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TOM 2
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I''IABA BOCBMAS. IEPBOOBPA3HASA ®YHKIIUA

(HEONPEJIEJIEHHBIIA UHTETPAJI)
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305. OnpeneneHHBIN HHTETPAT Kak (PYHKITUS BEpXHETO TIpeiesia
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307. BolurcieHue ¢ NOMOIIBI0 HHTETPAIBHBIX CYyMM
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314. ITpumepsl 135

315. ®opmyna lNaycca. [IpeobpazoBanue Jlanaena 141
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322. IlocranoBka 3agaun. @opmyIibl IpSIMOYTOJIBHUKOB U TParenuii 153
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342. BeipaskeHre o0bemMa HHTETPaJIOM
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. [Ipuznax Kymmepa

. IIpu3nak I'aycca
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377.
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385.
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. [Ipumepsl
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400.
401.
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IIpumepsl
OcHoBHbIe TeopeMbl. CBA3b C psAaaMu

[Ipumepsl

§ 7. PaznoxeHus aneMeHTapHbIX (PYHKIMMA
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byHKIUH 1 ap.

405.
406.
407.
408.

§ 8. [IpubnmxkeHHbIe BHIYMCIEHUS C MOMOILBIO psaoB. [IpeobpazoBanue psiioB
4009.

410.

411

Pasnoxxenue ¢pyHKIMU B CTeIEHHOM pan; psn Teitnopa

Jlorapudmuueckuii psia
®opmyna CtupnuHra
bunomMuaneHbIN psn

Paznoxenue CHUHYCa U KOCUHYCa B OeCKOHEUHbIE MIPONU3BCACHUA

OO011e 3aMeyaHus

Brruucienue yncna

. Beruucnenue norapudgmon
412.
413.
414.
415.
416.

Brrunciienue kopHei
[IpeobpazoBanue psAm0B 10 Ditnepy
IIpumepsl

[TpeobpazoBanne Kymmepa
[TpeobpazoBanne MapkoBa

§ 9. CymmupoBaHH€e pacXoAIIUXCs PsIOB

417.
418.
419.
420.
421.
422.
423.
424.
425.
426.

Beenenne

MeToJ CTeeHHBIX PSAIOB

Teopema Taybepa

MeTton cpeqHuX apupMeTHIECKUX

B3aumooTHomenne mexay meronamu [lyaccona—Ao6ens u Yeszapo
Teopema Xapaun—IJlangay

[Tpumenenne 0000IIEHHOTO CYMMUPOBAHUS K YMHOXKEHHIO PSI0B
Jlpyrue meToapl 0000IIEeHHOTO0 CYMMHUPOBAHUS PSIOB

IIpumepsl

OO0mmii K1acc IMHEWHBIX PETYJISIPHBIX METOJIOB CYMMHUPOBAHUS

I'JTABA IBEHA/IHATASA. ®YHKIIMOHAJIBHBIE
INOCJIEAOBATEJIBHOCTH U Ps/1bI

§ 1. PaBHOMEpHAsA CXOUMOCTh

427.

BBoaurle 3amMeuanusa
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§2.

§ 3.

§ 4.

§ 5.

428. PaBHOMepHast 1 HEpaBHOMEpHAsi CXOAUMOCTH

429. YciaoBue paBHOMEPHOU CXOUMOCTHU

430. ITpu3Haky paBHOMEPHOM CXOJUMOCTH PSII0B

OyHKIIMOHAIBHBIE CBOMCTBA CYMMBI psAia

431. HenpepbIBHOCTb CyMMBI psijia

432. 3ameudaHue o KBa3U-paBHOMEPHON CXOAUMOCTH

433. [TouneHHbI nepexoa K npeaesy

434. [lounneHHOE UHTETPUPOBAHUE PSJIOB

435. IlounenHoe nu¢depeHupoBaHue psIoB

436. Touka 3peHHs OCIEI0BATEIHLHOCTH

437. HenpepbIBHOCTb CyMMBI CTEIIEHHOTO psijia

438. NnrerpupoBanue u n1udepeHupoBaHne CTENEHHbBIX PSAI0B

[Ipunoxenus

439. ITpumepsl HA HEMPEPHIBHOCTH CYMMBI psiJia U Ha TIOYJICHHBIN Mepexo.1 K
npeneny

440. [Ipumepsl Ha MOYJIEHHOE HHTETPUPOBAHUE PSIJIOB

441. Ilpumepsl Ha owieHHOE U depeHIUPOBaHNUE PSJIOB

442. MeTton OCIeI0BATENbHBIX PUOIKEHUI B TCOPHH HESIBHBIX (DYHKITHIA

443, AHaTUTHYECKOE OIpeieJICHHe TPUTOHOMETPHUECKUX (QYHKITUI

444. Tlpumep HenpepbIBHON (QYHKITUU 0€3 MPOU3BOTHOM

JIONOJHUTENbHBIE CBEACHUS O CTETIEHHBIX Psiax

445. JleiicTBUs HAJ CTETICHHBIMH PsJIaMU

446. IToncranoBKa psia B ps

447. Ilpumepsl

448. JleneHue CTENEHHBIX PAJIOB

449. Yucna bepHyumu u pa3inoKeHus, B KOTOPHIX OHU BCTPEUYAIOTCS

450. Pemienue ypaBHeHHH psiaMu

451. OOpallieHue CTETIEHHOTO psAJa

452. Psan Jlarpanxa

DneMeHTapHbIe (YHKINN KOMIUIEKCHON TIEPEMEHHOM

453. KoMIIeKCHbIE YUCIa

454. KoMIJIeKCHast BapHaHTa U €€ Mpeen

455. ®yHKUMN KOMIUIEKCHOW EpEMEHHON

456. CteneHHbIE psAabI

457. llokazarenbHas PyHKIUSI
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444
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468
474
477
479
481
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487
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§ 6.

458.
459.
460.
461.
OOBepThIBatoIIKe U acuMOTOTHYECKUE psiabl. Popmyina Ditnepa—MakiiopeHa
462.
463.
464.
465.
466.
467.
468.
469.

Jlorapudpmuueckast GyHKIHS
Tpuronomerpuyeckue GyHKIUU U UM OOpaTHbBIE
CrenenHas QpyHKUIUA

IIpumepsr

IIpumepsr

Onpenenenus

OCHOBHBIE CBOWCTBAa aCUMITOTUYECKUX Pa3I0KEHHUM

BriBog popmyiisl Ditnepa—MaxiiopeHa

HccenenoBanue TOMOIHUTEIBLHOTO YICHA

ITpuMeps! BBIYMCIICHUH ¢ TOMOIIBIO (hopMyJibl Dinepa—MakiopeHa
Hpyroit Bua Gpopmyisl Ditnepa—Maxiopena

®opmyna u psa CtupauHra

I''TABA TPUHAJIIIATAS. HECOBCTBEHHBIE UHTEI'PAJIbBI

§ 1. HecoOcTBeHHbIE HHTETPAJIbl C OECKOHEYHBIMHU IpeJIeIaMu

470.
471.
472.
473.
474.
475.
476.
477.
478.

OrmpezenieHne UHTETPAJIOB ¢ OECKOHEYHBIMH TpeieTIaMu
[TpuMeHeHne OCHOBHOM (POPMYJIbI MHTETPAIbHOI'O MCUUCIICHUS
[Ipumepsr

Amnanorus ¢ psaaamu. [Ipocteiime Teopembl

CXoaMMOCTh MHTETpaja B CIIy4ae MOJI0KHUTEIBHON (QyHKITHH
CxoauMocTh HHTErpaja B O0IIeM cilydae

[Tpusnaku Abens u upuxie

[IpuBeneHne HecOOCTBEHHOTIO MHTErpasia K 0ECKOHEUHOMY Py

[Tpumepsr

§ 2. HecoOcTBeHHbIE HHTETPAJIbI OT HEOIPAaHUUYCHHBIX (QYHKIIMH

§ 3.

479.
480.
481.

482.
483.
484.
485.

OmnpeneneHre UHTETPATIOB OT HEOTPAHUYCHHBIX (YHKIIHN
3aMedyaHue OTHOCUTENIBHO 0COOBIX TOYEK

[IpumeHeHre 0OCHOBHOM (pOPMYJIbI UHTErPATbHOIO UCUUCIICHUS.

ITpumepsl

VYc¢noBus M IPU3HAKK CYILIECTBOBAHMS MHTETpasa
[Ipumepsl
['maBHBIE 3HAUEHHSI HECOOCTBEHHBIX HHTETPAJIOB

3ameuanue 06 0606H_16HHI>IX SHAYCHUAX paCXOasAIUXCA NHTCTPaIoB

CaoiicTBa 1 mpeoOpa3oBaHe HECOOCTBEHHBIX HHTETPAIOB

486.

[Ipocreline cBocTBa
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577
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487. TeopeMsbl 0 cpeJHEM 3HAUYCHUU 600

488. NHTerpupoBaHme Mo 4acTsM B ClTydae HeCOOCTBEHHBIX HHTETPAIOB 602
489. ITpumepsl 602
490. 3ameHa nepeMeHHbIX B HECOOCTBEHHBIX HHTErpaiax 604
491. ITpumepsl 605
§ 4. OcoOble MpreMbl BEIYUCIICHUS] HECOOCTBEHHBIX HHTETPAIOB 611
492. HekoTopsble 3aMeuaTeIbHble HHTETPaibl 611
493. BriunciieHne HeCOOCTBEHHBIX MHTEIPAJIOB ¢ MOMOUIbIO0 HHTETPAIbHBIX 615
cyMM. City4aif HTHTErpajoB ¢ KOHEUHBIMU IpeeIaMu
494. Cny4aif MHTETpaJIOB ¢ OECKOHEYHBIM MPEIETIOM 617
495. Unrerpansl Opyinanu 621
496. HTerpansl OT paliMOHATBHBIX (DYHKITHH MEXKTy O€CKOHEYHBIMH 623
npenenamMmu
497. CmeliaHHble IPUMEPHI U YIPAXKHEHUS 629
§ 5. [IpubnmxeHHOe BBIYUCIIEHNE HECOOCTBEHHBIX HMHTETPAJIOB 641
498. NnTerpansl ¢ KOHEUHBIMU TIPE/IeNIaMU; BhIJIETICHUE 0COOEHHOCTEM 641
499. ITpumepsl 642
500. 3ameuaHue 1Mo MOBOIY MPUOTUKEHHOTO BHIYUCICHUS COOCTBEHHBIX 646
UHTErpajoB
501. [IpuOnamxeHHOE BBIYUCIIEHUE HECOOCTBEHHBIX MHTETPAJIOB C 647
0OECKOHEUHBIM IPEIEIOM
502. Ucnonp30BaHne aCUMITOTUYECKUX Pa3I0KEHHM 650
I'/TABA YETBIPHAJIIATASL. HHTEI'PAJIbI, 3ABUCSIIUE OT
ITAPAMETPA
§ 1. DnemenTapHas Teopus 654
503. ITocTaHoBKa 3a1a4u 654
504. PaBHOMEpHOE CTpEeMJICHHE K MpeAeabHOM PpyHKINN 654
505. IlepectanoBKa ABYX MPEACIbHBIX MIEPEXOI0B 657
506. IlpenenpHbIil nepexo Moj 3HaKOM MUHTErpaia 659
507. AuddepeHnrpoBaHme MO 3HAKOM HHTErpaia 661
508. MHTerpupoBaHue no/1 3HAKOM UHTErpasia 663
509. Cnyuaii, Kor/ia ¥ Mpeesibl MHTErpajia 3aBUCST OT MapaMeTpa 665
510. BBegeHrue MHOKUTENSA, 3aBUCAIICTO JUIIE OT X 668
511. IIpumepsl 669
512. I'ayccoBo q0Ka3aTeNbCTBO OCHOBHOM TEOPEMBI aareOphl 680

§ 2. PaBHOMEpHAs CXOUMOCTh UHTETPAJIOB 682



§ 3.

§ 4.

§5.

513
514
515
516
517

. Onpenenenrie paBHOMEPHON CXOIUMOCTH UHTETPAJIOB
. YcnoBue paBHOMEpHOU cxoauMocTu. CBs3b ¢ psigaMu
. JloctaTouHbIe TPU3HAKU PABHOMEPHON CXOAUMOCTH

. Apyroi ciryyaii paBHOMEPHOUN CXOJIUMOCTH

. [Ipumepsl

Hcnonb30BaHne paBHOMEPHON CXOAMMOCTH UHTETPATIOB

518
519
520
521
522
523
524

. HpeﬂeHBHLIﬁ nepexon o 3HaKOM MHTCIrpaJia

. [Ipumepsl

. HenpepriBHOCTH 1 1uhepeHIupyeMOCTh MHTETpasia 1o napamerpy

. IuTerpupoBanue MHTErpaja no napamerpy
. IlpumeHeHne K BBIYMCICHUIO HEKOTOPhIX HHTErPaJIoB
. [Ipumeps! Ha AU PepeHrpoBaHKE 1O/ 3HAKOM HHTErpaia

. HpI/IMepH Ha UHTCTPUPOBAHHUC I1OJ 3HAKOM MHTCTpAJIa

Jomnonnenus

525
526
527
528

. Jlemma Apuena
. [IpenenbHbIi IEpeXo 01 3HAKOM UHTErpasia
. AuddepenumpoBanue moJ1 3HaKOM UHTErpaja

. UuTerpupoBanue noj 3HakoM UHTErpaja

DiepoBbl HHTETPAIIBI

529.
530.
531.
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533.
534.
535.
536.
537.
538.
539.
540.
541.
542.

DlinepoB UHTETPAJ IIEPBOTO poAa

DlepoB UHTErpall BTOPOro pona

[Ipocreiimue cBoiicTBa pyHkuu I’

OnHo3HauHoe omnpenenenue pyHkuuu I ee cBoiicTBamMu
Hpyras pyHKuMOHaIbHAs XapakTepucTHKa QyHKIUH [’
[Ipumepsl

Jlorapudmuueckas npousBogHast GyHKIuH [

Teopema ymHoxxenus mia Gyakuuu I

HekoTopsie pa3noxeHust B psabl U IPOU3BEACHUS
IIpumeps! 1 nONIONHEHUS

Boruncnenne HeKOTOPhIX ONPEIENIEHHBIX HHTETPaIOB
®opmyna CtupauHra

Brruucnenue 3ii1epoBoil IOCTOSHHON

CocraBieHue TabIuIbl AECATUYHBIX JIorapuMoB GpyHkuuu '

AJI(paBUTHBIN yKa3aTeJb

AndaBuTHBIN yKa3aTemb
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684
687
689
694
694
697
710
714
717
723
733
743
743
745
748
749
750
750
753
754
760
762
764
770
772
774
775
782
789
792
793
795



AOGeneBbl uHTETpasb 84

Abenb 290, 292, 527

Abens nemma 306

- moacTa”HoBka 69, 608

- mpeoOpazoBanue 305, 312, 403

- MPU3HAK PAaBHOMEPHOU CXOIUMOCTH
psina 429

- - CXOIUMOCTHU UHTETrpasia 564

- - - psga 307

- reopema 328, 397, 516

AbGens—Ilyaccona meron
0000111EeHHOTO CyMMUPOBaHUS
psnoB 401, 409

AOComOTHO UHTErpUpyeMas pyHKIUs
563, 586

- cxopsuieecs npousseaeHue 356

- CXOSIINICS HeCOOCTBEHHBIM
uHTerpan 563, 586

- - psn 296, 356, 513

- - - IEPEMECTUTENIBHOE CBOMCTBO 315,
332,356,513

- - - ymHOxenue 321, 513

Anamap 300

AnnutuBHas QyHKIHS TPOMEKYTKA
225

AnmmtuBHOCTE 00BeMa 203

- roromaay 188

AnreOpanueckas 4yacTh UHTErpaa,
BblIeTIEHUE 68

Ammuryna 252

Ananutnueckas pynkuus 449, 450,
491, 499, 502

AprymMeHT KomIuiekcHoro uucia 510

ApKCHHYC, IJIaBHOE 3HAa4eHHUe 525

- crenieHHOM psin 458, 467, 503, 526

ApKTaHreHc, TJIaBHOE 3HaueHue 524

- crenieHHOM psin 368, 457, 524

Apxumenosa cnupais 175, 199

Apnena 433, 438, 743, 745

Acumnroruueckuit pan 534, 650, 793

- - nevictBus 536

- - muddepenuupopanue 540, 793

- - eIMHCTBEHHOCTH 534

- - UHTETpUpOBaHHE 538

- - IOTEHIMpOoBaHue 538

Actpouna 175, 184, 185, 202, 210, 218

bappoy 15

bepnynnu Moranu 95

bepuymnuesst uncna 494, 541, 703, 704

beprpana npuznak 279

beckoHeuHO MasbIX 3JIEMEHTOB
cymmupoBanue 221, 228

beccenesnl pynkiuu 345, 464, 468,
709, 734

Beccens nuddepennmanpaoe
ypaBHeHue 468, 675

Bera-pynkuus 750

- - pexyppenTtHas ¢popmymna 751

- - CBA3b € ramma-QyHkiueut 755

- - CHMMETpUYHOCTb 751

bunomuanbubiit quddepeniman,
UHTErpupoBanue 51

- psan 372,452, 468, 487, 526

buo u Casapa 3akon 242, 557

Boune ¢popmyina 119

Bopens meton 060011eHHOTO
CyMMHpOBaHus psioB 411

BbynsikoBckoro HepaseHcTBO 153, 590

Bamnuca dopmyna 145, 352, 371, 377,
613, 704

Ban-nep-Bapaen 479

Bapuanrta kommuiekcHas 511

- -npenen S11

Beiteputpacc 424, 479, 488

Beitepmitpacca dpopmyna 362, 473, 775,
778

Busuanu kpusas 186, 223

Buera 352

BunToBas munaus 186

Boponoro metoasl 000011eHHOTO
cymMmupoBaHus psaaos 408

Brienenue anredpandyeckoi 4acTu
uHTerpaia 68

- pallMOHAIBHOM YacTu UHTErpana 44

Brrunciienue uHTErpaios:



- .[ln(l —2rcosx + 77 )dx 122, 140, 464,

0
673
Insinxdx 611, 616, 726, 785

e dx 612,704,719, 757

e coshxdx 701,726

SINX o 614, 621,718, 742

X

S8 O =—— 8 O'—;S S8 O 8 Ot 8 O 8 O%=—m2a

COSPX 1 706, 721, 729, 740, 741

2 2

Q
+
=

&Bxdx 721, 729, 740

a+x

Q
L

=

—dx 699, 717
+X

—

sin x*dx, jcosxzdx 721, 729
0

Berancnenue onpeneneHHbIX
WMHTETPAJIOB,
muddepeHIpoBaHue 1Mo
napametpy 673, 674, 717, 721,
723,782

- - - UHTErpajgbHble cymMmsl 120, 615,
617

- - - UHTETPUPOBAHHE IO MTAPAMETPy
679, 718, 721, 722, 732, 756, 786

- - - UIHTErpUpOBaHUE 1o yacTsam 131,
603, 632, 634, 636

- - - HICKYCCTBEHHbIE npuemsl 611, 621,
623

- - - OCHOBHasl (hopMyITa HHTETPATBHOTO
ncuucnenus 124, 554, 582

- - - moactanoBka 134, 143, 605, 611,

630, 631, 764

- - - IPEJIETbHBIN MEepexXo/] MO0
napametpy 704, 717, 719, 722,
735, 788

- - - pa3noxeHue B psag 457—467, 614,
632,670, 671, 672,697, 710

lNamma-dynkuus 361, 753

- Bettepmrpacca popmyna 362, 775

- T'aycca dhopmymna 772

- rpaduk 755

- nonionHenwust popmyna 377, 757

- Kot popmymna 771

- Jlexxannpa popmyna 760, 774

- norapudmuyueckas mpou3BoaHas 473,
770, 774

- MAKCUMYMBI 1 MUHUMYMBI 755, 780

- onpezenenue ee cporictamu 760, 762

- PaaGe unTerpan 759

- pactipoctpanenue 780

- pexyppenTHas popmyna 361, 754

- Crupnunra ¢opmyna u pan 792, 793

- Ta0yHIbl TorapudmoB 793

- Dinlepa npousseneHue 758

- Ounepa—TI aycca popmyna 361, 754,
769, 775, 780

lMapmonuueckwii psan 263, 267, 270, 289

l'aycc 281, 680, 769

lNaycca npusnax 280

- opmyner 142, 772

lNaycca—D0iinepa dpopmyna 361, 754,
769, 775, 780

I'enpiepa MeTo 161 0000IIEHHOTO
cymMmupoBaHus psaoB 411

I'unep6ona 177, 195

l'unep6onnyeckue moacTaHOBKU 29

- (yHKIHUU, COTIOCTABIICHUE C
TpUroHomerpuieckumu 196, 523

l'unepreomerpuueckuii psia 280, 297,
359, 470, 769

I'mnepreomerpuueckoe
muddepeHIanTbsHOe YpaBHEHHE
470

T'unonukinonga 185

['maBHOE 3HaUeHME aprymeHTa
KOMILIEKCHOTo uncna 510



- - apkcuHyca 525

- - apKTaHreHca 524

- - morapucma 525

- - HecoOCTBeHHOTro HHTerpaia 591, 594

- - cTeneHu 526

['magkas kpuBas 192

- MOBEepXHOCTH 204

Tonbpabax 338

['ynpauna Teopemsr 229, 232

JHanam6epa mpusnak 271, 278, 296, 513

Hap6y 97

- UHTeTpabl, BepXHUil 1 HkHUA 100

- - Kak npezaensl 106

- CyMMBI, BEpXHss U HUXKHAA 97

- reopema 106

JBoriHoi1 psan 333, 452

HexaprtoB nuct 200

H3zera-pynkims 264, 287, 362, 469,
769, 777

Junn 290, 291, 292

- Teopema 431

- - 0000mmenue 657, 695, 711

Hupuxie 290, 754, 769

- IPU3HAK CXOJUMOCTH HHTerpaja 564

- - - paBHOMEpHOI1 psana 429

- - - psga 307

- pa3pbIBHBIN MHOXHTENDb 633, 640, 741

- pane1 309, 451, 469

- ynkmus 105, 106, 587

HuddepennnansHoe ypaBHeHue 244

- - beccens 469, 675

- - 'unepreomerpuueckoe 470

- - coctapneHue 253

JuddepenunrpoBanue UHTErpaia mno
BEpXHEMY (HIDKHEMY) TIpEeIeITy
116, 600

- - o mapametpy (nuddepeHpoBanmne
O] 3HAKOB MHTerpana) 661, 666,
669, 710, 749

- pana, nounenHoe 447, 517

Jnuna xpuBoit 169, 171

- - BBIpa)XeHHE UHTEerpaiom 169

- - - mpousBoaHas 169

- - IPOCTPAHCTBEHHOU KpHBOi1 185

e (4nucio), TpaHCIEHACHTHOCTh 146

EpmakoBa npusnak 285

XKusoii cusnel 3akoH 235

3aiimens 424

3HakonepeMeHHbIN psi 302

- - orieHka ocrarka 303

Wuepiiuy MOMEHT TUTOCKOH (UTypHI
241

- - Tena 241

WNurerpanbuas cymma 97

- - BEpXHsis, HIOKHAS 97

WNurerpanbublii Kocunyc 83, 566, 639,
652

- morapudm 83, 593, 650

- npu3Hak Maknopena—Komm 282

- cunyc 83, 566, 639, 652, 709

NHTerpaisl, He BhIpa)karomuecs B
KoHeuHOM BHe 36, 52, 83, 86, 92,
459

WuTerpupoBanne OUHOMHUAIBHBIX
muddepernmanos 51

- B KOHEYHOM BHe 36

- UHTErpaJ 1o napaMeTpy
(MHTErpypOBaHUE MO 3HAKOM
uHTerpana) 663, 669, 714, 749

- o vactsaMm 31, 130, 602

- IOJICTAHOBKOM (IyTeM 3aMEHBI
nepeMmeHHoil) 23, 135, 143, 602

- mpaBuia 18

- IPOCTHIX Apobeii 37

- panuKanbHbBIX BeIpaxenuit 50, 51, 56,
66, 529

- palMOHAJBHBIX BhIpaXXKEHUH 43

- pana nowienHoe 447, 668, 697, 710

- TPUTOHOMETPUYECKUX U
MOKa3aTeJIbHbIX BbIPAKEHUU 74,
83,529

Nurerpupyemas ¢pynkuums 97

- - knaccsl 101

- - cBoricTBa 103

- - ¢ kBaaparom 590

HNuterpupyeMocTs npenenbHon
byukuun 437, 659



WuTepnonupoBanue napaboandeckoe
156

Kanroposuu 642

Kapauonna 178, 185, 200, 218

Karamana nocrostunas 168, 460, 734

KBagparypa 16

Ksanpupyemas ¢urypa 187

KBagpupyemoctu ycnosue 187, 189,
191

KBazu-paBHOMEepHas cxoauMocTh 433

Kennepa ypasuenue 509

Knomnm 311

Kommnekcnas Bapuanra 511

- mepeMeHHasi, QyHKIus oT Hee 513,
519, 520, 522, 526

- ruiockocThb 509

Kommnexcnoe uncio 508

- - aprymeHnT 510

- - BeulecTBeHHast yacTh 508

- - nefictBuga 508

- - MHUMas 4actb 508

- - MoxyJib 508

- - TpUroHOMeTpudeckas ¢popma 510

Konyc kpyrosoii 208, 239, 240, 241

Kopensb u3 kommiekcHoro uncina 511

KopHu 13 BelecTBEeHHBIX YHUCEl,
BbluncieHue 383

Kocunyc, ananutuueckoe onpeneneHue
477

- OeckoHeuHOe TpousBeaeHue 377

- B KOMILIEKCHOH oOsactu 523

- runiepOonuYecKuii, 0eCKOHEUHOE
npousseneHue 378

- - CTENEeHHOM psia 367

- crenieHHoM psig 367, 523

- - - s morapugma 497

Koranrenc, Anamapa treopema 300

- TUNepOOINYECKUH, pa3okKeHne Ha
npocTeie aApodu 473

- pasnoKeHue Ha MPocThie apodu 472

- crenieHHOM psin 484, 496, 524

Komm 290, 502, 591

- ['énpepa HEPABEHCTBO IS
uHTerpanoB 151

- - - - psagoB 293

- Maknopena npuzHak 282

- npusHaku 270, 290, 561, 584

- reopema 321, 326

- popmymna 321

Kpatnsiii psa 350

Ky6upyemoe teno 202

Kymmepa npeobpazoBanue psaoB 388

- mpu3Hak 277

Jlareppa (YebbIiteBa) MHOTOWIEHBI 604

Jlarpamxa psig 504

JlambepTa psig 311, 341

Jlangay 310

Jlannena npeobpazoBanue 143

Jlanmac 508, 701, 721, 729

Jlexannap 92, 677, 703, 750, 753, 794

Jlexxanapa muorounenst 138, 148, 491,
508, 530, 671

- popmyma 760, 774

- pynkunu K (k), E (k) 142, 166, 177,
214, 224, 252, 352, 465, 675, 734,
768

--K(k, 9), E(k, ¢) 93,116, 177

Jlei6bnun 15, 95, 395

Jleiibnnua u Hetorona Teopema 15

- mpaBuJIo 661

- reopema 302, 308

Jlemuauckara 178, 200, 219

JInyBuiis 92

Jlo6auesckuii 614

Jlo6GaueBckoro Gopmymsr 634, 672

Jlorapudm xomruiekcHoro yrcia 520

Jlorapudmuueckas criupaib 176, 184,
185

- (pyHKIIMA B KOMIUTIEKCHOM 001actu 520

- - creneHHOM psan 368, 453, 457, 484,
503, 522

Jlorapudmel, Beraucienue 381

MaxopaHTHbII HHTErpan 685

- psin 427

MaxopaHTHBIX psiA0B MeTox 502

Maxknopena—Komm npusHak 281

MapxkoBa npeobpazoBanue psiioB 392

MasTHuk MmaTemaTuaeckui 250



Meprenca Teopema 328

Mexanunueckas pabota 233

MunkoBckoro HepaBeHCTB 293, 590

MHoro3HayHble (QyHKIIUH KOMIUIEKCHON
nepemenHoit 513, 521, 524, 525,
526

MHuoxutens cxonuMocTtu 718, 722

Moaspa dhopmymna 374

Monynb koMIiekcHoro uncia 509

- Iepexo/ia OT HaTypaJIbHbIX
norapu@MoB K IECATUIHBIM 382

- 3JUTMOTUYECKOTO MHTEerpaia 93

MOMEHT HHEPLIUH TUIOCKON (QHUTYypHI,
Tena 241

Mbumnaa hopmyna 380

Hanpagnenue B npomexytke 108

HarypansHoe ypaBHeHue kpusoii 180

- - 3BOJIIOTHI 185

HatypanpHslit morapupm
KOMILIEKCHOTro uncina 520

HavanbHoe 3HaueHue BeanurHbl 14

Hauanbhubie ycnoBus 14, 244

HeabcomoTHO cxoasmeecs
npousBenieHue 356

- cxopsmmiicss maTEerpan 563, 565, 569,
586

- - psn 296, 304, 336, 516

Heonpenenennsiii unterpan 11

- - TEOMETPUUYECKOE HCTONKOBaHue 14

- - cBoMicTBa 13

- - cyniecTBoBanue 116

- - Tabyuua 17

HeomnpenenenHpix K03 GUIIEHTOB
Mmeton 42,45, 67,91, 470, 488,
492

HemnpepoiBHas ¢pynkims 6e3
pou3BoHOM 479

HenpepsiBHOCTH HHTETpasa 1o
napametpy 660, 675, 678, 710

- npeaensHOM Pynkumu 420, 657

- cyMMbl psg 430

- - cTeneHHoro psaa 444, 446

- YHKIIMM KOMITJIEKCHOM NepeMeHHON
513

HepasenctBa mis unrerpanon 151

- s psaoB 293

HepaBHoMepHast cX0IUMOCTh
uHTerpana 683, 689

- - IOCJIEIOBATENBLHOCTH, psna 429, 446

HepaBnomepHnocTu Touku 425, 444

HecoOcTBeHHbIM HHTErpai OT
HeorpaHuyeHHou GyHkuuu 577,
578

- - ¢ 6beckoHeUHBIM TpenenoM 552, 580

- - CXOJIAIIUNACS, pacXoasuuics 552,
578

- - - QHAJIOTHS U CBA3B C psiaMu 558,
586, 713

- - - IpU3HAKH cXoAUMOCTH 561, 564,
584

- - - cBoricTBa 597

- - - YCIIOBHUSA CcylIecTBOBaHuA 562, 585

Hedernast pyHkIus, naTETpas mo
CUMMETPUYHOMY MPOMEXKYTKY
138

HesiBubie Qpynkimu 474, 498

HzroTon 15, 248, 372

Herorona—JleiiOnuna teopema 15

- - popmyna 124

Oo6BeproiBatomumii psa 534, 544, 550,
651, 792

OOpatHble TPUTOHOMETPUYECKHE
byHKIIH

- ApKcuHyC 1 ApKTaHT€HC

O6pamenue crenennoro psga 502, 506

O6beM Tena 202

- - agmuTuBHOCTEL 203

- - BHYTpEHHUH, BHeHU 202

- - Bpaiuenus 207

- - BeIpakeHue uHrerpaiom 205

- - Kak npexaen 203

- - 110 TonepeyHbIM ceuenusim 206, 207

- - ycrnosue cymectBoBanus 203, 204

OmnpeneneHHbIN HHTETPa B
coOCTBEHHOM cMbIciie 96

- - BBIYMCIICHHE C IOMOIIIBIO
UHTETpaJIbHbIX cymM 120

————— nepBoobpazHoit 124



- - cBoicTBa 108

- - cXeMa IpuMeHeHus 225

- - ycnosus cymectBoBanus 100, 105,
107

OpueHTupoBaHHbIi npomexxyTok 108,
598

OcHoBHast TOCJIE0BATENBHOCTD
pa3bueHwuit mpomexxyTka 96

- Teopema anreopsr 680

- (hopmyIia UHTErpaNbHOTO UCUYUCICHUS
123,127, 128, 554, 582

Ocobast Touka ¢pynkuuu 577, 580, 581

OcoOeHHOCTH BbIIETIEHUS PU
BBIYMCIICHUH UHTETpasoB 642,
646

Ocratok psaa 260

Ocrarounoe npousBeneHue 353

OcTporpazckoro MeTo 1 BbIIEICHUS
paloHaIbHON YacTU MHTETpaa
43

- popmyna 45

Ocsb BemecTBeHHast 509

- mEMMast 509

Ouenka ocratka psana 283, 303, 378

[Tapaboma 16, 174, 197, 232, 233

[Tapametp 654

[lepBooOpasuas ¢pynkmwst 11

- - BOCCTAaHOBJIEHUE C TOMOILBIO
oInpezesIeHHOro uurerpaia 129,
583

IlepemecTuTenbHOE CBOMCTBO
a0COJIIOTHO CXOJAIIErocs
npousBeneHus 356

----pana3ls5, 332,513

[lepecranoBka aBYX MpeneabHbIX
nepexoqoB 442, 443, 658

[lepnoauueckast pyHKIMS, UHTErpal 10O
nepuony 138

T(9HCI0), TPUOIMKEHHOE BEIYHCIICHHE
379

[Imomans KpUBOJIMHEWHON TPANELIUU
192

- - - KaK nepBooOpasnas 16

- - - - TIpenen cyMMbl 94

- Tuiockou urypst 187

- - - aJIUTUBHOCTD 188

- - - BHYTpEHHsIsI, BHELIH:s 187

- - - BBIpa)K€HUE UHTErpaiom 192

- - - Kak npenen 188

- - - ycioBus cyuiectBoBanus 187, 189,
191

- IOBEPXHOCTH BpaieHus 214

- MWIMHIPUYECKON ToBepXHOCTH 220

[ToBTOpHSI psg 330

[MoneiaTerpansHas yHkous 12

[logpiHTErpasibHOE BBIpAKEHHE 12

[ToncranoBka (3amMeHa epeMeHHOM) 23,
134, 143, 604

- AGens 69

- runepOonuyeckas 29

- npobHo-nuHeHas 70, 87

- pana B psag 485

- TpPUroHoMeTpuueckas 29

- Dinepa 57, 59

[Noka3zarenpHast QyHKIHS B
KOMILIEKCHOU obusactu 517

- - CBSI3b C TPUTOHOMETPUUYECKUMU
bynkusamu 519, 523

- - cTeneHHou psig 367, 452, 454, 468,

518

[TocrienoBaTeTbHBIX MPUOITIIKEHUI
meton 474

[Tounennoe audhepeHnupoBaHmue psaa
438, 517

- uHTeTpUpoBanue psna 436, 669, 697,
710

- ymHOXKeHue psgoB 321, 328, 333, 407,
456, 513

[Tounennslit mepexon k npeaeny 434,
515

[IpaBunbHas 1poOb, pa3aoKeHUE HA
npocteie 21, 39

[Ipenen unTerpana no napamerpy
(TpeneNnbHBINA nepexoa Mo
3HaKOM uHTerpana) 442, 659, 668,
694, 696, 745, 748

- (YHKIMM KOMITJIEKCHOM NepeMeHHON
514



[Ipenensl nHTErpaia HUKHUN U
BepxHUH 97

[IpenenvHas ¢pyHKIUS,
muddepernupyemocts 443

- - UHTErpuUpyemocThb 443, 657

- - HETIPEPBIBHOCTH 657

[IpenenbHblil mEpexon B psae
nmowieHHbIN 434, 515

- - 1IOJ] 3HaKOM HMHTerpana 443, 659,
668, 694, 696, 745, 748

[IpeobpazoBanue psnoB mo Kymmepy
388

- - - Mapxkosy 392

- - - Ditepy 384

[IpubnmxeHHoe BbIYUCIECHNE
WHTETPaJIOB HECOOCTBEHHBIX 641,
647, 650

- - - cOOCTBEHHBIX 153, 646

[TpubnmxeHHbIE BEIYUCICHUS C
nomotubto psipos 378, 388, 390,
459, 460, 466, 650

[TpuBenenus hpopmMybl s
OnHOMHaNBHBIX AU depeHnnanon
54

- - - HIHTETPaJIoOB OT sin”\nux cos™\mu x
78

- - - OIpeJieNeHHbIX nHTerpanos 130

[Tpoussenenue 6eckoneynoe 351

- - abcoroTHO cxofsieecs 356

- - IPU3HAKU CXOJAUMOCTH U
pacxoaumocTu 354

- - pacxogsmeecs 351

- - cxopsmeecs 351

- octaro4yHoe 353

- yactuuHoe 351

[TpousBogHas GYHKIIUN KOMILTIEKCHOMN
nepemMeHHon 515

[TpousBoasmias GyHKIMS ISt
OecceneBbIxX QyHKITUH 345

- - - MHOTOwIeHOB Jlexanapa 492, 508

[Ipocteie npobu 37

- - UHTEerpUpoBanue 37

- - pa3noXKeHHe MpaBMWIbHON podu 21,
39, 42

- - paznokeHue PyHKIUH ctg X, cth x, tg
X, X, X, X, 1/sin”2, 1/sh, 1/sin, 472,
473

[IpsmoyroasHUKOB opmyna 154

- - TOTIOJTHUTEIBHBIN usieH 159

[ceBnosnnunTHUECKUE UHTETpaibl 86

[Tyaccon 122, 140, 612

ITyaccona—Ao6ens meTon
0000IIEHHOTO CYyMMHUPOBaHUS
psnoB 396

ITyaccona ¢opmyma 256

PaaGe unrerpan 759

- mpu3Hak 273, 278

PaBHOMEpHAs CXOAMMOCTh UHTETrpasa
682, 687, 688

- - - mpu3Haku 684, 688

- - - CBsI3b C psanamu 684, 688

- - - ycioBue 684, 687

- - psina, mocnenaoBaTenbHOCTH 419, 422,
424,515

- - - npu3Haku AbGens 429

- - - - Beltepmurpacca 427

- - - - lupuxine 429

- - - ycioBue 425

- - cTerneHHoro psga 444, 446

PaBHOMEpHOE cTpemiieHHE K
npenenbHON QyHKIUU 654

PaspsiBHBIN MHOXUTEND Jupuxiie 633,
640, 736, 741

Pacxopsuuecs 6eckoHeuHbIe
npousBeneHus 351

Pacxopsmumiics unaterpan 552, 578

- - 00001eHHOE 3HaYeHue 595

- pan 258, 333

Pacxoasmuxcs psiioB CyMMHpPOBaHHE,
cM. CyMMHUpOBaHUE PSJIOB
00001IeHHOE

Paronanuzanus noAbIHTErpatbHOTO
BeIpakenus 50, 51, 57, 74, 85

PanmonanbHas GyHKIMS, HHTErpa
MEX1y 0€CKOHEUHBIMU
npeaenamu 623

- YaCTh UHTETpaja, BblaeseHue 44

Perynspuslit MeToa cymmupoBanust 395



Pemienue ypaBaenuit psgamu 498

Puman 97, 264

Pumana Teopema 317

PumanoBa (uHTerpanpHas) cymma 97

Psn (6eckoneunsrit) 257, 512

- rapMmoHu4eckuit 263, 267, 270, 289

- runiepreomerpuyeckuii 280, 297, 359,
470, 769

- IBOMHOI 333, 513

- 3HaKornepeMeHHbIN 302

- KpatHsIit 350

- nerioHuIeBckoro tuma 303

- MOBTOpHBIH 330

- pacxopsmuiics 258, 292, 333

- cxonsammiicsa 258, 292, 333, 512

- - abcomroTHO 296, 336, 513

- - HeabcomoTHO 296, 317, 336, 516

- ocTaTok 260

- cymma 258, 333, 512

- YCIIOBUE CXOIUMOCTH 294

- YaCTUYHAS CyMMa CTEIICHHOM, Psij,
TaKxke, cM, 257, 333, 512

Carnorosa npusHak 291

Cumncona gopmyna 159

- - JIOTIOJTHUTEIIbHBINA ujieH 162

CuHyc, aHaTUTHYECKOE OIpe/ieTICHHE
477

- OeckoHevHOe Tpou3BeaeHue 376

- B KOMIUIEKCHOM obOmacTtu 523

- runiepOoNuYecKuit, 0eCKOHEUHOE
npousseneHue 378

- - pa3noxeHne 0OpaTHON BEIHMUMHBI HA
npocTsie aApodu 473

- - CTENEeHHOH psia 367

- pazyoxeHue oOpaTHOM BETMYUHBI HA
pocTeie apodu 472

- crenieHHOM psin 367, 454, 522

- - - s log sin x/x 497

CouerarenbHoe cBOMCTBO psina 313,
332

Cnpsmisiemast kpubast 169

CpaBHeHUS TEOpPEMBI IS
HECOOCTBEHHBIX UHTETPaAJIOB 560

- - - psoB 264

Cpennee 3Hauenue, Teopema 113

- - - BTopas 117, 600

- - - 0000menHas 114, 600

- - - - cBs13b ¢ (hopmyroii Jlarpamxka 124

Cratudeckuii MOMEHT KpuBOH 228

- - TwIockoi gurypsr 231

- - IOBEPXHOCTH BpaieHus 240

- - Tena 239

- - UWJTMHApUYECKOU moBepxHocTu 240

CrenenHas ¢pyHKIMs, TTIaBHOE
3HaueHue 526

Crenennoii psg 298, 364, 515

- - nevictBus 481, 485, 518

- - nenenune 492, 518

- - nu¢pdepenupoBanue 447, 449

- - €IUHCTBEHHOCTE 445

- - uHTEerpUpoBaHue 447

- - Kpyr cxoaumoctu 515

- - HenpepbIBHOCTH 444, 446

- - oOpamenue 502, 506, 518

- - IPOMEXYTOK cXoAuMocTH 299, 516

- - pagnyc cxoaumoctu 300, 515

- - C IByMs IlepeMEeHHbIMU 346

- - C HECKOJIbKMMU niepeMeHHbIMH 350

Crunbtbec 651

Crupnunr 360

Crupnunra psg 550, 792

- popmynsr 369, 550, 793

Croxe 424

Cymma psna 257, 333, 512

CymmupoBaHue psiioB 0000LIEHHOE
395

- - - merox bopens 411

- - - - Boponoro 408

----Tenpuepa4ll

- - - - [Tyaccona—Aob6ens 396

- - - - Yezapo 401, 409

- ---Diinepa 416

Cdepa (momycdepa) 241

CxoauMocTy nmorpaHuyHas adcrucca
309

- npunuun 308, 512

CxomMoCTh GECKOHEUHOTO
MIPOU3BEICHNUS, TPU3HAKHU 354



- - psana, npusHaku: Abens 307,
beprpana 279, I'aycca 279,
Jamam6epa 271, 288, 296, 513,
Hupuxne 307, EpmakoBa 285,
Ko 270, Komn—Maxkopena
282, Kymmepa 277, JleiiOnuna
302, 308, Paabe 273, 278,
CamoroBa 291

- - - ycioBue 293

- HECOOCTBEHHOTO MHTETpaa,
npusHaku 561, 563, 584

- - - ycioBue 560, 584

Cxopsiieecss 06CKOHEUHOE
npousBeneHue 351

Cxonsmuiicst 0eCKOHEUHBIH psi 258,
292

- HECOOCTBEHHBIN UHTErpan 552, 578

TaHreHc B KOMILIEKCHOU oOnacTu 523

- pa3yioXKeHue Ha POCThIe Apodu 472

- crenieHHoOM psan 493, 497, 524

Taybepa Teopema 398, 405

Telinopa psna 364, 449, 450

- popmyna 364

- - IOTIOJIHUTEIbHEIN wieH 146, 366

Tennuma Teopema 325

Tox1ecTBO CTENEHHBIX PAAOB 445

Top 230, 233

Topuuennu 242

Tpaxrpuca 179, 248

Tpanenuit popmyna 155

- - JOTIOJIHUTEILHBIN wieH 161

Tpuronometrpuueckas popma
KOMIUIEKCHOTO ymcia 510

TpuronomeTpuyeckue NoJCTaHOBKH 29

- QyHKIMH, aHATUTUYECKOE
onpenenenue 477

- - B KOMIUIEKCHOM 00jacTu 522, cM.,
taxxe, Cunyc, u, T.1.

- - CBA3b C TUNEPOOINYECKUMU
bynkiusamu 1960, 523

- - - - IOKa3aTeNbHON QyHKImei 519,
523

VYnutka 177, 199

Ymuoxenue psagoB 321, 328, 333, 407,
456,513

VYHukypcanpHas KpuBas 85

®penens 721, 729

®pobennyc 401

- reopema 403

@pynnanu uHTerpansl 621, 635, 636,
638, 639

Xapau 576, 740

Xapau—-IJlangay teopema 403

HenTp TsixecTu kpuBoit 229

- - TWIOCKO# Gurypst 232

- - IOBEPXHOCTH BpaieHus 240

- - Tena 239

- - UWJTMHApUYECKOU nmoBepxHocTu 240

Lennas nuaus 174, 184, 195, 209, 217

Huknounna 175, 184, 185, 199, 209, 218,
230, 233

Hunuuapuaeckuit orpesok 210, 222,
240

Yactuunas cymma 257, 333, 512

YeOsbimes 52

YeObiuésa—Ilareppa Muorousiensl 604

YertHast QyHKLUSA, UHTETPAT 110
CUMMETPUYHOMY IPOMEXKYTKY
138

[Taposoii mosic 217

[némunex 373

[reitnep 339

[ronsua Teopema 326

OBonbBeHTa Kpyra 175, 183, 185

- nenHou Juaud 189

DBoIOTa, HaTypajibHOE ypaBHEeHue 185

Ounep 57, 255, 263, 358, 361, 362, 363,
376,377,395, 611, 699, 717, 756,
758, 764, 778

Ditnepa MeTo1 0000IIIEHHOTO
CyMMUpOBaHUs psaoB 412

- npeoOpa3oBaHue psaoB 384

- psin 462, 490, 496, 671

- popmynst 519, 527

Oinepa—Iaycca gpopmyna 361, 754,
775



Ditnepa—Maxopena dpopmyia 540,
547

- - - IONOJIHUTENbHEIN wieH 540, 548

Olinepa—Makiopena psan 543, 549

- - - IpUOJIMKEHHbIE BBIUUCIIEHUS 546

Oiineposa nocrosiHHas 270, 285, 319,
353,772,775, 776, 782, 793

DInepoBbl HHTErPaIbl IEPBOTO U
BTOporo poxaa 750, 753

- MMOJICTaHOBKH 57, 59

Onnmunc 176, 195, 198, 199, 201, 202,
229,233

Ommncoung 209, 211, 212, 219

DIUIMNTHYECKUE UHTETPAIIBl 86

- - B popme Jlexxzuapa 93, 111

- - l-ro—3-ro poga 90

- - monHkle 143, 166, 177, 179, 214,
224,252,352, 465, 675, 734, 768

Onnuntudeckuil cunyc 252

Onunukiaonna 185
Opmut 146



FJIABA BOCBMAA

IIEPBOOBPA3HAS ®YHKLUS
(HEOIIPEJEJEHHBIVI NTHTEI'PAJI)

§ 1. Heompenenenunlii HHTErpajg H OpocTeifmue
IOPHEMBI €r0 BLITHCJICHAS

263. Tlonarue nepBoodpasHoil Gpynknan (H HeompeJe/IecHHOT0 MHTErpaJia).
Bo MHOTHX BOIpOCax HayKH U TEXHHKU IPUXOAXTCH HE IO 3aJaHHOH (yHK-
MM HCKATh €€ IPOM3BOIHYIO, 2 HA00OPOT — BOCCTaHABIMBATL (PYHKHIHUIO
10 H3BeCTHOIH ee mpom3Boauoil. B 91, mpenmosiaras U3BeCTHHIM ypaBHEHHE
IBHXKEHHA §=5(f), T. €. 3aKOH M3MEHEHHS NMYTH C TEUYEHHEM BPEMEHM, MEI

ds
nyTeM JlH(b(bCpCHIIHpOBaHPDI HalIM CHadaJjia CKOpPOCTh ’l)=—t , 4 3aTeM
v
M YCKOPEHHE @=— . Ha pene, ogHako, 4acTo IPUXOOMUTCA peluaTh obpar-

HYIO 3a7ady: YCKOpeHHE a 3aJaHO B JYHKIHH OT Bpe-
MeHH f:a=a(t), TpebyeTcsa onpeneuTh CKOPOCTh U H
OpoOWIOEeHHBH NYyTh § B 3aBUCHAMOCTH oT ¢. Takum ob6pa-
30M, 371eCh OKa3bIBACTCH HYXKHBIM IO QYHKOWH @ =a(f) BOCCTAHOBHTH TY
¢ynxuuio v=o(f), LIg KOTOPOi a SABJISETCS TMPOU3BOAHOM, a 3aTeM, 3Has
dynximro v, HaUTH Ty QyHKUMIO §=s(f), A1 KOTOPOil HMpoU3BoOHOH Oy-
IeT v.

Hamum cienmyroliee onmpeaeie HHeE:

Dynxyua F(x) 6 0anHom npomexcymke HA3bI6Aemcsi nepeoobpa3-
Holi fyuryueti daa dyuxyuu f(x) uru unmezpasom om f(x), ecau
80 6cem 3mom npomedxcymre f(Xx) Aeasemcsa npou3eoonoti 048 @yHKyuu
F(x) uau, umo mo xce, f(x)dx cayocum oasn F(x) ougpdpepenyuasom

F'(x)=f(x) wma dRx)= f(x)dx*.

Paspickanue s GyHKUUYM BceX ee nepBooOpa3HbiX, Ha3bIBAEMOE HH-
TErPUPOBAHMEM €€, U COCTaBJSCT ONHY M3 3alay UHMEZPAAbHO20 UCHUCAe-
HUA; KaK BHOMM, 3Ta 3a/1a4a sBJIseTcd oO6paTHOH OCHOBHOM 3amade (-
¢$epeHnuaNbHOTO MCYHMCHACHHUA.

* B 5ToM cilyJae roBODAT Takxke, uTo ¢ymxims F(x) senserca mepBoobpasmoi
(wnu mHTErpasioM) mia auddepeHEaNLEOTO BoipaxeHus f(x) dx.
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Teopema. Ecau 6 nexomoposm (Koweunom uau GecKOHEYHOM, 3aMKHY-
mom uau nem) npomexcymxe X @ymxyus F(x) ecmv nepsoobpasmnas as
gyuryuu f(x), mo u Ppynxyus FH(x)+C, 20e C — mobas nocmosnnas, max-
oce byoem nepeoobpasnoii. ObpamHo, Kk axuc da s GyHKyus, nepeoobpas-
nan 041 f(x) 6 npomexcymie X, moxcem bbimp npedcmae.aena 8 smoii gop me.

HoxaszatennscTBo. To obcrosarenscTBo, 4TO, Hapsamy ¢ F(x),
H F(x)+C sBmgeTcs nepBooOpasHoit mis f(x), BmOSHE OYEBHUOHO, HOO
[F(x) +CY = F'(x) = f (%).

ITycte Teneps D(x) Oymet n¥o0 6 a s mepBoobpasmas musa f(x) bynk-
|, TaK 49TO B NpoMexyTke 1

D'(x) =S (x).

Tak kak ¢yuxmmm F(x) 1 O(x) B pacCMaTPUBAEMOM IIPOMEIKYTKE HMEIOT
OJIHY ¥ Ty e IIPOM3BOLHYIO, TO OHH Pa3HATCI HA mocTosHHYIO [131, cien-
cTBuel:

D(x)=F(x)+C,

910 ¥ TpeOoBaNIOCH MOKA3aTh.

W3 Teopemsr ciiefiyeT, YTO JOCTATOYHO HAHTH I JaHHOH (QyHKIUH
f(x) Toneko ommy mepBooOpashylo GyHKmUIO F(X), 4TOOBI 3HATH BCeE
rnepBooOpasHpie, TaKk KaK OHH OTJIMYAIOTCA APYT OT IPYra HOCTOSHHBIMU
cIIaraeMbIMH.

B cuny atoro ewipascenue F(x)+C, 20e C — npou3goavbHaAs ROCMoAH-
Has, npedcmasanem coboii 06w uii euod @GyHkyuu, xomopas umeem
npou3seoonyro f(x) uau ougdepenyuan f(x)dx. ITo BHIpaAXKEHAE HA3LIBAECTCA
HEONpEAEJAECHHHNM HHTEerpainom f(x) u obo3nauaercs CHM-
BOJIOM

| 6 ax,

B KOTOPOM HESIBHBIM 00pa3oM yxke 3aKIIIOUeHa IPOU3BOJIbHAS TOCTOSHHAS.
Ilpoussenenne f(x)dx Ha3pBaeTCsI MOTHHTETPAaIbHBM BEDa-
xeHueM, a (ysknua f(x) — NDoAUHTEIpalAbHO#K GYyHEK-
nue i

IIpumep. Ilycts f(x)=x% Torma, Kak HETPyJHO BHAETH, HEOUpE-
JeeRHbIH HATErpaj 370l ¢QyHKImMH Oyner

x3
fodx=§+C.

OTo JETKO IPOBEPUTh OOpaTHRIM neiicTBHeM — muddepeHIEpoBaHUEM.
Ob6pamaeM BHHMAaHHE YMTATENA HA TO, 9TO IOJ 3HAKOM <MHTETPAJay

fnm.uy'r Aubdbepennmuan uckoMoll mepBoobpazHoit GyHKUuH, a He

OpOH3BOXHYIO (B HameMm mpmMmepe: x2dx, a He x?). Tako#t cmoco6
3aIKCH, Kak OyneT BBIACHEHO HWXe [294), CO3Mascs HCTOPUYECKH; K TOMY
K€ OH IPEJOCTAaBIAET PsJ NPEHMYINECTB, U €r0 COXpaHeHHe BIOJHE Ie-
necoobpasHo.
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s OIIPCACICHUA HCOIPCACICHHOIO HHTErpajyia HEIIOCPECIACTBCHHO BBLI-
TEKAT CICOYIOIIHE CBO¥CTBA:

1. df f(x) dx= f(x) dx,

T. €. 3naKu d uJ, K020a nepeslii nomMeujer neped 8MOPsIM, G3AUMHO COKpA-
waomcs.

2. Tax xak F(x) ects mepooOpasuas ¢yuxmus s F'(x), To mmeem
|F®ax=F91c,

9TO MOXKET OBITH IEPECIHUCAHO Tak:

| arx =R +c.
OTcroaa BUOHM, YTO 3HAKU d u.[, cmoswue neped F(x), coxpawaromes

u mozda, ko20a d cmoum nocxte.[, Ho moavko K F(x) HydxcHo npubasumo

NPOU3BOALHYIO NOCMOAHHYIO,
Bo3Bpamasiachk kK TOH MexaHHYECKOH 3amave, KOTOPYIO Mbl IIOCTaBHIIA
BHAvaJjle, Mbl MOXEM Telepb HAIUCATh, YTO

v=[a)dt

s= w0y a.

IIpenmonoXuM 11 ONpeNeNeHHOCTH, YTO MBI HMEEM JIeJ0 C PABHOYCKO-
PCHHBIM IBHKEHHCM, HANpHMEp II0A HeWCTBHEM CHUIBL TSDKECTH; TOTIA
a=g (eclH HAIpaBJICHHE 110 BEPTHKAJNH BHHM3 CYATATH IIOJIOKHTEIHHBIM)
U — KaK HETPYHHO COOOpa3UTh —

v=[gdi=gt+C.

Mul moayudiM BBIpaXKEHHE HJIA CKOPOCTH v, B KOTOpOe€, KpoMe Bpe-
MEHH !, BXOJHUT elle M Ipou3BoabHaA mocrosnHas C. IIpu pa3nuyHBIX
3paveHUuAX C MBI §yneM HONIy4aTh U PasjIAIHBIC 3HAYCHHSA JUIS CKOPOCTH
B OIMH M TOT € MOMEHT BPEMEHH; CJICIOBATEJIbHO, NMEIOIIUXCA y Hac
JaHHBIX HEJOCTaTOYHO JJIA MOJHOTO pelneHus 3amadd. UTo6Bl MOIyYHTH
BIOJIEE ONPENEJICHHOE pellleHHe 3anaqd, JOCTATOYHO 3HATh BEJIMYHHY
CKOPOCTH B OJHH KaKkoi-HmOyI» MOMeHT BpeMenu. Hanpumep, mycTs HaM
H3BECTHO, YTO B MOMEHT ! =1I, CKOPOCTBb ¥ =¥, IOICTAaBHM 3TH 3HAYCHUI
B IOJYYCHHOE BBIDAXEHUE I CKOPOCTH

Vo =gty +C,
OTKyna
C=v,—-gt,,
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H TENECPh HALIE PEIUICHUC ITPHHHMACT YXKE€ BIIOJIHE OHpCJICHCHHLIﬁ BUI
v=g(t—1,) +v,.

Haiinem, manee, BbIpaxkeHue Hus NyTH s. MMeeM

s= [ lg(t~10) + v dr=1 gt~ 1P+t - tg)+ €’

(mudpepeHUNPOBAHIEM JIETKO TIPOBCPHTH, 4TO IEpBOOOpa3Has (yukius
MOXeT OBITH B3iTa B Takoii (opme). HenspecTHyro HaM HOBYIO ITOCTOSH-
Hyro C’ MOXHO ONpENENNTE, €CIIH, HAIPHUMED, IaHO, YTO MYTh S =5, B MO~
MENT &=1Iy; Haiigd, yTo C'=y5,, NEepEeNHILeM pEUIEHHE B OKOHYATEIbHOM
BUTIE :

1
s=>58(t— 1)+ v(t = tg) -+ 5.

3HavYeHud £y, S, ¥y YCJIOBHO HA3BIBAIOTCA HAYaJIbHBIMHU 3HATE-
HUSMH BEIHYHH [, S U 0.
Mgz 3nHaeM, yTo npousBomHas (yHkunu y= F(x) maer yrioBoit ko3}-
(GuIMEHT KacaTeNbHOM K CoOTBeTCTBYIoiueMy rpadmky. ITosToMy 3amauy
Y, pa3BbICKaHUsA TepBooOpasHoi
A F(x) nns 3amanuHoit GyBKIHH
L = f(x) MOXHO MCTOJIKOBATH TaK:
mpeGyemca Haiimu Kpugyo y =
=F(x), 048 Komopoii umen
Ovl  Mecmo 3adanHblil  30KOH
UBMEHEHUA V2106020 KO3PHu-
yuesma KacameabHou.

7t tg o = f(x).

Puc. 1. Eciu y=F(x) ectp onmma

H3 TaKuX KpPHMBBIX, TO BCE OC-

TaJIbHble MOTYT OBITH HOJYYEHB! H3 Hee HPOCTHIM COBHI'OM (Ha IIPOM3BOIIb-

HBI 0Tpe3ok C) mapayiensHo ocH y (puc. 1). [ns Toro, 4YTo0B HEIUBH-

IyaJid3upOBaTh KPUBYIO B 3TOM MHOXECTBE KPHBBIX, TOCTATOYHO, HANPH-

Mep, 3a1aTh TOYKY (X,, Vo), Yepe3 KOTOPYIO KPHBAs IOJDKHA APOUTH; H a-
HalbHOE ycnoBHue y,=Fxy)+C nmact C=y,— F(x,).

264. Mnterpan u 3aga4a 00 OnpeesieHAH MJIOMAIH, T"opazno BaxHuee
HCTOJIKOBAHHE IEPBOOOPa3HONH (GYHKIMM KaK IUTOWIag¥ KPHBOJMHEHHOM
¢urypel. Tak Kak HCTOpMYECKH TOHATHE NMEpBOOOpa3HO# (yHKIMH ObLIO
TeCHEHIIMM 06pa3oM CBs3aHO ¢ 3amadell 06 ONpENENICHAN IUIOIAJH, TO
MBI OCTAHOBHMCS HA 3ToH 3ajave yXe 37ech (I0JIb3YsACh WHTYHTUBHBIM
Ipe/ICTaBJICHHEM O TJIOMIATYM IUIOCKOH (Hryphl W OTKJIAIBBas TOYHYIO
IIOCTAHOBKY 3TOro BOIpoca Mo riasel X).

Itycts mana B mpomexyTke [a, b} HenpepbiBHas GyHKIMA y = f(X), mpu-
HUMAFOLIAs JIMIUb TMOJIOXKHMTETbHbIE (HEOTpHUATENbHbIE) 3HAauYeHWsA. Pac-
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cMoTpuM urypy ABCD (puc. 2), orpaHHYEHHYIO KpUBOH y = f(x), IByMst
OpOMHATAMH X=a U X=Db 1 oTpe3koM ocH x; mojlobHyto durypy 6ymem
Ha3bpBATh KpHUBONHHEHHON Tpameuuei XKemas ompenenuThb
BeJIMYMHY TUIOWAMU P 3TOi (UrypH, MBI M3YUAM IOBEJECHHE ILIONIAM
mepeMeHHOd urypet AMND, 3aKIIOYEHHOW MEXTy HavalbHOU Op-
JMHATOH X=a W OPJWHATON, OTBEYAFOLIEH NPOW3BOJNLHO BBIOPAHHOMY
B mpoMexyTke {[a, b] 3HaUeHHIO X.
IIpu U3MEHEHHUH X 3Ta MOCIEIHSASN
IJIOTAAb OyIeT COOTBETCTBEHHO H3- ¥
MEHSATBECS, MPUIEM KaXIOMY X OT-
BeYaeT BIIOJHE ONpEHCIIEHHOEe e€¢
3HAYEHHE, TAK YTO ILIOLIAb KPHUBO-
nueeriHON Tpaneuuu AMND sBd-
ercsi HeKoTopoil ¢Qyuxkmueir or X;
o00o3HaunM ee uepe3 P(x). 7

IlocraBuMm cebe cHauana 3ajaa-
yei Ha#WTWM MPOU3BOMHYIO Puc. 2.
3To# ¢ yuxknuu CIToi UeTBIO
MPHIAIMM X HEKOTOpOe (CKaXeM, OJOKUTENIbHOE) Mpupatienne Ax; rorma
mwiomans P(x) moxydur npupamenue AP.

O6o3uauumM uepes m ¥ M, COOTBETCTBEHHO, HAUMEHBIIIEE H HAHOOIb-
mwee 3Havenus QyHkuum f(x) B mpoMexyTke [x, x +Ax] [85] u cpaBmum
miomans AP ¢ mIoWAIaMH IPSMOYTOJLHUKOB, IIOCTPOSHHBIX HA OCHO-
BaHuM Ax M EMEIOIUX BBHICOTHI M M M. OueBHIHO,

mAx<AP <M Ax,
OTKyIa

m<j—f<M.

Ecmu Ax —~0, To, BCIENCTBUE HENPEPHIBHOCTH, M U M OYIyT CTpEeMHUTHCA
K f(x), a Torma u

, . AP
P'(x) =£1m0A—x = f(x).

TakuM o6pa3oM, MBI IPHXOIKM K 3aMevaTesibHoi TeopeMe (0OBMHO
Ha3blBaeMON meopemoii Hoiwmona u Jlelibnuya):™® npoussoonan
om nepemennoii naowaou P(x) no Koweunoii abcyucce X pasHa KOHeUHOi
opouname y = f(x).

WnpiMu  clioBaMH, nepemenHas naowadb P(x) npedcmasisem cob6oil
nepeoobpasnyw Gynkyurw 04adannoii pynkyuu y= f(x). B pany
Ipyrux NEpBOOOPA3HBIX 3Ta IepBOOOpa3Hass BEINEIAETCS IO TOMY IIpU-
3HaKy, 4To oHa obpamaercs B 0 mpu x=a. [ToaToMy, ecinM H3BECTHA

* B 1eliCTBHTENBHOCTH 3TO NPEJIOKEHHE — XOTs W B ApYrok ¢hopme — ony6imko-
Banm eme bappoy (Is. Barrow), yuntene HpoToHA.
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kakas-n1u06o0 mepeoobpaznas F(x) mnsa dymrkumn f(x), u mo TeopeMe
mpeapLAyIIEro n°
P(x)=Fx)+C,

TO HNOCTOAHHYIO C nerxo OnpECAcHiITh, MOJIOXHUB 3JCCh X =a

0-=Fa) +C, Tak 4to = — Fa).
OxonyaTesnbHO
P(x)=F(x) — Ha).

B vacraocTH, myis nosyuyenus Iviolmaad P Bceit KpuBoNMHeERHON Tpa-
merun ABCD HyXHO B3aTh X=Db:

P =F(b) - Fa).

B Buze mpuMmepa, HaiieM miomans P(x) GUrypbl, orpaBMuCHHON IT a-
pabono#l y=ax? opauHATOH, oTBeyarolleil JamHOH abciucce x, H OT-
pe3koM ocu x (puc. 3); Tak Kak napaboJjia mepecekaeT oCh X B Hayaje Koop-
IHHAT, TO Hauanbfoe 3nauenue x 3ueck 0. Hnsa dyukuun f(x)=ax? nerko

axa
¥y HalTH wepBooOpa3nylo: F(x)=—3 . Ora
dyaxuug kak pa3 u obpamaercst B 0 mpu
x=0, Tak 4To
P()=Fx) =5 =%
[cp. 32, 4)].

BBuoy Toil CBSI3H, KOTOpAs CYIIECTBYET
MEXKIY BBIYACICHAEM MHTErPAJOB M HAXO0X-
JeHHeM IUIOIIAZeil IUIOCKMX ¢(uryp, T. e.
KBaJpaTypoOil HX, CTaJO0 OOBIYHBIM H CaMO€
BBIYMCIICHAE HHTETPAIOB HA3BIBATH KB & JI-

b paTypoil.
Puc. 3. Jus pacpocTpaHeHHs. BCEIrO CKa3aHHOIO
Bblle Ha ciuyyail (QyHKIMH, NpUHAMAOIICH
K OTpMUATE/ILHbIE 3HAYEHHUS, IOCTATOYHO YCIOBHUTBCS CYMTaTh O T P M I a-
TEeNbHB MU IUIOLATH YacTell PUIypHI, PACIIONOXKEHHBIX I O JI OCBIO X.

Taxum o0pa3oM, kakoBa Obl HM ObDIa HEMpPEpHIBHAS B HPOMEXKYTKE
[a, b] Gymkumsa f(x), 4ATaTeN B BCEIIAa MOXET IPEACTAaBHThH cebe IepBo-
o6pasHyro ans Hee (QYHKOMIO B BHHE NEPEeMEHHOW IUTOIama QuIrypsl,
orpasdyeHHol rpadukoM AauHo# Gymkimu. OmHAKO CYMTATEL 3Ty TeoMe-
TPHYECKYIO MJIJIIOCT P al M0 M0Ka3aTelbCTBOM CYIECTBOBAHHS Iep-
BoOOpa3sHoli, pasyMeeTcsi, HEJIb3s, HOCKOJBKY caMo€ IOHATHE ILIOIIAaAU
ele He 00OCHOBAHO.

B cienyromeit riuase [305] Mbl cMOXeM ATk CTPOro€ M MPUTOM YHUCTO
aHAJIMTHYECKOE JOKA3aTENLCTBO TOTO BaXHOro (akra, YTo Kaxcoas He-
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npepbi6HAA 6 OanHOM npomedxcymie Pynxyus f(Xx) umeem 6 Hem nepgoot-
pasnylo. DTO YTBEPXK/IEHAE MBI IPUHMMAEM YXke ceifyac.

B macroseit r1aBe Msl 6yaeM TOBOPDHTh O NepBoOOpa3HBIX JUILIb AJIS
genpepbiBHbIX Gyrkumid. Ecom Gynxknus 3amaHa KOHKPETHO H HMeET TOUKH
paspuiBa, TO paccMaTpHBaTh ee OyneM JHIIb B OPOMEXYTKaxX ee¢ Hempe-
puBEOCTH. [To3TOMY, HOmycTHB chOpMyIHPOBaHHOE BBINIC YTBEPXKICHHE,
MBI 0CBOGOXIaeMCs OT HeOOXOOMUMOCTH BCAKHIL pPa3 OToBapHBATH Cyllle-
CTBOBAHHME HHTETpPajioB; pacCMaTpHBAaeMBble HaAaMH HHTE-
rpajgsl BCe CymLecTBYWT. ’

265. Taémuna ochoBHBIX uHTerpasoB. Kaxmas dopmyna maddepen-
IHAJHFHOI0 MCYUCIIEHHS], YCTAHABIMBAIONIAS, 9TO HJIA HEKOTOPOM (YHK-
nou F(x) npom3Bommoii 6yneT f(x), HemOCPENCTBEHHO MPHBOIAT K COOT-
BETCTBYIOLIEH (hopMyJle HHTETPAILHOTO HCIACIIECHHS

_[f(x) dx= F(x)+C.

IlepeGpae dopMyst n° 95, DO KOTOPHIM BBMHCILUINCH MPOH3BOIHBIE BJIe-
MeHTapHbIX ¢ynxnmif, a Takke HEKOTOPHIE GOpMYIIBI, BbIBEICHHBIE NAJIb-
e (ans ranep6oimdeckuX (GYHKIHIA), MBI MOXEM Telleph COCTaBHTH Clle-
AyIOUyl0 TaOMuOny HHTErpaios:

L [0.dx=C.

28]

. _[l-dx=_[dx=x+C.

3. _[x"dx=£‘§11+c (u=-1)

1 d
4. _[;dx=-|.?x=]nlxl+c.
1 d
5. _[1+x2 dx= | ——=aretg x + C.
6. [ 1 dx=_[ dx  —aresin x +C.

T T
. _[ax dx=T:ia+C. _[e‘dx=e"+C.

~3

8. fsinxdx= ~eosx+C.

9. fcosx dx=sinx+C,

10. _[Si:zxdx=f dx =-~ctgx+C.

sin?x

2T. M. ®Ouxrenromy, 7. IT
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1. fcoiz -jcosz —tgx+C
12. _[thdx=chx+C.

13. _[chx dx=sh x+ C.
14, J_h_z—-dx—-—cthx +C.

15. _[——dx thx+C.

Ilo nmoBoay Gopmysel 4 coenaeMm mosicienue. OHA NPHIOXKEMa B JEOOOM
MpOMEXyTKe, He colepxkalleM Hyjs. JelcTBHTENbHO, €CiIM 3TOT IpoMe-
JKYTOK JIEXHT BIPABO OT Hme Tax uTo x>0, To U3 W3BeCcTHOU (OpPMYJIIBI

nuddepenmupoBanns [ln x]' == Henocpeucme}mo cienyet
f— =lnx+C.
X

Ecnu %e MpoMEXyTOK JIEXKHUT BJIEBO OT HYJA u X <0, To muddepennnpo-
1
BaHHEM JIETKO YOeIUTHCA B TOM, 9TO [ln(—x)]’=; ,» OTKyHa

f——ln( x) +C.

O6e st popMyisl B oObeauHEHE! B Gopmyie 4.
PaMxy npuBeleHROM Bbille TAOJUNBI HHTErPANOB Pa3IBHTAIOTCS IPH
MOMOIIA NMPAaBHJ HHTETPHPOBAHHUS

266. Ilpocreiimue mpaBuna mATerpHpoBanmsd. I. Ecim ¢ — moctosiHHast
(a=0), To

a-f@ dx=a- [ f(x) dx.

HeitcTBRTeNbHO, MU GepeHIUpys BHpaXeHue cupasa, Mbl mosyyuM [105, I]

dla- [ 1) dx]=a-d| [ fo) dx]=a 1),

TaK 4TO 3TO BHIpaXXeHHE SIBJIACTCS IepBoobpasmoit misa muddepernuana
a-f(x)dx, 9. u Tp. n. UTax, nocmoantuiii MHOMCUMEAL MOICHO BbIHOCUMD
U3-n00 3HAKA uHMezpaiq.

1L [ [/ g} dx= [ £0) dxt [ o) d.
Huddepennupyem Bripakenue cupasa [105, II}:

d[ [ ey axs [ g dx] ~d| f(x) dxtd [ g(x) dx = [f(x) +g(x)) dix;
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TakuM 00pa3oM, 3TO BBIPAXEHYE ABJIsETCA mepBooOpasHOH (yHkuueil mus
mocnenuero nuddepennuana, 4. u Tp. A. Heonpedeaennvlii unmezpar om
cymmot (pasnocmu) Jugpdepenyuaros pasen cymme (pasnocmu) unmezpa-
108 OM Kaxc0020 ougepenyuara 8 omoesbHOCMU.

3amMmevanne. Ilo moBoxy 3TUX ABYX GOPMYJT 3aMETHM CIEAYIOLIEE,
B HUX BXO/ST HEOMpPEAENICHHBIC HHTErPaIbl, COAEPKALINE KAXKIBIH POU3-
BOJIbHOE IIOCTOSIHHOE ciiaraeMoe. PaBeHCTBA MOZOOHOTO THMA ITOHMMA-
JOTCS B TOM CMEICIIE, YTO PA3HOCTh MeXAY IPaBoil M JIEBOM YACTAMH €ro
€CTh MOCTOAHHAA., MOXHO HOHUMATh 3TH PAaBEHCTBA U OYKBAJIBHO, HO TO-
rga o0 AH¥H U3 QUIYPHPYIOIIKMX B HAX HHTEIPAJIOB MEPECTAET OLITH I P O-
H3BOJbHOMN IEepBoOOpa3HO: MOCTOSHHAS B HEM YCTAHABJIMBAETCA
mocyie BIOOpa MOCTOSIHEBIX B APYTHX HHTErpajax. TO BaxXKHOE 3aMeda-
HEE CJeayeT AMETh B BHAY W BIpeHb.

II1. Ecm

[reya=roy+ c,
TO 1
jf(ax +b)dx=~+Flax+b)+C'.

JleliCTBUTENbHO, NAaHHOE COOTHOLIEHHE PABHOCHIBHO CIEXYIOLIEMY:
2 F(@)=F(0)=f().
Ho Torza
, ;);F(ax+b)=F’(ax+b)-a=a-f(ax+b),
TaK 4To0 gl
& |a Flax+b)|=flax +b),

1 " “
T. e. - Flax + b) nelcTBATEILHO OKa3BIBACTCS MepBooOpasHoi 11 yHK-

mau f(ax +b).
OcobenHo 9acTo BCTpedaroTcs ciaydau, korda a=1 mm b=0:

[ fx+bydx=Fx )+,
If(ax)dx=%-F(x)+C2.

[Ha nene mpasuio III ecTh BechMa 4acTHBIA ciy4ail NpaBuiia 3aMEHBI
[EePEMEHHON B HEOIPEAEICHHOM HHTerpaJle, 0 4eM OyneT peds Huxke, 268.]

267. Tipnvepse. j (6x2=3x+5) dx.

IMone3ysace npasunamu 11 m I (g popmynamu 3, 2), umeem
I(6x’— 3x+5)dx= J6x2 dx — I3x dx+ JS dx=

3
=6J‘x2 dx-—3jx dx-+5 [dx=2x3~—2—x2-} Sx+C.



20 TJI. VIIL ITEPBOOBPA3SHAS ®VHKOUS [267

2) Jlerko DPOMHTEIPHPOBATH MHOIOWIEH H B o0meM pume
_[(aox"+a1x"“1+ vootan_yxtan)dx=

=%Jx” dx+alJ‘x"“l dx -+ ...+an_ljx dx+anjdx=

a, a, an_,
= xntlp = x4+ —Cx2tapx+C. (A1, 1; 3, 2)
n+1 n 2

3) J'(2x2+ 18 dx = J(8x°+ 12x8+ 6x2.+ 1) dx =

8 12
=7x7+?x5+2x3+x+C. (uprmep 2)

4) _[(1-*- V) dx= _[(1+4V§+6x+4x1/§+xz) dx =

L 8 .
= J‘(Ix+4J‘x’dx+6J‘x dx+4jx’dx+_| xtdx=

g 2 LS|
cx+§x’+3x’+gx’ +-; x3+C. aL 1 3, 2

C1)(x2—3 34 x2_3x—3
5) J‘(x-f )(x )dx=J‘x +x2-3x dee
3x2 3x2

1 1 1 1 1 1 dx
=J(—x+ ————— dx=-—_[xdx+—_[dx— —-
3 3 x xt 3 3 x

11 1
-_[x—ﬂdx=—xz+—x—1nx+—-+c. (L L 3, 2, 4)
6 3 X

=R+ 1E) [T,

3

Vx Vx

2 1 6 6
=Jx° dx—Jx‘ dx=—x8% ——x
13 7

6)

+C. (L 3)

HanuMm pan opamepos Ha npumencHue mpasunaa IIT:

dx
7) () J———=ln |x—a] +C. i 4)
X—a
dx
— —a)—k -
©) _[(x_a)k_ _[(x @)k dx
(k>1)
1
- c—a) kt14C= -~ 4 C. II1; 3
i et Y
1
8) (a) _[sin mx dx = —— cos mx+C, (11; 8)
m
(m=0)
©6) '[cos mx dx=—sin mx+ C. (11T 9)
m

- 1
() Je—axdx—_ —geTIC, a7
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9) (a) ——arcsm-—-—l C. (111; 6)
'Vaz_ xz V
1-
(a>0)
d. 1 d. 1
) j Yz - arc tg i+C. (I11; 5)
a a :

at+x* a? (x)2
1+|—
a

TIpuMepsl Ha BCEe NpaBHIIA:

X — 1) (e=x+1
10) ¢ )(: Jr)dx=_[(ez"—e”“rl‘e_")“"‘=
e
1
mgem-extxtenxiC (1L 1157, 2)
b
1 J‘ax+
cx+d

Pazgenus yucnauTe s HA 3HAMEHATEND, OpeACTaBHM INOJAHTCIPANIbHOE BhiDAXCHUE
B BHOC

a bc-ad 1

c c ex+d
Otcroa ACKOMEI MHTErpaji paBeH

a bc -
—x+

1)_[sz 3x+1dx j(zx 54—

Huterpapopanre Apo6u CO CIOKHBIM 3HAMEHATENIEM 9acTo O6Ieryaercs pasioxe-
HHEeM ee Ha cyMMy apobeii ¢ Gosee npocThiMA 3HaMeBaTessiMu. HanpuMmep,

ln |ex+d] +C. ay, 1, IIT; 2, 4)

6
] )dx=x"—5x+6ln |x+1}+C.

11 1( 11 )
x-a* (x-a)(x+a) 2a\x—-a x+al’
nostomy [cM. npumep 7) (a)]

dx dx 1 x-a
w [ L[ ) Ly xe e
x2—-g* 2allx-a x+al 2a x4-a
HOas gpobu Gonee olimero Buaa
1
(x+a)(x+b)

MOXHO yKa3aTh, HampuMep, Tako#t mpueM. Odesummo, (x+a)-(x+b)=a—b. Torna
AMEEM TOXIECTBEHHO

1 1 (x+a)-(ct+b)_ 1 ( 1 1)
Grax+b) a-b (xta)x+b) b\x+b x+a
TaxuM o6paszom,

1

x+b
W [ramrs s

i
x+a'
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B wactHOCTH,

x-3
15 @ J T5x16 |(x Nx=3) 3?52‘14 G
. dx 1 - dx 1 2¢—1
©) J 4 =gl 2x+3!

axtiax—3 4| 1 §)
x—3 x+2/

(upa B*— AC=0).

16) J
Ax24+2Bx+C

3HaMeHaATETH cleayrornumM 06pa30M pa3naracrcs Ha BEIICCTBCHHbBIC MHOXKHTEIIH.
A(x—o) (x—p), tne B .
-B+VB*-4C -B-VB*CAC

T = eeeeee——,

A4 N A

A Torna, coriiacHo upuMepy 14), nonaras B HeM a = —f8, b= — o, MOIYYHM

dx 1 o |45+ B- VB*-AC ic
= n
Ax*+Bx+C 2)YBE-AC |Ax+B+VB:—AC

HexoTOpBle TPArOHOMETPHYECKHE BRIDAXCHWS, LOCIE TE€X WM HHBIX 3JIEMEHTAp-
HBIX npeoOpa3soBaHHil, HMHTEIPHPYIOTCA TAKKE€ OpPH [IOMOIM NPOCTEHININX MPHEMOB.
O4eBUAHO, HAIIPAMED,
1+4cos 2mx . 1-cos2mx

cos”mx=——§—————, sm”mx=————2———,

OTKyHa

11
17) () fcos2 mx dx = — x+—— sin 2mx+C,
2 dm

1 1 (m#0)
©) “sin2 mx dx=—x--——sin2mx+C.
J 2 4m
AHaJNOrW4HeIM 00pa3oM, HMeeM
1
sin mx cos nx = 3 [sin (m+ n) x +sin (m— n) x},

1
COS mX COS nX = 3 [cos (m+n) x+cos (in — n) x],

1
sin mxsin nx = 3 [cos (m—n)x - cos (m+n) x].
Cuutas m=+n0, HOIYYUM CIEAYFOUIME HHTET PAJIbI:

. 1 1
18) (a) Jsin mx cos nx dx = —mcos(m+n)x—m- cos (m—n) x+C,

1
sin (m+n)x+——-—sin tn—n)x+C,

1
2(m+n) 2(m—n)

6) Jms mx cos nx dx =

1 1
— sin(m— n) x = ————sin (m-+n)x+C.

2(m —n) 2(m-+n)

(B) [sin mx sinnx dx =
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B 3aKi1l0uCHUE PACCMOTPUM HEMHOIO §oJice CIOXHBIA npUMep.

sin 2nx
19) (a) T dx (”= 1) 2’ 39 . ')'
sin x

Tar xak

n n
sin 2nx = 2 [sin 2kx —sin (2k —2) x]=2sin x 2, cos 2k - 1) x,
k=1

i=

n
TO MOOUHTErPANbHOE BLIDAXEGHHC NOPHBOAMTICA K 2 2, cos (2k—1)x, W uCKOMBIH

MHTErpan Oyaer paseH

nosin (2k—-1)x
—+C.
k=1 2k-1
AHAJIOrMYHO
sin 2n+1)x n sin 2kx
©) J—(.—)—dx=x+22 i)
sin x =1 2k

268. UnrerpupoBaniie OyTeM 3aMeHbl HepeMennoi. VI3noxum oIuH U3
CHJIbHEHIMX IPHEMOB JIJ151 HHTETPAPOBAHHESA PYHKIHHM — METOI, 3 a M € H Bl
OepeMEeHHOH MIH MOACTaHOBKH B OCHOBE €ro Jjexur cie-
IyIolllee MPOCTOE 3aMEYaHHUE:

ecau U3leecmdo, Wimo

f g(t)dt=G(t) +C,

mo mozda
f g(w(x))o'(x) dx = G(w(x)) + C.

[Bee durypupyromue 3xech Gpyaxmuu g(z), w(x), o’(x) upeamonaraioTcs
HENpEPHIBHBIMA. |

OTo npsAMO BbITEKAET U3 Npasuila TudpdepeHIUpOBaAHYS CIONKHOK (HYHK-
nuu [98)

2 6(0()) = G'(0(x)) 0'(x) = g(0()) @' (x),

eciH y4yecTb, 4To G'(t) =g(t). To ke MOXHO BHIPA3WUTL U HHAYE, CKA3AB,
YTO COOTHOIIIEHHE

dG(t)=g(t) dt
COXpaHACT CHJIy H IPH 3aMCHE HE3aBHCHMOMU HepeMeHHON ! Ha (QyHKIUIO

o(x) [106).

Hycte TpebGyercss BLIMHCIMTL WHTErpA

[ rxax.
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Bo MHOTHX ClyYasX yHaeTcsi B KadeCTBe HOBOI NepeMeHHOH BHIOpATH
Takylo QYHKOMIO OT Xx: t=w(x), 4TOObI IIOJHHTEIPAILHOE BEIPAXKCHHE
MIPeICTABUIIOCH B BHIE

S(x) dx = g{o(x))w'(x) dx, 1))

rae g(t) — Oonee ynoGwas mans METerpupoBanus (yHKuus, ueM f(x).
Torna, mo cka3aHHOMY BBIIIE, JOCTATOYHO HAMTH HHTErpA

sy =60+,

9TOOH M3 HErO IOICTAHOBKOH f=(X) NMONYYMTH HMCKOMBIA MHTErpal.
OOBLIKHOBEHHO IHIIYT IPOCTO

Jroax= a0, @

noJpa3yMeBast yxe, 4TOo B (DYHKUHM OT ?, KOTOpas NpPEACTABJICHA UHTe-
rpajgoM CnpaBa, OpOM3Be[eHA yKa3aHHAS 3aMEHa.
HaiineMm, nanpuMep, uHTerpa

J.sin3 X cos x dx.
Tak kak dsin x=cos x dx, To, nonaras ¢=sin x, upeobpasyeM NmoJUHTE-
rpajibHOE BHIPAXKEHHE K BHIY
sin® x cos x dx =sin® x d'sin x=13 dt.
HHTerpan oT MocieqHero BHIPAXEHHS BEIMHCIAETCS JIEFKO:

J‘t3dt=—t—d+C
7+C.

OcTaeTcs ML BEPHYTHCA K MEPEMEHHOM X, MOACTABISAL Sin X BMECTO 1

sin¢ x
4

O6pamaemM BHUMaHHE YMTATENA HA TO, YTO IPH BHIOOpE IIONCTAHOBKH
1= 0(X), yIpOMAIOIIEH MOIMHTErPATIbHOEC BHIPAXEHHE, HYXHO IIOMHHTH,
4TO B €0 COCTaBE NOJDKEH HAHTHCh MHOXMTEND ©'(X)dx, maromuit mug-
depentuan HoBo# nepemenno#, dt [cM. (1)]. B mpennimymem npuMepe
ylada DOJCTAHOBKH !=sin X OOYCIOBIMBAJNACh HANMYMEM MHOXHUTEILA
cos x dx=dt.

B 3T0#t CBA3M mOyYMTENEH TpUMED

J.sin3 xXcosx dx= +C.

Jsin3 x dx;

3[eCh IMOJCTaHOBKA !=sin X ObUIa ObI HENPUroJHa HMEHHO BBUIY OTCYT-
CTBHs YHOMSHYTOTO MHOXUTensA. Ecmd mompo6oBaTh BHIOEIMTH K3 HOI-
MHTETPAJIbHOTO BBHIPaXeHHs, B kadecTBe mudypepeHnuana HOBOH mepemMeH-
HOH, MHOXHTENb Sin X dX Wy Jydwe -—sin x dx, TO 3TQ OPUBENET K NOj-
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CTAHOBKE f=COS X; TAK KaK OCTAIOIICECS BBIPAKEHHE
—sin? x=cos? x -1
9TOM IOACTAHOBKOH YHpPOUIAeTCHd, TO INMOACTAHOBKA ompasiana. MMeem

cos8 x
3

ITpu HeKOTOpPOM HaBBIKE B HPOU3BOJICTBE MOJCTAHOBKH MOXHO CaMoi
nepeMeHHOH ¢ W He mucaThb. Hampumep, B HHTerpaie

_[sin3xdx=_[(tz—1)dt=;—a—t+C= ~cos x-+C.

_[sin3x cos x dx= _[sin3 xdsin x

MBICJ€HH O paccMaTpUBAIOT Sin X KaK HOBYIO MEPEMEHHYI0 H Cpasy
MEPEXOIAT K pe3yibTaTy. AHAIOTHIHO

(® x
d 7
al a =arcsin f+C,
Vaz__xz x\2 a
-(2)
e a
X

1 az 1
=_ a =_ arctg Zic
a

(x )2 a a
-] +1
a

X
IoacranoBka = Z '30€Ch MOApa3yMeBaACTCA.

dx

x%+q*

v

YuTaTenbs BUOUT Temepb, uTo mpasito 11, 266, mo cyuiectBy, cBO-
JUTCA K JIMHEe HHOU NOACTAHOBKE f=ax+ b:

| rtax +bydx=_, | flax+ Bydlax+b)=1] sy

a

MHoii pa3 noiacranoBka mpuMensieTcsl B JopMe, OTIMYHOU OT yKa3aH-
HOM. VIMeHHO, B HOJHHTErpajbHOE BBHIpaXeHHE f(X) dX HEMOCPEIACTBEHHO
[OJCTABJIAIOT, BMECTO X, QYHKIHMIO X =@(f) OT HOBOM NePEeMEHHOM ¢ U TOo-
JIy4aroT B pe3yJbTaTe BBHIPAKCHUE

Fe)g () dt=g(2) dt.

OueBu/iHO, €CIH B 3TOM BBIPAXEHHH IPOU3BECTH MOACTAHOBKY #=©(X),
rae o(x) — ¢yskmud, obpaTHas a1 (¢), TO BEPHEMCA K MCXOAHOMY HOM-
HHTErpaIbHOMY BhIpaxeHHmIo f(x)dx. IloaroMy, Kak ¥ mpexie, HMeeT
MeCTO PaBeBCTBO (2), e Cpasa, MOCje BHYUCICHUS MHTErpaja, ClemyeT
TONIOXKUTE = w(X).

Hnst mpumepa HalizieM HHTerpaJ

dx
J 7R
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Ecnu monoxuTs x=t® (YTOOBI BCE KODHM ¢HM3BIIEKIIHCHY), TO IMOJIYYUM
3

Vx=13, VE:tZ, dx=6t5dt u

2 d
j —6flt+t’2=6“dt— 1+’”2 O(t —arctg £) + C.
1+V‘

6

Tenepsr ocraercs mepeiiTu K mepeMenHoit x mo dopmyre t=Vx, u
OKOHYAaTEJILHO

6

J———a——=6(ﬁ—arctg }7.;) +C.
Yx(1+¥x)

Bosee untepecen mpumep
f Va?—x2dx.

PasnocTe kBagpaToB oz KOpHeM (M3 KOTOPHIX NEPBBII MOCTOSHEH) MO~
CKa3bBA€T HAM TPHUIOHOMETPHYECKYIO IMOJICTAHOBKY Xx=asin f*. MMeem

Va®—~x2=acost, dx=acostd:

f}/a_2t;2 dx =a2fcos2 tdt.

Ho MbI yxe 3maeM HHTerpain

azfcos.2 tdt=a? [%

1 .
t+7 sin 2t] +C
. . X
{267, (17) (a)]. Hns mepexoma K Xx IOACTaBISEM f=arc sin = ; npeobpa-
30BaHME BTOPOIO CJIAraeMoro OO0JIerdaeTcs TEM, YTO

2, 1 . 1
%—sm 2t=§a sin ¢ - @ cos t=§xya2—x2.
OXOHYATEILHO

— ———— 3 .
f}/a?—x2 dx=%x}/a2—x2+% arcsin §+C.

VMeHbe pasbICKMBATH BEITOJHEIE MOJCTAHOBKK CO3MAE€TCs YHpAXKHe-
HEeM. XoTA oOIIMX YKa3aEWil MO STOMY TOBOMY JATh HEJb3s, HO OT/IENb-
HBEIC YacTHBIE 3aMeYaHWus, OOJICrYalomEe 3TO Pa3LICKHBAHME, YMTATENDb
HAlJET B CleAyomeM n°. B KaHOHMYECKHMX CIydasX IOICTAHOBKM GymyT
OpOCTO YKa3aHEl B KypCe.

* VMECTHO yKa3aTh, 4TO X MBI CHMTACM H3MEHMIOMMMCA MEXIY ~ @ U 4, & ¢ MEXy
T om X
—— ¥ — . ITosToMy t=arcsin —.
2 2 a
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2 xdx ~ o ox?
269. Tipamepst. 1) (a) _[e"xdx, 6) _[ , B J
1+x4 cos? x3

(a) Pemenue. Ionaras f=x% umeeM df=2x dx, TaK 4to
J.e"’x dx = I—Ie’ dt=1—e’+C=-1—e"z+C.
2 2 2
(©) Yxazanmnme. Ta xe moacrauoeka. Omeem: %— arctg x2+C. B obounx ciyuasx

HHTCIrpaJjbsl AMCITH BHI

_[ g(x®)x dx = —;— _[g(x") d(x),

e g — ynoOHas i HETErpHpOBaHms QYHKIHS; JUId TAKHX HHTETPAjiOB €CTECTBEHHA
MOLCTAHOBKA f= X2, AHAJIOIMYHO HHTErPAiLl BHIA

1
J L PSP
6epyTca nopcTaHoBKOM f=x3 u T. 1. ITox mOCTEMHRI THN HOAXOAMT TPETHR HHTErpasl.

1
(B) Omsem: S-tg x3+C.

2) _[(ax2+ﬂ)nxdx (- 1).

Pemenne. MoXHEO DONOXKUTH 3€Ch £ = X% HO T P O I € Cpa3y B3ATh u=oax2+f,
260 MEHOXHTENb X dX JHINb YUCIOBHIM K03dduuHeHTOM OTnHMuyaercs OT du=2ux dx.
WmeeM, TakeM oGpasoM,

1 1 1
Jea b e 2 fundum st oo
In x dx dx
Y@ [Fam e [as e [

Ykaszange. Bce 9TH HHTErpajnl UMEIOT BHL
dx
fg(ln X) —= jg(ln x)dIn x
X
u GepyTcs MOACTAHOBKOM £ =In x.
1 1
Omeem: (a) 3 Intx+C; @) Inlnx+C; (B) —f——~+C.
nx

4) Unterpansl BAIA

dx
jg(sin x) cos x dx, fg(cos x) sin x dx, fg(tg X)
cos? x
6epyTcs, COOTBETCTBEHHO, MOACTAHOBKAME

t=sin x, u=COSs X, v=1tgx.
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Hanpumep,

) - cosxdx J‘ tgt4+C tgsin x-+C

-, =arc =arctg sin ;

( J 14sin® x 1+ & gsimxTes
* sin x du

©) thxdx Jv—f-d ——J—=—1n|u|+C= ~In [cos x| +C;
Cos x u
dx
dx cos? x dv

® JA” sin? x+Bcostx | A? tg2 x+B2# sz‘3+B='_
1 Av 1 A
-—A—Barctg?+C—Earctg(B tgx)+C.
2x dx

. . 2 : dx
%) @) Jx2+1 > ©® Jctgxdx, ® JeZX+1 & @ .[sinxcosx )

Pemenue. (a) Ecnu nomoxurs £=x2+1, TO YuCIUTENL 2X dx O2€T B TOYHOCTH
dt; ugTerpan CBeieTCs K

-dt
_[ —=In |f] +C=In G2+ D+C.

3ameTHM, 4TO BCETAA, KOTAA MPEJIOKCHHDI HETErPall EMEECT BHL,
S(x) df(x)
dx= s
e f)

TaK YTO B NOAMHTErPAJIBHOM BHIDAXEHMH YHCJIHUTEJb OPEACTAaBJSAET CO-
6ot nupdepernrEan 3HaMeHaTensd, INOACTaHOBKA != f(x) cpa3y npd-
BOIOMT K LCJIH

[ft_’_zm [t]+C=In | f(x)| +C.

Ilo aToMy obpa3smy umeem

© jctgx dx= j sin x
e2x d(€2x+1) 1
= — 2x 4 .
(®) f dx= f SIn(e2t D+

d
S0Y o fsinx|+C  [ep. 4) G

241 e2x41
dx
. dx cos? x
(r) J - = =In |tg x| +C.
SIn x COS X tg x

6) W3 pocienHero MHTErpaja Jierko mojiy9aroTcs NBa TOJIE3HbIX MHTErpaa:

(. [ 4
(a) o=~ =1n tg—‘+C;
sin x x. X
sin — Cos—
</ o/ 2
(® ®
d(x+—)
dx x
® | -—=]— =In |tg —+-) +C.
cos x 3 ( n) 2 4
sin [ x+—
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arctg x 2 3
7 (@) Jll—;—%—d)mf Varctgxdarctgx=?(arctg x)2+C;
X2

eXdx deX
© J = =arctgeX+C;

ex+1 J ¥+l

1 dx -1 1
() th Zz—th-d——=ln
x X

X X

1
cos—|+C
x

[em. 4) (6)].

JlaguM Temepp HECKOIBKO MPUMEPOB UHTETPUPDOBAHUA BBIDAXEHWH, COOEDXAIHX
AByWIEHBI BAHA a@®—x2, x2+qa? ¥ x2—g% B 3TUX ciyvdasx OOBIMHO OBIBAET BRITOIHO
3aMEHATh X TPHTOHOMETPHYECKON wm rumepbonmuveckoir dynk-
el OT HOBOH MNEpEMEHHOH f, MCHOIb3Yys COOTHOIICHWs

1
sin? t4-cos? r=1, 1--tg? t=sec®t= — s

ch?t—sh?t=1, 1-th2r=
ch? ¢t

o 2.
(x2+ a2
adt a?
IMoncraHoBka: x —a tgt*, dx= , X*+at= - ,,» TaK 4To
0S

. )

Cos=¢
f IJ s rdi- L (cisintcos+C  [em. 267, 17) )]
o = — | COS = — -Sin f COS CM. N a)l.
(x2+a®)? ad ° 2a3

X .
IlepeitneM Temeps k nepeMeHHOi X, moiaras f=arc tg — W BbIpaxas sin f M Cos !
a
x
yepe3 tg f=—. OKOHYATENBHO
a

1 x 1
(x2+a%)t =ﬁx2+azk 2 tg PR

? J Vaita

3nech ynoGHee NpUMEHHTh THIEpOONMYECKYIO MONCTAHOBKY. OCTaHABIMBasACH AJA
pEMepa, Ha HIKHEM 3HaKe, OJoKUM: X=g ch ¢ (npr xu £>0), dx=ash t dt, sz Q=

=gqsh ¢t. VHTErpan npMBeneTcs OPOCTO xfdt=t+ C. [nsa mepexopa K X BCIOMHHM

BBIpaXXeHWe 00paTHOM ANa ramepbormgeckoro xocunyca dGyaknmm [49, 3)]

npuieM B MOCTOsIHAY O C” MBI BKJIFOYAEeM M claraemMoe — In a.

10) (2) J( T (G)J(}s‘_a_z)'/‘,’ JW

41 14
* Hpuqu JOCTATOYHO MPEANONOXKUTE ¢ WIMCHSIOUINMCA MEKRY “—2~ " —2* .
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B maHAOM CIy4ae OAWHAKOBO HPOCTO NPHWBOAST K LEJH H TPHTOBOMETPHYECKAS
u runepbonmdeckast NMOACTAHOBKW. [l NIPHMepa, BO BTOPOM HHTEIPAJC BO3BMEM
asintdt atgtdt

x=asect, dx=————= , TOoTHAa x2—-a’=qatg2t u
cos? ¢ cos ¢
1 pcostdt 1 1 1 x
A Lpesedt 11 1% o
(x~’ —-a*)'h a®J sin*t a2 sint a2 g2

Iloncranoska: x=asint, dx=acos { df IPHBOAKT 3TOT HMHTErPan K TAKOMY [CM.

6) (@)
1 t
_J ——In |tg—=| +C.
sint a 2
Ho
t l-cost a-—Ya2-x?
tg—=— = s
2 sin ¢ x
TaK YTO OKOHYATENHHO
dx 1 —Var=x2
=—1 V +C.
x Yar-x? x

B 3akmouenne paccMOTpHM elle ABAa MpEMEPA HWHTErPUPOBAHUS HYTEM 3aMEHBI
OEPEMEHHOM, Iie MOACTAHOBKA HE CTOJIb €CTECTBEHHA, KaK B OPEABIAYINHX CIy4asx,
HO 3aT0 OBICTPO BEHET K IIEJH.

12) J = o).
Vxrta

Honoxum }x*+a=¢-x u OpAMeM ¢ 3a HOBYIO HepeMeHHYIO. [Ipn BO3BEIECHHEM
B KBaJpaT, x> B 00eHX 3acCTAX MOXHO ONYCTHTb, H B pe3yibraTe

t2—-a
2t
TaK 49TO
et 2—-a 24 t24-ocd
2t 2t °
OKOHYATEILHO
dx dt —
J -=|—==In|t|+C=1n |x+ Vx| +C.
Ve o !
[Cp. 9)]

dx
13) | —— (@<x<Pf).
J /(x —a)(f— x)

=
ITonoxumM, x=acos? ¢+ fsin?gp (0 <p=< E) , T[Ie ¢ — HOBasg mNepeMcHHasd; TOra
x—a=(B-a)sin*p, P-x=(B-a)costp,

dx=2(f—a)sing cosp dp.
TaxuM obGpazom,

dx X—o
———%=2'fd¢=2qp+c=2 arc tg V—“—;c,
(CRDOICEE) B—x
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270. Nnterpuposanne no 1actam. Ilyctes u=f(x) n v=g(x) 6ynyt nse
(GYHKIMM OT X, MMEIOLIME HENMpEPLIBHBIE IPOM3BOAHBIE u' = f'(x) u o' =
=g'(x). Torna, mo mpaswry muddepernupoBanus mpousBenenus, d(uv)=
=udv+vdu v udv=d(uv)—vdu. JIns BelpaxeHus d(uv) nepsoobpas-
HOM, OYeBHIHO, OyJeT uv; MOITOMY MMeeT MecTo GopMyia

judvzuv—jvdu. )

JTa ¢dopMyJia BHIpaXaeT D PABHUIO HHTETPHPOBAHHUSA IO
yacTsaM. OHO NPUBOAUT HHTETPHPOBAHME BHIPAXKEHHSA ¥ dv=uv' dx K
MHTEIPHPOBAHNIO BHIpAXEHHAS ¥ du=ovu' dx.

Ilycth, HampuMep, TpeOyeTcs HaliTH uHTerpan | x cos x dx. Iomoxim,

u=x, dvo=cosxdx, Tak 4yto du=dx, ov=sinx?%,
", o dopmyne (3),
jxcosxdx=jxdsinx=xsinx—jsinxdx=xsinx+cosx+C. )]

TakuM 00pa3oM, HHTETPUPOBAHHE IO YACTAM MO3BOJIMIO 3aMEHHTH
CJIOXKHYI0 NONHHTErpajbHyo (ymkumio x cos x ua mpocrtyio sin x. Ilo-
IOyTHO AJIS MOJIYYE€HHs © IPHIIUIOCH HIPOUBTErPHPOBATD BBIpAXKEHHE COS X dX
~ OTCIOJAa M HA3BaHWe: HATErPUPOBAHHME IO YaC TS M.

TIpamenss dopmyny (3) K BEMHCICHHIO MPEIUIOKCHHOTO HHTErpaa,
MPHXOAUTCSA Pa3bUBaTh MOAUHTET PAIEHOE BBIPAXKEHHE HA (BA MHOKHUTEJIS:
u u dv=1" dx, A3 KOTOpBIX IepBhHIi aubdepenuupyeTcs, a BTOpoi HHTe-
TpHpYeTCA IpH nepeXxofe K HHTerpajy B mpaBoi yactu. HyxXHo crapaTscs,
91068l MATErpUpoBanue qudbdepennuana dv He NPeICTABISUIO TPYAHOCTER
M 4TOOBI 3aMeHA ¥ HA dU U dV HA ¥ B COBOKYIHOCTH BJEKJIA 32 CO-
60l ympolneHWe IOAWHTETPAIBLHOrO BhIpaxeHus. Tak, B pa3oOpaHHOM
npumMepe ObUTO OBl SIBHO HEBBITOJHO B35Th, CKaXeM, X dx 3a dv, a Cos X
3a u.

IIpu HekOTOpPOM HaBBIKE HET HaJOOHOCTHM BBOAUTL O0O3HAYEHHS U,
v, ¥ MOXHO cpa3y upuMmeHiITs Gopmyry [cp. (4)).

IIpaBmwio MHTETPHPOBAHMA IO YacCTAM HMeeT 0oJjiee OIPAHHICHHYIO
00JacTh IpHMEHEHMs, 9eM 3aMeHa NepeMeHHo#. Ho ecThb Iemnble Kacchl
HHTErpaJioB, HAIPHMED,

Jx" In™ x dx, jx" sin bx dx, jx" cos bx dx, .rx" e dx u np.,

* Tak kax Ans Hamux Uejleid NOCTATOYHO NIPEACTABHTB COS X dX XOTh OJHMM CIO-
cobom B BHAIE dv, TO HeT HAKOOHOCTH NUcaTh HanboJee Obmee BLIpaXeHHe Ojls v, CONep-
Xatee NPOU3BOILHYIO NMOCTOSHHYIO. DTO 3aMevaHue CielyeT UMeTh B BHAY W Brpeb.
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KOTOpHIE BLIMHCISIOTCS MMEHHO C HOMOWIBIO HHTCTPHPOBAHHS IO
9aCTAM.

TloBTOpHOE IpPHYMCHEHHE NPABHJIA MHTETPUPOBAHHA 10 4YacTIM IIpH-
BOIHT K Tak HasbiBaeMoii o6 o06menHnoii popMyne muarterpu-
POBaHHUSA MO YacCTSiM.

IIpenmonoxum, 4T0 GYHKOHH ¥ B ¥ UMEIOT B pacCMAaTpPHUBaEMOM IIPO-
MEXYTKE HEIPEPHIBHBIC IIPOM3BOHEIE BCEX MOPSAKOB, 10 (n1-+ 1)-ro BKJO-
quTeNbHO: ¢, v, v, v, ..., U™, v, £t ntD),

3amensq B popmyie (3) v Ha v, Gymem mMeTH

Juetesd de= [ doo = st — o0 du= o) — [ o o0 i,

AHAIOTHIHO
f W't dx =y~ fu”'v("‘l) dx,

_[u”v(""l) dx=u"vD J w0 dx,

[ oo’ dxe = oy — [ st di.

VMHOXas 5TH paBeHCTBA HoodepelHo Ha +1 wiM Ha —1 ¥ crianml-
Bad NX HOWIEHHO, IO YHAYTOXEHAHW OJUHAKOBBIX MHTETPAJIOB B IpaBoit
H JIEBO}i YacCTAX NPHAEM K ymOMSHYTOH (opmyie:

| ueter =
— ) — D D)~ (= 1Pk + (= D [t O dx, ()

Oco0erno BHITOJTHO MOJB30BATLCA 3TOH (PopMysoll, Korga oAHMM H3
MHOXHTEJEH NoUHTErpaIbHON PYyHKINH CITYKUT NeNblii MEOTOwWIeH. Ecim
u mpencTaBnseT coboil MHOrowied #-i cremend, TO #"+1) ToXmecTBeHHO
PaBHO HYJIIO, U AJIs MHTErpajia B JIEBOR YaCTH HOJIyYaeTCA OKOHYATEIHHOE
BBIpaXKEHIE,

IlepeitneM x mpEMepaM.

271, TMpumepnt. 1) J'x8 In x dx.

Juaddeperuuposanue In x OPEBOAAT K YIIPOMIEHWIO, MTO3TOMY NOJIAraem

1
u=Inx, dv=x3dx, Tak gro du=—, v-—-‘—{x‘

1 1 1 1
Jxa In x dx=—x*In x—-—-J x3dx=—x4In x—— x4+ C.
4 4 4 16

2) () _[ nxdx, (6) J arctg xdx, (8 farcsin x dx,



271} § 1. TPOCTEVIME MPUEMBI BEIUUCIEHUSA 33
TIpuHMMAasi BO BCEX CIydYasX dx = dv, HONyIMM
(a) Jlnx dx=xInx— Jx dlinx=xInx- de:x(ln x-1)+C;
(6) Jarctg x dx=x arctg x — [x d arctg x=
x 1
=Xx arclg x - J - dx=xarctg x— —In (x2+1)+C [em. 269, 5) (@)}
x2+1 2

B) J arcsin x dx = x arcsin x - Jx d arcsin x =

x R .
=xarcsin x4+ J1-x2+C [em. 269, 2)).

=.x arcsin x — J
1—x2

3) sz sin x dx.
Nmeem
Jx’d(—cosx)= —x2Ccos X~ J(—cos Xx) dx2= —x? cosx+2jxcos x dx.

TaxuM 06pa3oM, MbI IPUBEIA MCKOMEIA MATETPAN K yxKe H3BeCTHOMY [270 (4)]); moncras-
JIsIs €ro 3HaYeHHe, MNOIYIHM

Jx‘sin x dx= —x?cos x+2(xsin x+cos x)+C.

B ofme#t cnoxmEoCcTH 37€Ch NPABHIO HHTErPHPOBAaHMS MO YacTAM MPHEIIOCH MpH-
MEBHTb IBYKPAaTHO.

Tak *e, NOBTOPHREIM NPHMEHEHAEM 3TOr0 NPABHNA, BBMUCISIOTCS HMHTETPANEI
f P(x)etx dx, f P(x) sin bx dx, f P(x) cos bx dx,

rae P(x) — IeJslif OTHOCHTENBHO X MHOTOWIEH.

4) Ecim Bocmons3oBaTtecs 0000merHOM (OPMYNON HHTErpHPOBaHESI [0 YacTsM,
TO MOXHO MOJIyIUTh Cpa3y OOIHe BHIPAXEHHS [JIH MHTErPaloB 3TOr0 BHAA.

Ilonaras v(n+1)=¢2%, GyneM WMeETh

eax eax eax
A= — on—1)=— (n—2)=— u T. O
a a? ad
ITosToMy, cunras P(x) MHOFOUYJIEHOM n-i cTemeHd, no dopmyne (5) momxysnm
P P P’
J‘I:’(x)e‘”‘d7c=e“x [—— —_—t— .. .]+C.
a a* a8
AHanormino, ecim B3ATh ®(n+1)=sin bx, TO
cos bx sin bx cos b
()= — , vn-= — , v(n—-2)= x H T. I
b b2
Otcroma dopmyna
PI PI/’ _P Pr/
P(x)sin bx dx=sinbx .| —~—~—+... —cosbx-[———+...]+c.
f ) |lF et ] b B

3 I'. M. ®uxrerronpu, 7. 11
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T1oao6HBIM xe 06pa3oM yCTaRaBIMBaeTCa B opmyna
44

) P P
_[P(x) cos bx dx=sin bx - [3_F+"']+COS bx.[g————+...]+c.

5) _[r"’ln"‘ x dx. ImeeMm

x4 1 1 1 1
Jln2xd—=—x‘ ln”x——J‘x‘a'ln2 = — x%In2 x-——_[x‘ﬂnxdx,
4 4 4 4 2
¥ MBI CBEIH [eJI0 K uRTerpany 1). OxonvYaTensHo

1 11 1 1 1 1
32 xdx=—xtln?x——|—x*In x—— x| 4+C=—x%|In2 x~—1 C.
_[x n? x dx 4x n% x 2(4x X 16x)+ 4x (nx 2nx+8)+

Tak, nocnenoBaTeNbHO, BEYACIAAETCS BHTETPAl

_[x" In™m x dx,
roe k — mo6oe semectBeHHOE YMCHO (k= ~1), a m=1, 2, 3, ... Ecnu OPUMEHATD K
3TOMy HHTErpany GopMyJly HHTErPHPOBAHHUA IO YaCTAM, IOJIOXHB 4 = InMx, TO NOIyIAM
PekyppeHTHYO dopMyny

1 m
_[x"lnm x dx=—xk+‘lnmx——Jxk Inm—1x dx,
k+1 k+1

IO KOTOPOH BBIYACICHHE DPAaCCMATPHBAEMOrO MHTErpajia CBOJHTCA K BHITHCICHHIO
HFHTErpajia Takoro Xe THMNA, HO ¢ MEHBINAM Ha MMHMNY MOKa3aTeleM mpw In x.
Bopouem, moxacraHoska #=Inx OPHBOOMT pacCMATPUBAEMBI HHTErpajll K BHAY

Jtme(k+‘)f dt, yxe u3ydeHHOMY B 3) 1 4).

6) JIroOONBITHEI NpUMEp OPEACTABIISIOT HHTETPAIIBI
jeax cos bx dx, jeax sin bx dx.

Ecnmu K HMM OpPMMEHWTH HHTETPHPOBaHHE HO 4acTsM (B OOOMX Ciy4asX B3sB, CKa)eM,

1
dy=e9x dx, v=— edX) , TO HOJYYHM
a
1 , b .
je“x cos bx dx =— %% cos’ bx+-—.[ e sin bx dx,
a a

1 b
je“sinbx dx =— e@X sin bx——fe“cosbx dx.,
a a

TaxeM 06pa3om, KaxOblt B3 3THX MHTEIPAJIOB OKA3aJICA BHIPAKEHHEM Yepe3 APYTo# *.

* Ecim mop mHTerpanamu pasyMerb ompefelie HHBI e nepeooGpasmnie [cp.
3aMeyanwue B 266], To, xenas BO BTOpoii opMysie HMETh Te e HYHKUUH, YTO H B IEPBOH,
Mbl, CTPOrO rOBOpSA, HOJIXHB! OBUIM CHpaBa HOPHCOEAWHMTH €€ HEKOTOPYIO HOCTOSH-
Hyto. Koneuno, ona Obuta 6b1 mornmomena moctosHEbiME C H C’ B OKOHYATEIBHBIX
BBIPAXEHHAX.
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OpHako eciu B nepByo GOpMyny HOACTABUTL BHIPAXEHAE BTOPOrO HMHTErpana
g3 BTOpo# GOPMYITHI, TO IPHAEM K Y P2 BH € H ¥ IO OTHOCHTENBHO NEPBOTO HHTErPana,
3 KOTOPOrO OH ¥ ONPENENHTCA:

i bsin bx+a cos bx
J eX cosbxdx=———————— e C,
a*-+ bt

AHAJIOrHYHO HAXOOWM Y BTOPOH HHATErpa

. asin bx — b cos bx
reax sin bx dx = ——meome—— 0% L (”,
J az+ b

7) B KavecTBe NOCHENHEro NpHMepa NPHMEHEHUS METOAA WHTEIPUPOBAHHUA [0
4acTAM BLIBEOEM DPEKYyDPPEHTHY GOPMYJNY ANA BBIYACICHHS MHTErpajia

dx 3
Jn=J‘m (n=1, 2, ,...).

IlpumMenuM K HeMy dopMmyny (3), nonarasa

1 2nx - dx
U=, dv=dx, Tak 4YTO duy= - —————,
(x2-+ az)n (x2+ az)n+1

Mel nosgyYHM
x

Jn= +2nf
Tt at)n (x*+an+1

Tlocnennuit MATErpas MOXHO NpeoOpa3oBaTh cileayromuM obpa3om:

x2? (x24-a?) — a? dx dx
—— dx= | —————dx = —at =Jp—-a*Jny,.
(xa+a2)n+l (xz+az)n+1 (xz_i,az)n (x2+a2)n+l

Ilopcrapias 3T0 BBIPDAXCHHC B NOpEABLIAYMEC PABEHCTBO, NPHAEM K COOTHOINCHHIO

Jn +2nJp ~2na*Jn,,

Tt aryn
OTKyna
Jnp=———t———Jn. ©

INonyyesnas GopMyna CBOJUT BBIMHCICHHE MHTErpana Jpy, K BHIMMCICHHIO HHTEr-
pana J, ¢ MCHBIIEM HA €ARAMIY 3HAYKOM, 3Has HATErpa

1 x
Jy=—arctg—
a a

{267, 9) (6); Mui Gepem omHO M3 ero 3HaveHmii], o 3ToH dopMyre, IpH n=1 HalizeM

7 1 x N 1 . x
g = — arctg —,
T 2t x*+a® 2ad ga

3
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[4T0 MHI BhIE DOJMYYWIA APYrEM OyTeM, cM. 269, 8)]. ITonaras B dopmyne (6) n=2,
MBI TOJYYUM HaJee

J 1 x + 3 J 1 x . 3 x 3 3 et
= —_— T e— - — arc —_—
4@ (a4 da (x+a?)? Batxit+at Sad g

u T. A. Taxam 06pa3’oM MOXHO BHIYHCINTE RHTErpan Jn i mMoGOro HaTypanbHOro
ToKa3aTend n.

§ 2. Murerpupobanie pauuoOHAILHBLIX BHIPAMKEHHI

272. IocraHoBKka 3aJa%H WHMTErPHPOBaHUA B KOHEMHOM BMAe. MEI mo-
3HAKOMMIIUCh C 3JIEMEHTAPHBIMH INIPHEMAaMH BBIMHCIIEHHS HEOIpeNeleH-
HBIX MHTETpajioB. DTH NpHEMBI HE NPEMONPENeIAIOT TOYHO IyTH, IO KO-
TOpOMY BaIUISKUT HATH, YTOOLI BBIYMCIMTH NAHHBEI HHTErpal, Ipero-
CTaBJsisl MHOIOE HCKYCCTBY BHMHCIHTENSA. B 3TOM H CIEOYIONIMX Hapa-
rpadax MBI OCTAHOBHMCS HOAPOOHEE HA HEKOTOPHIX BaXHBIX KJaccax
(yHKHEH B DO OTHOLIEHMIO K WX HHTErpajlaM yCTaHOBMM BIIOJIHE OIpe-
JICICHHBI MOPANOK BBIYHCIICHHIA.

Temepb BBIACHMM, YTO MMEHHO HAac OYZeT HHTEPECOBATH NPH MHTE-
TpUpOBaHNH QYHKIMH YIOMSHYTHIX KJIACCOB H 10 KAKOMY NMpHEIHNY OyaeT
IPOM3BEIEHO CaMOE HX BBIAEJICHHE.

B 51 6put0 OXapakTepu3oBaHO TO MHOTooOpasue (yHKOmii, K KOTO-
PHIM B OEPBYIO OYEpelb OPHMEHAECTCS aHAIM3; 3TO — TaK HAa3bIBacMble
aeMeHTapHble QYHKOUH U QYHKOMH, KOTOpPBIE BHIPAXKAIOTCA Uepe3 diie-
MEHTApHBIE C IIOMOIIbI0 KOHETYHOT O YH CJIa apudMeTHIECKHX meii-
CTBMI M cCymepmosuuuii (6e3 mpemeibHOro Iepexoma).

B rmase II1 Ml Buzemu, 4ro Bce Takue Gy auddepeHImpyeMsl
H HX IIpOM3BOIHBIC IPHHAIUIEKAT K TOMY Xe MHoroodpasmo. Unade o6-
CTOMT J€710 C HX HHTErpajlaMi: OYeHb JACTO OKa3biBAETCS, UTO HHTErpPal
OT (QYHKIMH, IpHBAIUIEKAIIEH YIOMSHYTOMY KJIaccy, caM 3TOMY KJaccy
HE NPHHAJJIEXKUT, T. €. HE BBIPAXAeTCA depe3 dreMeHTapHble (QYHKIMH C
OOMOIIBIO KOHEYHOTO 9YHCIa Ha3BaHBEBIX Bhie onepanmit,. K
9HCIy TAKHX 3aBEJlOMO HEBBIPAXAKWMHUXCA B KOHEYHOM
BH € MHTETPAIOB OTHOCATCSH, HAIpHMED,

J.e—’f' dx, jsin x2dx, fcos x2dx,

smx CoSs X dx |
Jre [See o

IOpyrue IpuMepsl momobHoro poma OymyT mpmsemensl mike [280, 289,
290 u cn].

Baxcno noduepknyme, umo 6ce 3mu UHME2PAAbl peAAbHO Y 1wy e-
cmeyiom*, HO OHU AUWD NPEOCMABAAIOM o060l cO8epuleHH o Ho-

* CM. CKazaHHOE MO 3TOMY HMOBOAY B 264. MBI Bepremcs k 37OMy Huxe, B 305.
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g bl e (PYHKYUU U He NPUeoOAMCA K memM BYHKYUAM, KOMopble Mbl HA36AAU
9.1eMEHMAPHBIMU *.

M3BeCTHBI CPaBHHETENIBHO HEMHOrHEe o0Iue xjacchl QYBKIMH, 1js Ko-
TOPHIX HHTErPHPOBAHAE MOXKET OBITH BHINOJIHEHO B KOHEIHOM BHJIE; ITUMH
KxaccaMy Mel OinpxaimM o0pasoM H 3aiiMeMcs. Ha mepBoM MecTe cpenu
HIX HAJJIEXKHT MOCTABUTE BAXKNBIA KXaCC PANHOHANBHBIX QyHK-
19288

273. Ylpocthie apeOn B MX MHTerpupoBanme. Tak XaK W3 HEOPaBHILHOK
panHOHANBHOH IPOOH MOXHO MCKJIFOYHTEH IEJNyO YacTh, HHTErPHPOBAHHUE
KOTOpOil He NMPencTaBisgeT TPYAHOCTEH, TO JOCTATOYHO 3aHATHCSA HHTETPHU-
pOBAHMEM N PAaBHUJBHBE X AP0 Oei# (y KOTOPHIX CTENEHDL YACTATENSA
HIDKE CTEMEeHH 3HAMEHATels).

W3 HUX MBI OCTAHOBHMCSI 3[leChb HAa TaK Ha3bIBAEMBIX I P OCTBHIX
npo6sx; 3To OyayT Opodu CIEOYIOLIMX YETBHIPeX THIIOB:

I A I A 1 Mx+N Mx+N .
* x-a’ C (x—a)k’ T o x34px+q’ T (@4px+qyn?’
(=2,3,...) (m=2,3,...)

rae A, M, N, a, p, ¢ — BEILLECTBEHHBIC HHCIIA; KPOME TOTO, O OTHOLIEHHIO
K apobsm Buma III u IV mpemmomaraercs, 4to TpexwieH X2+ px+q HeE
AMECT BEIIECTBEHHBIX KOpHEH, Tak 4To

=—q<0 um q—%?>0.
Hpobu Buma I u II Mer yxe ymeem uaterpupoBath [267, 7)]
Afx—"_ffAln |x—a|+C,

dx A 1
4 |G~ ~ i G+ C

Yro xe Kacaercs mpobeii Brma III u IV, To ux unterpupoBanue 00-
JieryaeTcs CIeAyroIlel MoACTAaHOBKOM. Beiaemum n3 BeIpaxeHus X2+ px + g
HOJIHEIM KBAaapaT ABYWICHA

X4pX+q=x2+2-5.X 1 (’5)2 +[q— (‘;)2] =(x+§)z + (q—‘—:;) .

* Ons Toro yToOBl NOMOYB YHTATENI0 OCBOUTBECS ¢ 3THM (AaKTOM, HAMIOMHUM €MY,
YTO HHTErpasiLl

)

J‘ dx dx
X 14x2

OT PalMOHANBbHB X QYHKIMHA caMd yXe He SBIBIOTCH PalAOHAJILHBIME (yHK-
masamd. TaxuM o6pa3oM, e€c iy OBl [UIa HAC ¢IEMEHTAPHBIMHS OBUIM JIHIOL PAnHO-
HaTeHble GYHKUNM, TO YXE Ha3BAHHLIE MHTErpalibl OT $IMEMEHTAPHBIXY (GYBKIMA He
BRIpAXATACh OBl Yyepe3 «3NEMECHTapHBICY GYHKIMH, NPEACTaRIAs cOOOM ¢HedneMeHTap-
Hble» QYHKHIAM HOBOW HPHPOABL: In x W arctg x!
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Iocaenuee BBIPAXCHUE B cxo61<ax, IO MPEANOJOXKEHUIO, ECTh YHUCIIO II0JIO-
KHUTCJIbHOC, €I'0 MOXHO IIOJIOKHTL PaBHBIM (12, €CII B3ATH

SN Tps

Tenepsr nmpuberHeM X IMOACTAHOBKE

+§=t, dx=dt,

X+px+q=r+a, Mx+N=Mt+(Nm_,__

B ciyyae Il Oynem mmMets

M
N-—Z

J‘Mx+Nd_ MH( ) 2J~21dt ( @” dt

Xfpxtq ria rrrag 2 | Jeva—

_Mp

1
=71n(t2+a2) %‘E( 3

) arctg -+ C,

HJIH, BO3BPAINAACh K X W IOJCTABJIII BMECTO ¢ €0 3HAYEHHE:
M 2N - M, 2x+

=>Inx+px+q)+ ? arctg LENe
2 V4a-p? Vag-p?

HOns coyyas IV Ta ke moncranoBka macr

Mx+N d
_[x2+px+q

Mp
Mx+N Mt+(N‘7)
|G peram 4= | —GEra =
M 2dt Mp dt
T 2+ a®)m + (N_'z_) j(,a_f_aa)m . (1)

IlepBplif M3 WMHTErpaJioB CrIpaBa JErkO BBMUCISETCH TOACTAHOBKOH
rP+a?=u, 2tdt=du

[_EL?L_=J$=_*1__L+C=_L_1_+C, @

. (tz+a2)m um m—-1yuym—1 m~—1(t2+q2)m—1

BTopoit xe M3 MHTErpajioB CIpaBa; NpU JIOGOM M, MOKET OLITH BBHIYMC-
JIeH HO peKyppeHTHo# ¢opmyie (6) n° 271. 3areM ocTauercs AULIb ITO-

+
TOXHUTB B PE3yIbTATE 1=
OTHM HCYEPIBIBACTCS BONMPOC 00 MHTEIPUPOBAHMH NPOCTHIX Ipobei.

P 4ro6BI BepHYTHCA K TIEPEMEHHOH X.

274. Pa3noxkenne npasuIbLHLIX 1pobeii Ha mpocTble. OCTaHOBAMCS TETEPhH
Ha OJIHOM Teopeme M3 0o0nacTH anrebphl, koTopas, OJHAKO, HMeeT (yH-
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JIAMEHTAILHOC 3HAYCHAE B TEOPHH HHTEIPHPOBAHMA PANMOHAILHBIX JpO-
Geil: Kaxcdaa npasuabhas opobs
P(x)

o)

Modcem Obimb npedcmasieHa 6 6ude CYMMbl KOHEUHO20 HUCAQ NPOCMbIX
opobeil.

DTO pa3jokKeHHE IPABIILHONW ApOGH Ha IPOCTHIE APOOH TECHEALINM
06pa3oM CBA3aHO C pasloXeHHEM ee 3HaMeHaTels Q(X) Ha OPOCThie MHO-
suTend. Kak HM3BeCTHO, KaXIBIA MENbIi MHOTOWIEH C BEIICCTBECHHBIMH
xo3ppuIHeHTaMH pasnaraeTcsa (M MPUTOM CAUHCTBEHHBIM obpa3zoM) Ha
BellIECTBEHHBIE K€ MHOXHTEJM TUIIA X —a H X2+ pX-+g; OpA ITOM KBaA-
paTHYHBIE MHOXHTENH MPEANONAraioTCs He MMEIOIMMK BEIIECTBEHHBIX
KODHEH 1, CJIe0BATENLHO, HEPA3JIOKHMBIMU HA BELICCTBCHHbIC JIMHCHHbIC
MuoxuTen. OObeauHAS OMMHAKOBLIE MHOXUTENH (€CIM TaKOBBIC HMe-
JOTCS) M ToJaras, i TIPOCTOTHI, CTAPIIHA KO3(hGHUUHEHT MHOrOwIeHa
Q(x) paBHBIM eIHHHMIE, MOXHO 3aMCAaTh PA3JIOKEHHE ITOr0 MHOrOWICHA
CcXeMaTH4eCKH B BHIE

oX)=(x—-a)f ... (2+px+q)™ ..., 3)

rae k, ..., m, ... CyTb HATypaJIbHBIE . 9HCTIA.

3aMeTHM, 4TO €CJIH CTelleHb MHOrowieHa ¢ €CTb 1, TO, O4EBHIHO,
cyMMa Beex IlokasaTeneif k, CIOXKeHHAs C YA BOEHHOH CyMMOH BCex
mokasateJieifi m, B TOUHOCTH IacT n:

Sk+23m=n. : | @

JIns moxa3aTelbCTBA TEOPEMBI YCTAHOBHM IIPEIBAPHUTENBHO CJIEyIO-
1Me JBa BCIOOMOIAaTEIbHBIX IPeHIOXEHH:

1°. PaccMOTpuM KakoW-HUOYAb JWHEHHBIA MHOXHTEIb X —d, BXOHs-
Wil B pasioXeHHe 3HAMEHATENA C IokasaTesqeM k=1, Tak 4TO

0(x) =(x - 9)*Qy(x),

rae MHOrowieH Q) yXe Ha X —a He OeJMTCA. Torma 0awHasa npasuibHaA
dopobb

Px)  PE)

0(x)  (x—a)kQ\(x)

Moxcem Goimb npedcmasiena 6 eude CyMmbl npasutbHvlx Opobeii*

4 Py(x)
G- ok 10, °

U3 KOTOPHIX IlepBas SBISIETCS I P OCTOH, a 3HaMeHaTeJb BTOPOH Co-
JEpXUT MHOXHTEJb X —a B Oojiee HA3KOH CTENIEHH, 4eM DPaHbIIE.

* Byksnl P, Q (C pasiaYHEIMA yKa3aTedsMH) 0003HAYAIOT 3AECh LeIbie MEOTOWICHBI,
a 6ykBol A, M, N — NOCTOSAHHBIE YHCIIA.
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Il nmoxasaTenbCTBa JOCTATOYHO IOJOOpaTe 4HCIO A M MHOTOWIEH
P,(x) Tax, 4TOOBI BBHIIONHAIOCE TOXAECTBO

P(x) — AQ:(x) = (x — a) Py(x).

OnpenenuM cHadana 4 Tak, uYTOOBI JeBas 4acTh OEIHIIACh HA X — 4,
INs 4ero JocraTouHo (MO u3BeCTHOM TeopeMe b e3y), 9ToOHI ee 3Ha-
YeHue MPH X =g ObUIO HYJIEM; 3TO IPHBOAMT K CIIEAYIOILIEMY BHIPAKEHAKD
g A:

_ P
N @’

OHO MMeeT CMBICI HMEHHO HOTOMY, 4TO (Takxe mo TeopemMe be3y)
0:(a)=0. IIpu yxazamaoM BeiOOpe A MHOTOWIEH P, ONpeAeIUTCS MPOCTO
KaK 9acTHOE.

2°. Ilycts Teneph X%+ px+q OymeT Kakoud-HUOyAb W3 KBaJpPAaTHIHBIX
MHOXHUTeJIEH, BXONAIIMH B pa3jlokKeHHe 3HAMEHATENA ¢ IoKasaTeyeM m= 1,
TaK YTO HA 3TOT pa3 MOXHO HOJOXHTH

O(x) = (x2+px + q)" 0y(x),

e MHOrowIeH (; Ha TPeXWIeH X2+ px-+q He Henurcsa. Torma Oannas
npasuavhan 0pobo

Plx) Px)
0(x)  (+px+q)m0,(x)
Modcem (Gbimb npedcmasaena 6 eude CYyMmbl npaguibHulx Opobeil

Mx+N Py(x)
(2 +px+g)m  (xB+px+q)n—10y(x) ’

U3 KOTODPHIX IepBasd yxe OylJeT mMpoCT o, a BTopas COOEPXHUT B 3Ha-
MeHaTeJle YOIOMAHYTHIH TpeXWieH CHOBA — B HHU3LICH CTCICHH.

Jna mokasaTenscTBa JOCTaTOYHO momoOparth: gucna M, N u MHOro-
aieH Py(x) Tak, 9To0bl HMEJIO MECTO TO XA ECTBO

P(x) — (Mx +N)Qy(x) = (x*+ px + q) Py(x).
Onpegenum M u N Tak, 4ToOBl HA 3TOT pa3 JieBas 4acTh AECJIUIIACH
Ha KBaApaTHBIf TpexwieH X2+ px+gq. Ilycte ocratkamu oT aenennsa P

4 O, Ha 3TOT TpexwieH OYyAyT, COOTBETCTBEHHO, ax+f U yx+ 0. Torma
BOIPOC CBEAETCA K TOMY, YTOOBL Ha X2+ pX +q AENUIOCH BHIPAXKCHHE

ax+f—(Mx+N)(yx+0)= —yMx2+(a— M —yN)x + (B — 6N).
BLIMONTAMB 37€Ch JEJICHHE, HA CAMOM JIejie, B 0 CTaTKe OyaeM HMeTh
[(py — )M —yN +alx + [gyM ~ 6N + B).

Mbl IOJDKHBEL OPHPABHATH HYI:0 00a 3TH Kod(dunmuenta u, TakuMm obpa-
30M, 1A onpenenerus M u N MmoixyduM CHCTEMY U3 [BYX JMHEHHBIX
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ypaBHeHHﬁ; €e ONpeeUuTeb

py=90 -~y
qy -0
OTIMYCH OT HyNs. JIeHCTBATENbHO, IpH Y0 €ro MOXHO HANHCATH B BHIE

A 3]

HO BBIPDAXCHHUE B KBAaJpaTHBIX ckoOKax ecTh 3HAa4YeHHE HAIIEro TpeXwiCHa

|=52~p75+qy2

x? +pxX+4qg B TOUKE X= _j—J H, CJIECIOBATE/IbHO, HE MOXKET OBITH HYJIEM,

H60 TPEX'WICH 3TOT HE MMEET BEINECTBEHHBIX KOpHed. ITpum y=0 ompe-
IeuTe]Ib CBENETCS K 6%, a B 3TOM Cllyyae 0 3aBEIOMO HE HyJib, IIOCKOJIBKY
MHOIoOWIeH 0O, Ha X%+ pXx+q He HEJIUTCA.

VCTaHOBHB yKa3aHHBIM HMyTeM 3HaueHHS M u N, MHOTOWIEH P, u 31ech
TaKXKe onpeneuM Ge3 Tpynma Kak 4acTHOE.

O6paTimces Temeph K IOKa3aTeNbCTBY BBICKA3aHHOM BHAUAJIE TEOPEMEL.
OHo cBeneTCs K MOBTOPHOMY IPHUMEHEHHIO MpPEIJIOKEHHH 1° U 2°, KoTo-
pbIe OGECIIEYMBAIOT BO3MOXHOCTb IOCIENOBATENLHOTO BBIAEAEHHS I P O-
CTHIX NpoObeil M3 maHHOM NMpPaBUIBHON OpobH, BIUIOTH M0 €e HCUep-
TaHUA.

Ecym MEOXHTENb X — @ BXOZUT B Q JIMIIb B IEPBOH CTENEHH, TO, B CHILY
1° (mpu k=1), MBI HOCTaBAM €My B COOTBETCTBHE €IUHCTBEHHYIO I P O-
CTYw apo6b BHIa

A

xX—a

B ciyyae xe, ecnu moka3aTens CTENEHH X —a €CTh k=1, To, BBIIEIIHB,
Ha OCHOBAaHWYH 1°, MpocTyl ApPoOOH
Ay
(-a)’
MBI K OCTaBuIeldCsS NpoOM CHOBa IPUMEHMM 1°, BBIIEIMM HPOCTY IO

Apo0Obs
Ay

(x-ajk—1’
H T. 1., TIOKAa MHOXHTEJIb X —a BOBCE HE HCYE3HET U3 Pa3JIOKEBHHA 3HaMeE-

Hatensd. Takum o6pasoM, B paccMaTpMBaEeMOM CJIy4ae MHOXKUTENIO
(x-a)* (k>1) Gymer orBedath rpymma w3 k mpPoOCTHIX Lpobeil

4, A, Ay
x_a‘*"‘“*—(x_a)a’“i’...“i*(————‘x_a)k. (5)

Takoe xe paccyXneRMe MBI IOOYCPENHO HPUMEHHM H K KaXIOMY M3
OCTaBUIMXCs ellle JHHEHHBIX MHOXHTEJEH, I0Ka 3HAMEHATENh HE HCYep-
IaeTCH WM B €r0 PA3JIOKCHUM HE OCTAHYTCS OJHH JIHIIb KBAIPATHIHBIE
MHOXHUTEIH,
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AHANOTHYHO 3TOMY, MONB3YSCh 2°, KBAaIPATUYHOMY MHOXHTEIIIO
X%+ px + g MBI TIOCTABMM B COOTBETCTBHC OJIHY JIMIL DI POCTYI0 Apo OB
BHOA
Mx+N
xi+px+q’

€CIIM OH BXOIMT B LEPBOH CTEIEHM, M IPYNHy U3 M HPOCTEIX AP O-
6ent
M;x+N, Myx+N, Mpyx+Nny, 0]
x*+px+q  (2+px+q)P T (24px+gym?

€CJIM 3TOT MHOXHWTEIL BXOOUT C HokaszaTejaeM m > .
To Xe MOXHO CHeJaTh H C OPpOYHMH KBAOPATHYHBIMH MHOXHTCIISIMHU,
€CJIM OHH CHIC MMCIOTCHA; 3THM H 3aBEpIIAcTCd MOKA3aTECJIbCTBO TEOPEMBI.

275. Onpepneinienne xo3pdmuenros. HTerpuposande OpaBWILHLIX APO-
Oeif. TakuM obpasom, 3Has pasnoxenue (3), MBI TeM CaMbIM 3HaeM 3 H a-
MEHATEJNH TexX NPOCTHIX Ipobedt, Ha KOTOpHIE pa3ilaracTCs NaHHAS
P
Q
T. ¢. koabdumuenToB A, M, N. Tak Kak YHCIMTENd Ipymnsl apobeit (5)
cozepxaT k ko3bdUIUeHToB, a IACAUTENH Ipyunsl apobeit (6) 2m kod3d-
¢rmnenToB, To BBumy (4) Bcero mx 6ymeT n.

Hdna ompeneneHuss yOOMSHYTHIX Ko3¢dHINEHTOB OOBIMHO mpHOEraroT
KMETONY HEONpENENeHHB X KO3)PUUUEHT OB, KOTOPBIH

Ipobp =. OcraHOBHMCA Ha BompocCe 00 ompenencHuM Y HCIHT € JI € i,

P
COCTONT B ciueAyroneM. 3Has G opMYy pa3moXeHHd ApoOH -, MHLIYT

€roc 6 ykBEeHHH MU KO3 GHUUMEHTAaMH B YUCIHTEIIX CIIPaBa,
O6muM 3HaMEHATeNIeM BCeX MPOCTHIX Ipoleif, odeBuaHo, Oyner Q; Ckia-
IbIBasg MX, MOJYyINM IMPaBUNBHYIO Apobs *. Ecam oTGpocuTs Temeph ciesa
H CIpaBa 3HaMeHaTenb ), TO IPANEM K PaBEHCTBY IBYX MHOTOWICHOB
(n—1)-# cTenmeHs, TOXOECTBEHHOMY OTHOCHTeNbHO X, Koaddmuuenramu
OpH pa3jMYHBIX CTENeHSX MHOTOWIeHa chpaBa OyayT JHHeHHBIE OIHO-
pOIHbIE MHOTOWIECHB OTHOCUTEIbHO n Ko3ddunuenToB, 00603HAYEHHBIX
6ykBaMy; IIpUPABHUBAS HX COOTBETCTBYIOIIMM YHCIEHHBIM Ko3hduumeH-
TaM MHOTOYIEHA P, mojy1nM, HaKOHeN, CHCTEMY n JHHEHHBIX ypaBHEHHUIA,
M3 KOTOPLIX OykBeHHBIE K03(bUIUeHTH B OmpenenaTca. Beuay Toro, 4To
BO3MOXHOCTb Pa3jIOXKEHHsS HAa NPOCTHIE APOOHW Hamepel YCTAHOBJIEHA,
YOOMABYTas CHCTEMa HHUKOIZAa HE MOXET O0Ka3aThCi I POTHBOD -
9HB O il

Bonsuie Toro, Tak Kak ymOMSHYTas CHCTEMa ypaBHeHHil yMeeT pelre-
Hue, kakoB Ol HH ObLT HAGOp CBOGOMHBIX WieHOB (K03()dUIHEHTOB MHOTO-
ureHa P), To ee ompenmenutens HeoGXoAuMO OymeT OTAMYEH OT HYJIA.
WHBIMU CIIOBAaMH, CHCTEMa BCEra OKa3bBaeTCs ONpeneJI€e HHO K.
OTo mpocToe 3aMeYaHne MOIYTHO JOKAa3blBACT H € THHCTBEHHOCTD

* CyMMa NpaBATBHBIX PalMOHANLHLIX Apobell Beerna DpencTamiseT cobol Dpa-
BWIBHYIO Xe Apo6b,
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pa3iOKCHHA TpaBHJIbHOM NpoOH Ha MpocThie ApoOH. IToscHUM cka3aHHOE
NPpHMEDOM.

. 2x24+2x+13
Iycts nasa apobp ————————, CorslacHo ofmielt Teopeme, s HEe MMEETCs
(x—2)(x2+1)2

2x242x+13 A Bx+C Dx+E
G-ty x-2 il i
Koadpduumentsr A, B, C, D, E onpenenym, HCXOAS U3 TOXKAECTBA
2x24+2x+ 13 =A(x2+ 1)+ (Bx+ C)(x2+ 1)(x — 2) + (Dx + E)(x — 2).

IIpupasHuBas KO3(QGMIUMEHTEH OPH OJWHAKOBEIX CTENEHSX X CIEBA M COPaBa, NPHAEM
K CHCTEME M3 NATH ypPaBHEHHH

x4 A+B=0,

x3| —2B4+C=0,

X3 24+B-2C+ D=2,
xt{ -2B+C-2D+E=2,
x0 A-2C-2E=13,

pasnoxce}me

OTKynAa

OKOHYATENBHO
2x2+2x+13 1 x+2 3x+4

G- +1F x-2 x*41 (2+1)¢

Anrebpaumuecknit ¢akT, KOTOPBIH MBI TOJIBKO YTO YCTAHOBHJIH, HMEET
HENOCPEeICTBEHHOS IIpUMEHEHME K HHTETPHPOBAHMIO paIlHO-
HanbHBIX Apo6eit. Kax mpl Bamenn B 273, npocTele OpoOH MHTE-
TPHPYIOTCS B KOHCYHOM BHIEe. Temepb MBI TO XKe€ MOXeM CKa3aTh o Jro6oi
panuoHabHOM Apo6H. Ecnu BcMOTpeThCA B Te QiyHKIHH, Yepe3 KOTOpHIE
BHIPaXalOTCsl HHTETPAIIBL OT IIEJIOT0 MHOTOWIEHA H OT IPaBHIBHBEIX IpO-
6eif, To MoxHO chopmynHpoBaTH GoJiee TOMHBIA Pe3yJLTAT:

Humezpan om 11060% payuoHabHot GYHKYUU 8bIpaxcaemcs 6 KOHEUHOM
Sude — C NMOMOWbIO DAYUOHAAbHOIL Jce PYHKyuu, A02apupma u apxkman-
2enca.

HanprMmep, BO3Bpamasch K TOJMBKO 4TO PaCcCMOTPEHHOMY OPHMEDPY M BCIOMEHAS
dopmymer n° 273, uMeeM
2x24+2x+13
G-t
¢ dx x+2 3x+4 13-4x 1,  (x-2)2

= | VT g = —1 - t \
Vim Jmmis e et e aC

276. Boigenenne panmoHANbHOH 9YacTH HHTerpana. CylIeCTBYeT IpHeEM,
opuHagexanmit M. B. OcTtporpaackomy, ¢ DOMOIIBIO KOTO-
POTO HaXOXICHWE MHTErpajia OT NPaBHJIbHOH pallMOHAIBHON IpoGu 3Ha-
YHTEJIBHO YIPOWIAETCA. DTOT NMPHEM IIO3BOJIAET YUCTO aJrebGpamde-
CKHM IyTeM BBUICIHTh PANHOHAILHYIO 9acTh MHTEIpala.
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Mur Buzend [273], 4To panMOHANILHBEIE YWICHEI B COCTaBE HHTErpana
MOJIY4AIOTCS IPY HHTETPHPOBAaHMHA IPOCThIX Apobeit Buma 11 u IV. B mep-
BOM CjIydae MHTErpaj] cpa3y MOXHO HallHcaThb

A A 1
JoZard= g+ C M

VYcranosum TENEPD, KaKoil BHI UMEET paouoHaJIbHASA 4YaCTh HHTCIrpala

Mx+N

pa
mdx (m>1, q—z>0).

IIpubernye k 3HaKOMOM yXe HAM IIOJICTAHOBKE x+121=t, HCIIOJIBb3YEM

pasenctBa (1), (2) m dopmyny npusenenus (6) n° 271 npu n=m~ 1. Ecau
BEPHYTBCA K NMEPEMEHHOH X, TO NOIYINM

Mx+N _ . Mx+N__ dx
j(x2+px+11)m T (e +pxtgynt I(x”+pX+q)’"“’

rae M', N' 4 a 03HAYalOT HEKOTOpHIE MOCTOSHHBIE Koadduuuentrr. ITo
IToii xe QopMyie, 3aMeHIA M Ha m — 1, JJIA MOCTETHETO MHTErpaia Haii-
neMm (ecnd m=>2)

ady __ MxtN' g dx
(x*+px+gym—1 (x2+px+q)n—2 I (x4 px+q)m—3

H T. 1., TOKa HE CBEJEM IOKA3aTENb TpeXwieHa X2+ px-+q B HHTErpane
CmpaBa K emuHHIE. Bce mOCIemOBATENBHO BHIAENAEMEIE pALMOHAJIBHEIE
WICHB! CYyTh NPAaBUIIbHEIE Ipobu. OObeNHHAS UX BMECTE, IIONYYUM pE3Yib-
TaT BHMA

Mx+N e == R(x) dx ®)
CE+px+q)m " T (x24px+q)m1 j x34px+q°

rae R(x) — ueiblift MHOrOWIEH, CTENIEHM HM3IIEH, YeM 3HAMenarenb ¥, a

A — mocrosHHAL.

ITycts mMeeMm mpaBuibHYIO ApOObH g, KoTopyio OymeM mpermoiararthb
HECOKpAaTMMOlf, M IyCTb 3HaMeHaTesb ee O pas3yoXeH HA IPOCTHIE MHO-
xutenan [cM. (3)]. Torma uHTerpan oT 3TOM APOOH MpPEeICTABUTCS B BHIE
CYMMBI MHTeTpajioB oT Apobeii Buna (5) umu (6). Ecnu k (unu m) 6ombuie
€IAMHUIBI, TO MHTErpanbl Bcex Hpobeit rpymmer (5) [umm (6)], xpome mep-
BoOH, mpeobpasyrorcs no dopmyine (7) [wmm (8)]. O6bemuusas BCe 3TH pe-
3yJIbTaTHl, OKOHYATENbHO IpuAeM K (opmyne Buma

PW P (P
Jow®=ow* |om & ®)

* CM. CHOCKY Ha CTp. 42.
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P,
PanuoHalbHas 4aCTh HHTEI'pajia Q
1

BHILEC PAOMOHANBHBIX 9aCTell; CIeIoBaTEIbHO, IPEXK/E BCETO OHA SBIAETCS
gpaBHNBbHOK npob6bio, a ee 3HAaMeHaTenb (; MMEET pa3loXe-

HHC

IIony4YeHa OT CIOXCHHA BBIACJICHHBIX

Ql(x) =(x- a)"“l e (X4 px+ q)m-l. ..

P, -
YTo XK€ Kacaercsd leOGH Cg , OCTABIICHCA IO 3HAKOM HHTEIpaja, ToO OHA
2

moJIyuniack ot cioxenus apobeit Buna I u 111, Tax uTo oHA TaKXke I p a-
BHJAbHASA H

O(x¥)=(x—-a)...(x*+px+q).

OuesunHo [eM. (3)], 0=0,0,.
®opmyna (9) u HasbBaeTca gopmyaoii Ocmpoapadckozo.
Juddepennupys, MoXHO OpPE/ICTABHTL ee B PaBHOCHILHOW dopme

P_[Pyy P (10)
o7le) e

Mp1 Bupeaw, 9TO MHOTOWIEHBL (; B O, JIerkO HaxoOATCs, €CIIH H3-
BecTHO pasioxende (3) muorowriena Q. Ho oHH MOryT OBITH ONpe/esICHBL
u Ge3 3Toro pasnoxenus. JleHCTBHTENLHO, Tak Kak mpou3Bomsast Q' co-
JepXUT BCe IPOCTHIE MHOXHUTETW, Ha KOTOpHIe pasiaraercd (), UMEHHO
C IOKA3aTeaAMH HA €NHHUIy MEHBLUIMMH, TO (; ABJIAeTCS HAHOOIBIIAM
obutum memmareneM Q m @', TaK YTO MOXET OBITH ONpelesieHO IO STHM
MHOTOWICHaM, HaPAMEP, IO Crocody HocaeqoBaTeNbHOrO AeneHusd. Ecian
O, U3BeCTHO, TO (J, OmpeneNUTCsS OPOCTLIM AeleHueM O Ha O,.

Ob6paTiMcs K onpenenennto wucauteneit P, u P, B dopmyne (10). Hna
3TOrO TAKKE MOJIB3yeMCI MEe€TOJOM HeOoONpeXZeJEeHHBI X K03 d-
bunuenTOB.

O6o03HaumM uepes n, n,, My, COOTBETCTBEHHO, CTENECHA MHOTOWIEHOB O,
0,, O,, TaK 9TO ny +ny=n; TOrAa CTENCHA MHOrOWICHOB P, P, P, GynyT
EE BhULE n—1, n; -1, n,—1. IloacTasaM B KavecTBe Py, ¥ P, MHOTOUICHE!
creneneit #n,—1 m ny,—1 ¢ OykBeHHBMHU KodpdmnuesTamuy;
Bcero atnx kosbhdummentoB Oynmer n; +n,, To ecth #n. BrmommmMm B (10)
maddepennupoBanmne

PlO,-PQi P P
ot +Q2 Q-

IToxaxeM Temepb, YTO IEPBYIHO OpPoOb BCeTI Ja MOXHO ITPHBECTH
K 3HAMEHATeNMio (, COXpaHsisl LEIbIM YHCIUTENb. MIMEeHHO

, 0.0,
Plo-ro_ "% P00 plo,-pm
Qi 0,0, Y ’
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20,
(O
B BHIE LieJOro MHOrowiena. [leiicTBurensro, eciu (x —a)t, mpu k=1,
BXOJUT B cocTas Q;, To (x —a)*! BoiizeT B QF,a x—aB cocTas Q,; TaKkoe
XKe 3aKJIIOYCHHE MOXHO CHENIATh U 0 MHOXuTese BHMA (x4 px+q)™ npu
m=1, CienoBaTeJabHO, YHCIHTETh H HalleJJ o MOSJIMTCAd HA 3HAMEHA-
TeNb, W BOpeAb HOJ H MOXHO pa3yMeThb ILENbIH MHOTOWICH (CTemeHN

n,—1).
OcBoboxaasach oT obuiero 3HaMenaTens Q, IpUAEM K TOXKIECTBY IBYX
MHOTO4WIeHOB (cTenenu n—1)

P10, - Py H + PyQ, =P

OTcrona, Kak 4 BBIE, IJIA ONPEICICHAA # BBEACHHBIX OYKBEHHEIX KO-
3bPHIHEATOB MONYIUM CHCTEMY U3 71 JIMHEHHBIX YpaBHEHMUIL.

Tak xax Bo3MOXHOCTH pa3soxenus (10) ycranoBnena, kakoBo Obl HH
6but0 P, TO ymoMsHYTasl CHCTeEMA JOJDKHA ObITh COBMECTHOMH TpH
mo6px cBobomubX wieHax. OTcroma camo coboif BBITEKAeT, 4TO OIpe-
IeJuTeNb ee OTJIMYEH OT HyJIf, a 3HaYUT — CHCTeMa HeoOXomuMo oKa-
3plBaeTCd ompeneneHHOI, u pasmoxenue (10) — npu ykazaHHBIX
3gaMeHaTelsX Q) U O, — BO3MOXKHO JIMIIb e THHCTBEHHBIM oOpa-
30M ¥,

ecimu H o3HaYaeT 4YacTHOE . Ho 3To 4HacTHOoe MOXHO IIPpECACTaBUTDH

IIpumep. Ilycts TpeOyerca BHIOEIUTH PAIMOHATBLHYIO YaCTh HHTETrpaja

J‘4x4+4x3+16x2+12x+8
G DRGe+ D
Hmeem
Q1=Qs=(x+1)(x*+1)=x34+x2+x+1,
4x‘+4x3+16x”+12x+8_[ ax*+bx+c | dx*tex+f
(3 x2+x+1)2 x34+x2+x+1 x3+xttx+1’

OTKyxa

4x'4+4x3+16x2+12x4+-8=

=QRax+b)(x3+x2+x+1)—(ax2+bx+c)(3x2+2x+ 1)+ (dx2+ex+ fH(x8+x2+x+1).

ITpupaBHEBasgs kod3(pG¥OHEHTHT OPH OLMHAKOBBIX CTeNEHSX X B 00enx vacrsx,

DOJIYYAM CHCTEMY YpaBHEHWH, H3 KOTOPHIX H ONPEIENATCS HEM3BECTHLIE &, b, .. ., f:
pad d=0 (B nocnegyromeM yxe d B pacyeT He Gepem),
x4 | —ate=4,

x3 | —2b+e+f=4,

X a-b-3ct+e+f=16, a= -1, b=1, c= -4,
x! 2a-2ct+et+f=12, d=0, e=3, =3,

P b-c+f=8.

* Cp. aHaANOrmyHOE 3ameyande IO MOBOAY Pa3lOXEHHs NpaBUNbHOA Apobm Ha
opocTeie pobw, cTp. 42.
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JATak, BCKOMBIH MHTEIpan

4x4+4x3+16x2+12x+4-8
f (x+ 1(x2+1)2

xt—x+4 J‘ dx x2-x+4

- = - +3arctg x+C.
x3+x24+x+1 x2+1 x3+xt4+x+1

B 5TOM IPMMEDE BHIYKCIICHHE MNOCJIEJHEr0 HHTErpana Jerko ObiNo TPOH3BECTH Cpasy.
B ApyrEX CHydasx OPHXOMWTCS CHOBA Pa3NaraThb Ha IPOCThE ApoGH. MOXHO, BIIPOYEM,
H 3TOT TIPONECC OOHEOMHUTE ¢ MPEIBIMYIIHM.

277. Ipmveprs. IIpuBeneM JanbHelitowe OpAMEPE] HA HRTETPHPOBAHHE PANHOHAb-
HEIX (QYHKIMH.

dx
b sz(l +x2)8°

PasnoxeHue Ha OPOCTEIE APOOH 37eCh NOCTHTaeTCs TyTeM HE3aMBICIOBATHIX Ipe-
o6pa3oBaHnii:

1 (1+x2)—x? 1 1
(l+x) e(+x0)2 x2(1+x2) (1+x2)2
I+x)-x2 1 11 1
Cox(l4xd) (14x2r x2 14x2 (14x2)2
1 1 x 3
Omeem: ———— ——-——arctgx+C.

x 2 14x2 2

2) J‘ 4x2+4x—11 .
2x-1)(2x+3)(2x-5)

Hmeem
1 1 1
X X~ —
4x24+4x—11 2727 8 4, .
2x-1)2x+3)2x-5) 1 3 5y 1 3 5’
x——lx+=]llx-=] x-—= x+— x——
2 2 2 2 2 2

OTKyZda CneayeT TOXOCCTBO

s e SR )

BMecto TOro 4TOGHI NPMPABHMBATL KOSPQOHUUMEHTHI U ONMHAKOBBIX CTCIEHSX
X CNeBa H COpaBa, MOXKHO MOCTYOHTh MHAYe. IJONIOXAM B 3TOM TOXAECTBE MOCHENO-

1 3 5 1 1 3
BaTeBHO X =-—-, —--, —; Cpa3y mo. A=—, B=-—, C=— (b0 BCAKHH pa3
5 T3 5 Cpasy momywm 7 3 3 ( p
CIIpaBa OCTAHETCS JIMIOb O J H O CIaraemoe).
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(0] 11 1 1 +3 +31 > +C
meem 4 n|x 5 3 n 5 3 >
1 (2x-1): (2x-5)3
=—In| —m—— L *,
8 2x+3 HC

)jx4+1

Tak xax
x4+1=(x‘+2x2+1)——2x2=(x9+1)2-(xV§)2=(x2+xV§+1)(x2—xV§+1),
TO DAa3NIOKEHHWE HIEM B BHIE
1 Ax+ B Cx+D

x4l w4x)2+1 x2-x)241 '

W3 ToxImecTsa
1=(Ax+B) (x2-x}2+1) +(Cx+D) (x2+x}2+1)
TOJIYYaEM CUCTEMY YDABHCHHIM

x”' A+C=0,
x| )24+ B+)2C+D=0,
x| A-V2B+C+}2D=0,
w! B+D=1,
OTKyIa
1 1
A=-C=——, B=D=—
2Y2 2

Takam obpazom,

dx 1 x+72 1 x-V2

j___mj_l__dx__jj_i_dx=
¥+l 2y2 J xr4x)2+1 22 J x-x)2+1
1 2+x)2+1 1
=—1In ——L-}-————arctg (xV2+1) +——arctg (x}2-1)+C.
4Y2  xe-xV2+1 2)2 2)2
Hcnons3oBaB GopMysy CIOXKEHHSA IS apKTAaHTeHCOB [50], MOXHO 3TOT pe3yisTaT
NpeACTaBUT: M B Takoi ¢opme:

1 x24+x)241 1 x}2
——1In ——-————V-—:—- +——arctg V—a
4Y2  x-xY241 2)2 1-x
HyXHO 3aMeTHTh, OJHAKO, YTO 3TO BBIpaXkeHWEC IOOMTCS JHUL OTAE€NbHO AIA
OPOMEXYTKOB (—o, —1), (-1, 1), (1, +e), #O0 B TOIKAX X = 1 OHO TEPHAET CMBICIH.
Ilocrosrpas C’ [ 3THX NPOMEXYTKOB, COOTBETCTBEHHO, PaBHA

+C.

c--", ¢ Cc+—.
2)2 272
CkaukooOpa3Hoe H3MEHEHHE NOCTOAHHOW KOMIEHCHPYET pa3phiBEI caMoll (yHKIHE
opu x=+1.
)J‘Zx‘—4x3+24x2—40x+20

(x—1)(x2—2x+2)3

1
* QueBunHO, nocrosuuas C’ pasHUTCS OT nocTosHHOM C Ha ~~2—1n 2.
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IIpuGerdeM X BBHIJEJICHHIO PALMOHAIIGHOM 9acTH HHTerpana. Mmeem

O1=(x*-2x+2)%, Q,=(x-1D(x*-2x+2).
Taxum oOpa3zom,

2x‘—4x3+24x2—-40x+20_ ax3+bx2+cx+d]’ e fx+g
G-D(2-2x+2¢ | (2-2xt2)e x-1 x2-2x+2°

OpHYEM MBI 320IHO YK€ Pa3jlaraéM Ha HpOCTBIE APOGH TO BLIpakeHHE, KOTOPOE eIle
NOMJICKUT MHTEIPUPOBAHHIO (IOCNE BHINC/CHAS PAIMOHANBHON YACTH HHTErpana).
ToxpecTBO

2x4 - 4x3+24x2 - 40x+20 = Bax2+ 2bx+ o) (x2 - 2x+2) (x— 1) — _
—(ax?+bx?+ex+d) - 2(2x - 2) (x - 1)+ e(x2~ 2x + 23+ (fx +g)(x — 1)(x2+2x+ 2)?

TPABOJMT K CHCTEME yDaBHCHWIA:

x8 e+f=0,

x8 | —a—-6e-5f+g=0,

xt | —a—-2b+18e+12f-5¢=2,

x3 8a+2b-3c—32¢—-16f+12g= -4,

x2 | —6a+4b+5c—A4d+36e+12f-16g=24,

x| —4b+8d—-24e—4f+12g= —40,

x0 | —2c-4d+8e—-4g=20,

OTKyna
a=2, b= -6, c=8, d=-9, e=2, f=-2, g=4.

2x8-6x248x-9 (x-1)
(x2~2x4-2)2 +in x2-2x42

X8 x5+ x44-2x34+3x24-3x+3

x4+ 12 (G2 +x+1)3

Omesem:

42 arctg (x—1)+C.

5)

BeigennM panmoHaNBHYIO 9acTh HHTerpana. Mimeem
O1=Gx+1)*+x+1)%,  Q=(x+1) (x2+x+1).

Paznoxenue mimeM B BHIE

ax*+bx¥+cx?+dx+e} fx2+gx+h
(x+1) (2 +x+1)2 ] x4+ G2 4x+1)
U3 cucreMsl ypapHeHMA:
X f=0,
x8 —a+g¥1,
x5 a-2b+3g+h=-1,
x4 Sa—~b~-3c+5¢g+3h=1,
x3 4a+3b-3c—4d+5g+5h=2,
x2 3b+c—5d-5e+3g+5h=3,
x! 2c—~d-Te+g+3h=3,
X0 d-3e+h=3

4 I'. M. ®uxrerronsn, T. 11
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HaXOQUM
a=—1, b=0, c=-2, d=0, e=—1, f=g=h=0.
TaxuM o0OpazoM, 31echb HHTerpal BeChb CBOAMTCH K PAlMOHAILHOM — (GyHKIMH
— 2x2 + 1
—— +
(x+1)(x2+x+1)2

§ 3. MuTerpnpoBaliie HEKOTOPHIX BHIpAKeHHil,
coAepXKalMX pPaadKaJIb]

s *
ax+ 8
P J) . Ilpamepn
Beime MBI HAYYIUTHCh HHTEIPHPOBATH B KOHEYHOM BMIE PpallMOHAILHBIE
muddepennpansl. B mampHeHIeM OCHOBHBIM IPHEMOM HHTEIPHPOBAaHAA
TeX WIA IpYrax KnaccoB muddepeHIMaIbHEIX BBIpaXCHHU OynmeT pasbic-
KHBaH@E TAKUX DOJICTAHOBOK ¢ = (X), KOTOPHIE IPHBEJIH OBl HONHHTEr PATTH-
HOE BBIpaXCHHE K PaNMOHAILHOMY BUAY M IHainu ObI BO3MOXHOCTH IIpel-
CTaBUTh MHTErpajl B KOHCIHOM BuIe B GyHKmUH OT f. Ecnum mpm 3ToM
cama ¢ymxuma (x), KOTOPYH HAIUIGKUT MOJICTaBUTL BMECTO !, BBIpa-
XKaeTca depe3 3JeMeHTapHble QYHKIMH, TO HHTErpajl NpeACTaBUTCA B KO-
HEYHOM BHAE M B QYHKIAH OT X.

HazoBeM 3TOT mpueM METOJAOM pPalHOHAaJIH3aOMH IO I-
HETErpPalbHOIO BEIPAXECHHA.

B kagecTBe mepBoOro mpEMepa €ro NPpUMEHEHHS PACCMOTPHM HHTErpall

BHOA
fR( V;ﬁi‘g) dx, )

roe R o3mavaeT pamHOHAAbHYIO OQYHKIHIO OT IBYX apryMEHTOB,
m — BHATypaJbHOE 9HCIO, & &, f, ¥, 0 — IOCTOSHHBIE.
ITonoxum

278. MuterpupoBanue BHIPaXKeHHH BHAA R(x,v

z‘=co(x)=m°m+‘9 m_oX+8 orm—-g

yx+6° Tyx+6° x=¢(t)=a—ytm :

Wurerpan mepeiiner B
[RG®), Do) ds

3pecs nuddepeHinas UMeeT yXe palMOHAJIBHBIA BHUI, Tak kKak R, ¢, ¢’ —
panuoHaIbHbIE (GYHKIMH, BEMACINB 3TOT MHTErpas 110 IpaBHIaM IpeXbl-
Oymero naparpada, K crapolf mepeMeHHO# BepHeMCs, NOICTABUB =
= (x).

K unTerpany Buna (1) cBomarcs u Gostee oOImUe UHTErpaIbl

JR(x, (;%;%)’, (:%i—ﬁ)s , ...)dx,

* VcnosuMcea pa3 Hascerga 6ykeoi R 0603Ha9aTh paHOHANbHY 10 yHKIHIO
OT CBOMX apIyMEHTOB.
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rae Bce IOKAa3aTeNHd r, S, ... PAalHOHANbHbBI; CTOHUT JIHIUL OPHBECTH 3TH

[OKa3aTedH K oOIeMy 3HAMEHATENIO 71, YTOOBI [Oj 3HAKOM MHTErpaja
m

ax+f

yx+6°

MOJYIHTHh PalHOHAJBHYIO (byHKumo OT X H OT paauKaja V

Vx+1+2 dx
(x+1z-Yx+1

MDpumepsn. 1) f

x4+
3mece Apo6GHO-NIMHeliHAA QYHKIHS +6,Bqacmocm, CBENach NPOCTO
X
K NEBEeiHO# Oyrkuun. Iomaraem f=|x+1, dx=2¢dr; Torma
V +2 142 2 2142
x+l —_——dx=2 | ——dt= — ——) dt=
(x+1)2-Yx+1 3-1 t—1 2441
(t-1)2 2 2t+1
=In————— arctg —+C,
t241+1 V'§ Vi
TOE OCTAaeTCs JIMIIb MOACTABHTE = x+1.
3
dx x+1 dx
2 fa_ TV xSixxat
Vax-Dx+1)2
3
/x—!—l $3+1 612 dt
TlonaraeMm f¢= |/ ——, X=— dx=~ ———; TOTHA
x—1 t3-~1 (#3-1)
x+1 —3dt ( 1 t+2
-t dt=
~~1A+1 t"’ 1 t—1 24141
1 24+ -
=—1In —~—-2—+V3 arctg ——-+4C,
! 2 (- 13
x+1
roe t= |/ —.
x—1

279. UnrerpupoBande GuHoMHaIbHBIX Auddepenmuanos. IIpumepsr. Bu-

HOMHAJILHBIMH Ha3bIBalOTCH nuddepeHuuansl Buga

x™(a+ bx™)P dx,
rae a, b — moOble MOCTOSAHHbIE, a HOKA3ATENH M, N, p — PAIHOHAILHbIE
qncia. BuICHMM ciydad, Korzja 3TH BBIpaXEHHS HHTErPAPYIOTCA B KO-
HEYHOM BHJE.

Onun Tako#t ciydail SICCH HENOCPEACTBEHHO: €CJIM p — YHCJIO
uesnoe (IOJOXHTEIHHOE, HYIb WIA OTPUUATENHLHOE), TO PACCMATPUBAE-
MO€ BHIpaXeHHE OTHOCHTCS K THILY, H3YYEHHOMY B IIpeAbIayieM n°. Mmen-
HO, €CIH 1uepe3 A 0003HAYATH HAMMEHbIIEE OOLIee KpaTHOf 3HaMeHaTeJ el

ApoGelt m W n, To MBI HMeeM 31ech BEIpaxernne Buaa R () x) dx, Tax uro
i
ISl PAUMOHATM3AIHH €ro JOCTATOYHA IOJACTAHOBKA f = x.

4*
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IIpeobpa3zyeM Tenmeph MNAaHHOC BBIDAXKCHME IIOACTAHOBKOH z=Xx",

Torma
m+1

x™(a+ bx")P dx =% (a+bz)pz ™ iz

H, IIOJIOXKHB JIi KPATKOCTH

m+1
n 1=g,
OynmeM WMeTh
1
j x™(a-+bx")P dx =~ j (a+bz)P29 dz. [0}
Ecnau g — YHCIO I[eJloe, TO MBI CHOBA IIPUXOJUM K BHIpaXe-

HUIO H3YYeHHOro Thima. [{elcTBHTEIbHO, €CiM 0003HAYMTL Yepe3 v 3Ha-

1 4
MEHATEb IPpOoOH p, TO ipeoOpa3oBaHHOE BHIPAXKEHIE IMeET BUL R(z, Va+bz).
Pamponanuzangyd MOAWHATErPAILHOTO BBIPAXEHHS MOXHO JOCTHTHYTH H

cpady — MNOJCTaHOBKOH
14

t=Ya+bz=Ya+bx".

Haxonelr, nepenyiieM BTOPOil M3 MHTerpasioB (2) Tak:
j(a+bz)P 2048 dy.
z

Jlerko yCMOTpeTh, YTO IpPH p+¢ L EJIOM MBI TAKKE HMEEM H3yYeCH-

i 4

. . a+bz
HBlif ciy4aii: mpeobGpa3oBaHHOE BBHIpAXEHHE HMMeeT BHI R |z, .

IomuaTerpanbHoe BHIpaXKeHHE B JAaHHOM HHTEIrpajie PalluOHAIU3UPYETCH
U Cpa3y NoACTaHOBKOH

v
_
t= Vatbz= Vax—"+b.

Takum o6pazoM, ob6a unmezpasa (2) evipascaiomes € KOHeUHOM 6ude,
ecau oKasvleaemcA yeabim 00HO U3 Yucea

p, q, P+q
uau (4TO TO XKe) 0OHO U3 uucen
m+1 m+1
p, n n +Dp.

OTH CNydYam MHTETPHUPYEMOCTH, IO CYIECTBY, H3BECTHHI
6sum eme HeroTomy. Onmako JIHOIb B CepefiMHE NPOILJIOrO CTOJECTHS
I JI. YeGpinreB yCTAaHOBWI 3amedaTeNIbHbIA (akT, 9TO APYTHX CIy-
YaeB MHTETPAPYEMOCTH B KOHEYHOM BHJe U OMHOMHATBHBIX Auddepen-
OHAJIOB HET.
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PaccMOTpUM T pHMeE D bl.
3

l/ldﬂ‘/; ‘[x—"l?(l%—,\'—‘l—)_1

1 __V;.._. dx= 3 dx.

1 1 1

31ech = e e— n=—, =-— ; TaK Kak
ASER M=y i’ P73
1~i—1
m+1 —5
= =2,
n 1
4

TO EMeeM BTOPOH Cllyyail HHTETPUPYEMOCTH. 3aMETHB, 4TO ¥ = 3, noj0XHM (10 obmeMy

TPaBUILY) s

4
=V1+V§, x=(3-1)%,  dx=1212(t3-1)3 dr;

TOorAa
V1+V
LA 12](:6 oy dt -2 ~ 1A -D+C T A
2) J xo(1 +x8) h dx.
4 .
V1+x4
“ 1 m+1
Haosrorpazm=0, n=4, p= —Z;Tpemﬁ Clyyad MHTET PHPYEMOCTH, TaK KaK ——— +p =
1 n
=———=0, 3aech v =4; I0JOKUM
4 4
I4+x4 -1
I—Vx“}l~v s ox=@4-1) ¢,
X
_5
dx=—t3(t4—1) 44,
TaK 4TO

4 1
V1+x4=tx=t(t‘——l) .

/o
dx J*tzdt J‘
e Jri-1a (t+1 -1 2.[: s+l

V1+xt
(4

M T. A

t+1
"

1
‘ —Earctg t+C

dx J _L
£ R [P, J x~1(1+x5) 9 dx.

3
xY1+x5
1 m+1
3nece m= -1, n=5, p= —-3—; BTOpOI cinyyait: —-— =0; v=3. Ionoxum
n

3 1 3 4
t=V1=x8, x=(@3-1), dx=5—t2(t3—1)5dt;
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HMEEM
tdt 1 t—1)2 3 2t+1
J J )dt=— In -1 +£ arctg —i-+C
3 5 t— t2—|-t—|-1 10 24++41 S V§
x Y1+
HT. O

280. ®opmyasl nmpuBeAeHHs. Tak Kak HMHTErpaj OT OHHOMMAJBLHOTO
muddepennmana Bcerna Moxer ObITh [cM. (2)] mpeobpa3oBaH K BHIY

Jnq= | @ +b2ypde, 3)

TO B JaJIbHEHINIEM OrpaHHYMMCS PACCMOTPEHMEM HMEHHO 3THX HHTErpa-
JIOB.

VeranoBuM psii GopMyJT ODpUBEAECHHUS, CIHOMOIWBIO KOTOPBIX
uuTerpay (3) Moxer OBITh, BOOOWIE TOBOPS, BHIPAXKCH 4Yepe3 MOTOOHEIH
Xe uHTerpan Jy, o, rae p’ ¥ q' pasHATCA OT p U ¢ Ha IPOH3BOJBHBIC IIe-
JBIE YHCTA.

Hurerpupysa ToxkAeCTBa

(a+bz)Pt1z4=ala + bz)Pz9+ b(a + bz)Pzat1,
L [(a+b2)priza7) = (p+ Db(a + b2)Pza+ + (g + )(a+ b2)rHizs,

HaitaeM
Jpt1,¢=aJp, g+ 0Jp gu1>
(a+bz)PH1zat = (p+ 1)bJ) g1y +(g+ D) piy, q-
Otcroa NOJIyYaroTCs MepBBie ABE GOpMYITHI
(a+bz)3+129+1 p+g+2

M Ip.a=— aprD) T ap+D) Tri a0
' (p=—1)
_(a+b2)pt1za+1 | pig42
(D To.a=aqrn Ve Th e

(g=~1)

KOTOpHIE HMO3BOJIAOT YBEJHYHTDH NOKA3ATETb p WIM ¢ HA E€IUHMIY
(ecit TOJIBKO OH OTJIHMYEH OT —1).

Paspeinas 3T paBeHCTBA OTHOCHTEINIBHO J)pyy g, Jp, q41 M 3AMCHAAD U ¢
COOTBETCTBEHHO Ha p—1 u g—1, mpuaeM K dopmyram

_(a+bz)Pza+1 ap
(1) PaT pigrl  pia+l o100
(p+g=—1)
__(a+bz)p+129 aq
Iv) 20 B(prqil) BprgiD UPat

KOTOpPBIE NMO3BOJIIOT YMEHBINATH IOKA3aTeNIb p WIK ¢ HA EAUHHUILY
(ecyiH TOJIBKO CyMMa p +¢ OTJiudHa OoT — 1).
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Ecnu HU p, HA ¢, HU p +¢q He OyOYT UenBIM YUCIOM (TaK 4YTO HHTE-
rpai J, , He BHIPAXAETCs B KOHEYHOM BHJIE Yepe3 3JIEMEHTaPHbIE GYHKIHMH),
To (POPMYIIBI IPHBEICHHS MOTYT IOCIECAOBATENBHO PHIATATECS 6e3 BCs-
Koro orpaHuyenus. C uX NMOMOLIBI0 MapaMeETpPHl p U § MOIYT OBITh
cheNlaHbl, HAPUMED, NMPABUJILHBIMA IPOOSIMH.

OcraHoBuMCs Ha GoJiee MHTEPECHOM JJIA HAC cIyyae, KOIJa MHTErpaj
Oeperca B KoHeuHOM Buze. ITpn 3TOM MOXHO HPEMIIOIOXATE, YTO LEIBIM
OKa3pIBaeTcs MOKa3aTelb p WM ¢, TaK Kak CIy4ail [eoro p+ ¢ moAcTa-

. 1
HOBKOMW z=_ NPUBOIHT K CIy4aio LENOro g.
Torma mocienoBaTeNBPHOE NPHMEHEHHE BHIBENECHHBIX GopMyJ mO3BO-
JIET CBECTH 3TOT LENBIA MOKa3aTesk, p WM ¢, k 0 (ecim on OBUT moJTO-
XHUTENbHBIM) I K —1 (eciid oH OBLI OTpHIATENHLHBIM). DTHM 0OBIMHO

b0 3aKaHYUBAETCA MHTErpUpoBaHue, MO0 — BO BCAKOM CiIyyae — 3Ha-
YUTEJIHO YIPOIIAETCS.

IOpumeps. 1) PaccMorpum uuTerpan *

xm

mdx (m — wuenoe).

1 m+
3mece n=2, p= —5-; [OO3TOMY IIPU m HEYETHOM OKAa3hIBAETCH LEIBIM YUCIOM ——— =
n

m+1 m+1 m+1 1 m
= -, a ONpH Mm YeTHOM — YHCIQ0 -—— +pP=—————=—,  TaK YTO BO BCEX
2 n 2 2 2
CiIy4asx MHTErpan B KOHeYHOM Bupe Oepercs. I1oacTaHOBKOM z=x? CBEIEM €ro K HH-
TErpaty
1 m—l

1,
-j(l D ¥t doTd oy

22 2

Ecnu, cuutas m>1, NpUMEHUTh K 3TOMY HOCIeqHeMY unTerpany dopmyny (IV),
TO HOJYYUM

1 m-1
A-2%z2 m-1
J_1_ m—y =2 n + J 1y m-s>
2 2 t m. =y

HJTH, BO3BPAINAsCh K JAHHOMY HHTETPAy,

1 ———— m-1
Hp=——xm—1})1-x4 Hp_,.
m

Ora dopmyna, yMeHnbmas 3Ha4YeHue m HA 2, MOCIEIOBATENHLHO CBOLUT BHIYHCICHHE
Hp, nmubo x

H, =

-J1-xt+cC

Vl x2

* AHAJOTHYHO MOXHO HCCIEN0BATL H KHTErPAbI

xm

Vr’ Y+l
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IpH m HEYETHOM, JHOO XKe K
dx

Vi—»x
OPE m YETHOM.
IIycts Teneps m< — 1, 1aKk y10 M= —u, p> 1. IIprvennM Ha 3TOT pa3 dopmyny (II)

Hy= =arcsin x+C

1 ﬂl+1
(1-2)?z m+2
J 1 m——l_z 1 mir>»
e m+l omtl -5
OTKyZAa
X —G-)Y1—x2 L2 2
H_p=————— H_(u—2)-

u-1 ;41

C poMombio 3TOH GOpPMYJIEI MBI HMEEM BO3MOXHOCTH YMCHBIIATH 3HAYCHHE X HA
2 W, IOCNEeNOBATENbHO, CBECTH BBIYECIeHWe H_, ymbo X

d. I—VI—- 2
H_1=J i e
xYT=x x

OpU ¢ HEYETHOM, MO0 Xe K

dx B 1-x2

2fi=e  x

OpPH {4 YETHOM.
2) Ecma x mATerpaiy *

1
(@+2z)~—(+Dz 2dz=7J

1
Ingr= J(x2+az)n+1=fj —(n41), ~;—
(n=1,2,3..)
npuMeanTh hopmyity (I):
1
~(az—|-z)""z2 2n—-11
-(a+1), —;— - nat + 2 a —-n, -

2

TO, BO3Bpamasch X Jy, MOMYIAM YXKE H3BeCTHyIO HaM [271, (6)] dopmysy npuseneHAs

281. Wnrerpuposanme Beipaxemnii suma R(x, Vax®+bx+c). Moxcra-
HOBKH Diinepa. IlepexouM K PACCMOTPEHHIO OYeHb BaXHOTO KJIacca HH-
TErpajioB

[ R(x, V& Bx ) dx. @

* AHAJOrHYHO MOXHO WCCJIENOBATh M HHTErpaj

J- (x2—gtn+1’
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TIpenumonaraeM, KOHEYHO, YTO KBAApaTHBIA TPEXWICH HE UMEET PaBHBIX
KOpHeif, TaK YTO KOPEeHb U3 HET0 HE MOXET ObITh 3aMEHEH DPaIlHOHAIIb-
HBIM BbIpaXieHHeM. MBI H3YYMM TpH TOJACTAHOBKH, HA3LIBAEMEIE II O [I-
ctanoBkamu Di#inepa (L. Euler), ¢ momMompio XOTOPHIX Beeraa
MOXHO JOCTHTHYTH 3[eCh PalfAOHAIH3AIMA ITOJHHTErPAJILHOTO BHIpaXKe-
HUSL.

I moacTaHOBKA IPUNOXHMA B ciyyae, eciid a >0. Torma mona-
rawT

Vax? +bx+c=t-Vax*.

Bo3Bos 370 PaBEHCTBO B KBAJPAT, HalimeM (IO YHHYTOXEHWH YJIEHOB ax?
B obeux uactsx) bx +c=12-2Yatx, Tak uro

_ t*-c , Vm= Vat2+bt+cYa ,
2Vat+b 2Vat+b

V_t Var2+bt+cYa
dx= dt.
" QVat+b)r
Bce ocrpoymue 3iiepoBoil MOACTAHOBKH MMEHHO B TOM, YTO JUISA OIIpE-
JCJICHHA X IIOJIYyYaeTCd ypaBHEHHEC HCpBOﬁ CTCIICHHA, TaK YTO X, a4 OOHO-

BPEMEHHO ¢ HHUM Takxke M pamukan }ax®+ bx+ ¢ BbIpaXaloTcsa P a I 4 o-
HaJlbHO 4Yepes t.

Ecnu monydeHHble BHIPAXEHHS IOACTABHTE B (4), TO BOIPOC CBEAETCA
K HHTEIPHPOBAHUIO palHOHAIbHOM ¢yHKIMH oT . B pe3yibTate, Bo3-

Bpamasich K X, HyXHO OynmeT monoxurb t=Yax?+bx+c+Yax.
II mtogcTanoBKAa NpunoxkmuMa, ecau ¢ >0. B atoM cnyyae MOXHO

MOTOXHUTD
Vax2+bx+c=xt+Vc**.

Ecnu BO3BECTH B KBaApaT, YHHYTOXHUTh ¢ B 00EHX 4YacCTAX M COKPATUTH

Ha X, TO MOJNYYMM ax+b=xt2+2} ¢t — CHOBa ypaBHEHHE NIEPBOHl CTeMeHH
oTHocuTENbHO X. OTcrona

- 2
N SR i il ina 2
a—t? a-—t*?
V_t= bt+ Vea

IlonctaBuB 3T0 B (4), OYEBHIHO, OCYHIECTBHM palHOHAIN3ALHIO MOTAH-
TErpajbHOrO BhIpaxeHHs. IIpoHMHTerpupoBaB, B pe3ysbTaTe IOJIOKAM

f= Vaxt+bx+c— Ve
x

* MoxHO GBUIO GBI HOJIOXKUTL M
Vaxt+bx+c=1t+Vax.

** Wi Vax*+bx+c=xt- Ve
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3amevyanue I Caygan, paccMoTpennsle Brie (@ >0 u ¢ >0), npn-
. 1
BOJATCS OIMH K IPYroMy HMOZCTAHOBKOH X =—. IToatoMmy Bcerma moxuO

u30exaTh MOJIB30BAHAA BTOPOM IOJICTAHOBKOM.

Haxouen, III noagcTanoBKa OpUrogHa B TOM CIy4ae, €CJIH KBaJl-
paTHBLA TpeX4ieH ax>+bx+c HMeeT (pasiiM4HBIC) BELIECTBEHHBIE KOPHH
A u u. Torma 3TOT TpexwieH, KaK H3BECTHO, Pa3jIaracTcs Ha JIMHEHHLIE
MHOXUTEITH

ax®+bx +c=a(x — A)(x — ).

Vax?2+bx+c=t(x - 2).

Bo3Boas B KBampaT W COKpamias Ha X — A, HOJYyYdM H 30ECh ypPaBHEHHE
nepBoii cremenn a(x —u)=1t*(x— 1), Tak 4TO

_ —aptire , mza(l—#)t ,

t?—-aq t2-g
- 2a(p— M
BGEE

ITomoxmm

dx dt

" T. I v
3Jamedganue II. Ilpum cpHenaHHBIX NPEAMOTIOKEHUAX pPaAJHKAT
Va(x — 2)(x — ) (caMTas AMA ONpENENEHHOCTH, CKaXeM, X > 1) MOXHO Ipe-

o0pasoBarh K BHIY
x-p
(x - }') l/a x—2°

Tak 4TO B PACCMAaTPHBAEMOM CIIydae
- Y
R(x, Vax*+bx+c)=R, (x, Va x—_i;) ,
H MBI, B CYIIIHOCTH, UMeeM Jiesio ¢ auddepeHumranroMm U3y4eHHoro B n° 278
tuna. III moncranoBka D H e pa, KOTOPYIO MOXHO 3amHCaThb, B popme

xX—p
t =Va =i’
TOXIECTBEHHA C MOJACTAHOBKOHM, yXe yKasaHHOH B 278.

IToxaxem Teneps, uro I u IIT moacranoBok D ifje pa OXHMX HOCTa-
TOYHO AJI TOTO, YTOOBI OCYUWIECTBHTH PANHOHANH3AUMIO HOOUHTETPAJIb-
HOro BBIpaXeHHSI B (4) BO BCeX BO3BMOXKHEIX cayuasax. Hei-
CTBUTEJIbHO, €CIH TPEXWIEH ax?+ bx + ¢ HMEET BelECTBEHHBIE KOPHH, TO,
KaKk MbI BUAenu, mpunoxumMa III moacranoBka. Eciu ke BelIECTBEHHBIX
KopHeH HET, T. €. b>—4ac<0, To TpexwieH

ax® + bx + ¢ = [(2ax + b+ (dac - b9)]

IIpH BCEX 3HAYCHUSIX NMEpPEMEHHOH x mMeeT 3HaK g. Ciyvait a<0 Hac He
HHTEpeCyeT, HOO TOTa pajWkas BOBCE HE MMeJ bl BELCCTBEHHBIX 3Ha-
genui. B cirydae xe a>0 mpumenmma I moacTaHoBka.
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OTH coolbpaxeHust IPHBOIAT BMECTE C TEM K 0OOlLEMY YTBEPXKICHHIO:
imezpaavt muna (4) ecezda bepymcea 8 KoHeuHom eude, npuuem 044 npeo-
‘MABAeHUA UX, Kpome PYHKYU, uepe3 Komopble 8blpaXCAlOmca UHMe2zpaibl
M payuoHashblx Ouddepenyuanos, HyscHsl eue AUtls KeaOPamHble KOpHU.

282. I'eoMeTpHyecKasl TPAKTOBKA JHJIEPOBRIX NOJCTAHOBOK. DilIEpOBHI
IOICTAHOBKH, KaXYLIHeCs CTOIb HUCKYCCTBEHHBIMH, MOTYT OBITH BCe IIO-
Iy4eHbl M3 HAIJIATHBIX FEOMETPHYECKUX COOOpaXeHHH.

PaccMoTpuM KPHBYI BTOPOTO mopsaiaka

y=+Vax’+bx+c wmm Y =axt+bx+c.
3cnM B3ATH HA 3TOM KPHUBOW NMPOM3BOJBHYIO TOUKY (X,, Vo), TaK 4TO
y5=ax‘2,+bx0+c, (5)

r0 MPOXOJAINAasl 4Yepe3 Hee CEKyIas y—y,=HXx —X,) mepecedeT KPHBYIO
JIe TOJMBKO B 0 1H O # Touke (x, y). KoopaunaTtel mociendeil HaimyTcs
IPOCTEIM BEIMUCITeHHeM. VICKNIIOYas y M3 ypaBHEHMH KPUBOM M CEKylLeif,
T0JIyIUM

[yo+ t(x = xp)l2=ax®*+ bx +c,

YTKyna, ¢ yueroMm (5),
2y,t(x = x,) + t3(x — x0)? = a(x? — xT) + b(x ~ xp)
1M ~ IO COKPALICHHH HA X —X, —
2yt + t3(x — x) = a(x + x,) + b.

Faxum obpa3om, abcuucca x, a ¢ HEIO M OpAMHATA Y BTOPOM TOYKH repe-

SCUCHHS BBIPAKAIOTCI PANUOHAJNBHBMY QYHKUHAMH OT Iepe-

vieHHOro YrioBoro koddduumenra f. Ilpu 3TOM OYeBHIHO, 4TO, HAIIe-

Kale M3MeHAA !, MOXHO 3aCTaBHTh TOUKY (X, y) OINHCaTh BCIO KPHUBYIO.
Teneprp ACHO, YTO 3aBHCHMOCTD

Vax2+bx+c—y0:t(x—xo)

1 ONpeAeNUT Ty MOACTAHOBKY, KOTOpas 3aBEIOMO PALMOHAIHU3UPYET MOM-
IHTErpAIbHOE BBIpAXKEHUE B ciydae (4).

TIycrs Tpexwien ax?-+bx+c¢ MMEET BELICCTBEHHBIE KOpHHU A U f4; 3TO
SHAYWT, YTO HAllla KpUBas IepecekaeT ocb x B Toukax (4, 0) u (u, 0); B3ss,
JanpuMep, NEPBYIO U3 HUX 32 TOYKY (X,, Vo), npuneM k III moxpcranoske
ditnepa

Vax?+bx+c=t(x-2).

Ecmu ¢ >0, To kpuBas nepecekaet ock y B Toukax (0, + Vc); B3sB oy
43 HHUX 3a TOYKY (X4, ¥,), moiyuim II moxcramoBky D#nepa

Vax?+bx+ctVe=1x.
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Hakouell, B CYLIIHOCTH, B TOM € IOpsAke UAed monyuaercsa v 1 mop-
cTaHoBKA D # e pa, JHWb 32 TOYKY (X, V,) MBI IpAHUMaeM 6 e ¢ K o-
HEYHO yIOAJEHHYI TOYKYy KpuBod. VMeHHO, mpenmosiaras a =0
(8 aTOM ciyuyae KpuBas OyneT runepbosioif), pacCMOTpUM aCHMIOTOTY
KPHBOH y=+Vax M CTaHeM IepecekaTh KPUBYIO NPAMBIMK y=t+Yax,
NapauleNbHBIMH aCUMNTOTEe (OHH OyIOYT NPOXOIMTEH 4epe3 YIOMSAHYTYIO
GECXOHEUYHO YAAaJEeHHYIO0 Touky). Kaxnas taxas mpsmas nepe-
CeKaeT KPHBYIO BO BTOPOM TOUKE (X, V), KOOPAHHATHL KOTOPO# OydyT pa-
1HOHAIBHBIME (GYHKIMSMH OT ¢, OTCI0OJa NOACTAHOBKA

Vax®+bx+c=t+Vax.

283. Ilpamepsr. Ham yxe H3BeCTHHI IHBa OCHOBHGEIX HHTerpana [269, 9)

un 12); 268]: 4
L n|xt+Veze|+c
szzta2

dx L Xx
———— =arcsin—+C,
V a?—x? a
OTHOCSAIIUXCA K pacCMaTpusBacMoOMy THIy. OTOPaBIAACE OT HHUX, MOXHO BBIYHCIHTH
U JpYTHE HWHTErpaJibl.

dx
D | ——
Vaxz+8
a>=0u a<0.
Ecnu «>0, TO wumHTerpan nerko npeobpasyercss K NEPEOMY H3 OCHOBHBIX

(npu é: ia“’)

. Tlpu BEIMMCIICHEHM 3TOrO HHTerpana 6yaeM pasnuyarb ABa CIIydas:

1 dx 1 i
—— —————:-thn x+ |/ x2+—|+C.
o o i -4
Va Vx2+€}—
o
v
MO)KHO enie YMHOXHATDH apl‘yMeHT J'IOrapncha Ha &, 4YTO BBCOCT NOMOJHMTEIILHOE Clia~
raeMoe ~—Ino u, CIENOBATENBHO, OTPa3MTCA Jumib HAa C. OKOHYATENHLHO MOITYYHM
[+ 4
dx 1 -
———=—In fax-l— Va(ax”—l-ﬂ)[ +C. )
V48 Va (=0
Ecmu xe <0, Tak 4ro «= — ||, pamukan mepemwmem B Bume VB— |a[x2. [lnsa

TOTO YTOOBI paAukal BOOOUIE MOT MMETh BEUICCTBEHHLIC 3HAYECHHS], HEOOXOAUMO Npesi-
NOJIOXATE 34eck f > 0. VuTerpan npeo6pasyeTcs KO BTOPOMY W3 OCHOBHBIX HHTETPATIOB

(npn —T=a2) , H

|

dx 1 1/ Tl
m= ﬁa_—larcsm (V—ﬂ— x)—l—C. @)

(a<0)
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K nurerpaiam (6) u (7) ¢ DOMOIIBIO 3NEMEHTAPHBIX IPHEMOB MPHBOISTCS MHOIHE
npyrme. HampmMep,

2) _[ Vex?+p dx Gepercs MHTErPHPOBAHHEM IO JACTAM

J Vexz+ B dx=xYox2+ - deVax2+ﬁ=

=me—J dxrxm—J@d -

Voxi+p
=x Yoxz+p- Jchxz-{—ﬁ dx+ﬂf

ox2
Vax=+8

=

Cupasa y Hac CHOB2 TOJIYYMJICHA MCKOMBIM HHTETPAIT; IEPEHOCH €ro HAJIEBO M pasfe-
JTMB BCE PABEHCTBO Ha 2, HAliAEM

ox? d=.._ oaxe —_ 8
JV +Bdx x Yox2+B+ JVOW (8)

Jlna monydeHWS OKOHYATENMBHOTO pEe3yNbTaTa OCTAETCA JHINb BMECTO MOCIIETHErO
WHTErpajia NOACTABATHL €ro Bhipaxenwe (6) wim (7), cMOTpsA nO ToMy, OyzAeT | o« >0
wmm x<0.

3) @ J—i— ® [—%—, ® J dx
xVaxi1g xVae+p (ox2+B)°h

) 1
CBOJAATCA K yXe HM3BECTHHIM HHTErpajiaM IPOCTOM NOACTAHOBKOM X=—, dx= — ;—;dt.
t
VimeeMm (11t OLIPENIEIIEHHOCTH, MyCTh X U ¢ >0):

dt
(@ J ==
x Vax2+p YoutBe2

— JabHelmee BRIYUCIICHAE Tpon3BoaAnTCs o dopMmyne (6) mm (7), CMOTPA WO 3HAKY f3.
Hastee,

dx tdt Va2t B
(G)J == ———V +pt24+C=— +C
x2Yex2+p Vet Bez **h Bx

U AHAJIIOIHYIHO

(B)J x tat 11 +C—1 * _.c
@+prn ) @rpeyh B Yatprr B Yawrtp

4) ToxnecTBeHHBIE NPe0OPa3OBaHMS [OAMHTErPANLHOTO BHIPAKEHHA MPHBOIAT K
yX€ BBIYHCIICHHBIM CIIEAYIONIUE, HAMPAMED, HHTETPaIbl:

xdx Vox2+B x?
(a) J‘Vax2+1? ) (6) > dX, (B) Jm dx.
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HmeeM

o [ [ g
V?.&z_hg « [ax2+f

HJTH, BOCITOJIB30BAaBMACE hopMymoii (8),

S

x2dx 1 V———B J fem. )]
—_— = — x [ox? - — H T, O |[CM. .
Vaviip 2 Vaxi+B
3ateM
(6)'J Vext+8 dee ax?+f = J
x x Vax2+/3 Vazx2+ﬁ x Vocx2+ﬁ

[EPBEIA U3 MHTErpajios 6epeTca cpasy, BTOopoit Beraucied B 3). Hakorern,

J‘ x2 1 dx ﬁ dx
® | — dx=
(oex2+p)*fs ]/azx2+ﬁ o ) (ax2+p)°h

[em. 1) u 3)].

5) Ecmm mox pagMKanoM CTOHMT MOJHBIM KBaJpaTHBIE Tpexd4JieH axi+bx+tc,
4acTO BBITOJHO JIMHEHHON MOOCTAHOBKOM CBECTH €ro K ABYYNeHY. Bwnensas mon-
HBIM KBaIpat

1
ax*+bx+c= T [(2ax+ b)*+4ac - b7,
a

nonaratotr f=2ax+b. TakuM nyteM, Hanpumep, u3 dopmyn (6) m (7) momyvaercs
npu a>0

1 -
=—Tn |2ax+b+2 Valax* +bx+¢)| +C=

Ix
JVax2+bx+c Va

1
=—1In
Va

b
ax+5+v—(;((_lx_2‘—*'bx—‘|'c) +C,s (6‘)

a opd a<0

= — arcsin +C. ()

,J‘Vax2+bx+c— |a| Vb2~ dac

6) ObpatuMcsi Temepb K SN epOBBIM mMOoONCTasoBKaM. B 269, 12)
MBI hakTHIeCKH TpUMeRTE I DO A CTaHOBKY K BbMACICHHIO HHTErpajia

dx
Vrta

XoTs BTOPO# OCHOBHO#M MHTErpan
dx

Vo —x
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HaM M3BECTEH M3 3JIEMEHTAPHBIX COOOpaeHWif, HO — JUIS YOpaXHEHUS — MBI BCE XKE
X HEMY OPHMEHNM 3WICPOBH MOJCTAHOBKH.

(a) Ecnn Bocmons3osarees cHavana IIl moacTanoBk ol Ja2~x2=t(a-x), TO

t2-1 4at dt

—  2at
X = —— Vaz——x2=ﬁqm
(241> 241

dx dt atx
—=2| ~—-=2arctgt+C=2arctg |/ —— +C.
Ya—x2 t2+1 a-x

Tak Kak HMEEeT MeCTO TOXIECTBO

atx . X T
2 arctg|/ ——=arcsin —+— (—a<x<a)
a-x a 2

TO 3TOT pe3yJIbTAT ML (O pM O pa3HUTCA OT yXe M3BECTHOrO HaM.

Yumameaio u npeds caedyem Cuumamscsa ¢ 603MONCHOCMbIO OAA UHMEZPAAQ NOAY-
uamsca 6 pasmblx Gopmax, 6 3aBUCUMOCMU OM NPUMEHEHHO20 OAA €20 8bIYUCAEHUA
Memoda.

(6) Ecna k ToMy ke HaTerpany npaMesnts Il moacTtaroBky Ja?-xt=xt—a,
TO AHAJIOTHUYHO MOIIYIHM

d dt Va2 - x?
x ——ZJ‘~V=—2arctgt+C=——2arctg—-————a+ a7
X

- = +C.
Vaz__xa t241

3mece Mbl CTAJIKMBAEMCH C OPYTHM JIOOOMBITHEIM OOCTOSTENBCTBOM *, 3TOT PE3yJIbTAT
TOOUTCA OT A €JIb HO A npoMexyTka (— a, 0) 1 nns npomexyrka (0, a), n6o B Touke

x =0 BrIpaxeHWe
a+)a?—x*
-2 arctg —————
x

TMIeHo cMeicna. IIpeaens 3Toro BelpaxeRus npA X~ ~0popy x~+0 pa3JTHYHBL
OHM paBHbI, COOTBETCTBEHHO, 77 X —7r; BHIOHpast AJIs YIOMSHYTHIX NPOMEXYTKOB D a 3-
N U YHE € Xe3Ha9eBUs NocTtosHHOM C Tak, 9T00B BTOpOE M3 HUX ObUI0 Ha 27 Gonbime
NepBOro, MOXKHO COCTaBHTH (YHKI[HIO, HemPEepHIBHYIO BO BCEM mNpoMexyTke (—a, a),
€CIIM NPHEATH 32 ec 3HavYeHHe HpHE x = 0 o6mmit npesesn clieBa 1 cpasa.

U ma 3TOT pa3 MBI NOJIYMWIH IPEXHAR pe3ysbTaT Jimmb B Apyroid ¢ opme, ubo
HMEIOT MECTO TOXKIECTBA

X
arcsin ——m nns O<x<a,
a+Va—x2 a
-2arctg ———— =

X
arcsin —+7 hao; {1 -a<x<0.
a

dx
) f——-———____
x+Yxr-x+1

* Cp. npumep 3) n° 277.
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(a) Cravana nmpuMmesrM | mOACTaHOBKY: Vx“—x+l=t—x,

t2—1 2—-1+1
X = X = s
2-1 @12
dx 2t=—2t+2 [ ] ’
it Yexil t(2t—1)2 2%-1 (2:—1)2 B
= -2l t—-l 2-1| +C.
3 5 1+ njt] - In |21+

Ecmy moAcTaBUTh Crofa f=x+ | x2—x+1, TO OKOHYATENLHO NOIYIUM

J dx 3 _3 1
x+ }x2-x+1 2 2x42 |/x2—x+ —l
——2-111 |2x+2Vx2—x+1-1|+21n |x+Vx@—x+1|+C.

(6) MpnmenuM Temeph II moacTaHOBKY: Jxt—x+1=tx-1,

2t-1 t2—-t+1 t2—t+1

SO, ax=-2— g, YeTxrl-
-1 YT ey S

t
x+Vxt-x+1=—o0-,
t-1

dx 3 —2t2+2t—2dt_ [2 1 1 3 1 3 dt
x+)xr—x+1 - 1D(+1)2 t 2t-1 21t+1 (t+1)2] B

3 1 3
=——+21In |t|-=In|t-1|——In |t+1}+C".
S P2 g ge- 1= in e

Vxt—x+1+1
P

Ocraercsi NOACTaBHTbL CrOga [ =
MOTyYAM

; TOCNE OYEBHAHBIX YNPOMIECHHM

dx 3x
= +
x+Vxt—x+1 Yx—xF1+x+1

+2In |V —x+1+1| ——-;—]n [V —x+1-x+1] -
—-;—lnIsz—x+l+x+l|+C’.

3TO BHIpaXeHWE XOTHA H Pa3HHTCA OT PaHee MOJYYeHHOTOo N0 G opMe, HO npu C'=

= C+E OTOXIECTBIIACTCA C HHM.

) J‘ dx
(e+a) Yar-x
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(a) Tax Kak KOpHH [IOAKOPEHHOI'O BBIPAXEHHMS BEINECTBECHHBI, TO MOXHO IPHMEHATH
IIl toagcTaHOBKY Vaz—x2=t(a—x); 3mecb —a<x<a u t>0. IMeeMm

t2-1 dat dt

2at 2a%(t4+ 1)
a—— , /X = ————— -
t241 (t241)2

= - x*4at=s ————
* 1241 1y

H

J dx 1 J'2t2+2 die IJ[ 1 N 1 ]d_
(x2+a2)Va2——x2 2a% ) t4+1 2a? ;z+,VE+1 t’—fﬁ-i-l

- ;2175 larctg (¢ Y2+1)+ arctg (¢ Y2- DI +C,

KyJa elle HyXHO IDOACTaBHTh A1 IOJIYYCHHs1 OKOHYATENBHOIO DE3yNbTaTa

1=

atx
a-x

Bocnonb3oBasmuchk GOPMYIION AJI CYMMBbI apPKTAHTEHCOB, a TAKKE OYEBHAHBIM
COOTHOMMEHHAEM

1 i
arctg—= — arctga 7 (npu « = 0),
a
MOHO NPHIATH pe3yibTaTy Oonee mpocTyio dopMy

i xV2 b4
---— arctg +G rae C;=C+ .

ar)2 Vaz—x 22212

(6) Ecix K TOMy Xe maTerpany npuMeHuTh II moxXCTaHOBKY 1/;2—):2: tx—-a,
TO TOJYYHM, 9TO

d 1 _
J ~ =— farctg (V2+ 1)1+ arctg (V2-1)t]+C’
x*+a) Yai-x a2 )2
a+ Vaz ~-x?
OpH t=————— . DTOT pe3yNbTaT TOAMICA B OTZHENBbHOCTH Jii IpO-
x

MexyTka (—a, 0) u mua mpomexyrtka (0, a); Jerko cooOpasuTh, 9TO W3MEHSS 3Ha-
YeHWe MOCTOSTHHOU C’ npy mepexone x 9epe3 0, MOXHO CIeNaTh €ro NPUroJHEIM BO BCEM
npoMmexyTtke (—a, a). Hakowen, ecmu mpeobpazosate ero mo GopMysie Ui CyMMBI
APKTAHTeHCOB, TO OH OTOXIECTBUTCA C HPEABIAYILMM PE3yJIbTATOM.

9) J—i’f-—-—.
2+ Vxr+p

I noactamoBka: Jxt+u=t-x. VmeeM

J‘ dx _ZJ' 2tdt _ .[ du
(x2+4) Ve tu B Yoy SR YR 42020 - wu+p2’

5 I'. M. ®uxrenronsu, 1. Il
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TaxuM 06pa3oM, BONPOC CBOAUTCS K BHIYHCIIEHHIO 31€MEHTAPHOrO MHTETPANA; B Pe3ylib-
TaTe HAAJEXKHUT IOICTABHTH
u=12= (x+ Vx2+,u)2.

284, /Ipyrue opueMkl Bpraucsients, XoTs NOJCTaHOBKA O i Ji e p a NpHH-
LUMIHAIBHO BO BCEX CJIyYasX PELIAlOT BONPOC O BBIYMCIEHMH WHTErpaja
TUna (4) B KOHEYHOM BHIE, HO MHOH pa3 — TpPH HX NPHMEHEHHN — Jaxe
npocTele nubdepeHInamsl TPHBOAAT K CHOXKHBIM BBIKIaqKaM. BBUIY Bax-
HOCTH HHTETPAJIOB PACCMATPUBAEMOTO THIA MBI YKaXKeM M OPYTHe IPHEMBI
IJi9 MX BBIYUCIICHHS.

Js1 KpaTKOCTH ITOJIOKHM

Y=ax*+bx+c u y=JY.

Pannonansuas @ynxuus R(x, y) MOXeT OBITH IpeACTaBjieHA B BMIE YacT-
HOT'O IBYX IEJBIX MHOTOWIEHOB OTHOCHTENIBHO X W Y. 3aMeHds )2 BCIOMY
Ha Y, Mmul npuseaeM R(x, y) K BUOY

_ Pi(x)+ Po(x)y
R ) = 50+ Ry

rae P(x) — Lensle MHOTOWIEHBL. YMHOXad YHUCIUTEIhL H 3HAMEHATEID
3To#i ApoOu Ha BhIpaxenHe Py(x)— P,(x)y (u cmoBa 3aMeHss )2 ma Y),
nmpuzgeM K HoBo#M dopme mist R

R(x, y) = Ry(x) + Ry(x)y.

UHTerpan oT nepBOro cj1araeMoro Cnpasa MBI YXe yMeeM BBIPaXKaTh
B KOHEYHOM BHJIE: CIIENOBATENBHO, HAM HAIJIEXKUT 3aHATHCA JIMIIb BTOPHIM
claraeMpM. YMHOXasi 4 OEISA ero Ha y, OKOHYATEJIHHO MOJNYIHM TAKOE

BBIpaXEHUE
1

Vax?+bx+c ’

HHTETPUPOBAHHEM KOTOPOrO MBI H 3aiiMeMcH.

IIpexne Bcero BBIACHMM M3 palMoHAIbHON ¢yHKkMu R*(x) uenyro
4acTh P(x), a MpaBIILHO-APOOHYIO YacTh MpPEACTaBEM cefe pasiIokeHHOM
Ha mpocThie apo6u [274]. B TakoM ciIydyae UHTEIPHPOBAHUE IIOIYIEHHOrO
BBIPAXKEHHS CBEETCS K BBIYHCIICHAIO MHTEIPAJIOB CIIEAYIOUIMX TPeX THIIOB;

P(x)
I | =
.[ Vax*+bx+c ax,

R*)5=R*)

Adx
II. e,
f(x— o)k Yax*Fbx+¢
Mx+N
I11. dx,
(2 +px+g)m Yaxt+bx+c

rae Bce k0dhQUIMEHTHI BENMIECTBEHHB, a KOPHU TpeXwieHa X2+px+q —
MHHMEIE. OCTAaHOBMMCS Ha KaXJOM M3 HHX B OT/IEJIbHOCTH.
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1. IlonoxmMm (mna m=0,1,2,...),
J*xmdx

xm
1% =f
m Vax"+bx+c

Jlerxko yCTaHOBUTH PEKyPPEHTHYRO GOpMyJTy IUIs 3TUX uuTerpanos. C aToif
LENIbI0, CHHMTAd m= 1, BO3bMEM MPOM3BOIHYIO

(xm-1 V—?)' — (m - l)xm VY }- _\Ln:_l__}:,

_2m—1xm— 2(ax~+bx+c)+x"1 1Q2ax+b)
2Vy

=maﬂ+(m—%) b}—ci:——l+(m— l)cﬂ—f

VY |44 VY

U IPOUHTETPHPYEM IMOJIYYEHHOE TOXKIESCTBO
xm=1YY=maV,, + (m -~ %) bVu_1+(m—=1DcVu_a.
Beps 3mece m=1, Haiimem
noJylarad 3aTeM m=2 (4 MCIOJIB3yS BBIpAXeHHE I V;), MOIydHM
(2ax 3p)VY Y+ 5 (362 —dac)v,.

Iloctymmas Tak ganbine, mpuaeM K oOuieil dopmyie
V= p (VY +AnV,y,

Tlle pm-1(X) ecTs MHOTOWIEH (M —~ 1)-ii cTeneny, a A, = const. Taxam oGpa-
30M, 6ce unmezpaavl Vy npugodsmca k V.
Ecmu B unTerpane I muorownen P(x) OymeT n-if crenesw, To 3TOT HH-
TErpaj NpeacTaBuT Co00M MuHElHY0 KOMOHHAIMIO HHTETPaJoB Vy, V7, ...
» Vn, @ 3HAYHT, 1TO Hpelpiaymei ¢dopMyiie, HANHINETCA B BHIE

1% 29 g = QYT+ 2 | Vi‘; : ©)

rae O(x) — mHexoTopbli Muorowien (n—1)-i cremenu, a A= const.
Camoe ompenenenne MHEOrowiena Q(x) U MOCTOSHAOH A 06BIYHO TpO-
M3BOMUTICA MO METONY HeoNMpeHeJNeHHB X Kodpdunuen-

ToB. Huddepenuupyst (9) u yMHokas moiydeHnoe paBeHCTBo Ha )Y,
NOJIYYUM

P(x) =Q'(x)(@x? + bx +¢) +3 Q(x)(2ax +b) + .

5%
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Ecnau BMecTo Q(x) MOACTaBUTL CIOfa MHOTowiIeH (n—1)-if crenenu c Gyk-
BEHHBIMHA K03ddHUIMeRTaMH, TO B 06enX 9acTAX MBI OyZIeM MMeTb MHOTO-
qnensl n-i crenenn. IlpupasHuBad X K03bOOUIUEHTH!, IPUAEM K CHCTEME
n+1 NHHEHHBIX ypaBHEHHH, A3 KOTOPHIX M OnpemesieTcs n koabdunueH-
ToB MHOrowrena Q(x) U mocrosiHHas A *.

3ameuanune. Popmyna (9) ocymecTBiuser BEHI IeIeHW e anr e-
O6panMvyecKkoii YacTH U3 HHTErpaia

j% dx.

ITogo6GHoe Xe BHIACIACHHE MOIJI0 OB OBITH MPOM3BEIEHO W HO OTHOIIE-
HUIO K HHTerpayly obmero BHIa
Ri
j——(x) dx,
1’54

roe R — 3Hak DpoM3BOJIbHON panmonaybHOM ¢ymknmm. Ha 3ToM MEI He
OCTaHaBJINBAEMCH.
II. Wurerpan

J‘ dx
x-a)VY
" 1
TPUBOIATCS MOZACTAHOBKOH X —@ =7 K TOJIbKO 4TO PACCMOTPEHHOMY THIY.
JIeHCTBHATENBEHO, HMEEM

: 2
dx— dt ax2+bx+c=(m +ba+c)2+(2ax+b)t+a

_'t_i> 'L} s

Tak 9To (CUMTas A OHPENEIEHHOCTH X=>o H ¢ >0)

_[ dx _ th—14y
(x—-a)*Yaxt+bx+c V(a2 +ba+ o)r* +QRax+b)i+a

Ecnu ae® + ba+ ¢=0, T. €. « 0Ka3nIBAETCA KOPHEM TpexwicHa Y, TO ZIeJIo
€llie YIPOILAETCs: MBI MOJMYy4aeM HMHTErpall THIA, paccMoTpenHoro s 278.

T11. (a) O6pawmascy k mocnexEeMy HHTETPAIY, paCCMOTPHM 0co0o0 Ciy-
Yaif, Korma TpeXwieH ax?+bx+c¢ JWIIb MHOXHTEJIEM a OTIHYAETCS OT
TpexuneHa x*+ px+q. Toroa UCKOMBI MHTErpajl HMeeT BUI

J Mx+N dx.

2m+1
(axt+bx+c) 2

* V3 [0Ka3aBHOTO SBCTBYeT, YTO JTa CHCTeMa OyAeT COBMECTHOU OpH MrobhIx
3Ha4YeHMAX CBOOOIHBIX WIEHOB, a B TAKOM CIIydYae ee OnpeiendTe s HeOOXOAHMO OTIIH-
4YeH OT 0, U cHCcTeMa OKa3hLIBAETCA BCETHA ONpENEsICHHOH. DTHM IOMYTHO YCTAHABIIH-
BaeTCAi M € AHHCTBEHHOCTH npeacrasienus (9). (Cp. cTp. 42 u 46).
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Ero nerko IPEACTaBATh KAK CYMMY JABYX HHTEIPaJIOB:

M 2ax+b Mb dx
_Z_a“ '_"'-—__ém dx '{” (N"'— 7&' T

(axt+bx+c) 2 (axt+bx+c) 2

Tam+1

U3 KOTOpPHIX IEpBBIA cpaly Oepercss MOACTaHOBKOH ¢ =ax+bx--c.
st BEIMUCIICHAS WHTErpaja

dx _ dx
J 2m+1 —J 2m+-1
(ax?+bx+c) 2 y 2

Bcero ymobHee Tax Hasbisaemas moacranoska A Gens (N.-H. Abel)

ax-+—

, Y’ 2
=Y = Vs

Bo3Bopst B xBagpaT 4 yMHOXas Ha 4Y, HOJyYHM DPaBEHCTBO
41°Y = (Y')? =4a’x* + dabx + b?,

KOTOpO€ BBIMMTEM H3 YMHOXCHHOI'O Ha 4a PaBEHCTBa

Y =ax?+bx +c.
B pesyapTaTe mosayaurcd
4a-t1Y =4ac - b,
OTKyJa

m_ (fac—brym 1
Y —( 4 ) (@a-tym ° (10)

Huddepennupys teneps paBCHCTBO

tVY=ax +g ,
HauIeM
VYdt+t2dx=adsx,
TaK 4TO
dx dt
V—_Y_=l—;—t—z . (11
Uz (11) u (10)
d. 4 m
T (4ac—bz) (%=t
Y 2
M, HaKoHell,
dx 4 m
JT'*‘ =(Zm) J(a— £2ym=1 4y, (12)
Y 2
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TakuM 00pa3oM, Bechb BOOPOC CBOAMTCA K BBIYHCIEHMIO HHTErpanga oT
MHOTOWICHA.
B uwacTHOCTH, Hampumep, IpU m=1 nMeeM

dx 2 2ax+b
I(ax2-+bx+c)'/-—4ac—b2 Vax*+bx+c

(6) B obmem ciyyae ays 6onpmieit CHMMETPUH 0003HAUSHIH ITOJIOKHM
ax?+bx+c=a(x®+p'x+q’),

Opu4eM TENEpbh MBI MOXKEM HPEANONIOKUTh, YTO TPEXWIEH B CKOOKax HE
TOXJECTBEH € TpexwieHoM x>+ px+¢q. IlocraBuM cebe 3amadedi mnpe-
0o0pa3oBaTh NEPEMEHHYIO X TaK, YTOOBL B 00O HMX TpeXuleHAX
ONHOBPEMEHHO HCIE3NH WIEHH IEPBOH CTENEHH.

Ilycte cHavana ps=p’. Toraa Halrei UEIH MOXHO JOCTHTHYTH C TO-
MOLIbI0 IPOOHO-JIMHEHHON MOACTAHOBKH

t+
=1 13)

HaJpexarte noxobpas koabduuuenTs y u v. Umeem

x-z+px+q=(u2+pu+q)t”+[2uv42fﬁ;v)+2c1]t+(v2+pv+q)

H aHAJIOTWYHO — MJIA BTOPOTO TpexwieHa. Mckomble koadduiuenTs! ope-
JICJIAXOTCA U3 YCIOBUH

2w +p(p+9)+29=0, 2ur+p'(u+v)+29"=0
HJIH
=-2974 _Pra-rq
prv=-202 R

Taxum o6pasom, ¢ U ¥ CyTb KOPHM KBaJApaTHOTO ypaBHCHMS
(p-p)2+2q~-q)z+(p'q—pq’)=0.

Jng Toro 4To0Bl 3TH KOpHH OBLIM BEUIECTBEHHBI H Pa3IHYHBI * (He0OXo-
OAMO H), JOCTATOYHO YCIOBHE

(¢-9~-(p~-p'XP'q-pq)~0; (14)

YAOCTOBEPUMCS B €r0 BBIIOJHCHHAH.
Ilepenniiem ycioBue B paBHOCHJIBHOM (hopme

[2(q +q")~pp' V> (49 - pH(4q" - p?). (14%)

Hano, uto 49—-p*>0 (160 TpexwieH x%+ px+q ¥MeeT MHHAMBIE KODHH),
03TOMy HepaBeHCTBO (14*) 3aBelOMO BBUIOJHAETCH, €CJIH OJHOBPEMEHHQ

* Tlpu = » DOJCTAHOBKA TEPAET CMBICH, RGO CBOIMTCA K X =i,
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4q’ —p?<0. Ocraercs mccinenoBaTh ciyvali, xorma u 4q’ —p?>0. Toroa
g=0, ¢'>0 u 4 Vqq' >pp’, © MBI HMeeM IOCIENOBATENLHO *

[2g+q")-ppP=[4Yqq - pp' 2=
=(49-p)@q - p)+4pVq’ - p'Vq)2=(4q - p(4q’ - p?).

3mech OBKABI 3HAK HEPaBEHCTBA COCJHHSETCS CO 3HAKOM DPaBEHCTBA, HO
PaBEeHCTBO HE MOXET HMETh MeCTO B 000MX CIIyJasix OJZHOBPEMEHHO: €CJIH
g+¢q', TO PaBEHCTBA, HABEDHOE, HET B MEPBOM CJiIyiae, a IPH g=g’, Ha-
BEpHOE, HET BO BTOpOM. TakmMm o0pa3om, HepaBeHCTBO (14*), a ¢ mHAM
u (14), nokazaso.

BEIIOJIHAB MOJCTAHOBKY, MBI Ipeobpa3yeM HCKOMEIE HHTErpaj K BHIY

P(t)dt
I(tﬂ+1)m atﬂ+ﬂ
rae P(t) ecte MEOTOWIEH crencan 2m — 1 (7 A >0). CroBa mpubernys (mpn
m=>1) K pa3loKeHHIO MPaBWIBHOH Ipobm
P(@)
2+ }_)m
HA IPOCTHIE, MBI MPHAEM K CYyMME HHTETDAJIOB BHAA
At+B
———dt (k=12,...,m).
|G ¢ ’
B mcxmodYeHHOM ciy4ae, Korja p=p’, YHHYTOXCHHE WICHOB NEPBOMH

CTeleHd NOCTHIAETCA €Ilie NpOoINe — IOACTAHOBKOM x—t—i , M MBI He-
NOCPENCTBEHHO IPHAXONAM K HHTECIPally TOJBKO YTO YKa3aHHOIO
BH/IA.

Tloy4eHHnlif MHTErpaJl, €CTECTBEHHO, pa3llaraeTcs Ha JBa:

at dt
— j ——+B j — .
a) @24 ymYarz B @2+ HymYarz g
TlepBbiit ®3 HUX Jerko Oepercs moactanoBkoi u=Y}at2+f. Ko BTOpOMY
JKe IDPHIIOKHMA YK€ 3HaKoMas HaM MoAcTaHoBka A 6e s

ot

CTEEY

U=

Hmenno, B cmry (11), umeem
du

dt .
|/¢t2+ "oz- u?

+q —
* T1OCKONMBEY q--z-l-l-;quq’.
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KpoMe€ TOIO, KaK JIETKO BBIMHCIIATD,
= (B-al)u+ o
a(e—u?)

(o= utym—1
" | e e

ITosTomy

dt
j(z’+z)mVazz+ﬁ

K HCKOMBIH HHTErpaj MpHBEICA K UHTEpaly OT PalMOHAIBHON (QyHKIMH,

3aMedanue. IToMuMo TOro 9T0 MBI B HACTOSAINEM N° YKA3AIH DAl
HOBBLIX IPUEMOB MJIA BHIMHUCIEHHS HHTerpalioB Tuma (4), COBOKYIHOCTb
TIPUBENEHHBIX COOOPaXEeHMH JaeT HE3aBACHMOE OT MPEXHETo MOKa3aTelhb-
CTBO YTBEPXICHHA, chOpMyIHpOBaHHOIO B Komme n° 281.

x3-x+1
285. Ilpumepnl. 1) J—-—x—— dx
Vx2+2x+2
Tlonaraem
x3—-x+1
——dx= (ax’+bx+c)Vx2+2x+2+i)f
Vxitaxt2 Vermtz
OTKYyZa

x3—x+1=Q2ax+b)(x2+2x+2)+(ax3+bx+c)x+1)+9.
CucreMa ypaBECHMI
3a=1, Sa+2b=0, da+3b+c=-1, 2b+c+9=1

1 5 5
NPHUBOAAT K 3HAYCHUAM 4= 7 b= 5 c =g s 0 =5 TaxuMm 00pa3oM, ecilH yyecTh
apuMep 5) n° 283, OKOHYATENBHO MOIYIHM

x3—-x+1

Vx2+2x+2

1 5
dx=— (Zx’—5x+l)Vx2+2x+2+:—Z-ln (x+1+Vxr+2x+2)+C.

2 f dx
G- 18- 2x-1
1
IToacTanoBka x—lzT (ecnm, ckaxeMm, x>1 u ¢>() OPUBOXAT HHTEIPANl K BUIY

t2dt

yi-zs
DT1OT METErpa Jierko Gepercs MeMeRTapHbIME cpeacTeaMa [cM, 283, 4)].
1 1
0maem:4—tV1~2t=— arcsint J2+C=
2
1 1 2
=— }/x2-2x - 1 - —— arcsin —V—_~~+C.
4(x-1) 4 VE x—1

3 .[ x2~x+2)'hs "
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Tloncranoska AGens
4x—-1

| P —
2Y2x2—x+2

opeofpasyeT MHTErpasna CAeAyIomHAM 00pasoM:
64
——- | 2—t2)2dt;
3375 J‘ ( )

OpH 3TOM MOXHO JiE00 HOBTODHTH IS YaCTHOrO Cirydast oOiine BpIKiagkwn® 284,
III (a), mu6o0 BOCTIONB30BATHECH roTOBOY Gopmymnoit (12).

4x-1 1 (4x-1)3 1 (4x-1)3
Omeaem: . R —_. X
3375 @e2—x+2)h 6 (2x2—-x+2)%s 160 (2x2—x+2)h
8 J‘ (x+3)dx
(-x+D)YBFx+1

JIpoOHo-/mMBEeiiHas TOACTAHOBKA

ut+y

xX=
t+1
naer
(@Btp+De+Ruvt(p+v)+25t +(22v+1)
xtx+1= .
@+1)

TpeboBarus

2uvt(u+v)+2=0

g p+v=0, uv= —1 ynoBnersopsroIca, HanpumMep, opd u=1, v= —1. MeeM

t~1 2dt 4t+2 £243
X=—, = e +3= x2—-x+1=
t+1 (¢+1)2 t+1 (t+1y
u
N TR |
Vxrtx+1= ,
t+1

€cnM — JyIs ONpedenesHOCTH — cYmTaTh f+1>0 (T. e. x < 1), Takam 06pasom,

J‘ (x+3)dx _J‘ (8t+4) dt
-x+DYErx+1 J 2 +3)Y3ir1

ITonyyennmit uuTErpan pasbmsaerca Ha apa:

8 J tdt +4 J‘ dt .
(2 +3)Y3ee+1 (t2+3) )33 +1
TlepBbiif Nerko BLIYHCIAETCA MOACTAHOBKOM u=)3f3+1 m OKa3wBaeIcs paBHEIM
V§ arctg ‘/ 3’—’;—1+ C’. Ko BTOpoMy npAMeHMM DOACTAHOBKY AGeiist
3t

3ts+1

u= N
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KOTOpas HPHUBENET €ro K BUIY

12 J _f_'_"___ 1 3 V— 3+2 V2u

27 - 8u® 1F6 3 f 2 fu
OcraeTcs IHMIIb BEPHYTHCS K MEPEMEHHOM X.
@+ )V rx+1+x3-1 i

Vertx+1-x

Vikaszanume. IlpeacraBaTh NOAMATErpaibHYI0 GYyHKUMIO B BUIE
a0+ 20+ 254+ 2%+ 3x% -1

x+1 G DYarxtl

//

5)

4  2x*4+3x*-3x+3 4
=X+ I =3) b + ;
x+1 Verx+1 (x+D)Yxd+x+1
K TPETLEMY CJIaracéMOMy IPEMEHATH MeToA n° 284, I, a x mocnenEeMy — IIOJCTAHOBKY

x+1=—

§ 4. ViurerpupoBanue BbLIPAAKEHHH, COAEPAKAMHX
TPHrOHOMETPHYECKHE H NOK23aTeIbHYI0 (pyRKIHH

286. Uurerpuposanne anddepenmmaios R(sin x, cos x) dx. Juddepes-
IHaIbl 3TOTO BHIA BCErJa MOTYT OBITH PAalHOHAIM3MPOBAHBI MOJACTAHOB-

KOH t= tg; (—t<x<m). HdeficTBUTENBHO,

2tg2 1-tg
BTy N ¥2 1o
Y = Ty OOSXT X 142’
Ltgr 14+tg2 -
2dr

TaK 4TO

R(sin x, cos x) dx-«R( 5

2t 1-t2\ 2dt
142 1412

TakuMm obpaszoM, unmeepasst muna
JR(sin X, €os X) dx 0))

gcezda bepymca 6 KOHeuHOM 6ude; 044 UX 6vipancenus, kpome GyHKyuil,
8CMPEUAIOWUXCA NPU  UNMEZPUDOBAHUU DAYUOHAALHBIX Ouddepenyuanoe,
HYJICHbL AWML elye MmPu2oHoMmempudeckue HyHKyuu.

YHoMsHyTas MOACTAHOBKA, ABJAIOINASCS YHHBepCaJbHOMN mis
gHTerpaya tuma (1), IpUBOINT MHON pas K CIOXHBIM BhIKIamkaM. Hrke
yKa3ambl CIyyau, KOTrj[a Iejlb MOXeT OBITh HOCTHFHYTA C IOMOIIbI0 Goee
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NPOCTBIX HOACTaHOBOK. IIpeaBapuTeNbHO CesaeM CIIeAYIOLIHe JIEMEHTap-
HBIC 3aMedaHus U3 o0ysacTH anreGpol.

Ecnn nenag wim npobuas paunonanbuast ¢yuxuas R(u, v) me Menser
CBOETO 3Ha4YeHHUs NPH W3IMEHCHMH 3HAKA OJJHOTO U3 apTYMEHTOB, HAPHMED,
u, T. €. eClH :
R( - U, U) = R(u, ?)),

TO OHAa MOXeT OBITh MpHUBEJeHA K BHUIY
R(u, v) = R,(?, v),

coeprKaleMy JHIIb Y€ THBI € CTENEHH U.
Ecu xe, Ha000pOT, IpA H3MeHeHHH 3Haka u GyHkiusa R(u, v) Takke
MEHSET 3HaK, T. €. eCJIH
R( —L, ’l)) == R(u’ ‘U),

TO OHA OPHBOIMTCH K BHIY
R(u, v) = R,(1, v)u;
3TO cpa3y BBITEKaeT M3 MPEOBLAYIETO 3aMeYaHmsi, eClM €ro IMPAMEHHTH

R(u, v)
u

K PyHKOHAH
I. Ilycre Temeps R(u, v) MeHAET 3HAK [P H3MEHEHWH 3HAKa #; TOraa

R(sin x, cos x) dx = Ry(sin? x, cos x) sin x dx = — Ry(1 - cos? x, cos x) d cos X,

M panMoHAIN3amusa AOCTUIaeTCid IMOICTAHOBKOM f=COS X.
11. Ananormaso, ecsa R(u, v) MeHsET 3HaK IPH U3MEHEHHH 3HAKA ¥, TO

R(sin x, cos x) dx=R§(sin x, cos® x) cos x dx = R(sin x, 1 —sin? x)dsin x,

TaK 4To 37leCh ILiejecoobpa3Ha MOACTAHOBKA ¢=sin X.
T1I. IpemmonoxnM, Hakomel, 9To dyHKIHA R(u, ¥) HE MEHSET CBOETO
3HAYeHHUA IPH OAHOBPEMEHHOM H3MEHECHHH 3HAKOB ¥ H ¥

R(~u, —v)=R(u, v).

u
B aToM cnyvae, 3aMeHss # Ha Pz OyneM UMeTb

Rz, v)=R(;‘—,v,v)=R* (g v).

. u
ITo cBoiicTBy dyHkuuu R, eCiiM H3MEHUTH 3HAKM ¥ ¥ U (omomenne; opu
3TOM HE H3MEHHTCH),

u u
R*(B,"—v) =R* (;, v) ’
a Torga, Kak Mbl 3HAEM,
(U _px (U
R (5, U)—Rl (5,’1)2).
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Hoatomy
R(sin x, cos x) = R¥(tg x, cos? x)=R¥ (tg X, _thlE?) ,
T. €. HOHpPOCTY
R(sin x, cos x)= R(tg X).

3nech MOCTHTAET LEIH IOACTAHOBKA f=tg X (—g <x<§) , H0o

dt

mHT.I[.

R(sin x, cos x)dx= R(?)

3aMeuanune. HyxknHo cka3aTb, 9TOo KakoBO OBl HU OBUIO paruo-
HaJIbHOE BhIpaxxeHue R(y, v), ero Bceraa MOXKHO NPEACTABUTE B BULIE CYMMBL
TpeX BBIPAXEHHI PAaCCMOTPEHHBIX BBIE 4acTHEIX TumoB. Hampmmep, mo-
KHO IIOJIOXKHTB

R(u, v)-R(-u, v) R(—u, v©)—R(-u, —v) R(-u, —v)+Ru, v)
2 + 2 + 3 :

R(u, v)=

IlepBoe u3 3THX BBHIpaXKeHHH MEHSET 3HAK NPH H3MEHEHHM 3HAKA #, BTO-
poe MeHseT 3HAK IPH H3MECHCHUM 3HaKa ¥, 4 TPEThe COXPAHNET 3HAYCHHUE
MpH OAHOBPEMEHHOM H3MEHEHHM 3Haka ¥ U v. Pa3bus Beipaxenue R(sin x,
COS X) HA COOTBETCTBYIOLIHME CJIATAEMBIC, MOXHO K II€PBOMY H3 HHX IpH-
MEHHUTb IIOJACTAHOBKY f=COSX, KO BTOPOMY -— IIOACTAHOBKY f=sin X, u,
HaKOHell, K TPeTbeMy — IMOICTaHOBKY f=tg x. TakuM oOpa3oM, Iusi BBI-
YUCJIEHHS HHTerpayioB Tuma (1) JOCTaTOYHO 3THX TpeX MOICTAHOBOK.

287. UurerpupoBanne Bbipakenmii Sin® x - ¢o0s“x. Bynem cudTath » B

4 palldOHAJIbHBIMH YHCJIaMH, & NICPEMCHHYIO X - HM3MEHSIOILEHCS B npo-

T . .
MEXYTKE (0, —2-) . Torma moncranoBka z=sin? x, dz=2sin x cos x dx maer

e

—
. 1. . 5 N -
sin® x cos# x dx =§sm“‘1 x(1 —sin% x) 2 2sin x cos x dx=

1 #=1 o1
=3(1-2)2 z2 dz,

TaK YTO JEJIO CBOAUTCS K HHTEIPHPOBAHUIO O HHOMHUANIbHOT O X H (-
bepernuana [279]

v—1
27 dz=gdumy v )
2’ 2

bt
2

Jsin”xcos/‘ x dx=%f(l—z)

BcnoMuHas ciyvyau HETErpPEPYEMOCTH OMHOMHANBHBIX IHb(EPEHIMANOB,
MBI BHIUM TEHEPh, YTO HHTCPECYIOUIMI HAC METErpajt OepeTci B KOHEY-
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HOM BHIE, 1) ecnm E_%l (pum 3——2—1) €CTh IEeJoe YHCIO, T €. €CIH [
utv

(WM v) ecThb HedYeTHOE NeJoe uucio, aubo xe 2) eciou 5~ ecTh

11eJIOe YUCNIO, T. €. €CIH [+ 7V €CTh UE€THO € IEeNoe 4UCIO.

Cropa xe, B YaCTHOCTH, OTHOCHUTCA CIy4aii, korma o 6 a mokasaTelis
4 WV — IeNbie; BIPOYeM, TOTOAa BBIPAXEHHE SiD® X COS* X palMOHAJNBHO
OTHOCHTEJIBHO SiN X U COS X, T. €. MPHHAMJIEXHUT KJIACCY BBIPAXKEHUH, yXe
PaccMOTPEHHOMY B NpeAbIAyINeM n°.

B sToM ciy4ae, eciu mokasaTenb v (Wim 4) OyZeT HeYe THBIM, TO
PalHOHAIM3ANMSL CPa3y HOCTHIAeTCS MOACTAHOBKOM ¢ = cos x (IIHK ¢ =sin x).
Eciu xe 06a mokasaTens » K 4 4eTHH e (a Takke eCId oHH oba He-
4e THBH €), TO MOXHO IJIA TOH Xe IeJIM IPAMEHUTDL ONCTAHOBKY =1g X
unu ¢=ctg x.

3ameTHM, YTO €CIIH HOKA3aTeJN ¥ K 4 062 CYyTh MO M OXHTEJ b HELE
Ye THBIE YHACIA, TO NMPENIOYTHTENIbHEE APYTroH NpHeM, OCHOBaHHLIH Ha
opuMeHeHIH GopMyJT

. sin 2x - 1-cos2x 2 1+cos2x
smxcosx=—2—, sin x=~——2——, CcOS x=~—i——-— .

limenHo, ecmu v=2n, p=2m, TO NMPH V=4 MAYT

. . . sin 2x)2m( 1 —cos 2x \n—m
sin" x cos?™ x = (sin x cos x)2" sinX"—m) x = ( 3 ) ( > ) s

a mpu Y=<y

. . sin 2x)27 ( 14 cos 2x \m—n
sin?" x cos?™ x = (sin x cos x)2" cos¥™—" x = ( 5 ) ( > ] .

B pa3sBepHyToM BHAE NMOJIyYATCA CYyMMa WICHOB BUIA
Csin* 2x cos* 2x,

v+
roe v’+,u’<n+m=—2—“. Te wienbi, y KOTOPBIX XOTh OJMH M3 HOKa3a-

TeJiei v, 4’ eCTh He4Y e THO € YHCIO, JIETKO HHTErPUPYIOTCA IO YKa3aH-
HOMY BhlIe cnocoOy. OcTajbHbie WieHs! NoABEpraeM IMogobHOMY XKe pas-
JIOXKEHUIO, IEPeXols K sin 4x u cos 4x, U T. O. Tak kak IOpA KaxaoM pas-
JIOXEHUHN CyMMa IoKa3aTeJsleil yMeHbIIAETCs, Mo KpalHed Mepe, BABOE, TO
IpoliecC OBICTPO 3aBEepIIaeTCH.

BepueMcst K yCTAHOBJICHHOM BHILIE 3aBACAMOCTH (2). Mb1 MOXeM Teneph

BOCIIOJIB30BATHCA Q)OpMYIIaM'K OpHBCOCHUA OHHOMHATLHBIX HHTCIPAJIOB

[280], uTo6w1, moyaras Tam a=1, b= -1, p=”—~2—1- , q=f——2—1» , YCTaHOBUTH

(bOpMyJII:I TNMPUBEOCHASA OJIA HHTErpayioB pacCMaTpHBaeMoro THIia.
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TaxuM IyTeM HOJy4aTcs cliemyromme GopMyssl (KOTOpble, KOHEYHO,
MOTYT OBITh BBIBEIEHHI H CAMOCTOATENIHHO):

(D fsin” xcost x dx=

sinv+lxcosttlx vpu+2 [ .
= — + 2 Jsm"xcos”“ xdx (u=-1).
pnt+1 pt1 g

(1D fsin’ X cost x dx =

_simr+1 x cosptl x+v+,u+2
v+1 v+1

(111 fsin” xcost x dx =

si’t?x cos* xdx  (v# - 1),

sinntlxcost—lx u—1 (. )
=TT __Isin®* x cos’ 2 xdx v+ u=0
1’+lu + 'V"‘,u ( i )7

(V) J sin* x cos* x dx =
sin* 1 x cosnt1 x

v_]f. 2 u
=~ - b v+ 0).
p— + m sin2xcostxdx (v+up=0)

Ot GopMyIEL BoOOIIE MO3BOJIAIOT YBEIHIMTH MM YMEHBIIWTH MOKa3a-
Tedb v WA 4 Ba 2 (3a yKasamHBIMHA HcKTrodeHmsME). Ecim 06a mokasa-
TeJd ¥ M 4 — IeJIble 9ACHa, TO MOCNeI0BATEIbHBIM IIpuMeHeHHeM GopMy
TIPHBEIICHHS MOXHO CBECTH [EN0 K ONHOMY M3 JEBATH 3JEMEHTAPHBIX
HMHTETpajioB (OTBEHAIONNX Pa3iIMYHbBIM KOMOMHAUMAM U3 3HAYEHHH V U U,
paBubix —1, 0 mim 1)

1) fdx«-—x, 6) finfdx —In [cos x|,
. d.

2) fcosxdx=s1nx, 0] f;.l:—x=1n ‘tg)—; ,

3) c(f;xx=ln tg(; Z) 8) fci—sx—dx In [sin x| ,

4) fsinxdx=—cosx, ) fm=ln|tgx].

5) fsinxcosxdx=sm;x,

288. Ilpumepni. 1) fsin’ x cos? x dx. [logaHTErpaabHOE BHIPAXKEHAE MEHSIET 3HAK OT
3aMEHHI COS X Ba ~ cos x. [ToacraHoBKa f =sin x:
ts sind x sin®x

t3
sin® x cos® x d =fm-¢2 a=t Lo SX_SY o
f x cos® x dx ( ) 373 3 s +
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2) f . dx. IHoauHTerpajibHOe BHIDAXKEHAE MEHsET 3HAK OT 3aMeHBl sin x
costx

Ha -sin x. ITomcranoBKa f =COS X:

sin® x 421241 2 1 2 1
J d\c—,—J‘ C=—cosx— - - + +C
costx 4 33 cosx 3cosdx

. dx

3) J ~———————— . [ToguHTerpanbHOE BBIPAXCHAE HC HM3MEHSET CBOCTO 3HAYEHUS
sin? x cos? x

IIpY 3aMeHe sin x Ha —sin x ¥ COS X HA —cos x. IlofacTaHoBKa f = tg x:

f x fﬂ“z)zl el cgx-2ctg x- L etgxiC
dt=t———-_——+C=tgx—-2ctg x——ctgdx+C.
sin4 x cos? x 4 t 33 £ & 3 g

4) fsinz x cos? x dx. 3gech NPUrOAHA Ta K€ NOACTAaHOBKA, HO TIPOIIE IOJb30BATHCA

dbopMynaMe yIBOSHHS yriia

1 1 1
sin® x cos? =8— sin? 2x(cos 2x-+1)= 3 sin% 2x cos 2x+ 16 (1-cos 4x)

1 1 1
fsinz x cosd x dx=—sind 2x+ — x-- —sin4x+C.
48 16 64

g dx 1 dx i
J =— . Ilparogmna mopcrasoBka f=sin X, HO Opome

sin xsin 2x 2 J sin? x cos x
t +:’z +C.
273 ‘

npuberayts x 11 dopmyne npusencHus:
dx .
6) _[_T Ilpurogsa mojcraHoBKa f=sin X, HO NpOILE JBaXAbl NPHOErHYTH
cos’ x

| S il
2 Jsintxcosx 2sinx 2J cosx  2sinx 2

x I dopmyne mpusepenms:

J‘ dx sin x J‘
cosbx 4 cos‘x 4 Jcos? x’

B CBOIO O9Yepenb,

J*dx msinx sin x +ll n e
cossx-2¢os”x 2 ) cosx 2cos2x 2 2 4

In +n)
24

TakK 4ToO

+—In +C.

cos5x “4costx 8cosx 8

J‘ dx sin x 3sinx 3
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cos4
f — dx. TiparogHa HOACTAHOBKA {=COS X, HO HpOIIE BOCHOJIE30BATHCH
sind x

11 u III dopMynamMu npuUBEOEHUS:

Jcos‘ x cos®x 3 rcost X,
= - —— dx,
sind x 2sin2x 2J sinx
cos? 1 cos? x 1 x
.[ - dx——-cos“x+f dx =—cos? x+cos x+In {tg—| +C,
sin x 3 3 2
TaK 4To (HOCHE ynpomarommx Apeodpa3oBaHmi)
cosd x cos x 3 it x +C
——dx= - —COS X—— - .
f sin3 x 2sin? x 2 & 2
dx dx
f - =|= . INoacTaHOBKA ¢ = COS X
sin x cos 2x sin x(2 cos? x—1)
dx 1 e T L oo
smx(2coszx~-1) (I—tz)(l 2t2) V2 |1-t)2 2 1+t
1 14+ }2cosx x
=—In —V_—-- +In jtg—| +C.
V2 |1-VZcosx 2

sin® x cos x .
f dx. Tak Kak OpH HM3MEHEHMH 3HAKOB y SinXx M COS X NMOAHWH-

sin x+cos x
TerpasibHOE BBIDAXKEHHE HE TEPIMMT H3MEHEHHWs, TO NPHTOJHA IMOACTAHOBKA f=1g X:

.[sinzxcosx t2dt .”1 1 1 -1 1 t—l]

sin x +cos x ul (1+t)(1+t?)53= 4141 --4_t2+] 5(124.1):

1 1+4¢ 1 1+4¢
=—In ——— — +C=
4 Vl_l_tz 4 1412

1 1
=4—ln {sin x+cos x| >y cos x(sin x+cos x)+C.

dx n n

10) f - npu AC— B2>0. Ilpegnonarasg ——<x<-—,
A cos? x+2Bsin x cos x+Csin? x P PRt 2 2
¢ MOMOIIBIO HOACTAHOBKY ! = {g X HPHBEAEM HHTEIPaJl K BHIY

dt
A+2Bt+Ct2’

1 Ctgx+B
Omeem: arct £ +C.

yAC- B JAC - B?
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1D .[a+b tgx J(a+bt)(1+t2)

et ( ki1 n)
A I=tgx]| ——<Xx<-—]|.
op! g 3 2

Pasznaras Ha UPOCThie APOOCH
1 _ A + Bt+C
(a+bt)1+1t2) a+bt 1422

Juid onpenenenns xo3pommenTos 4, B, C BONYyYHM ypapHEHHs

A+bB=0, aB+bC=0, A+aC=1,

b? b a

OTKyma A= ———, B= ———— C= .
TKYR a4+ b? at+ b’ a4 b?
a b a+bt
Omeem: arctgt+———1In +C =
a?+ b? 2+b2 |/1+t2

1 . ,
=¢;2_+.1; [ax+b1n [acos x+b sin x|]1+C'.

12) K 3ToMy ke HHTerpajxy DpHBOAATCA CIAEOYIOIIME JBA:

T, = J- sin x dx J' cos x dx
acosx+bsinx’ acosx+bsinx’

Bopouem, mpoine BLIYHCAHTL HX, UCXOAA M3 CBS3LIBAIOIIHX MX COOTHONIEHHHA

bT,+aT,= fdx=x+Cl,

~asin x+b cos x
—aT,+bT,=j——.— dx =
acosx+bsinx
d(acosx+bsin x
=J‘_(_~—‘)=1n lacos x+bsin x| +C,,
acos x+bsin x
OTKYZA B HOJYYaeM

T, =

oyt [bx-aln |acos x+bsin x{]+C,

Ty=——[ax+bln |acos x+bsin x|]+C".

1

i+b2
1-r2

13) E.[mdx O<r<l, -m<x<mn). TIpuMeEEM 30€ChH YHHBED-

x
CAJILHYIO DOACTAHOBKY f=tg 7" Hmeem

1 1-r2 de=(1- rt)
—_— —_— = —r ————————————
2J1-2rcosx+r2 f(l-r)’+(l+r)2rz
1+r 1+r
=arctg | —— C= _ A
arcs(l_ t)+ arctg(1 tgz) +C.

6 'L M. ®uxtenronsu, 1. II
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K 3TOMy HHTErpany OPHBOHOMTCS M TaKOM:

1-rcosx 1-r2 1 1+r
I[ ] dx =-— x-+arctg
1 2r cos x+- r2 2 21- 2r cos x+r? 2 1-r

x
2J+e
2

dx
14) J——————— , B TIpEANONIONKEHNH, 4TO |a| = |b| (—m<x<m).
a+bcosx

X
TlycTs coepea |a| = |b| u (yr0 He ymanseT obimocTn) a> 0. TToacranoska £ = tg 5

KaK H B TOJIbKO YTO PAaCCMOTPCHHOM YaCTHOM Cliyvac, naeT

dx 2 a-b x
= arctg —tg— |+C.
at+bcosx Var b at+b 2

MoxHO nipeoGpasoBaTh TO BbIpaXKeHue K BHAY

1 acosx+b
+ arcsin RE
V&b a+bcosx

npuyeM BepxHuH 3Hak Oepertcs, ecin O=<x <7, a HIKHUH — ecu ~ 7 < x=<0, 1 3HaYenue

TIOCTOSHHOM C’ BO3pacTaeT Ha

npu npoxoae x yepes 0.
a2 _— b2

Ilycts Teneps |a| < ib| u b>0. Ta xe noacTaHoBKa:

Vb+a+Vb at
a+bcosx b+a)- (b e ]/b _az Vo+a-Vb-at

: Vbo+a+ Vb—atg%
= In +C.

Vo2 ~a? Vbo+a- Vb—atg%

+C=

OTO BHIpaXeHWe JIEIKO npeobpasyercs K BUIY

1 i b+acos x+ )b*—a?sin x +C
n
'Vb2~az a+bcosx

(4
UnTerpan J —————— [PUBOJUTCA K OpeApAyImeMy NOACTAHOBKOW x=—x1{f,

a+bsin x 2

dx
15) Haxoneu, k mBTerpany 14) npuBOAMTCA M MHTErPal J—-———-—-——— . Ecmn
a+bcosx+csinx

BBECTH YTOJI & TIOA YCIIOBREM, YTO

cosa=

, sin o=

b ¢
Vore Vore
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TO HHTETPaJ NEePENUINeTCA B BHIE

dx
— 5
a+ Vb2+c2 cos (x — &)
TIOACTAHOBKA f=x —ot. VI 3/1€Ch, KOHEYHO, MHTEpECEH Ciyyait |a} = b2+ c2.

289. O6G3op apyrux caydaeB. B 271, 4) MbI yxe BUACHTH, KAK HHTErPU-
DPYIOTCSL BBIpaXKeHUsl BHIA

P(x)e”*dx,  P(x)sin bx dx, P(x)cos bx dx,

rae P(x) — uenblii MHOrowseH. JIOOONBITHO OTMETUTH, YTO HPOOHBIE
BBIPAKCHHUS

ex sin x cosx

;ﬁd s m dx, e dx (=1,2,3,...)

yKe He MHTETPDHUPDYHTCS B KOHEIYHOM BHIE.

C noMolipI0 MHTETPHPOBAHHA IO YACTSAM JIETKO YCTAHOBHMTH IJIS MH-
TETPAJIOB OT 3TUX BBIPAXEHUH peKyppeHTHHIC (OPMYJIBI H CBECTH HX,
COOTBETCTBEHHO, K TPEM OCHOBHBIM:

L fé dx = 1: =li y * («ugTerpampublii Jorapuadmy);
1L fw dx=si x («<UHTErPAJILHLIA CUHYC»);

Cosx
II1. f— dx=ci x (<MHTerpajdbHblii KOCHHYC») **,

Me1 3HaeM yxe [271, 6)] uHTerpaist

. asin bx — b cos bx
fe“"sm bx dx='——zﬂ:‘ba——‘ e“"+C,

bsin bx+acosbx .
a*+b? —er+C

OTHpaBJ'IﬂﬂCb OT HUX, MOXHO B KOHEUHOM BH/JC HAWTH HHTEr pajibl

fe‘”‘ cos bx dx=

fx”e‘”‘ sin bx dx, fx”e‘”‘ cos bx dx,

rae n=1,2,3, ... UMeHHO, HHTETPUPYS 10 4YaCTAM, IOJYYMM
. asin bx-bcosbx .
XMe™ sin bx dx = x"t ——————— % .
a*+b*
nha

—mfxn_leaxsln bx dx -+ Zfb,,

fx"*‘e"x cos bx dx,

g b sin bx +-a cos bx
npax e dyv =" .
J X"e®™ cos bx dx = x Fowe el

nb

—mfx""‘e‘”‘ sin bx dx —

‘%fx"" le® cos bx, dx.

* Iloncranoska x=In y.

** BopodyeM, BO BCEX TpeX CIy4asX HAUIEKHUT ele DHKCHPOBATH NMPOU3BONLHYIO
[IOCTOSIHHYIO; 3TO OyHeT CHENaHO BIOCIENCTBUH,

6*
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Omd peKyppeHTHB e G OPMYNBl HO3BOIAIOT CBECTH HHTEPECYIO-
IIge HAac HHTErpaysel K ciydaio n=0,

Ecmu mox P(...) mo-mpexHeMy pa3yMeTb TENbId MHOCOWIEH, TO, KakK
OKOHYATENbHLIA pe3yibTaT, MOXKHO YTBEPXKIATh, YTO B KOHEYHOM BHE
OepyTcs MHTErpajibl

JP(x, edx ed’x . sinb'x,sind’'x, ..., cosb'x, cosb’x, ...) dx,

roe a',a’,b',b", ... — MOCTOAHHBIE.
Heno cBomuTcs, 04eBHAHO, K HHTETPHPOBAHKIO BLIPAXKEHUS
x"e® sin¥ b’ x sink’b''x ... cos™" b'x ...
Ecnd ucnonn30BaTh JieMEHTapHBIE TPHTOHOMETpHYECKHE (GopMyIIbi

sin? by = 1- cc;s 2bx ’

sin &'x sin b"'x =% [cos (b’ = b")x —cos (b’ + b"")x]

U UM [OXOOHBIE, TO JIETKO Pa3OUTh PACCMATPHBAEMOE BBIPAXKEHHUE HA Clia-
raeMple THIa Ax"e?* sin bx U Bx"e™ cos bx, ¢ KOTOPBIMH MBI YK€ YMeeM
CIPABJIATHCA.

§ 5. DaaMnTHYeCKHE HHTErpasmbl

290. Ome 3aMeYaHHs H ompejeliennst, PaccMOTpHUM HHTerpajl BHAA

| RGx, y) dx, (n

rge y ectb ajrebpauveckas GyHKIDIUA OT X, T. e. [205] ymo-
BJIETBOPAET aJreOpaniecKoMy YPaBHEHHIO

P(x, y)=0 2

(3oece P — meJsiblii OTHOCHTEJIBHO X W y MHOrowreH). ITogoGunoro pojma
MHTErpasl IOJYYHIId Ha3BaHUe abesesvlx unmezpasos. K EX ducoy oT-
HOCATCS HHTErpajibl, u3ydeHHsie B § 3,

JR( Vax+ﬂ) dx, JR(x, Vax®+bx+c)dx

Yx+06
[e#cTBuTenbHO, GyHKIMH

m
V:ﬁ:g , y=Vax*+bx+c
YAOBJETBOPSAIOT, COOTBETCTBEHHO, ANTeGPaHYeCKHM ypaBHEHHIM
(px+8)ym—(ax+p)=0, y*—(ax+bx+c)=0.
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CTaHOBICh HA TEOMETPHYECKYIO TOUYKY 3peHHUS, abeaeB uuterpat (1)
CHHTAIOT CBA3AHHBIM C TOM anrebOpauyeckod KpHUBoOH, KoTopas
onpenensercs ypaBHenueM (2). Hanpmmep, unTerpan

_[R Yax®+bx+c)dx €)

CBS3aH ¢ KPHBOU BTOpOTo nopsaaka )y =ax2+bx+c.
Ecau xpusas (2) moxncem b6vimb npedcmasiena napamempuuecKu

x=rt), y=rft)
mak, umo @ynxyuu r(t) u ryt) oxasviearomes payuornasrbuvimu (6
IMOM cAyuae Kpusas HA3bleaemcA YHUKYpcaabvHo U ¥), mo & unme-
epane (1) cmanogumcs 603MONCHOU PAYUOHAAUIAYUA NOOUHMEZPAABHO20 8bl-
paxcenus: MOACTAHOBKOU X = r () OHO HNPHBOJUTCA K BHIY

R(ry(t), r(t)) ri(e) dt.
K 3ToMy kitaccy U oTHoCSTCA 00a YHOMSHYTBHIE BbILIe cilyyas. B gacT-
HOCTH, BO3MOXHOCTh PAaIHOHATIM3ANHM IOJHHTEIPAJbHOIO BBIPAKEHHA B
HHTerpaje Tuna (3) cBa3aHa MMEHHO C TeM GakToOM, YTO KpHBasd BT O-
poro mopsanka yaukypcansua [281, 282].

OueBHIHO, YTO MEPEeMEHHBIe X U ! CBS3aHBbl ajirebpamyeckuM ypaBHe-
HHEM, Tak YTO ! sBjigeTca alrebOpandYyeckod GpyHKkOueH oT x.
Ecnu pacliupuTh Kiace 3MeMEeHTapHBIX (yHKIUH, BKJIIOYMB B HEro M BCe
anrebpandeckie QYHKOHH, TO MOXHO CKa3aTb, 9TO 6 CAyYae YHUKypcatb-
Hocmu Kpueoii (2), unmezpaa (1) 6 cezoa evipaxcaemca uepes 31emeH-
mapuvle PYHKYUU 6 KOHEeYHOM 6ude.

Omuako monobHoe OOCTOATENBCTBO fABISETCA B HEKOTOPOM CMBICHE
UCKIroueHHeM. B oOmieM ciyuae kpuBas (2) HE YHMKypCajlbHA, a TOTAa,
KaK MOXHO OKa3aTb, uHmezpaa (1) 3asedomo He 6cezoda, m. e. He
npu gcaxoti gyukyuu R, moocem 6Gvimp ebipaxcen 6 KoneuHom eude (XOTs
HE MCKJIIOYEeHa BO3MOXHOCTH 3TOI'O NPH OTAENBHBIX KOHKPETHBIX R).

C 3TEM MBIl CTAJIKHBAacMCS yX€ NPH PACCMOTPEHHMH BaXXHOIO Kjacca
HHTErpajioB

_[R (x, Vax3+ bx2+ cx+9) dx,
@

fR(x, Vaxt+ bx®+ cx®+ 0x +e) dx,

COIEpKALMX KBANPATHBIM KOPCHb M3 MHOrOWIEHOB 3-H miau 4-# cremenu
U €CTECTBEHHO MPHMBIKAIOINX K MHTerpaiam (3). Humezpaavt éuda (4)

KaK npasuao — yxce He GbIpAXNCAIOMCA 6 KOHEYHOM 6ude uepe3 3/ieMeH-
mapusle @yHxyuu Naxxe TPH PACIIMPEHHOM IMOHHMAHWH 3TOTO TEPMHUHA.
ITosToMy 3HAKOMCTBO ¢ HHMM MBI OTHECHH K 3aKJIIOYMTENILHOMY Iapa-
rpady, 4ToOB He NpephIBATh OCHOBHOM JIMHMH HM3JIOKEHHS HACTOsMIei

* MOXHO JaTh H YHCTO r€OMETPHYECKYIO XapPAKTEPHCTHKY YHEKYPCanbHOM KPUBOH,
HO Mbl Ha PTOM OCTaHABIMBATHCH HE Oymem,
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IJ1aBBl, IOCBALICHHOMH, TJIABHBIM 00pa3oM, H3YYCHHIO KIIACCOB UHTETPAJIOB,
Oepyluuxcsi B KOHEYHOM BHJE.

MHorouneHs! mox KOpHEM B (4) IpeAnojararoTcs HMEIOIUMEA BEIlE-
cTBeHHble K03hdumuenTtel. KpoMe Toro, Mel Bcerma OGymeM CYHTATHL, YTO
y HHX HET KpaTHHIX KopHEH, 00 HHa4Ye MOXKHO OBUIO OBl BBIHECTH IIH-
HEeWHBIH MHOXNATEIb H3-TOJ 3HaKa KOPHS; BONPOC CBEJICS OBl K HHTEIrpH-
POBAaHUIO BBIDAXKEHHIl yXKe paHee M3y4eHHBIX THMIOB, W HHTerpal BhIpa-
3uncs Obl B KoHewHOM BHAe. Ilociemmee 06CTOATENBCTBO MOXET HMETH
MECTO HHOWM pa3 W TMpH OTCYTCTBHM KPAaTHBIX KOPHEH; HAmpWMep, JErKo
NPOBEPHTH, YTO

1 4
J‘ +x x ‘rC,

1—x* Vl P Vl X4
f5x8+lldx=xv2x3+l+c.

Wnrerpansl oT Bolpaxenuit Tunma (4) BooOIie HA3BIBAIOT 34unmuye-
CKumu [B CBABH C TeM OOCTOATENBCTBOM, YTO BIEPBBIE C HAMH CTOJK-
HYJIHCh IPH PELIeHAN 3aaud O cupsMiieHnd sanca, 331, 8)]. Bupodem
3TO Ha3BaHUE, B TOYHOM CMBICJIE, OTHOCAT OOBIYHO JIMIIL K TeM W3 HAX,
KOTOpHE He OepyTCsd B KOHEYHOM BHOeE; APYrHE XKe, BPOIeS
TOJBKO YTO MPHBEIACHHBIX, HA3BIBAIOT HCEE00IAAUNIMUYECKUMU.

Wzyyenne u TabymmpoBanue (T. €. COCTaBlieHHe TaOJIHIl 3HAYCHHIN)
HHTETPAJIOB OT BbIpaxeHuid (4) IpH NMPOU3BOJBHHIX Koa(dumuentax a,
b, ¢, ..., pasyMeeTcs, 3aTPyOHATENIbHO. I103TOMY €CTECTBEHHO XKEJIAHHE
CBECTH BCE 3TH HHTerpajbl K HEMHOTHM TaKuM, B COCTaB KOTOPBIX
BXOIMJIO OBl IO BO3MOXHOCTY M€ Hb Il € NPOU3BOJLHBIX Koahdurimen-
TOB (mapaMeTpoB).

OTo gocTHTaeTca ¢ NOMOIUBIO 3JEMEHTAPHBIX NMpeoOpa3oBaHmii, KOTO-
pble MBI PacCCMOTPHM B IOCHCAYIOLIMX Nn°.

291. BcnoMorateiabHble npeodpasopanus. 1°. 3ameTHM, mpexae Bcero,
YTO HOCTATOYHO OTPAHMYHUTHCS CIy9acM MHOIrowIeHa 4-H cTeleHH Io.
KOpHEM, HOO K HEMy JICTKO IPHBOAMTCS H CIy4ail, KorAa IOoA KOpHEM
MHOTO4JeH 3-i cTenmeHu. JeiicTBUTENbHO, MHOTOWIEH 3-H cTemeHu ax®-+
+bx2+cx+d ¢ BeU[eCTBEHHBI MU Koapduumentamun HeoOX0IMMO
HMeEeT BeIeCTBeHHBIN Kopenb [81], ckaxeM, A — u, ciemoBaTeNbHO, IO-
IyCKaeT BEUICCTBEHHOC Pa3JIOKEHUE

ax3+bx?+ cx+ 0 =a(x — (x> + px + q).

MoncranoBka x —A=1¢2 (i x — A= — t2) U OCYIIECTBIAET TPeOyeMoe pu-
BeZICHHE

_[R x, Vax*+ .. ) dx= fR (e2+ 4, tYat*+ .. ) 2t dt.

Brpens Mbl cTaneM paccMaTpuBaTh JHINb MMddepeHnuansl, coaepxanme
KOpEeHb M3 MHOTOYIeHA 4-H CTemeny,
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2°, TTo m3BecTHOH TeopeMe ajJreOpbI, MHOTOYIIEH YETBEPTOM CTEMEHU
C BEIIECTBEHHBIMH KO3h(UIMEenTaM MOXeT OBITh MpEICTABIECH B BHIC
IIPOM3BENECHHS BYX KBaJPATHBIX TPEXUJICHOB C BEILECTBEHHBIMHU XKe KO3(}-
¢unueHTaMu:

axt+bx*+bx%+ dx +e=a(x®+px+q)(x2+p'x +q). &)
ITocTapaeMcs Tenepp HaIlexanleil MOACTAHOBKOM YHMYTOXHUTL B 0OOMX
TpEeXHJI€HAX Cpa3y YJICHBL nepBoﬁ cTeneHd. MBI BMesn YXE nejio € 1mo-

nobHolt xe 3amaveit B 284, 111 (6).
Ecmu p=p’, To Hama Ijeiab JOCTHraeTcsi, KaK YKa3hBallOCh, MPOCTOM

NOJICTAaHOBKOH x=t—’—;. IIycte Temeps psp’; B 3TOM Cily4ae MEI Boc-
MoJB3yeMCsl, KaK M BBHIIIE, OPOOHO-THHEHHON IMOJCTAHOBKOI

_ptty
T+l

Bo3MOXHBOCTE YCT2HOBHTE BELIECTBCHHBIC W MPHTOM pa3JIMYHbIE 3HAYECHHS
U K03)QUIHEHTOB 1 M ¥, KaK MBI BHIETH, O0YCIOBIEHA HEPABEHCTBOM

r r 7 r
G-9»-(p-p)p'q9-pq’)>0. (6)
MLI y)KC OKa3aJIu 3TO HepaBeHcho B l'[pCI[l'IOJIO)KCHPII/I, 4YTO OOUH U3
PacCMATPHBAEMBIX TPEXWIEHOB UMEET MH UM Bl € KOPHH, H 3TO MI'PAJO
CYLIECTBEHHYIO POJIb B HAIIMX paccyxkaeHusix. IIycTe xe Temepsr Tpex-

4neHbl (5) 06a MMEIOT BelIeCTBEHHBIE KODHH, CKAXeM, MEPBBIA — KOPHH
o u B, a BTopoit — xopru y u d. Ioncrasmusas

p=-@+p), g=ap, p'=-@+0), q'=v5,
MOXHO Tepenucath (6) B BUOE

(@ =)= )B-v)(B-5)=0, 6"
a JUIS OCYIUECTBJICHUS ITOrO HEPABEHCTBA JOCTATOYHO JIMINL I103a60-
THTBCA, YTOOBI KOPHM TPEXWICHOB HE IEPEMEXATUCh (HAIPHMED, YTOOBI
OBLI0 a>f>7>0), yTo B Halllel BIACTH *.
TaxrM o6pa3oM, HajIekKalle BHIOPAaB 4 H ¥, ¢ HOMOUILIO yKa3aHHOM
NOJCTAHOBKH MBI IIOJIYYHM

——e _ wt+v  Y(M+Ne2YM +NtD) p—v
fR(x, Vax4+...)dx—JR(t+1 >y - G 1e )(t+1)2 dt,

* 3aMeTHM NONYTHO, YTO NpPeACTaBliCHHe HepapeHcTBA (6) B dopme (6') Moxer
OBITh UCMONBL30BAHO MUIA IOKA3ATENLCTBA €10 M B TeX Clydasx, KOTAa KODHH &, f, ..
HEBEINEeCTBeHHB!. ECIH IMmb NepBbli TPeXWIEH UMEET HEBELIECTBEHHLIE, T, €. KOMIIEKC-
Hble CONPsAXEHHBIEC KOPHA « M f, a 4ACna  H O BEIECTBEHHHI, TO MHOMXHATEIN
-y W f—y OyoyT cOmpsxXeHHB MM, TaK YTO HX IpPOM3BEIEHHE GYHET, Kak
H3BECTHO, IOJIOKUTEIbHBIM BeIIECTBEHHBIM YHCIIOM; TO XK€ OTHOCHTCA M K MHOKUTEIISAM
a~f u f~ 3. Ecnn e Kak KOpHA o, S, TaK U KOPHH %, § CyTh HODAPHO COOP A -
KEHHHE KOMNJEKCHBIE YHCIA, TO CONPSXEHHBIMM € OyAyT MHOXHMTETH
o~y 1 -0, a Takke —0 ¥ f—y, ¥ UX OPONU3BEIEHUS CHOBA NALYT HONOKHUTEIBHBIE
BELUSCTBEHHBIC YUCTA, ’ ' )
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YTO MOKHO TakXe (eCiid MCKJIOUHTL CIYYad BBHIPOXIECHMS, KOrAa Kakoii-
mnbo u3 xosppunuentos M, N, M’, N’ okaszbBaeTcs HyIeM) lIEpenucarhb
B BHIE

[RG, VAT m T+ 1) dt,

npu A, m 4 m' OTIMYHBIX OT HYJIA.

3°. C moMonmbio coobpaxeHnii, COBEPIICHHO AHAJOTUYHBIX TEM, KOTO-
pHe ObUIA IpAMEHEHBH! B Havyase n° 284, MOXHO CBECTH 3TOT HHTErpan,
C TOYHOCTBIO [0 MHTErpaja OT palHoHaJbHOH (YHKINH, K TakoMy:

J‘ R*(t) dr
VAQ+meA+m't?)
Paznoxum Teneppr panuoHaNbHyIo (GyHkuuioo R*(¢) Ha IBa claracMbix

R*(t)+R*(~1) R*(t)-R*(~1)
2 + 3 :

R¥(t)=

IlepBoe HEe MEHAET CBOEro 3HAYCHHA IIPH 3aMeHE ! HA — !, CIEIOBATEIBHO
CBOIMTCA K panuoHanbHo# QyHkuuu ot 2 R,(#%); BTOpOe Xe IpH yKa3aH
HOIf 3aMeHe MEHSET 3HaK, a MOTOMY uMeeT BuI R,(¢2)¢ *. PaccMaTpuBaeMelii
HHTETpaJl HpelcTaBHICA B popMe CyMMBI HHTEIpajioB

Ry(t?) dt N Ry(¢D)t dt
f YAQF mDA+m't) f VAQ+mesy(i+m't?)

Ho BTOpOi#f M3 HUX MOJACTAHOBKOM % =12 cpa3y HPHUBOIUTCS K 3JIEMEHTAp-
HOMY HMHTETPAy

1 J‘ Ry(u) du

2) YAQ T mu)(1+m'u)

u Gepercs B KoHeuHOM BHe. TakuMm o6pa3om, manbHeillieMy HCClleIoBa-
HHIO TOJJISXHUT JIMIIb MHTErpal

f R(t?) dt )
VAQ ¥ meA+m't?)

292. Ilpusenenne Kk KaHommdeckoli ¢opme. Ilokaxem, HakoHel, 4TO
Kaxaplit mHTerpan tuma (7) MoxeT OBITL IpeACTaBlieH B (opme

[t ®
(1 -20)(1 - k%2

rae k ectb HeKoTopas MOJIOXWTeJbHas HpaBWibHasA Apods: 0<k<1. Ha-
30BeM 3Ty GopMy KaHOHHYECK 0 i.
ITomoXuM AN KPAaTKOCTH

y=YA0 + mt(1 + m'1?).

* Cp. 3aMeyaHus DO aHAAOrMYHOMY noBony B 286,
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He ymanss obmIHOCTH, HO3BONUTENBHO CYUTATh 31eCh A = + 1; kpoMe
TOTO, AN ONPENIENCHHOCTH OTPAaHHYHMCH MOJIOKHTENBHEIMU 3HAYCHHSAMHU
t. PaccMoTpuM Temnepyr pa3NUYHBIE BO3MOXHBIE KOMOWHAIMH 3HAXOB A,
m, m’" B yKaxeM U1 KaXIOIO CIy4Yas IHOJCTAHOBKY, HEIOCPEICTBEHHO
mpuBosmIyio uHTerpan (7) K KaHOHHYECKOH Qopme.

DA=+1, m=-k, m'=-h"? (h=h">0). na Toro 4robbl pagukai

1 1
WMeJl BELICCTBEHHBIC 3HAYCHHS, HYXHO, 4TOOBI OBLIO t<y MM > .
ITonaraem
h
ht=z, r1oe O<z<l wmm z>5 .
Torna
dt dz

hl/(l—z“)(l—f‘}—;zﬂ)

’

h
TaK 4YTo 3a Kk 3IeCh CIENYeT HPHHATDH i

2) A=+1, m=-h, m'=h"? (h, h'=0). qna Toro 4roOBI pamuKa

1
HMeEJl BEILCCTBCHHLIC 3HAYCHHA, OIPaHHYMMCS 3HAYCHHUSAMH ! <Z . IMona-

raem
ht=Y1-2z2, rme O<z=<l.

Torna

a_ 1 dz

y B ne ’

V (1-2z9 1—-———22)
Bthe
W

U MOXHO B3iTh K=—o=— .
Vhr+ k2

NA=+1,m=hr, m'=h"2(h>h >0). U3MeHeHHe ! HUYEM HE CTECHEHO.
Ilonaraem

ht= 12 =, IHe O<z<l.
—2Z

B stoMm cayuyae
dt dz

h V(l - 7?) (1 - hz;;,z z2)
uk=

4) A= -1, m=-h*, m'=h"? (h, K’ >0). U3MeHEeHHE ! OTPAHUYECHO HE-

VhE =i

1
PaBEHCTBOM £ >7. Bepem

ht=— , Tme O<z<l,
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T4aK YTO
dr _ _dz
- B .
Vh2+hlz L (l—z)(l—-mz)
B h
VR TR
5) A=—-1, m=—h, m'= —-h"? (h=h"=>0). IlepeMennas ¢ MoxeT H3-

1 1
MCHATHCA JIALIb MEXIOY % H P ITonmaraem

Py T
h't= K-k z2, rtme O<z=<l.
HNmeem
ﬂ _ dz
E—h?
h l/(l -z?) (l - " z’)
V-2

uk =~ DTHM MCYEPNBIBAIOTCS BCE BO3M O X HBI € ciayyau, ubo
B ciyuae, korma A= —1 U oba umcia m, m’ >0, pagukan BooOlue He MOT

Obl MMETh BeElICCTBEHHBIX 3HaueHHit. O MHoXuTene R,(1%) MBI HE roBo-
puiH Huvero, 6o BO BCeX CAyYasxX OH, OYCBHIHO, HpeoOpa3oBHIBAICA B
palMoHANBbHYIO (yHKUHIO OT 22,

OTMETHM €llie, 4TO, paccMaTpuBas HHTerpas (8), MBI MOXEM orpa-

HHIUTBCA 3Ha‘i6HH}{MH Z<1 cnyqan Z> IIPABOJUTCA K 3TOMY HOACTa-

HOBKOH kz—z, rae L<1.

293. DyumnTHYECKHE HHTErpajnl 1-ro, 2-ro 1 3-ro poaa. Ternephb ocTaeTcs
H3yYMTh D pOCTECHIIHe W3 HHTerpayoB Buma (8), kK KOTOPHIM MO
GBI OBITH CBEACHBI B C € HHTErpajibl 3TOr0 BHA, a CICJOBATEILHO, B KO-
HEYHOM CYeTe, U BCe BOOOIIEe SJUIMNTHYECKHE HUHTEIPAJIBL.

BeimenuM u3 paumoHai bHON (yHkuuu R(x), ¢urypupyromei B mon-
HHTErpajibHOM BbIpaXeHHH (8), IeIyro yacTs P(x), a HpaBHIbLHO-IPOOHYIO
ee 4acTh Pa3JIoKHUM Ha IpocThie ApobH. Eciu He 0OBEIUHATL CONPSIKEH-
Hble KOMITJIEKCHBIE KODHU 3HaMeHATelsA (Kak MbI 3To JAenaid B 274), a pac-
CMAaTpHBATEH MX IOPO3Hb, T0J00HO BELECTBEHHBIM KOPHAM, TO R(x) mpen-
CTaBuTcsl B BHJIe CyMMBI cTemeHedt x" (n=0,1,2,...) u mpobeii Buna
G—aym a)m (m=1,2,3,...), rae a MOXeT OBbITb ¥ MHUMBIM 4HCIIOM, YMHO-
KEHHBIX HAa 4HCIIoBble Ko3dduumentsl. OTcioma sicHO, YTo HHTErpain (8),
B o0weM ciyvae, SBISETCA JIMHEHHBIM arperaToM CICIYIOIUMX MHTEr-
paJIOB'

J' 22N dz " H - dz
VA =0 -k m [ (22-ayn V(1 -2)A - kz%)

(n=0,1,2, ...) (m=1,2,...)
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OcraHoBuMcs Ha UHTerpanax I,,. Ecmu npounterpupoBats (Jierko mpo-
BepsIeMOE) TOXIECTBO
[27=3Y (1 -2D)(1 - k2D = 2n - 3)2—4Y (1 - 2)(1 - k22D +

4 panes 2KB- (4 Dz Qn— Dk - Qn - 2)(k2+ 1)z 2+ (20 - 3)zan—
' -0 k2% VA=A —k3z%) ’

TO HOJMYYUTCS PEKYPPEHTHOE COOTHOIIEHHE

@1~ DR, = 21 = D(k2+ Doy + 2= D,y =
=22 (-1 -k, )

CBA3BIBAIONCE TPH NocieAoBaTelabHbIXx MHTerpaia I. Ilomarag 3gece n=2,
BEIpasmM I, vepe3 I, u I,; eciu B3ATh n=3 ¥ BMecTo I, MOACTaBUTH €ro
BeIpaxeHue vepes I, u I, To u I; BBIpa3nuTcsa 4yepe3 3TH HHTErpaisl. Ilpo-
IOJDKas TaK Jajiblile, JIETKO YOemUThCA, 9T0 KaX bl U3 HHTerpaos I,(n=2)
BEIpaxaeTcsa vepe3 I, U I;, U gaxe, yudtbiBad (9), MOXHO YCTAHOBUTEL M
BHJl CBA3HIBAIOIIECH HX (OPMYJIBI

In=opdy+ B0+ q2n-3(2)V (1 — 22)(1 - k%22),

rae «, U f, — IOCTOSHHbIC, & ga,-3(z) €CTh He€4Ye THH i MHOrOWIEH
creneHu 2n—3. Otcroma sAcHO, 4To ecium P,(x) ecTh MHOTO4YJEH n-i cre-
IEHU OT X, TO '

| %:% L BL 420, oD VA =D KD,  (10)

rae « ¥  — mocrosHuble, & On_3(X) ECTH HEKOTOPBIA MHOrOWIEH (1 — 2)-if
_cTenenH OoT x. OnpenieNicHHe 3THX IOCTOSAHHBIX U K03 UuueHToB MHOTO-
uneHa () MOXeT OBITh Ipou3BeleHO (€CIHM MHOrowIeH P KOHKPETHO 3a-
JaH M0 METONY HEONpPEHOEJIEHHBX KO3 bOHUUIHUEHTOB
[cp. 284, 1)).
3ameTnM, 4T0 M3 (9) MOXKHO OBLTIO OBl BHIPa3suTh 4epe3 [, U I; uuTe-
rpansl [, ¥ Mpy OTpHNATEIbHBIX 3HauUCHHAX (n= -1, —2,...),
TaK YTO B MHTerpanax H,, HOCTATOYHO OIPAaHHYHTHCA ciaydaeM as=0.
Ilepexons x unTerpanam H,, (ckaxkeM, IpU BEIUECTBEHHbIX @), MOI00-
HBIM Xe 00pa3oM YCTaHOBHM JUIA HMX PEKYPPEHTHOE COOTHOIIEHUE

@Cm-2)[-a+ K2+ 1)a® - k2a®| H,, —
—(2m - 3)[1 - 2a(k®+1) + 3k%a*| H,,, +
+(2m—D[(k*+1) - 3k%a] Hpp—y — @2m — 5)k?H 5 =

S ()

(zt—aqm—1
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COpaBeUIHBOE U IIPY OTPULATEJILHBIX U HYJIEBOM 3HaucHHsiX m. Orcrona
Bce H, BBIpa3sATCs vepe3 TPU M3 HUX:

=J‘ dz
e ova-ma

_ dz _
o f ]/(1‘—22)(1 “kzy ”

z2—q) dz —al
f Va2 -kz) 0

T. €. OKOHYATEJbHO uepe3 I, [, u H,.

ITomuepkHEeM, 9TO BCE 3TO COXpaHAET CHJIy H IPU M HHM M Bl X 3HA4C-
HESX TapaMeTpa g; OOHAKO Mbl He CTAHEM BXOMUTH 3MeCh B Pa3biCHEHHS
10 3TOMY IIOBOAY, OoTchUIas dmraTend k § 5 rmaser XII.

WTax, B pe3ynbTaTe BCeX HAIAX PACCYKICHAN MBI MPHXOIMM K TAKOMY
obmeMy 3aKJIIOUCHWIO: 6Ce IAAUNMUHECKUe UHMezpabl ¢ NOMOWbIo 3Je-
MEHMAPHLIX NOOCMAHOBOK — U € MOYHOCMbBIO 00 CAQ2AeMbIX, blpaANCalo-
" WUXCA 8 KOHEUHOM 8ude, — NpugooAmcAa* K caedyrouum mpem cmanoapms-
HbIM UHMEZpaiam:

z2 dz
f Va-250 - k%% z’)(l )’ f V-0 -k
" O<k<1)
dz

j(l +hz?) V(1 —z2)(1 — k22%)

(mocnennuit mosyuaetcss U3 H, BBenenueM, B3ameH a=0, HOBoro mapa-

1 .
MeTpa h= -2l OTH mHTerpaiel, kak nmoxasan JIuysunnas (J. Liou-

ville), B xoHeuHOM BHuze yxke uHe Gepyrca. Ix JlexaH I p HasBam aau-
nMuYecKUMYU UHMe2pasamu, COOTBeTCTBEHHO, 1-20, 2-20 u 3-20 pooa. Ilep-
BHIC IIBA COJEpXKAT JIMIIb ONUH mapaMeTp k, a DoCHeIHUH, KpoMe Hero,
eime (KOMILIEKCHBIH) mapameTp A.

Jlexannap BHeC B 3TH HHTErpajbl ellle JajbHEHIIHE YNPOILECHUS,

BBLIIOJHHMB B HUX IIOJACTAHOBKY Z=S§in ¢ (q) u3mensiercs ot 0 1o J Hpu

3TOM HepBbIﬁ U3 HUX HCOOCPECACTBCHHO HIEPEXOIUT B MHTETrpai

__dr an
.[Vl Zkesin®p

* X0Ts BeIIIE JAHBI AOCTATOYHBIE YKA3aHUA I TOrO, YTOObI BOOPOC O IPHBEACHUN
NPOW3BOJILHOTO 3JUIANTHYECKOTO MHTErpajla X YIOMSHYTHIM TPEM MOI CYMTAThCA
OPDUHHUEIAAIbHO pEIICHEBIM, HO Ha OPaXTHKE Ha 3TOM OYyTH MOIYyT
BCTPETUTLCA TPYAHOCTH. B COEUMANBHBIX MOHOrpadhuAX, DOCBAMICHHBIX JIUTANTHYECKHM
MHTEIpanaM H CMEXHBIM BOOPOCAM, MOXHO HaWTH [PYTA€ NDPAKTHIECKH YAOOHBIE
NPHEMB! I 3TOH LIEIIH.




293} § 5. DJJINOTUYECKUE UHTETPAJIbI 93

Bropoit npeobpasyetcsa Tak:

vamzm B fvmm @[ VT-Resins dp,

1 - k2sin%p k2

T. €. [PUBOIUTCS K NPEABIAYLIEMY WHTErpPaly ¥ K HOBOMY MHTErpaiy
[VT=kZsint g dp. (12)
Hakonen, TpeTuii WHTerpan IpH YKa3aHHOM MOICTAHOBKE IEPEXOAUT B

v (13)
.[(1+h sin? @) Y1 - ksin®p

Uurerpansr (11), (12) u (13) Takxke HA3BIBAIOTCH 3AAUNINUYECKUMU UHME-
epasamu 1-20, 2-20 u 3-20 pooa — & dopme JTexncaunopa.

M3 mux ocobyro BaXHOCTh M 9acToe [IPUMEHEHHE WUMEIOT NepBHIE IBa.
Ecau cuuTaTh, YTO 3TH MHTErpajsl mpH ¢ =0 obpamatoTca B HYJIb, H TeM
(HKCHPOBATH CoIepXXalmecs B HUX IPOH3BOJbHLIE HOCTOSHHBE, TO IO-
JIyqaTCsl IBE BIIOJIHE OIpe/esicHHble QYHKIMM OT @, KoTopele Jle K aH A p
06o3Haumn cooTBeTcTBeHHO depe3 Flk,¢) u E(k, ¢). 3mech, kpoMe He3a-
BHCHMOI{ HEepeMEHHOH @, yka3aH TakXe [apaMmeTp k, Ha3BIBAEMBIA M oO-
AyJXeM, KOTOPHIA BXOMUT B BEIPAXKECHHUA ITHX (YHKIUIA.

Jlexaugpom OvUIM COCTABIEHBI OOIIMpHBIE TaONUIBI 3HAYCHHN
9THX GYHKIEH OPH pa3siHYHbIX ¢ M pa3iMyHbXX kK. B HUX HE Toipko apry-
MEHT @, TPaKTyeMblii Kak YT O J, BBIpaXaeTcs B rpagycax, HO H MOIYNb
k (upaBumbHas ApoOb!) paccMaTpHBAaeTCs Kak CHHYC HEKOTOpOro yria O,
KOTOpBIf W yKa3blBaeTcsl B Tabjume BMECTO MOMYJIA, M IPHTOM TaKke
B rpamycax.

Kpome Toro, xak JlexxaHap oM, Tak H OPYrMMH yICHBIMH ObLIH
N3yYeHbl Iybovaiinine CBOWCTBA 3THX (YHKUHMHA, YCTAHOBJICH DSJ OTHO-
csautuxest K HuM dopmys u T. A. Broaromaps atomy dyuknun Fu E Jle-
KaHIpa BOUUIA B CeMbIO (YHKOUH, BCTPEYAIOUIMXCA B aHAIH3EC H €ro
DPUIOXKEHUAX, HA PaBHBIX [pPaBax C IEMECHTAPHBIMH (YHKIHSIMHA.

Husizag yacTe MHTErpajbHOrO UCYUCIIEHHSA, KOTOPOH B OCHOBHOM MEI
BBIHYKOEHBI TIOKa OrpaHMYMTHCS, 3aHMMAETCA <AHTETPAPOBAHMEM B KO-
HeyHOM BHfer. OgEaro 6buTo 6BI OUMOOYHO AYMaTh, YTO 3THM OIPaHH-
9HBAIOTCA 3aJaYd HHTEIPATBHOIO HCUACIEHHS BOOOIIE: 3IUIANTHYESCKAE
uHTerpayEl F u E ABIAIOTCA IpUMepaMu Takmx (QyHKOHHE, KOTOpBE ILTO-
JOTBOPHO M3y4alOTCAd IO WX HHTErpalibHbIM BBIPAXKCHMSM H C YCOEXOM
TIPAMEHSIOTCs, XOTS ¥ HE MOTYT OBITh MpPEeACTAaBIICHBl Yepe3 3JIeMEHTap-
HEle GYHKOUM B KOHEYHOM BHJE.

Mpm1 eme BepHeMcs K HHTerpajaM F u E B cleOyrolledl IJlaBe H BO-
obme He pa3 OymeM ¢ HMMH BCTpeUaThCd B JAJIBHEHIINX 4acTAX Kypca.




TJABA JEBATAA
OIIPEJAEJEHHBIN UHTEI'PAJI

§ 1. Onpenenienne M YCIAOBHA CYIECTBOBAHHS
OHpe/XeIeHHOr0 HHTErpaja

294. Jpyroii noxxox k 3amave o naomamd. BepHemcs k 3agaye o6 ompe-
JleJleHMHd IuTolianu P xpuBosmeeitnoit Tpanenuun ABCD (puc. 4), koTopoit
MBI YK€ 3aHUMANUCh B 264. MBI H3MOXHM CeHyac A PYyTrod monxon

K pelIeHHIO 3TOU 3ajavu *.

Y Pa3nenvmM ocuoBanue AB Hamei
(UrypsI IpOH3BOJIBHEIM 00pa3oM Ha
4acTH M IPOBENEM OpAMHATHL, CO-
OTBETCTBYIOIIHE TOYKAM JIEJICHHUS,
TOra KpHBOJIHHEHHAs Tpameumus
pa3obbeTcs Ha pAN HOJIOCOK (CM.
PHECYHOK).

3aMenuM Temeph NPHOIMKEHHO
KaXOyI0 IOJOCKY HEKOTOPHIM IIpsi-
MOYTOJIbHUKOM, OCHOBaHHE KOTO-
poro TO Xe, YTO M y HOJIOCKH, a
BBICOTA COBHAAcT C ONHOM M3 OpAMHAT IOJIOCKHM, CKaXeM C Kpaiuei
cieBa. Takmm o06pa3oM, KpHBoiuHeWHAs (QUIypa 3aMEHUTCA HEKOTO-
poOil CTymeHYaTOH (UIYpOi, COCTABICHHON M3 OTHEJIBHBIX NPAMOYIOJib-
HUKOB,

O6o3HaunM abGCUHCCHI TOYEK MAEJIEHHS 4epes

Xg=A<X <Xg<...<X;<Xjy1=<...<Xp=b. 1)

Ocuosanve i-ro npsamoyronbuuka (i=0, 1,2, ..., n—1), OYEBHAHO, PABHO
Pa3HOCTH X34 — X;, KOTOPYIO MBI OyIeM o0o3uavarh vepe3 Ax;. Urto xe
Kacaercs BEICOTHL, TO, IIO CKa3aHHOMY, oH4 paBHa y;= f(x;). Iloatomy
wiomanpy i-ro mpAMoyronpHuka Oyner y;dx;= f(x) Ax;.

32 *4 OGobmas npu 3T0M HAEIO, yke OAHAAABl NPAMCHCHHYIO B YaCTHOM IpUMEpE
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IIpocymMupoBaB mIolagH BCEX IPSIMOYTOJBHUKOB, IOJYYHMM I p H-
ONHXeHHOe 3HaYeHHe IUTONIAAU P KpUBOMHHEHHON Tpamenuu

n--1 n—1
P=2y Ax; wmn P=2 f(x)Ax;.
=0 i=0
TTorpelIHOCTs 3TOr0 PaBeHCTBA IpU Oe3rpaHHYHOM YOBIBaAWHH Beex Ax;
cTpemutcs kK Hymo. TodHoe 3HaYeHHe YUoWanu P mojyduTcs Kak I p e-

e
P=lim 3y, Ax;=lim 3 f(x) Ax;, ®

B YIPENOJIOXEHIM, YTO BCe IIHHBI /X; OIHOBpeMeHHO CTpeMaTcs K 0.

ToT e mpueM NPHMEHHM H K BBMUCIEHHIO IUTowamu P(x) duryps
AMND (puc. 2), miinb ApoOMTh HA YacTH NPHILIOCH OBI OTpe3oK AM.
3amMeTHM ellle, YTO CiTyyai, korja y = f(x), IpHHYMAET U OTPHIATEJILHBIE
3HAYEHHS, MCUEPIBIBAETCA 3aKIIOYEHHBIM B 264 yCJIOBHEM CUMTATH ILIO-
agd 4acTell QUIYpH IIOJ OCBIO X OTPHUIATENHEHBIMH.

[ obo3Hadennss Cy M MBI Buja 2,y /x (BepHee cka3zaTb — IIp e-
HeJIbHOTO 3HAYEHU A 3Tod cyMMbl) JIe i O Hu Il M BBEI CUMBOJI

fy dx, rae y dx HAIIOMHMHAET THIFMYHOE caraeMoe CyMMEI, afecrb CTRh-

Ju3oBaHHAA OykBa S — HayaubHAas OykBa JIATHHCKOrO CJioBa «Summay *,
Tak kak mWiomanb, NPeICTABISIIOMAS 3TO IPEAeNblOe 3HAYCHHE, B TO XKeE
BpeMs SBJISIeTCS IepBooOpasHoil Id QYHKIMH Y, TO TOT Xe CHMBOJ CO-
Xpaswics U i oGo3mavyeHus mepBooOpa3Hoit gynkuuu. Brocienctsmu,
C BBeIEHMEM (QYHKOIUOHATIBHOTO 0003HAYEHHUS, CTAIH IUCATh

| r ax,

€CJIH pedyb MJET O IEePEMEHHOMH ILIoImaau, #

b
| 60) dx

— B Ciaydae mowanu ¢uxcuposaHnoil gurypet ABCD, oTBedaromend us-
MEHEHHIO X OT a 1o b.

MBI BOCHONB30BAIMCh HHTYUTABHBIM TIpEJCTaBIEHHEM O ILTOLIAMH,
4TOOBI €CTECTBEHHO HOIMOUTH K PACCMOTPEHHIO IPeNesioB CBOeOOPa3HBIX
cyMMm Buaa (2) (koTophie HCTOPMYECKM M OBUIH BBEJEHBI B CBS3H C 3a-
adedl O BHMHUCHICHAM ILTomanu). OmHako caMoe HOHATHE ILIOMAMHM Hy-
KJaeTcs B 0OOCHOBAHMH, X — €CJIA peub MAST O KpUBOJIMHEWHOM Tpame-
0¥ ~ OHO JOCTHIaeTCd HMEHHO C MOMOIIBIO YIOMSHYTHIX IIPEIIENIOB.
Pasymeercs, aToMy MoJDKHO OBITH IPEANOCHAHO H3YYEHHE IPEHesioB (2)

* TepMuH urTErpam (0T NaTHHCKOTO integer — uesbi) GbUT MpeMIokKeH YYCHHKOM
¥ conopprxEMKOM Jle 6 BEuuma HMorammoM Bepuynnu (Ioh. Bernoulli); Jle i 6-
HH I NEPBOHAYAIILHO M FOBOPHUII $CYMMad.
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caMux Mo cebe, OTBJIEKAsACH OT I'eOMETPHUECKHX COOOpaxenwi, deMy u
MOCBAINEHA HACTOSINAs rijaBa.

Ipepensr Bana (2) WrparOT UCKIIOYHTENHHO BaXXHYIO POJIb B MaTeMa-
THYECKOM aHAJH3e M B Pa3sHOOOpasHbIX ero HpuioXeHHsX. K Tomy xe
B Pa3iMYHBIX BUIOM3MEHEHHWSIX pA3BHBAEMEBIE 3[ECh MIeH OYayT HeomHO-
KpaTHO HOBTOPATHCH HA BCEM IPOTSKEHWH Kypca.

295. Onpenenenne. ITycts dymkumsa f(x) 3amaHa B HEKOTOPOM Mpo-
MexyTke [a, b]. Pa3o6beM 3TOT IPOMEXYTOK HPOHM3BOJLHBEIM 06pa3zoM
Ha 9aCTH, BCTaBHB MeXIy 4 ¥ b Toukn menenus (1). Hamboapmyio
u3 pasHocTedt Ax;=x;,,—X; (i=0,1,2,...,n—-1) Oynem BIpenp o6o3Ha-
YaThL depe3 A.

Bo3bMeM B KaXIOM H3 YaCTHYHBIX IPOMEXYTKOB [x;, X;1,] mo mpo-
H3BOJIy TOYKY x=§&;*

xisé,-sx[ﬂ (i=0, ], BN (5 1)
H COCTaBHM CYMMY

n—1
0'=1=Z(;f(£i) Ax;.

ToBopsr, 4to cymma o npu A -0 umeem (koneunwiii) npedea I, ecau oas
Kaxcoozo uucaa &>0 naiidemca maxoe wucao 6>0, umo, ruwv moavko
A <8 (m. e. ocnognoil npomexcymox pazbum na wacmu, ¢ daunamu Ax;<9),
Hepasencmeo

lo—1I|<e

avinoAnAemca npu aiobom svibope uucea &;.
3anuchIBAIOT 3TO Tak:

I=limo. 3
A0

OTOMy OIpeneNIeHHI0 ¢HA fA3bIKE &£-0», KaK OOBIMHO, IMPOTHBOIOCTA-
BIIETCA OIpeJelicHde <«HA N3bIKe IOoCiIenoBaTenbHOCTeH». IIpencraBum
cebe, TO MpPOMEXYTOK [a, b] mocienoBaTeNbHO pa3OHBAEeTCHd HA YACTH,
CHavajla OJHMM cmoco60M, 3aTeM — BTOPBIM, TPETHHM H T. I. Takyio mo-
CIIeZI0BATEIBHOCTh pa36HeHMI MPOMEXKYTKA HA JaCTH MBI OyJieM Ha3bBATh
OCHOBHOM, €CllH COOTBETCTBYIOINAS IOCIEHOBATENBHOCTh 3HAYCHUH
A=, 29, A3, ... CXOOHTCH K HYIIO.

PaBenctBo (3) MOXHO HOHMMATH Temeph H B TOM CMBICJIE, 4TO HO-
C1€006aMEALHOCMb 3HAYEHUI] CYMMbL O, omeeuaowas oboi 0 CHO 8 HO il
nocxteaoeameﬂbuocmu pasbuenuii npomexcymxa, écezda cmpemumca K npe-
deay I, kax 6vt nu sbtéupamb npu smom &;.

)onaaa'renbcmo PaBHOCIWIIBHOCTH OGOHX OIpeneNeHHE: MOXKeT OHITh
IPOBEJEHO B TOM € Iopsinke maed, yro m B 53. Bropoe ompenenenme

* Boime Ml B RagecTBe &; Gpany BO BCeX Cily4asx HAMMEHbIIEe 3HAYEHHE X;.
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HO3BOJIAET IEPEHECTH OCHOBHBLIC NMOHATHA M MPEIJIOKCHHS TEOPHH IIpejic-
JIOB M HA 3TOT HOBBIA BHJ mpezena.
Koneunwiii npedea I cymmor 0 npu A—~0 naselsaemca onpede e n-

HolmM unmeepaasom Gyrnkyuu f(x) e npomencymrxe om a do b u
0003Ha44eTCsI CHMBOJIOM

I= | fGoax;

B CIy4ae CYLIECTBOBAHHA TAKOIrO Ipefena GpyHKIMA f(X) HA3LIBaeTCH M H-
TErpUPYeMOH B mpoMexyTke [a, b].

Yucna a v b HOCAT HA3BAHKE, COOTBETCTBEHHO, HUXK HET O M B € P X~
Hero mpepnenoB HATerpana. IIpH NMOCTOAHHBIX Npenesiax ompese-
JIGHHBI HHTETpall MPEACTaBIteT cOo0GOI IMOCTOAHHOE YHCIO.

Ipusenennoe ompenenenne npunaiexur Pumany (B. Riemann),
KOTOpBIH BIEPBEIE BBICKa3al e€ro B obmel hopMe M MCCIeqoBaT 00J1aCTh
ero npuMeneHud. M caMyio cyMMy ¢ HHOIZIAa Ha3BIBAIOT PUMA HOB O il
CYMM o i *; MBI ke OyIeM NPeTOYTUTENLHO HA3BIBATh €€ HHT €T P & JI b-
HOH# cymMMoOH, YTOOB NOMYEPKHYTH €€ CBA3h C HUHTErPAJIOM.

IocraBum Temepb cebe 3aauedl ~ BBUACHUTBH YCIOBMS, TP KOTOPBIX
MHTErPAJIbHAS CyMMa O MMEET KOHEUYHBIH Ipesiell, T. €. CYIECTBYET OIlpe-
JeJieHHblit uHTerpan (4).

IIpexne Bcero 3aMeTHM, YTO BBICKa3aHHOE ONpEECJICHHE B NeHCTBH-
TENBHOCTH MOXET OBITh NMPUJIOXKEHO JIMIIb K OTPAaHU Y€ HH 0 i QyHk-
mud. B camom Zene, ecnu Obl QyHkums f(x) 6puta B mpoMexytke [a, b]
HEOTPaHI4YeHa, TO — IIpH JIIOOOM pa30MeHHK IPOMEXYTKA HAa YaCTH — OHA
coxpaHuwia Obl mono6HOEe CBOMCTBO XOTh B oMol U3 vacreit. Torma 3a
cyeT BEIOOpa B 3TOH 4acTu To4ykH & MOXHO ObUTO GBI cienats f(£), a ¢ Hei
1 CyMMYy O, — CKOJIb YIOOHO OOJBIIOH; IIPH 3THX YCJIOBHAX KOHEYHOTO
npenena Ui O, OYEBHIHO, CyUIECTBOBATh He Moryo Obl. Wtax, unmezpu-
pyemas PyHKyus HeobXo0umo o2paruuena.

IMostomy B nmanbHellleM HCCIETOBAHME MBI OyIeM Hamepes Ipeimo-
JaraTh paccMaTpHBaeMyio QyHKUMIO f(X) orpaHHM4YeHHO

m=<f(x)<M (ecnmu a<x<b).

296. Cymmet J{apOy. B xauecTBe BCIIOMOTATeNIBHOIO CPEACTBA HCCIIE-
JOBaHKs, HAPSOY C HUHTETPAIbHBLIMH CYMMaMH, BBEIEM B PacCMOTPEHHE,
no npumepy M ap6y, cuie apyrue, cxogusle ¢ HUMH, HO OoJiee TPOCTHIE
CYMMBI. :

OGo3zuayum vepes m; u M;, COOTBETCTBEHHO, TOYHBIE HHXHIOIO U BEpX-
HIOIO rpanuubl Gynxkuud f(x) B i-M mpomexyTrke [x;, X;,;] U cocTaBEM
CYMMBI

n—1

n—1
s= 2 mdx;,  S=2 MAx;.
i=0 i=0

* Ha pene eme Komurm OTYETINBO NONB30BACH IpeieiaMu MOMOGHBIX CyMM,
HO JIMIIBL AJIS Cilyvas HCUPEPHLIBHOH (yHKOHW.

I'. M. ®uxresronsu, . 11
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3TH cyMMBL H HOCAT Ha3BaHME, COOTBETCTBCHHO, HH X HelH H Bep x-
Hell MHTerpadbHBX CYMM, WM cyMM Hap6y.

B yacTHOM ciydae, korna f(x) HempepbH BHA, OHH SBISIOTC
IOpOCTO HAMMEHbIICH W HAWOOJBIICH M3 HHTErPANBHBIX CYMM, OTBEYAIO-
[IMX B3TOMY pa3OHeHHIO, TaK KaK B 3TOM cllydae GyHKOusA f(x) B KaxIoM
MPOMEXYTKE K OCTHTra€T CBOHX TOYHBIX I'DAHMI, H TOYKH &£ MOXKHO
BHIOpATh TaK, YTOOBI — IO XEJIAHHIO - OBUIO

fE)=m; wm f)=M,.

Iepexons x obuieMy CIIyyaro, H3 CAMOTO ONPE/IEJICHAS HHXHEHM U BEpX-
Heil TpaHHIl MMEEM
m= f(§)<M,.

VMHOXHB WIeHBI 00OHX 3THX HepaBeHCTB Ha Ax; (4x; mHonoxmTenbHO)
M TIPOCYMMHpPOBAaB IO i, HOIYYHM

s=0=<S.

IpH QUKCHPOBAaHHOM pPa30OHEHHH CYMMBI § U S OYIYT IOCTOSAHHBIMHU
YKCIIaMH, B TO BpeMs KaK CyMMa O €II€ OCTaeTcs NEPEMEHHOM BBHIY
mpou3sBosibHOCTH 1Hcel &;. Ho jerxo BuAeTh, 4TO 3a cyeT BhIGopa &; Mo-
xHo 3Hauenus f(§) cmenaTh CKOJb YrofHO ONM3KHMH KaK K m;, TaK H K
M;, a 3HaYUT -~ CYMMY O CHENATh CKOJIb YromHO Oym3koil X s wid x S.
A Toraa mpenblaylllie HEPABEHCTBA NPHBOMAT K CICAYIOUIEMY yXe 00-
IeMy 3aMedYaHUIO. Npu OAHHOM Da3OUEHUU NPOMENCYMKA CYMMbL
Hapby s u S caymam mouHbB MU, COOMEEMCMEEHHO, HUMCHEH U
gepxHell 2panuyamu 0472 UHME2PAALHBIX CYMM.

Cymmpr [lap 6y oOmamaroT CIeAyIOLIMMH TPOCTHIMH CBOMCTBAMH:

1-e cBo#icTBoO. Ecau x umerowumecs mouxkam Oerenus Oobasums
HOBble MOUKU, MO HUNCHAA cymma [ ap6y moxmcem om smozo paszee
AUWb 603paACMU, G BEPXHAA CYMMA — pa3ée AUlb YMEHbUIUMbCA.

JdoxaszaTeabcTBoO. JlAd oKa3aTenbCcTBa 3TOTO CBOMCTBA [J0O-
CTaTOYHO OTPAHMUYHTHCA IMPUCOEIAHHEHHEM K yXKe HMEIOIIMMCSA TOYKaM Je-
JIEHHS elle O JHO W TOYKH JeNleHHT X'.

ITycte 3Ta Touka momafeT MEXZY TOYKAMU X H Xpyq, TaK 4TO

Xp<X'<Xpiq-

Ecnu vepes S’ 0603HAYUTE H O BY 10 BEPXHIOIO CyMMY, TO OT MpeXHel
S ona OyzieT OTIMYATBCA TOJIBKO TEM, UTO B CYMMe S IPOMEXYTKY [Xy, Xy 44]
OTBEYAJIO CJIAraeMoe

M(Xpyq— %0,

a B HOBOJ cymMMe S’ 3TOMY TIPOMEXYTKY OTBEYaeT CyMMa JABYX Cliarae-
MBIX

Hk(x' —Xp)+ Mk(xk+1 -x"),
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rae My u M) CyThb TOYHBIC BepXHWE IpaHHIBI (GYHKOHM f(X) B mpoMe-
KYTKAX [Xp, X'] | [X', Xg4q). TaK Kak 3TH NPOMEXKYTKH SBIAIOTCH YACTSIMU
NPOMEXYTK2 [Xg, Xpyq], TO

My<M,, My<M,,
TaK 4TO

qu(xl - xk)<Mk(x' - Xk),
M(Xpqy — )< Mi(Xps, ~ X').
CkranpiBast 3TH HEPABEHCTBA IOYIEHHO, MOIYIHM
Mi(x" = xp) + My(xg sy — XV < Mixpqy — Xp)-

Orcroma u cienyert, uto S'=S. s HWXHEH CYMMBI JOKA3aTeNILCTBO aHA-
JIOTUYHO ITOMY. . —

3aMmevanue. Tak kax pasnoctd M,— M, u M,— M,, oueBHAHO,
HE IIPeBOCXOJAT koiebanus £2 dynkipau f(x) Bo BceM IpoMeEXyTke [a, b],
TO pa3sHOCTh S— S’ HE MOXET NpeB30iiTH npoussenenus 24x,. 1o ocra-
€TCs CIpaBeJJMBBIM W B TOM CIy4ae, €CiM B k-OM IPOMEXYTKE B3ATO
HECKOJBbKO HOBBIX TOYCK MEJICHHS.

2-e cBoiicTBO. Kaxcoaa nuxcnaa cymma Hap6y He npesoc-
xooum Kaxcooti eepxmeil cymmul, xoma Ovl omeeyaroweii u Opyzomy pas-
buenuro npomedxcymxa.

JdokxazatenbcTBo. PasobeeM mpomexyTok [a, b] mpousBonb-
HBIM 00pa30M Ha 9aCTH H COCTAaBUM I 9TOT0 pa3buenus cymmer Jap 6y

s u S €))

PaccMoTpHM Temepb HEKOTOPOE IPYroe, HUKAK HE CBA3AHHOE C IIEp-
BBIM, pa3OneHue MpoMexyTKa [a, b). EMy Takke 6yayT OTBEYaThb €T0 CyMMEL
Hapby

S, HS,. (ID

TpebyeTcs nokas3aTs, 4T0 §;=<S,. C 3T0#l UeNbI0 O6BEIHHMM TE H APY-
THE TOYKH JeJIeHHS; TOTAa NOJMYYHM HEKOTOpOe TPeThe, BCHOMOTATEIbHOE,
pasbHenue, koTopoMy OynyT OTBEYaTh CyMMBbI

S3 © Sy. (I1D

TpeTpe pa3OueHMe MBI IIOJNYYWIH U3 NEPBOTO 100aBICHHEM HOBBIX TO-
YeK JeNiCHMs; TI0ITOMY, HA OCHOBAHHHM JOKA3aHHOIO 1-ro CBOMCTBA CyMM
Hapby, 1MeeMm

S =8,

ConoctaBus TEMEPE BTOPOC H TPEThE p"L’SGHCHHﬂ, TOYHO TaKk XK ~“a-
KJr4YaeM, 410

S,=S,.

.
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Ho s;=S;, Tak 4To M3 TOJBKO YTO HOJYYEHHBIX HEPAaBEHCTB BBITE-
KaeT

8§ =<S,,
4TO0 H TpeGOoBaJIOCh OKA3aTh.

W3 noxa3aHHOTO CNENYeET, YTO BCE MHOXKECTBO {S§} HIDKHHMX CyMM OIpa-
HUYEHO CBEpPXy, HallpuMep, JitoOoit Bepxmeit cymmoit S. B TaxoM criyuae
[11] 3To MHOXeCTBO uUMeeT KOHEUHYIO T O YHYFO BEDXHIOK TpPaHHIly

I, =sup {s}
", KpoMe Toro,
I, =S,

KakoBa OBl HU Oblma Bepxusia cymma S. Tak kax MHoxecTBO {S} BepXHUX
CYyMM, TaKAM 00pa3oM, OKa3bIBA€TCsl OIPAHUYCHHBIM CHU3Y 4HCIOM I,
TO OHO MMeeT KOHEUHYI0 T O YHY IO HIDKHIOIO I'DAHHUILY
I* =inf {S},
[pHYEM, OYEBHIHO,
I <I*,

Conoctanisis Bce cka3aHHOe, HMEEM
s<l,<I*<S &)

JJist TFOOBIX HuKHel M BepxHell cymm JapOy.

Yucna I, u I* Ha3BIBAIOT, COOTBETCTBEHHO, HUMCHUM U 6EDXHUM UH-
mezpasamu [apoy [cp. auxe 301].

297. Ycaosue cynrecTBoBaHus unrerpana. C momompio cymm JapOy
Tenepb JIerko cHopMyIHpOBATH 3TO YCJIOBHE.

Teopema. [las cyyecmeosanus onpedesenio20 unmezpaia Heobxooumo
u docmamouno, Ymobsl 6v140

lim (S—s5)=0. 6)
20
Cxazannoe B 295 m0oCTaTOYHO IJIS YSCHEHHUS CMBICNIA 3TOIO Ipejena.
Hanpumep, «ia g3vike &-0», yenosre (6) o3HavaeT, 4To 1 Jrodoro & >0
HaiigeTcs Takoe 6 >0, 9TO JMIUB TOJMBKO A< (T. €. IPOMEXKYTOK pasOuT
Ha gactu ¢ mmHaMu Ax;<§), TOTYAC BHINOJIHSETCS HEPABEHCTBO

S—s=<e.

HoxazartenscTBo. HeobOxomumocrts IIpeamonoxum,
uro cymectsyeT unHTerpai (4). Torma 1o moGoMy 3amaHHoMy €>0 Haii-
nercsl Takoe & =0, uro JmiIs ToaAbKo Bee Ax;<d, ToTuac

lo =I|<e wn I-e<o<I+e,

Kak Obl MBI HH BLIOMpanH & B IpefiesiaX COOTBETCTBYHOIIMX MPOMEXYT-
koB. Ho cyMMBI s 1 S, IpH 3aaHHOM PasOUeHHH TPOMEXKYTKA, SIBISIOTCS,
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KaK Mbl YCTaHOBMIIY, JJIA HHTETPAIBHBIX CyMM, COOTBETCTBEHHO, T O Y-
HBMH HIDKHEH H BepXHEH IpaHHIaMHu; IO3TOMY IS HUX OymeM HMeTh

T-e<ss=S=<lie¢,
TaxK 4YTO
lims=1I, limS=1, @)
A0 A0
oTkyna u cienyet (6).

JdocrtaTtourocTs. IIpenmonoxum, uto ycmopde (6) BEIOJNHEHO;
Torna u3 (5) cpasy scHo, 4To I, =I* u, ecnu 0603HAUMTE MX ObIllee 3Ha-
yeuue uepes I,

s<=I<S. (5

Ecnu mon ¢ pasyMeTb OJHO M3 3HAYCHHH HMHTErPabHOM CyMMBI, OTBe-
Yaroue TOMY Xe pa3OHEHHIO MPOMEXYTKA, YTO M CyMMEI S, S, To, Kak
MBI 3HaeM,

s=o=<S.

CornacHo ycnoBr:o (6), €CIIH IPEMIOTIOKATE Bee AX; JOCTATOYHO MAJIBIMHY,
CyMMSBI s U S pa3HATCS MEHbIIE, YeM Ha NMPOM3BOJIbHO B3sATOE £ >0. Ho
B TaKOM CJIy4ae 3TO CHPaBEUIMBO M OTHOCHTCIHHO 3aKIIIOUCHHBIX MEXIY
HUMH ducen ¢ U [

lo —1I|<e,

Tak 4To I ABNAETCS IpedesioM ISl O, T. €. ONPEHEIEHHBIM HHTErPAIOM.
Eciu o603naunTs Konebanue M;— m; GYHKUHH B i-OM YaCTHYHOM TpPO-
MEXYTKe 4epe3 ;, To OydeM HMEThb

n-1 n—1
S*—S=£S(AL*4"0AXF:2?ﬂhdxh
i=0 i=0

1 YCIIOBHE CYLIECTBOBAHMS ONPENCICHHOTO MHTEIpajla MOXeT ObITh mepe-
TCAHO TakK:
n—1
lim > wAx;=0. ®)

A=+0i=0
B aToli dopme OHO OOBIMHO U IIPUMEHSETCH.

298. Knaccer unTerpupyemoIx ¢ysknmii. [IpumeHMM HaliJeHHBIH HaMu
TIPU3HAK K YCTAHOBJICHAIO HEKOTOPbIX KJIACCOB HHTETPHPY€E MBI X
byHKOUIiL

I. Ecau gynxyusa f(x) nenpepwisna e npomencymxe [a, b], mo ona un-
mezpupyema.

HoxaszaTenbcTBo. Pa3 dpyuxuus f(x) HempephiBHA, TO Ha OCHO-
BaHHA CieAcTBUS u3 TeopeMbl KauTopa [87] mo 3amamnoMy &£=>0
BCeTa HaimeTcst Takoe 0>0, 4TO JHMOIB TOJBKO MPOMEXYTOK [a, b] pas-
Out Ha wactu ¢ mmHamu Ax; <0, To Bee w;<e. OTcioma

n—1 n—1
o dx;<e D Ax;=e(b - a).
i=0

=0
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Tak kKak b—a eCTb IOCTOSHHOC YHCJIO, 4 € NPOM3BOJBHO Majgo, TO
ycnoBue (8) BLUIONHAETCS, @ U3 HETO M BBITEKAET CYWIECTBOBAHME HHTeE-
rpana. MOXHO HECKOJIBKO 00OOIUTH HOKa3aHHOE YTBEpP:KICHHE.

11. Ecau ozpanuuennan gynkyus f(x) e la, b] umeem muuv xoneunoe
uuCAO MOYEK paspviéa, Mo OHA UHMezpupyema.

okazaTenbcTso. IlycTs Touku paspeiBa 6yayT x', x7/, ..., x0.
Bo3pMeM nmpousBoibHOE € >0. OKPYyKHM TOYKH pasphlBa OKPeCTHOCTAMH

(x' =€, x'+¢), (x"" =€, x"+€"), ..., (x0 —(O, x(h) 1 k)

TakuM 00paszoM, uTOOBI IyMHA Kaxmoil ObLia Meublue &, B ocraBiumxcs
(3aMKHYTHIX) HpoMexyTkax ¢yHKuusA f(x) OymeT HEHpepBIBHOM, M MbL
MOX€EM [PUMEHHTh K KaXIOMY H3 HUX B OTHCJBHOCTH CIENCTBHE H3
TeopeMbl K auTo pa. W3 noiydeHHBIX 10 & unce)t & BoIGEpEM HaUMeHb-
miee (ero Ml Takxe OymeMm obGosnavate Oyxeoit 8). Torma omo OyneT
COOUTBCA IJIsi KaXIOro M3 YKA3aHHBIX BBIIE NMPOMexyTkoB. Huuro Ham
HE MEIIAeT B3ATb IPH 3TOM O <&, Pa3oOpeM Temepb HAIl HPOMEXYTOK
[a, b] ma wacTH Tak, uro6Hl Mx MMHBL Ax; Bce ObLM Memblue §. Iomy-
YEHHbIC YACTHYHBIE NMPOMEXYTKH OYAYT IBYX DPOMIOB:

1) IIpoMexyTkd, Jexanide IEIHKOM BHE BBUICJIEHHBIX OKPECTHOCTER
OKOJIO TO4eK pa3peiBa. B muX kosnebGanne QyHKIUU w;<e.

2) IIpomexyTku, au60 3aKIIOYEHHBIE IIEJTMKOM BHYTPH BBUIEJECHHBIX
OKPECTHOCTeH, MO0 YacThi0 HA 3TH OKPECTHOCTH HAJIETAIOLIHE.

Tax kak ¢yskmus f(x) IpennoJiokKeHa OrpaHdYeHHOl, To Kojebanue
ee 2 Bo BceM npoMexyTke [a, b] OyneT xoneuHo; koneGanne xe B IH060M
YaCTHYHOM IIPOMEXYTKE Ie IPeBOCXOUT (2.

Cymmy
2 odx;
i
pa3obbeM Ha IBe:
Za)i,_/]xl, Hu Zﬂ)iudxiu ,
G %
pacnpoCTpPaHEHHbIE, COOTBETCTBEHHO, Ha IPOMEXYTKH HEPBOro U BTOPOrO

pona.
Jis mepBoH CyMMBI, KaKk M B IpeIplayllel Teopeme, OyaeM MMeEThb

Dwplxy<e 3 Axp<e(b - a).

YT0 KacaeTcsi BTOPOH CyMMEI, TO 3aMETHM, YTO IUIMHBL IIPOMEXYTKOB
BTOPOro poJa, NENWKOM HOMAaBUIMX BHYTPH BHIIENCHHBEIX OKPECTHOCTEH,
B CyMMe <K&; OpOMEXYTKOB Xe, IHIUb 9aCTHYHO HAJEralol¥X Ha HHX,
MOXeT OBITb He OoJsibmie 2k, H CyMMa HX IUTHH —<2kd, 2 3HAYHT U NOJaBHO
<2ke. CnenoBsaTebHO,

Zﬂ'wiudx,-ff <Q_ZAx,w <0 3ke.
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TaxuM o0pa3oM, OKOHYATENbHO, IpH Ax; <6 uMeeM

Zwidx,-<e[(b -~ a) + 3kQ].
i

DTo W IoKa3bIBaeT HAllle YTBePXKICHHE, TaK Kak B KBaIpaTHHIX CKOO-
KaX COIEPXXHICS NOCTOSHHOE YHCIIO, a ¢ MPOU3BOJBHO MAJIO.

Hakogsell, ykaxeM eIie oJHH IPOCTO# KJIACC MHTErpHpPYeMBIX GyHKUWI,
He TOKPHIBAIOIIAHCSA IpEeIbIIyLAM.

I11. Monomonnas ozpanuuennan @yuxyua f(x) ecezda unmezpupyema.

HoxaszaTtenbcTBo. Ilycts f(X) — MOHOTOHHO BO3pacTa Io-
masa ¢yoknua. Torma ee konebanme B mpoMexyTke [x;, x;.,] Oymer

;= f(xi1) ~ ().

3amaguMcs JTIOOBIM € >0 H ITOJIOXKHM

8
b= o —r@ -

Kak Tombko Ax;<9, Toruac OynmeM HUMETh

20dxi<d Zf(x149) = fx)]=08[f(B) - f(a)] =¢,
OTKYIa M CJeNyeT MHTEIPHPYEMOCTb (DYHKIMH.

299, CaoiicTBa uuTerpupyemnixX $pymkmuii, 13 npu3naka n° 297 MOXHO
BBIBECTH H psAN OOIIMX CBOWCTB WHTErPHpYeMBIX (QYHKIHIA.

I. Ecau ynryua f(x) unmezpupyema é npomexcymxe [a, b}, mo u gynx-
yuu | f(x)| u kf(x) (20e k=const) unmezpupyemsr 6 5mom npomexcymxe.

HokxasaTenbcTBo mnposeneM s Gyukumu |f(x)|. Tak xax
IOyt o0BIX OBYX Todek x’, x” mpomexytka [x;, Xi,] umeem [17]

|/ = [ <[/ - fD],

TO H Konebanue o GyHxuuH | f(X)| B 9ITOM OPOMEXYTKE HE IPCBOCXOIUT
; [85]. Orcroma
ot dx=< Jodx;;

TaK Kak MOCJHEeOHAA CyMMa CTpeMHUTCs K Hyiro (upu A-0), To mepsas u
HOJaBHO, 9TO BIEYeT HHTErpHpyeMocTh bymEKmMHE |f(X)].
11. Ecau dee gynxyuu f(x) u g(x) unmezpupyemot ¢ npomexcyme [a, b),
MO ux Cymma, pasHocmb U Npou3eedeHue Mmaxxce UHMezpupyemsi.
Joka3aTenbCTBO OIPAaHAYAM CIyvaeM mpousBemenus f(x)g(x).
Iycrs | f(x)| <K, |g(x)|=<L. B3siB B mpoMexyTke [x;, X;4;] JrOObIe
IBe TOYKHM X', x'', pacCMOTpPEM pPa3HOCTh

Sg") = f(x)e(x) = LAX") - fx)]glx") + [g(x") - g(xNAX).
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OueBHUIHO,
| f(x")g(x"") - f(x")g(x")| <Leo; + Ko,

€CJIH Yepe3 w;, ®; 0003HAYHTH, COOTBETCTBEHHO, KoeOanus bynkuumit f(x),
g(x) B mpomexyTke [x;, x;y,]. Ho Torma [85] u mus xoneGanus 2; dyHk-
muu f(x)g(x) B 3TOM mpomexyTke OyIeM HMeTb

.Qi<LCOi + K@,-,
OTKyOa

ZQ[AX,‘&L Zwidx,- el KZLT),-AX,- .

Tak Kak [Be MOCIEAHME CYMMBI CTpeMsTCa K Hymo (mpa A-0), To mep-
Basg W IOJABHO, YTO M JOKA3bLIBAET MHTETpUpPYeMOCTh ynkman f(x)g(x).

1. Ecau pynkyus f(x) unmezpupyema 6 npomesxcymxe [a, b], mo oHa
unmezpupyema u & aroboii wacmu [«, §] amozo npomexncymrxa. Haobopom,
ecau npomexcymox [a, b] pazaoxncen na wacmu, u 8 Kaxcooii wacmu 6 om-
deavHocmu Pynxyun f(x) unmezpupyema, mo oHa unmezpupyema u 60 6cem
npomexcymre [a, b).

HDoxasaTtenbcTso. IpexnoioxmM, 9To bynkuus f(x) uaTerpu-
pyemMa B IpoMexyTke [a, b], ¥ TOCTPOUM IS 3TOI'O HPOMEXYTKA CYMMY
2 w;Ax; (cumTas, 4TO o M 3 BXOAAT B COCTaB TOYEK NENCHHS). AHAJIOTHY-
Hasg CyMMa Uit TMpoMexyTka [«, f] moydHTCS OTCIOHA, €CNH OIMyCTHTH
pan (HOMOXUTETBHBIX) CIAraeMbIX; OHA HABEPHO CTPEMHUTCS K HYJIIO, €CIIH
CTPEMHUTCS K HYJIO IepBas CyMMa.

Ilycte Temepb mpoMexyTok [a, b] pasimoxeH, ckaxeM, Ha ABE 4acTd
[a, c] u [c, b] (rtme a<c<b), u B xaxmoit 3 Hux Gyukuus f(x) HHTErpH-
pyema. BosemeMm cHoBa cymmy D wdx; mns mpomexytka [a, b]; eciam
TOYKa ¢ OKa3aJlaCh B YHCJIC TOYEK JIeJICHHs, TO Ha3BaHHAsA CyMMa COCTa-
BHUTCS U3 ABYX MONOOHBIX Xe CyMM ISl MPOMEXYTKOB [a, ¢] u [c, b] u BMme-
CT€ C HUMH CTPEMHTCSA K HYJIO. 3aKIOYeHHE 3TO OCTaeTCA B CHJIC W IS
cy4asi, KOra ¢ He SBJISeTCS TOYKOH JeJIeHUs: MPUCOCAUHHUB 3Ty TOUKY,
MBI M3MEHHUM JIAIIb O U H WIEH CYMMEBI, KOTOPBIH caM, OYeBHUIIHO, CTpe-
MHTCA K HYJIIO,

IV. Ecau uzmenumv 3nauenus unmezpupyemoii @yHKyuu 6 KOHEUHOM
yucae (=k) mouex, mo unmezpupyemocmo ee He HAPYWIUMCA.

Jdoka3zaTenbrCTBO OYCBUAHO, HOO YIOMSIHYTHC M3MCHEHHUS KOC-
HyTCcs He Goslee weM k wieHOB CyMMBI D wdx;.

JIerko TMOHATH, YTO M 3HAYEHHE CAMOIO HHTErpajia IpH 3TOM HE Io-
TEPIUT M3MEHEHHsS. DTO BHITEKAET W3 TOrO, 4TO JIA obeux (yHKknuid —
HCXOJHOU U M3MEHEHHOH — TOYKH &; B MHTErpasibHOH CymMMe BCErIa Mo-
KHO BEIOMpATh Tak, YTOOBI OHHM HE COBNANAJM C TEMH TOYKAMH, AJA KO-
TOPBIX 3HAYEHUS HUX Pa3HATCH.

3aMeuyanue. Braarogaps 3ToMy CBOWCTBY MBI IIOJIYYa€EM BO3MOX-

b

HOCTH TOBOPUTL 00 HHTErparne j JS(x)dx naxe Torma, xorna bynkous f(x)
a
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HE OlIpelic/IeHA B KOHEYHOM YMCIE To4eK IpoMexyTka [a, b]. Ilpu stom
MOXHO IPHMHCATh B 3THX TOYKaX Halleid QyHKIHH COBEPUIEHHO IIPOU3-
BOJIbHBIC 3HAYECHUSI H PACCMATPUBATH WHTErPa oT (YHKIMH, OIpEeiIeH-
HOil TakuM 00pa3oM BO BCEM IIpOMeEXyTke. Kak MBI BHpeIM, HU CymIe-
CTBOBAHUE 3TOTO MHTErpafia, HU BEJIHYAHA €r0 HE 3aBHCST OT ‘3HAYCHHUIA,
MPATTMCAHHBIX (YHKOHH B TOYKaxX, I oHa He ObUIa OIpeleneHa.

300. ITpumepsl B jonognemusi. B katdecTBe ympaXKHEHUs MPUBENEM €IUE IIPUMEPSI
MPUMEHEHUs Ipu3HaKa n° 297 K KOHKPETHBIM (DyHKITHSAM.

1
1) BepHemcs X yHKIMH, paccMOTpeHHOM B 70, 8): f(x)=~—, ecnd X €CTH Hecokpa-
THMasi TpaBWJIBHAs APOSH £—, ¥ paBHO 0 B mpownx Toykax mpomexyTtka [0, 1].

Iycte npomexyTok [0, 1] pa3bur Ha yactu ¢ mmeamu Ax;<A. Bo3sMem npous-
BOJIbHOE HaTypa/ibHOe yucio N. Bce gacTuyHble NMPOMEXYTKH paclpenedM Ha 1Ba
KJlacca:

p
(a) K mepBoMy OTHeCceM MPOMEXYTKH, COIEPXAIHE YHCIA — CO 3HAMEHATEIAMH

q
g=<<Nj; Taxk KaK TaKdX YHCEJ CYIHeCTBYET JIALIb KOHEYHOE YHCIO Kk =k, TO H IPOMEXYT-
KOB NEePBOTO poxa Oyner He Gonbiue 2k, a cymMma MX JUTMH He IpeB3oizer 2kA.
(6) Ko BTOpoMy OTHEceM NIpPOMEXYTKH, HE COHEPXAaNIMe YKa3aHHBIX YHCEII, I
1

HUX KOJIeOAHWe w;, OYEBHOHO, MEHBIIE ITI

Ecimi COOTBETCTBEHHO 3TOMY pPa3lOXUTh CYMMY Z’ w;dx; Ha OBE U ONEHHTD KAXKIYIO
MOpPO3HE, TO IOJYYHM B pe3yibraTte

1
Dlwidxi=< %Nﬂ-i»j—\-/.

2 £ -
B3ss cHavaima N>—, a 3ateM 1<Zk—-=6, ByeM UMeTh ) widxj<¢, 9TO JOKA3bIBAET
£ N

UHIErpUPYEMOCTL (YHKIHH,

ITpumMep 3TOT UHTEpECeH TeM, YTO (YHKiHMA 31eCh HMEET OECUYHUCIAEHHOC
MHOXECTBO TOYEK pa3pblBa M BCE e HMHTerpupyemMa. [Bupoyem, nmpumMepsl TAKOro poaa
MOXHO IOCTPOMThL H Ha OcHOBe Teopemst I11.]

2) Teriepp paccMOTpuM BHOBb dymkuuio Jupuxne [46; 70, 7)] y(x)=1, eciu
X — pauHOHAJIBHOE YHClIOo, ¥ 0, ecnu x MppaunoHanbeHo. Tak Kak B JII000M YacTH mpo-
mexyTka [0, 1] xonebanue a3toit dyHKuEM w=1, TO M Z widxi=1, Tak 4T0 GYHKIUIL
3aBEIOMO He WHTerpuapyema.

3) Kpurtepuii CymecTBoBaHMsE ONPENEIEHHOrO MHTErpajyid, BBIBENECHHBIK B 297,
MoxeT ObITh NpEACTaBiied B CleAyromei gopme:

s cywecmeosanus onpedenenno2o unmezpaia Heodxodumo U JoCMamouto, ¥mobs
no 3adanneim uucaam >0 u >0 MoxcHo Gviro naiimu maxoe 6>0, umo, Auy MoABLKO
6ce Axi< 3, cymma

2 A
l'/

OAuH mex RPOMENCYMIKOB, KOMOPbIM Omeedarom Konebanun

wp=e,
cama <o.
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Heo6X0aAMMOCTH sCHA U3 HEPABCHCTBA
Zw,-Axi>2erx1',>4824x1',
i 14 4

ecn, 3a cyeT BrIbopa §, caenaTh NEPBYIO CYMMY MEHBINEH deM &0,
JOCTATOYHOCTDH K€ BEITEKAET M3 OLEHOK:

2 widx;= 2 wirdxir+ 2 wirdxpr< 2 2 Axy+e 2 Axir< Qo +-e(b— a).
i v i v i

(3mecr £2, xak Bcerza, o3HavaeT KoeOGaHHe QYHKIME BO BCEM PACCMATPHBAEMOM IIPO-
MEXYyTKe, 3HAYKOM i OTMEYEHHl YACTHYHBIC NPOMEXYTKH, B KOTODBIX KoJeGaHus
W’ <E.)

4) TIpuMEHMM KpuWTepdii B 3TOH HOBOM (GopMe K IOKa3aTEIbCTBY CIEAYIOLIETro
MPEaJIOKEeHHA:

Ecau gynxyun f(x) unmezpupyema e npomexcymre la, bl, npuuem 3nauenus
ee ne 6blx00am 3a npedeavl npomexcymxa [c, d], ¢ komopom nenpepuviena Pynxyua
o), mo caoxcnan Gynxyus e(f(x)) maxxce unmezpupyema e [a, bl.

BoabMmeM 1o npousBoiy yucia €>0 u o>0. Ilo wucny &, B CHNY HENPEePHIBHOCTH
dyuxaun p(y), Haiinerca Takoe 7>0, YTO B I0O0OM NPOMEXYTKE 3HAYEHAN y C AJMHOMK
<7 xonebanne yHxIuH @ Oymer <e.

BBHYy HHTErpHPYEMOCTH GYHKIMH f, IO YACNaM 7 U ¢ Tenepb HaHUmETCs Takoe O,
9T0 JIMIUb TOJBKO NPOMEXYTOK pa3dmr Ha vacTtd ¢ jumHamu Ax;<dJ, cymma 2 Axie

ra
IUTMH T€X W3 HUX, AN KOTOPHIX koneGanus $yHxumm f:wy[f1=7, cama Mesbme ¢ [cM.
3)]. J1s npoyrx NPOMEXYTKOB UMeeM wi~[f]<7), a clenoBaTesisHO, IO CaMOMY BBIGODY
yucna 7, w[p(f)]l<e. Takmm obpazoM, mns cmoxHOU Gymkmm @(f(x)) kKonebGamms
MOTYT OK23aThCA =& JIMIIb B HEKOTOPBIX M3 MPOMEXYTKOB IIEPBOi I'PYNHEI, CYMMa JJIMH
KOTODHIX 3aBeIOMO < ¢. IIpEMensis K CloxHON ¢yExumm Kputepuit 3), yOexmaemcs
B €€ HHTErPHPYEMOCTH.

5) Ecnim ¥ OTHOCHTENBHO (GYHKUMHM ¢ IIPENNONIOXHTH IHIIb HHTETPHPYEMOCTh,
TO CnoxHas GYHKIHA MOXET 0Ka3aThCsl M HeMHTerpupyemoli. BoT mpumep:

B kasectBe ¢yHKmH f(x) BO3BMEM Ty, KOTOpas Obima yxe u3yueHa Bbime B 1);
OoHAa MHTErpumpyeMa B npoMmexytke [0, 1], mpuyeM 3HaUeHHs ee Takke HE BHIXOIAT 3a
mpezensl 3TOro NpoMexyTka. danee, mycthb

p(M=1 pmma O<y=<l
®(0)=0.

Dyrruus p(y) Taxke nETErpupyema B [0, 1].
Cnoxras xe GyHxmmsa @(f(x)), Kak nerko BUAETH, copanaer ¢ GyHxume Ju p u x-
ne [cm. 2)): ora He mATerpHpyema B [0, 1].

H

301. Haxanif 1 BepXauil HATErpaJibl Kak npeaeibi. B 3akinrodense Ml BEpHEMCSA K HHX-
HEMY M BepXHEMY HHTErpajaM, KOoTopsie B n° 296 Obuid OnpenencHH KaKk TO Y HEI €
rpaBHOE cyMM ap6y s ¥ S. Ml OKaxeMm Temephb, YTO BMECTe C TEM OHH
SBISIOTCS M D peXelaMH Ha3BaHHBIX CYMM.

Teope.ma ,ZIapBy. Kaxosa 6v1 nu Gvina ozpanuvennas gynxyus f(x), 0aa nee
ecezoa

I,=lims, I*=limS§S.
2+0 A0

Jokxa3aTenbCTBO NPOBENEM, HANPHMED, AJA BEPXHHX CYMM.
IIpexne BCero, Mo Hamepen 3anaHHOMY €>0, BO3bMEM Takoe pa3bHeHHe mpoMe-
xyTka [a, b], 9TO mWIa OTBeYaromiel eMy BepxHe#t cymmel S’ 6ymer

€
S<I*+; ©)
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00 BO3MOXHO, Tak Kak I* CIyXur TOYHOR HMKHEHd rpaHEuled s MHOXECTBA
BepxHHUX CyMM. IlycTh 3TO pa3bueHHe COAEPXUT /71” (BHYTPEHHMX) TOMEK MEJICHHS.
TlonoxuM Tenepn
&
2m'Q’

rae 2 o3Hayaer KojeOanue pyHkumm f(X) BO BceM OpOMEXYTke [a, b], H paccMoTpuM
OPpOU3BONbLHOE Da3bheHHe NPOMEKYTKA, AIA KOTOPOro Bce Ax;<d; MycTb eMy
OTBeYaeT cyMma S.

JUts Toro 4ro6nl ONEHUTE pa3sHOCTh MexXay S U I*, BBemeM eme TpeTbe pasbuenue
Hallero NPOMEXYTKa, OOBEIHHUB TOYKM [EJeHNs NEePBLIX ABYX pa3buenuii. Ecau cooT-
BETCTBYIOIIAA €My BEpXHAf CymMMa ecTb S, To, mo 1-My ceoiictey cymm Hap6y
[296], §"'=.S", Tak uTo ® noaaeHo [cM. (9)]

o

€
S’<I*4—. 10
+3 10)

C Apyroii xe CTOpOHEI, IO 3aMeYaHREI0 n° 296 pa3HocTh S —.S’' He NPEeBOCXOAUT OPOH3-
BefieHns {2 Ha CyMMY IUIRH Ax; TeX OPOMEXYTKOB BTOPOrO pa3GHeHUs, BHYTDb KOTOPBIX
TIOTIaNIA TOYKY JeJIeHust NepBoro pasbmenus. Ho 4MClIo Takux NMpOMEXYTKOB He 6oibme
m’, a AJ¥HA KaXAOTO M3 HUX MeHbme d, TaKk 4To

£
S- S8 <mQ6=—,
2

oTKyna, B cBa3u ¢ (10),
S<I*+e.

Tak Kak, ¢ ApYroi CTOpoHst, S=I*, To, UL TOILKO lx;<§
b

0=<S—I*<e¢,

TaK YTO, NEHCTBHUTENbHO, S —I*,
M3 noka3aHHOH TeopeMbl HEMOCPEACTBEHHO CIIEAYET, YTO BCETr fa

lim(S~s)=1*-1,.
2—0

OTO €00THOICHKE MO3BOJISCT BLICKA3aTh KPUTCPHil CyLIECTBOBAaHHA MHTErpana B Cie-
ayrowen dopme [cp. 297]:

Man cywecmeosanus onpedesenno20 unmezpaia HeoOXoouMo U OOCHAMOUHO, Ymobol
HuoscHuil u éepxnuis unmezpanst Jap oy Oviau mexncoy coboii pashbl

I, =I*

IIpy BBINOJIHEHMH €T0, OYEBHAHO, UX 0OIliee 3HAYEHNE K AAET BEJINYMHY ONPEAECICHHOrO
HHTErpaja.

Hopas ¢opMa ycloBHS HMEET HEKOTOpOe NPEMMYWECTBO INepeld HpexHeil. [lias
TOTO YyTOOB! YOEANTECS B paBeHCTBe uuTerpanios Jap6y, NOCTATOYHO YCTAHOBUTD,
YTO HEepPaBEHCTBY

S-s<¢

OpHY IPOM3BOIBHOM € YIOBIETBOPAET XOTh O AH A mapa CyMM s ¥ S. JIeHCTBUTENBHO,
B cuiy (5), Torna Oyner Takke

Ol<*~1I, <¢,
OTKyJia, BBHAY ITPOM3BONBHOCTH £, M BHITEKAET TpeOyeMO€ paBeHCTBO.

Jlerko coo6pa3uTh, Kak B COOTBETCTBAK C 3THM MOXET OBITh 06JI€r4cHO M YCIIOBHE
MHTETPHPYEMOCTH, BBICKA3aHHOe B mpeapxymueM n° {cm. 3)].
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302. Mnrerpan no opueHTHPOBAHHOMY OpPOMeXYTKY. Jlo cux mop, rosops
00 «OIPEIEICHHOM MHTETPaJie B IIPOMEXYTKE OT @ X0 b», MBI Bcerna mos-
pasyMeBaiH, 4To a<b. YCIpaHuM Temepp 3TC CTECHHTEIHHOE OrpaHH-
YeHHE.

C 3Toil LENBI0 MBI, NPEeXJe BCEro, YCTPAHHM HOHATHE H AT P a B-
JEHHOTO WIM OPUHCHTHUPOBAHHOTO HpoMexyTka. [1o0 op u-
enmupoeanHu M npomexcymrkom [a, b) (roe MoxeT ObITH M a<b u
a=b) mel Gydem pazymemyv MHONCECMEO 3HAUEHUL X, YOO0BAEMBODAIOUUX
Hepagencmsam, COOMBEmCMEEHHO,

a<x=<b umu a=x=b

W PACROAONCEHHBX UAU YNOPAOOUYUEHHBX OT a K b, T. €.
B IOpsAIKe BO3PACTaHUA, €CIM a<b, WM yObIBaHus, eclM a=>b. Taxam
o6pa3oM, Mbl pa3inyacM HPOMEXYTKH [a, b] u [b, a]: coBmamas mo csoeMy
cocTaBy (Kax YHCIOBBIE MHOXECTBA), OHH Pa3HATCA IO HaNpaBlle-
HH 10,

To omnpereieare HHTCTpaa, KOTOpoe OBIIO mano B 295, oTHOCHTCS
K OPHCHTHPOBAHHOMY INPOMEXYTKY [a, b], HO ML fns cnyvas,
Korma a<b.

OOpaTuMmcss K ONPENCNCHHIO MHTeTpajla B OPHCHTHPOBAHHOM IIPOMe-
KyTke [a, b], B TIpeANOJNIOXEHUH, YTO @ >b. MOXHO IOBTOPHUTH IJi 3TOIO
ciydast oOBIMHBIA mpouece ApoONeHHSs IPOMEXYTKa MOyTEM BCTaBJICHHM:A
TOYEK HEJICHMs, HAYIIHMX B HAMPAaBJIECHHH OT 4 Kk b:

A=Xy>Xy >Xg> ... >X;=Xjp1> ... =Xy =D.

Bri6paB B KaXXIOM 4YaCTHMHOM IPOMEXYTKe [X;, X;,] Ho Touke &, Tak
4ro X;=§;=X;,;, COCTABAM HHTETPAaJIbHYI0 CYMMY

0= 3 fEM

rae — Ha 9ToT pas — Bee Ax; =X, — x;<0. Hakouen, npezes 3To#f cyMMBbI
npu A=max |Ax;| -0 m npuBexeT HAC K NMOHATHIO WHTETpana

b
| fGodx=lim .
~ A0
a
Ecou nnsa mpomexyTkos [a, b] u [b, a] (tme a=b) B3iATh Te XKe TOUKH
JeJIEHHS M Te XK€ TOYKH &, TO OTBEYAIOIIME UM HHTETPAJIBHBIC CyMMSI Oy IyT

PA3HUTECA JIMINL 3 HAKaMMU. OTC}OHa, nepexons X IpeneinaM, noiy-
yaeM TaKoe TPEIJIOKSHHUE:
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1°. Ecau f(x) unmezpupyema 8 npomexncymre [b, al, mo ona unmezpu-~
pvema u @ npomexcymre [a, b], npuuem

b a

J Gy dx= - [ f(x) a.

u b

BrpoueM, MOXKHO ObLIO. OB HMEHHO 3TO PABEHCTBO MPUHATDL 334 O M1 P €-
[

ACJUECHUNWE HHTErpana j npn a= b B MPEOANONOXKEHUH, YTO HHTErpall

a «

I CYILLIECTBYET.
6
3aMeTuM elle, YTO MO OTNMpeeIe HH O 3KE MOoJararoT

| ) dx=0.

303. CaoiicTa, BbIpaxaemble paBeHcTBaMu. IlepeunciuM maibHeifmne
CBOMCTBA ONpPENEIECHHBIX MHTETPAJIOB, BLIpAXKaeMble PAaBE€HCTB a M U™,
20, IIyemo f(x) unmezpupyema 6 nHauboavuiem us npomexcymros [a, b,

[a, €] u [c, bJ**. Toz0a ona unmezpupyema 6 0syx Opy2ux, u umeem mecmo
paseHcmso

[1@ax= [ 1 axs [ 10 dx,

Kako6o 6bl HU Obl10 €3auMHOe pacnoioxcerue movex a, b u c.

HoxaszaTenbcTso. IlonoxuMm crauaia, 4to a<c<b u ¢ysk-
LMl MHTETPUpPYEMa B NPOMEXYTke [a, b).

To, uTo (ynkuus MHTEeTpHpYeMa B IpoMmexyTkax [a, ¢] u [c, b], cie-
nyer u3 299, IIIL.

PaccMmorpuM pasbuenne mpomexyTtka [a, b] HA 4acTH, MPUIEM TOYUKY
¢ OyneM cuyMTaTh OfHOMH U3 Touek nejtennsi. COCTABMB MHTETPANTHHYIO CYM-
My, Oyzgem umeTs (cMbIcn 0003HAYEHHHM siCeH)

SO dx= SEx 1 3 E .

b
* 3neck n BIIPCHB, CCIN PEYb MACT 06 ImrerpaneJ » MBI CYHTAEM BO3MOXIHbIM

«
(npy 0¥ CYTCTBM U CrHCLMATIBHOM OT OBOPKH) oba cayuas: a<b U a>b.
** BMeCTO 3TOTO MOXHO G110 GBI IPEOTOXUTE, YTO GyHKIHSA f(X) HATEIPHPYEMQ

B KQXZAOM M3 JIBYX MEHBIOHX ITPOMEKYTKOB: TOTJa ORa Opiia 6wl MHTErprpyema W B
OonereMm.



110 IJI. 1X. OTNIPEAEJIEHHBIA WHTECPAJ [304

IMepexons k npeneny npu A--0, MBI H ITOJTy4nM TpeGyeMoe PaBEHCTBO.

Jdpyrue ciydYau DacIOJIOXKEHHS TOYeK 4, b, ¢ TPHBOIATCA K 3TOMY.
Ilycre, HampuMep, b<a<c W ¢yakuma f(x) WHTErpMpyeMa B IpoOMe-
xyTKe [c, b], HmH — uTo To Xe BBHAY 1° — B mpomexyTke [b, c]. B aTroM
ciydyae, O JIOKa3aHHOMY, OyIeM MMeETb

< a <

[f@ydx= [ sy dx+ | feo)ax,

b a

OTKyZa, NEPEHOCA MEPBHIA M BTOPOIl MHTErpasibl M3 OJHOM 4acTH DaBeH-
CTBa B JIPYI'YIO M IEPECTABUB Ipe/eiibl (H2 OCHOBAHHWH cBojicTsa 1°), mpu-
IEM OOATh K IPEKHEMY COOTHOLICHHIO.

3°. Ecau f(x) unmezpupyema ¢ npomexcymxe [a, b], mo u kf(x) (e0e
k=const) maxace unmezpupyema ¢ 3mom npoMexRcymKe, npuiem

b b
[kfdx=k | f(x)dx.

4o, Ecau f(x) u g(x) — obe unmezpupyemor 6 npomexcymxe [a, b], mo
u f(x)+g(x) maxoce unmezpupyema 6 3mom nNpoMelCymxe, npuyem

b b b
[+ g dx = [ e dx+ [ gy dx.

B 0060oux ciy4asx MOKa3aTENbCTBO CTPOUTCS aHAJOTUYHO, MCXOIS U3
HMHTErpaJIibHBIX CYMM M Tepexolds K npeneiy. IIpoBemeM ero, HampuMep,
JJIS. TIOCHEIHETO YTBEPXKICHHUA.

Pa3zo6beM TpoMexyToK [a, b] NpOM3BOJLHO HA YaCTH M COCTABUM HH-
TerpajibHBle CYMMBI JUIs BCeX Tpex uHrterpajios. Ilpu sToM Toukw &; B
KaXIOM YaCTUYHOM IIPOMEXYTKE BHIOHpaeM IPOM3BOIBHO, HO JJIS BCEX
CYMM OIHM H Te e; Toraa OyaeM HMETb

2 L) £8(E)dx; = 2 f(EAx; £ Zg(Epdx;.

Ilycts Temeps A—0; Tak xax miusd oOeHX CyMM cIpaBa Ipenesbl Cylle-
CTBYIOT, TO CYILIECTBYET IIpesieJ U U1 CYMMBI CJIeBa, YeM YCTaHABJIMBACTCS
HHTErpupyeMocTh GyHkmuu f(x)+ g(x). Ilepexons B mpeabinyllieM paBeH-
CTBe X TpejesiaM, NPHXOAMM X TpeOyeMoMy COOTHOILIEHHIO.

3aMevanue OOpamaeM BHAMAaHHE HAa TO, YTO IIPH I0KAa3aTeib-
CTBE IBYX TNOCJICAHUX YTBEpXKIEeHUH He ObUIO HamOOHOCTH ONMPATHCS HA
npenioxenns 299, I w II: uarerpupyemocts (yuxuuit kf(x) 1 f(x) £ g(x)
YCTAHABJIMBAETCS HETMOCPEACTBEHHO MEPEXOAOM K TIpede.y.

304. CeoiicTBa, BhIpaxkaemble HepaBeHcTBamu. [[o cux nop Ml pac-
CMAaTpHBaJIM CBOMCTBA HHTErpaJIOB, BEIpaXkaeMble PaBEHCTBAMHE; Iiepeiiem
Terepb K TaKUM, KOTOpblE BBIPAXKAIOTCK HEpPaBEHCTBAMA.



304) § 2. CBOMICTBA OIIPEAEJIEHHBIX WHTECPAJIOB 111

5°. Ecau gynxyua f(x), unmezpupyeman 6 npomexwcymke [a, b], H e-
ompuyameavra u a<b, mo

b

J f(x) dx=0.

a

Joka3zaTenbcTBO OYEBHIHO.
Tpynuee mokasaTh GoJiee TOYHBIA pe3yJabTaT:
Ecau gynxyus f(x), unmezpupyeman 6 npomedxicymre [a, b], nosoxcu-

meavHa u a<b, mo
b

| fG9dx=0.

a

Jokxa3aTeabpCTBO MPOBEHAEM OT NPOTHUBHOrO. JlomycTuM, 4To

b
[ reax=o.

Torma mpu A ~0 u Bepxuss cymMma fap 6y S Takke crpeMUTCS K HYIIO
[297 (7)]. B3sB mpousBodbHOE & >0, MOXEM CHENaTb 3TY CYMMY MeHb-
teit yeM e (b — a). IIpu 3ToM XOTs GBI 0ZiHa M3 BEpXHUX PAHMIl M; OKaKETCs
MEHbIHEH €;, WHBIMH CIOBAMHM, HainmeTca B [a, b] Takas yacte [ay, b,], B
Ipenenax KoTopoid Bce 3HaYeHHd f(X)<e,.

Tak xak u

b
Jreoax=or,

TO, aHAJIOTHYHO, U3 [a,, b;] BeImEAMTCSA 4YacTh [a,, by), B mpedenax koTo-
poit f(x)<e,, Tae &, — MO6OE IMOJTOKUTETLHOE YHCIO <&, U T. M.
B3siB nocneqoBaTeabHOCTE NOJIOKHTENBHBIX YHCENT &, ~0, MOXHO OIpe-
JEJMTh TaKyro IOCIEN0BATEILHOCTD BIOXKEHHBIX OAUH B Opyroil (1 — eciu
yrogHo — yOwiBatonmx mo muue no 0) mpoMexyTkos [ay, by, uto

O<f(x)<g, ecamn ay<x<b, k=1,2,3,...).

* [eitcTBuTensHO, MO 2°

b a b b ay b
j=j+j+j H, TaK KaK j;:o, f>0,
a a a b a by

TO



112 [JI. IX. OITPESEJEHHBIA MHTEIPAJL {304

Torpa mo nemme n° 38 cymrecTByeT Touka ¢, oOuiasi BCeM 3THM Ipo-
MeEXyTKaM; IJIsl Hee IOJDKHO OBITH

0<f(c)<e, mpu k=1,2,3,...,
YTO HEBO3MOXHO, 00 & —~0. Teopema mokazaua.
MpocreM cnencteuem orcioga (1 u3 4°) asiugeTcs

6°. Ecau o0se dpynxyuu f(x) u g(x) unmeepupyemor ¢ npomexncymre [a, b}
u ecezda f(x)=g(x) [um f(x)<g(x)], mo u

b b b b
[y dy=[geyax [un | f)d= [ 5 dx |
8 npednoaoxcenu, yumo a-=b,

HyxHo nuiib IpUMEHUTH IPeABIAYILEE CBOHCTBO K pa3uocTu g(x) — f(x).
Tak e JIeTKO IIOJIy4aeTcs:

7°. Iycms dynxyua f(x) unmezpupyema ¢ npor: wcvinke [a, b} u a<b,
moz20a umeem HepageHcmao

b

i | feydx | = | 1£G0)]dx.

a a

CyurecTBoBanmie mocieanero wHTerpaia cienyer u3 299, I. CeoiictBo
6° mpuMeHseM 3aTeM K (QyHKuusM

- [/ =/®=]/®)].

BipoueM HEpaBEHCTBO JIETKO NOJNYYHTH W HEMOCPEICTBEHHO, MCXOJs
M3 UHTErpajbHBIX CymMM™*

lZf(Ei)Axfl sZFf(si)f - Ax;
U Iepexond K Ipeaeram.

8°. Ecau f(x) unmezpupyema ¢ {a, b], 20e a<b, u ecau 6o ecem smom
npomedcymKe uUmeem MeCHo Hepasgencmaso

m=f(x)=M,
mo

m(b—a)< ff(x) dx<M(b - a).

u
MoXHO MPUMEHHTH CBOHCTBO 6° X dynxumsam m, f(x) 1 M, Ho mpoiue
HEMOCPEACTBEHHO BOCIIONIB30BATHCS OUCBUAHBIMU HEPABEHCTBAMH
m 2 Ax;= 3 f(E)Axi= M Z Ax*
U nepeiiTH K mpeneny.

* Tak xak a<bh, To BCC Ix;>0.
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Joka3aHHBIM COOTHOIUEHHSM MOXXKHO MpHOATh OoJiee ynobuyro dopmy
pPaBeHCTBA, 0CBOOOXIAICH B TO XK€ BPEMS OT OFPAHHYCHHUA a<b.

9°. Teopema o cpednem smauenuu. Ilycmv f(x) ummezpupyema
¢ [a, b] (a<b) u nycmv 80 scem smom npomexcymre m= f(x)<M; mozoa

b

[r@dx=p-a),
a
20e m=u=<»M.
JoxasaTenbcTBo. Ecnmu a<b, To mo cBoiictsy 8° OyneMm uMeTh

b

m(b - a)= | f(x) dx<M(b - ),
OTKyHa ’

b
1

ITomoxus
b

5 | fddx=p,

MoJIyuaeM TpedyeMoe paBeHCTBO.

a

Ons ciydas, xorma a=b, NpoBomUM X OL pACCyXKIOCHHE IJIA _[, a
b
3aTeM, NEepecTaBWB IpEHeJIbl, IPHXOANM K mpexuei dopmyme.

Tonbko 4YTO MOKa3aHHOE PABEHCTBO IPHMHUMAET OCOOEHHO NpOCTOH
B, korma GyHkuHusA f(x) Henpepsl BHA. JelHCTBUTENbHO, €CITH
CYATATh, YTO m U M CyTb HanGoJbllee U HAUMEHblIIEE 3HAUCHA QYHKIIHH,
CYILIECTBYIOLIHE 10 Teopeme B e ii-
epmTpacca, 85, To m mpome-
KYTOYHOE 3HAYCHHE fi, IO TEOopeMe
Boasmamo—-Kommu, 82, non-
XKHO IpUHUMAThCA Gymkmuen f(x)
B HEKOTOPOH TOYKE ¢ IMPOMEXKYTKA
[a, b]. Taxmm oGpazom,

b
| £ dx=@-arseo),

Puc. 5.

rae ¢ coiepxmrca B [a, b].

I'eoMeTpryeckmii cMeicn mocnennedt gopmyist sceH. Iycts f(x)=<O0.
PaccMoTprM kpuBonuHeiayio Gurypy ABCD (puc. 5) nox xpusoit y = f(x).
Torma miomaab KPHUBONHHENHHON (HIYphl (BBIpaXaeMas OIPENECHHBIM

8 I'. M. ®uxresronsn, 1. I
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HHTErpajoM) pPaBHA IUIOMAIYM MPAMOYTOJIbHHKA C TeM XK€ OCHOBAHHEM
H C HEKOTOpoH cpenueit opaunaTtoit LM B KadeCTBe BEICOTEHI.

10°. Obobwennan meopema o cpedHem 3naveruu. Ilycmy 1) f(x)
u g(x) unmezpupyemor 6 npomesxcymke [a, b); 2) m=f(x)=<M; 3) g(x) 60
gcem npomesxcymke He meHAaem 3Haka: g(x)=0 [g(x)<O0). Tozda*

b 1]
[ fog) dx=ps [ 80y i,

20e m=<u<M.
HokasartenbcrtBo. [lycrs cHavana g(x)=0 u a<b; Torma nMeem

mg(x)<f(x)g(x) = Mg(x).
W3 3Toro HEpaBeHCTBA, HA OCHOBAHHU CBOHMCTB 6° u 3°, mojtydaem

b b b

m | g(x) dx= [ f()g(0) dx<M [ g(x) dx.

a

BBuny mpennonoxenus o ¢ymkmuu g(x), mo 5°, umMeeM
b

f g(x) dx=0.

Ecmu aTOT MHTEr pajt paBCH HYJIO, TO U3 IPCABIAYIIHX HCPABCHCTB SACHO,
YTO OOHOBPCMEHHO TaKXC

b
J 70 dx =0,

R YTBCPXIOCHUEC TCOPEMBI CTAHOBHTCA OYCBHIHBLIM. Ecmu xe wuuTer pan
Sosblre HYJiA, TO, Pa3acJIiB HA HCI'O0 BCE YACTH ITOJYYCHHOI'O BBILIC JBOM-

HOI'0O HECPaBCHCTBA, IOJIOXHM

b
f F)g(x) dx
1'__6— =u
f o) dx
a

U IpUAEM K TpebyeMoMy pesyJbTaTy.

* Camoe CymecTBOBaHME HHTErpaia OT mpousseneHus f(x)g(x) cmenyer u3 299,
I1. Bnpoyem, MoxHO 66170 651 BMECTO HHTErpHpyeMOCTH GyHKIHH f(X) HENOCpeACTBEH-
HO NPennoyIoN¥Th WHTETPAPYEMOCTb CAMOTO npousseneras f(x)-g(x).
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OT cayyas a<b Jerko nepelTH K cily4aro a >b, paBHO KakK OT Ipen-
noyioxkeHus g(x)=0 — k npennomoxenuro g(x)=0: mepecranoBka mpene-
JIOB IJIH M3MEHEHHE 3HaKa g(X) e HapyllaT paBeHCTBA.

Ecnu f(x) nenmpepbIBHa, To 3Ta PopMyJia MOXKET OBITH 3aIKMCaHa
CHAeAyIOLMM 00pa3oM:

| Fee@) dx=(e) | o) v,

rjie ¢ coaepxutcs B [a, bl

305. Onpenesennblii nuTerpan Kaxk (yHKums Bepxsero mnpenena. Ecnu
bynxumsa f(x) uHTerpHpyeMa B mpoMexyTke [g, b] (a=b), To [299, III]
OHAa UHTETpUpyeMa M B IPOMEXKYTKe [a, x], rae x ecTh moboc 3maveHue
3 [a, b]. 3aMeHuB Tpenen b ONIPENSIIEHHOTO MHTErpaja HEPEMEHHOM X,
[OJIYIUM BBIpaxeHue *

D)= | fyar, ()

KOTOpO€, O4YCBH/IHO, sBIsIeTCA (PyHKUmEeH oT x. Dra GyHKUua obmagaer
CJICOYIOIMMH CBOMCTBaMH:
11°. Ecau ¢ynkyus f(x) uumezpupyema ¢ [a, b), mo D(x) 6ydem mne-
npepuisHoll GYHKyuell om X 6 MOM Hce NPOMeNCYmKe.
HJoxaszaTtenscTso. IIpungas x npousBonpHOe mpupaieHue Ax =h
(c TeM Jsmmb, 9TOGEI X +/ He BBIXOIMJIO 3a IpENESbl pPacCMaTpUBAEMOIO
MPOMEXKYTKA), TOJIyYNM H O B 0 ¢ 3HaucHUe GyHKuun (1)

X+ X xth
D(x +h)= Jf(f) dt= J + J

[em. 2°], Tak 4TO
x+h

Dx + b)) = [ f(1)d.

IIprMeHHM K 3TOMY MHTEIpaJly TEOPEMY O CpeHEM 3HAUCHHH 9°
D(x + h) = D(x) =ph; 2

3M1€Ch 4 COAEPXKUTCS MEXAY TOYHBIMU Ipanuuamu m’ v M’ byuxkuuu f(x)
B NPOMEXKYyTKe [Xx, x-+A], a cileoBaTenbHO, U IOAABHO MeXAy (IOCTO-
STHHBIMH) I'PaHALaMi ee m U M B OCHOBHOM NPOMEXYTKe [a, b] **.

* IlepeMeHHYIO MHTErDHPOBaHHS Mbl OGO3HAYMIA 31€Ch yepe3 f, yToObl HE CMe-
IWBATb €€ ¢ BEPXHUM IIPEACTIOM X; PasyMeercs, U3MEHeHHe 0 G O3HAYEeH M 51 Tepe-
MEHHOI WHTETPHPOBAaHMS HE OTPAXAETCA HA BEIMYMHE HHTErpaja.

** HanomHuM, 4TO WHTerpHpyemas GyHkiMs oTrpauwuema [295).

&8
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Ecau ycTpeMuTh TeHepb /7 K HYJIIO, TO, OYEBUMIHO,
Dx+h)~-D(x)-0 wmwmm D(x+h)-D(x),

4TO W JOKa3bIBaeT HeIpephbIBHOCTH (ymknmmm D(x).
12°. Ecau gynxyuro f(t) npeonoaooume menpepbvieHoil 6 mouke
t=x, mo ¢ smoti mouxe gynkyua D(x) umeem npouseodnyio, pasuyro f(x)

P'(x)=f(x).
HokasartenbcTBo. [HelictBuTensHo, u3 (2) umeem

‘E(_x_*_i.lil)z_"@‘Ly, rae  m'=p=<M’.

Ho, BBuay HenpepsiBiocTH dydkumu f(¢) npu ¢ =x, no jodomy & >0 naii-
mercs Takoe 0>0, 4To mpu |h| <6

J@) —e<fO)<f(x) +e

IS BCEX 3HAYCHHH ! B IpoMeXxyTke [x, x+A4]. B TakoM ciyyae HMEIOT
MECTO U HEpaBCHCTBA

f(x)—e=sm'sp=M'=<f(x)+e,
|- ()] =e.

Tax 4To
Tenepp sicHO, 4TO

P'(x) =lim -2

D(x+h) - D(x)
h-+0 h

=lim p= f(x),
h-+0

4TO M TpeGoBasioch AOKA3aTh.

MpbI IpHULTH K 3aKJFOYEHHIO, HMEIONIEMY OrFPOMHOE NMPUHIMIHAILHOE
4 Opukiaagnoe 3HayeHue. Ecian mpemnonoxute Gysknuio f(x) memp e-
PHIBHOH Bo BceM mpoMexyTke [a, b], To ona uHTerpupyema [298, IJ,
U NpeAbIAyIee YTBEPXKICHHE OKA3BBAETCA MPMIIOKHUMBIM X J110 6 0 it
TOYKE X 9TOro INPOMEXYTKa: npouseoonas om umumezpasa (1) no nepe-
MEHHOMY 6epXHeMy npedeay X 6e3de pasna 3Hauenuro f(x) nodurmezpaib-
Holl yHKyuu Ha 3mom npedeae.

Hubimu caoeamu, 042 Henpep v 8HO U 6 npomexcymke [a, b] pyux-
yuu f(x) ecezoa cywecmeyem nepsoobpasHan; npumMepom ee A8AAEMCA onpe-
Oenennviti unmezpan (1) ¢ nepemeHHbIM 6epXHUM npedeaoM.

Taxum oOpa3oM, MBI, HAKOHEL, YCTAHOBMJIIH TO TPEIJIONKEHHE, O KO-
TOPOM YINIOMHHAJIM €lle B 264.

B yactHOCTH, MBbI Temepbh MOXeM 3amacath pynkuud F u F Jlexaunapa [293]
BBHOC ONMpPEAENEHHRBIX HHTETpajoB

L4 @

o de S
Fik, ¢)=J——.———__, Ek, ¢)=f1/1—kzsinzede.
. V1 -ksin8 )
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ITo moka3aHHOMY TOJIBKO 4TO, 3TO OyayT NepBooOpas’Hple QYHKLUH, COOTBETCTBEHHO,
ans hyHKLmi
1

—————Vl e VI—k=sinzg
— k2sinzgp

1 opuroM obpamaroiuecs B 0 npu ¢ =0.

3aMeuaHuc. YTBepKICHHS, NOKA3aHHBIE B HACTOSLIEM N°, JEFKO
PAacIpOCTPAHAIOTCA Ha Cily4ail HHTerpaia ¢ MepeMeHHsIM H M K H U M TIpe-

nmejioM, Tak kak (1°)
& x

| rayde= - | f@ya.

X
IlpousposHas OT 3TOro MuTerpaja Xo x, OYeBUIHO, paBHa — f(x)
(ecnu x ecTh TOYKa HENMPEPBIBHOCTH).

306. Bropast Teopema 0 cpeaHeM 3HaveHMH. B 3akiiFOueHHE YCTaHOBHM
elle OJIHY TEOPEMY, OTHOCAIIYIOCS K WHTETPally OT MPOU3BEAEHHSA NBYX
byHKIIHH

I= [ f()gx)dx.

Ee npencrtaBisiroT B pasuuiX ¢popmax. Haunem ¢ mokasaTenncTBa ciie-
OYIOWET0 IPeNOXCHH:

13°, Ecau 6 npomencymre [a, b] (a<b) f(x) monomonno ybvieaem (xomsa
Obl 6 wupoxom cmuicae) u Heompuyamenvha, a g(x) unmezpupyema, mo

b ¢
[ 780 dx =@ [ gx) i, ©)

20e & ecmb Hexomopoe 3naueHue u3 HA36AHHOZO NPOMENCYMKA.
Pa36ms mpomexyTok [@, b] npou3BoJbHEIM 06pa3oM Ha YacTH € HO-
Momrpro Todek Aenenud x; (i=0, 1, ..., n), npeacraBum uuTerpai I B Busie

X¢+1 Xd+1

=3 [ e a=3 1) [ sode+

Xé+1

+ 2,1 f LX) - f(x)]g(x) dx =0 + p.

Ecimu uepes L 0603HauuTb BEPXHIOK TpaHuLy i Gynkuuu |[g(x)|, a
yepe3 oy (kak oOprumO) Xonebamue Gyskuuu f(X) B j-OM TPOMEXYTKE
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[x:» Xiyq] AmaEBL Ax;, TO, OUEBHIHO,

Xi41
n—-1

n—1
lel<Z | 176 ~Axllg0)] <L = .
X .
Otcrona BBUAy HHTerpdpyeMocTd ¢yuxkmuu f(x) [298, 1I1] sicro, uto
p—~0 mpu 1=max Ax;~0, Tak uTO

I=limo.
A0

BBeneM Temeph GYHKIUAO
x
()= [g(rydt
a
H C €€ NNOMOIUBI0 NEPCNUIIEM CYMMY O Tak:

o= 2}7@,«) [GCxis1) — GO

MM, HAKOHEU, PAacKpbiBas CKOOKM W HMHA4e IDYIOUpPYs Cllaraemble,

0= Z G i) SO0+ GO i)

HenpepeiBuast Qynxums G(x) [305, 11°], npu m3MCHeHHH X B IIpOMe-
KyTke [a, b], ©MeeT kak HawMeHblIee 3HAYCHHE M, TaK U HamOoJbluee 3Ha-
yenue M [85]). Tax xak Bce MHONHTEIU

S - f(x) (mp i=1,2,...,n-1) 1  f(Xa-1),

B CHIy CHETAHHBIX OTHOCHTENbHO GYHKOHH f(X) OpeXuoJOKeHHH, HEOT-
PHUATENLHBI, TO, 3aMEHsIs1 3HaYCHHS G COOTBETCTBEHHO uepe3 m U M, Mbl

HOJTYYMM [BA YHCIIA:
mf(@ u Mf(a),

MEXIy KOTOPBIMHU COOEPXKHTCA CyMMa ¢. MexXIy TeMH ke uMCiIaMH, oye-
BHJTHO, COJEPXHTCSI M MHTerpajd I Xak mpenen STOH CyMMBl, WM HHAye

I=pf(a),

roe m=pu<M. Ho, no uenpepnBHOCTH OyHKiuH G(Xx), B MPOMEXyTKe
[a, b] maitneTcsi Takoe 3uauenue £, aro u=G(5) [82). Torma

I= f()G(),

4TO paBHOCANIbHO dopmyne (3).
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Amnanorudso, ecau gyuxyun f(x), ocmasasace Heompuyameavhoili, MOHO-
MOHHO 603pacmaem, mo umeem mecmo gdopmyaa

b ]
[ fee dx =1@) [ g0,
a 3

roe a=<f=b. Otn dopMynsl OOBMHO HA3HIBAIOT @opmyaamu Bonne
(O. Bonnet). Haxkoner,

14°. Ecau coxpanumbs moavKo npeonoaoHceHue 0 MOHOMOHHOCMU @yHK-
yuu f(x), He mpebya ee HeOMPUYAMEILHOCMU, MO MONCHO YMBEEPHCOaMb:

b ¢ b
[ e dx=1(a) [ ) dx +1b) [ o) dx @
a a &

(at=h)

HeiicTBuTeIbHO, IyCTh, HAOPUMep, QyHKIHs f(X) MOHOTOHHO YyOBIBaeT;
TOTZA, OYEBHAHO, pa3sHOCTh f(x)— f(b)=0, 1 CTOMT TOJIBKO K 3TOH (yHK-
oUH apuMenuth GopMyry (3), 9robbl mocie Jerkux npeodpa3oBaHui mMo-
XyauTh (4).

HoxasanHas TeopeMa M HOCHT HAa3BAHHUE 8MIOPOUH Meopemvl 0 cpednem
snauenuu [cp. 304, 10°].

Crenyioniee HpoCTOE 3aMeYaHHe MO3BOJSIET NMPHAATH ¢if HECKOJIBKO

6omnee oburyro dopMmy. Eciu usMenuts 3HaueHHs GyHKUHH f(x) B TOuKax
a 41 b, B398 BMECTO HHUX Jt0OBIE yMcaa A U B oA yCIOBHEM JIHIUb

A= fa+0) u B=f(b-0) (ecnmu f yOpmBaceT),
A= f(a+0) u B=f(b-0) (ecmu f Bo3pacraer),
TO He TOJbKO 3HAYCHHE HHTerpana I He W3MEHHTCS, HO W COXPaHUTCSH
MOHOTOHHOCTb GyHKIMH f(x), Tak 4ro mo obpasmy (4) MOXHO yTBEp-
KIATH
b 3 b
[ feg() dx=4[ g(x)dx + B[ g(x) ax. )
a Q [

B wacTHOCTH,

b & b
[ Fdedx = f(a+0) [gx) dx+ 6 -0) [ g(x)dx. 5*)
a a 3

3lech, Kak M BBIME, £ O03HAa4YaeT HEKOTOPOE YMCIO H3 IIPOMEXYTKA
[a, b], HO OHO, BoOOINe roBops, 3aBWCHT OT BHOOpa YHCcen
An B
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§ 3. Bouncienne W npeoGpa3oBanue ompee/IeHHbIX
HHTErpajioB

307. Bpruciende ¢ NMOMOMBI0 HMHTErpajbHBIX cymMM. JlpuBenem psx
TMPHAMEPOB BBLIMHCIICHHS ONpPEAE/ICHHOrO MHTErpajia, HEHOCPEACTBEHHO Kak
mpezella HHTCIPANbHEIX CYMM — B COLJIACHH C €rO OIpeacieHdeM. 3Has
Hamepel, YTO HHTErpasl IJIs HENPEPLIBHOH (yHKIHNHM CyIeCTBYET, IS B HI-
YHCJHEHHUS €ro Mbl MOXEM BLIOHPATh pa3OueHHe MPOMEXYTKA U TOUKH

&, PYKOBOICTBYSCH MCKJIFOYHTENIBHO COOOpaxeHmsMH ymobGcTsa.
b

1) Ix" dx (¢, b — DpOHW3BONBHLIE BEINECTBEHHBIE 4HMCNA, a K — HATypanbHOe
a
YHCIIO). a
CHavana BLIYHCIHM HHTErpan Ix"dx (a=0). ITpomexyrox [0, a] pazoboem Ha

0

n paBHB X 4acreil, a B KaXIOM YaCTAYHOM HIPOMEXYTKe (YHKIHIO XX BEMMHCIMM
IUIS €ro NpaBoro KoHua, ecm a>0, 1 and nesoro — mOpH a<(0. Toraa mHTErpanpHas

¢ a k k k k
n [

-3 L T A
(’n—l 4 n nk+1

H, eClld ydyecTh mpumep 14) n° 33,
a

ak+1
_[x" dx=limop=——.
n—+oo k+1

0
Or1cropa yxe HETPYOHO MONydYuTh M o0myro dopmymy

s [ - [ 222

2) _[x# dx (b>a>0, g4 - DPOM3BONBHOE BCMECTBCHHOE THCIIO).
a

Ha 3toT pa3 Mbl pa3obbeM NpOMEXYTOK [a, ] Ha HepaBH B € 9acTH, 8 UMEHHO
MexXay a 1 b BctasaM n— 1 cpegHux reoMerpayeckax. MHEIMUA ClI0BaMHA, NOJIOXHB
n

]/_b
q=qn= il
a

a, ag, ..., aql, ..., aqg"=b.

b

pPacCMOTPHAM DS YHCeN

3aMeTHM, 9TO IIpH 21— OTHOMIEHHE §=d, -1, pasHOcTH Xe agitl—aq! Bce MembIIE
senmyuHb! b(g—1)-0.

Bouncnags GyRKIMIO WIS JI€ B Bl X KOHUOB, HMEEM
n—1 n—1

an= 2, (ag)(agi+'—agh)=ar+1(g~1) 2 (gu+1)i.
i i=0

i=0
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ITpennonoxum Temepb p= — 1; Torma

byt
&
qg-1

= (b/l-}-l —art l)

a
op=atig-1
n g-1) 11 P

W, MCIIONB3Ysl YK€ H3BECTHBIA mpenen [mpumep 5), (B), 77], monyymm

b

. o g-1 _berogeh
fxl‘ dx=1im gp = (b1 - grt1) lim =
Ao g1 grti-1 n+1

a

B cnysae xe = —1 Gynmer
n

( b )
on=n{gh—1)=n '/——1 ’
a

M Ha OCHOBAaHMH IPyTOIO HM3BECTHOTO pe3yibTara [taM xe, (6)]

b n
dx | . b
—=limoy= limn —~—1l=Inb-Ina.
X n-reo n-»oco a
a
b—a_

b

3) fsin x dx. Paznenus npoMexyToK [a, b] Ha n paBHBIX YaCTEH, I0JIOKAM A = ——;
n

a

GYBKIMIO Sin X BLIMUCIMM IS Opa BB X KOHIOB, 6CIM a<b,  ANIA N E€BBI X TPH
a=b. Torma

n
on=h 2, sin (a+ih).
(=1
Haiinem cxatoe BbIpakeHAe IUIS CyMMBI COpaBa. YMHOXHB M DasgelnMB €€ Ha

2sin 3 a 3aTeM MOpPEACTaBIAs BCE ClIaracMelé B BHJE pPa3HOCTH KOCHHYCOB, JIETKO

TOJTyYAM

n n
k
2, sin (a+ik)= 2, 2sin (a+ih)sin-2-=
=l {=m]1

2sin —
2

1 1
1 nt — ~ cos(a+—2—h)—cos(a+n+3h)
= P Z’ cos a+i—3h —cos|a+i+ = .

. i=
ZSln -

[N

2 sin h
2 €)]
TaknMm obpa3om,

2 [ s(+1h c (b+1h)]
(fpy = J— Py —_— .
n ' h cosi{a 2 OS‘ 3
sin — '
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Tak kax 1 —~0 npu n-+o, TO

/i

5 —

N 2 1 1
sin x dx = lim --——- [cos (a+-—- h|—cos (b+— h ]=cos a—cos b.
. ns0 . h 2 2

a sin —

AHaNOruyHO, MCXONs W3 3NeMeHTapHO# (opMynni *

1 1
In sin(a+n+ —h|-sin{a+—"h
‘ 2 2
2, cos (a+ih)= , @
i=1 .
2sin—
2

JIEFKO YCTAaHOBMTH, 4YTO
b

“cos x dx =sin b—sin a.
a
4) Yrobbl naTe MeHee TPHBHAJILHBIM IPEMED, PACCMOTPHM HHTErpan
n
jln (1—-2rcos x+ r?) dx,
i

00b14HO cBs3biBaeMbii ¢ mMeHeM Ilyaccomra (S.-D. Poisson). Tak kak
(1 - |r])?=1-2rcosx+r?,
TO, mpeanonaras |r]s=1, BEAMM, 4TO NOJHHTErpajibHas (GYHKIMA HENPEPHIBHA, M UH-

Terpal CynecIByerT.
Paznenus mpomexyrtok [0, =] Ha »# paBHBIX yacTell, nMeeM

n n—1
(In='£ 2 ln(1—2rcosk—7£+r’)=f-ln[(l+r)‘ n (1—2rcosk£+r’)],
n k=1 n n pel n

rae II ectb 38ak npousBeAeHEA. C Apyroi CTOpOHL, M3 aJTeGPEl W3BECTHO
pasnoxenue **

o1 kn
2r-1=(z2-1 [] (1 ~2z cos —+z2) .
k=1 n

JT
* Kotopas nonyyaercs u3 (1) 3amenoii a Ha a+-—2~.

** VuuTeiBasi 3HAuYCHUS KOPHEM CTENEHH 21 U3 CIMHHIB], HMEEM TAKOE Pa3foXKeHHe
22— | Ha JIMHEHHBIE MHOXWTEIIH:

n—-1 k
7T ks
22— 1= “ (z-cos——ism—),
ke —n n n

rae [ ecrb MuMMas eannuna. Ecnu BAenaTh MHOXUTENM z= + 1 (OTBeyalonme k= —n
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Ycmone3ys 3TO TOXIECTBO OPH z = r, MPEACTABHM Opn B BHIE
T r+1
on=Z{ L ).
n r—1

Ilycte temepe |r| <1, Torna r*?-0 n

ELd

J‘ln (1-2rcosx+r¥)dx= limo,=0.

n-»oo

0
Ecmu xe |r| =1, To, nepenucas on TaK:

7T r+1 r2n—1
e

}+2nln |r|,
n

r2n

HaWEeM
E 4

fln(1—2rcosx+r2)dx=2nln|r|.
0
Yurarein BUOHUT, 4YTO HpﬂMOﬁ CHOCO6 BBIYHUCIICHHA OIPEACIICHHOT O
HHTErpana, Kak Tpelesia CyMM, TpeOyeT Jaxke B IPOCTbIX CIyYasX 3Ha-

YATEIbHBIX YCUIIME, HM NOJb3yroTcs penko. Hanbonlee IpakTHYHEIM siB-
JIAETCA MPHEM, HM3JIATAaeMBIi B ClleXyIONIeM n°.

308. OcHoBuas dopmy.ia uHTErpaabHOro ucunciaenns. Mul Bunenu B 305,
YTO A HENPEPHIBHOM B IpomexyTke [a, b] dyaxuuu f(x) unTerpan

D)= | (1) dt

OKaspiBAETCA MepBOo o O pa3uoi ynxueil. Ecnmu F(x) ects mi06a s
mepBooOpasHast i f(x) ¢yukmus (manpumep, HailleHHas MeTonaMH
§§ 1-4 npempimymeit rnasel), To [263]

D(x)= F(x)+C.
IocrosiHuyto C NETKO ONPENENTD, MOJIOXHAB 3/ieCh X =a, 6o P(a) =0,
OymeM MMeETb
0=P(a)= F(a) + C, otkyna C= — F(a).
OKoHYaTeNIbHO

D(x) = F(x) - Fa).

u k=0) g cobpaTh BMecTe CONPSIKEHHbIE MHOXUTEIM, TO MBI U MONYYHM, YTO z2%— |
paBHO

n—1 kn  kn kn | k=m
(z2-1) 1—]; (z-—cos ——isin -—-) (z—cos ——+ism—) =
i~ n n n n

n-1

ks
=(z2-1) H (] -2z cos {4-22) .

k=1
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B yactdHocTH, TIpH X =) NOJIyIUM

b
Ob)~ | f(x)dx= Fb) - Fa). (4)

Q

DTO — O0CHO8HAA (OPpMYAA UHMEZPAAbHO20 ucHUCAeHus ™.

Utax, 3nauenue onpedeseHHO20 uUHMeEZPALA GbIPANCAEMCA pA3-
HOCMblO 08YX 3HQueHuil, npu X=b u npu x=a, moboii nepeoobpas-
HoU @yuxyuu.

Ecnn mpuMeHHTh K HHTETpajly TeopeMy o cpenaneM [304, 9°] u Bcnom-
HUTB, 4TO f(x)=F'(x), To momxyumm

Kb)-Fa)=f(c)-(b-a)= F;(c) <(b-a) (asc<b);

4uTATENs Y3HAeT B 3ToM (opmyny Jlarpauxa [112] gna dyuxuuu
F(x). Takum 00Opa3oM, C OMOIIGI OCHOBHOM (opMyJEl (A) yCTaHABIH-
BaeTCA CBA3b MEXAY TeopeMaMu o cpenneM B aubdepenumansHoM H HH-
TErpajbHOM HCIHCIICHAM.

dopmyna (A) naer 3ddekTHBHOE W MPOCTOE CPENCTBO IJIS BBIYUCIE-
HHS ONpPEHEJIEHHOTO MHTerpaja oT HellpepbBHOH Gynkmun f(x). Bens s
pAna MPOCTHIX KJIACCOB TaKHX (GyHKUMI MBI yMeeM BBIpaXaTh MEPBOOO-
Pa3HyIO B KOHEYHOM BHJIE Yepe3 ajieMeHTapHble pynkund. B 3Tux cnyvasx
ONpENIeNIEHHbI HHTErpajl BEMHCIACTCS HEMOCPEACTBEHHO IO OCHOBHOM
dbopmyne. 3ameTuM JHMIIB, YTO Pa3HOCTH COpaBa OOBYHO W300paxaroT
cumBonoM F(x)|% («nBoitHas moacTanoBka ot @ A0 b») u GopMyny mumyT
B BHIE

)
[ oo dx=Feos. (A%
a
Tak, HampEMep, Cpa3y HAaXOMUM:
: +1p put +
xu+1 B+l qutl
1 Jx# dx = - #% —1),
) p+1la u+1 & )
a

b
=Inb-Ina (a=>0, b>0),

a

b
d
2) J-f=lnx
X
a

* Oty dopmyny wnaseiBaloT Takke @popmysoi Howmona-JTeibnuya.
Yurarenk BHIAT, YTO DpAaCCyXAEHMS 31€Ch BIOJHE AHAJOIMMYHLI TEM, KOTODBIMH
MBI TONB30BATACE B 264 Opr BbIYHCICHHMM OGyEKnuM P(x) u onomanu P. Cama

dopmyna (A) nerko Mmorma O ObITH TONyYeHA CONOCTABIEHHEM pPe3YILTATOR
nn° 264 v 294.
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3) J sin x dx= —cos x|2 =Ccosa—cosb,
a

b

Jcosxdx=sin xlz =sin b-sina
a

— pe3ynbTaTel, He 6€3 Tpyad MOJyYeHHsie HAMH B npenpiayineM n° [cp. mpaMeps! 1,)

k)] I

309. Ilpumepst. TlpuBeneM daibHEHIIME OPHMEPHI MCTIONB3OBAHHS (GOPMYNE! (A):

n

1
4 (a) fsin mx sin nx dx = 3 [

Lkl

n
. 1 sin 2mx
©) fst mxdx=— [x— ]
2 2m

! =0 (@=m)),

—-T

sin (m - n)x a sin (m+n) x]

m-n m-+n

+n
=n [cm. 267, 17), 18)).

-_T

—
AHaJOTHYHO
Fid
(B) Jﬁ sin mx cos nx dx =0,
-_—T
Fid
T Jcos mx cos nx dx=0 unu 7, CMOTpA 1O TOMy OyIeT NH n=m WIH n=m.
—n

5) HaiiTu 3HA4eHMs MHTErpanos (m, 7 — HaTypaldbHBIE YUCTA):

7'!

X,

()Jsm(Zm 1)xd

s x

sin nx
().[(sm )

Vxasanue. (a) U3 dopmynsi (2), nonaras B ueit a=0, h=2x u n=m— 1, MOXHO
BBIBECTH, 4TO

1 gt sin(2m—1
—+ Z cos 2ix=-(—,—lc.
2 2sin x

* IIpmdep 4) OpeabIyInero n° yxe He MoxeT OHTh HcyeprnaH Tak npocTo, 6o
COOTBETCTBYIOIMH Heompe/e/NeRHbIH HHTerpan B KOHEYHOM BHAE He BEIPAXAETCH.
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OTcroAa, Tak Kak OTHENBHBIC ClaraeMbie JIETKO WHTETPHPYIOTCS Ho dopmyne (A),
cpa3y noLy4aeTcs

(SR

Jsin @m-1)x i 7
sin x 2
0
(6) U3 dopmymnel (1), monarast a= - x, h=2x, HaligeM

L 1—cos2nx sin? nx
Z sin 2m— 1)x - ——————=
m=1

2sinx sinx °

Otcrona, eciyM MCHOJIL30BaTh npem,mymﬂﬁ pe3yIbTaT,

E
sin nx k24
j dx=n—.
sin x 2
0

6) BerMuCIHTE HHTErpai

dx
JVl-zax+a2V1—2ﬁx+ﬂ2’
-1

rae O<a, f<1.
Ecmu B dopmyne [283 (6%)]

b I
ax+E+V5 Vax2+bx+c {+C

dx 1
————=—1In
J Va*+bx+c Va
ax?+bx+c=(1-2ox+a2) (1-28x+52),
To, muddeperimpys, HaikmeM

OTOXIOCCTBUTE

ax+-g-= —a(l1-28x+59-F(1 - 2ax+a2).

OTcroga nerko BBIBECTH, 4YTO IPH x=1 BBIPAXCHHUEC, CTOALNEEC MO 3HAKOM norapmbMa,
NOJIYYHT 3HAYCHHC

- a1 =B~ B(1 @) +2Yaf(l ~o) (1 - f) =
= ~[Va1 - )~ VB - ]2 = ~ (Va~ VB):(1+Vap)*,
- (Vo= VB (1- VaB)™

Takum 06pa3oM, OKOHYATENBHO IS HCKOMOTO MHTErpaja MoNy4aeTcsi HPOCTOe BhIpa-

JKCHUC
o L+ VeB
Vﬂ 1-Yap

3aBUCAINCE TOJBKO OT HPOM3BENCHHS af*.

a IpH x= —1 3HayeHue

* Hamu BhIKNIaaxe G€3ymnpedHs! MUIOb [PH o =B, HO JErKO BHAETh, YTO Pe3yJbTaT
BEpPEH W npu o =f.
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3aMeTHM, YTO NP BbIBOAC OCHOBHOM (GOpPMyJibi HaM HA JeJie He ObUIO HanoGHOCTH
TpeboBaTh, ¥TOObI GyHKumsa F(x) 6buta mns f(x) nepBooOpa3HO B 3aMKHYTOM
npoMexyTke [a, b]. Omapasics Ha cneacTsue n° 131, noctaTo4uo G110 ObI NPEANOIOKHUTE
3TO AJIL O TKPBIT OT O NPOMEXyTKa (a, b), auws 661 moavko 1 na Konyax e2o GyHKyus
F(x) coxpansana nenpepuvisnocme.
IToaromy, HampuMep, MBI EMEEM MpaBo mucaTth [268]
a

P 1 a? .oXx
7 J Va*—x*dx=|= x}a*—x2+ — arcsin —
2 2 a
—a
XOTSl IpH Xx= ta BOMPOC O TIPOM3BOMHON HAWIEHHOM TMEepBOOOpa3HOM eie TpeboBal
OBl HCCIIEIOBARHS.
HekoTopoe 3aTpylHeHHE MBI BCTPEYaeM NPU BRIYHACICHUH HHTErpalia
11
. 1—p2
8) J — " ax (0<r<D),

1-2rcosx+r2
-7

na®

a
b
o 2

Tak KaKk Haiinemdas B 288, 13) mepsooOpaszHast

1+r x
F(x)=2 arctg | —— tg —
1-r ~ 2

HE WMEeT CMEICNa NMpH x = 7. OOHAKO CYIMECTBYIOT, OYEBMIHO, IIpEeIIbl

Iim F(x)= -=, lim F(x)=mx,
x-+n40 x=>n—0

U eci, Kak OObIYHO, NoNnoXHTh F(—7) w F(7r) paBEBIMH EMEHHO 3THM IpejeiaM, TO
dyakuusa F(x) 6yner He TONBKO ONpenesieHa, HO M HeNpPepLIBHA HA KOHLAX TIPOMEXYTKA.
IToaromy BCce Xe mMeeM

k21

l__ 2 i
T ix=F(&)| =F@)-F(-2)=2n
1-2rcos x+r? -
-7

9) AHaAJIOTMYHO BHIYHCIIAETCS W WHTETpas
n

2
dx

.[A cos? x+2Bcos x sin x+ Csin? x
k24

(AC— B*>0).

2
Mpi yxe umenu [288, 10)] BeipaxkeHue mepBooOpa3HOM

1 Ctgx+B
—— arctg ——,
Y4C- B2 YAC- Bt

7T b3
NPUIOAHOE IJISt = -E X< 7 OTcrona

F(x)=

n
z
dx 7
.[ : ——=F(x)|_*, ¢ =7—,
A cos?x+2Bcos x sin x-+Csin?x D Vac-B:
T
P
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7T L2
npuyeM 3HAYKA —E+ 0, -i-—O CHMBOJIM3HPYIOT HEOOXONUMOCTh 6paTh COOTBETCTBYIO-

mpe mpenesbHble 3HaueHus ¢yHxkmuu F(x).
10) Ecau npu BBIYHCICHWH HHTErpaia

1
xi+1

Jx84+1
0

dx

HUCXOIUTh U3 (OpMaIbHO BHIYMCIIEHHON NepBOOOpa3HOM

1 Ix(x2-1)
—— arctg —_—_—
3 xt—4x141

M IIOJICTABHTE Croga x=0 u x =1, TO LJIA HHTerpajia IOJIYyYMTCH HapalOKCaTbHOE 3Ha-
yepne 0 (MHTerpan OT MOJOXUTENbHONW GYHKIMA He MOKET MMETH HYJIEBOE
3HaueHue!).

OmubKka B TOM, YTO 3TO BHIpAXKEHHE HCIBITBIBAET CKa YO K NOPH X= V 2~ V§=xo .
Ecii nopo3Hb BBMHCIATE MHTErpansl oT 0 KO X, ¥ OT X, A0 1, TO NOJyYUTCS IIPABHIIb-

HBIR pe3yIbTaT
1

f -

0

Xo—0

0

11) Jlerko BBIMHCINTB, C IIOMOIIBIC IIEPBOOOPA3HBIX, MHTErpaibl
2

dx . 2
f——=lnx =In2,
X 1
1

1
. 1
= arctg x

FNEIE]

J X
1432
0

0

Ecmun BCOOMHUTH O CTPEMJICHUH K HHM COOTBECTCTBCHHBIX MHTCrpajIbHbIX CYMM, TO
MOXHO IOJIY4YHTDb, HAIIPHMEP, TaAKHEC NPCACIBbHBIC COOTHOLICHUA:

n+1 n+2 2n

n—-»oo

. 1 1 1
lim (-—+ + ..+—)=ln2,

li ! + ! + + ! z
m[———t——at . —ten=—.
n-oo\Ni+12 n3422 2n? " 4

310. Apyroii BLIBOA OCHOBHOH (POPMYJIBI. YCTAHOBHM TENephb OCITOBHYIO
dopmyny (A) npu Gonee obumx mpeamosioxenusx. Ilycrs dynkmua f(x)
HHTETrpUpyeMa BIOpOMeXYyTKe [a,b],a HenpepHBHAad B [a,h]
¢dyukuus F(x) uMmeeT f(x) cBoeil mpou3BoAHOM

F(x)=f(x) ®

noscoay B (a,b) nnum pmaxe JHIND MOBCIONY, HMCKJfOYass KOHEYHOeE
HUCIIO TOYEK.
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PazobseM nmpoMexyTok [a, b} mpousBosibHBIM 0GPa30M HA YaCTH TOY-
KaMH{

A=Xg<X{<Xg=<...<X;<Xpy1<...<Xp=b

[103a0O0THBUIMCE JUIIBL O TOM, YTOOBI B HX YHCJie OBIJIH BCeE Te
TOYKH, I'Zle He HMeeT MecTa cCooTHolenue (3), ecnu
TaKHe TOYKH ecTh]. OueBHUmHO, OyIEM HMETh

Fb)~ Fa) =i"=2—:mx,-+1) ~ Rx)).

ITpuMeHUM K KaXOOH M3 Pa3sHOCTeH, CTOANMX MO 3HAKOM CYMMBI,
(hopMyny KOHEYHBIX NPUPAIICHHH, — YCIOBHI U1 ee INPHMEHEHHS BCE
BBIMOJIHEGHEL. Torma mojydum

Rb)- Fa) =§F'(s,»)(xi+1 —x),

riae & ecTh HEKOTOPOe ONpeAeeHHOe (XOTsA HAM HE M3BECTHOE) 3HAYEHHE
X MEXZIAY X; U X;y;. Tak Kak s aroro 3uavenus F'(§) = f(§), To Ml
MOXEM HAIHCATH

Fb) - Fa) ="§:f(£,-)Ax,..

CrmpaBa HoJyyusachb MHTErpadbHas cymma ¢ 1 Gyukuumd f(x). Msl
TIPEITIONIOKIIA, YTO IUISL CyMMBI 0 npH A -0 CYLWIECTBYET OIpenesieHHbIN
mpezies, He 3aBUCSUIMH OT BbIOopa umcen &;. CrnemosaTenbHO, B YaCTHO-
CTH, HAlla CyMMa, COXpaHsIowas (IpH YKa3aHHOM BHIOOpE 3THX YHCEN)
ITOCTOAHHOE 3HAUEHHE, TAKXKE CTPEMHTCS K HHTCIPAITY, OTKYIa H BEITEKAET,
41O

b
Fb) - Fla)= [ 1(x) d.

B mpeapigyimieM n° MBI C ITOMOIIBIO OCHOBHOH (OPMYJIIBI BEIMHCIISLIH
onpeneneHHbli uaTerpal. Ho ona moxeT OBITH HCHONB30BaHA U B ApY-
IOM HaIIpaBJICHHH. 3aMEHUB B OCHOBHOH dopMyne b Ha x, a f(X) na F'(x),
MOXHO HalhcaTh €¢ B BUJIE

Fix)=Fa)+ | F'(t) d.

Takum o6pasoM, ¢ moMouipio mpenenbHoro mpouecca (nbo ompenesnen-
HBIA MHTErpaj €cTh I P € 1 e JI), Mo 3aJaHHoil HpousBomuoit F'(x) «Boc-
CTaHABJIMBAETCS» IepBooOpa3Has ¢yuxmsa F(x).

BrpoyeMm, 3TO mpemmonaraeT, YT0 NPOH3BOAHAS HE TOJBKO OTpaHH-
YEHa, HO M MHTErpHpyeMa B COIJIACHU C PUMAHOBBLIM OINPENEJICHHEM, YTO
OCYILIECTBJISIETCS He BCEr[a.

9 [, M. ®uxrenronsn, . I
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311. ®opmyast npuBeenasi. MbI BUJENH, YTO OCHOBHas (Gopmyiia NpH
GJIArONIPHSITHBIX YCJIOBHUSX Cpa3y JaeT 3HAYCHUE ONIPEEIICHHOTO HHTerpaa.
C pgpyroif CTOpOHBI, C e¢ MOMOIIBIO Pa3iIHiHbie G OPMYJI Bl M P HB e-
JEeHHS B TEOPUU HEONpEIeeHHBIX MHTErPAJOB NpeoOpa3yloTcs B aHa-
JIornuHble (GOPMYJIBI yXKe B OIPEIe/ICHHBIX HHTEIpajiax, CBOMISIUE BBHI-
9HCIICHHE OJHOTO OIpeJeNICHHOT0 HHTErpajia K BBIMUCIICHHIO APYroro (Bo-
o01ie Gonee mpocToro).

Mpbt uMeeM B BHY Hpexae Bcero GopMyiry RHTEIPUPOBAHHES IO TACTIM

fu dv=uv— fv du

u ec o6obmenue [270 (3) u (5)], a Taxxe Opyrie GOPMYIILI PHBEACHMS
[271 (6); 280; 287], yacTuuHO Ha HeH Xe ocHoBaHHble, O0urast popma HX
TaKoBa:

[769dx=g0x)~ [g(x) dx. @

Ecim obnacTeio mpuMeHenHs NMoOoOHON GopMynbl SBIAETCS NPOMEXY-
ToX [a, b], To eil B ONpEJENICHHbIX HHTErpajax oTBevaeT (opMyiia
b

b
| e dx =) - | ¢(x) dx. )

a
IIpu stoM Qyukumu f, g OyaeM cYHTaTh HEH P € P Bl B H Bl M U.
st moxasatenbcTBa 0603HaYUM TIOCIIEAHHH HHTerpal B Gopmyie (4)
yepes D(x). Torma

165

Z =@(x)

b
| ) dx = [9(x) - ()]

Tax kak, B TO € BpeMH,
b

| gy dx=0)f,

a

TO MHEL M NPUXOJMM K JoKa3blBaeMoil ¢opMyie.
B wactHocTH, popMyia UHTErPUPOBAHKA 110 YACTAM IIPUMET TEIePb BHI

b b
Judv=uwol’ - [vdu, 6)
a a
a o6o6bmennasn ¢opmynaa mepedieT B TaKyIo:
b b
.[uv(n-}-l) dx = [uk® — /o= |+ (- l)"u(")t‘] ‘Z +(- ])n+1J‘ #n+Dy dx; 0

a a
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IpH 3TOM IO-TpeXHeMy (YHKIAHM #, ¥ ¥ BCE BCTPEYAFOLIHECS WX IMPOH3-
BOJHBIE NPEMIONATaloTCd HEIN pEepHIBHBIM H.

®opMmyna (5), ycTaHaBIHBAION[As COOTHOIIEHUE MEXJIYy Y H CJIa MH,
MPHHOUNHANBbHO Ipouie GopMyItet (4), B KOTOPOH y4acTBYIoT ¢y H K I 1 H;
OHA 0COBEHHO BBITONHA, €CJIM NBOHHAs MOJNCTAHOBKA PAaBHA HYJIO.

312. Ilpavepsl. 1) BeIMHCIUTE BHTErPAibl

ki3 k14
2 3
- 7
Im= fsmm xdx, Jp= fcosm x dx
0 0

(UpM HATYpPaJIBHOM ).
HETErpupys Mo 4YacTaM, HaimeM

Ia
SR

T

Jin= | sinm~1 xd(—cos x)= —sinMm~1x cos x 24 (m-1) l sin™m=2 x cos? x dx.
0 .

—_—

0
JIBo#Has noAcTaHoBKa OOpAINaeTCs B HyNb. 3ameHsisi COs? x yeped | -sin? x, monyuum
Im=n~1)Jp_o=(m=1Jp,

OTKYoa pekyppeHTHas dopmyaa:

m—1
Im=-—"- Jm—e,
m

MO0 XOTOPOH HWHTErpain Jp nocjenoBaTenbHo IpuBoauTes x J, wian Jy. ViMenHo, npu
m=2n nmeeM

-1 4

~(2n—1)(2n—3)...3-1 T
T T 2n(2n-2).. .42 2

Jon= | sin? x dx

>

—_—

ecny xe m=2n+1, To

[STE)

) 2m.2n-2)...4.2
Jongy= JsmmﬂL1 xdx= .
@2n+1)(2n-1)...3.1
0

Takne ke TOYHO DPE3yNbTAThl TONYYAIOTCA ¥ A Jy,.

9%
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Jia Gonee KOPOTKOM 3alMCH HAMOEHHBIX BBHIPDAXKCHHH BOCHONB3YeMCS CHMBOJIOM
mi! *, Torna Moxno 6yner HamucaThb

” n (m-DIt =
id z ————.— TpA M YETHOM.
2 2 ml 2%
fsinm xdx= fcosm xdx=) (m-1N ®
———— OpH 1 HEYeTHOM.
0 0 m!!

2) Hoxa3arb GOpMyIb

)y

(@) fcosm x cos (m+2)x dx =0,
0

|a

1
cos™ xsin(m+2x dx= ———,
+1

©)

S

. mzn
sin ~—

1A

sin™ x cos (m+2)x dx ~ -

(®)

0

—_—

m+1

]

z ma
2 cos >
(r) fsinm x sin (m+2)x dy = ——
m+1
0

(rme m — 1106 0€ MOJIOXHATENBHOE YHCIIO).
PaccMoTpuM uHTErpai
k14
3
[cos;m +2 x cos (m+2)x dx
0

H N BaXAbl NPOMU3BCIEM B HEM HHTECTPHPOBAHME NO YACTIM:

k4

2
J(:os’"‘F2 x cos(m+2)x dx=
0

T

1 z
= - [cosm+2 x sin (m+2)x — cosm+1 x sin x cos (m-+2)x] |2 +
m-+2 o

ISTE)

1
+ - FZJ [~ (m--1) cos™ x sin? x -+ cos™m*2 x] cos (m-2)x dx.
m-
0

* HanomMuumM, uTO m!! 03HAYaeT HPOM3BEACHUE HATYPATBHLIX 4VCETl, HE IPEBOCXOIA~
UMX m M ONHOK C HEAM YETHOCTH.
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JpoiiHas moacranoska obpamaercs B 0. 3aMeHsds moj 3HAKOM WHTErpaia sin: x yepes
1 —cos? x, IpuieM K PaBEHCTBY

nf2
Jcosm t2 x cos (m+2)x dx =
0

72 72
m+1 .
= — - | cos™ x cos (m+2)x dx + J cos™+t2 x cos(m+ 2)x dx,
m+2
0 0

oTKyna u cienyer (a).
AHAJNOTHTHO YCTaHABIHMBAIOTCA OCTAJILHDIE PAaBEHCTBA.
3) BeryuciuTs (IpH HATYpPaNbHOM #) HHTETpalibi

K]

kL3

2 3

K= J cost xsinnxdx, Lp= J cos™ x cos nx dx.
0

0

Wurerpupys no dacram, GyaeM uMmerh
nf2
.1 . v
Kn=—— | cos" 1 xsin x cos nx dx.
n
0

Ecnm x ob6emM yactsam mpubasuts 10 Ky, TO npeobpasys BRIpaKeHHe NOI 3HAKOM
HMHTErpaja cnpasa, JIErKO MONMy4YHTh

1 1¢/1
2Kn=—+K,_, wm K,=— (—-!—Kn_l) .
n 2\n

ITo sTofft pexyppeHTHON boOpMyne Jerko yxe HaiTu

1 2+22+23+ +2"
"onti\t 273 T, )
Amajyoruuio
14
n ookt

4) Haiity muTerpan
1

Hym= “xk In™ x dx,
0

rae k>0, a m — HaTypajlpHOEC YHCIIO.
Murerpuposanne no yactam [cp. 271, 5)]
1 1
1 m o
‘ = e | xK In™M -1 x dx

. 1
xkInm x dx = ——— xk+11nm x
k+1 [+0 k41,
0

o

0

PHBOJMT K PEKYPpeHTHOH $opmyrne
m
Hym=———Hj m_1,
k,m P k,m—1

OTKYJa ¥ 1oJiyvyaercs
m!

Higmp=(=1)M e

k,m -0 G+ 1ym+1
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OcoBeHHOCTh 3TOTO MPUMEPa B TOM, YTO B TOUKe X =0 3HAaYeHUs KaK IOAMHTErPaib-
HBIX QYHKUHH, TaX ¥ GyHKIMH 110 3HAKOM NIOJCTAHOBKH ONPEAENISIIOTCH KaK 0P € 1 € Ji b-
HBl¢ npua x—~+0.

5) o dopmyne (I1I) n° 280 numeeM (cuATas p H ¢ HATYPAJIBHEIME IUCIIAMM)

(1 -x)Pxg+1 P

p+q+1  p+g+1

f (1 - x)Pxd dlx = f (1 - )P~1x4 dx,
4TO UpH MEPEXole K ONpENEIEHHBIM HHTEerpanaM B npoMexytke oT 0 mo 1 naer
1 1
p
[(1 —X)Px dx = mf(l —x)P—1xq dx.
. prqg+1
1] 0

[1oCIeAOBATENBHO NPUMCHAR 3Ty (QOPMYJIy, NOIYYUM
1 1

Jj(l—x)pqux: p(p-1)...1 '

x93 dx
; (p+q+1)(p+q)---(q+2)6

# OKOHYATEIIbHO
1
[ (1 —x)Pxqdx=

0

plq!
(p+q+1’

6) Ecnu B gopmynax (IV) n° 287 npH HaTypaJbHBIX & B v IEPEHTH K ONPEACICHHEIM
HHTEerpajiaM, TO, HCIONB3Ys Pe3ylbTaT mpAMepa 1), MOXHO MOIy4HTH Gonee obmiyro
dopmyny

n -M(p-DI
kS — . (IpH YEeTHBIX M W ),
- v+ 2
sin® x cost x dx =) (p— D(p— DN
——————"—  (BO BCex MPOYUX CIIyyasx).
0 »+m

313. ®opMy.1a 3aMeHbI IEpeMEHHOH B ompeJie/ieHHOM HHTerpaje. Ta ke
ocHOBHAS QopmMyna (A) MO3BOJUT HAM YCTAHOBHTD IIPABMIIO 3AMEHBI HEpe-
MEHHOM [0 3HAKOM OIPENeJICHHOr0 HHTEerpaJa.

' b

IIycre TpeOGyeTcs: BBIMUCIUTE HHTETpall f f(x)dx, roe f(x) — wHempe-

a
puiBHas B mpoMexyTke [a, b] Gynxuus. ITomoxnm x =¢(t), moaduEuB QyHK-
o @(t) ycIoBHAM:
1) ¢(t) ompenenena ¥ HempepsBHA B HEKOTOPOM IPOMEXYTke [a, f]
¥ He BBEIXOOMT 3a TMpeleNisl NPOMEXyTka [a, b] ¥, Xorma ¢ u3menserca

B [a, B;

* MoXeT CIyYuThCs, 4TO dyHKumA f(x) ompeneneHa W HempepslBHAa B Oosee mupo-
KoM, yeM [a, b], npomexyTke [A4, B], TOrAa HOCTATOYHO MOTPEOOBATH, YTOOB! 3HAYEHNUA
p(t) HEe BHLIXOOWIN 3a Tpeneis! mpomexyrtka [4, Bl.
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2) p(2) =a, p(B)="b;
3) cymectByeT B [, 5] HenpepsiBHas mpousBomHad ¢'(f).
Torga uMmeer Mmecto opMyna

b 3
J @y dx= [ rpo)g@y d. ©)

BBuay NpenoyioXKeHHOH HEMPephIBHOCTH IIOAUHTErPANbHBIX GYHKIHUIL
CYILECTBYIOT HE TOJIBKO 3TH OIpEHACIICHHbIE WHTErPaibl, HO U COOTBET-
CTBYIOIIIME UM HCOIPEICNICHHbIE, U B 0GOMX CIyYasX MOXHO BOCHOJb30-
BaThCsi OCHOBHOI dopMynoil. Ho ecmu F(x) Oymer omuoit u3 nepsoo6-
pasHbIX Ui mepBoro mubdepenimana f(x)dx, To dynkmus O(t) = F(qp(1)),
KaKk Mbl 3HaeM, OyleT mnepBooOpazHoil s BTOporo muddepeHnmaia
S(@(t))g'(¢) dt [cp. 268]. ITosTOMy MMEEM OXHOBPEMEHHO

[ 10 dx = F®) - Ft@)

B

| (@)@ () di=D(B) - @) = F(9(B)) - F(9()) = Fb) — Fla),

@€

OTKyIa M BBITGKAaeT OKa3bIBaEMOE DPaBEHCTBO.

3aMeuyanue. OTMETUM OOHY BaXHYH OCOOEHHOCTH GopMyisl (9).
B To BpeMs Kak Ipd BBIMMCJIEHHH HEONPENENEHHOTO MHTerpaja ¢ Io-
MOIIBIO 3aMEHBI IIEPEMEHHOM, NOMYYNB UCKOMYIO (YHKIMIO BBIPA)KEHHOH
4yepe3 MEPEMEHHYIO f, MBI JOJDKHBI OBUIM BO3BpamIaThCs K CTapoil mepe-
MEHHOH X, 31€eCh B 3TOM HeT HagoOHocCTH Eciu Beukcied
BTOPOH U3 ONPEACIICHHBIX UHTErpanoB (9), KOTOPHIHA MpencTaBiseT coboi
YHUCJIO, TO TEM CaMbIM BBLIYHCIEH U IIEPBBIMA.

a
314. Ilpumepsi. 1) Haiinem L{H'rerpa.TIJv‘l/az—x2 dx C NOMOIUBIO TMOACTAHOBKH
0

T
X=asint; poab o 1 f 30ech HIPArOT 3HayeHus 0 u R Hmeem

a /2
J Va2 - x* dx = a® Jc 2tdt il H_sin 20\ [ _ma®
— - oS - g =
2 2 0 4
0 0
[cp. 268).
2) Boob1te npH 72 HaTYPAIBHOM C IIOMOIIBIO TOH ke MOACTAYOBKH TIOTYYHM
a . /2
2n
J(az— XN dx = amHJ cos?itltdt=q+1l
@2n+ 1M

0 0
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[em. (8)], u ananoru4HO

[ T e @D T
2n!! 2

(=3

3 JV_?EZ

IloncranoBka x=asec t; npeneraM a H 2a TEepeMEHHOU x OTBeyaroT mpeneinsl 0
¥ 7/3 nepemenHoit f. Haxonum

7/3

1 sind3 ¢ |#/3 3
~fsxn2tcostdt —[
@ 3 8a?
4) PaccMOTPUM HMHTErpall
T
xsin x
— dx
1+coszx

0
TloncranoBka x=m—¢ (rae ¢ w3mMeHsaeTcs oT a0 0) NPUBOAMT K PaBEHCTBY

T T
xsinx (m—1t)sint
x=
1+cos? ¢ 1+cos?¢
0 0
WM
T T k4
xsin x sin ¢ tsint
x=m t
1+cos? x 1+cos?t I+costt

0 0 0

Ilepenecs nocienHuii WHTErpan (B KOTOPOM BMECTO ! CHOBa MOJXHO HAIHMEaTh X) Ha-
JIeBO, TOJiyYaeM

n n
xS x T sin £

T k3 v
—— dx=— ————d=———arctg(cost)! =—
14cos?x 2J 1+cos?t 2 o

0

0

‘Cp. muxe 11), rae stor npumep Oymer 06061eH.
1
Fln (14 x
5) Brvyuciuth HHTErpan J= J ——(————)dx.

14x2
0

T
TloncranoBka x=tg@ (r,ue @ usmeHsercs ot 0 1o Z) OEPEBOANT €ro B
n{d

fln (1+tg@) dp. Ho
0

V2sin (%ﬂv]

cosgp

T+tgp-=



314j § 3. BBIYUCJIIEHUE OMPENENEHHBIX UHTEIPAJIOR 137

TaK 4TO
{4

nj4
2 fl in [Z49p|dp— [1ncospa
=—In2= |Insin |— - co .
8 | 3 7] par
0 0
Tak xak 00a uHTerpaja paBHBl (HanpHMeEp, BTOPOM NPUBOIUTICH K MEPBOMY MOACTAHOB-

T T
Kol <P=Z~l/’, OPHYEM ' H3MEHSETCA OT Z no 0|, TO OKOHYATEILHO

T
J=—In2.
8
1
arctg x
3aMeTuM, ¥TO TO )K€ 3HAYEHHE HMCET U HMHTErpal f dx, B 4eM JErKo
X
yOenUTECS MHTETPUPOBAHUEM O YACTAM. 0
6) YCTaHOBHUTB, YTO
1 /2
rarctg x 1 ¢
dx=— f -
X 2 Jsint
0 o

t
Vxaszaune., IloncTanoBka x=tg o
7) Ilpeobpa3oBaTe OAMH B APYTrOifl MHTErpalbl

b4 b d
- do
f(x+ }’xZ—ICOS(p)”dq;:f s
b B (x=Vx2—1cos 6)n+1

cyntasg x>1 M # — HATypaJLHBIM.
OTO0 nocTHracTcs myTeM mpeodpa3oBaHus MEpeMEHHOM no dopmyne

(x+Vx*=Tcosp)(x—Yx2—1cosB)=1.

- Vx2~1+xcos8

x=Yx*—1cos 6

Otcrona
cosp=
OpUYCM BBIPAXKCHUE CIipaBa NO aOCONIOTHONH BEIAYMHE HE TPEBOCXONMT ENHUHMUEI,

H Xaxzomy 0 B mpomexyTke [0, ] OMHO3HAYHO OTBEYAET HEKOTOPOE @ B TOM € poMe-
xkyTke. IIpn 6 =0 wm 7= Takxke H ¢=0 wm 7. Vimeem

. sin 6 46
sing dgp = —— oo —
(x— Vx2~1 cos 6)?
4 Tak Kak
. sin 0 de
S @ = ————————— TO d(p P

) T T
x~}x2—1cos b x=Vx*—1cos#
TAK UTO OKOHYATEIIHHO
do

(x—Vx*—1 cos 8)™! ’

{(x+Vx*~1cosp)dp =

OTKyJa M CIIEAYeT TpcOyeMOoe DPaBEeHCTBO.
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[3amerum, 4TO 00a MHETerpaia (C TOYHOCTBIO 10 MHOXUTENIS 7r) BBIPAXAIOT H-H
muoroured Jiexamapa Pnp(x), 118, 6).]

8) KakoBa 6n1 HE ObUla HempepbiBHas B mpomexytke [0, a] (a>0) dynkmusa f(x),
Bcerga

ff(x) dx = j{f(a—t)dt
0 0

1

(noacranHoBka x=a—1, a=t=0). B YacTHOCTA, Tak KaK COS X =Ssin (E—x) , TO OpH
moboii HenpepeiBHO# dyHkiuu F(x) Gyner
/2 n2
J F(sin x) dx = J F(cos x) dx.
0 0

9) Iycts f(x) HenpepbiBHA B CAMMETPHYHOM mpoMexytke [—a, al (a>0). Torna
B cllydae e THO MW Oyakmun [99, 25)]

a a
[redx=2 [ e a
—a 0
a B ClIydac HEYIEeTHOH

a
J f(x) dx=0.
—a
a 0 a
B o6oux ciaydasx vHTerpa j APEICTAB/ISETCA B BUJE CyMMBI HHTErpAJioB J + j

—a —a 0
M K IEPBOMY U3 HHX MNPHMCHACICH NOICTAHOBKA X = —!f.

10) ITycTh MMeeM HeNpephIBHYIO MEePpHOAMYECKY 0 (yHKIMIO f(x) ¢ mepHo-
[IOM (v, TaK YTO mpH JIEOOOM Xx: f(x+ w) = f(x). Toraa B J1 10 O bl X TIPOMEXYTKax ¢ AJIM-
HOIT (, PaBHOU HEpPUHOAY, MHTErPAT OT 3TOH (GyHKIMH UMEET OOHO H TO JKE 3HAYCHHE

atw o

J f() dx= j £ dx.
a 0

atow 0 [} at+ow
,u.l'[ﬂ JOKa3aTeJIbCTBa pa3jiaracM: J == [—l'j + J ¥, NpUMCHAsA X TPCThEMY

a a 0 w
MHTerpalfy cupasa MOACTAHOBKY X = !+, YOSKIAEMCs, YTO OH JIMIIbL 3HAKOM Pa3HUICA
OT MEPBOrO.
11) Jdoxasarp, 9To

n b

f xXf(sin x) dx= % [ F(sin x) dx,
0 0

rae f(u) — mobas wenpepbiBHas B npomexytke [0, 1] dyHxums.
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Vikaszadue. Bocnons3oBaTbCsl MOACTAHOBKOW Xx =71 —f.
12) Hokasartb, UTO

2 n

0 0

roe ¢(u) — Jrobas GyHKUMS, HEOpepblBHAS A ]u[s]/zﬁ:{jl;f.
Onpenenss yron o COOTHOIMEHUSMHU

a . b
Cosor=——, sina=

Va2 +b2 Va2 + b

’

HMeeM o
acosf-+bsin 0 = Va2+b‘= cos (0 —a).
B cuny (10) MOXHO HamHcaThb

2n a4
nqp(a cos8+bsin 8) db = f @(Va*+b2 cos (8 —) do
5 o&—7

WY, eCMM TMONOKUTL 6 —a=A B MCIONB30BaTh 9),

7 n
[o VT cos ) di=2 o Va5 cos 2) an
T 0
13) Hoxazatb, 4TO
/2 72
f g(sin2u)cosudu= J g (cos?v) cos v dv,
0 0

rae g(z) — mobas HenpepeiBHash QyHKUMs OT z B mpomexytke [0, 1].

72 afd nj2
TIpeacTaBHB TMEpBHI MATErpajg B BHAE CYMMBI  HMHTErpajgoB J = J + f,
0

0 /4

a
OACTAHOBKOM u=—2——u' NPUMBOAMM U BTOPOM M3 HHX TOXe K mpomexyTky [0, /4]

H nojIy4aem
n/4

fg (sin 2u)(cos u+sin u) du.
0

3neck MbI [€naeM 3aMeHy MepeMeHHOM, MCXOAs M3 COOTHOWIEHHs sin 2u=cos® v
BospacTanuio & oT 0 10 n/4, oueBunHO, oTBeYaeT ybuBanue v ot 7/2 no 0. Huddepen-
mMpyeM cos 2u du= —sin » cos v dv; y4uTHIBasl, 4TO

cos 2u= YT —sin? 2u=}/1-costw=sinv}/1+costv

1+cos? v=1+2sin u cos u=(sin u+cos u)?,

HaXOAUM OKOHYATEIbHO
(sin u+cos u) du= —cos v dv.

Temepb yxe HETPYAHO HOMYIUTh TpeOyeMblii pe3ynbTart.
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14) B 3ak/moyedue pepHeMmca K uHTerpaimy IlyaccoHa

I(n= J‘IH (1-2rcosx-+r?)dx
0

[cp. 307, 4)]. MBI yxe 3HaeM, 4To HpH |r| = 1 moguHTEerpanpHas (QYHKUHS HEIpephIBHA
M HHTErpasi CyuiecTsyeT. Mbl HAHOBO BBHIMHCIHM €ro C IMOMOMIBIO HEKOTOPOTO MCKYC-
CTBEHHOro0 IIpHEMa, B KOTOPOM 3aMeHa MNEepeMeHHOU OymeT Wrpath CyIEeCTBEHHYIO
pOb.

3aMeTHM MpeaBapUTeNbHO, YTO U3 OYCBHIHBIX HEPABEHCTH

A - |r2<l-2rcosx+r=(1+|r|),
norapuMHpyst ¥ 3aTeM HHTerpupys ot 0 Oo 7, momyyaem (upu |r|<1)
2zin (1 - {r))=<l(N=2zln (1+[r]).

Otcroma sceo, 4o mpa r—~0 u I(r)~0.
PaccMOTpHM TENeph HHTErpait
n

K-n= fln (1+2r cos x+r?) dx.
0
Fcny B 3TOM HHTETpasie MOJIOXHUTh X =7 — f, IPAYEM ¢ H3MEHACTCS OT 77 40 0, TO OKa-
KETCH, YTO
0 n
(-r= Jln (1427 cos (7w~ 1)+ 1?) d(z—1) = fln (1 -2r cos t+2) di =I(r).
n 0

B Takom cnyuae
n

200N =I(r)+I(—r)= J In [(1 —2r cos x+ r3)(1 +2r cos x+- r2)} dx
0

Wik
n

21(r) - fln (1 - 21 cos 2x+ 1) dx.
0

IMonaras x=1t/2 (roe t meuserca or 0 g0 27), MOIyIMM

2n n 2n
1 1 1
21r=——f1 1-2r2 cos 1+ r4 d:=—f+—f.
(r) 2 n(1-2r ) 3 >
0 (1] n

IMocnenuuii M3 MONYYEHALIX MHTErPAJIOB MOACTAHOBKOH f=27 —u (THe 4 MEHAETCH
oT = g0 0) IPMBONMTCA K MEPBOMY, TaK 4TO y HAC MOMYY2ETCs

1
2I(r)=1(r?), orkyma I(r)= 3 I(r?).
3aMeHAd 37eCh r Ha r* W T. 1., JErKO NOMydHuTh OOuIyro (hopmyiy

l(r)=51;1(r2") (n=1, 2, 3, ...)
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Tycts Temeps |r| <1, Tak uto r2* ~0 pH 72—~ e} TAK KAK NPH 5TOM (Corstacio 3ame-
yanuio BHadane) I(r2")~0, TO JOJIXKHBI HMETh TOXJE€CTBEHHO

I(n=0 mprn |r|<l.

JIerxo Tenepe BBIYHCIMTB ITOT MHTerpand u mpu |[r|>1. B camom pene

1 1
1-2rcosx+ri=r2 (1 —2.—.cos x+—)
r r2

1 1
In(Q-2rcosx+r)=21In |r|+n (1—2-—-cosx+—;’ >
- e

TAK 4TO, HHTIErpupyst oT 0 A0 71, OGyaeM HMETh
.
[)=271n | 7| +1(—) .
r

1
Ho, no mpemsinymemy, I (—) =0; cnepoBatenpHo, MpH |r| >1 nmeem
r

I(ry=2nIn{r|.
Te xe pe3yapbTaThl MBI MOIYYdid u B 307.
315. ®opmyna I'aycca. IlpeoGpazoBanse JIanaena. B kauecTBe ee OAHOTO MpHMEpPa

HA 3aMEHy TIEPEMEHHOH pacCMOTPHM 3aMeyaTelbHylo ¢OopMyiy, YCTAaHOBJIIEHHYIO
Tlayccowm (C. F. Gauss) mia npeoOpa3soBanua MHTErpana

/2

G- | d
0

—_—  (a>b=>0).
Va? cos? p+bEsinz g

TlonoxuM 3aech
2asin 0

@@ b0’

JIETKO BUAETh, UTO IpH m3MeHeHHH 0 oT O 7o 71/2 U @ pacteT B Tex xe npegenax. Jud-
depenupyem

sin g

(a+b)—(a—b)sinz 0
cospdp=2a - cos 8 d9.
[(a+b)+ (a—b) sin? 0]2

Ho
V(a+b)*—(a~b)2sinz 0 o
= 0s 8,
(a+b)+(a—-b)sinz 8
TaK 410
B (a+b)—(a—b)sin2 0 do

dp=2a

(a+b)+(a—b)sin* 8 V(a+b)>=(a—b)? sin® 0 '
C Apyroit CTOpOHBI,

(a+b)~(a—b)sin® 0
(a+b)+(a—b)sinz 9

Va* costp+bisintp=a

M OKOHYATeJbHO
do de

[a® cos? g+ b2 sin® a+by?®
Va 7 7 V ( —2—) cos? 8 |-ab sin® 6
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atb
Ecnu nonoxure a, = - b, =VYab, To
/2 /2
d de
. -
; Vat costp+b2sintgp ) Vaf cos® 6+b]sin® 6

OT10 W ecTb gopmyara aycca.
IIpuMenss 3To Npeobpa3oBaHne NOBTOPHO, MONYYAM, YTO
/2
- d
G- | d — =1,2 3.0,
Va2 cos? -+ b2 sin* @

ra¢ BAPHAHTLI an, bn OnpeQCATCA PCKYPPEHTHBIMH COOTHOIIEHUSAMHU
an_,+ bn_ 1
an=——2———-, bn= van_lbn_l.

Mzl yxe 3naem [35, 4], 4TO 3TH BapHAHTH! CTPEMATCA K HEKOTOpOMY OOIIeMy Ipejely
u=p(a, b), KOTOPLI MBI HA3BAJH (CPETHUM aPHPMETHKO-TEOMETPHYECKUMY YHCET 4 H b.
W3 nerko mosyyaemplXx HEPABEHCTB

nepexoAs K Upeneny, HaXOAWM Tenepb, YTO
=a/2u(a, b), ortkyna (a, b)=n/2G.
Takum 06pa3oM, Kaxaoe U3 Yucen G M y MPOCTO BbIPAKaeTCA OHO Yepe3 Apyroe.
TTycte, HanpuMep, TpeOyeTcs BBIYHCIATL HHTErPas
/2 /2
de

J‘1/'1+cos26 !V200320+sin26.

3nech a= Vf U b= 1; BapuaHTsl a, U b, , ONpe/ieICHHBIE BhILIE, CTPEMATCA K &£ O BICT P O:
yxe a, u b, 06a npubmxeHHo paBHbl 1,198140, 1 MOXHO £t TIOJIOXHTh PAaBHBIM ITOMY
yucny. Toraa nojyuyaem NpHOIHKEHHO

G~—— 1,3110288.
2u

O6paTtHo, unTerpai G OPUBOJAUTCA K HNOJTHOMY * IJUIMOTAYECKOMY HHTEIrpaiy
TIePBOTO poja
n/2 Iprars
1 d\ | at- b
UL . ,_K(l_)

a et a a
1- sin? ¢
aZ
[

0

U JIErKO MOeET OBITH BBIYHACIICH N0 TEGHHHBM; a yXe OTCroaa Mnoay4vyaeTcs (.

* TlonubBIMH HasbiBalOT uHTerpainsl F(k, ) u E(k, ¢) JlexaHnapa [293,
305] mpu ¢ =t/2: B 3TOM cilyyae B HX 0003HaYeHNH OGBIYHO OIYyCKAIOT BTOPOR apryMenT
u oumyT K(k), E(k). Jns MOMHBIX MHTErpanoB CyILECTBYIOT OCOOBIE Tabmuib.
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PaccMoTrpum TeNeph NOJNHBIA AIIANTHYECKUHA HHTErpajl IIEpBOrO poza
/2

K(k) = _[
V1- k2sin?p

np4 J000M 3HaYeHMH MO AY I k OH moiydaercs U3 G NpH
a=1 wu b=)1-k=k'.
Kenas npumenuTs K HeMy Gopmynmy [aycca, BBYHCISIEM NPEXAE BCETO

1+ YT-k 14K

a =L, bh=VE,
1 2 2 1 V
3-bf 1-k 1
k1=—v—a‘——‘-— o, —=ltky,
a, 1+k a;
TaK 4TO
n/2 /2
d.
=
B VI-kesinzep ]/1 k%sin? 0
U

K(k) = (1 +k)K(ky).

Orta dopMyna, paprocwibHas ¢opmyne I'aycca, Ha pene Obuia moayyeHa no
I"aycca ¥ IpeacTasiseT YaCTHBIM Clyyal Tax Ha3bIBAEMOTO npeobpasosanun Jlandena
(Landen). ITocnenoBaTensHO IPHMEHsAS €€, MOTyYHM

K& =1 +k)(1+ky). . .(1 +kn)K(kn),
roe BapHanT k, ONpeneNseTcs HHAYKTUBHO

kn:l-vl—kg_,

TaKk 4T0 O<kn<1u kn<k,_,, yeM obecneunBaercs 6 b1C T p 0 € cTpemiieHHe kp k 0
npH n—~e. B TO *ke BpeMs

n/2 nf2 ~
d. 1 1-V1-£k2sin? n 1-}1-k2
0<K(kn)—£=j-—(p_ﬂ—_J a0 P el 4 "
2 V1-kisinfp 2 ; V1-kZsinze 2 Yi-w
T
OTKyHa K(kn)»z NpH n—~o W, HAKOHEII,
7
K(k)=3 lim (1 +k)(1+4kp). . .(1+kn). 10)
Avco

Ha aToM OCHOBBIBaETCSI METOH NPHOMMKCHHOrO BBIYMCTIEHHs uHTerpana K(k), KoTopsli
— Ipu JOCTATOYHO GONBIIOM 7 — TIONPOCTY TOJAraloT PaBHLIM

K(k)ﬁ% A+k)A 4k (14 k).

316. JApyroii Bemox dopMy.ssl 3aMeHbl NepeMenHol. MBI nanum Tenepnb
Ipyroit BeBoJ (opMyIbl (9) MpH U3MEHEHHBIX HPEAMOIOKECHUSIX.

Ilpexne Bcero (4 3TO — caMoe BaXHOE) MBI He CTaHEM Ipelrojararth
¢bynknnio f(x) HempephIBHOM, a TOJBKO JIMIIL HHTETPHPYEMO I
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3aro oT GyHKIMHA @(f) MBl JOHOJHUTEIBHO MOTPeOyeM, 4TOOBl IPH U3MC-
HEHHM ! OT & JO f OHA MepeXoJHya OT 3HaueHus a=q@(x) K 3HAYCHHIO b=
=p(f), MOHOTOHHO H3MEHICh.

JI1 OpeleNeHHOCTH HONMYCTHM, 4TO d<b H oo<f, Tak 4To (QyHKUMS
@(t) MOHOTOHHO Bo3pacTaeT.

Pazo6beM mpoMexyTok [«, 8] IpoU3BOJIBHO HA YACTH C MOMOIIBIO TOYEK

a=l<li<lh<...<hi<lpgg<... <t,=p;
ecnu mosoxuTh X;=@(t;) (i=0,1,2,...,n), TO OIHOBPEMEHEO OyIeM
HMETh
A=Xg<Xy<Xp=<...<X;<Xiy1<...<Xp=D.

Ecnu mauGoneiuas uz maaun At =t —1; (0603HauuM ee uepe3 A) crpe-
MHTCA K HYJIO, TO BBUIY (pPaBHOMepHOH) HENPEPHIBHOCTH (GYHKIMH X =
=g@(t) To *e OyAeT CHpaBeUIMBO OTHOCUTEIHEC HauOoJbIIeH U3 IIMH
Ax;= X1 = X =@(ti31) —(t;) [om. 87].

BosbMeM Temepb MO MPOMBBONY YMCIO 7; B KaXIOM IPOMEXYTKE
[#;, t;;1] ¥ cocTaBEM UHTErpaNbHYI0 CyMMY IJI1 BTOPOTO 13 MHTEI-

panos (9)
o= ;’f(w(fi))qv’(ﬁ) At

MonoxuM &;=¢(T;), Tak 4T0 X;<&;=<x;,,. Bcom x dynxumwmu ¢(r) B npoe-
MexXyTke [t;, t;1;] TpuMeHuTh GOpPMyJIy KCHEYHBLIX IPHPALICHWH, TO TiO-
JTY9UM

.
Axp= X140 = X =(ti1) W) =¢'(T) At;,
[lie TakkKe t;<T;<Il;;, HO T; (HAM HE M3BECTHOE) BOOOLIE OTJIHYHO OT
HayZauyy B3STOro 3HAYeHMs T;. BMecTe ¢ TeM HHTErpajbHOM CyMMe IS
NepBOro U3 Mmrerpayios (9)
5= 3 1) A
i

TENePb MOXHO NPUAATH BUI
0= ‘Z'f( P(7)) @' (T) 4t;.

Orta cymma mpi A-0, 04eBUIHO, MMEET CBOMM NPENCIIOM HHTErpal
b
j S(x)dx. Jna Toro 4roObl MOKa3aTh, YTO K TOMY e HpPEAEIy CTPEeMUTCA
a
U CymMMa O, JOCTATOYHO YCTAHOBHTb, YTO Pa3HOCTh O —O CTPEMHUTCA K
HYJIIO.

3aaBIIMCh MPOM3BOJILHBIM 4uciaoM &>0, BBUXY (paBHOMEPHOI) He-
HPEPLIBHOCTE QYHKIMY @'(?), MOXHO HaliTH Takoe O >0, 4ToObl Ipu A<
BBINOJIHAJIUCH HEPABEHCTBA

lo'(7) —¢'(T)| <e
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fcm. 87, cnencteue]. Torma
|‘7 - 0| s;'lf(q)(":i))l 9" (%) —@'(T) | i< L(B — e,

eci depe3 L 0GO3HAYHTH BepXHIOW rpanuuy mis [f(x)] # cymmy At
3aMEHUTh vYepe3 f§—o.
b
Temeps sicHo, 4To mpH A—0 CyMMa ¢ CTPEMHTCS K Hpelery I f(x)dx,
g a

a 3TO 3HAYMT, YTO CYIUECTBYET HHTETpal f S(@(1))g'(t) dr u mmeeT MecTo
-3
dopmyna (9). JlokazaTeqbCTBO 3aBEpPLIEHO.
3ameganue. IlogiepkaeM 0co60, 4YTO HA OCHOBAHHHM JOKa3aHHOIO
MPOCTHIE U YacTO IOJe3Hble (GOPMyYNBI, YCTAHOBJICHHBIE B YNPaXHEHHAX
8), 9), 10) n° 314, pacnpocTpansrorcs Tenepb Ha CiIydail Joboil HHTe-
rpupyemMoi oyakmmn f(x).

§ 4. HekoTopsle npniioxkeHus onpe/ie/eHHEIX HHTerPajioB

317. ®opmyia Bammca. 13 dopmyser (8) n° 312 slerko BBIBECTH 3naMeHUTYIO dop-
Myny Bamamca (J. Wallis).
Ipennomaras 0<x<m/2, UMeeM HEPABEHCTBA

sin2+1 x <sin? x <sin?—1 x,

IIpouHTErpUpyeM 3TH HEpaBeHCTBAa B NpoMexyTke oT 0 no 7/2:

/2 nf2 /2
J‘sini""i'1 x dx< fsin”' xdx< fsm-" 1 x dx.
0 0 0

Ortcrona, B cuny (8), HaXOOHM
2nl! (Zn— Nt = (2n )1
Q2n+ 1)" 21 2 (2n -1

RO

2n1 n w21
[(Zn— 1)"] 2n+1 E([(zn— 1)!1] "
Tak xax pa3sHOCTb MEXIY ABYMsl Kpa#EMMH BBIPaKEHUSAMH
1 2nt 12 1 =n
2n@n+ 1) [(Zn—l)!!] T
OYeBHIHO, CTpeMUTCH kK 0 NpH n - o, TO 71/2 sBNsAeTCA UX OOWWMM DpenesioM. Utax,

n 2nt 12 1
= lim [ ] e —
2 pew Q@n—-DN) 2n+1

L 2.2.4.4 ... 2n-2n
—= 1 .
2 pewl1e3:3.5...Q2n-1)-2n+1)

710 H ecth opmysa Baaauca. OHa MMEET HCTOPHYECKHHI MHTEPEC, KAK MEPBOC
MIPEACTABIICHHE YHCIIA 77 B BUAE MPENesIa JIETKO BBIMHCIAEMON panuoOHANbHOM BapHAHTHI.
B TeopeTHuecKEX HCCIENOBAaHHAX €O MOMB3YIOTCA M cedyac [cM., Banpmmep, 406).

10 T. M. ®uxrtesronsn, T. 11
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Jlns npnbIyiKeHHOrO BBIMHCIIEHHS YMCIA 7 TENEPh CYIECTBYIOT METOABL, ropasso 6onee
6uicTpo Beaymue K uenu [410].

318. ®opmyaa Teiinopa ¢ AoNOMHATE/LELIM wWieHoM. IlonoxuMm B 060SuIeHHOM
dbopmyne unTerpuposanusa no vactsm (7) [311] v=(b—x)". Torna
v=—nb-x)""Y, " =nn—1DG-x""2, ...,
M=(-Dnn-1)...1, L+Y=0;

npa x=»5b Bce GyHKUMHR v, v', ..., YN~ obpamarorcs B HyIb. IlONb3ysACk Oas u, u',
17

u”’, ... dynkunonanbHeiM o603HaueHHEM f(X), f(x), f/(x), ..., nepemnmeM (7) B BHIe

1
0=(-1)n [n! £B)~nt f(@)—nt f@)b -a)— '2i| @ b-a)— ... fOXa)b- a)"] +
_ i b
(=1 Hj JO+0((b - )" dx.

Orcrona noayvaerca ¢opmyna Telinopa ¢ DONONHUTENLHBIM YJIEHOM B BMIE
OIpeIeIIEHHOr0 MHTErpaia

b
- a)n+—f ()b - x) dx.

a

f(b)=1a >+f~(~l(b— >+f()< —at .t (“)

ITepexons k obo3HauennssM nn® 124 — 126, 3aMeHuM 37€ech b yepes X, a uepes X,:

) =)+ ,,<,02( _ 0)+f O gt o )( Q)

(x = xp)"+

+lf [ — 1) .
n!

Hosoe BLipaxeHne Uit AOMOJIKUTENLHOTO 4ieHa, B OTJIHYHE OT H3y4yeHHbIX B 124
n 126, He COOEPXUT HUKAKMX HEHM3BECTHLIX YMCEI.

Ecnu yrogHo, u3 3TOr0 BBIPAKEHAS MOXHO ObUIO Obl BBIBECTH M YK€ 3HAKOMBbIE
HaM (GopMbl JONOHATENBHOTO WieHa. Hanmpumep, BOCDONL30BAaBIIMCH TEM, YTO MHO-
KATENL (X — 1) NOAUHTErpanbHON GYHKIMH He MEHSIET 3HaKa, MOXHO ITPHMEHHTH K IO-
cnenHeMy uHTerpany obofuiennyio TeopeMy o cpeasem [304, 10°]

] )
’%j SN ) (x — 1) dr = —-f(n+1)(c)J(x Hn d,_f( :11()") (x— x)"+1,

Xo

IZie ¢ COMEPKUTCA B MPOMEXYTKE [x,, x]. Takum 06pa3oM, Mbl BHOBb NOJIYIHIIH JIar paH-
KeBy GOPMY HONMOJHHUTENBLHOTO WieHa.

319. TpascuennenTHocTs ynciaa e. Ta xe dopmyna (7) n° 311 MoxeT DOCIYXKUTb
OTIPABHBIM DyHKTOM JUIsl JOKA3aTeIbCTBA ONHOU 3aMe4aTeNnbHOM TeopeMbl D pMHUTA ,
OTHOCSIIIEHCA K YHCIy e.

Bce BemecTBeHHBIE (3 Takxke M BOOOIIE KOMIUIEKCHBIE) YUCIA PaCIpEAeAlOTCS Ha
nBa Knacca — anrebpamd9eckyMe M TpPaHCHEHAEHTHBI €. YHCHO Ha3bl-
BaeTCA anredpamvyecKu M, €CIH OHO SBIAETCA KOPHEM anreGpandeckoro ypaBre-
HHSl C pauMOHAJIbHBIME KOddduuHeHTaMH (OYEBHAHO, He yMansas OOMHOCTH, 3TH
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k03pOHLUHEHTHT MOXHO CYMTATh LETBIMH); B NPOTHBHOM Cliy4yae YHKCIO Ha3bIBAIOT
TPAaHCUEHAEHTHBIM.

IIpuMepoM airedpanyeckoro 4YHCiIa MOXET CIYXHTh JI000€ palMOHANILHOE YHCIIO
AIA HPPAlHOHAIILHOE YHCIO, BHIPAXAKINIIEECH Yepe3 palMOHANbHBIE B paJMKaax:

11 3
YUCIIO _ﬁ CNyXHT KOpHeM ypaBHeHus 17x+11=0, a uucmo V1+V§ — KOpHEM

ypaBHeEUs x%—3x4+4-3x2-3=04u 1. 1.

DPMHT YCTAHOBWI, YTO € AGAACMCA M PpAHCYEHOEHIMHB M UYUCAOM®.
MpT npreeneM NOKA3aTENbCTBO 3TOH TEOPEMBI.

JIonycTHM, YTO e CIyXHT KOPHEM YpaBHEHUs

Coteetcet ... Aepmem=0, @

rzae Bce KO3bQHIMEHTEI ¢y, ¢;, « -+, ¢ — UETBIE YACTA,
Ilycte B dopmyne (7) n° 311 u=f(x) OyneT N pOH3BOJBbHBI ¥ MHOIOYIEH
n-it crenend, a v=(— 1)"tle—X; Torma, ecm B3AThH a =0, 312 GOpMYyJa IPHUMET BHL

[4
X dx =~ e XSO+ 1 )+ -+ SO,

0

Tak Kak f(n+1)(x)=0, ITonaras Ans KpaTKOCTH

SO+ )+ -« +fx) = F(x),
HMEEM OTCIOOa
b

ebF(0) = F(b)+e”f f(x)e~x dx.
0

Bo3sbMeM 3aechk mocnenosarenbHo b=0, 1, 2, ..., m; YMHOXas NOJNy4YaeMbie paBeH-
CIBA COOTBETCTBEHHO HA €, C;, Cyy - -+, € H CKIAABIBASA, B CHTy (1), IPHAEM K OKOHYA-
TENIBHOMY paBEHCTBY

{
0= FO+6F1)+ -+ e+ 3 et | f(e=1ix, @
=0
0

KOTOpO€, HallOMHAM 3TO, OOJDKHO MMETh MECTO i 106 or o MHorouneHa f(x).
Tenepp MBI MOKaXEM, 4TO 3TOT MHOTO4JIEH MOXHO BBHIOpaTh Tak, YTOOBl DPABEHCTBO
(2) cramo HeBO3MOXHBIM; 3THM Teopema ¥ OymeT moxasaHa.

TTomoxuM, € 3TOi UeNkio,

f)= ! xP—Yx—1)P(x—2)P...(x — m)P,
(p-1

D

rie p — MPOCTOE YUCNO, Gonbuiee m U |¢y|. TIpon3BOAHEIE 3TOrO MHOTOWIEHA NOPSAAKA
P ¥ BBILE MMEIOT LENble KOIQGUUHEHTH! M NPUTOM HENAIIMECS Ha p; 3TO BHITEKAET
HENnOCPEACTBEHHO H3 TOTO, YTO NPOH3BENCHHE P NOCIEAOBATE/LHBIX HATYPAJbHBIX THCES
nematcs Ha pl. TIoaToMy npH JI060M NENOM 3HAYEHWM X BCE 3TH NPOM3BOAHBIE HMEIOT
LENbIe 3HAYEHUs, KpAaTHBIE p. Tak xak n0pu x=1, 2, ..., m MHOTOWIEH f(X) K €ro 1epBLIe

* Benen 3a atum JIuaaeman (F. Lindemann) Jokasan TpPaHCUEHAEHTHOCTh,
9ACJIA 7T, YEM BIEPBBIC YCTAHOBHJI HEPA3pEWTHMOCTh MCCTAPM 3HAMEHHTOW 3anayM o
KBaapaType Kpyra.

10*
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p—1 opomssonmsix o6pamarorcs B 0, To F(1), F(2), ..., F(m) GynyT nessMp 9HCIaMy,
KpaTHBIMA p.

Hrave o6cront neno ¢ F(0). INpa x=0 MEOorowren f(x) o6pamaerca B 0 s
¢ p—2 CBOMIMH NPOW3BOAHBIMH, TaK 9TO

F(0) = f(P=D0)+ fPXO0) + ...

Bce cilaraeMble, HAYAHAS CO BTOPOTO, KAaK MBI BHAEIH, CYTh LEJBIC YHCIA, KPATHEIE p;
go f(P—D(0)=(-1)P(m!)P, a c auM u F(0), Ba p He nemmrcs. Tak Xak NpH CHeTaHHBIX
OTHOCHTENILHO [ NPEAIIONIOKEHNsIX H ¢, He NeNWTCA Ha p, TO MPEXONMM K 3aKIIIOYEHHIO,
4TO NepBas CyMMa, CTOSINAs B PABEHCTEE (2) COpaBa, eCTh LEJIOe YACIO, HE HeNsImeecs
HA p H, CIEA0OBATENHO, 32aBE€AOMO HE PaAaBHOE HYJIO.

OO6paramMcs xo BTOpo# cymMe B (2). B mpoMexytxe [0, m], osesnano,

mmp+p-1
mP—1mPmP...=

1
V=G TEE

TToaromy
i
mmp+p—1 . mmp+p—1
= Je—x x

TRV ST

{
l Jf(x)e”‘ dx
0

H, ecild CyMMY |¢o| + |¢y| + -+ -+ [em]| oBosHaumTs depes C,

mmpt+p—t (mm+)p—1
<CeM— = Cemmm

(-1 ST

n i
2 cel Jf(x)e‘x dx
=0 o

Ho Msb1 3HaeM [35, 1)], 9T0 DOCIeAHAN MHOXHUTENH OPU p ~ o CTPEMHTCS K 0, Tak 4TO
propas cymma B (2), IIpA ROCTATOYHO GonpmoMm p, Gyner mo aGcomoTHOX BenMIAHE
MeHbIIE OepBoli. B TakoM Cifydae UX CyMMa HE MOXET pDaBHATECA 0, B MBI NPHINIHE
K IOPOTHBOPETHIO.

320. Muorounesst Jexkanapa. IToctapaMm ceGe 3amauy — HaHTH Tako#f MHOTOWIEH
n-i crenens Xn(x), 4To6s1 st 710 6 0 r 0 MEOrOWIeHa ((X) CTENEHH HIKE 11 BEINIONHS-
JIOCh PaBEHCTBO

b

JXn(x)Q(x) dx =0, 3
a

rne a ¥ b — npom3BoibEbIE, B0 Q HKCHPOBAHHEI € YHCTA.

Kaxaeiit MEOrowieH n-ff cremeHH Xp(x) MOXHO paccMarpuBaTh KaK n-i0 IpPOH3-
BOJHYIO OT HEKOTOPOr0 MHOrowieHa R(x) cremeHm 2n, KOTOpHIHM H3 Xn(x) monydaercs
n-KpaTHBIM OOC/IEROBATENbHBIM HHTErpHpoBaEMeM. ECIHM mpE KaXZOM HHTErpHpOBa-
HEH OPOH3BOJIBHYIO NOCTOSHHYIO BHIOHPATh TAK, YTOOBI IPH X = @ METErpaj obpamacs
B 0, TO njis MEOTOWIeHA R(X) OKaXyTCsi BEHIOJHCHHBEIMHE €IIE YCJIOBHS

R@)=0, R(9)=0, ..., R"—1g)=0. @

VITaK, 3ahada HAma CBONATCA K HAXOXIEHHMIO TAKOr0 MHOrowieHa R(x) crememm
2n, 9T06HI OHUTO
b

I RO()Q() dx =0 ®)
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s moboro MEOrowIeHa Q(x) CTENEHA HUXE /1 ¥, KDOME TOTO, BHITTOHSAIMCH PAaBEHCTBA
(4). Ho o dopmyne (7) n° 311, ecnv 3amMeHUTH B HEll n Ha n— 1,

b
f RM(x)Q(x) dx = [Q)R—D(x) - Q' ()RP=x) + . ..
a b
o £ OAD@RWI[] 7 me)(x)R(x) dx.

Ecnu mpHHATH BO BHAMaHHeE (4), a Takxe To, 4o QU(x) =0, To ycnoue (5) npuBemeTca

K B
QB)R—1(b) - Q' (IR —A(B) + . . . + KP—D(B)R(B)=0. ()

BBuny IOJHOM MPOH3BONBHOCTA MHOrowreHa (n—1)-it crememu Q(x) 3HaveHMs
o), Q’'h), ..., Q—1(h) 3TOro MHOTOYIEHA ¥ €rO HOCIEAOBATEILHEIX TPOH3BOKHBIX

OpH X=5 MOXHO PacCMAaTpHBAaTh KAK MPOKM3BO b HBI€ 4YHCIA, & TOTAA YCIOBHE
(6) PaBHOCHITLHO CIICAYIOIIAM:

R(b)=0, R'(B)=0, ..., R"—1(p)=0. @)

W3 (4) u (7) BugnM, 910 MHOTOWIEH R(X) HOIDKEH MMETh YACIA @ U b KOpHAMHM n-if
KPaTHOCTY H, CIeHOBaTENBHO, JHMIIb HOCTOAHHHIM MHOXHTEIEM MOXET OTIHYaAThCH
OT mpousBedeHusa (x—a)*(x—b)". TakuM 06pa3oM, OKOHIATENHHO

dn
= S _ 71 — 7
Xn(x)=cn s [(x—a)*(x - b)"].

Eciu, B 94aCTHOCTH, B35Th a= ~ 1 # b= + 1, TO IIpuAeM K yxke 3HAKOMBIM HaM MHO20-
utenam JTexnwcanopa
dn(xt—-1)n

Xn(x)=cn o

Mtur ycnoswmace B 118, 6) ob6o3Hayath MHOrOwieHsl Jle K aHApa 4veped Pn(x),
€CJI MOCTOSHHBIE ¢, BEIOPAHEI TaK:

-— 1 - 1 .
" onam " 2l

)i 3THX MHOrowieHoB mMeeM Pn(1)=1, Pp(—1)=(-1)". OOLIKHOBEHHO NOJIaraioT
eme Py(x)= 1. Bce wieHs! MEOTOYNEHa P, AIMEIOT MOKa3aTeNnd ONUHAKOBOM C 1 YETHOCTA.
Crapmuit kxo3ddument, ogesnaro, GyneT

2Q2n-1)...(a+1) Qn—DY
2111 A

IIo CaMOMY oIpeneNIcHHIo MHorowneHoB Jlexad n pa #HMCEM BCCraa
1

an(x)Q(x) dx =0, ®)
-1

kaxoB Obl HH GEUT MHOTOWIEH Q(X) CTemeHH HUXe n. B 9acTHOCTH, eclid n ¥ m — nBa
HEPABHBIX HEOTPHUHATENbHBIX YHC/IA, TO

1
an(x)Pm(x) dx =0, ©)
-1
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1

HaiineM 3Ha4yeHMe MHTETpaIa J P2(x) dx; OH NMIIb MHOXHTEJIEM CE= OTJIHYa-

@2nth)?
eTCsl OT MHTErpana -1

1

cd(xz— 1)1 dn(x:- )P

J . dx.

dxn dxn

-1

Ecny OpdMeHMTh K mocieaueMy caosa ¢opmyiny (7) n® 311, 3amenuB » Ha n—1 u no-
JTOXHB

dn(x2—1)n

=

e > v=(x2— 1)"7

TO OH CBCICTCA K MHTETpaLy

1 1
d2n(x2—1)n
(- I)HIT'(xz— D7 dx=2.2n! J(l — x2) dx

(BCe BHEHHTETPAJIbHBIE WICHBI WCYE3AIOT, MOTOMY YTO (YHKUHS ¥ U €¢ NPOH3BOJHbIE
mo (n—1)-ii BKMOYMTENBHO NpH x + 1 obpamarorca B 0). Ilonaras 3gech x=sin ¢ [cp.
314, 2)], nomyaaM
2n!! 2
220 e — = ——— (21113,

@n+ DY 2n4+1
TaK 4TO OKOHY2TEIBHO

1

. 2
2 =
J PHO) de = (10)

-1

B 3akmovyeHue, HUCMNOMbL3ys CBOMCTBA MHorowieHa JlexaHzapa, BbIBEIEM
PeKyppPEeHTHOE COOTHOLIEHME, CBA3HIBAIOMICE TPH IMOCIEAOBATENbHBIX TAKMX MHOIO-
9IIeHa.

3aMeTHM DOpeABapHTENBHO, YTO CTEHEHb X' MOXET OhITh NpencraBlicHa B BHIE
JMHEAEOU opHOpoAHOHU dyHEKumA OT Py, P,, ..., Pn C HOCTOSHHBIMHA KOI(phUIHEHTaAMH;
TOrza TO Xe COPaBeUIABO ¥ VIS JEOOOro MHEOrO4YIeHa creneny n. Iloatomy

xPp=aPp,+a,Pn+a,Pn_,+aPn_s+...,

TAe dy, a,, 4y, a3, --. — TDOCTOSAHHBIE kKO3pdHIEeHTE. JIerko ycTaHOBUTD, YTO G3=a, =
=...=0. Hampumep, 4TOOH OmOpenenuTh @3, YMHOXHMM 00€ 4yacTH 3TOrO DaBEHCTBA
Ha Xp_, ¥ OpoHHTErpupyeM oT —1 10 +1

1 1 1
IPn'XPn~z dx= aofP,z+,1Pn_2 abc—}—alj‘PnPn_2 dx+
-1 -1 -1
1 1
ﬁh‘z:,jp,l_lp,,__2 dx+a3JP,’1_2 dx+ ...
-1 -1

Beuay (8) # (9) Bce UHTErpaiibl, KpOME OJHOrO, OyAyT HyIAMH, H MBI HOIYIAM
1

an‘ P;_,dx=0, otkyma a3;=0,
-1
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Kosthdument a, Taxxke pased 0, w00 neBas 4acThb paBEHCTBA He COOEPXKHT BOBCE YIICHA
¢ x™. Jina onpenencuus a, NpupaBHseM KodpdrIMeRTs! NpA x+1 B 0benx yacTax paBeH-

cTBa
Q@2n—-1N Qn+ DY n+1
=q , OTKyZga a,= .
n! 0 (n+1)! e ® ot

Haxkosen, 4To0bI HaliTH 4,, IPHpaBHAEM 00€ YacTH PaBeHCTBA IpPH X = 1:
1=ay+a,; TaK 9T0 a@,=1 —a0=5~+—1— .

HoacTapniasa HaAeHHABIE 3HA49eHUs KO3 HUIMEHTOB, OKOHYATENBHO TOIyYacM
(n+1DPpyy~Q2n+ 1)xPy+nPy_, =0. an

3TO0 M €CTh HCKOMOE PEKYPPEHTHOE COOTHOIMEHUE, KOTOPOe NO3BOJIAET HAXOANTh MHOTO-
wiensl JI¢Xa B Qpa NOCHENOBATENBHO, OTHPABILLICH OT Py=1u P, =x:

3x2—-1 5x3-3x 35x4-30x2+3
2= 2 ’ P3=—2_" QT T Ty e

8

321. HUnrterpansaple mepasencTsa. B n° 133 m 144 Obim BeIBEOEH DA HEPABEHCTB
IS Cy MM, IOKaXEM TeNephb, KAk MONOOHbIE ke HEPABEHCTBA MOTYT ObITh YCTAHOB-
NieHBl 1718 MHTErpanos. Bce paccMaTpmeaeMsie 3aech dyHkumu p(x), ¢(x), y(x) Gymem
CUMTAaTh HHTETPHDYEMBIMHU*,

1) B n° 133 Mbl MMEM HEPABEHCTBO (4), KOTOPOE MOXHO MEPENMCATDL TaK:

>pilnag
; I 2P (12
2171

PaccmotpumM B mpomexyTke [a, b] nonoxurenssle dynxupm p(x) u o(x). Pasnenus
MPOMEXKYTOK TOYKAMH

A=X)<X <. .. <Xj<Xj41<...<Xp=b

Ha 9aCTH, ¢ AiuHamH Ax;=X;4,~X;, OONOKAM TeePh B HANHCAHHOM HEDABEHCTBE
2i=p(x;)+ Ax;, a;=p(x;); MBI HOMy4IM

Zp(xe)-In @(x;)- Axg

TR d_2pG)p(n) Ax;

2p(xy) Ax;
Bee cyMMEI 31eCh HMEIOT BUA HHETErpalbHBEIX CyMM H npH Ax; -0 cTpemsarcsa
K COOTBETCTBYHOIIIUM WHTErpailam. Tarkum 06pa30M, B Ipeaegiic NOJIyYMM (HHTErpalib-
HBIM aBajnor» HepaseHcTBa (12):
b

Sp(x)ln o(x)dx

b

. [ rogta) ax
e * <2 .
b
[ p(x) dx

a

* U3 3T0ro NpeAmoNOKEHHS BLITEKAET YK€ MHTEIDHPYEMOCTh M ApPYriX BCTpe-
YAIOWMXCA HIDKe QyHKIui: [ 060CHOBAHMA 3TOrO JMOCTATOYHO COCNATLCH Ha n° 299,
1T 5 n° 300, 4).
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B wacTtHOCTH, npu p(x) =1, OyneM uMeTh:

1 b
—a Saln P(x)dx b

1
e - jw(x) dx,
b—a
a

BblpakeHHE CIpaBa HAa3blBACTCA «CPEIHHM apupMeTHieCKuM» 3HaYeHHl GyHknum @(x)
B OPOMEXYTKE [a, b], a BoIpaXkeHHE C/IEBA — WX <CPEAHMM T€OMETPHIECCKAMY.

2) BolBeneM TeTieph WHTErpasbHbie ananorn sepapenctB Komu — F'enbnepa
u Muukosckoro [133, (5) nu (D

-

1

Sapi<{ Za< (68} 13)

1 1 r
(Sa by < SalY* +{ Sl . (14)
(A‘,A">1,i—+%,=l)

IIycrs B DPOMEXYTKE [a, b] HaHbl HONOKHMTENBHbE QYHKIMH (x) H (X); PasnoOXKuB,
KaK M BBHIINE, TOT NPOMEXYTOK TOUKAMH X;, MOJOXHM B (13):

1 1
1 3
ai=p(x)-Axt,  bi=y(x)-Ax; ,
a B (14):

1

E il

3
a;=@(x)-Axi,  bi=y(x)-Axi.

ByneM UMCTh:

1 1
SewGe) Axy{ oGt xSty axy®

a
1 1 1
k
{196+l Ax}* <{ STpCeple- axf +{ Syl ax)*.
ITepexons k mpexneny, npr Ax; -0, noayyaeM OKOBYATEILHO
b b 1o 1
k g
Jw.w dx= I¢k dxz . Iyik' dxz 13%
a a a ’
H
b 1 b 1 b 1
k W (7 k
”[q;w]kdx; <”¢k dxf +“ ok dxz . (14%
a a i a :

OTMETHM YacTHBIE CIIy4aH 3THX HEPABEHCTB mpu k=Kk'=2;

b b b
f gy dxsv [orax- || [rar 13
a a a
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1/ @ o b )
J [p+y]? dxsl/ J(pz dx+ J'uﬂ dx . (14")
a a B

a

IepBoe 13 Hux npuHamiexuT B. SI. ByaakoBckoMy. Bropoe jmerko npuBoaurcs
K IEepBOMY BO3BEACHHEM B KBaJpaT.
3) IlepelineM, 4 akoHel, K HepaseHcTBy Mencena [144 (12%)):

f(Z' Pixi)(z P ). s)
P b

3nmech QyHKIMA f(x) NpeanosiaraeTcs BHIMY K O# B HEKOTOPOM IIPOMEXYTKE Z,
KOTOPOMY IpHHAANEXAT TOYKH X;; p; — NONoxuTensHele yucna. Ilycte B HekoTopoMm

npomMexyTke [a, b] 3amaBa ¢ynxuus @(x), 3Ha4eHUsT KOTOPO CONEPKATCA B x ,H I0O-
noxHuTenbHasn Oyskuus p(x). Temepp x; GyAyT O3HAYaTh TOMUKH IEJIGHMA Opo-
MexyTka [a, b]; npexude x; B (15) 3aMeHnAM Ha @(x;), a p; HOJIOKAM DPABHBIMHA p(x;)-4Ax;.
Iepexons, KaK 1 BbIIE, OT HHTErPATBHBLIX CYMM K HHTETPAJIaM, MONIYYUM UHMeZPassHoe
unepaeecmeo Hencewna:

b

b
o | | p0)-r(px dx

1= =
[ fp(x) dx

b
f p(x) dx

a

§ 5. IlpuGamKenHoe BbIMHCJICHHE HHTErPaJioB
322. ITocranoska 3agaun. GopMy.IH! TPAMOYTOILHAKOB K Tpanewmid. ITycts TpeGyerca
b
BBIMACIATL ONpEAENCHHABIA HHTErpai f f(x)dx, toe f(x) ecTb HekoTOpas 3aAaHHAA

. a

B OIpoMexXyTke [a, b] BenpepbiBHAd dyHkIHEA. B § 3 MBI EMEJIA MHOTO IPEMEPOB BLIYHCIIC-
HEAS DOJOOHBIX HHTETPANOB, MO0 ¢ NOMOIBIO NEPBOOOPA3HOM, €C/IH OHA BRIPAXKAECTCH
B KOHGYHOM BHZE, JHOO e — MHHYS mepBOOGPA3HYI0 — C HNOMOMMBIO PA3JIMIHBIX
NpUEeMOB, GonbIell 4YacTbIO MCKYCCTBEHHBIX. HYXHO OTMETHTb, OIHAKO, 4YTO BCEM
3THM HCYEPOLIBACTCA JHNIL NOBOJNLHO Y3KWii KJIACC WHTErpalioB; 3a €ro npenesiaMu
00BIYHO IPAGETAIOT K PA3MYHBIM METONAM NPHEOTHKEHHOTO BEHIYHCIICHHU 4.

B HacrosmeM maparpade MB!I MO3HAKOMHMCH C NPOCTEMIIMMM M3 3THX METOIOB,
B KOTOpBIX NpHOIIDKEHHBIE GOPMYINEI Ul MHTErPAJIOB COCTABIAIOTCA 110 HEKOTOPOMY
YHCNY 3HAYCHME NOAWHTErpanbHOM (YHKIHH, BHIMHCICHHBIX Ui pPAaga (0OLIMHO paBHO-
OTCTOAIMX) 3HA9€HMI HE3aBUCHMOM NEPEMEHHOM.

IepBble oTHOCAUIEECS Clona GOpMyNBl OPOLIE BCETO MOJYYAIOTCA W3 TeOMETpH-

b

4eCKHX coobGpaxeHuif. VICTONKOBBIBAA ONPEIENEHHBIH HHTErpa j f(x) dx xax mnowans

HEKOTOpoH (Hryphbl, orpaBHYeHHON kpuBoi y = f(x) [204], MBI n cTaBuM mepen coGoi
3afady o6 OmpeieNeHHH 3TOM ILTOWIAIH.
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Ilpexne BCEro, BTOPHYHO HCIOB3YA TY MBIC/Ib, KOTOPas MPUBEIA X CAMOMY HOHSA-
THIO 06 ONpeHesIeHHOM HHTErpajie, MOXHO pa30OuTh BClO Gurypy (puc. 6) Ha IOAOCKH,
b-a
CKaxXeM, ONHOH M TOM Xe NIMpHHBI* Ax;= —— , a 3aTeM KaxIOyIo IMOJIOCKY mpHOIH-
n

XEHHO 3aMEHHTh HPAMOYTOJBHHKOM, 32 BBICOTY KOTOPOTO MpPUHATA Kakas-Iubo u3 e
opouHAT. DTO NPUBOAMT HAc k (dopmyie

b —
jf(x) dx == —;’—‘1 LD+ FED+ -+ +fEnpl

rme x;<ép=<x;4, ((=0, 1, ..., n—1). 3gech HCKOMas IUIOLIA/b KPUBOIMHEHHOK (QUrypEl
3aMEHACTCS TUIONIATLIO Hexoropoii coCcTOsmIe A3 NPSAMOYTOJNbLHHU KOB CTYICH-
yato ¢Hurypsl (WM — €CH YrOOHO — ONpeIelieHHBIH HHTETr paJ 3aMeHAeTCs
MHTETpAIbHOM CyM Mo i ). DT1a mpubmmxenHas $opMyna u HaswiBaeTCs opmyaoil
NPAMOY20ALHUKOG.

J 7

[V, SRR

<

Lp &y Ly e it
Puc. 6. Puc. 7.
Xi+Xj41

2

Hiowo opmuHATY f(&;)=f(x;4+1,) 0603HaUMTH yepe3s y;ii,, TO GopMylIa DepemHmercs
B BHUJE

Ha nmpaktuke obmuHO Gepyt &; = =X;4+,; €CIH COOTBETCTBYIOINYIO CpEl-

b_
Jf(x) dx%-—n‘i(yx/.-i-yu/.-]-...+yn_1/,). )

Bopenp, roBopsi 0 opMyne npAMOYTroOJibHHKOB, Mbl OyneM ¥MeTh B BHIY
HMEHHO 3Ty $opmymy.

TeoMeTpruecKHEe COOOPaXKCHHA ECTECTBEHHO NPHUBONAT H K OPYro#f, 4acro mpm-
MeHsgeMOl, npubmmkeHHo# dopMyne. 3aMeHMM OAHHYIO KPHUBYIO BIHMCAaHHON B Hee
JIOMaHO¥, C BepIIMHAMH B TOUKAX (X;, ¥;), roe y;=f(xp) (i=0,1, ..., n~1). Torna nama
KpUBOJMHe#HasA ¢urypa 3aMeHUTCS APYTo#, cocrosiuedl u3 psma Tpaneuw# (puc. 7).
EcNH mo-mpexxHeMy CYMTaTh, YTO NPOMEXYTOK [a, b] pa3buT Ha paBHBIC 4aCTH, TO ILIO-
Aoy 3THX Tpameuwid OynyT

b-a yy+y» b-a y+y, b-a yn_ytyn

R I T T
Cknaasibag, npnueM K HOBO# npuGimxensoi hopmyiie

Yot yn

Jf(x) dx-— ——— ( it yet e +.Vn—1) . @

* Mgt coxpansieM o6o3HaueHHs n° 294,
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DTO TaK Ha3piBaeMas fopmyaa mpaneyuii.

MoxkHO MoKa3aTk, 4TO IPH BO3PACTaHMH 7 0 OECKOHEMHOCTH MOrpemHOCTH (op-
MYJIBI IIPSAMOYTOJNIBHEKOB ¥ GOPMYINel Tpaneuuii Gesrpaanyao yonsarot. Takum ob6pa-
30M, OPH HOCTATOYHO GonbmoM # 06e 3TH GOPMyYIIbl BOCIPOA3BOIAT HCKOMOE 3HAYCHHE
WHTErpajia ¢ IPOM3BOJIBHOM CTENECHBIO TOYHOCTH.

J1a npuMepa BO3bMEM W3 BECTH Bl HaM HUHTErpan

1

© dx b4
J - =__=0,785398. ..
IT+x2 4
0

¥ IPUMEHUM X HeMy o6e npubnukeHHble Gopmyiibi, 6eps n= 10 1 BbIYHCIAA HA YETHIPE
3HaKa.
Ilo popmMynie NIpPSEIMOYTOJNbHHKOB HMEEM

x1, =0,05 yy, =0,9975
Xy, =0,15 ¥y, =0,9780
X5, = 0,25 yg = 0,9412
X7y, = 0,35 Yoy, = 0,8909
Xoy, = 0,45 yy, =0,8316 738562
x11;,=0,55 yu,, =0,7678
X13/,= 0,65 ¥y 2™ 0,7030
X157, = 0,75 yi5 p= 0,6400
X17/,= 085 yrr, =0,5806
X19;,= 0,95y, .= 0,5256

=0,78562

cyMma 7,8562

Mo popmyne xe Tpameuuni
x=0,0 y,=1,0000 x;=0,1 y =0,9901
X0=1,0 y3,=0,5000 x,=02 y,=0,9615
cymma 1,5000  x;=0,3 y,=0,9174
x=0,4 y;=0,8621
+ 7,0998) = x5=0,5 y;=0,8000
xs=0,6 y=0,7353
x,=0,7 y,=0,6711
xg=0,8 y3=0,6098
X3=0,9 y,=0,5525
cymMma  7,0998

10

1 (1,5000

=0,78498

O6a noNy4eHHbIX MPUOTUKEHHBIX pe3yibTaTa 06JaJaloT MPUMEPHO OJMHAKOBOM
CTENEHbIO TOYHOCTH — OHH Pa3HATCA OT HCTHHHOTO 3HA4EHUs (B TY U B APYIYIO CTOPOHY)
menbme yeMm Ha 0,000S.

YurtaTens, KOHEYHO, JaeT cefe OTYET B TOM, YTO DOrPENIHOCTh Mbl CMOTJIM OLIEHUTh
30eck AAINL DIOTOMY, YTO HaOepen 3Hajld TOYHOE 3HaveHWe MHTerpaia. s Toro 91obs!
gamm® $OpMyJbl ObM ACHCTBHTENIBHO HPUTOMHBI Ui UPAGTUKEHHBIX BLIMHCIICHMM,
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HYXHO HMETb YHNOOHOE BBIDaXEHHE IJI MOrPEMHOCTH, KOTOPOE MO3BOJIIO OBl He
TOJILKO OLCHHBATH MOTPEMMHOCTh NPH JAaHHOM 1, HO U BHIOHpaTh n, obecrneymBaroee
TpebyeMyro cTeneHb ToyHOCTH, K 3TOMY BOmpocy MsI BepHEMCH B n° 325.

323. ITapaGosmeckoe maTepmoamposanne. s npuGIMAKCHHEOTO BEIYACIEHAS HHTET-
b

pana f f(x) dx MOXHO MONIBITATECA 3aMeHUTb QyHKIHEIO f(X) ¢OIM3KHM» K Heil MHOTO-

a
9IICHOM
y=Pi(x)=apxk+axk =14 . .. tap_x+ay 1€)
U TOJIOXHATH

f £ dx:';ka(x) dx.

Hnave MOXHO CKa3aTh, YTO 3[€Ch — NPH BHIMUCIICHUM IJIOIANY — AaBHAs ¢KpHBas»
¥ =f(x) 3amensierca snapabonoi k-ro nopsmka» (3), B CBA3H € YEM TOT OPOLECC MOTYUHII
HazBaHUE NApaboAUiecKoz0 UHMEPnOAUPOBAHUA.

CaMmprit BHIOOP HHTEPNONSILMOHHOTO MHOrOWieHa Py(x) Yame BCEro IPOHM3BOMAST
crenyrommM o6pa3oM. B npomexytke [a, b] 6epyr £+ 1 3HaueRuit HE3aBHCHMOM mepe-
MeRnHO# &y, &y, ..., & B nonbuparoT MHEOroYNeH Pi(x) Tak, 4TO6HI IPH B3ATHIX 3HAYECHUAX
X €ro 3HayeHHAA COBINAJANM CO 3HAYeHHsAMH (yHKuuM f(x). DTHM YCIIOBHEM, KakK MBI
3maeM [128], MEorOuNeH Pi(x) ompenenseTcs OMHO3HAYHO, M €O BHIPAXEHUE IaeTCH
MEHTEPDHNONANAOHHON popMynoii Jlarparmxa:

(x—Ex—&)). .. (x -&) (x—E)(x—&). . . (x—&p)
Pi(x)=
k(X) (‘So _51)(50 "52) .. ‘(50 _‘Sk) f(‘SO) * (51 _‘So)(‘sl _52) “ee (51 “"Ek) x

(x_‘fo)('f - x])- <(x "Ek-])
N N
RSy ers sy R

IIpr AETETPHPOBAHAN NOJYYA€TCs JIH H € i H 0 € OTHOCHTENLHO 3HadeHal f(5,),. ..
..+, f(&y) BeIpaxeHme, K03GdHUMEHTH KOTOPOTO OT JTHX 3HAYEHHH yXe HE 3aBHCAT.
Brruacnws Ko3¢¢HEIMERTH pa3 HaBCETra, MOXHO MMH MOJB30BaThCA ANA MoGoH dyHK-
oM f(x) B JTaHHOM OpoMexyTke [a, b].

B npocreifmem ciy4ae npm k =0, dyrrums f(x) nonpocty 3aMeHsiercs T OCT O A H-

a+b

O ¥t f(&), roe &, — mobas Touka B IpOMeXyTKe [a, b], ckakeM, cpenuas: &, =

Torna nprGNHKEHHO
b
b
f ) dxi(b-—a)f(f—;—). @)
a

T'eomeTpuyeckn — muromaap KPUBOMMHENHON QHUIYPH 3aMEHAETCA 30€Ch IUIOMIAABIO
OpsAMOYTOJILHAKA C BBICOTOM, paBHOM cpenHeid ee opauHATeE.

Ilpn k=1 dyBExuua f(x) 3aMmenstiercsa nubeino# dynxumed P,(x), KoTopas HMeeT
OIMHAKOBEIE C Hel 3HavyeHus nph x =&, H x=¢,. Eciu B3s1s £ =a, &, = b, TO

Pl(x)= — f( )+ f(b) &)
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4, KaK JIETKO BbIYHCIIHTH,

f@@)+f(b)

JhPl(x) dx=(b-a) ——

TakuM 06pazoM, 34ech Mbl IPHGITHKEHHO ONAraem

b
_[f(x)dxi(b_a)f(a_):_f(b).

157

(6)

Ha 3ToT pa3 nmnomanr XpHBONHHEHHOM QUIYpBI 3aMeHseTca IUIOMAABIO TP ANCHuH:

EMECTO KPHBOM GepeTcsa XopAa, COEAMHSIONIAsA €€ KOHIBL.

Menee TpHBHANBHBIM pe3ymbTaT MONMYYEM, B3fB k=2. Ecm monoxuts &,=a,,

a+b

&= — » £9=b, TO MHTEPIONALMONHBIA MHOTOWIEH P,(x) 6yaer MMeTh BHI
(x~—a;r—b»)(x—b)
Py(x) = ——;E——f @+
(a—-——)(a b) a+b
? (x—a)(x~b) atby &7 “)(X_T)
* a+b_ a+b b f(EZ‘) -0 a+b 7).
( 2 “)( 2 ] ”( T2 ]
C DOMOIIBIO JIETKOTC BLIYKCIICHHA YCTAHOBHM
)
(x—a+b](x—b) o
dr=—2 ”(x-b)+b"—a](x’b)dx=
a+b (b-a)p 2
(a— ]( —b) a
a (x— b)3 b-a (x—- b)z]
(b a)2 2 2 a
H aHAJIOTHYHO
b
(x-a)(x-b) B {J—a
a+b a+b e
———all——-b
(7 -4)()
“
a+b
o)
Pt
b-a) (b-ff.z_.]

a

Taxum 06pa3oM, npuxoauM k OpubnmxerHO# dopMyne
b

Jreoae= 22 [raver %)% ) 1],

a

b-

Q)

6

(8)
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3pece muomans GUrypsl Noj OaHHOM KPHBOM 3aMeHsieTCS IUIOINAAbI (HUryphl,
OrpaHM4eHHOM OOBIKHOBEHHOM Mapabolioi (C BepTHXANBHON OCBIO), MpoXoAsmel uepes
KpaliHE H CPEIHIOI0 TOYKH KPHBOM.

VBemuunBas CTENesh kK UHTEPNOIANUOHHOIO MHOTOYIEHA, T. €. MPOBOAA mapaboy
(3) 4epe3 Bce Houploee YUCIIO TOYEK OAHHON KPHBOM, MOXHO PacCUMUTHIBATE JOOHTHCH
bonpmelt ToyrocTH. Ho Gonee MpakTHYHBIM OKa3HLIBAETCHA APYrod MyTh, OCHOBAHHBIH
Ha CO4Y€TaHUHU HIEH NapaboNHYECKOro WHTEPNONMPOBAHMA ¢ Uneelt mpo 6mae-
HUSA MPOMEXYTKA.

b

324. Jipobaenne HpoMeKyTKA HHTErpUPOBaHUS. 11pH BLIMCIEHEH HHTErpana J f(x)dx

a
MOXHO NOCTYNUTH Tak. Pa3o0beM cHauana MpOMEXYTOK [a, b] HA HEKOTOpOE 4MCIIO, N,
PaBHBIX DPOMEXYTKOB

[xoa xl]’ [xl’ x2]’ EREEY [xn—l’ xn] (x0=a, xn=b)’

B CBSI3M ¢ Y€M MCKOMBIH MHTErpas NpeacTaBuTCs B BUAE CYMMB!

Jf O dx+ ff(x) dxt ..+ j”f(x) dx. ©

Tenepp e K KaXIOMY M3 3THX MPOMEXYTKOB NPHMEHHM Napabosuyeckoe UHTEPIHOIH-
pOBaHHe, T. €. CTAHEM BBIYUCIATEH UHTEerpans! (9) no ofHON M3 NPHOIHKEHHBIX GOPMYJT
@), (6), (8), --.

Jlerko coobpazuth, uTO, ucxoas uz popmyn (4) umu (6), MBI TaKMM OyTEM BHOBB
DOJTYYAM YyXKe M3BECTHbE HaM G OPpMYJIB OPAMOYTONBHHKOB M Tpa-
neunuit, (1) u (2).

ITpumenuM Teneph k unterpanaM (9) ¢opmyny (8); mpm 3TOM, st KpaTKOCTH,
MOJIOKHM, KaK M BHIIIE,

X;+x;
SGi=yi, it SGipn) =i
MBl nomyuumM

Xy

b-a

J S@ydx="— (yy+4y, +3),
6n 2

Xo

Xg
b—a
[ 109 de=% Gty 90,
6n 2

Xe

Xn
b-a
j SO ds= e (Yt ¥t Y

Xn—y
Haxoaeu, CKJIaapiBas NOYJICHHO 3TH PABCHCTBA, MPHIEM X (bopMyne
b-a

b
Jf(x) dxz e = oty H 20t yet ot yn ) +400s), Hys, - Fynw)) (10)
a
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Ona Hocut Haspanue gopmyast Cumncorna (Th. Simpson); stoii hopmynoit nons3yrorcs
U1l OpHOMDKEHHOTO BBIYHCIICHHS MHTETPAIOB yallle, 4YeM (OPMYyJIaMH OPSIMOYrojb-
HHUKOB H Tpanenuii, ubo osa — Npu TOM *e 3aTpaTe TPyAa — AaeT OObIYHO Gosiee TOYHBIH
pe3ynbTar.

1

JIsisl cpaBHEHUsI BBIYHCIIMM CHOBa MHTETpal J‘l [em. 322] no bopmyne

0
CuMncoma. Mel BO3bMEM 1 =2, TAK YTO YHCIIO HCIOJIb30BAHHBIX OPAHHAT HA 3TOT
pa3 OyneT Aaxxe MeHBIOHM, YeM paHbiie. YimMeeM (BBIYHCIAS HA OSTH 3HAKOB)

1 1 3. -1
Z, x1=-—2—, xa/2=Za Xo= 1.

Yo=1; 4y1/2 =3,76471; 2y, =1,6; 4y3/2 =2,56; y,=0,5.

Xxo=0; xy, =

1
5 1+ 376471+1,6+2,56+0,5)=0,78539..

— BCC OATh 3HAKOB BepHBI!

Koneuno, no ortnomesno k ¢opmyne (10) MOryr ObITh MOBTOPEHBI 3aMeyaHHMs,
chenaxnsle B KoHie n° 322. K oneske morpemHocTy npudmkenHbix GopMyn Mbl ceiiyac
| [EPEXOOMM.

325. JonosmuTepublii wieyw GOpMY;IbI npsMoyromeEmkoB. Haunem ¢ gopmyns (4).
HpennonoxuM, yTo B npoMexyTke [a, b] dyHKuus f(x) MMeeT HENpepLIBHEIE MPOM3-
BOJIHBIE NEPBBIX ABYX mopsakos. Torxa, pasmaras f(x) [mo dopmyne Tednopa,

a-+
126 (13)] mo cremessM ABYYIeHa x——?— BIUIOTH N[O KBajpaTa ero, OyaeM HMeThb

IJTs1 BCeX 3HA4YEHWH x B [a, b]

b b b 1 b
se0=1{ 32+ [x- ﬂ~)f’(it~)+§(x—ﬂf)f"(f)

a+
l'llef COOCPKHUTCA MEXKAY X H ‘5* U 3aBHCHT OT X.

Ecnu npouHTErpHpOBaTh 3TO PABEHCTBO B NPOMEXYTKE OT @ A0 b, TO BTOPOil WieH

crpasa HCYE3HET, H6o
b
b
f(x-f}) dx=0. an

TakuM oOpa3oM, nonyyaem

b

a atb
[0 dx=-ars( 17 )+ jf"(s)( 0
TAK YTO AONOJNHMTENbHBIH uneH GoOpMymsl (4), BOCCTAHABNIHBAIOWMH ec

TO‘IHOCTb, HMEET BHI
b
1 ~ a+b
- ’2 e d
o 2ff(e>(x . ) .
a

OG6o3Ha4mB Yepe3 m U M, COOTBETCTBEHHO, HAMMEHbINEE ¥ HAUOOJBILEE 3HAYEHUS
HenpeprBHOH ¢ymxumn f(x) B npomexytke [a, b] [85] u noavsyace mem, umo
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8MOopoil MHONCUMENb NOOUHMEZPAALHOSO GLIDANCEHUA He MeHAem 3HAKA, TO
06061menHoM TeopeMe o cpenaeM {304, 10°] moxeM HamMcaTh

b
1 at+b 2d (b-a)®
= xX— =—,
4 zﬂj 3 x 7
a

24

Iae g conepxutcs Mexay m u M. Ilo M3BeCTHOMY CBOMCTBY HENpPEpHIBHON QyHKIMH
[82], Haiisercs B (a, b] Taxas Touka £*, 4TO p=f"'(£{*), 4 OKOHYATENBHO

(b a)

F7(E. (12)

3ameuanue. EcrectBemHo Obuto Obl, pasmaras dyHxkumio f(x) O CTENeHsSM
a+b

2
30BaThca GopMyIon

X -

, 060OpBaTh pa3ioXeHKe YKe Ha MEPBOM CTEMEHH 3TOrO JABYUIEHA, T. €. BOCTIONb-

b b
1) =f( 3}) (x - i+~) 7.

3Or1o0 npueeno Obl HAC, IPH MHTEIPHPOBAHUK, K DPABEHCTBY
b b
a+b C a+b
jf(x)dx=(b—a)f(—aw)+ Ji’(é) (x-T)dx,
a a

Tak YTO OONONHHTENbHHB | YI€H Bhipa3swica Obl HHTErpaIoM
b
- a+b
- [r® (x~ ——) ds,
2
a

comepXalmuM UMb e pBY 0 HOpou3BoaHyro f'(x). Ho 3gece emopoii muoxcumens
nOOUHME2PAALHOZ0 GLIPANCEHUA MeHAem 3 HaK B IpoMexyTke [a, bl, ¥ mpuMeHeHHE
0600meHHO) TEOPEMBI O CPENHEM — B LIENAX YIPOIIEHUS BHIPAXKEHHS IJIL p — OKa3bl-
BAeTCA HEBO3MOXHBIM. IIpOABHXEHHE B TEHIOPOBOM Da3NOXKEHMH €IUe HA OOWH 4IIEH,
B CBsi3u C paBeHCTBOM (11), obecnewyio HaM ycrex.

Ecmi tenepr pazmenuth mpoMexyTok [a, b] Ha n paBHBIX "acTelt, TO IUIsI KaXIOTO
YaCTHYHOTO MPOMEXYTKA [X;, X;4,] OyneM uMeTe TOU MY 10 dopMyny
X§41 ( )
» *
| 1@ dx=""2 fonm) + e @D b,

x§

Cnoxus 5T pasescrsa (npu i=0, 1, ..., n— 1) NoYleHHO, MOJYYUM NPH OOBIYHBIX
COKpAIIeHHEIX 0003HAYCHUSAX

b-a
jf(x) de= " Oy gyt e +oni)+ R
a

rae BHIPAXKEHHE

b-aP fEDFED+ .+ fER-D)

R, =
T 2ant n
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W eCTh MONOJHHUTEIbHBIN WieH GOPMYJBI mpAMOYrobHUKOB (1). Tak kak BeIpaxKeHHE

FUEH . fEE)

n

TAxXXe CONEPXKHUTCA MEXIYy m H M, TO H OHO UPEACTABIISICT OJHO M3 3HAa4YCHHHA (QyHK~
meEr (%),
HO3TOMy QOKOHYATECIIBHO MMEEM
b-ay

Ry=
" 24

& (a=t<sb). a3

Ilpu BO3pacTaHUM n 3TOT AOHOJIHUTENIHHBIA WieH yObIBACT MPDHUMEPHO Kak —2*.
1 n

dx
Bepuemcs s mpHMepa K BBIMHCIEHHIO MHTETpana J‘ﬁwz’ TIPOM3BEACHHOMY
x

0 2 _

B 322. InA moauHTErpansHOM QyHKIMH f(x)=—1-— umeeM [ ”(x)=2M; 3Ta
1+4x2 (1+x72
Npou3BOAHAsA B mpomMexyTke [0, 1] MeHsieT 3Hak, HO O aGCOMOTHOIM BEJIUYMHE OCTAETCA
menblnei 2. Orcrona, mo dopmyne (13) | Ry, |<0,85 - 1073, Mpl BBHIMHCIIANH OPAMHATEL
Ha 4YeThipe 3HAaKa C TOYHOCThIO Ao 0,00005; HeTpyOHO BHOETH, YTO MOrPEIHOCTE OT
OKDYIJIEHHs] ODAMHAT MOXET ObITh BKIIIOYEHA B IPUBEAEHHYIO Bhie OlEHKy. VIcTunnas
MOTPEITHOCTh, NEHCTBUTENBHO, MEHBIIE 3TOM TPAHMIIGL.

326. Jdono:muTenbusiii 4ien GopMynnl Tpaneumii. 3aiimMeMcsi Tenepb ¢GopMyinoit (6)
OpH TIPEXHUX TPEANOJIOXEeHUIX OTHocuTenbHO d¢yukuuu f(x). Bocnonb3opaBmuch
HMHTEPIONAUHOHHON GopMysoift JlarpaH X a ¢ OONOJHUTENBHLIM wieHoM [129 (7)],
MoxxeM Hamucath [cMm. (5)]

1 ~
f(x):PI(X)+§f”(?z)(x—a)(x—b), a<n=<b.
HNurterpupys sty dopmyny oT a no b, Haitnem

f(a) + f(b)

b
ff(x) dx=(b-a) ff"(n)(x a)x—b) dx,

TaK YTO AOMOJHHUTENbHBIH wieH dopmyisl (6) Oymer
o= »ff"(n)(x a)(x~ ) dx.

Paccyxnas, xak BbIlle, H HOIB3YACH TEM, YTO 8MIOPOIl MHOMCUMEAL NOOUHME2PANb-
HOUl (hyHKYUU U 30eCh He MeHAem 3HaKa, HallaeM

b
9=%f”(7/*)[(x-a)(x-b) dx = —(b—-f“(n*) (a<n*<<b).

“°

* MBI FOBOpHM NPpHUMEPHO, HOO H & MOXeT M3MEHATHCA C U3MEHEHMCM 7,
IT0 cieAyeT NOMHUTH M BOpEb.

Il . M. ®dnxtensroasn, T. 1
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Haxkonery, U1 Cilydasi nejieHusi IIPOMEXYTKA HA 1 PaBHBIX 4acTel

(b a) 14
Rn= === S"()  (a=n=b). (14)

TakoB AONOIHUTENBHEIH WieH (Gopmyisl Tpaneummii (2). IIpu BO3pacTaHuH n OH
1

TaKxe yObIBaeT NMPUMEPHO KAaK —. MBI BHOMM, 4TO IPHEMEHeHHE (GOpPMyJIbl Tpamelmit
n2

TPHBOAMT K IOFPENIHOCTH TOTO XK€ MOpPsAKa, 4TO M st GOPMYNBI MPSMOYTOJILHHUKOB.

327. lonoannTebHblii wien ¢popMyani Cumncona. O6paTHMCs, HAKOHEN, K Hopmyiie
(8). MoxHo ObIIO Obl, QaHAJIOFMYHO TOMY, KAK 3TO 6BUIO CAENAHO TOJBKO 4TO, CHOBA
BOCIIOJIb30BATECH MHTEPNONALAOBHON dopmynolt JlarpaH)a ¢ OOMOJHHTELHBIM
ynenoM [129 (7)] u monoxuth [cM. (7)]

/ W(C_) (x-a) (x—fi)( x—b) (a<E<b). (15)

F(x)=Py(x)+

Ho Mb1 cTankdBaeMcst 3m€Ch CHOBA C TAKMM NOJIOXKEHHEM BelleH, KaKoe HMeld B h°
325 (cM. 3ameyande). IMeHHO, MPOUHTErpHPOBaB PaBEHCTBO (15), MBI HE MOIIH OBl
YOPOCTHTE MHTETPalbHOE BBIPAXKEHUE ISl TOMOJIHMTEIBHOTO YJIEHA C IMOMOIIBIO TE€o-

a+b
PEMBI O CPEOHEM, TaK Kak e@uipaxycenue (x-—a) (x— T) - (x—b) ¢ noounmezpasvnoit
dyuxyuu ywe menaem 3Hakxk BIOpoMexyTke [a, b]. [1o3TOMy MBI MOCTYIHM HHAYe.
Beipaxxenne

a+b
R(2)+K(z—a) (z —T) (z-b),

a+b
KakoBO OBl HU 6bIT0 YMCHO K, B TOUKAX z=4a, — , b IPHHUMAET TE€ KE
2
3HAYCHHMs, YTO H PyHKuEs f(z). Jlerko mogobpats Teneps uucio K Tak, 4yToGeIl ¥ 1 p O-
a+b a+b
H3BOJHAS 3TOT0 BHIPAXCHUS IpU z= - coBmajana Cc MPOU3BOAHOMK f~ (T .

Taxum 06pa3oM, NpH 3TOM 3HaYeHWH K, MBI HMEEM B JIMIIE HANMCAHHOTO BBIPaXKECHUSA
HE YTO MHOE, KaK HHTEDIOJIALMOHHBIH MHOrowieH O pmuTa [130], orBevarommit

a+
NPOCTBIM y371aM a, b ¥ IBYKPAaTHOMY Y3I1y — Bocnose3oBaBmmck ¢opmynoi 3 p-

MHTa C JONOJHUTENBHBIM 4neHoM [130 (11)] — B nmpenmosiokeHMH CYILIECTBOBAHUSA
uts GyHKIEH f(X) MPOM3BOAHBIX A0 4€TBEPTOrO MOPAAKA BKIIOYHTENLHO — MOJIYYHM:

f(">(C) a+b

(-4 )( —~——) (x-b)  (a<E<b).

1) =P+ KCe—a) x~"—§~'—’) (=)t

Tenepp MPOHHTEIPHPYEM 3TO PABEHCTBO OT @ A0 b; MBI HAlOeM, YTO

b b
b-a (a+b 1 ~ a+b\?
Jro =" [r@ 4“2 sw) e 5 [ro0@6-a(x- 32 - b as,
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TAaK Kax

b b
J(x~a) (x_f:_b) (x=b)ydx= J (x—%lf) [(x—ﬂ)z—(b_a)z] dx=0.

2 4

a

Ecmi mpeamonoxarh NnpomssoaHyio f(9)(x) HeMpepsIBHOH, TO, KAK WM B IPEABIOYIIHX
CITyyasdx, JOTOMHUTENEHBIN wieH GopMyIHI (8)

b
1 ~ a+b\?
p= %4 Jf(")@)(v\ 7a)(x - ‘2~*) (x~b) dx,

MONB3YACH TEM, YTO 8MOPOil MHONCUMEAL 8 ROOUHMEZPANBHOM BLIDANCEHUU He MEH A e m
3 HaKka, MOXHO IPEINCTaBUTH B Takoit dopme*:

b
1 a+b)2
=2“4f“)@ )J(x—a)(x——zm) (x-b)dx=

b

1 ¢ at+b
=— f( * — (€
ARG )J (x . FOX0).

- X - —
2 4 180.24

. 2[(ka+b)z b-apy  b-ap

a

Ecimu npoMexyToK [a, b] pa3nenceH Ha n paBHBIX YacTeit, T0 — nng dopmynnel Cu M-
ncoua (10) — HomyYHM AOIOHHTENLHBINA WIEH B BHMIE

(b-ay

—Wft4)(5) (a=<<{=<sh). 16)

n=
1
Ilpu BO3pacTaHMM # 3TO BBIpaXXeHUE YOBIBAET N PUMEPHO KAk = TaKaM
n
obpasoM, popmyna CHMIOCOHaA NEHCTBHTENLHO BHITOAHEE IBYX IPENMIECTBYIOLIAX
dopmyit. ]
dx
OO0paTuMca clIOBa K NPHMEPY MHTErpana o JIns roro 4toOBl W30exaTh
JI1+x
0
BBIMMCIICHHS YETBEPTOM NPOH3BOIHOIM, burypupyrouleit B dopmyne (16), MBI 3aMeTHM,
4TO (GYHKLHAA f(x)=-]~d!~_—2 caMa SIBIAETCS NPOU3BOOHONK OT y=arctg x, Tak 4TO MBI
X

MOXEM BOCHOIB30BATLCA TOTOBOH dopMmynoit u3z 116, 8). B cormacun ¢ neit

4
SO(x) = (5 =24 cos® vsin 5 (y + E) =24 cos?® p cos 5y;

* Ecnu f(x) ecTh MHOTOWICH CTENCHU HE BBILUIC TPEThEH, TO, OYEBHOHO, p 0bpa-
waerca B 0. 3HauMT, MM TAKOro MHOrounena dopmymna (8) Oyner TouHOH (B 4eM
JIErKO yOeIUThCS W HEIOCPENCTBEHHO).

L+
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3TO BHIPaXEHHE, 0O abCONIIOTHOH BEIHYHHE, HE IPEBOCXOAMT 24, TaK 4TO HO dopmyIe

1
(16) IR2|<1—9F) <0,0006. UcTHHHAA IOTPEMIHOCTh, KaK MBI BHAENH, 3HAYHTEILHO

MeHBIIE 3TON T'paHMIBI.

3ameyaHme. Ha 3ToM ipumepe Gpocaerca B ria3a, YTO rpaHula HOTPEITHOCTH,
Haliiendas Mo Hamell ¢opMyiie, OKa3EIBaeTCA NOBONBHO Ipyboit. K coxanennio — u B
3TOM TIPAaKTUYCCKUI HEOCTATOK BHIBEAEHHLIX GOPMyN, — 10A0OHOE OBCTOATENHCTBO
BCTPEYAETCS HEPENKO.

TeM He MeHee HMEHHO ¢ IOMOIIbIO 3THX (GOPMYII, MO3BOJIAIONINX BCE XK€ OLIEHHUBATD
[IOrPEMHOCTS HANEPEN, MOXHO OCYIIECTBISTh MPHOIHKEHHOE BLIYHCIIEHUE OIpPEnEIicH-
HBIX MHTErpajioB, O6paTAMCs K OpUMeEpaM.

2
dx
328. Ilpumepsr. 1) Bpruucmim HHTErpajl f—:an ¢ toyHocthio mo 0,001, Bo-
X

1
CNONB30BABIINCE GOPMYJIOH IPAMOYTOJNBHHUKOB.

2
Tak kak st f(x)=— umeeM 0<f"(x) = -;sz (ecmu 1=<x=<2), 1O 110 dopmye (13)
x x

1
O<Rp<——.
" 12m2

1
Ecymu B3saTh #=10, TO KOMONHUTEILHBIA WieH Hawmedl GopMysbl OyneT Ryjp<-—-- <
1200
<0,84 - 10—3, HaM OpuAETCS BHECTH €llle MOTrPEITHOCTb, OKPYIJIAS 3HAYEHUs (DyHKIIUM;
IOCTapaeMcd, 4TOOBI TPaHHMIBl 3TOH HOBOI MOTPENIHOCTH PAa3sHWIHCh MEHbINE Y€M Ha

1
0,16 - 103, C 3TOii LENbIO AOCTATOYHO BBIMHC/ISTH 3HAYEHUST QYHKUMA — C HETBIPHMSI
x

3daKkaMH, ¢ ToyHocThio o 0,00005. Umeem:

X1y, = 1,05 yy,= 0,9524
Xy, = 1,15 y3/z=0,8696
X5y = 1,25 Yoy, = 0,8
Xq7,= 1,35 Yoy, = 0,7407
Xy, = 1,45 Yoy, = 0,6897
X11,= 1,55 Yy, = 0,6452
X181, = 1,65 Yisy, = 0,6061
X151, = 1,75 y15/2=0,5714
X17/, = 1,85 Y1z, = 0,5405
x19/2= 1,95 y1°/2=0,5128

6,9284
=0,69284

cymma  6,9284

V4YyTHIBas, YTO IONPABKA K KAXKIOH OpAMHATE (@ CIeNOBATEbHO, H K UX CPEAHEMY
apudMeTHYECKOMY) comepxuTcs Mexay +0,00005, a Takxe MpUHEMAasi BO BHHMaHUE
OLIEHKY IOTOJHUTEIBHOTO WieHa R,,, HaiineM, 4To In 2 comepxuTcst MeXay TpaHMIaMH
0,69279 = 0,69284 — 0,00005 u 0,69373 =0,69284 +0,00005 +0,00084, a cregoBaTeNBLHO,
4 mogasHo Mexay 0,692 u 0,694. Takum o6pa3zom, In 2 =0,693 : 0,001.
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2) Ilposecru To e BEIYUCIEHME NO HopMyIte Tpamenmi.
B 31oMm criiyuae no dopmyste (14)

i
Ry <0, [Rn|<6n2-

INonpoGyem U 371eck B3ATH 7= 10, XOTs TOTJa TapaHTUPOBATE MOXHO JHIIb YTO | Ryl <
1
< @< 1,7.10—3. OpnouHaTel (BBIYHCICHHBIE C TOM JK€ TOYHOCTBIO, YTO M BBIIE)

Gynyt

x. =11 ¥:=0,9091
Xp=1,2 y,=0,8333
Xy,=1,3 y3=0,7692 Xp=1,0 Yo = 1,0000
xg=1,4 ¥:=0,7143 X10=2,0  10=0,5000
X=15  y5=0,6667 cymma  1,5000
x;=1,6 yg=0,6250

x,=1,7 y,=0,5882

xz=1,8 yg=0,5556 1 (1

,5000
Xo=1,9 Vo =0,5263 I ——2--+6,1877J =0,69377

cymma 6,1877
VuuTsiBas BCe MOTIPABKH, HaiineM, 4To In 2 comepxuTcs Mexkay rpanunamu 0,69202 =

=0,69377 - 0,00005 — 0,00170 u 0,69382=0,6937740,00005, 1. e. cHosa mexay 0,692
u 0,694, u 1. &.

3) C nomompro dopmMysnst CHMOCOHA, NPH TOM XK€ YHCIE OPAMHAT,
MOXHO IOJIydHTh Oomee TOUHBIX pesynsTaT. Tak Kak yeTBEpTas IPOM3BOAHAs TOH-

24
WHTErpaTbHOM GQYHKNHH eCTh = » TO 10 dopmyne (16)
X
Ry<0

24 2
T180-(2m)t 15-(2n)t”

| Rn|

Ilpu n=S5 (Torma 4yucio opaAMHAT OyIET TO ¥*e€, YTO M B MPEIBIAYILEM CIIy4yae) UMeeM
|Rs| <1,4-10—%, BpiuncleHne NOBENEM Ha HATh 3HAKOB, ¢ TOYHOCTHIO mo 0,000005:

X =12 y,=0,83333 Xy, =11 yiy, =0,90909
Xo= 14 7,=0,71429 xap =13 ye;,=0,76923
X3=1,6  y,=0,62500 Xsp=1,5 g, =0,66667
x,=18 y,=0,55556 xo =17 s, =0,58824
cymma 2,72818-2 Xo;, =19 »,,=0,52632

N 5,45636 cymma 3,45955-4
13,83820

Xo=1,0 y,=1,00000
x5=2,0 y,=0,50000
cymma  1,50000

1
0 (1,50000+-5,45636 + 13,83820) = 0.693152,
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Orcroaa In 2 CouepXxXuTcs MEKIY TPAHUIIAMU
0,693133 =0,693152 — 0,000005 — 0,000014
0,693157 =0,693152 +0,000005,

TaK YTO, HATIPHMeEP, MOXHO TONOXKHTH In 2=0,69315 14, 00002 -
B peiicrBurensHocTd In 2=0,69314718. .., ¥ HCTHHHAA MOrPEIUHOCTb OKA3LIBAECTCS

menblreit yem 0,000005 [cp. 3aMedaHHe B KOHLIE MPEABIAYILIEro n°j.
4) HOCTaBHM cebe 3amaveil BLIMUCIAT NOJNHBIH J3NNUOTHYECKHIN HH

Terpamn 2-ro poma*
: _
( ) J]/1~—sm-xdx
0

¢ To4yHoctso 10 0,001 mo dopmMyne CumncoHa.
1 n
dns byEkmmm f(x)={/ 1 ——sin®x, npu wusmMeHeHuu x or 0 pmo 30 uMeen

| f(D) | <12** mosTtoMy [cM. (16)]

T &
| Ral (E] 22 1k ”]5 10
<e—————e2 < —e-—— TAK K —1 < .

"UU180-2m) T 3 (2m)t 2

BosbmeM =3, tak yto | R;|<0,00052. Torma
=0 (09 ¥o=1,0000

xl/:!:;L_Z(ISC) 4y, - V12+V_ 3,9324

X ~% (30°) 2y, = |/ 14/2=1,8708
Xy,=— (459 4y, = ]/12=3,4641
7 15,4771
. . =. =1,35063. ..
o= (60%) 2y,=}10/2=1,5811 2

571 o /—'—_—‘_
%51, = 1 (75°) 4y5/2=1 12—-)12=2,9216

Ge2 OF) - V32=0,7071
cywa 154771

* Cm. cnocxy Ha cTp. 142.
1 1

** QuepnpaBO, y=f1 (x)>~v—_; naddeperupys ToxaecTso yi=1- Esin2 X, JIETK(
2

HOCHCAOBATCIIBHO HNOJYYHTh OIECHKU (CBery) aBCOMOTHLIX BEJIMYUH NIPOR3BOIHDI;
’ s’ e 4
Y, ¥ v, v
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K noJiy4eHHOMY pe3ynbTaTy, KpoMe monpaskH Rj, crmenyer noGaBurh eme (HeOTpHIA-

. 0,0003.7
TEeNpHYIO) MONPaBKy HAa OKPYIJICHHE, KOTOpasi HE IPEBCCXOOUT T<0,00003.

TaxuM obpasom,

1
1,35011 <E(———)< 1,35118,
12,

L
B MOXHO YTBEDPXIATh, YTO E(—:J= 1,351 44,001 -
2

(Ha pene B ONly4eHHOM De3y/IbTAaTe BCE 3HAKHM BEPHBI.)
5) Boucnuth HHTErpan

1
W= je—" dx
4]

¢ TouHOCThiO 10 0,000l mo dopMyne CumMncoHa.
HenocpeacTBeHHO BBIYMCIMB YETBEPTYIO IPOW3BOAHYIO OT HOOMHTErpanbHOM
dynkimy, yoexnaeMcs, YTo N0 aGCOMIOTHOMN BEMYMHEE OHA He NPEBOCXOANT 12; moITOMY

12
180-(2m)¢”

| Rnl=
JlocTaTouHo B34Th 2= 15, w60 | R;|<0,7.10—5. Umeem

Xo=0,0 y,=1,00000 X1/, =01 yy, =0,99005
x5=1,0 y;=0,36788 X3, =03 ys =0,91393

— X5;,=0,5  yg, =0,77680
X1, =07 yr) =0,61263
Xo;, =09 ¥y, =0,44486

cymma 1,36788

Xy = 0,2 = 0,96079 CyMMa 3,74027 -4
x,=0,4 y,=0,85214 —————

X3=0,6 y;=0,69768 14,96108

x4=0,8 y,=0,52729

1,36788 + 6,07580+ 14,96108
30 N

6,07580 =0,746825

cymMma 3,03790.2

0,746813 < W<0,746837

W=0,7468 19,0005 -

(M 30echb B NOTYYEHHOM pe3yJIbTATe BEPHBI BCe M€ C T b 3HAKOB!)
6) HaitneM maTerpan

1
rct
6= [ ax
X
0
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[cp. 314, 6)] o popmyne CuMncoHa, OPH n=>5, BLIYMCIAA HA NHTH 3Hakos
Yo=1 Yiy,= 0,99668
ys=0,78540 Yay, = 0,97152

cymma 1,78540 ¥sy,=0,92730
Yap,= 0,87246

1,78540+7,36476+ 18,32880

,=0,98698 Vo), =0,81424
¥2=0,95127 cymma 4,58220 - 4
4= 0,90070 et =0,915965.
¥,=0,84343 18,32880
cymMma 3,68238.2
7,36476

B IIOJIYYCHHOM PE3yJjIpTATC BCC 3HAKH BCPHBIL. HpcIlOCTaBIIHCM YHTATECJIIO OLICHHTH

MOTPEHOCTs N0 (opmyne (16).
3navenue G WHOTIA Ha3HBAOT nocmoauroii Kamaaana (E. Catalan) [cMm.

Taxxe 440, 6) (a)l.

3ameganne. Ilocmennue TpH DpHMepa HMHTEPECHHI B TOM OTHOIIEHHH, YTO
COOTBETCTBYIOIHE NMEpBOOOpPasHbic (YHKUMH B KOHEYHOM BMJE HE BLIPAXAIOTCH, TAK
YTO MMH BOCHOJB30BaThCSA AJS BHIYHCICHHS ONPCACICHHBIX MHTETPAJIOB ObuI0 OBI He-
BO3MOXHO,

Hao6opoTt, ecnu 3Tu nepBooOpasHbIe IPEACTABUTH B BHJAE ONPEACIICHHbIX HHTE-
TPaJioB C MEPEMEHHBIM BEPXHHM IMPENESIOM, TO MOXHO OBIIO 6Ll BLIYMCIHTH 3HAYCHHSA
3THX MHTETPAJIOB, OTBCYAIOWIMX PAAY 3HAYCHHI BEPXHETO Openena. DTHUM, ¢ DPHHLH-
NMHAJIBHOM CTOPOHBI, BBICHACTCA BO3MOXHOCTb COCTABJICHHA U (DYHKIMH, 3aZaHHBIX
JHAIIL WX MHTETPaJIbHBIMHM BBIDAKCHHSMH, TAKHX K& TaOJIMIl, KAKHE M3BECTHBI YUTATENIO
DI 3NIEMEHTaPHBIX (QYHKIMHA.

Ha 3ToM OyTH MOXHO TakXe MOJMYYMTh IUIS YIOMSAHYTHIX GyHxuMit ¥ npubiamxen-
HbIE BBLIPAKCHHUA.



TJIABA OJECATAA

MNMPUJIOKEHHNA UHTEI'PAJABHOI'O UCUUCJAEHUSA
K TEOMETPUH, MEXAHNUKE 1 ®U3UKE

§ 1. Anmna xpuBoii

329. Boranciaenne aamnbl kpuBoii. 1IycTh Ha IJTOCKOCTH mapamMeTpuye-
CKMUMH YPaBHECHUSMH

x=@(t), y=y(t) ey

(to=t=<T)

N’
3aj]aHa HENpepbBHAsS NpocTas kpusBasi AB. B mepBoM Tome [247] GwutO
YCTAaHOBJIEHO HOHATHE MJIHHBL KpHBOH Kak TOYHOH Bepxmell rpa-
HMIBI S IEPUMETPOB, BIMCAHHBIX B KPUBYIO JIOMaHBIX

S=sup {p}. ()

B npearnonoxenun, yto $ynxuun (1) ©MEIOT HeNpepbIBHBIE IPON3BOAHBIE,
ObuTO mokazaHo [248], uTo xpuBasgs cnmpsAMiasieMa, T.e. JJIAHA OYyTH
N’

KoHe4YHa. bompiie TOoro, eciu pagcMOTpeTh NEPEMEHHYIO Iyry AM,
roe M — mobas Toyka KpHBOI, OTBevalollas 3HaYCHUIO ! mapameTpa, TO
OBLIO YCTAHOBJIEHO, YTO IJIMHA

A\M= s=8(t)

ectb Ouddepentupyemass (QyukuMs oT f, MPOM3BOAHAS KOTOPOH BEHIpa-
JKAETCS TaK:

SO=YIg'OF+ [y (OF
si=Vxp+y? ()

[248 (10)] u, oueBMIHO, TOXE HENpPEPHIBHA.
Brages monsTHEM HHTErpajla, MBI MOXEM TeIepb IepeidTH M X B BI-
N’

WIH — Kopoye —

YHCIEeHHU W IIUHBI § KpuBoil AB. Ilo ocHoBHOH ¢opMyrne HHTErpaIb-
HOTO HCYMCIICHHSA, Cpa3y IOJIYYHM

T
S(T) = s(t,) = js;dt

te
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HJIH
T T

AB= 5= |VxZ+yp di= [ Vg OF + (0P @

113 &

A
Jnuna nepeMenHol Oyrd AM, o XOTOPOM BhINIE LA pPeyb, KaK JIEKO

MOHATH, BBIpa3suTcs GpopMyioi
t

Y o
AM=s=s(t)=JV.\, +yfdt. 5)
%
MoxeT CIy4HThCA, 9YTO 332 HAYAILHYIO TOYKY OTCYeTa Oyr GepeTcsl Kakas-
mbo BHYTpPEHHSASA Touka M, Ecmu f, mo-npexHeMy orpeneiseT

HAMCHHO 3Ty TOYKYy (B 3TOM Ciydac f, yXKe He OymeT X OHI[OM IpoMe-
XKYTKa, [I¢ H3MEHsICeTCA £), To bopMyna (5) TaeT, 0UeBUAHO, BEITHUYHUHY

SN
ayru AM co 3HaKOM, HMEHHO, CO 3HAKOM ILIIIOC, €CIIH f > f, U TOYKa
M JIEXHT C IOJIOXHTEJILHOH CTOPOHBI OT Hawajla oTcyeTa Iyr M, H co
3HAKOM MHMHYC, €CIIH f<[f, H TO4Ka M JICXHT C OTPHULIATEIBHON CTOPOHBI
oT M,.
Ecnu xpuBas 3agaHa SiBH B M YPaBHCHHEM B MPSIMOYTOJILHBIX KOOP-
JMHATaX
Y= (r=x=X),

TO, IPUHUMAS X 3a napaMeTp, U3 GopMynsl (4), Kak ee YaCTHBIH CITyvai,
TTOJTYYAM

S=[YTTy2dx= [VTT 7 ®Pdx. (4)

Hakonen, conydyali HOJXSPHOT O 3aJaHdd KPUBOH
r=g(0) (0,<0<0),

KaK H3BECTHO, TAKXE MPUBOIUTCA K IapaMeTPUYECKOMY C HOMOIBIO O6GBIY-
HbIX (GopMys1 mepexona

x=rcos0=g(0)cos 0, y=rsinf=g(0)sin 0,

poip mapamerpa 3meck urpaet 0. [las storo ciyyas

e ]
§= J Vritrgd= jV@F +Ig' @R do. (46)
0o 0y

Jlerxo mmst sTHX JABYX YAaCTHBIX CJIYyYacB 3adaHUA KpI/IBOﬁ HaIucaThb
N

U BBIPDAXCHHS IJI1 BEIMIMHBI NEpeMeHHOM ayru AM, eciu M oTBevaer

abcuncce X WM MOJspHOMY yrity 0:
X

Imzs=s(x)=J'Vl+y;2dx (5a)

X
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HJIH, COOTBETCTBEHHO,
i1

AM = s=s(0)= | VrEir2do. (56)

0o

330. Apyroii noaxox x onpexeeHHI0 MOHATHHA JJIMHMBI KPHBOH H ee BbI-
apcirennio. Ilpu ornpenenaeHUy caMoro MOHSTHs JJIMHBL HEMPEPHIBHOM Npo-
croit xpuBoit (1) MBI Mcxomuiau U3 paBeHcTBa (2). lokaxem Temepb, YTO
~ 8 cayyae He3aAMKHYmMOIU Kpusoii — ee Oauna S AgAsemCA He
MOAKO MOYHOU 8epXHel 2paHuyell 047 MHOMCECMBA OAuH
{p}, enucannvix 6 Kpugyio romanvix, Ho u nonpocmy npeodesom O04A p
— npu ycaosuu, umo cmpemamca k 0 daunvl écex cmopon aomanoii (p)
(uau, mounee, oauna A* nauboavwieil u3 IMUX CMOPON):

S=limp. (6)
1*~0

BripoueM, ynobree MCXOOMTh M3 3HAYEHMIl mapameTpa f:
ty<ti<...<li<tipy<...<t,=T, @)

ONpele SIOLIUX MOM0XKEHHE HAa KPUBOM BepILUH JIoMaHo#t (p), u mpeamo-
JOXKHUTh, YTO CTPEMATCS K HYNIO Bce mpupaitenuss At=t,,~t; (wim,
TOYHee, HAUOOMbINee U3 HUX A=max At;). IBe neMMbr n° 245 obecreun-
BalOT PAaBHOCHJILHOCTH 00€HX XapaKTepUCTUK MpenebHoro rmporecca. MTaxk,
MOUTEXKUT JT0KAa3aTeNbCTBY IpeleSIbHOE COOTHOLUEHUE

S =lim p. (6%)

A0

CHayanma OoTMeTUM Cllelylolifee BakKHOE CBOHCTBO mepumeTrpa p. Ecmu
OH OTBEYaeT HeKoTopoMy cmocoOy (7) pasimoxeHHs HpoMexyTka [f,, T,

U 3aTEM MBI BCTaBUM €lUC OAHY TOYKY ICIICHUSA t:
e<t<lyyqs

TO IEPHUMETP p Pa3Be JUIIL YBEIHIUTCS, IPHIEM YBEIHYECHUE €r0 He IpeB-
30HOeT yOBOCHHOH cymMMmBbl KojeGauuit dyuxuuit ¢(f) u w(t) B npoMexyTke

(tx, tyy.]. HeiicTBuTEnbHO, JOOABIEHHE HOBOM TOYKM ! 3aMEHSET B CyMMe
P OOHO cilaraeMoe (IUTHHY CTOPOHEI):

Vet )P + [p(tisr) — ()P )

CyMMOH JBYX CilaraeMbiX (CYMMOH IJIMH IOBYX CTOPOH)

V19D ~ptaP+p@) —p(tP + V ipttisd 0O + [p(ts ) —v P, ©)

KOTOpasi BO BCSIKOM CIIy4ae He MeHbIUe, 4eM ciaraemoe (8).
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C nmpyroii cTopoHsl, BcI cyMMa (9) He MpeBOCXOAUT CYMMbl
() ~ (1) |+ 19(0) =98 |+ | @(tisd) =@ |+ 19t i) —9(D) |

H, CJIENOBATENbHO, YBEJHYEC HU € TepUMeETpPa p U MOJABHO HE IIPEBOC-
XOOHUT 3TOrO YHCJIa, KOTOPOE, OYEBUAHO, MEHbIIE YIOMSHYTOH YABOCHHOM
CyMMBI KoJieGaHuii.

B nanmpHeHImX pacCyXAeHHSX OTPaHUYUMCS CIIy4aeM KOHeyHoro S.
JJis npou3BOJIBHO MAJIOTO YHCIIA € >0, TI0 OIpeesieHI0 T O Y H 0 # Bepx-
Hell TpaHMIlel, HAlieTCa Takoi crioco® pa3Ouenus mpomexyTka [t,, T] Ha
YaCTH TOYKAMHU

F=ty<tf¥f<tF¥<.. .tk=T, (10)

4TO [Ji1 COOTBETCTBYIOIIErO mepuMeTpa p* OyIeT BBHINOJHATHECA HEPABEH-
CTBO

&
pr>=S-5. 68))

BBumy paBHOMEpPHOHM HeNpepbIBHOCTH (yHkumid ¢(¢) U (f) cywmwecTByeT
cToJIb Majoe uuciao 6 =0, yro

() =9t <> 19 =9 <5

JIMIOL TOJIBKO |t''—1t'|<d. Pa3oObem ke mpoMexyTok [f, 7] Ha vacTu
ToykaMu (7) IO/ € THHCTBEHHLIM YCIIOBHEM, YTO A <4 (T. €. 4To Bece At; < d),
H COCTaBMM COOTBETCTBYIOLIYIO CYMMY p.

PaccMotpuM Tpetuii cioco® apobnenns npoMexyTka [t,, 1] Ha vacTy,
OpH KOTOPOM TOYK2aMH HEJIEHHs CIyXkaT Kak BCe TOUKH f; cmocoba (7),
TaK 4 BCe TOYKH ff cmocoba (10); mycTh eMy OTBedaeT IepHUMETD p,. Tak
kak 3ToT cnoco® momydyeH u3 (10) myTem nobGaBiieHHSA HOBBIX TOYEK, TO
B CHJIy CKa3aHHOTO BHayaJe

Po=p*. (12)

C npyroit cTopoHsl, TOT Xe cmocob6 monydeH u u3 (7) mobasienuem
Touek tff. JloGaBiieHwe Kaxmodl TOYKH ¢ff yBequuuBaeT p He OoJee, yeM
Ha YABOEHHYIO CYMMY COOTBETCTBYIOLIMX KojeOauuit dynkituid ¢(f) u y(t),
1
2m
4eM m pas, TO p, NPEB3OHIET p MeHbIIEe YeM Ha

T. €. MEHbIIE, YeM Ha — . Tak Kak 3TOT HPOLECC MOBTOPAETCS MEHBIIE,
€
E .
&
Po=<D -t 5 (13)
W3 mepasencts (13), (12), (11) cnenyet, yto
e S —é
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tak 4To 0 <S§—~p<e, OTKyAa BBITEKAET JOKa3bIBAEMOE yTBepxkraeuue (6*),
a 3Ha4uT u (6).

Tak kak u3 (6) obpaTHo BEITeKaeT (2), To paBeHCTBO (6) MOXHO pac-
CMATPHBATh KaK HOBOE OIIPEIeNIeHHE JIMHBI KPHBOH, paBHOCHIIBHOE IIPEX-
HEMY.

3aMeyvanue. OnHako, Kak HETPYJHO BHIETH, B CIIy4ae 3a MK H y-
TO i KpHUBOH Takoe OIlpelieiieHHe He MOXET ObITh NPUMEHEHO 0e30roBo-
pOYHO: Bellb Jlaxe MpH COOIIOaeHHH
YKa3aHHOTO YCIOBUS HUYTO HE Me-
mano Obl JTOMaHOH CTATUBATHCA B
TOUYKY, 4 €€ MEPUMETPY CTPEMHUTHLCS
k 0 (puc. 8). Cyts nmema B ToM,

YyTO NP HE3aMKHYTOH Kpu- A
BOH oJHO yOBIBaHHE BCEX 3BEHBEB
noMaHo#t (p) Do Hynsa yxe obecrre-
yuBaeT Bce Ooyiee TeCHOE TPHMEI-
KaHHE HX K COOTBETCTBYIOUIMM YACTHYHLIM AyraM; MO3TOMY-TO H €CTeCT-
BEHHO IIpefesl e€¢ IepuUMeTpa p NPUHATH 3a JIHHY Bceit Ayru. B ciyyae
XKe 3aMKHYTOH KpHBOH Iiello OOCTOMT yXe He Tak.

[OTMeTHM, 4TO ecH BMecTO cTpemiienust K 0 [UIHH BCEX CTOPOH
JIOMaHOH, IOTPeO0BaTh TOTO XKE OTHOCHTENIFHO JUAMETPOB COOTBETCTBYIO-
KX O YT, TO HOBOE OmpefeieHHe ObIIO OBl B paBHOW Mepe IPHIIOKUMO
KaKk K HEe3aMKHYTBIM, TaK H K 3aMKHYTHIM KPHBBIM.]

IToxaxem Temeps, Kak U3 omupexaenenus (6) unu — 4ro To *e — (6%)
HENOCPEACTBEHHO BHIBECTH BhIpaxkenue (4) s Amuubl S KpuBoif. Bylem
HCXOIUTh U3 TOTOBOI'O BbIpaXeHUs s MEpUMETpa p JoMaHoW [cM. 248

(Nl

Puc. 8.

n—1 v

p= Vg @B+ 1y @R Ay,

i=0

rjue T;, T; — HEKOTOphbIe 3HAYEHUS ! U3 MPOMEXYTKA [f;, #;,,].
EcnuM 3aMeHHTH BO BTOPOM ClIaraeéMoM MO 3HAKOM KODHS Be3lE 7,
Ha T;, TO NMpeoOpa30BaHHOE BBHIPAXKEHHE

n—1
o= go VIo' @)+ [y ()R- At

OYEBUIHO, MPEACTaBUT COOOH HHBTErpalbHYK CYMMY Kak pa3
nst uuTerpana (4). Ilpu crpemiesnu A K Hy/iO, 3Ta cymMMa U OyIeT UMETh
CBOUM MPpelesoM YHOMSHYTHI HuTerpan*. Jns Toro 4To6BI MOKa3aTh,
4TO K TOMY Xe INpelely CTPEMUTCA U HEPUMETP p JIOMANOH, JOCTATOYHO
OOHAPYXHTb, YTO PAIHOCTh p -0 CTPEMHTCA K HYJIO.

* CyIleCTBOBAaHHE €r0 He BBI3BIBAET COMHEHMi, MO0 NOAMHTErPagbHAA YHKUMS
HetipepeiBHa [298, 1).
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C 5Toil 1eNEI0 MPOU3BEOEM OIEHKY 3TOH Pa3sHOCTH

|p-o|<Z V' @F+ [y @PF - Vg @F+ [y @)F

<A, .

DJleMeHTapHOe HEPaBEHCTBO
V=B - Y@ B3| <|b- by | *,

€CJIL NPUMECHUTDE €ro K KaxXIoMy cCllaraCMomy HarKuCaHHOW BBILLE CYMMBI
B OTACIIBHOCTH, O1AaCT HAM

lp— UISZ lv'(z) ~¢'(@)| 4t;.

BBunoy uenmpepbIBHOCTH GyHKIHd (), 1o mobomMy 3azaHuoMmy ¢ =0
Haiigercs Takoe 0>0, ato |y'(¢) —y (t)|<e JMIE ToMbko |t—1t|<4. Ecnm
B3ATb A <0 (T. . Bce At;<0), To u |7;—~T;| <9, Tak uto0 |p'(7;) —y'(T)|<e 1

|p—o|=e S At;=e(T - ty).
OT10 noxaseiBacT Gopmyny (4).

x
331, Ilpumepnt. 1) llendasa nyuupsa: y=ach— (puc. 9). Msl uMenn yxe B
a

252, 1):
f—— X
V1+y%=ch-.
a
Toraa no gopmyne (5a), ecnu 3a HaYaIoO OT-
cyeTa Ayr NPHHAThL BEpMMWHY A KDHBOM
X
N X X
s=AM = fch—dx=ash—-.
a a
0

x
Benomunas, 4to tgo=yy=sh —, umeeMm
a

TaKkxe s=atgo, Takum obpazoMm, B A MPS
(puc. 9) katetr MS=a tg«a B TOYHOCTH paBeH
(mo pnwHe) nyre s. MBI HONYYHIH TPOCTOM
CioccO rpaduIeckoro CIpsiMiIeHHsl LEMHON NHMHHAH.
2
2) MMapa6ona: y=x—.
2p

* HepaBeHCTBO 3TO OY€BAAHO DpH a=0; ecriu %e a=0, TO OHO HEMOCPEICTBEHHO
BBITEKAET W3 TOXAECTBA

Vasbi - Yai v By -

b+b,

a2 ¥ b2 T_2(b_bl)’
Va2 + b2+ a2+ b3

Tak Kak MHOXKMTENb TNpH Pa3HOCTH B CKOOkax mo aGCONIOTHOW BEJIMYMHE MEHbLUE
CIAVMHHLIL!.
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IlpunsAB 3a Hayano orcuera Ayr BepmmHy O (x=0), ANs DPOU3BOJIBHOM TOUKH M
¢ abcumccoit x AMeeM

X
0

X
1 171 - p?
s=OM= —j |/x2+p”dX=-—[5x x2+p2+1—’2— ln(x+]/x”+P”)]
p p
0

p . x+)xt+p?

X
=— Vxrrpre 2
2p],x+P+21n

3) Actpouna: x=acosdt, y=asindt.
ITone3ysach yxe BBIMMCICHHEIMM [224, 4)] 3HAYEHUSIMH X; M ¥j, UMeeM

e——— e T
Vxp+yi=3asin tcost (ecnn 0<t<5) .

JInvHA 4eTBEpTH acTPOWAbl Mexay ToukaMu A(a, 0) u B(0, a), no dopmyne (4), paera

N N 3a . ;1
AB=3a | sin tcosta’t:?smzt
0

3a
_2‘1

e pin

TaK YTO IJIMHA BCeil KpMBO# GymeTr 6a.
4 Huxknounnga: x=a(t-sint), y=a(l —cost).
3neck (mpy O=<t=<<2n)

. t
]/x§2+yi2=aV(l —cos t)2+sin? ¢t =2asin 3 5

IJTHHA onHoﬁ BETBH LMKJIOMABL, 0 dopmyne (4), Gyner

2n
t t |2n
2a jsm—dt:—4acos— =8a.
2 2o
0

5) OBonbBeHTA Kpyra: x=a(tsinf+cost), y=a(sin ¢t -t cost).
Nmeem (npu ¢ >0)

Vxp+yE=al(tcost)* +(tsint)=at,

N’
TaK YTO nepeMeHHas ayra AM ot touxu A (¢ =0) no moboit Toukr M (¢ >0) BEIpa3uTCcs
Tak:
~— at?
AM=s5= 7 .

IIpu t<0 B mpenmecTsyroweii GopMyne CopaBa HyXHO JHIIL MOCTABUTH 3HAK
MHHYC.

6) ApxuMenosa cnupanab: r=af.

ITo dopmysne (56), oTcunTriBas ayry oT mosmoca O mo mo6oit Touku M (oTBeyaro-
et yry 6), momydaem

0
N —
0M=af V150 do =

0

‘25 [6 Vi+oi+In(0+YVi+62)].
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r
JIx0G0mBITHO, YTO DOACTABHB 3[eCh 0 =-—, MBI OPHAEM K BRIDAXCHHIO, (OPMambHO
a

CXOHHOMY C BBIpAXXEHHEM Uil UIMHBI OyTH mapabomsl [cMm. 2)].
7) JorapudmMudeckas cnupanb: r=aemd (puc. 10).

N’
Tak xak rj=mr, TO r=—rg, 1 I8 Oyru M M Mexay AByMsi TOUKaMH C KOOpJHHA-
m

Tamu (ry, 0,) 4 (r, 6) Oymem mMeTh 1O TOM xe dopmyne (50)

o ]
~— - 1 1
J=M0M=J‘Vr2+r{; d0=1/1+— J‘r‘jd0=‘l/>l+— (r—ry.
m? m?
8 0,
1

Ecix BCIIOMHHMTB, 4TO IS JIOTAPU(GMHYECKOH CHHpaNH tg w=-—, TO NOJYyYCHHBIH
m

pe3yabTaT MOXHO HANMHUCATh TaK:

Hpubmokas Touky M, x nomocy O,
T.€. YCTpEMJISisl r; K HYJIFO  MPHHH -
Mas MOJYy4HaeMBbIii NPpH 3TOM

N’
npeneyx OINUHB AYyrTH MM 3a
e’

ONUHY OYyTH OM, MBI IDHIEM K €ile
GoJiee MPOCTOMY pe3yJbLTATy

C nomoiubto 31O  dopMYIIBI M3
AMOT (CM. PHCYHOK) yX€ JIETKO YCMO-
TpeTh, YTO JHyra § paBHA MOJISPHOMY
OTPe3Ky KacaTelNbHOI 7j:

N’
OM=TM*,

MBI [OJIy4HTH BeChbMa MPOCTOH Crocod

rpaduuecKoro CopsiMIICHHs Hamei KpUBOIi.
Puc. 10. 2 yz

x
8) Onnunc: —+=—=1.
at  b?
VY noGHee, BIpOYEM, B3ATh yPABHEHUS HIUIHNCA B MApaMeTpHueckoi popme x =a sin £,
y=>b cost. OueBHIHO,

Vxiztyir=Va*cos® t+bsin® t = | a2 — (a*— b¥) sin? = a1 —¢*sin ¢,

at—b?
Iae ¢ = ———— €CTh YHC/ICHHbIH IKCUEHTPHCHTET JJUTAIICA.
a

UpEIOKEHNE. KOTAA 3Ta KpHBas KAaTATCH 6e3 CKONBbXEHHSA 1o npsmor MT,
O nomoc O (eclif CYUTATH €0 HEM3MEHHO CBSA3AHHBIM C KPMBOH) ONHCEIBAE€T HEKOTO-
pyro mpsMyro. TIpenocTasjisieM YHTATENO JOKA3aTEeIBCTBO.
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Boruucnsist AJIAHY OYTH 3JUTHIICA OT BEPXHEr0 KOHIIA MaJIOK OCH 1O Jr060i ero TOYKH
B NCPBOM KBAaIPAHTE, NOIYYUM

t
s=aj Vl —e28in? t dt =akE(e, t).

Taxum 06pa3omM, AJHMHA AYTH 3JUIMICA BHIPAXKAETCS 3 I AMOTHYECKHMM HHTE-
rpanomM 2-ro popa [293, cM. Taxxke 305]; kak yka3piBaJoCh, 3TOT (PAKT HOCITYKHI
[MOBOAOM IUISl CAMOTO HAa3BaHHUA (IJUTHIITHYECKHUID.

B 4acTHOCTHM, HOJIMHA YETBEPTH 06GBOJA JJUIMIICA BBIPAXKAETCA 4epe3 IO JIH BI |
IFUTMOTHYECKUN HHTErpaim*

a Vl —&?gin? ¢ dt = gE(e).

C%—gwl 3

JnuHa ke Bcero obsopa Oyner
S =4ali(e).
. X
HuTepecHO OTMETHTB, 4TO U IUIMHBI OOHOM BOJIHBI CHHYCOMABI y = cSsin 5 e

= V a®— b? NoJyYyaeTcss B TOYHOCTH TAKOH € pe3ynbTar. I eOMETpHYECKH 3TO COBIAe-

HHE OOBACHHMTBH JIETKO. BooOpa3uM OpPSAMON KpYroBOM LHIMHAD, B MEPECEYCHHH €ro
TNOBEPXHOCTH C IJIOCKOCTBIO, HAKIIOHHOK K 0O0pa3syromuM, momyyurcs sumnc. Ecmu
paspe3aTh NOBEPXHOCTE IMIHHApPA DO oOOpasyromeil, MPOXOOAIIEH dYepe3 BePIIRHY
MaJIOH OCH, M pa3BepHYTh, TO OOBOJ JIUIAIICA MEPEANET B CHHYCOHOY.

AHAaNoOrgYHO X SNMIHANTHYECKHM HMHTerpamam (o0OMX POAOB) HpH-
BOJWTCS] U BBIYMCIICHHE OYTH THUOep OO MBI,

9 VYnurtkxa: r=acosf+b.

3necy rj=—asinf u

4ab
r2+r'2—a2+2abcoso+b2=(a+b)2[1— a sinz—].
@rbr "2

Ioatomy (ripu b = @) [UIsS JJIMHBI AYTH OT TOYKH, IUIsi KOTOPO# 6 =0, 0 TOYKH C JIFOGBIM
6 <7 MONMyYMM BbIDAXeHHWE B BHOE DJNJHIOTHYIECKOro muTerpana (2-ro
pona)

0

4ab | 6
s=(a+b) 1- sin? — df =
(a+b)? 2
0

=2a+b)

Ot_ﬂ vlo

/1— b st dt=2at b)E 2fab 0
1 @rop " at a+b’ 2"

JInuHa BCeM KPHBO# BBIPA3ATCA MO JHBIM JILIAITHYECKMM HMHTErPAJIOM:

S=4(a+b)E ( 2Yab b)

* CM. cHOcky Ha crp. 142.

12 T. M. ®uxrenronsy, T. 11
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QOnHAKO AN 4YAaCTHOrO Ciydas — KapauouMabl (b=a) Heno 3HAYUTEIBHO
ynpormaercs. B 3ToM ciysae

/]
r2 4 rg? =4a? cos? R

Tak 4T0 (0<0=<<n)
0

0 .0
s=2ajcos—d9==4asm— .
2 2
0
N’
Ecnu (prc. 11) 83 monmoca O panuycoM 2a onucaTs Oyry AL 10 mepecedeHns ¢ IpOAOIDKeH-

e’
HEIM pagdycoM-BekTopoM OM, To xopAaa AL, ouesnnso, 6yaer papua ayre s=AM.
Jinnra Beelt xapmmomawl Gyner 8a.
10) JlemHuckara:
r2=2a%cos 26.

BEIYHCTAM JUIMHY AYTH JIEMHHCKATHl OT BepIIMHBI, oTBeyaromed 0=0, no moboik
TOYKH € NOJISPHBIM YIJIOM B<;—Z.
HNmeem
rrj=—2a%sin 20,
2a? sin 26

OTKyHa rg= —
r

y B TaxoM ciydae
2q2 aVE
r

Vrir-
¢ VcosZB

u no dopmyne (56)

[} 0
aﬁJ‘ de V3 do
5= =a —
Vecos26 j Y1-2sin2 8
0 0

MEl CHOBA IPHXOZMM K I3JJIENTHYEC-
KoMy mAETerpany (l-ro poma). Tax
KaK Tab/mLubl BLIMHCIIEHB! AJIA HHTETPANoB, B KOTOPHIX MHOXHTEIb k2 IPH sin? 6 MeHbIIe
eAMHULEI, TO npuberaeM K 3amene nepeMenHol. ITonoxuM 2sin? § =sin?e (TaK Kak

’

Puc. 11.

n .
9<Z’ TO 2sin?f<1, H yroa ¢ OTCKOAa ONpeleIHTh ACHCTBATEILHO MOXHO); TOIJA

1 1
sin § =-—sing, cos 6 d6 =— cosp dop,
V2 2

1 cospd
do ___i_f__, J1-2sin?* ¢ =cosgp

V2|, 1.
1 ——sin®
2smcp
d 1
s=a _—ﬂ—maF(-—,w).
1 2
l—Esinw V2

H OKOHYATCNBHO
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T 1
Tlonaras B npeaeabHOM Clirydae® 6 =7 ap= 5 OJISL NJIAEB] YETBEPTH JIEMHHUCKATEI

MOJNYYHEM BBIPDAKCHHAE Yepe3 N O N H bl i 3JUIMNTHYECKHH HMHTErpan

2 d
1
=q _._.__‘p_._zaK — ;
1 1'n2 V2
— =81
2 ¢
0

IMHA BCel NeMmHHCKATH OymeT S=4aK (——)
2

3aMevyaTeNnbHO, YTO 3a7a9a CNPSMIIEHHS JYTH KPHBOH CTOJIb YaCTO IPHBOJHT HMEHHO
K 3AJNMNTHYECKHMM HHTEerpagam.

11) B 3axmioueHue mpUBeNcM IpHMEP ACMONL30BAHHA (GOPMYNE Oji IJIHHBI AYTH
OpH DOCTPOCHMM 3BOJNBBEHTH KpuBO# [256]

PaccMoTpuM nmenHY JHHHIO. EChH Tekymde KOODAWHATH €€ TOYKH 060-
3HAYATH Yepe3 &, 77 (ApUMEHUTETBHO K 0003HaYeHAsM n° 256), a AyTY ee, OTCYUTHIBAEMYIO
OT BEpOIMHBLI, — Yepe3 0, TO YPaBHEHWE KPHBOU HAMMIIETCA B BHIE

¢
n=ach—,
a
a myra npencrtaBuTcs ¢opmyioit [em. 1)]

o=ash —.
a

OTCiona MOXHO BHIPA3uTh & H 7) Heuocpencrneimo B QyHKIMM OT O
¢=alln(o+Yo*+ta)-nal, 7n=Yota.

Teneps mo Gopmynam (17) n° 256, ywaTeBas, yto 31ech [cM. (18)]
a o
Cosf=r———,  sinf=-———
Jo?+a Vor+a

MOXHO HAOHCATh MapaMeTPHYECKHE YPaBHEHHWs OPOH3BOJIbHOK 3BOJIBBEHTHI

x=a[ln (o+ Va“-{—a“)—ln a] +(c-a) 2 _
o2+ a?

»

N a
y=Vor+tat+(c-0) ——.
Vo?+a?
OCTaHOBMMCS Ha TOM M3 3BONbBEHT, KOTOpast OTBeyaeT ¢=0; OHa HCXOMUT H3 Bep-

IIAHGI NCTTHOM JIMANE M HMeeT B Helt Touky Bo3sparta (puc. 12). Mckmogas g, 3Ty KpMBYIO
(Ha3piBaeMyI0 TPAKTPHCO M) MOXHO BHIPA3HTh H SBHEIM YDaBHEHHEM

2_. 2
X= :t|:a lnﬁi—y~Va2—y2] .
y

* Msl BRIHYXKAEHH PacCMATPHBATH 3TOT CIIyyai KMCEEO KaK npeuenbm,m nepe-
xo,u.n B TIOJIYYCHHOM BHIDAXEHAH O/ § K Lpeaeny OpH 6 -—Z ot ¢,v-5, TaK KaK OpH

=Z OpOM3BOMHAS 7= W (opMyna (56) HeNOCPEeNCTBEHHO HENPAIOXHAMA.

12#
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Ecny BCOOMHMTH BBIPAXEHHE «OTPE3KA KacaTelbHOie [230 (4)]

[ ((1.\—‘)3
/ 1+ — s
/ dy

S
f""*,l/,l+;v£~2 =y
Yx

TO OTCIHOAA JIETKO NOJIY4MTb, YTO #=a. DTUM BHIPAXKEHO 3aMeyaTe)IbHOE CBOHACTBO
TPAKTPUCBL: OMPE30K KACAMEAbHOU 04 Hee umeem ROCMOIHHYIO GeAUMUHY™,

DTOT pe3ynbTaT JIETKO MONYYAETCH W HEMOCPENCTBEHHO M3 CBONCTB LEMHOH JIMHHM
[em. B 1) ee copsamiienme, puc. 9].

Puc. 12.

332. HarypaJbhoe ypaBHenHe IJIOCKOH KpuBoii. IIpencraBnenune KxpuBoi
C MOMOUIBIO YPAaBHEHUS MEXIY KOOPIWHATAMHU €€ TO4YeK (II0 OTHOIIEHHIO
K Kakoit-mibo cucTeMe KOOPOMHAT), HECMOTPS Ha BCIO IOJIE3HOCTL Ta-
KOTO IpEICTaBJICHAS, YaCTO HOCHUT HCKYCCTBEHHBLIH XapakTep, IMOCKOJILKY
KOOPIUHATHI HE SABJISAIOTCS CYLIeCTBEHHEIMH T€OMETPHYECKAMH IJIEMEHTAMH
kpuBoit. TakMMM CyIECTBEHHBIMHI JIEMEHTaMH, Ha000pOT, ABIAIOTCA X Y-
ra KpuBOH §, OTCUMTHIBaEMas B ONPENEJICHHOM HAIPAaBJICHMA OT HEKOTO-
poii HavyalbHOH TOUKH, ¥ paduyc KPpPHUBHU3HB R (WM camMa K p u-

BU3Ha k=%) [cm. 250, 251].

Jas xaxaoil KpUBOH MEXAY 3TUMH SJIEMEHTAMH MOXHO YCTaHOBUTH
3aBUCUMOCTb BUIA
F(s, R)=0,

KOTOpasi M HA3BIBACTCS HAMYPAALHbYIM YpAsHeHUem KPUBOU**.

* C 9THM CBA3aHO M CaMoO€ Ha3BaHMe TPaKTpHca (HPOUCXOAAIIEE OT JIATHH-
CKOro riarona trahere — BN e€d9b, TALIUTHh). €CIHM ABHXYINAACH IO TOPU3OHTAIM
Toyka T opu nmomomu HUTE TM Tawmm T 3a coboit Touky M, TOo mocmenuss Oynet
ONMCHIBATE Kak pa3 TPaKTPHCY. ’

** Tlepepon Hemeukoro Tepmuua: natiirliche: Gleichung; He mMenee BEipazuTeneH
W dpaHLy3ckuil TepmuH: équation intrinséque (T. €. «BHYTPEHHEE YpaBHEHHEY),
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HJoxaxeM, 4TO Kpussie, useouwue OOHO U MO JHce HAMYPAIbHOE Ypae-
HeHue, Moeym onaAudamecA MOAbKO CE0UM RNOAOHCEHUEM HA NAOCKOCMU,
TaKk 4To0 G o pMYy XpHBOH HATypanbHOE YPABHEHME ONPEHEISET BIOJIHE
OTHO3HAYHO.

Ilycte xe pse kpusble (1) u (11) nMmerorT onHo W TO Xe HaTypanbhOe
ypaBHEHHE, KOTOPOE MBI BO3BMEM B BHIE

%:: g(s). (14)

H7s Toro wToObl 10xa3aTh UX KOHIPYEHTHOCTh, CHAYajla HepeHeceM OMHY
M3 KPHUBBIX TaK, YTOOBI COBHNANH TOUKH, OT KOTOPBIX HAa 00edX KPHBBHIX
OTCYHMTHIBAKOTCA IOYI'H, a 3aT€M HOBEPHEM ITY KPUBYIO TaK, 4TOOBI COB-
T HOJNIOKHMTEIbHBIC HAPABJIECHHS KacaTeJIbHBIX B ITHX TOYKaX.
OtMeTnM ykasaTeasMu (' ¥ 2) COOTBETCTBYIOIIME OJHOMY H TOMY XK€
3HAYCHUIO S 3JIEMEHTH O00CHX KPHBBIX:
KOOPJAMHATHI MEPEMEHHOM TOMKU: (X, ¥;) U (Xs. Vo)
yroJl KacaTeJIbHOH € OCBIO X! a; U o
pangMyc KpuBU3HBL R, u R,.
B cnny (14) OymeM uMeTb mpu BceX S 71—1——-%2, T. €. [250, (2)]
day _ day (15)
ds ds ' -

KpoMe Toro, kak Hpemnosiox)eHo, mpu s=0
X1 = Xgs N1=Ye (16)

o =0y, (17)

U3 (15), no cnenctauio n° 131 BeITEKaeT, 9TO o; H &, MOLYT Pa3HUTHCH
JMIOb HA HOCTOAHHYIO; HO, KAK MBI BHAENH, TP §=0 3TH BeJIUYHHEI COB-
najgaroT, ciegoBaTeabHO paBeHCTBO (17) mMeer Mecro Bcerna. B Takom
cirydae JUIM BCex 3madeHui s Oymer [249, (15)]

D4 _ cos oy = €08 og = 22
ds %= %2=75
dyy _ . o _dy,

vd—s~smoz1—sm0(2-~£ s

OTKyJa aHaJOTHYHBIM 0Opa3oM 3akilouaeM, 4TO U paBeHCTBA (16) UMeroT
MECTO BCeraa, T. €. KPHBBIE COBHANAIOT.

IToxaxeMm Temepb, kak HO HATypaJdbHOMY ypaBHenuto (14) kpusoii
BOCCTAHOBMTh KOOPAHMHATHOE NpeicTaBiieHue ee. IIpexne Bcero u3 (14)

de
HMeeM ﬁ=g(s), TaK 4YTo

x= | g(s) ds - a, (18)
0
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rae «, — IOCTOAHHAS. 3aTreM, UCX0AA W3 PABEHCTB
dx=cosads, dy=sinads, (19)

HMHTECPUPYA, HAXOIUM
s N
xX= [cosocds+xo, y=_[sin,ocds+yo, (20)
0 0

[I€ Xg U ¥, — HOBBIE MOCTOSHHBIE.

Herpynuo mouATh, YTO BpallleHHEe KpHBOHW BJledeT 3a Co0OH H3MeHe-
HHE IOCTOSIHHOH o, a MapaJIeJbHOE IIEPEeHECEHHE ee CBA3AHO C M3MCHe-
HHMEM IIOCTOSIHHBIX Xy, V,*. PaBEHCTBO 3THX IOCTOSHHBIX HYJIIO O3HAYaerT,
OYEBUIHO, YTO KpHBas PACIIOJIOKEHA TaK, YTO HAYalbHAS TOYKA IJA OT-
cueTa Ayr COBMELLEHA C HAYAJIOM KOOPIOMHAT, a IOJIOXKHTEIHHOE HANpaB-
JICHUE KacaTeJbHOM B Hell COBMAAET C IOJOXUTELHBIM HAIPABICHHEM
OCH X.

Ilycts Temepsb ypaBuenue (14) B39T0 NPOH3BOJIbHO [MIIB QyHKIHIO g(s)
Me1 6yeM npeanosarate He mp € p b B H o i]. Torna, onpenenus caayana
o dopMmynoit (18), a 3aTeM x u y ~ ypaBHenusamu (20), HoJayduM Iapa-
METpHYECKOe NpeACTaBjeHHe HekoTopoit kpusoil. duddepenuupys (20),
BepHeMca K (19), oTkyma mpexie BCero YCMaTPHBAeM, 4TO

ds=dx®+dy?,

Tak 4TO ds, AEHCTBHUTENbHO, ABNAeTcS MubdepeHUHaTIoM IyTH 5TOd KpH-
BOH, & § — Ayroi (ecnM Hamexaile BHIOpaTh HaYAJIBHYIO TOYKY OTCYETA).
3areM Te xe paBeHCTBA (19) OPHBOIAT K 3aKJIOYCHHIO, YTO & CIYXHT
YIJIOM KacaTelbHOM K To#f Xe kpmBo# ¢ ockio x. Haxonem, nuddepen-
mapys (18), maitmeMm, uTo xpuBm3HA OymeT paBHA

X =g(5)

U, TakuM o6pasoM, ypaBHenue (14) melCTBUTEIBHO OKA3BIBACTCA HA T Y-
PalbHHM ypaBHEHHEeM Ui Haluel kpusoit. UTak, kavcdoe ypas-
Henue euda (14), 20e Pynkyun g(s) nenpepviena, moxcem b6vimy paccmampu-
8aeM0 KaKk HamypaabHOe YPAGHEeHUE HeKomopoil Kpusoi.

Ob6panijaeM BHHMAaHHME YMTATEJIEH HA TO, YTO 3a CYeT BHIGOpA HAYaIb-
HOM TOYKM M HANpaBJICHUA OTCYeTa NYT HA KPHBOH B €¢ HATYPaJIbHOE ypaB-
HEHHE MOXHO BHOCUTH (BIIPOYEM HECYIIECTBEHHBIE) H3MEHEHHS.

* O6painas 3TH YTBEPXK/ACHHUS, JIETKO HOMYYUTh HOBOE JOKAa3aTENLCTBO TOrO HPEIo-
YKEHHSA, KOTOpoe ObUTO BEICKA3aHO BhIOIE.
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B zaxmodcHNe 3aMeTUM €LIC, YTO 1B€ CUMMCTPHYHO pacioso-

XCHHble XpHBbIC* (pucC. 13) MMEIOT HAaTypanbHble ypaBHeHHs Buza (14),
pasHALIMeCS JIUINb 3HAKOM IIpaBoif 4acTH

}—Q=g(s) H 1§=—g(s)- (21)

JeficTBUTEIbHO, IPH COIIACHOM BHIOOPE HaYaNbHEIX TOYEK M HANPABIECHHUS
IUIA oTCYeTa Oyr Ha o0eHX KPHBBHIX, paldyChl KPUBHU3HBI X OYNyT HMETH
NMpOTHUBONOJOXKHbIe 3HAKH. OOpaTHO, ABe KpHMBHIE, HMEIOIIHE, COOTBET-
CTBeHHO, ypaBHeHHA (21), mepenBu-
XKEHHEM IO IUIOCKOCTH MOIYT OBITh
NpHBEACHBl B CHMMETPHYHOE II0OJIO-
xkeHHe. MoXHO HE cUATaTh M Takue
J(B& KXpHUBbIE CYLIECTBEHHO pa3HALIA-
muca o Gopme.

333. Ilpamepst, 1) Halitw kpuBy10, OTBE-
YajoIyI0 HATYPaJIbHOMY YPaBHEHMIO RZ=2gs.

HNmeem
da 1
ds Yias’
2s** a
g | — §=—od, Puc. 13.
a 2

Tak 49T0 ds=ac dx. BobEpas « B EKadecTBe NapaMeTpa, MNONYYHM 3aTeM

dx=cosa ds=ax cosa da, dy=sina ds=aaxsin « du,
OTKyna
x =a(cos «+a sin o), y=a(sin « —a cos @),

Kpmpas okazamach 3BOJNBBEHTOM Kpyra [225, 8)].
2) To xe A HATYPaILHOrO ypapHeHAS R+ s%=16at. 3nech
do 1 .8 .
—=— a=arcsin —, s=4gsina, ds=4gcosada.
ds Yi6a -5 4a
Torna
dx=cos a ds=4a cos*a de, dy=sin a ds=4asin @ cos x du

H OTCIOHa, MHTETPHPYS,
1 .
x=2a a+§sm 2a | = a(2e+sin 2x),

y= —acos 2a=a-a(l +cos 2%).

* COBMECTHTb MX OEpPEMEINeHMEM IO HJIOCKOCTH HEIb3s; JIA 3TOTO Mo-
gagobwiock 6bl BpalleHMe B IPOCTPAHCTBE.
** Tak xax HaM HYXHO BOCCTAHOBHTB XOTb O JHY KDPHBYIO, TO BHIOMPATh IOCTOAH~
Hple MHTErpApoBaEWs Mel 6yneM mumme mo coobpaxeHusM yno0cTsa. DTO 3aMedaHHe
CleAyeT AMETh B BHAY ¥ BOpEOb.
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Ecmu nepeifTy k mapamerpy f=20—n, TO YpaBHEHHs MOJIyIE€HHON KPHBOH NPHAMYT BHJL
x=na+a(t-sint), y=a-a(l —cost),

M Mbl y3HAEM LU KI OB AY [225, 6)], muib COBHHYTYIO M MEPEBEPHYTYIO IO CpaBHE~
HHUIO C OOBIYHBIM €€ PaCMOJIOKEHHEM.
3) To xe nns HATYPAlNBHOTO YDAaBHCHHA R = ms.

OvuesunHo,

de 1 Ins

Py a=—10, s=emx,  ds=menda,
s ms m
dx=cosea - mem= do, dy=sin a « meme da,

M, HaKOHeIl,
m . m .
X =——— (m cos & +sin x)em=, =———— (msin & — cos a)em=,
14+m? 14+ m?

IlepeitneM K HONSPHBIM KOOpAMHATAM. Ilpexpae Bcero

S m
r=Yxtyte——— eme,

V1+me

l 1
3ateM, BBOAA MOCTOSAHHBINA YIoil @ MOJ YCIOBHEM tg w=—, GyneM HMeETb
m

o ——
y msinoe—cosa m
-= N = =tg(a'—w)’
X mcosoa+sino 1
1+—tga
m

TaK 4TO MONSIPHBIH yron @ MOXHO HNPHHATE PAaBHBIM & — @, OTKyHa &= w-+ 0. OkoHva-
TENBHO MOJSPHOE YpaBHEHHE HAaWICHHOI KpHUBOH OyneT TakoBO:

m
rz_—_emwema;
V1+ms
3T0 — norapudmMuyeckas cnupandb [226, 3)]. Bennuuaa xoxdduurenta

OpH e™f PDONA HE HTPaeT, ero MOXHO CBECTH K 1 MOBOPOTOM MOJAPHOM OCH.
4) 3ajimemca Temepb 3apaueit IPYroro poaa: CTaHEM IO 3aJAHHOM KpHBOH ycTa-
HaBIIHBaTh €¢ HATYDAJILHOE ypaBHEHHE,

(@) ns menHoO# NHEEH y=achi mmem [331, 1); 252, 1)}
a

x e 3
s=ashZ-Vy—a, R=L;
2 a a

K}
orcrofa R=g+-—.
a
(6) Ina acTtpouabl x=acos®t, y=asindt, ecnd 3a Hayano NI OTCYETa AYr
BLIOpaTh CepenuHy ee BETBM B NepBOM KBanpanTe, Oymer [cp. 331, 3)]
3a 3a .
S‘-=—2—Sln2 t-—; , R=3asintcost.

IToatomy

3 3a 3a 3 9a?
Rz-—-4o§sin2t-? cos*t=4 (:+s)(z-a~s)=—:--4s’

M OKOHYATe/JIbHO HATYPANbHOE YPABHCHWE ACTPOMILI MOXET ObITh HANMCAHO B BMJC
9a?

Ri+45%=—,
4
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(B) Baryyae xapanrougsr r=a(l+cos8) y Hac 6bim1o [331, 9); 252, 6)}

.0 4 (2
s=4asm-2~, =—acos—;
O4EBUAHO, IR2 -+ s2=16a2.

(r) Hocnemane nBa pe3ynbTaTa COAEDKATCA KAK YAacCTHHIE CAy4YaH B CIENYIOIIEM.
JIna 3mMu- W runonMkaounan [225, 7)] HaTtypansHOe ypapuenwe Oymer (14
+2m)2R2 + s?=16m2(1 + m®)a2.

(1) HeTpyaHO BHOBB HOJYYMTh HATYDAJbHBIC YDABHEHHSI 3 BONBBEHTH KpY -
ra, HUMKJIOHMAB U JNOTapUPMHUYIECKON COHpAadHW, WH3BECTHHIC HAM
m 1)-3).

5) Ilo HaTypaIbHOMY yPAaBHEHHIO KDHBOH MOXHO YCTaHOBHTBH HATYpPAJILHOE ypaBHE-
HUE €€ 3BOIIOTHL. MBI UMEIH COOTHOIeHHe [255, 15)]

R dR 22
p=R-—.
d.

Ecne Havano s oTcyera AYr Ha 9BOMIOTE BBHIOpaTh Tak, 4T0ObI GbII0 R=0 [cM.
255, 2°], To, UCKito¥ass R ¥ § U3 3THX ABYX COOTHOIIEHMH M HATYpPAJILHOIO ypPaBHEHHUS
IaHHOH KPHMBOH, NpHIEM K 3aBUCHMOCTH MEXIY p U 0, T. €. K HATYPAJNBbHOMY
YPaBHEHHI 3BOJNIOTH.

(@) Ana norapuomMuveckoif cnupanum R=ms; Torna p=mR=nmo.
C TOYHOCTBIO A0 0003HaueHHit MbI BEPHYJIUCh K NPEXHEMY YPABHEHHIO, OTCIO[IA 3aKJIkO-
YaeM, 4TO IBOJIIOTOM OyneT Takas e NorapudMuueckas CHpajb, KOTOPas OT HCXOAHOH
MOJXKET OT/IHYATHCA JHIOb HOJOXeHHeM [cp. 254, 5).

(6) lns 3BONBBEHTH Kpyra

N o2
g=R= VZas, §=—
2a

dR al a

—_— —_——— =QFe—=a
s |2y °
(pe3ysibTaT, KOTOPBIM CIEHOBAIIO MPEABHMAETS).
(8) Ecnu HaTypanbHOE ypaBHeH#e KpHBOH MMeeT B K24 k2s®=c?, TO e€ 3BOJIOTA

6yner Takoi ke KPWBOM, HO B k pa3 yBeJIMYEHHON IO JMHEHHEIM pa3Mepam,
JIeHCTBHTEILHO, HMEEM

o=R=Vcr -k, ks=)c -0k,
dR ks kYci-o8

H, HAaKOHEI,

kY2 =on —
p=—0o———=~k)ct—0® umu p2+k%?®= (k).
o

OTcrona ¥ BHITEKAET CAENAHHOE YTBEPXKACHHE.

TlonyyeHHbIt pe3ynbTaT INPUMEHMM K HHKJIoH e [cp. 254, 4)], x suu -
M THNOUHMKIOMUAE, B YAaCTHOCTH, K KapAHOHLZE M K acCTpoOHIE
[cp. 254, 3)].

SaMedaHue. VYKasaHHbI{ METOA BO BCEX CiyyasX NO3BOJISET CyAMTh JIHMIIb
O G OopMe 3BOJIOTHL, OCTaBJIAS OTKPHLITHIM BONPOC 06 €€ IOJIOKEHWUH.

334. {naua ayru npocrpancTBentoi Kpusoi. [1o oTHOWEHHIO X TPOCTOH
OPOCTPAaHCTBEHHOW KpPUBOWH

x=p(t), y=p), z=y(t)
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OIlpelicJIEHHE JUIMHBL OYTH MOXET OBITh JaHO B TAaKOM € BHJE, KaK U
Ins IUIOCKOd KpuBOH [249, 3amevanue]. 3mech Takke IS JIHHBL IYTH
nosiyuaercss opMyna, agamorudras (4),

s=AB= JIVx +yR+ZEdl

4 T. A. Ha stot cayuait, mouru 6e3 u3MeHeHUiH, IEpEHOCUTCS BCE CKAa3aH-
HOE OTHOCHTEJIPHO CIIy4as IUtockoil kpuBoi. He 3amepxuBasics Ha 3TOM,
TpUBEJEM NP UM € P BL

1)BrETOBas NHUHHA: X=acCost, y=asint, z=ct.
Tak xak 3xaech

Vxp+yi+zp=Var+ct,
TO IUIHHA Ayru KpHBOH OT TOYKH A (1=0) no touku M (¢ — moboe) Gyner

~ o
s=AM=J Var+ct dt=Yar+ct
0

— Pe3yNbTAT OYCBHIHBIH, €CIIM BCMIOMHATH, YTO NIPH Pa3BOPA4YMBAHHM IHJTAHIAPHYECKOMH
NOBEPXHOCTH BHHTOBAs JIMHHA Ha Hell IPEBPAaTUTCS B HAKIIOHHYIO MPSMYIO.

2) Kpusas BuBuanu: x=Rsin?t, y=Rsintcost, z=Rcost.

Umeem

Va2 +yp+2zp2=R)/1+sin% ¢.

B TakoM ciywae mumma BCelf KpDHBOM BRIPA3HTCA ODOJNEKM OJJHOTHYECKHM
HHTErpanxom 2-ro poiaa

n Ed n

2 2
- _ 1 1
S=4RJV1+sin'tdt=4RJVl+cos'tdt=4V2RJVl—isin'tdt=4ﬁRE(-V—_).
2
0 0 0

§ 2. Ilnomann U 06BLEME

335. Onpepenenne mousTHs mromann. CpoiicTBo agauTHBHocTs. M H o-
TroyroalpHo# o61acThio, WIK — KOpOYe — MHOTOYT OJb-
HHKOM, Mbl OyIeM Ha3BBATH MPOM3BOJBHYIO KOHEMHYIO (BO3MOXHO, H
HECBSI3HYIO) IUIOCKYIO (UIYPY, OIPaHHYCHHYIO OIHOH KM HECKOJbKMMH
3aMKHYTHIMH JJOMaHBIMH. J[J14 Takoif Gurypsl moHATHE OO L a A U OBLIO
JOCTaTOYHO U3YYCHO B INKOJBHOM Kypce ISOMETPHH, €ro MBI IOJIOKAM
B OCHOBY.
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Bo3eMeMm Temepb npomsBonbHyIo ¢urypy (P) Ha IUIOCKOCTH, npen-
CTaBJIAIONIYIO cO00H OTPAaHHUYEHHYI M 3AMKHYTY 0 o6nacTe.
Ee rpanuny wm KoHTYp (K) MeI Bcerna 6yaem cebe npeacTaBisTh
B BHJIE 3aMKHYTOH KpuUBOH (MJIM HECKOJBKHX TAKHX KPHBBIX)*.

CraneM paccMaTpHBATB BCEBO3MOXHBIE MHOTOYTONbHHMKH (A), Hein-
KoM cojepxainuecs B (P), U MHoOro-
yronbuuku (B), nemikoMm B cebe co-
nepxanme (P) (puc. 14). Ecoiu 4 u
B 03Ha4ar0T, COOTBETCTBEHHO, HX ILIO-
mamu, To Bcerma A=B. MuoxecTBO
auceln {A}, orpaHHYEHHOE CBEPXY JIIO-
ObIM B, HMEET TOYHY IO BEPXHIOIO
rpauuny P, [11], npuuem P,=<B.
TouHO Tak e MHOXecTBO uuces {B},
OrpaHHYEHHOE CHH3Y YHCIIOM P, HMeeT Puc. 14.
TOYHYIO HIKHIOK IpaHdny P*a
=P,. DT rpauunsl MoxHo ObUI0 OBl Ha3BaTh IEPBYI® — BHYT D€ H-
He#l, a BTOpyl0 — BHEIIH e il Wiouampno ¢urypst (P).

Ecau obe epanuynt

T

.
»'///// //////
7

U,

Y

,IIII//////////,,

P,=sup{d} u P*=inf{B}

cognadarom, mo obwee ux 3Hauenue P Hnazvieaemca naowadbvio Qu-
2ypuar (P). B atom ciyuae ¢urypy (P) Ha3bBaIOT kK8aopupyemoli.
Kak nerko BUAETL, 044 CYujecmaoganus nAowaou Heobxooumo u Oo-
cmamouno, umobsl 041 06020 € >0 HawAuch maxue 08a MHO20y20AbHUKA
(A) u (B), umo B-A<e.
HeiicTBUTEIRHO, HEOOXOAMMOCTb 3TOrO YCJIOBHA BBITEKaeT M3 OCHOB-
HBIX CBOMCTB TO4HBIX rpamum [11]: ecnu mwromame P CyniecTByeT, TO Haid-

€
— . JoCTaToTHOCTh cpa3y Xe cllelyeT W3 Hepa-

AeTcH A>P—i;- u B<P+2

BEHCTB
A=P,<P*<B.

ITycts Teneper ¢urypa (P) pasnoxena Ha mBe ¢urypbl (P)) u (Py)**;
MOXHO cebGe OpelCTaBUTh, HANPUMED, YTO 3TO OCYUIECTBIIEHO C IOMOILBLIO
KpUBOii, coequHAIOMIEH IBe TOYKMA €€ KOHTYypa, MJIM LEIMKOM JexXallueH
BuyTpH (P) (puc. 15, a u 6). JHokaxeM, 4TO

* B stoM maparpade, roBops O KpuBoif, Mbl Bcerna OymeM mMMeTb B BHAY He -
OpepBBHY O NOPOCTYIO KPUBYIO, NOMYCKAIOMIYIO apaMETPHMECKOE IPEACTABIICHME,
Kak noxaszan Xopanad (C. Jordan), 3aMKkHyTras KpEBas 3TOrO THIIA Bceraa pas-
OuBaeT IWIOCKOCTh HA ABE 00JIACTH, BHYTPEHHIOIO H BHEIIHIOK), UIA KOTOPBIX H CIIYXHT
obmeii rpaEnAnei.

** OHM MOTYT MMETh YaCTHMHO OOINyI0 IpaHMily, HO H€ HAaJerawT OJHA
Ha ApYryio, T. €. HE AMEIOT o0mux BHYTPEHHH X TOUYCK.
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Keadpupyemocms 08yx uz amux. mpex guzyp (P), (Py), (P,) s1evem 3a
co60il keadpupyemocme mpembvell, npudem 6cezoa

P=P, +P, )

T. e. momans obnagaer cBOHCTBOM aJXIHTUBHOCTH.
IIpennoyioxkuM AN onpeleeHHOCTH, YTO HMMEIOT IUIOIIaad (Urypsl
(Py) 1 (Py). PaccMoTpM COOTBETCTBYIONINE MM BXOMSIIME M BHIXOISIIHE
MHOTOYTONBHUKH (4;), (B) u (A4y), (B,). V3 B3lamMHO HEHAJIETalOIIHX
MHOTOYTOJbHHKOB (4;), (A4,) COCTAaBUTCSI MHOIOYroJibHas o6yiacte (4)
¢ miomanpo A=A, + A4, uIeIMKoM coaepxaiuascsi B obyactu (P). U3

‘ (z) )

(R)
— @)
Puc. 15.

MHOIOYToJILHUKOB Xe (B;) u (B,), BO3MOKHO H B3aHMHO HAJICTAIOILKX,
coctaBuTCcs obmacte (B) ¢ miomaaplo B=B,+ B,, colepxamas B cebe
obstacte (P). OueBHIHO,

A, +Ay=A=<B=<B, + By

TaK Xaxk MpH 3TOM B, oT 4; u B, oT A, MOTYT OTIIHYATBCS IPOHU3BOJILHO
MaJlo, TO 3TO XK€ CHPAaBeIJIMBO OTHOCHTENbHO B U A, OTKyHa U BHITEKAET
KBaJpHpyeMocTb obmactu (P).

C npyroii CTOpoHBI, HMeeM OLHOBPEMEHHO

A +Ay,=A<P<=B=B + B,

A +A4,<P,+ Py<B, +B,,

Tak 4YTo 4ucia P U P, + P, conepXaTcs MeXIy OOHUMH H TEMH XK€ U MpPH-
TOM IIPOU3BOJILHO OJIM3KUMHU I'paHHIaMu 4, + A, 4 B, + B,, cnenoBaTesbHo,
3TH 4MCJIA PaBHBL, 4. U Tp. I.

OTMeTHM, B YacTHOCTH, YTO OTCIoma P, <P, Tak 4YTO uacmb duzypol
umeem naowjadv, MEHLUWYIO UeM 6CA duzypa.

336. Tlromane kak mpexer. YCIOBHe KBaIPHPYEMOCTH, copmymupo-
BaHHOE B NpenpIayieM n°, MOXeT ObiTh mepedpa3upoBaHO Tak:

1) Haa mozo umobv guzypa (P) 6vina keadpupyema, Heobxodumo u
00CMamouHo, Ymobsl cyuecmeosatu maxkue 08e Ho CAO08aAMEAbHOCMIU MHO20~
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yzoasnuxos {(A,)} u {(B,)} u coomeemcmeenro, codepxcawuxca ¢ (P) u co-
oeprcawux (P), naowadu xomopvix umeau 6vl obwuii npeden

lim 4,,=1im B,=P. (2)

OToT mpezen, oueBUAHO, H OyIeT muomanbo ¢uryper (P).

HHorna BMECTO MHOTOYTOJBHHKOB BBITOJHEE HCHOJIB30BAThL JApyrHe
(QUrypHl, KBaJPHPYEMOCTh KOTOPBIX YK€ YCTaHOBJIEHA:

2) Ecau 0an ¢uecypor (P) moocro nocmpoums maxue Oeée nocaedosa-
meabHocmu kK 6aodpupyemurx puzyp {(Qn)} u{(R,)}, coomsemcmsenno,
codepacawuxcs 8 (P) u codeprucawux (P), naowaou xomopelx umerom 06-
wuil npedea

lim Q,=lim R,=P, 3)

mo uzypa (P) makmce Keadpupyemsa, npuuem yRoMAHYmolil npe-
Oea u Gydem ee naouaobsio.

OTo cpa3y BHITEKAeT M3 NPEIBIAYNIETO YTBEPKAECHUSA, €CIM 3aMEHHUTh
kaxayo ¢urypy (Q,) comepxkamuMmcs B Hell MHOTOYroJbHHKOM (A,), a
¢urypy (R,) — coAepxamiuM ee
- MHOTOYT'OJIbHUKOM (B,), HaCTOJIbKO ‘ W 7 ‘ -
OIM3KMMM K HMM IO IUIOIIAJH, i A

4TOOb! O/IHOBPEMEHHO BLIONHAIOCH P\ &
u (2). | ! % Y i

XoTs Ha mpaktke BbIGOp (u- - , 7 I
yp (4n), (B2, (@), (R), ynomu- L o\
HaBIUMXCA B J1ByX cdopMympo- R L 77, N7
BAaHHLIX Bblllle NPH3HAKAX, M HE b %

CO3JaeT 3aTpyAHEHHH, HO BCE Xe R
OpeACTaBIIsAeT IPHHUMIUAIbHbIH UH- Puc. 16.
TEpeC yCTpaHeHHe CBA3aHHOM ¢ 3TUM
BbIOOpOM HeomnpeaeneHHOCTH. C3TOH HEIbIO MOXHO OCTYIHTD,
HanpuMep, Tak:

3aKI0uuB paccMaTpuBaeMyto Gurypy (P) BHYTpb HEKOTOPOLO IpPSIMO-
yroigbuuka (R) co CTOpOHaMH, IapaUleIbHBIMH KOODAMHATHBIM OCSM,
pa300peM ero Ha 9acTH C IOMOIUBIO psfa mapajielied ero CTOPOHAaM.
13 npAMOoyroibHUKOB, IENHKOM COJEpXKalquxcs B ob6mactu (P), CocTaBHM

¢burypy (4) (wa puc. 16 oma 3aIUTPUXOBAaHA), 4 M3 IIPAMOYIOJLHHKOB,
aMeronux ¢ (P) obuie BHyTpEHHHE TOYKH, HO MOTYILUMX YaCTHYHO H BEI-
XOOMTh U3 3ToH obyactd, coctaBiM Gurypy (B). DtH durypsl mpencras-
JIAIOT, OYEBHAHO, YaCTHBNA Cirydall Tex MHOTOyroJasHEKOB (4) u (B), o xo-
TOpBIX ObUIA pedb B ONpPENENICHHH MOHATHS IUTOW@ny; MX maowand 4 u B
3aBUCAT OT crocoba pa3ioxkeHHs Ha YacTH npsMoyroibHuka (R). Bymem
uepe3 d 0603HaUaTh AIUHY HAUGOJIbILEH U3 AHATOHANEH YACTHYRBIX IIPAMO-
YTOJIbHHKOB.

3) Ecau npu d—-0 obe naowaou A u B cmpemamca x obujemy npededy
P.u moavko 6 ymom cayuae, obaacms (P)6ydem xeadpupyema,



190 1. X. IPUNONKEHUS MHTEMPAJILHOIO UCYUCAEHUA (337

npu GLINOAHEHUU 3MO20 YCAOBUA YNOMAHYmuli npedea u bydem n o w a-
dvio gdueypu (P).
YuraTenb JIETKO CaM BBIPA3HT IOHATHE Ipelesia, KoTopoe 31ech Gu-
[YPHPYET, KaK <«HA S3bIKE £-0», TaK M <HA A3BIKE IOCJIEAOBATEILHOCTEID.
B moxasaTenbcTBE HYXIACTCS TOJBKO HEOOGXOIOHMOCTDH YKa-
3aHHOTO YCJIOBHA. JIOMyCTHM Xe, 4TO IUolags P CYHIECTBYET, H YCTaHO-
BHM, 4TO TOrAA
lim 4 =lim B=P. 4
a-0  d=0

IMo 3amannomy £>0 wuaiimytca [335] Taxne MHOrOYroNbHHKM A H B,
4T0 B—A<¢; IpH 3TOM MOXHO NPEINOJIOKHTb, YTO HX KOHTYPH
He HMEIOT OO HX To4ek ¢ KOHTYP oM (K) buryps: (P). O60-
3HAYMM Yepe3 0 HaHMEHbII €€ H3 PACCTOSHUN MeXIy TOYKaMH KOH-
TypoB 060MX MHOTOYTOJIbHMKOB, C OJHOM CTOPOHBL, M TOYKaMH kpuBoi (K)
— ¢ nmpyro#*. Eciu B3aTh Tenmepb d<9, TO KamIOblii YaCTHYHBIH IpPSIMO-
YTONBLHMK, XOTA OBl B OXHOM Todke 3ameBarommii xpusylo (K), 3aBeloMO
JIEXHT BHE MHOTOYroJbHHKA (4) H BHYTpH MHOroyronbumka (B). OTcrona
CIIeLyET, 4YTO

A<A=<P=B<B,

Tak 410 P—A<e 1 B— P<g¢, 4TO K OpuBoauT K (4).

SAcHo, YTo Ha paBeHCTBe (4) MoXHO 6BUIO 6B MOCTPOHMTE M CaMOE
ompefeiicHHe IOHATHA IUTOIAIM, OYEBHAHO;, PABHOCHJIBLHOE IPEXKHEMY.
Takoe onmpeneneEHe NMPENCTABIAECTCS BECbMa NPOCTHIM H €CTECTBEHHEIM;
HEZOCTATKOM, OIHAKO, SIBJIETCA €ro (KOHETHO, KaXylnaAcs) 3aBHCHMOCTD
OT OpHEHTaNWH KOOPIWHATHBIX OCEH.

337. Knaccw kBagpnpyemuix obuacreii, KpuBas (K) — koHTYp obnacTH
(P) - urpaer CyIIECTBEHHYIO POJIb B BOIPOCE O KBAXPHPYEMOCTH
sroit obnacru.

Ecmu xBaJpHpyeMOCTh HAJHIO, TO, Kak Mbl BuAeian B 335, mo 3ajas-
HOMYy ¢£>0 xpmBas (K) MoxeT ObITh 3aKII0Y€HA B HEKOTOPYIO MHOIO-
yroapuyro obnacte (B-A), colepXamyrocs Mexny KoBTypamMHa oboux
MHOTOYronbHHKOB (A4) U (B) (cM. puc. 14) B mMerontyio mwiowany B -4 <e.

. l'[ycrb AMEEM OBC KOHCYHBEIC HCIOPCPDH BHBLB € KDHBBIC HA IUIOCKOCTH; Npen-
OOJNIOXKHAM, HapHMeEP, 9TO OHH 3aJaHbl DapaMeTPUYECKH
M x=¢t), y=v(t); (JAD x=¢*@W), y=y*@),
tot=<T Uysu=lJ

Tae @, y, @*, p* — HenpeprBHBIC QYHKIMHE, XAKHas OT CBOEr0 apryMeHra. Torma pac-
CTOSHHE MeXHAYy HByMs OPOH3BOJBHBIMA TOYKAMH 3TEX KPHBBIX

Vig®) - 9*@P+Iy(r) ~v*@F

6yner HenpepuiBHOK dynximer oT (¢, u) B 3aMkByTO# obnactu [t,, T} u,, U] u,cnenosa-
TeNbHO, HOCTATAaeT TaM CBOEro HamMeHbmero 3HavYeHms [173]. Ecim KpHBBIE HE nepe-
CEeKaroTCA, TO 3T0 HAHMEHBb I €€ paccrogaue Gyer OTIIHYHO OT HYJNS.
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HomyctuMm Temepb, 06paTHO, 9TO KOHTYp (K) MoXeT OBITh 3aKJIIOYEH
B MHOroyroJibHyro obsacts (C) ¢ mromaneio C<eg, rue ¢ — moboe Ha-
nepel 3aJaHHOE MOJIOXHTeNbHOe 4uciio. Ilpm aToM, Oe3 yManenus oOumi-
HOCTH, MOXXHO IPEIIOJIONATh, YTo (C) He moKpsiBaeT Beeil ¢urypu (P).
Torma u3 Todek obnactu (P), He momajmaromux BHYTph (C), COCTaBUTCS
MHOTrOyroJibHas 06macth (A4), conepxkamasca B (P); ecnu xe K (4) npu-
coeguanTh (C), TO MOJNYIATCA MHOroyroibHas obnacts (B), yxe comep-
xamas B cebe (P). Tak xak pazgoctb B—A=C<g, To ~ IO KPHTEPHUIO
n° 335 - oTcroga ciemyeT KBaApHpyeMocTh obGiactu (P).

Hnsa obieryenns peud yciaoBHMCS T'OBODHTB, YTO (3aMKHYTas MIIH He-
3aMKHYTasl) KpHUBa s (R) HMeeT naomandb 0, eciH ee MOXHO
OOKPHTH MHOTOYrOJIBHOH 06JAaCTBIO C MPOM3BOJILHO MaXol TUIOLIAIBIO.
Torna mpuBeleHHOE BBILE PACCYX-
JIEHAE MO3BOJIAET cOPMYIHPOBATH '
ciedyioliee yCIOBHE KBalJ-
PHEDPYEMOCTH:

044 mozo umobwur guzypa (P)
bviaa Keadpupyema, HeobX00uMo u
docmamouno, umobvl ee KOHMYD
(K) umen naowaos 0. 7z

B cBs3u ¢ stmM npuoGperaer
Ba)XXHOCTb  BBUICIICHME IUHPOKHX Puc. 17.
KJI1aCCOB KpHUBBIX ¢ miom@ameio 0.

IIpexxne Bcero Jerko moxasaTh, YTO STAM CBOWCTBOM 06iamaeT jro-
6as HenmpephIBHAasA KpHBaf, BhIpakacMas S BHBIM YDAaBHEHHEM BHIA

y=f (x) wm x=g(y) (&)
(a\x (c=<y==d)

(f u g — HempepbIBHbIC (QYHKUMH).

ITycth, HampuMep, MBI HMEEM [0 C NEPBBIM M3 3THX ypaBHEHHII.
Ilo 3apanHoMy £>0 MOXHO IPOMEXYTOK [a, b] pa3lIoOXHTh HA YacCTH
[x;, xi4q] (E=0,1, ...,n—l) Tak, 4YTOOB B KaXmoil W3 HHX KoJjeGanue

@; (pymcmm f 6510 <5 [87] Ecmm 0603HaywTh, Kak OOBIMHO, Yepe3

m; 1 M; HauMeHbIIee | H&HGOJILIIICC 3HaveHud QyHKnud f B -OM IIpo-
MEXyTKe, TO BCS Halla KpHBas MOKpoeTcs (UTypoif, COCTaBieHHOH H3
NPSIMOYTOJIbHHKOB

[xis X415 My, M) (i=0,1,...,n-1)
(cM. puc. 17) ¢ obmel miomanbo

:Z (M;—m) (x4 — %) = ; wAx; <g—e_—a Z Ax;=e,

4T0 W TpeGoBanoch Hokas3aThb. 3HAuAT, Kpusad (5) mMeeT miowams O.
Otcrona cnenyer:
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Ecau ¢puzypa (P) ozpanuyena HeCKOAbKUMU HENPEpbIGHbIMU KDUBBIMU,
Kax#c0as u3 Komopelx nOpO3Hb esipaxcaemcs sAeHbIM ypasHenuem (S) (mozo
uau Opyzo20 muna), mo ’ma gpuzypa xeaopupyema.

HeiicTBUTEIbHO, MOCKOJBLKY KaXIas W3 YNOMSHYTBIX KPUBLIX HMeEET
wioliaas 0, To U BeCb KOHTYP, OUEBHIHO, Takxke OymeT uMeTh mionanb 0.

W3 sToro xpurepus MOXKHO NOJYYHTHL ApPYroi, OoJiee JacTHEIH, KpH-
Tepui, KOTOPBIA Ha HMPaKTHKE, OJHAKO, OKa3pBaeTCs OoJice yIOOHBIM.

Ha3zoBeM kpHBYyIO, 3aJlaHHYIO NMapaMETPUUYECKUMH ypaBHEHHSMH

x=pt), y=y(1), ©)
(te=<t=<T)
raagko#, ecnd 1) QYyHKIMH ¢ B 1 HMEIOT HENMPEPLIBHBIE MPOH3BOIHbLIC
BO BCEM MpPOMEeXYyTKe [#,, 7] U3MEHEHUs mapaMeTpa, U 2) HA KPHUBOiH HeT
HH KPATHBIX, HA BooOIe 0coOwIx Todyek. B ciyyae 3aMKHYT O # KpH-
BOH, moTpebyeM ellle paBEHCTBA

P () =9 (T), ' (ty)=v'(T).
yCTaHOBHM TCHCpL YTO rJjajgkKas KpI/IBaSI HUMEET Iioniaab 0

Bo3bMeM Ha KpHBOH JIFOGYIO TOUKY M, OmpelefeMyio 3HAuUCHHEM f
nmapaMmeTpa. Tak kak 3Ta Touka — He ocobas, To, kak MH Buaenn [223],
CYILECTBYET TaKOH IPOMEXYTOK:

g=(t-0, t+9),

4TO COOTBETCTBYIOIIMH y4aCTOK KPHBOH MOXET ObITh BBHIPAXEH H SBHBIM
ypaBHEHHEM.

ITpumennum Temeps demMMmy Bopens [88] x mpomexytky [f,, T] u
K IOKpBIBaIOIEH ero cucreMe ) ={0} OKpECTHOCTEH; BeCh IPOMEXYTOK
MepeKpoeTcs KOHEYHBIM YHCJIOM TaKHX OKpEeCTHOCTelf, Tak 4YTO KpuBas
pacmagaeTcs Ha KOHEYHOE JHCIIO HacTeif, KaXaas U3 KOTOPBIX BIpaKaeTcs
SBHBIM ypaBHeHHeM (5) (Toro uia apyroro Tmma). OcraeTcs JHIIbL CO-
cjaThcd Ha AoKa3aHHoe BhIe. UTak,

ecau ¢gpueypa (P) ozpanuuena 0OHOU UAU HECKOALKUMU 2AA0KUMU
KPUBbIMU, MO OHA 306e00MO K8aopupyema.

3aKJIroYeHHe 3TO COXpaHAET CHIIy JaXe B TOM Clydae, KOrga KpuBas
MMeeT KOHEYHOE YHCIO OCOOBIX TOYeK: BBIAEIHB 3TH TOYKH C MO-

MOIIBKO OI(pCCTHOCTeﬁ MIPONU3BOJIBHO MaJio miomaan, Mbl 6yneM HMCTD
JCJIO YXKE€ ¢ riIadkviMd KPHUBBIMH.

338. Bripaxkenue maomaau uurerpajoM. OGparmmcs Temepb K BBIYH-
CIIEHHIO IUTOINAaZel MIOCKUX (GUryp IpH HOMOILM HHTErpPalIoB.

Ha mepBoM MecTe pacCMOTPUM, 6nepgble — & CHPO20M U3A0HCEHUU,
yXKe BCTPEYaBIIYIOCH HAM 3aJady o0 ompelesieHHM IUIOIIAmd K p H B O-
nuuedino# tpameunuun ABCD (puc. 18). Ota ¢urypa orpanuyena
cBepxy Kpusoit DC, uMerollei ypaBHeHUE

y=f(x),
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rae f(x) ecTh IOJIOXKHMTENbHAS U HENPephIBHAsA B IpoMexXyTKe [a, b] dynk-
OHS: CHH3Y OHA OTpaHHYCHa OTpe3KoM AB ocH x, a ¢ OOKOB — IBYyMHA
opmaHataMi AD u BC (kaxmas U3 KOTOPBIX MOXET CBECTHCh K TOYKE).
CoOcTBeHHO, CyniecTBOBAaHHE Iulowaau P paccMarpaBaeMoit ¢u-
rypsl ABCD cienyeT U3 IOKa3apHOIO B HpelNbLOYIIEM N° U pedyb HAeT
JHELB 00 ¢ BBHIMHCIICHHAH.

C sToil 1enbI0 pa3odbeM MPOMEXYTOK [a, b], kKak oOBIUHO, HA YaCTH,
BCTaBUB MEXAY @ U b psAl Touek

A=Xg<X|<Xg<...<X;<Xiy;=<...<X=b,

0O6o3HawuB 4epe3 m; ¥ M;, COOTBETCTBEHHO, HAUMEHbIIlee M HAHOOJIbIIEE
snavenus Gynkuuu f(x) B i-oM mpoMexyTtke [x;, X;4,] ((=0,1,...,n-1),
coctasmMm cymmbl ([{lap©Oy)

s=2mdx;, S=2MAx;.
i i ¥
OHH, 0Y€BHUIHO, MPEIACTABISIOT CO- -0
6ol mIolagu CTYMEHYATHIX GHUTYD,
COCTABJIEHHBIX, COOTBETCTBEHHO, U3
BXOJSAILIMX H BBIXOASNIMX HPAMO-
yroapuukoB (cM. pucyHok). Ilo- ,gB z

3TOMy
s<P<S. Puc. 18.

Ho npu crpemiienun k Hyaro mHauboibmieit u3 pasnocreil 4x; 06e cymMMbI
b

HMEIOT CBOUM TIPEJEJIOM HHTErpal f f(x) dx*, cnepoBaTenbLHO, €My K paBHA

HCKOMas ILTOLanb a

b b
P=ydx= | f(x) dx. )

Ecim kpuBonuueiimas Tpameuuss CDFE orpannvueHa o
CHHM3Y X CBepXy KpuBbIMU (puc. 19), ypaBHEHHS KOTOPBIX

n=AHx) 1 y=fx (asx<b),

To, paccMaTpuBas ee kKak pasHocTb ABYX ¢wuryp ABFE u ABDC, nonyduMm
IIomAaJs Ha3BaHHOW Tpaleuud B BUAC

b 5 .
P [Gu-rde= [ ) - fiNds. ©

* B cuny 336, 1) 310 camMo no cebe HOKa3bIBAET KBAZPUPYEMOCTh KPWBOIHHEHBOM
Tpaneuud ABCD; yTo6bI MOMYYUTH YIOMHHABOIAECS TaM MOCJAE€HOBAaTENbHO -
CTM ¢uryp, MOXHO Obilo Obl, HANIpUMEDP, MEIHTH NMPOMEKYTOK HA PABHBIC HACTM.

13 T. M. ®uxrenronvn, 1. ¥l
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Iycte Temeps man cekKTop AOB (puc. 20), orpanMyeHHBIH Kpu-
Boit AB u nBymsa paauycaMu-BekTopamu OA u OB (kaxaeli U3 KOTOPBIX
MOXET CBECTHCh M K Touke). Ilpu 3ToM kpuBas AB 3amaeTcs MOJISPHBIM
ypaBHenveM r=g(0), roe g(f) — moNOXHTENbHAs HENpEPHIBHAS B IPO-
MexyTKe [o, f] dynkuus. U 3meck BONpPOC CTOMT JIMIDL O BBIY M CJIe-
HHH IUlomamu P CekTopa, Tak Kak CyHIeCTBOBAaHUE INIOWAIH
00yCIIOBJIEHO CBOWCTBAMH KOHTYpa (PHIypBHL

Berasus Mexay « 4 8 (CM. PACYHOK) 3HA4YEHHUS

a=0,<0;<Op<...<0;<0pq<...<0,=8,

NPOBEIEM COOTBETCTBYIOLIAE 3THM YIJIaM Paauychi-BeKTOpHL. Ecin BBecTH
1 371ech HanMexbIiee 1 Hanbopiee u3 3navenuit dynkumu g(0) B [0;, 0;4,]:

r~~ ~
RSN
J :
i\
i X
DAL
WA 5% g 7

Prc. 19. Puc. 20.

4; ¥ M;, To KpYroBble CEKTOpH, ONMUCAHHBIE 3THMM paauycamu, OyayT,
COOTBETCTBEHHO, BXOAANIMMHM H BbxomsumMun mis ¢urypst A0OB. Co-
CTaBUM OTHAEJILHO U3 BXOISIINX CEKTOPOB U U3 BBEIXOISALIUX CEKTOPOB JIBE
Gurypsl, miomaad XKOTopbIx OymIyT

1 1

U, OYEBUOHO, 0 <P< .
B 3THX cymMMax ¢ H D Jerko y3matb cymmul J{apOy md uHTe-
B

1 " .~
rpaya 5 _[[g(O)]Z df; Tpu CTpeMNEHUHU K HYJIFO HauOoJbLIed M3 pa3HOCTEH

A6; o6e oHM MMEIOT MpEAeSOM 3TOT MHTErpan®, Tak 4To W
B B
107, 1
Y [reao=1 [tz a. )

X

P

* 3mech MOXHO ObUIO GBI CHENATH 3aAMEYAHAC, AHAJIOTHYHOE 3aMCYAHMIO HA CTP.
193, vo co cceinkoit wa 336, 2).
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339. Tlpnmepst. 1) OnpemenuTs niomane P Qurypbl, orpaumueHHod e o H O i
x
NuHHEeH y=a ch;, OCBIO X M ABYMS OPAMHATAMH, OTBEYAIOMIUMH aGCLACCAM

0 u x (puc. 9).
Nmeem ¥

x M

. pe X
P=Jac11—dx=azsh—=as, \
a a A FEEE A
0 : T

rae s — IAnmuHA ayru AM uenHo# NUHHA
{331, 1)]. Taxum obpa3oM, uCKOMas
mwiowiank ACPM oka3zanack paBHOM IJ10-
Mmagd IPAMOYTONIbHAKA, MOCTPOSHHOTO 5!
Ha oTpe3kax PS m SM (uSo SM=AM).
xz y2
2) Hawbel snaHOC —+—=1 ¥
a2 bZ

Touka M(x, y) Ha Hem (pnc. 21). OnpenenuTh MWIONIAAb KPHBOJIMHEHHOH Tpamneyy
BOKM wn cextopa OMB.

Puc. 21.

b —
W3 ypaBHeHHs Ummnca wMmeeM y=— Va®—x®, Tak uTo no dqopmyne (7)
a

x
"

/J— ab .x b ab X xy
Py =nm. BOKM=J — Va*=x*dx=— arcsin =+ — x Va* - x* = — arcsin —+— .
a 2 a 2a 2 a 2

0

Tax kak mmocneanee ciaraemoe MpeAcTaBnseT mwiou@ans A OKM, To, OTHUMas ee
JUIS TINOWIAJIM CEKTOPa MOJYYHM BBIPaXKEHue

>

ab X
P,=nn. OMDB=— arcsin — .
- 2 a

stab
an X =a OIS TJIoaa Y€TBEPTU JJITUIICA HaiéneM 3HaAYECHHE T , TAK 4TO NIIOomaanh

BCero ayunnca P=mab. [{ng xpyra a=>b=r ¥ nony4aerca u3BeCTHas popMyna P =rr2.
xil 2
3) Tlycte mave runepbona ——2—;%'-—-1 M Ha He#l Touka M(x, y) (puc. 22).
a
OnpeaenuTs NNOMALL KPUBOJIMHEHHEIX buryp AKM, OAM u OAML.

b
3 ypapnenms runepGonesi mmeeM y=— |/x*—a®, w —~ no dopmyne (7) —
a

X
b ¢ — brl e @2 —
Py =mnm. AKM=;- J Vxe=a dx=; [Ex Vx"—ah? In (x - Vx‘*—aﬂ)] ;“

i ab x4+ |x*-a?
R S | R e

- a

.

8

13e
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x-at y
Tak xax 1/———— = > TO 3TO BBIPAXEHUE MOXKHO IIPEACTABUTH B 60JIe€ CHMMETPHYHOM
a
dopme

Pty tapmn(Z4?
=— Xy —-—a —+=].

EPTS a b

Otcroa yxe JIerko HOIYYdTh

ab X )
P,=mn. OAM=—In (—--l—l s
2 a b

1 1 x )
Py=nm. 0AML=Exy+-2—abln ;—I—Z).

3ameuanme. IlonyyeHHBIH pe3ynbTaT MO3BOJIMT HAM HECKOJNBLKO YIUIyOHTH
aHAJIOTMIO MEKAY TPHIOHOMETDHYECKHMH (KPYTOBBIMH) M  THIEPCONHYECKHMHE

Puc. 22.

dyukumamu, ConoctaBuMm KpyT pamuyca 1: x24+3y?=1 u pa BHODOYHYIO rumep -
bomy: x2—y2=1 (puc. 23, @ U 6). DTH KpHBBIE HApAaMETPHYECKH MOTYT OBITH npen-
CTaBlIeHbl Tax:

oaa kpyea: OP=x=cost, PM=y=sint,

048 2unep6oabl: OP=x=cht, PM=y=sht.

Ho B TO BpeMs Kax B ciiy4ae Kpyra siCHa reoOMeTPHRYecKas posib ¢ — 310 JAOM, nns
runepOoibl Tak KCTOJIKOBATh YMCIOBOM HapaMerp ! HEBO3MOXHO. MoxHO, OxHaxo,
JUIa Kpyra IaTh M JpYyroe MCTOJIKOBAHHE mapaMerpa f, MMeHno: f €eCTh YyJABOEH-
Hasg njomanab cekxTOopa A0OM (wiu nnomans cektopa M’ OM). Oxa3biBaeTcs,
YTO 3T O HCTOJIKOBAHHE NMEPEHOCHTCS M Ha Ciy4ail runepboisbl.

B camom gmene, ecnu KOOpARHATHI TOYKM M CyTh

=“_5_" y=8ht=—‘_2—9

T0 x+y=e! u t=In(x+y). Ecniu BCOMHMTDL HalifeHHYIo Bbime 118 P, dopmyiy u
MOJIOKHTH B Heif a=5h=1, TO mONIy4uM, 4TO ¢ PABHO YyABOEHHOM nuomanu
cexTopa AOM (xak m Ansg Kpyra).

HNtak, B Kpyre orpe3kr PM 1 OP npencTaBisioT KXPyT O Bbl€ CHHYC H KO-
CHHYC OT YABOEHHOH IUIOIAAM KPYTOBOTro cextopa AOM, a mna ramep-
6 0Bl AHMANIOrMYHEIE OTPE3KH BHIPAXKAIOT THIEPOONMYECKHE CHHYC M KOCH-
HYC OT YABOEHHOIH mnomaau runepbonunyeckoro cekropa AOM. Pomb

x=cht
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runepbonuueckux QyHKLMA 10 OTHOIICHMIO X rimepbofe BOOJNHE AHAJIOTMYHA POIM
KpYrosbix (TPHrOHOMETPHIECKHMX) QYHKUHK 0O OTHOINEHHIO K KPYTY.

A .

4
—

(aj

(4
Puc. 23.

C yka3aHHBIM HMCTOJIKOBAHMEM apryMeHTa runep0oaddYecKuX (yHKUHM, KaK HEKoeH
OO0l ajgH, CBA3AHBI W 0003HAYeHHs1 OOPATHLIX MM GyHKIME [cM. 49, 3) u 4)],

Arshx, Archx ¥ T. II.

BykBbI AT ABNIAIOTCA HAYANBHBIMH OT JIATUHCKOTO CII0Ba Area, 03HayaroiLEero IUIOHAab .
4) Haiitd mnomans P durypsl, orpasn-
YEHHOH OCAMH KOOpHHHAT ®W mnapabosoi

Vx+Vy=Va (a>0). y

* zp
Omgem: P= J y dx=€ a®. (Mutaremo

0

CaMOMy NpPeNOCTaBIAETCH CHEIATb YEPTEX.)
5) Onpeneruth mnomane Guryper, 3a-
KITOYEHHON MEXIY HOBYMS KOHIDYCHTHBLIMH
napabonamMu y2=2px u x*=2py (puc. 24).
OyeBUIHO, HYXHO BOCIONL30BATECH BOP-
Myno# (8), nonaras Ttam

)
oo

=
&3

x? —
ST 2= Vapx. Puc. 24,

JiNs  yCTAaHOBNCHMS NPOMEXYTKA HHTETPHUPOBAaHMS pELIMM COBMECTHO MHAHHEBIC
ypaBHeHH® M HailimeM abcimccy Toukn M mepecevenuss obeux mapabos, OTJIMYHOH OT
Hayaja: oHa pasHa 2p. Vimeem
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6) Haiitn onowazaps P 30umMnNca, 3aJaHHOTO ypaBHEBMEM
Ax2+2Bxy+Cy:=1 (AC-B*>0, C=>0). 10
Pemenue. WU3 3roro ypapHeHHs
~Bx— VBxr - CAx—1)

= ol 5

— Bx+ Y Bex*—C(dx*—1)
Y= C >
OpHYCM y,, ¥, [OJYYA}OT BEMECTBCHHBIC 3HAYCHHUS JIHIObL ONA X, YAOBJICTBOPAOLIHX
HEPABCHCTBY

C—(AC - B)x2=),

C

T. €. COOCPXKALNHXCA B HPOMEXKYTKE |--&, x), rae a= ———,
P pomexyTke [ ] V O

Toraa mcxomas wromans OyaeT

~ 2 e
P- j(yryl) dx == | YC=(4C= B dx -

—a —z
2 —_— 2 1 7
- - Vic-B: jVaz—xz dy~ = YAC— B omar= —————.
C C 2 1,’AC__B2
—a

7) IlycTb, HAKOHEL, JUMNC 33aH OO I A M ypaBHEHHUEM

ax?-+2bxy+cy*+20x + 2ey+f=0:

TpeOyercst HaiiTy ero nnomanp P.
3apada 3Ta MOXeT OBITH CBelleHAa K OpeablaAyInei.
Ecnu nepeHecTH Hayano B UeHTP (£, %) 3IUIRICA, ONPEAE/IAEMbId, KaK M3BECTHO,
U3 ypaBHECHMH
at+bn+0=0,

bé+cn+e=0,

an

TO ypaBHCHWE OPHMET BUJ
ax?+2bxy+cy*+f'=0,

of+en+f=f. (12)
Hckniouas &, n u3 paseucts (11) u (12), Hailigem
’ a b 0 !
! b ¢ e !=0,
Lo e f-f |

rae

oTKyza
a b o]
|

f = e d=|b ¢ e|*.
s ac- b da
0 e f

* QueBuaHO, f’ M < oTpHUATe[bHLI (MHAye YpaBHEHHe HE BbIpaxalo Obl Berle-
CTBEHHOM KPHBOIA).
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Tlony4yerHoe ypaBHEHMe JIEKO OPHBOJMTCA K BHAY, PACCMOTPECHHOMY B 6), eciH
[IOJIOXUTh

4 a B b c ¢
7 7 I
3HauMT, WIOHIAAL UmMmca Oyxer
nl f’ A
I [

Vac — b2 - (ac— b“)’!/2 )

8) ®opmyna (7) MoxeT ObITh HCHONB30BAHA H B TOM CIIy4ae, €CIM KpHBas, OrpaHH-
4yMBalOMas KPHBONMHEHHYIO TpaNelHMIo, 3aJaHa MAapaMETPHYECKH HIM YypaBHEHUSIMH
puza (6). Ilpoussens 3ameHy DepeMeHHOM B mHTerpane (7), NodysnM (B Ipeaooxe-
HHH, 9TO X=a NpH f=If, ¥ x=b uwmn t=T):

T T
P- J yxp dt = Jw(l)q)'(t)dt. (13)
t, f

Ecnu, manpuMep, mpu BBIMHMCIICHUH MJIOMAAM 3 JIJ KN CA HCXOOMTH M3 €ro napa-
METPHYECKOr0 NPEACTaBICHHUS

x=qcostf, y=bsint
B Y4eCTb, 4TO X BO3DACTAET OT —a A0 a, KOrAa ¢ yoeiBaeT oT 7 10 0, TO HaiimeM
0 n
P=2_[b sin £-(— asin t)dt=2ab_[sin2 ¢ dt =nab.
n 0

MBI BBIMHCITIIM 3[€Ch IUIOWIANb BEPXHEH MOJIOBHHBI JJUIMIICA M YABOMIM €e.
9) AHAJIOTWYHO BBIYMCIACTCA ILIOWAAb (GUIyphl, OTPAHMYEHHON LHKJIOHA O M
x=a(t-sint), y=a(l —cost). UmeeM ne dopmyne (13)

2n

3 1 27
P= Jaz(l ~cost)dt =a? (—2— t—2sin t+z sin 21)
0

=37a.
0

Takum o6pa3zoM, MCKOMas IUIOHIAJb OKa3ajach paBHA YTPOEHHOH mioniagd obpa
3YIOLIEro Kpyra.

10) Hajitn nnomane ONHOTO BMTKA apXHMEAOBOH cnupanum r=ab
(puc. 25).

HNmeem no popmyrne (9)
2n
1 a®
j3 =——a2_[62d0=—93
2 6
0

27 4
= —n%a2,
o 3

B TO BpeMs Kak WIowaab Kpyra paadyca 2ma Oyner 4n3a. IMaowade eumra cnupaiu
pasHa mpemu niowadu kpyaa (3TOT Pe3yabTAT ObLT H3IBECTEH €€ A PX UM € 1 Y).
IlpenocrapiseM YMTATENO NOKA3aTh, YTO IIOMAAY GHIYp, 3aKTIOYCHHBIX MEXIY

HOCNE/OBATE/bHBIMH BHTKAaMH, COCTaBJIAIOT aPHOMETHYECKYIO HPOTPECCHIO C pa3-
HOCTBIO 873al.

11) Haiity noomaae y TUTXKH

r=acos9+b npu b=q.
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{339
Hiveem nio popmyiie (9)

2n

1
-5 j(a cos 6+ by df =
0

1[ ! s t2)o+ L a2sin 20+ 2absi e] VT 2
— —a — @< Sin ab SIn = — .
2 112 4 0o 2¢

B YaCTHOCTH, nnogiaab Kap)lHOHan

3
(b=a) pasHa 3 naqz.
12) Haiity niomage HTeMHHCKATH r2=2a?cos 26.

Puc. 25.

JlocTaTOYHO yABOUTH MIOWIAAL MPABOTO OBajla, KOTOPOMY OTBEYAeT HM3MeHeHue
7T T
yrma 8§ or —— 00 —:

4

T k24

4

4
1
P-2.22a jcos 2040 - 4a? Icos 2046 = 2a°.

n

[
4

13) Haiity nnmomanes nekapTtoBa nmucTta x3+y3—3axy=0.
IlepeitneM k nonspHEIM KoopauHaTaM. Ifonaras B ypaBHECHHMH KPHBOM

x=rcosf, y=rsinb,

[JO COKpauleHAd HA r? NPUAEM K TAKOMY HOJIIDHOMY YDABHEHHIO;

3asin 0 cos @
r=—
sin® 0 +¢os?
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T
Tax Kak caMbiif BUTOK KPHBOil 0TBeyaeT H3MeHeHuro yrna 6 ot 0 oo X TO no popmyine (9)

ml

J* sin? 6 cos? 6

(sin3 6 +cos30)?
0

3amensa sin 6 uepes tg 6 cos §, npHBeaEeM NONMHTETPAILHOE BBIPAXEHHE K BHIY
tg? 0d tg 6
(1+tgi o)’
OTKyJa Cpa3y HaxomuTcs nepsoobpasnas ¢yHkuus

1 1 1 cos? 8
31+tg®0  3sin304cos?h

Takum obpazom,
3a2  cos® 0 n 32

P=— Tl
2 sin®@+cosb|, 2

14) Peiuuth 3a4avy 6) HAHOBO, BOCIOJB30BaBOIMCh HNOJAPHBIMU KOOpAHHATaAMH.
Peme due. Beoas nonapisle KOOPAHHATHI, OpeCTaBUM ypapHenue (10) amnnca
B BHUIE

1
" Acosz0+2Bcos 0 sin 0+Csin® 6

2

r2

Torma no dopmyne (9) cpasy nonyyaem [309, 9)]

1
)

do b1
Acos6-+2Bcos Osin 0+Csin* 0 Y4C— Bt

I
wl;:e"-imu

HIIOI.I.Ia}J,b BCCrO JJUumdICa Mbl 30€Chb MIpHUPABHAIHA yl]BOCHHOﬁ mwiowagu TOU ero
yacTd, koropas JiexkHT B [ i IV xoopnunaTHex yriax., Kakue 3aTpyJHEHHA BCTPETHIIUCH
OBl HmpH MCNOJIL30BAaHUM pe3ynbraTa 10) 288 JiA BHIMHCICHHs HENOCPEACTBEHHO BCEH
oAy drummnca ?

15) ®opmyny (9) MoxHO TpucnocobuTh K Ciy4aro, KOrja KpHBas 3aJasa CBOMMMH
mapaMeTpHYeCKHMH YpapHeHusaMu Buzaa (6). Tak kak

x/__xl
ri=x24y2, (9=arctgZ u 9;=—yt ,y’
x X2 4 y2

TO

1
) redo =3 (xyi—xpp) dt.
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Ecnu u3smeHenuro yria 6 oT « o £ oTBedaeT U3MEHEHHe napameTpa f ot fy 1o T, To
T T
i 1 ¢
P= 5 J(xyi = xgy) dt = 3 J [p()y' () —9'(£)p()] de. 14
A t

Beuny Goinblleid CHMMETPHYHOCTH 3T4 (GOpMyna 3a4acTyro OPHBOIMT K O0Jiee IPOCTHIM
BEIKNagKkaM. Hanpumep, ecu Mo Helt BuIYMCINTH OOIManb 3 JJIMIC 4, HCXOAR H3
€ro MapaMeTPHIECKHX YDAaBHEHUU X =a COS ¢, y =) sin ¢, TO HOIYYUM

27 27
1 i
P=E f(a cos t-b cos t-+asin t-bsin ¢) dt=5 ab fdt=nab.
0 0

16) Beruucnum emme no dpopmyne (14) momans aCTpou 4 bl X=a cos? £, y=asind 1.
HUmeem

2n

1
P=—2- f[a cos® t+3asin? £ cos ¢+ 3a cos? ¢ sin t-g sind t] dt =

0
2n
sin 4¢) 127 3
- - =—na?
8

4

=i a? f sin? ¢ cos? tdt=—3—a2 (t
2 16 0
0

340. Ouopenenenne nounsitust o6vema. Ero csoiicta. Hamono6Gme Toro,
kak B 335, HCXOIs U3 MOHATHS ILTOIIAJH MHOTOYIOJIBHHKA, OBLIO yCTa-
HOBJICHO IIOHATHE IUIOIAAU IJIA IIPOM3BOJBHOM IIOCKOM (UIYpEI, MBI
cediyac maguM ompedeieHHe oOBeMa Tejla, OMUPasCh Ha OOLEM MHOIO-
TpaHHAKA.

Htak, mycTs mano mpou3BoJibHOM ¢opMel Teso (V), T. €. orpaHHYeH-
Hasl 3aMKHyTast 061acTh B TpeXMepHOM npoctpauctse. ['panuueit (S) Tena
IIYCTh CIIYXXUT 3aMKHYTas NMOBEPXHOCTH* (WJIM HECKOJILKO TAKHMX MOBEPX-
HOCTei).

Mmn 6yneM paccMaTpuBaTh MHOrorpaHHuku (X) obbema X, menuxom
coIepxauiiecd B HauleM Tejie, © MHororpauduku (¥) obsema Y, comep-
xauue B cebe 910 Teqo. CymecTByeT Beeraa TOYHAs BEPXHSA TPAHMuA V,
U1 X M TOYHas HUXHSA rpaHuta V* nua Y, npudeM V, <V*; UX MOXHO
6puio OB HA3BaTh, COOTBCTCTBEHHO, BHYTPEHHMUM M BHEIMHUM
obbreMaMHu Tena.

Ecau obe epanuyv

Vi=sup{X} u V*=iof{Y})

cosnadaom, mo ux obwee snauenue V Hazveaemcs 0GvemMoM med
.

B sToM ciyyae Teno (V) mHOrma HasBBAXOT Ky 6upy e m v m.

* MBI BMEEM B BHIY HENPEPHIBHYIO HOBEPXHOCTS, AOMYCKAIOMIYIO napaMeTpUIecKoe
ApeacTaBIcHAC. i ' )
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W 31ecb JIErKo BUAETb, YTO 049 CYWECMBOBAHUA 00beMa 1E0OX00UMO
1 00CMamouno, umobsl 04a a6o2o >0 HaWAUCL maxkue 08a MmHoz202pai-
nuxka (X) u (Y), 012 xomopuix Y — X <e.

Hanee:

Ecau meno (V) paszaoxnceno Ha déa meaa (V) u (V,), mo us cywyecmso-
sanus 06vema 042 08yX U3 3MUX Mpex mea 6blMeKaem CYujecmeosanie
obvema 045 mpemveeo. IIpu smom

V=V,+V,,

T. €. 1 00BbeM oOytamaeT cBOHCTBOM aAJMUTHUBHOCT U.

Jlerko nepedpasupoBath s 00heMOB M Te Hpemoxenus 1), 2), 3),
koTopele B 336 ObUIM JoKaszaHbl AJIA ILIOIIAJCH.

1) Jra mozo umober meao (V) umeno obvem, Heobxooumo u docma-
mMOouHO, 4mobbl CYuecmeosai maxkue 0ge HOCAEA08aMEAbHOCMU, COomEem-
CMEEHHO, 6X00AWUX U 6biX00awux mHozozpanruxos {(Xp)} u {(Yn)}, obvems
Komopbix umeau 6ol 06w uii npedean

IimX,=lim ¥Y,="V.

OroT npemen u Oymer o6bvemMomM Tena (V).

Tlone3H0 OTMETMTL M TAKOE IPEIJIOKEHHE, FIC BMECTO MHOFOrpaH-
HHKOB (QUIypPHPYIOT IPOM3BOJIBHBEIE Tejla, 3aBEIOMO MMelolllie OOBEMBL.

2) Ecau 0aa meaa (V) MoxucHO nocmipoums maxue 0ge nocaedosamens-
Hocmu, coomsemcmeeniio, 6xodawux u evixodawyux mea {(T,)} u {(Up)}.
Komopble umeiom 06sembl, NpUdem smu 00sembl cmpemamca Kk o6y emy
npedeay

lim Tp=lim U,="V,

mo u meao (V) umeem ob6vem, pagHvlil ynomanymomy npeoesy.

B 3akitoyenne YIOMSIHEM O BO3MOXHOCTH BBIOMPAaTh MHOIOFPAHHUKH,
npubHKaloecs K paccMaTPUBAEMOMY Telly, «CTaHAAPTHBIM» 00pa3oM.
3aK/II0YMB TeJO BHYTPh HEKOTOPOIrO HPSMOYTOJILHOFO Hapasulelelunena
(W) c rpausmM#, IapajuIeIbHBIME KOOPAUHATHBIM ILTOCKOCTSM, pa3o0beM
€ro Ha YacTH C INOMOMIBIO psAfa IJIOCKOCTEH, MmapajuleibHbIX €r0 I'PaHsiM.
Y3 yacTHYHBIX Mapajulelienunenos, Bxoasurux B (¥), cocraBum Teno (X),
a IpUCOeAMHMB K HHM H YaCTHYHO BhIXoAsuwe u3 (V) mapajienenvuenbl,
HOJyYyHM Testo Y. OTH Tema HpelCTaBJAIOT YACTHbIe CIy4aM TeX MHOro-
rpannikoB (X) u (Y), o KoToprix ObUIa pedb Bbimie. Bymem o6o3HavaThb
yepe3 d HaHOONBIIYIO U3 JUATOHAICH TeX MPSAMOYTOJIBHBIX INapaJiiese-
MUIEA0B, HA KOTOpBIE ObLIT Pa3JIOKEH Mapajuie/cuie] w).

3) Ecau npu d—~0 oba obvema X u ¥ cmpemamca x obujemy npedeny
Vu moassxko 6 amom cayuae meso (V) 6ydem umemsv obvem;
npu 6bINOAHEHUU 3MO20 YCAOSUA YROMAHYmbL npeden U Gvipasum obvem
meaa (V).

JoKa3aTenabCTBO BCEX ITUX YTBEPXKACHHI MBI NPENOCTABISAEM YUTQ-
TEJI0; HX JIETKO CKONMPOBATh C paccyxfeHuil n° 336.
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OKPYXHTb TOYKY (¥, ) HZ IDIOCKOCTH 4V TaKOH OKPECTHOCTBIO

og=(u—-90, u+96; v-90, v+9),
YTOOBI COOTBETCTBYIOUIMH yYaCTOK MTOBEPXHOCTH BHIPAXKAJICSH SIBHBIM ypaB-
neureM. OcCTaeTcs JIHINL MPHMEHHTH K 3aMKayToi obsactu (Q) U K mo-

KpHIBAIOMmIeH ee cHCTeMe OKpecTHocTel ) ={o} nemmy Bopena [175],
4TOOBI YCTAHOBMTHL BO3MOXHOCTh Pa3JIOXKEHHS paccMaTpHBaeMoi rias-
KoM TOBEPXHOCTH HA KOHEYHOE YHCJIO 9ACTeH, Kaxmas 3 KOTOPHIX BHIpa-
KaeTcs SBHEIM YPaBHEHUEM OJHOIO M3 TpeX THmoB. OTCIoa — IO IIpenbi-
OylieMy — CIEAyeT, YTO rjajJgkKass HOBEPXHOCTHh HMeeT
ob6pem 0.

Teneps sicHo, 9TO

meno, o2panuyentoe 00HON UAU HeCKOAbKUMY 2AA0KUMY NOBEPXHOCMAMU,
3a8edomo umeem obGsvem.

MonycTuMo, BIPOYEM, M HAJIMYHE HA OrpaHHYMBAIOIEH Teo HMOBEpX-
HOCTH KOHEYHOr'O YHCJIA O C O 6 BIX TOYEK, KOTOPBIE MOFYT OBITH BBHIIE-
JIEHBI OKPECTHOCTSMH C IIPOHM3BOJBHO MAJBIM 00BEMOM.

342. Beipaxkenne oGbema murerpasioM. Haunem € IOYTH OYEBHAHOIO
3aMevYanus: npaAmoi yuiuHop evicomel H, ocnoseanuem xomopozo cayxcum
Keadpupyemasn niockaa gueypa (P), umeem obvem, pasuviii npous-
8edeHuI0 naowadu ocHosanus Ha evicomy: V=PH.

™~

] S—

~—2

Pnc. 26.

BossmeM [336, 1)] Muoroyronsuuku (A,) u (B,), COOTRETCTBEHHO CO-
nepxamdecs B (P) u conepxkaiuge B cebe (P), Tak, 4ToOBI MX ILIOIIAIH
A, n B, crpemunuce k P. Ecnu HA 3THX MHOTOYIOJBbHWKAX IOCTPOUTE
npsaMele Tpu3MeL (X,,) u (Y,) BEICOTHI H, TO uX 00BeMsI

Xp=A,H wn Y,=B,H

OyayT CTpeMHTHCH K 00wweMy npeneiny V= PH, xoTophiii B cuity 1) n° 340
u Oymer o6BeMOM Hallero IMJIMHApA.

PaccMorpuM Temepb (puc. 26) mHekotopoe Teno (V), comepxkaieecs
MEXy TIJIOCKOCTSIMH X =a H X =b, U CTaHEM pacceKaThb ero MIOCKOCTAMH,
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OKPYXHTb TOYKY (¥, ¥) Ha ILTOCKOCTH 4¥ TaKOH OKPECTHOCTBIO

o=u—-90, u+d; v-94, v+9),

4TOOEI COOTBETCTBYIOIIMI YIaCTOK ITOBEPXHOCTH BBIPAXKAJICH SIBHBIM ypasB-
nenreM. OcCTaeTcs JHINL MPHMEHUTH K 3aMKHyToi obyacté (Q) #H K mo-
KphIBaroLIell ee cucreMe okpecTHocTel ) ={o} nemmy Bopensa [175],
9TOOBI YCTAHOBHTH BO3MOXHOCTb DAa3JIOXKEHHS paccMaTpuBaeMoil IiIaf-
KoM TOBEPXHOCTH HA KOHEYHOE YHCIIO YacTel, Kaxmas M3 KOTOPBIX BhIpa-
XKAETCH ABHBIM yPaBHEHUWEM OJTHOTO M3 Tpex THHoB., OTClofa — 1O Ipesbi-
OylieMy — CJeAyeT, 4TO rJajgkas HOBEPXHOCTBb HMEET
ob6pem 0.

Tenmeps scHO, 9TO

meno, 02paHuueHHoe 00HON UAU HECKOABKUMU 2AA0KUMU NOGEPXHOCMAMU,
3a8e00Mo0 umeem obsem.

JomycTMo, BUpOYEM, W HaJIMIHE HA OrpaHMYMBAIOLIEH Teno moBepX-
HOCTHM KOHEYHOTO HHCJIAa O C 0 0 Bl X TOYeK, KOTOPhIE MOTYT OBITH BBHIJIE-
JIEHBI OKPECTHOCTSIMH C TPOH3BOJBHO MAJIBIM OO0BEMOM.

342. Boipaxenue oGbeMa HHTerpajsioM. HavHeM C IOYTH OYEBHHHOIO
3aMeYaHus: hpAamoil yuauHop evicomvl H, ocroeanuem Komopoz0 cAyHcum
Keaopupyemasn naockaa gueypa (P), umeem obvem, pashvlii npous-
8edeHuI0 naowadu ocHoearnus Ha evicomy: V=PH.

™~

] S—

~—2

-

BossmeM [336, 1)] muoroyroneauku (A,) 1 (B,), COOTBETCTBEHHO CO-
nepxaingecs B (P) u comepxamge B cebe (P), Tak, 4ToObl MX IIIOLIANH
A, u B, crpemunncs k P. Ecnu Ha 3THX MHOTOYTOJIBHMKAX IOCTPOUTE
nupsaMele npu3Mel (X,) u (Y,) BEICOTBI H, TO MX 00BeMBI

X,=A,H w Y,=BH

OyIoyT CTpeMHTBCS K 0OmmeMy npeneny V= PH, koTopbiit B cuity 1) n° 340
u OymeT 06BeMOM HaIlero IMIHHIPA.

PaccMoTpuM Temeph (puc. 26) Hekotopoe Teno (V), comepxaineecs
MEXIOY TITOCKOCTAMU X =ad H X = b, U CTaHEM PACCEKATh €ro MmiIoCKOCTSAMMH,
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MepNeHAUKyISPHBIME K ocd X. J[OMyCTHM, YTO BCE ITH CEUCHHS KB a -
pUpYEeMBl, U IycTh IUIOWAAb CEYEHHMs, OTBeYarowero abcuucce X,
— o0o3HauuM ee depe3 P(x) — Oymer mempepsiBHOM dyHKIMed oT x (ans
a=<x=b).

Ecmu cmpoektupoBaTh (0e3 mckaxenMs) OBa HOJOOHBIX cedeHMS Ha
KaKyro-1u60o MII0CKOCTD, MEPIEHIUKYJIAPHYIO K OCH X, TO OHM MOTYT JH60
comepxaThCs OTHO B JApyrom (kax Ha pHC. 27, a), mubo YaCTHYHO OJHO
HA Opyroe HAJIeraTh MW JIEXaTh OMHO BHe npyroro (cM. puc. 27, 6, 6).

_\\ 77N
7 1
// !
/ 7
i ®
@ @

Puc. 27.

MBI ocTaHOBMMCS CHAvalla Ha TOM Cliydae, KOria aBa pa3jIduHBIX Ce-
9egusi, OyAyud CIPOSKTHPOBAHEI HA IJIOCKOCTD, MEPUEHIUKYJISIPHYIO K OCH
X, OKa3BBAalTCH BCerjga COXEPXAIUMHCI OLHO B
Apyrom.

B 3TOM mpemmoNioXeHUM MOXHO YTBEPXHaTh, 4To Teymo (¥) umeer
00BeM, KOTOpHIf BhIpaxaeTcs HopMyJIoi

b

V= P(x)ax. (15)

Hns gokasaTenbcTBa pa3oObeM oTpe3ok [a, b] Ha oc X TouKamH

a=Xy<Xy<...<X;j<Xjp;<...<Xp=b

Ha YacTH M Pa3JIOXKMM ILIOCKOCTAMM X =.X;, HPOBEICHHBIMU HePE3 TOUKHU
JACNICHHA, BCEe TeJIo Ha ciou. PaccMoTpuM i-ii cro#t, comepainiics Mexay
TJIOCKOCTSAMM

X=x; M X=X;4; (=0,1,...,0-1).

B mpomexyTtke [x;, X;y,] byuxius P(x) umeeT nanbombuiee 3nauenue M;
U HAUMEHBLIEE 3HAYECHUE M1;; €CIIM CEUSHUS, OTBEYAIOIIME PA3IMUYHBIM 3HA-
YCHUAM X B 3TOM IPOMEKYTKE, TIOMECTHTh Ha OJHY MJIIOCKOCTB, CKaXeM,
X=X;, TO BCe OBM (IIPH CAECNIAHHOM WPEANOJIOKEHHU) OYAYT COMEPKATHCS
B HauOonblIeM, HMEIOIEM TUIOIAAb M;, U colepxaTh B ccbe HaKMeHb-
uiee, ¢ IUIoOWAanpo m;. Ecmu Ha 3THX, HAauOONbINEM M HAUMEHbLIEM, Ce-
YCHWSIX HOCTPOHTh NPAMBIE WHIIMHAPHL BHICOTHL AX;=X;4; —X;, TO 060Jb-
Wi u3 HuX OymeT colepXkarTh B cebe paccMaTpHBAEMBI CJIOM HALIEro
TeNd, a MeHsWIMil caM OynmeT comepxkaThcs B 3TOM ciice. Ha ocnoBanun
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CHIEJIAHHOIO BHAYaJle 3aMeYaHud oOBEMHl 3THX HWIHHIAPOB OYOYyT, COOT-
BeTCTBeHHO, M Ax; u mx;.

M3 BXOMALMX IMIMHAPOB cocTaBUTcsA Tejio (T), a U3 BLIXOOAIIHAX —
tesio (U); uX o6beMBl paBHBL,

COOTBETCTBEHHO,
y 2
SMAx, wu  Smdx; @ /% c
i i
w7

H, KOIJla CTPEMHUTCS K HYIIO
A=max Ax;, UMeIOT OOIIUH mpe-
nen (15). B cumy 340, 2) Takos pi-A A LI
xe Oynetr u obveM Tenma (V)*. e

Baxxuprif dvacTHbli  ciyuai, ®

Kora 3aBeJOMO BBINOJHSIETCH
yKa3agHOe BbIIIE TPEAINOJIOKE-

HHE O B3aMMHOM PacHoOJIOKEHUH

CEUeHHif, MPEACTABISAIOT TeJla
BpaureHu . Boobpasum ua A
IUIOCKOCTH Xy KpHBYIO, 3alaH-

HYI0 ypaBHeHUeM ¥y = f(X) (a=<

<Xx=b), roe f(x) HempepbiBHA U
HEOTpHUIATEIbHA; CTaHEM Bpa-

LIATh OrPAaHHYEHHYIO €0 KPUBO-
JINHEHHYIO TPANIEIIUIO BOKPYT OCH Puc. 28.

x (puc. 28, a u 6). Ilomy4uennoe

testo (V), 04eBUAHO, TOOXOANT MOJ paccMaTpUBAaeMBIi ciyyail, 0o ceve-
HHA €r0 MPOEKTHPYIOTCA HA MEPIEHAUKYIISIPHYIO K OCH X IIJIOCKOCTh B BUAE
KOHIEHTPUYECKUX KpYyroB. 3mech

P(x) =my*=a[ f(X)],

TaK 4YTO
b b
Ven |y dv=n [/ dx. (16)

Eciu xpuBonMHeWHas Tpanelus OrpaHWYeHa M CHU3Y U CBEpXY KpH-
BBIMH ;= fi(%) 1 yo= fo(X), TO, oucBUOHO,

b b
Ver [ - 28 de =z [ (LAGR - LA} d, (17)

XOTsH TMPESANOJIOKCHUE O CECUCHUSX 3OECh MOXET U HE BBIOIOJHATHCA. Bo-
of1ie OoKa3aHHbIi PE3YIBTAT JIETKO PACIPOCTPAHACTCA HA BCC TaKUE TEIA,

* ens, HampuMmep, POMEKYTOK Ha paBHBIE YACTH, JIETKO BBIOENMTH T€ T OCJIE -
AOBATENbHOCTH BXOUAUIMX ¥ BHIXOASIIUX TEN, O KOTOPHIX TOBOPHTCH B IHTHPO-
BAHHOM TPENTOKEHNY.



208 IJ1. X. OPRJIOKENKSA MHTEIMPAJILHOYO UCYUCTIEHN S [343

KOTOpbIE NOMYYAIOTCs] MYTEM CIOXCHHS WIH BEMUTAHHS M3 TEJN, YIOBIET-
BOPSIOIHX YIOMSIHYTOMY IIPEAIIOIOKEHHIO.

B obmeM ciaysae MOXKHO YTBepXKHATH THUIL CIEAYIOINEE: ecau medo
(V) umeem obvem™, mo on svipaxcaemcsa gopmyaoii (15).

B caMoM pene, 3a1aBIINCh NMPOM3BONBHEIM € >0, MBI MOXEM MEXIY
IIOCKOCTSME X=a W x=b moctpouts Takue nsa Tema, (X) u (¥), co-
CTaBICHHBIE U3 TMapanlNeNeNuNegoB, 4YToOH INEpBOE cO-
nepxainocs B (V), a BTopoe conepxalio B cebe (V), 1 mputoM 6o Y — X <e.
Tak xak K 3TuM TenaM GopMyia Hallla, OYEBHIHO, MPHJIOKNAMA, TO, 060-
3HAYHB Yepe3 A(x) u B(x) MIoImany uX MONePeYHbIX cevenuil, OyneM UMeTh

b b

¥=[a0)dx,  ¥=[BEax.

C npyro#i cropondl, Tak Kax A(x)=<P(x)=<B(x), To u

] b b
X= |4 dx= [ P(x) dx< [ By dx =¥,

b

Tak 4yTro oObveM V W HHTerpax fP(x) dx oba conepxaTcs MEXITY OTHHMH
a
y, ¥ TeMH e rpaHMmamMua X u Y,
, PasHAIAMHUCS MeHbIlle, YeM Ha &.
| Ortcrona u BeiTekaeT TpeGyeMoe 3a-
1
[
|

W KJIFOYCHHEC.
0 A z
T~ 343. TIpumepnl. 1) Boeraucnute oGneM
~— V xpyrosoro kKonyca c paaumy-
COM OCHOBAaHHS ! M BBICOTOH A.
IIpoBenemM wuepe3 oOCb KOHYca CeKy-
Piic, 200 INYIO TIIOCKOCTh M BhiOepeM 3Ty OCh 3a

OCh X, CYUTadg HayalbHOW TOYKOHU Bep-
IMHHY KOHYCa; OCh y MPOBEJEM MEPHEHOMKYJIAPDHO K OCH KoHyca (puc. 29). VpaBHeHHe
obpa3zyronieit konyca OymeT

r
I:—x
) h

u — no $opmyne (16) — monyunm

h
r \2 ar? x3
V=zrf(—x) dx=-——
A h 3
0

Peaym;ra'r 9TOT HM3BECTEH UYMTATENIO M3 IIKOMBHOI'O Kypca.

hol
3

nreh,

0

* Tak Gyner, HanpuMep, €CIM TeJO OTPAHWYEHO OMHOW MM HECKONBKUMM T JI a I -
KH MK noBepxHocTaMu [341].
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x2 y2
2)ycts 311MOC =+
a

Fﬂ =1 Bpamaerca BOkpyr ocu x. Tak kak
b
yi=—(a*-x%,
a2
TO IUIsT 00BEMA 3N MOCOH A BpalleBnsa Hailnem
a

b? b2 . b? X3
V=:'zj—(aﬂ—xz)dx=2n—-I(a’—xz)dx=2n ( )
a? a*
0

a
atx ——
3

—a

4

— —nab?.

a* i0 3

AHanoruyHo [uis obreMa Tesa, NOJYYeHHOTO OT BPAILEHHs BOKDPYT OCH y, HalleMm
4

BelpaxceAHe — math. Ilpeamomnaras xe B 3Tux ¢opmynax a=b=r, Mbl NOJNYYHM JUls

4
obreMa Mmapa paanyca r H3BECTHOE 3HayeHHe — 7rd,

3) Onpenenmuth 00BEM TeNa, MOJYYEHHOTO OT BPAINEHHA HENMHON JNHHHHU

x
y=ach — BOKpyr ocum x, Mexny CeYeHHSIMH, COOTBETCTBYIOIIMMH TO4YkaM 0 u x.
a

Nmeem

X X

1 2x
V=naﬁjchaidx=—mzj(l+ch -—) dx=
a 2 a

0 0

1 . +a h?.x 1 . hx hx
=— x4+ — —_] = - ch —. —1.
zna( 2s p Zna ax+a aas p

X

Benomunas [331, 1)], yto @sh — ecTh MMHA Ayrd s Hamed KpuBOH, OKOHYATENLHO
a

OJIYYHM

1
V= 3 na(ax+ sy).

4) To e — Ina BETBH UM KJI O U [ Bl

x=a(t—sint), y=a(l-cost) O=<t<2n).
ITapaMerpuyeckue ypaBHeHHA KPUBOHM OOJEr4aroT BBINOJHEHHE IMOACTAHOBKH
x=a(t—sint), dx=a(l —cost)dt B dopmyne

2na

V=n J yrdx.

0
Wmenno:

2n

2n

= Sn2g8.

¥ 5 3 1
V=na3J (1-cost)Pdt=nad® (E t—4sin t+z-sin 2t +— sin? t)
0

14 T. M. ®uxtearonsu, 1. I1
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2 2 2
5) To e qui acTpoHAB x3 4% =q8.
Vimeem
a

2z 2\2 2 23 12
y=(a3—x")z, V:nj(as ~x3) dx =——mnad.
105
—a

IMpennaraeTcsi MOBTOPUTh BBIYHCIIEHHSA, MCXOHS H3 MAPAMETPHYECKHX YypaBHEHHH
acTpORAH U MPHOETHYB K 3aMEHE MEPEMEHHOM (KaK B MpeabIayinell 3agaye).

6) Haiitu ob6bveM oOweit wactTh mapabGonoupga 2az=x?+)? u cdepnl
Xx%4-y2+4-2%=3q%

Pemenue. Bmecre c 000MMH 3THMH TeJIaMH U OOLIAS 4aCTh MX OYIET TE N O M
BPaUm[€eHHs BOKPYr OCH z. IlepecedeHHe yKa3aHHBIX MOBEPXHOCTEH NPOUCXOAMT
0 IJIOCKOCTH z=a.

ITnoCKOCTH, MEPNEHAHKYIISPHBIE K OCH 2z, NEPECEKAOT PACCMATPHBAEMOE TEJIO YO
Kpyram; KBaJpaThl PaJHyCOB 3THX KDYrOB DaBHbI 2az, MOKA 2z=<a4, U 3@%—2%, JHIIb
TOJIBKO z cTaHOBHTCS >g. [lome3ysce dopmynoif, ananornunoit (16), 6yaeM HMeThb

a oVF
. n-a:l .
V= Zﬂafz dz+n J (a* -2 dz = (63 -5).
0 a

7) Ha#itu obvem obmieit yvactu chepnl x2+y2+22=R2 M KOHYyca Xx2=)y2+42z2
(x=0).

R
Vkazanue. IlepeceueHnHe MOBEPXHOCTEH IPOHUCXOAUT IO IJIOCKOCTH X=—.

Hmeem
R
'3 R
2R3 ~
Ven f x dx+nf(R'~’—x2) dx=—-(2-Y2).
g R
7z

Jo cux mop Mbl pacCMATPUBAJIM NMPHUMEPHI IMPUMEHEHust yacTHoi dopmynst (16).
Tlepeiinem Temepp k obwielt ¢opmyne (15). Tak kak camoe CyImeCTBOBaHHE
ob6reMa BO BCEX cliydasix JIETKO MOXeT OblTh OOOCHOBAHO, HANpUMEp, MCXOHAs M3 CO-
obpaxenuit n° 341, ToO Mbl Ha 3TOM OCTAaHABIUBATHCS HE OydeM M 3aifiMeMCsi JIHIIb
BBHIYHCIEeHHEeM obbema.

8) Omnpenenuth 060beM LHAMHIAPDHYECKOTO OTpe3ka. Tak Ha3bBaIOT
TEOMETPUYECKOE TENO0, OTCEKaeMoe OT MPAMOro KPYroBOrO IHJIHHApA IUIOCKOCTBIO,
npoxonsIell yepe3 auaMeTp ocHoBamus (puc. 30).

ITonoxuM, 4TO OCHOBAaHME LMITHHAPA €CTh KPYr pajuyca a:

x2+yi<a?,
H YTO CeKymasi IIOCKOCTb OPOXOAMT 4Yepe3 AuameTp AA’ M COCTaBiseT yroa « ¢ mio-
CKOCTBIO OCHOBaHWS., OmnpenesdM MIOMAAb CEYEHHd, NEPNEHAUKYIAPHOrO K OCH X

U NEPECEKAIONIETo ee B Touke M(x). D10 ceyenne OyeT N psIMOYTONBHEIM Tpe-
YyTONBHUKOM ; OYEBHIHO,

1 1
P(x)=mmn. MNP=E »? tga=§ a?—x?) tg a,
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Tak yto mo dopmyne (15)
a

1 N 2 2
=—tgoa | (@~ x?)dx=—adtga=—ah,
2 3 3
—a
rae h= KL eCTb BpICOTA IMIMHAPHYECKOTO OTpe3Ka.
WHTEpECHO OTMETHTB, 4TO TOT %€ 00BeM MOXHO GbU1O0 Obl MONYYUTH, 3aCTABUB

OChb y HIPaTh TY POJIb, KaKyI0 1O CHX TIOp HTpaja OCh X, T. €. pacceKas TeJO TUIOCKOCTS-
MH, NepHeHANKYISpELME ocH ¥ (puc. 31). Takas rrockocTs, NMPoBeNeHHAs Yepe3 TOYKy

/
L

Puc. 30. Puc. 3i.

M ¢ opauHaTO#l y, TEpecevYeT Halle TeJIO 10 MPsIMOYFrONBbHHUKY SQ, miomans
KoToporo Oyner

P(y)=2xytga=2tg oz.yVaz—-y2.

TTosToMy, aHamorwuso (15),

a
a

— 2 3
V=2 tgaijaZ—yz dy=-3- tg a(a? — y2)?
0
0 !

9) Haiitn o6BeM TPeXOCHOro 3 AN MO COMU Aa, 3aNAHHOTO KAHOHMYECKUM ypaB-
HEHUeM

2 3¢
=—adtga.
3 g

xﬂ yZ zil
RIS Wi
a? b c?
(puc. 32).
ITnockocTs, NEpNEeHIUKYAAPHAA K OCH X M INPOXOAAIIAs Yepe3 TOuKy M(x) ma sToH
OCH, TiepeceyeT 3SJUIMNCOMA MO 3JJIMICY; YPaBHEHHWE NPOeKIMH ero (6e3 uCKaxeHHs)
Ha TNOCKOCTh yz Gymer TakoBo:

yﬁ 22

X2 + x?
bz(l__) ce(l__)
a* a?

Orcrona SICHO, YTO HOJIYOCH ero GyAyT, COOTBETCTBEHHO,

2 2
b]/l—i " cl/l_’f-,
a2 aﬁ

=1 (x=const).
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a wiomaae [cMm. 339, 2), 8), 15)] BrIpa3suTcs Tak:

xt\ #hc
P(x)=nbc|1- -—) =—(a%?- x2).
a? a?

Taxnm o6pa3om, no dopmyne (15) uckoMslil 06BHEM
a
nbe | 4
Vo — J (a2 - x?) dx =— mabc.
a* 3
—a

10) Haiitn o6veM DI M OCOW KA, OTHECEHHOIO K LIEHTDY,

Ax?+2Bxy+Cz2+2Fyz+2Gzx+2Hxy = 1.

Prmc. 32.

Pemenune. Eciu GUKCHPOBATH 2z, TO YPaBHEHME COOTBETCTBYIOLIETO CEYEHHS
(un¥ — BepHEE — €ro NPOEeKIMH Ha MIOCKOCTh: xy) Oymer

ax?+42bxy+cyt+2dx+2ey+f=0,
ri€ TOJOKEHO

a=A, b=H, c=B, d=Gz, e=Fz, f=Cz*-1.

ITo 339, 7), nmiomame 3TOr0 CEYEeHWs1 paBHA

nA*
PE)=———,
(AB- H2) 2
ecnu yepes A* 0603HAYUTH onpe;ienmenb
A H Gz
H B Fz =Az2— (AB— H?%),
Gz Fz C2-1
rae
IA HG
A=|H B F
|G F C
IMoxacTaBnss, NOJyYAM
n
P(z)= = ————— [d22 - (AB- H)).

(AB- H?®
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QUEBHAHO, z MOXKET M3MEHSTHCA JIMIb B apeaeiax

4 1

11) PaccMoTpuM fBa KpYTOBBIX UMJIMHApPA PAZMyca ¥, OCH KOTOPBIX MEPECEKaArOTCA
0OJ HPSIMBIM YIJIOM, M ONpENESNM OOBLEM TeNlad, OTPAaHMYEHHOrO MMH.

Tento OABCD, u306paxeHsnoe Ha PUCYHKE 33, COCTABIAET BOCAMYIO YacTh RHTEpE~
cyromero #Hac Tena. Ock x npoeeneM 4Yepe3d TOYKY O mnepecevyeHHs ocell LUHIHHAPOB
OEPHEHAHKYJIAPHO K o00euM ocaM. Torma B

ceyennd Tena OABCD noCKOCTBIO, MPOBEACH- Z
HO¥ Ha paccTosHMM X OT O, NEepHECHAUKYIAPHO
K ocd x, moiaydyntcss kBagnpat KLMN, cro- - r
poHa xotoporo MN=r2—x?, Tak uto P(x)= ,}B\\L
=r2—x? Torma mo dopmyne (15) Z = N
7 AN
r ¢ P |7 \\
16 i \
V= SJ(rz-—xz)dx=? e, X \
0 i)
- == i T
12) PemnmM, B 3akiioycHHME, Ty X€ 3a4ayys M A

HO B MPEANONIONKEHHH, YTO LWIMHLDPHI HMEIOT
pa3MHYHLI € PamMychl: r U R>r.

Pa3Huua, 0O CpaBHEHMIO ¢ IpEXHMM, Oyner
JHMIb B TOM, YTO, BMECTO KBafpara, B CEYCHHH
PacCMATPHBAEMOrO TeNa MIOCKOCTbIO Ha pac- *d
CTosHAA x OT O HONYYUTCA NpAMOYTLONb- Pac. 33.

HHEK cO cTopoRamu }ri—x? u R - x?, Takam
0o6pa3oM, B 3TOM ciyyae o6beM V BLIDA3HTCH yXe HJIJIHMOTHYECKHM HHTe-
rpajom .

t
y= sj VR =30 =) dx
0

i
|
l//
A
7N

rd

. r
WIH, €ClIH CACHATh OOACTAHOBKY X=rSIN@ W DOJIOXKHTH k=},

n

2
V-8R [costg- VI=Eisintp dg = 8Rrs- I
0

3aiiMemcs CBeeHNEM MHATerpana / K MOMHBIM HUTANTHYSCKHM HHTErpanaM 0GOHX
BUA0B. Ilpexae Bcero

a b
2 2
cos? in @ cos?@
I- b dp-re | 2P g1,
: V1 - k2sinzg V1 - krsinzg
Q
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n

n
2

1 —sin® k-
V1—kzsing k2 ) Y1 = k2sin?g
0 0

5
f 1-k2sinZp dp= (1—-——)K(k)+—1a(k)
0

C Apyroit CTOpoHbI, MHTErpUpYa HO YaCTAM, MMEeM

n

2
1¢, N T
12=5fsm 20d Y1 ~kzsm2<p=-2— sing V1 - k2sinZg
0

owid
|

N

2
cos 2¢ - V1= kPsintp dp= f(l ~2costg) Yi—Rtsinte dp=E(k) - 2L
0

1=~ [(E 1) Bw-(L-1) K@
5l ro-fa-) xe]

Takum 06pa3zom, OKOHYATEMbHO

{
© s M

Orcrona

8RS
V= 5 [A+k2) E(k)- (- k%) K(k)).

344. Ilnomans noBepxHOCTH BpamieHns. IlycTs MMeeM Ha IJIOCKOCTH
xy (AMEHHO, B BepXHEl IOJIYILIOCKOCTH) HEKOTOPYIO KpuBYyIo AB (puc. 34),
3aJaHHYI0 YpaBHEHHSIMH Bama (6), Iae ¢, ¥ — HempephiBHbIE QYHKIUH C
HENpephIBHEIME ke MPOM3BOAHBIME ¢, y’. IIpeanosnaras oTCyTCTBHE OCO-
OBIX M KpaTHBIX TOYeK HA KPHBOM, MBI MOXEM BBECTH B KayecTBe Iapa-
MeTpa IyTy §, OTCYMTHIBAEMYIO OT TOYKH A(?,), U NEPEHTH K MpeacTaB-
JIEHUIO

x=P(s), y=¥(). (18)

Iapamerp s usmenseTcs 3aeck oT 0 no S, ecoy yepe3 S 0603HAUMTH JJIMHY
Bcell kpuBOii AB.

Eciau Bpamiaths Kpusylo BOKPYT OCH X, TO OHA OIMIIET HEKOTOPYIO
MOBEPXHOCTHL Bpamenusa IloctaBuM cBoeil 3amayedl — BBIYH-
CIAMTh HMIJIOIIAaNb 3TOH MOBEPXHOCTH.

ME1 sumIeHs! BO3MOKHOCTH YCTAHOBHTD 37cCh B 0OllieM BHIE IOHATHE
TJIOINAM ¢KpHBOM» (T. €. HEMMJI O CK 0 i) IOBEPXHOCTH; 3T0 OymeT cxe-
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naHo B TpeTheM ToMme. Celyac ke MBI ONpENeMM 3TO NOHSTHE CIELH-
aJbHO IJI MOBEPXHOCTH BPALUCHUS U HAYYHMCS BBIUMCIATL €€ IJIOLIAIb,
fpuyeM OymeM HCXOOUTH M3 JAHHBIX €llle B MIKOJBHOM Kypce NpaBUJ BhI-
quCIieHHsT OOKOBBIX TIOBEPXHOCTEH IMIHHAPA, KOHYCA H YCEYEHHOI'O KO-
Hyca. Bnocaedemeuu mul ypedumcea, umo noayuennas Havu gopmysa exo-
oum Kak wacmuwuiil cayyaii 6 oowyio opmyay 048 niowadu Kpueoil nosepx-
Hocmu.

Bo3pMeM Ha kpuBoi AB B HailpaBiicHdd OT A K B panm Toyek (cm.
puc. 34)

A=A0, Al’ A2, ceny Al'ﬂ AH—I’ “ ey An—lsArL:-B (19)

U PacCMOTPHM JIoMaHylo AA;...A, B, Buucanuyio B kpusyio. Ctanem
BMeECTe C KpHBOH BpamiaTk BOKPYI OCH X 3TY JIOMAaHYH; OHA ONHLIET
HEKOTOPYI0 HOBEPXHOCTh, TJIOIIANb KOTOPO# MBI yMeeM OfpeleiaTh Mo
NpaBHJIaM 3JIEMEHTApHOW TreoMe- )
Tpun. YcnoBuMCS HoJ miuo- 7 e
Wagbi MOBEPXHOCTH, Ol U-
CaAaHHOH KpUBOMH, pazyMeTh
npepen Puonnowangu Q no-
BEPDXHOCTH, ONHUCAHHOH
JJOMAaHOI, NP CTPEMIICHHH K
HYM0 HauOOJbIIeH M3 YaCTHYHBIX

A,
Oyr. OTo ONmpeneicHHE IUIOIIANH 2
MOBEPXHOCTH BPANICHHSA HACT HaM P =s0/]
KIII0Y K €¢ BBIYUCJICHHUIO. 74[ S 3
Mmut yxe 3HaeM, 9TO pSX TO- Puc. 34.

dek (19) Moxer OBITL IOJyYeH, ¥C-
X0 M3 pAla BO3PACTAIOLINX 3HAYEHHI S, BCTABJEHHLIX Mexay 0 u S:

O=sy<S;<8Sy<...<S<8y<...<Sp_;<8=375.

Kaxxmoe 3BeHO JIOMaHOM IpH BPaUICHHH BOKPYT OCH X OyIeT OIHCHIBATH
[IOBEPXHOCTL yCeYeHHOro koHyca*. Ecimu 0003HAYATH OPOUHATHI TOYEK
A; ¥ A;y; COOTBETCTBEHHO 4epe3 J; M Y1y, a JIMHY 3BeHa A;A;;; depe3
l;, To mjomank MOBEPXHOCTH, OMHCHIBAEMOM i-M 3BEHOM, OymeT

2nyl'+2yi-+l liv

ITnowame e MOBEPXHOCTH, OMKCHLIBAEMON BCEH JIOMaHON JMHHEH, Oyaer

a1y,
Q=2n2'y_t_+2yﬂ .
i=0

*B HaCTHOCTH, 3Ta OOBEPXHOCTb MOXKET BBIPOJUTHCA B IIOBEPXHOCTb KOHYyCA MJIM
HWIMHAPA; N10MWaLb €€, OAHAKO, U B 3TOM ClIy4ae MOXHO BbMHUCIUTE 10 OOmei (bopmyﬂe
ANA UOBEPXHOCTH YCCUCHHOTO KOHYyCa.
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IToyYeHHYO CYMMY MOXHO pa3OHThb Ha JBE CyMMEI CJICAYIOLUUM o6pa3oM:
n—1 n—1
Q=12 -Zo yili+7 12(; Uiy =i
i= =

Tax kax ¢ysxuus y=¥(s) HempephiBHA, TO (IO CBOHCTBY paBHOMED-
HOM HeNMpephIBHOCTH) MOXHO INPEANOJIOXHTh Hally KPHBYIO Pa3JIOXKEH-
HOM Ha CTOJb MEJKHE 4acTH, YTO BCE PA3HOCTH Y4, —); MO abBCOMIOTHOM
BeJINYMHE HE MIPEB30HOYT MPOUZBOIBHO MAJIOFO MOJIOKHTENBHOIO YHCIIA &.

Tornma

n—1 n—1
”IZ(; iy — Y| =<em _2'0 li=<enS;
< £

OTCIONA CNIEJYET, YTO 3Ta CyMMa CTPEMHTCH K Hydro mpH max As;—~0.

Yro KacaeTcsi CyMMBL
n—~1

2r 2 yili,
=0

TO €¢ MOXHO Pa3JIOXXKHTb Ha OBC CyMMBI:

n—1

n-—-1
2n 3 y; As;—2n 2 ydds;=1).
i=0 i=0

Tak kak ¢yuxums ¥(s) HenmpepblBHA, TO OHA OrpaHMYEeHA, TaK YTO BCeE
|¥i]| <M, rme M — HekoTopoe mocTosHHOoe 4ucino. O6osnazas mocnien-
HIOIO CYMMY H4epe3 7, MMeeM

n—1 n—1
7| =21 Z'y,(As,-—l,-)‘ <2nM(S— 21,).
{=0

=0

ITpu nmpoGnenmm kpuBoil Ha Bce Ooyee U Gonee Meykme 9acTd pas-

HOCTb
n—1

S-21,
i=0

MO ONpEJeNIEHHIO JUIMHBI Nyrd, kak Ipefesia nmepuMeTpa BHHUCAHHOH Jio-
MaHOH*, moipkHa cTpeMuTbes k Hymo. Ho Torma u 7-0.
OcraBLiascs cymMma

n—1
o=2m 2 y; ds;
i=0

* DTO HENOCPEACTBEHHO CAEAYeT M3 ONpPEAesieHHs JIMUIb AJIA OPOCTOM He3 aM -
KHYTOHM KpUBOH, HO 3aTE€M JIETKO MOJIy4aeTCs H A IPOCTOR 3aMKHYTOH KpH-
BOH, NYyTEM pPa3fIOXEHHA HA B¢ HC3AMKHYTHIC KPHBBIC,
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SBISICTCA MHTErpajibHOH CyMMOM I MHTerpaia
s

2 _[y ds,

KOTOPHI BCIIEICTBHE HENPEPBIBHOCTH (yHKIuu y = ¥(s) CyluecTByeT, Tak
4yTo mpu max As;-0 cyMMa 6 CTpeMuTCs K 3TOMY HHTErpajy.

MBI monyvaeM OKOHYATENBHO, 9TO — YIPH CACNAHHBIX IPEINoJjioXe-
HUSX — IUTOINAIb IIOBEPXHOCTH BPAICHHS CYIIECTBYeT U BEIpaxaeTcs ¢op-
MyJiol

s s
P=2x yds=2n | ¥(s)ds. (20)
0 0

Ecnu BepHyThCs K 00IneMy mapaMeTpuueckoMy 3alanuio (6) naiuei
KpPUBOMH, TO, HpOHM3Bels B IPEAINECTBYIOINEM HHTErpajle 3aMeHy Iepe-
Mennoit [cMm. 313, (9)], npeoGpasyem ero X BUIY

T
P=2x | Wxpsydi= anip(t)}/—(t)]zl—[y WP dt. (21)

B 4acTHOCTH, eC/iM KpUBas 3aJaHa ABHBIM ypaBHeHHEeM Y= f(x) (a<x=b),
TaK 4TO B POJIM MMZpaMeTpa OKa3blBaeTCs X, OymeM MMeETb

b b
P=2n|yVTryZdx=2n | fx)T+ [P dx. 2)

345. Ilpamepnt. 1) OnpenenaTs WIOWAAb NOBEPXHOCTAE M APOBOFO mofca.
ITycts mONYRpYr, OMMCAHHLIA OKOJNIO HAYANA PANAYCOM F, BPAmMAaeTcs BOKPYr OCH X.

W3 ypapHeHMS Kpyra mMeeM y= Vr’-—x';' nanee,
X r
yo=— y Nyta———, yVi+pl=r
Yra-x r*—x3

B TakoM cnydae mromamk NOBEPXHOCTH NOACA, ONMACAHHOrO NYroi, KOHLB!I KOTOPOH
EMEIOT abCUHCCH X, ¥ X,>X,, 0o dopmyne (22) Gyaer

Xy
Pe anf rdx=2nr(x,~ x;)=2nrh,
X,
rae h ectb BBICOTA mosica. Takum o6Gpa3oM, miomans MOBEPXHOCTH ILAPOBOro mMosca
paBHA IPOM3BENCHHIO OKPYXHOCTH GONBIIOro Kpyra Ha BBICOTY MOfica.
B vactHoCTH, IpH X, = — r, Xy = r, T. €. IIPY h = 2r, MOJTy4aeM IUIOMA Ak BCEH MapOBOiH

NOBepXHOCTA P=4nr?,
2) Haiity miomanb HOBEPXHOCTH, OGPAa3OBAaHHON BpPAIIEHMEM JyrH LI €T HO i

X
NWHYUM y=ach—, KOHUB XOTOPOH mMeroT abcumecsr 0 U x.
a
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_— x
Tak kak Vl +yl=ch, To mo dopmyne (22)
a

X

"X 2
P=2n|cht— dx=—V,

i a a

0

rae ¥V — o0beM COOTBETCTBYIOILEro Tejla BpamieHus {cMm. 343, 3)].
3) To xe oA acTPOHUIAB X=acosdt, y=asind¢.
JOCTaTO4HO YIBOWTH IINIOLANL MOBEPXHOCTH, ONMCAHHOW AYIOH acTpouAbl, Jiexa-

n
weii B 1 xBampante (Osts—z—) . MBI uMenu yxe

Vx, +y, ®—3asinzcost;

B TakoM ciy4ae no ¢opmyne (21)

n n
2 2
. . . sinf¢ |7 12
P=2-2nfasm3 t.3asin tcostdt= 12na2f51n‘ tcos tdt=12na? — - z=—5—na2.
0
0 0
4) To xe mna IIHKJ'IOKI[LI x=a(t-sint), y=a(l -cost).
t
Tax xak y=2a sm2 5 , ds=2asin 2—dt, TO
k4 g
Lt i cosd u T 64
P=2nf4a251n32—dt=16naﬂf51n3udu=16m‘ —cosu =?na".

0

5) Haiitu miomans NOBEPXHOCTH, OOpa3oBaHHOM BpamieHMEM XapAHOH B
r=a(l+cos 6) BOXpYr HONApHOH OCH.

CrienyeT B ocHOBHO# ¢opmyite (21) mepedTH K DOJNAPHBIM KOOpAMHATAM:
N B
P=2nfyds=2njrsin0 P do. 3)

0 3

B HaiueM cnydae «=0, f=a, u

6 0 0
y=rsin 0=a(l+cos6)sin 0=4a cos3~2~sin > ds=2a cosEdO,

MO3TOMY
. 0 0 32
P=2x. 8a2fcos4 — sin — d0=—mnat.
2 3 5
Q
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6) To e mia MeMHHCKATHI ri=2g%cos26.

al?
3neck y=a Vi [/ cos 20 sin 0, ds = —Iw d6, Tax 4to mo dopmyne (23)
cos 20

P=2.2n.2a%

O;}A

2
sin 8 d0 = 8 nq? (1 - -1;—)37,361 at.

Hakoselr,

7) oumpenenHM MOBEPXHOCTh 3AJNHMIOCOMAA BPAaUIEeHHU S KAaK BBITAHYTOTrO,
TaKk ¥ cxaroro (chepouna).
xz 2

Ecmu annurnc -?+E-z-=1 BpamaeTcs BOKPYT OCH X, H a>b, To MMeeM nocieno-
a
BaTEeJLHO
2 b2
Vi=br-—x% Y= ——x,
a a?

S z pd b t_ pt
yVl+y’2=Vy2+(yy’)2=vbz—é—zx2+——x2=—Va2—a b X2
a

at a

c
Ho @*— b*=c?, roe ¢ — paccTosnue PoKyca OT UEHTPA H — PABHO 3KCUEHTPHCHTETY
a

¢ ommunca, Takum obpa3som,

— b
y 1 +y’2=-; Va-e2x

n

a a
b b
P=2n —I Va2 —erx? dx=4= —-I Va2 —e2x2 dx =
a a
—a 0

b (1 —- % ex\ja + b
=4n — (2— x Va2 —exz+ i—arcsin —-) =21 —(a Ya*—¢e%a®+a? arcsine);
a € a a

0

HO a@?—¢%a=a®— c*=b?, TaKk YTO OKOHYATEIHLHO HMeeM
a .
P=2nb|b+—arcsine] .
€

Ecnu sminne Bpauraercs BOKPYT MJIOM OCH, TO I Toro, 4robsl ynobmee 6Gpliio
BOCIIOJIb30BATLCA yXKe NPOM3BENCHHHIMA BLIKIAAKAMH, MbI 6yneM CYMTaTh, YTO OCh

X M CRYXHT MaJoi ocbio. Toraa B HOJy9eHHOM JJig Y Vl + % BRIDQXXEHWH HYXHO JIMIOL
OOMeHATb g W b MecTaMu, Tak 9TO Tenepb

a a-b  all ¢
y‘y’l+y’2=;]/ b2+—b2 x2=b—Vb2+Z;x2;
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8 TAaKOM cCityvac

P=2 _[Vb’+—x’dx 27:—[ Vl;;—~:;+[3_1n ¢ +V[;;:c_z;)]
§ 2 b b be

o b*+ct+c
=2aal| Jb*+c*+ — In ——r—— | ;

2¢ /b2 32— ¢

HO Vb*+c2=a, c=ea, TaK YTO OKOHYATCNBHOE BHIpaxeHwe i P Oymer takoe

po2 +b21 atc ) +b5 11 1+e)
= — In — =27 —_——
na(a 3 a s

]

~b

c a-—-c 1-¢

346. 11nomans uaIAHApHYECKOH moBepxHocTH. PaccMoTpuM eile OOnH
YACTHBIA THI KPHBOMH TOBEPXHOCTH, AJII KOTOPOH MBI TakXke 37eCh

ONpeAeIMM NOHATHE Nuolaau (npedsocxuwas mo obuee onpedee-
Hue, komopoe 6ydem OaHo auwb énocaedcmsuy). MBL uMeeM B BHOY 1I U~
JUHAPUYECKYIO MOBEPXHOCTBH.

BepneMcs k kpuBoi 4B Ha IIIOCKOCTH Xy, 0 KOTOpOM ObLia peyb B 344.
IIprnsB ee 3a HANPABIAIOUIYIO, IPEACTABHM Ce0¢ LHIHHAPMYECKYIO IIO-
BEPXHOCTb € 00pasyIoOIMMH, HapaJliebHBIME ocH z (puc. 35). ITo aroi
IIOBEPXHOCTH HpoBeneM KpuBylo CD, koropasd ¢ Kaxmoi obpasyroiieit
NepecekaeTcss B OJHOM TOYKE; 3Ta KPHUBAsS OIPENENIMTCS, €CIH K ypaBHe-
HUAM (6) NPMCOCOUHWTL €IlE TPEThE

2=y (=0). (24)
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Peub HMAET O BBMHCICHMM IUIOINAAH P 4YacTH NIIMHIPHYECKOH moBepx-
HOCTH «IIOJ 3TO# KpHUBOIl».

Kaxk u B n° 344, BBeIeM Ayry § B KaUeCTBE MapaMeTpa; TOINA HE TOJIBKO
ypaBHeHHs (6) kpuBoii AB 3aMensaTca ypaBHenusimu (18), Ho M ypaBHEHHE
(24) nepeiiner B

z=X(5).

Bnucas B xpuByio 4B noManyio A4, ... Ap_1B 4, B COOTBETCTBHM C 3THM,
B kpuByro CD — nomanyio CC, ... C,_,D (CM. pHCYHOK), U3 Tpamenuii
A;A;1,C;4,C; cocTaBAM NIPU3MATHYECKYIO TIOBEPXHOCTD, BIMCAHHYIO B Pac-
CMaTpUBAEMYI0 [HUJIHHAPHYECKYIO IOBEPXHOCTh. IloJ miaolma b io
3To#f mocnenHed GyngeM NoHUMATh 30€Ch nNpeaen P
nunomwanu Q ynoMAsHYTOH NPHU3MATHYECKOH MOBEDPX-
HOCTH IpPH CTPEMJICHHH K HYJIIO HauboMnbIIeH M3 YaCTHYHBIX AYT.
Ilonaras z;=A;C;, uMeeM (CoXpaHssl B OCTAJIbHOM MpeXHue obo3Ha-

YeHH) '
n—1

Q=Zi't22ii1b

C moMolpio Takux xe cooOpaxenuit, 4ro U B 344 (IpoBECTH UX MOJ-
HOCTBIO YHTaTENb CMOXET CaM), BOIPOC NMPHUBOAUTCA K BHIYMCIICHHIO TIpe-
Iena CyMMEI

n—1

2 ZiAS,',

=0
B KOTOPOMH JIETKO Y3HaTh HMHTErpajibHYl0 cymmy. OKOHYATEIbHO*
s s
P= fz ds= fX(s)ds.

0 0

BosBpainasice k Npou3BOJILHOMY NapamerTpy f, JIETKO MOJYyYUTh B 00-
myro hopmyiy

T T
P= [ YxFr ¥R di= [ (O Vg @R+ [y (0P dr. 25)

Haxonen, nns cimyvass sBHOro 3asaHus KpuBoil AB: y= f(x) (a<x<b)
sTa GopMysia MepemuuIeTCS TaK:

b b
P= J.z V1+y2de= f 1V 1T+ [ ()P dx. (26)

* DTOT pe3yNbTaT CTAHOBUTCH COBEPIICHHO HAIVISAHBIM, €C/IM NPEACTABMTH cebe
UWIHHAPHYECKYIO NOBEPXHOCTh PA3BEPHYTOH IO IUIOCKOCTH, TAK YTO PacCMaTpuBaeMas
¢durypa npeBpaTHTCA B ¢XPHBOJMHEHHYIO TPANELUIon.
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347. Npamepnt. 1) Iycts Ha puc. 36 xpuBas AB npexncrasnser coboii mapaGony
¢ BepmuHEOK B Touke B. Ee ypaBHerue (IpH 00O3HAYEHHAX PHUCYHKA)

MMocTtpocHHas Ha Hel UMIMHIpPHYECKAas THOBEPXHOCThL IEpeceyYeHa MIOCKOCThI0O OBC
C YpaBHEHWEM

Haittu mnomane P yactn ABC UMITUHAPWYECKON MOBEPXHOCTH.
Pemenue. Ilo dopmyne (26)

a a
S c - 3 ’
P= fz Vl-!—y’2 dx=‘—1§ foa4+4b2x2 dx=*]2¢b2 [(az—.L4/’)“)2 - aal .
0 0

2) Ecnn xpnsas A B6yaeT 4eTBEPTEIO OKPYKHOCTH y = }a? — x2 (0=t x=<d), TO BOCTIONIB-
30BaThCA GopMynoit (26) — Ge30TOBOPOYHO — HENB3d, HOO MPH X =a TPOU3BOAHAS

Y% obpamaercss B . IIpubernyB K napamMeTpH4eCKOMY NPENCTABIECHUIO

T
x=acos?!, y=asint (Osts —2—) s

MbL o obwet dopmyne (25) Gynem umeTh
v n

2

e
P= Jz Vxp2+yit dt = ac fcos tdt=ac.
0 0

EcaM BepHYTHCH K LUHIMHJAPDHYECKOMY OTPE3KY, O KOTOpOM 6blia
peub B 343, 8), T0 GOKOBas MOBEPXHOCTb €r0, KaK CHENYeT M3 MOJYYEHHOTO TONBLKO
4YTO pPE€3yJbTaTa, OKaXXercs pasHOU 2ah (c=h).

3) Haxomenu, pemmaM Ty e 3a1ady B HPeANOJIOXEHUH, YTO KpuBO AB Gyner ver-
BEPTh 3NAMICA

. Pt
x=acost, y=bsint (Oastas «2-) .
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[SIBHEIM ypaBHEHMEM 3/1€Ch HE ClleIyeT MOJL30BaThCA [0 TOH € [PHYHMHE, 4TO
H BHIIE].

(a) ITycTtb cHavana a=>b. BBOnA 3KCHEHTPUCUTET €= —az;bz- ajumMIca no gpopmyie
(25), nonyyum ¢
; a
P=c fcos tvmagmt:% f Voo ena du
0 0

(moncTaHoBKa u=asint), ¥ OKOHYATEIILHO

1 1-e2 1+¢
=—ac{l+ }
2

In
1-¢

[
—_—u

(6) B ciyyae a<b, SKCUEHTPHUCHTET &= 5

k24

2
be 1
P=bcf J1—e2sinZ¢ cos ¢ dt=3{ 1-e24— arcsine}.
£
)

4) PaccMOTpUM 4YacTb UHAWHIPHYECKOH NOBEPXHOCTH X2+ )%= Rx, OrpaHHYEHHOU
cdepoit x2+ y?+ 22 = R?, KpHBas, NONy4alomascs B nepeceyeHny [kpusas Bupuann,
229, 1)], kak Mbl 3HaeM, MOXET ObITh IPEIACTABJIEHA MapPAMETPHYECKH TaK:

x=Rsin?¢, y=Rsinfcost, z=Rcost.
a
Ecnu orpasm4YMTECA UEPBHIM OKTAHTOM, TO ! 3/16Ch HA/UIEXKAT H3MEHATH OT 0 10 3
OueBHIHO, IEpBbHIE ABA YPABHEHHS HI'PAIOT POJIbL ypaBHEHHH (6), @ HOCIEAHEE ~ ypaBHe-
Hus (24).

ITnowaas ynomMsuyToi moBepxHOocTH mo ¢opmyne (25) Oyner
n

2
P-4R2 fcostdtz4R2.
0
5) OupemenuTh WIOWAAL OBEPXHOCTH Tejla, OOLIETO ABYM LMIMBAPAM Dazhyca r,

OCH KOTODBIX IIEPECEKAIOTCA DO PAMBIM YTJIoM [cp. 343, 11)]. BeemeM cucTeMy KOOpaH-
HaT, Kax Ha puc. 33.

OrpamuyuBasch OJHOM W3 LWIMHADHYECKHX IIOBEPXHOCTEH, NI [IEPBOrO OKTaHTA
AMeeM

x=rcost, y=rsint
U, HaKOHell,

— 2
z=Yr—x*=rsin ¢ (0<t<~5) .

ITo ¢opmyne (25) monoBHHA MCKOMOM IUIOMAAM papHA

n

2
1
EP=8r“fsintdt=8r2, Tak yTo P=16r2.

Q
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6) Ta xe 3agava — HO AJIS ClIydasl, KOrga IMIMHADSLI HMEIOT PasiiMYHbE PagryChl
ru R>r [cp. 343, 12)).

BeuuCIMM CHaYala TUIOM@Ab 4YacTH LHMITMHADHYECKOH ITOBEPXHOCTH paaumyca r.
Hmeem

. g4
x=rsint, y=rcost (Ostsz),

r
= VRe—x2= Y Re—r2sin®t= R} 1 -k®sin* ¢ (k=;).
o dopmyne (25) )

“esly

P,=8Rr l V1=AZsin® ¢ dt = SRrE (k).
0

O6pamasch Terneps K HHIMHAPHYECKON OBEPXHOCTA paauyca R, oOMeHsieM pOJIIMH
OCh z H OCchb y. Ha sTOT pa3
x=Rsin?, z=Rcost,

1 r
=Vrr—x2=Vr- Resin*t=r /1——— sin? ¢ ( =—1,
=1 ’ | e R

mpHYeM ! MOXET H3MEHSAThCA (eCiiM, KaK BCErJa, OrPaHMYHTHCA NEPBHIM OKTAHTOM)
mamb oT 0 mo arcsin k. Toraa, mo ¢opmyite, aHaNnOrHYHON (25), DOMy4YUM

arcsin & arcsin &
Py,=8 J ny, +z, dt =8Rr f Vl ——smztdt
0
Hopacranoska
kcosp dp

sint=ksing, dt=—-o——,
V1-kzsinte

T
rae ¢ msmenserca ot 0 go > aaer

arcsin k&
costp d
J- 1—— sin?tdt=k _Soveer
Vl —k*sin?g

C nocneAHHM HMHTErpajioM MBI YXke BcTpeyanuch B 343, 12); OoH paBeH
1 K 1
I—I;) (k)+ﬁ E(k).
Taxkum obpazom,
P,=8R2{E(k) - (1 - kDHK(K)}.

OKOBYaTEIBLHO
P=P,+P,=8R(R+r){E(k) - (1 - HK(K)}.

DTHM HCYEPIILIBAOTCH HPOCTEHLINE TeOMETPHIECKHAE IPHIIOKEHHS OIIpe-
Jenensoro uaTerpana. C BHYHCIEHHEM reOMeTPHYECKHX MPOTSDKEHHH B 60-
7iee CIOKHBIX H OoJiee OOHIMX CIIy4asix Mbl BCTPETHMCS B TPETHEM TOME.
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§ 3. Boruncienne MexaHHYeCKHX M (HIHIECKHX BeJHYHH

348. Cxema npHMeHenus oupe/iesieRnoro uaTerpaja. Ilpexne yem nepeiftu
K IPUMEHEHHAM OINPEAETIEHHOTO MHTErpajia B 00JIaCTH MeXaHUKH, PU3HKH
¥ TEXHUKHM, MOJIE3HO Hamepell YACHUTb cebe TOT HyTh, 10 KOTOPOMY B
NPHKIAJHEIX BONPOCaX OOBIMHO NPUXOAAT K ONpEeNeleHHOMY WHTErpay.
C oroif 1enplo Ml HaOpocaeM 00-
Lyl0 CXeMy IIDUMEHEHHs HHTeIrpaya, y 5
HIUTIOCTPUPYS ee NpUMEpaMH yXKe W3-
YYEHHBIX I€OMETpHYEeCKHX 3a1ad. M,A @)

BooOpa3sumM, uto TpeOyeTcs ormpe- 7, K
JIeIUTh HEKOTOPYIO IOCTOSHHYIO Be-
Jnnny Q (TeOMEeTPHYECKYIO HITH HHYIO)
CBS3aHHYIO CIPOMEXYTKOM
[a, b). IIpu 3ToM IycTh KaxIOMy Yac- A M i
THYHOMY TIPOMEXYTKY [, 8], comepxa- 0 o x z+bz | ©
memycst B [a, b], oTBeuaeT HekoTopas
YaCcTh BeNUYMHEI @ Tax, 4TO pasio-
JXKEHHe NMpoMexyTka [a, b] ma vacTuy-
Hble NPOMEXYTKH BJIeYET 3a CoO0oi

PA3JIOKCHHE HA COOTBCTCTBYIOIIHUE Ya- \

CTH U BEIUYHHBI Q.

Tounee roBops, pedb HOET O He-
KOTOPOH «pyHKIMH OT IpOMEXKYyTKa»
O([», B]), obnamarouieii «CBOHCTBOM
aJIMTUBHOCTHY; OTO 3HAYUT, 4TO, €CJIH NPOMEXYTOK [«, B] cocrouT H3
YACTHYHBIX TIPOMEXYTKOB [x, 9] u [y, f], To Torma u

O(le, BD =0([x, YD) + QLy; £D.

3agava ’e COCTOUT B BBIYHCIICHHM €€ 3HAYCHHS, OTBEYAIOIIETO BCEMY IpO-
MeXyTKy [a, b].

Puc. 37.

Jlnsa npuMepa BO3bMEM Ha IITOCKOCTH KPUBYIO ¥ = f(x) (a=<sx=b) (puc. 37)*. Torna
1) anuuna S KpuBoit AB, 2) niowangb P OrpaHHYEHHOIl €10 KPUBOJIMHEHHOMN
Tpaneuuu AA'B'B 1 3) o6beM V Tena, NOJYYEHHOro OT BpAILEHUA ITOW Tpaneuud
BOKPYI OCH X, — BCE€ TP SIBISIFOTCA BEJIMYWHAMM yKa3aHHOro tuma. HerpyaHo nate
cebe oTyeT B TOM, Kakue «(DyHKUHM OT NPOMEXYTKa» UMM NOPOXIAIOTCH.

PaccmorpuM «wiement AQ BenuuuHbl Q, OTBEYAIOWIHH <«3JIEeMeHTap-
HOMY TIPOMEXYTKY» [x, x + Ax]. Ucxons u3 ycioBuii Bompoca, cTapaloTcs
HaliTh 1A AQ npubivkenHoe BEIpaxeHwe Buma ¢(x) Ax, aumeiinoe om-
Hocumeavho Ax, Tax 4TO6H OHO pasHWIOCh OT AQ passe jmiub HA 6ec-

* Pynkuua f(x) npeanosnaraeTcad HENPEPHIBHON M MMEIOIIEH HENPEpPHIBHYIO IPOU3-
BOAHYIO. [IJis1 ONPEREICHHOCTH MBI AOMYCTHM, YTO KPUBas BCE BpeMA MAET BBEPX
M BbINYKJIa B HM 3.

5 I'. M. ®uxrenroneu, 1. Il
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KOHEYHO MAJIYIO TOpsiika Beiclero, yem Ax. WnptMu cnoBamu, u3 6Gec-
xoneuno masozo (npu Ax—0) «<aemenmar AQ evideasrom e20 241a8HY 10
4 acmb., SICHO, YTO TOIa OTHOCHTEIBHAS IOTPELIHOCTD IMPUOIIMKEHHOTO
paBeHCTBa

A4Q=q(x) Ax )

OyleT CTPEMHTBCH K HYJIIO BMecre ¢ Ax.

N
Tak, B npumepe 1) amemeHT Ayru MM, MOXHO 3aMEHHTh OTPE3KOM KacCaTENBHOH
MK, tax 4t0o m3 AS BpienseTcs JIMHEHHAs 4acTb

ViF572 dx= YT GOF 4.

B npuMepe 2) €CTECTBEHHO 3aMEHHTH JJEMEHTAPHYIO ITOJIOCKY AP BXOASUMM MPAMO-
YTOJIBHAKOM € IUIOMAaABIO
ydx= f(x)Ax.

Haxosen, B npuMepe 3) H3 37eMEHTApHOTro cnos AV Beigensercs ero rjiapHas 4acTh
B BHJIE BXOJMIUIETO KPYroBOrO LWIMHAPA, ¢ 06BEMOM
7yt Ax =af f(x)]? Ax.
Bo Bcex Tpex ciiyyasx HETPYAHO IOKa3aTh, YTO IOrPEINHOCTb OT TaKOH 3aMEHBI
6yneT GecCKOHEYHO MaJIOW BHICIIErO NMOpsnka, yeM Ax. IMeHHo*, B ciyyae 1) ona 6ymeT

Menbime KM, =A4dy-dy, B ciyyae 2) — MeHpmle dx Ay, a B ciyyae 3) — MeHbUIE
72y + Ay) dx Ay.

JIMIe TOJIBKO 3TO CHENIaHO, MOXHO YX€ YTBEPXKIATb, YTO UCKOMAA
geauyuna Q MO YU HO GblpaANCAencsa UHMezpasom

b
0= [ (). @

14 NOACHEHMS 9TOTO Pa3JIOKUM IIPOMEXYTOK [a, b] TOUKAMH X;, Xy, . . .
...y Xp—1 Ha DJIEMEHTapHBIE NMPOMEXYTKH
[a’ XI]’ [xl’ x2]a sy [xi, xi+]]7 cees [xn—] ’ b]

Tax kak KaxaoMy IpOMeXyTKy [x;, X;..] wmm [x;, x; + Ax;] orBeyaer
3JIeMeHTapHas YacTb HAUICH BeJIMYMHBI, MpUOIMXeHHO paBHas q(x;)Ax;,
TO BCA HCKOMas BeJIHYUHA ( NMpHOIMXEHHO BBIPA3UTCSH CYMMOM

Q=2/q(x;) Ax;.

CreneHb TOYHOCTH IIOJIYYEHHOTO 3HAYEHHS OYJET TeM BHILIE, YEM MeJbYe
YaCTHYHbIE NIPOMEXYTKH, TaK YTOo (), OYEBHIHO, OyleT IpeaenoM ynoms-
HYTOH CYMMBI, T. €. JeHCTBUTEILHO BBHIPA3HTCS ONPENETIEHHBM HHTETPAJIOM

b
.[q(x) dx.

* HpH TOPeATNONIONKEHHAX, CACIAHHEIX B CHOCKE HA MPEABIAYINEH CTPaHMLe.
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OT0 B MOHOH Mepe OTHOCHTICA KO BCEM TpPeM PacCMOTpPEeHHbIM iipumepam. Femu
BBIIIE MBI IIOJYTANd GOPMYITEI ANt BenwduH S, P, V HECKOIbKO MHAYe, TO 3TO MOTOMY,
YTO 3aaya Halia COCTOSIAa He TONBKO B BBIYMCIEHUHU HX, HO ¥ B JOKA3aTesb-
CTBE HX CYI(ECTBOBAHHA — B COMJAaCHH C paHee NAHHBIMM ONPENCIEHUSIMH.

TakuM o6pa3oM, Bce HeN0 CBOAUTCA K YCTAHOBJICHHIO IPHOJMKEH-
HOro paBeHCTBa (1), U3 KOTOPOrO HEMOCPEACTBEHHO IIOJIy4aeTcsl OKOHYa-
TENbHBIH pe3yabTaT (2).

OObIKHOBEHHO, BIpoueM, BMecTo Ax u AQ mumyT dx u dQ, a pasen-
ctBO (1) Ans «3aeMeHTa» dQ BeJMYMHBI ) 3aNHCHIBAIOT B (hopMe

dQ = q(x) dx. (€)

3aTeM «CyMMUPYIOT» 3TH JIEMEHTBl» (Ha caMoM Jene Gepa uHTerpai!),
4TO M NMPUBOAUT K dopMmyne (2) a1 Bcell BEeNMHUHHEI Q.

MBI nOoAYEpKUBAEM, YTO IIOJIH30BAHUE 3€Ch M HTET P 4 J 0 M, BMECTO
OOBIKHOBEHHOH CY M M BI, BecbMa cyllecTBeHHo. CymMMa 1aBajia Obl JIHILb
npubIHXEHHOE BBIPaXEHHE 1A Q, 6o Ha Hell oTpa3suimch OBl morpem-
HOCTH OTHEJIbHBIX pPaBeHCTB Tuma (3); MpeleNbHBIA Xe IEpexof, ¢ IMo-
MOIIBIO KOTOPOIo M3 CyMMBI IOJIyYA€TCA MHTErPajl, YHUYTOXAET HOrpEL-
HOCTBb U NPHBOAHMT K COBEPLIEHHO TOYHOMY pe3ynabTaTy. MTak, cHavaja
B MHTEPECAX MPOCTOTHI, B BHIPAXEHMH 3JieMeHTa dQ oTOpachIBaroTCs Oec-
KOHEYHO MaJible BBICIIMX HOPAOKOB M BHIAEJAETCA IJIaBHASA 4acTb, a 3a-
Te€M, B HHTEpecax TOYHOCTH, CYMMHPOBAaHHE 3aMCHSAETCA HHTErPUPOBA-
HHEM, H MPOCTO IOJy4yacMbli pe3yibTaT OKa3bIBAETCA T O Y H Bl M.

BripoyeM MoxHO ObUIO GBI MOHONMTH K BONPOCY M C MHOM TOYKH 3pe-
A, O6o3HauuM 4epe3 Q(x) MEPEMEHHYIO 9acTh BEJIHYMHBI Q, OTBEYaro-
Ly10 MPOMEXYTKY [a, x], mpudeM Q(a), eCTeCTBEHHO, MoJaraeM paBHbLIM 0.
SAcno, xakuM o06pa3oM pPacCMOTPeHHas BbILE <«DYHKIHMS IPOMEXKYTKA»
O([x, B]) BbIpaxaeTcs depe3 3Ty «DyHKIMIO TOYKH» Q(x)

([, D =Q(F) - 2().

N’

B Hammx npumepax GyHKIMAMH TOYKM sBIsitoTCs: 1) mepemenmas ayra AM,

2) niomans, nepeMeHHol Tpanemuu A4’ MM u, HakoHel, 3) o6neM Tena, NOJY4EHHOrO
OT BpAllCHUs] KMEHHO 3TOM TpalelH .

Benuynna AQ ects mompocTy mpupauienue ¢yskuud Q(x), a Ipou3-
Begeuue g(x) Ax, npencrapisoniee co6oii ero rT1aBHYK YaCTbhb, eCTh
HE YTO MHOE, KaK mudpdepenuuan stoil Gpynxmun [103, 104]. Takum obpa-
30M, paBeHCTBO (3), HamucanHoe B AU(GepeHIMANTBHEIX 0003HAYCHHSAX,
Ha JieJie ABJIAETCS He NMPHOIMXKEHHBIM, & TOYHBIM, ecAu Moabko Hoo
dQ pasymemv umenno dQ(x). OTcrona Takxe cpasy moJydqaeTcs TpeGyemutii
pe3yJbTaT:

b

| 40) dx = 0(6) - 0(@) = Q(la, ) - 0.

o
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OTMETUM BCE XK€, YTO B IPHIOXKeHHSIX Oojee ymaoOHOM M IJIOJZOTBOP-
HOM SBNAETCS M Oes CYMMHUPOBAHUHSA OECKOHEYHO MaJblX
3JI€MEHTOB.

349. HaxoxaenAde CTATHYECKHX MOMEHTOB H IeHTpa THKecTH Kpueoi. Kak u3BecTHO,
CTAaTHYECKNT MOMEHT M MaTepHAJIbHOM TOYKH MacChl m OTHOCHTENIBHO HEKOTOpOM
OCH paBeH MPOM3BEICHUIO MACCH m Ha PACCTOSHME d TOYKH OT OCH. B ciiyyae cucTe -
M bl B MATEPHAIBHBIX TOYEK C MACCAMH MMy, My, + .., My, JNEKAIHX B ONHOM IIIOCKOCTH
C OCBIO, COOTBETCTBEHHO, Ha PAaCCTOSHUAX dy, dp, ..., dy OT OCH, CTATHYECKHI MOMEHT

BBIDA3UTCS CYMMO#

s
M= Zlm,-dl.
{

IIpy 3TOM paccTOsSHMS TO4YEK, Jie-

JKal@x 10 OOHY CTOPOHY OT ocH, Oe-

pYTCS €O 3HAKOM IUIIOC, @ DPacCTOSHUS

4 TOYEK 110 APYTYIO CTOPOHY — CO 3HAKOM
MUHYC.

Ecnm e MAaccsl HE COCPENOTOYEHSI
B OTHENBHBIX TOYKAX, HO PAaCIOIOXKEHBI
CIUIOMHBIM 00pa3oM, 3aMONHAA JIMHHIO
. MM IUIOCKYIO GUrypy, TO TOTAd IJisi BBI-
7 paXeHHs1 CTATHYECKOTO MOMEHTAa BMECTO

Puc. 38. CyMMBI noTpebyeTcss MHTerpa

OCTaHOBMMCSL HA OIIpEeNeleHHd CTa-

THYECKOTO MOMEHTa M OTHOCHTEIBHO

OCH X MAcC, PacloJIOKEHHEIX BIOAb HEKOTOPOH IUIOCKO# KpHBOit AB (puc. 38). Ilpu

3TOM MBI NPENNoIOXHM KDHMBYIO OJHOPOOHON, Tak 4To €€ JUHeHHas NmJoT-

HOCTH p (T. e. Macca, NPHXOIAINAACK HA €NMHALY AJHMHEI) GyJeT MOCTOSHHOM; AJist

OpOCTOTHL JOIMYCTHM JaXke, YTO p=1 (B NPOTUBHOM Cly4yae INPUAETCS NOJIyYCHHBIA

Pe3yabTAT JHIIL YMHOXMTH Ha p). IIpH 3THX NpeAnmoloXeEHsx macca MoOoH myrd

HAIIe KPHBOHM H3MepseTCs MPOCTO €€ MIMHOM, M MOHATHE CTAaTUYECKOTO MOMEHTA

npuobperaer YHCTO TEOMETPHYECKHH XapakTep. 3aMeTUM BooOINE, YTO KOrJa FOBOPAT

O CTaTH4ECKOM MOMEHTe (MJIM UEeHTPE TKECTU) KpHBOM — O€3 yIMOMHHAHHA O pacmnpe-

REJIeHMH BIOJIb O Heil MacC, — TO BCErAa MMEIOT B BUAY CTaTHYECKHH MOMEHT (UEHTD
TSOKECTH), OLIpEIEIEHHbI HMEHHO NpH YKA3aHHbIX NPEANOIOKEHHUSX.

BoigenuM Temepb Kakod-HHOyab 371 eMEH T ds KPpHBOHM (Macca KOTOPOrO TaKXe
BBIPAXKAETCA 4UCIOM ds). IIpHHSB 3TOT 3neMeHT NPHOIMXEHHO 3a MAaTEPHAJILHYIO
TOYKY, JIEXAIIY}0O HA PACCTOSHWH ¥ OT OCH, AJIS €T0 CTATHIECKOr0 MOMEHTa TOJyYHM
BBIPAXEHUE

S

dMy. =y ds.

CyMMHpYs 3TH 3JIEMEHTapHBIE CTATUYECKHE MOMEHTHI, IIPHYEM 34 HE3aBUCHMYIO mepe-
MEHHYIO BO3bMEM AYTY S, OTCYHTBIBAEMYIO OT TOYKH A, MBI [OJyYUM

S
My = va ds. @)
0
AHAJIOTHYHO BBIPAXAETCA U MOMCHT OTHOCHTEJIBHO OCH )
S
My~ [ xds. (5)

0
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KoOHE4HO, 3/1€Ch IPEANOIaraercs, YTo y (MM X) BEIPAXEHO 4epes s. IIpakTuyecku B 3THX
$hopMyJiax § BBIPAXAIOT 4Yepe3 Ty HepeMeHHyo (¢, x wiu 8), KoTopas MrpaeT ponb He-
33BUCHMOY B aHAJIMTHYECKOM IIpEICTABJICHUA KPHBOI.

CraTnyeckue MOMEHTbI My U M), KPUBOMK HO3BOJIAIOT JIENKO YCTAHOBHMTH MOJIOKEHHE
ee neaTpa Tsoxectd C(6, 7). Touka C o6iagaeT TeM CBOKCTBOM, YTO €CJIM B Hel cocpe--
IOTOYUTb BCIO €MAacCCy» S KDHBO# (BLIPaXXAEMYIO TEM XK€ YHCIIOM, YTO ¥ IUIMHA), TO-
MOMEHT 3TOH MAacCChl OTHOCHTENbHO J10 0 O# OCH COBHAgaer ¢ MOMEHTOM KPHBOM
OTHOCHTEJIGHO 3TOM OCH; B YaCTHOCTHM, €CIIH PAaCCMOTpPETH MOMEHTHI KPMBOH OTHOCH-
TEJIbHO OCeH KOODIMHAT, TO HAalaeM

N

s
SE=My= [xds, Sn=My,= fy ds,
0

0
OTKyAR

6

M3 dopMynsl ajis OpPAMHATHEL 7) UEHTpA TSXKECTM MbI HOJYYyaeM 3amedaTellkHoe
r€OMETPHYECKOE ClIeACTBHE. B caMoM aerie, nMeeM

N S
nS= J yds, oTKyma 2ans= ZnJ y ds;
0 0

HO MpaBas 4acTb 3TOrO PABCHCTBA €CTh MIIOIIAAL P NOBEPXHOCTH, MOJIYYCHHOH OT Bpa-
uteHusi KpuBoi AB [cMm. 344, 20)], B NeBOii Xe yacTH paBeHCTBA 2717 0OO3HAYAET MITMHY
OKpPYXHOCTH, OIMUCAHHOM LEHTPOM TXKECTU KPMBOHM IIDH BpAIllCHMH €€ OKOJIO OCH X,
a S ecTs aiHA Hammed kpusoi. TakuMm 00pasoM, OpUXOAMM K CIEAYIOulel nieopeme
TCyasouna (P. Guldin):

Beauwuna nosepxmocmu, noaywennoli om 6pauwjeHUn KPusoit OKOAO0 HeKomopoi He
nepecexaioueii ee ocu, pagra OauHe Oy2u MO KPUGoil, yMHONCEHHO HA OAUHY OKPYHCHO-
cmu, onucannoii yenmpom mancecmu C xpugoii (puc. 38)

P=S.27xn.

3Ta TeopeMa MO3BOJISIET YCTAHOBUTH KOODAMHATY 7) LIEHTPA TAKECTH KPMBOH, €CilU

H3BECTHBI ee UIUHA S | IUTOMmAAb P OMHCAHHOM €10 NOBEPXHOCTH BPailECHHs.
2 2

350. Ilpumepnt. 1) Hailitu craTyyeckuit MoMeHT o00Boma 3IJuIAIICA i;+£ﬂ—=1
OTHOCHUTEJIbHO OcH x (npenoosaras a=>b). a b

JU1s BepXHEro (WM HW)XKHEro) MOJIYyJ/UTHIICA 3TOT MOMEHT TOJIBKO OTCYTCTBHEM
MHOXHTENS] 277 OTIMYAETCS OT BeJIMUHHBI COOTBETCTBYIOINEH MOBEPXHOCTH BPAILCHHS.
ITostoMy [cM. 345, T)]

My =2b (b +2 arcsins.) .
&

2) Ecnu paccmatpuBaeMasi Ayra CMMMETPUYHA OTHOCHTEIHLHO HEKOTOPOM
HPAMO#M, TO LIEHTP THAKECTH AYTU HEOOXOAWMO JIEKHT Ha ITOU MPAMOI.

Jins mokasaTenbCTBAa HPHMEM OCh CHMMETDHH 33 OCh y, 4 TOYKY €€ MepeceyeHHs
C KpMBOH — 3a HA9aJIBHYIO TOYKY IUIS OTCdeTa Ayr. Torna dyHkimsa x = D(s) okaxercs
HedeTHOMU dyHKuHeH OT § M, €Clld Ha 3TOT pa3 AJIHMHY BCEil KpUBOH O603HAYUTH
uepes 28, 6yneM uMeth [cMm. 314, 9)]

S

My= [xds=0,
-$

otkyaa u £=0,
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3) INonab3ysch TeopeMoilh 'y Ib A M H A, ONPEAENHTb NOJOXCHUE LIEHTPA TAXECTH

N
ayru AB (puc. 39) kpyra paauyca r.
Tak Kak 3Ta Oyra CHMMETPHYHA OTHOCHTENBHO paauyca OM, NpoOXOAsINEro yepes
ee cepeauHy M, TO ee LeHTp TXecTH C JIOKUT Ha 9TOM pajuyce, 1 Ui [ONHOIO Ompe-
JeNeHUs TOJIOKEHHs LIEHTPA TSXeCTH HeOOXOHMMO JIMIUB HAalTH €ro DPACCTOSHHE 7)

N
ot nenrpa O. BeibupaeM ocu, Kak yKasaHO Ha pHCyHKe, H 0003HauMM [MHYy Ayrd AB
4yepe3 s, a ee xopabl AB (=A'B’) — vdepe3 d. Ot BpallleHMs pacCMaTpUBaeMOil JyTH
BOKpYI' OCH X NOJIy4aeTcsl MapoBOH MOSAC, IIOIIAAb NOBEPXHOCTH P KOTOPOTO, KaK MBI
3HaeM [345, 1)}, paBHa 2ard. Tlo Teopeme 'ynbamHa Ta Xe MOBEPXHOCTH PaBHA

2a7s, TAK 4TO

¥ rd
M sp=rd u 7%= -
I B  wacTtHocTH, AnA momny-
OKPYXHOCTHU d=2r, s=ar m
A ! 8 2
i E 7;:’— r=0,637r.
! 7
i E 4) Onpefenuts UEHTP TIXKECTH
A 7 G I BETBH I H K.II O U I bl
Prc. 39. x=a(t-sint), y=a{l-cost)

(0=st=2m).
Ecnmu npussaTh B pacyeT CHMMETPHIO, TO Cpa3sy fCHO, Y10 {=ma. VYuTbLIBas Xe
pe3ynsTaTH npaMepa 4) n° 345, nerko Nojy4nTh 3aTeM 7 =3 a.

5) B Tex caydyasx, KOrga Hamepen ACHO IOJNOXeHHE LEHTPA THXKEeCTH, TeOpeMOit
IFyanspagumHa MOXHO BOCHONBL30BATBCA I OMNpeAeNieHHs! IUIOIIATU ITOBEPXHOCTH

Puc. 40.

Bpawenus. IlycTs, Hanpumep, TpebyeTcsi ONPENENHUTh BEJIMYMHY HOBEPXHOCTH KOJ1bLA
(tropa), T. e. Tena, o6pa3oBaHHOIO BPALIEHHEM Kpyra OKOJIO OCH, He IepeceKaroilei
ero (puc. 40). Tax kaK OYEBHIHO, YTO LIEHTP TSAXKECTH OKPYXXHOCTH COBIAJAET C €€ LieH-
TpoM, TO (pu 0003HAYCHUAX PHCYHKA) HMeEeM

P=2nr-2nd=4nrd.

351. HaxosneHHe CTATHYECKHX MOMEHTOB H UEHTPA TDKECTH IUIOCKoH ¢Hrypol.
PaccmorpuM mwiockyro burypy AA'B’B (puc. 41), OorpaHHYeHHYIO CBEPXY KpHUBOH AB,
KOTOpasi 3afiaHa SBHbIM ypaBHeHMEM y = f(x). I[IpemmoyOXHM, 4YTO BAONL IO 3TOi
durype paBHOMEpPHO pacrpeneieHbl MacChl, TaKk YTO MOBEPXHOCTHAN MOJIOT -
HOCTBHh HX p (T. €. Macca, IPHEXOIAMIAACA HA eQMHMIYY IUIOMAON) HOCTOsHHA. be3
CYIIECTBEHHOTO YMaJIeHHsT OOMIHOCTH MOKHO TOT1a IPUHATE, 4T0 o =1, T. €.,9TO Macca
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moGol yacTH Hame#d Gurypbl M3MepAeTCcs €6 NN OHIAagbIO. IJTO BCeraa W Ion-
pa3syMeBaeTCs, ecy FOBOPAT IMPOCTO O CTATHYECKMX MOMEHTaX (WA O LEHTPE THKECTH)
IIIOCKO# (UTYpEI.

Xenas onpenenuTb CTaTHYECKHE MOMEHTEI My, My 3TOi (Urypsl OTHOCHTENBHO
OCeil KOODAWHAT, MBI BBIAENIHM, KaK OOBIMHO, KaKOW-HHGYIb 37MeMEHT Hamed GUIyphl
B Bue GeckOHEYHO Y3KOM BEPTHKAJIbHOM MOJOCKH (CM. pucyHOK). [IpMHAB 3Ty MONOCKY
npuGIMKEHHO 3a MPSAMOYTOJNIBHHK, Mbl BMIOWM, YTO Macca ee (BhIpakaeMas TeM Xe
YKCIIOM, YTO H IUtomans) Oynet y dx. s onpeneneHus COOTBETCTBYIOIIHNX dJIEMEHTap-
HBIX MOMEHTOB dMy, dMy NpeamnonoXuM BCIO MacCy MONOCKA COCPENIOTOYEKHOH B ee

¥ /B
A
4
P ( ——nd 9
: 7
0 /' —] d.t e B’ T
Puc. 41.

LIEHTPEe THKeCTH (T. €. B LEHTPE NMPAMOYrOJIbHMKA), YTO, KaK M3BECTHO, HE H3MEHSET
BEJIMUMHBI CTATHYECKMX MOMEHTOB. IlonyyeHHas MaTepHalibHasA TOYKA OTCTOMT OT OCH

1 1
X Ha pacCTOSHHM 3 ¥, OT OCH y — Ha PacCTOSHWH x+—2— dx | ; mocneaHee BbIpaKeHHe

MOXKHO 3aMEHHThb IPOCTO uepe3 x, MO0 oTOpomeHHas BenMuuHA —Z—dx, YMHOXCEHHast

Ha Maccy y dx, Aana Osl OeckOHEYHO Malyio Beicmiero nopsaka. Urak, umeem
1
de:Eyg dx, dMy:xydx.

IIpocymMHMpOBaB 3TH 37€MEHTApHbIE MOMEHTHI, IPHAEM K PC3yJIbTaTaM
b b
1
Mx=5fy2 dx, My= [xy dx, (@)

a a

MpH4YeM IO y paszyMeeTcsi, KOHeYHO, (yHkuusa f(x), ¢durypupyiomias B ypaBHEHHH
KpHUBO# AB.

Kak B ci1ydae XpuBOif, MO0 3TUM CTATHYECKMM MOMEHTAM PacCMATPHBAEMOM (GHIYpbI
OTHOCHTEJIBHO OCEil KOODAMHAT JIErKO OIPENeMTH Teneph H KOOPAMHATHL &, 7) LIEHTpa
TAXKECTR ¢urypsl. Ecnm gepes P 0003HAYMTh DIOmans (a CliegoBaTeNbHO, M Maccy)
GHUryphl, TO MO OCHOBHOMY CBOWCTBY LIEHTPA TSXKECTH

b b
1
P&:My=fxydx, Pn=Mx=-2-fy2dx,

¢ ¢
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OTKyAa

b b
M 1 M. 1
y x
£=—=—nydx 17=——~=—Jyhix. ®)
P P ’ P 2P
a a

V1 B JaHHOM Clly4ae MBI OJIy4aeM BaXKHOE FEOMETPHUYECKOE CIIEACTBHE U3 GOPMYIIE!

JUI ODAMHATHI 7) LIEHTPA THKECTH. B caMom nene, u3 210l GOPMYNEI HMeeM

b
2n17P=nJy2 dx.
a

TIpaBasi 4aCTh 3TOrO paBeHCTBA BHIpaXkaeT oObeM V Tena, MOJIydeHHOro OT Bpalle-
HUSI TOCKOH duryper A4'B’B okono ocu x [342 (16)], neBas xe 4acTh BBIPAXKAET MPOU3-
BeieHHe IIOIaaK 310l durypsl P Ha 277 — AJIMHY OKPYXHOCTH, ONHMCAHHON LEHTPOM
TaxecTu durypsl. Otcrona sropas meopema I'yavduna:

Obsem meaa spawjeHus NAOCKoi iucypbl 0KOAO He nepecexaiowjeil ee 0CU PAser npous-
8edeHuIo naowadu 3moil Guzypel HA OAURY OKPYHCHOCMU, ONUCAHHOIL YeHMpPOM mAdNCECmU

duzypor:
V=P 2an.

3ameTtuM, yTo dopmyisl (7), (8) pacnpocTpaHsaOTCA Ha Caydail GHryphl, orpaHH-
YEHHOH KPHUBBIMH M CHH3Y H cBepxy (puc. 19). Hanpumep, nns 3toro ciayyas

b b
1
Mx=3j(y§—y§> dx, My= jx(yz—yo dx; (7a)
a a

OTCIOAA ACHO yxe, kKak npeobpasyrorcs dopMymsl (8). . Ecnu BcrioMHHTE GopMyny (8)
n° 338, TO NErKo yCMOTpeTh, 4TO TeopeMa 'y Ib AHMH A COpaBeAiMBa TAKXe H 1A
3TOrO Ciy4as.

352. Ilpumepsr. 1) Haiitu cTaTuyeckue MOMEHTH My, My H KOOPAWHATHI LiEHTpPA
TAXKECTH (UTYypbl, OorpaHumyeHHOM mapabomoit y2=2px, OCBIO X M OPAWHATOI,
COOTBETCTBYOILIEH abcuucce x.

Tak kak y=}2px, To no dopmynam (7)

X
1 1
M=—-2jd=—— 2,
X > p | xax sz
0

8
V2r 5
5

X
3
- 2
My = VZ_pJ‘xzdx:—f—
0

C npyro#t cropossl, miomazns [338, (7)}

|

X 1 —
- 2)2
P=V277Jx*dx= 1; P
0
B rtaxom cayyae mo dopmynam (8)

3 3 3
==x, =._]/2 =
3 5x i g 1%P% 8y
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Tlonb3ysach 3HaueHWAMH & W 7), JIETKO HaWiTH — 1o Teopeme I'ynpaouHAa -—
00beM TeNa BpamieHHsi pacCMaTpPUBaeMOil QHIYPbI BOKPYT OCel KOODIMHAT MM BOKPYT
KOHe4YHOH opawHAaTHl. Hanpumep, eclnM OCTAHOBUTBECS HA IOCHETHEM Clyyae, Tak Kak

2
pPacCTOsHUE IIEHTPA TXKECTH OT OCH BDAMICHHUS €CTh -gx, TO MCKOMBIl 00beM OymeT

VvV 8 2
= ——TXYy.
57
xz y2
2) HaiiTi 1eHTp TsXecTH HNEPBOrO KBaApaHTa 3N HUINCAa — +— =1, BOCHOJb-
30BaBLUKCh pedynsraTtamu 339, 2) u 343, 2). at b
da 45

Ilo Teopeme F'ynbaouHa E=—, n=—.
3z 3n

3) Eciun ¢durypa umMeeT oCh CHMMETPHMM, TO LEHTP TSXKECTH (GMrypbl HEOGXOAMMO
NEXUT Ha 3TOH OCH.

JokaxeM 3T0 [UIA cry4asi GUryphl, OrPAHHYEHHOR CHI3Y U CBEPXY KPMBLIMHA Y, = f1(x)
U ¥, = fox). ECin B3TH OCb CUMMETPHH 32 OCh y, TO 00¢ (GYHKUMH y; U y, OKAXKYTCA
YeTHBIMHU; NPOMEXYTOK K€ U3MEHEHUS X B 3TOM Ciyuae Oymer uMeTh BUA [ —a, al.
Torma, mo BTopoit u3 dopmyn (7a) [cM. 314, 9)]

a

My = Ix(yz—yl) dx=0, BMecTe cuemu &=0.
—a

4) Haiitu LeHTp TsKecTd (HUryphl, OTPAaHMYEHHO BETBHIO L HKJIOHU OBl X=
=qg(t—sint), y=a(l —cost) 1 OCbIO X.
Bocnons3oBasuuce 339, 9) u 343, 4), mo teopeme 'y npauWHA JIErko yCTaHo-

5
BHTb: 7= 3 a. Tlo cummerpuu & =nq.

S) To xe nns GUrypsl, OrpaHHYeHHOM OBYMsi napabomamu y2=2px u x2=2py
(cMm. puc. 24).
Benomuuas npumep 5), 339, no dopmyne (7a) Haxoaum

2p __pa
: lj (/T’ x2)d 577 9
=E=—|x ——|dx=-"m =—p.
n=t=gp ) ¥ V23, 4 "1t
0 —3—172

6) Iono6uo neppoii Teopeme 'y nbauH a [cp. 350, 5)] 1 BTOpas TeopeMa Takxke
MOXET ObITh WCIOJIB30BaHA B TOM Ciy4ae, KOria IOJOXKEHHE LEHTpA TAXECTH SCHO,
IJIs1 OnpesiesieHus 06beMa COOTBETCTBYIOLIEro Tela BpamieHus. Hanpumep, ansa topa
(puc. 40) mony4aercs o6veM V= 2n2rid.

353, Mexannveckas padora. V3 snemMeHTapHOM MeXaHMKH 4YHTATC/IIO HM3BECTHO,
YTO €CJIH CWIA, NIPWIOXKEHHAsA K ABYXKYHICHCS TOYke M, COXpaHAeT NOCTOSIHHYIO BEJIH~
yyHy F ¥ DOCTOSIHHEBIM YTrOJI C HANPABJICHUEM IEpEeMELICHHs TO4KH, TO pabora A 3Toi
CUJIBI HA HEepeMEIIEHMA S TOYKH BBIpa3suTCsa npousseacHueM F cos (F, s)-s, tae (F, s)
0603HaYAET Yrojl MEeX/Ay HANpPABICHHAMM CHJIBI M NepeMelleHns Touku. IIpousseaeHue

= Fcos (F, 5), O4eBHOHO, NIPEACTABJIACT COOOM MPOEKUHIO Cuilbi F Ha mepeMelieHue
§; BBOJAA 3TY IPOECKLMIO, MOXHO BbIpaxeHue A paboTel nmpencTaButh B Buae A = Fgs.
Ecnu HalpaslieHHe CWIbI COBINAAAET C HANPABJICHHEM NEepeMeIieHus TOYKH, TO A = Fs;
B Cllyuae Xe, Koraa o6a HampasBJICHUS OPSMO NMPOTHBONOJNIOKHEI, A = — Fs.

Boobuie rosopsi, oxHako, ¥ BemmuuHa Cwisl F U yron (F, s) ee ¢ HamnpaBleHHEM
NEePEeMEnICHs] MOTYT HE OCTaBaThCA NOCTOSHHBIMU. IIpH HempepeIBHOM H3MEHEHUHU
XOTh OJHOM W3 3THX BENIMYMH VIA BBIPAXKCHHS BEIUYMHBI PAGOTBHI NPHXOMUTCA mpuber-
HYTb CHOBA K OIPENEICHHOMY MHTErpaiy.



234 rJ1. X. TIPUIOXEHUAA UHTEIPAJIBHOIO MCYUCJIEHUA {353

IIycth nyTh S, OPOXOOHMELA TOUKOM, OyneT He3aBUCUMOR NEPEMEHHON: IPH 3TOM
NIPEnoNOoXKMM, YTO HAYaJIbHOMY MOJIOXKEHWIO A Hamel TOYKd M COOTBETCTBYeT 3Ha-
YeHUe §=S,, @ KOHEYHOMY B — 3HayeHue s= S (puc. 42). KaxnoMy 3HaueHd:o s B mpo-
MEXYTKe (S, S) OTBEYAET ONIPEAEIICHHOE IIOJIOXKEHHE ABMXKYINEHCS TOYKHM, a TaKXe
onpesieNicHEbIC 3Ha4YeHHs BenwdwH F # cos (F, s), KOTOpele, TaKMM 00pa3oM, MOXXHO
paccMaTpuBaThk Kak QYHKIMM OT s. B3sB Touky M B KakOM-HMOYIObL €€ TMOJIOXKEHHH,
OIpeNENIAEMOM 3HAYEHHEM § IyTH, HalineM Tenmeph NPUOJIMREHHOE BBIPAXECHHE IS
37eMeHTa paboTEl, COOTBETCTBYIOMEro NMPHPAINEHHIO dS HYTH, OT § 00 S+ds, IpH
KOTOpOM To4Ka M mepeiiner B Onu3koe monoxenue M’ (CM. PHCYHOK). B monosxkeHun
M Ha TOYKY neicTByeT omnpeneieHHas cuna F
nox onpeneneHHeiM yriaoM (F, §); Tak Kak
M3MEHEHHE 3THX BEJIMYHMH TPH TEPEXOAE TOYKH
w3 M B M’ — npu manoMm ds — Takxke Majo,
npeHeOpeXxeM 3THM H3MEHEHMEM M, CYMTas
BeNTHMUAHY CHIIEL F u yron (F, s) TIpHOIHXEHHO
MOCTOSIHHBIMH, HAWAeM IS 3J€MEHTa paboThI
HAa NEPEMELICHHH ds BBIpAXEHHE

dA = Fcos (F's)-ds,
Tak 4T0 Bca paboTra A mpencTaBHTCS HHTe-
rpajioM
N
A= J Fcos (F, )-ds. ©)
Se

W3 sroro obmrero BoipaxeHus s paboTEl

T
cunbl F sAcHO, uto mpu (F, s)=-z pabora 06-

Puc. 42.

pamaeTcs B HyJb; OEHCTBHTENBHO, NPH 3TOM
cos (F, §)=0, Tak 4TO mOAMHTerpaibHas GyHK-
LU OKa3plBaeTcAd HyjleM. TakMM o0pa3oM, CHiIa, NEPHEHAMKYIIAPHAS K HalpaBIIEHHIO
MepeMeLICHHs, MeXaHH4eCKOi paboThl HEe IPOM3BOMHT.
Ecnu peiicTByromyo Ha TOYKY cdny F pas3noXuTth ([0 MpaBWly mapasuleiorpaMma)
Ha JIBe COCTABIAIOIHE — IO KACATEBHOM K MyTH, T. €. II0 HAIIPAaBJICHUIO NIepeMeIeH s,
M IO HOPMAJIM K HEMY, TO, COTJIACHO CKa3aHHOMY, paboTy OymeT IPOM3BOAMTH JIHIIb
KacaTelpHas cocTaBnstomas Fs= Fcos(F, s):

S
A- fFS ds. (%)
So
IlonoxuM Tenepb, 4T0 F €CTh PABHOIEHCTBYIOLIAS BCEX IPHIIOKEHHBIX K TOYKE
CHJI; TOorga, 1o 3aKOHY ABHXCHHSA HrwoT OHa, KacaTeilbHas COCTaBJIAIOIIAA FS

PaBHA IPOHU3BCACHHIO MACChl /1 TOYKH Ha €€ YCKODCHHC @, MU BBIPAXCHHC IJIs paﬁorbr
A MOXHO HamucaTtb B BHIE

s
A= j ma ds.
So
BcoomuuM Tenepp, 4TO

dv » ds K wro dv ds dv
— = — » Yy TS - — T e— ;
a " dt s a dg
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B TAKOM <ClyH4ac
$ S
. dv co (1 Vo1 sl 1 .
A= J my — ds = J dl—mv?|=—mv?| =— mVi-—nm3,
ds 2 ~

So So

TAC 4€PE3 vy U V' 0603Ha4Y€eHBI BETMYMHBL CKOPOCTH, COOTBETCTBEHHO, B KOHEYHOHU W Ha-
YaJbHOH TOYKax IIyTH.

Kaxmnecmo,;mvzecu KHBaAafACHJIa WIM KHHeTHYeCKasA 3Heprus

TOYKH; TAKUM 00pa3oM, Mbl IPHILIH K BAKHOMY NPEIOKERBHIO: MeXAHuYeckan paboma
A, npouszeedennas cuaoi, nod Oeiicrmguem KOMopoil NPOUCX00UA0 d8UMNCEHUE MOUKU, PABHA
npupawyenuio Kunemuueckold 3unepeuu mouxu. (Pasymeercs, paGota A M TIpHpalneHHe
KMHETHYECKON 3HEPIUM MOTYT OQHOBPEMEHHO
0Ka3aThCA ¥ OTPHLATEIBHBIMH). DTOT INpHH-
UMM, KOTOPBIA MOXKHO PAacOpPOCTPaHHTL K
HA CHCTEMBl MAaTepHANBHBIX TOYEK, U Ha
CIUIOUTHBIE TeNla, MIPaeT B MeXaHuKe U Gusuke
OYeHb BAaXHYIO poONb. Ero Ha3pBalOT «3a-
KOHOM XHBOH CHJIBD.

F
s
P__t

354. Ilpumepwr. 1) IlpumeHuM B Bu-
ne mpumepa ¢opmyny (9) K BBIMHCIEHHIO
paboTel pacTsokeHds (MM CXKATHA) LpYy-
KHUHBI C YKDEIUIEHHEIM OJHHM KOHILIOM (pHC. 43); ¢ 3THM IPHAXOJUTCA HMETh JIEJO, Ha-
mpuMep, IpH pacyere OydepoB y xene3HOAOPOKHEIX BarOHOB.

WI3BecTHO, YTO PAacTsDKEHHE S NPYXHHBEI (ECIIM TOJNBKO HPYXKHHA HE MEPErpyXeHa)
CO3JaeT HATSKEHHE p, N0 BEIHYKHEE NPONOPLHMOHANLHOE PACTSIKEHHIO, TAK 4YTO P =cS,
rge ¢ — HEKOTOpas NOCTOSHHAA, 3aBUCAINAA OT YNPYIMX CBOMCTB NPYXHHBI ( €KeCT-
KOCTb» HpYyXHHBI). Cuila, pacTArMBAIOWas MPYXHHY, HOJDKHA MPEOHOJIeBaTh 3TO HATH-
xenne. Ec/iy yYHTHBATh TONBKO Ty YaCTh HEHCTBYIOWIEH CHIJIBI,
KOTOpas Ha 3TO 3aTpaiuBaeTCs, TO ec paboTa MpH BO3PACTAHUM PACTA-
xeHus oT 0 1o S BBIpa3uTCs Tak:

Puc. 43.

s s
s2S 82
A= [pds=cjsds=c—- =—.
J 20 2
0 0

O6o3uaymB depe3 P HauGONbMIYIO BENUMYHHY HATSOKEHHS (WM IPEONOJNeBaroIei
€€ CHJIBI), COOTBETCTBYIOIYIO PACTSXEHHIO S IPYXUHBI (M PaBHYIO €S), MBI MOMXEM
IPEeICTABUTL BhIPaXeHUE OJIA PaGoTel B BHIE

1
A=—PS.
2

Ecmn 6Bt X CBOGOOHOMY KOHUY IPYXHHBI Cpa3y ObLia TPHIOKeHA cuia P (Ha-
[pUMEp, MOABEUIEH Ipy3), TO HAa NepeMelleHHd S efo ObUia Obl NPOM3BENEHA BIBOE
66npmas pabora PS. Kak BUAMM, JIMIIb NOJIOBMHA €€ 3aTPAuMBAETCA HA PACTSIKEHHE
TPYXKHHBL, Npyras IOJIOBHHA MOMMAET HAa COOOLIEHHE NPYRHUHE C rPY30M KMHETHYECKOM
SHEPruH,

2) Ilycth HEKOTOPOE KOJIMYECTBO ra3a (Iapa) CONePXMTICA B IuIMHApe (puc. 44)
10 OZHY CTOPOHY IODHIHA, M NPEMIONOXKNM, YTO ra3 3TOT PACLIMPHICA U TIepeIBHHY
nopmesk Hanmpaso. IToctaBuM cebe 3amaueif ompenenuTs paGoTy, TPOM3BEAEHHYIO
TpH 3TOM ra3oM. EciM HayajbHOE M KOHEYHOE PACCTOSHHS MODIIHA OT JIEBOTO IHA
unmEHapa 0603HAYHTE 4epe3 s; U 5,, OaBjiene (HA €AMHMIY IUIOIIANM TIOPINHA) —
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4yepes p, a IIOMAAb MOPmHA — Yepe3 Q, TO BCA CHIIa, NSHCTBYIOIAS HA TIOPIUEHD, OyaeT
pQ, u paboTa, KaKk MBI 3HaeM, BBIPA3UTCS HHTErPATOM

Sy

;—1=pr ds.

5

Ob6o3navas epe3 V o0beM paccMaTpPHBAeMOM MacChl ra3a, OYEBHIHO, OyaIeM HMETh
V=0Qs. HerpyoHo Temepb MEPEHTH OT IIEPEMEHHOH § K HOBOH HEpPEMEHHOH FV; Mbl

MOJIyYUM

V.

» 5'/ - 7- *
: e — A= [pav. (10)

i 7 =

q = — v,

g roe V, ¥ V, 03HaYalOT HA4YaJbHOE M
KOHEYHOe 3HaueHus oOnema V.

Ecnu Ob1 HaM w#3BeCTHO ObLIO
Puc. 44. OaBIeHHE p KaK QyHKums OT oOpemMa

V, T0 3THM ompeaemiacek 66t pabota

A. TIpeamosnoxuM CHabajia, YyTO OpPH PACIUMPEHWH Ta3a TemilepaTypa €ro ocraercs
MOCTOSHHOM, TAaK 4TO HeoOXoaMMasi IUIsl €0 PacIMpEeHHs SHEPIdsi B BHAE TEliia Npn-
TEeKaeT M3BHE; B 3TOM ClIy¥ae MPOLECC HA3BIBAIOT M30TepMHYeckH M. Cunras
ras suaeajibHbIM», IO 3aKOHY boitnsg — MapuoTTa OyaeM uMers: pV=c=const,

¢
TaK YTO p= 7o ¥ s paboTel MOJy4aeM 3HaYEeHHe

Ve
c v, Vo
- [—-dV:cln V| =ein .
JV v, V,
Vi
Ecnu 0603HaYUTD Yepes p; U p, AABICHHUA B HayaJle H B KOHue nponecca, 7o p, Vy = p, Ve
Vo py
u 7’ =— . INostoMy paboTy pacildpeHms, CBA3AHHOTO C NEPEXOAOM OT IABJICHHA p,
1 P2
K JABIEHHIO P, < Py, MOXHO NpPEACTABUTH B BUIE
D
A=cln=.
12

Hakonen, BMECTO ¢ B 3TH GOPMYJbl MOXHO MOJACTABHTH MPOU3BEACHHUE p, V.

Yacro 6bIBaeT, OMHAKO, €CTECTBEHHEE IPEIINOIOKUTh, YTO BO BpPeMs paclIAPEHUS
HE MPOHCXOIMT TEIUIOBOrO OOMeHa MEXIy ra3oM M OKpyXalomel cpenoif, ¥ Ha IpOH3-
BOACTBO pabGOTHLI 3aTPA4YHMBAETCA OSHEPTHs CaMOTo rasa, TeMmepaTypa KOTOpOro IpH
3TOM IIOHMXKAETCs; TAaKOH IMPOUECC HaspBaeTcs anuHabaTHYeCKHM. B stom
ClIyyae 3aBUCHMOCTb MEXAY [AaBJICHWEM p H OO0BEMOM V paccMaTpHBaeMO#M Macchl
rasa uMeeT BHA

pVk=c=const

[aTa 3aBucUMOCTD 6yneT BrIBEAECHA HMXeE, 361, 3)], raoe k ecThb XapakTepHas A4S KQXIOTO
rasa (napa) IOCTOsSHHAs, Beeria Oénmbmas eqummusl, OTciona p=cV~k u

Ve
n V,

A= | eV -kdy= £ yi—k '=_.._c__(Vé~k - V1K) £ (L__L
| -k v, 1-k Y -k \vEY vk

\-‘
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DTOT pe3ysIbTaT MOXHO NPENCTaBUTh B Oonee ynobHON dopme, €CIU BCIOMHUTS,
uto cVik=p,, cV3¥=p,; IOACTARNIANA, OPUIEM K CIIEAYIOLIEMY BHIPAKEHHIO IJIs paGOThI:

Vi—DpoVs
A=P1 17 P2 2
k-1

MBI JMIDb AJIA MPOCTOTHI PACCYKAECHUS H HAIJISIMHOCTH NPENIOIOXKWINH PaCIIMpSIO-
[LUMiics Ta3 3aKIIOYEHHBIM B IUMHAD. OcHOBHasA dopmyna (10), paBHO Kak H MONyYCH-
HBle U3 Hee YacTHbE GQOPMYJNBI, COXPAHSIOT CHJIy HE3aBUCHMO OT (OpMBI, KOTOPYIO
MMeeT B KauAbli JAaHHBIA MOMEHT paccCMaTpHBaeMas Macca rasza. Pasymeercs, Te e
dopmMyiiel BeIpaxaloT M paboTy cxaTus rasa or oosema V, no obrema V<V,
(COmpOBOXAaEMOro MOBBINEHNEM NABJICHUA OT p, IO p;>P,), T. €. paboTy BHemIHei
CHIIBI, 3aCTaBJIfAIOIE a3 CXUMATHCH; paboTa caMoOro rasa B 3TOM CIIyyae OTpHia-
TesbHA!

355. PaGora cuiibt TpeHns B miockoil nare. I1s 10 # BOOOIIE HA3BIBAIOT ONOPHYIO
YacTh BEPTHKAJILHOIO BPALIAIOUIETOCs BaJia; HEMOABMKHASA ONOpa, B KOTOPOR BpawLiaer-
Csl IIATA, HA3BIBAETCd MO AMSATHH K OM. B HacTosmeM n° Mbl PACCMOTPHM BOIIPOC
0 MOIMHOCTH, 3aTPAaYHBaeMO Ha NPEOHOICHHE TPEHUS B IATAX, OrPAHHMHBASACH IPOCTEH-
MHM CIy4YaeM — HNJIOCKOM NmATBEL

IInockas mATa MPEACTABIAET cOOOM MUIMHAPUYECKOE TeI0, KOTOPOe Ha NOIANATHHK
OIMpaeTcs CBOMM IUIOCKAM OCHOBaHWEM (pHC. 45). DTO OCHOBaHME HMeeT, BOOOIIe,
$HOpMy KpyroBOro KOJIblia, C BHEIDHUM PauyCcOM R ¥ BHYTPEHHHMM DaZMyCOM rg; B 4acT-
HOM Cllyyae, IpHU ry={0, MbI IIOJyYaEM CIUIOLIHOE KPYTOBOE OCHOBaHHE.

O603Ha4dM Yepe3 P MOJHOE HaBieHHe, MepefaBaeMoe mATOM, uepes w (1/cex.) —
YIJIOBYIO CKOPOCTBH BpAalIEHHs Baja, Yyepe3 {4 — KO3DGHMUuMeHT TpeHHs, HaKOHel, 4Yepe3
P — JaBJIEHHME Ha eJWHMIY IUIOIIAIM HATH B paccMaTpuBaeMol ee Touke. He xacasch
MMOKa BONpPOCA 0 pacHmpeneIeHU T AaBleHns, OTMETHM JIMIIbL ONHO OYEBHUAHOE
06CTOATENBCTBO: TOYKH NATHI, PABHOYJAJICHHBIE OT €€ HeHTpa O, HAXOHATCs B ORMHA-
KOBBIX YCIOBYSIX, H B HUX JAaBJICHHE JOJDKHO OBITH OAMHAKOBO. TakuM o0pa3oM, p BO-
0o611e MOXHO CUMTaTh QyHKUMeH OT pamuyca-BekTopa r. Huxke OyayT ykas3aHsl Jomylile-
HH$, KOTOPhIE OOBIMHO JAENAIOTCA OTHOCHTENBLHO 3TOM (JYHKUMH: MO OOHOMY YCIOBHIO
OHA JOJIKHA YHOBJIETBOPATH BO BCAKOM Cilyyae, MMEHHO IIOJIHOE [AaBJIEHHE HA NATY
JOJIXHO YpaBHOBEIIUBATHCS JAaBIEHUEM P CO CTOpOHBI BaJsa.

Jis TOro 4TOOBl BBIMHCIIMTH 3TO IOJIHOE HAaBJIeHHE, IIPUOETHEM CHOBAa K METOLY
CYMMHpPOBaHHA OECKOHEYHO MAJIBIX 3JIEMEHTOB IO cxeMe n° 348, mpuyeM 3a HE3aBUCH-
My HEPEMEHHYIO IIPUMEM PaguyC r, U3MEHSIOMUHACS OT ry, Ao R. Pa3buBas 3TOT mpo-
MEXYTOK Ha YaCTH, MBI B TO € BPEMS MOXEM Pa3JIOKUTh BCE KOJIBLO Ha 3JIEMEHTapHBIE
KOHIIEHTPHYECKHE KOJIbIIa, TaK YTO BCE AABJICHHE P CIOXHUTCSA U3 3I€MEHTApHBIX JaBJie-
HHM, COOTBETCTBYIOILUMX OTHAENBLHBIM KOJbUAM., PacCMOTpPUM Temnephb KOJIbIO, OrpaHH-
YeHHOE OKPYKHOCTSIMHM PajiuyCcoB r U r--dr (Ha puc. 45, 6 oHO 3amTpuxoBaHo). [Inomane
3TOoro Konbua ectb 7(r--dr)?—mnr?=2nr dr+n(dr)* orGpaceiBas OECKOHEYHO Mallyio
BTOpOro nopsnxa n(dr)?, MOXHO DPUHATH 3TY IUIOMIAAL NPHONIMIKEHHO paBHOU 27r dr.
Ecnu p ecTh gasjieHue (Ha eOUHHLY IUIOMIAAM) B TOYKE, OTCTOALIEH OT LEHTPa Ha pac-
CTOSIHME r, TO PACCMAaTPHBAEMOMY KOJIbLYy OTBEMaeT IJIEMEHTAPHOE NaBJICHHE

dP=p.2nrdr,
TAK YTO, CYMMHpYs, MOJIy4aeM PaBeHCTBO
R
P=27t[prdr. (11)
"o

OnO, OBTOpAEM, U BHIPAXAaeT TOT (AKT, YTO CyMMApHOE HaBAEHME, pPacIpeneneHtoe
fI0 TITe, PABHO ABJICHHIO CO CTOPOHBI Baja.
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OmnpenenuM Tenepb MOMEHT M CHIIBI TPEHHUS BO BPAIUAIOLIEHCS OATE OTHOCHTEIBHO
OCM BpauleHus. PacCMOTpHM CHOBA 3/IEMEHTapHOE KOJBLIO, O KOTOPOM IIJIa Pedb BEIIIE;
Pa3BHBAIOLIAACS B HEM CUJIA TPEHHSs, NPOTUBOMAEHCTBYIOLIAs BpallleHuio, GyaeT

wdP=2muprdr,

TaK 9TO COOTBETCTBYIOLIHH €H 3N€MeHTapHbI MOMEHT dM BHIPA3HTCH MPOU3BEAECHHEM
A3 3TOH cuiupl Ha miedo r (oOmiee ans
BCEX TOYEK KOIBLIA)

0 0% 7/_\] dM =2nuprt dr.
(/)
) \ Otcioga mONHBIE MOMEHT TpeHHs Oyner

- :

v d M- 2nyf pridr. a2)

To

Kak u3BecTHO M3 MexaHuku, pado-

2R -
{““pr'"! Ta A4, NPpOU3BOAHMAsT TAKHUM IOCTOSAH

HBIM BpallaTeIbHBIM MOMEHTOM M B
ONHY CEKYHAY, MOJIYYaeTCH YMHOXEHHEM
MoOMeHTa M Ha YIJIOBYIO CKOPOCTh @
(1/cex.) BpaieHus

A=Maw.

Jns Toro 4TtoObl NOBECTH AO KOHLA
BBUCIIEHHE paboTsl A, Tenmepb HYXHO
caenaTth Te WIM HHbIE OOMYLIEHHs OT-
HOCHTEJIBHO 3aKOHA pacnpenesieHds p Ha
MOBEPXHOCTH IISATHI.

CaMBIM TNPOCTHIM SBJIISIETCSL TPEATNO-
JIOXEHHE, YTO JABJIEHUE pACIpPEneIsieTCs
paBHOMEpDHO, T. €. 4YTO p=c=const.
BemuuuHa 23TOW UDOCTOSHHOH oOupenens-
erca u3 ycnosus (11). Bnpouem, B 3TOM

Pue. 45. Clly4a€ HEMOCPEACTBEHHO SICHO, YTO €CIIH

[IapjieHHe P paBHOMEDHO pacnpeleisieT-

¢f Mo IIowWwanx Koubia 7(R?—r?), To HA eqWHHUIY IUTOLIAAM NPHIAETCA AABICHHE p =
P

)

=c=
7z(R2 - ro)
TloacraBnas 3to 3HayeHne sMecTo p B (12), HalimeM nanee

R
P 2 _R3-13
M=2nu ————f rtdr=—uP——m—m—:.
a(R-rf) 3° R:-1}

2
B wactHOCTH, AMTA CIUIOMHOM NATHI 6yneM nMeTh: M = 3 LPR.

OnHako 3TH pe3yNbTAThl IPUIAraloT JIMHIb K HOBBIM, HE OGTEPILIMMCS €LUe [ATaM.
Zeno B TOM, 4TO NpPH BpALLUEHM¥ Bajia TOYKH NATHI, AaJbIIe OTCTOAIINE OT HeHTpa O,
IBUXyTcs ¢ Gonbmeil ckopocThio, B HMX pafora TpeHust GoMbile ¥, COOTBETCTBEHHO,
60nbne ¥ M3HAIIHBAHUE KAK HATH, TAK U NOMNATHAKA; 61aroaaps 3TOMy 4acTh AABJICHHS
nepenaraercs Ha 6osee Giu3kue K HEHTPY YACTH mATHL J{JIs CTaphiX NpHpaGoTaBIIHXC s
naT. OOBIMHO JOMycKaeTcs, YTO [AABJICHME HAa HAX DAcIpefenseTcs Tak, 4To pabora
TpeHMs (Ha eIHHULY IUIODIAAN), & C HElO ¥ M3HAINMBAHME, BCIOAY COXPAHSIOT HOCTOSH-
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HyIO BeJlwudHy. Pa3nenuB sneMeHTapHyio paboty dA =w dM Ha miomanb 2xr dr sne-
MEHTAPHOTO KOJIblia, 3aIMOIeM Halle MONyLIEHWE B BHIE

wupr=const, OTKyzna #¥  pr=c=const;

HMTaK, MBI TIPEJNOJIaTaeM, YTO P M3MEHHAeTCs OOpaTHO MPOMOPUMOHAILHO PACCTOSHMIO
r ot ueaTpa. lloacrasiss ¢ BMecTo pr B ycnoere (11), HaliieM BeIHYHHY 3TOM NMOCTOSIHHOMK

R

P
P=2nc J dr=2ac(R-r,), OTKYyma c=

2(R-ry)

7o

Haxonen, 3aMeHuB ¥ B (12) pr IONY4YeHHBIM BBIPAXKEHHEM, IPHAEM K TAKOMY Pe3YJIbTaTy:

M=2npy ———— rdr——yP(R-I— 7).

271(R ro) .[

7o

1
Jas crulomHOH Xe naTel M = 2 uPR.

Jlerko BMAETBH, YTO IIOTepA MOIIHOCTH HA TPEHHC B Cllyvyac npnpaﬁoTaBmem
IIAT MEHbINE, YEM B CIIy4Ya€ HOBBIX IIAT.

356. 3apaun Ha2 CyMMHpOBAHHE 0ECKOHEYHO MAJNLIX 3JeMeHToB. IlpuBeneM emie psn
3a7ay, pemaeMbIX METOJOM CYMMHPOBAHHSE OECKOHEYHO MAJIbIX 3JIEMEHTOB.

1) Haiitu dopMyny Iuist BBIDAXXKEHHS CTATHYECKOTO MOMeHTa M Tena (V) oTHOCH-
TeIbHO AAHHOM IUIOCKOCTH, €CJIH M3BECTHBI IUIOIAAH NMOMEPeYHbIX CeYeHHH Tesla mapad-
JIEJIHO 3TOM MIOCKOCTH (B GYHKUMH paccTOsiHMA X OT Hee). IINIOTHOCTE mpeamoaraercs
PaBHOH eguHHULE.

IIpu o6o3navenusax n° 342, macca (06BEM) BIMEMEHTAPHOTO CJIOA Tena Ha paccTosfi-
HHM X OT IJIOCKOCTH ecTb P(x) dx, ero craTHyeckuii MoMeHT dM = xP(x) dx, Tak 4roO,
CYMMHDYS, TIOJIy4dM

b

M= JxP(x) dx.

Paccrosinue ¢ nieHTpa TSXKECTH Tesla OT JAHHOU IUIOCKOCTH BBIPA3MTCA TaK:

b

J xP(x) dx
L
== 7
P(x) dx
a
B yacTHOCTH, aJIs Tejla BpalleHus
b
jxy’ dx
a
é= ’ .
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Ecd NpUMEHHUTh 3TOT Pe3yNbTaT (a) K KpyroBoMy konycy H (6) x momycdepe, TO
HajifieM, YTO PACCTOSIHME LIEHTPA TAXECTH OT OCHOBAHHSI COCTABHT (Q) Y BBICOTHI,
3
® g pamuyca.

2) Haiitn dopmyny IS BBIPAXECHHS CTaTHYECKOTO MOMEHTa M moOBeEpX-
HOCTMY Bpaml€eHH S OTHOCHTEILHO IUIOCKOCTH, MEPIIEHOUKYIAPHON K CCH Bpaimie-
uus. «IToBEPXHOCTHAS ITOTHOCTE) IIPEANONIATaeTCcs paBHOM €AMHHIE.

ITpumeM ock BpamieHus 3a OCh X, a 32 HaYaJIO0 KOODAHHAT BO3bBMEM TOYKY IIepece-
YeHHA €€ C YNOMSHYTOH IUIOCKOCTEIO. IIpm 0603Hayenmsax n° 344 macca (TUTOINanb)
3JIEMEHTAPHOTO KOJBIEBOTO CIIOS HA PACCTOSHMH § OT HAvana QYrd ecTb 27y ds, ero
CTaTHYECKAHi MOMEHT dM =27xy ds ¥, OKOHYATEIBHO,

S S
M=2xn jxy ds=2n f D(s)¥(s) ds.
0 0

B 4acTHOCTH, €cid BpalIANOILAACH KpMBAsA 3aJaHA ABHEIM ypaBHEHHEM ¥ = f(X)
(a<x=b),
b b

M=2n fxyVl +y;2 dx= 27tfx-f(x)V1+ Lf7 () dx.
a a

Paccrosmue & IeHTpa TSXECTH NOBEPXHOCTH OT AAHHOM IUIOCKOCTH Oyner

S b
J xy ds ny]/l +y2dx
M % a
CETTTTR
iyds yVﬁ}?dx

a
ITpuMeHHTH TOCITEnHIO GOPMyIly K HOBEPXHOCTH (a8) KpyroBoro koHyca, (6) momy-
cdepsl.

1
Omegem. PaccTosiHME NEHTpA TAXKECTH OT OCHOBAHUS pPaBHO (a) 3 BBICOTHI, (0)
1
— paanyca.
2

3) OnpenennTs CTATUYECKUE MOMEHTBI My, , My, Myy OTHOCHTENBHO KOOPAWHATHBIX
IUTOCKOCTE! A UMIMHIPHYECKOW NoBepxXHOCTH [346, puc. 35] u nojo-
JKEHHE €€ LIEHTpa TAXeCTH. IIpuMEeHHTh mosTy4yeHHble GOPMYITBI K OOKOBOM IMOBEPXHOCTH
OMIHHIOpHYECKOro orpeska [343, 8)).

Omeem. O61ue hopmyIsl

s S S
My, = sz ds, M= jyz ds, Mxy=—;-jz2 ds,
0 0 0
My. Mex Myy

= 25, 7=

P P

T T
rge P ~ nyomans NOBEpXHOCTH. B nmpeanoxennom npumMepe: £ =0, 7 = a, § =3 h.

4 MoOMeHTOM MHepuUHH (WIM KBAJApPATHYHBIM MOMEHTOM) MaTe~
PHATIBLHOH TOYKH MAcChl 7 OTHOCHTEIBHO HEKOTOPOH OCH (MIIHM IUIOCKOCTH) Ha3bIBAETCS
MPOM3BEIEHNE MAaCCHl 7 HA KBAAPAaT PACCTOAHHA d OT TOYKH IO OCH (1O IUIOCKOCTH).
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HIcXoas 3 3TOTO, NPEeanoNaraeTCs HAlTH BEIPAXEHHE /18 MOMEHTA WHepnan J, OTHOCH-
TENBHO OCH y IWIOCKO# (urypsl A,B,B,A, (puc. 46), B IpeINONIOXEHUU, YTO 4IOBEPX-
HOCTHAs IUIOTHOCTB® PacCHpelleIeHrss MacC eCTh €HHHMIA.
Hmeem
b

dly=xy, -y dx, Iy= fxz(yz ~y)dx.
a

Hanpumep, s criyvaes, H300paxeHHbIX Ha pucC. 47, NOIydHM:

c+’2~'-
bh?
@ ve-n=b, I=b | xde-boniT,
h
3
53
B yacTHOcTH, pH ¢ =0 Oyzer Iy=E;
(b) Yo—n=2)rt-(x-c)
c+r
nrd
I,=2 f xtlri-(x-c zdx=7zrzc“r—-4—,
c—r

nré
B YaCTHOCTH, npu ¢ =0 Oyzer I,= 7

5) Onpenenuts MOMeHT MHeprMH T ena (V), pacCMOTPEHHOro B 3agaue 1), OTHO-
CHTEIBHO YINOMSHYTOX TaM NJOOCKOCTH. IIpEHMEHHTE NONyYEeHHYIO (GOpMyiy
K BBIYHCIICHWIO MOMEHTa HMHEPLHMH (a) Kpy-

TOBOro KoHyca, (6) momycdepsl — OTHOCH- g 4
TEIBHO IJIOCKOCTH OCHOBAHHMS.

b

]

S

Omseem. I= fx”P(x) dx; B YacTHOCTH,

a

@ I=> RS, (6) 12" ko,
30 15

L=15(Z)

6) [amieHue XHAKOCTA HA KaKyHO-HU-
Oynb MIOWIAAKY, PACMOJIOKEHHYIO HA TIJy-
Gune h(m) NOA ee MOBEPXHOCTBIO, PABHO BECY
UMIMHAPHYECKOTO CTOJI6A MHIOKOCTH BBICOTHI 15;
h, MMEIOMETo 3Ty IUIOMAAKY CBOMM OCHO-
BaHHeM. TakuMm oOpazoM, nasneunwue (B kI/m?)
Ha I1ybuHe h (M), NPEXOOAMIEECs HA eqUHULY Puc. 46
IUIOIIAMH, PaBHO Ay, eclii » O3HA4aeT yIeib- o
HbIA Bec xuakoctu (kI/m3).
© IIpennonoxuM, YTO B XKUAKOCTh BEPTHKAIBHO NMOTPYXEHA miocKas durypa A,B,B,A,

uc. 46) *, )

Haiitn nomaoe rmapocratiieckoe masieHne W Ha 9Ty ¢Gurypy W ero MomeHT M
(OTHOCHTENBHO CBOGOMHON MOBEPXHOCTH XHAKOCTH).

=f(Z)
r'ﬁ Y1 R —

@0\.,&

$<Y
¢

* Mzl GepeM ocb y Nexalieii Ha CBOGOAHOR IIOBEPXHOCTH XHOKOCTH.

16 T. M. ®uxrenronsu, T. II
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OnemenrapHas wiowanka dP =(y,— y;) dx HCOBITHIBAET NABIIEHAE
AW =yx(y,—y,) dx,
MOMEHT KOTOPOTO OTHOCHTEIBLHO OCH y paBeH

dM =yx2(y,— y,) dx.
Otcrona
b [)

=7’f-"()’2‘)’1) dx, M=?fx2(yg—y1) dx.

a a

ITepBbIif HHTErpas, OYEBHOHO, NPEACTABISET cobOf CTATHYECKHH MOMEHT
My, GHETYypBI OTHOCUTEHHO OCH ¥; BTOPOH %€ IaeT MOMEHT HHEPpUUH I, uryper
OTHOCHTENIBHO TOM XK€ OCH.

ge Y 4

@ 0

Puc. 47.

Ecau & ecth paccrosrre nentpa Taxkectd C QHrypsl OT CBOOOOHOM HOBEPXHOCTH,
a P — ee mnomaab, TO MOXHO Hamucarth, Y10 W=ypP¢&. LleHTp HaBlIE€HHU A, T. €.
TOYKA TPUJIOKEHHS DaBHOACHCTBYIONIEH BCEro JaplieHusi, OT CBOOOOHOM MOBEPXHOCTH
OTCTOMT HAa DPACCTOSIHUH
M P&

e =
EWIy

ITpunoxum 3T GOPMYIIBI K CIy4asM, W300paXeHHBIM Ha puc. 47.

B cnyvae a). §=c, P=bh u W =ybhc. [lanee, Tax Kax B 4) MbI yX6 BbIYHCIHNH [y, =
3 2

bh h
=bc2h+-17 , TO MOXEM Cpa3y HamhcaTh &* = c+—1-2—— . B vactHoCcTH, ecniu ¢=h/2 (T. e.
i c

1
BEPXHsAs CTOPOHA IPAMOYIONIbHUKA JIEKHT Ha YPOBHE XHAKOCTH), UMEEM W:—z-ybh2,
*=c,

nr?
B cnyqae 6): §=c, P=nr? u W=ycnr?. 3pecb Iy=rrr2c2+—4— [em. 4)]. IToatomy
c+—
4c
7) Ecnu B CTeHKe pe3epByapa, HAOJHEHHOrO BOMOM, HA riiyGuue 4 (4) MO MOBEPX-
HOCTBXO BOJBI MMEETCS IOPM3OHTANBHAS INENb, TO 4Yepe3 Hee BojJa OyneT BBITEKAThb

M
CO CKOPOCTEIO (B —) v=12gh*,
cex

* Ora dopMyna, mokaspiBaeMas B THIPOAWHAMEKE, M3BECTHA IIOJ HA3BAHHEM
dopmymst Topuu ennmu. OTMETHM, YTO OHA WMeET TAKOH XK€ BHA, KaKk M ¢op-
MyJla JJISi CKOPOCTH, npnoﬁperaemoﬁ meenoﬁ Marepnanbuoi& TOYKOH NpH DANECHMH
C BBICOTH! A.
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IIpeanosiokuM Tenepb, YTO B CTEHKE - pe3epByapa HMEETCA NPSIMOYIOJBHOE OT=
BepcTre (puc. 48). TpebGyeTcs onpemenuTh Pacxoh BOOEL, T. €. 00beM BOabI Q(Mm3), BEI-
Tekaromui B 1 cek.

o
Puc. 48. Puc. 49.

OieMeHTapHOM [ONOCKe IMPUHBL dx HA TMyOHHE X OTBEYAET CKOPOCTh v= |/2gx;
TaK KaKk €¢ IUIOmanb €cTb b dx, TO PacXOA BOXBI YE€PE3 3Ty HOJOCKY BBIPA3HTCS TaK:

dQ = Y2gx-b dx. Cymmupys, Hatinem

P, (1 3_)
— 170 2 = Yo 2
Q_Vngfx dx=< V256 k% i}
hy .
dakTHYeCKHi pacxoy HECKONBKO MEHEe BEMYHCIEHHOTO, BBHAY HAJMYMS TPEHHS
B KHIKOCTH U CXaTHsl CTpyH. BiMaHuE 3THX (GaKkTOPOB OOBIKHOBEHHO YYHTHIBAIOT
C [OMOMIBIO HEKOTOPOTO 3MIOMPH- ;!
Yeckoro koapduimenta p<1 u r——w—«’\

oumyT GopMyiay B BUAE i \\
2 ( s 1) AN
. -\
0=Zuy2ee \w - it). ___4Q90 N
3 g .
' ! \'\ N
Ilpu ky = 0 oTCrona nonyyaercs ¢op- | S g
Myna A7 DAacxoga BOIBI YEpE3 S Vi RN
NPAMOYTONBHBIA BOJOCIHB | S /‘\\_\ AN
2 3 | By .\\ \‘\
Q=—3—yv2gbh2. ! \f\\\\ \\\.\\
‘ S Vil '\7\,\
| ~ .

8) Wsyuas MarHuTHOE [ONE P { \,’\\-\\‘?- )
T0Ka, Buo u Capap npunumu e %?//)
K 3aKIIIOY€HHIO, YTO CHNIa, C KOTO- he g e
PO¥i TOK OElCTBYeT Ha ¢MAarHUTHBIA Puc. 50.

3apsan, MOXET OBITB paccMarpH-
BaeMa KaKk DPaBHOAECHCTBYIOILASs CHJI, KaKk Obl MCXOASAIIMX OT OTHAENBHBIX OECKOHEYHO
MaJIbIX ¢IJIeMEHTOB TOKa»s. I10 yCTaHOBNEHHOMY MMM 3aKOHy, 3JIEMEHT TOKa ds
(puc. 49) neiCTByeT Ha MATHUTHBIHA 3apsA/ m1, TOMEIIEHHEH B TOuke O, C CHIIOH*
Imsing ds
dF=———— |
rz
rpe I — cuna Toka, r — paccrosuue OM,a@ — yronu (ds, r).

* ®opMyna EMEET MeCTO B TAKOM BHJE JIMIIb NP HAAJIEKAIIEM BLIOOpE ETMHELL
(sampmMep, €cim CRITY ‘BHIDaXaTh B JWHAX, PACCTOSHWE — B (M, MATHHTHBIA 3apsn
Y CHITy TOKa — B 3JICKTPOMArHMTHEIX €IWHWLIAX). '

16*
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Cuna 3Ta HaIpaejieHa IO MEPIEHAMKYIAPY K NIIOCKOCTH, MpOXojasiuel uepes O
U ds, © IPUTOM — B Cllyyae, H306pa’keHHOM Ha DHCYHKE, — B CTOPOHY OT YMTATeJIs.
TIpn XelaHW¥ YCTAHOBHUTH NEHCTBHE KOHEYHOT O OTpe3ka TOKA HA MArHWTHBIH
TOJIIOC, MPUXOAUTCS CYMMHPOBATh 3TH 3JIEMEHTAPHbBIE CHIIBI.

JUis mpuMepa OIpelenuM CHITy, C KOTOpO#f NEACTBYeT HA E€AMHHI)Y $MarHHTHOTO
3apsAay NPAMOJIMHEHHBI 0Tpe30k Toka BC (puc. 50), mpu yka3aHHBIX HAa pHCYHKE 060-
3HAYEHHSIX.

a
Tak kak sin p =sin { OMA=—, 10 dF MOXHO NPENCTABUTEL B BUIE
¥

alds alds
(@458l
DNeMeHTAPHBIE CUJIBI 3[eCh MOXHO HETIOCPEACTBEHHO CKJIAIbiBaTh, HOO OHH BCE HMEIOT
ONTHO M TO e HampabiieHne. [TodTomy
S2

ds 1 s
F:alf =—
a

(a2+52)3/2 l/sz Tat

S1
St

§ 4. Hpocreiimme nudPepennuanpupie ypaBHeHns

357. OcHoBHEBbIE NOHATHS. Y PaBHeHHN nepporo nopsaka. B riase VIII msel paccmatpu-
Bad 3ana4y 06 onpenenerun GbyHKIMH y =y(x) 0O 3aHaHHOM ee MPOHU3BONHOMN

Y =f(x) 1)

[ — uytOo TO Xe — mo ee muddepenmmany dy=f(x) dx] 1 yIHIHCH NPOH3BOAUTH
Omepandld HHTETPDHUPDOBAHHUS WIM KBaJApaTypy, C INOMOLBIO KOTOPOM
OHA pemaeTcs,

y= jf(x) dx+C*. @

B stoM o6mem pemenum ¢urypupyer nocrosunas C. Kak Mel BHmenu
Ha npumepax [263, 264], ecniu gaHel HAYaJNbHBIE YCIOBHSA

Y=Yy DOPH X=X, (€))

TO 3TUM ONpENENIAeTCs KOHKPETHOe 3HaueHWe mnocTostHHOM C=C,. IloacTaBuB €ro
B (2), MBI OPHAEM K YACTHOMY peIle HH O Hameldl 3a7ayd, T. €. K KOHKPETHOM
bysxum# y=y(x), KOTOpas He TOJILKO MMEeT Halepel 3aJaHHyIO0 IMPOH3BOAHYIO, HO
H YAOBJIETBOPSET HAYAJIBHBIM YCIOBUAM (3).
YacTto, OOHAKO, NPUXOMUTCSA ONpenesarh (yHkumio y=)y(x) u3 Ooiee CIOXHbIX
COOTHOIICHMI BHIA
Fx, y, ¥, ¥, ...)=0,

CBA3BIBAIOLIMX 3HAYCHHS HE3aBUCHMOMH NIEPEMEHHOM X CO 3HAYSHMSIMH KaK caMOit HCKOMOM
GyHKIMU Y, TAK W €e MPOM3BOIHBIX ), ¥, ... Takoro poga COOTHOMEHHS BooOIIe
HaspiBalOTC OH G PepeHUHANBPHBIMU YDPABHEHUSIMH.
OCTaHOBEMCSl HAa YDaBHEHHM N E€pDBOTO moOpsAKa, CONepXalleM JHAILb
NepBYIO MPOU3BOAHYIO Y/,
F(x, y, y)=0. “)

PemenneM ero smnsercs mobas ¢yHkmma y=y(x), KOTOpas YIOBJIETBODSET €My
TOXIECTBEHHO OTHOCHTENHHO x. Kak MOXHO Noka3aTh (IPH HM3BECTHBIX NPEANONO-

* B sToM naparpade nox cMMBOJIOM j f(x) dx MBI 6yneM pasyMeTb XOTSl M IIDOM3-

BONBHYIO, HO OO peAeJIe HHY 0 NepBOOGPasHyrO (GYHKLHMIO, TaKk 4TO NOCTOSHHYIO
HHTETPHPOBAHUS MBI B 3TOT CHMBOJI He BK/II0YaeM A Gynem MHCaTh ee OTAENTBHO.
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KEHUsIX OTHOCHTENIBHO ¢yHKimH F), obumee pemeHHe ero, nono0HO ymoMsHy-
TOMy BHavajie OpocTefimeMy ciydaro [cM. (2)], B 37eck TakXke CONEPKUT NPOU3BOIIBHYIO
noctTosiHuywo C, T. €. UIMEET BHI

v=p(x, C). &)

HHoraa, BOpoyeM, 3TO pellieHHE MoNTyYaeTcs B HesiBHOM dopme
(D(x, ¥y, C)=0 i w(x, y)=C' (6)

Paspickande obmrero peinenus aubdepeHIMAIBHOIO yPABHEHHS, B TOW MM WHOM
dopmMe HazbiBaeTCA MHTETPDHUPDOBAHHEM YPDAaBHEHUS.

JIns mpuMepa pacCMOTPHM TaKylo 3aJauy: HAWTH KPHBBI€, A KOTO-
PHIX DOAHOPpManb nocrtosHHA. Echu npeacraButh cebe Takylo KPHBYK
BBIPAXEHHON SBHBIM YPaBHEHHEM y = y(X), TO BONPOC CBEIETCHA K PA3bICKAHHIO TAKHX
(hyHKLIMI, KOTOPBIE YAOBJIETBOPSIIOT YCIIOBHIO ¥y = p, rne p = const [230 (3)]. ITependinem
ero B Buae (3%) = 2p; Teneps ACHO, YTO OOIIMM pelleHneM ero Oyaer

y2=2px+C wumm y=iV2px+C. @)

TakuM 00pa3oM, MOCTABIIEHHOMY TPeOOBaHMIO YAOBJIETBOPSET LEN0e CEMEUCTBO napa-
6011, NMOJYYaONIMXCA OAHA H3 IPYTOR CMEIICHWEM NAapaJuIeIbHO OCH X,

3neck OTBET HA 3ajadyy OAeT MMCEHHO ofmee pelleHHe, MOCKOIBKY TPeGoBalIoch
pasLICKaTh BC € KpHBBE, O6G/JafarolHe YIOMSHYTBIM CBOlicTBOM. Ecnu 6w B 3amave
OBUTO JOTOJIHUTENEHO YKa3aHo, YTO KPMBasl JOJDKHA MPOXOJUThb Yepe3 3aJaHHYIO TOYKY
(x4, ¥)s TO, MOJCTABMB JTH 3HAYEHHA X M )y B IOJYYEHHOE ypaBHeHHE (7), Mbl CMOXeM
onpeneauTh 3HayeHue C:

Co= Y5~ 2px,.

TlonaraaB(7) C=C,, Mbl IDHAEM K YaCTHOMY pPelIeHH IO }?=2px+C,, Bblpa-
KAIOIIEMY YK€ KOHKPETHYIO KDHBYIO. '

HyXHO cxa3arh, YTO 4alle BCero ObIBAET MMEHRO TaK, YTO 3aJavya, NpHBEAIIas
K nuddepeHuHanbHOMY YPaBHEHMIO, TPeOyeT KOHKPETHOIO YaCTHOT O pelIeHH A .
O6BMHO MOCIEAHee OIpeleNserci Ha4YalbHB MH yciaoBuaMu TtHna (3),
BBIIBHTaeMBIMH caMolf 3amavelf. ITo 3THM ycIIOBHAM, KaK H TOJBKO YTO, MPEXIE BCErO
MoxeT OpITh yCTaHOBJIEHO KOHKpeTHOe 3HadeHHe C=C,; OHO ONpPENeUTCS U3 ypaBHE=
HHst, KOTOPOE IOJIyYHTCs, €clid B 06meM pemeruH (5) [win (6)] HONOXHUTD X = X4, Y=Y, .
Ecmu Teneph B 3T0 o0lIee pemieHHWe NOACTaBATH HalimenHoe pemenuwe C, BMecTo C,
TO Y MPHAEM K TOMY YaCTHOMY DEMIEHUIO, KOTOPOE YIOBJIETBOpsET 3aJave.

358, YpapHenHs nepBoi CrelieHH OTHOCHTEBHO MPOH3BOIHOH, OTAeIeHHe NepeMeHHbIX.
IIpeanosiokuM Tenepb, YTO B ypaBHeHue (4) mPOH3BOAHAs )’ BXOOUT B mepBO i
CTENEeHH, T.e. YTO ypaBHEHHEe MMeeT BHI

P(x, y)+0(x, y)y' =0,

, dy
roe P, Q cyTb dyuxunn ot x v y. [lonaras spece )’ =d— , MOXHO IPEICTaBUTh YpaBHE-
X

Hue B hopme
P(x, y)dx+Q(x, y)dy=0, (8)

KoTOpas 4acTo Ooyee ymobOHa.

MBl OCTaHOBHMCA 3[ech NOAPOOHee JMUb HA TeX IPOCTEHIMUX YACTHBIX CIydasx
ypaBHeHHua (8), KOra HMHTETPUPOBAHME €0 HEONOCPEACTBEHHO CBOAUTCA K
KBAJIpaTypaM; PacCMOTDEHHE 3TAX CNyYacB, TAKHM 06pasoM, CIYXHAT €CTECTBEHHBIM
JononHenAeM riassl VIII,
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Ecmu B ypapHeHnu (8) ko3bdmiuesT P-Ha fene -3aBUCHT TOJIBKO OT X, a ko3bdu-
uuedT Q — TOIBKO OT v, T. €. €CIIH YDAaBHCHWE UMEET BHI

P(x) dx+Q(y) dy=0, ()]

TO T'OBOPAT, YTO NE€PCMCHHBIC OTAECICHE. B 3tom ClIyyae HHTCrpupoBanue
MNPOU3BOAUTCA OYEHBb IIPOCTO.

Hyctes byekoum P(x) 1 Q(y) HereleBHLI (B COOTBETCTBYIOILIMX MPOMEXYTKax).
Torma P(x) dx 6ynet nuddepernanom dbyukuun P(x)= [P(x) dx, a Q(y) dy — nubde-
pennuanoM dyskima Q(y) = fQ( ¥)dy, naxe eciii oA y pasyMeThb hyHKIuMIO y(x), yIOBIET-

BODSIIOINYIO ypaBHeHuro (9)*. B TakoM ciyuae nepas 4acTh ypapHeHus (9) npenctaBuT
coboit mubdeperuman or cymmel P(x)+Q(y). Tak kak 3tor nubdepernnmuan, B cuiy
ypasuennd (9), pases 0, To camMa byHKNUA CBOAUTCH K MOCTOSHHOM

P(x)+Q(»)=C. 10)

Jlerko Buperhb, 4TO M o6paTHO, ecmu GyHKuus y=y(x) ynoeinersopseT (npu 1o00M x)
3TOMY YPaBHEHHIO, TO yAOBIETBOPseTcsa U ypapuernue (9). Pasenctso (10) naer o6 mee
pemenne ypasueHus (9).
Hpu pemeruu ypasHeHws (9) HHOTAA MPENNIOYMTAROT WIEHH C dx W dy NOMCIIATH
B Pa3sHBIX YAaCTAX yPABHEHHA
QO dy= - P(x) dx. an

WHTerpupys XKaxAyr0 4acTh IOPO3HL M He 3a0bIBasi O NPOH3BONBHOW INOCTOSHHOM,
KOTOPYFO JOCTATOYHO ITPUCOEOUHHTS K OJHOMY U3 HHTETPAIOB, IPUAEM K PE3yIbTaTy

[ewrar=- [Pwyas+c,

TOXIECTBEHROMY C MOJIYYEHHEIM BBIIIE,

HpemnonoxuMm, 4yTo TpeOyeTCs YOOBIETBOPUT: HAa4YANBbHBIM YCHOBHAM
(3). BMecTo TOro 4To6bl CHayajia HAXOOUThH obOmiee pemeHwe, a 3aTeM MOACHpaTh MO-
cTosiHHYIO C, MCXOAS HX 3THX YCHOBHMN, MOXHO IIOCTYIIMTh MPOILE: ¢IPOCYMMMPOBAThH)
3JIEMEHTapHble BeMAIuHbI (11), cmpaBa MexXay X, 4 X, a ClI€Ba — MEXAY COOTBETCTBYIO-
IMUMH UM 3HA4YCHUSAMH Y, ¥ y. MBl HONYy4HM DaBEHCTBO

ny(y) dy=— jSP(x) dx,
¥o X

KOTOpPOE U AdeT TpeOyemMoe 4acTHOe pelleHHMe; CaMblif BHI €ro NOJ4YEPKMBACT, YTO OHO
3aBeJIOMO BBIIOJHSAETCS NPU X=X, M y=y,. YUTaTenb JErko yACHWT cebe, 4TO 3TOT
npueM Tub GOPMOI OTIIMYAETCH OT MPEXKHETO.

HpumMmep 1) IMycre gano ypaBHEeHHe

d
sin x dx+—y=0.

Vy
Wnrerpupyem )
X dy -
J.sm xdx+ f—= C wm -cosx+2)y=C,
OTKyna
(cos x+C)2

P

* Bauny mmapnanmocm tdopmer maddepenmuana [106].
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TakoBo o6mee pelIeHHUeE NPEATIOKEHHOTO yYpaBHeHUs. ECi NaHLl Havyanb -
HB € YyCHOBHA, Hampumep y=1 npa x=0, To, NOACTaBlAA 3TH 3HAY€HMsA, cpasy
HaxomuM C =1, 4YTO NMPUBOAUT K YACTHOMY DEIICHHIO
(1+cos x)2
) .

Kak ymoMuHanmock, MOXHO B 3TOM Cllyyae H30exaTh HEOGXOAMMOCTH IipeaBapu-

TEJIbHO COCTaBIATh 00Ilee PEIeHHe, HAKMCAB Cpasy
yd -
34 . ~

— = fsm xdx, T.e. 2(}y-1)=cosx-1,
P
OTKyJa

V—_1+cosx _ 1+cosx)2
y= > > y= 2 .

Yacro cnyyaercs, 4TO XOTs ypaBHeHHe (8) m He uMeer BHia (9), HO MOXeT GbITh
npeo6pa3oBaHO K 3TOMY BHAY, IOCIE YEr0 MHTETPHPYETCS, KaK YKAa3aHO BhIIme. Takoe
npeo6pa3opanue W HOCHT Ha3BaHWe OT/JEJNEHHN nepeMeHHb Xx. Ilepemennnie
JIETKO OTAEJIAIOTCA B TOM Cily4ae, Korga xospduiments! P 1 Q OpeACTaBIAIOT coBoil
NPOM3BENCHUS MHOXHTENIEH, 3aBACAIIMX KaXIBIH TOILKO OT ONHOH NEPEMEHHOM, T. e.
Korga '

Pix, 2)=P(0)Py) 1 Q, »=0,()0.).

Jle#icTBUTENBHO, JOCTaTOYHO Pa3AeNuTh 0Ge YaCTH ypaBHEHHS
Py()P,(3) dx+ 0y()Qy(7) dy=0 a2
Ha P,(»)Q;(x), 4TOOBI 3THM yxe OTHENUTh HepeMEHHLIE:
Pi(x
1 (x) dx+ 2.(»)
0,0 P(»)

dy=0.

X X'
IIpuMep 2): ysin-zdx—cos-z- dy=0,

Vpasrenne uMeeT Bug (12); oTaensieM NepeMeHHBIE

. X
sin —
dy 2

dx

X
COS—
2

M HHTErPHpYeM

Iny=-2In cos%+c.

IToTeHUpys, onpenaenseM OTCIOAa y
et 2e¢

x l+cosx
cos? —
2

y=

Tonaras eme C = 2e¢, npuBeseM ob1Lee pemenue K BUIY
(o
T4cosx”

359. 3apaun. PaccmoTpuM pAML 3334 M3 PasnuuHBIX O6nacTell 3Hamud, ﬁéhOcpe;l-
CTBEHHO DPUBONALUIEX K AUDGEPCHUAVIBEPIM YPABHEHHSM ¢ OTHENAIOMAMUGH fi€pe-
MEHHBIMH, o
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1) HaiiTd KpUBbI€, Y KOTOPBIX OTPE30K 1 HOPMAJIHK (IO IEpeceyeHHa ¢ OChIO Xx) CO-
XpaHfeT MOCTOSHHYIO BENUYHHY 7.

Bocnomunas Beipaxenue ans n [230, (4)], 3anuceiBaeM yCOBHE, KOTOPOMY AOJIKHA
YIOBJIETBOPATH MCKOMasi GYHKUHS y OT X, B Buje TH(PepeHIMaNbHOTO YPaBHEHHS

VT3 =r wm  pr(1+yn=r.

Otcrona
d Vre—y2 d
’=_'Z= :t.._l HIIH _}_,_y.__—: +dx.
dx y V,-z —y2
Hdrterpupyem:

—VYrr=yi=+(x+C) wmwm  (x+CR+yr=r2

Kak ¥ cnemosajio 0XHIaThb, Mbl HMOJYYHIH CEMEWCTBO OKPYXHOCTEH pamuyca r C
LUEHTPOM HAa OCH X.

2) Haiitu KpuBLIE, Y KOTOPBIX OTPE30K ! KacaTeIbHOM IO IepeceueHus C OCbIO X CO-
XPaHACT NOCTOSAHHYIO BEJIUYHHY 4.

B cuny 230 (4), nuddepeHimaibHOE YPABHEHHE 3aJaYH HMEET BHI

dy
Ilonaras y’' = e €r'o JIErKo npeo6pa3oBaTh Tak:
X

=4a.

=a
20z
az—y?
dx= j:.v—._y dy.
y
HWurerpnpyem:
a+ ya® -yt
x+C=:t[aIn d —Vaz—yzl;
y

MBI MTOJIYYHJIM CEMEICTBO TpakTpHC [cp. 331, 11)].

3) 3axoH oxmaxaenud. Ilycrs oxnaxmaromeecs TeJo Temmepatypsl 6° C
OKpYX€HO cpenoii ¢ Ttemmepatypoil 0°C. Hb 10 T O H yCTAHOBHJI 3aKOH, IO KOTOPOMY
CKOPOCTb OXJaXAe€HHSs OPoHOpHHOHAIBHA CaMOii Temmeparype 0, T. e.

db

— = -k,
dr

roe k — MOJNOXMTeNbHAs NOCTOSEHAs. OnpeaeNnTh 3aKOH, 0 KOTOPOMY YOBIBAeT TeM-
nepatypa Tejla, HayuHas ¢ MOMeHTa =0,
Nmeem

do
—=-kadt,
]

OTKyJa, MHTErpupys, HaigeM In 0= —kt+In C*. Ouesuano, 6 = Ce—k. Tlonaras 3aech
t=0, BuguM, 4to C €CThb HE 4TO MHOE, KAK HauyajbHas TeMmnepatypa 6.
Iloncraenss, mpuaeM X OKOHYATENBHOH GopmMyIe

0=0 ekt

KOTOpas ONpefensieT TeMreparypy tena B mobod MOMEHT, €ClId TONBKO OHAa Oblna
W3BECTHA B HAYANbHBIA MOMEHT (6,).

| C* IIpensuns noTeHUNPOBAHKE, MBI Cpa3y bepeM HOCTOAHHYIO A ynoOcTBa B BUAE
ncC,
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KoadduuenT & 3aBACHT OT CBOMCTB Tena M CPeAbl; OH OIPENENISeTCHA OIBITHBIM
myTeM.

4) DKCTPAaTOKH pDPa3MBKAaHHUA H 3aMblkaHuA. Ecmx B 3mexTpu~
YecKOMH memd JeiCTByeT MOCTOSHHOE HampsikeHue V, 1o, o6o3Havas yepe3 R conpoTHB-
JicHME uemM | vepe3 I — cHiy Toka, mo 3akoHy O M a Oynmem mMmetrs V= RI. Korpa xe
HanpskeHue ¥ MeHsieTcs (@ TaK)Ke B MOMEHT Pa3MBIKaHHS WIH 3aMBIKAHAA TOKA MOCTOSH~
HOTO HANpsUKEHUs), BO MHOTHX CJIy4Yasx HMeeT MECTO SBJIEHHE CAMOWHIYKIHH, KOTOpOe
COCTOMT B MOSBJIEHHH AONOJHHTENLHON 3JIEKTPOABHXYIIEH CHUIBI, NPONOPIHOHANBHOM

dI

CKOPOCTH H3MEHEHHSN CHIB TOKa 7 HO UMeroileli oOpartHbIf 3HAK.
't
TakdM 06pa3oM, BEeIHYMHY 53TOH 3JJIEKTPOABIKYINEH CHIIBI CAMOHHAYKIHH MOXHO
/4
OpeAcTaBUTh TaK: — L; ,rae L — ekoadpdument camounaykuums (L > 0).
t

Ecny HaJHIO CAMOWHAYKIHS, TO NPH Pa3MbIKAHAHM TOKA €r0 CHJIa HE Cpa3y majgaeT
[I0 HyJIf, 2 IDK 3aMBbIKaHAY — HE Cpa3y JOCTHTaeT CBOEH HOpMaIbHON BenuyuHbl. Viccne-
JlyeM 3TH ABJICHHA aHAJTHTHYECKH.

3akoH O Ma Temeph MPHHUMAET CIENYIOUIYIO GopMy:

v _rr a.r,v (13)
—L—= wm —+—I=—.
dr " dTTTL

(a) Tlyctb NOCTOSHHBIA TOK cuisl [, B MOMEHT ¢ =0 pa3Mblkaercs. Tak Kax Torga
V=0, To umeeM

u (aHajoruvHo 3))

OTOT TOK, IPOXOAAIIMA B LENH IOJ OEACTBHEM OOHON JIMIIG 3NEKTPOABHXYILEH
CHJIBI CAMOMHIYKIWH, Ha3bIBaeTCsl 3KCTpaTOkKkoM pasmsikanusa. C Bospa-
CTaHHEM ¢ ero cuia OsicTpo cTpeMutcs Kk 0, ¥ yepe3 KOPOTKOE BPEMS OH CTAHOBHTCS
HEOLY THMBIM.

(6) Ecna uems B MOMeHT =0 3aMBIKAae€TCH, B Heil HAUMHAET HEHCTBOBATH
TOCTOSIHHOE HanpsixeHnue V, To n3 ypasHenus (13), CHoBa oTaenss NepeMeHHbIe, DOTyYHM

-Rdl R R —t
————_-_d, W(V-R)=-—t+InC, V-RI=Ce - .
V-RI L L

fad ]

IMocrosnuyro C onmpenenyM W3 Ha4albHBIX ycnoBuilt /=0 npu ¢=0; oue-
BUIOHO, C= V, Tak YTO OKOHYATENbHO

R
v -t
I=—(1—e L )
R

vV
Mbl BUAMM, YTO HApsAAY C TOKOM % oTBeyaromMM 3akOHYy OMa, omHOBpe-

R
. Vv -t
MCHHO IIPOTEKaeT B OﬁpaTHOM HanpaBJICHHH TOK -E e L . OTO M €CTh 3KCT pa-

TOK 3aMBlIKAaHHS; €ro CWia TakKxe GLICTPO beIBaeT C BO3pacTaHHEM f.
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5) VpaBHEHHC XHMHUYECKOH peaklUuu. PacCMOTpHM XHUMHYCCKUIL
mpollecc, COCTOSAMHUI B OpeBpamieHAH B3aMMOACHCTBYIOIINX BelIecTB A, B, ... B Be-
mectea M, N, ... i OLEHKH KOJMHYECTBA BEILLUECTBA, YYACTBYIOIIETO B PEAKIIMH, €rO
BEIDQXAIOT B TPAMM-MOJIEKyJlax HJIM MO X, MoneM Kakoro-uubyIe BelecTBa
HA3BIBAETCA TAKOE €r0 BECOBOE KOJMYECTBO, KOTOPOE BBIPAXAETCA B rpaMMax YHCIIOM,
paBHBLIM €ro MOJIEKYIIIPHOMY Becy. B Molte mo6oro BelecTBa BCEra CONEPXUTCH OJHO
H TO X€ KOJIHYECTBO MOJIEKY], HE3aBUCHMO OT BEIeCTBA.

Ecnu npeanonoXuTb, 4TO BO B3aWMOMAEHCTBHE BCTYIAIOT HA KAXKAYIO MOJIEKYILY
OJIHOTO BELIECTBA MO0 OJHOH MOJIEKYJIE APYTOro, TO Ha KaX/biif MOJIb OHHOTO IIPHUAETCH
oauH Momb npyroro. ITo HCTeyeHMM BpeMeHM ! OT Hayajla peakiud, OT KaXIOoro u3
B3aUMOJCHCTBYIOIMX BEIIECTB BCTYIIUT B PEAKI[HIO OHO M TO € KOJMYECTBO X MOJICH.

/x
CKOpPOCTh BO3pacTaHHUA X OTHOCHTENHHO BPEMEHH, T. €. IIPOH3BOJIHAS 7

Ha3bIBAETC! CKOPOCTHIO XMMHUYECKOH peakKIUH.

ITIycTe B mpomecce y4acTBYIOT 4 Ba BelieCcTBA A U B, mepBOHAYAJILHBIE KOJIUYECTBA
KOTOpPHIX (B MOJISX) 0603HA4MM 4Yepe3 a M b (upH 3TOM mycThb, ckaxeM, b>a). Uepes
NMPOMEXYTOK BpeMeHH ¢ OyneM HMeTb KOJHYECTBO a— X BELIECTBA A H KOJHYECTBO
b — x Beniectea B. ECTECTBEHHO NONYCTUTD, YTO CKOPOCTh XHMHYECKOM PEaKI[MH B MOMEHT
{ IpONOPUMOHAJIEHA M POHM3BE € HHU O DEarupyroiMx Macc, T. €. MPOH3BEACHHIO
KOJIM4ECTB PEAre¢HTOB, HE IOABEPTIIMXCA €€ NPEBPAUICHUIO. DTO NPHUBOAMT K TaKOMY
nubdepeHIInaIbHOMY YPAaBHEHHIO

T a—xb- = va
i a— x) X) MU m— .

Wurerpupys, ODOIyYuMm

a-x
—— In——-= -kt+C.
-a b-x

1 a
Tak xak npu ¢ =0 Mbl 10DKHEI BMeTh B x=0, T0 C=— —In—. IToacraBnsas 3T0 3Ha-
yexye C: b-a b

(a-x)b & 1 - e—Ko—a)t
In (—b_——x); = —k(b—a)t, NnErKko HaxXOHUM 3aTeM X= abl—r_—_a—e_:m .

TIpu BO3paCTaHME ¢ MOKA3aTENbHOE BhIpaXeHHe CTpeMHTCS K 0; d4epe3 KOHEYHBIi
OPOMEXYTOK BPEMEEM OHO CTaHOBHTCA HACTONLKO MAalNbIM, YTO X IPAKTHYECKH YXe He
OTJIHYHTh OT @, U PEaKUus 3aKaHIMBAETCA.

6) MaTteMaTHIeCKkU#iH MaaTHUK. [IycTh MarepuanbHas TOYKAa MACChHI
m TIOJBEEHA Ha HEPACTAXMMOl HUTH UK CTEPKHE AIHHEI / (BECOM KOTOPBIX IIpeHedpe-
raeM) Tak, YTO MOXET ABUTaThCA IO IyTe OKPYKHOCTH (pHUC. 51). JTa cCHCcTeMa Ha3bIBaeTCs
MAMEMAMUYECKUM MAAMRUKOM. BBIBeI[}I MAsATHHK H3 IOJIOXKECHUS pPaBHOBECCHUA 0A
B moJioxerne OB («<m/2), NpenocTaBUM MasTHUK caMoMYy cebe, He cooOmIast eMy Hayallbe
HOH CKOPOCTH.

MasATHUK nepeidneT B CHMMETPUYHOE mojiokeHue OB’, TOTOM BEPHETCA B IOJIOXKe-
Hue OB u T. 1. 3a7a4a COCTONT B YCTAHOBJICHMM XapakTepa KojeOaHuii MasiTHHKA, T. €.
B BBIAICHEHMH 3aBUCHMOCTH Mexay yrioM 6= JAOM u BpemeHeM ¢, s onpenereH-

N’
HOCTH PACCMOTPHMM JIBHXEHHE TOUKM M mo ayre 4B, OTCUMTHIBAS LPOMAEHHBIH OYTh

S
s=AM =10 OT TOYKH A4, a BpeMa { — OT MOMEHTA MPOXOXKICHAS MAATHAKA Yepe3 HOJIOo-
JKeHWe PaBHOBECHS.

Paznaras cuwiy Tsbkectd F=mg, NeHCTBYIOIYIO HAa TOYKY M, Kak yKa3aHO Ha pH-
CYHKE, BHAWM, YTO € KacaTeNnbHAs cOcTaBiAfioman Fg= —mgsin 6%,
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B TO BpPEMs KaK HOPMa/lbHas COCTABJIAIOIIAS YHUYTOXAETCA CONPOTHBICHMEM HUTH
Wi crepxus. Ecnu yepe3 v 0603HaYUTE CKOPOCTH TOYKM M, TO G¢ KMHETHYECKAs IHEPrus

1
B paccMaTPUBAEMOM IMOJIOXKEHHH Oyner Emv2 u ceezgeTca Kk 0 npu nepexome M B B.

C ppyroi#t croponsl, pabota A, npousBenennast Cuioil Fs Ha nyTH MB BEIPa3HTCS Tak
[352 (9a)l:

S g
A= - J mg sin 0 ds
S

S’
(3onecb S=AB) unu, ccnu nepedTH X
nepeMeHHOM 6,

- —mgl-[sinGdB:

0
= — mgl(cos 6 — cos o).

Torma, mo 3akoHy XuBOW cumsl [352],
HMeeM:

1
3 muv?=mgl (cos 8 —cos o),

v= Vgl Y2(cos 0 - cos a).

ds dé
Tak kKaK v=—=/—
dt dt
nuddepeHIMaILHOE YpaBHEHHE

de J ]/1 do
E=V-§l’-1/2(cose—cosa) wm  dt=| —ee—— |

& }2(cos 6 —cosa)

Puc. 51.

, TO /sl ONpEHe/CHHs 3aBUCHMMOCTH MeXny 6 W f nojyyaem

rie NepeMeHHBIC YXe OTHAENeHBI.
Murerpupys cnesa ot 0 no ¢, a cupasa ot 0 70 6, NPHXOAMM K MCKOMOM 3aBHCH-
MOCTH: .

0
) do
t=1/ - | —. (14)
&J V2(cos 6~ cos o)
[}
Onnako, xeaopamypa na 3mom pa3 6 KOHEUHOM @uoe He Gepemcs: KaK ceiyac yBHAHM,
WHTETpan CIpaBa HEMOCPEACTBEHNO INPHUBOIMTCA K JSJUTHIITHYECKOMY HMHTerpany 1-ro

poza.

it
1 ) do

t=—~|/ = ———

2y ¢ a . 8

sin? — —sin? —

2 2
0

TMepenucas (14) B Buze
a
M TOJIOXUB sin3=k (0<k=<1), BBENEM HOBYIO NEPEMEHHYIO HHTEITPHPOBAHUA @ HO

* Curna HampaBieéHa NMPOT U B IBEKCHHAA!
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dopmynam
[} 1 0
sin—2—=k-sintp, —2—cos~2~ df=k-cosp-dp; (15)

IpH 3TOM u3MereHnio 6 ot 0 o o oTBedaer uaMernenue @ oT 0 mo n/2. Torma

@
7
,:l/_.f___di’i___: |/ _I_.F(,p, k). 16)
& J V1-kesintg g
0

Tak kak no nepeoit u3 GopMyi (15) JIerko BBIPA3ATH ¢ 4epes §, TO 3ABUCHMOCTE ¢ OT 9
MOXHO CYHTATh YCTAHOBJICHHOH.

JKenas BEIPa3uTh, HA000POT, 0 Yepe3 7, MBI HYXJAEMCAB O G pa Tl € H H A IUIMITH-
YECKOro MHTEerpana
P
J=
U= | ————.
1—-k2.sin2¢
0

DTO pPaBEHCTBO ONpeleNsieT # KAk MOHOTOHHO BO3pacTAaKI YK Henpe-
peIBHYIO (M naxe nuddepeHMpyeMyo) GYHKUAIO OT ¢ B POMEXYTKE (— o, + =), KOTO-
pas @ caMa IPH 3TOM H3MEHAETCA OT —eoo JI0 +e. B TakoM ciydae [83] mepemMennasn
@ OKa3pIBAETCS ORHO3HAYHOH (YHKIMEH OT ¥ B HPOMEXKYTKE (— oo, +); e Ak00OH
o6o3nauun yepes am u*. I3 (16) teneps sAcHO, 4TO

g - g
¢=am|/ —¢ W, 3Ha4MT, Sin—=sin —.sin am|/ —¢.
1 2 2 l

DyHKMIO Sin am # («CHHYC aMIUIMTYAbl HIIH «3JUTHOTHYECKHI CHHYC») OOBIMHO 0003Ha-
4aloT OpOCcTO Yepe3 sn u**, VITak, OKOHYATEJILHO, 338BHCHMOCTD § OT ¢ BBIpaXaercs pa-

BEHCTBOM
.0« g
SN — =S81N ~—+SN — 1.
2 2 !

OnpenenuM, B 3aKIIOYEHHE, HMPOJOJDXMTENIFHOCTh 7 OJHOTO pa3Maxa MasTHHKA
n3 nonoxenuss OB’ B nmomoxenue OB; oHa BABOe OOJbile NMPOMEXYTKa BDEMEHH,
HYXHOro 1ys nnepexona u3 OA B OB. IMonaras B (14) 6 =o umm B (15) @ =7/2***, nonyyum
(mocme ynBOeEHHS) BbIpaxeHde Ans T vepe3 HOJHBIN SJUIMIITAYECKHNM HHTErpaj
1-ro pona:

/2
h) d I
T= ZV—J___JL__ - 2V--K(k).
&) V1-ktsintg 4
0

Or™MeTuM, 4TO mepuon Koiebauus T Ha Jefle 3aBUCHUT OT YIJa &, Ha KOTODBIH
MasiTHUK TIEPBOHAYANLHO ObLT OTKJIOHEH, HOO Kk 3aBHCHT OT «. 3aMeHsAsS — IPH MaJIbIX

* am — HadageHBIE GYKBHI OT cioBa amplitudo (amMmiuTyna).

** OyHkIMs Sn 4, pPacCMATpHBaeMas KaK (YHKUMS KOMIUIEKCHOTO apryMeHTa,
SBJIACTCA OOHOM W3 mpocredmmx (BBeleHHBIX AGeneM u S ko006wH), Tak Hasbl-
Ba€MbIX, 3NMJNIHINTHYECKHX PYHKUHK.

**#*+ Fcmm BepxHMil mpenen marerpaya (14) B3sTh PaBHBIM &, TO MHTErPAJ CTAHET
¢HeCOOCTBeHHBIMY [cM. HEke 479], n60 Ha 3TOM Mpejeie NMOTHHTErpaibHas (QyHKIMS
obpamaercs B «, ITO 3aTPyIHEHHE HCYE3aET IPH NOMb30BANAN MHTErpaioM (16),
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yriax o -~ MOHYNb k HyJeM, IOJIYy4YHM NPOCTYI0O MPHOITHUXKEHHY 10 DopMy Iy

xOoTOpasg OOBIYHO M NPHBOJAWTCHA B NEMEHTAPHBIX KypPCax (H3MKM.

360. 3ameuamnss 0 cocraBjeHHd aH(ppepeRIHANLHBLIX ypasHenHii. OrpaHM4HMBasich
YpaBHEHHEM IIEpBOro mopsiaka BuAa (8), MbI OCTAHOBHMCSA HA BOINPOCE O COCTaBJICHWH
noao6HOro ypaeueHus. Hammd 3aMevaHus O 3TOMY MOBOAY YUTATENb CONOCTABHT CO
CKa3aHHBIM B 348 OTHOCHTENBHO NpOCTeiimero ypapueHus dQ = g(x) dx.

Kak mpaBwiio, IpH COCTaBIICHMHM YPaBHEHHU NPHXOIUTCA pPacCMATpHUBaTh OECKO-
HEYHO MAJIBIE 3JIEMEHTHI BXOMAIIMX B PACCMOTPEHHE Tel M OECKOHEYHO Majible IpHpa-
LIEHAA TE€X BEJIMYMH, O KOTOPBIX HAET pevb. IlpaBna, B 3amayax IpeablAYILErO I° HaM,
kak OyAaTo, ymanoch m3bexaTh 3TOro, HO JIMINb LIEHOH HCIOJIbL3OBAHHA YX€ T OTO -
BOT O BBIPAXEHHA IS YrIOBOro koddpHineHTa KacaTeJbHOW, TOTOBOT O BbIpa-
JKEHHS I CKOPOCTH U3MEHEHUA TON WIM WHOM BENMYHHB, KO1OpH€ CAMH MO A -
BHJIHCh H3 PAaCCMOTpeHHNA OECKOHEYHO MANBX 3IE€EMEHTOB.

IIpd ycTaHOBJIEHHH 3aBHCHMOCTH MeXOy OECKOHEYHO MaJIbIMH 3JIEMEHTaMH Cle-
JIyeT MOJIb30BATHECA BCEMH BO3MOXHBIMH YO POIM A MHUMH JONYIEHUAMH
U NpHONTHEXEeHHBMHA 3aMEHaMHU, CBOOMUMMUCA B CYIIHOCTH K OTOpachl-
BaHHIO OECKOHEYHO MAaJIbiX BBICIIMX HOPAOKOB. B 4acTHOCTH, BCe OECKOHEUHO Majible
ApUpAaMeHHss paccMaTpHUBAaeMBbIX BEJHYHH peKOMEHOAYeTCHA
3aMEeHUTh HUX AUbdepeHIMaTaMHA; KaKk 4YHTATElb 3HAET, 3TO TAKKE
CBOOHUTCA K OTOpachIBaHMIO OECKOHEYHO ManbIX BHICOIMX NOPAAKOB. VICTHHHBIA CMBICI
BCEX 3THX YKa3aHHU JIyyme BCEro BHIACHHTCS Ha mpHMepax (CM. ciexayromit n°).

3pech XKe MBI XOTHM OCTAHOBHTBCA €llleé HA pa3biACHEHHH TOTO BA)XXHOTO 00CTOfA-
TENLCTBA, YTO HOJIYHAOIIEeCd B pe3yJIbTaTe BCEX 3THX YOPOIUEHWH M OTOpacHBaHMM
nuddepermanbioe ypaBuenue suga (8)

P(x, y)dx+Q(x, »)dy=0

OKa3bIBAETCA OTHIONP HEe MPHUOJIMXKEHHBIM, @ BIOJHE TOYHBIM *,

Wrak, mpeanonoxuM, 9TO 3aMeHsAs mprpaienus dx m Ay muddepenumanamu dx
u dy v oTOpackiBasg — B ciyyae HAHOOHOCTH — GECKOHEYHO MAJIkIE CJIAraeMple B BIC IH € -
ro, ueMm Zx, nopsaaka, Mel OpuIUA K ypasHeHuro (8). Ecnu 611 MBI He memand 3TO#
3aMeHBI, TO BMECTO dx ¥ dy uMesn 6b1 Ax 1 Ay. BocCTaHOBEM, CBEpX TOrO, BCE OTOpOILIeH-
Hple OECKOHEYHO MaJlble BHICIIMX HOPAAKOB H, IIEpEHEeCs B NPaBylO 4acTh, 0003HAYHUM
HX CyMMY 4epe3 a; OYEBHAHO, a Takxe OyneT OeckoHeyHO Majoif BHICII €T O MOpSAIKA.
TakuM o6pa3oM, paccyxnas CTpOro, Mbl Ipuiutd 661 He K paBeHCTBY (8), a K TaKOMY:

P(x, y) Ax+Q(x, y) dy=a,

KOTOPO€ BIIOJIHE TOYHO. Pazpemm TENEepb ob6e yactu ero Ha Ax

dy «
P(x9 y)+Q(x) y)E:

Ax
a

U nmepeitneM k npeneny opu Ax -0, Tak xak npu 3toM — -0, TO B npezeie MOIYIHM
PaBEHCTBO Ax

: d
P(x, p)+00x, y)y'=0 wm  P(x, »+Q(x, y)d-; =0,

koTOpoe ToxnaecreeHHO C (8). IToaToMy M ypaBHeHue (8) OKA3bIBAE€TCA TOYHBIM.
XoTa OpH OOGLIYHOM METOAE COCTaBIICHAst YPABHECHAA MBI SBHBIM 00pa3oM HE IpH-
6eraeM K mpenensHOMY NEpexomy, HO GaKTHYECKH MBI €r0 MMEHHO M BHITIONHSAEM, KOTrAa

* DT0 aHANIOTHYHO CKA3aHHOMY B KOHLE 348 0 pasencTBe dQ = g(x) dx.
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oT6paceiBaeM GECKOHEYHO Mallble BHICIIHMX IIOPSJKOB M 3aMEHsieM NpHpAINeHHs IHdde-
peHIMaIaMHU.

OO6painaeM BHHUMAHHME YHTATENA HA TO, YTO MBI BOBCE HE YTBEPKJAeM, 4TO BCAKOE
oTOpachiBaHie OECKOHEYHO MAJIbIX BBICHIETO NOpPSOKA NMPHBOAUT K TOYHOMY pe-
3ynbTary. JIMMbL B TOM ClIy4ae, eclii 3TO OTOpachlBaHHe NOBENEHO ¢[0 KOHIa%, H B pe-
3ynbTaTe MOJYYHIOCh ypaBHeHue Buaa (8), THHeliHOE M OJHOPDOAHOE OTHO-
CHUTENIBHO IH(epEHIIMaNoB, MOKHO yXe Py4YaThCs 3a ero TOYHOCTh. [OnATh aHANOTUs
¢ n° 348!]

361. 3amaum. 1) Bapomerpuueckas popmyuna. IlocraBum CBOCH
3anauell YCTaHOBHUTh 3aBHCHMMOCTB MEXJY BHICOTOM hA(a#) mecTta Han ypoBHEM MOpS
M JaBJIEHHEM Bo3ayxa p (kz/m2).

Boobpaznm Haj ypoBHEM MODS IUIOIHAAKY B 1 m? ¥ pacCMOTPHM NPU3IMATHYCCKHHA
CcTONO BO34yXa, OMUPAOIIMXCA HA ATY IIomanky. /lasnemnie BO3Ayxa p B CEYEHHH 3TOTO
cToN0a HAa BHICOTE /i OOYCJIOBJIEHO BECOM TOW 4acTH CTOJI0a, KOTOpas OmMpaercd Ha
YIOOMSAHYTOE CeyeHHe. Y BE€JIMYeHHU e BBICOTHl /i HA OECKOHEYHO MAJYIO BEJIMYHHY
dh BnieveT 3a coboit y 6 vl 1 b AaBNeHHsS — dp, KOTOPas U3MEPSETCH BECOM CII0S BO3AyXa
Mexny miomagkamu (h) u (h+dh) (puc. 52)

—dp=sdh,
rae s ectb Bec (B x2) 1 m3 Bo3ayxa mop JaBilieHWeM p. Mel npeHebGperacM 37eCh TeM,

YTO HA Jlele § ME€HAETC A IPH Iepexolie OT HIKHEH IUIOMWAAKH pacCMaTpPUBAEMOTO
CII0sl K BEPXHCH.

Kak merko BniBecTH U3 3akoHa Boiins — MapuoTTa, BeIMYHMHA 5 Cama
MPONOPIHOHATIBHA N@BJIEHHIO p: s=Kkp, TaKk 4YTO OKOH-
4aTEITBHO

dp
dp=—-kpdh wm —=Fkdh

i
!

— YpaBHEHHE YX€ 3Haxomomnna [cp. 359, 3apauu
3) u 4) (@)

OTtcrona

§

P=Pe€™

Ecod pemMTs 3TO YPaBHEHHE OTHOCHUTENBHO A,
TO NONy4uM $opMyiy
Spobers mopa L n? ,
Puc. 52. k- p
TO3BOJISIOINYIO CYAUTh O BBICOTE A MOABEMA HaJl YPOBHEM
MOpS TIO JABJIEHHIO p BO3MYyXa.

IlocTosHHas 1/k, xak ycraHaBiMBaeTcs B (u3uke, paBHa (C okpyrieHueM) 8000
(1+0,004z), rme ¢ — cpeausas Temmeparypa Bo3ayxa. EcCiu mepeiiTm K JeCATHYHBIM
norapudpmMaM (YMHOXHB M pas3melMB Ha Monyns M=0,43) M 3aMEHHTH OTHOIICHHE
JaBJICHHH p,/p OTHOLICHHEM 6apOMETPHUYECKHUX OTCUETOB by/b, TO MONTYyYHNM OKOHYATEIIb-
Hyto $opmyny k=18 400(1 +0,004¢) log by/b.

Dta $opMyna roouTcs M IS ONpenesIeHHsi Pa3HOCTH BHICOT /i JMIOOBIX ABYX TOYEK,
B KOTOPBIX ITOKa3aHKs 6apoMeTpa COOTBETCTBEHHO PaBHBI by U b.

2) Tpenue xanaToB H pemMHe#. IlpeactaBuMm cebe, 4TO Yepe3 HEMO-
IBUXHO YKPEIUICHHBIH IPUTHHIpHYCCKME GapabaH NEpeKuHyT KaHaT (peMeHb M T. IL),
KOTOPBIit MPUJIEraeT K IMIMHAPY 0 HEKOTOPOii ayre 4B (puc. 53a), COOTBETCTBYIOLICH
LEHTPaIbHOMY yriay w (eyron o6xsatas). IlycTb kK KOHIY 4 KaBaTa OpHJIOXKEHA CUIIA
Sp, a K KOHIly B — cuna S;.

Ecnu Mexay xaHaToM B GapaGasoM cymecnye'r TpeHue, TO CWIa Sy MOXET ypaBHO-
BECHTBb Jaxe GONBIIYIO ee CHILY, NPUIOKECHHYIO Ha APYroM koHue. Kakosa xe Ta Ha ¥ -
6onbmras cuia S;, KOTOpasi IPH HATHYUH TPEHHUS MOXKET ObITh YPaBHOBEIICHA M1aH-
HO#t cunoit S, ?

<————§q——-—1’
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JIia pelleHHst 3TOrO BOIPOCa PAaCCMOTPMM CHavyasia, KaK paclpeneNiuTcs Ha T i -
KeHHe S BAONb YacTH 4B KaHaTa B TOT MOMEHT, KOrja Wb HAYMHAETCH CKOJIb-
xeHue. UTo 3To HaTskeHue Be OyAeT MOCTOSHHBIM, ABCTBYET YK€ U3 TOTO, YTO B TOYKAX
A m B 0HO, COOTBETCTBEHHO, PABHO S, U S .

Bo3bMmeM Ha nyre AB xakyro-HUOYAb TOYKY M, MOJIOXKeHHE KOTOPOH ONMpEneNnsieTcs

S—
yrioM 6= <JAOM, ¥ yCTaHOBUM, KaK#e CHIIb! HNCHCTBYIOT Ha JJieMeHT MM’ kanara,
OTBEYAIOLMI HEeHTpabHOMY yrity d 8. Ilpexne Bcero B Touke M AeHCTIBYET HaTsKeHUe
§=5(0), a B Touke M’ — mHarsxeHue S-+dS (puc. 536). O6e 3T CHIIBI HANIPABIIEHBI

ay

M‘“M

a0
a) 7, 7
Puc. 53a. Puc. 536.

IO KacaTeJIbHbIM K OKPYXHOCTH Gapabasa. st TOro 4ToObl ONpENeNnTs CUILy TPEHHS
HAa pacCMaTpUBAEMOM JJIEMEHTE, HYXHO BBHIYMCIHTE HOPMaNTbHYIO cuny dN, Ipaxu-
Maloliylo 3TOT 3UIEMEHT K MOBepXHOoCTH Oapabana. OHa claraercs w3 pagualibHBIX
COCTaBJISIOIMX OOOMX HATSXKEHWH, TaK 4YTO

. do . de
dN = S sin —2——|—(S+dS) sin 7 .

de
3pece MOXHO OTGPOCHTH mpou3ssencHue d.S smT Kak OECKOHEYHO Maloe BBICLIErO

do do
uopsaka H 3aMEHUTH Sin > JKBUBAJIEHTHOH eMy 6eckoneuno Mamoi 5 (yT0 CHOBa

PaBHOCHIILHO OTOpachIBaHMIO OECKOHEYHO MAJION BBICINEro mopsigxa). OKOHYATENBHO
dN=Sd0. Tak kax cuna TpeHds NPONOPLUOHAIBHA 3TOM HOPMAJBHOM CHie, TO, 060-
3Ha4ash MHOXMTEIb NPONOPUMOHATLHOCTH (KOIQ(HIHEHT TpeHus) uepes [, MOJIYyYuM
dR=udN=uS d6. Tpenue TPOTHBOLEHCTBYET HAYMHAIOMIEMYCS NBHXKCHHMIO, TaK YTO
cuna dR BMecTe ¢ HATSKEHMEM S B TOYKe M MOJDKHBI YPaBHOBEIIMBATH HATSKECHUE
S+dS B Touke M’, orkyna dS=uS df. Mul cHoBa noNywH AAddepeHIEATLHOE ypaB-
HeHre 3HAKOMOro THma. MOXHO Cpa3y HammcaTth €ro pemeHHe (C y4eTOM HadajbHOro
ycnoBust S= S, mpu 0 = 0): S'= Syesd, Hakonen, nonaras 3zieck § = w, Halinem S; = Syere .
Ora Baxuas GOpMyna mpEHAMIEXUT DM Nepy.

3) ®opmyna Ilyaccora (5. D. Poisson). Ipexnoxmum ce6e ycTaHOBHTB
3ABHCHMOCTD Mexay o6heMOM ¥ M JaBleHUeM p OJHOTO MO HAEATbHOIO Ta3a OpH
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aguabarunvyeckoM mponecce (T. €. B Cllyyae IOJHOTO OTCYTCTBHS TEIJIOBOTO
oOMeHa MeXOy ra3oM H OKpYXalollel cpemoir).

CocTosHHE raza, KpOME BEJIMYMH V M p, XapakTepusyercs eme ero (abcomoTrHoi)
TemmepaTypoi 7. BOpoyeM 3TH BETMYHMHB!l HE HE3aBMCHMBI; OHH CBA3aHBl M3BECTHOM
dbopmynoit Knanmeipona

pV=RT (R - razoBas IOCTOSHHas). a7

VcTaHOBUM, KaKO€ KOJIMYECTBO 3HEPrHd dU, B eqvHULIAX TEIUIA, HYXHO 3aTPATHTb,
4T06BI IepeBecTH ra3 u3 cocrosuus (p, V, T) B GeckoHeyHo Gimiskoe cocrosuue (p+dp,
V+dV, T+dT).

IIpouecc nmepexoaa MOXHO IPEICTAaBHTh cebe COCTOALMM M3 IBYX CTajauii. Bo-
nepBbIX, 00beM V rasa yeenwumBaeTcs Ha dV M, BO-BTOpHIX, TeMilepatypa 7 rasa --
IpK TIOCTOSHHOM 00beMe — H3MeHseTcs Ha dT.

Yr1oObl BRIYUCITMTH 3JIEMEHTAapHYI0 paloTy paclIMpeHHs Ta3a, MPEAnOJIOXHM
IUIsI MPOCTOTHL, YTO pacCMaTpUBaeMas Macca ra3a HAXOAMTCA B IMJIMHIAPE IO OJHY
cropoHy nopms {cp. 354, 2)]. Cuna, neficTByrolllasi cO CTOPOHB!I ra3a Ha HOpIICHbD,
6yner pQ, roe Q — mwiowaapr nopmua. EcoM mpH paciMpeHMH rasa IOpILEHb CHABH-
HyJIcd Ha paccTosiHue ds, To paboTa, mpousBeneHHas ra3om, Oymer pasHa pQ ds WiIH
pdV (tax xak Q ds=dV). Tak BbIpaxaercs pabota — B OOBIYHBIX €IWBHLAX PabOTHI,
HanpuMep, B kzm (eciu p maHO B k2/m?%, V — B m3). XKenas ycTaHOBMTH MOTpayeHHOE
Ha 3Ty paboTy Temw10, HYXHO MOJIy4eHHOE BHIPAXXCHHE YMHOXHMTH Ha TaK HA3biBa€MBbIH

$TEPMHYECKUA IKBUBAJICHT pPaboTem A = 4—2~ Kaafkem, uTO mact Ap dV.

WNi3menenne temmepatypsl Ha dT notpedyer ¢, dT kaa, TOE ¢, €CTh TEILIOEMKOCTD
rasa opd NocTosHHOM oObeMe. CxiianpiBasi, NOMYYHM

dU=c,dT+ApdV. (18)
Wckmoauth otcrona dT nerko. Ecnu npoauddepenuuposats dopmyny (17)
pdV+-Vdp=RdT 19

u onpenenutb dT

1
dT=— (pdV+V dp),

TO OCTAeTCs JIMIIL NOACTABHTH 3TO BhipaxeHue B (18)

c cy+AR
dU=7:- Vdp+ =

pdV.

MoxHO NOKa3aTh, 9TO cy+AR ecTb Kak pa3 TEIIOEMKOCTD Cp rada Nnpa NTOCTOSAH-~-
HOM JaBJIEeHHHU*, TaK YTO OKOHYATEIHHO

Cy cp
dU=2vap+ 2 pav.
R PTRP

BepHeMca Teneph K CAENaHHOMY BHa4aJjie NPeANOJIOXEHHIO, YTO JIPOLECC IPOTeKaeT
annabaruyecku; rtoraa dU=0. Takum o6pa3oM, Mel mpuxoauMm K mubdepes-
UMAJIbHOMY YPaBHEHHIO, CBS3BIBAIOLIEMY p U V,

d dv
cyVdp+ceppdV=0 wm —p+k—~=0 rae k=£’3>1 .
P d |4 Cy

Hnterpupys, HaiineM Inp+kln V=0 wm pVk=_C.
Oro u ecrb gopmyaa Iyaccona.

* Ecm u3 (19) onpenenurs p dV =R dT- V dp u noacrasuts B (18), To nonysmm
dU=(cy+AR) dT— AV dp. Yonaras 3peck p=const, T. €. dp="0, OPHAEM K PaBEHCTBY
dU=(cy+AR) dT, xoTopoe U MOKa3bIBAET, YTO Cp+AR ecTh Cp-



I''IABA OJUHHAJAINATAA
BECKOHEUHLIE PANBI C MOCTOAHHBIMU UJIEHAMU

§ 1. BBegenne

362. Ocuosnsie mouatus. [Iycth 3amaHa uexortopas Oeckomeunas Io-
CIeIOBATENILHOCTH YHCEN

Ay, Ay Ay oeey Gy .o €))
CocraBlieHHBI M3 3THX YHCEJ CUMBOJI

ata,ta;+ ... +ap+ ... 2

Ha3piBaeTcd OECKOHEUHBIM pAgoM, acamu yucaa (1) — uje-
HaMHM paga. Bmecto (2), monb3yAch 3HAKOM CYMMBI, YaCTO MUUIYT Tak:

Z_'lan ; (2a)

yKazaTellb n MpoberaeT 3/1eChb BCE 3HAUYCHUS OT 1 0 =¥,

CradeM MocleqoBATENbHO CKIIAABIBATD WICHBI psiaa, coCTaBssa (B Oec-
KOHETHOM KOHH‘{CCTBC) CYMMBI;

©)

Ai=a;, A,=a;+a,, A3=al+a2+a3,}
o Apn=ayta+ . +a,, ..

s
HX Ha3bIBAIOT YACTHLIMU CyMMaMu (MIM OTPeE3KaMHu) psaa.
9Ty mocnenoBaTeNbHOCTh YaCTUYHBIX CYMM {4,} MBI Bcerna Oyacm como-

CTABIATH C PAoM (2): polib 3TOr0 CHMBOJA H 3aKITHOYAETCA B HOPOKACHUI
YIOMSAHYTOH TOCHETOBATEILHOCTH.

Kowneunstii uau 6ecxoneunstii npedea A uwacmuuroii cymmol A, paoa (2)
npU N> el
A=1im A4,

Hazvigarom cymmoii pada U OUALIYT

A=a+a,+...+ap+...= D ay,
n=

* Bopoyem, HyMepauWio WIEHOB psga MHorza OpiBaeT ynobnee HayMHATH HE C
COMHMIIBEI, 4 C HyJIl WIM € C KaKoro-mmbo HaTypaJbHOTrO YuCia, GOJIBUICrO €AMHKLIbI.

17 T. M. Quxreuromso, T. 11
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MpUIABas TEM CaMbiM CUMBOJY (2) wid (2a) umciosoit cMbicit. Ecau pso
uMeem KOHEUHYI0 CYMMY, €20 HA3bI8AOM ¢ X 00 AW UMC A, 8 NPO-
mugHom dce cayuae (Th. e. ecau CymMma pasHa + «, aubo e CyMmbl 8o6ce
Hem) — pacxodAawyumcasa*

TakuMm 06pa3oM, BONIPOC O CXOAMMOCTH psifa (2), MO ONMpe g€ Je-
HM 10, PaBHOCWIEH BOMIPOCY O CylICCTBOBAHMHM KOHEYHOTO Ipejena IJist
nocnenoBaTenbHocTd (3). O6paTHO, Kakyroo Obl PapuanTy x=Xx, (n=1, 2,
3, ...) Hamepea HH B35Th, BOIPOC O HAJIMYHHM JJIS Hee KOHEYHOIO Ipelelia
MOXeT OBITH CBEeIEH K BOIPOCY O CXOOMMOCTH psaa

X+ (g=x)+(x3—x)+ ... + (X=X )+ .., ©)

JJIs1 KOTOPOTO YaCTHYHBIMHA CyMMaMH KaK pa3 U 6y,LIYT TOCJICAOBATCIIbHBIC
3HA4YCHUA BAPUAHTHI:

Xis Xos Xgy o0y Xny «

Ilpu 3ToM cymMma psja COBMajaeT C IpeiesioM BapHAHTHI.

WHBIMH ciOBaMu, pacCMOTpenMe OECKOHEYHOTO DA M €ro CyMMBI
ecTh NPOCTO HOBasd (Gpop™Ma u3ydeHHs BapuanThl (MU IOCIEHOBa-
TeJbHOCTH) M ee npenena. Ho a1a dopma, Kak unuTaTenh YBUIUT U3 JAJIb-
HEWIIIeTo W3JI0XKEHH, IPeACTaBIAeT HCOUEHUMBIE TPCHMYILECTBA KK IPH
YCTAHOBIICHHH CaMOTO CYILECTBOBAHUS NpeieJia, TaKk U NPH €ro BBIYHC-
JeHuu., 310 06CTOATENLCTBO JeaeT OeCKkOoHeUHble PSIbl BAXXHEHIIAM OpY-
JIMeM MCCIleIoBaHWs B MaTEMAaTHYECKOM aHAIH3€ H ero NPUIIOKEHUsX.

363. Ilpumepwt. 1) IlpocTedmuM TprMepoM OECKOHEYHOIO psAla fABIAETCS yXe
3HaKOMas YUTATENIO TeOMETPUYECKas TIPOTPeccus:

atag+agi+ ... +ag" "1+ ...
Ee vacTuuHas cymma Oynet (ecnu g 1)

a—aqt
Sn= .
n l—q

Ecnu 3HaMmeHaTesnb NpOrpeccuu, ¢, MO abCOJIFOTHOM BEIHYUHE MEHBILE €NVHWLBI, TO
[xax MBI yke 3HaeM, 25, 7)] s, WMeeT KOHEeYHbIA Tpenesn

T. €. HaIl psifi CXOIUTCs, M s Byner ero cymMMoit.

Ilpu |g|=1 Ta xe mporpeccuss naeT npumep pacxoxsuerocs psma. Ecnu g=1,
TO €ro CyMMo# GyzeT GeCKOHEeYHOCTh (ONPENEICHHOTO 3HaKa), B IIPOYMX CIIyYasiX CyMMBI
BOBCe HeT. OTMETHM, B YAaCTHOCTH, JIOOONBITHBIA PAN, KOTOPBIL IONyYaeTcs mpu a= 1

* 06 aTOM ye GRUIa peub B IEPBOM ToMe [25, 9)].
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ng=-~1:
I=141-1t.0.=14+(-D+1+(-D+...%

Ero 4acTHYHBIC CYMMEI HOMEPEMERHO paBHel To 1, To 0.
2) BemecTBeHHOE THCNO ®, PA3NIOKEHAOE B OECKOHEUHYIO JECITHYHYIO APOOH

Coyr €1CsC3 oo+ Crp - -+
[9], oueBuHO, IpencTaBISET COO0M CYyMMY psia:
Co Cy &n

(5% 3
=Co+ — - — o h——t ..
RRCRETET R 107

3) Ho obpa3suy (4) nocTpoen psf

Z In (1—!——-}5 i’ [In (n+1)~Innj,

SIBHO pacxosinuiicst, n6o In (n+1) - + .
4) Ha T0ii e Haee OCTPOCHbBI cnenylomne psanet (toe o 0003HAYAET IPOU3BOJILHOE
YHCIIO0, OTIHYHOe oT — 1, -2, —3,

- - . 1
2 mzé[*’“—-—, |-

MY l -

i @@ nr Da+nt2)

- 1 ) 1
2z J-

(aJ—n)(a+n+1) (@+n+1)a+n+2)] 2(a+1)(@+2)

1, BOOOIIe, TIpPH 1000M nelaom p==1:

- 1 1
Z . .

(e+m(ae+nd-1). <(@+n+p) ‘pla+1)- ... (x+p)

5) AHaATOTUYHO TPAKTYETCA DK

Eé’(_l_ !

1-x2 1—x2n)’

rae x ecThb J1000¢ QHKCHPOBAHHOE YHCIO, OTIHYHOE OT + 1. Tak xak n-1 4acTuyHas
cymMMa papHa
1 1

1-x 1—x2»

’

X 1
TO MpH |x| <1 pAX CXOAWTCA K CyMMe . anpu |x| =1 = kK cymme 1 .
1-x -X

* Ecmu Xakod-nmubo 4ieH @ pAAa OKA3BLIBAETCH OTPHIATEIbHBIM YACIOM:
a=—b (roe b>0), TO BMeCTO TOro, YTOOL! MHCATH:

o+ (=b)+ ..., mmmyt:  ...-b+...
[MoguepkHeM, 4TO 41 ¢ HOM pAHA 3HECh OYOET BCe ke — b, a He H.

17+
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6) JIerko yCTaHOBHTB PACXOAMMOCTB psAad

B camoM perne, Tak Xak 4iI€HbL €r0 ysblBa}OT, TO €ro n-a 4yaCcTuyHas cymma

1 1 1
—tobemne—= T

[EENTINT

U pacTeT 10 OecCkOHeYHOCTH BMECTE C 7.
7) HaxoHel, MeHee TPHUBHANBHBIA ITPUMEP HAM JOCTABHUT yxe H3BecTHOe [37] pas-
JIOXEHUE MHCIIA €
1 1 1 n 1 . 1
e=lt—tmt et =t. =1+ 5 —.
12! n! =1 n!

/8

BcnoMuHas HDMGIIH)KCHHOC BBLIMHCIIEHHE 4YMClia e B 37, yATATEIL HA 3TOM NpUMeEpE
CMOXeT OLEHUTH BRITOAY ITOCITIENOBATEIILHOIO BBCACHUA BCC MCHEE M MCHEE 3HAYUTECIIb-
HbIX ITOYIPABOK, MOCTEINCHHO YJYy4UIAFOINUX IIOJIyYaeMbl€ B JINLE YaCTUYHBIX CYMM IIpH-
ONMKeHHblE 3HAYEHHUS e.

364. Ocnosunle TeopeMbl. Eciu B psane (2) orOpocuts mepBhe m diie-
HOB, TO NOJIYYUTCS PSI:

Ani1+ Amaat .o FQuog+...= 2> ap, (5)
n=m+1

Ha3pIBaeMbIii OCTAaTKOM psanxa (2) mocie mro 4YleHa.
1°. Ecau cxooumcsn pao (2), mo cxooumca u 4060 u3 e20 0cmamikos
(5); obpammo, u3z cxooumocmu ocmamka (5) ebimexaem CX00UMOCHb UC-
Xx00Ho20 pada (2).
dukcupyeM m W 0003HAYHM k-I0 YACTHUHYIO CyMMy psgaa (5) ue-
pes 4;:
A;‘=(Zm+1+am+2+ oo angn.

Torpa, ovyeBHIHO,
Ai=Ansi~Am. 6)

Ecmu pan (2) cxoauTesi, Tak uTo A,~A, To — IHpH Ge3rpaHHdHOM BO3pa-
cTannu k — CyLIeCTByeT KOHEUHBI Ipelien

A =A4-4, (1)

H A CyMMBI Ay, 9TO K 03HAYaeT CXOAMMOCThH pspa (5).
O6paTHo, €cau AaHo, YTo cxoauTes pax (5), Tak uro 4;—~A’, 10 nepe-
nuiiemM paseHcTBo (6), nonaras B HeM k=n-—m (Ipu a=>m), Tak:

An':'Am i A::-m;
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OTCIOZA MOXHO YCMOTPETh, YTO — Npu Oe3rpaHHYHOM BO3PACTAHUM N —
YacTUYHAS CyMMa A, MUMeEeT iIpeaen

A=A4,,+A, (8)
T. ¢. cxoputcsa pan (2).

HMHEBIMH CIIOBaMIi, 0mopacelgarue KOHEUHO20 HUCAQ HAYQAALHBIX YAEHOG
pAada uau npucoeduHeHue 8 HAYAAe €20 HECKOAbKUX HOBbIX UYAEHO8 He Om-
paxcaemca Ha noséedeHnuu pada (B CMBICIE €ro CXOIUMOCTH HIH
PACXOIUMOCTH).

CymMmy psza (5), ecnd oH cXonuTest, 0003HaIUM BMecTO A’ cUMBOJIOM
a,,, yKa3bplBasi 3HAYKOM, IOCJIE Kakoro wieHa Oepercs ocTaTok. Torma
dopmynst (8) 1 (7) HMepenHINyTCs CIEIYIOIMM 0GpazoM:

A=Apy+ o, ap=A—Ap,. (9)

Ecnu ysenwdusath m 10 OCCKOHEYHOCTH, TO A, ~+A, a «,~0. Hrak:

2°. Ecau pad (2) cxodumca, mo cymma o, €20 0CHAmKa nocie m-20
YAeHA C O3PACMANUEM M CIPEeMUMCA K HYJo,

VnoMsiHeM CJIEAYIOIIMe TIPOCTLIC CBOMCTBA CXOIAINMXCS PSIOB:

3°. Ecau uaenvt cxodawezocs pada (2) ymMHOMcums HA 00UH U mom e
MHOJICUMEAb C, O €20 CXOCUMOCMb He napyuiumcs (a4 Cymma Auuts YMHO-
HCumcA Ha c).

B camoMm nene, wacTyuHas cymma A, psana

cay+cay+ ... +can+ .. ..
OYEBHIHO, PaBHA

Ap=cay+cay- ... +ca,=cla+a,+ ... +ay)=cA,

1 UMeeT nperesnom cA.
4°. Hea cxodawuxca psoa

A=a+a+ ... +ap+ ...

B=b+by+ ... +by+ ...
MOMCHO NOYACHHO cKAadvisamb (UAU GbIMUMAMb), MAK UYHIO PAO
(ay£b)+(asth)+ ... +(aptdb)+ ...

makoKce CXo0Umca, U €20 CymMma pasHa, coomseemcmeento, A+ B.

Ecin A4, B, u C, 03Ha4aIOT YAaCTHYHBIC CyMMBI YIIOMSHYTBIX PS/IOB,
TO, OYEBHIHO,

Co=(ay£b)+(ay£h)+ ... +(antb,)=
=(ay+ay+ ... +ay) £(by+by+ ... +b)=A,%B,.
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Ilepexoas x mpeneny, waiizem, uro lim C, =lim 4, +lim B,, 4To u Aoxa-
3LIBAET HAINE YTBEPXKJCHIIE.

B zaxmirouenme clenacM €Ile OAHO 3aMevaHue.

5. Obwyuti uaen a, cxo0aujezocs pada CMpeMumcs K HY0.

DTo MOXeT OBITh [0Ka3aHO COBEPIIEHHO 3JEMEHTapHO: pa3 A4, (a ¢
HHM U A,_;) uMeeT KOHEYHBIH mpenen A4, To

an=An—A,,_1—>0.

B npenpiayuieM yTBEPKAEHUH COIECPXKUTCI HEe OO X OO UM O € YCIIo-
BHE JJISI CXKOJMMOCTH Psifia, KOTOPBIM MBI OyieM 4acTo mojib3oBaThes. I p u
HapyIleHUH €To PAN 3aBeqoMo pacxoauTcsa Onsako
BaXHO ITOTYEPKHYTh, UTO ITO YCJIOBHE He SIBIISIETCSA caMo 1o cebe 1o cC T a-
TOYHBIM A CXOAMMOCTH pAa. NHBIMHU cioBaMM, JaXe HPH BH-
NOJNHEHHUN €TO pPAJ MOXeT pacxoauthbcsia I[Ipumepamu
9TOTO CIYXAT PAIBL

2 In (l +1) " > 1 ,

n=1 n n=1 1 n
paccMoTpeHHble Bble [363, 3) U 6)]; MHOTOYKCIEHHBIE IPYTHE TPHMEPHI
9TOrO Xe POja YATATENIb HAUIET B IOCIEXYIOLIEM.

§ 2. CxoauMoOCTh IOJIOXKHTEILHBIX PHATOB

365. Ycaoene cxoaMMOCTH MOJIOKATEIBHOr0 pAma. 3aiimemcsi Tenepb
BOMPOCOM 00 YCTAHOBIICHUM CXOOUMOCTH HJIH PACXOIMMOCTH psja. DTOT
BOIIPOC BCErO MpoIle pelaeTcs s PsAIoB, YJIEHBI KOTOPHIX HEOTpHILA-
TEJBHBL; I KPATKOCTH TaKue pSIIIbI MBI OyIEM Ha3bIBATH MPOCTO II O JI O-
KUTENDbHBIMHU.

IMycrs psn
D A N A N 7 A A)

OyImeT IOJOXWTENBHBIM, T. €. a,=0 (n=1,2,3,...). Torma, oveBunHoO,
An+1 =An+an+13An;

T. €. BapuaHTa A, OKa3pBaeTCd Bo3pacTalouieid. Bcnomuuas teo-
peMy o Ipefesie MOHOTOHHOM BapuaHThl [34], MBI HEOCPEACTBEHHO IpPU-
XOIMM K CJIeQYIONIEMY OCHOBHOMY B TEOPHH IOJIOKHTEIbHBIX PSIOB Ipea-
JIOKEHHIO:

Ionooncumenvnsiiit pad (A) ecezda umeem cymmy; sma cymma 6ydem
KOoHeunotli (1, c1e008ameabHO, PAO — CXCOAWUMCHA), eCAU YACMUYHbBIE CYMMBbL
pAda cepanudenvl ceepxy, u becxoneunoil (@ pad — pacxooAumca) e npo-
mugHom cayuae.

Bce npusHaku CXOOMMOCTH (U PACXOAUMOCTH) HOJOKUTENBHBIX PIIOB
B KOHEYHOM CHYeTe, OCHOBAHBI Ha 3TOH mpocTol Teopeme, Ho Hem o-
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CpPeACTBCHHOEC € MPUMCHCHHE JIMIUL B PEAKUX CIyYasx IO3BOJISET
CyIMThb O Xaparrepe psna. IIpuBegeM mpUMEpH 3TOFo poja.

1) PaccMoTtpum psn

E’l SETIL I I
2 Syttt

W3BECTHBIN 107 UMEHEM TapMOHHYECKOT O pama*.
HMmMeem OYEBHAHOE HEPABCHCTBO :

1 L 1 4 + 1 1 1 (1)
e s —> e — = —
n+1 n+2 2n 2n 2
Ecnu, oT6POCUB TiEpBbIe ABA Y/I€HA, OCTANbHBIE YICHBI FAPMOHHYECKOrO psiaa MOCie-
[IOBATENbHO PAa30UTh Ha rpynmel, no 2, 4, 8, ..., 2K~1, ... yjIeHOB B KaXgo0i
1 1 1 1 1 1 1 1
3 ettt e =
3 4 5 6 7 8 9 16
[ p— J
2 28 28
1
2k—14il+ --+2_’(" o sy
 ————
2k=1

; 1
TO Kax/Jas M3 3TUX CyMM B OTACIBHOCTH Oyaer Goimmie 2—; B 3TOM JIeTKO yOeauThCs,

nonaras B (1) nooyepeao n=2, 4, 8, ..., 2k—1, ... O603Ha4HM 7-}0 YACTUYHYIO CYMMY
TapMOHHYECKOTO psiaa uepe3 Hy; Toraa, OuYeBHOHO,

1
Hox>k— .
#=Ee

Mbi BUAMM, YTO YACTHYHBIE CyMMB! HE MOTYT OBITb OrpaHMYEHbI CBEPXY: PAA HMEET
OCCKOHEUYHYIO CYMMY.

VnomsaxneM yxe 3aech, YTo H, ¢ BO3pacTaHMeM # BO3PACTA€T OY€Hb MEMJICHHO.
Oiinep, HanpuMmep, BLIYMTIUI, YTO

Hip=748..., H 400000 =14,39 ..., U T. O

BriocneacTsuu Mur OyneM HMeTh Ciy4aii TOYHEe OXapaKTepd30BaTh BO3pACTAHHE CYMM
H;, [367, 10)].

2) PaccmorpuM Teneps Gosee oOmumit pan:

< | 1 1 1
—=1+—+—+. . +—+...,

n=1ns 28 38 ns
rae s — mo0oe BELIECTBEHHOE YMCIIO; OH COACPXKUT B cebe, Kak 4acTHbIN ciydai (npu
s=1), npeaslaymuit psaa. ITo cxoacTey ¢ psaoM 1), ¥ 5TOT pAA TOXE HA3bIBAIOT Tap -
MOHHMHYECKHUM.

Tak xak mpu s<1 WIeHsl pacCMATPUBAEMOrO psaa OOJbINE COOTBETCTBYOLUMX

4JIEHOB psiga 1), TO, B 3TOM NPEANOIOKEHUM, YACTHYHbIE CYMMbI ¥ IIOJABHO HE Orpa-
HUYCHBI CBEPXY, TaK YTO PsiA PACXOOUTCA.

* Kaxxnplit 4IeH ero, HaYMHasl CO BTOPOTO, IPEACTABIAET COOOH cpeanee rap -
MOHHYECKOE JBYX COCCOHMX WIEHOB. [UHCIO ¢ Ha3bBaeTCs CPEOJHHUM rap-

1 11 1
MOHMYECKHUM YHCeTI a U b, ecnu—~=—(—+—).]
¢ 2\a b
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3ajiMeMca Clly4aeM, Korma s> 1; monoxum ansa ynoberea s=1+g, rae o>0.
Ananornuno (1), umMeeM Ha 3TOT pas:

AN SRS NS B ®
(n+1)s (n+2)s @2n)s ns  no
Bbiaensst, Kak ¥ BbILIE, IOCIEAOBATENBHBIE TPYIIBl WICHOB:
R U S U O S
38 4s 55 65 78 8 9s 16s°
[ p— N
2 22 23
1 1
m+'.-+_(5;(;9’

k=1

s >

*

¢ noMoIIbIo (2) JIETKO IMOKa3aTh, YTO 3TH CYMMEI COOTBETCTBCHHO MEHBINE “WICHOB
[POrpeccHd
1 1 1 1 1 1 1

2—0, 4_1:7_:(27)” §;=(3;)3, ceey (—21‘_1)6 (—-—Za)k—l’

B TakoM ciyyae SCHO, YTO Kakyro Obl YACTHYHYIO CyMMY DacCMaTpHBaeMOroO pana
HH B35Th, OHA OyOeT MEHbUIE MOCTOSHHOTO YXCIA

1

1
L=14+—
tEtT
T 20
CIIeI0BATEIBHO, PAO CXOOUTCH.
{Ero cymMma, 3aBRCAMIAS OT S, IPEACTABIAET 3HAaMEHHUTYIO dyrkmnio {(s) PumMamna,
HIPAOIIYI0 BaXHYyIO POJIb B TEODHH HUCEL]

366. TeopeMsr cpaBHeHHs paxoB. CXOIMMOCTh WJIH PacXOAMMOCTH IIO-
JOKUTENFHOTO PAla MaCTO YCTAHABJIMBAIOT IYTEM CPaBHEHUS €r0 € Ipy-
THM DSIOM, 3aBEOMO CXOSMIIMMCS HIH pacxosiiuMcs. B ocHoBe Taxoro
CpaBHEHHS JIEKAT CIEAYIOIas MPOCTasi TeopeMa.

Teopema 1. ITycmb danbl 08a NOAOHCUMEABHBIX PAOA

j'a,,=a1+a2+...+an+... A)
n=1

u
D bp=by+by+ ... +by+ ... (B)
n=1

Ecau, xoms 6v1 nauunas ¢ nexomopozo mecma (ckaxcem, 041 n>N), gbi-
noansemcs HepaseHcmso: a,<b,, mo us cxodumocmu pada (B) seimexaem
cxooumocme paoa (A) uau — umo mo xe — u3 pacxooumocmu paoa (A)
caedyem pacxooumocms paca (B).

HoxaszaTenscTso. Ha oCHOBaHHH TOTO, YTO OTOpACHIBaHWE KO-
HEYHOTO VHCTA HAYAILHBIX YWICHOB psAa HE OTPaXaeTcs Ha ero Iosefe-
Huu {364, 1°], MBI MOXeM CYATATh, HEe Hapymias OOIIHOCTH, 4TO d,=<b,
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mpd BceX 3HaveHmsx n=1,2,3, ... OO03HAYUB YACTHBIE CYMMSHI PSJIOB
(A) u (B), coorBeTcTBEHHO, Yepe3 A, H B,, OymeM MMeETb:
A,<B,.

Tycts pan (B) cxomurcs; Toraa, mo ocHoBHOM Teopeme [365], cymmb
B, orpaHvyeHsI:

B,<L (L=const; n=1,2,3,...).
B cuily mpembIoyLiero HepaBercTBa, M IIOJABHO
A,<L,

a 3To, IO TOH Xe TeopeMe, BieueT 3a coboif cxomumocTh psma (A).
Muorpa na npaxkrtuke Gonee ymoOHa cremyioias TeopeMa, BBITEKaro-
as U3 IMEpPBOM:

Teopema 2. Ecau cywecmgyem npeden*
. a
lim Bf:K (O=K<=+ =),

mo u3 cxodumocmu paoa (B), npu K< + «, geimexaem cxooumocniv paoa
(A), a uz pacxooumocmu nepgozo pada, npu K =0, esimexaem pacxodumocmp
emopozo. [Taxum o6pa3zoM, npu 0 <K< + « oba psama cxomiaTcs win oba
pacxoIATcs OJHOBPEMEHHO.]

HoxaszatenbcTso. llycrs psang (B) cxomurcs U K< + . B3ss
TIPOU3BOJIbHOE 4HCIOo £=0, MO caMoMy OIpeAeIeHUI0 npeleia, I Jo-
craTtouyno OonpLiux 1 OymeM HMeTh

gf- <K+e, otkyma a,<(K+e)b,.
n

B cuny 364, 3°, omzoBpemenHo ¢ psagom (B) OymeT cxoguThcs u pan
(K +€)b,, NOTy4eHHbI yMHOXEHHEM €TI0 WICHOB HA MTOCTOSHHOE YHCIIO
K+e. Orciona, mo mpedpiaylielt Teopeme, BBITEKAET CXOJIUMOCTb Psi-
na (A).

Ecin xe psn (B) pacxomurcs u K>0, To B 3T0M ciiyyae obparHOE

OTHOLICHHE a—" HMeeT KOHeYHbId npenelt; psan (A) goikeH OBITH pacxons-
n

1uMcs, 00 eciid ObI OH CXOIMJICA, TO, MO JOKA3aHHOMY, CXOIHJICS ObI
u pax (B).

Haxonen, npuBeneM eille OOHY TEOpeMY CpaBHEHHS, TaKxke IpeicTaB-
JISIOLLYI0 coOo# ClenCTBHE IEPBOIA.

Teopema 3. Ecau, xomsa 6b! Hauunas ¢ Hexomopoz2o mecma (ckasicem,
oaa n=N), ebinoansemca Hepagencmeo**

Gy _bnis
an = bn ’ (3)

* MsI mpeanosiaraeM IpH 3TOM, 4TO b, # 0.
** Tpw 210M a, ¥ bn, KOHEYHO, NPENIONArajOTCs OTIHYHBIME OT HYJIa.
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mo u3z cxodumocmu pada (B) seimexaem cxodumocinb pada (A) uu -
umo mo e — u3 pacxooumocmu paca (A) evimexaem pacxooumocmo
pada (B).

HoxazaTtensbcTBo. Kak U Belllle, mpH N0KAa3aTENBCTBE TEOPEMBI
1, e ymansst oOIHOCTH, MOXHO CYMTATh, YTO HepaBeHCTBO (3) cripasen-

JIABO I B C e X 3Hadenuit n=1,2, 3, ... B TaxoM ciyyae OyaeM UMETH:
a _ b2 aa b3 an_ _ bn
a = b, =b’ " any bay "

I-[epel\IHO)Kl{B IMOYWICHHO 3T HEPABCHCTBA, ITOJIYYHUM:

an _bn <9, -
a <b WK an\b1 b, ®m=1,2,3,...).

IIycte panx (B) cxomutcs; BMECTE C HUM ! -bn, ToJiy-

YSHHBIA YMHOXCHUEM €Tr0 WICHOB Ha TMOCTOSIHHBIA LIHO)KHTC'H) . A TO-
by

riaa, mo teopeme 1, cxoaurcs u psax (A), 4. ¥ Tp. .

ITepeiimem Teriepp X NMpUMEPaM YCTAHOBJIEHMS CXOJMMOCTH HJIM pac-
XOIHMOCTH PSIOB HEMOCPEICTBEHHBIM IPUMEHEHHEM TE€OPEM CD a B-
HEeHH .

oo

1
367. Tipumeper. 1) D, ——  (a>0).

n=1 1+a"

Ecmu a=s1, To Hapymiaerci HeoOGXOaHMMOE YCIOBHE CXOOMMOCTH, 364, 5°
u psn pacxoautcs. Ilpy a@>1 4imeHbl pgoa OKa3bIBAIOTCH MEHBLIMMM YIIEHOB CXOAfA-

1
merocs paga Z (—)n: pag cxoaurcea (Teopema 1).
a

< ()
2) Z -— CXOOHUTCs, TaK KakK

n=1 (2 )'
(n!)? _ n! 1
@t 2n.Qn-1N 20
(Teopema 1).

3) 22” sm— O<x<3m).
n=1 3n

Tak xax
2 n
., sin .).C..<x. —
3n 3

2\n
" pst’ (—3—) CXOAMTCS, TO 3TO K¢ COPAaBEANMBO H AN AAHHOTO paja (Teopema 1).
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oo

4) PaccMOTpuM BHOBb TAPMOHMWYECKMH psag » — H CONOCTAaBHM €rO,
n

n=1
110 TEOPEME 2, C 3ABEIOMO DACXOIAUMCS PSIOM

2 ln(m+1)~Inn]= 21n(1+-l—) (363, 3)].
n=1 n=1 1)

Tak xak [77, 5) (a)]

TO OTCIOHA YK€ BBITCKACT PACXOIKMMCCTH FAPMOHUYECKOTO PAOA.
Nnu unade: npumedss k dyHxuud In x B upoMexyTke [7, n+1] dopmyny koHeu-
HBIX IpHUpallieHuil, HaireM, 4yTo

1
In(m+1)-1nn=——- 0O<0<1).
n+-0

B takoM cnyyae raprOHUYECKEI PRI, WIEHBl KOTOPOTO COOTBETCTEBEHHO Gonblie, M IO-
naBHo pacxomutcs (teopema 1).

< 1
5) AHaNOrMYHO MOJKHO YCTAHOBUTEL BHOBL CXOOAMMOCTB psifa 2 e (npu g >0),
n=1n7¢C

COMOCTABJIAA €ro € 3aB€OAOMO CXOARIIUMCS pAIOM

S 1 1
n%?. [(”__B;’ - ;'] )
Hpumenss Kk QyHKuMH —2 B UPOMCKYTKe [n—1, n] GopMyny KOHEUKBIX OPUDALLICHHH,
Halgem: ¥

1 1 g

—— . O<0<1).
(n—1° no (n—0)t+o

Takum obpazom, mnpy 7:==2

] Al [ 1 1
o g L(n-1)° nﬂ]’

OTKYAa, 110 TeopeMe 1, H BbITeK2eT CXOMHMOCTH UCITBITYEMOTO Dsid.
6) YT0o6Bl NONOGHBIM XK€ MPHEMOM MOJIYYMTb H O B blH pPE3YJLTAT, PacCMOTPHM

w1
pan 2 1 (‘L’IeHbl KOTOPOro €€ MEHbLIEC, 4eM COOTBETCTBYIOILUHE YJICHbLI rapMOBH-
ninn
n=2

YECKOTO Psifa).
ComnocTaBUM €ro ¢ 3aBeAOMO PACXOAALLMMCS PAIOM

2 linin(n+1)-Inina).

n=2
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ITpumensas ¢opMyny KOHeYHbIX npupanienuii x ¢ysxkumu Inlnx B npomexytxe [n,
n+ 1], nony4ynm:
1

(n-+06) In (n+0)

iInln (z+1)-In Inn= O<0<1),

OTKYZa, N0 TeopeMe 1, 3aKiIoYaeM, YTO JAHHBIK PAl, WIEBbBl KOTOPOTO COOTBETCTBEHHO

6onpile, ¥ TOJABHO PACXOIUTCSI.
7) CpaBuenue ¢ rapMOHHYECKHMHE PAIAMH 4) ¥ 5) MO3BOJIAET YCTAHOBKTH MOBEAEHNE

MHOTHX psnoB. Ilo Teopeme 1:

od 1 1 1
(@) — PACXOOUTCA:  ————— > e
ré;. Vn(n—i— 1) V;;(”+1) nTI
) %, 1 1 1
o — CXOUTCA: —
i1 Vn('l--‘ D VnGr+1) n'h
® Z — (IJ>0) pacxogurcst: (InmP<n (I HOCTATOYHO GONBIUMX n);
n*” )
n! n 2
(r) \ CXOHUTCH: —<— (mus n=>3);
n= l ,,n nt n*
(1) 1 1 1
A, CXOOUTCH: o 55 e <t e
g) (In n)‘" n A (In n)ln n ginklhn e

(s DOCTATOMHO OONBIUHX N);

1 1 1
C. CA: = < — (TO Xe);
© ’g; (In In n)ln n XOMAT (ln In ”)ln n pininlnn 5,2 (10 3xe)

1 I 1 1
(x) n%3 YL pacxommTCa: - T e Sy

(To X*e).
8) ITo teopeme 2:

(a) 2’ ( "y X (b=0) cxomurcs mpu s > I, pacxogurcs Hpu s=s1:
a-+bn

1 B .

(aJ bnys 'ws bs’
(6) . ] . l ].
2’ —— pacxomuTest: - —~1;

_]n]/n nn

N 4 Coox 1
(®) Z’ sin— (0<x <) pacxomurcs; sin ~ : — -~ x; AHAJOTHYHO,
=oon non

- o N
pacxonsTcs U PsnbI 2 In (1-}-;—) (x>0) u Z(V““l) (a#1);

2=l . n=1
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< x x 1 x®
(r) Z 1-cos— cxopuTcs:  1—cos—:i——»—.
a=1 n n n 2
9) Bor Gonee ClOXHbIE MPUMEPE! 3TOTO K€ THIIA:
= Inn\n
@ 2 [1-—] -
n=1 n
1
0O6o3Ha9uM 4epe3 X, OTHOLIEHIE ODIIET0 WieHa 3TOTO PSAa K — :
n

Inn
Inxp=Inn+nln (1———-) .
n

{Tone3ydacek pasioxenveM In (1+x), 0 koTopoM ObiTa peys e 125, 5), MOXHO HaNUCATh:

{ Inn Inn 1 ({lnn\ In 72
ln (1—7—‘)=_-‘—_(—‘) -{k“n'(-‘ ﬁ)’
n n 2\ n n

rae o, ~0 upu n— . [NorToMy

1 In2n Inz n
Inx;=—-—. +o, - -0,
2 n n

CICAOBATENIBHO, Xn ~ 1, ¥ MPEIOKEHHBIR DAL PACXOAKUTCS.

2 2n+1
©) Z(nln . —1).
n=1 2n—-1

Tlonb3ysace W 30€Ch YIOMAHYTHIM pasinoxeHueM log (1+ x), 6ymeM UMeTh:

12”“1(“2) 2 1 2}2+1(225 2 g
n =ln}1- = -—— - +bn- s
2n—1 2n—-1) 2n—-1 2 (Zn—l 32n-1) " (Zn—lJ

rae B, ~0 upu n— ~, TaK 410

2n+1 2n+3 1 3 8n 1 3y
nln ~1= . +[f}n._._.(___ .
2n-1 32n-1) \2n--1 2n—1 \2n-1
1
TakuM oSpa3om, oTHOMEHHE OOIIEro wieHa MCHOBITYEMOTO pPAa K (2—-172 aMeeT
1 n—

npeaeioMm 3—': Hanr psia CXOOUTCH.

10) Hakoner, pacCMOTPHM DSt

Mui 3uaem [133, 4)], gTo
In(14+x)=<x (x#0, —l<=x<-te),

l'lorrbayxcs UM, MOXEM Hamnmucarhb:

n4-1 1 i
In - =In|14+—j<—,
n n n
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I B TO XK€ BpeMsA

n+1 7] 1 1
In-—=-In—=-In{l-——j>——-.
n n+1 n+1) n+1
IoaTroMy
1 n+l 1 1 1 1
0<—-In e |
n n n n+l  nn+1) n?

Taxum 06pazoMm, YIEHBI JAHHOTO Psijia HOJOXHTEIbHEl I MEHBIIE COOTBETCTBEHHBIX
4IEHOB CXOHSINEToCsl PAAa 2’ — [365, 2)]; cnemosaTenbHO, M NAHHLIM PSI CXOOWTCS.
n?.
Ecm 06o3HaunTs cro cymMmy 4depe3 €, To yacTu4HAS CyMMa
(1 k+1 _
Z ——Iln ——|=H,~In(n+1)-C
k=1 k k
(H,, ofo3HayaeT, KaK BCETHa, YACTHYHYIO CYMMY TapMOHHYECKOTO pana). MoxHo 3a-
1
MEHHUTB 31eCh In (n+1) Ha lnn, Tak Kak MX Pa3HOCTh, paBHas In (1 +—| , CTPEMHUTCSA
n

K Hymto. OKOHYATENbEO: 0603HAYAsA Yepe3 y,, HEKOTOPYIO OGECKOHCYHO MANyIO, MMEEM
ana H, 3amesatensHyro ¢popMyny

H,=Inn+C+y,. @

OHa 1OKa3BIBAET, YTO IPH OECKOHEYHOM BO3PACTAHEM 71 MaCTHYHasi Cymma H,, rapmo-
HHYECKOTO PAJAa pacTeT, Xak In ».

durypupyromas B dopmysie (4) nocrossHas C Ha3plBaeTcss 32U N epoBOH mo-

cTosHHOU. Ee umcinenHoe 3HaueHHE (KOTOpOE YHAETCs EBBIYMCIIMTD H3 JAPYTHX
coo0OparkeHuit) TaKOBO:

C€=0,577 215 664 90. .. 5)
368. pasnaxn Komu n Jasambepa. CpaBHeHUe JaHHOTO psijaa
D ay=ay+ay+ . Fap+ ... (A)
n=1

C pasiMyibiMd CTAHZAPTHBI MU DIANAMH, 3aBEOOMO CXOISILUMUCH
WM PacXoJSILMMHNCSA, MOXeT OBITh NPOBEINEHO M B IPYroi, Tak CKas3arTh,
Oostee opramm3oBanHOM (opme.

Bosnmem nnia cpasHeHus, B KauecTBe psifga (B), ¢ ommoit CTOpoO®I,
CXOOSINIYI0oCS TEOMETPHUUECKYIO IIPOTPECCHIO

29"=q9+¢*+...+q"+... (0=g=<l),
a ¢ ApPYroil CTOpOHBl — pPacCXOOAILY I CH TPOrpeccuro
2l=1+1+.. . +1+...

CpaBauBas HCIHITYEMBIH psia (A) ¢ STEMHE PATAMH ITO CXeMe TeopeMHI 1,
NpueM K CIIeRyIoueMy MTpU3HAKY:
Hpusnax Kowu. Cocmasum 0as pada (A) eapuanmy

n————-
@n"zvan-
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Ecau, npu docmamouno 60abiux R, 8bINO/AHAEMCA HepageHcmeo
Cn=gq,

206 q — HOCMOAHHOE HUCAO, MeHbuiee eOUHUlbL, MO PAO CXOOUMCH,
ecau xce, HAUUHAA C HEKOMOpozo mecma,

En=1,
mo psad pacxodumcs.

n n
JeficTBUTENbHO, HepaBeHCTBA | a,<q wiH Va,=1 paBHOCHILHEL, COOT-
BETCTBEHHO, TaKUM: d,<¢g" UM a,=1; OCTaeTCs MPUMEHUTL TeopeMy 1*,
Yaute, oaHako, 3TOT IpH3HAK NPUMESHSIOT B IPYTo#l, M p e M€ 15 H O i,
dopwme:
Honycmum, umo eapuanma @, umeem npedea (Koneumdvlii uiu Hem):

lim @,=_C.

Toeoa npu <1 paod cxooumca, a npu C>1 pad pacxooumca.
Ecmn ©<1, To Bo3bMeM IOJIOKUTEIBHOE YUCIIO &, MEHbIIEE YeM 1 ~ (2,
Tak yto ¥ Q+ée<1. Ilo ompemenenuro mpexpena, o n>N Oyner:

C-e<@p=QL+e.

Yucno ©+& uUrpaeT pojb 4HciAa g B TpeAblaymiell GopMyJIHpOBKe: Pl
CXOOUTCS.

Ecmu xe ©@>1 (4 KOHEYHO), TO, B3sB £€=(©—1, Tak uto ©—e=1, gns
JOCTaTCYHO OONBIIMX 3HAYEHHH # Ha 3TOT pa3 OymeM umetb C,>1: pan
pacxomuTcs. AHAJOTHYHBIA pe3ynbTaT U NMPU ©@= + o,

B cnyyae, xorga @=1, 3TOT NpU3HAK He JaceT BO -
MOXHOCTHU CYOUTH O MOBEIAEHHHU pAIA.

Bapuanty ©, Oymem Ha3wBaTh BapuaHTo# Komu.

Ecnm cpabHenne pana (A) ¢ yka3aHHBIMH CTARIAPTHBIMU pSAAAMHE IPO-
H3BOAMTH TIO TeopeMe 3, TO NPHAEM K TaKOMy INpH3HAKY:

Ipusnarx Janambepa (J. d’Alembert). Paccmompum 015 proa (A) sa-
puanmy

_Ania
Pn=2t,

Ecau, npu 00CcmamoyHo 60AbUUX N, 6bINOJINAEMCA HePpaAGeHCcmeo

Dn=q,

* PacXxoaMMOCTD psla, KOHEYHO, MOXET OBIThL YCTaHOBSIEHa M IIPOCTOIf
CCBUIKOM Ha HapyLIeHHe HEOOXOAMMOTO YCIIOBHMS CXOAMMOCTH ~ 364, 5°.
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20e g — NOCMOAHHOE HUCAO, MEHblULEE eOUHUYbI, MO PAO CXCOUMCA,;
ecau oce, HAUUHAA ¢ HEKOMOpo2o Mecma,

Dn=1,
mo pad pacxooumcs®.
W B 3TOM cCilydae ymoOHee MONB30BAThCd MpeHeNbHOMH dopMoi
IpU3HAKa:
Honycmum, umo eapuanma &), useem npeded (KOHeUHuill uiu Hem):

lim &), =&).

Tozoa npu <1 pad cxodumes, a npu =1 pad pacxodumcs.

HMokasaTelbCTBO — TaKoe XKe, Kak U B ciydae mpusnaka Ko uru.

M 5ToT npuU3HaK HUUYETO He JaeT, €CJAMU OKa3bIBa-
eTcsd, uro @H=1.

Bapuanty &), nazoBeM BapuauToid HamamOepa.

B npumepe 77, 4) MBl BUOEIH, YTO M3 CYILECTBOBAaHHs IIpelesa AJis
BAPHAHTHL &), BHITEKAaeT yxXe CyHIeCTBOBAaHHE IIpefesa M AN BapHAHTHL
@©,,, mpuieM o0a mpeneiia paBHbl. TakuM oO6pa3oM, BO BCex Cilydasix, Koraa
npusgak JanamOepa JaeT OoTBET Ha BOIPOC O JIOBCOCHHH pAAd,
OTBET MOXET OBITH IOJY4YEH U ¢ MoMollbio npusHaka K o miu. Ha npu-
Mepax MBI YBHJMM HHUXeE, TO 0oOpaTHOE yTBEpKICHLHE HEBEPHO, M IPU-
3gak K omu cunbhee mpusHaka [JJamam©6epa. OmHako HA IMpakTHKeE
noJjib3oBanue npusHaxoM JJamamOepa OOBIKHOBEHHO TIpolle.

369. Iipn3nax PaaGe. B Tex cnydasix, korga ykasaHHbIE MPOCTHIC IpM-
3HAKW HE JAIOT OTBETA, MPMXOJUTCA NpuberaTh X OoJiee CIOXHBIM IIpH-
3HAaKaM, OCHOBAaHHBHIM HA CPABHEHMH HCIBITYeMOTO pAlda YXe C ApyraMH
CTAHZAPTHBIMH pPsAJAMH, TaK CKa3aTh, «MCIUICHHEE» CXOASALLMHUCS
I <MeJJIEHHEe» PacCXOISILUMUCH, YeM Iporpeccus™*.

Mel paccMoTpuM 37ech elue mpusHak Paab6e (J. L. Raabe); on
OCYILIECTBIISICT CPaBHEHHE NAHHOrO psaAa (A) ¢ TAPMOHMYECKMMM pPAAAMH

— CXOAALIHUMHUCA:
1 1 1 1
gm—s=1+—2~543-;+...+n—s+... (s=1) (Hy

M paCXOIIHIHMM“Cﬂ:
< 1 1 1 1
Z-“—-—l+§+§-r...-:-z+.., (H)

* 1 30ech pAaCXOOAHMOCTH NPIMO BHITEKAET U3 HAPYIIEHNS HEOOXONHMOTO
an 4y
YCIIOBHA CXOONMOCTH: BENb €CITH D1 wm an4,>ap,, TO a; He MOXET CTpe-
dn
muTtbea k 0.
** Cp. 375, 7).
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— HMMEHHO ¢ IIOMOIIBIO TeopeMbl 3. IlprH 3ToM NMPUXOIUTCA paccMaTpH-
BaTh BapuautTy Paabe:

Rn=n ( an —1).

an+1

Ilpusnax Paabe. Ecau, npu docmamouto 601buux n, 6binoAHAeMcA He-
paseHcmao

Rn=r,
206t — NOCMOAHHOE HUCAO, boabliee eOuHUYbl, MO PAO CX00uUMcA,
ecau owe, HAQUUHAA C HeKOmopozo Mecma,

An=I,

mo pad pacxooumca.
Hrak, mycTb, Mpd OOCTATOYHO OONBUINX N, HMEEM:

a a r
nf—=2-—1|=r=1 wm = ]14-.
an ;1 an 41 n

Bo3bMeM Temephb Jr0boe uucino s Mexay 1 u r: r>s>1. Tak kak mo us-
BECTHOMY HNpenebHOMY cooTHouleHuro [77, S5)k

11\s
(1+—) -1
n

lim — %

n

N ~+co

TO Ui JOCTATOYHO OGoNbIINX n OyneT

a CJICJOBATEIIBHO, H
s
..t.l”_ - 1+1 .
an 1 n
OTO HEPaBEeHCTBO MOXHO Iepenucarb CIeqyIoLM obpasoM:
1
an 41 ( n )s (n+1)3
—_— < = .

an n+rl 1

ns

CnpaBa MBI HMeeM OTHOIIIEHHE ABYX NOCIe0BATEIbHbIX WieHoB psna (Hy);
IPUMEHNB TeopeMy 3, yOexaaeMcsi B CXoOuMOCTH psaga (A).
Ecnu xe, HauMHas ¢ HEKOTOPOTO MecCTa,

n(—a" —-l)vs.l,

an +1

18 T'. M. ®uxtenronnu, 1. Il
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TO OTCIOJa Cpa3y HAaxOoOduM, YTO
1

Gny_ m_ n+1
= =

an n+1

>

1
n

npuMennB X psaaMm (A) u (H) TeopeMy 3, 3akmodaeM O pacXxoOUMOCTH
psana (A).

Ipusnak Paa6Ge Toxe IpUMEHsETCS NPEeMMYIIECTBEHHO B II P e-
fAenbHoO# ¢opme:

Honyemum, umo eapuanma §,, umeem npedea (Koueuwwlil Uiy Hem):
lim &,=&.

Toeda npu §,=1 pad cxooumca, a npu §,<1 pad pacxodumcA.

CpapnuBas npu3Haku Janambepa u Paabe, Buaum, uTo mo-
clednMid 3HaYMTEeNbHO CuibHee neproro. Eciau mpemen @) =lim &), cyme-
CTBYET U OTJIMYEH OT EOMHHIBI, TO I R,=# (511)—— 1) CYLLECTBYET IIpe-

n

men R, paBHblif + <« mpud <1 U — = opu §=>1. Takum obpazoM, ecnu
npu3gak JamaMOepa IOaeT OTBET HAa BOIPOC O NMOBENEHHH TAHHOTO
psna, To npu3Hak P aa6e u momaBHO ero maet: 6oJbllic TOTO, BCEe TaKue
cllyyal OXBaTBLIBAKOTCS BCETO A BYMS M3 BO3MOXHBIX 3HAauYeHUdH &,
HMEHHO * . Bce octanbnble 3naueHus § (uckimouas R = 1), Takxke garo-
1IMe OTBET Ha BOIMPOC O CXOIMMOCTH, COOTBETCTBYIOT, TAKHM 00pa3oM,
ciayvasiM, korma mpuszpak JfanmamOGepa 3aBeIoMo OTBeTa HE [aeT,
noroMy 4to &H=1.

Ho Bce e u 3aecb npu R=1 MBI He MMeeM OTBE€Ta Ha
BONIPOC O MOBEeAEHHUHU pAAa; B NomobOHBIX ciyyasx (KOTOpbIE
OYeHb PelIKH) NPUXOAUTCS TNpUOerath k eme OoJiee TOHKUM H CIIOKHBIM
npusnakaM [cM., Hampumep, ke n° 371].

OO0paTumcst K mpUMepam.

370. Tipumepnl. 1) ITpumenuM npusdak Ko wru K creayronmuM paaam:

2001
(@ 2

i=2 (Innyn’

5
Cn

=.——,  ©=0: pan cxoauTes;
Inn

= [(x\? X
®) 2 (—) (x>0), Cp=—, @=0: psg cxomuTCs;
n=1 N n
® xn
(B) 21 ((—1-) (x>0; a, — MONOXKMTE/NLHAS BADHAHTA, UMEIOLIAA NPEAET a):
n=1 n

p x
Ch=<". Ecmn a=0, 10 @=+, & DA PACXOINTCS, €CIH a= + o, TO ©=0, 1 pan
a, .

a
CXOMMTCS; HAKOHel, MpH O<a< +w Oyner C=— u moBeneHNe psa 3aBHCHT OT X'
x
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OpH X < a PAN CXONHTCs, IIPH X >a ~ pacxonutcs. IIpu x=a B 00meM ¢nydae U mose-
ZICHMHM Psila HUYETO CKa3aTh HEJIb3sl, OHO 3aBHCHT yXE€ OT Xapakrepa NpHOMMKeHHs
an X a.

2) HpumennM npuszHak JanamMOepa K CIEAYIOMIUM pPAIaM:

S
(@) 1+ — (x=>0), D= D =0: psx cxomuTcs;
n' n

A=l

) ?D:Xl pAd CXOHUTCH OpH X < |

< n+1
6) Z nx" x> 0), ‘:Dn =X
n=1 n

M pacXomuTCs npH x==1 (upu x =1 B 2TOM yOexmaeMCsl HENOCPEACTBEHHO).

hnid xn ‘ n 1S
® 2 - x>0, s>0), Dp=x (;ﬁ) , 9D =x: psAm CXOMUTCA
n=1MN n

opu x<1 ¥ pacxomuTcs npu x> 1; npu x=1 NONTyYyaeTcss TAPMOHHYECKHH P, HOBE-
ZIEHHE KOTOPOTO, KaK MBI yX€ 3HaeM, 3aBHUCHUT OT §.

= x\n x x
@ 2 (—-) (x=0), Dp=-————, D=—: upn x<e P CXOOUTCH, OPH
n=1 ¢

1 n
n
14—
n
Xx>e PacXOIOHUTCs; MpH x=e Npu3HaK JfanamMGepa B npeaensHoll dopme HHYErO

n
HE OAcT, HO TAK KAaK BapUAHTa (1+—') npuﬁnmkaercn Ke BO3pacTasda, TaK 4YTO
n

4D, >1, To mepBoHayansHas GopMa NpH3HAKA I103BONSET BCE KC 3AKIIOMHTH O pac-
XOOUMOCTH psfa.

< (nx)n 1\n i
m 2 s (x> 0), MDp=x-{14—], &=x.e: npu x<— psAg cxoguTcs, a
n=1 n n e

1
OpU X >-— PACXOAMICS; OPH X=— HA 3TOT pa3 Npd NOMOINM NpuisHaka Jamam-
e e

6 € p 2 HHYETO yCTAHOBUTB HeMb34, Tak Kak O, npubmmwkaerca k &) =1 cuwzy. Mb1 Bep-
HEMCS K 3TOMY CIIyyaio Huxe, B 5) (r).
3) BosbMeM psn

1+a+ab+a*b+a2b?+ ... +ah"—14-aqthn+ .. .,

Toe a ¥ b — ABa Pa3IUVHBIX MOJOKUTENBHBIX YHMCIa. 34eCh @zn_1=a, @2n=b,unpn-
3gak /fanamOepa (B nepBoHAYaJbHOU (JOPME) MO3BOJSET CHEIATH 3AKIIOYEHHE
O CXOOMMOCTH MJIM PAaCXOJHUMOCTH Psija, JIMILb €CIH 003 YUCHA g, b Meublile €IuHULBI
unu o6a — Oonbme.

B 1O ke Bpems

2n—1 2n
Con_q= "/an—lbn—-l H Con= Vanbn—_l’
TaK wro (&= Jab; mo mpusmaky Komu, mpn ab<1 psg cxomutcs, a npu ab> 1
(oueBnaHoO, 1 NIpu ab=1) ~ pacxomuTcs,
4) PaccMoTpam  psig 2 T(mx?, rne x>0 v t(n) O3HAYAET YHCIIO MAENHATEJNER
n=1

HATYpaJbHOTO YMCNa n. BBHOY NMPUXOTIHBOTO XOOAa u3MeHERUs GyHKuuH t(n) He npen-

18+
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CTaBJsieTCs BO3MOXHBIM TNPHUMEHHTHL 3/1€Ch npusHak Janmamb6epa. Mexay Tem
npn3Eak K O LT ¥ BHONHE IPHIOKHAM:

n n
x<Cp=Vz(n) - x<Vn-x, tax a0 C=x,

u npH x <1 psx cxommTes, a upH x > 1 (oweBHmHo, ¥ mpE x=1) — pacxoauTCs.
5) TIpuBeaeM HNpUMEpPHI OpHMeHeHus npushaka Paabe.

o 2n-1 1

(@) 1+"§1 o

Npusnak JanamOGepa K 3TOMY DSy HEHPHIOKMM, HOO
(2n—-1)2

T2n@nt 1)

(u nputoM &N, <1). Cocrasum papuanTy Paabe:

Dn

2n(2n+1) 6n—n
Rn=n -1}= .
2n-1)? (2n-1)2
Tak xak R =lim RAn = 1, To psm CXOAUTCH.
< n
() — (x>0).
© né’l (x+1)...(x+n)( )
n+1
Tax xak 9),=—————, @ =1, To 3mech npusHak JanamGepa Henpuno-
x+n+1

n
xum. MimeeM, nanee, Rn =?x, tak 4ro R =x. Takum obpasom, npu x<1 pax
n

PacxomuTCs, a Opd x> 1 cxomuTcs; npu x=1 mnojyyaercs pacXOASAIIMICS rapMOHHYe-
ckuii psig (6e3 mepBoro wieHa).

< nlxn
® 2 .
n=1 (x+a;) 2x+ay)- ... (nx+an)
rae x>0, M a, — NOJIOKHATENbHAA BAPUAHTA, HMEIOINAs KOHeYHEBL! Ipene a.

(n+1)x nan
Viveem: = ——— , 6)=1. Hanee, fin=—0tL,
(n+1Dx+an 4,y (n+1)x
X<a psij CXOAMTCs, IPH X >a OH pacxoaurcsa. Ilpm x=a B o6meM cilysae HMYEro
CKa3aTh HENb3s: MOBEJCHWE PAAA TOL/A 3aBUCUT OT XapakTepa NpUOIMXEHUS an K 4.

(r) Hakonen, paccMOTpuUM psin
2“’, 1 (m\»
amant\el’

e

g{n=n -—-1—-—5"1 5
[1+3)
n

YTOGEI BHIYMCIIATH Opeien 3TOM BAPHAHTHI, 3aMEeHHM ee Gosiee OOGINMM BHIPAXKEHHEM :

1[ e 1] (x~0),
x 1
1+x*

a
= —, Wrak, npn
x

Jns nero
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K KOTOPOMY YXE& MOXHO NPHMEHUTb MeToAbl Aubdeperimanbioro ucduciaeuus. 1o
npaBuily JIomHTans, mepexoauM K OTHOIMEHHWO NMPOU3BOIHEIX:

X
In(1+x)~ -

—X

> 1\ 1 Lo e
(1+x)*-In (1+x).(-__)+__,(1+x)x (= .
L x2) x 1 2

[(A+x)] A+x)Y
TMonaras

1 X
In (1+x)=x——x2+0(x?), =X — X2+ o(x?),
2 1+x
1
cpasy ToNly4ydeM, YTO UCKOMBIN npeaelt paBer 3 Psin pacxomures.

371. Ilpusnax Kymmepa. Tenmeps MBI BHIBEIEM OAMH BecbMa OGIIHMiA OPU3HAK, IpH-
Hagnexamuit Kymmepy (E. E. Kummer); ero ckopee MOXHO pacCMaTpHBAaTh Kak
ofOmyio cxeMy A HONMYyYeHMs KOHKPETHBIX OIPH3HAKOB.

Ipusnax Kymmepa. Iycms
Cis Coy vy Cnyvn-
6yoem npouseoAbHAR NOCAEOO8AMENBHOCIb NOAONCUMEALHLIX HUCEA, MAKaa, 4mo pAad
< 1

pacxooumes*. Cocmagum 041 ucnotmyemozo paoa (A) eapuanmy

Ecau (014 n=>N) evinoanaemca Hepasencmeo

g{:n>6’
206 0 ~ nocmoAHHOE nosONCUMebHoe Hucto, mo pad cxodumca. Ecau e (daa
n>N)

g{:n<0y

mo pAad pacxooumcs.
dokaszaTtenscTBO. Iycth

an
Hn=cn+———~cp 4 =06>0
an 1
(HEPaBEHCTBO 3TO, OYEBHAHO, MOXKHO CYHTATDh BLINONHEHHBLIM NPH BCEX n).
VMHOXHMB 06€ YaCTH 3TOrO HEPABEHCTBA HA Ay, ,;, HOMYHUM:
Cnn = Cn 118n 4120+ 4, ©)
3HAYHT,
Cndn —Cn418n 41 >0 MIIH Cnan>Cn41ln 4, -

* OfpawaeM BHHMaHge 9HTATEINSI HA TO, YTO OOCIEAHMM NPEATOJIOXKCHHEM MBI
6yIlCM HOJIb30BATECA TOJIBKO NPHM BBIBOAC NPH3HAKA PAaCXOOAWMOCTHW ! TPHU3HAK
¢XopgumMmocTH B HCM RC HYXIOACTCH,
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OTcrona clienyer, 4TO NEPEMEHHAs ¢nd;, MOHOTOHHO YOBIBAGT M, CJICIOBATENBHO,
CTPEMHTCS K KOHEYHOMY Npelely (Tak KaKk OHA OrpaHWYEHAa CHH3Y HyJIEM).
Htak, pan

Z (enan—cn41an41)
n=1

CXOOUTCH, ubo CyMMa €ro n nepBbiX 4JICHOB:

€11~ Cn 118n 41
uMeeT xoHeunbld mpenmen. Ho torma w3 Hepasenctsa (6), nmo teopeme 1, cienyer, 4ro

cXomuTCs PAm D, dap 1, @ C BUM W JAaHHBIA psn (A).
n=1
Ecnn xe, nns n>N,

g{n =Cn*

— —Cn41=<0,
an+1
TO HUMEEM:;

]

an 1 >cn+1
ap 1

Cn

1
Tax xak psix Z‘ — NPEONoNOXEH PacXOIAIIMMCS, TO, IO TeopeMe 3, pacxomuTcs M
Cn
HCOBITYeMBlA psig (A), 4. ¥ Tp. O.
B npepnenvuo#t ¢opme mpusHaxk KymMepa BHIIAIMT Tak:
Tonycmum, umo eapuanma J{, umeem npedea (koneunviii uau Hem):

lim g{‘n = g{:

Toz0a npu I >0 pad cxooumesn, a npu K <0 — pacxodumca.
IlokaxeM Temephb, KaK IpM NOMOILM npu3Haka KyMMepa MOXHO NOIyYHTh
HEKOTOPbIe BaXHBIC IPU3HAKH CXOJMMOCTH KaK YacTHBHIE CNy4aH €TO.

1
a) IMomoxum, Hanpumep, c,=1; ycnosue, 4T06bI pAX Z‘—— pacxomuics, coburo-
neHo, Umeem:

1
L P

Qn.41 6Dn
1
Ecmu sapranTa &), crpemutca k mpexeny 9, To S, crpemures x mpeneny J( = —é-g -1
I =+, ccmu D=0, H=—1, ecu &)= + ). IIpu & >1, oueBumuo, JH <0, u no

npusHaky KymMMepa psap pacxomurcs; ecmm xe <1, o JH >0, u pan cxomurea.
Taxum oOpazoM, MbI HpMIIE BHOBb K mpusHaky Janambepa.

6) ITomoxuM, masee, cp=n U OTMETUM, 4TO DAL Z’ — pacxogutcsa. Beipaxkenue
Hn nomywmr sum:

= (1) = R~
an 41
Ecnu papnanta R, crpemutes k mpeneny R, To S, crpemurcs k npeneny =R — 1
(H =L, ecmt R=xe). Ipr K >1 umeem >0, u mo npussaky Kymmepa

pan cxomutcs; ecma ke < 1, To J{ <0, Tak uTO pAN pacxomaTcs. ME BHOBb LOYIHIH
npm3Hak PaaGe.

C’Rn“:”’
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B) Hakoneu, Bo3sMeM ¢, =n In n (n=2), Takoit nmSo,p ponyctuM, ubo psg Z‘ i
nlnn
pacxogutcs [367, 6)]. Imeem B 3TOM cliyuae

a
Hp=nlnn. -2

-+ In(n+1),
an 4+1
YTO MOXHO TaKXe NPEeACTABUTh B BHIE:

) an 1\n+1 1\n+1
3{n=lnn[n (vmﬁ—l)—l]—ln(l+—) =Pp—In (1+—-) R
anyy n n

ecnu 0603HaYNTD Yepes Jb, HOBYIO BAPHAHTY:

Hn=Inn [n (-a” —1) - 1]==ln n-(Rn- 1.

an 41
OTCroaa MOJyYaeTCs YXKE HOBBIM

Hpuauax Bepmpana (. Bertrand). Jonycmum, umo eapuanma , umeen
npedea (KoneuHvlil uau nemy:
B =1lim By

Toz0a npu & > 1 paod cxodumcesn, a npu $d<1 — pacxodumcs.

n+1
HeiicTButensuo, Tak kKak limIn (l-l——-) =log e=1, TO Bapnmauta KyMm-
n

Mepa I, crpemurcs x npeneny JH=FB -1 (= + =, ecnu = + ). OcTaercs co-
cnaTecs Ha mpusHak Kymmepa.

Conoctabiiasd npu3Haki Paa6e u BepTpauna, MOXHO GbUIO 661 NOBTOPHTH
T€ e 3aMEYaHus, KOTOPHIE MBI BhINE CAEANH 110 HOBOAY npusHakoB Janmambepa
u Pab66e [369]. Ora nemns Bce 6omee u Gonee YyBCTBHTENBHBIX (HO B 6oJee CIOXKHBIX!)
MPHU3HAKOB MOXeT GBhITh HEOTPAHMYEHHO NMPOAOJIXKEHA,

372. Mpusnak Iaycca. VI3 npushakoB [JanambGepa, Paabe w Bep-
TpaHa JIerko MoxeT ObTh nomyued cneayrownii npusHak [aycca (C. F. Gauss).

aq
Hpuanax I aycca. Jonycmum, umo 045 0annozo paoa (A) omnuouwenue “
Moxcem Golimb npedcrniasaeno & gude: an 1
a 6
_n ,{_|_"i+_n ,
Qn 4y n nl

2de A u u — nocmosunsie,a O, ecmp 0o2panuvennasn eesuuuna: |B,|=<L; mozda
Ao cxodumes, ecau A>1 uau ecau A=1, u>1, u pacxodumes — ecau A<1 umu A=1,
p=<l.

a 1
Cnyyan AZ1 npuBomsrca K npussaky Jlanam6Gepa, ubo lim LI -
TycTs Teneps 4= 1; Torna an 4
a 0
Rn=n (~—"—-— 1)=u+—", K=n
an 4y n

H cimy4ay 1= 1 ncuepnsisarorcs npustakoM Paa6e. HakoHen, eciu g =1, To HMeeM:

1
Br=1n n(Rn- 1>=%’-on.

Inn
Tak Kak — , KAK M3BECTHO, CTPEMUTCA K HYJIO NPU 11—~ oo, a B, OrpaHHyYeHa, T0 P =
n

=1im B, =0, u o npusnaky BepTpaHua PAA pacxoaMTCs,



280 I')I. XI. BECKOHEYHBIE PSiJibl C IOCTOAHHBIMY YJIEHAMM 1372
Ilpumeps. 1) PaccMoTpuM Tak HA3bIBaeMBbIH eunepeeosmempudeckuii pRo
(Tayco):

a(@+1)-...-(@tn-1--B+D ...« (B+n~-1) e
ny(y+1)-...- (y+n-1)

(e, ﬁ’ Vs X)=1+2'
n=1

af  ae(@t)-f-(f+1)  a-(a+1)-(x+2).B-(B+1)-(+2)
=l+—x+ x2 X34
1.y 1-2.p-(r+1) 1.2.3-.(+1)-(r+2)

upeanonaras nokxa «, f, ¥, x>0. 3aecs

Any1 (o+n)(f+n) ..
ap  (1L+n)(y+m”

>

TaKk 41O no npu3Haky danamOepa cpa3y ycTaHaBIMBAeICA CXOOUMOCTb MpH
x<1 n pacxogMMocTh nipd x > 1. Ecnu xe x =1, TO BO3bMEM OTHOILEHHE

144 (142

an '(1+n)(y+n)=( ?)( 7)

anyy (@tn) (@ (Hg_) (1+E)
n

n

H, NONb3YysACh PA3JIOKCHUSIMU:

npeacTaBuM €ro B BHIOE:

an +y—a—ﬁ+!+9_n,

an4q n n?

roe ©, orpannuena. Ilpumenas mpw3nak ['aycca, sagum, uro psag Flo, B, y, 1)
cxomuTes opu Y —a—fB>0 u pacxomarca upu ¥ —a—f=0. Hwke Mbl BepEeMcs K TH-
NepreoMeTPUYecKOMy psdy Hpu Goliee OOIMEX NPEATIONONEHHAX OTHOCATENBEO &, [,
Y B X,

2) JpyruM npEMepoM Ha NPUMEHEHHe Ipm3Haka ['aycca MOoXeT CIyXHTh psn

1\° (1.3\p @2n—1)MP
]+(—2—) +(m) +..-+(~W) + .. (p=0),

KOTOPBI# CXONMTCS MPH p > 2 M PACXOAMTCA NpH p=<2. 3ueck — no popmyne Te#nopa

an 2n \p 1\—P p pp+1) 1 1
“(2;:-1) “(IH*) AR AR e o(n”z)

an4y \ 2n
OTKyZa
L
a 2 0
~2 1424+ (6, orpammuena),
an4q n n*

4T A



373) § 2. CXOOUMOCTb MOJIOXUTEJBHBIX PSIOB 281

373. Hnrerpambuuiii npuznaxk Makaopesa—Komu. DToT mnpusHak no
¢dopMe oTiuyaeTcs OT BceX HpedblAylux. OH IOCTPOEH Ha HIEE COIo-
CTaBJICHAS PANAa C MHTErpaJioM M NpeAcTaBiseT coboit o6obienve Toro
npHeMa, KOTOPHIM MBI yXe IOJB30BajIUCh JUIS BBICHEHHS CXOIMMOCTH
HMIM PAacXOIMMOCTH psifia B mpuMepax 4), 5), 6) n° 367.

IIycts npennoxeHusld psa uMeeT GopMy

gans gf(n), )

rae f(n) ecTb 3HAYEHHE NIPA X =n HEKOTOpoi (yskimu f(x), ompenencH-
HOH A1s x=1%; QyHKIHIO 3Ty MPEANnoJIOKUM HENPEPHIBHOMN, HOJIOKUTEID-
HOH U MOHOTOHHO YOBIBaIOIIE.

PaccMoTpuM Kakyro-mib6o mepBooO6pa3Hyw ¢yukumo F(x) mis
f(x); Tak kak ee nmpoussomuas F'(x)= f(x) >0, To F(x) BozpacTaeT BMecTe
C X M, IIDU X — + =, HABEPHOE, HMeeT Ipelel, KOHCUHBIH WM HeT. B mep-
BOM CJIy4ae psn

2 [F(n+1)- Fn)] ®)

nm=1

CXOOMTCS, a BO BTOpOM — pacxoaurcs. C 3THM psSigioM MBI U CPaBHUM
HCTBITYEMBIH psif.

ITo ¢opMyne xomeduHbIX Npupallenuii, oOmmit wien psana (8) mpen-
CTAaBUTCA B BHJE:

Fn+1D)-Fn=f(n+0) (O<0<1),
TaK 9TO BCJEACTBHE MOHOTOHHOCTH (yHKHHH f(X)
tnyy=fn+ )< Fn+1)- Fn)<f(n)=a,. ®

B ciygae cxomumoctu psma (8), mo TeopeMe 1,CXOMUTCH PSR D, Gn41=

n=1

= > f(n+1), WieHBI KOTOPOTO MEHBUIE COOTBETCTBEHHLIX WICHOB psza
n=1

(8); 3HauuT, cxomuTcs 4 HaHmeid pax (7). B ciywae pacxomumocTu psana
(8), pacxomutcs u mauuei psaa (7), ubo wieHsl ero 60JbIIe COOTBETCTBEH-
HBIX WIeHOB psiaa (8).

Takum o6pazoM, MBI IPHUXOJHM K CIEAYIOIUEMY HHTEPECHOMY IpH-
3HaKy (BIEpBBIC HaiileHHOMY B reoMeTpuyeckoii dopme Mak o pe-
H O M, HO II03a0BLITOMY M JIMIUB BIOCJIEACTBHH BHOBB OTKpEIToMy K 0 1I H):

* HavaneebiM 3HaueHWEM HOMepa 1, BMECTO 1, MoxkeT ObiThb M moOoe Npyroe
HaTypalbHOE YHCIO 7y; TOrAa M GyHKUMIO f(X) HA/UIOKUT PACCMATPUBATE IPH X==1,.
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Humewpanvonstii npusnax. Ilpu cOeiaHHbIX NPeONnoAONCEHUAX DPAO
(7) cxooumesa wuau pacxodumcs 6 3aGUCUMOCMU OmM  MO20, UMeem - AU

PyHKYUA
)= [ 1) dx

npu X - -+ = KOHeuyHwlil npedes UAu Hem.
ITpuBeneM mpuMepht MPUMEHEHHA 9TOTO IpU3HAKA (IIOMHMO PaccMo-
TpeHHBIX B 367).

- 1
D 2 iimirey 0=0)-

1 1
3necy f(x)= TR F(x)= I 0 mpu x-— oo pan cxo-
nures.
S 1
2) n‘g{s n-lnn-lnlnn *
1
Umeem f(x) = FITEATIEE F(x)=InlInIn x— +o: pag pacxomuTes.
S 1
3) n‘;; Al nninnire @0
B sToM cnyuae
1 1

JO)= st = —5mmee 0

pan CXonurcd, 1 T. A.

IlepBooGpasnyro ¢ynkuuro F(x) MoXuO B35TH U B GopMe ompenesicH-
HOT'O MHTerpaia

F®) = [ fleyat.
1

TIpenen ero mpu x— + « HA3BIBAIOT <MHTErpajioM OT 1 o +«»* u o6o-
3HAYaloT TakK:

+u:
F(+=)= | f@yd.

Wrak, npedaoscennvii pao (T) cxooumes uau pacxodumcs, cmompa no
momy, umeem Au SMom UHMe2PAA KOHEUHoe 3HAYeHUe uAu Hem™**.

* D70 TaKk Ha3biBAeMblii HECOOBGCTBEHHEBIH uHTerpas; HOAOGHLIMU HHTE-
rpajaMu Mel GyneM 3aEMmaTeca B raase XIII.
** Ilpu Takoit GopMyIMpOBKe NPH3HAKA HOKA3ATENLCTBO JETKO NpPOBECTH 6e3
IOPCIMNONOKEHHS O HENPEePEHIBHOCTH GYHKIMH f(X) M HCHOJB3YS TONLKO O p € -
REeNEeHHB § vATerpad (KOTOPBIH IJI1 MOHOTOHHOM (yHKuMu cymecteyer, 298, III).
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B Taxoll (opMe HMHTErpajibHBLl IIPH3HAK HOIYCKAET NPOCTOE TeoMe-
TPUYECKOE UCTOJIKOBaHHE, OiM3Koe K uaee M axkiopeHa. Ecnu u3o6-
pasuTe QyHkmuio f(x) xpusoit (puc. 54), To wmTerpan F(x) OymeT BHI-
paxate IUIOLIAL (GULYpH, OTPAHHYEHHON 3TOU KPUBOI, OCLIO X M AByMA
OPAMHATAMM; UHTErpas ke F(+ =), B HEKOTOPOM CMBICJIE, MOXHO Pac-
CMATPUBATh KaK BHIPAXCHHC JJIA IUIOMIANM BC € OECKOHEYHO IPOCTH-
parouieifca HanpaBo (GUIypsl moj KpuBoit. C Ipyroil e CTOPOHDI, WICHBI

g 1z 3 n o R+

Pnc. 54.
ay, 8, ...,4a, ... paga (7) BBIpAXalOT BEJIMYMHBI OPAMHAT B TOUKAX X =
=1,2,...,n, ... WK, YTO TO XK€, IUIOIIATH NMPAMOYIOJILHUKOB C OCHO-

BaHUAMH | M C BBICOTAMM, PABHBIMU YIOMSHYTBIM ODIHHATAM.

Takum obpaszom, cymma paga (7) ecTb HE YTO HHOE, KAk CyMMa ILIO-
mamed BBIXOJAIUMX NMPpAMOYTOJbHUKOB, M JHIIb NEPBLIM 4ic-
HOM OTJIMYAETCA OT CyMMBI IUTOIAACH BXO A ILHM X IPAMOYrOJLHH-
KOB. DTO HeJacT COBEPIUECHHO HAIVIANHBIM YCTAHOBJIEHHBIM BBIIIE PE3YJIb-
TaT: €CJIM IUIOIAAh KPUBOJIMHEHHON (HUIYpHl KOHEYHA, TO M IIOAABHO
KOHEYHa IUIOIAAb 3aKJIOYCHHOH B HEHM CTymeHyaTod QUIypsl, u mpemo-
KEHHBIH DSAN CXOJAUTCA; €CIIM K€ IUIOIANb KpPHBOJIMHEHHON (uUrypsi
GeckoneyHa, To OeckoHEYHAa M ILIOILATbL CONCPXKAIUEH €€ CTyNeHYaToi
(GUrypH, Tak YTO B 3TOM CIy4Yae pAI PaCXOMUTCH.

CremaeM Temepb HEKOTOPHIE 3aMEYaHHSA OTHOCHTENHHO NAILHEMILEro
HCIIONIb30BaHUA HEpaBeHCTB (9).

a) B ciyyae CyImecTBOBaHUS KOHEYHOrO IIpeeiia

Hm F(x)= F(+ )

X+ oo

MOXHO YKa3aTh yIOOHYI0O OLl€HKY OCTaTKa NPeQIOKEHHOro psja.
VIMenHO, MpOCYMMEpOBAB HEPABEHCTBA

a< F(k) - Flk - 1) <ay

npu k=n+1, ..., n+m, 0OJyIMM

n+m n+m-—1

2 . ar<Fn+m)~ Fn) < ,2' a.
=0

b=+
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IlepeiimeM K npefeiy, yBeIWHUBas 3[eCh m 0 OeCKOHEYHOCTH:

3 a=F+=)-Fn= 3 a,

k=n+1

WJTH
F+«)-Fn+ 1)</'=%.1ak<F(+ =) — F(n); (10)

3TO W JaeT UCKOMYIO OIIEHKY KaK CBEpXy, Tak W CHU3Y*.
< |1
Hanpumep, ams pama >, —— (o> 0) Gyner
n=1ntto

) 1 \ 1
f(x)=ﬁ, F(x)=—;;a, F(+=)=0,

1 1 ~ 1

o (it 1 Seikro

11 11
. an

6) Ecau xe F(x) Bo3pacTaeT Ao OECKOHEYHOCTH BMECTE C X, TO 9Ta
(YHKIMS TO3BOJIAET CYAUTh 0 OBICTPOTE PO CTa YaCTUYHOM CYMMBI
[PEIOKEHHOTO psina. PaccMoTpUM HepaBeHCTBa

0< /) - [Fk+1)- FR)] < f(k) - f(k+1)

4, IPOCYMMHPOBAB UX OT k=1 [0 k=n, HoJlyyuM Bo3pacTaloly ko,
HO OTPaHWYEHHYIO BAPHAHTY

3 S0~ [Fn+ 1) = FO =S () = £+ D= S (D,

* Tak Kax
n+m

F(n+m) - F(n)= _[ @) dr,

TO, Nepexols K Opeliely OpH m—~eco, HONYy4aeM HeCOOCTBEHHBI# HHTerpan
oo

F(+ ) - F(n) = j 1@ dr.

IToaromy Hepasenctsa (10) Moryt OBITH DEPENHCAHBI TaK:

oo

ff(r)d:s 2 = 2+1 f(k)asj‘f(t)dt. (10a)
=n
n

n+1
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KOTOpas CTPEMHTCA X KOHEUHOMY Ipemeny. To ke CipaBemJiMBO M OTHO-
CHTEJIGHO BAPHAHTHI

2 F(R) - Fn+ 1),

Ecmu yepe3 C 0003HAYUTH €€ Ipeliel], a Yepe3 x, — OeCKOHEYHO Maylo,
KOTOpO# OHa Pa3HUTCA OT CBOEro HIpelleNia, TO UpdAeM K (opmyiie:

n
> fk)=Fn+1)+C+ay,.
=1
1
Hanpumep, npr f(x) = —, F(x) = In x, oTCIo1a BHOBb Tonty4aeTcst popmyna (4) n° 367.
X

374. Ilpuzaax Epmaxosa. [IpuMepHO Ty e 001aCTh IPEMEHEHHS, 4TO M HHTErpajib-
HBI NpU3HAK, UMEET U CBOeOOpa3Hbll Mpu3Hak, npemioxenssii B. II. EpMako-
BbI M. POPMYIHPOBKA €r0 HE COOEPKHUT NOHATHN HHTETPAILHOTO HCYHCIIEHHS.

ﬂpuanax Epmaxosa. IIpeononoxcum no-npexciemy gynxyuro f(x) nenpepole-
HOU*, noaodxcumeabHoii H  MOHOMOHHO YOuiearoweii oia x>1**. Tozda, ecau 0aa
docmamouno Goavuiux x (CKAHCEM, 0N X==X,) GHINOAHACMCA HEDABEHCMEO
fleX)-ex
Sx)

mo pao (7) cxodumca, ecau e (048 X=X,)

<g<1,

f(ex).ex _

fx®

>

mo pad (7) pacxooumeca.
JoxaszaTtenscTBO. IIycTh BHINOJHAETCA mepBoe HepaseHCTBO. Ilpu nroGoM
x=x, OymeM uMeTh (NOACTAHOBKA f = e¥)

X

f £ de= f Fet)-et duquw F@)dr.

oTcrona - A K
X x eX eXs & oXo
a-o [ ro drsq[ [ r@yae= | saya ]sq [ [rera-{ s dr]sq [rova,
X %o oXe X, x X,
TAaK Kak
eX>x, (12)

* Ha nene TpeGoBaHMe HENpPEPBIBHOCTH MOXET ObITh onyumieHo. CM. CHOCKY **
Ha cTp. 282,
** CM. CHOCKY Ha cTp. 281.
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B BBIYUTAEMOEC B NIOCJIEOHNX CcK0OKax MOJIOANTENLHO. B Takom cllyvae

e &Xo
jfmmsézfﬂom

BXO

opnbasiins K 00eUM 4acTsIM HHTErpal J f(1) dt, nonyanm

Xy

f"\ «Xo

. l .
. f(r)dz.{tl—-w-J f(Hdi=L,
R —q
Xo X,
n Tem Gomee — yuntnbiBast (12) -

X

f fdt=L  (x<sxy).

Xq

1374

Tak xaKk ¢ BO3PACTAHKEM X W WHTCTPAJI BO3PACTAET, TO JJIA HCTO CYIUECTBYET KOHEY~

HbId Ipener x —oo:

ff(t)dr,

Xy

W — [0 WHTErpajbHOMY NPH3HAKY -- Dsif (7) CXOAUTCA.
IIycTh Teneph WMEET MECTO BTOPOE HepaBeHCTBO. Toraa
X
4

J“ fydi= f F)di

oXo X

X

M — ecnd K 06erM yacTaM npubaBUTh MHTETrpal J f()yde -

& e%o *
Jf(r)a’t;J‘ () di=y=0

(Tak kak, BBUAY (12), x,<e%X). Onpenenum Teneps MOCAEAOBATENBHOCTL
Xgs Xy vovs Xn—1s Xns ooy
noJjaras Xp = e%¥s-1; 00 JAOKa3aHHOMY

Xn

| s de=y.

Xn-y
TaK 4YTO
Xn x5
i

J f(t)dr=zl F)di=n.

Xo Xi-,
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Orcropa fCHO, 4TO
X

Jf(:)d:: lim | fe)de= 4o,
X0
X, Xo
U — MO HHTErpansHOMYy mpu3Haky — psi (7) pacxomurcsi.
TIpvMepsl Dpeabiaymero n° Nerko HCYEPIBIBAXOTCSA W C HOMOINBIO JOKA3aHHOTO
MpU3HAKA:

< 1
1 — - o >0).
) n=2H-Intton ( )
. 1
B 3rom cnyusae f(x)=-——————, K BBIPAKEHIE
x-Inl*o x
f(eX)-ex Inltox
—_—=——-0 npH X — oo,
fx) xo

TaK YTO IIPH AOCTATOYHO GONBHIMX X OHO CTAHOBMTCS MEHLUIMM JIF06OH NpaBHABLHOM
Ipodu q: psAd CXOAKTCH.

1

2) _—
n=3n:lnn-lnlnn
1
3pecy f(x) = -———————, a BbIPAXKEHHE
x-lnx-lnln x
fleX)-ex
—————=Inln x~w IPH X — oo,
fx)
U IpM AOCTATOMHO OOJBINMX X NMPEB30MAET €AMHHMLY: PAJ pPAacXOAUTCHA.
1

3) 2 —_——— (0>0).

n=3n-lnn-(Inln n)ttoe
WUmeemM na 3toT pas

& :
X)) —————

x.Inx-(Inlnx)t+e’

f(eX¥)-ex (Inln x)t*o
= - MPpU X—+o! psHJg CXOAHUTCHA.
f(x) Ino x
3amernM B 3awnoyesue, 410 GyHKIMs eX, durypupyrowas B npuzHake EpwMa-

KOBa, MOXeT ObIThb 3aMeHeHa moboit apyro#t dyukuveir ¢(x), MOHOTOHHO BO3pa-
CTaKoLEH, MOJIOXKUTENBHON, UMEIOLLEH HEMPEPhIBHYIO NPOU3BOAHYIO W YAOBJICTBOPSIO-
el HepaBeHCTBY

@(x) > x, (12%)
xotopoe 3aMeHseT (12). J0ka3aTenbCcTBO MOXET ObITh CKOMMUPOBAHO C FIPUBEAECHHOTO
Bhilie, Takum obpas3om, B obwieil Gopme mpusnak EpmakoBa siBnseTCs HCTOYHU-
KOM JJIsi TOJIYYEHHs! PANA KOHKPETHBIX TMPH3HAKOB, OTBEYAIOWMX pa3jIMYHOMY BLIOOpY
dyHKIUH @(x).

375. Hononnenwn. 1) Mbl Bocnonb3yemcst ouenkamu (11), wrobst oxapakrepru3oBaThb
noceaenne dynkuma Pumana {365, 2))

(xoTopas onpesaenena ML Ans o> 0) npu npubmuxenuu o « 0.
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TIpexne Bcero, nonaras n=0 B nepBoM H3 HepaBeHCTB (11) ¥ n=1 Bo BTOpPOM U3
HHX, JIETKO HOJIYYHTh

l<o0-{(1+0)<l+o0,
OTKyza
limo.{(1+0)=1.

a0

MoxHo ipniitd Kk 6ollee TOYHOMY Ppe3yjbTaTy, ©CIIH, MCXOAS H3 OYEBHUAHOrO pa-
BEHCTBA

lior=1 1 1 E, 1
(Ad+o)= +-2‘1;_"+.”+m+l;=n+l-kl+”,

npuMeHnTh HepaseracTBa (11) Ipu NPOU3BOILHOM .

1 1
1 e —_1 l4o)—-< 14
P T [(n+1) ] =titn=o=lt

1 LR LI
HETU R r g s B
Ilepexoas 3aech K mpeaeny opH o -0, MBI HOJy4uM

1 ! 1 I D=<li 1
+5-|—. ——In (n+1)=< lim [C( +a)——]

a0

1 1
<Tm c(1+a)——] <ldot...t——lnn*
o-0 2 n

Hakonen, BBHAY OPOM3BOJIGHOCTH H, YCTPEMHM 31eCh # K OeckoHeYHOCTH. Tak Kak
NEPBOE M HOCIeHee BhlpaxeHus, B cuiy (4) n° 367, npu 3TOM CTPeMATCS K 3#IepoBoi
nocrostiHoM C, TO HAWOOJBINUA M HAUMEHBUIHH TIpeAESbl COBHAAAlOT, TaK YTO CyIUe-
cTByeT OOBIYHbIA Openen U paBeH

llm [C(l +0) ——] C.

[O1H pesynbraTel mpuHamiexatr upuxine.]
2) Hycmb unenvt pada (A) monomonuo yodvisaiom; mozda pao (A) cxodumcs

UAU Pacxooumca OOHOBPeMEHNO C PAJOM kZ:) 2%.ay, (Komn).
JleliCTBUTENIBHO, C OMHOM CTOPOHBI,
Agp<ay+(@ta+ ... +@g+ .- +apn-1)<ay+2a,+ .. . +2¥ay,,
a ¢ apyroi -

Azv=ay+ay+(az+a)+ ... +(@pp-s+1+ .o +ag) >

1 1
=3 a+a,+2a,+ ... +2"‘1a2k=5~ (ay+2a,+4a,+ . . . +2kay).

i
* Mbl NOKa He 3HaeM, CYLIECTBYET JH npeaen eeipaxeHus {(1+0)—— npu a~0,
o
" nommy IlOJ'Ib3yeMC$l HanGonbIuMM M HauMEHbMMM npenenamu [42]. Tlpenensr pripa-

1 1
KEHUH — [— - ] u — [~——— l] Haxonum no dopmyne 77, 5), (6).
a l(n+1)
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OTcropa u crneayer TpebyemMoe 3aKIIFOUEHHE.

oo

- 1
Hampumep, mnoseaeHue psna Z — COBOQAAET C IOBEACHHEM pAAa 2 2k. 2—kE
1n ) 0

> 1 < 1
= Z 1, sBHO pacxoaserocs. Psan Z ——-(0>0) cxoo¥TCsA BMECTE C PSIIOM Z b/ S ———
0 Tntt ) 2K(1+9)
= 1 o o
= 2~ PaAn acXomuTCa, MO0 pacxomuTcs pAn Ko =
5 ko 2 ® P pn 2 2"1n2 %'klnz
HT. O

B 3To#t Teopeme psim cpaBHEHHS Z 2ka,x mMoxer GbITh 3ameHeH U Gonee oGwuM

psooM Z mFea,k, THE M — JM060E HATYPANIBHOE YUCIIO.
=0
3) Ilycts (A) OynmeT mpOM3BONBHBIA CXoasmHEKCH pan. Kakwe 3aximroueHHst
1
MOXHO COENaTh O IOPSAKE MAJIOCTH OOIIEro 4wieHa 4, 10 CPABHEHHIO ¢ — ?
n

IIpexxne Bcero, OYeBHAHO, WTO €CIH 3TH OECKOHEYHO MaJnble BOOOINE CpaBHHMEL
Mexay coboit [60], T. e. ecii CyimecTBYeT npeaent

. an .
lim —1—= lim na,=c,

n

TO HeoOxomumo ¢ =0, Tak 4to

1
an=0 (—) . (13)

n

oo

JIeHCTBUTENBEHO, HAYe — BBUAY PACXOAUMOCTH TAPMOHWYECKOrO psia Z — — 4 pad-
1n

HBIA psx 661 661 pacxoasmumcs [366, Teopema 2.
OnEaxko CymecTBOBaHHE TAKOTO Npenena, BOOOILIE roBOps, He OOA3aTENLHO, Kak
BUIOHO Ha mpHUMepe psna

]+1+1+1+1+1 1+1+1 1
22 32 4 5 T CRETTA

oo

CXOJIHMOCTB ITOrO psAAa siCHaA U3 COIOCTABJICHHSA C PSIAOM Z’ vy s B TO K€ BpEM4, €CITH
1 n

1
n He €CTh NONHBIA KBaApaT, TO IUI HETO na,=-—, B IPOTHBHOM Xe Cly4ae: na,= 1,
n

Bnpouem, ecnmu wreHK psAga MOHOTOHHO YyOBBAIOT, TO OIS CXOm4-
MoctH ero ycioswe (13) Bce ke Heo6xomumo. J[eHCTBUTENLHO, NpH JHOOLIX
mu n>m:

(n—m)ap<am g+ ... +an<opy,

. € o, — OCTAaTOK psga. OTCroma

n
nap< —— «Qm.

19 I'. M. @uxrenronni, 1. IT
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IIycts cHa4ama m B3STO TakK, 9TOOHI o, OBLIO MEHBIIE MPOH3BOJBHO 33aJAHHOTO 4HCIIA
£>0; ec/d OPEANONIOXKHTE TENEPh 7 HACTONLKO OONBIINM, 9TO

n €

n-m ap

TO OJHOBPEMEHHO Han <€, 4. H TD. M.
3aMeTnM B 3aKITIOYEHHE, YTO JIaXke JUIS PANOB ¢ MOHOTOHHO yOBIBAIOIIUMH 4WIEHAMHA
ycnosure (13) OTHIOAD He SABIAETCA JOCTATOYHBIM [ CXOAUMOCTH. DTO BHIHO

Ha MpAMEPE psaa Z .
2 nlan

oo

4) Ecau pao Z dp pacxodumcs, u Dy, o3nauaem ez20 n-io yacmuunyio cymsmy, mo

dn
pAo Z e makxaice pacxooumea, 8 mo apems Kax pao Z (0>0) ecxodumeca. [AGens
1 Dn

(N. H. Abel) v Anem (U. Dini).]

D1+'

Hmeem:

q, 4 dnj1t ...+ 4, D
fnir o, Onam Gni nim_q .- n_.
Dn i Dnim Dnim Dnym

Cxonb 60/bIIAMY HA B3ATH M, BCErJa MOXKHO BEIOpPATh Takoe m, 9ro6bl GEIIO

Dn 1 dn +1 dn +m 1
<— A, CJienOBaTC/IbHO, vae B,
Dp, +m 2 Dy, +1 Dnim 2

< 4
Hna psiga Z Bn— HapymeHO OCHOBHOE ycioswe cxomumoctd [364, 5°] - psax pac-
1 n !
XOIOHUTCS.
= dy
Jns noka3aTenbcTBa CXOOEMOCTH Dsna Z F MEI OpuberEeM K IpHEMY,

CXOJJHOMY C upmeHeHHHM Komn [373].

11
Ktbymmumf = ——.— B OPOMeXyTke OT x=D,_; 00 x=D, OpuUMeHUM
$OpMyIly KOHEYHBIX TpHpaIleHmit: '

xlto o x°

1( ! ——l) n e D Dp<D

- = it n—1<4n<Ln.
1 ’

Dy, Di) Di*°

Takum o6pa3oM, wWieHs! PaccMaTpaBacMOro psia COOTBETCTBCHHO MEHBUIC 4WICHOB

-1 1 1
CXOOAIErocs psga 2 -'-( ——), 9TO H [JOKa3plBACT BBICKA3AHHOE YTBECPXK-

D? D°
JeHue. n~1 “n
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o

5) Ecau psao 2 Cn CXO0UMCA U Y 03HAUAEM €20 OCMAMOK NOCAe N-20 YAeHa, Mo PAO
1

Cn
Z pacxooumca, 6 mo épema Kax pAod
1 Yn-1

S'"‘ 0-0o<1)
i

cxooumca (1 u H n).

JlOoKa3aTenbCTBO AHANOTHYHO [PEIBIAYIHEMY.

6) Crenyromuifi OpH3HaK CXOAWMOCTH HeAasHO Obil ykazan H. A. Camoro-
B BI M:

Ecau Un — noaoxcumendbHas MOHOMOHHO €0o3pacmaroijan sapuanma, mo pﬂd

> (1—‘2—) pasio Kak u (l{"—*'—1 —1)

n=1 Un 41 n=1 Un

CXOOUMCA Npu YCA08ULL 02PAHUNENHOCH I MO 6APUAHMSBI U PACXOOUMCS ~ 8 NPOMUBHOM
cayuae.

ITosoxum (npu n=1, 2, 3,...)
n
dn=Un 41— Un, Dn=k2_’ldk=”n+1_uu

TOI[Ia NPEJUIOKEHHBIN PAR NEePETHIIETC TAK:

a 3HAYMT — W C TOBefcHMeM psima ), dp (B Cly4ae PAcXODMMOCTH €r0 MOXHO CO-
n=1

cnatbes HA pe3ymbrat AOGensa — lman, 4)). Ilocnenami xe psx CXOOUTCS HIM
PacXomMTICsl B 3aBHCHMOCTH OT TOrO, OyHeT JIM BapwaHTA 4, OrPAHMYEHHON HIHA HET.

7) Ilycth maHel ABa CXOASMIMXCA DAJA:

19*
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Bropo#i Ha3plBaeTcs MeENNE€HHEE CXOAAU[UMMCH, YEM MEPBBIL, e€CIH
4
OCTaTOK Y, BTOPOTO DSiAa €cThb OECKOHEYHO Manas HHU3MEero mopsajgka d4YeM
OCTaToK Y, IEPBOTroO:
. ¥Yn
lim —=0.
Yn

Haa rancooeo cxodawerocs pada Z Cn MOJICHO ROCIIpOUmM® pAd, medaennee
1

exodmyutica. JJOCTATOYHO PacCMOTPETh, HATIPHAMED, DS

2 = 2 rmoamVom*,

4
TaK KaK B 3TOM CIydae Yp= {yn.
PaccMoTpuM Tenmephb 1Ba pacXOASMIKXCA psifa:

’
2 dn H Z dp.
n=1 n=1

TIpo BTOpOIi TOBOPST, 4TO OH PACXOHAMTCH MEANEHHEE, 4YeM HEPBHIH, eciu

4 kv
ero 4yactuuHas cymma D, sBisieTcsi OeCKOHeYHO OONBMOM HHM3MEro NMOopsAHKa,
4eM yYacTHyHas cymma D, mepBoro:
’
. Dn
lim—=0.
n

oo

Mas xaxcoozo pacxodawezoca paoda Z d), MOJCHO nocmpoums pad, medaelnnee
1

pacxodawuiica. C 3TOM LENbI0O MOKHO, HATIPUMED, B35ATh DS

3 d= VD 3, (Da- VP );

31ech Dp= VD,,.

AHanoOrUYHbIC 3AKIIOYEHHS MOXKHO TOJYYHTE M C TOMOINLIO psAmoB A Gens
u JIMHHA, PacCMOTPEHHBIX B 4) U 5).

TTocTpoerHBIE IPAMEPHI NPUBOIAT K TAKOMY IIPHHIMITMAJIBHO BaXXHOMY YTBEpPXKIie-
HUIO: HUKaKoi cxoonuuticsa (Pacxooamuica) paod He MOXdcem CAyHCHni Yy HU e pcaa b
H bl M CDEOCIBOM 047 YCIAHO8ACHUA RymeM cpasHenua ¢ Hum™™ cxooumocmu (pacxoou-
Mocmi) Opyzux pAaodos.

3TO SICHO U3 TOTO, YTO

Cn Yn—-1—"%n — —

T == {Vn-1 + Va0
Cn l/yn—1‘ V"/n
dn= Dn“Dn—!

T DO YDt Y e
dn m— PDn-l

* 3a 7y, IPUHAMAEM BCIO CYMMY Z cn.
1

** C noMoursio 060l w3 Teopem n° 366.
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8) IlycTh saHbl ABE HOCIEAOBATENIEHOCTH MOJOKHTEIBHBIX YHCEIT
Qy oy ovny Gy oo u bys byy iny by onn

KakxoBo Obi HU Obin0 1, AN HEPBBIX N YKCEN STHX MOCIEAOBATENBHOCTEH HMEET MECTO
HepaBeHCTBO Komu — 'enbpaepa:

azbz {2 ak]k {2 k/}k;

i=1

H HEPABCHCTBO MHUHKXKOBCKOTO:

< 1 no L n L
{gl (a;+ bi)"}k <{% a }k + {é’l b }"

{133 (5) u (7)]. 3meck & — npou3BONBHOE YUCHO > 1, @ k' APYroe uucino Toxe > 1, KOTo-
poe CBs3aHo ¢ kK COOTHOIMEHHEM

1+11
kK kK

Tlepexons B 3THX HEpaBEHCTBAaX K Ipelelly IPU H - oo, MOJIyYHM HOHOOHEIE Xe He-
PaBeHCTBa 1151 OECKOHEYHEIX PAHOB:

o oo L <o r
2 ab={2 af} {3 ol}"
=1 i=1 i=1

n

o 1 o L - L
(B e <(Z ) {38
Q= i= i=

TPUYEM U3 CXOOUMOCHTU PAO08 8 NPABLIX HACMAX GbLMEKACIN CX0OUMOCHIb PLO08 8 Ae6bIX.

§ 3. CxoauMoOCTh HPOH3BOJIBHBIX DPHAIOB
376. Odmee ycaosue cxomumoctn paga. OOpaTtumcs K Bompocy O CXO-

JUMOCTH PANOB, YWICHB! KOTOPHIX MOT'YT MMETh MPOU3BONBHEIE 3HAKH. Tak
KakK, IO OHmpeNeNeHnIo, CXOAUMOCTh psild

Zlan=a1+a2+...+an+... (A)
n=

IPHBOJATCA K CXOAMMOCTH NOCJIEOBATENLHOCTH
Al,A2a~--3An,~~'>An+m)"': (1)

COCTABJICHHOW M3 YaCTHYHBIX CYMM psia, TO €CTCCIBCHHO HpPH-
MCUHTL K DT0H HOCNEHOBATCILHOCTH npunyun cxooumocmu [39]. U3 aByx
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HOMEPOB A U ', KOTOPBIE B HEM YIIOMHHAOTCS, MOXHO, HE yMaJsas oOIL-
HOCTH, CUMTATh 1’ >n U NOJIOKHUTb 1 =n+m, TAe m — J000e HATYpalb-
Hoe umcyio. Eciau BCIOMHHTB, 9TO

Anym—An=any1+ani2+ ... +anim,

TO NPUHYUR CX00UMOCMY IPUMEHHATEIBHO K PALY MOXHO nepedpasupoBaTh
Tax:
Haa mozo umobel paod (A) cxoouncs, HeobGX00UMO U OOCMAMOYHO, YMo-
661 Kancoomy yucay >0 omeeuasr maxoit Homep N, umo npu n>N nepa-
8€HCMEO
|@ni1+@uiat ... +Qnym| <t 2

8bINOAHAEMCA, KAK0GO Obl HU Gblio m=1,2,3, .. .*

HubmMu cioBaMHU: cymma 410 602 0 uYucaa uieHO8 pAod, CAEOVIOuUX
36 docmamouno O0aAeKuUM, 00AHCHA Gbimb RPOU3ZBOAbHO
mMaaaa.

Ecmm, npennionaras pspa CXOMASIIMMCs, B HepaBeHCTBe (2) B3ATh, B
YaCTHOCTHU, m=1, To NOIy4YAM:

lani1| <e  (mpu n=>N),

Tax 4TO @n,1~0 wm (8TO TO %e) a,—~0, H MBI BHOBb IIPUXOJNM K U3BECT-
HOMy HCOOXOXHMOMY YCIOBHIO cxomuMocTH psana [364, 5°]. Ono
TpeOyeT ropasfgo MeHBLIErO, 4€M IPHHUMI CXOAMMOCTH: Heob6XxoauMo,
9TOOBI HE TOJBKO JaJieKMe WIEHB, B OTAEJNBHOCTH B3 ATHIE,
OBLJIM MaJIbl, HO H CYMMa JaJIeKuX WIEHOB, B3 ATH X B JNIOOOM
KOJHYECTBeE, NOJKHA OBITH Masal B 3TOM cMEBICITIE TOYYUTETHHO BEp-
HYThCSI K rapMoHuHYeckoMy psaxy [365, 1)] u x HepasenctBy (1), ycranos-
JIEHHOMY UIA €ro WieHOB. XOoTs oOuimii uieH 31ech u cTpeMures k 0, Ho

1
HepaBeHCTBO (2) (macTosimiero n°) mpu £=3 M M=n HE BBIOJHACTCA HU

IpH OOHOM 7, M TAPMOHMYECKHH pan pacxomurcs!

Hyxno ckasarp, oHako, 4TO MPOBEPKA BBIIOJIHEHHS NPHBEACHHOTO
o0mIero ycioBUs CXOJMMOCTH PAIa B KOHKPETHBIX CJIy4asx OOBIMHO ObI-
BaeT 3aTpyduuTelbHA. 1103TOMy mpencTaBisfeT MHTEpeC M3y4eHHe Kiacca
ciydyaeB, KOIra BOIPOC DEIIAETCS ¢ MOMOIBI0 0oJiee MPOCTBIX CPEACTB.

377. A6comoraas cxogumocTb. MEI BHlesIH B NIpebiayneM naparpade,
YTO B OTHOIICHMH IOJIOXKHTENILHBIX PAAOB CXOOUMOCTh, Mo OoJbLueil ya-
CTH, YCTAHABJIMBACTCS JIETKO, Onaromaps HAJIMYUIO pAfa YXOOHBIX IpH-
3pakoB. [JoaToMy ecTecTBeHHO HadaTh C TeX CIy4aeB, KOIJa BOIPOC O
CXOQMMOCTH JAHHOTO Psfia IPUBOJHATCS K BOIPOCY O CXOAAMOCTH I O JI O-
KXHUTEJNbHOTO psAfa.

Ecmi wieHbl psifga He BCE IOJIOXKHTENBHBI, HO HAYUHASL C HEKOTOPOIO
MECTa CTaHOBATCS MOJIOKUTEIbHEIMH, TO OTOPOCHB HOCTATOYHOE KOJIMYE-

* O6a aBTOpa UpHHIMNA CXOAMMOCTH — bonbuamo u Komu chopmy-
JIMPOBAJIM €T0 HMEHHO KaK YCJIOBHE CXOOMMOCTH OECKOHEYHOrO psma.
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CTBO Ha4YaJIbHBIX WIEHOB psina [364, 1°], cBemeM Ael0 K MCCIECHOBAHHIO
MOJIOKHTEJIBHOTO psina. Eclu uieHbl psAna oTPUIATEIBHBI MIIM, IO Kpaii-
Hell Mepe, ¢ HEKOTOPOTO MECTa CTAHOBATCH OTPHUUIATEILHBIMM, TO MEI BEpP-
HEMCS K yXe PacCMOTPEHHBIM CIyYasM HyTeM H3MEHEHHSA 3HAKOB BCEX
wieHoB [364, 3°]. TakuM 0o0Opa3oM, CYINECTBEHHO HOBBIM CiIy4aeM OyaeT
TOT, KOTIa CPEeAHU YJIEHOB pAMa €CTh OECKOHEYHOE KO-
NTAYECTBO KAK NOMOXHUTEAbHHX, TAK UM OTPHIATE b~
HBL X WICHOB. 31eCh 4acTo OBIBaeT moJie3HA CleAyromas odmas

Teopema. ITycmv dan paod (A) c usenamu npouseosvhvrx 3naxos. Ecau
cxooumcesa pad

é'llanlzlall+|a2|,+...+]an]+..., (A%

cocmagaeHnblll U3 A6 COAIOMHBIX 6E€AUYLUH €20 YAEH08, MO U OaH-
HbIE pAQ MaKice cX00umc.

JoKa3zaTeNIbCTBO Cpa3ly MONYyYaeTCHd U3 TNPHHIMIA CXOIHMO-
CTH: HEPABEHCTBO

Ia,,+1+a,,+z+ cee +an+mlslan+1| + Ian+2| + ...+ la,,+m]

MOKAa3BIBAeT, 4TO €CIH YCIOBUE CXOJMMOCTH BBINONHACTCA JIA psaa (A*),
TO oHO TeM Oosiee BemonHAeTcs A psga (A).

Moxmo paccyxnmath U uHave. 3 HONOXHTENBbHE X WICHOB
psinga (A), mepeHyMepoBaB HX II0 HOPAOKY, COCTABHM sl

(VL

Pk=p1+Pp+ ... +Px+...; P

S
i

1

TaK XK€ NOCTYIIHM ¢ OTPHUINAaTECJIbHBMH YICHAMHA M COCTABHM DAL
U3 HX a0CONIOTHBIX BEJIHYUH

Ms

Im=Gq1+ o+ ... +qm+... Q

il
-

m

Ckonpko OBl WIEHOB TOrO WM OPYIOro psa HE B3sTh, BCE OHM COIEP-
KaTcsid Cpeld WICHOB cxofasmerocs psna (A¥), m mnd BceX 9aCTHYHBIX
cyMM Py u Q,, BHIIONHAIOTCS HEPAaBEHCTBA

Py<A*, Qn<dA*,

Tak 4To 00a paga (P) u (Q) cxomsarcsa [365]; 06o3HauMM HX CyMMEI COOT-
BETCTBEHHO, 4epe3 P u Q.

Ecnn B34Th £ wieHOB paga (A), TO B HX COCTaBe OKAXKETCH K IIOJIO-
KHTENBHBIX M M OTPULATENbHEIX, TAK 4YTO

An=Py—Op.

3nmece HoMepa k m m 3aBHCAT oT n. Ecnu B pane (A) Kak HOJIOKHATEIBHBIX,
Tak H OTPHHATENHHBIX WICHOB OECYUCHCHHOE MHOXKECTBO, TO HPH H >
OJAHOBPEMEHHO Kk~ H M- eo, :
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Ilepexoas B 3TOM DPaBEHCTBE K INpEIENy, MPUXOAMM CHOBA K 3aKilO-
YEHHI0O O cxoguMocTH psaaa (A), IpuyeM ero cyMma OKasbIBAETCA
paBHOH

A=P-0. 3)

MoXxHO cKaszaTb, YTO TPH CHAEIAHHBIX TPEANOIOXEHAIX CymMma Oai-
HO20 pAda pasHa pa3HOCMU MeXCOy CYMMOLL pada, COCMABAEHHO20 U3 0OHUX
HOAOHCUMEALHBIX €20 YACHO8, U CYMMOL pPAOA, COCMABAEHHO20 U3 afcoaom-
HbIX GeAUUUH OMPUYAMEAbHBIX YAEHO8. DTHM MBI B IOCIEAYIOIIEM OyaeM
TIOJIB30BATHCS.

Ecau pao (A) cxooumcsa émecme ¢ padom (A¥), cocmasaennvim u3z ab-
COMOMHBIX 8eAUUUl e20 UAeH08, mo npo pao (A) zosopam, umo on ao6-
coarwmHuo cxoodumca. Ilo foka3zaHHO# TeopeMe, OIHOM CXOIUMO-
ctd paga (A¥) yxe JocTaTodyHo iA aOCONIWTHOMW CXOOUMOCTH

panma (A).
Kak yBumuM Hmke, BO3MOXHBI CIydaw, Korga psan (A) cxomutces, a
pan (A¥) — wmer. Toz0a pad (A) razvwiearom HeadCcoOANIOMHO CXO-

dawyumcaA.

IOns ycraHoBienuss a6 C o0 THO # cxoguMocTd psaaa (A) — k mo-
JIOKATENbHOMY pany (A*) MoryT OBITH IpHMEHEHBI BCC IIPU3HAKH C X O-
OIUMOCTH, W3ydeHHBIe B mpeAbigylieM maparpade. Ho HykHo OBITH
OCTOPOIKHEIM C NMPH3HAKAMA pacX O AHUMOCTH: eclu Aaxe psax (A¥)
OKQXKETCS PacXosImMcs, To pax (A) MoXeT Bce ke cXoauThbes (He a 6-
COoJ THO). Vckimoyenne mpeAcTaBIsroT TOJIBKO Npu3Hakd Ko mu
u JamamMO6epa, ¥ HMEHHO MOTOMY, YTO KOTJAa OHH KOHCTAaTHPYIOT
pacxomuMocTs pana (A¥), To 9T0 3HAYHT, YTO OOLIHH 4ieH |a,| psna (A¥)
HE CTPEMHTCS K HYJIIO, a TOTJA M @, K HYJIO HE CTPEMHUTCH, TaK YTO U PsA
(A) Taxxe pacxomurca. IToaToMy yIOMSHYTHIE IPH3HAKHA MOTYT OBITH mepe-
¢pasupoBaHbl NPEMEHHUTEILHO K IIPOM3BOJIBHOMY psny. Craenraem 3To,
HampuMep, Jig npu3Haka Jamambepa (KOTOpI:II/I NIPEUMYILECTBEHHO
¥ OpEMEHSeTCA Ha IPaKTHKe):

Ilpusnax [Janambéepa. IIycmy 01s eapuanmol @),’}‘=£|1—+—ll cywyecm-

8yem onpedenennslii npeoen:
&* =Hm ¥,

mozoa npu &* <1 oanmwiit pad (A) ab6coarwomuo cxodumca, a npu
@* =1 on pacxodumca.

378. ITpmmeprt. 1) ITpumenurs npu3nax Janam6Gepa ko BceM pamam (a)—{(n),
0 XoTopsix 6su1a peub B 2) n° 370, mo or6pocus Tpebosamme x>0. MBI HOJIy9rM,9TO:

(@) pam a6CONIOTHO CXOOUTCA IJIA BCEX 3HAYCHUL X;

©) psn a6conwoTHO cxomarca mpd —1l<x<1 H pacxomarcs npy x=1 wm
x=—1 (upu x= + 1 Hapymaercs He0GXOMUMOE YCIIOBRE CXOAUMOCTH);

(8) psn abcomoTHO cxomuTcs upy — 1<.x<1 ¥ pacxomurcs upu x>1 mwm x< -1,
ecm s>1, To npu x=+1 pag Taxkke a6GCcoM0O THO cxomuTcs, ecnl xe 0<s=<l,
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TO mpH X = 1 psAI 3aBeIOMO PacXoOguTcsA, anpu x=—1 BOIPOC MOKa oCcTraercs
OTKDPBITHI M}

(T) pag a6COMKTHO CXOOUTCS IIPU —e<X<e U PACKOAUTCA OpH X==¢ WU
x=<—e (UpH x = + ¢ Hapymaercs HeoOOXOHUMOE yCIOBHE CXOIAMMOCTH);

1

(m) psn aO6CONHTHO CXOOMICA IPU ——<X<— U PACXOJUTCH MPH X=—

1 e e e

WIH X< —— |pH X=—— BONMpPOC NOKAa OocTaeTcCH OTKpBITLIM).

e e
2) 1+ (x=-1).

n=1(1+x)A+x2)....(14+x")
Hmeem

|x], ecmu —l<x<l1,
1x]

1
Q*:—-_—_—, = —’
ST TR 2

0,

ect x=1,

ecom x<-1 wm x=>1;

HMTaK, pii a0 COTI0THO CXOOUTCA IJIS BCeX 3HAYeHMit x = — 1.

oo

3) Z—’f— (v 2 1)
P

n=1 1—xn

3nece

x—xnt1 ecmd —1l<x=<1,

Dn =

==, @uﬂ“
1—xn+1 1, ecmu x>1 wm  x<-—1.

Ilpn |x|<1 pAag a6conroTHO cxomurcs; npu |x|>1 mpussax Jamambepa
HUYETO HE JAET, HO BCE XK€ MOXKHO 3aKJIOYUTH O PACXOAUMOCTH Pfa, BBHIAY HapyINCHHS
HEOO0XOIHMOTO YCIIOBHSI CXOOUMOCTH.

4) BepHeMmcst Xk TunnepreoMerpuieckomy psamy [372]

oot 1) oo n—1)B-(B+1)- ... (f+n- 12 "
My (p+1De...(y+n-1) ’

Hm@%ﬂﬂ+§

~ OpH JHOOBIX o, f, ¥, x (mapaMmerps «, f, ¢ MPEeaNOIAraloTCs UL OTAMYHEIMH OT
HyJsl M OT NENBIX OTPHIATENLHBIX YMCEN).

Ilpumenss opussak JanamOepa B HOBO# ¢dopme, ybexmaemcs, yTo mpH | x| <1
9TOT psAA a6 CONMIO THO cxomuTcs, a Ipu |x|>1 pacxomurcs.

IlycTe Temepp x=1; Tak KaK OTHOIMICHUE

a -a—-f+1 0
_.n_=1+L_[3__+_n

O0n|=<L
an +1 n nt {0nl )

IS DOCTaTO4HO OONbImMX n OyOeT MOJOXKUTENHHO, TO WICHBl PAAa, HAYHHAS C HEKO-
TOPOTO MecTa, OyAyT MMETh OJWH H TOT X€ 3HaK, a TOrAa K HUM (WK K MX abcomoT-
HBIM BEJIMYMHAM) IPUIIOXKHM MO-IIPEXHEMY Hpu3Hak I'ay ¢ ca, KOTOpBIA MOKa3bIBAET,
YTO PAO CXOHMTCH (KOHEWHO, a6 CON0O THO) npd Y—o—f>0 u pacxommrTcs NpH
y—o—pB=0,

IIycts, Hakonel, x= — 1. I3 TOJLKO 9TO CKA3aHHOIO SCHO, 4TO Hpu y—a—f>0
Oymer CXOOUTHCA DAL, COCTABIEHHEIM M3 a0COMIOTHBIX BCJIMYMH YIEHOB ORHHOIO pAnA
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F(e, 8, ¥, — 1), Tax uTO JaHHLBIA pAA B 3TOM Clydae cxomurcs abGconro THo. Ilpy
y—o—f< —1 GymeM uMeTh, HAYMHAA C HEGKOTOPOTO MECTa,

an

<1, T.e. |an|=<|Gnyils

anq1

a, Be cTpeMuTcs K 0, psn pacxomuTcs.
B orysae x=-1 1 —l=y-a—-f=<0 BOompoc 0 CXOAMMOCTH DpAna
Fe, 8,9, —1) ocTaeTcs MOKa OTKDPBITH M,

379. Crenennoii psji, ero mpoMexyTOK cxoaumoctu. PaccMoTpuM ¢ T e-
NeHHOH psA A BAAA

D axt=aygt+ax+ax+ ... +apxt+ ..., )]
n=0

IpEACTaBIBONIMH co60# Kak GBI «DECKOHEYHBI MHOTOWIEH?, PACIOJIOKEH-
HBDA IO BO3PACTAIOMHUM CTEIEHAM IepeMeHHOH x(a,, g, @y, . - . 37eCk 000~
3HAYAIOT HOCTOAHABIe K03 dumuenTsr). Bonne MBI HEe pa3 MMenu Aeno ¢
TaKMMH CTEIICHHBIME pAJaMH [cM., Hampumep, B mpensiaymieM n° 1)
@- (@]

IpennoxuM Tenepb ceOe BBIACHHTH, KAKOM B M I HMEET «0OIacTb
CXOMMOCTH» CTENICHHOIO psAfa, T. €. MHOXeCTBO & ={x} Tex 3HaYcHMH
NEPEMEHHOM, IJISl KOTOPHIX pAn (4) cxomurcs. DTO MOCITYXUT CHOBA Bax-
HBIM IPUMEpPOM IPHEMEHEHHA H3JIOXKEHHOIO BHIIIE.

Jlemma. Ecau psad (4) cxodumca 04a 3HAYeHUA X =X, OMAUYHOZ0 OM
0, mo on abcoarrwmHuo cxodumca 042 A06020 3HAUEHUA X, y0oéae-
meopaloujezo nepasencmsy: |x| < |x|.

U3 cxomuMocTH papga:
D Xt =ay=a, X+ aX%+ ... +apX"+ ...
n=0
BEITEKaeT, 9YTO ero obmmit wien crpemmtrca k 0 [364, 5°), a ciemoBaTenb-
HO, — orpand4veH [26, 4°:
|a. x| <=M (n=0,1,2,3,...). (&)

BosemeM Temepp smoGoe X, mus koroporo |x|<|X|, m cocraBum
pan

20 lanxn| = |ay| + |ax| + [@X?] + ... + |ax"| + ... (6)
Ne=
Tax xak [em. (5)]:

Jawa?] =] - |7 "< 3]

X
x
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K wieHsl psaga (6) OKa3pIBAIOTCS MEHBIIAMH COOTBeTCTBy}OH.IH.X YJIEHOB

<q

cxopgsuiecs I'COMCTPH‘ICCKO!I IIPpOrpeCCuu (CO 3HAMCHATCJIEM

¥]
. fi .+ M.
X

.
E s

M+M- X+ M "
1 1 1
TOo, mo TeopeMme 1 n° 366, psan (6) cxomutca. B TakoM ciydae, xak MBI
3HaeM, pan (4) cxomurcs abOCoNMW0OTHO, 9. U Tp. A
Mpu x=0 cxomurcs, odeBuaHO, Besikwil psn (4). Ho ectb cremennbie
pPAOBL, KOTOPBlE — TOMHMO 3TOTO — HE CXOMSTCS HU OPH OIJHOM 3HAye-
HEH x. ITpmmepoM Takxoro ¢BCIOTTy PACXOJIAMIErOCs» PsNa MOXET CIYXKHTH

AT n! x", KaK B 3TOM JIETKO OemuThCA C IOMOIIBKO NMpPH3HAKA a-
y

TaM 6 epa. ITomoOHBIe pANEI I HAC He HPEACTABIAIOT MHTEpeca.

IpeamosnoxmM xe, 9T0 A psaa (4) Boobme cymecTBYHOT Ta-
KMe oTymvAble OT O 3HaYeHHS X=X, NPH KOTOPBIX OH CXOIOUTCS, H pac-
CMOTpEM MHOXeCTBO {[X|}. DTo MHOXECTBO MOXET OKa3aThCsA IHGO
OTPaHMYCHHBIM CBEPXY, JIHOO HET.

B mocnemmeM ciydae, Kakoe Obl 3HaYeHHE X HH B3sTh, HEOOXOOUMO
HalileTcs Takoe X, 4To |x|<|X|, a Torma, mo neMMme, IpH B3STOM 3Ha-
qeHMH X psan (4) aGconw THO cxomuTcs. PAm okasbIBaeTCs <BCIOIY
CXOIALLMCS?.

ITycte Temeps MHOXecTBO {|X|} cBepxy orpammieno, 1 R 6yner ero
TOYHAas BepxHsAsd rpanuna. Ecmm |x|>R, To cpasy fCHO, 4TO NpH
5TOM 3Ha4YeHUH X psin (4) pacxomHTCA. B03bMCM Tenepb Jooboe Xx, Ui
KOTOporo |x|<R. ITo onpeneseHno TOYHOM rpaHuIEl, HEOOXOMUMO Haii-
neTcs Takoe X, 4To |x|<|X|<R; a 3To, Mo JeMMe, CHOBa BJIEYET 3a
coboif abCONIOTHYIO CXOOUMOCTh psna (4).

Hrtax, B oTkpbiTOM npoMexytke (—R, R) pag (4) abconowoTHO
CXOOHUTCH; Mt x>R U X< —R psax 3aBeloMO pacCXOOHTCH,
U JIMIIb O KOHIAX NPOMEXYTKa X= + R oOlero yTBepXKOCHHST CHENATH
HeJb3d — TaM, CMOTPS IO CIIYYal0, MOXET UMETh MECTO U CXOIWMOCTB,
U PacXOIUMOCTb.

IlocraBnenHas HaMu 3ajaya pelleHa.

Han xaxncoozo cmenennozo pada euda (4), ecau moavko o He A6AAeMCA
8C00y pacxodawumcs, <obaacmy cxodumocmus X npedcmagasem coboti
cnaownoil npomexncymok om ~R 0o R, co eéxkarouenuem Konyoe uau Hem,
NPOMENCYMOK dmom moxcem 6bimb U beckoHeuHbiM. Buympu npomencymra,
K momy e, pad cxodumca abcoaiomHo.

VIOMSHYTHI# NMPOMEXYTOK HA3BBAIOT N POMEXYTKOM CXOHH-
MOCTH, a 11CIO0 R (0<R=<+=) — paAHYCOM CXOOHUMOCTH p#ja.
Ecm BepHyThCs X mpumepam 1) (a) — (1) mpepIaymiero n°, To, Kak JIErko
BHICTh, B Cliydae

@ R=+=; (6), ® R=1; () R=¢; (m) R=1.
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Jns Bcroly pacxoAsilierocs psga mpHHHMaroT R=0: ero «obiacrs
CXOOMMOCTH» CBOJIMTCS K OOHOH Touke x=0.

380. Boipaxenne paamyca CXOAHMOCTH 4epe3 Koddduimentbl. Temeps Mbl JOKAKEM
6oiiee TOYHYIO TEOpeMy, B KOTOPOi He TOJBKO BHOBb YCTAHABIIMBAETCSH CYLIECTBOBAHHE
pagdyca CXOOUMOCTH, HO M OIPEAeNsIeTcs ero BeJIMYHHA B 3aBUCUMOCTH OT K03ddH-
IHEHTOB caMoro psapa (4). )

PaccMoTpuM mocnenoBaTenbHOCTS:

n

oi=lal,  pe=Vlal, .-y en=Viaal, ...

O6Go3HayMM HauOONBMIHH Mpexes 3TOH MOCIEAOBATENBHOCTH [KOTOPBI
BCEraa CymecTByeT, 42], yepe3 p, Tak YTO

n
= lim pp= lim /|an]|.

N> oo n— oo

Teopema Kowu — Adamapa. Paduyc cxodumocmu paoda (4) ecms geauuuna,
n

obpamnas Hauboablemy NPeOeAy D 6apuaKmbl pp = V|an |:.

R=

'()|>—A

(opu 31OoM, ecitt p=0, TO R= + o, €CIIH p = + e, TO R=0).

Teopema sta, otkphiTas Komu, Obuia 3a0piTa; A npamap (J. Hadamard)
BHOBbL HAalleJl €€ M YKa3aJl BaXKHbIE HPHIIOKECHHS .

JdoxkaszaTtenbcTBO. I caypuai: p=0. JIokaxkeM, 4TO B 3TOM Cliyyae R= + <o,
T. €. 4TO Npu Mo6oM x psax (4) a6 CONTHO CXOTATCH.

n
Tak Kax MocnenoBaTe/IBHOCTD {Vla,ll} COCTOMT M3 NOJIOKMTENbHBIX 3JICMEHTOB,
TO U3 TOTO, YTO p=0, Cnenyer, YTO OHA HMECT ONPEACIICHHDIN Npeet:

n
lim V]an}=0;
Nn— oo

oTcroga Bapvanta Komu

n n
Cn=Vlanl-x|"=|x|-V]aa] ~0

[IpU 1~ =, KaKoBO ObI Hu ObI0 x. CnegoBarenbHo, mo npusHaky Ko u [368], pan,
COCTABJICHHBIH 13 aOCOMIOTHBIX BeNMYMH wWieHOoB psaga (1), cxomuTcs, a 3HAYUT Cam
pax (1) cxoguTcs abComrOTHO.

II cayuaii: o= + . JJokaxeMm, 4TO B 3TOM cityyae R=0, T. €. IpH BCAKOM X = 0 psj
(1) pacxogurces.

Tak xak

n
p= lim [{an| =+,
N oo
10, OYEBHIHO, MOXHO HAUTH TAKylO YaCTUYHYIO IOCIEAOBATENBHOCTH {f;}, YTOOBI

ni e
lim V| ang| = -+ .

i oo
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CnenosaTenbHO, IPY KaXAOM X = (0 HAlneTcs Takod HOMED iy, 9TO IS BCeX i > i, OymeT
BBLINOJTHATECS HEPABEHCTBO:

Tu—_ 1
V]an,|>l——l- WM |angexmi| > 1,
X

Buaym, 9TO B 3TOM Cciyyae HE BBHINOJHAETCS HEOOXOAHMOC YCNOBUE CXOAHMOCTH
paga (061mit yleH psaxa He CTPEMHUTCH K Hymo). ClienoBatensho, paa (4) pacxogutcs.
I cayuaii: p — KOHEYHOC NMOJIOXKUTEIBHOE YHCIO: 0 <p < -+ oo, JJOKAXKEM, YTO B ITOM
1 1 1
ciyyae R=—, T. €. YTO IIpH | x| <—pap A6 COJNO THO CXOAHTCH, a TPH |X|>——
p p D

1
pan pacxoautca. BosbMeM moGoe x, ans kotoporo |x| <— . BeiGepeM ¢ > 0 HacTombko
P

MalJlbIM, YTOOBI BHINOJIHAIOCH HEPABCHCTBO

|| :
X| = .
pre

Tlo aTomy ¢, oueBMIHO, BCETOA MOXKHO HAHTW Takoe yucio N,, uToObl ans Bcex n> N,
ObIno:

n

Vian|<p-+e

Ha OcHOBaHmMM 1-r0 cBOMWCTBAa HAUOONBIMEro TpeneNia MmOoCIeIOBaTENLHOCTH 42).
OrTcrona cnenyer, 4yTo BapuadTa Komu

n n
Cn=Vlanx"| = |x| - Vlan] < |x]-(p+&)<1

npy Bcex n>N,. Ilo mpusnaky Komu, psan, cocTaBieHHbli 3 aGCOMOTHRIX BEIIMIUH
uieHoB psana (4), cxomurces, a 3HAYMT ¢aM pax (4) cxomures a 6 CO MO THO.

1
Bospmem Temeps moboe X, A KOTOPOro |x|=>—. BoifepeM £ HACTOMBKO MailbiM,
e

9TOOBI OBLITO
1

p-e

txl=

Ilo 2-My cBoi#icTBY maubGombmero mpenena [42), Ans CkoIb yrogeo OoMBIIHX
n OyneT BHIIONHATHLCSA HEPABEHCTBO:

n
‘a"| >p-g,
TAaK 4YTO
n

Vianx™] > |x] - ~&)> 1.
CnenoBaTenbHO, AJA CKOJIb YTOJHO OONBIIMX 7 OONMi YWieH pana

|anx”| >1,

u pan (4) pacxomnrcs.
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381. 3maxonepeMensble paabl. 3HAaKOOMEpPEMEHHBMH HA3H-
BAFOTCS PSAIbI, WICHE KOTOPBIX MOOYEPENHO MMEIOT TO IMOJOXHTEIbHBIIH,
TO OTPHIATEIbHBIN 3HAKH. 3HAKONEPEMEHHBIH PAN YNOOHEE 3amMCHIBATH
Tak, 4TOOBI 3HAKH WIEHOB OBLIM BEHISBIIEHBI, HATIPAMEDP

e —Cteg—cyt . (=1 eyt L (e =0). @)

ITo OTHOLUEHHIO K 3HAKONEPEMEHHBIM PANAM MMEET MECTO CIIEAYFOIIAS
IpoCTast TeopeMa.

Teopema Jleiibnuya. Ecau uasenvr 3uakonepemennozo paoa (7) moHo-
MOHHO YObIealom No A6COMOMHOL 8eauduHe:

chii=<c, (@M=1,2,3,...) ®)

U cmpemamca K HYMO:
lim ¢, =0,

mo pAad cxooumcs.
HoxaszaTenbcTBo. YacTH4HYIO CYMMy YeTHOT O IOpsAOKa
Com MOXHO HANmHCATh B BHIE:

Com=(c,~c)+(cz—¢c)+ ... +(cem—1—¢€ ).

Tak kak Kaxnaas ckoOka, BBHAY (8), €CTh IOJOXHTEJIBHOE YHCIIO, TO OT-
CroJa SICHO, YTO C Bo3pacranueM m cyMma Con Takxke Bo3pacrtaeTr. C mpy-
roi CTOpoHBI, ecnd nepenucath Cap Tak:

Com=c¢,—(c3—¢;)— ... —(Com—2— C2m—1) — Com,
TO JIETKO YCMOTPEeTh, 9TO Ca, OCTAETCSA CBEPXY OrpaHHYEHHOI:
Cz,,-, <.

B TaxoM ciydae, mo TeopeMe O MOHOTOHHOH Bapuante [34], mpu Ges-
IPaHAYHOM BO3pacTaHMU m dvacTHiHass cymMa Ci, HMeeT KOHEYHBIMH
npenesa

lim C2m=C.

N+

ITepexons K 4aCTHIHOM CYMMe Hed e THO I 0 Hmopianka Copyy1, IMEEM,
04eBHIHO, Comi1=Com+Com. Tax xax oOmuil wieH CTPeMHTCA K HYIIO,
TO H

lim Com41=C.

m-»co

Otcrona cnenyer, yro C u GymeT cyMMOM HaHHOrO pAna.
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B3aMedarme. MBI BHIEIH, YTO YACTHIHBIE CYMMBI YE€THOIO IIO-
panka Casn OpuOmmKaroTca K cymMme C psAna Bo3pacrTad. Hamucas
Com—1 B BHIE

Com_1=¢,—(C3—C3)— ... —(Com—2— Com—1),
JIETKO YCTAHOBHTH, ITO CYMMBI HEUETHOTO HOpsiaka cTpeMstes k C y 6 bI-
pas. Taxum obpasom, Bcerma
sz =< C< sz_j, .
B 49acTHOCTH, MOXHO YTBEPXAaTb, 4TO
0<C=g.

DT0 HO3BOJIAET JATh BECHMA MIPOCTYO H YIOOHYIO OLCHKY ik OC T a T-
X a paccMATPHBAEMOro psja (KOTOpBIH M caM NpencraBiseT coboro Ta-
KOi k¢ 3HAKomepeMenmbiit psan). MMenHo, mns

Y2m =Comi1—Comyet ...,
OYEBUIHO, HMEEM:
O<vyom=<comyr;
HaobopoT, AN

Yom—1= —Com+ Coms1— ... = —{(Com — Coms1+...)
Oymert:
Yem-1<0, ]72m-1| <Com.

Takum 00pa3zoM, Bo BCeX CIydasx OCmamoK pada AetiGHuyes-
CK020 muna* umeem 3HAK CB0e20 Nep8O20 YACHA U MeHbuie e20 Nno
" abcoaiomHoli eeauduHe.

DTo 3aMeYaHHe JaCTO KCIOJb3YeTCd IpH NPHOMKECHHBIX BEIYHCIICHASX
¢ moMolupio panos [cm. 409].

382. Ilpamepni. 1) IlpocreiimmaMy DpEMepaMH PANOB JIeHOHHIEBCKOTO
THOA CIIYXAT PAIBI

< (-1 1 1 1
(a) Z (—)— =]t (=D)L
n=1 n 2 3 n

< (—-1n 1 1 1
6 — =l —— ... (=Dn"2
©® 25 773 A
CxomaMOCTE 060UX BHITEXKAET U3 JOKA3aHHOM TEOpEMBI.
B TO xe BpeM# pAAbI, COCTABNEHALIC K3 a0COMOTHBIX BEJIMYMH UX WICHOB, PACXOMST-
ca: as psaaa (a) oTo OymeT rapMOHWYECKHE! PAn, AA paga ke (6) momyuuTcs pan
1

1 1
Ib et ot aey
Ayttt

* Tak MBI Ha36IBaeM 3HAKOMEPEMEHHEIH PAfl, YAOBICTBOPSIOMMI YCIOBHSIM TEOPEMBI
JenOrnIa.
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PacxoauMOCTh KOTOPOTO fICHA U3 TOrO, YTO €r0 4YaCTHYHAS CymMMma

n 1 n
k2'=12/c—1>2

Sk 2
Takum obpazom, B nrre psaos (a) v (6) Mbt EMeeM IepBbie NPHAMEPHI H ¢ a O ¢ 0-
JIOTHO cXoAdamuxcs psanos. [Huxe MBl yBUAEM, 94TO CYMMa MEPBOTO W3 HUX
T
ecThb In 2, a cymmMa Broporo paBHa T ; 388, 2); 405, 404].

2) ITo Teoreme JIe i O HUIIA CXOAATCS PANBL

2 (=1t 2 (-Dn ind —-1n-t
Z( ) H Z ( ) s Z‘—‘_(—)— (S>0).

n=1 ns n=2n-nn n=3nlIn n-(n In n)s

Ecnu 3aMeHHTH BCE 4iieHBI MX aOCONMIOTHBIMM BEIWYMHAMM, TO, KAK MBI 3HACM,
upu s> 1 mony4arcs CXOOAINMECs pAnpl, a npH s=1 pacxopsmmecs. Takum o6pasom
HMCXOA¥BIE PAABL NpU s> 1 Oka3pIBAIOTCA a0 CONTOTH O CXOAALIMMHCSH, a npu s=<<1 -
HeaOCONITHO CXOOAIMMHCS.

© \n
B vacTHOCTH, IpO CTENmEHHO# psn 2; gl KOTOpBIit MBI paccMmarpusamm B 370
n=
u 378, Temeppr MOXKHO CKa3aTh, YTO HA KOHIE X= — 1 CBOEro OpPOMEXYTKa CXOIUMOCTH,
opu s=1 OH BCe eme CXONATCA, HO HeabCOoONM¥0 TH 0.

- x
3) Paccmorpum psg O, (—1)7 sin —, mpm mobmx x=0. Teopema JI e ii6-
n=1 n
HHE A MNPMMEHAMA, €CIIA He K 3TOMY Psay, TO K ero JOCTATOYHO AajekoMy (o HO-
x
Mepy) ocTaTKy. JeHCTBUTENHHO, IPH AOCTATOYHO GONbmIOM n, sin — mnprHoOperaer
n

3HaK X M N0 abcoNoTHOM BenminHe yOpiBaeT ¢ Bo3pactammeM n. WTax, psn cxomuTcs
[ogeBnaHO, EeabcomoTHO, cM. 367, 8) (B)].

4) Ins TOoro 4ToGH! BEMICHHTB, 9TO TpeGOBaHNE MOHOTOHHOTO YOBIBAHHS 9UCEIl Cp
B TeopeMe Jle#iOGHHIa OTHIOOs HA SIBIAETCS JMIIHMM, PacCMOTpAM 3HaKomnepe-
MEHHBIH psn

1 1 1 1 1 1

e — Fooib——
V2-1 Y2+1 Y3-1 V3+1 Vn-1 Va+1

o0LMi WIeH KOTOPOro CTpeMHUTCs K Hymo. CyMMa 21 ero YieHOB PaBHA

n+1 1 1 n+1 2
Al ) A

Vi1 Vi+1] Skt

B OECKOHEIHO BO3pacraeT BMecTe C m: pan pacxoxurcs! HeTpyaHO NmpoBEepuTh, 4TO
MOHOTOHHOCTDL YOBIBAHMA HApYIAeTCsl BCAKWHM pa3 NPH Nepexofe OT 4JeHa
1

-~ ——— K WIeHy ——— .
Vr+1 Yn¥i-1
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JInst TOM e LieJIH MOXET CIYXHTb M pacXOoOAAMmMuUMNCHA paxg

HE!

B 4eM y6eIUThCA NPEIOCTABISEM YMTATENIO,
5) Ilocnenuuit psg Aaer II0OBOJA X TaKOMY 3aMeuauuto. ECIU €ro ComocTaBuTh CO

_l)n 1

CXOAAIHUMCSH DPSIOM Z , TO OKa3bIBA€TCH, YTO OTHOIIEHHE MX OOLIUX
n=1 n
yreHoB cTpemurcs x 1. Takam oGpa3oM, Teopema 2 n° 366 He UMeEET aHallora B TEOPUH
PAIOB C 4lieHaMH IPOHM3BOJLHBIX 3HAKOB.
6) Vcnonp3oBaHKe B BHIKIAAKAX PACXOASIMUXCSH PANOB U JelcTBUN Han
uXx 6ECXOHEeYHBIMH CyMMaMH MOXET NpHBECTH K mapazoxcaM. Bor, Hanpumep,
OIOUH M3 HHX:

1 1 1 1 1 1 1 1
L Rt e (1+2—+3—+Z+...)—2 (2_+I+ )=
(1+1 TR, ..)—(1+1—+1—+1—+...)=0!
2 3 4 2 3 4

1 1 1
p=1_2‘s+3:—zé+--- (s>0),
TO TIOJNYYHM, YTO
1
p:(l—zs—_l)q,
TAe
1 1 1
1+25+3s+4s+

IIpn s<1 (B 3TOM ClIyyae mocCiaefHui psAA pacxoguTcsa!) CHOBA NMPHXOAMM K Mapa-
noxey: p<0 [cp. 381, 3ameyanue]. IIpu s>1 MBI HMeeM HETO C CXOAALIAMUCS PSOaMH,
H DOJyYaeTcs NpaBUIIBHBIE pe3ynbrart.

383. IIpeoGpazoBanme AGenss. Yacto NpHXOXATCH HMETH JENIO C CYM-
MaMH TNapHbBIX IPOH3BECHHH BHIA

S=l§1°‘iﬁi=“1ﬁl+%ﬁz+ oo+ omBm. 9

Bo MHOrHX ciyyasx IIpH 3TOM OKa3bIBaeTCsl MOJIE3HBIM CIEAYIOLUEE 3Jie-
MeHTapHoe npeobpa3oBanue, ykasamHoe A Genem (N. H. Abel).

Beenem B PacCMOTPEHHAEC CYMMBI

Bi=81, By=Bi+fs, By=fi+Baths ...,
B,=p+B+...+Bm.

20 I'. M. ®uxreuronsu, 1. 11
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Torma, Belpaxas MHOXHUTEIH ; Yepe3 3TH CYMMBI,
.31=Bla .32=B2—B1, ,33=B3—B2, RS
.Bm = Bm - Bm—l,
cyMMy S MOXHO HANUCATH B BHUAE
S=0yB; + 0By —By) +ag(B; —By) + . . . +p(Bp,— By
Ecmu packpHiTh CKOOKM M MHAYe CTPYHIIHPOBATH 4YIEHBI, TO U HOJYYHM
OKoHYATeNbHYI0 dopMyy*

m
S= z;oc,-ﬂi=(oc1—ocz)B1+(oc2~oc3)B2+ c..

m—1
e Hom-1—ay)Buo1+ oy By = . (; ~o;)Bi+ 2B, (10)
i=
[Ecnu nepenucats ee B BUIE
m—1

2 aifi=anBy ~ Zi (eti41 — %) By,

i= =

TO CTaHeT ACHO, YTO 3Ta (GopMyJsa Il KOHEYHBIX CyMM SBJIS€TCH aHa-
soroM (GOPMYJIBI MHTEIPHPOBAHUA IO YaCTAM JUIA MHTerpaioB: Tubde-
PeHIFaJ 3eCh 3aMEHEH PA3HOCTHIO, 4 HHTErpall — CYMMO.]
OcnoBrBasick Ha Gopmyne (10), BeBEOEM Tenephb CIEAYIOUIYIO0 OLEHKY
JUISL CyMM YKa3aHHOTO BHJA:
Jlemma. Ecau muomcumenu o; He eospacmarom (uau ne ybuiearom), a
cymmbl B; ece ozpanuuens: no abcoaromnoii eeauuure yuciom L:

lBllﬁL (i=1,2,...,m),
TO
m

2 ;i

i=1

|S|= <L-(lay] +2 o))

HeiicTBUTENBHO, TaK Kak Bce pasHocTH B (10) omHoro 3maka, To
m—1
[S|= g; ot =0ty | « L+ oty

e L=L(|oy —ap| + |am|)=<L(joy | +2]0tm]|)-

HeTrpyaHo BHAETH, YTO €CIM MHOXUTENH o; HE BO3PACTAIOT U IIOJIO-
KHUTEIBHBI, TO OLEHKY MOXHO YIPOCTHTB:

]Sl=|é'1“i.3i

DTUME olleHKaMH MbI OyleM HUKE He pa3 MOJB30BATHCA IO PA3HBIM
noBojmaM. Ceifyac MbI MX IPHMEHAM K BBIBOJY KPHTEPHEB CXOJHMOCTH,
6onee oOmuMX, YeM YCTAHOBJIEHHBIH BhIle kpuTepuid Jle i 6 Hu I a.

<L.q,. an

* Tlo cyra pena, MBI yXe HOJB30BAJIMCh NONOOHBIM mpeoOpa3oBaEMeM NpH HOKa-
3aTENILCTBE BTOPOH TEOpEeMBI O cpenHeM 3madeHum [306).
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384. Ilpusnaxku AGens m Jupuxie. PaccMoTpumM psp:
}f bu=ab,+ ayby+ . .. + b+ . .., (W)

roe {a,} u {b,} — HBE MOCIENOBATEILHOCTH BEIECTBEHHBIX HIHCEIL
Crienyronige TpeanoaoXKedus OTHOCHTEIBHO KaXIOH U3 HUX B OT/EJb-
HOCTH 0D€eCneYHBaIOT CXOIMMOCTEL 3TOTO pSAIa.
Ilpusnax A6ens. Ecau pad

Z’b =by+by+ ... +bp+ ... ®)
A=
cxodumea, a yucaa a, obpazyiom MOHOMOHHYIO U 02DAHUYEHHYIO nocaedo-

8amMenbloCMb
lan| <K (n=1,2,3,...),

mo pad (W) cxodumes.
Ilpusnax Qupuxne. Ecau uacmuunvie cymmel pada (B) ¢ cosoxynnocmu
o2panuyenbl *:

1Bl <M  (n=1,2,3,...),

a uucaa a, ob6pazyrom MOHOMOHHYIO NOCAEO08AMEALHOCHb, CIPEMAWYIOCA
K Hyao:
lim a,=0,
mo pad (W) cxodumca.
B oboux ciryyasix AJist yCTAaHOBJIEHHS CXOIMMOCTH psna (W) Mel mpH-
OerneM K IPHHIMIY CXOJUMOCTH [376]. PaccMOTpUM MO3TOMY CyMmy

n+m

2 akbk‘z ansib R+l

k=n+1

OHa uMeeT BT (9), eCIM NOJIOKHUTD o;=dpy;, P;i=b,,;. [lonbiTaeMcs ome-
HATHb 3Ty CYMMY C IIOMOLIBIO JIEMMBL

ITpu npennonoxenusx A 6 e s, 1o 3amanHoMy ¢ >0 Haliflercs Takoii
HoMep N, 4To Npu n>N HepaBeHCTBO

Ibn+1+bn+2+ e +bn+p[ <

OyzneT BBIIONHATBCS, KaKOBO ObI HM ObLIO p (IPHHIMI CX O HMO-
ctu). CuenoBaresbHO, 3a YMCIO L, YIOMHHABIIEECS B JIEMME, MOXHO
upusATh . UMeeM torna mpu n>N u m=1,2,3, ...:

n4m
2 aby
k=n+1

Sﬁ(lan+1l + 2]a,,+m])<3K-e,

9TO M JIOKAa3bBAaeT CXOAUMOCTh psja (W).

* 910 TpeboBaHKe MUpPe NPEeNOIOKEHHS O CXOAUMOCTH paga (B).

20*
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IIpu mpennonoxesud Jupuxie, 1o 3amanHoMy e=>0 nalinercs
Tako# HoMep N, uro mpu n>N Oynmer
|a,| <e.
Kpome Toro, o4YeBUIHO,

bayr tbngat ot buypl = | Buyp— Bl <2M,

Y MOXHO B JieMMe T1010%uTb L=2M. Torma, mpy n>=Num=1,2,3, ...,

- 1M

n+
2 aiby,

k=n+1

<2M-(fa,,+1] ’}‘2lan+m])<6M‘8,

n cxomumMocTb psina (W) moxasama.

3aMmMeuanue. [Ipmuwax AOens BbITekaeT u3 mpu3Haka [l u-
puxae. Beap n3 mpemtoxennit A6ens CIedyeT, 4TO a, HMEET Ko-
Heunbli upenen a. Ecw mepermucats psn (W) B BUIE CYMMBI pSI0B

3 (@y-abpta 3 by,
n=1 n=1

TO BTOPOH M3 HUX CXOAUTCS N0 HPEeANOTOKEHUIO, a K IEPBOMY IIPUMEHMM
yxe mpm3Hak Jdupuxne.

385, [pamepsl. 1) Eciu an , MOHOTOHHO yOBIBasi, CTPEMHUTCA K HYJIIIO, A by = (—1)"~1,
TO ycoBHs TeopeMmbl IHPpH X 1€, OYEBHAHO, BENIONHERLI. CEA0BATENRHO, DS

oo

(-D1gp=a,-a,+a;— ... +(— D" lap+...
n=1

cxonurcs. TakuMm obpaszom, Teopema Jle it 6 Hmma mnomywaercs, Kak 4acTHOE CIej-
cTBYMe TeopeMbl Jfupuxie.
2) TIpu Tex e MPEeANONOKEHHsIX OTHOCUTEIBHO @ , PACCMOTPHM Psiabl (x — mroboe):

oo

D anesinnx, 2, @n+cosnx.
n=1 n=1

Ionaras a=0 u A= x B Toxaectsax (1) u (2) n° 307, koTopsle TaM OLUIM yCTaHOB-
JIEHBI IO APYrOMY IOBOAY, MbI HalaeM

1
Cos—x—cos|n+—|x
oszx (+2)x

Zsinix= ,

1
2sin —x

. 1 L1
n . sin n+5)x—sm5x
Z COS ix = 1' ,

z]. -
f 2sin — x
2
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B NPEITIONIOKEHAN JUMLIb, YTO X HEe HMeeT BHAA 2k7z (k=0, 1, +2, ...). Takum obpa-
30M, €CIIM TOJBKO X > 2k, 06€ CyMMBI IIpH JIFOGOM 71 IO aOCOMOTHOM BeJIMUMHE OrpaHH-

YEHbI TUCIOM
x
sin —
2

Ilo npusnaxy Hupmxne, oba psama CXOAATCsA NpH JIOOOM 3HAYESHAR X, OTIHY-
HOM OT 2k7, BIPOYEM, NEPBLI DAl CXOMMTCA M NPH X =2k, M6O BCE WICHH ero obpa-
marTtca B 0.

B yacrHOCTH, HanpuMep, cxomarca paabl

< sinnx 3 1 sin nx

2> , Tf—tonet— M T, I

n=1 n n=1 n n

3) BonpIo# MHTEpeC NPEACTABIAIOT PAALL BHAA
. an
2 =, 12)
n=1n%*
rae {@n} — NPOW3BONbEAS MOCTEAOBATEIBLHOCTh BEIECTBCHHBIX YHMCE; OHH HOCAT

Ha3BaHWe pados HJupuxae.

s HMX MOXeT OBITH [OKAa3aHA JE€MMA, HMEIOIAs CXOACTBO C JIEMMOH n° 379,
OTHOCAIICHCA K CTCTICHHBIM DANAM:

Ecau pao (12) cxooumcs npu nekomopom 3nauenun x =%, mo on CXOOUNICA NPU BCAKOM
x=>X.

10 cpasy cnenyeT u3 TeopeMbl A G e s, Tak Kak npH x> x pax (12) momywaercs
H3 CXOOAIErocs pana

[$

2
n=1

n

x|

YMHOXEHHMEM €ro 4ICHOB Hd MOHOTOHHO y65uaaloume IIOJIOKHUTCJIBHBIC MHOXHTEIIH

1
(n=1, 2, 3,...).

nx-x

1

on'px

Cywectsytor pager (12) «<BClOgy CXOAAIIMECH», BPOE Z , M «BCHORY
1

= on
pacxonsmugecsar, Bpoge Z—x . Ecnu HCKIIOUMTE 3TH ClIy4ad, TO C NOMOHIbLIO NpH-
in

BCTICHHOM JIMMBI JIECKO YCTAHOBHTBH CYLECTBOBAHME MOTpPallU4H O abCcuuc-
CBl CXOLZMUMOCTH 4, Takol, uro psn (12) cXomurcs mpy x> A M pacxomures 1pu

(-1t

=1 o
X</, Hanpumep, mis psga Z el OYeBMAHO, A=1, a mna psma Z p
1 1 n

umeeM A=0. Ecu yrofHo, /sl 6BCIOAY CXONAIIErOCSY PHAAA MOXKHO CYHTATE A= — oo,
a JUIs BCIOMY PACXOMSITErOCH» MOJOXKHUTE A= + oo,

UuraTens JIErkO YCMOTDHT CXOACTBO CO CTCHIEHHBIMH DAIAMH: B OGOHMX CIIyyasx

" 406IacTh CXOOUMOCTHS NPEACTABISeT COOOM CIJIO OIH O i npoMexyTok. Ho ects

¥ CYINEeCTBCHHOE OTIMYME: 06JacTh a6 COJNIFO TH OB CXOOMMOCTH 316Ch MOXET HE

o

(=1t

CoBHAjaTh ¢ 0GIACTHIO CXOMMMOCTH BooG e, Tax, yKa3aHHEI TOMBKO 4TO pAf Z

1

nx
exomures ans x>0,a aGCONOTHO CXOAUTCA MUIb g x> 1,
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4) ComocrasuM ¢ pagoM Jupuxne (12) pan

< nlan
2T T a3)

IpM TeX e 3HAYCHHAX Ko3QOUUMERTOB an. IIp¥ 3TOM, eCTecTBeHHO, OyIeM CUMTaTh
X OTMHYHBM 0T 0, —1, -2, ... A T. A.

C 3THAM OrpaHWYEHHEM MMECT MECTO TaKoe NpealiokKeHue, mpuHaaiexamee Jia H-
nay (E. Landau): padst (12) u (13) cxodamea npu 0dnux u mex e 3HAYEHUAX X.

Pan (13) nomyvaerca m3 paga Aupuxne (12) nyreM yMBOXKEHHS €O YICHOB,
COOTBETCTBEHHO, HA MHOXHTEIIH:

ninx

D Gim (n=1,2,3,...). 14)

IIpu noctaTo4Ho GONBINAX 3HAYEHMAX 1 3TH MHOXHUTENM NpHOOpeTaloT OnpenelneH-
Heii 3HaK. KpoMe TOro, HauMHas ¢ HEKOTOPOTO MeCTa, OHHM H3MCHSIOTCA yXe MOHO -
TOHHO.

JeiicTBUTENHHO, OTHOMEHHAE (1 1)-r0 MHEOXWTENA K n-My OyJeT TakoBO:

(n+1)'(,i4___1)x (1+-1_)x+1
n _ n

x+n+1 x+1
1+—

n

Ho {125, 4)]

1y +1 x+1 (x+Dx 1
t+—| =1+ —4 +o|=
n 2n?

H, aHaJOru4Ho,

x+1 n n?

1 +1 (x+1)? 1
e (1)

nt

OTKyaa

x+1 2n?
I+ —
n

([ 1 )x+1
L+—
. n 1+(x+ 1)x to (l) )

n?

W3 mocienneit GopMynist ABCTBYeT, 4TO NpH (x+ 1)x >0 ynoMsHyTOe OTHOMIEHHE
B KOHIIE KOHIIOB CTAHOBHTCH GONBEIMM equHuIBL, a upd (x+1)x <0 — MCHBIIMM eau-
HHALBL

Jia TOro yroOH YCTAHOBHTH OrPAHMYEHHOCTH MHOXATENeH (14), MBI comuieMcs
Ha TO, 4TO [kak 3TO OymeT ;moKa3aHO Hmxe, B n° 402, 10)] s Beipaxenns (14) mpm
n-—+eo CymieCTBYeT KOHeEUHBI# mpefen. Takum ob6pasoMm, 1o mnpu3Haky A Gens,
cxomuMocTh pana (12) ereder 3a coboit cxommmocts pama (13).
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Tak kak Ha3BaHHBIA mpenen (kak Mel YBHAEM) BCerna orimded oT 0, To momoGHEIe
3aKSIOYEHAS] IPEMEHAMEBL K MHOXHTEISM, OOpaTHeM mo oTHOmeHHio k (14). B TakoMm
clyyae, mo TO# e TeopeMe, W cXomuMocTh pana (13) Bneder 3a cobol CXOAEMOCTH
pana (12). OTHM AOKa3aHO BCe.

5) IMomo6GHoro e poAa B3aUMHOCTb MOXKET OBITh YCTAHOBJICHA MEXAY HOBEHC-
HHEM TaK Ha3bIBaeMOTro pada JTambep ma (J. H. Lambert):

15
= an 1% (15)
U cTeneHHOTro psma [379]
2 anx™, (16)
n=1

¢ TeMu k€ kodbbmmenramu a, (3HageEms x = + 1, KOHEUHO, HCKMoYaroTcst). Touree
TrOBOPS:

Ecau pao
2, an A
n=1

cxooumea, mo pao JIam6ep ma (15) cxooumes npu écex 3HAUEHUAX X; 8 NPOMUBHOM
Jice cayuae OH CXO00UMCA Kax pa3 04A mex 3Hauenuil x, 04A KOMOpPHX CXO00UMCA cmeneH-
Hoti psad (16). [Kronm (K. Knopp).]

(a) IIyctb cHagana psag (A) pacXOOHBTCS, TAaK YTO PAAMYC CXOAAMOCTH psia
(A) 6ymer R=1. Ilokaxem, 910 A |x| <1 mosenenme psamos (15) u (16) oqmEAKOBO.

Ecmua cxomurcs pap (15), To cxoamrcs M psifl, MOJYICHHBIH YMHOXEHAEM €r0 WICHOB
Ha x*, a ciemoBaTenbHO, M Psn (16), KOTODBIA SBISETCA PAa3HOCTBIO OOGOHX PSANOB
[364, 4°:

xn xn
an-——=—an- -x"].
1[ " 1—xn 1-xn

IlIycte Temepp cxomurca psan (16); Torma, mo mpusHaky A6ens CXOmATCH
pAn, IOIyYeHHBIH YMHOXEHHEM €ro WIeHOB HAa MOHOTOHHO YObIBAalOIIME MHO-
1

KHTEIH ——
1—x2n

oo

PaBHO KaK ¥ ), a,xM- .
1-xw:n’ n=1 1—x2n

xn

2 anxn.
n=1

* Ecnu Kakoi-nubo pam, CKaxem, 2 by CXOOMTCS, TO 3TO 3HAIMT, 9TO CTEHCHHOM
1

panx 2 bnx" cxomurcs mpy x = 1, a TOraa, mo gemme n° 379, 3TOT pAj 3AaBEIOMO CXOIUTCS
1

npu moboM x, Ams KoToporo |x|-<1. OTuM 3aMeuanmeM Msl eme ABaxasl Gymem
TONL30BATECA B PACCYKACHAM, IPOBOAAMOM B TEKCTE.
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CnenoBaTenbao, cxogurcs v paAn (15), KOTOPBIM NPEACTaBISIET CYMMY OTHX PAAOB

[364, 4°1
- 1 n
= Z [anx" +apxn-. a ]

1 -—-x2n 1 -—x2n

|x] =1 pag (16) 3aBeAOMO DACXOAMTCH; MBI YTBEPXKIAEM, YTO NpPH ITOM
3HAYEHMA X pacxomurca U pax (15). JedcrBuTensHO, B NPOTABHOM CIyYae, M3 CXOMU-
MOCTH psfa

1

ae

&
Ty
]

o
Z an- ~an- »

1\n 1\n
-6
X X
BOOPEKH OPEAHONOKECHHIO.
(6) Ecom pan (A) cxopmrea (Tak wro R=1), To ama |x| <1 psan (16) cxomurcs,
H CXoauMOcTh pana (15) ycraBapnuBaeTca Kak W BbIme. OCTAaeTCA MOKA3aTh, YTO PAA
(15) cxomwrcs m mpu | x| >1.

1—-xn

Z an
n=1
BBITEKAJa OBl CXOAMMOCTB PAnoB [364, 4°]

'TTM;,
m

<1 ® pan
1 n
5, (5)
=
X

KaK YOOMSHYTO, CXOAMTCH, ClleAOBATEILHO, CXOAUTCH U pan [364, 4°):

AT A

6) B zaxnroueHue, B KayecTBe NPUMEpA HENOCPEACTBEHIOrO MPUMEHEHMA npeobpa-
soBanust A 6 ens (10), mpuBemeM TOXIOECTBO

HejicrBarensHo, TOrga |—
x

s

2 a
n=1

2 apxt=(1-%) 2 Anx",
n=1 n=1

rae
Ap=ayta;+...+an n=0,1,2,...),
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IIpu 3TOM |X| HpeAnonaraeTcss HE TOJBKO MEHBLUC PajMyca CXOAMMOCTU R mepBoro
psinza, HO M MeHblue 1.

B camomM nene, uMeeM:
n
D gl = D Afxt~xit 1)+ A, xn.
=0 {
OTcioa TpH n—~o H TOJy4aeTcs TpeOyeMoe PaBEHCTBO, €C/IM TOJLKO YCTAHOBUTH
eme, 4To A;px' -~ 0. C 3T0# LENBI0 BO3bMEM YHCIIO 7 TIOJ YCIOBUAMM
|x|<r<R, r=1.

Torna {a;| risL (i i=0,1,2, ...)u

rn

11 i L (|x\" Lr
|Apxt <L {14+—+—=+ ... 4—] |x|n=-"" —~) L
r re

Tlocnenuee xe BBRIPDAXCHHUE NIPH CACAHHLIX NPEANOIOXKEHUAX, OYCBHAE  CTPEMMUTCA K 0.

§ 4. CaoiicTBa CXOaSIIMXCH PHIOB

386. CoueratespHoe cBoiicTBO. [ToHATHE CyMMBI OECKOHEYHOIO pAna
CYLIECTBCHHO OTJIMYAETCS OT MOHATHS CYyMMBI KOHEUHOT'O YHCIIA CJIaraeMBbIX
(paccMaTpuBaeMoro B apudMeTHke U anrebpe) TeM, 4TO BKIIOYAET B cebs
NpeAcNbHBHUE mepexon XoTs HEKOTOpHE CBOHCTIBA OOBIMHBIX
CYMM IIEPEHOCATCS ¥ HA CYMMBI OECKOHEUYHBIX PANOB, HO Yallle BCEro JIMIIb
MIPU BBUTOJIHEHHH OIPEIEACHHBIX YCJIOBHH, KOTOpPbIC M HOJJIEXAT U3yve-
HHIO. B MHBIX Xe CIyyasX MpUBBIYHBIE HAM CBOMCTBA CYMM Da3sHTEIbHBIM
o6pa3oM HapymarwTcs, Tak YTo, BOOOLUE, B ITOM BOIPOCE HAIJIEXKHUT
co0IIoIaTh OCTOPOKHOCTE.

PaccMoTpuM cxopsumiics pan

2 an=aayt ... Fa, ... (A)
n=1
H CTaHeM OOBEAHHATH €ro YIeHBI IPOU3BOJIBHLIM 00pa3oM B IPYNIbi, HE
MEHSA HPU 3TOM HX PACIIOJIOKEHUS:
(ll+...+a,,l, a,,l,{.y}'...—#a,,z,...,
Ang_ 41t o Flngs oo

3mech {1} ecTh HekoTOpas, M3BJICYEHHAs U3 HATYPANBHOTO psAjd, ¥ a-
CTHYHAs BO3pACTAIONIas IOCIEAOBATCIBHOCTh HOMEPOB.

Teopema. Pno, cocmagaennbiii u3 smux cymm:

(@+...+ap)+ @1+ ... +ap)+ ... + @41+ ... +a)+... (A)

6ce20a cXo0UMCA U umeem my d#ce €y M MY, Ymo U ucxoonulii pad. imemu
CIIOBAMM: cXxo00AawulicA pAd obaadaem codemameabHb M (60l
cmeom.
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JeHCTBUTENBHO, MOCHEI0BATENLHOCTh YaCTHYHBIX CYMM HOBOTO psa
AL, Ay, o Ay, .
€CTh HE 4YTO MHOE, KaK 4YaCTHYHAS IIOCIENOBATEIBHOCTH
AngyAnys ooy Agy « .-

cyMM Hcxoxmoro psza. OtuM [40] U IoKka3bIBaETCA HALIE YTBEPXKICHHE.

MBI BHOEM — IOKa — IOJIHYIO aHAJIOTHIO ¢ OOBIMHBIMHU CyMMAaMH; HO
3Ta aHAJOTHS HApPYIIAETCs, €CTA MBI MONBITAEMCS IPUMEHATD COYETaTENb-
HOE CBOMCTBO, TaK CKa3aTb, B oOpaTHOM mopsnke. Eciu maH cXx o I s-
wrEica pax (A), WieHs KOTOPOTO KaXIBif B OTHENBHOCTH IPEICTAB-
0T coboM CyMMy KOHEYHOTO YHCJIA CJIaraeMBIX, TO, OMYCTHB CKOOKH,
M3BI TOJY9HM HOBBIA psal (A), KOTOpBIL MOXET OKa3aTkCI H pacXx o 1 -
LA M C 1.

BoT mpocTeie TOMy T pPpHME P BI: pPAIb

(1=-D+(1~D+(1-1D+...=04+0+0+...=0

1-(1=1)-(1-D—...=1-0-0~...=1,

OUYEBHIHO, CXOAATCS, MEXAY TeM KaK HOJYYeHHBIH H3 HHUX OIyCKaHHEM
ckobok psx

1-1+1-141-1+...
Oyner pacxopdummcs.

KoneyHo, e c1u — onycmue CKOOKU — Mbl ROAYHUM CX 00 AWUT C A
pao (A), mo ezo cymma 6ydem ma xnce, umo u y paoda (A). D10 BBITEKAET
H3 JAHHOTO BHILIE.

IIpu HEKOTOpPHIX YCIOBHAX MOJMHO Hamepell IapaHTHPOBATh, YTO Psf
(A) 6ynmer cxomuthed. IlpocTeHmMM CiaydaeM 3TOro poja sSBIAETCA TOT,
Korma Bce cmaraeMbie B (A) BHYTPH ONHHX H Te€X Xe
ckobok OynyT ogHoro 3Haka¥*

HelcTBUTEIBHO, TOTOa HPH H3MEHEHHH H OT Mg—.i OO My YacTHYHAS
cymMma A, OyneT H3MEHATECS MOHOTOHHO, CICOBATENBHO, O6yner conep-
KaTeCd MEXKAY Ane, wA,{_1 U Ap= Ak. IIpu nocratodno 6031511101\4 k
3TH IOCJIEIHHAE CYMMEI IIPOM3BOJIBHO MAaJiO PasHATCA OT CyMMBI A pana
(A), cnenoBaTenbHO, TO XK€ CHPABEIJIMBO M OTHOCHTEILHO CYMME! A, IIpH

IOCTaTOYHO OOJBIIOM K, Tak 4TO A,—~A.
OTHM 3aMeYaHHEM MBI He pa3 OyJeM I0JIb30BATHCA B MOCIEHYIOLIEM,

* DTOT 3HAK OT OHEX CKOGOK K APYTHM MOXET MCHATBCH,
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PaccmoTpuMm U cefivac Takoit
2 (- DEWR)
IIpuMep. YCTaHOBHUTH CXOOUMOCTh pAAA Z —
n=1
3pece cHavana mAYT 3 OTPHLATENBHBEIX WICHA, 32 HUMH 5 NONOXMUTCIBHBIX M T. 1.
Ecin 0ObeIMAATH KaXAYI0 TAKYIO TPYIY YWISHOB OJHOrO 3HAKA B ONHMH WIEH, TO [OJy-
YHTCA 3HaKONEPEMEHHEIA DAL .

> D[ e b M
i1 okl T -1l
JIerko yCTaHOBHATH HEPABEHCTBO
k k41
2 1 + 1 I 1 P 1 2
k+1 k2 k21 T T krtk T k11 K
1 1
HAPUMeEp, TaK KaK CyMMa IMEPBBIX kX CHAraeMBIX MCHBIDE, YEM k'/F=F , 4 cymMma
1

nocregaux (k+1) cnaraeMeix mensme, 4eM (K+1) m=; , TO BCSI CyMMa, eficTBU -

TEJIbHO, OyIeT MeHbIIE, 9eM I? . Orcrona 3akmovaeM, 9ro wieHs! paga (1) 6ynyt crpe-

MHTBCS K HY/II0, MOHOTOHHO yObIBafA 1o abcomoTHOM Beymumue. Toraa, mo TeopeMe
Jeit6unua, pag (1) cXommTcs, CIEOOBATENLHO, B CHJIY CACIAHHOIO BHULE 3aMe-
YaHWA, CXOMUTCS M NPEIIOXKSHHBIA PAM.

387. IlepemMecTHTEABLHOE CBOHCTBO A0COMIOTHO CXOAAMMXCH pAaoB. IIycTh
JaH cxonsmumiics psaa (A), umeromuit cyMmmy A. IlepecTaBUB B HEM WIECHEI
NIPOH3BOJILHEIM 00pa3oM, MBI MONYYMM HO BBl P

Ag;a;=a{+a§+...+a;(+... (A)

Kaxnpiii wieH @i 3TOro psAia OTOXKIECTBIAETCA C OHPENENIEHHEIM YJICHOM
Qp, WCXOMHOTO psma*.

Boszmukaet Bonmpoc, cxoaurcd i psajx (A’) 1 — B ciryuae CXOQUMOCTH -
OyneT yn ero cymma paBaa cymme 4 mcxoauoro psua. Ilpu paccMoTpennu
3TOro BOIIPOCA HAM IPHACTCA NPOBECTH Pe3Koe pasjiuykie Mexay a b c o-
JIOTHO H HeabOCONIOTHO CXOOMUMMECT PANAMH.

Teopema. Ecau pao (A) abcomomno cxooumcs, mo pao (A’), noay-
YeHHBIl U3 He20 NepecmaHoBKoll UAEHO8, MAKHCe CXOOUMCA U umeem my
aoce cymmy A, umo u ucxoouvlii pad. VIHBIMHU ClIOBaMHK: a6 Co 210 M H O
cxodawuiica pad obaadaem nepemecmumenvhvlM C80IUCHEOM.

HoxaszartenbcTBo. (a) IIpoBemeM HoKasarembcTBO B IBa IpH-
ema. IlpenmosnoxuM cHayana, 9To pan (A) — HOJOKUTENLHBIH.

* IlpuueM IOCNIENOBaTENBHOCTL HOMEpPOB {ry} 63 IpOIYcKOB B TOBTOPEHHH BOG-
OPOU3BOANT — ¢ TOYHOCTHIO 0 HOPAHKA — HaTYPAILHEIA DA,
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PacCMOTPHUM NPOU3BONILHYIO 4acTHYHYIO cyMMy Ay psga (A). Tak
KaK

7 ’ ’
a1:=a,,1, azza,,z, PR (Ikza,zk,
TO, B35B 77’ GOJIBLUMM BCEX HOMEPOB 1y, My, . . -, Hy, OYEBU/IHO, OyIEM HMETb
Ay=<A,,, a cne/loBaTeJibHO, ¥ MOJABHO
Ap=A.

B takom ciy4ae (A’) OyaeT cxoaswmmest [365] u ero cymma A’ He mpe-
B3oMOeT A:
A'<=A.

Ho u psg (A) u3 (A’) monyyaeTcss NMEpeCTAHOBKOH UJICHOB, MO3ITOMY

AHAJIOI HYHO:!
A=A

ComocTaBlisis MONY4YeHHbIE COOTHOIIEHAS, TPUIEM K TpebyeMoMy paBeH-
cTBYy: A" =A.

(6) Mycrp Temepp (A) OyneT MPoU3BOJBHBIH a0COTIIOTHO CXOIALUMHCS
pald.

Tax xak cxomawmuidcs MOJNOXHTENbHBIH P

lean}:]a,[Jr|az|+...+]an]+..., (A%)

Mo JIOKa3aHHOMY, NpH JIFOOO# IEPECTAHOBKE 4YJIEHOB OCTAHETCS CXO.sl-
LIUMCA, TO To TeopeMe n° 377 COXpaHUT MPH 3TOM CBOIO (aOCOJIOTHYIO)
CXOUMOCTE U pAn (A).

Hanee, Mbl Busenu B 377, 4to, B ciyyae a0 CONOTHO¥H CXoAau-
MOCTH psfa (A), ero cyMMa BBIpAXKAETCH Tak:

A=P-0,
rac Pu Q CyTh CyMMbI HOJIOKHUTEIbHBIX DPAZOB
Z P (P)
=1
H
Ims Q
m=1

COCTAaBJICHHBIX, COOTBETCTBEHHO, M3 MOJIOKUTEIbHBIX M aOCONIOTHBIX Be-
JIMYMH OTPHULATEJbHBIX WIEHOB psama (A).
IlepecTanoBka wieHOB B psme (A) BBHI30BET IEPECTAHOBKY YIEHOB H
B 3THX DAfax, HO He oTpasurcd (o HoKa3aHHOMY) Ha MX cyMMax P u Q.
CnenoBatemsHo, # cymMMa psna (A) oCTaHeTcs MpexHed, 4. ¥ Tp. 1.
388. Cay4aii HeaGco/morHo cxonsmmxcs psgos. OGpaTumcst Temeph K
PacCMOTPEHHI0 HEea0COMIOTHO CXONALIMXCS PSOOB M YCTAHOBHM,
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YTO OHU NepemMecmumensHsim C60liCMeom He 064a0aom: B KaXIOM TaKOM
pAfe HaANexalled IepecTaHOBKOH WIEHOB MOXHO H3MEHHTH €r0 CyMMY
WA JJaXK€ BOBCE HAPYUIUTH CXOTAMOCTb.

IpennonoxuM, 4To pian (A) cxomurces, Ho HeabconwTHO. U3
CXOIMMOCTH CHelyeT, uTo lim a,=0 [364, 5°]. Uro xe kacaeTcs psmoB
(P) u (Q), 0 KOTOPBIX MBI YIOMHHANH B NPEIBIAYIIEM N°, TO, XOTS, Ove-
BU/THO,

limp,=0 mn limg,=0, )

k> oo Moo

HO B JaHHOM cilydae oHH o 0a pacxomsarcs.
JIeHCTBUTEIPHO, HMEIOT MECTO PABEHCTBA

An=Pk_Qm, Art:Pk"'Qma (3)

ecid k M m 03HAYAIOT YKCIO HOJIOXKHUTEIBHBIX H OTPHUATEIbHBIX YJIEHOB
B COCTaBE IEPBHIX n 4WieHOB paga (A). IMoadepkHeM, 4TO H3 TpPEX HOMe-
poB 7, k, m OIMH MOXET OBITh B3AT IPOM3BOJBHO, & APYIHe JBa II0 HEMY
nogbuparotcs. M3 cxomumoctn omaoro u3 psgos (P) wiu (Q), BBEOy mep-
BOro u3 paBeHCTB (3), BHITEKNIa OBl C HEOOXOMUMOCTBIO H CXOIUMOCTH
Jpyroro, a CXoJAMOCTh O0OOHX, BBHIY BTOPOIO M3 3THX PABEHCTB, MMeJA
OB crencTBHEM CXOOMMOCTh psina (A*) — BOIpPEKH IPEIOJIOKEHUIO!

HoxaxeM Teneph CIEQYIOLNIYIO 3aMedYaTeNbHYIO TeOopeMy, IpHHAIJIe~
Xxauryro PuMamy:

Teopema Pumana. Ecau psd(A) neabcoawmuo cxodumca, mo
KaKoe Obl HU 63Amb Hanepeo uucio B (koHeuHoe uau pagnoe + =), MONCHO
mak nepecmagumb 4AeHbl 6 3MOM pAde, YmMobvl NPeobPa30eanHbiil paod umen
ceoeti cymmou umenHo B.

HokxazaTenbcTBo. OcraHoBHMCA HA CiayYae KoHeYHOro B. 3a-
MeTuM, OpEeXIe BCEro, 4To M3 pacxomumoctd psanos (P) u (Q), B cuiy
364, 1°, BHITEKAET, 9T0 © BCE€ HX OCTATKH TaKKe OymyT pacxoas-
LUMHKCS, TaK YTO B KaXXAOM H3 3THUX pSANOB, HAYHHAA ¢ N06oro
MeCTa, MOXHO HabpaTb CTOJIBKO YJIEHOB, YTOOBI CyMMa T p € B 3 O-
mia jgwboe yYyucao.

Ione3ysick 3THM 3aMeYaHHEM, Mbi CIEAYIOIMM 00pa3oM MPON3BEOEM
HEePECTAHOBKY WICHOB psana (A).

Cravajla BO3bMEM CTOJIBKO HOJIOXHMTEJb HBLX WICHOB HAIIEro
psna (B TOM IOpsAKe, B KAKOM OHU B HEM PACHOJIOXKEHBI), YTOOBI X cymMMma
HOpeB3oHia Yucio B:

PitPat ... +py,>B.
BCJ'IeI[ 34 HUMH BBbIIHIIIEM OTPHIOATEADBPHBIC YJICHBI (B TOM IO~

psAlke, B KAKOM OHM DPAaCIIOJIOXEHBl B NaHHOM DsJE), B3B HX CTOJBKO,
4T06BI 0011as cymMMa crajia MeHbine B:

PrtDet o AP~~~ ... —qm=<B,
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ITocie 3Toro CHOBA IIOMECTHM MO JOX M TEJIb H Bl € WieHBl (U3 4ucIa
OCTaBIUAXCSA) Tak, 4ToObl ObLIO

Dt e+ —@—. . —GutPri1t ... +py, >B.

3ateM HaGEepeM CTOJIBKO O TPH A Te JIb H I X WICHOB (M3 YHCHA OCTaB-
IITHXCsT), 4TOOBI GBLIO

Diteee D —Qi— oo —qm APl oo A Dl — 41— o ~qm,<B

® T. 1. Ipouecc 3TOT Mbl MBICIHM MOPOAOJIKEHHBIM 710 OECKOHEYHOCTH;
OYEBHIHO, KaXIBIA wWieH psana (A), U NPHUTOM CO CBOMM 3HAKOM, BCTpE-
THTCA HA OIpeIeICHHOM MecTe.

Ecnu Beskuil pa3, BEUIACHIBAS WIEHBL p WK ¢, HabupaTs UX He OoJblle,
4eM HeoOXOoIMMO MJI OCYIIECTB/ICHHA TPeOyeMOro HEpaBeHCTBA, TO YKIIO-
HEHUE OT uuMcia B B Ty WM IPYIyI0 CTOPOHY He IpeB3oiizer mo abco-
JIFOTHOM BeJIMYMHE TIOCTEeOHEro HamicaHHoro wieHa. Torma u3 (2) sAcHo,
YTO PAX

(it )@+ ... +qum)+ ...
B ZPR T SRy P Bl (7 SRR SR S B

HMeeT cBoeil cymmoii B. B cunry 3ameuanus n° 386, 3T0 ocramercss Bep-
HEIM H TIOCJI€ PACKpBHITHA CKOOOK.

Ecid B= + =, TO, B3iB IOCIEAOBATEILHOCTh BO3PACTAIOIMX 10 Oec-
KOHEYHOCTH uucenl B;, MoxHO 610 OB HAOOP HOJOXKHMTEIBHBIX HHCEI
MMOYHHUTL TpeboBaHHIO, YTOOB CYMMBI HOCJIEIOBATENBHO CTAHOBHIIMChH
6omswe By, B,, B; u T. 1., a U3 OTPHNATENbHBIX WICHOB HOMEIIATh JIHIIb
OO0 OJHOMY TOCHE KaXIO Ipymnmbl HOJOXUTENbHbIX. 1aKEM IyTeM, odYe-
BHIIHO, COCTAaBWJICS OBl psAl, UMEIONIHI CyMMY + <. AHAJIOTHYHO MOXHO
TOMYYUTh U PSAI C CYMMOH — =¥,

VCTaHOBIICHHBIHA Pe3yIbTAT HOAYEpKHBaeT TOT (akT, uro Heab ¢ o-
NIOTHAas CXOIMMOCTb OCYIIECTBJIACTCA JIMIUb OGnarogapd B3 aHUMH o-
MY DOTAIEHHUIO MONOXHUTEIBHBX H OTPUNATEAbHHX
41 €HOB, U IOOTOMY CyIIECTBEHHO 3aBHCHT OT HOpPAMKAa, B KOTOPOM OHH
CIEAYIOT ONUH 32 JPYTAM, MEXTy TeM, Kak a6CONIOTHAa s CXOIM-
MOCTh OCHOBaHA Ha OBICTpOTE YOBIBaHMA 3THX WIEHOB — M OT IOpsAIKa
AX HE 3aBYICHUT.

IIpumepw . 1) PaceMoTpaM 3aBefoMO HeaOC OO THO CXONIMMHACT pAN:

1 1+1 1+ + ! 1+ @
5+3 et
e N ———

* YuraTess JErko Coo6pa3nT, KaK pa3sMEeCTHTh WICHBI JAHHOTO PAAA, YTOOBI YacTHy-~
Hasf CyMMa mpeoOpa3oBaHHOTO PsAAa HMeJla B Ka9ecTBeé HAMMEHbMEro W HaM-
OOoNbmero IpeAeioB ABa Hamepes 3ajasHbX wAcna B H C>C.
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cymMMa KOTOPOTO, KaK JIeTKO moka3ath [cM. 2)], ects In 2. IlepeMecTHM ero 4ieHH TaK,
4yTOOBI MOCEe ONHOrO MONOXHTENLHOrO CIAENOBANE ABA OTPHLATEIHHBIX:

111+111++1 11+ ©
2 4 3 6 8 7 2%-1 4k-2 4 7
MN—am— " \_/
MBI YTBEPXAAEM, 4TO CYMMA PSAla OT TAKOTO NEPEMEMEHNT YMEHb-
MHATCS BABOE.
B camoMm Aene, €Cnn 0003HaTHTH YACTHYHBRIC CYMMBI 3THX ABYX DSIOB, COOTBET-
CTBEHHO, uepe3 A, u A,, TO

o g. 1 1 g, 1 15, 11y
TG \2k-1 4k-2 4k)—k=1 4k-2 4k)_5k 2%-1 2k)_2 ams

, 1
Tax 4TO Az Y In 2. Tak xax

’ ’ 1 7 1
Azm—, =Aam+m H Afm—2=Agn—1t+ I

1
CTPEMMTCSI K TOMY e Ipeneiy 7 In 2, To psx (5) CXOOMTCH ¥ WMEET CYMMOlH HMEHHO

3TO YHCIIO.
2) bonee oOumil pe3yIBTAaT MOXHO HONIYYHTh, €CIM MCXOMHTL M3 (GOPMYITEI IS
YaCTHYHOR CyMMbl H, rapMoHH4eckoro psamga [367 (4)]

1 1
Hn=1+-2—+ veit—=In n+C+yn,
n

rae C ecth 2#inepoBa MOCTOSHHAasA, ay, — OeckoHeyno manas. O1crona,
IpPEeXe BCEro, MMEEM

l.+l+ +_1-_1.Hm—-l—lnm+1- C+1 Ym>
2 4 2m 2 2 2 2
1+'3*+-. +2k 1—H2k E-Hk ln2+—]nk+2 C+72k‘57’k

PacnonoxuM Tenephb 4ieHsi psaja (4) B TAKOM NOpAAKE: CHAYala OOMECTEM p HONO-
KATEIBHBIX U @ OTPALATENbHBIX, IOTOM CHOBA p MOJIOXHTEIBHBIX U ¢ OTPHIATEJIBHBIX
| T. 1. Iyl TOro 9ro6Bl ONPENeNUTs CYMMY psna

1+1++ll 1+1++l ! ©)
Tttt T Ty e T T

HaM ymoGHee OOBECAMHATL MOCTENOBATE ILHEIE IPYNILI U3 p MM q WieHoB, YacTHyHas
CyMMa Ay, TIONYYEHHOTO TAKAM LyTEM PsAia paBHA

Ap=1n (2 |/ ’i)+a,, (@n0)
q
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M CTpeMUTCS K mpeneny In (2 |/ 5), K TOMy Xe Mpeaeiy CTPEMHTCS W CymMma A;,,_l.
q
Haxkonenl, B cuiy 3aMevyanust n° 386, m psan (6) Oymer WMETB CyMMOM 3TO XK€ 4YHUCIIO
w2 |[Z].
q
B yactHOCTH, s pspa (4) nomywaercsa In2 (p=g=1), mus psaga (5), kak u B 1),

3 In2 (p=1, g=2). AHanormyHo:

+1 ]+1+1 1+ 3] 5
3 2 5 7T
(p=2, q=1)
11 1 1 1 1 1 1 1
oo o e —em =0
2 4 6 8 3 10 12 14 16 5
(=1, g=4)

M T. I

3aMeTHM, YTO €CIIH YHCIIEHHOCTh MOCICHOBATENBHBIX IPYIN HOJOXHTENBHBEIX H
OTPHIATENBHEIX WIEHOB €lle W3MEHATHh OT IPYINbl K Ipynme, TO JIETKO 3aKOH 3TOTrO
WM3MEHEHHs NOoAo0paTh Tak, 4TOOHBI A Mpeobpa3oBaHHOrO pana AeHCTBATENBHO HOJY-
yuTE 110 6y Hamepen sajaEdyio cymmy. IlpemocraBnsieM 4uTaTelmio yOemMTHCS
B 3TOM.

389. Vvuoxenne psaos. O MOWICHHOM CIOXEHAH (I BEIYHTAHHH) IBYX
CXOAJIMEXCA PAAOB, PaBHO KaK O IOWICHHOM YMHOXEHHMHM CXOISIIErocs
pANa Ha MOCTOSHHBIA MHOXHTENs — yXe Obira pedb B 364, 3° u 4°. Te-
neph MBI 3aiiMeMCs BOIIPOCOM 00 YMHOXEHHH PAAO0B.

HYCTL JAaHBl ABa CXOOAIIHXCA pAna:

A=§'an=al+a2+...+a,,+... A)
n=1
H
B= 3 by=b+by+ ... +bp+ ... (B)
m=1

l'[onpaxcax OpaBUIYy YMHOXCHUSA KOHCYHBIX CYMM, PACcCMOTPMM H 3ICCh
BCEBO3MOXKHBIC MAPHBIC IIPOU3BCACHUA YIICHOB 3THUX PAAOB: a,-bk; H3 HUX
cocTaBuTCHd OecKOHEYHAS IIPAMOYIroJibHAss MaTpuna:

a)b, ahy azhy ... a, ...
ab, ab, ap, ... ab, ...
ab, ab; ab; ... ab; ... @)

R R I I Y

albk azbk aabk e a,-bk )
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Chy'! IIPOU3BCACHUA MOXHO MHOI'HMH cmocobaMu paciojiarate B BHAC
IIpOCTOﬁ HOCJIECAOBATCIBbBHOCTH. Ha.anMep, MOJXHO BBIITH-
CBbIBATh IIPDOU3BCIACHHUA NO AHATOHAJJAM HIHA IO KBaApaTaM:

ab, azb a,b/ | a,b, dzb1 ab | ..
aib azb aab/ a,b, ab,|ab,| ..
a‘b azb, ab, . . a b, a,b, ab, | ..
S '

® 8 s s e o o s o o s o s e s e s e 4 & s e .
.

4YTO, COOTBETCTBCHHO, NMPHBOAUT K IOCICAOBATCIBHOCTAM:

ab;;  aby, aby;  aybg, ahy, azby; ... (8)
WU
ab;  aby, ayb,, aby;  ab;, abs, abs, ab,, aby; ... )

CocraBneHHBIH U3 TOJ00HON NOCIEHOBATENABHOCTH P 51 HA3BIBAETCS
npouszeederHuem pajos (A) u (B).

Teopema Kowu. Ecau oba pada (A) u (B) cxodnsmea abcoarwommuo,
mo ux npouseederue, cocmasaentoe u3 npoussedenuii (1), ézamvix 6 4 io-
6 0 M nopadke, makxice CXOOUMCA U UMeE C80€l CYMMOTl npoussedenue
cymm AB.

HoxaszaTtenbcTBo. Ilo mpeamosoxenuro, psaabl

glan;=1a1\+[a2|+...+|a,,1+... (A%

||[\43

|b |=|b|+ by + ... +|bm]+ ... (B%)
CXOIATCH, T. €. HMCIOT KOHEUHBIE CyMMBI, CKaxeMm, A* u B*,

Pacnonoxus mpousBeficHns (7) NMPOU3BOJBLHBIM 00pa3oM B BHIE MHO-
CJIeI0OBATEBHOCTH, COCTABHM U3 HHX PSAM:

2 a,,bk, = a,-lbkl + a,-.bk, +.o.ot+apbg, t ... (10)

s=1

UToOB! HMOKA3aTh CXOJUMOCTh COOTBETCTBYIOIIELO pAna M3 abCONIOTHBIX
BEJIHYHH:

é’l|a1,bk,|=[ai‘bk,]+|a,-,bk.[ + ...+ |a1‘bk,l+ ey (11)

21 . M. ngrenrom,u, T. 1L
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PacCMOTpUM €ro $-I0 JaCTHUHYIO CYMMY; €CJIH depe3 » o0O3HAYMTL Hau-
GoNbIUMi M3 3HAYKOB Iy, Ky, Iy, Ky, . . ., Is, Ks, TO, OYEBHIHO,

| a:,br,

+lapbe| + ...+ by <
<(lay| + |ag] + ... +|a.D(by| + |bo] + ... + |b,|)=d4* - BX.

Otcroma [365] BeiTexaeT cxoguMocTh pana (11), cmenonaresbHo, 1 a 6 ¢ o-
ToTHad cxomuMmocTs pama (10).

OcTaeTcs onpele)uTh ero cyMmy. MBI BiipaBe OpHIATL WIEHAM pAAa
(10) 6oxee ymobHoe U1 9TOTO PACHOJIOXeHHue, 60 pAX 3TOT, kak a b ¢ o-
NI THO CXOomdlfuiica, oOlaiaeT MepeMECTUTENIbHBIM cBoiicTBoM [387].
Pa3MecTHB 3TH WieHHl IO KBagpaTaMM, kak B (9), MBl 0ObeIMHUM
MocNeOBATEIbHEIE TPYIITHI, KOTOPhIE OTJIMYAIOT OJUH KBAIpaT OT APYroro

a,by +(aby+ aghy + ayby) +(aby + aghs + azbs + azby +asb )+ ... (12)

Eciu wepes A, u B, Kak 00bMHO, 0003HAYUTL YACTHYHBIE CYMMEL PSIIOB
(A) u (B), To nna psga (12) yacTuuAbie CYMMBI OyAyT

AB,, A,B,, AB,, ..., ABy, .. .

OHH CTPEMATCA K MPOU3BEOCHKIO AB, KOTopoe, TakuM 06pa3oM, sBIseTCS
ne Tonwko cymmoii pama (13), vo u psma (10).

Ilpr ¢axTHUECKOM YMHOXEHHH PSOOB 9Yallle BCETO IPEICTABISAETCH
yIoOHBIM pa3MelaTh nmpousBefeHus (7) Mo OAMaroHaJdsM, Kak B
(8); OOBIMHO 4JEHBI, JIEXAIde HA OOHOM AMATOHAJIH, IPH 3TOM 00Beau-
HAIOTCH:

AB=ab,+ (a\by+ azh,) + (a,b3 + ayby + asb) + . . . (13)

B sToM nmMenHo Bune K o Ll ¥ BHEpBBIC H NPEICTABHI IPOU3BENCHUE
IBYX psmoB. Tak, HaMCAHHBIN PAN MBI BOpeAb OyAeM Ha3BIBATH HpOU3-
sedenuem pacoe (A) u (B) ¢ gopme Ko w u.

IlycTp, HanpuMep, NEPEMHOKAIOTCS ABa CTEME HHBLX pana

DM

Xt =ay+ax+apx®+ .. +apxt+ ..,

n=0

Z’Obmx’"=bo+b1x+b2x2+ coe At bpx™ L
m=

[mpuyeM x B3ATO BHYTPH COOTBETCTBYIOIIMX NPOMEXYTKOB CXO-
puMocTH, 379]. Torma, Kax HETPYAHO COOOpPa3UTh, YKA3aHHBLIH MPHEM
OTBEYACT INPUBEACHHIO MOJOOHBIX WJICHOB B IPOHM3BEACHHH:

Zo ax .méo b™ = agby + (aghy + aybo)x + (ghy + arby + agb)x+ . ..

TaxaM oOpa3oM, npor3BeJeHUe ABYX CTENEHHHX psnoB B dopme K o-
LI A HenocpedcmeeHHo MPEICTABISAECTCS B BUAE CTENMEHHOTO XK€ DA,
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390. Ilpumepsl. Bo Bcex npuMepax, KpoMe NOCIIEOHETO, NMPOU3BEINEHAS PANOB Ge-
pyTca B dopme Ko mu.
1) IToMHOXUB psix

1
Z’x"—d FXEXTE X (x]=<1)
1-x 5
Ha CaMOoro CCGH, TAKHM MYTEM NOJIYYUM:

1
1-x)y

= D XN =14 24363 .o XL
1

2) VYMHOXeHne pamoB:

= D=1 =1 = x4 X2 (= DXL
1+x 70

- xm xt  x8 xm
21’(-1)m—1;=x—~2-+-3——...+(—1)m—17+... (14)

(rme | x | < 1) macT Takoii pe3ynbTaT:

< 1 1 1
Z(—l)"—lHkx":x—(l +—) X34 (=12 (1+—+...+— xk4 ...
i=1 2 2 k

Hmxe Mpt yBuoum [405], uto cymma pama (14) ects In (1+x), Tak 4ro mocnemmee
In(1+x)

1+x
3) Ilpom3BecTr BO3BEOEHHE B KBaapaT:

Pa3ioXeHne NpeacTaBiseT QYHKIMIO

{1+2( D s (u ;)2}2

(z — moboe).
VYV kaszanrune. Bocnons3oBaThesl 3NeMEHTAPHO A0Ka3biBaeMOl HoOpMyIioi:
21

2’ (O =Ch =

21z
Omeem. l+’§1(-— Y — STRE

4) ToxmectBo [cM. 385, 6)]

o 1 o
ZAnx”— 1—— Zanx"

n=0

21*
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HIIH
Zanx"= (1-x% Z Anpxn
n=0 n=0
(roe Apn=ay+a,+...+an)
JTErKO JOKA3BIBAETCA MYTEM ITOUJICHHOTO YMHOXEHHUS,
IIpu atoM, eciau B npoMexyTtke (— R, R) (0< R=1) cxomurcd OOWH U3 ABYX PAIOB,

OTCIONA YXKE CIEAYET CXOOUMOCTH B TOM XK€ IIPOMEXYTKE W IPYyroro pama.
5) HoxasaTts Toxnaectso (a=>0):

10 x 13w oL L
( 2452 24a+4 ) 223

x’+...)=

1 a+1 (a+1(@+3) .
*;l”m" @t@trd) ]

6) Kak mu1 3naem yxe [378, 1) (2)], psa

Zw'xn—1+x+x2+x3+ +xnr
o TR T T

a6CONMWTHO CXOAMTCA MPH BCeX 3HAYCHHAX X, 0003HAUMM ero cymmy uepes E(x).
3aMeHNB 3€Ch X Ha y, NOJyYUM aHAJNOTHYHBIA psn ¢ cymmoit E(y). ITponssenenne
o6oux panos B dopme K o mu mumeer obuuit vsneH:

ynoox  yn—1 2 n—2 xk yn—k xn
— e — e e —el =
a1 (e 2 (n—-2) k! (n-k) n!
< 1 3 (x+yn
xkyn—k—_ Chxhyn—k "7
= 2, i k'(n oY o 2 l

TaxuM o6pa3oM, s HeEW3BeCTHOW HaM moka ¢yHkmmu E(x) monydaercd COOTHO-
LIeHAe

E(x)-E()=E(x+y)

— [pH MO6BIX BEIIECTBEHHBIX X M Y. BIOCIEICTBAM 3TO JACT HAM BO3MOXHOCTH yCTa-
HOBHWTD, 4TO E(x) ecTb noka3aTenbHasa dyunkuunsa [439, 3); cp. 75, 1°].
7) C nomombio pu3Haka JlamaM 6 epa Jerko mokasarb, YTO psAAbI

2yt x2n
c(x)—-Z’( 1)"(2 TR TR TR A
xzm—1 X3 x5 xem—1
_1ym—1 = L (-1 y
Sy = Z( A v TRy TR S Ay s

a6CONWTHO CXOHATCA NPH BCEX 3HAYCHHAX X. IlyTeM YMHOXEHHS PATOB MOXHO
J10Ka3aTh COOTHOMICHAS

Clx+y)=C(x)-C») - S(x)- SO,
S(x+y)= S(x)-CO)+C(x)- SG).
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Tak kak Ha aene S(x) 1 C(x) ecThb HE 4TO HHOE, KaK sin x u cos x [404], To MBI y3HaEM
371€Ch H3BECTHBIC TEOPEMBI CIIOXEHUA ATIA STHX (YHKIMI.
8) PaccMoTpHM, HaKOHEL, MONOXHUTEILHBIA DAl

o 1
=2 =,
1 n

KOTODhIM cxomutcs mus x> 1 [365, 2)] ¥ npeacrasisier ¢yuxiumio { Pumana, Be-
YHCITHM, C NOMOIIBIO YMHOXEHHUA PANOB, ee KBapart.
BceBO3MOXHBIE IPOU3BEICHNS

11 1

" omx (n-myx

Ha 3TOT Da3 MBI Pa3MECTHM Tak, YTOOBI WIEHHI C OMHMM H TeM X€ YMCIIOM k=n-m
B 3HAMEHATEJNE CTOUIM PANOM, a 3aTeM — ob6bexuHmM ux. Kaxnomy k Gyner oTsedars
CTONBEKO (DaBHEIX MEXAY COOOM) Y/IEeHOB, CKONBKO AENUTENEH n HMEET 4HuCIO X, T. €.
1(k). ATak, OKOHYATEILHO,

- <~ (k)
f469) —kg; o

391. OGmas TeopeMa H3 TEOPHH npenesoB. JUTs yNpOILUEHHS M3ITOXKEHUS B Orimxai-
weM n° ¥ B OOCIEAYIOIIEM MBI YCTAHOBHM 3Ji€Ch OJIHY TEOpeMY H3 TEOPHHU MpeneNoB,
Aaollyo mupokoe o6oOmenne u3BecTHoix TeopeM Komu um IMltonsma [33].
OT1a Teopema mpuHamiexur Tennuny (O. Toplitz). Mer mokaxeM ee B 1Ba NpueMa.

1. Hpeonoaorcum, umo rosgguyuenmsl tny, (1=<m=<n) 6eCKOHEUHOU $MPEY20ALHOIN
mampuysl

by to

In ety

e iee e . (15)
thy the Ing +o+ tin

Y0084emBOPAIOM 08YM YCAOGUAM:
(a) Daemenmot, cmoauue 6 1060m cmo a6y e, cmpemamcs K Hyao:

thm—~0 npu n—+e (m guxcuposano).

(6) Cymmor abcomommbix eeauuun daeMennos, cmoauux ¢ moboi cmpocke,
02panudenst 6ce 0OHOE nocmosnoii:

[l tnal oo+l tan =<K (K= const).

Toe&a, ecau eapuanma x,;-—O, Mo amo oice cnpaeednuao U oImnocCiimeabho 6apuarin.!

Xp =ty X+ thgXet oo +tnnXn,

cocmagAenHoll u3 3nauenull ucxoonoil eapuanmet ¢ noMowwlo KodPduyuenmos mam-
puysr (15),
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HoxasartenbcTBO. Ilo >0 HadjeTcs Takoe m, 4YTO NIPH n>m Oyner:

€
|xn| < 5K ; UA 3THX 1t UMeeM, Hcnonb3ys (6):

&
[xnl < |tn,x,+...+tnmxm1+—2—.

Tax xak m 30€Ch yXe IOCTOSiHHO, TO — BBHAY (@) — cymecTsyeT Takoe N=m, 4TO
£
npd n>N H mepBoe cllaraéMoe crnpasa Oyner <E' CHenoBaTeNbHO, |Xxpl<e, ¥TO

U Tp. I.
11. ITycmo kosdPuyuenmel 1y, kpome yeaosuii () u (6), yoosremsopaiom euse ycaosuro:

(8) Tn=tny+tne+ ... +thn—>1 OpE n—->e*,
Toz0a, ecau eapuanma xn—+a (@ — KOHEYHO), MO maKice u
Xp=1tmXy+tnaXet+ o Hlnpxn—a.

Hoxka3aTelbCTBO. Bepaxenme Aus X, OYEBUAHO, MOXHO MEPENHCATH
TaK:
Xp =t (4 — @)+ thy(x, — @)+ - . . +tnn(xn — @)+ Th-a.

YIpumerss TeopeMy I K BapHadTe X, —a—0 # OmHMpascek Ha (B), HEIOCPEACTBEHHO IIPH-
X0omEM K TpefyeMOMYy 3aKIIIOMEHUIO.
1°, Teopema Ko mu [33] oTciona mojiy4aercs, €Ciid NOJ0KHATh

1

tii=lna= ... =thp=—.

Bemonserne ycnosuit (2), (6), (B) ouyeBUAHO.

2°, O6patames k TeopeMe IllTtonbua [33], coxpaHas npexuue ob603HAYCHHA.
UTak, nycTh HMEEM ABE BAPHAHTEI X, ¥ Vj, U3 KOTOPHIX BTOPAasA CTPEMUTC MOHOTOHHO
K + oo, YIpeanonoxumM, ¥To BapraHTa

Xn—Xn—
————————. a,
Yn—Yn-1
(n=1,2,3,.0.; Xo=y,=0):
Ym—YVm-—1 ”
U OpUMEHMM K Heit teopemy II, nmonarasa ftp;=———— . Bhmojndenue yCIOBUHA
yn

(a), (6), (B) nerxo nposepsercs. Toraa NoJjy4uM, YTO BapHaHTA

Xn “ Xm~— Xm—1
— D nm _——_————_—ba,
Yn m=1 Ym—YVmn-—1

4, U Tp. A.

YIpusenem psaa APYrdX HOJNE3HBIX CAeACTBHA TeopeMbl T enm nu It a.
3°, Hycme danbt dee sapuanmer xn ~0 u yp ~0, npuiem emopan us nux ydogiemeopaem

YCAOBUIO:
I+ 1yl +.oc+|ynl=K (n=1, 2, 3, ...; K=const).
Tocda u eapuanma

Zn=XYn+Xo¥n—1+ .-+ +xny,~0.

* B opaMenennnx o6biyHo Tp=1.
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Ipocroe mpumerenne Teopembl I 0pu tnm, = yn—m4, -
4°. Ecau éapuanma xn, ~a, a éapuanma y, ~b, mo eéapuanma

_ X nt+Xg¥n_1t ...+ Xn)y
n

ab.

2n

Hyctb cHavana a~=0 u TpebyeTca AOKa3aTh, 9TO 2z, —0. DTO MPOCTO BLITEKAeT U3
- ¥n

cnencTsus 3°, €ClM 3aMEHUTb B HEM Y, Ha — . YCIIOBHE, HATOKEHHOE TAM Ha Y, IETKO
n

OPOBEPACTCA C YIETOM TOro, 9TO 3AECh y,; OTPAHMICHO: |y, |=<<K.
Obpamasck k o0meMy ciy4aro, IEpenumeM 2z, B BHAC

Zn=

1= @yn+(xs— Dyn_y+ - - +(xn—a)J’1+a Vit+Yet oot yn

n n

Ilepsoe crmaracMoe cmpasa CTpeMHTCS K 0, [0 TONBKO 4TO JoKa3aHHOMY. BTopoe xe
cllaraeMoe CTPEMHTCS K ab, 60 MHOXHWTENb NPH @ EMEET HpeleiioM b no TeopeMe
Komm (1°).

5°. Ecau xpn—~a, mo u*

, 1-x+Cre Xy +Clexy+ . . . +ChoXn
Xn= n -a.

IIpumensiem teopemy II, momaras
Cr
fmn—iﬁn
m nm v
Tak xkak Cp <n™ n > -0 [32, 9)], To ycnosue (a) BHITOJIHEHO. BeImonHEHHE YCIOBHIA
(6) 1 (B) BbITEKACT HEMOCPCACTBEHHO U3 TOIO, YTO
n
2 Cr=2n,

m=0

6°. Ecau xn—~a u z=const (z>0), mo u

, I-x[,+C,‘,z-xi+C,§zz-x2+...+C",;'z"-x,q
Xn= -
; (1+2n

a.

D10 — mpocroe 0600MmEeHue TpeAbINYILIEro YTBEPXKACHUA, ¥ JOKA3LIBAETCS OHO aHAJIo-
ru4HO. MOXHO KOI(Q(MHUNEHTH! PACcioNOXUTh U B 0OpaTHOM HOpSIKe, TAK 94TO K

xhmz"-x(,+C,l,z"-1-xl+Cﬁz"“2-x2+ vt lexn
" A+2)"

.

392. Jdanpbueiiue Teopemnl 00 ymmoxewuw pagoB. Kak ykazam MepTeHc
(F. Mertens), pesynsrar K 0 ¥ MoXeT ObITh pacnpocTpaker Ha 6olee oOmmi ciyyal,

* KoHeYHO, HECymeCTBEHHbIM SBJIAETCH TO, YTO HYMEPAlMIO 3HAYEHHH BapHaHThH
Mbl HauunaeM ¢ 0 Bmecro 1.
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Teopema Mepmeuca. Ecau paosr (A) u (B) cxodoamca, npuuem xomb
00uH u3z nux cxooumca abcoarwmmuo, mo pazioxcerue (13) umeem mecmo.

Doka3zaTtenbcTBO. Ilycts, ckaxeMm, psan (A) cxomutcs aGcomoTHO, T. €.
cxomurest psan (A¥).

OObenuHsAs YWISHB! HA N-U QUATOHANIH, HOJIOXHM

cn=abp+abn_y+ ... +an_b.+anb;

Ch=c1+c+ ... +cn,

TaK 4TO HYXHO IOOKa3aTk, 4iC Cn~AB.
IIpexne Bcero, HETPYOHO BUAETH, YTO

Chn=a\Bn+a,B. 1+ ...+an_B,+anB;. (16)

Ecim nonoxutb By, =B—fp, (the oct1aTOoK S50 npu m—e), To cyMmma C;, niepe-
OHETCs Tak:

Cn=AnB-yn, The Yn=afntafn_ 1+...+an_f;+anp;

TaK Kak A, —~A, TO BeCb BOMPOC CBOAUTCHA K NOKA3aTeILCTBY cooTHOIeHus: lim v, =0.
A 3T0 yTBepXIeHue cpasy cieayeT u3 3°, 391 (upu x, =P, 4 y,=ay,), €CIH y4eCTh,
4TO

lay| +]as) + ...+ |an|<4*,

Toe A* — cymMMma CXOZsIerocs, Mo MmpeamnosioXeHuIo, psaa (A*).
B Buae npaMepa NpHMEHEHHS TeOpEeMBI, BepHeMcs K 3anade 4) n° 390. YnomanyToe
TaM paBeHCTBO, KaK Mbl BHAWUM TEHEpPb, HMEET MECTO W Ha KOHIE X = + R MPOMEXyTKa

CXOXHMOCTH psma Z apx", ecnu R<1 @ pAx Ha 3TOM KOHLUE BOOOIIE cXomuTcs (XOTH
0

Obl M Hea®Cco NI THO).

3amerHM, yTOo ecnu O6» 006a pauna (A) u (B) CXOAUNHCH THIND
HeabCONWTHO, TO yXe HeNb3s ObIJIO OBl PYYaThcsd 3a CXOJHu-
MocTh pana (13). Jng npuMepa nonpodyeM YMHOXKHTB DSl

i'( - l. ___+L_. +(_1)n—1L+
=l Yn V2 13 Vn

[kax Mbl 3naeM, 382, 2] cxopsamuiics HeaOconw THO] Ha camoro cebs. B aToMm
cyqae

1 1 1
n= (D e b b
¢ (I-Vn V2.Yn-1 Vi-Vn-i+1 V' 1)

1 ol
TaK Kak Kaxnoe cjaraeMoe B ckobkax Gonbine —, TO [cn|>1 (upu n>1) u pag 2 cn
n 1

pacxomutcsa [364, 5°).
O/1HAaKO €CH QHAJOTHYHO NMOCTYMHTh C TaKXKe Hea O CONIOTH O CXOHAMHMCS
[382, 1)} psuom

& (~n-t 11 1
In2= 2> e L L cee (=D,
ne=1 n 23 n
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TO OKAXETCA, YTO

1 1 1 1
P T +_] -
en=(=1) [l-n+2-(n—1)+ ety e

- (=1

Lt +1)
et

3pech, NpU BO3PACTaHUM A, |cn| cTpeMuTca K 0, MOHOTOHHO YOBIBAas, Tak 4TO [IO Teo-

n+1

peme Jle#fiOuua, 381] pag Zc,, BCce Xe OymeT cxopmsamumcsa Kakoea xe
1

ero cymma, Oyner i ona papaa (In 2)2 ? Ha 3T0T BODpOC OTBEYaer

Teope.ma Abena. JTuws moasko dan 08yx cxodauwpuxca pados (A) u (B) u ux
. npou3ssedenue, 83amoe 6 gopme Ko wiu, oxaszvieaemca CX00AWUMCAR, MO €20
cymma C neobxodumo pasra A- B.

HoxasaTtenbcTBo. Coxpaussa npexuuwe obosmadenus, us (14) nerxo nomy-
yaeM:

Ci+Cot o +Cn=ABr+A,Bp_y+ ... +AnB,.

PasgenuM 310 paBeHCTBO DOYWIEHHO Ha # M IepeiiieM K NpeAeNty OpH n—ee. Taxk kak
Cn~C, 10 no Teopeme Komu [33; cMm. Takke 391, 1°] u cpemuee apudMeTHYECKOE

Ci+Cot ... +Cp
n

C.

C npyroit cTOpoHbI, B cuity 391, 4° (eciu NOJIOKHATL TaM X, = An, Y= By),

ABn+A;Bn_y+ ... +AnB,
n

AB.

Otcioga C=A-B, 4. 4 1p. A.

§ 5. IloBTOpHBIE H JBOliHBIE PSABI

393. IMosTopunie panpl. IlycTh 3a1aH0 GECKOHEYHOE MHOXECTBO HHCEN]
a  (i=1,2,3,...; k=1,2,3,...),

3aBUCALIMX OT 1 BY X HATYpalbHbIX 3uaukoB. IIpeicrasum ceGe ux pac-
MOJIOKEHHEIMH B BHUIE O€CKOHEYHOH NPSIMOYrOJIbHOW MAaTPHI[BL:

a a afd ...oa .

a? o dP ... ad? ...

a® a® d® ... a® ... 0
a® a o ... o .

Takoro poma Marpuma HOCHT Ha3Bamue GECKOHEUHOH NPAMOYIrOMbHOMN
MATpUIBl C XBYMY BXO/ZAMH.
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Tenepp 0CTAHOBHMCS Ha OJJTHOM HOHATHH, CBA3AHHOM C PACCMOTPEHHEM
Marpul] Buga (1) — NMOHATHM NOBTOPHOTO pALa.

Ecmu B OeckoHEUHO# MPAMOYroibHOM MATPHUIE MPOCYMMEPOBAThH KaXK-
IyIO CTPOKY OTHEJIBHO, TO MBbl HOJYYAM OECKOHEYHYIO ITOCIEeIOBATEIb-
HOCTh pANOB BHIA

S (K
2 aP. @
i=1
IIpocymmMmupoBaB Temeph 3Ty MOCIENOBATENBHOCTH BTOPUYHO, Oymem
HMETH

> 3 . @)

IHoxy4enuplii CHMBOJI H HOCUT Ha3BaHUC MOBTOpHoOTro psana. Ecmu
3aMEHWTh CTPOKU CTONOIAMH, T. €. €CJTM CyMMHPOBATh WICHB! Halllei Oec-
KOHEYHOH MAaTpHUUBl IO CTOJOIAM, TO Mbl HOJYIAM BTOPOH MOBTOPHBIH
pan

M
M

af®. @

I
-

i=1i=1
Ilosmopnuiii pao (3) naszvieaemca cxXo00AwuMmca, ecau, 6o-nep-
8blx, cxo0amca ece paodvl no cmpoxam (2) (ux cymmel, coomgemcmeerHo,

obosHauum uepes AM) u, so-emopwix, cxodumcs pad
> 4®;
=1

ezo cymma u Gydem cymmoii nosmoprozo pada (3). Jlerxo nepedpazupo-
BaTh BCe 3TO H A psana (4).

OnemenThl MaTpuubl (1) MOXHO MHOIMMH CIIOCOOAMH HPEICTaBHTH
B BHIE OOBIKHOBCHHOM IOCIEAOBATEIBLHOCTH

Uy, Upy voasUpy oo )

U IO HEH COCTaBUTh HPOCTOH piaAn

2 Ur (6)

[O6 sToM MBI yx)e TrOBOPHJIM B CBA3U C 4acTHOro Tuma Matpuuei (7)
n° 389]. O6parHo, €ciM HMEEM OOBIKHOBEHHYIO MOCIEHOBATEILHOCTD (5),
TO pa3buB Bce ee WieHbI (HE CUMTAACh C UX paCHOJIOXeHHeM) Ha Oecko-
HEYHOE MHOXKECTBO OECKOHEYHBIX IPYMI, MOXHO €€ NpPEACTaBUTh MHO-
rEMA cnocobamMy B BUE MATpHIBL ¢ AByMA Bxojamu (1), H mo 3Toil Ma-
TPHIE COCTABHTH MOBTOPHBLA psx (3). EcTecTBenHHo BCTaeT BOIPOC O CBA3H
Mexay pagaMu (6) 4 (3), COCTOSIIMMHI M3 OJHMX H TeX Xe WICHOB.
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Teopema 1. Ecau pao (6) cxodumea abcoawmuo x cymme U, mo,
Kax Obl €20 uAeHbl HU pacnosoxcums 6 eude mampuyst (1), cxodumca u no-
emopHblii paod (3), npudem umeem my Jnce Cymmy.

HoxasatenbcTBO. Pan

A 6*)

IO INPEOIONIOKEHUIO, CXOAUTCs; 0003HAYUM ero cymmy uepes U*,
Torma, npexae Bcero, NpH a0ObIX 7 U K,

n
2 |dP|<0*,
=
OTKYA CIIEAIYeT CXOIMMOCTE pama 2 |a®P|[365], a 3HAYMT H CXOOUMOCTE

psana Za(") [377] (upu moGom k)

I[a.nee, i1 moboro uucna >0 Haitmercs Takoe ry, 4TO

lu,| <e, 0
r=ro+1
CIIeI0BATENIBHO, U MOJABHO
- .
2 u | =|U-2 u|<e. (8)
r=re41 r=1
WiieHsl Uy, Uy, . .., U, psaaa (6) comepxarcs B IEPBBIX 7 CTPOKAX M HEp-

BBIX m crosbnax Matpunsl (1), eclid # H m JOCTATOMHO BEJIMKH, CKaXKeM,
IpU n=>ny, U m=>m, Torma IS yKa3aHHBIX # U M BBIPAKECHHE

n m To
> 2aP- - 2
k=1 i=1 r=1I
OPEACTABIACT CyMMYy FpYIIBl WICHOB ¥, ¢ HOMEpaMH, OONBLIMMH ry, H

BBUny (7) mo abcoimoTHOU Beanunne <e&. Ilepexods K npeleny npu m— o,
Hoxy4uM (A7 n > ny)

n Ty
A0 Sy | <e,

k=1 r=1

Tak 410 — B cBsi3u C (8)

2,

OTKyJa CJIeAyeT CXOIMMOCTh HOBTOpHOro psna (3), 1 uMeHHo x cymme U.
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3aMeganue. HekoTopele cTpoksn MaTpHUbl (1) MOTYT COCTOATE
U M3 KOHEYHOTO YHCJIAa WIEHOB; JIETKO PacIpoCTPaHUTh PE3YyJbTAT H Ha
3TOT CHyvaH.

Ecay BCHOMHWTB, 9TO B 386 MBI pa3OMBanH UieHHl OPOCTOro psna
JIHIUb HA KOHEYHBIE IPYNNBl, HE Hapymiasg OPH 3TOM HX
pacnmoJoXeHUS, TO CTaHET SCHO, YTo Teopema 1 popmymupyer na-
JIeKO MIyIee PaclpoCTpaHeHUE (COBMECTHO) COYeTATENbHOro H Iepeme-
CTHTEJIBHOTO CBOWCTBa aGCONIFOTHO CXOJMAIIErocs psja.

OO6paTHas TeopemMa HMEET MECTO JIHILD IIPY YCHIICHHH npennonoxceﬂnﬁ
O IOBTOPHOM pAIe.

Teopema 2. ITycmb Oan nosmoprsii psad (3). Ecau no 3amene e2o use-
HO8 ux abCOAOMHBIMU 8EAUYUHAMU NOAYUAEMCA CXOOAWULICA PAO, MO CXo-
oumca He moavko psaod (3), Ho u npocmoii pad (6), cocmoawui uz mex e
ynernos, umo u pao (3), pacnosoncennvix 6 Ao6oM nopaAdKe, U NPUMOM -
K moil xnce cymme.

HoxaszaTtenscTBo. Ilo nmpeamonoxenuto psn

ALY

cxodutcs; mycts A* — ero cymma. Ilpu moObix # u m, nMeeM

nMa

é’ S‘k)|<A*- )

Bo3pMeM Temepp NPOH3BOJBbHY IO HacTHYHYIO CyMMY pana (6%):
=|uy| + |ug] + ...+ |u].

pu mocratouno OONBIIMX n W M, SWIEHBL U, Uy, ..., U, OYAYT coacp-
KaTbcA B NMEPBBIX 1 CTPOKax M HepBBIX m crosbnax martpuubi (1). Torma
u3 (9) crenyert, uTO

U¥<A*

u pan (6*) cxomutes, T. €. pax (6) cxomurcs a6CO N0 THO.

OcTaercs npuMeHHTh TeopeMy 1.

Tak xax, oueBHIHO, BCE CKa3aHHOE O NIOBTOpPHOM pane (3) cnpasea-
JIMBO M IS MOBTOPHOro psfa (4), To Kak CIe[ICTBHE U3 JOKa3aHHBIX TEO-
PEM TOJIy4aeTCs CIEAYIOIEee BaXHOE NPETOKEHHE, KOTOPOE YacTo ObI-
BaeT IOJIE3HO¥.

Teopema 3. ITycmv oana mampuya (1). Ecau no 3amene uaenosé pada
(3) ux abcoalomubimu BeAUNUHAMU ROAYUAENICA CXO0AWULICA PAD, MO CXo-
oamcea oba nosmopueix pada (3), (4) u umeiom my e cymmy:

2

k=

oo

k=1

M3

—

-
1l

—

* B HeMeuxod NMTeparype ITO NPEMJIOKEHHE HOCHT Haspamue ¢grosser Umord-
nungssatzs.,
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394. /Ipoiinbie psigpl. C OeckoHeyHOM HpAMOYroibHOM Matpuuei (1)
CBA3aHO M NOHATHE ABOMWHOTO psApaa. Tak Ha3BIBAETCH CHMBOI

al+aP +a+ ... +a+ ...
+aP+aP+adP+ ... 1aP ...

. . e

+a®raf i aP o a®

T C) (10)

k=1

OrpaHUYHBIIACH HEPBBEIMA 1 CTOJIONAMM H NEPBBIMHA /1 CTPOKAMH, pac-
CMOTPHUM KOHEYHYIO CyMMY

Ha3bIBAEMYI0 YACTHYHOHU CyMMoH manHOro asoitnoro psama. Cra-
HEM YBEJTHYMBATH YHCJA M W 1 OJHOBPEMEHHO, HO HE3aBHUCUMO IPYT OT
Ipyra, ycrpemisis ux kK OeckoneunoctH. ITpedes (Komeunwlil uau beckomey-
Hblll)

A=lim A

m-»oo

n->oo

Hazvlgalom ¢y M Mo il 0801020 pAda, ¥ TMALWYT

A= 2 a®.

k=1

- Ecau pao (10) umeem KkoHeuHyw cymmy, e20 HA3bIGAIOM C X O-
QAW UMCA, 6 NPOMUBHOM e cayuae — pacxo00 AW uUMCA.
BepueMcsa nmns mpumepa k Matpume (7) mpemsimyiuero maparpada, ¢
odLMM 4JIEHOM
C,(k) = a,'bk .

B srom cryyae 9acTHYHAas CymMMa, OYeBHIHO, paBHAa (€CJIH COXpPAHUTH
npexHue 0003HaYeHHS)

Cg) =AmBm

Tak 4TO ABOMHOM psAM, COOTBETCTBYIOIIMM YNOMSHYTOI MaTpmie, BCerla
CXOOUTCA U UMeEET CyMMy*

C=lim A,,B,=AB.
m oo

n-eo

* TaxuM 00pa3’oM, €CM NpPOU3BEACHHE ABYX CXOMSIIMXCA HPOCTHIX PANOB OPEL-
CTaBHTh B BUJE ABOMHHOT O pPAda, TO CYMMOH HOCIeNHEro Beeraa OyaeT MpOH3-
BeCHHE AB; TpyAHOCTh ObUIa B NOKA3aTeNbCTBE TOrO X€ N0 OTHOMIEHHIO K HIPOH3-
BENCHHIO PANOB, NPEACTABICHAOMY HOPOCTEIM PSAOM.
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Ha mpoiinble psfmbl JErKo mepeHecTH Teopemsl [364, 3°  4°] 06 ymHO-
JKEHHH WICHOB CXOJSIETOCs PAfa HA MOCTOSHHOE YHCJIO W O IMOWICHHOM
CIIOXEHUH HUIM BBIMMTAHHH IBYX CXOJSINUXCS DSIOB; NPEAOCTaBISIEM Clie-
JaTh 3TO YHTATEIIO.

To4HO Tak Xe Ui CXOIUMOCTH JBOWHOIO pilla HeEOOXOHXHMO
crpemitedue X 0 o6Gmero umgeHa:

lim af® =0

k—+oo
[cp. 364, 5°). 1o cpa3y BumHO U3 HOPMYITHI
agk)=A§k)_A§IQl_A$k-—l)+ASIL-1-1).

EcrecTBenno comoctaBiTh ABo W HOMW pin(10)c TOBTOPHBIMH
panamu (3) u (4), paccMOTpeHHBIMH BbIIlE. Tak Kax

n m
A= 31 > apl,
k=1 fi=1
TO, NEpexoasl 3aeCh MpH GUKCHPOBAHHOM 1 K NPEAeNy NPH m > < (B Ipel-
MOJIOEHMHU, UTO PSOBI MO CTPOKAM CXOMSATCS), MOIYIHM

lim A® = 3 4®,

m-—»eo k=1

Tenepr fACHO, YTO CymMMa IOBTOPHOro psga (3) ecThb He 4TO HHOE, KaK
NOBTOPHBIH IMpegena

lim lim AD.

N 00 M-»oo

Bompoc e o paBeHCTBE CYMM IBYX HOBTOPHBIX psafos (3) u (4) sBugetcs
YaCTHBIM CIy4aeM BONPOCA O PAaBEHCTBE ABYX MOBTOPHBIX IPEENIOB.
IIpuMensss K paccMaTpuBaeMOMY ciydaro oburyro Teopemy n° 168 o
JBOMHOM WM IOBTOPHOM Ipenenax®, mpuiaeM K pe3yabTary:
Teopema 4. Ecau 1) cxodumca osoiinoti pad (10) u 2) cxodamesa ece
PpAdbl HO cmpokam, mo cxooumca nogmopuwli pad (3) u umeem my ouce
cymmy, umo u 080iiHot pAaod

o o oo

3 Sap-a= 3 dp.

k=1 =] i, k=1

Ananorugnas TeopeMa HMeEET MeCTO W MJjisi BTOPOro NOBTOPHOIO
pana (4).

* 3neck m ¥ n ATPAIOT POJIb HE3ABMCHMEIX O€PEMEHHBIX, 3 YaCTHYHAsA CyMMa Aﬁ,’.') ~
poib GyHEKIMA OT HEX.
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Bompoc o cxomumoctu pnBoitHoro psiaa (10) mpocro pemaercs s
cIyyasd MOJNOXUTENbLHOTO PAfa, T. €. PAAa ¢ HEOTPALATENLHLIMU
yrenamu: a$®=0.

Teopema 5. [daa cxooumocmu paoa (10), ecau a® =0, neobxodumo
U 0OCMAMOUHO, umobsl 2o YACHUYHbIE CYMMbl OblAU 02PaHUYEHDL.

HdokaszaTensbcTBo. HeobXxoguMocTs 3TOro YTBEPXKAEHUS sicHA.
JTokaxeM nocTaToyHocTh. Ilycts A <L. B03bMEM TOYHYIO BEPXHIOIO
IPaHUIy MHOXECTBA cymMm AM:

A=sup {4}

M TOKaXeM, YTO OHA U OYyAeT SBIATHLCA CYMMOM HaIuero psna.
3amagum moboe e=0. Ilo ompenenendio TO4YH O Bepxueit rpa-
HUIB, MOXHO HAiTH TaKyl0 4acTU4HYIO cymmy ALY, 4ro

(n) -
A=A —e.
Ecnu B3a1L m=>m,, n>n,, To H IOAABHO
AD =4 ¢,

Tak kak A c BospacTamueM 0 6 0 M X 3HAYKOB N U M, OYEBMIHO, BO3-
pacraer.

Tak Kak Bcskas 4aCTHYHASA CyMMa HE IIPEBOCXOAMT A, TO MOXHO Ha-
nMCcaTh, YTO

AP -A| <e (upu m=>m,, n=>ny),

a 3TO H O3HayaeT, 4YTo

A= lim AD,

M —>co
n—eo

T. ¢. pan (10) cxomurcs.

Ha ocnoBe 3T0i#f TeopeMbl MOXHO YCTAHOBHTHL TEOPEMY O CPaBHEHHM
OONOXHUTENIbHLIX NBOMHBIX PAAOB, aHAJNOTHYHYIO Teopeme 1 n° 366; mpe-
JOCTaBJIAEM 3TO YHATATEJIO.

PaccMoTpuM Temeph mBOiHON PSR, COCTABICHHBIX M3 MATPHIEL, B KO-
TOpOM HE BCE BJIEMEHTHI IOJIOXKUTENbHBI. O4YEBHIOHO, YTO, KaK UIA mpo-
CTBIX PSOB, MBI MOXEM HMCKIIOYMTH U3 PACCMOTpPEHMsS T€ CIy4aH, Korma
BCE 3jIeMEHTHl MATpHIOBl OTPUOATENBHBI UIH KOI'Ia €CTh TOJBKO KOHEY-
HO€ YHCJI0 IOJIOKHTENBHBIX HAH OTPHIATENIHHBIX JJIEMEHTOB, TaK KaK BCE
9TH ciy49ad HENOCPEACTBEHHO HPHBONATCS K TOJBKO YTO pacCMOTpPEH-
HoMmy. ITosToMy MBI NpEANOJIOKHM, YTO B DACCMATPHBAEMOH MAaTpUIE
(1), a 3maunt u B pane (10), ecTh GECKOHEYHOE MHOXECTBO KaK HOJOXH-
TEIBHLIX, TaK M OTPHIATEJIbHBIX 3JIEMEHTOB.
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Kpome Matpumsl (1), cocTaBuM ellie MaTpMIy M3 abCOJIOTHBIX BEJH-
YHH 3JIEMEHTOB.

a(z)[ [aP] ... |a®]

| |a®] ... |a®} ...
|
|
|
I

|a(")‘ ;aén PO

H IO 3TOH MATpHIE COCTaBHM IBONHON paAd

Z la®). (10
i, k=1
IMomo6ro Teopeme n° 377 o NPOCTHIX pAxax, M 37eCh MMeET MECTO
Teopema 6. Ecau cxooumca pao (10%), cocmagaennviit uz abcosomuplx
seaunun uaenos oannozo pada (10), mo u daunwii pad cxodumcs.
HoxaszaTenbcTBo. [lpencrasum af® B Buze:

AP =p P,
rac

o= 1Ll gl

b

Tax xax p®<|a®|, ¢W<|a®|, To u3 cxomuMocTH nBOMHOro psana
(10%) BHITEKAE€T CXOOMMOCTb IBOWHBIX DSIOB

> =P, 3 q®=0
i, =1

i k=1

Ho Torma cxomutcs M pax

Z’ a(k) = Z’ (p(k) — q‘(k))

i k=1
a MMEHHO HMEET CyMMY
A=P-Q.

Ecau oonospemenno ¢ padom (10) cxooumea u pao (10%), mo psao (10)
Hazvieaemca abcoarwmuo cxodawyumca. Ecau oce psao (10) cxooumes,
a pao (10*) pacxooumca, mo paod (10) Hazvieaemca Heabcoaiomhuo
cxo0aumca.

HokxaxeM Tenepb TEOpeMY O CBSI3M MeXIy IBOMHBIM psgoM (10) u
IpPOCTHIM psanoM (6), cocTosAmmM M3 TeX Xe WieHoB. OHA aHAJIOTHYHA
TeopeMaM 1 m 2.

Teopema 7. ITycmb Oanvt dsoiinoii pao (10) u npocmoii pao (6), cocmos-
wyue uz 00nux u mex sce yaenog. Tozda abcoarwomHuaa cxooumocms
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00HO020' U3 HUX €/e4em 3a c060il a6 CcoAOMHY 0 Hce CXodumocms Opy-
2020 U PABEHCMBO UX CYMM.

HdoxazaTtenscTBo. IIpeamosoXuM CHaYana, 9TO CXOMUTCS ab-
conoTHO ABoMHOM pax (10), 1. e. cxomutes psag (10%); cymmy mociaeamEero
o6o3maunM depes A*. BasB n060e HATYpaibHOE YHMCIO F, COCTABHM 4Ya-
CTHUHYIO CymMMy psaa (6%):

=luy|+ug| + ...+ |u.

Kax u mpu moxa3aTenbCTBE TEOPEMSBI 2, JIETKO YCTAHABJIABACTCH HEPABEH-
ctBo UX<A*, a ¢ HUM H abCONIIOTHAS CXOMMMOCTHL psaa (6).

ITycts Temepp maHO, YTO CXOAUTCS abCONIIOTHO mpocToif paxd (6), T. e.
cxomuTes pan (6%); ero cymmy oGo3nauum gepes U*. Kakyro 651 gacTmu-
HYIO CyMMY

n m
A50= 3 5 ||
k=1 i=1

psoa (10%) Hu B3ATH, HAMOETCA CTOML GONBLIOE r, YTO BCE ClaracMbie
3TOH CyMMBI OYyIYT COEepXaTbCid CPEAHd NEPBHIX r WIEHOB pama (6%), Tak
qT0

AXO < U,

B Taxom ciydae, mo Teopeme 5, msoitHo#t psn (10*) cxomuTcs, a 3HAYAT
pan (10) cxommtes abconroTHO. ,

Haxonen, mins Boraucnenus cymmel U psma (6) — BBumy ero aGco-
JIFOTHOH CXOJUMOCTH — MOKHO WIEHBI €r0 PAacHoJIOXUTH B JF000M ymo0-
HOM IJIs 3Toi uenu mopsaxe [387]. Mur pacmojoxuMm MX MO KBa -
paTamM cxemsl (1); Torma, eciau elle oOBEIHHHATL WIEHB!, OT/IAYAIOIIHE
OMMH KBaApaT OT CJICAYIOIErO 3a HUM, IMOJYIHTCH:

U=lim AM=4,

n-—+eo

4TO M 3aBeplIAeT IOKa3aTelbCTBO.

Conocrabnsas TeopeMmsr 1, 2 u 7, chopMynupyeM, B 3aKIIO4YeHHE,
Takoe

Cnedcmeue, IIycms mampuya (1) u nocaedosamenvhocms (5) cocmosm
u3 o0Hux u mex e uaenos. Tozda Oeoiinoit pad (10), nosmopmvle psAds
(3), (4) u, naxoney, npocmoii pad (6) — ecau xomsv 00UH U3 HUX
OKa3zwieaemcsa cCX00AWUMCA NO 3AMeHe €20 YAEHOE
UXx abcoaOMHBIMU 6eAUYUHAMU ~— 6Ce Uemblpe CXOOAMCA U
uMelom 00Hy U my e CyMmy.

B ciywae monoxurensHBIX psmoB (T. e. mpu al®¥=0), oueBmmHO, HO-
CTaTOYHO CXOJMMOCTH OIHOI'O M3 YKa3aHHBIX PSHOB, YTOOBI CXOIMJIHCH
BCe YeThIpe M IPATOM K OJHOH U TO# Xe CymMMe,

22 I'. M. ®uxrerronsm, 1, 11
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395. Ilpamepnl.
1) UnrepecHsrii npuMep naet Marpuna (0<x<1):

x - x2 X2 —x8 x3 een
x(1-x) —xx(1-x) x2(1-x?) -x31-x8) x3(1-x9
x(1-x) —x*(1-x?)* x2(1-x?? —-x¥(1-x8)?* x3(1-x9* ...

3nmeck psppt MO CTpokaM a6 COJMIOTHO CXOHATCA H MMEIOT, COOTBETCTBEHHO,
cymMsl x, x(1—x), x(1-x)?, ... Paa, coOCTaBleHHbIA M3 3THX CYMM, Takxe abco-
JFOTHO CXOOHTCH; ero cymMMma paBHa 1. Mexay Tem apyroii NOBTOPHBIH psif HE CXO-
JIATCS, TAaK KaK PAOBI OO CTONIOLAM MMEIOT CYMMEL, IIONEPEMEHHO paBHble +1 mmm — 1.

DTOT HakT HHCKONBKO He MPOTUBOPEYHT TeopeMe 2, 6O Anms MaTprusl u3 a6 -
CONIOTHBIX BeJIHYHH HH OJAH NOBTOPHBIA PAA HEe CXOAMTCA. MBI BUAMM JINIIb,
YTO MpeAnoNnioxerne 06 aGCONMIOTHOW CXOHMMOCTH DAOOB IO CTPOKaMm (IO
cronfuaM) # 06 abGCONIOTHOM Xe CXOOMMOCTE p#Aa, COCTABICHHOrO M3 MX
CYMM, HE MOXET 3aMEHUThL TpeGOoBaHus, YTOOE! CXOMMICH MOBTOPHBIA PAA I MaTPHIIb!
abCONMIOTHBIX BENIHYHH.

2) IlpuBepem 3HamMenwthit emapagokc Mor. Beprynnm. PaccMorpmMm noito-
SKATENIBHYIO MAaTpHLY (HEAOCTAIOMME YJIEHbHI MOXHO 3aMEHHTh HYISIMHM):

1 1 1 1
1-2 2.3 3.4 4.5 °
1 1 1
2.3 3.4 4.5 °
1 1
3.4 4.5 °
1
4.5 "

H OPHPaBHAEM CYMMy JABYX COOTBETCTBYIOLIHMX €ii MOBTOPHBIX PsgoB. Ecim cHavana

1
CyMMHpPOBAaTh IO CTPOKaM, TO DOJYy4YEM CyMMEI [cp. 25, 9)]: 1, PREVURRE M3 KOTO-
PBIX COCTaBHTCS FaPMOBMYECKH psn; ero cymMMmy ofo3HaumM dgepe3 s. CymMmupys xe
1o cToJIONaM (BCe OHA COAEPXAT N0 KOHEYHOMY YHCIIy WIEHOB!), NPHAEM K Pe3yNIbTaTaM
1111
2345
B cymme pact s—1. Utak, s=s—1!

Ha pmene, X0B€YHO, 3TOT $mAPAafOKCy ABIIETCH JIMIOb MOKA3ATEILCTBOM OT IPOTHB-
HOro Toro (akra, 470 CyMMa § He MOXET OHTh KOHEUHOH, T.e. 94TO
TapMOHMMCCKHH PSR pPacxOmUTCH.

3) Ilycte g mpoGeraeT BCEBO3MOXHBIE CTENEHH C HATYPaJbHLIMH OCHOBaHMSMHA
¥ nokazaTensmM (6OMBINWMYM eOWAMUBI), W NPUTOM — KaXAYI0 OJHAaXEBL
Jokazarb, YTO

, +++j M3 HHX COCTABUTCS [APMOHMYECKHM psf Oe€3 nepBOro 4WieHa, 4To

G=Z—-1—=]
7 9-1

[X. Tonbra6ax (Ch. Goldbach)].
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Ecmm m nmpuHWMaeT BCEBO3MOXHBIE HATYypalibHble 3HaveHwWA (>1), He 5B A Io-
muecs CTENEeHAMH, TO

G=2 *-Z . { ————-i}~
m m? m mi—1 m un%— md—1

1 1 1 1 1 1
= — b — el =t == Y=
%'{(m‘l{m‘km"* )l(m3 m‘+m‘J )! }
1 1 1 1 1 1
ZZ{_+—+... H—=t—=+ | =t=+ ... +...}:
m Um®> md mi mb mt m®

1 1 1
T4 {m(m—1)+m2(m2—1)+m3(m3—1)+ )

OTcroma

G- 3

2 n(n— 1)

rie n opoOeraer Ha 3TOT pa3 yXe B Ce€ HaTypAIbHble 3HAYEHHs, HAYWHASA C 2, TAK 4TO,
npeiicTtBATENBHO, G =1 [25, 9).
[O6ocHOBaHME, CO CCHUIKOM HA JOKa3aHHbIE TEOPEMBI, MPEJOCTABIISEM YHMTATENO).
JIro00OBITHO COMOCTaBMTH 3TOT pe3yipTaT ¢ pesympratoM HMltedimepa
(J. Steiner):

[\4:

>

1
—2 mk m(m 1)

\F

2

o

m

3nech cTeneAy MOTYT HOSIBISATHCS M HE OJHAKIBI!)
4) PaccMOTpAM MaTpHLly ¢ OOWHMM 9JIeHOM

@ *k-1) - G-
YO+ (i+k) k(k+1)-...- k+0)’

Bocmonp30BaBIMCh YCTAHOBIEHHBIM B 4), 363 COOTHOMIEHHEM

Zw' ! = ! an
=1 (@+n)(e+n+1).. (a+n+p)_p(oz+1)-...-(oc+p)

(opu a =0, p = k), 1€rko MPoCyMMHUpPOBATEL WIEHBI k-Oif CTPOKH:

3’ Sap-3 L (12)

Beuny cHMMeTpum BbIpaXeHHs af® ormocurensno i n k, BTOpOIi IOBTOPHOH| psaf

TOXAECTBEH C MEPBLIM, W ITPHPABHHBAHUE MX CYMM HHAYEr'0 HOBOI'O He HAacCT.

22+
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BuIOM3MEHHM TeNeph MATPHIY TaK: COXPAaHMB B m-OH CTPOKE MepBEIE m— 1 WiIeHoB
MPEXHIME, BMECTO 7-TO WIeHA IIOACTABAM CYMMY 7y, BCEX SUICHOB m-if CTPOKM, HAYMHAS
C m-ro, a OCTAJIbHBIC WICHbI OTOpOCHM. [IJIsi HOBO# MaTpHIIBI

— - -
ry

agz) Fy

a£3) aé:i) ry

aim) agm) a%”') . a,(,,m_)_l m

a§m+1)v aé'"H) a;(;'"H) ol gD ma) Pt

CyMMBI PSIOB IO CTPOKaM, a ¢ HEIMH M CYMMa IE€PBOrO MOBTOPHOIO PANA OCTAHYTCs
npexHaMu [eM. (12)]. Jdnd cyMMHpOBaHHA DPANOB MO CTONONAM BRMHCIHM CHAaYana

i (m-1)!
rm*ignll 1(1»}—1)—_—-._.(—1-}——m)_

_> (m=1)! - D ;
T m—T4me..@m-11n) mmD)-...-@m-1)

3€Ch Mbl CHOBA BOCIIOJNB30BaJIECh COOTHOmEHHeM (11), mpu a=m—1, p=m. Cymma
K€ OCTAJIbHBIX YIEHOB M-TO CTOJIONA paBHA

< (m-1)! B Z“’, (m—-1) B (m-1)
i=m+0i(+1) ... (i+m)_n=1 (m+n)(m+n+1)-...-(2m+n)_ m(m+1)-.... 2m

[B (11) Mbl monoxunu a=p=m]. OKOHYATEIHLHO e, CYMMa WIEHOB m-TO CTOJONA
-OKa3blBAETCA PABHOMK

3 (m-1)! oy [m=1)1P
mn+1)-...-@m—1)-2m _ 2ml

[MpupasHKBas, Mo TeopeMe 3, CyMMbI 060MX MOBTOPHEIX PAMOB, MBI IPHXOAUM K HHTe-
PECHOMY COOTHOILIEHHIO;

1 .3 n-Dp
/§1—2=3mz=,1_-5m!

a3

Tak xax pan copaBa CXOAMTCS OY€Hb GBICTPO, TO OH O6JerYaeT NpaGIHXEHHOE
BBIYHCJICHHE CYMMBI BaXXHOTO DA, CTOSILLEro cinepa. bBonemie TOoro, Huxe [440, 7]
MBI YBHIMM, YTO BBHIBEACHHOE COOTHODICHHE MO3BOJISET BHIPA3HTh CYMMY NEPBOrO

7Z2
Psia ¢B XKOHEYHOM BHZEY: OHA paBHA 3 (3TOT pe3ynbTAT TPHHAMIEKUT DU I EPy).
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5) Ocransosumcs wa page JlamMOeprTa:

(0= Z aj

X
=1 1—xR’

OrpPaHUYHMBASACH HPEANOIOKEHHEM, 4TO | x |<1. Mbl Bugenu [385, 5)], 4yTo mpu stom
npeanonoxendd pax JlamM6epTa CXOAUTCA NPH TEX XK€ 3HAYESHHAX X, YTO M CTeE-
NIEHHOU psn

{63 =k§ agxk,

JIOMyCTUM K€, YTO pPamHyC CXoaMMOCTH R 3toro psina >0 [379], u OymeM cuurath
|x|<R.
Ou4eBUOHO:
Xk

=xkp Xtk L xthg L
1-xk

CocTraBuM Tenepb MAaTPHIly U3 3TUX YWICHOB, YMHOXEHHbIX €€ Ha @y, [TOMenas oJH-
HAKOBHIE CTEIIEHH X B OJHH CTOJIOEI (TIyCTbIe MECTA MOXHO 3AMOJIHHTL HYJISMH):

- >
ax ax® ax’ axt ax® ax® ax ax® ax® ax ...
a,x? a,x*t a,x8 a.x8 a.x® ...
azx3 a;x® azx°® cee
axt ax® cer
asx® ax" ...
agx$s ces
a;x? .
asxs cen
agx? cen
appx® ...

Y DR ) .

IToBTOpHLIA psAl, MO CTPOKAM Kak pa3 ¥ uMeeT cyMMy ¢(x). Tak kak cre-
TIeHHOM psify, @ c HUM M psax JlamMOGepTa, CXOOUTCS Opd 3aMeHe x HAa |x| U ay Ha
lag|, To MOXHO HPUMEHHTL TeOpeMy 3 M NPOCYMMEPOBaTh N0 CTONOGmaM. M
TOJIyYuM pa3ioXkeHne @(x) B CTENEHHON pAx

o(x)= 2; anX", NpuYeM o, = %’ ay;
n= /n

3HAYOK k/n YCIOBHO O3HAYAET, YTO CYMMa DaclHPOCTPAHACTCH MWL Ud ACHMTCHH K
uMcna n,
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HanpumMep, nonaras ag =1 unu ag = k*, 6y1eM HMETb COOTBETCTBEHHO

275

5’ T(m)-x", 5’ il —S a(mxn,

S 1-xk 2

rae t(n) o3Hayaer 4K CNo, ao(m) — CyMMy Jenurencid n.
6) Pacnonoxue Te Xe WieHsl mHaye, 06e3 nponyckos:

ax  ax? ax® axt ...
ax® axt ax® a8 ...
ax3 a;x® a;x®  amx?

axt ax® ax® agx% ...

MBI COXpaHHM T€ X€ CYMMBI [0 CTPOKaM, HO CTONGLAM X¢ HOMYYMM, IO HOPSIKY:
f(x), f(x2), f(x3), f(xY), ... TakuM 06pa3oM, MBI HPUXOAMM K TOXAECTBY, CBA3LIBAIO-
meMy GyRKIWH @ | f:

P(x) = Zl f@&xm).

Hanpumep, B318 a;=ak, rae |a|<1, 6yaeM umets

fx)=

’
1-ax
TaK ¥TO

(ax)k S a-xn
k—ll—xk:ng’ll—a-x" ([aisl’ IXI<1).

7) TlomyyeHHbIA pe3ynbTaT MOXHO 0606muTe. [IycTh JaHBl ABa CTENEHHBIX PAJa

fx)= Z_;anxn " gx) = 2’ bpyx™.

m=

OrpaHH4YuMCA 3HAYEHUAMH X, U1 KOTOPHIX [x|<1, u 06a psaaa abCoMOTHO CXOAATCS.
CocTaBHM MaTpHlly H3 D3JIEMEHTOB apb,x™n., Tak kak (i m=>1 u n>1)
mn=m++n, T0

| @nbmx™"| <

-l amx™|.

Otcroga nerko 3akiio4MTh, 4TO ABOMHOM psill, COOTBETCTBYIOIMH B3ATOH MaTpUue,
abconoTHO cxomutcs. [lpupaBHHBafg, HA OCHOBAHWH CJIEICTBHUSA, CYMMBI MOBTODHBIX
pAIOB, HalJEM TOXIECTBO:

2 bnf(x™y= > ang(xn).
m=1 n=1

* B ofomx cnyyasx, KaK JIErKQ IPOBEPHTh, R=1, Tak 9TO JIOCTATOYHO CYHTATh
npocro |x|<1,
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Orciopa TOXAECTBO NpEAbIAYLUIEro YNPAXHEHHst MONy4aeTcs npu b, =1 [rak uro

on

2 xiyk
i, k=0
[I0J1y4aeTCs YMHOXKCHHAEM PAIOB 2 xim 2 ¥¥, xoTopbie (a6COMIOTHO) CXOAATCA HpH
i=0 =0

[x}<1 u |y|<1; gna 3TEX 3HaveHmi (aGCOJIOTHO) CXOOMTCA M ABOWHOM DA,

{x|>1 wm |y|>1, To Hapymaerci HEOOXOAHMOE YCIOBHE CXOAMMOCTH:
o6t uned He crpeMurcs K 0, pan pacxoaurcs. JIerko NpoBEepHTh HEMOCPEACTBEHHO,
YTO PACXOAMMOCTh HAJMIO M B ciydae, ecmd |x|=1 wm |y|=1.

9) PaccmMoTpuM psan

1
1 i*kf

(@=0, B>0).

FME

OH TaKKke MONYYaeTcs YMHOXEHWEM PpANOB 2 —H 2 W’ KOTODBIE CXOIATCH IPH
i=1i i=1k
«>1u f>1, TaK YTO ¥ ABOMHOM PAA MpPH STHX [PEANONOXEHHUAX CXOAMUTCH.

Hao6opot, ecmn a<! (wm f=1), To OBOKHON pAX HaBEpHOE DPACXOAMTCHA, HOO
TOra pacxXoAsaTcs BCe pPAOLI DO CTpoKaM (mo croiabuam) (cp. ClEACTBUE OpPeApiAy-
mero n°).

10) UccnenyeM cxomMMoCTh psna

AZ,: (o >0).

1 (t+k)°

Jnad 3TOro mpencTaBUM ero B BHIAE NMPOCTOrO pPsAa, PACHONIOKHB 4IEHBI €ro Mo
AMaroHanaM. Tak kak wieHbl, JIOKaOIHe Ha OOHOM AMATOHAJH, PaBHbI, TO, OOBEAH~
HUB HX s yaoOCTBA MOACYCTA, MOJIYYUM DAL

oo

1
2 (-1 —.

n=2 ne

BBuay o4eBHAHBIX HEPABECHCTB
—~n=n—1<n,
2

niejia Ha ne, OyaeM UMeTh

1

—— De—=< .
2 po—i (ﬂ )nu no—1

OTcioma fACHO, YTO MONYYCHHBI HAMM NMPOCTOH PAA CXOOMTCA NPH ¢ >2 H PACXOOHTCH
npu o=<2, ITo TeopeMe 7, TO xe ClpaBeJINBO K AN ABOKHOTO pAaa.
11) PaccMoTpuM Temeph Gosnee CIIOKHBIN Pt

- 1
> aP= P vy el O}

|, k=1 1, k=1 (Ai2+2Bik+ Ck2y®
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rme dopma Ax*+2Bxy-+Cy* mpennonaraercs OO peAeJeHHOM DONOXnE-
TenbHON, TaKk uro A=AC—B2>0, a Takxe A u C>0.
Ecm uepes L oGozmaumth maubomsmee w3 sucen |Al, |Bl, |C|, 1o, ouesmmHO,

1 1
Air+2Bik+Che<L(i+kp, aP=—. .
Ie (irky®

B TakoM coygae u3 10) sAcHO, WTO OpH o<1 HAW psAA PacXOAMTCS.
C Apyro#i CTOPOHEI, EMEEM

1 a4
Ai?+2Bik+Ck?= c [(A4C- BYi*+(Bi+ Ckz)lzz iz,

Tax 9To - !
ce 1 40 1
agk)s---— ¥, aHAJIOTHYHO, ag" <—e—,
A 2@ AP k2o

OTCIOAa NETKO DOJYIHTh, YTO

agk)s(E)P 1

A eke’

ComocTasissg 3T0 ¢ 9), BEAEM, 9TO IpH p > 1 paccMaTpusaeMbiif Al CXOOUTCA.

12) B Teopeme 4, BMECTe C IPEAIION0XEEMEM O CXOBAMOCTH ABOMHOIO psijia, NenacT-
cs 0c000 NPEeANOJIOREHAE O CXOOMMOCTH BCEX PAAOB IO cTpokaM. Cirenyrommii mpocToi
IpEMeEp HOKA3EBaeT, 4ro 6e3 BTOPOro mpeamoNoXeHWs obOMTHCh HeNMb3sik — OHO HE
BRITEK2eT W3 IepBoro. JiBoliHo¥ psp mo cxeMe

1 -1 1 -1 ‘...
-1 1 -1 1.....
1 1 1 1
5 ~3 3 T3t
1 1 11
2 02 2 277
1 1 1 1
3 73 3 T3t
1 1 1
-3 3 73 3
Woooataaeanonnieenannaanes

CXOMATCA, €ro cymMa pasaa 0. Mexay TeM Bce Psan [0 CTPOKAM PacXofATCs.
13) VcTaHOBETE CYMMSBI ClIeAYIOITAX ABOKHBIX PALNOB:

< 1 1 hd 1
a D >—1); R N
()m’%’= e i LGl © m%, G2
< 1 w1 . s 1 1
® 2 Gyt O 2 GTym g
< 1 n
w ...,,.Z;1v(4n~2-m=§'
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Vkaszauuc. IlepeiiTda K NOBTODHOMY psny, HAyaB C CYMMHPOBAHMS IO .
McCnonb30BaTh pa3iioxeHus

1 1 1
l——+———+ =In2
2 3 4
1 1 . 1 1 i 7
3 5 7 4
KaK WM3BCCTHBIE.
14) PaccMoTprM dyHKIMIO OBYX NEPEMEHHBIX
Se—z
o(x, 2)=e (z=0).

TlepeMHOXast a0COJIIOTHO CXOAALIHECH PATBI

z = Viogl X hd 4 14
A

2 il k=

(SRS

OONYYHM Al 3TO# GYHKIMHE (Takke abCOIOTHO CXOAAIUIMIACS) IBOMHOMN pAn

.y D —k
¢(x, z) = i,‘l.Z'.—_() (E) W('_ zt A,

Cobupas (C/encTBHE) YiieHbl ¢ OAMHAKOBLIMM CTEIEHIMH z, MOXHO npeobpa3oBaTh
€ro B IOBTOPHBIA pax

Foo
@(x, 2)= 2 Jn(x)-2"*
roe o n=0
e I)k x\2k+n
J = )
n(*)= /% k'(k‘f n)'( )
a misa n<0

& (=DE [x)\%k+n
JH(X)_er—nk!(k+n)! (E) :

BnpoueM, Jierko BUAETH, YTO
Jn(x) = (= 1) Jp(x).

Oyukmus J,(x) (n=0,1,2, ...) HazpiBaeTcs GyHknue# beccensd co3Ha4koM
n; 3TH QYHKIEN UTPArOT BAXHYIO DOJb B MaTeMaTHYeCKo# ¢uzuke, HeOecHOU MexaRHKe
4 1. A. DyEKIMA @(x, z), 13 Pa3IOKEHHs KOTOPOH OHM IOJY4aXOTCsS, HOCUT HA3BaHUC
«IpoM3BOIAImeH GyHKimy i GecceneBhix GYHKITAIA.

+oo
* Cymma Zan, 0O OmpeneNleHH Io, eCTh CyMMa [ABYX PAJIOB

+oo +oo
Z a,+ Za_,,‘
n=0 n=1
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396. CrenenHoii pua ¢ ABYMS NEPeMEHHBIMH; 00JACTh CXOAHMOCTH.
CTemeHHBM PAAOM C OBYMSI HEPEMEHHBIMHU X, y Ha-
3pIBacTCA [BOMHONM psAj BHIA

. go a;, e X'yE, (14

PACIIOIOKEHHBIIH MO IETHIM HOJIOKUTEIBHBM CTENCHAM IEPEMEHHBIX X U Y

Kak MbI caenmamu 310 B 379 nmo OTHOIIEHHIO K IPOCTHIM CTEHCHHBIM
psAdaM, MbI ¥ 3/IeCh ITOCTaBHM cebe 3ajayeil BHISCHHTH BHI «06JIACTH CXO
mumoctiy paga (14), T. e. MuOXKecTBa e/ ={M(x, y)} TeX ToUeK ILICCKO
CTH, [JI1 KOTOPBIX DAL CXOOUTCA.

Jlemma. Ecau pao (14) cxodumcs 6 nexomopoti mouxe M(x,y), xoop
Qunamet komopoii 06 e omauunet om 0, mo o abcoalOMHO X0
oumca 6o acex mouykax M(x, y), ydoesemgopaiowux HepageHcmeam: |Xx|<
<X, lyl<!y!| (1. e. BO BceM OTKpPHITOM HPAMOYTOJILHHKE C LECHTPOD
B HayaJle KOODOHHAT M C BEPIUHHOH B Touke M).

Iloka3aTeapCTBO BIOJHE AHAJIOTHYHO AOKA3aTENLCTBY JIEMMBI n° 37
W3 orpanuvenHoctd wieHoB psana (14) mpu x=Xx, y=y

Iai,kfif"lsL (G,k=0,1,2,...)
[OJTy4aeTcs
iy

y

2

Tak 4TO — €CIH TOJbKO |x|<|X|, |y[<|j}[ — crmpaBa Mbl HMeeM of
M Wien cxoasmerocs pama [395, 8)l; orcioma u ciemyer abcoitoTHa
cxomumocth psma (16).

ME cTaHeM H3y4aTh JIMIIb TAKKE PAMBL, It KOTOPBIX IOAOOHBIE TOYR
M cyliecTBYlOT — JApYrHe psAabl Ui HAC HE IPeACTaBIAOT HHTEPEC
CaMplif XxapakTep JeMMBI IO3BOJIAET HAM OTPAHHYUTHCS PacCMOTPEHHE

JIMIIb [EPBOTO KOOPAMHATHOrO YIJia; IOJYYEHHBIE pe3yJbTaThl — I
CMMMETPHH — JIETKO MOXHO OyZeT pacnpoCTpaHuTh U Ha OCTAJIBHE
YIJIBL.

Bo3spMmeM xe B mepBoM yrie Jdyd OL, uCXoASIIMH M3 HAvaja, I
yriioM 0 k ocu x (puc. 55). Kak u B 379, moib3ysach JEMMOM, MOXHO II
Ka3aTh, YTO HAiOETCS Takoe IOJIoXHTeabHOe uucio R(P) (xkoropoe M
XKET OKa3aTbCsA U OECKOHEYHBIM), YTO BO BCEX TOYKax M Ha aToM Jiy*
IUIS KOTOPBIX

OM<R(0),
pan (14) cxoautes abcomoTHO, B TO BpeMsA Kak IPH YCJIOBHH
OM > R(6)

OH pacxoOguTcH.
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Ecau xots mas omdoro jayva R(0)= + -, To, B CUIIY JIEMMEI, pA0 0Ka-
3vi8aemcen cxo0auwumea (U npumom — abCoMOMHO) Ha Gcetl nA0CKoCmu,
KOTOpas W MIPacT poJib «00JaCTH CXOAMMOCTH» oA,

Hcxmo1uM Temeph 3TOT Cly4yail BCIOAY CXOOAI{eTroCsd psga.
Torma R(0) Oymer xoueunoit dynkimeit or 0, u Ha xaxgoM Jsiyde OL Haii
OeTcsl MoTrpaHHYHAs Todka M, mis KoTopod

OM,=R(0).

OnHa oTmenseT ToukH M Jy4a, B KOTOPHIX pAN (abCOMOTHO) CXommTcs,
OT TOYEK, IJIc OH PacCXOOHMTCA; B caMoil Touke M, CMOTpA IO Clly4aro-
MOXET MMETh MECTO M CXOOUMOCTB, H PacCXOIUMOCTb.

7 o )
L L
s
s
s
s
e
A s ,
g //5 Q
s
g
/// A
e
e
s
Ve
v
v
v ‘g -
0 P A
Puc. S5.

Ecnu mposectn uepe3s M, BeprHkanb PP’ u ropusontanp QQ' (oM.
PUCYHOK), TO BHY TP H npsaMoyroiabhuka OPM,Q psn 3aBemoMo cxo-
miTcs, a BHYTpu yriaa Q"M P’ — 3aBemoMo pacxomurcsd (o jemmel).
IMostoMy Ha HOBOM Jjyde OL’, oTBevaromieM KakoMy-HHOyIOb IOpyromy
yray 0, Boons OR OymeT CXomMMOCTb, a BIOJb SL' — pacxoauMOCTb.
CiienoBatelbHO, HOTPaHMYHAS Touka M, Ha 3TOM Jiyye IOJDKHA JIEXaTh
Mexny R m S. Orcioma Jjierko ycMoTperb, 4To, npu usMenenuu 0 ot 0

T
o 3, R(0) m3mensieTcs Henmpe pHIBHE M 00pa3oM, T4K 4To Touka M,

OIIUCHIBAET B HEPBOM KOOPAMHATHOM YIJIE HENPEPHIBHYI0O MOTpa H U Y-
HYW KPHBY .

Tak kax npu ymenbuienun § abcuucca x, Touku M, He yObIBaeT, a op-
JUAHATa €€ Y, HE BO3pacTaeT, To 00e MMEIOT HpeleSbHble 3HAUCHHS IPH
6 ~0. Torma, ouernHO, MUMeeT NpejesbHoe 3uHauenue u R(6). Ecmm 3TOT
npeznen

Ll_xg R(@O)=R,
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KOHEU€eH, TO, To4Ka M; CTPEMUTCS K HEKOTOpOM Nipe/ieIbHOM Touke MG (R,, 0)
HAa OCU X, B IDOTUBHOM XK€ Cjiy4ac IOIPaHUYHASI KPUBAS UMCET ACHUMIITOTY,
MapaJUICTBHYI0 OCH X (KOTOpas MOXET COBNAmaTh W C CaMoil OCBIO X).

T
Jlerko nepe(bpampOBaTb BC€ CKa3aHHOC M IJIA cay4as, Koraa ] —>—2—, MCHASA

POJISIMU OCH X U ).

3amevaunue. He cieayer, ogHako, IyMaTh, 4TO NpeesibHAS TOY-
kKa M§, 0 KOTOpO#H TOJIBKO YTO IIJIA Pe4b, HEOOXOIMMO COBIIAJAET C II O-
rpaHMYHO® Touko# M, Ha camolt ocn x. Touka M, MoOXeT oka-
3aTbCcs U npasee M§ (M maxe yexarb B OeckOHeYHOCTH). B03MoXHOCTL
3Ta He JIOJDKHA YIOHMBIATH YUTaTelNsd, ubo JleMMa M IIOCTPOEHHE Ha HEM
pacCyXIeHHs OTHOCATCS JIUIIb K TOYKAM B He KOOPIHHATHBIX OCEi.

JomoHUM Teneph MOCTPOEHHYIO B IIEPBOM KOODAHHATHOM YIJjie KpH-
BYIO CUMMETPHYHBIMH i (0OTHOCHTENBHO OOCHX OCeH M HAYaia KOOpAMHAT)
KpUBBIMHM B OCTAJIbHBIX yIJIaX. TakuMm myTeM MBI MOJYYMM MOJIHYFO II O-
TPaHUYHYI KPHBYI, KOTOpas B CYIIECTBEHHOM H OIPENEIHT HH~
TEPECYIOLTYIO HAcC «00JIacTh CXONUMOCTH» e ¢ moil uacmu naockocmu,
Komopas usene ozpanuuena >moii kpusoii, pad (14) cxooumca (u npumom
abcoaiomno), 80 GHewiHell Yacmu HAOCKOCMU PAO pacxodumcAa*, ¢ moukax
JoHce camoil no2panuyHOti KpUeoti Modcem umems Mecmo Kax CX00UMOCHIb,
mak u pacxooumocmo.

PaccMoTpuM npmMepsl.

397. Ilpumepsr. 1) dns psaaa

oo

2 xiyk,
i, k=0
Kak Mbl Bumeau B 395, 8), «o0aacTh CXOIHMOCTHY A CBOAUTCA K OTKPBITOMY NIpsi-
y moyroabauky (-1, 1; —1, 1) (puc. 56), B mpe-
1 1
+{ Jerax KOTOpOro CyMMOo# ero Oymer - —-—«-— - .
7 1-x1-y
2) [na aHaJIOrn4HO pAfa
z > xiyk
-1 17} o i, k=1
// Z (roe yxasatend I, kK WM3MERSMIOTCH, HaY MU~
/ % / Z Hass OT 1) ¢obmacte cxomuMocTy Oyzer
. 7 COCTOSITh M3 3TOTO K¢ NPSIMOYTOJbHUMKA, H O
oy C mpHcoeamHeHHeM obeumx Koop-
AMHATHBIX OcCel. B 3TOM ciyyae, XOTA -
Puc. 56. NnorpaHuyHas Toyka M, O KOTOpoil peys Imma

BHIIE, W CTpeMETCA uUpm 0 -0 K HpenersHOMl
Touke M} (1, 0) Ha OCH X, HO CXOJMMOCTb HMEET MeCTO Ha B Ce i 3TOH ocH (CM. 3a-
MedaHue).

* Eciu He CYMTAaTh KOOPAMHATHBIX OCEH, BIOMb KOTOPbIX B MHBIX CIy4asX, Kak
YKa3plBaNoCh, PAJ MOXCT CXOAWTHCA M 3a MpefesiaMH 3TOM KPUBOH.
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3) Pan

OYEeBUIHO, aOCOMIOTHO CXOOUTCS Ha BCEMl ILTOCKOCTH.
4) inst ToTO 4TOOHI cXommicad a6CO MW THO PAX

s @R
Vo T T
T. €. CXOMHIICA PSX
< G+,
o X

HeOOXOOMMO M AOCTATOYHO, 9TOOBI CXOAMICA DAn

go(lxmyl) e p

KOTOPHBIii TIOTy4aeTcs U3 NPEeabInYIIETO CyM-
MHMPOBAaHKMEM @O JHATOHANAM. ODTO UPH-
BOOMT Hac K ycnosuio |x|+|yi<1. Cnemo-
BaTEIbHO, 30ECh ¢00JIaCTh CXOOUMOCTHY Npe-
CTaBisfeT cobOM KOCO NOCTaBJICHHBId KBan-
par ¢ BepmHHaMHi B Toukax (+1, 0), (0, +1)

(puc. 57).
}

Puc. 57. Puc. 58.

5) PaccMOTpHM, B 3aK/IIOYCHUC, CICAYIOIHI ABOWHOM psa:

Z’xiyk=1+x+x2+ v x4 ooyt xy 4.
i=k

coad XMy F X2 L xR L My

Ecnu, npeamnoao0XHuB €ro abCOMOTHYIO CXOOMMOCTb, IIPOCYMMHpPOBATE €ro IO
CTPOKaM, TO MOJIY4dM:

1 1
(Itx+x2+ . )+ xy+ )+ .. ]=—- .
1-x 1-xy




350 I'JI. XI. BECKOHEUHBIE PS/1bl C MOCTOSIHHBIMY UNEHAMU [398

OTcropa fACHO, 4TO AJst abcomoTHol cxomamocTd Heob6xomumo: |x|<1|xyl<1;
BMeCTe C TeM, 5TH HEPaBeHCTBA M JOCTAaTOYHEL ¢O0macTe cxommmocTus H300pa-
JKeHa Ha pHcC. 58; kpuBHle HA Hell — papHOOOYHBIE rENEp6OIILL.

398. Kpatunie pagsl. [lanbHeiiniee pacliupenye MOHATHA OECKOHEYHOIO
pAla TIPOHCXOMINT COBEPIIEHHO eCTeCTBEHHBIM oOpajzoM. Ilycte 3amana
OeckoHeyHads CUCTeMa uYHcen

Ui ge,... 15

3aHyMEpOBAHBIX S(s=2) 3Ha4KaMu I, k, .. ., I, KaXKaBlit U3 KOTOPBIX — He-
3aBUCMMO OT JPYIMX — HPUHHMAET BCEBO3MOXKHBIC HATYPAJIBHBIE 3HAYE-
nusg. Torga cuMBoOJ

by ooy l=1

HOCHT Ha3BaHHe KPaTHOT O (To4Hee: S-KpaTHOTO) psna.
Ipenen vacTH4HONH CYyMMBI psana

n m P
Unym,..p=2, 2 -+ 2 Uik, . .1
i=1 k=1 (=1

IPH H—> o, M~>eo, ..., P> (KOHEYHBIH WM OECKOHEUHBINA) €CTh CYMM a
psana. Psgn HasHBalOT CXOOAIIMMCS, €CIM OH UMEeT KOHEUHYIO
CyMMYy.

BaxueimyM KnaccoM KPATHBIX PAOOB ABJIAKOTCA CTEIHNCHHBIC
PAOBl ¢ HECKOJNJBKHMH NMEPEMEHHBIMHU!

11k
2 k.. axyeooo 2l
Lk, 0=0

Ha KPATHBIE DPAABI TAKXE PACHPOCTPAHAIOTCA OCHOBHLIE IIOHATHA H
IIPENIJIOXKECHUA HM3JI0OXKEHHOH BEIIIIE TEOpHH.

§ 6. BeckoHeunble MPOH3BeIEHHA

399, OcHosunre nousiTas. Eciau

DP1sD2sPys -+ s Pns - - 4y

€CThb HEeKOTOpas 3aJaHHas ITOCIENOBATEIBHOCTh YUCEN, TO COCTABJIEHHBI
H3 HHX cuMBOJ*

PiPaP3e - -+ ’Pn'-'=n]_7117n ?

HA3BBAIOT 6 ECKOHEUYHEBIM NPOH3BEOCHHUEM.

* YV Hac yxe BCTpeyaoch Takoe 0Go3Ha4YeHue A MPOM3BEAEHUS, HO MUMb KOHEY-
HOTO 4HC/Ia COMHOXHTEJEH.
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CraHeM moclieloBaTEIbHO IepeMHOXaTh uucia (1), cocTtaBnsas 4 a-
CTHYHBIE MTPOH3BENEHHUS

Py=py, Py=py+py, Py=pi-Ps+Ps,s -
Po=pi*Pye-..*Ppy ... 3

3Ty NoCIeN0BaTENPHOCTS YACTHYHBIX IIpoM3BeNicHui { P} MBI Beerna Gymaem
COIIOCTABJIATh CHMBONY (2).
IIpeden P uacmuunozo npoussedenun P, npu n- - (xoneunviii uiu Gec-
KoHeunwlil)
lim P,=P

Ha3vleaiom 3HaYeHueMm npouzsederus (2) U THILYT:

P=p, +pye... -pn-...=]]]p,,.
n=

Ecau beckoneunoe npoussedenue uvieem K oHeun oe 3Hauenue Pu npu-
mom omauunoe om0, mo camo npouzgedeHue HA3bIBAIOM € X 0 0 A-
WuMCA, 8 NDOMUBHOM JHe caydae — pacxoodAawumcar

JIOCTaTOYHO ONHOMY M3 COMHOXHTEIEH MPOU3BEIECHHS OBITH HYJIEM,
4TOOBL U 3HAYECHUE BCEro MPOHU3BECHUS TakxXe ObUIO paBHO HYJIIO. B Hanb-
HeHIIHX pacCMOTPEHUAX MBI 3TOT ciy4ait 6y/ieM HCKII0YaTh, TaK YTO JI JI
Hac Bcerpga p,=0.

YuTaTeNnb JIETKO YCTAaHOBUT AHAJIOTHIO C OECKOHEYHBIME psmaMH [362]
M YACHUT cebe, 9To0 — MoJoOHO pANAM — M PacCMOTpPEHHE OECKOHETHOTO
MIPOM3BENACHHA TaKXKe €CTh JIUIIbL cBoeoOpa3Has GopMa N3yveHHS BApHAHTHI
(umn mocnenoBaTenbHOCTH) M ee mpenesia. C 310l dopMoii monesno mo-
3HAKOMHTBCS, TaK Kak B MHBIX CIIy9asXx OHa IpeJicTaBisAeTcsa Golee yooO-
HOM, YeM JApyTHe.

s 1
400. Ilpumepn. 1) H (1——-).
n=2

n2

Tak Kax 4acTHYHOE HOPOH3BCOCHHC
1 1 1\ 1 a+1 1
Ppm|1——|[1-=]...[1-=] == -—
"( zz)( 32) ( nZ) 2 a2

1
TO 6ecCKOHEYHOE MPOH3BENCHUE CXONUTCH, H €ro 3Ha4CHHEM Oyner E .

2) ®opmyna Bannmca [317]
n 2:2.4.4....2n.2n
—= i »
2 pewl:3:3.5.....2n-1)-2n+1)

.

* TakuM obpazoM (mogyepkHeM 310), ecima P=0, TO NpPOH3BEAECHEE I HAC 6yneT
PacxongamHEMCA XOTS 3Ta TEPMHUHOJIOTHA MAET B paipe3 C TEPMHMHOJIOTHE,
TPHHATON AN GECKOHEYHBIX PANOB, HO OHa OOwenpuHATa, W60 Obnerdaer Gopmyiu-
POBKY MHOTHX TEODEM.
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T
OYEBUIHO, PABHOCUJIPHA PA3JIOKECHAIO 4YHCIa 5— B OeckoHEewHOE HIPONU3BEACHUEC

4 4 2n 2n
35 w1241

OHa xe NpuBOAUT K dopmyrnaMm

tnd 1 L4 T 1 2
m]ZI [1 _(27+1—)] 4 ’hlw:,]:[l (1 —m) T
3) Joxaxem, uto (np# |x|<1)
A4 A+ xA 459 (L) =i .
JleHCTBUTENBHO, KaK JIETKO yOenuThCs NMOCIeNOBAaTENbHbIM YMHOXKEHHEM,
(1=%)-Pr=(1 -1+ +x)-...- (1+x")=1-x",
1-x2"
1-x

OTCcroaa B nipeaene u noiy4aercs TpedyeMoe PaBeHCTBO.
4) Mb! nmenu B n° 54, 7a) nipeuen:

Ppy=

si
lim cos z cosE ..... cos F_Me (p=0).
100 2 22 2n 4
Tenepb MbI MOXeM 3aIUCATh 3TO TaK:
T ¢ sing
T cos = -2
n=1 2n @

T
B vyactHOCTH, IIpH @ = 7 npuaeM K pa3iiokKeHHUIO:

2 A 7 14
—=COS—+COS—=* ... COS —=+...
b2 4 8 2n+1

7 1 « 1 1
COS—=|/ — U COS—=|/ —+-—cCcosa,
4 2 2 2 2

TO PA3JI0XEHNE 3TO MOXHO IIepenucaTh B BUAE

N B

Ecmu BCIOMHUTH, 4YTO

[400

[Bueta (F. Vieta)l. Ota dopmyna Bmecre ¢ Gopmynoit Bannmca npeacras-

JIfieT IEPBBIE NPUMEPHI OECKOHETHBIX IPON3BENCHUM B UCTOPUM aHAIIH3A.

5) B 315 (10) ans mONMHOroO J3ANUNTHYECKOTO MHTerpana

pona Mbl ycTaHOBUIM -GopMyITy

K(k) = ’2‘ lim (kA +k)- .. .-(14 kp),

n-rco

1-ro
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rAe BapHaHTa k, ONpEeNeIseTcs PEeXYPPEHTHLIM COOTHOIIEHHEM:

1-Y1-kE_,
kn=,.—‘: (ko=k)-
14+ Y1-kE_,

Ora popmyna maer pasnoxenue K(k) B GeckoHeueHoe npou3BeaeHune

oo

2
K®)==- [ A +kp).
2 n=1
6) PaccMOTpHM emie Takoe OSCKOHEYHOE MPOM3BEIEHMC:

L
o QN

n=lyiy—
n

B nanHOM Ciiydae 4aCTHYHOC MPOU3BCACHUEC HMCCT BHI

1 1
1+, 4
+2+ +n Inn+C+ya
e e n C
Pn= = = ——.eV.e "’
n+1 n+1 n+1
rne C — 2#nepoBa mOoCTOsAHHAdA, &Yy, OcckoHeuHo masas [367 (4)]. Taxum

06pa3oM, MPOU3BEAEHHE CXOMHTCA, B €r0 3HaYCHHe

P=¢€

401. Ocuosnere Teopembl. Ceszb ¢ pagaMu. OTOpocuB B GeCKOHEYHOM

mpousBejeHAN (2) mepBbie M WICHOB, MMOJYIAM OCTATOYHO€ MMpOoH3-
BEICHUE

Tm=Pm41*Pmy2* « -« *Pmtr* - = H Pns (4)
n=m+1
KOTOpOE BHOJIHE AHAJOTMYHO OCTAaTKYy OeckoHeYHOro psna.

1°. Ecau cxooumca npousgedenue (2), mo cxodumca, npu aiobom m,
u npouseederue (4); obpamno, uz cxooumocmu npoussedenusn (4) evimexaem
CX00UMOCMb UCX00H020 npousgedenus (2)*.

Joka3aTenscTBO IpemocTaBiseM uduTaTenio [cp. 364, 1°].

Taxum obpaszoMm, u B ciydae OGECKOHEYHOTO IIPOU3BEHCHUS ombpaci-
6aHue KOHEYH020 YUCAQ HAYAABHBIX MHOMCUMmeneld Uiy npucoeOuHenue 6Ha-
Uane HecKOAbKUX HOGLIX MHOMCUMeAeli Ha e20 nogedenuu He OmpaXcaemcs.

2°, Ecau beckoneunoe npouseedenue (2) cxooumca, mo

lim m,,=1
M -»0a

[em. (4)].

* HamoMH#M, 4r0 MBI pa3 HaBCeraa NpemIoNoXWH py, =0,

23 T'. M, ®uxrenronsn, 1. 11
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Oro CneoyeT U3 PaBEHCTBA
P

Ttm:P—m
U U3 Toro, 4ro P, crpemutca Kk P=0.
3°. Ecau beckoneynoe npousgederue (2) cxodumcs, mo
limp,=1.

n—+oo

HeitictButensuo, BMecTe ¢ P,, u P,_; crpemurcsd Kk P,

[Cp. 364, 5°.]

He mnepeuucnsas Apyrux CBOMCTB GeCKOHEYHBIX IIPOM3BEACHHH, aHAJO-
TMYHBIX CBOMCTBaM GECKOHEYHBIX PANOB, MBI 0OpaTHMCH K YCTAHOBJIEHHIO
CBA3M MEXAY CXOAMMOCTBIO OECKOHEYHBIX NPOU3BEICHUH H PpANOB, 4TO
MO3BOJINT HAM HENOCPEACTBEHHO MCIONb30BaTh AJI NPOM3BEICHUH IIOM-
po6GHO pPa3BHATYIO IUIL PALNOB TEOPHIO.

B ciyqae CXOAAIIETOCsS MPOU3BEIEHNS, MHOXHTEIH p,, HAYHHAS C He-
KOTOPOTo MecTa, OyayT mojoxuteasHsl (3°). Bnpouem, BBHOY 1°, MBI HE
HapymmM oOn[HOCTH, ecnu OyxneM BIpenAb NPENNONAraTh
Bce¢ p,>0.

4°. JTaa mozo umober Gecxoneunoe npousgedenue (2) cxoouaoce, Heob-
X00UMO U 00CMamoyHo, Ymobvl CXO00UACA PAD

S’ln Dn- 5
n=1

Ilpu evinoanenuu 3mozo ycaosus, ecau L ecmv cymma paoa, umeem
P=el.
OO6o3HauuB yepe3 L, 4acTHUHYXO cymmy psiaa (5), OymeM uMeTs:
L,=InP,, P,=el».

3 nenpepriBHOCTH JiorapuMHIECKO# U MOoKa3aTenbHOM GyHKIMI Tenepb
cienyeT, 4To €clH P, cTPEMUTCA K KOHEYHOMY :IIOJIOXKHUTEJILHOMY IIpe-
Ieny P, To L, ctpemutcs K In P, u obpaTHO — ecnu L, AMeeT KOHEYHBIH
npemen L, To mis P, npenenom Oymer el.

Ilpu HceneOBaHUM CXOMMMOCTH GECKOHEYHOTO HpoK3BeaeHks (2) HacTo
NIPENCTABIISIETCA yIOOHBIM, ITOJIaras

pn=l +an,

3anHCLIBATE CI'O B BUAC

le(l +ay), 2%
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-a pax (5) — B Buze

8

11n(1 +a,). (5%

n

i

B 3Tnx 0003HAYEHHSIX UMEEM IPOCTYIO TEOPEMY:
5°. Eecau, no xpaiineli mepe 04m: 0ocmamouno 6oaviiux n, bydem

a,>0 (umn a,<0),

mo 04sa cxooumocmu npouseedenus (2*) neobxoduma u docmamoyna cxo-
dumocms 'pada

M

a. )

n=1

Tak kak JJisi CXOOHMOCTU KaK Ipom3Berenws (2) Tak u psama (6) Bo
BCAKOM CiyYyae HeoOXOoAUMO, YTOOBI OBLIO

lima,=0 0]
fores
[eM. 3°], TO TpPeANMONIOXMM 3TO YCIOBHE BBIIOJIHEHHBIM. Torma HMeeT
MECTO COOTHOILCHHE
. In(+a
lim lnd+ay) 1
an

n—+oo

[77, 5) (a)]l. B TakoM ciyyae, BBHAY TOTO, YTO 'WIEHH 000HX pamoB (5*)
u (6), HaYMHAs C HEKOTOPOTO MecTa, COXPAHSAIT ONmpe e e H-
HBIH 3HaX, mo TeopeMe 2 n° 366 3TH PAIBI CXOAATCS MJIM PACXOMATCS
omHoBpeMeHHO. OTCroa, B CBSA3M ¢ 4°, U CIEOYeT HAIUE yTBEPXKICHHME.
BosBpamasce k obmeMy ciyyaro a, =0, JoKaxeM elle Takoe MpemIo-
KeHue:
6°. Ecau, emecme c paoom (6), cxooumca u pad

>a, (8)
n=1

mo beckoneunoe npouseedenue (2¥) cxooumcs.
B camoM gmene, u3 (8) mpexae Bcero ciemyer (7). Beromunas pasio-
xenre ¢ynxuun In(l+x) nmo dopmyne Teidnmopa [125, 5)], uMmeem:

1
In(l+ay)=a,— 3 a2+ o(a?),
TaK 4YTO
lim = ind+ay) 1 )

an

N

ITo Teopeme 2 n° 366 cxommMocTs psma (8) BiedeT 3a coBoif CXOOUMOCTD
psanma

DM

[a,—~1n (1 +ap)]. (10)

n=1

it

23%
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Tak kak pazx (6) UPEOIIOSIOKEH CXONALUIAMCS, TO OTCIOAA CleayeT CXOIu-
MocTb H pafa (5%), xax pasHocTH ABYX cxopasmmxcs paaos. OcTaeTcs mpH-
MEHHTh Hpeiioxenue 4°.

OcTaHoBuMCs 6erjo Ha ciyyae, Korla OeCKOHEYHOE IPON3BEICHUE
«pacxomurcs» Kk 0.

7°. Jlaa mozo umobul beckoreunoe npousgederue [(2) uau (2*)] umeno
Hyae6oe 3HaYenue, HeoGXo0umo u docmamouno, umobsl pao (5) uu
[(5%)] umea cymmoti — .

B uacmnocmu, smo 6ydem max, ecau a,<Q0 u pad (6) pacxooumcs, um
ecau pad (6) cxooumca, Ho pacxodumca pao (8).

IpenocrasiseM A0Ka3aTENbCTBO YHTATENO. JIMIIB 110 MOBOAY MOCIEA-
HETo MHpEeIIIoIOXEHHs 3aMETHM, YTO M3 pacxoiuMocTH psama (8), B cuuy
(9), BEITekaeT pacxommMocTh pspa (10), KoTopsii OyleT MMETh CyMMOM
+ . A TOrJa, BBUMAY CXOAMMoCTH psana (6), sicHo, 4To cymMMoii pspa (5%)
oymer - .

B 3akiioueHne HCIOJIB3YEM CBSI3b MeXIy npou3BenenueM (2) [y (2%)]
u pagom (5) [wmm (5%)] Ans ycTaHOBIIEHHS HOHATHA a6 CONIOTHOM
CXOIMMOCTH GeCKOHeYHOro mpou3Beaenus. IIponsBeneHne Ha3bIBAIOT a b-
CONIOTHO CXONALIMMCS MMEHHO B TOM Cliydae, Korja a6 coI0THO
CXOIUTCSl COOTBETCTBYIOLIHIA PN H3 JIOTAapH(MOB €ro MHOXHTEICH.

WccnenoBanus nn® 387 u 388 cpa3dy ke mO3BOJISIOT 3aKJIIOYMTh, YTO
a6CONIOTHO CXOUALHECS MPOU3BENEHH 001amaloT MepeMeCTUTENb-
HBIM CBOJICTBOM, B TO BpeMs Kak HeabOCOJIO THO CXOAAIIHECH 3a-
B¢JIOMO UM HE 00JajaroT.

Jlerko mokazaTh mo obpasuy 5°, 41O

8. Hlna abcoawwmuoii cxodumocmu npousgedenun (2*) neobxo-
ouma u docmamouHa abcoalomuan e cxooumocms pada (6).

402. ITpumepnl. 1) IIpuMenaM nOKa3zaHHbIE TeopeMbl K GeCKOHEYHBIM HpoH3BElie-
HHSAM:

d 1
(@ H (1+——£) (x>0) cxomurcs npd x >1 @ pacXomauTcs npH x=1, B COTJIACHH C
n=1 n

1 1
TaK1IM e MOBENECHAEM Psaa 2 — (5°); amanoruy=o, H (1 ——’-c) npu x>1 cxomuTcs
n n

n=1 n=2
(5°), a npu 0<x=1 pacxomutcs k Hymo (7°).
7,
(©) ]7 1+ " npu x>—2— CXOOHWTCH: MMEHHO, IpH X >1 npousseneHue a 6-
n=1 n

oo

1 1
COJMITHO CXOOUTCHA, MOCKOJBKY CXOOMTCA DPAI Z - (8°), a2 npm 3< x==1 npo-
n=1n

o

(_ 1 n—1i
H3BEJCHHC HeEa 6comoTHO CXOOHTCA, TAaK KaK CXOOATCA PpPaabl Z )X -—
n=1 n

oo

1
u Z — (6°); uaxoHer, npu 0<xs§ 3Havenne TNpouspeaeHds ectb 0, u6o mnepsuIil
n=1n

W3 3THX PANOB CXOJHUTCH, a BTOPOH yxe HeT (7°).



402] § 6. BECKOHEYHELIE IIPOU3BEAEHUS 357

T
2) IIyctb X;; — OpOM3BOJbHAsI BAPDHUAHTA, COAEPXKAIUAACA B NPOMEXYTKE (O, 5) .

Torna NpOU3BCACHUAS

oo

~ sin x,
cosx, u J[ -
1

n= n=1 Xp

CXOHATCA MJIA HET, CMOTPS MO TOMY, CXOAMTCS M Dsif Z X5 MMM Her.
n=1 N
IIpeAnonoKHM CHavana, 4YTO BapUaHTa Xx,—~0; TOrAa 3TM 3aKIIIOYEHHS BHLITEKAIOT

u3-5° u 7°, eciM BOCIIONIB30BATECSA pas3ioxenusMy {125, 2) u 3)]

2 . 2
Xn sin x, Xn
cos xp=1-"=40(xt), ——=1-"20(x2).
2 X 6

Ecnu xe x, k 0 He CTPEMHTCS, TO OAHOBPEMEHHO M P/ PACXOOMTCH, ¥ 00a mpoms-
BENCHUA MMEIOT HYJIe BRI € 3HAYeHUT*.
3) VI3 Teopur OeCKOHEYHBIX YTPOU3BEACHMM IIErKO HOMYYHATh TeopeMy A Oe i s:

ecau Z ap — Oauublil nosoxcumensvistii pao, u A, o3rauaen €20 YacmuyHyio CymMmy, mo
n=1

- -
pAo Z ;1—1 cxooumcen uau pacxooumca ooxospemento ¢ oanneim [cp. 375, 4)]. B goka-
n=1 An

3aTENILCTBE HYXAAETCS JIMINb Clly4ail pacxoauMocTH. Ecm Ap —~e, 1O OeckomeuHoe

Npou3BeNcHUE H ( 1 —ﬁ)z H 4—"_3 pacxoaurcs k 0, a Toraa (B cuny 5°) psa 2 an
n=2 An n=2 An n=2A4n
pacxoaurcs.
4) PaccMOTpHM BaXXHOE NPOHA3BENCHUE

Al

n2n?

[mmxe, B n° 408, MBI yBuauM, 4TO OHO mpencrasiseT QyHximio sin x]. Ilycts xs k7,
roe k=0, £1, +£2, ...
Ero cxonumocte (xoHewHO — abCcoNOTHAsNA) Ccpasy BeITeKaeT U3 CXOIM-
2

=y '

MOCTH psaja Z g Ecnu kaxnplii MHOXHTEIb Pa3I0XUATE HA JOBa W HAUHCATH
n=1n7

UPOU3BEICHHEC B BHIE:

S 25 [ R A R

P
TO — Tak Kak 1—— >1 — CXOAMMOCTh NMPH YK23aHHOM pacCHONOXE-
nm

HUHM MHOXMTEIEH COXPAaHMTCH, COXPAHMTCA M 3HAYEHHE NpOH3BEencHHs, HO

* UYro mpou3BEeNeHHS HMEIOT ONpEeNeNcHHbE KOHEYHbIe 3HAYCHHs, SIBCTBYET H3
TOrO, YTO BCE MHOMXHTENW MX — OPABHIEHBIC APOOU; OIHAKO 3HAYEHUS MX HE MOTYT
6b1Ts OTIMYHEL OT 0, Tak Kax HApYNIEHO HEOGXOMMMOE IS 3TOro ycuosue (3°).
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Ha 3TOT pa3 CXOAMMOCTb CTaHeT Hea 6 CO N0 TH O M, BBUAY HeaOCONMOTHOR cxonu-
MOCTH psioa

X @ X X X X

TAK YTO MHOXUTECJIH 3TH HPOHU3BOJIBHO IICPEMEIIATE HEJIb3.

nx
BHMIIETb, YTO 3TO HE OTPA3MICid HA HA CXOMMMOCTH, HM HA 3HAYEHMH OECKOHEYHOIO
npou3senenys. B To xe BpeMs HOBOE poM3BeieHue OyneT yxe a6 CO N0 THO CXOHs-,
wuMmcs, ubo {125, 1)]

gy 2 (1 (1 ol e T (1
-1, T— e —_—— o|l—
¢ nm 2ntm? ° n? Jrrm ne? n?

M MHOXHATEJM, HAYMHAS C HEKOTOPOrO MeCTa, CTAHOBATCS MOJIOKUTEILHBIMH HpPaBAJIb-
HBIMH OpOo0AMH.
5) Hoka3zate ToxaectBo (npu 0<g<1)

x xY £
3aMeHMM Tenepb KaXOblif MHOXWTENIb 1F — MHOXHTENEM (1 :F—)e 7. nerko
nx

1
1-9(1-¢3)(1-g%-

A+ +g)A+g¥-...=

Qiunep).
Vkazadue. CXxoquMoCcTh O0OMX NPOH3BEACHUM YCTAHABIKBAETCA C MOMOUIbIO
5°. TIpencTaBUTh NEPBOE K3 HUX B BUOE

1-¢9(1-gH1-g%-...
(1-9A-g)1—-g)-..."

6) Hoxaszatp, 4To (OpH o > )

im pB+1)...(8+n-1)
nseat{att+1)...(ax+n— l)

Jnd 3TOro IOCTaTOYHO YCTAaHOBHTH PAaCXOJMMOCTb ©0eCKOHEeYHOrO [POM3BEIACHHS

- ,3+n

n=0a+n  7=0 ( oc—{vn}’

nim [cM. 7°] pacxooguMoCTh psia
pfii
n=1+n

A 3TO Nerko BHITEKAaeT U3 CPABHEHHs HANMCAHHOIO PSfia C TApMOHAYECKHAM.
3aMeuaHnue OITOT NpAMEp, PAaBHO KAk H CleAyIODIHe, MOJIyYHTEIbHBI B TOM
OTHOILCHUH, YTO II0KA3BIBAIOT, KAK MHOM pa3 AeHCTBUTENLHO BHIFOHO CBOAUTDH Pa3biCKa-
HHE mpenesia BapHaHThl (MJIM IOC/IENOBATENILHOCTH) K KCCIENOBAaHMIO OECKOHEYHOro
[PON3BEICHMSA, C UCIOIL30OBAHUEM Da3BUTOM .Jiji GECKOHEYHEIX MPOW3BENCHHY TEOPUH.
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< (nx)1
7) BepueMcs Kk psiny Z ,(_T, KOTODBIE MBI YX€ paccMarpuBanu B 370, 2) (un)
n=1 N

1
u 378. 1) (x). Mbl oCTaBWIN OTKPHITBIM BOIPOC O MOBEACHHM €0 Ha KOHLE X =— €r0
e

NPOMEXYTKA CXOIMMOCTH.
B 3TOM ciTy4yae NONMydYaeTcs 3HAKOMEPEMEHHB # psax

YJIEHBI KOTOPOro MO aGCOIIOTHOM BE/IMYHHE MOHOTOHHO yOrlBaroT. BcmomuHas teopeMy
Je#6Huma [381], BuauM, YTO 3aK/IOYEHHE O CXOAMMOCTH PAAA 3aBHCHUT OT HAJIHYHUA
pPaBEHCTBA

Tak xak orHomenue (n+ 1)-ro 3HaYeHUs ITON BAPHAHTHI K 7-My €CTh

Ei)"

[

TO 3agayy MOXKHO IPEJCTAaBATh B DABHOCWIBHOW (GOpMe — pa3biCKaHHs 3HAYCHUS
OECKOHEYHOr0 IIPOU3BEACHHUS
1\n
- (14—
1 H n

€ n=1 e

JlorapudMupys, nonxyuum [125, 5)]

by

a1 ctn b Lo )] - L]
———=n ~l-l=n|—-— —|=-— -1,
e n n 2n on2 2n on

Tak yTo psx sorapudpmos Tuma (5) paCXOLUTCS U EMEET CYMMOR — . B TakOM cCllyyae
(7°) 3naveHne GECKOHEYHOTO MPOU3BEICHHA (2 C HAM — M HCKOMBEIH Mpenern), AeHCTBU-
TeNnbHO, ecTb 0. Pang cxoguTCH.

8) NcyepmaemM BONPOC O MOBEACHAH T'HOIEPreOMETPHYECKOrO Psina

2 (@t 1) e@tn—1)-Be(B+1)e...-(B+n—1)
F(, B, v, x)=1+ o
@, 8, v, x) né; my-(+1)-...-(y+n-1)
fcm. 372 m 378, 4)] npu x= -1, B npennomoxemuy, 4to —l=<y—a—f=<0 (AMEHHO

3TOT Ciydai octasyicss 63 pacCMOTpeHHs).
Oraomenne (n+1)-ro x03bpbHEKEeRTA K n-My 37€Ch PaBHO:

(a+n)(ﬂ+n)___ _y—oz—ﬂ+1 _An _
(+n)y+n) n t n (Anl=L). an
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Jlns goctarodHo GONBINHX 3HAYEHMH # 3TO OTHOWIEHWE MOJOXETENLHO; MYCTh Y — 0 —
~f> —1, TOorna OHO OKOHYATENHHO CTAHOBHTCH MEHBIIHM eIMEHUBL. Takum o6pazom,
pan

ey (_l)na.(a+1).....(a+n—1).ﬁ.(5+1)_m_(ﬁﬂ_l)
=1 ny-+1)-....(y+n-1)

, 12

€CJIM OTBJIEYLCH OT HEKOTOPOro YHCIA ero HAYabHLIX WIEHOB, OKa3LIBAETCS 3HAKO-
IEPEMEHHEIM, ¢ MOHOTOHHO YORBArOMMMY 110 aGCOMOTHOM BenudauHe uieHaMmu, U 3aech
HaxoxaeHpe npenena (abCoMmOTHON BenuduHBI) O6mero wieHa yaoOHee CBeCTH K OIpe-
JIeNICHUIO 3HaueHuss OECKOHEYHOTO IPOM3BENSHUsN:

= (@+m)B+n)*
amn, (L-Em)(y+n)

Ecmn y—a~f> —1 (kak Mol npemuosoxunn), To B3 (11), 8 cuy 7°, ciieayet, 4TO 3TO
Mpou3Be/icHHe UMeeT 3HadeAue 0: psAx CXOLHTC A
B cnyuae xe, korna y -o—fB= ~ 1, dopmyna (11) nonydur eug

(@+nm)(B+n) An .
STRETY 142 agl=Ly;
Camoim T (=D

mo teopeme 5°, 3HaueHHME OECKOHEYHOro mpou3BeAcHWs omuuHo ot 0, nms pama (12)
Hapywaercss #eo0XOMuMoOe YCIOBHE CXOOMMOCTH, PAJA PAacCXOAHUTC A

MEl, HakOHel, 3aBOPIIMIIM MCCIENOBAHUE IOBEHACHWS T HIOEPTeE€OoMET)p H-
YeCKOro psapaa. PesynbraTsl MOTYT OBITH CBeHeHBI B Tabsuiry

|x]<1 abc. cxomures

Jx|=>1 PaCXOmHTCA

0 abc. cxomuTca
0 pacxoaurcs

0 abc. cxommtcs
-1 Heabc. cxonurTcs
1 pacxoaures

9) HoxazaTk, ¥4TO psf
an(x2—1D(x2—-2%...(x2—n?)
n=1

CXOmUTCS IJisi BC€X 3HAYEHMH X, €CIIM CXOAMTICA XOTh JUId OJHOIO HE L EeJNOTr O
3HaueEnd x=x, [CTupnuar (T. Stirling)].
UneHsl 3TOro pAa OTIMYAIOTCA OT WIEHOB CXOASAINErocs psna

gl a2 -1 —2).. (2 - n2)

* HavaneHOe 3HAYEHHME N=1, NPESNONATaeTCHd HACTOJBLKO OONBINEM, 4TOOBI BCE
MHOXATEMHA OBLTH HOJNOXKATEIBHBI,
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MHBOXHTEIAMH
(2-1)(x2-2%)...(x2—n?)
s
x3-1D(xE-29)...(x%-n?)
KOTOPBIE MPH JHOCTATOYHO OOJBIIAX 1 M3MEHSIOTCS MOHOTOHHO.
Ocraercs eme yCTAHOBHThL HX OTpaHHYE€HHOCTH (ubo Torma moxuo Oynmer

NpMMEHUTDh NpU3HAK A Ges), a Iuid 3TOM IeNH MpOIne BCero yOemuThes B CXOOM-
MOCTH OECKOHEYHOrO TPOM3BEINCHUS

2 n2

st

s
2 - pn2
o~

B
i

—
=

MBI NPEJOCTABIsiEM 3TO YHTATEILO.
10) PaccMmoTpuMm (BMecTe ¢ Diite p o M) GeckOHEYHOE NPOH3BEICHHE

13\x
- (1+_)
n
rey=— [ ——, (13)
X n=1 X
14—
n

CUMTAS X OTJIMYHSIM OT HyJIA K OT BCEX IIEJIBIX OTPHIATENbHBIX YUCENL,
Jlerko mpeacTaBUTh €ro OOIMMIT MHOKHUTENb TaK:

2n® n?

(H—l)'x x-1) 1
" =1+xx +o(—);
X
1+~
n

OoTCIoHa, B CIWIy 8°, BEITEKaeT, YTO Haime npowusseacHme (abcomoTHO) cxomurea. Ompe-
nensiemas aM Qyukuas [(x) sasigercs (mocie NMEMEHTAPHbIX) OOHOM M3 BaXHEHIIHX
paccMaTpHBaeMBIX B aHaim3e dymkumii. Huwxe [rmaBa XIV, § 5] mbl maguMm apyroe
onpeneneHye 3Toi GyHKIuM U rIyOxKe M3yduM ee CBOMCTBA.

Tak Kak n-e yacTHYHOE MPOM3BEICHHE UMEET BUL

(n+1)x (n+1)x nlnx
- XA DEH) 1)
x(1+x)(l +f) ..... (1+f-) n x(x+1)(x+2) (x+n)
2 n
TO MOXHO IOJIOXUTL H
nx
G- lim o (14)

oo X(XH1)(x42)e .. o (x+0)
Hanucap anamoruynyio dopmyny musa I'(x+1), Jerko BUAeTb, YTO
I'x+1)
I'(x) =n.l.n1 x+l+n=

3

U MBI IPHXOJMM K IPOCTOMY U BaXKHOMY COOTHOMICHHIO:
Lx+1D=x-I(). a1s)

Ecim monoxwurh x paBHBHIM HATypPAaJNbHOMY 9HCIY m, TO MOJYYdM PEKyp-
pesTHYIO (opmyITy
I'(m+1)=m.I'(m).
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Tak xak I'(1) =1 (410 JIErKO WMPOBEPHTH), TO OTCIOAA
I’'m+1)=m

Ewe oxsy Baxuyro Gopmyny mis ¢yekuuu I” Mbl DOJNyYHM, €CIIH uepeMHoxuM

MNO4YJICHHO pPAaBCHCTBA
1\x
3 (1+_) .2
n
[[—— = =l —

=1 X
R (1+ )
n

M3 KOTOpBIX nepsoe cienyer u3 (13) u (15), a Bropoe nerko suiBoamtTcs u3 400, 6). Mbi
HafeMm:

I'x+1)=I(x)ex=

X

eC.Tx+1)= [ -5
n=1 X
1+=
n
HIA

1 had —
—— =eCx 1+ ——) e
I'x+1) n]_—.jl ( n

Ot10 — hopmyra Beliepmmpacca.

11) IlpuBeneM 3aMevyaTeNnbHEIA OpAMEP OpeoOpa3oBaHHs OECKOHEYHOrO MPOH3-

BEelleHNs B PAI, Taxke npuHaanexammid DK nepy. Ecmm nepenymeposats 11 p O-
CTHhI€ YHMCIA, B HOPSIOKE BO3PACTAHHA:

16)

=2, p»=3, Ps=5, ..\, DPky -,

TO IPH X >1 MMeeT MeCTO TOXAECTBO

HIIH

TaK 4TO 3TO IIPOM3BEAcHNE npencrasiier ¢pynkuuro {(x) Pumaua [365, 2)).
HmeeM, no GopMyse mIst CyMMEBI T€OMETPUYECKOM IPOrPECCHH:

1 1 1 + +
R AT A TE
7

Eci nepeMHOXHATP KOHEYHO € 9YHCIO TAKHX PANOB, OTBEYAIOMMX BCEM OPOCTHIM
YHCIIaM, HE HPEBOCXOASIIAM HATYPAJBHOTO 4quCia N, TO 4acTHYHOE NPOU3BEIECHHE
OKaXeTCH PAaBHBIM

) 1 o1 & S
R P D ar

Rl,_.
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rac WTPHX O3HAYaeT, YTO CyMMHPOBAHHE PaclpOCTPAHAETCA HE HA BCE HATYPaJlbHBIC
4UCNa, 4 JIMMb (HE CYMTAs CAWHUIBI) HA T€ U3 HHUX, KOTOPBIC B CBOEM Pa3IOXCHHMHM Ha
MPOCTHIE MHOXMTEIH COAEPXKAT TOJbKO YXE BBEINEHHBIE MPOCTHIC 4uCna (mepBeie N
HaTyPAJIBHBIX YHCENl 3THM CBOMCTBOM, KOHEYHO, obnagaior). OTCIoa ¥ NONaBHO

N w1 1
0<Py™’— Z = Z "
n=1n* n=N+1n¥

BBHay cXOOUMOCTH paga Z > BBIDAXCHUC CIpaBa, MOPCACTABIIAIONIEE €r0
n=1 m

ocTaToK nociae N-ro wieHa, ctpeMutca Kk 0 npu N —~ oo; epexois K npenesty, 4 noJy-
yiaM TPeOYeMBIt pe3ynbTar.
12) Ilpa x=1 cootHOmenue (17) emme CoXpaHseT CHIly, OTCIOHA

M= 1
pkle 1

Pr

N
>Z""=Hn,
n=1nH0

Tak 470 Opd N — o Ha 3TOT pa3 P§N Jo oo, T. €. UPOU3BEICHHE

[ R

PAaCXOOUTCS H HMECT 3HAYCHUE + oo,

B 31OM cOCTOMT HmaHHOe DM Jep oM HOBOE OOKA3aTEILCTBO TOTO, YTO MHO-
KECTBO MPOCTHIX 4YHCENl OECKOHEYHO (4e€M, HO CYLIECTBY, B MPOBENAEHHOM PaCCyXAECHUH
Mbl HE IONIb30BAJINCE); Beb IIPH KOHEYHOCTH 3TOr0 MHOXECTBA M HPOU3BEINCHHE UMEIIO
6b1 KOHe4uHOe 3HaueHMe. ECiIu MOJIyYeHHbIH Pe3yNbTaT mePEmucaTh TakK:

e (

TO, B CBA3MN C 50, MOXHO 3aKIIIO4YMTb O paCXOANMOCTH psiga

1 = 1

11 1, 1
+otet =2 —

_+....
3°5 pk k=1PD

1
2

k

370 BakHOE TPEVIOKEHHE JAET, CBEPX TOrO, €Ie HEKOTOPYIO XapaKTepHCTHKY pOCTa
opocTeiX umcen. [[ToxuepkHeM, 4TO OHO FOpPAa3sfO CHITbHEE YTBEPXKOEHHA O PacXOmy-

MOCTH TapMOHMYECKOTO PsAA 2 —, nbo 3pech pedb MAET JMWb O 4aCTH €ro
n=1 n
4neHoB),
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13) Ananoruygo Moxer OBITH YCTAHOBJIEHO (NpH x > 1) TOXAeCTBO:

1 1 1 1 1

1
(1o 2)(1e 2 141) (u:l) >
R R PR PR R PR

rae 3Haxk ILTIOC WM MHHYC B 3HAMEHATelNe JICBOM 4acTH Gepercs B 3aBHCHMOCTH OT
TOro, Oyner niu (HeueTHOE) mMPOCTOe Yucio Baaa 4n—1 wma 4n+ 1.

T

§ 7. Paznoxenus 3jeMeHTapHLIX (yHkiuii

403. Paznoxenne ¢ynxunu B crenensoii psan; pan Teiinopa. Mur yxe
paccMarpuBami B 379 CTemeHHBIE PAAbI BHOA!

2 X" =yt X+ GXE+ L apXt L, 4))
0

PacloJIOKEHHBIE 10 CTENeHsM X. ECIIH MCKIIOUMTE «BCIOAY PACKOALIHECS>
PAIbI, TO JUIsi KAXKIOIO TAKOTO PA/IA CYIECTBYET NP OMEK Y TOK CX O-
OJEMOCTH C LEHTpoM B Touke x=0, or —R 00 R, rme paguyc
cxoaunmMocTu R=>0, HO MOoXeT ObITh M OeckoHeunbiM. KoHIEI 3TOro
MPOMEXYTKa BKJIIOYAIOTCA WJIM HET, CMOTPS 1O CIyYaio.
PaccMaTpuBaroT u CTenmeHHbIe psigbl Oojiee oOIEro Bmpaa:

ZZ'an(x—x0 P=gy+ay(x—Xg) + ... +a(x—x)"+ ..., 2]

PacHoNOXEHHBIE MO CTENeHsM /[ABYWIEHA X —X, (BMecTto x). Takodl psan
HE Pa3HHUTCS CYIECTBEHHO OT pana Buma (1), 6o mpuBOAUTCT X HeEMy
IPOCTOH 3aMEHOM MEpEeMEHHOMH: X —X,=y (C TOYHOCTBIO MO0 0603 H a-
YeH U nepeMeHHoi). [Ina psama (2) — ecnu o He OyHET «BCIOAY pacxo-
JAIIEMCS» — TaKoKe CYILECTBYET MPOMEXYTOK CXOAUMOCTH,
HO HA 9TOT pa3 ¢ LEHTPOM B TOYKE X, OT X,—R 1m0 x,+ R. Kounsr ero,
KaKk u B ciydae psga (1), MOryT DpHHAIIEXATh, HO MOLYT M HE IPUHAMI-
JIeXaTh MPOMEXYTKY.

B nocnexyronux maparpadax Msl JeTaabHO H3yYHM CBOUCTBA CTeleH-
HBIX PAIOB, KOTOPBIE BO MHOIOM YNOZOONA0TCS MHOrowreHam. OTpes-
KaMH CTEOEHHOIO PpsAla SBJISIFOTCS MHOTOYICHBI, YTO JieJIaeT CTENeHHBIE
pAOBL YIOOHBIM CPEACTBOM JUIS MIPHOJIMKEHHBIX BBIYKCIEHHN. B CBA3U co
BCEM 3THM NpHoOpeTaeT GOJBIIYIO BaXHOCTH BONPOC O BO3MOXKHOCTH Ha-
nepel 3alaHHy}0 QYHKIHIO Pa3JIOXATH 11O CTEHEHSIM X — X, (B 9aCTHOCTH,
TO CTENCHSM X), T. €. IPE/ICTABUTE €¢ B BAMIE CYMMEI psifia Tira (2) wiu (1).

Mpt 3aiiMeMcs 3ech DOOOOHBIM Pa3JIOKEHUEM IO OTHOLIEHHIO K 3jIe-
MEHTApHBIM GYHKIUAM, IPUYEM ITYTh K PEINEHAIO MOCTABJIEHHOIO BOMPOca
HaM OTKpsiBaeT ¢popmyna T e il 1o p a, moapoOHo usydernas B 124 —126.
B caMoM nene, npenmonoXxiM, 4TO paccMaTpuBaeMas ¢yukuus f(x) B
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OpoMexXyTKe [xg, Xo+ H] unn [x,— H, x,] (H=0) mMeer NIpoH3BOIHEBIE
BCEX TOPAOKOB (T€M CaMbIM — HeNpepbiBHBIE). Torpaa, Kak Mbl BHAETH
B 126, nys Bcex 3HAYeHUH X B 5TOM IPOMEXYTKE HMEET MeCTo (popMyia

SO =f(xp)+ f/ﬁ") (x—xg) +f Hg") (x=x)2+ ...+
f (n )(xo)

Hx-x) +ra(x),  (3)

rie ZOMOJNHHUTENBbHBIH 4leH ry(X) MOXeT OBITH IpelCTaBIECH
B OJHOM M3 yKka3aHHbIX B n° 126 dopMm. IIpH 3TOM 7 MBI MOXEM
O6paTh CKOJNb YyTOAHO OOJBIMIHUM, T.€ JOBOOUTH 3TO pasJio-
KEHHE IO CKOJb YIOMHO BBICOKHAX CTEIEHEUW X — X

3TO eCTeCTBEHHO IPUBOJUT K MBICIH O OECKOHEUHOM DPa3JIOXCHUH:

J@ = 1) + 78 (- x) + L7800 (et

(D)
LS oy @

Takoit psI — HE3aBHCHMO OT TOTO, CXOJHTCS JIK OH M MMEET JIH, Ha CAMOM
zene, cBoeil cymmoit f(x), — maswiBaercs padom Teidiaopa ans Qysk-
mn f(x). On mMeet Bux (2), mpuueM Ko3bPHOHEHTEI ero:
. S(xo) f(x) S1(x)
ay=f (%), TR Gp="—7">

Q== A=, =T s

HOCAT Ha3BaHue ko3¢ dunmuenton Teitmopa.

Tak kak pa3HOCTb Mexnay f(x) m cymmMol n+1 unenosB psga T e i-
Jopa, sBumy (3), ecTb Kak pa3 rp(x), TO, OYEBHAHO: 044 MO20 UMOObL
NpU HEKOMOPOM 3HAYEHUU X OeliCmBUmenbio umeso mecmo pastoxcerue (4),
HEOOX00UMO U 00CMAMOUHO, YMobbl OonoaHumebrblil yaen rp(x) dopmyas
Teiinopa - npu 3mom 3Hauenuu x — cmpemuaca k¥ 0 ¢ eo3pacma-
Huem n.

lim r,(x)=0. )
Rvo

Ilpn ucciemoBaHHH BONPOCA, HMEET JIH MECTO 3TO PABEHCTBO M IPH
KaKHX MMEHHO 3HAYEHHSAX X, HAM H OyIOyT IOJIe3HbI pa3jIMyHble GOPMEI
JOIIOJIHUTENIBHOTO WiIeHA r,(X), BBHIABISIONIHE €ro 3aBHCHU-
MOCTBH OT M.

Yame BCero NPHXOOWTCS HMETh HENO CO ClydaeM, Koraa Xx,=0 u
byurius f(x) pasnaraerca B psAl HEMOCPEACTBEHHO IO CTEHEHAM X:

r7, ()
fx)= f(O)Lf(O) fz(!o)x2+...+fnn!(0) X% (6)

* OT10T PAX OOLIKHOBEHHO HA3LIBAIOT PAXOM MaKnOpeHa, CM. CHOCKHA HA
cTp. 247 u 251 nepsoro ToMma.
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atoT pax umeer B (1), ¢ ko3bdpuLHeHTAMHU:
‘(0 (0 )
a,=1(0), _S© _Sf"©) AR

1Ty 0 BT e ATy

7

BemiieM Tenmepb nmoApoOHee MONMOJIHHTENBHBIA ueH r,(x) mpuMenn-
TEJILHO WMEHHO K 3TOMY Y4CTHOMY IIPEMONOKEHHIO:! X,=0 [126]

FH(6%)
Tmrr X ®

=i (n+;;(6x)‘ (1= By xntt, ©)

B dopme Jlarpamxa: ry(x)=
B popme Komrm: ry(x

Ipu 3TOM 0 MHOXHUTeNE § U3BECTHO TOJBKO TO, YTO OH COMEPKHUTCT MEXTY
0 u 1, HO OH MOXET MEHATHCA IIPH U3MEHEHHH X MJIM n (M Jaxe — IpH
nepexofle OT oJHON (OpMBI K Apyroi).

IlepeiineM x KOHKDETHBHIM Pa3JIOKEHHUSIM.

404. Pa3zoxenue B pax NOKA3ATeIbHOH, OCHOBHBIX TPHTOHOMETPHIECKAX
Gyt m ap. JlokaxeM cHadana cielymolilee NPOCTOe TPeIoXeHUe,
KOTOPBIM Cpa3y OyImeT OXBaueH psl BaXHBIX CAyJaes:

Ecau gynxyun f(x) 6 npomencymxe [0, H] uau [— H, O] (H=0) umeem
npou3sgoomnwle 8 C e X NnOpAJKO8, U 8Ce IMU NPOU3EGOOHbIe NPU UIMEHEHUU
X 8 YKA3aGHHOM NPOMENCYMKe OKA3bIGAIOMCA No abCOAOMHOU 6eauyute 02pa-
HUYEHHBIMU OOHUM U MeM e YUCIOM:

|f(x) | <L (10)

(20e L ne 3a6ucum om n), mo 6o ecem npomesxnCcymie umeem Mecmo
pazaoxncerue (6).

B camoM neine, B3iB IONOJNHUTENBHBIR 4NEH rp(x) B ¢popme Jlar-
pauxa [cMm. (8)), umeem, B cuay (10):

|fir+1(0)| HnH1
| ra(x) | = TSV | x|+ (,,+1)| .
n+1

Ilpn OGe3rpaHMYHOM BO3paCTaHHHU N BBIPAXECHUE crpemutcs kK 0,

(n+1D!
kak MbI Buzeny B 35, 1); BopoueM, 3To xe [B cuiy 364, 5°] cienyer u U3

CXOOHUMOCTH pAna
Hn+1

2 L (mr D)

[370, 2) (a)). Ho B TakoM ciyuae u r,(x) umeer mpezesioMm 0, 4TO U JHO-
Ka3bIBaeT HAIIe YTBepXICHHE.
(a) OTo mpensoXeHHe MPUIOKHAMO K DYHKIUAM

f(x)=¢*, sinx, cosx
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B N000M mOpoMexyrke [—H, H], ubo NpoM3BOOHEIE HX, COOTBET-
CTBEHHO, pPaBHBIE
. 14 14
fM(x)=¢*, sin (x +n 'i) , oS (x+n -5) ,
OyayT B HeM N0 aOCOJIFOTHOM BeIMYMHE OTPAaHHMYEHBI YHCAOM el — md
(yHKUMH X, 0 eTuHUUEH — I sin X U CoSs X.

Tak kak koddumuents! Teif mopa MBI yXe BHNHCIANM IS 3THUX
¢dyuxumit B 125, 1)-3), To MoxeM cpa3y HANCATL Pa3JIOKEHUS:

ex=1+15!+3—2‘;+...+f1—’;+..., 1)
. x3 x5 . 2k—1
sinx=x-3r+3 — ... +(=DF 1(2’;f1)!+..., (12)
2 4 k
cosx=1-Fr30~ .. (=¥t ... (13)

Bce onM HMEIOT MeCTO IpH J110 0 0 M 3HAYCHHH X.

(6) HetpynHo momoOHBIM e 00pa3oM IOJYYHTH PA3NIONKEHHS W JJIS
OCHOBHBIX TUNMEePOONMHYECKUX PYHKIHIA, HO IPOIIE, BCIOMHHB HX
oInpeliesIeHHKe:
eX—e—Xx eX+e X

7> chx=—2——,

sh x=
BBIBECTH 3TU PA3JIOKEHHS IyTEM IMOWICHHOTO BEIMMTAHUA HJIM CIOXKEHHS

pama (11) u criemyrouiero psaa, KOTOPBIA H3 HErO MOJIYYAETCH 3aMEHOM
X HA —X:

_ x  x? xn
e"=1-—ﬁ+f—...+(—l)"n—!+...
Taxum NYTEM MBI HaXOOWM:
x8 x5 x2k—1
th—x+§!~+5—!-+...+m+...,
x2 x4 x2k
Chx—1+f+2ﬁ'+...+(‘2k—)!+...

(8) K obyaxkimuu y=arctg x xokasaHHoe BHAdale OPEAJIOKEHHE YxkKe
He NpunoxuMo. [elcTBUTENBHO, 0Olllee BhIpaXKeHHE NI ee A-H Ipou3-
BojHOM, HalinenHoe B 116, 8):

Y™ =(n-1)cos" y-sinn (y +§) (14)

He TapaHTHPYeT CYLIECTBOBAHUA o 6 1re i rpammuel ais Beex y(m,
Tax kak cooTBeTcTByrouwii psim Teiinopa [em. 125, 6)]:

x3  xb x2k—1
— (=D
X3 TE T (=D 2k
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CXOOHTCH JUIIb B MpoMexytke [—1, 1]*, To BHe 3TOro MpoMeEXyTKa HE
TMIPHXOJUTCA YXKe TOBOPHUTH O BBIPAXKEHHH (QYHKIUM arctg X 3THM PSIOOM.
Haobopot, mna |x|<1 umeem mo popmyne JTarpauxa (8) [c yue-
ToMm (14)]:

1
cos™t1 yg.sin (n+1) (yo+—)'

n+1

1
[ra(x)| = |x|”+1<n——-

+1°
roe y,=arctg Ox. Otcioma sicuo, 4To Fr,(x)—~0, Tak 4To OIS BCEX 3HAYE-
Huii x B npoMexyTtke [—1, 1] uMeeT MecTo pasioxeHue

x2k—1

it (15)

Mu eme pa3 IoA4epKHBAeM, YTO XOTS arctg X M BHE 3TOTO IpOMe-
KYTKa MMeeT OIpEleNIEHHBI CMBICI, HO pasnoxenue (15) Tam yxe He
JIEHCTBUTENIBHO, TMTOCKOJBKY PAO HEe MMEE€T CYMMBL

M3 pspga (15) mpu x=1, B YaCTHOCTH, MOJYYACTCH 3HAMEHUTHIH P
JdeliOuuna

5
arctg x=x—x;+£5—. A G )

1

=1— (e (16)

tal =

T 1
4 N 2%k -1

— M[EpBbIA pAl, HAIOLIHN PA3JIOXKEHHUE YUCHA 7T.

405. Jlorapudmuuecknii psan. Eciu B kawectBe ¢(yHkIum f(x) B3SATh
In(1 +x) (x= —1), To cooTBercTBYyIOWWMif pin Teifnopa Oymer TakoB
[125, 5)):

x? x3 xn
—_— . I\n—1Z_
xX-5+3 oo+ (=D PREEE
OH cxoauTCd NUIIb OIS 3HAYEHUH X B mpomexyTke (— 1, 1J**; 3mauuT,
TOJNBKO JIIS 3THX 3HAYEHHUH M MMEET CMBICI MCCIIeOBATh IOBEIACHHE TIO-
MOJTHATELHOTO YJIeHA Fn(X).

Bo3ssmeM ero cravanma B ¢opme Jlarpamxka (8). Tak kax

!
f(n+1)(x) =(-1)r (1_+n;)7‘:

[116, 2)] To

1 xn+1
ra(x)=(- 1)”m'w“—’7)n’ﬁ(0<9<1)-

Ecmu O=x=<1, TOo mocneanuit MHOXHTENb He MPEBOCXOJUT EOUHHIEI, H
oTCI0Aa

]rn(x)|s.n—_1ﬁ-, Tak 4To rp(x)~0 (upu n- ).

* ITo npusuaky Jdanambepa [377] nerko y6emuthes, 910 pap (aGCOMOTHO) CXO-
marcs, ecnd |x| <1, m pacxomures mpu |x| >1. Cxomumocts (HeabcoroTHas) NPH
x=+1 BriTekaeT u3 Teopemst Jle6amma [381].

** Cp. npenplaymyio CHOCKY; Npd x= —1 moxyyaercs (C TOYHOCTBIO O 3HAKA)
pPacXoOnoANIHCA rapMOHMYECKMIt psm.
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Ho npu x<0 moBemeHHE 3TOTO MHOXHTEINS CTAHOBHUTCS HESCHBIM, U
npuxoguTcs UpuOernyTh k ¢dopmMe KoM JONOJIHUTENBHOTO YIEHA

[em. (9)].
Umecem
1-6)n
@ =(= e S 0=<0=1),
TaK 4TO
|x|pt1 (1-63n
|rn(x)‘\~_|‘57| (l-i-ﬂx) :

Tak kax npu x> —1 Gymer 1+0x=1-0, To mociemmuii MHOXHTEIb
MeHBIIE €IMHHIBI; CIeJOBATENBHO, JIHIIb TOJBKO |x|<1, 3aBemoMo
ra(x)-0.

JIroGomnbiTHO, 9TO X0TsA dopMa K 0 1 H BIOJIHE HCUEPIEBIBAET BOIIPOC
VIS BCEX 3HauYenuii x Mexay —1 u 1, oma Huvuero He JaeT IpH x=1; B
3TOM Cly4Yae MBI HOJy4aeM

[ra(D)| <1 -0)",

HO BBHIY BO3MOXHOCTH I  MEHSATHCS BMECTE C H, HEJIb3s 3aKJIIOUUTH
o TtoM, d9to (1 -6)"-0.

WTak, 1o COBOKYHOCTH IJIs BCEX 3HAYEHHH X B mpoMexyTtke (—1, 1]
JeHCTBUTEIHLHO OyneT

In(l+x)=x-F+ %~ (=D an
B uactHocTH, 1mpH x=1 MMoJIyYaeM YK€ 3HaAKOMBIH HAM psn
In2=1~g+3—. .. +(=1)214 ., (18)

W3 psana (17) MOXHO BBIBECTH M JPYTHE IHOJIE3HbIE pasnoxenus. Hampu-
Mep, 3aMeHsA B HEM X HA —X M BBHIMMTAd IOJYYCHHBIA AN MOWIEHHO M3
paga (17) (mpu 3TOM MBI cuuTaeM |x|<1), OpHUAEM K CIIEIyIOLIEMY DPAMdY:

1+x 1 1 1
In ;=% —2x(1 Ly I +m—1x2m+...). (19)

406. ®opmyna Crap/mmra. B xayecTse npmiioxeHus NOKaXeM, KaK C €I0 HOMOIIBIO
Edoxce'r OBITh BHIBEAEHA OfHA BaxHAs GopMyna arammsa, HocAmas uMsi CTHpIHHET 2
J. Stirling).

1
BozsmeM B (19) x=m , Tle n — NPOH3BOJILHOE HATYpaIbHOE YHCIO. Tak Kak
n

Torna
1

1+
1+x 2n+1 n+1

24 T, M. ®uxrerronen, T. II
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TO MBI HOJYIHM Pa3JIOXCHHE

n+1 2

n 2n+1

1 1 1 1 1 ] 0)
[ MENTES A TR TR &

KOTOPO€ MOXHO TIepeIcaTs B BUIOC:

+1)1 (1+1) LI S VL S
—|In —|= — —
"3 n 3 Qnrl2 5 @ax 1)

2T0 BHIpAXEHHE, OYEBHAHO, OONbIIE eINHHULEI, HO MEHbIIE, YeM

1y 1 1
1+—[——-——+—+...]=1+————.
3l@n+1) @n+1) 12n(n+ 1)

1 1 1
l<{n+—=|In|l+—|<l4+——,
( 2) ( n) 12n(n+1)

OTKY[a, TIOTEHIMpPYS, HalIeM

WNrak, nmeeM:

ntx _ 1
e<(1 +1) E_ MR
n

nlen
BeemeM Temepb BapHaHTY dp= - 1 Torma
n+2“
n
e ]
N
1)
an n
—_———
ani1 e

H K3 IpeAplAYyIIHX HEPABCHCTB CIIEOYyeT, YTO
1

1 12n
1< i _€
an-+41 _1 ’
e12(n+1)

TaK 4T0, C OAHOH CTOPOHEI, @n > Gn 4., C APYTOU XKe,

1 1

an-e <qg,y .e 12n+1),

Takum 06pa3oM ¢ BO3pacTaHWEM n BAPHAHTA @, yObIBaeT (OCTABAsACH OrPAHMYECHHOM
1

CHHM3Y, HaIpHMEP, HyJIeM) K CTPEMHTCA K KOHEYHOMY Tpeelly @, BADHAHTA Ke dn-e 127
1

BO3pPAaCTaeT, CTPEMACH, OYEBUAHO, K TOMY € mpeaeiy a (nﬁo e 127 1). Tax kak npu
1:000M 7 BEIIOJHSAIOTCA HEPAaBEHCTBA

1
ane BN<g<q,,
TO HalfeTCA TAKOE YHCIIO O, 3AKITIOYEHHOE MEXAY HyJIeM H eAMHUIEH, 4TO
0

a=ap-e " wm  ap=a-e?",
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(BameTEM, YTO IMCIO 6, BOOOILIE FOBOPS, 3aBHCHT OT ). Bcomomumas onpeesIeHre nepe-
MEHHOH ay,, HAaX0ouM:

0

n\n -—

n!=a|/n-(—) .el2n
e

0<8<1). 1)
OcraeTcs Tenepb ONpeJETHTh BETMYMHY IOCTOSHHOH 4. C 3TOH LENbIlo0 BCIOMHUM
dopmyny Banmnuca [317], KOTOPYy:0O MOXHO 3aIIMCATh B BHJIE:

4

1 2n! 72

T lim [-—] .

2 pow2n4+11@a—1Y
Bripaxenue B ckoOkax npeodpasyeM cleayronmM obpazoM:

2n!! 2nih) 22n.(n!)2
@n-D 2 2t
BEIPaXXEHUE

THOACTABHMB CIOAA BMECTO sl eTo BeIpaxkeHHe no dopmye (21), a BMecTo 2n! aHAIOrHYHOE

2n\2n o
2nl=a)/2n (—) e (0<p'<1),
e

[OCJIE NEMEHTAPHBIX YOPOIIEHAN TOTYIHM

' o 9—¢’
2n!! g ﬁ,eun ’
2n-11 2
TaK 410
-6 o
1/ 1 n a*
—= lim at—-e 2 — .,
2 pew2n+l 2 4
Ortcropa:
at=2n w a=)2n
Aunza

Ioacrasnas 310 3HaYeHue a B Gpopmyiny (21), Mel u upuneMm k gopmyse Cmup -
6
— (n\n =
n'=12an (—-—) el?n
e

0<0<D),
KOTOpasi IMO3BOIACT JIETKO OLEHMBATH BeMuuHYy (akrtopuana n! mpr GONBIIMX 3HA-

YCHHAX H.

HAnsa ynpax#enus npeayaraeM YpTatenio GakTHIECKH HAUTH CyMMy psaa

- 2n+1
2 [n in "
n=1

_1],
2n-1

CXOIUMOCTh KOTOpPOro 6ru1a mokasaua B n° 367, 9) (6).

Vkazanue. BbMECTUTH n-10 9acTHYHYIO CyMMy M, Npeo6pa3oBaB ee C IO-
Moo popMynel CTUpPIMET a, HEpEeHTH K mpeaeny. Oma. 3 (1-In2).

407. Brmommanmeneii pax. Bossmewm, mHakomen, f(x)=(1+x)™, rme m
— mo0oe BEINECTBEHHOE YMCJI0, OTIMYHOE OT O M OT BCEX HATYPAaJBHBIX
YHCeN (IPH HATYPAJILHOM M TIONY4aeTCs M3BECTHOE KOHEYHOE Pa3JIOKEHHE
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mo ¢opmyne HrroTowua). B atoMm cinyyae psan Teidinmopa wumeer
sun [125, 4)]:
m(m 1) mm—1)e....(m—n-+ 1)

1 +mx+- 3 x24 ...+ 12._.

€ro Ha3bBAXOT OHHOMMANBHBIM PAAOM, a KOIPOUIMENTHI €ro
— OMHOMUANBHBIMHU Kodbdunueurtamu. Ilpn caemanubix
OTHOCHTEJIBHO M TNPEMIONIOKEHUSAX HHA OJHH U3 3THX Koadduiimenton e
Oyzner uyneMm (Hao6opoT, eca OB 1 OBLIIO HATYpAJIBbHBIM YHCIIOM, TO KO-
sbdunment npu x™*+1 u Bce cienyromue obpaTwiuce O B Hy’dn). C mo-
mouipto mpusznaka J{anmam6OGepa [377] nerko yCTaHOBUTH, UTO IPHU
|x| <1 6uHoMHanbHBIA psn (abconroTHO) cxomuTes, a mpu |x| =1 pac-
xomutcs. MccnenoBanne JOMOTHUTENBHOTO WieHa 7,(X) MBI OyaeM Mpou3-
BOIUTh B IPEMNOJIOKEHHH, YTO |x|<1, mpudyeM cpasy BO3bMeM €ro B
dopme Kowu (9) (popma Jlarpauxka U 37ech JaeT OTBET HE IIpU
BCEX 3HAYECHMSAX X).

Tax kax
SEEX)=m(m—-1)...(m—n+ 1)(m-n)(1+x)y"—"-1,
TO OyIeM HMeTh:

o) = T D (2 DAROITTITE (1 e,

HpeIICTaBI/lM €ro, NepErpynnmupoBaB MHOXHATEIIH, B BUIC:

):(m—- Dn-2)...(m-1-n+1)

rax xmx(1 + Ox)m—1 (li)n

1+6x,

IlepBoe M3 3TUX TpeX BBIpaXeHHUIl HIpeacTaBiseT coboit oOwmid wires:
OMHAOMHANIPHOTO Xe€ pAfa, HO OTBEYAOLEro MOKa3aTesiro m —1; Tak Kak
npu | x| <1 GHHOMHAILHBIN PSI CXOMMTCS, KAKOB GBI HH OBLT MOKA3ATE b,
TO 3TO BBIPAXKCHHE NIPH @ -~ co CTPEMHUTCH K HYJIro. UTo XKe Kacaerca ABYX
JpYTHX BHIpaXXeHHH, TO BTOpOe MO abGCONFOTHOH BEJIMYMHE COINEPKUTESH
MEXIy I'paHHIaMHA

=[xt ] (U [

HE 3aBHCAIUMH OT K, a TpeThe, Kak u B 405, MeHbille equAUIBL. Takum
06paszoM, r,(x)->0, T. e. A |x| <1 HMeET MeCTO pa3okKeHHe
mm-1) ,

(1+x)"=1+mx t= X

mim-1)... (m n+1)

oot 1.2-. ceey

(22)

KOTOpO€ TaKXe CBS3aHO C UMEHEM HrrwoToHa.
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Msl He paccMarpuBaliM BONPOCA O NPUMEHUMOCTH €rO NpPH 3HAYEHHAX x= + 1.
Jlerko coobpa3uts, YTO GHHOMHANBHBIA psA €CTh YACTHBIA CIIydYail IMIEDPreoMeTpH-
YeCKOro pAla M NOJNy4YaeTcsl U3 IOCNeNHEero ImpH o= —m, =7 W 3aMeHe X Ha —X.
Benencteue sroro, no tabime B 402, 8), JEIKO COCTaBATH TaKyio Tabnmmy, Xapakre-
DHU3YIOMIYIO MOBENeHWe OWHOMHMAIBHOIO psAfla HA KOHIAX X= 11 ero mpoMexyTka
CXOJAMOCTH:

m=>0 abc. cxommrTcs
x=1 0>m=> -1 Heabc. cxommTca
m=-1 PacxonuTca
x=—1 m=>0 abc. cxomurcs
m<0 pacxomuTCsA

MoxHO NoKa3aTh, YTO BCAKHI pa3, Korja OHHOMHANBHEIN DSA CXOAHTCHA, €r0
cymmoii O6yner (1+x)™, 3mecr MBI HA ITOM HE OCTAHABIIMBAEMCH, Xejas H3bexaTsb
KPOIOTJIMBOTO MCCIICIOBAHUS JOMONMHUTEILHOIO WIEHA, TAK KaK 3TOT Pe3yJLTAT MPOCTO
BBITEKAeT W3 OJHOU oOme#l TeopeMsl, KoTopas OyAeT moka3ama Huaxe [cM. 437, 6°].

OTMeTAM HEKOTOpBIE YaCTHBIE CIy9aW OHHOMHAIBHOIO Dpsna, OTBEYArolMe, Ha-

1 1 1
npumep, m=—1, —, ——:
P Y 2 >
1
E;=l—x+x2“...4—(—1)"‘1-x"+... (-1<x<1)
(0OBIKHOBEHHASI TEOMETPHYECKAA MPOrPeccHus), 3aTeMm,
Vi+ 14 h ] 2+lx3 > iy
x=1+—x——x2+—x8——xi+...
2 8 16 128
(2n-3)1
...-’r-(—l)n_l—z—n—xn-l—... (—lsxsl) (23)
n!!
H
1 1 3 5 35
=l-—x+—x2——x8f—xi- ...
Vi+x 2 8 16 128
2n- 1)1
R Y —_— ., - 1<=x=<1).
+(=1n 2 n 4 (-1 )] (24)

Baxdo DmomuepkHyTB, YTO B Cllyyae DANHOHAJBHOTO m CyMMa OMHOMHAJILHOTO
PAlla NAeT BCETNAa apAPMETHU Y E C K O ¢ 3HAUCHME PAJHKAIIA.

3ameuanusa I Ha 3TtoM mocrpoeHo, Hampumep, Cleayroiee IFOOONBITHOS
paznoxenue, npuxaanexamee Inémunexy (O. Schlomilch). TIpexae Bcero, mosaras
B (23) x= —y?, e — l=<y=<l, MOJNy4HM, 4TO

1-Y1=5 i’ @n-3) Jinet

¥y n=1 2nl

2z
A 3areM, BMECTO y TOACTABMM CIOJA BHIPAXCHHE T’ T7A€ Z U3MEHSACTCH YHKE MEXIY
22

~oe U + oo, QOKaXETCA, 9TO
z, ecmm |z|=l1,

1+2z2

< (@n=-3)1( 2z -1
n=1 2n!!

1
—, el |z|=1.
z
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DTOT UpHEMEP MHTEpECeH TeM, YTO AJA YHKUHH, OMpEAeIEMOM B PasHbIX IpoMe-
1

KYTKAX PA3JIMYHBIMM AHAIATHYECKAMH BBHIDAXKEHUSMH z U — , JAETCS B TO K€
z

BpeMsi M €14 H O € aHAJIMTHYECKOE BBIDAXCHHE — B BUAE CYMMBI psana [cp. 46; 363, 5)].

I1. Bo Bcex pacCMOTpPEHHBIX BEHINE OPAMEpax pasiioxeHus ¢yHKmmii B pag Tei -
J10pa BBXOOWIO TaK, YTO VIS BCEX 3HAYEHUM X, OPU KOTOPBIX PN CXOAWICS, €ro
CyMMa paBHIach Toif QyHKIMHE, nist KOTopoii psa Obul mocrpoeH. IlosroMy y uura-
TEJNsA MOTJIO BOZHMKHYTEH IOJO3PEHNE, YTO BOODIIE JOCTATOYHO YCTAHOBHTH CXOMMMOCTE
psana, Aaxe He mposepss cooTHomeHds (5), 4ToOwl OBUIO OGECmeYeHO Ppa3lIOKEHHE
(4) mm (6).

Ha nene, ogHako, 310 He TaK. Ecnu, HanmpuMep, BEpHYTHCA K PyHKUHWH, paCCMOTPEH-

HOM B 3ameyauud n° 138:
1

f—e *  (mpu x=0),  f(0)=0,

TO IUISl HEE, KAK MbI BUOEIH, CYMECTBYIOT Jaxe NpH x =0 npou3BOAHBIE BCEX MOPSAAKOB,
HO BCE B 3TOM TOYKe obpamarorcs B Hynmb. Pan Tei#tno pa eupa (6) co Cwiomsp HyJie-
BeIMH KO3(GHIIMEHTaMHA, KOHEYHO, CXOAWTCA Be3le, HO HU IpPH OJHOM 3HAYCHHH X
(xpoMe x =0) He BOCHPOHW3BOJAMT 3HAYCHHA HCXOMHON (DYHKITHH.

408. Pa3noxense cHEyca H KOCHHYca B OeckoHeuHbl¢ mpou3BeneHus. MBI MO3HAKO-
MJIACH BBIOIE C PAa3JIOXNEHMSAMH BAXHCHIMHX 3JIeMEHTAPHHIX GyHKIMA B OeckoHeuHBIE
pAIBbI, PACHONIOXEHHEIC IO CTENCHAM X, T. €. C NPEICTABICHAEM 3THX (QYHKUWM B BHIE
¢OeCKOHEYHBIX MHOTOWIEHOBy. B 3aximroueHue 3TOoro maparpada Mbl OpeacTaBuM (yHK-
WA Sin X ¥ COS X B BUAE OCCKOHEUHBIX IPOM3BEACHMIA, KOTOPHIE KaK OBl OCYIIECTBISAOT
PAa3JIOXEHAE HA MHOXKHTEIIH COOTBETCTBYIONTHX ¢OECKOHEUHBIX MHOTOWICHOBS .

HawneM ¢ BrIBoJa OnHON BCcooMorarenbHOK dopmyner. M3BectHa M3 airedpel
dopmyrsa Moaépa*:

(cos z+-i sin z)™ = cos mz+i-sin mz,
roe m OyneM CYMTAaTh HATYpaJIbHBIM YHCIIOM. PackphiB ciieBa CKOOKH — 1O OOBIMHOMY
OpaBWiIy — M IOpUPABHAB CICBA M ChOpaBa KO3DOHIMEHTH! OpM (MHMMOM €IHHHLE»
i=)~1, nonyumm
: _ m(m=1)(m~2) ,
sin mz=m cosm~1z.sinz — a3 cosM=3z.sind z+ ...

Ecnm m=2n+1 He4Ye€THO, TO, 3aMEHAA YETHRIE CTEMEHH KOCMHYCa IO (opMyle
cos?k z= (1 —sin? z)k, MpI OpeACTABAM pe3YJLTAT B BUJC:

sin (2n+ 1)z =sin z- P(sin? z), 25

roe P(u) ecTh nenblii MHOTOWIEH n-if CTEIEHH.
OTOT MHOTOMWJICH, €CIIH YePe3 Uy, Ug, « .., Uy OOO3HAYUTE €r0 KOPHU, MOXKHO CIISAYIO-
MM 00pa3oM pasiIoXHTh HA MHOXHTEIH

u u
Pwy=a(u—u).. . (u—up)=A (1 - —) ves (1 - w) .
uy 7
Kophz uy, uy, ..., uy IETKO ONpeneuTh u3 (25), 3aMETHB, YTO €CIH z 06pPAmaeT B Hy b
sin (2n+ 1)z, HO OCTABISET SiN z OTAMYHBIM OT HyJIsl, TO Sin? z HeoOXomuMo 6yneT KOpHEM
(4 i T
—_— 22—, ..., n———, COHEpXKa-
- 2n+1" " 2n4+1" 77 U241’
wuMest Mexay 0 u 2 Y MAYOMM B NODPAAKE BO3DACTAHUA, OTBEYAIOT BO3PACTAXOMIME

MHOrouseHa P(u). OueBUAHO, 3HAYCHUSM Z =

* CM., HanpuMep, muxe, 453,
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xe (CIeIOBaTeNbHO, Pa3jIMYHbIe) KOPHH:

T in22 14 -, 4
Uy =sin y eees un sinZn= .
2n+1

u, =sin? ,
! 2n+1 2n+1
Haxouneun, ko>ddumuent 4 = P(0) onpezaensercs, Kak IPeAeI OTHOMIEHHH sin (2r+ 1)z/sin z
npu z—0; orcrona 4=2n+1.
TakuM 0o6pa3oM, npuXoauM k popMyne

. o sin? z / sin? z
sin 2n+1)z=(2n+1)sinz| 1— B Y B
T
sin? sin®n
2n+1 2n+1
X
Ilonarass z= , TepenumeM ee Tak:
2n+1
sinz’2 1 sinz2 I
X n n
sin x = (2n+ 1) sin l-—j-.... (R — 26
( ) 2n+1 . 7 . n @5
sin? sin? n
2n+1 2n+1

Bynem cuynrath x oTnEMHEEM OT 0, t7, +27, ..., TaK YTO sin x = 0. Bo3pMeM HaTy-
panbHOE 4YHCHO Kk mox ycnosweM: (k+ 1)z> |x|, u nycte n Gyner =>k. IlpencraBum
Teneps Sin X B BUJE NPOM3BENCHUA:

sin x = U (™, @n
rae
S 1 S T
x n n
U™ = @n+1)sin 1- e - —1
2n4-1 . .

sin? sin? k

2n+1 2n+1

CONEPXUT JUWL K MHOXHUTENeH B ckobKax, a

sin22 i sinz2 T
n n
yi o — 2 b

4
n

sin? (k+1) —— sin n
( )2 +1 2n+1

OXBATBIBACT BCE OCTAJIBLHEIC.

Ilycte & moka ¢uxcupoBaHO; Jerko HaiTH mpeaen Uﬁ") MPH 71— e, TIOCKOJIBKY 3TO
BBIPAXXECHHE COCTOMT H3 OINpPEAECICHHOTO KOHEYHOrOo 4YHCNA CoMHOXHTened. Tak kak

x
lim 2n+-1) sin =X,
n-—oo( )I 2n+1
sin22 +1 2
n X
lim ———— = —— (h=1, 2, ..., k),
s eo | n h2m?
in?h ——

TO

x? x2 x2
Ug = lim UV = 1——)(1——— 1—_).
k ninluk x m? 42 k2n?
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Beuny (27), cyliecTByeT U mpeaen

Vi= lim V¢,  npruem sin x= Ug- V.

N> co

3ajimeMcst one HkK o H npexena V.

k2
W3BectHO, YTO ANst 0<(p<i— HMEIOT MECTO HepaBeHCTBA

2 .
; P<smme<g@
[54, (9); 133, 1)]. TTosTomy
., X x?
SN ——— < —_
i1 @ntly

H
. k14 4  hnt
sin? h > (h=k+1, ..., n),
2n+1 a2 2n+1)?
TaK 4TO
(n) x2 x'..’)
1>Vi7/>|1———] -...- 1———}. 28
k ( 4(k+1)2) ( 4 23

BCCKOHG‘[HOC nponsBeueHne
1l (1 —_J
h=hy 4h?

a

o x2
(roe h, BHIGpPaHO Tak, 4YTOOHW GBLIO 4h§ >x2) cXomMTCsi, MO0 CXOOUTCA psn e
0 4h2
h=h,
[reopema 5°, 401]. ITosToMy OCTAaTO4YHOE NPOHU3BEJCHHE

_- ﬁ x2
Vi= 1-
k h=k+1 ( 4;‘2)

Npyu k ~ o NOJDKHO CTpeMuThes K 1 [401, 2°]. OuyeBHaHO, MBI NUIHL YCHIHM BTOPOE M3
HEPaBEHCTB (28), eciu HamuileM

1= V0=V
nepexons (pH GUKCUPOBAHHOM k) K IPENEITy NPH 71— oo, TIOIYYHUM

1> VRB_VR.
OT1croaa cieayert, YTo

lim Vi=1, tak 410  lim Uy =sin x,

- e ki~ oo
U MBI OPHXOOUM, OKOHYATC/IBHO, K 3AMCYATCIIBHOMY Pa3J10XKCHUIO!

R (1~—x-2--)=x(1-fi)(1-x—z) (1-ﬁ)..., 29)

n=1 n2m? 72 472 n2m?

BIICPBBIC YCTAHOB/IEHHOMY D A€ p O M.
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4908)
OHO MMeeT MeCTO, pa3yMeeTcs, H M1 MCKIIOYEHHBIX paHee 3Havenui x=0, +m,
+2m, ..., u60 TOrma obe 9acTH STOro paBeHCTBA CyTh HyNH. JIErKO BHHOETh, 4TO OT-

IEJbHBIE MHOXMTENHN KaK pa3 H OTBEYAIOT PA3JIMYHLIM KOPHAM sin x*.
n

EcIM B NOSIy4€HHOM Da3/10X€HWH TOJIOXHATEH xzz , TO HalgeMm:

OTKyZAa CHOBa BhITeKaeT opmyna Bannuca [317; cp. 400. 2)].
VKaxeM elle ONHO HHTEPECHOE NIPHMEHEHHE 3TOTO Pa3jIOXCHUS, KOTOPOE, 3aMeHss

[-5)

Bcnomuum omnpeneneane ¢ynkuuu '(x) [402, (13)]:

X Ha 77X, MOXHO NIPpEACTAaBUTE B BU[E:

sinzx =nx H
n=1

1\x
- (1+_)
n
rey=—[[ ——
X n=1 X
14—
n
u cootHomenue I'(x+1)=x.I'(x) [tam xe, (15)]. Torga
1\ —=x
. (1+-)
rd-x=-xr-9= [ —"—.
n=1 P
1-=
n

YMHOXAs, cpasy MPUXOIUM K TaK HA3LIBAGMOU dlopmyte JonoAHeHus
(30)

T
') rd-x=-—-—-m,
sin 7zx
TaKXe HaHNeHHOH DHJIepoM; OHA HMEST MECTO IPH JOOBIX HEI(eJI bl X 3Ha-
YEHHAX Xx*¥,
AHATIOTHYHO PA3IOKEHHUIO SiN X BLIBOMUTCH Pa3iIOKEHHE

9

pad 4x? e x?
Cos x = l———|= 1- ,
* n]=71 ( 2n- l)znz) n]=71 (Zn -1 )2
41
2

n—1
7. BrpoueM, OHO MOXeT ObITh IOIYYEeHO U U3

BBIIBJIAIOINEE KOPHU COS X:

pa3NioXeHus sin x, no GopMyme
] sin 2x

Cosx=s8in|——x| ®HMM CcO$X=——.
2 2sin x

* OTHOCHTENIbHO BO3MOXHOCTH II€PECTAaBIATH COMHOXHTENH — cM. 402, 4).
1

1 2
** T10N0XHuB 30eCh x=—£, B YACTHOCTH, HalJeM, 4TO [I‘ (-2- ] =77, TaK KaKk mp4 x>0

u I'(x)>0, To I’(%) =Va.
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HaxoHel, ynOMAHEM O Pa3JIOXKEHMAX

= 3 o 2
th=x.n(1+i), chx= JT (1421, @1
a=1 nim? n=1 (Zn—l ]2
——n
2

KOTOpHIE TAKX€ MOIYT ObITh YCTAHOBJIEHEI C IOMOIIBIO CXOAHBIX COOOpaXeHHIl.

§ 8. IIpuGamxenHble BRIMHC/IEHHS C NOMOINBIO PSIZIOB.
IIpeoGpazoBanne psioB

409. O6nme 3ameuanus, Ha nipumepe HONMy4YeHHBIX HAMHM KOHKDETHBIX Da3JIOXECHHH
MBI Pa3bACHAM, KaK OECKOHEUHEIe PAXLI MOTYT ObITh HCIOJL30BAHBI IS nejef mp H -
6MHXEeHHHNX BHUYHCIEeHH# . IlpexnomneM pax oOmmx 3aMedaHmi.

Ecnn HeMm3BECTHOE HAaM MHCIIO A Pa3loXEHO B DAL

A=aj+a,taz+...+an+ ...,

Iae a,, 4, d;, . — JIETKO BbIYMCIIfeMBIe (OOBIKHOBEHHO PaLMOHAJIbHBIE) YHCIA, B MBI
TOJIOKHM TPAGIHXEHHO:

A=Ap=a,+a;+...+ap,
TO nNoopasBKa Ha 0T6pacx>ma1me BCEX OCTAJIBHBIX YJICHOB BLIPDA3HTCHA OCTATKOM
on = a,,+1+an+z+ v

TIpu pocraroyHo GonpmoM 2 3Ta HOTPEmIHOCTH CTAHET CKOJNb YrOQHO Majyo#, Tak
YTO An BOCHPOH3BEIET A ¢ JoOOM Hamepen 3alaHHO# TOYHOCTEHIO,

Mb1 3aMHTEPECOBAaHBI B BO3MOXKHOCTH OPOCTO HIPOH3BOJHMTh OLEHKY OCTaTka
€5 9TO NO3BOIMIIO ORI HAM H BOBPEMs OCTAHOBHTHCSA IPH BHIYMCIICHHH IOCICHOBATENb-
HbIX 9aCTHYHBIX CYMM, KOrza yxe Oyaer momyvseHo npmbimxenne TpebyeMold TOYHOCTH.

Ecmn paccMaTpHBaeMbIif Pl OKA3hIBA€TCH 3HAKONEPEMEHHBIM M IIPHTOM C MOHO-
TOHHO yOHIBAaIOIMMH 1O aGCOMOTHOM BenuydHe WieHaMH (¢NeHGHATIEBCKOTO THIIAs),
TO, Kak Mnl BUaenad [381, 3aMeyaHue], OCTAaTOK MMEST 3HAaK CBOEro IEepPBOro WiCHa ¥ 1o
abCoMOTHON BEIHYHHE MEHbIIE €ro. JTa OUEHKa B CMBICIE MPOCTOTHI HE OCTABIACT
JKENaTh JIy4Ilero.

HeckobKO C10XHEee O6CTORT N0 B Cllydae DOJOXHTEILHOrO pAAa.

Torpa OOBIKHOBEHHO CTAparOTCA HAMTH JIETKO CYMMHDYEMBIH TOIOXH-
TENLHEIA XK€ pPsid, WIEHH KOTOPOro Opim ObI G OJIBII € YIEHOB MHTEPECYIOIICro
HAaC OCTaTKa, M OLEHHBAKOT OCTATOK CyMMO# 3TOro paaa.

Hanpuamep, s psma — MOXHO HOMYTHTE:
T'm

Z”, 1 < 1 B 2“‘. (1 _1)_1
mentl Mt miari mm—1) mZa41 \m—1 m) n
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[312 OEHKa cOBIAnaeT C OLEHKOU CBEPXY, noNydeHHOM B 373 (11) ¢ mOMOINBIO MHTETPH-

< 1
poBanud], a nna paga 1+ 2 —
T m!

< 1 1 had 1 1 < 1 1
> 1.1 I . _ 1
m=n+1m ‘0l m=ni+1 (+1)-...com nl m=py1 (n+1)y"—" nln

[3TO# oLeHKOM MBI PaKTHYECKH U NONB3OBAIKCH OPH BEIYMCIEHHH YuCnia e B 37].

OOLIKHOBEHHO HMHIETCA JNE€CATHYHOE NpubmikeHAe uyucna A, B TO BpeMs
KaK WICHHI Psila MOTYT U HE OBITh BHIPAXEHBI JECATHYHBIMEA Apobsmvu. Ilpu obpamenuy
MX B JIECATHYHYIO ApOOb, OKPYIJEHME MX CIY)XHT HMCTOYHHMKOM HOBO#M IOrDEIIHOCTH,
KOTOPYIO TaKXe CleAyeT Yy4ecTbh.

HakoHen, oTMETAM, YTO JalieKO HE BCAKMM DS, UMCIOLOWIA CYMMOM HHTEPECYIOMEe
Hac yucno A, npurofed mis GAaKTUIECKOT O BHIUMCICHUA ITOrO 9ucna (maxe
€CJIH €T0 WICHBI NPOCTHI, M OLEHKA OCTaTKa MPOM3BOAMTCA NEerko). Bompoc — B 6eicTpOTE
CXOIHMOCTH, T. €. B 6bICTpOTE HpHOIYDKEHUA YaCTHYHON CYMMEI K uucay A.

Bo3sMeM a71s npmMepa psanel [cM. 404 (16) u 405 (18)):

T
JaroIie COOTBeTCTBEHHO Pa3jiokeHue yucen — M In 2. g TOro 41o0BI ¢ HX MOMOIIbIO

BBIYHCIIMTD 3TH YHCHIA, CKaXeM, C TOTHOCTHIO 10 1/10°, HyXHO 6510 GBI CITOXKHTE AT -
NecCHdT TBHBICSY WICHOB B IEPBOM CIyYaé X CTO THICHSY — BO BTOPOM; 3TO,
KOHEYHO, OCYHNIECTBAMO JIMIIhb C HOMOIIBIO OBICTPOACHMCTBYIOIMUX BHIYMCIIMTELHEIX
MamnuH,

Hmke Mb1 6e3 ocoGoro TpyJa BLIMHCIMM YIOMSHYTHIC YHCIA Jaxe ¢ Goibmei
TOYHOCTBIO, HO HCIONB30BaB 0Jjiee DOOXOMANIAE PAEL.

410. Burmciesre 4ucia 7. BoCmONb3yeMcs HM3BECTHBEIM pAAOM )i apKTAHIEeHCa
[404 (15)]:

x3 x5 X7
arctg x=x——+———+... —l=x=1).
gXx=Xx 3+5 7+ ( x=<1)
Ecnu B3sTH x=F , TO arctg x=% , M MBI IIOJIyYHM pAS,
3
n1(111+1111+)
6 y3l 33753 73 ")

YK€ NPUTOMHBIA A% BHIYHCIICHHMA.
BeomomuHas Gopmyity ClIOXkKeHHs 1Jisi apKTaHTeHca*

xX+y
arctg x+arctg y = arctg 1

H BBIOMpas B KaYeCTBE X U y Kakue-HEOyIp [pe OpaBWIbHbC ApOGM, yNOBIETBOPSIONIHE
COOTHOIICHHIO

x4y
1-xy

=1 wm (+DO+D=2,

* KoTopas B 3TOM BR/€ BEpHA IMIUB B IPEANONOKEHNH, YTO CyMMa YIJIOB IO aGco-

JIFOTHOI BeNIMYHHE <% [50].
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7 X3
OyneM HMMETh y =arctg x-+arctgy= (x - —3—»{— .. .)+ (y —'};‘—3+ N ) . Hampumep, nomo-

1
=—, y=-—, DONYYUM
XHB X 2 ¥y 3 oy
m (L 11,11 )+111+11 )
4 |2 33 523 ) 3 35 Y0

CyImecTByIOT, OJHAKO, PANE, emme Oollee yIoOHBIC NI BHIMMCICHHSA YHCHa 7. Tlono-

KAM o = arc tg ? , Torga

2 10
tga=1—, tg2a=—€—-=—5-, tg4ac=-—1—2——=g.
5 1__1; 12 _E_ 119
% 144

T T
Beuay 6aB30¢TH 3TOrO 9HMCiaa K 1, ACHO, 4TO yron4a Oau30K K — ; HONOXHUB =40 ——,
OynmeM HMMeTh: 4 4

120
119 1 1
te 8= =, =arctg —.
8h-—p =gy AL frarcigg
1+-—
- Otcrona 119
16x—4p ell L1 11 11,
n: — =10 — = ——t— et — ——
{5 3585 5 7 5
PRIE IS U O } {111+}
95 11 5u 7T 239 3 2398 f°

910 — dopmyna Mamuua (J. Machin).

BeradcmaM 1o Eeit Yucno 7 ¢ 7-10 3HaKaMmH roclnie 3ansaroi, A aToro JoCTaToyHo
TeX WieHOB (hopMyJsl, KOTOpHe (aKTHUeCKd BhiIMcaHbi, Tak kak ofa pana — THHA
JIefi6HM A, TO MONPAaBKA B YMEHBLIIAEMOM H BHIYHTAEMOM HA OTOpacsiBaHAC
HEBBIIMCAHHBIX YJICHOB, COOTBETCTBEHHO, OyIyT:

16 1 4 1
<— € —— u A2<_—.—-<—,
13.518 108 5.2395 108

CoxpaHeHHEIE WISHBl 0OpaTHM B AECCATHYHBIC OPOOU, OKPYrifAa ux (O mpaBAIy NONOJ-
HEHMA) HA 8-M 3Haxe. Bolamcienus cBesieHEl B Tabmmuy (+ B cKoOkax ykasbiBaeT 3 H a K

0<4,

CONPABKH); 16 16
— = 3,20000000 —— =0,04266667 (—)
h 3.53
16 16
+ ——— =0,00102400 4+ ——=0,00002926 (-)
5.5 7.57
16 =0,00000091 (+) 16 =0,00000003 (-)
9.5 .50 7
3,20102491 0,04269596
4
———=10,01673640
239 S
T4
_3,20102491 ——=0,00000010 (—
__9104269596_ 3.2393 =)

3,15832895 0,01673630
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VYuntsiBasi Bce NONPaBKH, HMECM:

3,15832895 < 160c < 3,15832898
—0,01673632< — 48 < —0,01673630,

TaK 4TO
3,14159263 <7< 3,14159268.

Uraxk, oxoHYaTeabHo, i = 3,1415926. .., npryeM BCe BLINMHCAHHBIC 3HAKH BEPHEL.

411. Beruucienne Jiorapugmon. B OCHOBE BBIYHCHCHHI NEXHUT Pl

—2——[1+—1—- . +] %)
2n+1 3 @n+1)2 5 (2n+1)t

KOTOPBIM MBI Y% HOJb30Bauch B n° 406 [cM. (20)] mpu BeiBome dopmynsl CTHD -

nuura. Ipu n=1, nonyyuM paszsoxeHue nns In 2:

LSPE NS I WV S N S SO U W O WL O O
39590795994 1195 1395 1597 1798 )"

n+1
In—— =In @+ -In n=
n

in2 2 (l-l—
n2=—
3

DTOT pAL BOOJHE HOPATOAEH [ BHMHCICHWIL ITokaxem, HalpUMeEp, YTO, OTPaHHYA-
BaACh JIAIIb BBLITACAHHBIMH YJIEHAMH, MOXHO HaliTH In 2 ¢ 9-10 IPaBHABHBIMH JECATHY-
HBIMH 3HAXaMH,

B caMoM pene, eclii OTOPOCHTh 4ii€HBI TOTO pPsAma, HAYMHAA C HECATOrO, TO CO-

OTBETCTBYIONIAs MOMpaBKa OyneT:
1 1 1 2
It =t | = ,

2(11 1 1
A=—|—s—Ft—e——+... |= = <,
3 119 99 21 910 3.19.99 9 92 12.19.9%8 10w

Boiyucnenuds, Ha 10 3HAKOB, CBelCHH B Tabnmy:

YyuTeiBas BCE NONPABKH, KMEEM:

2
= 0,66666 66667 (~
3 -) 0,69314 71802 < In 2 < 0,69314 71809,
2 TAK 4YTO

3309 002469 13580 (+) In 2=0,69314 7180. . .,

2
T —0,00164 60905 (+) M BCe HANMCAHHBIE 9 3HAKOB BEPHEHL.

=0,00013 06421
3.7.93 6421 (+)

375 g7 = %:00001 12901 (-)
2
3.11.98
2
3.13.9¢
2
3.15.97

=0,00000 10264 ()
=0,00000 00965 ()
=0,00000 00093 (—)

m=0,0000000009 (+)

0,69314 71805
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Ionaras teneps B (1) n=4, HaiigeM:

In5=21 2-!—2 1-!—1 1-!—1 1+
=2In24— ———e— ... ]
9 3 81 5 812
IMone3yach yxe BBMACIEHHBIM 3HAYeHHeM In 2, mo 3TOK (QOpMyNe JIETKO BHIYHCITHTH

In5, a 3ateM u In 10=In2+1n 5. ITocne 3TOTO, C MPOM3BOJIBHON CTENEHBIO TOYHOCTH,
MOXeT OBITb BEMHCIEH MOIYIb
1

M=
In10

A Tepexofa OT HATYPANbHBIX JIOTapuPMOB K IHECATHIHLIM, OH paBeH M=
=0,434294481. .. YMHOX¥®B HA MOAYJIb, HAN/IEM AecATHIHbIE JIorapudMer: log 2 u log 5.

TlepeitneM K mecaTHYHBIM JorapudmaMm u B ocHOBHOH (opmyrne (1):

1 1 1 ]

TS @ @

log (n+1)—1 Ml
-— n= —
ogn OB ot [ 3 @n

ITonaras 3geck n=80=23.10 W npuAMMas BO BHHMaHuMe, d9T0 n+1=81=34%,
HaineM

4log3-3log2—1=M[, 1L 1 1
0 — 0 — = — —_— R s
£ € 161[ t 35501 75 259210 ]

OTKyZa nierko HaiTH log 3. ITonaras, nanee, B dopmyne (2) n=2400-=3.23.102, bynem
UMETh

n41=2401=T8
H
41 log2-log3-2= (.1, 1 1
0g7~3log 2-log 'M( +3—'23049601+5'230496012+"')’

Tak 4TO Halimem #m jorapadm log 7. Ilonbupas momoOHBIE umMcHOBEE KOMOHHanWH,
MOXHO ¢ IOPOH3BOJILHOM CTENEHbIO TOYHOCTH HAWTH JIOrapH(MbI OPOCTHIX HHCENT, a IO
BYM OyTeM YMHOXEHHS Ha HATYPaJIbHEIE MHOXKHATEIH H CIIOXKEHUsl HAWQyTCs JiorapudMel
COCTaBHBIX YMCEJL.

MoxHO OBUIO OBI MOCTYMATHL M MHAYe, HENOCPEACTBEHHO BEIMMCIASA JOrapadpMbI
IOCNIEROBATEIPHAIX HATYPAILHLIX TACEN B Oepexons oT log n x log (n+ 1) mpa moMomm
topMyimt (2). Tax, mwia BEMECHCHEA JiorapadmoB umcesr oT 1000 mo 10 000 Bo3bMeM
B8 ¢opmyite (2) TOJBKO O AHH WIEH, T. €. OPAOIAXEHHO MOJIOXHEM

log (n+1)-lo, M 102 10%)
n - = <H=< N
& B i1
Tlonpaexa npu 3TOM OyAer
2M 1 1 1 1
_AM gL L b
2n+1 L3 2n+12 5 (2n+1)¢
2M [ 1 N 1 N ]_ oM 2M
3@2n+1)3 @n+1)r @n+1)¥ 7] 3@n+1)-20-Qn+2) 24m

Tak xak y Hac n=103, a 2M <1, TO
< ! .
24.10° 2.101°

A=




412] § 8. BRBIYMCJIEHHUS C TIOMOIMBIO PSAORB 383

Ecim Ovl maxe BCe OMMOKA CyMMHPOBAJIMCh, TO B OOIIEM BCE € NOrPEHIHOCTH
10t 1
6puta Onl MeHbINE, YeM ERTTRE R Ho nerxo u30ersyTh TaKOro HAKOIUICHHS

HOrPEIIHOCTE, BHIYMCIMB LEJIbIA PAX KOHTPONbHE X JIOrapudMOB O NEPBOMY
merony. TakuM OyTeM MOXHO AOCTHIHYTh ropaszno OoNbLIeH TOYHOCTH, COXPaHHB
B TO K€ BPEMsi NPHCYIMH{ BTOPOMY METOOy aBTOMATH3 M BBIMHCICHHH (KOTOPHIA
OYEeHDb LIEHEH, OCOGEHHO NMPH COCTABJICHHH OOIIHPHBIX TaOmum).

412. BoruuncienHe Kopaeii. ITpoie Bcero KOpHH BRIYACIAIOTCH C NOMOIIBIO TaGmuupl
norapugmos. ONHAKO €CIA OTHETbHEIE KOPHH HYXHEI C 60JILIION TOYHOCTRIO, TO HEje-
coobpa3ao npuOersyTh K OSEHOMUANLHOMY pany [407 (22)]:

m(im-1) m(m—1)(m-2)
X2 x3
1.2 1.2.3
k

A+x)yn=14+mx+

IIpeanonox)nM, 9TO HyXKHO BRIYHCIIATH VZ, HOPHYEM YX€ H3BECTHO HPHOIMXEHHOE
3HAYEHHE @ 3TOTO KOPHA (110 HEIOCTATKY WM IO H30BITKY), HO TPEOYETCS €ro yIIyYIuTh.
Ecmn, ckaxeM,

=1+x,

rae |x| ecTp HeGonbas NpaBUbHAS ,npon, TO MOXHO mpeoOpa3oBaTh XKOpEHbL Clie-

nyoumnaM obpazom:
VZ a-'/ a(1+x)"

H HCIONBb30BaTh OMHOMHAILHBIL PAX TIPH m—— Wnorpa BBITOHE® MCXOAWTH M3 pa-
BEHCTBA k

ak

-Z =1+x ’,
ecma |x’] cHOBa ~— HeOONbIIas NMpaBHILHAS Opobb, H NpHOETHYTH K Jpyromy mpe-
obpa3zopanmio: X

1
Vi--2 =aq+x) K
ak

A
1
rocse Yero NpHMEHATh OHHOMHANGHBIY PAMl, B3SB M= — 7
Jiia npEMepa, BBIYHCIMM ¢ O0NBIION TOTHOCTEHIO Vi NCXO[A U3 ero mpubimxeH-

Hcﬁ)ro 3HayerEs 1,4. C 3roif nembio npeobpa3yeM KOpeHb MO OJHOMY M3 YKa3aHHBIX JBYX
o6pasnos:

—_— — 1
_ 2 0,04 1\

2=14. |/ —=14.|/ 1+-—=14. -

V V1,96 V *196 1.4 (”49)

HITH

1

14 1,4 1\~5

V2= - =1,4.(1——-) %

1,96 1 0,04 50
2 2

Jns obnervenus BLIYEC/ICHHY E€CTECTBEHHO IPEANOYECTb BTOpPOM myTh. MITak, mMeeM:

Vi-1a. Ll 131 5,3 1.6 1
2°50 78 50: 167 50° 128 508 256 508 T )°
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OrpaHg9YpMCS HAOWCAHHBIMA WICHAMH; BCE OHH MNPEACTABIAIOTCA KOHEYHBIMH
JECATAIHBIMEA IPOGsME:

51
14+...+—+—=1,0101525
+ +16 508

35 1
128 50%

63 1
— «——=0,0000000007875
256 50°

=0,00000004375

1,0101525445375 x 1,4 = 1,41421356235250.

1
Tak kak XO3(GHUHEHTH IPH CTENEHIX % yOBIBAOT, TO IOUPABKA MOXET OBITh

OLICHCHA, KAK O0OBMHO:

231 11
A<lde— 1 —t— ...

1,4-231 2,1
1024-50¢ 50 50°

T1024.505.49 100
TTosTomy

1,414213562352 < |2 < 1,414213562373,
V2=1,4142135623. . .;

BCE JECATEL 3HAKOB MOCJIE 3aIsTON BEPHBI.
Wcnonp3osas npeobpasoBanue

11
V2=1,41 (1— o ) 2

20 000

JIETKO MOJYYUTh 3HAYHTENHHO 6olbiee KONmIecTBO 3HAKOB. IIpuBeneM eme HECKOJIBKO
NpUMepOB HOJAOOHBIX NpeoOpa3oBaHmil (peJOCTABNAS BEMMACIEHUA C NOMOMbBIO OHHO-
MHIBHOTO PANA YUTATEIIO):

1 1
T 71 Y72 10 1\s
V3=1,73-(1— ) % V11=_(1___)2;

30 000 3 100
1 1
s 5 3\ 310 29\
2= |1+—1%; 3= —{1+— .
1 4(+125) 4 7(+1ooo)

413. YIpeoGpa3zosaume pamoB mo Jiinepy. Ilpda ucnonb3oBaHMM pAna AAA OpHOIH-
JKCHHBIX BBIMHCIICHHH HHOM pa3 OKa3bIBAe@TCH BHITOAHBIM OPEABAPUTENIEHO HOABEPIHYTH
€ro npeobpazoeanuro. Tak HA3BIBAETCHA 3aMEHA AAHHOIO CXONSMIErOCA pAja — OO TOMY
WM HHOMY NPaBHRIY — IPYTHM PSAXOM C Told xe cymmoill. KorevHO, IPAMEHATHL TAKOE
npeobpa3oBanye eJIeCOOOPa3HO UMb B TOM ClIy4ae, €CIM HOBLIM pAx OpICTpee cxommrcs
B ynoOHee I BEIMHCIICHAN.

BeiseneM opMyty uist KITACCHIECKOTO HpeoGpa3oBanns, HOCAMEro aMsa D it e p a.
Ilycte man cxogamuiica pan

S(x)=k2; (— Dragxk = ay— apx+ apx — o o o +(— D¥agx+ ..., 6))

rae x >0. Mb1 mamms fuis yno6eTpa mpencraBisneM k-bii Ko3ddHIEenT ero Nox BHEAOM
(— 1)kay, BoBce e mpemmonaras Bee ay >0. Jns papuanTet ay(k=0, 1, 2, ...) MBI BBEIEM
B PacCMOTPEHM® IOCICAOBATENHHE® Pa3HOCTH (HANOAOOHE TOro; Kak CAENayH
3710 B 122 10 OTHOMmMEHMIO K QyHKIEH f(X) OT HENPEPHIBHO MEHSIOMErOCS aprYMEHTA X):

day=ag 1 —ax,  Nag=Aay .1~ A0g=ay 40~ 20k 4y + 0k
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u, BOOGINE,
APay=AP1ayy,— AP gy =aygy p- Chagyp—y+Chagyp_p— ... +(—DPay. (4
ITepennmeM DaHEBLIA pAO Tak:

@G X — X aXP—axt @t - apx®
S(xX)=—-— - +
14+x 1+x 1+x 14+x

DTO HO3BONMTENBHO, TaK KAK k- 9ACTAYHASA CyMMa HOBOTO Dffa PA3HHTCA OT aHAJO-
1
THYHOM CyMMBI pspa (3) JHOIb clraraeMbIM iTs (- Dr+1gp, xk+1) crpemsmmmves k 0
x
nipu k —+ e BBHAY CXOOMMOCTHE MCXOHHOTO psja [364, 5°]. BeeneM Tenepe pa3sHOCTH s
VIIPOIUSHAS 3aIMCH:

1
S(x) = ——{ay~ day-x+ da, - x> - Aa,-x3+ ...}.
1+x

Coxpanaa NepBLIi WieH ﬁ—‘_)— , ocTarouiica pan
X

x
s {day~ Aoy x+ Aay - x2— ...}

mepernuiieM, xak H S(x), B popme
x 1

—1_+x.m {day—- Hag-x+ Nay-x>— ...},

Tax 4TO, €CJ/IA CHOBA BBHIZCIIMTEL NEPBBIA WICH, HMeeM:

S(x)=i——A€°L-x+—L{A2& ~Aayx+...}
I+x (Q+x)2 " Q4xp 0 TP

IIpomomkas MOCTynaTh TaK M AA/bIE, HOCIE P MATOB MONIYINM:

Sy=o o o, L e T R, )
1+x (1+x)2 (1+x)3 (1+x)P
roe
Ry(x)=(-1)P ad {4Pay,— dPa,-x+ dPa,-x*— ...} =(—1)P X j(— 1kAPay - xk,
(1+x)P (1+x)P k=0

OOpaTrMcsa K NOKA3aTENBCTBY TOTO, 4TO Ry(x) mpu p ~ e cTpemurcs k 0.
3amenuB p-yio pasHocTh APgy ee pa3noxeHEeM (4) M IEPeCcTABMB CYMMMPOBAHMSA,
OOJIy9HM

oo

P
R (X) = —me — D+ pxk+tp —_pict =
() (1+x)Pkg:)( et ‘g(;( ) Craytp—i
L A et p—
~(1+x)p {=0 X k=0 a’(+P"t ’

25 TI'. M., ®uxtesronsy, 7. 11
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Ecsn sBecTn 0003HAYEHNWE JUIA OCT a T K a HUCXOOHOTO psga (3), DONOXHB
mx)= 2 (~Dk+rgp xkin (1=0,1,2, ...),
k=0
TO BHIPAXKERWE A R;(x) OKOHYATENHLHO MOXET ObITh HANKCAHO B BUAE

2 Chx'erp iyfx) 2 Chxl e ri(x)

R =—ar " aror

W Tak Kak 7p(x) -0, To B cuny 391, 6°, u Ry(x) ~0.
Tlepexons B (5) k mpedeny Opw p -~ <, HalimeM, 9TO

X

x )2
+ M2q,- (T——) - ...+(—1)pApao-(1

x P

J rol
+x ,[
Tlozacrasiugs BMecto S(x) ero Boipaxenue (3), Mbi ¥ IPUIEM Kk npeobpazoséanuo O it e pa:

p
) . 6)

Yame BCero €ro NPHMEHAOT MpH x=1; Torga oHo mpeoOpa3yeT 9HUCIOBOH psn
B YHCJIOBOH Xe:

L
S(x) = —— Lag— Aay-
@) 1+x1a0 o 1+x

=3

1 < x
(= Degrxk= —1)pAPg,.
2 (— Draye 1+xp§0( )P APa, (1+x

- < (—1D)PAPa, )
P (—l)kak=pg; - ©

1
414. Tlpamepsl. 1) Ilonoxm ak=—+k, roe z — Juoboe DOCTOAHHOE YHACIO, OT-
z

muunoe or 0, -1, -2, -3, ... Pan

2

eci OTOPOCHTh B HEM NOCTATOYHOE YHCIIO HNEPBBIX WIEHOB, OKAXETCHA PANOM «IeHOHH-
LIEBCKOTO THIIA» M, CIEIOBATEIBHO, CXOMUTCS.

Jlerko BEIMHCIISIOTCS DOCIENOBaTeNbHBIE pasHocTd Aayg, A%ay, ..., H C TIOMOINBIO
MaTeMaTHYECKOM MHAYKUMH HAXOOUM:

z+k’

p!

APay = (- 1)P GC+R)E+k+1)...(z+k+Dp) ;

B YaCTHOCTH,

p!

APay=(~ l)pz—___—_—(z-{— Do Gin)

Taxum o6pazom, no dopmyne (7)

( 1)" < 1 p!
N g 204 2z D)o (2t p) |
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Ecmu monoxuth 34ech z=1, TO MOMyYHTCS NpeoOpazoBaHHE W3BECTHOTO psna g
In 2:,

m2= 3yl 3

1
m=1 m gp=1n.21

YutaTtento ACHO, YTO BTOPHIM PSAROM IS NPHOIMXKEHHOTO BBIMHCIEHHS In 2 MOJb-
30BATBCA TOPA3AO BHITOAHeEE; YTOObI NONyYdTh ToyHOCTH B 0,01 B mepBoM psze HoTpe-
6oBanock 66 99 4NIEHOB, B TO BpeMs XaK BO BTOPOM JOCTaTOYHO GBITO 6Bl B3STH 5
YJIEHOB!

1
2) Ilycte ap= —- (z otmuyno ot 0, —2; —4, ...). Ilpeacrasme ay B BHIE:
1 1

- z+2k
ay= PR Auist BeIpaxenus APa, MBI MOXEM BOCIIOJIB30BATHCA MIPEXAEH GOpMYIIOl:

—+k
2

1 ! 1 2p+1.pt
APay=(—1)P P (- Dpomee—— P

2 z(z z 2 z(z+2)-...- (z+2p)

—2‘ —i+1 cviie|—=—+p

B sTOM criyyae npeobpazoBanme D e pa WMeEST BHI:

od 1 1 & !
S > P

242k 2/ S02z+2) -z 12p)

B yactHOCTH, MpH z=1 oTCcroa moJsydYaeTcsa Npeobpa3oBaHWE paga JleiiGumnua,

14
BBIpaXarouwero Z :

=
2

3) Ana O0=<x=1 Mbl uMeny B 404 (B) pasioxenve

oa

YI
arc tg x = -k
£ /fo( ) 2k+1

xox+1,

XKenas mpUMeHHTh X 3ToMy oOOmemy psany npeoGpasopanue Difnepa, MOIOKUM

1
B (6) ak:ZkT; Torma ansa APg, MOXHO MCIONBb30BaTh GOPMYiy HpeNpIAyLIEro IpH-

mepa (mpu z=1):
2p!

APa, = (— 1P —
0=( Q@p+1

Kpome Toro, samesum B (6) x Ha x? U ofe 4aCTH PaBEHCTBA eI YMHOXKHM Ha X. B pe-
3yNbTaTe MOJIYYAM:

®

e 1 < 2pi x2 \P
arctg x= ), (— 1)k X d ( )
k=0

XK1= _
2k+1 I+x2p=0 Qp+ DI \1+x2

25*
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4) He cnenyeTt AyMaTh, 4TO DiJIepOBO IpeoOpa30oBaHMe CXOMAIUEroca paga BCeT 1 a
OPHEBOIOMT K yiydmenmto cxomumocTd. [IIpm 3TOM, cpaBHMBas Ka4€CTBO CXOAMMOCTH
- =,
IBYX PANOB 2 cp | 2, Ckx C WieHAMM JIEOOBIX 3HAKOB, MBI, Kak B B 375, 7), HcxoInum
=0 k=0 Yn
u3 nosenemm OTHOIIEHNSI MX COOTBETCTBEHHBIX OCTAaTKOB Yn M y tecm |—|~0, TO
¥n

mepBLIi PAx cxomuTcs GHICTpee, a BTOPOH — MenneHHee.]
Bot npumepsl:
< 11
2 (- 1)" = TepexonuT B OBICTpEE CXONAIMIACH DPsif Z -2— TR

) L1 (3P
NepexoquTB ME€O I E€H HE € CXOOAIMMUCA PAN 2 ? Z— .
p=0

-1[\42

1
02

5) IIpa ucmons3oBarRuE NpeoGpa3oBaHUA psOa OIS BBIYMCIEHWH 4yacTo ObiBaer
BHLITOJHO TEPBHIE HECKONBKO WIEHOB psfila BBMHUCIHTD HEMOCPEACTBEHHO
M mpeoOpa3oBaHMIO NOABEPrHYTH JMMb OCTAaTOK psAga. IlpowmmocTpupyem 310
HA IpUMePe BHIYNCIICHUS YMCIIA 77 ¢ TIOMONIBIO PAA, BHIBEICHHOTO B 2).

211+1 12+123+ 4 1.2-.... P N )
" 3 3.5 3.5.7 3.54...t @p+1) J

< -, TO omobpacei-
2p+1 2

saemblil ocmamox pada écez0a 6yO0em MEHbUe NOCAEOHE20 6bIHUCAEHHO 20 HYieHd.

Hanpumep, Mbl IOJIYYAM NI1ECTs BEPHBIX MA(D YMCIa 7 MOCHE 3alATOH, BRIYMCIHB 21
yJleH HAMHCAHHOYO psna, ubo 21-# ynen

1.2.3-....20

=0,000 000 37...<0,000 000 5.

Ecnu xe, CKaXeMm, OepBble CEMb YJIEHOB HCXOJHOYO DPsSJa BBIYMCIHTL HENOCPENCTBEH-
HO, M JIAIDb OCTATOK IIOCJie 7-ro 4jieHa IpeoOpa3oBaTh, Mbl IOJTYIMM

1 11 1 1 1
A4 |l o —
3'5 79 11 13

—2(l+ 1 + ! +.oot 1-2 —r)
15 15-17 15.17-19 15.17.....(15+2p)
3mech yxe BOCbMOIA WIeH pAna B ckoOkax MeHbIne TpeOyeMOil IpaHMIbI:

1.2.3.4.5.6.7

20,000 000 2. . .
15.17+...-29

U JUIs TOCTHXKEHHS TOM X€ TOUYHOCTH MOCTATOYHO, KpOMe 7 COXPAaHEHHBLIX YJIEHOB, Bbi-
YUCNETH eme 8 YNIeHoB, T. e, Beero 15, nporus npexnux 21!

415. Ilpeo6pazosamme Kymmepa. Mul Bunenm, uyto mpeoOpasosamme Oiinmep a,
OCHOBBIBAIOIEECS HA TOYHO CHOPMYIIMPOBAHHOM HpaBHIIE, NIPHROAMT K ONHO3ZHAYHOMY
pe3yJbTaTy, IpaBAa He Beeraa Buroauomy [414, 4)]. Meron xe npeo6pa3oBaHés pAuoB,
npemiokesHbit KymMMepoM, HooyckaeT OoJbmOil IIpod3BOJ, MHOTOE NIpeno-
CTaBIsAA WCKYCCTBY BBIMMCIMTENS, HO 3aT0 sBIsiercs Oolee leleyCTpEeMIICHHBIM,
B CMBICTe O0sIerYenus HOpHOMDKSHHOrO BEIYUCTEHHS. MBI OrpaHduuMCs H3NTOXCHUEM
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MAeH, TNOJIOXEeHHOH B OCHOBY Ha3BaHHOIO METOAa, M OCBETMM €ro HEMHOTHMH IIpH-
MepaMi.
Ilycth aH CXOOAMIUHKCA pPAX

A+ 4G+, .+ 404 ... )

U TpebyeTCsl BHIYMCIMUTE €r0 CyMMY C 3aasHeIM NpHOmmkeHueM. OudeBuano, A -0
upH k ~ . BeibGepeM Opyryro 6ECKOHEYHO MAJIYIO a(lk), skpuBasientayo AX) [62], Tax,
YTOOHI PN

a§1)+a§2)+ NN +a§k)+ e

HE TOJIBKO CXOJMICA K KOHEYHOM CyMMe A4;, HO M 9YTOOBI 3Ta CyMMa JIETKO BBEIYHCIIAIIACE.,
Ecma nonoxure

AW — a(lk) = zxgk),
TO
P = o(4(0),

2 A= 4+ Z 4P,
1

¥ BBIYMCIICHHE CYMMBI MCXONHOIO DPSa MPUBOOMTCA K BEIYHCIICHHIO CYMMBI I p € -
06.p2a30BaHHEOTI O pAAA, WIEHH KOTOPOrO 3aBEIOMO OBICTPee CTPEMATCH K HYITIO.

Hanpumep, xenas BEYHCIHTL CyMMy psaia Z P MBI BCIIOMMHAeM IIPO Dsf
1

oo

1
%‘ m ¢ cymmoii 1 [25, 9)] u oTMeqaeM, uTo (pA K —~ =)

1 1
k2 k(k+1)
Tak kak pasnocTh

B kk+1) kktD
TO
Sloapy L
e T kz(k+ n’
H npeoﬁpa3oBaHHLH‘& pAA OKa3bIBACTCSA Gonee BBIIT'OAHBIM 1JI51 BBIYUCIICHHSA.
VEkazaHHBIf HPOLECC MOXHO IOBTOPMTH W, B3fB HOBYIO GECKOHETHO MAaJIyIo a(,k),

3KBUBAICHTHYIO ‘q's(l"), TaK 9TOOHI psx

a(21)+a£2)+ e +agk)+ s

CXOMHJICS] K KOHEYHOM ¥ JIErKO BBIMACIAEMON CYMMe A,, MBI CBEIEM BBIYHCIIEHHE CYMMBI
HCXQOHOTO psna, 1o dopmyse

;A(k)=A;+Ag+Zagk) 4
1
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K BbIMHCJICHUIO CyMMBI NOCICAHEIO psaad, 4JIeHbi KOTOPOro
492080~ o (o8

CTPEMSTCs K Hyllfo ObICTpee, YeM cz(lk).
IToBTOpPMB NpoLECC p pa3, mpuaeM k dhopmyie

Z AW =4, + A, + 10)

»-0—
Tt
R/\

rac
=2 d"  =1,2...,p
k=1

CYThb W3BECTHBIC CYMMSbI NOCCIOBATENBHO BbIICISAEMbIX DSAOB, M CBEAEM IEI0 K BbI-
k
YHCIICHHEO CYMMBI psifia Z czf, ).
1

Tak, B NPHUBEACHHOM BLIIE NPUMEPE BBHIYHCICHAA CYMMBI Dsaa Z = MOXHO
A=1

TOOHTH OAJjbLue:

oo

3 st 2 25

kXk+1) j=1 k(k+1)(k+2) kz(k+l)(k+2)
TaK 4TO
—1+ 2 S
;.Z k2 lg; kz(k+1)(k+ 2)
3aTeM,

1

Sl s

=y e+ Dk +2)(e+3)
u 1. a. ITocne p 1waroB NoTyYuM
$1_ .1, 1
—_= + ~+ . 10a)
2 P g] k11 (k+p) (

Tlpu 31OM MBI BCE BpeMs NONb3yeMCs Yke U3BECTHOM HaM Gopmyioi

: 1 1
P

k1) .. (k+p— 1)(k+p) pep!

[monyuaronieiics w3 BeiBeaeHHOrO B 363, 4) cooTHOmMEHNs IpH o = 0].

1
Taxum 06pa30M, BBIYMCJIEHME CYMMBI MCANEHHO CXOOAIIECrocs psnaa 2’ /‘{—2-
. k=1
l’lpHBO,D.?ITCX K BBIMHCICHHIO CYMMBI p €0 YWICHOB M CYMMDbI GLICTp 0O CXOXs~
mMerocsa — yxe OIpd yMEPCHHBIX 3HAYCHHAX p — npeoGpa3oBam{oro psaaa,
TlpusgaeM euie onun Gonee CIONHEBIA MPHUMED.
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O6o3ra4uM yepe3 Sp (p — HaTypallbHOE) CyMMY psfia
< 1
f=1kk+1)2- ... (k+p-1)"

TIpu HeompeneaeHHOM MO K a |y HMeeM

k+y _ k+1+y - @p-Dk*+p(p+2)k+yp?
e+ 12 . otk+p =12 (k+1)2(k+2)e ... (k+p)* k2(k+ 1) ...-(k+p— 1)k +p)

Otcroaa BHIHO, 4TO (IpH Kk -~ =)
1 [ k+y k+1+y ]
2p—1 Lk2(k+1)2-.... (k+p-12 (k+1D2(k+2)2..... (k+p):

Tkt e ktp -1

Ecnyv 3aMEHUThL YICHBI papa Sp ITUMM 3KBUBAICHTHEIMM UM pPAa3HOCTAMHY, TO
TIOJIYHIHTCA PAR C JICTKO BBMHCISIEMOW CYMMOU

1 1+y
2p—1 (1:2-3-....p)

JomonaaTe/baei («1peobpa3oBaHHEINY) paa OyIeT MMETh OOIMH WieH

p w?
2p———(p+2) ]k+[ = ]
[p 2p—1(p ) o 2p—1

krk+1)2 .. .. (k+p)?

BoT Temepb MBI BOCHONB3YyeMCH TIPOH3BOJBHOCTBIO y M BBIOEPEM €ro Tax, 4ToOBl B
YUCJIHTENE 3[eCh UCYE3 YJICH, COAepKamuit k:

y=—-1.

YunteiBas BCe Cka3aHHOe, HOJNy4daeM IiIf pama S, Takyro dopmyny npeobpaso-
BaHHsA

3p ; P
Sp= «Spay- 11
PTG 20p-1) H an

O1croaa, noACTaBAAa BMECTO p HOC/IENOBATEILHO 3HAYEHHUS 1, 2, .. ., p, HMEEM
=4 l_ 2 2 2y
301 (@2
ESZ_E?Z ?+22 3 S
(-DF 3 (=D

Kl
u

——— + . *
20-1@p- P pap poiyt 2mpo i P (1
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Hakomsel1, ckiajpiBasi MOYIEHHO BCE 3TH PABEHCTBA, HPUAEM K PE3yIbTary

b l_ [1 1 1 2! 1 (p—l)!]
2ttt nt T T e
¢05 < 1
. 06
+2"-(2p—l)!!fé'1k2(k+l)2 ..... (k—{—/p)2 (106)

B31B, HAIPHAMED, P = 5 ¥ COXPAHAB B NPEO6PA30BAHAOM PANE TOXKE 5 WIEHOB, MOXHO

BBIYHCIIATE CYMMY HMCXOQHOI'C psda ¢ TOYHOCTBRIO OO W .

416. Ilpeodpaszosanne Mapkosa. IIpueM rns npeoGpa3oBauusi JAHHOrO CXO A -
merocsa psama (9)

D AW =4,
k=1

ykazauHEIE A. A. MapxoBBIM, Takke OCTABISET MHOIO IPOM3BOJA BBEIYHC/IH-
Temo. Pasnaras kaxmeni unen AX) xakum-ma6o o6pa3oM B cXonAMEUKCS X

AR

o

AW = 3 4P
=1

U3 4ieHOB BCeX 5THX DSAOOB COCTAaBIAETCH GeCKOHEeuHast NPAMOYIonbHAas MAaTPHIA C
nByMa Bxomamu [cp. 393 (1)]

Ead A

AW | gV agl) agl) a,(l)
A® | o a? agz) a?’)
A® | o &P o ... &P ... (12)

AR a&k) agk) agk) agk)

COOTBETCTBYIOWEro 3Toi Martpmue, Ilpennosiaras, nanee, €ie CXOOMAMOCTh BCEX PSAAOB
no cronbuam:

Z ask)=Ai’

k=1
MaproB ycranapiMBaer yciosme, HeOOXOmMMOE H AOCTATOYHOE MJisi TOrO, YTOOBI

pan D, A; cxommics K Tol ke cymme A. Ipeobpazosanye Mapko6a W COCTOHT
i=1

B 3aMCHE OHOrQ HOBTOPHOIO pAAa APYTEM

A= S a®= 3 4;,
fi=1 =1
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JocTaTO4YHB € YCIOBHA IJIN NPHMEHAMOCTM mpeobpa3zoBanus MapkoBa
JAIOTCsA, HanpuMep, B TteopeMe 3 n° 393. [Cama TeopeMa MapkKoBa, BOpoOYEM,
3HAYMTENBHO HMIMpe, HOO He HpeamoJiaraer Aaxe yIOMHHAIOMIMECH B HEH psaasl  a O-
CONIOTHO CXOAAMIMMHACS.]

IIprMepoM npuMeneHHst mpeoOpazoBanuss M apKOBa MOXET CIYXHATH COOT-

nowenne (13) n° 395. Peur uper o page Z EZ- , M ero k-blil YWieH NPeJCTaBINETCS B BUIE
k=1

CYMMBI, Ha 3TOT pa3, KOHE€YIYHOT O 4YuCia YJICHOB

1
—=d* +aPr .. +d kl,+rk=(k—1)![ 5

- +
K Gt D TGt

1 (k- 1)!
(k Dkeo..-Qk-1) +k2(k+1) ..... k-1

3aTeM IPOH3BOJATCA CYMMHDOBAHME IO CTOJONAM, KOTOpOE H OPMBONMT K - YIOMSHY-
TOMY cooTHOmeHmIo [cM. 395, 4)].

JIro60nBITHO OTMETHTD, 4TO, €CIIM BOCIOAB3OBATHECA PA3JI0KEHHEM

(k—1)}
G+ D-...-(G+k)

Tl
[
FM&

- 3

T0 mpeobpazopanne M apKoOBa, Kak yxe MONYEPKHBANIOCH B 395, 4), HUMEro HOBOTO
He AacT, 0O NPOCTO BEPHET HAC K UCXOTHOMY Dsmy.

MoxHO mocTpoeHre MaTpuusl (12) cBS3aTh ¢ HOBTOPHHIM IIPUMEHEHHEM Hpeobpa-
3oBanus KymMmwmepa. O6 atoMm yxe Obuta peds B mpeasiaymeM n° fcM. (10)], Ho Tam
nponecc KyMMe pa HOBTOPSUICA JIANIb KOHEYHOE YHCIIO pa3, a 37eCh MBI MBICIHM
3TO NOBTOPEHHe MPONOJDKEHHBIM N0 OeckomevyHOCTH. IIpH 3TOM BCAKMIT pa3 HaAJIEKHT
JIMIOb OPOBEPATH CTPEMIICHHE K HYIIO, NPH p -+, «JONONHWTENLHOrO wWieHay ¢op-
mymst (10):

lim Za&,")=0.
~ k=1

st Toro, 4To0nl yOemarbest B 3TOM, HanpaMep, 00 oTHOmeHMo K.(100), oTMeTmEM,
910 ¢ErypHpyIomas B AONOIHATEILHOM WieHe CyMMa He IPEBOCXOINHMT BHIPAXKEHUS

-
R

w|._.

TaK YTO BeCh NONOIHUTCIBLHBIN YWIEH HE NPEBOCXOMHT BEJIHINHE

p! 1

202p—- DY k=1 B2
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U, OYEBHUIHO, CTPEMUTCH K HYJIIO IpH p ~ . [lepexons x upeaeny B (106), npunem x pa-
BEHCTBY

1
K

~ , + 1 2!+ 1 (p-1) 1
Pty e R e

1 (-1

“3§ 22 2p-1n’

M

[

k

[
_

KOTOPO€, KaK HETPYAHO BUOETH, TOXKIACCTBEHHO C paBeHCcTBOM (13) n° 395,

Opsako nofoOHbIil IpeAenbHbIl TIepexo ] BOBCE HE BCEra MPHUBOIUT K IMOJIE3HOMY
pPe3ynbTaTy: €CIH, HalpUMep, OCYIUECTBHTh €T0 B paBeHCTBe (10a), TO mosiy4Ymm mpocto
TOXICCTBO

Taxum 06pa3oM, OpHEM, IpeAioxeHHslf M apKOBBEI M, HaeT 04€Hb OOHIYXO CXEMy,
OPeJOCTaBIsAs BBHIYACIMTENIO0 I[NMPOKHE BO3MOXHOCTH, HO MHOroro tpebys OT ero
HCKyCCTBA.

1
1p?

'Eli—«

TN s

§ 9. CymmnpoBanne pacxXoisiuxc# PHioB

417. Beepenne. [Jo cux mop Ha BCeM IPOTSKEHUH HACTOSIIEH IJaBBI
3aJ]aHHOMY YHCIOBOMY psIy

D n=ayt+a+at ... +a,+... (A)

n=0
B KavY€CTBC €I0 CYyMMb: Mbl NPHIIMCBIBAJIA npe()e/l ee yacmuqHotl CYMMbl
A=lim A4,

B MPEAMOJIOKEHHH, YTO 3TOT Ipe/eN CYIIeCTBYET M KOHEYeH (WM Xke pa-
BeH OECKOHEYHOCTH OIpeAecsieHHOro 3Haka). «KoneGmrommiicsy pacxoms-
HIMHCS PN O HAC BCerha OkasbIBajiCs JIMIIEHHBIM CYMMBI, H NOJOOHBIE
PAABI MBI CHCTEMAaTHYeCKU W3 PACCMOTPEHHS HCKIIOYaJIH.

Pasnmyabie dpakThl B3 067aCTH MAaTEMAaTHYECKOTO aHaNM3a, Kak, HAIlpH-
Mep, PaCXoJUMOCTh IMPOU3BENCHUS OBYX CXOASAIMXcs psanoe [392], ecrect-
BEHHO BBIIBHHYJHM BO BTODOi IOJIOBHHE IPOILIOT0 Beka BOIPOC O BO3-
MOXHOCTH CYMMUPOBAHUA PACXO0AWUXCA PAOOS B HEKOEM H O B O M CMBI-
cjie, KOHEYHO, OTJIMYHOM 0T 0OBr4HOro. HekoTophie METOIBI TAKOTO «CyM-
MHPOBAaHUS» OKA3IMCh OCOOCHHO IUIONOTBOPHBIMHU; MMH MBI 3aiiMeMcCs
noapoOHee.

HyxHro cka3atb, YTO X0 co3manns K o I U CTpOroil TeOpHH IpeesioB
(1 CBA3aHHOM C HEIO TEOPHH PANOB) PACXOAAMIMECS PSIEI HEPEIKO BCTpe-
Yamuch B MaTEMAaTHYECKOH MpakTHke. XOTA NPHMEHEHHEe UX NpH JoKa3a-
TEeILCTBAX M OCIHAPUBAJIOCh, TEM HE MEHEE HHOM pa3 JeNaJHCh NMONBITKH
MpUIaBaTh UM JaXe 4MCIoBOH cMbICH. Tak, KoleOromeMycs psay

I-1+1-14+1=1+...
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elte co BpeMeH JleH O HM I a B KAa4eCTBE «CYMMBI» IPHITHCEHIBAJIOCH Y-

1 -~
cno 5. Diiuep, HaNPHMEP, MOTHBHPOBAI 3TO TEM, UTO M3 PAasJIOKEHHs
1
—=1—x+x2-x3+xt-x5+ ...
14x
(xoTopoe B AEHCTBUTENLHOCTH UMeEET MECTO JIMIIb JJIs |x|<1) mpu moa-
CTAaHOBKE BMeCTO X €IWHMLEBI KaK pa3 U IOJIy4YaeTcs

LI NI T R
p)
B 3TOM YXxke COI[ep)KaJ'IOCB 3epHo HCTHHBI, HO ITOCTAaHOBKE BOl'IpOCﬁ HE
XBaTaJo YCTKOCTH, CaMLIﬁ l'IpOI/I3BOJ'I B BbI60pe pa3no>1<e}1m1 OCTaBJIdAJI OT-
KpHITO# BO3MOXHOCTB, CKaXEM, U3 APYTOro pasjiokeHusd (roe n u m —
Mo0ble, HO m<n)

I+x+...+xm—1 1—xm
T+x+.o.+xn—1 7 1-x"

=1 = x4 x"— X 20—

IONYYUTh OJAHOBPEMCHHO
Zel-141-1+1—...
n

CoBpeMeHHBIil aHAU3 CTABHT BONIPOC mo-IpyroMy. B ocHoBy Kia-
IeTcd TO UM MHOE TOYHO C(HOopMyJIMpOBaHHOE ONpelesieHdue «o6oOIeH-
HOH CyMMBI» psina, He MPUAYMAHHOE TOJBKO MJIsi KOHKPETHO MHTEPECYFO-
LIero HAC YUCIIOBOTO psifia, HO IPWIOXMMOE K IeJoMy KJaccy TaKux
pAnoB. 3aKOHHOCTH 3TOTO HE MOXET BHI3BATh COMHEHHMS: YMTATEdb HOJ-
X€H MOMHHUTb, 4YTO Jaxe OOBIYHOE IOHATHE «CYyMMbI Sy, CKOJNb IpO-
CTBIM H €CTECTBEHHHIM OHO HH KaXXeTCs, TOXe ObLIO BBEIEHO HA OCHOBE
YCIIOBHO NPUHSATOTO OMNpefesieHns, ONpaBAbBAEMOrO JMIIbL Lietecoobpas-
HocThro! OmnpenencHue «0000IEHHON CYMMBI» OOBIYHO ITOOYMHSAETCS OBYM
TpeOOBaHUSM.

Bo-niepBbIX, ecau pady 2 a, npunucelédaemcsa «0600wjeHHAA cymma» A,
a pady 2 b, — «obobwennas cymmar B, mo pao 2 pa,+gb,, 20e p, g —
06e Npou3B0AbHBIE NOCMOAHHbBIE, OANCEH UMEMb 8 Kauecmee <«0006ueHHO
cymmod yucao pA+qB. Metoa cyMMHpPOBaHUs, YIOBICTBOPSIOILIHHA 3TOMY
TpeOOBAHUIO, HA3BIBACTCS AUHEUHbIM.

Bo-BTOpPEIX, HOBOE ONpPEAENIEHUHE JOJDKHO CONEPXKATh OOBIYHOE oIpene-
JIeHHE KaK 4acTHBIA ciayvail. Tounee roBops, paod, cxodawuiics 6 06biyHOM
cmoicae K cymme A, 0oaxncen umemv <ODOBWEHHYIO CYMMY», U NPUMOM
maxoce pasuyro A. MeTon cymMmmupoBaHusi, 00JaJarOIUA STUM CBOHCTBOM,
Ha3bIBAIOT pezcyaapHvim. PazyMeeTcs, HHTEpPEC IPECTABIAIOT JIMIIEL TAaKHe
peryJsipable MEeTOMABI, KOTOPHIE MO3BOJAIOT YCTAHABIUBATH «CyMMY» B 0o-
Jiee OIMPOKOM KJIacce CIIy4aeB, HEXeJH OOBIYHBIH MeTod CYMMHPOBAHUS:
JULIB TOTAA C IOJHBIM IIPaBOM MOXHO TOBOPHTE 00 «0000IEHHOM CyM-
MHPOBAHHMY, ‘
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MBI IIepexouM TeNephb HEMOCPEACTBEHHO K PACCMOTPEHHUIO ABYX 0C060
BAXHBIX C TOYKH 3PEHHS NPHIIOXKEHHH MeT0/10B «0000ILEHHOr0 CyMMHIpO-
BaHUS,

418. MeToa CTENEHRBIX PAAOB. OTO METO/I, B CYILIECTBEHHOM, IPHUHA/-
nexur [Iyaccouy (S.-D. Poisson), KoTOpHIil C/ieJail IEPBYO TONMBITKY
OPHMEHHTH €r0 K TPHrOHOMeTpHYeckMM psimaM. OH COCTOMT B ClEAyIo-
ILEM.

o Odannomy uucnoeomy pady (A) cmpoumcs cmeneHHoti pao

D apX"=ay+ ayx + X+ .+ apX L )
n=0

ecau smom pad oaa 0<x<1 cxodumea u ezo cymma f(x) npu x-~1-0

umeem npedea A:
lim f(x)=4,

x-1-0

mo uucao A u Hazvieatom sobobwentioii (6 cmoicae Iy accona) cymmoin
danHoz0 pAoa.

IIpumMepsl 1) Pag, paccMOTpeHHBI D W nepoM:
I-1+4+1-141-1+...,
3H6Ch YK€ B CHIly CaMOTI'0O ONpeXeNECHH S NPHUBOAMT K CTENEHHOMY psiay,
CyMMa KOTOPOI'o qu_; 1upy x ~1 -0 crpeMuTcs K npeaeny %— 3HAYMT, YUCIO ;— , deH-

CTBHTENLHO, ABISETCA ¢000GMEHHON CyMMOl» yYKa3aHHOIO Psla B TOYHO yCTaHOBJIEH-
HOM 37€Ch CMBICTE.

2) BosbmeM Gostee oOLMit puMep: TPHTOHOMETPHYECKHH Psi

[ =
—+ > cosnb @
2 a1

SIBJISICTCSl PACXOMALIMMCS A BCEX 3HA¥EHWsX §, —n=<<f=mn.
" : p
JlelicTBUTENBHO, eciid § UMeeT BAL — 7, T p ¥ ¢ — HATypaJibHBIE YHMCIIa, TO IUIs
q

3HaYeHwii #, KPaTHLIX ¢, OymeT
cosnf==+1,

TaK YTO HApYLIEHO HeoOXoammoe YCIOBHE CXOAMMOCTH psajpa. Ecimm xe oTHomeHHe
— MpPpAalMOHANLHO, TO, pas3jaras ero B OECKOHEYHyl0 HeIpEepH BHYIO Jpobb
n

m
U COCTAaB/IAsT HOAXOOALUIHE npoﬁn — , OyzmeM mMeTh, KaK M3BECTHO,
n

1

- —
n’

6 m

n n

oTKYHmR

: n
|n6—mn| <—.
n
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TaxkuM 00pa3oM, I GeCKOHEMHOr0 MHOMXECTBA 3HAYCHHH 7

T
lcosnLlj<—,
n
TAaK 4YTO

T
jcosnf| =1——.
n

OTO TakXe CBHACTENBLCTBYET O HApYyIMICHAH HEOOXOAUMOrO YCIIOBHA CXOMHMOCT H.
Ecnu o6pazoBarb cremeHHOR paA

1 o
-+ 2 r’ cos nb O<r<1)
2 n=1

(3mecb OykBa r 3aMEHSAET HPEKHIOK OYKBY X), TO €ro CymMma IpH 3HAYCHUH 8, OTJIMIHOM
ot 0, 6ymer
1 1-r2

S — 3
2 1-2rcos 8+r? @

[em. 440 (5)] v upu r—~1-0 crpemutca k 0. Takam obpa3oM, s 60 06o0mennoN

cymmoin psaga Oyaer 0. Ecmu 8=0, To psan (2), 0OMeBHOHO, MMEET CYMMY, PABHYIO + oo
1 14r

BIIpOYeM, W BoIpaxeHwe (3), KOTOpoe B 3TOM Ciiy4ae CBOIUTCH K 315 TaKXke

HMEeT OPenesioM -+ oo,
3) AHanorayeo psig

2, sinnd (—n=<0=n),
n=1

KOTOPBI¥ CXONUTCA Amb npu 0 =0 wiM + 7, IpABOJUT K CTCNICHHOMY PANY
rsin 0

2> rsinpf=———————
a=1 1~2rcos 0+ r?

1 1
[461, 6) (a)], Tak 9TO ¢oOoOmIEeHHAs CyMMay Ha 3TOT pa3 OKa3biBaeTCsi PaBHOH ECtg—Z_ 0

npu 00 u pasHO# Hy/mIO npe 6=0.

HenocpeacTBEHHO ACHO, 9TO PACCMATPUBAEMBIH MeToJ, «00001EeHHOTO
CYMMHpPOBaHHUS» ABJIACTCS JI M H € i H I M. UTo e KacaeTcd pery s p-
HOCTH 3TOr0 METOHA, TO OHA YCTAHABIUBAETCS CJIEAYIOUIEH TEOPEMO,
OpuHamIexameidr A O e i 1o:

Ecau pao (A) cxooumcsa u umeem cymmy A (6 obvrunom cmvicae), mo
o1 0<x<1 cxodumcsn cmenennoii psad (1), u cymma ezo cmpemumcs K
npedeay A, xozoa x-1-0%,

* Dra Teopema 6nula fokazaHa A 6eneM B €ro MCCICIOBAHEAX @O TEOPHH Ou-
HOMHAIILHOTO pAfa [M=I k Helt BepEEMCA B 11° 437, 6°]. Hemmb3s COMEEBATHCS, YTO UMEHHO
OHa npuBena k o6mei GopMyaHpoOBKE METOAA $0000MEHHOTO CYMMUPOBAHUSS, KOTOPBIH
IIyaccoHoM ObUI OpAMEHEH JIMIIb B 9aCTHOM Ciiydae. B CBs3H C 3THM H CaMbIi
MEeTOJl 4acTO Ha3hBalOT MeTonxoM A6Gens, xora camoMy AGenio umpues
SCYMMUPOBaHUSY PACXONAIIMXCA PAROB ObUIA B BHICUICH CTeNeHH 4yxkaa. Msl OymeM
B JaJbHEeM roBopATE 00 3TOM Merone. kak o0 memode ITyaccona — A6ena.
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Ipex e Bcero, sicuo [379], uTo pamuyc cxoaumMocTH psana (1) He MeHblle
1, Tak uto mag O<x<1 pag (1), gelicTBUTENBHO, cXoAUTCA. MBI UMeIH
yXe TOXIECTBO

Daxt=(1-x) E'Anx"
n=0 n=0

(tme Ap=ay+a,+ ... +ay,) [cM. 385, 6) unu 390, 4)]; BEIYTEM €T0 MOYIEHHO
M3 OYEBHIHOTO TOXIECTBA

A=(1-x) > Ax".
. n=0
Ilonarag A-A,=x,, NpuleM K TOXIECTBY
A- Jaxt=(1-x)3 apx™ (G))]
n=0 n=0

Tak kKak «,—0, To IO MpOM3BONLHO 3aAaHHOMY &=0 Haiinercs Takoi
1
HOMep N, 4To |ap] <7 & IHlIb TOIbKO n=>N,
Paso6eM cymMMy psia B mpaBoit dactu (4) Ha ABE CyMMBI
N -
A=) Jax* u (1-x) 5 ax"
n=0 n=N+1

Bropas omeHmBaeTcs cpa3y M HE3aBHCHMO OT X:

(1-x) Zw' x,x" <(1-x) Zm' {ocn|x"<£-(l—x) > X<,
n=N+1 n=N+1 2 n=N+1 2

Yro %e KacaeTcs IepBoi, To oHa cTpeMuTcsa K 0 mpu x—~1 u mpu gocra-
TOYHOM Onm3octu x k 1 Oyzer

N &
‘(1—x) 3 | <L,
n=0

TaKk 4YTO OKOHYATECIBHO

’A — D apx"|<
H n=1

YTO U OOKA3BIBACT YTBEPXKICHHUE.

419. Teopema TayGepa. Ecrmu psax (A) cymmupyem no Ilyaccony — AbGenro
K CyMMe A, T0 B OOBIMHOM CMBIC/IC, KAK MBI BHAECIH, OH MOXET W HE WMETh CYMMEI.
HHBIMHE CJIOBAMH, W3 CYMIECTBOBAHMSA Npenena

lim Z anx"=A, ®)

x—»l 0n=
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BOOOIIIE TOBOPs, HE BEITEKACT CXOOMMOCTE psiza (A). ECTeCTBEHHO BO3HHKAET BOIPOC,
KakKue JONOJHATENbHBIE YCIIOBUS HAIUIEXHT HAIOXHTh HA MOBEJEHHE YIEHOB 3TOrO
psina, 9To0b! u3 (5) MOXHO GBUIO 3aKITIOYMTh O CXOAEMOCTH psiga (A), T. €. O CyIIeCTBO-
BaHWHK JJIA HETO CyMMEL A B OOBIYHOM CMBEICTIE.

IlepBast Teopema B 3roM HampasieHuH ObuIa gokazana Tay6 e po M (A. Tauber);
OHA [JIACHT:

Iycms pao (1) cxodumcs npu 0<x <1, y umeem mecmo npedeasnoe paseHcmso (5).
Ecau uaenvt pada (A) maxosget, umo

lim

n—oo n

a,+2a,+...+na
22 T o ®)

no u
Z an=4.
n=0
HoxasatenbcTBOo pa3obbeM Ha gBe 4acTd. CHavana NpPEANONIOXHM, YTO

1 *
lim na,=0 wmm an=0(—-) .
n

v oo
EciH TTONOXHUTH
Op=max |kay|,
k=n

TO IIPH 1~ c> BENAIHHA §,, MOHOTOHHO yOBIBaS, CTDEMHUTCS K HYJIIO.
HNmeeM mpu JjnoGoM HaTypaisHOoM N

N N - oo
Zan—A=Zan(l — X)) — Z a,,x"+[2 anx"—A] ,
0 0 N+1 0

TaK 4ro **
N N o o
nap | xn
Da,-A sZ!nan](l—x)-%- 2> I—”—[~+|2anx"—A =<
0 0 N¥1L n 0

Py o
Nt + Zanx"~A .

<(1 - X)N(so"“m <

Bass OPOU3BOJIBHO MAJIO€ 9HCIIO € >0, HOJIOXHM

€

(1-x)N=¢ wum x=1—N,

* Orcroza, mo m3BectHol Teopeme Komu [33, 13)], yxe clieqyer BHIIONHEHHE
ycnosus (6), HO He 0GpaTHO, TaK 4TO MBI MCXOIMM Terepb U3 60Jiee YaCTHOT O
npennosioxeHus, Hexemn (6).

** MBI TIONB3yeMCsl OYEBHAHBIMA IpH O< x <1 HepaBeHCTBAMM:

I=x=(1-x)1+x+x2+...+x2 =Y <pn(l -x)
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Tak uto x—~1 npu N—+e, Ilycts Temepb N BrIOpano mocraTto9ao OonsmmM, 9ToOBI 1)
BBIIOJIHSUIOCH HEPABEHCTBO Op 41 ~<£% H 2) COOTBETCTBYIOMEE X OBLIO HACTOILKO GIM3KO
K 1, uto

oo

Zanx"—A <&,
i 0

Torma

N
2 an—-A|=Q+8)-¢,

YTO W JOKa3hBaeT YTBEPXKICHUE TCOPEMBL.
K paccMOTpeHHOMY 4YacTHOMY CIIy4al0 TEOpEeMBI HPHBOAMTCS M OOmpait ciydail.

Tlonoxum
vn=a1+2a2+..-+nan (nal), 1)0:0,

TaK ¥TO

1
an= "‘l“ (vn—vn_y) (n=1),

4 3aTeM

Zanx" ao+2 —x" Z tn- lx" ay+(1- X)Z —x +Z o +1) xt+L (D)
Un

Ho 43 UpEATONIOKEHNs] TEOPEMEB, T. €. U3 TOTO, YTO — —( OpPH N~ oo, JIErKO HOIY-
n

YUTh, YTO

lim (1-x) Z —x" 0. ®

x-+1-0

ﬂ]‘[ﬂ JOKa3aTeabCTBA 3TOro AOCTATOIHO pa36n'rx> 30€Ch CYMMY Ha IOBC:

N oo
1-02+0-% 2
1 N+1

vn -
u BBIOpaTh N TakmM, 9ToGbI BO BTOPOi CyMMe BCO MHOXHTEIN — ObLIN DO aOCOMIOTHOH
n

BEJIMYMHE MEHBIIMMH Hamepel 3aJaHHOro wwcia ¢ >0, Torma M Bropas cymMma no ab-
COJFOTHOU BeyMumHe OymeT MeHbINEe €, KaKOBO Obl HU OBUIO X; OTHOCHTENBHO NEpBOH
CYMMBI, COCTOSINE! W3 ONpEeNeeHHOr0 KOHETHOrO 4@ciia CJIaraéMbIX, TOrO € MOXHO
JOCTHFYHYTH 3a cueT mpubmmxenus x K 1.

Takum ob6pasom, sBuay (7), (5) u (8) nmeem

oo

lim xNHtl= 4~
x>1- ozlvn(n+l) o

Ho 3mech yxe MOXHO IPHMEHHTb NOKA3aHHBIX YaCTHBLUA CIydall TeOpeMBl, TaK YTO H

oo

;‘ v—n=A~a0.

n(n+1)
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C npyro#i CTOPOHEI,

n n n+1

Zz.vm_z. Zl. Zt_

m m n+1

vam.

sla

%'m(m+ 1

OTcroa, Tak Kak IepBOE ClaraeMoe COpaBa CTPEMETCH K HYNIO

n
fim 2 an=A-a,,

neee 1

YTO M 3aBEPIIAET J10KA3ATEIbCTBO TEOPEMBEL.

BriocneACTBHHE Pa3NHYHEIMA aBTOPaMH OBUT yCTAHOBIIEH LENBIA DAl TOHKHX TEOPEM
noao0Horo TENA (MX NPUHEATO HA3LIBATH «TayGEPOBCKHMHEP TEOPEMAaMH), BHIOH3MEHNIO-
LIMX | pactippsiomux yciaouas Tay6epa. Ha Hux Mel He 6y/IeM OCTAHABIHBATHCA.

420. Meton cpemunx apudmerndecknx. Mnea metola B mpocreiiniiem
€r0 OCYHLICCTBIICHHH NpHHaIekuT ®pobenunycy (G. Frobenius), Ho
CBA3LIBAKOT ero obbrano ¢ nMeneM UYe3dapo (E. Cesiro), koTophmi man
MeToJy HalbHeilllee pa3BuTHe. BOT B 4eM caMBIif METOX COCTOMUT:

ITo uacmuunvim cymmam A, 0GHHO20 uucA08020 pAda (A) cmpoAamca
ux nocaedoeamenvhvle CpeoHue apu@nemuuecxue

Ao +4, Ayt A+ ...+ A,

a0=A0, o= s s an——Ti——, oy

ecau eapuanma &, npu n—co uMeem npedea A, mo 3mo YUCAO U HA3LIBAIOM
sobobwennoii (6 cmuicne Ye3apo) cymmoil» danHo20 pAaodd.

[Ipamepsr. 1) Bo3ppamasch K pagy

1-141-141-1+4...,
HMeeM 371ech
k+1 1

m, azk—xziy

Lof =

1
TaK 4YTO an—-—z—. Ms! nprmnm kK TOR e cymme, yTo W mo metony Ilyaccoma —

AGensa [418, 1)].
2) dna pana

1 =
E+Zcosn9 (-m=<B=<nm)

a=1
YacTHYHBIE CyMMBI OyayT (ecia TONbKO 8 5 0)
in {n+ 1 (‘]
sin -
2
Ap=———"—.

1
2sin—8
2

26 T. M. ®duxrearonsu, T. 11
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Tenepb HETPYOHO MOACIMTATH CPEAHHE apH(METHIECKHE:

1 n 1
(n+ 1oty =——— 2 sin (m+—) 6=
. 1 m =0 2
2sin— 86
2
1 n
—— Z [cos mB ~cos (m-+1)8]=

=0
4sinr—8"
2

= o2
sin (n+1) —
#1~cos(n+l)8_1 ( )2

1
4sinz — 8 sin —
2 2

WNTak, OKOHYATENBHO
2

0
1 sin (n+1) 2

oA, =
2(n+1) )
S1

OueBnaHO, o, ~0: i 3Hadenmit 0=0 ¢oGoGuwenHol cyMMol® B 3aeck cinyxut 0 [cp.
418, 2)].
3) Haxonen, MycTh CHOB2 HPEIJIONKEH PAX
2 sinnf  (-—n=O=n).
n=1
Hmeem mpu =0
1 1
cos— 6 —cos (n+——) 6
2 2

Ap= ;
2sin— 8
2

H 3aTéM

n+l 1 &t
(n+ 1oy = —— ctg — 0~ —— 2 [sin (m+1)0 —sin m6) =

2 2 B =5

4sm2-2—6

n+1 1 sin (n+2)0 —sin ¢
=——ctg -0 - ————————,
2 2 o1
4 sin? — 0
2

1
O1crona scHO, 4TO @y »-2- ctg 3 0.

Bo Bcex ciyvasx mo Merosy Uesapo NoMyuywnach Ta ke $0600mieHHAs CyMMay,
YTO M BhIE, MO Merony Ilyaccoma — A6ens Huxe [421) GymeT BHISCHEHO,
9TO 3TO — HE CIy4aifHOCTb,

M 3neck Takke HEMOCPENCTBEHHO SICHA JUHEHHOCTBH MeETOIa.
H3BecTHas xe TeopemMa Ko mu [33, 13)] B ciydae CyLIeCTBOBAHHS IIpe-
nena

lim 4,=4

nN-—voe
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YIOCTOBEPSIET HAIMYHE TOTO Xe€ IpefeNa M AN CPenHHX apH(MeTHue-
CKHX . Taxum obpazom, MeTon Ue3apo ABIJETCA PEry N p HEI M.

421. BzanMooTHoOwene Mexay MeTonaMu Ilyaccona—AGens n Yeaapo.
Haunem ¢ mpocroro 3ameuanus: ecau psad (A) cymmupyem no semody
CPeOHUX apuPMemuueckux K KoHeunoi «cymme» A, mo Hcobxodumo

ay=o(n).

n+1

HetictButenvrno, u3 o, ,+A4 # ap—~A ciaenyer, uTo

(n+Doty—noy,_, An
VT Ty _“n g
n

b
a Torma
an_An n-1An_,
n_tn T n-1
n n n n-1

07

4TO0 U TpeGoBaNoCh AOKA3aTh.

ITocTaBnennslil B 3arojioBke BOOPOC MCYEPNBIBAETCS CISAYIONIEH Teo-
pemoii, npuHamexameid ®pobenuycy:

Ecau paod (A) cymmupyesm no memody cpednux apugmemuueckux x xo-
HEuHOU «cymmer A, Mo 0OHOEPEMEHHO OH CYMMUDYEM MAKXHCe N0 Memody
IIyaccona — Abens u npumom K moil Hce cymme.

Hrak, mycts o, ~4. Beuny choemansoro BHavYase 3aMeyaHHs OYEBHIHA
CXOAHMMOCTb CTEIIEHHOrO psAfa

f%) =n,§)anx"

mng O<x<1. Bpmonaue nBax Obl npeobpazoBamme AGens [om.
383 u ocobenno 385, 6)], mocienoBaTeNbHO NOJIyIHM*

Jx)=1- x)é'a/inx” =(1- x)2§'0(n + Doc,x

* B cOopaBe;IHBOCTH 3TOTO TOXKAECTBA JIETKO YOENUTHCS M HEMOCPEACTBEHHO, OT-
OPaBIACE OT 3aBEAOMO CXOISAMIErocs, BBUIY OrPAHHYCHHOCTH 0., PAJA CIIpaBa:

a- ZX+x2)§:(n+ Depx™ =
0

[(n+ Doty — 2nety 1 +(n =Dty _plxm =

—

]

SWVE cMa

{[(n+Don — noey ] = [not g — (n— Doty _gl}xn =

=%'(A,,—A,,_,)x" =%’anx“.

[Ipg 3TOM MH TONaraem o_y=a_p,=A_;=0] CxommMocTh mocneaxero psaa
30€ch NONy4yaeTcs cama coboil.

26*
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[npu s3TOM CrlemyeT MOMHHTB, YTO Ay+4; + ... + Ap=(n+ 1)«,]. U3BecTHO,

q10 (s 0<x<1)(l—x)‘2=2~'(n+l)x" YTH
0

1=(1-x23(n+ )xn.

VMHOXUM 00€ 4aCTH 3TOro TOXAeCTBA HA A M BEIMTEM U3 HErO MOWIEHHA
NpeabiayLiee TOXIECTBO:

A=) =(1- 22 3 (r+ 1A~
n=0
Cymmy cripaBa pa3oObeM Ha JiBe:
N-1 -
(1-x2 2 +(1-x72,
0 N

opuyeM 9uciio N BeIOepeM Tak, 4To6wl mpu n>N ObUIO
[A—on| <g,

rae ¢ —~ NPOM3BOJBHOE Hamepell 3aJaHHOE IIOJIOXHTEILHOE Yucio. Toraa
BTOopad cymMma mo abCOJIOTHOM BeltiMHEe H cama OyneT MeHbwe & (He-

" 3aBMCHMO OT x!), a 1A IepBoif CyMMBI TOTO K€ MOXHO JOOHTECS 3a CUeT
nprbimokenus x K 1. OTHM H 3aBepiliaeTcs A0Ka3aTeNbCTBO [Cp. € JoKa3a-
TEeNBCTBOM TeopeMbl AGens B 418].

Wtak, MBI YCTAHOBWIH, 9TO BO BCEX CIYYasX, LJie NPHUIOXKHM METOJ
Yeszapo, npurokym 4 Meto Ilyaccoma—-Ab6ens ¢ TeM xe pe-
syapTaToM. O6paTHOE XK€ HEBEPHO: CYLIECTBYIOT DSZIBI, CyMMHpYeMBle
metonoM ITyaccouna-AOGens, HO He uMeronue «0600UICHHON CyM-
MbD» B cMbicie Yesapo. PaccMoTpuM, Hampumep, psai

1-2+3-4+...

Tax xak 371eck ABHO He COOIOAEHO HE 0O X O A H M O € YCIOBHE CYMMH-
PYEMOCTH 110 METOAY CpPEeINHUX apu(pMeTHYeckhX, yKasaHHOEe BHAYaje, TO
9TOT MeToH He HpuioxuMm. B 1o ke Bpemsa psan

1-2x+3x2—-4x3+ ...

1
JMeeT (npu 0<x<1) cymmy o KoTtopas mpu x-1-0 crpemHTrcs

K Ipenaeny 4 1o 1 ecTh «0bobmennas cyMMar Hamiero psaja mo Ilyac-

coHy—-AObeunr.

Takmm o6pasoMm, Meton Ilyaccoma-AOGeuns sseTca Goiee
MOIIHBIM, T. €. IPHIOXEM B GoJiee TUMPOKOM KJacce CIy4aeB, 9EM Me-
Tof Yeszapo, HO He HPOTHBOPEYMT €My B TeX CIydasX, Koraa OHM
OKa3BIBAIOTCH TPHIOKAMEIMA 06a.
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422. Teopema Xapan — Jlannay. Kak u B ciiywae metoga Ilyaccoma —
AGensa, mpiMerona Yesapo Takke MOTYT OBITH NOKAa3aHBI TEOPEMBI e¢TaybepoB-
CKOro» THNA, YCTAaHABIMBAIOIIME Te NOIOJHHTENBHLIE YCIOBHA OTHOCHUTEIBHO YJICHOB
psifa, OpH HaMYAM KOTOPBIX M3 CYMMMPYEMOCTH Pfla IO METONY CpeAmvMx apudmern-
YECKHX BHITEKaeT ero CXOOMMOCTE B OOBIYHOM CMBICHIE CJIOBA.

Beuny teopemMpl ®pobeHHMycCa scHO, YTO Kaxmas TayOepoBCKas Teopema
i meroga Ilyaccora — A6ens npudBomdT, B HaCTHOCTH, K TaKOM Xe TeopeMe
nast meroga Yesapo. Hampmmep, cama Teopema Tay6epa mepedpasupyercs
TEeNeph TaK: ecau Gpn—~A U GbINOAHAEMCA ycAOsue

a,+2a,+ ... +na
lim _l_a;—_”=o, ©

Neses n

mo odnoepeMeHHo i An-'A BHpO‘iCM 314€Ch OHA Henocpencme}mo BBITCKACT H3 JIETKO
NpOBEPSIEMOTO TOXOECTBa
a,+2a,+ ... +nan*

Ap—op=—""T T,
n

KOTOpOE U1l NAaHHOTO Cliydasi yKasplBaeT fgaxe HA HeOoOXOMHMOCTH YCIO-
Bua (9).
Xapnanu (G. H. Hardy) yctaHOB®I, 4TO 3aKIFO4YEHH® OT ®n~A K Ap—~A MOXHO

1

chenaTth He TONIbKO, €CIH dn = 0 (— (310 comepxmrTCs B mpensiayniemM!), Ho 1 npu GoJiee
n

IDAPOKOM IpPEeANOJIOKEHHA, 9TO

{may| <C (C=const; m=1, 2, 3,...).

Jlamnay (E. Landau) nokasas, yTo MOXHO YIOBOJILCTBOBATHCH HAXKe «OAHOCTOPOH-
HU{My- BBIIOJIHEHAEM 3TOr0 COOTHOILICHHS:

Ecau pao (A) cymmupyemca x scymmes A no memody cpednux apugpmemuyeckux
u npu YMOM 6bUIOAHAEMCA YCAOBUE

magm>—-C (C=const; m=1, 2, 3, ...),

MO 00HOBPEMEHHO U
Z an=4
0

[I/I31\46HSIH 3HAaKHd BCEX WICHOB psAlia, BUOUM, YTO NOCTATOYHO TAKKEC NPEANOIOXUTH
HEPABCHCTBO APYIoro CMeICia:

may<C.

B gactrOCTH, TEOpEeMa, OYEBHAHO, IPHIIOKHMA K PSANAM C WICHAMH NOCTOSHHOT O
3HaKa.l
s moKa3aTenbCTBA PaCCMOTPHAM CHAYAId CyMMY

* Vimeem
(n+DAn—(n+Dan=n+1)A4n - (Ag-+ A1+ - .. +An) =
=(An—Ap)+(An—A)+ ... +(4, ~An_y)=
=(a+ay+ ... tap+@+...+a)+ .. . tay=
=a+2a,+ ... +nan,
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rae n ¥ k — DpOH3BOJIBHBIC HATYPAJIBHBIC YHCMA; NYTEM TOXASCTBEHHOro npeobpaso-
BaHMsl OHA JIETKO OPHBOJHTCH K BHIY

n+k n
S= ZoAm— 2> Am =k Dan = (et Dan = kan it (14 D@ - ). (10)
m= m=

Ecnn 83s1h moboe A, (pH n< m=sn-+k), TO, HCHOJIB3Ys IPENOJIOKEHHOE HEPABEHCTBO

ap; > — —, MOXHO BOJYYATh TAKYIO OLICHKY CHU3Y.
m

k
Am=An+(@n g+ ... +ap)>An ——;C,
OTKyJa, CYMMHPYA 1O m, HalnemM
2

k
S>kA,-— C.
n
Otciona, conocrapnss ¢ (10), npUXOAEM X TaKOMY HEDABCHCTBY:
n+1 k
An<°‘n+k+T(“n+k-‘¢n)+; C. an

CraneM Temepb IPOU3BOJBHO YBEJMYMBATL 7 IO OECKOHEYHOCTH, @ W3MEHEHHE K
k
NOMYMHMM TpeboBanuio, 9TO0bl OTHOLIEHWE — CTPEMHIOCh K Hamnepel 3aJaHHOMY

n
uhcny €>0. Torga npapas yacte HepasencTsa (11) Gyner crpemuThes k npeneny A-+eC,
TaK 49TO JUIf JOCTaTOYHO OONBIIMX 3HA4YEHHit n Oyaer

A11<A+2£C. (12)
CoOBepILEHHO AaHAJIIOTHYHO, PACCMATPUBAA CYMMY
n
S = 2 Ay = kon -+ (4 10 —0n )
m=n—kL+1
M OpoBes uist Ay (upn n— k< m<n) oneHKy cBepxy:
k
Am=An~@nyy+ ... +a)<Apt P C,

TIpHIEM K HEPABEHCTBY
2

k
S'<kdy+ - C.
n—k
Otciona
n-1 k
An>an g+ B (@ —0n_p) - oy C.

- k 1
Ecau n~o yu ONHOBPEMCHHO — —~€, KAK M IPCKJE |HO HA ITOT PA3 NyCTb t‘<—-2— , TO
n

fpapas vacTb JTOrO HEPABEHCTBA CTPEMMTCH K mpeneny A — i; C= A~ 2C. Cneno-
BATENbHO, NI JOCTATOYHO OONBIMIKX 1 OKAXETCA
An>A-2¢C. (13)
Conocrapisst (12) u (13), BUIEM, 4TO, NEHCTBUTENBHO,

lim dn=A4.
Teopema mokasaua.
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3ameruM, uTO 1ONOOHAs ke ¢raybepoBckass Teopema Obula yCTAaHOBIEHA 3aTeM
M ansa cymmMupopauusa no IIyaccoHy — AGenro — 1A Hee TOMLKO YTO HOKa-
3aHHAA TEOpeMa ABIAETCA YaCTHLIM CleAcTBHeM. HO BBHAY CIIOXKHOCTH JOKA3aTelbCTBA
MEl €T0 HO IIPABOIHM.

423. TIpumeneme 0GOOIIEBHOr0 CYMMHPOBAHHA K YMHOMXEHHMIO pAoB. OCTaHOBHMCH
Ha NpHMeHCHUH O60OINeHHBIX METOJOB CyMMMpPOBAHHMS B BONPOCE 06 yMHO XK e -
HHH psagos no mpaswty Kommn [389]. Ilycte, kpome psima (A), maH eme psn

Dbn=byt b+ .. tbyt .. (B)
n=0
TOrJa pan
ch_ Z(aobn+a1bn 1+ oo Fan_ b +anby) ©

n=0

u HaspiBaeTcs nmpoH3BenernmeM psaoB (A) m (B) B popme Komu. Ecm
JaHHBIE PSAABI CXOOATCS M MMeEIOT OObIKHOBeHHBIE CyMMBL 4 U B, To psa (C) sce xe
MOXET OKa3aThCs PacXoAsImuMcs [ripuMep 3TOro Mel umerm B 392).

Onnaxo 8o ecex cayuaax paod (C) cymmupyem no memody IIyaccona — Abean
u umenno x cymme AB.

He#icrButensro, it 0<x< 1 pax (1) paBHO kak psf

anx"=b0+blx+b2xﬂ+ ceotbnxn4 ...
n=0

oba abconwTHO cxomsrca [379]; 0603HAYMM HX CyMMBI, COOTBETCTBEHHO, Yepe3
J(x) u g(x). IIpomsBeneHne ITUX PAMOB, T. €. PN

Dlenxn= 2 @obn+abn_r+ ... +an_ 151+ anbg) xM,
n=0 n=0

110 KJAaccHueckod TeopemMe Komu [389] Takke CXOOMTCA M MMEET CYMMOM IpOH3-
Benenne f(x)-g(x). 31a cymma npu x~1-0 crpemutca K AB, 60, kKak Mbl BHACIH,
0 OTAENbHOCTH

lim f(x)=A4, lim g(x)=B.

x-+1—-0 x-+1-0

HWrtak, «0606menHoit (B cMeicie Ilyaccona — A6ens) cymmois pama (C) neit-
CTBHTEJILHO 6ymeT AB, uTo 1 TpeGoBaNOChL KOKA3aTh.

OT1croma kak cnencTswe monyvaercs TeopeMa A Gens 00 yMHOXEHMM DPAIOB
[392]. PaBHBIM 00pa3oM H3 CaMOro JOKa3aTeNbCTBA SICHO, YTO M0 JCE 3AKAIONEHUE
ocmaemca @ cuie, ecau paost (A) u (B) ~ BMeCTO TOro, YTOOBI CXOOUTHCS B COOCTBEH«
ZOM CMBICTIC — Auwb cymmupyemol no memody IIyaccona — A6esa kK cymmam

u B.

B Taxom cnyyae, yuyutniBas Teopemy ®pobemmyca [421], MOXHO CHenaTh
H caepyromice yreepxaenue: ecau paoei (A), (B) u (C) cymmupyemui ¢ cmuicre Yeszapo
u umerom, coomeemcmeenno, s0600uennvie cymmon A, B u C, mo neobxodumo

C=AB.
B kauectBe mpHMepa paccMOTPUM BO3BENCHHE B KBAApaT pAia
1 1 1.3 @2m-1!

’ﬁ=l E‘Fﬂ—. (- )m (2 )" +...,
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KOTOPbLIH DOJIyYaeTcs U3 OHHOMUAJIBHOTO Pas3iIOXCHUA

1 1 1-3 Q@m-1)
=l-—xt—x2— .. (-1 ——— "
Vi+x 2 24 @m!!

npu x=1. YMHOXas yka3aHHBIM YMCIOBOM pax Ba caMoro cebs, mpuieM K XOpomo
3HaKOMOMY HaM psany
1-1+1-1+1-14...%,

t0bobmennas cymmas KOTOpOro, kak mo Mmeroamy Ilyaccoma — AGemns, Tak

1 (1Y
aoo Metony Yeszapo, ects -2—=(—V§) .
Hanee, ¢BO3BENEM B KBaIpaTy ¥ 3TOT pacxoisumics psa. Mbl monydum psn
1-2+3-44-...,
00606mennaas cymMMay KOTOporo B cMeiciie [Iyaccorma — AGens ectb %: (-;—)’
(B cMeicie Wesapo OH HE CyMMHEpYyeM!).

424. Tpyrue MeTopl 0000IIEHHOro cyMMupoBanng psjoB. 1) Memoowt I'. d. Bopo-
Hozo. TlycThb UMeeM MOJNOKHTENBHYIO YMCIOBYIO NOCNENOBATENLHOCT {Pn} H

Py=py, Pn=pyt+pyt+-...+pn  (n>0).
W3 yacTtavyEbX cyMM A, pana (A) COCTaBEM BBEIPaXCHHAS

Pndo+Pn_1Ayt - +PoAn
wy = .
Pn

Ecnmu wn+A npu n—-, To A Ha3pBaeTcs ¢00061eHHON cCymMMois paaa (A) B cMBICIE
BOopoOHEOTo — OpA 3aaaEHOM BbLIGOpE MOCIEROBATENLHOCTA {Pn).
JIuaedHOCTH Meroaa Kak B 3TOM CJIyYae, Tak M B CJIEAYIOIMX — OYEBHMHA,
M MBI Ha Hedl He OyneM OCTaHaBIMBATHLCA.
Haa pezyaaprocmu memoda Boporoz20 HeoOX00UMO U 00CMAMOUKO
ycaoeue

lim 22 -0,
N-+oo L

Heo6xomumocTs /[lomyctuM cHadYana PperyjsipHOCTb PACCMaTPHBAEMOIO
MeToha: MyCcTh ¥3 An~ A Bcerna crnenyer ¥ wy ~A. Ecli, B 9aCTHOCTH, B34Thb PAl

1-1+0404+0+...,
IIsL KOTOPOro Ay =1, a mpouse A, =0 (Tak 4t0 ¥ A4 =0), TO HEOOX0oUMO

Pn
Wy =— 0.
n Pn

* MbI DOSB3yeMCst 3[16Ch UMCIIOBBIM TOXKIECTBOM

Z"(Zm—l)!! @n-2m-11
5 em @u-2mht

rue (— D! u O!! o3EauaIoT YCIoBHO € HEHHIY.
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JocTtaTouHOCTh., lIpeanosoxuM Teneph YCNOBUE TCOPEMEI BBIIOIHCHHEBIM
M JOKAXEM, YTO M3 An —~A BRITEKACT U W, —A.

Pn—m
O6parmmca x TeopeMme Tennmira [391] u 3aMenum Tam X, HA Ay U 1,y HA —e— |

n
Venosne (a) 310K TeOpeMBl YOOBIETBOPEHO, HOO

Pn—m Pn-m
om AT
P, Pnm

~0.

thm =

Bemosmenne ycinosuii (6) 4 (B) 09€BUAHO, TAK KaK

n n
Zlfnm| =Z’nm= L.
m=0 m=0

CnenoBaTenbHO, Kak ¥ TpebOBaIOCh OKA3aTh, Wn —~A.

2) Obob6uennvie memoowr e 3 apo. Mpl yxe 35aKOMEI [420] ¢ METOIOM CpeaHHX
apudMeTHYECKHX; OH SBIAETCS NPOCTEMINNM M3 OECKOHEYHOH J10CIeAOBATENLHOCTH
METOAOB CYMMHDPOBAHHA, NPeIUJOKeHHbX HYe3apo. @HKCHPYS HATYPAIBHOE THCIO
k, Hesapo BBOOAT BapuaHry

_ - k—
NG s B CAR—1Ag+CETR ey + ...+ CECH4,,
4 -

k
Ch+k Cn+k

H ee Tpenes OpH #—~ e PAaCCMAaTPHBAET Kak ¢00001eHayo cymmys (k-ro mopsaka) psaa
(A). Ilpu k=1 Mzl BO3Bpam@eMcsi K METOAY CPEIHMX apUPMETHYECKHAX.,

B naneHeifmeM HaM He pa3 HOHAXOOWTCA CeAyolIee COOTHOUICHAE Mex 1y Ko3hdu-
maeHTamMu C.

CRol+CE okt + .+ Chh = Ch ks (14)

OHO JIErKO HOOKAa3pIBACTCA DO METOoAy MaTeMaTHYECKOH UHOYKIIMK OTHOCUTEJ/IBHO A,
€CJ BCXOIATH U3 H3BECTHOIO COOTHOINCHHUSA
k k k-1
Crtk= C(n—1)+k +Cat(k—1) -

IIpexne Bcero, moxaxkeM, 4T0 Memiodst Hdeszapo 6cex NOPAOKOS ABAIOMCA
YQCMNBIMU  CAYHQAMU PE2YAAPHLIX Memodoé Boponozo. Jng 3T0ro JOCTATOYHO

TOJIOXHTD pp =C,’§;,:_1, u60 u3 (14) rorma cienyer, 410 Pp = C,’f.;rk, H K TOMY Xe, Ove-
BHIIHO,

PR n—>oo,

. C momompio Toro e pasescrsa (14), HONB3ysAck CaMuUM ONpPEACTEHUEM BEIMYMH
Sf, ), YCTaHaBJINBAETCHA, 4TO

S§k~1)+ 5‘,""’4— " Sf_‘k—l)= Sf,k) * (15)

3T0 naeT BO3MOXHOCTbL BBHUACHHTL B3AHMOOTHONICHHE MEX1y CYMMypOBAaHHEM IO
Yesapo k-rou(k—1)-ronopsaxa. Iycts psax (A) aonyckaeT cymmupopagnue (k — 1)-ro

* Mon S pasymeerca An.
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NOpAAKA, TAK 4TO y,(.,k"l)»A. B cuny (14) u (15) umeem

® Sf,k) S(()k-1)+ Sgk_—l)-&- . +S,(-,k_l)
Yn'= = =

k k
Crtk Cntk

lops

—1_ (k— k-1, (k- k— k—
iy N L S SN i IPL
C,’,‘+k

Ipumenss ciopa TeopeMy Tennuia [391), npauem monaraem

( Critk—1

k—1 -

Xn=%n ) n thm= x (m=0y l’ ey n),
n-+k

NPHAEM K 3aKHOYEHHIO, 9TO U ys,k) —~A. TakuM obpa3oM, ecau pad (A) donyckaem cym-

muposanue no memody Yezapo Kakozo-uubyob nopadka, mo ox 0oHycKkaem u CymMmu-
posanue 4106020 8 bl C W e 2 0 NOPAOKA, U NPUNMOM K MOl dce CyMMe.

IlpasemeM Tenepr oGoOmieHMe yke HM3BeCTHOM HaM TeopeMbl dpobGeHuyca
[421): ecau pad (A) cymmupyem no xaxomy-aubo uz memooos Hezapo (CkaxeMm
k-ro mopsnxa), mo on cymmupyem K moit xce cymme u no memody IIyaccomna —
Abeaan.

Ilycts maHO, 4TO
k)

S5
lim 9 = lim =2 - 4. (16)

n—~oo n—+eCpyk

Jlerko 3aKkniouNTh OTCIOAA, YTO DA

2 S¥xn an
n=0
k nk
s — 1 <x<1 cxonutcs. JedCTBUTENBHO, TaK Kak C"-H‘NF , To u3 (16) umeem:
ISP 14
kg

lim
oo N

Ecnma 4A=0, 10

n
limV|s®| =1,

n-—seo

Tak 4To, mo TeopeMe Komu — Agamapa, paadayc cxonamoctd paga (17) pasen 1.
OH BO BCAKOM cnyyae He MeHbme 1, ecmn A=0,
PaccMOTpuM Teneph psax TOXKAECTB

Zanx” =(1~ x)ZA,,x" =(1 —X)ZSSzO)X",
n=0 n=0 n=0

2 Sxn = (1~ x) 2 S50an,x
n=0 n=0

...... R R R R I IS i

2 S xn = (1 - x) 5 S0,
n=0 . n=0

¥ 3mech U NanbIne YYUTHLIBAIOTCA COOTHOWEHus Thia (15).
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Beinie Mbl YCTAaHOBHJIM CXOJUMOCTB IOCIEAHETO psjna B HpoMexytke (— 1, 1); o1-
ctona BbiTekaeT [cM. 390, 4)] cxomMMOCTh M BCeX NPEAUICCTBYIOIMX panoB. Kpome
TOTO,

Dlapxnt=(1-xyct1 3 sWxn (1 - xper1 3Ok on (18)
n=0 n=0 n=0
ConocraB¥M C 3THM TOXIAECTBOM IpYyTroe:
1=(1 - x)c+t 'k xn, (19)
n=0

KOTOpOE€ HMECT MeCTO B TOM Xe mpomexyTtke (—1, 1); oHO monywaercst k-kpaTHHIM
nubdepeHIMpoBaEHeM IPOTPeCCHH

1 o
= DT xn,
1-x n=o

Vmuoxup 06e yactu ToxnecTBa (19) Ha 4 BBIYMTas U3 HEro MOUNICHHO paBeHCTBO (18),
MOJNIyYHM, HaKOHeLl,

A- Dapxn=(1-x)p+1 5 [ 4Pk xn.
n=0 n=0

JanpHeiiniie paccyxnerus [c yuetoMm (16)!] BoonHe aHANOruYHbLi TEM, C [IOMOLIBIO
KOTOpbIX Oblna pokazaHa TeopeMa A Gens B 418 u Teopema dpobenmyca
B 421; OHH MOTYT OBITh OPEACTABIIEHbl YMTATONIO. B pe3ynbTaTe MBI U IOJTyYHM:

. i
lim Z ayx"=A,

Xx=+1-0n=0

4, 4 TP. A.

OTMETHM, 4YTO CyIIECTBYIOT PpACXOAAIMIMECS DSAAbl, CYMMMpYEMBIC 0O METOAY
IIyaccoma —-AbGens, HO He CyMMHUpyeMble HH OTEMM H3 OOOOIIEHHBIX METOLOB
Yesapo. Taxum 06pa3oM, LepBblii K3 HA3BAHHBIX METOJOB OKA3BIBAETCH CHILHES
BCeX DOCNeOHHX A2Xe BMECTEe B3STHIX!

3) Memoowt I'eavodepa. DT METOAbl COCTOAT NMPOCTO B MOBTOPHOM IpHMe-
HEHMH METOJa CpeNHuX apHpMeTHYecKHX. Bce BOMPOCHI, OTHOCHINMECH K HX perymsp-
HOCTH H B3aHMOOTHOUIEHHIO, HCHEePITBIBAOTCS CCHUIKOM Ha TeopeMy Koiwmu.

MoOXHO noKa3aThk, YTO k-KpamHoe npumeneHue mMemooa CPeOHUX apudhMemuyeckux
COBEPUIEHHO pagitocunbio npumenenuio memoda 4 esapo k-20 nopadka, T. €. CyMMH-
PYeT TOT e KIacC psiioB ¥ IPHTOM K TeM ke CyMMaM.

4) Memoo Fopeasa. OH COCTONT B crenyromemM: U0 psay (A) u ero 4aCTHYHbIM
CyMMaM A, CTPOHTCS BBIpaXKeHHe

[
3
]
o
X
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Ecau nocaeduuii pad cxooumcs, xoma 6Gvt 048 00CHAMOUHO GOALWUX 3HAYEHUIl X, U €20
CYMMQ npu X ~ + co umeem npedea A, mo 3mMo YUCAO U AGAAEMCA $0606LeUHOll CyMMOTiy
6 cmuicae Eopeaa 0aa dannozo pada (A).

JlokaxeM peryiasipEocTb Meroga bLopensa. JomyctaM cxoaumMocTs psza (A)
u 0003HAYHM €ro CyMMYy 4epes A, a octaTku 4 — A, — uepes «, . NMeeM (Ass mocTaTovHO
Sompmux x)

i - XN g < XM
—e X Y An—=e TN YA — —eTF DA — =X Quy .
¢ n o n! o n o n

3amaauMCcs OPOM3BOJIGHO MallbiM YACIHOM &> (); HafmeTcs Takod HoMep N, 4TO A

€
n>N Gyner |an| <-2-. TipencraBum mocnenHee BHIPAXKEHHE B BUAE CYMMBI,
N n = n
x X
e Son >t e 3 S
o ul N+1 n!

€
Bropoe craraeMoe 0o aGCOMIOTHOR BEJIMIMHE <5 KakoBo ObI HE OBRUIO X, a OEepBoe,
OpeACTaBsHomee o600l Hpou3BEeNeHHE € X HAd MHOTOWIEH, IEAblid OTHOCHTEIBHO X,
&
CTaHOBUTCA AGCOMOTHO <5 NP AOCTATOMHO Gonbmmx x. DTHM BCe NOKa3aHO*.

5) Memod Jiianepa. Hna pana
2(~1Yay
k=0

Ml uvenu B 413 [cM. (7)] dopmyny

( 1Yay = s'( P~ (20)

u[va

BBIDAXAIOIYIO ¢npeobpasoBague D itnepas. Ilpu smom, xak ObUIO HOKA3AHO, U3
CX00UMOCMU PAOQ € AeBOll 4acmu yxHce 6bineKaem CXO0OUMOCb PAda 6 Npaeoii Yacmiu
U PAGEHCMBO MEIOY UX CYMMAMU.

OmHako M Op¥ PACXO XM MOCTH IEPBOrO psAAa BTOPOH psll MOXKET OKa3aTbCH
CXONAIMMCS; B MTONOOHOM CIIyyae ero CyMMmy O HJIep NPUNMCHIBAY B Ka4eCTBE ¢00-
O6ImeHHo# CyMMEI» IEPBOMY psxy. B 3TOM cOOGCTBEHHO M COCTOMT Merox JiMnepa
CyMMEPOBAHMS PSAOB; CAGNAHHOE TOIBKO 4TO 3aMEYaHHe IapaHTHPYET PerylIsipHOCTb
MeTona.

Ecnm nucaTh pacCMaTpPUBAEMBid psja B OOLIMHOM Bune (A), He BbIUEIss 3HAKOB i,
¥ BCIOMHRATE BbIpaxerue (4) n° 413 ms p-i pa3HocTd, TO MOXHO CKa3aTh, YTO IO METONY
CYMMHpPOBaHMA D W 1epa B KauecTBe (0006uicaHoit cyMMbly psana (A) Geperca 0Ob1y-
Has CcyMMa pajia

21004-C,1;a1+C;a3+ v +Chap
p=0 2p+1

(B MPEAUONOKEHUH, 9TO MOCIEOHHN CXONUTCA).

* Ypratenb OTMETUT CXOJCTBO 3TOTO AOKQ3ATEIALCTBA C JI0KA3ATC/IIBCTBOM TEOPEMbI
AGensa [418] u apyrnx.



425] § 9. CYMMUPOBAHUE PACXOASINIUXCS PAJOB 413

Ha 3TOM MBI 3aKOHYHM 0030p pa3idyHbIX METOAOB CYMMHPOBAHMSA PACXOMANIEXCA
PSIOB, TAK KaK M NPABEIEHHBIX yXKe JOCTATOYHO, YTOOLI CO3ATh ¥ YHTATES BIEYATIIE-
HHE O MHOrooOpa3uu HOIXOJOB K 3TOMY BOHpPOCY. PerynsipHoCTh METOJA, Kak HEOO-
XOOMMYIO €r0 OCOOEHHOCTh, MBI YCTAHABIIMBAJIN BO BCEX Cilyyasax. K COXaJeRMIo JUIb,
MBI He BCEra HMeld BO3MOXHOCTb AOCTATOYHO YIIYOHTHCA B BONPOC O B3aHMOOTHO-
IIEHMH Pa3JIMYHBEIX METOAOB. A MEXAY TEM MOXET CIIYYATHCA, YTO OB METOJA HMEIOT
nmepecekamomuecs (HO He MOXPHIBAIONIAE OMHA JAPYTyio) OOJIACTH MPHIIONKH-
MOCTIH; MOXKET OKA3aThCs M YTO JBA METOAA NPHOHCHIBAIOT O/[HOMY H TOMY X€ PaCXOnd-
IMEMYCsl Py Pa3I UMY HBle ¢0000IMeHHbIE CyMMBbiS,

425. Ylpumepsl. 1) l'[yCTL {an} DoNOXuUTENLHAST MOHOTOMHO YGBIBAFOWAS HOCICHO-
BATENLHOCTE, cxomamasncs K 0. Ionoxum
Ay=ay, An=aptayt...tap (@@=
IoxasaTe, YTO 3naxonepemeiiwii pAao
Ag~ A A-As— Ayt ..

cymmupyem no memody Yeszapo (1-20 nopaoka), u eco swbobuyennad cymmay pasHa
HOA08UHE CYMMBL CXOORWE20CA PAdA AeilbHUYesCKo20 muna

a=ay,~ay+a,—az+ .
[Xapau (G. H. Hardy)]. )
Vkaszaunue. Ilopcuurath cpeaHee apudMETHYECKOE MEPBBIX 2m YaCTHUYHBIX
CYyMM JIQHHOTO PsNa; OHO NPEACTAaBUTCS B BHJIE
1 (@—-a)+@—ata,~a)+...+(@—-ar+-.. ‘|‘a2m—z“a:m—:_x)

2 m

1
u, 10 teopeme Komu [33, 13)], crpeMATCs K -2-(1. 3areM JIeTKO ykKe NOKa3alb, YTO
K TOMY € IPEJelly CTPEMHTCS ¥ CPEAHee NEPBLIX 2/ + 1 YaCTHYHBIX CYyMM.
n+
TeopeMsl 1), YTO pacxonsAmIdecst psaabl
-H,+H,~ H+ .

n+2
2) Basas an=—;»j WM ap=In T (n=0,1,2, ...), YCTAHOBHTL HA OCHOBAHKU
7

In2-In34In4-In5+...

0ba cymMmmHpyeMbl o meToay Ue3apo, M HX ¢000OLIEHHBIE CYMMBI» COOTBETCTBEHHO
1 .4

pasHel ~In2 ¥ —In—.
2 2 2

Vkaszanmue. Bo BropoMm cinyyae ucmonesyercs ¢dopmyna Bannuca [317).
3) C moMomelo TOM e TeopeMbl n0Ka3aTh, YTO Npu — 1<x<O0 pacxoasimics
pin Aupuxne
S ) L W

..2 (=)=t (b= -x, O=£<1)

n=1 n< n=1

cymMHpyeTcs mo Merogy Yeszapo.

* H, (xax oGwmo) o0003HayaeT n-I0 YaCTHYHYIO CYMMY FapMOHMYECKOTO DSa.
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Vkasauue. IpeacraBurs né B BHAE CYMMBI
w=1-0+@-D+...+(mE-n-1%5

¥ MeToaaMu nuddepeHIIHanbHOTO HCYACIICHRS 1OKa3aTh, 9TO C BO3PACTAHKEM 1 BADHAHTA
n—n— 1¢ yoeiBaeT (pu 3TOM, BBHAY 32, 5), OHa cTpeMutcs k O1).

4) Ecym «pa30aBUTBy YJIeHBbL CXCHALNETOCH pAAA HYNAMH, TO 3TO HHKAK HE OTPa3HTCA
HA Ha CXOOHUMOCTH psga, HHM Ha ero cymme. Kak BHAHO u3 ClenylOmMX DpHMEpOSB,
C 00OOIIEHHBIM CYMMUPOBAHUEM PACXOOAINETOCH psaa HENo MOXET OOCTOATE MHaue.
PaccMOTpuM psinbl

@ I-141-T41-1+..
1 2 3 4 5

(6)1—1+0+1—1+0+1-1+0
1 2 3 4 65 6 7 8

(8) 0+1 14+04+14+0+04+0~1+.
2 3 4 5 6 7 8

TIpo mepsriit psan MBI yxke 3HaeM, YTO ero s00o0imeHHas cymma» o Uesapo
paBua 1/2. ITokazate, yTo pan (6) MMeeT yxe APYIyIo cymMMmy, iMeHHO 1/3, a psan (B)
BOBCE He cymmupyem o Yeszapo.

VYxazanrne. B ciuyyae paga (B), IpHE U3MeHEHHH 1 OT 2*M—1 o 22M — |, cpensee
apHGQMETHYECKOE NEpBLIX 7+ 1 YneHOB KomedleTcs

1 2m-1 2 1 2m-1 1

oT — e~ — no —_— - ——

3 2m-111 3 3 2mm 3

5) Cuuras k£ mo6GBIM HATYPaNbHBIM YHCIOM, PACCMOTPHM DAL

Zie= 2(=1"Chi

M JIOKaXeM, YTO 2 k He cymmupyemca memooom Yezapo k-2o nopadka, Ho cymmu-
pyemca (k scymmey 1/2k+1) memodom Ueszapo (k+1)-20 nopadka.

Hcoome3ys paseHcTBO (18) M — mBaxaer — paBeHCTBO (19) (B mepBblid pa3 3aMeHss
X Ha —X, a BTOPO#l pa3 x Ha x?), MOCIIEHOBATENLHO MOTYYNM:

2 S50n = 2( DRCE =

—_— x2m, ¥%
2T a- x)k+1 - xtyt1 2 Cmtk

IIprpaBempas k03GUIEEHTE NPH OAMHAKOBBIX CTENEHAX X B NEPBOM H B DOCIELHEM
M3 3THX DPANOB [MbI MONBL3yeMCA 3[eCh €TEOPEMOMl O TOXIECTBE CTENEHHBIX DAIOB),
KoTopast 6yner foka3aHa JTHIOb HWxe, B 437, 3°], IpUXOAMM K 3aKITFOYEHHUIO, YTO

SR =Chik, SBu=0 m=0,1,23,..) @1

* Unen +1, crossmuii B (a) Ha m-oM Mecte (rne m=0, 1, 2, 3, ...), B (B) Tepe-
MEILEH Ha 2M-¢ MECTO; OCTaNIbHbIE MECTa 3alOJHEHBI HYJIAMH.

** CxomIMOCTh HOCNEeHer0 psifa B OpoMexyTke (—1, 1) Jlerko ycTaHABIMBAETCS
¢ moMompio TeopeMbl Komu ~ AgaMapa, a OTCloaa yxe BHITEKAET H CXOHH-
MOCTb NIEPBOTO psAfa.
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Taxum 0Gpa3om,

k
(k) _ Cmtk 1
e = T oy
Cinpk 2

k
’ Yem+1= 0’

U TPEOJIOKEHHBIH DA He HMeeT .0000uieHHOH cyMMui HYe3apo k-ro mopsaka.
C npyroit cropossl, Beuay (21), (15) u (14) xak mig n=2m, 12k ¥ aAns n=2m+-1
Gyner SEYV-ckick i+ ...+ CE - CEYY L. Otcrona

k+1

k) Cmiktr | 1
k+1 k41’

Comikir 2

TO XKe COPABSINBO U AJIs y§f,,++‘1), 9TO W JOKA3LIBAGT HAIIE YTBEPkKICHHE,
6) Pan

Zo( - )(n+ 1)k,

rae k — mo6oe HaTYpanbHOE YHCIIO, TAKKe CYMMUpPYeM no MeToay Heszapo (k+1)-ro
nopsaka. DTO MOXHO YCTaHOBHTh, ONHMPAasiCh HA NpeABAYNHil pe3ynsTaT. JleHCTRH-
TENBHO, Pa3NOoKHM C,',‘H mo creneHsMm n-+1:

1
C”:“‘ZF (n+)@n+k=1).. .+ 1) =P+ Dk +oePm+ D14 ... 1o @+ 1);

371eCh afk) — MOCTOSHHBI® KO3DGUIIHEHTSI, NPpHYEM a(lk) =1/k!» 0. Hanucas euie pax

TaKHMX PaBeACTB, 3aMeHss k Ha k—1, k-2, ..., 1, nerko 3ateM, HA060POT, OPEJACTABATD
(n+1)* B BEAE CyMMEI

(n+ Dk = BOCE L+ BPCKTE_ + ...+ BPCh,

¢ MOCTOSHEBIMH KO3(duimenatamu f. Ho Toraa

Zo(— D+ 1)k = B0 S+ B8O S+ + B S

Tak xak Bce pagm Zi (=1, 2, ..., k) cymmupyeMsr no Metony Ye3apo
(k+1)-ro mopsinka (MBI yduTEIBAEM 371€Ch CBOMCTBA MeTozioB U e3apo MOCIeNOBa-
TeJIbHBIX NOPAAKOB!), TO BBHAY JTMHEHHOCTH HA3BAHHOTO METOJA 3TO COpapell-
JIHBO H U1 OPEANIOKEHHOTO psna.

CaMoe BHIMHECHIEHHe ¢0GOOIIEHHON CyMMEls MBI B COCTOSHHH GyNeM OCYHIECTBHTH
JVIIb BOOCTEACTBEM [449].

Ilpusefem eme HECKONBEO MPOCTHIX MPAMEPOB HA HEMOCPE[CTBEHHOS NPEMEHCHUE
meronoB I'enspaepa, Bopens mw D#nepa.

7) IpocymmupoBaTh 0o MeToay ensaepa pams!

@@ 1-2+3-4+...
(6) 1-3+6-10+...

Omsem. (a) JIpykpaTHOe ycpemmenme naeT 1/4.
* (6) TpexxpaTHO® ycpemmenme naer 1/8.
8) ITpocymmmposats psn 1-1+1-14+1-1+... mo Meropy Bopens.
. eXte x 1
Omeem. lim e=%¢ ———— = — ,
X-roo 2 2
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9) TlpocymMMupOBaTh IO METONy Dliliaepa psasl
(@ 1-1+1-1+...
6) 1-2+43-4+...
(8) 1-2+22-24+...
(r) 132343344+ ...,

Vxkaszanue. Bo Bcex cnyvyasx ymoOHO BOCHONB30BATHCS NPeoOpa3soBaHHEM
Dinepa B dopme (20).

1
Omeem. (1) A= -2~; (©) doa,- 1, Aay=1, APa,=0 mns p=>1,

1 1 1 1 1 1 1
47*2-'—?:—4‘; (B) ./!pllo—_l, ./I:E—Zﬁ—*g—-...:"—é—; (r) /10a(,: 5

May=1, 4Lay=12, MBay=6, 4APay=0 pas p=>3

426, OOCmmi KJaace JHHEHABIX peryJispHbIX MeETONOB CyMMHpoBamksi, IIpuBeneM
B 3aKIXOYEHHE HEKOTOPYI0 BechbMa OOmyio cxeMy IS HNOCTPOCHHS KIIAcca JIMHEHHBIX
peryJsipHLIX METOHOB CYMMHDOBAHHS, COREPXKAILECrO B YACTHOCTH BCE METOAbL, YIIOMH-
HABIIYECST BBUIIE.
TIycts B HEKOTOPOH OONAcTH X usmeneHus mapaMerpa x 3afaHa MOCHEAOBATENb-
HOCTBb (yHKLUM
¢D(x)) %(x): %(x), ey ?’n(x), A ((D)

JonycraM, aTo obnacts X mveer Touxoit Cryluesusl 44cio w, KOHeYHoe wiu EeT. [lo
dannomy uucaoeomy paoy (A) empoumes paod, cocmoawuii u3 Pyuxyuii;

Ago) + Ay @ () F «+ -+ A @)+ .- = ZOAnwn(x) 22

(roe A, = ay+a;+ . . . +an). Ecau smom pao, no kpaiineii mepe 043 X, O0CMAMOYHO OAU3KUX
K W, CXOOUMCA U €20 CYMMA NPU X -~ w CMpemumcs Kk npedesy A, mo 3mo 4ucio u npuxu-
MAemca 3a «0600UenIyo CYyMMYY OaHHO20 PAOa.

Mp1 monmyyaeM, TakuM o0pa3oM, HEKHii METOA CYMMHPOBAHHS PSIIOB, CBS3AHHBLH
¢ BeI6OpOM mocitepoBaTenbgocTd (D) u OpemensHOR TOUKH w. ITo camMoMy NOCTPOEHHIO
METOJa ICHA €T0 JTHHEUHOCTH . IIpeonosoxcus meneps, umo gynxyuu @p(x) yoos-
AEMBOPAIOM CACOYIOUWUM MpeM MmPebOSaHUAM:

(@) npu mobom nocmosauHom n

lim p,(x) = 0;

X~

(6) npu 3mauenusax x, docmamouno 6au3KuUx Kk @,*

oo

lpn(x)| <K (K=const);
n=0
() nawxoney,

lim 2pn(x)=1.

x—+on=0

Toz0a Memod cyMmMuposanus okasoieaemca pezy A A p o bl M.

*T.e. ama | x—o| <0, eCU o) KOHEYHO, WM JUlsi X > A, €CI @ = + co,
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HdoxasartenscTBo. HUrak, nycrs

lim 4, =A4.

n-»oo

Torza no npou3BonbHO 3amaHHOMY €>0 HalineTcs Takoil HOMep n’, 4TO mis n>n'
oyner
€

An—-Al <
|n—Al <52

(23)

oo

Beuny orpanmyensocTd 4, M aGCOMIOTHOH CXOOMMOCTH psia 2 @n(x), 0 kpaitreii
n=0

oo

mepe WA [x—w| <8 (x>A) Oyner cxoauThCA TaKxe H psig 2 An@n(x). Tipu atoM,
=0

OYEBHJIHO,

£y n’ oo oo
DA A= D An-Alga()+ > [An—A1¢n(x)+A[2’ qon(x)—l],
n=0 n=0 n=n'"+1 n=0
Tak 4TO, mepexons K abCOMIOTHBEIM BeJIMUMHAM,

=

oo n’ oo
2 Anpn@—Af<| 2 Un- Al |+ 3 |An—A||pn()| + | 4] - .
n=0 n=0 n=n"+1

2; Pn(x) -1

€
Bropoe cnaraemoe crpasa <?, B cuiy (23) m ycnoeus (6). Uto kacaercs mepporo

&
U TPCTBETO CIAraéMoro, To KaXOJo€ U3 HHX MOXHO caeaTh <§ N HpHGJ'IHIWIB aocra-

TOYHO X K w, B CHJ1y ycnoBus (a) u yciosus (8). CrieoBaTesbHO,

lim 2 Aqpn(x)=4,

x—+aon=0

T. e. ¢06061eHHas CyMMar OKa3biBAETCA CYLIECTBYIOIIEH X paBHA OGLIYHON CymMe.
Ecnmu x ecTe HaTypanbHBLi mapaMeTp m (TaK YTO @ = 4 o), TO MOCIEAOBATEILHOCTD
dynxuuit (P) 3amensieTcs GeCKOHEYHOI OpSIMOYTOJIBHOK MaTpUHuei:

| A A
o tn tig eee Bm eees
[ N N O @
Ino tmy the cev Inm eeen

o

27 I'. M. ®uxtenronsu, 1. Il
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3a «oboburennyio cymmys paoa (A) npuHumaemnca npedes npu m- o 6apuaHmol
Tin=Agtom-+Artymn+ « - - +Antam+ ..+,

8 NpednoaoHCeHUL, YO IMON PAO CXOOUMCA, NO KPaiiHeii Mepe 048 0OCMAMOoYHO 60AbUIUX
3Haueruit m.

Vcaosus peayasapunocmu npeobpasyiomca 048 5MO20 CAYNAR CACOVIOUUM
obpasom:

(@) npu mwbom nocmosnrom n

lim tpm=0,

m—roo

(0) npu docmamouno 6oavwux m

o

2 ltam) =<K (K=const),

n=0

(B) Haxoney,

lim 2 tom=1.

m—oo n=0

Tlo cyuiecTBy BCe 3THM uaed npuHamiexat Temnuuny [cp. 391], y xoToporo
JIMIb, KAK YMTATE]b HOMHHMT, MATPHIA IIPEANOJAranach TpeyrojbHoi, D TOTro 4acT-
HOrO CJyuyas HaM no Oonpimedd yacTd M OBIIO HOCTAaTOYHO.
VnoMsHeM e€lile, YTO IO YIOMSIHYTYIO BBIIIE CX€MY HENOCDEIACTBEHHO MOAXOAMT KaK
cymmvuposane o IlyaccoHy — AGento, Tak u cyMMupoBaHre o Bopenio.
B nepBoM cilyyae uMeeM

anx=2(1-x)x"4,,
n=0 n=0

TaK 4TO POJIb @,(X) B o6nacta X = (0, 1) (= 1) urpaer Muoxutens (1 — x)x"*. Bo sTopom
1

XKe CIlyqae tpn(x)=e—x-:v—' s ¥ =(0, +o) (w=+). Cobmonenne ycnosuit (a), (6),
n

(B) JIETKO MPOBEPSETCH, X TEM — HA OCHOBAaHMM JOKA3aHHOH Bbile obLIeH TeopeMbl —
CHOBA YCTaHABJIMBACTCA PETrYJISAPHOCTDb 3ITHUX METOJOB.

OO6mee onpenelieHHE METOAA CYMMMpPOBAHHS, AAHHOE BblIE, H TeopeMy 06 ero
PEryIspHOCTH JIErkO mepedpasmpoBaTh TaK, YTOOBI B HMX y4aCTBOBAJIH HE YaCTHYHBIE
CYMMEI A;, a HENOCPEACTBEHHO WIEHB! @, CyMMHpyeMoro pspa (A4). OcranaBnMBaThCH
Ha 3TOM He Oynem.



FTABA JIBEHAJILLATASA
O YHKIIMOHAJIBHBIE MTOCIEAOBATEJIBHOCTHU U PAJbI

§ 1. PaBHoMepHasi CXOAHMOCTD

427. Beogtble 3aMedannsi. MBI M3yyaiu BbIlle OECKOHEYHBIE IIOCIEIO0-
BATENBHOCTH M HUX Ipefeibl, 6eCKOHEYHble PAAbI U UX CYMMBI; 3ieMEH-
TaMM 3THX TOCHE0BATEIBHOCTEN WIHM 4ieHAMU PANOB ObLTIM MOCTOSHHEBIE
yucna. IlpaBna, MHOM pa3 B MX COCTaB M BXOJIIIM, B POJIA MapaMeTpPoOB,
Te UM MHBIE TIEPEMEHHLIE BEJIMYUHBI, HO BO BpeMs HCCIEIOBAaHUS UM He-
HU3MEHHO NMPHUITMCHIBAIMCE OIPEEsIeHHbIE TOCTOSIHHBIE 3HaYeHHs. Tak, Ha-
MpUMep, KorJa Mbl YCTaHABIHBAJIM, YTO MOCIIENOBATENLHOCTD

X x\2 x\3 x\n
l’i‘T, (1+§), (15) g e ey (1+;l') .

HMEET TNPENesioM e* WIH 4YTO PSI

x2 x:i ) 1 xn ‘
x—7+?—+(—'1)n —71-—1

uMeeT cymmoit In(l + x), AN Hac x GBUIO YHCIIOM MOCTOSHHBIM. @ y H k-
NUHOHAJNbHASA NPpHUPOAA D3JIEMEHTOB IOCIEIOBATEILHOCTH H €€
npeena WiIH YIEHOB psAfa M €ro CyMMBI — HaMH BOBCE HE YYMTHIBAJIACh;
cefiyac ke MMEHHO K 3TOMY MOMEHTY OyZeT NMpHUBJIEYEHO Hallle BHUMAHUE.

IIpenmonoXuMm, 4To JaHa MOCHE€NMOBATENBHOCTD, JIEMEHTAMHU
KOTOpOH ABIAIOTCA GYHKIHH

H), o), - fulX), - M

OT OJHOH M TO}i Xe MepeMEeHHO# X, ONMpeHesIeHHBIE B HEKOTOPOM 00J1acTH
ee u3Menenns & = {x}*. Ilycts must kaxmoro x u3 A 3Ta mocieqoBaTelb-
HOCTb MMeeT KOHEYHBIA Ipeles; Tak KaK OH BIIOJIHE OMpeAeNsSeTcsd 3Ha-
4EeHHEM X, TO Takxke MpeAcTaBiseT coboii pymkumio ot x (B X):

f(x)=lim £,(x), @

KOTOPYIO MBI Oy[leM Ha3bBATh N PpeNE€NbHOMN GyHKUHe R A mo-
cnenoBaTeabHOCTH (1) [wmu s dyrkmwm f,(x)).

* Yajue Bcero 310 GyfeT NpOMEXyTOK; HO Mbi COXPaHAEM NOKa HanGONBUIYIO 06~
HOCTB, pazymes noa x noboe 6eCKOHEYHOE YHCIOBOE MHOXECTBO.

27+
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Tenepb MbI OyZeM MHTEPECOBATHCS HE OJHMM JIHILbL CYLIECTBOBAHMEM
pefesa IpPU KAXAOM OTIEIbHOM 3HAYEHMU X, HO QPYHKL HOHA T b-
HBIMH CBOMCTBAaMHM NOpelebHolt QyHkuuu. UYToOH 4uTaTeNb yscC-
HWI cebe Hamepel, KAKOro XapaKkTepa HOBbIE 3a[a4u NPU 3TOM BO3HHKAIOT,
YIOMSIHEM Ui IpuMepa o0 oJHOM U3 HHX.

HomycTuM, 4To 3JIEMEHTH! mocienoBaTeabHOCTH (1) BCe CyTh Hempe-
pHIBHBIE (DYHKIHM OT X B HEKOTOPOM IpomMexyTke X = [a, b]; rapantupyet
JIM 3TO HENpEPLIBHOCTL NpeAenbHoi ¢ynkimu ? Kak BUAHO U3 CIENYIOIMX
MPHMEPOB, CBONCTBO HENPEPBIBHOCTH HHOT/IA IIEPEHOCUTCS M HA Npedeiib-
HYIO (YHKIMIO, HHOTAA Xe HeT.

Mpumeps. Bo Beex cnyuasx X =[0, 1].
1) fax)=x" f(x)=0 npu x<1 u f(1)=1 (pa3peB npua x=1);

2) fn(x):ﬂ:l—;)—c, f(x)=0 mpu x>0 u f(0)=1 (pa3peB npu x=0);

3) fulx) :1,:_:2;” f(x)=0 mpu Bcex x (Be3ac HENMpepbIBHA);

4) fr(x)=2n2x.e~ ¥  f(x)=0 1upu Bcex x (To Xe).

EcTecTBeHHO BO3HMKaeT 3a/jaya — YCTaHOBUTEL YCJIOBHA, IIPU KOTOPBIX
npenenbuas (QYHKIUS COXpaHAeT HENPePHIBHOCTh; 3THM MBI 3aiiMeMCs B
431 (u 432).

Mpr yxe Buuedau [362], 4YTO pacCMOTpeHHEe 4YHMCJIOBOTO psAaa H €ro
CYMMEBI €CTh JHMIIL JApyras (opMa HCCIENOBaHUS IIOCIIENOBATEIbHOCTH
4qucen 4 ee mpeaena. PaccMOTpHM Teleph psif, WieHAMH KOTOPOIO SBJld-
IOTCA (QYHKIMH OT OJHOM WM TOM Xe MEepEeMEHHOH X B HEKOTOpoil obna-

ctu X
éu,,(x) =y () T (X 4+ U E 3)

ITycTh 3TOT PAX CXOAMTCH IPH KAXJIOM 3Ha¥eHHH X B X'; Torga ero cymma
TaKxke IpenctaBuT coboil HekoTopyro QYHKHMIO OT Xx: f(x). OTa cymma
ONpeleIUTCA NpEeNeibHBIM DPaBEeHCTBOM Bua (2), eciau mon fn(x) pas-
YMETh YaCTHYHYIO CyMMY

Sa(X) = (X) + u(x) + . ..+ up(x). )

O6paTHO, BONIPOC O MpeAeNbHONH (GYHKUMH MJIA MPOU3BOJBLHO 3aJaHHOU
focnenoBaTebHOCTH (1) MOXHO paccMaTpuBaThk IMOJ BHUIOM CYMMMPOBa-
HUS psaa (3), eciau NONOXKUTh

(X)) =f1(x), up(X)=fo(x) - fi(x), ...,
Un(x) = fr(x) = fn—1(x), . ..

Ham yaure npuaeTcs MMeTh IeJI0 UMEHHO ¢ (QYHKOUOHAJILHBIMH PANAMH,
TaK Kak 5Ta (opma HcclemoBaHMs IpelesibHON (GyHKUMM Ha NpakTHKE
00BHO ynobHee.
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WM 3nech Takke CNEOYeT MOMYEPKHYTh, YTO MPEIMETOM HAMIKX OJIM-
KaNIMX KUCCIEN0BaHUA OYNYT HE OJHH JIMIIB BONPOCHI CXOAMMOCTH psja
(3), HO QyHKIMOHANLHBIE CBOMCTBA €I0 CYMMBI. B BHIE MpHMepa MOXHO
Ha3BaTh BOIPOC O HENPEPBIBHOCTH CYMMEI psAla, B IPEIINOJIOXKEHHH He-
TIPEPBIBHOCTH BCEX €O WICHOB; 3TO — Ta XK€ 3ajada, KOTopas yxe yIo-
MHHAJIACh BBILLE,

Kak oxaseBaercs, QyHKHUOHATBHBIE CBOMCTBA MpemesbHOH (QYHKIHM
(M — 4TO TO Xe — CyMMBI pana) f(x) CyIIECTBEHHO 3aBHUCAT OT CAMOTO
XapakTepa npubmokxenus f,(x) K f(x) OpH pa3sIMYHBIX 3HAYCHHAX X.
H3y4eHneM THIOMYECKHX BO3MOXHOCTEH, KOTOPHIC 3[eCh MPeACTaBIIAIOTCS,
MBI 3aliMeMCcs B CIIEQYIOIEM n°,

428. PasnoMepaas W HepaBHOMepHAA CXOOMMOCTH. J{omycTHM, 4TO mns
Beex x M3 X MMeer Mecto paseHcTBO (2). ITo caMoMy OmpeNeeHHIO mpe-
lieNla 3TO 3HAYMT CleAyrolliee: NTUIMb TONBKO PHUKCHpPOBAHO
3HadeHHE X U3 (ang Toro uTOOB MMETH HENO C ONpElEICHHON
YHCIIOBOM TIOCNENOBATENbHOCTBIO), IO IIOOOMY 3aJanHoMYy & >0 HalneTcs
Takoi HoMep N, 4To AN BCeX n>N BBIIOJIHSETCS HEPABEHCTBO

[fn®) =/ (x)] <, ()

rage mMojA X pa3syMeeTCsd HMEHHO TO 3HAa4Y€HHUE, KOTO-
poe O6bI0 3apaHee PHUKCHPOBAHO.

Ecnu B3Th APy o€ 3HAYEHHE X, TO NMOJYYHTCA APYyTras 4ucio-
Bas MOCHEAOBATENIbHOCTh, H — IPH TOM X€ & — HaWAeHHBII HoMep N
MOJKET 0Ka3aThCA yXKe HENPHIOJHBIM; TOTJA €ro MPUULIOCh OBl 3aMEHHTH
60mbuM. Ho x mpunumaer 6eCKOHeYHOE MHOXECTBO 3Ha-
YeHHH, TAK 4TO MpeJl HAaMH O EeCKOHEe4YHOEe X€ MHO X EeCTBO pas-
JIMYHBIX YHMCJIOBBIX ITOCIIENOBATEIBHOCTEH, CXoAsIuXxcs K mpedeny. [ng
Kax/Iol U3 HHX B OTHAEJIHOCTH HaiifeTcs cBoe N; BO3HHKAET BOIPOC: Cy-
LeCTBYET JIM TaKod HOMep N, KOTOpHIH (IpH 3aaHHOM €) crmocobeH ObLT
661 OOCTyXHTE CpPa3y BCe I3TH MOCIAEHAOBATENIHLHOCTH ?

IMoxaxeM Ha OpEMepax, YTO B OJHHMX CIOydasX Takoil Homep N cyme—
CTBYET, 4 B JPYIHX — €ro HeT.

1) Ilycts cHavaia

Ja(%) = 1+n2x2, limf(x)=0 (O=x=<1).

Tak kak 3aech
1

0</fn) = 5+ Tre =<3 »

2n 1+n2x? + nx?

TO Cpasy sCHO, YTO [JIsfi OCYILECTBJIEHHS HEPABEHCTBA fr(X)<e HocTa-

1
TOYHO, KaKoBo OBI HH ObLIO X, B3ATH n>s-. Takum o6pa3oM, HampuMmep,

1
HUCIIO N=E(2—€—) B 3TOM CiIy4ae TOJUTCI OJHOBPEMEHHO O3

BCEX X,
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2) Homxoxum Teneps [427, 3)]:
Jax)=

nx
1+4n2x2’

limf,(x)=0 (O=x=<l).

1
Jst moboro G HXKCHPOBAHHOT O x>0 JOCTATOYHO B3ATh 1 > E (E) R
1 .
yTOoOBl OBIIIO: f"(x)<;Tx<8' Ho, ¢ apyroii CTOpoHBE, CXO0Jib 00 JIb-
WHM HH B3ATHb n, mid dyukuuu f,(x) B mpomexyTtke [0, 1] Bcerma
« 1 . 1
HAN/IETCA TOKA, HMEHHO TOYKa X=-, B KOTODOH €¢ 3HAaYeHHE DABHO 5.

N1 1
Jn (E)=§. Takum o0pa3oMm, 3a cueT YBEJIHYECHHS h CleNaThb f,,(x)<§

o BceX 3HaueHuit x oT 0 mo 1 3apa3 — HHKaK Henb3st. MHBIMEU
1
_nz CJIOBAMH, yXKe [ £ =5 HE CYWIECTBYET
I “Tenize
y HoMepa N, KoTopoe roauIoch OBl st
] =y BCEX X OJHOBPEMEHHO.
| @ H 59 306
i a puc. H300paxxeHsl rpaduku
l »p OTHX dyukumii, oTBevaromme n=4 "
-1 0 % 1 n=40; xapakTepeH Trop6 BBICOTH
-~ 1
T=a 1 1 .
S~ 5 TIEPETBUTAIONIMACA C BO3aCTaHHEM
¥ n cmpaBa HaJieBO. XOTAd IO KaXIOH
] BEPTHKAJH, B OTICJBHOCTH B3ATOH,
- } n=40 TOYKH IIOCJIETOBATEIbHBIX KPHBBIX C
------ =gl 7T  BO3PACTaHHEM N GECKOHEYHO NPHOIH-
‘\\ u KAKOTCI K OCH X, HO HH OJIHA KpuBas
! B LEeJOM HE IPUMBIKAET K I3TOH
Puc. 59. OCH Ha BCe€M INDOTHAXEHHH

oT x=0 go x=1.

Huave obcrouT Heno ¢ ¢yHKIMAMM, PACCMOTPEHHBIMH Ha IIEPBOM
MecTe; Mbl He IPHBOJMM HX rpatdukoB, 00 OHH, HAIpUMED IIPH n =4 WIH
n =40, nonyyaroTcs U3 rpadhHkKoB, N300paXeHHBIX Ha PUC. 59, IyTEM yMEHb~
IIeHUS BCEX OpAMHAT, COOTBETCTBEHHO, B 4 muu B 40 pa3. B sTom ciy4ae
KpHBBIE Cpa3y Ha BCEM CBOEM IPOTSKEHHH NPHMBIKAIOT K OCH X.

JamuM Temepb OCHOBHOE OonpeeJIeHHE:

Ecau 1) nocaedosamenvrocmes (1) umeem ¢ X npedeavnyro yHkyuro
f(x) u 2) 0aa kancoozo yucaa € >0 cywecmsyem maroii He 3aéucA-
w uii om x Homep N, umo npu n> N Hepasencmeéo (5) svinoansemea cpasy
oaa ecex xuz X, mo 2080psam, umo nocaedosameavrocmo (1) cxooumcesa
[uau — gynkyua f(x) cmpemumcs)l k @yuxyuu f(x) pasnomepro
omuocumenvio x ¢ obaacmu X,

TakuMm 06pa3oM, B MEPBOM M3 IPUBEJECHHBIX IPAMEPOB GyHKIUS f,(x)
CTPEMHUTCA K HYJIO PABHOMEPHO OTHOCHTENBHO X B IIPOMEXYTKE
[0, 1], a Bo BTOpOM - HeT.
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HyxHo cka3aTp, YTO U Ui IPoYuX (yHKIUH, PACCMOTPEHHBIX B Ipe-
IBIOYLIEM N°, CXOOUMOCTE H € OyZIeT paBH O M€ P H 0 . YCTaHOBHM 3TO.

3) Ansa bynxuuu f,(x) =x" [427, 1)] HeBO3MOXHOCTb HEpPABEHCTBA X" <
<e(mpu e<1) cpa3y mns BceX x<1 BUAHA XOTA OBl H3 TOro, 4TO
x?—1, ecnn (upu ¢uxkcupoBaHHoM n) x 1. Puc. 60 maet mpencrassienue
0 CBOeOOpPA3HOM XapakTepe HAPYMICHHS PaBHOMEDPHOCTH: 3[1eCh IPEIENb-
Hast QYHKUMS U3MEHSETCA CKAYKOM,

a Top0 HENOOBHKEH. 51’
IMycts TETIEPH
— 1 —mnl
4) fi(x) =7 WM Y=z
5) fu(x)=2n%x.e~"x,
HeBo3MoxHOCTD PaBHOMEPHOTO
npubnmkenuss B [0, 1] k mpenmens-
Ho#l ¢yHKUMH, KoTopas mas x>0
B 000MX ciiyyasix paBHa 0, ciemyeT
U3 TOrO, YTO, COOTBETCTBEHHO
O =1 2 S5 /fh f5 Jo
T8
HJTH
nh=? ! 1
Mn| e

Puc. 60.
Bo BTOpOM Cilyyae BricoTa T O p-
6 0 B, KOTOpbIE MELIAIOT PAaBHOMEPHOMY CTpeMiieHHIO K 0, B1o6aBok elie
OeCKOHEYHO BO3pacTaer.

ITokaxeM Ha mpumepax QyHKUMH X" u
HccaenoBanus Bompoca. HepaBeHcTBa

i b I
T+ e CUWI€ Opyrod IyTb I

Xt<g H &

—_— <
14+nx
PaBHOCHJbHBI, COOTBETCTBEHHO, TAKUM:
Ine 11
> n>—(——1) O<x<1; O<e<1).
Inx x|e
Tak xak BHIpaXkeHHs CIIpaBa HEOTPAHMYEHHO BO3PACTAIOT, MEPBOE — MpPH
npubsmxkeHuy x x 1, a BTopoe — mpu npubimwkenuy x k 0, To SICHO, YTO
HUKaKoH HOMEp n Cpa3y INpPH BCeX 3HAYEHUAX X 3THM He-
pPaBEHCTBAM YIOBJIETBOPHTb HE MOXET.
IlepeneceM Temepp Bce cka3aHHOE BBILE O CXOMMMOCTH (yHKUMH Ha
cnyyait pyukumonanssoro psama (3).
Ipennonaras psag CX oA LW MMCS, BBeJeM B PacCMOTPEHHE €IO

cymmy f(x), dactuunyto cymmy f,(x) [cMm. (4)] 4, HakomelL, ero OCTaTOK
NOCJIE H-TO YieHa

PuD= 3 () =)~ f(0).
k=n+1
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IIpu 11000M (PUKCHPOBAHHOM X
Imf(x)=f(x) u limg,(x)=0.

n->eo

Ecau yvacmuunan cymma f(x) cmpemumesn k cymme paoa f(x) paeéno-
MepHo omHocumenavho x 6 obaacmu X [uau, ymo mo xce, ocmamox pada
@n(x) pasrnomepno cmpemumca k 0], mo zoeopam, umo psd (3) p ae-
HOMepHO cxooumcAa 6 3moi obaacmu.

D10 ompenaesieHHe, OYEBUAHO, PABHOCHJIBHO CJIEAYIOLIEMY:

Pao (3), cxodawuiica daa eécex x u3 obaacmu &, Hasvieaemcs p a 6 K o-
MepHO CXO00AWUMCA 6 3Moi obaacmu; ecau A Kaxncoozo yucaa €>0
cyujecmeyem maxkoii He3zaéucawuii om x Homep N, ymo npu n>N
HepageHcmeo

Ifn(x) - fn(x) | <e¢ uau l Pn(X) l <& 6)

8binoaHAEMCcA 00HOBPEeMEHHO OAA 6ceXx X uz I*.

ITpuMephbl paBHOMEPHO U HEPABHOMEPHO CXOIALIMXCH PAAOB, KOHEYHO,
MOXHO COCTaBHTb, NPeoOpa3oBaB HpPHBEJCHHbIE BBIILIE MPUMEPHI IOCJE-
JOBATENIbHOCTEH. MBI IPHCOENMHUM K HHMM €lle HECKOJIbKO HOBBIX HpH-
MepOB.

6) PaccMOTpHM NPOrpeccHio Z x"—1; OHA CXOOUTCA B OTKDHITOM TPOMEXYTKE
n=1
x - (-1, 1). Ans moboro x u3 & ocrtaTok mocne n-ro wieHa MMeeT BHI:

xf‘l
Pn(x)=-—~.
1-x

Ecna n npou3BoiibEO GHKCHPOBATH, TO OYEBHOHO:

. 1 .
lim g0 ==, lm @n(x)=-c.
x—+~-14+0 2 x—+1—

_I/I TO, ¥ APYro€¢ AOKa3bIiBACT, 4TO OCYMICCTBHTh AJIAA BCCX X OONHOBPEMCHHO
HCPABEHCTBO

1
[pn(x)| <€ (ecma e<3)

IIPH OTHOM H TOM Xe HOMepe 1 HeBO3MOXHO. CXOAHMOCTD MPOTPECCHH B MPOMEXYTKE
(-1,1) HepaBHOMEpHA; 3TO K& OTHOCHTCA K mpoMexyTkaMm (-1, 0] u [0, 1)
IO OTHCJILHOCTH.
S (=1t
7) Pang 2 ~Tn mpH MoOOM 3HAUECHHH X W3 X =(~ o0, +o0) cxomurcs, u6o
1 Xx*+n
OH YIOBJIETBOpsieT ycloBasM Teopembl Jleii 6ruua [381]). Ilo 3amewamuto, cre-

* IToasTHE PABHOMEPHO U CXOONMMOCTH psina OBUIO BBENEHO B HAyKy OMIHO-
BpeMeHHO (B 1848 r.) 3atnenem (Ph. L. v. Seidel) n Ctokcom (G. C. Stokes),
HO emle /IO HUX NPEMEHAIOCh Belie pm TpacCcoOM Ha €ro JICKIMsAX.
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JIAHHOMY II0CJlIE AOKA3aTeNbCTBA TEOPEMbI, OCTAaTOK PANA OLEHUBAETCH, 0O abcomor-
HOH BEANYHHE, CBOUM TIEPBBIM YWICHOM:

1

X)) <— e,
P x2+n+1 n+1

Orcrofa ACHO, YTO BO BceM GECKOHEYHOM NPOMEXYTKS P/l CXOAHTCH PABHOMEDH O.
(= 1n—ixe
(T +x5)n

8) AHANOruyHoO, 4 pag Z CXOJMTCI PAaBHOMEPHO B .%'=(_m, + ),

u6o npu x =0
X2 x? 1

len =~ e et w

oo

x2

JT1060MBITHO OTMETHTB, YTO PAMl, COCTABJIEHHSIH M3 aGCONIOTHLIX BEIHYHH 2 ar Z)H
x

XOTAl ¥ CXOIMTCH, HO HEPAaBHOMEDPH 0. JIelCTBATENILHO, €ro OCTaTOK npu x =0,

TaKOB:

X3
(1 +x2)n+1 1
enx)= i = RERDT H
1t

npy 1ro60M GUKCHPOBAHHOM 1 OH CTpeMHUTCH K 1, xorza x - 0.

3ameuanne. Ecm B mpumepe 2), BMecTo npomexytka [0, 1], paccMoTpeTh
mobo# mpoMexyTok [a, 1], rae O<a<1, To B HEM CXOAMMOCTL yxe OyIeT paBHO -
MepHO#. [lelcTBUTENBHO, A1t BCEX X=a

n 1

nx
X)) < —— < —.

1+ n2x? 1+n%a® na®

B mo6oM xe mpoMexyTke [0, a] CXOAMMOCTD, OYEBHAHO, HEPABH O M€ p Ha. Takum
06pa3oM, BOKPYT TOIKH x =0 Kak Obl ¢CryHIAeTCss CBOWCTBO HEPABHOMEPHOCTH, Ha30BEM
€ TOYKOW HepaBHOMepHOCTH. To e OTHOCHICE H K mpumepaMm 4), 5)
# 8). AHaJIOrHYHY1O PONb B IpAMEpPE 3) nrpaeT To9ka X =1, a B npEmMepe 6) — obe ToukH
x=-1mx=1.

B Gonee cIOXHBIX Clyyasx TOYKH HEPABHOMEPHOCTH MOTYT BCTpE4aThbest B Gecko-
HEYHOM KOJIMYECTBE,

429. YcnoBne paBHOMepHOH cxoauMocTH. TeopemMa bBonbuaiuo-
Komu {39], ycranasnusaronias ycjioBue CylieCTBOBAHHA KOHEYHOIO Ipe-
Jena Uil 3aJaHHOH YHCIOBOH MOC/IENOBATEIbHOCTH (VIPHHIHUII CXOIHMO-
CTH»), €CTECTBEHHO IIPUBOIUT K CIISYIOIIEMY YCIOBHIO paBHOMEDPH O i
CXOIMMOCTH 114 3aanHOM B o6sactu X mocnenosatenbrocTd dynkuuii (1):

Haa mozo umober nocaedosameavriocms (1) 1) umesa npedessuyro Gymx-
yuro u 2) cxodusace kK 3moti YHKYuU paAEHOMEPHO OMHOCUMENLHO
x 8 obaacmu X, neobxodumo u docmamouro, ¥mober 048 KAWCO020 HUCAQ
e>0 cywecmsosanr maxoii ne 3asucawuii om x womep N, umobbl
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npu n>N u mobom m=1,2,3, ... HepageHcmeo
| frem(X) —falX)| <& @)

umeno mecmo 044 écex x u3 X o0HoepemMeHHO.

[TpeboBanune 3T0 MOXHO KpaTko CHOPMYIHPOBATh TaK: MPHUHLMI CXO-
JUMOCTH IIA MOCNIeN0BaTeIbHOCTH (1) IOJKEH OCYILLECTBIATLCS P a B H O-
MepHO 1A Beex x us 1]

HoxasatenscTBo. HeobxomumocTh, Ecnu mocnemona-
TeaeHOCTE (1) uMeeT npenenbHyro GyHKIMIO f(X) U CXOAUTCA K Hell p a B-
HoMepHO B X, To no 3aganHoMy & >0 HalineTcs He 3aBHCs LM
OoT x HoMep N, Takoif, 4to nmpu n>N Oyner

1
)~ )| <5
ong BcCeX x. AHAJIOTHYHO M

[frtn)-f@)] <36 (m=1,2,3,...),

a u3 3THX 00oMX HepaBeHCTB BbITekaeT (7).

HocTtaTodnocTh. IlycTs ycioBue, yka3aHHOE B TEOPEME, BBHINOJI-
HeHo. Torzaa, kakoe Obl 3Hauyenne x U3 X' HU UKCHUPOBATH, B JIHIE
nmocienoBaTeasHocTH (1) Ml OyeM UMeTh YH CJI O BY IO IOCHENOBa-
TENBHOCTh, NI KOTOPOH BEHINOJIHAETCS ycioBue bonbuauwo—Komu.
CrienoBaTeIbHO, IS 3TOM MOCIENOBATEIBLHOCTH CYLIECTBYET KOHEYHBIH
Ipees, YeM NOKa3aHOo CYIIECTBOBAHHE JJis MOCIeNoBaTeIbHOCTH (1) mpe-
nmenbHo# ¢yHKmMu f(X).

Teneps, B3B8 o mpousBoiy n>N m x u3 X, cTaHeM B HEPaBeHCTBE
(7) Ge3rpanruHO yBeNUYHMBATH m (IpH MOCTOSIHHBIX # M x). Ilepexomsa k
npeneny, TOJYIuM:

[f(X) = ful(3) ] <.

DTHM YCTaHABJIMBAeTCA PaBHOMEpPHOE crpemienue fn(x) k f(x).

Hetpyauo nepedpa3supoBaTh HOKa3aHHOE YCJIOBHE A ciy4as QyHK-
IHOHAJILHOTO pANa:

Jaa mozo umobsl psad (3) cxodusca paénomepno & obaacmu X,
Heo6X00UMo u doCmamouro, umobst 044 Kancoozo uucaa € >0 cywecmeosan
makoii He 3aeucAawyuti om x Homep N, umo npu n>N u a06om m=
=1,2,3, ... HepaseHcmso

= | Upp1(X) + Ung2(X) + ... FUpem(X)| <€ ®)

%’mluk(x)

k=n+

umeem mecmo 043 6cex x u3 X' oonospemenno.
Orcrona, B 4YaCTHOCTH, BBITCKAaeT MOJE3HOE CJIENCTBUE:



430} § 1. PABHOMEPHAS CXOIUMOCTb 427

Ecau sce unenvt pada (3), pasnomepro cxodauwezoca & obaacmu
X, ymuoxncumvs Ha odwy u my e @dynkywo v(X), ozpaHuyen-
Hyw ¢ X:

[o(x)| <M,

Mo pAsSHOMEDHAA CX00UMOCMb COXPAHUMCA.

Jns yCTaHOBJIEHUS HA IPAKTHKE PABHOMEPHOH CXOOMMOCTH KOHKpPET-
HBIX IIOCJIENOBATENLHOCTEH HJIH PsIOB BBLIBEICHHbIE YCJIOBHS MAJiO IIPH-
roaubl. C 3TOH LETBIO MOJNB3YIOTCS — HA HHX X€ OCHOBAHHBIMH, HO OoJice
yAOOHBIMH B IIPMEHEHHH — NOCTaTOMHBIMH IIPH3HAKAMH, KOTOpBIE (dop-
MYJIUPYIOTCS OOBIMHO HNPUMEHHTELHO K DA 1a M.

430. Tlpu3Haka paBHOMepHOH CXOIHMOCTH PAmoB. BoT mpocreiimuil u
qaie BCETO NMPUMEHSEMBIH NMpH3HAK:

Ilpusnax Beiiepuumpacca. Ecau uaenvt $ynxyuonaivrnozo pada (3)
yoosaemeopawom ¢ obaacmu X HepaseHcmeam

lun(®)| < (1=1,2,3, ...), ©)

20e ¢, CYmb 4aenbl HEKOMOPO20 CX 00 AW €20 C A HUCA08020 pidd
=014 CyF ot e, ©
n=1

mo pao (3) cxooumca ¢ &' pasenomepho.

ITpu Hanudum HepaBeHCTBA (9) roBopdr, 4To psax (3) MaXx opHUp y-
eTcsa pagoM (C), wm uto (C) CIYyXUT MaXOPAHTHBIM psioM
s (3).

He#ictButepno, U3 (9) mojiyyaeM HEpaBEHCTBO

Iun+1(x) + un+2(x) R un+m(x)l =<Cp4y1-t Cng2T oo T Chnsm,

" CHpaBEAJIHBOE ONHOBPEMEHHO MJIA Beex x M3 obnactu X'. CornacHo mpus-
LUy CXOAUMOCTH, KOTODBIH MBI IpHUMeHseM K duciioBoMy psaay (C), mis
moboro >0 HaiineTcs Takoe N, 4To IpH n>N IIpaBas 4acThb NpeIbIay-
IIero HepaBeHCTBAa OyIeT yXe MCHBILE € a C HCKO ~ U JieBas, MPUTOM
IUIst BCEX X OMHOBPEMEHHO. DTHM, IO YCJIOBHIO n° 429, Halile yTBepx.Ie-
HHME IIOKa3aHO.
Taxum ob6pa3oM, HampuMep, B 11060M IIPOMEXKYTKE PAaBHOME P H O

CXOIATCS PAABI

Japsinnx,  >a,cosnx,

n=1 n=1

oo

€CJIN TOJIBKO DA Z a, CXoOouTcd a OCOM0OTHO. Beﬂb
n=1

lansin nx|<|a,|, |a,cosnx|<]ay,|,

TaK YTO PoJib MAaXOPaHTHOT O 3M1eCh HUrpaeT psx ) |ay|.
n=1
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BaMeuanue. Kaxwosii pasHomepno cxodawuiica 8 & pao 2uy(x)
n=1

nymem paccmaHo8Ku cKoBOK Moxcem Obimb npeobpaszosan ¢ pAd, K Komo-
POMY Ydce NpUMEHUM npusHak Beiiepuwmpacca.
TeliCTBUTEIBHO, BO3bMEM KaKOH-HUOYAb MOJOKUTEIbHbIN CXOMAIIMIACS

pan ¢y Ilo uucny c; [429] HalineTcs Takoii HOMEP My, YTO |Uny 41(X)+
k=1

+...+u(x)| <¢, B X o n=>my. 3aTeM, N0 YHCIY ¢, HalJeTCs Takoi
HOMED My >My, YTO |Um1(X)+ ... +us(X)|<c, BX 10 n=m,, 0 T. I
Torpa, rpynnupys 4JeHb JAHHOTO Psja CIEAYIOIM o0pasoM:

[ (X)) + . ..+t ()] + [, +2(X) + . - - + 0 ()] + [y 2(X) + . . + 2 (O] + . ..

MOJIyYdM PSif, WICHBI KOTOPOrO — HAaYMHAsA CO BTOPOro — Io abCconoT-
HOM BeJHMYMHE HE MPEBOCXOAAT B X MOCIECHOBATENHLHBIX WIEHOB B3ATOrO
9ECIIOBOTO PsAna.

Ecmu x mamroMmy psnoy (3) mpusmak BeifiepmTpacca oxasaincs
npuMenuM, To paf (3) HeoOxoamMo a6 com0 THO cxoaswmiica. boms-
1Iie TOr0, OMHOBPEMEHHO C psAAoM (3) OyneT paBHOME PH O CXOAMTHCA
H Psll, COCTABJICHHBIA M3 aOCOJIIOTHBIX BEJIHYHH €ro WICHOB:

é’l lun(¥)]. (10)

Mexay TeM BO3MOXHBI Ciiy4ad, korma psn (3) cXomuTcss paBHo-
MepHoO, Oynyunr HeabCoNMWTHO cxomamumesa. [IpumepoM 3TOro
CIyXdT psim 7) n° 428 (4T0 pAL 3TOT HE CXOOUTCS aOCONIOTHO, CIEayeT
U3 CpPaBHEHMs C IapMOHHYECKHM psamoM). Bo3MoxHO Jaxe Taxoe moJo-
XeHHe Bellel, koraa pax (3) cxomuTcd abCoNMOTHO U PaBHOMEPHO, HO Pl
(10) Bce xe cxoautcs HepaBHOMepHO [cM. psia 8) B 428]. ITomoOHbIE Ciy-
Yay 3aBeIOMO He OXBaTHIBAIOTCA MpuU3HakoM BeifiepmTpacca; misa
MX HCCIIEHOBAHMA HYXHBI GoJiee TOHKHE MPH3HAKH.

Ceiiuac Mbi YCTAaHOBHM J[Ba NMpPH3HAKa, OTHOCAIMXCS K (QYHKIHOHAJDL-
HBIM psJiaM BHza:

é’lan(X)-bn(x)=a1(x)-b1(X)+02(x)-bz(x)+ ot ap(X)bp(x) - ., (W)

rae an(x), ba(x) (n=1,2,3, ...) cyrb Gynxuuu oT x B X. Ml ckonupyem
3TH NpU3HAKKM ¢ mpu3HakoB AOGens u Jupuxune [384) us Teopun
YUCIIOBBIX PAJOB; YCJOBHO OyleM Ha3bBaThb M HX IO MMEHAM 3THX
YHEHBIX.
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Ilpusnax A6enn. ITycme pad

Z;b,,(x) =b(X)+by(x)+ ... +by(x)+ ... (B)
o
cxooumes pasnomepro 6 ooaacmu X, a dyuxyuu a(x) (npu xascoom x)
00pa3yrom MOHOMOHHYIO ROCAEOOBAMEALHOCMb U 6 COGOKYNHOCMU ~— HpU
a0bbIX X U N — 02PAHUYUEHDL.

|an(x)| <K.

Tozoa pad (W) cxodumecs paénomepuno 6 obaacmu X

Joka3aTenbCTBO aHAJOFMYHO IpeXHeMy. BBHOY paBHOMEDPHO M
cxonuMoctu psana (B) Homep N HAXOOUTCS HE3aBUCHMO OT X, C CCHUIKOH
Ha yclioBHe 1° 429 (BMeCTO NMPHMHIMIIA CXOAUMOCTH), & 3aTEM C TTOMOIIBIO
semMmbl A Oexns [383] monyuaem, kax u Belie (cuutas #>N):

2 )b | el + 2] n)  =3K

k=n4

cpa3y Aas Bcex x u3 &. DTUM Haile yTBEPXKIECHUE NOKA3aHO.
Ilpusnax [JQupuxne. ITycms uacmuunvle cymmur B, (x) paoa (B) 6 coso-
KYRHOCIU — Rpu MoBLIX X U N — O02PAHUYEHbI:

IBn(x)l <M’

a gyuxyuu a,(x) (npu kaxcoom x) o6paszyom MOHOMOHHYIO HOCAEO08ameAb-
Hocmb, komopas cxooumcea k 0 paenomepHo 6 obaacmu X. Tozoa
u pao (W) cxodumca pasnomepro 6 amoii obaacmu.

W 3peck moka3aTenbCcTBO MPOBOIMTCS Tak ke, kak u B 384. OTMeTrM
JMIIBb, 4TO HOMEP N MOXHO BHIOpaTh HE3aBUCUMO OT X HMEHHO BBHIY
PaBHOMEPHOT O cTpeMiieHusd ay(x) k 0.

Ha npakxtuke yacto Ha Mecte G yHKUMOHANBbH OM IOCIENOBA-
TEJIBHOCTH {a,(X)} OKa3pIBacTCA OOBIKHOBEHHA YN CJOBA s MOCIENO-

BATEJILHOCTS {a,} UK HA MeCTe P YHKUHOHATBHOT O pama ) b,(x)
1

~ OOBIKHOBEHHBIH 4M cNnOBO U psag Db,. Hyxuo 3aMeTHTb, YTO 3TOT
1

cay4ail, KOHEYHO, BXOAMT KaK YACTHBIA B DPAaCCMOTPEHHBIH BEIUIE, BEOb
CXOAAMYICS TMOCIeNOBATENBHOCTD {a,) M CXoAsmuiica psa

2bn MOXHO paccMaTpuBaTh KaK PABHOMEDPHO CXOASAUIHEC S
1

(3aBUCHMOCTH OT X HE T).

Hanpumep, ecnu {a,} €CThb IOCIIEIOBATENILHOCTD MOJIOXKUTEIBHBIX YHCET,
MOHOTOHHO cTpemsuuxcst k 0, To oba psaga

Jla,sinnx, a,cosnx

n=1 n=1
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— To TpH3HaKy A M pHXJe — PaBHOMEPHO CXOIATCH B TIOOOM 3aM-
KHYTOM TIPOMEXYTKe, He colepXkaiuieM Touek Buaa 2kn (rme k=0, +1,
+2, ...). DTo cnenyer U3 TOro, 4tro, Hanpumep [cm. 385, 2)],

i 1 1 !
jcosS—x—cos|n+—|xi
I 2 1

|
|=
1
i
i
i

n
2sin ix ,

i=1

1 ! o1 |
2sin —x sin — x
2 2

i
|

.1
U B HAa3BAaHHOM IIPOMEXYTKE Sin 3 X HE o6pamaeTcs; B 0, TaxK 4ToO oJjisi CyMMBbl

MOXHO YCTAHOBHTbH I'DaHHIly, HE 3aBHCALIYIO H OT X.
JanpHeiiline mpUMepsl NPUMEHEHUS NIPH3HAKOB paBHOMEPHOH cXonu-
MOCTH YHTaTeNnb HaWIeT B n° 439 m ciexyrommx.

§ 2. ®OyHkuMoHAJILHLIE CBOWHCTBA CYMMBI psia

431. HenpepriBocTh cyMMBI pia. Mbl epexoauM Temepb K M3YYEHHIO
(YHKIIHOHANBHBIX CBOHCTB CYMMBI psifia, COCTaBJIEHHOro M3 (yHKIui, B
CBSA3M CO CBOMCTBAMM 3THX IIOCIIETHHX. BbIle yXe yKa3bplBajoCh Ha 3KBH-
BaJICHTHOCTh TOYKH 3peHMS MOCJHelIOoBaTeIbHOCTEH H TOYKH
3peHUssT 0 EeCKOHEYHBIX PAJOB. B H3TOXKEHHHM MBI OTHAEM Tpe-
TIOYTEHHE TOCJHENHEH TOYKE 3peHMs], IOTOMY YTO B IPHJIOKEHHUSX BCTpe-
YalOTCA MOYTH UCKIFOYMTEIHLHO MMEHHO GeckoHeuHble psbl. Ilepenecennro
CKa3aHHOTO O (YHKIMOHANBHBIX psAlax Ha CIy4aid HocienoBaTeIbHOCTEH
¢yuknuit 6yner mocBsinen ocoObrii n° [436].

BpenenHoe BblLIe MOHATHE PABHOMEDPHOH CXOAMMOCTH BO BCEM
ajbHelmeM OyIneT UrpaTh pelAOLIyI0 POJib, TAK YTO BaXHOCTh €r0 BBI-
SIBUTCSl C MOJIHOM CHIIOH.

HauneM ¢ Bompoca o HenpepbIBHOCTH CyMMBI psiia, KOTOPOTO MBI YXe
Kacanuch B 427.

Teopema 1. ITycmo gynxyuu up(x) (n=1,2, 3, ...) onpedesenst 6 npo-
mexncymie X =a, b] u ece nenpepvignvl 8 HeKOmMOpoil MouKe X=X, 3M020
npomexncymia. Ecau pao (3) ¢ npomescymke X' cxodumea paeHomepHO,
mo u cymma pada f(x) 6 mouke x=x, makxce 6ydem HenpepvigHa.

[ITonobuoe yrBepxnenue BrmepBble OblTo chopmymmupoBano K o m u;
HO 3HaAMEHHUTBIH aBTOP MpPHUAAN eMy CIMHIKOM obulyio popmy, He BBIABHU-
HYB TpeboBaHUS PaBHOMEPHOCTH, 6€3 KOTOPOro OHO HepecTaeT ObITh Bep-
HBIM.]

JdoxasaTtenbcTso. Coxpausas npexune 0603HaYCHNsI, HMEEM IIPH
moboMm n=1,2,3,... u moboMm x u3s &

Jx) =1n(x) +pn(x) (1n
S(xg) = (o) +Pr(xo)s
lf(x) _ﬂxo)] = lfn(x) ~fn(-xo)| + l(pn(x)l + Iq)n(xo)' . (12)

H, B YaCTHOCTH,

OTKyZa
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3aJaJuMCs Telepb IPoM3BOJbHBIM ¢ >0, BBuay paBHOMEpHOMH cXo-
IHMOCTH psla MOXHO (pHKCHpPOBaTh HOMEpP 1 TaK, YTOOBI HEpa-

BEHCTBO
|pn(x)| <e (13)

BHIIOJHSJIOCH [UIL BC€X 3HauYeHUd X B npomexytke & (B ToM 4dHCIe
U A X = Xy). OTMeTHM, 4TO HpH GUKCHPOBAHHOM n QYHKUHS f,(X) ecTb
CyMMa OINpEIEJICHHOTO KOHEYHOTo umclia (yHKIMH u;,(x), HeMpepHIBHBIX
B TOYKE X =X,. II03TOMy OHa TakXe HENpepHIBHA B 3TOM TOYKE, H MO 3a-
nauHoMy ¢ >0 Rajiferca Takoe 0=0, uro mpu |x—x,| <8 Gymer

[fn(x) = fu(Xo) | <e. (14)

Torma, seumy (12), (13) u (14), nepaBeHCTBO |X —X,| <& BicHeT 3a co-

boii
1) = f(xo)| <3e,

YTO H JIOKA3BIBAE€T TEOpPEMY.

EctectBenHO, ecau dynkyuu u,(x) HenpepviBHvl 60 8Cem NpOMedHCYMKe
X =la,b], mo npu Hasuuuu paenomeproii cxodumocmu u cymma
paoda (3), f(x), Gydem HenpepvieHa 60 écem npomexcymixe.

Yto TpeGoBaHHe DPABHOMEPH O# CXOOHMOCTH B TEKCTE TEOPEMBI HE MOXKET
OBITH OMYLIEHO, 1OKA3bIBAET, HAIPHMED, DAL

> _*

n=1(1+x2)"

[cm. 428, 8)], cymma xoroporo pasha ! mpu x =0 u pasHa 0 npu x =0. OxHako paBHO-
MEpHas CXOAMMOCTb (HUIYPHPYET B TE€OpEME JIMIIb KaK JOCTATO4YHO€ YCIOBHE,
H He ClieayeT NYMATh, 4TO 3TO YCJIOBHE HE€ 0 O X O MM M O M HEIPEPHIBHOCTH CYMMBI
pana*: Hanpumep, psaabl

- < nx (n—-1x
2x[re—nxt — (n- 1)e—(n—11¥), - 15
ré’l [n2e—n°x® — (n— 1)%e—(n—1)'x%] ,é’l[l—i—nzx'-' 1+(n—l)2x2] 15)

[cp. 428, 5) u 2)] B npoMexyTke [0, 1] uMeIOT HenmpepsiBHYIO cymMMy 0, XOTs 06a B HeM
CXOHATCS HEPAaBHOMEpPHO.

BripoueM, ectp kiaccsl ciiyyaeB, KorJa paBHOMEPHas CXOJHUMOCTb BCe
XKe oKaspIBaeTCs HEOOXomMMOil. B 3TOM HampaBieHMHM MBI JOKaXeM Clie-
Aywiuyro TeopeMy, npuHamiexaomywo JurHu (U. Dini).

Teopema 2. ITycmb usenvt pada (3) HenpepvleHbL 60 6CeM NPOMENCYMKe
X=[a,bl u nosowumeanvno. Ecau pad umeem cymmy f(x), max-
JHce HenpepuisHYI0 60 6ceM NPOMEdCYmKe, MmO OH CXOOUMCA 6 MOM Hhpo-
MedcymKe pasHoMepHo.

* CMm. crieayrolnmii n°.
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HoxaszaTenbcTBo. PaceMorpuMm octatku paga (3):

oo

Pa(X)= > uy(x)=f(x) = fu(x).
k=n+1

DyHKIug @,(X) OT X, KAK Pa3sHOCTH HABYX HENPEPHIBHBIX (YHKUMH, Takxke

HENpepbiBHA. BBUY MOJIOKUTENBHOCTH WICHOB psiia, TOCIEOBATEILHOCTD

{pn(x)}, IpH HOCTOSHHOM X, sBJISETCH YOBIBAIONIEH (HEBO3PACTAIOILEH):

P1(X)=po(X)= . . . =@ (X)=@p1(X)= . ..

Hakowetr, nockosbKy pan (3) cXomuTcs B MPOMEXYTKe &, Ipu 1:060M I10-
CTOSIHHOM X '

lim @,(x)=0.

JAns Toro 4ToObI YCTAaHOBHTH PaBHOMEPHYIO CXOAMMOCTb pAla, J0CTa-
TOYHO J0Ka3aTh, YTO AJIA KaXAoro uucia ¢>0 cymecTsyeT XOTh OJHO
3HAYEHHUE K, NIPH KOTOPOM @,(X) <& OAHOBpEMEHHO A Bcex x (ubo Torna
st GONBIINX 3HAYCHAH # 5TO HEPABEHCTBO BBHIOJHAIOCH OBl M MOJABIO).

HoxazatenbcTBo 3T0r0 OyneM BeCTH OT MPOTHBHOTO. [IpemmosioxumM,
4YTO JJI1 HEKOTOpoT o &£>0 Takoro HoMepa » He CyluecTByeT. Torna
npu moboMm n=1,2,3, ... B NpoMexXyTke & HaiOeTCA TaKoe 3HAYECHHE
X=Xn, 9T0 Pp(X,)=¢. K mocienopateasHoCTH {X,}, BCe H€MEHTHI KOTOpPOH
coJiepXaTCs B KOHEYHOM IpoMexyTke X, npumennM jeMMmy Bo b ma s o
—BediepmTpacca [4]1] u BeIEIMM M3 Hee YACTHYHYIO IIOCJEO0Ba-
TENBHOCTb {Xn,), CXOASIIYIOCH K NpPEfeny X,.

BBuny HENmpephIBHOCTH @(X), MMeeM:

zim Pl Xng) =Pm(xy),

kxakoBo Obl HH ObLTO m. C Apyroil CTOPOHBI, MPM JTIOOOM m, IJIst TOCTa-
ToyHO OoNbIIMX K:

me=m, TaK 4T0 @ (Xp)=@PnXn)=¢.
ITepexons 37ech Kk Tpemesiy OpH Kk —- e, HAMOEM, YTO

I}im Qr(Xng) =Pm(xg) =e¢.

A 3To HepaBEeHCTBO, UMeIOLIEE MECTO IPH JTI0O0OM M, NPOTUBOPEYAT TOMY,
4TO
lim @p,(x,) =0.

m-»oo

Teopema nokasana.

432. 3aMeuanHe 0 KBa3n-paBHOMEpPHOH cXomumocTd. Mrak, ecnu (yHKUHOHAIHHBIN

pAA (3) COCTOMT U3 HEMPEPHIBHBIX B MPOMEXYTKE i {a, b} dyHKIMI B CXOAKWTCA B 3TOM
IPOMEXYTKE Kk CyMMe f(x), TO sl HEMPEPHIBHOCTH 3TOM TOCHeAHeH TOCTAaTOYHA
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pPaBHOMEpHAsA CXOAUMOCTD Psia, HO — B OOLIEM Cllydae — BOBCe HEe HeobGxoamuma.
BaI1o 3amedeHo eme JIMHY M APYTMMH, Y4TO JOCTATOYH Bl M YCIOBHEM SBJIACTCA
HeKasl «ocyablieHHas» PABHOMEPHOCTh CXOJHMMOCTH: OHA COCTORT B TOM, YTO 048 Kad-
0020 uucaa €>0 u Kaxncoozo Homepa N’ cywecmeyem xomb 00un He 3asuchuyjuil
om x nomep n>N', makoil, umo Hepasercmeo (6) sbinoAnAEMCA 0OHOBDEMENHO 047 8CEX X

us X. JleiicTeuTensHO, MPH OOKA3aTENbCTBE TEOPEMBbI | MBI M MCIIONB30BAM JIMIb

OO uH HOMED i, IPH KOTOPOM HepaBeHCTEO (13) BHIMONHSETCS AN BCEX X U3 .

OpHako paxe 3Ta ¢ocnablieHHAas» PAaBHOMEPHOCTH BCE XK€ HE ABJISIETCA He 00 X o-
HHMOMU [Ia HEPEPHIBHOCTH CyMMsl f(x) psaga (3). OHa HE UMEET MecTa, HAIPUMED,
s pagos (15), cxomammxcs K HempepuiBHOM cyMMe f(x) = 0.

Apuena (C. Arzeld) Been B paccMoTperre B 1883 r. 0coOBI THII CXOAMMOCTH
(BOOCNEOCTBHY MOJydUBILIMIY HA3BAHWE KBAa3H-DABHOMEPHOMN CXOOUMOCTH),
KOTOpPBI# petaeT BONpoC O TO Y H O i XapaKTEPHCTHKE CXOAMMOCTH psaaa, obecneuy-
BAIONIEH HENPEPHIBHOCTH €r0 CYMMEIL.

Hpo pad (3), cxodawuiica & npomexncymre & =[a, bl, z060pam, umo on cxodumen
keaszu-pasnomepno 8 & x cymme f(x), ecau 011 xancdozo uucaa e >0 u kaxcdozo

nomepa N’ npomexcymox & moscem Gvimp ROKpbIM KON e W 1 bl M UUCAOM OMKDLIMBIX
npomescymros

(a1; b1)9 (a‘_'a bz)’ vy (al" bi): ey (ak’ bl{);

U um 6 coomeenpicmeue moaym Ob1ms nocmasaenst k HOMEDPOB
’
Rys Rgy vvny Riy ovey A (=N)

max, umo 01a ecex suauenuit x (w3 &), codepycamuxca 6 (a;, by (i=1, 2, ..., k), ne-
PAasencimeo

[fG) = fr(x)] = | Pre(0) | <¢
861110.11AEMCA 0OHOGPE MENHO.

P4 yNOMSHYTOH BBIME ¢0CIA0JIEHHOX» PABHOMEDHON CXOAMMOCTH BC €M 3Haye-

HHAM X U3 CTABUJICA B COOTBETCTBHE ONIHMH M TOT X€ HOMED R, 2 31eCh BCE X
pa3buBarOTCA HA IPYNIbI, KOTOPEIM B COOTBETCTBHE CTABATCHA PA3HbIE 3HAYEHHA 1, HO
BCAKHM pa3 — B KOHEYHOM YHCIeE,

ITonb3ysace 3THM OOHATHEM, A pU€Jia YCTAaHOBUI CIEAYIOIIEE MPEUIONEHHUE:

Teope.fna 3. Hycemsv Pynxyuu up(x) onpedeseHst u HenpepuigHbl 8 MPOMENCYINKE
X =1a, b, u pao (3) cxooumca 6 amos npomexcymke. JJaa mozo umobet cysma paoa f(x)
makce Obiaa Henpepoiena 8 Y, HEO0OX00UMO U docmamouno, HMOOs pAd
cxodu/tcﬂe-%‘xf(x) K8a3zu-paeHomepHo.

Heob6xonmumocts., IlpeamnonoxuM CHayana HENpepsiBHOCTH (QyHKIMH f(x),
a 3HAYUT M BCEX OCTATKOB @,(x). Bo3bmeM B X nw6 y1o Touky x’. ITo 3amaHHBIM

qHCIIaM € B N 1)1 Hee HaWneTcs Takoi Homep n’ > N, 4To
lpnr(x)| <e.

ITo HenpepuiBHOCTH QYHKIEM @ (X) DOKOOHOE k€ HEPABEHCTBO
() <e

OyIeT BBINONHATHCA U B HEKOTOPOM OKpecTHOCTH ¢’ = (x’ — &', x'+ ') Toukm x’. U3 BCEx
3THX OTKPBITHIX NPOMEXYTKOB 0’, TIOCTPOGHHBIX AJIi BCEBO3MOXHBIX X' M3 X, cocra-

BUTCA Hekass G€CKOHEeYHAas CHCTeMa ', NMOKPhIBAIOIIAS MPOMEXYTOK . Torna,

mo nemmMe Bopens [88]), u3 Hee BuijienseTCA M KOHE4YIas MNOACUCTEMA mpo-
MEXYTKOB

Z*={Ulv T2y « vy gk}’

28 T. M. ®uxrteuronsu, 1. 11
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TaKke NOKPLIBAIOLIAS ZX. du NPOMEXYTKA W OyAyT TeMM, O KOTODbIX HMAET pedb B
ONpeneNneHud KBa3H-paBHOMEPHOMN CXOAMMOCTH.

HdoctaTto4dHOCTbh. [HomycTuM Temepb, 9TO psa (3) CXOAUTCA K CBOEH CymMme
f(x) xBazu-paBHOMepHO. 3afaBmuCh 4YmCIaMK ¢ ¥ N, NOCTPOHM DPOMEXYTKH (a;, b;)
¥ BbIGepeM HoOMepa n; (i=1, 2, ..., k) C yKa3saHHBIMH B ONpeleNeHUM CBOHCTBaMH,

Bo3emeM 1o DpoH3BoOIy B +U TOUKY X,; IYCTh OHA COMEPIKHUTCH B NPOMEXYTKE (ai,, bi,).
Kax u npn nokasartensctBe TeopeMb! 1 [431 (12)], MoxeM Hanwcatb

[f) — fxo) | = fnix) = frilxo) | + |@ne) | + |@aglxo) |- (12a)

Ipu aTom, oueBunHo,
|q7ﬂt(x0)l =&

€CJIM X TOXE NPHHAMJIEKHT 3TOMY NPOMEXYTKY (ai,, bi,), TO u
Jpn(x)| <e.

MoxHo HaliTH Takoe uncno 0>0, 4ro, nmpu |x—x,| <38, He TONBKO Xx ComepXkuUTCH
B yKa3aHHOM NIPOMEXYTKe, HO H TiepBoe cnaraemoe B (12a) cipasa Oyaer <e, a 3HAYUT

fx)— flxo| <3¢,

W HEMpPEePLIBHOCTH f(X) B TOUKE X, AOKa3aHa *.

W3 3T0if TeopeMbi C JIETKOCTBIO BBIBOAUTCA TeopeMa /[l M H M OpeAbiAyINero n°.
HelicTButenbHO, ecnu psAR (3) COCTOMT M3 TIOJIOXKHTENBHBIX HENPEePBIBHBIX (YHKUHMIH
M CXOOHTCA K HEMNPEPEHIBHOU ke CyMMe, TO, KaK MBI BHIAEJIH, CXOAUMOCTh HEOOXOOUMO
Oyner XBa3u-paBHOMEPHOIA.

ITone3yscs TeM, 4TO B AAHHOM CJy4ae OCTATKH @n(X) C BO3pacTaHHEM n yOBIBAIOT,
[OCTaTOYHO B3ATE HOMep N 66mbmiuM Beex ; (i=1, 2, ..., k), uToObt nns n>N He-

PaBeHCTBO (6) BRINOJIHAIOCH OAHOBPEMEHHO AJIS BCEX X M3 1 CXONMMOCTE OKasbiBaeTCs
PaBHOMEDHOH.

433. Towiennslii nepexon k npeneiy. [IpuBemem elle OAHY TEOpeEMY,
KoTopas sAByisieTcs oboOiexneM Teopembr 1. B meit X'={x} ectb mpo-
N3BOJNBbHOE OECKOHEUHOE MHOXECTBO, MMEIONIEE TOYKY CLYIIEHHSA a
(xoHeuHyro MM HeT) [52]; aTa Touka camMa MOXKET M He NPHHAIJIEKATDH
MHOXECTBY.

Teopema 4. ITycmo kancoasn uz gynxyuii u(x) (n=1,2,3,...) onpe-
Oesena 6 obaacmu X u umeem, npu cmpemaenuu x K a, KOHeuyHblil npeoded:

l.im U (X)=cp. (16)

X—=a

Ecau pao (3) 6 obracmu X' cxooumea paenomepuno, mo 1) cxooumea
PAO, COCMABAEHHbITE U3 IMUX NPedenos:

é;cn=C, ©)

* Kak yuTaTeNns 3aMeTHII, NPEANONOXKEHHE, YTO BCE HOMEPA M; MOTYT GBITh BLIGpaHb!
CKOJIb YTOHO GONBIIMMK, HA [ENe HATAE HE MCHOJNb3YeTcs.
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u 2) cymma paoca (3), f(x), makoce umeem npu x—a npedea, UMEHHO:

lim f(x)=C. (17)
x—+a
HdoxkaszaTtenscTBo. CorjgacHo YyCIOBUIO pAaBHOMEPHOH CXOAMMO-
cTu n° 429, nust mpou3BOJBHO B3sToro £=0 cymecTByeT Takod nomep N,
yro mpu n>N u m=1,2,3, ... uepaBencTBo (8) BBINONHAETCA AN BCEX
x u3 X. Tepexons 3mech K mpejeny npu x—a ¢ yieTom (16), naifmeM,
970

Ic,,+1+c,,+2+ .o *cn+m‘ =g,

Tak yTo AN pana (C) BBIMONHSAETCS YCIOBHE CXoJuMocTu [376].
Ecmu C, C,, ¥ y,, 03HAYAIOT, KaK 0OBIYHO, €r0 CyMMY, YACTHYHYIO CYMMY
H OCTAaTOK, TO

C=C,+7n.
BeluuTas 3T0 paBeHCTBO mowienHo u3 (11), Nerko moJyYuTh:
]f(x)_C[slfn(x)_CnJ + [(pn(x)! + I'Vn[- (18)

Beuay paBHoMepHOH cXoaumMocTHu pama (3) 1 CXOOAMMOCTH
pana (C), mo moboMy >0 MoXHO GHUKCHPOBATH 7 CTOIb OOJb-
MM, 4ToOBl I Beex x u3 & GwLIo:

[@a(x)| <2, a Taxxe [Vn] <e. (19)
Tax xak, o4eBHIHO,

lim f,,(x) =lim Zu,‘(x) Z c=Chp,

x-a x—+a h=1

TO — €CII OTPAHHYHTHCS CIYYaeM KOHEYHOTO a — HaiimeTcs Takoe >0,
yTo mpu |x—al<4 Oymer:

!fn(x) - Cn} <& (20)

Torga, mpu yka3aHHbIX 3HaveHusx x, B cuiay (18), (19) u (20), 6yzer
BBHITOJIHATECS HEPABEHCTBO

If(x)—cl <3€:
yTO0 U mpuBoauT k (17) *.
PagenctBo (17) moxHo Hamucate B Qopme [cm. (16)]:

lim Zu”(x) = Z{lim un(x)}:

\—-a n=1 n=1x-aq

* Upratems y3naeT B 3TOM PACCyXIECHHM TO, KOTOPOE yXe ObiI0 NPUMEHEHD AJis
[OKA3aTeNnbCTBa TeopeMbl 1.

28
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TaxuM o0pa3oM, NIpU HAIHYMH PABROMEPHOM CXOOMMOCTH, Hpedea cyMmbl
pAda pasemn cymme pAdd, COCMAGACHHO20 U3 Npededog €20 YACHOE, WIIM,
- HHBIMM CJIOBAMH, 6 pade OOHYCMUM RpeOebHblli nepexod Mo Y A ¢ HH .

434. Tlounennos uarerpupoBanue psgoB. IlepeiineM Temepb K paccMo-
TPEHUIO BoNpoca 00 MHTErPAPOBAHUM CYMMBI CXOSAMIETOCH (DYHKIMOHAIE-
HOTO psifia.

Teopema 5. Ecau gynxyuu u,(x) (n=1,2,3, ...) nenpepwigiel 6 npo-
mexcymre U =a, b, u cocmasaenneiit uz nux pad (3) cxodumca 6 s3mom
npomexncymKe paeHo MepHOo, mo unmezpai om cymmbt f(x) paoa (3)
NPeOCnasasemcsa CAeOyIomuUM 06pa3oM:

4

b
Fdx= 3 [u) dx =
J‘ n=1

b b b
= J"ul(X) dx + fu2(x) dx-+ ...+ J.un(x) dx-+ ... 1))

a a a

Hdoxa3zaTenbcTBo. Beuny HempepHBAOCTH QyRKLHH ©,(x) 1 f(x)
[431, Teopema 1], cymecTBOBaHHE BCEX ITUX MHTETpalioB oueBMaHO. Ilpo-
{HTETPUPOBAE TOXICCTBO

J&) =uw(x) +u(x)+ .. .+ ty(x) +pp(x)
B npoMexyTtke [a, b], momyqum:
h b b ] b

Jif (x) dx = Jzz,(x) dx + J u(X) dx + .. L Jun(x) dx + Jtpn(x) dx.

a a a a @

TakuM oOpa3oM, cymma n WwieHoB psima (21) pa3HUTCA OT MHTErpala
b b

X) dX IONOJHUTELHBIM WieHOM | @ (x)dx. JIns noka3atenbCTea pas-
J?

a a
Joxeuuqd (21) HykHO JULIL YCTAHOBUTH, 4TO

b

lim j @n(x) dx =0. (22)

n-~eo

B cuny paBuoMepHO# cxoauMocTti psiaa (3), ans moboro & >0 Haii-
netcs womep N Takoii, uto npu n>N

iq’n(x)‘ =€
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cpasy Il BCEX X B pacCMaTpMBacMoM mnpoMexyTke. Torma s Tex xe
3HAvYCHAR n OyneT:

”%(X) dx l = J |pn(x)] dx<(b -a) -¢,

4TO M JOKA3bIBAET IPEIeNIbHOE COOoTHOWenue (22).
Paencreo (21) Moxer OBITH HAMKHCAHO B BUAE

b

(% } s f f |

X =2 | u(x) dx

1 Z a0 dx= 3| o) ax]
a

TaK 4YTO B CJIydya€ PAaBHOMCDHO CXOIALICTOCHA DsAa unmepans Om Cymibl

pAda pageH cymme pAda, COCMABAGHHO20 U3 UHMeSpaaos e20 YAeH08, WIIH,

HHBIMA CJIOBAMHU, JOHYCIMUMO NOY A EHH O € UHMeZpUposanue pAod.

Kax u B cnydae Teopemsl 1, TpeGOoBaHHE pPABHOMEPHGH CXOOMUMOCTH C Y IIe-
CTBEHHO IS BEPHOCTH pa3ioxeHHs (21), T. €. H& MOXET OLITH LPOCTO OMYHIEHO,
HO BCE K€ He sBiseTcA HeoOXOoAHMBIM. Pams (15), paccMoTpenHnie B 431,
Kak pa3 ¥ WIIIOCTPHPYIOT 3TO 00CTOATENILCTBO. O6a oy B mpomexyTke [0, 1] cxomsTes
k QyHkmuu f(x)=0 HepaBHOMEpHO. Ho, UHTerpupys HEPBBI{ IIOYJICHHO, MEJ
B KQYeCTBE CyMMBI pfAa HHTErpajioB IOJIYYHM

1 1
lim } 2n¥x-e-*Y dx=lim (1 —e—n*)=1, xotsa J"f(x) dx=0;
N 100

0 0

JUIA BTOPOroO X€ PsAna aHaNOrMYHO HaHmem

In (1+n2
lim dx=1lim _(—)~0 Jf(x)dt
n-.eo 1 nix? Nesoo
JlroGonsiTed npuMep psaaa
1
——=l-x+x- . (=D, O=x<]1).
t+x
3mech
1
dx T 1
—=In2=1-—4——...,
1+x 2 3

0

TaK YTO PSiX M O X H O HHTETPAPOBATH HOYJIEHHO, XOTA IPH X~=1 OH U BOBCE pac-
XOORUTCHL.

VxaxeM Tenepb 000OLICHHE TEOpeMBI 5, CBA3AHHOE € OTKA30M OT
TpeOOBaHMA HENPEPHBIBHOCTH PACCMATPUBAEMSBIX (DYyHKIMIAL

Teopema 6. Ecau gynkyuu un(x) (n=1,2,3, ...) unmezpupyemot * ¢
nponencymxe X = [a, b], u cocmasennviii uz Hux pﬂ() (3) CX00UMEA P a8 H o-

* B cMmeicie n° 295,
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MepHoO, mo cymma f(x) pada maksce b6ydem unmezpupyema, u umeem
Mecmo paszaoscenue (21).

HoxkazaTenbcTBo. OCTaHOBUMCA HA WUHTErPHUPYEMOCTH (YHK-
man f(x).

BBuay paBHOMEpHOH CXOAMMOCTH PSla, 0 3aJAHHOMY Hamepen £ Mbl
MOXeM GHUKCHPOBATBh # CTOJNb OONBIIMM, YTOOBI BO BCEX TOYKAX
npoMexyTtka [a, b] Obln0:

O -fD)] <5 w0 -5<fR) <fulx) +5.- 23)

Bo3bMeM kaxkyro-uubynp 4acTh [, 5] mpomexytka {a, b}, u nyctb m, M
OynyT TouHble Tpauuibl GyHKUHH f,(X) B [x, 8], a =M -m — ee Koxe-
Ganue; cooTBETCTBYIOIIee koJiebanne dyskiun f(x) oGo3naumm uepes £2.
Beugy (23), B mpemenax mpomexyTka [«, S

&

m —%<f(x) <M+ 55 TaK 41O Q=o+te.

PazobbeM Temepb NpoMeXyTOK [a, b] oObMubIiM 00pasoM Ha uyacTHu-
HBIE TIPOMEXYTKH [X;, X;+1] U CTAHEM 3HAYKOM i OTMEYATh KojeOagus, oT-
HocsAlpecs K i-My mpoMexyTky. Torma Q;<w;+¢, u

25 Ax;=Sw; - Ax; +e(b - a).

Tax kax BTOpoe cjaraeMoe ClpaBa IPOU3BOJIBHO Majlo, 4 IEPBOE CIpe-
MHATCS K HYJIIO BMECTe ¢ A=max Zx;, To 3To Xe CHpaBCIJIMBO M OTHOCH-
TEJIbHO BBIPAXEHHA CJIEBA, OTKYIA M CIEIYeT MHTErPHPYEMOCTh (yHKIHH
Fx) [297 (8)].

Uro xke kacaerca paseHCTBa (21), TO OHO HOKa3biBaeTCd OYKBaJIbHO
TaK e, KaK ¥ BBILIE.

TTokaxxem Ha mpuMepe, 4TO IpPU HAPYUICHHH DPABHOMEPHOCTH pSI, COCTOSIIHN
U3 MHTErPHPYEMBIX (QyHKIHHK, MOXET HMeThb HERHTErPHPYEMYIO CyMMY. ITONIOXUM 1,(x)
(ang n=1, 2, 3, ...) paBHBIM |, eciu x BbIpaXkKaeTcs HECOKpPaTH MO Apobbo
m
—, M pasibiM 0 -~ B mpoymx Toukax npoMexytka [0, 1]. Otu dynkuuu, umeromue
n

JIHIIb KOHEYHOE 4HCIIO DPA3phIBOB, HHTerpMpyemsl B [0, 1], a cymmoit psna Gyner 3a-
BEAOMO HeumHTerpupyemas ¢yaxumss Jupuxiune [300, (2)].

Bmecte ¢ TeM, pasyMeercst (MBI 3TO BHIEIM HA MPHUMEpAX), PABHOMEPHAH CXOIM-
MOCTh He SBISIETCS HEOOGXOMUMBIM YCIOBHEM IS HHTETPUPYEMOCTH CYMMBbI
psina, COCTaBIEHHOTO W3 MATEIpHpyeMbIX ¢yHkiumi. WM mus sroro ciaysas Apunena
yKa3ail yClIOBHE, OMHOBPEMEHHO HEOOXOIXHMMO€ M HOCTaTOYHOE (¢KBa3u-
paBHOMEpHAS CXOIMMOCTE BOOGWIED), cp. n® 432.

435. Mounennoe muddepenmupoanue panos. C MOMOLIBIO TEOPEMBI 5
Npeaplayliero n° JIErko MOKa3bIBAETCsl CledyroLias

Teopema 7. Iycmy Pynxyuu u,(x) (n=1,2, 3, ...) onpede.enst 6 npo-
mexncymre X'=[a, b] u umerom 6 Hem HenpepvigHvle npou3E0OHble U (X).
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Ecau 6 3mom npomexcymye He moabko cxooumca paod (3), no u paeno-
MepHO cxodumca pAd, COCMABACHHYII U3 NPOU3BOOHbLX:

Z”'u,',(x) =1(X) Fus(x) + ... Fu () +. .., 24
n=1
mo u cymma f(x) pada (3) umeem ¢ &X' npouzsoonyio, npuuem
S'x)= Zl Up(x). (25)

HJokazartenbcTBo. ObOo3HauuM uepe3 f*(x) cymmy psma (24);
BBUAY TeopeMEI 1, 370 OymeT HempepbiBHas QYHKIHsS OT X. Bocmosb3o-
BaBIIHCh TENEPb TEOPEMOH 5, IIPOHHTErpUpYeM psl (24) HOWIEHHO B PO~
MEXYyTKe OT @ IO TPOHU3BOJIGHOTO 3HAYEHHSA X U3 &'; MBI IOJIy4UM

x X

af () di = él j W(t) dt.

X

Ho, oueBuaHo, _[u,',(t) dt = u,(x) ~ up(a), Tax uro

a

x

[0 dt= Z0) - @1 = S~ Sun @) =10) ~11@).

n=
a

[3To nmpeobpa3oBanue ompaBoaHO HaMmepe I H3BECTHOH CX OO MM o-
CTHIO DPAIOB un(x) B Jup(a); cM. 364, 4°.] Tak Kak WHTErpai Ciesa,
BBHIY HENPEPHIBHOCTH IOAMHTErPaJIbHOH (HYHKLIMHU, HMeeT MPOU3BOIHYIO,
paBHyI0 f*(x) [305, 12°], To Ty %e Hmpou3BOIAHYIO HMeeT U (yHKmus f(x),
KOoTOpasi OT MHTETpajla OTJIHYAETCH JIMIIL HA IOCTOSIHHYIO.

PaBenctBo (25) MoxHo mepenucarh (eCM BOCIOJIL30BATHCA, CIAEOyS
Komu, obo3nadenneM D nis npousBOIHOI) B BHIE

D{ é’lun(x)} - nZ;Dun(x).

Takum o6pa3oM, IpH yKa3aHHBIX YCIIOBHUSIX, NPOU3BOOHAS oM CYMMbl pAda
0Ka3bleaemcs pasHa Cymme paodd, COCMABAEHHO20 U3 NPOU3EOOHBIX €20
44eH08, YWIIH, HHBIMU CIIOBAMH, 0ONyCmumMo no4aAeHH o ¢ Oufdepenyu-
posanue paoa, o
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PaccmoTpum psapsl

Dle—(n=1* — g—n?x*]
n=1

1
—In (1+n2x%) —
2 12n

%ln (1459 + In(+ (- 1)2x2)] )

2(n—-1)

n=

Tepseiit u3 Hux cBoauTca kK 0 mpr x=0 1 kK 1 B OCTambHBIX TOYKAX, a CyMMa BTOPOTO
Be3ie pasHa 0. Ecnu npoauddepeHInpoBaTs MX MOWIEHHO, TO MONYYaTCsd YXe 3HAKO-
Mble Ham psapl (15) [431], cxopsitmuecs Bo Bcem npomexyrke [0, 1] x 0, vo oba He-
PaBHOMEPHO. B mepsBoM ciy4ae pAa M3 OPOHU3BOAHBIX CXOAMTCA M mpu x =0,
IAe CymMMa MEepBOHAYaNbHOrO Psja NPOM3BOAHOH HMETh HE MOXET, m0o paspeiBHA
B 3TO# TOYke. Bo BTOpOM ciy4ae, Ha000poT, mouneHnoe auddepeHapoBare IOBCIOAY
OPUBOJAHT K BEPHOMY pPe3yJbTaTy. OTHMH IIPHMEPaMH HILTIOCTPHPYeTcs poib TpeGo-
BaHus, YTOGHI A TPOM3BOJHBIX CXOAMICA PAaBHOMEPHO: OHO CYUECTBEHHO,
HO H¢ HeobOXxoAUMO.

Teopema 7 MoxXeT OBITH OCBOOOXKIEHA OT HEKOTODHIX JIMIIHUX Ipen-
MOJIOKSHHU LEHOIO HEOOJNBUIOTO YCIOXHEHHS /I0Ka3aTelbCTBaA.

Teopema 8. ITycmo Gynxyuu uy(x) (n=1,2,3, ...) onpedeaenvi & npo-
mencymre X =[a, bl u umerom 6 nem KoHeunvie npouzsodnsie u(x). Ecau
pAo (3) cxodumca xomb 8 00HOU mouke, Hanpumep npu x=a, a pao (24),
COCMasAenHblli U3 NPOU3BOOHBIX, PAE6HOMEPHO CXO0UMCA 60 6cem
npomexcymxe X, mo mozoa 1) pao (3) cxooumen pasnHomepHo 60
scem npomencymie u 2) ezo cymma f(x) umeem ¢ X npouzeoduyio, évi-
paxcaemyto pagencmeom (25).

HoxazaTenbcTBo. Bo3sbMeM B mpoMexyTke [a, b] nBe paznmu-
Hble TOYKH X, H X ¥ COCTaBUM DL

j’ un(x) = un(xo) . (26)
n=1

X—X,

MBI mokaxeM, YTO HpH JI0O00M (DHKCHPOBAHHOM X, 3TOT PSA CXOIOHUTCH
IJISL BCEX X#X, U IPUTOM PaAaBHOMEPHO OTHOCHTEIBHO X.

C 3T10ii 1enslo, 3aJaBUINCH MPOU3BOJBHBIM 9HCIIOM € >0, BBUAY p a B-
HOMepHOIt cxomuMoctd pspa (24), HaiigeM Takoif HoMep N, 9To mpH
n>Nwu m=1,2,3,... HepaBeHCTBO

n+m

>

k=n+

<€ 27

BBIIOJIHAETCS [JI1 BCeX 3HAYeHWi X oxHOBpeMeHHO. PUKCUpPYS HA MOMEHT
n 1 m, paccMOTpuM QYHKIHIO

() =k2j:’1 un();

€€ IIpOU3BOLHASA
n+m

U '(X)=k=%,; 1u,',(x),
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B cully (27), mo aGcomroTHOI BemmuuHe Bcerma <&, Ho, oveBHIHO,

nim un(x) - un(xo)= U(x)~ U(xo) -
k=m+1 ¥T¥% - XX

U'o),

IIe ¢ COIEPKUTCT MexXIy X, U x [mo teopeme Jlarpawuxa, 112]. To-
3TOMY, OKOHYATEIbHO, IS BCEX X # X,
"$ unG) = un(xo) | _

&
xX—X, ’

|"="+1

Tak KaK 3TO HEPABEHCTBO MMEET MECTO, JIMUIb TOJBKO n >N, KakoBO OBl
HY ObO Mm=1,2,3,..., TO paBHOMEepHAasd CXOOUMOCTL psana (26)
3TUM HokazaHa. OTcrofia yXe BBITEKAIOT BCE HYXHblE HAM 3aKJIFOYECHHMS.

TIpexne Bcero, B3siB Xo=a, ¥3 PABHOMEPHOH CXOJUMOCTH psza

Zwv un(x) — un(a)

—a ° a C HAM M i’[un(x)—un(a)]
n=1 n=1

[cM. cnenctere n° 429], W M3 CXOOMMOCTH pAia u,(a) 3aKiFOYaeM o

n=1
PaBHOMEDPHOMN XK€ CXOOUMOCTH PANA D u,(X).
n=1

Ecnu uepes f(x) 0003HAUUTH ero cymmy, TO cymMMmoit psma (26), rae
X, €CTh CHOBA JI00OC 3HAYEHHE X B NPOMEXYyTKe [a, b], — oueBHIHO, Oy-

S - f@
meT ———-— . Tak Kak B PaBHOMEPHO CXOJIAIIEMCH PAMIE MOXHO Nepe-

XOOMTb K IIpeJie]ly Mo Y€ HHO (II0 TeopeMe 4), TO, yCTpeMIIsis X X X,
MOJTy4HUM:

oo

S'(xp)= lim [—(%ZXL:@= 2> { lim 4~ _ 2 =ufXy), 4. ¥Tp. I

X—+X, a=1\ x-x, X=X ] iz

3aMeuaHue. Bece 3TH TeopeMbl 0 MOWIEHHOM HpPeAEIbHOM IEpe-
XOZ€, IO4YJICHHOM HHTErpHPOBAHNH U TH(DEepEHIHPOBAHUY YCTAHABIHBAIOT
AHAJIOTHIO MEXIYy (YHKIHOHAJNBHBIMHM DSJaMM H CYMMaMH KOHEYHOTO
uhcnaa QyHKOui. AHAJIOTHSA 3Ta, OJHAKO, OrpAHHYEHA H3BECTHBIMH YCIIO-
BUAMH, B XapaKTEPUCTUKE KOTOPHIX PaBHOMEpHAa A CXOAHUMOCTH
3aHHMAET HCKIIOUHTEIBHOE MECTO.

436. Touxa 3penus nocjeAoBaTe bHOCTH. IIpeCTABNIAET HHTEPEC MEpe-
¢bpasupoBaTs MOJIydeHHBIE PE3YJbTATHL C TOYKH 3PEHHA MOCIENOBATENb-
HOCTH (yHKIHH. DTO MO3BOJUT OTUETIHBO IOCTABUTH B CBA3b PACCMATPH-
BaeMble BOIPOCHI ¢ OOLIMM BOIPOCOM O NMepecTaHOBKe JIBYX
OIpeAeNbHBIX NPOIECCOB, KOTOPHIH UIPAeT CTOJb BAXKHYIO POJIb
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BO BceM amHamuse. C Ipyroil CTOPOHBI, HAMETHTCH H IMyTh K 0OOGLICHHIO
3THX Pe3yNbTATOB.

WTax, MBI CHOBa CONOCTAaBJISiEM MOC/IENOBaTENbHOCTh GyHKUHMH (1) H
OYHKIHOHATBHELH pan (3), cyMTas, YTO OHH CBA3aHBl COOTHOUICHHAMH:

fi9= S ul)  @=1,23..)

UM PABHOCHJIBHBIMH HUM:

w(X)=fi(x), Up(X)=ful®X) = fra(x) (=2,3,...).

IpenenbHas GYHKUASA OIS MOCJIEIOBATENILHOCTH €CTh TO XK€, YTO M CyMMa
COOTBETCTBYIOLLETO psifia. PaBHOMEpHAs! CXOIMMOCTh MOXKET HMETh MECTO
JIMINL OJHOBPEMEHHO H IUIS TOCIENOBATEIBHOCTH, M HNs psja.

1. PaccMOTpHM CHavaja BOIPOC O N pe ne e YIOMAHYTOH Ipeaesinb-
Hoil ¢ynkuuu. ITycts MHO)ecTBO X ={x}, B XKOTOPOM OIpeleJeHbl BCE
paccMaTpuBaeMble QYHKIMH, HMeeT TOYKOM CrylieHus a. Torja TeopeMa
4 n° 433 nepedpa3upyeTcst Tak:

Teopema 4*. Ecau gynkyuu fo(x) umerom npeoev

im f(x)=f(x) (x us ) (28)

im fu(x)=C, (n=1,2,3,...), (29)
x—+a

npuueM 6 nepeom caydae cmpemienue K npeoesy HPOUCXOOUmMm p aéH o-
Mepno omHocumenvno X (8 X), mo cywecmeyiom 00a KOHEUHbIX Hpe-
dena

limf(x) u limC,,

x—+a n— e
Komopble pasHvl mencoy coboil.

PasenctBo
lim f(x)=1limC,,

X—+a N~ oo
€CJIM TpUHATH BO BHMMaHue (28) m (29), MoxeT OBITH NEPENHMCAHO TaK:
lim lim f,(x)= lim lim f,(x).

X—+Q N+ N+ X—>a

TaxuM o0pa3oM, paccMaTpuBacMas TeopeMa YCTaHaBJMBaeT Ui (yHK-
i fp(X) OT IO BYX NEPEeMEHHHIX, X H 1, YCJIOBHs CYIIECTBOBAHUS H
pPaBeHCTBA [BYX IMOBTOPHBIX IIPENEIOB M HENOCPEICTBEHHO IIPHMBIKAET
K HccienoBagusM n° 168.

IpenocrasnseM uuTaTe 0 Oepedpa3supoBaTh AIA NOCIEIOBATEIbHO-
¢Teil M mBe TeopeMs! n° 431. )
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11. Temepp mycTe o6macTe & mpencTaBiseT coboif mMpoMexyTok [a, b),
H PacCMOTPUM Bompoc 00 MHTerpaae mpelneabHO GyHKUuM. Bot
aHayor Teopemsl 6 [434]:

Teopema 6*. Ecau nocaedosamevrocms { f(X)} cocmoum u3 dynxyuii,
unmezpupyemvlx @ npomexcymke [a, b], u cxodumca x ceoeti npedevroii
gyuxyuu f(x) pasnomepno omuocumesso x 6 [a,bl, mo gyuxyus
f(x) 6yoem unmezpupyema 6 [a, b], npuuem

[ b

[ F(x)dx =lim [ f,(x) dx.

n—soo

a a

TTocneanee PaBCHCTBO IICPECIHUIINEM B BUIE!:
b

b
lim [ £ (x)dx= j {lim f;,(x)} dx, (30)

n—>co

a

T4K MTO Hpelei, OTHOCAUIMACA K WHTerpajy, OKa3bIBaeTCsi BO3MOXHBIM
OTHECTH HEIOCPEACTBEHHO K MOAMHTerpaybHOH ¢yHKIuH. B 3TOM ciyuae
TOBOPAT, YTO donycmim npedeavhvlii nepexod nood 3HAKOM uHMe-
2paaa.

B paBenctBe (30) mepecTaBNAIOTCA 3HAKM Hpenesia U MHTETI-
pana. Tak kKak onpefeSeHHBIH HHTErpajl TaKXe HOJyYaeTCs B pe3yJib-
TaTe HEKOETro IPeNeSIBHOrO IMPOIecca, TO PACCMATPHBAEMBIH 3IeCh BO-
IPOC OKa3bIBACTCS POICTBEHHBIM TOMY, KOTOPHIH H3ydaics B 168.

ITI. Hakonen, mepeiieM K BOIIpoCcy 0 MPOU3BOAHOHN mpenenb-
ol Gynkiuu. IlepedpasupyeM Teopemy 8 [435]:

Teopema 8*. ITycms 6ce dynxyuu fo(x) ouddepenyupyemor 6 npose-
acymxe [a, b], u nocaedosamevrocms npoussoonsvix {f,(x)} cxooumcsa 6o
6ceM npomexcymke, paeH o MepH 0 omuocumeavHo X. Ecau uzeecmno,
umo nocaedosameavhocme @ynxyuii { f,(x)} cxooumes xoms 6 00HOt mouke
npomexcymxa [a, b], mo moxncrho ymeepxmcoams, umo 1) sma nocaedosa-
MeabHOCMb CX00UMCA 80 8CeM MpOMexdcymKe, u 0axce paeéHoOMepHO,
2) npedeavnaa gyuxyua f(x) ougdepenyupyema, npuuem

f'(x)=lim f;(x).
o
Eciu nepemucats 3TO paBeHCTBO ©oliee BBHIPA3HTEJBLHO:
D {lim S n(x)} =lim {Df n(x)},
n—-co n—>e

TO Cpa3y CTaHET ACHO, YTO Peub HUIET O MEepeCTAHOBKE 3HAKOB IMpe Ae I a
M Ipou3BoOAHOMNW Tak kak IpoHU3BOJIHASA TaKXe eCTh M pe A eJ, TO
W 3TOT BONPOC CBA3AH C IEPECTAHOBKOH OBYX NpeHESIbHBIX IEPEXO/IO0B.

B sakmouenne 3amerum crepyrouee. Eciu cToATh HA TOYKe 3pEHHA
0ecKOHeYHOro pAja, TO HATYPANbHBIH NMApaMeTp n, €CTECTBEHHO, HE MO-



444 rJ1, X11. ®YHKOUMOHAJLHBIE [TOCIEAOBATEILHOCTY U PAAB! {437

XeT ObITh 3aMeneH 6osiee obuM. MHade o6CTOUT neiio, ecii peus uuer
0 IOCIEeN0OBATEILHOCTH byHKUMHA. 3mech dyHkumus f,(x) MoxeT GHITH 3a-
MeHeHa dynxuuei f(x, y) OT IBYyX MEPEMEHHBIX, IIe y H3MEHseTCS B mpo-
H3BOJIbHOI obnacT ¢Y={y}, uMerolnell ToUKOH CrymieHus 4ucio y, (ko-
HeYHOEe WM HeT). IIpelNeNbHBIA Mepexol MPH A - 3aMEHACTCS Ipelielib-
HEIM TIEPEXOJIOM TIPU Y —+Y,. POPMYIUPOBKA M JOKA3aTENBLCTBO TEOPEM,
OTHOCSILIIUXCA K 3TOMy OOIIEeMy CIyyaro, HE NPEACTaBIAIOT TPYIHOCTH.
K mexoTopeM U3 3THX 0000lHeHMH MBI BepHeMcs HUXke, B riase XI[V.

437. HenpepbIBHocTh CYMMBI CTENeHHOr0 psja. BaxHeHuM npumepom
TNIPUMEHEHHUS BCEH M3JIOKEHHOH TEOPUM SIBJISETCA U3YUCHHME CBOKCTB CT €-
MEeHHB X psAOoB. MBI OrpaHHYMMCA CTEIICHHBIMH pSJaMM BUAA

oo

DX =ay+ X+ GxX3+ ..+ a Xt L, (31)
n=0

ubo, xak Mol Bunenu B 403, psagpl Oosee obumero BHia
2an(X =X =ay+ ay(Xx —xg) + ap(x —xo)*+ ... +a(x—xp)*+ ... (31%)
n=0

HENOCPEICTBEHHO IpUBOAATCS K BHAY (31) mpocToii 3aMeHoif mepeMeHHOiA.

Iycte pan (31) mmeeT pamuyc cxoxumocTun R=0 [379]
IIpexnae Bcero, MOXHO YTBEPXKIATh:

1°. Kaxoe ob1 nososcumeavroe uucao r<R nu ezamoe, psao (31) éyoem
CX00UMbCA P AGH O MEDHO OMHOCUMENALHO X 8 3AMKHYMOM HPOMEI’CYMKE
[—r,rl

HelicTBUTEIBHO, TaK KaK r<R, To mpu x=r pan (31) cxomutca a 6-
COJNITHO, T. € CXOOUTCA MOJIOXKHTEIbHBIH DA

r= o) + |y

cr+a)erte . +a,

N L 32)

2 I an i
n=0
Ipu [x]=<r unensl pana (31) mo abconroTHOM BeNMUYUHE HE TPEBOCXOIAT
COOTBETCTBYIOLIUX YJIEHOB 3TOFO PsAla, KOTOPHIHA, TAKHM 00pasoM, urpaer
polk MaXOpPaHTHOTFO psajaa, u o npu3naky BeliepmTpacca
pan (31) g ykasaHHBIX 3HAYEHUH X CXONUTCI paBHOMEDPHO.

XoTs 9HMCI0 r ¥ MOXKET OBITH B3STO CKOJIb YTOOHO ONu3KkuM K R, HO
U3 JOKA3aHHOTO BCE e H e BHITEKaeT paBHOMEpHAs CXOAYMOCTb B IpO-
mexytke [—R, R]. Ha mpumepe nporpeccuu [428, 6)] uuTaTenr BHIMT,
4TO KaK pa3 KOHIBI HPOMEXYTKa CXOAMMOCTH MOIYT OKasaTbCid T O U-
KaMHU HEpDAaBHOMEDPHOCTH.

Tenepp, kax ClIeACTBUC TeOopeMbI 1, mosydaem:

2°, Cymma f(x) cmenennozo paoa (31) 0aa ecex 3nauenuii X mencoy
~ R u R npedcmagasem coboii HenpepbisHyio @ynuxyuio om Xx.
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Kaxoe Obl 3HaYCHNE X =X, BHYTPH NPOMEXKYTXA CXOAUMOCTH HH B3STh,
MOXHO BBIOp2Th WHCIIO r<R Tak, 4To6bl 6bI0 |X,| <r. TIpnMenus Teo-
peMy 1 B ipoMexyTke [ —r, r], BBUIY 1°, yCTAHOBEM HENPEPHIBHOCTEL (YHK-
min f(X) B ITOM NpPOMEXYTKe, CJIENOBATENLHO, B YAaCTHOCTH, H IPH
X=Xg.

[O6panraeM BHHMaHHE YHTATENS HA TO, YTO MBI M30eXaslum IPHMEHE-
HHAS TeopeMbl 1 B mpoMexyTke (— R, R), riie paBHOMEpHas CXOIMMOCTb
HE MOXET OBITh rapaHTHpOBaHA.]

HemnpepHBHOCTE CYMMBI CTEHEHHOIO PSOa MOKET OLITh HCHONB30BaHA
ISl JIOKA3ATENECTBA TEOPEMBl O TOXMNECTBE CTEMEHHBEIX
pAnoB (HamoMUHAIONEH TOKOGHYIO Xe TeopeMy JUISi MHOTOYJIEHGB):

3°. Ecau 08a cmenennvix paoa

o

DX =ay+ X +ApX2 4 L AL
0

n=

(W

bpx"=by+byx+byx?+ ...+ bpx i

n=0

& okpecmuocmu mouku x = 0% umerom oOny u my swce cymmy, mo smu pAosl
moxycoecmeenHs, T. e COOTBETCTBEHHBIE KO3G(HUIHEHTHI MX IO-
H4pHO PABUBL

dg=by, ay=by, ay=by, ..., ay=hy,
ITonaras x=0 B ToxmecTse

Gyt ayx+ ... =by+bx+ ...,
cpasy ybexXIaemcsi B PaBeHCTBe a,=b,. OTOpaceBas 3Tu WIeHLl B 06enx
YaCTAX HANMCAHHOIO TOXIECTBA M He)st UX HA X (B 3TOM ciayudae
MB BBHIHYXHOEHB CUYUTATh X=0), IOJYyYAM HOBOE TOXIECTBO

ay+agxX+ ... =b +bx+ ...,
KOTOpOC TakXe UMeeT MeCTO B OKPECTHOCTH TOUKH X =0, HO M CK J I0-
yasg caMy 3Ty Touky. He nmMes mpaBa mosoxurs 31ech x =0, MI,
OJITHAKO, MOXEM yCTpeMHTh X k 0; B mpeneiie, MOJBb3YACH HENPEPHLIBHO-
CThIO, MBI BCE X€ IOJIYYHM, YTO a,=b,. OTOpackiBast 5TH YJEHBl U CHOBA
nent na x#0, mpu x—~0 HaimeMm, YTO ay=b,, U T. 1.

JTa npocTas Teopema, YCTAHABIMBAIOIEAA € JHHCTBEHHOCTD
pazsioxeHusa QyHKIMH B CTENCHHOM AN, ©MeeT YacThie mpumeHenus. C ee
TOMOmMbI0, AANPAMED, Cpa3y YCTAHABIHBACTCS, YTO PA3AONCEHUE YeMHOTI
(reuemnoii) @ynxyuu ¢ cmenennoii pad euda (31) moxcem codepymcamv auurs
yemmuvle dce (HeuemHvie) CmieneHu X.

* 3mech HMeeTcs B BMAY HE TOJLKO ABYCTOPOHH s OKPECTHOCTs (— 0, )
TOYKM x=0, HOM OZTHOCTO P OHH 7 A OKPecTHOCTH Bupa [0, &) mnm (-4, 0.
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PaccMoTpuM Temepb GoJtee TOHKHE BOIPOC O MOBEASHHM Psaa BOAM3N
ONHOrO M3 KOHIOB Xx= 1R ero mpoMexXyTKa CXOAUMOCTH (CYMTas
BIIPEAL ITOT NMPOMEXYTOK KOHEYHBIM). MBI MOXEM OTPaHHYHMTLCS IIpa-
BbIM KOHIIOM X = R; BCe CKa3aHHOE O HeM, ¢ IIOMOLIbIO IPOCTOH 3aMEHBI
X Ha —X, IEPEHOCHTCS W Ha CIy4ail jeBoro KoHuma x= —R.

ITIpexnpe Bcero fCHO, 4YTO

40, Ecau cmenennoii pad (31) Ha konye x=R ezo npomexncymka cxodu-
smocmu pacxodumca, mo cxodumocms psda & npomexcymxe [0, R)
He moxcem Gbimb paAGHOMEDPHO .

JlelicTBUTETbHO, IPH HAJIHYAH PABHOMEPHON CXOZIMMOCTH, MOXKHO GBLIO
ObI, IO TeopeMe 3, MEepeiTH B HAlleM psjie K Tpedeny IpH xR -0 mo-
YJIEHHO, U TEM YCTAHOBHMTH CXOOMMOCTb Psifia M3 IpeNeoB:

DaR =ay+aR+a,R?+ ... +a,R"+ . ..,

BOIIPEKH IIPEITIOIOKEHHIO.

HMeeT MecTo M ClleQyiolias, B HEKOEM CMBICNIE — oOpaTHas Teopema:

5°. Ecau cmenennoit pao (31) cxodumcs u npu x=R (xomsa 661 u He-
abcoaiomuo), mo cxodumocms pada Gyoem Heo6x00UMO p A6 HO M EPHO U
60 scem npomexcymke [0, R].

JeiicTBuTeIbHO, eci NpeAcTaButh psax (31) B BHae

S SR -(—] (O=x=<R),
TO Tpe6yeMoe 3aKJIIOYEHHE HEMOCPEACTBEHHO BBLITEKACT U3 MPH3HAKA

R
n=0
MOHOTOHHYIO W PaBHOMEPHO OI'PAHHUYCHHYIO IIOCIIENOBATCIIBHOCTH

x _ (x)2 x\n_ (x\nt+l
l=%=(3|=...=(3| =[5 =
R (R R) R)

JoxasanHoe MpeUIoXKeHHe M03BOJIAeT NPHMEHHTh TeopeMy 1 Ko Bcemy
npomexyTky [0, R]. TakuMm o6pa3oM, B BHIE NONOJHEHHA K Teopeme 2°
0 HENpEPHIBHOCTH CYMMBI CTENEHHOIO pALa B OTKPBITOM INPOMEXYTKE
(- R, R), MbI TIOJIy4aeM Takyl TeopeMy (mpuHamiexauryro A 6 e o) *:

6. Teopema Abenn. Ecau cmenennoii pad (31) cxodumcesa npu x=R,
Mo e20 cymma coXpaHsem HenpepvbleHOCMb U npu smom 3Hauenuu X (pasy-
MeeTcs ClIeBa), T. €.

oo n
X
AGe s, Tak Kak piax D,a,R" cXOOUTCHA, & MHOXHTEIH (—] obpasyror

lim Za,,x" = ZanR"

x+R-0 0

* prroe noxaaarenscrao 3TOH TCOpeMbt (B fpeanonokesun R=1) mMbl aaan B
n° 418 — B CBA3M C BompocoM O perynaprocth Mmeroma [fyaccowa - Abensn
CYMMUPOBAHHUA PACXOAALUINXCA PANOB.
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Teopema A Gens uMeeT BaXHble NMPHIOXEHHS.
Eciu s dynxumuyu f(x) nosy4eHo pasioXeHue B CTENEHHON DA JHMILL
B OTKPBITOM IpoMexyTke (— R, R):

f()=3ax"  (-R<x<R),

HO (YHKIMS COXPAHSET HENPEPBIBHOCTD, & P/ OPOJOJIKAET CXOOUTHCH, —
H HAa KakoM-Ju0O M3 KOHILIOB 3TOr0 MPOMEXYTKA, HAIpUMEp, NpH X =R,
TO PA3JIOXEHHE OCTAETCSA BEPDHBHM H OJd 3TOTO KO H-
na. B sToM serko ybenuThes, mepexons B HANHCAHHOM PaBEHCTBE K Mpe-
neny mpu x—~R-0.

Takum 06pa3oM, HaNpuMep, NMOAYYHUB Pa3fOKEHHE
x2 X3 xn
In(4+x)=x——+—— ...+ (-1 —4 ..
2 3 n
aumb gns —1<x<1, Ho, 3Has, 9TO PO

L] renrly
Sty Pt

CXOAUTCH, 3aKITI04aEM, YTO CyMMa €ro ecTh In 2. TOYHO Tak e ONpaBALIBAETCH M YTBEp-
xpaexue n° 407 o ToM, 9TO OMHOMMANLHBIA P

1+mx+m——————(m_l) xi4... mim—Dm=2)- ... (m-n+1) x4
1.2 1.2.3.....n

M NpH x = * 1 nmeet cBoeit cymMmoit (1 + x)™, eClH TONMBKO PAI OKA3bIBAETCS CXOIAILIAMCS.

Yj)438. Hurerpupobanne n nuddepennuposanue cremeHubix paaos. Ilpu-
MEHUM TeNepsb K CTENEHHBIM psiaM TeopeMbl nn° 434 u 435.
Comnocrasnss moka3aHHBIE yXe cBoHcTBa 1° H 5° ¢ TeopeMoii 5 n° 434,
TIOJIY UM
7°. Cmenennoii pad (31) @ npomexcymxe [0, x], 20e | x |<R, écezda
MOXNCHO uHMezpuposams nO Y A e HH O, maK 4mo

Jf(x)dx=aox+%‘x2+%2x3+...+a”—7——‘x"+... (33)
0

3nauenue x 3deco moxcem cosnadamv u ¢ 0OHuM U3 KOHYOE NpoMedcymKa
cxodumocmu, ecau Ha I3mom Kowye pad (31) cxodumcs.
ITepexomum k Bompocy o mu(pQEpPeHIHPOBAHHH CTENEHHOTO PAAA.
8°. Cmenennoii psao (31) enympu ezo npomesicymka cxodumocmu MoHCHO
Oupepenyuposamos nou aeHH o, MaK umo

f'(x)= Z;na,,x“"l =a,+2a,x +3a;x*+ ... +nax"t - (34)
e
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Ymeeporcoenue coxpansem cuny u 048 KOHYA HPOMEICYMKA CXO0UMO-
cmu, ecau MoAbKO HAMUCAHHBIE PAO HA 9MOM KOHYe CX00umcs.

Bo3pMeM 11106 0€ X BHYTPH HPOMEKYTKA CXOMMMOCTH HMCXOIHOTO
pana, Tak 4To |x| <R, u BcTaBuM 4HCio r' Mexndy |x| u R: |[x|<r'<R.
BBHly CXOMHMOCTH psina

2anr t=agtar Far?+ .o +ar+ .,

n=1
ero obuImii YneH orpaHuvYeH:
lag|r'’"<L (L=const; n=1,2,3,...).

Torma nns aGcosmroTHOH BEAMYHHBI KH-TO WicHAa psaga (34) monyuaercs
OlIeHKA

n—1 1 n—1

X
7,

AYRY

Psan

+...+H

X
"

n—1
+}

CXOOUTCsA; B 3TOM JICTKO y6e}1HTbCﬂ C IIOMOUIBXO IIPpH3HAKa I[an a M-

X
6epa [368], ecnu yuects, UTO = =< 1. B TakoM ciydae aOCOJIFOTHO CXO-
i

mures pan (34). Orcroma sicHo, YTO paoduyc cxodumocmu R’ smoeo pada
He meHnbviwe R.

Ecnu Tenepp B3t N 6oe r<R, TO ogHOBpeMeHHO K r<R'; B
cunmy 1° psn (34) paBHOMEPHO CXOIHICA B NIPOMEXyTke [—r, r],
TaK 4YTo — Io TeopeMme 7 n° 435 — B 3TOM IPOMEXYTKE HOMYyCTHMO IIO-
unennoe auddepentuponanre pana (31). Tak kak r <R npou3BOJBHO, TO
OCHOBHOE YTBEDPXJCHHE TEOPEMB! NOKA3aHO.

B cny4yae cxomumoctd pspa (34), ckaxeM, IpH x =R, 3Ta CXOAUMOCTD
pasuomMepHa [5] B npomexyrke [0, R], u Teopema 7 HpuIOKHMA
KO BCEMY 3TOMY IIPOMEXYTKY — mHouieHnoe HudpepeHIHpOBaHUE OKa3bl-
BAaeTCA MONYCTHMBIM U IpH X = R.

3aMeuanue. Mnol ybegusnuce B ToM, 4yTo R'=R. C npyroii cro-
POHBI, 4JieHbl UcxogHoro psnga (31) He mpeBocxomaT mo abGCOJIOTHOMH Be-
JIMYMHE COOTBETCTBEHHBIX YJIEHOB psaa

DHapXT =ayx +2a,x%+ ..+ Hapxt+ .,
=1

n

MMEIOUIETO TOT XKe paguyc cxoguMmocTu R', uro u pan (34). Crnemosa-
TenbHo, R=R’'. TakuMm oGpa3oM, okoH4aTedbHo, R'=R: paduycwer cxo-
oumocmu cmeneniiozo paoa (31) u paoa (34), noayuenHozo uz nezo nouien-
neiv ouggdepenyupoeanuens, cognadarom. 3ITo, BIPOUEM, JIETKO YCTAHABII-
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paeTcd ¥ ¢ moMolnbio TeopeMsl Komu—-A xamapa [380], ecnu Bcmom-

n

HUTH, 9TO ﬁ»l mpa n—~< [32, 10)].

Tak xak pan (31) nmonydaercs mowieHHEIM IuddepeHIUMPOBAaHHEM H3
pama (33), To W 3TH psOBl MMEIOT OJMH H TOT X€ PajHyC CXONUMOCTH.

Iocnenuss TeopeMa 8° OTKPHIBAET BO3MOXHOCTH IOCIIENOBATEIBHO
MHOTroKkpaTHOTO JuddepennupoBanns CTemeHHOro psnma. Takum
o0pa3oM, mo-mpexueMy 0603Ha4as depe3 f(x) GyHKIOHIO, IPeACTaBIIEMYTO
cTenenHbIM panoM (31) B ero mpoMexyTKe CXOIUMOCTH, OyIeM HMEThb
MOBCIOAY BHYTPH 3TOTO IIPOMEXYTKA:

fx)=ay+ax+ax*+ax>+ ... +ax+ ...
fl()=1-a+2-ax+3a,x>+ ... +n-ax"1+ .,
f'(x)=1:2-g,+2-3-ax+ ... +(n—1)-neax"2+...

f"x)=1.2.3a;+...+(n-2)(n-Dn-ax"3+...

e s e e e . 4 s e s s s

s e e s & e s+ & s s s s+ & e o s =

fOx)=1.2.3.....(n—1)-na,+...

Ecnu monoxuTh BO BCeX 3THX paBeHCTBaX x =0, TO HPHIEM K XOpOLIO
HaM 3HAKOMBIM BEIp2XEHHAM KO3D(HIHEHTOB CTENEHHOrO psAAa:

, /IO ”/O (n)o
a=f©0), a=f0), =112, gL a,=120

2T 10 3= 30 e n l 3 s

[cp. 403 (7)]. Ecnu 661 peusr muta o psime obmero Buma (31*), To mmmb
OpHIIJIOCE ObI 31€Ch BMeCTO 3HaueHHS X =0 MOACTaBATH Xx=Xx,. MTak:

9°. DynKyuA, NPEOCMABAAEMAR CIMENEHHbIM PAOOM 8 €20 NPOMENCYMKe
CX00UMOCIU, UMEEm GHYMDU MO20 RPOMENCYMKA HPOU3B00HblE 6CeX No-
pAaokos. Camplii pad, no OMHOWEHUIO K 3MOt PYHKYUU, ABAAEMCA He ueMm
uHvim, Kax ee padom Teiiaopa.

310 3aMevyaTeNnbHOE IpPEeNJIOKEHHAEe MPOJIHBAET CBET HA BOIPOCHL pas-
JoxeHus GYHKIHH B CTEHNEHHBIE PAMbI, KOTOPHIMH MBI 3aHUMAJIACH B IIpe-
Ieloymedd rnase. Mel BumuM, 9T0 € ci M (YHKIHA BOOOINE pasnaraeTcs
B CTENEHHO#H psn, To HEoOxomuMo — B psn T e i 710 p a; MOITOMY-TO MEL
M OrpaHAYMBAJINCh HCCIENOBAHAEM BO3MOXHOCTH I (yBKmuM OBITH
IIpeACTABJIEHHON HMEHHO CBOUM pamoM T e if 1 0 p a. 3aMerHM, 4TO PyHK-
yua, komopaa pasaazaemca 6 pad Teia0pa no cmeneHam x —Xx,, Ha-
3bi6aemMcA AHAAUMUUECKOT 6 Mmouke X,.

29 I'. M. ®uxresronsn, 1. 11
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Wsznoxennas Teopus PpACHpOCTpaHIETCS W HA KpPaTHBIE CTEIECHHBIE
psanbl. OCTaHOBHMCS IS ONPEJICIEHHOCTH Ha PAJE ¢ IBYMS NePeMEHHBIMH:

. 2 apdx = xp) (¥ =y~

BuyTpu o6nacti cxomuMocTH [396) Taxoi pAd Takke MOXKHO IOWICHHO
nuddepennnpoBaTh Mo NOGOM W3 MepeMeHHBIX H Jroboe gucio pas. OT-
CI0Mla, KaK M TOJBKO 9UTO, JIErKO ITOJTyYalOTCS BBIpaXKeHHS IS Ko3bduru-
€HTOB

3f (x5 ¥0) Of Gxor Yo
a00=f(x0! yo), alo:'_-—aq;_o’ 0012__31;—_0_’

1 9*f(xo, ¥o)
a20 =2—! ax2 3 s
H, BooOIe, )
_ 1 9HEf(xy, yg)
YR T ax ok
TakuMm obpasom, paznoxernne Qyukuun f(x, y) (ecnu ToMbKO OHO BO3-
MOXHO) HEOOXOIMMO HMMEET BHI

S 1 9itkf(x,, .
f@ )= 3 g i (= %)=y

W 370T pan Ha3emaeTess psagoM TeHaopa; OH eCTECTBEHHO IPUMbI-
kaeT k popmyne Teiimopa, oxotopoii Obuia peus B 195. Ilpu na-
AUNUY  MaKozo pazaoxcenun @Pyukyus f(x,y) Hazwleaemca amHaau-
muuyeckoii 6 mouke (x,, yy).

§ 3. Ilpuioxenns

439. IIpuMepsl HA HeNPEPHIBHOCTL CYMMBbI PAJia H HA NOWIEHHBbIH NepexoA K mpenesy.
1) HccnemoBaTh Ha HENPEPBIBHOCTH CYyMME! psifa

fx)= Z

n=1nP+x%.nd

B OPEANONIOKeHAr, 9TO p-g=0 ¥ OfMH W3 3THX mokaszareneit >1 (dyem obecmeyuBaeTcs
CXOMMOCTB PsAfa IS BCeX 3HA4eHmii x). OueBAAHO, AOCTATOYHO OrPAHKYUTECS HEOTPH-
HATENBHBIMEA X,

Ecma p>1, 1o ansa x=x, (x>0 — n1w06oe 9uCIO) PAK MAKOPHEPYETCs CXOms-
MEMCSL PALOM

< 1
%or 2 =,
n=1nP

CrleOBaTENLEO, NO NpH3HAKY BelepmTpacca CXOAETCH DABHOMEDHO, M €rO
cymma B npoMexyTtke [0, x,] BenpepeiBEA. BBEAY mpOM3BONLHOCTH X, 3TO OTHOCHTCS
KO BCEMY HNPOMEXYTKY [0, + eo).
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Ecnu xe p=1, HO ¢ > 1, TO, mepenucas paxg, nns x >0, B Buge

1
n‘H—( ) nP
X

3aKIIOYaeM; IO MPeabIAymeMy, O HEeNPEePLIBHOCTH €ro CyMmbl s Bcex x> 0. Taxkum
06pa3oM, HYXHO JIMIIb PEIIUTH BOIPOC O Touke x=0.
MeronamMu auddepeHIHATBHOIO MCYACICHHSI MOXHO YCTAHOBUTB, YTO n-ii WiieH
=
pAOA JOCTMraeT CBOEro HAMGOJBOIEro 3HAYEHHS DU X=r * H 3TO 3HAYEHHE DPABHO

><I*-‘

Fcmm p+g>2, TO HamI psf MaXXOPUPYETCA CXOASALMMCH PSAIOM

- 1
72
n2

1

5eM 00eCIeYMBac1Csa HEMPEPLIBHOCYD QYHKIHMH f(X) Ul BCeX X, BKJIHO4Yad TOYKY
x=0.

OcTaercsi OTKPHITHIM BONPOC O HempepeiBHOCTH f(x) npw x=0 B ciyuae, ecim
p=<1, g>1, HO p+g=2. Mb yBunuM Huxe [491, 13)], yTo Ipu 3THX YCIOBUSX DYHKIMA
f(x) B Touke x =0 HMeeT pa3psiB.

2) PaccmotpuM psn Jupuxiae [385, 3)]

an

1 nx

D

n

I

rae {a,} — HEKOTOpas IOCIEHOBATENLHOCTh BEINECTBEHHBIX 4duced. IIpeamomoxuM,
4TO OH He GYJET ¢BCIOLY PACXOMALIMMCSH?, TAK YTO AJIA HErO CYIIECTBYET IIOTrpPAHHYHAS
abcuucca cXoguMOCTH A< + o, Kakoe 65l 9BCIIO X, > A HU B34Th, PAX

3
i

-
3
&

cxoautc. OTCIoAa MOXHO 3aKIFOYHTh, YTO PAaCCMATPUBAEMBbIH Psifi CXOMUTCA DA BHO -
MEepHO s BCeX x=Xx, [aHamor teopemsr 1°, 437]. D10 yTBep)KmeHue CienyeT M3
mpu3Haka A ©e s, ecid mepenucaTh Ham DSJ B BUAE

< an 1

n=1 WX NHX—Xo

H 3aMETHTh, YTO MHOKHATEH " yOBIBAIOT C BO3pacTaHMeM n, Oyaydd BCE BMeECTE

OrpaHHYeHBl COUHUIEH. A Torna, mo teopeme 1, cymMma psapa OyneT HenpepbiBHA IS

X>X,, a CIENOBATENLHO (BBEAY NPOM3BONBHOCTH X,), ~ I BCeX x> A [awayor Teo-
pemsr 2°).

20
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Ecnu A xoHeuHO, W paf

208

CXOOMTCS, TO TAKHM € 00pa3om ybexmaeMcss B pAaBHOMEPHOlM CXOOUMOCTH paccMaTpu-
BaeMoro paga ans x=A [cp. 5°] © B HeOpepHIBHOCTH €ro CyMMB! OpH Xx=A cOopapa
[ep.

3) B n° 390, 6), onpeaermB ¢pynxmo E(x) paBeHCTBOM

-
EX)=1+2 —,
n=1n!

MBI YOEOUIMCE B TOM, YTO OHA YAOBJIETBOPSET TAKOMY COOTHOINECHHIO:
E(x-+y)=E(x)-E()- ¢}
Tenepp, cornacHo TeopeMe 2°, 437, ¢dynkuus FE(x) OKa3plBaeTCs HEOPEPHIBHOH
BO BCEM MPOMEXYTKE OT —oco NO -+ co. B CHIIy %€ HOKa3aHHOTO B 75, 1°, HempephIBHOE

pemerue ypasHeHus (1) neobxomumo mmeer Bua: E(x)=a*. HakoHern, OCHOBaHME g,
OYEBUAHO, ONPENCIUTCS PAaBEHCTBOM

a=E(1)=1 S

Urtak, okoH4aTenmpHO, E(x)=eX [cp. 404 (11)].
4) JaguM HOBYIO TPaKTOBKY OmHOMMaNbHOrO psga [407 (22)]

1

X
o

m(m-—1) m(m—1)(m-2) mm—1).....(m-n+1)
1 + 2 x84 N,
R W R YO et 1.2-...n x

KOTOPBII aGCONIOTHO CXOANTCA NpU oboM m, eci | x| < 1. [locraBumM 3azaucit ompe-
BENUTh ero cymMmy. O603HauMM 3Ty CyMMY Kak GYHKIMIO OT m (IpH UXCHPOBAHHOM X,
|x} <1) uepes p(m).
* W3 sneMenTOB anreOpEl M3BECTHO, YTO NpH MOOGOM BaTypaidbHOM m (pAX
Torma obpeiBaerca Ha (m+1)-M uiene) p(m)= (14 x)™; MOKaXXEM X€, 4TO 3TO BEPHO
OIS BCEX m,

B3aB n1o06oe k, paccMOTpuM NODOOHKIH e psn

k(k—1) = k(k-1)k-2) k(k~1)...«(k—n+1)
x? X34 .. 4 x4
1.2 1.2.3 1.2....en

1+kx+

¢ cymMmoit p(k) 1 nepemHoxumM o6a psana mo mpaswiry Komu. HerpynHo nanucath
HECKOJIbKO MEPBHIX WIEHOB 3TOr0 IMPOU3BEACHUS:

w(m)-<p(k)=1+(m+k)x+[”’(—”;—“”+mk+’L"21) -

k k-1
=1+(m+k)x+(L"+—)—§—'-nzi—2x2+

xﬂ
KoabdutmerTom npn - Oyner, OYeBUAHO, HEKMH LENBIH MHOrOWIEB n-H CTENEHH
n!

oTHochTenbHO m ® k. KakoB Bua ero? Ecmi m u k — mobble HaTypalnbHHEE
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 ymcia, GONMBIIHE #, TO U3 IMEMEHTAPHBIX COOOpaXeHuil SBCTBYET, YTO HA3BAHHLLA KO3(-
¢uueHT 6yner
m+k)Y(m+k-1)...(m+k-n+1).

CrnenoBaTelbHO (KaK 3TO BBITEKAET U3 ayrebpamyeckoil TEOpeMbl O TOXAECTBE LIEJIbIX
MHOTOUYIEHOB C HBYMs IIlepEMEHHBbIMM), 3TOT € BHJI OH OyneT MMeTh mpH 110 6 Bl X
m u k. Wtak, uckomas QyHKuMs @(m) YHOBIETBODPAET (YHKIHMOHAILHOMY COOTHO-
IMEHUIO

@(m) (k) =p(m+Kk).

VCTaHOBMM Teneph HEOPEePHIBHOCTHE dyHKumA ¢(m). DT0 CliefyeT U3 paBHO-
MEpPHOH ‘CXOMHMOCTH OMHOMHMAIILHOTO DANa IJIS BCEX 3HAYEHUH /m, HE IIPEBOCXOMAITHX
mo aGCONIOTHON BeJMYMHE MPOM3BOJIBHO B3ATOrO 4MCna m,>0: OIS 3THX 3HAYCHHM
OH MaXOPHPYETCA CXOMAMMHUMCA DAHOM

" my(my+1) my(my+1)(my+2)

1+my|x x|*+
malxl =7 I 123

fx|3+...

B TakoM cityyae, kak MbI 3HaeM [75, 1°], neobxomume
@(m) =a™.
Tak kax a=@(1) =1+ x, TO OKOHYATEILHO
@(m) = (1+x)m.

5) W3BecTHblit yxe duTaTenro norapudmudeckuii psan [405 (17)] MOXHO HONYYHTH
u3 6uroMuanbHoro paxa [407 (22)], ¢ noMomusio cootHomenust [77, 5 (6)]

k
Ina=lim&{Va-1) (*=1,23,...)
koo

1
Monoxwum a=1+x (roe |x|<1) u noxctasum BMmecto (1+x)* ero pasnoxenne

1(1 1) 1(1 1) (1 +1‘
— = —|==1]esise|——n
F 1 k\k k \k k J

(1+x) =1+;x+—Tx2+-..+ 13 " x4

Torxa In (14 x) mpencraBuTCA Kak Mpenest MpH K —~ o BIPAXEHHS

k[(1+x)i“_1]=x-’ﬁ(1—i)+f3(1-1)(1 )

2 k)3 kU 2%
...+(_1)n—1"_"(l_l)(l_i).....(l__l_)+... @
n KU 2% (n- Dk

UneHs! 3TOro psiga (IPHU NOCTOSHHOM X)COIEPXKAT, B KAYECTBE MEPEMEHHOIM,
HAaTypaJbHbIR napaMeTp k., Bo Bceit o0acTy ero u3MeHenus psia (2) CXOOUTCs pa B H O-
MepHO OTHOCHTENbHO k; 3TO (mOo npu3Haky BedepmTpacca) creayer 3
TOrO, YTO OH MAXXOPHUPYETCA DPIIOM

|x|*  |x]® 5l

x|+ -+
x| > 3

+... (x=const, |x|=<1),
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yXe He coaepxamam k. B TakoM cityyae, o TeopeMe 4*, B psane (2) MOXHO TepedTH
K mpefeiy OpH k—~c NOYNEHHO, YTO H OPHBOSHMT K JIorapuMudYeckoMy psny.

6) MHTepecHEIi NpAMEp TOTO XK€ POJA JAeT BHIBOZ NOKAa3aTenbHOTro psaaa [404 (11)]
H3 COOTHOLICHUS

x\k
eX=lim (HE) (k=1,2,3, ...)

k>0

HMeem, pasnaras crenesb Ounoma no dopmyne Hpro ToHa,

e D
(+k) et 12'(k

ktk—1)-.... (k—n+1)
* 12 (?) tees
. X x*? 1 xn 1 n-1
=1TE E(I_Z)J""'Jr?ﬁ(l_?) ..... (1- p J+ 3)

Ha gnene 3mech, IPH KaXIOM K, YWICHOB BCErO JMIOB KOHEYHOE 4HCIHO (=k+1),
HO MbI MOXEM CUMTATh, YTO OpPE] HaMM 40ECKOHEYHBIA DSp, €CHH OCTAJIbHBIE YICHBI
OONOXUTh paBHbIMM 0. DTOT «psas CXOBHTCA PABHOMEDHO A Beex k, ubo,
OYEBHIHO, CXOIAIMIEACS psl
REINE [xI"
noo2t T

+ ... (x=const)

CIIYXHT [OJIS HEro MaXOpaHTHBIM. B TakoMm ciydae mo teopeme 4 B «psae» (3) MOXHO
mepeTH K npeneny npu K—~e mo4YNeHHO. Tak kak (n+1)-if uneH aroro pspa,
paBHbiit 0, DOKyJa k <n, OpH BceX k=n UMeEET yXe BU

xn 1 n—l)
—[1==]ce.ee 1= —],
n!( k) ( k

xn

TO €ro mnpeacn npu k ~o ecTh = Takum nyTeM Mbl OPAXOAHUM BHOBb K PA3JIOXKCHHIO
n.

MoKa3aTenbROM dyHKimH eX,
7) Hcxons n3 dopmymst Mo aBpa, mer yxe Beisenn B 408 dopmymny

m(m—1)(m-2)
1.2.3

sin mz=mcos™~1z.sin z— cosm—3 z.sind z+ ...

ITokaxeM, KaK OTCIOAA MOXET ObITh IOJIYYEHO Pa3iioxkeHue (PyHKIMM Sin X B CTCICHHON
pan.

x x
IlonoxuM z=— m BBIHECEM COS™ — 3a CKOOkM; Hama ¢opMyna MNEpENHIIETCS
m m

x\3
, (mtg_)
X m
sin x = cos™ — mtg——— 1——)(1-—)_—-—-4-... .
m m m m 3!

CyrTas x HEHM3MCHHBIM, mepeiieM B Helf COpaBa K NPEIeiTy IpH m - eo.

B BUAC!

* HanoMauM, 4TO obnacts u3MeHeHds & TepeMeHHOM x, O KOTOpO# mia peub
B ToOpeMe 4, Morja OBITh Kaxo# YroAHO; B YaCTHOCTH, OHA MOIJIA CBECTHCh M K HATy-
pambEOMY pAny (C TeM, 9TO @= + ).
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x x
Tak xax cos™ ——~1 [manpnamep, cM. 79, 4) mpu 1=0], a mtg——~x, To B mOpenerne,
m m
IEeHCTBATENLHO, MOJIy4aeTcss TpebyeMoe pasnmoxende [404 (12)]
x3

sinx=x——+...
3!

Octaercs 000CHOBATH MOWNEHHEL MPENEILHEIA IEPEXOn B CKOOKAxX, T/E YHCIIO YICHOB
TPH KaXKAOM m KOHEYHO, HO HEOIPaHWYEHHO BO3pacTaer BMecTe ¢ m [cp. 6)].
1

1
IIycTh B3ATOE X COAGPKUTCS MEXIY —-E-mon " +E my7; GyneM cauTaTte m>m,.
x
Jlerko mokasaTh, 4TO TOT/AA BHIpaXke€HHWe m tg— MO aGCONMIOTHON BENMYHHE yOLIBAET
m
C BO3pacTaHHeM m H, CJIEH0OBATEIILHO, OTPAHHYEHO:
x [x]
mtg—|<sL=mytg — (m>my).
m mgy

B TakoM ciyyae pasIoXeHHE B CKOOKaX MaXOPHPYETCsA CXOMAIIMMCSH PAAOM
L3
L+—
+ 3 +
Paccyxnenve 3asepmaercs XKak W B OPeAbIAYIIEM NPUMEDE.
AHAJTOTHYHO MOXET OBITh MOJIYYEHO H PA3JIOKEHHE COS X B CTENEHHOH DAL,
3ameqganne. IIpaMeps! 5), 6) ¥ 7) BOCIPOH3BOAAT B YTOYHEHHOM H3JIOXCHHH

BBIBOJI Pa3JIORKCHUI dJIeMEHTapHBIX (GyHKIMiA, qaHHEI DU IepoM B ero ¢BsencHHH
B aHamu3 OeckoHeYHO MankxXs (1748).

8) Moxasarb, yTo

@ lim Z(_l)n L

x+1-0 n= n 1+xn 2
®) lim (1-x) S' (-1n—1 =lln2.
x+1-0 n=1 1-xtn 2
(-1nn—1 xn
(a) IIyctb 0<x<1; Tak xak panm Z ~————— CXOIHMICH, a MHOXHTEIH ,
1 n 1+xn

OTPaHMYCHHBIE CBEPXY €AMHHMUCH, MOHOTOHHO yOBIBAIOT C BO3PAacTaHAEM 721, TO IpH-
JIOXAM IpH3HAK A G e s, TaKk 4Yro pAX CXOAMTCA PAaBHOMEPHO A BCEX X
B (0, 1). ITepexons B HeM K mpefey npu x~1-0 mnouneunu o (reopema 4), MOIYIUM
TpeOyeMbIi pe3yiabTarT.

(6) Ilyctp | 31ech 0<x < 1; umMeeM:

(1 x)x xn
-1 -1 .
Z( ) g ) 1+x+x2+...+xn—1

Ha aror pa3 psg Z’(—l)"‘1 HE CXOOHUTCH, HO €ro 4YacTHYHbIE CyMMEI OTPAHWYCHEI.
1

XN
3aT0 MHOXHTENA ——————————— HE TOJBKO MOHOTOHHO YOBIBAIOT C BO3DPAcCTaHUEM
1+x+...+x2n"1
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n,HO M pasaoMepHo mia x B (0,1) crpemsarcs k 0, ubo

xn xn xt 1

- -
I+x+...4+x22"1 14x+...4x"71 px n

B TakoM ciyyae OpWIOXMM IpH3HAK M pHUXJ€, PAL CXOOUTCA paBHO-
MEpPHO, [JONYCTHM MOYJEHHBLI M NpedeNbHbIM mepexong mpu x—~1-0, u 1. O.
9) I'oBOpA O CTENEHHOM pANle, MBI BCeraa MOApa3yMeBalld, YTO WIEHBI €r0 pacmolio-
JKEHBI B HOPAAKE BO3pACTaHHA MoKa3arTeneil. Ecim BHY T p H IPOMEXYTKa CXOOUMOCTH
3TO HE HMEET 3HAYEHHs, IIOCKONBKY pAl CXOAMTCH aOCOMIOTHO, TO, HApUMEp, TeopeMa
AGens CraHOBHICA HEBEPHOM Oe3 3TOM OroBOpKU.
IIpoBepuTh 3TO Ha pAAe
x2 x? x3 x5 x8
X — - — +.o,
2 4 3 6 8

[Oy4EHHOM MEPECTRHOBKOM WIEHOB M3 jorapudmuyeckoro psaa [cp. 388, npumep 1)]
10) Ipumenum teopeMy A Gens [6°] K nOKa3aTensCTBY €ro Xe TeopeMbl 00
YMHOXEHHH pAnoB [392]. PaccMOTpHEM B2 CXOIALIMXCH psAa

A=§‘an (A)
n=1
H
B=§lbn ®)

C= S'Cn: ©

roe cp=a,bp+abn_+ ... +anb;, Takke cxopurcs. HyxHo nokasaTbh, 4TO TOraa
A-B=C.

W3 cxogumoctd psaa (A) mpexgie BCEro 3axirroyaeM, no semme n° 379, yro psan

AX) = 2lapxn (A%
n=1

abcomoTHO cxommres mnA |x| <1, Tak 4YTO paguyc cXomZMMOCTH R 3Toro pspma
HaBepHOe =1. TakuM 06pa3oM, BO BCAKOM CIIydae HMEeT MECTO COOTHOLIEHHE

lim AX)=A=_ap,
xX—+1-0 n=1

HMEHHO, IpH R=1 — nmo teopeme 6° A6ens, anpu R>1 - no teopeme 2° [437]
Eciu paccMOTpeTh, aHAJIOTHYHO, pAALI (pu |x| <1):

B(x)=2~’lbnxn, (B%)
C<x)=§1cnxn, (C*

TO A HUX GyneT copaBeliIMBO BCE CKA3AHHOE O psie (A*).
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TIpuMensas Temepe K a6CONIOTHO cxoasmmMmcs psigam (A*) u (B*) TeopeMy
Komu [389], Oynem umeTh
A(x)+ B(x) = C(x).

‘OctaeTcs THMb OEPeHTH K Openeny 34echk NpH x—~1—0, yToObl nonyyuts TpeGyeMbiii

pe3ynbTaT:
A.B=C.

440. TIpnveps! HA moWieHHOe HHTerpupoBamme psjgoB. 1) CyMmmpoBamue psna

s (-D"
2> MOXHO OCYINIECTBHTh Tak:
n=0 3n+1

M

a=0 3n+1 x-1_o0a=0 3n+1 x+1—0

X
—_nn = (-1)n =
" gim 3 ED i fim fZ(—l)"x@"dx=
n=0
0

1

= lim —In2
3

-——- = lim —In ———+—arctg ———+ —1 =
x=+1—-0 I

+x x>1-0(6 x2-x+1 V3 V’§ 6)3

f dx {1 (x+1)2 1 2x—1 n N n
1 —.
/ 33

MBI ucnons30BaNy cHayana TeopeMy A Oells, a 3areM — NOWIEHHOE MHTEIPH-
poBaHue cremeHHOro psima [437, 6° 438, 7°].
2) IlowleHHBIM MHTETPUPOBAHUEM PSHOB

———=l-xt+xi- . (=D
1+x

i 1-x24xt— . (=D (-4 |
x

B mpomexyTtke [0, x] (rae | x | < 1) cpa3y mony4aroTcs pa3iioKeHHs

X

G T SO AP it
—=In(l4+x)=x—-—+—— .. L (-D""1 -+,
1+x 2 3 n

0

3 2n -1

X

j dx ¢ X _*_x"s -
——=arctg X=X — — 4+ —— ...+ (=1)n—
1rx OBXTXTFTS -1

0

+..,

xotoprie B 405 [cM. (17)] 1 404 [cm. (15)] Geid mOMyYeHBI 60Jiee CIOXKHBIM IyTEM.
CopaBenmmBOCTS NEPBOro Pa3NIOKEHEA NpH x=1 ¥ BTOpOro mpd x= +1 ycrasapmu-
BaeTCA HOMOJIHATENBHO C MOMOMIBIO TeopeMbl A Gens [437, 6°].

1
3) Ecnu BCOOMHHUTS, 4TO Npou3BoaHas GyHKIHs arcsin x, papHas V , pasna-
1-x2
raerca B pan cienyrommM obGpasom [407 (24)):
1 = (2n—-1!
=14+ >-—Txn -l<x<1),
= 2 5 (l=x=l)
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TO MOYNEHHLIM HHTErPUPOBAHMEM 3TOrO PAAA JIETKO MOJYYUTh (HOBOE IS HAC) pasio-
XEHHe CaMOI'0 apKCHHycCa:

X
dx = (2n— DI x2nt+l .
f =arcsin x=x+ Z’—————— (—1l<x=<1).
V1-x 2 20 2n+d

Tak kak 3TOT DA CXOmUTCA M mpu x= *1 [370, 5) (a)}*, To, mo Teopeme AbGens,
pa3IoxeHre AEHCTBHTENLHO M NPH 3THX 3HAYeHWsX. B yacTHocTH, mpu x=1 OyneM
HAMETH Takod psA AJis YHCIA 7

1)” 1
2n!! 2n+l )

é < (2n—

2

AHaJNOIHYHO, Pa3lOXUB IPOU3BOTHYIO

[in Ge YT ) =—
+J1+ 7

14+ x2

B P U IMMOWICHHO NPOUHTEIpHPOBAB €TI0, HaligeM Pa3IOKECHHC

i it ente
2l 2041

ln(x+1/ 1+x)=x+ Z(
(-l=x=1).

dyuKkuns 3Ta €CTh HE 4TO HHOE, Kak Arsh x, T. e. dynkums, obGparnas sh x [49, 4); 339,
3aMevaHue).

4) C NOMOMmEBIO MOWIEHHOr0 MHTEIPUPOBAaHMS PSAOB IONYHAXOTCH PA3NOXEHUA
B OECKOHEYHLIE CTEHEHHbIE PSAbI I HEKOTOPHIX HHTEIPAIOB, H€ BBl P a X a YO 11 X X-
Cd B KOHEYHOM BHI€e yepe3 JeMeHTapHble QyHKUmM [cM. 272). DTH pa3noxeHus
MOTYT GBITH HCIIOJIB30BAHBI ISl MPHONHKEHHBIX BBIYHCIICHMIA.

Tak, HCXOOs U3 H3BECTHOIO Da3IOKCHUS

xZ xd xan
X — 1y —
e—x'=1 l!+2! (- 1) n!+“.

N < (2n— 1)" 1
BrpoyeM, cxoauMocThb psaaa 1+ Z Tenepr MOXeT OBITH HOKa-

n=1 2n! 2n+1
3ana npoine. UmeeM — mpu mobom m —

Z(2n- DI xntl n
x+ Z ¢ o—— < aresin x<-—.
a=1 2n!! 2n+1 2

Ilepexoas 3mech K mpeaeny npu x — 1, mOMydsMm

>

& (2n— 1)" 1 4
p e Lz
a=1 2n!! 2n+l 2

oTkyza [365] m cienmyer TpebGyemoe.
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[cp. 404 (11)], maiinem
. x3 1 xb 1 xnt1
—dx=x——F—r—— .. (= D= +
Je 379 T

0
IlocraBumM cebe 3amady: BEMHCIMTE ¢ TOYHOCTHIO A0 0,0001 muTerpan

1
W= Je—X’ dx.
0

B3sB BepXHWM Ipejes HHTErpajla paBHBHIM 1, NOMyyMM Uit W 3HAKONEpEeMEHHBIA 9 U-
CIOBO# psaa ¢ yOBIBAarOIMUMHA MO a0CONIOTHON BEJIMYAHE WICHAMH:

—_— l+ 1 1 N 1 1 N 1 1 N
3710 42 216 1320 9360 75600
Tak Kak BOCBMO# WIEH yXe 3HAaYMTeJbHO HIXKe 3aJaHHOW TPAaHHMUbI, TO Mbl COXpa-
HMM JIMIOIb TEPBBIE CEMb WieHOB. COOTBETCTBYIOmIAs (OTpHIaTeNbHAas) nompaBka A
JIETKO OLEHMBAETCS
1 1,5
] <=2
75600 105
Beiyncisia OCTAaBJICHHBIE WICHB! ¢ NATHIO 3HAKAMHA MOCIIE 3aNATOM, HaliaeM:
1

1
1+— =1,10000 —=0,33333 (4

10 3 (+)

! 0,00463 =) ! 002381 -)

216 2

1 1 1,10474
—=0,00011 (-) ——=0,00076 (=) -

9360 &) 5 =) 0,35790 _

1,10474 0,35790 0,74684

Ecmu yyecTs Bce monpaBKH, TO OKAXETCs, YTO
0,74681 < W<0,74685, W =0,7468...

M BCE yeThIpe 3Haka BepHbl. [Cp. 328, 5).]
5) Auanoruyxo, tak xax [cp. 404 (12)]

sin X 1 x +x4 I - 2 —2
x 0 o3ts T el
TO
X
sin x x3 x5 xan—1
—dx=X (D ...
J x 313 55 =D (2n—1)!(2n—1)+

IIpenioxum ceGe BBIYUCIIATH, C MOMOILIBIO 3TOr0 PA3JIOXKECHHA, MHTErpasl

n .
sin x
p= J_._ dx,
x
0
¢ TotHocThiO Ao 0,001.
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NmeeM, nDonaras x =,

1 1 1 1
L=n——n3t——a

- 77 4 7
18 600 35280 3265920

9

- a4,
439 084 800

T. €. CHOBA 3HAKONEPEMEHHEIR PAX ¢ YORIBAIOLIMME IO aGCOTFOTHON BEMYAHE 4ICHAMH.
Tax xax 1mecToit uwieH MeHbe, weM 0,0007, TO MbI OrpaHMYMMCH IATBHIO YICHAMH.
BoiudcnseM Ha 4eTHIpE 3HAKa:

7=3,1416 (=)
1 1
—n8=0,5100 (+) —a3=1,7226 (-)
600 . 18
3,6607
—_7%=0,0091 (+) 7?7=0,0856 (+) -
3 265920 35280 1,8082
3,6607 1,8082 1,8525

VuuTEIBas MONPABKH, NPUXOOUM K 3aKIIOYEHHIO:
1,8517<p<1,8527, 1©=1,852+0,001.
6) ITocraBuM cebGe 3anaveii NPEeACTABUTH B BUIE PSNOB MHTEIPAJIbI

1 1
(@ jamg * dx, ©®) frx dx.
0

X
0

(a) BcmomMuHas pas3ioXeHHE APKTAHTEHCA, AMEEM:

1 1
rarctg x 1 1 1 1 1 1
J dx=f 1—-?x2+—5-x‘—7x°+-.. dle——_+'—'—“—+

X

Tak xak psal, CTOSIMA NMOA 3HAKOM HHTErpalia, CXOOUTCA NpH x=1, TO MOYIECHHOE
HHTErpUpOBaHne nonycrumo [438, 7°].
Mpul yxe ynomuHamu [328, 6)], 4TO 3Haue€HHE 3TOrO HHTErpasa

G=0,915965...
H3BECTHO Kak «nocTosiHHas KaTaunauas, Temeps MBI BUAUM, 4TO

S (-t
CAiien-12
0) Ilepenucas moaMHTErpajibHOE BBIDAXKEHHE B BHAE e—XInx, paszynaraeM €ro B Ino-
KazaTeJbHbIH pAn
xIn x *
n

x=x=1+ 5 (=1
n=1

* IIpu x=0 wieHsl psAna, HAUYMHAA C 7= 1, 3aMEHAEM INpPEAEbHbIMA 3HAUCHUAMH,
T. €. HYIAMH.
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KOTOPBIi CXOMUTCA paBHOMepHO ana 0<x=I, ubo makcumym byHkmum |x In x|
1

(kak JIETKO YCTAaHOBHTh MeTonaMH AubdepeHynanbHOr0 UCHUCIIEHHS) €CTh — , TaK 4TO
e ;

HAIMCAHHEBIA PAX MaXXOPHPYETCA PALOM

1\
)

M

n=0 n!

HTtak, momycTiMo Mo 4j1€ HHOe uHTerpupoBanue. Tak xax [312, 4)]

1

n!
an I x dx=(— ! —
(n+ 1)n+1
0
TO OKOHYATEJIbHO
1
XX dx= —_—
,[ Z'1 mm’

[

7) M1 nvenn [414 (8)] pasnoxenne

S 2ph X2
arctg x= (

p
—_— O=<x=<l).
1+x2p o(2p+ 1! 1+x2) ¢ )

TTonaras 3xaech x =

H yYWUTHIBas, 4TO arctg =arcsin y [50] naiinem:
Vl -y* Vl -2

21 1
y2P+1 0<y<_
o @p+ 1)l 12

arcsin y_
Vl y:op

IIponsTerpupyeM 310 paBeHCTBO OT 0 10 y, IpHYEM CIIPAaBa BHINOJIHUM HHTETPUPOBAHHE
HOYJIEHHO:

Ms

1 < 2pN 2p+2 2 DI y2m
5 (arcsin y)2= > Pt 2 [2(m - D! 2
p=0 (2P+1)" 20+2 a1 @m-1 2m

OTOT pe3yibTaT MOXHO NEPENHCaTh Tak:

2 (arcsin y)? = 2—[-(m—-—)—] 2yym,

m=1 2m!
1
Ilpm y =E MOJIy4UM OTCIOAA

- [m-D =2
mgl 2ml 18"

Ho Mu1 Bapenu yxe [395 (13); cM. Taxxke 416], yTo

- 1 < - I
S,y 5 -y

n=1 n? m=1 2m!
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TaK YTO, OKOHYATEIIHLHO,

< 1
P @
n=1n?

oxl:i'e

K sToMy muTepecHOMy pesyiasrary Diinmepa Mel GyleM BO3BpaliaTeCs ewie
He pa3.
8) BeuciauThs MHTErpan
1
In (1+x
- f Ind+x .

X
0

Ecnu Bocnomb3oBatbes norapudmMuteckuM psimoM [405 (17)], To nns nopuATerpans-
HOM GYHKINM HOJYYHM Ppa3IOXeHHe

1 1 1
l-—x4+—x2— ... (-1 1—x""14 |
2 3 n

KOTOpOe HEeHCTBHTENBHO BO BceM mpomexyTke [0, 1]. HTerpupys mowieHHo, Haiimem

1 1 1 - 1
I=l-—+—— .. (-1 1. .= -1
TR +(- Dt gl( i

o = 1 = 1 2

a=1 n? n=1nt n=1(2n)2=1_2'

TaknM 06pa3oM, MBI IPHXOJIAM K ¢KOHEYHOMY» BHIDAXXEHHIO HJISi MCKOMOIO MHTErpana
2

-5
9) Ilycts Tpebyercs HaliTh mHTerpan (|a} <1)

k14
In (1+a-cos x)
j_—dx
cos x

n
(Hpn x=—2- OPATIMCEIBAEM MOAMHTErPATILHOMY  BLIDOKEHHIO UOpENeNbHOe IpU

T
X-’E 3HAYCHUC a.)

Iomb3ysce pasnoxeHneM orapudma, uMeeM:

In(1+acosx hd ant?
_(_)=a+ Z(_l)n
cos x n=1 n+1

cos™ x,

OpHYeM Dsif CXOOMTICS paBHOMEpHO B npoMexytke [0, ). 3amerus, uro {312 (8)]

n

n n 2
-
J.coszm'lxdx=0, Jcos’mxdx=2jcos2mxdx=(-:—z—';—»ﬁ)——,
m!l

0 0 0
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IIPOH3BECIECM IOWICHHOC MHTEIrPHUPOBAHUC:

ln (14-acos x) @m-— 1)” amm+1
[_——— a+ > Gmo DU ey
. coS x m=1 Tomlt 2m+1]
0

B nonyYeHHOM psfe MBI y3HaeM pasnoxenue ¢yHkmmu apkcunyc [cM. 3)]. Taxum obpa-
30M, OKOHYATEILHO HAXOAuM (B KOHEYHOM BHIE!)

ln (1+acos x)
f—————— x =rm-arcsin a.
cos x
0

10) PaccMoTpuM paznoxenue (mpy |r| <1):

17 i 3 ®
_ rn.cos nx.
1- 2rcosx+r2 n=1

JlokazaTh €ro Jierko, yMHOXMB MpPABYIO YacTh HA 3HAMEHATENns 1 —2r Cos x+r%;
MEI [OITyYHM:

e oo oo

1-2rcos x+r2+2 2 r cos nx— 2D r+1.2 cos nx-cos x+2 2, r+2 cos nx.
T T T

Ecim 3aMeHuTs 2 cCOsnmx-cosx ueped cos{(n+1)x+cos{(n—1)x ¥ COOTBETCTBEHHO
pa3éuTh BTOPYIO CYMMy Ha JABE, TO HOCIE COKPAIlgHHH OcTaHercs jMinb 1-r2, 4yro
M 3aBepIIAcT MOKA3aTeNLCTBO.

oo

Beuny cxoouMmoct psiza Z | ri? (mpu |r|<1), paa B (5) cupasa CXOOUTCS P a B H O-
1

MEpDHO OTHOCHTEIbHO X B HPOMEXyTke [—7, n]. Bo3bMeM Temeps HMHTErpajsl OT

—~7L D07 U ClleBa U CIOpaBa, MPHYEM sl MOXHO HHTEIPHPOBAaTh IO 4YJie HH O (Teope-
n

Mma 5). Tax kax jcosmcdx=0, TO MBI IIOJIYYHM:

-7

1-r2
_—————dx=2n
1-2rcosx+r?
-7
[cp. 309, 8)).
AHAJIOTHYHO, YMHOXWB 00€ yacTH ToXxaectsa (5) ma cosmx (m=1,2,3, ...)u

HHTETpHpYs NOWIEHHO, JIETKO MOJIyYHTh

n
COs mx rm

Ix=27n .
1-2rcos x+r? 1-r2

-7

Ipu 3TOM HCHONB3yeTCs H3BECTHBIN pe3ymbIat [309, 4) (1)}

n

]0 opu m#n,
jcosmxcosnxdx=

\z opu m=n
-n
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11) Ecnu B ToxmecTse (5) NepeHeCTH €MHUIY HAJIEBO W PAa3leNUTh 00€ 4acTH Ha 2r,
TO NOIYYHM:

cosx—r had
—_= Z r—1cos nx.
1-2rcosx+r? n=1

Ha 3ToT pa3 ¢MKCHpyeM MO NPOM3BOJY X M CTaHEM PacCMAaTPHMBATh f, KaK NEPEMEH-
HYI0 ¢ obmacTero um3menenuss (—1, 1). IlpounTerpupyeM obe 4YacTH paBeHCTBA MO r
oT 0 0o no6oro r B 3TOM NPOMEXYTKE, IPHYEM CTENEHHOM psAn cnpasa 6yneM MHTErpH-
poBaTh MOYJI€ HHO; Tak KaK CJIeBa YHUCIIHTENb (C TOYHOCTBIO 4O YHCIIOBOIO MHOXH-
TeJif) €CTh NMPOM3BOJIHAA 3HAMEHATENS MO 7, TO B PE3YJILTATE NOIYYMM:

. < I
1n(1—2rcosx+r2)=—22—cosnx (Jr]<1).
n

n=1

Tenepb cHoBa dHUKCHpyeM r, a x OyneM u3MeHATb OT 0 #o 7. JIerkO BHOETH, 4TO
DAL CrpaBa CXOOMTCS PaBHOMEPHO OTHOCHTEIBHO X B 3TOM IPOMEXYTKE, TaK 4TO
HONMYCTHMO MO YJEHHOE€ HHTerpApoBaHHe (TeopeMa 5). BBINOJHHB ero NpuAeM
K HHTErpaiy:

nt

jln (-2rcosx+r)dx=0 (|r|=<1)

0
[cp. 307, 4); 314, 14)). OTcrona, Xak Mbl yXe€ BHAETH, JIETKO NOJYYATh 3HAYECHHE HHTE-
rpana u npu |r|=>1.

12) CnenyrolliHie HHTErpajbl, 3aBHCALIUE OT X:

T
2
2 .
Te)== J cos (x sin 0) 0,
JT
0

n
2

2xn
Jn(x)=mjcos(xsnn Ocostn0dd (n=1,2,3,...),
0

HpeCTaBNfIOT TaK HasbiBaeMble 6ecceneBb GpysvKuuu [cp. 395, 14)]. Pasma-

rasi NOJHHTErPAJIbHbIE BBHIPAXEHHUS N0 CTENEHAM X Sill § ¥ HHTETPHPYS HOWIEHHO, JIETKO

HOJYYHTh YK€ 3HAKOMBIE HAM Pa3JIOKEHHA 3THX (GYHKIMH B PAALI NO CTEMEHAM X.
Hanpumep, uHTErpHpYs DAR

x2K sin?k

cos (xsin 0)=1+ 2( Dk S

1 BcnoMmHaA dopmyny [312 (8)]

Qk-DU =

g o = T
sin HN 2

(6

(=2
’Nl‘.:
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palineM mis GecceneBolt OYHKIMHM C HY M€ BE M 3HAYKOM
x2k

Jx) =1+ Z D g
13) HaM yxe BCTpeYyalnCh TAK HA3bIBaeMble HONHBIE€ INNHUOTHYECKHE
uHTterpansel l-rou 2-ro pona [315 u mp.}:

2
- do
K(k)= J —_—, E(k)=
V1=kesinz g
0

V1~ k2sinz o dp.

© e )

IMTocTtasum cebe 3agaYel — pa3NOXKUTH MX MO cremeHAaM Moxyns k (0<k<1).
IMonaras B8 dopmyne (24) n° 407 x = — k2 sin @, nomyunm:

1
Vi<kesin%p r=1 2nl!

DTOT PAN CXONATCS PAaBHOMEDHO OTHOCHTENBHO @, MO0 MAaXOpHDPYETCs MPH
BCEX 3HAYEHMAX @ CXOMAMMCSE PAIOM

j 2n- 1)"

n=1 2n!!

ClefoBaTeNbHO, O TeopeMe 5, 3[eCh OONYCTUMO HOYJNIE€HHO € HHTErPUpPOBaHHE,
KOTOpoe MBI W BeIOJHMM. Ucromb3ys cHoBa ¢opmyny (6), TAKAM IYTEM MOIyYHM:

ﬂ

n S [@n-pup*
K@= JV] k28m2<;0 Z{I_FHZ[W] k }.

AHaAJOTH4HO, ucxoas u3 ¢opmyinsl (23) n° 407, naiinem

wla

n=1 2n!! 2n—1

- 2 n
E(k)=JVl—kzsin2¢d =%{1— 2 [m—_l)ﬂ} e }
0

OTHMH PSOaMH TaKXe MOXHO BOCIOJN30BATHCH IS MPUOIMKEHHBIX BBHIYKCIICHHH.
JAns npaMepa pacCMOTPHUM DAL

Elun( 1 3 5 175 441 )
V2 T2 8 256 2048 262144 2097152 )"

Ecnu COXpaHuTh 37eCh TONBKO HANHCAHHLIE WIEHBI, TO COOTBETCTBYIONIAS TONpPaBKa
Gynmer oTpHUATENbEA M OLEHMBAETCA CIEAYIOLEM 06pa3zoM:

| 4] il D 1 1+ 0,00024
<|—] e —+ .= ;
121) 11.2¢ +2 ’ ’

30 . M. ®uxtearomu, T. 1T
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MOXHO XJaTh TPEX BEPHBIX 3HAKOB NOCIE 3anATOM. J{eHCTBHTEILHO, BEIYUCISA C OATHIO
3HaKaMM, UMeeM:

T _1,57080 (-) ™1 019635 (-)
2 - 28
xz 3
T -0,01841 (-)
2256
_1,57080 S oo ()
021997 5 50as = 0038
1,35083 -
T _0,00105 (-)
2 262144
T M 000033 (+)
22097152
0,21997
1 1
1,35057<E|— |<1,35085, E{—|=1,350... [cp. 328, 4)].
V2 V2

HyxHo cKa3aTh, YTO JIMINb OPH MAJBIX 3HAYCHHAX K YKA3aHHLIC BLINE DSAABL IS
nomebIX Sumnradeckux muTerpaioB K(k) m E(k) ma camMoM gene BHITOOHEI 1 BbI-
gucneguit,. HoO cymecTByloT mnpeoOpa3oBaHds, NO3BOJIAIOIIME CBOOATL BLIYHCIEHNE
HA3BaHHBIX HHTErPAJIOB K CIYIal0 CKOJIb Yyropgao Maioro k [cp. 315].

14) MOXHO HCIONB30BaTh NOMy4YeHHOE pa3yioxenne ¢pyuxupd E(k) nya BeramcneHns
CIeNYIOIEro MHTErpana:

E(hsin 0)

msm()do O<h<1).

O s o0

TIpexne Bcero, JIErKO MPOBEPHTH, YTO MMEET MECTO Pa3ioXeHHe

E() T {1+ 1)2 31(24_(1-3 2 5k4+(1'3'5 . }_
1-k 2 2 2.4 246" 7T

2n-1DN n
{ n=1( ol ) -2n+ 1k },

HalpeMep, yMHOXas IIPaBylO 9acTh paBeHCTBA Ha 1-—k2.
Tlopctapmsan k=h.sin B ymHOXas eme Ha sin §, Mbl MOXEM HHTETPHPOBAThH

T
mowierEo mo 6 ot 0 1o > MOCKOJIBKY HOJYYCHHEIH PSZl CXOMAMTCA B 3THX Npeaenax

PaBEHOMOpHO (OH, HAOPHMEP, MaXOPHpPYETCs NpPebIAYIEM psafoM npu k =h).
Tak xax [312 (8)]

2n!!

n

5

[sinmﬂo df=
J @nr
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TO HaXOOHM:

n

2
< E(hsin 0
J EGsin®) o ede%

{1 1-3 1-3-5 } 1{ 2n-1! 1
1+—h+—ht—— Bt .. ==
1 - h2.sin% 0 { + i 2 2

n=1 2nl ] ‘

ConocTaBuB BhIpaXeHHe B CKOOKax ¢ dopmynoit (24) n° 407, momyyaem 3HaYeHue
MCKOMOT0 HHTErpana Jaxe B KOHSUHOM BHIE:

E(h sin ) 1
————sinf df = —-
1-h2-sin? 0 Vl e

Ol 1oy

15) Haxonen, pacCMOTPHM BONPOC O PA3NIOKCHAU MO CTEHeHAM X (HO H € LnenbM!)
(yuxmuy y = arcsin (1 —x) mpu x=0 ¥,

HmeeM (ucnosnb3ys OMHOMHANBHBLA psin):

1 1 1

Yitao V= V )

1-—x
2

1 3 1 -2 1 X 3 &
=—f—{1+——x+—x2+..-]/=———x X2 -T xP -,
47 "32 I 12 42 32)2

mpHYeM, eClIi ONYCTHTh MePBBIA WieH, KOTOphld Opu x=0 obpamaerca B =, cxomu-
MOCTh psina Oyner paBHoMepHO#U B mobGom mpomexyTke [0, x], rme O<x<2.
1

IlepBooOpasHast ¢yHKUMS IS NEPBOro WIEHA eCTh —VEx’; UL OCTAJIBHOTO psAa
nepBoOOpa3sHyto MOJyYaeM HOYWIEHHbIM HHTerpEpoBaHMeM. Tak Kak npu x =0 DOIKHO

7
GbITH y=5 , TO OKOHYATENbHO HAXOOUM TaKOe PasjiokeHwe Mo npo O HBIM Cre-

nenstM X (IeHCTBUTENBHO g O=<<x<2):

3 5
y———V— LI S
62  80)2

ABaJIOrHYHO NOIYYA€TCA U PA3IIOKCHUC

2 1 18 18 12
arcsin -J-t---zﬁ X4 —x? ——x?—— x4 ...
1+x2 3 S 7

g O=<sx<1.

* O ra3noKeHHH OOBIYHOTO THIA MO LENHIM MOJOKHTEIbHBIM CTENEHSM X 37eCh
He MOKeT GBITh peun, u60 uHave, 1o TeopeMe 9°, 438, mama Qynkumus uMena 661 K O H € 4-
HY 10 NpOM3BOAHYIO M mpH x =0, 9ero Ha nele Her.

30+
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441. Ilpumepw BA nowieHHoe An¢depeHIMPORaNKEe PAAOB.
1) Bepuysomick croBa K $yHkuum [cp. 390, 6); 439, 3)]:

y=E@=1+ 3 =,

n=1 n!

MBI MOXKEM Telepb Nerk0 yCTAHOBHTH €€ OPOA3BOJHYIO; JJIA 3TOr0 AOCTATOYHO [438,
8°] mounenHo npoaudepeHIUPOBATE 3TOT PAA. MbI nonyynM, uto E’(x) = E(x), Tak 910
paccMarpuBaeMasi QYHKIMS YHOBIETBODsAeT aubdepeHIMAIIEHOMY YPAaBHEHHIO: y' = y.
O(Tcro;(a y=CeX; Tak xak npn x =0, O9€BAAHO, y=1, TO OKOHYATEIBHO HAXOMHM, YTO
E(x)=eX.

2) AHAJIOTHYHBIH NPHEM NPUMEHHUM K OMNPEJCIICHHIO CYMMBI OMHOMMANBHOIO Psa

m(m-1) mim—1)..... (m-n+1)
—_— 2 X

- f)=14+mx+
y=S@)=14met—s 1-2-..n

n

[ma sTOT pa3 m ¢HKCHpPOBAaHO, a x H3MeHAeTCa B mpoMmexytke (— 1, 1); cp. 439, 4)].
JAuddepennupys €ero NOWIEHHO, MOIYYHM:

[ x)=m {1+(m— 1)x+(L".—:_)(;".__2)xz+

-”+(m——l)(m—2)-...o(m—n) x”+...}.

1.2.....n
Tenepb HeTpyaHO YOEAHTHCA B TOM, YTO*

A +x)- f'(x)=m- f(x).
Taxkum 06pasom mama GyEKIUs yIOBIETBOP#AET uiddepeHnuanbHOMy ypaBHEHUIO

A+x)-y =my.
Otcropa
y=C(l+x)m.,

Tax xak npu x =0, o4eBHOHO, y =1, TO nocTosHHass C'=1 H, OKOHYATENBHO,
y=f)y=1+x)m.
3) Mu1 3Haem yxe, uTo cymMma psiga Jupuxne [38S, 3)]

an

¢(x)=n.§ —

n

* Ilpu ymHOXeHMM f’(x) HA 1+Xx HaJJIEKHT BOCHONB3OBATHCA CBOMCTBOM GHHO-
MHAIBHLIX KOd¢HIAEHTOB:

(m-1)Y(m-2)-...-(m—n) (m—-1)}(m-2).. ..-(m—-n+1)_m(m—1)- ceve(m—n+1)
1.2....n + 1:2....-(n-1) B 1.2....n ’

4YaCTBBIM CJTy¥ya€M KOTOPOro ABJACTCA U3BCCTHOC COOTHOINCHHE

Ca—1+Cn_i=Cn.
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x>A (rme A — porpapmgHas aGCIHECCA CXOMHMOCTH, A< + o) €CTh HENpPepHIBHAA
dyaxuma [439, 2)).
TownernsM arddepeEI@poBaEAEM MOXKHO HAWTH NPOM3BOHHYIO 3Tod GyHKUEHA:

7, = — an
P'(x)= Z"x

n=1

‘Inn (x> 4).

IToka MBI DOJYIHITH 3TOT PE3yJAbTAaT JMmb ¢opMansHo. s TOro 4roOL onpaBnaTh
ero, JOCTaTOYHO YAOCTOBEPHTLCA B TOM, 9TO MOCIEOHHMM DS CXOOWICA P aBHO-
MEePHO OTHOCHTEIBHO X IUIS BCEX X==X,, TOE X, — N0 60e¢ (HO PEKCHPOBAHHOE)
gucio, 66ibinee A. To ycTaHaBIABAETCSA, KaK B 439, 2), c moMompio npa3naka Abens,

OIIHpasACch HA TO, YTO MHOXHTCIIH , HAUMHAA C n=2, )'GHBaIOT ¢ BO3pacra-

—X
HHeM n, OyIydM BCe BMeECTe OrpaHHueHEl uymcioM In 2. Kakoe Obl 3Hauenwe x>A HH
B35ITh, €r0 MOXXHO 3aKJIFOYATH MEXIY IpamdiaMu x> A 1 x” > x’; X OpOMEXYTKy [x’, x"']
npAMeHEnMa Teopema 7 [435].
TakuM Xe MyTeM MOXHO yOeauThCS B CyHMIECTBOBARHAM Wi (QyHKUAM ¢(X) IPOH3-
BOAHEBIX BCEX MOPAAKOB M TIOJIYYHTh HX BEIPAXKEHHE B BUJIE PALOB.
Bce ckasamHOE, B 4aCTHOCTH, NPAIIOXKHMO K GyHKImME

1
C(x)=2§
Pumanra upn x>0.

4) MBI yXe BCTpeYallHCh C pa3jioxeHHeM OecceneBod GyHKNHHU C Hyle-
BBEIM 3HAYKOM Jy(X) B CTeneHHOI pax,

x2k
=14 2

[395, 14); 440, 12)].

IToxaxeM Teneps, 4To 3172 QYHKUHUSA YHOOBIETBOPSET dufepenyuaibHoMy YPAGHEHUIO
Becceaa:

xu’+u+xu=0,
Wmeem, nonaras u= Jy(x),

@Ky 2k—1

= Z( D o ke 22k X

a 3aTeM, JBAX/IE HOWIEHHO audbepeRupys pasIoXeHue U,

W= Z (-1 k!)a 22& “xt,
- %k-1)
= g GV g

Ecim CIOXATH 3TH PaBeHCTBA, TO Kodddmument npu x2k~! okaxercs paBHEIM

(1)

ook ————— [2k(2k — 1)+ 2k — (2k)?] = 0,

9T0 B [OKa3bIBAET TpeOyeMoe yTBEpXKJICHHE.
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ABaNIOrA9HO MOXHO yOemuThcs B TOM, 4TOo OecceneBa GyHKX UM C NPOH3-
BOJIGHEBIM HATYDAIBHLIM 3HAYKOM J,(x), 0 KOTOpO# Takxe Gbina pevb BbImE, YHAOBIET-
Bopser obmeMy ypasnenuio Fecceaa:

x2u” + xu' + (x2 - nHu=0.

S) IoyuutenbHee Opyras DOCTAHOBKA 3aj1ayM: NycTk TpeOyeTcss HalW Tu ¢GyHK-
LU0, PA3JIATAIOMYIOCS B Psifl JUIs BCEX X H YIOBJIETBOPSAIOLIYIO ypaBHeHHIO b e c-
cens.

BrInonHHM 3TO, HalpuMep, Ul NpocTelmero ciay4as n=0. HanmmnemMm pa3snoxenune
HCKOMO# (YHKIMK B BMIE psfa ¢ HeOoONpeHeNeHHMBMHU Kod3dpdbunuesn-
TaMHu:

amx™

&

I
3
NS

M, CYMTAs €r0 BCIOAY CXOASMIMMCS, ABAXIsl mpoxuddeperupyem nowienHo. Iloacras-
71551 BCE 9TH PA3NIOKEHHAS B yPABHEHHE, TONYYUM:

a;+ Z (m2apg+ag, _)xm—1=0,
m=2

Ilo Teopeme 3° {437%:

a,=0, mlap+an_,=0 (m=2, 3, ...).

OTtcrona, npexnae Bcero, XKo3$bGMEHTH C HEYETHBIMH WHIEKCAMH 4y, ,=0 (k=1, 2,
3, ...), uTO %€ KacaeTcs Ko3bduIMEHTOB C YETHBIMH WHICKCAMH d,);, TO 11O PEKYPPEHT-
HOI ¢GopMyJie BCE OHH BBIPA3ATCS MEpeE3 dag:

Qo

(=D —
aye=(-1) -2k
HUTtar, ¢ TOYHOCTHIO A0 NPOHM3BOIBHOTO MHOMXHTENS @y MbI BO3BpAINaeMcsi K GQyHKUMH
Jo(x).

YTo DOMy4YeHHBI PAE, NEHCTBHTENLHO, BCIOAY CXOAMTCS, NpOBEpSETCA Hemocpel-
CTBEHHO. A W3 caMoro cmocoba ero moiydYeHUs SBCTBYET, YTO HpENCTaBISEMas UM
$yBRIESA yHOBIETBOPSET ypaBHEHHUIO.

[OOpamaeM BEWMaHwe 9HTATENsT Ha CBOeOOpa3HOE HCHOOIB30BAHWE Memoda He-
onpedeaennblx KoIfguyuernmos; 3nech y HAC OKa3aluoCch yxe OeCKOHETHOe MHOXECTBO
3TEX KO3(p(dHIMEHTOB ¥ OPHOLUIOCH OPHGErHYTh K TEOpEME O TOXAECTBE CTENEHHBIX
PAMOB, B3aMeH OOBIMHO NPHMEHSEMOM TEOPEMEBI O TOXAECTBE MHOTOYIEHOB].

6) T'ayccom Orpuia BBemeHa (yHKIHA

o(@+1)...(e+n-1-(f+1)...(8+n-1) o

=F L] =
u=F(o, , y, x) 1+n§1 ayy+1)...(y+n—-1)

[cunepzeomempuyeckuii pso (cM. 372, 378, 4)]. Apaxasl mubdepeHIMPYS 3TOT psij NO-
wiesHO (CuMTas |x|-<1), MOXHO YCTAaHOBHATB, YTO 3Ta (YHKIHA YAOBJICTBODSET TaK
Ha3LIBAEMOMY 2unepzeomempuueckomy oufdepenyuaibHomy ypasnenuio

x(x— D"’ ~[y-(@+8+ x)-u’'+af-u=0,

IIpenocTapnseM HECKONMBKO IPOMO3AKEHE, HO HETPYHNHBI® BBIKIAOKHA YHTATENO.
Y 3pece MOXHO H3MEHHTh IOCTAHOBKY 3aJadd, KaK 3TO CHEJAHO B YOPaXHEHHH 5.
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7) OmpepemuM s O=<x=1 dysxomo f(x) paBeECTBOM
= n
f=2 =.
n=1MN

TIokaxeM, 9To g O0<x<1 31a GyHKIMA YIOBIETBOPSIET HHTEPECHOMY (YHKIHOHANb-
HOMY YPaBHEHUIO:
f)+f(1-x)+1n x-In (1 - x)=C=const.

,ZIJ'I}{ 3TOro AOOCTATOYHO AOKa3aTk, YTO HOPOU3BOJHAA IO X OT BBIpAXEHUA ClIeBa
TOXACCTBCHHO oGpamaeTCﬂ B HYJIb:

f’(x)—f’(l—x)+1—ln (1—x)—~—1——ln x=0.
x 1-x

Juddepermpys nowieHHO psifi, ompenenstomuil dynkuuto f(x), Haiigem:

= n—1

=2

n=1

1
=——In(l-x);
x
3aMensia x Ha 1- X, monydaM, 4910
1
f(l-x)=--—1Inx.
-x

DTHM ¥ 3aBEpUIACTCS AOKA3aTENLCTBO.
CaMyI0 BeIMIHHY MOCTOSHHOR JIETXO ONpPeNeNHThb, YCTPeMIIas B JIOKa3aHHOM CO-
otHomenmn x K 1. ITo TeopeMe A OGens nepas yactb ero OyneT EMCETh IpelesIoM

lim f()=f(1)= Z—z z
x~1-0 n 6

[440 4)); 3nauwmT, =7%- .

8) B 400, 4) paccMaTpuBaioch OECKOHEYHOE MPOW3BEICHNAE

- lp singp
H Cos — = -—— (p=0).
2 P

n=1

n
Ilpemnonaras 0<¢p<—2— , CHagajsia npojorapudmmpyem 310 pasescTso [401, 4°):

Z;IH cosz—-—lnsmtp Ing,

a 3ateM npoaudbepeHmEpyeM OOMYYEHBLIA PAA TOWISHHO:
E 1 1
o g (p gP.

Tak kxax psAA @3 OPOM3BOIHBIX MaXOPHPYETCS CXOMMUEHCH reOMETPHYECKOd mpo-
rpecerci, To nowieHEoe A depeHmEpoBanre ONpaBRaHO,
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9) B 408 M1 BLIBENH pa3NoXeHHe Sin X B 6eCKORSYHOE IPOH3BEIICHAC
- X

sin x=xJ[ [1--=].
n=1 n*nt

BBoas aGCOMOTHBIE BEIMYHELL, MOJMyTdM OTCIONA:

jsin x| = |x{ [T

n=1

xt
1—-
ntn?

Ecnm x orimYE0 OT 9kcesn BAja kn (k=0, £1, £2, ...), To, moraprdmMupys, oOpuaeM
K GecKOHCYHOMY pany:

- 2
In[sin x| =In |x]+ > In{1——|.
n=1

n2n?

ITounennoe auddepeHnUpoBaHnHe AAET HAM TAKOE Pa3NIOXCHHE:

Jlna onpaBaHHS €ro NOCTATOYHO YOGAMTLCS B TOM, 4TO NOJNYYCHHBIi PAA CXOMHTCH
PaBHOMEPHO B JI06OM 33aMKHYTOM KOHEYHOM IPOMEXKYTKE, HE CONEPXKAINEM TOYEK
paja kn. JleHCTBHTENbHO, IPDH HM3MECHCHHH X B 3TOM IPOMEXYTKe ero abcomornas

M
BeNMYHHA OCTAeTCH OrpaHWYeHHOM: |x|~<M, Tak 4ro, mo kpafireii mepe WA n>—,
2

2x 2} x| 2M
xt—ntnt =n’n=—— |x|:<naﬂ:_Mz‘
Tak kak pag
e M
,,,ﬂ"'”'_M,
£

cxopaTea, TO TpeSyeMsiit peaynm‘én moNTy4aercs ¢ HOMOUIbio Mpu3paka Be it e p-
mrTpacca.
Pa3noxernio ctg X MOXHO mPUNATh GopMy:

cosx 1 < 1 1
——=ctgx=—+ + ;
sin x X ga=1\X-namw x+nm

B 3TOM BHJ® OHO ABJfAETCH Kak OH pa3JIOXKOHHEM Clgx HA NPOCTHE AP O-
6}1, OTBeYaIoNnHe OTOCILHEIM KOpHSIM 0 B + 7277 3HaMeHATeNA §in X.

T
IIo dopmyne tgx=—ctg(x—.5), OTCIOa MOXHO HNOJYYIHTh Pa3JIOXKEHBHO

tgx Ha NpocTHE apobm

tgx=— 2 1 + 1 = > 2x
=1 -1 | & . @-12ar’
x- n ox+ n X8 = e

2 2 4
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TOYHO TaK e, 6CIM BOCHONB30BATHECH FOPMYION:
1 1 ‘ X +t x
LI Al
sinx 2087783

MOXHO IIOJIYYMTB PA3JIOXKEHHEC H OJIA ——
sin X

) -
—1-———+Z( 1)"(1 + J—— Z —pn———

sinx x a=1 xX—nn x+nm n=1 XT-nia?

IIponaddepeHLMPOBaB NOYWIEHHO pAa3NIOKEHHE JUlsl Ctg X (IPEHOCTABIISEM YUTATENIO
y6enuTbC B JO3BOJNUTENBHOCTH 3TOTO), HOJNYYAM e€lle OAHO IMOJIE3HOE DPa3JIOKEHHE:

1 1+ “[ 1 + 1 ]
sintx %t Z2ilG—nne (xrnmyel”

10) Ecnm ucxonuth #3 mpencraBieHus sh x OeckoHeyHbIM mpousBenenuem [408],
TO QHAJIOTHMYHO MOXHO NPHMTH K DA3IOXKEHUSM

11) Ons ¢yuxkumit ['(x) mbel sbiBem B n° 402 dopmyny BeidiepmTpacca

fem. (16)]:
' 1 = xy X
— = eC. . —1. n
Tatl) ¢ "!L (1+n) €

Vuutwisas, yro I'(x+1)=x-1'(x), 1 nepexoms k norapudpmam, OTCIOJa JIErKO DOJY
wuTh (IpHE X, OTIHIEOM OT 0 ¥ OT HEJIBIX OTPANATELBRIX YACE)Y)

2|
ik
Huddepemmpys pan nownesso, G opmManbHEO OTCIOAA NOIYIEM

o 13l

F(X) X n=1

< (X
In|T(x)| = ~In | x| -Cx+ >, (_-m 1+
n=1\08

IToxaxem Temepb, YTO PAA COpaBa CXOZATCA PAaBHOMEPHO B JIOOOM KOHEY-
HOM OpOMexyTKe (HO COAepXameM LeNkX OTPHIATeNIbHbIX 4rcell). JIeiCTBHTeNLHO,
TaKk Kak Opd 3TOM |x| ocraercs orpaHmdeHHoii: |x| <M, To Do kpaiiEe#i mepe ANs
n> M, aMeeM:

1 1

n x+n

[x] M
n(n+x) n(u M)’
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2
n=M n(n— M)
paBHOMEpHAs CXOmMAMOCTh obecnedeHa. MBI HOydaeM BO3MOXHOCTB COCNAThCH Ha
Teopemy 7 n° 435 M TeM NOKaXeM H CaMoe CymiecTBOBaHye npoussomHoi ot In [T'(x)|,
a crleoBaTeNsHO, M OT ['(x) U T. a.
TIpuGaBiaa K NpaBo# YacTH NOIyYeHHON HOPMYIILI pAN

3 (2N

n=1\n+1 =n

Tax xax psg CXOOWTCs, TO, NO NpH3HAKy BeidepmTpacca,

MOXHO NIPHUBECTH €€ K BHAY:

r'®_ .. 2,(1 1 )

'f‘(7x7)> - p=1 p+1 B X4

Jlerko yGenauTncs B CyImeCTBOBAHMHE 1A GyHKIH ['(X) NpOU3BOIHBIX BCEX NOPSAKOB.

442. Meton nocnefoBaTeNbHLIX NpUOIMKEEHA B Teopnd mesBHBIX Gymxmmi. s
TOro 91o0bl MOKAa3aTh B NEHCTBHM TEOpHIO (YHKIMOHANBHBIX PSNOB (HNIH HOCIEAOBa~
TENBLHOCTEH), PACCMOTPHM BHOBE BONPOC O CYIIECTBOBAHMM qHESIBHBIX® GyHKumit [206
u cnen.]. OrpaHmYuMCs Ui MPOCTOTHI CIIy9aéM OJHOI'O yPAaBHEHHSI:

Fx, y)=0, @)

K3 KOTOPOro y TOMJIEXHT OUPENENEHUIO, KaK opHo3Havmas Qywkumsa oT x. Ha artor
pa3 Mbl npuberHeM Kk mMemooy HOCAe008ameAbHbIX NpuGaudcenuii, KOTOPBIA TO3BOHAT
HAM HE TOJIbKO YCTAHOBHTBH CYIECTBOBAHME 3TOU (HYHKUMH, HO M OaTh YKa3aHHs OTHO-
CATENHHO €6 G AKTHI€CK O T O BBIYHCIECHUS,

Iycms dyuxyun F(x, y) nenpepviena, emecme co ceoeii npousgoonoii Fi(x, y) 6 nexo-
mopom keaopame :

@= [xo—Ay x0+A; .Yo—A: y0+A]
¢ yenmpom 6 mouxe (x,, yg), npuvem
F(xo, y)=0, Ho  Fj(xy, y0)#O0. ®

Tozoa ypasuenue (T) 6 okpecmuocmu mouxu (xg, ¥,) onpedeanem y KaKk OOHOIHAUHYIO
u Henpepuienyio GYHKYUIO Om X, KOMOPAA NpU X = X, 06pawyaemca 6 ¥, .
Ham ymobree paccMoTperbh CHavasa YacCTHH Y cny4gal, xorma ypaBEEHHE
(7) mmeer dopmy
y=yote(x, y), 7
rae GYBKUHA ¢ BMECTE C Py YAOBIETBOPSIET TEM Xe YCIOBHAM HeNpepLIBHOCTH, 4TO  F,
HO C 3aMeHo# ycioBHU (8) cnemyromumu:

@(x9, Y0)=0, [ e9(xe, Yo)| <1. (8*)

BBHly HeOPEPHBHOCTH IPOM3BOIHON MBI MOXeEM C CaMOro Hayajla CIuTaTh 001acTh
@) HAacTOMBKO MAJIOH, YTOGH B ee Hpeenax Boobuie GbU10

loy(x, M) <4, ©)

rae A ecTb BEKOTOpasd TOCTOSHHAS, MEHbIIAas €JQHHHUI L. 3aTeM, COXpaHds
IIPOMEXYTOK M3MEHEHUS NEPEeMEHHOH y, HAM TPHAETCA elle CKATh OPOMEXYTOK H3Me-
HEHAS TIEPEMEHHOM X, 3aMGHIB €ro0 CTOh MAJLIM IPOMEXYTKOM [Xq— 6, Xo-+ 6], 9TOGH
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B €ro mpenenax HempepsiBHas (yHKmES oT x: ¢(x, y,), KoTopas obpamaerca B 0 mpa
X = Xy, YOOBJIETBOPSUIA HEPABCHCTBY

[@Cx, yo) |<(1-DA.
TaxuM 00pa3zoM MBI DOATOTOBHIH OO0IACTh
@*=[x0_6’ Xo+8; yo— 4, yot+4), 10)

K KOTOpO# ¥ OyOyT OTHOCHUTBHCSI HAIIM AAJILHEHUIIHE PacCyKICHHS.
IToncTtasuB B mpaBylo 4acCTh ypaBHEHEA (7%) BMECTO y HOCTOSIHHYIO Y, MBI
MOIYYAM HEKOTOPYIO (YHKLHIO OT X:

Y1=11(X)= Yo +p(x, yo)-

AHAJIOTHYHO, MOJIATaeM MOCIIeIOBATEILHO

Yo=yu(x)=yo+e(x, y),

weebme e
Yn=Yn(x) =y +@(x, Yn_y). @an
Otu byHKIHA
»i(x), J’2(x), “eey .Vn(x); ..

H OCYHIECTBILIOT HOCIEIOBATENILHLIC MPAGIHXEHH K HCKOMOH byakuma y(x).
ITpaBaa, ocTaeTcs ewme OpOBEPHTh, YTO BCE OHM HE BHIXOAAT 33 Ipedesibl MpOMe-

KyTKa [y, — 4, yo+ 4], 160, ecimu 661 Kakas-HUOYXb W3 HUX BBINLIA U3 STOTO OPOMEXKYTKA,

TO €¢ yXe Helb3s ObUI0 OBl MOACTABIATE BMECTO y B IPaBYIO 4acTh ypaBHeHHs (7%).
VCTaHOBHM 3TO HHAYKTHBHO. IlycTb, CKaxem,

Yo—Ad=syp_ =<y, +4.
U (11):
Yn—Yo=9x, Yn—1)-
Ho
JoCx, yn_D]=<<|@lx, Yn-)—-e(x, ¥ +]el, yo)l.

ITepBoe crnaraeMoe copasa mpeobpa3syercs MO TEOpeMe O CPEIHEM 3HAYCHHWHW, W, Ha
ocaoBaHuA (9),

| p(x, yn—1) = @(x, Yo | = | @3fx, 1) On—1~yo)| < 4-4,
a BTopoe Meubime (1 — A)4, B camy (10), Tak 4T0 IO COBOKYNHOCTH
{¥n=»| <Ad+(1-NA=4,

YTO W OOKA3BIBACT HAIC YTBCPKICHHC.
B TO )¢ BpeMs HHAYKTHBHO YCTAaHABIWBACTCS, 9YTO BCC NOCTPOCHHBIC YKA3AHHBIM

oyteM ¢yHKII OyJdyT HE€O P ep bl B H bL.
O6paTHMcs Teneps K BOOPOCY O Mpe Qe i€ JUIA OOCICAOBATEIBHOCTH (byHKIMH
{yn}. Ymobnee, onuako, paccMOTPeTs pAX

Yot 2 On=Yn-- (12)
n=
W3 camoro onpeneneHns Halmed NOCIeNOBATENLHOCTH SCHO, YTO
Yn—Yn—1=@X, Yn—1)—@(X, Yn—2)-
Bocnonbs3oBaBmuch CHOBA TeOpeMol O cpeqHeM M HepaseHCTBOM (9), Halimem
[Yn=¥Yn—1|l <A|¥n—y—yn—sl.



476 . XII, ®YHKLUHAOHANLHEIE IIOCNENOBATENBHOCTU U PAABI 442

Orcrona, 3aMendas # Ha n—1, Ha 71— 2 A T. A., OKOHYATEILHO NONyIUM
[Yn=Yn—1} <AL [y =yl =71 (1= 1)- 4,

seaay (10). Takum obpazom, pax (12) MaxOpHEpYeTCS reOMETPHYECKOH NpOrpeccHeit
(A=-nd- 3 in=1, (13)
i

a CIeloBaTeNbHO, CXOAMTCA K IPATOM PaBHOMEPHO [UIA BCEX 3HAYCHHH X
B OPOMEXYTKe [x,—J, x,+d]. A Torma, mo teopeme 1 n° 431, u npeneasHas GYHKIMA

y=y(x)= lim yn(x)

n-—»o

6yneT B yKa3aHHOM IPOMEXYTKE Hernpe p B BHA.

B TOM, uTO 3Ta QyHK™g yOOBIETBOPAET UCXOMHOMY YpPaBHEHHIO, Jerko ybenurbcs
nepexois K mpeneny mpH - —~eo- B paseHcTse (11). Ocraercs eme nokasaTh, YTO HE Cy-
LIECTBYET APYIHX 3HAYCHMM y, KPOME NOCTaBIAEMBIX €10, KOTOpblE YIOBJICTBOPHIH
651 ypasrenmio (7*). B camoM gnene, ecimi Gbl, IpH HEKOTOPOM X, HapAay ¢ (7*) umenn

j’-=xo+¢(x, ;)’
TO, BHIMMTAsA ¥ OLEHABAas PA3HOCTH 3HAYCHHMIA @, Kak OOBMHO, mOMy4unu Obl
fy=yl=lo(x, »-plx, I <i|y-y|,

4TO HEBO3MOXHO, €CIIH Y = y.
Orcioga yxe BBITEKAaeT, YTO

Y(Xp) =03

3TO, BIPOYEM, HENOCPENCTBEHHO SCHO M M3 TOTO, 4TO BCE Yn(Xo) = Yo.
TeopemMa — B pacCMaTpHBaeMOM HYaCTHOM cliyuyae — Joka3zaHa, O6mmit cimyyai
JIETKO IIPABOJMTCA K 4aCTHOMY; HMEHHO, ypaBHeHHE (7) MOXHO NepenucaTh B BHIE

F(x, y)

y=yo+|:.)"J’o“ ” ’
*(xg5 Vo)

KOTOpHIlt OTOXECTBIsACTCA ¢ (7%), €CIH NONOXKATEL

F(x, y)

Xy Y) =P = Yo— .
P(x, Y)=y =¥, Fyea 79
OTta dyrKumsa ynopiersopseT TpeboarusaM (8*%), B 4aCTHEOCTH BTOPOMY U3 HHUX, HOTOMY
uTO Py(Xy, ¥p) OKa3bIBAaeTCA pasHOU 0.

Kak yxe ynoMEHAIOCH, H3NIOXKEHHBI mpouece obierdaer u QGaxTEIeckoe BHMHCIIE-
Hue HcKoMol dyEKIpy y(x) no npmbmmkeHmro. IIOrpelmHOCTE OT 3aMeHE! ¥(x) Ha y,(x)
JIErKO OLEHMBACTCH, TaK KaK OCTaTOK Psama (12) mocie n-ro wieHa MajXopHpYyeTcs COOT-
BETCTBYIOLIMM OCTAaTKOM reoMerpmdeckoit mporpeccud (13). Orcioma ¥ moiydaercs:

[¥x)-yn()|<4-20  (n=1, 2, 3,...).
BecbMa DOYYHTENBHO CONOCTABICHAE NOKA3aTENLCTBA TEOPEMBHI O HEABHOU (yHK-

e B 206 ¥ TOJNBKO YTO UPOBEACHHOro. TaM MBI HMEIH JIENIO C YBCTHIM $[0Ka3aTelb-
CTBOM CYIIECTBOBAHHAY, 371eCh X€ ~ C HOCTPOEHHAE M HCKOMOro o6mexra.
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ITopo6HBIM xe o6pa3oM MoOryT OblThb 3G GeKTHBHO pgokasanel H OOIHe
Teopemul n° 208. MB!I OrpaHMyuiIHCh OPOCTEHIMHUM CIy4aeM, 4YTOOBI JIyYile BbiSBUTH
HIOEI0 METOonA.

443, AmanuTHYecKoe ompejesieHHe TPHroHoMeTpmyecKnx ¢ymxnmi, YnTaTens BUOEN,
KaKyl0 BaXHYIO POJIb B aHAJIM3E HIPAIOT TPUTOHOMETPHYECKHEe (yHKUHH. Mexny TeM
BBOJSTCS OHH HA OCHOBE YHCTO I€OMETPHYECKHX COOODAXEHWil, aHAIA3Y COBEPLICHHO
qyxabix. I103TOMy NpHOOpETaeT NPUHUMOIMANGHYIO BaXHOCTh BONPOC O BO3MOXHOCTH
onpefeNeHUs TPHTOHOMETPHYECKAX GYBKUMI H U3yYeHWsA WX OCHOBHEIX CBOKCTB —
CpeACTBaME CaMOI'0 aHaM3a. BeCKOHEeUHRIe PAJBI KaK pa3 ¥ €CTh TO OPYARE, C IOMOIMbBIO
KOTOPOTO BCE 3TO MOXET OBITh OCYINECTBJICHO, M MEI MOCBATHM 3TOT N° M3YYEHHIO
TPUrOHOMETPHYECKMX GYHKIEM OO WX AHAIMTHYECKOMY OfpENe/ICHHIO, B KayecTBe
HOBOTO NpHUMepa NPHIOKEHNS H3JIOKEHHON BhIIE TEOPHH.

Hrak, paccMorpuM aBe ¢ynkmmau C(x) u S(x), dopmanpHO onpegenseMsie Afs
BCEX BEILECTBEHHBIX 3HAYECHHH X BCIOAY CXOOAINMMHECS PAOAMHM:

x2n 2 —1

oo o X
Co=1+ 2 (P o, S@= 2 (-1 oo,

HUM B KaKOii Mepe He OTOXACCTBIIsiA MX MOKYAAa C paHEE M3BECTHBIMM HaM OYHKLMIMH
CcOs x M sin x. MBI yXe HMeJIH OAHAXOBl OERO C TaK onpedeneuBsMH QYBKIHaME [390,
D]; ¢ TOMOWBIO YMHOXEHHS PAAOB, KAK TAM YKa3bIBAJIOCh, AJIS HEMX MOXHO YCTAaHOBUTH
ZiB€ OCHOBHEIE (HOpMYNBI:

Clx+y)=Cx) - CO) - S&) - SO, 14
S(x+y)= 8@} - COI+C) - SO, 15)

CHpaBe/UIUBBIE NPH BCEX 3HAYCHHMAX X H J.
ITpopomkum uccnepoBarue CBoicTB Gynkmmit C(x) u S(x). 3amenss x Ha - X,
cpa3y ycmatpusaeM, 910 C(x) ectp ¢yHKnUs ueTHas, a S(x) — HeyeTHas,

C(-x)=Clx), S(—x)=~-Sx).
INonaras xe x =0, HalimeM, 4TO
C0)=1, S©0)=0.

Ecnu Tenepe, COXpaHAs X OPOM3BOJBHBIM, NOJNOXHUTE B (14) y= —x, TO — C y4eTOM
TONBKO YTO YCTAHOBJIEHHBIX DAaBEHCTB — IOJYYHM COOTHOIEHHE, anreGpaudecku
cBA3BIBalOIee 06 (yHKIMH

C(x)+ S¥x)=1. (16)

Jlerko nony4uTh ¥ GHOPMYINEI YABOEHHS UM AEJECHHS MONOJAM apryMeHTa.

U3 Teopemsr 2°, 437 u 9°, 438 3akmoyaem, 4to obe pyukuun C(x) 1 S(x) HE TONBKO
HeNpephIBHBL, HO M MMEIOT DPOM3BOAHBIE BCEX MNOPSOKOB. B YacTHOCTH, NPHUMEHHB
K psjgaM, onpeiensiommM Hamu ¢yHKuMH, nouileHnoe nutdepennupopanue 8°, 438
Jierko ybegumcs B TOM, 4TO

C'(x)= - S(x), S’'(x) = C(x). 17

Bce 3TH cBoiicTBa, KaK BHAMM, YCTAHABJIHBAIOTCH jerko. Heckombko 66MpmEx
ycunuit TpefyeTr JoKa3aTeNbcTBO HePHOAMYHOCTH pacCMATPUBAEMEBIX (YHKLMIA,
K 4eMy MBI Tenepb OOpaTHMCA.

VcTanosum cHavana, yro B npomexytke (0, 2) CylnecTByeT, ¥ IPHTOM €UHCT BEHHEIH,
kopeHp ynkimu C(x). B caMoM pene, Mot 3HaeM, uTo C(0) = I, 3ravenue xe C(2) MOXHO
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HamicaTth B CICOAYIOINICM BHIC (OTI[CJ'IH'B OEPBBIC TPH YJICHA COOTBETCTBYIOIOErO psifa,
a OCTAJIbHBIE WIEHH OOBLEeIUHUB HOHapHO)Z

22 24 (26 28
ah 1‘5*2&‘(5‘5)

Tak Kak Bce CKOOKH IOJOXUTEIbHEL
22n 2w:n+2  2n 2.2
Sl | P — P}
20! @n+2)! 2n! ( (2n+1)(2n+2))

1 1
a CyMMa TIEPBBIX TpeX WICHOB JaeT —3 , To C(Q)< ——-5- , T. e. C(2) 3aBemoMo oTpuIa-

TesbHO. BBumy HenpepwBHOCTE byHKIM C(x), oTCIOIa cleoyer, YTO B IPOMEXYTKE
(0, 2) neACTBUTENBHO JIEXUT KOPEHb 3TOM (GyHKIAM,
C apyro#t CTOPOHEI, B TOM X€ MPOMEXYTRe QyHKIUs

2 x5 x2
Sx)=x (1——5—3)4-5 (1—~-—)+ cen,

OYEBHIHO, COXPAHSET MOJIOKHUTENBEBEI 3HAK, a mpousBogHast C’'(x)= —S(x) — orpuna-
TeIbHBIM, CrenoBaTenbuo, dyrkimsa C(x) yObBaer, xoraa x pacrer ot 0 no 2, u obpa-
maeTca B 0 NHIIb OAHAXIBL.

O6o03rayMM Teneph YIOMsiHYThHE KOpeHs Gyrknun C(x) depes —2—, MPUYEM 77, TAKHM

o6pa3oM, BBOAHTCA 3A€Ch COBEPMEHHO (POPMANBHO, U OTOXIECTBIATH €0 C OTHO-
IIEHHEeM OKpYXHOCTH K JHAMeTpy O OKa Heb3s.

HTtak, mmeem:
T 4
C(—)=0, S(_)=1;
2 2

mocNeiHee paBeACTBO clienyer u3 (16), ¢ yyeroMm mnonmoxurenbHocTH dyHkimmn S(x)
mpy 0=x=2, o

Ionaras B dopmynax (14) u (15) cravana x=y=—, a 3aTeM x =y =7, IOCIEIOBa~-
TENbHO, HAUJEM: 2

Cm)=-1, S@=0; CCm)=1, SCr)=0.

Ecnu B Tex xe dopMynax, coxpaHsisfd x OPOX3BONAbHBM, B3ITh y=7 HIH
y=2mn, TO DOMYIHM:

C(x+m)= - C(x), Sx+n)= - S(x) (18)
M, HaKOHEl,
C(x+2m) = C(x), S(x+27m) = S(x).

Ilocnemane COOTHOMIEHWS! YCTaHABNHBAKOT, 4TO GyHkmmE C(x) u S(x) mMeror ne-
puon 2.

Herpynso 6but0 651 BbiBECTH M Apyrue sGopMyIibi IPUBEAEHHS»; MbI IIPEIOCTABISEM
3TO YHUTATEIIO.

Teneps DONBITAEMCs AOKA3aTh COBNAIEHHE paccMOTpeHHBIX Gymknmii C(x) m S(x)
C TPUTOHOMETpHIECKAME (GYHKIHAMM COS X M Sin X, a TAKXKE OTOXAECTBUTH HOPMaIIbHO
BBEICHHOE HAMH YHCIO 77 C TeM YHACIOM 5T, KOTOPOe MrpaeT CTONb BaXHYIO POJb B Ieo-
METPHH.

C sToff memsi0 paccMOTpPMM K PDHEY IO, 3aJaHAYIO [apaMETPHYECKH YpaBHE-

HASIMH.
x=c(t)9 y= S(t)y

rae napamerp ¢ uaMersiercsi ot 0 mo 2z, Beuay (16), Bce TOUKM ee YOOBRETBOPSIIOT YpaB-
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HERUIO: x2+y2=1, T. €. IeXAT HA OKPYXKHOCTH, OIIMCAHHOM BOKDYr Havana pamuycoM 1
(puc. 61). IlokaxeM, 4TO IIPH 3TOM NOJYTATCS Ka XA asd TOYKA €€ W JOb IO pasy;
HCKIIIOMEHRe MPEACTABHT, €CTECTBEHHO, HAdalbHAs TOYKA A, OTBEYAIOIIAs 3HAYCHHUAM
t=0m t=2m. 7
Mpm1 Bugeny, 4To S(¢) >0, moka 0< f=2, a ClIeAOBaTEIHFHO, H TONABHO pH 0 < f<—.
3aMensis Bo BTOpoi U3 dopmyn (18) x ma — ¢, moxygum 2

S(—1)=S();

7
oTCIOa MOXHO YCMOTPETbh, 4TO S(¢)=0 u upm E$t<rc. B TakoM ciydae, (yHKIHs

C(t), npou3BOHAs KOTOPOH paBHa — S(¢), MOHOTOHHO YOHIBAET TIPH W3MEHEHHH ! OT 0
IO 71, MPOXOIA MO pa3dy 4Yepe3 Kaxioe 3Hauenme oT 1 mo —1. OTcroga sicHo, 4TO mpo-
MexyTKy - [0, 7] u3MeHeHnsl mapamMeTpa B3aHMEO ONHO3HAYHO OTBEYAET BEPXHSA YACThb
Hallel OKPY/KHOCTH. AHAJIOTHYHOE YTBEDXKIEHHE MOXHO CHENaTh OTHOCHTEIBHO IIPO-
MexyTka [, 27] 3HadeHU# mapamMeTrpa |

HAXHE! YacTH OKDYXHOCTH, BBHIY TOTO, y

gro {cm. (18)]
Cltim)=-C@t), St+m)=—S@). I
Temepy BeudcTHM, m0 opMmyne (4) \

n° 329, mnuHy AYTHE AM, cu®Tas, YTO TOYKA
M oTBewaeT 3HauyeHdlo ! mapamerpa. Ilpu-

HuMas Bo BHuManwe (17) u (16), MBI TOIY- 3‘5’

)
4IM . 7 \ / A

s(6)= [V ICOR+IS@OF di=1.

,"

T

0 /,
OTo mOKa3BIBAaeT, YTO ! COBHIAJAET C YTIIOM e
6=<JAOM, BpIpOXEHHEIM B paldaHax, a —
TOTHA:
C(0)=x=cos 0, S(0)=y=sin 6. Puc. 61,

B TO Xe BpeMs, AMMHA BCe il OKPYXHOCTH IO Hamell ¢opMyJie OKa3bIBAaeTCs PaBHO
271 CIeq0BaTEILHO, BBEACHHOE HAMH YHMCIO TOXIECTBEHHO C TEM, KOTOPOE paccMaTpu-
BaeTCsl B TEOMETPHH.

444, Tlpumep HenpepbiBaoi QyHkmuu Ge3 npomssonmoi. IlepBeiif mpuMep Takoro
poma Osin mocTpoed BeldepimTpaccoM; ero QyAxuus OUPERENseTCs PSIOM:

fO)= SJ an-cos (b"mx),
n=0

3
‘rae 0<a<1, a b ecth HEYETHOE HATYPANBHOE YUCIIO (upmeM ab>1 +5n) . OTOT psn

oo

MaXOPHPYETCsl CXOASILEHCs MpOorpeccue Z an, cneposateibHO (430, 431, Teopema 1},
1

_CXONATCA paBHOMEPHO, ® €ro CyMMa sBISETCS BCIONY HEMpPEDHBHO I
byuxuueit or x. KponoTnEemM mcciiefioBaHHEM BellepmTpaccy yaanoch mo-
KXa3aTh, YTO TeM HE MEHee HH B OJHOMU TOYKe IJIs HES HE CYymIECTBYET KOHEYHOM NpOH3-
BOOHOH.

Msei opuBenem Gonee mpocTod npumep BaH-gAep-Bapagema (B. L. van
der Waerden), mocTpoeHHBI# IO CYIECTBY Ha TOM e ujee, AL KoJe b nmomuecs
KPUBBIE ¥ = COS (X 3aMEHEHBI KON e 0 NIOMHEMHEC S JIOMAHBIMH.
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Hrak, 06o3HauHM Yepe3 uy(x) aGCOMOTHYIO BEIMYMHY Pa3sHOCTH MEXAY 4HMCIOM X
Y 6mpKadinuM K HeMy LIETBIM YHCIOM, DTa GyHKupsS OyAeT MU He W H o i B KaXaAoOM
s s+1
IPOMEXYTKE BHOA [E 5
b
Ee rpaduk npenacrasiser coboif TOMaHyro, OH B300paxeH Ha puc. 62, a; OTOEIbHBIE
3BeHbs JIOMAHOH MMEIOT yriioBoid ko3ddmment +1.
IMostoxum, 3arem, mia k=1, 2, 3, ...:

, The s — ILeJoe; OHA HempepsIBHA M mMeeT mepuon 1.

14y (4%%)
4k

up(x) =

s+1

2.4k

s

Ora ¢yHkuus Oyner mvHelHOW B TNpOoMEXyTKax BHOA [ﬁ"
1 .

HEOPEPHIBHA M HMEET NEepHOoN Tl Fe rpaduk Takxke JoMaHas, HO ¢ 6onee MEMKAMH

]; OHA TaKXe

3y6umkaMu; Ha pEC. 62, 6, HanpuMmep, u306paxeH rpaduk dyRKEM 4, (x). Bo Beex ciy-
4asx yriaosbie Ko3QQHIMEHTH OTASTBHBIX 3BeHBEB JIOMAHOM M 31eCh paBHBI * 1.

¥
(a)
X
-2 -1 ] 1 3
¥
()
-2 -1 0 1 2T
Puc. 62.

OunpegenuM Tenepb, M BCEX BELIECTBEHHBbIX 3Ha4eHMil X, dyHKumio f(x) paseH-
CTBOM

[)= 2 ).
k=0

1
Tak kak, OYeBHOHO, Osuk(x)\i—zl2 k=0, 1, 2, ...), Tax 9TO PAX MAaXXOPHPYETCs
1
2.4k’
PAN CXOAUTCA PaBHOMEDPHO, M GyHxnus f(x) BCloly HenpepH BHA.

CXOAAIEICs Iporpeccueit Z TO (Kax ¥ B ciydae yukoun BeliepmTpacca)
0

OCTaHOBMMCA HA JHOOOM 3HA9eHMH X = Xg. Brluncnss ero ¢ TOYHOCTBIO 10

2.4n
(rme n=0, 1, 2, ...), 0O HEAOCTATKY M MO M3OBITKY, MbI 3aKIIOYHM €ro MEXIy YuC/IaMy
BHzA:

Sn Sp+1
——=

AR W
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rac Sp — HEIOoE. O‘ICBHAHO, YTO 3aMKHYTBIC IIPOMEXYTKH

Sp Sp+1
Ap=|-—, —— =0,1,2, ...,
& [2-4n 2.4"] n )

OKa3bIBAIOTCS BJIOXKEHHBIMHM OIWMH B APYroi. B xaxnoM W3 HAX Halnercs Takas TOYKa
Xp, YTO PAaCCTOSHHE €€ OT TOYKH X, PaBHO IOJIOBHHE JUIMHBI NPOMEKYTKA;

1

|30 — X} Tt

SICHO, YTO C BO3PAaCTaHHEM N BapHAHTA X, —~ Xg.
CocTaBuM Teneph OTHOLIEHHE MPHUPALEHHK

S — fxg) _ < Up(xn) — up(x,)

Xn— X =0  Xp—X,

1
Ho, npu k> n, wucno ‘I"ITI €CThb LeJIOe KPAaTHOe IEpHoja v
u(xn) = u(x;), COOTBETCTBYIOIIME WIEHBI psifia 00pamaroTcs B 0 U MOTYT GBITH ONyIUCHEL
Ecmu xe k==n, T0 bynxims uy(x), TvAeiiHas B IPOMeXyTKe Ay, OyaeT ITHHEHHOR H B cO-
JIepXamMeMcsl B HEM IIPOMEXYTKe Ap, IpUYEM

dbyHKUMA u(x), TaK 4TO

ug(xn) — uylxp) _

Xn— X,

£1  (k=0,1,...,n).

TakuMm 06Gpa3oM, HMeeM OKOHYATEIHLHO

fn)—flx) & ]
————kgo (£ 1)

Xn— X,

MHBIMH CIIOBaMH, 3TO OTHOIICHME PABHO YETHOMY ILIEJIOMY YHCIY NpPH HEYETHOM 1 H
HEYETHOMY LIEJIOMY YMCIy HIpH 4eTHOM 7. OTClopa SICHO, YTO IPH N —eo OTHOLUEHHE
MPHpAIEHU HE K KaKOMY KOHEYHOMY Npeleily CTPEMHTECS He MOXET, Tak 4TO Hama
GYHKIMS NPH X = X, KOHEYHOM MPOM3BOJHOU HE HMEET.

§ 4. lonomuTenbHbIE CBEJEHHA O CTEMEHHLIX PIAAX

445. JleficTBust Ha/X CTENEHABIMH PAJAMH, DTOT N° MBI IIOCBATHM 0030-
PY — B OCHOBHOM YK€ M3BECTHBIX — NEHCTBHUI HA[ CTENEHHBIMM PANAMH,
9TO TOCIYXHT OTIPABHOM TOYKOH A HanbHEHIIETO IPOIABYIKEHHUS.
PacemotpnM 1Ba psma:

oo

D apxXt=ay+tax+axit .. +axt+ ..., )
n=0
2 baXxt=by+bx +byx?+ ... +b X+ ... )
n=0

Tpenmonarast pamuychl cxoOMMOCTH OGOMX pSANOB OTIMYHEIMH OT O,
0003Ha4MM Yepe3 r HaWMeHbLIMA M3 HEX. Torma misd |x|<r, Kak MBI

31 T. M. ®uxrenronsn, 1. 11
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3HaeM [364, 4°; 389, 3T pAabl MOXKHO NMOWIEHHO CKJIaABIBAaTh, BH-
YHTAaTh U MEPEMHOXAThb, NPHYEM pe3yJbTaThl BHOBb pacmoJa-
TaloTCa IO CTENCHSIM X:

i’ apx"+ j’ bpx = 2»' (a,tb,)x",
n=0 n=0 n=0
% 4 % byx" = é} (@b + Oybay + Qb gt ... +ab)x™.  (3)

HonycrumM, uro psax (2) toxmectBen ¢ (1); Torma MOJYYUTCS, 4TO
BHYTPH IIPOMSKYTKA CXOIUMOCTH CTETIEHHON DS MOXHO CIIeIyFOILIM 00-
pazoM BO3BOIOHUTH B KBaJApaT

o3 2 oo
(2’ anx") = > (Ayan+a@n_q + . . . +aya)x".
n=0 n=0

Ecau mocnemuuit psa, Mo YKa3aHHOMY BBIILE NPAaBHJIY, CHOBA IIOMHOXHTH
Ha pax (1) ¥ MOBTOPHUTH 3TO HEONMPEHETIEHHOE MUCIIO pa3, TO HPHIEM K
3aKJIFOUEHUIO, YTO CTENEHHOW PsAJ, BHYTPH IIPOMEXYTKA CXOIHMOCTH,
MOXHO BooOlle BO3BOIHUTHL B CTEMEHL C NIOBM HATY-
PANbHBM MOKa3aTeNeM m, IPHYEM PE3YIBTAT MPEACTABIISETCS
TaKXe B Biie CTENEHHOTO psna:

o m o3
(2’ a,,x") =>dmx"  (m=1,2,3,...). (€]

n=0 n=0
Kospduuuent a{™ 3aBucar oT x03DOUUMEHTOB @y, dy, Gy, - . ., dp HC-

XOJIHOTO PSAfa U — Kak 3To cienyeT u3 (3) — monyvyaeTCcsd U3 HHX
JHHWIbL C TOMOIIbBIO CIOXEHHUNH U YMHOXEeHHUN OTO 3a-
McYaHHe HaM HWXe MOoHaTobuTCH.

Tenepb 0c000 OCTaHOBHMCS Ha CJIOXEHUU OECKOHEUHOTO
MHOXECTBAa CTENEHHBIX PAJOB, CYeM HAM 4YacTO MPHUAETCA
UMeTh Aesio Hike. MTak, mycTh JaHa GeckoHeyHas TOCIIENOBATEIBHOCTH
CTENEHHbIX PANOB

janmx" (m=0,1,2,...);

n=0

M3 HMX COCTAaBHM MOBTODHBIA psN
2 {Zoanmxn} . 6]

Ecau npu evibpannom 3nauenuu x cxooumcsa pad, NOAYYeHHwld omclooa
3aMeHOll 6Cex YAEHO8 UX AOCOMOMMHBIMU BEAUYUHAMU, MO CXO0UMCA U PAO
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(5), npuuem cymma ezo A(x) modxcem bvimp paszioxcena 8 cmeneHHol pao
npocmo nymem 06beOuHeHus NOOOBGHbIX YAEHOB:

AX) = 3 An, 206 Ap= S am, (1=0,1,2,...).
n=0 m=0
Hoxa3aTelbCTBO HCYEPNBIBACTCA CChUIKOM Ha TeopeMy 3 n° 393.

IpuMeHeHne 3TOH BaXXHOH TEOPEMBI OCBETHM INPHMEDPAMH.
IIpuMeps.
1) Pa3noxuTh GyHKIMHA

hod _1m m
a” ® fn=- 3 D0

1
— R —_—
m! +a1mx" m=0 m! 1Lg?mx2

) f@= 2 —

(cuutas |x| <1 1 O0<a<1) B pAaBl 0O CTENEHAM X.
(a) Umeem

oo

Z’ — 1)ngm(zn+1)x2n
1 +—a"""x2 n=0
H, TNOACTABIISAA U U3MEHSIA NOPSAOK CyMMHPOBAHHS,
1 =
fi)= D — 3 (—1)alen+1ymyen - 2’ (- 1)”x2"2 Z’ — 1)nea+1yon
m=0 m! n=0 A= 7=0

Tax Xak NOBTOPHBUA psifl

1 i
—— e ea
m=om! 1-a®mx? 1|-x2

1
om!

CXOMMTCS, TO NEPecTaHOBKa CyMMMPOBaHHH OOpaBIaHa.
(6) Ananoruyso

fix)= i' (- Dyne=a™*xen
n=0

2) Ucxops M3 pasnioxenus GyHKuuM x ctg x Ha npoctble apobu (441, 9)], mpen-
CTaBHUM €€ TeNeps CTENEHHbIM PSIOM. )i yIpoIUeHus: 3aMeHUM JIHIOb X Ha 71X, TaK 4TO

x2
ax-Ctg mx = 1—22

m=1mi—xt
Ecmy | x| <1, To ms moboro m=1, 2, 3,
xz
xt ‘m < [ x%)\"
m2~x*= x2=n§1 (;1-‘)
T

31+
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Beu/ay MOJOXUTENHEHOCTH BCEX YJIEHOB, [0 TEOPEME Cpa3y MOJy4YaeM:

Z’ = 2 Sy X, rae Z

m=1m*—x* =1

1
— (n=1,2,3,..).
m

TakuM obpazoM, npu |x| <1 umMeeM:

ax-Ctgax=1 ——22’ SopXx ¥,
n=1

3) CoBepIIeHHO aHAJIOTMYHO, HCXOMAA M3 Pa3ioxeHus GyHKuuM x-cth X Ha HpocTeie
npo6u {431, 10], nonmyynM pa3noXxeHue B CTENEHHOU Psl

mx-cthax=1+22 (—1)”“San2”- (jx}=1.
h

Brnocneacteud 449 MBI JaJMM U APYroe BhIpaXeHnue IS KO3(QGDHUIMEHTOB Pa3jIoKEeHHH
B 1) u2).

4) Teopema COXpaHsET CBOE 3HAYCHHE M B TOM CJIy4Yae, KOTIA CKIagblBacMble B
6ECKOHEYHOM KOJIMYECTBE PsABI BBHIPOXIAIOTCS B OOBIKHOBEHHHIE KOHEYHBIE MHOTO-
yjgedel. [IjA mpuMepa BBIBEOEM JIOTAPHQMMYECKHIl psij, HCXO0Hs M3 GHHOMHAILHOIO
M TOKA3aTEeNbHOrO MyTEM CIIEAYIOIIErO PACCyXIOCHHs.

IIpn |x| =<1 1 npousBomsHOM @ umeeM [407 (22)]:

a(x-1) x2+oc(zx— 1)(x—-2) o
1-2 1.2.3 ’

(d+x)32=14ax+

d)uxcnpyﬂ X, CTaHEM pacCMATPHBATh YJICHEI 3TOrO pPsAda KakK LEJbie MHOYOYJIEHBI OTHO-
cuTenbHO . Tak kxak psaa

laf (el +D) o jel(el =D+
™ fx|2+ 15,3 [x[3+. ..

1+ e« |x]+

CXOAHMTCH, KaK JIETKo yOeAHuThCa ¢ MOMOIiIbo npu3daka JJanambepa, To B mpen-
IIECTBYIOLUEM Dffie, COTJIACHO TeOPeMe, MOXHO OOBEIUHHTH MOJOOHBIE YIeHpl:

x2 x3 )
(+x)2=1+a (x—?+?—...J+...

C npyroit CTOPOHBI, OYEBHIHO,
(I+xp=exin+)=1+aln 1+x)+...

Tak xak ofa pa3noXxeHuss NOJKHBI ObITH TOXOECTBEHHBI, TO, INpWpaBHuBas Kodhdu-
LHEHTLI HPU A, TOJIyYHM:
x2 X3
m(d+x)=x——+—-...
2 3

3aMeTHUM, YTO [OKa3aHHAs TeopeMa HENOCPEICTBEHHO paclpocTpa-
HAETCS M Ha KpaTHBIE PsIbI, HAIPUMED HA DAL

2 QnimX }

k=0, m=0 {n—

=3

HelcTBUTETbHO, CTOMT JIMIIb 3aMEHUTH NBOWHOHW DPAN NPOCTHEIM, 4TOOHI
CBECTH [1€7I0 K yXe€ PACCMOTPEHHOMY CIy4alo.
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446, IlogcranoBka psaa B pan. PaccMorpuM yHKIHIO y = f(X), KOTOpas
8 mpomexyTke (— R, R) pasnaraercs B crenenHoi pan (1). ITycrs, kpome
TOro, JaHa QyHkmus @(y), TaKKe pa3Iararomiascsl B CTEMEHHON psf

P(y) = Z’Ohmymzho+h1y+h2y2+ D A (6)

JUTS 3HAYEHUH y B MPOMeEXyTKe (—p, p).

Ecn |ay| = | f(0)| <p, To u Tipu ocTaTouHO MasoM x Oyner | f(x)| <p,
TaK 4YTO MMEET CMBICI caoXHasd dyakunsa o(f(x)).

IIpu eduncmeennom ycaosuu: |ay| <p, smy dyuxyuro ¢(f(x)) 6 oxpecm-
Hocmu mouxku x =0 MOXMCHO pa3ioxcumb 6 pAO NO CMENeHAM X, ecAu noo-
cmasume ¢ (6) emecmo y pad (1) u, npousgedsn éce 6o3eedenus 6 cmenens
cozaacro (4), obvedunums 3amem nodobHble UAEHDL.

HoxazatenscTso. Cuntas |x| <R, paccMOTpuM psin

x|+ ]a

x[2+ ... +]a,

Z(')[a,,x”]=ia0|+]a1 x|" L
o

MO HEMPEPLIBHOCTH CyMMEI ero [437, 2°], BBuAY |4,| <p, A HOCTATOYHO
MaJIBIX X BBIIOJIHUTCS HEPABEHCTBO

E |ax| <o, )

TaK 4YTO pan

m=1 n=0

ol + 3 !hml( 3 Ja- ;x|n)'"

OymeT cxomAupmMcs.
ITonaras, ananoruuno (4),

PARRER RS E

OpPEIBIAYIA P MOXHO MEpENHcaTh B BHIE

'(g“ﬁ"’)'l"l”)-

Tax kak o™ nonysaercs u3 |ay|, |ay], ..., |a,] ¢ moMomBbI0 CIoO-
KeHUH M yMHOXeHHH [445] coBeplieHHO Tak ke, kak ™ u3
g, @y, - - ., Ay, TO 0¥eBHIHO: |al™|=<a{™. Tlo3TOMY IJI yNOMSHYTEIX 3Ha-
YCHHH X CXOOUTCSA, M pAn

o] + 3 [

il 2 Vil o 2141 )
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a Torma K panmy

ho+m2jlhm-(n§; anx") =ho+"§'1hm-(i' af-lm)'x”)

n=0

OPAMEHAMO MOCJEIHee YTBEPXKACHHE MPeBLOYIIEro n°, 9T0 H JOKa3hIBAET
TeopeMy.

O6nacTte U3MeHEHHS X, JJIL KOTOpPO# Hallle paccyxaeHue obecreyu-
BaeT BO3MOXHOCTh pa3ioxernus QyHknnu ¢(f(x)) B psam mo CTENCHAM X,
XapaKTepu3yeTcs, TaKAM 00pa3oM, KpoMe caMo CobOI0 pasyMelollerocs
HepaBeHCTBA |x| <R, eme HepaBenctBoM (7). Ilpu R= + = HeT Hamo6-
HOCTH BBOJMTH IIEPBOEC OTPAHHYCHHE, IIPH p= + = OTHANAECT BTODPOE.

B GoJBIIMHCTBE NPWIOKESHAR TEOpEMBbl TOCTATOYHO 3HATH, YTO pa3-
JIOXeHHe HMeeT MeCTo JUIA M a JIbl X 3Havenuid |x|. Ecim mpencrasmser
HHTepec Bcs 00J1aCTh IPAMEHHMOCTH TIOJIYYEHHOTO PsiJia, TO 3TOT BOIPOC
TpebyeT OTHENLHOTO HCCIICTOBAHHS.

JIns mpEMepa 1poBeJeM ero B MPOCTOM Crlydae. PaccMOTpuM dyHKIuIo
()= 2 ym
m=0

B npomexytke (—1, 1) [p=1] u, B™MecTO y, moacTaBuM ¢yukuuro f(x)=2x—x* [R=
= + o). CnioxHast pyHKUIMS
1

P S Ty

HMEET CMBICH, JIHMb €CITH
—1<2x-x?<1l, T.e. 1-})2<x<1+}2, o x=1.
Ee pa3noxeHue MO CTENEHAM X HAM H3BECTHO*
1
——=142x+3x2+4x3+ ...
(a-x) ’
3TOT pApn cxomurcst ansA — 1 <x<1. Ilo cOBORYNHOCTH, PaBEHCTBO

(2x—x)M=1+42x+3x2+...
0

m=
HMCCT MECTO IIPpA YCJIIOBHH, 9TO
1-Y2<x<1.

HHTEpecHO CONOCTaBHTh 3TO € TeM, 4TO HaeT Halne paccyxaeHuc. B cormacmm ¢ HUM
Hajnexano Obl oTpeboBaTh, YTOOH OBIIO [CM. (7)]

2|x|+|x|2<1 mm 1-}2<x<}2-1.

Kak Mbl BUIEITH, NOJY4EHHOE PABEHCTBO HA NeJie IPEMEHMMO B Gonlee IMMPOKOR 006nacTH.

* CM. 390, 1). MOXHO NOJy4MTh 3TO W MOYNEHHLIM IuddeperunpobanueM [438,
8°) mporpeccun
1
—— =l x4+ ¥ 4x3+ ..,
1-x
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U 3pxech HAANEXKHAT OTMETHATH BO3MOXHOCTh AadbHEHIIHX 0600lIeHUi
teopeMsl. ITycTh, Hampumep, JaH NBOWHOH pig

(p(y9 Z) =k Ziohkmykzm’

cxomsuuiics NpH |y|<p ¥ |z| <p, W ABA psma
y=f(x)= Z(') ax",  z=g(x)= Z’Oan",
n= n=

cXofsLIMecs IpH |x| <R; Torma, npu ycaosun: |ag|<p u |by| <p, caoonc-
nyro gynxyuro p(f(x), g(x)) 6 okpecmnocmu x =0 MoxncHo pasaoxncums 8 pao
NnO CMEneHAM X, ecAu noOCMasumes 6Mecmo y U zZ COOmeemcmayouue padsl
U, GbLINOAHUGE B036C0€HUA & CMeNneHb U YMHOMCEHUA, cOelamb HpuseleHue
nOO0OHBIX UAEHOB.

447. IlIpamepnl. 1) HailTH HeCKONBKO UEPBBIX WICHOB pa3loXeHUs (GYHKIHUU
1

~(1+x)* nmo creneusMm x.
e

Umeem ana [x] <1

1.(1+_x)%=£.e%vln(l+x) _ e—g+§—%+ -
e e
=1+(._i+fi_x_3 x_d_)ia.+ )+
3 4 5 6
+l(_i i )’ 1(_i‘_ ®_x2, )”+
2 2 3 4 5 6 2 3 4

+l( x+x” ‘+1 ( X 8
LY RSN PRI

1 11 7 2447 959
—1—--2—x+——x‘——x"+—~x‘-——~x°+

24 16 5760 2304

(Tlono6soro THma 3ajadu GNIM3KH K TeM, KOTODLIE PAacCMATPHBANKCh yxe B 125.]

2) INocrapaMm cebe 3anadeil DOOyIMTh GHHOMHANBHEIN DS, MCXOAA W3 JorapadMu-
YeCKOro ¥ MOKa3aTeJBLHOro PANOB.

ITpu |x| <1 u mro6oM @, oueBHOHO, 6yner:

x* x?
(14 x)x=ealn(1+x) = e"‘ ("‘§+§— ) _

_1+a(x il )+a2( i : i “a-D
= 2 3 con ﬁ. P 7 —3——'~.-)+.--— +ax + 1.2 X4 ...

Bupn HeckonbKuX mepBRIX K03(buLMenToB ycTamaBnmBaeTcs cpasy. Koaddmuuent
ke obmero wiena, COACPKAMEro x, MOXHO MOJYYHTh M3 TaKAX CooGpaxeumit. He-
HUOCPEACTBEHHO SCHO, YTO OH MPEICTaBIAeT COGOM LeNblii MHOrOWIEH OTHOCHTENLHO o,
cremenu n: Qn(«). Tak xak npu =0, 1,2, ..., n—1 B pasnEXEHNH WICHA ¢ X" HET, TQ



488 JI. XII. ®VHKIIAOHAJBHEIE MOCIEAOBATEJIBHOCTA W PS/IBI [447

3TOT MHOI'OYNCH B HAa3BAaHHBIX TOYKaXx oﬁpamae'rcs[ B 0, a cniegoBaTenbHO, UMEET BHA:

On@)=¢.a(e~1)-....(xa—n+1),
1
TIpu a=n koapdumuent npm x? ects 1, On(n)=1; orcroma c= —» M OKOHYATCNBHO:
n!

a(e—1)-...-(x—n+1)

On(®)= 1:2-....n

3) Iycts f(x) Oymet HekoTopas GyHKIMA, pa3jiaralomascs B psad IO CTEOGHAM X,
6Ge3 cBOOOAHOrO 4JIeHa:

f)=ax+axt+ax3+...+apx"+ ...

Torga, o obImeit TeopeMe, IS TexX ke 3HAYeHHil x pa3yiaraeTcsa B psag ¥ Gynkuns g(x) =
=ef(¥), mpudyem cBOGOmHBIE uwieH, OYeBHOHO, paBeH 1. TpeGyeTcs HaliTH 3TO pa3lo-
KeHue.,

TTokaxeM, Kax [JIsi 3TOr0 MOXeT ObITh HCHONB3OBAH MeMo0d HeonpedeaeHHblX Kodf-
Puyuenmos. 1lyctb

gX)=ef M =1+bx+bx2+byx3+ ... +byx"+ ...
TIpomuddepernposas 310 paBeHCTBO, HalaeM:
ef®). f/(x)=by+2byx+3bsx2+ ... +nbyxt 1+ ...,
WIH, DOACTABNAS BMECTO MHOXHKTEJIEH JIEBOK 4aCTH MX pA3NIOXEHWs,
(£ byx+ b+ b+ . . @y + 2%+ 3a3+ . )= by+2b,x+ 3bgx®+ .
3TO ycioBde NPMBOOMT K TAaKO# CHCTEME yDaBHCHUI
a=b,, 2a,+ab,=2b,, 3a,+2ab,+a,b,=3b;, ...
oo, Ban+@—Dan_yby+ ... +2aby o+ aybp_ =nbp, ..., 8)
M3 KOTOpO#i Hem3BecTHbIC KO3bdmmenTsl b NOCIeH0BAaTE N bHO H ONPEACIATCS.
JIns oprMepa TIPIIOKEM YKa3aHHBIM MPUEM K PemeHuto ciaenytomed 3again (B e i-

epmTpacc).
Joxa3arhb, YTO pa3joxenne QyHKIHA

x  x* xm!
X
gx)=(1-x}e! * m-1

xm
Hay@HAeTCs WieHaM# 1——+ ..., ¥ 9TO BCe ero koabduumeHTs! no abCoMOTHOH
m
BEIMYAHEC MEHbINEG €NUHHLEL.
HamumemM g(x) B BUze
2 me-1 +1
-+ ]+ + . g X X

gx)=e 2 m-1_

TOrZA nepBas YacTh yTBEPKAESHUA CTAHOBHTCA OYEBHIHOM. BTOpas Xe 4acThb HOKAXeTCs
HHEAYKTUBHO. JonycruM, 410 BCe KO3bGOHIMEHTH by CO 3HAYKOM, MCHBIIUM #,
no aGCooTHOMN BemyHe MEeHbINE eauauiEl. Tak Kak B JTaHHOM Ciydae

1
ap=0 mpm k<m u a;¢=—;€- (kay=—1) npu k=m,

TO n-¢ U3 paseHcTB (8) obHAPYXHUT, 9T0 1 | b, <1.



447] § 4. JOMIOJIHUTEJBHBIE CBEJEHUS O CTENEHHBIX PAJAX 489

[IIpennaraeTcss IpUMEHHTE YKA3aHHBIH 306¢Ch MeTon K mpuMepam 1) m 2).]
4) Te xe ypaBHeHus (8) MOTYT HPHIOZUTBCS H B APYroM sompoce. Ilycte nau o
pasnoxeHue GyHKIIHH
g(X)=1+byx+byx?+byx3+ ... +bpx"+ .. .,
a HILEeTCs pa3ioXeHAEe (QyHKIIH

f)=lngx)=ax+ax®+ax*+...+ax"+...

JIerxo moHsTH, YTO KO3 dUIMEHTH @ ¥ b CBA3AHEI TEMH Xe cooTHOmeHusMH (8), HO Ha
3TOT pa3 HMOIJICKAT OnpeneeHuro KoaddbHImenTr a.
5) Iokaszark, YTO GECKOHECYHOC MPOM3BEACHNE

Fx)= ]_71(1 +gmx)=(1+gx)(1 +g*)(1+¢x). .. (lg1=<D,

Npy TOCTATOYHO MAJBIX X pa3jaraercsl Mo CTENEHAM X, ONpeNesnTh KO3QQUIMeHTE!
3TOTO Pa3I0KCHHS.

Ilpu |x| <1 npousseneHue CXOOUTCS N HMECT IOJIOKHTCIIBHCE 31aYCHHE; JIOrapHd-
MHPYS, HOIYYUM

< < 1
In F(x)= 2 In(1+g™mx)= Z (q"‘x——qﬂmx2+ .. ] .

m=1 m=1 2
B 4acTHOCTH, 3TOT PR CXOOMTCS OPH 3aMEHE BCEX WICHOB B CKOOKax ux abCONIOTHBEIMU
permauHamMu. Otcropa [445] cnenyer, uTo In F(x) B OKPEeCTHOCTH HYyJsl pa3iaraercs
B PR 0O CTENCHSM X, a ¢ AEM [yxke 1o TeopeMe n° 446] pa3araeTcs H BRIPAXCHHE

Fx)=eln F(x),
Hrak, 1A DOCTATOYHO MAJBIX X, NMECM:
F(x)=1+bx+byx*+...+bpx+ ...,

rae xo3poummerTs by, by, ..., by, ... €me moanexaTr ompeaenenuro. IIpole Bcero
3TO BBINOJIHHUTH, €CIIH MCXOIOWTh U3 OYEBHIHOrO PaBEHCTBA:

F(x)=(1+gx)- F(gx),
KOTOPO€, BOCIOJNb30BABIIACH PA3IOKEHHEM, MOXHO MEPENACATh B BHIE:
14+bx+box2+ ... +bpx+ ... =1+ gx)(1 +bygx + bog®x2+ . . . + bpg™x+ .. ).

ITo TCOPEME O TOXACCTBC CTCIICHHBIX pANOB,  .COAa

bg+q=b;, byg*+bg*=by, ..., bnq"+bp_19"=by, ...
HITH
big® bn-1q"
b=t b= b=
I-¢ 1-4° 1-4"
H, OKOHYATCIIbHO,
n(n—1)
q g q *
b1= ’ bn

bp=————— ..., bp=
1-¢° 7 (U-9)(1-¢» 1-g)1-g¢>)...1—g")
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sin x
6) Bo3bMeM pasnoxenus ¢yHKuum —— B OecKOHeuHoe npousBencHue [408] u B
x

6eckoneynsni psa [404] (12)] u npupasuseM nx norapudmer [401, 4°:

) sin x 51 1 x2 m (1 x2+x4 )
_— = n ——1=1n ——t——— ..
n X n?n? 120 )

i,(xz_*_l x“+ ) (x2 x4+ +1 x2 x4+ i+
iz 2 )6 1200 ) T2\e 120 T T

Pa3noxuB JIEBYIO H MPaBYIO 4acTd MO cTemeHsM x [445, 446] u otoxaecTBuB ko3ddu-
LIKEHTLI, IPUAEM K PaBEHCTBAM

HIH

151 1 1 5,1 1
nSm 6 2w 18007
OTKyHAa
2"’71 7'[2* "°1 .7!‘
T 6  Fm o0 T

BnpoueM, mwxe [449] Me1 HaliieM 3TH GOPMyJNBI M3 APYTHX COOOpakeHHH.

7) Ecau gyuxyun f(x) 6 npomexncymxe (— R, R) passazaemcs @ cmenennoii pao (1)
U X — NpOU3IBOALHAR MOUKA 3MO20 HPOMENCYMKA, MO 8 ee OKpeCMHocmu BYHKYUA pas-
Aazaemca  pAd no cmeneHAM X —X.

JleHcTBATEFHO, TIONOXAM B (1) X=X+ y; Mo oOmed TeopeMe (MEHss NHL POIH
x B y), nokyna {X|+|y]| <R wm |y| <R-|X|, MOXHO mepeliTH K Pa3NOXECHUIO IO

CTENneHsM y, T. €. IO CTCIICHAM X — X!

2 Ayt = 2 Ay(x =3
k=0 k=0
BemomauB B psige Z an(x+y)* BCe BO3BENEHASA B CTeNeHb M cOOpaB momoGHble
n=1
QIeHBI, JIETKO Onpeae¥ts ¥ K03 (HLUEHTEI 3TOT0 Pa3loXCHHSA:

Ay= 51 anxn = f(X)

n=0

H, BooOme,

< nn—-1)...(n—k+1)
Ay = Z .
- 1-2.. .k nX
L 5 (%
= 2 n(”‘l)"~(”'k+l)ang‘cn—k=f (x).

k!n:k k!

PesynbTat 3TOT, BBALY 438, 9°, He ABNETCS HEOXUNAHHBIM,

* DTOT pesysIbTaT HaM yxe u3BecTeH [cM. 440 (4)].
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Mpl JiaOib JUIS OPOCTOTHI B3SUIM HCXOMHHIA DA DAcHOJIOXCHHBIM IO CTENCHSM
X — Heno He H3MEHHIOCh Obl, eclk Ob1 dyEKIusA f(x) Gbuta mama pasioxeHHOM Ho
CTEeNeHsM DPa3HOCTH X — X.

HanomeuM, uro dyrxmus f(x), KOTOpas B OKDECTHOCTH TOYKH X =X, Da3/araercs
B DAX MO CTENEHAM X—Xj, Ha3bIBaeTCd AHAJHTHYCCKOH B 3TOH Touke. Mel
[OKa3amd, TAKEM o6pa3oM, 9TO (yNKyus, anasumuueckas 8 Kakoi-aubo mouxe, Gydem
aHasumuyeckoil u 80 6cex moukax HeKOMopoii ee OKPeCMHOCMU.

OTo yTBEPKICHHE PaCIpPOCTPAHAETCA M HA ClIydYail QYHKUHH OT HECKONBKHX mepe-
MEHHBIX.

8) B kadecTse MOCIETHETO OPMMEPA PACCMOTPAM Pa3JIOXKEHHE (YHKLUA

1

=14 (a2 - 2xa)] 2
Vl - 2xo+-a?

0O CTENeHAM &, IIPH OPOH3BOJILHO (PHKCHDOBAHHOM X. BO3MOXHOCTB TaKOro pa3no-
KeHHl TapaHTHUPYETCH HAulefl TeopeMol, ecnH TOmsKO |a|24-2|x|.|e|<1. Jlerko

yCMOTpeTh, 4TO KoahdmumenTom npm «? (n=1) Gyaer Hexmit MHOrowien P,= P,(x)
CTeneHu n, TaK 4TO

—————=1+Pa+Pul+... + P+ ... )
V1 -2xx+a2

Ons onpegenends 3THX Koddduumentor, npomuddepennupyemM pasenctso (9)
oo a:

(V1-2xa+a?)®

ConocTtapisia 3TOT Pe3yIbTAT ¢ (9), IErko MOJIYYUTH:

=P +2P0+ ... +nPpat 1+ ..,

(1-2xx+o2)(Py+2Pa+ ... +nPpat =14+ . )= (x—a)(1+ P+ P2+ ...+ Ppat+...).

TpupapauBaeM Tenepb KO3GGHIMEOHTH OPY OAMHAKOBBIX CTENEHAX o B OOEHX 4acTsX.
MEl HaliaeM, Opexne BCero,

3x2-1
Pi=x m 2P,—2xP,=-1+xP,, otkyma P,= 5 -

3atem, BooOOmIE,
(n+1)Pnyy—2nx+Pp+(n~1)Py_, =xPp—P,_,

(n+1)Pp 4y — @n+1)xPp+nPp_, =0.

3Hag mepBhle OBa MHOTOWIEHA, [0 3TOM PEKYppeHTHON (opMylie MOCiIen0BaTENILHO
MOXHO BBIMACIHTH OCTaJIbHBIE.

Bpocaerca B 171a3a, 9T0 MHOTOWICHH P, ¥ P, COBIAfalOT C NEPBBIMH ABYMS MHOIO-
yneHaMd JIexaHApa, a ynoMsHyTas TOJBKO 4TO dopMylia TOXKISCTBEHHA C AHAJIO-
raaHo dopMynoit (11) n° 320, 0 KOTOPOH BHMHCISIOTCH MHOrOWIeHs! JIeka H X D a.
O1crofa 3aKmovaeM, 4To xko3gguyuenmamu pasaoncenus (9) A6AAIOMCA UMEHHO MHO20-
unenst JTexncanopa.

B cBA3d ¢ 3THM QYHKIMIO OT ABYX EPEMEHHEIX & H X

1
V1-2ux+a?

* Drot pag, HEoOxommMo, Oynmer ¢e paaoM Teinopa {438, 9).
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Ha3bIBAIOT empou3Boasiied GyHKImed» g MHOrowieHos Jlex ampapa. Pasno-
xenue (9) ¢ ycrnexoM MOXeT OBITH MCNOJIb30BAHO JUIA H3YYCHUS CBOMCTB 3THX MHOTO~
{JICHOB.

448. Jleneune cTeneHHBIX PAOB. BaXXHBIM NPHMEPOM IIPHMEHEHHS TEO-
PeMBI O TIOJCTAHOBKE psAfa B Pl SABJIAETCA BONIPOC O HEJEHHH CTe-
OHEeHHBIX pAIOB.

Ilycth cBoGOmHBI WieH 4, psaga (1) otimyueHn ot 0; MpeacTaBUM 3TOT
pan B BHIE

L& a; o an _
a, (1 .;0x+l—1;x +...+;o—x"+...)—a0(l+y),

noJyiarasg
2 a,
y=Bxs By 4 Sixng
Q a4 a
Torna
1 1 1 1
=—e——=(l-y+)?— . .+ (=1)"y"+...).
ayt+ax+ .. 4apxt ... g l+y a Yty +( 1) Yo )

IMocnenuuit psax urpaer poss psana (6), mpudeM g 31eck ecth 1. Cormacho
o0ielt TeopeMe, 3TO BBIPAXEHHE MOXKET OBITh PA3JIOKEHO IO CTENEHSIM X:

1
A+ ax+ ... +apx+...

=Cp+C X+ .. HCpX L,

mo xpaiiHeH Mepe, IS JOCTaTOYHO MaJbIX 3HAYEHWH X, HAIpUMED AJiA
TeX, KOTOPHIE YyAOBIETBOPSIOT HEPABEHCTBY

a a a
“ s B PR L
0

- x|+

x|"+...<1

a, a,
PaccMmoTpumM BTOpO#i cTemeHHO# pix
bo+bx+byx2+ ... +bpx"+ ...
C oTaAHYHLIM OT O paguycoM cXOOHMOCTH. Torga 4actHoe

Bo+bx+ .. +bpx+ ...

Ayt @x+ ... +apx+ ...

AT JOCTATOYHO MAJIbIX X MOXKET OBITH 3aMEHEHO IIPOU3BEACHUEM
(bg+bx—+ ... +bx"+ .. . )co+ex+...+CXP+...)
H, CJIEAOBATEJIbHO, CHOBA ITPEACTABUMO B BUAC HEKOTOPOI'O CTEIICHHOI O psaga
dy+dix+dx?+ ... +dx"+ ...

KoappuuuenTsl 3TOro psga MmpoLie BCEro OMPENeNsaTces 0 METOMy He-
oTpeaeeHHbIX kK03hHUUINEHTOB, HCXOAA U3 COOTHOIICHHAA

(go+ax+...+ax"+ .. Ndy+dx+...+dx"+...)=
=by+bx+...+bx"+ ...,
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B KOTOpBIX Ko3hduuueHTsl @ W b mpelmonararoTcss u3BecTHbIME. I[lepe-
MHOXUB DPsIbI CiieBa Mo oOueMy mpasuiy [445], MEl 3aTeM npupaBHIeM
K03 QUIMEHTHl [P OJWHAKOBBIX CTCHEHAX X CIeBa M chpaBa. Takxum
MyTEM IOJIYYUTCS OeCYUCIIEHHOE MHOXECTBO YPaBHEHHI:

aydy=by, aditady=b,, adyt+ad +ady=b,, ...
e Gydntayd, -+ ... +a,_d+ady=b,. (10)
Tax kak ko3dUIKMEHT g, MPEANOIOXeH OTIAYHBM oT 0, To M3 mep-
BOTO YPaBHEHHS Cpasy IOJNYIHM: d, =?, 3aTEM BTOpOE JACT HaM: d; =
_bh-ad =a°b1‘;a‘b° u T. 1. B obuem 0cnyqae, ecnmd n Ko3bPUIMEHTOR

ay
dos dy, ..., af,,_l0 yxe Haiinensl, To (n+ 1)-e ypaBHeHMe, coIepXalee eHH-
CTBEHHYIO HEH3BECTHYIO d,,, TO3BOJIUT YCTAHOBHTH €€ 3HayeHwe. Tak, I o-
cnemosarTenbHo, ypasHenumsmu (10) ompenemsrorcss Bce koaddu-
IHEHTHl YaCTHOTO M IPUTOM BIIOJIHE OJHO3HAYHO.

IIpumeps. 1) HailTu HECKONBKO TEPBBHIX YJIEHOB YaCTHOTO

x X 1

I 1 x2+x3+x4 _1+x+x2+x3~i
0—— Xt—t—t—toe. ld—f—t—g ...
1-x 2 3 4 2 3 4

Vpaeuenns (10) 37eCh IpHHUMAIOT BAA:

1 1 1 .
dy=1, dl+5do=0’ d2+_2_dl+_3_'dﬁ:0,

1 1 1
d3+'§ d2+—§ d1+—do=0,

4
dy=1, d, ! d. ! d. ! n
. IL; OT =1, dy=——, dy=——, dg= ——, ... Wrax,
" T. O.; OTCiofa d, ) 2 % 3% 24
X 1 1 1
=] X — X2 — x3_

1 2 12 24
In—
1-x

2) HaiiTi pasnoxeHue tg x B OKPECTHOCTH HyJs, pacCMatpHpas tg x KaK 4acTHOE
sin x ¥ COS X, PA3JOXEHUsT KOTOPHIX u3BecTHHI [404, (12) u (13)].

CylecTBOBaHHE TAKOIO Pa3lIOXCHUA HaNepen H3BECTHO — 110 oOwei Teopeme.
Taxk kxak tgx eCTh (YHKUHA HevYeTHAas, TO 3TO Pas3lioXEHHE COmEPNKUT TOJBKO
Heuye THHIe crenermu x. Koapdunuent npu x27~1 B MCKOMOM Da3JIOXeHHH yAO0OHO

Ty
B3sTh B hopme ———— . Htak, umeeMm
dopMe G
tg X= Z”' _.TL_ xn~1 (11)
n=1 (2’1—1)!
1%
> xn-1 o x2n had xan-1
Tho————- -1 —= B | | R
él " @n—1) n:zo( o gl( ) @n-1)
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OuesugHo, Ty =1. s onpeaenenns OCTaNbHBIX qucen Ty, npupaBEEBas ko3bdrmmenTs
opu X271 cnepa M CIpaBa, MOJIYYMM MOCJIEAOBAaTEILHOCT, YPaBHEHHH BUIA:

T Tan 1, Tas 1, 1
@n-1)! (@2n-=-3) 2! (2n-5)! 4! @n-1)
(n=23,...)
HJIH, 0 YMHOXeHWH Ha (2n-— 1)},
Tn—C:n—lTn—1+C;n—1Tn-z o= (=1

Tak kak Bce yucna Cf,,_., CYTh ILIeJIble, TO DOCJIEA0BaTENLHO yoexmaeMcs, YTo 1 koabdu-
imesTsl T, Bce mnenble. BOT 3HaYeHH HECKOJBLKUX MEPBBIX U3 HUX:

T,=1, T,=2, Ty=16, T,=272, To=1936,

Taxum o6pazom,

1 2 17 62
tgx=x+3—x3+—x5+-——x7+ x4

15 315 2835

B crnenyromem n® 6yaeT yka3zaH ApYroi cnoco® BbYECIEHUA KO3()HUHEHTOB 3TOro
Pa3NIOXEeHNs] H TOYHO YCTaHOBJEHA 0OIacTh €ro MPUMEHHMOCTH.

449. Uncna Bepay/um B pa3/ioiKeHHH, B KOTOPBIX OHH BCTpeuaorca. PaccMoTprMm
ee OJuH IpUMEp AENEeHUs, KOTOPhI OyAeT UMETh BaXXHbIE ITPHIIOKEHUSA:
x x 1
ex—1 x2 xn x xn-t

0T ...+n! 51 "

Cornacuo o61eMy yTBepxacHuio n° 448, 3To yacTHOe, MO Kpaiineit Mepe 1is 1ocra-
TOYHO MaJIblX 3Ha4YeHHit X, IPENCTABINETCA B BUOE CTENIEHHOTO Psna

§m4+2—w 12)

ex—1 n=1n!
Koaddunuents: ero Mel B3sumt B dopme: B,/n!, uro (kax yBuaum) coenaer 6onee ynob-
HBIM MX MOCIIEIOBATENIbHOE ONpPEAeTICHHUe.
Hcxons 13 COOTHOLIEHHUS:

xn—1
1+ + et 1+f—}1~x+ﬂ2x2+ é’—'x"+ )=1,
3! n! 1! 2!
HpUpaBHseM HyFO Ko3duuMeHTh! NpH pasnUyHbIX CTemeHsaX x" (n=1, 2, 3, ...) cnesa.
Met MONYYMM YDPAaBHCHHSI BHOA
1 1 1 1
S ~ B kart e Bt ——=
n! 1!’5 (n- 1)'2"3" it (n-k+1)!k!13" ket l!n!ﬂl (n+1)!

WIH — no yMHOxeHmd HA (n+1)! —

Cr,i+1ﬂn+crzt+lﬂn—1‘+' s +Cr’l(+113n F1-kt .- +C:+h81+1 =0.
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Hcnons3oBaB cxoAcTBO ¢ OuHOMOM H b0 TO H a, MOXHO 3TH YPABHCHHUA C H M-
BOMTHYCCKH 3anucaTth TakK:

@B+Dnti-pn+i=0 (=1, 2, 3;...);

[IOCIIE BO3BBIMICHUS ABYWICHA B CTENEHEL N0 OOLIMHOMY NPABWIY ¥ COKPAIICHHUS CTAPIIErO
4aeHa, creneHd S mOMKHBI ObITH 3aMeHeHEI 3lech koaddmumentamu Sy Wrax, mis
onpeneneHus yncen S, (n=1.2, 3, ...) OyneM aMeTh GECKOHEUHYIO CHCTEMy YPaBHCHWMIA:

28,+1=0, 38,+38,+1=0, 48;+68,+4p,+1=0,
58,+108.+108,+58,+1=0, ...,

U3 KOTODBIX IIOCNEAOBATEIBHO HAXOOUM!:

1 1 1 1
=, By=—, =0, =—— =0, =—, =0,
B 3 B p Bs Ba % Bs Bs 5 Ba
1 5 691 7
ﬁ8=_%a .39'"‘0, ‘810:6_6’ .311=0, /312:“'2—‘730a .813=0: ﬂu=gy
3617 43867 174611
=0, fr=-—r) Pu=0, = s B=0, Pap=——, ..
Bis Bie 510 Bz Brs 798 B :320 330

[ .
Tax Kax yucna B onpedenslOTCa M3 JIAHEHHBIX ypaBHEHHH C NENbIMH Kodpdurnuen-
TaMmH, TO BCE OHH SBJSIIOTCA PANHOHANbHBIMHA. JIerko yCTaHOBHTH, B OOIEM
BUZE, YTO YKCIA J C HeYyeTHEIMH 3HAYkaMH (KpOMe mMepBOT 0) — Hymd. [eidcTBu-

x
TENBHO, NepeHocst B paBencTse (12) yien -3 HajeBo, OygeM HMMETh B JIEBOH 4aCTH

PaBEHCTBA, OYEBHAHO, Y€ THY IO QYHKIHIO

X X

x x xextl x elie ®

— = ~—-—-——=—Cth—
e"—122e"12"__.’£22
ez_e 2
B TakoM cnyyae ee pasioxeHue
1+ Zﬂ—nx”
n=2n!

HE MOXKET COJepXaTh HEYETHHIX CTEHgHeH X, 4. M TP. I.
JInst ancen £ ¢ YeTHBIMH 3HAYKaMH BBeneM OoJiee npHBLIYHOE 0603HaYeHune, nonaras*

Ban=(-1)""1B,,

TaK 4TO
1 1 1 1
Bl=_s BZ:—’ By=—, B‘l:—a
6 30 42’ 30
B.— 5 B 691 B 7
*e6” T 2130° 7 60
3617 43867 174611

g =

., By=——", By~ , .
s10” 7 798 7330

OTH uMeHHO uucna B, W Ha3pBAXOT wuciamu Kepunyaau, no mMesy SxoBa
BepHyNmH, KOTOpbii BINEepBble NpPUEIE] K HAM OPH M3YYEHHH CyMM CTeleHeil

* Ms1 ckopo ybemnmces, YTO Bee B, NOJMOKHTETbHBL.
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[OCIIEAOBATENBHBIX HATYPAlbHBIX YHCENl C HATYPAalbHBIMH XK€ [oKa3zatenamu. ducia
BepHyIJNH UrpaloT BaXHYIO POJb BO MHOTHX BOIPOCAX aHaJM3a.
Wrax, 3ameHss i yxoOcTBa x Ha 2Xx, OKOHYATEIBHO MMEEM DA3JI0KCHHE

thox-14- D 2B, +(-1rt 2780 an g
«C X = ——— X~ ——— X een - X e =
x 2 4 2n!
o 2:np
=1+ 2 (-1t e, (13)
n=1 2n!

NCHCTBUTEIbHOE A1 AOCTATOYHO MAJILIX 3HAYCHHUHU X.
B 445, 3) MblI yxe UMeNU pa3noXeHHe

ax-cthmx=1+2 Z (— D15, .x21,

n=1
roe Yepe3 s., Obula 0003HaYeHa CymMMa psna Z — 3amenuB u B pasencTe (13) x Ha
m=1H1
71X, TIEPEIHKIIEM €ro Tax:

2n

(2m)*" By
—_.X
2

ax-cthax=1+ 2 (=111
n=1 n!

O0a pa3nokeHnsa, pa3yMeercs, HOJIKHBI ObITh TOXACCTBEHHDLI; OTCIOAA

2(2n)

=————Son,
@z "

n

TaK 4TO BCE YMCNA B, OKA3bIBAIOTCI MOJIOXK MU TE N bHBI MH. Tak Kak OpHA 71—,
OYEBH/IHO, Son—~+1, TO U3 mONy4eHHON ¢oOpMyJBl SABCTBYET, 4TO YHCIA BEpHY NI H
OECKOHEYHO BO3pACTalOT* MPH BO3PACTAHMM MX HOMepa.

OTMETHM IONYTHO [OJIC3HBIC BHIPAXKEHMS, MOTYYAIOUIHECA HJISl CYMM Spnt

2 1 Qo

Zimn 22!

s

San

B 4aCTHOCTH [cp. 447, 6)]

< 1 a? < 1 =t
Sy= Z’ =—, 5= —=-
m=1m? 6 m=1 m* 90

BenomBuM Teneps, 4TO M IUIA X - Ctg 7x Mbl umenn [445], 2)] pasnoxenue, koaddu-
HUEHTLI KOTOPOTO TAKXKE 3aBUCENTH OT CYMM Sopt

co

mx-ctgmx=1-2 2, synx2N, (14)

n=1

3ameHsst 34€Ch 7TX HA X M NOICTAaBIAS BMECTO Sy, HailfleHHble MX BHIDAXEHUs yepe3
OepHYITHEBBI YHCTTA, TOMYYHM:

o 22 B,
xectgx=1- 2 “—"xm, (15)
n=1 2n!

* XoTst, kaKk Msl BUACIHA, HEC MOHOTOHHO, & 10 BECbMa NPHUXOTIHBOMY 3aKOHY.
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Tax xax mpo pasnoxenne (14) Mbl 3HaeM, YTO OHO MMEST MecCTO NpH |x| <1, To pasino-
xenue (15) medicTBuTensHO npu |x| <z, Ho npu x—~ +7 jeBas 4acTs paseHnctsa (15)
GecKOHEYHO BO3pacTaeT, CIENOBATENILHO, Psii COpaBa HE MOXET CXOOUTLCA HA IpH
Xx = tn, Ha TeM Oomnee OpH | x| >n: ero paguyc ¢XOOMMOCTH B TOYHOCTH DaBeH 7T *,
OTtcroma, Mexny mpodYHM, SICHO, YTO TAaKOB Xe OyaeT pammyc CXOOMMOCTH pAAa
(13), Mexny Tem kak ucxomueri psax (12) ©MeeT paauyc CXOANMOCTH 27,
Hons3ysacs ToXHECTBOM

tg x=ctg x— 2 ctg 2x,
u3 (15) nerko HAHOBO MOJYYUTH Pa3lOXEHHe A7 tg x:
Z"' 2¢n(22n — 1)

tg x= —————— Bj.x211, ae6)
n=1 2n!

OHO - TOXIOECTBEHAO ¢ MOJyYeHHBIM pavbme [cM. (11)], HO ero nmpeamoYHMTaroT mUCaTh
MMEHHO B 3TO# (opmMe mOTOMy, 4TO 4HCIa BEpHY NN H XOPOHIO M3YYEHBI, M I
HAX uMeloTcA oOumpHele Tabnumpl. Paauyc CXOZMMOCTH psAa, NPEACTABIISIOMErO

T
tg x, ecTh E; 3TO BHIHO TeNEPb U3 CaMoro Crmocoda ero moyyeHHs.

! C yucnamvn BepHY MM CBAIAHBI M MHOTHE ADPYIME MOJIE3HLIE DA3JIOXEHHA.
Hanpumep, Tak kak

oo

sinx}” cosx 1 1 2:np
(]n—_ = —=—(x.ctgx—1)= - Z n x2n—1,
x sinx x x a=1 2n!

TO, MHTEr PHPYs NOWIEHHO, HaXoauM (Iis |x| <7)

sin x < 22"B, xn
In——= — . .
x n=1 2n! 2n

n
AHanornyHo, n3 pa3noxenns (16) noYJICHHBIM MHTErPHPOBAHAEM HTOJTyYaeM (mm |x]=< —2-)

Zn' 2en(22n — 1)B,, xn

Incos x= — _— .
a=1 2n! 2n

tg x
W3 31ux pa3nokeHHid JIErkO MOJYYUTh pasjioXkeHde i ln —— . Pagsl 3TH MOJIe3Hb
X

IPH COCTaBJICHUH JIOrapApMO-TPHTOHOMETPUYECKAX Talmu.

* BrpoueM Bce BONpPOCHL, CBA3aHHBIE C ONpPEHETCHAEM pPamdyca CXOOHUMOCTH CTe-
MEHHOro Psiaa, JIErKo pemaroTcs ¢ noMompio TeopeMsl Komu — Agamapa [380].
Hanpumep, nns psaa (15) umeem

2n 2n 9
2B, 22n 2.2n! R
S pzn:l/z_rz!:vi?!'(zn)‘an"ﬁfz V25em,
S 1
p= lim pp=—, R=—=mu,
M- oo 4 P

32 I'. M. duxrenronsu, 1. II
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BepHeMcsi, B 3aKIIOUEHHE K PACXOASAINEMYCs Py

Z (- D+ 1)k,

n=0

KOTOPBI MBI paccMaTpuBand B 3anade 6) n° 425. Tam Obna ycTaHOBNEHA CYMMHpYe-
MOCTb 3TOTO pafaa no Meroxy Yeszapo k-ro mopsyika, HO caMoil $00OOINEHHOM CyM-
Meid (06o3HaumM ee uepes A(F)) MbI He HAINIM; BHEINONHMM 3TO ceifdac. Baoposem, Ml
mpocymMMupyeM psiz no Meronay Ilyaccoma — AGens, 4YTOo — Xak Mbl 3HaeM
[424, 2)] — nOMKHO DPUBECTH K TOMY XE pe3ylbTaTy.

Ilpu ¢ >0 Gymer 0<e~f<1 u, CyMMUpPYs IPOrpeccuto, NOTyIHM

—t 1 1 2 1t 1 2
2’ (= Dne—(n+1)t = T e ———
r=0 T—et el+1 ef—1 ef—1 1 el—1 1t e®~1

Hcnone3ys pasnoxenue (12), AnA DOCTATOYHO MajbiX ¢ OyaeM HMeTh

5’ (- Dre~(+1Df = S’ Mﬂ n—1,
n=0

=1 n!

Ipomuddepertmpyem o6a psaga O JIEHHO k pa3; AJMA CTENEHHOrO psfa COpaBa Mbl
onMpaeMcst Ha TeopeMy 8° n° 438, ona':xe coyxuT OCHOBaHMeM H xua amddepermpo-
BaHHS PAA ClIeBa, KOTOPBIA TOXE OKA3LIBAETCA CTEHNCHHBIM, €CJIM BBECTH IEPEMEHHYIO
x=e~t, B pesynsTaTe Halimem

So(- D+ o= = (= Dbt (in—;'l—){-zﬂ (~D(n-2)...-(n~kpn=k-1,

n=k4+1

VYcerpemuM Teneps ¢ x 0, a cnegopatensHo, x K 1. Craesa B npenesie HOIYYATCA WMEHHO
uckomoe A(F), a cnpasa ~ cBoGOmHBIN YiIeH

kD) - 1) 4,

(= Dt
k+1
Benomunas, yTo umcna S ¢ HeYeTHHIMM 3HAYKamy, OONBMMMM €IOVHMIbI, BCE HYIH,
a C YEeTHbIMM — NPHUBOIUATCA K YACIAM BepHy N nH, OKOHYATENHLHO MNPUXOIAM
x ¢dopmynam:

2im _ |
AGM) =0, AGM=D= (=N e By (m1).

450. Peiuenne ypaBHeunii papamu. Mz emie pas BepHEMCS K BOIPOCY
00 omnpezeseHHH TePeMEHHOR y, Kak QYHKUMH OT X, U3 HEPa3pPEIEHHOIO
YpaBHEHNS:

F(x,y)=0 (17

[cp. 206 u 442!], HO B MHOM IOCTAHOBKE:
IIpeonoroncum, umo @ynkyua F(x,y) 6 oxpecmmocmu mouxu (Xy, ¥o)
pasziazaemca 8 pad no CMeNeHAM X —Xo U Y — Yo, NPUYEM ROCMOAHHYITE YAeH
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8 Hem pagen 0, a koagguyuenm npu y —y, omauuen omQ *. Tozoa u Pynk-
yua y=y(x), onpedesseman ypasnenuem (17) 6 oxkpecmmocmu ykaszanHoii
MOYKU, MaKyice pazrazaemca 8 pad no CMeneHAM X — X, 80AU3U X =X,

Wuemvu cioBamu, ecau gynxyusn F, dueypupyrowas e aegoii uacmu
ypasuenua (17), 6ydem aunasumuueckoil 8 mouke (x,,Y,), mo u

- @yHKYuA y =)(X), onpedenseman ypasHeHUeM, OKa3vieaemcsa aH a A um u-

yeckoii ¢ mouke x,. TakuMm o0pasoM, 34eCh pedb HIET YKE HE TOJLKO
O CYLIECTBOBAHMH HMJIM BBLIYKCJICHHM 3HAYEHMA UCKOMOH (yHKOHH, HO H 00
€ AaHAJHUTHYECKOM NMpeACTaBIeHHUN.

HDokaszaTteunbcTBo. Bbe3d ymamenus oOHIHOCTH MOXHO IPHHATDH
Xo=Y,="0; 3T0, IO CYyIIEeCTBY, CBOOUTCA K TOMY, YTO B Ka4eCTBE HOBHIX
MEPEMEHHBIX MBI BEIOMpacM pPasHOCTH X — X, H y — )y, HO COXpaHs’eM CTa-
puie' 0603Ha4yenus. Eciiu BHITENMTH WIEH C IEPBOH CTENEHbIO , TO, Iepe-
HOCS €T0 B JPYIYIO YacTh M Iefd Ha K03hdHIHEeHT IPH HEM, MOXHO OyIer
[epenycaTh JaHHOE YPaBHEHUE TakK:

P=0C10X + CopX2+ €13 XY + CopV? + €333 + Coy X2y + CpX)2 + e VP + ... (18)
Pan pna gyHkmum y ot x OymeM HCKaTh B BHIE:
y=ax+axi+axi+... (19

IIpexne Bcero, eciu Nonqo0Hoe pa3IoOXKEHNE B OKPECT-
HOCTH HYIJIS MMeeT MECTO, TO ko3dpdbumuenTts ero
BOQIHE ONHO3HAYHO ONPENENAOTCA CAMUMCOOTHO-
menuneMm (18).

HelicTBATENBHO, 3aMCHSA B HeM ¥ (IIPH YKa3aHHOM NI p € L1 O JI O XK e-
HuH) pasnoxenueM (19), momydamM:

ax+ax®+axd+ ... =
=C10X + CogX2 e X(@ X + X2+ . L)+ Coo - (@ X + apx?2+ .. )P+
+ 03X+ ey X2 (@yx -+ L)+ epx (@ x+ .. )P+
Feggelapx+ ... 0%+ ... (18a)
ITo Teopeme n° 446, 1A KOCTATOYHO MANHIX X, CIpaBa 37IECh MOXHO BHI-
TIOJIHUTh BCE BO3BEICHUA B CTENCHb H CHENATh INPHBENEHHE MONOOHBIX
wieHoB. Eciin mocie 3Toro BocHoJIb30BATECS TEOPEMOH O TOXKIECTBE CTe-
NEHHBIX PANOB M OPHPABHATH K03(h(UIHEHTH IPU OOWHAKOBBIX CTEHEHX
X cjeBa W cmpaBa, TO MBI npuaeM k (OeckoHewHOH!) cACTEMe ypaBHEHMIA:
a1=Cg,  Gp=Cp+ Cpy@ + Coual,
(13 = c11a2 + 26‘02a1£12 + 030 + 621a1 + Cmaf + CO30§, N (20)

* OTO B TOTHOCTH COOTBETCIBYET OOBIMHLIM TPEOOBAHAAM
F(xy, y)=0, Fixo, ¥)#0.

32*
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OTHOCHTEJIbHO HUCKOMBIX KO3b(UUUCHTOB @), dy, A3, ..., dp, ... TaK Kak
B (18) cmpaBa Bce “WIeHBI, cofepXallue y, He HIXe BTOPOTO H3MEpPEeHHS
(1. e. conepxar OO BBHICHIYIO CTENEHb CAMOTO Y, JMOO y B IEPBOM CTe-
MeHH, HO YMHOXEHHOe Ha KaKyHW-JHOO CTeleHb X), TO B N-M YPaBHEHHH
cuctemsl (20) ko3ddHUIEEHT @, 0Ka3bIBaeTCS BBHIPAXKEHHBIM Yepe3 Ko3hdu-
LUHEHTHL @), dy, - .., dy—; C MEHBIIHMH HOMepaMH (M H3BeCTHBIE K03(h(H-
IMeHTHl ¢). OTHM H oOecmeuuMBaeTCd BO3MOXHOCTD
onpeneiasaTh KOIPOPHIOIHEHTH 4, DOCJIEIOBATENLHO
ONUH 3a APYTHM:

— 2
a4y =Cg; 3= Cyy+ €101+ CgaClps -

_ 2 , 2 3
a3 =(C11 + 2€00C16)(Cap + €11€10 + Co2C10) + Cap + Ca1€10 + C12CTo T Co3Cia5 - - - @n

IMonyTHO crenmaeM Takoe, BaXHOE IS JajbHeMuIero, 3aMedanue. Tak
KaK IpH PACKpBITHH CKOOOK B (18a) Hax OykBaMH a M ¢ HE OPHXOIUTCH
TPOU3BOJUTE HHBIX NEHCTBHI, KpOME CJIOXEHHS U YMHOXEHWI, TO B IIpa-
BBIX YacTAx ypaBrenui (20) Mbl OyieM HMETh TieJible MHOTOWIEHBI OTHOCH-
TEJIBHO 3THX OYKB, C 3aBeIOMO HOJOXHTEINbHBHMHU (Haxe — Ha-
TypanbHBMH) Kodpduurenramu. A torza u B popmynax (21) cnpasa
TaKkxe OyZyT LeJble MHOTOWICHEl C MOJIOXHUTENbHBIMHU Xe K03p-
¢$unEeHTaMH OTHOCHTENIBHO OYKB c.

CocraBuMm Temepp psan (19) ¢ kosddHIMeHTAMH @, BBIMHUCICHHBIMH
HMeHHO 1O 3TuM (opMyiam. IIpo HEro MOXHO CKa3aTh, YTO OH «hop-
MaJIbHO» YHOBJIeTBOpsieT cooTHowennio (18a). Ecim Ovl Oblia ymocro-
BEPEHA CXOAMMOCTH 3TOrO pAa Ui HOCTATOYHO MAJIBIX X, TO YXe He
65110 GBI HATOOHOCTH JTOKA3bIBATh, YTO AJISA OPEACTABIAEMON KM QyHKIHU
ycioBue (18) BbmrosiHeHo, 160 B 3TOM ciaydyae paBencTBa (20), KOTOpbHIM
K03(pGUIIMEHTHl psAga yIOBJIETBOPSIOT, BIOJHE paBHOCHIBHE! (18a). UTak,
BECh BOIIPOC TEHEepPb CBOOMUTCH K HOKa3aTeJNbCTBY
TOTo AUMb, YT0 pAX (19), k0o3bPHUHUEHTH KOTOPOTO
onpegengworcsas popMmMynamMu (21), cXoAZUTCHT B HEKO-
TOPOW OKPDECTHOCTH HYJI 4

PaccmorpuM, ogHoBpeMeHHO ¢ (18), aHamOrH¥HOE COOTHOILICHHE

Y=Y10% + VaoX2+ P11XY + Vo) + V30X + Vau X% + Y10%p  + 7 + .., (18%)

rae Bce KO3(PQHUIMEHTH! Yy, MOJOXHUTEJJbHB H, KpOME TOro, yIo-
BJIETBOPAIOT HEPaBEHCTBAM

[ci] <Vik- (22
IToctpouM mis Hero — moka GopMansHO — psif, aHamorwaHbli (19):

Y=0X + X2+ ogX3+ L Xt (19%)
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npudeM KodhdunnenTsr ero, Hamomobue (21), ompenmenam dopmymamu:
G =Y  A=Va+VuV10+ Yoi0»

oy = (V11 + 2Y02Y10/ (Vo0 + Y11¥10 + Yog¥do) +
+ V30 Yar¥10 + Y12Vi0 + YosVi0s - - - (21%)

CaMblif cocTaB 3THX (GOPMYJ, BBHAY OTMEYEHHOTO BHIlIE, 0OcCIeYuBacT
DOJOXMUTENbHOCTH 4HCEN &,. KpoMe Toro, comocrapiss ¢ (21) u
yumThBas (22), BuauM, 4to 4 (OpU BCeX n)

la,| <on. (23)

Ecjtu 651 yoanoch BEIOPATh MONOKHTENbHBIE KOIQOUIHEHTE! Yy, TAK, YTOOBL
HEe TONbKO BBITOJNHANUCH YcIoBUA (22), HO U YTOOBI COOTBETCTBEHHO HO-
crpoeHsblit psa (19%) nMen OTNMYHBIA OT HyNA pajdyC CXOAUMOCTH, TO,
BBHAY (23), 3T0 XK€ 6BLIO 6BI cpaBemmuBo M A psida (19) — u TeopeMa
6ruta Onl mokazaHa. 3aliMeMcsa ke BHIOO P OM YHMCEN V.
CymecTBYIOT TaKHe HOJIOKHTENLHBIE YHCIA F U @, YTO ABOMHOU psiI

[cio] 7+ lem| - r2+ e - ro+ |epl®+ ...

OyneT cxomAIIMMCsA, TaK 4TO ero obmuil wied |cy| righ crpemurcs x 0
H, CIIEMOBATENLHO, OTPAHKYEH:
M

|ewl - rie*<M, omayma |eu| <z

M
TTonoxum Yik= 77 H, B COIJIaCUH CO CKa3aHHBIM, PaCCMOTPUM COOTHO-
i righ 4

LICHHE:
M_ M M M M
y——x+-—x2+—xy+—;y2+...=~—M——M—~y
e e B
r e
WA, HAKOHCI,
o* Mp? X =0.

2
Y Q—I—My Q+M r—x

31ech OKa3bIBae€TCS BO3MOXHEIM (G aKTHYECKH HAHTH (QyHKIUIO
y=y(X), yIOBIETBOPAIOUIYI0 YPABHEHHIO — HMMEHHO Ty €€ BETBb, KOTO-
pas obpamaerca B 0 mpu x=0. Pemas kBagpaTHOe ypaBHEHHE, MbI HO-
Tyaum (cudTas |x|<r):

aMe+M) x |*
y= 2(9+M)[1_V1 0? r— x] :

* 3Hak MMHYC Depef KODHEM B3AT Kak pa3 Juia TOro, YTobHl mpH x=0 uMeTh U
y=0.
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Ecnn, nas YOpPOUICHUSA 3aITUCH, BBECTH obo3Hagenne

_ e 2
rl—r(e+2M) . (24)
TO BHID@XEHHE IS Y MOXHO HANACATh B BHUIE:

i 1
S P _12( ,i) :
r=xgan (-3 (=3 )

OTKYa yX€ SICHO, €CId BOCIOIB30BAaThCA OMHOMHAIIBLHBIM PSIOM, 4YTO
OHO JUIA |[X|<ry<r pasnaraercs mo CTemeHsAM x. Tak Kak YOOMSHYToOE
Pa3IoNKEHHE JOJDKHO OBITH TOXIECTBEHHO C (19%*), To 3TUM M 3aBepluaeTCs
OKa3aTeNIbCTBO CXOAMMOCTH psina (19*), a 3mauut, u psaga (19), mo xpaii-
Hel Mepe st |x|<ry.

OTMeTHM, YTO TeOpeMa YCTAHABIMBAET JHMLUL BO3MOXHOCTB pa3jo-
KEHHS Y O CTenmeHsM X (1Id, B o0LIeM ciyyae, o CTENEHIM X — X,) B 6 11 B-
3u x=0 (x=Xx,). OnpeneiaeHde TOYHOrO MPOMEXKYTKA CXOIUMOCTH ITOTrO
pasioxenus Tpebyer ocoboro uccieIoBaHHS.

IHono6HEIM e 06pa3soM MOXKHO TPaKTOBaThb M oOUMH Cilydaif, xorga
cucTeMa GYHKIM OnpeneseTCs U3 CUCTEMBl YPaBHCHHIA.

3aMeyaTenbHEIi METOH PAacCy)XIECHHS, IPHMEHCHHEIA BBIIC, NPHHAJ-
qexur K omu. CylmHOCTh €ro 3aKiioyaeTcs B 3aMeHE JAaHHBIX CTEICH-
HBIX PANOB, C OMHOW MJIM HECKOJIbKMMH TepeMeHHBIMH, — Oonee ymo6-
HBIMH 11 MCCIEINOBAaHMS MaXXOPAHTHBEIMH» pAaMH, Bce Ko3pGHIHCHTHI
KOTOPHIX IOJIOXKHUTEJLHEl M, COOTBETCTBEHHO, MPEBOCXOIAT a6COMIOTHEIE
BENMYMHE! KO03()PHUIEEHTOB JaHHBIX PANOB. B CBA3M C 3THM H caM MeToX
TOJTYYHJI HA3BAHHE Memo0a MaXCOpaHmuslx pados. VIM 4acTo moJib3yroTcs
B Teopur IupdepeHIHAIBHEIX YPaBHECHHH.

451. OGpamende crenersoro psana. Kax vacTHBIA cirydaii pelieHHOM
3a7a44, pACCMOTPHM Teepb Bonpoc 06 o 6 panmeHU U CTENEHHOT O
p a o a. Iycrs ¢yHKmHs y=f(x) B HEKOTOPOH OKPECTHOCTU TOUKH X=X,
HPEACTABJIAETCS PSAOM, PACHOJIOKEHHBIM IO CTEHECHIM X — X,. Obo3Hayas
cBo6OIHEIH WiieH (BEIPAXKAIOUINI 3HAUCHHE Y IIPU X = X,) UEPE3 ¥, HAUILEM
3TO pa3fiokKeHHe B BUME

Y =Yo=ay(Xx —Xg) + ay(x —x)*+ ... +an(x—Xp)" + . ..

Ipu a,=0, 6 okpecmnocmu y =y,, X onpedessemca omcro0a Kax PyHK-
Yua om y, paziazaoyasnca, 8 ceoio ouepedsb, 6 pAd NO CMENEHAM Y —Y,.
TakuM 0bpasoM, ecau y Aeidemca anaiumuueck ol @yukyueli om
X 6 mouxe Xx,, mo & coomeemcmeyiowyeii mouke y, (npu yKazawnom ycao-
euu) u obpamuas Pynkyua 6ydem anasumuydeckoi.

Bce 3T0 HEMOCPEICTBEHHO BLITEKaeT M3 JoKa3zaHHOH Teopemsl. Ilouo-
KEB I TPOCTOTHI Xo=y,=0, HaIHIIeM COOTHONICHHUE, CBS3LIBAIOILES



451] § 4. JOMTONHMUTEIbLHBIE CBEOJEHUS O CTEIEHHBIX PSIAX 503

v ¢ x, mo npumepy (18), B BUAe
x=by+ex®+ex+ext+ ..t
Torpa xo3pbUIHEHTH HCKOMOTO Pa3iioKEeHHUs
Xx=by+by*+byy°+...

ITOCNICAOBATCIABHO ONPENEIATCS U3 YPaBHCHMIL:

bi=b, by=cbl, by=2cbb,+ b3,

by=cy(2b1b; + b3) + 3c,b3b, + ¢, b4,

by =2cy(b,b, + bybs) + 3¢, (b3b, + byb2) + 4cy b3y + B3 .

Hanpumep, 30as pa3ioxenue CHHyCa

\

X0 ue

1
y=sinx=x—--x3f

6 120
MOXHO HaliTH pa3JloKeHHe

x=arcsin y = y+ byy3-+ bgyS+ . ...

(MBI BbUIUCHIBAEM JIMING BEYETHbIE CTENEHH y, 10O, BBUIY HEYeTHOCTH dyHKuUmMM y=sin x
Hanepe siCHO, YTO ¥ oOpaTHasa ¢yHKUmA OyneT HeyeTHOH). VpaBHeHus, onpenensiomnire
ko3 duimesTel b, B 3TOM Clydae UMEOT BUI:

by=1 b—l b’—l b——lbzb ! b‘—3
17 4> 3_6 l-ga 5’_'2_ 1¥3 120 1_403 sy

Jpyroit npuMep: mMycTh

9

2 X3 .
y=eX- 1 _x+T+T+""
OTCroaa

x=In(1+y)=by+b,y2+by3+...

KoabdunmerTh b ONpenensroTcs NOCIEN0BATENbHO:

1 1 1 1
by =1, b2="2‘b21=—5‘» b:a:"b1bz—'6— b3=3—,
1 1 1 1
by= -E(beba+b:)‘§‘ bfbs—iz by = T
1 2 2: ] 31 1 5 1
bs= —(blba‘*‘bzbz)“i‘ (blba‘*‘blbz)‘g blﬂz—m b1=g‘s R

TaK 410

lﬂ(1+ )_ 1 2+l 3 1 4 1 5
y)=y 2 b4 3 ¥ 7 yir 5 P AR ER]
O6nacTh W3MeHEHMsT y, B KOTOPOH TapaHTHPYIOTCHS CyMecTBOBaHHE OOpaTHOI

GyBKIER ¥ NeHCTBETENBLHOCT MOJIYYEHHOrO AUl Hee Pa3IOKEeHHs, MOXET ObTh yCTa-
HOBJIeHA U3 coobpaxenuit n° 450, HO OKa3bIBAETCS OOBIYHO OYeHb 3aHIDKeHHOM. Ecnwm,

* HyXHO IOMHANTD, YTO 34€Ch — [0 CPABHEHMIO C OPENBIAYIMM N° — X ¥ y OOMeHA-
JIACH POJTLSAMH,
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CKaXeM, B IEPBOM H3 NPHBENCHHBIX NMPAMEPOB NepenucaTb YpaBHEHHE, CBA3BLIBAOINEC
x 1 y B dopme (18):

T
A OTPAHHYMUTLCI X H ¥, YAOBJICTBOPHIONIUMHA HEPABEHCTBAM |x|s—2—, lyl=1, 1. e.

B3ATh g=%, r=1, To nonyuuM M =1 u — no dopmyne (24) —
7 2
2
n=y — <0)2:
Zi2
2

B TO BpeMs KaK HMCTHHHAs 007JacTh IPUMERMMOCTH HOJY4YEHHOrO pe3ylbTaTa €CTb
npomMexytok [—~1, 1]!

3amevanue. [Monesno gath cebe 0THET B 3HAUCHUH YCIOBUS a, =0,
0pd KOTOPOM TOJBKO U CIIPaBeJIMBO CHPOPMYJIHPOBAHHOE BHILIC yTBEP-
xpaenne. [yctb a;=0, HO a,=0, ckaxeM, a,>0; uTak, BOmmu x=0 (s
IPOCTOTEI MBI HOJIAraeM X, =Y, =0) AMeeM

y=ax*+ax3+axt+ ...,
1

Tak uro y>0. OGo3mauas depe3 y? apudMeTHdeckoe 3HAYCHHE KOPHS,
BHIUM, 4YTO )

Vy=Vap®+a3+axt+...= i—x}/;?v1+(ai’x+g-‘x2+...,
2 2

NMpHYeM MOCTABJICHHBIA IBOIHOM 3HaK COBNAJaeT CO 3HakoM X. B cuiy
TeopeMsl n° 50, mocienuuid pamukan BOm3m x=0 caM mpeacTaBiseTcs
CTENeHHbIM pAAOM ¢ cBoOoxubiM wieHoM 1. TakuM oOpazoM, OKoHYA-
TeabHO (€CH NBOWHOW 3HAK MEPEHECTH HAJIEBO):

tVy=ajx+azx+...,

TIe yxe a{=V_a;>0. Hcnons3yst TeopeMy HAcTOALIEero n° (pojb y UrpaeT
BeumHa +)y!), MBI HOJTYdHM 1 B2 PA3NMYHBIX PA3NOKEHHS IS X, B
3aBUCHMOCTH OT BEIODAHHOIO 3HAKA:
1 3
X, =b Y +byy + bR+ byyR+ ... =0 (b1=—1—>0)

1 3
Xp= —b )2+ b,y —by)2+ b,y — ... <O0.

OO6paiaeM BHMMAaHHe YUTATeNI] KaKk HA JBY3HAa4YHOCTBH obOpaT-
Hot GYHKIMY, TaK ¥ HA TO, YTO KaXJas U3 ee BeTBell pasjaraercs yxe He
0O IEeNbIM, @ o AP O 6HB M CTEHEHAM NEPEMEHHOH Y.
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452. Pan Jlarpamxa. IlpumeHuM TeopeMmy n° 450 K 4acTHOMy YpaBHEHHIO BHAA

y=a+xp(y), (25)

rae $yskoEs @(y) npeAnonaracTcsa aHAMTHYECKOH B TouKe y =d. Toraa, Kak Mbl 35aeM,
JUISL AOCTATOYHO MAaJIBIX 3HAYEHHH X, OTCIONA ¥ ompeneneTcs, Kak OYHKIHA OT X, aHAIH-
THYecKasa B Touke x =0 1 oOpanjarolmascs B 3TOH TOYKE B 4.

Hycte, nanee, u=f(y) 6yner kakasg-mubo GYHKUMA OT y, aHAIMTHYECKAS [IpH Y =d.
Ecnu BMecTO y NOACTaBUTH CIOAR YIOMSHYTYIO QYHKIMIO OT X, TO 4 OKAXETCH (byHKumei
OT X, KOTOpas TaKxe sBISETCS AHAIHTUYECKOM mpH x=0. IMoctaBum cebe 3amaueil
HalTH pa3joXeHue u IO CTEHeHsM X, TOYHee — HAUTH yJOOHLIE BLIPAXKEHHS IS Ko3d-
DUIHEHTOB 3TOTO PA3JIOXEHHA.

3aMeTHM HpeNBapUTENIBHO, YTO — MpHM IEPEeMEHHOM & — M3 ypaBHeHus (25), y
onpenensieTcd Kak QyHKIHMSA A By X IEPEMEHHBIX X W 4, aHaJMTU4eckas B Touke (0, a)*.
Torpa ¥ nepemenHas u 6yzaer QyHKuMeH OT TeX Xe ABYX IepEMEHHBIX.

Huddepenuupys (25) oo x ¥ N0 a, NOMYYEM:

2
L-xgO) 2 g0), =3O 21,
aox da

OTKYZAA, OYEBUAHO,

Iy ay
Zo=p(y)—, 26
o [262) 9 (26)
a Takxe ¥ BooOLwe, npu u= f(y),
ou ou
= — 26a
o () % (26a)
C gpyroi#t cropoHsl, kakosa Osl Hu Ovita dyukims F(y), 11 KOTOPO# CyHIECTRYET
MPOU3BOAHAS II0 Y, HMEEM:
a
[ (y)-—]=—[ (y)-—]. @
(')x da

B 3toM Jerko ybenuThcs HENOCPeACTBEHHO nudGdepeHuHpOBaHUEM, C CCHUIKOA Ha
ToxAaecTBa (26) u (26a).
BcemMu 3THMHM 3aMedaHMAMM Mbl BOCIOJIbL3yeMCs AN [OKA3ATE/IbCTBA BAXHOM
B RajbHelneM (GopMyJsl
anu 3!’1—1 %k
e |- ~] : 28)

X" dan—1

Ipu n=1 ona npuBoaurcs k (26a). JOmycTdM Teleph, YTO OHA BepHA AJIs HEKOTOPOTO
3HAYEHUA n==1, U YCTAHOBUM CIIPAaBEMJIMBOCTh €€ IJIA MPOW3BOAHOM (7+ 1)-ro nopsmka.
Auddepenunpys (28) no x u NOJbL3YsCh IPABOM INEPECTABIATL AH(dEepeniypoBaHus
[190], nonmyuaem

ntiy ot o [ 3u]
3X”+1 3(1” lax (P aa
Ho, B cuty (27) u (26a) uMeeM MOCHEAOBATENLHO

sl sl=glror i) - gl

* DTO yTBEepXKJEHHE NPEAIOaraer, YTo TeopemMa n° 450 pacmpocrpadesa Ha Cly-
vaif, KOrJa B yPaBHEHHH GUIypUPYIOT T P M II€DEMEHHBIC, M OfHA M3 HHX ONpPEAeNAeTCS
kKaK GYHKIHA OT OCTAJBHBIX B Y X.

** 3necy ¢"(y) o3HavaeT cTemeHB: [p(y)]".
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IoncTaenas 3TO B OPEAbIIYINCe PABCHCTBO, MOIYYHM:

3n+1u (f)n
3xn+1 aan

o]

Taxum obpaszom, dopmyna (28) HHIYKTHBHO OmpaBlaHa.
OOpaTuMCs, HAKOHEN, K MHTEPECYIOEMY HAC PA3JIOXKEHUIO (DYHKLUMH ¥ TIO CTETICHAM
x. IIpH NOCTOSHHOM @ OHO HEOOXOOHMMO MMeeT BHI pasnoxeuus Teidmopa [438, 9°0.

tx (Bu) (Bzu) N XN (B”u) N
u=u = e t—e|— cee,
° dx}o ax? n! 19x" /o

roe ykaszatens ) 03Ha4aeT, 4TO (GYHKLUHSA H €€ TIPOM3BOAHEIC B3ATH Npu x =0. Ho Torma
y obpanyaercsi B @, TaK 4TO ¥, = f(a), 1 3areM, no dopmyine (28),

anu\ dqn—1

— | =———[¢"(@)-["(a)).
(axn)o d n-—1

HopacTasnss >TH 3HAYCHUS KO3PPHIHEHTOB, Mbl TIPUXOAUM K DA3NOKCHMIO:

x Jgn—

2 d
f(,v)=f(a)+x~¢(a)f'(a)+%-£ lg%@) f @]+ .-+ [¢”(a) @M., (29)

'dn—l

KOTOpoe M HasbiBaeTcs padom Jlazpanoca. OHO 3aMEYATEILHO TEM, YTO KO-
3G GAMIHEHTE €ro0 TIPEACTABIEHLl B BUAC ABHBIX QYHKUMHA OT a.
Ecmu f(y)=y, TO, B 9aCTHOCTH, TIOJIy4aeM

x2 d xn qn—1
= . Ry /% ..
y=a+x-p(@)+ o da[(p @l+...+ pripryee

- [9"(@)]+ - (292)

CyIecTByeT TECHAs CBA3b MEXAy 3afayedl, pacCMaTPHBAaeMON B HACTOsIEM n°,
¥ 3amayeit obpamenns creneHHoro psga. Ecmym (B mpennonoxesun, 4to @(a) =< 0) nepe-
nucaTh ypaeHeHue (25) B Buze

x= ffy—)_bﬁb G- D)+b(y—a)+...,

TO 3ama¥a Jlarpamxa OKaKETCs paBHOCWUIbHA OOpAaIEHHIO 3TOro psiAa, paciiono-
KEHHOTO MO creneHsM y—a. HaoGopoT, ecnmu mocrapneHa 3apjada o6pameHus CTENCH-
HOro psja

vy=ax+ax*+a,x*+ ... (a, =0),
TO, NEPEITUCAB 3TO COOTHOLUCHHE TaK!:
y=x(a,+ax-+ax*+...),
0603HaUuM CyMMy psina B ckobkax uepes y'(x). Torma nmpuxomum K ypapHeHEro Tvma (25)
1 .
Y- VJ—(;) 5

X =

3peck a=0, (p(x)——(—s , H KpOME TOro, x u y oomensiuch ponsamu. ITocnenHee 3ame-

4AHHE BAXHO IOTOMY €Il€, YTO HO3BOJAET Cpa3y Harh oOwee BIPAKEHUe M Pe3yIbTaTa
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obpamenus no dopmyne (29a):

= L :v_[ ] +_[f_n_l -+ 30)
ytp(O) 2! dxtpz(x) =0 n dxn=1yp(x)|x=0

IpuBeneM mDpHUMeE P EL
1) HayreM umenHo ¢ ucnonb3oBanus ¢popmyisl (30). [Tycrs nasHo ypaBueHue

y=x(a+x) (a=0)
WK
1

X=Ye——- .
Y a+x

Tak xak
dn—1 1 (-Dn~1tp.(n4+1)....-(2n-2)
dxn=1(g+x)" (@a+x)2n—1 >

TO OPHUXOAUM K TAKOMY Pa3JIOXKCHHUIO:

2 2n—-2)! yn
x=1_1+ _._+(_1)n—l(__)_i_
a a (n—Dint g2n—1

To xe pa3noxeHHEe NOJIYYaeTcs, €ClIH PEMHATh KBAAPATHOE YPABHEHHE OTHOCHTEILHO X,
BBIOpaB TO M3 €ro 3HAYeHMH, KOTOpoe obpaiaercs B 0 BMecTe C y.
2) ByzgeM ucXom|Th M3 ypaBHEHHsA THmA (25)

x
y=a+—,
y
1 )
TaK ¥To 3nech p(y)=— . [Momaras f(y)=y—*, no gopmyne Jlarpanxa (25) paitnem
y

11 k x" k(k +3) X8 k(k +4)(k+5) x! k(k +5)(k+6)(k+ 7)

— — Xo———— —
yk gk ak+z 21 ak+4 3! ah+se 41 ak+8

Tax kKak JaHHOE ypaBHEHHE OPHBOAMTCS K XBaJAPAaTHOMY:

yi-ay—x=0,
TO, OYCBHIHO,*

Hanpumep, ecir a =2, To nonyyaercs (o yMEOXeHHH Ha 2K) Takoe pasioxeHnne:

k
2 =1_k‘£+k(k+3)( )s_k(k+4)(k+5) (i)"+
1+)T1x 47 2 |4 3t 4

* 3HaK WIOC nepel KOPHEM B3AT B CBA3M C TEM, 49TO NPH X =0 JOMKHO ObITh y=a.
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3) B TeopeTHYeCKO aCTpOHOMMM BaXKHYIO POJIb MIpacT ypasuenue K enae pa:
E=M-+e-sinE,

roe E ecTh JKCLEHTpMYECKas aHOMAIMS IUIaHEThl, M — ee cpedHsAs aHOMANuA, a &€ —
3KCUEHTPHCHTET IUIaHETHO#M opbuthl. Bocmonmb3oBasmuce psagoM Jlarpanxa
(29a), MOXHO HAHTU pa3ioxeHue E mo CTENeHsM SKCIEHTPHCATETA, ¢ Ko3hdHmenTamu,
3aBUCAIIAMHA OT M:

62 d 8" dn_l
E=M+tée-sin M+—- sin2M+...+—e———sin" M+...
> 2 am nl M1

3nech HpeacTaBisieT BaXXHOCTh 3HATH TOYHBIC pa3Mephbl NPOMEXYTKa CXOJAHMOCTH:
Jlanmac [P. S. Laplace] mepBbIii yCTaHOBHI, 4YTO CXOAHMOCTb HMEET MECTO AJIA
£<0,6627...

4) Haxonen, paccMOTpMM YypaBHCHUE

[+
y=x+=02-1)*
2
FEro peurensue, obpatualoineecs B x mpu o= 0, 6yner

1-)1-20x+a2 2x—-a
y= = .
@ 1+ V1 —2xx+a?

PasnoxeHde 3Toi QyHKUUM MO CTEIEHAM & HMEET BHI:

o 1 ()2 d(x2-1)2 1 (a\n di—Yx2-1)"
L e o e e o B

2

dx n!

2

MponuddepennmpyeM 06e YacTd 3TOFO PaBEHCTBA MO x (NIPHYEM M3 AHATMTHYECKOrO
XapakTepa y Kak QyHkumu OT A BY X TEPEMEHHBIX & M X, MOXHO 3aKIXOYUTh, 4YTO
JUTS psAna JOMYCTHMO I O Y JIe H H 0 € nuddepeHimpopanne). Mbl Iony4YuM pas3iioxeHHe

1dx2-1 1 dx(x2-1)? 1 dyx2-1)"
____‘_._._::1+a._i_~._)+a2. ..L_)_[_“,_Fa _(__.~)_
V1=2ax+a 2 dx 2122 dx? ni2n dxn

Ero xoadduipenTaMu, KaK MBI B 3TOM CjIy4yae HEMMOCPE A CTBE HH O YCMAaTpUBAEM
[cp. 447, 8)], AaBnsroTCH MHOrOYIeHb JIexxaHnpa:

1 dnx2-1)n

Pym-
opan T gxn

§ 5. DaeMenTapubie GYHKIHH KOMILIEKCHOH NepeMeHnoi

453. Komniexchsle *mcia. XOTS HAlI KypC HEJIMKOM TOCBAINEH BEINECTBE H-
HBIM I[EPEMEHHHIM M BEIIECTBEHHBIM Xe QYHKIMAM OT HHX, HACTOAIIMHM
naparpad) — OTCTymass OT 3TOM OCHOBHOH JIMHMM — MBI NOCBATHM 3JIEMEHTapPHBIM
GYHKOUAM KOMIOIEKCHOUH mepeMeHHOH W3noxkeHne 5TOro Bompoca
NPAMEIKAET K TEOPUH CTENEHHBIX PSIOB H, B CBOIO OYepelb, IPOIUBAET CBET Ha HEKOTO-
pble NPHHIMIAATLHBE MOMEHTHl 3TOM Teopuud. Kpome Toro, 3HaKOMCTBO ¢ QyHKIUAMHU

* 3nech x MIpaeT poiib @, a & — poJb X.
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KOMIUIEKCHOH IIePEMEHHOHi OKa3bIBAETCS IIQJIE3HBIM JUIA BEMECTBEHHOTO aHalii3a H
B BBMMHMCIIHTENBEHOM OTHOINEHAH [Cp. mprMepEl B 461, a Taxxke rnaBy XIX, NOCBSIIEHHYIO
psimam P ypbe, B TpeTheM TOMe Kypcal.

Mp1 mpeanonaraeM, 4TO YATATENb yXKe 3HAET KOMNJEKCHBIE YMCIA M3 anrebGpel.
TIoaToMy MEI OrpaHMYMMCS 3[€Ch JIMIIb KPATKEM O030POM OCHOBHBIX CBOMCTB 3THX
YHCEIL.

KomrnexcHoe YHCIIO z AMEET BHA: z=Xx-+yi, Ii€e i €CTb MHHEMAa s €QHHHIA,

i=}—1,axny — BeHIECTBeHHble YHCIA. /3 HuX x HA3pIBaeTCI BEIleCTBEHH O I,
ay — MHHMO# cocraBiasronieil HIH YacThIO YHCAA z, 1 0003HAYAIOTCA TAK:

x=R@@), y=I@.

JBa KOMIUTEKCHBIX 4Mcla x+yi m x'+)'i paBHbl Torga (M TONBKO TOrga), Koraa
Mopo3Hbk x=x" ¥ y=y'.* CloxeHne U YMHOXEHHE KOMIIIEKCHBIX WICE] IPOH3BOAATCS
no Gopmynam:

x+yD)+ G +y'D=x+x)++i,
c+yDO"+y)=(ex — yy )+ (Y’ +X'y)i;
JICTKO IPOBEPHTH CYINECTBOBAHHE PA3HOCTH M YaCTHOIO, BBIPAXAEMBIX Tak:
(x+y) - " +yD=Gx-x)+0 -2
x+yi  xx"+yy xXy—xy .
x'+yi Bz +y? - x4y’ !

(nmocnensee — B MPeqUOJNIOXEHHH, 4TO Xx'+)'i=0, T. e. uto x'24+y"2>0). IIpn 3TOM
U1 KOMIUTEKCHBIX YMCEeJI COOJIONAIOTCH BCEe OOBIYHLIE CBOWCTBA MHEACTBHM, HE CBS-
32HHBIC C MOHATHAMA GO bIIe M MEeHb Il e (3TH NOHATHA AJig KOMIUIEKCHBIX YHMCENT
He YyCTaHAaBIWBAIOTCH). To4YHEe TOBOPA, HMMEIOT
MecTo cBodcrBa 11 1°-4° n° 3 m III 1°-5°
n° 4. y

BozbMeM Ha I1UIOCKOCTH HPSIMOYTOJIBHYIO
CUCTEMY KOODAMHATHLIX oceit xOy (puc. 63).
Torga kaxmoe KOMIUIGKCHOE 9GHUCHO Z=Xx- yi
MOXET OBIThb M300paXeHo HA ITOH IIIOCKOCTH |
TOYKOK M(x, y), XOOpAMHATAMH XOTOPOM SB- i
JISTOTCSL BEMIECTBEHHAS M MHAMAS COCTABIAIO- _|
mue 3toro uucna, OuespnHO, W oOparHoO —
KaXpoi Touke M IUIOCKOCTH OTBEYaeT BIIOJIHE
OIIPENEIEHHOE KOMIUIGKCHOe 4HCIO. B CBA3M
C OJTMM pacCMAaTpUBAEMyIO INIOCKOCTH Ha3bl-
BAIOT MIOCKOCTBIO KOMIJIEKCHOIW
NEPEMEHHON 2z WIM OPOCTO KOMIIJ €K C-
HO¥ MIAOCKOCTBIO.

Bemecteennnie yucna x=x+0.7 wu300pa-
XAKOTCST TOYKamMM Ha OcH x (M6o [Oa  HuUX
y=0), a umcro muAMble uucna yi=0-+yi (x=0) — ToukaMH HA OCH y. DTH OCH
¥ HA3BIBAIOT INEPBYIO — BEHECTBEHHOM OCBIO, 4 BTOPYIO — MHHUMOH.

Baxmyro pons MrparoT Takke MNOJNAPHBIE KOOpAMHATHI r, © TOuKH, Clyxameil
u300paxeHneM umcna z=x-+yi (cM. veprex). HeoTpuuaTebHOE UMCIO 7 HA3BIBAETCH
MonyJleM W abCONWTHON BENHYMHOMN KOMIUIGKCHOTO YHCIA Z H

* MHBIMK CJIOBaMH, U 3eChb A7 HAC PABEHCTBO CBOAHMTCS K IPOCTOMY TOXKZECTBY
[cp. n° 2].
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o6Go3HaTaeTcs Tak: r= |z|. Moaymbh OZHO3HAYHO ONIPENEAECTCH KOMIUIEKCHBIM THCIIOM z:
|z =+ Vx2+y?

¥ OOpaIIaeTcs B HyJlb B TOM M TONBKO B TOM Cliy4ae, koraa z=0, Yron ® masriBaeTcs

ApryYMEHTOM KOMIUIEKCHOrO umcia z, @=Argz. Ilpu z#0, oH onpenensercs us
PaBEHCTB

X . ¥y

cosO=—, sin@=-=—,

r r

HO ML ¢ TOYHOCTBIO N0 ciiaraemMoro pEAa 2kn (K — wenoe). Ans z=0 apryment
OCTaeTCs BOBCE HE ONpEAENIeHHBIM. 3a HCKITIOUCHMEM 3TOTO CIIydYas [UIA KaXAOro umciia
Z CYIUECTBYeT OAWH W TONBKO OAWH APryMERT 6, YHNOBIETBODSIONIHYM HEDAaBEHCTBAM

—n<f=<m;

€ro HA3HIBAIOT TJTAaBHHM 3HAYCHHEM apryMeHTa M 00O3HAYaIOT 4Epe3 arg z.
Ecnu 8<=m, TO

sin rsin 8 y
1+cos8 r+rcos8 —x+’|/xz+yz’

K Yroj arg z MOXHO ONpCACINTH PABCHCTBOM

te—
82—

arg z=2 arctg 5
x+ | x2+ y2

OHO TOAMTCA [/ BCEX KOMIUIEKCHHIX WHCET, KPOME BEMECTBEHHBIX OTPULATENILHBIX
(u Hyns).

OTMeTHM, 4TO OIS MOAY/eH KOMIUTEKCHBIX 4MCeNl z=x+yi U z'=x"+yi TaKkxke
BBIIOJTHACTCA HEPABEHCTRO:

|z42"|=<)z| + 2],

CTOJIIb OPHUBBIYHOC AJIA a0COIIOTHBIX BEJIMYMH BEIIECTBEHHLIX 4HCEIL. JleliCTBUTENBHO,
B HaCTOSAIMEM CIy4Ya¢ OHO NPHUBOIUTCA K H3BCCTHOMY HCPABCHCTBY:

Va+x2+o+yr<lxt+y+Vxi+ys,

KOTOpO€ HpeNCTamiIfeT YaCTHhOI Cyvail HepaseHcTBa MmukoBckoro [133 (7)),
CM. TaxxXe CHOCKY Ha CTp. 346 I-ro ToMa.

CnpasenuBb B BBHITEKAIOIOUE W3 HEro ciencrsna [cm. 17].

Ecmn B 06GO3HAYeHMM KOMIUIGKCHOIO YHACHA z=Xx-+yi HOJNOKUTH X=r.Cos O,
y=r-sin ©, TO TOJNyYdM TaK HA3LIBAEMYI0O TPUTOHOMETpPHYECKYIO GOpPMYy
KOMIUIEKCHOT'O YMCJIa:

z=r(cos ®+isin B).
Bo3bMeM BTOpOe KOMIUIEKCHOE YHCIIO z' TaKkKe B TPHIOHOMETpHUeckoil dopme:
Z'=r'(cos @ +isin @).
Torma npou3BeneHu e zz’ B TPUTOHOMETPHYECKOH (PopMe HANMIIETCA TaK:
zz’ = rr’[cos (O + @) +isin (©+0)};
3TO HEDOCPEACTBEHHO CIEAYyeT M3 TEOPEM CIIOXEHHS s KOCHEYCa H CHHyca. OTcCrona

|z2'| = |z]-|2’}, Argzz’=Argz+Argz.
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AHAIIOTHYHO, IJIA YaCTHOIO 4ucen z u z' (2’ 0) Haxomum:

¥4

’

¥4

z

7z

z
, Arg?=Argz—Argz.

W3 dopMynel Opou3BeAcHUA ITONydYaercs (OopmMysia Iiisi CTEOEHW C HATYPaJbHBIM
moxasarenem n:

z = r(cos n@+ i sin nO),

B YaCTHOCTH, NpH r=1, npuxonuM kK ¢opmyine MoaBpa (A. de Moivre):
(cos 8+ isin 8)?=cos nf+isin nf.

Haxouew, a1 KO pHSA n-fi CTENEHH U3 z MMeEEM

Ve=T1r ( 0., . @)
z=)r [cos—+isin—|,
n n
n
rme Jr ectb apudMeTuyeckuit xopewb w3 r. Ilomaras 3dech NOOYEPETHO,
HATpHMeD,
0=0, 0+27, O+4nm, ..., 0+2(-1)n,
n

MBI OOJIYYHM 7 DPA3JAHYHBIX 3HAYEHHMH KODHA VE (xoneyHo, cyutasg z=Q); Opu
JIpYrux 3Ha4YeHHAX & CymyT ye JIAIIb DOBTOPATLCA STH X€ 3HAYEHHs KOPHS.

454. KoMmuiekcaas BapHanTa M ee npejes. PacCMOTpHM NOCIENOBATENbHOCTD {Zn),
COCTOSIIOYIO M3 KOMIJI€ KCHBIX YHCEN Z,=Xp+ynl (n=1,2,3, ...), d 0EpeMEHHYIO
Z, IPUHAMAIONIYIO 3TH 3HAYEHUS] B HOPSIIKE BO3PACTAHHS HOMEDPOB.

Ilpenen Ttakoii xOMIUIEKCHOM BapuaHTBHI ONPEAEHsieTCd B TeX Xe TEPMHHAX,
4YTO ¥ B CIIyYyae BEIIECTBCHHOHK BapuaHTHI [23]:

ITocmoannoe uucao c=a-+bi naseieaemca npedesom eapuanmel z=2z,, ecau
cKOab mMaao 6b1 Hu bbla0 yucao €>0, 044 Hezo cywecmeyem maroii Homep N, umo ace
3H@YeHuA zp ¢ Homepamu n>N ydosiemeopAaiom HepaseHcmsy

|zn—c]| <e.
Ilpu stom mumyTt
limzp=c wm zp-c

TouHo Tak xe DEepPeHOCATCA HA pacCMAaTpHBAeMEIN Ciydail onpeienends ©ec KO-
HeYHO Majnoh U 6eckOHed4HO OONbImMOM BemmuuH.

OTMeTHM, 4TO Tenepb He MOXeT ObITh peyd O CTPEMIEHMH BAPHAHTHI K GECKOHEH-
HOCTH ONpEeJEeNeHHOTro 3HakKa, IOCKOJbKY KOMIUIEKCHBIM YHCJIaM 3HAK
BooOwe He npumuceiBaeTcsa. Ecnm z, ecTh GeckoHeyHo Gonbiuas, T. €. |z,p| -~ + <, TO
TOBOPAT, YTO z, < (6e3 3Hakal).

PaccMoTpuM, Hanpumep, BapHaHTy z, =z, Ilé z €CTb KOMIIEKCHOE yucao. Eciu
npu 3toM |z| <1, To z,~0, ecmu xe |z| > 1, TO z, ~w; JIETKO BHAETDH, YTO OpU |z] =1
(H0 z= 1) ANs BapMaHTH z, NpeAena BOBCE HET.

JIns KOMIUIEKCHON BapMaHTHI JIETKO HEOCPENCTBEHHO MEPeNoKa3aTb OCHOBHbIE
YTBEpKACHHUs] TEOPHM MpEeNesioB, MOYTH MOOCIOBHO HOBTOPAA IIPEXHHE DPACCyKICHHA.
C npyro#i CTOpOHBI, BCE 3TH YTBEPKHEHHS ABTOMATHYECKH NEPEHOCATCA HA CIydal
KOMONEKCHOM BapHAHTHI HA OCHOBAHFM CJIEAYIOILEH MPOCTOM TEOpEMEI:

Komnaexcnan sapuanma zp, = xp+ yni cmpemumcs K npedeay ¢ = a-+ bi mozdau moavko

moz0a, Ko20a Geujecmeentbie 6APUANIMYL Xn U Yy, CIMPEMAMCA COOMBEMCIMBEHHO K NPedeiam
aub,

Ee [0Ka3aTeNbCTBO Cpa3y CIEAyeT W3 HEPAaBEHCTB:
|xn-a})

lﬁizn*cl = V‘(xn‘a)z'”)’n:r—»z<|xn - al|+|yn-b|.
[¥n—b)
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TakuMm 06pa3oM wuccrea0OBaHHE KOMIUIEKCHOW BAPHAHTHI MOXET OBITH 3aMEHEHO
MCCIIe0BaHMEM NBYX BEUIECTBEHHBIX BapMaHT. B YacTHOCTH, 3TUM MYTEM MOXHO O-
Ka3aTh 11 KOMIUIEKCHOM BapuMaHTBl ¥ NPHHUOHD cXxoxaAMocTH ([39].

PaccMoTpHM Temeps OECKOHEUHBLH PAf

cp=C+eC+..oteptnn
=1

n

C KOMIUIEKCHBIMY YIEHAMHU Cpn=dn+bpi. CyM MO paga v 34eCh Ha3blBAETCS MPELEN
YaCTHYHON CYMMBI

n
Cn= Z Ck-
k=1
Tak, HanpuMep, O T€OMETPHICCKON NporpeccHu

D =14zt 2L

n=0

(roe z — KOMIUIEKCHOE Y¥CII0, OTIMIHOE OT 1), 4acTHYHAsA CymMMa paBHA

n—1
1-2z"
Com 3 a7
k=0 1-z

OTCIOfA 5ICHO, 9TO NpPHU |z| <1 pAp HMeeT CyMMy

a npx |z|=1y Hero (KOHEYHOH) CyMMEI HET.

Bee ocHOBHBIE TOHATUS U TeopeMbl nn° 362, 364 (c X JHOKa3aTenbCTBAMH) COXpa-
HSIOTCA.

Hccnenosanne KOMIUIEKCHOTO Dsiia MOXET OBITH CBEAEHO K WCCIEIOBAHHUIO ABYX
BELICCTBEHHBLIX PSIOB, HA OCHOBAHHH TEOPEMBI:
Cx00umMocms KOMNAEKCHO20 PAJA

2 cn= 2 (an+bni) ©
n= n=1
K cymme C=A+ Bi pagnocunrsna cxooumocnu 08yx 6eujecmeeHHblX paooe

Zan &) w b (B),

coomgemcmeeino, k cymmam A U B.
OTO0 yTBEpXIEHHE, OUYEBHAHO, €CTh JNHMbL NepedpazupoBka TEOPEMBI, NOKa3aHHOH
BBIIIIE B TEPMUHAX BAPHAHTHI.

Tenepb JOKaXeM TEOpeMy, aHAIOTUYHYIO Teopeme n° 377.
Ecau cxodumea noaoxcumenvHulii pao

M

lenls (%))

n=1

cocmagaennvlii u3 Mooy aaeit uaenoe pada (C), mo u amom nocaednuii pad maxowce
cxodumea.
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JelcTBUTENBHO, BBHAY OYEBHAHBIX HEPABEHCTB

a
1t
n

cxomumocTh psjaa (C*) siewet 3a coboif cxoguMocTh 000X PSIIOB

2 lal w2 |bal.
n=1 n=1

Otcropa [377] cneayeT, uto cxomarcs psapbl (A) u (B), a Torma — no npeasiaymiei Teo-
peme — cxomutcs ¥ pag (C).

B cnyvae cxomumocTtr psma (C*) pan (C) HaspBaercs a0 CONIOTHO cXoms-
IMAMCS, OTMETHM, YTO NpPU 3TOM, KaKk MBI BHAehH, U paabl (A), (B) taxke cxomarcs
abcomoTHO.

Bnaropaps 3TOil Teopeme, NS KOMIUIEKCHBIX DSOB COXpaHAET CBOIO CHIY, Ha-
npuMep, npe3pak JanamOepa [377].

Ha abGcomoTHO cXoadmecs KOMIUIEKCHBIE PsAOLI NEPeHOCATCS Teopema n° 387
O HepeMEILCHAR WICHOB PAAa M OpaBmwio n° 389 0 mowieHHOM YMHOXCHHH psnoB. B mep-
BOM Cliy4yae JIOKa3aTeNbCTBO OCYINECTBIIETCS CBEINEHHEM K BEINECTBEHHBIM DpANaM,
a BO BTOPOM — B MPHHIMIE MOXET OBITH COXpPaHEHO TPEeXHES NOKA3aTEeILCTBO. .

Hakonen, aHanOrdyHeIM OOpa3oM MOXHO Ha KOMIJIEKCHBIA CITy4aili NEPEeHECTH
OCHOBHBIE HOHSATHS U TEOPEMEBI H3 TEOPHH JBOUHBIX PANOB.

455, Oyskmum KoMILUIEKCHOH nepeMemHoif, ITycTh KOMIUIEKCHAs HepeMeHHas z =
=x+y{ UPHHAMAEeT BCEBO3MOXHbE 3HAYCHWS M3 HEKOTOPOTO MHOXecTBa 20 ={z},
KOTOpPO€ FeOMETPHYECKH HHTepIpPeTHpYeTCa, Kak 00nacTh (OTKpPHITAs MM HET) B XOM-
IUIBKCHOM IUIOCKOCTH. ECIH ¢ KaKupIM 3HAYEHHEM Z U3 O6NMacTH %5 CONOCTaBIseTCH

ONHO MIM HECKOIJbKO 3HAYCHUH APYTrOoX KOMIUIEKCHOH mEpeMeHHOH w=u-vi,
TO NOCIEHIOK HAa35IBAFOT (COOTBETCTBEHHO, O AHO3HAa4YHOMN MIH MHOTO3HAa Y-

HO i) (yHKIMEH OT z B O6NIACTY SO M MUUIYT:
w=f(z) wm w=g(2), u T. .

IMpuMepaMu OnHO3HAYHBIX GyHKUME (M NPUTOM — BO Bceli KOMIUICGKCHOM ILIO-
CKOCTH) MOTYT CITyXHTh: |z|, z" mnu BooOIe — menas pauguoHanabHasa ¢ yHK-
LU, T.O. UeIbli MHOTOWICH

€2tz L+ oot ep_yzten

C [POM3BOJIbHBIMH KOMIUIEKCHBIMM Kod(hduimerTaMa ¢y, ¢y, ..., ¢n. A pobHad
pPanpHoOHanbHast QYHKLUHKSA, T. 6. HECOKPATHMOE 9aCTHOE ABYX MHOTOWICHOB,
TaKkKe ONHO3HAYHO ONpeZesieHa BO BCeH IJIOCKOCTH, HO B TOYKAaX, OTBEYAIOIINX KOPHAM
3HaMeHaTess, oHa obpainaercs B OecKOHEUHOCTh. B KagecTBe HpUMEpPOB HEOMHO3HAY-

n
HeIX GyHKmm# HazopeM Argz, |z Hioke, B 457-460 Myl M3y4nM [pYTHE BaXKHBIS
(YHKIMHE KOMIUTEKCHOU HepeMEeHHOIA.

B nocnexmyromeM, ecim HE OrOBOPEHO NPOTHBHOE, MbI OyneM paccMaTpHBaTh
ONHO3HAYHBIE (yHKUMA

Ecrm w=u-+vi ecth ¢yHKUEMM OT z=x-+yi B obnacru ,%={z}={x+yi}, TO €e
COCTAB/IOIOME 4, ©, OYEBHAHO, Takxe OyayT QYHKIHsSMH OT z WIH — YTO TO K& —

OT X, ¥ B COOTBETCTBYyIOmEil obnacts 70*={(x, y)} (xoTopas reomerpumuecku m306pa-
Kaerca Toi xe durypoi, uro u %):

u=ulx, y), v=v(x y).

33 I'. M. @uxrenromsu, 1. 11
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HanpuMep, 17151 BemecTBeHHLIX GYHKIWE w= |z| WIE w=arg z MMeeM, COOTBETCTBEHHO:

u=)x2+y? wmwam u=2arctg (v=0);

x+)x2+y2
mng dysRupH w =z = (x+ yi)", O4eBHIHO,

= n_mxn—zyz_{_,”,
1.2
n—-1)n-2
ety MO s

Tlycrs ¢ Gyzer Touxoi crymemmsi obnactu %. ToBopar, 9T0 dynxyus w=f(2)
npu cmpemaenuu z k ¢ umeein npedea C*, ecau 048 kaxcdo2o wucaa € >0 naiidemea maxoe
yucao 8>0, umo | f(z)— C| <€, aumb mosvko |z—c| <8 (wz#c).

3amAchBAIOT 3TOT (aKT, Kak OOBIIHO:

lim w=1im f(z)=C.

2-C Z—+C

Jlerko mepedpa3sHpoOBaTh 3TO ONpeNeNneHse Wi CIydas, koraa ¢ (W C) eCTb «; MOXHO
BHIPA3UTDh €r0 $HA A3BIKE HOCTIEIOBATEILHOCTEHS .

Ecmm c=a-+bi, C=A+Bi, T0 [Kak HeTpyAHO BbiBeCTH M3 n° 454] mpempinymee
COOTHOINEHAE PABHOCHILHO TAaKAM HIBYM:

lim u(x, y)=A, limo(x, y)=B.
xX~a X~a
y—»b y—»b

HenpepHBHOCTH byHkuma f(2) B kKakoif-mabo Touke z, = Xq-+y,i obractu %
onpefieNseTcs PaBEeHCTBOM:

lim f(2) = f(zo).

22,

Ona, OYEBHIHO, PaBHOCHJIbLHA HENPEPHIBHOCTH OOCHX CocTaBmmommx u(x, y), v(x, y)
B TO4Ke (Xg, Yo).

TakaM 06pa3oM, BCIIOMEHAS TOJIBKO YTO IPHBEACHHLIE BEHIpAXeHUs mnsd |z| u co-
CTABILIIOIIHX 2", BUIEM, YTO 3TH (GYHKIEAH HeIPepHIBHEI IS BCei IWIOCKOCTH KOMIUIEKC~
HOM MEepeMEHHON, AHAIOTHYHO, aIg 7z OKA3BIBAETCH HEHOpPEepHIBHBLIM MOBCIOMY, HCKIO-
9asi OTPHLATENBHYIO YacTh BEIIECTBEHHOH OCH.

KoBeuno, HeOpephBHOCTL MOXET ObITh YCTaHABIMBAE€MAa H HENOCPEACTBEHHO M3
KOMIUIEKCHBIX coobpaxenmit. Hampumep, mnms ¢ysximmm |z| oHa cpasy cienyer u3
HEPABEHCTBA

llz| - |zl <2 z|.

Jns dyBxumm z* ameeM:
2= =(z-Zp)(Z" T4 22" T2 L 20T,

TIpa HOCTATOYHOM 6IM3OCTH Z K 2, 3HAYEHHs z GyayT OrpaHm4eHbl HEKOTOPOH MOCTOSH-
HOM: |z|==M, Tak 9ro

|z“—zg| <nMn—1l.|z~-z],

OTKYZIa M CIEAYyeT Tpebyemoe 3aKIIOoYeHHe.

* 3mech ¢ 8 C — KOMIUIEKCHbIC YHCHIA.
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Jlerko Tenepr noOKa3aTh HENPEPHLIBHOCTH NENOM H ApoOHON panHMOHANBHON QysKIHM
(B mMocneqHeM ClIy9ae — MCKIIFOYas KOPHU 3HAMEHATENIs).
~-Onpeneneae MpOXM3BOTHOM mua OyEkmmE w=f(z) B TOuKe z=z, HMMeeT
TOT X€ BHUJ, Kak B OOBITHOM Ju(depeHrHaTbHOM ACIACICHAM:

. . SfatdD)-fz) . f(@D)-f(z)
w'=f"(zg)= lim = lim .
Az+0 Az 722, Z=2
Hanpuwmep, nis dyaknpn w =z uMeeM
‘ 2 -z
0 ='-Zn_l+zozn_2+ R At R
z—2, 0

TaK UTO, Hepexons K Npeneiy NpH z —~ z,, MOy9aeM CHOBA 3HAKOMYyio hopMydmy:

! e pzn—1
W nzo .

®opmyna n° 94 mits npom3BOgHON OOpaTHOR GyHKIMA M Bce npasuia aubdepen-
IHpoBaEMA nn° 97, 98 mepeHocHATCA 6e3 HM3MeHeHWil. AHAJOTMYHO YCTAHABIWBAETCS
H TOHATHE NMPOW3BOMHBIX BBHICIIAX [MOPAAKOB.

VioMmsreMm emne o psanax:

Zl D= [DHHD+ - A fnDF ey

9JIEeHAMH KOTODBIX SIBISIOTCS (DYHKUMH OT KOMIUIEKCHOW MEPEMEHHOM z B OOHOA W TOM

xe obmactn %.

3nech, mpexpe BCEro, MOXeT OBITH YCTaHOBJIEHO MOHATHE PABHOMEDHOH
CXOIOHMOCTH B Tex e TepMUHAX, YTO H B 428, B ciryvae KOMIUIEKCHBIX (DyHKIWO-
HATbLHBIX PANOB YOeXmaTbCsi B PABHOMEDHOM CXOOMMOCTH TaKKe MOXHO IO HAIAIHIO
TOJIOXATENILHOIO MaXXOPAaHTHOTO psjia, TaK Kak Opu3Hak BeiepmTpacca co-
XpaHAeT CHIY M 31ech. VI3 TeopeM 0 GYHKIMOBAJIBHEIX PANAX HaM ODOHANOOHWTCHA B Jajib-
HefimeM TeopeMa O HO4YJIE€HHOM INpEeNelILHOM Depexole B DPaBHO-
MEpHO cxomsmeMcs psape 433, Teopema 4; DOKa3pIBaeTCs OHA TAK e, KAK M BBIUE.

Tenepr MBI o6pamaeMcss K PaCCMOTPEHMIO, B YaCTHOCTH, CTeH €HHBIX DANOB,
KOTOpBle B TEOPHH (QYHKIEN KOMILIEKCHOM HEepeMeHHON MIPAloT HCKIFOYNTENIbHO BaX-
HYI0 ponb. IM MBI mocBSTEM 0OCOOBI Nn°.

456. Crenennvie paapl. ITycTs uMeeM psin

chz”=c0.+clz+czz2+-.-+cnz”+..., (¢))]
n=0
IJIE Cy, €15 Cgy ++» — TOCTOSHHDBIE KOMIUIEKCHbIE KOID(OHUMOHTH], a4 z — HepeMeHHas,

M3MEHSTIOIANCSA BO BCEI KOMIUIEKCHOM mIockocTa. COBEpIIEHHO TAK e, Kak 3TO ObuIo
cnenaso B 379 [mwm 380), ansa HEro MoxeT ObLITh YCTAHOBJIEHO CYIIECTBOBAHAE TaKOTO
HEOTPHIATEHLHOTO 9UCa R, uto 1 |z| < R (ecma R =>0) psag (1) abcomorro cxommTes,
a s |z| > R (ecm R< + =) psan pacxonarcs. Takam o6pa3oM, ecma oTOpOCHTD Crydai
R=0, MBI mMeeM npE R= 4+ psf, CXOAAIMIACA HA BCeli KOMIUIEKCHOM ILIOCKOCTH,
a NpE KOHETHOM R — DAn, CXOASINEICA BHYTPH Kpyra, ONHCAHHOTO OKOJIO HAYaia
pagmycoM R, @ pacxopammiics BHE 3TOro Kpyra. Bmecto mpoMeXyTka CXO-
OIUMOCTH 3/eChb UOMBIAETCA KPYTr CXOAHEMOCTH, H TEPMHH €pandycy
BIEPBbIE OKA3LIBAETCHA ONPABIAHHBIM.

33+
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Hanpumep, kak nerko ybenurscs ¢ moMompio mpusHaka JJamambGepa, pan
32
n=1n

abcoMIoTRO CXOauTCS pH mo60M KOMIUIEKCHOM 3HAYeHHH Z, B TO BpEMA KaK pPANBI

n

S 37

0 n?

3

R

AMEIOT PafMychl CXOOMMOCTH R=1.

Ha rpaHmie Kpyra CXOXAMOCTH IIOBEIEHHE CTENeRHOrO psfa MoXeT 6biTh pasmuy-
BeM. HampuMep, U3 TONBKO YTO NPHBEACHHBIX TPEX PANOB — IEPBHI pACX O AH T-
Cs BO BCEX TOYKaX OKPYRHOCTA |z| =1, nOo HapymieHO OCHOBHOE YCIOBHE CXOAMMOCTH
— o6t YNleH HO CTPEMHTCA K HYJIIO; BTOPOM PAA BO BCEX TOYKAX 3TOM OKPYXKHOCTH

a6CONITHO CXOMHUTCHA, TaK KaK CXOOUTCS PAA 2—2; HakoHeN, TPEeTHd psn,
1 n

€CITA MOJIOKATE B HEM 2= Cos § + i sin 8, nprunMaeT BuA

i,cosn0+i i,sin nd
n n

1

u (ucknrovas cny4aii 6=0, T.e. z=1) cxonmuTcsa [385 2)], Ho HeabconwTHO.

3ameuvanue. Ecum ko3hQUIMEHTsl CTENEHHOTO pAa — BEIIECTBEHHBIC 4HCIA
(Xak B DPHMBENEHHBIX OPEMEPAX), TO ACHO, YTO Paguyc R 4kpyra CXoOMMOCTH» HA KOM-
IIIEKCHOH TIIOCKOCTH COBHOAfAaeT ¢ MPEXHHM DaJHyCOM (IPOMEXYTKa CXOIWMOCTH®
Ha BCLOECTBEHHOM OCH.

TlepeunciiaM Teneph AajbHeHmue TEOPEMBI O CTENEHHBIX DAMAX, KOTOpHiE Hepe-
HOCHATCA HA KOMIUIEKCHBIE CTENIEHHbIE PAMKI.

Teopemsl 1° 1 2° n° 437 COXpaHSIOTCA NONHOCTHIO, TAK YTO BHYMPU Kpy2a CX0du-
mocmu cymma cmenennozo pada (1) aeasemca nenpepurénoli @yukyueit om z.

Yro xe kacaercs TeopeMul A Oensa [437, 6°], TO Teneph M3NOXHM €€ B TaKoH
dopme:

Ecau pad (1) cxodumca e nexomopoii mouxe z, okpyscnocmu |z| =R, mo npu npu-
6.audceNUl MOUKY Z K MOYKe 2 UIHYMPU 800 Ab NO pAOUYCY uMeeMm

lim 2 cpzlt= 2 cnzg *.

z2—+2, =0 n=0

B wactHOM cimyvae, koraa z,= R, MOXHO cUHTaTh, 4TO Z=r €CThb BEINECTBEHHASA
NONOXWTENbHAA IEPECMEHHAA, U AOKA3bIBAEMOE PAaBCHCTBO IPEACTABHTCS B BHIE

lim 2 cntr = 2 cnR™.

r—+-R-—-0 n=0

* MOXHO IOKa3aTh 3TO PaBEHCTBO M mpu Oonee oOuieM 3aKkoHe MpuOIHAEHMSA
Z X Zy, HA 9€M MBI, OJJHAKO, He OyAeM 31eCh OCTaHaBIIABATHCH,
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EciM MOJIOXHUTE € =ap+ bpi, TO OHO PAcIajlaeTCs HAa TakKHe 1Ba PABEHCTBA:
lim aptt= 2 a,Rn, lim > b= 2 byR™,
r-+R—-0 n=0 n=0 r—-R—0 n=0 n=0

Tak kax pAdbl B IPABBIX YACTSAX CXOAATCS, BBHAY OPEANOJIOKEHHONR CXOIHMOCTH paga

M

cp R = ZO (@n+bni)-Rn,
=

n=0

TO AJIA JOKA3aTeNbCTBA 3TAX PABEHCTB OCTACTCS JIMINBL COCIATHCA HAa OOLIYHYIO TEOpEMY
AbGemna

TTepexona k obmeMy cimy4aro, 0603HaYMM depe3 f, apryMeHT uucia z,. Torma
MOXHO TOJIOXHTE:

Zo=R(cos Op+isin bp),  z=r(cos f,+isinfy),

K NOJJICKAINCS OOKA3ATC/IbCTBY PABCHCTBO HANMINCTCA Tak:

lim Z cn(cos nfy+i-sin nfg)rn = Z cn(cos nfy+ isin nOg)R™.
r-R—0 n=0 n=0

Ecnu MHOXHTENIH B CKOOKax OTHECTH K Ko3hduuueHTaMm, TO BONPOC, OYEBYMAHO, CBE-
JIeTCS K yX€ PAaCCMOTPEHHOMY CIIy4aio.

Tenmeps (He cchllasick Ha oOLyIO TeopeMy O AuddepeHIMPOBaHHM DPAJOB) HEMO~
CPEICTBEHHO JOKAXKEM, YTO GHYMPU KPY2a CXOOUMOCMU CMENEHHOI pAd ModCHO Judpe-
Ppenyupoeames ROUYAEHHKO, T.€. ecau A |z| < R HOIOXKHTH

f@= 2 ez, 10 (@)= Z'Incnz”‘l.
n=0 n=

TIpexnpe BCEro, OTMETHM, YTO M pAaJHyC CXOOMMOCTH HOCIEAHEro psfa Taxke
€CTh R, B 4eM JIeTKO yOeoMTECA, HAalmpuMep, C MOMOINBIO TeopemMsl Kommu-A 1a-
Mapa.

OcCTaHOBHMCS HA ONPENETICHHOM TOYKe Zy, |zy| < R. iMeeM:

_ oo zZNn—gn o
f(@ f(Zo)= Z ¢n °o_ Z cn(z"_‘+zoz"‘z+ ---+Zg_l)- @)
Z-2Zy n=1 z n=1

—z
Ecnu B3ate ¢ Mexay |z,| ¥ R, To MOXHO cuuTaTh K |Z| < @; TOrga

fen(zM 14202024 oo+ 207N <ne ep] @

Psip 2 nlcp)e"! cxomurcs, u60 o Meubme R, KOTOPEM (KAK MBI YKa3ajm) CIyXHT
1

oo

PaJMycoM CXOIMMOCTH M VI Psa ), ncxz 1. B TakoM ciydae, NpHMEHSA NPHIHAK
1

BefiepmTpacca, 3akmo4aeM O DaBHOMEPHOH CXOOMMOCTH psama (2); B HeM
IpPY Z 2, MOXHO NIEpeiiTH K mpemesly MO 4Jjie HH O, 9TO M OpHUBEIeT K TpebyeMomy
pe3yabTaty.

OTcroma yXe BHITEKAeT, YTO OpemsioxeHus 8 M 9 n° 438 Takxke mEpPeHoCATCs HA
KOMIUIEKCHBIN ciydaii 6e3 m3MeHeHwik.

Takum o6pa3oMm, BHYTpH Kpyra CXOAHMMOCTH CyMMa CTENEHHOrO pama
HENPEPHIBHA BMECTE CO BCEMM NPOM3BOAHbIMH. MIHBIMM CIIOBaMH, €C/IH MbI pa3jiaraemM
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(YHKIHMIO B pAA OO CTENOHAM 2z, TO PACCTOSHME OT Hadana 10 Onmuxafimedt kK HEeMy TOYKK
paspeiBa GYHKUHM (WM KakOW-THOO e IpOU3BOAHOM) ABNISETCS €CTECTBEHHOW I pa -
HUOe# I pauyca CXOLKMOCTH 3TOTO Pa3JIOXEeHHA.

B crmydae nporpeccan

1
1-z422— ...+ (12" 4. = —o
=1 1+z

Tako#i TOYKOM OymerT z= —1; OHA JIEXHT HA BEIIECTBEHHOM OCH, HO3TOMYy M

1
pasbine ObLIO ACHO, YTO PAAMYC CXOOUMOCTH DAa3NIOKEHUSA GYHKUHAM —— HE MOXET

142
6bITh 60MbInE eaurHUBl. MHave 0OCTONT MeNo ¢ mporpeccueii
. 1
R RTTE o C ) L~ A,
=D 1422

Ee cyMMa TepIHUT Pa3phiB B TOYKAX z= ti MHHUMO H OCH, Ha PACCTOSHUM €IHHWIIbI
1

OT HAYaJIa; OCTABAACHh HAa BEIECTBEHHOM OCH, BAOJIB KOTOPON (hyHKLIUS ] HEnpepLIBHA

x2
BMeCTe CO BCEMH NMPOU3BONHBLIMHA, HENb3d OBUIO yACHHTH cede, modeMy pajdyc CXOmu-
MOCTH ©¢ Pa3JIOXCHUS PABCH CAUHWAIEC.

ITomoGHOro poaa HPHEMEpHI, KOTAAa HEepexod B KOMIUIEKCHYIO O0JacTb mOMOraer
BBHUICHATHh HCTHHHBIE NPUYMHEI T€X WM MHBIX OCOOCHHOCTEN pa3IOKECHNAs BELICCTBEHHON
$YHKIMR OT BEIIECTBEHHON NMEPEMEHHON, MBI BCTPETHM M HIKE.

B 3axmoveHve ymoMsiHEM, YTO BCE MpaBHila NCHUCTBHI{ HAJ CTCOCHHBIMH DANAMH
[445], Teopema o momcTaHOBKe psma B pAn [446), o nenemunm psanoB [448] w, HaxoEHeo,
00 o0pamenuu creneHHoro paaa [451] coXpaHSIOT CBOIO CHILYy M 3[ECh; AOKa3aTeJIbCTBA,
HOCSADMHE (POPMANBHBIA XapakTep, B MOJHONK Mepe IOIATCSA M IUIsi KOMILIEKCHBIX CTeneH-
HbIX DAAOB.

457. Iloxazatensnas ynxupst. Mp Bugenu B 404 (11), 4TO IpU OPOU3BOJIBHOM
BEIIECTBEHHOM X HMEET MECTO DPa3JIOKEHHO

Eciy 3aMeHUTs B 5 TOM D€ BEUIECTBEHHYIO NEPEMEHHYIO X KOMILUIEKCHOU Mepe-

* on
MeHHOH z=x+ yi, TO moiayuyurca psan 1+ Z — > Opo KOTOpPBI# MBI yXxe 3HaeM [456],
1T n

4YTO OH CXOOMYCS, T. €. UMEET OLPENCIIEHHYI0 KOHEYHYIO CYMMY BO BCEi IIOCKOCTH
KOMILIEKCHOM nepeMeHBoR. £20 cyMMYy u npurumaiom, no onpedeaseH ulo, 3a 3na-
uenue noxazamensiioil Gynxkyuu e npu A060M KOMNAEKCHOM Z, T. €. MONATar0T

zn

o1+ 242 3
et= +ﬁ+-2-!+...+;!—+... 3)

OTO ompeneneHHe, KaK MBI BHIENHM, HE NMPOTUBOPEYMT OOBMHOMY ONPEACNICHHIO s
CIIy4as BEUIECTBEHHOIO IOKAa3aTelA H ABJIACTCS €CTECTBEHHBIM €ro 00OOMICHUEM.

Ecnu BOCDONB30BaTHCA MPABHWIIOM YMHOMXEHMs CTENEHHBIX PANOB, TO, Kak H B 390,
6), nerko ybemuThCA, 9TO HpH JMOOBIX KOMMNJIEKCHBI X 3HAYCHAAX 2 U 2' OyneT

et = e2t?, @

TaK YTO 9T0 XapPaKTEpPHOE CBOMCTBO MNOKA3aTENbHOH GYHKUIHUM
OKa3bplBaeTCss COONIONeBRHBM H B KOMODJIeKCHO#N ob6Gnacru.
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PDyHKUMS e? HEOPEPHIBHA BO BCell MIOCKOCTH, GOJbINE TOTO — OHA HMEET MpOH3-
BOAHBIE BCEX NMOPHIKOB; MOWICHHEO audydepeRImpys ompenearoNmmuit ee P, IONYMHM
(ez)'=ez,

KAK ¥ paHbIIe,

Ilyctb z=x+yi, roe x ¥ ¥y — BEIIECTBEHHbIE YKCIIA; 3aMeHnA B (4) z Ha x, a ' HA i,
OymeM rMeThb

eZ:ex.eyl_

3ajiMemc Temeph 0co00 CTeneHsio e¥! ¢ wHCTO MAMMEIM moKaszaTeneM. Ecim B OCHOB-
HOM ompenenenud (3) MOACTaBATH yi BMECTO z, TO HIOJIYIAM

y2 yﬂ y4 y!ﬂ y2’1+1
Ml pi— it o (D — (- DN ———— i+ ...
=ty O D e
HIIHM, OTAEJISAA BEIECTBERHYIO YaCTh OT MHMMOH,
y2 y4 y2n yﬂ y2n+1
V=fl-—t——.. .+ —1"———+...)+ — =4 (-t L
¢ ( 2 A e k! e mw

B 3THX pAgax Mbl y3HaeM Pa3NnoXeHHs cos y u sin y {404, (12) u (13)] », Takxem o6pazoM,
NPHAXOAAM K 3aMeyaTesibHOM hopMyne

eYl=cos y+isiny, ®)
KOTOPYIO BHOEPBBIE YCTAHOBHI O # 1€ p; OTCIOAA, HANPHAMED,

L -1
e =i eml=—1, el =-—j etrl=1,

Wrak, ecma z=x+yi, 10
e?=eX(cos y1-isin y) *; ©)
MBI BHIHM, YTO
eX=eR@=|ez|, y=I(z)=Argez.

Tax xax eX>0 mpu moboM BeIIeCTBEHHOM X, TO €2 OTVINYHO OT HyJIsl IPH JEOGOM
KOMNJEKCHOM z.

3amenss B (5) y HA —y, OyTeM CIIOXKEHMs M BbIYUTAHUA oOemx GOpMyI, MOMyIHM
COOTHOUICHHSA
eYite—yl el —e—y!

cosy 3 , sin y 2 s (@)
BBIPAXKAIOIIME TPHUIOHOMETPHYECKHE GYHKIMN OT BOIIECTBEHHOT O apryMeHTa
4epe3 MOKA3aTeNbHbICE QYHEKIMH OT YHCTO MHUMBEIX aprymMedros. Mul elue
BEPHEMCH K 3TOMY 3aMeyaTenbHOMY (akTy Huxe.

Ecnu B pabercTse (6) 3aMeHATD ¥ Ha y+ 27, TO 3HAYEHHE MPABOl (a 3HAYUT, ¥ JIGBOH)
9aCTH PaBEHCTBA HE M3MEHWTCH; HHBIME CIIOBaMH,

ez+2n1=ez’

* MoxkBO GBUIO GBI HOJOXATD H 3TO PABEHCTBO B OCHOBY ONPEAEIICHAS HOKA3aTeb-
HOM $YHKIHA OT KOMIUIEKCHOTrO apryMeHTa; TOrAa (4) BHITEKAIO Ohl 43 TEOPEM CIIOKEHHS
ANA KOCHHYCa H CHHYCa.
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U noxazamenbnas GYHKYUA OKA3LIGAEMCH NEePUOOUYECK O, € UUCMO MHUMBIM
nepuodom 2mi.

Jlerko mokasaTh, 4TO, XpOME MepuoAOB BAAA 2k7i (kK — 1€N0€), APYTHX NEPHOAOB
bysknEs e? MMeTh HO MOXKET. B caMoM nene, ecnu ez+@=e2, 1o (nonaras z=0) e» =1,
ITycrth, ckaxeM, o = o+ fi, Tak 910 [cMm. (6)] e (cos B+ isin f)=1; orciona ex=1 u =0,
a 3areM: cos =1, sin §=0, cneposarensro, =2k, 9. u Tp. I.

Teneph JMIOL, KOTAAa MbI 3HaeM, 9TO ei2% =1, CTAHOBHTCA MOHATHBIM, TOYEMY

pasnoxerue GyHKMA B creneHHON psanx [449 (12)] mMeeT pamuyc CXOAMMOCTH

ex—1
27, XOTA HA BEIMECTBEHHOMU OCH y GyHKuuM

HET OCOOEHHOCTEH, KOTO-

pbie Mo Opl 3TO MOTHBHPOBaTh, HO HA MHMMOM OCH €CTh TOUKH, riae ¢yukius obpa-
maetcsi B OeCKOBEYHOCTh, M OkaiiimiMu M3 HAX K HAYaIy Kak pa3 ¥ OYAyT TOMKH
z= + 27, NlexKalmu@e OT HEro Ha PacCTOSHAHW 27.

B cBsi3u ¢ 0000miedreM noka3aTensHON GYyHKIMYE Ha CIyval o00ro KOMIDIEKCHOTO
[oKa3aTelis, BCIOMHEM 00 OIHOM MHTepeCHOH GYHKOHH, KOTOPYIO MBI PaccMaTPHBAIIA
B 138, 407:

_1
f=e ¥ (x=0), f(0)=0.

HeBO3MOXHOCTh Pa3NIOKATEH €€ MO CTENeHAM X B Kakoi Obl TO HM ObIIO OXPECTHOCTH

HyJIA, HECMOTPS Ha HENPEPHIBHOCTL Camol ¢GyHKIMM CO BCEMHM NPOH3BOAHLIMHE BIOh

BEIIECTBCHHON OCH, BKJIOYAas TOYKY X=0, CTAHOBHTICA HEMOCPEJACTBEHHO OYEBHIOHOMU

OpH Nepexoae K KOMONEKCHO M mnepeMeHHoR z=Xx+ yi. JelicTBATENbHO, GyHRKUIUA
1

e = (z=0) mpu z—-0 He EMeeT Aaxe mpenena, mbo, HANPAMED, NpH OPUOIMKEHHH Zz
K HYJIO BOOJIb MHUMOM OCH, KOTzia z=yi H y -0, Oyner:

1
e P=e¥ .
458. JIorapupmmreckas pynxuus, BozsMeM m1000€ KOMILTEKCHOE YHCIO W, OTIHYHOE
ot 0, ¥ nocTasuM cebe 3aaveil HAUTH YKCNO Z, YAOBIETBOPSAIONIES YPABHEHHIO:

et=w

(nmpu w=0 310 ypaBHEHHE, KaK MLl 3HAeM, H® UMEET pericHmit). Takoe yuciao z Ha3h-
BaeTcs (namypaavHvism) aozapudmom w B 0003HAYAETCA CHMBOIOM

z=Law. ®

Ecnu w=r(cos §+isin §) 1 nonoxursb z = x -+ yi, T0, BBHAY (6), ypaBuenue (8) pacna-
JAeTCS Ha TaKHe:
eX=r, cos y=cos 8, sin y =sin 0,
OTKyAa
x=In r*, y=0+2kn (k — uemnoe).

Mpb1 mpAxoAuM K 3aKMio¥9eHuIo, uto norapudm w (opu w=0) Bceraa CyIecTBYeT; OH
paBeH

Low=In{w|+i-Argw=In |w| +i-arg w+2kni ®

* 3neck uMeeTcst B BuAly O 6 bi 4 H Bl ¥l HATYpIBHBIA JIOrapudM MOJOKHTEABHOTO
qucna r.
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M, TakuM 00pa3oM, OKa3bBaeTCsi MHOT O3 Ha 4 HH M. BrnpoueMm, ato nerko 6nuto
MpeABUAETh, HCXOMS K3 NEPHOANYHOCTH MOKA3aTeNMbHON (yHkuuu. B3siB &k =0, nonyyum
Tak HaspiBaeMoe TFJaBHOE€ 3HadYeHMe norapudpma:

Inw=In |w|+i-argw, 10)
KOTOPO® XapaKTEPH3IYyeTCA T€M, UTO €ro MHEMMAs COCTABILIOIMAS COACPXKHTCS B IpPO-

Mexyrke (—m, 7]:
—a<I(ln w)=<mn.
Hanopmvep, uMeeM
In1=0, Lnl1=2kni; In(-1)=ni, Ln(-1)=Qk+1)xi,

4k+1
lni=—7ii, Lni= + ni T O
2 2

Ipu wmepemenroM w ¢opmyna (10) BeipakaeT rI1aBHY BeTBb MHOIO-
3HA9HOM JMIorapudMUYecCKOod ¢yHKkuuu Lnw. [Ipyrde BETBH MOIY9arOTCs
NpH PA3EYHBIX IENBIX 3HAYEHWsX K 1m0 ¢GopMyie

Ln w=1n w+ 2kni.

Jlerko BupeTh, uTO GyHKUHA (10) HeOpephiBHA HAa BCel IUTOCKOCTH KOMIUIEKCHOM
MepeMeRHOM W, 3a MCKIIOYEHHEM HAyallbHOM TOYKM M OTPHLATENILHOM YacTH Berme-
cTBeHHO# ocu. Pa3peiB npu w=0 HeycTpammMm, u60 mpm w -0, ouesmmHO, In W— .
Wnaye OGCTOMT A0 € OTPHIATCILHBIMH BEINECCTBCHHBIMH 3HAYCHHAMH Wo=1Uy<0.
Pa3pbiB 37€Ch CU3[A€TCA, B HEKOTOPOM CMEICIIE, HCKYCCTBEHHO M3-3a HAIIErO YCJIOBHA
6pate arg w B mpoMexyTke ( — 7, ). Korma w = u+vi—w, npa v >0, TO arg w - =arg w,,
ecu ke opu 3ToM v<0, To arg w— —z. Eciu 661 OT Tm1aBHO#U BeTBH: Inw BO
BTODPOH 4YeTBEPTH MBI HMEPENUM K APYroi BeTBH: Inw+2ni — B TpeTsed, TO
HenpeprBHOCTL Obuta 61 BoccTaHOBNeHa. TakAM 06pa3oM, xenas W3GerHyTb MHOTO-
3HaYHOCTA H DACWiICHAd MHOTO3HAYHYIO (GYHKIHIO HA ONHO3HAYHBIC BETBHM, MEI TEM
caMbIM IUIA KaX[IO#M OTHAGIILHOW BETBU cO34aeM pa3peiBel. HaoGopoT, oana BeTBb
B OPYTYIO NEPEXOJUT HempephiBHBIM 00pazoM. B 3Toif CBA3HOCTA pa3nHYHBIX BeTBEH
MHOTO3HaYHOI (YHKIAM M 3aKMIOYAcTCA 3aMevyaTelbHas OCOOCHHOCTh KOMIUIEKCHOMH
IUIOCKOCTH, HO HMEIONIas aBaJiora B MHOTO3HAYHBIX BEINESCTBEHHBIX (DYHKIHSX, ONpene-
JIHHBIX Ha BELIECTBEHHOM OCH.

ITo obmeif TeopeMe 0 mpoM3BOHOM OOpaTHOI QyHKIHM, FMEEM (UCKIIFOYAs TOYKM
pa3peiBa)

(Inw) = 1 11! 11
@ & w’

3amenuB w Ha 14w, paccmorpuM dysxkuuoo z=In (1+w) (w= —1). Torpa
< zN < zN
e=e(tM=14w=1+ 2 —, Tak uT0 W= ), —
n=1n! n=1n!

Orcrona cneayer, 910 Ul JOCTATOYHO MAJbiX (M0 aGCoNMOTHOM BEJIHYMHE) 3HAYCHUM
w dyskius z=1In (14 w) pa3naraercs B psAf IO CTENEHAM w;

z=wH Wit cawi+ .o Fepw+ ..
ITpon3Boanas OT 3T0# GYHKUMH 1O W TPEICTABUTCS PSAAOM:
[ln (A+w)l'=1+42¢c,w+3c;w2+ ... +nepw 14 ...

B 10 e BpeM#, BBaay (11), oHA BHIPA3HUTCA H Tak:

1
In(Q+w)=——=1-wtw?— ...+ (=P Ipn=14 ..,
1+w
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CpaBHuBasA 3TH [BA Da3JIOXKEHHS, BUINM, YTO

2c,=—1, 3¢3=1, ..., nep=(-D""L, ...,
OTKyHa
1

cz=—-—-’ ca=—-

2 3’

UTaK, OKOHYATENBHO, B OKPECTHOCTH HyJIS MMEEM DAa3lIOKEHHE:

1
ey Cp=(—D 11—
n

w2 ws w'
In(l+w)=w——+—— ... +(-DP"1—q ... (12)
2 3 n

Jlerko HpoBepHTBh, YTO MNONYYEHHBIM PAX HAMEET paguyc cxomuMoctd R=1. Ml
BAZIENA, YTO OPH JOCTATOYHO MaJBIX z, €r0 CymMMa OyneT ra1aBHoOe 3HaYeHHE
sorapudma: 1n (1+w); Gyner i 3TO Tak M BO BceM kpyre [w|-<17?

Tak kak pag (12) dopMaisHO yIOBIETBOPSET PABSHCTBY

w2 wi
W——t—— ...
e 23 14w,
TOOH M GAKTHYECKH €My YAOBIETBODAeT, HOKyxa cxomurcs, Takmm obpasom,
BO BCceM Kpyre |w] <1 cymma pspa (12), HaBepHOe, npencraBisieT coboii o MHO H3
3Haven®i Ln(1+w); Becb BOOpoC Teneph B TOM, BCeraa M 3T0 OyneT MMEHHO
ra1aBHOE 3Ha4Y€HHE.

Ecm |w|<1, 12K 9TO0 TOuka, M3o0pakaiomas Tucino 1+w, Jlexar BHYTPH

T T
Kpyra panuyca 1, ¢ ueHTpoM B TOYKe w=1, To arg (1+w) JexuT Mexny - —H —,
npyrue 3HadeHns Arg (14 w) JleXxaT B IpOMEXyTKax 2 2

( S5n 37z) ( 9% 77:)
2 ’ 2 k] 2 H] 2 s

In Sn) (77z 9n)
(2”2_’ 27 2)

Muumast cocrasisnomas cymmsl pana (12) u ects Arg (1+w) [em. 9)) Jna nocta-

TOYHO MalBlX w=u+vi OHa JaeT IJ1aBHOE 3HadeHwne arg (1+w), T. €. COOePRUTCS
T T

MEXay — 3 H —2—; B TO X€ BpeMs, KaK HelpepEIBHAsSt GYHKIHA OT 4 U ¥, OHA HE MOXET

MEPECKOYUTH B APyrHe yKa3aHHEI® OIPOMEXYTKH, CICIOBAaT&NIbHO, IPH BCeX |w|<1
PaBHa MMEHHO IJIaBHOMY 3HaveHmro arg (1+w). DT¥M 1nokasaHo, 4To paBeHCTBO (12)
HMEEeT MECTO BO BCeM Kpyre |w]<1.
3amenss B (12) w Ha — w B BHIYMTAs DOJyYCHHEIH pAR W3 pana (12), nonydum nones-
HOE pasloxeHue *: )
1 1 1+w w3 +wzn—1
—In ——=wt+—t . —
R T S w

KOTOpOe roautcsa mia [w|<1.

+..., 13

459. TpuromoMerpuyeckne QyHKuMM B uM obpartubie. Mpl 3Haem [404 (12) u (13)],
YTO NPU BEIMECTBEHHOM x (yHKIMH COSX H Sin X MPEACTaBIAIOTCA CIEHYIO-
IOMMHA PSIIAMH:

> x2n = x2n—1
cosx=1+ -)yr—, sinx= e ) et
ng'l =D 2n! ng;.( ) Qn-1)
* Tax xak MHEMAas COCTaBsomas pasHocTd In(1+w)—In (1~w) JIeXAT MEXIy

1+w
—7 M 7, TO 3Ta Pa3HOCTh JAeT UMEHHO FJ1aBHOS 3HAa4YCHHUE 1n1~———.
-w
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EctecTBEeHHO (I)yHKL[PIH cos z | sin z g mMoOOro KOMOJNEKCHOTO z onpeacinTb
¢ IOMOMMBIO aHAJIOTHYHBIX PSAOOB:

e zzn . B
cosz=1+n§1(—l) 2 smz~r§( Hn— l(2n Tk 14)

CXO Cs1 Ha BCEH IUIOCKOCTH OEPEMEHHOH Z.

gror cnoco0 BeeAeHHS TPATOHOMETPHYECKUX (YHKIMA IUId HAC YXK© He HOB: B 443
MBI BOCTIONB30BATCh MM JIaXe B BEMIECTBEHHOM obnacth (s Toro, 9Tobnl 060CHO-
BaTh 3TH BAXHBIC i aHanm3a ¢ysxipm Oe3 obpamerusa x reomerpmd). Ilompaxas
OPOBEICHHABIM TAM PacCyXACHUAM, MOXHO OBLIO OB M 3[€CH YCTAHOBUTB IS KOCHHYCA
H CHHYCA TEOpEeMBI CIIOXeHHs, (GOPMyIBI HPHBEJSHHS, CBOMCTBO NEPHOMMYHOCTH, a
Takxke nmpasmia aubdepeEnEpOBaHAS HX ~ HO yXe Ul KOMIUIEKCHBIX 3HA4YeHWH He-
3aBUCAMOII DePEMEHHOMH.

BopoueM Te ke pe3ynbTaThl MOXKHO MOJYYMTH M APYTHM DyTeM, YCTAHOBUB CBf3b
TPUTOHOMETPHYECKHX (DyHKIHIT C IOKasaTensHOM. VIMEHHO, Ipd T0O0M KOMILIEKCHOM
z, 0000mas caenassoe B 457 1id z = yi, MOXHO BBIBECTH, 9TO [cp. (5)]

et? =cos z+i-sin z,
a orcroma [cp. (7)]
el ezl el —g—2i
COS z= ——— sinz=————., {as
2 2i )

Otu GOpPMYIIBI LEMKOM CBOOAT M3YYCHHE TPUrOHOMETPHYECKHX (DyHKIMM K U3ydeHHIO
pokasarensHOM ¢yEkupE. [MIX MOXHO OBUIO OBI HOJIOKUTE B OCHOBY OLpPEICIICHHS
TpUroHOMeTpHudecKax dynkmmi BMecTo (14).) IlpeanaraeM anaraTemo, Acxons u3 Gopmy
(15), HaHOBO OOKa3aTh YIOMMHABINUECH BBIIE CBOMCTBA KOCHHYCA H CHHYCAa, a TaKXe
YCTaHOBUTh, 9TO 1) COS z | sin z HE MMEIOT OPYrHX NepHoaoB, KpoMme 2kn (kK — uemnoe),
¥ 2) 9TO BCE KOPHH 3THX (YHKIEIA BEINECTBEHHEL
Ecnu B (15) B3aT z=yi (y — BeINECTBEHHOS), TO HalifeM
y -y Y —e~Y
cosyi=%=chy, sinyi=e——-i-e———-i=i-shy. (16)

Takum ob6pa3oM ycraHaBiIMBaeTc® HeOOCpEeACTBEeMHHas CBA3b MEXAY rumep-
GonmdeckuME GYHKIMAME OT BEMECTBEHROTO apryMEHTa W TPUIrOHOMETPHYECKMMHA —
OT 9HCTO MHUMOTrO. JIFOOOHBITHO OTMETHTBL, YTO COS Yi €CTh BEUIECTBEHHOE YHUCIIO,
Beeraa Gonbliee equHHALIb.

Tenepp, BOCOONB30BABMIACE TEOPEMAMK CIIOXEHHS, MOXXHO HAMUCATh, YTO

cos (x+ yi)=cos x-cos yi—sin x-sin yi,
sin (x+ yi) =sin x-cos yi+cos x-sin yi
umy {Bo BHuManue k (16)]
cos (x+yi)=cos x-ch y—i.sin x-sh y,
sin (x+ yi)=sin x-ch y+i.cos x-sh y,

H TEM Pa3JIOKHTh KOCHHYC M CHHYC HA UX COCTaBJISIOLIHE,
OyBKupd tg z ¥ ctg z onpenenmoTcs GopMyIamMu

. sinz 1 ef-e—2 { (k+ 1) )

2= e 5 b m—— Z# —|7

i T 2]
cosz _effe—

Ctg2=§n'?=im (Z#kﬂ),

OPHYEM OKAa3bIBAIOTCS MMEIOLEMHA TOEPHOL 7.
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PasNoxeHns, HoJydeHHbie B 449 11 tg x ¥ X - ctg X, COXPaHAIOT CBOIO CHIIY M IIOCTE
NMOACTAHOBKA KOMIIJIEKCHOM NEPEMEHHOM z HA MecTO BemlecTBeHHOM x. CxomcTBo pas-
noxeHu#t WA x-ctgx ¥ x-cthx CTAaHOBHTCA COBEPIIEHHO IOHATHLIM, €CNIH YYECThb
nonyvaromuecs u3 (16) cooTHOmIEHUS

tgyi=i-thy, ctg yi= —i.cth y.

U3 dysxnmii, oOpaTHRIX TPHTOHOMETPHYECKAM, MBI OCTAHOBHMCS Ha apKTaHTEHCE
¥ Ha apKCUHYCE.

BBHAY TOrO, WTO TPHTOHOMETPHYECKHe (YHKIMM NOPHBOAATCA K IOKA3aTENBHOM,
€CTECTBECHHO KIATh, 9TO 0OpaTHEIC HM OKaXyTCs CBS3aHHLIMH C JIOTapEBMOM.

HayseM ¢ yka3aHus, 4TO w = tg z B¢ NPAHAMACT 3Ha9eHHs * i (B 3TOM Jierko yoe-
[HTBECA, PacCyXaas OT NpoTUBHOro). Ilycre w# +i; TOrna ypapHeHHe

1 e2l—e—2 | e2i_1

e - =— =W
i edlye—2l § ey

tgz=

MoxeT OblTh PEeImCHO OTHOCHTCIIBHO Z:

o L4wi 1 14+wi
eRl=— z=—Ln

1-wi’ 2 1-wi

TakoBo BeIpaxenue s oOpaTHOM dynxum Arctg w, odeBUmHO, OECKOHEYHO
MHOro3Ha4YHO# BMecre ¢ Ln.

Ecnu pns norapudMa B3ATh €r0 TJABHOE 3HAYEHHE, TO NOJYYHM TIJIaBHOE
3HaYeHHE apKTaHTeHca:

1+wi
1-wi

1
arctgw=— In w#= i),
2i

KOTOpO€ XapakTepu3yeTCsi Te€M, UTO €ro BEIIECTBEHHAs 4YacTh COJEPKUTICH B OpOMe-

(n 4
TKe | ——, —]:
XKYTKS )

n R (arctg w) 7
—— <R (arctg w)<—.
2 EWI=3

Ocranbhble 3HAYCHUA HOydYaroTesa no dopmyne
Arctgw=arctgw+kn (k — wuemnoe).

3amenns B psane (13) w Ha wi, OPANEM K Pa3JIOXEHHUIO AJiA TJTAaBHOMN BEeTBH
apKTaHIeHca
w3 wen—1
arctgw=w——+...+(-171
3 2n—-1

e

KOTOpoe NeACTBUTeNbHO A |w| < 1%,
OO6paTiMcs, HaKOHEl, K PeIIEHHIO YPaBHECHAS
. elz—e—iz
sin z=———=w
2i
OTHOCHTEJNIBHO Z:
ez - 2wi.giz—1=0, ez=wit J1-we,

OTKyAa

1 _
z=Arcsin w=—Ln (wi+ J1-w2);
i

H 31eCh TOJlyyaeM G e CKOHEYHO MHOTO3HAYHYIO (YHKIUHIO.

* Ilpu w= +i dhyskuus arctg w o6pamaercs B e,
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OrpaHuqaMcs At JiorapudMa ero raIaBHBEIM 3HAUYCHHU € M:
1
== 1n(wit VI-w2).

i
i 4
MNpuw=+1 mwm —1 pagukan obpamaercst B 0, ¥ MBI IOJIY4Y¥M, COOTBETCTBEHHO, z=5

TT

WM 5 YTO W NpHAMeM 3a rjJaBHOE 3HauYeHHe apkcuryca. Ilycrs

Tenepb W + 1, U HAM TIPEACTOUT BLIOOp M3 N By X 3Hauewuit z. QUeBHIHO,

(wi+ Vi=w2)(wi-Y1-w?) = -1,

Taxk 4YTO

—ln (wi+ Y1-w?)- »—ln (wi-Y1-w2)= £,

CIIeROBATEIBHO, U
1 - 1 R
R (_, tn (wi+ YT=w wz)) R (__ In (wi— J1= wz)) -
I 1]

B TO BpeMsl KaK MHEMSbi€ YaCTH pa3HATCA JIMINb 3HaKamu. Tak Kak Kaxjmas W3 Bemie-

CTBEHHBIX YacTell He BHIXOAMT 3a mpefenasl NPOMexyTkKa (7, ] ,To JUINb OfHA U3 HHX
TT i 4

OyHeT comepxaTbCs MEXIY -5 ) E; COOTBETCTBYIOIEE 3HAUYCHHE apKCuHyca MpH-

HAMaeM 3a rnaBHOe. VCKIoIeHne MPeACTaBHTCA JHIb B Ciiydae, Korma oGe
T T

BEIIECTBEHHBIE JACTH PABHBI 3 W — E; TOFAA 32 JIABHOE IPUHMMACTCS TO 3HAYCHUE,
KOTOpOMY OTBE4aeT MOJIOXATENbHAA MHHMAasA yacTb*. C 3TO# OroBOpPKOH MOXHO CKa-
3aTh, YTO FJABHOE 3HAYEHHE AapPKCHHYCa ONPEACIICTCS YCIOBUEM

4 . 4

~ —=<R (arcsin w)=<—.
2 2

Jlerko mpoBEPHTB, 9TO OCTANBLHBIC 3HAYEHHS BBHIPA3ATCS GopMyIamM:
Arcsin w = arcsin w+ 2k,
Arcsin w = (2k + 1)z — arcsin w (k — wuemoe).

B 3aKIIOYEHHS, YIOMSHEM O DAa3JIOKEHHM arcsin w mo cremeHaM w. B obmacru Be-
IMECTBEHHBIX MEPEMEHHBIX MBI YK€ BHAEIH, YTO IJsA psia

x3 x2n—1
y=x——3—?+...+(—l)” 1(271—)!+
[BBipaxaromiero sin xJ], oGpamermem Gyner pag
1 1.3 y5 Qn— NIt yin+1

x=y+—-—+ e ——— +.ee
23 245 2n!!  2n+1

[BoIpaxkarommii arcsin y; cm. 440, 3)]. Tak kKak ¥ B Cilyyae KOMIUIEKCHBIX NEPEeMEHHBLIX

K03hULEEAThl ONpenesIOTCS COBEPIMEHHO OAMHAKOBHIM 00pa3oM, TO SCHO, 9TO

B pe3ysbTaTe OO pamenusa paga

78 7B 2n—1

Z
-_+_-...+ e 2
"I e

* Hanpumep, arcsin 2=—+iIn (24 }3).

Nla
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MO0 XKeH MOIyIAThCS PAN
1 w3 1.3 wh @2n— 11 wintt

4ot —-
23 245 2! 2n+41

Ero paadyc cxomamMocTn R=1%; npu |w| <1 OH faeT oA EO H3 3HaZemmit Arcsinw.
TlokaxeMm, 910 310 6yJeT HMEHHO TJiaBHOE€ 3HadYeHMe arcsin w. JefCTBUTENbHO
|R(z)| ®e npeBOCXOOUT

1 1-31 en-1" 1

<l4—e—+ B e e 4+ ...
Izl 2'3 7245 20 2n+1

4
E‘ >
OTKYyAA ¥ BBITCKAET TpeﬁyeMoe 3aKJIFOYCHHC,

460. Ctenennan dyuxkuus. ITycts a n b OyayT IBa KOMIUIEKCHBIX YHCIIA, H3 KOTOPBIX
a=0. Torna obuiee onpenenenne creneHy a° Gynet Takoe
ab = ebLn a= eb(in a+2imi) (k— uenoe),

TaK 9YTO CTENEHb OKa3hBaeTcA BoOOGmEe MHOTO3HadYHOMK. Ilpn k=0 monywaercs
TaKk Ra3biBagMoe TNaBHOE 3HAYECHHE CTCNCHH

ab=ebln a,
Jina orTmrmma obmee Beipaxemwe cremenyw, cneays Komm, mHoraa oGosHavaroT
Tax: ((a))’. Taxum oGpasom
(@)o=ab-e2nmt  (k — uenoe).

Ecmu b paBHO HEJOMY YHACIY, TO BTOpO#l MHOXHTeNb 0OpamaeTcs B €AHHMIY:
B 3TOM CJIydae CTeNeHb OyJeT HMETh JUIIb OOHO 3HaYeHne. Koryia b ecTb HeCOKpaTHMas

palLmoHabHAA ApoOB 2 (g > 1), To crenens OyneT HIMETH POBHO ¢ PAa3IHYHBIX 3HAYCHMH.
q

HaxoHel, OpH BCAKOM APYTOM 3HaueHud b cTemeHb Oyner EMeTh 6 e€cCkOHeuYHOE€
MHOXECTBO 3HaycHUN.
Hanpumep,

2=ein2=cos(n2)+i-sin(n2), (@) =2-e-2= (k — menoe),

. n
kD7

iimeimize 2, (@)i=e (k - wmemoe).

Ecmt m ectb 110006 MOCTOSHHOE KOMIUIEKCHOE YHMCIO, TO CTEHOeHHASA
dyukmus ((z))™ Boobme MHOrosnawna. Ee rmapHas BeTsb ecThb (2 0) **

zM=eminz,
VI3 cooTHOMEHUSA
A+2)m= em-In(1+2)

COBEPUIECHHO Tak Xe, kak B n° 447, 2), MOXHO MoIyYdTh O HHEOMHANBHBIA P AN
m(m-1) .

m—-1)...(m-n+1
(1+z)m=l+mz+—-——l—2-—-z+...+m( 1)2 ( p )z”+

e

* TIpu w=+1 Hapymaercs HENPEepbIBHOCTE NPpOH3BO NHOH apKCHHYCA:
Vi-w
** Proraa opy z = 0 monararot z™ =0, ecma R(m) > 0.
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OTOT pAn CXONMTCA HPH MOOOM KOMIUIEKCHOM m, ecimd |z| <1*, m BOCHpOM3BOAHMT,
XaK BAIHO M3 CaMOro cmocofa ero moydYeHHS, MMEHHO I JI1a B H O € 3HAYEHHE CTENeHN
6mrOMa. WccnenoBarneM ero 3ammmanics A 6 e nb.

461. IIpamepnt. B 5ToM n° Ha HECKOJNBKHX IpPHEMEPAX MbI IOKAXEM, KAKUe YCIYTH
OKA3bIBAET BEIIECTBEHHOMY AHAIM3Y KOMIUIEKCHAS NEPEMEHHAsA W SNIEMEHTapHble QYHK-
ME OT Hee.

1
1) HocnemoBaTeNbHEIE - IPOU3BOAHBIE QYHKUMH Y= --—— JIETKO BBIYHCIIAIOTCH,

x2+1
€CITM TPEOCTABHTL €€ B BHIE:
1 ( 1 1 )
T PRI
Wmenno,
—1__( H—1(n- 1)|[ __.L_]=
(x—i1 (x+i)"
_(— D= n-D! (x+)—(x-i)" _
h 2i (+1)n
zw.[mn—l_wxn—s+_“]_
(x=+1)" 1.2.3
Hanpumep,

1 Y™ o 5x4—10x2+1
xt+1) (x24+1)8
OOHOBPEMEHHO, OYEBH/IHO, MONYIAIOTCA M NOCIENOBATENbHLIE NPOU3BOAREIE QYHK-
A arctg x [cp. 116, 8) u 118, 4)].
2) dopMynst Diinepa, BHPAKAIOMMUE XOCHHYC H CHHYC 4depe3 MOKA3aTelb-

Hyio GYHKIFIO, MOTYT GBITH MHOroOGpa3HO MCIONb30BaHbIL. Haupumep, xemas Haith
CXaToe BLIPAXEHHE AJIS CyMMBI

n
= %’ cos kx,

MOXHO CBECTH [€JI0 IPOCTO X CYMMHEPOBAHHIO TéEOMOTPHYIECKOHN mpo-
rpeccHu:

i _ 1 p—xi — p~(n+1)xl
=_1.. Zn'ekxi+2n' e—kxi)__.l(ex’ e(ntnx +e X ety ):
2\T T 2 1-ext 1-e—x
1., 1 1
1 eixx _ e(n+§)xl+ e—ﬁ- Xxi —e (n+-—)x1
=5 1 1 . =
2 e——xl_eixl e-ﬁxf_e—-z—xt
1 ( (n+%)xi —(n+%)xi) 1 ( —12~xi —-%xi) . ( 1
— - ——le? - sin [n+—]x
1 2 \¢ ¢ 2 ¢ ‘ 2) 1
T2 L, _1, - 1 2
' l(ele-—e 2,“) 2sin—x
2i 2

* Ilpu z= —1, ectw He cama cremerb (1+2)™, TO NOCTATOYHO AANEKWE €€ IPOU3-
BOJHEIC TEPHAT pPa3phiB; MCKIIOUEHME MPEICTAaBJIAeT JIAWEL Cydal, KOrma m DaBHO
0 nmm EATypasbEOMY 9HCIY.
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3) Ilennle HONOXUTENLHbIO CTENEHH Sin X H COS X, a TAKXKe MPOW3BENEHHS TaKHX
CTeleHel MOXXHO IpPEACTaBAUTh JIMHEHHHIME KOMOWHALMSIMM CHHYCOB H KOCHHYCOB
KpaTHBIX AYT. BHMOMHWTE 3TO JIErko ¢ moMOILI0 Tex xe dopmyn O #nepa, pas-
BEPHYB BEIPaXECHUS

. exl — g—xi\n exl 4 g—xi\n
sin? x = —————1 , cost x= | ————1 , ...
2i 2

no 6uvomy H b 10 T 0 Ha. Hampnmep,

1 . . : ; :
sin® x = i (e5xi — 5¢3xi 1 10eXi — 10— xI 4 S¢—3xl — g—5xI) =
i

1 (ebxi — g—5xi e3xi __ g—8xi eXxi — g—xi 1 . .
=——( -5 ~+10 = — (sio 5x— 5 sin 3x4-10sin x);
16 2i 2i 2i 16
‘o ais (exi_,_e—xi 4 (exi__eﬂxi‘
cos® x sind x = =
2 2i )

= — 1_218, (e2xi — e—2xi)3(exi 4o~ xl)=
i

= — l_zlg (e8xi — 3e2xi 4 Jo—2xi _ g—6xi)(gXI 4 g—XxI)=
1

= — T (e7xi 4 e5xi — 3e3xi — Jexi 4 3o —xI 4 3o~ 3Xi o g=5XI — g=7XI) =
i

1
- a (sin 7x+sin 5x - 3 sin 3x — 3 sin x).

MOXHO YCTaHOBHTH ¥ 00mmue GopMyIbL:

(a) sin® x= (2;1_): {cos 2vx—2v cos 2v—-2x+
2v(2v - 1) (-1 2»(2v—-1)...(»+1)
———chos(Zv—4)x~...+ 3 Ty },
(6) sinz+1x= (_2:3., {sin Qr+Dx— v+ 1D sin v - 1x+
2v+1)2» | ) @+1D2v ... (v+2) . )
Tsm(Zv—B)x+...+(—l) o smxI,
n 1 n(n—1)
(B) COSs! x——-zn—_l {cos nx+ncos(n-2)x+ 2 cos(n—-4)x+.. } ,

npuieM B dopmyie (B) mOCASHHU YWICH AMEET BAMX

1 2s(2v-1) ... (»+1) Qv+1D2v ... (»+2)
. , Wi~ COS X,
2 1.2...» 1.2...9

CMOTPA IO TOMY, OyzeT /u n=2v ama 2v+1.

ITogo6Heie Npeo6pa3oBaHus BETOMHEI P HETErpupoBanmn [cp. 287].

4) Ha KXOMIUTEKCEBIE (YHKIMH OT BEIIECTBEHHOH WM KOMIUICKCHOM IepeMEHHOMN
PacIpoCTPABAIOTCS OpOCTelnme (GOPMYNIEl METErPAILHOTO M CYACIEHHS (OTHOCAMKECS
K Pa3bICKaHHIO NepBOOOpa3HBIX).
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ITycTh Tpebyercs HalTH MHTErpaILL:
feﬂx cos bx dx, feﬂx sin bx dx.
JT1a 3afaya PaBHOCHIbHA HAXOKICHUIO MHTErpaa:
je“x(cos bx+isin bx) dx = Je(a+ bi)x dy,

KOTOpBIf — MO 3NeMeHTapHOH GOopMysie — paBeH

... cosbx+isinbx a cos bx+b sin bx asin bx—- b cos bx
e(a+bi)x — eax = ax 4 7.

a+bi a+bi a*+ b2 a?+ b?

IlpupaBHUBasi IOPO3HB BEIICCTBEHHEIE ¥ MHHWMEIE, NOIYYAM HCKOMBIE HHTErPaNb
[cp. 271, 6)].
PopMyiTy T BEYHCTICHAS HHTErPaid THIA

fp(x) -0 dx,

rae P(x) — nemnsii MEOrOwIeH [271, 4)], MOXHO PacupOCTPAHUTh H HA CTydYaid KOMIIIEKC~
Horo a. Torma x Helf HPEBEAYTCA HE TOJHKO MHTErPAJIBI

fp(x) cos bx dx, fp(x) sin bx dx,

HO W WHTErpajsl
J'P(x)eax cos bx dx, fP(x)eax sin bx dx

[271, 4); 289].

5) Cessbp Mexny JOrapudMHYECKOH H OGPATHBLIMH TPUTOHOMETPHYECKMMH (YHK-
nasMM OOBCIMHSET MHOTHE (GOPMYNHI MHTErPAbHOrO HCYMCIICHMSI, Ka3aBINMECs. CO-
BEPINEHHO PA3NMYHBIMH, M IIO3BOJISET YCTAHABIMBATH HOBble $opMyme. Hamprmep,

HHTErpasl
dx 1 x-a dx 1 X
f———=—ln— H f~—-=—arctg—
x2—-a® 2a x+a x:+a® a a
HITH

=In(x+Va*+x*) m

dx dx .ox
—_— f ————=arcsin —
]/a2+x’ ]/az_xz a
TIPUBOJATCS OJMH K JPYTOMY 3aMEHOM X Ha Xxi.
6) OTzenss BEMIECTBEHHYIO M MHAMYIO YaCTH B U3BECTHBIX KOMIIEKCHLIX Pa3Jioxe-

HHSX, MOXHO MHOI pa3s mpoCTO IOJNYYHTh MHTEPECHHIE PA3JIONKCHUA B BEIMECTBEHHOM
obnacru.

(a) BosbmeMm, mpu |z]| <1, pporpeccuio
Z o>
1 -2z n=1
M TOJIOXUM z = r{cos 0 +isin (). CnpaBa mOMyuAM psa
2, r™(cos nf+isin ng),

n=1

34 I'. M. ®uxrenronpu, . II
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a CJieBa — BBIPAXCHUC

r(cos 8+ isin 6) rcosf—r2 + rsin 0
= .1
(1-rcos@—irsin00 1-2rcosf+r2 1-2rcos04r?

TlpupaBHHBAsT BEUIECTBEHHBIE M MHHMBIC COCTABJISIONME B OOEMX 4aCTAX PaBEHCTBA
(v cokparas Ha r), TPHIEM K Pa3JIOKEHHSAM:

cosfO-r s
—_— Z rm—1cos n,
1-2rcosf+r* =1

sinf . i i
T — Z r*—1sin nb.
1-2rcosf+rt p=1

[cp. 440, 11)].
©) AHaNOTHYHO MOCTYNHB C JIOrapu(pMHUYECKHM PSOAOM:

nd-2=-3 % (z|<D,
n=1 N
motywaM s r<1 [cp. 440, 11)]:

1 el cos nf
ZIn(1-2rcosO+r)=— > " ,
2 n=1 n
kel sm n0
arctg ———————— Z
1-rcos® n=1 n

ITycts O<O=<n; Tak Xak OpH r=1 psapl COpasa MPOJOJDKAKOT CXOaMThCsa [385,
2)], TO MOXHO, BOCHONL30BABIINCH TeopeMoit A G ens [437, 6°], mepeidTu 3meCh K

1
mpeneny npu r-~1-0. Cnesa nony4uM B OEPBOM Cllyyae: 3 In (2-2cos §)=1In 2sin 7

[?} -6\ n-6
a BO BTOPOM: arctg |ctg — 5 =arctg th = Hrak, uMmeem:

<, oS n0 7 <, sin nf
In2 sm —_= Z i Z 0 <0=<n).

[B TpeTheM TOME Kypca MBI BCTPETHMCH CO MHOTHMH 3aMEYaTeTbHbIMU TPHUIOHO-
METPHYCCKIMM DPa3I0KCHUAMH. ]
7) B n° 447, 8) Ml BMENH pa3JIOKEHHE

=1+ Py(x)-a?,
V1 - 2ax+az n=1

rae Pn(x) — Muorowiensl Jlexaunapa. VsMmensas x Mexay —1 H +1, nonoxam
30ech x=Cos 0:

1 oo
(1-20cosf+a2) %=1+ > Pp(cosf)-am.
n=1
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3amenrM Teneph 2 cos ) Ha eli-fe—0!; MBI TTOTyuHM

1 . _1 _1
1-2xcos f+0a?) 2=[l—a(efite 0)+a?] 2=(1-aelf) 2.(1-ae—i0) 2=

H_l iy F1-3 2020 4 ‘ 1+1 ing 143 e 2404 )
=1+ —aell | a0y ., —ae—ing ety
2 2.4 ) 2 2.4

IlepeMHOXUB 3TH OBA PSAA N0 OOBIYHOMY NMPABWIY M MPHPABHAB KO3hdmments npu
o't 8 060MX pasTOXEHUsX, MBI TPHAEM K BBIDAXEHHIO 1ns P, (cos 0):

@Cn-D1! . Q2n-3 1 . .
@ DR iny emniny ST T nmnio 4 ot
P (cos 0) = = = (et ety e 3 €T DT
- 1.

CkoOKM Temepr MOXHO 3aMeHMTh TOCHenoBaTellbHO Ha 2 cos nf, 2cos(m—1)8,
2 cos (n—2)0 u 1. n. Tax xax Bce k03O MMEHTHI 346Ch NOJIOKATETBHEI, TO COBEPIICHHO
OYEBH/IHO, YTO HAMOOJBIIEro 3HAYEHUS 3TO BBIPAXEHHE NOCTHrHET npu =0, T. €. IpH
x =cos 0=1. TaxuM 06pa30oM, BOCIONB30BABIIHCH COOOPAKEHHUAMHE U3 00JIaCTH (QYHKIHH
KOMIITEKCHOM NEPEMEHHOM, MBI HAIIM MHTEPECHBIH pPE3yNIbTAaT, BCELENIO OTHOCSIIWHA-
CSl K BEIIECTBCHHOM oOnacTu: npu uzmenenuu x 8 npomexcymre [ — 1, + 1] ace muozouaenst
Jdexnandpa ceoezo Haubo bwe20 3HaYeHua docrmuzaiom Ha konye x=1.

§ 6. OoBepThIBaIONIHE H ACHMATOTHYECKHE PAIEL.
®opmyna Jiinepa—Makiiopena

462. I1pumepni. B § 9 mpensiaymieii rmapsi Mbl MO3HAKOMMIIM YMTATENS C HEKOTO-
PbIMM BOXHEHINMMHE ONpeJeNeHAsIMK «O000MEeHHON CyMMBIy AJIA PACXONSIINXCA PANOB,
IpHYeM CaMH YaCTHYHBIE CYMMBI Dsa BCero MeHee ObUIM NMPUTOXHBI IJIS
NPUOIHXEHHOTO BBIYHMCIIEHUS Takod «cyMMb». Celiuac Mpl BHOBb 3aifMeMcCsl pacxogsi-
IMUMHUCH PSIAMH, BO COBCEM B IPYLOM IUIAHE: MbI MOKAXEM, YTO MPHU HAJTHUIHHU
ONMpeNeNeHHBX YCIHOBHH M B H3BECTHBIX TPAaHHINAX HMEHHO
YaCTHYHBIE CYMMBI DacXOASNIEroCsA psAga MOTYT CIYXKHTh NPEBOCXOMHBIMH
OPACIMKEHAAMHE [T YUCJIA, B TOM KIJIH HHOM CMBICIIE «HOPOAMBILIErOy 3TOT paAn. s
TOTO 4TOOBI YHUTATENH OMYTHJI Hanepen NMPaKTHYeCKYIO BaXXKHOCTh IPUMEHEHHUS PacXons-
1IUXCS PAJOB B IPHOMKEHHBIX BRIYHCIIEHHSAX, JOCTATOYHO YIOMSHYTH O TOM, 4YTO 3THM
METONIOM NPHBBIYHO HOJB3YIOTCS aCTPOHOMBI TS IPEIBEIMHCICHHS TTONOXEe U Bebec-
HBIX TeJl, IPHYEM TOYHOCTh MOIYYaeMBbIX PE3yJIbTATOB OKa3bIBACTCS BIOJHE YIOBJIETBO-
PUTEIIBHOM.

MpbI nocTapaemcs CHa4yana BBISCHMTBL HYXXHbIE HAM HMIEHM HA IIBYX INMPOCTBIX HpPH-
Mepax.

1) PaccmoTpum storapudMudeckmit psin

x2 x8 xn xn+1
X=—F—— i H (D (=D)LL 1
513 =1 - -1 a1t O]

Xopomo m3sectHo [405], 910 3TOT PAX CXOOMTCS M mpexacrapiseT $pynkumo In(l+x)
Jume s — 1 <x=<s1. Bue aToro mpomexyrtka (manpumep, s x> 1) pan Oyzet pac-
XOOAWMMCS M JIMIEeH cyMMbl. OOHAKO M IUIs 3aveHui x> 1 ¢ydxuus In (1+x) npo-
oypkaeT OBITh CBSI3AHHOM C OTPE3KaMK 3TOTO pacxoasiierocs: psaa, ubo, no gopayae
Teiiaopa,
x2 x38 xn
In(l—!—x)=x—?+?— oo (=Dnt 7+rn(x),

34+
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TOe ¢MONOJHUTEIBHEIM WIeHY ry,(X) MOXeT ObITh B3ST, CKaxeM, B dopme JlarpaHxka
{126]

xn+1 xn+1

) =——————— (- D" e =0 (- —  (0<0, 0,<1).

n(x) (1+01x)"+1( ) Wil -1 ail ( <D

OKa3bIBAETCA, UTO OOHOAHUMEABHbIL YAEH AOCONOMHO Menblie Nepeo2o ombpacslieaemozo
yaena paoa u umeenm 0OuHakoewlii ¢ Hum 3naxk (KaK M B CIIyyae CXomsmierocs psaa Jieiis-
Hunesckoro tuma!). Wrtak, ecnu 3ameHAnTh 3HadeHwe In (1-x), mpm x>1, oTpe3koM
pacxomsunerocs psma (1), To Mbl MMeeM yIOOHYIO OLGHKY NOTPEIIHOCTH (M JaXe 3HAaeM
ee 3HaK). Dmo20 0oCmamouHO 048 Mo20, YMOGbl MOMCHO GblLI0 80CNOAL306AMBCA YHOMA=
HYMbIM OMPE3KOM OAA NPUBAUNCEHHO20 ebivucaeHus yucaa In (14 x)!

‘Koueuno, npu 0<x=1, c Bo3pacTanreM 7 10 GECKOHEYHOCTH MOTPEITHOCTh CHpe-
mumea k 0, a npu 3aaaHHEOM 1, HO X ~0, OyeM UMeTh Jaxe

——= =0, T.e. rp(x)=o0(x"),

T. €. IOrpemHOCTh OY/AET, 0 CPaBHEHMIO C X, OECKOHEYHO MAJIOil TeM §oliee BHICOKOTO
nopsaaka, yem Oosnpuie n. IIpy moboM GUKCHPOBAaHHOM Xx>1 ONEHOYHEI WieH
caM pacTeT A0 OECKOHEYHOCTH C BO3PACTAHHEM H, 1 HE MOXET OBITh Pe4l O TOM, 4TOObI —
AN KAaHHOTO X — 3a CYET N CACNIATh NMOTPEIHOCTh Hpou3goabno maasob. OmHaKo,
KaK IOKa3bIBae€T CaMa OLEHKA

xn+l

I rn()] < ;;_“1

npux, docmamouno 6auzkom K 1, Bce XKe MOXKHO CACTATh HOTPEMHOCTE 1 P O U 3+
60 abHO0 Manoit! Ecniu x duxcuposaHo, HO 6im3ko K 1, To 9iensl psaa (1), naxe mpu
x>1, OymyT crRagana yOpmBaTh 1Mo abCOMIOTHON BeM4MHE, HMEHHO, NOKy/a OTHOINEHHE

xn+1l xn n 1
t—=———x<1 wm n<—,
n+l n ntl x—1

a 3aTeM JHIb HAYHYT BO3pAcTaTh. BeiroaHee Bcero 0GopBaTh Psil Ha WIEHE C HOMEPOM

n=FE (Ll) : Tak — NPH JAHHOM x — TIOJIy9aeTCs Hauayuuee npubaudicerie A YACIA
X—
In (1+x).

B m3noxennoMm mpmmepe paccmarpuBaeMblil paa (1) sce xe mia —1<x=<1 6bin
cxoasnEMcsi, BTopo#t mpuMep noy4uTenbHee B TOM OTHOIIEHHMY, YTO 3/1eCh paccMaTpH-
BAeTCs MOCTOSIHHO PAaCXOASUTHICA P,

2) IlonoxuM Tenepb (s x> 0)

rae 0<c<1 (pag cxomurca!).
TIpu k—<x umeeMm

x+k x x2z x3 xt

ecny XKe k=x, To 3TOT pan pacxommrcst, Tem He MeHee, GOpPMa b HO IOJACTABHB
3TO Pa3jIoXeHHe B psan, onpeaeismonmi dyukmmio F(x), 00beIMANM NOXOOHBIE TISHBI
M TOJyYUM TaKMM IIyTeM DA

Al A2

Ap
e —t ., 2
X x2 xn @
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rae

Ap=(~Dn—1 kn—1ck,
k=1

Jlerko yOemuThbes, 4TO DPAUBL, onpepensiouive KosGpouuuenTsr 4,,, BCE CXOAATCSL.
Ho npepuiecTsysomuii psaa sisHO PacXoAMTCs, U6o

nit—1en
= 3

xn

An

|dpl=nt—1c" u

xn

a MOCJIeIHES BBIPAXKEHUE IPH A+« CTPEMUTCH K oo,
Jind HanpcaHHOro pacxopsiuerocs psaa (2) n- orpe3ok Oyaer:
n Ll n .
A, (- l)v 1y—1 K
Sn(x) = 21 T2
v= =1 y=1

k

kzi [1+( Dt k"]

+k’

TaK uToO ((IlOl’lOJI}IHTeJ'ILHHﬁ YIICH»
2, knck
() = FxX) = Sp(x) = (=17 >

=1 (erk)xn’
Y 3pech umeeMm

A
~6.20t (0<0<1).

ra(x)=6-(= 1) Z knek =00

CHOBa HAJUIO NPHBBEIYHAA OCOOEHHOCTDH psifa JEHOHHIIEBCKOrO THIA, XOTA pPacCMAaTpH-
BaeMBlil P U pacxoxuTcs. Koreyno, upuOimkeHAO npupasuupast F(x) yactuy-
HOU CyMMe Sp(x) 3TOro pacxoAsierocs psna, npu GuKCuUpoB8aHHO M X, 306e00MO
HeAb3A NOAYNUMb RNPOU3 GO ALHYIO MOUHOCME, HO MONCHO 000UMbCA 410 60 i
mounocmiy npy docmamouno boaswom x. JUIA paccMaTPMBAEMOro Cliy4as CoO-
XpaHseT CHIy 3aMeYaHHe O TOM, YTO HapAlUBaHKUE YACIIA COXPAHAEMBIX YWICHOB BHIrOAHO
(B CMBICIIC YBENMYEHHMS TOYHOCTH) JIKIOb A0 TEX IOp, MOKA WIEHbl MO abCOMOTHOMI

Aniy

BENU4MHE YOBIBAIOT, T. €.

n
OucBuaHO, UpH (GHUKCUPOBAHHOM #, AONOJIHHUTENBbHBIK wWiICH r,(x) cTpemurcs k 0,
€CIIH X - oo, BOJNICe TOro, Tak Kak IPH 3TOM

04
XMrp(x) = ks 0,
X
TO
1
rax)=ol—1, 3)
X

TaK YTO Fp(x) Oxa3piBaeTCsi OECKOHEYHO MAaJloOi BhIIHE H-TO IOP A -
ka. Yem OOIbILG WICHGS pacxoasilerocs psaaa (2) Mel yaepKuBaeM IS MPHOIHKeH-
HOrO mpeacTasiienns GyHKuud F(x), TeM 6oiee BBICOKOTO MOPHAKA MAJIOCTH IPH X — oo
MOJXXHO XJaTh OT HOTPENIHOCTH 3TOrO NprOmkKeHus!

463. Onpenenenns. IlepeitneM Tenepb K 00muM GOPMYITHPOBKAM M OIIPEACTIEHHSM.
Mycts nan 4ucioBoit psin

%’an=ao+al+a3+...+a,.+a,1+1+... @)



534 . X1l. ®YHKIIMOHANLHBIE NMOCAELOBATE/ILHOCTU U PAABL 1463

(a) Ecau e2o uacmuunble CyMMbL HOOYEPEOHO MO Menblde, MO O0ablde HEKONIOPO20
yucaa A, m. e. ecau OONROAHUME AbHBLI YAeH, onpedeisemblil hopmyaoi

A=ag+ay+...tap+rn, )

OKA3bIaeIct 3HAKONRCPDECMCHHBM, Mo 2060pam, umo psao (4) obsepnvieaenm
yucao A.
ITpocTOe paBEHCTBO

rm=any,+rnp

JIENAEeT OYCBHIHBIM, YTO 3TO ONPENE/ICHHE PABHOCH JIb HO TAKOMY:

(©) Pao (4) nazvieaemca ob6eepmuvieqaioyum uucio A, ecau, 60-nepeoix, 3Mom
pARO — 3HAKONepeMEeHHBII U, 60-6MOPbIX, OONOAHUMEAbHbIL YAel Yn HopMmyasl
(5) menvwe uucaa a,, no aAGCOAIOMHOIL GeAWYUHE U UMeem OOUHAKOBbI ¢ HUM 3HAK®.

B npenpiaymeM n° Mel yXe HMEJH IeJIo ¢ Taxumu psaamu: psp (1) ssHo 6p1u1 06-
BepThiBaromuM s In (1+x) (upu mobom x=>0), a psn (2) — obsepThiBaroIUM IJIS
dyukmuu F(x), oupenenenHo# B 2) (Toxke npu x > 0).

3aMeTHM, 4YTO B CJly4ae PAacXOJUMOCTH Dsina (4) OH MOXET OJHOBPEMEHHO OOBEPThHI-
BaTh U OCCKOHEYHOE MHOXECTBO uucen 4. Hampumep, psn

1-2+2-242—...

C yacTMYHbIMM Cymmamu 1, —1, 1, —1, 1, ..., oyeBHOHO, 0OBepThIBAECT Kaxka0e M3
wyucen npomexyTka (—1, 1).

CBO#CTBO 0OBEPTHIBAIOIIETO psiaad, ChopMynupoBanHoe B onpeaeneHuu (6), dacto
IenaeT ero LEeHHBIM CPEACTBOM MAJisi NPHOIKEHHOrO BBIYMCIGHHMSI YMclaa A, HO CaMo
¢c0o00I0 SICHO, YTO OAJIEKO HE BCSKHU DsN, OOBEPTHIBAIOIMIME YMCIO 4, MOKET CIYXUTh
IJIsI 3TOR Hesu.

ITycTh, BMECTO psina (4) C MOCTOSIHHBIME WICHAMU M YHCIa A, UMeeM QYHKLHOHAIb-
HBI psin

0Z’an(x) =g, (x)+a;()+ ... +ap(x)+an D+ ... (6)

u Hekyto yHkuuio A(x), mpudyem Bce (GyHkuMM a,(x) 1 A(X) 3aJaHel B ONHOM M TOH XKe
obmactu 4. Tonpko 4YTO TIPHBEAEHHBIE OMPENENIEHMsI YMCIIOBOrO psaa, o6BepThIBaKO-
LEr0 JAHHOE YHMCII0, ECTECTBEHHO DACOpPOCTPAHSIOTCS U Ha CIy4ai (YHKIMOHAJIBHOTO
psina, o6BepTeIBatoOLIEro NaHHyio ¢yHkiMo. He ocTaHaBnMBasCh HAa 3TOM, Mbl JAIAMM
HOBOE ONpEIENeHne, OTHOCAMEECA CUEUMAIBLHO K CIIy4aio, KOraa WieHsl psaga, nonobxo
(6), coaepxar eme napamerp x, obnacTb M3MEHeHMs KOTOporo 47 HMecT B KayecTBe
TOYKH CTYHICHHSI KOHEYHOC WM OeckoHeuHoe 4ucio . Kak Bcerna, monojHUTEIbHbIA
4JIEH rp(X) ONPENelTUM PAaBEHCTBOM

A(x) = ag(x) +ay(x) 4« . . - an(x) + ralx).

(B) Pao (6) Hazbiaemca acumnmomuuecCKuM pazionceruess 66 au3u
x = @yuxyuu A(x), ecau npu a060r GUKCUPOBAHHOM N

tim 9 _gne. %)

x—o @ (%)

* Mbl COXpaHWM TE€PMMH «OOBEPTHIBAIOMIMi» M B TOM Cly4ae, €ClM Opeanoso-
)EHHOE B ONpENeeHWM BBUIOIHACTCA JIMOIb Ul JOCTATOYHO Gonbimmx 7 (CKaxeM,
s n=ny>1).

** TIpH 3TOM, €CTECTBEHHO, MPEANOIATaeTCs, YTO a,(x) OTM4Hbl OT 0 (mO Kpaiinei
Mepe, IS x, HOCTATOYHO OJIUM3KHX K ).
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OT10T DaKT 3aMUCEIBACTCA TAK:

Ax) @ ag(x) +ay(x)+ - . . +an(x)+ . ..

Bsuny
rm(x)=ap +1(x) + rn+1(x)
H
ra(x) _ an+1(x). Fr44(X)
an(x)  an(x) An ()17

xak cneacrsue u3 (7), moimyvaercs, 4TO

. Gniy(x)
lim ——=
X0 an(x)

0. ®

Jlerko moxa3blBaeTCA TAKOE YTBEDKICHHE:

Ecau pao (6) obsepmuieaem gynxyuio A(x), npuuem sunoanaemca (8), mo nazeanuwviii
PAO cayxucum u acumnmomuueckum pazaoxncetuem gyrxyuu A(X) 66ausu x = w.

JIeHCTBUTEIIBEHO, UMEEM

[rn)|=<|an41(0)|,
TaK vTO
"n(x) an ()
an(x) an(x)

Torpa u3 npeanonoxenus (8) HemocpenACTBEHHO BhiTekaeT (7).

O6a psama (1) u (2), npuBedeHHble BHINIE B BHAC NPHUMEPOB, CIyXaT aCHMITOTH-
YECKMMH DPA3JIOKEHHAMU COOTBETCTBYIONMX (GyHKuMi, nepsbli — BOMM3M x=0, a BTO-
poit — BOJNM3M X = o,

B mocneayiomeM H3NOXEHWM HAM, KaK O paBHMJ O, NPEACTOHT HMETh HEIIO
C aCUMOTOTHYCCKHMH PA3JIOKEHHAMH BHAA

= .

< 4 a a a
AX) D D L=agt — 4=t —e et )
X' x x2 X7

n=0

BONMU3U X =c. HanmoMHHM, YTO CMBIC] HAIMHCAHHOIO COOTHOIIEHHS COCTOUT JIMIIb
B TOM, 4TO, Kak ObI HM ObUTO MKCHpOBaHO 1, BCerna

1
rn(x)=o (——)
xf‘l

lim [A(x)—ao—‘—ll——ﬁ—...—a—" X1 =0. 10)
P X

X =00

Wi — nogpoOHee

Takum 06pa3zoM, QA ¢GONBINMXY X KMEET MECTO NpPHOIMKCHHAS dbopmyna
. a, a, an
AF)Zap+—+—+ ... +—,
x x* xn
$Ka4eCTBO» KOTOPOH XapakTepu3yeTcs paBeHCTBOM (10).
Ecnu mepemucats 3T0 PaBEHCTBO TaK:

. an_
llrrl [A(x)—au——;—;— —x':lti xN=ay, (10%)

TO CT4HET ICHA €AMHCTBEHUOCTDb AaCHMITOTHYCCKOTO pasiioxeHus, supa (9),
byuxuun A(x), ~ KOHCUHO, B MPEANOIOXKCHHH, YTO OHA BOQOILG JIOMYCKAaeT TAKOC
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pasnoxeune. ITo dopmyne (10*) Bce kordduuuenTsl @, nociengoBaTEeNbHO
OIPEAEIISIOTCA BIOOJHE OJHO3HAYHO!

OOpaTHOE YTBEDXOCHHE, ONHAKO, HEBEPHO: pa3JHYHBI € GQYHKUMH MOryT
MMETb OJAHO M TO XE€ acCuMOTOTHYECKOe pa3noxenne. Hampumep, M3BECTHO, YTO
e~ X.xM-+( 1Ipu X - MOITOMY, OYeBUOHO, Bce GyHKimM Buga A(x)+ C.e—X Oynyr
HMMETh TO K€ ACHMIITOTHYECKOE Pa3jioAeHHe, 4YTo ¥ GyHxruus A(x).

3ameuyanue. Wuorma nis ynoGcrBa Mul OylJeM MHCATh

mwmnmx%%

rae B(x), p(x) 1 y(x) — dyuruuM, onpelenensble B J, pa3yMes DO 3THM, YTO

B(x)-p(x) <& an
—_— —.
p(x) n=0 X"

464. OcHOBHbIE CBOHCTBA ACMMITOTHYECKHX pazioxemwit. I'oBopa 06 sacumnroTn-
YECKHX PA3JIOKEHHAX», MBI 3[eCh U BIOPEAb pa3yMeeM pasyioxkeHHS BHpa (9)*. Bce pac-
cMmaTpuBaeMble GYHKUME [PELNONAraioTCs ONpPEeNeNeHHEIMH B obyacTH % ¢ Toukoi
CIYIIEHAA + oo.

1°. Ecnn
< q &b
AWo 2 =, B®e 2 =, an
n=0X n=0Xx"1
TO, OYEBHIHO, H
S anth
AW +BX) o O, ——,

n=0 X"

T. €. QCUMNINOMUYECKUE PAINONCEHUR MONCHO CKAAOBISAMb U BbINUMAND NOYAEHHO.

2°, TIokaxeM Temeph, YTO acumnmomuyeckoe paszroxcenue npousgedenun A(x)- B(x)
Moicerm Gbimb noayueHo nymem (GOpMAIbHO20 YMHOMCeHUR — no «pasuty Ko w un -
pazaoxcenuit (11).

HNmeeM, n1p J1:000M n,

a; a, an 1
A =ay+—+—=+...+—+o|—
x  x2 xn X"

by b, by (1
B(x)=b0+;+;2'+ ...+;-1+0 (x—”) .

Ilepemuoxas, MogyIMM:
¢ Co Cn 1
A(X)-B(x)=co+;-+;§+ .. .+;1+o (;;) s
rae

m
m= Z; aibm ;.
i=

* Teopust TakAx pasnoxenuit Gpra passmra Ilyankape (Henri Poincaré),
KOTOpBI Jaj BAXKHEIE IPHIOKEHHA WX Kak B Teopuu AuddepeHurabHbix ypaBHeHUH,
Tak ¥ B HeOecHOl MexaHuke,
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3TO M PABHOCHUABHO YTBEPXKACHUIO

< ¢
AR BW @ 2 =,
n=0 X
KOTOPOE MOINKANO AOKA3ATENBCTBY.

Ecnn oroxpecteutk B(x) ¢ A(x), TO HONYYUM ACHMOTOTHYECKOE PA3JIOKEHHE NIl
xBagpaTa: [A(x)]%. Tak *e MOXET ObITh MOJIyYEHO ACHMITOTHYECKOE DPA3JIOKCHHE Iist
byakuar [A(x))™, toe m — moboe HATYPAIBHOE YHCIIO.

3°. Hamee, mycth naHa Hekoropas dyukuus F(y), aHanuTHueckas B Touke y =0,
T. €. pa3ararmascs B OKPECTHOCTH 3TOM TOYKHM B CTENECHHOM DS

FO)= 3 By = ot Buy-+Bay®+ ot Byt ...

m=0

Kpome nee paccMoTpuM dyHkiuio A(x), JOMYCKAIOWYI0 ACHMIITOTHUYECKOE PA3JIOKCHHE
0e3 cBobogHOro unena:

a, a, a,
AX)p—=+—=+ ... +—+..., 12)
x x2 xn

Tak 4T0 A(x) ~0 OpH x - <. B TakoM Cilyyae, IO KpaiiHel Mepe I JOCTAaTOYHO OONBILAX
X, CIIOXHAS (yHKUHA

F() = 3 4G

HMEET CMBbICIL

Dynxyun F(A(x)) mooce donyckaem acumnmomuyueckoe paszioxceriue, Komopoe
MOdIcem Golmb NOAYUEHO U3 NPEQblOYUEe20 DA3A0HCEHUA, ecAl 8Mecmo Kaxcooil cmenenu
[A(x)]I™ noocmasums ee acumnmomurieckoe paszioxcenue U GOPMAALHO 6bIHOAHUMbG HDU=
gedenue nodobuslx yaenos [cp. 446!).

3aMeTnM, MpEXAE BCETO, YTO B OKPECTHOCTH TOYKH y =0 dyHkuusa F(y) umeeT He-
NpepbIBAYIO (@ CleAoBaTEeNbHO — OrPAHWYCHHYIO) NPOM3BOJHYIO, M AJIs MIOOBIX OBYX
TOYEK 3TOH OKPECTHOCTH Y M ¥ OyJeT BBINONHATHECS HEPABEHCTBO

|FO)- FO)|=<L-{y-y| (L=const).
O603Ha4uM n-if oTpe3ok paga (12) vepes A,(x):

a a a
An(R)= ==+
X X X

ITpu duxcupoBaHHOM n, A JOCTaTOYHO OOoNbmuX x, 06€ hyukumn A(x) u A,(x) monaayT
B YHOMSHYTYIO TOJIbKO 4TO OKPECTHOCTB, TaK YTO

[X"[F(A(x)) = F(An(x)]] <L +x"| AGx) = Ap(x)| = L-x"| rp(3)| -0

opy x +e, H

1
F(A(x)) = F(Ap(x)) +o0 (,71) .
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C npyroil CTOpOHBI, Ha OCHOBAaHMM M3BECTHOM HaM Teopembl n° 446, nns HOCTATOYHO
OonbluNx X;

5 2 N 3
FlA(x)) =By Zﬁm(An(«\ Y- p+ ﬁlal Vﬂlaz‘f ﬁ:!al+ﬁla3 + 20,410, + Byay o

nm= x2 X3

+ﬁlan+ cen +ﬂna".1+ 0 (l) .
xn X1

BBMIY OPCAbLAYNIEIO COOTHOWICHUA TAaKO€ XK€ PaBEHCTBO MOXET ObITh HAIMCAHO
st F(A(x)), 4TO ¥ DOKA3bIBAET CIPABEAIIMBOCTE ACHMINOTO THYECKOT O pasjio-
HKEeHU

Bias+B.a%  Praz+2p.a,a,+ Baal Bran+ ...+l
+ + PR i AL
x x2 x3 xn

FA@x) 26+

O KOTOpPOM ObLla pevb.
Hanpumep, ecnu B34Th

Fy=ev=1+ 3 >,

m=1 m!
TO OKAXETCH, 4TO
2 3 n
a, al 1 a 2aq,a. ai) 1 an a ]l
cA(x)ﬁl+ -+ =4 —t i t— | — e
I x L1 2! 311 x3 1! n!lx"

VIHTepecHbIM IPHIOXKEHWEM 3TOH TEOPEMBbI O TIOACTAHOBKE PAZd B psl ABIAETCA
[kak ¥ B cliydae CXOMSAILIMXCA CTeNeHHBIX panoB, 448] desenue acumnmomuyeckux paszio-
orcenuit pynxyuii B(x) u A(x), B NPEANIONOKEHUM, YTO CBOOOMHBINA YICH @, BTOPOrO M3
HHX OTNHMYeH OT Hynus. Tak Kak, mo cpaBHeHMIO ¢ n° 448, 3nech He MIPUXOJHUTICH TpHBJIE-
KaTbh HUKaKHX HOBBIX Haeld, Mbl He OyaeM Ha 3TOM OCTaHaBIIMBAThCSA.

4°, O6patuMCcl K HHTETPHPOBAH MU IO ACUMOTOTHYECKOTO Pa3JIOXKEHHS.

Hycme dynkyus A(x) Henpepsigna 8 npomexcymre & = [a, + ) u donyckaem acum-
nmomudeckoe pazaoxcenue

a, a3 an
AX) D —=+—+ ...+ —+ ..., (13)
x2 X3 xn

1
HauuHawuyeecs YA€HOM, COOEPHC AW UM = Toz0a daa 5moil GyHKyuu
x

cywecmeyem KoHeuiblii unmezpaa om 106020 x=a 0o +«*, u smom unmezpaa (Kax

* HanomHuM [cM., cTp. 282], yT0 METErpatoM $yHKmuM f(x) OT @ 0 + - Ha3blBAETCA
npezet

A

ff(x) dx= lim | f(x) dx.

Ao
<
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DYHKYUA OM X) 8 CB0I0 04EPEdb UMEEm ACUMIMOMUYECKOE PA3A0NCCHUC

A dxn 2 8 I B (14)
X)dXx B —d et e —— L,
x 2 xt n—-1 x”*l

Komopoe u3 (13) dpopmansio noayuaemcst NOUAEHHBIM UHMEZPUDPOBCAHUC M,
JlelicTBHTENIbHO, TTonaras

A= 3 % r) =A@ - Au),
k=2 X

TIPY NIPOU3BOJIEHO B3ATOM ¢ ~ 0 U moO0oM GUKCHPOBAHHOM A, A TOCTATOYHO OOJIBILIUX
x OymeM uMerb

x| rp(x) <e. (15)
Ecin X=x, 1O
X X X X
. n a’ 1 1 -~
jA(x) dx= ‘[An(x)dx-#J rr(x) dx—kz; ic_Ll (xk ? X’Q:I) +J rn(x) dx.
X X X X
IIpu X~ «, nomyuyum
'A dx a 1 a; 1 an 1 .
J (x)dx =—.— ':2—';4‘---+n_1';}?:i+Rn;1(A)’ (16)
X
rac
X -
Rn_ ()= lim J () dx = J ra(x) dx.
Xoroo
X X

Tak kak, B cuwiy (15), st 0OCTATOMHO GOJIBLIMX X
X

X
[ x| < [ 1meo) dx<e f _,’(xnl_] an_)

X X

TO, IEPEXO/ist K NpENesly npu X -, OyneM UMeTs (I yKa3aHHbBIX X)

€
IRn—l(x)l < ;c?___l >

TaK 4To
lim x"~1R,_,(x)=0,

X—roo

a 3T0, BMECTe C paBeHCTBOM (16), U AOKa3piBae€T CIPABEAJIMBOCTD ACHMITOTUYECKOTO
pasnoxenus (14),
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MOXHO IOKa3drb, YTO HAJIMYHE B ACHUMNOTOTHYECKOM pa3fioxeHHH ¢yHkuuu A(x)
a,
uneHa — (npu g, = 0) caenano O6bl HEBOZMOXIBM CYIIECTBOBAHHE KOHECUHOTO HHTErpana
x

1S 3TOM QYHKIIHH OT X 1O + . [CM. Huxke 474.)
3aMeyanue., JIroOONBITHO OTMETHTH, YTO opManbpHOE MoulieHHOe Auddepel-
UUPOBAHHE ACAMOTOTHYECKOrO pPa3jIokeHHsA, BO OO (e TroBOpSHA, HEJIONYCTHUMO,
Jlnsa npumepa paccmoTpuM QyHkuMio F(x)=e X sin eX, Tak Kak, npu Jiro60oM 7,
lim F(x)-x"=0,

X+

T0 F(Xx)®0, T. €. acUMOTOTHYECKOE pa3loxeHue (GyHkuun F(Xx) COCTOMT u3 HyNei.
Mexay TeM I NPOH3BONHON F'(x)=e~Xsime*+CoseX Takoe pasiiokeHHe BOOOHIe
HEBO3MOXHO, HOO He CymecTByeT Haxe npenena lim F/(x).

X->oco

465. Beison dopmyan Diinepa—Maknopena. 3Ta GopMylla HrpaeT BaXKHYIO POJb
B aHAJH3€; B YACTHOCTH, €0 HEPEIKO MONB3YIOTCA UIA MOIy4YEeHUsI KOHKPETHBIX 00OBep-
THIBAIOIIMX H aCUMITOTHYECKMX Pa3NioKeHHid. MBI HaguM €€ BHIBOA M YKaXkeM IpH-
JIOKCHYA.

ByneM pcxomuts n3 popmynsl TeitJlopa ¢ ZONMONHATENbHEIM YIEHOM B (opme
omnpenesieHHOro wHrerpana [318]:*

h? hm
Af ()= fCxa B = S Cx0) = Bf (i)t S/ G+ -+ %f("‘)(xo) +0,

CA¢ NONOIHUTENbHBIA YWIEH

x.,+h h
m
0= — j SNy +h— £ de = j fE eyt h=2)-" .
mn.
No 0

Bo3bMeM 31ech, BMECTO f, 1I00YEPENHO (QYHKLMH

x
%jf(t) dt, f(x), hf'x), B (), ..., A=),
Xo
OIHOBPEMEHHO 3aMEHsA n COOTBETCTBEHHO Ha
m, m—1, m-2, m—3, ..., 1.

MBI OJTyYHM CHCTEMY #11 DABEHCTB:

xn+h
JO U=V [ [ -+ ) e, 1
Xo
/4 hﬂ 4y hm_l —
Af(xo)= hf (Xn)+§“l/ (Xo)+ ... 4'(;?—_‘_“1—)‘/("l RENENN Ay
haf'(x,)= B (o)t - +( 2), [m=1(x0)-+ 2 A
h"‘
Am=? Afim=3)(x,)= S fm=(x)+ omey | Am—x

* MeI 30eck W BOpeAb, HE OrOBapuUBas TOrO CHEUWAILHO, BCETAA IPEANONaragM
CyIIeCTBOBAHHE U HEOPEPHIBHOCTh BCEX YIIOMUHACMBIX NPOH3IBOAHEIX,
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NckmodunM U3 3TOM CHCTEMEI BCE TIPOH3BOIHEIE B NpaBbIX 4acCTHAX; AJIA 3TOrO CIIOXHM
TDOYWICHHO NEPBOC PABCHCTBO CO BCCMH OCTATBHBIMH, YMHOXCHHBIMH COOTBCTCTBCHHO

Ha yucna Ay, Ay, - .., Apy_;, KOTOPBEIE MBI BBIOEPEM TaK, YTOOHI OLITO
! A;=0 1] A,+A4,=0,
St4=0  St5At

an

| 1 1
— A+ AsH oo+ Ay =0.
ml m=10 " m=2t met
B pesyisTaTe Halimem:
X+h
1
S (x0) =% j F@)dt+ 4, Af (i) + Ah Af (X)) -+« . + Ay _BM—2 Afm=(x)+r, (18)
Xo
roe
r= =0y~ Aoy~ A0y = - —Am _10m 1=
h

. m m—1 2,m—2
= —%jf(’")(xo+h—z)-12——+ ke "

A ———F Ay ———t .+ Ay hm—lzld,
Ut o 2 G2y, mo e
0

WIH — KOpode —

1
7 f SOt +h - 2)pm(2) dz, (18
rae noJIOXKEHO
Zm ham—1 h2zm—z
=yt Ay ———+ ..+ Ay BT, 19
Pm(D = A Gy T Gy T T AT @)

OueBHIHO, W3 cucTeMbl JMHeiHbIX ypaBHeHud (17) xosddmumentsr 4,, 4,,
» Ap—y ODHO3HAYHO ONPEHENAIOTCS OJHH 32 OPYIMM, H MPUTOM HE3aBHCHMO
oT BLIGOpa (yHaKIITH f W 9HCell X, H A. Bnpoqu, 3TH KO3 GHIAEHTH HAM YK€ H3BECTHBI —

3TO KO3(PHIMEHTHI k— paanoxcemm o creneHsM x [449 (12)]. JdelicTBATENBHO,

€CIIH BCIIOMHMTL CAMBOJIHYECKHE ypaBHEHPIﬂ:
(B+1y - k=
xo-ropuM yOOBNETBOPAIOT yucna f, TO JIErko yOemuThCs B TOM, YTO HMEHHO YHCIIA

Ly 6ynyTt pemienusmvy ypaBHenuit (17). I3 cka3aHEOro o yucnax i B n° 449 sBcTBYyeT,

kl
4TO
By 1 Bap—1
A[—ﬁ=“3, Azp—-1='('2p—_T)‘!=0 i p>1, 0
App= iy oy~ (P = >
p)! @p)!

Toe By ecth p-e wucao Bepunyaaun.
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IIycth GyHKUMs f(X) paccMaTpHBAeTCs B KOHEYHOM NpOMexyTKe [a, b]; monoxum
b-a

h= , THe n — HATypalbHOE YUCJIO, W, B3AB 32 X, MIOOYEPEIHO YHCIIA
n
a, ath, ai2h, ..., at(n-VDh=b—-h,
s Kaxnoro mpomexytka f[a--(i— Dh, a4-ih] (i=1, 2, ..., n) B OTAETBHOCTH HANNHIEM

paseucTso THna (18), ¢ HOMONHHTCNBHEIM WICHOM (18%), U BCE 9TH PaBEHCTBA MOYIIEHHO
CIIOXHM. MBI MONTy4nuM:

b
n o b 1
2 @ti=Th= 3= [ 1) dv AL ®) - @1+

+ AL B) ~f @1 . -+ A AP fM= D) - fM2X@)]+ R, (21)

TAe MOMOJIHUTENbHbINH YJIEH

h

- __2 .[ fma+ih-2)pp(z) dz= -

l,—-

h
1 b
=2 J A b= Dpm@) dz. (217
¢ i

Ota dopmyna u ectb gopmysa Ditaepa — Maxkasopena, K IPUTOM C A0-
MOJHUTENILHBIM WIEHOM (KOTOpOTO aBTOPHI €e, pa3dymeercs, He mucanu). ducmy m
MOXHO JaBaTh pa3jIHYHbIe 3HAYEHWS, HaYMHAsA C 2.

466. Viccieopanue onoaHnTeIbHoro wiena. Cravasna ciesaeM HEKOTOPBIE 3aMEYaHHs
OTHOCHTENIBHO GYHKUME @;,(2).
HMpexne Bcero, auddepenuupys (19), moayyaem:

?’;n(z) =Pm—1(2)+Am_AM~L. (22)
Janee, kakoBo ObI HH OBUIO m==2, UMEEM
em(0)=0, @u(h)=0. 23)

IlepBoe SCHO MO CamMOMy BHIY MHOTOWIEHA ¢m(z) [cM. (19)], a BTOpoe cieayeT u3 IMo-
cienHero paeeHcTBa cucteMsl (17).

JIoxaxeM Temeph Takoe yTBEDKIACHHE: Pymkyus @n(z) (vemmnozo nopaoka)
He moxcem npunumams 6 npomexcymke [0, h] kaxoe-aubo 3nauenue Goavuie 08yX pas.
JTomyCTHM IPOTHBHOE; TOXA €€ Mpon3BoaHast [cM. (23)] p5x(2) = pax—1(2) (Bemb Aoy =0Y),
KpoMe KOHUOB upomexytka [0, 4), o6pamiamack Ob! BHYTPH NpoMekyTrka B 0 — mo
TeopeMe Ponns — He Medee OBYX pa3. B Takom cilyyae MPOM3BOMHAS Qs ,(z)=
=@y _o(2)+ Agp_,h?"—2 — mo TOM Xe Teopeme — moivkHa Obula Ob1 oOpamartbcs B O
BHYTPH npoMexytka [0, h] He MeHee Tpex pa3, T. €. QyHKUHMs <p2k*2(4) npHHUMAa Obt
BHYTDH 3TOTO IPOMEXYTKa OJHO M TO € 3HaueHAe: — A,,_,h?*~2 HE MeHee Tpex pas3.
Tak, TIOCTENEHHO IIOHMXAs NOPSAOK (DYHKUMM @,; HA ABE SNMHMIBI, Mbl IPHOLIH ObI

K 3AKJTIOYEHHIO, YTO GYHKUMSA @,(z)= 3 22— 3 (kBaZpaTHYHB M [JBYWIEH) PH-~

HUMAa€ET HEKOTOPOE 3HaYEHHE HE MEHEe TPEeX pa3, YTO HEBO3MOXHO! DTHM Hame yTBep-
KIEHUe NOKa3aHo.

M3 Hero BHITEKAET TAKOE BAXHOE CIENCTBHE: GYHKYUA Pyz) coXpanaem 3HAR
& npomexcymre (0, h), uGo, obpamascs B 0 Ha KOHIAX MpoMexyTka [(23)], ona BHYTpH
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npomMexyTka Sonbme yxe B 0 06paTHTECH HE MOXET. JIETKO YCTAHOBUTE, KAKOW MMEHHO
3HAK COXpaHseT QYHKIHA @y (2): I ManbIX 3HAYECHWH z (2, 3HAYHT, U TIOBCIOAY MEXOY
0 9 h) 3TOT MHOTOY/IEH EMEET 3HAK MJIAJIIEr0 WieHa Ay h*~ 222 (Ay,_,=0), T. e. —
By_,
(k-2

Taxum 06pa3oM, dse nocredosamenbusle HyHKyuL Hemno20 NOPAIKA, Qo) U Pop 1 (2),
coxpanarom — Kaxwcoaa — onpedesennsvii snax & (0, h), no 3maku ux npomueono-
400 1 bl! DTO 3aMe4aHUE HAM Ceifdac OHAHOOHTCS.

Bo3BpaImasce X JOMONHUTEIBHOMY WieHY R, OY/IeM CYHTATh T€HNEPEL M Y €T H bl M
wyucnoM, m=2k, W TNPEANONOXHUM HA 3TOT a3, YTO npouseodmvie f(HO(z) u fCh+2)(z)
8 npomexcymxe [a, bl 0 6 e nososcumenvusl usu 0 6 e ompuyamenviol.

W3 pelpaxkeEns A7 R, ABaX el HHTETPHPYS DO 9acCTsM, ¢ yderoM (22) u (23) mo-
CIIe0BATENILHO HOJIYYaeM:

TaK KaK Agp_o=(—1)k—2 — 3mak (— 1k,

:-]»—

h
b
2 J‘sz(z)f(zk)(x +h-z)dz=
a 0

h

j o = Pl s (D) f N+ h — 2) dz =
0

—

::Mv

1 b
=7 Agh? 37 [fCE=D(x + k) — f2k—1)(x)] -
a
h
1 &
= 3 [ a2 =
a
0

= Ay h2k—1] fh—1)(p) — f(2k—1)(g)] -
h
1 &
T 2 Jﬂl’z,k 1D fCAD(x L h—2) di=
N 0
= Azkhzk—l[f(zkﬂ)(b) _f(zk—l)(a)] —

1 b h
- ‘h‘ 2 J“sz+'z(z)f(2k+z)(x+ h—z)dz
a
0

Taxk kax MNOMYCPKHYTBIC CYMMBI MHTCTPAJIOB B CHIIY CACIIAHHBIX HpCﬂHOHO)KCHHﬁ UMEIOT
ODOPOTHBONOJJOXHBIC 3HAKH, TO NEPeas U3 HUX umeen mom dce 3HaK, 4ino u

ssIpascenue
Agghtk A fCak =) — fh=1g)]
u menvwe e20 no abcomomuoi geaunune. Takum 06p330M, OKOHMATCIIHPHO

R= Ry = 0+ Ayh2k =1 f(2k—1)(p) — fk—1)(g)] =

=0. (_])k 1 i) hek—- 1U(zk 1)(b) f(zk 1)( ) ©<0<1). @1
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Eci mpEAnoNoXuTh Temeph, YTO B Ce mnpomssomseie f(*K)(z) werHoro mnopsmka
COXpaHAIOT B npoMexyTke [a, b] ooMH M TOT Xe 3HAK, X HANMCATL BMECTO KOHEYHOH
dopmMyisl (21) GeckoHeuHELA psf, yuuTsiBast BoGaBok 3HaueHns (20) kosdduumeHTOB
Am , TO mONyuuTcst OECKOHCYHBIS pao Diiaepa —~ Maxkaopena:

b
b
;’ f(x)= % _[f (x) dx—~ % B -flal+ %l hf' @) -f (@]~

.B2 e2dd 4
T BLf@) @1+ .. +

+(= 6?1_217 hek=3[ f2k=3)(b) — fCk=9a)] +

+(- 1 f(%f HRALJGR-D(E) =D @+ ... (24)

OTOT psn, BoOOINE TOBOPS,, PACXOAMTCHA (TaK YTO 3HAK = MOCTaBJIEH 3[€Ch YCJIOB-

Ho!). B cuily coenaHHBIX NpeqnoJIokeHni, OH — MO KpaiiHel Mepe, HAUMHAS C TPETHETO

YJeHA — OKa3bhlBAETCH 3HAKONMEPEMEHHLIM. YuuTeiBas emie (21%*), MOXHO cKa3aTh,
b

4TO HANHCAHHBIA Py OOBEepTEHIBAET CyMMy E f(x), crosmyro cneBa. Ecmu
a
b

1
MepecTaBuTh 3Ty CyMMy H HHTerpai % _[ f(x)dx, u3MeHWB mpm 3TOM 3HAKA BCEX

a
NpovYMX YIEHOB Ha oOpaTHvie, TO MOJIy4MTCS pad, oOBepTH Balo MK Ha3paH-
HBIA HHTErpasl.
YacTayHEIe CYMMBI 3THX DSAOB HO3BOJISIIOT HHOM pa3 ¢ OoibImoi TOYHOCTHIO
b

b 1
BBIMCIIATE CYMMy ) , 3Has HHTErpall, M HHTErpai % j , 3Has cymMy. Komeuso,
a

a
80 8CeM 3MOM O CH O 8 HY [0 pPOAb Uzpaem mom Haxm, umo HaAM Hanepeo U3eeCmHa OYeHKa
OONnoARUMeAbHO20 YaeHa!

467. Tlpumepn! BLIMMC/IeHHH ¢ MoMompI0 dopMyant Jiinepa —Maxnopena. 1) Halitu
npubmixerHoe 3Haderne cymmel 900 (1) ciraraeMeix

i=999 1 1000 1

i=100 § 100, X
nonoxus f(z)=1/z, a=100, b=1000, h=1. Tax kax

’

f@= =, D=, 0= S5 e-Z, -2
Z Z V4 Z z
M, BOOOILE,
(2k)!
e

f(ik)(z) =

TO YCJIOBUSI HA CYET IPOHE3BOAHBIX YETHOTO HOPSAKA COOIIONCHBI.
M5l NpOJOIKMM Pa3NIOXKEHAe N0 4IeHa, coaepxamero f'’/, Tak Yro B AONOJHH-
TeNBbHBIN YJIeH BeuigeT yxe fV. B aroM ciiyuae dopmyna Diinepa — MaknopeHa
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JAaerT:

1000
wol prde 1(1 1
—= | =t = |+
& x x  2{100 1000
10

1/ 1 1 6 (1 1\, 12 (1 1)(091)
+1_2(1_0&—1666'2 %(1004 10004/ 3024 \100¢  1000° '

Tak kak

1000
d
_[ & o 1n10=2,302 585092994 045 ...,
X
1¢0
11 1
—————]=0,0045
2 1100 1000
1/1 1
— ==~ "~ ]~0,000 008 25
12 { 1002 10002
6 (1 1
e —— = _]= —0,000 000 000 083 325
720 { 100+ 10004
2,307 093 342 910 720
12 (1 1
il (,_,_ — -—_|<0,000 000 000 000 004,
3024 | 100° 10008

1 1000 1
TO C TOYHOCTBIO HO Ton MOXHO IOJIOXHTH %’ —=2,307 093 342 910 72. )
1

dx 1
2) BeruucnmMm Tenepb J —-—=In2. 3pece f(z)=-—, a=0, b=1; Bo3BLMEM
1+x 14z
0

h= 1/10 (n=10). Vimeem

1 2 6
f(2)=-(~1-—i—z_)2’ f (Z)=(m, f (Z)=—m;,
24 120 @20t
IV(z) = V()= — (2k)(2) =
V@) i’ V@) i ™ BooGute, f{#)(z) At

TaK 4YTO HAIUMA YCIIOBHS CHOBA BBINOJIEEHBL. BoCnojk3yeMcs BHIOM3MEHEHHOM (1)0]')-

Mynmod Diinepa -~ Maknoperna, obopBaB ee H Ha 3TOT pa3 HA WieHe, COJep-
xamem f '

1
. 1 1 1 1 1 1 1 1 1 1

— — —_ —_— — — —_ ——
; 1+z 10 11 12+13+14+15+16+17+18+19

1 ( 1) (] 6 . 1) . 12 (1_1)
200 2 1"2'66( Z)+720000“6( 16) 3024000000\ 64
©0<6<1).

35 I M. @uxtesronemn, 1. IT



546 [JI. XII. ®YHKIIMOHAJILHLIE ITOCIEAOBATEJIFHOCTH WU PAABL [467

HaxonnM, npanee,

1+1+1+ +l 0,718 771 403
1011 127719 7
1
(__] 0,025
- 0,000 625
T 1200
000 000 781
7200000( ) +0,
0,693 147 184
12 1
8o ——" |1 --—|<0,000 000 004.
3024000000\ 164

1
ITo3ToMy ¢ TOYHOCTBHIO A0 210 TIONTyYaeM:

1
< dx
J—=ln2=0,693 147 18.
1+x
0

3) IlokaxeM, HAKOHEN, KaK ¢ nomombio GopMynsl Diinepa — MaxnopeHa
MOXeT ObITh TPHONMAKEHHO BBIYUCIICHA CyMMa OECKOHEYHOTO psAfa, CXOASIIErocs,
HO MeIUIeHHO. B BHie mpHMepa OCTAHOBHMCS Ha psje:

n’—GZ-—

i=11#%
Tlonoxum B o6met dopmyne (21) [u (21%)]

1
f@==, h=1, b=a+tnk,
x2

rgea v n — I[OKa mobsie HaTypalbHLIC 4CIIA. HMHTerpan ¥ NpoOA3BOJHBIC BEITACISIOTCH
JIETKO; MOACTABIIAA BMECTO Am HX BBIPAXCHHs, OOIIYYHM:

n—-1 1

120, @+ip [m__] 2 (a~:n)2 :2]—31[(‘1—_:’1—)3—0—13]4-

. s 1 1
[(a+n)5—; = m (DB (a+n)2k——l—azk—1]—

1

- - 1k— ——————
On(— 1)~1By (a+n)2k+1  gzh+r

] ©<6r<1).

IIpr dukcHpoBaHHBIX @ ¥ k nepeilineM 3mech X OpeAeIy, YCTPEMHB n K + . Jlerko
yOenHTBCS, YTO MHOXKHUTEND 0y TOXKE CTPEMHTCS OPH 3TOM K HEKOTOpOMy mpezeny 0,
0=<6=], m B pesynprarte:

1 1 11 1 1

1 1
DR EB e O B
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BospMeM Tenepb KoHKpeTHO a=10 @ k =10; BOCMONB30BABIIKCEL W3BECTHHIMH 3HAYe-
HUSMHM Tuce)l BepHYy I nu [449], OKORYATENEHO HANHEM:

g L, 6,3 1 1 1 1
P 2 10 00 1000 500 T 710 5108
5 691 7 3617 43867 174611

_ + - .
+ 11.1011  455.1018 1015 85.10Y7 133.10w° 55.102t
Bruncnendst nposeneM ¢ 19 3HakaMu mocie 3ansaTon:

91
6 Z’ —= 9,238 606 386 999 244 142 1
T

6+ > ! 0,631
10 100 1000
- = — 0,000 002
5.10°
1
= 0,000 000 014 285 714 285 7
7.107
1
——— = —0,000 000 000 2
5.10°
5
= 0,000 000 000 004 545 454 5
11-101
691
—~ = —0,000 000 000 000 151 868 1
455.101
—. = 0,000 000 000 000 007
1015
3617
~_—— = —0,000 000 000 000 000 425 5
85.107
43867
———— 0,000 000 000 000 000 033 0
133.101°

9,869 604 401 089 358 621 7
Ecmn yyecth mompaBku Ha OKPYIVICHME M AONOJHHTENLHLIM WJIEH, TO OKAXETCH, YTO

712 =9,869 604 401 089 358 62
C TOYHOCTBIO A0 1/2.10—17,

OTOT OpUMEP OYE€Hb HOYYMTENIEH: CyMMY 722 CXOA A M ETr O CH pANa MBI BEIYHC-
JWIH ¢ oYeHb OONBmMON ToUHOCTRIO DO opMyne Diinepa —~ MakiopeHa,
O CYTH nella NpuberHyB K YACTHYHOM CYMME PacCXOAAIETrocCs psama, oOBepThI-
Baromero 4ucno 72, Eciam OBl MBI 3aXOTENH OOCTHIHYTH TOTO XK€, HONB3YACh CAMEM
CXOIAMMMCS PSIAOM, TO NPHILIOCH OBl B3ATH OOJNBINE MAJUIMAPIA €r0 WICHOB!

468. MIpyroii un ¢opmymsi Oiinepa—Makiopena. Bepremcs x dopmyne (21) m
(21'), HO HPEANONOXHUM, YTO MPOH3BOAHKE (BYHKIHEH f(X) BCEX MOPSAKOB CyMECTBYIOT
B 6ECKOHEYHOM NPOMEXYTKe [a, - o) H YNOBJIETBOPSIOT YCIIOBHAM:

(a) npoussoasie f(2K)(z) yeTHOTO NMOPSAKA B C € HMEIOT B 3TOM HPOMEXYTKE ONUH
H TOT Xe ONpE/ICNCHHBIA 3HAK,

35+
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(6) mpomspoaneie f(**—1)(z) HeYeTHOro HOPSAKA OPH z— -+ BCE CIPEMSTCH
K HYJIIO.

Iycte uncio m 4etHoe: m=2k. Yucna a m ~ Mul ¢uxcupyeM, a b=a-+nh (BMecTe
c n) 6ymeM CUMTATh nepeMeHHbIM. [lomoymmTensHbii uileH R [cM. (217)] mpeacraBum
Temephb B CACAYIOLIEM BUIE:

[ h
1 oo J~ 1 oo
- P2 [N a+ih—z) dz+— jtpy @f N a+ih-z)dz=
0 0
1 . 1 .
== 3 [ru@f Ot h-2) detw 3 [ pu@s O +h-2) d.
40 b 9

OO61beIVHAB IEPBYIO H3 3THX CYMM CO BCeMH 4ileHaMu dopMyist (21), copepxamumu
a, BOIHY MOCTOSNHHYIO!

—

h
Chm = A0S @ ~ A @) = .. ~ A 87D @) == 3 |,
90

SBHO HE 3aBUHCSI Yy OT b, nepemmnieM dopmyny (21) Tak:

b ~
Zf(X)=Ck+—’1; J S dx+ A, f )+ Ahf B+ - - -+ Ay o3 CH=IB)+ R, (25)

a

rac
h i h
5 J%k(z) feRNat+ih-z)dz=— 3 f Do @b+ ih—z) dz =
i=n+1 o h i=1 0

R =

| -

h
1 = .
== > [ru@reth-2 de.
b
0

Ins ofocroBamysi OPOBCACHHOro mpeobpasoBanus HYXHO JIHML eI y6enuTHC

1 =
B CXOJMYMOCTH HCHONL3OBAHHLIX OECKOHEYHBIX DANOB; Ha4YHEM C pAfna 72’ .
a

U3 (24) crenyet

h
-1
ki HZ’ f Pa(2)f RN a+ih—z) dz
h 5 :

0 <1,
= Ak AL g) — [k D@t nh))
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ITo cBoicTBY GyHKUMHE @.r(2) [466] u B crity npemmonoxedns (a), BCe claraeMsle
B YHCHAUTEJE AMEKT OLHH M TOT Xe€ 3HAXK, COBNAJAIONMI CO 3HAKOM
3HaMenaTea. OTCIoa, IEPEXOAs K Opelelly UPH A~ H YIUTHIBAS NPEANONOXCHHE
(6), sakm09aeM O CXOOUMOCTH pPsaa

h h
2”' f o) @O+ h—2) dz = 2”' [euwars@a+rin-2 dz,
a ¢'=10

OpHYEM €T0 CyMMa HMEET TOT K€ 3HAK, 9TO H BhIpaxemue A,ph?k—1.f(2k—1) (@), m mo
a6GCoOMOTROM BENIMUMHE HE IPEBOCXOOHT €ro. 3aMEHss B HPOBEICHHOM DACCYXICHHH
yucna g Ha b, ybequmcs B CXOHMMOCTM psna

h R
%2”' fgv D fC)(x+h—-2) dz= f?nlc(z)f(zk)(b+lh 2 dz,
4 0 t—-]

a TaKKe B TOM, YTO €r0 CyMMa UMeeT TOT K€ 3HAK, YTO U BEIpaxenne A,h2i—1. f(2k—1)(p),
a 1o abCOIOTHON BEJIMYHHE HE UPEBOCXOUUT €ro.

Wrak, MBI He TONBKO yOeqwIuCh B CXOAWMOCTH IIPUMEHEHHBIX GECKOHEYHBIX pSHOB,
HO HNOIYTHO YCTAaHOBHIIH, YTO JONOTHATENBHEIN WieH R’ dopmysl (25) MOXHO HanACaTh
B BHJE:

= 0. Ay h—1. fER—1)(B) = 0.(— 1)k— 1 h2k L fk-1) () (0<O<1).

25%
Becema moGonsiTHO, 4TO nocmoannas Cy, 6 dopmyse (25), mia xoTopo#t — MmO ca-
MOMy cuoco0y ee COCTaBIeHUss — He HCK/DOYeHa Oplia BO3MOXHOCTB 3aBHCETH OT

ykazatens k, na deae om k ne 3agucum! 15 TOro 910651 B 3TOM YIOCTOBEPHTHCH, JOCTa-
TOYHO CONOCTaBUTL QopMyisl (25) B (25*) ¢ Taxumu ke GopMyslaMu, HAUKCAHHBIMHA
ans k=1:

1
Z’f(x) Gt J FG) dx+ A, f )+ R,

a
roe

R=8.4:hf'()) (©O<6<1).

Hmeem

Cut0-Ah-f* (0)= Cit Ashf* (B)+ - -« + Agie—oh?—3f CH=-3) (B) 4 8. Ay —1f 2h=1) (p),

Ecmu nepetita 3xech K npexesy opd b+, TO — € y94eToM npeanonoxesus (6) — momy-
amM: Cy=C,=C. HocTosHHas C, KOTOPYIO €CTECTBEHHO GBS0 ObI HA3BATHL HOCMOAHHOI
Qiinepa— Maxasopena daa gyucyuu f(x), KpoMe 3TOM (YHKIHME 3ABHCAT €I
oT BbIOOpa a u A.

3ameganume. [lepexoxss B HEPaBeHCTBAX K NOpedeiy, HAM CIENOBANO Obl K
3HaKaM HEpaBeHCTBA NPHCOCTUHATSL 3HAKH PABEHCTBA M 1A MHOXUTe)s1 0 B (25*) nucaTth
0=<6=1. Yro paBeHCTBO HyJIIO HCKIXOYAETCS, 3TO Cpa3y SICHO — CyMMa GecKOHETHOTO
Psifa ¢ WieHaMH OIHOTO 3HaKa He MOXeT ObITh HyneM. Ecimu xe npeamoioxuth 6 =1,
TO — npH yeenmueHW® B (opmyne (25) momMepa k HAa eouHMIy — MMeTH Obr R’-=0,
9TO (KaK MBI TOJIBKO 4TO Pa3bsCHWIA) HeBO3MOXHO. MTak, na mese: O< 6 <1, Kak Mbl
H OHCATH.
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HanmpmeM BMeCTO KOHEYHON cyMmbl (25) 6eckowneunwiffi psan. Mel nonydum pad
Diiaepa - Makaopena B CICOYIOMIEM BUAC:

J f(X)dx——f(b)+— hf' () - 'haf’”(b) +.

a

:-[»—-

b
3 f(x)=C+

By, . By
o4 (~ 1Dk T pek—3£(2k-3) (p —1)k—1 T pek—1f(2k~1) e
+(=1) k-2 f G+ (-1¥ = 7 f ®)+

[BHak = 4 37ech TalKe WMEST JMIIL YCIOBHBIA cMmbicn!] B cuny mpeanmonoxenns (a),

BCE mpousBoAmsle f(X~1)(b) ¢ BO3pAaCTaHHeM b HU3MEHAIOTCA B ONHOM HaNpaBIICHUH;

a TaK Kak, 0o NpeanonoxeHuo (0), IpH b ~ e OHH CTPEMSATCA K HYNIO, TO BCE OAM UMEIOT

OJUH H TOT Xe 3Hak. Orcroaa [u m3 (25*)] 3axmroyaeM, 94To H B HOBOM Qopme psan O -
b

nepa-—- Makmopena o6BepTHBAET C)’MZM)’Zf(x), CTOAIIYIO CupaBa.
[4]

3amevyarnue. ChemaeMm, B JaKIIOYCHME, HOSCHEHNE OTHOCUTEIHHO BO3MOX-
HOCTH ONPEACIATh CaMy NOCTOsHHYIO C, (GUIyprpyrolly:o B HaIWMCAHHOM BBINE pPa3io-
keHwd. BriGpaB Hexoe b>a, NI KOTOPOrO M CYMMAa M WHTEIDAJI BHIMHCIIOTCH Oe3
TPYAa, MOXHO IUIs yucina C MOMYyYUTh O BEPTHIBAKWINHU U €ro pam:

C= Zf(x)_ jf(x) dx+ (b)—_. hf (b)+ haf,”(b)

KOTOPHIZi BO MHOI'EX CIy4asfix H TO3BOJNACT HAWTH mpubmmxeHHOoe 3Havenue C.,

469, ®opmMyaa u paa CTupauAra. B kauyecTse npuMepa MCMNOJIL30BANUA TIONYYEHHBIX
B IpeabiaymeM n° pasIokeHuH NPYMEHHM MX K BBIMHCICHHIO
n-1
In()=Inn+ > Ini.
i=1

B3ss a=1, h=1 u (3ameuuB n HA n—1) b=n, MbI DOJIOKUM

f(@=1nz, Tak 49rto f(m)(z)=(—l)m—1(m;ml)!,

H yciosrd (a) 4 (0) BeIMOMHEHB!. MBI IPAXOOMM, TaKHM 00PA30M, K GCUMRMOMUYECKOMY
pazsroncenuro ana In(nl) *:

In () o C+ [nt—] 1 51 51 (- —— 2. .
n. n+— nn—n . —
2 1.2 n 3.4 n" (k- 1)2k nz" 1
(26)
910 — TaK HaspBaeMblii pad Cmup aunza; OH ABHO pacxoaurcs, ube abcomoTHas

S (2k-2)

BEIMYUHA ero o0mero wiena [449], pasHag ——— «——— ,
[449], p in Gy

CTPeMHTCA K oo,

* K cymme norapudmoB mpubaBlisieTCA OTACIBHO HamAcaHHH [n n, Yucio 1, moiy-
4ajoLeecs B BHIE CIAraéMOTO UPH MHTEr PMPOBAHHH, BKIIOYEHO B C.



469] § 6. OBBEPTBIBAIOIIME YU ACUMITTOTUYECKHME PSABI 551

W3 acuMnToTHYecKoro pasjoxemus In(n!), kak ykaseiBanoch B 464, 3°, MOXHO
MOJIyYMTh pa3foXeHHe W AN camMoro gakropuana. MIMEHHO, MOACTABIAS BMECTO KO-
3¢ duuueHTOB B); MX YACICHHBIE 3HAYEHMs, NOTYIHM:

L» Vamn n "{1+ 1 + 1 139 1
! n— —_—t - N
e "o 12n  288m%* 51840n® 2488320n* M }

Ecnu o6oppath psAa (26), yOOBONMLCTBOBABUIACE BHIMMCRHHBIMHA WIEHAMH, HO OpPH-
0aBHB ONOJHUTENBLEBIA WICH, TO HOINyYaM gopmysy Cmuprunza:

l')C++11 JBAl 51
= —|Inn- ———
o (n HEIEY B PO S Y g
By 1 By, 1
T O 1 e, SN JOON 1 27
IRt e 0D @

D @EID Ak
KOTOpas, KaK YBEIMM, YX© BIOJNHE IPHATOAHA JUIS OPHOJMKEHHBIX BbIMHCIICHHH.

TIonoxuB k =1, moy4EM NpoCcTol ¥ BaxHBI YacTHBIU criyvait dopmynst C T H p-
JTUHTA:

1 9
In(@)=C+{n+—|In n—n+—»}
@) ( 2) " 12n
NOTEHUMPYA, €6 OOBIYHO NUIMYT B BHE:

AT
n!=ecﬁ(—) g
e

3ta dopmyna B n° 406 yxe Obula BEHIBEJEHA APYTHM IyTeM; TaM € Mbl HAILIM, YTO

eC =a=]/2n, Tax 4TO HewsBecTHas HAM IO CHX NOP IOCTOAHHAS C OKA3LIBAETCS PaBHOH
1
— In 2n.
2

Brraucnum as npumepa In (100!) ¢ mecarsio 3aaKaMu nociie 3a0aToli — no dopmyne
(27), B3saB k=2. CIOXHMB BCEro NIATH YHCEN
1
3 In2z= 0,91893 85332 04
1
(n+—2-) Inn=100,5 In 100= 462,81960 36918 03
—n=-100=-100

B, 1
. . 0,00083 33333 33
2n 1200

B, 1

— = ————=—0,00000 00027 77,
12n8 36:107
1
nomyysM anda In (100') 3mavenue 363,73937 55556, TouHoe mo 310 (c yweroM mo-

NOJIHATENLHOTO YJI€Ha M NOApPABOK HAa OKpyrieHue). TOYHOCTh NPHOIEXEHAA MOXHO
€le BEChbMa 3HAYATENLHO YBE/IHMYHTh, B3AB OONLINE “WICHOB M BBHIINCAB B KWKIOM
u3 Hux OoibIme BEpHBIX 3HAKOB. DTa TOYHOCTH OydeT BO3pacTaTh — IS AAHHOTO
ciny4ass — mpuMepHO, A0 300-ro wiena (MOKyZJa wieHsl 0 aGCOMIOTHOM BETHYAHE UPO-
JOJKAIOT yOBIBATH).

3aMevyanue. Yurarenb HA pALE NPAMEPOB BHAEN, YTO OTPE3KH 3aBEAOMO
PaCXOIAIIAXCS PANOB HHOU pa3 HO3BOMSIOT HAXOAWTh 3HAYEHMS HYXHBIX BEIHIHH
¥ paxe ¢ 6onmpmo# To4roCTBIO. ITONOGHBIE PANLI M B CTAPHHY, ¥ B HamMe BPeMs HEKO-
TOpBIE aBTOPHI HA3LIBATH 4IONYCXOMSIUMMHUCAY. MBI, OAHAKO, NPENIOWIH OTKA3aTbCH
OT IPHMEHEHHAA 3TOTO TePMHHA, OCKONbKY 3aTPYJHAEMCS JATh €My JHOCTATOYHO obniee
H B TO X€ BPeMs TOYHOE OIIPENEIICHHE.



IFJIABA TPUHAILATASA
HECOBCTBEHHBIE MUHTETI'PAJIBI

§ 1. HecoOcTBennbie HHTErpajbl ¢ GECKOHEUHBIMHU
ApexeaaMu

470. Onpeenenne HHTErpaios ¢ 0ecKoHedHLIMH Npeneaami. B rimase IX
b

OBLIO H3YYCHO IMOHATHE OIPENEICHHOTO HMHTErpaJia J f(x) dx nns cry4yas

a

KOHEYHOT O IpoMeXyTka [, 5] orpaHuvYe HH o ¥t dynxumm f(x).
Hacrtosas riaBa mocBsleHa 00OONIEHNIO STOr0 MOHATHS B PA3JIMYHEIX
HanpasieHnsix. HauneM ¢ pacCMOTpEHHS HHTErpalia, PacipoCTPaHEHHOIO
Ha OCECKOHEYHBH IPOMEXYTOK.

Hyctes dyuxmus f(x) onpemeneHa B IpOMEXyTKe [a, + «), T. €. Aud
X=a, U UHTETpHpyeMa B Jr000i koHeYHOH ero 4actu [a, 4], Tax 4ro HH-

A

Terpal J f(x) dx nmeeT cMpicn Tipu Jro0oM A4 >a.

a
Ilpeden smozo unmezpasa (kKoneunwviii uau GeckomeuHvlll) npu A —~ -+ =
Hasvigatom uHmezpasom GyHkyuu f(x) om aodo +« u obo-
3HAYaI0T CHMBOJIOM

oo A
[ Gy dx=tim [ £(x) ax. )
a A-’wﬂ

B cny4ae, ecim 3TOT mpenen KOHEYEH, TOBOPAT, 4To uuTerpai (1) cxo-
DUTCs, a Qyakmmio f(x) HaspBalOT HHTerpupyeMoii B Oecko-
HEYHOM IpOoMexyTke [a, + «]. Ecnm xe mpemen (1) Geckomreden WM BOBCe
HE CYIIECTBYET, TO IPO WHTErpajl FOBOPAT, YTO OH pPAaCXOOHUTCHA B
OT/IMYME OT M3YYEHHOTO paHee HHTErpajia B COOCTBEHHOM CMBICIC HJIM
cOOCTBEHHOT O HHTErpaja, TOJbKO YTO OIpeAesIeHHbIA uuTerpa (1)
HA3bIBACTCA HECOOCTBEHHBEBIM *,

* Msl yXe CTaJIKMBACH C MOHATHEM HECOOCTBEHHOro Murerpana s n° 373.
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PaccMoTpiM mpuMepH. 1) OyHkums , HHTErpHpyeMa B nroboM KoHEY-

HOM npoMexyTtke [0, A] (A>0), nprueM HMeeM

A
~ dx A
J ~——— = aICtg X
0

=arctg A.
1+x2 &

0
. T
Tak kak IUIg 3TOTO MHTErpajia IpA A ~ -+ o CYmECTBYET KOHEYHBIH mpenmen 3 TO WH-
Terpast oT 0 J0 + e CXOOWTCA W MMEET 3HAYCHHE

+ eo

A
J‘ T
1+x2 A—.+ 2 ’
[+ 0

2) UsyunmM BONPOC, NP KAKWX 3HAYEHMSAX TOoKaszaTend A >0 CymecTByeT HeCOGCTBEH-
HBIA HHTErpan

~dx
|5 @-o. )
X
a
Mycte A1, Torna

Ad 1 4 1

- dx ¥

g 14| o (gl—i_ gl—Ay,

fo~ =% . "1l @)

a

1
OTO BBIpAKEHUE IPH A ~ o UMEET IPEAEIIOM oo HIM KOHEYHOE THCIIO 1 al—? B 3aBUCH-
A

MOCTH OT TOrO, 6ynet mu A<1 uwm A>1. Ecnm A= 1, umeeM
A
dx A
f—=lnx
x

a
a

=lnd-Ina

H NIpH A - o B TIPEJEIIE MOMYYAETCH oo

1
Taxum o6pasoM, maTerpan (2) opn A>1 cxoauTcs (u UMeEeT 3HadeHne —— agl—4) |

a upu A=s1 pacxopurcs.

Amnanoruyno (1), omnpenmensieTcss um unmezpaa Pymkyuu f(x) om — e
do a:

j f(x)dx = hm

/e mco

j fyds  (4'<a), ©)

PaBHO Kak M unmezpas ¢ynkyuu f(x) om —c 00 + !

/e — oo

A—»—}vw A’

+o A
[ £y dx= Jim [/ dx.
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Ilpu 3TOM CoXpaHseTCS W TEPMHHOJOIHSA, BBEACHHAS II0 NOBOLY MHTE-
rpana (1).
B nmocnemseM ciydae, B3siB JIFO0O€ @, MOXHO IIOJIOXKHTH
A a

J e dx= [ sy dx+ [ ) a,

H CyulecTBoBaHue mpeneyia IpH A — — e, 4 + = IUIg WHTErpaja ClieBa,
OYEBHIHO, PaBHOCHJIBHO CYINECTBOBAHHMIO MOpPO3Hb mpenenoB (1) u (3)
IUIA MHTerpajoB cmpapa *. Takum oOpa3oM, HHTerpan OT — e« OO + e
MOXHO OIIPENEeNIATh H PaBEHCTBOM

+oo a o
| royax= [ sy dx+ | fx)dx

B IPEANOJIOKCHHHU CYIISCTBOBAHUS IMOPO3HE HHTCIPAJIOB ClipaBa. Onpe,ue-
JICHHE 3TO HE€ 3aBHCHT Ha O€JIC OT B1>160pa TOYKH a.

Opamepsr:
0 0
» [ * -y T lm (carctga)=2
—— .= lim w— = lim (-arc =
Il+x2 Al — J‘l+x2 g 2

A’+—oco

Po
+o += 0
o[ S [+
= =m.
1+4x2
—— 0 —

471. Ilpuvenenne ocHoBHOHl ¢OPMYJbI HHTErpaJbHOrO HCHHC/eHHH. B
[PHUBEJICHHBIX BbIIle IPUMEPAX MHTErpaj M0 KOHEYHOMY IMPOMEXYTKY BbI-
YUCIIAJICA C MOMOIUBIO MepBooOpa3Hoi PyHKIHH, a 3aTEM OCYLIECTBIIAICS
mepexonx X mpeneiay. MoxHo oObemumuuTh 062 MOMeEHTa B onmHO#H ¢op-
MyJIe.

Iycts, HanpumMep, QyHKIMs f(Xx) ompereieHa B MPOMEXYTKe [a, + «)
U MHTerpupyeMa B KaxJod KoueuHo#t ero 9actd [a, A]. Ecmm mna f(x)
OpH 3TOM CyINeCTBYeT mepBooOpasnas ¢ymxums F(x) Bo BceM mpome-

XyTke [a, + <), TO m0 OCHOBHOI (opMyJie HHTErPabHOI'O HCYUCIICHUSA
[308]

| £(x) dx = F(4) - Fa)= Fx) A .

Orcroma sACHO, 4TO HecoOCTBeHHBIH HHTerpai (l) cymecTByeT B TOM H
TOJIKO B TOM CJIy4ae, €CJIH CYyLIECTBYET KOHEUHBIH Iperel

lim F(d) = F(~),
A-+oo

* Wcknroyaercs JIUIUb Cay4aid, koraa oba 3Tux muTerpana paBHbI GECKOHEYHOCTH,
HO pa3HBIX 3HAKOB.
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H TOorma

7 dx= =) - oy = R

AHaJIOrHYHO

J @ de=Foo|

Jrwde=Foo)

eciii oo F(— =) pasymers mpenen lim F(A’). CaMas BO3MOXHOCTb BBI-
A

/p—oa

YHCJIEHHA JBOWHOMI ODOACTAaHOBKH, CBA3aHHAdA C CYIICCTBOBAHHEM H KO-

HEYHOCTHIO (UTYPHPYIOMIETO B HEH Mpelesia, CBHAECTENLCTBYET YKE O CXO-
IHEMOCTH HHTerpaja.

ObpaTuMcsa X JajbHEHIIAM IpUMEpaM.
472. Tipumepst. 1) j e=axsinbxdx  (a>0).
°
Tax kak nepsoobpasnas byrkuus
sin bx+ b cos b.
Flo= - a X+ X
a’4b?

b
TaK 410 F(0)= — ——— H F(«)=0, 10
©= = 5 F)

Je—ax sin bx dx= .
at+ bt
0

AHANOTrHYHO

oo

Je‘ﬂx cos bx dx=
0

b sin bx—a cos bx
at+b?

- a
—ax| . %
o at+b?

= In — 12"
1+4x2 +
0

. dx [ 1 +x)2+1
——1In
412 x2-x)2+1

14

o 2)2

+2—;7§ arctg (fo+l)+;11/:2~ arctg (x}2- 1)]

11 1]~
3) f7sm—dx=ms- =1.
X x x|

ETS)
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oo

4 f sin x dx. IlepsooGpaszHoil ¢yHkimedt 3meck OymeT —cosx, HO ABOiHAs mOA-
0
Yoo
CTAaHOBKA —COS X |~ HE HMECT CMBICIR, TaK Kak COS X HPH X~ HE CTPEMUTCH HU
!
K KaKOMy Npelesly: METerpai He CYINeCTBYET.

xlnx
(1+x9)3
0

C mOMOMIBIO HETEIPAPOBAHHA [0 YaCTAM H PA3JIOKEHHA HAa NMPOCTHIE APOSH Haxo-
M nepBoobpasHyro Qysxuuio
xInx 1 Inx 1

1 11
Foy= [ 22 gem e (45 4= .
W= ) T 3 ey g x gheadte

1
Ipu x~0 mMeeM lim F(x)=§ , 3TOT OpeAc] U OPHUHMMAaeM 3a 3HA4YCHWE (QYHKUWH NPH

x=0. C ppyro#t cropomsi, F(+)=0. Takxum oOpa3oM, 3HAYCHNE UHTCIpand €CcTh
1

8
6) ins Tena, HOJMYYCHHOIO BPAIIEHUEM rvmiepOOmEl Xy = 1 BOKPYT OCH X, BHITHCIIHTD
065eM ¥ GOKOBYIO NOBEPXHOCTb YacTH, OHpeneseMoli HepaBeHCTBOM x==1.
KoHe4sas 4acTh Tela, OTBedarolnas H3MEHeHuio x oT 1 no 4 (4> 1), umeeT 06peM
1 GOKOBYIO HOBEPXHOCTB

A A
dx 1 1
VA=nJ—, SA=271J—— 14 = dx.
x2 x x4
1 1

EcTecTBeHHO 3a 065eM ¥ ¥ GOKOBYIO IOBEPXHOCTH S BCero (IpocTuparomerocs B 6ecko-
HEYHOCTD) TeNa NMPUHATH NPeAETbl 3THX BENUWYHH, T. €. IOJIOXKHTD

rdx 1Y T
V=nf—, s=znf— 14— dx.
x2 x x*
1 1

Opgako, B TO BpeMs, KaK OepBblid AHTErpat cxogurcs {470, 2)], u mis obnrema nony-
YaeTcsl XKOHEYHOE 3HAYEHME 77, BTOPOM MHTErpaJl paCXOAUTCS, YTO yKa3biBaeT Ha 6ecko-
HeyHOe 3HayeHMe GOKOBON IOBEPXHOCTH.

J1s Toro 4roOsl yOenuTLECS B IIOCTIEIHEM, JOCTATOYHO 3aMETUTh, YTO

A
cdx
sA>2nJ Z=2zin4,
X

1
U SA CTPEMHTCS K o OPH A~ o,

7) Iycts B nayane koopauHat O HAXOOWTCA Macca m, KOTOpas NPUTATHBAaeT Ma-
TepHaJIbHYIO TOUYKY M Macchl 1, HAXOAAIMIYIOCS HA OCH X Ha PACCTOSHHUA X OT O, € CHIIOH

m

x2

(mo 3axomy HproToHa). Kakyio pabory 4 npoussener cuna F Opu DepeMEIICHUN
TOYKA M BHOJL OCH X U3 MOJIOXKEHHs, OTBEYAIOMEro X = r, B GECKOHEYHOCTh?
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PaGora, odeBmaHO, OymeT OTpHIATENbHEOHN, Tak KaKk Cmia HalpaBieHA
NpOTHB ABAKCHHAA. Pacnpoc*rpamm Ha 3TOT ciay4ait dopmyny (9) n° 353, maiimem:

= m

r r

A= ——dx——

IIpz ob6paTHOM nepeMemem TOUkM M m3 GECKOHEYHOCTH N0 PACCTOSHHA X=r

m
CHJIa HBIOTOHOBCKOIO NPUTSKEHHS IOPOHM3BENeT HOJOXKHTENbHYO pabory —
’
OTa BeNUMYAHA Ha3bIBACTCH NMOMEHYUal0M PACCMATPUBAEMON CHIIEI HA TOYKY M B CIIyKHT
Mepoil, HAKOIUIEHHON B TOYKE NOMEHYUAAbHOIl 3Hep2ul.
8) JIns paGoTEl, mPOW3BOOMMOM Ira30oM IPH PacIWpeRnd ero ot obvema V; no
obvema V, (Vy>Vy), Mul mverm bopmynny [354 (10)]:
Va

A- f pdv.
v,
HyCTL JaHa HEKOTOpas Macca HIACAIBHOIO rasa, 3aHmMarolnas O6'BCM V,_ OpH
HaBIICHHUH Dj. Hpeﬂﬂonom, YTO ra3 pacClmHpiacTCa Lo 6 €ECKOHECEYHOCTH H

NPATOM aquabaTAYeCKH, T. . 6e3 TemnoobMeHa ¢ okpyxaromeif cpefoil. B 3THX yCIOBHAX,
Kax wm3BecTHO [361, 3)], mmeer MecTo dopmyna IIyaccoEra

pVk=c (rnek —>1)
Cy

Toraa paborta, xoTopas Morjia Obl OBITH BBIIOJIHEHA ra30M NPH TAKOM DaCIIMPSHHH,
Oynmer -

c 1
AmaKc=f cV- kdv—l A Vkvmi

b c 1
v, k-1 Vit

Vi
Ilpmaumas BO BHMMAHHE, YTO €= pr’f , H TOACTABNISAA 3TO B MOJydeHHYIO GopMymy,
OKOHYATENBHO .HalaeM
a =P1 Vi
Maxc k _ 1 .
9) B 3anade 8) n°® 356 Me1 ycranoBma cray F, ¢ KOTOPOU HA €AMHHULY §MArHAETHOTO
3apanas OeHCTBYET KOBCYHBLA NPSMOJHMHEHHBEIA OTPE30K TOKAa:

Sq

F= f~—————~ ds.
(a+ 51"z
L

PaccMoTpmM Teneph ciyyaii 6ecxoHeurOro (B o6e CTOpOHSI) MPOBOIHMKA,
T. €. HOJIOKHAM §y = — 0, §5= + oo, Torma
+ oo
+ oo 21

a

al I
F=f 3 ds=—. s
- (a2 +s2)°'2 a Vartstl-

Pasymeerca, 6ecKOHeYHE ¥ IPOBONHUK — 3TO (HUKIWA; TEM HE MEHee MOy-
YEHHEL Pe3YNLTAT MOXKET OKa3aThCH HONC3HbIM: B CIy4ae O4eHb JIMHHOIO IPOBOIHAKA
€ro BRITOJHO NP H G I WK € HH O PACCMATPRBATh KaK GECKOHEIHEI, BOO 3TEM JOCTH-
TaeTcs 3Ha4MTelbHOe ynpomenne bopMyisi!

10) Ecnu B 5/ieKTpHYECKOl ICH C CaMOWHAYKOMEH B MOMEHT BpeMeHH f=0 TOK
cunel I, pa3oMKHYTh, TO B Heif BO3HMKaeT 3KCTPATOK Pa3MBKaHHSA, NOA-
YMHSIONMUCH 3aKOHY:

I=I.e L
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[cM. 359, 4) (a); MBI coxpaHsieM 37iech Hpexaume obosHauenms]. IIpemtoxum ceGe Bbi-
YHCIHTB MO JIHO € KOMMYECTBO JUKOYJIEBa Temia Q, BHUISNIEMOe 3THM TOKOM.
DeMEBTapHO® KOJIWYECTBO TEINIa 32 IMPOMEXYTOK BpeMeHH [f, t-+dt], oueBmnmoO,

Oyner
dQ=I?R-dt.
CyMMHEpy# 33 BECb 6 €CKOHEY HB i IPOMEXYTOK, TONYTHM:
bl had 2R
. -t 1
0- J I:R -dt = RIZ. .[ e L a-S L.
0 0

OTMETEM, 9YTO XOTS MPaKTHYECKH TOK Yepe3 KOHEYHBI IPOMEXYTOK BPEeMEHH
CTAHOBHTCA HEOMIYTHMEIM, BCE X€ IS ONPENENICHAS MO HO I' O KOJHYECTBA IHEPIHUM
TOKA, MEPEXOAMIEH B TELIO, IPHXOMMTCA WHTEIPHPOBATh MO GECKOHEYHOMY

THPOMEXYTKY.

473. Amagorus ¢ pagamu. IIpocreiimme Teopemsul. B mocnenyroieM MEI
OrpaHMYMMCH HHTerpasamMu BHAA (1): BCe CKa3aHHOE O HMX JIETKO IEpe-
pocutesa ma caydad (2) u (3). IIpu aToM MBI Beeraa 6ylmeM mpeoaraTs,
yTo yHKuus f(X) MHTErpHpyeMa B COOCTBEHHOM CMEICJIE Me-
KTy NOOBIMH IpefeiiaMu @ B A>a, TaKk 4TO BOOPOC OTHOCHTCS TOJBKO
K HECOOCTBEHHOMY HHTETpally OT @ 0 .

Mexay HeCOOCTBEHHBIMH HHTErpaJiaMH _[ f(x)dx ¥u 9MCIOBBIMH psi-
a

JaMid Y G, CYIIECTBYeT ITy0okas aHajorus, KOTOPYH NOJNE3HO HOA-
1

YepKHYTh.
Ecnm npomecc CYMMHEDPOBAaHHK A IO 77 3aMEHUTH IPOIECCOM H H-

TErpApPOBAHHUSA IO X, TO aHajoramu OyayT

obwuii usen paoa
an
YaCMuuHAA cymma paoa

N
2an
1

cymma paoa
2an
1

KaK npedes 4ACMUYHOU CYMMbl
npu N-e
ocmamok pAda

noourmezpanvtan @GyHKyuAa

S

cobcmeennblii unmezpan

A
[y ax

HecobcmaeHHbIli uHmezpan

oo

[re ax

a

KaK npedea npedvidywjezo
unmezpaaa npu A-
uHmezpan

J e ax
A
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MBI DepeyYucIuM OPOCTEH I M e TEOPEMEI O HECOOCTBEHHBIX HHTE-
rpanax, CXomHble ¢ TeopeMaMu n° 364 o psimax. [okasaTenscTBO X —
¢ HCIOJIb30BAHHEM YKAa3aHHOW aHAJOMMH — NPENOCTaBIAEM YHTATEIEO.

1°. Ecau cxodumca unmezpan f f(x)dx, mo cxodumca maxxnce unme-

a

epaa _[f(x) dx (A=a), u Haobopom. ITpu smom
A

- . )
[y dx= [ o) dx+ [ 7(x) ax.
a a A

oo

2°. B cayuae cxodumocmu unmezpana If(x) dx mMmeeM

a

lim [ f(x)dx=0.
A

A-roo

3°. H3 cxodumocmu unmezpaia _[ f(x)dx BeITEKaeT U cx00uUMOCMB

- a

unmezpasq _[ ¢ f(x)dx (c=const), npuuem

_fc f(x)dx=c. j:f(x) dx.

Haxomnen:

oo oo

4°, Ecau cxodamca oba unmezpaira I S(x)dx u _[g(x)dx, mo cxodumca

a a

uxmezpan _[ [f(x)£g(x)]dx, u

a

[ U £gendx= [ 7x)dxt [ g0 d.

474. CxomAMOCTh HHTETPaja B CiIydae HOJOXKATEIbHON ¢ynkumu. Ecnu
byrknua f(x) monoxuTenbHa (HEOTPHIATENbHA), TO HHTErpPal

A
D(4) = [ f(x) dx o)
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MpencTaBisieT co00i MOHOTOHHO BoO3pacTak Nyl (yHKOHIO OT
nepeMeHHOM A. Bompoc o CymiecTBOBaHUH il Hee KOHEIHOT'O Ipefiesia IpH
A~ pemIaeTcs oYeHb IPOCTO — HA OCHOBAHMHU TEOPEMEL O IIpeJielie Mo-
HoToHHOM (ynkuuu [n° 57

Haa cxooumocmu necobemeennozo unmezpana (1) — 6 cayvae no ao0-

mumenvHoll @Pynkyuu f(X) — HeoOX00UMO u O00CMAMOYHO, YMOGHL
unmezpan (4) npu eospacmanuu A 0cmasaica 02paAHUYEHHLIM CBEPXY:
A

jf(x) dx<L (L=const).

Eciu ke 3TO yCJIOBHE HE BBINTOJHEHO, TO MHTerpat (1) mMeeT 3Haue-
HEe = [cp. n° 365].

Ha 3ToM ocHOBaHa CIenyomas «TeopemMa cpaBHe}mx» JUISL HHTErpajioB
OT TOJIOKUTEJIbHBIX (PYHKIMH:

Teopema 1. Ecau xoma 6o1 npu x=A (A=a) uMeen: MECmo HepaseH-

cmeo f(x)=g(x), mo u3z cxooumocmu uHmezpaia j g(x) dx caedyem cxo-

oo a oo
oumocme uHmezpaia j f(x) dx uau, umo mo e, uz pacxooumocmu j fix)dx
a a

caedyem pacxooumocme j g(x) dx.

a
JToKa3aTeabCTBO MOHO CKONHPOBATH C JOKA3aTelIbCcTBA TEOpEMSEI |
n° 366.

YacTo nmoJie3Ha CiIeayIolas TeopeMa, ABIAIOmasics cJIeCTBUEM IepBOM:
Teopema 2. Ecau cywecmsyem npedea

hm f% =K (O=K<s+-=),

Mo u3 CX00UMOCMU uHMezpala j g(x) dx, npu K< + -, guimexaem cxo-

o a

oumocmy uHme2paia I f(x)dx, a uz pacxodumocmu nepeozo unmezpaia,

a
npu K=>0, evimexaem pacxooumocmv emopozo. [TakuMm o6pasoMm, mpu
0<K< + = ofa myTerpama cxolarcs HJIH o0a pacxojaTci OJHOBpPEMEH-
HO.]
HJoxazaTedbCTBO Takoe Xe, KaKk U I aHAJOTHIHON TEOPEMBI
2 n° 366 [cMm. 473, 3°).
Bribupas KOHKpeTHYIO (yHKIHIO AJ CpaBHEHHS, MOXHO OTCIOJA IIO-
JNYYUTh YACTHBIE IPH3HAKH CXOAMMOCTH WJH PacXoJHMOCTH HHTErpaa
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1
.f f(x)dx. TIpakrudeckoe 3HAYCHHE HMEET CpaBHEHME C QyHKIMeH i >
a
KOTOpas MHTerpupyeMa oT a>0 o = npx A>1 H He WHTErpHpyeMa IIpH
A=<1 [n° 470, 2)]. Ha 5ToM IOCTpOEHH! Clemyromme Ipu3Hakn K o urm:
Iyemv 018 docmamouno 6oavwux x Gyuxyus f(x) umeem euo

f@=22  (~0).

Toz0a: 1) ecau A=1 u p(x)<c< + =, mo uwmezpa _[ f(x)dx cxodumca,

a
2) ecau e A<l u p(x)=c=0, mo smom uwmezpar pacxodumcs.
JI;s moKa3aTeImbCTBAa HAIO BOCIONB30BaThCA Teopemolt 1; dymxummei

c
CPaBHEHMs SBIICTCA ; [n° 473, 3°].

Ecmu mpd x - Qyuxups f(x) sBasgeTcs OeCKOHETHO MaJloi MopsaKa

A=0 (no CPaBHEHHUIO C }‘), TO WHTErpal J.f(x) dx cxodumca uau pac-

a
xodumea & 3asucumocmu om mo2o0, 6ydem au A>1 umu A<l.

1
3rechk ClEMyeT COCIAaThCs Ha TeopeMy 2; poJrb GyHKIHH g(X) HTpaeT i

IMIpaMepn:

oo

. x dx
b [rme g
X 2
0 1 xY1+x

YloovATerpaneHble BEIDAXEHHS IIPA X —~o MPEACTABISIIOT CO00K0 OECKOHEYHO
MaJibie, COOTBETCTBEHHO, opsiaka !/, u 2. CnenosaTenbHO, NEPBhIf HHTErPA PACXOTATCH,
a BTOPOM ~ CXOOHUTCA.

o)
9JieH CTENeHd 71 >, He AMEIONMI KOPHEH B POMEXYTKE [a, ).
st 0ocTaToIHO OOMBUIMX X NOOMHTETPabHOE BHIPAKCHHE COXPAHAET ONpeneseH-
Hpif 38aK. [ToaToMy (M3MeEHSS B Cirydae HANOOHOCTA 3HAK) MOXKHO HPHMEHHTH H3JI0-
JEHHBIE Bble Npm3HaKy. [TomuHTerpanbHas GyHKIAs BIseTcs (IPHE X —+ ) GECKOHEIHO
Manoi mopanka n—m. [1o3ToMy OpH n=m-+1 WHTerpan pacxomurcs, a mpu n=m+2
cxopares. (XIpa n<m oW, OYeBHAHO, PACXOMUTCAH.)

mP X
2) f ) dx, tae P(x) ecTh LENEI MHOTOWIEH CTenesH m, a Q(x) — ULesbii MHOTO-
a

475. CxoauMocTh HHTerpajia B ofuem ciaydae. Boopoc o cylmecTBoBa-

HHH HECOOCTBEHHOTO HHTErpaa _[ f(x)dx, cornacuo ompenenennto (1),

a

36 T. M. duxrenronsy, 1. 11
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TOPHBOIUTCS K BOIPOCY O CYLIECTBOBAHHH KOHEYHOI'O Ipeliesia IpH A — e
I pyaknuu ot A:

A
D)= [ f(x) dx. @

IIpumenas x oToit ¢yukoum mpusHak bonsunamo-Komn [58],
MOXHO YCJIOBHE CYNIECTBOBAHHS HeCOOCTBEHHOIrO MHTerpaja IpeICTaBUTh
B crnenyromel ¢opme:

+ oo

Haa cxodumocmu HecobCmM8eHHO20 uHMe2paiQ J S(x) dx* neobxooumo

a
u docmamoyHo, ymobsl kaxcoomy yucay &>0 omesewaso maxoe uyucio A,>
>a, yumober npu A=Ay, u A' >A, ebinoanasocsy HepaseHcmso

<E&.

A’ A A’
[0~ 00| = | [£G)dx - [0 dx| = | [y s
a a A

OTOT KpHUTEpHii IIO3BOJISET C JIETKOCTHIO YCTAaHOBHUTBL TAaKOE IIPEIJIo-
JKEHHeE:

Ecau cxodumca ummecpan Jl f(x)|dx, mo* u nodasno cxodumcs

f £6) dx.

B caMoM pene, npuMeHSA H3JIOXKCHHBIH KPUTEPHH K HHTErpaly

f] f(x)| dx, xoTopBIif mpemmoaraeM CXOMALUMMCS, BHIMM, YTO MJIA JIFO-

a
Goro £>0 nalineTcst Takoe A,>a, 9TO
"
| 1760 dx=e,
A
N

A
_[f(x) dx! = j | f(x)| dx =,
A A

CleHoBaTeIbHO, IS Tex xe A, A’ TeM 0oJiee BBUIOIHSETCA HEPABEHCTBO

mume Tonbko A'>A=>A,. Ho, oueBumHo,

| [ ooas |<e,
A

* B npeINOI0KEHUN, 9TO B KaX1OM MpoMexyTke [a, A], A > a, byaxims f(x) uaterpu-
pyeMa (B COOCTBEHHOM CMBICIIE).
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OTKyJa, B CHJIy HAIIETO KPUTEPHsA, BBITCKAECT CXOMHMOCTE HHTCrpaja

| ) ax.

OTmeTHM, YTO U3 CXOOMUMOCTH MOCJIEAHETO HHTerpaja, BooOlile ro-

BOps, HE CIEOYET CXOOMMOCTh HHTErpala f! f(x)| dx. OT0 0bCTOATE D~

a
CTBO JaeT OCHOBaHHE 0c000 OTIMYATH CleAyrommii ciayvyail. Ecmu mapamy

oo o

C UHTErpajioM f f(x)dx cxonuTcs W WHTErpa fl Sf(%)| dx, To uuTerpan

oo a a

J f(x) dx HasweBaroT afcomromno cxodawumca, a ¢yuxmuo f(x) — ab-
a

CONOMHO uHmMezpupyemoli B NpoMexyTke [a, + «]. IIpumep unTerpana,
cxomsmerocs HeabCcoMIOTHO, OymeT HaH B CIEHyrOIIEM n°.

Ilo oTHOmMEHAIO K 3HAKOoNlepeMe HH O QyEKnuM f(X) NpU3HAKA
n° 474 HemMOCPeACTBEHHO HenpuJIoXuMbl. Ho MOXHO HOOBITATBCA C HX
MOMOIIBI0 YCTAHOBHTE CXOIHUMOCTH HHTErpaja OT HOJIOXKUTEIb-
Ho#t dymkumum |f(x)|: ecim 3Ta GyHKIMS OKa3bIBa€TCA HHTETPHUPYEMOH,
To QyHkuusa f(x) Takxke OymeT HHTerpupyema u OpuToM a6 Cc o JI¥0 TH O.

Otcrona BBITEKAeT U cIedylollee IpesIoXeHne, KOTOpoe YacTo ObiBaeT
IIOJIE3HO:

Ecau gyuxyua f(x) abcoartomuo unmezpupyema 8 npomexncymke
la, + =], a gpynryus g(x) oepanuuena, mo u npouseedenue ux f(x)-g(x)
b6ydem pynkyueti, abcoAOMHO uHmMezpUpyemoil 8 NpPOMeNCYmKe
[a, + <].

Ana moka3aTeabCcTBa JOCTATOYHO COCIATHCS HA HEPABEHCTBO

[/x)-g@)|=<L-|f(x)].

cos ax
IIycth, mampmMep, HAaH HMHTErpal ‘[mdx 3pecy byHKIHES f(x)=m
0
okasbiBaeTcsi (aOCOMIOTHO) MHTETPHPYeMOH, B TO BpeMs Kak g(X)=Cos ax, OYeBHAHO,

OrpaHMyYCHA. Orcroga — abcomoTHAA CXOAMMOCTD OpEeMJIOXKECHHOIO HMHTErpaa.

Kax BumHO, Iyif 3HAKONMEPEMEHHOH O(YHKIHUA HU3JI0KEHHBIE
3gech coobpaxeHus — B OJIATONPUATHOM CIy4ae — MOTYT YCTAHOBHTD
Jumb a6 CONIOTHYIO CXOOUMOCTh. Ecnu ke MHTerpat OT AaHHOM
(GYHKINM pacXOOUTCS MM CXOOMTCS, HO He aGCOJIOTHO, TO pa3sHYMTh 3TH
CIIy4au ¢ MOMOIIBIO YCTAHOBJEHHBIX 3/eCh NMPU3HAKOB HEJb3S.

476. Ilpmnaxn AGeas m Jlmpuxne. Mel mangmMm ceifyac mpH3HAKH OpY-
roro THNAa, OCHOBAaHHbIE HA INPHMEHEHHH BTOPOH TEOPEMBI O CpeoHeM
sHavennd [306]. Onm ananormyHbl npu3nakaM A Gens m Jupuxie

36*
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CXOOUMOCTH OecKoHeuHBIX psmos [384], BBUmy vero ymoOHO M MX CBS3aTh
C TEMH Xe€ MMEHAM{. OTH IPU3HAKH IIO3BOJIIOT YCTAHABJIMBATH CXOMH-
MOCTb HECOOCTBEHHEIX MHTErpayiOB B psOe CNydaeB, KOrma abCOJOTHAS
CXOUMOCTDh OTCYTCTBYET.

Ilpusnax A6enan. Ilycmo dynxyuu f(x) u g(x) onpedesensi 6 npo-
mesxcymxe {a, =), npuuem

1) gynxyua f(x) unmezpupyema 8 3mom npomexCcymre, max ymo umu-
mezpaa (1) cxodumca (xoma 6v1 u Heabcoarommo),

2) dyuxyus g(x) moHomonna u ozpaHuyena:

|g(¥)|<L (L=const, a<x<=).
Toz0a unmezpan '

[ £00g(x) dx ©)

cxooumes.
HoxasaTedbcTBO. Ilo Bropoil TeopeMe O CpeJjHEM 3HAYCHMH,
npu Jro0bix A’ >A>a, 6yneM UMeETh
a

A’ &
| fE0) dx=g() | f0) dx+ 84" | 1(0) dx, ©)
A A &

roe A=<t<A'. Beumy mpepnoiioxenust (1), A HPOHU3BOJIBHO 3aHAHHOIO
e >0 maiimercs Takoe A,>a, uTo Opu A >4, Oynmer

.jf(x)dxl< 5 lff’f(x)dx’ <5

B cBasu ¢ 2), 310 maeT uam, mpu A' >4 =A4,,

| J st <l | [ e x| +]g)] -| J 9 a| <
A A 3

€ €
<I,-2—L—-{-I,.E

= 6’
qTO ¥ BjeYeT 3a coboit [475] cxommmocTs unTterpaia (5).

MoOXHO U B ClIy9ae HHTErpajoB JaTh APYryi0 KOMOHHAUMIO YCIIOBHH,
HajaraeMbix Ha GyHKOHH f(X) ¥ g(x), NPH KOTOPHIX CXOOMTCA MHTETPal
OT MX IPOM3BEIEHHS:

Ilpusnax Jupuxne. Ilycmo

1) dynxyua f(x) unmezpupyema 6 a060M KOHEUHOM NPOMENHCYMKe
[a, A] (4>a), u unmezpan (4) oxasvieaemcsa ozpaHuueHHBIM:

A
} _[f(x) a'xl <K (K=const, a=A<e)
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2) ¢pyuryua g(x) monomornno cmpemumca k 0 npu x—:

lim g(x)=0.
Xerow

Tozoa unmezpaa (5) cxodumcs.

[Kax uuTaTenb BUOMT, Ipexmee yciaoBue (1) Heckospko ociabieHo,
ubo MBI 371ech He TpebyeM cxommmoctr HETerpaia (1); 3ato ycnosue (2)
3aMeHeHO 0oJice CHIIBHBIM!]

HJoka3aTenbCTBO NPOBOJUTCA KaK M BHIIE, UCXOMA U3 paBEH-
cTBa (6), HO B 3TOM ciydae mepsbiec MHOXUTeNH g(A4) u g(A4’) Moryr GBITH
cIenadel CKOJb YrOOHO MAJIBIMH, ¢CIH B3aTh A H A’ mocraTtodHo Gosb-
IN¥MM, & BTOPBIE MHOXHUTEIM OTPAaHHYCHEl YUCIOM 2K.

3ameganmue. U 3mech npa3Eak A e ns BBITEKaeT K3 NpU3HAKA
Aupuxne. HeHCTBUTENHHO, I OrPAaHMICHHOM MOHOTOHHOM (GyHKIM
g(x) HeoO0XomAMO CYyIeCTBYEeT KOHEUHBINA mpenen

g(=)=lim g(x).
IIpencraBus f(x)-g(x) B dhopme
S(x) - g(x) = f(x) - g(=) + f(x) - [g(x) — &(==)],
BHAMM, 4YTO i BTOPOr0 HPOH3BEIEHHS YK€ BHIIOJHSIOTCA YCIOBUA
Hupuxae [cMm. 473, 3° u 4°],

Jlerxo BunETE, HAPpEMED, 9TO UpH A > 0 CXOMATCA HHTErpaslbl

sin x cosx

——dx u ——dx (a>0).
XA xA

a a

1
ITosnb3ysace npu3HakoM U puxme, Mbl momaraeM f(x)=sin x WM cos x, a g(x)= S
X

Vcnosrs 1) 1 2) BHINONHEHB!, TaK Kak

=|cosa—cos A|=2 u, aHANOrH4HO, =<2,

}jsinxdx

_[cos x dx

1
u ysKiES = » MOHOTOHHO ybriBas, crpemurcst Xk 0 npy x - eo.
x

B wacrHOCTH, OTCIOZA mpH A= 1 BEITEKaeT CXOMMMOCTh HHTErpana

-
sin x
—dx
X
0

(MBI MOITIM B3ATH 371€Ch g =0, DOTOMY YTO NOIAMHTErpaibHas (GYHKUHAS IPK X ~0 HMEeT
KOHEuHEBI! npeneir). MoxHO mokasaTh, YT0 3TOT MHTErPAJI CXOAUTCH Hea b6c ol T-
HO, T. € YTO MHTerpaji
|sim x|
dx
0

X



566 [J1. XITI. HECOBCTBEHHBIE UHTETPAJIBY [477

pacxoaurca. B camom nene, ecrnu 6Bl 3TOT MHTErpal CXOAMICH, TO mo Teopeme 1 n°
474 cxonuncst 661 W UHTETpan

oo

sin? x
J‘ dx (a=0),
x

a

u60 sin? x=<|sin x|. VHpME cnoBamy, cxommncs OBl MHTErpan
1 1-cos2x
- J _—dx;
2 x
a
npubaBUB K HEMY 3aBEJOMO CXOISAMIANACS HHTErpal

oo

1 [ cos2x
— J dx
2 x

a

MBI OPpHAIUTH OBl K 3aKIIFOYEHMIO, YTO CXOOUTCA MHTErpall

1 rdx
2J x
a

gero Ha nene vet (470, 2).
3amevanue. Teneps, Koraa Mbl YCTAHOBHJIM CXOJHMOCTE MHTETPajIOB

oo oo

sin x cosx
dx u | — dx,
x

X
a a

MBI MOX€M, HAKOHEN, YTOYHHMTEL ONPENENeHHe HENIEMEHTApHbIX (yHKimit si x
(SMHTErpANIbHLIA CHHYC?) H Ci X (¢MHTerpasbHEIA KOCHHYCh), O KOTODSHIX Mbl yOOMHHAIIH
B n° 289, IMeHHO, HOJIaraioT
. sin ¢ . cos ¢t
six=— | ——dt, cix=-— —t—dt.
t

x X
(x=0) (x>0)
ECJ'IK, HanpuMep, BTOPYIO H3 3THX q)OpMyJ'l HamiCaTh B BHIC:
x o
. cos t cos t
Cix=—-|—-dt— | —dt,
t t
1 1

TO — IO H3BECTHOMY CBOMCTBY ompepesieHHOro maTerpana [n° 305, 12°] — scHO, 9TO

. cosx
OPOM3BOIHAS OT Ci X ACHCTBATESLHO PaBHA — .
x

477. TpuBeJenne HeCOGCTBEHHOI0 HHTErpaia K OeckonewHoMYy psiay. Mot
3HaeM, YTO MOHATHE Opeieia QYHKIUH MOXKET OBITh BEIPAXCHO JABOSKO —
«<Ha S3BIKE &-O» M «HAa A3BIKE MociexoBaTenbHOCTeH» [52, 53]). Ecom k
dyuknmu D(A4) [cM. (4)] NPEMEHUTh BTOPOE ONpPEHAECJICHHE IpERena, TO
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onpeaerenne (1) HECOOCTBEHHOrO HMHTETpajia MOXET OBITH HCTOJIKOBAHO

TaK:. KaKylo OBl HHM B34Th IIOCJIEAOBATCIIBHOCTh BO3pacCTAIOIIHUX OO0 Gec-
Aﬂ

KOHeYHOCTH yncen{A4,} (A4, > a), 1ocIe0BaTeILHOCTh HHTerpaJIOB{ f f(x) dx}

a
IIOJDKHA CTPEMUTHCS K OTHOMY H TOMY K€ KOHEYHOMY Npeneiy *, KoTopbli

H JaeT 3HAYCHHEC HeCOOCTBEHHOro MHTErpaja f f(x)dx.
a An

C npyroii CTOpOHBI, BOIIPOC 0 MIpeAesie MOCIeIOBATEIBHOCTH {j fx) dx}

a
TOXJIECTBEH BOIPOCY O cyMmMme pspa [362]:

jl*'{j _‘:}l}+{/‘:f—?}+---=j‘+z +A}'+...

2
Takam 06pa3oM, MOXHO YTBEPXKIATh. 044 CYWecmeosanus Hecobcm-

=3

8EHH020 UHMezpana f f(x) dx neobxooumo u docmamouno, umobsr — Kaxosa

a
661 Hu Oviaa sapuanma Ap,—- (A,>a) — pad

An
Z [ fod 4e-a)

-1

cxo0unca k 00HOl u moil xce cymme, komopas u ddem 3Hauenue Hecobcm-
8EHHO20 UHMezpaia.

OTMeTHM, YTO B Cilydae D OJOXHUTEJADbHOH (HEOTPHIATEIHHOI)
byuxumn f(x) — I8 CyIleCTBOBaHMS MHTErpajia JOCTATOYHO CXOAUMOCTH
YKa3aHHOTO pAfla IPH OJHOM YaCTHOM BHOOpE BAPDHAHTH
Ap— . JIcHCTBHTENBLHO, TOrAa Bo3pactaromas ¢ymnkmus (4) ot A 6ynmer
orpaHHYeHa CYMMOI 3TOTO psfa M, CAEHOBATENILHO, HMEET KOHEYHBIA Ipe-
nen npu A-—- [474].

CaezieHne BOIpoca 0 CXOOMMOCTH HHTErpaja K BOIpPOCY O CXOOAMOCTH
psfia OpeACTaBIAETCS YaCTO OYEHb BHIOJHBIM, TaK KaK AaeT BO3MOXHOCTE
YICTIOJIB30BATh MHOTOYUC/ICHHbIE IPU3HAKH CXOAUMOCTH HJIH PACXOINMOCTH
pAnoB.

Ap
* JIoCTaTOYHO TNPEeRuONOXHTb, YTO BCe MOCIENOBATEILHOCTH {f f(x) dx}

a
CXORATCH, ITOOHI OTCIOAA YKe MOKHO GLUIO 32KIIOYHTR, 9TO mpenen y HEX GyneT OfuH
B TOT X¢ [S3].
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-
sin x
JiiA1 OpuMepa paccCMOTPHM CHOBA HHTerpas f—dx, 0 KOTOpOM yXxe Onlia
x

peyb B OpeablaylieM n°. 0
Tak Kak sin x OpH BO3pAacCTaHAH X NPHHAMAET MONEPEMEHHO TO MOJIOXHTEIILHbIC,
TO OTpHIUATENbHbIC 3HAYEHHs, MeHss 3HAK B Toukax nu (n=1, 2, 3, ...), TO €CTECTBEHHO
MMEHHO 3TH YHCNA B3ATh B Ka4eCTBE An H PACCMOTPETh DAL
(n+1)n
=  sinx
> J —Zdx. )
n=0 x
nn
(n+1)n
sin x
Ipomssens B obmeM wieHe v, = ——dx TOOACTAHOBKY X =nm-+ 1!, DOIYIBM
X
nn
n
sin ¢
vop=(-1)7 dt.
nn+t

0

OTCIOAa BHOHO, YTO WICHSI PAJA MMEIOT YepeAylomuecs 3HaKH B No abCOMOTHON Benn-
YHHE MOHOTOHHO yOmBarot., darnee, npu n>0,

44 n

sin ¢ 1 1
|vn|=f dt< | —dr——
na+t nmn n

0 0

H, CIEHOBATE/ILHO, aOCONIOTHAS BeNMYHHA WJICHOB PAJA CTPEMHUICA K HYJIO C YBENH-
yeHHEM ux HoMmepa. Psan (7) Oymer tuna Jle#i6Huua H, DO M3BECTHOM Teopeme
[381], cxomuTcsa. O6o3nayuMm ero cymmy depes I. Takum obpasom, misa moboro >0
Haj{ieTcst Takoe N, 4To npHu n=N HMEET MECTO HEepPaBEHCTBO

flﬂ'

Hsm—xdx~1 <e. ®)
X

(1]

Tenepk yXe 3aBepLUMTh JOKA3aTENbCTBO CYHDIECTBOBAHMA HHTErpaja NpOMWIE ¢Ha
sa3pike e-0. IlycTh A > N7, TOraa CyIlecTBYeT TaKkoe HaTypaibHOE YUCIIO Ny, YTO nyt=<A <
<(ny+ 1), puyeM, 04EBUIHO, ,=>=N. Tak KaK B IPOMEXYTKE OT nyrr IO (ny+ 1)m GyHK-

A
LHA Sin X COXpaHseT 3HaK, TO HHTErpan f 6yner COmepXaTbCA MeXOy HHTEerpajaMu
n (1) 0
f n f , KaX[IbIH W3 KOTOPHIX JIEKHUT, B cuiy (8), Mexny I—e u [+¢. CneioBaTensHO,
0 0 A
TO %€ MOXHO YTBEPXAaTh m 006 WHTErpasue J. WTtak, OKOHYATEeNLHO, A1t A > N7t uMeeM
0

A .

sin x

—dx-1I

- X

<€,
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TaK 4TO CyImECTBYeT
. A
sin x i sin x
J—dx= lim ——dx=1"%,
x Ao x
0 0

M1 yxe 3Haem [476], yTo 3TOT HHATErpan cxoaurcds HeaOCOJNWTHO, T. €.

|sin x}

YTO HHTErpa J dx pacxomarcs. OTOT (GakT Takke JIErKO YCTAHOBHTB, OOpa-

0
Imasch K IPEICTABJICHAIO HHTErpajga B BHAE DPAfa. JIeCTBHTENEHO, eciM 6Ll HETerpan
CXOAMJICHA, TO AMENH Obl, KaK M TOJIBKO Y4TO,

(n+1)n n

|sinxf J }sin x| J
. Z el
0

Ho nn+t<(n+1)n, Tak uro
k14 T

sin ¢ 1 . 2
f—dta———- Jsm tdt=—"— ,
nw+t (n+bH=n (n+Dxn

0 0

2 1
MEXAY TeM Kak paf — Z —Ii pacxoaurcs! [365, 1)].
T n

478. IMpumepni. 1) ViccnemoBaTh CXOAMMOCTb HHTErPaJIOB:

arctg x
(a)j —~ds,
0

¥4
©® [—Z——  @>a-b>0,
Zj V- Gop

2 1) d
® j(e e © j( e“x_i);;f'

Pemenne. (a) INoguarerpanbnas GYHKIMS OPH X~ +co sBISETCA OECKOHEYHO
MaJIOi mepBOro MopsaKa; FATErpal PacXOJHTCA.
(6) Beckomeyno Manas mopsigka 3/,: HHTErpan CXO AHKTC A,
(8) Ilpw x -0 mopuuTerpanbHas GyHkmas crpeMutcs k 0. Pasnaras B psan, BumaM,
YTO BHIpa)XKEHHE
at b
_; —_ ;ci bZ — a!

e -e =

+..
x2

IPH X+ +co gBJIAETCH OECKOHETHO MAJION 2-r0 NOpAAKA: HHTErpajl CXOAHMTC A,
(r) Paznarasa e:* B psy, NErko DONYYATH

x 1 x?
eX—e~%x 2 12

* 3meck (Kak M B IpeaplymieM N°) HAC WHTEPECYET JIMIIb BOIPOC O CXOLHMOGTH

b1
Jrero wHTerpana. Humke Mbl yBHIHM, 4TO ero sHaugHue I= 2



570 IJI. X111. HECOBCTBEHHBIE UHTEI'PAJIbL [478

1
TaK 4TO OpH x ~ 0 moguuTerpainbHOe BBIPpAXCHHE CTPEMHNTCS K —'1— . Hpu X —~co OHO

6yner Geckomedno Majoff 2-ro mopsaka. MHTerpan CXO oM TC 1.
2) To e 17151 HHTErpaios:

N - x dx In x
@ [weexdr (a0, © [=—, ()f
o Ve -1 xVx2=1
Pemerue. (a) B3as moboe 4> 1, mvmeem:

XxXbe—ax xl+ 1]

1/x»  eax
HHTErpal CXO M TCA.
(6) 3ameTuM cHavana, 4to mpu X ~0 noammTerpanbHas ¢yHkims crpeMurtcd k 0.
Bass Temepb CHOBA N0 60e A>1, momyunm:

x 1 1
— = -0 mpu x> +eo;

Verx—1 o Ve x— G —x— (44D

HHTErpajl CXO QU TCA.
(8) TIpn x -1 nogwurerpansHas ¢yukums umeer mpegenoM 0. ITycts 1<A<2,
1

TOrJa OTHOIICHHE 3TO¥ (PYHKIHH K —, MOXHO Hanucath B U
X

x*lnx Inx 1
xVx2-1 e lvl 1

HHTErpal CXOOHTCA.
3) To xe nOnA HHTErpaJioB:

J' sin Jx f
@ | —— (@=0), ©) | xre 9cosxdx (u, a=0).
; V;(a—!—x)

0

Vkaszaaue. B oboux Cloyyasx HMeeM NPOM3BEACHHE OrpaHMYCHHON QYHKUMH
Ha (abCOIOTHO) MHTErPUPYEMYIO.
4) YccnenosaTb cxogmMocTh uHTErpana (o> 0)

jjdx fsin (B2x®) dp = } {fsin (B2 dﬂ} dx *.
1 0 1 0 )

TToctapaeMcs OLEHWTh HOPANOXK YOLIBAHMA OPH X —~co $BHYTPEHHEro» HMHTErpaia.
ITonaras B BeM (2x3 =z, uMeeM:

Jsm (B2xB) dﬂ = sin 2 dz.
) Ve

* IIpmMem 3pech Oe3 MOKA3aTENLCTBA, YTO $BHYTPEHHMI METEIPAN MIPECTaBIISCT
HENpPEPLIBHYIO GYHKIHMIO OT X.
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oo

sinz
BBuay cXOAMMOCTH HHTErpajia f—— dz [476], malipercs wOocTosHHas L Takas, 4TO
z

npu Bcex A>0

CrnegoBaTebHO, HHTETPA fsin (f%x® dff 1o abcomoTHON BENHIMHE HE NPEBOCXOAMT

[}
BBIPDAXCHHUA T/' Ot1croga BBEITeKaeT abCONFOTHAS CXOMUMOCTb HPCNJIOKCHHOTIO HH-
2

x
Terpana.

5) VcTaHOBHTBL CXOO¥MOCTb MHTErpasios (a, k, 4>0)

x smax 6 sinxsin 2xd
()jk2+2 dx,  © [einr—uax,

sin (x+ x2
—————(x x)dx

[ 3 Sin X
(B)Jllnx| —dx @® j

a Q

xA

Pemenne. Bo BCEX ClIy4asx OOJIb3yeMCS OpuU3HakoM JIupuxie.

@) gx)= k2+ 5 ANA HOCTaTO4HO 6ONBIIIX X MOHOTOHHO YyOBIBAE€T U IPH X — oo
A

CTPEMHTCA K HYJIIO; HHTErpajl f sin ax dx, OYeBHIOHO, OTPAHHYCH.

1 Y !
©) g(x)= = » MOHOTOHHO yOBIBasA, CTPEMHUTCA K HYJIFO MPH X .00 f(x)=eSI? X.sin 2x,
X

TaK 4TO (€CNH OOJIOKHTH Sin X =1)
sin A

Hf(x)dxl-zl j tet dt | <2e.

1
(8) g(x)=|In x]*-—, mas gocTaTouHO GONBHNIMX 3HAYECHHUH X
x

(In x)2—?
g'x)= —a (A-Inx)=<0,

TaK 410 g(x) yObIBaeT, OYEBAOHO, CTPEMACH K HYJIfO, M T. X,

) g(x) 1 3 f(x)=sin (x+x?), Tak yro (monaras z= x-+x?2)

a A+A
_[sin (x+x?) dx= f

q a+a*

sin z
Vi+4z

dz.
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3T0 BBHIPaXEHHE 00 abCONIOTHOH BEIMYMHE OCTAETCS OrPAHMYEHHBIM, BBHAY TOTO,

sin z

YTO HHTErpan J dz cxonuTcs (B 9€M MOXHO YIOOCTOBCPDHTBECA C NOMOIOBIO

1+4z
a+at
TOro Xe npu3Haxa [lupuxie).
6) Hdoka3aTh ClleAyIomee YTBEPKACHHME:
ITycmoe dyuxyua f(x) onpedenena ¢ npomexcymxe [a, + ) u umeem nepuod w=0,
a dyukyua g(x) MoHomoHHa @ mom dice npomedcymke u cmpemumca k 0 npu x—~ + o,
Ecau unmezpan (cobcmeennbuiit)

at+w
| rerax=o, )
a
mo unmezpaa (HecobcmeenHblit)
Jreew ax ®
a
cxooumca. Ecau xce, nao6opom,
a+ow
j F(0) dx=K=0, ©*%
a

mo umumezpaa (5) cxo0umca uau pacxooumca 6 3asUCUMOCMU Om Mmo20, CXOOUMCA UAU
pacxooumca uxmezpan

jg(x) dx. 10)
a

(a) IlpennonoxuM cHavana BBHIIOJHEHAE YCNOBHA (9) M HOKaXeM, 4TO HHTErpan
A
Jreoax
a

B 3TOM CJTy4ae OCTAaeTCf OTPAaHHYEHHBI M IpH BCeX A >a.
Beuny 314, 10) n 3ameqanns B 316, 04eBAAHO, H

a+ ko

f fdx=0 (k=1,2,3,...),

a
H TOrAa, KakoBo Obl HH Obll10 A >a, ecnu B3aTh k=FE (-—) , Oynem ¥MeTb
w

A

a+ ko

=

A A—fko  ato
Uf(x)dx | 1&] £ dx= L,

¥ Tpebyemoe 3aKIIOuGHNAG CIIGAYST HENOCPEACTBEHHO K3 NPH3IHAka [{mpux I¢,
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K
(6) B mpenmonoxenur (9%), 3amemuM f(x) Ha f(x)— —. Tak xak 3ta ¢ymKuHs
) w

yAOBNETBOPsET ycnosmio TAma (9), To uHTErpan
1
_[ [f (x)- = K]g(x) dx %
a

no nokazaHHOMy cxomarcsa. Orcioma yxe sicHO, 9ro mHTerpaisl (5) u (10) cxomsrcs
(1M pacxoJATcs) OAHOBPEMEHHO.
7) Ecmu, BanpmMmep, DOJNOXHTh f(x)=sin?x B mpomMexyTke [0, + =) H w=m, To
BHOMM, 4TO WHTErpal
T

T
Jsin”xdx=5¢0;

0
CIIenoBaTECIIbHO, Unmezpar

_[sin2 x-g(x) dx
0

(npu npesicHux npeonoAOHCEHUAX OMHOCUMEALHO ) CXOOUMCR UAU DACXOOUMCA OOHO-
epemenno ¢ uumezpasom (10).
Hanporus, maTErpan

=3

J (l—sin2 x) g(x)dx= l j:cos 2x.g(x) dx
2 2
0 0

CXOIMTCE BO BCSKOM Clnydae, HE3aBACAMO OT moBeieHAs HHTerpana (10)!
8) Hccnenosate CXOAMMOCTb HHTETPAJIOB

@ jecosx-sin 0™, © jesm %.sin (sin x) 2~ .
X X

0 0

(@) Ameem
2n n 2n
Je°°3x-sm (sin x) dx = J + J =0,
0 (] n

#60 BTOPOH M3 ABYX HOCNETHAX WHTErPAJIOB PA3HUTCA OT IEPBOrO M3 HUX JIALIL 3HAKOM
(moncrasoBKa z= 27— x). B cany 6), HaTerpan (a) cXxomurcs.
(6) Ha asrot pa3
2n

Jesm %.sin (sin x) dx =0,
0
Tak yTO [cM. 6)] — BBHAY PacXOZAMOCTH HHTErpajia

oo

— wHTerpan (6) pacxomuTcs.
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9) Uccnenosats HETErpall

sin x
_[.____, dx
x¢4-s1in x

(1]

Ha CXOOMMOCTb, B 3aBHCHMOCTH OT 3HaveHuii napamerpa u>0.
HimMeeM TOXIECTBO
sin x sin x sin2 x

xt+4sinx  x# x#(x#+sin x)

MHTerpan oT nepBOro 4ieHa crpasa
-sin x
J " dx,
XK
(4]

Kak Mbl 3HaeM [476], Bcerma cxomurcs. OOpaTHMCS K HHTETPay OT BTOPOTO 4JeHa
cupaga

sin? x
_[ e S ¥y an

xH(x#4-sin x)

Tak kax
sin? x sin? x 1

xt(xr+1) = xt(x#4-sin x) = xr(xun—~1)

TO OpH ,u>—2— HMHTerpajl OT BBIPAXCHMS Cnpapa, a ¢ HAUM W MHTerpai (11) cxomures;

npu ,us; PacCMOTPHM BBIDAXEHHE CIICBa: HMHTETpal OT Hero, B cuay 7), Bemer cebs

TaK k€, KaK H HHTErpan

oo

—————-dx 0
.[x#(xﬂ+1) (@>0),

a

T. €. PaCXOAMTCA, @ C HUM pacxoauTcs u maTerpan (11).

1
OXOHYATENbHO, IPEATIOXKEHHbI WHTErpan CXOAWICA UpHU ,u>-—2— H pacxoaurTcd
1
OpH f=<—.
2

1
TIpuMep 3TOT, B Ciyyae #65’ TIOYIUTENBLHO COIOCTABHTD C OPU3HAKOM CXOLH-

Moctd A EpHxue. WHTerpan oT mepBOro MHOXHUTENA, Sin X, OrpaHAYeH, B TO BpeMs
KaK BTOpOW MHOXHTEb
1

xk4-8in x

crpemurcs x 0 opu x —~ e, Hapymeno mmms TpeGoBaHEE MOHOTOHHOCTH 3TOrO
MHOXHUTEN, ¥ OpeVIOKEHHEI HHTErpajl OKa3biBaeTCs PacXOonAmmuMcs!
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10) MccnenosaTh MHTErpall

xe dx

14 xB-sin% x
0

Ha CXOMUMOCTh, B 3aBUCHMOCTH OT 3Ha4eHuWi napamMerpos «, §>0,

0603Ha4Y4B NMOOMHTErPaTBHYIO (yHKIHIO yepe3 f(x), OymeM mMeThb TpH M3MEREHHH
x Mexny nt H (n+1)m:

(nm)= |(n+ 1Dz}
= f(X) =
1+ [(n+1)=|fsin? x 1+ (nm)Bsin? x

WuTerpupys 5TH HEPABEHCTBA, YYTEM, YTO

(n+1)n n

J‘ dx _ J‘ _ = .. 12)
1+A4sin®* x I+4sin®x Y1314
0

nn
MbI OOJIIYYHM

neqetl

(,,+ Daga+!
Vi+@n+ e

V1+nBasd
Teneps cymmupyeM no n ot 0 Ao :

nemgetl = (n+1)en=tt

—— | f(x) dx=<< .
Y1+ @+ 1)snB Oj e g Vi+nBab

Tak kak 06a KpalHUX psaa CXOOATCA WK PacXOoOATCs OIHOBPEMCHHO C psaaoM

2

1
= 4 1
DA
0
TO 3TO XK€ COPABEAJTIMBO M Il HHTErpana.
Wrtak, mpemmonoxeHEbli WHTErpan cxogntcs npu f>2(x+1) W pacXommTca mpH

B=<2(a+1).
11) To xe — pua WHTerpana
- x* dx
—— y >0 .
1+x8| sin x| @ £>0
0

Merozn paccyXHeHHs TOT Xe, YTO M B NpEABIIYIIeM npuMepe. BMmecTo MHTErpana
(12) 3gecs npHAETCS paccMAaTPHBATH HHTErpan [cM. 288, 14)]:

Tod In(A+ })A42~-1
[ x _hedyaon o
] 1+Asin x '|/A2—1

0

* D10 nerKo BhIBecTH 13 288, 10) mitu 309, 9).
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Tak Kax Opu A —~
In(4+74z-1) In4 1
ya-1 4
TO CPaBHWBATH MPEUIOKEHHBIM MHTErPan AOCTATOYHO C pATAMU
= In (n+1)8 =
X

) In nf
¢+ ————— Hu ot ———
> n 1P %’(IH— ) r

T. €., B KOHCYHOM CHETE, C PAOOM:

Omgem. TIpa f>a+1 waTerpan cxomurcs, a Opu f=se+1 pacxoauTCs.

IIpmmepst 6), 7), 9), 10), 11) npuramiexat X ap an (G. H. Hardy).

12) TIlpom3BecTd IOJHOE WCCIENOBAHME CIy9aeB CXOMAUMOCTH M PacXOOUMOCTH
MHTErpasa:

dx
Py -
1+ x=. [sinx|f
0
B 3aBHCHMOCTH OT 3Ha4YeHui napamerpos a u f (a, f>0).
(a) ITyctp a=1. Tak kak
1 1
= ’
1+ x> [sinx|f 14x=

TO B 3TOM CJIy9ae MHTETpald pacxoauTcsa [474).
(6) IIyctb a=<f. Ilepexons k psny [477), iMeeM B 3TOM OPEIIONIOKEHUH:

1

(n+1)m n (n4+-1)r
- J. dx o J, dz - J-
—_— —_— .
né; 1+ x=-|sinx |8 ng(; 1+ (nn+2z)xsinf z né;
nn 0 0
Ho nna 0<z<
s (n+)n

1
(nn+z)= sinf z < (n+ 1)an2zf < (n+1)Bnb. ((n+ l)n) =1,

TaK 4TO WIEHBI MOCNIEMHETO PAAA OKA3BIBAIOTCSA OOMBIINMH COOTBETCTBYIONIMX WICHOB
PacXojAImerocs: psiaa

1 = 1
24 n+1
MraK, mETErpat CHoBa pacX o0 LA TC 1.
() Ilycts o> >1. IIpencrasaM J B BuOe cymmsl J;+J,, rae

- dz Je S dz
“n=20 1+(@a+zesinfz” ,;glv 1+ (nm—z)=sinf 2

o ) 8
°2->z\:|;a
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T
3atem, ama 0<z<5 u n=l1,

2 \8
(nn+ z)= sinf z=(nn)= (— z) =necBz8, rme c=2aP
n

OTKyJa
@

n g E 7

7 z Y -

. 1 dr c* 1 dt

J j j —=<—, TIe c¥=—|_—,
1+ (ml+z)°‘ sinf z 1 +nacﬂzﬂ a 148 o cJ1+18
0 e © P 0

Takum obpa3zom,

J n+* = 1
<—-+c*. — <oo,
AP AP

ABaNOrg9HO ¥ J,< o, TaK 4TO HATETPAI CXO AH T C 1.

() K cnyyaro a>f>1 npEBomutcs B ofmuit ciydad, Koraa OJHOBPEMEHHO &> 1
H o> f. [JeRCTBUTENLHO, B 3TOM CIIY4ae JIErKO HalTH Takoe B'=f, urobsl Geuto & >4’ > 1.
Tak Kak Ipd yMeHbIIeHHH S CXOAHMOCTH JHMINb YCHJIMBAETCHA, TO H B YIOMSHYTOM
o6meM cIyyae HATMLO CXOAHMOCTB.

PestoMrpys Bce mcClegOBaHWE, BHAAM, YTO HMHTErpail J CXOOHTCH IPU OIHOBpE-
MEHHOM BBLIIOJHEHWA YCIOBHA & >1 M o¢>f W pacxogWTCd BO BCEX NPOYHX CIIydasx.
MoXHO cka3aTe H KOpode: eCid > max (1, B), uETerpan CXOHMTCH, a OPH C=<<max
(1, B) — pacxommrcs.

§ 2. HecoOcTBeHHBIe HHTErpaJjhl OT HEOrPAHHIEHHEIX
Pysxnmii

479. Onpenenenne MUTErpajioB OT HeorpaHuuenHuix (pymxumii. Paccmo-
TpHEM Temepb GYHKUHIO f(x), 3aJaHHYIO B KOHEYHOM IpOMEXyTKe [a, bl,
HO HEOTPaHHMYECHHYO B 3ToM npomexyrke. Ilpeamnonoxum Gomee
ONpeAeNIcHHO, YTo B M0O00M mpoMexytke [a, b—n] (0<n<b ~a) pysknus
OrpaHMYcHA M MHTETPHpYeMa, HO OKA3BIBAaCTCA HEOTPAHHICHHOH B KaX-
oM mpoMexXyTke [b—1), b] cieBa ot ToukH b. Touka b HOCUT B 3TOM CIy-

4ae Ha3BaHHe 0C000il mouku.
b—7

Ilpedea unmezpansa f S(x)dx npu n-0 (komeunviii uau 6GeckoHeumblil)

a
nasvieaemca (Hecobcmeennbim) unmezpasom Pynkyuu f(x) om a do b u
0003HaYaeTCs Kak OOBMMHO:

b—n

b
[ 760 dx=lim | 1) ax. )

37 I'. M. ®uxrerronsn, 1. I
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B ciyuae, eclii 3TOT MpeAen KOHeYeH, TOBOPAT, 4To Hurerpan (1) ¢ x o-
ZUTCA, a ¢yHkmuio f(Xx) HA3LBAlOT MHTETpDHUpPpYEeMOH B mIpo-
MexyTke [a, b]. Eciu xe mpenert (1) GeckoHedeH UM BOBCe HE CyINECTBYeT,
TO MPO HHTErPaJl TOBOPAT, YTO OH PACXOIHUTCA.

IMIpumep. 1) Oysxuus OrpaHMYeHa ¥ UHTErpHpyeMa B TI000M IPOMEXyTKe

[0,1-7) @<n<1),n
1-q

dx . 1—q X
j = arcsin x =arcsin (1 -7).

h Vl—x2 0

B Touxe x=1 dyuxius obpamaercs B OeckoHeyHOCTb. HamoMHHM, YTO HOA 3THM

pa3yMeeTcsl JMIb TO, YTO IpH x -1 ¢dyHKIms CTpeMHTC K OEeCKOHEYHOCTH.
1-—x2

OuepupHO, B 060oM mpomexyTke (1 —7, 1) dyHKimia HeorpanuueHa, T. €. Touka x=1

apiseTcs ocoboit. Ha npakTuke OGBIKHOBEHHO UPHUXOAUTCA MMETh JEJI0 HMEHHO C TAKOTO

pona ocoObIME TOYKaMH.
. T
Tak Kak BBHIYHC/ICHHBI HHTErpamn mopu 7 -0 CTPEMHTCS K Ipemerly arcsin 1=-2- ,

TO CYIIECTBYET HECOOCTBEHHBIM HMHTETpan

ITlycts Temeps ymKnus f(x) orpaHMYeHa H MHTEIpHpyeMa B JI060M
npomexytke [a+7',b] (0<% <b-a), HO oKa3pIBaeTCs HEOTPAHHYECHHOM
B KaXIOM IIpOMeXyTke [a, a-+7'] cupara oT Toukd @ (0co06as TouKa).
Torna (neco6cmeennviii) unmezpan dyuxyuu f(x) om a do b onpedensemcs
PABEHCMBOM

J S(x)dx= 11m j f(x) dx. )

a+7;

B o6uieM ciyuae, B MpoMeXyTKe [a, b] MOXET OBITH KOHEYHOE YUCIIO
0COGBIX TOYEK Cpy, Cy, .- Cyp—y> Cm, BOJM3H KOTOPBIX OQyHKIHA f(x)
HeorpaHMYeHa, MeXIy TeM Kak B KaXJOoH YacTH 3TOro HpPOMEXYTKa, He
cojiepxalnei ocoObIX ToueK, GyHKIHS OrPaHHYEHAa M MHTETpHUpyeMa.

Ilycrs (mis DpOCTOTHL MHMCbMa) TAaKUX TOYEK T p M, NPHYEM JBE U3
HHX COBOANAIOT C KOHIAMH 4, b IpOMexXyTKa, a TpeThd, ¢, JEXKUT MeXay
uumu. Torma onpedenenue unmezpasa om a 0o b daemca pasencmeom

—Ta b—m,

jf(x)dx—hm{ j + [} 3)

L]
e a+7, c+7s
0
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B3sB BHY T p ¥ KaxIoro u3 IpoMeXyTKOB [a, c], [¢, b] COOTBETCTBEHHO
mo Touke d, e, OymeM MMeTh

JJJJMJ

a+n at e+ [ o

Jlerko BHZETH, YTO CYILIECTBOBaHUE Ipelelia (3) paBHOCHIIBHO CYINECTBO-
BaHHIO IOPO3Hb IPENENOB I BCEX YETHIPEX OTHX MHTErPajioB, TaK YTO
oupenenenne (3) MOXHO 3aMEHHTH - TAKHM:

b d 3 e b
Jreydx=[fdet [y det [£6)dx+ 700,
a a d 4 e

B IPEANOJIOKEHHH, YTO BCEe HECOOCTBEHHBIE MHTErPANbI CIPaBa CYIECT-
BYIOT *. OTo omnpelelleHHe HE 3aBHCHT OT BBIOOpa Touek d H e.

Ilo oTHOWEHHIO K HecOOCTBEHHBIM MHTerpanam (2) u (3) coxpansercs
Ta Xe¢ TCPMHHOJIOTHS, 9TO H BBIIIE,

IlpuMmepsL

, ocobas Touka —1,

2) J‘ dx
) |/1—x2
0

f =lim f —hm[ arcsin (- 1+7]’)]——
Vl x2 13/-0 —x% 7/-0

+1

dx
3) f , IBe 0COOBle TOukH —1 W 1,
1-—x2

4) WMccmenyeM, OpH KakkX 3HAYeHHAX noka3atens A>0 cXomurcs HECOOCTBEHHBIN
HHTErpan

dx
f oo 6o “

ITpu A= 1 waTerpan

1
J(x a)Z 1- ﬂl(b a=i-nt A

a+n

* 3a HCKIIOYEHHEM CIy4asi, KOIJA ABA M3 3THX MHTETPAIOB PABHBI GECKOHEYHOCTH
Pa3HBIX 3HAKOB.

3
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1
opu 77+0 HEMEET NPEmeNoM oo HIM KOHEYHoe 4HCIo —— (b—a)l—2 B 3aBHCHMOCTH
1-2

oT Toro, 6yner mu A>1wm A< 1. Eom A=1, T0
. dx
J ——=In(b-a)~lnn+« (upu n-+0).
x—a
at+m
1
WUtak, waterpan (4) opu A<1 CXOAMTCS ¥ MMEET 3HAYCHHE ﬁ‘(b—a)l-l, a Oop”

A=1 pacxomurca [cp. 470, 2)].
6) AHanNOrMYHLIA pPE3yJIbTAT MOXET OBITH YCTAHOBJICH OTHOCHTENBHO HHTErpajia

b——dx (b>a, 1>0)
.[ G-x} o '

KOTOPBIH HECYHIECTBEHHO DA3HMTCS OT IpPENBIAYLIEro.

3amedanue. IlonesHo 3aMeTuTh Cleayronlee: ecnd Gyakmus f(x)
B NpOMeXyTke [a, b] uHTErpHpyeMa B COOCTBEHHOM CMBICIE (TaK 4TO
b

unterpan | f(x)dx yxe ompemenen), To mpenenabHoe paseHctso (1) [(2)
p

a
umu (3)] ans Hee Bce xe uMeeT MecTo. OHO HEMOCPEICTBEHHO BBITEKAET
U3 HENPEPLIBHOCTH HHTErpaja Mo IEPEMEHHOMY BEpXHEMY (HHX-
Hemy) mpegeiy [305, 11°]. Takum o6pa3om, IS HECOOCTBEHHOTO MHTErpaia
MBI TIPHUHAIM 33 ONpeAeJIeHHE TO PaBEeHCTBO, KoTopoe i cob-
CTBEHHOr'0 BBIIOJHAETCA caMo coboro.

Haxownen, paccMotpuM ¢yukumio f(x), 3aJaHHyI0 B 66CKOHEYHOM IIpO-
MeXyTKe, HallpAMep B [@, + «), 1 HMEIOLIYIO B HEM K O HE€ Y H O € YHCIIO
0CcoOBIX TOuCK *, BOJM3M KOTOPHIX OHA HepecTaeT OBITh OrpaHHYCHHOH.
IIpenmonoxuM, 4TO B KaXIOM KOHEYHOM MpoMexXyTke [a, A] mHTerpan

A

_[ f(x)dx cywecrByeT, kak COOCTBEHHBIH WM KaK HEeCOOCTBEHHBIHA, CO-
a

IJ1aCHO JaHHOMY BBIIIE ONIpeneieHHIo. Toraa, Imepexosl ele pas K Ipe-
Jeny npu A-e-, MoxHO paBeHcTBOM (1) [470] ompemenuth HecoOCTBEH-
HB[ HHTErpajl B IPOMEXYTKE [a, + ].

B cimyyae GeckoHeYHOro IpOMEXyTKa TOUYKA + e HIpaeT TY XK€ POIb,
4TO H OCOOBle TOYKH, TpeOys momoOHO MM AONOJHWTEILHOIO IpPEHeib-
Horo nepexoga. Ha 3ToM OCHOBaHUM U TOUYKY + e TaKXke Ha3bIBalOT O C O-
6 o i1, HesaBUCHMO OT TOrO, Oymer M ¢yHKIMA f(x) mpu Ge3rpaHHYHOM
BO3DACTaHHH X OCTaBAThCS OTPAHMYCHHOM WM HET.

* OcobbIx TOYEK MOXET OBITHh M 0EeCKOHeYHOE MHOXECTBO, JIMIIb OBl B KaXAoOM
KOHEY HOM npoMexyrtke [a, 4] (4>a) ux OrUl0 ML KOHEYH O € TACIO (KOTO-
poe MOXET PacTd [0 OeCKOHEYHOCTH BMecTe C A).
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480. 3aMeuaHie OTHOCHTEJILHO 0COOBIX Touek. PaccMorpum dynxumio f(x), onpene-
JICHHYIO B KOHEYHOM NPOMeXyTke [a, b], I pennoIoXnM, YTO OHA B 3TOM IPOMEXYTKE
B COOCTBEHHOM CMEICIIE HE HHTerpupyema. Tozda e npomexcymxe [a, b] neob6xodumo
Halldemca Maxkaa moyka ¢, 6 K a uc 0 0 i oKkpecmuocmu Komopoil yHKyua oxazsieaemcs
He unmezpupyemoii (6 cOGCMEeHHOM cMbicae).

HelicTBuTeNBbHO, eci OB MOAOOGHBIX TOYEK HE OBIIO BOBCE, TO KaMIYIO TOYKY X
npoMexyTka [a, b] MoxHO OBUIO OB OKPYXHTH TAaKOH OKpPECTHOCTRIO ¢, 4TOOBI B ee
npenenax ysknms O6bma mHTErpEpyeMa. IIpHMEHMB K cHCTeMe . = {0}, IOKDEHIBAIO-
mei npoMexyTok [a, b], ieMmmy Bopens [88], nerko B TakoM cCiydae pa3jioXHThb
IPOMEXYTOK [a, b] HA KOHETHOE YHMCIIO YacTeil, B KOTOPHIX MOPO3Hb GYHKLESA HHTErPH-
pyema. Ho oTcrona BeiTekana Gbl €€ MHTErPHPDYEMOCTh BO BCEM HPOMEXYTKe [a, b],
BOIPEKH TPEANOIOKEHHIO.

VIoMSHYTYIO TOYKY ¢ M €CTECTBEHHO Ha3BaTh O C 0 O 0 i1: B Heif Kax OBl ¢crymaeTcsy
CBOMCTBO (yHKIMM He ObITH MHTErpUpyeMoit. OCOOBIX TOYEK MOXET ObITh HECKONBKO,
maxe — GeCKOHEYHOE MHOXECTBO; B ciiydae dynxmmu HJupuxne [300, 2)], vanpumep,
0COOBIE TOYKH 3AMONHAIOT CIUIOMb BeCh NpoMexyTok [0, 1].

OrpaHpvmMcs ClIyyaeM KOHEHYHOT O YHCIA OCOBBIX TOUEK Cy, Cry Cay - vy Cpme
B 3TOM ciIyyae IpHpo/ia ¢0COOEHHOCTHS, OCYLIECCTBIIIIOIIEHCA B Ha3BAHHEBIX TOYKAX, JIETKO
BCKpHIBACTCS: B OKPECTHOCTH KaXXIOU M3 HMX (QYHKIHS NONPOCTY HEOTpPaHHUYEHA
(TaK 4TO MMEHHO HEOTPAHHUYCHHOCTH H ABIAECTCA NPHIMHOA HEHHTET D H-
PYEMOCTH B COOCTBEHHOM cMEICIE). UTOOH yOemuThCA B 3TOM, OOCTATOYHO pac-
CMOTpETh CITyyail, Koraa eqMHECTBEHHOM 0c0060ii ToaxoM Oyner b.

Hrak, nycrs npu JnoboM 7>0 (n<b—a) dyaxumsa f(x) muTerpmpyema (cnemosa-
TEIBHO, HEOOXOAMMO — H OTpaHHYEHA) B MPOMEXyTKe [a, b—7], HO He MHTErpApyeMa
B IpOMeXyTke {b — 7, b]. HyXHO0 IoKa3aTh, 9TO NMPH 3THX YCIIOBHAX 86.4u3u mouxu b fynx-
yua He Moxcem ocmasamvca O2panuyennoi. JIONYCTAM NOPOTHBHOE: OyCTh JJIS BCEX X
B [a, b] uMeeM:

[f(x)|=<L (L=const).
€
3aaBINHCh HPOM3BOJBHBIM YHCIOM ¢&>{), BO3BMEM n<er Ilns TpoMexyTKa

€
{a, b—17], B xoTOpoM dyHKIAA f(Xx) METErpUpyeMa, MO YHCITY 3 MOXHO HaiTH TaKoe

>0, yToOBl NPA pa3felieHuM 3TOTO MPOMEXYTKA HA 4acTd ¢ AMMHaMu Axi’<d 6pUI0
€
> wrdxp<—,
v 3

IAe oy O3HAYaroT, KaK BCErJa, COOTBETCTBYIOmME Koyebamusa ¢ynxium [297]. MoxHo
TIPEANOIOKUTb CBEPX TOro, 4T0 8<7. PazobpeM Temeps BeCh NPOMEXYTOK [a, b]
Ha 9acTd ¢ mmmHaMmu Ax;<d, u mycts Axy GyAyT OTBEYaThb TE€M 4acTAM, KOTODHIE HE
BBIXOJAT 3a mpenensl {a, b~7l, a Ax;» — OCTANBEBIM 4YacTsM; M3 HHX TOJNBKO ONHA
MOXeT BBIXOJHTP 3a mpenensl [a, b—n] — ecnu Touka b—7 camMa He BXOAAT B COCTaB
To4ek meneHns. Toraa nmo-npexaemMy

€
> wrdxp=< 3
<

C ApyToO# € CTOPOHBI:

2
Dl Axyr=<2L - D, Axpr<2L(n+8)<4Ln< 3
i” l"/
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H OXKOH4YATCIbHO

ZwiAxi=Z+2'<e.
i P

A >1uM obycnosmuBaercsa [297] unTerpupyeMocts GyHxmmu f(X) BO BCEM NPOMEXYTKE
[a, b], m Touka b oxazpiBaeTca He OCO0OMf, BOIPEKH MNPEHTIONIOKEHHOMY O Hell., DThM
M 3aBepruaeTcA AOKa3aTebCTBO.

TaxkuMm 06pa3oM, B CiTyyae KOHEYHOTO YHCHIa OCOOBIX TOYEK, X MOXHO XapaKTepH-
30BaTh MMEHHO Te€M, YTO BOIM3H HMX GYHKIMsA depecTaeT ObITh OrpaHMYEHHOM; 3TO
MBI 1 BO3BEJIH B OIpenesieane ocoOLx TOYEK B MPEBIAYINEM Nn°,

481. TIpumenenne 0CHOBHOI (GOPMY.ILI HHTErpabHOro HcaHceHns. ITpu-
Mepel. Ilycte bynkuusa f(x) ompenesnena B mpomexyTke [a, b} u maTerpH-
pyema (B COGCTBEHHOM CMEICNE) B KaXXIOM IPOMEXyTke [a, b—n], B To
Bpems Kak b cioyxar uis Hee ocoboit Touxoit. Ecrm mis f(x) B mpome-
xyTke [a, b), T. e. AN a<x<b cymecrByeT nepBoobpasuas byukuus F(x),
TO

b—n

1) dx= 6 -y - Ry = Fa) |,

H CyOIeCTBOBaHHE HecoOCTBeHHOro uuTrerpaia (1) paBHOCHIBHO Cyle-

CTBOBAaHHIO XOoHEYHOro npeaena lim F(b —n). Ecnu nocnenuuit cymecTByeT,
~0

TO €ro €CTECTBEHHO NPUHATH 3;7 3gadenne F(b) nmepBooOpasHoil GyHKIHH

npu x=>b, NOCTHTHYB 3THM HenpepulBHOCTH F(x) BO BCeM IIPOMEXYTKE

[a, b]. Mns seramcnenus uuterpaia (1) Mel uMeeM Toraa opmyny oOwrd-

HOTO BHAA:

b
[ 769 dx=F&)- Ry = R | ©

Ta xe QopMysna mMeeT MeCTo M B TOM Ciiydae, €clId ocobas Todka
JIEXKHT BHYTPH IIPOMEXYTKA WM IIPH HAJIMIUH HECKOJIbKHX OCOOBIX TOYEK,
HO (3TO HYXHO TBEpAO MOMHMTH) IIPH HENMPEMEHHOM YCJIOBUH, 4TOOBI MEpP-
BooOpa3nas ¢Qymxums F(x), mmeromas f(x) cBoeil NMpoOM3BOAHOM BCIOAY,
HCKJIIOYast 0coOble TOUKH, 0bl1a HenpepbleHa u 6 smux nocaeonux. Cyime-
CTBOBAaHME Tako# mepBooOpa3HOii oOecrmeduBAET CYIECTBOBAHHE HECOO-
CTBEHHOT'O HHTErpaja.

3amevanue. I'oBops o aiepBoobpasuoii» Gyuxnuu F(x), MbI MOTJIH
ObI IOHKMATD €€ B ellle BECKOJIbKO 6ojiee MpokoM cMeicie: F(x) momkHa
HMETh CBOed NPou3BOmHON f(x) IOBCIOMY, MCKIIIOYAs HE TOJBKO OCOOBIC
TOYKH, HO M, OBITh MOXeT, €Illé HEKOTOphle TOYKH B KOHEYHOM YHCIIE,

Ay 6vl U 6 HuXx He Hapywasace Henpepvignocmov PyHkyuu  F(x)
[cp. 310].
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3amenuB B ocHOBHOH dopmyie (5) b Ha x, a f(x) Ha F'(x), MBI, Kak
u B 310, MOXeM HaIKMCATb €€ B BHIE

Rx)=Fa)+ | F(x) dx.

Taxum ob6pa3soM, mo 3agaHHOR mpom3BomHod F'(x) BoccTaHaBIIH-
BaeTcs mepsooOpasnas ¢yukuust F(x), ecnu TOABKO MPOM3BOIHAS HH-
TerpupyemMa, XoTS% OB B HECOOGCTBEHHOM CMBEICIE.

O6parAMcS K HpUMeEpaM.
8

3
1) f—— , ocobas Toyka x =0; Tak kaK nepBooGpasHas dJym(mm—z— x*/s HempepsiBHA

SV

H B 3TOH TOUkKE, TO HHTErpall CYILICCTBYCT:

8
dx

Sy 2

2x dx
2) f - HE CYLIECTBYeT, TAaK Kak mepBoobpasHas In|x?-1] obpamaerca
x%—

218 9
x3 =—
-1 2

2

-2
B < B ocoﬁbrx TOUKax x= +1.

arcsin x 1 .
3) f V dx, ocobas Touka x=1; 3mece mepBoOGpa3Has E(arcsm x)? He-
1-x2
2

npepmnna IpH x = 1; cnemoBaTeNpEO. HHTErpajl CymecTBYeT (= —8—) .
1

4) fln x dx, ocobas Touka x=0; 3mecb nepBooGpa3Has x In x— x npu x -0 uMeeT

0
npenenom 0. ITpumuckiBas eit npu x =0 UMEHHO 3TO 3HAaYeHHe, OyIEM HMETh

1
flnxdx=xlnx—x
0

1
=-1
0

2

, ocobasg TOuKa x=1; uMeem:

x
5) f—‘—_———
1 xV3x2—2x—l

2

J~ dx x+12 = n 3
~———————— = —arcsin —-| =—-—arcsin —.
; xV3x2—2x—1 2x 1 2 4

dx
6) .[T , ocobad Toyka x=1; HATErpam He CyIecTByeT, TAaK Kak mepoobpas-
xInx

1
Haf In In x o6pamaercs B « npu x =1,
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482, YcioBus H DPHIHAKH CYIIECTBOBAHHSA HHTErpana. Mul 0CTaHOBEMCS
JHIOb Ha CiIyvae, CB3aHHOM ¢ ompeneneaneM (1), Tak kak mepedpasu-
pOBKa IJisl OPYTux CiydaeB He IPEICTaBiseT TPyAHOCTeH. BBUIy mosiHOM
aHAJIOTHH C HeCOOCTBEHHBIM MHTErpajioM, paclpoCTpaHeHHBIM Ha OGec-
KOHEYHbIl MPOMEXYTOK [a, =], MBI orpammYEMcs GOPMYIHPOBKOR HEKO-
TOPHIX OCHOBHBLIX mperioxernil. Jloxa3aTeascTBa anaIOrMYHEI IPHBEICH-
HBIM BBILUE.

Ha3 cxodumocmu necobcmeennozo unmezpasa (1) — 6 cayuae no 1 o-
mumeavHnoil gynkyuu f(x) — Heobxooumo u docmamouHo, umobul
npu ecex 1 >0 8bINOAHALOCL HEPABEHCMBO

b—m

jf (x)dx=<IL (L=const).

Teopems! cpaBHeuusi n° 474 GoOpMYJIHPYIOTCS M HOKA3HIBAIOTCA U B
paccMaTpUBaEMOM Cliy4ae IIOYTH B TeX ke Bhpaxenmsax. IIpmeemem Ges
IoKa3aTeJabCcTBa BhITEKarouime oTcrona npusHaku Ko mu.

IIyemoy 043 docmamouno 6auskux k b 3nauenuii x gynxyuna f(x) umeem
8uo:

f) =g (A=0).

b

Toz20a, 1) ecau A<1 u g(x)=<c< + =, mo unmezpas f f(x)dx cxooumcs,
a
2) ecau oce A=1 u g(x)=c>0, mo smom unmezpan pacxodumcs.
Bonee wyactuas ¢opma, ymoOHast Ha NpaKTHKE:
Ecau npu x—~b dynxyusn f(x) asanemca beckoneuno Goavwioli nopaoka
b

1

A=0 (no CPAGHEHUIo ¢ bTx) , Mo uHmezpas f f(x)dx cxooumca uau pac-

a
xodumca 6 3asucumocmu om mozo, 6ydem au A<1 umu A=1.

1

IIpumeps. 1) . INlomgvHTerpanpHas ¢$ysxuus nDpa x~1 nDpexacra-

o J1-—xt
BIseT 6eCKOHEYHO GONBIIyIO mopsAaka Y/, :

1 1 1

1
= ~-—— Tpm x—~1.

4 : ‘ - i
Vi-x V1i=x Vitx+xt+x® V4
CrenosaTebHO, WHTErPa CXOAHTCSL.
1

YA -0 -k?)
CXOOUTCH.

d
2) f a (k2<1). Beckomewno OGonpmas nopsaka 1/,, HETerpan
0
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1
3 J xtInxdx. Ecma p>0, f(x)=x#Inx-0 nmpu x-0, HHTErpax CymecTByeT
0
xak cob6creennni, TIpu u=<0 nomuHTerpansHas GpyHKoua obpamaerca B 6eCKOHEYHOCTD

upa x=0.
Bcmu > —1, 10 B3s%B A mox ycnoBHeM 1> 4> |u]| = —u, GynemM mMeTh

x¢In x
1/x*

=x*telnx~0 (upa x-~0);

1
dx .
TaK KaK HHTETpaj J 7 CXOJIHTCH, TO M MPE/TIOKSHHBIH WHTErPal CXOMHTCS [mo Teopeme,
x:
0
aHANOruYHOU Teopeme 2 n° 474] *.
1
Hakogel, ecnn u=<s—1, To HHTErpan Jx!t dx pacxophtcs, TeM 6olee pacxomurcs
IPEMIOKESHHBI FHTETpaN, 160 0

x#In x
=lnx—e (mpu x-0)

XH

[mo Toii xe Teopeme].
JlanpHelimpe mpUMephl YHTATENb HAlneT B crenyroleM n’.

Hanee, npumenss npusHak boapmanmo—Komu, #HMeeM Takoe

obliee yCIOBHE CXOXUMOCTH!
b
Haa cxodumocmu HecobcmeeHHO20 UHMeE2PAna J f(x)dx (20e b — oco-
a

6as mouxd) Heobx00umMo u Q00CMAmMoyHO, Yymobvl Kaxncoomy uucay €=0
omeeyaso maxoe yucao 6=0, ymobvt npu 0<m <98 u 0<n' <34 gvmoanaioce
Hepasencmso

<E&.

b—a
| roax
o—n
OTCIOI[a, KaK ¥ BBIIIC, BBITCKACT:
b

Ecau cxooumcsa unmezpan J | f(x)| dx, mo** u nodasno cxodumcs uH-
b a

mezpan J f(x)dx.

* Ms! oprMerseM K yEKnm x# In X OpH3HAKM, OpegHa3sHAYeHHBIE Ui MOJIOKA-~
TeNbHBIX (yHKUMM, W60 OHA HPHBOAATCA K MOJIOXHTEILHOM HPOCTBIM H3MEHEHHEM
3Haxa.

** B npeanonoxeHuH, 9TO B KAXIOM MpoMexyTke [a, b—n] (n>0), bysxuusa f(x)
HHTErpEpyeMa (B COGCTBEHHOM CMBICIIE),
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O6paTtHoe, BooOIe roBOps, HEBEPHO. I'[oaTOMy H 3/ICh oc060 OTINH-

YaloT CJIyHail, KorIa Hapsoy ¢ HHTErpaioM J. f(x) dx cxomutcs u f |f(x)|dx;

TOrJa TEpBBI HHTErpajl HA3BIBAIOT a6com0mHo cxodﬂwumc,q, a Qyux-
maro f(x) — abcoaiomno unmezpupyemoii 8 npoMexyTtke [a, b].

IMoao6Ho mociaeaneMy YTBEPXKIOEHUIO n° 476 Jerko JoKa3aThb H 3/ECh:

Ecau gynxyua f(x) abcoaiomHuo uHmezpupyema 6 npomexcymxe
la, B, a gynryua g(x) unmezpupyema ¢ [a, b} ¢ cobcmeenHom cmvicie, mo
u gynxyusn f(x)-g(x) 6ydem abcoawmHoO uHmezpupyema 6 yKa3au-
HOM RpOMeNCYmKe.

CBs3b ¢ OECKOHEUHBIMH PSIAMH JAaeTCs TEOPEMOM:

b

Haa cxodumocmu HecobcmeeHHO20 UHMezpaia f S(x)dx (20e b — oco-

a
6as mouxd) neobxodumo u OocmamouHo, umobsl — Kaxosa bl Hu Oviia
eapuanma a,—~b — psad

Anp

j’ ff(x)dx (ap=a, a<a,<b)
n=Oan

cxo0uaca Kk 0OHOU u moil xce cymme, NOCAeOHAA u Odem 3HaAueHue HecoH-
CmeeHHo20 uHmezpaia.

JamaM npuMep HHTETpala, CXOAAmMErocsa, Ho He abcomoTtHO. Ilonmoxum ans
0<x=2,

n 2n 11

f(x)=2x.sin —~~—-cos —

x xz’

OHa HenpepbiBHA P x>0, M €IUHCTBEHHOM OCOOOW TOYKOH IUIA Hee B IPOMEXYTKE
[0, 2] 6ymet 0. C mpyroit cTOopoHs!, HepBooGpasHoit i f(X), Kak HETPYAHO POBEPHTH,
ABIIETCA GYHKUMA

. T
F(x)=x%.sin —,
x?
KoTopas mMmeeT mpu x —~0 mpenenom F(+0)=0. Taxam obpa3oM, HHTErpan
2
=22
0

2

f £(x) dx = x2- sin
xz
0

CXOAUTCA.

Jns Toro 4ToObl OOHAPYXHTb, 9TO MHTErpal f]f (x)|dx pacxopurcs, npubermeM

0
K IpeACTaBJICHHIO 3TOr0 MHTerpaja B BHAE psina. Bo3bMeM BapHAaHTY ap -0, DoNoXKB

2 1
ao=2, agk_1=:l/——-, Qo = — (k=l, 2, 3, ...).
2k—-1 1/;(
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Torna
An_y ask_y

S [ @ia=3 [ if @l
=t kzlazl

an
T T T
U COSs = HMCIOT IIPOTHBO-
X

B npoMexyTke [a,;, oy 1], T. €. 1 kn=—=kn——, sin =
x x
MOJIOXKHbIE 3HAKH, TaK YTO f(X) COXpaHfA €T ONpPEeHelCHHbIM 3HAK, H MO3ITOMY
1

>—.

=]F(azk—1)_F(a2k)I=2k_l &

(£} 38)

ok

| If(x)ldx=i [ r@a

sk Gk

BBHOY pacXOAMMOCTH I'apMOHHYECKOTO p;mazz PacXOmUTICS M pPacCMATPHBAEMBIN
1

pfa, a C HUM M UOPENTOXKECHHBIH HHTErpall.
483. Tlpumepnl. UccnenoBaTh Ha CXOAMMOCTb HMHTETPAJIBI

6 P 1 1
(1) dx dx
D@ [—=ux, ©®[———. [,
o Jcosp—cos 8 o Vx_(eTe‘x) o
/2 n/4
cos 6 —sin 6)P
® .[ (g )P dx, @ J cos 6 +sin 8
0 —na/4
Pemenue. (a) Ocobas Touka ¢ = 8, BEAY CymIecTBOBaHHA IPOM3BOAHOMN

. cosp—cosf .
lim ———————=-sin 6
@0 p-0

MOAMHTETpabHOE BhIpaxenne Oymer (npu @ —0) GeckoneuHo Gonbimol nopsaka 1/,

1
OTHOCHTEIBHO —— |, CXOOAMMOCTHSH.

(6) Ocobas touka x=0. Tak kak

eX—eg—X
lim ———— =2,
x-+0 X

TO MNOPANOK NOAMHTEIPAJIBHOIO BbIPAXEHUA (oruocu'rem,ﬂo —) 6ymer 2/3. Cxo-~
X

AUMOCT.
(B) U 3uecn
Inx

ke |

mpn x—~1,
x—1 P

) pasen 1. PacxoaumMocTs.

MOPAJOK | OTHOCHTEILHO 1=>
-x
(r) Ecin p>0, TO ocoboit Toukol ABseTCa 77/2, npu p<0 ocobas Touka 0. B o6oux

Clly4asx IMOJUHTErpallbHOE BBIPAXEHHE ABNsETCH OeckoHeuHo Gonpmiol mopsaka |p|.
Urak - cxoauMocTh mpu |p|<lu pacxomuMocTs mpa |p|=1l.
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7 E 2
(m) Hpu p>0 ocoboit Toukolt Oymer ——, a mpu p<0 ocobas Toyka —. OTser
TOT &€, YTO W B IIpUMepe (T). 4 4

1

1
In x xb—1— xa—1
2) (@) j =X & ©) [ T T
Vl g . Inx
0 0 (g, 6>0)
T ki
b} 2
(B) jln sinxdx, (1) jln} sin2 6 - k%2{d0 (k*<l).
0 0

Pemernue. (a) Ilpu x—~1 nomunrerpanbras dynkums crpemurcs k 0. Ocobas
Touka x=0. Ilyctb 0<A<1, Torma

In x '1__x'1lnx
V1~x2.x}' Vi-x2

-0 npu x-0;

CXOAHUMOCTB.

(6) ITpu x —1, packpblB HEOIPENENEHHOCTb, HAHAEM, YTO MOAMHIErpaibHas QyHk-
IEA UMEeT KOHEYHbIH mpeaen (=b—a). Ocobas Touka x=0 (ecmM XOTh OJHO H3 IHCEN
a, b MeApme 1, YTO MBI H NpeqnoioknM). OTHOMEHWe TOAMHTETPAJILHOA (YBKIMH

1

1
K YUCTIATENIIO PABHO nx -0 (opu x ~0). Beray cxonEMOCTH HHTETpajia j (xP—1-xa-Ndx
nx

CXOIHMTCA ¥ HPEIJIOKEHHBIH HHTETpall. Y
(B) Ocobas Touka x=0. ITycte 0<A<1, mmeem:

Insin x x A, .
—————=|——| :sinx-Insinx~0 npur (x-0);
1/x* sin x

CXOAUMOCTS.

14
(r) IMonoxuMm k=sin w (0< wsE) , ocobas Touka 6= c. Ilycth cHOBa 0<A=<1,

Torma
In [sin? 8 —sin? w -0 |* . . . . .
| |= - - » |sin 8 ~sin w|*x {In|sin 0 —sin | +In (sin 8 -+sin w)}
1/|6~w|* sin 6 —sin w
CTPEMHTCA K HYMIO OpH 8 —~; MHTErpan CXO U T C 1.
1 1

3) (a) jx“—l(l—x)b"ldx, ©®) jx“‘l(l—-x)b“llnxdx.

0 0
Pemenue. (a)Ilpu a<1 ocobas Touka 0, mpu b <1 ocobas Touka 1. Pasnoxum
1
12 1
OpeJIOXKEHHBI HHTErpal Ha IBa, HanpEMep, Tak: j= j + J Tax Kax mOJMETE~
o o0 1

3
rpanbEas ¢yskmus npr x -0 seasercs GeckoHewHO Gombmoi (ecim a<1) mopsxka
1-a, TO mepBbIi WHTErpal CXOMHTCS NAML mpu ycnosmd 1-a<l1, 1. e a>0.
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AHJIOrHYHO, BTOpOil cxomurcs mpH b>0. VITak, NpenjioXeHHBI MHTErpan CXOAMTCS
B TOM H TOJIBKO B TOM CJIydYae, eCl¥ omHoBpemMenHo a>0 u b>0.

(6) Ilo otHOmenwro x TOuYKe x=0 MOJIOXKEHWE OCTANOCH NpPEXHMM. J[OCTATOYHO
1

2

paccMOTpeTh HHTErpall J H NPHTOM B IpenmoioxeHnad a=<1 (upm a>1 mHTerpan

0
CymecTByeT, Kak coOCTBEHHBI!). Paccyxnenus Te xe, 4yTo M B npumMepe 3) n° 482. Mn-
Terpasn cxomMrca mpH a>0, xak B ciyyae (a).
Yro kacaercd TOYKM x=1, TO 31ech MOJOXKEHHE HM3MEHHIIOCh, TaK kKak In x mpu
1

x—+1 gBnsercs GeCKOHEYHO Manoit l-ro mopsaaxa. MaTerpan j CYINECTBYET
1

mpu b> —1. 2
OKOHYATENBHO, YCIOBHA CXOOHMOCTH IpPEAJIOKEHHOro HHTerpana: a>0, b> —1.

n
) _‘ sin"~1lgp dp

{1+kcosp|n’
0

Pemenne. Tak kak ciyyait k<O mpuBomutTca K chyvaio k>0 moncraHoBKoit
@=n—@;, TO MOKHO OTPaHMYHTLCA npemmonoxendeM: k=0. Kpome Toro, mis cxonmu-
MOCTH HHTETpajia BO BCAKOM ciygae HeobGxommmo: n>0 — wmnade mpd ¢ ~0 (wm ¢ ~x)
OOJMHTErpaibHast (GyHKImMA craHOBUTCS OecKOHeYHO Oonbmoit mopsaara =1,

Ecnm k<1, 1o 3TOrO ycnosus u mocrarodno. Ilpu k=1 WHTErpas CXOOWTLCA HE
MoOXeT, H0O IpH ¢ -7 uMeeM OeckoHeyno 6osbmyro mopaaka 1.

1
Ilycts, Hakoren, k>1. Torga Ha/muo eme oaHa ocofas TOYKa. & = arccos (——k—) ,

IpH @ -0 MONHHTErPAJLHOC BhIpaXeHWe oOpaiiaercss B OECKOHEYHOCTH MMOpAAKa 7,
3HAYAT I CXOMMMOCTH MHTErpasna HyXHO eme moTpebopath: n< 1.

Wrak, vaTerpan cxoagnrtcsa, ecnd 1) O<k<1un>0wuwm 2) k>1 1 0<n<l;
B OpOYMX ke CIIy4adsX — pPaCXOMHUTCH.

Cxa—1 Clnx P

- P—1g—X dx.

5) @ J1+xdx, ©) _[sz dv, () fx =% dx
(1] 1] 0

Pemenue. (a) Ocobrie ToukH: « 4 (pu a<1) taxxe 0. Ecim pa36uTs METErpan:

o

f = f + f , TO mepBbli cxomaTcs npH a>0 (Geckomeuno Oonmpmuad mopsaka 1-—ag<1

0o o 1
OTHOCHTEJILHO X), @ BTOpOi — mpu g<1 [ OeckogeyHO Malias nopsanka 2 —a> 1 OTHOCH-

1
TENLHO ——). Hraxk, unterpan cxomarca npu O<a<1.
X

oo

o 1
(6) Ocobnie TOuRH « H 0, f = f +J~. Bass 0< A<1, umeem
0o o0 1

Inx 1 x*lnx

T g 0 TPEEO
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1
j cxonurcs. Ilycts Temeps 1<pu<2, Toraa
0

Inx 1 xz Inx

1+x2 x# 1+x2 xt

-0 mpH x-—eo,

oo oa

3HAYHT, H f cxomurcsa. OTcroa ciaeayeT ¢CXOAHMUMOCTH f .

1 ]
1

(8) Ocobrle ToukH = 10 (pu p < 1). j'cymecrnye'r JHMOIb pU p >0 (GCCKOHC‘IHO Manas
0

oo

1
nopsinka 1 —p o OTHOIIEHMIO K — |. f CYIIECTBYET, KakoBO OBl HM OBUIO p, Tak Kak,
x

1
B3gB A>1, UMeeM

xP—lg—x xA+p—1

% ——ex——»() IIPH X oo,

f cyiecrByeT nopu p>0.
b)

B crenyromux ABYX yIPaXHEHHSAX DacCMaTPUBAEMblC B KOHEYHOM (Wi OeckoHEY-
HOM) MpoMekyTKe [a, b] GyHKUMM MpequoIararoTcs HMEIOIIMMH B HeM (WM B KaxmoH
€ro KOHEYHOH 4acTH — €CHHM IPOMEXYTOK OeckOHeYeH) pa3Be JMIUb KOHEYHOE JHCIIO
0OCOOBIX TOYEK.

6) Mokas3atb, 4TO

(a) ecmu mHTerpHpyeMa ¢dysdxuus f2, To ¥ cama oyHKmusA f Heobxomumo Oyner
abCconMOTHO MuTerpupyeMa (Ipo Takylo (YHKIHMIO TOBOPSAT, YTO OHA SMHTErpHpyeMa
C KBagpaTOMy);

(6) ecu ob6e GyHKIHMHA f M g HHTETPUPYEMBI C KBaAPATOM, TO U CyMMa HX f+ g Takxke
HHTETPHpYyeMa C KBaJpaToM;

(B) IpH Tex Ke MPEeIONOXEHUsX M npou3seaeHue fg Oyner (aGComoTHO) HHTETPH-
pyeMoit (yHKLMCH.

Ilo TeopeMe CpaBHEHHS BCE 3TO MPOCTO BLITEKAET U3 HEPABEHCTB

1+f2 2.4 o2
lfls—z—f—-, (f+8)2=<2(f*+g%, Ifglsf :g-

T) s yHKImii YKa3aHHOTO KJIACCA MOTYT OBITH YCTAHOBJICHBI T€ € HHTErDajlb-
HbIE HEPABEHCTBA, KaKkue OpLIM BhIBeAEHBI B N° 321 B MPEATIONOKEHAM HETET PHPYEMOCTH
paccMaTpuBaeMbIX (YHKIM B COOCTBEHHOM cMpicie. Hampumep, €Ciin €IMHCTBEHHOM
0coboit TOUKO# BO BCEX Chydasx sBIseTcs b (KOTOpOe MOXKET OBITH M ), TO CTOMT
JIMOI, HADMCATH TO MJIM MHOE HMHTErDAbHOE HEPABEHCTBO A MOPOMEXyTKa [a, X,l,
THe a<Xy<b, a 3aTeM NepeiiTH K Ipenely OpH X, - b, YTOOB YCTAHOBHMTH CIPaBE/UIH-
BOCTb HEPABEHCTBA W I HECOOCTBEHHBIX HMHTErpajioB. IIpH 3TOM H3 CXOMMMOCTH
MHTErPAJIOB B IPAaBOM YaCTH HEPABEHCTBA BBITEKAET CXOAMMOCTbL MHTEIPAJiOB B JIEBOM
9aCTH, CXOJHO C TEM, YTO Mbl HMend B 375, 8) IO OTHOMEHMIO K GECKOHCIHLIM pAfaM.

484, T'1aBAbIe 3HAYECHHH HECOGCTBEHHBLIX HHTErpajioB. JIONMyCTHM, YTO B HPOMEXYTKE
[a, b] 3amana dysxums f(x), KOTOpas UMeeT OHY JIMIIL OCOOYIO TOYKY ¢ BHYTPH
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MPOMEXYTKA M HHTErpHpyeMa (B COGCTBEHHOM CMEIC/IE) B KaXIOH YacTH €ro, He CO-
nepxameit ¢. HecobcTBernsiit HHTErpas or @ Ao b onpenesnseTcs paBeHCTBOM

b

c—7 b
f(x)dx=3}iino{f [ b

a >0 a e+

NPHYEM MHpeNeN JO/KEH CYIIeCTBOBATE HPH HE33aBUCHMOM HPDENEIBbHOM

nepexojae mo 7 umo 7. B HEKOTOPHIX Clydasx, KOr[ia 3TOT NpeSes He CyIECTBYET,

OKa3LIBACTCA MOJIE3HBIM PACCMOTPETE HPEJIESI TOTO XKe BHIPAXKEHHS, €CIU 1) U 7 CTPEMATCA

K HYO, 0CTaBasAch paBHuMH: 7 -7-0. Ecmz s10T mpenen cymectsyer,

ero HasbiBaoT (mo mpuMepy K o i) 24asubim sHaueHuem HECOOGCTBEHHOTO MHTErpaja
b

J- f(x) dx u 0603HaYAIOT CAMBOJIOM

b ] b
V. p. aff(x) de= lim {a_[ +C+£ }

[V. p. — Hauaneuele GykBH OT Ci10B «Valeur principales, o3Hadaromux mo-GpaHIy3cku
b

a

¢«[JIaBHOE 3HaueHHue»]. B 3ToM ciydae roBOpAT, YTO unmezpas J- f(x) dx cywecmayem ¢
b

a
CcMbicre 2aa6n020 3navenun. Ecnu materpan J- f(x) dx cymectByer kax HecOOCTBEHHBIH,

a
TO O, OYEBHIHO, CYILIECTBYET ¥ B CMBIC/IC TTIABHOTO 3HaYeHMs; oOpaTHoe Xe, BooOlIe
TOBOps, HeBepHO. PacCMOTpUM mp HMe P b
b

dx
1) UnTerpan J-— (a<c<b) xak HeCoGCTBEHHbIA He CYLIECCTBYET, K60 BhIPaXKCHHE
x—c

a

Ll b
dx dx b-c n
—t ——=In——+In—
x-c x-¢ c—a 7
a ety
HE MMeeT ONPENENeHROro npeiesnia, eCli 7 K7’ CTpeMATCA K0 HE3aBHCHMO APYT
OT apyra. B To xe Bpems, ecinu CBA3ATH 77 U )’ TpeGoBaHHEM 7 =7), TO MONY4HEM
BBIPaXEHUE

c—n b
g b-c
=t
c—a
a ¢tn

Ha pele He 3aBHCALLIEE OT 7, TaK YTO IVIABHOEC 3HAYCHHME HHTEI'PAJIa CyIIeCTBYET.

b
dx b-c
V.p. | —=Inh—.
X—C c—a
a
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2) Uurerpan j( (a< ¢<b, n=2) npu n 9€eTHOM UMeeT OecKOHEYHOE 3HAYCHUE,

a IpH n HEYETHOM BOBCE HE CyINECTBYET, KAK HECOOCTBEHHBIH.
PaccMOTpPHM BBIpaXXCHHE

J‘ dx _—L{ 1 3 1 +—l—+(—l)" 1 }
Goor ' ) Goor n-1la-ort (-ort gt i

IIpu 1 HEYETHOM OHO CBOJMTCS K MOCTOSIHHOMY YHCITY; TAKOBO Xe¢ GyfeT B 5TOM Ciy4ae
¥ TJIABHOE 3HAYCHIC:

1
V- p. j(x o n—l[(a—c)"-l—(b—c)"—l

] (n — HeyeTHOE).

3) PaccMmoTpHM, fanee, pacxofsAUImiCs HHTerpall

19

de

—— (O<k<1.
k—sin 0 ( )

ol_‘a[o

Ocoboit Touxko# Bynmer o=arcsin k, # npu 6 ~o NoAMHTEerpanbHas GpyHkuus obpama-
ercs B OeckoReyHoCTh 1-ro mopsaka. mMeem:

sin ¢ —sin 8
1-cos(x-0)|"

B 1
Ve

k —sin 6
1-ksin@—)Y1—k®cos 0

do _ 1
k-sin® Vl_kz

IToatomy

(1]

a-—-n

v

1 sin & —sin (¢t —7) 1-cosa
j + J = {n_ - In — }
Vi-k2 sin (@ +1) —sina sin o

0 atmn

IIpu 7~ 0 BBIpaXK€HHE IO 3HAKOM JIOrapu$mMa B IEPBOM ClaraeMoM crpemurcs K 1
(B YeM HETPYAHO yOENHTHCS, PaCKPBIBAsi HEONPEAEIEHHOCTD O npasiity JIonu T a 1 5).

OKOHYATENRLHO,

1-Y1-k2

n
3
J ! O<k<1)
n <k<1).
sme k
. V1—-k2
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B HEKOTOPBIX ClIyYasAX MOXHO Hanepen YCTAaHOBHTE CYLICCTBOBAaHHE TIJIABHOIO
S3HAYCHUSA HHTErpaia. OcTaHOBUMCST HA OOHOM TaKOM cly4dac. Ich-rx, JaH MHTErpall

b
J' dx
@’
a
rae bynkuus f(x) HempepsiBHa B mpoMexyTke [a, 5] u obpamaerca B 0 B ofHOM MIIs
TOYKE ¢ BHYTPH NPOMEXYTKa. IIPEAIIONOKHUM, YTO B OKPECTHOCTH TOYKH C CYIIECTBYET

nepsas npousBomHas f'(x), He obpamaromasics B 0 Opu x=c¢, a B 9TOi TOYKE CyIle-
CTBYeT ¥ BTOpad npomssogras f'(c).
1

Taxk kak m IpH X —~¢ aBiseTcs 6eckoHeuHO GoMnbImol 1-ro HopsAKa, ¥ IPUTOM
X

MeHSA 3HaK IOPHA OPOXOXKOCHUH X 4epe3 ¢, TO IMPEAJIOKCHHBIA HHTErpal HE CYIIECTBYET.
ITokaxeM, YTO OH CYIIECTBYET B CMBIC/IE IJIABHOTO 3HAYEHHS.
Tonoxum
1

1
6 fe)x-0)
3Ta QyHKIMA 1A x ¢ HenmpepeiBHA. BOim3u x=c mMeeM, mo dopmyne Tennopa
C JOMOIHUTENBHEIM wieHoM B hopme [Tearmo [124]:

+@(x),

(x—c)*
F@=1()x~ )+ f"(c)+ax)]- —

rae o(x)~0 npu x ~¢. Toraa, o4eBHAHO,

1
3 [f(0)+ax)]
‘P(x) = s

£ [f’(c) +JL;“(") (- c)]

Tak 4TO ¢(x) BONM3H Xx=c OCTAETCA OrPAaHWYEHHOH M, CIICAOBATENILHO, MATErpHpyeMa

Jaxe B cobcTBeHHOM cMmeicie. Tak kak s GyHKiEa fﬂ(l——) HMHTETPaJl CyINECTBYET
x-c
B CMBIC/I€ IVIABHOTO 3HadeHHMs [CM. 1)], TO 3TO CIpaBeAIMBO M OTHOCHTENBHO HpENJIO-
JKEHHOTO HHTerpaja.
C nmoMouipio 3TOro mpH3HaKa, HalPUMep, JIETKO YCTAHOBHMTH CyLIECTBOBAHHE IJIaB-
HOTO 3Ha4YeHHA B npuMepe 3). JIpyruM ODPHMEPOM MOXET CIIyXXHTh ONpenesIeHHe OHOM
Ba)XKHOH HEINEMEHTAPHOX (yHKIMM, TaK Ha3pIBAEMOrO (MHTErpalbHOrO Jiorapudmas:

a
. dx
lig= | —.
In x
0
OTOT HHTErpai cxomutcs aamb npu 0 < g< 1; npu @ > 1 €ro TOHMMAIOT HMEHHO B CMBICTIE
TJIABHOTO 3HAYeHHsI.

HerpynHo pacnpocTpaHMTh HOHATHE IJIaBHOTO 3HAYEHMS M HA Ciyyadl jro6oro
KOHEYHOrO 9MCIa OCOOBIX TOYEK BHY T DM DPAcCMAaTPHUBAEMOIrO MPOMEXYTKA.

1o CHX MOp MBI MCKJII09a M BO3MOXHOCTb OCOOEHHOCTEH HA KOHLIAX HpOMe-
XYTKa; MOXHO 3TOr0 HE JIENaTb, €C/IM TONBKO IPH NOCTPOECHHM IJIABHBIX 3HAYCHHMI
9THX HMEHHO OCOOEHHOCTEH B pacyeT He NPHHWMATD,

4) IlycTp, HampuMep, NPEJIOKEH 3aBEZIOMO pacxosmmiicss mHTerpai (@ >0)

2
xa—1
—— dx.
1-x

0

38 I. M. ®uxrenroasu, 1. 11
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OcobpiMr 37ech OynyT Touka x=1 ®m (ecm a<1) Romen npomexyrka x=0. Jlerko
OKa3aTh, YTO B 3TOM CJIydae

2xa—1
V.p. j—dxaum{j+j}
1-x 70
0

OPHBOAMTCS OPOCTO K HHTErPAITY

jl a —:)a—l—' Atept
0

(upn a<1 — BecoOCTBEHHOMY).

B 3aximodeHne pacCMOTPHM eIe OAHY Pa3HOBANHOCTE 4[JIABHOTO 3HAYEHWY, KOTO-
POIO HEpPEenKO MPHXONWTCS HONB30BAThCA. VIMEHHO, OCTAHOBMMCS HAa HMHTErpaje, pac-
OpPOCTPaHEHHOM HAa O€CKOHeYHblt B 00€ CTOPDOHBI HPOMEXYTOK (— oo, ),
npuyeM BHYTPH NMpPOMEXYTKAa MbI He IpeanosiaraeM Haimdms ocoObIX Towexk. Kax u3-
BECTHO, TAKOH HHTErpall MOXeT OLITh OIpeneNeH NpeJebHBIM PaBeHCTBOM

+ e A
j f@ydx= tim | f(x) dx,
A 4o
——- Al —oa A’

rae opeaeNbHEBH nepexoq no A® no A" npeapnmogaraeTcs He-

3aBUCHMEM OJHE OT ADPYroro. MoxeT OKa3aTkCsi, OZHAKO, 9TO B 3TOM

CMBICIC Openesyia HeT, HO CyIIECTBYET npezell, OTBEYAIONIHi 9aCTHOMY OPEANOI0XEHHAIO
+ oo

A’= —A. Ero TaxKe Ba3hIBAIOT 2446HHIM 3HAYeHueM WHTETpaja j f(x)dx 4 o6o3na-

9a10T CHMBOIOM
4o A

V.p. j feydx= lim | 1) d

Hanopumep, ecmm dyskmus f(x) HedeTHA s, TO €€ HHATErpajl B CAMMETPHIHOM
oTrOCHTeILEO O mpomexyTke (—A4, A) Oyner pasex 0, Tak 4TO M

“+om
V.p. j f(%) dx=0,
+ o
XOTA HeCOOCTBEHHOrO HHTErpana j f(x)dx MoxeT m BOBCE HE CymeCTBOBAaTh (KakK,

ckaxeM, misa GyEKIEH Sin X). -
Ecng ¢yakous f(x) weTHA A, TO

A A

j fx)ydx=2 j 169 d,
- A 0
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apenesn oJig 3TOro MHrerpala CymeCrByeT B TOM M TOJIBKO B TOM Cllyvyae, Korma cyuie-
A

CTByeT mpefeNn Uil MHTerpana j f(x) dx, 1. e. cymecTByeT HECOOCTBEHHBI HMHTErpa
0

+oo +oo

I f(x) dx, a ¢ HHM H HHTErpai j f(x)dx. Takum obpazoM, anAd 4eTHOH GYHKIMA

0 —o0
ITABHOE 3HAYEHWE HHTErPana CyIECTBYeT JIAML OJHOBPDEMEHHO C HECOOCTBEHHEIM
HHTETPAJioM (¥, €CTECTBEHHO, PaBHO €MY).

JI106y10 dyEKIMIO f(X) (MAHTErpUPYEMYIO B KaXXJOM KOHEYHOM HOPOMEXYTKE) MOXKHO
NPEACTABHTE B BHAE CYMMBI IByX (yHkimli, 9€e THO# H HedeTHO K

q)(x)zf(x)w;f(—x) w(x)=f(x)—;(—x)

(COXpaHAOUIMX TO K€ CBOHCTBO HMHTETPHPYEMOCTH).
W3 cka3aHHOTO BBIILE TEmEPh SICHO, YTO

4o +eo

V.p. j f() dx= Igv(x) dx,

eciM mocliefHud HecOOCTBEHHBIH HWHTErpan cyilecTteyer. Hanpumep, 3amedas, 94TO

x
OyHKIMA —— COCTOHMT M3 YETHOH 4YacTH —~ W HEYeTHOH 4acTH - —- , cpasy
1+4x2 b4x2 1+x2’
MOXHO HamucaTh
+oo 4o
1+x dx
V.p. | —=dx=)| -——=n
1+4x2 1+ x2

—c0 o

485. 3ameuanne 06 0000meHATX 3HAYEHHSX PACXOIAUIMXCH HHTerpasos. B § 9 rnaest
XI MBI 3aHMMAIMCh CYMMHPOBAaHHEM DPAacCXOASMUXCHA DS JAOB, NPANACHBAS
TakOMy psjly — HO TOMY WIH MHOMY IOpaBmiy — ¢0000menayro cymmys. IlomobHO
3TOMY, CYIECTBYIOT METOJIBI, MMO3BOSIOMME B UHBIX CIyYasX H PACXOASA M HUMC S
HETEerpajlaM OpHIMCHBATh «06oOmennsie 3HaveHwnsAy. COOCTBEHHO TOBOpSA, MBI
JeTaTd 3TO ¥ B MpPeasIgymeM N° HMEHHO TeM, YTO BHOCHIIH HEKOTOPHIE YIPOIIAIOIIHe
9YaCTHBIC OTPAaHWYEHHsI B NpefeNbHbIE NPOIECCH], KOTOpPhIE MPHUBOAAT K OOBMHEIM HE-
coOCTBEHHBIM HHTErpajiaMm. 31ech e Mbl HMEeM B BUAY YXe CYIIECTBEHHO WHEIE OPO-
1IECChI, CXOMHBIC C TEMH, KaKUMH MBI NOJIb30BAIMCH 10 OTHOMEHMIO K PaCXOASIIAMCS
psanaM. Mbi orpaEMdEMCS OBYMSA OpMMEPaMH TaKHX HPOLIECCOB, KOTOPHIE CIIyXaT
agasioramu Meroga Yezapo u meroga Ilyaccoma— AbGens pama psagos.

1. Hycres ¢ynxumsa f(x) omnpemenena AnA x=0 U HHTErpHpyeMa B. COGCTBEHHOM
CMBICIIE B KQ)XXIOM KOHEYHOM mpomexyTke [0, x], Ho He MHTEerpupyeMa B mpPOMEXYTKe
[0, «]. Onpenenum ¢yHKIMIO

F(x)= jf(z) dt
0

H COCTaBMM CpeaHee €€ 3HadYeHHue
X
1
— | F(u) du.
x
0

38*
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Ecmu 1jist HETO CyDIECTBYET KOHEYHBIH MPEAET
he
1
lim — f Fla)du~-1,
X+ X
(1]

TO 3TO YHCJIO H PAacCMATPHBAIOT KaK «0000ieHHOe 3HaYeHHe» HHTerpaa.
TIpAMeHEM 3TOT TpPONECC, M OPHUMEPa, K H3BECTHOMY HAM PacXOOAINEMYCS
MHTErpary

f sin x dx ©)
0

[472, 4)]. Bmecs f(x)=sin x, F(x)=1-cos x, 1

X
.1 . x-sinx
lim — | Fw)du=1lim ———=1
x-»o00 X X~>oc0

0

B kayecTBe ¢OGOOIIEHHOrO 3HAYEHHSA® pacXomdmierocss uHTerpaja (6) DOIydmnocs,
TakuM o6pazoMm, uucio 1.

EcTecTBEHHO, M 30€Ch BO3HHKAET BONPOC O PETYNSAPHOCTH H3JIOKEHHOTO
METO/A: MPHIMCEIBAET JIM 3TOT METOA CXO A ileMYyC s MHYErpajiy

j ) dx, a
0

mMeroIeMy o onpezeneHuro n° 470 xoHeyHoe 3HaueHue I, U B kayecTBe «0GO6MERROrO
3HaYeHusay — TO xe 3mucio I. ITokaxeM, YTO 3TO HMEHHO TaK.

Tlo npor3BOJIBHOMY TUCITY ¢ >0, BBHAY CXOAMMOCTH MHTerpana (7), HalineTcs Takoe
x>0, uTo WA x=>x, Gynmer

X
€
|F@-1|<3, e Fe)= ff(t)dt.
0
Ilpennonarast x> Xx,, AMEEM

1

X -

lfF(u) du-[—:lj[F(u)wI]du=lf[F(u)-I]du+(1 fi)- J[Ff 1] du,
x x x x Xy
(] (1] (1] X

TaK 4YTO

X
1 1
<= +——" @-1du
x X — X

1 x Xo
';—jF(u)a’u—J j[F(u)-I]du
0 0
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€
Bropoe ciiaraeMoe crpasa <—i (mo caMoMy BBIOOpPY UHCIIA X,); OEPBOE XKe TOXc CTAHET

€
<E , OpH 1OCTATOYHO OOJBINOM X, B ONHOBPEMEHHO:

<E.

’xljF(u) du~1T
0

TakuM 00pa3oM, NEHCTBUTEIHHO
X
1
lim — | F(u) du=1,
Xx—+oo X
0
9, ¥ TP. A.
II. Ha stoTt pa3 mo 3amanuoil dysxumu f(x), nms xotopoit uHTerpan (7) He cymme-
CTBYET, BBEIEM B PAaCCMOTpEHHE APYTO¥ MHTErpan

o

j e—kx f(x) dx.
0

Ecii noceuuii HHTerpa npu & >0 CXOOUTCA H CYIUECTBYET KOHEYHbIH Npenes
lim | e—Axf(x)dx=1,

k—+0
0

TO 3TOT Opeden ¥ NPHHUMAETCH 3a «000OINEHHOE 3HAYCHHME» PACXOMANIErOCs HHTE-
rpama (7).
Yrobs! gaTh NpuMep, pacCCMOTPHM BHOBBL mHTErpan (6). Tak kak

o

je—kxsin xdx=
0

k*+1

[472, 1)] ctpemurcs x 1 mpu k—~ -0, TO ¥ 30eCh B kauecTBe «00OOIEHHOrO 3HAYCHHSN
uHTerpana (6) nomygaercs 1.
K ponpocy o perylsipHOCTH BTOPOrO MeTOAa Mbl BepHeMCs Huxke [520].

§ 3. CnoiicTBa n npeoOpa3oBanHe HECOOCTBEHHBIX MHTEIDPAJIOB

486. Ilpocreiimne csoiicrBa. Msl Oynem paccMaTpuBaTh (yHKLIHH, WH-
Terpupyemele (B COOCTBEHHOM HJIM HECOOCTBEHHOM CMBICTIE) B KOHEIHOM
w GecKOHEYHOM NpoMexyTke [a, b]. Takxum o6GpasoM, a ® b MoryT 03Ha-
YaTh He TOJBKO KOHEYHBIE YHCJI4, HO TaKke H + . [Ipocreitimme cBOii-
CTBa HeCOOCTBEHHBIX HHTETPAJIOB, KOTOPbIE MBI JIHIIH IIEPEYRCIINM, BIIOJIHE
aHAJOTHYHBI CBOMCTBaM coOcTBeHHbIX HHTerpamoB [302-—306] u momy-
YaroTCsd M3 HHUX eIHHOOOpa3sHbIM mpHeMoM. Tak Kak HecoOCTBeHHBIE HH-
Terpajisl CyTh Ipedesbl COOCTBEHHBIX, TO OOBIMHO JOCTATOYHO HAIMCATH
IUIsL 3THX MOCJIEJHUX PABEHCTBO HJIM HEPABEHCTBO, BBIpaXaroliee Tpedye-
MO¢ CBOMCTBO, M HEPEUTH K IIpelesaM.,
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3nech, npexae BCEro, TAKKE MOXHO BBECTH HOHSITHE 0 0 HHTerpaije
N0 ODPHEHTHPDOBAHHOMY IPOMEXYTKY H YCTAHOBHUTL:

1°, Ecau f(x) unmezpupyema e npomexcymre [b, al, mo ona unmezpu-
pyema 6 npomexcymre |[a, b), npuuem

b a
[y dx= - [ 1) ax.
a b

[MoxHO IpHHATE 3TO IIPOCTO 3a OODpelNeJeHHUE HHTErpasa
b

jmm ciydasi, Korma a>b].
a

Hasee:

2°, IIycmo f(x) unmezpupyema 6 nauboavuiem * uz npomexcymxos [a, b,
[a, c] u lc, b). Tozoa ona unmezpupyema 8 08yx Opyaux, u umeem mecmo
DpaseHcmso

b ¢ b
jf(x) dx= _[f(x) dx + Jf(x) dx.

3°, Ecau f(x) unmezpupyema ¢ [a, b] u c=const, mo u c-f(x) maxouce
UHmMezpupyema, u :
b

b
[e-f@dx=c. [1(x) dx.

a

4°. Hycmv Gynkyuu f(x) u g(x) — obe unmezpupyemvi 8 npomexcymke
[a, b; mozoa unmezpupyema u dynxkyusa f(x)+tg(x), u

b b b
JUr@zgenas= [ 1) dx+ g0 ax.

IIpu npokasatenscTBe ** 3TOro (M ClEQyIOLIEro) CBOMCTBA CledyeT
¥MeTh B BHIy 3aMeuanme n° 479. Ilycre, ckaxeM, b OymeT enuHCTBEHHON
0co0oit TouKoi AN Toit wim apyroi u3 ¢yskouil f(x), g(x). Torma, ma-
OUCAB PABEHCTBO

[ el dr= [f)drs [gyax  (@=xo=b),

* Tounee: B TOM M3 IPOMEXYTKOB, KOTOPbI cOnepxuT B cebe 06a Apyrux.
** Tlo OTHOWEHHIO K MHTErpanaM ¢ OeCKOHEYHBIM npenesoM cBoiictea 3° u 4°
yXe YNOMHMHAJIHCL B n° 473 B Ja)ke MCOONL30BANECh B NOCACAYIOMEX 10°. 3A¢Ch OHH
npaBopsTcs B Gonee obmeit Gopmynuposke.
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MOKHO H3 HETO HOJIYYdTh IPEAIleCTBYIONyIo (GopMyiy, mepexons K Ipe-
IeNaM IpH X,-b, Kak B TOM CiIydae, KOIZia BCe HHTEIPAJIEL OT a 1o b He-
COOCTBEHHBIE, TaK H B TOM, KOIJa OJUH W3 HHX COOCTBEHHBIHA.

5°. Ecau 048 0syx ummezpupyemoix 6 [a, b] dynxyuii f(x) u g(x) evi-
noausemca Hepasercmeo f(x)=g(x), mo npu a<b

b b
[ oy ax< [ &%) ax.

6°. Ecau dynxyua f(x) ¢ npomencymke [a,b] ab6coaromuo unme-
2pupyema, mo (npu a<b)

’ff(x) dx' = f]f(x)] dx.

7°. Ecau ¢pynxyusa f(x) unmezpupyema 6 [a, b], mo npu mobom x u3
3M020 NPOMENCYMKA CYyujecmeyenm uHmezpai

B(x) = [ fl) de m

u npedcmasasem coboil HenpepvlgHylo ByHKyul0 om X.

IIycTh a<Xx,=<b; MOKaxeM, HAOpUMep, HEIPepHBHOCTE Qynkmuu P(x)
IpH X =X, CIeBa. B3sB ¢ MeXIy a K X, TaK, YToOHl B OpoMexyTKe [c, Xo]
He ObUTIO 0COBBIX TOYEK, MCKIJIFOYAs Pa3Be JIAIIDL Xy, HMEEM JIA C<X=<X,

[y = [ sy e+ [y at )
¥ JOCTATOYHO YCTAaHOBHUTD, qTo

lim f fHdt= ff(t) dt.

X Xo—0

A 3To paBeHCTBO HMeeT MeCTo [CM. 3aMedaHKe n° 479] kak B Ciydae, Koraa
HHTErpa cmpaBa — COOCTBEHHEIH, TaK M B CiIyvae, KOIJJa OH HecOOCTBEH-
HBIH,

Ecmu x,=b= + «, To HenpepbBHOCTh QyHkmun D(x) mpu x= +  HO=
HAMAeETCA B TOM CMBICIIE, YTO

Xt

oo
lim O(x)=P(+ =)= j )t
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8°. Ilpu mex ssce npednoaoiCeHUAX, ecau 8 mouke x =Xx, @yukyusa f(x)
Henpepvigna, cyuecmeyem npoussoonasn o4a gywkyuu P(x) [em. (1)] e amoii
mouke, u

D’(x0) = f(xo)-

Hna poka3aTelbCTBA MCIOOIB3YyeTCS pasyiokeHHe (2), ¢ CCHUIKOH Ha
aHAJIOTHYHOE CBOMCTBO COOCTBEHHOI0 HHTErpaa.

Jlerko mepedpasupoBath cBoicTBa 7° W 8° mns Ciydasi, Korfa Iepe-
MEHHBIM SBIIACTCA HIDKHHMH Ipedell MHTerpaja.

487. TeopeMsl 0 cpemneM 3HavenHH. IlepBasi TeopeMa O CpeiHEM 3Ha-
YeHHH B mepBoHadaibHoM Gopme [304, 9°] cymecTBeHHO IpepmoiaraeT
dynrkmuio f(x) orpaHMveHHOH, a NMPOMEXYTOK KOHEYHBIM, H IOTOMY He
MOXeET OBITH IepeHeceHa Ha Ciydali HeCOOCTBEHHOTO HHTerpana. B 0606-
wennoi xe dopme [304, 10°] ee mepeHecTH MOXKHO:

Ilepean meopema o cpedonem 3navenuu, IIycmo gynkyuu f(x) u
g(x) obe unmezpupyemor ¢ npomencymke [a, bl, npuuem f(x) ocpanuuena:

m=<f(x)<M,

a g(x) ne mensem snaxa, mozda u Pynkyus f(x)-g(x) unmezpupyema u

b b
[ )-8 dv=p | ) ax,

20e m=u=<M.

CylecTBOBaHHE HHTErpajia BHITEKAaeT H3 3aKIIOUYHTEIBHOW TEOPEMBI
n° 475 u amanmoruyHoi el Teopembl n° 482. CaMo e PaBEHCTBO [OKa-
3nBaeTCa (OPMABHO TaK Xe, KaK U s COOCTBEHHBIX HHTETPAJIOB.

Ecnmu ¢yskmus f(x) HenmpepbhBHAa B 3aMKHYyTOM IPOMEXYTKE
[a, b], To 3a m, M MOXHO B3iTb HaUMeHbIee K HAUOOJIbIIEE 3HAYCHHUE
f(x) B [a, b], 1» MAOXHUTEH U OKA3LIBAETCA PAaBHBIM OIHOMY M3 3HAYCHUH

Pynkmum f(x):

b b
[ 708 dx=1(0)- [ g(x) ax,

rae ¢ comepxutcs B [a, b]. DTo BepHO M B TOM CIyvyae, €CIH IPOMEXY-
ToK [a, b] 6Geckoneyen, u6o Teopembl BeliepmTpacca u Bous-
mano-Komu [85, 82] misa 3Toro ciydas Takxke CIPAaBENJIMBEI, B YEM
OpeaiaraeM YUTaTeIo yOemuThCcA CaMOMY.

Hmeer mecto Takxke [cp. 306, 14°]:

Bmopaa meopema o cpednem 3uauenuu. Ilycmv Pynkyus f(x)
MOHOMOHHG u o2panudena é npomexcymke [a, bl, a dynkyus g(x) unmezpu-
pyema 6 amom npomexncymxe, Tozda u Pyuxyua f(x)-g(x) maxxuce
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uHmezpupyema, u
b & b
[ 1)+ 89 dx=1(a) [ g0 dx +£(6) [ g dix
a a &

(a<<t=<b).

OcCTaHOBUMCSL Ui ONPEHEJICHHOCTH Ha Ciy4Yae, KOorJa a KOHETHO,
b= 4 « ¥ Apyrux ocobwix Touek s g(x) Her. CyLieCTBOBAHUE MHTErpaia
BBITCKAET U3 Ipu3Haka A 6e 4.

Bes ymasienus oOLIHOCTH MOXHO CYMTaTh QyHKUMIO f(X) y 6 BIB a Fo-
nie . BBHIY OrpaHHYEHHOCTH €€, CYIIECTBYeT KOHEYHBIM IIpenelt

S+ =)= lim f(x).

X— +oo

Torma f*(x)=f(x)—f(+ <)=0. [Ina KoHeYHOTO IPOMEXYTKA [a, A]
uMmeeM [306, 13°]:
A 7

[ dx=r*@ [s@ax  (@=n=a). )
a a A

HenpepbiBHass B TpOMexyTKe [a, + -] yHKIUA fg(x) dx ot A wumeer

a
KOHEedIHble rpanumsl m, M, tak uTo [cM. (3)]
A

mf (@)= [ f*(x)g(x) dx<M-f*(a)

H, B mpezeie Opu A -~ + =,

~+ oo
m-f¥(@)= [ FH(0)e(x) dx <M -f*(a).

OTtcrona
“+ oo

ff *xgX) dx=p-f*a) (m=u<M). @)

a
A

Ho vempepnBHas ¢yHKOous f g(x)dx mocturaer cBoux rpanum m, M u
a
OpUHUMAET TI000e colepkalleecs MeXIy HAMM 3HAYCHHE, T. .
&
u= fg(x) dx, rtHe a=<b=-+o,
a

TNonaras B (4) f*(x)=f(x)—f(+ =) n moacTaBNAs TOJBKO YTO Hai-
JIeHHOE BBIPXEHHe JUIL 4, H IpUIeM K JoKasbiBaeMol (popmyre,
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488. UurerpupoBanse no 9acTaM B cliydae HecoGCTBEHHBIX HHTErpaJioB.
IIycts Gynxumu u=u(X) 4 v=0v(X) onpelesieHbl U HENPEPBIBHEI BMECTE
CO CBOMMH NEPBBIMH TPOM3BOIHLIME BO BCEX TOYKaX NMPOMEXyTka [a, b],
HCKIIFo4ast Touky b (koTopas MoxeT ObITb paBHa U + ). Torma umeer
MECTO PaBEHCTBO

b b

_[u dv=uv Z~ _[v du,

a a

eCJIM ToJ JBOMHOW MOICTAHOBKOH NOHMMAaTb Pa3HOCTH

lim u(x)v(x) — u(@)v(a).
x—=+b

Ilpx 3ToM mpemmosiaraercst, YTo ¥3 T p € X BXOIALIUX B PaBEHCTBO BhIpa-
xeHuil (1Ba MHTerpana W OBOHHAs HOJCTAaHOBKA) MMEIOT CMbICI B a:
CYILICCTBOBAHHE TPETHETO OTCIOJIA YXKE BBHITEKAET.

B caMoM [ene, B3uB g<X,<b, HanumeM oObMHYO (opMyiTy HHTeE-
rpHUpOBaHKUA MO Y4CTAM ISl IPOMEXYTKa [a, Xo], Ile Bce HHTErpaibl -
coOCTBEeHHHBIE:

Xo Xo

[ dv=Tuto)(x0) - u(@yeia)] - [vau

a a

ITycTh Temeph, B 3TOM paBeHCTBe Xx, cTpemurcs x b. Ilo ycnosmio, OBa H3
BXOIAIIMX B HETO BEIPAXECHUN HMEIOT KOHEYHbBIE HpeleNIbl NPH X — X *.
CremoBaTeIbHO, MMeeT KOHEUHBIA Npelesl TakkKe TPeThe BBIPDAXEHHE, U
JIOKa3BIBAEMOE PABEHCTBO ONPABABIBACTCS ¢ MOMOUIBIO NpeeIbHOro Nepe-
Xoja.

489. Ilpumepsl.
n
L)

T
2
2 cos X x
—-_[x- - »dx=—_[—dx
0 sin x tg x
0 0

— HHTErpUPOBAHHEM IO YACTAM 3I€Ch YAAJIOCh CBECTH HECOGCTBEHHBIM WMHTErpas
K COOCTBeHHOMY H TeM [0Ka3aTb CyINecTBOBaHHE HECOOCTBEHHOIO MHTErpana
[cp. 483, 2) (B)]. Ty e 0COGEHHOCTh MMEIOT W CJICAYIOMHAE IPUMEPHI:

b
1 _[1nsinxdx=xln sin x
¢

1

1 1 L 1
arctg x arctg x
—j g dx=—J 8Y i,
0 X
Q

-1
2) (a) J IDT;Z_* dx= jln x d arctg x=In x-arctg x
0 0

X
(]

* CMm. 3aMedanue n° 477,
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(6) Ananormyno

1 1
In x arcsin x
j—_—dx=—j————-dx.

yi-x x
0 0

sin x dcos x cos x |= COos X

3) —dx=—j - —j dx  (@>0).

x x X e x?

[ a a

Tak xak m pBoiiHas HMOACTAaHOBKA M MHTErpal COpaBa HMEIOT CMBICI, TO 3THM CHOBa
NOKa3aHo CyIeCTBOBAaHHE HHTErpana cieea [cp. 476, 477].

e
—*T dx

COBepH.IeH'HO AHATIOTHYHO MOXHO YCTaHOBHTE CYIIECTBOBAHHMC HHTErpajia

a
x

(a, 4>0), ecu dynxims f(x) HenpepblBHA M HHTErpal OT Hee F(x)= j f(x) dx orpau