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I'maBa 1

JInpepennmaino cMsaTane Ha
PYHKIINU HA HAKOJIKO
IIPOMEHJINBU

1.1 Pa3cTrogHme, HOpMa 1 CKaJapHO ITPOu3Be-
neHnue B R"

Hedunnnnsa Ha KpaiiHOMEpPHO mpocTpaHcTBO. B Hacrosmara riasa
Ie ce 3aHIMaBaMe C'bC CBOMCTBATa Ha (DYHKIMHUTE HA HAKOJIKO IIPOMEHIUBH.
[Ipesu j1a 3anouynem obave TAXHOTO M3ydaBaHe, TpsOBa Jjia 0ObpHEM BHU-
MaHWe Ha MHOYKEeCTBaTa, BbPXy KOHTO Te ca maedunupanu. Koraro mmame
dbyHKIWMS Ha €HO TpOoMeHIHBO f(T), Ta e onpe/e/ieHa 3a T TPUHAJJIeKA-
[0 HA HIKAKBO MOJMHOKECTBO (OBMKHOBEHO MHTEPBAJI) HA peajHaTa MpaBa
R. Ilpu dbyuxmnusg na ase npomenmsu f(z,y) cTodHOCTTa HA (DYHKIHITA
3aBUCH OT YUC/JOBUTE CTOMHOCTH HA JBETE NMPOMEHJIMBUA X U Y, IPU TOBA
B3€TH B ONPEEJIeH PeJl - SICHO €, 9e aKO PA3MEHUM TEeXHHUTE MECTa, MOJIyIa-
BaMe Jpyra croiinocT Ha dyHKIusaTa. Taka, MoxkeM jna KaxkeM, de f(z,y) e
JnedbuHupana BbpXy HAKAKBO MHOYKECTBO, ChCTOAIINO C€ OT Hapedenu d60T-
KU peasnt wucae. Anamoruduo GyHkuusTa Ha TpU npomenausu f(z,y, 2)
e neduHUpaHA BbHPXY MHOXKECTBO OT HapedeHu mpotiku DeasHl “UCAG, T
T.H. 'ToBa HU JI0BeXKa 70 cjejHaTa JedUHHUIU, UI'PAeIa OCHOBHA POJIS B
MO-HATATHITHATE HU PA3CHIKICHUS:
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Hedbunumnusa. [lod n-mepro eskiudoso npocmparcmeo R™ we pas-

bupame MHOHCECMBOMO 0M 6cuyKU Hapedenu n-mopku P = (1,29, ..., x,)
oM peannt wucaa. ducasama Ty, To, . . ., T, WE HEGPULAME CBOMBEMHO NBPEA,
8Mopa, ..., Nn-ma xKoopdurnama Ha mowkama P.

[pocrpancrsoro R?* or seuukn napejenn apoiiku (x,y) ce Hapuua
pasanna. [Ipu n = 3 moaydaBaMe TPHMEPHOTO IPOcTpancTBo R? Ha Bemuakm
HapejeHn Tpoiiku (x,y, z).

IITe orbene:kum, ue B MuHeiHaTa aaredpa npocrpancrsata R” ce m3y-
9aBaT OT MaJKO IIO-pa3/IMIHa I[JIeJHAa TOYKA: B TIX Ce BbBEXKIAT T.HAP.
JUHEHN, UM BEeKTOPHHU OIlepaIliy - ¢hbOMpaHe HA JBa €JIeMeHTa, U IIPOU3-
BeJIeHUe Ha TaJeH eJIeMEeHT ¢ peaTHo Jucio. [lonsgkora u Hue 11e n3noI3BamMe
Te3n olepaluun; B TaK'bB Cﬂyqaﬁ, 3a Ja IIoJ49epTacM HaJIUIUETO Ha TaKHUBa
omeparyy, 1e HapudaMme ejeMeHTuTe Ha R" BEKTOPH, U Ie W3MOI3BaMe 34
TSIX O3HAYEHHS OT BUJA X, Y U T.H.

Pazcrogume m wHopma B R". Tlo-mararhk OCHOBHA POJIsT 33 HAC
e Urpae MOHITHETO eskAudoso pascmoanue mescdy dee mowku 6 R
Bopxy mpaara R, pascTosgHmeTo MeKIy TOYKHTE ¢ KOODIUHATH T H Y €
p(z,y) = |r — y|. Pascrosinnero mMexiy jiBe TOUKU B PABHUHATA UK B TPH-
MEPHOTO TPOCTPAHCTBO MOZKE 73 C€ HaMEepH IO eJeMeHTapHO-TreOMeTPHIeH
bT ¢ omornTa Ha [Iutaroposara Teopema.

Heka P, = (x1,y1), Po = (22, y2). ToraBa 1. Hap. €BKJINI0BO PA3CTOSTHUS

i}

Mexky Toukute P u P, ce maBa ¢ bopmysiaTa

p (P, P) = \/(351 — 5172)2 + (y1 — yz)z-

Ananornyna e ¢dopmynaara B R3: ako P, = (x1,1,21) u Py =
(72,92, 22), TO

p (P, P) = \/(561 —22)2 + (g1 — )" + (21 — )%

Ilo c¢buus HaYMH ce BBbBEXKIA PA3CTOAHHETO M BbB BCIKO OT IIPOC-
tpaucrBata R" 3a mpomssosnno ectectBeno n. Heka P = (x1,%a,...,%,),
Q = (y1,%2,- - -,Yn) ca Touku or R". ToraBa pascrosHUETO MEXKIY TOUYKUTE
P u () ce nasa ¢ dpopmyara
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ITo — HaTaTbK HEE Ie U30A3BaMe He TOJKOBa JeUHHUINATA HA TOBA
pa3CcTodHME, KOJKOTO HETOBUTE OCHOBHU CBOMCTRA.

CpoiicTBa Ha Pa3CTOAHUETO:

1/ p(P,Q) > 0 3a Bcexu ase Toukn P, Q € R?*; p(P,Q) = 0 Torasa u
camo Torasa, kKoraro P = ().

2/ Bunaru p(P,Q) = p(Q, P).

3/ (HepaBeHCTBO HA TPUBI'bJIHHUKA): 3a Beekn Tpu Toukn P, @, R € R
nMame

2

p(P,R) < p(P,Q) + p(Q, R).

Hoxazarencrso. CpoiicrBara 1/ u 2/ ca ouepuguu. CpoiictoTo 3/
JIECHO C€ MHTEepPIpeTrupa TeOMeTPUYIeCKH: aKOo pasryefamMe TPUbI'bJIHUKA C
BbpxoBe B ToukuTe P, () m R, TO cymMara OT IbJKHHAUTE HA crpaHuTe P()
u QR ne HagMuHaBa IbJIKUHATA Ha crpanara PR. To3u dakr ce moka3Ba
B eJIeMeHTapHATa FeoOMeTpUsT; pa3dupa ce, HHTEPECHO € U HEeroBOTO aHaJIHU-
THYHO J0KA3aTeJCTBO — BUXK TBbpaenune 1 n 3amada 1.

Hopma B R%. Jla pasmiesame cera R? KaTo BeKTOPHO TTPOCTPAHCTRO
W J1a BbBeAeM IOHATHETO eBKJMIOBA HOPMa Ha BeKTOp orT R?: ako P ==

(z,y), To
7] = oo

Taka BbBeJeHaTa HOPpMa IIPpUTEKaBa CBOIU/ICTBa, AHAJIOTUYHU Ha T'OpHUTE.

CpoiicTBa Ha HOpMAaTa:

1/ HﬁH > 0; ‘ﬁH = 0 Torasa u camo Torasa, Korato P = 0.

2/ H)\ ]3H = |} Hf’H 3a Becekn A € Ru P € R%

3’/ (HepaBeHCTBO HA TPUBI'BIHUKA) 34 BCEKH J[BA BEKTOPA P, QeR"
nave || P+ G| < |[P]| +[|Q]]

—

o chbims naunn, ako 3a sektop P = (1,y, 2) B R® oznaunm HPH =

V2?2 + y? + 2%, TO ¥ TYK MOPHUTE TPHU YCJOBUSI Ca M3M'bJIHEHN.
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Hopwmara u pascrosgnuero ca odeBuano cebp3anm: umame p(P, Q) =

|Pa| = )

, Kbjiero ¢ P u () o3HauaBaMe panyc-BeKTOPUTE HA
roukute P u Q).

Tebpaenne 1. Hexa seue cme doxasanu, we nopmama ||Z|| 6 R? ydos-
aemeopasa yeaosuama 1'/ - 3' /. Toeasa nopodenomo om mesa pazcmosrue
p(P,Q) = HP — QH ydosaemsopasa yeaosuama 1/ - 3/.

Hawucruna, 1 / BeHara ciaeasa or 1'/. Yeaosuero 2/ ce moaydasa or
2'/ ipn ¥ = P —Q u A = —1. Hakpast, usnonssaiiku 3/, umame

|P - A|=[|(P- Q) + (@~ B

T.€. YCJIOBHETO 3/. |
BbBejienara 110-rope HOpMa € TICHO CBbP3aHa ¢'bC CKAJAPHOTO IIPO-
n3pesenme B R?, cvors. R”.

Ckasmapno npou3Beaenmne. Heka H e jimneitno mpocrpancTso. Kas-
BaMe, ue B H e nmeduHHpaHO Ccka.sapHOo npoussederue, aKO HA BCEKH JIBa,
BeKTOpa T, € H € ChIIOCTABEHO PEATHOTO YUCIO (T, §), YIOBJIETBOPSABAIIO
JOJIHUTE CBOMCTBA.
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CsoiicTBa Ha CKaJIapDHOTO IIPOU3BEJICHUE:

1" (auueitnoct): 3a Beeku Ty, To, T,y € H u ancao A € R umame

(T1 + Zo,9) = (T1,9) + (T2, ) , (AT, ) = M (T, 7).

2" (cumerpuunocr): 3a Beeku T,y € H umame

3" (mosoxKuTETHA ONPEIeJeHOCT): 3a BCEKH HeHy.ies BeKTop & € H
uMame

(#,2) > 0.

B mpocrpancreoro R" cTan apTHOTO CKaIapHO NPOU3BEIEHIE Ce 1aBa
¢ bopmystara:

<ﬁ7 Cj> = zn:xlyla
=1

—

Kbae1o P = (z1,...,2,), @ = (Y1, -, Yn)-
JlecHo ce BHZKZA, Ye TO YAOBJIETBODPSBA TOPHUTE CBOHCTBA (IOKazKe-

rel).

Ckanapuo npouspenenne B R Moxke 11a ce U3pa3u U reOMeTPHIECKH:

(B.@) = IPIlQllcos 2 (P.G).

K'bJETO / (P, Q) 03Ha4YaBa bI'bjIa MeXK 1y BekTopuTe P u ().

Moxke na ce mokaxke, 4e JBeTe oIpeJllesieHHs CbBIAJAT — BUK 3311, 4.

[Ie uzs102kUM HAKPATKO OllEe HAKOM CBOMCTBA HA CKAJIAPHOTO IIPOU3-
Bejenue, ciaeasaiy or akcuomure 17 -37:

Tebpaenue 2.(Hepaserncmeo na Kowu-Ilsapy-Bynakoscru): 3a
scexu dsa sexmopa T,y € H e 6 cuaa nepasencmseomo

(@, 9)| < (T, T) (G, 9)-

Pasencmeomo ce docmuea camo 6 cayuas, Koeamo eexkmopume T U
Ca KOAUHEAPHU.
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HokazareacTBo. /la pasriejgame KBaJpaTHus TPUIIEH
p(t) = (T + tif, T+ t) = At*> + 2Bt + C,

kbiero A = (4,y), B = (Z,y), C = (&,Z). Or croiicto 3" ce Buxa, e
p(t) > 0 3a Benuku crofinoctu nHa t. CiaemoBarenno p(t) me Moxe Ja mMa
JIBa PA3/IMYHK PEaJHU KOPEHA - HHAYe B MHTEPBAJa MEXKJy TAX HEIOBHTE
3HaveHus Ouxa Ouau orpunaresnn. OTTYK ce BHXK/IA, Y€ HeroBaTa JUCKPH-
vuranta D = 4 (B? — AC) e mo-maika win pasHa Ha Hy/1a, T.e. B> < AC.

OcraBa Ja u3caeaBaMe Kora ce JOCTHra PaBeHCTBOTO. B Takbe corydaii
JUCKpUMHUHaHTaTa [ e paBHA HA Hy/Ia, KOETO O3HavaBa, e p(t) uma TOIHO
eJIMH peasieH KOPeH - J1a TO 03Ha4dnM ¢ ty. Vmame

p(to) = (@ + toy, & + toy) =0,

OTK'BJIETO TTaK 10 cBoiicTBo 3" mosyuaBame T+ toy = 0, win, ¢ APYyrE JLyMH,
T = —tyy. [ |

Hedbunnnua (HopMa, mopomeHa OT CKAaJApPHOTO IPOU3BEjIE-
uue). Hopma na eexmopa T € H we napuuame wucaomo

|1Z]] = (7, 2).

B wacrroct, B npocrpanctBara R" mosiyuaBame HMEHHO BbBEIEHATA,
no-rope HopMma: ako P = (x1,...,%,), TO

Teoupaenune 3. Hopmama, nopodera om ckasapHomo npoussederue,
ydosaemsopasa ycaoguama 1’/ —3' /.

HoxkazareactBo. CpoiictBara 1’ u 2' ca ouepuanu. Csoiicroro 3’
(HepaBEHCTBOTO Ha TPUbBI'bJIHUKA) CJIeJBa OT HEPABEHCTBOTO Ha Kormm—
[MTBapi— ByusikoBcku:

1Z+ 3] = (F+ 7,8+ 9) = (Z.2) +2(Z, ) + 7. 7) =

2 - 2 2 2 2
= [[]|” + 2@, g) + [[yl[” < [l|[” + 2{[=[[ {ly[| + [ly[I” = (ll][ + [ly[])" =
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C ToBa Beue moxazaxme, ue Hopmara B R" ylI0BIeTBOPsABA CBOMCTBATA
1"/ -3/, u cienosaresiso ciope] TBbpeHEe 1 pA3CTOSHIETO Y/I0BIETBODSIBA
csoiictBaTa 1/ - 3/.

YopakHeHud

1. Heka H e mpocTpaHCTBO CbhC CKaJapHO IpousBejenue, u ||T]| e
HopMmaTa B H, mopojeHa oT Hero. /lokaxkere, 4e e B CHJIa TeopeMaTa Ha
[Turarop: 3a Becekn T,y € R", Takua ve (7, y) = 0, umame

- 12 =112 12
17+ 11" = 12" + g

. o o2 N
VYowrBane. Usnosssaiire, ue ||Z 4 ¢||” = (¥ + ¢, Z + ¥), u upusioxe-
Te ¢BoiicTBO 1/ (MMHEHHOCTTA) Ha CKAJAPHOTO IPOU3BeAeHNe. AHATIOIHIHO
ce pelaBaT U CJICJABAIINTE JIBE 3aaH.

2. JlokazkeTre, e 3a BCAKA HOPMa, OMPEIeIeHA OT CKATAPHO MPOU3BE-
JIEHUe, € B CHJIa PABEHCTBOTO HA YCIIOPEIHUKA!
112 —112 — -2 — 12
2(111* + 1711°) = 117 +1I° + |7 — 311°.
(cymaTa Ha KBajpaTuTe Ha CTPAHHTE HA YCIIOPETHHKA € DaBHA Ha CyMara
Ha KBaJpaTHUTE Ha HErOBHUTE ,ZLI/IaFOHa.HI/I).
3. /lokarkere, 4e 3a BCEKH JIBa BEKTOPa X, U, € B CUJIa PABEHCTBOTO
— ]' =112 —112 — — 12
(@.9) = 5 (1121 + 151" — 1|7~ 51*)

4. JlokazkeTe, 4e aHAJIUTUYHATA U TeOMETPUYIHATA JIe(DUHUATIIS HA CKa-
JapHo npousBegenue B R" ¢bBmagar.

YubrBane. /la pasriegame TPUTbIHAKA, 00pa3yBaH OT BEKTOPUTE T
U ¥, NPUJIOKEHN B €JHA W CbIIa TOYKA (BUXK UEPTEkKA); CTPAHUTE MY Ca
pasuu Ha ||Z||, ||y]| u || — ¢]|. Ilpunaraiiku kocunycoBata TeopeMa 3a TO3H
TPUBI'bJIHUK, [OJIy9aBaMe:

I — ) 12 11 (] oo
1Z = g11" = (121" + 171" = 2[1Z]| ||| cos (£ (Z, 7)) -
N3non3Baiitkm pe3yaTaTta Ha 331 3, MOJydaBaMe PaBeHCTBOTO

(7, 9) = [|Z][||7]] cos (£ (Z,9))-
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Yeprexk KbM 3a1a4a, 4

Bbnpocu 3a camompoBepka

1. [Tocouere oCHOBHHTE CBOIiCTBA:
a/ HA PA3CTOSTHUETO
6/ Ha HOpMaTa
B/ HA CKQJIAPHOTO IPOU3BEICHHE.

2. Jlokaxkere, e ako nopmara ||P|| msmbanssa csoiicrsara 1’ - 3/, To pas-
crosrnero p(P, Q) = || P — Q|| nswbinssa cpoiicrsara 1 - 3.

3. Hamummere mepaBencTBoro Ha Komm - IlIBapr - bynakoscku. /lokazke-
Te C HeroBa IIOMOII, Y€ aKO CKaJapHOTO Npoussegenue ( P, Q> U3I'bJIHABA

csoiicrBara 1” - 3", To HOpMaTa HPH = <P, P> U3I'bJIHSABA cBoiicTBaTa 1/
_ 3
4. Hamumere dhopMynnTe 3a CKaJIapHO IPOM3BEICHHE HA JIBA BEKTOPA, 34

HOpMa, (J'bJIZKMHA) Ha BEKTOD, M 33 PA3CTOSIHUE MEXKJLy JBE TOYKH B IIPOCT-
parcrsoro R>.




1.2. OTBOPEHHU MHO?KECTBA 11 CXOANMOCT HA PEJIMIIIT 11

1.2 OTBopenn u 3aTBOpeHu MHOXKecTBa. CXo-
AUMOCT Ha peJUId OT TOYKN

Kpbrosu okoJiHOCTH, OTBOPEHN U 3aTBOPEeHUu MHO>KecTBa B R". Kak-
TO 3HaeM, aHAJU3bT BbPXY peajiHaTa MpaBa ce 0a3upa HA OTBODEHUTE WH-
TepBan B R U MOHITHETO OKOJIHOCT (CHMeTpPHYHA OKOJHOCT) Ha TOYKa. 3a
Jla pa3BUEM aHAJM3a B MHOTOMEPHO MPOCTPAHCTBO, ITe TPAOBA Jla BbBeIeM
aHaJOTNYHHA O6€KTI/I B HEr'o, KaTo uMaMe IIpeaBu/j, 1€ reoMmerpudra Ha II0I-
MHOZKECTBATa Ha MHOTOMEPHOTO IPOCTPAHCTBO € MHOTO TO-CJIOYKHA OT Ta3n
Ha €JJHOMEpPHOTO.

Hanuanero wa pascrosuue B R" nu nossosssa jga gedpuHUpaMe MOHsI-
THETO KP'bI'OBa OKOJIHOCT Ha JI3JIEHA TOYKA!

ITox kpbrosa okosHOCT Ha TouKaTa Fy € R™ ¢ pammyc r pasdompame
OTBOPEH KPbI' (€BEHTYATHO K'bJGO) ¢ MeHTHP Py U pajguyc r, T.e. MHOKECT-
BOTO OT BCHMYKK TOYKH P or R", HaMupaiu ce Ha pa3cTOSHUE MO-MaIKO OT
r, oT Toukara Fp.

Kpbrosara OKOJHOCT ¢e 03HAYaBa 110 CJAeIHUA HAYHH:
B(Py,7) ={P:p(P,Fy) <r}.

B enHOMepHUS CIIy4dail, aKo g € pealdHo uucio, B(xg,r) ce ¢beron ot
BCUYKH YHCTIA T, 38 KOUTO | — xo| < 7. C Apyrm aymu, TOBa € CHMeTpHU-
HUSIT HHTEPBAI (Lo — 7', T + ') € HEHTBD To U PATHYC T

B ciyuast na R? nosyuasame Kpbr (B oOuvaiinus CMUCH/I Ha JlymMaTa)
¢ neHTbp Py u paguyc r; HauctuHa, ako Py = (2o, yo), 10 B(FPy, ) ce ¢bheron

oT oHe3u Touku P = (x,y), 3a KOUTO \/(J: —20)° + (y — y0)* < r. Io chums
Ha4yuH, B R? mosydaBamMe Kba6o ¢ HeHThp Py U pajnyc 7.

Hexka cera M e nogmuoxkecTBo Ha R". 11le pazgenum roukure or R”
Ha TPH KJACA B 3aBUCHMOCT OT MECTOIMOJIOKEHNETO UM cripsimo M.

Hedbunnmusa. Toukama P € R" ce napuua ssmpewna 3a M , axo
cowecmeysa r > 0 maxosa, we B(P,r) C M .

C Apyru aymm, TOYKaTa € BbTPEITHa 3a €IHO MHOXKECTBO, aKO Ts Ce
C'h/bPzKa B HEI'O 3a€/(HO C HAKOs CBOS KP'bl'OBA OKOJIHOCT.
MuozxecTBOTO Ha BCHYKH BbTpenrau Touku Ha M ce benexu ¢ M.
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Hedbunnmusa. Touxama P € R" ce napuua ssnwmna 3a M, axo co-
wecmesysa r > 0 maxosa, we B(P,r) N M = Q.

C apyru mymm, ToYKaTa e BbHITHA 3a M, ako T ce chbIbpzKa B J0-
I'bJIHEHUETO MY 3a€JIHO C HIKOs CBOSI KP'bI'OBA OKOJIHOCT. EKBHUBaJIEeHTHO:
TOYKATa MPUHAJIEKH Ha BhTpermHocTTa Ha R™\ M.

OCTaBaHII/ITe TOYKH II€ HapudaMe KOHTYPHH.

Hedbunnmusa. Toukama P € R" ce napuua xoumypra 3a M, axo ma
HE € HUMO 6smpewna, numo esHwma 3a M.

MHokecTBOTO OT KOHTYpPHHTE TOYKH Ce Hapuda KOHTyp Ha M u ce
Genexu ¢ b M nnu ¢ b(M).

lopuara gedpuHuIUS He € KOHCTPYKTHBHA; T10-T100pO0 ONUCAHUE Ha KOH-
Typa Ha €JIHO MHOYXKeCTBO Ce JIaBa B CJETHOTO TBbLP/IEHNE:

Teoupaenune 4. Edna mouka e xonmypra 3a M mouno mozasa, xo-
2amo 6cAKa Helna kpo2o6a okoanocm ce npecuda u ¢ M, u ¢ R"\ M.

HoxkazarencTBo. Ako Toukara P He € HUTO BbTPeITHa, HUTO BhHITHA
3a M, To 3a Besko r > 0 kpbrobara okoaHocT B(P,r) He Moxke ja ce
cbabpzxka Huto B M, Huro B R™\ M. ToBa o3nauaBa, 4e Ts 1e uMa obImu
touku u ¢ R"\M, u ¢ M.

Ob6paTHO, aKO BCsIKa KPbIoBa OKOJHOCT Ha P uma obiu Touku ¢ M
u ¢ R"\M, 10 04eBUIHO HUKOS KPbrOBa OKOJIHOCT Ha P He Moxke ja ce
cbabpxa B M wan B R"\M, 1.e. P e e Bbrpemna wim pbHIIHA 32 M. W

Cnencrue. Konwmypume na mnootcecmeomo M u na nezoeomo do-
nsanenue R"\M csenadam.

3abesaexkka. /lagenure no-rope jgedUHUIINE 3aBUCAT OT TOBA B KOE
eBKJIMJIOBO IIPOCTPAHCTBO pasriexkjaMe MHoxkecTBoTo M. Taka Hampumep
Heka [ e moamHTepBaa Ha mpaBata R. ToraBa HeropaTa BBHTIPEITHOCT B CMHU-
C'hbJ1 Ha ropHata JedHHUIUS ChBIAIA C MHOYKECTBOTO HA BBLTPEITHUTE MY
TOYKHU B OOMYAIHUS CMUCHJI, T.€. ChbBIIA/a C HHTEPBAJIA, €BEHTYaJHO C U3K-
JoYeHn Kpaiian Touku. OT apyra cTpaHa, ako pasrjieaaMe CbIIHS HHTEPBaJ
I KaTo MOAMHOZKECTBO HA OCTA & B PABHHHATA R, TO BBHTPEIIHOCTTA MY €
Mpa3Ha, U TOW Ce CbCTOU CAMO OT KOHTYDHU TOUKH (J0KaxKere!).

dAcuo e, ye ppuiHUTe 38 M TOYKM He npuHajexkar na M; caenoBa-
TEJTHO TOYKHTE, TpuHajIexkamu na M, ca BbTpennu uin KOHTypuu. ToBa
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Borpemmna (P;), soumna (FPs), kourypua (Ps) Touka 3a MHOxKecTBOTO M

gasa M C M°Ub(M). Or npyra crpana, Te3u JBe MHOXKECTBA HE Ca JJI'biK-
HHU Oda CbBIaJAaT; HAUCTHUHaA, TOYKHUTE OT KOHTYpPa Ha M MOraT U Ja HE MY
npunajezkar. OTTyK mogydaBamMe egHa KJIacuUKaIsa Ha IO IMHOKEeCTBa-
ta Ha R", KOATO Urpae OCHOBHA POJIST MO-HATATHK:

Hedbuuumusa. Fduo nodmmoosrcecmso na R" ce napuva omeopeno 6
R", axo mo ne cedspoica mouru om xoumypa cu. Ilod okoarnocm wa dadena
MouKa wie pasbupame omeopero MHONMCECNE0, KOemo A Co0BPHCA.

[Tle pasrinemaMe u ApyTUs KpaeH caydaii:
Hedbunnmus. Edno nodmmoscecmso wa R" ce napuna sameopero 6
R", ako mo cadspotca 6cunku mouku Ha KOHMYPQ CU.

ITle orGesiexkum, ve B OOIIMs Caydail eHO MHOYKECTBO MOXKe 13 Ch-
JIbp2Ka HAKOM TOYKH OT KOHTYpa, & APYTH Ja He Cbhabpxka. C Apyra ayMu,
"mopevyero" MHO2KecTBa B R" He ca HUTO OTBOpPEHHU, HUTO 3aTBOPEHH.

KakTo BHasixMe 1m0-rope, KOHTYPHUTE Ha €JHO MHOYKECTBO U HErOBOTO
nombaHenne cbhbenagar. CaegoBarenno, ako M He ¢babpzKa HUTO €IHA TOY-
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ka or bM, o R"\ M e cbabpxka Bcuuku Touku Ha bM, u obparno. Orryk
OJTy YaBaMe:

Teoupaeunue 2. Edno nodmmoscecmso na R" e omeopeno mourno mo-
easa, Koeamo nez080mo donsanenue 6 R" e sameopeno.

3abeJsiexkka. Jlecuo ce

BHKJIA, Y€ MHOKecTBOTO M°

OT BbHTPEINIHUTE TOYKH Ha

‘? M e OTBOpEHO — OYEBHIHO
‘. TOBa € HaK-TOJIAMOTO OTBO-
PEHO MHOXKECTBO, ChIbprKa-

mo ce B M. MnoxecTBoTo

M = M UbM (xoero ce Ha-

puda 3aTBOpeHa OOBHBKA HA

M) e 3aTBOpEHO, 3AI0TO JI0-

II'bJIHEHHETO MY CbBIAJa C

pbHITHOCTTa Ha M. Besko

3aTBOPEHO MHOYKECTBO, KOe-

TO cbabpka M, 11e cbabp-

OTBOPEHUAT KPbI' € OTBOPEHO MHOXKecTBO — Ka u M (nokaxere). C mpy-
rn aymu, M e Hali-MaJaKoTO

3aTBOPEHO MHOYKECTBO, ChAbpzKanio M.
ITpumep. OTBOpEHUIT KPbI' € OTBOPEHO MHOZKECTBO.

HoxkazareacrBo. Heka P e npousBojiHa TOYKa OT OTBOPEHUS KP'bI
B (Py, ) c nearnsp Py u pagmyc r. Tosa o3nadasa, e p (P, P) < r. JTa u36e-
pem € TakoBa, e 0 < & < r—p (Fy, P); me gokaxem, ue B(P,e) C B (P, r).
Haucruna, veka (Q € B(P,¢). ToraBa 10 HEPABEHCTBOTO HA TPUbI'bJIHUKA
noJiydaBaMe, e

p(Fo,Q) <p(FPo, P)+p(P,Q) <p(Fy,P)+e<r,

r.e. () upuuamiaexu va B (P, r). [ |

HO CbIIUA HaYUH C€ JOKa3Ba, 9€ 3aTBOPCHUAT KPbI, T.€. MHOZKECTBOTO
ot Touku P, 3a kouro p(Fy, P) < r, e 3arBopeHo MHO)KecTBO. Il B aBaTa
cJIydasi KOHTYDPBT HA KP'bla ChBIAJA C HEMOBATA MPAHUYHA OKP'BXKHOCT (M
cdepa,...), T.e. ¢ muoxecrBoro S (Py,r) = {P : p(Fy, P) =r}.
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CxoauMocT Ha peaurnu OT TOYKH B R”
Hedbunumuga. Kassame, we peduyama {FPy},_, o, om mouxu na R"
e cxodawa xom mowkama Py (nuwem Py — Py, uau limyg_,oo P, = Fy), ako

p(Px, Py) — 0.

[To-onpo6n0, 38 BCAKO TOJIOKATETHO € CHIIECTBYBA HOMED V/, TaKa de
3a BCAKO €CTeCTBeHo k > v ja uMame p (P, By) < €.

Kazano no apyr maunn: Begka KpbroBa OKOJTHOCT Ha TPaHHYHATA TOY-
Ka CbIbPKA BCHUKH WIEHOBE HA PEJMIATA, OCBEH KpaeH Opoii (Wiu: BCHuKu
OT U3BECTHO MSICTO HATATDK).

CxommmocrTa B R" MOXKe JIeCHO J1a ce ¢Belle KbM CXOIUMOCT Ha, YHC-

JioBu pejuiu. Hancruna, Heka Toukara Py ja e ¢ KOOpuHaTH (a:’f, - ,xfl),

1 cboTBeTHO Py - ¢ (29, ..., 29). Toraa umame
Teopema 3. Peduuyama {Pk}k:m’m KAony Kem Py mozasa u camo

mozasa, koeamo 3a 6caxo it = 1,2,...,n peduyama {x’?

(2
dunamu xaonu no k xem i-mama xoopdunama ¥ na Py.

C apyru gymu, peiunara oT NbPBATE KOOPJAHUHATU TPSOBa j1a KJIOHU
K'bM II'bPBaTa KOOpP/IMHATA HA TPAHMYHATA TOYKA, OT BTOPUTE - K'bM BTOpaTa

KOOP/JMHATA, U T.H.

} OMm 1-MUME K00P-

B papumHara, peaunara or To9Ku Py = (I, yi) KJIOHH KbM TOUKATA
Py = (x¢,yo) TO9HO TOraBa, KOraro Iy — To 4 Yr — Yo-

JToka3aTeacTBO. 3a HpocToTa me pasriegame caydas Ha R2. Heka
p (Py, Py) — 0. Torasa mmawme:

0 < |2x — o = /|wx — o> </ (wr — 20)* + (k. — 90)° = p (P, Po)

U [0 JieMarta 3a nosaunante limg o [z — 29| = 0. Tlo chmuar wauns ce
Brzka, 9e 0 < |yx — vo| < p (Py, Py) u ciegoBaTesso yy — Yo.

Ob6partHo, ako e gajaeHo, 4de |z —zg] — 0 u |yp —yo| — O,
cIe, MOBANTaHe B KBaApaT, CyMHpaHe W KOpeHyBaHe, HoJaydaBaMme, de

\/(l’k — 20)” + (yk — y0)* — 0. u

OT Teopemara BeHArA Ce BUK A, 9 cxoaumoctTa B R" e chriacyBaHa
¢ jsimHeitaure oneparuu. 1lo-Touno, nmame:
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CaencrBue. Ako P, — Py u Qr, — Qo B R", u A\, e uucsosa peauna,
KJIOHAIIA K'bM Ag, TO

Pk—i-Qk%Po—f—Qo, M P — o B

Teopema 3 HE /TaBa BB3MOKHOCT Jla IIpeHeceM ycoBueTo Ha Komm 3a
CXOJIMMOCT, jJoKa3ano B I §1.6 3a 4uc0BU peguiiy, K'bM PEeJIUIU OT TOYKH B
R".

Hedunnmusa. Kaszeame, we peduyama {Py},_, 5. OM MOYKY 1A R"
ydosaemeopasa ycaosuemo Ha Kowu, axo 3a searo € > 0 COUWECTNBYBA
YUCA0 V makosa, e npu k > v, | > v da umame p (P, P) < €.

Teopema 4. Edna peduua om mouru na R" e cxodswa mozasa u camo
Mo2a6a, K02amo YIo8AEMEBOPABA Ycaosuemo 1a Kowu.

okazarescTBo. B ejHara 1mocoka TBbDJIEHHUETO JIECHO C€ JIOKa3-
Ba HemocpejcTBeHo oT jgeduHunmsTa 3a cxoaumoct. Hexka P, — Fy. a
B3eMeM Mpown3BoaHO € > (0 m jga u3bepeM v TakoBa, 4ye npu k > v 1a
umame p (P, Py) < ¢/2. Torasa mpu k > v, [ > v nmame p (P, P) <
p(Pk,P0)+p(P0,B) < E.

3a 10Ka3aTeJacTBO Ha OOPATHOTO TBbPJEHHE Ie H3IMoJA3BaMe, e 33,
pejiy OT 4ucjia TO Bede e jokasano. Heka P, = (xp,yx) € peauna or
touku B R?, ynosnersopspamia ycaosnero Ha Komm. Torasa 3a m0cTarbano
rojiemMu k u | umame |xp — x| < p(Py, P) < &, u anagorngso |yx — y| <
p (Py, P)) < e. Taka pequnure {x;} u {yx} or Koopaunarure Ha TouKUTE P,
YIOBJIETBOPSIBAT YCJA0BHETO Ha Kommu u ciaegoBaTesHO ca cxongmu. Heka
T — To, Y — Yo. LoraBa OT Teopema 3 caeBa, de peaunara P KJI0HU
KbM TOUKaTa Py = (20, Yo)- [ |

XapakTepusanusa Ha 3aTBOPEHUTE MHOXKecTBa. Pa3riexpanero
Ha CXOIMMOCTTa II03BOJISBA J1a ce JaJle eKBABAJIeHTHA JeUHHIU HA HOHSI-
THETO 3aTBOPEHO MHOXKECTBO:

Teopema 5. Edno nodmmoscecmso F na R" e sameopeno mourno mo-
2064, K02aMO CBOBPHCA 2PAHUYUME HA SCUYKY CLOOAULU PeIUUU OM CE0U
EAEMEHMAL.

C nmpyrm aymu, ako Py e peauna ot touku Ha F' u P, — Py, o u F,
npunajexxu na F.
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Joka3zareacTBo. Heka F' e 3aTBOpeHO MOJMHOXKECTBO Ha R™ un Heka
peauniata P, kionn kbMm Fy, kKato P, € I 3a Bcsako ecrecrBeno k. Tpsiosa
J1a goKaxkeMm, de u Py € F.

Haucruna, neka gonycuem, ue Py ne npunasiexn na F. Toukara Py
MOXKe Jia O'bjie BbTpeITHa. BbHIMHA Win KoHTypHa 3a F. Ilo nedunurus
BCUYKHU BBLIPEITHN TOYKM Ha F' npunamiexkar Ha F. Tbit Karo F' e 3a1BO-
PeHo, TO CbbPKA U BCUYKH CBOM KOHTYPHH TOYKH. Taka Py MoxKe j1a Obie
caMo BbHIIHA 32 F. CremoBaTesHO MOXKeM j1a HamepuM r > ( TakoBa, 4e
B (Py,r) ue npecuua F. Or apyra crpana, 1m0 neduHANAITA 338 CXOIUMOCT
pHU JA0CTATHIHO ToJsiMo k nmame Py, € B (P, r). Tosa obade mpoTuBopedn
Ha IIPEJIIIOI0KEHHEeTO, Y€ BCHYKU TOYKHU Ha pejunara ca B F.

ObparHo, HeKA F' ChIbpZKA TPAHUIANTE HA BCUIKN CXOSII PEIUIH OT
CBOM eJIEMEHTH; Ie JIOKaxKeM, de F' chrbp:Ka KOHTypHHUTE cu Touku. Heka
Py e mpowsBosiHa TOYKa OT KOHTypa Ha F': 1e KoHCcTpywpame peauna Py
oT TOYKH Ha F. Kiaoudama KbM Fy. Hamctuna, ma pasriemamMe KpbroBeTe
B (Py,1/k) ¢ nenrvp Py u paguyc 1/k. Or rebpaenue 1 cjejpa, e BCeku
OT Te3W KPbIroBe MMa HENpPa3HO cedenue ¢ F' U claegoBaTeHO ChIECTBYBA
touka P, € F'N B(Fy,1/k). Toit karo p (P, By) < 1/k, 10 p (P, Po) —
0, m cremosarenno P, — Fy. Tbit karo Bcuukm Toukm P ca B F', To oT
[peIII0JI0KeHHeTO CaeiBa, de u Py € F, koeTo TpsbOBalie ga ce npokaxke. W

3abeaexkka. OT [J0Ka3aTeJICTBOTO Ce BHXK/A, Y€ aKO J00aBHM KbM
JIaJIeHO0 MHOYKeCcTBO N TpaHUNNATe Ha BCUYKHU CXOMSAIIN PEJUI OT HETOBH
eJeMeHTH, TIe TOJYIUM TOYHO 3aTBopeHaTa My ooBuBka M = M U bM.

Touku Ha crbcTaBane u noapeaunu. Kakro u B e JHOMEPHHS CIIy-
qaii, MOKeM JIa BbBeJeM IIOHITHETO TOYKA Ha CI'bCTIBaHe Ha JIaJeHa PeJit-
na or Touky Ha R™:

Hedbununma. Kassame, we mourama Py e mouka na cescmasane 1a
peduyama {Pr},_,, , axo 3a ecaro € > 0 xpseosama okoanocm B (Fy, )
na Py codepoica Geskpatino sminozo mowsu om peduuama.

Tosa o3magaBa, 4e BcsKa KpbroBa OKOJHOCT Ha [y ¢bIbprka TOUKH €
IPOU3BOIHO rosiemu HoMepa. CrenoBareHo ropuara JeuHUIIA MOZXKe Ja
Ce M3KarKe U 110 JPYI HAYHH:

Touxama Py e mouka wa cescmasane wa peduyama {Pk}k:m,_“, axo

3a ecaxo € > 0 u ecmecmseno n csuecmsysa HoMep m > N maxkss, e
P € B(Py,¢).
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dcno e, ge ako peaunara { P} npurexasa rpanuna Py, To Toukara
Py e n equHCTBEHA TOYKA HA CI'bCTsIBAHE HA Ta3W pejuna. B obmus ciaydaii
eJIHA peJHIla OT TOYKH MOXKe Ja MMa MHOIO TOYKH Ha crbcrgaBaHe. Taka,
B eIHOMepHHUs caydail peaumara {0,1,0,1,...,0,1,...} uma Kato TOYKH
Ha crbergaBade ToukuTe 0 v 1; Hamuirere mogo0eH TpUMEP B MHOTOMEpPHHUS
Cay4vail.

IMoapennuu. 1lle namoMHEM NOHATHETO IOAPEIUNA HA JaJICHA pe-
JMIA: aKo HU e JafeHa peaumnara {Fy},_,, or Toukn Ha R" m crporo
MOHOTOHHO pPaCTAIa cucTeMa ki < ko < .. < k; < ... OT eCTeCTBEHH YHC-
J1a, HHe MOXKe Jia cu obpasysame pejunara {Fj},_,, , KOSTO Hapudame
HOApEeINIa Ha Ja/eHaTa. -

Tebpaenne 6. Axo peduyama {Py},_,, e crodawa xsm moukama
Py, mo scakxa netina nodpeduya e crodaua Ksm cowama epaHuLa.

HoxazareacrBo. Haucruna, cjeji KaTo U3BHH BCAKA KPHIOBa OKOJI-
Hoct Ha Py or Buma B (P, e) ce Hamupar camo KpaeH Opoil dieHOBe Ha
HavYaIHATA PeIulia, TO M3BbH Hed MOXKe Ja MMa Haii-MHOro KpaeH Opoii
qJICHOBE Ha IIOJAPeUIlaTa. |

Kakto n B esmHOMepHUS ciIydail, TOHATHATA MOJPEIUIA U TOYKA HA
CI'bCTSABAHE Ca TACHO CBbLP3aHHu:

Teopema 7. Touxama Py, e mouka wa cescmasane Ha pedu,ama
{Pr}re10.. mouno moeasa, Koeamo csuecmsysa nodpeduya {sz}z=1,2,...:
KAOHAULG KoM .

HoxkazateacrBo. Axo lim;_,o, Py, = Fy, T0 BCeKH OTBOPEH KPbI' OT
Buna B (P, ) cbabpzka Ge3KpaifHo MHOTO 4I€HOBe Ha MoApeaunaTa (BCud-
KW OCBEeH KpaeH Opoil) n ciieoBaTeiHo 6e30pOifHO MHOTO YJIEHOBE Ha J1a/1e-
HaTa peIuIa.

O6patHo, HeKa Py e TouKa Ha crbersiBane Ha peaunara { Py }. Moxkem
Ja u3depem Homep ki rakbs, ye Py, € B (P, 1). [la pasriejame Kpbra
B (Py,1/2); 1bit kato cnopes JeduHANAATA HA TOYKA HA CI'bCTsIBAHE TOM
ChbPKA WICHOBE HA PEAUINATA ¢ MPOU3BOIHO TOJEMI HOMEpPa, HAE MOXKEM
Jla HAMEPUM eCTeCTBEHO K0 ko TakoBa, de ko > ki u Py, € B (P, 1/2).
[TponbazKaBailky 110 CbIIAg HAYKMH, IPU HAMEPEHHU Bede ky < kg < ... <
k;_1, uue MoxeM ga usbepeM k; Taxa, ue k; > ki u Py, € B (P, 1/1). C
TOBa noJiyunxme be3kpaitna peauna k; < ko < ... < k; < ... 0T ecreCTBeHI
anciaa takusa, de p (P, Py) < 1/1, otkbaero limy o Py, = F. [ |
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KomMmnakTHu MHO»KecTBa u TeopeMa Ha Boumamo-Baiiepmipac.

B rasu Touka 1me mokaykem Kak Teopemara Ha bosmano-Baitepiipac,
U3BECTHA B €JHOMEPHUS CJIydaii, ce mpeHacs B MHOTOMEPHOTO ITPOCTPAHCT-
BO.

Enno nogmuoxkecrso M na R" 1e Hapuyame orpaHHIeHO, aKO TUCI0-
Boro Muozkectso {p(0, P)} pey, Ha pascrognusTa Ha BCUIKM TO4YKM o1 M 10
HAYAI0TO Ha KOOPAMHATHATA CUCTEMA € orpanudeno orrope. C npyru aymu,
BCHYKH TOYKH HA MHOYKECTBOTO C€ CbIbPKAT B HAKAKDE KPbI' ¢ JI0CTATHIHO
rOJISIM PaJInyC.

JlecHo ce Buxkga, ye M e orpaHHYeHO TOYHO TOTaBa, KOraTo BCHYKH
KOODJMHATH T;, ¢ = 1,...,n HA BCUIKMU HETOBU TOYKH T = (T1,...,T,) Ca
OrPaHUYeHH 10 MOJIY/I OT HAKAKBA KOHCTAHTA.

Enna pemuna { P} me Hapudame orpaHHdYeHa, aKO MHOXKECTBOTO OT
HellHUTe TOYKH € OTPAHHYECHO.

Teopema 8. (Bosmano—Baitepimpac) Besaka oepanuuena peduya om
mouku Ha R" npumestcasa none edna mouka Ha C2BCMABGHE.

Kato ce B3eme mpen Bu; Teopema 7, ce MoJydaBa CJaeJHATA eKBUBa-
JeHTHa (POPMYIUPOBKA:

Besika, orpanuyena pejguna or Toukd Ha R ¢babprKa X0, 1MOjI-
peuna.

oxkazaresicTBo. [Ipu n = 1 TeopemaTa e go0Ka3aHa B I'bpBaTa 4acT
Ha Kypca, KaTo Ce M3I0JI3Ba I0CJIeI0BATEHO pa3ieisdHe Ha HHTepBaIa, Chb-
JI'bPZKAIl, WICHOBETe Ha peaulara, Ha JABe paBHU dacTH. ToBa joKasaTeli-
CTBO MOK€ JICCHO Ja C€ M3BbLPIIM B MHOI'OMEPHOTO HPOCTPAHCTBO, HO IO-
KPATKHAT HAYMH € Ja M3I0J3BaMe eJIHOMEDHHs Caydail 3a JOKA3aTeJICTBO
Ha MHOT'OMEDHMHA.

Ba ynobcrBo 1me Jokaxkem caydas n = 2. Heka Py = (xp,yx) e
OrpaHMYeHa PeIUIla OT TOYKHM Ha paBHUHATA. LoraBa CbIIECTBYBa KOH-
cranta C rakaBa, 4e |zg|,|yx] < C. Or orpanmvenara 4ucjaoBa pe/iu-
na {mk}kzu,... MOZKeM Ja m3bepeM CXOASINa HOAPeInIa {Ty, b,_,, ; HeKa
lim; o x5, = x0. [la pasriemame cera chbOTBETHATA TOAPEIUIIA oT BTOPH-
Te KoopuHaTH {Yr, },_;, - Tbil KaTo T ¢blIO € orpanuvena, MoxeM Ha

CBOW peJ Jla HAMePHUM HelHa TOoJApeauIa {ykz,,} Lo — Yg. T'bit KaTO
p: bt A

peannara {x;%} L, € NOIPENIA Ha pejaTa {Zk }1—1 5 , TO cropen

p=1,4,... e
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TBbpieHne 6 T ChIIO KJIOHH KbM Xg. Torasa, 1o TeopeMa 3, pejuiara oT
TOYKU szp = mklp,yklp) e MOApPEeAnIia Ha JaJeHaTa W KJIOHU KbM TOYKATA
Po = (20, o)

3a peguiu or TOYKH Ha R" OpH MO-roJieMH CTORHOCTH Ha M TOKa3a-
TEJICTBOTO Ce M3BDBPINBA M0 ChINUd HAUMH. Pa3aukaTa e, ue TpsgadBa n I'bTH
Jla ce n30MpaT HOJAPeUI Ha, TOAPEJUIUTE ..., KATO B KpaiiHa CMeTKa OTHO-
BO Ce MOoJIydaBa MOKOOPJAMHATHO CXOJIAINA TOJPE/INIA Ha JaJeHaTa Peula.
|

CaencrBue 9. Ako eana orpanuvena peauna or Touku xa R uma
CaMO e€JHa TOYKa Ha CI"'bCTAdBaHE€, TO Td € CXOAAIlla K'bM Ta3W TOYKA.

HoxkazarencrBo. Heka { P} e orpannuena peauna ot Touku u Fy e
HeffHaTa eJMHCTBEeHA TOYKa Ha crbeTsaBaHe. Jla momycuem, de { Py} He Kiio-
uu kbM Fy. Toa o3nagasa, ye cbiecTByBa € > () TakKoBa, Y€ U3BbH KP'bIa
B (Py, €) ocraBat 6e3kpaiiHO MHOTO 4JIeHOBe Ha pejunara. Iloprapsiiku KOH-
CTPYKIHATA Ha TeopeMa 7, Hue MOzKeM Ja KOHCTpyHpaMe noapeauna Py, #a
JAJIeHaTa, IUATO TOYKH ca u3BbH B (Fy, ). 3a Tasu moanompenuna e mpu-
JIOXKIMa, TeopeMa 8, m Hhe MOXKe j1a HaMepuM Ha, CBOI'7I~pe,£L HelHa, CXOA1Ia

MO/IPeJINTIA {szp }pZI , Jla ozuaumm rpanunara u ¢ P. flcuo e, we P # P.

Ot gpyra crpana, P e Touka Ha cI'bCTaBaHe Ha Ioapeaunara Py, a ciaeno-
BATEJHO W Ha JajeHara penuna { Py}, Koero mpoTHBOpedn Ha yCJIOBHETO Ha,
TeopeMaTa. |

Hedbununua. Fono noommnoocecmeo wa R" napuvwame xomnarxmmo,
aKo Mo € 02PAHUMEHO U 3AMBOPEHO.

Karo usnonzBaMe ToBa HMOHATHE, MOXKEM Ja JIaJieM Jpyra (popMy/in-
POBKa Ha TeopemaTa Ha Boamano-Baitepmpac:

Teopema 10. Hexa M C R" e xomnaxmmuo muooscecmso. Tozasa om
BCAKG PEAUUG OM HE206U MOUKU Modice da ce uabepe nodpeduua, KAOHAULG
KoM mouka om M.

HokazarencrBo. Heka M e komnaktao u { Py} e peauna oT HEeroBu
rouku. T'bil Karo M e OrpaHHYeHO, TO CHIIOTO € BAPHO W 32 peIulaTa
{P:}, n ure MoxkeMm 1a m3bepeM HeiiHa cxomsmma moapeantna. [lo Teopema
5 or 3arBopenocrTa Ha M ciaenBa, 4e IDAHAIATA HA HOAPEIUNATA CHIO
npunajiexxu na M. [ |
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Mozke ga ce mokazKe, 9e U 00PATHOTO TBBPIACHHE € H3I'bJIHEHO: AKO
MHOKeCTBOTO M Ch/bpzKa IPAHUIINTE HA BCUIKU CBOYM CXOJISIIN PEJTUIINA, TO
TOBa MHOKECTBO € KOMIIAKTHO, T.e. OPAHHYEHO U 3aTBOPEHO.

YanpaxkHeHud

1. Jokazkere, 4e:

a/ ObennHeHre Ha MPOU3BOIHA (DAMUIKSI OTBOPDEHN MHOMKECTBA € C'b-
III0 OTBOPEHO.

6/ Cedenme Ha KpaeH GPOii OTBOPEHH MHOXKECTBA € OTBOPEHO.

2. Jlokaxere, yve:

a/ Cedenne Ha mpon3BoJHa (GHaAMUINSA 3aTBOPEHN MHOYXKECTBA € C'hIIO
3aTBOPEHO.

6/ ObenuHenue Ha KpaeH OGPOM 3aTBOPEHY MHOYKECTBA € 3aTBOPEHO.

YubTBaHe. 3no/3Baiire TBbpienue 2 u pesyJrara Ha 3ajaqda 1.

3. ILOK&)KGTG, Y€ MHOZKECTBOTO OT TOYKHUTE Ha CI'bCTABaHC Ha JaJdCHa
peniia € 3aTBOPEHO.

VobrBane. Heka {P.}, £ = 1,2,..., e pequna or Toukn B R", a
{Q,} e peauna or HefiHN TOYKK HA CI'bCTABAHE, KJIOHMIIIA KbM TOUKaTa ().
ITokazkere, de cpiecTByBaT HHIACKCH ki < ky < ... < k, < ... TakuBa, 4e
p (Pkp, Qp) < 1/p 3a Besko ecrectseno p. lokazkere, ge mojpeunara (Pkp)
KJIOHU KbM ().
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Bbnopocu 3a camonpoBepka

1. /ledununus na BbTPENTHU, BHITHA U KOHTYPHU TOYKH HA JIAJI€HO MHO-
ZKeCTBO.

2. [ledunupaiire 0TBOPEHO U 3aTBOPeHO MHOkKecTBO B R". CbiectByBaT Jint
U JIPyTu MHOYKeCTBa?!

3. lokaxkeTe, 4e 3aTBOPEHUAT KPBI € 3aTBOPEHO MHOXKECTBO.

4. Jledpwaumus 3a cxoauMOCT Ha peaunu oT Toukn B R". Bph3ka mex ity
CXOJUMOCTTa Ha PEJIUIa OT TOUYKU U ChOTBETHUTE PEIUIHU OT MMbPBUTE, BTO-
puTe W T.H. KOODJIUHATH.

5. XapaKTepuCTUIHO CBOMCTBO HA 3aTBOPEHUTE MHOXKeCTBa. (Teopema b).

6. Toukwu Ha cI'bCTsIBaHEe Ha JajeHa peaniia. Bpb3ka MeXKIy TOYKa Ha CI'bC-
TdBaHe U IOAPEIUILA.

7. Teopema na boamano — Baiieprmipac.

8. JlebuHunus HA KOMIAKTHO MHOXKECTBO (= OIPAHMYEHO —+ 3aTBOPEHO).
Bropa dopma #a Teopemara Ha Bosano — Baiteprupac (Teopema 10).
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1.3 HenpekbcHaToCcT HA (DyHKIIUU W M300pa-
KEeHUs

KakTo m B mbpBaTa YacT Ha aHAIM3a, IPH HAC IMe HIPae OCHOBHA PO-
ast nousituero yuknus. Heka D e nommuoxkectBo Ha R". Kaszsame, ue
e majena dysakims ¢ gedpuHUIMOHHA 00acT [), ako Ha BCsKa TOYka P =
(x1,...,2,) or D e cbnocraBeno peagnoro ucyao f (xy,...,z,) € R. Bmec-
to f (x1,...,x,) HoHgkora ce mumte f (P).

Ille ce 3aHuMaeM ¢ IMOHATHATA TPAHUIA Ha (DYHKIUS U HEIPEKbCHA-
roct. V3/102KeHneTo mouT JOCJIOBHO MOBTAPst eJiHOMepHUs crydaii. OTHOBO
MMaMe J[Be eKBUBAJEHTHU ONpeNeseHns 3a rpannia Ha DYHKIWs (1 ChOT-
BETHO JIBEe OTeJIeJIeHNsT 3a HEeNPeK'bCHATOCT): Ha Xaiine u #a Komrw.

Hedbunaunnug Ha XaiiHe 3a rpanuna ua yukmud. Jadena e GiyH-
wuusma f(P) ¢ dedunuruonna obaacm D C R™ . Hexa Py € D. Kassawme,
we pynryuama f(P) xaionu kom wucaomo a npu P — Py, axo 3a ecaka pe-
duya {Py}y_i 5 om mowku na D, sa xoamo Py — Py umame f (Py) — a.

Hedbunanmuga vHa Kommu 3a rpanutia Ha dyHkmug. [Ipu 2oprume
ycaosua xKazeame, we f(P) xaonu kem a npu P — Py, akxo 3a ecaxo € >
0 cewecmsysa 6 > 0 makosa, we 3a ecarxa mouka P om D, 3a xosmo
p (P, Py) <0, umanme |f(P) —al <e.

Teopema 1. Onpedeaenusma na Xatine u Kowu 3a epanuya na dym-
KUUA Ca EKBUBANEHIMHU.

Hoxa3zarenctso. Ille 3anounem ¢ no-jgecHara 4acT — IIe JOILYCHEM,
de f(P) kaouu kKbM a ipu P — Py B cmucha Ha Kot u e JoKazkeM, de
TOBa € BAPHO W B CMHUCHJ Ha Xaitne. Hamcruna, neka {P},_,, e peanna
ot Toukn Ha D, Kionsima kpM Fy. e mokaxkewm, ge f (Py) — a. i[a uzbepem
npou3Bo/iHO € > 0, U Ja B3eMeM ChOTBETHOTO 0 > () 10 OIpejie/ieHueTo Ha
Kommm. Torapa mo onpejeJleHueTo Ha CXOAUMOCT Ha PN OT TOUKH MOZKe
Ja ce HaMepn v Takowa, 4de p (P, Py) < § 3a Besko k > v. CrenoBaresno
npu k > v umame |f(P) — a| < &, KoeTo u TpsOBaIe J1a ce J0KazxKe.

JlokazaTeJIcTBOTO, € OT OlpejesIeHHeTo Ha XaifHe cjieiBa olpeesie-
aueTo Ha Komm, ce u3BbpIIBa upe3 JomycKaHe Ha IpoTtusHoTo. 1le momyc-
HeM, 4e onpejesennero Ha Komm He € yIoBJeTBOPEHO, U IIe JIOKAXKeM, de
He € U3II'DJAHEHO U oupesesennero ua Xaiine. Tebpaenuero " f(P) ne kiomn
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B cMmucha Ha Komu kbMm a npu P — Py o3HauaBa, 4e CbIIecTBYBa YHCJIO
€0 > 0 TakoBa, 4e IMO-HATATBITHATA YACT OT ONPEACJCHUETO He € U3IIbJIHe-
Ha: T.e. 3a Bcako 0 > () cbimecTByBa Touka Ps € D takasa, ue p (Ps, Py) < 0,
HO | f(Ps) — a| > ¢. 3a ga cBegeM Hemarta 10 PeMIM, Ja AajieM Ha O CTOii-
HOCTH 01 = 1,00 = 1/2,...,0; = 1/k,... u na osnaunm P, = Ps, . Torasa
Te3U TOYKHU yjoBjaerBopsiBar yciaosusra P, € D, p (P, Py) < 1/k u

mf(Py) —a > €. C npyru aymum, pegunara {Pk}k=1,2,... oT ToYK® Ha D KJIO-
HH KbM Py, HO peannara or dyuKkimonaauute croiinocru f { Py} He KI0HM
KBM a. |

HemnpekbcHarocT Ha DyHKIUI

Hedbunnnus. Hexa e dadena gynxyuama f(P) ¢ deunuyuonna o6-
aaem D C R". I]e kassame, we f(P) e nenpexschama 6 mowkama Py € D,
axo

lim f(P) = f(F).

P—Py

JIBere eKBUBAJICHTHU OLIPEJIC/ICHUS HA [OHATHETO I'DAHUIA Ha (PyHK-
U BOAAT JI0 ABE €KBUBAJECHTHH ONIpeJeJeHNd HA HEMPEeKbCHATOCTTA!

Henpekbcuarocr no Xaiine. Pynryuama f(P) e nenpexscrhama 6
moukama Py, axo 3a scaxa peduya {Py},_,, om mouxu wa D, 3a Koamo
Py, — Py umame [ (Py) — f(Py) e R™.

Henpekbcuaroct no Komu. @ynxyusma f(P) e nenpexscrama 6
mouxama Py, ako 3a ecaxo € > 0 cowecmeysa 6 > 0 makosa, e 3a 6caka
mouxa P om D, 3a xoamo p (P, Py) <6, umame |f(P)— f ()| <e.

Paszbupa ce, Te3u gBe onpeesieHusT ca eKBUBAJEHTHH, U HUHE MOMKEM
Jla M3I0/I3BaMe TOBa OIpejiejieHIe, KOeTO € 1Mo-y/100HO B J1a/ileHa KOHKPeTHA
curyarug. Taka, OT onpejaejeHueTO Ha XaliHe BeHara cjieasa:

Teoupaenue 2. Cyma, npoussederue U 4acmmo Ha 06e HENPEKsCHAMU
PyHKUUL € CBUL0 HENPEKBCHAMA DYHKUUS.

Hokazarencrso. Heka dyukuunre f(P) u g(P) ca HeIpeKbCHATH B
toukata Py, u neka P, — Py. Torasa f(Py) — f(Py) u g(Pr) — g(F).
CaenoBaresiHoO

lim (f () + g (Py)) = lim f (Py) + lim g (P) = f (Po) + g (P,
lim (f (Py).g (P) = lim f (B,) . limg (P) = f (Fy).g (Fy).
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f(Be) _lim f(P) _ f ()

9 (Py) lim g (P) 9(Fy)

Paszbupa ce, B moceanus caydvaii TpsioBa na npeanonoxum, e g (Fy) # 0.
|

lim

HemnpekbcHaTrocT Ha cbecTaBHA (DYHKITHSLA.

Hedbununnmua. Heka f(x,y) e dbynkuus na ase upoMensiusu, jiedu-
aupana 3a (z,y) € D. Hexka o(t) n ¥(t) ca dyHKnum Ha TPOMEHIMBO-
To t TakuBa, de (p(t),1(t)) € D. Tlomaraiiku x = @(t) n y = P(t).
CoceraBaarta pyuknus,ce gedpunupa ¢ popmyiaTa

F(t) = f (@), ¥(1)) .

Teopema 3. Hexa dynkyuama f(x,y) e nenpexscrama 6 moukama
(xo,%0) € D, uty e maxosa, we xg = @(to) u uyo = ¥(ty). Hexa gynkyuume
o(t) u Y(t) ca nenpexscnamu 6 ty. Toeasa cocmasnama dynkyua F(t) =
f(p(t),(t)) cowo e nenpexscrama 6 ty.

HoxkazarencrBo. Heka tp, — to. Ja oznaunm Py = (p(tx), ¥(ty)),
Py = (¢(to),¥(to)). Twit kato o(t) u 1(t) ca HempekbcHATH (DYHKIMA, TO
Py xnoru kbM Fy. OT Henpekbenatoctta Ha f(z,y) momydaBamMe, de

F(te) = f(P) = f(R) = F(to) =

3abenexkka. CbIIOTO TBLPACHHE € BAPHO U 3a (DYHKIUS HA ITPOU3-
BoJieH Opoit npomensimBu. Hexka f (x1,...,2,) € HenpekbcHaTa DyHKIUSI HA
n npoMmeHauBH, u ¢1(t), ..., @, (t) ca Henpekbcuarn dyukun Ha t. Torasa
JIECHO Ce BHXK/Ia, Ye ChCTaBHapa (hyHKIUS

F(t) = f(@1t), -, on(t))

e CBINO HelpeKbCcHaTa (PYHKIUS Ha t.

IIpumep. Creapamuar npuMmep HOKAa3Ba, 4€ HEIPEKLCHATOCTTA IO
NIBe TPOMEHJUBU € HEIIO IOBeYe OT HEeIPEeKbCHATOCTTA MO BCIKA OT TAX
nooresino. Heka f(x,y) e onpesenena ¢ dpopmysara

fz,y) = npu (z,y) 7 (0,0), f£(0,0) = 0.

x? 492
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Torasa npu Besiko dukcupano y dbyukiuara f(x,y) e HenpekbcHATA
KaTo (PYHKIUS HA NPOMEHJIMBATA X, U TIPU BCAKO (DPUKCUPAHO X - KATO (DyHK-
nust Ha y. B Toukara (0, 0) obade dbyHKIuATA He € HenpeKbcHaTa. HaucTuna,
ako P, = (1/n,1/n), o P, — (0,0), vo f (P,) — 1/2. Hermo noseue, ako
pasriIesiaMe peuia oT TOYKH B R, KOATO KJIOHH KbM HAYATIOTO Ha KOOp-
JIMHATUTE, HAMUPAIKHU Ce BbPXY IpaBara C ypaBHEHUE § = AT, TO PeIuIara
0T DYHKITMOHAJTHITE CTOWHOCTH KJIOHHU K'bM ﬁ, T.e. TPAHIYIHATA CTORHOCT
3aBUCH OT TIOCOKATA, 110 KOATO Ce CTPEMHUM K'bM TOUIKATA.

CsoilicTBa Ha HempeKbcHATUTE (DYHKIUHU BbPXYy KOMIIAKTHO
MHOKeCTBO. Teopemure Ha Bailepipac 3a HenpekbcHaTH QYHKIMHA BbpPXY
KPaeH U 3aTBOPEH MHTEPBAJI JIECHO Ce IPeHACAT 3a CJydad Ha HellpeKbCHa-
TH IUCJIOBH (DYHKIUMH BbpXy MOAMHOKeCTBa Ha R", KOUTO ¢a KOMIAKTHU
(T.e. orpaHuyeHu u 3aTBOpeHn). JloKazaTescTBaTa OTHOBO Ce OCHOBABAT HA
Teopemara Ha Bosmnano — Baiiepmipac (1. 10 ot npegnus naparpad).

Teopema 4. (IIbpBa Teopema Ha Baitepiupac). Beaka nenpexsc-
HAMG YUCA06G PYHKUUA, OeHUHUPAHG BBPLY KOMNAKIMHO MHONCECMEO, €
oepaHuYeHa.

HoxkazarencrBo. Heka uncnobara dynknus f(P) e nedunupana un
HelpeKbcHaTa 3a P € D, kbaeTro D e KOMIIAKTHO ITOJAMHOXKecTBO Ha R”.
a monycHem, e [ He e orpaHmdeHa HanpuMmep orrope. Torasa c¢bliecTBYBa
pejuna or rouku Py € D rakusa, ue f (P) > k. Cuopex §2.10 nue moxem
Ja m3depeM Hefina cxondma noapeauma P, — Py € D. Torasa, oT enna
crpana, f(Py) > k u caegosarenno f(Py) — +oo. O apyra crpana,
0T HempekbcHaTocTTa Ha f B Toukara Py ciensa, ye f(Py) — f(FR), u
[OJIYYEeHOTO IIPOTUBOPEUHE JI0KA3Ba TEOPEMATA. [ |

Teopema 5. (Bropa Teopema na Baiiepuipac). Beaka nenpexsc-
HAMA YUCA06A GYHKUUA, ePUHUPAHG BBDITY KOMNAGKMHO MHOACECNE0, JOC-
muza Hati-20AAMama U Hal-MaAKama cu cmotrocm.

Hoxkazarencrso. Heka M = supp.p f(P). Torasa 3a Besxo ec-
tectBeHo k wmciaotro M — 1/k Bede He e TopHA TpaHHIA 33 3HAYCHUS-
Ta Ha (QYHKIUATA ¥ HUE MOXKe Ja Hamepum Touka P, € D takaBa. 4e
M—1/k < f(Py) < M. Ornoso me usbepem cxoasiia noapeauna Py, — Fo.
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Karo uzsbpinumM rpannyen npexoj; B HEPABEHCTBATA

1
]\4—E<]"(P]ﬂ)§]\47
nonyuaame M < f(Py) < M, re. f(FPy) = M.
TebpieHnsITa 38 OrPAHUYEHOCT OTIOJNY U 3a JIOCTUTAHE HA TOYHATA
JIOJIHA IPAHUIA CE 10JIyYaBaT aHAJIOIUYHO. [

PaBHoMepHa HenpekbcHaATOCT. 1 TOBa OHATHE Ce peHACT OT €/1-
HOMEPHUS CJAyUYail oUTH 6e3 N3MEeHEHUSsT:

Hedbunnmusa. Pynxuyuama [ ¢ depunuyuonna obaacm D C R™ ce
HAPUYG PABHOMEPHO Henpexschamo 6 D, axo 3a ecarxo € > 0 cowecmsysa
d > 0, maxa we 3a scexu dee mouku P u Q) om D, 3a xoumo p(P,Q) < ¢,

umame |f(P) = f(Q)| <e.

Teopema 6. (Teopema va Kaurop). Beaka dynruua, depurnupana
6BPTY KOMNAKIMHO MHONCECTNEO U HENPEKGCHAMA 6 HE20, € U PAGHOMEPHO
HEeNpexsCHama.

HoxkazarenctBo. /la gomycuem, de dyukmusara f, medunupana u
HEIIpEeKbCHAaTa BBPXY KOMIIAKTHOTO MHO2KECTBO D, HE € paBHOMEPHO Hell-
pekbcHaTa. ToraBa ¢biecTByBa 9ucyio €9 > () TAaKOBA, Ue IMO-HATATBHITHATA
JacT OT ONPEJIEIEHNeTO He € U3IIbJIHEHA: T.e. 3a BCIKO 0 > () C¢'hIecTByBAT
toukn Py, Qs € D rtakusa, ue p(F5,Qs) < 0, vo |f (Ps) — f(Qs)] > <o.
Ja magem ma 0 crofinocru 0 = 1/k,... u ga osmaunm Py = Pj,, Q) =
Qs,,- Torasa Te3u Toukm ymosaersopssar ycjaosuara p (P, Qr) < 1/k u
p(f(P),f(Qr) > eo. Heka {Py}l = 1,2,... e cxoadma Iogpeauna
Ha pemunara {P}. Ja o3maunm rpamunarta u ¢ Py. OdeBugHO peunara
{Qr}! =1,2,... xknonn kbM cbmata rpannna. Torasa f(Py) — f (F),
[ (Qr) = f(Qo), u f(Py,)— f(Qr) — 0, KoeTO HIPOTUBOPEYH Ha JOMYCKA-
uero, 1e |f (Py,) — [ (Qr,)| > €o. |

JIuHeliHO cBBbp3aHu MHO2KecTBa. Teopema 3a MEXXJIUMHHHUTE
croitHocTu. B mbpBaTa yacT Ha aHaau3a ce JOKa3Ba CJAEIHOTO CBOWCTBO
Ha HeNpeKbCHATHTE (DYHKITHH:

Heka f(z) e nenpexbcnara dbynknus, geduHIpaHa BbPXY HHTEPBAJL
(Buma ma mnTepBasta He e or 3Hadenue). Ako A m B ca 3HadeHHATA HA
dbyuknusTa B ABe TOUKN OT AeduHUIIOHHNS HHTEpBAJ, 1 C' € 4NCI0 MK Iy
A u B, To chlnecTByBa TOUKa, B KoATO f(z) B3ema croiinoct C.
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Teopemara He e BApHA, aKO HPOIYCHEM YCJIOBHETO, Y€ Jie(DUHUITMOH-
HaTa 00J1aCT € MHTEPBaJ; HAPUMED, HeKa JAePUHUITUOHHOTO MHOXKECTBO €
obe/lMHeHNe HA JIBA HENPEeCHYAIln ce uHTepBaia, u f(x) e paBHA HA KOH-
craatata 0 BbpPXy I'bpBHUd, W Ha 1 - BbpXy BTOpud. Taka omnpeneneHara
byukmnus e HeMpeKbCHATA, HO MEXKINHHATA CTOoitHOCT 1/2 He ce gocTura B
HHUKOSI TOYKA.

3a ga ycmeem a mpeHeceM Ta3W TEOpeMa B MHOTOMEpPHUS CJIydaii,
TPAOBA J1a, MOYXKEM Jia IPABUM pas3TpaHudeHre MeKIy ABaTa Caydasd 3a M0J-
MHOkecTBa Ha R". OO0 Ka3aHo, TpaOBa /1a pa3me/iM MHOKeCTBaTa, KO-
uTo "ce CBhCTOAT OT €IHO Mapdye OT Te3W, KOUTO ca "OT HAKOJKO Iapue-
ta". ToBa Bomu 10 MOHATHETO JIMHEHHA CBBbP3aHOCT HA MHOXKECTBO. ToBa

€ MHOYKECTBO, BCEKH JIB€ TOYKHM Ha KOETO MOXKe ja ObJIaT CheIuHEeHU C
Helpek'bcHaTa JuHUs. [IpegBapuresHo e TpsiOBa ja BbBeIeM TOHSITHETO
HEeIIpeK'bCHATa KpuBa JuHus B R™:

Hedbunnmus. Ilod nenpexscrama xpuea sunus 6 R" pasbupame wen-
PEKBCHAMO U306pascerue na Kpatinua u 3ameopen unmepsan |a,b] 6 npoc-
mpancmeomo R".

Taka Bcsika Henpek'bcHaTa Kpuba B R™ ce 3a/aBa ¢ BeKTOpHa (DYHKIIUS
o(t) = (p1(t), ..., on(t)), t € [a,b]. Cbe chmusa TepMuH Ie O3HAYABAME U
MHO2KECTBOTO 0T crofiocrute Ha ¢(t): 'y = {¢(t)},c, - Toukure p(a) n
©(b) ce HApHYAT CBOTBETHO HAYAJIHA U KpaiiHa ToUKa Ha Kpusata [,

Hedunurusa. FEdno mruoncecmeo D C R" ce napuua aunetino cesp-
3aHn0, ako 3a ecexu dee mouku P, Q) om D couecmeysa HenpexkscHama
kpusa L'y, cadsporcawa ce 6 D, ¢ navasna mouka P u xpating mouxa Q.

Hampumep BCSIKO M3IMBKHAJIO MHOYKECTBO € JIMHEHHO cBbp3ano. Ille
HAIIOMHKMM, Y€ €/HO MHOXKECTBO C€ Hapu4a M3I'bKHAJIO, aKO TO CbIUbPKa
3a€JIHO C BCEKHM JIBE CBOM TOYKHM M OTCEeYKaTa, KOATO I'M CBbpP3Ba. Takmpa
MHOXKECTBA, Ca KP'bra, MPaBObI'bIHAKA, TPUBI'bIHUKA U ap. OTCeukaTa, KO-
SITO CBbP3Ba TOUKHTEe P 1 (), MOXKe Jia ce mapaMeTpu3upa mo popmyiara
o(t) = (1—t) P+t Q, u cIe10BATETHO MPEICTABISIBA HETPEK'bCHATA KPHBA,
CheIMHSIBAINA T€3H TOYKH.

ObparHo, 00eIMHEHIETO HA /IBA HENPECUUAINN Ce KP'bra HE € JIMHEHHO
cBLp3amHo. (mokakere!)
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Teopema 7. (Teopema 3a mexkquaunTe croiinocru.) Heka f(P) e
HENPERBCHAMA PYHKUUA 6BPTY AUHETHO c6BP3aHomo MHoxcecmeo D C R”,

P u @ ca dse mouku om D, u A= f(P), B= f(Q). Hexa C e wucao mesncdy
A u B. Toeasa cowecmeysa mouxa L € D maxasa, we f(L) = C.

HokazareacTBo. [1le cBejem 3a1adara K'bM €IHOMEPHUS CJIydaii, J10-
kazaH B | §1.11, creacreue 2. Heka uzobpaxkenunero o(t) @ [a,b] — R" na
olpejiesis HelIpeK'bCHATA KpUBa, Jiexkalna B D U cbeJuHsABAIla TOYKHTe P
u Q. a ompemesium dbyuknusaTa #a egno npoMernnso F(t) mo dopmyrtara
F(t) = f(p(t)), t € [a,b]. ToraBa umame F(a) = A, F(b) = B, u crenona-
TEJIHO CbInecTBYBa Touka £ € (a,b) takapa, we F(§) = C. Heka L = ¢(&);
torasa f(L) = F(§) =C. |

Bbnpocu 3a camompoBepka

1. @opmynupaiite nedpununuure Ha Xaiine u Koru 3a rpanuna na pyHKIus
B JIaJIeHA TOYKA.

2. Qopmysmpaiite jgedunununTe Ha Xaitne u Korum 3a Henmpek’bCHATOCT HA
dbyHKIINA B 1a/IleHa TOYKA.

3. Maiire npumep (pasjawdeH OT TO3M B TeKCTa) Ha (DYHKIMsI, KOSTO HE e
HelTpeK'bCHATA B JaJeHa TOJKA.

4. ®opmyaupaiiTe wbpBaTa U Bropara Teopema Ha Baitepiipac 3a Heunpe-
K'bCHATU (PYHKIIMN BbPXY KOMIIAKTHU MHOYKECTBA.

5. JlaiiTe npuMmepn Ha HeNpeK'bCHATa (PYHKIHSA, KOATO HE € OrpaHuvYeHa,
Ha HEIPeKbLCHATa OrpaHudeHa (DYHKIUSA, KOATO HE JOCTHTra Hafi-rojsaMaTa
cm croitnocT. Pasbupa ce, u B JBaTa ciaydad AepUHANUOHHOTO MHOXKECTBO
He MOXKe Jia Objie KOMIakTHO. (3arro?)

6. QopmynupaiiTe TeopeMaTa 3a MEKJIUHHUTE CTONHOCTU 3a HEMPeKbCHATH
byHKIME BLPXY JHHEHHO CBbP3aHi MHOXKECTBa B R".
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1.4 JIndepenmmupyemocT Ha (PyHKIUT 1 m300-
paxennd. /Iudepennupane Ha CbCTaBHU

byHKIININ

Heka f (z1,...,x,) e dyHkuus, nedouHrpaHa B OTBOPEHOTO MOJAMHOZKECTBO
D na R". Haii-uecTo e TpyIHO 1a CH IIPeACTABAM HAILVIETHO IIOBEIEHHUETO
Ha Ta3u (DYHKIWS; 338 Ta3u HEJ MOXKEM Ja pasrjejgaMe 3aBUCHMOCTTa Ha
dyukmuaTa f or BCAKO eaHO MPOMeHuBO mootraenno. Heka ¢ukcupame
touka 2% = (2%, ..., 2%) or D, u na BuBesem crenaute (n Ha 6poit) byHkmuR
Ha €JIHO ITPOMEHJIUBO:

@Z(t) = f (x(l)a s ax?—lvtﬂx?—l—lv s ,.75'2) )

kato dbynkmuara @;(t) e medunupana B OKOJHOCT Ha Tovkata r). DyH-
KIUUTE (01, ..., p, e HapudaMe JacTHIHWN (PYHKINHA, CHOTBETCTBAIIU HA
dbyHKIMSATA HA MHOTO MpoMeHnBH f ().

B wactHOCT, ako f(z,y) e dyHKIUS Ha JiBe TPOMeHInBH, TebUuHUPAHA
B OKOJTHOCT Ha ToUYKaTa (Tg, o), MOXKEM Ja pasriefame dacTuIauTe GyHK-
nuu

90(‘7;) = f (l’,yo) , H lﬂ(?J) = f ($0,y) :

Ha uepreska e jajiena rpadgukara na gyukiusara f(z,y) = v2—1y?, re.
MHOKECTBOTO OT TouKH (x,7,2) € R®, 3a xouto z = f(x,y), u Jexamure
BbpXY Hes I'pacUKi HA HIKOU OT YACTHIHHTE U (DYHKIUH.

Bb3MoxkeH e M ApYyr HAYWH 3a OHAIVICJSBAaHE Ha MOBEICHUETO HA €]I-
Ha (YHKIUS Ha JBE IPOMEHJUBU — 4pe3 TaKa HAPEYCHUTE JTHMHUU HA HUBO
("xopuzonTanu'"), T.e. JHHUUTE, 33aJeHN ¢ ypaBHeHHeTo f(x,y) = a npu
pa3IUYHUTE CTORHOCTH Ha a. TO3M HAYMH Cce M3MOJI3Ba HATIPUMED 3a TIPeJICc-
TaBsgHe Ha pejeda Ha MECTHOCTTa BbPXY (busudeckurTe Kapru. Ha ciensa-
mara GUrypa ca IpejcTaBeHd XOPH30HTAIUTE BbpXy rpadukaTa Ha Iaje-
Ha GyHKIMst (OT/IABO), U XOPU30HTAJNMTE 33 ChiNaTa (PYHKIMs B DABHUHATA
Ozxy (orascHo).

Yactau npousBognu Ha yHKOus. MoKeM 1a pasrienaMe IIpo-
M3BOJIHATE HA HAIMCAHUTE TI0-TOpe YacTUIHU QYHKIUH (CTHTA Te J[a ChIIec-
tByBar). C apyru aymu, moxem fa audepeniupame bynkuuara f(z) mo
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16000

I'pacdbuxa na dbynknuara f(x,y) = 2% — y?
¥ JONUPATEIHA BEKTOPH K'bM IpaduKaTa

eJHa OT MPOMEHJ/IUBUTE X1, ..., Ty, KATO OCTAHAJIUTE MPOMEHJIUBA ca (DUK-
cupanu. Taka cTurame 10 AepUHUTUATA:

Hedbunnums. [1od wacmua npouseodna wa gyrkyusma f (xq,. .., 2,)
no npomensusama x; ¢ moukama r° = (x9,...,2%) we pasbupame (axo

CHULECTNBYBA) 2ParuUYama

g;; (xo) = (20 =

0 0 0 0 0 0 0 0 .0 0
1' f(l’l,...,xi_l,xi—I—h,l’H_l,...,l’n)—f(ZEI,...,I'Z»_hl’i,l'i_i_h...,l'
= 11m

h—0 h

Yacrrara mponssona Ha f(r) 1Mo z; ce o3HaYaBa ome u ¢ f .
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Xopu30oHTAIHN BbpXy I'paduKaTa Ha GYHKIHATA 1 B papHuHaTa OTy

3a HarJIeHOCT IIe TOBTOPUM JAe(pUHUINSITA Ha YACTHA TPOU3BOIHA 32
caydas Ha DYHKIM Ha JBe npomenusu f(x,y):

! 1 x +h‘7 - Zo,
fa:(xmyO) = }lbgr(l] f( 0 yo}i f( 0 y0)7

f; (20,90) = ,lcl_r)% f(xoay()‘i‘k]z—f(xo,yo)_

Babesexkka. Tpadsa ja ce orbenexu, de (3a pasauKa OT CJIydas
Ha €JIHO MPOMEHJIMBO) HATMYIHETO HA YaCTHH IPOU3BOJHMU, 110 BCHYKH IPO-
MEHJINBH W BbB BCSAKa TOYKa, OINe He O3HadaBa, de (QyHKIHUATa € ' 100-
pa". a cu mpunomuum byHKIHTA, pasriejana B npumepa B §3: f(z,y) =
oz pu (z,y) # (0,0), f(0,0) = 0. Jlecno ce Buxaa, e f(z,y) npurexa-
Ba HABCSK'B/I€ YaCTHHU MPOU3BOIHU 10 T U ¥Y; OT Jpyra CTpaHa, KaKTo Oerre
nmokazaHo taM, gyHknusaTa He e Henpekbeuara B (0,0).

®opmyaa 3a HapacTBaHEeTO Ha (PYHKINSA HA MHOTO IIPOMEHJIN-
BH. 3a J1a O0SICHUM CMUCHJIA HA U3BEJACHOTO MO-JI0TY PABEHCTBO, OTHAYATIO
e CU IPUIOMHUM CjIydas Ha (DYHKIMs Ha ejHa npoMensuBa. Heka f(x) e
dyuxiug, jJedpunupana B OKOJTHOCT Ha TOoYKaTa ro € R u nudepennupyema
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fzo+h)—f(
h

B Ta3u Touka. 3HaeMm, ue [’ (xg) = limy_o 20)  Axo o3HAMHM

f (o +h) = [ (x0)
h

TO T HOJIyIuM, |e limy, o a(h) =0, n

f(xo+h) = f(xo) + f (20) h+ a(h)h.

alh) = — J' (x0),

ToBa paBeHCTBO JIECHO Ce HWHTEPIPETHPA FeOMETPUUIECKH: aKO 3aMec-
™M h ¢ T — Ty, IbPBUTE JIBe CHhOMpAEMU OTAACHO JaBaT ypaBHEHHETO Ha,
JonupareJHaTa npaba KbM rpadukara Ha f B TOUKaTa Ty, a TPETOTO Cb-
dupaemMo e ocTaThK, HaMaJsIBaIl Mo-0bp30 oT BeanunHaTta h. Ille nspemem
o106Ha popMysia 3a PYHKIUS HA JBEe NPOMEHJIHBH.

Teopema 1 (dopmyna 3a HapacTBaHeTo 3a (DyHKIuUS HA JBE
npomensiusn). Hekxa [ (x,y) e Pynryus, deunupana 6 okosrocm Ha mov-
wkama x = (g, Yo), u Hexa wacmuume npoussoduu f. (x,y), fr(z,y), cowec-
MeYeam u ca HenpeKscramu 6 madu oxoanwocm. Tozasa 3a docmamsuro
maaku no Hopma eexmopu (h, k) e 6 cuaa pasencmeomo:

f(x0+h,y0+k) =
= f(20,50) + b f; (To,90) + & £, (x0,90) + h a(h, k) + k B(h, k),

kedemo ah, k) u B(h, k) ca pynruuu, xionswu xom nyaa npu h,k — 0.

[Ipesu na jlokazkem Ta3u popmyiia, e 00sICHUM HeFHUS CMUCbJI, KATO
s HAIUIIEeM 110 APYyT Ha4duH. [[bpBuTe TpU cHOUpPAEMU OTISICHO Ce HAPWIAT
JINHEHHA YaCT HA HAPACTBAHETO, & OCTAHAJIUTE JIBE — OCTAThK. JlmHeiHaTa
JacT Ha (hYyHKNUATA MMPEJCTABIABA TPUOIU3UTECH U3Pa3 38 CTORHOCTHTE
ra dyuknusTa 61130 70 (g, Yo), JT€CEH 3a nmpecMsaTane u onepupamne. Ocra-
THKBT HHU JaBa MPECTAaBa 338 TOYHOCTTA HA TOBA MPUOINKEHHE.

Kakro 3naem, HopMarta Ha AByMepHEs BeKTOD (h, k) (HapuaaH BeKTOD
Ha HapacTBaHeTO) ce naBa ¢ dhopmyaarTa

l|(h, k)|| = VR + K2

Ako oznaunm ¢ r(h, k) octarbka BbB (hopMynaTa Ha HapACTBAHETO:

r(h, k) =h a(h,k) + k B(h, k),
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TO O4YEeBHUAHO MMaMe

lim R " k) i i

11m ———— = 11l —= s 1M ——
nk=0 || (B, K| VIZ A+ 12 VI + R
Tbi KaTO U B aBeTe C'b6I/IpaeMI/I II'bpPBUAT MHOXKHTEJI € OI'DAaHUY€H 110 MOJYJI
OT e JMHHUIa, & BTOPUAT MHO2KHUTEJ KJIOHH K'bM HYJIa. Cﬂe,ZLOBaTe.HHO MOXKeM

Ja HaluIeM

/B(h’ k) =0,

r(h, k) = o([|(h, K)I]).

Taka momydaBame

IT dpopma Ha dpopmysaTa 3a HapacCTBAHETO:

f(zo+h,yo+ k) =

= f(x0,%0) +h f; (z0,90) + & f; (z0,90) + 7(h, k),
kbaero 7(h, k) = o (||(h, k)]]).

[Tonsikora e ymoO6HO ropHara ¢GopMmyJia Ja ce 3annucBa 1Mo JApYT HaAYNH:
ako ozuauuM Af = f(xg+ h,yo + k) — f (20, y0), BMecTO h Hamurem Ax
(HApacTBAHETO HA MPOMEHJIUBATA X), & BMeCTO k - Ay, MOXKeM J1a HATIUIIEM
dopmysiara BbB BUIA

Af = fi(zo,y0) Az + f, (w0, 50) Ay + o(|[(h K)]).

okazarescTBo Ha popmysiaTa 3a HapacTBaueTo: [1le n3nos3sa-
Me TeopeMaTa 3a KpailHUTe HapacTBaHUd, N3y9YaBaHa B I'bpBaTa 9acT
Ha Kypca:

Axo dyuknuara ¢(x) e Hempek'bcHATA B WHTEpBAIa [To, Lo + h] 1 1u-
dbepennupyeMa BbB BBTPEITHOCTTA My, TO ChinecTByBa 4uciao 6 € (0,1)
TakoBa, e ¢ (xg + h) — ¢ (xg) = h ¢’ (xo + Oh).

[Tpunaraiiku Teopemara 3a dyukmusata o(z) = f(x,yo + k), u cren
toBa 3a dbyukuusara Y(y) = f (xg,y), HoJydaBaMe paBeHCTBATA

f(@o+hyo+k)— f(zo,y0+k)=h f(xo+01h,yo + k),
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f (w0, 50 + k) — [ (w0,90) = K f, (x0, yo + Oa2k) .

CnenoBaTentno
f(xo+h,yo+ k) = f (2o, 0) =

= (f(wo+h,yo+k) = f(xo, 0+ k) + (f (To, 90 + k) — f (20, %)) =
= h fy (xo+ Oih,yo + k) + k [, (z0,y0 + 02k)

3a noaxomsn 01, 0, € (0,1). la o3raumm
Oé(h, k) = fg/c (xU + thayo + k) - f:ﬁ: (.I',y + k) )

B(h, k) = f; (w0, yo + O2k) — fg,/, (z,y) .
OT HempeKbCHATOCTTA HA YACTHUTE MPOU3BOAHEU HA [ cienBa, de (DyHK-

nuure a(h, k), 5(h, k) xioust kbMm Hysaa npu h,k — 0. Karo nampasum
3aMecTBaHe, TOPHOTO PaBEHCTBO JOOUBA THPCEHUA BHJL

f(xo+hyo+k)— f(r0,90) =
h fr (w0, 90) + k [, (vo,90) + halh,k) + &k B(h, k)=

Babenexkka 1. Camo CbIECTBYBaHETO HA YaCTHUTE MPOU3BOAHY (6e3
TAXHATA HEIPEKbCHATOCT) He € JIOCTATHIHO 33 BAJUHOCTTA HA JOKA3AHATA
dopmy1a; HANCTUHA, JIECHO Ce BUKIA, Ue aKO e1Ha (DYHKINS YIOBIETBOPSBA
dopmynaTa 3a HapacTBaHETO, TO T € HempeKkbcHarta. Ilo-rope obade Hue
BHJISIXME HpUMep Ha (DYHKIUs, TPUTEXKABaIa YaCTHU ITPOU3BOIHU, KOATO
HE € HEeIIPEeK'bCHATA.

3abenexkka 2. 3a GyHKIHS HA N IPOMEHJIMBH CBIIO MOXKE JIa Ce
Hamuire popMyaa 3a HApacTBAHETO, AHAJOTHYHA HA JOKA3aHATA B TOPHA-
ta, Teopema. Heka f(z) = f(z1,...,x,) e GyHKIMA HA N TPOMEHINBH, &
h = (hi,...,h,) € ZOCTATHIHO MATBK TI0 HOPMa BEKTOD HA HAPACTBAHETO.
Torasa dopmynata Ha HapacTBaHETO UMa BHJIA

n n

fla+h) = f(z) + > fi(x) hy + Zai(h) h,

i1
Kbaero o;(h), i = 1,...,n, ca GyHKIUN HA N TPOMEHIMBU, KJIOHSIIH KbM
mysa upu ||h|| — 0.
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IlpakTnyecku npuioxxkeHnusa Ha (popMyJiaTa 3a HapaCTBAHETO.
Heka Besmunnara f e 3agazena karo dyukius f (zq,...,7,) Ha He3aBH-
CUMHTE BeJUYUHH T1,...,T,. AKO ce 3Hae, 4e BCAKA OT BEJUYUHUTE T; Ce
U3MepBa ChC CHOTBETHA TOYHOCT Ax;, TO KakBa 1ie Objae Tounoctta Af, ¢
KOSITO TIOJTy4aBaMe BesmanHaTa f? 3a OTTOBOP HA TO3M BHIPOC OOMKHOBEHO
ce U3I0/I3Ba JiMHEiHATa YacT Ha (popMysiaTa 3a HAPACTBAHETO:

"0

IMpumep. Ciennara 3a1a9a 4€CTO Bb3HUKBA B T€OJIE3USITA: OT TOUKA-
ta A ce HabmomasaT HepocTbIHATEe TOUKH B 1 C. M3BecTHE ca pa3cTosHH-
sara AC = bu AB = ¢, KaKTO U bI'bJIBT (@ MEXKLY AC u BC. Jla ce namepu
pazcrosinuero a = |BC| mexuy Toukure B u C. (BukK deprexa).

YepTexk KbM OpHEMepA.

Boupocuoro pascrosane a = a(b, ¢, ) Moke ga Obje U3UUCTEHO 110
KOCHHYCOBAaTa TeopeMa;

a(b,c,a) = Vb2 +c2 —2bccosa.
Torasa simneitnata 4act Ha (popMy/aTa 3a HAPACTBAHETO HU JIABA:

Aa%b—C.COS()éAb+C—b.COSOéAC+bCSiIlC(Aa.
a a a

Karo B3eMeMm npea B OYeBUAHUTE IeOMETPpUYIHN PpaBEHCTBaA

b—c.cosa=acosvy, c—b.cosa=acosf, bcsina = a h,,
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moJiyuaBaMe yjao0HaTa 3a m3noJi3BaHe popmyiia
Aa == cosy.Ab+ cos .Ac + he.Aa.

Jpyr nogoben nmpuMep e j1ajieH B 3aja4a 3.

Hedbunanmua Ha gudpepennupyema dbyHKOmuga. Kakro yecto ce
CIyYBa B MaTeMaTHKaTa, 3a OIpeJeseHne Ha Ja/eH KIac OT OOEKTH ce TPH-
eMa TOBa TAXHO CBOHCTBO, KOETO Cce U3MO0JI3Ba IIPHU padboTaTa ¢ Tax. B caydas
ToBa e opMmysiara 3a HapacTBaHeTo. Taka (Makap ue TOBa MOXKe Ja W3T-
JeK /12 N3KYCTBEHO) audepeHnupyeMu yHKIMA HA HIKOJIKO IIPOMEHJIHBHI
ce Hapu4aT Te3n MYHKINN, 38 KOUTO T4 € yaoBjaeTBopeHa. [lo-to4uno, nmame:

Hedbununmsa. Hexa f (x,y) e dynkyus na dée npomenausu, onpede-
aena 6 okoanocm na mowxama (To,yo) € R?. Kaseame, ue dynxuusma f e
Jugeperyupyema 6 mowkama (o, Yo), ko cywecmsysam xoncmarmu A u
B, xaxmo u gynxuuu a(h, k), B(h, k), xionawu xom nysa npu h,k — 0,
maxa we 3a 00CmamesuHo Masky no nopma eexmopy (h, k) da e 6 cuaa pa-
BEHCMBOMO

Floo+hoyo+k) = f(xo.yo) + Ah+ Bk +h alh, k) +k B(h, k).

C apyru aymu, audepeHnupyemMu (pyHKIUN Ca Te3W, KOUTO J100pe ce
npuOIMKABAT ¢ JuHeiHr DYHKIHH OKOJIO Ja/IeHATA TOYKA.

B gacrHOCT, BeiHara ce BUK A, 9e aKO (DYHKIMATA € JudepeHIupyeMa,
B €J[Ha TOYKA, TO T4 € HeIpeK'bCHATA B Ta3KM TOUKa. Hancruna, ako Hakapame
h u k na kjionsit KbM HyJa, TO oueBuaHO f (zo + h, Yo + k) 11e KJIoHUH K'bM

f (o, yo).

3abesaexkka. [lo-rope Herire mokazano, 4e ako ejiHa QYHKIUS HA €/1HA
IIPpOMEHJINBa IIPpUTEZKaBa IPOU3BO/JHA B Ja/ieHa TOYKa, TO T4 YAOBJIETBOPABaA
B Ta3u TO4YKa popMmysiaTa 3a HapacTBanero. CjeoBaTe/IHO 33 (DYHKIIUH Ha,
eHa TPOMEHJINBA TOPHATA, Je(OUHUIUS ChBIALa ¢ oOHYaiiHATA.

Cera Teopema 1 Moxke j1a ce pOPMYIUpa TaKa:

Teopema 1. Axo gynxyuama f(x,y) npumescasa menpexscramu
YACTMHYU NPOU3BOIHU 8 OKOAHOCT Ha mowkama (X, Yo), Mo ma e dudepen-
UUPYEMA 6 Masu MoKa.
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OOGpaTHOTO TBBP/EHHE HE € BIPHO, HO MOXKE JIa Ce JTOKarKe HEIo I10-
cJs1a00:

Teopema 2.Axo0 gynwyusma f (r,y) e dupepenyupyema 6 moukama
(0,Y0), MO MA NPUMEHCABA YACTHY NPOUZBOOHY 6 MA3U MOYKA, U €4 6
CUAG PABEHCTNEATNA

0 0
A = 5£<I0’y0>’3 = ai(%;?Jo)-

HoxkazareactBo. /la B3emem ciaydas k = 0. ToraBa paBeHcTBOTO OT
neduHUIIESATA T00HBA BUIA

f(xo+hy) = f(20,90) + Ah+ ha(h, k).

OrTyk mosydaBame, |e

I (@o+ h,yo) f(0,90)
h

= A+ a(h,0),
W CJIEJIOBATETHO

f(xO +h7y0) f(xlbyO) — A.

[lo cbmus waumn, usdbupaiitku h = 0, mojaydaBaMe PpaBeHCTBOTO
/ —
Y ([L’(), yo) = B. |

OTTyK ce BHXKJA B YaCTHOCT, 4e KoHcTantute A u B B nedununusra
3a gudepennupyema (pyHKIMS ca ONpeaeeHn €THO3HATHO.

Paszbupa ce, ot qudepeHnupyeMocTTa B JIajIeHa TOYKa He CJIeBaT HUTO
C'HIIECTBYBAHETO HA YACTHU ITPOM3BOIHHK B OKOJHOCT HA TOYKATA, HUTO —
Ollle MOBeYe — TAXHATA HEMPeKbCHATOCT. UHuTaTeaaT caM MoxKe 13 HaMepH
C'bOTBETHUTE ITPUMEPH JIOPU 338 (PYHKIUU HA €/[HA [IPOMEH/INBA.

Jonuparenna paBHnHA KbM rpadukara Ha QYHKIAT HA H-
K0JIKO nipomenauBu. Heka f (x,y) e dyHkuus Ha 2 upomensiusu, jgedu-
aupana n judepenmupyema B obmactra D € R?. Kakro 3maem, meiimara
rpacduka Gy e TOIMHOKECTBOTO HA R3, ompese/eno ¢ yeaoBusTa

Gy = {(x,y,z) e R?: (z,y) eD,z:f(gc,y)}.
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Hedbununma. Hexa Py = (x9,y0) e mowka om D, u @y =
(20, Yo, f (o, y0)) e csomsemuama mouka om Gy. Ilod donupamenna
pasnuna 6 moukama Qo we pasbupame pasHunama 6 R® ¢ ypasmenue
z=1(x,y), xodemo

L(z,y) = f (20,90) + f5 (%0, %0) (x — o) + £, (z0,Y0) (¥ — vo) -

Ot dbopmynaTa 3a HapacTBaHe Ha AudepeHIupyeMa (pYHKIHST MOKEM
Jla U3BeJIeM CJIeHATA XapaKTepu3alius Ha JONUPATeTHATA PABHUHA!

Qynryuama l(x,y) e eduncmeenama aunetina Gynryus, yoos.iemaeo-
PABAULA YCAOBUEMO

f(P) =1U(P) =o(||P = Rl]).

C Apyru IyMH, H3MesKIy BCHYKM PaBHUHA B R®, MUHABAIIH IIpe3 TOU-
KaTa (Jo, JOTUpaTeaHATa PABHUHA € Pa3MoJao:KeHa Haii-0u3ko 10 rpadu-
karta Ha f(z,9).

Hedbunnnusa. [lod donupamenen sexmop xom Gy 6 moukama Qo pas-
bupame cexu (c6060den) sexmop, KoAuHeapeH ¢ ONUPAMENHAMA PAGHURG
6 MaA3U MOUKa.

OueBHIHO JOTUpATETHUTE BEKTOPH B TOUKaTa () oOpasyBaT JByMep-
HO JIHHEHHO IOAIPOCTPAHCTBO Ha R?, HAPHYaHO TOMHPATETHO HOAIPOCTPAHCTBO

K'bM rpaduKaTa B Ta3d TOUKA. JIeCHO MOKeM J1a TOCOINM eJuH GA3UC B TOBA
IPOCTPAHCTBO: TOii Ce CHCTOM OT MONUPATEJTHUTE KbM IrpadUKUTe HA Tac-
THaHITe (DYHKIMKU B T30 TOYKA (1€ HAIIOMHUM, Y€ MO YACTUIHU (DYHKIUH
pazbupame dynknuure f (z,y0) u f (zo,y), OJydeHE Ype3 3aMpa3sBaHe Ha,
IPOMEHJIUBATE Y U & CHOTBETHO ).

Heka ¢(z) e dyuxmus wa exna mpoMemmnBa. KakTo 3maeM or reo-
METPUYHUS CMUCHJ HA TPOM3BOAHATA HA (DYHKIIUS, IBYMEDHUAT BEKTOD C
koopaunatu (1, ¢’ (x)) e gomuparesnen kbM rpadukara Ha ¢(r) B TOUKaTa
xo. [Ipumaraiiku Ta3u KOHCTPYKIIUA KbM YaCTHIHUTE (DYHKIHH, IOy 9aBa-
Me KaTo JONHPATEJHH KbM IpadUKUTe M TPHMEPHUTE BEKTODH

lo = (1,0, f; (z0,0)), 1y = (07 L fy (:COJyO)) :
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Te3u nBa BekTOpa Ca JIMHEITHO HE3ABUCUMU M KOJIMHEAPHU C JIONUPATETHATA,
paBHuHA (mposepere!), u caegoBaTesHO 0OpasyBar G6a3uc B JONUPATETHOTO
IIOJIIIPOCTPAHCTBO (BHK YepTezka B HAYAJI0TO Ha maparpada).

ApurmerndHu omepanuu ¢ gudepeHnupyeMn QyHKIINN
KakTo u B ciayvyasg Ha QyHKIIUU HA €lHA NPOMEHJINBA, IPU apUTMe-
TUYHY ONEpanun ¢ gudepeHnupyeMu MYHKIME Pe3yITaThT OTHOBO € jiude-

penmupyema (pyHKIms:
Teopema 3.Axo gynxyuume f(x,y) u g(x,y) ca dudepenyupyemu 6

mowxama (o, %) € R?, mo maznama cyma f(x,y) + g(x,y), npouseede-

nue f(x,y).9(z,y), u, ako g(xo,yo) # 0, maznomo wacmmo % ca couo

dugpepenyupyemu 6 masu Mouka.

Hoxkazareacrso. /la nanumem dhopmyanTe 3a HApacTBAHETO B TOY-
KaTa (3:07 yO) 34 CI)YHKL[I/II/ITG f(wa y) n g(l’, y)

f(xo+hyo+k) = f(xo,90) +h Ay +k By +rp(h, k),

g(xo+h,yo+ k) = g(xo,90) +h Ag+k By +ry(h, k).
Tyk cme o3naunm

Ay = fg/; (20, %0) By = f:zl/ (70, %0) Ay = 9; (w0, 40) B, = 92/,, (w0, 10) -
r¢(h, k) mry(h, k) ca ocrarbiure CbOTBETHO 3a f H ¢; HMame
ry(h k), rg(h k) = o (VRZ+k2) |
Karo cubepem aBere (popMysiu 3a HApacTBAHETO, MOy daBaMe
(f +9) (@0 +hyo+ k) =

(f + g) (l’o,yo) + h. (Af + Ag) + k. (Bf + Bg) -+ Tf(h, k) + Tg(h, ]C),

KOeTO O3HavaBa, 4e U GyHKIuATa [ + ¢ yIoBIeTBOpABa dopMyIaTa 3a Ha-
pacTBaHETO.

3a ma momyuuMm dopmynrara 3a HapacrBarero 3a f(x)g(x), ma ymuo-
KuM jiBere pasencrsa. [onyuyasame:

f(xo+h,yo+k).g(xo+h,yo+ k)=
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I (zo,v0) -9 (zo,v0) + R (f (w0, yo) Agtyg (7o, yo) -Af> +
+k. (f (0,90) -By + g (xo,90) -By) +r(h, k),

K'BbJIETO CMe O3HATHJIN
T(h, k) = (f (130790) + h Af + k Bf) Tg(hu k)+
+ (9 (zo,y0) + h Ag+ k By)re(h, k) + re(h, k)ry(h, k).

JlecHo ce mposepsiBa, 4e
: r(h, k)
lim ———=—
hk—0 \/h2 + k2
CaenoBarenno upoussepennero f(x)g(x) Ha byHKIHUATE YIOBIETBODSBA
dbopmynara 3a napacranero. Unrarensr me chobpasu, 4e KoepunuenTuTe
npes h u k ca BCBIIHOCT YaCTHATE MPOU3BOAHY HA f(2)g(x), u34ucjienu mno
dopmyara na Jlaibuu.

Hakpasi, meka g (rg,y0) # 0. 3a ma gokaxkem, ge % e mudepen-
nupyeMa B (Zg, Yo), € JOCTATHIHO JIa BHIUM, e m e mudpepeHnupyema,
B Ta3W TouYKa. HamcTuHa, Thil KaTo g((i—:yy; = f(x,y).@, nudepeHIpye-
MOCTTA Ha 9aCTHOTO IIe CJIeaBa OT JOKA3aHATa II0-rope IA(pEpPeHIuPYEMOCT
Ha IPOU3BeeHUEe Ha, ;LH(I)epeHquyeMH byHKIHUN.

Ba 1a J0KayKeM, 4Je ( 5 e nudepenupyema B (g, 4o), A8 0O3HAUNM

= 0, koero 3uaqn, e 7(h, k) = o (\/ h? + kQ) i

<1> 1 1

Al-]= - .

g g(xo+h,yo+ k) g(zo,v0)

Toit kato g(z,y) e HeIPeKbCHATA B (0, Yp), TO CHITOTO € BIPHO U 34

T.e. A (;) — 0 mpu h, k — 0. Mmame

A<1> _ g (w0, y0) — g (xo + h,yo + k) _

5 g (o, y0) g (o + h,yo + k)

N _g(ri, Yo) A (g(:cj, Yo) ( ))
1
g

1 1
=—  Ag — ——— Ag A =
g? ($o7yo) g g(xo,yo) g ( )

1
g(z,y)’
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Ag . By ,
= <_92 (%JJO)) o ( g* (xmyo)) - (h’ k)’

KbIETO

1 1 1
r(h, k) = ~ o) rq(h, k) — e Ag A <g> :

Torasa

r(h) 1 re(h) 1 Ag <1>

Y _ Al
Vh? + k2 9% (0, %0) Vh? + k2 9 (0, 90) Vh?+ k? g
Or audepennupyemocrra Ha g(x,y) ciejsa, de \/}QQW e OrpaHuYeHa Ipu
J0CTaTbiHO MaJku h u k (nokazere!), u cienoBaresno \/T% — 0 npm
h, k — 0. Hue nokazaxme, ye pyHKIHATA @ YJIOBJIETBOPSIBA Y PABHEHUETO
Ha HAPACTBAHETO B TOUKaTa (Tg,Yo)- [ ]

Hdudepennupane Ha CbCTaBHU (PYHKIUN

IIpu HaMupaHe Ha YaCTHHU IPOU3BO/JHU Ha CyMa, IPOU3BEJIEHUe U T.H.
Ha (GYHKINK HA HAKOJIKO IIPOMEH/IMBU HE € HeOOXOJMMO Ja ce 3Hae HUIIO
MoBeYe OT U3BECTHHTE (DOPMYJIN 33 TPOU3BOIHA HA ADUTMETHIHH OlepAIHH
¢ GyHKIME HA e/1Ha POMeHMBa . BN BbIPOC, NP KOHTO 10JI0KeHHe-
TO € pa3iAngHo, e nuepeHINPAHeTO Ha CJIOKHHU, UIN ChCTABHH, (DYHKIHH.
[Tle wmamomuuM popmynaTa 3a cjaydasi Ha €IHO MPOMEHJINBO: TPU JIaJIeHH
dbyukmun f(x) u p(t) (BbHITHA 1 BbTPenTHa GYHKIUS), TPOU3BOJHATA HA
cbheraBnara byuknusg F(t) = f(@(t)) ce masa ¢ dbopmynara

F'(t) = f'(e(t)-¢'(1),

T.e. MPOU3BOJHATA HA ChCTaBHATA (DYHKIMS € paBHA HA MTPOU3BEICHUETO
Ha IPOM3BOJIHMTE Ha BbHIIHATA W BbrpemHara ¢pyukiusd. [Ile gokaxkem,
4ye 1mogo0Ha (opMysa CHIIECTBYBA M 3a ChCTaBHA (DYHKIHSA HA HAKOJIKO
npomeniueu. Ille 3amounemM ¢ mo-mpocTus BapuaHT Ha TeOpeMaTa:

Teopema 4.Heka ¢gynrwyuama f(z,y) e dupepenyupyema 6 mouxa-
ma (xo,Y0). Hexa dynxyuume na edua npomenausa p(t) u ¥(t) ca duge-
peryupyemu 6 moukama ty, u @ (to) = xo, ¥ (to) = xo. a defunupame

*
BC'])HIHOCT TOPHUTE U3YNCJICHUA JOKa3BaT OIlEe BEIHDBHXK TE3N CbOpMyJII/I.
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cecmasnama gynkyus F(t) ¢ gopmyrama

F(t) = f(e@),¥(1)) .

Tozasa F(t) e dudepenyupyema 6 moukama ty, u e 6 cusa Gopmyrama

F' (to) = [, (@ (to) ¢ (to)) ' (o) + £, (¢ (to) , ¥ (t0)) ¢ (to) -

HokazareacTBo. ['pybo kKa3aHo, I0KAa3aTEICTBOTO Ce ChCTOU B 3aMe-
HsIHe Ha (DYHKIHUATA ¢ HeliHaTa JuHeiiHa JacT. Heka ¢ e ToYKa A0CTATBIHO
6amska 110 to. Ja ozmaunm At = t—tg, Az = p(t)—¢ (to), Ay = ¥ (t)—1 (to).
Ot nedunnuiudaTa Ha TPOU3BOIHA UMAMe

Az, Ay
A%IBOE:(,O@O), lim — (to) -

A0 At
Heka AF = F(t) — F (ty) = f (xo + Az, yo + Ay) — f (20, o). Torasa
or dhopMyTaTa 32 HAPACTBAHETO UMAME

kato oAz, Ay), f(Az, Ay) — 0 npu Az, Ay — 0. CregoBareHo,

AF , Ax
AN (f2 (xo, o) + a(Ax, Ay)) N

kKoeTo pu At — 0 KJIOHH K'bM

Azx

(£ (o, 90) + B(Az, Ay)) S

fr (2o, 90) &' (to) + f (x0,40) ¥’ (to) .M
ITpumep. Heka f(z,y) = a¥, > 0,y > 0. Torasa

folwy) =2t fi(z,y) = 2¥In().

Heka ¢(t),1(t) ca qudepernupyemu bYHKIMA ¢ TOJTOKUTETHH CTOM-
roctr. Ao monoxnm F(t) = o(t)¥® = f(p(t),4(t)), To o ropuaTa Teope-
Ma HOJIydaBaMe

F'(t) = $(t).0(0)" 710/ (8) + In (0(1)) .0 (t) "0 (8).
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Tazu opmysia € uzBecTHa OT IwbpBaTa YacT Ha Kypca, K'bJAETO Ts Ce
N3BEXKA UPe3 MPEIBAPUTEHO JIOTAPUTMYBAHE.

Honbiauenne. Anajgorndnn popMyan uMame, ako f e OyHKIHUS Ha
TpU uiau nosede npomenauBu. Heka e manena jgudepennupyemara pyHK-
must f(x,y,z) Ha Tpu npomentusH, a p(t), ¥(t), 7(t) ca gudepenmupyemu
dyuxiun na t. ToraBa npon3BojHaTa HA CbCTaBHATA DYHKIUI

ce nasa ¢ hopmysiara

F'(t) = fr (o (t), 0 (8),7(1) ¢ (1) + fy (0 (1) 40 (1), 7 (1) 0 (2) +
+ (@), ¢ (), 7(t) .7 (1)

B obuus cayyaii, veka f(z) = f (21,...,x,) e qaudepernupyema GyH-
KIUs Ha N IpoMeHsnBH, a (¢1(t), ..., p,(t)) ca nndepennupyemu byHKIHN
Ha T, KATO

2’ = (p1(to) -+ n (t0))

Torasa npousBojHaTa Ha ChecTaBHATA DYHKIUAA
F@t) = fpi(t), ..., en(t))
e paBHa Ha

() — gjl( ) g} (1) + .. +§i( ) 4, () z

L () h o)

C apyru gymu, popMyaaTa 3a MIPOU3BOIHATA HA CbCTaBHATA (OYHKITUS
Ce ChCTOM OT TOJIKOBA ChOMpPAEME, KOJKOTO Ca MPOMEHJTUBUTE, KATO BCSIKO
OT TgX HaIo00sgBa 110 popMa U3pa3a 3a IPOU3BO/IHA HA ChCTaBHA (DYHKITUS
Ha eJHa IPOMEHJINBA.

PyHKINOHAJIHA AETEPMUHAHTA HA M300pakeHue
3a peauna mejid ce HaJAra Ja Ce BbBEIAT, HAPEJ C PA3TJICKIAHUTE
jocera (OYHKIUU ChC CTOWHOCTH peaJIHM YHUCJa, W T.HAP. BEKTOPHO3HAYHU
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dbyskyn, Hapuuanu ome u3obpaxkenus. Ako D C R" e nedpununuonna
o0J1acT Ha enHa TakKaBa (PYHKIHS ChC CTOHHOCTH B HAKOe R™, TO Ha BCAKa
TouKa T = (T1,...,%,) € D GyHKIUATA CHIOCTABS TOYKA
f(@) = (fi(x),..., fm(x)) € R™

3a mpocToTa TYK IMe pas3ryiexkjaaMe IVIABHO caydasl Ha (pYHKIUHU, Je-
bunnpann B R?, n ¢be croitnocrn orroso B R%. Heka D e obmact B R? ¢
KoOpAMHATH u 1 v, u HeKa p(u,v) ¥(u,v) ca audeperupyemn QyHKIHH,
nedburupann 3a (u,v) € D. Toaaraiikn © = ¢(u,v), y = ¥ (u,v), HIE TO-
fTydaBaMe m300pazkenne ® ma obaacrra D B pasHmHata R? ¢ KoopamHATH
(z,y). C apyru aymu, usobpazkennero ® : D — R? ce 3amasa ¢ dpopMmyIaTa

(I)(u7 U) = (gp(u, U),l/}(U,U)) ) (u7 U) €D.

[Tonsgkora ka3Bame, de TOPHATE (HOPMYJIH OIMPEIETAT CMAHG HG KOOPOUHA-
mume B R?, KaTo cTapuTe KOOpPINMHATH (,y) ce H3PA3ABAT Upe3 HOBHTE
(u,v). Karo naii-BazkHu mpuMepn 3a TOBa MOXKe Ja Ce TIOCOYAT MOJISIPHUTE
KOODJIMHATH B paBHUHATA U C(epUIHUTE KOODIUHATH B TPUMEPHOTO IIPOC-
TPAHCTBO — Te Ie O'bJaT pa3rJiegaHu B cjaeaBaius maparpad.

3abesaekka. B Hakon ciaydam e yjgo0HO ja ce B3eMaT MaJiKO I10-
pasjnyay o3HaveHud. MokeM Ja 03HAYuMM KOOpAmHATHUTE (DyHKIUHU, OI-
pegessmu u3obpaxennero P(u,v), BMecro ¢ o(u,v),¥(u,v), ¢ x(u,v) u
y(u,v); Ipu Te3n O3HAUEHUsI N30OPAKEHUETO ce onpejieisi ¢ hopMysuTe

r=z(u,v), y=1yu,v).

Tpsabsa ma ce TOMHH, e B TaKbB CJydail OyKBUTe T W Y B JeBUTe CTPAHU
Ha paBEHCTBAaTa O3HAYABAT HE3aBUCHUMU NPOMEHJIUBH, a B JECHUTE CTPAHHU -
dyHKIIMY HA JBETE ITPOMEHJIUBY U U V.

Ba Ja Ccu upejcTaBuM HarJIeJAHO jeficTBuero Ha u3obpaxkenuero O,
MOZKeM [Ia pasryejiaMe IMpaBuTe OT BHIA U = U (XOPU3OHTAIHU), U U = Uy
(BepTuKaHM), B obnacTTa D, ¥ 1a HaMepnM TeXHUTe 06pasn Tpu n300parke-
uuero ¢. ToBa e moka3zaHo Ha cjeBalldd dYepTexkK, Ha KoiTo & nm3oOpassasa
obiacrra D (B claydas mpaBOBIbIHUK), B obnactTa E = ®(D).

KakTo Buzmame, eano n3obpazkenne or R? B R? ce ompesens or jpe
dpYHKIINHT, BCAKA OT KOUTO 3aBUCH OT JIBa apryMeHTa. Upes naudepeHnupane
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N306paxkenne or R? B R?

MOZKeM Jia MOJIy9nM YeTHPH BBH3MOYKHH IPOU3BOIHU: TOBA ca ¢, ¢, ! u
.. Tesn wernpn ynkmun Morar na ObIAT PA3MOTOKEHH B €/[HA MATPUIIA
¢ pa3mep 2 X 2:

Hedbunnmuga. Hexa

(D<u7 U) = (@(uv U)a ¢(Ua U))

2 2
e usobpasrcenue om R* ¢ R, I[lod mampuura npouszsodHa Ha u306patceH-
emo ® we pasbupame mampuyama

!/

o Pw) o)
Do(u,v) = ( W, v) P (u,v) ) '

[To-HaTaTbK I BUAMM, Ue BaykKHA POJS UTpae AeTePMUHAHTATA HA
Ta3u MaTpHUIla, KosaTo ce Hapuda PyHKIMOHAJJIHA JIeTePMUHAHTA Ha n300pa-
xenanero P:
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Hedbunnanmuda. 1100 pynryuonaine demepmurnanma, uist sxobuat, Ha
usobpastcenuemo ©, we pasbupame Gyrryusma

D (,9)

D (u,v) ()

= det (D® (u,v)) = 22&523 57825

)
1t

PazBuBaiiku jgerepMuHaHTATa OT/IACHO, ITOJIYIaBaMe

D(@Mﬁ) AN A A
m - (pud)v gpku

Teopema 5.(0CHOBHO CBOHCTBO Ha (hYHKIMOHATHUTE JeTePMUHAHTH ).
DYnKUUOHaAHAMEG JEMEPMUHAHING 1A NPOUIGEIeHUEMO Ha d6e U300pace-
HUA € PABHG HA NPOU3BEICHUETO HA METHUME PYHKUUOHANHY JemepMu-
HAHMU.

HoxkazarencrBo. Heka C ¢ koopaunaru (s, t), D ¢ Koopaunatu (u, v),
u F ¢ koopaumaru (x,%), ca obaactu 8 R Hexka W : C - Du®:D — E
ca eJJHOKPATHO IVIAJIKN W300pazKeHnusd, 3a/1a/IeHu ¢ popMyauTe

U(s,t) = (u(s,t),v(s,t), P(u,v)=(z(u,v),y(u,v)).

Axo npunoxkum Haji-Hanpea n3obparkernnero W, a ciaen ToBa M300pa-
xeamnero O, moydaBame nzobpazkenune Ha obaacrra C' B obnacTra F, KoeTo
ce HApWYa IIPOU3BEICHUE MM KOMIIO3HIMS Ha n3obpakenusaTa ¥ u @, u ce
oenexkn ¢ P oV : C' — E. ToBa m3obpazkeHne mMa BHIA

G o U(s, t) = (x(s,1),y(s, 1)),
KAaTO KOODIUHATHHUTE My (DYHKIUH Ce TABaT ¢ (pOPMYJIUTE
o(s,t) = 2 (u(s, 1), 0(5,1)) . y(s.1) = y (u(s, 1), 0(s, 1))

Jla w3BbpiuM audepeHnupane Ha Te3u (opMyId OTHOCHO ITPOMEHTH-
BUTE S U t, n3no3Baiiku popmysara 3a audepeHiupane Ha CJI0KHA PYHK-
nusd. [TonyuaBame, ge

/! / /A o / ro
Ty, = XT,.U, + TV, T =T,U +T,.V,



48 I'VIABA 1. JUOEPEHINAJIHO CMATAHE

/ / /

Y=yl 4yl Y =y

Jla yMHOXKHM cera Marpudnute npousBoanu Ha VU u O, u3no3Baiiku
npaBuyiaTa 3a yMHOKeHne Ha Marpunu ("peq cbe crbab"). Mmame

/ /

/ / / / / / / / / /
D® o DU — T, T, Uy Uy \ [ Ty Uy + TV, Ty +T,0p
© - / / / / / /+ / / / /_|_ / / -
u Yo Us U Yy Us Yo-Us Yy Uy Yo Ut
/ /
Ty, T
= 7 "t | =D(@®oV).
ys yt

Ha uszbepem rouku Py € C, Qg =V (Py) € D,
Ry = ®(Qy) = ® o ¥ (F,). ToraBa ropHOTO PaBEHCTBO IIIe Ce 3aMHUIIE BbHB
BIIA

D(@oW)(Py) = D®(Qo)o DU (Ry).

Or simneiinara ajredpa 3HaeM, 4e JIeTePMUHAHTATA HA IIPOU3BEICHUE
OT KBaJIpATHU MaTPUIH € paBHA HA ITPOW3BEJAEHNETO Ha JIeTEPMUHAHTHUTE.
OTTyK cjie/iBa TBBPJAEHUETO HA TEOPeMaTa, KOETO MOYKE J1a Ce 3aIUIle BbB
BHJIA:

(7) = 5 (@

D (u,v)

D (z,y) ‘
D (s,t)

D (s.1) (F).m

3abesexkka. Buxkia ce, ye HAUMHBT Ha 3alUCBaHE € TaKa ChbCTaBEH,
ge Ja MOJACeNa YUTATeId 33 NpaBUIHATa (POPMYJIa: TOPHOTO PABEHCTBO MO-
JKe J1a ce ThJAKYBa KaTo "cbkpamasame"'na D (u, v) B YUCIUTEIS CbC CHITHS
u3pa3 B 3HaMeHaress. Pa3bupa ce, TOBa HE € JIOKA3aTeJICTBO, a IPOCTO Ha-
YUH 33 3allaMeTsiBaHe Ha opMysiaTa.

IIpousBogra Ha 00paTHOTO M300pakeHme. KakTo 3Haem, u300-
paxkenuero ¢ : D — E or mHOXkecTBOTO [ B MHOXKECTBOTO F € B3amMHO
eJTHO3HAYHO (OMEeKTHBHO), aKO 3a BCsIKa TOYKa () € F ChIIecTByBa TOYHO
el 1poobpas B D, T.e. TouHo enHo P € D, takoa, ue (P) = Q. Ilosa-
rajikn P = ¥(Q), noaydasame o6paTHoTO n3obpaxkenne ¥ = &1 : F — D.
JlecHo ce BuxKIa, 4e ca U3NbAHeHN paBeHcTBaTa W o & = [p, o U = [g,
Kbjero Ip u Ig ca npenTnanute n3obpazkenusi Ha npocTtpancrBara D u B
B cebe cu.
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Teopema 6. Hexa ®(u,v) e 83aummo ednosnawno dugdepenyupyemo
uzobpasicenue om mmoocecmeomo D C R? ¢ koopdunamu (u,v), 6 MHO-
sicecmeomo E C R? ¢ woopdunamu (x,y). Hexa V(z,y) e nezosomo obpam-
no usobpascerue. Ja usbepem mouwka Py = (ug,vg) om D u da o3nauum
Qo =P (Ry); ouesudno Py =V (Qo). Tozasa

DV (Qo) = (DD (Py))~

D (u,v) B 1

HdokazareacrBo. 3HaeMm, ye W o & = [p. JlecHo ce BuxKaa, de mMar-
puYHaTa IPOU3BO/IHA HA uaeHTUTeTa [p € ejluHnaHaTa marpuna I, r.e. mat-
puIaTa ¢ eJIeMEeHTH eTMHUIIA 110 THArOHAIA U HyJIa U3BbH Hero (Jokazxkere!).
OueBuIHO JIeTePMUHAHTATA HA Ta3W MAaTpUIA € paBHa Ha uncaoro 1. [Ipu-
Jlarafiky IpejiHaTa Teopema, IoJIydaBaMe paBeHCTBAaTA

D (u,v)
D (z,y)

(@) 2 (7~ 1m

DV (Qo) o D®(Py) =1, u (u,v)

3abenexkka. OT Teopemara ce BHKIA, Y€ (DYHKIHOHATHATA IETEp-
MWHAHTA Ha 00paTuMo n300pazKeHue e pasjnydHa oT HyJaa. B maparpad 1.8,
TeopeMa 5, HHe IIe TOKaXKeM, 4e € BAPHO U 0OpaTHOTO TBbPACHUE: aKo PYH-
KIIMOHAJTHATA JIeTePMUHAHTA HA €IHO AudepeHIupyeMo ONeKTUBHO H300pa-
JKeHMe e pas3JimdHa OT HyJia, TO 00paTHOTO MY M300parkKeHue C'bIio e jude-
PEHIIIPYEMO.

DyHKINOHAJHA JeTePMHUHAHTA HA HN300parkeHue MexKIy
MIPOCTPAHCTBA C MO-BUCOKA PA3MEPHOCT. 3a TAKNBA M300parKeHus je-
(bUHHIMATA € AHATOIMYHA Ha Pa3IiefaHaTa Io-rope 3a n3o0pazkenus or R?
B R%. Heka nanpumep D u E ca obractu B R® ¢ xoopaumaru (u,v,w) u
(x,y,z) cborBetHO, U P : D — E e nzobpaxenue, 3a1aBano ¢ (bOpMyInTe

r=z(u,v,w), y=ylu,v,w), z=z(u,v,w).
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Torasa dpyukimonaanaTa JeTepMUHAHTA HA TOBA n300pakeHue ce 3a/aBa ¢
dopwmytara

8
8

/ /
D(l.?y?'z) B 7 e
DEV2) v )= | o], o]
D (u,v,w)" "’ ZZ ZZ ZZUU
Ananornuno, ako D u F ca B R", ¢ koopmunat u = (uq,...,Uy,) H
x=(x1,...,2,), u ®: D — FE ce 3anasa ¢ dpopmyaure
xl:fl('U,I,--.,un>,-..,xn:fn<'U,1,---,un>,

TO (pyHKIMOHAIHATA JleTepMunanTa Ha ¢ ce gaBa ¢ popmysara

8 () O() L. 0 ()

D (fi,..., fa) B g—ﬁ(u) %(u) ggi(u)
1,...,Un)
g—{g(u) %(u) %(u)
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B

. a
U b A

Yeprexk kKbM 3aa4a 4.

Bbnpocu 3a camompoBepka

1. /laiite nedpunuimsa nHa yacTHa npou3soana Ha Qpyukiumsdg. Kojako yacTHu
IPOU3BOTHYU HMa eHa (DYHKIUS HA N IPOMEHIUBH?!

2. Hanumere dpopmyriaTa 3a HapacTBaHeTO Ha DYHKIUA HA JIBE ITPOMEHIU-
BH.

3. Hanumere hopmysraTa 3a HapacTBAHETO 3a (DYHKIIUUTE:
a/ flx,y) = Sinl(acy) oKoJI0 Toukara (7/3,1/2).

6/ f(x,y) = ¥ okoso Toukara (2,2).

B/ Nsnoassaiiku 6/, npecmernere 2.01%%! ¢ rounocr g0 0.01.
4. Bucounnara ¢ = |OB| Ha MIAHHHCKE BPBX MOXKE Ja C€ OLPEJIE/IH II0
dopwmystara
a(b,a) = btg a,

Kbaeto b = |OA| e pa3cTossHEETO TT0 XOPU30HTAJIATA MEXKIY BbpXa U Hab-
JIOJATENIS, & (v € BI'bJIBT, HOJ KOMTO ce BUK/IA BbDXa (BUK 4ePTEKA).

N3znon3saiiku auHeiiHaTa dacT Ha ¢ropmyJiara 3a HapacTBaHETO, JI0-
KakeTe, Ue e BAJMIHA CaeaHaTa (popMysa 3a Tpenikara;

Aa =~ tg a.Ab+ ;- Aa.
cos 2
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5 . [aiire nedpununug Ha gudepeHupyemMa (pYyHKIU HA JIBE ITPOMEHTUBH.

6. Joxaxere, ue dynkmuaTa f(r,y) = ¢Ty He e mudepeHnupyemMa B TOU-
kara (0,0), a dyukmuara g(x,y) = cos Ty e nudepeHnupyeMa B Ta3m
TOYKA.

7. Ilo e cbecraBra (yuknus Ha aBe npovensmpu?! Hamummere gopmyra-
Ta 3a jaudepennupane Ha cbhbcraBHa GyHKIudg. Hamepere mpousBojHarta
Ha byHKImaTa ©(r) = %, u3noa3Baliku (bYHKIUATA HA J[BE MPOMEHIUBH

fu,v) =u".
8. Oyukmusara f (z,y) ce HApHIA ToMozenna om cmener k, aKO 33 BCSIKO
9UCJIO0 T € U3I'BAHEHO PABEHCTBOTO

[z, ty) = t°f (z,y).

Hudepennupaiiku ropaara Gpopmysia, JOKazxkKeTe 3a TaKuBa QyHKIUKT
paserctTBoTO Ha Oiiep:

mgi(ﬂc,y)wgi(%y) =k f(z,y).

9. J/lecbunupaiite Marpuyna npou3BoAHA U (DYHKIIHMOHATHA JeTEePMUHAHTA
na m300pazkenne or R? B R Hamepere (byHKIMOHAIHATA JeTEPMIHAHTA

Ha M300pakKeHueTo, 3a1aJeH0 ¢ hOpMYyIUTe
u

r=uv, y=—

v

10. @opmyaupaiiTe OCHOBHOTO CBOMCTBO Ha (PYHKIIMOHAJIHUTE JeTePMIHAH-
TH.
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1.5 IIpousBojHa 110 HanpaBJieHAE U I'PAJUEHT

3a (yHKIUE Ha eaHa MPOMEHJINBA I'bpBaTa MPOW3BOAHA B JaJeHa TOUYKA
IMa IPOCT T'eOMETPHYEH CMUCHJI - T € paBHa Ha bIJIOBUS KOeMHUIHEHT
Ha JIONHpaTeHaTa KbM I'padukara Ha PYHKIUATA B Ta3w Touka. C Apyru
JyMu, Tst u3pas3asa "crpbMHOCTTA HA rpaduKkaTa B Tasu TouKa (aKo dyHK-
[USITa HAPACTBA, MPOM3BOJHATA € TTOJOKUTeTHA, W T.H.). 3a QYHKIUH HA N
HPOMEH/IUBYU IIbPBUTE MPOU3BOIHU C& C'HINO N HA OPOil, U TAXHATA UHTEPII-
peTanus He € TOJKOBA OYeBHIHA.

3a /1a cu U3SICHUM FeOMETPUYHUsI CMHCH/ Ha I'bPBUTE HPOU3BOHHU,
Ie CU TOCJIYZKHM ¢ aHAJOTHSATA, KOATO CIIOMEHaXMe B HAYAJI0TO Ha TPeTHUS
naparpad: me pasriiegame rpadukaTa Ha J1a/ieHa (DYHKIU HA JIBE TPOMeH-
JIUBH KaTo pejed Ha JacT oT 3eMHaTa MOBbpxHOCT. Taka, da cu mpemacra-
BHM, Y€ Ce HaMUpaMe Ha CKJIOHA HA HIKAKbB XbJM (BHXK deprexka). Torasa
CTPbMHOCTTA Ha II'bTeKaTa, 110 KOsITO BbPBUM, 3aBUCH OT HelHaTa 110COKa:
HEE MOZKe JIa TP'bI'HEM NpaBO Harope (IoJisiM OJOKUTeeH HAK/IOH), TPaBo
HaJ0JTy (TOJISIM OTPHIATEJEH ), WK JIa TOEMEeM 110 XOPH30HTAIATa — TOraBa,
I'bTEKATA € XOPU3OHTAJIHA U HAKIOHBT € Hy/eB. Te3n choOparkeHusT BOIST
JI0 TMTOHSITHETO IIPOM3BOIHA 10 HAIIPABJIEHHE, KOETO Ie M3JIOKHUM I0-I0.IY.

ITpousBonHa nmo Hampassenume. Heka f (z,y) e dynknus Ha mase
npomensuBH, audepeHnupyeMa B Toukara (To,Yo), U Heka € = (h, k) e
BeKTOp (HApHMYAN BEKTOP Ha HapacTsamero) or R* ¢ mopma exmmuna (T.e.

lle|]| = Vh2+k2=1.)

Hedbunuuus. [10d npoussodna na Pynxuyuama f (x,y) no nanpasie-
nue € 6 moukama (g, Yo) we pasbupame 2paHuLaMa

dé 0,Y%) = ; .

Taszu nponsBogHa ce Hesrexku cbiro u ¢ fi (o, Yo)-

Ile muzpasum %(xg,yo) upe3 gacTauTe Tpomssonnu Ha f(x,y). Ilpa-
BaTa, MUHABAIIA 11Pe3 TOYKATA (T, Yo) U KOJUHEADHA HA BEKTOPA €, MOXKE
Jla ce mapaMeTpu3upa ¢ ypaBHeHusATa

:L'(t) =9+ ht, y(t) = Yo+ kt.
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(Toit kato ||e|| = 1, mapameTspbT ¢ CbBHAJA ¢ OPHEHTUPAHOTO PA3CTOSHAE
ot Tekymara Touka (z(t),y(t)) 1o HadaaHaTa TOUKa (X0, Yo)-)

Torasa orpanudenuero Ha f (z,y) BbPXy Ta3u IpaBa ce IPEICTABS C
(byHKIHATA HA €JHO TPOMEHIHBO

p(t) = f(x(t),y(t) = f(xo+ ht,yo+kt).
[To nedununusa nmame
df
de
[Mpunaraiiku 3a byuknuara ¢(t) = f (zo + ht,yo + kt) npasumoro 3a 1u-
depennpane Ha chbecTaBHa (DYHKIMSA, TOTydaBaMe, de

(20, 90) = ¢'(0).

¢'(t) = ny

d
. (xo + ht,yo + kt) + kdj; (xo + ht,yo + kt) .

[Ipu t = 0 mosrygaBaMe paBeHCTBOTO:

d d d
(*) dé@ﬂa Yo) = hdi (z0,%0) + kdj; (70, %0) -

Hedunniusgara Ha IPOU3BOIHA 10 HAIIPaBIeHHEe 0000IaBa IOHITHETO
YacTHA NMPOM3BOJHA, HedMHHPAHO B Hpeanus naparpad. Haumcruna, ako B
posisita Ha € B3eMeM KoopauHataute Bektopu T = (1,0) u ¢ = (0,1), 1o ot
dbopmysiara () nosydaBame:

Vo) = L @) Do) = % (@o.10)

= \(Zo, = - (Zo, y - \Zo, = - (Zo, .

dz \ro Yo dr 1O Yo 47 0, Yo dy 0, Yo
3abesnerkka. /lepunniusgara 3a mpou3BoAHA IO HANpaB/IeHue u Gop-

myjata (%) Moxke Ja Oble BbBeleHa W 3a (DYHKIHS HA 1 TPOMEHJINBHU

f(z) = f(x1,...,2,), mubepenmupyema B roukara 2° = (29,...,2°%). Heka
h = (hi,...,h,) € IPOU3BOJIEH N-MePEH BEKTOP (BEKTOP HA HAPACTBAHETO).
[Tonarame

d—{(xo) = hmf(xutﬁ) nEAC
dh {0 t
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_hmf(m(l)—i—thl,...,xg—l-thn)—f(x?,...,x%)
50 t ’

AHaJIOrm9YHO Ha cJIydas Ha ABe MPOMEHINBH, JECHO Ce JT0Ka3Ba (pOpMyJIaTa

n

Ty oson
@) =Y h @),

i=1

I'paguent ma dbysknmda. /la pasmiejgame, 1npu pukcupaHa TOYKa
(%0, Yo), 3aBHCHMOCTTA Ha MPOM3BOIHATA 110 HAIpaBieHue fz(xg,yo) OT enn-
HugHus BekTop € = (h, k). C apyru aymu, mmra ce 10 KOe HallpaBJIeHWe
IPOM3BOAHATA Ha (DYHKIUATA € Hail-rojasma, pecil. Hai-Maska. 3a neara
IIe U3M0JI3BAMe HOHSITHETO CKAAGPHO NPou3éederue Ha BEKTOPH oT R, Ko-
eTo MoxkKe 1a Obae JepHHHPAHO 110 AHAJIATHYEH U FeOMETPHUYCH BT - BAK
§1. 1lle mamomumm, e 3a jaBa BekTOpa d = (ai,as), b= (b1, by) or R? cka-
JIAPHOTO Npou3BejieHne ce jeduHupa ¢ popmyara

<C?, b> = albl + (lng.
CkanmapHOTO IIPOU3BEIeHUEe MOXKe J1a ce JedUuHupa U reOMeTPHIHO: B CUIA
€ PaBEHCTBOTO
(a,b) = |lall|[p]| cos £ (@),

K'bJIeTO / (c?,g) O3HAYABa 'bI'bJIA MEXK/Ly BeKTOpHUTE d 1 b.

Hedbunnmua. [lod zpaduenm wa dynkuuasma na 2 NpomMeHaAusu
f(z,y) 6 moukama (o, yo) we pasbupame 2-meper 8EKMOP ¢ KOOPIUHAMU,
PAGHU HA YACTNIHUME NPOU3EOJHU 6 MA3U MOUKA:

Mf (z0,%0) = (iﬁ (70, %0) , ny; (l‘o,yo)> .

Torasa dopmynara 3a MPOU3BOJIHA 10 HAIpaBJEHHE MOXKE JIa ce Ha-
UIIe U TaKa:

4
dé

d d
(0,%0) = hdi ($07y0)+kdj; (z0,y0) =

(xx) = <Wf (2o, Yo) 75> = Hﬁf (5’307190)“ cos /£ (me (2o, Yo) 75) ;
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Tbil Karo ||e]| = 1.
3Haem, de Hall-roJsiMaTa CTORHOCT Ha KOCHHYCA Ha €JIHH bI'bJl € PABHA
Ha €/IMHAUIA U Ce JOCTUTa 33 bI'bJ, paBeH Ha Hysaa. OTTYK MOJIydIaBaMe:

Teopema 1. Ilpouseodnama no HANPABAEHUE %(l’g,yo) 8 MoYKama
(x0,Y0) 63eMa Hal-20AaMAMaA CU CMOTHOCT, KO24MO 6eKMOPa € e eOHONo-

couen ¢ sexmopa grad f (20, Y0), m.e.

Mf('r(by(]) .
nga({f(ﬂfoayo)H

B mosu cayuat umame

;ZJ;(%,QO) = wa(afo,yo)“'

C APYTH AyMU, UMaMe CJIeJJHaTa reOMeTpUIHa HHTEPIPpETallud Ha BEK-
topa grad f (o, yo): mocoKaTa My CbBIAJA ¢ MOCOKaTa, B KoATo f (x,y) pac-
Te Hali-Obp30, a rojeMuHaTa My € paBHa Ha HaK/JIOHA Ha rpadukara Ha
(GYHKIUATA B Ta3U MOCOKA.

[Tle mocovmM oOImE €Ha TEOMETPHYHA XAPAKTEPU3AIHs Ha BEKTODA
grﬁf (0, %0). OT dbopmysnara (k) ce BHKIA, Te g—é (20, Y0) = 0 TOUHO TO-
raBa, Koraro € e neprenaukyasipen Ha grad f (zg, yo). Unage kazaHo, ako ce
ABUZKUM I10 XOPU3OHTAJaTa , HallpaBJI€eHUETO Ha ABUZKEHUETO BbB BCEKU MO-
MEHT 1Ie ObJie HepIeHIUKYISIpHO Ha IPaJIdeHTa B ChOTBEeTHATA TOUKa. Taka,

3acelra Ha UHTYUTUBHO HHUBO, CTUI'aMe€ 10 TBbPACHUETO (BI/I)K qepTema).

Teopema 2. I'paduenmem na edna dynryus 6 dadena mouka e nep-
NEHOUKYAADEH HA AUHUAMGA HA HUBO HA GYHKUUAMA, MUHAEAULL NPE3 MA3U

movxa.

Tounara dopMyIupoBKa Ha TOBA TBBHPJIEHUE € CJIeIHATA: IPAJIUEHT BT
e MepIeHJUKY/IIPEH HA JAONUPATE/THATA K'bM JIMHUATA HA HUBO B TOYKATA.

3abenexkka. /ledpunuimsara 3a rpaJueHT 3BYYH aHAJOTHYIHO U 33
dyukimn #a noseve npoMmensnsu, [lojg rpaguent Ha GpyHKIugTa HA N IPO-
mensusu f (r1,...,7,) B Toukara x° me pazbupame n-MepeH BEKTOD ¢
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['paguent Ha GyHKIUATA B JaJieHA TOYKA (B 9€PBEHO), U BEKTODH,
JOTMHPATETHE K'bM XOPU30HTAIATA (B UE€PHO)

KOOPJHWHATH, paBHU Ha YaCTHUTE IIPOMU3BOJAHU B Ta3HW TOYKa:
ad df df df
0 _ 0 0 0

®opmysa 3a kpaiiHuTe HapacTBaHud 3a (PYHKIIUA HA MHOTO
npomeunsusu. [lle 0600muM enna or Haii-BaxkHuTe GOPMYIN Ha aude-
PEHIMATHOTO CMsATaHe 3a €JIHa IIPOMEHIMBa — (popMyJIaTa 3a KpalHure Ha-
pacTBaHus, Jokazana B 1.§2.3 (u u3nonssana B npenHus naparpad). Heka
(z0,40) € R%, u &= (h, k) e BeKTOpa Ha HapacTBaHeTo (TYK He HCKaMe TOif
JIa € eINHUIEH [0 HOPMA).

Teopema 3. Ilpu zoprume ycaosus cowecmeysa wucao 0 € (0,1)
maxoea, ue
f(zo+h,yo+k)— f(zo,0) =

d
(xo + Oh,yo + Ok) + k:—f (xo + Oh,yo + Ok) .

df
=h
dy

dr
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I'pajguenT u JuHUM HA HUBO Ha JajeHa (DYHKIU

Hoxka3zarencTBo. /la BbBe/ieM, KAKTO MO-TOpe, MOMOITHATA (DyHKITHS
Ha efqHa npoMennusa p(t) = f (xg + th,yo + tk). Torasa or yciosuero nHa

TeopeMara cJejBa,

e p(t) e qudepennupyema B unTepsasia [0, 1]. Or ex-

HOMEpHATa TeopeMa 3a KpallHUuTe HapacTBaHUS CJIe/IBa, Ue

3a Hgaxoe noaxoamo 6 € (0, 1). ToraBa Teopemata € cIeCTBHE HA OUEBH/I-

HUTE PABEHCTBA

©(0) = f (w0, 90) , (1) = f (w0 + h,yo + k) ,

d d
() = hdf: (zo +th,yo + tk) + de; (zo +th,yo +tk).

3abesexkka.

BHI3,

PapencrBoTOo OT TeopeMaTa MOXKe Ja Ce€ Hallullle BbB

f(wo+h,yo + k) — f (20,90) = <5, Mf(%%—%,yo—i-&k»-
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Caencrsue 4. /la npenonoxum, de npouspogaure Ha f(z,y) HAB-
CAK'BJAEC YAOBJIECTBOPABAT HEPABECHCTBOTO

(o) (o)

Torasa e B cmia HEPaBEHCTBOTO

|f (2o + h,yo + k) — f (20, 50)] < CVh2+E2.

oka3zaTeacTBO. YCJI0BHETO BCBITHOCT O3HAYaBa, Y€ BbB BCAKA TOY-
Ka (Z,y) € U3IbJIHeHO ngaa f(m,y)H < C. Torasa

|f (w0 + h,yo + k) — f(z0,90)| = ‘<€> @f ($0+9h,y0+9/€)>‘ <

< [lgead £ (o + O, go + 68| 1] < CVAZ T 2. m

YupakaHeHus

1. Heka O = (xg,%0) e dukcupana Touka B paBHUHATA (HAID. HAYA-
_ 2

70T0), U 3a Besgka Touka P = (z,y) € R*, dbynkmuara f(P) e pasma Ha
pascrosinuero ot Toukara O 1o roukara P:

F(P) = f(z,y) = [|OP]| = /(z — 20)* + (y — w0)".

Hawmepere gacrante mponspoaan wa dyukuusara f(z,y) npu P # O n no-
KazkeTe, Je

—

aad (P) = 2L
s ) = fjop]

3abesexkka. Bekropbr Hgigl\ HPEJICTABIISABA €JIMHUYEH BEKTOP, HACO-

qeH or O KbM P.

2. (obobrenue wa penHaTa 3a1aua). Heka f(P) e paananna GyHKIus
B paBHHHATA, T.e. UMa BUIA

f(P) = ([OP]]),
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kbjaero O e dbukcupaHa Todka B paBHHHaTa (Hanp. Hadasoro), ||OP|| e
pascrostanero or Toukara O no Toukarta P, a ¢(t) e dbyHKuua Ha eIHO
HpPOMEHINBO, jedunupana u audepennupyema npu t > 0. Jlokaxkere, de
f(P) e mudepennupyema mpu P # O u

— OP

grad f(P) = @’(HOPH)-W'

3. (HioTOHOBO IrpaBUTAIMOHHO MOJIe). AKO HMaMe JIBe MaTepual-
HH TOYKH, TO, CIIOPEJl TEOPUSTA 33 IPABUTAIMSATA, IPABUTAIIMOHHATA CHIA
MEZK/Y TAX € HaCOYCHa 110 CB'bpP3BalllaTa I' JIMHUA, ITPAaBO IIPOIIOPIUOHAJIHA
e Ha TMPOM3BEIEHNeTO Ha MacuTe, U 0OPATHO MPOMOPITMOHATIHA Ha KB pa-
Ta Ha Pa3CTOAHUETO MEXKAY TdX. MaTeMaTI/IquKI/IH n3pa3 e CJACTHUAT: HECKa
uMmaMe Maca M B Toukarta O, u eJuHHYIHA Maca B ToukaTta P. Jla o3Haunm
¢ F(P) = (Fy(P), F,(P), F,(P)) cunara, ¢ KOATO Ta3: Maca ce [MPUBIAYA
or mbpBata. [Tokazkere, 4e BEKTOPHOTO 110J1€

— C —
F(P)=-———(0P),
loF|
Kbaero ¢ = kM n k e TpaBuTaIlMOHHATA KOHCTAHTA, Y/IOBJIETBOPSIBA TOPHUTE
yeaosus. TTokaxkere ore, de ako nojoxum P (P) = ||O‘i ik TO € U3M'bJIHEHO
PaBEHCTBOTO

F(P) = grad (P).

Babenexka. Oyukiusara $(P) ce HapUda 2pasumMayuoOHer NOMeH-
yuaa. B MHOTO ciiydan e mo-jiecHo Ja ce paboTH ChC CKajgapHaTa (pyHKIUs
®(P), OTKOIKOTO ¢ BeKTOpHOTO Toste F(P).

4. Heka Fy, F, ca npe pa3jam4Hu TOYKM OT paBHuHarta, u f(P) =
||F1P|| + || FoP||. Hokaxkere, e mpu A > || Fy F|| mumunTe na nuso na dyn-
KiusaTa (T.e. MHOXKECTBOTO OT ToUKH P, 3a kouto f(p) = \) mpenacrapispar
eauncu (¢ dpokycn B Toukute Fi u Fy).

YuobrBane. 30epere KoopjuHaTHA CUCTEMa C HAYAJJI0 Cpejlata Ha
orceukara [ Fy u abcuucua oc 1o Ta3u orcedka. Ja oznaunm p = % || F1 Fy||;
toraBa Toukure Fy, Iy me nvar koopaunatu (—p,0) u (p,0) cvorBerHo. [la
OJIOZKHAM
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Jlokazkere dpe3 JBYKpaTHO IMOBATaHe HA KBaJIpaT, 4e 3a BCsKa To4Ka PP =

T apernctBoTo ||PF|| + ||PFs|| = A e ekBuBasienTHO ¢
(z,9) p I

2?2y

o) + o 1.

3abenexkka. CiegoBaTeHo, eJIUICATa MIPEJICTABIIBA [€OMETPHIHO-
TO MSICTO HA TOYKH, 33 KOUTO CyMaTa Ha Pa3sCTOSHHATA 10 (POKYCHTE € KOH-
crarTa. OTTYK cjeaBa g00pe HO3HATHAT HAUMH 33 HadepTaBaHe Ha €JIHUIICA,
C TIOMOIIITa HA BPbBUYHIA U J(Be IBO3/eiiuera (ocodere rol).

5. (Onrnmuno cBoiictBo Ha enuncara.) Heka f(P) = ||F1P|| +
||FoP|| e dyuknusita or npeanara 3ajada. Jlokaxkere, 4e 3a BCsKa TOYKA
P # Fy, F5 Bekropbr grad f(P) e KoJinHEapeH ¢ bIJIOHO/IOBSIIATA HA bI'bJIa,
onpeaesieH OT BEeKTOPHTE PIVI, PIVQ.

Vobreane. [la oznaunm fi(P) = ||F1P||, fo(P) = ||F2P||. Ot pesyan-
TaTa Ha 3a1. 1 ce BHKIa, de

— —

BP - mdpp) = 2P

graa fi(P) = 7=, =T
! |Fy P | P)|

Jla Hamecem oT ToukaTa P eJIMHUYHUTE BEKTOPU
PQ, = grad fi(P), PQy = grad fo(P).
Torasa
grad f(P) = grad fy(P) + grad fo(P) = PQ: + PQs = PQ.

Tbit kKaTo YeTupPUbI'bIHUKBT P12 e poMb, To /(Q1PQ) = /Q2PQ).

3abesexkka. Pesysirarbr Ha 3ajadara uMa 1IPOCTa reOMeTPUYHA UH-
Tepruperanus. 3aAKOHBT 33 0TPa3siBaHEe HA CBETJMHATA, TJIACH, Y€ TIPU OTPa-
3siBaHe OT PABHWHA TMAJAINUSIT U OTPA3CHUAT JIbY CKJIYBAT eTHAKBY bIJIH
¢ HOpMaJaTa KbM HOBbpXHHHATA. CHIUAT 3aKOH € BAJHACH U 33 KPUBOJIU-
HeffHa MOBbPXHUHA; aKO MOBbPXHUHATA € IIPEICTaBeHa KaTO JTHHUS Ha HUBO
Ha JajaeHa (yHKIwms, To 1o TeopeMa 2 or maparpada HOpMajaTa KbM Hes
e KOJIMHeAPHA, ¢ TpajueHTa Ha (QyHKIHATA. Pe3yjnrara Ha 3aadara MOXKE
Ja ce popMmysupa Taka:
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OnruaHo CBOHCTBO HA €JINAICATA

AKoO mycHeM TpPOW3BOJIEH CBETJIMHEH JIbd OT €IWHNSA (DOKYC HA €JIHIi-
carta, CcJeJ OTpa3siBaHeTO B Hesd TOH Ie MUHe 1pe3 JIpyrusd u pokKyc.

6. Heka [ e npaBa B paBauHaTa u I’ e Touka, KoaTO He jexxku Ha [. Heka
M e MHOKECTBOTO OT BCHUKHM TOUKH P B pABHHHATA, 338 KOUTO PA3CTOSHUETO
||FFP|| or Toukara P 10 Toukara F' e paBHO Ha Pa3CTOSHHETO OT ToYKaTa P
1o npasara [ (T.e. HA JbKMHATA HA TEPHEHANKYIIPA, CIyCHAT OT P KbM
npasara). /Jokazkere, ge MHOkecTBOTO M e mapaboua (¢ dokyc BbB F).

YobrBane. 30epere Koop/iuHATHATA CUCTEMA B PABHUHATA TAKa, 4e
octa T Aa cbBOaga ¢ [, a Toukara F' ma sexu ma octa y (te. F' = (0,p)).
[Tokaxkere, ye MHO)KecTBOTO M ce ONuCBa ¢ YPABHEHUETO Y = ixz + L.

3abeaexkka. Hedopmaano mapabosaTa MOxKe J1a ce pas3rjiekia KaTo
I'DAHUYHO MOJIOXKEHUE Ha eJTUICcaTa, ako eIWHUAT (HbOKYC e HelOIBUKEH, a

JIpyrudT oruBa B 6e3kpaiinocTra.

7. (OnTuuno cBoiictBOo Ha mapaGosara.) Ilokaxere, Ye Bcekn
CBeTJIMHEH JTbd, u3mu3anl or ¢dpokyca F Ha mapabosara, ciaej oTpaykeHue B
napaboJiara craBa yclopejieH Ha Heitnara oc. Pa3bupa ce, BapHO € u obpar-
HOTO: KO U3IIPATUTE K'bM 11apabosiaTta CHOII b4, YCIIOPeieH Ha HeffHaTa oc,
cJIe]l OTPaXKeHNeTo BCUYKM Te Ie ce ¢hbepar BbB (hoKyca Ha mapadoJiara.
ToBa CBOHCTBO MUPOKO Ce U3IO/I3BA B TEXHUKATA, HAIPUMED BDHB (hapoBeTe
HA KOJIUTE, B TAPADOIUIHUTE AaHTEHU U JIP.

YobsrBate. Anajorndno nHa 3a71. 5, aa nogoxuMm fi(P) = [|FP|,
folz,y) = —y. m f(P) = fi(P) + fo(P). Torava grad fi(P) = TEBT»
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grﬁﬁ(P) = (0,—1). Tapabonara M cbBnaja ¢ HyjaeBara JIMHUS HA HU-
BOo Ha dyHknusaTa f(P), T.e. ¢ MHOKECTBOTO Ha BCHYKH TOYKH P, 33 KOHTO
f(P) = 0. Kakto u mo-rope, Ime HaneceM OT TOYKaTa P eJIMHUYHUTE BEK-
Topu PQ; = mfl(P), PQ, = grﬁfg(P). OTHOBO YeTHPUbI'bIHUKBHT
PQ1QQs e pomMb, u ciegoBareato /Q1PQ = /QsP(Q) (Bux yeprexa).

Onrudno cBo#cTBO Ha mapaboJara

Bbnopocu 3a camonposepka

1. /laiiTe nedpunuiius Ha Ipou3BoHa Ha (DYHKIU 110 Ja/ICHO HAIIPABJICHHUE.
[Tokazxkere, Ye JacCTHHUTE MPOU3BOJIHM HA (PYHKIUATA €A CICIHAJHHA CJIyIan
Ha Ta3u AedUHULINS.

2. [lokazkeTe Kak IpOU3BOHATA 110 JIAJIEHO HAIIPABICHUE Ce U3PA3dBa dpe3
YACTHUTE IMPOU3BOIHUA B TOYKATA.

3. Haiite nedunuims Ha rpaanenT. Kak ce n3pa3siBa MpOU3BOIHATA 110 HATI-
paBJieHre Ype3 I'PaJIMeHTa B JIaJeHATa TOYKA.

4. KakbB € reOMETPUIHHAT CMUCH/I HA TPATACHTA

5. HaiiTe nedbuHUIMS HA €TUICATA KATO TEOMETPUYIHO MACTO Ha Touku. Ka-
TO CJIEJICTBHE, TPEJCTABETE eJIUICATa KATO JUHUYA HA HUBO HA OIpEJIe/IeHa
dyukiug. N3mon3Baiikn TOHATHETO TPaJueHT Ha (DYHKIUI, JTOKAZXKeTe Oll-
TUYHOTO CBOWCTBO Ha €JIUIICATA.

6. /laiite nedpuaunusa na napabosiara KaTo reOMETPHYHO MSICTO Ha TOYKH,
U KaTO CJEJCTBHUE JIOKAKeTe ONTHYHOTO CBOWCTBO Ha napado/iaTa.
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1.6 IIpousBoJHU OT MO-BUCOK PEJ

Jlocera Hue pasriekaaxMe caMo IPOH3BOIHE OT I'bpBH pei. Kakro Oerre
HAIlpaBeHo 3a (QYHKIMH HA eIHO IPOMEHJIMBO, HHE MOXKEM 73 HPOIbIKIM
J1a ,gn(bepeﬂunpaMe U JIa MOJIYYUM IIPOU3BOJHEM OT 1MO-BUCOK pejl. Taka ¢
———(z) wm ¢ fI (x) o3navaBame npousBoHATA HA DYHKIUATA —— 110
all}i 8.1']‘ v 89&1
IPOMEH/INBATA T; B TOUKATa =. 3a dbyHKIws f(z,y) HA 1Be IPOMEHINBH HHE
noJtydasame 4eTupu Bropu npoussonuu fi, oo fios fo . Tporbikasaiiku
HATATBK, NOJyUaBamMe 8 NPOU3BOHI OT pej Tpu: fio . fil

Ha npbe mories KapruHaTa W3LJIEZKIa J0CTa CJAOYKHA: CTHTAHKH J10
POM3BOIHATE OT peji k, Te moaydnm, de Te ca 2F ma 6poii. Bebimuoct uc-
THHCKATa CHTyalds € [MO-IPpOCTa: B TO3M maparpad HHe Ie IOKaxKeM, Te
IpHU HSIKOHU JIeKH IIPeIIOI0KeHIsT CTORHOCTTa Ha ITPOU3BOJIHUTE HE 3aBUCH
OT pela, B KOWTO e u3BbpiieHo audepennupanero. CaemnoBaTeIHo pasInd-

HUTe PON3BOAHH OT pej k ne ca 2F, a camo k + 1 na 6poii.

n T.H.

[Te nokazkem Teopemara 3a HE3ABUCUMOCTTA Ha BUCIIUTE IIPOU3BO/IHE
oT pefa Ha mudepeHnupaneTo 3a GYHKIU HA IBE MPOMEHINBH.

Teopema 1. Hexa f(z,y) e Pynryus na dse npomensueu, dedunu-
pana 6 oxoanocm na mouwkama (xo,Yo). a npednososcum, we nspeume

npouseodnu f,, f,, u cmecenume emopu npoussodnu fr, u f. couecm-

Ty YT
eyeamm 6 oKOAHOCM HA (xo,yo) U Ca HeENnperscHaAmMU 6 ma3u movka. Tozasa

cmotinocmume HO CMECEHUME npouseodHu 6 mouxkama ca pasHu.’

f:::/y (z0,%0) = fg,l,lx (70, Y0) -

HdokazaresactBo. [lle anpokcumupame cMeceHrTe BTOPHU 1POU3BOIHI
¢ "mudepenunn gactau or Bropu pen'. Heka h u k ca mocTtarbyHO MaJIKH
qncia. Jla oznadum

Wi(h,k) = f(zo+ h,yo+ k) — f (zo+ h,y0) — f (2o, y0 + k) + f (20, o) -
Ia pasriegame moMomHara QpyHKIHs
‘P(x) = f (.I,y() + k) - f(xvy()))

Jedbunupana 3a CTOHHOCTU Ha X, JOCTATBHIYHO OJIM3KU 10 Xo. ['pynupaiiku B
u3pasa 3a W (h, k) mbpBOTO ¢ BTOPOTO M TPETOTO ¢ Y€TBHPTOTO ChOUPAEMO,
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HO/Iy4aBaMe PaBeHCTBOTO
W(h,k) = (f (xo + h,yo + k) — f(xo+ h,v0))—(f (xo,y0 + k) — f (x0, %)) =
= ¢ (xg+h) — ¢ (z0) = hg' (xo + 011)

3a nogxosmo 01 € (0,1) (mo Teopemara 3a KpaitHuTe HapacTBaHUsI 3a (DY H-
KInATa 90) Toit karo 90/(1"> = falz (xvyo + k) - fa/c (l',y()), To
W(h, k) = hfy, (xo + 01h,yo + k) — [, (w0 + 01, y0) =

= hkf:i:ly (‘%0 + 61h7 Yo + 62k) ’

KaTO MOCJIEIHOTO PABEHCTBO Ce II0JIy4aBa OTHOBO Ypes3 IpUJIaraHe Ha Teo-
pemaTa 3a KpaifHuTe HapacTBaHus, TO3u IbT 3a dbynknuara f. (xo + 61h,y)
Ha npomensuBara y. Tyk orHoBo 0 € (0,1) (pasbupa ce, uucaara 01 u 6y
saucaT or h u k). Orryk

W(h, k
L) = fry (X0 + 01D, yo + 02k) ,
hk
u ciaegopareano npu h — 0, k — 0 umame
W (h, k)

fcHo e, 4e B rOPHOTO Pa3ChiK/IEHIE MECTATa HA T U Y Morar Jia Objaar
pasmenenn. /la BbBejieM apyra nomMorrHa QyHKIusd

U(y) = f(xo+hy) — f(z0,y).

‘Torasa
W(h, k) = (yo + k) — ¥ (y0) = k¢’ (yo + 63k)
(TyK rpynupaxme mwbpBOTO C TPETOTO W BTOPOTO € YETBHPTOTO ChOMPAEMO
B m3pasa 3a W(h, k)). Cera ¢'(y) = f, (o + h,y) — £, (20, y), oTKBACTO
W(h, k) = f{, (zo + h,yo + O3k) — f; (20, Yo + O3k) .

[Ipumaraiiku KbM JgdcHATa 9acT TeopeMaTa 3a KpalHWUTe HapacTBaHUA IO
T, ToJydaBaMe, KaKTO Mo-rope
W (h, k)

W(h7 k) Y ; Y
hk - Jyx (‘IU + 04h7 Yo + 63k) n h~>1(1),1}’cl%0 hk - f x (x07y0) )
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orxbaeTo fr (T0,Y0) = fue (To, Yo)- u

Ot Teopemara cJie/iBa, 9€ pa3MecTBAHETO HA peJia Ha audepeHrupaHe
e 3aKOHHO ¥ 3a (PYHKINK HA [IOBeYe MPOMEHTHBU:

CanencrBue 2. Axo gynwyuama f(xq,...,x,) npumescasa nenpe-
KBCHAMU YACMHU NPouseodnu do ped k 6 dadeHna 0KOAHOCT, MO METHUME
cmotiHocmu He 3asucam om peda wa dudepenyupane.

Heka nanpumep f(z,y, z) e nudepennnpyema dbyHKIHsI HA TPH TTPO-
MeH/TMBH. V3110/13BafiKi HAKOJIKO I'bTH TOPHATA T€OpeMa, IOoJIydaBaMe Hall-
puMep, ue

e = (F)ae == ()2 = Jite = (1) = (F1)s = it

1 1O CBIMAAT HAYUH MOKE JIa Ce PA3ChiKIaBa 38 BCMUKN YaCTHU IIPOU3BOJTHHA
OT TPETH U TO-BUCOK DPEJI.

Baxken npumep. B 1031 pasen 1me HaMepuM BUCIIATE TPOU3BOIHA
Ha ToMotTHaTa (hYHKIHS ¢ (t), H3TOM3BAHA B IPEIHES Taparpad B ompeje-
JIBHHETO Ha pou3BojHa 110 Haipasjenue. [Ile npunomuum neitnara jedu-
Humyst: Heka Gynknusara f (x,y) e qedunupana n gudepeHupyemMa 10cTa-
ThueH Gpoil MbTH B OKOJHOCT Ha ToYKaTa (T, Yo). Heka € = (h, k) e BekTOp
Ha HapacrBaneTo. OyHKuATa ©(t) € OmpejeseHa B OKOJHOCT HA TOYKATA

= 0 ¢ dpopmyaara
p(t) = f(xo+th,yo + tk).

Kakto B §6, bopmynara 3a nudepeHnupane Ha chbcTaBHA (DYHKIIHS HU 1aBa,

d d
gOl(t) = hd.f%' (lEo + ht, Yo + k‘t) + kd{; (330 + ht, Yo -+ k’t) .

[Mpunaraitku mocsie10BATETHO K'bM TOPHOTO PaBEHCTBO (hOPMYJIaTa 3a
qucepennupane Ha CbCTaBHA (DYHKIIHA, IOy daBaMe

o (2) ()b () <5 2)-

o f 9 f 0 f
— 2~ J 2 2 )
R TR v

(1 TYK BbB BCHYKH MPOM3BOIHK apryMeHTuTe ca (xg + ht,yo + kt)).
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[To cbumg Ha4YMH MOZKeE Jia ce IpPecMeTHe, 4e

Bf Pf 03 f Pf
"(t) = h3 —= + 3h%k hk? | FRp——
7 ox3 3 0x20y 3 0x0y? * oy’

HuraressT Moxke 6u e 3abess3ai, de noaydenure dbopmyan 3a ¢ (t)
u " (t) dbopmanno Hanonobasar uzsecrnute uspasu 3a (a + )% u (a + b)3.
ToBa He e cay4aiino. Moxe na ce JoKaxKe, de n-tara Opou3BoaHa Ha ¢(t)
ce naBa ¢ popMyJIa, aHATOTHYHA Ha GuHoMa Ha HioTon, T.e. Ha pa3BUTHETO
Ha (a + b)™:

(M) () = § : n PP
(70 ( ) < ) axnipayp )

p=0 p

n!
p! (n—p)”
JlokazaresicTBOTO MOKe j1a Objie MPOBEIEHO YPe3 MHIYKIUA 1o 1 (aHa-

JIOTHYHO HA JTOKA3aTeJICTBOTO Ha dopmyaaTa 3a 6uHoMa Ha HioToH).

K'bJETO <Z) e OMHOMHHAT KoepUuIueHT (Z) =

CHUMBOJIIYIHO PaBE€HCTBOTO MOZKe J1a €€ 3allulie BbB BUIA

d d\"
M) = [ h— -
e\ (t) (h +k y) f (w0 + ht,yo + kt) .

YupaxHeHus

1. Heka f(z,y) e dyHKuusara, onpejieieHa ¢ paBeHCTBaTa,

2 2
x? —y
fla.y) =2y — 7 (z,y) # (0,0), f(0,0) = 0.
ZLOK&)KGTG, qe % u of CbhIODCCTBYBAT U Ca HEIPCKDLCHATH HaBCAKDLAEC B

ox dy
R? u ue cMeceHUTe IPOU3BOJHE B HYJIATA ChIICCTBYBAT. [loKazkeTe, e
?
9? f
Ox Oy

0% f
Jy Ox

(0,0) # (0,0).

Ob6sicuere 3armo T0o3u (PaKT HE MPOTUBOPEYHN HA Teopema 1.
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1.7 @opmyna Ha Teiigop 3a pyHKIIUT HA MHO-
ro MpoMeHJIUBU. JIOKaJHI eKCTpeMyMu

®opmyna Ha Teitnop.B navanoro me npunomaum dpopmyaara Ha Teitaop
3a byuknun Ha enma npomeminsa. (Bux gacr 1, §2.7.) Ao dyukiusra f(z)
e nedbuHEpaHa B OKOJHOCT HA TOYKATA T( U MPHUTEXKAaBA ITPOU3BOIHE 10 PEI
N B Ta3W OKOJIHOCT, 34 JOCTAThYHO MaJjiKu HapacTBanusa h = Ax e B cuia
dopmytara

n (k) T .
Form = > @)+ R

(Ime HATOMHUM, Ye 10/ HyJIeBa MPOU3BOJHA Ha efHa (yHKIuUs ce pa3dupa
camara dyukius). 3a octarbka R, (h) e B cuta onenkara R,(h) = o(h™),
T.€.

lim Bn(h)

h—0 A" =0

Ako f(x) npurexkaBa u n + 1-Ba TPOU3BOJIHA B Xg, € B CHJIA MO-TOYHA
OIleHKA; Hali-4ecTo 3a ocTaTbKa ce u3no3Ba dopmyaaTta Ha Jlarpanx

. f(n+1) (:L'o + 9h>
N k!

Ry (h)

(l’ . 330)n+1

3a moaxoao n3dpano 0 € (0,1).

B To3u naparpad mue e u3BeeM anajgorundna hopmysia 3a QyHKIUA
Ha JAB€ MIPOMEHJINBU. ]_]:Le HU3IMOJ3BaMe CbIUA ITOXBAT, KAKTO U B IIPEAUIITHUTE
naparpadu: cBe:KIaHe Ha BbIIPOCa K'bM (DYHKIHUS HA €JIHA IPOMEHJINBA.

Heka f (x,y) e n-xparno judepennupyema pyHKIUsT HA 7 IPOMEH,TH-
BH, JedUHIPaHA B OKOJHOCT Ha ToukaTa (Xg,yo). Heka € = (h, k) e BekTOpa,
Ha HapacTBaHeTo. Jla MpeanoIokuM, 4e OTCedKaTa, CBbpP3Balla TOUYKUTE
(x0,Y0) u (2o + h,yo + k), ce cbabpka B neduHUITOHHATA 061aCT HA (DYH-
kuusaTa f. ToraBa Hue MoxKeM Ja oOpasyBaMe IIO3HATATA Bede IIOMOITHA
dyHKIIMST

o(t) = f (xo + th,yo + tk),

onpenenena 3a t € [0,1]. B npegausa naparpad Hue npecMeTrHaxXMe IPOU3-
BOJIHUTE Ha Ta3u (PYHKIUS:
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d, d,
'(t) = h—f (wo + ht,yo + kt) + k:—f (o + ht,yo + kt),

dx dy
>’f *f 2f
2 O 2
O"'(t)=nh 8$2+2hk8x8y+k 8
>’f >’f >Ff >Pf
" t) = h3 ~J th hk,Q k,3 = J
o) ox3 3 0x20y 3 0x0y? + oy3’

U, B 00IUs CIydaid,

W N [T e of ny n!
e"M(t) = Z( )h pkpi@x”*pﬁyp’ K'b,D;GTO( ) =

= \p p) p!m—pl

KakTo Buggxme B npeanus naparpady, T IPATEKaBa IPOU3BOIHE JI0
pesl N BKJIIOUUTEIHO, M HUE MOXKEM 3a BCAKO k < m — 1 Ja HaluimeM 3a Hes
dopmynara wa Teisop ¢ tg =0 u At = 1:

n P

p=0 D

R ()
¢ Rn - (n+1)!

o(1) = f (zo + h,yo + k), To, npunomHustiiku cu HOpMyIHTE OT MPEIXOTHHUST
nmaparpad 3a mpousBogHuTe Ha (1), MOayYaBAME

3a mgkoe 0 € (0,1). Toit xkaro p(0) = f(xo,y0) ©

®opmysa Ha Teitsiop ¢ ocTarbieH WieH BbB Bu Ha Jlarpanxk.
Axo f(x,y) npumescasa wacmmu npoussodny do ped k+ 1 exaowumenro 6
HAKAKSQ 0K0AHOCT, Ha (To,Yo), 6 CUAG € PABEHCTNEOMO

n

o+ = 3 5 (k) o) + Rl

xademo

1 a 8 n+1
R, (h,k) = CES (ha;(;+kay> f (zo + 0h,yo + Ok)

3a nodzrodsuwo 0 € (0,1).
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3abesaerxkkKa. 3a OCTATHLUHUS YJICH MOXKE Jia O'bJe U3I0/I3BAHA BCIKA,
ot jgpyruTe no3uaru ot dact I dopmynaun — popmara wa [lnemuax—Porn nin
HHTerpaJiHaTa ¢GpopMmyJia oT 3a. 3 Ha §4.3; pa3/JUKATe He ca ChIIeCTBEHH.

Ciaencrsue (ocrarbueH dWieH BbLB (popmara Ha Ileano).3a
ocmamzunus waen R, (h,k) e 6 cusa coomnowenuemo R, (h,k) =
o(||h, kl["), m.e.

R, (h,k) 0

ko IR, KIT
HdokazarencrBo. /la oznaunn
r=||(h,k)|| = Vh% + k2.

Torasa unciara |h/r| u |k/r| He HagMuHABAT eAuHAIA. 3HACM, e

1 n+1 n+1 ntloprp an+1f

3a 1a mokaykeMm paBeHcTBOTO R, (h, k) = 0 (r"), € 1oCTATHIHO Ja MPOBEPUM
TOBA PABEHCTBO 34 BCAKO OT ChOMpaeMuTe OTIACHO. ViMame

1

rn

n + 1 gl an—i—lf

B 1 an+1
< -t | )(aff(onr@h,ymL@k)‘-

anrl*payp

Heka C) e exna ropua rpanuna 3a dyukmusata |f (xg + 0h, yo + 0k)],
uC = (";1).01. Torasa

<n+1) hn—l-l—pkpaniﬂff (xo + 0h, yo + 9/{)

p Oxnt1 *Payp
/r-n

<C [n],

KOEeTO JIOKa3Ba TBbPIACHUETO. |

Haii-gecro dhopmynara Ha Teisiop ce n3mo3Ba 3a MaJIKu CTOHHOCTH
Ha n. [lle g nanumem npu n =1 u n = 2. [Ipu n = 1 nonyuasame
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f(wo+h,yo + k) = f(20,90)+h gi (w0, y0)+k ggjj (z0,10)+0 (V h? + k2> ;

KOETO C'hBIAJA C JoKa3zaHata B §4 dopmysia 3a HApACTBAHETO.
ITpu n = 2 umame dopmysiara

of

f(xo+h,yo + k)= f(z0,90) + (h gi (w0, 10) + K i (2o, yo)) +

1 [, 8f o2f 0 S
+5 (h ooz 20k 8xay+k 5 (xg,yo)—i—o((\/h +k))

KOATO 1IIe U3IM0JI3BAME IIO0-HATATbK.

Jlokanuu ekcrpemymu. Onupeie/leHIeTO HA JOKAJIEH eKCTPEMYM Ha,
dpyHKIMS HA MHOTO TPOMEHJIUBY 3BYYH 1O C'HIIUA HAYWH, KAKTO U 33 (DyH-
KIIUd Ha €HA IPOMEHINBA:

Hedbunnnmsa. Hexa gynrwyusma f(x,y) e dedunupana 6 obaacm-
ma D C R Touxama Py = (xz0,4) € D ce mapuua moura na
AOKGAEH Makcumym 3a | (z,y), axo

a/ Py e ssmpewna 3a D (m.e. cadsporca ce 6 D 3aedno ¢ nakaxea
C804 KPB206G OKOAHOCI, U

6/ cowecmsysa € > 0 maxosa, we f(P) < f(Py) 3a 6caxo P € D, 3a
koemo p (P, Py) < €.

C apyru aymu, crofinocrra Ha (pyHKIMATA B TOYKaTa ) e Hall-rosisMa
B CPABHEHUE CBC CHLCEAHUTE TOUKM.

TpsibBa 1a ce NpaBH pa3/auKa MeZK1y MOHATHATA JIOKAICH U [I00AIeH
MaKCHMYM - B HOCJIEIHHS Ce HCKA CTOMHOCTTA HA (DYHKINATA Ja € MO-TOJISIMa
OT CTOMHOCTUTE BB 6cuvku TOUKN Ha D. [la cu mpeicTaBuM, Ye H3KauBaMe
IJIAHAHATA W CMe JIOCTHTHAIA BPBX. T031 BpbX MOKe J1a He € HAll-BHCOKUSAT
(MaKCHMyMBT He € TIobaseH), HO BCHUKH CHCEIHH TOUKH Ce HaMUpAT I0-
HICKO, T.€. HAJMODPCKATA BUCOUHHA MMa JIOKAICH MAKCHMYM.

Axo B 6/ Bmecro f(P) < f(Fy) numem f(P) > f(Fp), noxydasame

onpeJjaeJieHueTo Ha JIOKaJIeH MUHUMYM.
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Hakpasg, 1oy Touka Ha JOKaJeH eKCTpeMyM Iie pazdupame To4YKa, KO-
STO € W JOKAJEeH MUHUMYM, WJIN JIOKAJIEH MaKCHMYM.

[Ile HAIOMHHUM pe3yJITATHTE B €JIHOMeDHHUsI ciydail (Bux yact I, §2.9):
Heka ToukaTa x( e BbTpeniHa 3a AehUHUIMOHHUS MHTEPBAI Ha (DYHKIHU-
ara f(z). Ba ga 6bje To TOYKA Ha JOKAJEH eKCTPEMyM, HMaMe CJIeTHUTe
YCJIOBUS:

— HeOOXOIMMO YCJIOBHE: aKo To € JioKaseH ekcrpemym, 1o f/ (xg) = 0
(reopema Ha Depma).

— moctarbano yeaosue: ako f' (xzg) =0u f” (xg) > 0, T0 7 € JT0KaTeH
vuauMyM; ako f'(zg) = 0 u f"(x) < 0, TO Xy € JOKAJEH MAKCHMYM.
(mokasea ce upe3 pazsurue no Teiigop or pen 2 Ha f(x) okoJ0 TOUKaTA T )

EeMenTapHu npuMepn IOKa3BaT, e HHTO HEOOXOAMMOTO YCJIOBHE e
JIOCTATBIHO, HUTO JOCTATHLIHOTO YCIOBHE € HeOOXOIUMO.

3a GyHKIUN Ha HAKOJIKO MPOMEHJINBU CATYyalusTa e anajgorndda. [1le
M3JI02KAM HEOOXOJMMOTO YCJIOBHE:

Teopema 1. (HeoGX0AUMO yC/IOBHE 3a JIOKAJIEH E€KCTPEMYM).
Hexa mourama (o, yo) € aokasen exempemym sa dynxyuama [ (z,y). Axo
6 (o, Yo) Masu PYHKUUA NPUMENCABA HACTIHY NPOUIEOOHU, MO CUNKU ME
€O PaBHU HA HYAG, M.e.

af of
o (70, %0) = o, (z0,%0) = 0.

HoxkazarencrBo. Heka 3a onpenesenoct (zg,¥yp) € TOUKA Ha JIOKA-
jien makcumyM. [1le uznosizBame chbOTBETHUTE YaCTUYHU (PYHKIUKA HA €/1HA,
npomeranBa. [lo-moapobHO, Ja 03HAYNM Upes

wi(x) = f (x,y0)

byHKIMATA Ha €IHO IPOMEHJIUBO T, MOJydYeHa 4upe3 (PUKCHPAHe Y = 1.
OueBuuno ¢;(x) e jedunupana B OKOJHOCT HA TOYKATA To U IPUTEKABA
JIOKAJIeH MaKCMMyM B Tasu Touka (mokaxere!). Torasa cnopes crnomena-
TaTa MaJKo 10-rope Teopema Ha Pepma (HEOOXOANMO YCJIOBHE 3a JIOKATIEH
eKCTpeMyM Ha (QYHKIMs Ha €JJHA TPOMEHJINBA) NMaMe

gi (20,90) = ¢’ (x0) = 0.
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AHaJIOrMYHO MOXKEM Jia pasriefaMe W dactuaHarta GyHKIws ¥ (y) =
f (zo,y). T oueBuaHO MMa JOKATEH MAKCHMYM MPH Y = Yo, OTKBAETO IO
CHINHS HAYUH Ce HOJIy4aBa, de % (x0,y0) = ¥ (yo) = 0. |

Y1006HO e 1a BbBeIeM CIeIHOTO IMOHSTHE:

Hedbunnnua. Touka, esmpewna 3a dehunuyuonnama obaacm, 6 Ko-
AMO BCUMKY YACTHY NPOU3BOOHY Ha pynkyuama f ce anyaupam, napuiame
KPUMUNHG mouka 3a dadenama Gyrnkuus.

Ot roprHaTa Teopema BeJHATA CJIeIBA €HO MOJE3HO HADIIOIEHNE:

Cuaencrsue 2. Axo f(x,y) e ednokpamno 2radka Henpexscnama @PyH-
Ky, deurupara 6spry Komnakmmuomo muoscecmeo D C R%, mo netina-
ma Hatl-20AAMaA U HAT-MAAKG cOTHOCT ce doCnu2am Ul 8BPTY KOHIMYDPA
na D, uiu 6 HAKOA 0M KPUMUYHUME MOKU Ha GYHKLUAMA.

HokazareacTBo. Haucruna, cropes Bropara Teopema Ha Baiiep-
pac MEHIMAJHATA U MAKCHMAJTHATA CTOHHOCT Ha f(z) ce JocTHrar B HIKOU
TOYKU Ha D, KomTo Morar jga ObJaT BBTPENIHH WJIX KOHTYPHH. AKO TJO-
DATHUSAT MAKCUMYM Ce JOCTHTa BbB BbTPENIHA TOYKA Ha [), TO Ta3h TOYKA
e C'bII0 U JIOKAJIEH MAKCUMYM M CJIeJIOBATETHO € KpUTHIHA TouKa. Pazdbupa
ce, C'bIIOTO € BSIPHO U 3a IJI00AJTHUS MUHIMYM. |

3a HaMHpaHe Ha JOCTATHIHOTO YCIOBHE IIe U3CJIeIBaMe UIeHaA OT pas-
BUTHETO 110 Tei10p, ChIbPZKAIIl BTOPUTE MPOM3BOIHI HA (hyHKIUATA. KaK-
TO 1IEe BUJAKUM, TO3M YJIEH IIPEJCTaB/isaBa KBaApaTudHa (DyHKIMUs Ha KOOPIu-
narure h, k Ha HapacTBaHETO.

IIle npumoMHUM HAKOM MOHATHS OT JIMHEHHATa ajarebpa, 3acsaraim
takuBa (yHKIUN (HApUYaHH OOMKHOBeHO KBaaparudau dopmu). Heka
A (h, k) e xpagpaTmuna dopma B R?, nedunnpana ¢ dpopmyraTa

A(h,k) = Ah*+2Bhk + CK>.

Hedbunnmusa. Keadpamuunama gopma A ce napusa

—  NOAOKHCUMEAHO ONPEJEAEHA (CBOME.  OMPUUAMENHO onpedesena),
axo 3a ecexu nenyaes eexmop (h, k) € R*, (h k) # 0, umame A(h,k) >0
(csoms. A (h,k) <0).

— gHaKonpomenausa, axo cewecmeysam sexmopu (hy, ki), (ho, ko) €

R?, maxa we A (hy, k1) >0, A(ha, k) < 0.
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IMpumepu. B npocrpancrsoro R? ¢ KOOPIHHATH X,y MOKEM Ja pas-
*
rjiejaMe KBaJiparuduure popMu, 3a/1a/eHu ¢ (POPMYJIATE :

o 22 + 9% — MOJOKUTETHO ONpeIeTIeHa,

e —22 — y? — oTpuNATEIHO OIIpeJieeHa,

e 72 — % — 3HAKOIPOMEH/IUBA.

Kpurepuii 3a onpeneseHocT Ha KBaapatudHa ¢dhopma. Heka
A(h,k) = Ah* +2Bhk + Ck?

e Hanucanama no-z2ope keadpamuuna dopma ¢ xoepuyuenmu A, B, C, u

Hexa
D= B? - AC

e netinama Juckpumunanma. Tozasa:

1/ Ao D < 0 u A > 0, mo gopmama A(h,k) e nososcumenro
onpedesena.

2/ Axo D <0 u A <0 mo gopmama A (h,k) e ompuyamenno onpe-
denena.

3/ Axo D >0, mo gopmama A (h, k) e snarxonpomenaiusa.

Joka3zareacTBo. Jloka3areacTBOTO ce OCHOBaBa Ha MO3HATOTO OT
yauaniie npeobpasyBaHe Ha KBaJAPATHHS TPUYICH — T.HAD. OTACAsSHE Ha
mbiieH kBajgpar. Jla npemamnosoxum, ge A # 0. mame

2 2 2 B C
Ah* +2Bhk +Ck* = A h +22hk+zk =

B \* AC-B? ,
_A<O%+A@ +A2k>.

Heka D > 0. Torasa npu (h, k) # (0,0) uspasbr B cKoOGUTE € CTPOrO TIO-
aoxkuTeser, u ciaegoarento A(h, k) uma 3maxka na A. Tosa mokaszsa 1/ u

2/.

* 2
B asre6para ce 10Ka3Ba, de BCAKa KBajaparnana popma B R ce npusexga kbM egma
OT M30pPOEHUTE Upe3 JIMHEHHA CMIHA HA MTPOMEHTHBUTE.
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Hexa cera D = B% — AC > 0. Torasa 3a agoiiku (h, k), 3a kouro
h = —%k, u3pas3bT B CKOOWTE e oTpuiaresieH, a 3a ABoiiku ot Buaa (h,0) —
IOJI02KHUTEJICH.

Venosuero A # 0 me mamassBa obmHOCTTA; HaucTHHa, ako A = 0,
Ho C' # 0, npu npeobpa3oBanuero MoxkeM 1a jegnm wa C' BMecTo Ha A, n
pesyaTarbr e cbiuaT. Hakpas, ako A = C' = 0, to A (h, k) = 2Bhk. 3a
TakaBa (popMa JIUPEKTHO Ce MPOBepsiBa, Ye e HAJIHIE CAydaar 3/, T.e. Ts e
3HaKOMpoMeHIuBa (JoKaxkere!). |

Cera MoxkeM J1a (popMyJIEpaMe JOCTATHIHOTO YCJIOBHE 3a €KCTPEMYM.

Teopema 3. (ZocCTaTbhbYHO yCJIOBUE 33 JIOKAJIEH €KCTPEMYM.)
Hexa f(x,y) e deykpammo 2aadka dynkyus, dehunupana 6 okosHOCM HA
mourama (o, yo). Hexa oceen mosa (xg,yo) € Kpumuuna mouxa, m.e.

0 19)
8£ (z0,%0) = (9;; (70, %0) -

Jla osnavum

2 2 2
A= g;; (0, %0), B = E)i{g:y (0, %0), C'= gy];(xo,yo)

Tozasa

1/ Axo B?> < AC u A > 0, mo mouxama (zg,Yyo) € cmpoz Aoxasen
MUHUMYM 30 Pynryusma f.

2/ Axo B* < AC u A < 0, mo mouxama (x9,Yy) € cmpoz Aokaren
MaKcumym 3a pyruryuama f.

8/ Axo B* < AC, mo mouxama (g, o) He € TMOUKA NG NOKAAEH EKC-
mpemym 3a f.

Jloka3zaTeJCcTBO HA AOCTATHYHOTO ycjaoBue. [1le n3noia3Bame pas-
BUTHETO HA (DYHKIUATA B peJ1 Ha Teiljiop /10 4IeHOBE OT BTOPA CTEIIEeH BKJIIO-
anrenno. Heka f(z,y) e aBykparHo riajka dbyHkius u (o, yo) € HeliHa

/! _ / —
KPHTHIHA TOUKa, T.e. f, (To,%0) = f; (Zo,y0) = 0. a magem ma v u na y
HapacTBanus cboTBeTHO h 1 k. Ilo dpopmynara na Teitniop

Af(h,k) = f (2o + h,yo + k) — f (20, 40) =
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(th;,x (20, v0) + 2RE [, (20, v0) + ka;; (o, yo)) +r(h, k)

1
2

Tbil KATO 110 IPEJIIOI0KEHNE II'bPBUTE ITPOU3BOJIHE HA (DYHKIUATA CE aHY-

aupar. OcTaTbK'bT
2
r(h,k) =o ((\/.732 + y2> >

e MaJIbK 1O MOPSAbK, U PH JIOCTATHIHO MAJIKU h U k 3HAKBT Ha Pa3/IuKaTa
OTJISIBO ChBIAJIA ChC 3HAKA HA MIbPBOTO CHOMPAEMO OTIACHO (KOETO € KBa/l-
parugana dbopma Ha h u k, Koaro cme ozHauwiu ¢ A(h, k)). Ja oznadum,
KakTo mo-rope, fr. (vo,40) = A, fr, (zo,y0) = B, fy, (zo,%0) = C.

Cnopes Joka3aHus 10-TOpe KPUTEPUil 3a ONpPeNeSeHoCT Ha KBajpa-
tuanarta Gopma A(h, k) nosxyaaame:

~mpu B?> < AC'u A > 0 umame Bunaru Af(h, k) > 0, T.e. (zg,90) €
TOYKA HA JIOKAJEH MHHUMYM;

~npu B2 < AC' u A < 0 umame sunaru Af(h, k) < 0, r.e. (xg,0) e
TOYKA Ha JOKAJTeH MUHUMYM;

— 7 Haii-cetne, npu B? > AC 1pm HaKom croifHocT: Ha h U k me
nmame Af(h, k) < 0, a npu apyru — Af(h,k) > 0; caegoBareano B TO3u
cayuait (o, Yo) HE € TOUKA HA JIOKAJIEH €KCTPEMYM. |

DO | —

A(h, k) +r(h, k),

3abesiexkka. Hurio ne Mozke 7@ ce TBbP/U B CJAydanuTe, KOTaTo
B? — AC' = 0: To3H carydaii MozKe J1a IMa IIH Ja HAMa JOKaJIeH eKCTPeMyM.
Taka, ako pasriename hyHKIHATE

fla,y) =a>+y' n gle,y) =2 —y'
B R?, TO B KpUTHYIHATA TOYKA (0,0) mvmame
Ap(h, k) = Ay(h k) = h?,

HO I'bpBaTa (PYHKIHUS IPUTEKABA, JTOKAJIEH eKCTPEMYM B Ta3H TOYKA, a BTO-
paTa — He.

B gwacrHOCT, OTTYK Ce BHXKIA, 9€ TOCTATHIHOTO YCJIOBHE OT TEOPEMATA,
HE € HeOOXOIIMO.
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I'mobanum ekcrpemymu. B noBedero ciiydan € BazKHO Jla HAMEPUM
Halfi-roJigMaTa U Hali-MaJiKaTa CTOWHOCT Ha Jia/leHa (DYHKIUS BbPXY IsLI0-
TO JIe(PUHUTIMOHHO MHOXKECTBO, T.€. IJIOOATHUAT MUHUMYM U MaKCUMyM Ha
dyurmugTa. la npeamnonoxum, de 1eduHIIHOHHOTO MHOXKecTBO D Ha (hyH-
knusaTa f(x) e kommakTHo MHOKecTBO B R". Torasa o Teopemara na Baitep-
mpac f(z) gocrura Haii-majKa u Hafi-rojsiMara Cu CTONHOCT B HOJXOJSIIN
roukn #Ha D. ToraBa moiydaBame ciegHaTa aaTepHATHBA (BUXK CJENCTBHE
2): IOGATHUAT MAKCHMYM MOYKe Ja ¢e JIOCTHIHE BbB BbLTPEITHA WIH KOH-
TypHa TOYKa Ha [D. AKO MAaKCEMYMBT C€ JTOCTUTrA BbB BBIPENIHA TOYKA, TO
TOI € ¥ JIOKAJIEH, U HHe MOXKeM J1a M3I0JI3BaMe Pa3BUTATA IO-TOPE TEOPHs.
Pazbupa ce, BCHUKO Ka3aHO TYK C€ OTHACS M 33 IJIODAJHUS MUHUMYM.

Hue obade Bce ome He pasmosarame ChC CpeJICTBa 3a OTKpUBaHe Ha
eKCcTpeMyMuTe BbpXy KOHTYpa bD na jpedununuonnara obsact. 3a ciiydas
HA VI3 TbK KOHTYP TOBA 1e Obie HAampaBeHo B §9.

B makon ciaydam mogoOHH pa3cbKIECHUS MOTAT Ja ObIaT ITPOBeIeHU
U 33 HEKOMITAKTHU O0JIACTU — BHK HAID. 33Ja4u 2 U 3.

ITpunoxxenme: Meron Ha Haii-MmaJkuTe KBaApaTH. B 1031 1IyHKT
e Jia/ieM eTHO ITPOCTO IPHUJIOKeHHe Ha HeOOXOINMOTO yCJIOBHE 32 JTOKAJIEeH
eKCTPEMYM, KOeTO obadye HaMUpa MUPOKO MPUJIOKEHUE B €CTECTBEHUTE Ha-
yku. Heka z, y, 2z ca HIKaKBU BeJUYIUHU, W HHUE UCKAMe J1a TOKaXKeM, de
MeKIY TSX CBIECTBYBA JIMHEWHA 3aBUCUMOCT OT BHIIA

z=ax+ by +c

[TpobsembT € j1a ce namepaT KoeuIuenTuTe a, b u c.

Pazbupa ce, TaxaOTO Oo1pesiesisine TpsiOBa J1a ce ODa3upa Ha HAIPaBEeHH-
Te u3MepBaHus. Jla mpemooKuM, Ue e MpoBeIeHa CEPHUST OT 1 eKCIePUMeH-
Ta, B PE3Y/ITAT HA KOUTO CA M3MEPEHH BEJTHIHHUTE X1, Y1, 21, - - - » Tns Yny Zn-
TpsbBa 1a ce HAMepsT TAKHBA CTOMHOCTH HA KOeMDUIHEHTHTE, TAKa I eK-
CIEPUMEHTATHO U3MEPEHUTEe CTORHOCTH Zz; Hali-MaJjIKO [1a ce pa3jndaBaT OT
TEOPETUIHO HaMepeHuTe 1o (qopmynara 2 = ary + byp + ¢. Merogbr Ha
Hal-MaJTKUTe KBaJPATH Cé ChCTOW B CJIEJHOTO: Ja C€ MHUHUMHU3UPA CyMaTa
OT KBaJIpaTUTe Ha OTKJOHeHHusTa. [lo-To4HO, aKO 03HAYNM

F(a,b,c) = Zn: ((azg + by +¢) — z1)°

k=1
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TpAOBa J1a ONPee UM K'bjle Ta3u (PYHKIUS JOCTUTa MUHUMAJIHATA CU CTOM-
HOCT. 3a KPUTHYHUTE TOUKU Ha Ta3u (PYyHKIHUS MOTyIaBaMe YPABHEHUSITA:

F, =23 x ((axk + byp + ¢) — 2) = 0,
k=1

FézQZyk((axk—l-byk—Fc) —z) =0,
k=1

F! =2 ((axy + byx +¢) — z,) = 0.
k=1

Jla BbBeseMm HOBH o3HadeHus: Heka o3Ha4uuM ¢ T, i/, 2 n-MEepHUTE BEK-
Topu T = (1,...,20), ¥ = (W1,---,Yn), Z = (21,...,2,), ¥ HEKA 1 Ja 03-
HAaYaBa N-MEPHUsI BEKTOP, ChCTaBeH camMo oT eaununu. Torasa F'(a,b,c) ce
HAIIKCBA, KAaTo

=12
F(a,b,c) = Hz —a.Z —b.y— c.lH :
YpaBHeHHsATA HA KPUTHIHA TOUKA, CJIEJ PA3KPUBaHe Ha CKOOUTE, ca JnHei-
HU OTHOCHO @, b U ¢ U UMaT BUJA:

a (T, 7) + b(T, ) + ¢ (5,1) = (,2),

a(§.8) + b (G5 +c(i.1) = (7.9,

a<f,f>+b<f,§>+c<f,f> = <T,Z>

B smHeiinaTa aareGpa ce 10Ka3Ba, Te aKO BEKTOPUTE T, § n 1 ca anHeii-
HO HeSaBI/ICI/IMI/I*, TO AeTepMHHaHTaTa, CbCTaBEHa OT KOGCI)I/H_[I/IGHTI/ITG apen
HEM3BECTHUTE, € Pa3juvHa OT Hy/a (T.Hap. JerepMmuHanTa Ha ['pam). Cie-
JIOBATEIHO CHCTEMAaTa MpHTeXkKaBa €JIMHCTBEHO pelreHue 3a a, b u c. Tbi
Kato 3a yukusata F(a,b, c) e n3wbIHeHo

lim  F(a,b,c) =400,
[|(@,b,c)||—o0

TO TaKa HaMepeHaTa eJMHCTBEHA KPUTUIHA TOYKA € JIOKAJTeH H IVIo0aseH
MUHEMYM Ha byHKIHsTa (BHXK 3a. 2).

* - - T o
Axo BeKTOpUTE X, Y U 1 ca jgmHeiHO 3aBUCHMH, TOBA O3Ha4aBa, Y€ €1Ha OT BEJINIu-
HUTE T, Yy C€ n3pa3dBa JIUHENHO gpe3 apyraTta U € U3JIUITHa B JaJIeHUA MOIEJI.
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YupakaHeHus

1. Hexa B R? e zazanena dynkmusra f(z,y) = (y —2?) (y — 322).
JTokaxkere, yve:

a/ f(x,y) nama sokanaen ekcrpemyM B Toukata (0,0). (YobrBame: pa3-
rrenaiite Toukute ot suga (0,y) u (x, 222)).

6/ Orpannyennero Ha GpyHKIUATA BLPXY IIPOU3BO/IHA IPABA IIPe3 TOU-
kara (0,0) mpurexkasBa CTPOr JOKAJEH MHHUMYM B Ta3W TOYKA.

2. Heka f(x), x € R", e HenpexbcHara (QYHKIHS TakaBa, de
lim| |00 f(2) = 400. [oxazkere, qe MunuMagHATA CTOHOCT Ha f(T) ce
JOCTHTA B HAKOS TOYKA.

3. Heka f(z) e emnokparno riragka dbyuknusa B R”, yaosiaerBopsisama
YCJIOBHSTA Ha TMpemHaTa 3amada. Jlokaxkere, ge ako f(x) mpurexkasa camo
e/lHa KPUTUIHA TOYKa, TO B HEsl Ce JOCTUTA IJIODAJTHUST MUHHUMYM.

Bbnpocu 3a camompoBepka

1. Hanumere dopmysiara wa Teitsiop 3a yHKiusg Ha JBe NPOMEHJIUBU C
ocTaTbueH 4ieH BbB ¢opmara Ha Jlarpan:xk. Hanuiere n gactaug ciyqait,
BKJTIOYBAII, ITPOU3BOJIHA 10 PeJl, 3 BKJIIOUUTETHO.

2. Jlaiite medpuHUIUATA 3a JIOKAJEH eKCTPeMYM Ha (PYHKIUS Ha JIBE MIPO-
MEHJINBH.

3. QopmynupaiiTe HEOOXOAUMOTO YCIOBHE 32 JOKATEH eKCTPeMyM (BKJIIOY-
BAIIO bPBUTE MPOU3BOAHK Ha (DYHKIWsATA). J0CTATHIHO JIM € TOBA yCJI0-
Bue?

4. Kakso e kBajparuana ¢dopma Ha jBe npomeHanBu! KakBo o3Ha4YaBA
TakaBa popMa J1a € TOJOKHUTETHO, W OTPUNATETHO, ONpe e eHa’

5. QopmysmpaiiTe KpuTepus 3a MOJOKATETHA WX OTPUTIATETHA OllpeIese-
HOCT Ha KBaJpaTHIHa (hopMa.

6. QopmysiupaiiTe JOCTATBYHOTO YCJOBUE 33 JIOKAJEH €KCTPEMYM, BKJIIOY-
Ball0 BTOPUTE MPOW3BOHN B TOUYKATA.

7. Onumrere MeToa Ha HAf-MaJKUTE KBAIPATH.
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1.8 Teopema 3a HegBHaTa PYyHKIUA

[IbpBara Teopema, pasrjexkjaHa B TO3M Haparpad, ce oTHacd /0 pella-
BaHe HA ypaBHenus or Bupa F(z,y) = 0 cupsMo egHa OT TPOMEHJIHBUTE,
naupumep y. Jdpyrara nupoMeHauBa - T - ce pasriiexk/ia Karo 1apaMerbp, u
O4YeBUIHO pelIeHHueTOo TpH6Ba Jda 3aBHCH OT Hed. ﬂa 3allilieM TOBa pelleHue
BbB BUJIA Yy = f(z). 3a na mposepnm Jasm Taka qebUHIPAHOTO Y € DereHre
Ha TbPCEHOTO ypaBHeHHue, TpsiOBa jia T 3aMecTuM B ypaBHeHnero. Cturame
JI0 PABEHCTBOTO

F(z, f(z)) =0.

Hedbunnnusa. Axo pynxyuama f(x) ydosaemeopasa meorcdecmeeno
20PHOMO PABEHCNBO 30 BCAKO T 0M deuHUUUOHHAMA CU 00AGCTN, WE KA3-
saMme, we Ma e HeaABHA PyrKkyus, onpedeaena om ypasnenuemo F(x,y) = 0.

[eoMeTpHYIECKH TOBA MOZKE JIa Ce KazKe Taka: MHOXKECTBOTO OT TOUKH B
paBHUHATA, YAATO KOOPJIWHATH YIOBJIETBOPSBAT paBeHCTBOTO F(2,7) = 0,
Ja ce npejcraBu karo rpaduka Ha dyaknuara f(z).

[lo-mony HWe pa3riiexkjiamMe BBIPOCA 33 CHIIECTBYBAaHE U €TUHCTBE-
HOCT Ha HessBHaTa dbyHKIUA. Pa3bupa ce, HUe Ie ce WHTepecyBaMe OT HesB-
uu dyHkiuu ¢ Xybasu cBoiicrsa, B yacraoct jJudepennupyemu. Ako f(x) e
TakaBa QYHKIU, TO, TudepeHupaikuy ropHOTO PABEHCTBO MO T W W3I0JI-
3Baiiki TeopeMarta 3a AudepeHImpane Ha ChCTaBHUA (PYHKIUH, TT0/IydaBaMe

F (2, f(2)) + f'(2) F (x, f(z)) = 0,

OTK'bJIETO

F/

F) (z, f(x))
OTTyK ce BHXKa, 9€ € eCTECTBEHO Ja HAJOKUM Ha (pyHKIuATa F' yCJI0BHETO
Fy(z,y) # 0.

[Tle pasriemame equn npoct npuMep. /la B3eMeMm ypaBHEHUETO
F(x,y) =2 +y* — R* =0,

OTIPEIEISIO OKPBKHOCT C IMEHThD B HAYAJIOTO U paauyc R B paBHUHATA
R?. flcno e, 4e 3a 1a mMa ypaBHEHHeTO perienue, Tpaobsa r € [—R, R]. B
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Kpaitaure Toukn T = +R ce napymasa yciosuero Fy(x,y) # 0. Jlecno ce
BUZK/1A, 9€ B TE3W TOYKH OKPbHKHOCTTA HE MOXKE Jia O'b/1e MPEeICTABeHa KATO
rpacduka Ha audepenupyema GyHKIug (TAHTEHTATA A CTABA BEDTHKAJHA).

3a BesikO = oT oTBOpenus uuTepBas (—R, R) ToBa ypaBHenme mMa
TOYHO JBE PEIIeHHs] OTHOCHO Y:

y=1tVR?— 22

AKo ce mHTepecyBaMe caMO OT HelPeK'bCHATH (DYHKIUU, IIOJIYdaBaMe
caMoO JBe HessBHU PyHKumMM: y = VR? — 22 n y = —/ R? — 22, 1.e. 0THOBO
HSIMa, €JTHO3HAYHOCT. 3a J1a ce n3berHe HeeIHO3HAYHOCTTA, HelaTra TpsOBa
Jla ce pasreskaar JOKAJIHO — Ja ce (DUKCHPa eJHO PEIleHne B 1a/IeHa TOYKA
(T MOXKe Jla JIeXKH BbDXY TOpHATA WJIM JIOJHATA MOJYOKPBIKHOCT), U 4
ce pasriena HelpeKbCHaTaTa (DYHKIH, B3eMallla ChOTBETHATA CTONHOCT
B Ta3u To4Ka. Torasa, B 3aBUCHUMOCT OT U30paHOTO pellleHHe B HAYAIHATA
TOYKA, LI MOIYyIUM YPABHEHUETO HA TOPHATA UJIH JOJIHATA IOJ1YOKDbKHOCT.

Cera Beue cMe HOAIOTBEHHU Ja JajeM TOYHATa (DOPMYJIUPOBKA Ha, Te-
opemara:

Teopema 1. (Teopema 3a HesiBHaTa byHKIuUs, caydaii HA e€/1-
Ho ypaBHenme). Hexa F(x,7y) e dugepenuupyema dynwyus ¢ R*. Hewa
(x0,Y0) € mouka om JepuHUYUOHHOMO 1 MHONHCECMBO, YIOBAEMBOPABAUL
YCAOBUAMA

F (x0,90) = 0, F, (x0,0) # 0.

Toeasa csuecmsysa eduncmsena nenpexscnama gynkyusa f(z), de-
durupara u mHenpexschama 6 JdOCMAMBUYHO MAABK UHMEPSas om 6uda
(xo — 6,20 + &), KOAMO YI0BAEMEOPABL YCAOBUAMA:

1/ f(z0) = yo, u

2/ F (z, f(x)) =0 3a ecaro x € (xg — 0,29 + 0) (ocroeno ceoticm-
60).

Qynryuama f(x) e dugepenyupyema, xamo

Babenexka. Oyuxiusra f(x), yrosierBopssaiia ycaobusra 1/ u 2/,
e HegBHaTa GYHKIMs, onpeaesnera ot ypasuennero F(x,y) = 0. Moxe na ce
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Kazke, 4e y = f(x) e perenne Ha TOBa ypaBHEHHE, 3aBUCEINO OT TApAMeTb-
pa x. YcsoBrero 2/ 03HaYaBa TOYHO TOBA — Y€ PEIeHHETO YIOBIETBODSIBA,
CBOTBETHOTO ypaBHeHHe. YcaoBueTo 1/ ce n0baBs, 3a Ja ce MOJIYIH eJHHC-
TBEHOCT.

Yenosuero Fy (zg,y0) # 0, € chillecTBeHO 3a TeopemaTa: TOBa JHIA U
or dbopmysiara a f'(r), B koaTo F, € B 3HAMEHATE/ISL.

Jloka3aTescTBO HA TeopeMaTa 3a HedBHATa (PYHKIUSA. 3a Oll-
PEJIESIEHOCT MOYKEM Ja TTPEJITIOJIOKIM, Ue Fé (x0,y0) > 0. ToraBa HepaBeHC-
T80T0 [ (7,Y) > 0 € BApHO U B HAKaKBa oKoaHOCT U Ha (Zo,Yo) B R?.

Ha pasriaename F (xg,y) Karo DyHKIUSA HA Y; OT TOPHOTO CJIEJIBa, Ue
Td € CTPOro MOHOTOHHO pacCTAllla B HAKaKBa OKOJIHOCT Ha Yg. Trbﬁ KaToO
F (z0,90) = 0, TO pn JoCTaTb9HO MaJKH CTOHHOCTH Ha € > 0 Ime nmame

F (x0,y) > 0npuy € (yo, Yo +€], u F(xo,y) <0mpuy € [yo —¢€,vo) -

Jla mpekapame mpe3 ToukuTe (Zo,Yo —€) U (Tg, Yo + €) XOPU3OHTAIHH OT-
CeYKH: TOraBa 3HaKbT Ha F'(x,y) ce 3ama3Ba B HIKAKBA OKOJHOCT HA Te3U
ToYKN (BHXK YepTexa, Ha KOHWTO ca o3HadeHu 3Hamure HAa F (r,y) B cbOT-
BETHUTE TOUKH).

Torasa MozkeM J1a n36epem (JocTaTbiHo Maako) § > 0, Taka 4e 3HAK'BT
Ha I (z,y) na ce 3anma3Ba n BbPXy NOpPHATA W J0JHATA OCHOBA Ha MOJTY Y€HHUSI
IPABObLIbIHAK.

C apyru aymu, 3a Besiko x € (xg — d, 9 + ) umame F (x,y0 — &) < 0,
F({B,y0+€) > 0.

OcBeH TOBa MOXKEM Jla CYUTAME, Y€ HABCIKb/IE BbB BbIIPOCHUS IPABO-
BIBIAHUK A = [29 — 0,20 + 0] X [yo — €, Yo + €] IPOIBIKABA 1A € U3IIbIHEHO
uzuckpanero Fy > 0.

Ha dukcupame 1 € (xrg — 0,9 + 0); ToraBa dbyukiusaTa F (z1,y) e
CTPOTO MOHOTOHHO PACTSAIIA B HHTEPBAJIA [Yo — €, Yo + €], B3eMa OTpHIIATE -
Ha CTOMHOCT B JieBUs My Kpail u nojioxkuresnna — B jgecuus. Cire10BaTeIHO
coimecTByBa eduncmeeno y1 € (Yo — €, Yo + €) Takosa, de F (x1,y;) = 0.
[Monaraiiku f (1) = y;, nosydaBave byHKus, edUHIPaHA B WHTEPBATIA,
(xg — 0,29 + §) ® yaoBIETBOpsBAIA YCJIOBHATA 1/ 1 2/ OT ToUKa a/.

[Ile oTGesiexKUM €JIHO CJIeJICTBHE OT TOPHATA KOHCTPYKIMsE: aKo (1, y)
e mpousBoIHA TOUKA OT A Takasa, ue F(x,y) =0, To y = f(z).

[Tle noxarkem HENPEKbCHATOCTTA Ha Taka JeduHUpaHara (QyHKIU
f(z). Haii-nanpes 1me JoKazkeM HeNPeKbCHATOCTTA B TOYKATa To. | OpHATA
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Yot€L - - - - —

|

|

I
| |
| |
| |
| |
| |
| |
| |
| |

Xo-6 Xo X1 Xp+6

JlokazaTecTBO Ha TeopeMaTa 3a HesBHaTa (DYHKINA

KOHCTPYKIHA MOKE Ja CE€ U3JIOZKHU 110 CJAeAHUA HaYUH: 3a BCAKO JOCTAT'b41HO
masiko € > 0 Hue Hamepuxme § > 0, Taka 4e 3a BCAKO T, 3a KOeTo |x — zg| <
J, me umame |f(z) — f (zo)| < &; ToBa e TounHO meduHuIUATA Ha Ko 3a
HEIPeK'bCHATOCT. 110 ¢hInus Haunn ce J0Ka3Ba U HEMPEKbCHATOCTTA Ha f (1)
B IIPOM3BOJIHA TOUKA T € (g — 0, To + 0).

JudepenmupyeMocT Ha HessBHATA (PYHKIMA: AKO IIPeIBAPUTEHO HH €
M3BECTHO, Ue HesiBHATA byHKIM f(7) e nudepeHnupyeMa, 10, KaKTO Gerre
OKA3aHO B HAYAJI0TO HA maparpada, To 4pe3 JudepeHiupane Ha PaBeHCT-
Boto F'(z, f(x)) = 0 umame

Fy (2, f(x) + ' (x) .F (z, f(x)) = 0,

OTK'BJIETO Ce moJydaBa dopmyaata 3a f'(x).
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3a ma mokaxkem audepennupyemocrra Ha f(z), me usnonzsame dbopmysnara 3a
Hapacrsanero 3a qudepenuupyemara Gynkuusa F(x,y). Heka x e qocrarbuno 61u3K0 10

zo, y = f(x), Ay =y —yo = f(x) — f (o). Torasa
AF = F(z,y) — F (z0,90) =0—-0=0,
u opmymaTa 3a HAPACTBAHETO ABA
0=AF = F (x9,y0) Az + Fz: (zo,y0) Ay + o (Az, Ay) Az + 5 (Ax, Ay) Ay,
kbaero « (Az, Ay), B (Az, Ay) — 0 upu Az, Ay — 0. Torasa

Ay _ . FJI' (I07y0)+06(AZIJ,Ay) le' ($07y0)

lim — = — lim
Az—0 Ax Az—0 Fé (.1'07 yo) + B (Al’, Ay) F?; (CC(], y())

Orryk caenpa mudepenipyemoctta Ha f (1) B 2o, KaKTO 1 hopMysaTa 3a pON3BOIHATA

u; pasbupa ce, cbmara GOpPMyIa € BAIRIHA 33 BCAKO & 0T Aedpunnnuonnus uarepsas.

Tl'eomerpuuna narepuperanusi. Hexka F'(x,y) e eTHOKpaTHO rtagka
byukius B8 R?. la osmauum ¢ M muoxectsoro ma nysure na F(z,y), re.
ot Toukure (r,y) B paBHUHATA, 33 Kouto F(z,y) = 0. Ille npeamnonoxum,
de B HUTO eJlHA TOYKa oT M [BeTe mbpBU YacTHU TMPOU3BOAHU F.(z,y)
F,(z,y) e ce anysmpar egaoBpeMento. Torasa JokasaHara II0-rope Teope-
Ma, JIOIIYCKA, CJIeJIHATA FeOMETPUYIHA, HHTEPIPETAISL:

Teopema 2. ITpu 2opromo ycaosue mmoscecmseomo M aokaano (m.e.
8 HAKAKEA OKOAHOCT HA BCAKA C60A MOYKG) CE npedcmass kamo 2padura
MG 2400KG QYHKUUA.

Hauncruna, na dbuxcupame HakakBa Touka (Tg,yo) € M. Ao mmame
F, (zo,90) # 0, m f(z) e chorseTnaTa HesbHa (QyHKIMA, OT TOPHOTO JI0-
KA3aTeJCTBO Ce BHXKJA, Y€ B HIKAKBA OKOJHOCT Ha (Xg,Yo) PABEHCTBATA
F(z,y) =0uy = f(z) ca exkBuBajentan. Anajornano, ako F, (xg,yo) # 0,
TO OKOJIO (g, Yo) MHOXKecTBOTO M ce ipeicTaBs ¢ ypaBHeHueTo x = f(y).

Teopema 3a HegBHaTa (PYHKINA 3a €JHO YyPAaBHEHUE N HAKOJI-
KO mapameTbpa. B ciegBamus 1Mo CJI0XKHOCT CJydaii, KOHTO Ie pasre-
JaMe, OTHOBO MMaMe ejiHO ypasHenue F(z,y) = 0, koero TpsibBa ja Obie
peIeHo OTHOCHO TPOMEHJINBATA ¢, HO B TO3U CJay4dail napaMeTbphbT T € BeUe
BEKTOPHA — N-MepHa - MPOMEHInBa, T.e. £ = (x1,...,x,). PopmyrupoBkaTa
U JOKa3aTeJICTBOTO B TO3H CJydall OYTH HAI'bJIHO ChBIAAAT C AAJIEHUTE
o-Tope, u Hue camo e hpopmyanpamMe TeopeMaTa.
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Teopema 3. (Teopema 3a HesiBHaTa (pyHKIuU, Ciaydail Ha eIHO
ypPaBHEHUE U HAKOJIKO mapaMmerspa). Hexa F(z,y) = F (21, ..., 2,,9) €
dugpepenupyema Gynryus ¢ R™. Hewa (20, 10) = (29,. .., 2%, y0) e mouxa

om JepuHUUUOHHOMO 1] MHOHCECNBO, YOOBAEMEBOPABAUL YCAOBUIAMG
F (330790) = Oa ng ($ano> 7£ 0.

Toeasa cowecmsysa eduncmsena wenpexschama @gynkuyua f(x) =
f(xy,...,x,), depunupana u Henpexscrama 6 OCMAMBYHO MAAKO KBADO
B (2°,6) C R™ ¢ yenmsp 2° u paduyc §, koamo ydocaemeopasca yYcao6u-
ma:

1/ f () = o, u
2/ F(x1,...,2n, [ (21,...,2,)) = 0 3a 6cako x = (x1,...,2,) €
B (z,0).

Qynryuama f(z) e dudepenyupyema, xamo

R /()
Jai @) = =5 (o)

s3a 1=1,...,n.

Teopema 3a HegBHaTa (pyHKIUs 3a IIOBeYe ypaBHeHuMdA. [ykK
e popMysImpaMe u JOKarxKeM TeopeMa, aHAJOIHYHA Ha JIaJleHaTa IMo-Tope,
3a caydad Ha 2 ypaBHEHHS ¢ 2 HEM3BECTHH W 2 mapameTbpa. Heka mmame
ypaBHEHUATa
F(z,y,u,v) =0,

G(z,y,u,v) =0,

kbaero ' u G ca egHOKpaTHO raaku (pyHKIMH HA YeTHPH IIPOMEHJIABH, U
HEeKa HalaTa e e Ja TH Pa3pelmuM OTHOCHO MPOMEHJINBATE U U U, T.€. J1a
M3pA3UM U U U 9pe3 mapaMerpure x u y. [Io-Touno, Hue ncKaMe j1a HaMepHUM
dbyuknun u(z,y) u v(x,y) TakKuBa, Y€ MPU 3aMECTBAHETO UM B YPABHEHUSITA
N3, TTOIYYAM ThKICCTBA OTHOCHO T U :

F(z,y,u(z,y),v(z,y)) =0,

0.

G(z,y,u(r,y),v(r,y))
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a npennonoxum, de audepennupyemure byuxmun u(x,y) u v(z,y)
ca Bede HaMEpPEeHH, /14 Ce ONMTaMe Ja IPECMETHEM TeXHUTE IIPOU3BOJIHMU,
Hanpumep, o x. JudepeHnupaiiky 110 & TOPHATE T'hKIECTBA, HOJIyYaBaMe

F,+ulF, +v.F =0,
G+ u,.Gl, +v,G. = 0.

Tesu paBeHCTBa MOraT Ja Ce pasTJe:kKIaT KaTo CHCTeMa OT JHHeHH!
ypaBHEHHsI OTHOCHO HEHW3BeCTHUTE u,, v,. KakTo 3HaeM oT nnHeiiHaTa aJ-
rebpa, ako JeTepMUHAHTATA OT KOeMpHUIMEHTHUTE I[PeJ] HEUM3BECTHUTE HE Ce
aHy/Jupa, Te UMaT eJINHCTBEHO pelleHne, 3a1ajeHo ¢ gopmyaure Ha Kpa-
mep. C apyru gymMu, ako TPeANOJIOKIM, qe

F. F'| D(FG)

¢ & |~ Do ? "

TO YACTHHUTE MPOM3BOAHU Ha u(x,y) U v(x,y) OTHOCHO T IIe ce 3a7aBaT C
dopmyauTe

) G, G,| |, G, G,
Ux:—ﬁ,vx:—ﬁ.
el el

AXO ce onuTame J1a HaMePUM Uy, Uy, OTHOBO II¢ CTUTHEM JIO YCJIOBUETO
D(F,G) ,
——— # 0; acno e, ue ToBa yciopme 3amectBa ycaopuero F) # 0, nara-
D(u,v)
raHo B cJaydas Ha eaHo ypasHenue. VIMaliku TOBa MpejBHJ, BeYe MOYKEM
Ja bopMmysmpame TeopeMara B cIydas Ha 2 ypaBHEHHUs ¢ 2 HEM3BECTHH U 2

nmapaMeTrbpa:

Teopema 4. (Teopema 3a HesBHata byHKIUS — ciaydail HA 2
ypaBHeHus ¢ 2 HemdBecTHH.) Heka F(x,y,u,v) u G(z,y,u,v) ca duge-
penyupyemu Gynruuu 6 R, Hewa (20, 4o, Uo, Vo) € mouka om dedhunuiyuon-
HOMO 1 MHOHCECTNEO, YIOBACTNEOPABAUL YCAOCUAA

F (x0, Yo, uo, v0) = G (0, Yo, wo, Vo) =0

D(F,G)

W ($0> Yo, Uo, UO) 7é 0.
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Toeasa cowecmeysa eduncmeena deotka dynrkyun u(x,y) u v(x,y),
dedhunuparu u dudepenyupyemu 6 docmamsuHo MAAKG OKOAHOCTL HG MOY-
kama (o, Yo), KOUMO YOOBALMEOPABAM, YCAOBUANA:

J/U(Io,yo) = Uo, ’U(Io,yo) = Vo,
U

2/ F(z,y,u(z,y),v(z,y) =0 u G(x,y,u(r,y),v(r,y)) =0 sa
scara mowka (x,y) om depurnuyuonnama um obaacm.

okazaTesictBo. TpsdBa ma perum ypaBHEHAATA,
F(m7 y’ u? v) = 07 G(I.? y? ,u” U) = 0

OTHOCHO % ¥ ¥ B OKOJIHOCT Ha TOYKara (Zo, Yo, Uo, Vo) UPU YCIOBHE, Ue

F (20, Y0, u0,v0) = G (0, Yo, to,v0) =0 n %((i’,v)) # 0.

IIle cmenBame obu4aiinus METO HA PelIaBaHe HA CHCTEMHU OT JBE YPABHEHHUS: IIIe
orIpeae/imM eaHaTa OT HEU3BECTHUTE BEJIMYMHHU OT €JHOTO YypaBHEHHE U IIE A 3aMeCTHUM
B IPYTOTO, KATO MOJYYNM B PE3YJIATAT €THO YPaBHEHWE C €JHO HEU3BECTHO.

Ja oT6enexknM Haii-HAIIPE, Ye OT YCJIOBHETO Ha TeOpeMara CIeBa, d9e TOHe eTHa,
or yactHuUTe npousBonuu F,, F) G'  G! He ce aHyaupa B TouKara (To, Yo, Uo, Vo); MOXKE J1a
npexanonoxnM, e Gl (o, Yo, o, Vo) 7 0. CaegoBaresHo MoXKe Ja IPHIOKIM TEOPEMATa

3a HesBHaTa (DyHKUUs (32 €HO ypaBHEHUE) 33 YDPABHEHUETO
G(I7 y7 u7 v) = 0

U JIa 1O PEIuM OTHOCHO mpomensmBara v. [onygyasame dyukuusa ¢o(x,y,u) ¢be CBOHCT-
Bara

G(m,y,u,cp(x,y,u)) EO, @(1’07y07u0) = Vo-
Upes audepennupane Ha TOPHOTO THIKIECCTBO II0 U IMOJTyIaBaMe

G,y u, 02, y,u))
Gy (2,9, u, p(2, 9, 1))

@;(mv%u) =

Ja 3amecTuM IPOMEHJIMBATA ¥ B 'bPBOTO ypaBHeHHUe ¢ ¢(x, Yy, u); mojydaBaMe ypaBHE-
HUETO
~ def
F(z,y,u) = F(z,y,u,¢(x,y,u)) = 0.
ITo Teopemara 3a mudepeHnupane Ha CbCTaBHU (DYHKIIUH IOy IaBaMe
, D(F,G)

_ _ U _ D(%’”)
Fl=Fl+ g, F = F,— ctF, = 2

KOETO IO yCJIOBHUE HE Ce aHyIupa B TOIKaTa (X0, Yo, Ug, Vo). CIEIOBATETHO MOKEM /12 IIPH-
JIOKUM TeopeMara 3a HesisHara GyHKUMA KbM ypasHenuero F(z,y,u) = 0. Ja o3nauum
nonyuenara byukuus ¢ u(z,y), n Heka v(z,y) = o(x,y, u(z,y)). JlecHo ce BuKIa, Ue
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Taka mocrpoeHara apoiika dbyukimu u(zr,y), v(x,y) yIOBIETBOPIBA UCKAHUTE yCJIOBHS,
T.€.

Bz, y,u(z,y),v(z,y)) =0, G(z,y,u(z,y),v(z,y)) =0,

u(xo,yo) = ug, v (xo,yo) = vo.M

3abenexkka. [1o abcoTIOTHO ChIUg HAUUH MOXKe J1a ce POpMYInupa
U O0IIMAT BapUaHT Ha TeopeMara 3a HedBHATA (DYHKIMA: TOW ce oTHACH 34
perraBaHeTo Ha CHCTeMa OT N YPaBHEHWS C 1 HEM3BECTHW OTHOCHO 1M Ta-
pamerbpa. (3abesexkere, ye GPOAT Ha ypaBHEHHsTa TPSOBA Ja € PaBeH Ha
Oposi Ha HEM3BECTHHTE, a OPOAT Ha MapaMerpute e mpousBosieH.) OTHOBO B
YCJIOBHETO HA TeopeMaTa TpsOBa Ja ce Moucka (pyHKIUOHATHATA JTeTePMU-
HAHTA HA YPABHEHUSITA 110 HEM3BECTHUTE He ce anyaupa. JlokazareyicTBoTo
OTHOBO Ce M3BBbPIINBA M0 METOJA Ha 3aMECTBAHETO, KATO N-T€ yPABHEHUS C
7 HEM3BECTHU Ce CBEXKAAT KbM 1 — 1 ypaBHeHUd ¢ n — | HeW3BeCTHU W T.H.

Teopema 3a obpaTHOTO M300parkeHue. ETHO OT BaKHUTE IPH-
JIOXKEHHUs Ha TeopeMara 3a HesiBHATa PYHKIMS € TeopeMara 3a 00paTHOTO
mzobpazkenne. Hexa ®(u,v) e mzobpaskenne or R? B R? nedunupano c
dopmyuTe

T = JJ(U,U), Y= y(uﬂ))

3a (u,v) € D, xbaero D e orsopeno muoxkectso B R?. Hexa ocsen ToBa

D (z,y)

D (u, v) (u,v) #0 mnaBcgkbae B D

(TakoBa M306parKeHue Ie HapuuaHe peryasapHo). Teopemara riaacu, e BCsi-
KO PeryJisipHO U300pakeHne JIOKaIHO (1. B MaJiKa OKOJIHOCT Ha BCSIKA TOY-
Ka) e 00paTmmMo.

Teopema 3a obpaTHOTO M300parkeHue. ETHO OT BaKHUTE IIPH-
JOXKeHHUsI Ha TeopeMaTa 3a HesBHaTa (PYHKIIHs € TeopeMaTa 3a 00paTHOTO
m3obpazkenue. Hexa ®(u,v) e usobpaxenne or R* B R? gedunupano c
dopmyuTe

T = LL’(U,U), Y= y(u,v)

3a (u,v) € D, xbaero D e orsopeno muoxectso 8 R%. Heka ocsen Tosa

(u,v) #0 naBcakbae B D
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(TakoBa n300parkeHue Iie HapudaHe peryispHo). Teopemara riaacu, e BCsi-
KO PeryJsipHO U300paskeHne JIOKaIHO (T.e B MajKa OKOJHOCT Ha BCSIKA TOY-
Ka) e 00paTumMo.

Teopema 5. (Teopema 3a obpatrHoTo wn3o0pakenme). He-
ka P(u,v) e usobpasrcenue, ydosaemeopasauo eoprume ycaosua. Hera
(uo,v0) € D. Jla osnawum o = x(ug,v9), Yo = Y (ug,v0). Tozasa &
0KO0AHOCTL Ha MouKama (X, Yo) CoULELCMEYEA OUPEPEHUUPYEMO U PELYAAPHO
usobpastcerue

U(z,y): u=u(z,y), v=u(z,y),
obpammo na uzobpascenuemo P(u,v).

HokazareacTBo. /la pasmiesame rpadukara ['g Ha nzodparkennero
®(u,v), T.. MHOXKECTBOTO OT BCHYKH TOuKH (2,%,u,v) € R 3a xouro 2 =
z(u,v), y = y(u,v), (u,v) € D. OueBugno MHOKeCTBOTO ['g MOKE g2 Cce
3aJa/e ¢ ypaBHeHuATa

F(z,y,u,v) def z(u,v) —x =0, G(z,y,u,v) def y(u,v) —y = 0.

Ja Bzemem Toukata (xg, Yo, o, Vo) € I'g. mame

D (x,y)
D (u,v)

D(F,G)

D (u,0) (g, v0) # 0

(ffoayo,Uo,Uo) =

¥ CJICJOBATEHO OKOJIO TA3W TOYKA MOYKEM JIa NPHJIOKHUM TeOpeMaTa, 3a He-
saBHaTa (DYHKIUA, CANTARKN T W Y 3a NapaMeTPU W U3Pa3stBAKKU dpe3 TIX
HenspecTHUTE © U v. C APYIH JyMH, B HAKAKBA OKOJTHOCT Ha TOYKara (o, Yo)
ChIecTBYBAT eauncTBenu dynkmun u(z,y), v(x,y), 0 onpeaeseHo or TAX
uzobpaxkenue V(z,y) = (u(z,y),v(r,y)), yA0BITBOPSABALIM YCJIOBUSITA

1/ u (w0, y0) = 1o, v (70, Y0) = vo, B
2/ F(z,y,u(@,y),v(z,y) =G (z,y,u(z,y),v(z,y) = 0.

PapencrBara 2/ morar Ja ce HAIUIIAT BbB BUIA

WIN, JPpYyrosdve HAIUCAHO,

U (®(u,v)) = (u,v).
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ToBa o3nauasa, de uzobpaxenusta V(z,y) u ®(u,v) ca obparHu eaHO Ha
JIPYTO.

Haxkpas, peryispaoctTa Ha u3obpazkenuero V(z,y) cieipa 0T OCHOB-
HOTO CBOHCTBO Ha (DYHKIHMOHAJHHTE JeTepMUHAHTH. Hamcrwra, 0T OCHOB-
HOTO CBOMCTBO Ha (PYHKIMOHAJHATE ICTEPMUHAHTH CJIEIBA, U

u cjaeJoBaTeITHO

Bbnopocu 3a camonpoBepka

1. Hamumere neduannnsata Ha HesiBHA (DYHKINS, ONMpepe/eHa OT ypaBHe-
uuero F(x,y) =0 (ycaosusa 1/ u 2/ or Teopema 1).

2. Jlokaxkere TeopemMara 3a HesgBHaTa (DYHKIHS B CJIydasd Ha €HO ypaBHe-
HUe, U3ITOJA3BAKN JAJEHUs YePTexkK.

3. Hanmumiere dpopmyiata 3a mpou3Bo/iHa Ha HesBHA (pynkmnus. V3unciere
no Ta3u GhopMysa MPOW3BOJHATA Ha HesgBHaTa (DYHKIHS, ONpeleseHa OT
ypaBHeHHeTo x2 +y? = 1, 1 npoBepeTe JaJH ce MoJydaBa ChITHAT Pe3y/ITar,
KakTo 1pu judepennupanero na dyukuusra f(x) = £v/1 — z2.

4. Hamurmere cpoiicTBara Ha JABOMKATa HESBHU (DYHKIUHU, ONPEIETEHH OT
JiBe yPaBHEHHS C JBe HEM3BECTHH U JiBa Mapamerbpa. Qnurrere mporesy-
para, mo KOATO MOTraT ja ObJaT IpecMeTHATH NPOW3BOIHUTE HA HEIBHUTE
GYHKIIMU B TO3HU CJIyUail.

5. @opMmystpaiiTe TeopeMaTa 3a 00pATHOTO U300pazKeHHe 38 U300parKeHHST
na R? B R%. JlokazkeTe, We MOISIPHATA CMSIHA HA KOODIMHATHTE

x =pcost, y=psind

VAOBJIETBOPABa YCJA0OBHATA Ha TeOpeMaTa OKOJIO BCAdKa TOYKa Ha paBHHHATA,
OCBCH Ha4aJIOTO.
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1.9 YcaoBHU JIOKaJHU eKcTpeMyMu. MHOXKu-
TeJin HA Jlarpanxk

B s3amadara 3a TbpceHe Ha MaKCHMaJIHA ¥ MHHHMAJIHA CTOWHOCT Ha (DYyH-
KIUs Ha MHOIO npomenausu B obiacr D C R", pasriesana B §6, ocrana
OTKPUT CJIEIHUAT TPOOTEM: Ja Ce HAMEpPST eKCTPeMATHUTe CTOWHOCTH Ha
dyukusTa BHpxy rpanunara bD ua obmactra D. Ako mampumep D e Kbii-
60, TO BB3HHKBA BBIPOCHT 34 ThPCeHEe HA €KCTPEMYMHTE Ha (DYHKIHSITA
BbPXY OrpaHnYaBamara ro cepa. Ha Takupa 3amadb € mOCBeTEH HACTOS-
T naparpad.

Heka M e mommuoxkectBo Ha R" u f(x) e dbyukuus, gedbuHupana
Bbpxy M (1mie s Hapudame reseBa pyHKIHA).

Hedbunanmnua. Kassame, we moukama Py € M e moukxa na ycarosen
Aokaner makcumym Ha gynkyuama f(P) espry mmoscecmeomo M, axo
cowecmsysa € > 0, marxa we 3a 3a ecaka mouka P € M, 3a xoamo
p (P, Py) < e, da umame

f(P) < f (R,

Kazsame, we Py € M e mouka na ycaosen asokaner murumym ra f(P)
eopry M, axo 3a ecara makasa mowka P umame f(P) > f(Fp).

Hati-cemne, xassame, we Py € mouka Ha YCA06EH AOKANEH EKCTNDEMYM.,
aKo € UBNBAHEHO HAKOE OM 20PHUME YCAOBUA.

KakTo ce BUzKJa, TOBa OIIpeJeIeHIe Ce Pa3andaBa OT JAJeHOTO B §H
onpejesenne Ha (6€3yCIOBEH) JOKATEH MAKCUMYM IO TOBA, e Ce Pa3TIekK-
gar camo crofinocrure Ha f(P) Bbpxy MHOKecTBOTO M.

Karo mpumep 1me pasriesaMe eIHa eJeMeHTapHa FeOMeTPUYHA 3a1a-
qa: U3MeXKIY BCHUYKH IPABOBLIBIHUIM C JAaJeH HepUMeTbD Ja ce HaMepH
TO3M ¢ MAKCHUMAJIHO Jiuie. AKO O3HAUUM C T M Y CTPAHUTE Ha IIPABObI'bI-
HUKA, CTHraMe JI0 CJeHaTa (POPMYJIUPOBKA:

Axo MuoKecTBOTO M C R? @ MHOKECTBOTO Ha BCHUKH TOUKH (1Y) €
R?, ynosaersBopsiBamu yciaosusata x > 0,y > 0,2 +y = p, 1a ce HAMEPH
MaKcuMasHaTa cToitHocT Bbpxy M ua dbyukmuara f(x,y) = xy.

Pasbupa ce, 3a1a9aTa ce pemapa eJIeMeHTapHO, KATO Ce U3PA3H Y Upes3
X W CJIeJl TOBA Ce HAMEDU MAKCUMyMbT Ha IOJydeHaTa (DYHKIUs HA €HA
npomvensinBa. Hue obaue usnonsBame 3ajadaTa 3a WIOCTPUPAHE HA PA3BU-
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THTE O-J0JIy METO/IH.

Muoxkuresan Ha Jlarpam»k — ciaydaii Ha eaHO ypaBHeHue B R,
B Ta3m Touka mie pasriegame caydas, Korato M e MHOXKECTBOTO OT BCUYKHU
Toukn (7,y) € R? 3a xouto F (7,y) = 0. Tyx F (z,y) e eAHOKPATHO IIaIKa
byuxmus Ha 2 npomensnusy, gedunupana B obaact B R? u yjiosiersopsisa-
118, YCJIOBHETO 33 PEryasdpHOCT

grad F(z,y) # 0,

T.e. IbPBUTE YACTHU NPOU3BOJAHU Ha F' (I,y) HUKB/E He ce aHyJIUpaT e]I-
HOBpeMeHHO. Hasure e cie1HoTo HeoOX0IMuMO YCJIOBHE 32 YCJI0BEH JIOKAIeH
EeKCTPEMYM:

Teopema 1. Hexa M e mmooicecmeomo, 3adadeno ¢ Ycao8uemo
F(z,y) =0, u nexa gynxyuama f(x,y) docmuea ycarosen aokanen excm-
pemym espry M 6 moukama (xg,yo) € M. Tozasa couecmsysa KoHCMARMA
A makasa, ue

Qﬁf (z0,%0) = AgfﬁF (70, %0) -

Koncranrara A\ ce Hapuya MHOXKATEN Ha Jlarpam:K, ¢CbOTBETCTBAIL HA
IaIeHATa, eKCTPeMAIHA 321294,

[Tpesn poKa3aTeJICTBOTO IE AaJEeM IeOMEeTPHYHA WHTePIpeTalusa Ha
TBbLpACHHETO Ha Teopemara. Jda cu cuomuum Teopema 2 or §5, uneTo moKa-
3aTeJICTBO JaJ0xXMe B npeanud naparpad. Teopemara riacu, 4e rpaldenTbT
Ha QYHKIUATA B JAJCHA TOYKA € IePHeHIUKYIdpeH Ha JTUHUATA HA HHABO
Ha (PYHKIUsTa, MAUHABaIIa Ipe3 cbimara Touka. Crnopen Teopema 1, Bek-
ropure grad f (zo,yo) u grad F' (z9,yp) ca KoJMHEAPHH; TOBA O3HAYaBA, 9e
JuHuATEe Ha HUBO Ha dyukuuute f(z,y) u F(x,y), MUHABAIIH Ipe3 TOYKa-
ta (g, Yo), UMAT OOIA TAHTEHTA, T.e. Ce JOMUPAT MOMek Ty cu. (IeBHIHO
JUHUATA HA HUBO HA F'(7,y), MuHaBama mpe3 (T, Yo), CHBIAIA ¢ MHOKECT-
Boro M, onucsano ¢ ypasaennero F'(z,y) = 0. Taka crurame g0 coennara
dbopmymuposka Ha pesysarara Ha Teopema 1:

B mouxama (xo,y0) mmoorcecmeomo M ce donupa do sunuama na
nueo na f(x,y), MurasawWa Npes masy MowKa.

Ha uepreka Teopemara € MJIIOCTpUpaHa 3a 3a/a4aTa 3a HPABObIbJI-
HUIMTE, JaJIeHa TT0-Tope; TPeICTaBeHn ca MHOXKecTBOTO M (0Tcedka), u Jiu-
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HUUTEe HA HUBO HA GyHKIusTa f(x,y) = Ty. YCIOBHUSIT JIOKAJEH MAKCUMYM
ce gocrura B Toukata A = (p/2,p/2).

BuasiBo -smuun Ha HUBO Ha dyHKIMATa f(T,Y) = 2V,
TOYKA HA YCJIOBEH JIOKajdeH ekcrpemyM Ha f(z,y) Bbpxy M.
BasicHo - choTBeTHHUTE JHHIY BLPXY rpadukara Ha f(z, )

MoxkeM 1a JajeM U Apyra HHTePIPeTAlnsd Ha TeopeMara: 13 CH Mpe/I-
CTaBUM, KAKTO B §5, IJIAHMHCKA MECTHOCT, KaTo meneBata dbyuknusa f(z,y)
3a/laBa HAJIMOPCKATA BHCOYMHA B JaJ€HA TOYKA, a MHOKeCTBOTO M pasr-
JeZKJaMe KaTO II'bTCKa B Ta3H MECTHOCT. TOFaBa B Hall-BHUCOKaTa CHU TOYKa
I'bTEKATA CTaBa XOPU30HTAIHA, T.€. JOMHUPA Ce 0 XOPH30HTAIATA, MAHABA-
A Ipe3 Ta3h TOUKA.

HdokazarencTBo Ha Teopema 1. TpabBa 1a qoKaxkeM paBeHCTBATA

0 oF 0 oF
8;]; (x()vy()) = A 87 (%,yo) ) 8£ (%;yo) = )\Oiy (foayo) .

[Ile u3nos3BaMe TeopeMara 3a HegBHaTa (DYHKIHMA, 33 Ja NapaMeTpU3upa-
Me MHOZKecTBOTO M 0KoI0 Toukara (xg,Yyo). (Buzxk Teopema 2 oT mpeHust
naparpad.) Tbit kKaro M F (zo,y0) # 0, MOZKEM /I8 LPEIIOJI0KIM HAIIPH-
Mep, 4e %—5 (x0,Y0) # 0. ToraBa B HIKAKBA OKOJTHOCT HA TOYKATA T( ChIEC-
TBYBa €HOKDATHO Tiajka QYHKIHA ¢ (), yI0BIETBOPSBAIIA YCIOBHITA
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o (z0) =vo, F(x,0(x))=0.

Judepenmupaiikn mocjgIeJTHOTO PABEHCTBO 110 T B TOYKATA T, MOJIydaBaMe

OF . OF
aj(%?l)JF‘P () @(fay) =0,
OTK'bJIETO
oF
' (w0) = — 75%( : yO)-

75 (950, yo)

Ot npyra crpana, 3amecTBaiiku y ¢ @(x), nosydaBame GyHKIUATA HA
eqno npomenauBo g(x) = f (z,p(x)), onpeleneHa B OKOJHOCT Ha To. [la
PEJIOIOKIM 32 ONPEJITIEHOCT, 9e B (Xq, YJo) WMaMe OTHOCHTEEH JIOKATeH
makcumyM. Toukure ot Buja (z, p(r)) npunamiekar va M; cJie10BaTeHO,
3a x 61M3KH 110 T e umame f (z, o(x)) < f (o, ¢(x0)) = f (20, yo). C aApy-
ru jgymu, umame g(x) < g(xg), u ciaegoBaresno g(xr) upurexkasa JOKaJIEH
MaKCUMYM B TOYKaTa Tg. OTTyK cjaedBa, 49¢ IIpOu3BOAHATAa U B Ta3W TOYKaA
ce aHyJInpa:

0 0
g (zg) = 0£ (zo,90) + ¢’ (z0) 83]; (70, 10) = 0.

Ha 3amectum ¢’ (x9) ¢ HOTyYeHUs O-TOpe U3Pa3; MOy daBaMe

of oF %5 (20, Yo)
= (20, Y0) — = (@o, - | =0.
8x( 0-40) O (0. 30) %5 (w0, yo)

0
. 87]; (70, Y0)
ITosnaraiixu \ = B

3
By (70, %0)
Ca M3M'bJIHEHH. [ |

BUzKJaMe, Y€ 1 ABeTe MCKaHU PpaBEHCTBa

3abesiexkka. JlecHo ce BuKjia, 4e HEOOXOJUMOTO YCJIOBHE 3a JIOKa-
JeH eKCTPeMyM, JIaJieHO B TeopeMaTa, He e jocTarbaHo. HamcTuHa, Heka
F(z,y) = y (MaoxkectBoTo M cbBuaja ¢ abermuenara oc) u f(r,y) = 23 +y.
Torasa B Toukara (0,0) rpaguenrure Ha dynkuuure f u F ca KojuHeapHu,
HO B Ta3W TOYKA HIMAME YCJIOBEH JIOKAJEH eKCTPEMYM.
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OT TBBPIEHUETO HA TeOpeMaTa JIECCHO Ce M3BEXKIa PEIeNTa 38 OTKPH-
BaHe Ha TOUKATE, B KOUTO MOXKE Ja C€ 0YaKBa, YCJIOBEH JIOKAJIEH eKCTPEMYM
ua f(x,y) sopxy M. "Ilogospurennara" rtouka z TpsibBa jia yi10BJIeTBOPSBA
ypaBHEHUATA

of OF of OF

(2,y) = A5 (,9), afy(m,y):Aafy(x,y), F(z,y) =0,

ox

Taxka mosrydaBame 3 ypaBHEHHS 38 TPUTE HEU3BECTHH X, i, U A. [lo-HaTaTbk
HeJITa € Ja ce eTUMUHHPA ITPOMEHIUBaTa A\ U Ja ce HaMepAT CTORHOCTUTE
Ha r u y. Cjen ToBa TpsbBa J1a ce NPOBEPHU JAJIM TaKa MOJIYyIeHATa TOYKA
€ HAUCTHHA TOYKA Ha €KCTPEMYM, U OT KaK'bB BHU/I € TOi; OOMKHOBEHO TOBA,
ce BUYKJIa HEMOCPEJICTBEHO.

Cayuait nHa enqno ypasaenme B R". [1o aGcomoTHO ¢hIUa HAYNH
ce paspuBar Hemara, koraro M e noamuOXKecTBO Ha R", nedunupano c
yeaosuero F (xy,...,x,) = 0, u nenesara dyuxmus f(x) = f(x1,...,2,) e
rnajKa pyHKIUS B OKOJHOCT HAa M. OTHOBO HCKaMe YaCTHUTE IPOU3BOIHU
na dynkmusata F (xy,...,x,) Ja He ce aHyJIApaT e€IHOBPEMEHHO, T.e. BDbB
BCHUIKH TOYKH 13 umame grad F' (zq, ..., x,) # 0.

ToraBa mmMame aHAJOIMYHA Teopema: ako T = (Z1,...,T,) € TOYKA
Ha ycJaoBeH JiokaseH ekcrpemyMm Ha f(z) Bbpxy M. ToraBa chimecTByBa
KOHCTaHTa A TakaBa, 4e

grﬁf(xl,...,xn):)\grﬁF(xl,...,xn).

ToBa BeKTOPHO PaBEHCTBO JaBa N Ha OPOil ypaBHEHUsI. 3aeHO C YPaB-
ueruero F (z1,...,x,) = 0 nonyuaBame n + 1 ypaBHeHus 3a n + 1 Henspec-
THHA T1,...,Tn, A\, OTK'BIETO Upe3 U3KIIOUBAHE HA A\ C€ OIPEIeTIT TOUKHUTE,
B KOUTO OM MOI'bJI JIa C€ OYaKBa JIOKAJIEH eKCTPEMYM.

Mmuoxkutenun Ha Jlarpan>k B cjayd4ail Ha JABe ypaBHeHud. Heka
cera M e moaMHoxKkecTBO Ha R", 3a71a1€HO ¢ yCIOBHATA,

F(xy,...,2,) =G (x1,...,2,) = 0.

[Mle npennonoxum, ge F (z1,...,x,) u G (xy,...,T,) ca eTHOKPATHO TJIaJ-
kn dyukmun B R"”.
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Hedbununuga. e xazsame, we deotikama ycaosua F (xq, ..., x,),
G (z1,...,x,) = 0 e peeyasapna, axo epaduermume graa F(z) u graa G(z)
Ca NUHETIHO HE3ABUCUMU 656 GCAKA MOYUKA .

Teopema 2. Hexa M e nodmmnooscecmeomo na R™, onpedenero ¢ peay-
aaprama deotixa yeaosus F () = G (x) =0, u nexa f(x) = f(x1,...,2,)
e 2na0ka pynryua 6 okoanocm na M. Axo 2° € R" e mouka na ommnocume-
aer aokaser exempemym wa f(x) espry M, mo cswecmsysam Koncmarmau,
A U [ maxuea, e

grﬁf(xO) = AMF(xO) + ,ugrﬁG(:co).

N B TO3M ciaydvail KOHCTaHTHTEe A\ M (i C€ HApUYAT MHOYKHUTEJIU HA
Jlarpamx.

JokazaTrescTBo. 3a yI00CTEO e pasriesaMe Caydas Ha 9eTHPUMEPHOTO TPOC-
TPaHCTBO R4, KOODJIIMHATHTE B KOETO Ine o3HadaBame ¢ (z,y,u,v). Heka Py =
(20, Yo, Up, Vg) € TOYKA HA YCJIOBEH JIOKAJIEH eKcTpeMyM 3a dbyHkiusaTa f(,y, u, v) Bbp-
xy M. Ile ocmucnum ycnoBuero 3a perynasproct. Ot juHelinaTa aaredpa 3HAEM, Y€ aKO
JIBA BEKTODA Ca JIMHEITHO He3aBUCHMU, TO 0Opa3yBaHaTa OT TAX MATpUla (HA KOATO Te3U
BEKTOPH Ca pejioBe) uMa Makcumasen panr. Cie0Baresino yCaoBUETO 3a PEryJIsipPHOCT B
TouykaTta Py MoXKe [1a ce HATHUIIEe BbB BUIA:

r F  F F
g (G ¢ o )@ =2
T y u v

Cule10BaTe/IHO B TOPHATA MATPULA UMA IIOHE €JHa 2X2 IOJIeTEPMUHAHTA, KOITO
HE Ce aHyJIMpa; HEKa TOBA € JeTePMUHAHTATa, 00pa3yBaHA OT JIBATA MOCJIEIHU CT'HJIOA.
Tosa o3HauvaBa, 4e
F F’
u v

CrenoBaresiHo 10 TeopeMara 3a HesBHaTa (QYHKIM 33 JBE ypaBHeHUs (TeopeMa
4 or §9), chimecryBar dbyukuuu u(x,y) u v(z,y), ned>UHUPAHE B OKOJIHOCT HA TOYKATA
(.To, yO)) Taka 4e

F(xvyau('ray)vv(x?y)) =0, G(mvyau(xay)7v(x7y)) =0, u(xo,yo) = Uo, U(x07y0) = vo-

C npyru aymu, 0KOJI0 TOUKaTa Py MHOX)KecTBOTO M MOXKE 78 C€ MPEJCTABH C YPaB-
HEHUuATa

u=u(z,y), v=ov(z,y).
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Ja pa3riemame nBeTe TUHEHHW ypaBHEHUS
fo(Po) =X Fy (Po) + p G (Ro)

fo (Po) = XN Fy (Po) + p G, (Po)

OTHOCHO IIPOMEHJUBHUTE A\ U fi. 1T'bil KATO JETEPMUHAHTATA OT KOe(UIINEHTUTE MIPe ], He-
M3BECTHUTE € PA3JINYHA OT HYJId, Te3W YPABHEHUS WMAT €JIWHCTBEHO perneHnue. TpsOBa
J1a, JOKaXKeM, 9e TaKa HAMEDPEHUTE A W L YIOBJIETBOPSBAT YCJIOBUATA HA TEOPEMATA, T.€.
Ye ca U3MbJIHEHU W PABEHCTBATA

fr(Po) =X Fy(Po) + p G, (Po), f,(Po)=XAF,(P) + pnG,(FP).
Omie He cMe U3MOI3BaHN, 96 Py e ycIoBeH JIoKaJdeH ekcTpeMyM. Jla o3HadIM

(I)(Z',y) = f(x,y,u(ac,y),v(m,y)).

Mom Py = (xo, Yo, Uo, Vo) € TOYKA Ha YCJIOBEH JIOKAJIEH eKCTpeMyM 3a f, TO Todkara
(20,Y0) € TOUKa HA OOMKHOBEH JIOKaJIeH ekcTpeMyM 3a ®(z,y) (u3monsBame cbimure pas-
CBXKJIEHUST KaTo B TeopeMa 1), W cjieoBaTesHo

P (z0,y0) = P, (20,y0) = 0.
y

le noxazewm, ue f. (Py) = X Fy, (Py) + p G, (Py). Haucruna, nudepennupaiiku

no z ypasmenusra F(x,y,u(z,y),v(z,y)) = G(z,y,u(z,y),v(z,y)) = 0, nonyuasame
paBeHcTBaTa

F,

/ ! ! / !
x = Uy Fu_vw F’U’
r ! / / !
G, =—u, G, —v, G,.
Paserncrsoro ®/, (xg,y9) = 0 03HauaBa, 9e¢ B TOUKaTa Py e U3IIbIHABA PABEHCTBOTO
xT ’ ’

fo=—uy fo =1 £

Ha ymuoxkum pasencrsoto 3a F, ¢ 4ucnoro A, paseHcTsoro 3a Fy — ¢ €MCIOTO p1, U
Jla chbepeM TosydeHWTe paBeHCTBa. IlosmydaBame ThbpCeHOTO choTHOIIeHue fr (FPy) =
A Fy (Py) + p G (By). Crorromenwero f, (Po) = A Fy (Po) + p Gy (Po) ce momy4asa 1o

abCOJIIOTHO ChIUs HAYMH, KOETO JI0KA3Ba TEeOPEMATA. |

Teopema 3a mHO>kUTENTE Ha Jlarpauk B oO1uda ciay4aii. He-
ka cera M e mommuOoxkecTBO Ha R", 3amaeno ¢ ycioBusita

Fi(xy,...,x0) = Fy(xy,...,20) = ... = F (21, ...,2,) =0,

Kbjaero [y (x1,...,2n), ..., Fg(x1,...,2,) € peryispHa CHCTeMa OT eIHOK-
paTHo rnaaku GpyHKnuu. PeryaspHocrTa 03Ha4aBa, 4€ TEXHATE TPAJANEHTH
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grad Fy(z), ..., grad Fy(z) ca jumeiino mesaBmCHMHI 33 BCSKO 2 OT jedu-
HuponHara uMm obsacr. (Pasbupa ce, npeamonarame, de k < n.) Heka
f(x1,...,x,) mOCTHTA YCIOBEH JIOKATIEH eKCTpeMyM BbpXy M B TOUKara

0 _ (0 0
2= (25,...,2)) € M.
ToraBa 110 CblMsl HAYMH Ce JIOKA3Ba, Y€ CbLIECTBYBAT KOHCTAHTH
ALy ..oy Mg (MHOKHTEM Ha JlarpaH:K) TakuBa, de

Mf (ZL‘O) :Alﬁﬂ (mo) +...+/\kﬁﬂ (mo).

[Tosryocn Ha emmcara

IIpumep: Kanonuzaruga Ha eautica. [lenrpupanoro ypaBHenue Ha
€JINTICa B paBHUHATa UMa BHUIAQ

az? + 2bzy + cy? =1,

KaTo KBaJpaTHaHaTa (popMa OT JIsiBaTa CTPaHa € MOJIOKHUTETHO ONpeIeIeHa,
*
Te.a > 0nb? < ac.” O4eBMIHO IEHTHPHT HA €IUIICATA CHBIAIA C HAYAIOTO

*
Axo Tazum dopma e 3HAKOIPOMEHJINBA, Ce TIOIyIaBa YPABHEHUETO Ha XUmepboJIa.



100 I'VIABA 1. JUOEPEHINAJIHO CMATAHE

HA KOOpAWHATUTE. 3ajadara €: 1a ce HaMepsT Jb/KHHATA W HOCOKATa Ha,
roJIIMaTa M MaJKaTa MOIyoC HA Ta3W eJTHICA.

JlecHo ce BuK/Ia, 4e WHTEpeCcyBalllUTe HU TOYKH MOTAT Jla Ce OIIpee-
JIAT T€OMETPUYIECKH: OT BCHYKHM TOYKHU Ha eJINIIcATa, Hali-01130 10 HAYAI0TO
ce HAMHPAT KpaWIaTa Ha MaJaKaTa MOJIyoc, a Hai-Jagede - KpauilaTa Ha
TOJISIMATA, TOJIYOC.

CremoaTeiHO HamaTa 3ajada MoxKe 1a ce hOpMyanpa KaTo 3a1a4a,
3a YCJIOBEH E€KCTPEMYM - HHe TPAOBa Jla HaMepPUM MUHUMYMa U MaKCUMY-
Ma BBPXY eJIHIcaTa Ha Pa3CTOAHMETO 10 HAYaJI0TO Ha KoopauHarute. Ilo-
yI00HO € obade Karo IeseBa (DYHKIHA JIa Ce B3eMe He pPa3CTOAHHETO JI0
HAYAJI0TO, & Heropusat KBajpar. B Kpaiina cMerka gocThrame J0 CJeJHaTa,
331294

Heka M e nogmuoxkectBoTo Ha R, nedpunupano ¢ ypaBHeHHETO
F(z,y) = ax® + 2bxy + cy®> — 1 = 0.

Jla ce HaMepdT MUHUMAJIHATA U MAKCUMaJIHATa CTORHOCT Bbpxy M Ha dyH-
kiugra f(x,y) = 2% + y°.

JlecHo ce mpecMmdTa, Y€ paBEeHCTBATA

of OF of OF

%(a@y):)\%(x,y), @($7y):A%($,y)

cera noOWBaT BUIA
2r = A (2ax + 2by) ,

2y = A (20 + 2cy) .

OTTyK BegHara HaMHpaMe FeOMETPUIHUS CMUCHJ HA MapamMeTbpa A.
Hawucruna, 1a yMHOKAM TTHPBOTO YPABHEHHUE ¢ T, BTOPOTO — C ¥, U JIa TH Cb-
GepeM. Baemaiiku npes B paBeHCTBOTO ax? + 2bxy + cy? = 1, moxydasame
A =22 +9?% Te. ) chbBIaA ¢ KBaApaTa Ha PA3CTOSHUETO OT eKCTpeMaTHaATa
TOYKA (Z,y) 0 HAYAJIOTO HA KOODIHHATHUTE.

Pazriexk 1ame ropHATE paBEHCTBA KATO CHCTEMA OT JIBE JIMHEHHN ypaB-
HeHus 3a HewspectHute T u y. Tbit kKaro Toukara (0,0) He TPUHAITEKE HA
esuiicara, 1o A # 0. [Ta nosoxkum p = 1/A. ToraBa ypaBHeHusta ce 3amuc-
BaT KaTO:
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(a—p)x+by=0
bx + (¢ — u)y = 0.

Ot JimHeltHaTa ajredpa 3HaeM, 4Ye IOJIYYeHATa CHCTEeMa XOMOI'€HHU
ypaBHEHHsI UMa HEHYJIEBO PellleHrne TOYHO TOTaBa, KOraTo JIeTepMUHAHTATA,
oT KOoeUIMeHTHTE MPe/i HEeM3BeCTHUTE € paBHa Ha HyJa. Taka 3a A 1moJy-
YaBaMe KBaJAPaTHOTO YpaBHCHHE

a—p b

b c— I =0,

HJIH, B DA3BHT BHUJI,
p? — (a+c)p + (ac — b*) = 0.

Kopenure 1y u po Ha TOBa ypaBHEHUE ce HAPUIAT COOCMBEHU CMOT-
HOCMU Ha ChOTBETHATA KBaaparndna dpopma. Bennara ce BuzKaa, 9e B CIy-
yas Ha eJINICA Te BUHAIU €a CTPOro mnojoxkureanu. OCBeH TOBa JIECHO Ce
pOBepsiBa, Y€ aKO KOPEHDLT € JIBOCH, T.€. iy = flo, TO @ = cu b = 0, u
CJIeI0BATEIHO MHOXKECTBOTO M e OKPBXKHOCT. AKO OCTABUM TO3M CJIydail
HacTpaHa, nojydasame HepasercrBara 0 < py < po. T'bii karo A = 1/p,
mony4uaBame 0 < Ao < A;. Mmafiku npeaBu reOMeTpUIHUS CMUCHJ Ha A,
HAMHUpaMme, de roJsMaTa MoJayoc € paBHa Ha L, a MaJKaTa — Ha ———.

231 VH2
3abesnexkka. Hue qocturnaxme 1mo anaJuTUYEH LT JI0 IPOIIEIypara,
U3BeCTHA B aJrebpara U B aHAJIUTHYIHATA FeOMeTpPHsI KaTO KaHOHU3HPAHEe
Ha KBajJpaTuuna ¢dpopma. [TomodHu paschb:KaeHHs MOTAT /13 ce MpoBeaaT H
B TPUMEPHHSA CJAydail — 3a TPHOCEH eTUIICOMI.

YupakaHeHus
1. Hamepere makcumasinaTa croitnoct Ha dyuxiusara f (xy,...,T,) =
T1%o ... T, BbPXY MHOXKecTBOTO M, 331a/1eH0 ¢ yeaousata x1 > 0, ..., 2, >

0,21+ ...+ x, =1.

2. Hexka e nagen emmmconn B R?, 3a71a/1eH ¢ KAHOHAYHOTO CH ypaBHe-
nue. Jla ce HamepsT MMOJIyOCUTE Ha €JIMICATa, MOJydYeHa KaTo cedeHue Ha,
eMICcona ¢ paBHmHa B R®, MHHABAIIA IpE3 HAYAIOTO HA KOODIHHATHTE.
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YobrBaHe. 3ajauara ce CBeK/1a K'bM HAMHPAHETO HA MAKCUMAJIHATA

u MuHEMasHata croitnoct Ha dynxkuuara f(z,y,z) = % + y? + 2% Bbpxy
MHO2KeCTBOTO M, olpejiesieHo ¢ ypaBHEHUATA,
2y 22

F1(5’373/735):§+b7+;2—1:0,

Fy(z,y,x) = ax + Py + 72 = 0.
[IpupaBHsBaiiku Ha HyJIa YaCTHUTE MPOU3BOIHU Ha (DYHKIIUITA
f — AF| — uF,, nonydaBamMe paBeHCTBATA

aa? Bb? vc?

2\ VTR Ty TR Ty

A=flr,y,2), z=p

YMHOKABAHKH BTOPOTO, TPETOTO U YETBHPTOTO PABEHCTBO CHOTBETHO € (,
B, ¥ u choupaiiku pesyaraTuTe, IoJydaBaMe 3a A KBaJPATHOTO YpaBHEHHE
o2a? 52?2 V22

PO WL R WL R

Ako A\ 1 Ay ca KOpeHWUTe Ha TOBA ypPaBHEHUE, TO v/ A| U \/ Ay Ca JTbJIKUHUTE
Ha TTOJIYOCUTE HA T'bPCEHATA EJIUIICA.
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Bbnopocu 3a camonpoBepka

1. laiire meduHuIMs HA YCJIOBEH JIOKAJeH eKcTpeMyM (y.j1.e.) Ha (yHK-
1K BbPXY AajeHo MaHoxKecTBO M. Kakpo e pasinunero ¢ jgeduHUnmsITa Ha,
(GesycsioBeH) JIOKaJIeH eKCTpeMyM, JajieHa B maparpad 87

2. Hammmere He0GXOAMMOTO yEI0BHE 3a V.JL.e. B caydas, korato M C R? ce
onpesiesisi Ype3 peryssipuoro ypasaenne F(z,y) = 0 (Teopema 1). Hamumere
TOBa YCJIOBHE BbB BEKTOpHA M B CKaJapHa dopMma. JlocTrarbaHo i e ToBa
ycaoBue?

3. Onwuiere reOMETPUIHIS CMUCHJI Ha TOPHOTO YCIOBHE.

4. Hamummere HeoOX0MMOTO yCJIOBUE 33 y.jl.e. B cjydas, koraro M e 1oj-
MHOKecTBO Ha R", 3amaneno ¢ pasencrsoro F'(zq,...,x,) = 0. Onumiere
nporeaypara (perentara) 3a HaMApaHe Ha TOYKATE, B KOUTO (DYHKIHITA,
f(z,y) 6u moruia ma uma y.u.e. Bopxy M.

5. Heka M e mogmuozxkecTBO Ha R™, 3a1aeno ¢ pasencreara F' (21, ..., x,) =
G (x1,...,x,) = 0. Jlaiite ycioBue 3a PeryjsipHOCT Ha Ta3u JBOWKA yC-
nopust. Hammmere HeoGXOIMMOTO YCJIOBHE 3a y.JI.e., KAKTO U CHLOTBeTHATA
CHCTEMa YpaBHEHHUSI.

6. KakBo ekcTpeMaJsiHo CBOUCTBO y/I0BJAETRBOPSIBAT KPAHUTE TOYKH HA, TTOJTY-
ocuTe Ha enumcara? Ouuiiere ¢hbOTBETHATA eKCTPEMaJIHA 3a/1a4a U HAYUHA,
Ha HEUHOTO peIaBaHe.
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2.1 Mapka Ha Ileano — 2KopaaHn

Hamara nbpBa cTblika KbM jgedunupaneTo na PuManoBust HHTErpaJj B paB-
HUHATA, KAKTO U B IIPOM3BOTHO KPA#HOMEPHO €BKJIHI0BO IIPOCTPAHCTBO, IIIE
Objie J1a BbBeJIeM MsIPKa B TaKHBa IPOCTPAHCTBA: T.HAp. mapka Ha [learo-
2Kopdan. 3a na m3mossBame reoMeTpUYHATA WHTYHUIU, HUE Ie PabOTUM
IJIABHO B CJiydasi HAa paBHEHATa R%, 0T6essI3BAiiKN KAKBO € HEOOXOMIMO
Jla ce MPOMEHU B CJIydasl Ha MPOCTPAHCTBA C PA3MEPHOCT, TO-TOISIMA OT 2.
TpsioBa 1a ce orbesieku, ve akKo pa3jnKaTa MeKIy eIHOMEPHUsS U JIBYMep-
HHUsI CJIydaii e 0cTa ¢bliecTBeHa (KAKTO YUTATeNT e ce yOeu mo-1o01y ),
TO MeXKJIy pa3MepHOCT 2 U pasMepHocTH 3,4,...,1000,.., TakaBa MouTH HIMA,
U BCUYIKU OLPEJIe/ICHNS U JIOKA3ATEJICTBA C€ IIPEHACAT MOYTH 063 M3MEHEHUS.

Onpenenenne Ha mapkara Ha Ileano — 2Kopaan. Ha-
maTa e me Obae 12 OIpeae/ UM MsIpKaTa, WK JIHIeTO, Ha PaBHUHHA (DU-
rypa. [lle Tpbraem or JiBe ecrecTBeHH NPABUJIA:

e JluieTo Ha MPaBOBI'BIHUK € PABHO HA MPOU3BEJIEHNETO HA CTPAHUTe
My, H

e Ilo-rosimara dpurypa mMma u 1mMo-rojgamo June, T.e. ako D, D’ ca du-
rypu B paBaunara u D C D', To nunero Ha D He HaaMUHABA JTUIETO
na D'

Taka namaTa ocHOBHA "Tyxauduka' HpH H3rPakIaHETO HA MAPKATA,
B paBHUHATA Ie ObJAT 3aTBOPEHUTE MPABOBILAHHUIM, T.e. MHOXKECTBA OT
BHJIA

A = [a,b] X [¢,d] = {(:L‘,y) ER?:z€[a,b],y € [c,d]}.

3a BCeKU NPABOBI'bIHUK 1€ BbBegeM Mspka (mim jmne): p(A) =
(b—a)(d—c).

Heka noguepraem, e TyK pasriiekaaMe He KAKBH [ € NPABObIb/IHH-
1, & CAaMO NPABOBI'bIHHAIN C'bC CTPAHU, YCIOPEIHN HA, KOOPIUHATHUTE OCH.
IIle pasriezxmpame caMo 3aTBOPEHH NPABOBIbLAHUIM; TAXHATA BHTPEIIHOCT
Ce CBCTOM OT IPOU3BEJCHUETO Ha CHOTBETHUTE OTBOPCHN MHTEPBAJIN:

A° = (a,b) x (¢,d),
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a KOHTYPBT UM Ce ChbCTOU OT Y€THUPHU OTCCUYKH.

B ciywas na upocTpaHCTBO € PasMEpPHOCT 3 U 110BEYe, HABCHKb-
e mo-maosty BMecto "mpaBobrbaHuk'" TpsOBa ga ce dere "mpaBobrbieH
napaJiesenue’, KaTo OTHOBO Ce DA3IJIexK/IaT Mapasieselunen che cTpa-
HU, YCIIOPEJIHA HAa KOOPAMHATHHUTE OCH. 110/ MpaBobIbIeH mMapasiesenunes
B R" 1mie pazdbupame MHOXKECTBO OT BUJA

A={(xy,...,x,) 121 € [a1,n],..., 2, € [an,bn]},
KOETO OOMKHOBEHO Ce 3AIUCBA BbB BUJIA
A= [al,bl] X ... X [an,bn] .

MHpKaTa OTHOBO Ce oIlIpeaesid KaTo IIPpOou3BeJeHne Ha CTpaHHuTe!:

2
Hebunumusa. Kassame, we mnosicecmeomo E C R” e enemenmapno,
axo mo mooice da ce npedcmas kKamo obedurerue Ha KpaeH 6poti 3ameopeHu

npacosesAHUUU.

ITle orbesiexkum, de obeuHEHEE, CeYEHNEe U PA3JINKa Ha e/leMeHTapHH
MHOKECTBA, € C'hINO eJIeMEeHTAPHO MHOYKECTRO.

Jlema 1. Bceaxo esemenmapro muoocecmeo E moowce da ce npede-
masu Kamo obedunenue Ha KpaeH 6PoTl NPABOBEAHUUY C HENPECUNAUWU CE
EBMPEUWHOCTIU (34 KPAMKOCT, WE 2U HAPUHGME HENPECUNAULL CE NPABOT-
2BAHUYL).

HoxkazareactBo. /la npoabIzKUM OTCEUKUTE, OrpAaHUYABAIIN BCEKH
OT IPABOBI'BJAHUIIATE, H JIa PA3CEeYeM OCTAHAIUTE MPABOBI'BJIHHUII 110 TaKa,
nosiydeHuTe mpaBu. [lonydeHoTo pa3dbuBaHe Ha MHOXKECTBOTO F odeBHUIHO
VJIOBJIETBODsIBA M3NCKBaHusATa Ha jemara. (Ha geprexa e npencraBen ciy-
qagT, korato F e obeHeHNe Ha JBa MPABObI'bJIHUKA. ) |
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Hedbunnmnua. Hexa E e esemenmapro MHOMCECTNEO, NPEICTABEHO
Kamo obedurerue Ha HENPECUNAULU CE NPABOT2BAHUUL

E=JA, ANAI=0 sa i#]

=1

IIe onpedeaum maprama p(E) xamo

Pazbupa ce, TpsgabBa Jjia JIOKaKeM,

4ye OIpeJeJIeHNeTO € KOPEKTHO, T.e. He

‘ 3aBUCH OT HAYUHA Ha IpejCTaBsHe Ha
|

! E karo obequnenne Ha HEIIPECHYAIIN Ce

! npaBobIbaHuny. Heka naii-nanpen E e

| } [PABOBI'bJIHUK, TPEJICTABEH KaTo 0be-
|

; \ JUHEHWE Ha JIPYTH TPABOBI'bIHATIN; TO-
!

} ! raBa TBbLP/JEHUETO € OUeBHIHO (M CcTa-

I

| Ba OI1le I0-0YEBH/IHO, AKO HATIPABAM JI0-
|

| I'bJIHATEJIHU PA3PE3H KAKTO B IPEJIHATA
} aema). B obuus coaydail Heka

E=JA =4
i=1 j=1

[IpepcraBgane Ha e1eMEHTAPHO
MHOXKECTBO KaTo 0beJIMHEHNe Ha
HEeITPeCHYAal ce MPaBObI'bIHUIN

ca JiBe Pa3Iu4YHU IpeJcTaBdHusa Ha F
KaTo o0eJMHeHne Ha Helpecudally ce
IPABOBI'bJIHANM. 33 BCSIKO ¢ OT 1 710 n
nmaMme A\, = U, (AZ- N Aj), KOETO Ja-
Ba IIpeJICTaBdHe Ha HpaBObIbJIHHUKA A;
KaTo o0euHeHre Ha HeIPeCHYalld ¢e IPABObIbJIHUIM, U CIOPe]] 0TOeId3a-
HOTO To-rope ft (A;) = Y0, (Ai N Aj>. CraegoBaTeIHO

n

ZM(Ai) :ZZM(AiHA])

n m
i1 i=1j=1
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Topua u jgosiHa MspKa Ha MHOZKECTBO

" 110 CbIIAd HAYMH

Sou(dy) =YY u(aind;),

m m
j=1 Jj=1i=1

C KOETO KOPEKTHOCTTa Ha AeUHUINITA € J0Ka3aHa. |

Crempariara CThIKA € Ja ¢e OIUTaMe Ja allPOKCHMUIpaMe MPON3BOJIHA,
durypa B paBHHHATA Upe3 eJIeMEHTapHH MHOXKecTBa. ToBa Moxke Jjia cTaHe
[0 pA3/IMYHNA HAYUHH. 3a WIOCTPAIUS HEeKA CH IpeACTaBUM, de uMame du-
rypa, HapuCcyBaHa BbpPXy MUJIMMETPOBA XapTHsl, U UCKaMe JIa IIPeCMeTHEeM
npubJIM3UTETHO HEHHOTO Jiuie. BhirpochT e: gajan jga OpouM Te3u KBaJipaT-
Jera, KOUTO Ce 3acHdaT ¢ purypara caMo 4acTHIHO, T.e. TIpecudarT HelHus
KOHTYP. EuHugar HauuH e jJa cyMupaMe JIMIATa HA BCUYKU KBajpaTdera,
KOUTO HMAT ODIIM TOUYKH ¢ (pHUTypaTa; TaKa IIe IOJYUIHM OIEHKA OTrope 3a
auneTo u. Jpyrugar HaduuH e Ja OpouM caMo OHe3W KBaJpaTdeTa, KOUTO Ce
C'bIbPKAT U3IAJIO BHTPe BbB pUrypara; Taka 1moJiydaBaMe OleHKa OTI0JIy.
JIpyrosiie Ka3zaHo, HHE alPOKCHMHpaMe OTBbH W OTBbTPE HalmaTta purypa
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C MHO2KECTBa, CbCTaB€HHU OT KBaJApaT4deTa, T.€. C ¢JIEMCHTADHU MHO2KECTBA.
Taka ce crura A0 IMMOHATHUATa I'OpHa U JOJIHa MAPKa Ha MHOZKECTBO:

HMedunnmus. Hexa A e ozpanuueno nodmmoscecmaso na R2. e on-
pedeaums 20pHa MAPKG Ha Muoscecmeomo A (¢ osnauenue p*(A)) xamo
MOYHAMA Q0AHA 2PAHUYA HA MEPKUINE HA GCUMKU CACMEHMAPHU MHONCEC-
mea, codsporcawu A:

p(A) =inf {u(FE) : E - eaemenmapro, A C E}.
Ananozuuno, onpedessme doarna mapka na A ¢ dopmyaama

py(A) =sup {u(E) : E - eaemenmapro, E C A}.

3abenaexkka. [lonskora 1e e ya106HO ja HaJjlaramMe MaJIKO O-CHJIHU
ycsoBusi: a uckame A C E° B nedunurusra #a ropua msipka, n E C A°
nedbununusTa Ha H01HA Mspka. (Ille HamomuanM, 9e A° 03HAYABA BBHIPEI-
HOCTTA HA MHOXKECTBOTO A, T.e. BCHUKH TOYKH, KOUTO BIU3AT B A 3ae/HO ¢
HIKAKBa CBOsI KPbroBa okosHOCT — BuzK §1.2). JlecHo ce BuzKa, 4e ToBa HE
HPOMEHS TEXHUTE CTOWHOCTH.

OueBuHO 3a Besiko MHOKecTBO A mmame . (A) < p*(A). Ba HAKOH
MHOXKECTBa 0faue Te3W JiBe YhCIa MOXKe Ja ce pasimuasar. Hampumep na
B3eMeéM MHOXKeCTBOTO OT BCUYKH TOYKHU B KBaJApaTa, KOUTO UMAT PpalllOHAJI-
HU KOOpAWHATH:

A={(z,y) €[0,1] x [0,1] : z,y € Q}.

Jlecuo ce Buxaa, ge p*(A) = 1, w50 . (A) = 0 (MmHOKecTBOTO A He ChAbPKA
HEM3POJIeHN NpaBobIbaHUIM). [Topagn ToBa Hue Ie Ompee nM MsipKaTa,
caMo BbPXY HAKOH MHOMKecTBa B R — T. HAp. H3MEPHMH MHOYKECTBA:

JHedunnnnsg. Ozpanuvenomo mmoocecmeo A C R? ce mapuua
UBMEPUMO, AKO HE208aMaG 20pHA U Joana mapka csenadam. Obduiama um
cmotinocm ce Geaeorcu ¢ j(A) u ce napuua mapra na Ileano — Hopdan na
MHOMCECMBOmo A.
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Jlema 2. Muootcecmsomo A e usmepumo moz2a8a u camo mozaea, Ko-
eamo 3a ecaxo € > 0 cowecmsysam esemenmapny, muoocecmea Fy, Fo,
maka we By CAC Ey up(Ey) —pu(Er) <e.

okazaresacTBo. la OIpemnosoKuM, de TOPHOTO CBOHCTBO € U3II'bJI-
HeHo. T'bit kKaTo

p(Es) < p(A) < p(A) < p(B),
p(A) = p(A) < (By) — (B2) <e.

Twit kKato € > 0 e npoussosno, 1o 1*(A) = p.(A), T.e. A e m3mepumo.

O6patHo, Heka A e uamepumo, T.e. pu*(A) = p (A). Or gedbunumms-
Ta HA TOpHA M JOJHA MApKa CIeIBa, 9e MOXKEeM Ia M30epeM eJeMeHTAPHU
MHOKecTBa B D A, Fy C A TakuBa, de

p(Er) <p'(A)+e/2 m p(Ey) > p(A) —e/2,

u caegoBarento p(Ey) — p(Ey) < e. [ |

Heka JdaJeM HAKaKBO OIIMCaHUe Ha U3MEPUMHUTE MHOXKECTBa B paBHH-
HaTa W OIIepaluUuTe, KOUTO MOraT Ja C€ U3BLPUIBAT C TIdX.

Hedbununua. Muoscecmeomo ce napuua npenebpesicumo no Ilea-
no — MHKopdan, axo p*(A) = 0 (om myx, pasbupa ce, caedsa, we mo e u
UBMEPUMO ).

Jlema 3. Bcako nodmHosicecmeo Ha NpeHebpescumo MHOHCECMEO €
npenebpescumo. Obedunenue na kpaer 6poti NPEHEOPEHCUMU MHOHCECTNEA
COULO € NPEHEOPENHCUMO.

HoxkazarencTso. [IbpBoTO TBHpAEHNE € 0UeBHIHO. 38 BTOPOTO, JT0C-
TATHYHO € JIa JOKayKeM TBbDJIEHUETO 3a CJAydas Ha JIBe MHOYKECTBa.

Haucruna, mexka p* (A1) = p* (A2) = 0. da usbepeM mpou3BoJHO € >
0. Torapa cmopen nedpWHUIUATA Ha (1* MOMKEM 1a HAMEPHUM eJIeMeHTapHU
mHOXKecTBa Fy, Fo, Taka we p(Fy),u(Ey) < /2, Ay C Ei, Ay C Fs.
MuoxectBoro F = E; U Fy e ¢bIo egemeHTapHo, npu koeto Ay U Ay C E,
u () <e me. pf(AfUA) =0. n
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Cera mozxeM fa GopMyIupame HeoOXOAUMO H JTOCTATHLIHO YCJIOBHE 38
M3MEPUMOCT HAa MHOXKECTBO. 3a Ta3u el e H3M0I3BaMe TIOHSITHETO KOHTY P
Ha MHOXKECTBO, BbBejieHO B §1.2.

Teopema 1 (kpurepuii 3a uamepumoct). Edno ozpanuueno mHo-
scecmeo A € U3MEPUMO Mo2a6a U Camo Mo2asa, K02amo HE206UAN. KOHIMYD
bA e npenebpescumo MHONCECNEBO.

HoxkazarenacTtBo. Heka A e umamepmmo MHOXKeCTBO, T.e. (i (A) =
1w (A) = p(A). Ja uzbepem mpoussosito € > 0. Ot medbuHuusgTa HA TOPHA
W JIOJHA MsIPKa CJEIBA CHIIECTBYBAHETO HA €JEMEHTAPHO MHOXKECTBO F
takoBa, v¢ A C EY u u(Ey) < u(A) + €/2, 1 Ha e1eMeHTAPHO MHOXKECTBO
E, rakoBa, ue Ey C A% u pu(E2) > u(A) — /2. OgueBunno Ey C Ey. Jla
osnaunMm F = E, \ Ey; torasa (u(E) = 1 (Ey) —p (E2) < € n kouTypsT bA Ha
MHOZKeCTBOTO A ce ¢babpxa B E, oTKbaeTo caeasa, de bA e mpeneGpexn-
MO MHOKeCTBO. [lo amasornven Hadun ce 10Ka3Ba U 0OPATHOTO TBHP/CHHE,
GHETO JTOKA3ATEICTBO e TPOMYCHEM. [

CaenctBue. Obedunenuemo, ceveruemo u pa3sukama Ha 06e uame-
PUMU MHONHCECTNGEG € COULO USMEPUMO.

HoxkazarenctBo. Heka A n B 1a ca u3MepuMu MHOYKECTBA, U HEKA
MHOkecTBoTO C' /1a € paBHO WM Ha TAXHOTO obemumHenme A U B, nin Ha
TAXHOTO ceuenne A N B, unu wa pasaukara B \ A. Bbs Bcekn ot Te3u Tpu
cJydasi uMame

bC' C bAUbB

(nokazkere!). Tbit karo A u bB ca npeHe6PeKUMH, TO OT HATIPABEHATA TTO-
rope 3abesiexkka caeasa, de u bC' e npenedpekuMo, T.e. MHOKecTBOTO C' €
A3MEepPUMO. |

[Ile HAIIOMHMM €IUH HAYMH Ha AHAJATHYIHO ONUCAHHUE HA (PUIYPUTE B
pasuunara (Buk I, §4.5):

Hedbunnumsa. Hexa ¢ unmepsasa |a,b] ca s3adadenu nenperscramu-
me gynryuu g(x) u f(x), xamo nascarsde e usnsaneno g(x) < f(z). Toea-
60 KpuBoAUHEEH mpaneuy, onpedeaer om dyruryuume g u f, napuuame hu-
eypama D, cscmasena om ecuvwu mowwu (x,y) € R?, ydosaiemeopasausu
HEPABEHCMBATNA

a<wr<b gx)<y<f(z).
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Kpusonuneen Tpamuei

Bewuku durypu, cperianu B eJieMeHTapHATA T€OMETPHUs, MOTaT j1a Ob-
JlaT TMpeICTaBeHN WM KaTO KPUBOJIMHEEH TPAllell, Wk KaTo oOeInHEeHne Ha
KpaeH OPoil KpUBOJIUHEHHN TPAIIIIH.

IIpumep. Heka Dy 1ma e 3aTBOpeH KpbI € HEHTHP B HAYAJIOTO HA
KoopauHatute u paguyc R. OueBuano toukara (r,y) npuHaaiexku na Dy
TOYHO TOTaBa, KOTATO € H3I'bJIHEHO HepaBeHCTBOTO /22 + y2 < R. Jla pe-
UM TOBa HEPABEHCTBO OTHOCHO y; mostydaBame, e |y| < v/ R? — z2. OrTyk
ce BUMXK/Ia, 9e MHOXKeCTBOTO Dy MOXKe Jia ce MpeJICTaBh ¢ HEPABEHCTBATA

—R<z<R , —VR2-22<y<vVvR?—2a?

" cjaeJ0oBaTe/IHO € KPpUBOJIMHEEH Tpallell.

CiieiBaimara TeopemMa MOKa3Ba, 4e KaTeropusiTta Ha M3MePUMHUTE MHO-
JKeCTBA € JIOCTATHIHO MTUPOKA W 0OXBAIA MOYTH BCUIKH MHOXKECTBA, Cpe-
IMAHU B AHAJIN3A.

Teopema 2. Beexu Kpusosuneer mpaney, € UsMepumo MHOHCECTNEO.

HoxkazareacrBo. /la oznauum ¢ I' kourypa Ha obsactra D. Oue-
BuaHO I' ce ¢bCTOM OT YeTHPH YACTH, KOUTO Ime o3HaduM c I'y, I'y, I's, T'y,
K'bJIETO:

I'; e rpadukara Ha Henpekbenara dbyuknus f(x) B nareppana [a, bl.
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a X1 X2 X3 b

Nsmepumoct Ha rpadukara Ha HenpekbecHaTa dyHKims (ema 4)

I’y e Beprukasinara orceuka, cebp3saiia Toukara (b, f(b)) ¢ (b, g(b)).

I'; e rpadukara na g(x) B unrepsasa [a, b|.

[y e BepTHKaIHATA OTCEUKa, CBbp3Bamia Toukara (a, f(a)) ¢ (a, g(a)).

OcraBsame Ha guTaTEId 1A JOKaXKe, 9e orceuknTe I'y u 'y ca mpenedpe-
JKAMH MHOKECTBa. ToraBa TeopeMara CIeJBa OT KPUTCPHs 38 N3MEPUMOCT
M OT CJIeJIHATA JeMa, npuioxkena 3a g(x) u f(x):

Jlema 4. Axo f(x) e nenpexscuama Pynxuyus 6 uwmepsasa |a,b|,
HeTHaAMa 2padura

I'y={(z,y) 2 €la,b],y= f(x)}

€ np€H€6p€9+CUJ\/LO MHONCECTTIEO.
HoxazarencTBo Ha jgemara. /la pasgennm wHTepBana [a,b| Ha 10-

JUHTEpBaJIN C IIOMOIITa Ha AeJAIIUTe TOYKH a = Ty < ... < T, = b,
i Heka m; u M; na o3HadaBaT ChOTBETHO MHHUMAJTHATA M MAKCHMAJIHATA
croiiroct Ha f(x) B mHTepBata [z, 1,x;], i = 1,...,n. @yuxnusara f(zr) e

HEIPEeK'bCHATA B KOMIIAKTHUSI WHTEPBAT [a, b] U CIe0BATETHO PABHOMEPHO
HelpeKk'’bcHaTa B Hero. Torasa 3a BCAKO jiajieHO € > () MOXKeM Jjia HaMepum
pasbuBane TakoBa, 4e M; — m; < € 3a Bcako i oT 1 10 n. Jla o3Haunm ¢ A;
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PaBObI'b/IHUKA
A= [xi—lafﬂi] X [mi,Mi], 1=1,...n.

Heka monoxkum E = U] A,. Ogesnnno I'y C E. Ot apyra crpana

n n

W(E) = S () = 32 (@1 — 2a) (M — i) < & (i — 5) = (b — )

=1 =1 =1
1 MozKe J1a ObJie HallpaBeHO KOJKOTO cH UcKaMe MaJjko. C ToBa JjeMa 4, a ¢

Hes U TeopeMa 2, ca JIOKa3aHM. [ |

A qntuBHocTt Ha mapkara Ha Ileano — 2Kopgan. Ille
JOKazKEM OCHOBHOTO CBOHCTBO Ha MdpKaTa:

Teopema 3. Hexa A u B ca usdmepumu MHOHCECTNBA C HENPECUNAUL
ce esmpewnocmu u Hexa C' = AU B. Tozasa

u(C) = p(A)+p(B).

MO}KGM Ada CH IIpeACTaBUM CUTyalludTa W 110 CJaeJHud HaduH: C IIO-
MOIIlTa Ha HAKaKBa KpUBa JIMHUA WJIA IPYTO HpeHe6pe)KI/IMO MHOZKECTBO
I3MEepPUMOTO MHOKecTBO C' € pa3ze/eHo Ha JBe YacTH; IMe IOKArKeM, e
IPU TOBa OOIIATa MSIPKa Ce 3ala3Ba.

okazareacTBo. /la u3bepem enemenTapuu MHOXKecTBa Fy n Fy Ta-
kuBa, u¢ A C Ey, By C A° u p(Ey) < w(A) +¢/2, p(Ey) > p(A) — /2.
IIo cbnmg HAYMH MOXKeM Ja HaMepHM eJieMeHTapHU MHoxKecTBa Fy u Fh
TakuBa, ue B C I, Fy C B° u u(F) < w(B) +¢/2, u(Fy) > pu(B) — /2.
Torasa C' C Ey U I u cremoBaTeIno

1w(C) < p(Er) + p(Fr) < p(A) +p(B) +e,

oTKBaeTO caenpa, e p(C) < pu (A) + p(B).

3a 10Ka3aTecTBO HA 00PATHOTO HEPABEHCTBO Ha orbenexkum, de Fo
u Fy we ce mpecuuar (Tyk mamoassame, e A° N B° = (J) u cjegoBaTeHo
(B U ) = p(Es) + p(Fy). Toit kato Ey U Fy, C C, 10

1(C) > p(Ba) + p (Fp) > p(A) + p(B) —e.
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T'bit KaTO € € MPONU3BOIHO, OTTYK CJIeJ[Ba TEOpeMaTa. |
Ypes unayknusg 1o 6pos Ha ChbOUpAEMUTE JIECHO CE JIOKA3Ba CJIEHOTO

CaenctBue. Axo Aq, ..., Ar ca usmepumu MHONCECMEA, KAMO
o o __ - >
A7 N A =0 npui# j, mo

k

p(A U UA) =D p(A).

i=1

Bbnopocu 3a camonpoBepka

1. /laiiTe nedpunuIusa Ha eJeMEeHTapHO MHOXKecTBO. JloKazkeTe 4pe3 pHCYH-
KH, 9e oDeIMHeHHe, CeUeHne U PA3/IUKa Ha eJIeMEHTAPHU MHOYKECTBA Ca C'bIIO
eneMentapuu. /ledunupaiiTe Mapka Ha eJJeMEHTAPHO MHOXKECTBO.

2. J/lecbunmpaiiTe ropHa u J0JHA MIpKa Ha OTPAaHUYEHO MHOXKecTBO. Kowm
OTPAaHUYEHH MHOYKECTBA €& U3MEPUMHU’

3. JlokaxkeTre, 4e €JHO MHOZKECTBO € U3MEPUMO TOYHO TOTaBa, KOraTo ropHa-
Ta MIpKa Ha KOHTypa My e Hy.Ja. /Jlokaxkere KaTo c/ie/icTBUE, Ue 00e uHeHne,
cedeHre, W Pa3/inKa HA U3MEPUMHU MHOXKECTBA € C'hbI0 U3MEPUMO.

4. Kora egno moJIMHOYKECTBO Ha paBHUHATA Ce HAPUYa KPUBOJWHEEH Tpa-
nen? /laiite npumepu. HapucyBaiiTe MHOZKECTBO, KOETO HE MOXKe JIa e IPe/I-
CTaBU KATO KPUBOJHMHEEH TpPAallell, HO MOxKe J1a Obe paspsa3aHo Ha KpaeH
opoit TakuBa. /lokaxkeTe, Ue BCeKM KPUBOJMHEEH TPAIEI ¢ U3MEPUMO MHO-
ZKeCTBO.

5. @opmynupaiiTe u JoKaKeTe aIUTUBHOCTTa Ha MapKaTa Ha [leano — zKop-
JIaH.
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2.2 Jledbmaunumsa Ha MHOTOMEPHHUS WHTErpaJl

B nacrosinust naparpad 1e gajgeM neduHuIEs Ha JBOEH HHTerpas (KosTo
JIECHO Ce TPEeXBbPJid U 33 UHTEerpa BbpPXY HPOCTPAHCTBO € IO-BHCOKA OT
age pazmepuoct). e nanoMunM, 4e B €JHOMEPHUS CJIydail UMaMe J[Be €K-
BUBAJEHTHU ,ZLerI/IHI/H_[I/II/I Ha OIllpedeJIiCeHud nHTerpaJl - ,ZLGCI)I/IHI/I]_[I/IH Ha PI/IMaH
u gedununus va lapby. 3a nBoiiHUS WHTErpaJ HIE TYK I A eM CaMo Je-
dunnnugara na Puman. B MHOromepHus ciiydaii ce Hajara jia ce pasrjieiar
nge pedbununun Ha Puvan — o6mma u cneruaiia. (CMECHIBT HA TE3H JyMH
e GbJe OOsICHeH Mo-J10.TY. )

CnemmaJjiHa qedpurHUIUA Ha JBOMHNS MHTErpaJ. Heka
f(z,y) e byukuus, redbunupana B u3MepumMo (1 CJIeJ0BATEITHO OIDAHUYEHO)
IMOJAMHOZKECTBO Ha paBHHHaTA. H_[e 3allovYHeM C YaCTHUA Cﬂyqaﬁ, KOTraTo
,Z[erI/IHI/H_[I/IOHHOTO MHOZKECTBO € IIPaBO'bI"bJIHUK.

IBOoeH mHTerpaj BbpPXY HNPAaBOBbI'bJIHUK: jeduHuiiusg #Ha Pu-
maHn. Heka f(z,y) e nedunupana B npaBobrbiaauka A = [a,b] X [c,d]. da
u3depeM JIeJIAIHA TOUYKHA X, ..., Tn,y Yo, - - -5 Ym TAKEBA, 9€ 0 = To < T <

Lz =bc=y <y <... <Yy =d. Ule o3Hauum ¢ A;; IPaBOBI'bI-
auka A;; = (2,1, 2] X [y;-1,y;]; Torasa

A=UL, U;'nzl Ajj

Jla uzbepeM 1O eIHA TOYKA Py = (fz‘j,ﬁij) € Az‘j; TOBa O3HadaBa, 1€ gz‘j €
(i1, i, mij € [Yj—1, Y]

C'bBOKyHHOCTTa OT BCUYKH JeJIdIN 1 MEKJIUHHN TOYKHN 1€ HapuiaMe
pasbuBame na A. 3a BCAKO TakoBa pasbusame T 1me o3nadasame ¢ R (f) (uam
npocto R;) ChOBETHATA PHMAHOBA CyMa:

:Zn:if 5137771J — T 1)(9 _yjfl) :Zif<Pij)M(Aij)'

i=1j=1 i=1j=1

[Tle BbBeIEM MOHATHETO JUAMETbP Ha pa3bMBAHETO T KATO MAKCUMY-
Ma Ha JHAarOHaJIATe Ha MPaBOBIbIHUNATE A;;, BAU3AIIN B TOBa pa3OuBaHe:

. 2 2
diam 7 = g mex \/(:17Z — 1)+ (y; — yj—1)”
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d ,,,,,,,
Y3r------
Yor------

Poi | P2 | | ] )
Yip------

Pir | P2 | | ) )
Clb______

a X1 X2 X3 | b

Pazbupane Ha mpaBobrbaHuka A = [a,b] X [c, d]

(Ile orGeerkuM, Ue IUAMETHDBT HE 3aBUCH OT W300pa Ha MEKIUH-
HHTE TOYKH, & CAMO OT JIEJISIIIUTE. )

Hedbununusa. Kaseame, ue dsotinuam unmezpan om f(x,y) no npa-
sosesanuka A e pasen wa wucsomo I(f), axo

I(f)= _lim R.(f).

diam r—o

Babenexkka. JlecHo ce BukIa, de nzucksarero "diam 7 — 0" e pas-
HOCHJIHO C TOBA, MaKCHMAaJHATA [[bJIKHHA HA HOJUHTEPBAJATE [T; 1, T,
lyj—1,y;),i=1,...,n, j =1,...,m CbIIO Aa KJIOHH K'bM HYyJIA.
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JIBoitHUST MHTEIrpaJ ce O3HadaBa 10 CJIeHUST HAYUH:
I(f) = //f(f&y) dxdy.
A

[Tle omuirem 110-110IPOOHO MOHATUETO 38 I'PAHUIA, U3IOJI3BAHO B IOP-
HaTa JePUHUIUSI:

Pasencmeomo I(f) = lim g; ., . B (f) osnavasa, ue 3a 6caxoe >0
cowecmsysa 0 > 0, maxa e 3a scaxo pasbusare T, 36 Koemo diam T < 0,

da umame |1(f) — R, (f)| <e.

Pasbupa ce, Ta3u rpaHna HE € JTbKHA 1A CHIIECTBYBA; aKO T4 CHIICCTBY-
Ba, Gyukuuara f(r,y) ce Hapuua unrerpyema 1o Puvan B A.

JlBoeH uMHTEerpaj BbpPXy IPOU3BOJHO M3MEPUMO MHOXKECTBO.
Heka f(z,y) e nedunupana 3a (z,y) € D, kbjaero D e ©3MEPUMO HOAMHO-
JKeCTBO Ha paBHMHaTa. 1'bit Karo D e u orpanudeHo, MoxeM Jla usdepem
HpaBobI'bIHUK A, chabpzkaig D. /la o3nadum ¢ f(x, y) uiam f(P), HPOIbJI-
JKeHHeTo Ha (pyHKIEuATa [ ¢ HYJeBU CTORHOCTH BbPXY IAI0TO A:

~ f(P), PeD
f(P):{ 0, PeA\D

Hebunurus. [e defunupame deotinus unmezpar om f(x,y) espry
D xamo pasen na deotinus unmezpas om f(x,y) espry A, onpedesen 6
npeonus ab3aiy:

|| fa.y) deay = [[ fla.y) doay.

JlecHo ce BH2K 1A, Y€ CTOMHOCTTA HAa MHTErpaJsia He 3aBUCH OT u300pa Ha IIpa-

BOBI'BIHUKA A.

[To To3u naumn pepununugara na Puman ce npenacd KbM ciydas
H& TPOU3BOJIHO U3MEpUMO JAe(PUHUIUOHHO MHOYKECTBO; IMe o Hapudame
cenmaaHa Jedpuannud Ha Puvan.

O6ma neduHUNIMS HA ABOMHMA WMHTErpaJ. Ille mazem
eJiHa 10-00111a JeduHUINS Ha pasbuBaHe.
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Heka D e uamepuMo MHOXKeCTBO B paBHUHATa, 1 HeKa D;, i =1,...,n,
ca U3MEPHMHU IOJIMHOXKecTBa Ha [, TaKuBa, e

D=ULD; u D;ND;=0zai#j.

[Ile xa3zBaMme, e B TO3M cjaydaili mmMame u3Mepumo paszbupane Ha D. Ille
HapedeM pa3dMBaHETO CLENUAJIHO, aKO TO Ce H0JIy4aBa dpe3 pa3pda3BaHe 10
XOPU30HTAJIHU U BEPTUKAJHU JIMHUK, KAKTO Oellle HAlIPaBEHO B MPEIUIITHUTE
TOYKH Ha TO3W maparpad.

BebiaocT, pazaukara MeXKIy OOIMATe W CIenuaaHd JedHHUINSA Ce
CHCTOU B TOBA, JAJIH C€ U3MOJI3BAT HPOU3BOIHU pa3bUBaHUs HA JepUHUIIM-
oHHaTa 00J1aCT, MJIK CAMO CIIEIUAJHU.

Obma pedunnuua ua Puman. Heka D e uzmepuMo MHOXKECTBO B
papaunara, u f(z,y) e dbyaknus, nedunupana B D. Heka 7 : D = U, D;
e pa3buBaHe Ha U3MEPUMOTO MHOKecTBO D). [la m3bepem 1Mo emHa TOYKa
Pi EDZ,Z: 1,...,77,.

ITon, puMaHoBa CyMa, ChOTBETCTBallla Ha Pa3sOUBAHETO T M TOYKHUTE
{P,;}, pasbupame u3pasa

Hyzx1aeMm ce oT onpejiesienne Ha IMOHATHETO JHAMeTbp Ha pa3buBaHe-
to. Ille HAmOMHUM, Ye ako A e OrpaHHYeHO MOAMHOXKECTBO B PABHHHATA,
%
HETOBUAT JIMaMeThbp € MaKCUMAJHOTO PA3CTOsTHUE MEXKy JBe HETOBU TOU-
KH.

diam A = sup p(P,Q).
PQeEA

Axo 7 e ropHoTo pazbusane, neduHEPaMe

diam 7 = max (diam D).

1=1,....,n

*
Taka, JuaMerbpbT HA NPABOBI'bJIHUK € DABEH HA HEIOBUS JUATOHAJI, a JIAAMETbPBT
Ha KpbI' € paBeH Ha HETOBUA JIHMAMEThD.
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JlecHo ce BmxkJa, 1Ue 3a cuenuaJHU pa3dbuBaHus Tas3u AePUHUAIUS CbBIIa-
na ¢ gageHara mo-rope. Cera MOXKeEM J1a Bb3Mpou3BeaeM nehUHUIHATA HA
Puman. OtHOBO neduampame

I(f) = | lim  R.(f),

diam r—o

KaToO TYK Ce pa3ryiekJIaT MPOW3BOJHN U3MEPUMHU pasduBanus Ha D.

ExBuBanenTuoct Ha asere aeduHHINN. JIecHO ce BUXKIa, 1€ aKo
eaHa (byHKIHA € HHTErpyeMa 1o obIiara JedpuHuug na PuMman, T e uHTEr-
pyeMa i OTHOCHO cllenpaaHara. HaucTuHa, ako rpaHrIaTa B OIpeaeIeHIeTo
Ha WHTerpaJjia ChINeCTBYBa 33 001U pa3OuBaHusi, TO Ts IIe ChIIECTBYBa (U
e ObJie ChIaTa), aKo ¢e OrPAHIYHM CaMO ChC CIENHAJTHATe Da30uBaHusI.
OO6paTHOTO TBBPAEHHNE Ce MO0KA3Ba MAJKO MO-CJOYKHO W HHE HsMa Ja IO
JIoKa3BaMe TYK. B KpaifHa cMeTka, o0mara u cuenuaaHara JepHHANAS HaA
Puman ca ekBHBaJIeHTHM, M BbB BCeKHM KOHKDETEH CIydail HHe HMaMe CBO-
bojara Ja U3Io/3BaMe Ta3u OT TX, KOATO e 1M0-y00Ha 3a cjydas.

Kinacose mnTerpyemn pyukmuu. Pazbupa ce, jajienara mo-rope
,Z[erI/IHI/H_[I/IH e mMa CMHUCDHJI, aKO Td € IPpUJIOZXKHUMa 3a JOCTATBhbYHO MHOTO
dbyukiuu. Cregnute jiBe TBbP/IeHE (JaBaMe TU 0€3 JOKA3aTeJICTBO) TOKa3-
BaT, e MoBevYeTo (DYHKINH, KOUTO Ce M3II0/I3BAT B aHAIN3a, CA HHTEIPYEMH,
T.e. TPAHNIIATA HA PUMAHOBHTE CYMH HAUCTHHA CHINECTBYBA.

Tebpaenue 1. Axo pynryuama f(x,y) e nenpexscnama 6spry 3am
BOPEHOMO U UBMEPUMO MHOHCECME0 DD, Ma e uHmezpyema 6spxy He20.

B HaKOM c1ydan H3UCKBAHETO 33 HEIPEK'bCHATOCT HABCAKB/IE € MPeKa-
JIEHO CUJIHO U He OOXBallla HIKOW BayKHH CAy9Yad KAaTO HAIPHMED CThIAJIO-
BugauTe (pyHkiun. OKaspa ce, 4e € I0CTATHIHO Ja e MOUCKa (DYHKIAATA,
Jla, € OrpaHMYeHa M HeIpPeKbCHATa "IMOYTH HABCIKbAE', T.e. MHOKECTBOTO
Ha HEHHUTE TOYKM HA NPEKbCBaHe Jia e npenedpekumo 1o [leano-2Kopnamn.
Taka ¢pyHKIHITA MOXKE J1a UMa IPEK'bCBaHE BbPXY TOYKH, JUHAXA U T.H.

Teowpaenne 2. Hexa pynxuyuama f(z,y) e depunupana u oepanuyena
6BPTY uMePUMOMo muodtcecmeo D. Jla npednososcum, we coulecmeysa
npenebpestcumo nodmmoncecmso A na D, maxa we f(x,y) e nenpexscrama
656 scuyky mowky wa D\ A. Toeasa [ e unmeepyema espxy D.

Tpoen muaTerpas. [lo chmusa HauMH, KAKTO MO-TOpE, MOXKE Jia Ce
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OlPeJIe/IN TIOHSITHEeTO TPOEH UHTErpaJl, T.e. uarerpas or pyukuus f(x,y, z)
Ha TPU IPOMEH/IHBH, Je(bUHAPAHA BbPXY H3MEPUMO HOJIMHOKECTBO Ha R®.
Tbit kaTO JledpuHUIUATa HA TPOEH UHTEIPAJI 110 C'hIIECTBO HOBTAPs Ta3u HA
JIBOEH, HUE Ie s JaJeM HaKPaTKO.

Heka f(z,y,2) e nedunnpana 3a x € [a,b], y € [¢,d], z € [e, f]. C
JIPYTH JIyMH, HeKa JepHHHIHOHHOTO MHOXKECTBO Ha [ J1a € HPaBObIbLIHAAT
napaJIeICIHIIe

A = la,b] x [c,d] x [e, f] C R>.

OTHOBO IIle BbBeJEM JeJISAIH TOUKH To, - . ., Tny Y0, - - - s Ymy 205 - - - , Zps TAKA
e a =0 < 2 < ... <xp=bc=y<pn<..<yYn=d e=
20 < 21 < ...< 2z, = f. Taxa nosydaBame pazdbuBaHeTO HA IPABOBI'bIHUL

IHapaJieJIeInuIIe 1 A Ha IIO-MaJIKH ITPAaBO'bI'bJIHU IIapaJieJIeIInIIe/1n:
1 m P
A= U¢:1 Uj:l Uk:lAijka
KbIeT0 Ak = [Ti-1, T] X [yj—1, ;] X [2k-1, 2x]. 1I36mpame mo eqna ToUxa
P = (gijkunijkyﬂ'jk) € Ajj

1 OIIpeJieidAMe puMaHOBaTa CyMa

Ro(f) =233 f (Pyr) i (Ayr) =

i=1j=1k=1

n

= Z i > F (i g, Tijie) (s — 1) (Y5 — Yj—1) (26 — 26-1) -

i=1 j=1k=1

N 1yk onpeaensime quaMeTbp Ha pasbuBaHeTo ¢ gpopmysiara

diam 7 = max \/(3% - $i71)2 + (y; — yj71)2 + (2 — qu)z,

=1, j=1,ccc;m,k=1,....p

¥ orpe/ieisiMe Tpoitaus uaTerpat ot dyukmusata f(z,y, z) Bbpxy A ¢ dop-

MyJIaTa
JJ[ fwyz) dedydz = lim o R(f).
2 diam r—o0

B obmus cayuait, koraro dbyukuusara f(x,y,z) e aedunupana B us-
MepHMOTO MHOKeCTBO V. C R3, m3bupame mpaBobIbieH Mapae/Ienue
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A C R? coabpxan V. Pasmiexpave (yaKumsaTa f(:z:,yw), paBHa Ha
f(z,y,2) Bbpxy V u Ha Hyna Bbpxy A\ V, u nosarame

///f(x,y,z) dz dy dz:///f(%yjz) dz dy dz.

Obmara gedununust Ha PuMaHn, KakTo u TBbpieHusaTa 1 u 2 3a uH-
TErpyeMoCT, Ce ITPeHACAT JAO0CJOBHO 33 TPOHHWSA MHTErpaJ, U HUe HAMA /14
'l IOBTapsIMe.

Bbnpocu 3a camompoBepka

1.

Haiite nedunnnus Ha pasbubane (JeJAINIH TOYKH O T W TI0 Y, MEK-
JUHHY TOYKH ), KOraTo Ae)UHAIIMOHHOTO MHOYKECTBO € MPaBObIbJIHHUK. Kak-
BO € JuaMeTbp Ha pa3buBaHeTo?

2. JlaiiTe omupeesieHne Ha JBOEH MHTETrPaJ KAaTO I'PAHUIA HA PUMAHOBUTE
cymu. Hanurrere mopobuara gedununus (¢ € u ).

3. Jlaiire obmia neduHunms Ha aBoiinug uHTerpast. 1o kakBo ce pasmyaBar
obIara M cremnuaJ Hara JeduHAIS !

4. Kora enna ¢yukmus e narerpyema’ [locodere aBa BayKHU KJ1aca OT WH-
TerpyeMu (pyHKITUH.

5. Ilo KakBo ce pazanyaBa Jie(DUHANKMATA HA TPORHUA MHTErpasl OT Ta3H Ha
IBOiHMS?
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2.3 OcHoBHEI cBoiicTBa HAa MHOTOMEPHUS WH-
TerpaJ

Tyk e u3bpoum u J0KazKeM OCHOBHHTE CBOMCTBA Ha JBOWHUS MHTErPAJL.
Te ne ce pazanuaBaT 0COOEHO OT CBOMiCTBATA HA €THOMEPHUS PUMAHOB WH-
Terpaj, M3ydeHW B I'bpBaTa 4acT. B mpeanusa maparpad HUe BhBEIOXME
HSKOJIKO €KBUBAJCHTHU JIeDUHUINN HA WHTErpasia, U IPHU T0KA3aTeJICTBO-
TO Ha BCSIKO CBOHCTBO IIIe M3IOJI3BaMe Tas3H OT TsIX, KOSITO € Haii-yaobHa 3a
caydas. Uuarerpana or f(x,y) sbpxy D me oznauasame ¢ [[ f(x,y) dxdy
win mpocto ¢ I(f).

CroiicTBaTa, Ha TPOWHUS WHTErpPaj JOCAOBHO CHBHAJAT C TE3W HA
JIBOWHUSI, U HUE HAMA Ja TH OTOeII3BaMe OTIE/THO.

CsoiicTso 1. Jluneiinoct u xomoreHHocT. Ako dyukiuure f(z,y)
u g(x,y) ca uarerpyemu supxy D, to u f(z,y) + g(xz,y), Af(x,y) ca cbuio
UHTErpyemMu, u

// (z,y) +gxy))dxdy_//fxydxdy‘i‘//fSCydqjdy,
//D Mz, y)dedy = A//D f(z,y) dedy.

Hokazarencrso. [lle usnonssamve jedbununusara aa Puvan (6e3 3Ha-
denue - o01ma uin crenuaina). Heka 7 : D = U, D; e KakBo Ja e pa3buBane
wa D u P, € D;. Imame

R(f49) =S (F(P) +g(P)) (D)) = R(f) + Rolg). Re(M) = AR (f),

i=1

OTK'BJIETO Upe3 IpaHuder mpexon npu diam7 — 0 moaydaBame HCKaHHTE
paBeHCTBA. |
CsoiictBo 2. ITosutusHOCT. AKO f(2,y) > 0 HaBcskbiIe BbPXY D,
tou I(f) > 0.
HokazareactBo. OUeBHIHO 3a BCAKO pa3dUBaHe 7 1€ HMaMe
R.(f) > 0, orkbaeTo upe3 rpanntden npexon moaydasame (f) > 0. |
[TosuTuBHOCTTA HA WHTErpa/a ABTOMATHYIHO Bjede cjiej] cebe Cu Olle
HAKOJIKO CBOHICTBA.
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CsoiictBo 3. Mouoronuoct. Ako f(z,y) > g(x,y) HABCAKbIE BbP-
xy D, 1o I(f) > I(g) (c npyru symu, HepaBeHCTBATa MOTAT Ja Ce HWHTeTDH-
par).

Hoxazarencrso. Toit karo f(x,y) — g(z,y) > 0, To MO CBOIICTBO 2
umame I (f —g) > 0, orgbaero no croiictso 1 noaygasame I(f)—1(g) > 0.
|

CaoiictBo 4. Axo dynkrmuara f(x,y) e uarerpyema Bbpxy D, TO
ueitausat Moy | f(x,y)| e cwimo mwarerpyem, u |I(f)| < I (|f]).

Hoxazarenctso. [lle npuemem 6e3 okazarencrso, 4e | f(z,y)| e un-
terpyema. Ille jokaxkem mckanoro HepaBeHcTBo. Hamctuna, HaBCAKbJIE €
U3II'bJIHEHO HEPABEHCTBOTO

—f(xy)| < flz,y) <|f(z,9)],

OTKBIETO IO CBOICTBO 3 cienBa, de

—L(f) < I(f) < I(If])-

CJaenoBaresiHo

(L) = max (I(f), =1(f)) < T(|f])-

|
Csoiicto 5. (Bpb3ka Mexk/1y mHTerpajia u MapKara.) 3a BCIKO
M3MEPUMO MHOXKeCTBO [ nmame:

//D 1 dxdy = (D).

HoxkazareacrBo. O4eBUIHO 3a IPOU3BOHO pa3OuBaHe
T:D=U" D;encuna R (1) =", u(D;) = p(D). |
CsoiictBo 6. (Teopema 3a cpemuute croiinoctu.) Heka D e 3a1-
BOPEHO, M3MEPHUMO U JIHHEHO CBbP3aHO MHOKecTBO (BiiK §1.3 3a medunu-
IMsT HA JINHEIHO CBbP3aHO MHOXKECTBO), W f(x,y) e HempeKbCHATA BbPXY
D. Torapa cpimecTByBa Touka Fy € D TakaBa, 4e

J[| f.y) dedy = £ (Py) (D).
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HoxkazareacrBo. /la o3nauum ¢ m u M CbOTBETHO TOYHATA JIOJI-
Ha W ropHa TpaHuia Ha croiinocTure Ha f(x,y) BHpXxy D. Cmopen teo-
pemure Ha Baitepmpac (teopemu 7 u 8 na §1.3) Te3u rpaHUIU ce JTOCTH-
raT, T.e. CbIIECTBYBAT TOYKU Pryin, Prae € D Takusa, we [ (Pp,) = m,
f (Ppnaz) = M. Nnrerpupaiiku mepasencrsata m < f(x,y) < M, noxyua-
Bame mu(D) < [ f(z,y)dedy < Mu(D), (Buzxk cBOHCTBO 5), OTK'bBIETO

1
f(Bain) =m < s [ F(w) dedy < M = f (Poaa).

ITo Teopemara 3a MexauaHUTe cTOiHOCTH (TeopeMma 11 ma §1.3) Besgko dmc-
JIO, HAMUPAIIO Ce MEZK/ly JIBe CTOHHOCTH Ha (DYyHKIUATA, € ChINO CTORHOCT
Ha (pyHKIMATA, OTK'bIAETO CJI€/Ba ChIECTBYBaHeTo Ha Touka Py € D Taka-
_ 1
Ba, e f () = 25 [Ip f(x, y)dedy. u
1

Babesexxkka. Hucioro f(F) = i) Ip f(z,y)dxdy ce napuga
cpejina croiinoct Ha dbyukuusara f(z,y) Bbpxy D.

CsoiicTBo 7. (AguTuBHOCT 0 MHOXKecTBO). Heka D = D'UD" e
pas3buBaHe HA U3MEPUMOTO MHOXKECTBO [) Ha JiBe U3MEePUMHU MOAMHOYKECTBA,
D' u D" ¢ wenpecuvaniu ce Bbrpemnoctd, u f(x,y) e dbyukius, nedbuHu-
pana Bbpxy D). Torasa

1/ f(x,y) e unrerpyema BbpXy D TOYHO TOraBa, KOTATO TS € WHTET-
pyema Bbpxy D' u D" u

y
//D f(z,y) dovdy = //D/ f(z,y) dedy + //D” f(z,y) dedy.

JokazareacTBo. I Tyk 1me npomycHeM I0Ka3aTeICcTBOTO HA HHTEr-
pyemocrra ot T. 1/ Ile mokazkem Touka 2/, KATO M3MOJI3BaMe o0IaTa Jie-
duannus Ha Puman. [la npeamosioxkum, de e M3BeCTHO, de [ e mHTerpy-
ema Bbpxy D, D' m D". Hexka 7" : Dy = Ul D) e pasbusane na D', u
™ D" = UL, D} e pasbusane na D”. Enementure Ha Te3u jpe pazbupa-
Hus obpasyBar pazduBane Ha D:

T:D = (UL, D;)U (U;n:lD;/) :

Ha uzbepem u mexkaunnure Toukn Py € D, P/ € Dj. Torasa upe3 rpanu-
YeH [Pexo/ B PABEHCTBOTO

R‘r(f) = RT’(f) + RT”(f)
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npu diam 7’ u diam 7”7 kyioHsIM KbM Hysa (ToraBa odeBH(HO 1 diam T KJIo-
HH K'bM HyJa), mosydaBamve 10 geduHunuata Ha Puman paseHcTBOTO 2/.
||

Bbnopocu 3a camonpoBepka

1. V36poiiTe OCHOBHUTE CBOWCTBa Ha ABOWHHUS HHTErDAJI.
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2.4 IlpecMmsTaHe Ha MHOTOMEPHUTE MHTETPaJIN

IIpecmsarane Ha aBolinus mHTErpasn or ¢hpynkuus, geduHIpaHa B
NpaBObIbIHNK. OCHOBHUSAT HAYMH 33 MPECMsTAHe HA TBOWHUTE HHTErpa-
JIK € CBEXKJIAHETO UM K'bM IIOBTOPHU, T.€. UHTEIPUPAHE I'bPBO 110 €/{HaTa, U
CJIeJl TOBA 110 BTOpPATA IIPOMEHJINBA.

Heka f(z,y) e dynkmus, wHTErpyeMa BbHPXY NPaBObI'bIHAKA A =
[a,b] X [c,d]. ToraBa umame

Teopema 1.

//f(x,y) dxdyZi(jf(x,y) dy) dr.

3abesiekka. VlaTerpupanusdra 1Mo £ U y Morar ja 6bJaT pa3MeHeHH;
BSPHO € U PaBEeHCTBOTO

| fa.y) dady = /d ( /b fa.y) daz) dy.

JoxkazareacTBo. Makap de Teopemara e BdpHa B 00U caydail, TYK
e s JJOKazKeM 33 cJydas Ha Hempekbcuarta byukmnusa f(z,y). Ja o3madnm

d

F) = [ fw.y) dy.

C

TpsabBa 1a ce mokaxKe, |e

/bF(x) dr = //f(x,y) dxdy.
a A

Heka, kakTo B §2, u3bepeM pazdbuBaHe 7, OHPEIEJCHO OT JIEJISIIATE
TOYKU T, ..., Tn, Yo5-- - Ym-. Ja O3HaUUM ¢ m,;; U M;; CHOTBETHO Haii-
MaJIKaTa 1 Hafi-rosisiMara cTofHOCT Ha QyHKuATa f(x,y) B IpaBObI'bJIHUKA,
Ay = (w1, 2] X [y;—1,y;]. ITo Bropara Teopema Ha Baitepmpac (Teopema 8
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ot §1.3) Te3u aBe dmcIa MOXKe Ja ce Pa3IyIek/IaT Karo croiinocru Ha f(z,y)
B IIOJXOANIH TOUYKH OT A;;.

a dukcnpame 1o egHa T09Ka §; BbB BCEKH OT HHTEPBAINTE [X; 1, T;].
T'bit KATO 3a BCAKO Y € [y;_1,Y;] € USII'BIHEHO HEPABEHCTBOTO

i < f(&y) < My,

TO, THTETPUPANKHN IO Y, TTOJyYaBaMe, 4e

mi; (Y; — yj—1) < / f(xy) dy < Mij (y; — yj-1) -
Yj—1

Tl KaTO

Fe) = [ st dy 27 (60w dy,

TO

Zmz] — Y- 1)<F€z SZM yjfl)-

J=1

Jla yMHOKHM TOBa HEPABEHCTBO ¢ (X; — T;_1); MOJAyvYaBaMe, de

i i mij (Y5 — Yj—1) (X5 — 2i—1) <

< Z F(&) (v, —ximq) < Z i Mi; (yj — yj—1) (w5 — 25-1) -

Jla nakapame cera jguaMerbpa Ha pas3buBaHETO T /& KJIOHH KbM
HYyJIa. BJIHBO n BAACHO B I'OPHOTO HEPaBEHCTBO HMa H3pa3u, KOUTO MO-
rar Ja ce pa3mIexkJIaT KaTo PHMAHOBH CYMH 3a& JBOIHHSA HHTErPaJ
Il f(x,y) drdy, n crenoBaTeHO KIOHAT KBbM TO3HM HHTeTpal . M3pasbr B
A

cpenara Y F\(&) (x; — x;-1) npeacrapisgBa pUMaHOBA CyMa 33 HHTETDAJIA

*
Tyk Hue uznoszBame HeupekbcHarocrra Ha GyskuuaTa f(T,y), HO BCHIHOCT TOBA
TBBPJIEHUE € BIPHO 33 MPOU3BOIHA WHTErpyemMa GpyHKIs u ce Hapu4a Teopema va J1ap0y.
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b

[ F(x) doz v ktonu kbM 1031 nHTerpas. Ciie/l rpaHudeH TPEXo/] MOy YaBamMe
a

HEPABEHCTBATA,

ﬂﬂ%ww@siﬂmmsﬂﬂmwmm

KOeTO JIOKa3Ba TeopeMaTa |

[To-unTepecen e caydasar, Koraro pyHKIUATA € JedUHUPAHA BbPXY
MHOYKECTBO ¢ 1o-cjioxkHa popma. [1le mpecmernem nnrerpalsia, ako aedpuHu-
nuoHHaTa obJiacT Ha (DYHKIUATA € KPUBOJHHETHUAT Tpanen [, chCeTodI ce
OT BCHYKH TOYKH (,y) B paBHHHATA, 32 KOUTO T € [a,b] u p(x) <y < i(x).
Tyk p(z) u 1(x) ca HenpekbcHaTH (DYHKIMA B HHTEpBaia |a,b] TakuBa, de
o(z) < ¥(x) 3a Besko x. B §1 mokazaxme, ue BCeKH KPHBOJIHHEEH TPAITIEI]
e mzMepumo noamuokectso na R? Heka f(z,y) e unrerpyema dbyukuus,
nedbunupana B D.

Teopema 2.

b [ Y=

)
[ @y dady = [ | [ fGa.y) dy| de.
D (z)

a

HoxkazarencrBo. Crnopej cnenuaisara Jed>UHANNA HA JBORHUS HH-
Terpaji TpsaOBa Ja u3bepeMm mpaBobI'bIHUK A = [a,b] X [c,d], koiito na
cvabpka D. (Tosa e usmbianeno, ako ¢ < min p(z) n d > max v (z)). Heka
f(x,y) na o3mauasa npoabIzKennero na f(z,y) BbpXy usmoro A, paBHo Ha
uyaa Bbpxy A\ D. Tlo aedunnnums nmame

|ty dady = [[ Fla.y) dedy =

b/ d b [ Y(z)
:/(/f(x,y) dy) d:cz/ / f(z,y) dy | dz,
a c a (z)

Thil KaTo npu Besiko = dbyukmuara f(z,y) e paBHa Ha HyJa B MHTEPBAIHUTE

e, o(x)] u [Y(z),d]. m
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ITpumep. /la npecmernem Jininero Ha Kpbra Di ¢ HEHT'bP B HAYAJIOTO
Ha KoopamHaTHTEe U pajanyc R. OueBumno Dg ce ¢bCTOM OT BCUYKU TOYKU
(z,y) € R? 3axouro /22 + 32 < R. Pemapaiiku T0Ba HepaBeHCTBO OTHOCHO
Y, oJIydaBaMe MpeJicTaBIHeTo Ha D KATO KPUBOJIWHEEH TPATIelr;:

DR:{(aj,y):—RgxgR,—\/R2—a:2§y§vR2—x2}.

[To cBoiicTBO 5 OT HpeHug naparpad MapKaTa Ha Ja/IeHO MHOXKECTBO € PaB-
Ha Ha MHTErpaJia OT KOHCTAHTATa €IMHUIA 10 Hero. V3moa3Baiiku ropHaTa
dopmya, moaydaBame:

M(DR)://1dxdy:/R</\/w dy)dw=2/RMdm
“R

—VR2_22
Dpr -R

[Tocaeanuar uHTErpaJ ce perana 4pe3 cyoctTurynusara © = Rsint, oTkbe-
TO

/2 w/2
1 (DR) = 2R? / cos’t dt = R? / (1+ cos2t) dt = TR*.
—7/2 —7/2

IIpecmsarane Ha TpoiinuTe unterpanu. Heka byuknusra f(z,y, 2)
e nepMHUPAHA U WHTEIPyeMa BbPXY HPABOBI'bJIHEUS Hapajesnenures A =
la, b] X [c, d] X [e, f]. ToraBa Tpoiiaust naTerpas ot f(z,y, z) Bbpxy A Moxke
Jla ce IpecMeTHe, aHAJOTHYHO Ha TeopeMa 1, Ipe3 IOC/ie/I0BATeIHO UHTEr-
pupage 10 TpUTEe ITPOMEHIUBH.

Teopema 3.

///A f(z,y,2) dedydz = /ab (]l (/ef f(x,y,2) dz> dy) de.

Cc

JloKa3aTeJcTBOTO HA TOBA TBBPJAEHHE € HAI'bJIHO AHAJOIHMYIHO HA JI0-
Ka3aTeJCcTBOTO HA TeopeMa 1.

3a 1a MOxKeM Ja mpecMsaTaMe TPOWHH WHTErDAJIH BBbPXY MO-CJIOKHU
durypu, TpsadBa Ja BbBeJIeM TPUMEPEH aHaJIO0l Ha MOHATUETO KPUBOJIMHECH
Tpalern:
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Hedbununma. Hexa e daderno usmepumomo u 3ameopeno MHONCEC-
meo D 6 pasnunama Oxy, u nexa o(x,y), ¥(x,y) ca dee dynkyuu, de-
punuparu u wenpexscramu espry D, 3a koumo 6s6 ecaka mouka (x,y) e
usnsaneno @(x,y) < Y(x,y). Toeasa nod kpusosuneer yusuHdBD ¢ 0CHO-

sa D, 3adaden upes Pynxyuume @ u ), we pasbupame maromo V C R,
ONPEDEAEHO C YCAOBUAMG

V={(z,y,2) : (v,y) € D,p(x,y) < 2 < Y(z,9)}.

KakTo u 3a KpuBosmHeeH Tparner (B Teopema 2 ot §1), Moxke j1a ce
JIOKaZKe
Jlema 4. Mnoswcecmeomo V' e usmepumo nodmmoscecmeo na R>.

Heka f(z,y, z) e dyuknus, uarerpyema Bbpxy V. Tpumepnusr ana-
JIOT Ha TeopeMa 3 e:

Teopema 5.

w(x7

/]/f(x,y,z) drdydz = // ./y)f(x,y,z) dz | dxdy.
v D \p(aw)

x7y

HokazarencrBo. Heka A = [a,b] X [¢,d] e IpaBOBI'bIHUK B PABHH-
nata Ozy, CbIbPKAIL MHOXKECTBOTO ), M HeKa KOHCTAHTHTE e, f ca W3-
Opanu KakTo B HpeiHara Jjema. Torapa HIPaBOBIbIHUAT IAPAJIE/ICIHIIC]]
A=Ax le, f] ebabpxa Tamoto V. Heka f(x,y,z) e mpoabiKennero Ha
f(z,y,z) BBPXY 1SLIOTO A ¢ mynesn crofinoctn n3sbH V. Torasa mvame

JJ] #a.y.2) dedydz = [[[ f(z,y.2) drdydz =
Y A

f B P(z,y)
:/ /f(x,y,z) dz dxdy:/ / f(z,y, 2) dz | dzdy.
A \e D \p(z,y)
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ITpumep. /la npecmernem obema Ha Kbjib0TO BR € HEeHTHD B Hava-
JI0TO Ha KoopaumHaTuTe u pagauyc R. OueBnano Br ce ¢bCTOM OT BCHYKH
Toukn (r,y,2) € R?, 3a xouro /22 + y% + 22 < R. Pemapaiiku ToBa Hepa-
BEHCTBO OTHOCHO Z, IOJIydaBaMe HpeJICTaBAHeTO Ha Br KaTo KPUBOJIHHEEH
UAJTHHIBP:

BR:{(%%Z):(x>y)€DR7—\/R2—$2—y2§Z§ \/RQ_-IQ_yZ}a

KbjieT0 Dp, KAKTO U NO-TOpe, O3HaYaBa KPbI' B PaBHUHATA (T,y) C HEHTHP
B HauasaoTo u paguyc K. I[To dopmysara or ropHara TeopemMa mojydaBamMe

,u(BR):///ldxdydz:Q/]\/mdxdy:
" "Bg Dgr

R VR2—z2
:2/ / VR? —x? —y? dy | dx.
~R \_VRZ—?

B nociennugar wHTErpas 1a 03HAUYUM BPEMEHHO a = v/ R? — x2; KaKTo
BHISIXMe MAJIKO MO-TOpe, M3MOJI3BalKU CyOCTUTYIUATa £ = asin t, moJayda-

Bame, ue [¢ /a® —y? dy = ma*/2 u caegosarenno

R
4
w(Bg)=n 4 (R =2%) do = SmF"

B’prOCI/I 3a CaMOIIPpOBEPKa
1. Kak ce npecmsiTa 1BOEH HHTErPaJ BbPXY TPABOBIBIHUK !

2. JlaiiTe onpejiesieHre U IPUMEPU Ha KPUBOJIMHEEH TPAIel, B PABHUHATA.
3. Kak ce mpecMsaTa 1BOGH HHTErPAJI BbPXY KPUBOJUHEEH TPAMEIL!

4. IIpecmernere [[ 2% dxdy, kbaeto ¢ Dy cMe 03HAYMIN KPbT B PABHAHATA,
Dgr

¢ IEeHTbP B HAYaJI0TO U pajuyc R.

5. laiite ompenesenue U MpUMepH HA KPHUBOJHHESH MUJIHHIDD B TPUMEp-

HOTO IIPOCTPAHCTBO.

6. Kak ce mpecmsTa jJIBOEH HHTErpaJl BbPXY KPUBOJIHHEECH MUJIUHIBLP?
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2.5 Ilongpuu m chepumaHn KOOpAMHATH

IMonspra cvmsHa Ha KoopaumHarmre B RZ. Ille IPHIOMHAM MOHSTH-
eTO IOJIAPHA CMsHa Ha KOOpPAWHATHTe, Imo3HaTo oT d4acT I. Heka D =
{(p,0):p>0,0<0<2r} C R Ille oupenemunm uzobpazennero or D
B R*\ {(0,0)} , napeueno no/gpHa cMsna Ha KOOPAMHATHTE , ¢ (DOPMYJIHTE

x =pcosb, y=psinf, kpgaero p >0, 0 <0 < 27.

Jlecno ce cmdra, e

/ /
T, Ty

Y, Yo

(p,0) =

cos) —psinf
sinf  pcosf

:p(c0529+sin29) =p>0.

[eOMETPUIHHAT CMUCHJI HA IOJIAPHUTE KOODJAMHATH € SICEH: 3a J1a/IeHa
TouKa P B paBHHHATA C p O3HAYaBaMe PA3CTOSTHHETO HO]D ’ OT TOYKATA JI0
Hadat0oTo O Ha KOOPAWHATHTE, a ¢ 0 — MOJSPHUAT bI'bJ HA TOYKATA, T.E.
br'bia Mexly orceukata OP u abeuuchara oc. OUeBHAHO KOODAMHATHTE
x,y Ha TouKaTa P ce m3pazasar ¢ ropauTe (HOpMyIH (BUK UePTEKA).

oo P

[Tonsgpau KOOpIWHATH B PaBHWHATA

OT1TyK ce BHXKa 3allo e HaJtoxKeHo orpanndenmero 0 < 0 < 27; B
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IIPOTUBEH CJIy4ail MOJSIPHUSAT ‘bI'bJI HE € OlIPeJIesIeH eJHO3HAIHO. TaKa, ako
Toukara P e Ha abcrucHaTa 0C, 33 HEHH MOJAPEH BhI'bJl MOKE Jla Ce B3eMe
Bceku oT brymTe 0, =27, +47 u T.H.

[To-maryieina mpeIcTaBa 3a IMOJASPHATA CMAHA HA KOODJAUHATHTE MO-
JKEeM J1a TIOJIY MM, aKO pa3riiejaMe HeifHUTe KOODIUHATHU JTHHUH, T.€. JTHHH-
uTe, Moy deHr Upu GUKCHPAHe HA eJlHA OT KOOPJAMHATHTE p, 0, 1 HPOMEHsIHe
Ha Jpyrara koopJuHara. Taka, mpu mojarae p = R u npomsgHa Ha 6 mosy-
qaBame haMuIIst OT KOHIIEHTPHUIHN OKP'byKHOCTH C IIEHTHD B HAYAJIOTO; IPH
dbukcupane Ha € ce HOJyYaBAT JIHIH, 3AM0YBAIIN B HAYATIOTO U CKIIOYBAIIH
CBOTBETHHSIT bI'bJI ¢ a0CIUCHATA OC (BUK YepPTerKa).

KOOp,ZLI/IHaTHI/I JIMHUU Ha HOJdpPHaTa CMIHA

PopmyauTe 3a 00paTHOTO W300parkeHne MoraT ga ObaaT MOCOYEHU B

4dBC€H BHU/J: O4eBUAHO UMaMe
p =+ y>

BwbacranoBsBaHeTo Ha # 0 T U Y € MAJIKO IO-CJI0KHO; B OTBOPEHHS I'bPBU
KBaJIPAHT € BApHa popMy/iarTa

0 = arctg Y.
x

[Ipegnarame Ha duTaTe/ s CAMOCTOATESHO ja HaMepu (GOPMYJIUTE 3a JpY-
TUTEe KBaJIPaHTH.



136 I'VIABA 2. HHTEI'PAJIHO CMATAHE

Cdepuaan KOOpAMHATH B TPEMEPHOTO IIPOCTPAHCTBO

Cdepuuna cmsgHa Ha koopauuarure B R, [le 3amounem ¢ eqna
no-npocra cmana B R®: ma cbhoocrass ma Beska Tpoiika (p, 6, z) TouxaTa
(z,y, 2) € R® mo dbopmyuTe

x =pcost, y=psinf, z=z=z.

C apyru aymu, cMsiHa Ha MIPOMEHJIMBATE Ce IPABH CAMO B DABHUHATA
(x,y). OgeBrIHO HMaMe

Tasu cMmstHa Ha KoopamHaTHTe B R® Cce Hapnmya MUINHIAPIIHA.
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[Mle onummem mo-ciaoxkuara chepudna cvsua. Heka P = (z,y,2) e

pou3BOIHA TouKa oT R®. Heifnara mpoekims BbpXy paBHUHATA (Ozy) e

P, = (z,y). Heka p = Va2 + 42+ 22 u py = Va? +y? ca pascrosiuusira
Ha toukuTe P u P, jo nadanoro. [lossipnara cmsana Ha KOOpPJAMHATUTE B
pasmunara (Ozy) nma BEIA

x = picosf, y=psind.

la o3HAYUM € ¢ BI'bjla MeXKJy OcTa z W paauyc-BekTopa P Ha TOY-
kara P. OugeBuano ¢ B3ema croftnoctu mexky 0 m m. B npaBobrbinus
rpubrbiaanK O P P nmogydaBame paBeHCTBATA

p1 = psSiny, z = pcosp.

Ob6equnsiBaiiky Taka HAIMCAHUTE PABEHCTBa, HoJIydaBaMe (DOPMYJIH, U3pa-
3sIBAIH JEKAPTOBUTE KOOPAUHATH (X,Y, 2) upe3 p, 0, ¢:

x = pcosfsin g,
y = psinfsin @,
2= pcosy, p>0,60¢€l0,2n), p €[0,7].

Koopmumarute (p, 0, p) ce napudar cepudnn KOOpJAUHATH B R3. [le
npecMeTHeM (DYHKIIMOHATHATA JIeTepMUHAHTA HA CHhOTBETHATA CMSHA Ha

HPOMEHJINBUTE: TOBA MOXKe Jia O'bjie M3BbPIIEHO JUPEKTHO, HO II0-JIECHO €
Jla ce W3TOJI3Ba, TIPEJICTaBAHETO Ha cepudHaTa CMsIHA KaTO MPOU3BeIeHIe
Ha JIBe NUJIUHJIPUIHU CMEHU:

D(:E7ya Z) _ D(I’,y, Z) D(plaeaz) _
D (p,0,0) D(p1,0,2) D(p,0,)
D (z,y) D (p1,2) 2 .
= . = p1p = p“sin p.
D(p1,0) D(p,p)

OrTyK ce BUKIA, de chepuIHaTa CMIHA Ha KOOPIUHATUTE € Pery.isip-
ma upu p > 0, 6 € [0,27), ¢ € (0, 7).

3a J1a Cu HpeJICTaBUM HAIVIEIHO C(PePUIHUTE KOOPIUHATH, IIE OINUILEM
JMHUATE, TOIYICHH OPH (PUKCAPaHe HA HAKOU OT TAX U IIPOMSHA, Ha IPYTH.
Ha dukcupame p = R; Torapa npu IpoMsHa Ha 6 1 ¢ TOUKaTa ¢ KOOpIAUHA-
T (p, 0, ) onucsa cdepa ¢ HEHTHP B HAYAIOTO HA KOODAUHATHTE H DAIHYC
R. Moxkem ga cu npegcrasum Tasu ¢depa KaTo 3eMHOTO KbJI00; IPU TOBA,
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Koopnunaruu Junun Bbpxy cdeparta

roukure (0,0, R) u (0,0, —R) orroBapsaTr cborBeTHO Ha CeBepHust u FOxKHust
nostioc. Jla dukcupame ¢ € (0, 7) u ga MeHEM 0; TOBa OTrOBapsi Ha BbPTEHe
Ha TOYKATA OKOJIO OCTa 2. Taka IOJydeHuTe JMHUU B Teorpaduara ce Ha-
puuar napajenu. [Ipu ¢ =0 u ¢ = 7 Te ce u3pazKIaT B TOYKU — CbOTBETHO
Cesepuugr u HOxuugar nomoc Ha cdepara. Obpartho, ako (pukcupame 0 u
MeHuM  Mexkay 0 1 7, HoaydaBaMe IMOJIyOKPbKHOCT, CBbP3Balla CeBePHUSI
U I0KHHS IOJIOC — T.€. MEpHAHAH BbpXy cdepara. C apyrn maymu, Koop-
JHATaTa © OTroBaps Ha reorpadcCkKara IMAPHHA, a8 KOOpAMHATATa § — Ha
reorpadCKaTa IbIKIHA .

*Pasmmanero MexK/y KOOPAMHATHTE, H3ION3BAHN B MATEMATHKATA U B reorpadusara,
€ BbIIPOC HAa KOHBEHIIN; TaKa, B reorpadusra abirkuaaTa ce menu Mexkay 180° 3amagna
AbszkuHa 1 180° uM3TOYHA IbJKUHA, T.e. MEXJIY —7 U T, & luupuHara - Mmexay 90°
cerepra n 90° 10’KHA [UPWHA, T.e. MEXKIY —7/2 u 7/2.
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Bbnopocu 3a camonpoBepka

1. Hanummere 1eKapTOBHTE KOOPAMHATH HA TOYKA C IIOJIEPHU KOOPAUHATH
(p,0). Onpemesere MOIIPHATE KOOPAUHATH HA TOYKATA (—1, \/g)

2. Jlaiite dopmysa 3a p karo GpyHKNud HA T u y. Hamumrere amasoruy-
Ha ¢dopmysia 3a 0 B wbpBu, BTOpU U T.H. KBajapantu. QOsicHere 3aio He
C'BIECTBYBa TakaBa (popMysia B IisjiaTa paBHUHA.

3. Hamumrere dopmysnte 3a m3pas3siBaHe Ha JIEKaPTOBUTE KOODIWHATH
ape3 cepuunure B R, Hamepere cdepuvmnTe KOOPIUHATH HA TOYKATA

(V2. v2.V3).

4. Hanumere dopmyiin 3a p u 3a ¢ Kato QyHKIUE Ha &, Y U 2. (YIrbTBaHe:
BBB BTODHUS CJIydail M3Mo3BaiiTe n3pasa 3a 2 B MOJSPHUTE KOODJAUHATH. )

5. [Ipecmernere (byHKIMOHAJTHUTE JETEPMUHAHTH HA MOJIpHATA U Ha cde-
pUYHATA CMSAHA.

6. Onumrere KOOpAWHATHUTE JUHAN HA cHePUIHATA CMsHA B MPOCTPAHCT-
BOTO. [T0-TOUHO. omuIIeTe KAKBY KPUBY JIHHUA B MIPOCTPAHCTBOTO CE TOJIY-
4aBat, ako

a/ Qukcupame @ u 0, a MpoMeHsIME p.

6/ @ukcupame p u @, a IpomeHsive 0.

B/ Qukcupame p u 0, a TpPOMeHsIME .
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2.6 CwmgHa HA TPOMEHJINBUTE B MHOTOMEPHUTE
VMHTErpaJin

KaTO Ha4vaJ10 11e CU IPpUIIOMHUM CbOTB€THATa TeoOpeMa B €/JHOMEpHUA CJ1y-
qaii. Heka f(z) e nedunupana n uarerpyema 3a x € [a, b], u nexa (t) e ex-
HOKDATHO IiaJiKa B nHTepBana [a, 3] (wmm [5, a]), kato p(a) = a, ¢(fB) = b.
Torasa
b B
| f@) de = [ fee)¢ ) at

Heka ce ommrame jga ocMUCIUM Tas3u (hOpMyJia B YaCTHUA CJIydai
Ha MOHOTOHHO pactsamia ¢(t). Heka o = ¢ty < ... < t, = [ e pa3busa-
He Ha [a, ], n HeKka TouKRMTE T; = (t;) Ja JAaBaT CHOTBETHOTO Da3bHBa-
He Ha mHTepBaJa [a,b]. Tlo Teopemara 3a KpaiiHHTe HapaCTBaHHS HMaMe
x; — xim1 = @' (n;) 3a mogxomamo n; € (t;i_1,t;). Ja nonoxum & = ¢ (n;).
Karo u3nossBaMe TeopeMara 3a KpalHUTe HApaCTBAHUA, [OIYYaBaMe

(&) (wi —xia) = Zf (p(m)) (p(ti) — p(tic1)) =

n n
i=0 =0

= 37 (o) ) (1 ti1).

JIsgBaTa cyMa KJIOHE K'bM JIeBUsI HHTErPaJ BbB (DOPMyJIaTa 3a CMsAHA Ha ITPO-
MEHJIUBUTE, a JIACHATA CYMa - K'bM JIECHHsI MHTerpaJl. Taka Hue moJIydaBame
JIPYTO JIOKA3ATEICTBO Ha (hOPMYJIaTa.

Makap u 1mo-cjI03kKHO OT CTaHJAPTHOTO, TOBA J0KA3aTEJICTBO UMA Mpe-
UMYyHIeCTBOTO, Y€ HU ITIOKa3Ba OTKbAE Ce€ B3eMa JOII'bJIHUTCJIHUAT MHOXKHUTEJI
¢/(t) B mHTErpaia OTJAACHO; TO3U MHOXKHUTEJ OKA3BA KOJKO IbTH JhJIZKH-
HATa HA CHOTBETHHUs MOJUHTEPBAJ Ce pa3Tara (WM CBHBA) CJIe]] IpUIaraHe
Ha ¢yuknuara ¢(t). EcrectBeno e ma ce 3amane ¢bims BBIPOC, KOTATO
BMecTo dyHkiuaTa @(t) umame npeodpazosanue or R" B R" 3axaueno ¢
n HYHKIUN Ha N TPOMEHJNBHU; OKa3Ba Ce, 4e B TO3W CJydail CbOTBETHHAT
"KoedurnueHT Ha pasrdraHe Ha obema' ce ompemesa oT (DYyHKIIMOHATHATA
JeTepMUHaHTa (MM sIKOOMAHA) HA CbOTBETHOTO m300pazkenue (BukK §1.4).
3a ompocTaBaHe Ie pasmiie:kiaMe npeobpasosanus or R? B R?.

OTHaqaﬂO e InmpuioMHHM OCHOBHUTE INOHATHI. HeKa D € U3SMepuMoO
W 3aTBOPEHO NoAMHOKecTBO Ha R? ¢ koopaumatu (u,v),n ®(u,v) : D — R?
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e U300pazKeHuero, 3a/1a/J1eH0 ¢ hopMyaIuTe

r=z(u,v), y=y(u,v),

WM, HAIIUCAHO BbB BEKTOPHA (opma,

O (u,v) = (z(u,v), y(u,v)) .

[TTe kazBame, ge e eHOKPATHO TIa/IKO, ako dbyHKImATe T = 2 (U, V),
y = y(u,v) ca audepennupyemu B D U NPUTEKABAT HENPEK'bCHATH I'bDBU
npousBogHY. Ja cu HpuIoMHUM onpeaenaeHusTa oT §1.4: mon dyHKIHOHAI-
Ha JlerepMHUHAHTA, WK skobuan, Ha P(u, v) we pazdbupame OyHKIUATA
D (z,y) x 7
— () = | Y

Yu Yy

Uzobpaxennero $(u,v) ce Hapuda peryaspro, ako Jo(u,v) # 0 3a
BCsIKA TOYKA (u,v) € D.

Cera moxkeM jia popMyIMpamMe OCHOBHATA TeOpeMa Ha TO3u naparpad.

Teopema 3a cMsiHa HA IPOMEHJINBUTE B JIBOMHUTE MHTETPAJIN.
Hexa, kaxmo no-eope, ®(u,v) : D — R? ¢ pezyaapro usobpasicenue, Hexa
E = ®(D) u f(x,y) e unmeepyema Pynkyus espry E. Tozasa e 6 cuna
PABEHCTNEOMO

//E f(z,y) dedy = //D fz(u,v),y(u,v)) |Jo(u,v))| dudv.

3abeaexkka. Yuraresrst Moxke 61 3a0e/1s13Ba, 1e MHOroMepHaTa, pop-
MyJIa ce pa3jmdaBa oT eqHoMepHaTa. Hanctuna, B exHOMepHUS caydail hyH-
KIMOHAJIHATA JIETEPMUHAHTA CbhBIA/a C MPOU3BOHATA HA (DYHKIUATA, HO
B M3BeCTHATa HU (POPMY/Ia Td He € IMOJ 3HAKa Ha Mojy/ia. Pasjmkara He e
cayJaitna. B eanomepHust ciaydail MOAy BT MOYKe J1a O'bae M30erHar, Tbif
KaTO TaM € BDHBEJCHO MOHATHETO OPUCHMUPAH UHMEZPai, WX UHTEIPAJI C
pasmenenu rpanuiy (Buxk Konsenyusma or §4.2 Ha gact 1). B MHOrOMEp-
HU CJIydail ToBa ChIIO MOXKe Jia Ob/le HAlIPABEHO, HO U3UCKBA 110-CEPUO3HU
CPeJICTBA.

OcHOBHEAT MOMEHT B JA0Ka3aTeJICTBOTO Ha TeopeMaTa € B CJAeJHOTO
TBbpACHUE!
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OcuoBHa saema. Axo (ug,v9) e mouka om D u U e docmamsuno
MAAKG Helna okoanocm, mo omuowenuemo wa avyama Ha P(U) u U e
bausko 0o |Jp (ug, vo)|. Ie sanuceame mosa 6s6 cuda

n(eU))

_— ) ‘Jq) (UO UQ>| .

u(U) ’

[To-rouno JiemaTa MoxKe J1a ce popmysiupa Taka: ako U, e eJiHa petuia

OT OKOJTHOCTH Ha (g, Vp), CBUBAIA €€ KbM Ta3W TOYKA, TO OTHOIIEHHETO

1 (2(Un))
1 (Un)

Tyk HaMa 12 T0KA3BAME OCHOBHATA, JIEMa, HO I Ce OIIUTaMe J1a s OHaI-
JeJUM U 13 IIOKazKeM 3alll0 HMEHHO gKOOMaHa JaBa OTHOLUICHHUETO MEZKJLy
obemmre. Tpbreame or egeMenTapHaTa (GOpPMYJIa 3a JIAINE Ha YCIOPeIHUK,
OpOJieH OT JiBa BekTopa. Heka @ = (a1, az) u b= (b1, by) ca nBa BeKTOpA
B PaBHUHATA; TOTaBa JIANETO S Ha yCHOPEeJHUKA, HOCTPOEH BbPXY TAX, €
paBHO Ha ‘

(Tyk u mo-J0J1y JIBETe YepPTH OTJISBO M OTASICHO O3HAYABAT MOJYJIA HA Jie-

KJIOHH K'bM |Jg (Uo, Vo).

ay Qg

S:‘ﬁxg‘:‘ b by

TEePMUHAHTATA. )

Heka, kakTo no-rope, ® e n3obpazkeHneTo, CbIOCTABAIIO HA TOYKATA C
KoopanuaTu (u,v) Toukara (x,y), 3ana1eHa ¢ ypapaenusara r = x(u,v), y =
y(u,v). Heka A e mpaBobI'bJHEK ¢ BbpxoBe A = (ug,vg), B = (ug + h, vp),
C = (up+ h,vo+ k), D = (up,vo + k), p(A) = hk. la o3HaIuM TexHHTE
obpasu upe3 ¢ ¢ A} = ®(A), By = &(B) u t.u. Torasa oueBuano durypara
®(A) e 6uu3Ka 70 YCIOPEIHUKA, TOCTPOCH BHPXY BEKTOPHTE A;Bl, A, Dy
(Buk uweprexka). [To Teopemara 3a KpailHUTe HADACTBAHUS UMaMe

A B = (x(ug + h,vo) — x(uo, vo), y(uo + h,vo) — y(uo, vo)) =

= h(zy,(ug + 01h, v9), Yy, (ug + O2h, vp))

1 aHaJIOTn4HoO
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Vork D€ .
D,
VO»iiA\ \B
L A
lJo U0‘+ h

O6pa3 ma npaBobrbiaHuka A upe3 uzobpaxkenunero O

A1b1 = (x(uo, Vo + k) - l’(UO, Uo), y(uo, vy + k) - y(“o, Uo)) =

= k (2} (ug, vo + 03k), 3 (ug, vo + 04k)) ,

KbjieTo 01,...,04 ca mexay myia u eano. C Apyru jgymu, ydacTBAIIUTE B
ropuara (popmMyaa CTORHOCTH Ha (DYHKIUHATE T, U T.H. ca OJU3KH J0 CTOM-
HOCTHTE UM B TOYKaTa (ug, Vo).

OrTyk npu Majaku h U k mojydaBaMe TpubIu3uTeHATa (popMyIa

p(®(A)) ~ [ABy x A D, | = ’

7y, (o, vo) Y, (o, vo) Lk
a:;(uo,vo) yz,;(ulbvo) ’

OTK'bJIETO
w(®(A)) ~ ‘ (1o, v0) Y, (2o, vo) ‘ ' _ ‘D(xay) (o, vo)
1(A) (o, o) Yy (uo, Vo) D(u,v) ")

ToBa pazcbkiaeHue, pa3bupa ce, He MOXKe Ja CJIVKH 33 J0Ka3aTeJICTBO
HA JIeMaTa, HO JOHSKDbAe 00ICHIBA HEHHOTO ChIbprKaHue.

JdokazarejcTBO Ha TeopeMara KaToO CJEICTBHUE OT OCHOBHATA
aema. [lle mokazkeMm, 0e3 j1a mpeTeHIrpaMe 38 CTPOrOCT, KAK OT OCHOBHATA,
JeMa caeaBa popMynara 3a cMsHa Ha npomenausute. [lle m3morsBame 00-
mara geduHuIms Ha ABoitHus nHTerpaJ. Heka 7 : D = UleDi € TTPOU3BOJI-
HO m3MepuMo pasbusane Ha D, u Hexa E; = ® (D;); Torasa 7 : £ = UY_ | E;



144 I'VIABA 2. HHTEI'PAJIHO CMATAHE

e u3mepumo pasbusane va £ = & (D). Ta uzbepem 1o eana rouka @Q; € D;,
u Heka P, = @ (Q);) € E;. JTa obpasyBame puMaHOBaTa CyMa

Ot zapyra crpana, OT OCHOBHATa JieMa ciaefpa, de  (F;) e 6am3o mo
|Jo (Q:)] -t (E;). Orryk, 3amecTBaiiku, moaydaBave npudansuTeassara Gop-
MyJIa

k

Re= ) f(®(Q0)|Je (Qi)l 1 (Di).

=1

lscnata cTpana obade rnmpejicTaBasiBa pUMaHOBA CyMa 33 JBOHHUS HHTETPaJI
JJ| #lu )y, v) o (u, )| dudo.

[Ipu diam7 — 0 oueBuano u diam7 — 0. ToraBa pumanoBaTa cyma
OTJISIBO KJIOHH K'bM JBOiiHuA unrerpan [[p f(z,y) dxdy, a pumanoBara cyma,
oTasicHo — kbM uHTerpasa [, f(x(u,v),y(u,v)) |Jo(u,v))| dudv, orrbrero
cJle/iBa pABEHCTBOTO HA TE3H /IBA WHTErpaJia. ]

Amnanmornyno usriexaa u GopMmysIaTa 3a CMsHA HAa MPOMEHIUBUTE B
TpoitnuTe unrerpaau. Heka

S (u,v,w) = (z(u,v,w), y(u, v, w), z(u, v,w))

e eJIHOKPATHO TJIaJ1K0 m3o0pazkenue, sedunnpano 3a (u,v,w) € D C R nu
neka F = ®(D). Oynkunonaanara IeTePMUHAHTA HA TOBA N300pazkeHne ce
JaBa ¢ popmy/iaTa

D x’y72 u v w
nso,) = 5 o) = ol oo
) Y / / /
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Teopema 3a cMaHa HA ITPOMEHJNBUTE B TPOMHNTE MHTETPAJIA.
Hexa f(x,y, 2) e unmeepyema gynryus, depunupana 6spry MHoHCECMGOMO
E. Toeasa e 6 cuna pasencmsomo

///E f(z,y,2) dvdydz =

//D flz(u,v,w), y(u, v, w), z(u, v,w)) |Jo(u,v,w))| dudvdw.

[leomerpuuno, Tazu dopmyaa ce Oasupa Ha (opMmynrara 3a obeMm Ha
napaJie/ienuies|, TOpojAeH OT JajeHn Tpu BekTopa B R’ (omuraiite ce jaa
najiere 0OSCHEHNE, AHAJOPMYHO Ha JaIeHOTO [O-TOpPe B JBYMEPHUS CJIydaii).

ITpumepn: nmosispua u chepudna cmsaHa. Karo KOHKpeTHN U BazK-
HI OPEMepH IIe pasrienaMe HOIAPHATA cMsHA B R® u cdepHdHaTa CMsl-
Ha B R®, BbBemenn B §1.9. Heka D e mpaBObI'bJHUK B PaBHHHATA (p,0):
D =p,p+ Ap] x[0,0 + Ab], u ® e nonsipaoTo npeobpazoBanme, 3a/1a,/1e-
HO ¢ dopmymure © = pcosl, y = psinf. Torasa muoxectoro E = (D)
NpeCTABIABA CEKTOP ¢ bI'bJ Af, nu3psi3aH 0T KPbrOB MP'HCTEH, HAMUPAIIL
ce MeXKJy JIBe OKPbXKHOCTH C HMEHTHP HAYAJIOTO U PAIUYCH ChOTBETHO p U
p + Ap. Enemenrapuara dbopmyna 3a Juie Ha TakaBa durypa (Ts e aHao-
rudHa Ha dhopMyJsiaTa 3a JIMIE Ha TPalel) HU JaBa

WAYY) Ap)AO A
uw(E) = Ap (p ot 4p) ) = Ap. A0 <p+2p> ,

2
OTK'BJIETO
pE) ( Ap) _
sl up) ~ A P 5) =
= D(z,y)
KOETO ¢'bBIaJa ¢ npecmernarara B §1.9 croiinocr Ha D(p )"

AHaJOTHYHO € MOJI0KEHNeTO B TPUMEPHOTO mpocTpancTBo. Heka e ga-
nena cdepa ¢ paauyc p, u F' j1a e chpepudHUAT NpaBObIbIHUK, 3aTBOPEH
MeXK Iy MepuauanuTe ¢ "reorpadceka abiakuHa" cborBeTHO 0 M 0 + A6, 1
napaJienaute ¢ "reorpadceka mupuna'" coorBetno ¢ u @ + Ap. Thit KaTto
napajeInTe ¥ MEepHINAHUTEe Ce MPecHdaT MO IPABH bIJIM, TO JIKIETO HA
F' e npubsu3uTe/iTHO paBHO HA TPOU3BEJIECHUETO HA IbJKUHHUTE HA JBETE
MYy CTpaHH, KOUTO Ca AbI'M OT OKP'Bb2XKHOCTH. BHaeM, Y€ BCUYKHN MEpUINaHU
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ca OKDBZKHOCTH C PaJinyc, paBeH Ha pajuyca Ha cdepara p, a napajienbr,
orroBapan Ha "Teorpadcka mupuHa' ©, € OKPBKHOCT € PAIUYC p.sin .
OTTyK moJIydaBamMe

w(F) =~ (p.A) (p.sin p.Ap) = p*sin p.A0.Agp.

Ako E e "cruabue" wax F ¢ Bucounna Ap, to u(E) = Ap.u(F). Ako
o3HauuM ¢ D npaBobrbaHUs napanenenunes D = [p,p + Ap] x [0,0 +

Af] X [p, 0+ Ay, a @ e chepuanoro npeobpasosanue, To (D) chBuaga ¢
MHOXKeCTBOTO E 1 nosydyaBame

p(E)

— 2q}
3o B0 (D) — PSS

KOeTO OTHOBO C'bBIaJIA ¢ U3BecTHATA OT §1.9 pyHKIIMOHAIHA JIeTePMUHAHTA,
D(z,y,2)

D(p,0,p)"

Bbnopocu 3a camonpoBepka

1. IlpecmerHere Junero Ha Kpbra M obeMa Ha TPUMEPHOTO KbjbO, KaTo
M3I0JI3BaTe ChOTBETHO MOJsIpHA U ceprdHa CMAHA Ha MPOMEHJINBUTE B
CHOTBETHHUTE MHTETPAJIH.

2. Heka ® e juHeitHO m300parkeHne Ha paBHUHaATa B cede CH, 3a/1aJI€HO C
dopmyuTe
xr=au+bv, y=cu-+dv.

Hamepete bynknuonaanara JerepMUHaHTA Ha TaKoBa n3obpaxkenue. loka-
1 (®(U))
w(U)

u3MepuMu MHOKecTBa U).

KeTe, 9e OTHOIIEHHUETO € KOHCTaHTa (T.e. € ¢JHO 1 C'bIIO 3a BCHYKH
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2.7 IlpuniaoKeHud Ha MHOTOMEPHUTE MHTerpa-
Jn

Karo nbpBo npusozkenue e gajaeM Bede JokazanuTe B §4 hopmymu 3a sure
Ha KPUBOJIMHEEH Tparnel, n 06eM Ha KPUBOJMHEEH MUINHILD. Karo Hemoc-
PeJICTBEHN CJEJICTBUS OT TeopeMu 2 U 5 OoT TO3u mnaparpad mojrydaBame:

Teopema 1. Hexa D e xpusosunelinusm mpaney, CsCmoAu, ce om
scunky mouky (x,y) 6 pasrunama, 3a koumo x € [a,b] u p(z) <y < Y(x).
Tozasa

u(D) = [ (@) - p(x)) dyda.

Hoxkazarenctso. [lo cBoiictBo 5 ot §3 n oT Teopema 2 ot §4 momy-
JaBame:

p(D) = //Dl dmdy:j(¢($) — () dydz.m

Ananornuna gopmyna nMmame 3a 06eM Ha KPUBOJIUHEEH MUIAHIBP:

Teopema 2. Heka mansomo V C R?, e kpusoauneen yuaundsp, onpe-
denen ¢ Ycaosuama

V={(z,y,2): (z,y) € D,p(x,y) <z <1(z,y)}.

Toeasa

(V) = [[[ 1 dwdydz = [[ W(a.y) — olw,y) dady.

[Tousikora e ymobHo ¢opmyaara 3a 0ob6eM Ha TII0 Ja Ce HU3Pa3h I10
MAJIKO TI0-pasamder HadnmH. Heka V € R® e msMepnMo MHOMKeCTBO, U HeKa
NpoeKInusiTa Ha V' BbpPXy OCTa T Ja CbBOAJa ¢ WHTepBaIa |a,b]. 3a BCIKO
x € |a,b] na oznaunm ¢ L, paBauHaTa, ycnopenta Ha papauHara Ory u Mu-
napama npes roukara (x,0,0) (L, ce cheron or Bemukn Toukn B R? | qnsro
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wbpBa KoopjaumHata e pasHa Ha z). Heka Qv (x) = p(V N L,) aa e ay-
MepuaTa Mspka Ha [leano—2Kopgan na muoxectsoro V N L, pa3rjiex ano
KaTO MOJAMHOYKECTBO HA paBHUHATA L, .

Teopema 3. (IIpunnun na Kasammuepu.) 3a obema 1na V e 6 cura

popmysama
b

u(V) = [ Quia) da.

a

3abenexkka. Urtasmanckuar maremaTuk or XVII Bek Kapasumepu e
dopMyIupas NpuHIUIA cu 1o caeaaus Hadnn: Heka 3a Tenata V7, Vs 3HaeM,
de pH BCAKO « € [a, b] cevenusita (Vi N L) u (Vo N L,) umar eHAKBH JHIIA;
torasa obemmute Ha V) u V5 ca paBHH.

JokazarescTtBo Ha Teopema 3. [la nzdepeM IpaBOBbIbJIEH TapaJie-
aemunes A = [a,b] x [c,d] x e, f], koitro ma cbabpxa V, u neka f(x,y)
Jla O3HAYaBa (DYHKIUATA, paBHA HA eJuHUIA BbpXy V u Ha Hysna B A\ V.
Torasa

f

u(v) = [[] Fw,y) dwdyaz = / / [ Tw.y) dydz | dz = / Qv (x) de.

O6eMm Ha poranmuoHHO Ts10. Heka ¢(x) e HempeKbCcHATA U HEOTPHU-
naresna 3a x € [a,b]. /la 3apbprum rpadukara Ha DYHKIHUATA HA IbJICH
000pOT OKOJIO OCTa T; TOraBa TajI0TO V,,, OrpaHHYaBaHO OT II0JIydeHaTa H0-
BbPXHIHA, C€ HAPUYa POTAIUOHHO TJI0, oupeneneHo ot (x). Tamoro V,
ce ChCTOUM OT BCHYKH TOUKU P = (z,y, z) TakuBa, de pa3crosaueto ot P 110
octa x He HagMuuaBa @(x). [lo-Touno,

Vo={(zy,2)rasz<b '+ 2 <o)}

OT ropHOTO ommMcaHWe ce BHXKIA, Ue 34 BCSIKO T € [a,b] cedenmero
VML, npeacTas/isBa OKPBHKHOCT ¢ HEHTHD HAYAI0TO 1 paguryc ¢(x). Orryk
Qv,(z) = m¢*(z), u or upunnuna na Kasaanepn nosyuasame
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f(&/\ Z-

A b

a X b

['pacdbuka na byHKIHA U POTAIMOHHO TAJI0, MOPOJECHO OT Hesd

Teopema 4. (Popmysia 3a obema HA POTALUOHHO TAI0). Obe-
MBI HA POMAYUOHHOMO MAN0 V,, onpedeaeno om dynkyuama ¢(z), ce
dasa om dopmyaama

Tazu dbopmysia moxke j1a Objie jieko 00o0IeHa: Heka [) e KpuBOJInHE -
HUSIT Tpallell, olpenesier ¢ HepaBeHcTBara & € [a,b], p(z) <y < ¥(z), n
Heka Vp e poTalmroHHOTO TAJI0, TOJAYyUIeHO upe3 BbpTeHe Ha [) 0KOJIO OcTa
x. Torasa Vp =V, \ V,,, orkbI€TO MOTyIaBaME

CaenctBue 5. Obemsm na Vp ce dasa ¢ gopmysama

b

p(Vo) = [ (#(x) = ¢(@) da.

a

Maca u 1meHTBHp Ha TexkecTTa. B Ta3m TOUKa Ie ce 3aHNMaBaMe C
T.H. MAMEPUAAHU MeAa, T.e IBYMEPHUA WJIH TPUMEPHH MHOXKECTBA, B KOUTO

e jajena gyukius Ha wirbrHocrra p(P) > 0. Qusuueckuar CMUCbHI HA

U
IUI'BTHOCTTA € OTHOIIIEHHeTO Ha MacaTra KbM 00eMa, T.e. IMaMe % ~ p(P),
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Kbjero U e jocTarbino Majika okojiHocT Ha Toukara P, a m(U) o3nauasa
macara Ha U. Pasbupa ce, ako p(P) = 1, To macara cbBuaja ¢ obema.

Maca. Hexa D C R? e u3MepuMo MHOKECTBO, BBPXY KOETO € 3a1a-
nexa mabraoct p(x,y) > 0. Ja B3emem pasbusane D = U D;, u ToUKH
P; € D;. B wbpBo npubiamzkenne MOXKeM Ja CYATAMe, de ILIbTHOCTTA HaB-
csakbiie B D; e pasaa Ha p(F;), OTKbAETO

Karo namaJisiBame juamerbpa Ha pasOuBaHeTo, Ta3um GopMmysia craBa BCe
O-TOYHA, U YPe3 IPAHUYEH MPEXO/] MOJIyYaBaMe PaBeHCTBOTO

m(D) = [[ ple,y) dedy.

PopmMmyaTa 3a Maca Ha TPUMEPHO TSJI0 € ChIATa, ¢ e JTHHCTBeHATa Pa3/IuKa,
4ye ce U3M0J13Ba TPUMEPEH MHTErPaJl BMECTO JIByMepeH.

HHenTsp Ha TexkecTTa. [lle HATOMHUM HOHATUETO IEHTHD HA TEXKECTTA
Ha KpaiiHa cuCTeMa OT MaTepuajHu TOo4uku. Heka ca JgajeHm TOYKUTE
Pi,...,P, (3 R* mm R?), ¢ macu chorBeTno my, ..., m,. log uentsbp Ha
TeXKecTTa Ha Ta3W CUCTeMa pa3dumpame TOUKATA

n —
i=1 m; P,

n
i=1 T

P, =

Ha ocnoBara Ha ropHoTo paBeHCTBO Iie u3BejeM GopMmyIa 3a HeHTbD
Ha TeJKECTTa Ha Martepnaina dgurypa u marepnaino Tsuo. Hexka D C R?
e MarTepuajna puUrypa, T.e. I3MEPUMO MHOZKECTBO C'bC 33/1aJieHa ILTBTHOCT.
Heka umame pazbusane D = U} | D; u touku P; = (x;,v;) € D;. 3a nu3Bex-
JaHe Ha npuOIMzKeHaTa (GhopMyia MOXKEM J1a CINTAMe, € MAacaTa Ha BCAKO
or napuerara D; e cbepenoToueHa B Toukara b, T.e.

1

P~ = | 2o p(P)u(Di). P |
im1 m(D;) ;

WIH, aKO (T, Ys) ca KoopauHaTuTe Ha P,
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o Dy (Z‘W T YK D”)

=1

Yu = Yip xza yz Dz .
Zz:lm i <Z )>

Ciren rpaHdyeH Mpexo/l MOJIydaBaMe

1
T // zp(z,y) dedy , Y. = m@)/ yp(x,y) drdy.

)

OcraBsiMe Ha YUTATEIS /14 HAIUIIE ChOTBETHATE (DOPMYJIH 33 TPUMEPHO Ma-
TEPHATIHO TAJIO.

ITenTHp HA TEXKECTTA HA €JHOPOAEH KPUBOJIMHEEH TPAIel 1
nuanaabp. Heka D = {x € [a,b], ¢(x) <y <(z)} e kpuBomHeen rpa-
ner; u Heka p(z,y) = 1. ToraBa ropaute dhopmynn gaBart

e o )oe= =t

o= ([ 5) =y [ 0 -

AHajoruaHo, 3a €IHOPOAHNS KPUBOJINHEEH UJINHIBD
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V=A{(z,y,2): (z,y) € D,p(x,y) <z <Y(x,y)}

ca B cuia popMystuTe

v = u<1v> J[#0tay)  olay) dudy,
wzu&»UyW@w—wmw)M@,
ze= 2uzv> ] (@) — ¢ ,w) dudy.

ITpumep. Ille HamMepuM MeHTBHPpa HA TEXKECTTa Ha TOPHOTO MOJIYKBI0O
Ha K'bJ100 ¢ pajuyc R, KoeTo ce 1npejcraps Karo

BE:{(I,y,z):(x,y)GDRy Oﬁzﬁm}7

KbJeTO ¢ Di cMe 03Ha4YMJIM Kp'bra ¢ NeHTbDP B Hada0TO u paauyc R. Nu-
TepecyBa HH CaMoO z-KOOpJAUHaTaTa (3amo?):

3 2 2 2 3 /27r /R 2 2 3
= — 2 y?) dady = d ) pdp="R,
& 47 R3 /D/ <R * y) rey 47 R3 Jo 0 (R p)p P 8R
R

T.€. BACOYMHATA HA MEHTHPa Ha TeKecTTa € 37,5 MPOIeHTa OT pajuyca.

Teopema ua I'yanaua. Heka Vp e T4710TO, OJTyIeHO OT BbpPTeHE HA
kpuBoauHeitnus tpamern, D = {x € [a,b], ¢(x) <y <(z)} okoao ocra .
Jla cpaBuum gopmyJsiara 3a obema Ha Vp:

p (Vo) =7 [ (4(2) @) d

a

¢ bopmysiara 3a y-KOOpJAMHATATA HA NEHT'bPa Ha TexkecrTa Ha D:

1

b= gy [, (@)= £ @) de
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OrTyk mosrydaBame
1 (Vp) = 2my. . w(D).
C apyru aymu, u3mbJIHEHA €

Teopema 6. (Bropa teopema ma I'ymaun'.) Obemsm na poma-
YUOHHOMO MAAO, NOAYHEHO 0m 6spmenemo na duaypama D, e pasen wa
AUUEMO HA Ma3U Puypa, YMHONCEHA N0 OBANCUHANG HA OKDEAHCHOCTING,
ONUCAHA O UEHMBPA MG MEHCECTIMA NPU 6BPMEHEMO.

IIpumep. Heka 0 < r < R. [la o3maumm ¢ D Kpbra ¢ paguayc r
u nenTbp B Toukara (0, R). @urypara T, momydena or BbpTeHeTo Ha D
OKOJI0 abCcIucHaTa Oc¢, ce Hapuda Top. OueBnaHO NEHTHPBLT Ha TEXKeCTTa Ha,
eJIMH KPbI' ChBIAJA C HETOBHS IEHTHP, U CJIEJ0BATETHO 33 00eMa Ha TOpa
T nmonygdaBame hopMmysiaTa

w(T) = 2n R.r? = 272 Rr?.

JIune Ha MOBBPXHOCT, IIpeJCcTaBeHa KaTo rpadmka Ha QyH-
kuus. Heka f(x,y) e egnokparno riajka (GyHKIUA Ha JBe TIPOMEH/IHBH,
nedWHUPaHA B OKOJHOCT Ha U3MEPUMOTO U 3aTBOPeHO MHOXKecTBO D). Heka
Gy C R? e rpacdukara Ha Ta3M HYHKIU:

Gf:{(l'vyaz) : (*Tay) ED,z:f(x,y)}.

[le TpUmOMHAM MOHATHETO JONUPAMEAHE PAGHUNA (M TOMHPATETHO HO/I-
pocTpancTBo) KbM G B Toukata Py = (%o, Yo, f(%0,%0)) € Gy.

Jla durcupame yo; IlonyuaBame kpuBara, oOpa3yBaHa OT BCHYKH
roukn or Buga Py(x) = (2,0, f(x,y0)), Aexama sopxy Gy. Ille o3ma-
quM ¢ [y HeiffHWsI JomuMpaTeseH BEKTOp B Toukarta To: [y = Pj(zg) =
(1,0, fl(x0,y0)). Anamorudno, ako urcupame o, MoJayIaBamMe KPHBATA
Py(y) = (z0,y, f(z0,y)) ¢ monmupaTesien BEKTOP B Yo, paBen Ha ly = Pj(yg) =
(0,1, f; (w0, Y0)). MuOMKECTBOTO OT Bemuku JinHeitnun kombunanun Ay + fuly
Ha BEKTOpUTE [ U [y NPEACTABIsABA JBYMEPHO BEKTOPHO IOIIPOCTPAHCTBO

“IIbpBara Teopema Ha L'yIIMH 3ByYH aHAJOIMYHO, HO Ce OTHACH [0 MOBHPXHUHATA
HA POTAMOHHOTO TS0 U Ie Objie pa3riefaHa No-HATATHK. Te3u JiBe TeopeMu HOCAT
umero Ha Ilayn Tynnun, mBeiinapcku fiesyur, paborus B Hadasoro ua 17 B. Te ca 6uin
u3Becruu obade u Ha asiekcanupuiickus maremaruk ITan, IV B. n.e. (nocienuust Besauk
MaTeMaTuK Ha AHTHUYIHOCTTA).
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Top B R?

ra R®, KoeTo ce HApUYa JONUPATETHA PABHIHA K'bM Gy B 1. Py u ce 6eexn
C TPO(Gf)-

[le uu Obje HEOOXOAMM U €MHCTBEHHSIT (¢ TOYHOCT J0 YMHOKEHUE
C KOHCTAHTa) BeKTOD, neprengukyaapen na Tp (Gy). Takbs BekTOp Ce Ha-
prnva HOpMaJieH BeKTOp KbM Gy B ToukaTa . Vima eqwn secen Haumn Ja
HaMepUM TaK'bB BEKTOD: TOBA € BEKTOPHOTO MPOU3BeJIeHNe HA BEKTOPUTE [
1 lp. O3Ha4aBaMe

—

TS Z
NPy)=lxlo=|1 0 fizo,y) |= (—fé(%,yo% —f;(ifojyo% 1) .
0 1 fg;(xOJyO)

Ja cu mpumomMHEM POpMyJIaTa 3a TPOMSHA HA JIMIETO IIPHU IIPOEeK-
THpaHe, U3BECTHA HU OT eJeMeHTapHaTa Maremarwka. Heka o m [ ca aBe
PaBHHHU B TPHEMEPHOTO IIPOCTPAHCTBO, HeKa [Ig na o3HavaBa opToronasina-
ta mpoekims ma R Bopxy [, u Heka G € H3MEPHMO IOIMHOKECTBO Ha, (v (B
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cMUCHJI Ha Msipkara Ha [leano—2Kopaan Bbpxy «). Torasa

p(ls(G))
1(G)

Haumcruna, ToBa TRbp/EHNE JIECHO Ce ITPOBEPSBA 34 MPABOBIbIHUIN,
eJIHaTa CTpaHa Ha KOUTO € YCIIOpe/IHA HA MPECEYHUTIATA HA PABHUHATE X H
[; caegoBaTeIHO TBBPACHUETO € BIPHO 3a o0eIuHeHne HAa TaKUBA IIPABOb-
IbJIHEAIE (T.€. 33 €JIEMEHTAPHUTE MHOXKECTBA) M YPE3 IPDAHUYEH 1PEXOJ| TO

= cos /(a, B).

ce IOJIYUaBa 3a BCIKO M3MepuMo MHOxKecTBO. Ille orOestexkum, de ako N,
N3 ca HOpMaJIHHTE BEKTOPH CHOTBETHO KbM v U 3, TO BI'bIDBT MEXKIY TAX

/(cv, B) e paBeH Ha BI'bJA MEXKJY TEXHUTE HOPMAIH / (Na, ]\75)
Beue mozxkem ga u3BegeM dbopmynaTa 3a auneTo Ha Gy. Heka 7: D =
" D; e pasbusaune na D, n uexka Q; = (x;,v;) € Dy, P = (Qi, f(Q;) € Gy.
Heka G; e wactTa o1 Gy, nexama naj D;. Hexa Tp, e monmparesnaTa pas-
mnHa KbM Gy B Toukara F;. Ille cmarame, 4e junero na G; e npubiausu-
TeJTHO PABHO HA JIMIETO Ha CHOTBETHATA YacT OT 1p,; TOraBa, aKo MOJOKIM
Tp, = a u Ozy = [, mo dopmynaTa 3a HPOEKIUATA

(D) ~ cos / (Tp,,0xy) = cos / (N(R),E)

Or CbOpMXJIaTa 3a CKaJIapHO TPOM3BeJieHNe Ha BEKTODPH 3HAEM, Je

cos /(d, l;) = \<§|\I:‘1‘>| JlecHo ce BImKa, 1€ <J\7(R), Z> = 1. OTTyK mpecmsTame,

qge

1 1
NP 1+ FL(P)? + fy(P)?

cos / (]\7(132), Z) =

u cjgeJgoBaTeIHO

WG 1+ fL(P)? + fy(P)? (D).

Orryk

W(@) = S p(@) ~ 3T PP+ Fy(PR (D).

=1

Ypes rpanuyen mnpexos npu diam 7 — 0 nosydaBaMme uckanara hop-
MYJIa:
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Teopema 7. Jluuyemo na epagursama Gy na dynkyuama f(z,y) e
PAGHO HaQ,

uGy) = [[ 1+ Falwy)? + fy,y)? dady.

3abenexkka. JlageHuaT mo-rope m3Bo Ha popmy/iaTa ce 6a3upa Ha
UHTYUTHUBHHA C”bO6pa)KeHI/IH; TOYHaATa ,ZLerI/IHI/H_[I/IH Ha JIMIE Ha ITOBBbPXHOCT,
u u3BOj, Ha opMysaTa KaTo 9acTeH Cjaydail oT MHOro 1mo-ob6ita dopmy.ia,
me O'baT AaIeHN B CJIeIBAINATA JaCT.

JIlune Ha poTamuoHHA MOBBLPXHOCT. Heka, KAKTO 1MO-rope, poTa-
HOHHOTO TS0 V,, € MOPOJCHO OT BLPTEHETO Ha EAHOKPATHO IIaJKaTa B
uHTepBata [a,b] dyukuua p(r) > 0. Heka ¢ S, o3HaImM orpanndaBamara
V., TOBBPXHOCT, MOPOJeHA OT BbPTEHETO Ha rpadukara Ha ©(T):

Sy = {(:z:,y,z) ra<z<b Y+t = gpQ(x)}.
Heka oznauunm c Ssj ropHaTa IOJIOBHHA HA Sy, T.€. 9aCTTa, B KOATO
z > 0. Torasa S;f MOZKe JIa Ce TPeJICTaBh KaTo rpaduka Ha PYHKIUATA
2= [flz,y) = (2) — 92,

onpesesieHa B KPUBOJUHENHUS TPaIIel]

D={(z,y):a<z<b—p) <y <)}

Nmame
fay) - £

x - f;x, :$7
N AR T e
\/1 f’ ) \/‘P ) (1L+¢'(z ))

() — y?

ITo dpopmysara 3a aune Ha rpadukara moaydaBame

1(S,) = 2u(SF) _2/ Vo (@) (1+ ¢/ ))(/M dy) da.

—¢(@) () — y?
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C
Jlecro ce mpecmsTa (4pe3 cyberuTynmaTa y = c sint), ge [ —%— = 7
Ze AV E-y?

HE3aBUCHUMO OT CTOMHOCTTA HA C > 0, u CcJjaed0BaTeJIHO

u(S,) =2 [ o)1+ (P da.

a

ITpumep. Ille namepum jumero Ha cdepa Sr ¢ paanyc R. B To3m
cayqait p(z) = vV R? — 22, v € [-R, R]. Imame

VG = s

u cjaeJgoBaTeITHO

R
11 (Sg) = 27r/ R dr = 47R?.
—-R

IInpBa Teopema ma I'ymama. Heka D e m3MepuMo MHOXKECTBO B
pasaunara Oxy, OrpaHuYeHo OT JacTudHO riaakara kpusa ['. Heka Sr e
HOBbPXHUHATA, MOPOJIeHa OT BbpreHeTo Ha [’ okoso octa x. [Ibpara Teo-
pema Ha ['yiaaun riacu, de

p(Sr) = 2my,(L).1(T),

kbaero [([M)e abmkunara wa kpusara I', a y.(I') e y-xoopaunarara Ha 1eH-
Thpa Ha TexKecTTa Ha [, pasriejana Karo eJIHOPOJIHA MATePUAIHA KPUBA.
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Bbnopocu 3a camonpoBepka

1. Jlaiire popmysiute 3a Jule HA KPUBOJUHEEH Tparel u 00eM Ha KPUBO-
JIMHEEH IUJIHIB].

2. ®opmysupaiire npunnuia Ha Kaasuepu 3a obem Ha TsJ10.

3. JlaiiTe ompesesenne Ha poranuoHHo Ts10. [Ipecmernere obema My 4pes
npunnuna Ha Kapaauepu.

4. Jlaiire popmy/iure 3a Maca U HEHTbP HA TeKECTTa HA MarepuaHa u-
rypa (B R?) n marepuamno rsmo (B R?).

5. Hamepere koopauHATHATE Ha TEHTbPA HA TEXKECTTa HA XOMOTE€HEH KpH-
BOJIMHEEH Tpallel] B Ha XoMoreHeH kpuosuHeen nusmuabp. (Tyk jgymara
"xomorenen" o3HavYaBa, Y€ MIBTHOCTTA HABCAKb/E € DABHA HA eJUHUIA. )
6. [aiite popmyna 3a JauIeTo Ha MOBBLPXHOCT, TpeJCcTaBeHa KaTo rpaduka
Ha QYHKIMATA HA jBe npomenusu f(x,y).

7. Haiite dopmyna 3a JuNeTo Ha OKOJHATA MOBbPXHHHA HA POTAIMOHHO
TSLITO.

7. Heka e najien npecedeHn KOHYC ¢ paJiiyCc Ha eJiHaTa OCHOBa R, Ha Jpy-

rara r, ¢ BucounHa h u obpasysama [ = (/h%? 4+ (R — r)2. IIpeacrasere 1o
KATO POTAIMOHHO TSJIO M HAMEPETe HerOBUS 00eM U JIMIETO Ha OKOJHATA
MYy ITOBbPXHUHA.
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