIMU OQHHOU cUcTemol
ypasHeni,

Ilpa nudPepenHPOBaHUN HESBHO 3aJaHHBIX (YHKIHU cyllecTBeH-
HO HCNOJB3YETCS HE3ZBHCHMOCThL (OPMHI MepBOre AHdbdepeniuHanta or
TOr0, HE3aBHCHMBE HJH 3aBHCHMBbie NMepeMeHHble SBAA0TCA (Hopmasb-
HbIMH aprymeHraMu. JlefiCTBHTeJIbHO, MYCTh B HEKOTOPOH o6GJaacTH
GoR™ bynkuuu y(x), Yo (x), ..., Yya(x), x=(x1, ..., Xm), KJaacca
C'(G) obOpamator ypaBHeHus cuctemul F;(x, y)=0, j=1, 2, ..., n,
X=(xy, ..., Xm), Yy=(v, ..., Yn), B TOKAECTBO, TOTAA B 3TOH obgac-
TH CIIpaBeLJUBLL paBeHctBa dF;(x, y(x)) =0, j=1, 2, ..., n. Takum
obpasoM, auddepeHUHANB NEPEMEHHBIX X1, X9, ..., Xm, Y1, ..., Yn
B obJjtactd G CBA3aHBL CHCTEMOH JHHEHHKX YpaBHEHUH

i n
OF gy, +2 % dy,=0, j=1,2,...,n
ox; — Otg

==1

Ecan gxkobuaH

OF, OF,
Oth ’ " Oyn
0F, 0F,
oyr © 7 oyn
OTJAHYEH OT HYyJs, TO H3 3TOH CHCTEMH OJHO3HAYHO BbIPAXKAKTCH
nubdepenunanst dy,, dys, ..., dy, Kak auHeinsie (GOPMb OTHOCHTEJb-
HO dxi, dXs, ..., dxm. Ko3dbuuueHTH NOJYyUeHHHX JHHEeAHBIX (OpM
ABISIOTCA COOTBETCTBYIOUIHMH YACTHHIMH NMPOH3BOJHLIMH
d .
Y9 g=1,2,...,n, i=1,2 ... .m.
le-
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[Ipumep 1. @ynkuun ulx, y, 2) u v(x, y, 2) onperejSsOTCa
CUCTEMOH

xy—=z cos ucos v=0,
yz—xcosu-sinuv=_0.
Haiinem

ou ou ou au dv v
ox ' oy ' o0z ' ox’ ay ' 9z

Pemenne. Juddepenuupys AaHHHE YDABHEHHS, NOJydyaeM
ydx + xdy—dz cosu cosv -+ zsinu cosvdu + 2 cos u sinvdv =0,
ydz +2dy—dx cosu sin v + x sinu sin vdu— x cos u cos vdv = 0.

Otkyna

du = ——— [(xy cosv—z cosusin®v) dx +
Xz sInu

+ (x? cos v + 2% sinv)dy + (yz sinv—x cos u cos? v) dz],

dv=——[(zcosusinvcosv +xysinv) dx +
XZcosu

+ (x?sinv—22 cosv) dy —(y2 cos v + x cos U sin v cos v) dz]

H, CJen0BATEJIBHO,

du _ zcosusinv—uxycosv  Ou — (x%cos v + 22 sin v)

ox xzsinu oy xz sinu ’

Ju _ xcosucos®v—yzsinv duv  —zcosusinvcosv—uxysiny
oz xz sinu I Xz cos u ’
dv  2®cosvu—x%sinv dv  yzcosv-+Xxcosucosusiny

dy Xz cosu 'y Xz Cos U

HaHHas cucrema onpegeasier dbynkuuu u(x, y, 2) u v(x, y, 2) B He-
KOTOPOH OKPECTHOCTH TOYKH (Xg, Yo, 20) TAKOH, UTO X2 COS Ug Sin Uy
0, Tae Uy, Uy YIOBJIETBOPAIOT YPaBHEHHAM

Xolo—24 COS UG COSUy =0, yy2q—X, COSU,SiNYy=0.

ToyHo Tax xe MOXKHO 6bl10 Obl B3SiThb B Kaue€CTBe HE3aBUCHMBIX
APTrYMEHTOB J100ble TPH H3 MEPEMEHHBIX X, Y, 2, U, U, a OCTaBIUHecH
JABa MepEeMEeHHBLIX CUHTaTh HX (YHKUHAMH, HanpuMmep, pacCMaTpHBETH
z ¥ u Kaxk oyuxuuu z(x, y, v) u u(x, y, v). Ilpu sTom cucrema, CBA-
apiBalotiias auddgepesuuans dx, dy, dz, du, dv, ocraeTca TOH Ke,
TONBKO Pa3pellaeTcs yiKe OTHOCHTeNbHO dz H du.

o dyq —
Ecnu HyKHO Ha#TH NpPOHU3BOJHBIE e g=1, 2, ..., n, HEe AJa#A
X
Beex i(i=1, 2, ..., m), a TOJBKG IJA HEKOTOPOTO iy, TO OOBIYHO fac-
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n
oF; oF; 0 .
CMaTpPUBZIOT CHCTEMY I —{—Z-—m—i- Y9 -0, 1<j<n, nonyuen-
ox; e Oyg  0x;,
gyio AuddepeELHPOBAHHEM CHCTEMBI TOXAECTB [ (X1, ..., Xm, Y1, ...

o UYn) =0, 1<j<{n, no nepemeHHOH Xx;,, CUHTAsA Y; OYHKUHIMH
OT X,

TouHo Tak e cHCcTéeMa ypaBHEHHH A BTOPbIX NPOH3BOAHHBIX

0? .
2l 1<g<ln, 1<iKm, 1<Cksgm, uMeeT BHUI
axia.Xk
azF] (xlv Xoy ooy Xm,y U1 (xl) sty xm)1 Ya (X]_, ey xm), L. »y”l(xh"'! xrn) :0
Ox;0xy, ’
j=l,2!"' !n!
und B opme BToprX Auddepenunasos d2F;=0, j=1, 2, ..., n. Ilpn

TOM yxKe HeoOXOAHMO 3apaHee pacipefesiuTh, KakHe U3 NepeMEHHBIX
ABJSIIOTCA He3aBUCHUMBIMHM, a KakHe 3aBHCHMBIMH, MOCKOJBKY, Kak
OBL10 NOKa32HO BblLE, Gopma BTOpOrO AuddepennHana CymecTBenno
3aBUCHT OT TOT'O, HE3ABHUCHUMBIMH HJIU 3aBHCUMBIMH  ABJAIOTCSE §op-
MaJbHble aprYMEHTHl COOTBETCTBYIGLIEH (PYHKIHH.

BepHemcsi kK ypaBHeHHsIM npeablaytiiero npuMmepa. Bribepew 3a
He3aBHCHMBIE IIepeMeHHBble X, Y, 2, TOIAd, KakK OTMeuaJsoch BHIIE,
d’x=0, d*y=0, d?2=0. [loapsysice bopmyaos d?f;=d(dfF,), noayua-
€M CHCTEMY YDaBHEHHH, CBA3BIBAIOMIMX MEePEMeHHHe X, Y, 2, U, U H HX
repBble U Bropble auddepenunans:

2dxdy -+ 2dz sinucosvdu + 2dz cosu sin vdv +

-+ 2 cosu cos vdu? —2z sinu sinvdudv 4+ z sin u cos vd*u +

4+ zcosusinvd?v + zcos u cosvdu® =0,
2dzdy + 2dx sinu sin vdu — 2dx cos u cos vdv +- x cos u sin vdu? 4
4- 2x sin u cos vdudv 4 x sin u sin vd?*u — x cos u cos vd?v +

4+ x cos u sin vde?,

IMoncTaBasis B NOJYYEHHBIE YpaBHEHHs Bhipa:xkeHuss du u dv B BHOE
JuHedHBIX ¢opM OT dx, dy, dz W paspewiasg CHCTEMY OTHOCHTEJbLHO
d*u, d’v, noayuum BHIpa)KeHHe 3THX AHddepeHIlHaoB B BHAE KBal-
02u d%u
patuusbix ¢opM or dx, dy, dz. Broprie 1npoH3BOgHBIE 5 3
X X0y
H T. J. BHIpaxKamTcs uepe3 COOTBETCTBYIOIHE KO3(POQHUHEHTH 3THX
KBajgpaTHYHHX (OpM. DTH BHUHCJIEHHA B CHIY HX TPOMO3JIKOCTH
3J1eChb IIOJHOCTEIO He npuBoastcd. [lokaxkem, Kak HafTH OXHY U3 4acT-
0u
Py Juopdeperuupys ypaBHeHHSA
Yoz
CHCTEMBI B NpEAbIAYLIEM NpHMeEpe No Y, NoJydyaeM

HBIX MPOK3BOAHBIX, HalpUMep

. ou , Juv
x—|—2smuc0507—+zcosusuw — =0,
Y vy
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. \ du ov
2+ xsinu 51nv-—a—--——xcosucos v— =0.

Y ay
JupdepeHuHPYS 3TY CHCTEMY IO 2, HMeeM
. du ou ou
SiN U COS U —— ~++ Z2COS U COS U -m o ——n —
Oy 0z dy
) . dv  du . dv
—2sinysiny — — 4 cosu SiN v — —
dz Oy dy
. . dv  du dv Ou
—ZSINusiNY—— —— 4-2¢co0s U COS Y ~— —
dy 0z oy 0dz
. 2 ] 02
+ zsinucosvy 4 4 zcosusiny—2 =0,
dyoz dyoz
. ou ¢ : d 5
1 +xsinvcosu OE 9% 4 xsinucosy 24
dy 0z dy 0z
. dv 0 . dv dv
+x51nucosv~{—m&jl-xcosu51n p- 2L +
dy 0Oz dy 0z
. . 02 02
4 x Sin 4 SiN U ——— —X COS & COS U ——— =0,
Jyoz dyoz
IToacTaBjsig B 5TH YpaBHeHHS BhIpaKeHUs J1s ou Ou O v
b v y * r
yp P oy 0z dy 0z
[OJIYUHM CHCTEM eiiag KOTOPYIO MOXKd0 HalTH dtu &
, r Id b " .
y Y, P P dyoz oyoz

Ha npakTHke yno6GHee Jis1 HaXOXIAEHHS OAHOM K3 BTOPHIX [MPO-

H3BOANLIX AuddepeHIHPOBATL N0 COOTBETCTBYIOIUEH MEPEMEHHOH CO-
OTHOLLIEHHE, ONpejenswrllce NepBYyI0 MPOH3BOAHYIO, YYHTHIBas, KaKHe
M3 MepEMEHHBIX B 3TOM COOTHOINEHHH HE3aBHCHMbI M KaKHe 3aBHCHMHBL.
Tak, B HamieM cayuae

Pu 0 (au‘)__ %, (__ x2cosvu - 2%sinv )

dyoz dz dy 0z xzsinu
. dv . ov .
2zsinv - 22cosv —x?sinu—) xzsinu
z 0z +
x222sin% u

\ ) au
(x2cosv 4 22 sinv) (x sinu - xz cos u —a-—)
2

+

X222 sin%u

[logctaBasAs ciofa BHIpaXKeHHd
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nonyyaeM
d%u 1 A g sig
= [x%2 cosu cosv (2sinfusin?u +

dyoz X33 sinfu

-+ cos? ) + x3yz® cosvsino (sin® u —cos? u) +

4 x228 (cos? u cos® v —sin? u—-sin? u cos? v) —
—xyz* (sin? u cos® v + cos? u sin? v)].
Mertozom mocsenoBatebHOro  AudQepenunpoBanus

NIPGH3BOAHEIE BEICILHX MOPAAKOB, IO TEXHHYECCKHE TPDYAHOCTH NpPH HX

HaxoXJeHHH Bce OoJiee BO3PacTalor.
[pumep 2. Oyukunu u(x, y) u v(x, §y) HE3ABHCHMBIX IIepEMeH-

HEIX X H y ONDeJeJeHH COOTHOWEHHUIMH

Haxonarcd

xedte +2uu =1, ye*?— = 2X,
l-+u

HaiizeMm du, dv, d?u, d?v B Touke xg=1, yo=2 npu uy=0y=0.
Pemenune. B Tex TOUKax, Trjie BbLIIOJNHEHBl YCJOBHA TEOPEMBbI
O HeABHHIX GYHKUMAX, IepeMeHHBle X, Y, 4, U, HX MepBhIe H BTODHIE

auddepenHannl CBA3aHbL YpaBHEHHAMH

ettvdx + xett o (du 4 dv) + 2 (udo + vdu) =0,
| ude d
—_ == 2x

e—vdy + yev (du—dv)—"ﬁ:;‘du ™ (1 4 o)? h

2e%+0 dx (du -+ dv) + xett? (du + dv)? +
+ xettv (d%u + d%) - ddudv - 2udv® 4 2vdu? =0,
2dye " (du— dv) + ye*—° (du —dv)* +
2udy®

U0 (4217 _ A2\ d%u 2dudv ud® L _
g (@) e e T T

Tax kak B TOouke (Xo, Yo, Uo, Vo) YCJHOBHA TEOPeMbl O HeABHHIX (QYyHK-
uusx soinodanens, To du(l, 2), du(l, 2), d%u(l, 2), d?v (1, 2) yaoB-

JIETBOPSIOT YPaBHEHHAM
dx +du+dv=0, dy+ 2 (du—dv) —du=2dx,
2dxdu + 2dxdv + (du + dv)® + (d%u + d®) 4 4dudv =0,
2dydy —2dydv + 2 (du—dv)? + 2 (d?u —d?v) —d?u + 2dudv =0,

OTKYyZa
dy .

du(1,2)=-—%’i-; du(l,9) = —dx +
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d?u (1, 2) zé_i_dyz_% dxdy, d*v(l, 2)=

d? 2 gt gd
dx - Y 5 4xay.

B uvactHOM cJayuae, Korja Ompele/sieTcsl HegBHO OJHa GYHKIHA
y: G—>R, GR™, 1. e. 3a1an0 0QHO ypaBHeuHue F(xy, X3, ..., Xm, Y) =
==0, dopMyJbl s NEepBHX YACTHHIX NMPOH3BOAHLIX (PYHKIHH Y BHIIH-
chiBaloTcs B ofuieM BHIE:

aF

A ,i=1,2, ..., m.

{)‘xi 0F (2)
dy

IIpumep 3. Haiinem nepble H BTOpble NPOH3BOAHBIE QYHKLHH 2 (X, ¥),
ecan 2= VYx2—y?-tg _V_z.___.

xz_yz
Pemenne., IlepenuineM ypaBHEHHE, HeABHO oOmnpeaedwollee 2,
B BHAE
z 2
- — 1 =0.
V x— g V22— 2
Crnoco6 1. Ilo dopmyae (2) moayuum
yz 1z 1
/2 B3 5 _ 23 2
(V=P VE-P :
oz Vt—y
Oy 1 1 ’
Vi R— :
V4 - cos? m
zx - Xz 1
(—g2)¥? ()Y s 2
oS
0z -_'__ )/-xz__y2
ox 1 1 ]
Y X —y? m—— Z
V x2— 2 cos? Ve
Tax kaxk
1 o 2 2 . Vi
2 =14 1g }/2—y2_1+x2—y2'
2
cos Wi
TO
0z x2 0z yz2
dx x2—y? Ay X% — y?
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d’z 0 ( 0z }__ a ( Xz . z _ 2x%2 4
ax2 Ox dx | ax X2 — y? x2 — 2 (x2 — y2)2
+- X . oz _ y2z
X2 —y? ox (2 —y2 '
d*z 0 ( —yz \_ oz 2y .
oy*  dy xz—yg) R—yr (P—y)?
L Y az L X2z
oy dy o (2 —y2)2 "
2z 0 ( xz N 2xyz X 0z xyz
oxoy 9y xz—yg) (x*—y?)?  XP-y* Oy (* — ¢7)°
Cnoco6 2. Wmeem
4 (i) e () =0,
]/-"2"'9'2 / 5 Z Y =yt
COS2 — ==
sz_yz
cJjiegoBaTedibHoO,
\
d|——2ex| =10
( Va7 )
z Z Ay N\
(ECJIH €0§% ~——==—— =1, TO TakxKe d (———-——-—-) = O). Orciona
V¥t g Vo —

dz __(xdx— ydy) z —0
YV x2 — 2 (% — y2)¥/*

H

ds = 2 (xdx — ydy) .

x2_y2
Hanee,
_ 2 ___ 2
4?2 — dz - xdx — ydy 4z ax® —dy®*
X2 — y? X% — 2
2xdx — 2yd
— (xdx._ydy)_w =
(x2_y2)2
2 2 2
et _—-__._.L dx2 __....__izt_ dyz 3 ._...,....-.xyz—dxdy‘
(xz _— y2)2 (x2 — y2)2 (X2 — y‘Z)Z

Orcroga nosyuaem

0%z Y%z . 0% x%z ) 0%z xyz

o2 (e—pdr ] op (g2 Oxdy  (F—yB?

[Tycre 3amano otobpaxerue [: G—K™, GoCR™, rie B KOOpAHHAT-
HOﬁ 34anHuCH fl_(xl! x21 sy xm) =y13 ey fm(xl, Xg, ... ) xm) :ym, X=
= (%1, X2, ..., Xm)=G. Torna nepemeHHsle Xy, Xz, ..., Xm, Yi, -+, Ym
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CBSI3aHBl CHCTEMOH ypaBueruMH y,—[i(xy, ..., xm) =0, 1<i<m. 3ra
CHCTEMa NPH COOTBETCTBYIOUIHX YCJOBHAX MpEACTABJsIeT HEABHOe 3a-
Ranue obpareplx QYHKUHE X;=xi(Y1, ..., Ym), 1<i<m. Hduddepen-
LHpoBaTh 00paTHuie QYIKUHH 1o 06HieMy MeToAy AuddepeHUHpoBa-
HAA HesBALIX GYHKUMH npolte, ueM HAXOAUTL 00patTHYI0 MAaTPHILY
K marpune §SIko6n otobpamxenust f.

ITpemep 4. Haitzem ycaoBue CyLIecTBOBaNHS o6PaTHBIX byHK-
umd u(x, y, 2), v(x, ¥, 2), w(x, ¢y, 2) u ux ;auddepeHuHA L, eCaH

X=uvcosw, y=uvsinw, z=utuvtw.

Peuwenue. Kak 6biio BhuMcieHO B npumepe 7, Ha ¢. 298 sxoGuan
orofpaxkenus f:(u, v, w)-—>(x, y,2) paBeH uv(u—v), CJIEIOBATEJIBHO,
obpaTHble QYHKIHK ONpejie/ieHsl B OKPECTHOCTH KaXKmok TOuKH (X9, Yo, 2,),
CCIH Xg = Ugly COS Wy, Yo = Ugly SIN Wy, 2y = Uy + Ty + Wo U Ul (Uy—1T,) == 0.
Ilpy 3TOM yCICBHM mepeMeHHble X, Y, 2,u4,0, @ H HX Au(deperLHais
CBfI3aHbl YPABHEHHSIMH

dx = v cos wdu + u coswdv —uv sin wdw,
dy =vsinwdu 4-u sin wdv + uv cos wdw,
dz =du + dv - dw.

Paspewast 3Ty CHCTEMY OTHOCHTeNLHO du, du, dW, TONYIHM

du :_(-—l-w—i— [(sinw—vcosw) dx—(cosw + vsinw) dy + uwvdz],
o —1

dv = ——(——1-—) [(u cosw-—sinw) dx + (cos w + u sinw) dy —uvdz],
Ui —vu

do=—1_ [ —sinwdx { coswdy].
uv

OcTanoBHMCA emie Ha OJHOM UaCTHOM CJyyae HEsiBHOTO 34/laHHS
GYHKUHM, a HMEHHO Ha napamerpudeckor 3adaruu GYHKUHE JBYX
nmepeMennnx. Takoe 3aanne GYHKIHH UMEET BHJ

x=xu,v), y=y,v), 2=2(u,v), (3)
X, 4,2 Ct(A), Ac R*(u, v).

s ompeneNeHHOCTH CHHTEEM, YTO COOTHOWEHHUS (3) Ofpemessor
HEPeMEHHYI0 2 KaK (DYHKLHIO NEepPeMEHHMX X H ¥, TOTAa NepeMeHHHE
u(x, y) u v(x, y) paccMaTpHBAIOTCH KaK NMPOMEXKYTOUHHE MapaMeT-
pHl B omnpenesnenud z(x, y)==z{u(x, y), v(x, y)). Vi3 obwedi Teopemesl
O CyLIeCTBOBaHHK OOpPATHBIX (PYHKUHH cJelyer, 4TO B OKPECTHOCTH
TOYKH (X0, Yo), B KOTGPOH

! 'x;; (uOs U0) x-; (uﬁ, UD)

Y, (249, Up) Y, Uy, Vo)

onpegesnedn GYHKUHE w(x, ) H v(x, y) — obpartunie K PyHKLHAM
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x=x(u, v), y=y(u, v), rae xo, Yo, Uo, Vo CBI3aHBl PABEHCTBAMHU Xg==
=x(Ug, o), Yo=Y (Uy, ). Cae1oBaTesbHO, B 2TOH OKDPECTHOCTH OIl-
perencHa GyHKuHA 2(X, y) =z{u{x, y), v(x, y)).

PasyMmeercs, AaHHLIE COOTHOWIEHHS (3) MOXKHO paccMaTpHBATh H
KaK MapaMETpHUSCKOe 32JaHy¥e (YHKUHH X=X (y. 2) HIH QYHKUHH
Yy=y(x, 2) NPH BBHINOJHEHHH YCJIOBHA CYIIECTBOBAHHA COOTBETCTBY-

IOIUHX O0OpAaTHRX (QYHELHA.
[Ipumep 5. Hafinem nepBsli U BTOPOH AH(dDepeHHaNE QYHK-

LMK 2=z (X, y), ecqau
X=ucosv, y=usinv, z=au + bv.

Pemmenue. B JAHEOM INpPHMEPE KaXKEeTC BO3MOXHBIM aHAJHTH-

uYeCcKH BHDa3HTh U (X, ¥y) u v{x, y), a UMECUHO u=+Ve+y¥ o=

=arctg Y. Ho B TakoM npeiCTABJIEHHH, BO-NEPBHX, PYHKUHS ¥ (X, 4)
X
He ompenenera Aasa x=0 H, BO-BTOPHX, QYHKUHA U NPHHHMaeT 3Ha-

YeHHsI TOJABKO B uHTepBaJe (-—m/2, m/2), B TO BpeMs KakK B COOTHO-
HIEHUSAX X=UCOSU, y=uSinv Kak 4, TaKk W v MOTYyT NPHHHMATbL JIO-

T o 7T
Oble 3HAau€HHS Ha BCeH YHCJOBOH OCH U [ 01—2—-{—3113, ke Z,

aMeeM x=0. Kpome Ttoro, vacto ¢byHKuHH u(x, y) u v{x, y) BooOIIE
He BHINHCBLIBAIOTCA B aHaJAHTHUeCKOM BHIe. Halnem auddepeHunasst

obpatuHX QYHKIUHMHA u(X, y) M v(X, ¥} H3 CHCTEMDI

dx = cos vdu—u sin vdv,
dy = sin vdu -+ u cos vdv.

Himeem
cos v siny
dy — dx.
u

du =cosvdx +sinvdy, dv==

ITogcraBuB BHpaxehusi du U dv B dz, noayuaem

bsino

)dx+ (asirw-{—

beosvo \dy
I

dz = adu -+ bdy = (acosv——

Hanee,

dzzz(—ﬂasinvdo _beoso dzw—f—md du idx+
u u® /

1Y

u u

=[(—asirw— bcosu) ( cos v dy—— siny dx") +

U u U

e (a cos vdp — 252 dv———bﬂj—g—duj dy =

4 2sno (cosvdx—[—smvdy)] dx +
u?
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+ [(acosv__ bsinv )( cos v dy—— sinv )dx—-
u

U u

beosu

—

(cosudx + sinvdy) J dy = (—EL sin? v + T 20) dx? +
u

12 u

+ (—a—cos2 u—-2sin 20) dyz—(—(—l—- sin 2v -{-2—: COs 20) dxdy.
u i

u 12

§ 6. BAMEHA NEPEMEHHBIX

Metoabn nuddepeHUUPOBAHHA CJOKHBX H HesIBHO 3aJaHHBIX
«<YHKIHH HCMOB3YIOTCA AJS 3aMEHH MepeMeHHHBIX B AH{pdepeHuHa b-
HBIX BLIPAXKEHHAX. ITa 3ajavya LJd QYHKUHH OLHOrO NEPEMEHHOro
6pl1a paccmoTpena B pasgesie «[luddepeHnnalpHoe  HCYHCIECHAE
QHYHKIHH OJHOrO MepeMeHHOro». 3aeck OyayT paccMaTpuBaThCs
YHKIIHM MHOTHX NMepeMeHHbIX, H /s NPOCTOTHl H3JIOXKeHHS OrpaHH-
YUMCA cayvyaeM (QYHKUHH ABYX I€peMEeHHbIX.

[loctanoBxa 3apgauu. Ilycts 3alaHO HEKOTOpOe BhlpaxKeHUE
A, B KOTOpOE BXOISAT IepeMeHHbIe X, Y, GVHKIUSA 2 H €€ UaCTHHE 1po-
#U3BOJAHBIE 1O X H Yy JO HeKoToporo mopsAxka k. Ilycts pajee mepemen-
Hble ¥ H Y BHIPAXKalTCAd 4Yepe3 HOBbie He3aBUCHMbBIE dPTYMEHTH
x=x(u, v), y=y(u, v). Tpebyerca npeobpasoBatb AaHHOe AHPDe-
peHlIHa/bHOE BhipaKeHHe A Tak, 4yToObl B HEro BXOJAMJIH NMepeMEeHHLIe
U, v, GYHKUHSA 2 ¥ YaCTHbIE NMPOU3BOAHKIE COOTBETCTBYIOUIHX TIOPALKOB
(PYBHKUHH 2 N0 nmepeMeHHsM # M v. Ilpeanonaraercs, 4to Bce npeol-
pa3’0BaHHA [AEJal0TCAd B TaKHX 00JacTAx HM3MEHEeHud X, Yy, U, U, 4Td
cyuiecTByloT obpatHble OyHKUUM u=u(x, y), v=v{x, y) H Bce pac-
CMaTpuBaeMpie (QYHKIHH AOCTATOYHO IJaJKHe.

Torna

dz 0z ou 4 0z dv , 0z _ 0z dou L 0z dv
ox ou  ox do  Ox By du  dy dy Oy

Yro6bl BEIpa3uTh BTOPLIE DPOH3BOAHLIE (GYHKUHH 2 IO X, ¥ Yepe3 mpo-
U3BOJHBE 2 NO i, U M NIPOU3BOJAHbIE U U U MO X, Y, A bepeHnupyem
BBIDAXKEHHS NMEPBHIX MPOH3BOAHLIX. Hanpuwmep,

022 0 (az)_ a (az)au 0z 0%u

J0x0y o dy \ dx dy \ du ) Ox du Oxdy

4 0 ( 0z ) . ov n 0z ‘ 0%y _
dy \ Ovu ox v dx0y

_ ( 02z . du + 0%z . ov ) ou dz . 0%u

ou® ay dudu dy | Ox ou oxoy

( 0%z ou 0%z  ov ) 0z . d%v

dudv Oy ™ dw?  dy dv  Oxdy

AHaJOrHYHO HAXOAATCHA NPOH3BOIIILIE JI000r0 MOpAKKa.
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O6paTuM BHUMaHMe Ha TO, 4TO B MPHBEAEHHBIX (HOPMYJIax DHIYDH-
PYIOT He NPOH3BOLHBIE GYHKUKH x(u, v), y(u, v), a NPOH3BOAHBIC
obparublx ¢yHkmui u(x, y), v(x, y). Ha npaktuke cBa3p mMexiy mne-
PEMEHHBIMH X, Y, U, U 3a]d€TCA KaK COOTHOLIEHHSMH BHIA X=x (i, U),
Yy=y(u, v), TaK W COOTHOWMIGHHAMH BHAa U=u (X, Y), v=0v(x, y) WIn
o1(x, y, u, v) =0, @2(x, y, u, v) =0. lpu M060M 3afaHHKH TOH CBs3HU
y,HOGHeeaHOHBSOBaTabCﬂ IPpH 3aMeHe MmepeMeHHBIX MMEHHO MPOH3BO/-

U ou 4 ov

b

x ' oy ox oy’
Hpumep 1. Ilpunas u 7 v 3a HOBbIE HE3aBHCHMEIE HepeMEHHLIE,
npeofpasyem ypaBHeHHe

HBIMH

x2 _.qzi_ 2_.6_?_.2
dx? dy* ’
x
€CH U =xY, U=—"",
Yy
Penmienwue.
az 0z 1 oz 0z 0z x 0z
- y + — , =X - '
Ox ou y dv dy du y* du
0%z 0 0z i o0z a2z 1 9%z
Ox* dx ( ou y 0 ) vy ou? y auau)
~}__l_( 02z . 02z _1_ zyga'zz ) 02z _ 1 0%
dudv dv? ou? dudv yr o’
0%z 0 ( 0z x az) (622 x 0%
— X — — e | 2 A gy ——— — ] —
Oy? oy ou ¥ ov y Jud y?  Gudv )
_i( 02z x~——)f— 622) 2x \ 0z
¥ \ oudv y2 Ov? g ov
2 02z
HO,HCTBBJIHE BprEl)KEHHH P o B HCXOJHOE ypaBHeHHe, noJay-
X Y
qaem
0%z 2x 0z 0%z 0z
4x? =0 wim 2u = -

duds gy dv dudv du

IHHpumep 2. IlpuHAB 4 W v 3a HOBLIE HE3aBHCUMHE NepeMerHbIe,
npeobpasyeM ypaBHeHHE

0%z 0%z 2
Fmfz2=0
Y + o . '
€CJIH

x=e"cosvu, y=e“sinv.

o du dou du du
Peurenue. BHauaje HeoGXOAHMO HAaHTH =

12 U. A. BuuHorpanosa 321
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3anuiieM CcOOTHOLIeHHe Mexay AHddepeHuHanamu dx, dy, du, dv:

dx = e* cos vdu —e* sin vdv,

dy =e"* sinvdu -+ ¥ cos vdv.

CaenoBaTtesbHO,
du=e“cosvdx +e~“sinvdy; dv= —e*sinvdx 4+ e—*cos vdy
H
ou du .
— =g %cosy, —=¢"%sin v,
ox dy
ov . dv
— = —e ¥sny, —=¢e %Ccosv.
ox dy

Tenepnr umeem

0z iz oz ., . -
—_— COSY ——— ¢ "Sll’lU;
ox ou Ju

J 3] . %)
_z:_z._e“u Slnv_[_ _ze—ucosv,
dy ou ov

02z

02z 02z )
-a—zze—“cos U(a 5 g4 Cos U— 5 e—”smv) -+
X U uoy

0 . )
+——?1— (— —“cosvﬂ—e—“ sin vi)—

ou Ox Ox
) 02 a2 .
—e 4siny 2 & 4Ccosy — 2'e‘“smv —
Judv Ju?
d, ) du Jv
N (—e—“sm v— F e 4cosv ——-—) =
auv dx ax
2y 2 . 02, .
_ 9 e~ cos?y + 0% e—2ugin?y—2 2 e—2ucosysino <
du? du? oudv
0z 04 312 5 9 0z o, )
+ —— (e#sin*v—e— 2 cos? v) + 2—— e ““cosusinu,
ou dv
2 ) "2 ] g2
0% —eg—%sInv 2 e~ 4siny + e 4% Cos U) +
day? ou? oudv
0z ) i du
—+ ? ﬂu““smvf—ﬁ—e—“cosv-——)-%—
du dy oy
+e ¢ cosv( 0%z g% sin v+ : e ¢cos v+
——— T
. Oudv dou?
. du
+ (,32 (~e—‘” COS U —— —e ¥ sin v——-—)—-——
do gy Oy
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0%z . 0%z 02z
= e—2sin® v + e—2% cos? v 42

T o2 0y Audo

e—2¢sinv cos v 4-

0z . 0z : .
+ > (=% cos® y—e—?“sin® v) —2 = e~ cosvsinv,
U (&

¥ JaHHOe ypaBHeHHe npeobpasyercs B ypaBLEHHE
02z g%

+ + e2m?z = 0.

ou? Ju?

BoJsiee obuiuit cayuald 3ameHnl nmpejacTaBiseT cololf  nepexoj oOT
$yukuun z(x, y) K GyHKUHH w=w (4, v) NPH YCJIOBHAX CBfI3U Mepe-
MEHHBIX X, Y, 2, U, v, @ BHAA f1(x, ¥, 2, 4, v, w)=0, fu(x, y, 2, 4,0,
w)=0, fs(x, y, 2, 4, v, w)=0. Kpome TOro, Mexay nepeMeHHHMH
X, Y, 2 €CThb 3aBHCHMOCTb 2—2(x, y) =0. Mtak, uMeeM CHCTeMy YeThl-
pex ypaBHEHHH C IIECTbI0 HEU3BECTHLIMH:

filx,y,2,u,v,w)=0,
fo(x,4,2,u,v,w) =0,
fs ()C, y,z,u,v,w) =O,
z—z(x,y)=0.

[Ipennonaras onsitb, 4TO Npeobpa3oBaHusd AJalOTCA B COOTBETCTBYIO-
led o6J1aCTH, CUHTAEM 3Ty CHCTEMY Onpejendioilell detbipe QyHKIHH
JBYX apryMeHTOB:

u=u{x,y), v=u(x,y), w=w(x y), 2=2(x,y).

Pewas cOOTBeTCTBYIOUIYX) JHHEHHYIO CHCTEMY, CBSI3HIBAIOULYID JH(b-
¢epenunanu dx, dy, dz, du, dv, dw, otHocHTeawHO du, dv, dw, dz,
noJyuaeM BBIpaXK€HHS AN YaCTHHIX NPOH3BOAHLIX (PYHKUHH U, U, @
no x, y. [loacraBisiss 5Tu BolpakeHHS B paBEHCTBA

ow Ow ou ow du ow ow ou ow dv

= . + : ’ = : + . ,
ox ou ox dv 0x dy ou 0Oy , v dy
floJiydyaeM ypaBHCHHA, CBsA3bIBalOUine 0w . ow C 9z . 9z , H3 KOTO-
ou dov ox dy
PHIX HaXOOHM BbipaXKeHHHA o2 | oz uepes il H _a_w_. Yrobrl BHpa-
ox dy ou ov

3UTb BTOpble NPOH3BOAHHE QYHKLHH Z MO X, y 4Hepe3 U, U, W H IPO-

ow
H3BONHbBIE @ MO 4 H v, JAu60 aAuddepeHUHPYIOT BbIpa’KEHHSA ot
X

15
-Ew_ IO NMepeMeHHBIM X H Y, HalpHMep,
0w 02w ou \2 0w dov ou w do \2
- (B ()
Ox? dut ( 0x ) dudu ox dx ) * du? ox +
dw o%u ow d%v

+6u.6x2+00'6x2'

i2* 323
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- 0z 0z

an60 nuddepeHuUPYIOT N0 X H ¥ HaAALeHHbIe BhIPAKeHHs = H r
x Y

B 3aBHCHMOCTH OT KOHKPETHOH CHTyanuu (CM. NpHBELEHHbLIE HHXe

HpHUMephI).

[Tpumep 3. [IpuHsiB 4 U v 32 HOBHIE HE3aBHCHMbie NepEMEHHBIE,
npeobpasyeM ypaBHEHHe

0z 0z X

X ——f Y=

Ox 4 ay z

€CJH

u=2x-—2z2, v=-"L,
2

Pemeunue. B nranHOM mpuMepe 3aMeHa QYHKUHH 2 He OCYILECTB-
JSIeTCsI, HO, MOCKOJbKY 2 BXOAHT (OpMaJsbHEHIM apryMeHTOM B Bbipa-
JKEHHsI MepeMeHHBIX U W U, NpHMeHsAeM OOIIHIl MeToR. YUHThHIBas 3a-
BHCHMOCTb 2 OT X H y, HOJIyYyaeM

O g 9,02 0w _ g, 02
0x 0x dy 0y
0z
2—Y
vy 0z dv dy
Ox 2 odx  dy 22
CanepoBaTelibHO,
0z _ 0z (2#__22 az )-E- 0z (____g_ 0z )}
ox ou 1\ dx ov 22 Ox
9z % (__22 02)+ 0z (_L___EL___GZ\,
oy ou dy dv \ z 2 dy )
OTKY 14
5 0z 1 0z
oz ou ) dz 2 ov
ax 9z y 0z ° ay 0z y 9z
1 +22—— + — 1 42
BT 22 Ov +26u+22 ov

HOJICT&BJIHH 3TH BhIDAKE€HHs NMPOH3BOAHLIX H BBIpAXKECHHA

u -} 22

2

X = Hy=1uw

B HCXOJHO€ ypaBHEHHE, NoJyyaem

vi‘?- (2—u?) =z (u? +29).
ov

[Ipumvep 4. IlpuusaB u H U 32 HOBble He3aBUCHMbIE NepeMeEHHBIE,
a w 32 ECBYIO QYHKIMIO OT ¥ U 0, npeobpasyeM K HOBHIM INepeMei-
HLIM ypaBHEHHe
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(g +2) Lt (1— ) 2 =yt e,
ox dy
ecau

U=Yyz—x, V=x2—y, W=XY—2,

Pewenune [uddepeHunHpys w KaK HENOCPEACTBEHHO 3aJaHHYIO
Oow 0z

GyHRKIHID w=w(x, ¥y, 2(x, y)), mnNodydYaem Pyl Aambrwet 3anu-
X X
Fa .
IIEM TeNepb BhiparKeHHE d , AHQdepeHnUpYa PYHKIHIO @ KaK KOM-
X
\ o
nosunuio w=w(u(x, y, 2(x, ), v(x, y, 2(x, y))): —= w | ou +
ox ou ox
dw  Jv ou
—— . ——. lloacraBass cloga BbpaXKEHHS NPOH3BOLHBEIX -— ==
dv ox ox
0z du 0z
=y——] U —=24x ——, mnoayuaeMm, 4TO
o0x ox ox
dw Jw 0z ow 0z
- _1) A (z x—).
ox ou (y 0x + ou + ox

" ow
HpHpaBHHBaH HaHJAeHHEIE BHpaXKeHHUA _6—’ oJlyyaeM ypaBHEHHE
X

gz ow 0z ow 0z
y dx ou (y Ox 1)+ v ( + ox )’

H3 KOTOpOro HAaxXoJIHM, 4YTO

N Jw ow
0z Y du —* Jv
e ow ow

1
+‘l{ ot T du

TakuMm e MeTOnIOM moJy4yaeM ypaBHEHHE

0z ow 0z Jw 0z
X—— =2z X —1
Ay u ( Ty oy )+ ov ( oy )’

H3 KOTOpPOro HaxoiHuM, UTO

dw ow
A ™
dy | ow Jw
T T
IloacTaBasss 5TH Bbipa)KeHHs NPOH3BOAHBIX B HCXOJHOE ypaBHeHHE,
noJgy4aem
O—W(—Qxyz—_22+l~—y2—-x2):0, T. €. —aﬂ=0.
du Ju

325

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

[Tpumep 5. TlpuHAB ¢ U U 3a HOBHI€ He3aBHCHMbIE IlepeMeHHbIE,
2 w 3a HOBYI (QYHKUHIO OT u H v, npeofpasyeM K HOBBIM ME€pEMEH-

HbiM ypadBHEHHE
T R
0x oy Ox dy
eCJIH
Z=wev,

x=uew, y=vev,

Pemenue. Bopasum cunauana du, dv n dw uepe3 dx u dy. Hs

CHCTEMBI
dx=e*du-+ue?dw,
dy=e“dv+vevduw,

dz=ev*dw | we?dw

HaxoauM BelpaxeHusi du, dv w dw kak ¢yHRuu# dx, dy u dz. 3ame-

HSS B 3THX BHIPa’KeHHUNX dZ Ha

9% e 1 % gy
dy

auddepeHHpo-

ox
floNyyaeM
[ ' d
7 — [(1 +w—u —03—) dx«»u—-idy} ,
e?(1 +w) dx 0y
1 i 0z 0z
= — v —dx + 1+w——v-—-—~)d }
e¥ (1l + w) l ox ( 0 y
1 0z 0z N
dw = dx +——dy .
e¥(1 4 w) [Ebc T d yJ
Cre10BaTeNbHO,
1 o
ou rw—d 0x
ox e (1 + w) !
0z
du -4 dy
dy  e®(l+w)
0z Az
— 1 — v/
dv . v 0x du _ Tw dy
0x e?(1+w) = Oy e?(1 +w)
0z 0z
dw ox ow __ Oy
Ox e?(1 Jw) B Oy e?(l 4+w)
; ¢
IlpupaBHHBasi BbipaxeHHA %@— , -5-3,-, 0JIyHeHHbIE
x
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BaHueM (QYHKUHH W@, 3ajaHHOH HENOCPeACTBEHHO Kak w=w(x, ¥, 2(x,
y)) ¥ Kak Kommosuuus w=w(u(x, y, 2(x, ¥)), v{x, y, 2(x, y))), no-
JydaeM ypaBHeHHSH

a2 o
1 02  dw Tw—u Ox Jw ! ox
e®(1 +w) d0x  ou e?(1 + w) g e¥(l 4w)
0z dz
—_— 1 e
! oz aw oy o TPV,
e?(1 4-w) Oy Ay e?(1 -+ w) ov  eW(l4w)
H3 KOTODBIX HaxOIHM, 4YTO
22 (14 w) (1+w) 2=
0z ou v 0z T du
ox ow ow ' gy dw dw
1 1
e au+vav U ou +Uav

IloncraBnsis 3TH BHIDAXKeHHS TPOH3BOAHBIX H BHIPaXKeHHS X=uew,
y=ve¥, z=we" B HCXOAHOE ypaBHEHHE, nojyyaeMm

uz(i”_ 2+02(_9£‘”_ Pp O 9w
ou L v du v’

ITpumep 6. Ilpeobpasyem yparHenne  (x—2) Z; +y g; = O,

IPHHSAB X 32 QYHKUHIO, @ ¥ H 2 32 HE3aBHCHMbIE NePeMeHHbIE.
Pemenue Ytobu 6v10 yI06HO NOJAL30BATLCA OBLIHM METOIOM,

BBEleM IEepEeMEHHHE iU, U, W TaK: W=4X, u=y, v=2. lIpupaBHHBas

dw Jdw ,
BLIDAXKEHH —— , ——, MOJyYeHHbe AHPdepeHIHpPOBaHHEM hYHKIIHNA

dx dy
w, 3a7aHHOH HENOCPEACTBEHHO KaK w=w (X, y, 2(x, y)) H KaK KoM-
nosuuust w=w(u(x, y, 2(x, y)), v(x, y, 2(x, y)), mnoIydaem ypap-

HCHHA
ow ow 02
S
ou + dv  Ox’
_ Ow i dw 0z
ou Ldv  ady '
OTKyja
ow 0x
0 _ 1V 1 . ez w oy
ox  ow T ox oy  Ow Ox
Jdu 0z dv 0z

[ToacraBasis 3TH BhIpaXKeHHsT NPOH3BOAHLIX B HCXOLHOE ypaBHEHHE,
nojayuaem

2 iz
¥ 2y :
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Tlpumep 7. TIpuHAB u ¥ v 32 HOBLE HE3ABHCHMEIE NEepeMeHHbIE,
4 W 32 HOBYW (YHKHHIO OT 4 H U, npeobpasyeM K HOBLIM MepeMeH-
HbIM ypaBHeHHE

2 2 2
02z _9 0%z 0%z —0,
Ox? O0x0y dy?
€CJIH
u=x+y, v:—y—«, W= 2,
x X
Jw ow
Pemenue. IlpupaBHuBas BhipakeHus ket NOJYYeHHble
x Y

JubtepeHnHpoBanueM GYHKIHH W@, 3a3aHHOH HENOCPEACTBEHHO Kak
w=w(x, Y, 2(x, ¥y)) B Kak KoMnosHuua w=w(u(x, y, z(x, y)),
v(x, ¥, 2(x, y)), moslydaeM ypaBHeHHS

z 1 oz ow Yy Ow

—t—i [ — —— it

x2 x Ox  ou x2 Jo’
1 oz _ ow I | aw’
x Oy ou x Ov
OTKYyZa
az=x6w__y 6w+z; 6z:x6w+6w-
, ox ou x Ov x ay ou ov
Hanee,
0%z 0 ow y Ow 2 ow 02w y 0w
s X —— — X —
ox? 0x ( Ou x Ov + x) ou + (6u2 x2  dudv )+
__y__a_w;_.i( ow Y 6%)___2_+_1....jz___
x2 Ju x \ Oudv X2 Ol ¥z x oOx
?w 2y Jw ¥ dw ow
= —_ 2 :
Ou? x  Qudv + 3 Ou? + ou
2 2 2
6‘2= d (x aw+aw)___x(aw+1 6w)+
oy oy du ou ou? X Oudv
2 2 2 2 2
(aw 1 oc%w :x6w+2 6w+1 Bw.
Judv x Ouv? Ju? gudvy x OJv?
0%z __0 X 0w y Ow +_i zx(azw +__1_ 0%w )__
0x0y dy ou x ov x ou? x Oudv
__L.QEQL___E’_( Ow 1 0w 1 9z _
x Ov x \ Oudv x 602) x Oy
w y Fw y o%w Jw
==X ] ——= —— .
Ju? +( x) dudv x2  Ov® N ou
HO,I].CT&BJIHH 3TH BLIpAXKECHHA HpOH3BOJleIX B HUCXOIOTHOEC ypaBHEHHe,
noJyuaem
2rar 2 2
2w [y + 1 n 2y —0 wm 2w —0
gv? \ x3 X x2 ov?
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§ 7. TEOMETPHYECKHE NPHUIOXEHHSA

Onpenenenne. Ilycts noBepxHocTh S 3anaHa B R® menpepnis-
noii ¢yukumedr z=f(x, y), v. e. S:{(x, y, [(x, y}), (x, )b} n
TouKa So= (X0, Yo, 20)=S. [Ilmockocrs P :A(x—xp) -+ B(y—yo) +
+C(z—2y) =0, npoxoasuias uyepe3 TOYKY Sy, Ha3biBaeTcs Kacareib-
HOU nACCKOCTbI0 K S 8 TOUKE Sy, €CJAH

17, ) —z) =0 (V (x—x0)* + (U—1o) ), V (x—x0)* + (y—y0)* >0,
rge Touka {x, ¢, f(x, y))=S u Touka (x, y, 2)=P.

Auasoruuno onpepensieTcsl KacaresbHas NMJIOCKOCTh, €CJH NMOBEPX-
HOCTL 3ajalia HempepHBHOH (QYyHKUMeH x=x(y, 2) HIH Y=y (X, 2).

[ToBepxHOCTE B QaHHOH TOUKE MOXKET HMETb TOJLKO OLHYy Kaca-
TeJbHYIO IJOCKOCTD.

Onpepesnenne KacatesbHOH MJIOCKOCTH, BOOOILE IroBOps, HE JAOJXKHO
3aBHCeTh OT BhIOOpa CHCTeMBl KOODAHHAT, TaK KakK CYLIeCTBOBAHHE
B JaHHOH TOUKEe IMOBEPXHOCTH KacaTeJbHOH IJIOCKOCTH K Hel ecTh
BHYTpPEHHEE CBOHCTBO MOBEPXHOCTH. HO NOCKOJBKY Mbl 3aHHMaeMcs
He BHYTpPeHHe# reoMeTpueil NOBEPXHOCTeH, a T€OMeTPHYECKHMH IPUJIO-
JKeHHsIMH METO/J0B aHaJIH3a, TO Halii PACCMOTPEHHS OrpaHHYHBANTCH
TAKHMH HOBEPXHOCTAMH, K KOTOPHIM 3TH METOAbl MNPHMEHHME, T. €.
NOBEPXHOCTSIMH, aHAJHTHYECKH NpeACTaBHMLIMH B HEKOTOPOH cHCTEME
KOOp A HHAT. .

Ecnu nosepxuocts S 3apana dyuruueir 2=f(x, y), f=C'(D), o6-
Jactb D npunaagexur R?, TO KacaTeqbHas MJIOCKOCTB K S cyuiect-
ByeT B KaxjoH Touke So= (xo, lo, [{X0, Yg)) M HUMeeT ypaBHeHHe

Z2—F (o) Yo) =—2 (%, 4) (£—1%0) + -g;- (%o, ) (9 —1s).

ox

Ecan noBepxHocTh S 3ajgana ypaBHenuem [ (x, y, 2)=0, npauem
FeCH(G), obaacts G mnpusaaitexur R3 Mo=(xo, yo, 20) =0,
F{xq, 0, 20) =0 u xoTa OB opHA H3 NpousBOAHBIX [ (M), F, (My),
F.'(My) oramyHa OT HYyJsl, TO KacaTesbHas MJIOCKOCTb K S cyLiecrt-
ByeT B TOukKe Mg U uMeeT ypaBHEHHE

F (M) (2 —2x0) + Fy (Mo) (y— yo) -+ F2 (M) (2 —29) == 0.

Ecan noBepxnocTte S 3ajgaHa coOTHOLIEHASMH X=x(u, v), Y=
=y(u, v), z==z(u, v), npuuem %, y, 2=C!(A), obaacte A npuHajie-
Ut RI(u, v), Mo=(w, vo)EA, Xo=x(Uo, Vo), Yo=y(Uo, Vo),
2y=2(Up, Vo) U BEKTOPH

(xu (Mo), Y (Mo), 20 (M) 1 (3 (My), 5o (M), 25 (M)

HekOJJHHEeapHbl, TO KacaTe/jblas HJOCKOCTH K S B TOUKe Sp=
= (X0, Yo, 20) CYLIECTBYET H MMeeT ypaBHeHHe

X—Xp Y—Yo €%
x; (Mo) y; (My) Z;, Mgy |=0.
Xo (M) Yo (M) 2, (M)
20y
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Ilpn BBHINOJHEHHH CQOPMYJNHPOBAHHHX BHIIIE YCJAOBHH HapaMmer-
PHYECKOTO H HESIBHOTO 3aJaHHsi NMOBEPXHOCTH S B MOJYYEHHOM YypaB-
HEeHHH KacaTeJbHOH IJIOCKOCTH XOTS Obl OJHH H3 KO3 DHIHEHTOB npHU
[lepeMeHHbIX OTJHYEH OT HYyJIsA, T. €. 3TOMY YPaBHEHHIO A€HCTBHTEILHO
OTBEYaeT HEKOTOopasd MIOCKOCTh B /3. PapeHCTBO HyJ 10 Koyt uiHeHTa
NpH Kakoi-HHOyAb mepeMeHHOH B YpPaBHEHHH KacarTeJdbHOH IJOCKOCTH
B Touke My reoMeTpHYecKH O3Ha4aeT, YTO 3Ta IJIOCKOCTh NapaJiielb-
Ha COOTBETCTBYIOLIEHl OCH KOOpAHHAT. AHAJHTHYECKH 3TO 3HAYMT, 410
B OKPECTHOCTH TOUKH M, He BLINIOJHEHbl YCJAOBUSA TEOPEeMbl CYILIECTBO-
BaHHus A/ 3TOH KOODAHHATH KaK (PYHKUHH OCTaJbHBIX ABYX.

Ilipuvep 1. Hamumem ypaBHeHHe KacaTeJbHOH IJIOCKOC!H
K cihepe x24y?+22=0a? B HeKOTOPOIl ee TOYKEe So= (Xg, Yo, 20), G50,

Pemenune. I[lycts cnayana z;>>0. Torna B HEKOTOPOH OKpeCTHOC-
TH TOUYKH (Xo, Yo) cbhepa 3anaercs PpyHKuHeH z= | a*—r%—y? Tax
Kak x¢-+yo®=0a’—2z0’<a?, TO MOXKHO CUUTATh 3Ty OKPECTHOCTh TAKOIl,
4TO NPOH3BOAHbLIE

0z — X 0z — Y

] H == -
ox Va? —x2—y2 oy VaE —xt 2
genpepnlBHB B Hed. HTak, yc/aoBHS CylIeCTBOBAHHA KacaTeJdbHOMH
fIJIOCKOCTH B TOUKe So= (Xo, Yo, 2), 20->0, BLINIOJHEHL u €€ ypaBHe-
HHE HME€eT BHJ

2—2g= — =" (5 —x) — = (y— bp).
2p 2

ToyHo Tak e NPOBOXATCA PACCyKAEHHA AJIA TOUYKH Sy= (Xg, Yo, 20),
ecyu 29<0. Ecau xe 20=0, 10 2 yXKe He ABJAE€TCA OJHO3HAUHOK r.Jan-
KOH (yHKHHEH [epeMeHHBLIX X H Y HH B KakKOi OKpPecTHOCTH TOYKH
{x0, Yo). Tak xak npu 2p=0 x’-Yy’=0a* TO Xo U Yo OLHOBPEMEHHO
B HyJb He ofpamawTci. Ecan xy7=0, T0 B OKPeCTHOCTH TOUYKH (Y, 0)
X Onpejesnsercsi KakK OJHO3HAuyHas TJajakas QYHKIMS §y H 2, eC/]H
Y070, TO B OKPECTHOCTH TOUYKH (Xo, 0) y ompemensercs Kak O1HO3Ha4-
Hag riaajkas QYHKuMs X ¥ 2. B KaXJ0M H3 3THX CJIyUaeB ypaBHEHHE
KAacaTeJbHOH HaXOZUTCA TeM K€ METOAOM, KakK H B cayuae 2,0,
H HMeeT BHJ

Ky = — =L (y—y,)
0

apu xg A0 1 y—y, =— %(X-—xo) mpR g, 7= 0.
[¢]

Bce 3T cnyuan oO0BEAMHSAIOTCS, €CJAH HCHOOAB30RATH  (GOPMYNY
ypaBHEHHs KacaTeJbHON IJIOCKOCTH /1Sl HESBHOIO 3ajalus NOBepX-
HOCTH.

O6osHauum F(x, y, 2) =x24y2+22—a?, Torpa F.'=2x, F,/=2y,
F,’=2z, u Tak KaK Hu B Kakoii touke cdeps x>+ y?+2?=a? Bce Tp#
KOOpAMHATBl OAHOBPEMEHHO He 00pallaloTcs B HYJb, TO ypaBHEHHE
KacaTesJbHOH K 3TOH cdepe B TouKe So= (X0, Yo, Z0) HMEET BHI

2o (x—xXp) + Yo (Y —1p) + 2o (z—2p) = 0.
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OueBHAHO, YTO IPH COOTBETCTBYIOIIMX YCJIOBHSIX 3TO YpaBHEHHE
KacaTeJdbHOH MJOCKOCTH COBHANaeT ¢ HaHJeHHEM BhILIE.

Onpepenenune. Ecid NOBepXHOCTh S HMEeT B TOUKE SpEE3
KacaTeJbHYI0 NJOCKOCTh P, TO mpsiMas, NpOXoJsllasi 4yepes TOUYKY So
MepueHAHKyasipuo P, Ha3bBaeTCs HOPMAALIO K S B TOUKE So, & BEKTOD,
NepOeHAHKYISIPHHE K P, Ha3bBaeTCs HOPMAAbHLIM 8E€KTOPDOM K no-
gepxXHOCTU S B TOUKE Sp.

3amerHM, u4To ecau N; — HOPMaJbHLIA BEKTOP K HOBEPXHOCTH S
B TOUKe Sg, TO H J1060l Bekrop N=AN; (A0), Oyner TOXe HOD-
MaJbHBIM BEKTOPOM K MOBEPXHOCTH S B TOUKE So.

[Mpumep 2. HanumeM ypaBHEHHS KacaTteJbHOH IVIOCKOCTH W

¥ 2
HOPMAJH K INOBEPXHOCTH S, 3ai1aHHON ypasHehnem 2 ° +2% =6
B Touke My=(1; 2; 2).
£ Z
Pemenne. Ecau F(x,y,2)=2° +2% —6,

10 F,=——-.27% In2,
X x2
1 4
F=—-22In2,
4 F:
=2 A
Fl=-9%In2--L 2% In2,
X 27

C.efoBaTeqbHO, YPABHEHHE KaCaTeJbHOH IUIOCKOCTH eCTh
—4In2.(x — 1) +-—:12~—lr12 (y —2) +—;—1n2(z—2) —0,

HIH
8x—y—T7z+8=0.

YpaBHenue HoOpMaJH B mapaMeTpHYeCKOM BHJE €CTb
x=1+8t y=2—t, 2=2—-Tt

HJH B KAHOHHYECKOM

x—1  y—2  z—2

8 —1 —7

I[Ipuvmep 3. Hanumem ypaBHeHHE KacaTeJbHOH IJOCKOCTH W
HOpPMaJH K HHIHHIAPY y?=2px B NPOH3BOJLHOH TOUKe So= (Xo, Yo, 20)
3TOro HJIHHAPA.

Pemenue Luauaapuueckag noBepXHOCTE ¢ OOpa3ymoUIHMH, Na-
pasaesabHbiMH ocH OZ, He moXeT OhITh 3ajJaHa QyHKuHel 2=2(x, ¥).

B naHHOM csyyae MOXHO PacCMAaTPHBATh 3Ty INOBEPXHOCTb KaK ONpe-
o 2 ox X

senennylo QyHKugei x = ——, Torga ~—=-Z-, -a—’;'=i0 H ypaBHe-

2p dy P YZ Ca ie

HHe KacaTeJbHOH ILIOCKOCTH B TOUKE So HMEET BHI X — X, = 2% (y—y),
P
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wid p(x—xo) —yo{y—yo) =0. Moxuo Obl0 6B paccMaTpHBATL LH-
JHHAP H KaK MOBEPXHOCTb, OMpEeAeseHHYl0 HeSiBHbIM COOTHOUieHHeM
y?—2px=0.

YpaBHeHHe HOpMAJK K LHAHHAPY B TOUKe Sgp HMeeT BHJ

x=xo+pt, y=yo—Yyol, z2=2.

B so6oii Touke HWJIHHApPA KacaTeabHas MJICCKOCThL BEPTHKAaJbHAa (ma-
panneasHa ocu OZ), a HOpMaJb TOpPH3OHTaJbHa (IepHOeHIHKYJASpPHA

ocH 0Z).
[Tpumep 4. HanHmem ypaBHeHHs KacaTeJbHOH IJIOCKOCTH ¥ HOpP-

MaJli K MOBCPXHOCTH S, 3aJaHHOI COOTHOLUEHHAMH X==U + 0% y=u?-—13
z2=2uv B TOuKe S,= (x(ty, V), Y (U, Up), 2 (Ug, 0p)), €CAU Uy=2 6 v,=1.
Pemenue. Hmeem

x =1, x,=2v; Yy, =2u, y = —30%

2, =2v, z,==2u; Xo=1x (uy, ) =3,

Yo=Yy Uy, vp) =3, %?ZWmU&:%

x, (ty, vy) =1, x, Uy, Uy) =2; .”; (uy, vp) =4,
Yy, Ly, Ug) = —3; z, (g, v)) =2, 2z, (uy, v) =4

CJyiefoBaTeJbHO, YpaBHEHHE KacaTeJbHOH IJIOCKOCTH B TOUKE Sy HMeer
BHJ

x—3 y—3 z—4
1 4 2 |=0,
2 —3 4

T. €. 2x—2—2=0, a ypaBHeHHe HOpMAaJIH B TOUKE Sy HMEeT BH]
=342, y=3, z=4—1.

Onpenenenue. Ilycts kpuBas I' B npoctpanctBe R?® 3ajzana
'COOTHOLLEHHSIMH

x=x(t), y=yl(), 2

Bosbmem 1o (a, B) # 1€ (10, B). TTorynpamyio

i

z(t), re|a, p].

x=x () +t[x(r})—x(w) ],
y=y(v) +1{y(t)—y(w)],
z2=2z(1)+t[z(1)—2(T0) ],
t>0,

NPOXOMSIIIYI0 Yyepe3 TOUKH yo= (X (7o), ¥(%o), 2(10)) u y=(x(x), y(1),
z(t)) kpuBoi [, HazoBeM npaBol cekylled. [ToaynpaMYyo, siBJASIOULYIO-
csi NpejesJbHBIM TOJNOMXKEHHEeM NpaBOH ceKyllell MpH T->Tp, €CJIH Ta-
Kasi CYLIECTBYeT, Ha30BeM npasoll noayxacaresvHol K xpugod [
8 TouKe yo. AHAJIOTHYHO Ompejensiercs Jepas NoJdykacaTedbHast K [

B TOYKE Y.
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Onpepesnende Ecau yron Mexay HpaBod H JieBoH moJykaca-
TeJbHbIMH K I B TOYKe yp pPaBeH i, T. €. o0ObeAHHEHUE 3THX MNOJYKa-
CaTeJbHBIX SIBJSETCS MPAMOM, TO 3Ta HNpsiMas Ha3biBaeTcsi Kacareas-
noi k xkpusoti T' & Touxe .

Onpeagenenue. Eciau kpuBag [ uMeer B TOUKe Yy KacaTejb-
HYI0, TO IUIOCKOCTb, MPOXOASIllasi Yyepe3 TOUKY Yo NEPNEHIHKYJISPHO
KacaTeJNbHOH, Ha3BBACTCS HOPMAAbHOU NAOCKOCTLIO K kKpusol [T 8 To4-
Keé Yo.

Ecan dyHruuun x=x(t), y=y{tr), z2=2(t), onpelensiounine Kpu-
Bywo I', auddepennupyevnl B Touke v (a, B) u Bektop (x'(%o),
Y’ (10), 2’(v0)) He Hy.JeBOH, TO KacarteqbHas X [ B Touke yo= (x{ts),
Y(to), 2(tro)) cyuiectByeT W mnapaJsiennHa Bektopy (x'(ta), ¥ (7o),
2'(t9)), T. €. ee ypaBHeHHe HMeeT BHJ

x=x(t0) +ix'(%0), Y=y(v0) +1y"(v), 2=2(10) +12' (7).
IITpumep 5 Hanuuiem ypaBlieHHe KacaTeJbHOH NPsiMOR H HOP-
MaJbHOH NJocKOocTH K KpuBoMt [ :x2+y?=2ax, x*4+y?+22=4a? B

{ 3a a/.'i_’» )
TOYKE . y , a).
Mo \ 2 2
Pemenune. Kpupag I' 3agana Kak nepeceueHne ABYX NOBEPXHOC-

Tedl. BosbMmeMm B kKauectBe mapamerpa Kpusod I' mepeMennyio z. Jlud-
ibepennnaanl dx, dy 4 dz cBA3aHol YPaBHEHHSIMH

2xdx 4 2ydy =2adx,
2xdx+2ydy—+2zdz=0.

Paspewas 3Ty CHCTEMY OTHOCHTEIbHO di K dy, NOJTydHM
dx="2dz, dy—= —2le—x) g,
a ay

CaenoBartesbro, x;’ (My) =—1, y./(My) = _Vl_'é H ypaBHEHHE Kaca-

TeabHOH K I' B Touke M, nveer BUR

__ 3a __ay'3
x== f, y= 5 -+

t
—— Z=a-+1!,
y 3

A ypaBHeHHE HOPMAaJbHOH IJIOCKOCTH

3a 1 ¥V'3 o
e A i R
Onpenenenune. Ecan [: G—>R, obsnacte G<R™, [=C'(0),

4] 0 d
X9 G, TO BEKTOP ¢ KOOPAHHATAMH ( ! (xo), -—f——(xo), Ce e —f—(xo))
Xy 0x, Oxm
Ha3bplBaeTCA 2paduentom @gynkyuu [ 8 Touke

grad f (xo).
Ipanuent GyHKUUH [ B TOUKe x; SABJSETCH HOPMAJbHBIM BEKTODOM

[IOBEPXHOCTH YPOBHs (YHKIHH [, mpoxoasiueil uepe3 Toury Mg, 1. e.

TIOBEPXHOCTH f(X, y, 2) =f(My) (ecam grad[ He uyneBoil BEKTOP).

Xo U obOo3Hayaercd
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IHIpumep 6. Ilycrs

— gy 3
fxy, Xo, Xg, Xg) = X7Xy - X355+ x7xy - X3X; — X XpXaXy.

Hatinem rpaguent ¢yHkunn [ B Touke xo= (1; —1I; 2; —3). ; ;
6 0

Pemenue. Halinem uactuble npoH3BOHBIE f . ! , f [,

d0x; 0x, Oxg 0x4

*

0 e
[ = 3x3xy - X8 — Xy X%y,
0x;

0 X
f :x? + 3X2xg — Xy XaXy;

GXQ
of 5 -y
X3
of

— 13 Qe
o 3 + 3xixy — Xy XX,
Xs

3HayeHHs NPOH3BOAHBIX B TOUKe Xo= {1, —1, 2, —3) sBaAsiOTCH KOOP-
JuHatamu BekTopa grad f(xo), T. e. gradf{x¢) = (—36, 13, —40, 32).
Onpenenenue. Ilycte [:G—R, obaacth (G npuHAAJENKHT

Rm xo=G u Bektop [= (I, Iz, ..., Im). Ecin cyulecTByeT npejen
m [ (%0 -1 1) — [ {%0) '
0 i

TO ero 3HaueHHe Ha3blBaeTCs MPou3sodHOl (ynkytu | no Henpagie-

ruto | 8 Touke xy U o6o3Havaercs T (%)-

Ecan f: G—R, obnacts G upuHaplexur R, H [ gupdepennupye-

Ma B Touke xo=(@, TO _é_f_ (xo) mo soGoMy HanpasJ/eHHIO [ cyluecTsyer

M BHIUHCJSETCA 1O popmyae

af _ of 1 of
o ()= E ()= Y ) cosan,

=1

rxe a; — yroa mexay [ um oceio OX; Tak kKak Bektop [j=(cosa,,
€CTh €IMHHUYHBLIA BEKTOp, COBNANAIOUIHH NC

COS%y, ..., COSQ,) = v
HanpaBJ/JIeHHI0 € BeKTOpOM [, TO yAOOHO HampaBJieHHe, HO KOTOPOMY

BHIYHCASETCS HNPOH3BOAHAS, 0603HAYaTh CPasy €AHHHYHBIM BEKTOPOM.
Ecnu f: G—R, obaacts GoR™ u f=l1(G), 1o 3151 x0=G

%) d )
f () = (gra ”fl(;ECo)

=1p, grad f (xo},

3 w
cJIel0BaTe/JbHO, TPOH3BOIHAY ?fz-(x")' T. €. CKOPOCTb H3MeHEeHHUS
dYHKIHH [ 1Mo HampaBJeHHIO [ B TOUKe Xy, NOCTHraeT HaHOOJbLIIErO
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BHaAYeHud, €CJ/IH HanipaBJ/JCHHC [ copnagaer C -

HanpaBJeHHEM
grad f(xo), H 3TOT MakcuMyM paBseH |lgrad f(xo)|l.
[Tpumep 7. Halinem npou3BoaHyIo QYHKIHH
Xz
f=arctg = + In (x22% + y?)
Y
touke My==(1, 1, —1) Do HampaBJeHHIO TpajHEHTa (YHKIUHA

@ (x, y, 2) = xyz—x*—y>—=22 B 3TOU TOUKE.
Peumienue. HMmeem
grad @ (My) = (yz—2x, x2—2y, xy—22)|m,=(—3, —3, 3),

(=5 7 e

af z 2x22 1 of 2y —xz 3 .

L(M):-%j__ﬁ == — —(Mo)z-ﬁ — o
Pt M, 2 oy yrxt? o, 2

of _xy 2% 1 of .

o M= |, T T M

13 1 5
2/3 2¥3 2¢3 2y'3"

Ilipumep 8. Hafinem mpoH3BoAHYR (pyHKuHH u(x, y, 2)=xyz B
o2
TOUKe (Xg, Yo, 2o), JeXKamed Ha 3JJAHICOHAE f—;-{—i— +—_1 oo
a

HanpaB/jeHUI0 BHYTPEHHeH HOpMaJu K 3JJHICOHAY B 3TOH TOqu.

P eMieHHe, OIIHKH U3 HO‘pMaJIbeIX BEKTOpOB K TIOBEDPXHOCTH
x2 y? 24

X,
_2+..l_)o_+—— = 1B Touke (Xo, Yo, ) HMEET KOOPJHHATHI (—~Z— %
a = ‘
), l'eomerpuuecknHe coofparkeHHsI NOKa3blBalOT, YTO €IHHHUYHBIH

1)

c

BEKTOP BHYTpeHHeH HOpMaJ/JH AOJXKeH HMeTb KCOpPAMHATHI, HPOTHBONO-
JIOXKHbIE IO 3HAKY KOODJAHHATaM TOYKH, B KOTOPOH OH OmpejeJsiercs.
‘CienoBaresbHO, 0603Hauasg 3TOT BEKTOD ue€pe3 7, uMeeM

H— — 1 (xn _yi)_. ._zi.‘)
2 2 2 2’ 2’ 2

at T b ™ A
5
, ( 1 . 1 . 1 )
XoyfyZo | — + — + —
du o¥2o a? bh? ¢ ) xeyo2o (a*0F L aPc® 4 biR)
an l/ x5 y3 22 Vot + ylatet + 23ash?
ot + h# - ct
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§ 8. 9KCTPEMYMbI ®YHKILUA
MHOIHX NEPEMEHHBIX

Onpepenenune OyHkuua [: F—>R, ECR™, uMeer 10KaA6HbLl
MAKCUMYM (AOKAABHOLLE MUHUMYM) B)D BHYTDEHHeH TOUKe Xp MHOXKe-
ctea E, ecau cyuiectByeT okpecTHOCTb U (xp)—E TOukm xo Takas, 410
F(0)<F (%) (F(x)=f(x0)) mast Bcex x&U (xg). Ecan npu x&U (x0)
\Xo HMeeT MecTo cTporoe HepaBeHCTBO f{(x) <f(xo) (f(x)>f(x0)), TO
JOKAaAbHBIHI MaKCHMyM (MHHHMYM) Ha3hnBaercss CTPOTHM, B MpOJHB-
HOM C/lyyde — HECTDOTHM.

Onpenenenne. JlokalbHble MaKCHMYMbl H MHHHMYMBI yHK-
IIMH Ha3LIBAIOTCS €€ A0KAAbHbLMIU IKCTPEMYMAMUL.

Toukn, B KOTOPHIX (QYHKUHS HMEeT JOKaJbHbl# IKCTPEMYM, Halbl-
BaIOTCSi 3KCTPEMAJIbHBIMH TOUKAMH.

Onpeperenne. liyers f: G—R, obaacte G R™. Touka x,=0G
Ha3LIBAETCH KPUTUHECKOU TOYKO# DYHKUHUH f, €ecH Kaxjaas H3 uacT-
HBIX HPOI3BOAHBIX 'gj—' I<{i<{m, B 3TOH TOUKE HAH He cyliecr-

1
BYeT HJH paBHa HYJIO.

O6patuM BHHMaHMe Ha TO, YTO KPHUTHYECKas TouKa (QyHKULHU 006s-
3aTeJIbHO €CTb BHYTPEHHAS TOUKA MHOXKECTBA €€ ONpeneJseHus.

Heof6xonnMoe ycJaoBHe 3KCTpeMyMa: ecaH obaacte (G mpHHajie-
KHT R™ U B Touke xo€=( ¢yHkuus f: G—R uMeer noxalbHHE 3KCT-
PEMYM, TO X9 — KPHTHYeCKast TO4YKa (PYHKIHH.

JpyraMu cjgoBaMH, BCSKas 3KcTpeMaJibHasi TOYkKa (YHKIHH €CTh
ee KPHUTHYECKas TOYKA.

Hocrarounoe ycaosue sxcrpemyma: nyctb obiacte G mnpuHajgie-
XKHT R™, [: G—R, f[=C?(G) n xo=0G — KpuTHUeCKag Touka f:

a) ecaH kBaapaTtHuHasi dopma d?f(x;) MOMOXKHTENBHO ONpefeleHa,
TO B TOUKE Xy (PYHKIHS [ HMeeT CTPOTHH JIOKaJbHHIH MHHHMYM;

6) ecau kBajapartdunas ¢opMa d?f(x;) oTpHIATENLHO ONpegeleHa,
TO B TOYKE Xo QYHKIUHA [ YMeeT CTPOTHH JIOKAJbHBIH MaKCHMYM;

B) ecJ1H KBajapaTHuHas ¢dopma d?f(xp) 3HakomepeMehHasl, TO B
TOUKe Xg QYHKUMA [ He HMeeT 3KCTPeMyMa; TOUKAa X, B 3TOM CJydae
HasbiBaeTcsi ¢eda0806 TOYKOH QYHKLHH f.

HcenenoBanne onpenesneHHOCTH KBaapaTHUHOH  QopMbi d?f (xp)
MO:KeT OLITh NPOBeNeHO ¢ moMoulbio kpurtepuss CHJAbBECTpa: KBajpa-

m

THYHas ¢opMa YJ a;;x;X; MOJOKHTEJbHO ONpejeneHa TOTAa H TOJb-
i,j=l
KO TOTaa, Korja NnoJ0XKHTeabHbl BCe IJIaBHbie MHHOPBI MaTpHILbI

Ay Gy Q3 ... Qypy
Ay, Qgg Qo3 . .. Qgpy ,
aml amz am3 oo amm

M OTPHUATEJbHO onpeneseHa TOTAQ H TOJBKO TOTAA, Korga a;<<0 u
pH Tepexoje OT JI0OOro TJ1aBHOrO MHHOPa K I'TaBHOMY MHUHOpY cie-
AYVIOLIEro MOpSIAKA 3HAK MHHOPAa MeHseTCs.
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Has GyHKUHH ABYX nepeMeHHbX 2=f(x, y) kpHTepuii CuabBecTpa
COCTOHT B caenyroueMm. Ilyctes obaacte G npunaianexut R2, f; G—>R,.
feC?(G) u xo=G — KpuTHUecKas Touka GYHKuuH f. O603HaUHM

0%f o%f o%f
A= X B= X = ~—— (x,).
Bx? ( O): axay ( 0): ay2 ( 0)
Torna:
AB
a) ecau BC >0 u A>0, To B Touke xo GHYHKUHA [ HMeer
CTPOTHI JOKaJbHBIH MHHHMY M;
AB | .
6) ecuu BC >0 u A<O0, To B TOuke xp yHRUMA [ wHMeeT
CTPOTHH JIOKaJbHBIH MHHHMYM;
A B : _
B) €CJiH B C <0, TO TOYKa Xy — cena0Bas TOUKA (YHKIHH |

(T. €. He eCTb TOUKAa MaKCUMyMa MJH MHHUMYyMa).
IIpumep 1. Mcenenyem Ha 3kcTpeMyM QyHKIHIO

u=_2x3yz—x’—y*—22

Pemeunune. KoopauHatol X, Yy, 2 KPHTHYECKOH TOUKH  TJagKOH.
(OYHKUHH 4 JOJKHBI YIOBJETBOPSTH CHCTEME

b6x2yz —2x =0, 3xX?Yyz =x,
2x% —2y=0, um (x%z=y,
2x3y—22=0 | X3y =2,

Orcm,ua OoJiydaeM IfATb KPHTHYECKHX TOUYEK!:

1

1 1 1
M _ """'1,—'— - -‘>,M:(’_‘—l’_~_, '_—__.'_.—')_
’ ( ZME ! V'3 V3
Tak kak ue=C?*(G) gaa awbo#i obnactu GCR3, TO BO3MOXKHO jalib-

Helllee HecAeJOBaHHE NOBELEHHS (pYHKI_LHH U B CTalHOHaAPHBIX TOUKaXx.
C NOMOWIRIO AOCTATOYHOIO YCJOBHA 3IKCTpEMyMa:

d%u a%u 0u

= 12xyz —2; = —2; = —2;
Ox Y Oyt dz2
2 2 2
otu = 0x2z; ou = 6x2y; Fu_ _ oy,
dx dy 0x 0z oy 0z

Orciopa nosayuaem d?u(My) =—2dx°—2dy>—2dz2. Tax kak d’u(My)
ABJAZETCS OTPHLATEIBHO ONpeeJeHHOH KBaJpaTH4YHOH ¢opMOH, TO
B Touke M, dhYyHKIIHS 4 HMeeT CTPOTHH JOKaabHBIH MaKCHMYM.
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Jlas aHasH3a KBaapaTHYHOH dopMbl
d2u (M) = 2dx? —2dy? —2dz2 +- 4 V3 dxdy + 4 V3 dxdz +

1+ 4dy dz
qipuMenuM KpHrepuit Cunbsectpa. Marpuna 3T0i GopMu ecTh
2 2V32V3
213 —2 2
2V3 2 —2
Ee rsiaBHble MHHODBI €CTb
2>0; — <0; |2V3 —2 2 |>0.
2V3 =2 2V3 2 =2

PacnpeneneHne 3HaKOB 3THX MHHOPOB [IOKa3biBA€T, YTO AaHHAA KBa/-
patHuHasi ¢opma 3HaKonepeMesHasi, CJel0BATe]bHO, B TOYKe M,
QDYHKIHS 1 He HMeeT 3KCTpemyMa: Touka M; ectb cejsoBasg TOYKa
DYHKIHE U.

TouHO TaK e yCTaHaBJHBaeTcd, UTO TOYKH My, Mz u M, Takxe
CE/IJIOBBIE TOUKH (DYHKIHU 4.

Iycrs [ G—>R, 0obaacty G npusaaiexur R" H xoe=G -— KpHTH-
yeckag Touka ¢yHKuuu f. Ecaun [ He npubaadexur knaccy C?(u(xg))
HJIH KBaapatuunass dopma d4%f(xy) mogayompenesena, T. €. HENOJOKMU-
TeJbHA WJIH HEOTPHIlATe/]bHA, TO NPUXOAHTCS HENOCPEACTBEHHO Cpas-
HHBATh 3HauyeHue f(xy) cO 3HAYEHHSIMH [(X) B HEKOTOPO#l OKPECTHOCTH

TOUKH Xg, H60 cPOpMyJHPOBAHHOE JOCTATOYHOE YCJOBHE HempHMme-
HHMO.

I[ITpumep 2. MccaenyeM Ha 3KCTpeMyM (DYHKUHIO

3
z=(1—x>v 2 (1—y).
Pemenne. HmeeMm

2Py Lo U= R (),
X ay 3y

Tlyete My= (x4, 0) u M= (%o, Ay), 1x0]==1, TOrna
lim 20—z M) _ (1 —x3) 3/ Ag® (1 — Ay) -
Ay—0 Ay Ay—0 Ay

Ecmun we M, =(1, 0) u M=(1, Ay), 10 2(M)—2z (M;) =0, cnenosareib-
#o, %’?—(Ml):o. TouHO TaK e %(Mz)z(), rie My=(—1, 0).
Y

Takum oGpasowm, Bce ToukH ocu OX, kpome touek M, u My asasiorca
0z

TAKHMH KPHTHYECKHMH TOYKAMH (PYHKIIHH 2, B KOTOPBIX = He cy-
Y
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0z 0z
iwecrByetr. B toukax M; u M, —5——-—-0 H ——==0, T. e, 3TH TOUKH

X oy ’
Tak:Ke KpHUTHYeCKHe, HO B JIODOH OKPEeCTHOCTH KaK ToukH M;, Tak w

0z
TOUKH My HMEIOTCSI TOUYKH, B KOTOPBHIX — He CyILIecTByer. Hrak,

aJig a1608 okpectHoctH U (M) npoussBosbHOR TOukKH M ocu  OX
¢byHkuua 2 He sBagercd yAKuuel kaacca C2(U(M)). PaccMmorpum
TOUKy Mo= (%o, 0), |x0]<l, u Takywo okpecrHoctb U(My), uto nas
Bcex (x, yg)eU(My) nmeem |x|<<l, |y{<<l, Torma ana scex (x, y)es
eU(My) umeem 2(x, y)=0=2(x; 0). WUrak, B Touke My dyukuua
Z UMeer JIOKaJbHbl MHHHMyM (HecTporuii). TouHO Tak ke nposepsi-
eTcsl, YTo BO BceX Toukax M= (x1, 0), |x:1|>1, ¢yHkuus =z wumeer
HECTPOTHH JIOKAJbHBIH MAaKCHMyM.

PaccMotpuM Temeph MPOHM3BOJBHYI0 oOKpecTHOcTs U (M)  Touxn
My= (1, 0). Eciu (x, y)U (M), x>1, 0<|y| <1, 10 2(x, y) <0O=
=z(1, 0)=2(Mp). Ecan xe (x, y)sU(My), 0<x<l, 0<|y|<l, T0:
z2(x, y)>0=2z(1, 0) ==2(M,),

T. €. B Touke My= (1, 0) dyHkuus 2z He umeer »sKcrpemyma: M, —
ceasoBasi Touka (yHKuuH 2. TouHo Tak xe mpoBepsercs, uto M;=
= (—1, 0) — ceanoBas Touka (hyHKIHH. 2.

Kpowme Touek ocu OX KpPHTHYECKHMH TOUKAMH QYHKIUHH 2 SBJASIOT-
cs Toukd My= (1, 1), Ms=(—1, 1), Mg=(0, 2/5). Oas aHamu3a no-
BeJeHHA (YHKUHH 2 B 3THX TOYKAX MOXKHO MPHMEHHTH AOCTATOUHOE:

YCJIOBHE:
4
P2 o03/78(1__ Pz w2\, F .
=V U—y), == (— )y T (5
1
0%z . 2 —3 _
oxoy 3 XY (5y —2).
Orciona

3 : 3 7
2 _u__i AV ge_ R
d?z (M) = - l/( 5‘) dit —— o ay”.

Tak kak xKBaapaTHuHasi GopMa d2z2(Mg) oTpHnaTesbHO OnpeneNeHHAT;
10 B ToOuke Me= (0, 2/5) GbYHKLHA 2 HMeeT CTPOTHH JOKAJbHBIH MaK-
cumyM. Tak kKak d?z{M,) =4dxdy ectb 3nHakKomepeMeHHas KBajaparH4-
Hasi ¢opMa, To B touke My(Il, 1) dyHKuuHs z He uMeeT 3SKCTpeMyMa:
M, — cennoBasg Touka ¢yHKuHH 2. Tak xe mpoBepsiercst, 4To Ms—
ce/IoBas TOYKa (PYHKIIHH 2.

ITpumep 3. Mceneayem Ha srctpemyM ¢GyHKUHIO 2= (1. + x?) f/;:
Pemenne, Hmveem

D gy B 1
— 2%y y; T (y=0),

cJleIOBaTebHO, HH OJHa TOYKa BHe ocH (OX He 6yneT KPHTHYECKOM..
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Tiyets Po= (xo, 0) u P= (%0, Ay), TOrAa

lim 2P —2 (P _ o (1+x3) 3/ Ay e

Ay—0 Ay Ay—0 Ay

‘Takum o6pasom, Bce TOUKH OcH OX sABJSIOTCS KPHTHYECKHMH TOYKaMH
0z

PYHKIHH 2, B KOTOPBIX —,~ HE CYIIECTBYeT. W3 onpenenenus 2(x, y)
Y

nojydyaeM, uro ecan y>0, 1o 2(xo, y)>0=z(xy, 0), ecnu y<<0, TO
2(xp, y)<O0=2(xe, 0) nas nwboro x, Hrtak, xaxpas touka ocH OX
SBJASIETCH KPHTHYECKOH TOUYKOHA (PYHKIIHH 2, B KOTOPO# HapylIeHHBl yCJo0-
BUSA TVIAJKOCTH H Ka)KJag Takag TOUYKA €CcTh CEAJNOoBas TOYKa LHYHK-
1IHH 2.

M3 paccMOTpeHHBIX ABYX NpPeAbIAYIIHX NPHMEPOB BHAHO, YTO €C/IH
B KDHUTHUECKOH TOUYkKe (YHKUHS 2 He HMeeT XOTs ObLl OJHOH 4YacTHOH
NPOH3BOAHOMH, TO 3Ta ToYKa MOMXKET ObIThb KAK TOYKOH JIOKaJbHOTO
MHHHMyMa, TAK H TOUKO¥ JIOK2/JbHOTO MaKCUMyMa H CeAJIOBOH TOUKOH.

[ipumep 4. lccaeayeMm Ha skcTpeMyM ¢YHKLHIO

2= (x—y)*+ (y*—1)*—1L

Pemenne. Tak kKak ¢YHKUHS 2 IJajkKad, TO KOODAHHATHI X H
iy ee KDUTHYECKOH TOUKM AOJKHBI YAO0BJETBOPATL CHCTEME

{ 2(x—y) =0,
—2(x—y) + 12¢* (1*—1)* =0.

Orciona noayuaem aBe KputHueckume Toukd My= (0, 0) u M= (1, I).

Haiiagem
02z 02z d?z
:2 —_— = 3 3 08 4 3 2 = —.
2 o 2+24y(y. 1)* + 1085 (" —1)%, —— 2
iOTcrona

d2z (My) = d?z (M,) =2dx? + 2dy* —4 dx dy =2 (dx —dy)?,

OTKYJa BHAHO, YTO 3TO TMOJyOnpejesneHHas KBajpaTHuHas ¢opMma
(neotpunareavuas). Tax kak z(M,)=-—1 u z(M)>—-1 aaa moGoi
ToukH M=4M;, To B Touke M;= (1, 1) {yHKuusA z uMeeT CTPOrHH JoO-
'KaJbHBIE MHHHMYM (Zaxe aGCOJIOTHER).

PaccMoTpuM noBejgeHue (PYHKIHH 2 B NPOH3BOJIBHOH OKDPECTHOCTH
U(My) tourn Mo={(0, 0). Ecau M=(x, 0)=U (M), x#0, To 2(M)=
=x2>0=2(Mp); ecin xKe M={(y, y)esUM,), O0<y<l, 10 2(M)=
= (y3—1)*+—1<0=2(My).

CnegosarennHo, Touka My — ceinoBast Touka ¢GyHKUHH 2.

Hrak, ecay pias Hekotopod okpecrhoctu U(Mg)=R™ toukn My
e<=R™ ¢yukuus feC(U(My)), touka My — KDHTHUECKass TOUKA
«ysruuu f u d?f (My) — moayonpejenenHas kBajpaTHysas opma, To
Touka M, MOKeT ObiTh KaK TOUKOH JIOKaNbHOFC 3IKCTPpEMyMa, Tak H
‘CeIJIOBOM TOUKO#H QyHKUHH [.
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3aMeTHM, UTO ecJu A5 Hekoropoit okpectHocTH U (My) —R™ toukn
Mye=Rm pyukuusa feC2(U(Mo)) u B Touke Mo QyHKIHS [ iMeeT He-
CTPOTHH 3KCTpemyM, TO KBagpaTuunas dopma d?f (M) obs3aTenbHo

Oyaer noayonpeaesJeHHOH.
I[Ipumep 5. Hccnenyem Ha 3KCTpeMyM (QYHKIHIO

Z:_ﬁ_.
1 - x%y?
0 1 — x2y2 — x2y2
Pemexnune. Tak KaKw-—z—:y- . %z =X- mﬁl_ﬁx_yﬁ__’ TO
0x (I +x%%)2* oy (1 x2y%)*

KPUTHUECKHMH TOUKAMH QYHKHHH z sBasertca touka Mo= (0, 0) u Bce
Toukd M= (x, y) : xy=:+1. M3 nepasenctsa |2xy|<<l+x%y? noay-
yaeM, uto |2|<{1/2. B xaxaoii Touke sauHEM xy=1 umeem z(x, y)=

=1/2; B Kaxa0# TouKe JuHHH xy=-—1 HMeeM 2z(x, y)=—1/2. Cie-
A0BaTeJbHO, B Ka)KJ0H TOUKe JUHUH xy=1 (QVHKUUS 2 HMeeT HecTpo-
THH MakKCHMYM, B Ka)KJIOH TOYKe JHHHH XY =-—] — HECTPOrHH MHHH-
myM. Haiinem BTOpBle wacTHbBE NPOH3BOAHbLIE GYHKIHH Z:

a?‘Z — 3 x2y2—3 ' 022 =2x3y x2y2—3 ,

0x* (I+x22)2 Oy (1 4+ x3y%)?

e A e P

0x 0y (1 -+ x22)°
Ecm M=(x, y), tae xy=1 uan xy=—1, TO KBajgparHuHas ¢opma

d%z (M) = -—Ei—g—n?(@ (y¥dx® +x*dy® 4 2xy dx dy) mnonyonpejeseHa, kak

U JO0JKHO OLITh B TOUKAX HECTPOIOro 2KCTpeMyMa.
Ksagpatuunasi dopma d?z(My) =2dxdy — szHakonepemennas, cie-
nosatenbto, My= (0, 0) — ceaJsioBast Touka QYHKIUHH 2.

Omnpexaeaenune. Ilycto mepeMeHnHuie Xy, Xz, ..., Xm CBSI3aHBI CH-
CTEMOH ypaBHeHHH

F]( Xy v vy Xm)=0,

Fr(xy, ..., xm)=0, k<m,

FieCl(G), 1<i<k, obnacts G npuHagieXxHT R™ M ToOuKa Xo=
=(x% x° ..., xx°)=G Takoea, uto F;(xp)=0, l<i<k. Oyuxuus
f:G—R umeeT ycro8Holli MaKCUMYM (MUHUMYM) B TOHUKE Xg, €CNAH CY-
ecTByeT okpecTHocTb U(xp)e=( Touku x, Takas, uro [(x)>
=>f(x) (f(x0) <f(x)) ana eecex x=U (x), ana kotopux Fi(x)=0, l<
<i<k.

(ApyruMu caoBaMH, CPaBHHBAWOTCA Mexay cobof 3HaueHns yHK-
MU, KOTOpLle OHA NPHHHMAeT Ha MHOXECTBe TeX TOueK x= (X, X, ...
-.., Xm), KOODAMHATBHI KOTOPHIX YMOBJETBOPSIOT YpaBHEHHAM CBSi3H
Fi(xy, ..., xm)=0, l<i<k<m.)
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B pajbueiimiem npeamoJaraem, uto ¢yHKuuu f u Fi, l<i<k<m,
npuHagnexaTt kiaaccy C?(G) u paHr MaTpHIB

oF, 9F, OF;

0x; Oxa  Oxm

0F, oF, d0F,

axl axz Tt axm

OF,  OF, OF,

L 0x; BX2 T Xy )

B KaXJ0f Touke Xo=(X,% x50, ..., xn°) =G pagen k. [Li1a onpegenexn-
HOCTH MOJIOXHM, UTO

OF, oF,

Xo) oo n X

TR0 ()

e e e e e e e e w e #0-

OF s OFy,

Xo) v oen X

S () e (1)
Toraa B Hexkoropo#t okpectHoctH U (My) Ttoukyw Moo= (x%%4, ..., xm)
cucreMa ypaBHeHHA Fi(xy, X2, ..., X&, ..., ¥m)=0, l<i<k<m, onpe-
nensietr k dynkuuii Kaacca C2{U(My)) or (m—k) HesaBucummuIx ap-
r'YMEHTOB:

X1=X| (Xk+1, Xe+2y - e vy xm),

Xo=Xo (Xrt1, Xe42y + oy xm),

- . . » L] L]

Xe=Xp(Xr+1, Xe42s o vy Xm).

Takum o6pasom, B Hexoropoli okpectHoctu U(Mo) Toukn M, dyH-
Kuust f ¢ yueToM yC/10BHH cBA3H Fi(x)=0, l<i<k<m, npeicraniser
¢yuruuio kiaacca C?*(U(Mg)) ot (m—k) He3aBUCHMEIX apryMeHTOB:
f(xly KXoy on vy xm) :f(xl(xk‘Fh sevy xm)a coey Xp (xk+1, vy xm)$ Xegly oo
ey xm) “:f* ()sz+1, Xet+2y o0 oy xm)- Ecnn x0=(x(1)’ xg’ teey 'x,?n) €CTh
TOUKa JIOKaJLHOTO YCJOBHOrO 3KcTpeMyMa ¢yHRKUHH [ mpH yCIoBHSIX
Fi(x)=0, l<i<k<<m, 1o Touka (x%,,, x0,,, ..., x2) ecTh TOUKA
OOGBIYHOr0 JIOKAaNRHOIO 3KCTpeMyMa (GYHKIHH [* (Xp41, Xe42s «-vy Xm).

HMrtak, uccaeloBanue ycJOBHOIO JIOKQJLHONO 3KCTpeMyMma (GyHK-
UMM [ CBOOMTCA K yXe pPa3o06paHHOMY HCCAeAOBAHMIO OGBIYHOTO JI0-
Ka/JIbHOTO 3SKCTpeMyMa HEKOTODOH (QYHKUMH MeHbIIero ymucjaa nepe-
MEHHBIX,

Huddepenunan GpyHKuud f* umeeT BHA:

m af & afl m
* ! 0
df 22—(3——dxq=2mdxq+ 2 ——f—dxq,
Xq 0x4 Oxg
g=I =1 qe=k-1
rae dxi, dxy, ..., dxp ectb puddepennnann GYHKUHE X;, Xo, ..., X,
onpeieNeHHBIX CHCTeMOH ypaBHenu#i F;(x)=0, l<i<k<<m. Brpaxe-
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HHe 3THX IH}depeHIHaNoB B Buae JUHeHHHX QopM oT auddepennHa-
JIOB HE3aBHCHMbIX NepPeMeHHbX dXi+i, dXr+2, ..., dXm HAXOHATCH U3
CHCTeMBI JIMHEHHBIX ypaBHeHul: dF;=0, l<i<k<<m, 1. e.

W OF;
0xg

dx,=0, 1<is<k<m.
g=1

[ToncrapuB HaiineHHblE H3 3TOH CHCTEMBI BHipaeHus dx, dx,,. .. dx,8df' =
m

NOJyyHM Bbipa:keHue df’ B Buae JuHeHHOH dopMul audg-

o 0
(ePeHIHANIOB dXkti, dXkte, ..., dx,. KoopzuHatamu (xp ,, X TS
x0) crannoHapHoil ToukH M, oyHkuuu [*° OyayT Takue 3HAyeHHs]
0 0 — 0 0 0
X, xk+2, ..., ¥, UTO B TOUKE Xp=(x, (xk+,, ceey X0), el X (xk+l, e
oo, X0) Bce KO(PHIHEHTH ITOH JHHEHHOH (GOPMBI PaBHLI HY.JIO.
Hro6bl OKOHUATe/NbHO pPEeHIHTb BOIPOC O MOBEAeHHH (YHKUHH B

OKpecTHOCTH Touku My, HyxHO uccienoBath d2f*(M,). Bropo# nud-
depernuans Qynxkuuu f* nMeeT BHJ

LI I Y

m

0®
afr =V I gy dx 4-2 —dtx,
0xp, 0xg
q,0=1 g=1
cne d%xy, ..., d?x; ecTn BTOpBle nuddepeHunansl GyHKuu# x;, Xg ...
<., Xp, ONpeIeJeHHBIX cHcTeMmo#l ypaBHeHuH F;(x)=0, l<i<k<m,
(O6patuTe BHMMAaHHE, YTO d?Xpt(=...=d*%Xm=0, TAK KAK Xr+1, ..., Xm
He3aBHCHMBIE HepeMEHHbIe) Bblpax{eHHe BTOpHIX aAuddepeHnHanon
dxy, d%,, ..., d’x, B Bue KBaJpaTH4YHHIX ¢opMm auddepeHIHATOB
Xty oue, A% HAXONATCSH M3 CHCTEMbI
{ ™
oF
~dx,=0,
ox
q

_"_:._f

T L - dx, dx +2 o =0, 1<i<h<m.

Lo, J:—J q==1

{loncrasasis g R’plpaxeHnne

i

A d
e =Y dxq—i— f o
Oxp 0Xg
q,p=1 g=1
dx,, dxo, ..., dx; B Buge JuHefAHnlXx dopMm u d2x;, d?xy, ..., d®x; B
BHJe KBAaJPaTHYHBIX GOpPM oT ka-H, dXp+o, «.., dXm, nonyth Bnipa-
XKeHnue d*f* B Buie KBaApaTHUHOA DOPMBI OT dXi+1, dXrta, ..., AXm.
Ecan noayuendasti opma 3HakoonpeaedeHHas, To Touka My=
= (X%+41, ..., X’m) €CTb TOUKA JIOKAJLHOIO 3KCTpeMyMa (HyHKIuH [*
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H, CJIeJJOBATe/bHO, TOUKA Xo= (X (XD ps ooy X0), ey X (g gy oo oy
x9), xg+v .oy X)) €CThb TOYKA JIOKAJNLHOIO YCJIOBHOIO 3KCTpEMyMa
dyukiun [ npu yeaosusax Fi(x)=0, l<i<k<imn.

IIpumep 6. HafizeM ToukH yCJ0OBHOro 3KCTpeMyMa (yHKUHH
Z=4x—y, ecan x’—y?=15.

Pemenue., B 3toM npumepe F(x, y)=x>-y>-15, marpuua

oF . OF
(—Ex—; _é_y—) ectb (2x; —2y). U3z ycaoBusa x2—y?=15 caeayer, 410 B
A
MHOXKeCTBe TOYeK, KOOPAHHATHI KOTOPHIX YAOBJETBOPSIOT 3TOMY YCJO-
BHIO, HE COAEPXKMTCS TOYEK C HYJeBOH KOOPAMHATOH X, C/AeaoBaTellb-
HO, BCIOAY Ha 3TOM MHOXeCTBe MHHOP 2x MaTpuusl (2x; —2y) orau-
yeH ot Hy.Js. IloaTomy yciloBHe CBSI3U onpegensieT BCIOAY HA 3TOM
MHOXecTBe GhyHKIHI0 x=x(y). AHasusupyeM Tenepb QyHKUHIO Z KaK
¢yukiuo opgHoro aprymenta Y:zZ*(y)=z(x(y), y)=4x(y)—y. s

ypaBHeHHs x2—y2=15 noJjgy4aem, 4To xdx—ydy=0, OTKyZAa dx = %dy

% 4
H, cjeaoBaTelbHo, dz =4dx——dy=(—y—— )dy. Urak, paas Ko-
X
OpJAHHAT KPUTHUECKON TOUKH GYHKHHH 2*(y) uMeeM CHCTeMYy ypaBHe-
HUH
4
P 1=0,
X
i x®—y? =1b.

Pemag 3Ty cucreMy, moJiyuuM, 4TO BO3MOKHBIMH TOUKAMH JIOKAJ/bHOTO
YCJIOBHOTO KcTpeMyMma (yHKuuu 2=4x—y npH yciaoBun x2—y?=15
asJsloTces Touku M; (4, 1) u Ma(—4, —1).

Tenepp namo paccmotpers d?z*(y) B Toukax x=4, y=1 u x=-4,
y=—1. Tak xak z*(y)=4x(y)—y, 10 d?z*(y)=4d%x, a H3 ycCJIOBHi
cBsA3H x’—y?=15 mosayuaem, uto xdx—ydy=0 u xd*x+dx?—dy?=0.
CunenoBaTenibHO, B Touke x=4, y=1 uMeem

{ 4dx —dy =0,
4d%x + dx* — dy? =0,

OTKyza d%*2’ (y):4d2x:-i—z-dy2 u Touka M;(4, 1) siBasieTcs TOUKOR

JOKA/JIbHOTO YCJAOBHOrO MHHHMYMAa GYHKUHM 2Z=4X—y TpH YyCJOBUH
x2—y?=15, npuueM 2(M;)=15.

TouHo Tak JKe DOJIYYHM, YTO B TOuke X= —4, y= —1 d%z=—
1 .
——Ig—dyz, T. e. Touka My(—4, —1) sBaseTcsd TOYKOH JIOKAJbHOro yc-

JOBHOTO MAaKCHMyMa (PyHKIMH 2=4X—y OPH yCIOBHH Xx2—y*=15, npu-
uem z (My)=—15.

3aMeuanue B gannom npumepe 3HaueHHe (YHKIMH Z B TOUYKe
JOKaJbHOTO YC/JIOBHOrO MHHHMyMa OoJiblie, YeM B TOUKE JIOKaJbHOIC
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YCJIOBHOIO MakCHMyMa; 3TO OOBSICHSAETCS TeM, 4TO MHOXKeCTBO, Ha KO-
TOPOM pPaCCMaTPHUBAIOTCs 3HaueHHs GYHKIUHH 2, He ABJSeTCS CBS3HLIM.

Ha npaxTuke HaxoxjeHHe TOUEK YC/JIOBHOTO KCTpeMyMa (DYHKUMH
f=f(x1, ..., ¥m) c ycaoBusMu cBsasu Fi(x), ..., ¥n)=0, l<i<k<m,
MeToA0M Av((epeHuUHPOBAHUS CHOXKHBIX M HEesBHHIX (QYHKHHH 4YacTo
OKa3biBAaeTCs BechbMa IPOMO3AKHM. bosee mpocTele BHIUHC/IEHHst TOJY-
4alTCs, eCH MPHMEHHTL CJAeIYIONIHH METO.

Merod muosureaes Jlaeparyca. Ilycts o6aacte G mMpMHAAJICKUT
Rm dynxkuun f:G—R n Fi:G—R, 1<i<k<m, npunagnexar Kiaccy
C?(G) u panr MaTpuub

aF]_ aFl
5)61 e axm \
ox;  xp

BO Bcex Toukax xp=U paseH k.
CoctaBuM ¢pyHKuH0O Jlarpanxa

k
L{x, \y=L(x;y, %3 .. Xpy Ay, ..., ?»k):f(x)+}: MF;(x).

i=1
Touka xo= (%% ..., xm") MOXeT GHITb TOUKOH YCJIOBHOTO 3KCTPEMyMa
$yurunu [ npu ycaosusax Fi(x)=0, l<i<k<m, ToAbKO TOrja, Korga
CyWecTBYIOT dncaa A% AL, ..., A" Takue, uTo Toura M, = (x}, 3, ... ,
xﬂ,, h?, lg, N }»2) ABJAsSIeTC  KPHTHYECKOH  TOUYKOH  (PYHKUHH
Jlarpanxa L(x, ). Ilpu atom uucaa M A° ..., Ax® HaswuBawoTCs

MHOXKHTeNsiMH JlarpaH:ka, COOTBeTCTBYIOIIHMHU TO4Ke xo. [ansHediee
HCCJleoBaHHe moBejeHHsT QYHKIHU [ B BHIAEAEHHLIX TOYKAX BO3MONK-
HOTO JIOKAJbLHOTO YCJIOBHOTO 3KCTPEMYMa INPOBOAUTCH aHAIH30M BTO-
poro auddepennuana ¢yHKuuH L{x, A) ¢ yueToM yCjOBHH CBS3H.
Ecau Boipaxkenune d2L(x, A) B Touke My ecTn 3HakoompeigeleHHas
KBaapatuynas ¢opMa, To H ¢ yueTOM YCJOBHH CBSI3H BbIpaXKeHHe IJs
d?L(x, 3) ocraHeTcs TAaKOBBIM, T. €. 3KCTPEMAajbHOH TOuKe (DYHKIHH
L(x, A) cooTBercTByeT TOUKAa YCJOBHOro 3KcTpeMyMa (QYHKUMH [ npu
yenosuax Fi(x) =0, l<i<k<m. O6patiM BHEMAaHHE, 4YTO €CJH Bbi-
paxenne d?L(x, )) ecTpb 3HakomepeMeHHasi KBaapaTHuHas dopma, TO
C y4YeToM YCJOBHH CBs3H Bpipaxenue d2L yxe moxer OBITL 3HaKoO-
onpejesieHHOH KBajpaTHYHOH ¢GOpMOit; T. e, He BCEerga TOUYKAa JOKaldb-
HOro skcrpeMyMa ¢ydxnuu [ npu yeaoBusix F;(x)=0, l<i<k<m co-
OTBETCTBYeT 3KCTpeMasibHOH Touke ¢yHkuuu Jlarpanxka L(x, A).

IIpumep 7. Hafizem skcrpemasblble 3HaueHHS (QYHKUHH 2=
=x2—y? na npamoi 2x—y—3=0.

Pemenwne 3anumeM dyuknuio Jlarpauxa

L(x1 Y, 7\') =—"x2-—y2+?\,(2x-—y—3)
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KoopauHaTel KpuTHUeCKHX ToueK ¢yHkuuMH L(x, y, A) HaxogATcs H3

CHCTEMBbI
2x + 20 =0,
— 2y—h =0,
2x— y— 3=0,

oTclofa nojgydaem x=2, y=1, A=—2. B Touke (2, 1, —2) BHpaxeHuHe
d2L(x, y, 1), paBHoe 2dx*—2dy?*+2dxd\—dydh, ectb 3HaKonepeMeHHas
KkBajZipaTHuHas ¢opMa, cleloBaTesbHO, Touka (2, 1, —2) He 3kcrpe-
MaJjbHas Touka yHkuuu L(x, y, A), HO 3Ta ToukKa MoXeT OLITb KC-
TpEMaJIbHOM TOuko# (QyHKRUHH 2=x2—y? npH yc/loBHH cBA3H. B camom
Jesie, U3 YCJOBHsI CBA3H uMeeM 2dx=dy. YuuThiBas 5T0 COOTHOUIEHHE,
nias d2L nmoayuaem BbipaxeHue 2dx’—8dx?=—6dx?, koTopoe ecThb OT-
PHLATENBHO OINpeleNeHHast KBajpaTHuyHast Qopma, H, CJAeR0BATeNBbHO,
Toyka (2, 1) sBasieTcst TOUKOH JIOKaJbHOrO MakcuMyma GYHKUHH 2=
=x?—y? py yCcJOBUH CBsi3U 2x—y—3=0.
ITpumep 8. Hccaegyem, umeer u QyHKUHSA

u(x, y, 2)=xy+xzt+yz
yCJOBHHIH aKCTpemyM B Touke My(l, 1, 1), ecau
2x3y22+4x2+5y?+622—-17=0.
Pemenune Hanumem dysriuio Jlarpanxa
L{x, y, z, M)=xy+txztyz+r(2x3y?2+4x2+by?+622—17).

Koopaunath x, y, 2, A KpHTHYeCKOH ToukM ¢ynkuuu L(x, y, 2, A)
JAOJIKHBl YJIOBJIETBOPATh CHCTEME

Y+ 2z 6Ax2y?z - 8hx =0,

x+z+4+4hxPyz + 100y =0,

x-+y+ 203y + 1202 =0,
2x%2z 4% + 5% +622—17=0.

ITpoepka mokasmiBaer, uto x=1, y=1, z=1, A=—1/7 ecTb pemenue
sTofl cucreMmbl. CiaenomarenbHo, B Touke My=(1, 1, 1) Bo3amoxen yc-
JOBHBIH 3KkcTpeMyMm O¢yHkuuu u(x, y, 2) ¢ ycaoBuem 2x3y2z+4x2+
+5y%2+622—17=0, mpuueM COOTBETCTBYIOUIHIl MHOXKHTeIb Jlarpanxka
A paBen —1/7. Haxoaum Bropoil auddepennran ¢pyHKuuu Jlarpadxa

a2L(x, y, z, N) =2dxdy -+ 2dxdz + 2dydz+ dhd (2x%y%z + 4x%+ 5y +
+ 622 —17).

B cuny ycnoBuit cBsi3u
d (2x°y22 + 4x® 1+ 5y - 622 — 17) = 6x2y%zdx + 4yxPzdy + 2x%y*dz +
+ 8xdx + 10ydy + 122dz =0,
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goaToMy IipH x=1, y=1, 2=1 umeem
6dx + 4dy + 2dz 4+ 8dz + 10dy + 12dz =0, orkyaa dz = — dx— dy,
¢, cjaenosatesbHO, B Touke (1, 1, 1, —1/7)

AL =2dxdy —2dx? —2dxdy + 2dy* —2dxdy = —2 (dx? + dxdy+ dy?).

Tex kak ¢?L(x, y, 2, A) B Touke (1; I; 1; —1/7) siBasercs otpuua-
TeJbHO  oupeJeJeHHOH  KBajpaTHYHOH  QopMOH, To GyHKuHS
L(x, y, 2, ) umeer B Touke (1; 1; 1; —1/7) JnokanbHBIA MaKcHMyM
#, cleaoBaTeabHO, Touka My(1, 1, 1) ecTh TOYKA YCROBHOrO MaKCHMY-
Ma (yHKRUAH u=xy+yztzx npu ycaoBun 2x3y2+4x2-+5y2+622—17=0.

MHuorna MoHO BBISICHHTL XapaKTep TOYEK, NOJYYEHHBIX METOAOM

Jlarpanxa, He mpuberas K aHaau3y Broporo auddepeHuuana ¢GyHk-
UMM JlarpaHxa B 3ToH TOUKe.

IIpume; 9. HalineM TOYKH yCJOBHOrO 3KCTpeMyMa (PYHKIMH
z2=:2x34+3a%x+2y3+3a?y,

ecit x2 4y =a? (a > 0).
Pewenue 3anumeM yHruuwo Jlarpanxa

L{x, y, M) =2x*+3a*x + 2y% + 3y + L (& + y* — a¥).

KoopauHate X, y, A KpuTHueckoi Touku ¢ynkuumu L(x, y, A) HOIXK-
HBl YIOBJETBOPATL CHCTEME

6x% +3a% + 2hx =0,
6y% + 3a® + 2hy =0,
4+ yt—a*=0.

Orcioza nosyuaem jBe KputHueckne toukn (a/V2 , a/V2, — 31 2a) u

(—aV2, —a/V2, 3/V2a).

Muoxectso Kc&R?, K={(x, y):x*+y?’=a?} ecTb KOMMAaKTHOE CBSI3-
Hoe MHoxKecTBo. CJlegoBaTespHO, HeNpepbiBHAsT (PYHKHOMS 2 Ha 3TOM
MHOXeCTBe JOJKHA NPHHUMATh MaKCHMaJbHOE H MHHHMAaJbHOE 3Ha-
yenus, M3 mnpeabiaymiero pacCMOTpPeHHsi BHAHC, UTO 3TH 3HAYeHHS

$yHKUMA 2 NPUHHMAeT B OJHON H3 TouYek @V2, a/V2) u (— a2,
—a/V2), Tax Kak B JPYrH#x Toukax MHoxecTBa K QyHKIHSA
2 3aBe10MO He MMmeer sKcTpemyma. Tak kax z(a/)/' 2, a/V2 ) =4a Ve
2(—a/V2, —a/V2)=—4a 13/’2_ g K — cBsI3HO, TO  TOYKa
M1=(a/]/2—, a/]/f)—— TOUKA YCJIOBHOrO  MAaKCHMyMa, a TOYKa

M,=(—a/V' 2, —a/V/2)-— Touka ycJOBHOrO MHHEMyMa (YHKIHH
2=2x%+3a?x+2y*+3a%y npu ycioBun x*+y’=aZ

ITpumep 10. Ha chepe S={(x, y, 2):x%+y*+2z2=a?} pacnonoxe-
HH TPH MaTepHasbHHe Touku Pi= (x1, yi, 21), Po=(Xs, Yo, 22), P3=
= (%3, Ys, 23) € MaccaMH m;, M, Mg IIpH TAaKOM MOJIOXKEeHHH TOUKM
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2

P=(x, y, 2) ua chepe x?+y*+z2=a? cymma Z |P— P;||%-m;—
=1

MOMEHT WHEepUHM NaHHOH CHCTEMbl TOYEK OTHOCHTEJIbHO TOYKH P —

OyleT MHHHMAaJbHOH?
PemeHue Heo6xoauMo HAATH yCJAOBHHHA MHHUMYM GYHKIHH

3
ulx, y, =Y m [(x—x,)> +(y—y.)? + (— 2)?]

i=1
ecan xity*tz2=a’
3anuiem ¢yHKuHIO Jlarpanxa
3

L(x’ Y, <, ?\"):Z m; [(x_xi)2+(y"_yf)2 '%"(Z_'"Zi)zl +

=1
A (R g 4 2P —a?),

Koopnunate x, y, z, A xputudeckofi touku ¢yHrumu L(x, y, 2, A}
JOJXKHBEL YAOBJAETBOPATL CUCTEME

2my (x—x;) + 2my, (x—x5) + 2my (x —xg) +2hx =0,
2my (Y —y,) + 2my (y—yy) + 2my (y—ys) +2hy =0,
2my (z—2,) +2my (2 —25) 4+ 2my (2—25) +2h2 =0,
2y =ak

DTa cHCTeMa HMEET JBa pelleHus:

o MyXy -+ MoXe - MaXy ~ Myl MY + MYy >
X10— , HYi,2= : y <1,2=
my + mg 4 mg - h,q my ~ My - M3 -+ Ag 2
M2y - MaZs + Ma2y

my -+ my - g -+ 7\1,2

b

rie

-

=1 i j=1, istf

3
Mo == ]// @ T mi+2 N mumy (x4 Yoy 22)  —

— (my +m, —!—tﬁ3).

ChnenoBatenbHo, ToYKoH P MoXeT ObITh OJHA M3 JABYX Touek: Py=
= (X, i, Zy) u (X, Ho, Z3), @ UMeHHO Ta, AJS KOTOPOH 3HAUEHHE
byurnuu u(F) MeHbllle, B 3aBHCUMOCTH OT KOHKPETHHBIX UMceld Xi, Yi,
2;, mi, 1<i<3. B ofiieM BuAe 3To CpaBHeHHe 3[1€Ch e NPOBOAHM H3-
33 rPOMO3/JIKOCTH BBIKJA4JOK.

Broigenenne Touek YCJAOBHOrO 3KCTpeMyMa BXOAHUT COCTABHOH
YacThbl0 B pelleHHe 3aJayl HaxOoXJAeHHs HaunOoJpllero M HauMeHbIle-
ro sHaueHudl ¢Oyukuuu f: LR, EcR™, ua muoxectBe E;CE. IeiicT-
BUTE/NbHO, €CJH 3TH 3HaueHHs (QYHKUHA [ NPHHHMAET BO BHYTPeHHEH
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TOYKE Xo MHOXecTBa £, TO TOUKA Xp eCTh TOUKA OOLIYHOID JIOKAJbHO-
ro akcTpeMyMa ¢yHKuuu f; ecau Hanbogblllee HJIH HauMeHbllee 3Haye-
nue ¢yHkius [ NMpHHHMAaeT B IPAaHHYHOA TOYKe X; MHOXecTBa £, TO
TOUKA X; €CThb TOYKa YCJOBHOTO JIOKAJbHOTO 3KCTpeMymMa GyHKuuu |
IPH YCJOBHH, 4YTO pacCMaTpHBAIOTCI TOJNbKO IPAHHYHBIE TOYKH MHO-
KkectBa £

Ilpumep 11. Haitnem HanGonblee H HaWMeHbIIeEe 3HAYUEHHF
GYHKHHH

U=x2—2ax+ y*— 2ay + 22— 2az (a > 0)
B MoJyiuape
D=A(x, y, 2): 2+ P+ 2 4a?, 220}

Pewenue. Tak Kak HenpepeiBHasi (QYHKUHS u pacCMaTpHBaercs Ha:

KOMIAKTe, TO CYWIECTBYIOT TOUKU My=(xy, Y,, 2) H MO—(xD, Yo, Zo)
Takue, 4To

u(M,) =maxu (M), u(My)=minu(M).

MeD MeD

Ec/iH 3TH TOUKH JeXar BHYTpH noJyuiapa, To HX KOOpPpAHHATBI JOJIXK-
Hbl YAOBJAETBODPATL CHCTEME

2x —2a=0,
2y—2a=0,
2z —2a=0.

Orcroga BUAHO, UTO BHYTPH moJiyllapa €CThb TOJBKO OJHA BO3MOXKHAS
KcTpeMaspHasa touka M= (a, aq, a).
Bo3MOxKHYI0 3KcTpeMalbiyIo TOYKY Ha moaycdepe

S {(x, ¥y, 215>+ y? +22=4qa?2, 2> 0}.
Himem Kax TOUKy YCJIOBHOTO 3KCTpeMyma GyHKIHH
u=x%*—2ax + y*—2ay +2* —2az
NpPH YCJOBUH
X4 yr 22 =492, z>0.
Janumem QyHxkuuwoo Jlarpanxa
L{x, y, z, M) =x—2ax + y*—2ay-+2*—2az + h (x* 4 i +2* —4a?).

Koopaunatet kputHuecko#t Touku Gyskuuy L(Xx, y, 2, A) AOJKHL
YIOBJIETBOPSITb CUCTEME

[ 2x—2a +2hx =0,

| 2y—2a +2hz=0,
2z—2a +2hz=0,
X2+ y? 22 —4a* =0,
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fOTclona mosiyyaeM, 4TO BO3MOXKHOH SKCTPeMAaJbHOH TOUYKOW Ha MOJy-
chepe S sasercs: Touka M,=(2¢/V'3, 2a/V/3, 2a/V 3).

Hanee uieM BO3MOXKHYIO 3KCTPeMaabHYIO TOUKYy Mz=(x, y, 0) na
®pyre x2+y?<4a? z=0, Tak xaK B TOyKax 3TOro Kpyra

ulx, y, 2)=u(x, y, 0)=x2—2ax 4 y>— 2ay,

TO KOOPAMHATHI IKCTPEMabHON TOUKH, JieXKaulel BHYTPH 3TOrO Kpyra,
JOJXKHBl YAOBJETBOPAThH CUCTEME

2x—2a=0,
2y—2a=0,
z=0.

O1cioga noayuaem Ms;=(a, a, 0).

Hakoneu, ocTanocs HaliTH BOSMOXKHYIO 3KCTPEMAJbHYIO TOUKY M=
= (x, y, 0) Ha okpyxkHoCTH x>+y?=4qa? z=0.

3anuwewm ¢yuruuio Jlarpanxa

L(x, y, A)=x*—2ax + y*—2ay + A (x* + y* —40a?).

KoopauHaTBl KPHTHYECKOH TOUKH 3TOR (PYHKLHH JOJXKHBI YHIOBJETBO-
PATL CUCTEME

J 2x—2a 4+ 2Ax =0,
2y—2a+ 2y =0,
{ﬁ+f=%?

’OTCIO,ZLa [moJqiydyaeM nBe BO3MOXKHLIE 3KCTpPeMaJnbHbLIC TOYKH HaA OKPYHK-
HOCTH:

XtyPr=40% z=0: M,=(V2a, V2a, 0) u M,=(—V?2 a,
— VT, 0).

Hrak, naunbosbilee W HaHMeHblllee 3HAueHusdg B noaymape D dyHk-
UUSA ¥ MOXKET JOCTUTaTh TOJLKO B OJHOM M3 IISITH TOUEK:

M,=(a, a, a), M, =( ;‘;_ , ]/2%' , 1/2%
=(V2a,V2a, 0), M,=(—} 2 a, —V2, 0).

Tak kak
u(M)=—3a®, u(M,)=—4(V3 —1)a? u(M;)=—2a% u(M,=
= —4(V2 —1)a?, u(M) =4a*(V2 +1),

TO
max u (M) =u (M) = 4a2 (V' 2 + 1),

MeD

), M3:(a" a, 0), Mtl:

minu (M) =u (M,) = —3a®.
MeD
350

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

Jadauu

HafiTn yacTHble NPOM3BOJHBIE YKA3aHHOTO MOPSAAKA OT CJeAYIOUIHN
(QYHKLHH:
ou du 0%u 0%u
dx ~ 8y ' ox®  oxdy

1. u=cos (x+y);

9 1 . 0% d2u o0%u
| ax+4by = 0xt ' 9xdy ' oyr
. X d0%u 0ku
3. u=sin—; , .
Y ox3 = oxoy?
Mu
4. u=In (1 + 2x + 3y); ,
I+ T 9Y) ox20y*?
5. y—ertyrda, O ou
T ox2y ' dxdydz
0%u 0%y 0%u

6. u=x¥+y*,

0x2 7 dxoy ' dy?
Hafitn axo6uan ortobpaxenuit h:R™—R™, ecou:

7. h:x=rcosqQ, y=rsing; h:(r, ¢)->(x, y).
8. h: u——-—z-—, v=—2——, w=z h:(x,y, 2)->(u, v, w.
Y x
. h:uz—ﬂz_y—z, v=Xxy, w:—i—; h:(x, y, 2)—>(u, v, @).
10. A:x =8, y=En—Ng, z=n—8n; A: (& n, 0)—>(x, 4, 2).
H. h:x=rcosqcosy, y=rsingcosy, y=rsiny; h:(r, 9, })
—(x, Yy, 2).
12. A:u=xy, v=-2; h:(u, v)—>(x, ¥).

X
13. hiu=x24+22, v=y242% w=x2+y? h:(u, v, 0)—>(x, y, 2).
14. hiu=x+y+z, w=y-+z, www=2z; h:(u, v, w)—>(x, Y, 2).
15. h:x=rcosQ, y=rsing, z=u®, h:(x, y, 2)—>(r, ¢, U).

9

Hanucaty MaTpuuy npousBOAHOH oTo6paxKeHHS @ B KaHOHHYECKOM
6asnce, ecJu:

16. ¢: (U, v)>(x, 4, 2); x=uv, y=u*+10% z2=u*—10%
17. ¢:(u, v) (X, 4¥); x=wucosv, y=usinov.
18. 9:(u, v, W)—>(x, y); x=w*4+v®+w? y=u+v+uw.
19. ¢:(u, v)—> x, X =—,

J
20. ¢g:u—>(x, y); x=utgu, y=usinu.

21. ¢:(u, 0, @)—>(x, ¥, 2); X=uln—, y:vln-(’:—-, z:wln—Z—.
w

HanucaTs MaTpHily NPOH3BOAHOH oTO6paxeHus ¢=Hog B KaHOHHYE-
CKOM OasHce, ecjH:

35%¥

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

22,

23.
24.
25.
26.

27.

SRS RS S

x=ut—uw? y=ut—uv? h:E=xy, nzi, { = arctg =
y Y

ix=ut 4+t 4uw? hif=x%, n=ux%

IX=UCOoSy, y=usinv, z=w;, h:E{=x2—yz, n=22—xy.

rx=sinu, y=cosu, z=e* h:{=arcltgxyz.

cx=u?, h:f=sinx, n=cosx, {=tgx.

g

x=uv, y=ut—0¥ h:E=arctg—, n=In(x2+y?), [=x—y.
y

Hanucats mMaTpuuy npoHsBoaHo#l ortoGpareuuss ¢=Hhog B KaHOHHUE-
-CKOM 6asuce B Touke M,, ecau:

28. g u=arctg(y?—2x) =arc -

h:

h:

!

X
E=w2 0% n=u~ . My xy=1, y,=V3.
29. gru=xyz, v=x*+ 374 2%,
E=uwo, N=—n [=—" My:xg=1, y,=0, z5=1.

v u? 4 o2

30. gru=x2+y*+ 2%

h:

E= aresin%—; My:ixp=1, y,=2, z,=3.

31. gru="Inx,v=x2 w=x-+Inx;

h:

g:—f-"—-’ n:w+u; A’IO:szlc

U
o op

32. Hanucatp Mmarpuint oTo6paKeHnH T 9 —— B KaHOHHUE-

Y

*CKOM Oaauce, rae

P:X XY (U, v), X=(x;, %), Y =041, Y2, Ys)»

ECNH!

a) u=xi+x5+ 4] +y;—y5,

U =X + Xg— Y 1Y2Y3;

6) u=y,sinx; + y, sin x, + y5 cos (X, —x,),

U == Yy COS {X; %) + Y, Sin (x2 —x2) + gy cos (x2 4- x]);

B) u =y, arclg "+ (g,— ys) In (2 + x3),
2

U=1Y, [——

1 1y
)+y1y3m

X

Vg Xs Xg

33. IlpoBeputs, uto B Touke M(I, 1, 1, 1, 1) cooTHomEeHHS
X{+ x5 +yt +y+y;—5=0,

Xy—Xy -+ Y3 —y3 +y;—1=0,

X3+ 2x3 + Yyl —4=0.
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HEe YIO0BJETBOPAIOT YCJIOBHAM TeOPeMbl CYLICCTBOBAHHS OTOGpaMKeHHd
@: (Ys, Yy2) > (X1, X2, Y1), HO YAOBJETBOPAIOT YCJIOBHSAM CYLICCTBOBAHHUS
otobpaxenusa @: (x;, x2) > (Y1, Yo, Y3).

34. IIpoBepHuTs, UTO JaHHBIC COOTHOLIEHUS OJHO3HAUHO ONpejeNs-
10T oTo6paxkenne ¢:X—Y B oxpectHoCcTH ToukH Mo, ecin:

a) XYy +XalYy — Ysyy— 1 =0,
(xa—x0) (4o + ¥3) — Y1454 —1 =0,
(x] -+ x3) (45— Y1) + Y192 =0,
X:(xy, x3), Y:i(yy, Yo Ys)s
Moy (9, 3, 4%, y%, 49,
=1, 20=2, yt=1, y3=0, yJ =1,

6) sin (sux,y,) + sin (wx,y,) + sin (nxzy;) =0,
COS% (1, — Y2} + COS"TQL (X —#y) +cos % (xs—yy) —2=0,

X (X, X5 X3), Y:i(yy, 4o),
MO (x?, xgv xgy y?, yg)y
x0=0, x§=1, x)=0, y9=1, y)=0;

1 Xy
B) —arctg == —x x4, =0,
I Xalfa
9,2 42,2 ! 4
Loy — XY, — - =0,
- Xith Xalfs

X:(‘xl’ x2)9 Y: (yli y2)v
MO (x(l]’ xg’ y?’ y0)1

2
x}=1, x3=3, y9=1/2, y3=1/16.
Hajitn puddepennmnansl nepBoro H BTOPOro NOPAIKOB OT CJENyIONHX
byukunii (%, y ¥ 2 — He3aBHCHMble NEPEMEHHHIE):
35. u-=x2y2
36. u=uxy+yz +zx.
37. u=cos (e*y).

38. u=x¥ 4 y".
39. u=Inxyz, x>0, y >0, 2 >0.
40. u:arctgi‘y—.

4

41. Hafitn snauenne nepsoro auddepennnana GyHKUHH 4 B TOU-
Ke My Ha BekTOpe cMelleHHs A, eCliH:

a) w=arcsinxy, M,(1/2, 1), h=(0,5; 0, 1);

0) u=xy—xy®, My(1,2), h=(—0, 5; 0, 8);
B) u=x2¥ M,(4, 1), h=(0, 1; 0, 2);

N ou=vV AR T 5%, My(i, 2), h=(—0, 2: 0, 3);
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N u=xV101+y*, M(2, 2), h=(0; 0, 5);

e) u=cos(x—y?, M, (—gl- £ ), h=(0, 1; 0).

2’ 2

Hafitu nuddepennmans neppyx ABYX HOPSAKOB CJOKHOHM (yHK-
LMK U, €CJIH ¢ — ABaxAb AuddepennupyeMast QyHKIHA:

42. u=q (), t=x2—y

43. u ="y (), t=xyz.

4. u=¢g (), t=xy +yz + zx.

45. u=g (1), t=x>+y* 2%

46. u=¢ (&, M), E=x>+y% N=x>—y

47. u=9E, n), E=xy, n=—;".
48. u=¢(E, M), E=x2+12 nN=uxy.

49. chP(‘E? TI)’ g:_x—’ 'rl:_“y"_
i X

50. u=¢q(x+y, x*+y?.
51. u=¢(xy, y2).

52. u:cp(ﬁ, JL),

Yy x®

53. u=¢(§,1,0), E=xy, N=x—y, L=x+y.

54. u=¢(§,n,0), E=x*, n=y2, =2

55. u=¢(2x, 3y, 42).

56. u=¢(x+y+z, *+y*+2%).

57. u=¢(x+22, y-++2, 2+ 4.

58. u-=q(sinxz, sinyz, sin xy).

89. u =g (xe?, ye?, ze*Y).

60, u=—0q@2-Ly? y>+22 x*+42%).

[TpopepuTh, YTO AdHHOE YPABHEHHE OMHO3HAYHO ONpelelisieT (PYHKUHIO
y {x) B OKpecTHOCTH TOUKH M (Xy, )

61. x24+yx+y?2=3, xy=yo=1.

62. xy-+Inxy=1, x,=2, y,=1/2.

63. ¥ - y—x=0, xo—-—:——;——, Yo = —1/2.

[IpoBepuTHL, UTO AaNHOE ypaBHEHHe OJHO3HAYHO ompenenser QYHK-
M0 Z(X, y) B okpecTHOCTH TOUKH M (xg, Yo, 20):

64. x Ly-Fz=sinxyz, x,=y,=2=0.
65. x223 + 3% +- 223 =8, xo=1, yy=—1, z,=2.
66. x¥+y* +2°=3, x,=Y,=2,=1.

[IpeamoJarasi, 4To TOYKa (Xo, Yo, Z0) TaKOBa, YTO B €€ HEKOTOPOH
OKPECTHOCTH OJHQ3HAuHO ONpefesieHa JBamabl HENpephBHO andde-
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peHnupyemas Gynkuus 2(x, y), HalTH 3HAUEHUS YKA3aHHBIX NPOM3-
BOJHLIX B 3TOH TOUYKe:

0z 0z 0%z
67. , ec/u x* + y? 4 22=R2,
ox * Ay~ oxdy ' ¥+
2 .
68. % . 0z , oz , ecau arctg —‘-”-:z+x+yﬁ,
dy ox dx? X
0z 0%z 0z ,
69. , , , eI x+y+z=Inxyz, x>0, y>0, 2>0.
ox dy® 0xay g
dz 0z 0%z 02z
70. , ecau In(x 2) =x% + 22 -2,
ox ' 9y’ ox?’ Oxdy (g +42) Ty
0z 0z 0%z
71. ecsin X 2 =C0Ss Xyz.
ax ’ ay L] axay b + y + y
2
72. % ) 0z . 9% , ecau x¥ +y*=3.
ox dy dxdy
2
73. dz ’ 0z ’ 02z . eCIH X =ui— 2, y=uv, z=u+ 20,
0x dy ox0y
0z 0z 0%z u 5 | .2
74. , , , ecaH x=arctg —, y=In(u®+1v?), z=u—uv.
0x Oy  Oxdy v
2 2
75. 0z , az, 0%z , 9%z , €CJH x=¢e“sino, y=e“cosv, Z=Uuv.
ox oy ox? 0xoy

HafiTu wacTHble NpPOM3BOAHBIE [EPBOrO MNOPSAK2a (PYHKIHH Z=
=2z (X, y), 3alaHHOl HedBHO, NpEABaPHTEJILHO HaHIsg ee NepBHl AHQ-
depeHunaN:

76. 28+ 2x 4 zy® =a*.
71, xyz=x2+ y* + 2%

=In(x+y-+2).

78,

FA
X%+ 42

79. zcosx +ycosz +xcosy =3.
80. z(1 + x5 =y (1 +2%.
dy

Haifitu

86. Hajitu

dx
81. X®=22+4+y%, az-+4+by-+cz=1.

82. ¥*+y?—32+a=0, 2—-2p2—x+6=0,
83. ¥4+ y3+22—3xyz=0, x+y+z=a.
84. cosx J-cosy-tcosz=a, x*4+y*+22=0.
85. sin? y—cosxsinz=0, 2x—ytgz=0.

dy

dz
_H — CCJIH.

dx

1

dz du

X

C Tde de eCJIk

u2+x2+y2+22:a2,
Inxy+~y—:b2,
X

F4
In-"- 4 zx = 2.

13%

X
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Hailith nepeuie u BTOpHe npousBoaHble GyHKuHE 2(x, y) H u(x, y),
eCJIu:
87. x+y-+z+u=a,
¥+ 422 4 ud=05.
88. x+y+z4u=a,
xyzu=A>a,
89. Haiitu : ou : o , ,
ox Oy ox ay
x(u? 408 —uy =2, xv—yu?0%)=1.
du ov du

€CJiH

90. Haittu , , , B TOUKe v==—1, y=1{u=2,
dx ay dx oy
v=—2), ecad
xuv + yxu +ovxy +uvy =0,
x4y 4wt 02 =10.
. 0z 0z x-+u
91. Hasitt —/— u —, ecmu 2= , @ u(x,y) HaXOAHTCSI H3
ox dy y—u

ypaBHEHHSA ux—ud + y? =8,
HafiTn neppnle u BTOpble Npou3BoAHBle QYHKUHHA y(X) H Z(x) B
TOYKE Xg, €CJH!
92, xX2—y2+22=1,
P—2x+2=0, x,=1(y,=1, z,=1).
93. 7x%+2y—322= -9,
Ax + 242 =22 +4 =0, x,=1(y,=—2, z,=2).

. 'd
94. Haijitu d—z, ecln 2=x>Ty? rioe y=y(x) eCTb peuieHHEe YypaB-
X

HeHust 1+x+y2=e*ty,
Hafitu nepswifi m Bropo#t aubdepernmannl byHruun z2=z(x, y),
3aJlaHHOH HeSBHO:

5. x* tax 224 y=0.

96. x34-y®—3xyz—22=1.

97. 2In(xy) =x2 +y*—22—1, x>0, y>0, z>0.

98. x* -yt 2t =4dxyz.

99. x=ucosv, y==usinv, z=uv.

100. x=u+Inv, y=v-—Inu, z=2u +o.

101. x =ueste y—yes—v z=—y2 4 v

102. Ha#itu nepBele u BTOpHe anupdepenHumansl Gyukuui u{x, y)
H v(x, y), ecan xutyv=1, x+ytutuv=0,

Ha#itu Bropoii auddepennnan B toure Mo(xy, Yo), 2(Mp) =2
QyHKIHH 2 (X, y¥), 3a1aHHOH HESBHO, €CJIH:

103. x2%+y3z—x3=0, M,=(,0), z,=1.

104. 5x2 +5y% 4 522 —2xy —2yz—2x2-—T2=0, M,=(1,1), z,=4.

105, 2x2 4242+ 224+ 8x2—2+8 =0, M,=(—2,0), z,=1.
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106. 2x% 4 24% 4-22 + dx2—2—8=0, M,=(0,2), z,=1.
107. x=cosusinv, y==cosucosv, z==sinu,

Mo= (VB 14, 12V2), 2=1/V2, o=/, oy=/3,

Haiitu BTopnie auddepennnanin Qyuxkuuil u(x, y) u v(x, y) B TOU-
ke Mo(xo, yo), ecan:

108. xu+yuo=0, ww—xy=95, My=(—1,—1), yy=2, v,=2.
109. xsinu-+vusiny =%, ucosx—]—ycosv:——g-er,

M,= (0, 7/6), u,=m/6, v,=mn/2.
Haiitu ykazannweie npousBoause GyHKuuMuM 2(x, y), 3axaHHOd He-

SIBHO!

110. —az—, i, ecin F (vyz, x+y)=0.
dx dy

1. % , ﬁ, ecin F(xy,yz,2x)=0.
ox oy

112. -a—z—, —az-—, ecan F(x2—y?, y2—22, 22—x%) =0,
0x dy

113. —EZ—, —ai, ect F(y—zx, x—zy, 2—xy)=20.
ox ay

IlpoBeputh, uto QyHKIMA Z(¥, Y¥), onpeledseMas COOTHOUIECHHEM
F(u, v)=0, aBysieTcq pelueHHEM ypaBHEHHS

114, F( I +—1-):0, (24 -2 oxy B4 220,
x-+y z  x—1Y z ox oy
d 0z

Z2__ 12 2 2y — 2 92 2% sy
s, F@@—y, 2+ y—2)%)=0, @—p)°——+% oy Y

116. F(—i-, 2x —4z —y*) =0, xy——‘—ai——'r(x——Qz) %2 _
X ox . dy

yz.

117. F(x2 + 42, -i—)z(), XY —— X2 ——=yz2.

18. F((x—y) @+1), (x+4) @—1)=0, (2 +5) —+
+(x+zy)-§;—=1~zz-

Ilokasarh, yro QYHKUHMA & YAOBJETBOpPAET NaHHOMY YpaBHEHHIO:

119. d=(—:—):‘—, e Z;‘ +22-=0,
120 w=In (e 447, o+ =0

121. u=e* (x—y)?, Zi’: — z:: ——2-—2-2—=u.
122, w=e*"% (x +Y), g;z —2 ai:; + Z:‘: =0.
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0%u o%u 0%
123, u=yxcos-L, x? +2x 2 =0.
x’ O0x2 y 0x0y +y oy?
124 14— cos(x — y)-+ cos(x - y) ’ o0%u _ o0%u © 2 ou .
X dy® Ox? x Ox

[Ipennmonaras, 4To npousBoibHEE QYHKIMH ¢ H audpepeHuupye-
MBI OCTaTOYHOE YHMCJIO Pa3, NPOBEPUTH CJeayIonlee PaBeHCTBO!

1 o0z 1 0z K4
Pl -+ Py rE eC/IH 2 = Y@ (x2— y?).

0 d .
126. cosy-gf-—}- Ccos X a—;-:cosxcosy, eCNH 2 =siny +
-+ @ (sin x —sin y).

0z 0z
127, xz2 —— fyz -2 — 2 =
X P +yz o X, €CJH 2°=xy-+ cp( . )

128. (4° -+ 22 —x%) —ai——~2xy 92 +2x2=0, ecnu xX*+y*+22=
ox dy
=y¢ (f—)
Y
129, xy—%cz-——gﬂ—g;——i—x(l +x%) =0, ecou 4xyz=—1x*—2x% + @(x, y).

130. x —(?Z——l—y—{?i:xy +z, ec z=xy +xcp(—y—).
ox oy X

131, L2 _ g 0% + 02 =0, ecmu z=0(x +y).

Ox? O0x0y oy*
0%z 0%z 0z
132. _— = =g *. —
e P 2 P 2, eUH z=e *-¢(x—y).
0%z 02z
l 3. —— = — " ¥ == —— _— f — .
3 Py o 29", ectd 2=¢(y—x)—x9 (y—x)
0%z 0%z
134. P —a? o =0, ecmwm z=¢(x—at)+¢Y(x—af) |
0%z 02z 0%z Y
135. x2 2 — — .
X T +2xy P + Yy o 0, ecian z xcp(x).
136, (x —y) 2292 4 % 0 ecmyz= BEZNFVE Y
dxdy dax oy X
0%z 0%z 0z X y
137. x3 ——— y? — 9y = — 2 v
x4 Y o 2y » 0, ecau 2 p cp(xy)—l—lll( . )
0%z 0%z 0%z dz 0z
138. Ix2 —2 2 LYy —— =
W dx? Xy oxdy Y ay? X ox Ty dy ’
ecn 2= (xy) Iny + ¥ (xy).
x4y
02z 0z 0z - =
139. — = JH 2= 2 .
oo HY o Ttz =0, e z=¢” % (9(1)+ ¥ (®))
0%z 022 0%z 0% — -
140. = 2 =
gtz gx2 + axdy + ay?’ e z=@ (x+ V1, y + V1) +
Y& —=VE, y—Vi).
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141.

142.

Xty
o2z 922 7= S Aoty ; S P (f) dt.

— ={), ecJiH
dx2 oy? 2
x—y
2 2 —
0%z zaz(az +£_ 0z )’ CCMU 2 — Q(r af)—}—xp(r+af).
di? or? r Or r

[TpunsaB y 3a HOBOE He3aBHCHMOE MEPEMEHHOE, 4 x 3a QYHKUMIO OT
Y, npeobpas3oBaTh CJAEAYIOLIHE YDABHEHHA:

143.
144.

145.
146.

y'y"—3(y")*=0.

Yy +(@—x) (y")2=0.

[9" +yy'] (42— (y")? [3y" + x2] = 0.
y' —y —(y')x*=0.

BBoas HoBble nepeMenHble, npecO6pa3oBaTh cieyloliHe 0OLKHOBEH-
Hble ypaBHeHHus:

147.
148.

149.

150.

151.
152.

153.
154.
155,
156.
157.

158.
159.

P4+ P—xy)y =0, y=tx, y=y ).
Yy 4+ 2xy =2x3y3, umi, u=u/(x).

4

1

y2
2
xy"—y' +xy =0, t:xj’ y=y .
2y +3xy" +y=0, x=e', y=y(l).
x3yw+2x2y”___xy'+y=0, tzlnx, yzy(t)

xyr!_l_le___xy:ex, y:-—z-—, u_—:u(X).

y*
(y+x2y%)~ty'=1, u

s u=ulx).

I

y”+—2~y’—-a2y=2, y=—, u=ulx).
X

eyt — =0, y="- x=—, u=u().

" Y 4 x—1 e

= - , 1=1 , u=u(f).
Y (x—1)2(x—2)2 "’ T e . x4 2 )

(¥—D(1—x*2+y=0, x=th{, y= cgt’ u=u(t).

xgy —x (Y2 +y-y =0, u:ln—i——, u=u(y).
20"+ (x+y) (1—y")?=0, x—y=u, x+y=v, v=0(1).

Ilpunsis v 3a HoBylo ¢yHKuMIO U(X, y), npeobpasoBaTth CJaeAylO-
Iye ypaBHEHHSI:

160.

161.

2
——-—(x2 au)——xz otu =0, v=xu.

ox dx dy? ’

d2u du au
X — — — Uy v X U.
(x—9) o os — Sy (x—y)
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162,

163.

a2u 2 ou 3 du Ju ]
— - + — ::0, = N
dxoy xX—Yy Ox x—y 0y (x—y)* x—y
2
o%u n du + ou = —u, u=ve*
O0xoy dx dy

[Tpuusie # ¥ v 3a HOBHIe HE3aBUCHMBIE NepeMeHHbIe, npeobpaso-
BaTh CJEIYIOLIHE YpaBHEHHS:

164. xz—a?—_xyi=2, u=xy, v=-"2,
dx dy x
185. 2y-ﬁ- +e"-—§3—=4ye", u=y®+e*, v=y2—e*,
Ox dy
166. y 0z +x 0z +xy =0, u————f‘iw, U= yx3.
dy Ox x
2
167. 2y—(3i+£3—+2y=0, y=u, x:—‘;iy—.
dx dy 2
168. y-22 442 —Yxy, x=0% y=(u—0)
oy 0x
169,

dz 0z . _ Ytz
(x+2)—'a—x—+(y+2) oy _0, Uu—=x, 0v R .

HpHHHB i U U 3a HOBbIC HE3aBHCHMELIEC I€peMEHHbIe, a W 34 HO-

BYIO (PYHKIMIO OT u4 M ¥, npeoOpa3oBaTh K HOBLIM NepEMeEHHBIM cle-
JyIoliyie YpaBHeHHS:

170.

171.

172.

173.

174.

175.

176.

360

0z 0z
i X =0
= T » +Xx 4y ,
U=y-+x, v=y—x, wW=xYy—2.
0L 0y
ox oy

Uu=x, v=x—Yy, w=x—Yy-—+z.

x(—%+ji)+z+x+y=0,
ox dy

u=x-+y, v=x—y, w=2x.

0z 0z
+ x =0,
y oy 0x

Y
U= -—, v=yY, W=Yyz—x.
X

dz . d
—Z_sin? x + ctg x — =cos?z,
O0x ay

u=2y+tgz-ctgx, v=cigx(igz-+cigx), w=tgzictgx.
0z 0z

Yz —— —xZ =%, u=x%4 y?, v=arctg =, w = (x*+ y?) e—2.
ox oy Y
213

(5 +2) 2t (| — ) = =x + y2, u=y2—x, V=x2—Y,
Ox dy

W=xYy —2.
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Ilpunsas &, m ¥ T 32 HOBLIC HE3aBHCHMBbIE NEpPeMeHHEBle, 8 W 32 HO-
Bylo ¢pyHkuuo ot §, m H 1, npeo6pas3oBaTh K HOBLIM NEPEMEHHBIM CJie-
AYIoUlHe ypaBHEHHA:

g 0
177, (g +2) 5 + e 43) St (e 9) S =u,
g n

X— Yy=—, Yy—2=—, X-+Yy+2=1, w=ul
u u
178. 2cosz—aﬁ—:usinz(—§£—+—6u——n1),
0z ox dy
ucosz==E&, wusinz="1, x+4+ytu=1, w=us
179. Ilpeo6pasoBaTts ypaBHEHHUE

0z 0z
= —2) — =0,
(y+2) = +(y—2) »

NPHHAB y 3a (GYHKIHNIO, @ X H 2 32 HE3aBHCHMEIE IepEeMeHHHIE,
180. Ilpeo6pa3zoBaTte ypaBHeHHE

0z
ox

X

0z
% =0
“+ Y 3 s

NpHHAB x 3a (PYHKIHIO, @ §J U Z 32 He3aBHCHMLIe II€PEMEHHEIE,
181. IIpeo6paszoBath ypaBHEHHE

() (o) =

NpuHSB y 3a (YyHKUOMIO, a U=x+2, U==y—z 3a He3aBHCHMbIe nepe-

MeHHbIE,
182. Tlpeo6pazoraTs ypaBHeHHe
dz dz 0z
A e R

NpHHAB X 32 OVHKIHIO, 2 U=yz+x, U=x2+y 3a He3aBHCHMBLIE TIepe-
MEHHEIE.

IlpuuaBs # H v 3a HOBble He3aBHCHMBIE TNepeMeHHble, npeobpaso-
BaTh CJeAYIOIHEe ypaBHeNHS:

0%z 0%z .
183. o o =0, u=x—y, v=x+ Y.
J’z 92z I az ,—
184, — + —_ = — — .
e Vo Ty g, 0 W0, u=x,v=2Vy
0%z 0%z 0z 0z
5. (1 + x*) — 2 =0
185. ( +x)ax2+(1+!/)ay2 +x—+y o =0
u=In(x+V1+x2), v=In{y+V1+ ).
186. 2 0%z _9 0%z 5 ?z 0z —0,
0x* 0x Jy Oy® 0x

1 1
4= —(r—y), v=—(@r+y)
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2 2 2 e
187. 0%z Pz o 0% 49 0z +6 0z =0, u=x+y,
Ox? 0x Oy dy? ox oy
UV=23x—y.
2 2
188. il oz 5 92 +-6—"—-+ _‘?E_:(), u=2x—y, v=x
ox? 0x dy dy? 3,
2 022 —
189. F2_ 497 g y=ttv ,_t—0
dx2 oy? 2 4
2 2
190. x* 22 0% —-2ya—2=0, U=xy, v=-L
oxz 7 0y? oy X
2 2 ’ 2
191. xz-é—z»——Qx i + z =0, u=xe, v=y.
ox*® Ox dy dy?
2 2 2
192. xzaz—-—xy oz _ 262:0, u=-2-, v=yx?
ox*? dx dy 0y? X
0%z 0%z 0%z Yy
193- x2 2X 2 :0, U——— U=
Ox? T Xy dx 0y + oy> X 4
2 2 2
194. Q—Qsinx g2 +(2—cos2x)—a—2—=0, u==x, v=1Yy—CosX.
Ox2 Ox Oy dy>
9%z d%z 0%z 0z .
195. tg?x —2ytgx + y* FigPx — =0, u=ysinyx,
B X gm YRy T o TR y
:y_
022 — 0% 9%z 1 0z — —
196. x ——2V'x — = =0, u=Vx+Vy,
ox? Vyaxay Ty ay2+ 2 gy V Y
v=}x.
0% 9%z d%z u -4 v?
197¢ 2 2 :0, ﬁU, X = .
y 0x? ey dx Oy + oy? 4 2
0%z 02z utu (v—u)?
198. — =0 0, x= = —,
oz Y Ay 4> g Y 16
2 2
199. 0% + 0%z +m?22=0, 2x=u?—1?, y=uv.
Ox? oy>

[IpuHaB 4, U H W@ 3a HOBHle He32BHCHMBble NepeMeHHble, mpeobpa-
30BaTh CJeLyIOIHe YPaBHEHHA:

2 2 2 2 2 ) 0
200, 9 T2 4o 02 [ 2 o &2 o 02 30 % _g
o0x2 oy? o012 dx oy dy ot ox dy
u=x+y+1t, v=—y—t, w=—L
201. 0%z _ d%z 9 oz 0%z i Oz dz __6_{_20’
dx> Oy* dx Ot Oy 0t dx dy ot

X=2U-—0—W, §=20—u—w, t=u-+0+Ww.
IIpuHsIB ¥ W ©v 3a HOBHIe He3aBHCHMble NepeMeHHHE, a W 3a HOo-
Byl (YHKUMIO OT 4 H U, npeofpasoBaTh K HOBHIM NE€DEMEHHBIM cCJe-
AyWILlHe ypaBHCUHA:

0%z 0%z 02z
202. 2 =0, u=x, v=x—Y, w=x—y-2.
ox? + % Ay + dy? & Y
J%z 0%z 0%z
203. x*. 2 —2xy —=— =0, u=xy, v=y, W=2—1Y.
Ox2 Y oy y dx 0y y 4 4
362

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

204. ~ — =0, u= X, V=1l —X, W=xYy—2.
oy , Ox 0y + dx® e y y
0%z a2z 0%z 0z 0z .
205. x - 2% ———x + +— =4, u=x+y,
| oxoy ar | ox | dy y
V=X—Y, W=2X.
0%z 0%z dz 0z
706, (1 —x%) — +-(1—y° =X - ——, X=COSU, Y=COSUV
(1—x%) —=+( y)ay2 5 TV, , Y ,
z2=€v,
0z 1 %2 1 Yy
207. X =—, U=, U=y, W=YyZ—X.
ox + 2 ox? Y X y J
otz ‘a2z 0z y —
208. (1—x —_——— =0, u=-= ]l —x,
( )Laxz dy* dx ’ 2 +V
e —_ Y
vz%-—l/l——x, w=)22(v1—x).
2. 2 2
209. a“-—2 Jz +aZ=0, u:x+y,uz—y—,w:i_
Ox2 O0x dy ay? X x
0%z 0%z a2z dz 0z
0. 2 —+2 o+ 4 +4—"4+z2=0, u=2y—x,
21 ox2 ™ dx By 6y2_+ ox dy ™ ’ y
V=2Xx, 2=We *7Y,
0%z 0%z 0z 1 Y-+ o y—o
211, (1 —x2 —— 22— ——2=0, u="—, V="
{ ) ox® oyt ax 4 2 2
w
2= X =CO0s .
Vsina’

[Ipeo6pa3oBaTh K NOJIAPHLIM KOOpAHHATAM 7 M ¢, IoJaras x=
=r C0OS @, y="r Sin @, cAeAyIOIINe BhIPAKeHH:

212. x Zi ty g‘; :
213. y ‘;i —x 3‘;0
2 s 2
214. (g—i} #(—%—) :
215. Az =25+ 22
216. x? 2,2: + 2xy a—i?;%—f g;
217. y? g: —2xy ai;y + x2 g:zz F(x—(;%+y%>'

218. Hatitu mnpoussognyo ¢bynxkuuu [=x3—x?y+y3>—1 B TOuKe
A(2, 1) no nanpasJienuio, o6pasyiomemy yroa ni/6 ¢ ocbio OX.

219. Hafitu npoussojnyio (GyHKuuH [=x—x2y+y* B Touke A (1, 1)
10 HanpasJeHHIo BeKTopa AB, rae B (4, —2).

220. Hafitu npoussBopuyio QyHKUuH 2=f(X, y) B Touke A (Xo, Yo):

a) Mo HaNpaBJIeHHI0 KacaTeJbHOH K Kpusok @ (x, y)=C B TOuKe
(xl’ yl); ‘
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6) mo HanpaBJEeHHIO HOPMaJH K KpHBoH @(x, y)=C B TouKe
X1, Yi)-

( 221. Hafith nponsBoanyio GyHkiuMM [=x?—xy+y*+2z B Touke
M(1, 2, 3) no wanpariaenuio Bekropa a(l, 1, 1).

222. Hajitu npoussognylo Oyukuun [=x2—xy+y?+2 B Touke
M(1; 2, 3) no Hanpapsenunio Bekropa d(l, 1, |

223. Hafitu  npoussoanyio  ¢yHkuuum 2=In(x?+y?) B Touke
M (a/8, a3V3/8) k xpuBoit x¥3+y*3=a?/3 o yanpas/eHHIO BHYTpeH-
HeH HOpMaJsid 3TOH KPHBOH.

224, Nauna dyuxuus z=2(x, y) u3 kxacca C!'(D) u rnagkas xpH-
Bag C:x=x (1), y=y(?), t<[T,, T\], nexamas B obaactn D. O6o3na-
YUM uepe3 7i(f) HempephBHO MeHswOlIMiics BekTop HopMmaaux K C Ha

o 0z
{Ty, T,]. Hatitu ——.

on

225, Haiitu  npousBoaHylo  (QyHKIHH u=xy+-2— B TOYKe

M(2, 1, 2) mo HanmpaB/leHHIO rpaaveHta QyHRUMM V=xyz B 3TOH
TOYKe.

HanucaTs ypaBHeHHs KacaTeJbHBIX NPSIMHX H HOPMaAbHBIX MIOC-
KocTe#l K CJAEAYIOmHMM KPHBHIM B 3ajansoii Touke Mq(Xxo, Yo, 20):

t 1 1)
996. dx—14, 3y=13, 22 —12, M,—[—, L L.
4)\7 t . 3y ] t ] [}] ( 4 » 3 H 2 )
927. x=t{—sint, y-1—cost, z:4sin-t§—, M, =(m/2—1, 1, 2V2).
998, x50 _(deyer—os ¥
) i+ YT axeye 14237
3 5 3
MOZ('—, T, -_').
2 4' 2
229, y=e*, z=x%, M,=(0, 1, 0.
930. 2. ¥ 1 A _ _bx M:( a b_ C“)
3 a‘-‘_%_b2 "o arctg ay * " yz' y2' 4

2 1 2 12,2 2 22— —{ ! rV's )
231, X2+ 2 +22=r2, 2% 4y =0, M, (2, 2V3® 2y3)°
232, 22 + 32 +22—47=0, 2+ 2y2—2=0, M,=(—2, 1, 6).
233. y24+22=25, *+y*=10, M,=(, 3, 4).

234. x=ucosv, y-=usiny, z=av, x? -+ y?=4ax,
MOZ(CI, —a l/g, 23:13:0! ).

235, x=u? +v? y=2uo, z=u, —*u, A=2x—y—2,
M,=0, 4, —2) (uy=1, v,=2).
Hanncarh ypaBHeHHs1 KacaTeabHBIX MNJIOCKOCTEH M HOpMaJied K CJie-
AYOILIMM NMOBEPXHOCTAM B 3anahHoll Touke My (Xo, Yo, 20):
236. z=xy, M,=1(5, 1, 5).
3

237wyt —xyp =z, My=(2; 1/2; —3/8).
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238.
239.
240.
241,
242,

243.

244.

245.

By +0bz=7, My=(1, 1, 1).

¥4 —3xz2=3, My=(1, 4, 2.
xyxztyz=x3-+13+28, My=(, 1, 1.
By B = —xyr, My=(1, —1, —1).
X=u+v, y=u?+v% z=u®- 03,

M= (x (g, vg), ¥ty vo)y 2(Ug 0,)), y=1, vy=2,
x=sinuV 1 —m?sin®v, y=cosu-cosv,
z=sinv- Y1 —m?sinto, |m|<1,

My = (x 4y, Vo), Y {tho, Vo), 2(tg, V), uoz_ﬂ:—: Up =11/4.

X =uCOSU, Y=usinv, z=u,

Mg = (x (t2y, V), Y (g, Tp)y 2(tgs p)), Uy=1, v,=m/4.
X =e* +usinu, y=e*—ucosv, z=uv,

My=(x (g, 09)s Y (Ugs Tg), 2(Uys Tp)), Ug=1, vy=1.

Hccnenobate Ha 3KCTpeMyMH clieaylomine GyHKIHH:

246.
247.

248.

249.
250.
251.
252,
253.
254.
255.
258.
2517.
258.

259.

260.
261.
262.

263.
264.

fom P xy— g 4 X
f == (2ax—x?) (2by —12).

f=d® 5y 4ot —
X Y

f=x34y>—3axy.
f=x%*+y*—36xy.

f=x* 4+ y*—2x% + 4xy— 292
f:x2_2xy2+y4__“y5.
F=e (x+ 7 + 29).
f=x*+3xy—8Injx| —6In|y|.
f=3x*y+ y*—18x—30y.
f=x*—2xy 4+ 442 4 622 4 6yz —62.
f=xy -+ yz -+ 2x.

[ =yx*22 (2—y—22—3x).

f=x+y+8cos—;-cos;z—, O0<Tx<C2m, 0<Cy<C2m.
f=Inxy—z(x—g) —x>—12+ 2xy—y.
f: (xz -+ yz) e—{(**+y?)
f=zlnz—z—2zInxy + xy -+ x? 4 242 —4x —2y.
f:.4—(x2+y2)2/3.
f: x2,__,y2

1+x4+y4—2x2y2'

HccnenoBate Ha 3KCTPEMyMEI B 321aHHOH TOUKE Cledylomive ¢yHK-

1IHH:

265.

f=x*+y?+ 2%+ 3xy—2z —9x—9y,
a)y M,=(2, —1, ); 6) My=(—1, 2, 1).
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266. f=2x°+3x%y + 3yix -+ y°, My=(—12/5, —12/5).

267. f=xcosy+zcosx, ay M,=(n/2, 0, 1); 6) My=(n/2, @, —1).

Haiitu Te Touku KpHBOH, B KOTODHIX OpPJAMHATA MJH abcuucca HMe-
IOT JIOKAJbBHBIH 3KCTPEMYM:

268. (2 -+ 42 =2a%(*—y®), x2+y2=~=0, a > 0.

269. x* 4y =3axy, xy=+=0, a > 0.

270. x* +yt =8xy?, xy==10.

271. x* 4+ y* 4 4x%y—2y? =0 (ucejenoBaTh TOJNLKO OpAMHATY).

272. (x2 4 4 —4Ax)2 =16 (x* + ), x* 44> 5= 0.

273. r=a}/sin2¢, a > 0.

Hafitu 3kCcTpeMaJsbHble 3HAYEHMS 32J1aHHOH HEABHO (QYHKUHH ¥
OT MepeMeHHOH X:

274. y?—ay—sinx =0, 0<Cx < 2.

275. (y—x)34-x+6=0.

276. (y —x2)2=x%, x* 4+ y2=£0.

277. x*+xy + y* =21T.

Haiith skcTpeMasbHBe 3HAUeHHS 327aHHOH HEABHO (QyHKUMH Z OT
nepeMeHHBX X H Yy:

278. 2x2 4+ 242 +2* - 8yz—2 4+ 8 =0.

279. 522 | dzy 4+ Yy —2y +3x>—6x + 4 =0.

280. b5x? 4 by? + 5z2% —2xy —-2xz—2yz —72 = 0.

281. x* 2t =2(x2 + 2 + 2.

282, 22+ xyz—xy*—x3=0.

[IpoBepuTh cymecTBOBaHHE 3KCTpemMyMa y QyHKuHH 2(X, y) B TOY-
ke Mo, eciu

283. 21In(x2 412 2% =120 — 18y — 132, My =(2/7, —3/7, 6/7).

284. nixsinmy— n?y?sinnz + n?zsin nx = f;— (7—9y),
My=(1/2, 1, 16).

Hafith TOUKH YCJOBHBHIX 3KCTDEMYMOB CJAEAVIOUHX (PYHKUIHMH:

285. f=2x+y—z-+1, x4+ y* 4 222 =22,

286, f=x—y, tgx—3tgy=0, Ix|<m/2, |y|<a/.

287. f=xy, ¥*+ yP—axy="0, a > 0.

288. f=xyz, X*+f+22=0a2 a>0.

289. f=uxyz, xy+xz+yz=a? x>0, y>0,2>0,a>0.

290. f==xyz, x+y+2=>5, xy+yz+zx=28.

201. f=xy+yz, 22+ y*=2, y+2=2, x>0, y>0,2>0.

292. f=xy?2B, x+my*+n=1, m>0,n>0, x>0, y >0,
z2> 0.
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n

203, f=x"+4x04 ... +x7, (m>1), in—:

i=1

n ¢
204. f=Y ax;, ¥ xi=£

i=l =l

Haiith nauGoJbuiee H HauMelbluee 3HayeHHs (yHKIHH B 3anaH-
#Ho# 006.1acTH:

295. [=xy—x'y—, 0<x<1, 0<y<2
296, f=x2+3y2—x+18y—4, 0<Cx<{1, 0Ty
297. f=x3+3y*—3xy, 0<Cx<C2, O0<Cy< 1.

208, f= Y _FM W >0 y>0 L.

2 6 8’ 3 4
299. f=x% 4 y®—3x2 - 6xy—3y%, O<Ty<Cx<C2.
300. f=cosxcosycos(x+y), 0Cx<Cm, O0Cy<Cm.

301, f=(x—y) v (1—x)2, yr2<lx<2.

302. f=x4+y—Oxy+27, 0<Cx<Ca, 0Cy<Ca, 3<Ca<C9

303. f=xtyr—2x%dxy—24%, O<Cy<Ca, OCy<ga, a>1.
304. f=xy +yz+zx, x* + 222 <ak

305. f=x+4+y+z X2+l

306. f=2sinx+2siny +sin(x +yg), 0<<x<C /2, 0 << /2,
307. IlpeacTaBUTh MOJOXKHTEJbHOE UYHCJIO @ B BHAE CYMMBl NATH

TIOJIOKHTENLHEIX CJlaraeMbeiX Tak, 4TOGH X NPOU3BELEHHE HMEJO HaH-
HoJpluce 3HayeHue,

308. IIpeacTaBuThL MOJOXKHTEJAHHOE YHCJAO @ B BHAE CYMMBL A IO-
JIOXKHTEJBbHBIX CJaraeMpiXx Tak, 4ToOB CyMMa MX KBajapaToB Oblja HaH-

MeHbLIEH.

309. IlpencraBuTh MOJOXKHTENibHOE YHCJIO @ B BHJAE CYMMHl 7 IO-
JIOXKHTEJNBHBIX CJaraeMulX Xi, Xo, ..., Xn Tak, uToObl NPOH3BEAEHHE
z2=x%, ..., xzn (a; — 3ajaunble MOJOKHTENAbHBIE uHcaa) OLI0 HaU-
HOMBIIUM.

310. Onpeneautpr HaubOJbLICe 3HAYCHHE KOPHS #7-H CTCNEHH H3
TIDOM3BETEHUS] NOJCKHTEJAbHBIX YHCea X;, X2, ..., Xn IPH YCJHOBHH, YTO

HX cyMMa paBHa zajzanuomy uucay a. Mcnoabays sty 3ajgady, AoKa-
3aTp, YTO CpeaHee reOMeTPHUYCCKOe HeCKOJABKUX MOJIOKHUTEIbHBIX YHCE]
He 6oJibliie UX cpeaHero apudMeTHYECKOro.

311. Yepes toury A{a, b, ¢), a>0, b>0, ¢>0, nposectn mioc-
KOCTb, OTCCKAWOWIYI0 OT nepBoro okTaHta (x>0, y=0, 2>0) rterpa-
3]p HauMeHpliero ofbeMa.

312. OnpelesiuTe pa3Mepnl NpPAMOYroJbHOrO MNapaJjiesnenunesna c
3a7aHHOH CYMMOH AJHH ero pebep a, HMCoulero HauOoJblWHH 00BEM.

313. Onpenenuts pasMepsl NOPSIMOYTOJBHOrO mapannesenunena
JdaHHoro ofweMa V, MMemollero HaMMeHBLIYIO IJ0Ladb NOBEPXHOCTH.
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314. Onpexneauts pasmeprl IIpHMOYI‘OJIbHOI‘O napaJnseaenunena,
x2 2
BINHCAHHOTC B OJJHICOHT —— + +~———1 NpH KOTOPHIX NapadJJesne-

NHIEN HMeeT HAaHOGONBLIYIO nom{ym HOBerHOCTb.

315. lokasaTh, YTO H3 BCeX YETHIPEXYrOJbHHKOB, OIHCAHHBIX BO-
KPYr Kpyra paguyca R, HaUMeHBUIYIO IJOLIaAb HMeeT KBajgpar.

316. Haittn TpeyroJibHHK, NepHMETP KOTOPOro PaBeH 2p H KOTO-
PBI NMPH BpalEHUH OTHOCHTENBHO OJHOH M3 CBOHMX CTOPOH o0pasyer
TeJ0 HauboblIEro o0bema.

317. Yepes touxky M, jexalllyio BHYTPH AGHHOIO yrJia, NPOBECTH
NpsAMYIo Tak, 4yToOBl OHa OTCeKaJia OT yIJia TPEeyroJjibHiK HauMeHbLIeH
NJIOIL A M.

318. BuyTpu znaHuoro yraa B nomectuts otpesox DE pauHm b,
KOHIBI KOTOpPOro — Touku D u E — HaxoaATcs Ha CTOPOHAX yrja, Tax
yToOh! NoUIans Tpeyronbanka DBE Griia HauboJiblned.

319. B naHHBI Kpyr BOHCATb TPEYrOJbHHK Tak, UTOOB CyMMma
KBaApaTOB [JIMH €ro CTOpoH Oblyia HauboJiblled.

320. Onpene/inTh NOJIOXKEHHE TOUKH OTHOCHTEJNHLHO BEPUIMH OCTPO-
yronpuoro Tpeyronsinka ABC, utobel cyMMma paccToguuil OT 3TOfl
TOYKH A0 BEDPUIHH TPEYroJbHuKa GhlJa HaHMeHbIIel.

321. OnpenenuTs MNOJOXKEHHE TOUKH OTHOCHTE/LHO BEpIIHH Tpe-
YrOJBHHKA, 4TOOB CyMMa KBaZpaTOB PacCTOSHHH OT 3TOH TOYKH A0
BEPUIMH TPEYroJibHHKA Obljla HauMeupuie.

322. Ha nyockoctu XOY nausl gBe pasiuusble Touku Pp(a;, b;)
U Py(ae, bs), ay>a;>0, bo>b,>0. Halitu _TOYKY Q: Ha ocHu OX H TOU-
Ky Q2 ua ocu OY, urobel pamna Jomanoit P,Q,Q.P» 6n1a HauMeHp-
Hief.

323. M3 Bcex KOHYCOB ¢ AaHHOH 60KOBO#l MOBEPXHOCTLIO HAHTH KO-
Hyc ¢ HauOOJAbIIAM OGBHLEMOM.

324. Cpenm BCex ueThIpeXyroJbHUKOB C 3aJaHHBIMH CTOPOHAMH
HaUTH TakOH, MJIOUIAJAb KOTOPOro HamboJiblIas.,

325. B panmblfl kpyr paamyca R Bmucarts yerHpexyroapiuk ABCD
Haufo/bIIel NJOLIAzAH, eCiH BeauudHa yria BAD paBHa a.

326. JokasaTb, YTO B TPEYroJibHHKE PaauyCc BIHCAHHOH OKDPYXHO-
CTH He Mox<eT ObiTh OoJibllle INIOJOBHHB pagHyca ONHCAHHON OKPYX-
HOCTH.

327. Haltu Kpartyaiimee paccrossuue ot Touku A(p, 4p) mo Touek
napabousl y?=2px (p>0).

328. Ha#itu pauHet oceit 3//MICa, NOAYYEHHOrO B CeUeHHH I{H-
JrHApa x°+2y?=1 NJIOCKOCTbIO x+y+z~—0

329. Ha#tu KpaTanmee paccTOssHAE MEXAY NPAMBIMH

x—a y—b Fzr—c¢ X—ay ¥y —by 20

¥

! m n L my ny

3306. Ha nnockoctn sapannl n touek P;(ai, b;). Halitn kKoopaunua-
Thl TOUKH P (X, i) Tako#, 4To

?m; (x—a;)* + (y—b:)?]
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(m; — 3agaHHble NOJOXHUTEJbIble HHcaa) OyleT HauMenpliei. JaTh
MEXaHHUECKOEe HCTOJNKOBAHHE MOJAYyYeHHHIX (opMy..

Orsetb:
2
. = — sin(x 4+ y), ——a—u—z——sin(xﬁ—y), oo = — oS {x + ),
X ay ax?
0%u o~u 2a2 0%u 252
= —— CO! . 2. = =
axoy cos (¥ + 4) Ox? (ax +by)t ~  Oy? (ax + by)2
0%u — 2ab 3. d3u . 1 S X , a*u — x2 oS X
dxdy (ax + by)3 93 y? Yy Ox0y? ¥ Y
4x . x 2 X 216 d*u Lo
—_ _— —— — . — 5. :4 exz—ryzfz’
s O Y T ey oy Y "
. Pu 24
agprtyter O gypsertyttae 6, = A
+ 8x2ye SRV 8xyze P y(y ) +
2 2
+ y* In? y, O In?x+x(x—1) y*2, o =yx¥tInx 4 x4
ay2 0,2 Bxay 9
x—1 ~ilny. 7.r. 8 ———_ 9. —=4 ___ "10. n&.
+ oyt oxyting., T.or o PP n%g
1 —1
1. r2 ) . —. 13. —
H. ricosy. 12 2u 4y 2V (u+v—w) @+w—uv) (v+w-—u)
v u , .
C —usiny
4. wo, 15, ————— 16. 9y, 9| 17. [ )
2y z(x*4 47 sinv  ucosc
2u —2v
. tou + =
8. ( 2u 20 Qw). 19. (_L . uz } 20). costu  §,
11 ! ° ¢ siny + ucosu
( 4 u u
n— = — [ -9 — 97 )
w v W 2ufx +4) “xv 2wy
v w v Qe i1 XD 20 e
21. | —— In— — | 22 \Y ) T y |-
Qu( Yy —x ) 20x _ 2wy
.E_ __--52. l _.Ef.._ \ x2 + y'ﬁ 'xz _i,_ yz x2 + y’.‘. ]
14 P

i u v )
(4xu 4xv 4xw) 94 ( 2xcosv—zsinv—2xusmv———zucosv--y)

8x3u 8x3v 8x%w —ycosv—xsinu  yusinv—xucosv 22

vu*—lcos x u? Inu cos x
o5, _Y7C0su—xz sin u -+ efxy 96 —uput-tsinx ~—p?lInusinx
) 1+ x2y222 ) ) vl u’Inu
cos? x cos? X
{ yv—2xu yu 4+ 2xu —
x4 yP x% 4 y? T ny/3 +._Jl_
2 2V'3 2 6
27. 2xv + duy oxu—4yv- | . 28. _ -
o B4 0P £ 4 —5 573 ”‘2/3 —%
2
v Uv—2u u+2v
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( 0 2 0
1
20 | 0 & 03().(~~--1 N _3>
' 7V 195 7V 1% TV 1% /0
1 0 1
L2 2y
31. 1). 32. a)(a“"):(%ﬂxﬂ,( ) [ 2 2, "st);
\ 3 ox ay

\
1 1, \—Yal3 —U1Ys —Y Y,

6) ( ™ ) (Yu Yl) TAe Y, =Y, COSX,—yySin (x;—X%,), YV, ,=1,C08x,+

Y21 Y22
+ Y3 sin (x; — xp), Yy = — Yo, sin (x,x,) — 2y,x, cos (x] - x3) —
— 2y5%; Sin (x] -+ x3), Yoo = — YoXy Sin (x3%5) — 24,4, cos (x3 — x2) —
sinx sin x cos (x; —x
__anxz sin (x% _+_xf2-’)’ (ﬂ) o ] . 1 . 2 1 i) :
dy sin (x]—x3) cosxyx, cos(x? —x2)
{ i Xg + 2x11s — 2,13 2%58s — 2085 — Y11y )
2,2 2 .2
B) (29-):: x1+x2 x1+x2 ( op \" _
0x N¥s% — Y2 Yo — HhilzXe %Y
2 2
\ xl x2 /
X1 -9 2 2 2
arctg - In(x?+x3) —In(x? 4 x%)
= 35. du=2xy%dx +
X 1 1 1
yzln — — gy In 2
Xy Xy Xy Xa

+ 2yxdy, d*u = 2y%dx® 4+ 8xydxdy + 2x%dy>. 36. du = (y +2)dx +
+ (x+2)dy+ (y + x)dz, d?u = 2(dxdy + dxdz + dzdy). 37. du =
= —sin (e*y) (ye"dx-}—e*dy) d*u=[ —cos (e*y) e**y? —sin (e*y) - e*y] dx® +
+ 2[—cos (e*y) €'y —sin (e*y) e*] dxdy -+ [ —cos (e*y) e**] dy®. 38. du=

=(yxt—!' + y*Iny)dx + (¥ Inx 4+ xy*Vdy, du = [y(y — 1) x—2 +
+ y*In®? ghidx® + 2 [t xv-ly Inx + x lny -yt + 1) dxdy +

+ [ In?x + x (x—1) y*2] dy?. 29. du:-l—dx+ l—dy +——1— dz, d’u =
X Yy z

1 1 1 22 x
= d e dy? 2 40, dy— Y 2 dy —
x2 y2 y 22 ¢ O U 2‘3 _i__ x'ly‘zs ( z dx + dy
xy _ —2xzy? 28— 2252 x?y? — 2%y
— Y d2) Pu=—T2 g0 dxd Y Y edr—
) Eragr T G T (z"+x2ﬁ)zdmz
2x32y 9 x3y* — xz? 22xy
_— 2~ dydz 2 4]. a) ——- :
G e Y gy T G @ A A 085

6) —12,6; 5) 08(1+Ind) r)——1 12 o —‘%?- 42. dy =

= 2¢'xdx — 29'ydy, d?u=(2¢" + 4¢"x?) dx® — 8xy¢"dxdy + ( — 29" +
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+ 49"y?) dy?. 43. du=¢'yzdx + @'x2dy + ©'xydz, d*u = (¢"y*2?) dx® +
+ ¢'x222dy? - ¢'x2y2dz? + (292 4 29"xy<?) dxdy+ (29" y + 2¢"xzy*) dxdz +
+ (29" x+2¢"yzx)dydz. 44. du=¢'(y +2)dx+ ¢’ (x+2) dy+9’ (y+x)dz,
@ == (y +2)° de + @ (x4 2 Ay + (4 +9 42 + 2 (@' +9 (4 +2) X
X Ax +-2)) dxdy + 29" +9" (y 4 2) (Y +x)) - dxdz + 2(¢" + @' (x +2)(y + %)) X
X dydz. 45, du=2x9'dx + 2y¢’dy + 2z¢'d2, d*u= (29" + 4x2Q") X
X ode? + (29" + 44 ¢") dyt + (29" + 422¢") d? + 8xy ¢ dxdy +
+ 8xzq'dxdz + 8zy@'dydz. 46. du = (92x + @2x)dx+ (9,2y —
— ©.2y) dy, d’u = (@[ 4 + 89[,x® + P4x% + 2¢] + 2q;) dx® +
+ 2 (9], Axy—@dry)dxdy + (¢)4y* — 89,4 + @ AY° +2¢; —

, . p 1 o , .
—2¢,)dy?. 47. du= ( cply—l—cpg-—y— ) dx + [ cplx—cpz.—y)i—) dy, d*u =
L 14 ”n 1 " r
= ((P11y2+2q>12+%9._ﬂy?) dx2+2(cp“xy—— Do y’; cp —Q,- 2)a!xaly—}—
+ {(P’u 2cp1, P +cp22 i +cp2 pr )dy 48. du = (p2x-+9,y) dx +

+ (9,2 + ¢%) dy, diu = (q> 4x* + 4(91ng + @t + 20)) di® + 2 (¢} 4xy +

T P (2x2 + 2y2) + @),xy) didy -+ (@] 4 j;{lxy@w + @,x%) dy?. 49. du'=
ad 2 A

(q)l 7_@0 ) dx+ ( cP] ';;_l"q)z x } dy, du (q)” y?‘

” " 1
_2(])12'—;?—*—([322 x“ +(P9 )dx2+2( (p“.?—l—&pm._x_y___

” Y ’ 1 N x? ”"—l"""
e ) s (4, 2 L

2 X
" 1 ] . , , »
+ @5, - —x?) dy?. 50. du=(9, + 2x@,) dx+ (¢, + 2y£p2) dy, d*u=(9], +
+ g, + 457G, + 20)) dx® 2 (@), + 299], +'2x9], + 4xyq),) dxdy +
+ (9], +4y9;, +44%¢;,) dy?. Sl du=quydx + (px + 92)dy + Pydz,
d’u = @ ydx® + (9] x* + 29),xz + @,2%) dy* + @,y%d2* + 2 (¢ xy +
+ Q1,42 + ) dxdy + 297, y2dxdz Jr 2 (cp’l'zxy + @24 + @) dydz. 52. du =

(o 2% . 2y 0\ 9. s Ax?
al O e b S Ll e
” 8 ” 49‘2 Y 2 " 213 ” 4 ” Qy
— %t T4 + Py 7) dx® +2 ( — %, ';3" T Py, ';;'”’"%2 =

2x

— @, R (Pz’xT) dxdy -+ (cp’;l ; 2cp12 pr + @ ) dy?. 53. du=
= (@ + o+ P3) dx T (Pr—@,+¢y) dy, dPu= (<P,1y2+2q>12y+ 205+ Ppp +
+ 205+ Pag) dx® -+ Z(Q[ XY — QoY + @Y + VX + Pk — @+ P+
+ @) dxdy + (P X% + 20,0 — 207X + @ — 207, + @) dy®. 54, du =
= ¢, 2xdx + @ 2ydy + ¢, 22dz, d®u=(¢],-4x%) dx’+ @, 4ytdy®+ ¢ 422 d22 +
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~+ @] 8xydxdy -+ ¢,8xzdxdz + @, - 8zydzdy. 55. du = 2¢dx + 3¢.dy +
+ 49.dz, d*u=4¢{dx®* +99,,dy* + 16¢,,dz* 4- 129} dxdy 1 16¢{,dxdz +
+ 24¢dydz. 56. du= (¢ + 2x¢}) dx +(¢] + 2yP,) dy + (9; + 229,) dz,
BPu= (¢, + 42, + 479y, + 20,) e + (¢, + 1Y), + 45765, + 2¢;) dy* +
+ (¢}, + 429y, + 42°9;, -+ 2¢,) d2® + 2 (9}, + 9,2y +2x97,+ 4xy ) dxdy +
+ 2(9), + 9,22 + ¢,2x + 4xzq,,) dxdz + 2(9];, + ¢],22 + 2y9;, +
+ 4dyzy),) dydz. 57. du=(9| + 2x¢,) dx -- (9, + 24¢;) dy + (9,22 + ¢;) dz,
du= (@) + P13 + Gudi® +2¢,) dx® + (G + Oody + 42¢5; -+ 29)) dy® +
+ (97,42 + @42 + @y + 29)) d2® 4 2 (@], + 9,520 +2x¢7, + 4xy¢),) dxdy +
+ 2 (9,22 + @7y + @pnz + Py2x) dxdz + 2 (9,22 + 955 + dyzg, +
+ 2095 dydz.  58. du = (¢zcosxz + guycosxy) dx + (gzcosyz +
—+ @;x cos xy) dy + (@.x cOS x2 + @y cos y2) dz, d*u = (¢],2% cos® xz +
~+ 2,2y cosxzCos XYy + Py, 17 COs? xy) dx® 4- (@,2% cos? yz + 2. xz cosxy cos Yz -+
~+ @, %% c0s? xy} dy® + (@], x® COs? x2 + 29, X Y COS X2 COS Y2+ Py, 4% cOs? yz) dz24-
+ 2 (¢],2% cOS Xz COS Yz + ([3XZ COS X2 COS XY + Q.42 COS XYy COS yz +
+ @ yx cos® xy + @, oS Xy — xy@, sin xy) dxdy + 2 (¢]xz cos® xz +
+ @j,2y cOs? X2 + @], XY COS XZ COS XY + Qpayy? COS Yz COS XY -+ P, COSXZ —
— x2@, sin xz)dxdz +2(q|,xz CIslxz cos Y2 4 @, yzicos? yz+ ¢7,x? cosxzfcos xy -+
+ QXY COS xYy COS Yz + @, 08 yz — @2y sin yz) dydz. 59. du = (¢;& +
+ @ze*Y) dx + (9,8° —ze* V) dy + (9,x€° + @ ye&° + e ¥)dz; d*u=
= (@],6** +2q[2e* ¥ |- 2%~ @ 2e"Y) dx® + (@),e27 — 2] 2er T ¥ ¥
+ 95,277+ qze"Y) dy? 4 (@)% + 2¢),xye* + 2] xerT* Y 4
LT + e e 2t 2 (0 — gt
-+ Qhrer TFY—qr 2t W@ ze"Y) dxdy +2 (¢] xe* + ¢ et + ¢ et T Y-
+ @l X2e* T Y @ zyet TR Y - zet T A e+ lev) dedz+ 2(q),xe*
-+ Wopue® + QLY — glxet Y — Qlzye T — @zt + glet +
+ @ er V) dxdz +2(9] xe** + @5, ye*e + ¢ er TFV—q] 2xe* T V@) zyet TRV —
— Q28— etV g e%)dydz. 60. du=2x (¢, +@,)dx+2y (P, +;) dy+
+ 22(9, + @) dz, dPu=[{g], + 207; + ¢3;) 4x* +- 2 (g; + ;)] dx® +[(¢], +
+ 297, + @) 4572 (@ + 0] AP+ [0, + 2075+ 0]) 422+ 2(9;+ 7 dat.

67 0z x 6z  y &z  xy 68 dz = x4 7]
T ox z ' dy z’ dxdy 2 ° ] Ay x—x%— 22
dz
P2z 2xz) - (x—x24- 2227
dz  x*H4-242 62z_(x Feixe) dx (x—-2i-2e) 69 0z
Ox x—xt—22 " 9x? . (x —x* —22)2 T B

372

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

2 x—1_ 0z z y—1, 02 z (x — D {y —1)
x 1—z ' Oy ] 1—z  9xdy Xy (1 -—~2)3 *
70 9z (! —24%) (x+2) 9z 1 —2x>—2xz2 0% 1

Oy  y(2x 222 —1) ' dx 2ot 221" Ax2  (Zwz 222 —1)2
d 2
X | 4y — 423 — dzx® — 8x22 L =2 (4x®—4z 4 4x2* —8x%2) |, Tz
Ox 0xdy
T 44 8xfr 44z 7 0z _ I4yzsinxyz 0Oz 1+xzsinxyz 9%z

1- —_— —

(2xz 4222 — 1)2 ° Ox 1+4xysinxyz’ Oy 14-xy sin xyz " 0xdy -

0z 0z /
—cosxyz(yz+xy )(xz+yx )——( 24+ Yy
Ox oy
1+ sin (xyz) -xy
79 dz yxy1 dz inx -+ 2yt 0%z

m—

0z 674 .
X sin x
oy - Ox ) be

I

ox y*lny ’ dy y?Iny ’ dxdy

K x¥ 1 ny—x¥ 1yt -2 nxlny— x¥~1ylnxlny 73 0z  u—2v 0z v42u
¥* In%y T ax 2(wee?)’ Gy writo?’

9 ( ou 5 dv ) (4 4 o 4 (1—20) ( ou 1o ov )
—_2 — _— —2v -1
922 ay dy Tt =4 “ oy 3y

0xdy 4 (u® + v?)2 !
) 0 0z —
Tl — = L - © . T4 %2y tu, — = . ,
oy u? 4 v? oy u? 4 p? dx dy 2
0%z  u-4vu 75 gz  ucosv+vusinv dz  —usinv4-uvcosv

dxdy 2 dx gt ;7 et ’
( du ov dv Ju ) ou

I

—— 0S¥ — U siny —— -+ —sinv - v cos v —— —— (ucos v4usinv
02z ox 0x + 0x - Ox 0x ( + )

ax2 eli eu
( du i du ou ino L. du ) du ( Lusing)
—— cosv —usine — 4 ——sinv cos v ~——{ucosv 4 vsinv
2\ ay oy oy ° e )y
0xdy e e* ’
ou sin v Jdu Cos U ou cos v du sin v
rﬂe = 4 = ] = ’ - - 4
ox e¥ dy e ax e* oy et
6. oz 3zx? Jz 3y?2 77 0z _ 2x—uyz

ox TR LEY —4z3+x3+y3' " ax xy—2z "
0z __ 2y—=xz 78 dz (24 yH)2-L2xz(x+y+2) 0z
% y—2 ° | ox (g2 (x+y+z—xr—y?) T 0y
(24 + 22 (x +y 4 2) 79 dz _ zsinx—cosy 0z

ey byt z—xr—yy) ax cosx-—ysinz * Oy
__ xsiny—cosz 80 dz — 2xz 0z 1424

Wt

cosx—ysinz ox | 4+ x2 —4yz8 'y 1 x2—4y2® °
— —_— — 2 d
81. 0z — xb + ye dy _ Tz —xa 82. dz 24— 12yx Y

fomnad prnay

ox zo—ay ' dx 2b —ay dx 2y—3y | dx
_ 3—6xx? 33 dy  xy-—~2>—yz+4x? dz  yr—xty?—axz

—

2y —3y dx Z—xy —y*+xz  dx 2 —xy—y*txz
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84 dy = —x%sinz-+ 2¥sinx’ dz  —x%sinx-+ x?siny 85 dy
dx y?sinz —2¥siny ' ox yisinz—z%siny T dx
_ _—ysinxsinz4 Zcos xcos®z dz  2sin2ycos?z - sin®zsinxcosz
ysin2y -+ sinzcos x cos? z T odx y sin 2y 4+ sin zcos x cos? z i
86 dy _ ¥y y—x  dz _ l—xz  z de 1 7 g X—y +
dx x x4y dx 1 4 xz x ' dx u X xy
2-2 oy 2 __ 42 2__. 42
+- o xz 1 ___x}. 87. 0z . ur—x ’ dz _ . ur—y ,
x xz 41 Ox u?— 22 dy u* - 22
ou 22— x? ou 22— y* dz 0%u =9 u(x2 —2%)2 4
dx ur—z% ' oy W2—22 ' gy ax? (42 —z2)3
X (1? — 22)2 §- 2 (w2 — x2)? P#z  Ou —9 u(y?* — 22) (x2 —22) 4
(u?— 22)? T Oxdy Oxdy (42 —22)3
A= 2B (1P —y?) 0%z _ d%u —.9 y{u?— 22)% L 2(y*—u?)? + u(22-~y?)?
(uz—-—z‘—’):‘ ’ Ay? dy? (uz_zz)a *
88 0z _ z(e—x) dz  ~  z{u—y) du . u(z—x) du
0x x(u-—2z)" dy y(u—z) ox u(z—u)' dy
- u(z—y) %z - d%u — (—2)2 4- (u—x)% 4 (z—x)2
y({z—u)’ dx2 dx? x2 (14— 2)3
0%z _ Gl — (t—x){(u—y)+(z2—x)(z—y) 0%z u
0xdy dxdy xy (u— 2)*? Y- B W
— 2y (t—2)2+ (u—y)2+ (2 —y)? 89 ou  2xv? — (x — 2vy) (u? -+ v2)
y? (b —2)? ) dx 2x2%u — xy -+ 2042
on __:u(x—2t'y)—2xv(u2+02) dv  yv— 2xuv — 2uly (u* - v?) dv
dy 2x2y —- xy + vyt T Ox 2x2u — xy -+ Quy? Ty
w4+ 02 (2xu—y) + 2ud d d
— T y) 7000 2L = 74 o — 9/4; -
2x%u — xy 4 2vy? 0x Jy Ox
(1425 (g—a) + (x4 1) 2
— | (y—u x+u)—
— o4 74 01 P2 Ox ox_
Jdy dx (y —u)?
(=05 —Gtu (1—25)
—u)y— —(x+u ——
oz VY dy dy du —u ou
= . rne = ; =
oy (y — u)? ox x — 3u? dy
——3y2 4 ” 2 '] 2 5
=—— 9. y=],y=—-= 2=0,2"=—-" 93. ¢y =—
. — 307 Y Y 3’ 3 Y 5’
" 379 ’ 6 " 4 dz 1 — ¥ty
S . B R SV . S L RN EE 1 PR il
Y 125 5 5 dx Y Y e Ty
05. dz= —Z¥3 4 1 4, g 62606y,
x4+ 2z x+ 2z (x + 22)3
6 2 o 2 2
————-Tiﬂ—; y—-—-—-&—;dyz. 96. dz = — 4 dx—!——y——,ff—dy,
(x + 22)° (x + 22)° xy + 22 xy + 2%
d27 — 6x22%y -+ 2xzy® + 2xz% — 2z} dx® - 8xz2y? - 4x3zy - 4yt dxdy +
(xy +2%)3 (xy + 2%)?
252 L 3 3 __ 2 o 2 2
+ 6xz7y? L 2yzx? 1 2yz 2y dy‘. 97, dr— X 1 ._g_dx+y 1 .__z_dy,
(xy + 2%)® 24+1  x 2+1 oy
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oot ([l e (= e -
5 {fe ) (o) (=) oo 1 5] e 2 -

_(y__‘) (1_;)]@ |. 98 do= Y gy 4 LT gy,

xy —2° xy— 28
dzz: ~ 10x323y | 2zxy? + 3x822% 4 242 - 32842 dx? + 9 324xy—xy°—z7
(xy —2°%)° (xy — 2%
453 — b 21343 22 2 _— 3113 3 2
_2yz3 2x128 — x5y -+ 322%x% + x%y%2 dxdy + X2yt —102%y%x 4 22x%y 4-2%x
(xy — 2%)° (xy —2°)°
21,6
+3Z0E 3 42 99, dz = (vcosv — sino)dx + (cosv + vsino) dy,

+

(xy—z3)3

d2z = 2 sinfodx® — 2 2 sinvcos vdxdy +— cos®vdy®. 100. dz =

u u u

— 2uv 4+ v dx + uv — 2u dy, dz — 2uv - 2uv? —uv? + v de? +
1 4+ uv gl + w (14 uv)?
4uty — 2uv -+ 2ur® did u?v 4 2ud0 —uv 4 2u du?. 101. dz — 2

+ (1 4 uc)® ey =+ (1 + uv)3 v g 1+ u X
- —u . 2e~20 .

X [e**(1 +u+v)de+e#(v—u—1)dy], dz= YTEY fe=2v(1+

+ 3u + 3u? —2u8 —2u* —v—3dv—3uv—udv) dx* —(u? + 3u + 1) dxdy +
+ 27 (1 + 3u + 3u? — 2ud— 2u* + v + 3uv + 3uPv + uv) dy?]. 102. du =

=L dx+ 220 dy, duv= =2 dx+ 27 ° dy, — d?u = d% =
xX—y Xy y—x y—x

=?_.(.udx2_|_ 2y—vtu—x) dxdy _l._w___f_)_dyZ_ 103. _____dxz
(x—y)? (x—y)? (x —y)?

104. -—TE’S-dxﬂ +—;—dxdy-—-%dy2 105. ———dx +- dyz 106. —4dx?—

—b64dx dy —132dy?. 107. —!/Q—dxz——l/—-_dxdyﬂ]/§dy2. 108. d*u =

25 25 55
=22 dy? -—-—d d ——dz d?y = —-"= dx® +——dxdy +— dy?.
32d + x4y -+ Yy, ae 32 o 16 x y+32 y

109. d2u=[—6—(l/3~—1)——l/3}dx2+ (V35— —‘"i(z V’g——-l))dxdy-}-

+(2n—nV3)dy?, dv= ( 57 )dxz (ﬁ+1/§)dxdy+

d F 2y F| 2x F )

f2ndy?. 110. L= — 2+f’ IO sttt NPT 2
Ox xy Fy dy xy F| 0x

_ yFii{—zF?: 0z xF;—{—zFé 112 Az 2xFI—2xFé oz
yFé—{—xFé T dy yF2’—|—xFé ' " oax zFé-—zFé © dy
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_ Yy e 0 —2F +Fo—yFy g Fi—2F, —xF
2Fy —2Fy dx xFy 4+ yFy—F; *  dy XF| -+ yF,— F,
143. x7 =0. 144. X" + x=éY. 145. x”’+x2 (x”)2_y (X')SZ:O. 146. x”+
)2+ x2=0. [147. y'=y. 148. u' —dxu+4x3=0. 149. —u’ =
=2x{u+x). 1580. {y"+y=0. 151, y" +2¢y +y=0. 152. ¢ —y" —
—y -+y=0. 153, u"—u=e¢*. 154. u'—a’u=2x. 155. u'—c*u=0,
156. u"—u" +u=0. 157. u’'ch®t=1. 158, yu" +u' =0. 1589. v +v=0.

_ YF,—uly

160, 22 9% 0. 161. -2 —0. 162. (x—p) 20 42 %
ox? dy? 0x Oy Ox 0y dy
% 0. 163 -L—0. 164 2 1. 185, 2.
0x 0x dyy Jv ou
166. 4l/ii2.+1:o. 167. 2= 12u—0. 168. (a"' )2—_(_‘3.2_)"’20.~
u dv oV & e . OJu Jv
169. 22 —0. 170. 2 —o. 171 9y 172, 2% 4 y—o.
ou du du ou
173. 22 _® oy % g 475 "% 2, 178, %% o
dy v du dv ov u du
177 2 r—w. 178. X —9n. 179, Y ¥—Z g, O _ X
ot an ox y-+z oy Y
181 =S (14 S0 ase 51, 188 T 0. 184, T2
2 dv A\ ou ou ou ov ou?
d°%z 22 0%z 0%z 0%z 1 0z 2 gz
0= 0. 185, T2 1 9% 0. 186. 12 29
- Ouv? ou? T ovs out T dv? 3 Jdu 3 ov
187. X2 L% o 188 P2 92 0z g9 92 _g.
du dvu 2 du Ju? cv? v du dv
190. 222 L% o g1 £2_, % g qep. 2 L 02
T Guev v du T e ou " Gudv v ou
193. 220, 194. &2 L %2 | o5y P 0 195. L2 _9 4 02 _q
Jv? ou? dv? ov ,Ov? v? Ou
196, -2 _ 1 (‘32 + %00 197. P2 _9 %% _g 8. 9.9
Ju? v \ du dvu ) du? au Juody”
1 0z 0z 02z’ 0%z J%z
—_— "1 =0, 199. (w402 2=0. 200. ==
+u—v(6u 60) 6u2+avz +m( o2 00 6u2+
92z 2z - 0z ‘0z 3%z 0%z 1 09z 0%
+ i 2 """20 2 l. —_——— = — 202. -—
T e, ow? e T O e o T3 dus
—0. 203. v*- 2% 9,9 _ 204, FU__! 905 FU g Fw
duv? U u Ou® ou du
9% 2 ow % Pw  w dw \2 . [dw)\2
R =2. 206. g\
dv? u-+v du + (44 v)? Ju? T dv? +( au ) +(6‘v)
—0. 207. "0 0, 908, T L @ g9 9% _g
ou? Ou Jv 4 (u—u0v)2 Jdv®
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2 2 a?.
o190, Lo | Gw O 0@ ., _ 0 211. 2% 4 w —0.
oL du? du dv oudy 4sin? (u — v)

Yxasanue. BHayane nepeBTH K MepeMeHHbIM O # Y H QYHKUHH 2 (a2, Y),

oz
a 3ateM K MepeMeHHLIM 4 ¥ v H QyHRuud w(, v). 212, r—,

or
0z dz \2 €os 2¢ gz \2 dz 92 sin2¢
. —_—— . 29 — —2 ) -
213 g 214 ( or ) 0S¥ re (6@) dr dg r
915. 2% 0z L %2 o6 2. 04 917, P4 9ps. 41/3'——
r or r? og? or? og?
g &[0 a
I 6]; (%o, yo)( 3y — (xy, yl)) ""f"( X0, yu) (xh 41)
——, 219. — a) — ,
o I/ '—( X1, yl) (_—" (%1, yl))
oF
Y (xmyo) (x1,y1)+"—"‘( O'yO)E—( 1, 1)
6) . 221, ——: 222. V3.
99 29 Vs
=Y (6x o) |+ (S )]
O e)y ¥ () Bl (o) ——Z (x (Lo}, ¥ (£o)) %, (do)
993 8-V§ ox (x(o)yy(o))yt(o)——ay( o), Y Lo t Vo

+ (5 ()2 + (v; (8))?
2 1 1 1 13
. Nl X e = ] e o 2 F =—" 997, x—
225 1/3_226 X—= Y F , X+ y+2 5 227. x

3 2
P 2—2v2 — I 3
SSNLLINR (RSPP R Il A 9 z—2 __4=0. 228, x———
2+1 y—1 73 L X+y+V2z 5 5
y+—5—
4  z—3/2 . y—1 z
— —3y—z— 2 0. {220. X = —Z,
— — X 3y —z 0. {22 1 5 X+

; , ax—by +V2cz—

—b cy
I r . r}/sq
a2 b2 cny’—ﬁ —0. 231 *— g . i—9/% _ 2y'2
,/2 4, AT —3y5 1 '
V1 0x——3V5y+z=O. 932, *t2_y—1_z=8
97 28
—1 —3 z2-—4 3 x—a
=0. 233 Y2 _ — S ,43=0. 234. T 2=
—3 1 —3/4"° S +y 4 * 23
2 .
e z2— _ e s
=“V23“z 13 ,21/3x-—2y+z-4aV3~:§‘-a:0. T/
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= y;‘* — z-(;)—Q, x+2y—13=0. 236. x+5y—2—5=0, sz _

3

! 5 1 r—o YT T

—_ y— o C— 237. X 4 ——42——‘—""‘:0 — == —_ .
5 —1 T4y 2 T 4 —4

238. 8x + 13y +52—26=0, xglzy'—lzz;l, 239. —x+432—5=0,

13
x—1 y—4 2z-—-2 x—1 y—1 z—1
- = . 240. X 2‘3:0, - == .
—1 0 3 Y 1 1 1

241. 2x +y 4 2=0, ";‘ =-”J;1 =”I“‘, 242. 12x—9y + 22 —9=0,

V22— m? 1 V' 2—m?
X —— e e Z e ———
x=3 _y—5 _z—9 59 2 YT 2
12~ —9 2 T omr—1 im? — 1 1 ’
Va—m2 V2 _—m?
V2 —_—m2\ m?2—1 1 o vV 2—m? 1
—_— . - —_, — 1 —{z— .
(* 2 )V2——m2+(y 2)(m ) ( > )/2—m2=’
V3 V3
=~ aV2 ¥T g T z— /4
=0. 244. x— 22— = = S L
y+V ; , 1 — %
x—e" v—e—1 2

245. (€+1)x'“(e+n)yT(e+1)z=0’ e+ 1 = —f1 - e+ 1 )

246. (1/3, 1/3)-—touka makcumyma, 247. (a, b)—TOUKa MaKCHMyMa;

(0, 2b), (0, 0y, (2a, 0), (2a, 2b)— cennoBbie ToukHu. 248. (1/13/?;, 1/%/5)——-
TOuKa MuHHMyMa. 249. (a, a) npu a > 0—Touka MHHEMyMa, npH @ < 0—
Touka Makcumyma; (0, O)—cennoras Touka. 250. (3, 3), (—3, —3)—

Touky MuHEMyMa, (0, 0) —cennosaa toyka. 251. (V' 2, —V 2), (—¥2,

V 2)—touku munumyma, (0, 0) —cenniosas Touka. 252. (0, 0)—censo-
Bas Touka. Ykasasue. Paccmorpets f(x, G) u f(y®, ¥) B OKpecTHOCTH
toukd (0, 0). 253. (1/2, —1)—Touka muHumyma. 254. (1, 2), (—1,
—2) —ToukH MuHuMyMa. 255. (1, 3)—rTouka mpHHMYMa; (—1, —3)—
TOYKa Makcumyma;, (3, 1), (—3, —1)—ceanoBeie TOoukM. 256. (—1,
—1, 1)—rouka munumyma. 257. (0, 0, 0) —ceanosas Touxka. 258. (2/7,
2)7, 2/7)—TOUKa MAKCHMyMa; BCE TOUKH IJIOCKOCTH X=0 H TOYKH fps-
MbIX 2==0, §+3x—2=0u y=0, 2—2z2—3x=0-—cennoenie; npu z=20,
y==0, x50 B y + 3x5=2 —mnecTporuii sKcTpemMy™m. 259. (s/6, n/6)—
TOYKa MakcHumyma. (om/6, bz/6) — cemnoBas Ttouka. 260. (0,0) —
TOYKA MMHUMYyMa; BC€ TOYKH OKPYKHOCTH x®+ y?==1-—TOUKHM HECTpOroro
Magcumyma. 262. (2, 1/2, 1) —rouka muaumyma. 263. (0, 0) —Touka Mak-
cumyma. 264. (0, 0)—ceanopas Touka; BCe TOUKH THneploJbl x2—y%=1—
TOYKH HECTPOrOro MAaKCHMyMa; BCe€ TOYKH runepGonbl gy —x%=1—TOuKK
HEeCTpororo MHHMmyMa. 265. a) CepJsiorass Touka, 6) ceAsoBasi TOUKa.
266. Touka MmakcumyMma. 267. a) Cepnoeasa Touka, 6) ceasioass TOUKa.
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268. (% aV3, —15— a), (-——é- als, —;— a) —TOUKM MaKCHMyMa OpJHHA-

THI; f\—;— aV's, ———;— a), ( -é— a3, ——éa;)——'roqxn MHHUMYMa OpaH-
natel; (a V2, 0) —rouxa makcumyma abemucen; (—a ¥'2, 0) —rouka
MumMyMa adcunces. 269, (a p/2, @ )/ 2 )—Touka MAKCAMyMA abCIHCCH;
(aV'3, ay/3)—Touka MakcaMyMa opauHate. 270. (4, 4), (4, —4)—
TOUKH MaKcHmyma asemacesl; (2 Y3, —27/27) —Touka MUHHMYMa OpAH-
gatol; (213, 2 ,4/’57)—-T0L1Ka MakcuMyMa opauHath. 271. (0, 2)-—Touka
MaKCHMYyMa OpﬂHHaTbI,M (Yo(v5—1), 1—V35), (—=V2(¥5—1),
1 —V'5 )—Touxku Mumumyma opjunatel. 272. (—1, V'3), (—I, H—V'é-)——
TOYKM MuHMMyMa a6cuuccel: (3, 3 )/ 3)-—TouKa MAaKCHMYMA OpJHHATHI

(3, —3 )/ 3)—rouka mumemyma opazHatsl; (8, 0)—Touka MaKcHMyMa
abemucest. 273. (731218, V972 V'2)—10uka MaKCHMyMa AaGCIHCCHE:
(~§/3—/2 V2, —14/2—7/2 v 2)-—TO4Ka MUHHMyMA aGCIHICHL; (;4/5-7/2 V2,
14/ 3/2 V2 ) —Touka MaKcHMyMa ODIHHATHL (—-—f/ 372 V3, —y/ 32 V2)—

TOYKA MUHHMYMA OpAMHATLI. 274.(—2—&—& + 12— Va®+ 4)_—Toqxa MAKCHMyMa;
1 1 g {
(-—n , — a—-—71a® +4)—Touka munuMyma. 275.[ —6-— ——= —6+
2’ 2 9 3y'3
2 1 2
+ -—-—-—:—)-—TOHKB MaKCHMyMa; (——6 + ——, —6 —————_—)——Toqxa M-
3V3 d 33 33

HHMyMa. 276. (__I.i 256

25 7 3125

MakcumyMa; (3, —6)—rouka munumyma. 278. (0, —2) —Touka JIOKaJb-
Horo muHHMymMma, 2(0, —2)=1, (0, 16/7) —Touka JOKaNLHOO MAaKCHMY-
ma, z(0, 16/7)= —8/7. 279. Zmax=0 mput x=y=1; 2Znin=—4 npu
Cx=1,y=9 280. zpx =4 0pH x=y=1, Zmn=—4 opu x=y= —1.

281. zhh=—V2 npu x=0, y=0; 2hn=12 nmpu x=0, y=0;

Zggx:"/l—i-]/?; npy x=1, y=1 u x=-—1, y=—1, 2 =
=——V1 +V3 nmpu x=1, y=1 B x=—1, y=—1. 282. Znin=
=—12V3 npu x=—6, y=—6V3, zux=12V3 npu x= —6,
y=6V3. 285. (4,2,—1) —TOUKA MAKCHMYMA, fmay ==12; (—4, —2, 1)—
TOYKA MHHUMYME, f[min= —10. 286. (n/3, m/6) —Touka Maxcumyma,
famax = t/3; (—n/3, —n/0) —To4Ka M HHHUMYMA, fmin= —n/3. 287. (a/2,
@/2) —TOUKA MAKCHMyMA, [max==a>/4. 288. (aﬂ/‘g, —aly’3, ——G/Vg).

379

)-—-—TO‘-IKEI makcumyma. 277. (—3, 6)—rTouka

Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/)



http://www.novapdf.com/
http://www.novapdf.com/

(—a V'3, arV3, —a/V3), (—a/V3, —ai V3, a/v3), (a/V'3, o/ V3,
a/ V3 ) —TOuKH MaKkcuMyMa, fmax=0%3V 3; (—a/V3, —a/V'3, —a/V3),
(—a/Vv3, av3, aV3), (aV3, —alV3, alV3), (a/V/3, a/V3,
—a/V/3)—1TOuKH MHHHMYMA, fmia= —a%3V3. 289. (a/V3, a/V3,
a/V/3)—TouKa MaKCHMyMa, fmax=a%/37/3. 290. (4/3, 4/3, 7/3), (4/3,
713, 4/3), (7/3, 4/3, 4/3) —TOUKH MaKCHMyMa, fmax=43ft“—7-; 2, 2, 1),
2, 1, 2), (1, 2, 2) —Touku MHHHMYMZ, fmin=4. 291. (I, 1, 1)—Touka
MaKCHMYM2, fmax=2. 292. fumax=1/27mn B TOuke (1/3, 1/V/3m,

l/?/%). 293. fam= MAT B Touke (x4, Xpy ..., X), TAE X;=ajn.
nm

Ykazanne. BocrnonbzosaTbes TeM, UTO ONpeaesHTe]b MATPHUB! KBajparHy-
Hofl hopmel d?f yrnoraersopsier cootHoweHn® A,=1+44, ;. 294. fnax=

/o —
2 2
=kV Zocg B TOUKE (X;, Xgy ..., X,), TA€ X, =0k !/ Zai'

[= i=]

n n
2 : 2
fmin:‘-——kl/ E @; B TOUKE (X;, X3, .., X,), TAL x;:haik/‘/ E“ ai.

i=l =1
295. fuin=—2 npu x=1, y=2: foux=2/27 npu x=1/3, y=2/3.
296. fmale? IpH x =0, y=1wu x=1, y=1; fmin:-—l7/4 NpH X =

=*;—, y=0. 297. fuex=8 nmpu x=2, y=0; fmin=—1/16 mpu x=

-——--;——, y=1/4. 298. funax==2/9 npu x=1, y=4/3; fmn=0 Ha Bced
rpansne. 299, foax=2" mpy x=2, y =2; fmn=—2 nmpu x=1, y=0.
300. frax=1 npy x=mn, y=0u x=0, y=mn; x=0, y=0 u x=m,
Yy==a; [fon=—1/8 mpu x=n/3, y=n/3 n x=2n/3, y=2m/3.
301, fmax=2 mpu x=2, y=0; fnin=0 Bo Bcex TOukax Xxopinl x=1
M Ha napafosie y®=x, COCTABJAIOMEN {4acTb KOHTypa OOJacTH.
302. fmeax=0a®+27 npu x=0, y=a v x=a, y=20; fuin=0 npu x=3,
y=3. 303. frnax=2a* 1pu x=a, y=a; fomn=—1 npu x=0, y=1
ux=1, y=0. 304, fomx=0a® npu x=y=2=a/V3, fuoin= —0%/2 Ha
BCell OKPYRHOCTH X2+ yf+2°=a?, x+y—+2=0. 305. foam=1+V2
npu x=1/V2, y=1VZ, z=1; fuin=—1/2 npu x=—1/2, y= —1/2,
z=1/2. 306. fmin—=0 1pn x=0, y=0: fmax=2‘/5+svf5. V54+3

’/54—“1, 307. a/5, a/5, a/5, /5, o/5. 308. & 2 ..

n

n

opp x =Y, COSX==

a a-a; .
o, —. 309, x; = —t , i=1, 2, ..., n. Ykazanue, Pac-
n {11~{—0‘.3—}~£...-{—0’.n
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cMotpets Inz. 310. a/n. 311. -i+—§—+-z——=3. 312. Ky6 co cropouoi
a ¢

2/12. 313. Ky6 co cropowoii 3 V. 314. [LIHHE CTOPOH PABHEI —g—a,

—2—1), Z.¢. 316. CropoHbl  TpeyroJibHHKa paBHBl @:-, Sy 2
3 3 4 4 2

317. Eciu B n C—Toukn nepeceueHua InpsaMoil €O CTOPOHAMH yraa, TO
| BM| = |MC}. 318. DBE —papnoGeapennsiil tpeyroasHux. 319. [lpa-

T — T

BuibEbA. 320. Touxka O poskHa ypoenetBopaAts ycaosuaMm AOB = BOC =

=AOC=-?3£E—. 321. Lientp Tsaxectu TpeyroipHHKa. 322. |00,| =

ahy — asb apby — ayd
— 12 i} , |002|: 1 1

. 323. Ksagparel paguyca oOCHOBE-

by + b, a; + s
HMf, BBICOTHl M oOpasyrolledi KCHyca OTHccATes, kKak 1:2:3. 324,
Boucannniii B okpyxHocTh. 325, AC — gpumamerp, Toukd B u D

pacnosioxk€Hsl HA  OKDYKHOCTH HO pasHble CTOpOHB  JHAMETpa
CAB=CAD :-;-oc. 327. pV5. 328. V—G_:Vl—_i V6 — V12,
329, (a—aq) L+ (b—n) M-+ (e—e) N

V0IE MF 4 NE ’
Sr‘; mixg :’;‘yimi
=l

—ln, N=Im—ml. 330. x=-"—— y=-""—,
X
i=1

L=mn;—nm,, M=nl,—

n L]
R

im=]

Faapa IV
TEOPETHYECKHE 3AJAYHU

§ 1. TIEPBOOBPA3HAS
H ONPEJNEJEHHBIA HHTEFPAJ PHMAHA

1. ITpuBecty npuMep GyHKuHH, onpeneseqHol Ha [a, b], HenpepHB-
A0R Ha (a, b), HO He HHTerpupyemoin no Pumany ua {a, b].

2. [Ipusectn nmpumep nuddepeHunupyemoit Ha Bceli npsmoli (QyHK-
IHH, NDOHM3BOJAHAA KOTOPOHl He HHTerpupyema mo Pumany [—1, 1]

3. Ipusectn npumep ¢QyHkuuu, unTerpupyeMoit mno PHMaHy Ha
[—1, 1], HO He nMelOIIelt HA 3TOM OTPe3Ke NePBOOBPa3HOL.
4. Jlokasate, yto $yHkuHs Pumana
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, X— praLHOHaJIbHOE,

—_— x-‘—__.

E
R(x)‘:—in’ n’
l

m
4yHCJA0, — -—HecoxpaTHMas Apolb
1

rae m—uenoe, m =0, n—HaTypaibHOe

p
unTterpupyema Ha [0, 1] u Hafith F(a, ﬁ):XR(x) dx, (o, By = [0, 1].

04

5. @®ynknua Hupuxne

1, x—panucHaJLHOR,

D=1,

, X — UppaiHOHa/IbHOE

orsarvaercd oT GYHKnHH PumMaHa TOJNBKO B PANUHOHANbHBIX TOYKax.
Dynxknua dupuxjie He unterpupyema no Pumany (mouemy?) Ha {0, 1].
Takim o6pa3om, H3MeHeHHe (DYHKIIMH HAa CUYCTHOM MHOMKECTBE TOYEK
MOXeT BhIBECTH €€ M3 Kjacca HHTerpHpyeMunx ¢yHkuHii. [Jokasars,
YTO U3MeHeHHe UHTErpupyeMofi PyHKUHH Ha KOHEYHOM MHOXKECTBE TO-
YCK HE HapyHlaeT HHTCTPHPYCMOCTH (DYHKIMH H HE H3MeHseT BeJIHYH-
HBl HHTErpaJaa.

6. [IpusecTy npuMep HeuHTerpupyemoit mo Pumany Ha [0, 1]
<$yHKIHH, KBAAPAT KOTOPO# ecTh HHTerpupyemas mo Pumany na [0, 1]
GYyHKIIUSA.

1 7. ®yukuusa f(x) wuuterppyema mno Pumany Ha [0, 1] w#

‘ f(xydx >0, IloxasaTk, uTo cyulecrByer orpesok [a, Bl[0, 1] Ta-

KOH yto f{x)>0 nasa awboro x<=[a, p].
8. IlokasaTh, uTo 1) orpaHquHHoﬁ ¥ monoTonHoft Ha [0, 1]
q)yHmmn [ cymecrsyer nocrosuHas C Takas, uTo Ajas jamboro neN,

froat Bt

k=1

9. Oyuknusa f umeer uHa [0, 1] orpasHuuennywo npoussoanymw. [o-

Ka34Tb, YTO CyllecTByeT mocTosHHag C Takad, uTo AJas JIO60Oro ne&
eN

froa—t i)

h=1

10. Ilycty dyuxknusa f HenpepbiBHA Ha (@, b] u mast n06BIX X H X3
H3 [a, b] cnpaBesiuBO HepaBEHCTBO

f( %-_{2",) < ACZY Jgf (1) (cBOACTBO BbIMYKJICCTH).
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Jokaszatnw, uTo TOrja

b
a+tb fla) +7(0)
) b= < [0 dv<HETE0 ().

11. Ilycte byHKUMH f H g HeNpepbiBHbI M MOHOTOHHG BO3pacTaioT
Ha [0, 1]. IlokasaTp, 4TO

1 1

1
(F0gwde> [f0dx| g dr

0 0 0

12. Moaynem HenpepbiBHOCTH GYHKUHU f Ha ortpeske [a, b] Haabl-
BaeTcd (pyHKUHA

w (8) =sup|f(xy) —f (x5)].
Xyy Xy | Xy—%,) <L 0, %, X, [a, b].

Hokasars, uto ang pasbuenusa 7T, orpesxa [a, b] ¢ napamerpom &
CripaBeJJIHBA OlEHKA

S(f, Ts}—s(f, Ts) < (b—a)w(§).

13. ®yukuusa f uHTerpupyema nmo Pumany na [a, b]. Ilokasars, uto
CYLIECTBYyeT mOC/Aef0oBaTeNbHOCTh HenpepuiBHBIX Ha [a, b] dyHkuuh
Qn TaKHX, 4TO

b
{17 0)— @ (91dx—0, n-> .

14. loxasaTe, uTo HHTerpupyemas no Pumany na [a, b] dyuxuus
f o6aagaer CBOHCTBOM HHTErpaJbHON HENpPepHBHOCTH, T. €. AJd J1060-
ro orpeska [a, fl=(a, b)

B
lim [{ (x + ) —F () | d =0,

15. TlpuBecTn npuMep HenpepbiBHOH Ha [a, b] U He paBHO# ToxKze-
b

CTBEHHO HYJIO QYHKUUH f, 415 KOTOPOH, j f(x)dx=0.
a
16. NoxasaTtb, 4TO ecay HenpephiBiag Ha [a, b] dyukuua | He
paBHA TOXJAECTBEHHO HYyJAlo, TO HaHaercs orpesok [a, Blc[a, b] Ta-
B

KOH, 4TO gf(x) dx==0 (cp. ¢ sagauelt Ne 4).
&
17. ,Zlobxasarb, 4YTO JJd HenpepuiBHOA Ha [a, b] ¢yHkuuH f H3 pa-

BEHCTBA ‘,P (x)dx=0 cnexyer, uTo f e€CcThb TOMK/JIECTBEHHBI HYyJb Ha

[a, b]. ’
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18. ®yHKuuH §f U g UHTerpHpyeMu no Pumany Ha [a, b]. lokasaTte
HePaBEeHCTBO

b b b

[(tmema<(rde{gwan

a a
19. ®yukuun f B g HenpephiBHH Ha [a, b]. Haiitn HeoGxonumoe H
JOCTAaTOUHOE YCJOBHE CIPaBelJHBOCTH pPaBEHCTBA
b

b b
(e g@ae] =7 de-§ g2 (9 ax

a

20. JTokasaTh, uTO AJdd HeMpeprHBHOA Ha BCeAl YHCOBOH NPAMON

$yHKuun f, mepHoxHdeckoil ¢ nmeproaom T, H moforc udcaa a cmopa-
BEAJIHBO PABEHCTBO

atT T

{ Fo) dx=§ F (x) dx.

21. @yuKuuA f HenpephBHA Ha BCefl YHCJIOBOR MPAMOH, H IS JIIO-
0oro uncaa a cnpaBenJIHBO paBeHCTBO

alT T

[t de={f@ar.

JlokasaTs, uTo f — nMepHOAHYECKass QYHKIHA.

22. Odyuxkuus f onpejeseHa Ha BCeH YHCJOBOH NPAMOH, HEHPEPHB-
Ha ¥ nepuHoaHueckas ¢ nepuoaom 7. Hailith HeoOxoaumoe H ROCTATOY-
Hoe yCJIOBHE JIST TOro, 4YToOH GYHKIHSA

F(x)=\f(tat

0

6bl1a mepHONHYECKOH ¢ nepuoaoM T.

23. OdyHkuus { HempepuBHa Ha [—/, {]. JlokasaTb, uTo ecaH f uyerT-
Hasd, TO

__fzf(x)dx=2§f(x) dx,

a ecayd [ HeueTHasd, TO
{

Sf(x)dxzo.

g

24. IloxasaTh, uTo Jawbaa nepBoobpa3nas Hed4eTHOH (YHKUHH SB-
adeTca QyHKUUeH uyeTHOH, a cpeau nepBooOpa3HHIX 4YeTHOH (QYHKIHH
€CTb, H IPHTOM TOJIBKO OHA, HedeTHas (QYHKIUHA.
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25. JlokasaTb, 4To AJi8 HenpepuBHo#l Ha {—I1, 1] dyHKuHH cnpasej-
JIMBO PaBeHCTBO:

n /2 /2 /2

Jaf(sinx) dx =2 \ f(sinx)dx =2 s f (cos x) dx = S‘ f (cos x) dx.

0 0 0 —17/2

26. ®yuknua ¢ nenpepwsHa Ha {0, [, 0 Aas Bcex x[0, [] umeem
@ (l—x)=¢(x). ®Pyuruus f HenpepwiBHa Ha ortpe3ke ¢ ([0, ).
JoxasaTh, 4TO:

{

l/’.2
a) | fle(x)dr=2 | f(e(x))dx;

{ !
6) {xf @t dv=—-(r @) dx
0 0

27. QyHKuHA

g (x)=— — 20 (x* — 324% 4 12x2 + 8x — 64)
’ 1618 — 32x5 - 169x% — 1056x3 - 6784x% — 512x + 256

BCIONY, KpoMe TOYKH x==1, paBHa --f’(i—, 1
142 (x)
. x (80 — bx)
= et

Hafitu:

0 4

a) §gds 6) [gxax.
0

—4

28. Ilyctb

{ x , 0<Cx<<1/2;
F¥ =D, 112<x<1.

yKa.’:!aTb, KakKoe H3 CJaenyrinnx COOTHOHIEHHH HEBEPHO H IIOYEMY!
1/2 :rt,"6

a) S f(x) dx=j f (sinf) cos t dt;

0

<

%14
1/2 6

6) | fide= { f(sintycostdt.
0

0

29, IIpusectd npumep HenpephiBHEX Ha [0, 1] dyukuuit f u g Ta-

KHX, uTo g MoHoToHHa Ha [0, 1], g[0, 1]=[0, 1] u dyukuusa f(g(x)) X
X g’(x) ne unterpupyema no Pumany na {0, 1

14 H. A. BuHorpazosa 385
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30. Haptu:

b b
a) -—d—s’e"'x’dx; 6) —d—ge"x’dx;
da dx
p b p b2 d cos a
_ X% dx; — \ In (14 x?) dx; — %) dx.
B) o Se— X r) P S n (14 x%) dx; n) daS In(1+x*)dx
31. Ilyctp
sinx
, x50,
o
0 , x=0.

Hokasatb, uto [ uuTerpHpyeMa Ha [—1, 1] u F(x)= S fdt oug-
=1

depennupyema Ha (—1, 1). Hadta F’ (0).
32. Ilycte uuterpupyemas Ha {a, b] pyHKUHS f UMeeT B TOuKe xp=
X

& (a, b) HeycTpaHHUMBIH pa3phlB NEPBOro poaa u F (x) = Sf(t) dt.

Ilokasatb, uto F He aBngeTca auddepenuupyeMoll B TOUKe Xo.
33. Ilyctp

sin—l—, x7=0;
gx) = Ox

, Xx=0.
Hoxkasats, 9To cylecTByeT noctosinHasa C Takas, 4To

Jewal<ee, 1<,
0

34. Tlpusectu npuMep QYHKUUH, UMeloUle HEeyCTPAHUMBIA PaspHB
B Touke x=0, HHTerpupyemoii no Pumany Ha [—1, 1], Takoi1, uto
X

byukuua F(x)= ‘ f(2) dt aapdepeHuHpyeMa BO BceX TOYKaxX HH-
=1

TepBaaa (—1, 1).
35. Q®yHKNHSA f HenpepblBHA W HeoTpumarenpHa Ha [0, +oo) #

Sf(t) di=0  ana mo6Goro x>0. JlokaszaTs, 4T0 PYHKOUSA
0 .

e

\ 1y ae
¢ (x) = ——er

X

g f(2) dt

0
Bo3pacraeT Ha (0, +o00).
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36. [lokasaTts, uto aas Jioboro T>n/2 clpaBelJ HBO HEpPaBEHCTBO
T

S‘ cos x dx<0.

X
/2

37. ®yuruusa f HenpepbiBHa Ha [0, +oo) w lim f(x)=A. Hafitu

X~+-400

lim —- { f(f) dt.

X—++too X

38. @yHkuusa [ HenmpephHBHA M HEOTpHIATENbHA Ha [a, b].
Ilogazare, 4TO

b

lim | 2 (ydx]"™ =,

R+t
rue
M= max f(x),
x€[a,b]

39. JokasaTth, uTO
/2

lim S cos®x dx =0.
n—->x —m/2
T

40. CpaBHuTbh yHCJIA S' esirx dy u 3n/2.

0
41. Ha otpeske [~n/2, n/2] HeT TouRK E Tako#, 4To

/2 /2
5 xsinxdx=E S sinxdx,
—11/2 —1/2
/2 /2
TaK Kak S sinxdx=0, a 5 x sin x dx 0 (nposeputb). Kaxoe ycjioBue
—n/2 —n/2
TeOpeMbl 0 CpeaHeM HapylleHo?
42, Ilyctp

g (x)=signx+ —;——

Ha otpeske [—3, 1] Her Toukn § Takoi, uTo
i
) g dx=g(® (1 —(—3)),

—3
1

TaK Kax Y g (x)dx=0, a dynxnua g(x) He NpHHUMaeT HYJEBOro 3Haye-
=3
Husi, Kakoe yc/ioBHe TeopeMbl O CpeHeM HApyUIeHO?
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43. ©yuxuna [ uHTerpupyema no Pumany Ha [a, b]. loxasarb pa-
BEHCTBO

b—e,

Sf (x)dx= lim ( lim S f(x)dx),

“"’O"'*" G—>0+ a*qa

44, Oynxnua g HeoTpHunaresbHa Ha @, b] U wHTerpupyema no PH-
many Ha [a, b], dyuruus f HenpepniBHa Ha (@, b) H mpousBeneHue fg
MHTETPHPyeMO no Pumany Ha [a, b). JlokasaTb, 4TO B 3THX YCJOBHAX
cHpaBeJ/uBa Teopea o CpenHeM, 'g e. HafifeTcs Takas TOUkKa Ee&

(g, b), 90 §f)g®de=fE | g adr.

a a
45. JloxasaTb, 4TO

2n

S sin x dx > 0.
0

46. [lycte ¢ — MOHOTOHHO BO3pacTailuas, HenpepoBHO audbde-
peHnupyeMag Ha [0, +o0o) ¢yuruus, orobpaxawmas {0, +o0) B {a, b).
IlokazaTe, uTo anas Jnwobof HenpepuBHOH Ha {a, b} QYHKUHH f Hmeem

T

Yf(x) de=lim | f@(®)e () dL.

T mo

47. ®yukuus [ HenpepwmBHo auddepenuupyema una {0, 1} Loxka-
3aTh, YTO

1 3

f1f w1 dx< max{ {1 @1dn, | {1 ae]}

0
48. dynxkuus f HenpepuBHOo aud¢epennspyema ua [0, 1] u f(1)~
—f(0)=1. [loxasaTe, uTo
1

b{ [F (] de> 1.

49. Hafith puddepenurpyemyo Ha [0, +00) HEOTPHULATEJLHYIG
¢yHKUHMIO f TakKylo, YTO NPH 3aMeHe He32BUCHMOrO IlepeMeHHOro X==
X

=x(E), rae §='_ff(t) df, -oHa mepexoauT B GyHKIHIO e~*.
0

50. ®@yukuua f onpeneserna Ha [0, 1] u y6uiBaeT Ha HeM. [Jokasars,
uTo As4 Atboro a= (0, 1) umeem

éf f () dx > uﬁ( f (x) dx.
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