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104. Css3p MEXIY TG PepeHIMPYyEMOCTHIO U CYLIIECTBOBAaHUEM 13
IPOU3BOIHOMN
105. OcHoBHBIE (OpMyIIBI U ITpaBUia JUdGepeHIMPOBAHUS 215
106. MuBapuanTHOCTH (opMbl muddhepeHnana 216
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114. ®opmyna Komm
§ 4. IIpousBoansie u AuddepeHnnanbl BHICIINX MOPSAKOB
115. Onpenenenne mpoU3BOAHBIX BBICIIUX MOPSIKOB
116. O0mume hopMyJibl A1t MPOU3BOJIHBIX JIFOOOT0 MOpsAKa
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127. [pubnuxennsie GopMyIIbl
§ 6. UnTepnionupoBanue
128. IIpocreiimas 3anaya uatepnoauposanus. Gopmyna Jlarpanxka
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142. Ilpocreiimme MpeaIoKEHHUS O BRITYKIIBIX (PYHKIIUSIX
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148. BeckoHeuHbIe pa3phIBbI, OECKOHEUHBIH MPOMEKYTOK. ACUMITOTHI
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156. [Ipumepsl U yripaKHEHUS

157. KoMOMHMpOBAaHHBIN METO/T
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I'JIABA IIATASA. ®YHKIIUU HECKOJIBKUX IIEPEMEHHBIX
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OCHOBHBIE OHSTHS

159. @ynknuoHanbHas 3aBUCUMOCTb MEXAY NepeMeHHbIMU. [Ipumepbl
160. ®yHKIIMY ABYX MEPEMEHHBIX M 00JIACTH UX OTIPEICTICHUS
161. Apupmernueckoe n-MepHOE MIPOCTPAHCTBO

162. ITpumepsl oOnacTeli B n-MEpPHOM MTPOCTPAHCTBE

163. Obuiee onpeneneHne OTKPHITON M 3aMKHYTOH 00JIaCTH
164. ®yHKIMU N IEPEMEHHBIX
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HenpeppiBHOCTE U pa3pbiBbl (yHKIUN HECKOJIBKUX NEPEMEHHBIX
Omnepanuu Hajl HEPEPHIBHBIMU (DYHKIIUSAMU

®yHK1MH, HenpepbIBHbIE B 00nactu. Teopems! bonbnano—Komum
Jlemma bonbiano—BeliepmTpacca

Teopemsbl Beiiepuirpacca

PaBHOMEpHas HENMPEPHIBHOCTH

Jlemma bopens

HoBrle noka3aTenbCcTBa OCHOBHBIX TEOPEM

[TpousBonHbIe U MU GepeHHanbl GYyHKIHH HECKOIBKUX MEPEMEHHBIX
YacTHble MPOU3BOHbIE U YaCcTHBIE AU DHepeHInalb]

[TonmHOE Mpuparienne GyHKIUN

[Monuenit tuddepenmman

I'eomeTpuueckas nHTEprpeTanust Uil ciydas QyHKIUU ABYX
NIEPEMEHHBIX

[Tpon3BOIHBIE OT CIIOKHBIX (DYHKITHIA
[Ipumepsl

@opMysa KOHEYHBIX IPUPALLECHUN
IIpon3BoaHas 1O 3aJaHHOMY HalPaBJICHUIO

WNuBapuaatHoCcTh PopMbI (TIepBoro) nuddepenimana

ITpumenenue noaHoro augdepeHnuana B NpuOIMKEHHBIX BEIUUCIEHUSIX
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®opmyia Dinepa
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194.
195.
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223. KpuBble Ha IJIOCKOCTH (B MPSMOYTOJIbHBIX KOOPAUHATAX ) 503

224. Ilpumepsbl 505
225. KpuBble MEXaHUYECKOTO MTPOUCXO0KICHUS 508
226. KpuBble Ha MI0CKOCTH (B MOJISIPHBIX KoopAuHAaTax). [Ipumepsr 511
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228. [TapameTpuyeckoe MpeacTaBIcHUe 518
229. ITpumepsl 520
§ 2. KacatenpHas u KacatenbHas IJIOCKOCTh 523
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231. [Ipumepsnr 525
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233. [Ipumepsnl 529
234. KacarenbHas K IpOCTPaHCTBEHHOM KpuBOM. KacarenbHas MiI0CKOCTh K 530
MOBEPXHOCTHU
235. ITpumepsl 534
236. OcoOble TOUYKH MIIOCKUX KPUBBIX 535
237. Ciy4aii mapaMeTpu4ecKoro 3alaHusl KpUBOU 540
§ 3. Kacanue KpuBBIX MEXIy cOOOU 542
238. Orubaromas ceMeicTBa KPUBBIX 542
239. [Ipumepsnl 545
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242. Cny4aii HESIBHOTO 3aJJaHUs OJHOU U3 KPUBBIX 553
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244. JIpyroi noaxoA K CONpUKacarolUMCcs KPUBbIM 556
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245. Jlemmbl 557
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253. KoopauHaTsl HEHTPA KPUBU3HBI 577
254. OnpeneneHue 3BOIOTH U 3BOJIBBEHTHI; Pa3bICKAaHUE SBOJIIOTHI 578
255. CBolicTBa 3BOJIOT U HBOJIBBEHT 581
256. Pa3bickaHu€ IBOJIbBEHT 585
JOIIOJTHEHME. 3AJTAYA PACIIPOCTPAHEHUSA ®YHKIINI
257. Cnyyaii pyHKIHMM OTHOM epeMeHHON 587
258. IlocraHoBKa 3a1auu AJisl IBYMEPHOTO CiIyuas 588
259. BcnoMorarenbHble NPeI0KEHUS 590
260. OcHOBHas TeOpeMa O pacIpOCTPAHEHUN 594
261. O6o0uieHMe 595
262. 3aKII0YUTENbHbIEC 3aMEYAHMS 597
AJl(paBUTHBII yKa3aTelb 600

AndaBuTHBIN yKa3aTemb

AoOcomrornag Bennunna 14, 31, 34

AOCONIOTHBIN SKCTpeMyM 469

Anrebpanueckas pyukuus 448

AHaIMTHYECKUH cr1oco0 3a1aHus
bynkiuu 97, 98

AHanuTHYECKOE BhIpaXXeHHE (PyHKLINU
98

- npeacTasneHue kpusbix 503, 517

- - moBepxHocren 517

AHoMmainus (3KCUEHTpUYECKas) MIIaHEThI

174
AprymeHnT Qyskiuu 95, 341
Apudmernueckoe 3HaUCHUE KOPHS
(pamukaina) 36, 103
- IpPOCTPaHCTBO 345
ApKcuHycC, apKKocUHyC U T. 1. 110
Apxumen 64
Apxumena akcuoma 16, 34
ApxumenoBa cnupais 512, 529
Acumnrora 309
Acmmnrorndeckas Touka 513, 514
Actpouga 506, 511, 526, 546, 573, 583
Bapomerpuueckas dopmymna 95
bepnymnu, Noann 206, 314
- SlkoB 38
- njemumckara 515, 530, 575, 577
beckoneunas necaruynas 1po0p 22
- nmpousBoaHas 209

Beckoneuno Ooibiiias BeaudnHa 54,
117

- - - knaccudukanus 145

- - - mopsAnok 145

- Manasg BenuunHa 47, 117

- - - BBICHIETO MOpsiiKa [0003HaYEHHE
O(a)] 136, 137

- - - knaccuduxanys 136

- - - IeMMBbI 57

- - - mopsiok 137

- - - DKBHMBAJIEHTHOCTH 139

beckoneuHoctp (+00,—0) 26, 55

beckoHneunblii mpoMexxkyTok 94, 308

- pa3pbiB 309

boitns—Mapuorra 3akoH 94

Bonbsuano 84

Bonsnano metox 88

bonsriano—Beiiepmrpacca nemma 87,
367

bonsriano—Komu teopems! 1-5 u 2- 4
168, 171, 182, 366

- - yciosue 84, 134

bopens nemma 181, 372

Bapuanra 44, 344

- Bo3pacTaromias (HeyObiBarorast) 70

- UMeroLas npeaen 52

- KaKk QyHKIUs 3Ha4YKa 96



- MOHOTOHHas 70

- orpaHu4eHHas 53

- yObIBatomas (HeBo3pacraroriasi) 70

Beitepirpacca—bonbuano nemma 87,
367

- TeopeMsl 1-g1u 2- g 175, 176, 183,
369, 370, 373

BeprukansHas acumnrora 309

BepxHss rpanuna 4McioBOro
MHOKeCTBa 26

- - - - ToyHas 26

BemectBennsie unciaa 19

- - BeiuuTanue 31

- - nenenue 34

- - IECSITUYHOE MPUOIMKEeHne 22

- - HEMPEPBIBHOCTH 00nactu 24

- - INIOTHOCTH (yCHIIeHHast) obmacTtu 21

- - paBeHCTBO 19

- - cloxkeHue 28

- - yMHOXeHue 31

- - ynopsinoueHue oodmactu 19

Busunanu kpusas 521, 535

Bunrosas nunug 521, 534

- IOBEpXHOCTh 523, 535

BrosxeHHbIE TPOMEXKYTKH, lemMMma 83

BnyTtpenHss Touka mHOkecTBa 350

BornyTsie (BblmyKIible BBEPX) PyHKIMU
WM KpUBbIE 295

- - - - YCIIOBUS BOTHYTOCTH 298

- cTporo (pyHKIMU WK KpUBbIE 298

Bosspara Touka 539, 541

Bo3spacraromnias BapuanTa 70

- ynkuums 133

Bpamenus nosepxHocts 522

Brinykiible (BbITyKJIble BHU3) (yHKLIUN
WM KpuBbIe 294

- - - - YCIIOBUS BBIITYKJIOCTH 298

- cTporo (pyHKIMU WK KpUBbIe 298

Bericmiero nopsizika 6€CKOHEUHO Malible
[0603Hauenwue o(a)] 136, 137

- - nu¢pdepenmanst 241

- - - (DyHKIIMM HECKOJIbKUX MEPEMEHHBIX
410

- - npousBoaHbIE 231, 232

- - - CBA3b C KOHEYHBIMH Pa3HOCTSIMHU
245

- - - yacTHble 402

INapmonnueckoe konebanue 208

laycc 74, 439

I'enbnepa—Komum HepaBeHCcTBO 275,
302

I'eorpaduueckue koopanHaTHI 522

I'eomeTpuueckoe UCTONKOBaHHE
muddepennuana 214

- - mosrHOTO U Pepenmmana 386

- - mpou3BoAHOM 190

Iumep6oma 506, 575, 580

- paBHoOouHas 102, 103

I'umepOonmueckas crimpains 529

I'unepOonuueckue CUHYC, KOCUHYC U T.
n. 107

- pyHKIMH, HENPEPBIBHOCTH 149

- - oopartubie 108—109

- - mpou3BoaHbIEe 205

lNunonuknounna 509

I'nmaBHast BeTBb (TJ1aBHOE 3HAYCHHE)
apKCUHYCa, apKKOCHHYCA U T. 1.
110,114

- 4acTh (IJIaBHBIN 4JIeH) OECKOHEUHO
Majsoit 141

I'mankas kpuas 594

l'opusonransHas acumnrora 309

I'papuent dynkmun 394

I'panuna obmactu 351

- YUCJIOBOTO MHOXECTBA (BEPXHSIS,
HWDKHs) 25—28

- - - To4Has 26

I'paduk Gynkuuu 100

- - moctpoenue 305

- - IPOCTPAHCTBEHHBIN 343

Itotirenca dpopmyna 260

HapOy Teopema 224

JiBuxenus ypapHenue 187

JIBoiiHast Touka KpuBOM 538

JIBoitHoit npenen ¢pyHkuun 360

JIByx nepeMeHHbIX (pyHKIus 341

Henexunp 17

JlenexnHaa ocHOBHasi TeopemMa 25



JlercTBUTENbHBIC YHCIIA, CM.
BemectBennsle yncna

HexaproB nuct 507, 538

Jecartuunoe npuOIMKeHue
BELIECTBEHHOI' 0 yKcia 22

Hecsatuunbie norapudmsl 79

Juamertp ToueuHoro MHoxecTBa 371

Hupuxine pynkuus 99, 102, 153

JuckpumuHanTHas kpusas 545, 550

Huddepenuman 211, 215

- mopsiaka, 1-ro, 2-ro, n-ro 241

- FEOMETPUYECKOE UCTOJIKOBaHue 214

- nyru 562, 567

- UIHBapUaHTHOCTH (hopMbI 216

- oJHBIHN 382

- - nopsiaka, 1-ro, 2-ro, n-ro 410

- - TEOMETPUYECKOE UCTOJIKOBaHUE 386

- - UHBAPUAHTHOCTH popmbl 394

- - METOJI BBIUUCIIEHUS (IIpU 3aMEHE
nepeMeHHbIX) 489

- IPUMEHEHHE K MPUOIINKEHHBIM
BeIuncieHusM 218, 220, 396

- yacTHbIN 378, 411

Huddepenuuponanue 215

- mapameTpuyeckoe 243

- npasuna 215, 395

Huddepermmpyemast pynkmms 212, 382

HuddepeHunpyemMocTs HESIBHOM
¢ynkum 451

Jnuna orpeskos 40

- TUIOCKOM KpuBOH 560

- - - aJIUTUBHOCTE 560

- IPOCTPAHCTBEHHON KpUBOM 567

JlonoHUTENBHBIN YieH (POPMYJIIbI
Tetinopa 249, 257, 415

- - - Jlarpanxa 263

- - - Opmura 266

Hpobnas panmonansHas yHkius 103

- - - HETIPEPHIBHOCTH 148

- - - HECKOJIbKHUX NI€pEMEHHBIX 353

e (aucno) 78, 148

- UppalMOHANIBHOCTD §2

- IpUOIMKEHHOE BbluncieHue §1

Enunnna 14, 32

3aBucumeble GyHKIHH 478

3aMeHa epeMeHHBbIX 483

3amkHyTas o6macts 351

- cepa 351

3aMKHYTO€ MHOXeECTBO 351

3aMKHYTHIN napamnenenunes 351

3aMKHYTBIN IPOMEXYTOK 93

- cumiuiekc 351

3aoctpenus Touka 539

3aryxaromee konebanue 208, 282

3HaKOB MpaBujIo (IpU yMHOXKEHUM) 16,
32

Wencen 295

Hencena nepasenctso 301

N3mepenue orpeskon 40

N3onupoBanHas Touka KpuBou 536, 539

WNuBapuanTHOCTH (HOPMBI
muddepennuana 216, 394

WuTtepnonuposanue 263

WNurtepnionupoBanus y3ibl 263

- - KpaTHbIe 266

WnTepnonsumonnas gopmyna
Jlarpanxa 263

- - - IOTIOJIHUTEIBHBIA WiIeH 265

- - Opmura 266

- - - IOTNIOJIHUTEILHBIN ujieH 267

Wppaunonansueie yucna 19

KanTopa Teopema 179, 184, 370, 374

Kapnuounga 510, 515, 530

Kacanue kpuBbix 542

- - nopsanok 551

Kacarensnas 188, 210, 386, 523, 530,
533,555

- ogHOCTOpOHHSs 209

- OTpe3oK 524

- - OJSIpHBIN 528

- INIOCKOCTE 384, 532

- MIOJIO’KUTENIbHOE HampaBiieHue 567

KacarenbHoe npeobpazoBanue 485,
487,493, 500

Kacarenpabix MeToa (prOIMKEHHOTO
pelieHus ypaBHeHuit) 328

Kaccunu oBan 515

KBanpartuunas dhopma 423



- - HauOoJbIlIee U HAaUMEHbIIIEe
3HaueHus 476

- - HeomnpeaeneHHas 425

- - onpenenieHHas 423

- - monyornpenaeneHHas 427

Kennepa ypaBnenue 174

Knanetipona ¢popmyia 340, 377

Knacc rmankoii kpusoit 594

Knaccudukanus 6eCKOHEYHO OOJIBITUX
145

- - MarnbIx 136

Knaccel ¢pynkuuit 102

Kone6anne rapmonmnueckoe 208

- 3aTyxatoniee 208, 282

- ¢ynkuuu 177, 370

KomOuHMpoBaHHBINH METOA
(MpUOIMKEHHOTO peIIeHUs
ypaBHeHHit) 335

Kommpeccop 433

Koneunsie pazHoctu 244

Koneunsrx npupamienuii popmymna 227,
390

Konyc ro, nopsinka, 2, 535

KoopauHaTHble TMHNU (TOBEPXHOCTH)
520

Koopaunatel n-mepHoit Touku 345

Kopenb 13 BelecTBeHHOr0 yucina,
cylecTBoBaHue 35

- ypaBHeHUs ((pyHKINN),
cymiecrBoBanue 170

- - npuOIKkeHHoe Beiumcienue 170,
324

Kocunyc 103

- (pyHKIIMOHANBHAS XapaKTepUCTUKA
160

- runepOonuyeckuit 107

- - (yHKIMOHATIbHAS XapaKTEePUCTHKA
160

Kocekanc 103

Koranrenc 103

- runepoonmyeckuii 107

Komm 67, 69, 84, 192

Kommn—Dbonbuano teopems! 1-5 u 2-51
168,171, 182, 366

- - ycioBue 84, 134

- opma TOMOTHUTENHHOTO uiieHa 257

- popmymna 229

Kparnas Touka kpusoii 505, 519, 538,
540

Kpusuzna 568

- kpyr 571

- paguyc 571

- cpenHsst 568

- ueHtp 571

Kpussle, cM. cOOTBETCTBYIOLIIEE
Ha3BaHUE

- B mpoctpaHctse 517, 518

- B 1-ME€pHOM TpocTpaHcTBe 347

- Ha mockoctu 503, 508, 511

- mepexoaHbie 576

Kponexep 99

Ky6 n-mepnsrit 348

Kycouno-rnankas kpusast 595

Jlarpanx 192, 257,470

Jlarpan’ka MHTEPNOJIALIMOHHAS
dbopmyna 263

- - - JIOTIOJTHUTEJIbHBIN WICH 265

- Teopema, popmyna 226, 227

- hopMa TOTIOTHUTEIBHOTO WieHa 257,
415

JleGer 181

Jlexxanapa MHorouneHsl 240

Jlexxanapa npeoOpazoBanue 487, 499,
500

JleitOuun 192, 215, 241

JleitOnuna ¢popmyna 238, 241

Jlemuuckara bepnynnu 515, 530, 575,
577

Jlorapudwm, cymecrsoBanue 39

- necsstuuHb 50, 79

- HaTypajbHbIN (WK HenepoB) 78

- - IepexoJl K AecATUIHOMY 79

Jlorapudmrmueckas crimpains 514, 529,
574, 581

- ynkmus 103

- - HempepbIBHOCTD 155, 174

- - mpou3BoHas 195, 197



- - (yHKIIMOHAJIbHASI XapaKTEePUCTHKA
159

JlomaHas (B n-MEpHOM IIPOCTPAHCTBE)
347

Jlonurans npasuio 314, 320

Maknopena ¢popmyna 247, 251

MakcumyM, cM. DKCTpeEMyM

Martpuna ¢pyHkunoHansHas (SIkoomu)
444,478

- - panr 468, 471, 479

Matpuubl yMHOXeHUs 444

Meps 44

MuHnumyMm, cM. DKCTpEMYM

MUHKOBCKOT'O HEpAaBEHCTBO 276

Muoro3naunas ¢pyukuus 96, 109, 341,
447,453

MHoOXecTBO TOUYEeK 3aMKHyTOE 351

- - orpaHuuyeHHoe 352

- YUCJIOBOE, OTPAaHUYEHHOE CBEPXY,
CHHU3Y 26

MHOXUTENN HEONPEIEIEHHbIE, METO
470

Mopyie epexojia OT HaTypaJIbHBIX
J0rapupMmMoB K JECATUYHBIM 79

MomnotonHnas Bapuanrta 70

- ynkuwms 133

- - HENPEPBIBHOCTb, pa3phiBbl 154

MonoTtoHHOCTH QyHKIHH ycinoBue 270

n IepeMEeHHbIX QyHKIMS 352

n-KpatHasi Touka kpuout 540

n-KpatHbid peaen 360

n-mepHas cdepa 349, 351

n-MEpHOE POCTPAHCTBO 345

n-MepHbIN napaymenenunes 348, 351

n-MepHbIi cumruieke 349, 351

Haubonbmiee 3nauenue Gpynkiuu 176,
286

- - - HECKOJIbKHMX NEPEMEHHBIX 427

HaunbGonpmmii npenen BapuanTsl 89

- - ¢pynkuuu 136

Hawnmensiee 3HaueHue GpyHkuu 176,
289

- - - HECKOJIbKUX MepeMeHHbIX 427

Haunmensmmii npenen BapuanTsl 89

- - pynkum 136

Haumensmmx kBagpatoB Meron 438

Haxnonnas acumnrora 310

Hanoxenune gpynkumii 114

Hanpasnenue Ha kpuBoit 558

Hatypanbnslit norapupm 78

HezaBucumocts Qpynkimii 478

HesaBucumslie nepemennsie 94, 341,
352

Heonpenenennoctu packpeitue 62, 314

- suga 0/0 60, 314

-- o/ 61,320

--0-0 61,322

-- 00— 62,323

--17,0° ° 166, 323

Heomnpenenennsie MHOXXHUTETH, METO/T
470

Henep, nenepoBsl norapudmsi 78

HenpepsiBHOCTH 001acTH
BEIIECTBEHHBIX uncen 24

- IpsiMoii 42

- pyHkuu B obmactu 365

- - B IpoMexyTke 148

- - B Touke 146, 362

- - ogHOCTOpOHHSIs 150

- - paBHOoMepHas 178, 370

HenpepsiBHbIE (QYHKITUH, ONIEpALIAN HAJT
HuMu 148, 364

- - cBoMicTBa 168—185, 365—374

- - cynepno3unus 114, 364

HepagenctBa, nokazarenscTBo 122,
273,302

Hepasencrso Komm 275, 346

- Kommn—TI enbaepa 275, 302

- Uencena 301

- MunkoBckoro 276

HecoOcTBeHHbIe uncia (Touku) 26, 55,
355

Hesuble pynkuun 447, 453

- - BBIYHMCJICHUE TPOU3BOAHBIX 460

- - CYIIECTBOBaHUE U CBOMCTBA 449,
451, 453



HwxHss rpaHuLia YUCIOBOTO
MHOX€ECTBa 26

- - - - ToyHas 26

Hopwmans k kpuBoit 523

- - - oTpe3ok 524

- - - - IOJISIpHBIN 528

Hopwmans x noBepxnoctu 532, 534

Hrrotona meron (mpuOImKkeHHOTO
pelieHus ypaBHeHui) 328

OTtHOocuTENbHBIN 3KCTpeMyM 467

OTtpe3ok, u3mepenne 40

- KacareiabHOM, HopManu 524

- - - IOJISIPHBIN 528

Ouenka norpemnocteit 220, 396

O6nacTp B n-MEPHOM IIPOCTPAHCTBE
350

- U3MEHEHMS IEPEMEHHOU
(mepemenHbIX) 95, 341

- 3aMkHyTas 351

- onpenenenust pyHkiuu 95, 341

- oTkpbITas 350

- cBsi3Has 352

OO6patHas ¢pynkus 108

- - HETIPEpBIBHOCTH 172

- - mpou3BoJHas 196

- - cyuiecTBoBaHue 172

OOpaTHbIe TPUTOHOMETPUUYECKUE
bynkuu 110

- - - HeTIpepbIBHOCTH 156, 174

- - - mpou3BoAHbIE 197

OObIKHOBEHHAs TOUKa (KpUBOW MM
noBepxHoctn) 504, 505, 520

Oanst Kaccunu 515

Orubaroias cemeiicTBa KpuBbIX 543

OrpanunyeHnHas BapuaHTa 53

OrpaHMyeHHOE MHOKECTBO TOYEUHOE
352

- - YUCJIOBOE 26

OrpaHn4eHHOCTb HETIPEPHIBHOM
bynkiuu, Teopemsr 175, 183,
369, 373

Opnno3naunas ¢yHkius 96, 341

Onunopoxanas ¢pyukmus 399

OHOCTOPOHHNE HETIPEPBIBHOCTD U
pa3pbIBbI QyHKIMH 150

OnnocroponHsis kacarenbHas 209

- npousBoHasg 209

- - BBICILIETO Nopsiaka 232

OxpectHOCTB TOUKH 115

- - n-mepHas 348, 349

Onpepenurens, npousBoaHas 388

- pyHKuMOHaNbHBIN (SIk0o0n) 441

Ocobast Touka (KpUBOM Win
noBepxHoctu) 504, 505, 517, 518,
519, 531, 533, 535, 537

- - u3onupoBaHHas 536

- - nBoWHadg 538

- - kpatHas 505, 519, 538, 540

Octporpaackuii 442

OtxkpsiTas obnacts 350

- cpepa 349, 350

OTKpBITHIN TPOMEKYTOK 93

- napayenenunen 348, 350

- cumiuieke 349, 350

OtHocuTenbHas norpemHocts 140, 218,
397

[Tapabomna 64, 103, 525, 546, 575, 579

[Tapabonoun Bpamenus 344

[Tapannenenunen n-mepHbii 348

[Tapametp 217, 504

[TapameTpuueckoe
muddepennupoBanue 243

- mpeacTaBieHue kpusou 217, 504, 512

- - - B mpocTpaHcTBe 518

- - moBepxHocTu 519

[leano ¢popma JOMOTHUTETHHOTO YICHA
249

[lepernba Touka 303

[Iepemennas 43, 93

- HezaBucumMas 94, 341, 352

[lepemenHbIx 3aMeHa 483

[TepemecTuTenbHOE CBOMCTBO
CJIOKEHUs, yMHOXeHus 12, 14,
29,32

[lepectanoBka auddepeHunpoBaHn
405, 407

- IpenenabHbIX nepexoaoB 361, 406



[Tepexoanbie kpuBbIE 576

[lepuonuueckas aecaTuuHas Apoos 24

[Tosepxnocts 343, 517, 519

- BpaieHus 522

[ToBTOpHBII Npenen pyHKUUU
HECKOJIbKMX IepeMeHHbIX 360

ITonkacarennuast 207, 524

- noJsipHas 528

[Hopnopmans 524

- noJsipHas 528

IloamocnenoBaTenbHOCTD 85

[Torpannynas Touka 351

[TorpenrHOCTH a0COMIOTHAS,
otHocuTenbHas 139, 140, 218,
221,397

[ToxazarenbHast pyHkius 103

- - HenpepbIBHOCTH 149, 155

- - mpou3BoaHas 194

- - (yHKIMOHATIbHAS XapaKTEPUCTHKA
158

[Tonnoe npupaimenue pyHkuu 378

[MTonusnii muddepennnan 381, 396

- - BeIciiero nopsiaka 410, 413

- - reoMeTpuueckas uarepnperanus 386

- - HIHBAapUAHTHOCTH (hopmbl 394

- - IPUMEHEHUS K MPUOIMKEHHBIM
BbIUHCIEHUSIM 396

[Tomyky6uueckas napabdomna 506, 540,
548, 579

[TomyOTKpBITHIN TPOMEKYTOK 93

[TonsapHas nonkacarenbHas,
noAHopMaib 528

[Tonsiproe ypaBHeHue kpuBoi 511

[Tonsipubie koopauHatel 493, 495, 512

[TonsapHBII OTPE30K KacaTeIbHOM,
HOpManu 528

[Topsimok 6eckoHEYHO OOJBIITON
BEJIMYUHBI 145

- - Maso# BeuuuHbI 137

- nupdepennmana 241

- KacaHMsl KpuBbIX 551

- Ipou3BoaHOM 231

[NocnenoBarensHOCTD 44

[TocrosiHCTBa QYHKINH yciaoBHe 268

[IpaBuio, cM. COOTBETCTBYIOIIECE
Ha3BaHUE

[Ipenen BapuanTsl 46, 48

- - 6ecKOHEYHBIN 55

- - eIUHCTBEHHOCTE 54

- - MOHOTOHHOH 71

- - HanOOJIBIINI, HAUMEHbIIHI 89

- - YaCTUYHBINA 86

- OTHOLIEHUS 59

- mpou3sBeaeHus 59

- IPOU3BOJIHOM 228

- pa3HoctH 59

- CyMMBI 59

- yskuuu 115, 117

- - MOHOTOHHOH 139

- - HanOOJIBIINH, HAUMEHbIIHI 135

- - HECKOJIBKMX NEepEeMEHHbIX 354, 357

- - - - IOBTOPHBINA 360

- - yacTU4HbBIN 135

IIpenenbHbli IEpexo B paBEHCTBE, B
HEepaBeHCTBE 56

[Ipeo6paszoBanue Jlesxxanapa 487, 499,
500

- TOYEYHOE (IIOCKOCTH, IPOCTPAHCTBA)
485, 493

[TpubnuxeHHoe pereHre ypaBHEHHS
324

[TpubnnxKeHHbIe BEIYUCIICHHUS,
npuMeHeHne auddepeHnuana
218, 220, 396

[Mpubmmxennsie popmyisr 140, 143,
218,257—263

[Ipupamenue nepemenHon 147

- pyskuun, hopmymna 199

- HECKOJIbKUX NEPEMEHHBIX MOJIHOE,
dbopmyna 379

- - - -ygactHoe 375

[Ipuparennii konedHsIx Gopmyna 227,
390

[IpouzBenenue Bapuanr, npeaen 59, 61

- @ynkuwmii, npenen 129, 130

- - HerpepbIBHOCTD 148, 364

- - mpousBoaHas u auddepennnan 200,
216, 236, 241, 395



[IpousBenenune uncen 14, 31

ITpon3BoagHas cM, TakKe, Ha3BaHUE,
¢ynkuuu, 189

- Oeckoneunas 209

- BeICIETO mopsiaka 231

- - - CBSI3b C KOHEUHBIMH Pa3HOCTSIMHU
245

- reoMeTpuYecKoe ucTojkoBanue 190

- HecymiecTBoBanue 211

- ogHOCTOpOHHSs 209

- 110 33JJaHHOMY HarnpasieHu:o 391

- IpaBwWJIa BeIYUCIEHUS 199

- pa3psiB 211

- yactHas 375

- - BpIcIero nopsaka 402

[IpomexyTok 82

- 3aMKHYTBIH, TIOJIyOTKPBITBIH,
OTKPBITBIM, KOHEYHBIH,
O0eckoHeuHslit 93, 94

ITpoMexyTOUHOE 3HAUYEHHE, TEOpEMA
171

[TponopLmoOHaNBHBIX YacTel, IPAaBUIIO
325

[TpocTas Touka (KpUBOU MM
nosepxHoctH) 505, 520

[TpoctpancTBeHHbIH rpaduk GyHKIUH
343

ITpocTpaHcTBO N-MEPHOE
(apudmernueckoe) 345

[Ipsimas B n-mepHOM npocTpaHcTBe 347

PaBHOMepHas HENIPEPHIBHOCTH
bynkiuu 178, 370

Panukan, apupmerndeckoe 3HaUCHUE
36, 103

Pannyc xpuBusHer 571

Pasnocte BapuaHt u T. 1., cM. Cymma

-ypucen 13, 31

PazpsiB nponzsoaHoit 211

- pynkuuu 146

- - MOHOTOHHOH 154

- - OOBIKHOBEHHBIH, poJIa, TO, U, TO, 1, 2,
151

- - HECKOJIBKMX NEPEMEHHBIX 362

Panr matpuner 468, 471, 479

PackpriTue HeonpeneneHHocTei 62,
314

PacnpenenurenbHoe CBOMCTBO
yMHOxeHus 15, 34

Pacnipoctpanenue ¢pynkuuit 587

PaccrosiHne Mexly TOukaMu B -
MEPHOM IpocTpaHcTBe 345

Pannonanehas ¢pynkuus 102

- - HENpepbIBHOCTH 148

- - HECKOJIBKMX MEPEMEHHBIX 353

- - - - HenpepbIBHOCTH 358, 563

ParonanbHele uncia, BeluuTanue 13

PannonaneHble yncna aenenue 15

- - IJIOTHOCTH 12

- - cnoxenue 12

- - yMHOXeHHe 14

- - ynopsigouenue 12

Puman 154

Ponns Teopema 225

Pomra u Hlnemunesxa gpopma
JOIIOJIHUTEILHOTO uiieHa 257

Cs13u ypaBHeHus 467

Cssi3Has obmnactp 352

Crymenus Touka 115, 116, 117, 351

Cexkanc 103

CemelicTBO KpUBbIX 542

CeueHue B UHCIOBOM obnactu 17, 24

Curnym (¢ynxkuus) 29

Cuna toka 192

Cunssectp 423

Cummnekc n-mepubiit 349, 351

Cunyc 103

- runepOonuyeckuit 107
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BBEIEHWE
BEIECTBEHHBIE 4YUCJIA

§ 1. Ob6aacTs paHOHAJBHBIX YHCEJ

1. MlpeneapurenbHble 3aMeuanns. M3 wKoAbHOrO Kypca udTaTeNo
XOpOLIO 3HAKOME PAUHOHajbHHE YHCA3 M MX CBoHcTBa. B TO ke Bpems,
yke MOTPeGHOCTH 3/eMEHTapPHON MATEMATHKH MPHUBOAAT K HEOGXONHMMOCTH
pacmmpenns 5TO# udca0BOH obnacTy. IleficTBATENBHO, CPelH PauvOHaNby
HEIX YMCEN HE CYMIECTBYeT 3aYaCTyi0o KODHEH Naxe W3 WENHX MOMOXKH-

TeJbHHX (HATYpanbHHX) uucen, HanpaMmep, /2, T. e. Hem maxoil paguo-
naasHOl Opobu % (20e p u q — Hamypaasusie uucaa), Ksadpam Ko-

mopoii 6oin O pager 2,
Ilns pokasaTeabCTBA STOrO JOMYCTAM NPOTHBHOE: NYCTh CYLIECTBYET

1
TaKas apo6b %, 4TO (%) =2, Mu BnpaBe cuuTaTh 3Ty APOGL Heco-

KpaTuMolt, T. e. p M ¢ JWMIUEHHHMA o6mmx MHoxuTened, Tak kak p*==2¢%,
{70 p eCTb YdCJO 4&THOe: p=2r (r —uenoe) H, CJIEOBATENLHO, § —
neudTHoe. JloAcTaBiss BMeCTO p ero BHpaxeHne, Hafném: §*==2r%,
OTKyZa ClefyeT, 4TO0 ¢ — uéTHoe uucao. IloayueHHoe mpoTHBOpEuHe
JAOKasHBaeT Halle yTBepHKIeHHe,

OnmHOBpeMEHHO C 3THM, ecAH On MH OCTaBaJuCh B 06JaCTH OJAHHX
ANLWb PAUMOHANLHHX UYHCEJ, B TEOMETPHH 33BEJOMO He BCE OTPE3KH
Moriu OW OHTb CHaGweHW AJAMHaMd B camoM mene, paccMOTPHM
KBaZpaT CO CTOPOHOH, paBHON eauHuue Aamun. FE20 duazomans He Mo-

acem UMems PAyUOHAALHOL O0AUHbL %, 160, B NPOTHBHOM CJayuae, no

teopeme Iludaropa, keagpar sTofi AJauHN GHa OH paseH 2, TO, Kak
MBl BHEJ/H, HEBO3MOXKHO.

B Hacrosmem BBe/eHAW MH CTaBAM ce6e sajayelt pacmpuTh 06AaCTb
PauHMOHANbHHX YHACEN, NPHCOENMHWB K HHM YACAA HOBOH MPHEPOAN —
AppauvoHanbHHE BmecTe c TeM MH MOKaxeM, YTO B PacuIMpPeHHOH
006/1acTA OCTaHYTCA CNPABEJMHBHIMA BCE MPABHYHNE CBOHCTBA PalAOHAb-
HEX uYHCeJ, OTHOCAMMRECH K apadMeTHUECKHM NeHCTBHAM Hal HUMM H K
COYEeTaHHI0 WX C NOMOIIbIO SHAKOB PaBEHCTBA U HepaBeHCTBa. [aa TOro
9TOGH CIENaTh [EaNbHO BO3MOXHOH NMPOBEPKY YNOMAHYTHX CBOMCTB AJIA
PacIUMPEHHOH YHCNOBOH 006/acTH, OYeHb BaXHO BHAEJHTL HaHMaHbIlEe
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KOJINYECTBO OCHOBHB X CBOMCTB, U3 KOTOPBIX BCE OCTajbHBIE BHITE-
Kagu Owl yxe KaK (OopMasJbHO-JIOTHYECKHE CJAEACTBHA: TOr ga MNpo-
BepKke 6yAyT noandexaThb JHMWb 5TH OCHOBHBE CBOI-
cTBaA.

B cBsi3# ¢ 3TUM MB TNpPHBOIHM HHXeE TMepeyeHb OCHOBHEIX CBOHCTE
06nacTu paunoHadbHEIX uHCel. [TONyTHO Ml Ha psfe MpUMEPOB NOKasbl-
BaeM, KaK Jpyrue H3BEeCTHBIE HX CBOHCTBA BBHIBOAATCA U3 OCHOBHHIX
coBepiieHHO QopmanbHo. [oBOpA O «uMcaax», MBI 34eCh BCerga MMEEM
B BHIY palHOHaabHHE uncaa: OYKBH @, b m T. 4. 0603HAYaIOT UMEHHO HX.

2. YnopsagoyeHHe o06aacTH PalNHOHANBbHbLIX YHCEN. YCJIOBHMCH C Ca-
MOTO Hauaja, YTO paBHbBI € uYHCJa MB GyIeM- paccMaTpuBaTh, KaK O I H O
H TO e YHCAO B pa3HHX ¢opmax. MuuMa caoBamu, aas Hac
MOHATHE <«PaBHO» (=) O3HAYaeT «TOXAECTBEHHO». [I03TOMY MBI He mepe-
YuC/ISiEM CBOHCTB PaBHBIX YHCE.

YnopsiaoueHne pPamHOHAMbHBIX YACEJ JOCTHraeTCsl C MOMOIIBIO MOHATHS
«6ompiie» (C>), C KOTODHM CBA3aHa MepBAaf Tpyrma CBOACTB:

[ 1° 041 raxcdoid naps wuces a u b umeem imecmo 00HO, U MOALKO

00HO, U3 COOMHOULEHNI
a=—>, a>b, b>a;

12°u3 a>>b u b>c credyem a>c (mpanzumusnoe csoli-
cm8o 3naxa >);
I 3° ecan a™>b, mo naiidémcn maxxe maxoe 4ucio ¢, 4mo

a>c unc>b*
(csoiicmso naomuocmu).

Ionatne «meHbhie» (<) BBOAMTCH YKe Kak npousBomHOe. VIMEHHO,
roBopaT, uto a<_b B TOM, M TOALKO B TOM, Ciayuae, ecai b > a. Jlerko
BugeTh, uto U3 a<b n b<c¢ caenyer, uro a<c¢ (TpaH3UTHBHOE
cBoicTBO 3Haka <). IleicTBUTENbHO, HepaBeHcTBa @ <_b u b < ¢ paBHO-
CHJIbHKI, [0 YCJOBHI, HEPaBEHCTBAM & >a u ¢ >b; oTciopa caelyer
¢ >a (I 2°) nmm, uto 10 X*eE, a<ec.

JlanpHefiine CBOHCTBa rMOHATHS <«GOJblIE», CBSI3aHHBE C apUPMETH-
YeCKHMA JeACTBUAMA Hal PaMOHAJBHLIMI uHC/JamMu, OyIyT YKasaHu
HOXE,

3. Cnowenne W BHYHTAHHE PpAHUOHANBHBIX uHced. BrTopas
Tpynma CBOMCTB CBABAHACO CJOXKEHHEM, T, €, C onepauuedt Haxox-
JeHAs CyMMbl AByX uncea. Jlna KaxaoR mape uucesn a M b cymecTByer
(enVHCTBEHHOE) 4YHC/I0, Ha3biBaeMoe CYMMON a2 u b (ero 0603HAYaIOT
@ -} b). 10 nNoHATHE 0GJafaeT CBOMCTBAMH:

N1°atb=0b}a (nepemecmumeasnoe cgoiicmso cao-
vicenus);

* B 9THX yc/0BUAX TOBOPST TakkKe, UTO YUCIO € NEKUT MEWIY UNTAAMA G U &;
(OUEBHIIHO, TAKAX uucen GyAeT GECUHCIeHHOE MHOXECTBO.



3] § 1. OBJIACTH PALMOHAJIBHBIX YUCEJ 13

N2°@+d)-te=at(@b-+c) (coremamersrnoe céolicmso
CAOJCERUST).

Oco6ast poab HY 11 XapaKTEpPU3yeTCs CBOHCTBOM:

13 at0=a
KpPOME TOrO,

Il 4° 0an waddoz0 Hucra a cywecmsyem Hucao —a (cumme-
mpuiroe emy), maxoe, 4mo a-}(— a)=0.

Ha ocnose 3Tux cBOHCTB, NpeXAE BCEro, HCYEPNEIBAETCS BOMPOC O
BHUYNTAHUM, KaK AEHCTBHA, OGPATHOM CJoxeHuo. ECM pasHOCTH 10
yucen @ u b, Kak OOGHBYHO, HA3bIBaTh TaKOe WYHCJIO ¢, M KOTOPOro
¢t+b=a*, To BCTaET BONPOC O CYIIECTBOBAHHM TAKOrO YUC/]A U O €r0
€MHCTBEHHOCTH.

IMonoxus ¢=a -} (—b), noxyunm [II 2°, 1°, 4°, 3°]:

ctb=[a+(—h)+b=a+[(—b)+b=
=a+[b+(—b=a+0=0,

TaK YTO STO YHUCJO € YIOBJETBOPSET ONPEAENEHHIO PAa3HOCTH.

IycTs, 06paTHO, ¢’ €CTh PasHOCTb uucea @ W b, Tak uto ¢' -+ b=a.
[Mpu6GasuB kK oOeuM uacTaM 5TOro paBeHCTBa No (—b) u mpeobpasys
nesyroo Yacte [II 2° 4° 3°:

@ +o)+(—b)=c+ b+ (—b)]=c+ 0=,
3akJjounM, 4To ¢ =a -} (—b)=c.

Takum o6pa3oM, 1OKa3aHH CYWECTBOBAaHHE H OLHOS3HAU-
HOCTb PAa3HOCTH YuCcen a U b; o6osHauaoT €& a—b.

M3 01HO3HaUHOCTH pa3sHOCTH BHITEKAeT psif caexctsuft, IIpexme Bcero,
ns Il 3° carenyer 0=a—a, ¥ MH 3aK;aouaeM, 4TO, KpoMe uucaa 0,
He CYLIeCTBYET UHMCIa, KOTopoe 06/1aaano 6bl CBOKCTBOM, aHaoruunmm 11 3°,
lanee, OTciola XKe BHTEKAaET E€IWHCTBEHHOCTb YHCJ3, CHMMETPHYHOrO
LaHHoMy: —a==0—a.

Tak kak w3 a-(— a)=0 caenyer (— a)-}-a=0 [II 1°], 10 OKa-
3mBae€TCH, 4TO0 a=—(—a), T. €. YUCJIA @ N — @ ABJAOTCA B3 ANMHO
CHMMETPHUHEIMA, YCT4HOBHMM €uIE TaKOE CBOHCTBO CHMMETPHUUHBIX uMCEJ:

—(@+b8)=(—a)+4(—b);

OJsi 3TOro JOCTAaTOYHO J[AO0KAa3aTh, ‘{TO.v

(a-l-b)+[(—a)+(-—b)]=0,

a 370 BHTekaeT us II 1°, , 3°.
Hakonen, npnBeaém eulé onHo CBOHCTBO, CBASHIBAWOLLEE 3HaK>co-
3HAKOM CYMMHI:

Il 5° uz3 a>>b caedyem a ¢ >b-+Fc.

* Beuny Il 1° s1o paBeHcTBO, onpefeasoulee pasHOCTb, MOXHO HAMHCATh
H TaK: b} ec=a.
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Ono yCTaHaBJIABACT OpPaBO K obeuM gacTam HEPaBCHCTBA IIpPI6aBJISITb
IIOPOBHY, € €ro IIOMOIBIO JTOKA3BIBACTCA PaBHOCHJIBHOCTE HCPABECHCTB

a=b wm a-b=>0.

Hanee, us a=b cnenyer —a< —b. [AelicTBUTeNBHO, a>b BieveT 3a coboii
a-b=0; "o

a-b=a+(-b)=(-b)+a=(-b)+[-(-a)l=
=(-b~(-a),

TaK 9TO HEPABEHCTBO 3TO MOXHO HepenucaTh Tak: (—b)—(—a) >0, oTkyna
—-b>—aum —a< -b.

B wactocTH, 3 a>0 cinemyeTr —a<0, ® H3 a<0 ciegyer —a=0.
Ecm a=0, To U3 IByX B3aEMHO CUMMETPHYHBIX HACEeN g, —da onuHo (d
TOABbKO OFHO) OyzeT Gombme 0; ero AMEHHO M HA3LIBAKOT a6 co mfo T-
HOM BeNHYHMHOMN KAk 9YUCIA 4, TAK H 4MCIA —d, B 0DO3HAYAIOT
CHMBOJIOM

al=|~al.

AOGCOMOTHYIO BEeNHUMHY 9UCNA HYJb ITOJIATalOT paBHoiM Hyso: |0 |=0.

Ha csoiictBe 11 5° 0CHOBBIBa€TCA BO3MOXHOCTH HOWIEHHOTO CKIAABI-
BaHHWA HEPABEHCTB: M3 a>b U c>d cinenyer a+c>b+d. B camom nene,
u3 a>b cnenyer a+c>b + c; B CBOXO 09epenb, U3 ¢ >d cnenyeT c+b>d+b
wia [II 1°] b+c>b+d, a Torma, B crry I 2°, oKOHYATENBHO IOJIydaeM
a+c>b+d.

4. YMuoxeAHe H [eJieHHe PaNAOHAJBHBIX 4ncel. TpeThs
rpymnna cBoiiCcTB CBf3aHA ¢ YMHO X E€HM EM, T. €. C onepanueil Ha-
XOXIeHHsI D POHM3BeNAEHHUS IBYX udceN. a Kxaxpmoit mapsl quceln
a n b cymecTByeT (€IHHCTBEHHOE) MMCJIO, HA3HBAEMOE HPOH3BeE Je-
HHeM au b (ero 0603Ha%aOT 4 * b WH mpocTo ab). 1o moHATHE 06J]a-
JaeT CBOMCTBAMU:

III 1° ab=ba (nepemecmumeabHOe CBOUCMBO YMHONCEHUR),

III 2° (ab)c=a(bc) (couemameabHrHOe cC60lCMEO YMHONCEHUR).

Ocobast ponb € TMHHUIIBL XapaKTEPH3YeTCA CBOMCTBOM:

IITI 3* a-1=gq;

XpoMe TOTo,
II1 4° ()fm Kaxcoozo uucaa a, om/tutmoeo om 0 cyuecmayem Yucao

—(o b6pammuoe emy), makoe, umo a-—=1

Boompoc 0 meJieHHH, Kak O nencmmz, 00paTHOM YMHOXEHHIO, pe-
[IaeTCA HA OCHOBE CBOMCTB YMHOXEHHS TaK XK€, KaK Bbllle ObLI pelicH
BOOPOC O BHIYMTAaHMH HA OCHOBE CBOHUCTB cioxenusa. OOpaTsHoe YHCIO
3ieck OyleT HIPaTh Ty XK€ pOib, KaKyl0 TaM HIPalo CHMMETPEYHOE
qHCIIO.
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Hasopem wacTHHM 4ucen a u b (roe Aenutens b Bceraa mpemmo-
naraercd OTIUYHBIM oT () Takoe YUCIIO ¢, YTO *)

c-b=a.
OTOMY OIpEeAENICHUI0O MOXHO YJOBJIETBOPHUTH, IOJOKHB c=a-l ,
rax kak [IIT 2°, 1°, 4°, 3°]:

1 1 1
c~b—(a-z)-b—a-(z-b)—a-(b-z)—-a-l—a.

OGCpaTHO, €CITH YHCIIO ¢’ YAOBIIETBOPACT OUPEACIICHHIO YaCTHOTO YH-
cell a u b, Tak 4ro ¢’ -b=a, To, yMHOXHB 00e YacCTH ITOTO PAaBEHCTBA

Ha% u npeoOpa3zys seByro gactb [III 2°, 4°, 3°]:

(c'.b).%=c'.(b-%)=c'-1=c',

1 —
; =C.

TakmMm ob6pa3oM, HOKa3aHH CYMeCTBOBAHME H OJHO-
3HAYHOCTDb YACTHOTIO YHCeN du b (IPHE YyCHNOBHH, 4YTO
a
E .

N3 onH03Ha9B0CTH YaCTHOTO BBEIBOJMM, YTO, KpOMe IHCIa 1, HET Tucia,
KoTopoe obiyiamaso OnI cBoiicTBoM, amamormausM IIT 3°, 3atem orcrona,
KaK H BBIIIE, BLITEKAET €OMRCTBEHHOCTh OOpaTHOro 4ucia (KaK 4aCTHOTO

TIOJIyMHM, YTO ¢’ =a-

b =0); 06o3Ha4aIOT €ro a: b miu

1
lu a); KpoMe€ TOro, JITKO yCTaHABIIMBACTCs, YTO YHCIIA @ H 2 SABJIAKOTCA

B3aUMHO OOpaTHHIMHU.
Crnemyroniee cBOICTBO CBA3BIBaeT 064 OCHOBHBIX apH(PMETHICCKHX
JEHCTBUA — YMHOXCHUE U CIIOXKEHHE:

III 5° (@+b)-c=a-c+b-c (pacnpedesumesvnoe ceolicmeo
YMHOUCEHUA OMHOCUMENLHO CYMMBI).

Otciofia Jlerko BRIBECTH I pacOpeOeTHTEJNbHOE CBOHCTBO
YMHOXEHAA OTHOCHTENFHO PA3HOCTH:

(@a-b)-c=a-c-b-c.
ITo ompenenenHio pa3sHOCTH, 3TO IPSMO ClledyeT U3 TOro, 9TO
(@-b)-c+b-c=[(@a—b)+b]-c=a-c.
ITpumernmM eme cBoiictBo 111 5° x okasaTeasCTBY Tdro, 9TO

b-0=0.5=0.
B camom gene [I1 3°]

a+0=a, (@+0)-b=a-b+0-b=a-b,
oTkyna cieayet 0-5=0, a Taxxe [III 1°] 5-0=0.

*) Beuay III 1°, 310 paBeHCTRO, ONpEACSAIONIES YACTHOE, MOKHO HANWCATH H TAK:
b.c=a.
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O6patHo, ecma a - b=0 u b=0, To Heob6xonumo a=0. [leficTBUTENLHO,

0 0
a=y, HO OJTHOBPEMEHHO H 0=E (tax xax b-0=0), a 4acTHOe € HH-
CTBEHHO.

Haxonen, ykaxeM CBONCTBO, CBA3BIBAIOLEE 3HAK > CO 3HAKOM IPOU3-
BEICHU:

III 6° uz a=b u c>0 caedyem a-c =b-c.

Ha 3ToM OCHOBBIBa€TCS TMOWICHHOE TEPEeMHOXEHHE HEPABEHCTS € HO-
JOXATebEBIMU YeHaMH. OTClofa e HoJjydaeTcs, uTo npu a>0 n b>0
Takxe u a-b>0.

3ameTum, 4To (—a)-b= —(a-b); 3T0 cnenyeT U3 TOro, ¥TO
a-b+(-a)-b=[a+(-a)]-b=0-b=0.
Teneps HETPYAHO BUACTS, 4TO, ecnHa<0,b>0, rakuroa= — |a|,b=|b]|, To
a-b=(~lal)-[b|=~(la]-|b])=<0;
To X%e Oyner npu a=>0, b<0. Ecan xe a<0, b<0, To

ab=(~lal)-(~[B))= ~[]a]-(~ [8i=
= ~1~(la}-[5 DI=a]-[5] 0.

Takum 06pa3oM, MBI TOTHOCTHIO BOCCTAHOBHJIM H3BECTHOE M P A B M JI O
3HaKOB IPH YMHOXEHUM, KOTOPOE SBIACTCS JIOTHYESCKAM CIEACTBHEM
IepeYnCieHALIX CBOMCTB paliHOHAJIbHBIX qncell. VIHBIME ciioBaMd, np a -
6UA0 3HAKOGB NPUHYOUMEALHO HABAZLIBACTNCA HAM, €CAU Mbl XOMMUM
cobawoenun ynomanymurx ceoiicms. To oce moanucHo cxazamb (Kak 3TO
BBIICHEHO BBIIE) U OMHOCUMEAbHO NPAsuAa ymHoocenus Ha 0.

HMmes B cBoeM pacmopsiKeHHH CBOMCTBA CIOXEHUS M YMHOXKEHNSA, MBI
Tenepb MOrjH Obl JOKa3aTh TO CBOMCTBO HJOTHOCTH o0nacTa pa-
IAOHANBHBIX YHUCEI, KOTOpoe MBI CHOPMYIPOBaH BhIIE B YHCIE OCHOB-
HBIX cBouicTB [I 3°]. UMerHo, ¢ HOMOIBIO HX MOXHO HOKa3aTh, HAIPYMED,

9TOo M3 a>b cnemyer a>a—;£>b.

5. Axcmoma ApxmMena. 3akdIOUAM Hall IEpeYeHb OCHOBHBEIX CBOHCTB
PalUOHANBHBIX YMCEI CACAYIONIMM IPOCTHIM M Ba)XKHBIM YTBEDXKNICHHEM,
KOTOpOe He BHITEKAaeT U3 MepedrCIICHABIX CBOMCTB:

IV 1° xarxoso 6v1 Hu 6vir0 yucso ¢ =0, cywecmeyem Hamypaab-
Hoe yucao n, xomopoe boavuie ¢ («axcuoma Apxume o),

B neficrBurensrocTE ApXHEMeZoM OBIIO BEHICKa3aHO IeOMETpHU-
Yeckoe IpeJI0KEHRe, KOTOPOe M H3BECTHO MOJ] AMEHEM ¢aKCHOMBL A D X M -
Me Jan

ecau Ha npAmoii Oanvl Aobvre 08a ompeska A u B, mo moscno A noemo-
UMb CAQ2AEMBIM CMOALKO pasz, ymobvl cymma bviaa bosvuie B:

A+A+...+A=A-n>B.
S——

T et
n pa3s



6] § 2. BBEAEHVWE WPPAIIMOHAJIBHBIX YUCEJ 17

Ecnu nepedpasupoBaTh 3TO YTBEPXKICHME Il MONOXMTENBHBIX YHCENT
a ¥ b, To oHO cBeIeTCa K CYyHIECTBOBAHHIO TAKOIO HATYPAJILHOTO YHCIA
n, ¥TO
a+a+...+a=a-n>>b.

————
n pa3

3ro HCPABCHCTBO, €CIIM HCOOJIB30BATh YX€ H3YYCHHBIC cBolicTBa panouo-
b
HaJbHBIX YHCCJ, OKa3pIBACTCA PABHOCUJIBHBIM TaKOMY. n>2' obo3na-

kd

b
UMB 9aCTHOE — 9Yepe3 ¢, MBI H NONYyIMM Ty (opMymHpoBky, KoTopas
aHa BHIIIE.

§ 2. Baenenne HppanHOHAJBHBIX 4HCEJ. YHOPAAOUeHHe
00/1aCTH BelIeCTBEHHbIX THCel

6. Omnpenencade HPPANMOHANLHOTO 4nCAa. MHOXECTBO PpaIlHOHAJb~
HBIX YHCEJl CO BCEMU HX CBOMCTBAMM, EpEYHCICHHBEIMH B § 1, cunraerca
JIaHHBIM,

MEI H3I0KIAM TEOPHIO HPPAIMOHANBHBIX YHCeE I, Cleayd
Henexuuny (R. Dedekind). B ocHoBe 3TOM TeopuH JEKHT TOHATHE
O CeYeHUH B 00JIACTH palMoOHAIBLHBIX 4ucell. PaccMoTpuM pasCuenme
MHOXECTBA BCEX PAlOHAJIBHBIX YHCEd HA JBa He ImMycThie (T. €. neiicTBH-
TEJBHO COAEpXAaHIde XOTh IO OJHOMY YHCIY) MHOXecTBa A, A’. ML
OymeM Has3piBaTh Takoe pa3bHEHHe CE€YE€HUEM, €CId BLIOIHSIOTCT
YCAOBHUS: ;

1° xamncdoe payuonasvroe uucio nonadaem é 00HO, U MOALKO 6 00HO ¥),
u3 mHoxwcecme A uau A’;

2° Kaxcdoe uucao a MHoxcecmea .A MeHwvte KANCO020 uucAad a' MHO-
acecmea A'.

MroxecTB0 4 Ha3bBaCTCI HHX HHM KJIAaCCOM CEICHHSA, MHO-
%kecTBoA’ — BEepXHHM K1 acc oM. Ceuenme Oynem ob6o3nadatrs 4 | 4",

VI3 onpenenenus cedeHHs CNEMYeT, YTO BCAKOE PAMOHANBLHOE YACIIO,
MeHBIIIee THCTA @ HIDKHETO KJIAcca, TaKKe IPAHAJICKUT HIXKHEMY KJIAcCy.
Anallorngso, BCAKOE PAaDMOHANBHOE THCIIO, OOJbIIEe YWCIa @' BEpXHErO
KJIacca, W CaMO TPHHAUICKHAT BEpXHEMY Kjaccy.

IIpumep 1. OnpemenuM A Xax MHOXKECTBO BCEX PaIMOHAIBHBIX
4HCeN @, YOOBJIETBOPSIOIMUX HEPABEHCTBY a<1, a X MHOXeCTBY 4’ mpH-
YHCIHEM BCe YHCHA 4', IId KOTOPHX a'=1.

Jlerko mpoBepHTh, YTO TaKMM 06pPa30M MBI JeHCTBHTEIBHO IMTOJIYYIM
cedenue. Yucno 1 npuEamiexuT knaccy A° W ABISETCHA, OYEBHHO, B HEM
HauMeHbIMM guciioM. C Opyroil CropoHbI, HET HAMOONBIUETO YHCIA B
knacce A, Tax Kax, kakoe ObI 9HCIO @ B3 A MBI HE B3I, BCEINA MOXHO

*) To O6CTOATENMECTBO, 9TO KaXkAOe PAUHOHAIBHOS 9HCIO DONAaeT TOJIBEO
B OMH W3 KJIaCCOB, BEITEKAET, BIPOIEM, B3 TpeQoBarud 2°.

2 I. M. ®uxrenronsn, T. I
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yKazaTh paldoOHANBHOE UHUCIO @, JIeXallee MEXIYy HUM H CHHHHLEH,
CIeNoBaTeNbHO, OOMNbIIce @ i TOXE IPHHEAIIEXAIee kiaccy A.

IMIprMmep 2. K umxueMy kiaccy A OTHECEM BCE PaIlHOHAJBHBIE
qucna g, MeHbIIIME WJIN paBHBIE 1: @<I1; Kk BepxHEeMy — panUOHAJLHBIE
qucna @', 60memme 1: a’ >1.

ITo Taxke OymeT ceucHHE, MPUYEM 3IeCh B BEPXHEM KJIACCE HET HAM-
MEHBINETO YMCIA, 4 B HEKHEM eCTh Hanbonbmee (xvenno, 1).

ITpuMmep 3. OtHeceM k kiaccy 4 BCe MOJIOXKHUTENbHBIE PAHOHAIE-
HBIE YHCIIA 4, NI KOTOPEIX a?<2, wucino 0 M BCe OTPHUATENBHEIE pa-
OHOHAJILHEIE YMCHIA, a K KIAcCy A’ — BCe HOJIOXKHTENbHEIE PAHOHANBHEIE
qucna @', [ KOTOPHIX a'2=>2,

Kak nerko yoeauTsCsi, MBI OISITH DOMYYIUIM Cedenure. 31eCh HE B KjIacce
A HeT HamnOOJBINETO YHCHA, HA B Kiacce A — mauMepbmero. {okaxeMm,
HAaOpuMep, NepBOe M3 3THX YTBEpXIAeHWH (BTOpOe ITOKa3bIBACTCS aHAJIO-
rmuno). Ilyctb @ — mo0oe IOJOXHTENbHOE 4HCIO Kilacca A, Torma
a®<2. TIokaxeM, YTO MOXHO HOHoOpaTh TAKOE MENIOE HOJOXUTEIBHOE

n, 4To
1\2
(a+—) <2,
n

1
TaK 9TO H THCJO @+ OynmeT npuHAIIEKATE Kiaccy A.
3TO HEPABEHCTBO PABHOCHJLHO TAKUM:

2a 1 2a 1
@yl 21 g g
non n n

ITocrenHee HEPaBEHCTBO M MO N a BH 0 Oyner BHOIOJIHEHO, €CIU # YOOB-
2a+1
JICTBOPHUT HEPABCHCTBY —n—-<2— tlz, AJIA 9€ro n0oCTraTO4YHO B3ATH

2a+1
=y @
a 3TO Bcerza BO3MOXHO [mo «akcmome ApxuMe gay, IV 1°. Urax, xa-
K0BO OBl HH OBIJIO MOJIOXKUTENBHOE YHCIIO @ K3 Ki1acca A, B 3TOM Xe Kjiacce
A Haiigetcs OoJbiniee €ro IMCIIO; TaK Kak IJi yucel a=<0 3To yTBepkIeHHE
HENOCPEACTBEHHO OYEBHOHO, TO HHMKAKO€ YHCIO Kjacca A He sBJsSeTCs
B HEM HAUOOJIBIIINM.

Jlerko DOHATB, UTO He MOdCem CYujecmsosamsv ceuenue, 048 KOMO-
D020 00HOBPEMEHHO 6 HUMCHEM KAACCe HAuiAoCh Dbl Hauboavliee uucao a,
a 8 sepxHem KAdcce — HaumeHvuiee dy. IIyCTh, B CAMOM Jelie, TaKoe ceye-
HEE CYIIEeCTBYeT. Bo3bMeM TOTIZa, MOJB3YSICh IDIOTHOCTBIO 006iacTe
pamMonanbHeIX 4Hcen [1 3°], noboe paloHaNbHOE YHCIO ¢, 3aKIJIOYA0-
meecss MeXIy a, U 4 @y<C<d, YHCIO ¢ HE MOXET IPHHAIUICKATE
knaccy 4, u6o nHage a, He OpII0 OB HAROOIBIINM TUCIOM B 3TOM KJacce
K NO aHAJIOTHYHOM MpHYMHE ¢ HE MOXET HpUHAAJIeXATh Kjaccy A', ¢
3TO NPOTHBOPETUT CBOMWCTBY 1° ceyeHwsi, BXOISIIEMY B OIIPEICIICHH!
3T0r0 MOHATH.
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Taxmm 06pasoM, CedeHyst MOFyT ObITH TOIBKO TPEX BAIOB, HILIIOCTPH-
PYeMBIX Kak pa3 opuMmepamu 1, 2, 3:

1) mbo B HxKHEM Kjlacce A HeT HaUOOJBIIErO HHCTA, & B BEPXHEM
kmacce A' €CThb HaHMEHbILEe YHUCIIO T} ,

2) m16o B HIXHEM Kiacce A mMeeTcs HauOobIllee YUCIIO ¥, & B BEPX-
HEM Kyacce A HET HaMMEHBIIIET o,

3) m6o, HakoOHEH, HH B HIDKHEM Kjacce HeT HamOoJbllero 4ucina,
HH B BEpPXHEM KJIacCe — HAMMEHBUIETO.

B nepBHIX ABYX CIy4asx MBI TOBOPHM, YTO CEUCHHE I PO U 3BO AU TCA
PanfoHAJIBHLIM YACIOM r (KOTOpPOE ABISIETCI MOTPAH U Y HE M MEXIY
kjaccaMd 4 H A’) UIH YTO CeYeHME ONpENeNseT paldoHAILHOE
@iciao r. B mpumepax 1, 2 takmM wucioM r 6wsuia 1. B TpeThem cirydae
MOI'PAHAYHOTO YHCIIA HE CYIECTBYET, CEYCHWE HE ONMPENCIIACT HMKAKOIO
PandoOHAIBHOTO YHCIIa. BBeieM Tenepe H O BBl € O0BeKThl ~ H PP 4 I ¥ O-
HaJlbHBE€ YHCJA, YCIJOBUBUIMCH FOBOPUTD, UTO 6CAKOC CeHeHUue euda
3) onpedensem Hexomopoe UppPAYUOHAAbLHO € YUCAO &. DTO YHCIO &
3aMeHseT HeJOCTAaroIee MOrpaHATHOE YHACIO, MBI KaK OBl BCTABISEM €ro
MeX Iy BCEMH YHCIaMH g Kiracca 4 M BCEMH WuCiaMM g’ Kmacca A'.
B mpumMepe 3) 3To BHOBb CO3NAHHOE YHCHO, KaK JIETKO HOTanaThes, u Oy-
mer V2.

He BBOAs misi MppanuoHaNbHEX YHCET HUKAKMX OJHOTHIHEIX c603HA-
Yernii *), MBI HEU3MEHHO OyHeM CBA3bIBATh HPPANMOHAILHOE YHCIIO & C TEM
ceueHHeM A|A’ B 00IacTH palMOHANBHBIX 4HCE]l, KOTOPOE €ro OIpexe-
JISeT.

Jaa ongoobpasusa HaM 49acTo yao6HO OyIeT To Xe CIenaTh H IO OT-
HOUICHHIO K panuoHaJbaoMy wuciy r. Ho Ig xaxmoro yucna r cyme-
CTBYeT I Ba ODPEICHSIOIHAX €ro CeYeHUS: B 00OMX CIyvYasx WHCIa g@<r
OTHOCATCS K HIDKHEMY KJIAcCy, YHCIa € d' >r — K BEPXHEMY, HO CaMo
YECIIO F MOXHO IO IPOM3BOJIY BKJIOUMTEL JAOO B HMXHMI Kiace (Toraa r
TaMm OyzeT HauGobIIEM), TMOO B BepXHWM (4 r TaM OyHeT HaNMEHBIIHM).
Jns OoupeHeNeHBOCTH MBI YCIOBHMCSH Da3 HaBCETAa, TOBOPS O CEYCHHUH,
OIpeNesIOMmEM PAMOHAIBHOE YACTO F, BKJIFOYATh 3TO YHCIO B B € P X-
HHEH Xjacc.

Yucna panuoHaIbHBIE U APpAIMOHANBHEE IOJYIIN 00lee Ha3BaHUE
BEMECTBEeHHHNX (WIE HeWCTBUTENbHHBX) uhcen. Ilomsrue
BEMIECTBEHHOI'O YHCIIA ABJACTCS OJHHAM K3 OCHOBHEIX MOHATHH MAaTeMaTH-
1eCKOTO aHaJIM3a.

7. VYoopspgodueHHe 001acTH BeIIeCTBEHHLIX 4Hcell. Jléa uppa-
YUOHAAbLHBIX Uucaa o« U 5, onpedensemblX COOMIGEMCINEEHHO Ceye-
nuamu A A" u B| B, cuumaiomca paeHbI MU 8 MOM U MOALKO 8 MOM

*) Pewh HOICT 0 KOHEeYHHB X OGO3HAYEHWAX; CO CBOErO poaa 6GecCKOHEd-
HBIMH 0603HA9EHMSAME HPPAIMOHANGHAIX YHCEN YHTATENL HO3HAKOMETICA B 9. Yame
53CEr0 MHAPBHAYaIbHO 33JAHHEIC HPPANMOHANGHEIC YACHA OGO3HAYAIOT B 33aBHCHMO-

CT® OT WX OPOUCXOXACHHS U PONH: VE ,log5,sin 10°u 1. 1.
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cayuae, ecau MU CeYeHUs MONHCOeCmaeHHb!; BIPOIEM, TOCTATOYHO MOTpe-
00oBaTh COBIAJEHUS HUKHUX KjacCoB A H B, ubo BepxHHe Knaccel A’ u B’
TOTra COBHAJAYT caMu Co0oif. DTo onpeleyieHre MOXHO COXPAaHHMTL M B
Ciydae, KoIZla YHCIA « H [ panuoHaibhbl, VIHBIME CcloBaMu, ecau Osa
PAYUOHAABHBX HUCAA o U [} pagubl, Mo Onpedesiowue ux ceyeHus
cosnadarom, u, oOpamHO, — U3 COBNAdEHUA CeyeHuil évlmexaem PaseHCcMeEo
yucea o u . Ilpu 3TOM pasymeeTcs, CleAYeT YIECTh YCIOBHE, 3aKJIEOUYECH-
HOE BBIIIIE HACYET PAIMOHAIBHBIX 4HCel *).

IlepefineM Temepp K YCTAHOBJICHHIO IOHATHS <«OOJBINE» MO OTHOIIE-
HUIO K BEMECTBEHHHIM 4WCJIaM. [Ji1 pamUOHAIbHBIX WYHCEI ITO
DOHATHE Y€ YCTAaHOBIEHO. JIJif PAHOHEAJNBbHOT O 9YHCIA I M H -
PamHOHAIBbHOTIO YHCIA o MOHATHE «OOJbINE> OBLIO, COOCTBEHHO,
YCTaHOBJIEHO B 6: HMEHHO, €CIIE o ONMpENENseTCs cedcHueM 4 |4', MbI cuu-
TaeM, 9To o OOJbIe BCEX PANMOHAIBHBIX YHMCEJ], BXOAMIMX B KiacCe A4,
B TO JXe BpeMs Bce uuciia kjacca A’ Golblne o.

ITycTs Tenmeph mMeeM 1Ba HPPAMHU O HAJN b H B X 4YACHIA & ¥ f, IpH-
yéM « ompezensercs cedcnHeM A|4’, a f — ceuenmeMm B|B'. Msl GyneM
CYUTATh TO YMCJIO GOIBIIAM, Y KOTOPOTO HUXHMIA kjlacc 6 o nbme. Tod-
HEEe TOBODS, Mbi Oydem cuumamsb o >f, ecau xaacc A yeauxom codepicum
8 cebe Kaacc B, ne coenadas ¢ num. (3to ycjaoBHE, OYEBUIHO, PABHOCHIBHO
TOMY, 9To kjaacc B’ memmroM colepXur B cebe kiacc A’, @e coBma-
Jas ¢ HAM.) JIerko HpOBEPHTH, 9TO M0 onpededeHue moxcem 6vimb Co-
Xpaneno u 041 caydaee, Ko20a 00HO U3 uuces «, f uau daxce oba — p a-
YUOHAADLH UL

IToxaxeMm, 9TO A4 BEIECTBEHHLIX YHCE] BBIIONHAIOTCS CBoiicra I
1° u 20

I 1° Haa xaxncooii napvr (sewpecmeennvix) uuces o. u i umeem mecmo
00HO, U MOABKO OOHO, U3 COOMHOULEHUIS:

a=p, a=f, f>a

Ecnu ceuenue A[A’, OIIpeieNIAIONIee IHNCI0 o, COBOAAET C CEeYeHHEM
B|B’, onpenesromuM wucio f, To a=pf. ECIH 3TH CevenmMA He COBIA-
JaloT, To MO0 A HNETUKOM COZepXHT B cebe B, 1 Torma « >, Iubo 3Toro
HeT. B mociempeM Cirydae CymecTBYeT dJIEMEHT b, kilacca B, monanarommit
B kmacc A'. Torma mms moGoro smementa a kjiacca 4 uMmeeM a<b,.
IToatomMy kmacc B comepxuT Kiace 4, He COBHAAAs C HEM, H MBI HMEEM
B=a.

120 U3 a>B, B>y caedyem, umo a =7.

ITycrs ynucna «, f, ¢ (cpedH KOTOPHIX MOIYT ObITH M PalOHAIBHEIC)
onpezieNAroTCs cevenmsaimMu 4 |4', B|B’, C|C’. Ecimu «>f, To 1O ompe-
JENECHUI0 TOHATHA «GonbImes Kiaacc 4 colepxkur B cebe xnacc B, HE COB-
najgas ¢ HEM. B cBoto ouepens, pa3 >y, knacc B comepxut B cebe Knace

*) Be3 3TOro yCImoBus, HAIPAMED, CEYEHHsI, PACCMOTPEHHEE B mprMepax 1 u 2 [6],
06a onpenensama 651 0QHO ¥ TO ke wMCIO 1, He 6yAYyYH TOXKAECTBEHHB M,
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C, ne coBmanas ¢ HUM. CleI0BaTENIbHO, KIACC A IEIUKOM COLEPXHMT B cebe
kiacc C, HE coBHajas C HAM, T. €. & >7.

ITonsaTHE «MERbIIIE» YCTAHABIMBAETCA TeOEPb, KaX U B 2: MBI TOBOPHM,
4To & < f3, ecitnt f >a. To4HO Tax e 3HaK < 00JaJaeT TPAH3HUTHB H B M
CBOMCTBOM, MOHOOHO 3HAKy >.

8. BcpomoraTelnHple IpelJiOKeHHS. YCTAHOBMM Teleph CBOMCTBO
OJIOTHOCTH obOJacTH Bcex BemleCTBeHHBIX uucen (cp. I 3°); Toumee,
MBI JOKaXEM CIIEAYIOIee yTBEpPXACHHE:

Jlemma 1. Kaxoswr 6bt Hu 6viau 06a Geupecmeennvix uucia o« u f,
npuuem o>f, ecez0a Haiidemcs pAYUOHAAbHOE HUCIO T, 3AKAO-
uenHoe mesxncoy Humu: «>r>f (a CIeROBATEIbHO — OECYHCIEHHOE MHO-
JKECTBO TAaKMX DPAalMOHAILHBIX THCEN).

Tax xak «>f, To HEXHHAH KIacc 4 CeYCHHUS, ONpeIesIONIEro YHCIIO o,
LEeITMKOM COACPKUT B cebe HIDKHHME Kilacc B mnd wucina f, He coBmapas
¢ B. IlostoMy B A HaliieTcs Takoe PALHOHAIBLHOE YACIO F, KOTOPOE HE
COIEPXHTICSA B B M, cienoBaTeNbHO, OPHHAMIECKAT B’; nas Hero

a>r=f

(paBeHCTBO MOIJIO OB UMETH MECTO, JMINb ¢CIH  panmosaisHo). Ho Tax
Kak B 4 HeT HAawbONBIIEro 9MCia, TO, B CHyYae HAJMOOHOCTH, YBEIHYHB 7,
MOXHO HCKIIOUHTh PAaBEHCTBO.

3aMeuaHHe. VYCTaHOBHUB, YTO MEXIY BELICCTBEHHBIMH 4HCIAMH
« " f (ecmu «>f) HEOOXOMIMO CONEPXUTCA PalMOHANAbHOE (a He
TOJILKO BEHIECTBEHHOE) THCII0, MBI (HaKTHYECKH HoKa3aanm 0oxee CHILHOE
CBOHCTBO 06NAaCTH BEIMIECTBEHHBIX THCENI, 9€M ILIOTHOCTh. B HaibHeiimeM
HaM OpHAETCA NOJNB30BaThCA 3TOH YCHJIEHHOW HIOTHOCTS IO,

OTcrofia HENOCPEICTBEHHO MONYIaeTcs

Jlemma 2. ITycmv Oanvr déa sewjecmgeennvix uucaa « u P. Ecau,
raxoe 6b1 Hu 63mb wucao e >0, yucia o u § Mozym 6bimb 3aKAI0UEHbL MeHCOy
OOHUMU U MeMU e PAYUOHAALHLIMU 2panuyamu S u S':

S'=a=s, §'=f=s,

DA3HOCHIb KOMOPBIX Menbule e
s'—s=<e,

mo uucaa o u i HeobOX00uMo pasHel.

HoxazaTteanbcTBO OyaeM BecTH OT npoTHBHOro. IIycTh, Ha-
npuvep, o >f. ITo nemme 1, MexIy o ¥ f MOXHO BCTABUTL A Ba paruo-
HAIBHBIX YUCNA F H F'>T;

a>r'>r=>f.
Torma nns mo6BIX HBYX 4HCEN S U §', MEXAy KOTOPHIMH COHEPXATCH
o u B, GyayT, 0YeBHAHO, BBHIIONHATHCA HEPABEHCTBA
S'>r'>r=>s,
OTKyZIa
§'—s>r'—r>0,
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TaK YTO PA3HOCTH §' — §, BOIPEKH YCIOBHIO JIEMMBI, HE MOXeET ObITh cie-
JlaHa, HaOpEMep, MeHbHIeH 4ducia e=r' —r. DTO HMpOTHUBOpedHe JOKa3bI-
BaeT JIEMMY.

9. TlpencraBienne BelIeCTBEHHOr0 uMcIa OecKOHeYHOH XecATHY-
HOii apobhio. MBI mMeeM B BHIY TaKoe IpeICTaBieHUe, IPH KOTOPOM
Ipobuas 4acTh (MAaHTHCCA) HOJIOXKHTEIbHAA, B TO BpeMs, Kak Ieas JacTb
MOXET OKa3aThCs KaK HOJIOKATEIBHOR, TAK H OTPHLATCIBHON MIIM HYJIEM.

{IpemnonoxeM cHAYAJA, 9TO PACCMATPABAEMOE BELIECTBEHHOE WHCIIO &
HE SBJIIETCA HH MENHIM YACIOM, HY KaKoW-JIM6o KOHEedHOH AecATHY-
HoO#t mpoOpro. CrameM HCKATH €ro JECATHIHBIC NMpHOMmkenns. Ecmu oHO
ompeneNseTcs cedenHeM A|A’, To Ipexae BCero Jerko y6eamThCA, 9TO
B Kiacce A Haiimercs menoe dMciIo M, a B Knacce 4’ — memoe Xe YHCIO
N=>M. Ilpubasisat x M mo emuHnlEe, HEOOXOMMO IpAIEM K TaKUM ABYM
nmocaengoBaTeabHHM nHeaeM wucnam C, u Cy+1, 4ro

Co<a=<Cy+1.

ITpu sToM 4ucao C, MOXKET 0Ka3aThCs MOJOKATEILHBIM, OTPHNATEILHBIM
HJTH HYJEM.

Hamnee ecim paszmenutb mpoMexyTtok Mexnay C, m C,+1 Ha Jecars
PaBHBIX 4acTe#d YHCIaMK

Cps1; Cou2; ... 5 Gy, 9,
TO « IONajfeT B OAMH (M TOJBKO B OJWH) W3 YaCTHYHBIX IPOMEXYTKOB,
1 1
H MBI TIPHJIEM K JIBYM YHCIIAM, PASHAMIMMCA HA {5 Cpcy 1 Cy, ¢+ 15
LIS XOTOPBIX

1
Cose1=a=Coy61+55 -
10
Ilpomomxass 3TOT Ipollecc Jaiblue, INociae oONpefencEs nubp
Cyy Coy o ooy Cpo1, MBI n-Y0 TUGPY ¢, ONPEIETHM HEPABEHCTBAMH
1
Cps €€y - oo Cp=a<CyCiCs ... Cptrr . (1)

10n

TaxeM 00pa3oM, B IMpoLecce HAXOKICHWA MECATHIHBIX MPHOIMKCHUH
YHCIIA @ MBEL TOCTPOIIIK Heiioe aucio C, u 6eckoHeTnblil pag nedp c,, ¢, . . .
versCns ... . COCTABICHRYIO H3 HUX GECKOHEUHYIO OeCAMUUHYI0 Opobb, m. e.
cumM8oA
' CpsCiCpvvn Cno v )

MOJCHO PACCMAMPUBAMd KaK HpedCcInasAenue GeujeCmseeHHo20 HucAa «.

B uckiIrOYeHHROM cilydae, KOIJa « CaMo SBIIETCA HENBIM THCIOM HIIH,
Boo6mie, KOHETH O HecaTuqHOH APoOBI0, MOKHO IMOIOOHEIM Xe 00-
Pa30M MOCIEOBATENBHO OMPEIETHTE GACTO Cy HIHMPPEL €1, Coy vy Cry -« +»
Hucxona u3 Gosiee obmmx, 9em (1), cooTHOICHH

1
CosCiCy - .. Cp=a=<CoyCiCy ... Cpt1gm - (1a)
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Heno B TOM, 4TO B HEKMHd MOMEHT WHCIO ® COBHAIET C OJHAM M3 KOH-
IOB MPOMEXYTKA, B KOTOPBIA MBI €ro 3aKiI0YaeM, C JIEBBIM WM ¢ Ipa-
BBIM — 10 HAIeMy IIPOU3BOJIY; HAYMHAS C 3TOI'O MOMEHTA, COOTBETCTBEHHO,
CciIeBa MIIH CripaBa B (1a) yXe mocTOAHHO OyIeT HMETh MECTO paBeH-
ctBo. CMOTpsa mO TOMy, Kakas H3 3THX BO3MOXHOCTEH OCYILECTBIISETCH,
MOCHEeYIOIAE TUQPEI OKAXYTCA BCE HYJIAMH WM BCE HNEBATKAMH. TakumM
ofpazoM, Ha 3TOT pa3 YHCIO ¢ HMEET ABOSKOE IPEICTABICHHE — OJHO
C HyJI€M B mepuole, a IpYroe — C JIEBATKOH B IepHoze, HAPHMED,

3,826 = 3,826000. . . =3,825999. . .,
- 3,826 =4,174000. .. =4,173999. . ..

Iycte Temephb, BHA000OpPOT, MO UPOM3BONY 3anaHA OeCKOHEYHAS [ecs-
THuEas Apobb (2); mokaxeM, 4TO BCeraa Haiimercs BEIIECTBEHHOE YUCIIO &,
s KOTOPOro MMEHHO 3Ta JpoGb W CIyXHT upencrasierveM. C 3Toik
UENBIO PACCMOTPHM OTpe3k:m npobu (2)

Co=Cy, 5 ... Cp, A3

KOTOpPBIC CIIYy’>XaT XakK On1 «HpHGJ'HDKeHHLIMI/I 3HAYCHUSAMH IO HCOOCTATKY»
JJI1 ACKOMOT'O YHMCjIa, a TaKXe €ro «HpI/IGJTK)I(eHHLIe 3HAYCHUA IO I/I361>ITKy»

’ 1
anco,clcz... Cn“l‘l—ohn. (4)

Herpynuno sunets, 4to kaxmoe C, Meuslle kaxmoro C., (He TONBKO npu
m=n, H0 W 0px m=n). Teneps MEI CIEAYIOMIM 06pa30M IpPOH3BENEM
CedyeHHe B 00NaCTH panMOHANBHBIX YHCEN: K BEpXHEMy Kiaccy A’ oTHeceM
TaKpe palMoHaNbHBIE “HMCra @', Koropkle Gombme Bcex C, (Hampmmep,
Bee yAcha Cp), 2 K HHKHEMY A — BCe OCTaJbHBIE (HAPHMED, CAMM MHCIA
C,). Jlerko nmpoBepHTH, 9T0 3TO — CEYEHHE; OHO OIpelessieT BeLIeCTBEH-
HOE YHUCHIO &, XOTOpoe M OyIeT MCKOMBIM.

JleACTBATENbRO, Tak KaK & SBIACTCS MOTPAHMYHEIM 9HMCIOM MEXTY
IBYMs KJIacCaMH, TO, B 9aCTHOCTH,

C,<a=<Cj,

T. €. 9HCJIO « YXOBJICTBOPAET BCeM HepaBeHCTBaM Buna (l1a). DtumM m mo-

Ka3ago, 4TO B3ATas IO NPOH3BOJIY APoOh (2) sBIAAETCA mPEACTABICHUEM
HAWJICHHOT'O YHCJIA.

Pasnocts Mexay aecaTHuHbIME npubimxerusme (4) 1 (3) mo u36bITKY
M [0 HEIOCTAaTKy, paBHas % , C BO3PAaCTaHMEM 1 MOXeT OBIThL cheNaHa
Menbiell o0oro pammoHanbHOro gucna e>0. JelcTBUTENbHO, Tak KAk
HaTypadbHBIX 9HCENI, He MPEBOCXOMSIINX YHCIIa %, CyIIECTBYEeT IHINE KO-

1 1
HEYHOC WHCIO, TO HCPaBEHCTBO 107< - Wi PABHOCHILHOE EMY: o= ¢
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MOKeT BBITOJIHATHCA JIMITL 7l KOHEYHOT O YHC/IA 3HAYCHHH #; Mia
BCEX K€ OCTaIbHEIX OyneT

W< e.
OTo 3aMedapue, BBUAY JIEMMBI 2, MO3BOJAET 3aAKIIOYUTH, ITO YHCIO f,
OTIIMYHOE OT &, HE MOXET YJOBJIETBOPATH BCEM TeM XK€ HepaBencTsam (1)
wm (1a), 9T0 W o, H CICIOBATEILHO MMeeT IpeiCTABIICHAE B BHJE 6eCKo-
HEYHOH HeCATAYHOM IPOOH, OTJIIMIHOE OT IPEICTABIECHHS YHCiA .

OTcrona, B 9acTHOCTH, CIICAYET, YTO OpeJCTaBIIEHHE YHCa, HE paB-
HOT'O HUKaKO} KOBETHOH AeCATHYHOM Opobu, HE MMEeT HU HyJi, HU JACBSTKH
B HEPHOE — IOCKONBKY KaXkaas ApoOb C HyNeM HIIH C HEBATKOU B HEPUOIE
SABHO BBIPAXAET KOHEYHYIO NECATHYHYIO IPOOE.

OTHBIHE YHTATENIb MOXET IPEICTABIATH Cebe BELECTBEHHBIE YHCIIA
Kak OeCKOHe4HBIC AecATHIHBIE ApoOH. VI3 IIKOJIBHOTO Kypca M3BECTHO,
9T0 mepHoOAHAIeccKkasn Oeckomednas ApoOb uzobpaxaer paiuo-
HaJbHOE IMCI0 H, 06paTHO, KAXJ0¢ PaHOHAJ b HO € 9HCIO pa3-
JAracTcsi ¥MEHHO B HMepHUOAHYECKylo npobs. TakuMm o6pasom,
U30OPANCEHUAMU BHOBb 68EOCHHBIX HAMU UDDAYUOHAABHBIX YUCed CAYHCAM
HenepuooOuyeckue beckoneunste Opobu. (DTO UPEACTABICHAE TAKKE
MOXET OBITH OTHIPaBHOHM TOYKOM JIS MOCTPOCHWS TEOPHUH HPPANHOHAJB-
HBIX YHCEJL.)

3aMedaHue. B mocuemyromeM EaM He pa3 IPHOECTCS MOJIB30BATHCA
PalMOHATLHEIMA MPHOIMKEHUSIMEA @ B @' K BEHIECTBEHHOMY YHCIY !

a<oa<da',

Pa3HOCTD KOTOPHIX IPOXN3BOAbHO Maxa. Jluipanuosaib-
HOTO o CYLIECTBOBAHWE YMHCEJ @ M @' OYEBHIHO; I MPPAUAOHAIIBEHOTO
JKe o B Ka4eCTBe @ ¥ @’ MOoXHO ObUTo OBl, HAMPUMED, UCIOJH30BATEL HECH-
THYHbIE mpuOmkerus C, u C, OPH JOCTATOYHO OOJBIIOM 7.

10. HenpepoBHOCT, 06JacTH BeliecTBeHHEIX “Heed. OGparmMmcs
Temepb K paCCMOTPEHHIO OTHOIO BECBMa BaJXKHOI'O CBOWCTBA 00JIACTH BCEX
BELIECTBEHHBIX MHCEII, KOTOPOE €€ CYLIECTBEHHO OTIMYAET OT OOJIACTH Y-
ceJl pamaoHalbHBIX. PaccMaTpuBas cedeHHS B OOJIACTH palMOHAIBHBLIX
YuceN, MBI BHEIH, YTO WHON pa3 IJIS TaKoro CEUCHMS B 3TOM 00JacTH
HE HAXOJMJIOCh HOTPAaHHUYHOT O UHCIA, IPO KOTOPOE MOXHO OBLIO
6BI CKa3aTh, YTO OHO MPOM3IBOAMT ceueHde. MIMEHHO 5Ta He O O 1~
HOTa 00JacTH paNHoOHAJbHBIX THCE]I, HAIMYAE B HEl 9THX NpobeToB
¥ IOCIIYXWJIIM OCHOBAHHEM JJIs BBEICHWS HOBBIX YHCE] — HMPPANHOHAIIL-
BbIX. CTaHeM Temeph paccMaTpUBATH CEUCHHS B 00JIACTA BCEX BEIHECTBEH-
eIX aucel. ITox TakuM cederueM Mbl OHHMAaeM pa3Ouenne 3Toil obmacTu
Ha OBa He NYyCTH X MHAOXecTBa A, A’, IpH KOTOpOM:

1° xascooe seugecmeeHHoe WUCAO NONAOGEM & OOHO, U MOALKO OOHO *),
us mMHoxwcecms A, A’;

*) Cp. cBocky Ha ¢1p. 17,
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2° Kaxcooe uucao0 o MHoxmcecmeéa A Menviie Kaxcoozo yYucia o MHO-
scecmea A'.

BosnukaeT BOmpOC: BCET/Ia JiM i Takoro cewenus A|A’ maiinercs —
CpeOW BeNICCTBCHHBIX WYHCEJI — MOTPAHWYHOES YACHO, IPOH3BOASIICE
3TO CEYCHHE, MIIA B 3TOM OOJIACTH CynieCTBYIOT npoGensl (KOTOPEIE MOLTH
6BI MOCIYXHTh OCHOBAHHEM Ui BBEICHHUS €lle HOBBIX 4Mcen)?

Oxa3spiBaeTcs, YTO Ha JieJie TAKAX IIPOGENIOB HeT:

Ocnoenan meopema (A e nex un na). [as ecaxozo cevenua A|A’
6 obaacmu 6ewecCmBeHHbIX UUCeA CYWjecmeyem 6eujecmeennoe uucio f,
Komopoe npoussooum smo ceydenue. Imo uucao f 6ydem 1) aubo nau6oae-
wum 6 HugcHem Kaacce A, 2) aubo HaumeHbwUM 8 epxHem Kaacce A’.

OT0 CBOHCTBO OOJIACTH BENIECTBEHHBIX YHCEN HA3LIBAIOT €€ II O J-
HOTOH, a Takke — HEUPEPHIBHOCTHI (MIM CHJOIIHO-
CThI0).

HoxaszaTensbcTBo. OOo3HAUMM uepe3 A MHOXECTBO BCEX P a-
NHOHANbHBX YHCEN, NPHHA/IEXAUMX Xk A, a uepes 4 — MHOXe-
CTBO BCEX PaBMHOHANbHBEX 9YHCeNl, OpuHALIeXanmx k A’. Jlerko
ybemaThea, 4TO MHOXeCTBAa A H A’ 00pasyioT cedeHHe B OOJACTH BCex
PamEOHAIbHBX YHCEL

310 ceuenme 4|4’ ompenensieT HEKOTOPOE BEMIECTBEHHOE WUHCIO f.
Ono NOMKHO HOIACTh B ONHH W3 kiaccoB A, A’; mpeamonoxmm, 91o f
MONasiacT, HAIPHMED, B HIDKHMH kjacc A, M JOKaxeM, 9TO TOrJa OCy-
nmiecTBisAeTcs ciayvail 1), a mmenno, § aBnseTcs B kiacce A
HaubonbmuM B camom pene, ecnu 6w 3TO 6BUIO HE Tak, TO Ha-
mutock GBI Apyroe YMCIO o, 3TOro Kiacca, 6onspmree . Becrapum (omupasce
Ha JleMMy 1) MeXxnoy o, ¥ § PAaNHOHAJBHOE HUHACIO 7:

a0>r>ﬂ;

r Taxke OpHHAJUIEKUT Kiaccy A H, CIENOBATEIHLHO, MPHHAATEKUT KIACCY
A. M5l IpHIIIM K IPOTHBOPEYHIO: PAMOHAILHOE YHCIO F, HMpHHANJE-
Kalllee HIDKHEMY KJIACCY CEUeHWsI, OIpeaelsroIero Yucno B, 6omlie 3Toro
gucna! OTAM IOKa3aHO HAllle YTBEPXICHME.

AHaOrMYHOE PACCYKIICHHE MOKA3bIBAET, YTO €CIH § MONanaeT B BEPX-
it xmacc A’, To ocymecrBuTca ciy4ai 2).

3aMedanmue. OmHEOBpeMEHHOE CynieCTBOBaHWE B Kiaacce A Hanm-
Gompmero 9mcna u B Kiacce A’ HaMMEHBIETO — HEBO3MOXHO; 3TO yCTa-
HABIABAETCA TaK XKe, KAk ¥ JUIS CEYCHHH B MHOXECTBE PANHOHAILHBIX
qucen (C MOMOIIBIO JieMMsl 1).

11. T'pammmi 4YHCIOBBIX MHOXeCTB. MBI HCHOMB3yeM OCHOBHYIO
Teopemy [10], 9T06BI 37ECh XK€ YCTAHOBHTH HEKOTOpDHIC NOHATHSA, HIpa-
IOIIHE BaXHYIO POJIb B coBpeMeHHOM aHaym3e. (Onm momanobsatcs Ham
yXe Op# pacCMOTPEHHM apHpMeTHIeCKHX NeHCTBHI Hall BelleCTBEHHHIMH
JHCIIAMH. )

IIpencrasuM cebe mpous3BobHOE GECKOHEYHOE MHOXECTBO
BEIICCTBEHHBIX YHCEN; OHO MOXET OBITH 3azZaHo mobemM obpazom. Takumnu
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MHOXECTBAMH SIBJISEOTCA, HANPHMED, MHOXECTBO HATYPANBHBIX 4YHCEI,
MHOXECTBO BCEX NPABMJLHBIX ApoOei, MHOXECTBO BCEX BEINECTBCHHBIX
. . 1
wrcen Mex 1y O M 1, MHOXECTBO KODHe#l ypaBHEHHS sinx=5 , H T. IL.
JMroGoe u3 4Yncen MHOXeCTBA O0O3HAYMM UEPE3 X, TaK 49TO X €CTh
THIOBOe 0003HAYEHHE YHCEN MHOXKECTBA, CAMO e MHOKECTBO UMCEI
x Oynmem obo3HauaTh yepes A ={x}.

Ecymi mi1s paccMaTpHBaeMOTO MHOXECTBA {X} CYIHECTBYET TaKoe YHMCIIO
M, uto Bce x=<M, To OyIneM rOBOpPUTBL, YTO Hallle MHOXECTBO OT p a-
HHY€eHO cBepXxy (uncaoM M); camo uucio M B 3TOM ciydae ecThb
BEpPXHAA rpaHATa MHOXecTBa {x}. Hampumep, MHOXeCTBO mpa-
BHJIBHBIX Apo0eil OrpaHHYeHO CBEpXy 4YHCIOM 1 MM JrO6LIM YuCIOM = 1;
HATYPAJIbHBIH pAX CBEpXY HE OIpaHUYCH.

AHanoruuno 5ToMy: €CIH HaHmETCS TaKoe YHCIO M, YTO BCe Xx=m,
TO TOBODST, 9TO MHOXECTBO {X} OFPAHMHYECHO CHHU3Y (YdCIOM m),
a camMo 9HCIO M Ha3BIBAIOT HHXHE#H rpaHmmell MHOXecTBa {x}.
HanpamMep, HaTypalbHbIH pAll OTpaHW4YeH CHH3Y 4HCIOM 1 win Jro6hmM
9HCIOM < 1; MHOXECTBO TIPaBHJIBHBIX Apobeil OrpaHNdYEHO CHHU3Y YHCIIOM
0 wm mobeM uwncioM <0,

Orpanuyennoe CBepXy (CHH3Y) MHOXECTBO MOXeT OBITH IPH 3TOM Kak
OTPaHHYEHO, TAK U HEOTPaHWYCHO CHM3Y (CBepXy). Tak, MHOXECTBO mpa-
BHIBHBIX OpoOeit OrpaHWYEHO M CBepXy, M CHH3Y, 2 HATYPAIBHBIA psn
OTPaHWYCH CHHU3Y, HO HE OTPaHHYCH CBEPXY.

Ecm MHOXECTBO CBepXy (CHH3Y) HE OIPAaHHYEHO, TO 3a €I'0 BEPXHION
(HIKHIOIO) TPAHHALY NPHHAMAIOT <HECOOCTBEHHOE YHCIIO» + o (—=). OT-
HOCHTEJILHO 3THX ¢HECOOCTBEHHBIXY WITH «0ECKOHEUHBIX» THCET MBI CUHTAEM,
910

— et o0 H — o<~ +oo,

KakoBo OBl HH OBlIo BemiecTBeHHOe (¢KOHEYHOE») YHCIO .

3HAaKM +e H —e YHTAIOTCH TaK: «UIFOC OECKOHEYHOCTHY H (MHHYC
6ECKOHETHOCTEY.

Ecnu MHOXECTBO OIrpaHHYEHO CBEPXY, T. €. MMEET KOHEUHYIO Bepx-
HIOIO I'paHWLy M, TO OIXHOBPEMEHHO OHO HMEET W OECKOHEYHOE MHOXKE-
CTBO BEPXHUX I'DaHAN (Tak Kak, HanpuMep, roboe ducio > M, o49eBH/IHO,
Taxxke Oynmer BepxHeil rpaumueif). 13 Bcex BepXHHX rpamuy oCoOHIi mH-
Tepec IPEACTaBIISseT HAaMMEH b I A 5, KOTOPYH MeI OyaeM Ha3EIBATH
moynoii eepxHeli epanuyeti. AHAIOTHYHO, €CIIA MHOXECTBO OTPAHAIEHO
CHE3Y, TO HaH O ONBINyX U3 BCEX HEKHEX rpanun OyIeM Ha3bBATHL
m o 4 Kol HuxcHell epanuyeii. Tax, 119 MHOXeCTBa BCEX MPaBUIILHBIX OPO-
Oeifi TOYWHEI MH TIpaHUUAaMH OyOyT, cooTBeTCTBeHHO, O H 1.

SBnsercss Bompoc: Becerna JM NS OTPAHHYCHHOTO CBEPXy (CHH3Y)
MHOXECTBA CYIIECTBYET T O U H a A BepXusid (ArokHss) rpanuia ? Helicty-
TENbHO, TaK KaK BepXHHX (HEOKHUX) IPAaHHUIl B 3TOM cCiiydae GeCKOHEYHOE
MHOXECTBO, 4 ¢peld OeCKOHEYHOI0 MHOXECTBA YHCEI HE BCera Haimercs
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lHauMeHbllice WK Hambobmiee ¥), To caMoe CYINECTBOBAHHE TAKOTO HAM-
MEHBIIETO (HAHGONBIIEro) YMCIa I3 BCeX BepXHUX (HMXKHHX) IDaHHALl pac-
CMAaTpHBAEMOr0 MHOXECTBA TpeOyeT IoKa3aTelbCTBA.

Teopema. Ecau muoncecmso X ={x} ozpanuueno ceepxy (cnusy), mo
OHO UMeem U MOUYHY I GePXHIOW (HUMNCHIOW) 2PAHUYY.

JokxasatenbcTBo. IIpoBenmeM paccyxieHHe IO OTHOHICHHIO K
BepxHeil rpanane. PaccMoTpuM IBa ciaydas:

1° Cpegm uncen x MHoXecTBa X HaligeTcs Ham-
6onsrmee X. Torma Bce 4ncia MHOXECTBA OYAYT YHOBJIETBOPATHL HeE-
PaBEHCTBY X=X, T. €. X OyzeT Bepxweil rpannueit m 4. C mpyroit cro-
POHBI, X HPUHAIIEXHUT X'; CIEHOBATENILHO, Ui JI060H BepXHEH IpaHdIlbI
M BBHUIONHSETCS HEpaBeHCTBO X=<M. OTCroma 3akKiIfoYaeM, YTO X eCTh
TOYHAS BEPXHAS I'PaHHANA MHOXecTBa X,

2> Cpenu 9ncen x MHoxecTtBa & HeT HauOOIB-
mero. IIpousBeném cedcHne B 00JIACTH BCEX BEILIECTBEHHBIX YHCEN Cle-
IyromymM obpasoM. K BepxaeMy Kiaccy A’ OTHECEM Bce BepXHHE MPAHUIIbI
o’ MEOXecTBa X, 4 XK HIXKHEMY KJIaccy A — BCe OCTAJILHEIE BEIIECTBEHHBIE
uncna . IIpu 5ToM pa3OHeHnd Bce mAca x MHOXECTBA & IOMANyT B Kjacc
A, 160 HH OIHO M3 HHX — IO JOUYIIECHAIO - He OyAeT HanOoJLIIEM.
Taxmm o6pasom, oba kimacca A, A’ memycrsl. 310 paszbuenue HeiicTBE~
TENBHO SIBJIAETCS CEYEHHEM, Tak Kak BCe BEIUECTBEHHEIE YHCIA PacIpese-
JIEHBI IO KJaccaM M KaxIoe 4ucio 3 kiacca A’ Gonpme moboro wmcia
u3 knacca A. Ilo ocroBHOM Teopeme Jlenmekumunga [10], moikao cy-
[ECTBOBATh BEIECTBEHHOE 9HCIIO 5, MPOH3BOMSINEE CeIcHHE. Bee wmcena
X, KaK IpHHAJJIeXKaUIHe Kjaccy A, He IPeBOCXOIAT 3TOr0 «IOrPAHMIHOIO»
wacaa f§, T. e. f COyXuT Bepxueil rpammmeil /Ui x, CJeJOBATENBHO, CAMO
IPEHAJIEXUT Kiaccy A’ U SBIETCI TaM HaHMEHBIIMM. TakaMm oGpasoM,
f xak HaEMeHbIIAsg W3 BCEX BEPXHWX TPAHHUI[ H €CTh MCKOMAad TOYH A 5
BepXaAs rpapuna MuoxectBa X ={x}.

CoBepHICHHO TaK e JOKA3RBACTCA W BTOpAs MOJIOBHHA TEOPEMSI (OT-
HOCAIIAACA K CYIIECTBOBAHMIO TOYHO M HWDKHEH I'DAHUIEI).

Ecma M* ecTb TouYHas BepxHsis IPaHANA YHCIOBOIO MHOXECTBA
X ={x}, To mx Bcex x Gymer

x<M*,

Bo3pMeM Temepp NpOM3BONBHOE WHCHO «, Menblmee M*. Tak xax
M* - mamMeHbHIAs U3 BEPXHHX I'DaHUN, TO IHCIIO « HABEPHOE HE
Oyner Bepxueit rpaHurell AJA MEOXecTBa XL, T. €. HAMAETCA TAKOE YHCIIO
x' w3 I, 9o

7

X >,

OTHMHA IBYyMs HEPABEHCTBAMM BIOJIHE XapAKTEPU3YETCA TOYHAS BEPXHAL
rpaBHIia MHOXeCTBa X .

*) Kak Hx HeT, HAOpuMep, CPed BCeX IPaBH/IBHLIX Apobei,
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AHanormyEo, TOYHAa s HIKHAS rpapnua m* MHOXecTBa & Xapak-
TEpH3YeTCAd TEM, 4TO I BCeX X u3 X

x=m*

H, XakoBo Obl HU ObLio umcmo f, Gonbluee m*, HailigeTrcs uncno x'’ us
X Taxoe, uTo
xll <ﬂ.

Jns oGoznadenns TouHo#l BepxHel rpamuubl M* W TouHOH HIKHER
TPaHUNEL Mm* MHOXeCTBa uHCeN & yHOTpeGJIstOT CHMBOIBI

M*=sup X' =sup {x}, m*=inf L =inf {x}

(Do-nmaTeIM: supremum — Ha®WBEICIIee, infimum — HawHU3IIEE).

OTMeTHM OJHO OUYEBM/IHOE YMO3AaKJIIOUEHHE, KOTOPOE 4YacTo OymaeT
BCTpEYaTLCA B JANTbHEHIIEM:

ecau ece YUCAA X HEKOMOPO20 MHOMCECMed y008AemeopAIom HepaseH-
cmey x=<M, mo u sup {x}<M.

HelicTBuTeNbHO, WHCHO M OKa3bBaeTcs O A H O M M3 BEpXBUX I'DaHHI
MHOXECTBA, 4 NOTOMY HAaHMEHBUIAs W3 BCeX BEPXHHX IPaHHUIL, €ro
He OPEeBOCXOMMT.

Amanoruuno, u3 Hepasencmea x=m caedyem, umo u inof {x}=m.

VcioBuMCs, BAKOHE, eCIIA MHOXECTBO X = {X} He orpaHmYeno cBepxy,
TOBOPHTH, 4YTO €ro TOYHAs BEPXHAS IPAHMUA €CTh -+ SUp {X}= + «.
ABAJOTHIHO, €CIIA MHOXECTBO & ={x} He OrpaHMYeHO CHH3Y, TO TOBODSAT,
4TO €ro TOYHAd HUXKHAS TPAHMIA €CTh — ! inf {x}= — .

§ 3. Aprdmermieckue IelicTBAA HAJ BemieCTBeHHLIMH YHCIAMH

12. Onpenenense cymMMbl BeillecTBeHHBEX amces. OOpaTEMcs Tenephb
K YCTaHOBJICHHIO HOHATHA O JEUCTBHUAX HAJ BEIIECTBEHHBIMM YHCIIAMH.
I'peueckne OyksHI @, 5, ¥ B MOCHEHYIOIEM O3HAYAYOT MMEHHO BEIIECTBEH-
HBIC YHCIa, KaK palpoHANbHBEE, TAK U HPPaUHOBAJIbHEIE.

IlycTs mMeeM JBa BEIIECTBEHHBIX YHCHA & W 5. CTaHeM pacCMATpUBATE
PamHMoOBaABHEE WACHA @, @ ® b, b’, ynoBnerBopsionmMe HEpaBeH-
CTBaM:

a<ag<a U b<f<b. (¢))]

Cymmodti a+f uuces a u f§ Hasosem maxoe sewsecmeennoe ucao ¥y,
Komopoe codepicumcea mexcoy ecemu cymmamu euda a+b, ¢ odHol cmo-
DOHbl, U gcemu cymmamu suda a’ +b’, — ¢ dpyzoil:

a+b<y<d+b. (2)

VYaocToBepaMesl, ipexie BCETO, UTO TAKOES YHCHO.) CYIIECTBYET IS
70GO! Mmapel BELIECTBEHHBIX WHCeN a, f,
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PaccMOTpuM MHOXECTBO BCEBO3MOXHBEIX CYMM 4+ b, DTO MHOXECTBO
OTpaHHYEHO CBEpXY, Halpumep, I 60 cymmoit Buma a’'+b'. Ilomo-
xmMm ke [11]

y =sup {a+b}.

Torma a+b=y u, B T0 Xe Bpemd, y=<a +b’.

Tak Kak, KaKOBHI G5t 1t OLUIH panyoHaIbHbE Yucna a, b, a', b', ynos-
TETBOPSIOLIHE YCIOBUAM (1), Bcerma MOXMO YHCIA @, b YBEITHUYHTH,
awacna @', b’ yMEHBIIHTBH C COXpAaHEHHEM STHX YCIOBHIA, TO B IO~
JIyYeHHBIX TOJIBKO 4TO HEPABEHCTBAaX, COCOWHEHHBIX C PABEHCTBAMM, D a-
BCHCTBAa HAa heJe HHU B ONHOM cliyyae OBITh HE MO-
X e T. Takum 00pa3oM, 4HCIIO Y YHOBIETBOPSAET OLPEIECICHHIO CYMMEL

BosnukaeT, omHaxo, BOIpoC, O AHO3HAa4YHO JH CymMMma y=o+f
onpexenseTcs HepaBeHcTBaMH (2). g Toro 4To6wr yOequThCA B € JI ¥ H-
CTBEHHOCTH CYMMEL IOA0epeM, [0 3aMEYAHHIO B 9, palHOHAIBLHEIE
yucna a, a', b, b’ Tax, uro6er GBLIO

ad—a<e u b -=b<e,

A€ ¢ — OPOHU3BOJIPHO MAJIOC PAllMOHAIBHOC ITOJIOKHTEIILHOE YUCIIO. Or-
crona

(@ +b)—(a+b)=(a —a)+ (b’ —b)<2e,

T. €. H 3Ta PpasHOCTb MOXET OBITh cHejama CKOJNb YFOJHO MaJioi ¥),
A Torpa, mo yemMMe 2, CyIIeCTBYeT TOJBKO OAHO 4HCIO, COAEpXa-
lieecss MeXIYy cCymMMmaMA a+b u o' +b'.

Hakonen, 3ameTu™, 4To eciid uucia « H  00a paldOHAILHBEL, TO HX
o6munHas cymMma y=o+f, O4eBAIHO, YHOBJIETBOPAET HEPABEHCTBAM
(2). Takum oO6paszoM, maHHOE BbILE O6IIee OMpEAENiCHHE CYyMMHB IBYX
BEU[€ECTBEHHBIX YHCE] HE IPOTHBOPEYHT CTAPOMY OIPEICIECHHIO
CYMMBI IByX pPalHMOHANbHBEIX 9HCEN.

13. CpoiicTBa cilokeHHS. JIETKO YIOOCTOBEPHTBCH, 4TO U BeIlle-
CTBEHHBIX YHCEJI COXPAHSIOTCS CBOHCTBA:

II 1° a+f=f+oa; II2° (@+f)+y=a+(B+7);
II 3° a+0=ac.

OKaXeM, Hampumep, mociuedHee. EciaM panuoHaIbHBEIE 4YHCIA a, 4,
] H
b, b’ TaKOBBI, YTO

a<a<a', b<0<b,
TO, OYEBHIHO,
at+b<a<a<d <a +b'.

’

e
*) Hucno 2e CTAHOBHTCS MEHBIIMM Jo60ro wucna ¢’ >0, eciy B3ATH e<5 .
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Taxum o6pa3oM, o €CTh BEIIECTBEHHOE YUCIIO, 3AKJIIOYEHHOE MEXLY
YHCIAaMH BHAA a+b ® a'+b', MEXIY KOTOPHIMH 3aKIIOYEHA, IO OIpe-
nenennto, © cymMmma a+0. Ho Takoe uWmcino MoXeT GBITH TOJIBKO OMNHO;
mo3ToMy o +0=a, 9T0 H TpebOoBaNIOCH NOKA3aTh.

O6parumcsa k coiictBy II 4° m [JoKaxeM, YTO 044 Kaxncdo20 eeuje-
CmeenH020 yucaa « cyyecmeyem (Cummempuunoe emy) yucio —o,
Yyooesemeopwwee ycaosuio o+ (—o)=0.

IIpr 3ToM JOCTATOYHO OTPAaHHYHTHCHA CIYYAEM H PP ALK OH a I b-
HOT O 4YHCIA «.

Ipennonaras, 4ro wwucio « ompenensercs cedeHHeM A|A’, MBI ompe-

JeAM 9HCIIO —@ CledyrommmM obpasoM. K mmxmeMy kimaccy 4 4mcia
—o MBI OTHECEM BCE PAIMOHAJIBHBIE YMCIA — 4', roe @ — Jroboe 9mcio

kyacca 4’, a K BepxueMy Kiaccy A’ 3Toro 4Mciia OTHECEM BCe 4pcia — a,
rae a — mwoboe gucno xmacca A. HeTpyaHO BHIETh, YTO HOCTPOEHHOE
pa3bueHHE eCTh CeYeHHE U, HNCHUCTBHTENBHO, OIpEAEiseT BEIIECCTBEHHOE
(B maHHOM ClIy9ae — HPPAIHOHAJILHOE) 9HCIO: 3TO YHCIO 0603HAIAM — .

HlokaxeM Temepb, YTO OHO YIOBJIETBOPAET YKa3aHHOMY BBHILE YCIO-
Bu10. Ilone3ysack caMmM ompeleseHAeM 4YuCia —o, BHOMM, YTO CyMMa
a+(—a) eCThb €IUHCTBEHHOE BEUICCTBEHHOE YHCJIO, 3AKIIOYEHHOE MEXIY
9ACIaMHU BUA @—a’ H a'—a, Tle @ A d' palMoHANBEL H d<a<a'. Ho,
OYEBHIIHO,

a-a <0<a —aq,

TaK 4YTO H 4UCI0 0 3aKIFOYEHO MEXIY TOJBKO YTO YIOMSAHYTHIMM YH-
cnaMu. BBHMY eXMHCTBEHHOCTH 4ACHA, OOJAJAIOIIEr0 3THM CBOMCTBOM,
nMeeM

a+(—a)=0,

4TO H TpeGOoBaJioCh 0KA3aThb.

Hakonen, ycTaHoBEM CBOMCTBO:

IT 5° u3 a>pP caedyem oa+y=>B+y.

Ecmu «>f, To MeXIOy HUMM MOXHO BCTABHTh [ Ba pPAaHOHAIBHBIX
TACHTA Iy H Iyl a>ry>ry>f.

Io 3ameuarmio B 9, CynIeCTBYIOT TakHe [BA DAIMOHAIBHBIX 9HCIA C
H ¢', 9To

c<y<c' U ' —c<r -1,
Orcrona
rnt+e=ry+c,
a 0O OIpENeSICHHIO CyMMBL
at+y=ri+c, Iyt >f+y.

ConocTaBnss Bce 5TH HepaBEHCTBA, Mbl M HPUXOIUM K TpeGyemomy 3a-
KIIIOUEHHIO,

TaxuM 06pa3’oM, DO OTHOLICHAXO K CIIOXEHHIO 0GIAcTb BENIECTBEH-

HBIX 4Hces obJagaeT BCEMU OCHOBHEIMM cBoiicrBamu II 1°—-5°, KOTOpEIE
B 3 ObLIM NMEPBOHAYANBHO CHOPMYIMPOBAHEL /Ul PAMOHAILHBIX YHCE.
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CrenoBaTenbHo, Ha BENIECTBEHHBIE UYHCIA ABTOMATHYECKH IEPEHOCATCS
H BCe (OpPMaibHO JIOTHYECKHE CIEICTBHS M3 3THX CBOMCTB. B wacTmo-
CTH, IUIA BELIECTBEHHBIX YHCE]I MOXET OLITE OYKBAaJdbHO NMOBTOPEHO
BCe, CKa3aHHOE B 3 HEMOCPEACTBEHHO IOCNe H3oxenus 11 rpynmer cBoicTs,
T. €. MOIyT OBITL JOKa3aHbI CYHI€CTBOBAHME H ONHO3HAY-
HOCTL PA3HOCTH «—f uHCed a H f, YCTAHOBIEHO IOHATHE
abcomoTHOM BE€MTHYHMHB YHCJIa & (WIS KOTOPOH MBI COXpaHsAeM
obo3paveHue |« |) ¥ T. A.

14. Onpepgenienre NPOA3BeIeHHS BelIeCTBEMHBIX YHCEI. Ilepeiimem
K YMHOXEHHI BEUICCTBEHHBIX YHCEJ, OTPAHNYKMBASCh CHAYaJa II O-
JTOXKHTENbHBMH yuciamu. IlycTs e MaHBI Ba TakuX 4ucna o | f.
MEr 31ece Takke CTaHEM PacCMATPHBATH BCEBO3MOXHBIC PAIOHAJIBHBIE
9ACNIa, YAOBJIETBOPsAIOMME HepaBeHCTBaM (1), HO M 3TH ¥WCTIa Ipemwo-
JIOXAM MOJOXHTECIbHBIMHU.

Ilpouszeedenuem aff deyx nosoncumesrvunwvix eewecm-
BEHHbIX WuCes o. U 3 HA306eM MaAKOe éeujecmeeHHoe Yucto v, Komopoe co-
Oepyicumca mexcdy ecemu npouseedenusmu euda ab, ¢ 00HOLi cmoponsi, u
ecemu npoussedenuamu euda a'b’, — c¢ Opyeoik

ab<y<a'b'. 3)

st Moka3aTenbCTBa CyIECTBOBAHUS TaKOro YMCNIA Y BO3BMEM MHO-
KECTBO BCEBO3MOXHBIX NPOM3BEICHUH ab; OHO OrPaHMYEHO CBEPXY J FO-
6 BIM U3 mpousBeleHHNE BHOa a'b’. BEcnu mONMOXHTH

y=sup {ab},
TO, KOHEYHO, ab=y, HO OIHOBPEMEHHO H y=<a'b’.

Bo3MOXHOCTE YyBENHYHTh YHCNA @, bH YMEHBIMATDH M-
cna a', b' (xak u B Cllygae CyMMBI) IIO3BOJISET HCKJIIOYHTE 371eCh 3HAK Pa-
BEHCTBA, TaK 4YTO YHCJIO Y YAOBJICTBOPAET ONpPEECHEIO HpPOH3BENCHHS.

EfdECTBEHHOCTH NPOH3BEICHHS BHITEKAET M3 CICAYIOLHX CO-
obpaxenmuit. ITonbepeM, Mo 3aMevanwlo B 9, pamyOHAJIBHBIC YHCTA @, @
u b, b’ Tak, uTo6H OBLIO

d—a<eub —-b<e,

Ie e — MPOHU3BOJBHO MAJO€ PallHOHANBHOE MOJOXHTENbHOE ancio. ITpn
3TOM MOXHO CYHTATH, YTO YHCIA @ U b NOJIOXHUTELHEL, a4 4Acha a' H b’
HE NPEBOCXOMAAT, COOTBETCTBEHHO, HEKOTOPBIX Hamepel (UKCHPOBAHHEIX
qucen @y | bg. Torma pasHocThb

ab'—ab=a'(b'~b)+b(a' —a)<(ag+by)-e,
T. €. TaKkXe MOXeT GBITb CIelTaHa CKOJIb YrOAHO MaJoi *), a 3Toro, mo

’ ’
*) 3ameTEM, 910 {(ay+by)e CTAHOBHETCA MEHBIIHM HOGOTO wHCHa e’ >0, eciiH BISTE
’ 0 0 ’
e

e<

’ ¢ "
ao—l"bo
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JiemMMe 2, TOCTaTOYHO it YTBEPXICHHS, 9TO HepaBeHCTBaM (3) MOXeT
YOOBAETBOPATE TOJBKO OIOHO WHCIO ).

Eciy MONOXATEIbHEEIE 9ucia o M § o0a pallHOHAJIbHEL, TO HX
06BHYHOE MpoM3BEAeHHE Y =af YHOBJIETBOPSET, OYCBHOHO, HEPABEH-
cTBaM (3), T. €. HOIy4aeTCsA TAKAM XKe H 10 oblueMy onpelieNICHHIO IIPOH3-
BeICHHs BYX BEILECTBEHHBIX YHCENT — NPOTHBOPETINA HET.

Haxouell, OJis TOTo 4YTOOBI ONPENCTHTh MPOU3BEICHHE IIPOM3BOJIBHOIN
TIapel BELIECTBEHHBIX YHcel (He 00s43aTeIbHO TOJIOKATENILHBIX), 3aKIIIOYHM
CIIEYFOLINE COTJIAICHHMS,

IIpexne Bcero, ycaoBHMCS, YTO

a+0=0.a=0,
KakoBo OBl HH ObUIO «.
Ecmn xe 06a MHOXUTENS OTIHYHLL 0T 0, TO IOJIOXKHMM B OCHOBY OOBIY-
HOE {IPAaBHUIIO 3HAKOB»:

a-B=|a|-|B|, ecau « u B odnozo 3naka,
a-B=—~(|e|+|B]), ecau « u B pasneix 3naxos

(4T6 O3HAuAeT TPOM3BECHHE M OJNOXKHKTE b HBIX wucel |x| u || -
MBI yXe 3HaeMm).

OTH corjairends, Kak Mbl BHOETH B 4, B HEKOTOPOM CMBICIE 00s3a-
TEJIbHBL JJIL HAC, €CJIA MBI XOTHM, 9TOOBI NEHCTBUS HAH BEIIECTBEHHBIMH
YHCJIaMH 00JIaalii BCEMH OCHOBHBIMM CBOWCTBaMM ICHCTBHH Hazn pamuo-
HAIBHBIMH YHCIaMHU.

15. Cnoiicrsa ymuoxenus. Kax m B ciydae paljiOHAJIBHBIX YHCEI,
I MOOBIX BElECTBEHHBIX UHCENI COXPAHSIOTCS CBOMCTBA:

I 1° - f=8-o

OI 2° (@-B)-y=a-(B-p);

I 3 ael=a.

Jns npaMepa moKaxeM BTOpOe M3 HHX, HA4aB CO CIy4as, KOrma Bce
TpH 4mcia — «, B, ¥ — MOJOXHTensHsl. IlycTs a, @', b, b, ¢, ¢’ — mpo-
H3BOJIBHEIE PANHOHAJILHEIE YHCJIA, YOOBJIETBOPSIOIIAE HEPABEHCTBAM

O<a<ax<da, O<b<f<b, O<c<yp<c.

Torpa, Mo CaMOMY OIIpEJICJCHHUIO IPOU3BENCHNs JIBYX BEIUECCTBEHHBIX UH-
cell, UMeeM
ab<af<a'b’ u be<fy<b'c.

ITonp3ysicek eme pa3s TeM XK€ OIpPEICJICHUEM, IOJYUAM
(ab)e <(@B)y <(a'b')c" u a(bc)<x(By)<a'(b'c).

Tax Kak JNs PaliOHAJIBHBIX YHCEJI JHOKA3BEIBAEMOE CBOMCTBO YXKE H3-
BECTHO, TO BellectBeHnble wucna (xf)y M afy) okas3pBalOTCS 3aKJIIOYCH-
HEIMH MEXJY ONHHMH W TeMH K€ TDaHHIAMH:

(ab)c=a(bc) n (a'b )’ =a'(b’c’).
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Ho INerko I1okasaTh, 4TO 3a CYET COJIMKCHUS MHOXHTENeH a u o,
bub', c m ¢’ Mexny coboll U pasHOCTb Ipou3BeNeHnM a’'b’'c’ — abc MoXeT
OBITH cHeNaHa CKOJb YroAHO Manoii (OpH 3TOM MOXHO HCIOJIB30BATH
nomobHOEe Xe yTeepX/cHHE B 14 OTHOCHTEILHO NMPOWM3BENEHWUI JIBYX MHO-
xwuTenel). Orcroma, mo jyleMMe 2, W ITOMYYHUTCH 3aKIIOYCHHE O PABEHCTBE
uncen (xf)y n a(fy).

ITepexon K ciy4aro 4YHCEN NPOU3BONBHBIX 3HAKOB NPOHM3BOIATCH He-
IIOCPEACTBEHHO, €CNH Y4eCTh JHIIL «IPAaBHJIO 3HAKOB», ECIM Xe XOTh
OIHO M3 wHcel «, f, ¥ pasHO 0, To 06a mpomsBenenwsi obpamarorcsa B 0.

O6paTrMcst K CBOMCTBY:

III 4° 0aa xaxcoozo eeupecméennozo uucaa o, OMAUYHO20 OM HyAf,
1
cywecmgyem (o6pamHoe emy) uucio 5 yooeaemgopawwee YCA0GUIO:

a-1=1.
[« 4

JocTaTo4yHO OTpaHMYATECH CIIyYaeEM M pPpPAaNMHOHAJNBHOT O YACIA
«. Ilycts cHav9ana « >0.

Ecnu o onpenensiercsi ceuenneM A|A4’, To MBI caenyroumM oOpasom
IOCTPOHM CE€YECHHE IJI YHCIa é K muokEeMy Kiaccy ero A MBI OTHe-
CeM BCe OTpHUATEJIbHbIE PANMOHAJILHEIE TACIA H HYh, 2 TAKXKE BCEe TACHA
BHJA % , Tne a' — Jmroboe ;mcno Kyacca A’; B BepXHMH XKe KJiacc A" no-
MECTAM BCE WHCNA BHA -, I[he a4 - moboe MONOXHUTEINBbHOE

qucio knacca A. Jlerko yoemuThCH, YTO MEI, TaKAM 00pa3oM, HeHCTBH-
TEJILHO ITOJIYy9aeM Ce4E€HHE, KOTOpPOEe ONpEeJENUT IOJIOXHUTEJIbHOE Belle-
CTBeHHOE (B MJAHHOM CJiyyae — HMPPANAOHANBHOE) YHCJIO; 3TO YHCIIO

1
0603Ha9AM 5
ITokaxeM, 9TO OHO YIOBAETBOpAET TpeOyeMoMy ycioBHio. Ecian
y9ecThb IOCTpOeHHe oOpaTHOro 9HCNIa, TO, IO CaMOMY ONpeIelICHHIO
1
TPOW3BE/ICHAS, 9HCIO &-~ €CTh E©XHHCTBEHHOE BEIIECTBEHHOE

a a
YHACJIO, 3aKJIOYCHHOC MEXIOY 9YHACIAMH BUOA p H 2’ ron€c a u a — nmo-

JIOXHUTECJIBHBIE DANUOHAJIBHEIC YHCIA, YIOBJCTBOPSIONIME HECPABCHCTBAM

a<gx<a'. Ho u mcmo 1 3akoveHo Mexay YHOMSHYTHIME 9HCIaMH:
a a

—,<1<~

a b

CJICIOBATENBHO, OHO M SBJISETCA MCKOMBIM MIPOU3BEICHHEM,
Ecmn <0, To moyaracM

TOTZia IO ¢IPABUTY 3HAKOR»

3 I'. M. ®axrearonsen, 1. 1
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Iocne Toro kak Mel yOEMMIIMCh, YTO M HO OTHOIIEHHIO K YMHOXe-
HUIO OOJIACTh BEINECTBEHHBIX YHCEN OOJIANAET BCEMH OCHOBHEIMH CBOMi-
creamu 111 1°—~4°, dcmo, uTo 11g 9TOM 06IACTH COXpPAHAET CHIY BCE CKa-
3aEHO¢ B40 CYINECTBOBAHNY H € JHHCTBEHHOCTH 9aCT-

HOTO %— wacena H B (Ipu ycanosuu, 9to f=0) u T. 1.

PacnpenemTensHoe CBOMCTBO:

I 5° (@+p)-y=a-y+B-y
TaKXKe HMEET MECTO Ul JIOOBIX BEINECTBEHHBIX HHCEN, YTO JIETKO O~
Ka3bIBAETCA IJIA ClTydas IOJIOXWTENbHEIX YHCeN (kKak H cBoiictBo III 2°).
K sToMy cny4aro mpHBOASATCS BCE OCTAJIbHEIE — IIyTeM H3MEHEHHS 3HAKOB
obenx vacTeli paBeHCTBA WM IyTeM MEPEHOCA WIEHOB W3 OMHOM YaCTH
B npyryro. Vckmouenme, BIpoYeM, LPEACTABNSAET CIy4Yaif, KOrAa OMHO
U3 €HCeN &, f, P, @+ paBHO HYJIO; HO I 3TOTO CIydas PABEHCTBO He-
TOCPEICTBEHHO OYEBHIHO,

Haxonen, cpoiicTso:

III 6° us a>P u y>0 caedyem o -y > .y
nposepsercs Ge3 Tpyna. Hepasencrso « > paBHoCHIBHO & —f>0; Torza
0o «mpaBmiy 3HakoB» H (x—f)-y=>0. Ho yMHOXeHHe HMeeT pacmpee-
JIUTENLHOE CBOMCTBO M OTHOCHTENBHO PA3HOCTH, TAaK 4TO0 &y —f-9 >0,
a oTcrona a-y=>f-y.

16. 3axmowenme. OcTaercs ymomsHyTh eme 06 «akcmome A p X -
Me I ar.

IV 1° kaxoeo 6v1 nu 6v110 ewyecmeennoe uucao y, cyuecmeyem Ham y-
PaavHoOe uucao n, bosvuiee .

Ilposepka ee serka: Bemb B BepxHeM Kiiacce cedemus C |C’, ompe-
JCISIIOIIETO 4UCIO Y, HAWAETCs Oojblliee ero pamuoHaIbHOE 9HCIO C’,
a Ui palfioOHANBHEIX YHCEI 5TOT MPHHOWO HMEET MECTO.

Temepr MOXHO, HAaKOHEN, CYHTATh YCTAHOBJIEHHBIM, YTO 6 06.4acmu
6CEX BEUJECMBEHHBLIX YUucea MOAHOCMb IO coxpanamomceca npa-
6usa dnremenmapnoit asrzebpbl, omHOCAWUecE K 4embipem
apugpmemuueckum Oelicmeusm u K Couemanuio DAsencme u HepaseHcms.

17. AGcomoTebie BeimamEbl. B wmHTepecax maibEeHIEro, IpPHCOBO-
KYIIEM e1le HECKOJILKO 3aMeYaHuii 06 a6Cc o JI0 THEH X BEIAYMHAXK.

IIpexne Beero, ycranoBHM, 4TO HEPABEHCTBO: |x|<f (rme, KOHEWHO,
B >0) paBHOCHIFHO IBOWHOMY HEPaBEHCTBY: —f <o < B.

HeiictBuTensHo, n3 |«| <f cenyeT, 4TO OTHOBPEMEHHO a<f H —o < B,
T. . « > —f. OOpaTHO, eclH 1aHO, 9T0 a<f U & > —f, TO AMEEM OJHOBpE-
MEHHO: x<f8 H —oa<f; HO OJHO M3 3THX YHCET @, — M €CThb ||, Tax
9TO HaBepHOE |a|<p.

AHAJIOrHIHO, OKA3BIBAIOTCS PABHOCHIBHLIMA U HEPABEHCTBA:

lal<f u —B=a=p.
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HoxaxeM, nanee, MOJIE3HOE HEPABEHCTBO:

le+B|<|a| +|B].
CknazpiBas MOWIEHHO OYCBHIHEIC HEPABEHCTBA

~la|=a<la] w —|B|=P<]B|,
= (|| + [B])=a+B=<|a|+ |B],

OTKyZa, B CHJIy CHEJIaHHOTO BBINIE 3aMEYaHWsd, M BHITeKaeT TpeGyeMoe
HEPABEHCTBO. .

C momoursio MaTeMaTHYeCKOH WHIYKIHH OHO DACHpOCTPAHSETCS HA
ciIy4aii MoGoro Ymeia ClaaraeMbix:

le+B+ .o +yl<|a|+|B]+...+]|p]-
Ecnu 3aMeHNTDb B IOKa3aHHOM HEPABEHCTBE 8 HA ~—fB, TO MOIyYHM
=Bl <[]+ |B].
Tak xak a=(x+f) -8, To |a|=<|a+f]|+ |B], win

| +B]= | - [B].

TOJTY9UM

AmHanoruymo
|| - |B] =<]a—B|.
Tak Kak OTHOBpEMEHHO M
Bl = || <o —B]s
TO, OYEBHIHO,
Hol = 1B]] =< |a—B].

Bce aTH HepaBeHCTBA GYIyT MOJIE3HBI B TEOPHH N P € € JI O B.

§ 4. Jaxpueiimae cBolicTBa M NpHiIOAKCHHS
BEIMIECTBEHHBIX HCEJ

18. CymecrBoBanme kopus. CTeeHb ¢ pamMOHANHEBIM NOKA3a-
TeaeM. Omnpenesenne yMHOXeHNMs (M JeJIeHHs) BEIECTBEHHBIX 9HCENT He-
NOCPEAICTBEHHO NPHBOJHMT, Kak M OOBIYHO, K ONpEHENICHWIO CTEHEHH C
LEJBIM NOJOXKHTENbHWIM (M OTpPUIATENBHBIM) IOKa3aTeleM. Ilepexons
K CTENeHH C BOOGIIE panvoHaJIbHBIM ITOKa3aTeleM, OCTAHOBAMCS IIPEX/IE
BCEro Ha BONPOCE O CYMECTBOBAHMUM KOPHSI.

Kak Mbl nmoMBEM, OTCYTCTBHE B 0GJIACTH PAlMOHANBLHBIX WHCEN IIPO-
CTEHIMUX KOPHEH NOCTYXHJIO OJHWM H3 HOBOAOB K DACIIHPEHHIO 3TOH
06acTH; IpOBEPHM XK€, B KaKoji Mepe NPOM3BENEHHOE PACIIHDEHHE 3a-
HOJIHHJIO CTapkle NpoGeitkl (He CO3AAaB MIPH 3TOM HOBBIX).

Ilycts « ~ mo6Goe BEMECTBEHHOE 9HCIO, 2 — HATYPAIBHOE JHCIO.

Kax m3BecTHO, KOPHEM n-i CTENEHH M3 WHCIA o HA3bIBAJOT TaKOe Be-
IIECTBEHHOE YHCIIO £, 4TO

En=g,

ki
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MBI OIpaHHYHMCs CIIy4aeM, KOrjia « IOJIOXHTENbHO, U OyneM HCKaTh
MOJIOKHUTENLHOE XK€ &£, YIOBIETBOPSAIOIEE 3TOMY COOTHOHICHHIO, T. €. TaK
Ha3LBaeMoe apHMeTHIECKoe 3HAUYEeHUE KOpHI. M=l moka-
KEM, 9TO TAKOE€ YHCJIO & Bceraa CyilecTByeT, H IPHTOM TOJBKO OOHO.

ITocneHee YTBEPXKACHUE OTHOCHTEILHO SARHCTBEHHOCTH 9Hca &, BIIPO-
9eM, cpa3ly ClIeQyeT M3 TOrO, YTO PA3HBIM IOJIOKHUTEIBHBIM YHCIIAM COOT-
BETCTBYIOT H Pa3HEIE CTeNenHd ux: ecinm 0<&<E', To £ <&

Ecnu CyIlecTBYeT Takoe€ PAMHOHAJNBbHOE YHCIO ¥, n-g CTEHCHbL
KOTOPOIO PaBHA &, TO OHO H OyIeT mcKoMbM guciioM . ITosToMy Bopems
JIOCTATOYHO OrPAHKIUTHCS MPEIHOIOKEHHEM, 9TO TAKOT0O Pa M H O H a4 11 b-
HOT O YHCIA HET.

ITocTpouM Temeps cedeHHe X|X' B 067acTH BceX PpAlMOBANBHBIX
qucen caexytouuM obpasoM. K knaccy X oTHeCEM BCe OTPHIATE/IBHBIE
PaHOHATBHEIC YACTA U HYJb, & TAKXKe Te H3 MOJIOXKHTEIbHBIX PALMOHATE-
HBIX 9HCEN X, JJI1 KOTOPHIX X" <a. K rjaccy X’ oTHeCeM MOJIOKUTEIBHEIE
pPaIEOHAJbHLIE TACHA X', Ui KOTOPBIX X ™ =>c.

Jlerko BHETH, YTO KJIACCHI 3TH HE MYCTble M 9TO X COHEPKHT H HOJIO-
- KUTEIbHBIE qmcyia. Ecnu B34Th, HampEMep, HATYpPAJIbHOE YUCIO M Tak,

1 1 1
4T0OB OBLIO --<@<m, TO W IOJABHO -,;ﬁ<oc<m”, TaK 4TO HHMCIO —

BXOoAMT B X, awkciom — B X',
ITpoune TpeGoBaHMs, NpeABABIACMbIC K CCUCHMIO, IPOBEPSIOTCS HE-
IOCPEJICTBEHHO.
ITycte Temeps & OynmeT WHCIO, ONmpeHensieMoe CeYeHHEM X IX '; IOKa-
n

xeM, 9To M=o, T. e. uTo &=} a. PaccMaTpuBas &7 Kak IPOM3BENEHHE 71
COMHOXMTEJIEH, PaBHBIX & HA OCHOBAaHMM ONpEIETCHUS HPOU3BEICHHN
MOJIOKUTENBHBIX BEIECTBEHHEBIX ynceN [14] 3axmrovaeM, 9To

XN < ;B:n - x'n,
€CIH X U X' CYTh MOJIOXUTENIbHBIE PAIMOHAJIBHEIE YHCNIA, IS KOTOPBIX
O<x<€E<x'.
Tak kak, odeBuIHO, X MPHHAIUIEXHUT Kiaccy X, a x' — kmaccy X', To, Io
ONPENCIICANIO 3THX KJIACCOB, OJHOBPEMEHHO H
xt<a<x",

Ho passocts x'—x MOXeT OHITH clelaga MeHbluel soboro wmcna
e>0 (9, 3aMevanne), IpHIeM HHYTO HE MEINAET CYATATh X' MEHBLIAM
HEKOTOPOro Hamepel GUKCHPOBAHHOrO YHCIA Xy B TakoM ciyyae pasH oCTh

X x"=(x" =) x e xex"2 L xt ) <eenxg™l,

T. €. TaKXe MOXeET OBITH ClleNaHa CKOJNb yroxHo Masoit *). Orcrona, Oc
JIeMMe 2, M CIIeAyeT PaBEHCTBO IHCEN & H .

*) 3aMeTHEM, YTO 9HCIIO € - nxy ! CTAHOBHTCA MEHBIIAM Jroboro gucna ¢’ >0, ecm
’ o *
e

B3ATb € < > .
nxin—1
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ITocne Toro kak NOKa3aHO CyIIECTBOBAHME KODHS, OOBIMHBIM IIyTeM
YCTAHABIMBACTCA MOHATHE CTENEHA C JIIOOBIM pPaInMOHAJIbHBLM HO-
KU3aTeNeM r M OpOBEPAETCS, YTO JUIA TAKMX CTeleHel COpaBeIIuBhl 06~
HbIC IIPABHJIA, BEIBOAWMEBIC B KYPCE 3IIEMEHTAPHOM anreGpsr:

of e = OL’+", ol sl = ar—r”
@)y =o', (aBy =ar.pr,
al” ar
o
TTomyepxuem eme, 4To npu a>1 cTenenb &’ Bo3pacTaeT C BO3-
pPaCTaHHEM DALMOHAJNBHOI'O IIOKa3aTend r.

19. Crenmess ¢ JOOBIM BeleCTBEHHbLIM RNoOKa3zarejeM. O6paTuMCs
K ONIPEJICIIeHHI0 CTEeNeHH N0 60ro BemeCTBERHOT 0 (I 0 JIO-
XHUTENAbHOTO) YHCIA & C JIOOKM BEI[ECTBEHHBIM IIO-
KkaszaTteneM f.

BeeneM B pacCMOTpEHHE CTENEHH YHCIIA &

a0 o

¢ PalMOHANBHEIMU HOKA3aTeNAMU b M b’, yIOBICTBODSIOHIUMY HEpaBEH-
CcTBaM
b<f<b'.

Cmenenvio wucaa «.>1*) ¢ noxasamesem B naswviearom (u o6o3navarom
cumgonrom of) eewecmeenHoe uucao 7y, codepicaujeecs Mexcoy cme-
nenamu ob u oab’;

ab<y<al’, mn

Jlerxo ybenuThCs B TOM, 4TO ‘TAaKOe YHCJIO BCErJa CymiecTByeT. Jleii-
CTBHTENIBHO, MHOXECTBO CTeneneif {4’} orpaHmdeHo cBepxy, HampuMmep,
moboii crenenpro a”. BozpMeM Torma [11]

y =sup {«%}.
b<p
Jns aToro uncna 6yneM uMeTh
oabsy=al’,

Ha pene xe 3HaK paBeHCTBA 3/eCh HE HYXEH, BBHAY BO3MOXHOCTH Y B e-
JUYUTh b YMEHbMUTH b’, TaK 4TO IIOCTPOEHHOE YUCIIO ) YAOB-
JeTsopseT ycioBuam (1).

OGpatumcst Tenmeps K JOKa3aTeJbCTBY CAMHCTBEHHOCTH YHCIA, OMpe-
IEeJIIEMOT0 STUMH YCIOBHAMH.

Hnist 3TOrO, IpEXIEe BCEro, 3aMETHM, 4TO JleMMa 2 [8] COXpaHAeT CBOIO-
CIJIy U B TOM CJIy4ae, eClld OMyCTHTE TpeboBaHme, YTOOHI yKcia s, s' U e

*) OTEM cnysaeM MOXKHO OTPAHHYHTLCH: IPH <1 monaraem, HaOpaMep,

o = (2)_5.
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6bUIH HEOPEMECHHO PANMHOHAJIbHBIMH; J0Ka3aTeIbCTBO OCTACTCA
TO Xe€.

3areM, YCTAaHOBHM OJHO BeCbMa IpPOCTO€, HO YacTO HOJIEC3HOE Hepa-
BEHCTBO, KOTOpOE HHOTZA CBA3LBAIOT ¢ uMeHeM SIk. Bepuynau (Jac.
Bernoulli): ecau n — namypaavnoe uucao, b6osvuiee edunuysl, u y =1, mo

yr=1+n(y-1). )
TleiicTBHTENbHO, MOJ0oXuB ¥ =1+ A, roe 1 >0, mo hopmyne 6unoma H b 50-’
ToHa OydeM HMEThb
A+D)=1+n+...;

TaK Kak HEHAIMCAHHBIE YWICHBI MOJOXUTEbHLL, TO
(1+D)">1+nl,

YTO PABHOCHIBHO HEPaBEHCTBY (2).
1

ITonoxuB 3aech ¥ =" (x > 1), IOTyYnM HEPABEHCTBO
L
a" -1 <£.__1

, 3

KOTOPHIM MBI celiyac ¥ BOCIOJIb3yeMes.
Mrr 3HaeM, 49To yuchaa b U o' MoxHO BHIOpaTh Tak, 9ToOBI pPa3HOCTH

’ 1
b’ — b 6pL1a MeHBIIE 5 Ipu Jro60oM Hamepeln 3aJaHHOM HATYPAILHOM 7;
TOrna, o HepaBeHCTBY (3),

1
ab’ - ab= ab(ab"'b - 1) < ab(a" - 1) < ocb L;l_ .

Tak xak b Menpme moboro (2o ¢urcHpoBaHHOro) by, TO NOCTATOUHO
B34Th
bo(ce —
n)cc (e —1)

N >

Iroe € — OPOH3BOJBHO MAJIOE MOJIOXHTEIBHOE YHCIIO, YTOOHI 6BUIO0
ot —ab <e.

B TakoM cayuae, mo 0OOOILCHHOM BBHIIE JeMME 2, MEXXYy IpPaHULIAMH
o? | ¥’ HE MOXKET COIEepKAThCA ABYX pa3 X Y HBI X YHCET Y.

Ecau 8 paumoHaibHO, TO NaHHOE BHIIIE OIpeIe/ieHHe BO3BpAlaeT HAC
K OOBMHOMY MOHHMAHHMIO CHMBOJA «f,

JIerko TpOBEpHTDH, 9TO IS CTENCHH C JIFOOBIM BEILIECTBEHHBIM IIOKa-
3aTesieM BHIIOJHAIOTCA BCE OOBIYHBIE IS CTEICHU NpaBria. OCTaHOBEMCH
IJIA TIpAMepa HAa JOKa3aTejIbCTBE NMpAaBUjIa CJIOKCHHS MOKa3aTeleH IIpH
YMHOXECHUH:

of o =abt?,
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Ilycrs b, b', ¢, ¢’ — mo6bie pauMORATBHEIE YHCA, LIS KOTOPBIX
b<B<b'y, c<y=<c]
IO ONpENEJICHIIO CyMMBI [12]
brec<f+y<b'+c,
a [0 ONPENEICHAIO CTEICHHU

W<af<a¥, af<a¥<a® u adFc<gbtr<gb+c,

TlepeMHOXHB NOWICHHO NepBEIe JBA JBONHBIE HEDABEHCTBA (C yHeTOM
TOTO, 9TO /UL PANMOHATBHBIX IIOKa3aTeslel MOKA3HIBAEMOE MPABHIIO YKeE
H3BECTHO), IOJIYIHM

abtecgBigf <o+

TaxuM obpasom, aBa wucna af+? U af. o’ OKa3LIBAIOTCH 3aKJIFOYCHHBIMA
MeXIy IpaHHmaMu of+¢, a¥+¢, KoTOpHIe, KaK JIErko MOKA3aTh, MOryT
OHITH CHenaHBl CKOJIb yromuo Gimskmmu. OTcrona (mo 0600ieHnOM JIeM-
M¢ 2) 1 BBITEKAET PABEHCTBO 3THX YHCEJL.

ITposepum ewre, 9To mpu «>1 cremens «f B o3 pacTaeT C BO3-
PacTaHHEM BEIECTBEHHOro mokasatens 8. Ecmu $<f, To, BcTaBuB pamumo-

HABbHOE MHCIIO r MEXTy HUMH: 5 < r < f3, IO CAMOMY OIIpee/IeHHEO CTEeHH
' C BEIUECTBCHHBIM IMOKasaTesieM OyaeM HMeTh

wf<a’ B ol <ob, oTkyma of<ab,

20. Jlorapupmer. ITonb3ysich maHubIM ONpeECHAEM CTENEHH C JIIO-
ObIM BEUICCTBEHHEIM NOKA3aTENeM, TENeph JIETKO YCTAHOBHTh C y g e-
CTBOBaHME NOTapudMa mus oGOro NMOJOKAUTEIBHOTO Bele-
CTBEHHOTO YHCJIA Y NPH HOJIOXHTENLHOM OCHOBAHHH &, OTJHHOM OT 1
(MBL GyneM, HanpuMep, cYHTaTh o > 1).

Ecnm cywecTsyeT Takoe paMMOHANBHOE TUCHO 7, UTO

a =y,

TO 7 U €CTb HCKOMBIH slorapudm. IIpemionoxmM ke, 9T0 TAKOLO pamyo-
HAIBHOTO 9YHCIIA F HET.

Torna MoXHO IPOM3BECTH CEUECHHE B|B' B obGnacté BCex pamHOHAIB-
HBIX 9HCCII 1I0 CenyromeMy npasuiy. K kiaccy B oTHeCeM panHOHAIBHBIE
qucna b, [ XOTopeIX a’<y, a K Kimaccy B’ — PalHOHAJIBHEIC YHCNA b,
IJI1 KOTOPBIX o’ >, v

TToraxeM, uTo xnacckt B u B’ — me mycrhie. B CHJIy HEpaBeHCTBA (2)

a?>1+n@—1)>n(x-1),
H JOCTaTOYHO B3ATh
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9TO0HI OBLIO & >7; Takoe HATYpPaJbHOE YHCJIO N OTHOCHTCS K Kiaccy B’
B 1o Xe BpeMa uMeeM:

1 1
=,
o nla—1)
H JOCTAaTOYHO B3AThH

TR
4TOOBI OBLIO ™" <¥ M 9HCIO — N NONAJIo B Kjacc B.
Ocranpable TpeGoBanmsa, IpeABABIsSEMbIE K CEUYEHHIO, 37eCh TaKikKe
BBIIIOJTHEHBI.
IMoctpoernoe ceuenne B|B' onpenensieT BEILECTBEHHOE YUCIO f, KOTo-
PoE ABIISIETCS «IOTPAHMYHBEIM» MEXIY ducnaMu oboux kiaccos. ITo ompe-
JICJICHUIO CTEICHH, AMEEM

d<af<a” (b<f<b),
opHieM «f €cTh € IMHCTBEHHOE WYHCIO, YIOBIETBODAIOLIEE BCEM
noao6HeM HepaseHcTBaM. Ho s qucia y uMeeM (1o caMOMy HOCTPOEHHIO
CeyYeHus)

ab<y<al.
CrnenoBaTenbHoO, '
=y u f=logy;

CYlIieCTBOBaHHE Jorapudma JoKa3aHo.

21. Hamepenne otpeskoB. HeBo3MOXHOCTh CHAOIUTB, OCTABasACh
B O0JIACTH DAaHOHANBHBIX YHCEN, BCE OTpE3KM JJIMHAMHU Takxke ObLIa
BROXHEHINAM IOBOJOM K BBEJCHHIO MPPalHOHAIBHBIX 4hces. ITokasem
Tenepb, YTO HPOU3BEACHHOIO PACIIAPEHHIS YUCIOBOH 00JACTK TOCTATOTHO
IJI PelicHVs 3aJa94d U3MEDEHHUS OTPE3KOB.

IIpexne Bcero chopmyarpyeM camyro 3anaqy *):

Tpebyemca ¢ Kaxncobim NPpAMOAUHELHBIM ompe3KomM A ceazamb Hexomo-
poe nosoxcumenvtoe eeujecmeernoe yucao 1(A), komopoe 6ydem Hazvieams
«Oauroil ompeska Av, max, ymoosl

1) nexomopuiii nanepeo svibpannbiii ompesox E («<omaaon oaumwd) umen
oauny 1:1(E)=1;

2) pasmble ompe3Ku umeau 00Hy u my e OAUHy;

3) npu caodicenuu ompeskos OAUHA CyMmbl ecezda Oblid PABHA CYMMe
OAUH CKAAObIBAEMBIX OMPEIKO8.

I(4+B)=1(4)+1(B)

(«ceoiicmso adoumusnocmuy).
IloctaBnennble yCIOBASA TPUBOIAT K OJHO3HATHOMY DEIIEHHIO 3aAa4qH.

*) Ml nomb3yeMcs 34ech MKOIbHBIMH CBEJCHUSAMH N0 I'COMETDHH U HE GOopMy-
JIMPYeM OTHOCSILLMXCA CIOAA 3KCHOM.



21) § 4. IIPMJIOXEHMS BEWECTBEHHbBIX YUCEJ 41

M3 2) u 3) cnenyer, 4T0 ¢-s 4acTb ITalOHA JOJKHA MMETh IJIHY
1 .
;5 ©CTH Xe JTa ¥aCTh NOBTODEHA CIArA€MEIM P Pa3, TO HOJYYCHHBL
OTpe30K, B CHITY 3), JOJUKEH MMETh JIAHY g . Taxum obpasom, ecmu oTpe-

304 COM3MEPHM C ITANOHOM [UIHHEI, B 001Ias Mepa oTpe3koB A4 H
£ yxnagpiBacTcs B HUX, COOTBETCTBEHHO, p H ¢ pas, To HeoOxoaEMo

D
14)=2.

Jlerxo BUIETD, 9TO ITO YACIO HE 3ABHCHT OT B3ATOM 0GIIEil MEPEI H 9TO
€CIH OTpe3KaM, COU3MEPHUMBIM C STAJIOHOM, HPHONWCATL PAaNHOHAJLHEIE
JUTMHBI IO 9TOMY IIPABHITY, TO — JULA 3THX OTPE3KOB — 3a/1ada H3MEPEHHs
OyZleT MOJIHOCTHIO pelleHa.,

Ecnu otpe3ox 4 Gonblle oTpeska B, Tak 4To A=B+C, rne C ectb
Takoke HEKOTOPHI{ OTPE30K, TO, B CANY 3), MOJDKHO OBITh:

1(4)=1(B)+1(C)

u, Tak kak [(C) =0, To I(4) > (B). Htax, HepaBHEIE OTPE3KH JOJIKHBI UMETh
HEpaBHBIE [UTMEBLI, a HMEHHO, OoNblmii oTpe3ok — O6OnbuIyIO IIMHY.

Tak kak KaX J0€ IOJIOKUTEIBHOE PALHOHAIIBHOE YHCIIO 2—7 ABJICTCA

IJIAHOM HEKOTOPOro OTpe3kKa, COM3MEPHMOro C 3TAIOHOM UMMHH E, TO
U3 CKa3aHHOIO, MEXIY IPOIUM, SCHO, YTO HH OJHH OTPE30K, HECOM3MEDH-
MEIii ¢ 9TaJIOHOM, HE MOXET UMETh PalOHAIBHYIO IJIHHY.

IIycte %e 2 OynmeT Takoll OTpe30K, HECOHU3MepHMHHK c E.
Haiinetcs Gecuucienroe MHOXKECTBO OTpe3koB S u S, COH3MEPHUMBIX ¢ F
H, COOTBETCTBEHHO, MEHbIIMX WM GOmpimx X ¥), Ecnu 0603HAYATH MX
IumaeE Yepe3 s U ' 1(S)=s, 1(S')=+5', To uckomas wmna /(L) nomxna
YAOBJIETBOPATh HEPAaBEHCTBAM

s<l(&)<s'**),

" Ecnu pa3burh BCe palMOHAJIBHEIE YMCIA Ha fBa Kkiacca S u S, oT-
Hecs K HIDKHEMY KJlaccy S 9Mcia s (4 KpOME HHX — BCE OTPHLATENLHBIE
yucna u 0), a K BepxHeMy Kijaccy S’ — 4ucaa s’, TO IONYYHTCA CEUCHHE
B 00NacTH pamHOHAJIBHBIX YHCEN. TaK KaK B HYDKHEM ‘KJIACCE, OYEBHIHO,
HET HAauOOJBIIETro YACIA, & B BEPXHEM — HAMMEHBLIErO, TO 3THM CEICHUEM
ompezeNsAeTC] HPPaNUOHANBHOE YHCIO O, KOTOpoe H OymeT
€IMHCTBEHHBEIM BEILECTBEHHBIM UCIIOM, YOBJIETBODSIOLIMM HEPABEHCTBAM
s<0o<s'. IMeHHO 3TOMy YHCIY HeOOXOIXHMO IOJOXHATE PaBHOH
nmumy /().

IlpennmonoxuM Temephb, 9TO BCEM OTpPE3KaM, Kak COM3MEPMMBIM C E,
Tak B HECOM3MCPHMBIM, HPHIMCAHH! JUIHHLL B COIJIACHH C YKA3aHHBIMH

*) D10 JNerko NOKa3aTk, MCXOAS M3 IeOMETPHYECKON (aKCHOMEI Apxumena», O
KOTOpOH yxe Obuia pedb B 5.

*¥) Pasymeercs, ¥ JUIf ANMHEL OTpe3ka £, COM3MEPHUMOTO C E, TAKKE Bbl-
TNIOJIHSIOTCA 3TH HEPABEHCTBA.
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npaBuwiaMu. Brimosenue ycnmoBuwit 1), 2) odeBHOmHO. PaccmoTpuM nBa
otpeska P, 2 ¢ nyunamu o =I(P), 0=1(Z) u ux cymmy, otpesox T=P + 2z,
IUIHHY KOTOoporo o6o3naunuM uepe3 7 =/ (T). BagB o6Le M0M0KHUTEIbHbIE
pPallOHANBHBIE YHCIA 7, 7', 5, S’ TakHe, 4TO

r<p<r', s<o=<s',

TIOCTPOMM OTPe3KH R, R’, S, S, st KOTOPLIX MMEHHO 3TH HHCIIA, COOT-
BETCTBEHHO, CIIYKAT [uMHaMu. OTpe3ok R+ S (aauubl 7 + 5) 6yoeT MeHb-
me T, a oTpe3ok R'+ S’ (wmmrel 7'+ s') — Gombie T. TToaTomy

r+s<t<r'+s'.

Ho [12] efnHCTBEHHBIM BEIIECTBEHHBIM YHCIOM, COMAEPXKAIIAMCS MEXy
YHCTIAMH BHJA 7+ 5*) M 4dcnaMu r' -+ s', sBisieTcs cymma g+ o. CreoBa-
TeJIBHO, T=Q+ 0, 9. # Tp. .

PacnpocTpanenne «CBoHCTBA aJIMTHBHOCTA» HA CIIyuaii MHOGOro ko-
HEYHOI'0 YMCIA ClIaraéMbIX HpPOH3BOAUTCA MO METOAY MATeMAaTHYECKO
WHIYKIAH.

Ecrm Ha oce (HampasneHHOHM upsmoii) (puc. 1) BeGpaTs Ha-
9aJIbHYIO TOYKY O U 3TasoH Auukl OF, To Kaxcdoii mouke X smoti npamois

44 a7 vZ ¢4
Oty —F X
‘z ———d

Puc. 1.

omeeuaem HeKOmopoe sewjecmeentoe yucio — ee abcumucca x, papHas
amHe oTpeska OX, ecnu X JIEXHT B IOJIOXKATENHHOM HAIPABIEHHH OT
O, WK 3TOH JIIMHE CO 3HAKOM MHHYC — B IPOTHBHOM CIIy4ae.

EcTecTBeHHO BCTaeT Bompoc, Oy[eT JM BepHO M obpaTHOE: Kavcdoe
AU GeujeCmeeHHoe YUCA0 X omeevaem npu 3mom HeKkomopoii mouke npaAmoii 7
Bonpoc 3TOT B reOMETPHH PELIaeTCA B YTBEPAMTCILHOM CMBICIE — HMEH-
HO ¢ DOMOLIbIO AKCHOMBI O HENMPEPHBHO CTH MNPsAMOM, yCTaHABIIH-
BaIOWIEH N4 HpAMOHM, KaKk MHOXECTBA TOYEK, CBOMCTBO, AHAIOIWYHOE
CBOHCTBY HeHmpepHIBHOCTH 06JIaCTH BelleCTBEeHHBIX wmcen [10].

Taxum 06pa3oM, Mexny BCEMH BEIECTBEHHBIMH YMCJIAMH M TOYKAMH
HaNpaBJIEHHOA HIpPsAMOH (OCH) MOXHO YCTAHOBHUTH B3aWMHO OJHO3HAYHOE
COOTBETCTBHE. BelecTBEHABIE YHCIa MOXKHO M306paXaTh TOYKAMH Ha OCH,
KOTOPYIO B CBA3M C 3THM Ha3BIBAIOT YHCIOBOH OcCh 1. [logoGubm
u300paKeHHeM MBI BIpPEAb MOCTOSHHO GyNeM IOb30BATECA.

*) Orpanmdenvie MONMOXHTEAbHLIMH TACHAMH r H 5, KOHEYHO, HECymIe-
CTBEHHO.



I'IABA IMEPBAA
TEOPUA ITPEAEJIOB

§ 1. BapaanTta n ee mpegein

22. Ilepevennas BejHyHHa, BapmanTa. B ¢um3mke u B [Opyrmx Hay-
Kax O NPHpOoJe YHUTATENI0 BCTPEYAJIOCh MHOXECTBO PA3jIMYHBIX B € JI H-
YHMH: BpeMd, JIMHA, 00BeM, Bec U T. I. JIrobas u3 Hux, cMOTps no 06-
CTOATENBLCTBAM, TO NPHHHMANA Da3JIMiHbie 3HAYEHHS, TO JMINb OIHO.
B nepBoM ciryyae MbI HMEJIH Je/I0 ¢ MepeMEeHH 0 i BEIMYMHON, a BO
BTOPOM — C HIOCTOAHHOM

B MaTeMaTHKe, OIHAKO, MBI OTBJIEKaeMCs OT (PU3HYECKOro CMBICIA
paccMaTpUBaeMON BENUYMHBI, HHTEPECYSCh JMIIL YH CJOM, KOTOPEIM
OHa BbIpakaeTcsl; GU3MIEeCKUil CMBICHI BETMIHMHLI CHOBA MPHOOPETAET BaX-
HOCTb, JMIIb KOTAAa 3aHUMAIOTCA HPUIOXCHUAMH MareMaThuku. Takum
obpasoMm, 111 HAaC mepeMeHHAs BeIHYMHA (MJIH KOpOode — HEepeMEHHAs) SB-
JFETCI OTBIE€YCHHON HIM YU CJIOBOH mepeMenHoii. Ee 0603Ha-
4ar0T KakKuM-IE60 cuMBosIoM (OyKBO#, HampuMep, X), KOTOPOMY IPHITHCHI-
BAFOTCS] YUCIIOBBIC 3HAYCHHA.

IlepeMenHA A cuMTaeTCA 3aTaAHHOM, €CJIM YKa3aHO MHO XK E€CT B O
X={x} 3maveHHi, KOTopEHe OHA MOXET HPHAHATH. [loCTOsAHHYIO
BeJMYHHY (KOpo4¢ — MOCTOAHHYI) ymoOHO pacCMATpHBATL Kak
YaCTHBIH CIy4yail MEePEeMEHHOM; OH OTBeYaeT IPEMIIOJONKEHMIO, 9YTO MHO-
KecTBO &' = {x} COCTOMT H3 O JHOT O JJIEMEHTA.

IIpn ycTanoBNCHMH HOHATHA HpeJeJlla NepeMEHHON Xx HemocTa-
TOYHO 3HATh JIHIIb, H3 KAKOT'O YHCIOBOIO MHOXECTBA & MOJYdaeT 3HAYe-
HHA 3Ta IEPEMEHHAsA; HeOOXOMMMO eIe 3HATh, KaK¥ue MMEHHO 3HaYCHUS
(cpenu KOTOPHIX MOTYT GHITH M MOBTOPSIOLINECS) M B KAKOM IOPSKE OHA
mpuarMaeT, OTKnajelBas M3JIOKEHHE BOIPOCA © HAaINpPaBJIeHHOH
IMEepEeMEHHOH M ee mpeselne, B o0llelt OCTAHOBKE, O KOHNA CIEAYIOIIETO
ToMa ¥*) (Korza y YATaTeNs HAKOMUTCA JOCTATOYHEIN ONKT B 3ToM 00JacTh),
MBI HOCBATHM HACTOSIIYIO IJIABY W3YIEHWIO OJHOrO, CAMOIrO IPOCTOrO M
BMECTE C TEM BaXXHOI'0, YACTHOIO THIIA TaKOH HEPEMEHHOHM BEJIMIAHEL

HavreM ¢ ycTaHOBJNEHUS IOHATHS YUCIOBOM I OCHEZOBATE b~
HocTH. IlpencraBam cebe BaTypanbHHB#H pax:

1,2,3...,mn...,0,..., (6]

*) Cm. Tam Jonondenue: « O0mas TOYKA 3peHus HA Opees.



44 [l 1. TEOPUR NPEAEIOB ‘22

B KOTOPOM MHCIa PACIOJIOXEHHI B IOpsIKEe BO3PACTAHHMSA, TAK 4YTO OOJIb-
mee YACHo 7' CIEeNyeT 3a MEHbIIUM 9HCIIOM 7 (A MEHbIIee TUCIIO 1
openmecTByeT GomemeMy uncay »'). Ecnm Tenmeps 3amenuts B psife
(1), no xakomy-mubyze 3aKoHY, KaXI0€ HATYPANLHOE IACIO 1 HEKOTODEIM
BELLIECCTBCHHLIM YHCIIOM X,, TO HOJIyIATCH YHCIIOBas M OCJI €T O B a-
TEIbHOCTH:

X1y Xos Xgs evvy Xny oevy Xnry oony )]

YICHB HWIH 3T€MEHTH KOTOPOH X, 3aHyMEpPOBaHBI BCEMH HATy-
PanbHEIME YMCIAMHH PACIHOJOXEHB B IOPAJXKE BO3pacTa-
HAA HOMepoB. IlIpu n'>n wWicH X, clenyeT 3a WIEHOM X,
(x, mpegmecTBYEeT X,), HE3aBUCHMO OT TOro, OYIET JIH CaMo
YHCIIO Xy, GOJIBINE, MEHBIIE HIIH I2Xe PABHO YHCIY X, ¥).

Hepemennyio x, npunumaiowyro Hekomopylw nocaedoéamen b
Hocmb (2) snavenuil, mbt — cnenys Mepoa (Ch. Méray) — 6ydem na-
3vi6amy 6apuarHmoid. DTO K €CTh TOT THI NEPEMEHHOI, PaccMoTpe-
HHEM KOTOPOI'O MBI 3[16Ch OrPaHHYHBAEMCS.

B miKo/IbHOM Kypce MaTEMAaTHKH MHTATEJI0 BCTPEYAJIHCh NEPEMEHHBIC
MMEHHO THIIa BapHAaHTHl. EMY 35aKoMa, HalpEMep, MO CJIE€ T OB A T € J b-
HOCTb BHIA

a, a+d, a+2d, ..., a+(n-1)d, ...
1 2 3 n

(apudMeTHIECKasA IPOrPECCHst) WM BUAA

a, aq, ag% ..., ag", ...

1 2 3 n
(reoMeTpr¥ecKas NMPOrpECCHs); NEPEMEHHbL WIEH TOH M IpYroif mpo-
ITPECCHA €CTh BAPDHAHT a. '

B cBA3sM C ompenencHHEM MJIHHBI OKPYXHOCTH OGBIMHO DPAacCMATpH-
BAaeTCs IEPEMEHHEI NEpHEMETP HOpPaBIIBHOIO BOACAHHOIO B OKPYKHOCTh
MHOTOYTOJIbHEXA, [OJY4aeMOI0 H3 INECTHYrOJbLHHKA IIOCIHEIOBATEILHBIM
YIOBOCHHEM YMHACTIA CTOPOH; TRKAM 00pa3oM, 3Ta Bap A a H T 4 UPHHEMAET
ODOCHIENOBATENbHOCTD 3HAYCHHMI:

Pe=6R, p,= 12RV2 - Vé,
1 2

P24=24RV§“ V2 +V3, f4s:

YnoMmsseM ele 0 JECATHYHOM NPUGIIIKeHNH (CKakeM, IO HETOCTATKY)

k }2, co Bce Bo3pacTaromieii TOYHOCTHIO; OHO IPHHAMAET II O CJIE I O-
BaTCJIbHOCTDb 3HAYCHHUH:

1.4; 1,41; 1,414; 1,4142; ...
1 2 3 4

4 Takke NpencrasiseT coboil BapuauTy.

*) AHaJIOTHYHO ONpPenesIseTCA MOHATHE MOCIEeJ0BATENbHOCTH TOYEK Ha
npaAMOE MM o6BeKTOB KaKoW-1ub0o APYroll OpHPOILL
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IlepeMennyro x, HpoOeraoinyo mOCIeA0BATENBHOCTE (2), YacTo 060-
3HAYAIOT Yepe3 X,, OTOXKIECTBIAA €€ C MepeMeHHBIM («o0ImuM») wWieHOM
3TOH MOCIENOBATENBHOCTH.

Wnorpa BapHaHTa X 3afaeTcs TeM, YTO YKa3bIBa€TCA HEIMOCD € -
CTBEHHO BHpaXeHHE IIA X,; TaK, B Clyyae apupMeTHYECKOH WM
TeOMETPHIECKOH NpOrpecCHM HMeeM, COOTBETCTBEHHO, Xp=a-+(n—1)d
WA X, =aq"~!, IIoJb3ysCh STHM BBIPAXEHHEM, MOXHO CPa3y BHYHCIATEH
110 6 0¢ 3HAYCHAE BAPHAHTHI IO 3aJAHHOMY €ro HOMEDY, HE BBIYMCIISAS
NPEIBIOYIUNX 3HAYCHUMH.

HAna nepuMerpa HpPaBHJIBHOTO BITMCAHHOTO MHOTOYIOJIBHHKA TAKOE
obmee BEIpaKeHHEe BO3MOXKHO JIHILb, €CIH BBECTH YHCIIO %; BOOOLIE mepH-
METP Pp, NPABHILHOTO BIMCAHHOI'O M-YTOJBHAKA JaeTcs GopMyiioi

.. Tt
p,,,=2mRs1nE.

B gpyrux ciydasx HaM MoOXeT OBITH HEH3BECTHO BEIDAXKEHHE IS
odmero unena x, mocimemoBarenbHocTH (2). TeM He Memee, nocaedosa-
meavHocmb (2), a ¢ Hero u omeeuarowa eil eapuanma, cuumaemca 3a0aHHol,
eciu Ml gce xce 8aadeem NP ABUAOM, NO KOMOPOMY Modxcem Gbuimb
BbIYUCACHO 410 0 0 € 3HAUeHUe 6apuaHmbl, AUllb MOALKO U36ECMEH €20
Homep. IloaToMy-To, 3HAA WpaBMIIO IS MPHOIMKEHHOTO BBIMHCICHHN
KODHe#, Mbl MOXEM CYATATL 3aHaHHEONW BCIO TOCIENOBATEILHOCTH OECH-

THYHBIX NPHOIIDKEHAH K V—Z—, XOTH BBIpaXXE€HUS I ero oOILero 4ieHa Mbl
HE€ 3HACM.

Ecan BapHaHTa —~ B y1<a.33HHOM CMBICJIC — 3aJaHa, TO 3TUM HE TOJIEKO
OXapaKTCPU30BAHO BCC MHOXXCCTBO MPAUHHUMACMBIX CIO 3HAYCHUH B neinoMm,
HO H OHNPEACIICH MO P AKX OK, B KOTOPOM 3TH 3HAYCHUSA NPHHUMAIOTCH,
RaXIOMy HOMEPY OTBEYAeT CBOE 3HAYCHHUE BAPDHAHTHI, K U3 ABYX 3HAYCHHIH
TO CYATACTCA CJICOyXOImuM, HOMEP KOTOPOro 60JIL)’.IIe.

Bm€ pa3 momuepkHeM, 9TO 3HAYEHHS BApPHAHTH HE JOJKHBEI OBLITH
obs3aTenbEO pasmyEkMiu. Hanpumep, eClii 3a1aTh BAPUAHTY ONHOM H3
bopmy:

— 143
X, = 1+(~-1)

Xp=1; Xp=(-1)"*1; n

>
TO COOTBETCTBYIOLIME IIOCIEHOBATEILHOCTH Oy MyT:

N

, I, ...
8

b4

-

-
|
—
-

-1, ...

1
FERER
6

-
-

1 1 1
1 3 5
1 1, -1, 1
1 3 ]
0,
5

-

- O
-
—
-
L. O
-
2N ST N

B mepBoM ciryuae MBI HMeeM IPOCTO NMOCTOSHHYIO BEJIMYMHY, BCE ¢MHO-
' XeCTBO» NPHHAMAEMBIX €10 3HAYEHHIl CBOAUTCH X oQHOMY. Bo BTopoM —
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3TO MHOXECTBO COCTOMT H3 JBYX 3HaYeHMi, 1 m ~ 1, IpUEAMAEMBIX mO-
oueperHo. HakoHell, B TpeTLEM CJy4ae MHOXECTBO 3HAYEHWIl IEpeMEH-
HOH OECKOHEYHO, HO 3TO HE MEMIACT 3HAYCHHSIM IEPEMEHHON depe3 OXHO
paBHATBEC 0; M MBI cuuTaeM, uyro 3HadeHWe (0 HA NATOM MeCTe crenyer
HE TOJIbKO 34 3HaueHHeM | Ha BTOPOM MeCTe, HO M 3a 3HaueHmeM 0 Ha
TIEpBOM MeCTe.

23. Ilpemen Bapuanthl. YnuTaTelb M3 IUKONBHOIO Kypca TaKkxke 3Ha-
KOM yX€ ¢ 3THM IOHATHEM. BOT To9HOE eTo ompeneieHHUE :

Ilocmonnnoe uucao a Hasvieaemcss npedesom eapuanmel X=X,
ecau 048 Kaxnc0020 NOAONCUMENbHO20 YUCAQ €, CKOAb Bbl MAA0 OHO Hu OblLi0,
cywecmeyem makoti Homep N, 4ymo 6ce 3HAYeHUA X,, Yy KOMOpbIX HOMeED
n=N, yoosremeoparom Hepasencmey

|xp—a| <e. 3)
ToT dakT, YTO a sBISETCA TPENEe]OM BAPHAHTEI, 3AIHCHIBAIOT TAK:
limx,=a wmwm limx=a

(im ecTh coxpallleHWe JATHHCKOIO CjIoBa limes, o3Ha9aiomero «aIpenens).
ToBopsT Takke, 4TO MEPEMEHHAA CTPEMHU TC A K d, ¥ OHAIIYT

Xp~a HWIH X-a.

HHo# pa3 9ucII0 @ HA3bIBAeTCI NI PENEeJOM HOCIEeLOBAaTE b H O-
c¢TH (2), X rOBOPAT, YTO 3Ta MOCIEIOBATEILHOCTh CXONHUTCS K a.
To xe ompenenenre KOPOTKO MOXeET OBITH CHOPMYIHPOBAHO Tak:

Hucao a ecmb npedes 8apuanmvl X = X,, €CAu ee 3HAYeHUs OMAUYAIOMCA
Om a CKOMb Y200HO MAAO0, HAYUHAA C HEKOMOPO20 Mecma.

HepasenctBo (3), re & MpOH3BOJIBHO, M €CTh TOYHAS 3allNCh yTBEP-
KIEHHs, UTO X, OT @ «OTJIMYAETCA CKOJb YIONHO Majtos, a HoMep N Kak
Pa3 ¥ yKa3eBACT TO €MECTO, HAYMHASA C KOTOPOro» 3TO OOCTOSATEHCTBO
OCYILIECTBIIACTCS.

Baxno nate cebe oTdaer B TOM, uro HOMep N, Boobmie rosops, ..
MOXeT OBITh yKa3aH pa3 HaBcerZa: OH 3aBHCHT OT BEHIGOpa
yucya & [dua Toro 9Tobbl MOIIEPKHYTH 3TO, MBI MHOM pa3 BMecTo N
Oynem mucate N,. JIpi yMeHbIICHHM M YHCIA & COOTBETCTBYFOIIMIL
HOMEp N=N,, BoOOWIE IOBOpsl, YBENKYHUBAETCA: YeM OOJIbIIEH
6M30CcTH 3HATEHHH BapHaHTHL X, K @ MbI TpebyeM, TeM GoJiee nanexme
3HAYCHHA €€ — B pAny (2) — NPUXOXATCS PacCMATPHBATE.

HckimoueHre OPeACTaBIsAeT TOT CHydaif, Korga BCe€ 3HAYCHHI Ba-
PHUAHTHL X, PaBHBI IIOCTOSHHOMY 4ACIy 4. O4eBHIHO, 9TO Toria a=lim x,,
HO HA 3TOT pa3 mepaBeHCTBO (3) OymeT BHIMONMHATHCH UL A6 OT O
£>0 OTHOBPEMEHHO IPH B C € X 3HAYECHHIAX X, *).

*) Amanorminoe 06CTOATENLCTBO HMEET MECTO AT BAPHAHTEI Xy, , 3HATCHAA KOTOPOH
CTAHOBATCS PABHLIME @, HATWHAS C HEXOTOPOT O MECTaA.
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Hepasenctso (3), kax Mel 3HaeM [17], paBHOCHIBHO CIEAYIOIMM:

—E<Xp—da<e
WA @
a—-e<x,<a+e;

9TEM MBI 4acTo OyAeM HOJB30BATHCH BIOCIEACTBHH.

Ecna m306pasuts uCna 4, até& ¥ 3HAYCHUA X, HALIEH BAPHAHTHI TOY-
Kamu Ha 4ucioBoii ocu [21] (puc. 2), To mosyuwTcs HarnsaHOE reoMeTpH-
YeCKOe MCTOJNKOBAaHME NpeAeNa BapuanThl. Kakoit 6Bl Manbii oTpesok

a-¢ ars
g \
-O—Ommme—-
Z, \ g, 5/ Tz oz
Puc. 2.

(mTHHBI 2¢) ¢ IEHTPOM B TOUKE @ HM B3ATh, B Ce TOYKH X,, HAYMHAL C He-
KOTOPOM M3 HUX, JOJDKHBI IIONACTh BHYTPb 3TOrO OTpe3ka (Tax 4To
BHE €70 MOXET OCTAaThCA Pa3’Be JIANIL KOHETHOE YACIIO 3THX Todek). Touka,
H300paxaromas npenex g, SABIAETCS KakK Gbl CpeloTOMMEM CTYCTKa
TOYeK, H300paXalomyX 3HAYCHNs BAPHAHTEL

24, BeckoHe9HO MaJbie BedHIHHDL Cnyuaii, xorma BapWaHTa CTpe-
MHTCA K HyIO: X, -0, mpeacTaBiseT ocoOblii MHTEpeC.

Bapuanma x,,, umerowan céoum npedesom Hyaw, Hazvieaemca 6 e c K o-
HeuHo Maaotl 6easudyuHOl, AMM OPOCTO GECKOHEYHO Ma-
ao .

Ecnu B ompeneneniyu npenena BapuanTsl [23] momoxuts a=0, To He-
paBeHCTBO (3) IpUMeT BHI

[%2=0| =|xa|<e  (mns n>N,).
Takum oGpa3’oM, JaHHOE Bbille ONMpEdETCHHE GECKOHEYHO MANol MOXKHO
HozApobree chopMympoBaTh Ge3 YIOMHHAHHS TEPMHIHA IPEHEIy:

Bapuanma x, nasvieaemca 6eckonewno mMaaoii, ecau oHa no
abconomHoli  6eauuuHe CMAHOGUMCA U OCMAeMcA MeHbuled CcKoAb
Yy200HO Maa020 Haneped 3adannozo wucaa &>0, HAuuHAA C Hexomopozo
Mecma.

He Bmonse ypmawmbri (HCTOPHYECKH CIOXHBIIHICS) TEpMHH <«GecKo-
HEYHO MaJjlas> BEJIHYHMHA HE NOJDKEH BBONUTH YATATENs B 3a0iyxXacHHE:
HH OTHO B OTHEJIPHOCTH B3ATOC 3HAYECHHE 3TOM BEJMYMHLI, €CIH OHO HE
HYIb, HC MOXCT KBAIH(HIMPOBATHCH, Kak «Manoer. CyTh Jela B TOM,
4TO 3TO — M€ PEMEHH a1 BEIHYMHA *), KOTOpAsi THUILB MPOIECCE
CBOCro M3MEHEHHUA CooCoOHA CHENATHCA MEHBINEH IPON3BOILHO
B3ATOIO 4YHCIIA &.

Ecir BepryThes K 06MieMy Cly9aro BapHaHTH X, , HIMEIOIIei mpeaen 4,
TO Pa3sHOCTb

X=X, —a

*) Mckmoyas ReHHTEpECHEIl clyqall, KOr/la OHA TOMIECTBEHHO PABHA HYJIO.
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MEX/TY MEPEMEHHOM U ee IPellesIoM, 0UYeBHIHO, OyIeT G6ECKOHETHO MAaJIoit:
Bems, B cuny (3),
lon] =|xn—a|<e (muz n=N).

OO6paTHO, eciH «, €CTh OECKOHeYHO Majas, TO X,—~d. DTO NPUBOIUT
HAC K CIIeIyIOmEMY YTBEPXKICHHUIO:

Haa moz2o umobbl eéapuanma X, umeaa c60UM RPedesOM ROCMOAHHOE
yucaoa, HeOBX0O0UMO U O0CmMamouHO, YMOObl pASHOCTb MeHCOY
HUMU &, = X, — A 611G OeCKOHEYHO Manoil.

B cBs3u ¢ 3TAM MOXHO OBUTO OBl DATH U M1 MOHATHS ¢IpEeNel» IPyroe
onpenenenne (PaBHOCHIBHOE CTAPOMY):

ITocmosannoe uucao a Hasvliéaemca npeodenoM eAPUAHMYL X, ecau
PA3HOCMb MeNCOY HUMU ecmb OeCKoHeyHO Maiasn eeauyuna.

Pazymeercs, ecii MCXOOWUTh H3 3TOTO ODPENCNICHWS Ipenena, To I
6eCKOHEYHO MAJION HYXHO HCIOJL30BATh BTOPOES W3 IMPHBEICHHBIX BHIIIE
oupenenennii. Muade nomyaniics 6sr mOpOYHBLX KPYT: NPeAeN onpeaesics
On1 yepe3s GeckOHEYHO Maiylo, a GeckoHeuHO Majas — vuepe3 mpenedn!
Hrak, ecnu Bapuanra X,—»d, TO OHAa MOXeT OLITh NPEACTaBJICHA B
BUIE ‘

Xp=a+oy,,

THe o, ecTb OECKOHEUHO Majas, ¥ oO0paTHO, €CIH BapHAHTA X, JOMYyCKaeT
TaKoe OPEACTaBJIEHAe, TO OHA HMEET HPEICJIOM 4. DTHM JacTo HOJB3YIOT-
cd HA NPAKTHKE JUIS YCTAHOBJICHWA IIpefieNa MepeMEeHHOM.

25, ITpamepnt. 1) PaccCMOTPAM BapHAHTHL

1 1 (- Dpn+t
xn=;, X, =";, xn=—n—'—‘;

UM OTBCYAIOT TAKHE NOCIEAOBATENbHOCTH 3HAYCHUN:

1 1 1 1
> 21 3) 4, ’
1 1 1
_ly i e ] T srts
2 3 4
1 1 1
19 A s Ty s
2 3 4

Bce TPH DEPEMEHHEIE MPEACTABILIIOT COG0H GecKOHEIHO MAJbE, T. €. MMEIOT Ipe-
nenom 0. JIelicTBRTENLHO, ONA HAX

|xnl =-—xEg,
n

1
JIEINE TONBKO n>— , Takam 06pa3oM, 3 kagecTse N, MOXKHO, HanpAMeD, B3ATh HaRGOIb-

1 1\*
Imee Nelloe 9uclio, ColepxRanieecs B —, T. e. E (——) .
£ >

*) BooGme, 9epe3 E(p) o603nagaerca panbolblee 1eiioe YACI0, He OPEBOCXOMsIIEe
p, WA, KOpoue, Henas 9acTh wmciaa p; E ects HasambHasa Gykea ¢pasiy3ckoro
cnosa Entier, 03Ha9alomMero 4LEIEIis,
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OTMeTHM, YTO IEpBas IEepeMeHHas Bce BpeMs Oomeme cBoero mpeaena 0, BTO-
pas — BCE BPEMs MEHBLIIE €T0, TPEThA XK€ — IONEPEeMEHHO CTAHOBHUTCHA TO OOJBIIE,
TO MEHBIIIE €rO0.

2) Ecim momoxaTh 2+(-1n

Xp=———"—,
n

TO TIEpEeMEHHasi MPODBEraeT TAKYIO HOCIEAOBATEILHOCTh 3HAYCHUIM:
3 1 3 1 3
E s _3‘ ’ '4_ B ’g‘ ’ 'g >
" B 3TOM Ciydae xp ~0, Tax Kak

|Xn|<—=e
n

&
MEI cTamkuBaeMCcs 37ech € JIIOGOMBITHON OCOBEHHOCTBIO: IEPEMEHHAS TTOOYEPETHO
TO NpHOGIHXKAaETCA K CBOeMy mpeaeny 0, To yaaaseTCs OT HETO.
3) Ilycte Tenmeps
I+(-1n
=T

n

3 3
JUIS n>—, Tak 410 32 N, MOXHO NPHHATH E(~—) .
€

Xn
C 3TOH BapuUaHTON MEL yx&Ke MMENH ZIeJI0 B KoHIe 22, 3mech Takxe X, ~0, nbo

[Xn]=—=¢,
n

2
JIMIIb TOJIBKO n>Ng=E(—) .
&

OTMeTrM, 9TO AJIs BCeX HEYCTHBIX 3HAYCHMI 7 MEPEMEHHAsA OKA3bIBAETCA PABHOM
CBOEMY Mpenery.

OTH NpOCThle MPAMEPHI MHTEPECHBI TEM, YTO OHH XapaKTEPU3yIOT MHOrooOpaszme
Te€X BO3MOXHOCTEH, KOTOpbi€ OXBAaTHIBAIOTCS AAHHBIM BBIIE ONpeeNICHAEM IpPEAcia
BapuanThl. HecymecTBenHO, IeXRAT JIH 3HAYEHHS NEPEMEHHON C O AHO MK CTO P O H B
OT Ipefea WIM HET; HeCYIIeCTBEHHO, MPHOJIDKACTCS K MEpeMEHHass C K a K 4 Bl M
ITaroM K CBOeMy Ipefielly; HECYINECTBeHHO, HAKOHEN, NOCTHraeT Jii HepeMERHAasl
CBOETO Ipenena, T. €. NIPMHUMAET JI 3HAYEHHS, paBHBIC Ipefeiry. CylIecTBEHHO JMIb
TO, O Y€M TOBOPHTCA B ONpEHAeNiCHHH: HNEepeMEHHAs NOIDKHA OTJIMYATHCA OT Hpezela
CKOJIb YFOIHO Majio B KOHIIE KOHIOB, T. €. IUIS JOCTATOYHO AAJIEKMX CBOHX 3HAYCHIUIA.

4) Bo3bMeM Gonee CHOXKHBIE IPUMED BapHAHTEL

ni—n+2 .
3n2+2n—-4"

Xn=

) 1
JOKaXeM, 4TO €€ IPEAeoM OyAeT 4ucio 3

C 3T0ii HemBO PaCCMOTPAM Pa3HOCTD

1 -5n+10
T3 3Gn 1 2n-4)
H OLEHMM ee aGCOMIOTHYIO BEMUMAY; IJIS 7> 2 MMEeM:

Xn

1 Sn—10 5n 5n 1
n 30 332 +2n—4) 3(3n2-4) 3.2n* n’
‘ 1 1
TaK YTO 3TO BBIPAXKECHAE MEHBIIE €, ecnu n>N,=E (—-—) . OTEM A0Ka3aHO, YTO Xp —~~§ .
e

4 I'. M. ®pxtenronsi, T. I
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5) OnpepenmM BapuanTy GopMyIoit
1 n
xp=a"=Va (a1,
H JOKAXEM, 9TO Xp ~ 1.
Ecnm BOCHONB30BaTLCS HEPaBEHECTBOM (3) B 19, TO MOXHO HAMHCATS:

n
- a-1 a-1
xn—1]=Ya-1<-—~"<¢ jwmms Tomko n>N,=E .
n 3
Moxno, onrako, paccyxuath u uraye. HepaBeHCTBO
1

|xn=1}=a"-1<¢
PaBHOCHIbBHO TakoMy:

1 1
—=<logg(14+¢) mwm n>—-——,
n ga(l+¢) >loga (1+e)
1
TaK YTO OHO BBHINOHSETCHA HPH n>N,=E (————) .
logg (1+¢)

B coorseTcTRMHE ¢ BHIGPAHHBIM CHIOCOGOM pacCyXIEHHS MEI IPHONIM K P a3 J1 U Y-

HBIM BoipaxennsM ana N;. Hanopumep, opu a=10, £=0,01 nomyyaem Noo1 = Y =

E|——————]=231 — no sTopomy. ITo BTOpOM:
(0,00432... n poMy BTOPOMY

Ccnocoby MEI HONYIIM HAHMEHbMEE W3 BOIMOXHBIX 3HaueHuH M1 Nyg , u60
1

=900 no mepBoMy crioco6y n No,o1=

yxe 10781 = 1,010017 ... ormmuaercsa ot 1 Gombuwre, yem Ha £=0,01. To xe Gyner B
obmeM ciyyae, n60, KaK JIETKO BHACTD, IPH
1
ASe—————w——  geoOxomuMmo a" —1>e.
log, (14-¢) .

3aMeTHM MO 3TOMY NPOBOAY, 4TO MEI BOBCE HE 3aMHTEPECOBAHBI MMEHHO B H a ;-
MEHBPIEM BO3MOXHOM 3HAYCHUH N, €CIM pe4b BAET TOJIBKO OO YCTAHOBIICHHM
¢akTa cTpemnenms K mpeneiy. JOMKAO OHITH rapaHTHPOBAHO BHIIOJHEHHE HEpPa-
BeHCTBA (3), HaYMHAA XOTh C KAKOTO-HHOGYIOp MeCTa, NalieKOro MM OJIH3KOro — 6e3-
pPa3IAYHO.

6) BaxwHEIl OpEMep GeCKOREYHO MAaJIoi [jaeT BapHAHTA

xp=q" r1me |q|<l.
Jns noxasaTelLCTBA TOTO, YTO &y ~ 0, PACCMOTPHM HEPABEHCTBO
lon | = l4]"<&;
OHO PABHEOCHIBbHO TaKuM:
loge *)

n-loglg|<loge wma n>———r
loglq|

Taxum o6pazoM, ecii nonoxuts (cunTas £<1)

loge
Ny=E|———},
log |q|

TO 1pH n >N, yIOMsIHyTOe HEPABEHCTBO HABEPHOE BBIIOJIHUTCA.
ABAOrmyHO, JIETKO YOeaUTRCA B TOM, 9TO H BADHAHTA

,3n=A M qn:

*) Ilon log x 3pech (u Bopenb) pasymeercs logy, x. ClenyeT EMETb B BHAY, 4TO
|g] <1 u log |g] <0; mosToMy mpH nefeHum o6ewx JacTel HEPABEeHCTBA HA 3TO YMCIIO
3HaK HEPABEHCTBA JOJIKEH ObITH M3MEHEH Ha O6paTHBIH.
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rae Ho-mpexHeMy [|g|l<1, a A4 — DOCTOSHHOE YHCIIO, TAKKE €CTh GEeCKOHEYHO
Maas.
7) Paccmotprm, faliee, GeCKOHEYHYIO yOBIBAIOIMYIO F€OMETPHYECKYIO IIPOTPECCHIO

wa, aq, ag, ...,aq", ... (|g]<1)

M TIOCTaBMM BOHPOC 06 OHpeAeicHHN €6 CY M M bl.
ITon cymmoli GecxoHeyHOM NporpeccAM, Kak HM3BECTHO, pPa3yMEETCs openen, X
KOTOPOMY CTPEMHTCSl CYMMA Sn €e n WIeHOB IpH 6e3rpaHUYHOM BO3pacTauw: n. Ho

a-—agh a a
Sp= ————— — . qn,
1-¢g 1-q 1-¢
a a
TaK YTO BaPHAHTA S Pa3HUTCS OT IIOCTOAHHOTO YHCIIAa -2 Ha BEJIMUMHY 0p = ———— o g1,
— q —

KOTOpasi, KaK MBI TOJILKO YTO BUIEIH, SRJISETCS GECKOHEYHO Mayoit, ClemOBaTeNbHO,
MO0 BTOPOMY OHPEAENICHHIO Npezesia, MCKOMas CYMMa IPOTPECCHH

s=lm s, = .
1-¢g

TaxuMm o6pa3oM, 3TO UYHCIO SBISETCA CYMMO I OGECUHCICHHOrO MHOXECTBA
4JICHOB LPOTPECCHH, YTO 3ANMKMCHIBAIOT TAK:

a
ataq+ag’*+ ... +agq" 1+ ... 1o
-q
8) Ilycte manbi nBa 4Mcia a M b. IIONOKKEM X, =a, X, = b, a OCIEAYIOUINE 3HAYCHNS
BapHAHTH X; ONPEAETHM PaBEHCTBOM
_ Xn—o +xn —1

Xn — (n=2).

OTEM BapHaHTa Xn, OEHCTBUTENLHO, 3a[jaHa, TAK KaK, Nojaras 34ech n=2, 3, ...,
MOXHO HOCJIE€ONOBATEJIbHO HaliTH BCe €e 3HAYeHHs, A0 JOGOrOo BKIIO-
YHUTENBHO.

Ecma w3 o6enx yacTell HAIMCAHHOTO PaBEHCTBA BHIYECTH HO Xy_,, TO HOIYIHM

1
Xn—Xn.1= ——z—(xn_,——xn_z) (n=2,3,4,...).

TakmMm o6pa3om, B psiay pasHOCTEH

Xy—Xg=b—a, X=X, ., Xn_1—=Xn_g, Xn=Xn_q, -

1
Kaxpnasi (HaywHas CO BTOPOii) mONy4aercs U3 NpeIbIAylnell yMHOKEHHEM Ha 5 1. €.

1
MBI HMEEM 371eCh TCOMETPHYECKYIO IPOTPECCHIO CO 3HAMEHATEIEM ——2—. Tax kak cymMma

n €€ WICHOB €CTh Xp — a, TO, NOJIL3yACh M3BecTHOH HaM {cM. (7)] dopmMmymnoi I CyMMEI
MPOTPECCHH, CPpa3y MOJNYYaeM:

. b-a 2
lim (x, - a@) =————(————1—)—= 3- b-a),
1-1 —=
2
OTKYZa yXe€ JIETKO 3aKIIOYHMTh, 9TO
2 a+2b
lim xn=a+—3— b-a)= 3

4+
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9) HanonoGue reoMeTpHYECKON IPOIPECCHH MOKHO PacCMOTPETh TPOH3BO N -
HY X0 TNOCIEAOBATENILHOCTD YHCENT

Gy, Ay A3y vvvy Gy oo
1, IO MOPAAKY CKIaAbiBas HX, 06pa30BaTh ¢4aCTHYHLIE CYyMMBIS:
Ay=ay, Ay=ay+a,, A;=ayta,ta,, ...,
An=ay+a,+ ... d-aq, ...
Ecimu, npu GesrpaHUYHOM BO3DACTAHMHM 7, Ap CTPEMHTCH K (KOHEUHOMY MM GECKo-
HEYHOMY) Npeneny A4, TO 3TO YHCIO HA3BIBAIOT CYMMO M BCEX B3ATHIX YHCEI an U

MHIYT
aytaxt+ ... fant ... =A.

CHMBOII B JICBOM YaCTH 3TOr0 PaBEHCTBA HASHIBAKOT 6 € CKOHE Y HEl M PAZOM,
auucio 4 — ero cyMMo it Ilpo psax, uMerommii KOHEYHY O CYMMY, TOBODAT,
YTO OH CXO AU TCA.

IIycte, HanpuMep, AaH psx

L
1.2 2.3 3.4 7 Tpmrn
3necs
1 1 1 1 1
a; ”*'_:l'-—) y=r——r=""— > b
1.2 2.3 2 3
1 1 1
an = R —— ]
n(n+1) n n+1

TaK 4YTO B JAHHOM Cilyyae

A 1 ! + 11 + + ( ! ! 1 !
" 2 2 3) " n on+l) a1
OvueBuaiHO, An~1, TaK YTO NPCATIOKEHHBIH PAN CXONMTCH M MMeET CyMMOH eRMHMLY.

Ecim psin e mMeeT KOHEUHOM CyMMBI, IPO HEro TOBOPSIT, 4TO OH PacXoOAHUTCHA:
TaKOB, HAIIPEMED, DAL

14140 4+14...

26. HekoToprle TeopeMbl O BapuanTe, MMelouiell npenel. Iyctp
BapHaHTa X, AMeeT npenen a. Ilpu mo6oM p<a (U1H ¢ >a) Nerko nomo-
6path uncio e >0 Tak, YTo6H GBUIO

a-e>p (W a+e<gq),

IJIsL 3TOTO NOCTATOYHO B3STH &€ MEHBIIMM PasHOCTH a—p (WlH g — a).
Ho, no onpenenenuro npenena [23], maiinercs Taxoit HoMep N, uTo s
n>N OyHeT BBIIONHATHCSA HEPABEHCTBO [cM. (4)]

Xp=a-& (X,<a+e),
a CJICNOBATENLHO — W HONABHO HEPABEHCTBO
Xp=>p (WA x,<q).

1° Ecau sapuanma x,, cmpemumen x npedeay a, u a=p (a<gq), mo u éce
3HAYEHUA HNepemenHoll, HAUUHAA ¢ HEKOMOpP o 20, moxce 6yoym

=p (=q).
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OTO NPOCTOE TPEIIOKEHUE HMEET PSL NOJIE3RBIX CIIEACTBHIL.

2° Ecaw eapuanma X, cmpemumca k npedeay a=0 (<0), mo u cama
nepemennas xp>0 (<0), mavunas ¢ nexomopozo mecma.

st mokasaTenbCTBa HOCTATOYHO NPUMEHHTH NpeNBIAYIEe YTBEPXKIe-
HHE, B3sB p=0 (¢=0).

MoxHo ycTaHOBHTH M Gosee TOURBIE pe3yisTaT:

3° Ecau eapuanma X, cmpemumca K npedeay a, om auyn o m y om
RYaa, mo, no Kpaiineti mepe, 00CMAMOYHO daseKue 3HAUEHUS
Xp MO abcomomnotl eeuuune npeg30idym Hexomopoe noaoxcumenvHoe
wucao r:

[%:] =r=0 (0412 n=N).

HercTBaTenbHO, IpH @ >0 (< 0) MOXHO B34Th
O<p<a (a<g<0)

H TIOJIOXUTE F=p (r=|q|).

4o C APYFo¥ CTODPOHBL, ecau 6apuanma X, umeem npedei a, mo oHa
ABAAEMCA 02PpAHUYEHHOT, B TOM CMBICIE, YTO BCE €€ 3HAYCHHS
0 abCONOTHON BEJIHYMHE HE IIPEBOCXOIAT HEKOTOPOH KOHEYHOMH IPAHUIEL:

[Xn] <M (M=const; n=1, 2, 3, col)

BoseMem unciio M’ > la|, Takuto — M’ <a<M', u OOJIOXKHM p = — M’,
a g=M'. HaiineTcs Taxoit Homep N, uto mis n<N Oyner

~M'<x,<M' wuwmm [x,| <M.

ITO HEPaBEHCTBO HaBCPHOC BBNIOJHSAETCA OpH n=N+1, N+2, ..., Tax
4TO €My MOFYT H€ YIOBJETBOPATH JIMINL NepBble N 3HAYECHMI HaImeii
BAPUAHTHI (MJTH HEKOTODHIE M3 HHX).

IToaromy, ecor monoxurs M paBHBIM HaubOJIBIIEMY U3 YHCes

BN E N lxn], M,

TO yXe NJIA BCe X 3HaueHWH X, OyaeM WMerb: ]xnlsM, 4. U Tp. A.
3ameuanus I Moxso mate OIpENeJICHHE OI PAHUYEHHOCTH Tiepe-
MEHHOH X, B PAaBHOCHIbHON (OopMe, TOTPeGOBAB BHITONHEHAS HEPABEHCTB

k<xn<g (n=1,2,3,...),

rae kK M g — [Ba KOHEYHBIX YHCIA. JeHCTBUTENBHO, U3 ITHX HEPABEHCTB,
€CITH TIOJIOKHUTE M paBHBIM HaMGONBIIEMY M3 4HCeN lk|, |g|, cmemyer
|%n|<M; obpaTho, ecu uMeeT MecTo IOCJIENHEe HEPABEHCTBO, TO OHO
MOXeT OBITh HamMCaHo B hopme — M =X,=<M, Tak 4T0 — M urpaer poip
k,a M — pons g.

II. VTBepxnenue 4° e MoxeT 6LITH ofpaineHo: He BcsAkas orpaHi-
"CHHAs BapHaHTa UMeeT Ipeaes. Ecim monokuTs, HApHMED, X, =(~—1D)n+1,
TO 3Ta BapuamTa, KOHEYHO, OrpaHWYEHA: | Xp|=<1, HO mpexgena oHa He
HMeeT, Bce BpeMs KoJ1efmacs ot +1 k — [,
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B saxirouenue, OMMpasch Ha NpelUIokeHHe 1°, HokaxeM € 1O HH-
CTBEHHOCTHL IIpepea: '

5° Bapuanma X, He ModCen 00HOBPEMEHHO CIpeMumbCa K 06yM pasauy-
HbIM npedenam.

JleficTBUTENBHO, HOMYCTHM UPOTUBHOE: MYCTh OMHOBPEMEHHO X,—>d H
Xp b, mpuaeM a <b. Bo3bMeM M06oe UHCIO r MeX Ay aub

a<r<b.

IToCKOMNBKY X,-a U a<r, HaliieTcs Takoil Homep N’, uto s n>N’
6yIeT BHIIOIHATECA HEPABEHCTBO: X,<r. C npyro#f cToponsl, pa3 x,-b
u b>r, HaiimeTrcs M Taxoil HoMep N”', uto i n<N"' OKaXeTcs: X,>T.
Ecnn B3sTh HOMep 1 66mpmuM 1 N', 1 N/, To COOTBETCTBYIOLIEE 3HAYEHUE
TIEpEMEHHOH X, OYIeT OJHOBPEMEHHO M <7 ¥ > T, YTO HEBO3MOXHO.

DTO NPOTHBOpEUKE HOKA3BIBACT HALlE YTBEPKICHUE.

27. BecKoHeUHO 0o0JblIMe BeamunHbl, BECKOHEYHO MaJIBIM BEIHYHEHAM,
B HEKOTOPOM CMEIC]IE, IIPOTHBOIOCTABISIOTCE G eCKOHEYHO 60 ab-
mue BeJNHYHHH (Wm mpocto 6eckoHeuHOo Gonpmue).

Bapuanma x,, nasvisaemca 6GeckoHeuno 6oabwol, ecau OHa
no abcoaiomHoii éeauuuHe CMaHosumca u ocmaemcs 60 abul el CcKoab
y200Ho boavuiozo Haneped 3adannozo uucia E >0, nauunan ¢ nexomopozo
Mecma:

|x,| >E (044 n>Npg).

Kak u B ciaydae 6ECKOHCYHO MAJbIX, 3[1eCh TAaKoKe CNEIyeT MoMYep-
KHYTb, 9TO HI OJTHO B OT/JEJBHOCTH B35TO€ 3HauYeHHe GecRoHeYHO GoJbINoi
BEJIMYMHBI HE MOXET OBITh KBAJIHGHIKPOBAHO, KaK «GOJBILOEY; MBI HMEEM
37eCh AEJI0 ¢ HepeMEHHOM BEeIWYHMHOM, KOTOpas JMIIb B II P O-
Hecce CBOEro M3MEHEHHU A CHOCOGHA chenaThes Gonpluei mpo-
M3BOJIbBHO B3siTOro uucina E.

TIpuMepamu 6eCKOHEYHO OONBINMX MOTIYT CIIYXHUTh BaPHAHTbI
Xn=m; Xn=-n Xp=(-1ttn,

KOTOpHIe MPOOEraroT HaTypaibHRIM PAI YHCEN, HO MEPBas CO 3HAKOM ILIIOC, BTOpas
CO 3HAKOM MEHYC, TPEThS X€ — C YePeyIOIIAMHCS 3HAKAMH.
Bort eme oaud npuMep GecKOHEYHO 60NMBmOM BETIMYMHBL

xn=Q" mpr Q|1
JleiicTBUTENbHO, KakoBo Oul Hu Gpino E>0, HEpaBeHCTIBO
[xn] = Q"> E

BBITIOJIHAETCS, JIAIb TOJIEKO
logE *)

loglQ|

n-loglQ|>logE wumx n>

(logE)
E{——1}.
log| Q|

*) Tak xax |[Q] >1, 10 log |Q] >0,

TaK 4TO 32 Ng MOXHO B3STh YHCIO




27] § 1. BAPMAHTA U EE IIPEAEJ 55

Ecau eapuanma x,, asasemcsa 6eckoHneuno 60avwoii u (no kpaiineii mepe,
043 docmamouro 6oavwux n) coxpansem onpedesennpuii 3nak (+ W —),
mo, 6 COOMBEMCMEUY CO SHAKOM, 2060pAM, YMO aPUAHMA X,, uMeem n pe-
den +oo uau —co, U NUIIYT:

limx,=+e0, x;>+c
HIIH
limx,= -, x,> —co.

Moxuo 6put0 GBI IATh IUIS 3THX CIIyYaeB H HE3aBHCHMOE oIpenee-
HHE, 3aMCHUB HEPaBEHCTBO |X,|>E, CMOTps IO CiTywalo, HepaBeHCTBOM

x,>E wmm x,<-E,

OTKyJia yXe BBITEKAET, COOTBETCTBEHHO, YTO X, >0 MK X, <0.
OueBunino, 910 GecKOREHO GOJIBINAS BeTHUMHA X, B obumem cuy-
Ha¢e XapaKTepU3YeTCs COOTHOLUEHHEM: |X,| - + o.

W3 npuBeneHHEIX BRIDE UPHMEPOB GeCKOHETHO GOMBIIMX BEJIMYMH, OYEBHIHO,
BApHUANTA Xn =N CIPEMUTCH K -+ oo, BADHAATA Xp = — N CIPEMHTCS K ~ oo, UTO e Kacaer-
Csl TPETbel BapHAHThL Xn = (— 1)+ 1n, To mpo Hee Hexb3% CKA3ATh HYE 9TO OHA CTPEMHTCS
K + oo, HH 9TO OHA CTPEMHTCH K — oo,

Haxonel, OTHOCHTEIEHO BAapHAHTEI Xn=0"opr 0>1 w™Moxnuo CKas3aTb, 9TO OHA
CTPEMHTCH K + <, a npu @< — 1 y Hee npenena Her.

C HecoOCTBEHHBIMY YHCTAMU + co MBI yXke cTankmBajuce B 10; ciemyer
TOMHHTB, 9TO HMX IIPAMCHEHHE MMEET COBEpIIEHHO YCIOBHBIA CMBICI, H
OCTEPEraThCA HPOA3BOMUTL HAX ITHMH <HHCIAMH» apupMETHUYECKHe ome-
pamud. BMecTo + e wacTo muimyT mpocto .

Beenenne GeckoHewHBIX mpemeioB He HapyImaeT TEOPEMBI O € A U H-
CTBEHHOCTH HpEeNENa, YCTAHOBIEHHOH B IpebLAyIIEM n° (cm.
5°); meHCTBATENbHO, KaK YKA3aHO GBUIO TaM e (4°), BapuanTa, MMeromAs
KOHEYHBIA NPENEN a, SBISETCA OrpaHUYeHHOMN H, CIeOOBaTEeIbHO, HAKAK
HE MOXCT ONHOBPEMEHHO CTPEMHTBCA K GE€CKOHEYHOMY Impemeny.

B saxmouenme ymomsHem o mpocroii cBszw, KOTOpasi CYIIECTBYET
MeX/y OGeCKOHEUHO GOMBIIMME M GECKOHETHO MAJTHIMHU BEJIHYFHAMIL:

Ecau eapuanma x,, asisemca Geckoneuro boavuioii, mo ee obpamnas

1 "
BeAUUUNA O = 6ydem becxoneuno manoii,
n

1
BossmeMm sx06oe amcino &>0. Tak Kak |x,] >0, TO AN wmCHA E=T-;
Ha#imeTcs Takoit HoMep N, 4o

[xn]>—;—, JIMITE TOJIBKO 7 >N.

Torna miasa Tex xe 3aveHnii n, o4eBUAHO, OyaeT
l“nl <&,

YTO U OOKA3IBIBACT HAallle YTBEPXICHUE,
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AHAJIOrM4HO MOXHO [0Ka3aTh B 00paTHOE yTBepXACHHE:
Ecau sapuanma o, (He obpawarowyanca 8 0) asisemca GeckoneuHo maioi,

1 o
mo ofpamuan 045 Hee GeAUYUHA Xp=1 6ydem GeckoHeuHo GOALULOU.

§ 2. Teopems!l 0 mpenenax, ofJxervaomue HaAXOXIeHHE
npeneiion

28. IlpepenpHhlii mepexod B paBeHcTBe W HepaBeHcrBe. CoenmHss
IIB€ BAPHAHTH X, H J, 3HaKaMH PaBCHCTBA WM HEPABCHCTBA, MBI BCETIa
IOAPa3syMEBAEM, YTO Pedb HOET O COOTBETCTBY IO I U X 3HAYCHUAX
HX, T. €. O 3HAYCHHAX C OJHHUM H TE€M XK€ HOMEDPOM.

1° Ecau Ose sapuanmvl X, u y, npyu 8ceX UX U3MEHEHUAX DABHbL Xp=Yp,
npuuem KaMCOAA U3 HUX UMeem KOHEeuHbli npede:

lim x,=a, limy,=>,

Mo pasgHvl U 3mu npedeavl; a=>h.

HenocpeacTBenro ciiefyeT U3 eOQAHCTBEHHOCTH npenena [26, 5°].

OToil TeopeMoil IMONB3YIOTCH OOBMHO B GopMe HpeneNbHOT O
mepexonga B PaBEHCTBE: H3 X,=y, 3aKJI0OYaIOT, 4T0 lim Xx,=
=lim y,.

2° Ecau 04a 08yX 8apuaHm Xp, V, 6ce20a GblNOAHAEMCA HEPABEHCMEO
Xn=Yy, HpUUEM KaxscOaa u3 HUX umeem KoHeumblil npeden:

lim x,=a, limy,=>5;

mo u a=b. :

HouyctuMm mportuBHOE: nmycTh a<b. Paccyxnmas Tak ke, kak U B 26,
5°, BO3bMEM THCIIO r MeXAy a U b, Tak 4yTo a<r<b. Torma, ¢ oHO# cTo-
POHBL, HaiifneTcs Takoit Homep N', uto mns n>N' Oyder x,<F, ¢ Opyroi
XKe — HalimeTca U Takoit Homep N/, uTo g n>N"' okaxeTcs y, >r. Eciu
N 60spIme 000uX gucen N', N, To 1yist HoMepoB # >N OyIyT OTHOBPEMEHHO
BBEIIOJIHATBCA 00a HepaBeHCTBa

Xp<r, Yn=r, OTKyna Xn=<Y¥Yn,

YTO IPOTHBOPEYUT Npeamosioxennio. TeopeMa JoKa3aHa.

OTa TeopeMa yCTAHABIMBAET JHOMYCTHMOCTh MpeJleJIbHOT O Ie-
pexoma B HepaBeHCTBe (COeIHMHEHHOM C DaBEHCT-
B O M): M3 X,=y, MOXHO 3aKJIIOYHTH, 4yTO lim Xx,=lim y,.

KonegHo, 3HaK > BCIOJTY MOXET OBITH 3aMEHEH 3HAKOM <.

Mpsr o0OpalitaeM BHMMAaHMe YMTATENSA HA TO, YTO U3 CTPOTror o He-
PaBEHCTBA X, >),, BOOOIIe roBOpsA, H€ BETEKAET CTPOTO€ Xe He-
paBenctBo lim x,>lim y,, a Tonbko, Ho-lipexneMy: lim x,=lim y,. Tak,

1 1
HanpuMep, - > — - IPH BCEX 71, H TeM HE MeHee

lim = lim (-1)=0,
14 nj.
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IIpu ycTaHOBIGHMH CYIIECTBOBAHMS M BEJHYMHLL Mpenesia BapHAHTEL
HHOFZIa OBIBAET IOJIe3HA Teopema:
3° Ecau 0aa eapuanm x,,, Yns Zn 6ce20a evimoansomca wepasercmea

Xn<<Yp=<z,,
nputiem 6apuaHmel X, u z cmpemamcs K obuemy mpededy a:
lim x, =lim z, =aq,
mo u eapuanma y, umeem mom xce npede.:
lim y, =a.
3aganuMcs Opou3BoNIBHEIM ¢ >0, Ilo 3TOMY &, NIPEXAE BCEro, Haii-
Agrest Takoi HoMep N', uTo mpH n>N'
a—e<Xx,<aqg-+te.
3ateM, HalimeTcs Takoit Homep N”, 4yto mpu n>N"'
a-e<z,<q+te.
Iycte N 6yner Gonbme o6oux wncen N’ u N "'; Torga, npu a>N, BbI-
TIOJTHSAIOTCSL 06a IpeNIecTBYIOUMX JBOMHEIX HEPaBeHCTBA, M IIOTOMY
A—&<Xp=<y,=<z,<a+e.
OkoHnyaTenbHo, npu n=N ‘
a-e<yp,<a+e WM |p,-al<e.
TaxuMm oGpasom, IeiCTBATEbHO, lim y, = a.
M3 stoit Teopemsl, B wacTHOCTH, CIICYET: ecau npu ecex n
asy,<z,

U US6ECMHO, YMO zn~a, Mo u y, ~a. BupodeM, 3To OYeHD JIErko NoKa3aTh
W HEMOCPEICTBEHHO.

Teopemsr 1°, 2° u 3° jerko PaclpoCcTPaHsAIOTCA U Ha Cliydai Geckoned-
HBIX IPENeoB.

29. JleMmmbl 0 GeckoHeYHO MaiabX. B JJIbHEHNIHX TeopeMax Ham
NPUNETCS PacCMATPHBATH OJHOBPEMEHHO IBE BapuanTe (Wi Goibiie),
coteTas uX MeXay cobolt 3HaAKAMU apAGMETHIECKAX neictBuit. Hpu sToM,
KaK W BBIIIC, Mbl OTHOCHM 3TH 3HAKA K COOTBETCTBYIO NI HM 3Ha-
deHuaM BapuanT. Hanpamep, roBopst o cymme aByx BapuauT x, U y,, Npo-
OeraroImux mopo3Hb MOC/IEN0BATEIbHOCTH 3HAYCHHH

X1 X95 Xgs o nuy Xpny onw
H
)’1,.‘)’2,)’3, -'-’yna sy
MBI HMEEM B BHIY BapHaHTy X, + y,, IPHHHAMAXOLIYIO MOCIEA0BATEIbHOCTE
3HAYCHUM
x1+y1, x2+y2, x3+_y3, N xn+yn, -
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IIpn NOKa3aTeNBCTBE TEOPEM, OTHOCSIIMXCH K pe3ynbTaTaM apupme-
THYECKAX oNepalluii Hall NepPeMEHHBIMHE, BaXHYIO poib OyIyT HrpaTh Clie-
NMyronque JBe JIEMMEBI O OeCKOHEYHO MaJlbIX.

Jlemma 1, Cymma 4106020 KOHEUHO20 YucAa GECKOHEYHO MAAblX echib
maxxce GesuduHa GecKOHeuHo Manas.

TIpoBeeM I0Ka3aTebCTBO IUTs CIydas A BY X OECKOHEUHO MalbiX op
U B, (o6umil caydyaif MCYEpIBIBACTCS AHAJIOTHYHO).

3amaapEMcs DPOM3BOJIBHEIM HCIIOM ¢ > 0. CornacHo ompeleneHHIo bec-
KOHEYHO Malol, Ho YHMCIy & JUIs OeCKOHEUHO Mayol «, HalaeTca Tako
momep N’, uto mpu n>N’ Oyner

Jotn | <%'

To4HO Tak xe M Ul GeCKOHeIHO MaJiol f, HalimeTcs Takod Homep N,
yTo upH n>N" Oymer

lﬂn[<%-

Eciyu B3aTh HaTypasibHOe uucio N GOmpimM oboux umcen N' u N7,
To upu n>N OOHOBPEMEHHO BHLINOJHSIOTCA 00a 3TH HEpaBEHCTBA, Tak
qT0

o+ Bl = | + ] <5+ =

Wtak, BenmyumEa «,+f,, HEUCTBUTEIbHO, HBIAETCS OECKOHEUHO
MaJoH.

Jemma 2. Ipoussedenue oz2panudentoil nepemeHHoll X, Ha 6ecKOHeUHo
Manyio o, ecmv 8eAuyuHa GEeCKOHeyHo Maias.

IIycTs, s Bcex 3Ha4eHHH »n,

|xn| <M.
&
Ecnu 3aJan0 IPOM3BOIBHOE YHCIIO & >0, TO MO YHCIY 37 UL 6eCKOHEYHO
Maoit «, HaiimeTcs Takodl momep N, uto miasa n>N Oyner

[a,,[<1%.

Torgma s Tex e 3HAYEHHH #, OYEBHIHO,
&

M
Orcroga u CiefyeT, YTO Xy + %, €CTh OSCKOHEYHO Majasdl.

[%n -0t | = |%n |+ |on| <M -

=&,

30. ApmdMerdueckde onepamEm Hal NepeMenmbiMH. Crenyronine
TEOPEeMSI BaXXHbl B TOM OTHOIIEHHH, 4TO C HX IOMOMIBIO BO MHOTHUX CIy-
gasx JeIaeTcsd HEHYXHBIM BOCXOXAEHIE BCAKHM pa3 K o pe A€ e HBE IO
TOHATHS <Opeei», ¢ PAa3BICKAHUEM IO 33JaHHOMY £ COOTBETCTBYIOWIETO N,
H T. I DTUM BBMHUCIEHVE NIpEIeoB 3HAYUTENbHO obJeryaercs.

1° Ecau sapuanmbul X, # Y, uMeiom KOHeuHble npedenst.

limx,=a, limy,=b,



30] § 2. TEOPEMBI O NPEJEJIAX 59

mo u cymma (pasHocmp) ux maxvce umeem KoHeuHdiil npedes, npuyem
lim(x, +y,)=a%b.
W3 ycinoBusI TEOPEMBI CIIERYET, 4TO

Xn=a+an, Yn=b+pf,, ¢y
roe o, u 3, — Oeckoneuno Mansle. Torma
Xntyn=(a+b)+(xn+Pb,).

3nmeck o, +f, ecTh GeckoHedHO Manas Mo JeMMe 1; clemoBaTeibHO,
NONB3ysCh BTOPBLIM OMNpECJICHHEM IIpeliella, MOXHO YTBEPKIATh, 4TO
BapuWanTa X,+ty, MMeEET Npeaei, paBHbIA at+ b, 410 U TpeboBajoch mIo-
Ka3aTh.

JTa TeopeMa H €€ JOKa3aTeJbCTBO: MEPEHOCATCS Ha Ciyyail Jro6oro
KOHEYHOI'0 YHCJA CJIaraeMEIX.

2° Ecau 6apuanmul X, U ¥, uUMeOm KoHeuHble npeodesl:

lim x,=a, limy,=5,
MO u npouseedeHue UX MaKoKe umeem KoHeuwslii npedes, u
lim x,y,=ab.
Hicxoma u3 Tex xke paBencTs (1), WMeeM Ha 3TOT pa3
XpYn=ab+(aB,+bo, +a,f,).

Boipaxenue B cKoOKkax, B CIIy JeMM 1 H 2, €CTh BEJHYMHA GECKOHEYHO
Manad. OTcCiofa W ClefyeT, YTO BapHAHTA X,Y,, JCHCTBUTEILHO, HMEET
npenenaoM ab.

OTa TeopeMa MOXeT ObITb pacmpoCTpaHeHa Ha ciydai JroGoro Ko-
HEYHOI'0 YMCJIa COMHOXHTENEH (HampuMep, METOIOM MaTEMATHYECKOH HH-
JIYKIUH).

3° Ecau eapuanmot X, 4 y, umeiom KoHeuHwle npedest:

limx,=a, limy,=b,

npuuém b omauuno om 0, mo u omuowieHue UX Makdice UMeem KOHEYHblil
npedes, a UMEHHO,
limXL -2
yn b°
Iockomeky b=0, cornacuo yreepxeHaio 3° B 26, HaYHHAsA C HEKOTO-
poro Mecra, He TOJBKO V,=0, HO maxe

lynl >r=>0,
rac r C= NIOCTOSAHHOE€ YHCJIO. OrpaHH'H/IMCﬂ TEMH 3HAYCHUSIMH H'OMepa n,

X
IUI KOTOPBIX 3TO BBOIOJHAETCH; TOI[@ OTHOWICHAE —- 3aBEJOMO HMEET
yn
CMEICII.
Hcxons, mo-npexsemy, u3 pasencts (1), umeeM

Xn a_a+a,1_g_i _
1'7 E_b‘*'ﬁn b—b,}’n(ban aﬂn)-
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Bripaxxenue B ckoOkax, B cuiy JieMM 1 U 2, ecTb Bejuuuna GeCKOHEYHO
Manasd. MHOXUTENb € NpU HEM, HA OCHOBAHMU CKa3aHHOrO BHAvallE,
OymeT orpaHHYeHHO Il IepeMEHHOM:

1 1
1Bl yal "Bl

1
byn

CnenoBatenpHO, IO JeMMe 2, BCe IpoHM3BeIeHHE ClpaBa Oymer Gec-

» X

KOHEYHO MaJbiM, & OHO IPEACTABIIAET PA3HOCTh MEXIY BapHaHTOH ;ﬂ
n

9TO H TpeGOBaJ'IOCb J0Ka3aTh.

a Xn a
W TCIOM . Wrak, npenen n ectp 4,
n

31. Heonpeneiennsie Bbipaxkenusi. B IpempigymieM n° MBI paccMaT-
PUBAH BHIPaXXCHUS

XnEt¥Vns  XnVn, In ¥)
Yn

U, B IPEANOJIOKEHUHA, YTO BAPHAHTEL X,, H ¥, CTPEMSATCA K KOHEYHBIM IIpe-
JenaM (M3 KOTOPHIX, B CiIy4ae 4aCTHOro, Ipelell ¥, He JOJKeH OLLI pas-
HATECS HYJIFO), YCTAHABJIUBAJU Ipelesibl KaXIOrO M3 STHX BBEIPAXKEHUH.
Ocrasnensl 6pUM 6€3 pacCMOTpeHHs CIIyYad, KOT/Ia Npeiesbl epeMeH-
HBIX X, U Y, (0OUH WM 002) OE€CKOHEeYHB HIMd — €CIH pedb HAET
0 YaCTHOM — KOIJa IpPENe 3HaMeHaTeNs Hy A b. W3 3THUX CiiyyaeB MBI
3/1€Ch OCTAHOBUMCS JIUHIb HA YETHIpeX, IPEACTABIISIOLIX HEKOTOPYIO BaX-

HY¥0 M MHTEPECHYIO OCOOCHHOCTD.

X;
1°. PaccMOTpUM CHaYajia YaCTHOE }ﬁ M IIPEIOJIOXAM, 4To 0 6 ¢ I e-
n

PEMCHHBC X, Y, OHOBPEMCHHO CTPEMATCSH K HYJIIO.
310ech MBI BIICPBBIC CTAJIKUBAeMCs C COBCEM 0COOBIM 0OCTOSTEIHCTBOM:
XOTsI HAM H3BECTHBI IIPE€ACNBL X, H V,, HO O IpeAciic UX OTHOLICHHA —
HC 3Had CaMHUX 3THUX BaAapHaHT -— HHKAKOTrO OGII.ICI‘O YTBED-
XKIECHHUS. MBI CCTIATh HE MOXEM. 3mom npe()e/t, 6 3asucumocmu om yacm-
HO20 3aKOHA U3MeHeHUA obeux REePEeMEHHbIX, MOMCEM UMemb pa3auyunsle 3Ha-
YeHUun uau oace gosce He cywyecmaosams. Cnenylou.me IPOCTEIE IIPUMEDPBI
IIOSCHAOT 3TO.

1 1
Hycre, craxeM, Xx,== H Yn=23 00e BapuaHTEl CTpeMATCS K HYJIO.

n®
xn 1
WX oTHOIeHUE y—=;l- TaKXEC CTPEMUTCSA K HYJTIO. Ecim K€, Ha-
n
1 1
O60p0T, IOJIOXKHTh xn:;9 ynzg, TO XOTA OHH IIO-IPEXHEMY CTPEMATCA

X,
K HyJOO, Ha 3TOT pa3 MX OTHOUICHHE y—”=n CTpeMHTCH K ! Bags
n

xe moboe OTJIHYHOC OT HYJIS YHCJIO g H IIOCTPOHB IOBC OECKOHEYHO MaJIbie
a 1
Xn=, M yp=,, BUIAM, YTO OTHOIUCHHC WX MMEET HpPEHAECIOM 4

(Tax Kak TOXIECTBEHHO PaBHO a),
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(-pr+

1
Haxonen, ecin x,= s Yn=p (o6e umeroT mpenenoM Hyw), TO

_'x_"_ _1n+1
omomenney =(-1) OKAa3BblBACTCs BOBCEC HE HMEION UM
n
npenea.
Takum o6pa3oM, oHO 3HaRME MpeeIoB BAPHAHT X, U ¥, B JAHHOM

ClIydae¢ HC IO3BOJAECT €IIE CYIMTE O TOBCOCHMM HX OTHOIICHHS. He-
O6XOI{HMO 3HaTk CaMH BAPHAHTEI, T. €. 3aKOH HX HU3MEHCHHUSA, © H € I O-

. .
CPEACTBCHHO HCCIENOBATH OTHOLIEHHE y—" s Toro, 4roGsl xapak-
n
TEPU30BATE 3Ty OCOBEHHOCTB, rOBOPAT, YTO KOTHA X,—0 H Yn—0, 6bi-
X, 0
pavicenue ;’3 npedcmagaiem HeonpedeseHHOCmMb suda 0
n

2°. B chydyae, korma OJHOBPEMEHHO Xp—>too U Y, too,
HMeeT MeCTo momobHoe ke o6cTosTenscTB0. He 3Has caMuUX Ba-
PHUaHT, OOIEro YTBEpXKOEHHS O NOBEAEHHAM WX OTHOLLCHHS cIeJaTh
HeNb35. DTOT PAaKT HWLIFOCTPHpPYETCS IIPHMEPAMH, BIIOJHE AHATOTHYHBEIMH
NpUBEIEHHEIM B 1°:

2 .
xnzn—»oo, ynzn“—»oo’ y—r‘:;—bo,
9 xXn R
xnzn"‘—»oo’ ynzn—»oo’ — =N > co]
¥n
X,
Xp=an—te (a=0), y,=n-oo, y~”=a—»a;
n
X
Xp=R+(-D"n—>co,  y,=n-0o, y_”zz,*.(_l)nﬂ
n

BOBCE HE MMEET IIpeeia.
X
M B stoM cmyyae rosopar, 4TO evipascenue ~yﬁ npedcmagasem H e-
n
oo
onpedesenHnocms — euda =.

O6paTHMCs X PacCMOTPERHIO MPOM3BELEHHSA X, Y.

3 Ecou X, CTPEMHUTCA K HYJI0, B TO BpeMs KakK y,
CTPEMHUTCA K oo, TO, HCCIEAYS MOBENECHHE IPOM3BEAECHHS X, 'y, MBI
CTaJIKHBAEMCS C TAKOH Ke 0COOEHHOCTBIO, KaK M B MyHKTax 1° m 2°. 06
S5TOM CBHJETEIBLCTBYIOT IPHMEDHL:

xnz;zl—z—»O’ J’n=n—’°°, xn}’nz%"();
1

xnz—n__»o, yn=n2—>oo’ XnYn=H—oco;

a
Y=90 (@%0), Ju=n-e, Xyp=—a-a

- 1n+1
x”:-( n) ==>0,  yp=n-oo,  Xpy,=(-1)rt!

BOBCE HE HMeeT Ipeieia.
B cBssu ¢ oatuM mpu x,~0 H y, > TOBOPST, YTO 8bIDANCEHUE XYy
npedcmasasem HeonpedesenHocmb suda 0- oo,



62 [J1. 1. TEOPUSA IPEJEJIOB (32

PaccMOTpHM, HAKOHEL, CYMMY Xp+ V.

4° 3mech OKa3bIBaeTCA OCOOBIM Ciyvaif, KOrha X, M y, CTPEMATCA K
GeCKOHEYHOCTH P a3 HBIX 3 Ha KO B: HMEHHO B 3TOM ClIy4ae O CyMME
X, -+ Yn HAYETO ONPE/IEIIEHHOTO CKa3aTh HENb3sl, HE 3Has CaMHX Ba-
PHAHT X, H y,. Pa3iugnble BO3MOXHOCTH, NIPECTABIISIOIIMECS 37IECh,
HILTIOCTPHPYIOTCS TIpHMepaMi:

Xp=2n- + oo, Yn=—n—>—, Xp+Yn=n—> + o}
Xp=n->+oo, Yn=—2n-> —oo, Xp+Yn=—n—> —co;
Xp=n+a-—> +oo, Yn= —H—> —oo, Xp+Ypn=a-a,
Xp=n+(=1)"1> too, yp=—~n—> —co, Xp+yn=(—-1)+!

BOBCE HE MMeEeET IIpefiena.

Beuay 5TOro, MpH X,—> +° H Yp— —c°, TOBOPAT, YTO 6blpaxcerue
Xp -+ Yn NpeOcmasasem HeonpedeeHHOCMb 8uda oo — oo,

TakuM 00pa3oM, IOCTaBHB ceOe 3afadedl — ONpENeNHTb IPeJIelb!
apH(METHIECKEX BHIpaXeHuil (2) Mo MpeieniaM BapHaHT X, H Y, W3 KO-
TOPHIX OHH COCTaBJIEHBI, MBI HAIIUIH YETHIPE Ciiyyas, KOTAa 3TOro CaenaTh
HENb3s: HEOMPENENEHHOCTH BHIA

oo *
%’ ) 0'°°’ °°_°°)

B stux ClIy4asx OPHUXOOHUTCS, YYHUTHIBAsi 3aKOH H3MCHCHMA BApHAHT Xp
H V,, HENMOCPEACTBECHHO HCCICAOBATD HHTCPCCYIOLEE HAC BbI-
paXxecHHue. IMomobHOe HCCNETOBAHHE IOJYYHJIO HA3BAHHEC PACKPBITHC
HEONPECAECNAEHHOCTH. II{:’:UICKO HE BCerJa OHO TaK IIPOCTO, Kak
B NIPDHBCACHHBIX BBILIC CXEMAaTHYCCKHX IIpUMEpax. Hnxe Mbl YKaXeM HE-
CKOJBKO Oonee HHTEPECHBIX MPUMEPOB 3TOrO poAa.

32. Ipaveps Ha Haxoxenae mpeaenos. 1) Ilycrb p(n) OymeT MHOTOWIEH, LB
OTHOCHTENLHO 71, C TIOCTOSHEBIMA KO3 dHIIHEeHTaMu:

p() = agn+ ay* =1+ .. . +ag_n+ay.

IToctaBEM Bompoc o mpexene ero. Ecim 651 B Ce KodddmumenTsl 3T0r0 MHOrowieHa
6LUIM HOJIOXMTENLHE! (OTPHIATENBHBI), TO CPasy sCHO, 4To mnpemenoM p(n) Oyner
4+ (—<). Ho B ciyuae xo>pdHIMEHTOB Da3HBIX 3HAKOB OFHH HYICHBI CTPEMSTCH
K + oo, IPYIHE K — oo, i HANMIO HEONPENENEHHOCTH BHAA & — oo,

JIoIst pacKpHITHS 3TO# HeonpeNeneEHOCTA NPeACTaBuM p(n) B BHJE:

p(n) = nk (ao+‘i1-+ o e fﬁ) .
n w1 gk

Tak Kax Bce CiaraeMbie B ckoGkax, HauMHas CO BTOPOTO, NPH BO3PacTammM n Gynyt
GeCKOHEMHO MANBIMH, TO BHIDAXEHHE B CKOOKAX MMeeT IPENEIOM g ; NEPBI XKe MHO-
KHTETh CTPEMHTCH K +eo. B TakoM Cllygac BCE BHIDAXCHWE CTDEMATCH K +eo WIH
K —eco, B 3aBHCHMOCTHA OT 3HAKA Q.

VHEYTOXEHHE SHEONPEAEeRHOCTHY NyTeM HNpeoGpa3zoBamHms [NABHOTO
BEIDAXCHHS (YeM Mbl 3[€Ch BOCHOJbL3OBAIACH) JaCTO NDHMEHAETCS IS DACKPLITHS
HEOUpe/ieIeHHOCTH.

*) KoHe4yHo, CAMBOJIGI 3TH JIHHIE€HBl BCSKOI O YHCJIOBOroO CMBICIA.
Kaxpnt #3 HX SBJSIETCA b KPATKOM YCIIOBHOM XapaKTEPHCTHKOH IS BBHIPAXKCHHH
OHOTrO M3 YETHIPEX THIIOB HEONPEAENICHHOCTH,
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2) Ecnu g(n) ecTb Tako# ke MHOTOWIEH
qn)=bo +-byn! =1+ ... +by_in+by,

oo

p(n)
TO YaCTHO€ —E—i IOpA BO3pacTaHUHM 1 npeacraBuT HCONPCACNICHHOCTh BHOa —.
qn

o
IIpeoGpasys u 3pech Kax/wiif U3 MHOTOWIEHOB TakK, KaK 5T0 GBUIO CHEAHO & 1),
TIONTYIHM;

a, a,
ao+—1+...+—£
PO)_ .
q(n) b b
by+— +—;
n

a,
BTopoit MHOXHTENE 3/€Ch MMEET KOHEUHBI!N IIpenen B Ecimm cremenn o6omx
0
p(n) *)

MHOTOY/ICHOB DaBHBL. k=/, TakoB xe OyJeT M NpefeNl OTHOMIEHHS ()
q(n

Ilpu
k>1 mepBBIif MHOXHUTENb CTPEMHTCA K +, TaK YTO
paccMaTpgBaeMOe OTHOMICHHE CIPEMHTICS K  + o

ay o

(:«max - B 3aBUCEMOCTH OT 3HaKa b—) . Haxosen, s
0

OpHU k </, IepBLIf MHOXHUTENb, 2 ¢ HAM M BCE BBIpake-

HHE, CTPEMHTCH K HYJIO. .
3) Haiimu o6sem V mpeyzoasnoii nupamudst SABC e
(puc. 3).
PaznemmB BeicoTy H IHpaMEasl Ha 72 PAaBHEIX
4acTel, NPOBENEM Yepe3 TOYKH MAENEHHA ILIOCKOCTH, v
TNapajUieNbHbIE INIOCKOCTH OCHOBaHMA. B CeYeHWH mno- p
JIy4aTCsi TPEYrONIbHMKH, NOAOOHBIE OcHOBaHHIO. Ilo- .
CTPOMM HAa HHX CHCTEMY BXOASINWX H BBIXONALIUX % -
TIpA3M; M3 NEPBHIX COCTABMTCA TeNO C 06BeMOM Vi, ¢
a M3 BTOPBIX — Teno ¢ oOseMOM FVj, mpuueM, Ode-
BHIIHO, A < A
Vn < V< V;; . s

Ho pasmocte Vj— Vn ecTh He u4TO HHOE, Kak 06BeM
HIDKHEH BBIXOAAMEH NPE3MBI C OCHOBaHHEM (=

\,

N

H
=11. AABC u BBICOTOIl — ; WTaK pa3sHOCTH )
n

H
V/:‘Vn:"Q—“"o Puc. 3.
n

NPH BO3PACTAHMM 1, @ TOT/a TeM Gollee CTpeMSATCS K HYITIO B PasHoCTH V-V, u V-V,
T. €.
V=Ilim Vp=1im V}.
Haiinem Teneppb Bhipaxeuwe s V;. Mer HMeeM 31ech TEJIO, COCTABJICHHOE B3 pAjAA

BEIXOISIIMX NPH3M; IO CBOXCTBY CeYCHMH NMEPaMHUAILI, HX OCHOBAHWS, COOTBETCTBECHHO,
OyAyT paBHBI:

Lo 20 %0 .., B0
nz’;l-i :"'7n21"';n2 41

1
*) Tak MOXHO Gb1710 651 ONYYUTH OPETEst 7 B npmMepe 4) 25,
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H
B TO BPEMs KaK BBICOTA Y BCEX OJIHA W Ta Xe: 7 TTosTomy

H QH n(n+D@n+l) QH (n+12nt1)*
vieL erory .y LG met DD QH (nt DQnt1)®)
n? n 6 6 2
TaK 4TO
H
Y= lim V,§=QT.

4) Haimu naowade Q duzyper OPM, obpazosannoii yacmvio OM napaboast y = ax?
(a>0), ompesxom OP ocu x u ompeszxom PM (puc.4). Pazo6reM orpe3ox OP Ha n paBHBIX
yacTel H NOCTPOMM HA HHX PN BXOMALIMX
4 H BBIXONSIIMX HPSIMOYTONBHHEKOB. ILmomamuw
QOn u Qf COCTaBNEHHBIX M3 HHX CTYIEHYaTBIX

y=azx *
Guryp paseATCA IUIOWMAABIO — - ¥ HAaUGOJIBIIEro

n
npsMoyronsaaka. OTciona, XKak u B 3), pa3HOCTH

Qh—0n~0 u, TaK Kax

M Qn<Q<Q;ls

OYEBUAHO,

Q=lim Qn=lim Q7.

Tak Kax BBICOTHI OTAENBHBIX IIPAMOYTOJNb-
HUKOB CyTh OpAMHATHI TO4eK mapaGomsl, ¢ abc-
IHCCAaMH

Z ]
2 a1 z p 1 2 i n
Xy Xy eney — Xy eeey X=X
Puc. 4. nn 7 U on ’

M — B COTJIACHHM C YDAaBHCHMEM KDHBOM — BEJIHYHHA MX paBHA, COOTBETCTBEHHO,

22 i

ae—x% @r—Xx% ..., @ — X% ..., QX7
n2 n2 nZ
TO Wi Qf HONMY4YaEM BBIDaXKEHHE
ax? x ax® (@m+1)2n+1)
On=—- 124224+ .. . 4+0) e —=—+ ——————
n? n 6 n?
OrTcrona
0=1im 0} ax® x-.ax® xy
=1im = e = .
"3 3 3

Onmpasce Ha 3TO, JETKO IONYYHTb, 4TO MIOWANs NapabolIMIecKoro CErMeHTa
4
M’OM papna Exy, T. €. — ABYM TPETAM IUIOIAAH ONHMCAHHOrO NPSAMOYTOJbHHKA

(3TOT pe3ysbraT ObLIT U3BeCTEH eme ApXxHMeny)**).

*) 3mech MBI HCIONB3YEM H3BECTHYIO (GOpMysly IS CYMMEI KBAJpaTOB HEPBBIX
n HATYPAJNBHBIX YHACEIL.
**) Obmee ompepneliceHHE IUIOMAAA KpHBOJHMHENHOU durypel Oyner HaHO
mMmb B rjase X (BTOpO# TOM); TaM e IpAMEHEHHbIH 31eCh MCTOA BHIYUCIEHH I
monazy Oyaer o6o0meH Ha Opyrue KpUBOJWHENHHBIE QUTYDEHI.



32} § 2. TEOPEMEI O MPEIEJIAX 65

5) Joxasars, uro npu O<k<1,
lim [(n+ 1)k — nk] =0,

Mer umMeeM 3meck HeOmpeneNeHHOCTh BHAA e — . IlpeoGpasyem, smmocs nk 3a
CKOOKY:
1)k 1 1
0<(n+1)"—nk=n"[ 1+— —1]<n"[ 1+~ —-1]=———-.
n n nl—k

Tak xax ~0, To 1 noxaBsHO (n+ 1)k —pk~0, u. u Tp. 1.

nl—k
6) HaliTa nupenen papmaHTHI
xn=Yn(Yn¥1-Vn),
ITPECTaBIsOWIeH (COrNIaCHO HpebINyLeMy UPHMEPY) HeOompeaeieHHOCTD BUAA < .0,
VMHOXas ¥ JeNd Ha CymMMy KopHeil }n+1 + Yn,upeoBpasyem manuoe BBIpAXEH S

K HCONPEOCIICHHOCTY BHAA —~ @

=7 (Vn+i-Yu)(Yn¥14Vn)  Yn
B Vn+1+Yn /n+1-+1/7_z',
HAKOHEL, IS/IUM YHCIHTENb M 3HAMEHATENb Ha |/

1

i
I4+—+1
n

1 1
1<V1+—<1+—;
n n

TaK KaK BBIDAXCHHMEC CHOpaBa CTPEMHTCH K l, TO 3TO X€ CIPABEMJIMBO M OTHOCUTEIABHO
KopHs. OKOHYATEIIBHO,

Xn=

QueBuaHo,

lim x, 5"
7) Haiita npepenesl BapHauT:
n n
Xn=—x—, Yn=—rr—
Vn2-in Vnt+1
M, HakOHell,
1 1 1 1
ZIp= bbb e f—
Vr*+1 Yn2y2 Vn2+i Vnt+n

oo

Bapuautel x; W Y, NPEACTABISIOT HEONPENENEHHOCTh BHAA — (tax kKak 06a
o
KOpHA >a, TO OHH CTPEMATCH K <). IIpeobGpa3syeM, mems YHCIOMTENh H 3HAMEHATE/Ib
Ha n.
1 1

pges—Y Yn=———m——.
1 1
1+— 1+
n n?

Tax xak 0ba XOpHs B 3HAMEHATEJIe HMEIOT HPEAETIOM 1”(cp. IPEABIAYLIHA TIPEMED),
TO Xp—~1 u yp-1.

Xn=

5 I'. M. ®nxtenromsi, 1. 1
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Bolpaxenue [UIA zp MMEET CBOeoOpasHylo GOpMy: Kax[aoe cliaraeMoe 3TOH CyMMEL
3aBYCHT OT n, HO M YMCJIO HX pacTeT BMecTe ¢ n*), Tak xak xaxzoe cna-
raeMoe MeHbHIE IIEPBOro ¥ OONbINe NOCIEIHETO, TO

n n
<zZp< , T.€ Xp<Zp<Yyn.
Vnt+n Yn2+1
Ho (cormacHo yxe Ha¥[ieHHOMY) BapHaHTBI Xp H yn CTpeMsATCs K oOmemy npeneny 1;
¢JIeoBaTeNbHO, — IO TeopeMe 3°, 28, — K TOMy e Tpelesry CTPEMHUTCS U BapHAHTA Zp, .
8) IlycTh maHO /m MOJOXMTENbHEIX YCel

@, Q35 «++, dm .

O603Ha4as yepe3 4 HaubonblIee M3 HUX, JA0Ka3aTh, 4TO
n

limVa'1'+a;'+ ceitap=A.

3akiroyeHse 3TO CIenyeT B3 OYCBHIHLIX HCPDABEHCTB

n n
A<Vdi+di+.. +di<d-Vm
oM. 25, 5)].
9) Mal Bugenu B 27, 910 HpH a> 1 cTemens g~ + o= (¢ BO3pacTanHeM r). Wccre-

LYeM Temeph MOBENCHHE OTHOMEHHS

aﬂ.

nk

-}

(apu k >0), IpencTaBIAONIEr0 HEONPEAEICHHOCTD BUA — .

oo

VCTaHoBAM OHO BCIOMOTATENIbHOE HEPABEHCTBO [cp. HepaBeHCTBO BepHYy I I ¥
B 19]. ITonoxup a=1+4, Tak yto 4>0, umeeM mo opmyne 6buroma HproTOHA:

~1 -1
an=(1+z)n=1+n1+"—("2—) 12+...>5("2—) 2,

n
Tax xax ans n>2, OYEBHAHO, n— | >,£ , TO OKOHYaTEIbHO,

(@12

at R €))
Ilpu k=1, mony4yaeM cpasy
a® (a—-1)
n 4 ’
TaK 4TO
an

lim — = +oo,

n

Tak KaK 3TOT Pe3yJbTaT BepeH Opm N 60M a=1, To, B3sB k> 1, MOXeM Ha-
mwcaTh (mo kxpadHell Mepe, LI AOCTATOYHO Gompurax n)

1 1
a_ [(""_)'f‘ ]",S“fl’
| n n’
OTKYZA

an= +w  (a>1).

lim —-
nk

*) DTy %e 0cO6eHHOCTh, BOPOYEM, IMETH B BBIPAXEHHA OIS Vn Q:, B 3), 4).
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JokasanHbif, TakuMm o6pazoM, A k==1, 3TOT pe3ynpTaT TeM Gonee Oymer
BepeH H AnA k<1.
10) TeMm xe HepaBeHCTBOM (3) MOXHO BOCHOJB30BATHCHA, HTOOb! YCTAHOBHTB, YTO

n
lim Yn=1.
n
Menno, nonaras B HeM a= 7, nonyyum

2 N
”>nz (Vn_l)z’
OTKyZa n 2
0< Vn—1<— ,
n

YTO K NPUBOJHUT K TpeOyeMOMy pe3ynbTary.
11) Teneps Mbl MOXEM YCTAHOBHTB M JPYTOW MHTEPECHBIH Tpene

1
imE"_o (@1
n

o0
3/1eCh MBI CHOBA HMEEM HEONpE/EeJeHHOCTh BHAA —, H0O, Kak JIerKO TOKa3aTh,
loggn—~+. b
JeHCTBATENLHO, €CllM B3ATh NPOM3BOJBHOE YHCIO ¢ >0, TO, MOCKONBKY af> 1, mns

noctaToyHo Gombmux z Oynet {26, 1°]
n

Vr<ae.
JlorapugMupys MO OCHOBAHMIO g, MOJYYHM
logg n

<€,

n
OTKYZa 4 CACAYET BBICKA3AHHOC YTBEPXKICHHE.

33. Teopema HItomua 1 ee npavMenenns. [(na onpeseseHus MpeaeioB HEOMpPEHeeH-
Xn o
HBIX BBIPAXCHUH — THOA — 4acTO ObIBACT MOJE3HA CACAYIOL[As TeopeMa, NpHHAZIe-

Yn ot
xamas Mlronpny (O. Stolz) *). .
IIycmy eapuanma yp ~ + oo, npuuem — Xxoma 6vi HQHUHAA € HEKOMIOPO2O Mecma ~
C 803pacmanuem n u yp 603pacmaem: yn.y,>yn. To2oa
. Xn . Xn—Xp_.y
lim — = lim —————
Yn Yn—Yn—
ecan moavKo cyujecmeyem npeden Cnpasa (KoHeuwlis uau dadxce beckoneunsii).
Honyctum cHavana, 4To 3TOT Ipelen PaBeH KOHEYHOMY 9uchy /:

. Xn—Xn—
lim ————=/,
Yn=Yn-1
Torpa oo nro6omy 3ananHOMY €>0 Halinercs Taxoi momep N, uto mng n>N Oyner
{Xn—Xn_1 £
R <=
Yn—=¥Yn—1 2
HIA
& Xp—Xp_ €
J-—<ZB T g

2 ¥n—¥n— 2

*) IIpy YaCTHOM HPEANONOKECHHH Yn =1 Mbl HAXOOUM 3Ty TEOPEMY ellle y Kommu
(A. L. Cauchy).

5*
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3HAUKT, Kakoe 661 #>N HH B3Th, Bce NpoOH

XN+1—XN  XN+27XN+1 Xn—1—Xn—2. Xn—Xn—1

ceey

9
YN+1-PN  YN+z—FN+1 Yn-1=Yn—2  Yn—Yn—

nexar MEeXAy 3TEMH rpaHMiamu. Tak Kak 3HAMEHATEnd HX, BBHAY BO3DAcTaHus yn
BMeCTE C HOMEpOM 71, IONOKWUTEIBHBI, TO MEXIY TEMH K€ IPAHWLAMH COLEPXUTCS
u npobb

Xn— XN
Y
Yn—JYN

YHCIHTEIL XOTOPOM €CTh CYMMa BCEX YHMCIMTENEH, HAIIHCAHHBIX BBILIEC npobeii, a 3HaMe-
HATENh — CyMMa BCeX 3HameHatesedt. Mtak, npu n>N

Xn— XN
<=

Yn—¥N 2

Hanumem Tenepk TOXACCTBO (KOTOpOC JIETKO HeONOCPECACTBCHHEO MPOBEPUT b):

I3

) .
E_I=M+l1_:‘)ﬂ)(u_[) ,

rYn rn Yn/\¥Yn—J¥N
OTKyJa
X -byNlI {xn—x !
¥n_ | _|*N )A|+xn N_Il.
¥n In Yn— N

€
Bropoe cnaraemoe copasa, XKak Mbl BHIENHA, OpH n>N CTaHOBHTCS <E; nepBoe

&
K€ CJIATaeMOe, BBHJY TOTO, YTO yp —~ + o, Taxxke OyneT < 5> cKaxeM, mist n>N’. Eciu

npu 3ToM B3sTh N’ >N, To mna n>N’, OYEBHAHO,

Iy
n

<E,

YTO M JOKA3BLIBAET Hallle yTBEPXKICHUE.
Cnyuaii 6eckOHe4HOTO Tpeaeiia IPUBOAHTCS K paccMoTpeHomMy. Ilycthb, nanpumep,

. Xn—Xn-a
lim ————=

{-eo,

Yn—¥Yn—1

Ortciofia, IPeX/ie BCETO, BBITEKAET, YTO (U1 HOCTaTOYHO Goibmux r)
Xn=Xn—1>¥n"Yn-1s

ClIeOBATEIIBIO, BMECTE C Yp M Xp ~ -+ oo, IPUYEM B2PHANTA X, BO3PACTAET C BO3pacTa-

veM HoMmepa 7. B TaKOM €ITy4ae, JI0Ka3aHHYIO TeOPEMY MOXHO NpUMEHHTE K 0 O p a T-

Yn
HOMY OTHOIIEHHIO —
Xn
. Yn .. ¥Yn—Vna
lim —~=lm—"——=
Xn Xn—Xn-

0

(ubo 37ech Ipenen yXxe KO H e T € H), OTKyJa U CACOyeT, YTO
. _Xn
lim — = 4, 4. ¥ TP. A.

rn
OGpatumcs cHOBAa K IpEMeEpaM.
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12) M1 Budenu yxe 8 9), uro npu a>1

an
lim — = + oo,
n

1ot pe3ynbTaT ¢ nomMowusio TeopeMsl IlTons1ra IIOJIYHaCTCs Cpasy:

an 1
lim — =lim (a" — "~V =lim a" (1 - ——) = oo,
n a
To xe oTHOCHTCS M K mpuMepy 11).
13) Iprmvenym TeopeMy IITO b a K IOKA3ATENILCTBY CAEAYIOIIETO HHTEPECHOTO
npemnoxenus (K o o u):
Ecau eapuanma ap, umeem npedes (koreunoiii uau 6eckomneunsiit), mo mom dice npedea
umeem u eapuanma
b a1+a2+--°+an

n
n

(«cpensee apudMeriyeckoes NepsbiX 72 SHAYCHUH BADHAHTDL ay,).
Jeiicrurensuo, mojiarasg B Teopeme HitTonpua

Xn=ay+as+ ... +ap, Yn=n,
MMCCM:
. .. Xn . Xpn—Xn.p o,
lim by =lim — =lim———=lim ay,.
¥n Yn=—Yn-1

n
Hanpumep, ecnu Mbi 3raem [10)], uro ]/ n~1, Ton

3 n
1+V24 Y3+ +Vn |
n > L.
14) PaccMoTpuM Temeps Bap#anty (CuuTasi & — HATYpasbLHBIM)
1k 2k 4 nk
= P

Zn

)

oo
KOTOpaA NpCACTARIACT HEONPENCICHHOCT, BHOA — .

oo

Tlonaras B tecopeme IITonpia
Xp=1Kk4 2k . pnk, yp=nkt1

OyneM uMeTh k
. fim Zp=lim m .
o
. (n—Di+1=pht+1o (k- 1) nk+ ...,
TaK 4To
R (o VLR I ¢/ ) 1 R
n [cm. 2)]
) nk 1
lim z,;=1lim = .
G+ rk... k+1

15) B 3akiIrodeHue onpeesuM Mpenel BapHaHThI

1 ) Vhg2ky .o 40k n

k+1 nk k+1’

UPEeACTapraollie B TepBoOi GopMe HeompeselleHHOCTL BHAa -0, a BO BTOPOH —
BHIA e — oo, [IpoM3BeNs BriunTanme apobei, MOJYYMM Ha 3TOT Da3 HEONPEAEICHHOS

o

BbIpaXCHHC BHHA — :

o

un=n(zn——

_(k+1) (1F 42k .. 4 ply — phet 2
(k+1) nk

Un
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Tlonarasi x,, PaBHBIM YHCIHTENO 3TO#l aApobu, a y, — 3HAMEHATENIO, IIPHMEBAM
eme pa3 Ty ke Teopemy. [lomyunm

(k+])n"— [nk"'l—(n— 1)k+1]

lim u, =lim s
" K+1) [ — (- DN
Ho
k+1)k
(k1) nk—[nkﬂ—(n—])m]:(_%)_ P
a
wi—(n—De=knk—14 ...,
TaK yro [cMm. 2)], oxormaTénbﬂo,
k+Dk
———n"—1+ -
. 1
lim u, = lim ————————— = —,
K+ knk14-... 2

§ 3. MoxoTonnag BapuanTa

34. Tlpemen MOHOTOHHOH BapHaHTBL. TeopeMBl © CyLIECTBOBAHHH
TIpeZieIOB TIEPEMEHHBIX, KOTOPbIC NIPUBOIUIACH 10 CHX IOp, HMEIH TaKoH
XapakTep: B NPEOUOJIOKEHHH, YTO IS OJHHUX BAPHAHT MpeneNbl Cyllle-
CTBYIOT, YCTAHABIIMBAJIOCH CYILIECTBOBAHME NPEJIENIOB AJIA APYTHX BapHAHT,
TAK WIM HHAYE CBA3AHHBIX C IEPBHIMH. BoIlpoC O INpH3HAKaX CYyLIECTBO-
BaHHs KOHEYHOTO HpeNeNa Ui 34 JaHH O M BapHAHTHI, 6€30THOCHTEIb-
HO K OPYTHM MEpEMEeHHBIM, He cTaBuicsa. OCTaBlsds pELICHHE 3TOrO BO-
npoca B o6meM Buze 10 § 4, 39 — 42, MBI PacCMOTPUM 31€Ch OJMH IPOCTOH
M BaXXHBIH Y4CTHBIA KJIACC MEPEMEHHBIX, AJIS KOTOPBIX OH PELIAETCH JErko.

BapnanTta X, Ha3bpBaeTcs Bo3pacTaloleH, ecnu

X <Xg< ... <Xp<Xpi1<-..,

T. €. €CIM U3 7' >71 CIEINYET X;>X,. E€ HA3LBaoT Hey O bIB a0 Il € i,
eciH
XisXo<s. .. <=Xp<Xp31<...,

T. €. €CIIM ¥3 #’ >H CJIEAYeT JMLIb X, =X,. MOXHO U B NIOCIEIHEM CIIy4ae
Ha3bIBATh IIEPEMEHHYIO BO3pAacCTAIOIEH, eClIH NpHIATh ITOMY TEPMUHY
Gonee LIMPOKHH CMBICI.

AHAJIOTHYHO YCTAHABIIMBAETCA MOHATHE 00 yOH Baromed -— B
Y3KOM HJIM IUMPOKOM CMBICIIE CJIOBa — BapHaHTE: TaK Ha3bIBaeTCA Bapu-
a@Ta, I KOTOPOH, COOTBETCTBEHHO,

x1>x2> e X Xp41 > e
HIIH

X|=Xp= . =Xy =X e

TaK 4970 U3 n’ >n cieayeT (CMOTPsA IO CIYYar0) X, < X, WIH JHIUb Xy <Xp.
Ilepemennbie BCeX 3TUX THIIOB, M3MEHSIOIIMECS B OJHOM Halpapje-
HUH, OOBEIUHAIOTCA IO OGIIMM Ha3BaHHEM M O H O T 0 H H Bl X. OOBIHO
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O BapHaHTe IOBOPST, YTO OHA «MOHOTOHHO BO3pAacTaeT» WIH <MOHOTOHHO
yOBIBaET>.

Ilo oTHOMIEHWIO K MOHOTOHHBIM BapHAHTAM HMEET MECTO CIEAYIOo-
mass — (YHIAMEHTaJIbHOW BAXXHOCTH —

Teopema. Ilycmb 0ana MOHOMOHHO 803pacmMarnyas eapuanma x,,. Ecau
OHA 02DAHUYEHA CBEPXY:

Xp<M (M=const; n=1,2,3,...),

mo HeobX00uMo umeem K OH e U H bl il npeded, 8 NDOMUBHOM dice cayuae —
OHA cmpemumca K + oo,

Touno max oce, 6cezda umeem npedes u MOHOMOHHO y6blearowasn 6apu-
anma x,. Ee npedea KOHeueH, ecAu OHA O2PAHUYEHA CHU3Y:

Xp=m (m=const; n=1,2,3,...),

6 NPOMUBHOM dice CAyude ee NPedesOM CAYICUM — <o,
HokxasaTenbcTBo. OrpanyimMmcsa CiIyiaeM BO3pacT a ko-
mre #f, XoTa ObI B IMMPOKOM CMBICIE, BAPDUAHTH X, (CiIy4ait yOrIBaromeit
BApHAHTHI HCYEPUBIBACTCS AHAJOIMYHO).
HomycTaM cHayana, 4To 5Ta IIepeMEHHAs orpaHMYeHa CBepxy. Torna,
o Teopeme n° 11, must mMuoxkecTBa {Xx,} e¢ 3HAauUCHW HOJIKHA CYIIECTBO-
BaTh W (KOHEYHAs) TOYHA s BEPXHAA IDAHHIA:

a=sup {x.};

Kax MBI NOKaXeM, HMEHHO 3TO YHCJO a M 6yneT mpelejoM
BAPpHAHTH X,.

BemomunmM, neicTBHTENBHO, XapakTEpPHBIE CBOMCTBA TOYHOM BEpXHEH
rpauunsl [11]. Bo-mepBuIX, Anis Bcex 3HadeHMit n 6yneT

Xp=a.

Bo-BTopbIX, kKakoe OBl Hu B3STh uucio &>0, HalimeTcss Takoi Homep N,
9TO
Xny>a—E.

Tax xax, BBUAY MOHOTOHHOCTH Hallleii BApUAHTHI (31€Ch MBI BIEDBEIE
Ha 3TO omupaeMcs), npu n>N OyIeT X,=Xp, T. €. ¥ HOIABHO X,>a—E,
TO OIS 3THX 3HAYeHUH HOMEpA 7 BBIIOJHAIOTCS HEPABEHCTBA

O<a-x,<¢ mm |x,—a|<g
OTKyZJa M cienyeT, 4To lim x,=a.
IlycTe Temepe BapmanTa X, He orpandveHa csepxy. Torma, ckoib Be-
ymko HA Obu1o 681 wncno E >0, maiifieTcs XoThb OfHO 3HAYeHHE HaIleH

nepeMeRHOH, koTopoe Oosbine E; mycts 310 Oymer xy: xp>E. Beuny
MOHOTOHHOCTH BAapHaHTHl X, I #>N U IOJABHO

Xn>E,

a 3TO H O3HA4aeT, 4To lim X, = + oo,
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Jlerko- moHATB, YTO BCE 3AKJIIOYEHMS OCTAIOTCS B CuJe M A8 Iepe-
MECHHOH, KOTOpad, JIMIIb HAYMHAS C HEKOTOPOIro MeCTa, CTAHOBHTCSH MOHO-
ToHHOH! (W60 — Oe3 BIMAHWSA HA Tpenel MEepeMEeHHOH — o6oe YKo
IePBLIX €€ 3HAUYCHUH MOXHO OTOPOCHTD).

O6paTuMcs K IpHMEpaM IpPHMEHEHHS TEOPEMBL.

35. Tipumepnl. 1) PaccMoTpuM BapuanTy (cuuras ¢=0)

cn

n’

o

oo
rne nt=1.2.3...n (Oaa OpH ¢>1 NPEeACTaBNsieT HEONUPENEeJCHHOCThL BHAA —.)

Tak Kak
c
n+1’
TO, JIMMIb TOJIBKO 1>~ 1, IEpeMEHHAsT CTAHOBHUTCS YOBIBAIOLIEH; B TO € BpeMs CHM3Y
OHA OrpaHHY€Ha, HAmpHMeEp, HyaeM. CraenoBaTENbHO, BADMANTA X, - [0 TEOPEME —
MMCET KO HEYH bl H upenes, KOTOphik Mel 0603HauuM Yepes a.
Hns Toro yrobpl HalTH ero, nepeiiaeM K mpenesTy B HAIHCAHHOM BBIILE PABEHCTBE;

TaK KaK Xp .1 poberaer Ty e NOCIHEAOBATENHHOCTh 3HAYECHHIH, YTO U X5, (C TOTHOCTBIO
JI0 TIEPBOTO 4JICHA) H HMEET TOT XKe NpeXell g, TO MbI HOJIYYHM

Xn41=Xn-

a=a-0,
orciona a=0 H, OKOHYATEILHO,
cn
lim —=0.
n!

2) CuyuTas cuosa ¢ >0, onpenennuM Terepb BAPHAHTY Xn TaK:

x=Ve, xmp=Vet+Ve, x3=Vc+Vt;-]/7§,
xn=Vc+Vc+...+VE.
&——\f—/

n KOpREH

1 BoOOIE

Takum o6pa3oM, xp, ,.; HOJNYIAETCH U3 X, O BopMye

Xn 1= [/c+x,1.

SIcHo, uTO BapHaHTa X; MOHOTOHHO BO3PAacTacT. B TO e BpeMs OHA OrPAHHYCHA
CBEPXY, HAlPHUMED, YHACIOM VE+1. JeHCTBATENBHO, X; = V; MEHBIIIE 3TOr0 YUCia; eCIIH

ZIOIYCTHTH TEIEPh, YTO Kakoe-mibo 3HaYeHHe x, < Vc_+ 1, TO | A ClICyIOMIEro 3Have-
HUsl TIOJTydaeM

xnp<Ve+ Yer1<Ver2er1=yerl.

Taxum 06pazoM, Halle YTBEPKACHHE ONPABABIBAETCA MO METONY MATeMAaTHYeCKOH
HHIYKITHH. )

ITo ocmoBHO# Teopeme, BapHaHuTa X, MMEET HEKMH KO H €4 H Bi i mpeden 4. Jns
onpenesieHnst €ro mepeszieM K Openeily B PaBeHCTBE

2 .
Xn41=C+Xn;
MBI [OJIyYHM, TakMM 00pa3oM, ¥TO @ yOOBJIETBODSET KBALPATHOMY YDABHEHHIO
a?=c+a.
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YpaeHenue 3TO. MMEeT KODHH Pa3HBIX 3HAKOB; HO MHTEDECYIOIMA HAC upedel a He
MOXET ObITh OTPULATEILHBIM, CTIEA0BATENLHO, PRBEH HMEHHO MO IO X UTEIbHOMY
KODHIO;

Vac+1+1
a = ———————
2

3) Bass moboe x,, O0<x,<1, onpexenuM BapUaHTY X,, PEKYPPEHTHLIM COOTHO-
LICHUEM

Xn+1=Xn(2— xn).
Honyctus, uro 0<x,; <1 (310 ycnosue 4 1= 0 BHIIOIHEHO), YCTAHOBUM, YTO
O<xpn=xp4i=<1.

HeACTBUTENBHO, TaK KaK 2—Xp>1, TO Xn4;>Xn; HO Xp(2—xn)=1~-(1-Xx,)?, OTKyda
Xn41=<1. TaxuM 06pa3oM, MHIYKTHBHO NOKAa3aHO, YTO BAapHAHTA X;, MOHOTOHHO BO3-
pacras, OCTACTCH MEHbLIE CAHHHUB), CIENOBATEJILHO, OHA MMEET KOHEYHBI npenesn
a=0. Ilepexons k mpeleny B peKyPPEHTHOM COOTHOIEHHH, HakneMm, yto a=1. Utak,
lim x, = 1.

IpenocraensemM unTaTen:o caMoMy pa3obpaTsCsi B TOM, YTO IPOU3ONIET, €CIH
B3SITh X, BHEe mpomesxytka (0, 1).

3amevaunne. Ilycte ¢ — mo6oe NONOKUTENBHOE YHCIO, H HOJNOKUM X = CVp .
Hanucanioe Bbllie peKyPPEHTHOE COOTHOLICHHE 3aMEHNTCS TAKUM:

Yn+1=yn(2—cyn).

1
B3sB HavanbHOE 3HAYeHue Yo TIO0A YCIIOBHUCM: 0<y0<—~ , OJNYYUM, UTO ¥V, , MOHOTOHHO
4
BO3pacra#, 6y,11€T CTPEMHTBCs K —. IT0 3TO¥ cxeMe Ha CYETHBIX MaUIMHAX U BhIYUCIIf-
[+

€TCs YHCII0, ODPaTHOE C.
4) TIycTh paHbl OBa MOJOKUTENbHBIX uuCNa a U b (a>b). CocTaBum UX cpenHee
apHPMETHYECKOE B CPeaHee FeOMETPUYECKOe:

ay= o,  by=1Yab.

U3BecTHO, YTO NePBOE CpeaHee GOoblile BTOPOTro *); B TO ke BpeMs 062 OHH COIepIKaTCs
MEX Y HCXOMAMbIMH YHCIAMU:

a>a,>b;>b.
Hns uncen a; v b; cHOBa cocraBuM X 06a CpeHuX:
a;+b, —
az=_‘2—“ s by= Valbn
HOpUYEM
ay>ay>by>by,
u T. A. Ecnd wicaa ag u by, yke OnpeneneHsl, TO an 1 4 by 4, onpenensiores no gop-
My/am
an + bn

an+1=—2—‘, bn+1=Vanbn

4, KaK ¥ BHIIIC,
an>any1>bnyy=bn.

*) 310 cpa3sy cienyeT U3 HEPABEHCTBA

1 -
ﬂ;—é— Vab= 5 (a~2Yab+b) =

(Va-y5)

0 npu a=b).
2 (ap: )
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Taxam 06pa3oM COCTABISIOTCS ABE BADUAHTHI @n M by, U3 KOTOPBIX IEPBAf OKA3bI-
Baercs yOnBalolmeil, a Bropai — BO3pacTalomei (HAaBCIpeyy OnHA
Ipyroi). B To xe Bpems

a>an>bp>b,

TaK 4TO 06€ BapHAHTHI OTPAaHWMYEHH! H, CIEHOBATENBHO, 06€ CTPEMHATCSI X KOHEYHBIM
apeaenam:
a=lima, wu F=Ilimb,.
Ecnu B paBeHCTBE
an+bn
2

ant1=

TIepeiTH K Npeneny, TO IMOIY4YduM

o+ ,
o= R OTKyAa a=p.

Takum o6pasoM, obe MOCIENOBATENBHOCTH — M CpeAHHX apudMETHYECKMX 4y,
H CPEIHMX TeOMETPHYeCKHX bn, — cTpemaATcs x oOwemy mpeneny u=u (a, b); cnenys
IF'ayccy (C. F. Gauss), ero Ha3plBaloT CPEAHHMM apDHPMETHKO-TEOME T-
PHYECKHM HCXOHNHBIX YHCEN g M b. BrIpaxcenue yucia u (a, b) yepes 5T nocnemHue
AOKyJa HaM HEIOCTYIHO — IUIsi Hero Tpedyercs Tak Ha3blBaeMbili I TN HITH Y€~
ckuié uHTEerpan (cM. BTopoil Tom).

5) OTnpasnssch CHOBA OT OBYX HONOXMTENBHBIX YHMceN a M b (a>b), HA ITOT pas
CTaHEM NOCIENOBATEILHO COCTaBAATL CpelHHE apHPMETHYCCKYME W CpeQHHe IapMo-
HHIECKHE *).

at+b b 2ab
ay=-—F—, =7
2 Yatb
a,+b, 2a,b,
Qo= ——— o = 3
2 a;+b,
a,1+bn 2anbr‘l
a,,+l=——~2-—, n+1=m
1 n

L T T

a+b —
M3 u3BeCTHOrO yk€ HaM HCPaBEHCTBa 5 > 1/ ab (upn a = b) nomyyaem:

(aer)z a+b 2ab
—— | =ab u, Bakomen, —>-——,
2 2 a+b

TaK YTO CpenHee apupMeTmieckoe Oonbile CpenHero rapMOHHYECKOTO; K TOMY Xe
0ba CpemBHX COMEPXATCA MEXHY MCXOAHBIMH 4uciaMu. TIpEMeHss 310 K a, 4 bp,
HalimeM:

an>any1>bpyy>by.

CoBepIIeHHO aHATOTHYHO TOMY, KaK 3TO ObUIO CAENaHO B NpEABLAYILEM NpPHMEpE,
ybeauMcs B TOM, 4YTO 00€ BapMaHTHl @ M bp CTPEMATCA K OOINeMy Ipeneny ¢, KOTo-
phif MOXEO 6bT0 GBI Ha3BaThb CPEeOHHM ApPHPMETHKO-TAPDMOHHYeE-
CKUM vHucel a H b,

*) Yucio ¢ HaspBaeTC CpPEeAHHUM FAaPDMOHHYECKH M JByX MOJOKMA-

TEJLHBIX THCEN @ B b, e oGpaTHOE eMy YHCIO — ABJIAETCA CpeqHEM apud-
c

1 1
METUYECKMM N7si OOpaTHBIX 4HCeN — H E:
a

1 1 (l 1) 2ab
—= —+-1, OTKyHa c=——
c a+b
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OpaHako, 37eCh Ipeaesl ¢ HMeeT IPOCTOe BhIpakeHue depe3 a 4 b, ViMenHO, BHAMM,
4TO @b, =ab; Tax Kax, AHAJIOTHYHO, H An.1bn 4= anbn, TO 3aKTIOYAEM, YTO IIPH BCEX
3HAYCHHSX 7

anbn = ab.

Tlepexons 34ech X IpeAelty, HOIyYaeM
c=Yab,
T.e cpeaHee apHGMETUKO-TAPMOHMYECKOE MABYX HMCEa HOODPOCTY

eCTb X CPelHee TEOMETPHUYECKOE.
6) Haxonen, npuseneM 6osiee CIOXKHBIA IpUMeED.

WUcxona u3 HCKOTOPOro BCIUCCTBCHHOrO 4ucCiaa ¢, DOJIOXKHM X; =-—, a OOCICAYIO-

(SRS

LHHe 3HAYEHUs BAPMAHTBHI X, OOPEACIMM HMHAYKTHBHO GOPMYION

c (1)
Xn41= 1 -
SRR
WccnenyeM BOOPOC O NPEACie 3TOM BAPHAHTHI NPH ABYX Pa3/IMYHLIX OPEANOIOKCHHAX
OTHOCHTCJIBHO C.
3ameTHM, YTO, ecnH Obl MBI Hamepel 3Ha/M, YTO CYIIECTBYET KOHEYHHI mpenes

a=1im x,, @

TO HAHTH €ro He cocraBuio Onl Tpyaa. CTOMT JMMB NEPEHTH X npeleiy B PaBeHCTBE
(1), onpeaensAIOMEeM HaIOy BAPHMAHTY, YTOOBI MOIYYHTH

=~2—+—2— A a®—-2a+c=0.

W3 3TOro XKBaapaTHOroO ypaBHEHAA HAXOLHM

a=1-Y1l-ec A3)

+)

OTtcroga cpa3y BHOHO, YTO BapUaHTa X, 3aBEOOMO HE€ MOXET HMETb KOHEYHOrO
npenesna opu ¢>1.

(a) IpeanonoxaM cHavana, 41o O0<c=s1. Torma sicHO, YTO X, >0. Beruuras u3 (1)
MOWIEHHO aHAJIOTMYHOE PABEHCTBO

2

xn=“c' £ 3
2 2
HaipeM, 4To
xﬁ—xﬁ—l
xn+1’xn='2— .

c
QOueBHAHO, x2>x1=i—; a U3 OpebAYINero PAaBEHCTRBA CIEHYET, 4YTO, JIAUbL TOJBKO

Xn>Xn_y, TOTYAC XKe H Xp4 > Xn. TakuM 06pa3oM, 10 METOAY MAaTEMATHYECKOM HHAYK-
UMK YCTaHAaBIMBaeTCA (AaKT MOHOTOHHOTO BO3PACTAHUS BAPHAHTH Xr .
AHaJIOTMYHO JOKa3hIBA€TCsS OrPaHMYEHHOCTH (CBEPXy) Hamell BapHaHTHL

Xn<1-

3OTO HEPAaBEHCTBO OYEBHIHO WIA n=1; eClly )K€ OHO COOMIOHACTCA NPH KaXOM-HAOYAB
3HayeHMH 1, TO OyneT BepHo m na n+1— B cwiy (1). 3gawmT, Openen (2) AcHCTBATE b=
HO CYHIECTBYET, a TOTJa OB Bbipaxaercs ¢opMyiioi (3), 4 HMEHHO CO 3HAKOM MEHYC
OpH KODHE, TaK Kak Npenesi 3T0T He MOXET ObITh OOJbILE eXuHMIIBL.

6) ITycrb Tenepp —3=<c<0. OyeBuaHO, AJIA BCEX n:

c
Xpn==-— .,
2
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TTokaxeM, 4T0-B 3T0M ciyvae xp <0. D10 BepHO YIpH #1= 1; €CHU Ke JONYCTHTH CIpaBes-
JIMBOCTE 3TOrC YTBEPXKACHMA IJIA KaKOro-jmbo 3HAYEHHA #, TO

[el 2 lcf? ) el
ixnls—z—. Xn<~~‘r<[c| TaK Kak —4—<1 ,

c
U Xn4; Oy#eT uMersb 3HaK E , T. €. OyZIeT OTPULATENEHBIM, Y. H TD. I.

Ha 3T0T pa3 Bapynanta x, He GyNeT MOHOTOHHO i (ONHAKO, ECIH HOJIO-
®uThb B (1) n=2k w 2k—2, a 3ateM n=2k+1 u 2k—~1, ¥ B OGOHX CiIy4asx HOWICHHO
BBIY9ECTD, TO MOJIYYHM!:

2 2
Xgk— Xop—2
Xok+1~ Xgk—1= —'——2“‘"— >

2 2
Xokt1 — Xok—1
x2k+2‘x2k=—‘—_——,, .
r4

@

OTcroa MOXHO HHAYKTHBHO 3aKTIOMHTH, YTO BCErd

Kok 41> Xok—1 " Xofe+2= Xglt -

<
JeHcTBUTENBHO, X3 X; = 7—; Torna |xzf < jx(}, x§<x§, U 1o BTOpoHd u3 Gopmyn (4)

(opm k= 1) 6ypet x, < x,. CnefaosaTenbHo, EAESEAN x5 > X2, i IO NePBOH U3 dopmyn
(4) (upn k=2) nony4urca x;>x;, 4 T. I.

Taxum 06pasoM, B paccMaTpPHBAEMOM Cilyyae, MOHOTOHHBIMH GYAYT HOP O3 Hb
B3 ATBH € BADHAHTE! Xop_y M Xp (K=1, 2, 3, ...); Tax Kak OHM COAEPXATCH MEKIY

c
KOHCYHBIMH I'DaHHIIAMH 2— n 0, TO 00€ UMEKOT KOHEYHBIE nopeaenbt

a’ =lim X, _q, a”’ =lm x,.

Ocraetca nokaszate, 4To @’ =a’’. C 3Toif HENBIO YCTPEMUM 3HAYOK # B (1) x Gecko-
HEYHOCTH, CHaYaja 4epe3 YCTHBIC 3HAYCHMS, a 3aTEM — Yepe3 HedeTHble. MBI HOIyYnM
B IIpenesie ABa COOTHOLICHHUS:

P A )

BeruTast, uckmodum c:
(@ —-a’Ya' +a’+2)=0.

Kax mp: ycranosum ceituac, ecnu ¢ > — 3, BTOpble CKOGKH odpatuthbcs B 0 He MOIYT,
TaK 4YTO HEOOGX0AMMO a'=a”. JefiCTBUTENBHO, B OPOTHBHOM CIIyyae, MOACTABISASL a” =
= —a’—2 BO BTOPO® U3 COOTHOIEHHH (5), MBI MONYHHIN 6Bl JUISL @’ XBaapaTHOE ypaB-
HEeHHe

a+24' +(4+¢)=0,

KOTOPO€, UMECHHO IIPH € > — 3, BEIIECTBEHHBIX KOPHEH HMETh HE MOJXET.

Hagonen, eciw ¢ = —~ 3, BTopble ckoGxu o6paimazorcs B 0 OTHOBPEMEHHO C IIePBBIMH,
760 B aTOM Ciiyyae M a’'= -1 u a’ = —1.

HUrax, Bo Beex cnydasx a’=a”’; Q6o3HauMB 06Iuee 3HAYEHHE STHX OPEnesion yepes
4, BIMEEM I @ BhIpaXKeHEe (3), OYCBMIHO, CHOBA CO 3HAKOM MMUHYC IIpH KODHE, HGO
NPENE OTPHIATEILHOM BapAARTHI Xp; HE MOXKET OHBITH IIOJOXMTEIBLHBIM.

Wanoxennsie NprMeps! AAOT NOBOX K CHEAYIOIEMY 3a M € Y2 H H IO. Hoka-
3aHHAS TEOpEMa ABNACTCS TUIHIHON €TEOPEMOH CymiecTBOBaHMA®: B Helf ycTaHap-
JMBaeTcs (akT CyIECTBOBAHHUA NpeAena, HO He HASTCH HAKAKOTO npuemMa INA ero
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BbIYMCIIeHnsA. TeM He MeHee OHA HMeeT OueHb BakHOe 3HaueHue. C OmHOH CTOpOHEI,
B TEOPETHYCCKMX BOOPOCAX YaCTO TONBKO CYUIECTBOBAHEE IpeleNia HpeACTABISSTCH
Hy#HEM, C OpyToli XKe CTOPOHE], BO MHOTHX CIIy4asix BO3MOXHOCTE NpENBAPHIETBHO
YIOCTOBEPHTECA B CYMIECTBOBAHWH Ipefieia BaXHA TEM, YTO OTKDHIBAET OYTH OJs
ero dakTmieckoro Berymcienus. Tak, B mpumMepax 1), 2), 3), 5), 6) usenno snanue daxma
CYujecmaosanus npedeaa no360AuUn0, C NOMOUfbI0 NEpexodd K npedesy 8 HeKomopwix pa-
gencmeax, yCmaHosumy mMouHoe 3RQUERUE npedea.

B sTOM OTHOWIEHME OCOGEKHO moyyHTened mpuMep 6) (G). Bexs npu ¢< — 3 BhHIpa-
XeHre (3) COXpaHseT CMEBICH, HO 3TO BOBCE HE O3HAYAET, YTO OHO IPOAOIKAST NABATH
apenen BapHAHTBI Xn; HANPOTHB, OH 37€Ch HE CYMIECTBYET: HANPUMEP, Kak HETPYAHO
MPOBEPUTh, OPU C= —4 Hamla BAPHAHTA NPOOEraeT NOCIHENOBATENBHOCTh 3HAYCHHIA:

-2,0, -2,0, -2,0, ...

M HUKAKOTO Npencia He MMeer.

B npumepe 4) Mbl BEIpaXEHHS 1UIS IPEea e MMEeM, HO, 3Hasi YTO OH CYILECTBYET,
JIETKO MOMEM BBIMMCIIMTE €r0 C JIF0OOH CTeNeHEbIo TOYHOCTH, U60O OH COMEPKUTCS MEXy
BAPHAHTAMMU Gn H bp , KOTOPBIE K HEMY CTPEMATCA ¢ O6EHX CTOPOH.

B crefyrowem n° MbI IO3HAKOMHMCS C €IIie OJ{HUM BaXKHBIM IPHMEPOM OPHIIOKEHNS
TEOPEMBbI O MOHOTOHHOI BapHAHTE,

36. Hucio e. MbI Mcnonb3yeM 37ech IpeJCAbHEII TIEPeXol IS onpe/ie-
JIEHHA HOBOI'O, JO CHX NOP HE BCTPEYABIIErOoCsS HAM Y M C JI 4.
PaccMoTpuM BapuanTy
/ 1\»
Xn=[1+—
n

U TIOMBITaEMCs IPUMEHMTH K Helf Teopemy n° 34.

Tak Kak ¢ Bo3pacTaHHEeM IIOKa3aTels # OCHOBAHHE CTENEHH
31ech yOHBaeT, TO «MOHOTOHHBII» XapakTep BAPHAHTHI HEMOCPEL-
CTBEHHO He ycMaTpupaercs. [lis Toro 4robbl yOemuThCst B HeM, mpHuber-
HEM K pasJIoXKEHHIO 1o ¢opmylie GHHOMA: :

xn:(1+%)"=1+n'%-+"(””1)~1+

1.2
aa-Dw-2) 1 nn—1)...(a—k+1) 1
1-2.3 m o 1.2k "pk

+n(n—l) ...(n—n+l).~l.=

1.2...n nn

17, 1 1 1 2

+;,[1_%] (1—”—;1-). )

Ecin oT x, nepedTH Temeph X Xy, T. €. YBEIMYHTH 1 HA eIMHULY, TO,
NpeXne BCEro, NOGABHTCA HOBBI, (n-+2)-H (Mo OXHKTeENbHH i)
WICH, KaXIBIH K€ M3 HAMCAHHBIX n-+] WIEHOB yBenAMYHTcCsH, ubO
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“ s e
moboit MHOXHTENL B CkoOkax Buaa 1 — - 3aMEHHTCS 60NbIIHM MHO-
s
KHATEJIEM l—m . Orcroma u cienmyeT, 4TO

Xn41>Xn,

T. €. BapHaHTa X, OKa3blBaeTCi BO3pacTaloue i.

Tenepp mokaxeM, YTo OHa K TOMy X¢ OTDaHHYE€Ha CBEPXY.
OnycTus B BBHIPaXEHHH (6) Bce MHOXHTENH B CKOOKaX, MBI 3THM YBEJIH-
YUM €ro, Taxk 4TO

1 1 1
xn<2+i+§+ e "l”;“i:yn.

3aMenuB, fanee, KakIbli MHOXMTEIb B 3HAMEHATENsAX Apoleit (Hauu-
Hast ¢ 3) YHCIIOM 2, MBI eIfe Y BEJN MY UM HOJYICHHOE BHIPAXEHHE, TaK
4T0, B CBOIO OYepenb,
|

9 1 1
Yn=< +§+‘§+...+‘2n—_‘1.

2

1
Ho nporpeccus (Haquualomamﬂ WICHOM E) UMeEET CyMMY <1, mo3ToMy
Yn=<3, a 3HAYMT ¥ NOJABHO X,<3.

Otcrona yxe cienyet, mo TeopeMe n° 34, 4YTo BapuMaHTa X, UMEET KO-
neunsli npenen. ITo mpumepy Ditnepa (L. Euler), ero obo3pavaroT
Bcerga OykBoit e. ITo YHCIIO

. 1\~
e=lim (1 + —)
n
AMeEET HCKIFOYUTENbHYIO BAXHOCTh KakK ISl CaMOro aHaju3a, TaK M Ui
ero npuioxeHnit. BoT nepBhie 15 3HAKOB €r0 Pa3foXEHMS B IECHATHYHYIO
IpOOB:
e=2,71828 18284 59045 ...

B cnemyromeM n° MBI HOKaXeM YHOOHBIA OpueM Ui IPHOIIMXKEHHOTO
BEIYACIEHUS YHCJIA €, 4 TaKXe INONYTHO YCTAHOBHM, 4YTO € €CTh YHCIIO
HppPalUHOHAJbHOE.

HexoTopble CBONCTBAa YuCia €, KOTOPHIE MBI YCTAHOBMM BIIOCIENCT-
BuH [54, (13)], nemaroT 0coOEHHO BHIFOOHBIM BBIOOp MMEHHO 3TOIO UMCIIA
B Ka4yecTBe OCHOBAHHMSA M cucreMnl norapadmos. Jlorapudmsl 1o ocHo-
BaHHIO ¢ HA3bIBAIOTCA HATYPaJdbHB MH U 0003HAYaI0TCA 3HAKOM
In Ge3 yxa3aHHA OCHOBAHHS; B TEOPETHIECKHX HUCCNENOBAHUAX IOJb3YIOTCH
HCKJIFOYMTENbHO HATYpaJIbHBIMH Jiorapudmamu *).

*) Oru norapudmMel HHOrAa OmMuOOYHO Ha3biBaloT HemepoOBEHI MY HO MMEHA
moTnadnckoro Maremarnka Hemepa (J. Napier, XVI-XVII B) — wusobpera-
Tensn yorapudpmMoB. Cam Hemep He vMen mnoHATHA 06 OCHOBAHHM CHCTEMDBI JIOTa-
pEdMOB (B60 CTpomI HX cBOeoOpasHO, Ha IOPYIrOM HPHMHITMOE), HO €ro IJorapu¢pmel

COOTBETCTBYIOT norapnd)MaM 10 OCHOBAHHIO, GIEEBKOM)’ k —. Bau3koe k e ocHoBasue
(4

HMEOT norapadMsl ero coppemensanka Bropru (J . Burgi).
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YrnoMsaaeM, 4To OObIMEBIE, HE€CATHUYHBIE, JIOTAPHPMBI CBS3aHEI
¢ HATYpPaJbHBIMHM H3BECTHOH dopMymnoii:

logx=Inx-M,
rae M ecTb MOILyJNb Nmepexoda M paseH

I .
M=]oge=m=0,434294 ey

9TO JIErKO HOJIY4HTb, €CIH IPOJiOrapuGMUpPOBATEL MO OCHOBAHMIO 10 ToX-
JIECTBO

x=elnx,

37. YipuGmnxennoe BhruuC/cHme umcaa e, Bepuemcs x pasenctBy (6).
Ecrt duxcupoBaTh k u, cuntas n>k, oTOpOCHTL BCe WIEHH XO-
cieaHell 9acTH, caeayroune 3a (kK + 1)-M, To HOJIyTMM HEPABEHCT B O

1 1 1 1 2 1 1 k-1
xn>2+2—!(1—;)+§(1—;’-)(1—;)+ +H (1'—;) coe ( '——’-l—).

VBenuuuBasa 37€Ch n 10 GECKOHEUHOCTH, HEepeiiieM K Ipeleny; Tak Kak
BCe CKOOKH HMMeIOT mpenesioM 1, To Haiimem:

1 1 1
e>2+‘2—!+§§+ e +l‘c'!=yk.

JTO HEPABEHCTBO MMEET MECTO HpPH J060M HaTypaidbHoM k. Takum 06-
pasoM, HMeeM

Xp<Yn=<e,
OTKyZa sicHo [B cmiy Teopemsl 3°, 28], uro
lim y, =e.

3aMeTHM HOMYTHO, YTO ¥n €CTh (n+1)-1 9aCTHYHA A CYyMMa [ GeCKOHEY-
HOro psaja {25, 9)]

{ 1 1 1
+1—!+"2~!+...+E+...,

B HAIACAHHOE TOJHKO YTO NPEAEIBLHOE COOTHONIEHHE MOKA3BIBAET, YTO € ABJSCTCH
€70 CY MM O if; TOBOPST TaKXe, YT0 IACNO € PA37aTaeTCA B 3TOT PAf, ¥ OAINYT

TN
e= 1! 2 vee ;! ces

Bapnanra y, 114 npubnukeHEHOro BEMHECIECHHS 9UCIA € TOPa3zio yao6-
Hee, 9eM X,. OnennM cTenenb 61M30CTH Yy, K e. C 3TOM LEBI0 PAaCCMOTPEM
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CHayajga pa3sHOCTb MEXNY JIOOLIM 3HAYEHHEM Pn,m (m=1,2,3, ...), cne-
OAYWOW UM 33 y,, H CaMuM y,. iMeeMm

1 1 1
Yram=In=Ga i @i 0 e

=t .1y 1 +...+ !
—(n—l—l)!{ n+2  m+2)(R+3) 7 (n+2)(n—!-3)...(n+m)}'

Ecin B ckobkax { } 3aMeHHTh Bce MHOXHTENH B 3HAMEHATENsAX Apobeil
Yyepe3 n+2, TO MOJNYYAM HEPaABEHCTBO

— <___.1__ 1_|-1_ _.L__{_ 4--_._]
Yntm=Yn (n+1)!{ A2 i '(n+27rh“—T}’

KOTOpPO€ JIHIb YCHTATCH, €CJIA 3aMCHHTh CKOOKH cyMMoii GecKoHe u-
HOU IPOTPECCHHU:
1 n+2
S NS el
Ynim=Vn n+1D! n+l
Coxpanss 30eCh # HEH3MCHHBIM; CTaHEM YBEJIMYHBATHL M OO Oecko-

HEYHOCTH; BAPHAHTA Yy, | ., (3aHYMEPOBAHHAA 3HAYKOM #1) IIPHHAMAET ITOCTIe-
IOBATENLHOCTD 3HAYEHMI

Yn+1s Yat2s Vo435 oo o5 Yngms -+ -
OYCBUIHO, CXOOAINYIOCS X e. HOSTOl\iy IIoJy4¥acM, B IIpEOCIE,

e 1 n+2
S T

WK, HaKOHEIL,

1 *
0<e=n=ps -

- 1
Ecnu gepe3 6 0003HAYHTHL OTHOLICHME PAa3HOCTU e—Y, K wHcny

(oHO, oueBHmHO, comepxwutcs Mexay O u 1), To MOXHO HamHCaTh Takxke

B
€= In= i
3aMeHAS 3/1eCh Y, €ro Pa3BePHYTHIM BHIPAKEHHEM, MBI H TIPHIECM K BaX-
HO#t dopmyire:
1 1 1 1 &6

e=1+ﬁ+2—!+§+“'+ﬁ+ﬂ’ )

5T » ) n+2 1
aK Kak (3TO JerKO IPOBEPUTh) ———— < —,
poBEpP Gile 7



37] § 3. MOHOTOHHAS BAPMAHTA 81

KOTOpas IOCIYXHT OTHPABHOM TOYKOH s BhIYMCIeHHs e. OT6packiBas
MOCJIECTHUN, ¢«IOMOJHUTEIBHBIAY, YWICH U 3aMeHAd KaXAbli M3 OCTABJICH-
HBIX YWIEHOB €r0 HOECATHYHBIM NPUOGIMXEHHEM, MBI U NOJNYYHAM NpHOIH-
J)KEHHOEe 3HAYEHHE IJIA e.

IMoctaBum ceGe 3amaueii ¢ moMoleo (opMyssl (7) BHMHCIHTD e,
1
CKaXeM, C TOYHOCTBIO [0 1w - IIpexne Bcero, HyXHO YCTAHOBHTH, KAKHM

B3ATh YACIO 1 (KOTOPOE HAXONMUTCS B HAIIEM PACIOPSKEHHMH), YTOOHI OCY-
IECTBUTh 3TY TOYHOCT. ,
Beryuciiias nmocnenosaTeNbHO YMCHa, 06paTHEIE GakTopHaaM (CM. IpH-

JaraeMyro TabJIM4Ky), MBI BHOHM, YTO IPY 1= 10 «IONOJHUTEMbHbIN> YiIeH
dbopmyas (7) 6ynmeT yxe

0 0

E’=W<O,OOO 000 03,
TaK 4T0, 0TOpachiBas €ro, Mbl JeJIaeM HOTrpenIHOCTh, 3HAYHTEILHO MEHb-
LIYX0 ITOCTABJICHHONM rpandnbl. OCTAHOBMMCS XK€ HAa 3TOM 3HAYCHUH M.
Kaxmpiii 3 0CTaNbHBIX WIEHOB 0GPATHM B JECATHUHYIO IpoGb, OKPYLIISs
(8 3amac TOYHOCTH) HAa BOCHMOM 3HaKe TaK, YTOOB IOIPELIHOCTE IO
aGcomoTHON BenuyMHe ObUIA MeHbINE IOJOBHHBI €UHMIIBL HA BOCHMOM

MECTE, T. €. MEHBIE 5w . Mui cBenW pe3ynbTaTHl BBMMHCIEHMH B TaG-
JMuKy. PanoM ¢ npubnmxERHBEIM 4mHC-

2,000 000 00
JIOM IIOCTaBJIeH 3HaK (+ WJIH —), YKa- 1
3BIBAFOLLMI HA 3HaK I O I P 4 B K H, KO- 2—!=0,500 000 00
Topyro HeoOxoaumo OnLio Oni mpuba- 1
BHTb JJI1 BOCCTAHOBJEHHS TOYHOTO 37= 0,166 666 67
YHCIIA. 1
Hrtak, kax Mbl BHIHM, IONPaBKa E=0’041 666 67 —

Ha 0T6pacmBaHne AOHOJHUTEIBbHOTO

3
YJICHA MCHbIIIC 18° VunteiBas TENEPh

elé M MONpaBKH HA OKpYIIeHHE (C HX
3HAaKaMH), JIETKO CO0OPasuUTh, 4TO CyM-
MapHasi HOOPABKa K NOJIyYeHHOMY IpH-~
OIKEHHOMY 3HAYEHHIO 9HCIIA € JIEKNT

51!=0,008 33333+
é=°’°°1 388 89 —

—7’—!=0,000 198 41 +

Mexny ) 55=0,000 024 80 +
- M 4.
105 108 570,000 002 76 -
Otcroga caMo 9HCIIO € COHEepXKUTCA 1'
MEXKAY ApobSamu Toi =0,000 000 28 -
2,718 281 78 = 2,718 281 86, 5718 281 81

TaK 4YTO MOXHO IIOJIOXUTH
e= 2,718 281 810,000 000 1.

OTtMeTM momyTHO, YTo Ta xe (Gopmyna (7) MOXET CIyXMTb H I

JAOKAa3aTCJIbCTBA M PPAaOHMOHAJBHOCTH 4YHCIA e.

f F. M. ®axverronnu, 1. 1
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Paccyxnasi oT NPOTUBHOrO, NMoNpoOyeM IONYCTUThH, YTO € PABHO pa-
Ny m
MUOHATLHOH Jpobu - 3 TOTMIA, €CIIM MMEHHO JUISl 3TOTO 71 HAIHCATh top-
mynay (7), 6yoem wMets

m 1.1 1 0
Sl gty T +;!+m(0<6<1).

YMHOXHB 006 4acTH 3TOro paBeHCTBA HA n!, MO COKDAIICHHH 3HAMEHA-
Tenel Bcex Ipobeil, kpoMe Mocie QHEH, MBl MONYYHM ClleBa I e-

[}
Joe YHCJO, a cnpasa — HeJO€e YHCHAO C ;[poﬁb}o;, 4TO

HeBo3MOXHO. IToJyuyeHHOE NMpoTHBOpPEYHE M HOKA3BIBAET TO, YTO Tpebo-
BaJIOCh.

38. JlemMa o0 BJOXKEHHLIX NPOMEXYTKax. B 3akiloueHHEe 9TOrO
naparpada, MOCBSILIEHHOTO MOHOTOHHOH BapHaHTE, OCTAHOBMMCS Ha CO-
IOCTABJIECHAM JByX TAKAX BapHAHT, HW3MEHAIOIUXCSA <HABCTPEdy» OMIHA
JpYroi:

Iycmb Oanbl MOHOMOHHO 803pacMaiowas 6APUAHMA X, U MOHOMOHHO
ybviearowas eapuanma y,, npuuem 6ce2dd

Xn<Yn- ®
Ecau ux pasnocme y, — x, cmpemumca k 0, mo obe éapuarnmot umetom 06~

wuti KoHeuHblli npeden:
c=lim x,=lim y,.

JeHlCTBHTEILHO, TIPH BCEX 3HAYCHMAX 7 MMEEM: Yp,=<J),, a 3HAYHT,
BBuny (8), H x,<y, (n=1,2, 3, ...). Bo3pacraromas nepeMeHHas X, oka-
3pIBaeTCA OTPAHHMYCHHOH CBEpXY, CJICXOBATEIBLHO, OHA MMEET KOHCYHBIIL
npenes

c=lim x,,.
Amuaslorn4Ho, Ul yOsIBaroleif nepeMeHHoi y, OylleM MMeETb
Yn=Xpn=X{,
TaKk YTO M OHA CTPEMHTCH K KOHEYHOMY TpEleIry
¢'=lim y,.
Ho, no Teopeme 1°, 30, pasmocth 000X NPENENIOB
¢’ —c=lim{(yn — Xn),
T. €, O YCJIOBHIO paBHA 0, Tak 4TO ¢’ =c; 3TO H TpeGOBaJIOCH AOKA3aTh.

Hdoxa3aHHOMY YTBEPXKIEHHMIO MOXHO NMpUIaTh Ipyryio dopmy, B Ko-
TOPO# OHO Yallle IPHMEHSIETCA.

HasoseM npoMexy Tk oM [a, b] (Tie @ <b) MHOKECTBO BCEX YHCET
(w1m, XaKk rOBOPAT, ¢TOYEK») X, YOOBJIIETBOPAIOIIHX HEPABCHCTBAM

a=<x<=b.

Yucna («To9Ku») a u b HA3BIBAKOTCS, COOTBETCTBEHHO, JI€BHIM H NI P a-
BHM KOHIAaMH OPOMEXYTKa, & MX pPa3sHOCTL b—a — JJIHHOM
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npoMexyTka. HeTpyauo BHIAETh, YTO HA YHCIOBOH OCH MPOMEXKYTKY
oTBe4aeT OTP €3 0K (TOH XKe JJIHHEL).

VcIIoBHMCS TOBODHTB, 4TO IpoMexyTok [a’, b'] comepxurcs B Impo-
MexyTKe [a,b] WUIH BIOXEH B HEro, €CIM BCE TOYKM IIEPBOro Ipo-
MEXYTKA TMPHHAIIEXKAT BTOPOMY MIH, YTO TO XK€ CaMoe, €CIH

a=a <b' <b.

T'eoMeTpHYECKHIX CMBICT 3TOro SICEH.
Iycmb umeemca 6ecKOHeUHAA NOCAEO06aMEABHOCb 6AONCENHBIX OOUM
8 Opyzoii npomencymxos

[al’ bl]’ [(12, b?;l’ LR [an’ bn]’ L]

max umo Kaxcowill nocaeOyiowuii codepicumcs 8 npedvloywem, npuyem
Oaunbt dMux npomexcymroe cmpemamcea k 0 ¢ eozpacmanuem n.

lim (b, — a,)=0.
Toz0a xonysi a, u b, npomexcymros (¢ pasibix CmMopon) cmpemames x 06-
wemy npedeay
c¢=lim a,=lim b,,
KOmopblii npedcmaganem eOuncmeeHHylo Mouky, 00wyl 6cem npome-
HCYMKAM.
3To eCTh JAuLUb Hepedpa3sipoBKa NOKa3aHHOM BBIILE TEOPEMBL: COIJIACHO
YCIIOBHIO,
anﬁan+1<bn+1$bn,
T4K 4TO JIEBHIH KOHEIl 4, ¥ TpaBblii KOHE b, n-ro HpoMEXyTKa WIparoT
3/1eCb POJIb MOHOTOHHBIX BapHaHT X, M V,.
Tak Kak @, CTpeMHTCA K ¢ Bo3pacTas, a b, — yObBas, TO
a,<c<b, @n=1,2,3...),
T. €. TOYKA ¢, OEHCTBHUTEIbHO, IPUHAMIEKHT BCEM HAILIUM IIPOMEXYTKAM.
B To xe BpeMs ApYroi, OTAHYHOH OT €, TOUKH ¢’ C TEM XK€ CBOUCTBOM
OBITh He MOXeET, MO0 MHave MBI MMEJIH OBl
bp—ap=|c'—¢c| =0

H JUIMHA 7-TO TPOMEXyTKa He Morya Obl cTpeMuThes X 0.
BoocnencTBud HAM He pa3 IMPHAETCS ONMUPATBCA HA 3TO NMpedJIOKEHHE,
KOTOpoe MBI GyeM HA3BIBAThH <JIEMMOK O BIOXEHHBIX ITPOMEXYTKAX».

§ 4. Ipusnun cxoaumocTH. YacTHuNbIe NpeaeiIbl
39. Ilpmmmm cxeammocrw, IIycThs 3aiaHa BapHaHTa X,, npoberalo-
ast MMOCHENOBATEILHOCTh 3HAYCHUHA
X1y Xgy ooy Xpy oves Xpfs oo )
3aiiMeMCs1, HAKOHEI, BoIpocoM 06 o6 meM MpU3HAKe CyuWecTBO-
BAaHWA KOHEYHOro mpenaena Jusg 3Toil BaprnanTel. CaMo ompe-

6*
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ACTICHUE Npe/ieNa U 3TOH LEeJH CIYXHUTh HE MOXeT, H6o B HeM (HUrypu-
PYeT yxe TOT mIpelell, O CYIUECTBOBAHHHM KOTOPOIO MIET peub. Mbr HYxX-
AaeMCsl B MPH3HAKe, KOTOPbIH HCHOIb30BaN Obl JHIIL TO, YTO HAM JAHO,
a UMEHHO — IIOCJIENOBATENbHOCTh (1) 3HAYEHMH BapHMAHTHL

HocTasnennyo 3ajiady pellaeT CIeAyIOLIas 3aMeyaTelbHas Teopema,
LpHHAIIERAlIAs YeICKOMY MaTeMaTuky Bonbmano (B. Bolzano) u
¢panmysckomy MaTematuky Komu (A. L. Cauchy); ee HasmmaroT npun-
YUnom cxooumMocmu.

Teopema. [an mozo umober eapuanma X, 6006ue umesa KoHe u-
H bl il npedes, HeODX00UMO U QOCMAMOYHO, UMObB 04A Kanc0020 uucia
e>0 cywyecmeosar makoii Homep N, umobvi Hepasencmeo

<& )

6bINOARANOCH, AUt moavko n>N u n' >N,

Kak BHAMT yHTaTenb, CyTh HeJa 37eCh B TOM, YTOObI 3HAUECHUS Iiepe-
MEHHOH MeXIOY CoG ol OesrpaHuyHo COMMXANUCh NO Mepe BO3-
pacTaHusd HX HOMepoB. OOpaTuMci K TOKa3aTeAbCTBY.

Heob6xonumocTs. IIycTh BapHamTa X, HMeeT OIIPEAC/ICHHBIH
KOHEUHBIH Npejes, ckaxeM, a. ITo camoMy omperenennio mpenena [23],

[ Xn — X

£ “ kN
KakoBo Obl HH ObmIO uHMCHIO €>0, HO YHCLy 7 HaHgmeTcs Takoi Homep N,
YTO 1jisi n>N BCErJa HMEET MECTO HEPABEHCTBO

]x,,—a[<% .

BosbMeM Teneps nobbie 1B 2 Homepa n>N H n'>N; JUif HUX OJIHO-
BpeMeHHO Oyner

]x,,«a]<% u [a—x,,r}<§,
OTKYyIa

|%n = Xw| = |(Xn— @) + (@ — Xn)| < | X ~a] + la—‘xn'[<§+§=e.

OTuM HEOOXOIMMOCTEL YCIOBHS JOKa3aHa. 3HAYMTETILHO TpY/HEE NOKA-
3aTh €ero ‘ v

AocTaTounocTs. IIycTh yClIOBHE TEOPEMBI BHIIONHEHO; Tpe-
Oyercs yCTaHOBHTB, YTO TOIJA NS BAPHAHTHL X, CYIIECTBYET ONpPEHEICH-
HbIi KOHCYHBIH Hpene.

C oroit memblo mpou3BeneM B 00JIACTH BCEX BEINECTBEHHBIX UHCE
CEUCHHE II0 CEAYIOLIEMy HpaBIIy. B HuxHMi Kiacc A oTHeceM KaxIoe
TaKO€ BCIICCTBCHHOE YHCIIO ®, MJI KOTOPOrO, HAYHHAS C HEKOTOPOIo
HOMEpA, BBIIOJIHAETCS HEPABEHCTBO

Xp >0,

B Bepxuuit ke kmacc A’ OTHECEM BCe OCTaJIbHbIE (T. €. He Monapmme B A)
BEIIECTBEHHbIE THCHA o, v
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Ilpexne Bcero, ybemmMcs B HEMyCTOTe 3THX KIACCOB, HCIOJNIB3YA UMs
STOro yCJIOBME TEOpEeMBI. 3a[aBIIMCh IIPOM3BOJILHBIM YHCIOM & >0, BO3b-
MEM COOTBETCTBYIOHIMI eMy (B YKa3aHHOM TaM cMbicne) Homep N. Ecin
n>N u n’'>N, To Bbmonusiercs (2), oTKyna

Xy —E<Xp<Xy+e. )]

Tenepb MBI BHIMM, Y4TO KaXO€ YHCIO X, —& (rme n'>N) B oTHenpHO-
CTH OTHOCHUTCA K Kjlaccy A, uGo M4 AOCTATOYHO GOJBHINX 7 (amenHoO,
ans n>N) X, ero mpesocxomut. C APYrod CTOPOHEI, Tak Kak (ans tex
XK€ 1) X, OKa3HBACTCA MEHBUINM, 4eM JH060e M3 YMceN BHAA Xn+¢& (Ipu
n'>N), To HA OZHO TaKOE YHCIO 3aBEAOMO HE MOXET MpHHAJIEXATH
A u, crefoBaTeNbHEO, OTHOCHTCA K Kjaccy A’.

IpaBuio, ompenensmomee knaccht A 1 A’, Tax cthopMymrpoBano, uTo
M3 HEro HEMOCPEACTBEHHO SCHO, YTO KAa X J 0 € BEIIECTBEHHOE HHCIIO
nonajaeT B OMMH M TOJBKO OMH M3 3THX KJIACCOB. BMecTe ¢ TeM, Kaxmoe
uHcao « (M3 A) MeHbINe Kaxoro wuciua «’ (u3 A’); Benn, npu a>o’, Ba-
PHaHTa X, HAYMHAS C HEKOTOPOI'O MECTA, NpPeB3oULTA OBl ¥ &', BOIPEKH
onpenenenuo wnced «'. TakuM 06pa3oM, NpoM3BeneHHOe pa3bueHue o6-
JIACTH BCIIECTBEHHBIX 9YHCEN HA KJIACCHl €CTh, IEHCTBHTENHHO, CCUEHHE,

Io ocHoBHO# Teopeme JlenmexkuHa [10}, cymecTByeT Takoe Be-
IECTBEHHOE YHCIIO a *), KOTOpOe ABNAETCA NOrPAHATHBIM MEX/y THCIAME
o0ouX K1accos:

a=a=a’.

Ho, xax MBI oTMeTHIH, Hpu J1060M n' >N 4YMCIIO Xy —€& €CTh OIHO
U3 &, & 9MCJIO Xy+e — ommo u3 «'. IToaTomy, B WacTHoCTH,

Xy —e<a<Xy+e WM |@-Xy|=|x,—a|=<e
s moboro n'>N. Ilo onpemenenuio xe npeaena [23), 3to u 3Hagur,
910
a=lim x,,.
Teopema mokasana.

ITpumMenenue 3TOro mpu3Haka MuI OyZeM He pa3 BCTpeyaTh B AaJib-
HEHWIEM H3JI0XECHNH.

40. YacTHUHMRIC DOCTENOBATENLHOCTH H  YACTHYMEIC npenenbl.
PaccMoTpuM Tenmephb, HAapsmy C MOCHENOBATENLHOCTBIO (1), xakyro-mubo
H3BJICICHHYIO H3 HEe YaCTHYHY IO IOCIeNOBATENLHOCTE (MM I O O
NOCIEeNOBATEABHOCTE)

Xrgs Xngs Xngy vy Xngy vy “)

rae {ny} ecTb HEKOTOPas MOCIENOBATENLHOCTD B O 3 PacTalImMuX Ha-
TYPAlbHBIX YHCEN:

M<My<My<...<Hp<Mp1<... )

*) B yka3aHnoii Teopeme oo 65LI0 0603HAYEHO yepes f,
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30eck posib HOMeE P d, NPHHAMAIOMIEro IOCHENAOBATEILHO B C€ HATY-
pajbHBIE 3HAYEHHs, UIPAaeT yXe HE n, a K; ny e MpelacTaBiseT coboit
BAPUMAHTY, MPHHUMAIONIYIO HATypaJibHbIC 3HAYEHHA M, OUEBHIHO, CTpEMsi-
IIYIOCS K oo IPH BO3PacTaHMH k.

Ecau nocaedosamenvriocmo (1) umeem onpedesennviii npeden a (KoHeu-
Hblll UIU Hem), MO mMom Jce npede umeem U YACMUYHAA NOCAe006aMmeNb-
nocmo (4).

OcTaHoBHMCA [JIs IpUMepa Ha ciydae koHeyHoro a. Ilyctes mns 3a-
manHOro £>0 Hauuloch Takoe NN, 4TO npd #>N YX€ BBIIOJHACTCI He-
PaBEHCTBO:

|xn —a] <e.

BBumy TOro, 4TO Ay —co, CYIIECTBYyeT M Takoe K, uro mpu k=K Oyner
n>N. Torma, mpd TeX X¢ 3HAYCHHAX k, OyoeT BBIIOIHATHLCA HEPABEH-
CTBO

[x..—a| <e,

4TO K HOKA3BIBAET HAllle YTBEPXKICHHE.

[3amMeTHM HONYTHO, YTO B 3TOM DPAacCyIEHMH MBI HE ONHPANNCh HA
HEpaBeHCTBa (5), T. €. HE IOJb30BAJIHCh MOHOTOHHOCTHIO BAPHAHTEL .
3HAYWUT, HAILlE ymeepacoeHue COXPaHAem CUry, No KaKkomy Obl 3aKOHY He
CMpemMuaacs K -+ oo yerouucaeHHas eapuanma ny.]

Ecnu 1is BapuaHTBI X, WIH, YTO TO Xe, [UIi HocieaoBaTenpHocTH (1)
HET ONpEEJIEHHOro IPEeia, TO 3TO HE HCKIIOYAaeT BO3MOXHOCTH CyIIle-
CTBOBaHHs Mpeaeia Ui KaKoW-mibo YaCTHUYHOH HOCIEHOBATENb~
HOCTH (4) WM JUIl COOTBETCTBYIOLICH €ff BADMAHTHI Xj=Xn,. TaKod mpe-
JieJI HashIBaIOT Y4 CTH Y H BIM OPEeesioM AJIs BapHaHTHI X, UJIM IOCIIe-
moBaTensHOCTH (1).

Ilycrs, manpumep, xn={(—1)?11; npegena 3Tra BapuaHTa He HMeeT. ECiE xe 3a-
CTaBUTh 7 OpOOEraTh JIMINL OQHU HCYETHBIC WM OJHM YETHHIC 3HAYEHHA, TO YaCTH Y-
HBl € MOCICHOBATEILHOCTH

x =1, x3=1, ..., Xofey=1, ..
X,=—1, Xx3==1, ..., Xop=—1, «us

OyayT HMEThb OPEeae/IOM, COOTBETCTBCHHO, 1 HnE — 1. OTH ynucna u ABAAIOTCA 4aCTH 4~
H B M H IOPEACIAMH BAPHAHTHI Xn . AHAJIOTHYHO, BApHaHTa X, =(—1)"11ln umeer 4 a-
CTUYHEIE TPEACNBl 4o H — o, a BapHaHTa Xxp=n(—~D"*' — yacTUYHBIE Ipe-
genel +<= ¥ 0.

JIerko TOCTPOMTHL HOPHMEpBLl BAPMAHTHI, IS KOTOPOH CyINecTByeT OeckoHeyHoe
MHOXECTBO Pa3/IMYHBIX YACTHMYHHIX NPEAENIOB;, BOT OAHMH B3 HMX. 3aJaJuM BapHAHTY
Xp CIEOYIOUIMM TPaBWIOM: eCM HOMEp i HamHMCaH MO IECATHYHOU cHcTeMe: afl...v
(tme o, 3, ..., v — uudpsl), To nonaraeM

xn=0,af ...

Hanpumep, x33=0,13, x,035=0,4035 u T. n. Ilpu 3TOM Kaxuas XKOoHE€YHaAsA xHecd-
THYHAA Apobb, Mmex a1y 0,1 u 1, BcTpedaercs B psany 3HAYCHMN Hamedi BapUaHTHI
6GecKOHEYHOE MHOXECTBO pa3: HampuMep, 0,217 — Ha 217-M MecTe, a Takxke Ha 2170-m.
21700-M ¥ T. O,
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OTcropa cpasy cileayeT, YTO Kaxaas KOHeYHasd JecATHYHAad Apo0b MeXIy
0,1 1 1 Oymer cuyxuTh YaCTHYHBIM MOPESACTIOM A Hamell BapuaHTel. Ho ecnm
B3ATh U N1000€ O P YT oOe€e BEMECTBEHHOE YHCIO & B 3TUX T'PaHUIAX, TO CTONT JIMIOb
IPEACTABUTSH €ro B Buje OecCKOHeYHOU mecaTwyHOM aApoOn [9]:

=0, ¢1Cp +0s Clon- (ei=1),
4yTOOBI CTANO AICHO, YTO YAaCTHYHA g OOCICAOBATCIIBHOCTD
x=0, ¢;,  Xe,=0, €163 o0y Xeor...ck=0, €1€p . Chp oo

HMeeT MMCHHO 3TO 4HCJIO « CBOMM mpenenoM. Taxum o6pa3oM, B paccMaTpHBAEMOM
CJly4ae 4aCTHYHBIMH TIPEZENIaMH IIOCTECROBATEIBHOCTH 3AIOJIHAETCS BECh NPOMEKYTOK
[0,1; 1].

Bcerna i Ui BapHAHTHI Xp, CYLIECTBYIOT YaCTHYHBIE Ipeaeibl ?
Ha 3ToT BOIpOC JIEFKO OTBETHTH YTBEPAUTEJIBHO B CiIydae, KOrJa MHO-
KECTBO {X,} He orpanuyexo. ITycTh HanpuMep, OHO He OTPAHHYEHO C B € P-
Xy, Toraa Ajs KaxJIoro HaTypaibHOro k Haiinercs B pamy (1) wien x,,,
GonbImii, yeM k:

Xnk>k (k=1, 2, 3, ...)

(ImpuYeM JIETKO YCTPOHTBH TakK, YTOOBI HOMepa #;, BO3pacTajin BMecTe ¢ k).
YacTHYHAs IOCIEIOBATCIBHOCTD

Knys Xngs Xngs o ovy Xy oo 0

OYeBHIHO, OYIeT MMEThb NpelelloM +co; 3TO M eCTh 4YaCTH Y H Bl i
npenen I Haluell BapUaHTEHL.

VTBepaUTENbHBI OTBET MOXHO OaTh M B Cliyyae OIDAaHHYEHHOU Ba-
PHUAHTHI; HO 3To TpedyeT Gosiee TOHKHX CooOpaXeHUi, KOTOpble MBI NpH-
BEIEM B CIEOYIOIIEM n°.

41. Jlemma Bosbuano — Beilepmrpacca (B. Bolzano — C. Weier-
strass). H3 moboit ozpanuyuenHoil nocsedosamenvriocmu (1) ecezoa
MOJXMCHO U36/4€4b MAKYI0 YacmuyHylo nocaedosamenvHocmo (4), xKomopas
cX00unace bbl K KOHEUHOMY npedeny.

(3Ta popmMyIHPOBKA HE HCKIIFOYAET BO3MOXHOCTH 1 P a B H Bl X YHCEN
B COCTaBe JAaHHOM IIOCIIEOBATENILHOCTH, YTO YOOOHO B IPHJIOXKEHHAX.)

HoxaszaTenscTso. ITycrs Bce YHCHA X, 3AKIFOYEHBI MEXTY I'pa-
HUUaMu a U b. PasnenaM 3ToT mpoMexyTok {a, b] momonam, Torma XotTb
B oIHO# monoByHe OymeT comepkaThcsi 6E€CKOHEYHOE MHOXe-
CTB O 3]IEMEHTOB JAHHOM IIOCIENOBATENLHOCTH, 100, B IPOTUBHOM CIIY-
4ae, ¥ BO BCEM IIpoMexyTke [a, b] 3THX 3JeMEHTOB coAcpXayoch GH Ko-
HEYHOE YHCJIO, YTO HeBO3MOoXHO. UTak, mycTts [a,, b,] 6yner Ta u3 mono-
BHH, KOTOpas COIEPXKHT OeCKOHCYHOE MHOXECTBO HHCEN X, (MM, €CiH
o0e MOJIOBMHBI TaKoBHI, TO — Jrobast H3 HUX).

ARAIOTMYHO, U3 IpoMexyTka [a,, b;] BBLICINM €ro MoNioBUHY [ay, b,]
~ IPH YCIOBUH, 4YTOOBI B HeHl cOmepXaloch OE€CKOHEYHOE€ MH o-
XeCTBO 4YHCEN X,, U T. A. Ilpomoikas 3TOT mpouecc Ao Geckomed-
HOCTH, Ha k- craauW ero BHIAENMM IIPOMEXYTOK [ay, b,], Takxke conep-
XKamuil OECKOHEYHOE MHOXECTBO YHCEI X,.
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Kaxzplif U3 MOCTPOCHHBIX MPOMEXYTKOB (HATMHAS CO BTOPOTO). CO-
JEPXUTCA B OpeOBIaymIeEM, COCTaBJIAA €ro IIOJIOBUHY. KpOMC TOTO, IJINHA
k-ro IIPOMCXKYTKa, paBHada

b-a

bk—ak=—§k— >

CTPEMHTCS K HYJNIO C Bo3pacraHueM k. Ilpumenss cioma JeMMy o BJIO-
XEHHBIX IpOMexyTkax [38], 3axmouaeM, uto a; u by cTpeMsTCs K obmemMy
npeneny c.

Teneprs mocTpoenne YaCTHYHOM MOC/IENOBATENBHOCTH {xn} mpousBemEM
MHIYKTUBHO — CIEOyIOWEM o6pasoM. B kxadecTBe X, Bo3bMeM Jno6oit
(manpuMep, HEpBELA) W3 3JIEMEHTOB X, HALICH TIOCIIEIOBATEILHOCTH, CO-
nepxanmxcs B [a,, by]. B xauectse x,, Bo3bMeM JmoGoit (BampmMep, nep-
BBIH) H3 JJIEMEHTOB X,,, CIEAYIO M U X 32 Xp, ¥ CONEPXKAIMXCA B [a,, by,
u T. A. Boobuwe, B kauecTse X, BO3bMEM JI00O# (HAmpEMep, NEpBHIH)
H3 JJIEMEHTOB X,, CHE€AYI N HX 3a PaHEE BBHIACJIECHHBMH
Xmys Xnyy « oy Xmy_, U COOEpXKAIIUXCH B [ay, b;]. BOBMOXHOCTE Takoro BHI-
Gopa, POM3BOAMMOroO ITOCIENOBATENLHO, 0OYCIOBINBACTCS HMEHHO TEM,
ITO KaXMIBli M3 NPOMEXYTKOB [ay, b;] comepXUT GEeCKOHEedYHOe
MHOX€ECTBO HHCCH X,, T. €. CONCPKUT JIEMEHTHI X,, CO CKOJb YTOIHO
GoNpImIMI HOMEPaMH.

Haree, Tax xax

ay=x,=<b, u lima=limb,=c,

TO, 0 Teopeme 3°, 28, u lim x,,=¢, 4. U Tp. I.

MeToa, nprMeHEHHBIH NPH AOKA3ATEIBCTBE STOH JIEMMEL U COCTOSLIMIL
B NOCTE0BATEIPHOM JICJICHHH MOI0JIAM PACCMATPHBAEMEIX IIPOMEXYTKOB,
H3BECTEH IIOJ| WMeHeM memoda 5o abyano; oH wacTto 6ymeT HaM mo-
JIE3€H H B APYIAX CIOyyYasXx.

Jlemma Bonrmano-BeidepmTpacca 3HauMTeNBHO O6JIEr-
YaeT J0Ka3aTeJbCTBO MHOTHX TPYAHBIX TeopeM, Kak Owl BOMpas B cebd
OCHOBHYIO TPYAHOCTH pacCyXIcHMs. J{s mpmMepa HOKaXeM CHOBA C e
HOMOLUBIO NPUHYUR CXOOUMOCMU; Mbl IMEEM BBHIY NOCTATOYHOCTH
COIIEPXKALICTOCH B HEM YCIIOBHS, KoTopas moTpeboBana ot Hac B 39 3Ha-
YHTCIABHBIX YCHITHH.

HTak, nycTs yCloBHE BBIIOJHEHO, U 110 3aJaHHOMY & >0 HaliJeH Takoi
HOMep N, uro st n>N u n’' >N uMelT MecTo HepaBercTsa (2) win (3)
Eciu n' npu atoM ¢uxcupoBath, To M3 (3) 5CHO, YTO BAPHAHTA X, B
BCAKOM Ciiy4ae, OyneT OrpaHMUECHHON: ee 3HAYECHHs JUiA # >N ComepxaTc,
MEXIy YACIAMH Xy —€ U Xy +€, U HETPYHHO 3TH IPAHMIBI DA3fABHHYT
TaK, YTOORl OXBATHTH W NEpBEIe NN 3HaueHMil: X, X,, ..., Xy.

Toraa, mo ToNkLKO 4TO HOKa3aHHOM TEOPEME, MOXKHO BBIIEINTD YACTH
HYIO IOCIEOBATENBHOCTD {Xp}, CXOISIUYIOCH K KOHEYHOMY IPENEITy

limx, =c.
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ITokaxemM, 4TO X STOMY Hpefelly CTPEMHTCS BOOOIIEe M BapHaHTa X,.
Moxuo BBIOpaTh kK HACTOJBKO OOJNBIIAM, YTOOBI OBUIO

[Xny—c| <e
H, OJIHOBPEMEHHO, ny>N. ClenoBaTesibHO, B (2) MOXHO B3iTh 1’ =ny:
[xn - xntl <&,
4, COMOCTaBjifAs o0a 3TH HEPAaBEHCTBA, OKOHYATEJIHHO HAXOIUM
|x,—c|<2e (ana n=>N),

YTO H JOKA3BIBAST HAllle YTBEPXKICHUE *).

42. HauGoabumii u HauMensumii npepennt. Mtak, ms moOoi BapuanTe! x,, Oyan
OHAa OrpaHMYEHa WM HeT, CYMECTBYIOT YaCTHYHBIE Ope e bl Mbl IOKaxeM
celiyac, 4YTO CpeOM 3THX YaCTHYHHIX MpEdeioB HeoOXOomuMO HAMIyTCs HamOONLINHK
M HaHMEHBIIMKA; OHM HA3BIBAIOTCA HAUOGONBIWIMM M HAaMMEHBIIMM Ipe-
menaMH CaMOil BADHAHTH X5 U OD03HAYAIOTCS, COOTBETCTBEHHO, Yepe3

lim Xn H lim Xn-

Teope.ma. HauGoavuuii v naumenviuuii npedeavl 04n eapuawmel Xn 8cezda Cy-
uecmeyiom. Hx paeencmeo ecms ycio8ue, HeoGXooumoe 1 00Cmamoinoe 048 Cyujecmeosa-
Hun npedeaa eapuanmel (8 o6biuHOM cmbicae) **),

JdokazaTtenbcTBo. HayeeM C pacCMOTpeHHs BOIpoca © HanOOIBLIEM
npenere. Mb1 yxe Buaenu Beitue [40], 4TO ecitu BapHaHTa X, HE OrpaHMYeHa CBEPXY,
TO U3 mocyenoBaTenbHOCTH (1) ee 3HAYEHHIT MOKHO BBIIENHTH TAKYIO YAaCTHYHYIO MOCIe-
ZOBAaTENBHOCTD {Xn}, 4TO

lim xpg = + 0.

Takum 06pa3oM, B 3TOM Cliydae +oo SBISETCHd OAHHM H3 YaCTUYHBIX MNpenesioB
BapHAHTHI, H, OYEBHIHO, HA MO O JIb I M M M3 BCEX BO3MOXHBIX, TAK YTO

Iim xn = + oo,
IIpexnonokuM e Temepb, 9TO BAPHAHTA X, OrpaHAYEHa CBEPXY:
xn=<M (n=1,2,3...).
PaccMOTPUM TOYHY$O BEPXHIONO TDaHPIly 3HAYEHHH Xn Ana n>k:
My =sup {xn}=sup {Xg4,, xk+;, o =M.
n>k
TIpu Bo3pacTanum & 3uavende My MOXeT pa3Be N> YMEHBIIATH C A, CIEHO-

BaTeNbHO, IO TEOpEeMe O MOHOTOHHOM BapmaHTe [34], BO BCSKOM ClIy4ae CYWIECTBYET
npegest (pu BO3pacTaHuu k 1O OECKOHEYHOCTH)

lim My,
KOHEYHBIN WIIA PaBHBIH — co.

*) Yncno 2¢ B Takoii e Mepe $MpOU3BOIBHO MaJjloes 9UCTIO, Kak U €. Ecim yroaso,
&
MOXHO GBUTO cHaAvaja B3ATh HE &, a 70 TOrAa M»lI 31ech OOJIyIrin Obl €. Bipeabs mono6-

HBIX YKa3aHWH MBI yXe OeaTh He Oynem.
*¥) 91a TeopeMa, OKa3aTeNLCTBO KOTOPOi He HCIIONb3yeT IeMMbl B ok iaH O ~
Beliepm Tpacca, DepekpeBaeT MOC/IEAHIONO.
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Ciyqaif, KOra 3TOxr Ipenel eCTh — o, TAKXKE UCYEPIbIBACTCS IPOcTo. s moboro
E >0 malimerca Takoit HoMep k= N, uTO

My<—E;
HO Nt n> N, OueBHOHO, Xp<<M}, TAK YTO IPH YKA3aHHLIX 3HAYCHUAX 7 M NONABHO
xn< ~E.
A 3TO 03HAYAET, YTO CYIIECTBYET npeael (B OGEIMHOM CMBICIE)
lim xp= — oo,

KOTODAII OMHOBPEMEHHO OyneT ¥ HaAOONB M HM U HAHMEHBIDUM *),
OcraeTcs pacCMOTpEThL CaMBI BaXKHBIR ClTydyal, KOraa CymecTByeT KO H €Y H bl i
npenen:
lim My =M?*;

MBI MOKAXEM, YTO 3TO YHCIO M* M 6yAeT HCKOMBIM HauGONbLIAM NpPEAcIoM LI Ba-
PHAHTHL Xp. ’

C 3Toil UEenbl0 YCTAHOBUM f1Ba XaAPAKTEPHHBX CBOHCTBA uucaa M*.

Ecimm 11pon3BoieHO B3STEL YHCHO ¢ >0, TO Halinetrca Takoe k=N’, uto Mn'< M *+¢;
TaxK Kax, upu n>N’ xp=<<MNn’, TO ¥ IONABHO Xn < M *+¢. UTak, mmeeM

I cBoticTBO wucna M*: xaroso 6o Hu 6110 € >0, cywecmayem maxoii nomep
N’, umo 0ana 6cex n>N’bydem

Xn<M*+e.
C apyroit CTOpPOHEI, 1IpH NPou3BOoAbHOM e>0 1 m0 6 0 M k Oyner
My=M*>M*—

Ho Torpa, mo cBOMCTBY TO4HOU BepxHeil rpanunsl [11], cpeny 3daveHuit X, ¢ HO-
Mepamu n=k+1, k+2, k+3, ... Hallercs Takoe 3HAuYCHHE Xn’, YTO H Xp'>M*—¢,
3aMensimn npoUM3BOIBLHO B3groe kK Ha N, chopmymupyeM

II cBoMtcTBO wrHCcna M*: xaxose 66 nu 6oiau € >0 u nomep N, Haiidemca 3na-
uenue xn’ ¢ Homepom n’ >N maxoe, umo

X >=M*—e.

HonyepkdeM pas3Huily B GOpPMYIHPOBKax oboux cpoiicte. B nepBoM ciyuae He-
PABEHCTBO BBIOJIHAETCS JUIS B C € X 3HAYCHHH X, CIMJIO I b, HAYMHAS C HEKOTOPOIO.
Bo BTOpOM e CiIy4ae HEPABEeHCTBY yJOBJIETBOPHIOT JIMMb O T €I b H L€ 3HAYCHHA
Xn , CPEAH KOTOPHIX, ©MHAKO, HMEIOTC 3RAYE€HHU S CO CKONb YrOAHO 60 b-
MEMHA HOMEpPaMHu.

Ilpexne Bcero, ommMpasch HAa 3TH CBOMCTBA, MOKAXKEM, 94TO YHCJI O M* CIyXHUT
JAaCTHUYHBIM IPEAETIOM AN BADHAHTBH Xn. I 3TOrO HyXKHO BBRIACIUTH
YACTHYHYIO HOCIIEAOBATENBHOCTD {Xn}, CXONAMYIOCH K M *.

Bo3eMeM 110CIeIOBaTENBHOCT, MOJOKHUTENBHBIX umcen & —0. Iomoxus n =1,
IOTIyCTMM, 4TO HOMepa

m=l<n,<mg<...<nj_;

yXke BbIOpanbl, ¥ MOKaXxeM, Kak BHIOpaTh n;. Ilo I cBoiicTBY mis € =¢; HaiimeM cooTBeT-
crByroutait HoMep N’ =Nj, Tako#, 4ro s BceX n>N; OymeT xn <M *+¢;. Teneps
obpatnmMcs ko I cBOHCTBY, monarasi NoO-IPeXHEMY £=¢;, a 3a N B3sB HauOObIIHN K3
HOMEPOB n;_; U N;; 3TOMy BBIOOpY 4Hcen ¢ u N ¥ oTBedaeT HOMep n’ =n;. [ns mero,
C OIMHOU CTOPOHHI,

Xng > M*— Eiy

*) IIpu Hamw4uMd OOBMMHOTO Ipefeia BAPHAHTHI B C € YaCTHYHBIC OpENesl ¢ HHM
coBmagaroT [40].
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C Apyroi xe, Tak Kak n;>N;, ofHOBpeMeHHO 6yleT u
Xng<M*+g;.

OTMETHM, KPOME TOTO, 4TO 7 >Hi_; .
JIns 3MEMEHTOB Xp; IIOCTPOCHHOH TakWM IIYTEM — HHAYKTHBHO — IIOCHeNOBa-
TEJBHOCTH OyneM mMeTb

Ixng—M*|<e; (=2, 3, 4, ...),

TaK 4TO, NEHCTBHATEILHO, Xng ~ M *.

HaxkoHen, yCTaHOBUM, Y4TO H¥ OO HH YaCTHYHB H mpenes He MOXET
npeB3oiTm M* B caMoM neie, NycTh Ui HEKOTOPOH YACTHYHOM OCIEAOBATEb-
HOCTH {Xn;} WMEeM Xn;~d, TaK 9TO @ €CTh ONMH K3 JACTHYHLIX IPENENOB. ITo I coifcTBy
IS TOCTATOYHO JANeKHX HOMepos (yxe 66mbmux, yeM N’) Oyner

Xn‘<M*+E.

Ilepexons 3Aech K Ipejely, MONY4uM g<<M *--& H, BBHAY NPOU3BOJIBHOCTH £, OKOH-
YaTeNbHO,
a<<M*,

Takum obpaszoMm, M* neifcTBuTensEo Oyner HanGOJNBLUIMM H3 BCEX YaCTHYHBIX
Opeaenos, T. €.
M*=lim xn.

AHAJIOrAYAO YCTAHAaBIMBACTCA CYLISCTBOBAHWC HAHMMEHBIUIECI O IOIpeacna.
He noBTOpAA BCEX PacCykKACHHHM, OTMETHM CITEAYIOUIHE ABa obOcrosTenncTaa.
Ecmr 3TOT HAaMMEHBOIMI Ipenesl eCTb —+ oo, TO CYMECTBYCT NpEAca B OOBMHOM
CMBICTIE
lim Xn= +oco.

Ecia xe HauMEHbUIRI IPEAe/ eCTh KOHeuHoe 4Hcao M .,
M, =lim xn,
TO OHO 06GNanaer CBOMCTBAME, AHANOTEYHEIMA YKA3aHABIM BbIUIe Julst M *:
I ceo#icTBO 3ucna M,: Kakoso 6ul Hu 6uio € >0, cyyecmeyem maxoit Homep

N”, umo daa n>N"’' 6ydem
xn>M. -&,

Il cBo#icTBO wucna M,: xaxossr 6ot Hu Gorau € >0 u Homep N, waiidemca
3nauenue xo’* ¢ nomepom n”’ >N, maxoe, umo
Xn<M ,+e.

O6paTAMCA K JOKa3aTeNbCTBY 3aKIFOYMTETBHOTO YTBEDAKACHHA Teopemsul. Ecnn
CYyMIECTBYET mpelen B OOBIYHOM CMBICTIE CIOBa

lim Xn

(xomeHHEIN MIH OECKOHEYHBIN), TO BCE MBICIMMELIC JaCTHYHbBIC OPEACIIbI C HUM CIINBAIOT-
ca [40], Tak 910 Heodxodumocniy BEICKA3aHHOTO YCJIOBHA OY€BHAHA.
TIpenrnonoXuM Teneps, 9T0

lim x; =lim x5.

Ecnu nx ob6mee 35a9eHne eCTh + oo WIH — <o, TO, K&K Mbl BUACIH, CYIECTBYEeT NpPEACH
BAPHAHTH! B OOLIMHOM CMBICIIC M AMECT TO Ke 3HAYeHne.
ITycth, HaKOHel, 00a mpenesa KOHEYHbL:

M¥=M,=a.
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Torma, comoctasmsin I cBoiicTBa wucen M* n M »»> HalileM 0o Hamepen 3amaHHOMY
€ >0 Taxoif HOMEp N, uto s n>N 6yner

a-e<xp<a+e, T. €. [Xn—a| <e.

A 3TO ¥ 3HAYHT, YTO @ €CTb IpeNeN BapHAHTHL X;; B OOBMHOM CMEICHE. Teopema no-
Ka3aHa. .

3aMeTHM, 9TO C MOMOMIBIO 3TOH TEOPEMEI COBCEM YX NPOCTO MOKA3BIBAETCS I o-
CTAaTOYHOCTH ycnoBHd Bonbuamo - Komu [39]. Mmerno (ecnu coxpa-
HATH NIpexHHe 0603HaYenns), U3 HEPABEHCTB

Xn'—E<Xp<Xnp +€ (mis n v w>N)

HCOOCPE/ICTBEHHO YCMATPHBAECM, 4YTO HAWOONLINMYE M HAWMEHBUIMIK NpENeNE BapH-
AHTH Xn KOHE€YHBI H pasHATCH ne Gonee, weM Ha 2¢, ClieNOBaTENBHO, BBHIY IPOH3-
BOIILHOCTH &, COBOAmaroT. OTCIONAa M BRITEKAET CYINECTBOBAHWE KOHEYHOrO 'Mpeena
B OOBIMHOM CMEICIIE.



T'TABA BTOPAA
®YHKIIMM OAHOM NEPEMEHHOI

§ 1. lonarue Gpynimmn

43. Ilepemennas M oGnacTs ee u3Mememms. B 22 yxke OwBuIo paHo
oblee mousTHE 0 MepeMeHH o it Ilepemennas x 3amaérca MuoXe-
ctBoM X'={x} Tex 3mauenuii, KoTopsle oHa cmocoGHa OpHHATH (B pac-
CMaTpUBAEMOM BONPOCE). DTO MHOXKECTBO &, B KOTOPOM KakIoe 3HAde-
HHE X BCTPCYACTCS MO pa3y, HA3LIBAETCA 06AACMbIO U3IMEHEHUA TIEPEMeH-
HO# x. Boob1ue, 06:1acTh10 H3MEHEHAS TEPEMEHHOM MOKET CIIyXHTBb Jir000e
YHCJIOBOE MHOXECTBO.

M&l yXe YHOMHHANH 0 TOM, YTO Y M CJIa FEOMETPUYECKH HCTOJIKO-
BBIBAIOTCHA KaK T O YK M Ha (YMCIIOBO#) ocH. O6macTs & u3sMeHeHus nepe-
MEHHOH X Ha 3To#f OCH M300paxacTcsi B BHZe HEKOTOPOIO MHOXECTBA
To4eK. B CBA3M ¢ 3THM 06BIMHO caMH Y HCIOBHE 3HAYEHHM 5 nepe-
MEHHOH HA3BIBAIOT TOYKa M H.

YacTo HpUXOIMTCA HMETh AENO ¢ IepeMeHHOIR n, JJis KOTOpoi 00-
JIACTPIO H3MEHEHUA SBJIACTCS MHOXECTBO o) BCEX HATYpPAlIbHBIX 4HCEJN,

14+(-1
JIs BapHAHTHI X, =j—£—)f obnacreio H3MEHEHHs OyneT MHOXECTBO
n=— y

Apobedt Buma 1/m (upu m=1,2,3,...) ¢ npHCOeaMHeHHeM uHCIA 0; s
NOCTOSIHHOM BENIMYMHBI BCS 06JIaCTh M3MEHEHUS CBENETCH K OTHOMY YHCIJTY.
Onnako B ananuse O6BLYHO M3yYarOTCH HEPEMEHHBIE, U3MEHSIOIIHECH,
KaK IOBOPAT, HENPEPBIBHBIM MIH CHJOUWIHHM 06pasoM: mx
Ipoo6pa3oM ABNAIOTCA DUIMUECKHE BETHUMHBI — BpEMS, IIyTb, OPOXOHH-
MBI OBHXKYIIEHCS TOYKOH, U T. . O61aCTbIO M3MEHEHHS nono6uoit nepe-
MEHHOH CIYKHUT YHCIOBOH MPOMEXYTOoK. Yame BCero 310 6yner
KOHEYHB H HPOMEXYTOK, OTPAHMYEHHELI JBYMS BELUCCTBEHRBIMH -
cnamu a U b (a<b) — ero KOHLAMH, KOTOPHE CaMH MOIYT OBITH BKJIIO-
YCHBL B €r0 COCTAaB WJIH HET. B 3aBUCHMOCTH OT 3Toro Mul 6yneM pas3inyaTs
3amMKHYmblii IPOMEXYTOK [a, b]: a<x<b
(o6a xoHIla BKJIOYEHD);
(a,b]: a<x=<b

[a,b): a<x<b
(MOTe OJIMH KOHEl| BKITIOUEH);
OMKpvImbli IDOMEXYTOK (@, b): a<x<b
(MM OfMH KOHEN He BKIIOYEH).
Hrunoli mpoMesxyTka Bo BCeX Cy¥asX HA3bIBAETCH HCIO b —a.

nOAYOMKpbimble TIPOMEXYTKH {



94 fit. 1. ®VHKIUM OfHON NEPEMEHHOM {44

TeoOMETPHYECKUM aHAJIOTOM YMCIOBOFO IIPOMEXYTKA SIBAAETCS, Kak
JIErKO TOHATH, OTPE30K YMCIIOBOI OCH, IPHYEM — B 3aBUCMMOCTH OT THIA
IPOMEXYTKA — M K OTPEe3KY KOHIBI €r0 MPHKIIOYAIOTCA WK HET.

TIpuxomMTCa PaccMaTpuBaTh H O eCKXKOHEYHBI € TPOMEXYTKH, Y
KOTOPBIX OJHAM M3 KOHIIOB HJIM OOOMMH CIIYXAT «HECOOCTBEHHBIC MCIIa
—oo, +oo. OBO3HAYECHHUS WX AHAJOrMYHBI IPMBENCHHLIM Bhuue. Hampu-
Mep, (—o, +oo) €CTb MHOXECTBO BCEX BEILECTBEHHBIX YHMCEJL (a, +)
03HAYaeT MHOXECTBO YHCE] X, YHOBJIETBOPSIOLIMX HEPaBEHCTBY X =>4
IIPOMEXYTOK (— oo, b] ompenensieTcs HepaBeHCTBOM x==b. T'eomMeTpHyeCcKH
GeckoHEYHble IPOMEXYTKH u306paxatoTcs B Bue GeckoHeunoit B obe
CTODOHBI IPSAMON HIM Jiyya.

44. OYHKIHOHAJILHAN 3ABHCHMOCTD Mexnay nepemenmbivu. Ilpu-
Mephi. [ JTaBHEIM IPEMETOM H3YUeHHS B MaTeMaTAYECKOM aHAJIH3E ABIIACT-
csi, OJTHAKO, HE M3MEHEHHE OMHOM NePEMEHHOM caMoii o cebe,a 32 B U C U-
MO CTDb MEXAY ABYMs WM HECKOJIBKUMHE NEPEMEHHBIMH IIPA UX C O B M ¢~
CTHOM M3MEHEHHH. 3[eCh MBI OTPAaHUYUMCS IPOCTEHILEM CIIydaeM
IBYX TE€PEMEHHBIX.

B pasnuuHBIX 0GIACTSX HAYKM M KH3HM — B CAMOH MaTeMaTuke, B Gu-
3UKe, B TEXHMKE — YMTaTeJlb HE pa3 BCTpeyaJ Takie COBMECTHO
H3MEeHSAIOU[KeCs mepeMeHHble. OHM HE MOIYT OJHOBPEMEHHO INpH-
HUMAaTb JII00YI0 mapy 3HaYeHHi (M3 CBOMX 06IacTell H3MEHEHH): eCIIH Of-
HOM M3 HUX (HE€3aBUCHUMONR I €PeMeHH o if) IPHAAHO KOHKPETHOS
3HAYeHHe, TO 3THM YXe ONpeIeNsercs M 3HaueHWe APYro (3aBHcC M-
Mo#t mepeMernHON wiM ¢yHknun). IIpuBenem HeCkoJIbKO MpU-
MEpOB.

1) Mnomane Q kpyra ectb QyHKHMA OT €ro paauyca R; ee 3HaUCHHE
MOZKET OBITh BBHIYMCJICHO MO 3aJaHHOMY 3HAYEHHIO pajmyca C IOMOIIBIO
M3BECTHOM (OPMYIBL

Q=nR%

2) B ciyyae cBOGORHOrO NaeHHs TSAXKENOW MATEPHANbHOH TOUKH —
HpH OTCYTCTBHH CONPOTHBICHHA — BpeMs ! (CeK.), OTCUHTBIBAEMOE OT
HAYaIa IBMXKEHUs, ¥ TIPOMICHHBI] 3a 3TO BpeMs NyTh s (M) CBA3aHBI ypaB-
HEHUEM:

M
roe g=9,81 o ECTP ycKopeHue CHIbl TsokecTH, OTCIOZa ¥ OHMpeAesaeTCs

3HAYEHHE S, COOTBETCTBYIOIEE B3ATOMY MOMEHTY ¢: IyTh § ABIACTCHA QyHK-
Hue#l OT IMPOTEKINero BPEMEHH f.

3) PaccMOTpUM HEKOTOPYIO Maccy (MIeaTbHOro) rasa, CoAePKaulyrocs
HoJ HOPINHEM LMJIMHApA. B IPEAHNONIONKEHHH, YTO TEMIEpaTypa coxpa-
HSETCS HEU3MEHHOH, obbeM V (1) W naBieHue p (amam) 3ToM Macchl rasa
OOJYMHAIOTCA 3akoHy Boins-MapuoTTa:

pV=c=const.
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Ecnu npou3BoibHO U3MEHATH V, To p Kak Qyuxuus ot V Oyner Beaxumii
Pa3 ONHO3HAYHO ONPENENATHCH WMo GopMyie
(44
rP=v-
4) Hakomen, oCTaHOBMMCS €HI€ HAa 3aBUCHMOCTH NaBJIEHHS BO31yXa
p (amm) ot BBICOTHL MecTa A (M) Han ypoBHEM Mops. B dusmke BHIBO-
gntcs 6apomMeTpuueckas dpopmyna:

p=pe

Ie p, — JaBJICHUE Ha YPOBHE MOps, a k — HekoTopas nocrosmuas. Ilo
aToll popMyse 3HaueHHE p, KaK GYHKUMH OT A, U ONpPEAENAETCH, JMINL
TOJIKO 3aJaHO 3HAYEHHE A.

3aMeTHM TYT X€, YTO caMbli BB 6 0 p HE3aBHCHMOI IepeMesNON M3
4HCJIa JIBYX PacCMaTpUBAEMBIX HHOINA ObIBacT Oe3pa3imvueH WM CBA3aH
¢ coobpaxeHnaMu mpocToro yro6crBa. B GoNBIIMHCTBE Xe Ciay4aeB OH
IAKTYeTCA U EJIECHANPaBIEHHOCTH I INPOUIBOJUMOLO HCCIEHXO-
BaHUA.

Hanpumep, eciu — B HOCIIEAHEM IIpUMEPe — CBSA3b MEXAY HaBle-
HHEM p U BBICOTOH A HCIONB3YETCA IJIA TOrO, YTOOBl IaTh BO3MOXHOCTH
JNETYMKY Ho HabiroJaeMoMy IaBIICHHIO CYIHTh O IOCTHTHYTOM BBICOTE,
TO €CTECTBEHHO OOMEHATH POJIM HEPEMEHHBIX M Gapomerpuieckyro dop-
MyJy IpPEICTaBUTH B BUJE

_1 Po
h—Fln; B

45. Onpenenenne nonstns ¢ynknmn. OTBiIedeMCH  Temepb, Kak
OOBIMHO, OT (HM3MUECKOTrO CMEBICIA PACCMATPUBAECMBIX BENHYMH M IAIHAM
TOYHOE OOIIee OIpeicsicHne NOHATHA P YHKI M H — OJHOrO H3 OCHOB-
HBIX NOHATHH MaTeMAaTHYECKOTO aHan3a.

IlycTte mamel Be mepeMeHHBIE X M ¥ C obnacTaMu usMerneHus & u %Y.
HpeanonoxuM, 4To IO YCJIOBHMSM BOIIPOCA NEPEMEHHOM X MOXET OHITH
[PANHCAHO MPOM3BOJIbHOE 3HAYeHne u3 obnactu X 6e3 xakux-mubo orpa-
mngennit. Torna nepemennas y nasvieaemcsa @yuxyueii om nepemenHoii X
8 obaacmu ee usmenenus X', ecau no HeKOMOPOMY NPAGUAY UAU 3AKOHY KAKC-
Ooomy 3nauenwro x uz X cmasumcs 6 coomeemcmeue 00HO onpedeseHHoe 3HA-
yenue y (uz %Y).

HezaBHcHMasi nepeMeHHass X Ha3bIBAaeTCA TakXke apzymenmom (yHx-
1117028

B sToM onpeneneHNH CymIECTBEHHBI 1B a MOMEHTA: BO-IIEPBBIX, yKa-
3agpde obrmacTn &' u3MeHeHHS apryMeHTa X (€€ HAswIBAKOT ob1acmelo onpe-
Oesenus GYHKIUM) 1, BO-BTOPHIX, YCTAHOBIICHHE IIPABHJIA HIIM 3aKOHA COOT-
BETCTBUSL MeXIy 3HadeHHsMH X u y. (Obnacts ¢ m3MmeHenHs YHKUAH
y OOBIMHO HE YKa3hIBACTCH, MOCKOJBKY CAMEBIH 3aKOH COOTBETCTBHS YK€
onpeneaseT MHOXKECTBO PHHMMAEMBIX (pyHKumeld 3HaYEHMIA.)

MoxHo B ompeneseHHH HOHATHA (YHKUUHM CTaTh Ba GoJiee 0o6IIyIO
TOYKY 3PEHHS, HOMycKasd, YTOOBI KaxIoMy 3HadeHdio x u3 X oTBevaso
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HE OJIHO, & HECKOJIbKO 3Ha4eHuil y (4 Jake OeCKOHEYHOE MHOXECTBO HX).
B momo6HbIX ciayvasx (pyHKIHIO Ha3BIBalOT MHOTO3HA4YHOM, B OT-
JIHIHE OT OJHO3Ha4YHO M (YHKIUM, ONpelielIcHHON BhIEe. BopoueM,
B Kypce aHajiA3a, CTOSAIEM Ha TOYKE 3PEHHMsl BEILECTBEHHOM MEPEMEHHOM,
M36€raloT MHOTrO3HAauHLIX (YHKIMH, M BIOpedb IoBOpA O (YHKOHUH,
€CIIM He OTOBOPEHO MPOTUBHOE, MBI OyZIeM pa3yMeTb O JHO3HAYHY 10
¢byHKIHIO.
Hns ykazauus Toro ¢axra, yTo y €cTh GQYHKIHS OT X, MUIIYT:

y=fx), y=9x), y=FAx) u T %)

Byksbt f, @, F, ... XapaKTepu3ylOT MMCHHO TO IPaBHJIO, IO KOTOPOMY
HoJyyaeTCs 3HAYeHHUE y, OTBedarolnee 3aJanHoMy X. IloaTomMy, eciu omHO-
BPEMEHHO PACCMATPHBAIOTCA P a3 JIH Y HBI € QYHKIHH OT OXHOTO H TOTO
e apryMeHTa X, CBS3aHHbBE C Pa3JIHYHBIMH 33aKOHAMH COOTBET-
CTBHS, HX HE clenyeT o6o3HavaTh OJHON U TOH ke OyKBOMA.

XoTsa uMerHO OykBa <3d» (B pasiu4HbIX ayNaBHATAX) CBS3aHA CO CJIO-
BOM «(yHKIHUs», HO JUIA o6o3madeHus GYHKIMOHANBHONR 32BUCHMOCTH, Da-
3yMeeTCs, MOXET NPHMEHAThCH M Jrobas apyras OykBa; MHOIZA Jaxe
NOBTOPSAIOT Ty Xe OYyKBy y: y=(X).

B HEKOTOPHIX ClIy4asiX MMHIYT APTYMEHT M B BHAC 3HaUka HOpU GYHK-
IIUH, HAPHMED, V.. I10J 3TOT THI MOAXOIHT IPHUBBIYHOE HAM 0003Have-
HHE BADHAHTBH X,,KoTopas sBJseTCs (KaK MbI Teoeph MOXEM CKa-
3aTh) QYHKIMEH OT «HE3aBMCHMOM NepeMeHHoi» n, mpoberaroiei psa Ha-
TypaibHbIX uucel ) ={n}. Ananormyno M obo3nawenwe N, IJd HOMEpa
N (B ompepmenenuu mpenena BapuaHTHI, 23), KOTOPOE NOAYEPKUBAET €TO
3aBHCHMOCTb OT &, H T. I.

Ecnu, paccMarpuBasi (QyHKIHIO, CKaxeM, Y= f(X), MBI XOTHM OTMe-
THTb €€ 4 a C T H 0 € 3HauYeHHe, KOTOpoe OTBeYaeT BHIOPaHHOMY YaCTHOMY
3HAYEHHIO X, PABHOMY X,, TO JUIA ODO3HAYeHHs €ro yrnoTpebJsioT CHM-
BOJ: f(x,). HampumMmep, ecnn

f@=rra 8O=7, h@=V1=d ...,

TO f(1) o3HavaeT uMCiIeHHOe 3HAYeHue Qynkuuu f(x) mpu x=1, T. €. Ho-
1 3
IPOCTY YHCJO %, aHATOrM4HO, g(5) o3HavaeT 4wHCIO 2, A (3)

4

YHCIO 3,
OGparumMcs Teneph K CAaMOMY IPaBUJIY WIM 32aKOHY COOTBE T-
CTBH S MEXIY 3HAYEHHSIMH IIEPEMEHHBIX, KOTOPOE COCTABJIIET CYIIHOCTh
HOHATHS (YHKIHMOHATbHOM 3aBHCHMOCTH. IIpaBHIIO 3TO MOXET OBITh BeCEMa
pa3sHoobpa3Hoil NpAPOILI, IOCKOJbKY OHO HHYEM HE OBIIO OTrPaHHYCHO.
HauboJjiee IpoCTBIM M €CTECTBEHHBIM HpPEACTABISACTCH OCYHICCTBIIEHUE
3TOro OpaBW/ja B BHAE AHAJMTHYECKOIroO BLIDAXECHHSI HWIH

H T. Il

*) TIpOH3HOCHTCA 3Ta 3aOMCh CIEOYIOMHM O6pa3oM: (MIPEK PaBHO 3P OT HKCY,
«HErpex paBHO U OT MKCY), ¥ T. I.
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dopMy B, comepxallux yKazaHHe HA Te OLEPalldd HUIM JEHCTBHS Ha.I
TIOCTOSHHBIMK YUCJIaMH M HaJ 3HaYeHHWEM X, KOTOPBIE HAJO IPOH3BECTH,
YTOOBI MOJYYUTh COOTBETCTBYIOILIEE 3HAYECHHE y, JOTOT AaHANHTHYe-
cxuifi cnoco® 3amamus QyHKumMu sBiseTcS Haubojiee BaXKHBIM [IJis
MaTeMaTHYeCKOro aHajmm3a (MBI €lle BEPHEMCS K HEMY B CIIEAYIOLIEM n°).
C HAM YMTaTENb BCEro JIyYlle 3HAKOM M3 WIKOJBHOTO Kypca MaTeMAaTHKH;
HaKOHEll, HIMEHHO aHAJTHTHYCCKUM CIIOCOOOM MBI IOJIb30BAJLCH B IPHBE-
JIeHHBIX B 44 npuMepax.

Onnako ObUIO OBl OHMIMOOYHBIM IOyMaThb, YTO 3TO — E€OUHCTBEHHBIH
coco6, KOTophIM MOXKeT ObITh 3amaHa (pyHkums. B camoit MaTeMaTuke
HepeOxH ciaydad, korga ¢ymxmus ompenensercs 6e3 momoiu (GopMyJibl.
TakoBa, HanpuMep, QyHkis E(x) — «ejiasg 4acth umcaa x» *). Jlerko
coobpa3uTh, 4TO

EQ)=1, EQ@,5=2, E({13)=3, E(-n)=-4 uT. I,

XOTd HHKaKo#i (GopMyibl, BeIpaxarouleii E(x), y Hac HET.

TakoBH Takke H MHOTOYHCICHHBIE «apupMeTHUecKre QYHKIHMY, T. €.,
GYHKIMH OT HATYPaJNBbHOTO apryMeHTa, MPUHEMAIOUIHE JIMIL HATypaib-
HBIE K€ 3HauYeHHs. B BUAE mpuMepa yMOMsHEM «o (GakTopHale YWcia my:

nl=1.2.3...n,

a Takke o (YHKHMH 7(77), MPEACTABIAIOLICH YHCJIO JAEeJIHUTEdei
yucna n, WM o GyHkuM ¢(n), ykasplBaroieid, CKOJXBbKO B PANY
1,2,3,...,n HMeeTCs 4YHCEJ, B3AaUMHO NpoCcTH X ¢ n He-
CMOTpPS Ha CBoeoOpasHBIl XapakTep IpaBHj, KOTOPHIMH 3aIaOTCA 3TH
(YHKIOMH, OHU TO3BOJIAIOT BBHIMHCIATh 3HA4eHHA (QYHKIMH C Takod xe
OTIPEIETICHHOCTBIO, Kak H ¢opmynbl. Hanpumep, nMeeM:

7(10)=4, 7(12)=6, 7(16)=5, ...
P(10)=4, ¢(12)=4, @(16)=8, ...

B ecTeCTBEHHBIX HayKaX U B TEXHHKE 32BHCHMOCTh MEXIY BEJIMYMHAMM
4aCTO YCTAHABJIMBAETCS JKCNEPHMEHTATILHO UJIU IMyTeM Habmronewnnii. Ha-
IIPHMEp, €CJIH HOJBEPrHYTh BOAY IPOH3BOJIBHO BHIOpaHHOMY HaBJICHHIO
P (amm), TO Ha ONBITE MOXHO ONPEIEIUTH COOTBETCTBYIOIIYIO CMy TeM-
nepatypy 9 (°C) xunenus Bogsl: 8 ects ¢yHkiws oT p. OnHako 3Ta (PyHK-
IMOHAJIbHAS 3aBHCHMOCTh 3aJaeTcd He kakod-mubo ¢opmyinol, a auum
Tabmuueif, TIe IPOCTO CONOCTAaBJEHBl IIOJYYCHEBIE H3 ONBITA JaBHBIE.
Ilpumepsl TabIKHYHOTr O coco6a 3ananus Qyaknuu Jierko HallTH
B JIOOOM TEXHHYECKOM CIIPABOYHHKE.

Haxonemn, ymoMsHeM ellie, YTO B HEKOTOPHIX CJIy4asx — IIPH IOMOLIK
CaMONMLIYINUX IpHOOPOB — (QyHKIMOHAIBbHAS 3aBUCHMOCTh MeXny ¢u-
3MYeCKAMHE BeJIHIHHAMM 3aJaeTcs HemocpencTeenHo rpa dukx oM. Ha-
Ip¥Mep, «HHOWKATOpHAS AWArpaMMa», CHEMaeMas IIpH IMOMOILK WHIHKA-

*) CM. CHOCKY Ha cTp. 48.

7 I'. M. ®uxrenroiby, 1. I
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TOpa, JaeT 3aBUCHMOCTh MeXAY 0OBEMOM V | NaBIICHHEM p Napa B UUJIUH-
ope paboTaroleif mapoBoif MalgHeL, «DaporpaMMas, focTabiseMas 6apo-
rpadgoM, OpeICTaBIisieT CYTOYHBIA XOX aTMOC(epHOro HABJIEHHS, H T. I

Mzl He BXOOHM B MOAPOOHOCTH OTHOCUTENLHO TabiWiHOro W rpadu-
9ecKoro CrnocoboB 3amaHus (YHKIHOHATILHON 3aBHCHMOCTH, TaK KaK MMH
B MATEMATHYECKOM aHAJM3€ He MPUXOIUTCS IMOJIb30BATHCH.

46. Auaymrmuecknii cmoco 3amanms  Qymkmm. CraemaeMm  paAn
Pa3bACHUTENBHBIX 3aMeYaHNi 1O ITOBOY 3aJaHHA QYHKIMA 2 HaJ KT M-
YeCKHEM BHpaXeHHEM WM PopMYyJoH, KOTODHE HIPalOT B
MAaTEMATHYECKOM aHAJIN3e UCKIFOYMTENHHO BAXKHYIO DOJIb.

1° TIpexnae BCero, kKakue aHAJHTHYECKHE ONEPAUHH HIH
OeWCTBHMSA MOIYyT BXOOUTH B 5TH (dopmMynsl ? Ha mepBomM MmecTe 31eCh
pPasyMerOTCS BCe M3YYeHHBIE B 3JICMEHTApHOH anrebpe H TPUIOHOMETPHH
omepanuu: apupMeTHIECKAE NCHCTBUSA, BO3BBILICHHE B CTENCHb (M H3BJe-
YeHue KOpH:), JJorapuMApPOBaHHAE, IEPEXO OT YIJIOB K HX TPHTOHOMETPH-
YeCKMM BeJIMUMHAM U obpaTHo [cM. mike 48 —51]. Omrako, M 3TO BAXHO
HOJYEPKHYTh, K HX WICIY IO Mepe Pa3BUTHS HAIUMX CBEACHUH IO aHAIM3Y
OyAyT TPHCOENUHSATHCS M APYTME ONepalid, B NEpBYIO TOJIOBY — Mpe-
JOENbHBIA Mepexol, ¢ KOTOPHIM YATaTeNb yXe 3HAKOM M3 IIasHl 1.

TarkuMm o6pa3oM, NOJHOE COIOCpXKAHHE TCPMHHA <@HAJINTHYECKOE BBI-
paxenues WK «popMyla» 6ymeT pacKphIBATBCA JHMIIB IOCTEIEHHO.

2° Bropoe 3amMedyanHe OTHOCHTCI K 00 acTH OHNpeOEeNeHHU A
(byHKUMM aHASMTHYECKAM BBIPaXEHHEM HIH (OPMYJIOH.

Kaxmoe apasMTHYECKOE BHIPAXEHHE, COIepXKalliee apryMeHT X, WMEET,
TaK CKa3aTh, ECTECTBEHHY 0 00JIacCTh IPHMEHEHHS: 35TO MHOXECTBO
BCOX TexX 3HAUeHHH X, I KOTOPHIX OHO COXPAHSET CMBICH, T. €. MMEET
8nosHe onpedeneHHoe, KOHEUHoe, GelecmeenHoe 3HayeHue. PazbiCHUM 3TO
Ha NPOCTEHINX HMPHUMEpaX.

: 1
Tax, Ans BHIpa)eHUs G TaKoif obmacTeio OyIer BCe MHOMECTBO BELIECTBEH-
- X
HBIX 9Hcel. JUIsS BBIpAXCHAA V 1 - x2 aTa 06macTh CBEIETCA XK 3aMKHY TOM Y Ipo-
mexyTtky [~ 1, 1], 3a mpegenamy XOTOPOro 3Ha¥eHHE €ro NepecTaeT OHTh BEIIECTBECH-
1

upiM. HampoTHB, BBIP2XKEHHIO NPUOESTCA B KayecTBE €CTECTBEHHOH ofiacTh
1-x2

TIPHMEHEHHsI OTHECTH O T K P BI T b it mpomMexyTok (— 1, 1), ubo Ha KOHIAX €ro 3HaMe-

HaTenb obpamaercs B 0. MHOTAa o6sacTh 3HaveHmi, I KOTOPBHIX BHIPAJKEHHE COXpa-

HSIET CMBICI, COCTOHT 3 Pa3pO3HEHHBIX OPOMEXYTKOB: Wi Jx2—1 ato Gymyr mpo-

MeXyTKH (—<, —1] ' [1, +), ana -7 — TPOMEXYTKH (=, =1, (-1, 1) ®
1, +e);uT. A%). x*-1
B xadecTBe HOCICHHETO NPHMEPA DACCMOTPEM CyMMY OGECKOHEUHOM IeOMETpH-
gecKol mporpeccun
T+x+x2+. . 427 o=lim (U x+x24 .+ x),

n-—+oo

*) Jlns Hac, pa3syMeercs, He HMPEACTABISIOT MHTEpeCa Takne BHIPaXKeHUs, KOTOpHIE
HHE NpPH OJHOM 3HAYEHHHA Xx BOOOIIE HEe MMEIOT CMBICHA.
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Ecnm x| <1, To, kax MBI 3HaeM [25, 7)], 3TOT npenen CyIIECTBYeT W HMEET 3HAYCHHE

i Ipu |x| =1 npenen nuGo pasen + e, Mu60 BoBce He cymiecTsyeT. Takum 06-
-x

Pa3oM, HJ NPUBCACHHOIO aHANUTHYECKOrO BEHIPRKEHHS €CTECTBEHHOH OGNACTEIO MpH-

Menenus OyneT OTXpPBITH H mpoMmexyrok (-1, 1).

B mocnenyromem H3NOXEeHHH HaM IPUIETCA PaccMATPHBATH Kak GoJice
CJIOXHbIE, TaK K Goyiee obIupe aHANATHUECKHE BBHIPAXEHHS, H MBI He pa3
OyneM 3aHMMATBCH MCCIENOBAHMEM CBOWMCTB (DYHKIMI, 3a7aBaeMEIX IO-
DOGHBIM BBIDaXEHHMEM BO BCei 0067acTH, IZle OHO COXpAHSET CMBICH,
T. €. M3YYCHHEM CaMOTO AHANHTHMUYECKOroO ammaparTa.

Onnako BO3MOXHO M JPyroe MOJIOXEHHE Belleil, HA YTO MbI CYMTAEM
HYXHbIM 3apanee oOpaTHTh BHEMaHue quTaTens. IIpencraBum ceGe, uTo
KaKoi-160 KOHKPETHEIH BONPOC, B KOTOPOM MEPEMEHHAS X IO C Y LI e-
CTBY NeJla OrpaHdvcHa oONacThiO H3MEHEHUS X, IPUBEN K PaccMOTpe-
HHIEO QYHKUMH f(X), NOMyCKaroIell aHATMTHYECKOE BhIPaKeHHe. XOTH Mo-
XET CIYyYMTBCH, YTO ITO BHIPAXECHHE MMCEET CMBICT H BHeE objactu &,
BBRIXOIMTE 324 €€ NpeNENIEl, pa3yMeeTCs, BCe e HElb3f. 37ech anajuTHYe-
CKO€ BBIpaXX€HHE HIPaeT IOTIMHEHHYIO, BCIIOMOTATENBRYIO POJb.

Hampumep, ecnu, uccieays cBoGonHoe mafeHue TSKENOH TOYKH C BHICOTBI A Han
TTOBEPXHOCTHIO 3EMITH, MBI TIpHGerHeM kx diopmyre

gt*
2
[44, 2)], To memeno Gbino 6Bl PacCMATPWBATL OTPHLATENBLHGLIE 3HAYEHWA f MM 3HA-
2h /
ueHus f, 06npmue, yem T= —g— , H00, Kak JIerko BMAETh, NpH 7= T TOYKa yKe yramer

2
Ha 3eMiI0. M 3TO HECMOTpPS Ha TO, YTO CAMO BBIPAKEHHE i COXpaHsieT CMBICH IJis
BCEX BEIECTBEHHBIX 1. 2
*3° MoXeT CIHyYuThCS, 4TO (GyHKIMS ONpENENseTcsS He OFHON ¥ TOH XKe dopmynoit
AJIs BCEX 3HAYEHWH apryMeHTa, HO JUIS ONHHX — OnHON dopMyNoH, a Ius Apyrux —
npyroi. IIpumepom Taxoii dyHKIMH B IPOMEXyTKe (— co, + =) MOXET CIyXUTHL (yHK-
nusi, onpenensieMas CIeAYOMMMHU TpeMs GopMyliamMu:

fx)=1, ecmy |x|=>1 (T.e.ecnm x>l wmwm  x<-1),
Sx)=-1, ecmm  |x|<1 (1.e. ecm —l=<x<l),

W, HaKoHeN, f(x)=0, ecnu x= +1.
VYromsiem eie o dyrxuun Jupuxne (P. G. Lejeune-Dirichlet), koTopas omnpe-
LENAETCS TaK:

X(x)=1, ecnu x PaEMORANBHO,
Z(x)=0, ecmu x MppaLAOHAIBHO.

Haxouen, BMecte ¢ Kporexepowm (L. Kronecker) paccMoTpuM QYHKUIHIO, KOTOPYIO
OH Ha3BaJl (CHTHYM x» *) B oGo3HaIMA yepe3 sgn Xx;

sgn x=1, ecm x> 0;
sgnx=~-1, ecmm x<0;
sgn 0=0.

*) Io-naThiuM sighum = 3HaK,

T*
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BrnpoueM, He caelyeT AyMaTb, YTO eCTh NPHHIUMNHAaZbHAaA PasHUUA
Mew 1y ¢yHkuued, 3anasaeMolt ofHOH dopmyaol nns BCex 3HaueHu#t x, U QyHK-
uMeft, ompejenreHHe KOTOPOR HCHOAb3YyeT HeCKOJbKO ¢opmya. O6buHO GYHKLMA,
3ajaBaeMas HeCKOJIbKHMH (opMyJtamu (IpaBja, 1eHOfl HEKOTOPOIroO YCAOKHEHHA Bbi-
paxeHus), MOXeT ObTh 3allaHa W OXHOH.

Hanpumep, ecin npusiaeyb onepauuio npefeibHOro nepexola, TO MepBas U3
NpHBEREHHbIX Bbile $yHKumi, f(x), Moxer OHTh 3afaHa oxHOH (opmyaol (ans
BCE€X x cpasy)

" X2 — 1
f{x)==1lim e

Jeitcrsurenbho, npu | x| > 1 cTenenp x2*— 4- 00, a ob6paTHoe el Bhipaxe-

nue crpemurca k 0 [27], Tak uro . ’

1

N st WY =
hmx”"—}—l_lml =L
« +W
Mpu | x| <<1 crenesp x?* — 0 [25, 6)], u 8 sTOM cayuae
x—1

im—g—r——=—1
x4

Hakonen, npn x ==+ 1 6yner, ouyeBHIHO, X =1, oTKyAa

x¥—1
2n =07

xn 41

¥ B npelene moayyaetTcAa 0. BcE 3TO MOAHOCTBIO COrMacyerca ¢ MPEXHHM ompeje-

NeHHeM.

47. I'paduk dynxuun. XoTs B MaTeMaTHYECKOM aHaiau3e (yHKuuu
rpa¢uyeckn He 3a1a10T, HO K TpPa¢HYeCKON HAANWOCTPaNuA
¢ynkuuu npuGerarot Bceraa. JIér-
,yt_ ‘ Kass 0603pUMOCTb M HArAsiJHOCTh
: — Y rpaduKa AenalT ero Hes3aMeHH-
— MBIM BCTIOMOTAaTEAbHBIM CpPEl-
CTBOM HCCJAENOBaHUS CBOHCTB
(pyHKIHIH.

[Iyctb B HEKOTOPOM NpoMe-
KyTke 2 - 8ajmaHa GyHKums
y=f(x). IlpencraBum ceGe Ha
NJIOCKOCTH JBe B3aHUMHO NepreH-
IOUKYJSPDHHE OCH KOODAMHAT —
oCb X H 0Cb y. PaccMoTpuM napy
COOTBETCTBYIOmMHUX S3Haue-
HH/ X ¥ ¥, TAe X B3’ITO U3 npo-
Mexytka 2, a y = f(x); oGpa-
30M 3TOH MapH Ha MJAOCKOCTH CAYXHMT TOuka M(x,y), c aGcuuccott x
u opauHaro#t y. Korja mnepeMeHHas X HM3MEHSETCS B Npelenax CBOEro
NpOMeXYTKa, 3Ta TOUKA ONMHCHBAET HEKOTOPYIO KpuByio AB (uepr. 5),
KOTOpasi M sIBASETCS reoMeTpuueckuM o6pa3oM Hawle#t (yHKUMH M Hash-
BaeTCs €€ rpaduKoM. B atux ycrousx camo ypasHeHue y==f(x)
HasHBalOT ypaBHEHHEM KpuBo# AB,

opduvame o

P N

P ————

e

iz x
Yepr. 5.
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HanpumMep, Ha uept. 6 u 7 nsobpaxceHsl rpaguku q)yuxuuﬂ
y=4Y1—x¥ u y=+ /5 —
Thrl= {lx]l=1

YMTATEJb Y3HAET B HUX OKPY X HOCTb H DPABHOGOUYHYIW runep--
60ay. MHOro ADYrHX NpHUMEPOB rpadHyecKoro usoﬁpameuuﬂ yHxuu#
yuTaTeAb HageT B GAMNaHLINX HOMEpax.

Crpoutcst rpadMk OGBYHO MO TOYKAM.

Bepyr B npoMexyTtke Z paj GJM3KHX MexAy coGoH 3HayeHmH x,
BHIUHCIAIOT N0 GopMyne y==f(xX) COOTBETCTBY U He 3HAYEHHS V:

x= | x| x5 [X5].... ] %4
y=I{ynlyslysl.ooiln
N HAaHOCAT Ha 4YEpPTEX TOUKH
(x1, ¥1), (X9, Vo), (X3, V3)s ooy (Xps Yp)

Yepes 3TH TOYKH OT PYKHM HJHM C NOMOMIbIO J€Ka/a MPOBOAST KPHUBY IO,
KOTOpasi (KOHEYHO, JHIIb C HEKOTOPHM NPUGIHKEHHEM) H AAeT HCKOMHIH
p, rpapuk. Yem mnaaBHee XOf
rpaguKka © ueM rymie B3ATH
Ot TOYKH Ha HEM, TEM TOYHEe
y=te HauepyeHHas KpuBas BOCMpPO-
M3BOAHUT 3TOT rpaduk.
Crenyer 3aMeTHTb, YTO
XOTs reomeTpuyeckult obpas
— — s (QYHKUEH BCEria MOXHO ceGe
2 g 7 Z J «TpeNCTaBUTh>, HO He BCErja
3TOT 00pa3 6yxeT KpHBOR
O B OOBIYHOM,  HHTYHTHBHOM
CMBICIE.

p—— Hocrpoum, HanpHuMep, rpacjmx
Uepr. 8. bysknvu y=E(x). Tak kKak
: B TPOMEX YTKAX . [—2, —1),
(=10, 101, [1,2), 12, 3),...
(hyHKUMA COXpaHAET NMOCTOAHHbIE 3Havenua ..., —2, — 1, 0, 1, 2, ..., To rpadmx
6yneT COCTOATb M3 Psld OTIAENbHHX I‘OpHBOHTaJleblx OTPe3KOB, JHIIEHHHX CBOUX -
DpaBHX KOHNOB (4ept. 8) *.
Jaa byskuun y (x) v p ¥ X 1 e rpahMK COCTOHT M3 MHOXKECTBA TOYEK C U PP a-
NMOHANbHBMH abCUMCCAMH Ha OCH X M MHOXECTBA TOYEK C PALLMOHAMb-
HbMH abcuuccaMH Ha npaMoff y = l; ero M U306pasHTh HEBO3MOKHO.

48. Bawxueiimue xnaccn dynxuuii. IMepeuncanM saech HeKOTOpHE
KAaCCH GYHKUWH, NONYUHBIUNX HA3BaHHE IAEMEHMAPHBLX.

1° Lleaas u Opo6HAs payuoHaissHble GYHKGUL. .

ynxuus, NpeaACTaBAseMas LEIHM OTHOCHTENbHO GYKBR X MHOTOU/JIEHOM:

y=ax"tax"1+...4a, x+}a,

* 310 06CTOATEALCTBO CHUMBOIM3UPYETCA CTpEeNKaMH, KOTOpHE CBOHMH
OCTPHHMH YKa3nBaloT HA TOQUKH, HC NPHHALICKALLHE rpaq.vmcy
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(e, ag,.aq, ...— NOCTOSHHHE), HA3LIBAETCH L E€AOH PALHOHAABHOM
pyHkUIHEH
OTHOIIEHHE ABYX TaKHX MHOTOUJEHOB:

__ GX" a4 e x g,
Y o X px T . b, X by,
HasnBaeTcd APOGHOH paunmoHaabHOM ¢pyukuuel. Oua ompe-
JeneHa s BCeX 3HaueHH# X, KpoMe TeX, KOTOophle O6pallaioT 3HaMe-
Hareab B HY/b.
Ilna npumepa Ha uepr. 9 AaHH rpadukd QyHKUuH y=— ax? (nap a-
60N B) NPH pa3JHYHBIX 3HAYEHHAX Ko3dgduuueHTa a, a Ha uepr. 10—

a
rpadumky (yHKLURA y=- (paBHOGOUHEE runepo6oakl), TaKKE NpH

pa3anyHbIX 3HAYEHHAX a.
2° Cmenexnas @ynryus.
Tak HaswBaeTcs (yHKUHS BUAA
y=ux*
rae p— 1060€ MNOCTOAHHOE BeulecTBeHHoe uucao. Ilpu umenom g noay-
yaerca pauuoHanbHad ¢yHkuma. Ilpm p apoGHoM MBI MMeeM 37ecCh p a-
auKax Hanpumep, nyCTb m — HaTypaibHOe YHCIO H
1
Yy=xm =" X
3Ta GYHKUMA oOnpelencHa AAf BCEX 3HAUEHHH X, €Cau m — HEeuydTHOe,
U JHWb s HEOTPHLATE/NbHBIX 3HAUEHHH — npu 7 y&THOM (B ITOM Cayyae
Mbl MMEEM B BHAY apU(PMETHUECKOE 3HaueHHe paiukana). Hako-
HEll, eC/IH (»— MPPaluMOHaJIbHOE uuCa0, MH GyaeM npeanonaratb x >0
(x==0 ponyckaercs auwb npu p >0).
Ha wuept. 11 u 12 paun rpadukd CTeneHHOH q)yHKuuu Npu pasany-
HBIX 3HAYEHHAX .
3° Morxazamensnas QYHKGUL, T. €. GYHKUHS BHAA

,y_—_-a-"
rle @ -— NOJOXHTENbHOE YUCAO (OTIAMYHOE OT EAMHHMUH); X MPUHHAMAET
M060€ BelIeCTBEHHOE -3HAUYEHHE.
I'padukn noxasarenbHOR (GyHKLUHM NPH PA3JHYHBIX 3HAYEHWAX @ JaHH
Ha uept. 13,
4° ./Iozapuﬁmuwecrcaﬂ ¢yﬂxuuﬂ, T. €. GyHKuus Buaa

) V= loga
TAe @, KaK M BBIUIE, — MOJIOXKHUTENBHOE UUC/IO (OTIHYHOE OT €AUHHIEL);
X NpHHHEMaeT JUIIb TOJOXHTE/bHHE 3HAYEHHd.
Ha uepr. 14 gaHu rpaguku 3TOR QYHKIMH NPH Pas/MUHKX 3HAYCHUAX .
5° Tpueoromempuuecxue ynrguu:
y=sinx, y==cosx, y=tgux,
y=ctgx, y==secx, y==CSCX.
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Ih y=xt10 w13 2 5‘7

I 2
3
A7
4
37
4
- 01
7
0 = a3
Yepr. 11.
Ng7 9 290  y=z"ud
v
.7
-7
7
-5
7 z

Yepr. 12,
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OueHb BAXKHO pa3 HABCErla YCBOHWTb, UTO QpP2YMEHmMsl M PUL0HO-
Mempudeckux Q@YHKUWE, ecAu ux paccMampusams Kax Mepss Y2.08,
sce20a sumpaxcarom smu ya2abt 8 paduarax (NOCKOJABKY HE OreBO-
peHo nporuBHOe). Ilns tg X M sec x HCKAOUAITCA 3HAYEHH -BHIA

@k+1) 5,
a Aanq ctgx m csc x — 3HaueHHd BHA2
kr (& —uenoe).
Fpaduxn ¢yuxkunit y==sinx(cos x) u y=tgx(ctgx) Aann Ha
yepT. 15 u 16. I'paduk chHyca OOBYHO HA3HIBAOT CUHYCOUOOH.

HMHoft pas, oco6eHHO B TEXHUYECKHX BOMPOCAX, MPeACTaB/AAIOT HHTEPEC:
" * 6° TunepGoauneckue gynxguu. Tak Has3bIBAOTCA (QYHKUHH:

exX — e~ % - ex ex *
th=———2—, chx=—+2——,
sh x e¥ —ex chx eXte*
thx:—-:—;———_;, cthx=—=—x—_-+_—_,...
chx e¥4-e* sh x eX—e™¥
(runep6onuyueCcKHE CHHYC, KOCHHYC, TAHTEHC, KOTAHTE€HC, ...); OHH

onpejesneHsl AAA BCEX 3HayeHHM# x, uckmoyas cth x, Kotopeit Tepser
: cmpicn npu x=0. 3Imu Pynryuu

J npoSGARIOM ™ 30 MEHAMENbHYI0 AHAAO-
22Ul ¢ mpuzoromMempusecKumn gyHK-
5 yusmu.
I8 /
i\s :
\\ ll | :
: &
Z.
\- 7/& A
3
e = T VT %
T 2 VA {g;ﬂ"m
Yepr. 17. Uepr. 18.

Tak, nmeorT mecTo dopmyas (06paTWTh BHMMaHWe Ha 3Haku!)
ch(x - y)==chx-chy—4shx.shy,
sh(x +y)=shx - -chy-a4chx.shy,
U3 KOTOPHIX NPH y ==X, B YaCTHOCTH, CJEAYET:
ch*x —sh?*x=1, ch2x=chix}sh’x,
sh2x=2shx.chux.
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Hanpumep, nepBas u3 3TUX (OpMyJA CBOAMTCA K JErKo NPOBEPIEMOMY
TOXAECTBY: .
eXty e ¥y eF4e* eV eV + eF—e* e—eV.

2 T T2 T2 2 T2 -

Tak e NpOBEPATCA H OCTAaJbHBIE.
Ipaduxu runepGonnueckux ¢yHkuuit usobpaxensl Ha uepr. 17 a 18.

49, Tlonstue o6patrHoit ¢ynkuuu. Ilpexme yeMm nepelitn k obpart-
HHIM TPHFOHOMETPHYECKHM (YHKLHAM, CAENAeM MOSCHEHHE OTHOCHTEbHO
o6paTHRX ¢yHKUuit BOOGLIE.

Ipennonoxum, 4To PyHKUHUS Y -—f(x) 3ajaHa B HeKOTOpO# o6aactn L,
u nycte ¥ G6yaer MHOXKECTBO BCEX 3HAYEHHH, KOTOpHE 3Ta (yHKUMA
NpHHEMaeT, KOrAa X H3MeHseTcs B mpelenax obaactd Z. (B naweft
npakTuke Kak 2, Tak # ¥ o6wnuHO GynyT mpeacTasasTh co6ow 1 po-
MEeXYTKH) A

Bu6epeM Kakoe-HMOyAb 3HaueHwe y==y, u3 obaactu ¥; Torma.
B o6aactn 2 HeoO6xoAuMO HaftAETCA TaKOE 3HAUEHME X ==X, NPH KOTO-
poM Hama (YHKUHS TIPUHHMAeT HMEHHO 3HAuYeHHE Yy, TaK UTO

F(xo) =0

NOMOGHHX SHAuEHHH X, MOXET OKa3aTbCs M HECKoabKo. TakuM 0Gpasom,
KaXIOMY SHaueHul0 y u3 & CTaBMTCS B COOTBETCTBHE OJHO MM He-
CKOJIKO 3HaueHuH X; 5THM onpejensercs B o6nactu & onHoO3HauHas
MAW MHOTO3HAauHAas QyHKuMs x==g(y), KOTOpas H Ha3HBAETCH
o6paTHO# aaa dyHxuun y==f(x).
PaccmoTpum npumepbl‘
- 1) Hycte y=a* (a’>1), rae X W3SMEHAETCA B MPOMEXYTKE
X = (— 00, |+ 00). 3HaueHus y 3aNONHAOT NpoMexyTok & == (0, 4 o0),
npu4EM Kamnomy ¥ M3 3TOTO NPOMEXYTKAa OTBEYaeT, Kak MH 3HaeM [20],
B 2 onuo onpeneasHHoe x==1log,y. B sTOM cayuae o6GpaTHas ¢yHk-
Ms OKasnBaeTcs OLHO3HAauUHOMH.
2) Hao6opor, aas ¢ydkuun y = X, ecmu X U3MEHSATDb B IPOMENKYTKE
& =(— o, -+ o), obparsas ¢yHKuus GyAeT ABY3HAauHOM Kax-
IOMy 3HaueHuio y M3 npomexyTka % == [0, - 00), OTBEYaT A B a 3Ha-
YeHus X = 1/y w3 2. Bwmecto sTo#f ABy3HauHOH (pyHKUMH OOHIYHO
PaccMaTpUBAKT PasAeAbHO [ABE OJLHO3HauHB e ¢yHKuMH X = Vy

u x==— }/y («<BeTBU> IBY3HAUHOH PyHKuHH). VX MOXHO NMOPOSHb TaK*e
CYUMTaTh OOPATHHIMH A (YHKUWH y = X%, B NpPEANONONKEHWH JHILb, YTO
06/1aCTh U3MEHEHUs X OrpaHMYEHa, COOTBETCTBEHHO, NpOMexyTKoM [0, 4 o0)
WM TIPOMeXyTKOM (— oo, O].

3) AHanormuHo, ecau B3iTh y==Ch X, rae o6/aCTbi0 H3IMEHEHH: X
CHOBA ABASETCS NPOMEXYTOK Z == (— 00, - 00), TO, pewas ypasHeHue

ﬁi;f:-—y un e — 2. e+ 1=0
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OTHOCHTENbHO e¥, Halzém (npu y =>1) ABa SHaueHus

ef=y+ Yy —1,
OTKyna

x=In(y=+ yyr—1).

CHOBa — A By3HauHasd ¢yHKIHd, KOTOPasa pacnanaeTca Ha XBE O A H O-
3HaYHb e BETBH, OTBEYAIOIIME TNOPO3Hb H3MeHeHui0 x or 0 Ko - o0
uor —oo g0 0.

4) Eciu xe y=—shx, T0— npu 11060M y — U3 yPaBHEHHA

eX—e¥ ax x
—s— =y M e —2y.e—1=<0

" HagéM JMWbL O LH O B3HAayeHHe AJas e*:
%
f=y+ v+l

TaK KaK BTOpPOE SHAUEHHE ~— C MHHYCOM NPH KOPHE, KaK OTPHIATENbHOE,
HEBO3MOXHO M OOMkHO 6uTb O0T6poweno. Ortcrona

x=1n()’+ Vjﬁ‘:{—__f)’

TAaK YTO 34ech oOpaTHAas (YHKUHA ONLHO3HAayHa.

3ameTdM, 4TO 10 rpapuKky ¢yHKuud y=f(x) 7nerko cooBpasuth,
6yaer au ob6paTHas AJs Hed GYHKUMA X ==g(y) OAHO3HAUHOH HI¥ HET.
IMepsuift cnyua#t mpeacTaBuTCd, ecau 1106as npsaMas, napajjienbHas oCH X,
riepecekaer 3TOT rpaguk pasBe Juiib B 0 A H o # Touke., Hao6opor, eciu
HEKOTOpPBIE H3 TaKHX TMpAMBIX MNEPECEKAloT rpaguKk B HECKOJAbKHX
TOuKax, o6GpaTHas ¢YHKuus O6ymer MHOrosHauHo#h. B 3TOM cayuae mno
rpaguKy ke Jerko pasGHUTb TNPOMEXKYTOK H3MEHEHMA X Ha 4YaCTH Tak,
YTOGH KaMAOH 4ACTH Yxe OTBEuaJa OQHO3HAYHAS «BETBb» STOH (YHKLHH.
Hanpumep, no omHoMy B3risay Ha napa6osy uepT. 4, KOTOpas CJYKHT
rpadukoM ¢yHkumuM y ==x% qcHO, yTO oOpaTHas eH QYHKUHA ABY3HAuHA
H UTO [Js TOJyuyeHHs OJHO3HAUHHX «BETBel» JOCTAaTOYHO DPa3jesbHO
paccMaTpUBaTh MpaBYO H JEByl0 4YaCTH 3TOR fapaGonnl, T. €. MOJOMKHU-
TeJbHBIE M OTPHUATE]bHBIE 3HAUEHHs X *,

Ecau ¢yHkuus x = g(y) aBaseTcs o6paTHOH 118 PyHKUMH Y == f(X),
TO, OueBHAHO, rpague ob6eux ¢QyHKuHH coBnagaloT. MoXHO, OAHAKO,
norpe6oBatb, 4YTOGH M apryMeHT OGpPaTHOM ¢QyHKuuu o6Go3Hauancs OyK-
BO# X, T. €. BMeCTO (pyHKUMH X == g (V) paccmaTpusath y = g (x). Toraa
JHMb TIPUAETCH FOPH3OHTANBHYIO OCb Ha3BaTb OCbIO ¥, @ BEPTHKA/IbHYIO —
ocbl0 X; rpaguk BCE emé OCTaHeTCs mnpexHum. Ecam ke noxenars,

* Humxe [83] mm BepnéMca em€ K Bonpocy o CyleCTBOBAHMM M OJHO3HAY-
HOCTH 06paTHOH (yHKUHH.
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uToGh (HOBasl) OCb X Obia Gbl, KAK NMPUBBIYHO, FOPU3OHTaAbHOH, a (HOBas)
OCb y — BEPTHKAJAbHON, TO 39TH OCH HYXHO GyldeT MepecTaBUTb OLHY Ha
MECTO APYro#, uTO yXe M3MEHHT u rpaduk. I1s OCylrecTBAEHHS 3TOro
Npole BCETO MOBEPHYTh MAOCKOCTh ueprexa xOy Ha 180° Bokpyr Guc-
y CeKTPUCH MEPBOr0 KOOPAMHATHOrO YIJja
(uepr. 19).

& Takum odpasom, rpaguk y=—g(x) no-
> JyyaeTCsd KaKk ‘'sepKa/JbHOE OTpaxe-
}J(’ /& HHU e rpajuka y=f(x) OTHOCHTEIBLHO 3TON
N Guccextpucel. [lo- uept. 13 u 14, nanpumep,

4 3 Cpasy BHAHO, YTO OHH HMEHHO TaK MOJY-
/ YeHHl OOMH H3 Apyroro. TOUYHO TaK Xxe,
, MCXOMSl U3 BHICKA3aHHBIX COOOpaXKeHuH, Jerko

0 ™ o6bacHATH CHMMETPHYHOCTb (OTHOCHUTENBHO
Yepr. 19. GHCCeKTDHCH) Kamaoro us yepr. 11 m 12,

e

50. OGparHele TpUroHOMeTpHuecKue QyHKIUK. B nononHeHue K.Tem
K1accaM 3/MeMEHTAapHuX GYHKUMH, KOTophle GhlIM ymoMsaHyTH B 48, pac-
CMOTpUM TeNeps

7° Ob6pamnsie mpuzoromempuieckue Qyrxyun:

y=arcsinx, y==arccosx, y==arctgx,
y==arcctgx, (y==arcsecx, y=arccscx).

OcratoBumcs cHayana Ha nepBo#t us Hux. PyHKums y==sinx onpe-
aeneHa B ripomexyTtke 2 ==(— 00, -} 00), Npuu&M €& 3HaueHHs B3anon-
HSIOT CIowWb mpomexyTok & ==[—1, 1]. [Tapaaneas ocu x nepecekaer
CHHYCOMAY, T. €. rpaduk ¢yHkumn y==sinx (4epT. 15) B 6eCKOHeu-
HOM MHOX€CTBE TOUeK; HHaue roBOPA, KAWAOMY BHAYEHHIO J W3 NpO-
MexyTKa [— 1, 1]oTBeyaeT Ge CKOHEeYHO e MHO K € C T B O 3HAaYeHHH X.
ITosTomy o6paTHas ¢yHKuus, KOTOPY0 0603HAyalOT TaK:

x = Arcsiny, *

6yneT (6eCKOHEYHO-)MHOrO8HAauHOH,

OG6biuHO paccMaTpUBAlOT JMIIL OAHY <«BETBb» 3TOH (yHKUMH, OTBe-
YAOLLYI0 H3MEHEHHI0 X MEeX Ay ——% | %; Kaxcaomy y us [— 1, 1] B aTux
npeenax OTBEYaeT O JiHO 3HAauCHHE X; ero 0GOSHAYAOT uepes

X == arcsin y

H HA3pBAIOT T'1TaBHBM 3HAaUYUECHUEeM dpKCuHyCa,

* Mo ywe nomuépkuBaiM B CBOE BpeMs (48, 5°], uTo apryMeHT x TpPHroHOMe-
TPHYECKOA (YHKUMH BHIPakaeT yrofl B Pa ¥ aHaX, pa3yMeercs W 31eChb 3Haue-
HUA OOpAaTHBIX TPUMOHOMETPUYECKHX (YHKIMH, ecd HX DPacCMAaTPUBATL KAk Mepy
yraa (WM Hyru) BCe BhIPAXKEHH B pajgwaHax (B pagdycax).
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[MosopauuBass CHHYCOMAY OKOJMO GHUCCEKTPHCH IMEPBOr0 KOOPAHHAT-

Horo yraa (uepT. 20), noiayyaeM rpadHk MHOTO3HAa4YHOH (yHKUA
y==Arcsin X; CunomHo# AnHMe# BhAENEH rpa-

¢uk rnaBHO# BeTBH ed y—=arcsinx, KO- d .
TOpas’ OJHO3HAYHO oOnpeleseHa B Mpo- !
MexyTke [—1, 1], 3HaueHnit X U nNpUTOM <
yIOBAETBODPSET HEPABEHCTBY i
I /
T T I 7
—— i —_ /
5 =T arcsin x << 5 277
4
4
KOTOpOE XapaKTepusyeT e& CpelIH IpYrux ¥
BeTBeR. . /
Benomunas u3 3neMeHTapHO# TpUroHOMe- /
TPHH, K3aK BHPAXKAITCA BCE " 3HAaYeHHs yraa, /
AMEoWero AaHHHE CHHYC, Yepe3 OfHO W3 3THX T 77
3HAYEHHR, JNIErKO HamNHCaTb (POPMYJH, AAolUiHe \ ' Vi
B C € 3HaueHHs apKCUHyca: - AN
N
-Arcsin x == arcsin x -} 2k= ]
\
(k==0, =1, =2, ..). N
unn (2k 4 1) @ — arcsin x.- ING
\,
Hcxons u3 TeopeMbl CJAOMEHAT AJd Cu- AN
Hyca A
: N s N
sin (@ 4 B)==sina - cos B 4 cos a - sin B, 1
. \\n' i
MOXHO MOJYYHTb TEOPEMYy CIOKEHHA O apK- 2z |
cunyca, MiMenHo, nonoxum saech a==arcsin x,
B=arcsiny (rne x u y nexar mexay — 1 u
—+ 1); Toraa '
sina==x, sinB=y; cos a== 1/1—x’, g z
cos p= Y T3, /
npuyéM KOpHH GepyTCs CO 3HAKOM IUIOC, TaK -iaresinz
KaKk yrao o W B, MO XapaKTepHOMY CBOHCTBY
[IaBHOTO 3HAYEHHS aPKCHHYCa, JeXaT MeXay 7
x -
--—ﬂ— H 5, TaK UYTO KOCHHYCH HX [OJIOXKH- 7
2 Yepr. 20.

teabHu, HWTak,
sin (a9 =5 VI—F+y T2,
OTKyaa o —|— B ==arcsin x ~+ arcsiny =
=Arcsin(x Y1 —32 Ly /1 —x%).
dopmyna MoxeT OHTb HanMcaha mnpoue:
arcsin x |- arcsiny == arcsin (x y1—y° +y ]/1—:7:5)
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JIPH_LII: B TOM Cayyae, ecn1d Ha--B HE BHXOLHUT H3 MPOMEXYTKa
[ ) ] BTO yC/IOBHE aBTOMAaTHYECKH BHIOAHSETCS, €C/H APryMeHTH

xuy(acuavu a ¥ B) uMeoT pasHHe 3Haku. B cayyae ke OAHHA-
KOBHX 3HaKOB BHICKAa3aHHOE YC/IOBHME, KaK JIETKO BHIETH, PaBHOCHIBLHO
TaKoMy: '

B4 yr<l
HonoGuee ke paccymnéﬂm NpUMEHUMBH K (QYHKLUHH Y ==COS X ’
(—oo<lx<{+4 o) W 3specy o6patHas (yHKuns :

y_.Arccosx (— 1 <x<<1)

oKassBaeTcs (6eCKOHeuHO- )MHOFOSHa‘lHOI’( (cM. uept. 15). Ias BulAeAeHAT
ONLHOBHAYHOMH BeTBH, e¥ MOAUMHAIOT YCNOBHIO!

0 < arccos x < w;

9TO €CTb r'J1aBHas BE€TBb aPKKOCHHYyCa.
q’YH.Kl-lﬂﬂ arccos ¥ ¢pdA3aHa C arcsin x ' OuYERHIHHM COOTHOMIEHHEM

. ] x .
arccos x = 5 arcsin x;

. i . - .
AeHCTBUTEABHO, ~HE TOJLKO ~KOCHHYC Yyraa 3 ~— arCsin X  paBeH

sin (arcsinx)==x, HO H CaM yroa COLEPXHUTCH HMeHHO Mexay 0 u =,

OcTtanbHele 3HAaYEHHA ATICCOS X BHIPAXKAIOTCA uepes TJ1aBHOE €ro 3HaueHue °

no ¢opmyne , :
Arccosx 2kn+arcgosx (=0, 1, %2, ..).

dyHkuns y—-*tgx onpeaeneHa NJis BCeX SHAaYeHHH x, KpoMe 3Haye-
naft X = (2k -+ 1)—5 (F==0, =1, =2, ...). 3HaueHus y 3aNONHAWT

31eChb NPOMEXYTOK (— 00, -} 00); MPHYSM KaXKAOMY J - CHOBa COOTBET-

- cTByeT GECKOHEUHOe MHOXeCTBO 3HaueHu# x (cM. uepr. 16). Iostomy
ofpaTHas (yHKuus x == Arctgy, saaHHas B mpOMeXyTke (— 00, - o),
“6yner (6GecKOHeuHO-)MHOrosHaudHo#. Ha uepr. 21 uso6paxé&H rpaduk
¢yHukunn y = Arctg x, noayueHHut nosoporom Ha_180° BOKpyr Guccek-
TPHCH TNEePBOTO KOOPAMHATHOrO yraa rpaduxa ¢yHkuun y—tgx. 3a
‘rAaBHOEe 3HAYEHHE apKTaHrenca, arctgx, NPHHAMAIOT TO W3 3Ha-
yeHHH 3TOH MHOIrOSHAYHOH (DyHKIHH, KOTOPOE YIOBJIETBOPAET HepaBeH-
_CTBaM

— %< arctg x < % .

Taxkam nyT8M oONpeneAfeTCA ONHO3HAYHAA (YHKUAS —TrAaBHas
BeTBb apKTaHreHca, 3aflaHHas BJf-BCeX 3HaueHn# X, OCTaJbHHE 3Ha-
YEHHs APKTAHTEHCA, KK JIETKO MOKa3aTh, MOAYYAOTCA TaK:

Arctgx=arctgx-|—k1:(k.,_0, *1, %2, ...)
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TeopeMa CiloxeHHs AJIS TAHTEHCa:

tga-t-t
tg(a+9)=“1—§fgia%‘g—g',

-

T

=] -

ESE

Y=arclyr

T
Z
Yepr. 21.

ec/u MOoJOKHTh a==arctg x, §=arctgy, naét (npu xy % 1)

tg(a 4B ="12

T—xy?
TaK uTO
a8 =arctg x |- arctg y = Arctg %
W B nauHoM cayuae paBeHCTBO NMPUBOMATCA K MPOCTOMY BHAY

x4y
1 —xy*

NI ecnu_-%<a—[—ﬁ<%, T. € €cld xy<l,

arctg x -}- arctg y = arctg

113
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HeTpynHo yCTaHOBHTB MNpPAMYIO CBS3b Mexay (yHKumamn arctg x
R arcsin x:

. X . X
arctg x =—arcsin —==—— nuam arcsinx = arct .
V1+xn A : g7|7=1_xa '

(—o0 < x < +o00) —l<x<+4D
Hanpamep, ecan nonoxuts a=arctgx, Tak vuyro tga=x, TO
. tg a x j
sin a4 == = npu4éM KOpeHb Oep&TCA CO 3HAKOM
Vitigta VYIi+x ' P P
T © .
nmoc, NOTOMy uTo — < a< i OTCIOAa H  BHTEK2eT, uTO
, x '
o = arcsin ————=,
| AR

YnomsHem ewg o ¢ynkunn Arctgx (— oo < x< -} o0); €& raas-
HOEe 3HaYeHHE ONpeNensieTcd HePaBEHCTBAMH

0<larcctgx <=

B CBAA33aHO C arctgx COOTHOIUECHHEM

arcctg x = _;. — arctg x.

OcTanbHble 3HAYEHNA aPKKOTAHIEHCA HMEIOT BRI
Arcctg x=arcctgx -+ hx  (A=0, 1, &2, ...).

Ha ¢ysxumax arcscx (—oo<lx<<—1 n I<<x<-+o0) #
arccosc x (Te e TPOMEXYTKH H3MEHEHHs) OCTAHABAMBATHCA HE GyleM,
NpeoCTaBJsis YHTATEN0 CaAMOMy B HHX DPasoGpaThCd.

51. Cynepnosunus ¢ynknuil, 3akaouHTeNbHble 3amedanus. [To-
BHAKOMHMCHi C MOHATHEM CYNepNO3HUUUH (WIH HAAONKEHHUS)
(yHKuuH, KOTOpas COCTOHT B TOM, UYTO 'BMECTO apryMeHTa JaHHOH
(YHKUMH NOACTABASETCA HEKOTOpas (QYHKUHMA OT APYroro apryMmeHra.
Hanpuvep, cynepnosuuus ¢yHKuu# y=sinx u 2==Ilogy Na&t ¢yHK-
nHo 2 ==1og sin X; aHaJOrHYHO MOAYYAIOTCA U (YHKLHH

—_— 1
Y T=4, arctg — u T. 0.

B ofuwem Bume, NpexnonOXHM, 4TO ¢yHKUus 2==¢ (y) onpegeneHa
B HekoTopo# o6macth ¥ ={y}, a ¢yHkuma y=f(x) omnperereHa
B o6nacTh Z={x}, npuueM 3HAUEHUH ee BCe COMEPKATCH
B o6nactu Y, Torma nepemeHHas 2, KaK roBOPAT, 4epe3 NMOCPE -
CTBO ¥, U cama sBAseTCd (yHKuue# oT X:

z=¢(f (%)

To samamHoMy x u3 £ CHaya/la HaxO4aT COOTBETCTBywllee eMy (Mo
npasuiy, XapakTepusyemMoMy 3HakoM f) 3snauenne y u3 ¥, a 3atem
YCTaHABAMBAIOT COOTBETCTBYiolee 3TOMY 3HAaueHuio y (Mo npasuny, .
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XapaKTepu3yeMOMy 3HAaKOM ¢) 3HaueHume 2; €ro M CYMTAlOT COOTBET-
CTBytoluM BHGpaHHOMY x. IlonyueHHas hyHrygus om GyHKyuL WIn
CAOXMCHARE BYHKLUA M €CTb DPe3yaAbTaT cynepno3uyuu (QyHKUMR f(x)
19 ().

IIpennonoxenne, uro sHayeHus GyHkunu f(x) He BHIXOAAT 3a mpe-
aens To# o6nactu ¥, B KoTopoR ompeneneHa ¢yukuua ¢(y), BecbMa
CYmMEeCTBEHHO: €CIH ero ONyCTUTb, TO MOXET HOAYYHTbCA W He-
aenocts. Hanpumep, nonaras z2=—logy, a y==sin x, Mel MOxeM pac-
CMaTpUBaTh JHIIb TAaKME 3HAaYeHuWd X, A4 KOTOpeIX sin x>0, u6o
WHaye BhIpaxeHue log sin x He uMeno O CMBICAA.

Mu cuMTaeM MOJIE3HHIM 34eCh XKe MOAYEPKHYThb, YTO XapPaKTEPHUCTHKA
(QyHKUMH, KaK C/AOXHOH, CBA3aHa He ¢ MpuUpoxofl (yHKUHOHAJbHOH
3aBUCHMOCTH 2 OT X, @ JMIIb CO CNOCO6OM 3ajgaHus 3TO# 3a-

sucumocTd.. Hampumep, nycts z=y/1—3* mna y B [—1, 1],

y==sinx 19 x B [——2“—, —;—] Torza

2= /1 —sin® x = cos x.
3aech ¢ynKkuma cos X oKkasarach 3aLaHHOM B BHIE CJIOKHOH (YyHK-
LM,

Teneps, xorga moMHOCTHIO BHACHEHO MOHSATHE CYNEPNO3HUMH (YHK-
LM, MBH MOXEM TOYHO OX3apaKTEpH30BaThb MNMpoCTeHMmWHUR u3 Tex
KJIacCcoB (YHKLUH, KOTOPHE H3y4alOTCA B -AHA/MM3€: 3TO, MpexAe BCEro,
NepEeYNCACHHEIE BHIlE 91 eMeHTapHHe GyHKuu 1°—7° a satem —
BCE T€, KOTOPHE W3 HHUX MOJAYYaloTCA C IIOMOILUBIO -YETHIPEX apudmerH-
YEeCKHX [NeHCTBHMH M Cyneprnosuumu#i, MOCAEXOBATEAbHO [PUMEHEHHBIX
KOHEeuYHOe 4uCa0 pas. JIpo HUX roBODPAT, YTO OHH BHEIPAXKAIOTCA uepes
3/MEMEHTapHble B KOHEYHOM BHU€; MHOrZa HX BCE TaKxe HAashBaioT
3/€MEHTAPHEMHAU

Brocnenctsun, oBaazeB 60/jee CIOXHEM aHAAUTHYECKHM AMNapaToM
(6ecKOHEYHbIe PAAB, MHTErpajbl), MBl NMO3HAKOMHMCA H C APYTUMH (PyHK-
LHMAMH, TaKWe HUrPAIOINMH BAaXHY0 POJb B aHaau3e, HO Yxe BHIXOAA-
MMM 3@ TPEJENbl KJ1acCa 3MAEMEHTAapHHIX (YHKUuM.

§ 2. Mpenea ¢dynkuun

652. Onpepenenne npegena ¢pyHkmuu., PaccMOTpuUM YHCAOBOE MHO-
xectB0 XL ={x}. Touwa a Ha3vieaemca moukoi ceywerusg
3Mmo20 MHoOJCEecm8a, ecau 8 AK6oi 6ausocmu om a codepofcamc;z 3Ha-
yenus x u3 I, omauinsie om a.

Uro6bl BHPA3WTh 3TO ONpeleneHHe B GoJAee TOYHHX TEPMHHAX,
BBEAEM MOHATHE OKPECTHOCTH TOYKA 4! TaK HasmBaeTcsa moGo#
OTKPHITHH TIpoMEXYTOK (@ —3, a4-8) ¢ uentpom B TOouke a. Teneps
MOXHO CKas3aTh, YTO mouka a Oydem mo4kKoll c2yueHuUsT MHO-
acecmea X, ecau 8 xaxcdoi eé oxpecmnocmu codepocamcs omAauyHsie
om a 3Kayewus x u3 .
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Cama TOYKa CrylleHHMs NMPH 3TOM MOXET MpuHagiexats 2 HIH HET,
IMycte B o6nacth Z', Al KOTOPOH @ SBAAETCA TOYKOR CryLIEHHS,
3amaHa Hekoropas ¢yHkuds f(x). Ilpeacrasnser uHTepec mnoseaeHue
3TOH ¢yHKuMM npu npubmakeHun X k a. ToBopat, uto dynrgua f(X)
umeem npedesoMm wucao A npu cmpemaeHuu x Kk a (uaru 8
mouke a), ecau 0aa Kaxcdozo yucaa ¢ >0 Haildémcs maxoe -4ucao

8>0, umo
[f(x)— A|<e, aums moasro |x—a{<3 $))

(rme x B3aTO M3 2 M oTAHYHO OT a)* OG603HAYAOT HTOT (aKT
TakK:
lim f (%)= (2)
X—=>a
Ecan o6nacte £ TakoBa, 4TO B moéoﬂ- 6/M30CTH OT @, HO cnpaga
om a, HalAyTCA OTAMYHRIE OT @ 3HaueHns x u3 2 (B 3TOM Ciayuae
TOYKYy @ HashBAOT npagoid moukol cayueHus nags Z), TO MOKHO
CNeuuaausupoBaTh TOJAbKO-YTO [JaHHOE ONpele/eHHe mnpeaena (QYHKUHH,
OrPaHMYMBLIACH JIHIIb 3HAYEHHAMH X >a. B 3ToM ciayuae mpeden ¢yHK-
WK, €C/AM OH CYUEeCTBYET, HasmBaeTcs npedesorm gyurxyuu f(x) npu
cmpeMmMAaeHuu X K a cnpasa WM, Kopoue, npedesos (8 mouke
a) cnpasga ¥ 0GO3HAYAETCH . CUMBOJIOM

lim f(x) nm f(a-0)**,
x—a+0

AHa/NOTHYHO YCTAHABIMBAETCS TMOHATHE O A €806 mouke c2yue-
Hug u O npedese (YHKYUU NpU CMpPpeMAEHUU X K a creda
Ui o npedese (8 mouxe a) caesa:

limo f(x) nmm  f(a—0)**,

Ecan Touka a@ fBA4€TC OJHOBPEMEHHO TOYKOH crymenus aaa 2,
M TpaBoff, ¥ JeBOH, TO, KaK /JEerko YCTAHOBHTb, 015 (Yu,ecmso8anus
npedeaa (2) HeoO6X00uMO u 00CMAMOYHO CYUW,ECMBOBAKUE NOPO3HbL
u pasencmsgo npedenros cnpaga u caresa:
lim f(x)= hm f(x)__
x-va+0
Ilpu cTpemieHud X K KOHEUYHOMY Npeleny & (YHKUHS MOXKET UMETh
u OeckoHeuHnl npemen. ViMerHo, dynrgusa f(x) umeem npedesom
400 (—o) npu cmpemaernuu x K a, ecau 941 Kaxcdozo uu-
caa E™>0 Haiidémcea maroe wucao 8 >0, uro

f(xX)>E (f(x) < —E), aums moasko |x —a|<3 3)

(rze, xak ¥ BCerja, X B3iT0 U3 Z U OTAHUYHO OT a).

* VIMeHHO W3 TOrO, YTO @ €CThb TOYKA CrymieHHs Iaa %, ABRCIByeT, uTO TaKHe
3HaueHHd X B OKPECTHOCTH (@ — &, @ +- &) TOUKH a HaBepHOE. CYHIeCTBYIOT.
** Ecm camo ¢ =0, To BMecTo 0--0 (0 —0) numyr nmpocro -0 (—0).
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3anuce 5TuX dakTos aHajsoruuHa (2):

lim f(x)=+ 00 (— )

Ilns paccMaTpHBaeMoro caydas MOryT OBITb MOBTOPEHB CHEJaHHHIE
BHIUE 33aMEYaHHs OTHOCHTENbHO OJHOCTOPOHHHMX MPENENOB Cnpasa M
cleBa.

Ecau muoocecmso X ={x} codepacum crxoas y200H0 Loasuue
(no aGcoawmnoii seausune) nososcumensusle (ompuyamensrsie) 3Ha-
WeHUsT X, mo 2080pam, 4mo -+ oo (— o0) snsasemcss mo4wol cayuje-
rug oan X

B stomM npeanonoxenun: ¢hyuxyua f(x) npu cmpemsreruu x
K -} o0 (— o0) usmeem npeden A, ecau, Kaxogo Obt HU OsAO0 HUCAO
e >0, a1 Hezo cywecmsyem maxoe wucao A>0, umo

[ f(x)— A|<e, aums moasko x >A (x<—A4) (4)
(rme x Gepercs w3 27). Ilpu sToM nUWyT:

lim f(x)=A. (5)
x—-1co '
(x ——c0)

Hakoneu, snerko nepedpasupoBaTb BCE CKa3aHHOe Ha Cayuait
A=+ o wm — x.

CymHOCTb BCEX BTHX onpeneneﬂuﬂ olHa m Ta xXe: ¢yHkuusa f(x)
JOMXHa OGHTb CKOJAb YroaHo <«GJH3Ka» K cBoeMy npeaeny A, Juilb
TONBKO HE3aBHUCHMAs NMEPEMEHHAass X NOCTaTOYHO «O/au3Ka» K CBOEMy Mpe-
neny a. Ho nepemeHHas «6/M3Ka» K CBOeMy KOHEUYHOMY mpeaeny,
€CJIM Pa3HOCTb MExIy HMMH (10 aGCOJIOTHOM BEAHuMHE) Maja, a K 6ec-
KOHEUYHOMY, ecii oHa cama (mo aGCOMIOTHOR BeJMUMHE) BEAUKA H
NPHTOM COXPaHAET 3HAK mnpenea.

ficHo, uto umcaa d(A) Bo BCex cayuasx sasucat ot e (E),

3ameTuM B BaKJOuEHHe, uTO NPH CTpemaeHun OyHkumn f(x) k 0
e& Ha3bBalDT G6ECKOHEUYHO MaloH; ed HasHBAalOT 6E€CKOHEYHO
6onbwol, ecan |f(x)| cTpemurcs k oo. Eciu nocaeanee o6cTos-
TE€NbCTBO HUMEET MECTO MpH X — @, TO FOBOPAT TaKXke, YTO B TOUKE &
(pyHKuns o6paunaeTcs B 6ECKOHEUYHOCTH.

53. Crenenue K cayyaio BapHanTh. Eciu paccmaTpuBath Bapuanty,
KaK QYHKUMIO OT HE3aBHCHMOH NepeMeHHOH n, M3MeHsomeHcs B npege-
/aX HaTypajibHOrO psifia, TO Npelen STOR (yHKUMM Tpu 71— 00, KAk
OH omnpejentH B 52, OYEBHUIHO, COBNMANAET C NMpPelde/OM BapHaHTH, Onpe- .-
nenduusiM B 23 u 27 (poar A Ttam urpaer N). Takum oGpasom, npe-
Oen sapuanmel ecms wacmHsil cayuai npedesa @yxryuu.

"OnHako H, 06paTHO, B HEKOTOPOM CMHCAE MNpefea (QyHKuHH
MOXeT ObTh CBENZH K npelesy. BapUaHTHI

Ilycts MHOXecTBO 2 ={x} HMeeT TOuKy cryuieHus a (3mech a
MOXeT OBITb KaK KOHEYHBIM UMCJIOM, TaK B GECKOHEYHOCTBIO TOrO MJM
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uHoro sHaka). Torga w3 2 (6eCuUnClIEHHHM MHOXECTBOM CNOCOGOB)
MOXHO H3B/IUb TaKYI0 MOCJIEI0BATEAbHOCTh

Xy Xgy Xg .oy x,,, cen . (6)

SHaueHn# x (OTNHYHBIX OT @), KOTOpas WMena Gbl CBOMM NMpenenOM a-

Jle#cTBHTENbHO, €C/IH @ KOHEUHO, TO, 331aBIINCh IOJIOKUTEALHOH BapH-
aHToH 3, cTpemameica K HyMo, B Kaxaoh okpecTHocTH (@ —38,, a -} 8,)
(n=1, 2,3,...) ToukM a HaligéM 1Mo TOuKe x=ux, 3 Z, oTIuuHOM
OT a: Tak KaK |x,—a|<3, 10 x,—a. Ilpn a=-+ 0 (-— o) 3a-
HaauMcs  TNOJNOKHTENbHOH BapuaHTOH A, —> -4 00 ® maa kakmoro A,
HalaEM 3HaueHue x=x, U3 Z, aa3 koToporo x, >A, (x,<—A,)
OYEBHJIHO, X, —> -+ o0 (— o), u T. L.

IMocnexosatensHocTn (6) 3HaYeHWH apryMeHTa OTBEYaeT MOC/AEN0-
BaTe/JbHOCTb BHAUEHHH (yHKUHU

f(xl): f(xa)» f(xa)» e f(xn)’ e (7)

Jlerko ycMOTpeTb, UTO npu Hasuguu pasencmsa (2) ama nocaedo-
samensHocms gcez0a umeem npedea A. OcTaHOBUMCA IAs  TpU-
MEpa Ha Cayyae KOHEUHHX a u A. -

Ecan 3agano npoussonbHOe uucao € >0, TO CHayana BO3bMEM TO
yucao 8 >0, KoTopoe eMy COOTBETCTBYET B CHAY OMNPEIE]EHHs mpe-
nena (2). Tlo uucay 3, BBHAY CXOQMMOCTH mnoOCA€IOBaTeAbHOCTH (6)
K a, HangTca [23] rakoR Homep N, uto aas n_>N GyleT BHIOJ-
HATHCA HepaBeHCTBO |X,—a|< 8, a caemosareabHo fcm. (1)], u
[f(x,)—A]<e. OTuM u [10Ka3aHa CXOAUMOCTbL MOCJENOBATEJb-
Hoctd (7) k A. :

OkageiBaercs, 4TO CNpaBeiaHBO H OGDaTHOE YTBEPKAEHHE:

donycmum meneps, uwmo kKarxyi O nocaedosameans-
nocms (6) (us L) ¢ npedesom a Hu npoGezara He3asucumas nepe-
MeHHag X, coomsemcmsyiouas nocaedosamessrocms (1) 3nawenuil
dynryuu 8ce20a umeem npedea A. Toz0a amo wucao A Gydem npe-
denom gynryuu f(x)—8 cozaacuu ¢ onpedesenuesm 8 B2.

OrpaHuuuMca U 31eCb CayuyaeM KoHeuHmx a u A, Paccyxnas or
NPOTHBHOrO, NpeanonoxuM, uro A He OyneT npeneaoM ¢GyHKUHH B
ynoManyToM cmeicae. Torma ans HekoToporo uucaa € >0 yxe He
CylecTBOBaNO 6Bl COOTBETCTBYIOIEro d; T. e, Kakoe On Maaoe & Hu
B34Tb, BCErja HaWa&éTCA XOThb OAHO 3HAUEHHE mepeMeHHOH x=x' (oT-
- INYHOE OT @), BJAsd KOTOPOro

X' —a|<¥, Ho mem He menee |f(x)— A|=c.
)

BosbMéM 10C/E€10BaTENLHOCTh NONOXHTENbHHX uHcen {3,}, crtpe-
MAWHKXCA K Hymo, Ha OCHOBaHHH TOJABKO YTO CKa3aHHOTO, HAf K a K-
poro uucna 8==38, HalasTCa Takoe 3HaueHue X’ ==X, YTO

]x},—&[<6,‘, HO mex ne menee |f(Xz)— A|=e.
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N3 3THX 3HaueHuM, TakuM OOpPa3OM, COCTABJASETCA HEKOTopas Mo-
CAe10BaTENbHOCTh

Xy, Xg KXoy teny Xy oeny
Ans KOTopoit

lxp—al<s, (n=1, 2 3,..);

TaK Kak 8,—> 0, T0 X, —>a.
ITo pmonmyuieHHI0 TEOPEMH, COOTBETCTBYOLAs MOC/AEAOBATENbHOCTh
3HayeHuit (QYHKIHH

Fx), flx) F(x) oo flxR)r o

JO/MKHA CTPEMHTHCA K A, a 3TO HEBO3MOXHO BBHAY TOrO, YTO TpH
Bcex n==1, 2, 3,... nmeeM |f(x,)— A|=e. IloayuenHoe npoTHBO-
peune W JOKashiBaeT Halle YTBepXKIeHHE.

TakuM 06pasoM, Mpl B CYIIHOCTH NMPHUXOAWM KO BTOPOMY OMNpe-
JeNeHUo MOHATHA npeaena GpyHKUHUH KOTOpoe B B2 GHIO
BHIPaXEHO, TAK CKa3aTh, «HA s3piKe &-6». Temepb ke Mbl MOXeM BHIpa-
3UTb €ro «Ha d3KKe MOCJeN0BaTeNbHOCTERY, nonumas pasencinso (2)
8 moM cmbicae, umo 04 AOoli nocaedosamessrocmu (6), umenuel
npedea a, coomsemcmeywuans nocaedosamessnocms (1) umeem npe-
des A.

B 3akmoueHHe OTMETHM, YTO OQOCMAamMo4HO npednoAodxHcums OJIHO
Auws cyuecmgoganite npedesa 041 K adcdoi. nocaedosamens-
nocmu  (7), omsewawwell aw6ol cxodawelica K a nocaedosamens-
nocmu (6), wmobu omcwda yoce swmexaro cosgnadexnue 8cex
smux npedesos. [leHCTBHTeMbHO, JOMyCTHM, YTO AJf JBYX MOCJeNo-
BaTE€AbHOCTEH:

’
Xy Xgyovsy Xy oo B X[, X0, 00sy Xnyous
CTpeMAIINXCA K a, umean OH
flxa)—> A un f(xp)—> A",

rae A’ £ A". Torma, nepeMexas uJaeHs OOeHX MNOCJAeqOBaTeNbHOCTeH,
COCTaBHM HOBYIO MOC/IEA0BAaTENbHOCTD:

1] 4
Xy Xy Xby Xyy oeny Xny Xy ood

OHa, OYEBHIHO, CTPEMHTCA K @, NMOCKOJBKY N/ JOCTATOYHO GOJBLIMX 71
M Xn, M X; OTJMYAIOTCA OT @ NPOM3BOJABHO Mago. B To ke Bpems co-
OTBETCTBYIOIIAA NOC/AEA0BATENLHOCTh 3HAYEHHH (PyHKUMH:

FGe)s f(x)), f(x), Fx ooy flxR), flxR), ...,

BOMPEKH MPEANOJOXKEHA, HE HMMEET BOBCE MNpenena, TaK KaK YacCTy-
HBI€ MOC/NEJOBATEIbHOCTH U3 €& WIEHOB, CTOfIIMX HAa YSTHHIX MJAH He-
YETHHIX MeCTaX, CTPeMATCA K pas3audHHM mnpeaenaM [40]. Tloayuen-

. HOE MPOTHUBOpEYHE © [AOKA3LIBAET, YTO MNOCJed0BaTEJbHOCTH BHIAA (7)
H3 Je/ne CTPEMATCA BCE K OJHOMY H TOMy e npeneny.
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54. NMpumepsl. 1) Jokaxem, uto
lim ¢*=+4 o (apu a>1).

X—4o00
IMpu moGom E > 0, nocratoyHo B3aTh A =log, E, urobu
X > A Baekno 3a cobolt a* > E,

YTO. U JOKa3biBaeT Hallleé YTBEPXIEHHE *,
AHanoruyto JOKa3blBaeTCs, 4uto

lim a*=0 (mpu a>1).
X — — 0

WmeHHO, KakoBO On HH 6bito £ >0 (e<<I), ecmu B3ath A=Iogal=
€

= —log, ¢, TO
npy x << — A HeobxomiiMo a¥ <e.

Ecan xe 0 <a <1, To ¢ nmoMoiusio npeoGpa3oBaHus

(&
a
JerKo YCTaHOBHTH Pe3yAbTaTsl
lim a*=0, lim =+ o @Epul<a<]).

x-—+-o00 X — —o00
2) YcraHoBHM, uTO MPH a > 1
lim log,x=-4 o, lim log, x=— o,
x— 400 x—>-+0

Mpu no6om 3amantom E > Opmuiib T0AbKO X > aF, 6ynem umers: log, x > E,
¥ aHAJOTHYHO, HIIb TOAbKO 0 << x < @—E, BLINONHAETCA HepaBeHCTBO: log, x <<—E,
JTHM ¥ JoKasaHel 006a COOTHOUIEHHA.

3) HNmeewm, pmanee,

. T . T
lim arctgx =+, lim arctgx=-—.
X — -0 2 X —00 2

OcraHOBHMCA 1AA NpHMepa Ha mnepBoM mpenexe. [lpu mo6oM &> 0, mocra-
k2 T
TOYHO B3ATb X > tg (5-—e>, yTo6K 6bLIO: arctgx>—2——e, TaK 4To
T
O<—2-—arctgx<a.
4) Bonee TOHKHMM ABAsETCA COOTHOLIEHHME:
lim % ( 1
—_— =t ® nmpu a > 1),
el =T P )
BcrioMHHM, 4TO YAaCTHbIM Cayuait ero Mbl yxie uMend:
. ot

n—-+4oo N + ®©
[32, 9)]; oueBHAHO, OmHOBpEMEHHO GyneT M
n
lim % _—
n—++4on + 1 + -

* C Gomee yaCTHLIM pPe3yIbTaToM
lime"=+4+o (@a>1)
M yie uMend pero g 27, '
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CnenosartenbHa, 1o 3agaHHoMy E > 0 Hafinércs Takoe HatypaabHoe uncao N,
YTO MpH 72> N BHINOIHAETCA HEPABCHCTBO
n

—>E
n-1 =
[ycts Tenepp x > N -+ 1; ecru nonoxurs n=E (x), 10
n>N 1 nsSx<<n+1,
TaK 4TO
ax an
s . L SE
>a3T>
YTO M [OKasbiBaeT Hallle YTBepMJeHHe.
Orcrona, kak 1 B 32, 9), nerxo NOJAYUATh

lim =+o (>1, k>0
x4 oo
5) AmnanoruyHo, Onupasch Ha npem—mﬂ pesyasTar 32, 11)]

lim 98 _ o o>y,

n-—- oo n

MOXHO YCTAaHOBUTb, YTO BoOGIie

mlk&ﬁ=ow>n,

X -0

rie X NPHHHMaeT jmoOhle MONOXHTENbHbE BeECTBEHHEE SHAYCHHA.
3ameHsn 3lech X Ha x® (k> 0), nerko noxasatp, 4TO K

fim “’—g;k—=o @>1,"k>0).

X —+ 00
JeficTBUTENbHO, €C/IH, 33JaBIIMCh NPOU3BOALHHM ¢ > 0, B3ATb A tak, uToOM
NpH X > A BHNOJHANOCH HEPABEHCTBO

1_0&1_'{ <k;’
x
L
10 npK x> A, =AF Gymer x> A u
. log, x
—%’k—-<e.

1
Ecau saMeHntb 3nech x Ha —» TO TOAyueHHA pe3yapTaT MepenuuIeTCA

B BHle .
lim xflog, x=0 (a>1, k> 0)
x—++0
6) Ms noxasannoro B 25, 5) npexeabHOro COOTHOLIEHHA
!

lim a” =1
n—s-4oo

MOXHO NOay4uTb Gonee ofilee

lima*=1.
x—0
3aMeTHM, 4TO, OYEBHAHO, W
- 1
‘lim @ " = lim =1L
n-»--oo n—-4o0 .
n

da
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[Tostomy, kakoBo 6w HH 610 €>0, MOXHO HaWTH Takoe HaTypalbHOe
UHCAO ng, UTO (€CHH, CKaxeM, a > 1) .

1 1
l—e<a ™M <d™ <14,

Ecau Tenepn . -
[x|<i HIH ——i<x<'—l—',
ng ng g
1O
. L
a M <gt<a™,

OTKyZa : :
: Cl—e<af<l e mm 0¥ —1|<¢,
YTO W JOKA3LIBAaeT BHICKA3aHHOE YTBEPXKIEHHe.

c 7) Tenepb Mbl ycTaHOBHM caenytowu# (B a x-
HHH U ang maabHeRuiero) pe3y/nbTar:
sin x '
§1 —— =1. (8)
x-0 X.

MpeaBapuTe/IbHO, OAHAKO, HaM MNPHAETCA AO-
Ka3aTb HEKOTOpDHE [MO0JE3HHE HEPABEHCTBA:

Csinx<x<tgx (0<x<—;—>. 9)

C sToit uenbio B Kpyre paamyca R paccMoTpuM
ocTpH# yroa {C AOB, xopay AB u Kacareib-
Yepr. 22. Hyto AC K OkpyxHOCTH B Touke A (uepr. 22).
Torna umeem:

naowaab A AOB < nnowmann cektopa AOB < maowamn A AOC*.

Eciu uepes x o0603HaunTh pagHaHHYI0O Mepy yraa < AOB,:

TaK 4TO AJMHAa Ayrd AB BHpasuTCH NpOU3BENEHHEM R.x, TO 3TH Hepa-
BEHCTBA MEpenuumyTcs TaK:

1 1,
+ R sin x<%—R’-x<7R9.tgx.

. 1 )
Otcrona — Mo COKpaILEHNH Ha 7R“—-n NpUXOAUM K HepaBeHCTBaMm (9).

B npeanonoxenuu, 4TO O<x<%, pasgenuM sin X Ha KaxAaw# u3
yneHoB HepaBeHCTB (9). Mu noayuum:

1> SI;x>cos X,

* [Ipy sTOM MBI MONAL3YEMCA TEMH CBeIeHHAMH O MAOU\ALAX IAEMEHTAPHHX
GHUryp, KOTOPHE H31araioTCA B LIKOALHOM Kypce.
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OTKyIOa
sin x
0<1“T<1—COSX.

Ho

. X . X
I—cos x=2sin*3<2sin5<x
[B cury (9)], Tak uto
sin x

0<1-"Fox
X

OTC}OIl’d BBITCKACT HEPABCHCTBO
sin x
X

li<]x!,

KOTOPOE, OYEBH[HO, COXPAHUTCA M MPH M3MEHEHHW 3HaKa X, T. €. Oyaer
44
CHIpaBeTMBO VI Beex X =0, b TombKo |x| <35 .

TonydedHoe HEpaBEHCTBO H pemyaeT BOMpoc. JIeHCTBUTENbHO, €CIH
[0 MPOM3BOJY 3aXaHo 4ucio £>0, To 3a & JOCTaTOYHO BHIOPATL HAa H-

T
MeHbIIEee M3 MHCEN & H 5 MpH |x| <8, mpexme Bcero, Ip MM e-

T
HUMO 3TO HEpaBEHCTBO (BCD;I;. 6s5) , @ UMEHHO B CHJIy Hero (Tak Kak
d=e¢)
sin x

M1

X

<E&.

Ilo onpexesenuro mpenena ¢yuxnuu [S2], aT0 U 03HaYaeT, YTO QyHKIHS
sin x

npu crpemienu# x X 0 uMmeer mpefden 1, Tak 4YTO COOTHOHIEHHE
(8) ompasmano.

7a) IIpenenbHoe cooTHolutesue (8) Moxer ObiTh, B corimacuu ¢ 53, moHMMaeMoO
M TaK, 4TO, JHIIb TOJBKO x mpoleraer CXOAMIYIOCA K HYIIO NOCIEHOBAaTENbHOCTH

Xn

sin
{xn}, BapnanTa
Xn
TIpWIOKHEM 5TO 3aMEYaHMe K Pa3bICKaHMIO TpefieNia BapHaH T bl

OyneT BCAKMMA pa3 CTPeMHIBCS K 1.

li 4 V4 P
im cos ---C0s - ... COS —-

nees 2 2 2’
rac @ — moboe oTIHYHOE OT 0 YHCHO.
QueBuaHo,
. . 9@ ' $ . @ ¢ ¢ ¢ . 9P
singp=2¢os —+sin-—=22CoS —+COS — +SiN — = ... =27 COS —+COS =~ ... COS — «Sin —
? 2% 2 2 e S on
TaK YTO MHTEPECYIOLIee HAC BHIPAKEHHE NPEACTABUTCHA B BUAC
7
sing sinp 27
. P g
n . sin — —
27.sin o sin o
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1
Tak kak x;, = E;-’O, TO [0 CKa3aHHOMY Bblilie

. P

sin —

n

lim — =1,
14
n
" sin @
¥ mpefeN Haile#l BAPHAHTHI OKAa3pIBACTCS PABHBIM YHMCIY — .

8) Celfuac MBI H3YYHM TaKXe OYE€Hb BAXHBIH IpeIel. Hmenno,
B 36 ObLIO ONpENEJICHO YMCIO € KaK Mpeled BAPHAHTHI

e=lim (1 + 1)". (10)
nN—++oo n

Tenepr xe MbI ycTaHOBUM Goliee 061Ul PE3YIBTAT:
lim (I + 1)xz e, an
X—>+eo x

a Takxe U ’
lim p+1r=e. (112)
Yoo x

Bocmonb3yemes Ha 3TOT pa3 BTOpPHIM oNpenAeeHHEM Ipeneia
«Ha s3BIKE IOCIENOBATENIbHOCTEI» [53].

Ilpexne Bcero, mamomuuM, uro Hapsmy ¢ (10) mMeeT MecTo M pa-
BEHCTBO

. 1)
11m(1+;}:) =e, (12)

eciu {n;} eCTh IPOU3BOJIbHAS IOCIENOBATENLHOCTh HATYPAJBHBIX HCEI,
pacTymux BMecTe ¢ HoMepoM k mo Geckoneunoctu [40].

Iycts Temeps x mpoGeraer Kakyro-HHOYIDb MOCIIEIOBATEIBHOCTD {x}
3HAYCHUH, CTPEMSINMXCA K +eo; MOXHO CYMTATh JakKe, 9TO BCE Xj = l.
Honoxwm ny, = E(x;), Tax 910

m<=xp<m+1l B B> +oo,
Tak kak mpa 3ToM

1 1 1
L
e+l xp mg’

1 ng 1\*x 1 Ym+1
(1+——) <(1+_) <(1 +_) :
ni+1 X ny
I[Ba Kpaﬁ}mx BBIDAXXCHHAS MOIYT OBITE npeoGpa3oBaH1>1 Tak:

1 m+1
1 & (l+ 1) 1 %+l 1\m 1
(1+ ) L et , (1+_) =(1+—) .(1+—),
e

ng+1 i n,
3 1+ %
1

TO




54) § 2. IPEJAEJ &YHKIIMMN 125

npudeM, B cwy (12),

1\% 1 nx+1
1+—} —e, a Taxxe 14— e,
ny; ng-+1

B TO BpEMs KakK, OYE€BHUIHO,

1 1
l+a—>1, 1+nk+1
TakuM 06pa3oM, 06a ynoMaHyTHIX BLIPAKEHHS CTPeMATCH K oblueMy mpe-

Heny e, a TOTZAa M 3aKIIOYEHHOE MEXAY HHMM BBIDAKEHME TakXke CTpe-
MHTCA X e [rmo Teopeme 3°, 28]:

lim (1 + —I—)sz e.
Xl

OTMM M 3aBepliaeTcs IOKa3aTenbCTBO cooTHoueHnuss (11) «ua s3bike
TTOCIIEMOBATEILHOCTE.

Hast nokaszatenscTa ke (lla) MPeNmoONORUM Temepb, YTO IOCIENO-
BaTENBHOCTD {X;} MMEET IPENENOM —oo (IPHYEM MOXKHO CUMTATH BCE
Xp= —1). Ecnu MOMOXUTDL X = — i, TOTOA Yy — + oo (U Bee yy=>1). Oue-
BUIHO, ‘

IR L RS b Y U L 1+—1k\)ym- 1+ L ).
Xk Vi Yie—1 =1 ye—1

Tak xak, M0 AOKa3aHHOMY, IEPBbLi MHOXKMTENb TOCIEHErO BHIPAKCHUS
CTPEMMUTCH K e, BTOPO# 3Ke, OYEBMIAHO, MMeET HpelenoM 1, To M Bwlpa-
KeHMe cieBa Takxe cTpeMutcd K e. Popmyna (11a) ompasnana.

1yx 1
3aMEeHHM Tenepb B BBHIPAKEHHU (1 +;) MEPEMEHHYI0O X HA ; ecin

OpUAATh & IOCJIENOBATENLHOCTh TIOJIOKHMTENbHBIX MM OTPUIATENbHBIX
. 1
3HaYeHuid, cTpeMsuxcd k O (Ho He pasubix (), To x= = Gyner cTpe-

MATBCS K +eo. [losTomy dopmynst (11) m (11a) MoxHo mepenncaTh
B BUIE
1

e=lim (1 +2)" . (13)

a0

Smom 3ameuamenvnivrii PE3YAbINAM AEHCUNM 8 OCHOBE 6CeX npuﬂoofceuuz”t
yucaa e.

9) MnTepecen, HaKOHeN, ¥ IIPUMeEp, KOTAa Mpefe] QYHKINH He CYU[eCTBYET:
QYHKIMS Sin x IPH CTPEMITEHHH X K + < (—«) BOBCE HE HMEET npenena.

B orcyrcreum npeznena Beero npome y6eauThCS, CTOS HA (TOYKE 3PEHHS HOCIEAOBA -
TENBHOCTEN», JIOCTATOYHO 3aMETHTE, YTO JBYM HOCIEAOBATETHHOCTSIM

{(2;1—%)7:} " {(2n+—;—)n} n=1,23,...)
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3HaYeHUH X, MMEIOMUM IMPENeNiOM -+ oo, OTBEYAIOT MOCNENOBATENbHOCTH 3HAYEHWH
GyHKIWH, CTpeMAIIMecs K Pa3 T HY HB M IpeaenaMm:

1 1
sin[2n——|n=-1-~—-1, sin 2n+—)n=1—»].
2 2

[TO XK€ MOXHO BBIPA3UTHL H HHAaYe: €CJIH B3ATb NOC/IEOOBATC/IBHOCTD

{[nﬁ-é—)n} n=12,3,...)

3Ha4YCHUI X, HMEIOMIYIO MPEIEIOM + oo, TO €# OTBEYAET MOCIENOBATENLHOCTD 3HAYCHHIH
dyuxny:

1
sin(n+~\n=(—l)" n=1, 2, 3,...),
2
BOBCE He MMeuas mpegena.}

Ecmu BCOOMHHTE «KOJIEOATENBbHEL) XapakTep CHHYCOWOL!, TO OTCYTCTBHE Ipeleiia
B PacCCMaTPHBAEMOM CJIyYae CTAHET HATIAOHELIM.
1

AHanoruyHo, ¥ ¢ynkuys sin — OpH cTpeMiieHuH « K O (CripaBa WIM ClieBa) M e-
o
flena He MMeeT. ITO, B CYIHOCTH, MMIIb Apyras ¢opMa NpUBEAEHHOrO BLIIIE IIPH-
1
Mepa: CTOHT JIHUIbL B GYHKIMY Sin X 3aMeHHTh X Ha — . QueBMOHO, eCiik & npoberaer mo-
o

1
CIeN0BaTENbHOCTD 3HaYeHHH, IpUOIHKalonmxcs K 0 cnipasa (cieBa), TO X =— CTPEMHTCSA
K +o (—), # 0OpaTHO. a

1
HanumeM CHOBa B BEID2XXEHHH Sin — BMECTO GykBEl o 6ykBy x (4TOOLI BEepHYTHCS
o

K NDPHUBBIYHOMY 0003Ha4YeHAIO abCUMCCH) M PACCMOTPHM NOYYHMTENbHBIH rpaduk
bynxunn

1
y=sin— (x=0),
x

M1
OTMeTHM MOCNenoBaTensHo youisaronye 10 0 3HAYEHHS X:

2 1 2 1 2 1 2 2 1 2

7’ % 3 2 53 3w a7 @n-Da’ nn’ Qn+n’

2 2
OrpaHHYHBAsCh 3HaYeHHAMH X oT 0 1o — {u oT — — mo 0) .
T

1
UM OTBE€YAKOT pACTYIIIHE OO -+ oo 3HAYCHUA —
X

In S5z T (2n—- 1= (2n+ 1
5 & o 27{; P 33, A s n7T, R
2 2 2

2 2 2

B npomexyTkax Mexny yKa3saHHBIMH 3Ha4eHWsIMH (py y GBI BaHMH Xx) Hama QyHK-
Es nonepeMeHHo ybwisaeT ot 1 mo 0 m ot 0 mo — 1, 3atem Bo3pacraer or —1 g0 0
uorO0mol,ur o

1
Taxkam o6pazoM, byHkuMSA Sin — NPOM3BOAMT GECKOHEYHOE MHOXECTBO KOJje-
x

Gaumlt, momobuo dyHKiwm sin x, HO, B TO BpeMA Kak IS IocienHedt 9Td koneGaHms
pacmpenesioTcs Ha 6€CKOHEe T HB i NPOMEKYTOK, 31ech OHH BCE YMEMAOTCH
B KOHETIHOM IPOMEXYTKe, CryIasch K 0.
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I'padmx uzobpaxeH Ha puc. 23 (pasyMeeTcs, He NMONHOCTBIO — OECKOHEYHOE MHO-

KECTBO KoNeGaHHH BOCIPOM3BECTH HEBO3MOXKHO!). Tak KaK IPM H3MeHCHHH 3Haka

X ¥ sin — MeHAET 3HaK, TO JieBas MOJMOBKHA TpaduKa CHMMECTPHYHA C npaBoii OTHOCH-
X

TEJIBHO HavaJa.

~ 5

Y=sin

=Y
SN
=
Nps

Rl

Puc. 23.
1
10) Ecnu (mns x 7 0) paccMOTpeTh dyHKIHIO X-sin — , KOTOpasl OTINYAeTC MHO-
x

1

JKUTENIEM X OT TOJIBKO YTO W3yueHHOH dyHKUHH Sin —, TO Ha 3TOT pa3 mpenen npu x—0
x

CYIIECTBYET:

X 1
lim x.sin —=0,
x-+0 X

4TO Cpa3y sACHO M3 HCPABEHCTBA

1
x-sin—lg}x[.
X

Ilpa opnbmwkennn x kK 0 Hama GyHKIMA MO-OPEXHEMY NPOM3BOAHT GECKOHETHOE
MHOXECTBO KOJIeGaHuil, HO HX aMIUTATY A (61AroNaps MEOXKECTBY x) YOBIBAET, CTPEMSCH
x 0, veM m obecmeumBaercs CymecTBoBaHMe mpenena.

I'padux dyuxamu

o1
y=x.sin —
x

H300paxeH Ha PHC. 24; OH yMEINACICH MEXAY ABYMs OGHCCEKTPHCAMH y=X H y=—x
KOOPAMHATHBIX YTJIOB *).
3aMevganue. Mbl HMenu s OpenenoB

: 1
. sinx . = : L
lim——=1, lim ({+x)*=e, limxsin—=0,
x=0 X x~+0 x=0 x

00beIMHEHHBIX ONHOM OCOGEHHOCTEIO: HA OfHA M3 PacCMATPHBAEMbIX 31€Ch dyuxumit
He onpeneneHa npu x=0. Ho 3T0 HUCKONBKO HE MEIIaeT rOBOPHTH 06 HX Ipe-

*) Ha puc. 23 ¥ 24 nas SCHOCTH NPUIEIOCE [0 OCH X B3ATH OOJBIIMH MacmTao,
YTO CO3/IAET MCKAXKEHHE,
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zenax npu x—0, u6o, COrnacHo TOYHOMY CMBICIY maHHOro B 52 ONpENETICHNS, KaK pa3
3HAYEHME x==0 NIPY ITOM He paccMaTpPHBACTCH.

Puc. 24.

1
AHanorHYHO, TO OGCTOATENBCTBO, YTO GyHKIMA sin— He MMeeT cMBIcia upu x=0,
X

HE MCUIACT CTaBHUTh BONPoOC 06 ec mpenene npu x—0; HO Ha 3TOT pa3 mpenen
OKa3bIBACTCA HECYINECTBYIOTHHAM.

55. Pacnpocrpanenne Teopum ppemenos. EcTecTBenmo BCTa€T BOIPOC
O PAaCIPOCTPAHCHWM TE€OPHHU NPEH€JIOB, pasBUTOM B riase I
(88 1 u 2) mpEMeHHTENBHO K CJIy9al0 BapHaHTHI, HA PaCCMATPHMBAEMBIi
3aeck obmmit ciyyail mpou3BoOJBHOI lingsiiiie

Hns sTOro cymwiecTByroT ABa mMyTH:

L. TIpexne Bcero, MoxHO nepedppasHpoBaTh 30€Ch H3JIo-
KCHHBIC TaM pacCyXIeHHs M s npumepa daxTuyeckn
BBINOJIHAM 3TO II0 OTHOIICHHIO K IpPeUIOKEHHIO 1° B 26.

PaccmoTtpum  dynkuuio f(x), samamnyio B HEKoTOopoH obnactu &,
C TOYKOH CryleHHs a *),

1° Ecau npu cmpemaenuu x x a @ynxyusn S(x) umeem komeunviii npedea
A, u A>p (A<q), mo 013 docmamouno 6auskux k a sHavenuii x (omauunvix
om a) u cama gyukyus Yoosaemeopsem nepasencmey

J®=p  (f(x)<g). (14
BoibpaB mosoxuTenbHOE YHCIO £ <A — p (g—-A), 6ymem nmeTn
A-e>p (Ad+e<g).

Ho, 1o ompenenenuto npenena, mis 3Toro & HaineTcs Takoe d, 4TO, JMIb
TOJBKO |[x—a|<d (roe x B3aTO M3 & M OTIMYHO OT a), ToTIac xe

A-e<f(x)<A+e.

Ans Tex ke 3Havenudl x M MOJAaBHO Oynet BbmonmsTses (14).
UuraTenb BHIMT, YTO HUKAKMX H O BBIX uiei OJisl T0Ka3aTejbCTBa
TIPUBJICKATh HE IIPHILIOCH.

*) Uncmo @ MOXeT 6bITh H 6ECKOHEYHBIM, HO MBI /I OIIPEACITICHHOCTH OXPaHHYMMCH
ClIy4a€M KOHEYHOTO aq.
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Otcronia HENOCPEeNCTBEHHO MOTYT GBITH ONPABIAHEI H YTBEPXKICHHS 2°,
3° 1 5° u3 26. Hanpumep, nonaras B 1° p=0 (g=0), moxyqum:

2° Ecau npu x--a @yukyua f(x) umeem KoHeunwlili noaodcumMe bHbl
(ompuyamewnbul) npedes, mo u cama Pynxyus nosoxcumenvia (ompuya-
meavHa), no Kpaiineii mepe, 041 3naueHuii X, docmamouHo GausKux K a,
HO OmAUYHBIX om a.

CnpaBefiiBO M yTBEpKIEHHE, AHAJOTHYHOE 4°, HO B 6oJiee y3Koit
dbopme:

4° Ecau npu cmpemaenuu X K a gynkyua f(x) umeem xoneunsii npeden
A,mo 0nn 3nHaueHuil X, docmamouno 6Au3KuUX K a, dynk-
yusa 6ydem ozpaHuuenHoll:

If(x)|<M' (M’'=const, |x-a|<¥).

Hanomtum, 4T0 mepBoHayabHO M JJIsl BADHAHTEHI X,,, HMEIOIIEH KOHeY-
HBI IIpeJie)], HEPABEHCTBO |X,| <M’ GbUIO MONyYeHO TONBKO IiIst 1> N,
HO, TaK KaK JIHIb KOHEYHOE YHCIO 3HAYCHHH BAPHAHTH MOXKET
HE YIOBJETBOPSATH STOMY HEPABEHCTBY, TO HETPYAHO OBLIO, YBEIHYUB
B cilyyae Hafo6HOCTH M, MOGHUTECS BBIIOJIHEHHS HEPABEHCTBA [UTA B C € X
X,. 37ech %ke 3TOro, BOOOIE roBOPS, CAENATH HeJb3si, MO0 3HAYCHHMIL X,
IS KOTOPHIX | f(x)] > M, MOXeT oKa3aThCs H GECKOHEYHOE MHOKECTBO.

Hanpumep, dyuxmus f(x) =—I£ (ang x>0) opu x -1 CTPeMHTCA K eHHUIE,

1
O4YeBHIHO, f(x)<2, ecim |x—1|<3, onmHako ans BceXx paccMaTpu-

BaeMBIX 3Ha4eHW# x QyHKNus f(x) BoBce He GyneT orpaHMYEHHOIL.

IL. Ilepexoms k ApyrMM Teopemam, B KOTOPHIX MIEpEMEHHBIE CBS3bI-
BAIOTCs 3HAKAMM PaBCHCTBA, HEPABEHCTBA HJIH apH(METHYECKHX JEHCTBHIA,
MBI, IPEKC BCETO, JOJKHEI OTOBOPUTD, YTO, COSAMHSAA [IBE WIA HECKOJIBKO
bynknuid f(x), g(x), ... (onpemedeHHBIX B OIHOM ® TOH Xe O6IACTH X
TakMMM 3HaKaMH, MbI BCEIZla MOAPa3yMeBaeM, YTO HX 3HAYEHHS OTBEYAIOT
OIHOMY H TOMY ¢ 3HAYEHHIO X.

Bce atH Teopemsl MOXHO 6BUIO GBI JOKAa3aTh AHAJIOTMYHBIM o6pazom
HAaHOBO, HO — H 3TO BaXHO NOMYEPKHYTh —~ Ha Oede Hem HeobXx0dumocmu
ux nepedokasvieams. Eciu, rosops o npenene GyHKIMH, CTOATh HA «TOUKE
3PCHHA TOCJICNOBATEIBHOCTEN», TO, HOCKOAbKY 048 HOCAe08aMeAbHOCHE
meopembl 00Ka3ambl, OHU GepPHbl U 04 PyHKYuil.

Jns mpEMepa OCTaHOBMMCS Ha Teopemax 1°, 2°, 3° u3 30:

IIycmy 6 obaacmu X (c moukoii czywenus a) 3adamst dse @yHKyuu
SX) u g(x), u npu cmpemaenuu x x a obe umerom Komneunsie npedebl

lim f(x)=4, limg(x)=B.
Toz0a u gynkyuu

@+, f0)-g( L2 1s)

9 I'. M, duxtenronsn, r. I
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maxace umerom Koueunsle npedeas (8 cayiae Hacmro20 — 8§ npedno-
aoocenutt, ymo B =0), urmenno
A
AXB, A-B, .
B
Ha «f3blKe MOCJAeR0BATENLHOCTEH» NAHHBIE COOTHOIUEHHS pacuugpo-
BHIBAIOTCH Tak: ecanm {X,} ecTb A0 6asd NOCAEAOBATENbHOCTL SHAUCHUH X
3 2, uMelollas OpenesioM a, TO

f(xn) — A, g(xn) —B.

Ecan Kk 9TAM IBYM BapMaHTaM IIPUMEHHTb YK€ JOKa3aHHHIE TEOPEME,
TO MOJIyuaeM Cpasy:

lim [f(x,) = g(x)]= A+ B, limf(xn)g(xn) =A-B,
i L)

gxn)
a 3To (Ha «s3bIKe I'IOCJIe,lIOBaTeJIbHOCTeﬁ») M BbIpa}XaeT HMEHHO TO, YTO
HYXHO OBIJIO JAOKa3aTh *).
TakuM ke o6pa3oM Ha oOLIMI Cayyail, pacCMaTpUBaEMbI HaMH TENEpb,
aBTOMATHYECKM [EPEHOCHTCRK M BCe CKasannoe B 31  oTHOCHTEABHO
<HEONpeAe/IeHHbIX BBIpaWEHUH», YCJAOBHO XapaKTEPU3YEMBIX CHMBOJIAMH:

0 000
F' ;‘, . y 00— OC.
Kak u B mpocrefillem ciyuae, Korja Mb HMMEEM [0 ¢ (PYHKIMAMH HaTy=
panbHOrO apryMenTa, 3ZeCh IJI1 <«PAacKPHTH HEONPENENEHHOCTH» YKe
HEIOCTATOYHO 3HATh JHIIL Opeaetsl GyHkuuft f(x) u g(x), a HyXHO
YuecTb W CaMBIf 3aKOH HX H3MEHEHHUS.

Yuraresp JIErKO NPOBEPHUT, UTO B npumepax 4), 5) npeasiaywero n°

Mbl HMMEJH AENO0 C HEONMPEHEJEHHOCTLIO BHAA — i 0- 00, a B mpumepe 7) —

0
€ HEOIpPEACJCHHOCTbIO BHI[a—— B CAEAYIOLIEM n° Mbl npuseacM JAadJjb-

HeHIle MPUMEPHl, YK€ C NMPHUMEHEHHEM MPOCTEHINMX TEOpeM TEOpHA Mpe-
Je7OB,

Mu eme BepHemcs K 5TOMy Bompocy # B § 4 raasu 1V, rae OynyT
IaHpl ofluwe METOAH PAaCKpLITHA HEONpEAeNeHHOCTE! yme € MNpUMEHE-
HUEM MUPDEepPEHLIUANbHOr0 HCUMCIECHHUA.

56. Ipumepsl. ' 1) O6ofwmasn npumepsl 1) ®m 2), 32, HccienyeM MNOBeJeHHE

MHOTOUNEHa
p ) =apx* - apF L ap X ap

*) B cayuae yacTHOro MOXHO 6o GBI 3aMeTHTH (aHAZOTHYHO TOMY, KaK MHI
9To cAenand NI BapHaHTsl), YTO A4a X, NOCTATOUHO ONH3KHX K @, 3HameHaTelb

0, 06 PG
g (x) £ 0, Tak yto Apobb 15
yenuit x.

HMeeT CMbICH, MO KpaiHed Mepe, Ius 9THX 3HA-
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a 3aTeM — M YacTHOTO ABYX TAKHX MHO[OYJICHOB
p(x)  apxttaxt—1+ ... +ap_ix+a
q(x)  bpxl+ b1+ by x+ by

IpU X ~ £ oo,
IIytem npeoGpa3oBaHus
p(x)=xk (a0+a—l+ cet ai)
x X
JIETKO YCTAHOBHTB, YTO
im px)=tc (o—w)
X=r Foo
[IPHYEM 3HAK [IPEAENIa NPY K Y4ETHOM OIIPEEISETC JINIb 3HAKOM 4, @ P K HEYETHOM —
3aBHCHT €IIe M OT 3HaKa X.
2) AHaJOTHYHO HAaXOAHMM, YTO

. (x) a o

im P e, & 0(—)
x— e G(X)

B 3aBHCHMOCTH OT TOro, 6ymet nu k >/, k=1 win k<. 3sak npeaena (B nepBoM clyuae)

yCTAHABJIMBACTCS 110 3HAKAM g M by, a Takxke (IpH k — / HeYeTHOM) -~ IO 3HAKy X.
3) HokaxeMm misi mo6GOro NOJIOKHTENLHOIO PAUMOHAIBHOTO TMoKazatesst r hop-

MyITy
1+x)r-1 0

fim Ty (—) X
x—+0 X 0

HauyseM ¢ npocreiiliero ciyyas, KOrja mHoOKa3aTelb €CTb HATypanbHOE YHCIIO:
r=n.Ilo busoMy HbOTOHaA

nn-1)
nx+ X2+ X
(1+xn-1 1-2 n(n-1)
= =n+ X+ ... Fxn-l
x x 1.2

TaK Kak npH x—0 BCe 4iIEHH B MOCNENHel cymMMe, KpoMe NepBoro, crpemsarcs k 0, To,
JIeHCTBUTEILHO, MMEEM

. (Q+x)n-1

M

li
x—0 X

1
IlycTh Temeph r = — (TOe m — HATYPAIBHOE), H PACCMOTPHUM BBIPAXKEHHE
m

m_-A
Vi+x~1
Monoxum x '
m____
Vi+x~1=p, orkyma x=(14»m~1.

Tak xak (cuuTas | x |>1)
m mn

1-|x]<Vi+x<1+|x|, 10 lim J1+x=1,
x—+0

Tax 41O, BMECTE C X, H ¥ -~ 0. A TOrAa, N0 HPeaBIAYIEMY CIIY4alo,

m_—
. Vl+x-1 ¥ 1
iim =lim =
x>0 X y=o{l+y)n—-1 m

*) Huxe [77, 5) (B)] ona 6ymer o6obiena ua ciayyail m060ro BemreCTBEHHOTO HO-
KazaTens.

g*
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n
Haxonet, o6l cnyyai r=— MCYEPNBIBAETCS BBEIEHHUEM TOM X BCOOMOTaATE/Ib-
m

HOM NEepeMEHHOH y:
n

(1+x)'"—1_(1+y)"—1_(1+y)“—1 y
x A+ym-1 y (+yym-1’
OTKyHa n
Q40" -1 n
lm ——— =,
x=0 X m
4) Haiitu npeaen
m
— X
Vi+x-1-=
. m
lim ————,
x—0 x“
m

C noMoiubIC TO# Ke IM0ACTAHOBKKA V1+x—1:= ¥y npecbpazyert paccMaTpHBACMOE
BBIPAXEHHE K BHAY

1[(1! Y1) m-—1 - m~1L
y - ¥y 2 4. P L.,
A4+ yym—-1}2 i mivi L. ...
m-—1
OTKYJld CPa3y SICHO, YTO HCKOMBbIA Mpeaest paBeH — sz
m
5) Ipenen [54, 7))  sinx
Iim ——=1
x>0 X

YaCTO HCHOONB3YETCS A1 HAXOXACHUS APYIrUX Npeaesios.

l-cosx 1 0
@) lim——* _ 7 ( 4) _
x>0 X2 2 O
OueBuaHo,
X Lox\?
2 5in%-— Sin—
1-cosx 2 1 2
T e 2| oa Ty
2

(S

TaK KaK BbIpaXX€HHE B CKOOKax CTpeMHTCs K 1, To obwmuiii npeaen u 6yaer

. tgx—sinx 1 0

x=0 x3

0
W 3nech npeoGpaB()Barme JICTKO IIpMBOIUT K YK€ M3YYCHHLIM IIpenesiamM.

tg x—sin x 1 sinx l-cosx

x3 cosx X x2

3ameruM, uyTO cos x~1 mpu x—0, Kak 3TO BRITEKACT, HAHPHMEP, W3 HPEABIAYLICTO
pesynbTara {(a).

(8 lim(secx—tg x)=0 (o0 —oo).
kg
X5
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A 14
3nech, ymobOHee UepedTd K IEPEeMEHEONI azz—x; o4eBHHO @ 0 1pH x—*z. Nmeem

l-cosa l—-cosa a
secx—-tgx=csca—ctg = ————=—e-—o —— .ot >0,
sin o o sin &

57. Ipenea monoTonuoli ¢rywkmun. Bompoc o caMoOM €y UlecTBO-
BAaMHH Openena QyHKIHMA
lim f(x)
x—a

OCOOSHHO TIPOCTO PEIUaeTCH JUIs QYHKIHH MACTHOTO THIIA, NPENCTABIISIO-
KX 0606IEHME TOHATHS MOMOTOHHOM BapHauTsl [34].

Hycth Gymknua f(x) ompeleneda B HeKoTopolt obgactd 1 ={x}.
dyukuyMsa Ha3bBaeTC: Bo3pacTarmuel (yOrBarome#H) B ITOH
067acTH, eciy I 000l mapsl IPHHANEXKAIUX €l 3HAYCHHI

w3 x'>x cnenyet f(x)=f() [f(x)=<f).
3 X' =x cneayet auib f(x)=f(x) [f (=),

To GYHKIMIO HA3LIBAOT HeyO b Batomeil (HeBo3pacTalonei).
Wuorga ynobuee ¥ B 3TOM Ciydac Ha3bIBaTh (QYHKIHIO BO3PACTAIOLICH
(yOpmaroweil) — HO B LIKP OKOM CMBICIE.

@DYHKIWHK BCEX 3TUX TUIIOB HOCSHT 00LIee HA3BAHHC M OH O T O H H bl X.
JIas MOHOTOMHOM (PYHKIMM HMeeT MECTO TCOPEMA, BIOJIHE QHAJOTHYHASN
Tolf TeOpeMe O MOHOTOHHOM BapHuaHTe, KoTopas Obula yCTaHOBJICHA B 34.

Teopema. Ilycmo (ﬁynm;uﬂ f(x) monomonno sozpacmaem, xomsa 6ol
8 WUpoKOM cmblcae, 8 oOaacmu X, umeroweil moukol czyweHus wucao a,
boavuice scex znayenuii x (OHO Mo.ucem Obimb KOHeUHbIM UAU DABHBIM + ).
Ecau npy smom GYHKYUs 02paHudena ceepxy:

fX)=M (041 6cex x uz &),

PO Hpu X >a EYNKyUA uMeemt Kolieunelil npedea; 6 HPOMUSIOM caAyude —
OHA CHPEMUMCA K + o,

JoxazaTenabcTro. JOmycTHM cHayaia, yTo GyHkmua f(x) orpa-
HHYCHA CBEPXy, T. €. OTPAHMYEHO CBEPXy MHOXecTBO {f(x)} 3HadeHmii
GYHKUMH, OTBEYAIOIMX M3MCHeHHI0 X B obsactn &'. Toraa s sToro
MHOXECTBa CylnecTByeT [11] KoHeusas To4UYHas BepxHss I'paHWua A.
HoxkaxkeM, 4T0 3T0 uucio A U OyICT UCKOMBIM IIPEIEIOM.

3a1aBHINCL, TIPOU3BOJIBEAM YHCIOM & >0, 0 CBOHCTBY TOYHOM Bep-
XHeil TPaHMIBL, HAWIEM Takoe 3HaueHHe X <4, 4To f(x)>A—e. Buny
MOHOTOHHOCTK (yHKIuM, 1 X =X ¥ NofaapHo Oynetr: f(x) >4 —e. Tak
KaK, ¢ Apyroii cropoubl, Beeria f(x)=A<A+s, To A YIOMAHYTHIX 3HA-
YeHuil X BLOTOJIHUTCS HEPARCHCTBO

| fx)—A | <e.
DT0 M [OKA3BIBACT HAMNIC YTBEPXKICHUE, CTOMT JIUUIB IIPH @ KOHEYHOM
MOMOKUTE X =a—06 (T. e. §=a~x’), a UpH a= +« B3ITb A=X".

Ecnn xe
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Ecmu dyHkuus f(x) cBepxy He orpanuueHa, To, KakoBo Obl HU ObLIO
uucao E, madpercsa Takoe x', uto f(x')>E; Torma mns x>x' 4 moOaBHO
f(x)=E, uT. I

IIpenocTaBisieM YMTaTeNo0 Mpeobpa3oBaTh 3Ty TeopeMy IS Clydas,
KOrJla Npeie/bHOe 3HAYEHME @ M E€HBb LI € BCEX 3HAYEHMI X, PaBHO KaK
4 Ui cnydas MOHOTOHHO yOBsBawme i ¢ynxuyn.

Jlerko ycMOTpeTh, YTO TeOpeMa O MOHOTOHHOH BapHaHTe B 34 ecThb
HPOCTO HYaCTHBIA Ciiyyad 3ToH Teopembl. HesaBucumoit nmepeMeHHOM Tam
ObLT 3HAYOK 7, OOJIACTBIO M3MEHEHHS. KOTOPOIO CIYXHJ HATYpalbHbLH
pan N ={n}, c TouKOi crymenus + .

B nocneayromem HaM Yalue npuzeTcs B KawecTse obnactu 4, B xoTo-
poii paccMarpuBaeTcs QyHKuusi f(x), BCTpeYaTh CMIAOIIHOM M p o-
MeXyTOK [d, a), Tle @' <a U a — KOHEYHOE YMCIO HIM + =, nu6o
KE ~ TPOMEXYTOK (@, @'], rie a@'>a H @ — KOHEYHOE YHCIO MIH — .

58. O6uwmii npusnax Boabuano—Komn. ITepeiimem Temepsr k pac-
CMOTPEHHIO 061ero ciyyas — dynkuun f(x), 3a5anHol B o6nacTn & = {x},
Uil KOTOPOH a CIYXMT TOYKOH cryiuenus. [is cyliecTBoBamus K O-
HEYHOT O npejesia 3ToH (YHKIMU OPH CTPEMJICHHH X K @ MOXET OBITh
YCTaHOBJICH TaKOH e NpPHU3HAK, KaK M B Ciydae Bapuantsl [39]. ®opmy-
JIMPOBKY €ro MbI JaMM HapaJIeTbHO IS Ciy4as KOHEYHOTrO d W Juis
cnydas a= + o,

Teopema. [1sn mozo umoGer ynryus f(x) npu cmpemaenuu x k a umeia
Koneunslil npeden, HeObBX00UMO U 00CMamouHo, umobsl 048 Ka#cdo2o yucaa
e>0 cywecmeosaso maxoe yucao 6 =0 (4>0), umobel Hepasercmeo

L) -f(x) | <&

8BINOAHAAOCH, AUWLL MOALKO
|x-al<d u [ x'~a|<d (x>4 u x' =A).
Hokxa3aTenbCTBO NPOBEAEM B MPEANOJOKEHHH, YTO 4 — KO-
HEYHOE YHCJIO.
Heo6xomuMmocTs. Ilycrs cyluecTByeT KOHEUHBIH mpemes
lim f(x)=A.
X=-a
Torma o 3amanHoMy & >0 Haliercs Takoe & >0, 9To

IfG)-4]<3,

€CIIM TONBKO | X —a {<6. IIyctb ¥ | X" —a | <§, Tak 4T0 M

|A-£(x) <.



59] : § 2. IPEAEJ] ®YHKLIUN 135

Orcrona monyyaeMm
| S =AxX) | = [[f )= A+ [A= fO] | < | f(x) - 4| + | A —f(x)] <,
B TPETONIOXEHAH, YTO OJHOBPEMEHHO
[x-a]<d wu |x'-a|<é.

HOCT2aTOYHOCTH MOXET OBITh YCTAHOBIIEHA C MOMONIBIO PAac-
CYX/ICHUH, BIIOJIHC AHAJIOTHIHBIX TEM, KOTOPBIE ObIIH MPHMEHEHHL B CIIy-
yae BapHanTel [39]. Ilpome, omHako, HE MOBTOPSs 3THX PacCyXACHUH,
MOTPOCTY CBECTH BONPOC K yX€ PAacCMOTPEHHOMY ciy4aro. IlyTe mus
3TOTO HaM OTKPHIBAET BTOPOE€ ONMpPENeJIE HU e IIOHATUA Ipeaena
($yHKIMH «Ha s3bIKE HOCTeNoBaTeNbBocTel [53].»

HWrak, nycte ycnosue, chOPMyIMPOBAHHOE B TEOPEME, BHITIOJHEHO, M
MO0 NPOM3BOJBHO B3ATOMY &>(0 YCTaHOBJIEHO COOTBETCTBYIoLlee &> 0.

Eciu {x,} ecTh N0 6 as MOCIENOBATENFHOCTL 3HAYECHHA X M3 X,
CXoOduiascs X @, TO, IO ONPEAEJICHHIO Ipefeia IOCHeROBATENLHOCTH,
Hallnercs Takoit Homep N, uTo mnst n>N 6yner: |x,-a|<d. BossMem,
HapsATy C n, ¥ Apyroi HoMmep n' > N, Tak 4TO OJHOBPEMEHHO

[X,—al<6 wu |xy-a|<.
Torma, B cuny caMoro BeIGopa yucia o,
If (xn) =5 Cxw)

OTO HEpPABEHCTBO, TAKUM 0O0pa30M, BBHITOJHAETCS NPH €IMHCTBEHHOM
TpeGoBanuH, YToOb 06a HoMepa 7 M n” Gbih > N. DTO O3HAYAET, YTO
Iuist BapMaHThl f(x,) (n=1, 2, 3, ...) BemoJHAeTCs Yeiosue 39 u, crieno-
BaTeIbHO, NOCIEIOBATEILHOCTD

f(xl),f(x:‘,), s "f(xn)’ <.

WMeeT KOHEYHbI mpenen.

Mpr BuzieH B 53 (CM. 3aMeYaHHUe B KOHIE), YTO 3TOTO YXKe JOCTATO4HO,
4TOOBI mocneuuil npeaen 6bUT OMHHM H TE€M XXe, KaK Obl HM BHIOHPATDh
HOCTIEIOBATENLHOCTD {X,,}, CXOMAUIYIOCS K g; 3TOT Ipelen u OynmeT mpe-
JenoM (DYHKIHH, CYLIECTBOBAHHE KOTOPOro HAJIEKAIO JOKA3ATh.

[/lerko BEBECTH JOCTATOYHOCTE BHICKR3AHHOTO YCIOBHS H M3 TEOPEMEL
boanpmano-BeiliepmTpacca — Hamomobue TOro, Xak 3T0 CHe-
JIAHO ISl BapHAaHTH B KoHile 41.]

= ¢&.

59. HaunGo.1bmwii m manvennimii npeneast pynxann. [Jaxe npu OTCYTCTBUM ONpENe-
JIEAHOIo mpepeiia GyHKUMM f(X) npd CTPEMIEHHA X K @, JUIst OTHENbHBIX IOCIEIOBa-
TENBHOCTEH 3HAYCHHH Xp—a npenen

- lim f(xn)

n—+oo

BCC K€ MOXET CYWIECTBOBATh; €ro HA3LIBAIOT YACTHYHBIM IPEOCIOM d))’HKLIHH.
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. 1 .
Hanpumep, ma gpysxmum sin x npr x> & oo (WIn 11 sin— nopu x—0) 3Ta yacTHY-
x

HBIC NpEAc/bl 3amOJHAIOT BECh MPOMEXYTOK oT —1 mo + 1.
Cpedu uacmuunvix npedenoé @ynxyuu ecezda Haiidemca Kak HaubGoarvwull,
maK U HaumeHbw uil; AX 0003HAYAIOT TakK:

Bm £ w o lim £,

x=a x—~a

Pasencmeo rauboabwezo u naumensuiezo npedenos ecmv ycaosue, Heob6xodumoe u docma-
MOYHOe 0AA CYWeCMBO8aHUA OnpedenenHoz0 npedea GyKyuL, 8 00bINHOM CMBICAE CA08Q.

Msl orpaHu9MMCs HOPMYJIHPOBKOM 3TOH TEOpEMBI, HE MPHBOAS AOKA3ATENLCTBA,
OHO MOXeT GHITEL BHIIONHEHO B TOM Xe MODPAAKE MACH, 4TO ¥ B 42,

§ 3. Knaccnbnxamus GeckoHEMHO MAgBIX H GECKOHETHO
OospmEX Be/HYEH

60. Cpannenme OeckomedHo Mauptx. ITpeaNONOKHM, UYTO B KAaKOM-
1160 HMCCNENOBAHMH OJHOBPEMEHHO DPACCMATPHBAETCA DX OECKOHEYHO
MaJIbIX BEJHYMH:

%GB, ey
KOTOpEIe, BOOOIIE roBops, OynyT QYHKIHAMH OT OMHOM M TOil e niepe-
MEHHOH, CKaXeM, X, CTPEMSIUEHCA K KOHEYHOMY HJIM GECKOHEYHOMY Ipe-
meny a.

Bo MHOruMX cnyyasx mpeicTaBIsSieT HHTEpEC CPABHEHH € HA3BaH-
HBIX GECKOHEYHO MaJBIX MeXIy coboif Mo XapaxTepy HMX NPUOIMKEHUS
K Hymo. B OCHOBY CpaBHeHHs HBYX 6eCKOHEUHO MalbIX & M f KIaercs
HOBeAeHHE MX OTHOIIEHHUA *). Ha 3TOT CH4eT yCcTaHOBHMM MABAa COTJIAIICHMS:

I. Ecau omnowenue é(a C HuUM u 5) umeem KOHeuUHbIH U 0m-

B

AUUYHbLY Om HY 1A npede.a, mobeckoueuno mavle & u f cuumarom-
cA geauyuHamu 00HO020 NOop AJKa.

B

II. Ecau xce omnowenue % Camo oxasvieaemcs beckoneuno maavim
a
B

B cuumaemca eeauuunoii e6vicuwezo no pPAOdKa, uem beckoneuno ma-
AAA &, U OOHOEPEMEHHO OeCKOHeuHO Maias & Gydem HU3IWE20 no-
pAOdKa, uem beckoneuno manaa B.

(a o6pamnoe omnowenue beckoneuno 6oavuum), mo beckoneuro maran

Hanpumep, ecmd a=x->0, TO IO CPaBHEHHIO C 3TOH GECKOHEYHO
Mano# OJHOrO MOpsAAKAa C Hew OyayT GeCKOHEYHO Majibie

m
sinx, tgx, J1+x-1,
ubo, xak MBI 3HaeM [54, 7); 56, 3)],

sin I+x-1 1
im 251, lim Yrex-1_1
x-0 X x-0 X m

*) Me1 6yaeM cuMTaTh, YTO TEPEMEHHAd, Ha KOTOpYIO MbI AejiMM, He obOpataercs
B 0, mo kpaitEelf Mepe, mis 3HAYeHMH X, JOCTATOYHO ONM3KMX K .
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Hao6opoT, GCCKOHEMHO Malple
m

x
V1+x—14—, 1-cosx, tgx-—sinx Q)

m

6yayT, OYEBHAHO, BHICINEIO NMOpAIxa, 4eM x [56, 4); 5), (a) u (6)].
KoHe4yHO, MOXET CIyYHTBCA, YTO OTHOIICHHC IBYX OECKOHEYHO MallblX HE CTpe-
MHUTCS HM K KaKOMy mpelely; Hampumep, €ciiu B3sTh [cM. 54, 9) u 10)]

a=x ® f=xsin—,
« x

1

TO MX OTHOLIEHHE, PaBHOE sin — , Ipu x— 0 mpeaena He WMeeT. B TakoM Cliydae roBopsr,
x

4T0 ABe GECKOHEYHO Malplc HE CPaBHHMBI MEXKAY COOOH.

3aMeTHM, 9TO ecl OECKOHEYHO Majas [ OKashlBaeTcs BHICUIET O
nopAanka, 4eM OeckoHeYHO Manas &, TO 3TOT aKT 3aMHCBLIAIOT TaK:
B=0(a).

Hamnpumep, MOXHO NUCATh:
1-cosx=o0(x), tgx-—sinx=o(x) u T.m.
TakuMm oOpa3oM, cuMBoN o(x) CIyxkuT oG uM obo3HaYeHHEM IS
GECKOHEYHO MAJIOH BBICLIErO NMOPAAKA, YeM &. DTHM ynoOHBM 00o3Ha-
YeHMEM MbI BOpeab OyaeM MoJb30BaThCA.

61. Mkana Geckoneuno maneix. MHoil pa3 BcTpeyaeTcs HagoOHOCTB
B GoJIee TOYHOH CPaBHMTENBLHON XapPaKTEPHUCTHKE NOBEACHHA OCCKOHEYHO
MaJibiX, B BHIPAXKEHHH HX IOPANKOB T U CJIaMHU. B aToMm ciyvae, npexne
BCEro, B KA4eCTBE CBOEro POJia «3TAJIOHa» BEIOUPAIOT OAHY M3 QUIypHpYIO-
IIMX B JAHHOM MCCIEIOBAaHMH OECKOHEYHO MaibIX (CKaxkeM, &); €€ Ha3pl-
BalOT O CHOBHOM. Koreuno, BeIGOp OCHOBHOH OeckoHEYHO Majoi
B M3BECTHOM Mepe MPOH3BOJIEH, HO O0OBYHO OepyT NMPOCTEHIIYIO M3 BCEX.
Eciid paccMaTpuBaeMble BEJMYMHBI, KaK MBI IPEANOJIOXHIH, SABJISIOTCS
(YHKUMAME OT X M CTaHOBATCS OECKOHEYHO MAJIBIMH NIPH CTPEMIICHHH
X K g, TO B 3aBUCUMOCTH OT TOro, OyHeT JIK a HyleM, KOHEIHBIM U OTJINY-
HBIM OT HYJI 9HCIOM HJIH OeCKOHEYHOCThIO, €CTECTBEHHO 3a OCHOBHYIO
0ECKOHEYHO MaJIyIo B3ATb, COOTBETCTBEHHO

1
X, xX—a, T

Jajnee, U3 cTeneHeil ocHOBHOM GecKoHeyHO Mamol « (Mbl OyaeM cuu-
TaTh o >0) C PasIMYHBIMH N OMOX HTE€ b HB MM NOKa3aTeIsaMH, of,
COCTABJIAIOT KaK Obl NIKANy [/ OLEHKH GeCKOHeYHO MaJjbix 0oJee CI0XK-
HOM TIpUpOABL *).

I1I. Ycaasausaiomen cuumame Geckoneuno mayio f eeaudunoi k-eo
nopaoka (ommocumesvino ocnoenoil Geckoneuno maioi o),
ecau B u o (k> 0) 6ydym geaununamu 0011020 nopaoka, T. ¢. €CIIM OTHOLIE-

HHC 3 MMeeT KOHEYHbI ¥ OTJIUYHBIA OT HYNSA Hpele)L.

*) Jlerko BUmETh, ¥TO MpH k>0 Benmumua o Gymer GeckOHEYHO Mayoii OAHOBpE-
MCHHO C &.
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Tenepsb, HanpuMep, MOXHO, HE JOBOJILCTBYACH YTBEPXKACHHEM, YTO OECKOHEUHO
maubie (1) (mpu x—0) OyayT BelIHYMHAMH BBHICIIETO MOPSAOKA, YEM oL = X, CKa3aTh TOTHO,
YTO MepPBbIE OBE M3 HHAX CYTh GECKOHEYHO MAJIBIe BT O P O T O TOPAAKA, & MOCIEIHAT —
TPeThero MOpAOKa OTHOCUTENBHO &=x, ubo [56, 4); 5), (a) u (6)]

m

N 1
Viex—1——x
. m m—1 . l—-cosx 1
lim—m@m8M ——— = ——— | im ——=—,
x>0 x2 2m? x+0  X? 2

. tgx—sinx 1
lim ———=—.
x—-0 x3 2

Uro6sl B3aTh Gosiee CIIOXHBIA HMPUMEDP, PACCMOTPHUM BBIDAXKEHUE
B=Vx+1+ Vx=1-2Vx;

apu x— + e OHO OyaeT OeCKOHEYHO MaJIbIM, YTO CTAHOBUTCA SCHBIM, €C/IM TPEACTa-
BUTH €I0 B BHAC

p=(Yx+1-Vx) - (Vx-Vx-1)=

1 1

Vari+Vx Vot Va1

IMpopomkas 310 npeobpa3osanue, Halinem:

N :
Vx+1+V0(x+Vx=1D)  ( L+ V) (Vx+ Ve=D(x=1+Vx+1)

1
IMonaran &= —, Tenepb yke HETPYAHO COOOPA3UTh, YTO
x

im 2 AP =
x+1)

X o a”’ﬂ_xETw (VxF 1+ Y)Y+ Yx-DYx—14 Vx+1

iﬁ‘i‘m(vgg)(u VI:Z%)(V 1;* VH_I’;)

TakuM 06pa3oM, 3[cCh MOPSAAOK BBIPAXKAETCA YHCIOM 3"

*

1
T4

He cnenyer nyMaTh, KOHEYHO, 4TO AJIA BCAKOM GeckoHeuHOo Maiolt § (maxe ¢ p a B-
HUMOMH CO BCEMH CTeNCHAMH oX) MoxeT OBITh YCTAHOBJICH ONMpPEACIICHHEIN NOPAIOK.

*) IToBcrony 34ech MBI MONb3yeMcA TeM, 4To lim V1+z=l; aTo 6bU10 JIoOKa3aHO

z-0

B 56, 3) (mus xopHs nro0o#l cTemeHu m).
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JT10600BITHRIE APEMEPBI, OTHOCALIMECS CHOAA, MOXHO MOJYyYUTh 43 GOpMyll, YCTaHOB-
JieHHBIX B 84, 49) u 5) (npu a>1 u k>0):

. a* . logg x
lim —=+oo, lim =0. 2)
xor oo XH xor oo XF
TIpexne Bcero, OTCrOMA
xk Xk
lim — =0, lim = oo,
N>t GX x>t lO8g X

1
3aMeHUB Tenepb 3/1eChb X HA —— M [IOJIOKUB CLLC B IEPBOM H3 ITHX COOTHOLUEGHMH @@= -~,
X c

0<c¢<1, MBl mOny4uM:

\

lim —I =0, lim = oo,
x—+0 X% x-++0 .Xk

TakuMm o6pa3om, GeckonedHo manast ¢ (0<c<1) OymeT BHICILEro MOp s a-

Ka, 4yeM Bce cTemeHH xk (k>0), B TO BpeMs kak OECKOHEUHO Masast ;
08q X

(a>1) oka3piBaeTCd HH3IMEero NOPpANKA, Y€EM BCE 3TH CTEUNEeHM

62. JxBHBaJICHTHBIE GeckonedHo MaJble. OCTaHOBHMCH TENEph Ha OJI-
HOM OCOOCHHO BaXHOM YacTHOM ciay4ae OeCKOHEUYHO MAaJBIX OJIHOTO
MTOPAIKa.

IV. Bydem nazvieame 6eckoieurio maable x U 3 K6 UBAACHMH LM U
(6 snarax: o ~p), ecau ux paziocms y = —o 0Ka3bI6AEMCA BEAULUHOT 8bIC-
wezo nopaodKa, uem K a e 0 ast u3 6eckoneuHo maasix o u fi:

y=o) u y=of).

BrpoueM, mocTaTouno moTpebGoBaTh, 4TOOBI ¥ OBLIA BRICIIErO IOPSIKA,
YeM O JHAa H3 3THX OECKOHEYHO MaJIbIX, IIOTOMY 4TO, €CJIH, HAOPHMED,
7 BBICILETO TIOPSIKA, YEM ¢, TO OHA OYJEeT Takke BBICIIETO MOpsIKa, YeM f.

a2 . %
HeiicTBUTEIbHO, U3 TOTO, yYTo lim é=0, clenyet, 4TO U

Y

lim [;~11m Ty =lim lJrl)=0.
a

PaccMOTpUM JIBe 3KBHBANEHTHbIE OECKOHEUHO Maible « H f, TaK 4TO
B=a+7y, roe y=o0(c). Ecit mpu6 1¥KeHHO MOJOKHATh f==a *), TO —
0 Mepe YMEHbUICHHs 00eHX BEJIHYHH — CTPEMHTCS K HYJNIO HE TOJIBKO
abCoOMIOTHASs OOrpelIHOCTb OT 3TOH 3aMEHBI, IIPEICTABIIACMAsl BEJIH-

*) 3Hax -= O3Ha4aeT NPpUOJNKEeHHOE PABEHCTBO.
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- A
YHHOU |y|, HO W OTHOCHTENBHAS ITOrPEeIIHOCTb, PaBHAN ' 5 ‘ . Uabvu
CIOBAMH, NPy 0OCIMAMOUHO MAABIX HAUEHUAX & U B MoxcHo co ckoab y2odno
6onbwoli OMHOCUME AbHO i MOouHOCbIO noaoxcums f=a. Ha sToM
OCHOBAHA, TP MPHOIIMKEHHEIX BBIKIA/KAX, 3aMEHA COKHBIX GECKOHCUHO
MaJIbIX SKBUBAIEHTHBIMH HM HPOCTHIMH.

YCTaHOBUM TONE3HBLI KPUTEPHii IKBHBANCHTHOCTH IBYX OECKOHEYHO
MaJIbIX, KOTOPbIH B CYIHOCTH 136T BTOPOE ONpPEeAEeTE HHE ITOro
TIOHATHS, PABHOCHIIBHOE PaHEee JaHHOMY:

Hna mozo umobsr dse beckoneuno mavie « u B osLau oreusasenmuer,
HEODX00UMO U QOCMamoyHo, unobel 6pia0

limf=1.
o
IIycTs cricpBa BRIMONHSETCS 3TO COOTHOLIEHME, TAK UTO
5=L-1-0.
&
Torpa
y=f-x=6-«x

OyaeT BeJIMUYHEOH BBICUIErO TopsIaka, 4YeM o, ubo
. b2 -
hmé= lim 6 =0.

O6patHo, mycTs Teneps o u f3 SKBHBANIEHTHEL, T. €. Y =f —a ¢CTh Gecko-
HCYHO Majas BBICIIEro MOPANKA, YeM «. BeleacTBre 3Toro JimMeeM

gy B
5—1_&»0, OTKyZIa E—»l,
1. | Tp. I

C nomoursio atoro kputepus, HapuMeEp, cpa3y BUOHO, YTO UPH x ~0 GECKOHCYHO
m

S 1
MAJIBIC SIN X ¥ {g X SKBUBAJNCHTHLI X, & }/1+Xx—1 okBuBaentHO X Otcroma —~ nipu-
GuKeHHbIE (GOPMYITBL:

sin x==x,  tg x—x,
m

—_— 1 — 1
Vi+x- li;x, B HacTHoCTH, J1+x— I=3x.

Hoxa3aHnoe CBOMCTBO JKBMBANEHTHHIX GECKOHEYHO MAJIBIX TIPHBOAMT K MCHOJb-
30BAHUIO MX MPU PACKPLITHH HEOMNPENENEHHOCTH BHOA o T. €. TIPH Pa3BICKAHHM Mpe-
AicNia OTHOMICHNSA ABYX GECKOHEUHO MaNLIX . Kasxedas uz mux npu amom moxcem Goine

o

3amenena, Ge3 6AUAHUA Ha cywecmeosanue u seaununy npedeaa, a1060ii 3KeusareHMHOL
et Geckoneyno manoil.

HeiicTBuTensro, eciu a~a n B~B, T. €.
.« B
Im—=1m lim==1,
o
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TO OTHOLICHHC

B 6B «
TTEIIT I T
o 5 o« &
OTAHMYAIOLNEECsl OT COTHOLOEHIA — MBOKHTCIAMH, CTPEMALMHMMCI K COUHHUC, HMECT

¢4
Ipezer OJHOBPEMEHHO C HUM (M DPUTOM TOT ’Ke).

Ecnu ypacrca BoIOpaTh o ¥  JOCTATOYHO MPOCYBLIMH, TO 3TO MOXe1 Cpa3y 3Ha4M-
TEAbHO YIPOCTUTL 3aauy; Hapumep,

1
[ —(x+x2
o Viexeaz—1 ( )
lim —————— = lim —— =
x=0 sin 2x =0 2x

&=

U3 [OK43@HHOIO BBITGKACT TaK®ke, UTO d6e OCCKOHEeYNo Madvie, SKel-
eajenmnble mpemoeil, IKGUCALCHMILLL MedcOy o60il.

63. Buijeaenne riaenoiif uactd. Ecnu BeiOpana ocHobhas Oeckoneuuno
Majuas &, TO IPOCTEeH N UMH OEeCKOHEYHO MaJibIMH €CTECTBEHHO CYM-

TaTh BEJMYKHBL BUAA c-of, rae ¢ — mocrosuubii kodgduuuent u k =0.
Iycry, Gecroneyno Manas f 6yneT k-ro MopsiaKd OTHOCHTCIBHO o, T. C.
lim & _ c,
ok

TAe ¢ — KOHEYHOC M OTJINYHOC OT HY.JII 4Y¥CJ0. Torna

1 GeckoHEUHO Majbie 5 M cof OKA3BIBAIOTCA 3KBUBANCHTHBIMH: f ~ cof,

DTa npocmeidiuas Geckoneuno maaan cok, sxeusaienmnas oannol
becroneuno maiod 5, Hasvieaemes ee 2461 0T wacmoio (um 24aé-
HOIM YACHOM).

HOHL3)’£CL YCTAMOBJICHHBIMHU BbILIC PE3ynbTATaAMM, KPOME YiKE YEKAZAHHDLIX HPOCTLIX
IPUMEPOB, JIETKO BLIACAUTE TJIUBHBIE YACTH Bblpa)i(elﬂ/lﬁ:

1
1-cosx~—x2, tg x —sin x~—x3.
2 2

3aceb x 0, 1 UMEHHO &= X SIBNACTCS OCHOBHOK OCCKOMEUHO MaJIoi.
1
HAaKOHCH, ¢CMU X -~ }- oo It 33 OCHOBHYIO OPHIATA GECKOHEUHO MANAA 0= -—, TO HMECM
X
TaKKe
3
e e — 1 /132
Vx+14+Yx—1-2Yx~-—|-| .
4 \x
Bce 5TM pe3yNbTaThi CHOBA NPHBOAAT K TIPMOIMKEHHbM (DOPMYIIan.
Ilycte B~cak, 1. e. B=cof+y, Tne y=o(af). MoxHo mpencraBuTk cede, uTO 13

BeCKOHEYHO MO 3 CHOBA BBLIIENICH TJaBLiblit uien: p = c'ah’ -6, rae &' =k, a = olok’),
T, O
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Hanpumep, ecnu mosoxuth (cuntas x - 0):

m___ 1
Vitx-1==x+y,
m

TO, Kak MBI yXe mMmend [S6, 4)],

m—1
TaK YTO IJIaBHAA YacTh Y €CTh — 7—; x2, Orcioma
m

m___ 1 m-—
V1+x— l=—x- —. x40 (x?).

m 2n?
B uacTtHOCTH,

S— 1 1
Vi+x-1 =3 x——8~x2+o(x2).

OTOT NPOLECC NOCIECAOBATENILHOTO BBIIEIEHUA H3 6GeckoHeYHO Mamo¥H npocTei-
mux 6eCKOHEYHO MaJIBIX BCE BO3PACTAIOMMX NOPAAKOE MOXHO IPOXOJIXAaTh M najbime.

MBI orpaHM4YuBaeMcs B HACTOsILEM naparpade yCTaHOBJICHHEM OOIIMX
MOHSTHI, WIIXOCTPHPYS HX JIHIIb HEMHOTHMHM IIpUMepaMi. B nocneayrouiem
MBI YKaXeéM CHCTEeéMAaTHUYECKHH NPHEM KaK W IMOCTPOEHHS
IJIABHOM YacTH NaHHO#M OECKOHEYHO MAaJioi BEJIMYMHBI, TaK M IJIs JaJIbHEH-
LIETO BHIOEJIEHHS H3 Hee NPOCTEeHIINX OECKOHEYHO MAJbIX, O KOTOPOM
TOJBKO 4TO 1ija peyb [cM. 104, 124].

B 3axioueHme, OCTAHOBHMCS €llle Ha TaKOM BOIPOCE: €CHH LIS IBYX
OECKOHEYHO MAJBIX 3 M Y M3BECTHbl MX IJIABHBIE WieHBl cxk W c'a¥, uTo
MOXHO CKa3aTh O IJIABHOM WIEHE UX CyMMEI 3+ ?

IIpu k=k' INaBHBIM WIEHOM €€, OUEBHIHO, OyICT TOT M3 WIEHOB coX
u c'a®’, B KoTopoM moka3aresb Menblle. Ilycth Temepb k=k’; Torma
IJIaBHOM YacTbIO s B9 sButcs cymma (c+c')e* — B npeamo ao-
XeHHH, ONHAKO, 4To c+c #0. Bcuyyae xe, korga o6a IiiaBHbIX
4jeHa B3aMMHO YHHUYTOXAYOTCS, CyMMa [3+% OKa3biBaeTcs OEeCKOHEYHO
MAJIOM BBICIIEIrO MOPSIKA, YeM KaXHOe U3 CIaraeMbIX.

Tax 6yner, HanpuMep, OpH x ~0 st GeCKOHEUHO MalIbIX
1 S 1
f=V14+x-1 NEX uy=Yl-x-1~ -z *

Ecnu BBEIICTINTE B HUX €€ CICAYIOLIHE YJICHbI:

1 1 1 1
‘B=Ex—§-x2+o(x2), v=-3 x——§x2+o(x2),

TO fICHO, 9TO
S 1
B4+y=1+x+V1-x-2=— sz+0 (x2),
Tak 49to S+ GymeT GecKoHeuHO Majoi BT ODPOT O TOPSAKA, A ee LIABHBNI WIEH

paBeH —— X2,
4
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64. 3anaun. [ WIAIOCTPALUH U3JIOXKEHHBIX COooGpaxceHMii MPUBEAEM HECKONBKO
33124, B KOTOPBIX OHH HMCHOJIB3YIOTCH.

1) IlycTs mpsMonumeHHOE PACCTOSHHE HA MECTHOCTH M3Mepsiercs C MOMOIUBIO
MepHO# peiiku ATMHB / #, Tak Kak $aKTHYeCKu peiika IPHKIaiBIBAETCA HE TOYHO BIOJIb
W3MepAEMOii  TIPSIMOM, TO pPe3yAbTAaT M3MEPEHHs OKa3bBACTCA HECKOJBKO Gobiue
HCTHHHOM nivHEL CrenaeM caMoe€e HeBBITOJHOE MpeiloloXCHHe, HMCHHO,
YTO peiika MpPUKIAABIBAETCA 3MI3arOM, TAaK YTO €€ KOHLBI OTCTOAT OT npsMoOH 1 O-

oYepeaHO TOB OJHY, TO B APYIYIO CTOPOHY Ha paccTosiHue A M (puc. 25). Tpebyetca
OLEHUTH TIOTPEINHOCTD.,

A \\j,v’

Puc. 25.

Ilpy ONHOKPATHOM NpPHMKIANBIBAHMH DelkM aGcollFOTHAsS JOrPEIIHOCTh PaBHA
Pa3sHOCTH MEXAy ANMHOM / PEHKA U €c IPOEKUMER HA H3MEPAEMYIO NIPSMYIO; NPOCKUHA

Xe 3Ta Oynmet:
1\? 472
2 —~| -A*=1 -
2 P

BocmoIb30BaBMKCh TIpubIInKeHHOM (opMyIoi

S 1

[

Viex tox
2

TpH X = T (4TO OLPABIAHO, BBUAY MAJIOCTH BCIMYHNEl A OTHOCHTEIIBHO ), 3aMenum

BLIPAXKEHHE N8 TPOCKLNM CIeAYyOIMM:
222 2%
H1——|=l——.
2 )
242
B TakoM cJiyyae, yHOMSHYTas NOTPEIOIHOCTH €CTh 7 a OTHOCHTENbHAs TO-
2
IPELIHOCTb, OYEBHAHO, OymeT T Ta e OTHOCHTEIbHAS TOTPEIIHOCTE COXPAHHTCH

M TP MHOrOKPATHOM NPHKJIAABIBAHNH PEHKH. 212
Ecnu ayis 3TO¥ MOTPELIHOCTH YCTaHOBIena rpaHuua d, T. €. IOMkHo OuITh —F—<6,

o)
TO oTcroma A<l Ch

Hanpumep, ApH W3MEPEHHH ABYXMETPOBOM peiikoi (/=2), A JOCTHXKCHHS OTHO-
cuTenbHOM TouHocTH B 0,001 NOCTATOMHO, YTOOBI YKJIOHEHHE A HE MPEBOCKOAHTIO
2 /0,0005:-0,045 m=4,5 cm.

2) Haiitu ¢opmyily [uls JUIMHBL | OTKPEITOTO PEMHS, HA[ACTOrO Ha NAHIYIO TIAPY
[IKMBOB pamuycoB R M r, ¢ paccrosiumeM d Mexay ueHTpamu (puc. 26).

W3 veprexa nMeeM

1 S’ St
—=AC-+Cc=ca.
2

St T ~ 2
Ho AC=R(5+a) , ca=r (——a) , TAe 4epe3 o 0603HAYEHBI PABHBIC YITIBI <JBOC un
T
< boc; a u3 A ODo
Cc=Do=Yd*—~(R—r).
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Taxkum obpazom,
I=n(R+r)+2a(R-r)+2)d*~(R~r)~
Jng ynporienus 3Toit GopMynbl BCIIOMHHM, 4TO
L. OD R-r
o==sin o= ———= ——
Oo d

— B TMPEINOJIOKEHHH, YTO R —r MaJji0 OTHOCHTEIBHO d. B TOM Xe NpeAnoNOKCHHH

V’Eg«'TR——r)§=dV1 - (R;r)zid[1 —-;— (R;r)z] )

Ilocne MOACTAHOBKYH >THX 3HAYEHHA M INPeoOpa3oOBaHMil, MONYYHM OKOHYATEIIBHYIO

dopmyny:

R-ry?
1=n(R4+r)+2d+ .

d

3) IIpu pa3OuBke AYr OKPYXXHOCTE HAa MECTHOCTH MMEET 3HAUCHME Cleayroulas
3apava: Haiimu omuowenue cmpeavt f=DB oyzu ABC okpyscnocmu k cmpese f,=D,B,
noaosunst AB\B smoii dyau (puc. 27).

Ecnu MONMOXHTL paguyc OKPYXKHOCTH paBHbIM r, <{AOB=¢, 10 <IAOBI=.?2)— "

f=DB=r(1—cos p),

j’,:r(l—cos%) .

TakuM 06pa3oM, UCKOMOE OTHOLLIEHHE pPABHO
f 1l—cosg

A 4

1—cos—

2
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BripaxeHie 3TO CAUIIKOM CIIOXHO, YTOOB MM yHOOHO OBUIO MONB30BATHECH HA HpaK-
tuke. Haimem ero npenen upd ¢ —0 (6o I AOCTATOYHO MANBIX @ 3TO BLIPAXCHHE
MOXHEO HPHONIMKEHHO 3aMEHHUTH €ro IpelesioM).

C »3TO# U©EeNbHO 3aMeHseM YHCJHTEeNs» M 3Ha- P ,E//i’{f;
MeHaTenb ¥MX TJABHEIME HacTAMM H Cpa3sy Ha- b, e
XOOauM: 7

1 ! t

Ly q . ¢

11m—~:1im1———1——9:4
] \
2 2 v
WTtak, nns Oyr, COOTBETCTBYIOIIMX He- 0

60BIIOMY HEHTPANIBHOMY YTy, MpUOIHXEHHO
MOXHO CYHMTaTh, 4TO cmpesa noayoy2u evem-
6epo  MeHblle cmpeavl Oy2u. ITO TO3BOJIAET
[OCTIEIOBATENLHO CTPOUTH IIPOMEXYTOYHBIE TOYKM IYTH, IJI5 KOTOPOW IOAHBI KOHUBI
Y cepenMHa.

Puc. 27.

65. Knaccuduxanus GeckoHedno Gosbminx. 3aMcTHM, 4TO ajis Oecko-
HeuHo GOJIBIINX BEJMYAH MOXET OBITH pa3BuTa NMomoOHas ke Kiacchi-
xamus. Kax u B 60, 6yJeM CYdTaTh paccMaTpuBacMble OeckoHeTHO 6oJIb-
IIMe BEJIMYMHBLI (PYHKIUAMH OT ONHOH M Toi e NMepeMeHHOH X, KOTOphle
CTPEeMATCS K + oo, KOTA X CTPEMHUTCA K a.

1. [Jlee Geckoneyno 6oavuue y U z CUUMAIOMCA GeAUNUHAMU OOHO20

V4 .
nopﬂ()xa, ecau uUx Ommuouwienue ;(a C HUM U %) umeem KOHeUHbBU

U OMAUYHBE Om HYAA npeded.
¥4
1. Ecau sce ommoweHue 5 CamMo cmanosumcs OecKOHeuHO 6O0AbUWUM

Y

a o6pamH0e omitouienue P becKoHeuHo Ma./lblM), mo z cHumaemcs

beckoneyHo Goabwioll GeAutuHoll bl CW e20 nopAOKaA, YeM ), U,
00HOBpeMenHo, y Gydem beckoneuno 6oavwioil nu3uiezo nopAoKa,
ueMm z.

B cnyvae, xorma OTHOIIEHHE ; HH K KaKOMYy Ipefelly He CTPeMMTCs,

HeckoneyHo 6oJblde y ¥ z OYAYyT HECpaBHUMBL.

IIpM OMHOBPEMEHHOM DaccCMATPHBAHHH psifa OeckoHedno OGOJBLIMX
BEJIMMMH, OJTHY M3 HHX (CKaxeM, y) BHIOMPAlOT B KayeCTBE OCHOBH O i
H C ee CTeNmeHsMH CPaBHHBAIOT OCTaJbHBIE OeckoHeuHo Oonpuune. Hampu-
Mep, eCH (KaK MBI TPEIIOJIOKWIIM BBILTE) BCE OHM CYTh (YHKIMM OT X
H CTPEMSITCS K+ oo TIPH X —@, TO B KQUECTBE OCHOBHOM GeckonedHo 60i1b-

. 1
110# OOBIKHOBEHHO GEPYT | x|, €CIM @ = + oo, Teoa] ~ TIPH @ KOHEUHOM.

I11. Beckowneurno 6oavwian z Hazviéaemcsa GeAuuunoil k-20 nop aoxa
(omuocumeavbno ocHOGHOU becxoneuno 60AbW O ¥),

z
ecau z u y* 6ydym 001020 nopaoxa, T. €. €CJIM OTHOIUEHNE S HMeeT KOHeu-
HbIH M OTJIHYHBIA OT HYJA NpeAe.

10 I'. M. ®uxrenronsy, T. 1
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MBI He CTaHeM NPUBOAMTL 3HeCh IPHUMEPOB, KOO MX JIErKO NONY4HTb, 3aMEHHB
PacCMOTPEHHEIE BbIIe GECKOHEUHO MAJIble BEIMIHHBI OOPATHEIMH M. YIIOMSHEM TOJIEKO
0 ToM, uTo HeckomedHo Goipmas a* (@>1) opu x ~ + o Gyner BHICIIETrO OO P A A~
Ka, a Geckomeuno Gonpmas loggx (@>1) — HH3mMero mMopaaKa, yeM jmobas
cTenenb x¥ (C NONOXUTEIBHBIM IOKa3aTeleM h); 9To cienyeT u3 Gopmyn (2) 61.

§ 4. HenpepuiBrocTs (M pa3pbiBbl) GyHKmHil

66. Onpeneiienne HenpepuiBHocTH QyHKIHA B Touke, C MOHATHEM IIpe-
nena QyHKOMH TECHO CBS3aHO IPYTO€ BAXKHOE IOHATHE MATEMATHYECKOTO
aHaMM3a — IOHATHE HENPEPHIBHOCTHU GYHKI UK.

PaccmorpuM  GyHKIMIO f(X), ONpereleHHy!0 B HEKOTOPOH 00NacTH
X ={x}, nna KOTOpo# X, ABJNAETCA TOYKOM CrYLICHHS; IPH 3TOM IIYCTh
caMa TOYKA X IDHHANNEXHUT oO0MTacCTH onNpeAeNeHns
GyBXKIU MM, Tak 4TO B TOH TOUKE (YHKIMA MMEET ONPENEICHHOE 3HA-
yenue f(x,).

Korna ycTaHasimBajioch MOHATHE O Ipenene QYHKOMH IpH CTpemJie-
HHH X K X, [52, 53]

lim f(x),

X=X

HEOJHOKPATHO MOIYEPKUBATIOCE, YTO 3HAYEHHA X, IEPEMEHHAsL X H € Il P H-
HUMaeT; 3TO 3HaUYEHHE MOIJIO JaXe He NpHHAIJIexKaTh obyacTu ompe-
neenus QYHKIMM, a €CIM M IPUHAIEXAN0, To 3HaYeHHE f(~ Y ™ u obpa-
30BaHMH YIOMSHYTOTO Ipeeia He YIMTBIBAIOCh.

Onnako 0co6yI0 BaXHOCTh HMEET HMEHHO CIy4ai, Koraa

lim £(x) =f(x,). M

XX,

ToBOPAT, 4TO yuKkyus f(X) HenpepbiéHa npu 3Hauenuu x=x, (uiu
6 MouKe X =X,), eCAU GbINOIHAEMCA MO COOMHOUIEHUE; ecau Hce OHO Hapy-
WEHO, MO 2080pAM, YMO NPU SMOM 3HaueHuu (Uau & IMoil mouxe) GyHKyua
umeem pa3spuié®).

B criyyae HenpephBHOCTH (YHKIHH f(X) B Todke X, (4, OY€BHIHO,
TOJNBKO B 3TOM CJydae), IIPH BEMUCIEHHH npenena ¢yskmmu f(x) mpu
X —X, CTaHOBUTC Ge3pa3MHYHB M, OymeT JH X B CBOEM CTpEMIIE-
HHM K X, IPUHAMATb, B YACTHOCTH, H 3HAYEHHE X,, UJIK HET. :

OmnpefieNienre HEMPEPHBHOCTH (GYHKIMM MOXHO ChOpMYIMpOBaThH B
Ipyrux TepMuHax. [lepexo OoT 3Ha4eHHUA X, K APYTOMY 3HATCHHIO X MOXKHO
cebe NpPEACTABMTH TakK, 4TO 3HAYCHUIO X, NPHOAHO HPHpalIeHHE

*) DTa TepMHHOJNOTHS CBSi3aHa C HHTYHTHBHBI M IPEACTABICHACM O He-
NPEPHIBHOCTH ¥ PaspbiBax KPMBOM: (YHKIMS HENPEPHIBHA, eC/IA HENPEPLIBEH €¢ IPaduk,
TOYKM pa3peiRa OGYHKIWH OTBEYalOT TOYKaM paspeiBa rpaduxa. Ha pene, onHaxo,
NOHATHE HENPEPHIBHOCTH i KpUBOH caMO TpebyeT 06OCHOBAaHHW A, H Opo-
CTellmImii MyTh X HEMY JIEKHUT KaK pa3 Yepe3 HempepbIBHOCTD (yHkumi!
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Ax,=x~x,*). HoBoe 3nauvenne QyHkuun y=f(x)==f(x,+-4x;) pasuurcs
oT cTaporo y,—f(x,) Ha IpUpaLeHHE

Ayy=f(x) = f(xg) = f(xo+Ax,) = f(5)-

Jlita Toro yto6sl hynruug f(x) Gs1a HeupeprIBHA B TOUKE X, , HEOOXOTMMO
W IOCTATOYHO, YTOOH! ee nipupatitenue Ay, B 310l Touke cTpeMuoch K 0
BMeCTe ¢ mpupatienieM Ax, HezaBucuMoil nepeMeHHoi. UHbIMU crioBaMu:
nenpepulenas (YHKYUa XapaKmepuzyemcs mem, 4mo OeCKOHEUHO MAAOMY
NPUPALYeHUIo apzyMeHma omeeudent (ecKoOHeuHo Masnoe Jice Npupavyenue
Pynxyuu.

Bosspamasce K OCHOBHOMY onpenenenmio (1), packpoem ero conep-
aHue «na s3LIKe £-0» [52]. CMBICK HENpephIBHOCTH QyHKIMH f(X) B TOUKe
X, CBOIOUTCS K CJENYIOLIEMY: KaKogo Obl Hu Gbviio uucao &>0, 019 Hezo
naitdemca maxoe uucso 6> 0, umo nepaserHcmao

|x—x,| <8  eaevem 3a coboit | f(x)— f(xp)] <e.

[ocienHee HepaBEeHCTBO, TAKMM O6pPa3oM, IOJKHO BHINOJHATLCA B [ O-
CTATOUYHO MaNoO# oxpecTHOCTH (x5—0, Xp+3J) TOUKH X,.

HaxoHen, «Ha £3bIKe IOCIENOBATEIBLHOCTEH» HENPEPBIBHOCTL BBIpa-
3UTCS TaK: KAKyio 6bl nocaedoeamesHocmy 3navenuii x uz X':

Xps Xy wvvy Xps ooy

CX00AWYYIOCA K Xo, HU 63AMb, COOMECMCMEYIOWAs NOCACOOBAMEALHOCb
3HaueHull PyHKyuu

S, f(xg), oy fxp)s - -
cxodumen K f(xg).

3amevanue. Ilycth Touka x=Xx,, CIyXau@as TOYKOA CrylieHHs
nas obmactu &, B xoTopoil onpeaenens QyHkuus f(x), cama obmacta X
He NpPUHAJIEKAT, TaK UTO B 9TOl Touke QYHKIOHUS He oNpeaescHa.
Ecnu, ogHaxo, CyurecTBYe T KOHEUHBIH Npenei

lim f(x),

X-+Xo
TO CTOMT JIHIIE JTOTOJHUTE OIpeaciieHHe GYHKIWH, TOJNOXHB f(X,) paBHBIM
3TOMY IIpeney, 4ToOh GVHKINA OKa3ajach HeN pe P B BH O H U B TOUKe
X=X,. DTO BNOJOOGHEX cIyyasix MH OOB4YHO H Oynem
BOIpeOb HNOAPA3yMEBATH.

Hao6opoT, ecaH yNOMSHYTHIL Hmpefen He CyHeCcTBYET, TO —
HECMOTpS Ha TO, YTO B CaMOH TOUKe X=X, QyHKIUS He ONpeleseHa —
BCE e TOBODAT, 4TO (DYHKIMS B 3TOM TOHKe TEPIWT PaspeIB: OoHa OyneT
UMETh 371eCh Pa3phbiB, Kakoe OBl 3HAYCHHE JOHOJIHUTENIBHO HYU MPHUIIKCATH
(GYHKOHM NPU X =X,.

*) B amanuse NpUHATO OpPMpPAIIEHHs BEJHYMH X, Y, !, ... 00o3Havatrs yepe3 Ax,
Ay, At, ... DTH 0603HAYECHHST HAIEKHT PACCMATPHBATH KAX U € b HBI € CHMBOJDL,
He oTmenss A or x, ¥ T, 1.

10+
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OG6r14HO MBI GyieM B masbHeiineM paccMaTpuBaTh (QYHKIMH, OMpe/e-
JIEHHBIE B MPOMeEeXYTKe Z; BCE €ro TOYKH SBJISIOTCA €rO TOYKAMU
Cr'YILCHHS, TaK YTO IO OTHOWIEHHIO K NI060Ji M3 HUX MOXHO CTABHTE
BONPOC O HENpEPBRIBHOCTH. I YNIPOINEHHS PedH, YCIABIMBAIOTCH IO-
BOPHTB, YTO (YHKLHMS HENpephiBHA B MPOMEXKYTKe & , €CIIH OHa
HCNPEpEIBHA B KA X N OM TOYKeE MNPOMEXYTKA B OTHEIbHOCTH.

67. Apudmermieckne onepamuu wan HeNpEPHIBHLIME  GyHKIHEMA.
Ilpexne yeM mepeiiTi k nipuMepam HeNpepLIBHLIX (DYHKIMIA, YCTaHO-
BUM CIIeflyloriee NMPOCTOe Mpe/UIOKEHHE, KOTOpOE MO3BOJHT JIErko pac-
LIHPUTh KX YHCJIO.

Teopema. Ecau dse gynxyuu f(x) u g(x) onpedenenwvt 6 0dnom u mom
oce npomencymre X u obe Henpepuiguvl 6 mouke Xy, MO 8 Moii e mouxe
6ydym nenpepvienbl u gynkyuu

S50, 1080, 1.,
noCAeOHAA npu YCA06uu, YMo 8(xy) 0.

OTO HETIOCPE/CTBEHHO BHITEKAET M3 TEOPEM O Mpesele CYMMBI, pa3Ho-
CTH, NMPOU3BEACHHA W YACTHOTO JBYX (DyHKUWH, HMEIOIIUX NOPO3Hb Ipe-
nensl [55].

OcranoBuMcs [UIs NpHEMepa Ha YacTHOM JBYX ¢bynxunit. Tpeanoso-
XKCHHE O lenpephiBHOCTH (GyHKuMit f(x) U g(x) B Touke X, PABHOCWJIbLHO
HAJIMYUIO PABEHCTB

limf(x)=f(xp), limg(x)=g(x,).

X-*Ye xX>Yo

Ho orcrona, no teopeme o mpenene yacTioro (Tax Xax mpezien 3uame-
HATeNIA He HYJb), HMEeM:

im 7 _f(x)
,}EE &) g(xy)’
Jx)

a 3TO PaBE€HCTBO U O3Ha4aeT, 4YyTo (I)YHKIII/IH g_(ﬁ HepephIBHA B TOYKE Xge

68. Ilpuvepbr HempepuBHEIX (yRKimi, 1° Ilenas u gpo6uas
PANHOHANBPHBIC QyHKUUH OyHkuusa f(x)=x, OYEBUIHO, He-
TIPEPLIBHA BO BCEM IPOMEXYTKE (—ee, o). €CIH X, Xy, TO f (x)=
=Xp~Xo=f(Xp). TOUHO Tak Xe HenmpepriBHA M (yHKUHSA, CBOIAIASCS
TOXJECTBEHHO K TOCTOSHHOM.

Otciona, Ha OCHOBaHWH TeOpeMBbI NPEABIAYILIEr0 N°, BBITEKAET YiKe
HEIIPEPLIBHOCTD JIIOGOr0 OJHOWICHHOTO BHIPAKEHHUS

m pa3

‘—-’\-
axM=qgex.x...x
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KAK MPOM3BEACHHS HCIPePHIBHBIX GYyHKUuii, a 3aT€éM — W MHOTO-
ynena (ueoi paumonanbHoOil GyHKIun)

X+ ax" T L a1 x+ay,

KaK CYMMBI HeNpepbiBHbIX (GyHKuUMil. Bo BCeX yIOMAHYTHIX Clyyasx
HEIPEPHIBHOCTb MMEET MECTO BO BCEM IPOMEXYTKE (— oo, - oo).
QueBUIHO, HAKOHEL, YTO U 44 CT H O € JBYX MHOTOWICHOB (IpobHad
panuoHanbHas GyHKLHI):
agx"+a,x" "+ .. +an_x+an
boxm‘l’blxm—l‘l’ Lo +bm_1x+bm
taxxke OyJeT HEMPEepBIBHO NMPH KAXKIOM 3HAYCHUH X, KPOME Te€X, KOTOPLIE
o0paniawT 3HaMeHATENb B BYJID.
2, HoxasaTenbuas GyHxnus. JdokaxeM HENPEPHIBHOCTD
OKA3aTeNIbHOH (YHKUMM @* IpU JII0GOM 3HAYEHHM X =X, UHBIMH CJIO-
BAMHU, YCTAHOBHM, YTO

lim @* =a*.
X—+Xo
(ITpy 3TOM OCTATOYHO OTPAHUYHTHCS IIPSAMONIOKEHUEM: a > 1.)
MHu Buaenu B 54, 6), uTo
lim a* = 1.
x—-0
Tak kak 1 ecTh Kak pa3 3naucHde ¢ Hauie QYHKIMH, TO 3TO PABEHCTBO
M BLIPAXAeT HENPEPHBHOCTL IIOKa3aTesibHOM GyHKiuM B Touke Xx=0.
OTcrona yxe Jierko nepeiiti k Jroboit Touxe; JeHCTBUTEIBHO,

¥ - a5 =ag(@* % - 1),
HO IIPH X —X,, OUEBUIHO, X — X, ~0, Tak YTo — IO HOKA3aHHOMY -

ax—% -1 H & —>a*,
4. U Tp. IO

3 Tunepbonuuyeckue GyHKUHU. VX HENPEepPLIBHOCTD, MO
yKe yIOMWHABIIEHCS TCOopeMe, HEIOCPENCTBEHHO BBITEKAET W3 JOKa3am-
HOM HeIpEepHIBHOCTH MoKa3aTenbHol (QyHKIHH, 100 BCE OHM PAlHOHATBLHO
BBIPAXArOTCA Yepe3 QYHKIMIO e*.

4 TpuronoMmMerpuueckue pyuxuunu. OcraHoBHMCS CHA-
yana Ha QynKuMM sin x. OHa TAKKe HEnpepblBHA IPH J0OOM 3HAUECHHU
X=Xy, T. €. IMCET MECTO PABEHCTBO

lim sin x =sin x,.

X-»Xp
D;JISK JoKaszareJbCcTBa 3aMETUM, YTO H3 HCPABECHCTBA

sin x <X,
ycradoenennoro 54, (9) mns O<x< g ,
[sin x| =<]|x|

JICTKO BBIBECTH, YTO HCPABCHCTBO
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vy 7T .
CIpaBeJIMBO yXKe JUIS B CeX 3Havennit x (mis | x |=75 =1 aro cnenyer

H3 TOTO, 4TO |sin x |=<1). daee, uMeeM:

. . . X=X X+ X,
Sin X —sin x,=2sin 5 "COs ——,

TaK 4TO

. . . X—X, x+x [ . x-x | x— x4}

inx—sinx,| =2-|sin Ly %<2, 0 <2, )

s sin x| 5 cos =5 2.|sin= 2.
H, OKOHYATEJbHO,

[sin x —sin xp| < |x ~ x,], Q)

KakoBBI OBl HH OBUIM 3HAYEHUS X U X
Ecnu 3anano mo6oe £>0, To monoxum d=e¢; npu |x—x,| <0 Gyner

fsin x —sin x,| <¢,

YTO M A0Ka3blBACT HENPCPBIBHOCTH sin x. AHAJIOTHYHO yCTaHaBJIMBACTCSL
M HENPEePBIBHOCTH (PYHKIHMU COS X TaKXke IPH JII0O0M 3HAYEHHH X.

Ortcrona, 1Mo TeopeMe IpeABIAYLIEro N°, BEITEKAET YK€ HEMPEPHIBHOCTD
byHKIMi

t x—Sinx SeC X = ! ctgx= CSC X =
BX= s %’ " cosx’ X =i x’ :

14
Hckiroenne npeacTaBisioT Ul EPBLIX IBYX — 3HAa4YeHHA Buaa (2k -- 1)-2~ ,

obpamaronue cos x B 0, [UIs MOCASIHUX ABYX — 3HadeHUs BHAa ki, obpa-
maromue sin x B 0.

69. OnHocTOpoHHAA HeupepbiBHOCTB. KiaaccHdukanas  paspLiBOB.
Beire ¢ nomoinpio pasencTBa (1) MBI ONpee/HIM HOHATHE HEIpPEpPhIB-
HocTu QyHkiuH f(x) B Touke x,. Ilpu aTom, Berumcass mpemen (1), MEl
MOTJH MpHOIIMKATh X K X, U CIIpaBa, H CJeBa. Y CTAHOBHM TEHEPh MOHATUE
006 OZHOCTOPOHHEI HENPEPHIBHOCTH UKL O IHOCTOPOHHEM
paspbiBe QYHKIMH B JAHHOH TOUKE.

Tosopsat, uto dynkyua f(x) nenpepvisna ¢ mouke x, cnpaga (cae-
6 d), €CIIN BBHIIOJHSACTCS MPEAECIBHOE COOTHOLICHHE:

S +0) =xii;I}r J®=fx)
/(=0 = lim f(x)=f(x,)])

X+ Xq—

€)

Ecnu xe To wmu Apyroe U3 3THX COOTHOIMEHHMH HE OCYIUECTBJISAETCSH, TO
dyuxyus f(x) umeem 6 mouxe X, paspvle, COOMBEMCMEECHHO, CHp A8 a
ua careeéa.
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Tlo oTHOWmeHWIo X JeBoMy (IIpaBoMy) KOHILY HmpoMexyTka 1*), B Ko-
TopoM (YHKLYS OIpeleleHa, MOXKET HATH pedb, OUYEBHUIHO, TOIBKO O
HeNpEepHIBHOCTA WM pasphiee cmpaba (caesa) Ecmu xe X, ecTs
BHYTpPEHHSA TOYKa IPOMexyTKa X, T. €. HC COBNALACT HH C OJHEM
{3 €ro KOHLOB, T0 IS TOro, 4TOOBl BEUIONHSIOCH paBeHCTBO (1), BHI-
paXarollee HEeNpPepHIBHOCTh (YHKIMK B TOYKE X, B OOBLIMHOM CMBICIC,
HEOBXOMMMO M NOCTATOYHO, 4YTOOBI KMeJM MecTo cpasy oba pasen-
crsa (3) [52]. UHbiMu CIIOBAMH, HenpepbiSHOCMb (PYHKyuu 6 mouke X,
DABHOCUALHA €€ HenpepbleHOCHU 6 dMOti MouKe 0OHO6PEMEHHO Cnpaeéa
u cresa.

OcranoBuMcs noapoGHee Ha BOIPOCE O HEOPEPHIBHOCTH M pPas3phiBe
dyHxmEn f(x) B TOUKe X,, ckaxeMm, cupasa. Ilpexmonaras, 4o byuxus
f(x) B HEKOTOPOM TIpOMeEXyTKe [X,, Xo+ A] (h>0) copaBa OT 3TO TOYKH
ONpCHEeTeHa, BARUM, 4YTO [IJIA HEMPEPBHIBHOCTH HEO0XoauMo M
JOCTATOYHO: BO-TIEPBBIX, UTOOBI CyILECTBOBA KOHEUHBIH mpenen f(x,+0)
(bysxuu f(x) IpH CTPEMIICHHM X K X, CIpaBa, U, BO-BTOPHIX, 4TOOBI 3TOT
nipenen GbUI paBeH 3HAYCHMIO f(X,) GYHKIHH B TOUKE X, .

[osToMy Jlerko HaTh ceGe OTYET B TOM, IPH Kakux 0OCTOATEILCTBAX
A dynxkouu f(x) B Touke X, CIpaBa MOSABIACTCA PA3PBIB. Moxet
CITY4MTBCS, YTO XOTSI KOHEUHbI Ipenen f(x,+0) M CYIECTBYeT, HO OH
He paBeH 3HAYeHMIO f(X,); TaKoil pa3phiB HA3HIBAIOT O O BIKH O B € H HBIM
WIH pa3speBOM TepBoro ponaa**). Ho moxer O6bITH W Tak, 4TO
npenen f(x,-+0) OeckoHeYeH, WK €0 BOBCE HET; TOIa FOBOPAT O Pa3PHIBE
BTOpPOIO poaa.

B ciiemyromemM n° MbL IPUBENIEM IPAMEPHI 9THX Pa3phIBOB.

3amMeuanue. Fciu B Touke X =x, GyHxmusa f(x) He ompeleneHa
(cM. 3aMmedanue B 66), TO BOCCTAHOBUTH HEMPEPBIBHOCTD ¢dyuxumyu B 3TOH
TOUKE MOXKHO JIHillb, €CITH CyILECTBYIOT 06a KOHEYHBIX mpenena f(x,+0),
f(x,—0) 1 paBHB MexIy coboii.

Eciu xaxoi-mabo M3 3THX IpelesioB OSCKOHEYEH MJIM BOBCE HE Cy-
HIECTBYET, TO FOBOPAT O HaIHYMH Pa3pelBa BTOPOI O poJda ¢ COOT-
BETCTBYIOLLEI CTOPOHLI.

70. Ilpsvepsl paspeiBHbIX ¢yuxumwii. 1) PaccmorpuM dynkumio y=E(x) (rpatuk
ee npejcTaBied Ha puc. 8). Ecnu x, — He uenoe 4MCio ¥ E(x))=m, T. e. m<Xxg<m-+1,
f0 W [NA BCEX 3HAYCRMit X B mpoMexyTke (m, m+ 1) Gyner E(x) = m, Tak YTO HENPEPBIB-
1HOCTh (PYHKLKM B TOYKE X, HE[TOCPCACTBCHHO fICHA.

Unaue 0BCTONT OEI0, €CNM X, PaBHO UejoMy umcny m. Crnpasa B 3TOH TOUKe
GymeT MMeTh MecTO HENpephIBHOCTh, MO0 HpaBee X =in, HMEHHO [Uld 3HAYCHWH X B
(m, m+1) 6yner E(x)=m, Tak 4r0 u E(m+0)=m= E(m). Hao6opor, Jebee x =m, i
sHavenwit x B (m—1, m), oueBumHo, E(x)=m—1; otcioma, n E(m—0)=m-—1, 410 He
paBHO 3Hauennto E(m), ¥ cileBa B Touke X =m GyHKuNT mveeT OOBIKHOBCHHBIE pa3-
PLIB WAM CKa4OK! '

*) Tlpenmostarasi, uTO 3TOT KOHEL| €CTh YHCIIO KOHEYH O €.
*¥) B 3TOM Clyyae TOBOPAT Takxke, uto $yHkuus f(x) B Touke X, CIpaBa UMEET
CKa4oK, OO BENHYMHE paBREIi f(x,+0) —f(xo).
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2) Bo3bMeM (yHKUHIO, PACCMOTpEHHYIO B 46:
2n _
y=f()=lim o
s nee XM41
(ee rpaduk man Ha puc. 28.) OHa EMeeT OOBIKHOBEHHBIC Pa3phHIBBI B TOYKAX x=+1 H
copaBa, H cinesa, ubo:

f(£D=0, f(-1-0)=f(1+0)=1,

f(-14+0)=f1-0)=-1.
3) Ans dyuximn

f(x)= L (mpu x = 0)
xa

TOYKa x=0 eCTh TOYKa pa3peIBa BTOPOrO poja — ¢ ofeux CTOpOH; MMEHHO, B Hei
(yBKuUA ¥ copaBa H cieBa o6pamaeTCs B oo

1 1
fF0)=1lim —=+ e, f(-0)=Ilim —= —o.
x=+0 X3 xr—0 X3
4) dyukuua
1
f(x)=sin—- (upun x=0),
X
paccmorpennas B 34, 9), B Touke x =0 uMeeT pa3phlB BrOpPOro poaa ¢ oGenx CTOpoH,

4

*/

-7
Pxrc. 28.

TaK Kak He CYmMEeCTBYET BOBCe mpeaena 3Toft GpyHKumA OpH cTpemMiicHMH x k 0
HH COpaBa, HU CleBa.
5) Haobopor, ecnu B3sith dynxumo [54, 10)]

1
S(x)=x-sin Z (npr x = 0),

ATt KOTOPOH, KaK Mbl BUAENH, CYILE€CTBYeT mpeaen
lim f(x)=0,
x—0
TO, MOJIOXKHB — COIJAcHO 3aMeyaHuio n° 66 — f(0)=0, MEI BOCCTaHOBHM HENpEpHIB-
HOCTb M IpH Xx=0.
6) OnpegenuM Ose GYHKUMM PaBEHCTBAMMH:
1

1 1
fid=ax, (a=1), fix)=arctg 3

ans x # 0 u ceepx Toro noioxuM f; (0)=/, (0)=0.
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s nepeoil U3 HUX UMEEM:
1
f[i(+0)= lim ax = lim a%= + e,
x—++0 2+ oo
1
fi(—=0)= lim gx= lim a?=0,
x+—0 - —oo
Tak 4TO B TOUke X =0 cnpaBa — pa3pwEB BTOPOIrO POJA, a CJ€Ba — HENPEPBIBHOCTD.
JInst BTOpO# ke -

1 i
f,(+0)= lim arctg —= lim arctgz=—,
X +0 X zede 2
Fl=0)= ==
2 - 2 ?

M B Touke x=0 — ¢ 0Beux cropor ckaukh. I'padukn 31ux dyHkuu# LaHbl HA puc. 29
u 30.

4

yea?

*/

&
Y

1
[NNY

‘

\
S
wof
Q\)._
wf

5

Puc. 29.

oy s

2
Puc. 30.

7) BenomuuM cie 0 bydkinud Jupuxmne [46]

y(x¥)=1, eClTH X PANHOHAJILHO.
%(x)=0, ecn® X UPPamUOHAJIEHO.
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Tak xax B JIt060# GJIM30CTH OT P2IMOHANIBHOM! TOYKY HAMOYTCA TOYKH MPppPalMOHATIb-
Hble, ¥ Ha000pOT, TO KAKOBO Obl HH OBIIIO X, B IPOMEXKYTKE (— =, + <o), mpenena y(x)
P4 X —+ X, HE CYIIECTBYET, TAK YTO B K a X J O i TOYKe HAJHUO Paspbls BTOPOro poaa
(c obenx cTOpOH).

8) OnpenenumM, HakoHel, B mpoMexyTke [0, 1] bynknuro f(x) Tak: ecliu x p a i( U O-

P
HaJlbHO M BBIPAXaeTCsd HECOKPATUMOM LPOOBIO —, TO f(X)=—; mIfd X M pp a-
q

UHOHAJBHOT O MONOXHM f(x)=0 *). MBI yTBepXKIaeM, YTO B Ka:KLOH palMOHAJIb-
HOM TOYKe (DYHKIUS uMeeT OOBLIKHOBEHHBIE PA3DPLHIBLI, B TO BPEMS Kak B KaXIOM Uppa-
[MOHAJIGHOM TOYKE OHA HENpephIBHA.

JelCTBUTENBHO, TIYCTh X, Oymer mrodast TOYKa B PAaCCMATPHBAEMOM MPOMEXYTKE,
Eciv 3amaTeCsl IPOM3BOJNBHEIM YHCIOM £>0, TO CyINECTBYET JHIlh KOHEUYHOE

1
YHUCJIO HATYPAJIBHBIX YHMCEIl ¢, HE NIPCBOCXOAAIMX — , @ 3HAYAT B IPOMEXYTKE Halaercs
€

p D 1
JIAOIE KOHEYHOE YMCIIO PALlUOHAJIbHLIX TOYCK —, AJIA KOTOPhIX f — | ==

q
MOXHO OKDYXHTb TaKOM OKPECTHOCTRIO (X, — 0, X,+3), 4TOOLI B Hee He HOmada HY OfHa
M3 3THX TOUYEK (KpOMeE, OBITh MOXKET, CAMOW TOUYKH X,). Toraa, JMIb TONBKO | x — X, | <
{x#x,), OymeT nu x paMOHAJIBHO HJIM HCT, BO BCAKOM ciy4ae | f(x) | <e. 3uauut, mis
mo00i TOYKH X, CYIIECTBYIOT

e, Touky x,

Sl 10)=f(x,— 0)=0.

Ecnu x, eCTb MppalMOHAJIbHAs TO4YKa, TO H f(x,)=0, T. €. B 3TOil TOuke QYHKLHS
HenpepsIBHA; €CJIH XK€ X, PALMOHAIIBHO, TO f(x,) oT/uHO OT 0, ¥ HANMLO pa3pbiB (0OLIK-
HOBCHHBII), ¢ 00EHX CTOpPOH.

71. HenpepoisrocTs H pa3peiBhl MOHOTOHHOH (yHkumH. PaccMoTpnm
byakumio f(x), KoTopas — IpPH M3MEHEHHH X B IPOMEXyTke & **) —
MOHOTOHHO Bo3pacTaeT (yObiBaeT), XoTa OBl B mporoM cmeicie [57]. Tlo
OTHOIIEHUIO K TakKUM (YHKIHSM MMeeT MeCTO Cledyroulas TeopeMa:

1° Monomonno eospacmarowas (ybeieaiowas) @ynkyus f(x) moxncem
umemv ¢ X pasee autib paspeigsl nepeozo podd, m. e. CKauki.

Bo3sMeM JII0GYI0 TOUKY X, MPOMeXYTKa &', i IIyCTh OHA HE SBIACTCA
JIEBBIM KOHI[OM 3TOr'0 IPOMeXyTka. PaccMaTpuBas Ty YacTb IPOMEXYTKa,
KOTOpas JISKHUT BIIEBO OT X,, NPHMEHUM K Hell TeopeMy u3 57 o mpexeie
MOHOTOHHOM (YHKINH; MOCKONBKY IUIA X <X,, OYEBHAHO, f(x)= f(x,), TO
CYHIECTBYET KOHEUHBIH Npenest

J(x—-0)= lim f(x)=f(x,).
x-»Xo—0
Ecit OH COBIaaeT Co 3HAYECHHEM f(X,), TO CIeBa B TOUKE X, PyHKIML
HEIIPEPLIBHA; B IIPOTHBHOM CilyYae — HAJHUIO CKaycCK.
Amnanoruyno ybexmaeMcs B TOM, YTO B KaXIOM TOUYKE X, IPOMEXYTKa
X (ue ciyxauieil mpaBbIM ero KOHIOM) CIpaBa Toxe Jubo HMMeeT
MECTO HEIPepHIBHOCTb, JIHOO CKavOK.

¥) Oty dyuxumro paccmarpuBail PumaH (B. Riemann).
*¥) 3TOT NMPOMEXYTOK MOXKET ObITh KaK KOHCYHEIM, TAK M OCCKOHEYHbIM 3aMKHY=-
THIM HJIM OTKPHITBIM (C OJHOrO MiHM ¢ OOCHX KOHIIOB).



72] § 4. HEMPEPLIBHOCTDL (M PA3PbIBbI) ®YHKLIUN 155

C momolpio 0Ka3aHHOH TEOPEMBI JIETKO YCTAHOBUTbL KPHTEDHIl He-
IPEPLIBHOCTH MOHOTOHHOH (YHKLMHU, yOOOHBIH HA IIPAKTHKE:

2° Ecau 3nauenus MmoHomoHnHo eospacmaioweii (ybvisaioweii) 6 npome-
acymxe X Pynryuu f(x) codepyucamcs & npomexcymxe & u cniow s
zanoanawm ezo (mak ymo kaxcooe 3Hauenue y u3z Y npunumaemcs
Pymicyueti xomv pas), mo sma Gyniyus nenpepoiena 6 & *).

IonpoGyeM mONYCTHTH, YTO B KaKoi-HMOYIb Touke x, u3 & dyHkuus
J(x) uMeeT pas3pLIB, HampuMep, CIeBa; KaK MBI BHACIH, STOT PasphiB
MOXET OBITh TOJIbKO CKaYKOM. B 3TOM cityyae CywuecTByeT mpezen f1 (x,-0),
HO OH MeHbUIe 3HaueHmus f(x,). Tak kak mis x<x, 6ymer f(x)=
<f(x—-0), a nna x=>x; o4eBHAHO, f(X)= f(x,), TO DYHKIUS He MONKET
UPHHUMATh 3HAYCHUIl y, JNEKAMX MeX Ay uHcnaMu f(x,—0) u f(x,),
TNPUHAUICKALIUMH IIPOMEXYTKY Y. OTO IPOTHBOPEYUT YCIOBHIO Teope-
MBI, 3HAYUT, HA AeNe (YHKIHA f(X) pa3pblBOB HE MMEET.

B cremyromeM n° uuTaTeNb HANAET PAJ NPUMEPOB IIPUIOKCHHI STOM
IIOJIE3HOH TEOPEMBIL.

72. HenpepoisnocTs 3nementapupix dynkumii. (s psaga sneMeHTap-
HbIX QYHKIMH HENPEPEIBHOCTD GbLIa JoKa3aHa Mo/ BUIOM IMPUMEPOB B 68.
Tonb3ysacy Teopemoit 2° mpenpIaylIero HOMepa, JIETKO, IPEXiIe BCETo,
HAHOBO YCTAHOBUTh HENIPEPHIBHOCTH (GYHKIIHM @* WIIM Sin X,

Pynkuusa y=a* (a>1) MOHOTOHHO BO3PACTAET NpPH H3MEHCHHH X
B IPOMEXYTKe X' =( — =, + ). Ee 3HaueHHs MOJOXHUTCIbHBI M 3aIMOIHIIOT
BECh IPOMEXKYTOK Y =(0, + =), YTO BHIHO H3 CYLIECTBOBAHUS Jorapudpma
x=log, y ana moboro y =0 [20]. CnegoBaTensHo, MOKa3aTeNbHAs (ByHKIHA
HENIpepbIBHA NP JIIOOOM 3HAYEHHM X.

AHaJIOTHYHO, HENPEPHIBHOCTL (DYHKUMH y =Sin X, CKaXKeM, NP H3Me-

» 1 T
HEHUHU X B IIPOMEXKYTKE X =[——-2—, EJ » BBITEKACT U3 €€ MOHOTOHHOCTH

B 3TOM IIPOMEXKYTKE, [id €LlIe U3 TOro (pakTa (yCTaHABIMBAEMOTO T€OMETPH-
YECKH), YTO IIPU 3TOM OHA IPUHHMAET KAXI0€ 3HAYCHUE MeXay —1 1 + 1.
To xe OTHOCHTCH U K JII0O6OMY IPOMEXYTKY BHZIA

[kn~'72~, km-’zf] (k=0, +1, £2,...).

Opnuako 6osiee MATEPECHDI VIS HAC HOBBIE PE3 YA b TA T b, KOTO-
pbIe TaK Xe€ JIETKO MOIYT OBITh MOJIYYEeHBI MPUMEHEHHEM HA3BAHHON TEO-
pemel. TIpOJOJDKMM IEpEYHCIISHUE OCHOBHBIX 3JIEMEHTAPHBLIX (hYHKIIHIL,
navyaroe B 68.

5° lorapudmuueckas pyukuusa: y=log,x (>0, a=1).
OrpannyuBasce ciayyaeM a=1, BUIMM, 4TO 3Ta (YHKUMS BO3PacTaeT
IpU U3MEHEHUH X B MpoMeXyTke X' = (0, + «). K ToMy ke oHa, OYEeBHIHO,

*) Venosue, 4ro6sbl 3mayeHnst f(x) 3aNONHSNM CIUIOMIHOM MPOMEXYTOK %Y, BBICKa-
32HO 31€Ch, KAK NOCTAaTOYHOE [UIA HEOPEPHIBHOCTH MOHOTOHHOH (yHKUMH;
priocnencTsuy [82] mb1 yGeaumes, YTO OHO SBASETCE M HEOOGXO I MBI M,
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IIPUHAMAET JII000€ 3HAYEHHE Y M3 NPOMEXYTKA Y =(—oo, + o), HMEHHO,
s x=a¥. OTcroga — €e HEeIpepHIBHOCTD,
6 Crenensas pyHkmusa: y=x* (u=0), npu Bo3pacTaHHH
x ot 0 mo + > Bo3pacraet, ecnu u >0, u yOrIBaeT, eciu u<0. IIpu 3TOM
1

OHA TPHHMMAET JII0 6 0e¢ IIONOXHTENLHOE 3HAYEHHE Y (MIA X = k),
CJIEZIOBATENBHO, U OHA HENpepbIBHA *).

Hakounen, ymomsaeM

7 O6paTHHE TPUTOHOMETpPDHYCCKHE QPYHK DU U

y=arcsin x, y=arccos x, y=arctg x, y=arcctg x.

Ilepsrie mBEe HEMpepHIBHHI B mpoMmexyTke [—1, + 1], a mociaeauue — B
IPOMEXYTKE (—oo, -+ oo). JIOKA3aTENBCTBO MPENOCTABIIAECM YHUTATEIIO.

Pe3roMupys,, MOXHO CKa3aTb, TAKHM 00pa3oM, YTO OCHOGHbIE 3AeMeH-
mapHsle HYHKYUU OKA3bIGAIOMCA HENPEPLIGHBIMU 60 6CeX MOUKaAx, 20e Ohu
umerom cmoica (T. €. B COOTBETCTBYIOUIHX €CTECTBEHHBI X 0o0Xactax
HX OIpeACIICHHSN).

73. Cynepnosnnusi HenpephiBHBIX $ynxnuii. OGIIHpHEIE KIacchl HEmpe-
PHIBHBIX (yHKHMH MOIYT OBITH IIOCTPOCHBI C TOMOLIBLIO CYNEPIO3UIUH
[51] dyHxumii, HEMPEPHBHOCT, KOTOPHIX YKe H3BECTHA.

B 0CHOBE 3TOroO JIEKUT ClEeAyIOmas

Teopema. Hycmy @ynkyus p(y) onpedesena 6 npomexcymre %, a yHk-
yua f(x) — 6 npomesxcymrxe &', npuuem 3HaueHus nocaedueii yHKyuu He
661x00am 3a npedeavt Y, kozoa x usmensemca ¢ &. Ecau f(x) nenpepvisna
6 mouke x, u3 X', a p(y) Henpepviena 6 coomeemcmeyiow eii mouxe
Yo=f(xy) uz Y, mo u caomcnaa gynxyus p(f(x)) 6ydem Henpepviena 6
mouxe Xx,.

JoxaszaTeabcTBO. 3amaguMcs NPOM3BOJBHBIM MHCIOM & =0,
Tax xax @(y) HeIpephIBHA IPH y =Y,, TO MO & HalifeTcs Takoe ¢ >0, 4YTo

uz |y—y,| <o caedoyem |p(y)—p(y,)| <e.

C npyroit CTOpPOHBI, BBUAY HENMPEPHIBHOCTH f(X) IIPU X =X,, IO O Haii-
Ietcsa Takoe 6 =0, uTo

uz [x—x,| <98 caedyem |f(x)— f(xp)| = |f(x)—y,| <o.
. ITo caMomy BBIGOpY YMCHa 0 OTCIOAA CIIEAYET, AAJIEE,

lP(/G) ~ (20| = [9(f () - p(f(x,))| <.

*) Ecmum 1>0, 1O 3Hayesme 0 BXJIIOYa € TCHA KaKk B IPOMEXYTOK H3MEHEHHUA X,
Tax M B IPOMEXYTOK M3MEHEHN y; IpH <0 3HaveHne 0 He BKnIovYaeT c . [larnee,

p
€CIH 4 — LENoe YHCIO +n WM IlpO6H0€ *— C HEYEeTHBIM 3HAMEHATENEM, TO

CTeNEHb X MOXHO pacCMAaTpMBATL M M x <0, HEOPEPBIBHOCTD €€ M1 3THX 3HAYCHHH
YCTaHABJIHBACTCA AHAJIOTMYHO.
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OTHM «Ha S3BIKE &-6» M JOKA3aHA HENPEPHIBHOCTb ()YHKIMM o(f(x)) B
TOUKE X, .
Hanpumep, ecnn crenennyro gynkumo x# (x > 0) NIPCACTABHTbL B BUJIE
CJIONKHOW (PYHKUHK:
XH=¢g# In x"

KOTOpas IoJIy4aeTCsl OT CYNEPNO3HIHA JOraphpMHUUecKOd H moKa3aTellb-
HOM (PYHKUMH, TO U3 HENPEPBIBHOCTH MOCNCAHHX ABYX dyHKIMi yxe Gyner
BBITEKATh HENPEPLIBHOCTb CTEMCHHOM (YHKIIMH.

74. Pecutense omnoro (GyEKHHOHAIBLHOrO ypaBuenust. /st OOJNIEr4CHUS M3JIOKEHHS
B GunmxalweM n°, 3aiimMeMcs ceityac caenyiowe 3ana4cid (KOTopas npeiacTaBlisieT U
CaMOCTOSITCIILHBIA WHTEpPEC):

Haiimuece nenpep v 6nvie 6npomesncymre (— v, +eo) diyuryun f(x), ydossem-

gopalowue yca06uio )
S&A»)= 1)+ 1), (A)

KAKO8bL 6bl nu 6bl/lll 3navenun x u y.

VYpasienue (A) sBISCTCA NPOCTEHUIMM IPUMCPOM TaK HA3ILIBAEMLIX byukuuo-
HallbHBIX ypaBHEHUH, (QOPMYTHPYIOUTHX HEKOC CBOHCTBO MCKOMOMN (YHKLWH,
0 KOTOpOMY OHA M 1ojkHA ObITh HalineHa. Hawa 3anada COCTOUT B pasuickanuu
BCEX HENPCPBIBHBIX peureHuit ypapuenus (A).

Jlerko BUAETH, YTO MMMEiilible OMHOPOIHBIE QYHKLMM, BHIA

f(x)=cx  (c=const.), ()
YNOBJICTBOPSAIOT 3TOMY YPaBHEIHIO:
c(x+y)y=cx-i ey,
Ho neck BONpoc MMCHIO B TOM, GyayT JiM O CAHHCTBEC H I b M H HeNpepLIB-
HBIMH (DYHKLASIMH, WUMEIOLIMMH cBoMcTBa (A).

AJ1s TOro 4TOGb{ YCTAHOBHMTb, YTO 3TO NEHCTBUTENBHO Tak, TIPEATNOJIOKUM, YTO
HCKOTOpast HeNpepH BHasA (ynkuus f(x) ypabuchuio (A) yaOBIETBOPHET, U MO-
KKEM, YTO TOTJA OHAa HEOOXOMMMO MMeeT BuI (a).

ITpexne Beero, ¢ MOMOIIBIO MCTORA MATCMATHYECKOH MHAYKUMM JICTKO OGOGHUITH
cootiowcHye (A) Ha Ciydaii moboro 4ucna (=n) CIAracMix:

n

SEAY+ et D=+ SO) e+ f(D). @

I[CﬁCTBPlTeIIbHO, CCJIM IOMYCTUTB BEPHOCTD Cro JJIA KAKOro-nubo yncna n=2 caracmerx,
TO OHO OKaXETCA BCPHBIM U IS n--1 craraempix;

Syt zh )= x4y + .. L 2)+ S@=L )+ - - . + f( D]+ [(w).
Monaras B (4) x=y=...=2z, Haiinem:
S(nx)y=n- f(x). ®)

3aMenuB 3aCCH X Ha — X, ML NOJIYYHM
n
1 1
f=x|=—-f(®),
n n

a 3aTeM, €CIIM DOACTABUTHL Inx (m -—_ HaTypaanoe) BMCCTO X M HCIIOJNIL30BATh IPEAbLI-
AYLHICE PAaBCHCTBO, NMPUIEM K COOTHOIICHHIO

n

f(ﬁ’ x] =210 ©
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ITonoxuM Temepb B OCHOBHOM ypaBHEHMH (A) x=y=0; nogy4uMm

f(0)=2f0), Taxk uto f(0)=0. @)
Ecnmu xe B3sTH y= —Xx, TO, ¢ yyeroM (7), HaiimeM:
S(=x)=—f0,
Tak 4To QYHKIMA f(X) MEHsACT 3HAK NMpH H3MEHEHHUH 3HaKa x. A torpa u3 (5) u (6) nerxo
BBIBECTH:
f(=nx)=— f(nx)= —n- f(x) ®
¥, aHAJOTMYHO, BOOOIE
[ m m
f(~—x]= -2 5. ©)
n n

TTonyyennsie cootHouienust (5)—(9) MoryT ObITH O0bEHHEHB. B PaBEHCTBE
flr)=r- f(x),

CTIpaBEAJIMBOM i J1:060ro BEIIECTBEHHOrO 3HAYEHHA X, KaKOBO OBl HH ObLLIO p a-
HUOHANBbHOE YHCIO r.
Ecnu B3a1h 306Ch x=1 H 0603nauyuts f(l) Yepe3 ¢, TO MOIYYHUM

f()=cr.

TakuM 06pa3oM, Mbl, COOCTBEHHO TOBODS, YCTAHOBHWIM yX¢ BHA (QYHKIMH f, HO NOKa
JIMING I PAaLHOHAJbHBIX 3HAYCHUI aprymeHTa. IIpd 3TOM MBI HCIIONB30BANIM
TOJIKO TOT (aKT, 4TO YHKUUA yOOBIECTBOPsieT yCiOBHIO (A), H HE ONHpaIHMCh HA €¢
HEINPEPHIBHOCTS.

Ilycte Temepp o OyneT o6oe MPPALHOHAJNbHOE 3HAYCHAEC APTYMEHTA.
JIerko mOCTPOMTH CTPEMSIYIOCA K HEMY IMOCJICLOBATEIbHOCTL PALMOHATIBHBIX YHCEH

FysFay onsPrsees
(MOXHO, HATIpUMED, B3ATh OTPE3KK COOTBETCTBYIOIEH 6ECKOHEYHOM NECATHYHON APOOH).
MBI TOJIBKO YTO BHOEIH, YTO
SO=crpn, =12,3,...).
epeiieM 3/1eChb K mpeneily mpu n— + <) COpaBa Mbl NOJYYHM cp, CIEBA X, HMEHHO
BBUAY IPCANOJIOKEHHOM HENPEPLIBHOCTH QYHKUMH f, HOIYyYuTCS

lim £ (rn) = f(0),
fl@)=co.

TaxuM 06pa3oM, ACHCTBHTENLHO, Hama (GYHKIUS MpPH BCEX BELIECTBEHHBIX 3Haye-
UHMSX apryMeHTa Belpaxaercs gopmyioit (a). Ot1a dopmyna raeT camoe odlee pemieHne
ypaBHedus (A) B HEIIPEPBIBHBIX (QyHKLHAXK.

Tax 4TO, OKOHYATEIIbHO,

75. DYHKHHOHAIBHAS XAPAKTEPHCTHKA NOKA3aTEbHOI, JorapupmMuyeckoii n crenen-
Hoit Ppyuxumii, 1° Ecnu

fx)=a* (a=0), )
TO, KAKOBLI GBI HH GLIJIH JABa BCIHCCTBEHHBIX YHAC/IA X U Y, BCErga UMEET MeECTO paBCHCTBO
Sx+3)=f()- (), (B)

BhIpaxaioilee OGILCHU3BCCTHOE MPABUIO YMHOXCHHS CTEICHEH:
axty=aX.qy.

OxaspiBaeTcd, 4TO (GyHKUMOHANBHBIM CBOMCTBOM (B), BMecTe CO CBOMCTBOM H e-
NPpEePBIBHOCTH, MOKA3ATENbHAA (QYHKUUS OlIPEJENsieTCst Bronue, TouHee ToBOps:

eduHcmeeHnol PyHKYueil, onpedeseHHOll U Henp ep bl 6 HO li 80 8CeM NpoMesCymKe
(=0, + =) u yoosaemsoparoweii é Hem ycaosuio (B), Aeasemca noxazameasnan @GyHkyus
(ecnu He cuMTaTh (YHKLMH, TOXIECTBEHHO paBHOM 0).
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UnpiMu cioBamu, dopmyna (6) — 3a yka3aHHBIM HCKIIOYEHMEM — [aeT caMoe
obwee pewene GYHKUHOHAILHOTO ypaBHeHHs (B) B HETIPEPRIBHBIX
(yBKIHAX.

[Ans [OKa3aTensCTBa 3TOTO PacCMOTPUM HPOU3BONBHYIO (YHKIHMIO f(x), ompe-
JEJICHHYIO U HENPEPBIBHYIO NIPH BCEX X H YAOBJICTBOPAIOMYIO yoiosuto (B). U ¢ k 1 ro-
YyaeTCsd TPUBHANLHEIK caywai, koraga f(x)=0.

WITak, IpH HEKOTOPOM 3HAYEHHUM X = X, 3Ta OyHKIMA oTnu4sa oT 0. ITonaras B (b)

¥ =Xy~ X, THOTYYUM
)+ fro =)= Fl) =03

OTCIOZIA SICHO, 4TO f(X) OTNHYHAa OT O IpH BCYKOM x. bonbiie TOTO, 3aMEHSs

x 2
f(x):[f(g)] :
TaK 410 f(x) Bcerfga CTPOroO MONOXMUTENbHA,
Tone3ysacy atuM, mponorapudmupyem pasencrso (B), HanpHMep, MO HaTypajb-

HOMY OCHOBAaHMIO é€:
Inf(x+y)=In f(x)+1In f(3).

P(x)=1n £ (x),

TO B JuLe ¢(x) Mbl OyaeM uMerb (QYHKLXIO, HENPEPBIBHYIO (KAK PE3yNbTAT Cynepuo3 -
LMK HENPEPBIBHLIX (GyHKUHMIL, 73) ¥ YXOBICTBOPAIOIIYIO YCIOBHIO:

x
B (B) x u y uepes 7 HaligeMm:

Ecnn monoxurth

Plx+y) =¢(x)+¢(3),
aHanoru4HoMy (A). B Takom ciyuae, kak Mel yCTAHOBHIIH, HEOGXOOMMO
e(x)=1Inf(x)+cx (¢=const.),
OTKYyAa, HAKOHEII,
f(x)=etx=gx

(eci MONOXUTE a=ef), 4, ¥ Tp. A.

2° Ecinu
f)=loggx (a=0, a=1), (®
TO IIpH J'IIO6bIX NONMOXUTECNbHBEB X 3HAUYCHUAX X U y 6yne'r
fO) =f(X)+10). (B)

D70 €CTh 3amuch NpaBula JOTapuOMHPOBAHMSA IIPOU3IBEIECHHS:
logg xy=1log, x+logg, y.

M 3pgeck — 3TO paBeHCTBO, COBMECTHO C HENPEPEIBHOCTBHIO, BIIONHE XapaKTEPH3yeT
MMEHHO JIOrapudMU4eCcKyro (DyHKLIHIO:

eduncmeenHoil ynKkyueil, onpedenennoii u HenpepvigHoil & npomesncymre (0, + o)
i yooeaemeoparweii 6 nem ycaosuro (B), aganemea nao02apugriuveckas Pynkyua (3a TEM
Xe€ VICKIFOYEHHEM), TaK YTO ¢dopMyna (B) maer camoe obliee pemeHHe ¢y H K L H O-
HanbHOro ypasHeHHu A (B), B HenmpepbIBHAIX (DyHKIMAXK.

Jins foxasaTeNkcTBa BO3BMEM IIPOM3BOJIBHYIO (ByHKIMIO f(xX), HEOPEPHIBHYIO IS
X>0 ¥ YIOBJIETBOPSIOMIYIO 3TOMY YPaBHEHHIO. BBeZeM HOBYIO IEpeMeHHYIO &, H3Me-
HSIFOUIYIOCS] B TIPOMEXYTKE (— s, +e0), U MOJIOXIM

x=ef, ¢(&)=f(ed),
f=Inx, f(x)=p(nx).

OTKYHa
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HenpepriBras (8 cwty 73) yrxuus ¢(£) YAOBIETBODSET YCIOBHIO [CM. (B)]
PE+m) = fet+n)= flel-en) = f(ef)+ f(em) =@ +p(7)

THna (A). 3gavur,
o@)=cf u  f(x)=c-lnx.
Ecnu ucxmoyuTs ciydail ¢=0 (torga f(x)=0), TO NOIyYCHHBI! PE3yIBTAT MOXET OBITh

HAallUCAH U B BHOC
f(x)=logg x,

rae a=e°. DTHM BCe HOKa3aHO.
3° Haxkonen, o6patuMcs K (GyHKLUHH

[ )= xw, ®
KOTOpasf, OYEBHAHO, YHOBJETBOPSET (YHKIOMHOHANBHOMY YpDaBHEHHIO
Soy)=fG)-f») @
(npH TIOGBIX MOJIOKHTENLHEIX X K ), H60
(xy)e = xt « yu,

VpaBHenHe 3T0, B COCAKHEHMH C HENPEPHIBHOCTh IO, B JAHHOM CIydae Takxke
XapaKTEPU3YET CTENEHHYIO (GYHKUMIO B TOM CMBICIIE, YTO

eduncmeennoli Pynxyuell, onpedesennoil u nenpepoisnoii 6 npomexncymxe (0, + o)
u yoosaemsopsawuyeii ¢ nem ycaosuio (T), aessemca cmenennas @ynkyus (3a OOBIMHBIM
HCKJIFOYECHHEM).

B camoM pene, ecnu maHa HempepwiBHas i x>0 dyskmus f(x), YIOBJIETBOPSAIO-
mas ycnosato (I), To nprberneM K Toi e NOACTAHOBKE, 9TO H B 2°. Torna QynKums
@(£) Gyner ynosnetsopsaTs yciosuio [eMm. ()]

p(§+m) = flettn) = f(ef - en) = f(e)- flen) =p(&) -g(x)
tHna (B). Mel yxe 3HaeM, 4TO TOraa (eCi MCKITIOYMTh TPHBHAIBHBIHR CIiyvaii)

p(®)=af (a=>0).
Otcrona
fxX)=anx=xu

(ecyut NONOXKTH 1=1n @), 4To m TPeGOBANIOCH NOKA3ATE.

76. ®OynxkuMOHANTbHAY XAPAKTEPHCTHKA TDHTOHOMETDHYECKOrO0 M rHmepGo/MYecKoro
KocanycoB. 4° Ecinu
f(x)=cosax wma  chax(a=0), 6:9)

TO, IPH JIIOOBIX BEIECTBEHHBIX 3HAYEHUSX X H Y, YAOBIETBOPAETCA COOTHOIMEHHE
SO+0)+f-x)=2f(x)-f(»). 01))
DTO € JIErKOCTBIO BHITEKACT M3 TEOPEMBI CIOXKEHHUS I OGOUX KOCHHYCOB:
cos (y+x)=cos x . cos y+sin x -sin y,
ch(ytx)=chx-chytshx.shy

[48, 6°]. dynknuoHanbHoOe ypaBHeHue ([), BMecTe C TpebOBaHHEM W €-
HIPEPHIBHOCTH (YHKIMH, ¥ Ha 3TOT Pa3 MONHOCTBIO XapaKTEpH3yeT o06a KOCH-
Hyca:

COUHCMEEHNbIMU  PYHKYUAMU, ONPEOeaenbIMU U HENPEPbIGHBIMU 8 NDOMENCYMKe
(— e, 4 ) u yoossemeopatoujumu 6 nem ycaosuo (I), aeaniomea MPU2OHOMemPUYeCKUil
u 2unepboauveckuit kocunyce (B) (€Clii, Kak W BBILIE, HE CYHTATh (GYHKIHH, TOXKIECTBEHHO
PaBHOR HYJIIO).
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Hrak, nycte f(x) 6ymeT HenpepsiBHAS s BCeX x GYHKUHES, YAOBIETBOPSIOLAS
ycnosuto (). Tlonaras x =0 u npuHUMas 32 y Kakoe-TH60 M3 3HAYeHuH, JJIT KOTOPHIX
f(») =0, 3axaroyaeM, 9TO

fO)=1. 10

Ipu y=0 B TakoM ciy4ae monyyaercs

f(=x)=f(x), an

Tak 4T0 ¢ynKnus f(x) OKAa3BIBAETCA Y€ TH O if.
Tlockoneky HenpepolBHas GyHKIus f (x) npu x=0 6yner MOJIOKUTENbHA, TO Haii-
ACTCA TAKOE, CKaXeM, IIOJIOKHUTEIBHOE TUCIIO ¢, ¥TO f(x) 6YHeT MmONIOKUTENBHA BO BCEM
npoMexytke [0, c]. B naneHeifineM MCCIEOBAHME MOHIET II O PasHBEIM NYyTaM

B 3aBUCHMOCTH OT TOrO, OyneT 1 (@) f(c)=1 uma (B) f(c) > 1. BaéimemMcn CHayYalna ciry-
yaeM (o).

7
Tak xak 0= f(c)=<1, To HalineTcs Takoe 6 (0:59<5) , 9TO

f(c)=cos 8. (12)
Hpusciist zareM ocHoBHOe cootuomenue (Jf) K Buay:

fO+0=2fC)-fO)-f(-x),

CTAHEM B HCM NMOCICHAOBATENIBHO NONIATATH

x=c, y=c,
xX=c, y=2c;
x=c, y=3c

i T. A. Mol nonysum [c yyetom (10) u (12)]
f(2c)=2cos? 0 — 1=cos 20,
f(B3c)=2cos 0 - cos 20 ~ cos 8 = cos 36,
f(4e)=2cos 0-cos 38 —cos 26 = cos 48

W T. A TIGB3YACh METOROM MATEMATHYCCKON UHAYKIMH, JIErkO JIOKKEM isi TF0B0ro
HATYPANBHOTO /1 POPMYITY
f(me)=cos m0. 13)

1
Ecmu xe B (JI) nonoxnate x= yzzc, TO moay4uM [cHoBa ¢ ywerom (10) u (12)]:

(o0

Tax Kax f(x) ocTaercs HOIOXUTENbHON Mexy O u ¢, a byBKimA cos x — mexny 0 u 0,
TO, W3BIICKAS MOJOKUTCISHEIE KOPHA B OCEUX YaCTSX, NPUNEM K PASCHCTBY:

H B

1
fl=c|=cos—8.
2 2
1 >
Copepienno Tak xe, nonaras B (JI) x= y=§ ¢, HaliieM, 910

i 1 1 0
— = COS —
f {22 ¢ s5 0
u 1. x. Tak, mocinegosaTenbuo (MaTeMaTHYecKas vHAYREHA!), TOoNiyyrM m oblnee co-
OTHOWIEHNE

f{zln J=coszinO (n=1,23,...). 14

11 . M. ®uxrenronsi, 1. 1
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Haxosen, NmoBTOpsisi TOT HPOLECC, ¢ NOMOUIBIO KOTOPOrO MBI, OTOpasissack oT (12),
npaou X (13), Met w3 (14) OpUaEM K paBEHCTBY

m m
fl— c]=cos— 8.
2n 2n
m
Hrtak, A1 DOJOXATENbHBIX 3HAYCHUK X BHAA o HMeeM:

f(ex)=cos 6x. 15)

Ho Tax kak moboe HONOXKHTETHHOE YACIO X MOXHO OPEACTABHTh KAK N pe el

3HAYeHHi 3TOTO BHA3, TO, C MOMOINBIO NPEAESNHHOrO mepexona (M OmMpasich Ha H €-

OPEPHBHOCTD OYHKIEA f(X) H COSX), YCTAHOBUM CIIPaBEMIMBOCTE (HOPMYIIBI

(15) mns Beex x> 0. s x<O0 ona Oyner sepHa B cany (11), a wig x=0 — B cuay (10).
‘]

x
Ecim 3amMernTs B (15) X Ha — M NOJIOKUTE — =@, TO ¥ MOJYYHM OKOHYATEIILHO:
¢ ¢

f(x)=cos ax.

B cnyyae (f) umeeM: f(¢) > 1; Toraa Haiinercs Takoe 6, 4TO
f(e)=cha.

HOBTOpﬂﬂ AOCIIOBHO BC€ NPOBEACHHBIC TOJIBKO YTO PACCYXICHHWSA M OIHMpAsACh HAa CO-
OTHOIOCHUA IJisk l'IHle6OJ'lﬂ‘IeCK01'0 KOCHHYCa, COBNANaromue 1o (bOpMC C COOTBECT-
CTBYIOITMMH COOTHOIMCHUAMH U151 TDPUTOHOMETPHYECCKOIO KOCHHYCa, MBI JUISE pacCMaTpH-

BAaEMOroO Ciy4yast HaHgeM, YTo
f(x)=chax (a>0).

IIpu a=0 o obenm dopmynam momyumwmm Gwl: f(x) = 1.
$ynxunonaneHele ypaBEeHMs (A), (B), (B), (') ® () BuepBsle GBITH PacCMOTPEHBL
K omu, KOTOpHIX H Oajl WX PEIMEHHS B HEMPEPHIBHBIX GyHKIUAX.

77. Hicnop30BaHne HENPEPHIBHOCTH (YHKIMH 1)1 BBIMHC/ICHHN npeneios. Henpepris-
HOCTE YHKIN MHOTOOOPa3HO MOXET OBITH HCIIOJIE30BAHA NIPH BEIYHCIICHUH IIPEIEIOB*).
ITpuMepaM 3TOrO poAa Mbl MOCBAIIAEM HACTOSIIIHY HOMED.

1) imeem, 1ipu ;E000M BETHECTBCHHOM X,

x\n
lim (1 + —) = eX,
—++oco n

JIeHCTBUTEILHO, pPACCMAaTpHBAEMOE BBIDaXEHWE (CYnTas x=0) MOXHO TNPEICTABUTE

B BHAC
n

X ; X
[ (1 +_) ] .
n
x
Tak kak — ~0, TO BApHaHTa B KBAJPATHBIX CKOOKax cTpemuTcs K e [54 (13)], a Torma —
n

BBH/Iy HENPEPBIBHOCTM CTeNeHHOH ¢dynkuun (3meck x =const.) — Bce BHIPAXKCHHE
MMEET [PEencioM eX.
2) Haiitn npenen

k
lim {V(x+a,)(x+az) colxtap - x} (o0 — o),

X+ 4o

Iae ay, ds, -« -, Ay CYTh NAHHBbIE NOCTOSHHbIC YMCIA,

*) darTHYECKH MBI HHOM Pa3 3TO NENaiM H PaHbIIe; TaK, B NpuMepe 3) 56 MEI Ho-

m
IlyTHO YCTAaHOBHNM HENPEPBIBHOCTH Vx npa x=1 H HCHONB30BAJM €e, @ B OpUMepe S5)
(6) Tax Xe DOCTYIM/IM 1O OTHOIEHHIO K oS X mpH x =0,
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Bocnonbayemca ToxaecTBoM
yk — zk

y—zzy"‘l—{—y"‘zz e
KyJa TOLCTAaBUM
k

y=Y&x+a)...(x+ar) wu z=x.
Torna paccMaTPHBAaEMOE BBIPAXEHHE LIPEICTABUTCH HOCIIENOBATENIBHO B BHE

@ay+ .. +ay_ay
at...taq)+—m—-—--0-—->+>=-—+...
(x+ap) ... (x+ap)—x* @ ) x

(1/:/'.7)/{_1+x(lkfff)lx._2+...+xk+1 ( | (HﬂJ (1+a—"J Il‘_lJ.—---vw'-l
X

X

Ipu x> + o TIOUKOPEHHOE BBLIPAXEHHE CTPEMUTCA K 1, CEAOBATENHLHO, CaM KOPEHB
MMECT TIPEdesioM ]/ 1=1 - BBUAY HENPEPBEIBHOCTH KOPH!, KAK YACTHOTO CJIy4ast CT ¢ -
neHno# oyukumu. Tak kak MHOrouwiteH (k—1)-if crenmeHu (OT KOpHS), CTOSILMIH
B 3HaMeHateJsle, TAKXKe eCTb HenpepbiBHas (YHKIUA, TO 3HAMeHaTeNlh CTpeMUTCs K K,
a nipenen Beei agpobu Gymer

at-a+...+ay
Z .

3) Bepuemca k npennoxenyio B 33, 13). ITycts an >0 M an —~ a; OTPAHUIUMCS 0K
nonyiuenueMm, 410 O<g< + . ITpUMEHMM YHOMSHYTOE NPEHJIOKEHHE K IIOCHE/(OBa-
TenbHOCTH {In an} .

Tak xak Inay—Ina (B culy HeNpepLBHOCTH JNOTapPHOMHUUYECKOH dykK-
IMH), TO

. N Inag+...+lnay
limln Ya, ... an=1lim =lna.

n

B Takom crnyyae — 1O HENPEPBHIBHOCTH MOKAa3aTEeNbH O (GYHKUHH —

n "
Val cee ﬂn=em Vo, a, SeMa_ g

C nomowpio mpenenoB 1) u 2), 54, 3T0T pe3ynbTaT pacnpocTpaHAeIcs ¥ Ha cltydai

a=0Hu a=+c,

Takum 06pasom, Mel nojyyaeM clegymolliee Tpeo6pa3oBafie YOMSHYTOTO IpEi-
JIOKEHHS:

Ecau noroncumenvnas sapuanma an umeem npedea (Koneunviit nau nem), mo mom sce

iI])[’()E'/I umeem n sapuanma
n

bn=1Va,-a,...ax.
4) TIpuMenUB 3TO TIpEATIOXKEHHUE K MOCTEeI0BATEILHOCTH

a, a Gn  Gn4y
1’—’ LI ] Ty EER A ]

a, a, Gn_y; an

IIPpHOEM K MHTCPECHOMY CIIeICTBUIO:

n
. . Gniy
lim Va,=1im ,
dan

B MPEANOJIOKCHHH JIWIIb, YTO CYIIECTBYET BT O P O M3 3THUX npencios.

11*
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Haiijem gns npumepa npeaen

V,,t
lim—.
n
n
Ilonaras an,=—, OyaeM HMeTb
nn

anyy_ (+DL nt 1 1

an (rH—l)""‘1 n” ( 1\" e
1+ ]
n

3HauuT, W UCKOMBII Npenein ecth — .
e

5) VcTraHoBUM psii BAXHE X HIPE/le 1o B, KOTOpble HOHAIOOSTCA
HaM B CIEAYIOLIEH riase:

(@) lim 1%—“%—) =log, e (2) ,

a0 0

. -1 0

6) ILmZi_In 0
© .,L 0= a ( 0) ,

(1 +oje-1 0

Wimeem
1
220 C2 log(1-+2)%;

TaK KaK BBRIPXEHHE, CTOAIIEE ClIpaBa IMoj 3HakoM Jorapudma, npu « -0
crpemutcs k e [54, (13)], To (o HENPEepEBHOCTH JNTOTapH (P MU Ye-
ckoit dyskimun) ero norapudM cTpeMuTes k log, e, 4. ¥ Tp. A.

OTMeruM 9acTHBIH Cly4all JoKa3aHHOH GOpMyJbl, Koria peub HOeT
0O HAaTypanbHoM norapudpme (a=e):

lim 2A+®)
a0 &

B mpocToTe 3TOro pesynpTaTa M KOPEHATCH, MO CYIIECTBY, TE IPEHMY-
IIeCTBA, KOTOPhIe MpEeACTaBiseT HATYpajbHash cuCTeMa JI0rapudMoB.

O6pamascy k dpopmyne (6), momoxnm a*—1=f; toraa npn «—~0 (mo
HEMPEPEIBHOCTH MoKa3aTeNnbH o dynkunn) u 0.

Wmeem, manee, x=log,(1+f), Tak ¥TO, €ciM BOCMOJNB30BATLCH YKE
JIOKA3aHHBIM PE3YIbTATOM:

lim =1 _fim £ !
a0 % poo loga(l +{)’) logge

=Ina, 4. w Tp. I

1
Ecnn, B 1aCTHOCTH, B34TH == (n=1,2,3, ...), TO HOIY4YHTCS MHTE-
pecHas ¢opmya:
lim n (}Fa-l)zlna (c0+0).

N> too
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Haxonew, mwis nokasateiascta hopmyist (), monoxum (1 + ) 1 =5;
npit &0 (0 HenpepBIBHOCTH CTeNMeH k O i (ynKmuy) 6y1eT 1 5 -0.
Jlorapugmupys pasesctBo (1 +«)*=1+f, nodyanM, 4To

peln(l+eay=In(1+5).
C 1OMOLIDIO 9TOTO COOTHOMICHHS NPEoOPa3yeM MAHHOC HAM BLIPAKEIUC
TaK:

o Ta In(1+p) Kl

t+oe-1 g f In (1+0)

[To nokasaunomy, o6a oTuoMIeAUS

B g Ui
In(1+B) x
CTPEMATCH K 1, TaK 4TO BCE HPOU3BCIICHNE HMCCT npcaeIoMm M, 4. M . a.

Mpenen, paccMoTpennslil B 56, 3), Moay4aeTcsl OTCIONA, KaK YACTHBLH
CIyYai, npu p=r.

78. Crenienio-noxasare/bHbie BhIpaXKenns. PaccMOTpHM Temeps ¢ 1 e-
MICHHO-NIOKA3ATCJUbHOE BBIPAXCHHEC #°, THEe U M ¥ HBIKIOTCH
QYHKIMAMH OT ONHOM W TOM e MepeMeHHO X, ¢ OOIACTBIO M3MEHEHUS
A, MMeIOIIeH TOUYKYy CrymeHus Xg; B YACTHOCTH, 3TO MOTYT OBITH IBE
BAPUAHTBI U, U V.

HIycTb cymecTBYIOT xOHEYHbIE MpeIesibL:

lim u=a wu lim v=>5,
X=X, X-+Xp
npuueM a =0. TpebyeTcst HalTu NpeesT BBIDAKCHHS 1",

ITpeacraBuM ero B Buie
U = lnu,

DOVHKIHKE © ¥ 1l ¥ UMEIOT TIpeaehi

limv=>b, Ilimlnu=Ina
XX X=>Xy
(3/1cchp ucnomb30Bana HEHPEPLIBHOCTE JorapH@Muueckoil dyuk-
IMH), TaK 4TO
Iimovinu=blna.

XX,

Orciona ~ 1o HEMPEpPLIBROCTA MOKA3aTEAb H O3 (PYHKIHH — OKOH-
YATENBHO:

lim w?=eb-1na—=gb,

XX

Hpenen Bepaxenus u” MOXKHO YCTAHOBUTH U B JPYIMX CIy4asX, K O I-

la M3BECTEH NIIpeadeld ¢ Npou3Benenus vinu — xoHeu-
Wb u1 Geckoneunblit. TIpH KOHCYHOM ¢ MCKOMBIA npemel Gymer, ode-
BUIIHO, €} €CIIM KE C= —oo W + oo, TO ITOT TPEIEN, COOTBETCTBEHHO,
Oymer 0 i + <o [54, 1)].
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Camoe xe onpeleienue npeaena ¢=1lim {v1n u} — JAWDb N0 3aJaHHBIM
npenenaM a 4 b — BO3MOXHO BCET/d, KPOME CIIy4aeB, KOT/IA 3TO NPOM3-
Benenve (IIPU X — X,) IPEICTABISET HEONPEICICHHOCTh B o +0. JIerko
C006Pa3UTh, YTO HCKIIFOYHTEILHBIEC CITyYaH OTBEYAIOT TAKHM KOMOUHAIAAM
3madeHuil ¢ u b

a=1, =
a=0, b=0;
a= +oo, b=0.

B 3THX cjyuasX TOBODAT, 4TO BHIpaXCHME u° IPEICTABJACT HEONpeE-
neneHHocTh Braa 1=, 09, «<®*) (cMoTps mo ciry4daro). J{ns pelleHs Bollpoca
0 TIpeleNie BHIPAXEHHMs #° 31€Ch MaJlo 3HAThH JHMIUb Mpeessl QyHKumii u
U v, 4 HYXKHO HEIOCDEICTBCHHO Y4YeCTb 3aKOH, IO KOTOPOMY OHH
CTPEMATCS K CBOMM IpeJieaaM.

1

1 n
BapuaHTa (1 +~) , TIpH n— e, WM Goslee obice Bupaxenne (1+o)*, npu a0,
n

HMEIOLNE TIPEeIOM e, NAOT NPHMEP HeoupeieleHHoCTH Buaa 1. Bouue, B 77, 4),
n 1

n! n!
MBI PACCMATPHUBAIIM BapUaHTY V—n-=(—n] , TPENCTaBJIAIOLIYIO HCOIPEACIICHHOCTD
n n

. n
Buga 0°. Haxkowew, B 32, 10), BEIpaKeHHE Vn TOXE ObIJIO HEONPEEJICHHBIM — BUAA o0,
TIpuBeaeM ellle HECKOJLKO IIPMMEPOB Ha PACKPbITHE HEONPENETIEHHOCTEH HOBbIX
BH/I0B.
1

79. TIpumepst. 1) Haiitu lim (ln x); (9).
X—+Foo
OGo3Hauast JaHHOE BLIPAXEHME Yepe3 y, umeeM [cM. 54, 2) u 5)]

oo

In(lnx) In(nx) ln X )
ny=—=—""-. -0 -1,
x Inx x
Tak 410 y~e®=1.
2) Haiitu lim xsinx  (09).

x—0

3neck [54, 7) u 5)]
. sin x
Iny=sinx:-lnx=-—-xInx-0,
x

cle0BaTeNnLHO, OnaTs y —~1.
3) TIpmmep 1), 76, nerko Temepsb cCieayrowuM obpazoM 0600 WU TH  ecid
BAapHaHTa Xn —~ X (TO€ X — KOHEYHOE YHUCIO), TO

n
fim (1+ﬁ) —ex (1%
n

> 400

*) OTHOCHTENIHHO CaMHMX 3THX CHMBOJIOB MOXHO Obl10 OBl HOBTOPMThH CKa3aHHOC
B CHOCKE Ha CTp. 62.
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ILTIH AOKA3aTCIBECTBA NOCTATOYHO MPEOCTABUTH NPEIJIONKCHHOE BBIPDAXCHHE B BHIE

n3Xn
Xn|Xn
1+— 5
n
OCHOBAHHE CTENICHN CTPEMHUTCH 31eCh K €, MOKA3aTeNbh XE — K X.
4) K 3TOMy MOXHO NPHBECTH M IPHMeEP:

. x " - 'x n L)
lim [cos—+4sin—| =ex  (17).
n—+oo n n

Xn
JTonaras BblpaxeHue B CKOOKax paBHBIM 14— , MMeeM
n

sin — 1—cos-—
x Lox n n
Xn=1n [C0s--—l»{-lsm ——]=Zx ——X————— > A
n n x x
n n

HT. O
5) AnanornysHo ucuepusiBaeTcs npumep (a, b>0)

n n\n
Va+ Vb : -
e | = ) ab 17).
i 2 J VZJ_ ( )
3necs
fa+ Vb n_ n_
Xn=n 1—";&’—1 =%[n(]/a——1)+n(]/b-l)],

TaK YTO, HA OCHOBAHMM OJHOI0 YaCTHOro clencTus u3 dopmynst 5) (6), 77,
1 _
Xn= (Ina+In b)=1In Vab,

M UCKOMBIH mpenesn, OeCTBUTEIBHO, OKa3bIBAETCH PABHBIM el Veb = ]/ ab.
6) Haxownen, paccMoTpum mpenen

1 1

1 2 sin? ;— 2 coszg 1 1
— x z L
lim (cos )™ *=Him | [1-2sinz = =e %=, a-.
2

x—=0 x-+0 ]/—

YuTraTens BHIWT, YTO B Cly4ae HEONPEJACNICHHOCTH Buaa 1° ynoOHO mnpHBOAMTE
ZIE710 HETIOCPEICTBEHHO K e.

Kak yxe ykaspiBaloch, OO0 IM M e METOObI PaCKpLITHA HEONpeneIeHHocTed Bcex
BunoB OyayT mamer B riase IV (§ 4).
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§ 5. ChoiicrBa HenpepsiBHBIX (yHKIMii

80. Teopema 06 oOpamennu dynkuun B Hy.ab. 3aliMeMCs Temepb U3yc-
HHEM OCHOBHBIX CBOMCTB (D)YHKUMH, HEIPEpPHIBHOH B HEKOTOPOM IpPOMe-
xyTke. HTepecHbIe U caMU 1o cebe, 3TH CBONCTBA B JANbHEHLIEM U3JI0Ke-
HUH 4aCTO OyIyT CIY)XUTH OCHOBOM /IS PA3IHMYHBIX YMO3aKITIOUEHUIL,

HaureM co crelyrommeil mpoCToil TeopeMbl, MpMHAMICKAIeH B o 1 b-
mano (B. Bolzano) m Kowmu (A. L. Cauchy).

Ilepsas meopema Bonvyano — Kowwu. [ycms dynxyus f(x) onpede-
J1eHA 1 HenpeprvisHA 6 3aMKHymom npomedcymke [a, bl u na xonyax smozo
RPOMENCYMKA RPUHUMAEN 3HAYEHUA PA3HOLX 3HakKoe. Tozda memnc-
0y a u b Heobxo0umo Hatidemcsa mMouKa ¢, 6 Komopoil ByHKyus obpawaem-
cA 6 Hyab:

f©)=0 (a<c=<b).
Teopema uMeeT oYeHb MPOCTOM I€OMETPHUCCKHI CMBICIL €CJH HENpe-

PbIBHASE KPHBAsA NIEPEXOTUT C ONHOH CTOPOHBI OCH X HA JIPYIYIO, TO OHA
nepecekKkaeT 3Ty ocb (puc. 31).

4

Puc. 31.

[-e tokasaTenbcTBO MblmpoBeneM o MeToy B oabI[aH 0O
[41] — nocnemoBaTeNbHBIM JENCHUEM ITPOMEXYTKA. [ OHpeREIeHHOCTH
nonoxmm, 4to f(a)<0, a f(b) >0. Paznenum npomexyTok [a, b] momoimam

. a+b
TOUKOH —5—. Moxer ciayuntscs, 4ro GyHKuusa f(x) o6paTeTcs B Hy!Ib
" a+b
B OTOH TOUKE, TOIZA TEOPEMA [OK23aHA: MOXHO IHONOKHTb C=-—5-.

a+b
2

IIycte xe f ( #0; Torma Ha KOHIAX OOHOIO K3 IPOMEXYTKOB
b b
[a, ‘—1%-] , [%— s b] ¢byukuus GymeT NPUHUMATH 3HAYCHHS P a3 H BI X

3HAKOB (H IIPHTOM OTPHMIATCIIPHOC 3HAYEHHE HA JIEBOM KORIEC H OO~
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JIOKHUTENILHOE —~ HA MPpaBoM). O603HAUMB ITOT MPOMEXYTOK Yepes [a,, b,],

MMeeM
fla) <0,  f(b)=0.

PazneinM momosiaM mpoMesxyTox [a,, ;] 1 cuoBa orbpocuM ToT ciy-

. a;+by
Yad, xorma f(x) oOpamaercs B Hymn B cepemune “5

XKyTKa, ubo Torga reopeMa mokaszama. OBO3HAUIM uepe3 [a,, b,] Ty m3
TOTOBUH MPOMEXKYTKA, ISl KOTOPO#

fla,)<0,  f(by)=0.

Hpoxomkum sror upouecc nocrpoenits IpoMexyTkoB. [lpu sTom
K00 MBI IOCNE KOHEUHOTO YHCIA LIATOB HATKHEMCH B KAYCCTBE TOUKH
Ac.I€HNS HA TOUKY, Iic QYHKIMA 0OpAILaeTCs B HYJIb, — H JA0KA3aTENILCTBO
TEOPEMBL 3aBCPUIMTCA,{— JTH 6 0 MONyH M GECKOHEUHYIO MOCIEI0BATE b=
HOCTP BJIOKCHHBIX OIHMH B APYrod npoMexyTkon. OCTAHOBHMCH HA STOM

3TOro TpoMe-

locnenuem cmyyae. Toraa pna n-ro npomexyika [a,, b,) n=123,..)
OyneM umeTs
S(a)<0,  f(by) =0, ey
IPUYEM JJIMHA €TO, OYEBUIHO, PAaBHA
b—a
bn —an= R - (2)

[Toctpoennas nocie108aTeNbHOCT TPOMEKYTKOB YJOBJICTBOPSAET YCII0-
BUSM JICMMBl O BJOXEHHBX IPDOMEXYTKaX [38], u6o, BBU-
ay (2), lim (b, -a,)=0; nodromy CyLUECTBYET TOYKA ¢ U3 TIPOMEXKYTKA
[a, b], ans xoTopoit

lim a,=1lim b, =c.

IMToxaxeMm, 4To uMeHHO 3Ta Touxa YROBJIETBOPAET TPEOOBAHKIO TEOPEMBI.

Hepexons k npeneny B HepasencTsax (1) u UCIIOJNIL3YS IPH 3TOM H e-
ONPEPEIBHOCTD QYHKUMU (B YACTHOCTH, B TOUKE X = ), MOJYyYHM,
YTO OJHOBPEMEHHO

fO=limfa)=<0 n f(c)=lim f(b,)=0,

TaK 4TO, ACHCTBUTENBHO, f(c)=0. Teopema mokaszana.

Mpr panuM HHXE BTOPOE HOKa3aTelbCTBO TeopeMmsl Ko uru, no-
CTpoenHoe Ha Apyroit muee. IlpenmomnteM emy crienyrouiee odYeBUIHOE
MPEATOTIOKEHHE:

Jemma. Ecau gyuxyus f(x) HenpepvieHa 6 MouKe X =X, U 3hauenue
f(x)) omauuno om 0, mo das ecex docmamouro 6.AU3KUX K X, 3HQUeHUi]
X @yuxyus f(X) coxpansem mom jnce 3HAK, KaKoii OHa umeem 6 mouke Xg-

OTO BBITEKACT M3 yTBepxkaeHHs 2° B 55, I, NPHYEM B JaHHOM ClIydae
Poib npenena 4 Gpynkimyu (MMeHHO BBHIY HEM PEpPLIBHOC T M) urpa-

eT f(x,).
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IT-e noxaszaTenbcTBO. PaccMOTpuM BCe Te TOYKH X =X IpPO-
MexyTKka [a, b], s xoTopeix f(X)<O0. K ux 4mciy, Hampumep, OTHO-
cATCA TO4YKAa g U (B CHIY JIeMMBI) Oiu3liexamque K Hed Toukd. MHOXe-
ctBo {X} orpammyeHo csepxy umcioM b. ITomoxum Temepb c=sup {X}
[11]; MBI yTBEepxmaeM, uto f(c)=0.

HeHcTBHTENbHO, HOOYCTUM MNPOTHBHOE; Torma Jmbo f(c)<0, maubo
f(¢)=0. Ecnmz 611 65u10 f(c)<0 (Torma 3aBemoMo c<b, ubo HaM HaHO,
yto f(b)>0), To — MO JleMMe — U MpaBee€ ¢ HAIIKCH OBl 3HAYCHHSA
X, mg KoTopeiXx f(X)<0, a 3TO0 MPOTHBOPEYMSIO ObI OIpPENENIEHHIO ¢, KaK
BepxHed rpaHun s mia {x}. Ecou xe 68ut0 681 f(c) >0, To — cHOBa
HA OCHOBAHHH JIEMMBI — UMeJH OBl f(x)>0 1 BONM3M ¢ ciaeBa, MMEH-
HO — B HEKOTOPOM JOCTATOYHO MaJloM IpoMexyTke (¢c—9d, c], a Torma
TaM BOBce He OBLTO OBl 3HAYEHHH X, YTO TaKXe HEBO3MOXHO, 6O ¢, IO
ONpETIENIEHHIO, €CTh T O YH a 51 BepXHAA IpaHuua s {X}.

Teopema noka3zaHa.

3aMeTuM, yro TpeOoBaHHE HENMpEpPHBIBHOCTH (QyHKIMH f(X)
B 3aMKHYTOM IIpoMexXyTke [a, b] cymiecTBeHHO: BYHKLHUA, MMEIONAsd pas-
PBIB XOTh B OJHOH TOYKe, MOXXET NEPelTU OT OTPHIATEILHOrO 3HAYCHHS
K IOJIOKHUTETBROMY H He oOpamasce B 0. Tak 6yner, nanpumep, ¢ GyHKIHe

x) = E(x ——1~, KoTOpasi HUrje He npuuumMaeT 3uauyenus 0, xota f(0)=
3 p

= ~%, a f(l):% (cxadox npu x=1).

81. IlpuMenentie K pelseHHI0 ypasHenwii. JloxaszaHHas TeopeMa HMeeT OPHMEHCHMC
NPH PELICHUA YPAaBHEHUH.

TIpexne Bcero, ¢ ee NOMOUIB YCTAHABAMBAETCS CYymMecCTBOBA-
HH ¢ KopHe#. Hanpumep, Hist Bcex O¥EBHIICH KOPEHb X =4 ypaBHEHHA

2X =4x,
HO TpYZHeE 3aMCTHTb CYLIECTBOBAHHE €IIE OJHOrO KODHS. A Mexny TeM, (yHKUHS
f(x)1= 2X—4x npu x=0 npunumaer 3HauyeHwe f(0)=1=>0, a npu x=-12— — 3HaveHue
f (—2—)= V§—2<0, CJIC}lOBﬂ.TCJ‘lBIHO (Tax kaKk OHA HeNpepeIBHA), oOpamaercai B 0 B

HEKOTOpOo# TOoure Mexny 0 u E .

Jpyroii mpuMep: paccMOTpHUM, BOOOINE, anreOpanyeckoe YpaBHEHHE HEYCTHOH
CTeneHH (C BETHNECTBEHHLIMH KO3 (HIHMEnTaMN)

f)=ap@+14-g x4 ...+ amnx+apnyg, =0.

TIpu moctaToHO GONBIHEX 110 aGCOMOTHOM BEIMYWHE 3HAYCHMAX X MHOTOWIEH MMEET
3HAK CTApINero WICHA, T. €. IPU HOJIOXKUTENLHOM X — 3HAK @y, 4 OPH OTPHLIATEILHOM
x — ofpaTHbm 3HaK. Tak KaK MHOTOYIEH €CTh HENpPEPHIBHAS (QYHKUHS, TO, MCHSAA 3HAK,
OH B NPOMEXYTOYHOH TOUKe HeobOxommMo obpamaercsa B 0. Otcrona: écakoe aszebpau-
ueckoe ypagHenue Heuemmoli cmenenu (C eujecmeennbimMu KodI@Puyuenmamu) umeem no
Kpaiineit mepe 00uH 8ewjecmeennblii KOpens.,

Teopemoit Komu MOXHO NOMB30BATHCS HE TOJBLKO AN YCTAHOBICHMS CyIle-
CTBOBaHHsl KOPHS, HO ¥ I TPHOMKEHHOI'O €ro BHIMHCICHUSA. IIOSCHAM 3TO IpH-
mepoM. Ilyers f(x)=x—x—1. Tak xak f(1)=—1, f(2)=13, TO MHOrOWICH HMeeT
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KopeHb Me & 1y 1 u 2. PasgenuM 5TOT npoMexyTox [1, 2] Ha 10 paBHbIX 4acTeit Touka-
v 1,15 1,25 1,3; ... ¥ cTaHeM MOCIeqOBATENBHO BBIYUCIIATD:

SULD=-0,63...; f(1,2)= —0,12 ...5 £(1,3)=+0,55 ... ...

Bunum, uto xopems comepxutcs Mexny 1,2 u 1,3. Pazpenus U 3TOT NPOMEXRYTOK Ha
10 wacreit, Halinem:

F@,21)=-0,06...; £(1,22)= —0,004 ...; £(1,23)= +0,058 ...; ...

Tenepr ACHO, 4TO KOPEHb IEKHT MeX Y 1,22 u1 1,23 ; TakuM 06pa3oM, Mbl Yxe 3HaeM
3HAYCHUC KOPHA ¢ TOYHOCTRIO Ho 0,01 u T. 1. *).

B cBeTe 3THMX 3aMeuaHMii HHTEPECHO COMNOCTABMTEH M3JIOKEHHHIC BBILC IBA noxasa-
TCALCTBA OJHOW M TOH e TeopeMbl. BTOpoe H3 HMX SBISCTCH TONBKO (HOKA3aTellb-
CIBOM CYMIECTBOBAHWA» KOPHA ypaBHEHMA f (x) =0, HUYEro He roBops O TOM, KaK KO-
pcrb Haiitu. Ilepeoe e HameuaeT ONpENENEHHBIN NMyTh K PEANbHOMY BBHIMHCICHUIO
KOpHA: IIyTCM IIOCIEA0BATENBHOIO AENCHAS TIPOMEXYTKa HOMoJaaM (4eM Ml aJIs Hpo-
CTOTHl OTPAHMYUINCH) MOXHO B NICHCTBHTENLHOCTH 3aKNIOYHTH HCKOMBIH KOPEHb B
NPOMCKYTOK IPOM3BOJILHO MaJIOH [JIMHBL, T. €. BBIMHCIMTH 3TOT KOPeHb C IPOH3BOJIb-
HOH CTCICHBIO TOYHOCTH.

82. Teopema o npomexyrounom 3Hauenns. J{okaszanuas 5 80 TeopeMa
HETIOCPEACTBEHHO 06001IaeTcs cneayromuM obpazoM:

Bmopaa meopema Bonsyano ~ Kowwu. IIycms @ynkyus f(x)
onpedenena u nenpeprigHa 6 iekomopom npomexcymre X (3amkHymom uau
1tem, Koneunom uau dice beckoneunom). Ecau 6 0eyx moukax x=a u x=b=b
(a=<b) smozo npomescymrka @ynxyusn npunumacm nepasnvie Hauenun

f@=4 u  f(b)=B5,

mo, Kakoso 01 nu 6v110 yucao C, aexcawee mexnc oy A u B, naiidemca
markaa mouka x=c mexncdy a u b, umo

fle)=C*¥).
HJdoxaszaTtenscTtBo. B €M CUMTATh, HAIIPUMED,
y p p
A<B, Tak yto A<C=<B.

PaccmoTpum B mpomexytke [a, b] BcmoMoraTenbHyIO dynxuuo g(x) =
=/f(x) ~C. D1a dyuKius HempepriBHA B MPOMEXyTKe [, b] 1 HA KOHIAX
€ro MMECT Pa3Hble 3HAKH:

p@)=f@)-C=4-C<0, @b)=f(b)~C=B-C=0.

Torma, mo mepsoit Teopeme Bonwmano ~ Kowu, MeXay a u b
HaiileTcst Tovka X = ¢, 11t KoTopoii ¢p(c) =0, T. e.

f©)-C=0 wmma f(c)=C,
9. ¥ Tp. I

*) Brpodem, NpaKkTHYeCKH 3TOT HyTh HeBbirogeH. B riaase IV (§ 5) OynyT yka3sanbl
ropasno Gosee 3QdEKTHEHEIE TPHEMEI.

#*) OuepnmHo, 4TO Ueppas TeopemMa Bonbumano — KoM ecrb YaCTHBIA
Ciy4ai 3TOH: eclit 4 1 B — pa3HBIX 3HAKOB, TO B KadecTBe C MOXKHO B34Tb i 0.
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MEr ycTaHOBHIIM, TakuM 06pa3oM, BaXHOE CBOMCTBO byaxkuun f(x),
HETIPEPBIBHOH B MPOMEXYTKE: n€pexods om 00HO20 C60e20 3HAYeHU K Opy-
20My, PYHKYUS XOMb pas npuHumaem, & Kauecmee 3naueHus, Kancooe npo-
MexNcymouHoe uucio.

WIHBIMK CIIOBaMH 3TO CBOHCTBO MOXHO BBIDA3HTh U TAaK: 3uauenus,
npunumaembsle Henpepwisiioil gynkyueii f(x), kozda x uzMensemcs 8 KaKom-
aubo npomexcymxe X, camu maxoce 3anOAHAIOM CN A0 UL b HEKOmOopblil
npomexucymox .

JeficTBUTEIBHO, MYCTH

m=inf {f(x)}, M=sup{f(x)}*)
H Y, €Ib NPOH3BOIbLHOE YUCHO MC)K.HymMM:
m<=y,<M.

Heobxomumo Haiiyrcs 3HaYeHHS QYHKU AT y1=f(x) U yp=1(xy)
(X1 ¥ X, B3ATBL H3 MPOMEXyTKa X&), Takue, 4To

M=y,<yy<yp<M;

9TO BBITEKAET W3 CAaMOrO ONpPEAENIEHHA T O Y H BIX TPAHHI[ YUCIOBOLO
MHOXeCTBa. Ho Torza, mo nokasaHHOH TeopeMe, CyNIECTBYET M e X A Y
X; U X, TaKOe 3HAYCHME X=X, (OYEBUIHO, TAKKE NpPHHAIIexKaiee 1),
4TO f(Xo) B TOYHOCTH PABHO J,; CIENOBATENBHO, 3TO YHCIIO BXOMAT B MHO-
JKECTBO 9.

Takum obpasom, Y mpencrasiseT coboit MPOMEKYTOK C KOH-
oamu m 1 M (KOTopble caMul MOTYT €My NPHHA[UIEXATh HIM HET — CMOTPS
o ciy4aro; cp. 84).

Mzt Bunenu B 71, 2°, 4To B CiIyuae MOHOTOHHOMN byHKIHA ynoMsRy-
TO€ CBOHMCTBO, 0OpaTHO, BieYeT 3a CoGOW HEMpepHIBHOCTb. OmHAKO He
CeNyeT NyMaTh, YTO Tak OyHeT BCerma; JISrKO MOCTPOHTH 3aBElOMO Pa3-
PHIBHBIC (YHKIMH, KOTOPBIE BCE e 3THM CBOHCTBOM 06JIANAroT. Hamnpu-
Mep, 3HaveHus ¢oyukimu [70, 4)}:

fG)=sinl (x=0), f(0)=0,

KOTAa X U3MEHACTCA B KAKOM-IHOO MPOMeEXYTKe, COUEPHKAUIEM T O 9K Y
pPa3speBa x=0, 3aMONHAIOT CILIOLIL MPOMEXYTOK [—1, +1].

83. Cymecrsosanne oGpaTHoii Pysxkuun. ITpuMeHAM U3yYeHHDIE B npe-
ABIIYIEM N° CBOHCTBA HENPEPELIBHOH (YHKUMH K yCTAHOBJIEHHIO, TPH He-
KOTOPBIX HPEMNOJIOXKCHHUSX, CYIIECTBOBAHMA O THO3HAa4YHOH obpar-
HOM (YHKIMH ¥ €6 HENmPEPHLIBHOCTH [cp. 49].

Teopema. IIycmv $ynkyua y= f(x) onpedeaena, monomonno 603~
pacmaem (ybwisaem) **) u Henpepviena 6 nexomopom npomexcymxe X .

*) HanmoMuHaeM 4HTATENO, YTO €CIAH MHOXECTBO {f(x)} Be orpammyeno cepepxy
(cum3y), To MuI ycnopwincek B 11 momarate M= + « (m= — ),
**)B cTPOroMm cMeicie ClIoBa (3TO 30€Ch CYILECTBEHHO).
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Toz0a 6 coomeememesyiomest npomesncymice % suauenuii smoii dynkyuu
cyyecmsyem 00HO3HAUHAA o6pamHas Pyuryus x=g(y), maroce
MOHOMOHKO 603pacmarowan (yoweaiowas) u HenpepvisHas.

HdoxaszaTtenscrsno. OrparmyumMes cnyvaem Bo3pacrarulei GyHk-
uuH. MBI BUNEIM BBIIE, YTO 3HAYCHHS HEMPEPRIBHOK (yHKIUE f(x) 3a-
TOJHSIOT CIVIOIIB HEKOTOPBIH IPOMEXYTOK %Y, Tak 4TO HIs K & % d0TO
SHAYCHHUA Jy M3 STOrO MPOMEXYTKa HAHIETCS XOTh OMHO TAKOE HA-
vyeHue x, (u3 &), uro

S(xp)=y,.

Ho BBHOY MoHOTOMHOCTH 3Tojt GyHKIMH Takoe 3HAMEHHE MOXeT HalTuCE
TOMXBKO OJNHO! €CHM X;>HIH<X,, TO, COOTBETCTBERHO, U f(x,) =
AIH < f(x,).

ComnocTasnsis UMEHHO 3TO 3HAYEHHE Xo JIPOM3BOJILHO B3ATOMY J, u3
Y, MBI MTOAYY4MM OJJHO3HAYH y 10 GYHKIHIO

x=2(y),
obpaThyro st PyuKuuy y=f (x).
Jlerko BUzETS, YTO 3T ByuKknusa &(), mono6Ho f(x), Takke MOHOTOHHO
BospacTtaerT. Ilycrs

V=ytoom x=g(y), x" =g(y");
1orna, o CaMoMy ONpPE/ICACHNIO PyHKIMH g(y), OMHOBPCMENHO
V=) om y =)

Ecmu 651 66110 X' > X', ToO, B CHITY Bo3pacTauus GyHkiuu f(x), 6pu10 OBl 1
Y'=y", 4To npoTHBopeunT yenosuro. He mMosxeT OBITh 1 X' = X", n60 TorNa
Opli0 6B1 W 3 =3", yToO
TAKXKE MPOTUBOPEHUT YCIIO- 7y o Y,
Bur0.  Mrak, Bo3MOXHO [ e
TOJILKO HEPABEHCTBO X' <
<x", Tak 4ro g(y), meii-
CTBUTEJIBHO, BO3PACTaeT.

Haxonen, 4To6n1 moxa-
3aTh HETPEPLIBHOCTD (PYHK-
A x=g(y), NOCTATOYHO
COCNATLCA HA TeOpeMy B
71, 2°, yCHOBHA KOTOpOit
BBITONUENBl:  HA3BAHHAS
GYHKIMS MOHOTOHHA, U ee
3HAYEHMs, OYEBHOHO, 3a-
TONHAOT CIUIOLIb IIpOMe- Prc. 32.
XKyTok X'*),

Bce yTBepxnenna TeopeMbl reomerpruccku OYCBU/IHBI, WX JIETKO «IPO-
U4TaTL» NO puc. 32.

S
%

*) Kakoe 651 x 13 & un B3ATh, CTOUT NG HOJIOKHATE ¥ = f(X), YTOOEI VI 3 TOT O y
Gyukums g(y) AMeTa CBOMM 3HaueHMeM HMMEHHO B34TO€ X.
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C IOMOIIBIO JOKA3aHHOM TEOPEMBI MOXHO HAHOBO YCTAHOBUTBL DI
yXe H3BECTHBIX HaM DPe3YJILTATOB.
Ecnyu npuMeHHTh ee K GyHKIuM X" (n ~ HATYpaJIbHOE YHMCJIO) B IPO-
MexyTke & =[0, +o0), TO IPUIEM K CyUIECTBOBAHUIO M HEOPEPHIBHOCTH
n

(apudMeTHIeCKOro) KOpHA x=Vy mns y B Y=[0, +). Ucxomst u3 dynk-
oM y=a* B OPOMeXYyTKe & =(—oco, +o), JHOKAXKEM CYLIECTBOBAHHME H
HENpepBIBHOCTh Jlorapudma x =log,y B mpomexytke Y=(0, + o). Ha-
KOHEIl, paccMarpuBas GYHKIMH y=SinXx H y=1igXx, IepByl0 — B IIpo-

T 4
MexyTke Xy = [—-i , 5] , a BTOPYIO — B OTKDHITOM IpOMexyTke X,=
2
WM (yHKIMHA X =arcsiny M Xx=arctgy, COOTBETCTBEHHO, B NPOMEXYyTKaxX
Y =[-1, +1] 7 Yo=(—o0, +0).

[[Ipu 3ToM NpemoaraeTcs, 4To IPEABAPHTENIBHO YK€ /I0Ka3aHa He-
IpepPBIBHOCTE GyHKUMit X", 4% sinx, tgx — 0e3 CCBUIKM HA CyLieCT-
BOBaHHE OOpaTHBIX MM (yHKUMil (WHAYe MOJYYMJICS OB MOPOYHBIH
kpyr). Takue moxa3aTenbCTBa M O6LUIM Janbl B 68; cooOpaxkenus ke n° 72,
OUYEBHIHO, 3/€CH HENMPUTOMIHEL]

i 4 i 4
=(_§ , —) , yOeImMMCs B CyLIECTBOBAHMH H HENPEPHIBHOCTH OOPaTHBIX

PacCMOTpHM €ILe TaKo¥# IPHMEP.
IIycte onst x B .%'=(—w, + o)

y=x—¢-sinx, roe 0<e<1. 3)

JIerko mokasaTh, YTO 3Ta GYHKIHA 6yJeT MOHOTOHHO BO3PAaCTalomIel (B Y3KOM CMEICIE).
WMenHO, eci X" >x" 1 y’, ¥/ — COOTBETCTBYIOILME 3HAYCHHA Y, TO

¥y’ -y =(x"—x")—& (sin x’ —sin x).
Ho [em. (2), 68
|sin & —sin x| =x"—x,
OTKyJa H CIEAyeT, 4TO
yu _ yl - 0’ T. €. y// >y/'

TIpUMEHHB K 3TOMY CIy4alo TEOPEMY, yOex1aeMCs B TOM, YTO ¥ X ABJIAETCA O T H O -

3Ha4YHOH GyHKIUEH OT y, H T. A.
TIpHBECHHBIA TMPUMEP HNPEACTABIIAET MHTEPEC TEM, YTO CONpHKacaercs ¢ OJTHOI
3amaveif TeOpeTM4ECKOH acTPOHOMMH. YDaBHEHHE

E=M-+te-sinE (3a)

ecThb 3HAMeHHToe ypasnenue Kenaepa, KOTOpO€ CBA3BIBACT CPEJHIOI 2aHO-
MAaJlHIO M IUIaHEeTH C ee SKCHEHTpHYecKoi aHoMmayueil E (€ €CThb 3KCLEHTPHCHTET
IUIaHeTHOM OpOUTEY). MBI JOKa3aH, TAKHM 06pasoM, 4YTo, KaKOBO ObI HH OBINIO 3HaYe-
HHe cpelHell aHoManud, ypapHenme Kemiepa, ACHCTBHTENHHO, OAHO3HAYHO Ompe-
IeyseT 3HaYeHne IKCICHTPHYECKON aHOMAJIHMH.

84. Teopema 06 orpanmdennocTn ¢ynxmum. Ecu byuxues  f(x)
ompenieniena (CleIOBATENIbHO, IPUHAMACT KO HEYHBIC 3HAYCHMS) AJIA
BCEX 3HAYEHHH X B HEKOTOPOM KOHEYHOM IIPOMEXYTKE, TO ITO HE BJe-
48T 3a CcOGOM C HEOBXOMMMOCTHIO OTPAaHHYEHHOCTH (YHKIUY,
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T. €. OIPaHMYEHHOCTH MHOXecCTBa {f(x)} IPUHEMAaeMEIX CIO 3HAYEHMIL,
Hanpumep, nycts ¢yukuus f(x) ompejieiicHa Tax:

fG)=3, ema O<x<l, u f(0)=0.

®yHKIMA 3Ta MPUHMMAET TOJIBKO KOHEYHBIC 3HAYEHHS, HO ORA HE Orpa-
HHYCHA, M00 NpH NpUOIMIKEHUH X K 0 MOXeT IPHHHMATEL CKOJb YTOJHO
Sonbuine 3Ha4CHHA. 3aMETHM HOILYTHO, YTO B IOJYOTKPHITOM ITPOMEKYTKE
(0, 1] oHa HempepbIBHA, HO B Touke x =0 UMeeT pa3pbis.

WNnaye o6cTouT Heno ¢ QyHKIMAMH, HENPEPHIBHLIMUY B 3a M-
KHYTOM TPOMEXYTKE.

Ilepean meopema Beiiepuwumpacca. Ecau ¢ynkyus f(x) onpedesena
U HenpepuisHa 6 3AMKHY MO M npomexcymke [a, bl, mo oua ozpanu-
ueHa, M. e. CYWeCmEyIom MmaKue NOCIMOSHHbIE U KOHeyHbie yucaa m 1 M,
umo

m=f(x)<M npu a=x=b.

Joka3aTeNnbCTBO TOBEAEM OT IPOTHBHOIO: [OMYCTHM, YTO
byHkMa f(X) TIpH U3MEHEHHH X B IMPOMEXYyTKe [a, b] oKkaswiBaeTcs H e-
OTPAaHHYEHHOH.

B TakoMm ciydae 11 KaxI0ro HATYpanbHOIO YHCIA /1 HAfieTCs B TIPo-
MexyTke [a, b] Takoe 3HaUeHHME X=X,, UTO

|f(xn) [ =n. “)

ITo nemme Boaprmano-Beilepwrpacca [41], u3s mociuemo-
BATENTHOCTH {X,} MOXHO M3BIICYb YACTHUHYIO IIOCIEOBATENBHOCTD {X,,},
CXOMANIYIOCS K KOHEYHOMY IpeJeity:

XX, (mpu k—~ +o0),

OpUYeM, OUYCBHUIHO, asxosb. Benencrsue HETIPEPBIBHOCTH (byHKHHI/I B
TOYKE X,, TOrJa IOJIXHO OBITL M

S Gem) > f(x),

a 3TO HEBO3MOXHO, Tak Kak u3 (4) cieayer, uto
|f(xﬂk)l -0,

Honytle}moe IMPOTHBOPEUIIC U JOKa3bIBACT TCOPEMY.

85. HauGo/binee n HanMeHbmiee 3HadeHMst GyHKuUMM. MLI 3HaeM, 4TO
OeckoOHEYHOE WYHCIOBOE MHOXECTBO, AaXe OrPAHUYEHHOE, MOXET
He UMETh B CBOEM CoCTaBe HAaHO oMb ero (HAUMEHBIIET O)
anemenTa. Ecm dysxuus f(x) onpenenena u gaxe orpaHUYEHa B HEKOTO-
POM TNPOMEXYTKE HM3MEHEHHS X, TO B COCTaBE MHOKECTBA €€ 3HAYCHMI
{f(x)} MoxeT He oka3zaThci HauGoNbmWero (HAMMCHBIIET O).
B aToM ciyyae TouHas Bepxuas (HWXKHSASL) IPAHULA 3HAYCHUH byHKIMH f(x)
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HE€ JOCTHIaeTCs B HA3BAHHOM IpoMexyTke. Tax OymeT obcrodrh
JIeJIo, HampuMep, ¢ QyHkmpei

S(x)=x - E(x)

(rpadux ee mpencrasnen Ha puc. 33). IIpu M3Menenuu x B m060M mpo-
‘ mexyTke [0, 8] (b=1), TouHO#i Bepx-
y Hel rpaHuneil 3sgavenunit ¢pyuxuum Gy-
ZeT 1, Ho oHA HE HOCTHraeTcs, Tak
YTO HAMOOJBIIEro 3HAYCHUS QYHKIMS
HE HMeeT.
YuTaTesro, BEPOATHO, SACHA CBA3b
3TOT0 OOCTOATENBCTBA C HANMYHEM
Puc. 33. y paccMmaTpuBaeMoil (yHKOMHM p a 3-
PEIBOB TMpHM HATypajbHBIX 3HadYe-
HUsX x. [{eHCTBUTENBHO, I HEe I p e-
PHIBHBEIX B3AMKHYTOM NPOMEXYTEKe QYHKIRH HMeeT MeCTO:
Bmopan meopema Beiiepumpacca. Ecau gynkyus f(x) onpedesena
U HempepuléHA 6 3AMKHY oM npomexcymke [a, bl, mo ona oo cmu-
2aem 6 IMOM NPOMENCYMKe C6OUX MOYNLIX 6EDXHeil U HUJCHel 2panuy.
WueMu ciloBamy, 6 nposmexcymre [a, b] naiidymesa makue mouku X=X,
u x=x;, umo 3uauenua f(x,) u f(x,) 6yoym, coomeemcmeenno, mau-
foAbWUM U HAUMEHbUW UM U3 6cex 3HayeHuii dynxkyuu f(x).
I-e noxaszaTenbcTBo. [Momoxum

M =sup {f(x)};

o mpeapiAymieif Teopeme, 3TO YUCIO — KoHe4yHoe. [Ipenamonoxum (Bo-
IPeKH TOMY, YTO HYXHO HOKa3aTb), 4To Beerga f(x)<M, T. e. uTo rpa-
HHLIA M me nmocruraercs. B TakoM ciiyyae, MOXHO PacCMOTpPETH BCIO-
MOraTeJIbHy0 (QyHKIHIO

e
&N

7Y

1

Tak xax, mo mpennosoXKeHHIo, 3HaMeHAaTeNb 311ECh B HYJIb HE obpariaercs,
To 3Ta ¢yHKIMs OylIeT HEUpephiBHA, a CIEAOBATENBHO (10 MPeaBImynieit
TeopeMe) orpawnyeHa: o(x)=y (u=0). Ho oTcrona nerko mojiy4uTs, 4TO
Tornga

foy=M—7,

1 . .
T. €. qyucio M o MeHbUIee, 4eM M, OKa3pIBacTCS BEpXHEH I'paHu-

el JUIss MHOXeCTBA 3HavYeHwit GyHKmuH f(x), 4ero ObITH He MOXeT, GO
M ecThr TOYHAaS BEpXHAA IPAHUNA STOTO MHOXECTBA. IloJy4eH-
HO€ IPOTHUBOpPEYHE NOKA3bIBAET TEOPEMY: B IpoMeXyTke [a, b] Haiimércs
Takoe 3HAYEHUE X,, 4TO f(X,)=M OymeT HauMOONbIMW UM H3 BCEX
3HaveHmit f(x).
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AHaNOTHYHO MOXET OBITH JOKA3aHO YTBEPXIEHHE U OTHOCHTENILHO
HaWMEHBINET O 3HAYCHHUSA.

Il-e nokazaTenbcTBO. MOXHO M 3H€CH HCXOMHTH M3 JIEeMMBL
Bonernano-BeliepmrTpacca [41]. OrpannynMcs yTBepxkIeHHeM
0 HaubonpileM 3HaueHuH. ECH, Kak M TONbKO 4TO,

M=sup {f(x)},

TO MO CBOWCTBY TOYHO il BepxHeil IpaHuLbI (11], nns moboro n Haii-
JeTCs TaKoe X=X, B [a, b], uyTo

fE)=M-1 ®)

Toraa M3 MocneOBaTENbHOCTH {X»} MOXeT GBITh M3BJIEYeHA YaCTHy-
Hafg TMOCNENOBATENBHOCTE {X,,}, CXOMAMASACS K HEKOTOPOMY 3HAYEHMIO X,
u3 [a, B]: xn—x,, Tax uTo, BBHAY HENIPEPLIBHOCTH (GYHKIMH, U

f (x”k) "f (Xl))~

B To xe Bpems u3 (5) umeem
Sxm)>M —nl—kﬂ, B mpenene,  f(x,)=M.

Ho f(x,) He MoxeTr 6bITH Gonble B e pxHeil rpaHuusl M MHoXecTBa
3HAYCHHH (YHKUMH M, Cliel0BaTEbHO,

f (xo) = M )
YTO M TpeboBajoCh NOKa3aTh.

Ot™eTnM, uTo 06a NpHBENEHHbIE NOKA3aTENbCTBA CYTh YHCTBIE «IO-
K43aTebCTBa CylmecTBOBanMs». Cpe/ICTB AM1s BEIYMCIICHHS, HanpuMep, 3Ha-
ICHHA X =X, HUKAKUX He xaHo. Briocnenctsuu [B rnase IV, § 1], mpasna,
npu 6osiee TSDKENBIX MPEANOTIOKEHUSX OTHOCHTEIbHO (bYHKUMH, MBI Ha-
y4uMCcs (AKTHYECKH HAXOMMTH 3HAYEHHMS HE3ABMCHMOIL TIEPEMEHHOM, 10-
CTaBJIIIOLIME (DYHKUMH HAHOOJBIEE MIIM HAWMEHDILEe 3HAYEeHU.

Ecnu dynxuus f(x), npu msMenenuu x B xaxoM-m6o npomexytke L,
OTPaHMYCHA, TO e¢ KOoJeO6aHMeEeM B 3TOM MPOMEXYTKE HA3LIBACTCS
Pa3HOCTh

w=M-m.

WHave MOXHO ompenenuTh KoneGamue o Kax TOYHYIO BEPXHIOK Ipa-
HHUIly MHOXeCTBa BCEBO3MOXHBIX pasHocTelt f(x”)-f(x"), rme X' u x”
TMPHHMMAIOT HE3aBUCHMO OJTHO OT JPYIOTo MPOM3BONILHIE 3HAYCHUS B TIPO~

MexyTke 4:
w= sup %{f(x”) - f(x"}.

*,x” m3

Korma peus umer o wenpepsBHo it Gynxiuu f(x) B 3aMKHY-
oM KoHevYHOM mpomexyrke d =[a, b], To, kak clledyeT W3 IoKa-
JAHHOW TeopeMbl, KoJie6anueM GymeT MOMPOCTY PA3HOCTh M e X ay

2T. M. ®uxtenronen, T, I
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HaubOOJbIIMM H HAMMEHbM UM 3HAYECHUAMHE QYHKIHH
B O3TOM IIPOMEXYTKE.

B 3TOoM ciy4yae mpoMexyTok ¢ 3HaveHuil QYHKIMM €CTh 3a MK H Y-
THLH TNIPOMEXYTOK [m, M], B koseOanme MaeT ero IUIHHY.

86. IlomsTHe paBHOMepHOii HenpephiBHOCTH. Ecax ¢ymxnma  f(x)
ONpeficicHa B HEKOTOPOM HpoMexyTke & (3aMKHYTOM MM HET, KOHEY-
HOM WIM OECKOHEYHOM) H HENPEPBIBHA B TOYKE X, 3TOrO TPOMEXYTKA,
TO

lim f(x) =1 (x,)

X—+Xg

WK [«Ha A3BIKE e-0», 66]: 041 Kancoozo uucaa e >0 Haiidemea makoe yucao
6=0, umo

|x—x,| <6 6aeuem 3a coboii |f(x)~- f(x,)|<e.

IIpennosoxum Tenepb, uTo QyHkims f(x) HempephIBHA BO BCEM IIpO-
MexyTke &', T. €. HEIpEpHBHA B K a X 1 0 il TOUYKE X, ITOTO MPOMEXYT-
ka. Torma mnga xaxgo# ToukH X, i3 X' B OTHEABLHOCTH IO
y; 3aJaHHOMY ¢ Haigercs O,
e COOTBETCTBYIOLIEE EMY B YIIO-
MSHYTOM BbIIle cMbicie. [Ipn
H3MEHECHHH X, B mpenesnax &x,
Jlaxe eCJIA € HEW3MEHHO, YACIIO
0, BooOIIe ToBOps, OyIeT Me-
HATbCA. OpgHOro B3IJIAIa HA
puc. 34 mocrato4mo, 4YTOOBI
yOeOUThCSA B TOM, YTO YHCIIO 0,
TIPUTOIHOE HA Y4YacTke, TIJIe
GyHKIMS H3MEHSeTCS MEJJICH-
HO (Tpadwk mpeACTaBisfeT I O-
! z JOTYIO KpDHBYIO), MOXeT
Y ‘ 0 Ly L0 0Ka3a3;"bc;[ CIJ)'II/III.Iy}I?O)M 60J1B-

Puc. 34. IAM [OJI9 yYacTKa OBICTPOTo

u3Menenus GyHKnuy (rae rpa-

O¥K KpyTO HNOAHHMAETCS WM omyckaercs). HbIME ClloBaMH, yucio 8
6000we 3a8UCUM He MOAbKO OM €, HO U OM X,.

Ecmmi ObI peyb 1I1a 0 KOHEYHOM YHCIE 3HAYEHHH X, (IpH HEH3-
MEHHOM &), TO H3 KOHEYHOI'O YHCJIa COOTBETCTBYIOIHX UM YHCET 0 MOXKHO
ObUIO OBI BHIOPATH HAUMEHBILIEE, M 3TO MOCIICAHEE TOAAIOCH Obl, OYEBHIHO,
H JUI1 BCEX PacCMaTpPHBAaeMBIX TOYEK X, OJHOBPEMEHHO.

Ho mo oTHOLIEHNIO K 6 €CKOHEYHOMY MHOXECTBY 3HAUEHHUH X,
COJIEpXKaIlMXCS B MPOMEXYTKe ', Tak yXe pacCyXIaThb HEIb3s: UM (TIpH
IOCTOSTHHOM &) COOTBETCTBYET OECKOHEYHOE MHOXECTBO 4YHCeN 0, Cpel
KOTOPBIX MOTYT HalTHCh M CKOJIb YTOOHO Manble. Takmm oOpa3om, HO
OTHOLIeHUIO K QyHKIHH f(X), HEIpepLIBHOM B MpOMEXyTKe &', BCTaeT BO-

I
|
|
i
i
i
I
[
1
|
i
i
I
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TpOC: CYLIECTBYET JIM, MPH 33IJaHHOM &, TaKoe 6, KOTOPOoe TOIHIIOCH GBI
I BCEX TOYEK X, M3 ITOrO MPOMEXYTKA ?
Ecau 0aa xawcdozo wucsa € >0 Haiidemes maxoe wucio >0, ymo

|x—x,| <0 eaevem 3a coboii | f(x) = fxp) | <,

20e 6bl 6 npedesax paccmampusaemozo npomesicymra X Hu Aexcaru mouxu
Xo U X, mo @yukyuto f(x) nasvigatom paeHomep o HenpepuigHoll 6
npomexcymxe & .

B sToM cnyyae umciio § okaspiBacTCs 3aBHCALIMM TONBKO OT & M MOXKET
ObITh yKa3aHo o BEIGOpa TOYKH Xp: O TONMTCS JUIS BCEX X, OJHOBpC-
MEHHO.

PaBHOMepHas HEIPEPBIBHOCTH O3HAYAET, YTO BO BCEX HACTSX pome-
KyTKa NIOCTATOYHA OJHA M Ta Xe CTeleHb 6IM30CTH IBYX 3HAYEHMH apry-
MEHTa, YTOOBl HOOUTBCA 3aJaAHHON CTEHEHH OJIM30CTH COOTBETCTBYIOMIMX
3HaYeHuit QYRKIHUM. '

MoxHo moka3aTe Ha NpHMepe, YTO HEMPEPHIBHOCTE (QYHKIMH BO BCEX
TOYKax MpOMeXyTka HE BieYeT HEoOXomuMo 3a coboii ee paBHOME p-
H O HeNpepeIBHOCTH B 3TOM HMPOMEXYTKE. Ilycte, Hampumep, f(x)=

1 2
=Sin = s X, coaepxkamuxcs Mexay 0 u - » HCKJIOYast 0. B aTom ciyuae
00J1aCTh M3MEHEHHS X €CTh He3aMKH YTH H HPOMEXYTOK (0, ;] s

M B KaXIOH €ro Touke (QyHKuus HempepwBHA. I10J10XKHM TENEPDh X, =

2 1
=i m X (tme n — moGoe HaTypanpHOE YMCIIO); Torma

fag=sin@n+1)T=+1,  f(x)=sinnz=0,

Tak Y4YTO

]f(x)—f(xo)l =1,

1
€CMOT TO, 4TO |X—X,| =—=—"—— ¢ BO3pacTanueM » e T
HECMOTPS Ha TO, 4TO | ol 7Gn D © BO3P HU MOXET OBITH
CHIeIaHO CKOJIb YTOMHO MaJIbIM. 31ech TIpH € =1 HeJb3sl HaiiTH §, KOTOpOE

FonuyIock OBl OQHOBPEMEHHO IS BCEX TOYEK X, B (0, ;J , XOTS IJIA Kax-
HOT0 OTIEJIBHOIO 3HAYEHHS X, BBMAY HENPEPHIBHOCTH (YHKIMM, TAKOE O
cyurecTByer!

Becbma 3aMeuarensho, 4TO B 3aMKHY ToM npoMexyTke [a, b] ana-
JIOPMYHOTO MOJIOXEHUS BellleH ObITh YK€ He MOXET, Kak SBCTBYET U3 CJic-
Ayrowieli Teopembl, mpunamiexaweii Kautopy (G. Cantor).

87. Teopema Kanropa. Ecau ¢ynxyus f (x) onpedeaena u nenpepwisia
6 3amrknymom npomencymie [a,b], mo onau pasnomepno ne-
HPEpLIGHA € IMOM RpOMedcYymKe.

Hdoxa3aTenpCcTBO NOBEAEM OT NMPOTHBHOIO. ITycte nmng uHeko-
TOPOro OmMpeAcNEeHHOT 0 Ynucha é>0 He CYWIECTBYET TaKOro YHMcIia

12+
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6>0, 0 KOTOPOM HOET pe4Yb B OUpPENCIEHHH PABHOMEPHON HEIPEPHIBHO-
ctd. B TakoMm cirydae, kaxoe Obl uuCiio >0 HH B34Th, HAMAYTCA B IpoO-
MeXyTKe [a, b] Takue [Ba 3HAYEHHA Xg M X', YTO

|x"—x5| <6, m Tem me Mmemee |f(x')- f(xp)|=¢.

Bo3bMeM Tenephb HOCNeN0BaTENbHOCTD {0,} MOJIOKHUTEIBLHBIX YHCET TaK,
yTo d,-0.

B cuny cka3aHHOTO, Ui Kaxaoro 0, Haimytcs B [a, b] 3navenus x{P
u x(™ (oHM UIpaloT poib Xy U X'), Takde, yrto (npu n=1,2,3,...)

XM - P <6,, 1 Tem ne Menee | f(XM)— (M) =e.

ITIo nemme Bonsnano-BeiliepmTpacca [4]1] u3 orpaHuyeH-
HO¥M mocienoBaTesbHOCTH {x("} MOXHO H3BJIEYb YACTHYHYIO IOCIEHOBA-
TeJIbHOCTh, CXOMSAIIYIOCS K HEKOTOpOH ToukKe X, IpoMmexyTka [a, b]. s
TOTO YTOOBI HE OCIOXHATHL 0003HAYEHUH, Oy/leM cUnTaTh, YTO yXE caMa
IIOCTEeI0BATENBHOCTh {x™} cxomuTes K X,.

Tak xak x™ —x§0 -0 (u6o |x — x| <0,, a'd, ~0), To OAHOBPEMEHHO
¥ II0CTIeNI0BaTeNbHOCTD {x§V} cxomutes k X,. Toraa, BBHY HENPEPLIBHOCTH
GYBKIME B TOYKE X,, NOJDKHO OBITH

JED) - flx) 1 )~ [,

Tak 4To
FE®) - f(x§) -0,

4 3TO IDPOTHBOPECYUT TOMY, YTO IPH BCEX 3HAYCHHIAX #

/(™) = f(x§)| =e.

Teopema moxasana.

W3 mokxazamHOM TeOpPEMBl HENOCPEACTBEHHO BBITEKAET TaKOE CIIECACT-
BHE, KOTOpoe Hike OyIJeT HaM IOJIE3HO:

Cnedcmeue. IMycmv @ynxyus f(x) onpedesera u HenpepvieHa & 3am-
knuymom npomexcymke [a, b]. Tozoa no 3adannomy &=>0 uatidemcsa makoe
6>0, ymo ecau npomexncymok npou3e0AvHO paszbume HA HACMUYHbIE NPO-
MENCYMKU ¢ OAUHAMU, MEHBUUMU O, MO 8 KANCOOM U3 HUX Koaebanue PyHK-
yuu f(x) 6ydem menvuie &.

JIeHCTBUTENBHO, €Cld, IO 3aJaHHOMY & B KauecTBe O B3ATh UHCIO,
0 KOTOPOM TOBOPHMTCSA B ONpEAeNeHHH PaBHOMEDHOH HENPEPHIBHOCTH, TO
B YaCTHYHOM IIPOMEXYTKE C AJMHOM, Menblueil 6, pasHOCTL MexXIy JIXo-
ObIMH IBYMS 3HaYeHHAMH GYHKIMU OyIeT 1o a0COMOTHON BeJINYHHE MEHb-
1Ie &. B 94acTHOCTH, 3TO CIIPaBEAIMBO M OTHOCUTENILHO HAaH O ONbIIET O
H HaAaMMEHBINIETO M3 3THX 3HAUYCHHH, Pa3HOCTb KOTOPBIX M [aET
xoyiebanne (GYHKIHH B YIOMAHYTOM YaCTHYHOM IpOMEXyTke [85].

88. Jlemma Bopeas. MBI nokxaxeM cerdyac OAHO HHTEPECHOE BCIIO-
MOraTeJIbHOe YTBEpXAEHHE, KOTOpoe — IonobHo jeMMe b oabHaH 0~
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—BeiiepumTpacca ~ Moxer 65T MOJE3HO MIpH MIPOBEAEHUU MHOTHX
TOHKHX DAacCyXXAEHHi; OHO NPUHAIEXUT Bopenio (E. Borel).

PaccmoTpum, Hapsiny ¢ nmpomexyTtkoM [a, b], eme HexoTOpyrO CHCTEMY
2 OTKDPBHITH X IPOMEKYTKOB O, KOTOpPasi MOXET OBITh Kak KOHEHHOI,
TaK U GECKOHEYHOMH. VCIIOBUMCS FOBOPUTD, 4TO CH CTe M a 2, MOKDpBEI-
BaeT NMPOMEXYTOK [a b] (WIM 4TO 3TOT MPOMEXYTOK MMOKPEIBAETCH CH~
CTEMOH D, M T. IL.), €CIIM JUIS KaXIOM TOYKY X TIPOMEXYTKA [a, b] HalimeTcst
B 2 NPOMEXYTOK 0, CoAepXaluii ee. DTOT Croco6 peud obneryuT Ham
(OPMYIMPOBKY M I0KA3aTENBCTBO YIOMSHYTOTO YTBEPXKICHHS.

Jlemma Bopenn. Eciu 3aminymu i npomexncymox [a, b] nokper-
saemes Oecrxomeunoi cucmemoti > = {o} omkpeimerx npomexncym-
K08, Mo u3 ne€ écez0a moncio guldesums Komeuyn Y10 nodcucmesy

Z*={019 0'2, crey Gn}’

KOmopas maxowe NOKpwleaem 6ece Hpomencymox [a, b).

I-e toxazaTensbcTBoO moBenem oT MPOTHBHOIO, NPUMEHHB Me-
Ton Bonbuano [41]. JooycTum xe, uto NPOMEXYTOK [a, b] He MoxeT
ObITH MOKPHIT KOHEHHBIM YMCIIOM IPOMEKYTKOB & U3 2,- Pa3nenum mpo-
MeXyToK [, b] nomonam. Toraa XoTh OJIHA H3 TOJOBHH €r0 TOXe He Mo~
XKET OBITh NMOKPBITA KOHEYHBIM HHCIIOM O NEHCTBUTENBHO, €CJIM ObI OoqHa
H3 HUX Morja ObITh IOKPHITZ MIPOMEKYTKAMU 01,05, ..., 0, (M3 ), a
Apyras — NPOMEXYTKAMHU Omyi, Omy2, - .., Op (M3 ), TOM3 BCEX OSTHX
TIPOMEXKYTKOB COCTABUIIACH OBI KOHEYHAs CHCTeMa Y *, TOKPHIBAIOIIAS yxe
BECh IIPOMEXKYTOK [a, b], Bonpexu momymienuto. OGo3HaIMM uepes [ay, b;]
Ty TOJIOBHHY IPOMEXYTKa, KOTOPas HE MOKPHIBAETCS KOHEYHLIM YHCIIOM
o (ecu ke o6e TaKkoBbI, To — JIOGYIO H3 HHX). DTOT IIPOMEXYTOK CHOBA
pasfequM MomojgaM H 00603HaYuM 4epe3 [a,, b,] Ty u3 ero IIOJIOBHH, KO-
TOPYIO HEJb3sl MOKPHITE KOHEYHBIM YHCIOM O, W T. [.

IIpomosmkas 3TOT npouecc HeOrpaHHYCHHO, MBI HOJIy4nM OGECKOHEYHYIO
TIOCICAOBATEILHOCTE  BIOXKECHHBIX IPOMEXYTKOB [an, b,] (n=1,2,3, ...),
Ka/blH H3 KOTOPBIX COCTAaBJIAET IIOJIOBHHY IPCIILECTBYFOILLETO. IIpo-
MEXYTKH 3TH BCe BHIOMPAITCHA Tak, 4Y4TO HH ONHMH
M3 HUX HE MOKPHBAETCS KOHEYHBIM YHCIOM IIPOMe-
KYTKOB 0. [To 1eMMe 0 BIOXKECHHBIX npoMexyTkax [38], cymectsyer
ob1asi MM BCEM TOUKA ¢, K KOTOPOM CTPEMATCH KOHILBI a,, b,.

Ota TouKa ¢, KaK H BCSAKAsk TOYKA MPOMEXKYTKA [a, b], nexur B ogHOM
13 TPOMEKYTKOB 0, CKaxeM B 0, =(x, ), Tak 4To a<c<f. Ho BapHauTs
G, ¥ b,, cTpeMsILMeECS K ¢, HAYMHAS C HEKOTOpOro HoMepa OyayT camu
COAEPX)AThC MeXIy « M B [26, 1°], Tak 4To ompeeiseMbLt UMK IpoMe-
XYTOK [ay, b;] OKaXEeTCsl IOKPBITHIM BCEro JIMILb OTHHM HOPOMEXYTKOM 0,
BOIPEKH €aMOMY BBIOODY ITHX IPOMEXYTKOB [a,, b,). ITomyyernoe mpo-
THBOpEYHE M JOKA3HIBAET JIEMMY.

IpuseneM eiue omHO MOKA3aTENHCTBO, IIOCTPOCHHOE HAa HOBOM wWIge;
ona mpuHauIexuT Jle6ery (H. Lebesgue).

II-e noxasaTtennbcTso. PacemoTpuM Toukn x* mpomexyTka
[a, b], obnanatomue TeM cBoOMCTBOM, YTO IPOMEXYTOK [a, x*] mOKpEIBagTCH
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KOHEYHBIM YHCJIOM TPOMEXYTKOB 0. Takue Toukd x*, BooOwe, HaitmyTcs:
Tak Kak, HApHMep, TOUKA ¢ JISKHT B OJHOM HU3 0, TO H Bce Giu3nexa-
IIHe K Hell TOYKH COIEpXKATCA B 3TOM O H, CJIEIOBATEIBHO, OKA3bIBAOTCA
TOYKaMH Xx*,

Haimeit 3amageid SBaseTCA YCTAHOBUTH, YTO U TOYKA b NPHHANJIEKUT
K YHCITy TOUEK X*.

Tak xak Bce x*=<b, To cymectByer [11] u

sup {x*}=c=<b.

Kak 4 Bcskas Touka mpoMexXyTka [a, b], ¢ IpUHAIJIEKUT HEKOTOPOMY
0,=(«, ), a<c<f. Ho, no cBoiicTBYy To 4 H 0 #i BepxHeli rpaHuIpl, Hali-
JETCS X§, Takoe, uTO a<Xg=c. IIpoMexyTok [a, x§] moKpbIBaeTCs X O-
HE€YHBIM 4YHCJIOM IPOMEXYTKOB 0 (II0 CAMOMY OIIPENIEIEHMIO TOYeK X*);
€CJIM K 3THM IIPOMEXYTKaM NPHCOCTUHUTH €lIe JUINb OJUH IPOMEXYTOK
G,, TO MOKPOCTCS. M BECh MPOMEXYTOK [a, ¢], Tak 4YTO ¢ €CTh OJHA H3 TO-
ek x*.

BmecTte ¢ TeM, SICHO, YTO ¢ HE MOXeT ObITh <b, ub0o uMHaue Mexay
¢ ¥ B Hamucs OBl eule TOYKH x¥, BOIPEKH ONpPENCICHHIO YHCIA ¢ Kak
BepXxHeHd rpauuubl Bcex x*. TakuMm oOpasom, HeoOxomumo b =¢; 3Ha-
YAT b €CTh OJHO U3 X*, T. €. IPOMEKYTOK [a, b] MOKpHIBaeTCS KOHEYHBIM
YHUCJIOM TPOMEXYTKOB O, 4. U Tp. I.

3aMeTHM, YTO MJisi CIPaBEUIMBOCTU 3aKJIFOUCHHS JIeMMBI B PpaBHOI
Mepe CYIIECTBEHHO KaK IPEeANOJOXEeHAE 0 3aMKHYTOCTH OCHOBHOIO
IpoMexXyTKa [a, b], Tak ¥ TpeAnoJOXKEHHE O TOM, YTO IPOMEXKYTKH O,
COCTaBJISIOIIME CHCTEMY >, — OTKpBIThIe. HanpuMep, CHCTeMa OTKPBITHIX
TIPOMEXYTKOB

1 3 1 3 1 3 1 3
PR K iy R Ry AR AT R
mokpemaeT npomexyTok (0, 1], HO W3 HHX Heab3sl BBHICIHTH K O H € Y-

HOH IOJICHCTEMBI C TEM XK€ CBOMCTBOM. Ananormmo, CHCTEMA 3aMKHY-
ThIX MMPOMEXYTKOB

1 1 3 3 7 2n—1 2nt+1i_j
[0)—], ['—‘; —]7 [_7 *]70")[_“‘_‘7 ——‘—]7 H [1’2]
2 2 4 4" 8 2n 2n+1
'noKpHBaeT npomexyTok [0, 2], HO M 37ech BBIAEJICHHE KOHEYHOU
HOJCUCTEMBI HEBO3MOKHO.

89. HoBble noKa3zaTeJ bCTBA OCHOBHBIX TeopeM. IlokaxeM Temepsb,
Kak jeMMa B opens MoxeT OBITH MCIOJB30BaHA IS JOKA3aTeIbCTBA
OCHOBHBIX TeopeM O HempepbiBHbIX (yHkmusax Bonrmano—-K o,
BeiiepmTpacca u KanTtopa.

1° 1-2 meopema Boarvyaro—Kow u [80]. Ha aToT pa3 moka3sBaTh
ee 6yzeM oT mpoTuBHOTro. J[OMyCTHM, YTO — IpPHU COOIMIONEHHH MPEIIIOJIO-
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XEHUS TEOPEMBI ~ BCE K€ HU B OIHOM Touke PyHKIuMs f(x) He obpalnaeTcs
B Hynb. Torna, mo memme n° 80, xa x 1y 1o TOYKY x’ IIpoMexyTka [a, b]
MOXHO OKDYXHTb TaKOif OKPECTHOCTBIO ¢’ = (x'~ &', x' + §’), uTo B ee mnpe-
nemax *) f(x) coxpamseT onpeNeNSHHBIN 3HAK.

Beckoneunas cucteMa 3 ={o} 3TEX OKPECTHOCTEii OKPEIBAET, TAKHM
00pa3oM, BeCh NaHHLIA NPOMEXYTOK [a, b]. Torpa, mo nemme Bopens,
AJIA 3TOTO OKA3BIBACTCS NOCTATOYHO YXE KOHEYHOT O YHCIA YHOMS-
HYTBIX OKPECTHOCTeH, 00pa3ylollX cucTeMy > *.

JIeBBI KOHEN @ HAIUEro HPOMEXYTKA MPHHAIUIEKAT OMHOM H3 OKpeCT-
HOCTeH 3TOH CHCTeMsI ¥, CKaxeM, OKDECTHOCTH 6, =(x,~ &, x;+0)).

'/ ’ \ 7 - \ / \

I a 1 B \ / by

i | /A ! A W B A | LA b

' T ] 1 [ AL L] T T

\ ‘Z'/ /, KZ‘Z \\ \%—_—V_—‘\JLZ‘/Z l’
Puc. 35.

Ee npaBerii komen x;+4,, B CBOI ouepellb, NPHHAIIEKUT OKPECTHOCTH
Oy=(Xg— 0y, X, +0y) w3 ¥ TouKa Xx,+0, comepxurcs B OKPECTHO-
CTH Oy=(X;—0,, X3 +0,) w3 >* u T. m. (puc. 35). Tlocie KOHEUHOIo
UHC/IA  IIATOB, MEPEIBHIASCH HANPABO, MBI HNPHIEM K OKPECTHOCTH
On=(Xp—0p, Xp+0,) U3 D'*, 3akmovaroweil B cebe YK€ IpaBblii KoHel b
JaHHoro mpoMexyTka. Eciu 661 >'* comepxana eiie xakxue-n1u6o Apyrue
HPOMEXYTKH, KPOMe

01)02)03) ""Gn’ (6)

TO HX, OYEBU/HO, MOXHO OBUIO OBl MPOCTO OMYCTHTD.

B okpectoctn o, dynxums f(x) coxpamser OIpe/le/ICHHbIH 3HaK,
nMenno, 3Hak f(a). Ho u B 0, GyHKIMA uMeeT onpeneienHHbii 3HaK, Ko-
TOPBIf TOJDKCH TOXE COBIAZATb CO 3HAKOM f(d), MO CK O I b K y 0, 40,
B3aUMHO HalerarwT. Tak xe yOexkmaeMca B TOM, YTO TOT XKe 3HAK
YHKIMA CoXpaHseT M B Clemyroweif mo MOPSIKY OKPECTHOCTH Oy, H a-
MerarwIei Ka 0y, U T. . B KOHIE KOHIOB, NIPUIEM K 3aKJIIOYEHHIO,
4TO M B IOCJENHEH OKPECTHOCTH O, YHKIHMA MMeeT 3HaK f(a), Tak 4To
u f(b) coemamaer mo 3maxy c¢ f(a), a arto YX NPOTHBOPEYUT MPEHIIOIO-
Kenuro. TeopeMa noxazana.

2° 1-1 meopema Beiiepumpacca [84]. BBuny menpepniBEOCTH
byuxmuu f(x), kaxyro 6B1 Touxy x NPOMEXYTKa [a, b] HE B34Th, 3anaB-
UIMCh MHCIIOM ¢ >0, MOXHO OKPYXHTh 3Ty TOYKY CTOJb MAaJoif OKpECT-
HOCTBIO 0’ =(x"—§’, x'+ &), 4To6BI mis Beex TIpHHAJICKAIUX €l 3Hade-
HUE X BBOIONHSTHCH HEPABEHCTBA

[/(x) = f(x)] <e
Jx)—e<f() = f(x)+e.

*) To ecTb B 06meit yacTH 3TOM OKPECTHOCTH H mpoMexyTka [a, b], B KoTopoM x
TOJIBKO ¥ MOXET M3MEHSTBHCH,

HIIK
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Taxum oGpasom, B mpenenax Kaxnoil Takoi OKpecTHOCTH QyHKums f(x)
3aBEIOMO OrpaHWM¥EHA: CHU3Yy — 4YUCIOM f(X')—&, a CBEPXy — YHCIIOM
S +e.

UuraTenro fCHO, YTO M 371eCh K OSCKOHEYHOM CHCTEME ) OKPECTHO-
CTei, 00JIaIalONMX YKa3aHHBIM CBOHCTBOM, HAIUIEXUT MPHMEHHTH JIEMMY
Bopensa W3 mee crenyer, yTo HAHAETCS B D, KOHEYHOE HHCIIO OKPECT-
Hocreii (6), Takke B COBOKYIHOCTH MOKPHIBAIOLIMX BECH IIPOMEXYTOK [a, b].
Ecnu

m=<f(x)<M, B oy,

my=<f(x)<M, B 0,,

my=<f(x)<M, B 0,

TO, B35B B K4YECTBE M HAMMEHBILEE U3 YHCEN M, M,, ..., M,, & B Kaue-
crBe M — Hambobluee u3 uucen M,, M,, ..., M,, oueBuano, 6yieM HMETh
m= f(x)<M

BO BCEM IpoMexyTke [a, b], 4. ¥ Tp. 1.

3°. Teopema Kanmopa [87). 3ananumcsi 1pon3BOJIbHEIM YHCTIOME > 0.
Ha sT0T pas kaxayro Touky x" npomexytka [a, b] okpyxum Takoif okpecT-
HOCTBIO 0’ =(x'—0’, x'+0'), 4TOGBI B €¢ Ipellesiax BHIIOJHANOCH HEpa-
BEHCTBO

| f)~ )] <5

Ecni X, Takke eCTb TOYKa 3TOH OKPECTHOCTH, TO OAHOBPEMEHHO H

, €
|6 - fxg) ] <5
Taxum obpa3oMm, niasd AWOBIX TOYEK X U X, M3 ¢’ OyneM uMeTb

| f(x) = fxo)| <e.
CraneM kaXOylo OKPECTHOCTh ¢’ BJIBOE, COXPaHfs €€ IEHTp, T. €.
BMECTO 0’ PacCMOTPHM OKPECTHOCTh '

o =[x & x"+ r
- 2’ 2]

M3 3Tux OKpecTHOCTeH Takke COCTABHTCS CMUCTEMa ), IOKDHIBAIOLIASA
NPOMEXYTOK {a, b], ¥ MMEHHO K Heif MBI NIpUMEHMM JieMMy b o pe I 4.
Ipomexyrok [a, b] moKpoeTcs KOHEYHBIM YHCIOM HPOMEXYTKOB
3 >

- d; 0; .

O’,-=(x,v—§,x,~+EJ (l=1,2, ...,n).

o;
ITycrs Teneps 0 GyneT HAMMEHBIUHM U3 BCEX TACEN o , ¥ X, X — JIIOObIE
B TOYKHM HAIErO IPOMEXYTKA, YIOBJETBOPAIONIUE YCIOBHIO:
Jx x| <8. )
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Toyka X, momKHA NPUHANNEKATE OQHONH M3 BBIIEICHHBIX OKPECTHO-
CTeH, HAPUMEDP, OKPECTHOCTH

o Oy . Oiy
O0={*"% > X7 5]

i,
TaK 4TO |Xx,—~X;,| <5
T 5 7 % x| <8
ak kak d=-=, To, BBHAY (7), ]x—x0[<-2~, OTKyHa |x-—-Xx;,|<é,,
T. €. TOYKA X (a MOJABHO — H TOYKA X,) NPHHAUIEKHT TOH II ¢ P Bo-

Ha4YanbHO B3ATOH OKPECTHOCTH
(x5~ 04y x5+ 8:,),

CTATMBAHUCM KOTOPOH MOJIYYeHa OKPECTHOCTB 0;,. B TakoMm ciyyae, mo
CBOMCTBY BCEX NMEPBOHAYANIbHO B3ATHIX OKPECTHOCTEH,

() = fxo)] <e.

ITockosbKy 6 6bUTO BEIGPAHO BHE 3aBHCHMOCTH OT MOJOXEHHS TOUKM
Xo» PABHOMEDHAs HENPEpBIBHOCTE QPyHKimu f(X) mokazana.

Kak BumHO U3 npusenenusix paccyxnenuit, temma B o pens cycne-
XOM MPUJIIATacTCsd B TEX Cny4Yasx, KOrJa «IOKaJbHOE» CBOHCTBO, CBS3aH-
HOC € OKPECTHOCTBIO OTHENBHOM TOYKH, MOMJIEXHT PACIPOCTPAHCHHIO HA
BECh PaCcCMATPHUBAEMBIN NPOMEXKYTOK.



TITIABATPETHA
ITPOU3BOJHBIE U JTUDPDEPEHIIUAJIBI

§ 1. Ilpouseo/Hast H ee BBHIMHCIIEHHE

90. 3amaua o0 BHIYMCIEHHH CKOPOCTH JBIKYmleiict Toukn. Haunem
¢ 4acTHOro IpHUMeEpa, MMEHHO, pacCMOTPMM CBoOoAHoe mamenue (B my-
CTOTe — HYTOOBI HE YYUTHIBATH CONPOTUBIIEHUS BO3AyXa) TH-
o KeJI0 MaTEpPHAILHON TOUKH.
Ecnu BpeMs ¢ (CeK.) OTCUMTHIBAETCS OT Havaja MaacHuS,
TO NMPOHWIEHHBIA 3a 3TO BpeMs MyTh s (M), IO U3BeCTHOH dop-
Myne, BBIPA3HTCS Tak:

£ o
A Szzt, (1)
ds

roe g=9,81 (%) . Ucxons us aroro, mpebyemcsa onpede-

AUMB CKOPOCMb U OBUNCEHUA MOYKU 8 OaHHbI MOMEnM {, KOTIa
TOYKAa HaxXoJUTCi B moioxeHun M (puc. 36).

IlpupanuM mepeMeHHOH ¢ HeKoTopoe npupamenue At u
paccMOTpHM MoOMeHT ¢+ /¢, korna Touka OymeT B moJio-
Puc. 36.  xemmu M,. Ilpupawenne MM, myTH 3a IPOMEXYTOK Bpe-

menu At 0603ma4uM yepes As. [Moacrasnss B (1) ¢+ At BMecTo
¢, IOJyYUM IS HOBOT'O 3HAYCHHS ITYTH BBIpAXKCHHE

St As=§(t +At)?,
OTKYJa

As=§(21-At+At2).
PasnenuB As na At, MbI HOMyYHM CPEOKIOI CKOPOCTDH MaJCHUS
TOYKH Ha y4yacTke MM, :

As 4
Vep, = =8t +5- At

Kax BumuM, 3Ta CKOPOCTH M EHS € TCS BMECTE C u3MeHeHueM Af, TemM

JIy4Ile XapaKTepU3ys COCTOSHUE ITAaJAa¥OIIelf TOYKH B MOMEHT f, YeM MEHb-
UIie MpoMexyTok Af, MpOoTeKIHH TTOCIe 3TOr0 MOMEHTA.
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Ckopocmbio v mouKu 6 MOMEHM GpeMenY | Ha3bléarom npede A,
K KOMOpOMY CIMpeMumcs CpeoHas CKopochb v, 3a npomescymok At, kozoa
At cmpemumes k 0.
B Hamem ciyyae, oveBHAOHO,
v=1lim (gt+;—’-dt) =gt.
4i-+0
AHANOrMYHO BBIMUCIAETCA CKOPOCTH © U B OOLIEM Clyuae MPSMOJIH-
HEWHOro JBIKeHUsA TO4kH. ITojloXEeHUE TOYKH OIIpeNesseTcs ee paccTos-
HHEM S, OTCYUTBIBAEMBIM OT HEKOTOPOH HavaibHOi Touku O; 3TO pac-
CTOAHMC U HA3bIBACTCA NMPOHHEHHBM NyTeM. Bpemsa f oTCUUTHI-
BA€TCA OT HEKOTOPOrO HAYaJbHOIO MOMEHTA, IPUYEM HE OO0S3aTEIbHO,
YTOOBI B 3TOT MOMEHT TOUKA HAXOMMIACE B O. JIBHXEHHE CYUTACTCS BIIOJIHE
3aJ1aHHBIM, KOTJa M3BECTHO YPAaBHEHHEC JBHXKCHHU S s=f(1), u3
KOTOPOTO TIOJIOKEHHE TOYKH ONpENeNseTca I JIrO0oro MOMEHTa Bpe-
MCHH; B PAcCMOTPEHHOM IPHMEpPE TaKylo poib HIpayo ypasuende (1).
A omnpeneleHUs CKOPOCTU ¥ B JAHHBIA MOMEHT ! NPHIUIOCH Obl,
KaK W BBILIE, IPUIATh ! NpUpamieHue Af; 3TOMY OTBEYAET yBEJIMYECHHE

iyt s Ha As. OTHOLIEHHE s

o
BBIDA3HT CPEAHIOIO CKOPOCTH 0 3a npoMexyTok A¢. Mcrunnas
e CKOpPOCTh © B MOMEHT ! TOJIyYHTCS OTCIOIA NPENEIbHBIM IIEPEXO0IOM:

v=lim o, =lim 2
a0 7 a0 At
M]:I paCCMOTpHM HHXE prry}() Ba.)KHyIO 3a,t[a‘{y, HpHBOI[ﬂH.[y}O K IIO-
IOGHOM ke TpelleIbHOM OlepalHH.

91. 3ajaua o mpoBeJeHHH KacaTeJbHOH K KpuBoi. IIycTb NaHa kpuBas
(K) (puc. 37) m Ha wmeit Touka M; oOpaTuMcad K YCTAHOBJICHHIO
CaMOro HOHATHA KA CaTe N bHOH
KKpPUBOHK B e€¢ TOoOuKke M.

B mkompHOM Kypce Kaca-
TEJIbHYK K OKPYXHOCTH
ONPENCIIAOT KAK IPAMYIO, HMEFO-
LIyl0 C KPHBOH JIMIIB OXHY OOLUyIO
Touky». Ho 310 ompenenenue umeer
YaCTHBIH XapakTep, HC BCKPBIBAS
cymecTtBa zieya. EciaM mombITaThCs
IPHMEHUTD €ro, HaIpuMep, K mapa-
Gone y=ax® (puc. 38a), To B Hayayse KoopmuHaT O 06¢ KOOPHHHATHBIE
OCH MOJOULTH OBI IOJ 3TO ONPENENICHHE; MEXIY TeM, — Kak, BEPOSATHO,
HETIIOCPEJICTBEHHO ACHO M YMTATel0, — Ha Mejie JHIUb OChb X CHYXHT
KacaTeJIbHOH X mapabone B Touke O!

Msl namuMm ceifyac oOliee onpenelieHME KacaTenbHOU. Bo3bMeM Ha
kpuBoi (K) (puc. 37), xpome Touku M, eme Touky M, u nposeaeM

Puc. 37.
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cexyuiyw MM,. Korma Touka M, Oy#eT mepeMelIaThCHs BAOJEL IO
KPHBOH, 3Ta Cekywlas OyAeT BpallaTbCs BOKPYT TOUKH M.

Kacameavnoi x xpusoii (K) 6 mouke M nasvieaemcs npeo e 1o~
Hoe noasowernue MT cexywyeii MM,, kxozoa mouka M, 6doab no
Kpugoii cmpemumcsa k cosnadenuro ¢ M. (CMBICII 3TOTO OTIpeesIeH s CO-
CTOMT B TOM, 4YTO Yroi < M;MT CTaHOBUTCS CKOJb YTOJAHO MAJbIM, JIAIIE
TOJIBKO JIOCTaTO4YHO Maja Xxopjaa MAM,).

IlpimennM Ay mpuMepa 3TO OmperesieHne K rapabojie y=ax?, B
moboit ee Touke M(x, y). Tak kak KacaTeJbHAs IPOXOIUT YEPE3 ITY TOUKY,

4 g

y=azr?

Puc. 38.

TO JJii YTOUHEHHUS €€ MOJIOKEHHS JOCTATOYHO 3HATH €lle €¢ YIJIOBOH Ko-
apdumment. Mt u moctasuM cebe 3amadeit naiimu yza060ii ko3pPuyuenm
tg o xacameavroil k mouxke M.

Ilprnas abcmucce x mpupauienue Ax, oT Toukd M XpuBoiH mepeinem
K Touke M; c¢ abcmuccoii x+dx u opauBaTOi

y+Ady=a(x+ Ax)?

(puc. 38, a). YrioBoit koadduumenT tgp cexvure it MM; onpenenarcs
U3 OpIMOYrojibHoro AMNM,. B Hem kateT MN paBeH IpHUpAILECHUIO
abcumecs Ax, a xater NM;, 0YeBHIHO, €CTh COOTBETCTBYIOIUEE MpHpA-
UICHHE OPAMHATHI

Ay =a2x - Ax + Ax?),
TaK 4TO

Ay
tgp=—-= +a-dx.
gP="1 2ax+a-Ax
A mosrydeHus yriaosoro xo3dunuenTa KacaTesbHOM, KaK JIETKO IO-

HATBb, HYXHO OEPEHTH 37ech k mpeneny npu Ax 0. MsI IpuxoauM TakuM
obpazoM X pe3yiLTarTy:

tg o= lim (2ax + a - Ax) = 2ax.
4x-0
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[3ameTyM monyTHO, 4TO OTCIOMA BBITEKAET yHOOHBIA nmpueM muia dax-
THYECKOI'0 TIOCTPOEHHS KacaTelbHOH K mapaboyie. MMerno, 3 A MPT
(puc. 38, 6), orpesok

_ Yy ax? x
Ttga 2ax 2°

Tak 9T0 7' €eCTh cepenguMHA oTrpe3ka OP. Urak, nis Toro 4ToGnl
TIOTY4NTh KacaTEelbHYIO K Mapabojie B ee TOYKE M, HOCTATOYHO pasne-
JHTh TOMOJIAM O0Tpe30K OP U cepellMny €ro COeIHHUTL ¢ TOYKOI M}

B cny4ae m060ii kpuBoif, ¢ ypasHennem

=5,

YIJI0BOA K03QPHIMEHT KacarelbHOW yCTaHABIMBAETCS MOMOOGHBIM e 06-
pasom. llpnpaiennio /lx aGenucert oTBevaeT npupaluenne Ay opavnatel,
H OTHOWICHHNE

Ay

Ax

BBIDOKAET YIIIOBOH KOIQOUUMEHT ce Ky uieif, tgp. VInoBoit xe K03¢-
(HIMEnT kacaTenBbHON MosyyaeTcss OTCIONA IyTEM nepexona K Ipeneiy
npu Ax-0:

. . dy
tga=limtgp= lim = .
& Ax—0 8¢ ax0 4%

92. Onpenenenne nponssommoii. ComocTasisia omepalyuHd, KOTOpbIe
MBI OCYHIECTBIISUIM TMTPU PELICHHH PACCMOTPEHHBIX BBILIE (DYHIAMEHTANb-
HBIX 3a/1adY, JIETKO YCMOTDETh, YTO B OOOMX CIOyyasx — eCJIH OTBJIEYbCS
OT pas3iiM4usi B HMCTOJKOBAHMU NMEPEMEHHBIX ~ IO CYLIECTBY JEJIANOCH
OIHO U TO Xe: MpHUpaneHue QYHKIMM JENHIOCh HA MPUpAILCHHE HE3aBU-
CMMOJi TIEPEMEHHOM ¥ 3aTeM BBIYMCIANCA Tpenes MX oTHoIlenus. Takum
HYTEM MBIl M IPHXOANUM K OCHOBHOMY MOHATHIO [U(pepEHIINAITBHOTO HCYH-
CIICHMSI — K TOHATHIO MPOMU3BO IHO .

Ilycts dynxkumsa y=f(x) ompenenena B mpomexytke L. Wcxoms us
HCKOTOPOI'O 3HAYCHWA X=X, HE3aBUCUMOH MNEPEMEHHOMH, NMPUAATUM eMy
npupaienne Ax =0, He BHIBOASINEE €0 13 npoMexyTka &, 1aKk 4To H
HOBOE 3HAYCHHE X,+ /X MPUHAIEXUT 3TOMY HpoMexyTky. Torna 3ma-
YeHHe y = f(x,) QyHKIMHK 3aMEHNTCS HOBBIM 3HAYCHUEM  + A y=f(x,+ Ax),
T. €. MOJYYUT NpHUpAIEHUE

Ay =41 (xe) = f(x+ Ax) ~ J(xp)

Ilpeden omnowenus npupawenus gynkyuu Ay 6b136a6UIEMY €20 HpU-
pauvjenuio Hezasucumoii nepemennoti Ax, npu cmpemaenuu Ax k 0, m. e.
&2 S Gt 42) = £ (xg)

lim —== lim 1
Ax—0 X Ax—~0 X
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IT-e noxaszaTenbcTBO. PaccMOTpuM BCe Te TOYKH X =X IpPO-
MexyTKka [a, b], s xoTopeix f(X)<O0. K ux 4mciy, Hampumep, OTHO-
cATCA TO4YKAa g U (B CHIY JIeMMBI) Oiu3liexamque K Hed Toukd. MHOXe-
ctBo {X} orpammyeHo csepxy umcioM b. ITomoxum Temepb c=sup {X}
[11]; MBI yTBEepxmaeM, uto f(c)=0.

HeHcTBHTENbHO, HOOYCTUM MNPOTHBHOE; Torma Jmbo f(c)<0, maubo
f(¢)=0. Ecnmz 611 65u10 f(c)<0 (Torma 3aBemoMo c<b, ubo HaM HaHO,
yto f(b)>0), To — MO JleMMe — U MpaBee€ ¢ HAIIKCH OBl 3HAYCHHSA
X, mg KoTopeiXx f(X)<0, a 3TO0 MPOTHBOPEYMSIO ObI OIpPENENIEHHIO ¢, KaK
BepxHed rpaHun s mia {x}. Ecou xe 68ut0 681 f(c) >0, To — cHOBa
HA OCHOBAHHH JIEMMBI — UMeJH OBl f(x)>0 1 BONM3M ¢ ciaeBa, MMEH-
HO — B HEKOTOPOM JOCTATOYHO MaJloM IpoMexyTke (¢c—9d, c], a Torma
TaM BOBce He OBLTO OBl 3HAYEHHH X, YTO TaKXe HEBO3MOXHO, 6O ¢, IO
ONpETIENIEHHIO, €CTh T O YH a 51 BepXHAA IpaHuua s {X}.

Teopema noka3zaHa.

3aMeTuM, yro TpeOoBaHHE HENMpEpPHBIBHOCTH (QyHKIMH f(X)
B 3aMKHYTOM IIpoMexXyTke [a, b] cymiecTBeHHO: BYHKLHUA, MMEIONAsd pas-
PBIB XOTh B OJHOH TOYKe, MOXXET NEPelTU OT OTPHIATEILHOrO 3HAYCHHS
K IOJIOKHUTETBROMY H He oOpamasce B 0. Tak 6yner, nanpumep, ¢ GyHKIHe

x) = E(x ——1~, KoTOpasi HUrje He npuuumMaeT 3uauyenus 0, xota f(0)=
3 p

= ~%, a f(l):% (cxadox npu x=1).

81. IlpuMenentie K pelseHHI0 ypasHenwii. JloxaszaHHas TeopeMa HMeeT OPHMEHCHMC
NPH PELICHUA YPAaBHEHUH.

TIpexne Bcero, ¢ ee NOMOUIB YCTAHABAMBAETCS CYymMecCTBOBA-
HH ¢ KopHe#. Hanpumep, Hist Bcex O¥EBHIICH KOPEHb X =4 ypaBHEHHA

2X =4x,
HO TpYZHeE 3aMCTHTb CYLIECTBOBAHHE €IIE OJHOrO KODHS. A Mexny TeM, (yHKUHS
f(x)1= 2X—4x npu x=0 npunumaer 3HauyeHwe f(0)=1=>0, a npu x=-12— — 3HaveHue
f (—2—)= V§—2<0, CJIC}lOBﬂ.TCJ‘lBIHO (Tax kaKk OHA HeNpepeIBHA), oOpamaercai B 0 B

HEKOTOpOo# TOoure Mexny 0 u E .

Jpyroii mpuMep: paccMOTpHUM, BOOOINE, anreOpanyeckoe YpaBHEHHE HEYCTHOH
CTeneHH (C BETHNECTBEHHLIMH KO3 (HIHMEnTaMN)

f)=ap@+14-g x4 ...+ amnx+apnyg, =0.

TIpu moctaToHO GONBIHEX 110 aGCOMOTHOM BEIMYWHE 3HAYCHMAX X MHOTOWIEH MMEET
3HAK CTApINero WICHA, T. €. IPU HOJIOXKUTENLHOM X — 3HAK @y, 4 OPH OTPHLIATEILHOM
x — ofpaTHbm 3HaK. Tak KaK MHOTOYIEH €CTh HENpPEPHIBHAS (QYHKUHS, TO, MCHSAA 3HAK,
OH B NPOMEXYTOYHOH TOUKe HeobOxommMo obpamaercsa B 0. Otcrona: écakoe aszebpau-
ueckoe ypagHenue Heuemmoli cmenenu (C eujecmeennbimMu KodI@Puyuenmamu) umeem no
Kpaiineit mepe 00uH 8ewjecmeennblii KOpens.,

Teopemoit Komu MOXHO NOMB30BATHCS HE TOJBLKO AN YCTAHOBICHMS CyIle-
CTBOBaHHsl KOPHS, HO ¥ I TPHOMKEHHOI'O €ro BHIMHCICHUSA. IIOSCHAM 3TO IpH-
mepoM. Ilyers f(x)=x—x—1. Tak xak f(1)=—1, f(2)=13, TO MHOrOWICH HMeeT



92] § 1. TPOU3BOIHAS U EE BRIYMCAEHME 191

Mmenno, ecmu mpupamenuio Bpemenn At oTeeuaer HpPHPAILCHHE CKO-
poctu Av, To oTHOMIEHHKE

M
Qep. = 77
BBIDA3UT CPENHEE YCKOPEHHE 33 MPOMEKYTOK BpeMenH ¢, a mpe-
ZCJT €ro AacT YCKOpEHHe ABHXEHHUS B JAHHBI MOMEHT BPEMEHH:

a=lima, = lim A
- €p. T Ar
-0 T g0 At

Taxum obpasom, yckopenue ecmv npouseoonas om CKOpOCIMU NO 8pemenu.

OO6paTumcs K y4eHHIO 0 TEII0Te — M ¢ MOMOIIBIO IIPOM3BOJHOM ycTa-
HOBHMIIOHATHE TEMJIOEMKOCTH TENA NPH NAHHOMNK TeMIe-
patype.

O6o3HauuM ‘BXOIsiIIME B BOMPOC (PM3MYECKHE BEITMYMHLL CIEIYHOLHM
obpasom: 6 — Temmepatypa (s rpamycax C), W — KonmueCTBo Telna,
KOTOPOE HYXHO COOOLIMTD Tely, IPH HATPEBAHMH ero oT 0° 1o §° (B xaJo-
pusix). ScHo, uro W ectsh dynxnus ot 0: W= S(6). Iipugamum 6 vexoTopoe
npupainene A6, Torma W Taxxe IomyduT npupaumeane AW. Cpe n-
HAA TENJIOEMKOCTEL NpH HAarpesawnd oT ° o (0+A0)° Gymer

_aw
Cop. =g -

Ho Tak xax, Boobwe rosops, npu usmenenuu A0 >ta CPEIRAS TEIIOEM-
KOCTb MCHSETCHA, Mbl HE MOXEM INPHHATL €€ 32 TEeNIO0EMKOCTE
Tpu faHHOK TeMuepaType 0. l1a monydenus mocneameii HYXHO
MepedTH K Mpeaeny:

¢=lim ¢, = lim = - .

490 40—+0 40

Urtak, MOXHO cKasaTb, 4TO menacemxocns mea ecms npou3soonan
om Koauuecmea menaa no memnepamype.

Haxowneu, Bo3ssMeM npumep u3 yuenust o6 OTIEKTPUYECTBE: YCTAHOBUM
TIOHATHE O CUJIC€ MEPEMEHHOTO TOKAa B NAHHBIH MOMEHT.

Ob6o3nauuMm vepes ¢ Bpems (B CEKYHII4X), OTCUMTHIBAEMOE OT HEKOTO-
DOro Ha4ajlbHOTO MOMEHTa, a 4Yepe3 () — KONWYECTBO 3NEeKTpHYeCTBA
(B xymomax), mpoTexaBmero 3a 3to BPEMS 4epe3 IONEPEYHOE CeyerHe
lenu. OveBMano, 4to Q ectb GYHKUMS OT f: Q=f(t). IloBropMB NpenpI-
AyliHe pPacCyX[CHMA, NONYYHMM, Y4TO CpPeAHSAS CHIAa ToKa 3a
TipoMexyToK BpeMeHH At Oymer
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a cHJa TOKAa B JAaHHBIH MOMEHT BBIPA3UTCA IPEOCIOM

I=1im I, = lim 22 |
a4{-+0 40
T. €. CUAQ MOKA eCMb NPOU3BOOHAA OM KOAUYECBA MPOMEKIUez0 3AeKmpu-
yecmea no 8peMeHuU.

Bce aTH nprMeHeHUS POU3BOAHOM (YHCIIO KOTOPBIX JIETKO OBLIO ObI
YBEJIAYUTB) C AOCTATOYHOM SPKOCTHI0 OOHAPYXHUBAIOT TOT (akT, 4TO
MOHSATHE IPOM3BOAHOH CYIIE€CTBEHHBIM 00pa3oM CBI3aHO C
OCHOBHBIMH MOHATHSMH U3 Pa3jIMYHBIX 00J1acTeil 3HAHMA.

Beraucnenne mpoM3BOIHBIX, H3YUEHHE M MCIOJIB30BAHHE HX CBOWCTB
U COCTABJISIET IJIABHBIA NPEAMET OuPBepeHyuabHo20 UCUUCACHUA.

Jnsa o6o3naueHyus Npou3BONHON YIOTPEONSIOT pasiIHuHbie CUMBOJIBL

dy df (xo) . o
7o W _71'7*) JTeit6uun (G. W. Leibniz);

y omwm f'(x,) Jlarpaux (J. L. Lagrange);
Dy wmu D f(x,) Kowmu (A. L. Cauchy).

Ms1 6yzieM MoJIB30BaThCS IIPEEMYILECTBEHHO IIPOCTHIMU 0003HAYECHHS-
muJlarpanxa. EcnunpuMensioT GyHRUHOHANIBHOE 0003HAMCHHAE (CM.
BTOpO#i cTON6EN), TO OyKkBa X, B CKOOKAaX yKa3bIBae€T TO HMEHHO 3HAUCHHE
He3aBHUCUMOJ NepeMeHHO#, Ipn KoTopoM OepeTcs mpousBoaHas. Hakowel,
3aMEeTHM, YTO B CJIydasx, KOoria MOXeT BO3HMKHYTH COMHEHHE OTHOCH-
TEJbHO IIEPEMEHHOM, [0 KOTOpO# B3sATa Ipou3BomHas (IO CPaBHEHHIO
C KOTOpOH YCTaHABIIUBAETCA «CKOPOCTh W3MeHeHHd (DYHKIMU»), 3Ta Hepe-
MEHHas YKa3bIBaeTCd B BHIE 3HAYKA BHHU3Y:

’ ’
Voo JdX)  Dyxy,  Dyf(x),
IPHYEM 3HAYOK X HE CBS3aH C T€M YAaCTHHIM 3HAUCHHEM X, HE3aBHCHUMOit
MIEPEMEHHOI, TIPU KOTOpOM OepeTcs MpOU3BOIHAL.
[B HexoTOpOM CMEICIIE, MOXHO CKa3aTh, YTO I[€J b HBI € CHMBOJBI
df ’
7o f wmm fy, Df unu D.f
UTPalOT pollb QYHKINHOHAJBHBX 0003HaYeHHH IJIT OPOHU3-
BoaHOW (yHKIHH.]
3anuimeM Tenepsb, MOJB3YSICh BBEAECHHBIMH 11 0003HAYEHUS IIPOU3-
BOIHBIX CHMBOJIAaMH, HEKOTOPBIE M3 MOJYYCHHBIX BBIIE pe3ynbTaToB. s
CKOPOCTH JIBIKEHHI MMEEM:

_dS ’
v=Cr W V=S,
a Uil YCKOPEHHS
=" wm  a=v
Tdt o

*) Ioka Mpl paccMaTpriBaeM o6o3Hauenns JIe i 6 Hu11a Kak LEeabHBIE CUMBOEI;
nuxe [104] MBI yBHAMM, 4TO HX MOXKHO PACCMATpPHBATL U Kak ApobHu.
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Apajiornytc, yrnoBoi ko3dpdHUMUEHT KacareabHOH K KpPHBOH
y=f(x) uamdiuercs Tak:

dy

tgoa=-- um tga=ys,

H T. II.

93. TIpuMephl BBIMMCJIEHMS APOM3BOIHBIX. B KauecTBe NpuMepoB BbI-
YUCITHM [POM3BOJHBIE VIS PAda 3N e€MEHTAPHB X ¢y HKI K

1° OTMeTHM, NpeXze BCEro, OYeBUAHBIE PE3yJIbTATHL €CIM y=C=
=const., TO Ay 0, xaxoBo 6Bl HH ObLTO AX, Tak uTo ¥’ =0; eCi Xe y =X,
to Ay= Ax uy=1.

2° ITycTs Tenepb y=X", e n — HATYPAJIbLHOE YHUCIIO.

IIpunanvM x npupauiesue Ax *); Toraa noBoe 3Hauenue y Gyner

n—
y+Ay=(x+Ax)t=x"t npx"1. Ax+n(1 5o XA
TAK 4TO
-1 .
Ay =nxn-1 -Ax+"—(;1.—2—)x"‘2-/_lx3+ ey

Ay
Ax

n—-1 i,,n(?_z_? "—2'/_‘)(7*!'

Tax xax nmpu /x>0 Bce cnaracMmsle, KpoMe HEPBOTO, CTPEMATCA K HYIIO,
TO

.4
y =lim 22 = pxn-1,
0 A%

1
3° Ecnu yzi, TO y+Ay=§TA—,€’ Tax 4To

Ape L1 —ax
V= A x x(x+40°

H

A 1

AT T X AN
Orciona

Ay 1
y =lm T T
Adx-0

IIpu 3TOM npenmonaraercs, KoHeuuo, x»=0.

*) Eciu npousBofHas BuIMUCHAETCA OpU T 06 OM 3HaYeHMM apryMeHIa, TO
OBBIKHOBEHHO ero 0603HAYAIOT TOH xe GYKBOiL, YTO H APTYMEHT, 6€3 KaKUX-JING0 3HAUKOB
ODH HEM.

13 . M. @uxrenronsu, T. I
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4° PaccmoTprM dyrxmio y=Yx (npu x>0). UmMeem:
y+dy= Vx+Ax
dy=Yx+ A -Yr=et
v o V— x+Ax V-
Ay 1

Ax Vx+dx+ Vx~

HAKOHEI, II0JIb3YACh HENMPECPHIBHOCTHIO KOPHA, IIOJyYHM

Bce 3TH pe3yNbTATHI CONEPXATCA KaK YacCTHHIE CIYYAaH B CIEXYIOIIEM.
5° CtenegH4s QPyHKIDEA: y=x* (roe 4 — moboe BEINECTBEHROE
ypcno). O61acTe M3MEHEHWS X 3aBHCHT OT u; OHAa ObDIa ykasama B 48,

2°. Umeem (mpu x =0)

Ax \#
(1+_—) 1
Ay (x+Ax)I‘ xH = xp=1. voox
Ax Ax Ax

X

Ec/n BOCTIONIb30BATLCA NPENETIOM, BIYHCIEHHBIM B 77 [5) (B)], To momyqum
Ay
"‘llm Z—=‘le“_1 *)
Ax-+0
B "actaOCTH
1 ’ _
ecmm  y=;=x"%, To y=(- D-x72= -,

2 1
eca =Yx=x TO =X Pme—,
y=Vx=x", Yo

6 NMoxaszsaTenbrHas GyHKOHI: y=a° (@a=0, —oco=<x=<

< +e0). 30ech
Ay _axtdx-ax . adx—1
Ax T dx Ax

Bocmonn30BaBHIMCE TIPEENOM, BBMUCIEHHBIM B 77 [5) (6)], maiimem:

y' =lim %=a"-ln a.
Ax-+0
B wacTtHOCTH,
ecma  y=e€5, TOH Yy =é
HTaK, CKOpPOCTh BO3pacTanws INoKa3aTenbHOH Gymkmum (npd a=1)
NpONOpPIKORATbEA 3HAYCHHIO caMofi ¢yHkmuum: Yem Gosbulero 3HA4EHHS

*) Ecma g>1, To mpu x=0 JEerko HENOCPENCTBEHHO UOJYYHTH 3HAYEHHE MPOH3-
BogHOIf: ¥y =0.
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bynruua yxke mocTurna, TeM ObiCTpee B 3TOT MOMEHT OHa pacTeT. DTo
JlaeT TOYHYIO XapaKTepHCTHKY poCTa IOKa3aTeJbHOH (YHKUUH, O KOTO-
POM MBI MMeJIH YXXe CIy4ail roBOpHTh [cp. 65].

7° Jlorapudmugeckas GyHKkOouUs: y=log,x (O<a=l,
0<x< +). B 3TOM Ciyuae

Io 14+—
Ay _logg (x+4x) —loga x 1 Ea ( X )
Ax Ax x Adx :

X

Bocnonb3yeMcs HpelesioM, BEIYMCIEHHBIM B 77 [5) (a)]:

Ay loga e
=lim e,
Axa0 dx x

B YACTHOCTH, MJII HATYpPAJdBHOTIO JIOPapM(bMil HOJIy4acTCAd
HCKITKOYUTEILHO HpOCTOﬁ pe3yIbTaT:

mpy y=Inx wumeem ) =§.
DTo maet (XOTs, IO CYHIECTBY, H HE HOBOE) OCHOBAHME JIJIS IIPEOYTeHHUS,
KOTOPO€ OKa3bIBAETCd HATYDAIBHBIM JIOrapumMaM IpH TEOPETHYECKUX
HCCTIETOBAHUSX.

To 06CTOATENLCTBO, YTO CKOPOCTh BO3PACTAHUS JIOrapHPMAICCKOMH
dysxuyuu (mpu a>1) o6paTHO NPONOPUMOHAIBHA 3HAYEHHMIO APIyMEHTA
M, OCTaBasiChb IOJIOXHTENbHOW, CTPEMHTCS K HYJNIO IpU Oe3rpaHM4HOM
BO3PAaCTaHUU aApPryMEHTa, XOPOILIO COINIACYeTCA CO CKAa3aHHBIM IO 3TOMY
nmoBoay panbiue [65].

8 TpuronwoMmerpuueckue ¢GynHknuu. Ilycte y=sinx,
TOT/Ia

Ax
Ay sin (x+ Ax)-sin x _ 2 Ax
Ax Ax T Ax cos (x * T)
2

ITonb3ysach HEMpepbIBHOCTLIO (YHKIMK Cos X M U3BecTHBIM [54, (8)] mpe-

. sina
JneoMm hm = 1, monyunm

a6

4
y =lim vl-—cosx*)

axr0 4%

*) OT™MeTHM, 9TO 3Ta HopMyna 00a3aHa CBOEl HPOCTOTOH TOMY, YTO yroyn H3Meps-
eTcs B paAHaHaX. Ecin G5l MBI CTAJIH H3MEPATH X, HALIPUMED, B rpaAycax, mpeaen

7
OTHOIICHHSI CHHYCA K YIUTy GpUT OBI paBeH HE EAWHHMIE, a, KaK JIETKO BUAETh, —— , M TOTJa
MBI MMEIH OBI 180

0 ’ n
Sin = — COS X.
(sin x)'= 725 08
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ANAJOTHYHO HAMIEM:

’

eCId  y=cosx, To ) = —sinx.
B cnywyae y=tg x umeeM
sin (x+4x) sinx
é}i_tg (x+4x)—-tg x _cos (x+4dx) T cosx _
Ax Ax Ax
_sin (x+dx)-cos x—cos (x+dx) -sinx
Ax - cos x - cos (x+ Ax)

_sin Ax 1
T dx  cosx-cos(x+dax)”

OTcrona, Xak W BoIME,

M L
AHanoruixo,
eciu y=ctgx, TO Y = ——.—1;—= —csc? x,
sSm= x

94. IIponzBoanas oopaTHoil Ppynxuun. IIpexxne 4eM 3aHATHLCSA BLIYMCIIE-
HHEM IIPOU3BOJHBIX OT OOpPATHBIX TPHTOHOMETPMYECKHX (yHKOMH, HoKa-
XEM CIIEAYIONIYIO O0IIyI0 TeopeMy.

Teopema. ITycmv 1) dyHxyus f(x) yoosremeopsem ycrosuam meopemol
n° 83 o cywecmeosanuu obpammoii fyHryuu, 2) 6 mouke x, umeem K o H e u-
HYIW U omAauyHylw om HYaAa npoussoduyio f'(x,). Tozda Oan
obpamnoii pynxyuu g(y) 6 coomeemcmsyoweii mouxe y,=f(x,) maxouce

cywjecmayem npou3gooHas, pasHaA FEak
0.

JokxaszaTenbcTBo. Ilpuiagum 3HAYEHHIO y =y, IPOH3BOJIBHOC
npupanienue Ay, TOrJa COOTBETCTBEHHOE IIpHpalleHHe Ax HOJYYHT M
dynximsa x =g(y). 3ameTM, uto npu Ay =0, BBUY OIHOZHAYHOCTH CaMOH
bynxmmu y=f(x), u Ax=0. ImeeM

Ax 1
Ay Ay’
Ax

Ecnu Teneps Ay >0 1o moGoMy 3aKkony, TO — B CHIY HEIPEPHIBHOCTH
dynxnnu x=g(y) — u npupaienue Ax-0. Ho Toraa smaMenatens mpa-
BOIf YACTH HANMCAHHOI'O PABEHCTBA CTpeMHTCA K mpeneny f(x,) =0, cnemno-
BaTEJILHO, CYIECTBYET MPEIEJt Ul JIEBOH 4aCTH, PaBHBIH 0OpaTHOH Benu-

4YHHe ﬁlx_); OH H IpelCTaBnseT coGoi mpousBoanyto g'(yy).
) :
HTak, uMeeM IPOCTYIO (POPMYILY:
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JIerko BBUACHHTb €6 T€OMECTPHYECKUH cMBICJI. MbI 3HaeM,
YTO IPOU3BOJHAA ), €CTh TAHICHC YIja «, o6pa30BAHHOTO KAacaTebHOM
x rpaduxy dyskmuu y=f(x) c ocklo x. Ho obpaThas ¢ynkums x=g(y)
UMeeT TOT ke rpadux, JMiIb HE3aBHCHMas MEpEeMEHHAA /19 Hee OTKja-
npiBacTcs nmo ocu y. IToatoMy mnpomsBopHas X, paBHA TaHTEHCY yriia
B, cocraBicHuoro To#l ke Ka-
carenbHoil ¢ ocvlo y (puc. 39).
Takum oOpasoMm, BbIBeAeHuasi 4
(opMysna CBOIMTCI K HU3BCCTHO-

MY COOTHOLIEHHIO

U/

tg f=—= " {

gp ga’ i

|

CBS3BIBAIOIIEMY TAHIEHCBI JIBYX P 1
YyrIoB o M 8, cyMMa KOTOPHIX 7757 7z 2

n i l

pasua . ’
Puc. 39.

TTonoxum jutst ripuMepa y =
=a*. Obpatuoit s nee ¢pynk-
uueii 6ymet x=log,y. Tak xax (cMm. 6°) y.=a*-lna, To, 1o nawei dop-
MylJie,

, 1 1 Iogae
Ty ax.ina y

K

B COLJ1aCUHU ¢ 7°.

Ilepexonst Tencpb, K BBLIUMCICHUIO MPOHU3BOJHLIX OT OOPATHLIX TPHIO-
HOMETPUYCCKUX (DYHKIIMIA, Mbl 1t yI0OCTBA OOMEHAEM POJIAMHU IICPEMEH-
HBIE X U Y, TIepenucas JIoKazaHHylo Gopmyiy B BUle

9 O6parTHBCe TPUTOHOMETPHUCCKHE ([)yHKuMu Pac-
7
cMOTpuM yHrknu0 py=arcsin x (—1<x-<1), nmpudem - §< y=<3- Ona
ABJIACTCSL OOpaTHOM IS (PYHKIMH X =SIn y, UMCIOUICH U1 YKa3aHHBIX
3HAYCHMH ) M OJIOXKHMTEJNbHYIO IPOU3BOJHYIO X;=CO0S). B TakoMm
Clly4ae CyIIeCTBYET TakXke MpOM3BOJAHAA y, M paBHa, Mo Haleid dopmyre,
;11 11
¥ oxjp ocosy Yi-sinty Vi-a2
KOpeHb MBI OepeM CO 3HAKOM ILJIIOC, TaK Kak cos y =0.
Mubt ucxmo‘mnn 3HavYeHusa x = +1, u60 I COOTBETCTBYIOLIMX 3Haue-

HUIE y= 42 5 TPOM3BOIHAS x}=cos y=0.
d)yHKuM y=arctg x (—co<X< +o0) CIYXUT OOpaTHOM I PYHKUME
y=tgy. ITo nameit popmyire
. 1 1 1 1

T TsedEy IttgEy 1iat
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AFHaJIOTHYHO MOXHO HOJYYHTh:
y=--d
Y1-—x2
1

=

i y=arccos x

IUis  y=arcctg x

1. 1I1. IIPOM3BOJIHBIE 1 JNOPEPEHLIVIAJIB] 95

(-l<x<l),

(—oo<x< +oo).

95. Ceoaxa dopMyJt Juid npon3Boanbix. CaejaeM CBOJKY BCCX BbIBC-
JICHHBIX HaMHA (GopMyIT:

1.
2.
3.

© &

10.

11.

12,

13.

y=¢
y=x
y=x

y==
y=Vx

. y=a*
y=e

. y=log, x
y=Inx
y=sinx
y==cosx
y=tgx
y=ctgx
y = arcsin x
y = arccos x
y=arctgx
y=arcctg x

y:
y'=
y'=px
.1
D]
1
e
Y T2 )x
y =a*-lna
y=é
,__logge
y=—
=1
Yy =3
y =cosx
y =—sinx
R,
Y =sec!x=—o—
1
oo 2 e
Y=o x=—grs
1
,—
Y 1—-a2
, 1
Y= e
, 1
y —1+w2
y =—1+w2

96. ®opmyna ajana nprpamesns Gynkuun. JJokaxeM 37eCh J(Ba MPOCTBIX
YTBEPXKICHUSA, MMEIOINAX MPHJIOKEHHS B JaIbHEHIIIEM.

Ilycts dyuxmast y=f(x) onpenenena B mpomexytke Z. Hcxoma us
OIPEJICICHHOTO 3HAYCHUA X =X, U3 3TOr0 MPOMEXyTka, 0603HAIMM uepe3
Adx=0 npon3BosbHOS NPHPAIEHHE X, HOAYHHEHHOE JIAIIL TOMY OlDaHH-
YeHMIO, 9TOOBI TOUKa X,+ /x me Bbuuia 3a mpegensi 2. Torma cooTsert-
CTBYIOIIIMM IpupamieHneM ¢(ysxnmm OyxeT

Ay = Af(x) = f (xo + %) ~ F(xy).
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1° Ecau gynxyus y=f(x) 6 mouxe x, umeem (KOHeUHyI0) HPOU3BOOHYIO
Ye=1"(x,), mo npupawenue PyHxyuu moxcem 6vimv npedcmMasaeHo & eude

Af(xg)=1"(xg) « Ax + o+ Ax )
uau, Kopoue,
Ay=yrdx + o Ax, (2a)

20e o ecn® eesuyuHa, 3asucawyan om Ax u emecme ¢ HUM CMpeMAWAACA
K Hyaio.
Tak Kak, To CAaMOMY OINpPENSICHHIO IPOU3BOJHOM, pu Ax ~0

Ay ’
Ax _’yx’
TO, MOJIarad
Ay ’
&= TV

BAOHM, u4To H «—0. Ompemensa orcioga Ay, mpumeMm k dopmyne (2a).

Tax xak Benmmumaa « - Ax (upu dx —~0) 6yneT GeckoHETHO MAJIOif BBIC-
wero nopsiaxa, 4eM Ax, To, ymoTpebnss BeeldeHHOe B 60 06o3navenne,
MOXHO Hal¥M (HOpMYJIbI MEPemucaTh B BHIE

Af(xg) =f'(x0) - Ax + o(4x) 3)

Ay =y, Ax + o(dx). (3a)

HIIA

3aMevyanue. o cux mop mMul cuuTand Ax =<0; BeJM4MHA 0. K HE
onpeneiena 6su1a npu Ax =0. Koraa el rosopwin, uro « -0 nupu 4x -0,
to (Kax 0OBMHO) mpemuonaraiu, 4ro Ax crpemurca K 0 mo JmoboMy 3a-
KOHy, HO H€é MPHUHHMAas HYyNeBOro 3HadYeHusa. [lomoxum
teneps «=0 mpu Ax=0; Torma, pasymeercsa, dopmyna (2) coxpaHuTCs
u mpu Ax=0. Kpome Toro, cootHoumenue «—~0 npu Ax -0 MOXHO IOHH-
MaTh ¥ B Goliee IIMPOKOM CMBICJIE, YeM Dambllle, He HCKIouas mis Ax
BO3MOXHOCTH CTpemuTtca K 0, MpHHMMAs B YMCIIe IPOYMX W HyJEBbIE 3HA-
JEHMSL.

M3 moxa3zanusix GopMyl1 HEHOCPEICTBEHHO BHLITEKAET:

2° Ecau gyuxyus y=f(x) B mouxe x, umeem (KOHeUHYI0) NpOU3E00HYIO,
1no 8 3moii mouke PYHKYUA HeOOGX00UMO HenpepbigHa.

IeiictBuTensro, 3 (2a) SCHO, 4ro cooTHouiemne Ax—0 Bieder 3a
coboit 4y 0.

97. Ilpocreiiline mpaBu/Ia BBHMHCJICHHS HDPOM3BOIHLIX. B Ipenplmymiux
Nn° Mpl BBIYHCIHIM NPOM3BOJHBEIE [N JJIEMEHTApHBIX (ynxnuit. 3necs
H B CJEOyIONIEM N° MBI YCTAHOBHM DS HPOCTHIX NPaBUJ, ¢ MOMOIBIO
KOTOpBIX CTaHET BO3MOXKHLIM BBLMHCICHHE IPOM3BONHON MiA J00OH
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(YHKIMH, COCTAaBJICHHOW M3 3JEMCHTADHBIX OPH HOCPEJCTBE KOHEYHOIO
quciIa apupMeTHyecknX AeicTBUi M Cynmepmosuumii [51].

I. Iyemy gynxyusa u=qp(x) umeem (8 onpedesentoii mouke x) npous8od-
nyio u'. JlokaxeM, IT0o M @ynkyua y=cu (c=const.) maxxce umeem npous-
800my10 (8 moil Hce mouke), U BEIMACIHM €e.

Ecnu mesaBucuMMasi nmepeMeHHas X HONYYMT npupaiuenue Ax, 1o (pyHk-
LMd ¥ IOJYYMT npupameHne Au, mepeiinsg OT MCXOQHOTO 3HAYCHUS U K
3HaveHmo u+ Au. HoBoe 3nauenme ¢ynxuuu y 6ymer y+Ay=c (u+ Au).

Orcroma Ay=c-Adu u

Ay Au ’

lim ===c-limS—=c.u'.
A0 Ax xs0 Ax

Hrtak, npousBogHas CylIECTBYET M paBHA
Y =(-u=c-u.

OTa GopMysa BHIPaXaeT TAKOC NPABHIIO: MOCTOAHHBIH MU O-
KHTE€NAb MOXET OBTH BHIHECEH 3a 3HAK IPOH3BOI-
HOH. . »

IL. Oycmy @dynkyuu u=@(x), v=y(x) umeiom (¢ onpedesennoii mouke)
npousgoonsie u', v'. JIokaxeM, YT0o GyHKYUA y =u+v maxsxce umeem npous-
800HY10 (8 moti dce mouke), 1 BLIYHCIIUM €€.

IMpunamim x npupauienue Ax; Toraa u, v ¥ y MOJYYAT, COOTBETCTBEHHO,
npupawenus Au, dv u Ay. Vx Hosble 3Havenus u+du, v+Av u y+ Ay
CBSI3aHBI TEM K€ COOTHOLUCHUEM:

y+Ay=(u+du) + (v + Av).

Otcrona
) Ay du  Av
= —+ =T
Ay =Au+ v, Ax Axidx
a :
. Ay .. Au .. A ,
lim 22 =lim 2% +1lim 5% =o' + o

s

B0 A% gl AX T 4o Ax
TaK Yro OpPOU3BOAHAs ) CYylIECTBYET H PaBHA
Y =uztv)y=utv.

OTOT pe3yabTAT JIETKO MOXET GBITh PACIpOCTPAHEH Ha JIF060E YHCITO
craraeMsix (M IpPETOM ~— TEM X METOJIOM).

IIL. Ipu mex sce npednoaodicenusax omuocumesio Pynkyuii u, v, ToKa-
KEM, UTO PYHKYUA y=u-0 MaKIce umeem npouseooHylo, W HafIeM ee.

Hpupamennio Ax oTBeyaroT, kKak W Bhllle, Npupamenus Au, Av u Ay;
npu 3ToM y + Ay = (u + Au) (v + 4v), Tak uTO

Ay=Au-v+u-Av+Adu-Av

D yru A0 A Ay
dx Ax S dx  dx ’
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Taxk xak npu 4x -0, B cuny 96, 2°, u dv -0, To

. Ay . Au - . v , ,
lim z—=llm E-Mu-hm TR W vtuev,
ax+0 4% ax0 ax~0 4%

T. €. CYL(eCTBYET NPOU3BOAHAS )’ M PaBHA
V=@-v)y=t-vtu-v.
Eciu y =uow, npuuem o', o', w’ cylecrsyor, To
2
V=) w] =) - w+ () - w' = u'vw+ uo'w + uow'.
Jlerko cooOpasuTh, 9TO JUIL CIyYas n COMHOKHTEIeH OyaeM UMeTh
aHAJIOTHYHO:

n

’ 7 ’
[wow. . s =v'vw. . .s+w'w...s+uvw'...s+ ... tuvw. ..s'. @

Has Toro uToGBl M0Ka3aTh 3To, BOCIOJB3YEMCS METOJOM MATEMATHIE-
ckolt uAykuan. Hpeanonoxnm, 4o ¢popmyna (4) sepHa mist HEKOTOPOro
4dCIa 7 COMHOXMTEJIEH, U YCTAHOBHM €¢ CIIpaBeUIMBOCTE I n+1 co-
MHOXWUTEJICH:

n+1 n

—— e, e — ,
[wow. . . st] =[(wow. . .s)-t] =(@ow. ..s) - t+(@uow. . .s) -t
€CJIH IPOU3BOIHYIO (#vw . .. s) pasBepHyTb No (Gopmysne (4), To mprIeM
K (opmyme
[uvw. . st =v'vw. .. st+w'w...st+ ... fuvw...s't+uvw. . st/
COBCpUICHHO aHalorn4uoi (4). Tak xak B BepuoctH dopmynsl (4) mpu
n=2 ¥ 3 MH y0OeaunHCh HEMOCPE/ICTBEHHO, TO 3Ta (OPMYJIA BEpHA IIpH

noboM n.
IV. Haxowen, ecau u, v ydosaemsopaiom npexcuum npednosoxcenusm

u
U, Kpome mozo, v OMAUNHO OM HYAA, MO MBI TOKAXEM, YTO PyHKyus y=,

maxKsice umeem npouzeooHyro, U HalaeMm ee.
Ilpn Tex xe 0603HAYEHHMSX, YTO M BHIMIE, HMEEM

u+ Au
y+Ay—v+Av’
TakK 4YTO
A =Au-v—u-Av
v(v+ Av)
U
Au Av
V=Y —
Ay Ax Ax

Ax  o(wt Av)y T
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Yerpemnss sgeck dx K Hymo (mpEdeM OOHOBpeMeHHO M Av-0), yGe-
KIAEMCA B CYHIECTBOBAHHH IPOH3BOIHOM

Y= (u)'_u'-v—u-v’
=) =7,

98. Ilpoussonuas cioxHoii pynkumu. Temeph MBI MOXEM YCTaHOBHTD
BECbMa BAXHOC NPH NPAKTUYECKOM HAXOX/ICHHH NPOM3BONHEIX IPABHJIO,
IIO3BOJIAOMICE BBLIMMCIIMTE [POH3BOMHYIO CIOXHOM (YHKOHH, €CIH H3-
BECTHBEI IPOU3BOIHBIC COCTABIAIOMIMX (DYHKIHIA.

V. IIycmo 1) dynkyusa u=qp(x) umeem ¢ nexomopoii mouxe X, npous-
600KYI0 U, ='(X,), 2) Pynryun y =f(u) umeem e coomeemcmeyioweii mouxe
Uy =p(X,) npouseodnyo y=f"(uy). Tozda caoocnas gyuxyus y= fp(x)) 6
ynomanymoii mouxe x, maxwce b6ydem umemv npouseoOHylo, pagHylo npo-
u3gedeHul0 npousoonulx dynxyuii f(u) u p(x):

@) =ful@(x0))-¢'(%6) ®),

uau, Kopoue,
’ 7 7.
Y=Yy Uy.

Hs fokasaTeNnsCTBa NpPHAATHM X, IPOH3BOJILHOE NpHpalieHne Ax;
mycTe Au — COOTBETCTBYIOLEE NPHPAIICHAE (BYHKIHH u=gp(x) #, HaKO-
men, Ay — mpupamenne QpyHEKUEE y = f(4), Bh3BaHHOE mpHpameruem Au.
Bocmombayemes cooTHomenmeM (2a), KOTOPOE, 3aMeHAS X Ha 4, NepelH-
meM B BHIC

Ay=y,-du+a-Adu

(« 3aBECHT OT Au M BMecTe C HUM CTpeMHTCS K Wymo). Pasnenus ero mo-
wieHHO Ha Ax, Tojy4uMm

Ay , Adu Au

Zx—=ya . —Zx- +o- E .

Ecnn Ax ycrpemuts X Hymro, To OydeT cTpeMuThes K Hyo u Au
[96, 2°], a Torna, kak MBI 3HaeM, GYAET TakkKe CTPEMHATHCA K HYJIIO 3aBHCH-
mas oT Adu BemmuuHa . Cre0BaTENBHO, CYIECTBYET npenea

. ly . Au
lim 2=y, lim 24y,
x>

KOTODBIH ¥ NPEACTaBIACT COO0I0 HCKOMYIO IPOM3BOIHYIO yi.
3ameuanue. 3Oech CKa3hIBAETCA IOJIE3HOCTh 3aMedanusi B 96 oT-
HOCHTENIbHO BeNMHHB! « NpH Ax=0: noxyna Ax ecTp NpHpamieHHE H e-
32aBHCHMOM NE€PEMEHHOH, MBI MOIIH IPEIIONAraTh €r0 OTIHY-
HBIM OT HyJIfi, HO Korja /x 3aMeHeHO HpHpameHneM G YHKOHH U=
=@(x), To Haxe npu Ax=0 MBI yXe He BIpaBe CIMTaTh, 9To Au=0.

*) HonuepxueM, wro cmMBon fy(p (xy)) O3HAYAET NPOM3BOMHYIO OGYHKUHE f(x)
DO €e¢c apryMeHTy #(a He mO X), IDH 3HAYCHEH Uy =@(X,) ITOTO APryMeHTa.
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99, ITpumepm®). CHadvaila NpHBEJEM HECKOJIBKO HPUMEPOB NPHJIONKCHHA NPaBUI
! I}; PaccMOTpEM MHOTOWIEH:
Y=apxn+ax" 1+ ... tan_x%tan_x+an.
ITo mpapnny II, a 3atem I, 6ynem nmerb
¥ =(@x™ +(@x* Y + ... +(an_x?) +(an_ %) +(an) =
= ag(x™) +ay (XY + ..+l (X)) +an () +(an).
Wcnone3osas ke Gopmylsini 1, 2, 3 [95], OkoHYATENBHO NOMy4UM
Y =nagxt 14+ (n—Dax"~2+ ...+ 2a,_x+an_,.
2) y=(2x2—5x+1).e*. Ilo mpapuny III
¥ =(2x2—5x+1) - e*+(2x2—5x+1) - (e¥)".
Omupanch Ha npeaplayui npavep 1 Gopmyiy 4 [95), maiinem:
Y =(@x—5)-eX+(2x2-5x+1)-eX=(2x2—x—4) - eX.

ax+b
3) _v=x$+1 . ITo npaBuiy 1V,
., (ax+b)Y(x*+1) - (ax+ b)(x2+1) _ a(x2+1)~(ax+b) -2x_ —axt~2bx+a
- GEr 1P TR GarlR

.4) BbIMECIIEM CHOBA OpOM3BOAHYIO GyHKImMM y=tgX, HCX0ma H3 (GopMynH y=
sin x
= . Mone3ysce npasuioM IV (u dopmynamua 6, 7, 95) nomywum

cos x
, (sinx)'-cosx-—sinx. (cosx)’ cos®x+sin?x 1
cos? x cos? x cos? x
(cp. 8, 95).
x sin x+cos x
5) y=—————— . 3necb NPUXOAMTCA NONBL30BATHCA CHayana opasuioM IV, a

X cos x—sin x
3ateM npaswiamu 11 1 111 (@ dopmynamu 6, 7, 95):

(x sin x+-cos x)’(x cos x ~sin x) — (x sin x+cos x)(x cos x —sin x)’
y’ = ==
(x cos x —sin x)?

x cos x - (x cos x—sin x) — (x sin x+cos x) - (— x sin x) x?

(x cos x —sin x)? (x cos x —sin x)2 )

Bei4HcieHAe MPOH3BOAHEIX UHCTUTENIs M 3HAMEHATEAd MHl NPOM3BEIH, HE pac-
ynenss ero Ha OTAeMbEBle mard. IlyTeM ympaxHeHust Heobxomumo HOOHTECA TOrO,
yTOOBI BOOONIIE MUCaTh NPOB3BOMHEIE CPA3y.

IIpaMepsl HA BRIYACICHAE OPOM3BOAHBIX CIOXKHBIX (yHKnwmii:

6) ITycts y=Insin x, urave rosops, y=In u, rae u=sin x.

1
Tlo npasmny V, yx=y;-ux. lpoussomaas ygz=(In u)y=— (dopmyna 5) nomxkua
u

6LITH B3ATA NpH u=sin x. TakuM o6pazomM,

1 . Cos x
yx=—"1(inx) =——=ctgx (dopmyna 6).
sin x sm x

*) BykpaMu X, y, u, v HiKe 0603HaYeHs! NepeMeHH bl ¢, a ApyrmME Oyksama —
NOCTOAHRHB € BEIMIAHBI.
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D y=V1+x%, r.c. y=Vu, rae u=1+2% o npasmyV,
’ 1 7

Yy=——— (14 x}) = ———
2)1+x2 V1+x2

8) y=ex*, T.e. y=eY, roe u=xZ )
yr=ex'.(x2) =2x.ex* (V; 4 u 3).
KoncuHO, B OTACIBHOM BLIOMCBHLIBAHHM COCTABISUOMIMK (DYHKUMA HA HCHC HET

HaI00HOCTH.

(dopmyna 3; mpumep 1).

9) y=sinax; yi;=cosax-(ax)’ =a-cosax v; 7, 1, 2).
10) y=24+x+17  yr=n@2+x+ Dt (x4 x4+1) =
=n2x+ 1244171 (V; 3, upamep 1).
11) p=2sinx;
ye=2sinx.1n 2-(sin x)"=1n 2-cos x- 2sinx (V; 4, 6)

. 1
12) y=arctg —;
X
, 1 1'_x2(1~ 1 : 12, 3)
Ix= (12 x) 1re 2T T e
1+ _)
x

Cnyda#t CHOXHOW (YHKUMH, TONYYEHHOH B PE3YIbTATE HECKONbKMX CyICPHO3H~-
111, UCYCPNBIBACTCA MOCAE O BATE N b Hbl M OPUMEHEHUEM Tpasuia V:

1
13) y= VthX; TOTAA

1 1y
y£=—,———~'(tg—x) = (v; 3)
2 |/ gl 2
ga‘x
1 1 1 ’
=,———-scc2—x'(—x) = V; 8)
1 2 2 )x
2/ tg—
ng
1
sec? —x
2

1
sin? —
14) y=¢ *; B 3TOM cnyuae

sin® — 1}/
yx=e "-(sinzz) = v; 4
X
sin? — 1 1Y
- "-25in—-[sin—) - v 3)
x x)x
sin — 1 11y
=¢ *.2sin —-cos— (—) = (V; 6)
x x \x)x
1
1 2 sin* —
=—§-sin;-e * ; 3
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I[a;:mm €€ HECKOJIBKO NMPKMEPOB HA NMPHMECHCHHE BCCX MPABUILL

eX—e™X% 1 ,. eXte™X
15) y=shx= 5 Y= 3 [(e0)x~ (e ®)1]= =ch x.
Haob6opor, ecitr y =ch x, 10 y’ =sh x. Hakogei1, xaK H B 4), JIErKO NOJNyYHTb:
th sh x , 1
eIy =thx=——, 71O =
7 ch x Y ch?x
: 1
ecny xKe =cthx, TO =
¥y ) Shz
—_— 1 —_—
16) y=In (x+ Va?+1);  pe= ———mu-(x+ V2 H D=

x+ Yxz+1

x 1
=____b+ )= .
x+ Va2 +1 Vx2+1) Vx2+1

205

TOT Xe pe3ynsTaT MOXHO MONYIHTH M M3 JApyIHX cooOpaxennii. Mel Bupenu B 49,
4), uto Qyuxmus y=1In (x+ Jx2+1) smusercs oGpaTHON Ass dyHKuME x=sh y; mosToMy

[94; npumep 15; 48, 6°]

1 1 1 1
xj, chy Vsh2y+1 VF—FI'
17 ad
y= ,
at|x*+a?
x
1- Vx-+ @ X
, J¥ra@ 1
y::_-

@ ey G
18) y=—1-arctg E (-l<x<1);
2 1—x2
1 1 .3. 1-I-x)—-x-(~ 2x) i

Y=g 2x |t -2 Tl
14 J

1-x
1 n Vax+b-Yb—ac
Vb-ac Vax+b+Vb-ac
(Mbl mpeanonaraeM: b — ac > 0);

19)y=

a

a
1 2 Yax+b 2Vax+b B 1

y'=

2 ax+b
20) y= arctg
Vac—b ac-b

(3necy mpenmonoxeHo: ac — b > 0);
2 1 1 a _ 1
ac—b 1+ax+b ac-b 2 Vax+b (x+¢) Vax+b

ac—b

’

Vo—ac LVax+b-Yb-ac Vax+b+Vb-ac] (x+c) Vax+b.
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1 . asin x+b . n
2 y= arcsin - 1b] <a; -——<x<—);
]/a2—b2 a+bsin x 2 2

, 1 1 acos x-(a+bsin x)—(asinx+b)-bcosx_ 1
Y V-2 V (asin x+b)2 - (a+bsin x)? atbsinx’
1-

a+bsin x,

1 b+asin x~ /b~ a?-cos x
22) y= In (la} <1b});

VBE=a a+bsin x
1 acos x+ [b2—a?sin x beosx | 1
VBE—a | b+asin x— VB2 —atcosx a+bsinx a+bsinx’

23) B BHAe ynpaxHEHHs, HCCIEAYEM ellle BOIPOC O MPOM3BONHON CTeEIl €HH O-
OO0OKa3aTEeIbHOTrO Bupaxenus y=u’ (v>0), rae u A v CyTh QYHKILHH OT X, UMEIO-
OI¥e B JAHHOM TOYKe MPOHM3BOMHEIE 4/, V.

IIponorapadMupoOBaB PaBEHCTBO Y = uP, NOJIyIAM

Iny=v-Inu ®)

’

Y=

TakuMm 06pa3oM, BeIpakeHHe A1 ¥ MOXHO MEPENHcaTh B BUAE y=e?inu, OTKyHa yxe
SICHO, YTO TIPOM3BOAHAA ¥’ CcymiecTByeT. CaMoe Xe BBIYHCIIEHUE €€ HPOIe OCYNIeCTBHTh,
MPHPABHAEBAS IIPOA3BOJIHEIE O X OT 00Genx vacTeit pasencTsa (5). [Ipa 3TOM MBI HCHONb-
3yeM npasiia V u 11 (MOMHSL O TOM, 4TO u, ¥ K ¥ CyTh QYHKIHH OT X). MbI NOTyYMM

—.y' =v-lnutv.-—-u,
y u
OTKyZHa

’

vu
Y=y|—+2vInul,
u
WIH, TIOACTAB/ISAS BMECTO ¥ €r0 BLIPaXEHHE,
o’
y=u (—+'u’ In u) . (6)
u

Ota dopMyna Bnepspie Obula ycraHosNeHa JieGHumuneM u WU Beprynnu
(Johann Bernoulli).
Haunpumep,
. fsinx
eciif y:xsinx’ TO y’;:xslnx(

+cos x-In x) .

24) TIpeanoinaras, 4to GyHKUEs f(Xx) AMEET MPOU3BOAHYIO f’(X), HAMHCATE BHIpAXKE-
HHsl TIPOM3BOAHBIX i yHKimH
@) sinf(x), ©) &®, @ Inflx)
mo x, u mis hyHKUuk
@® fGingz), @ fleh, (&) f(n¢)

Omsem: @) cosf@-L0%  © 00 B L
S

@ f'Gint)-cost; (m) f'(eDel; (© f'(In t)-%-

o t.



99] § 1. IIPOU3BOAHASA B EE BBIYMCIIEHHNE 207

ITo nmoBoay mocinememx Tpex npmmepos (1), (1), (¢) obpamaeM BHUMaHHE YHTATENIA
Ha TO, 710 caMBOA f’(...) O3HA4aeT OPOHM3BOAHYIO 0 APTYMEHTY X, OT KOTO-
poro 3aBHCHAT ¢yEKIHA f(X), HO IPH 3HAYEHAW 3TOrO APTyMEHTa, COOTBETCTBEHHO,
x=sin ¢, et, In ¢, yxe 3aBuCsmmeM oT 7. Cp. CHOCKY
Ha CTp. 202 4

25) dysxuma f(x), onmpeneicEHas B CHMMe-
TPHYHOM OTHOCHTENHHO ( DIPOMEXyTKe, Ha3sl-
Baercs uemnoii, ecma f(—x)=f(x), & Hevemnoil,
ecmd f(—x)= ~f(x). [[IpaMepamu 9eTHBIX GyHROFE ",
MOTYT CIYXHATh 9€THBIE€ cremesm x2, x4, ... [
a Taxxe Cos X, ch x; mMpEMEpPEl HEYETHBIX d)ymamﬁ 12
HEYCTHEI € CTENeHA X, x5, ..., sin x, sh x]. a

JoxasaTe, 4TO IPOM3BONHAS YeTHOH ¢yHk- 7 ¥ 7 Z
mueE (eClIH CYNMIECTBYET) CaMa SIBJISETCA HeEYe T- '
HOH ¢yHKumeldl, a NPOHM3BOAHAS HEYETHO M Puc. 40.
¢dyuxnun cama Oymer 4eTHO i

26) BeMmciuTe NPOW3BONHYIO miA  yEkuMH  y=In [x| NpH xZ=0.

1

IIpu x>0, oueBMEHO, y'=— ; MOKaXeM, 9TO Ta Xe (OPMyNa COXPAHSETCA U IpH
x
x<0, JeicTBATENBHO, BEIYACAS HPOU3BOARYIO NS (hyHKLEU
y=In|x|=In(-x),

KakK cnoxaoi ¢yuknwm, GyneM uMeTh

o1 1
y =_.._.(—])=_
- X X

M B 3TOM cClydae.
27) PaccMOTpUM KDHBYIO

y=axm (m=>0).
YrioBoit ko3 duueHT KacaTe)HOR K Hell B HEKOTOpOM ee Touke (x, ¥) Gymer [91 - 92]:
tga=y =maxm—1

ITo pmc. 40 BugHO, 4TO OTpe30K TP (Tak Ha3bBaeMas MO OKAacCaTeNbHA A)
paBeH

9T0 O6CTOATENBCTBO IENAET JIETKHM CAMOe TOCTpOeHWe xacaTelibHol. [O6o6rmenue
pesynbrata n° 91.]
28) Jna xpupoit (HemMHAad JIUHMUA)
X
y=a-ch— (@a>0),
a
nogo0HLIM Xe 00pa3oM,
X
tga=y =sh—.
a
Ha 310T pas onpenemaM (cumras x >0)

1 1 1
cosa= = =
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Tax 4To y-cosa=q. Ecnu u3 ocHosamus D opmumatei y=DM (puc. 41) omyctuth
neprnesaukynsp DS Ha kacarenbHyro MT, To orpe3ok DS okaxercs paBHbiM a. OT-
CI0/la CHOBA BBITEKAET MPOCTOM CHOCOO MOCTPOCHHA KACATENBHOM K paccMaTpHBAEMOM
Kp¥BOi#: Ha opauuare DM, Kak Ha AMAMETpE, CTPOAT HOJYOKPYXHOCTh H M3 TOUKH
D penaroT 3acedky S pamEycoM a: mOpsMas MS
H OypeT KacaTelnbHOH.

29) Tlycte MaTepHalbHas TOYKAa KoJiebieTcs
0O OCH OKOJIO HEKOTOPOTO CpEfHErO MOJIOXEHAN
o 3aKOHY

s=A-sin (wt+a) (4, 0>0).
Takoe konebaHne HOCHT HA3BAHUE 2dPMOHUNECKOZ0;

|
i
d A — ero aMININTYIa, @ — YaCcTOT4, @ ~ HaYajbHas
W daza.
2 B3siB IPOM3BOJHYIO OT IYTH S 1O BPEMEHM {1,
HalileM CKOPpOCTDb [BHXCHUS:
Puc. 41.

v=Aw-cos (wt+ ).

Haubonbmieit Benm4YMHBI +AAw CKOPOCTB IOCTH-
raeT B MOMeHTHI, korma s=0, T. €. TOYKA MNPOXOAMT 4Yepe3 CpefiHee IOJIOXKEHHe.
HaoGopoT, KOTIa TOYKA HAXOAWTCS B HAmOONbINEM yAaleHWH OT STOTO CPEHEro no-
noxerns (s = + A), ckopocts v=0.

IlpousBonHas OT ¢ IO f:
a= —Aw?-sin (wt+a)

AcT HAM YCKODpDEHHe€, C KOTOPBIM JIBWKETCS TOYKA; OYEBH/IHO,

a=—w?s.
Ortcrona, eclii BBECTM Maccy m ABHXKyHIeHCa TOYKH, TO, IO 3akoyy HBOTOHA,
cnna F, NOf AEHCTBHEM KOTOPO# NPOMCXOMMT TapMOHMYECKOe KoseGaHue, BbIpa3HTCs
TaK:

F=—mw?-s.
Kak BHguM, OHA BCErfia HATIDABJIEHA K CPEAHEMy IoJioxeHHIo (bo mmeer 3#ak, obpat-

HBI 3HAKY §) M IPOMOPIHOHATLHA YAAJIEHHIO TOYKH OT HETO.
30) [BwKeHHe, IPOUCXONANICE MO 3AKOHY

s=de—Ksinwt (4, k, ©>0),
HALIBAETCS 3Q@MyXaiomum Kotebanuem, W00 HaIWYMe MuOXwWTens e 3acramnser
TOYKY, XOTh B KOJIeGNACH OKOJNO CPEIHEro NONOXEHHs, BCE e CTPEMHThCH K COBIIa-
JIEHHIO C 1IHM:
lim s=0.
f> 4o
B 3TOM cniyuae
v=s5;=Ae~ " (w-cos w! — k-sin wt)

a=v}= — Ae~M(w? sin wt+ 2wk - cos wt — k?-sin wt).
Beozs B cKOOKax ellie WieHs! + k2-sin wf, MOCIe OYEBUAHDLIX npeobpa3oBaHmii HOIYyIUM
a= —Ae—kt[(w?+ k2) sin wt+ 2k (w-cos wt — k-sin wt)]= — (@*+kH-s-2k-v.
Curna, Tof nelicTBMeM KOTOPOH NPOHCXOAHMT MOAOGHOE ABIKEHHE, PABHA
F= —(®+k¥D)m-s—2km-v.

Ml BHEOMM, YTO OHA CIAraercs W3 ABYX CHIL 1) W3 CuibI, MPONOPLMOHATBHOM pac-
CTOSIHEIO TOYKH OT CDEJHEro DONOXeHWs M HAaNpaBIeHHOM K 3TOMYy CpeHeMy HOJIO-
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seHmo (KaK ¥ B CIIy4ae rapMOHHYECKOro KoneGanws), H2) ©3 TOpMo3smed apu-
JKEHHe CHJIBl, OPONOPIHEOHANEHOK CKOPDOCTH H HampamJIeHHOK O 6paTHO CKOpPOCTH,

100. OpnnocropounHe ppom3Bogubie. OO6paTHMCH, B 3aKIIOYCHHE,
K 0630py psma 0COGBIX CIAydaeB, KOTOPbE MOTYT NPEACTABATECS
B OTHOIICHHAH NPOM3BOAHEIX. HadneM ¢ yCTaHOBJICHHS IOHATHS 06 O T H o-
CTOPOHHHUX IPoH3BOAEBIX. ECciu paccMaTpuBacMoe 3HAYCHHE X SB-
NsieTCA ONHHAM U3 KOHIIOB TOTrO IPOMEXYTKa ', B KOTODOM OIpEaeIeHa
dyHxums y = f(x), To IPH BEMACICHUH IPEAEIIA OTHOILICHUA % TIPHXOJUTCA
OTpaHHYHMTLCS MpHODKeHHeM Ax X HyIIO NuOib CnpaBa (Korma pedb
HIET O JIEBOM KOHIE MPOMEXYTKA)
HJIK ¢ e Ba (I IpaBoro KOHOa). &
B sToM cay4ae rosopsrT o6 o AO-
HOCTOpOHHEH INPOH3BOAHOH,
crpasa WM cIeBa. B COOTBETCTBYIO-
IHX ToYKax Tpaduk QyHKOHHE AMEET 7
ONHOCTODPOHHI IO KacaTelb-

HYIO.

A

|
4
!
1
|
]
i
|
!
I
|
!
I
I

MoxeT CayddTbes, 9TO M i/ z, z
BHYTPEHHEH TOYKH X CYyIIECTBYIOT Puc. 42.
JIMIIL O JHOCTO P OHHUE NPEeet
Vi) .
OTHOLLEHHS ZS:X (upu Ax > +0 wm Ax — ~0), He paBHBIe MexXay coboii; ux

TaKXe Ha3bBAlOT OMHOCTOPOHHHMH npoussoaubiMu. s rpa-
duxa QyHKIUE B COOTBETCTBYIOIIEH TouKe GyAYT CyIEeCTBOBATD JIMIIL O -
HOCTODOHHHUE KacaTeJbHbIE, COCTABIIOMMAE yroJi; Touka 6ymer y I-
noBo# (puc. 42).

B kagecTse mpmMepa paccMoTpuM dyHKmo y=f(x)=|x|. Vicxona u3 3Ha4YeHus
x=0, 6yneM uMeTh
Ay =f(O0+ 4x) - f(0) = f(4x) = | Ax|.
Ecmu Ax >0, TO
. Ay
Ay=A4x, lim —=1,
Ax—~0 Ax
Ecmu xe Ax<0, To

. Ay
Ay=—dx, lim —= -1,
Ax—~0 Ax

Hayano xOOpAWHAT SABIAETCA YCIOBOM TOYKOHM i rpaduka 3ToH (yHKUMH, COCTOS-
el U3 OHCCEKTPHC MEPBOTO H BTOPOro KOOPANBATHEIX YITIOB.

. Ay

101. Beckoneunple npousBojuslie. Ecii OTHOmEHHE NpHPAIICHUH —
npu Ax —+0 crpeMuTCs K + o (—o0), TO 3TO HECOOCTBEHHOE YHCIIO TaKke
Ha3bIBAIOT IPOU3BOAHOM (M 0603HAYAIOT KaK OOBIMHO). AHAJIOTHYHO YCTa-
HABJIHBACTCA TOHATHE 00 OAHOCTOpPOHHEH OeckoHCUHOH IpOH3-

BOJHOIA. l"eomeTp}mecKoe HUCTOJIKOBAHHE HpOH3BO,D;HOﬁ KaKk YIJIOBOTO

14 . M. duxresronsy, T. I
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ko3QpHUKEHTA KacaTeNBHOM pAacmpOCTPAHSAETCS H HA 3TOT CIy4aif; HO
30€Ck -~ KacaTelbHAs OKa3BIBA€TCA MapajuleNbHOM ocH y (pHC. 43, a,
0, B, I).

B ciyyasx (a) m (6) Ta mpomssoiHas paBHA, COOTBETCTBEHHO, -+ oo
4 —o (0be omHOCTOpOHHHME NPOU3BOHBIE COBIANAIOT IO 3HAKY); B CIIy-
uasx xe (B) # (I) OJHOCTOPOHHME MPOM3BOLHEIE PA3HATCS 3HAKAMH.

4 j/ (67 Vi @
H A
Puc. 43.

1
Ilycts, manpmMep, fi(x)=x3; npu x=0 dopmyna 3, 95 naer

1 -2
4 _ 3 _
fl(x)_3x 2 s

Sx;

HO OH2 HempWIOXHMaA Npu x=0. B 3TOH TOYKe BHIMMCIMM MPOU3BONHYIO, MCXOIA He-
TIOCPE/ICTBEHHO W3 €€ OIPEE/IeHHs; COCTABHB OTHOIIEHHE

L
HO+49) -/ _AxP 1

Ax Ax 2
Ax3

BHEIOMM, 4YTO €ro mpezaesioM mpu Ax ~0 6ymeT + e. AnanoruvHo y6expaeMcs, 4TO OIS
2

dyBKIHH fo(x) = X npu x = OpOU3BOIHAS ClleBA PaBHA — oo, 4 CIIPABA oo,

ITonb3yach pacHIMpEeHVeM HOHSTHS HPOU3BONHOM, MOXHO JOHOJHHTH
TeopeMy n° 94 o mpou3BoJHOU 0OpaTHOM (PYHKIHH YKA3aHHEM, 9TO M B
TeX CIy9asx, koraa f'(x,) pasga 0 HiH + o, npowsBoanas ob6paTmoi QyHK-
naa g'(y,) CYIIECTBYET H paBHA, COOTBETCTBEHHO oo miu 0. Hanpumep,

. T T
TaK Kak (QyHKIHS Sin X OpH X= +5 HMeeT IPOM3BOIHYIO COS (ii) =0, To

nis obpaTHOX ¢yHKmmH arcsiny mpH y= +1 cymecTByeT GeckoHedHAA
mpou3BogHAS (HMEHHO, + o).



103] § 2. IMODPEPEHIIAAL 211

102. JanbHejiHe NpUMePLI 0cO0bIX ciIyyaes. 1° Ilpumepnl necyuwjecmeosanus npous-
6odnoii. Ve byuxuusa y=|x| B Toike x=0 [cM. 100] HEe Hmeer OOBIYHOM, A BYCTO-
p o H e, npomBomgHod. Ho maTEpecHee NMpAMED $yEKIER

f(X)=x-Sin;lc-(HPH x#0), f@O)=0,

HenpephiBHOU ¥ mp¥ x =0 [70, 5)], Ho Be EMEOMIEc]i B 3TOH TOYKE JakKe ONHOCTOPOHHHX
[pOU3BOAHbIX. JeliCTBUTENMLHO, OTHOMCHAS

fO+40-fO@ _f(A9_ 1
Ax T Ax Ax

He CTPeMHTCS BM K KakoMy npezerny mpH Ax - 0.

ITo rpaduxy 310 Qyrkuuy (puc. 24) JETKO YCMOTPETD, YTO CEKYIast OM,, ucxons-
Was A3 HAYaNbHOM TOUKM O, He WMeeT IPEACIBHOrO NOJOXECHWA NPH CTPEMIICHBM
M, x O, TaK 4TO KacaTeIbHOM K KPHBOii B HAYaJbHOM TOUKE HET (Iaxe OXHOCTOPOHHEH).

BrocnencTens (BO BTOPOM TOMe) MBI NIO3HAKOMIMCS € 3aMe4aTeNbHBIM NIPAMECPOM
(YHKIMM, HeNpepHBHOM OPH BCEX 3HAYEHMAX apryMeHTa, HO HM OpH ONHOM M3 HHUX
HE WMEIoMel TPOH3BOJHOM. '

2° ITpumeps! paspeisos npouseodroi. Ecma pis naHHO# GyHKIpH y = f(x) cymecTByeT
KOHEYHAs MpOH3BOMHAA Y =f'(X) B KaxJOH TOYKE HCKOTOPOrO MPOMEXyTKa &, To 9Ta
HPOM3BOZHAS, B CBOIO OYepe.b, IPEACTaBIsieT coboit B I dyBEKimio OT X. B mMHOrO-
YHCIIEHHBIX NPHMepax, KOTOpble HaM JO CEX NOp BCTPEYanmch, 3Ta (yHKums cama
OKAa3biBajach HenpephBHOM. OHAKO, 5TO MOXET OBITh ¥ HE TaK. PaccMOTpHM, Halph-
Mep, GyHKIMIO

1
f(x)=x2-sin— (upu x#0), f(0)=0.
x
Ecnu x#0, TO ee TPOM3BOAHAA BBHIYUCIAETCH OOBYHBLIMI METOJAMH:
1 1
f/(x)=2x-sin——cos —,
x x

HO TIOJIyYeHHBIM Pe3ynbTaT HEMPHWIOXKM mpH x=0. Ofpamasck B 3TOM Ciydae Hemo-
CPeNCTBEHHO K CaMOMY ONPEIENICHHIO YIOHATHS MPOU3BONHOH, GynemM WMETH

, . fO+49)-f0) .1

f(0)=1im f—————=lxm Ax-sin —=0.
Ax—+0 Ax Ax—+0 Ax
BMecTe ¢ TeM SCHO, 4TO f(x) opu x ~0 He CTPEMHTCH HU K KaKOMY Npeleny, Tak 4ro
opu x=0 byuxuns f'(x) IMEET Pa3phIB.
To e CTpaBeNIMBO U AJA JHoboH GyRKIMH

f(x)=x=-sin % (mpu x=0), f(0)=0,

€CJIM TONBKO 2>a>1.

B »TEX mpmMepax pa3phLiBbl IOPOHM3BOAHOH OKas3wIBAIOTCA BTOpPOro ponaa.
10 — He ciydaitHOCTh: Huxe [113] MBI yBUO®M, YTO pa3pblBOB NEPBOrO POAA, T. €.
CKauKOB, [IPOU3BOHAA NMETH HE MOXET.

§ 2. Anddepenunai

103. Ompenenenue aubdepemmana. Ilycts nMeeM QyHKIHIO y= f(x),
ONpENIETICHAYI0 B HEKOTOPOM NPOMEXYTKe ' ¥ HENPEPHIBHYIO B paccMat-
puBaemoit Touke X, Toraa mpupamenwto /Jx apryMeATa OTBEYacT IpH-

palmneHue
Ay = Af (o) = flxo + A%) = fixo)s
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GeckoneuHo Manoe BMecTe ¢ Ax. Boubliylo BaXHOCT HMEET BOHpOC:
cywecmeyem au oag Ay maxas auneiinas ommocumeavno Ax 6Geckoneuro
manas A-Ax (A=const), umo ux paswocmv oxazviéaemcs, no cpasHenuio
¢ Ax, Geckoneuno manoii evicuiezo nopaoKa:

Ay =A4 - Ax+ o(Ax). (1)

IIpn A0 Hamrume paBencTBa (1) HOKA3HIBAET, YTO GECKOHEYHO MAJIAs
A+ Ax 3KBHBaJIeHTHA OECKOHEYHO MAJIOM Ay W, 3HAYAT, CAYXUT Mg IO~
ClefHell €6 TIIAaBHOM YacCThIO, €CIIH 32 OCHOBHYIO GECKOHEYHO Ma-
ayio Basta Ax [62, 63].

Ecau pasencmeo (1) evinoansemcs, mo dynxyua y=f(x) nazvieaemcs
oudppepenyupyemodi (npu danHom sHaueHUU X =X,), Camo e 6bi-
paxcenue A-Ax nasvieaemens oudepenyuansom dyuxyuu u 060-
3HAY4ETCSA CHMBOJIOM dy miu df(x,).

[B mocnemmeM ciyyae, B CkoOKAaX yKa3hIBAETCS HCXOMHOE 3HAYCHME
x *).]

Eme pa3s moBropsieM, uto mupdepenipman GyHKIME XapaKTepH3yeTcs
OBYMS CBOMCTBAaMH: (a) OH IIPECTABISET JAHEHHYIO (omHOpPOTHYIO) DyHK-
LHIO OT HpHpamenus Ax aprymenta u (6) pasHUMTCA OT IPHpAIICHHS $YyHK-
UM Ha BEIHYUHY, koTopad mpH Ax -0 sgeasercss GECKOHEYHO MAayoil mo-
pAOkKa BeIcmiero, yem Ax.

PaccmoTprM mpumMepEL

1) Ilnowans Q xpyra paguyca r samaercs dopmynoii Q=ar?. Ecmm
panuyc r yBenuduTh Ha Ar, To COOTBETCTBYOIIEee Mpupamenne AQ Benu-
YMHE Q OyleT IIIOWanpio KPYroBOrO KOJBLA, CONEPXANIErocs MEXIY
KOHIICHTPHYECKAMH OKPYXHOCTAMH PajHycoB r u r+ Ar. U3 BuIpaxenus

AQ =a(r+Ar)? —ar?=2nr - Ar +n(Ar)?

Cpasy ycMaTpuBaeM, 4TO IJaBHOH 4acTeio AQ upu Ar—-0 6yaer 2nr- Ar;
3T0 ¥ ecTh auddepennuan, dQ. I'eOMETPHIECKH OH BHIpAXaeT IJIOIIAb
NPSMOYTOJIbHUKA (IIOTY4EHHOro KakK Obl «BBIIPSMJIEHHEM» KOJBIIA) C OCHO-
BaHHEM, PaBHBIM JUJIMHE OKPYXHOCTH 27r, H BBICOTOH Ar.

4
2) Amnanoruyno, mia obseMa V=§nr3 mapa pajagdyca r, Ipd yBeEIH-
YeHHM paauyca Ha Ar, MONTydaeTcs mpupalieHne

4V = gﬂ(f +A4ry? - gnﬁ =4ar?-Ar+4xar-(Ary* + gn(Ar)",

ITIABHOM YacTei0 koToporo mpu Ar-0, ouesumno, 6ymet dV =4mr2-Ar.
9T0 — 06BEM IUIOCKOTO CJIOS C OCHOBAHMEM, PABHBIM NMOBEPXHOCTH LIapa
47r?, u ¢ BEICOTOMU Ar; B HoAOGHEIA CJI0if Kak GBI «PaCIIACTHIBAETCS» CJIOH,
CONEPXAIIAACT MEXIy IBYMs KOHUEHTPHYECKHMMM LIAPOBBIME MOBEPXHO-
CTSMH PagmycoB r u r--Ar.

*) 3nech df Kak e IMHBI it CHMBOJ HTPAET PONTh GYHKHMOHAIBLHOTO 0GO3HAYEHNS.
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3) Haxowell, pacCMOTPHM CBOOOAHOE MAJEHHE MaTepHAJIbHOHM TOYKH,
12
10 3aKOHY s=g—2— . 3a mpoMexyTok Bpemenu At, ot t mo ¢+ At, nBEXKY-

mascd To4ka npoi’mer IIyTh

Ns=8CTAV 8% _ op A8 (Ar).
2 2 2

Ilpu At ~0 ero rnasuoi yacreio Oymet ds=gt-At. BCNOMHUB, YTO CKO-
pocrs B MOMeHT ¢ OyneT v=gt [90], BunumM, uto auddepeHIHAT OyTH
(npuGNHKEHHO 3aMEHAIOLIMI [IpUpAIeHHe IYTH) BHLIYMCIAETCA KaK IyTh,
NpOMICHHBIA TOYKOH, KOTOpas B TEYCHHE BCEro NpPOMeXyTka BpemMeHH Af
JIBHrajack OB HMEHHO C 3TOH CKOPOCTHIO.

104. Ceuzb Mexny IudpdepeHIHPYEeMOCTBIO H CYIECTBOBAaHHEM HPOH3-
BoaHOM. JIerko yCTaHOBHMTE Temeph CIPaBeINMBOCTEL CJIEAYIOIIErO yTBEp-
KICHHUST:

Haa mozo umobsl Pynkyun y=f(x) ¢ mouke x, 6vira Ougpdepernyu-
pyema, HeobXooumo u 00CMAmMouHo, umobsl 0AA Hee 8 IMOll mouke cyuje-
cmsosasa koHeunaa npousgoonan y' = f'(x,). Ilpu evinoanenuu 3mozo ycao-
eus pasericmeo (1) umeem mecmo npu 3Havenuu nocmoannol A, paénom
UMEHHO 3MOti nPOU36OOHO:

Ay =y Ax + o(Ax). (1a)
Heo6xoanguMocTh. Ecnu semonusgercsa (1), To orciona

_4}_) —A+ o(4x)
Ax Ax

Tak 4ro, ycrpemissi Ax k 0, AeHCTBUTENBHO, MOJIyYaeM
.4
A=lim —2‘% =yr.

HocTaTo4HOCTH cpasy BeITekaeT u3 96, 1° [cM. Tam (3a)].
Hrak, dufdepenyuan gynxyuu y= f(x) ecezda pasen *)

dy=y., - Ax. V)

TTomuepkHeM 371eCh Xe, 4TO Mo AXx B 3TOM BHIPAXEHUH MBI pa3syMeeM
NIPOU3BOJELHOE MpPHpPAUICHHE He3aBUCHMOH NEpeMEHHOM, T. €. Mpo-
H3BOJIbHOE YHCIIO (KOTOpoe 9acTo ynoOHo OBIBaeT CYATATL HE 3aBUCH-
muM oT x). ITpu aToM BoBce He 06sA3aTeNbHO mpeAmoNaraTs Ax
Geckoneudo Maioif; HO ecinm Ax—0, To mubdepenmman dy Takke
Oyner GeckoHEYHO Malioli, M MMeHHO (IpH V;#0) — TIJaBHOH YaCTHIO

*) JIerko mpoBepUTH, YTO UMEHHO TAK H COCTABIIICH HuddepeHiEal Bo BCSX Ciy-
4asX, PACCMOTPEHHBIX B apemeiaymemM n°. Haopumep, B ciaydae 1), aMeeM:

Q=nre, Q;=2amr, dQ=2nr- Adr,
HT. I
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GecKOHEUHO Majloro mpupamerus ¢ynkuuu Ay. 3To U NaeT OCHOBAHHE
OpUOIHKEHRO ITONAraTh

Ay =dy, 3)

¢ TeM GoJbIIeH TOYHOCTBIO, YeM MeHbire Ax. Mbl BepHEMCS K PaccMoOT-
peHHIO MpHOIIKeHHOro paBencTsa (3) B 107.

YT06b! HCTOJKOBATE FeoMeTpHueck U Oubdepernuan dy u ero
cB3b ¢ nmpupamienneM Ay byskuum y= f(x), paccMoTpuM rpaduk 3ToH
¢ynkuun (puc. 44). 3HaueHHEM X apryMeHTa ¥ y QYHKUMH ONpENeNUTCH
Touka M wma kpuBoi. IlpoBemem
B 3TOM TOYKE KPHBOH KacaTeIbHYIO
MT; xak MBI yxe Bupenu [92], ee
yraoBoit ko3bdunueHt, tga, pa-
BeH mpousBomHo# y;. Ecmu abce-
HHcce X IpANATH mpupaienne Ax,
TO OpIOMHATA KPHBOH y IOJY4HT
npupamierre Ady=NM,. B To xe
BpeMsl OpIMHATA KacaTeJbHOH Io-
2 JyuuT npupanieHne NK. Beramciiss
7 7 SR z NK Kak KaTeT IpSMOYIOJIBHOIO

TpeyronbHuka MNK, maigem:

NK=MN-tga=y;-Ax=dy.

WTak, B To BpeMs Kak /y €CTb IPUpAILICHHE OPIMHATHI KPHBOH, dy
SBJISIETCA COOTBETCTBEHHBIM IPHUPALICHHEM OPAMHATHI KacaTeJbHOM.

B 3aKiroYeHHE OCTAHOBHMCS Ha caMOod HE€3aBHCHMOMN mepe-
MeHHOM x: ee quddepeHIMATOM HA3HLIBAIOT UMEHHO HpHpamienue /x,
T. €. YCJIIOBHO ITOJIAraroT

q

Puc. 44.

dx=A4x. C)

EcIH OTOXEECTBUTH AubdepeHinal He3aBHCHMOH mMepeMe B-
Ho# x ¢ mubdepenunanoM GYyHKIHH y=Xx (B ITOM — TOXKE CBOCIO
pona cornawenue!), To popmyiay (4) MOXHO H T0OKa3aTh, CCBHUIASACH
Ha (2): dx=x,-Ax=1-Ax=Ax. :

VuuTeBas corijamenue (4), MOXHO Temephb mepenucaTs dopmyiy (2),
Jaronyro omnpexaenenne mupdepeHnrana, B BUTC

dy=y,-dx &)
—~ Tak ee¢ OOBIYHO M HHUIYT.
Ortcroa momy4aeTcst
, d
yx=a£ > (6)

TakK 4TO BBHIP@XXEHHE, KOTOPOC Mbl PaHEIE PacCMATPUBAIH KaK II € JI b-
HB# CHMBOJI, Temeph MOXHO TPakToBaTh Kak A p o 6. To obcros-
TENBCTBO, YTO CJIEBA 37€Ch CTOUT BIIOJIHE ONPENEICHHOE YHCIIO, B TO BpeMiA
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Kax CIOpaBa MBI UMeeM OTHOLICAWE JBYX HEONpE/ENeHHbX wcel dy U dx
(Bemp dx=/x TPOU3BOJLHO), HE JOJDKHO CMYIUATh WHTATEN: YACHA dx
u dy H3MEHSIOTCA N PONOPIHOHAJNEHO, IPHYEM INPOU3BOJHASL Ve
Kak pa3 ABjseTcs Ko3h(HIMEHTOM MPONOPIHOHAIBHOCTH.

Toustre muddepermmana u caMblii TepMuH «aubdepernuam *) npa-
pamrexar Jle#i 6 HM Ly, KOTOPHHL HE JaJ, OJHAKO, TOYHOTO OMmpeneie-
uws sToro momATHA. Hapany ¢ mubdepenumanamu, Jlei 6Bu I pac-
cMaTpmBan U <«IubpdepeHIMaNbHEIe YACTHBICY, T. €. YaCTHBIC IBYX oud-
deperManoB, YTO PaBHOCHIBHO HAMIMM IIPOH3BOIHBIM; OIHAKO MMEHHO
mubdepermman 6501 1 Jledi 6 HH I a mepBoRataMbEBM momATHeM. Co
ppemerr K 0 Il M, KOTOPHIA CBOEH TEOpHEi MpeeIoB Co3aal ¢yamameHnT
IUIst BCETO aHAJIM3a M BIEPBBIE OTHETIIMBO ONMpEIEINH)I IPOM3BOJHYIO Kak
TpejieN, CTao OOBMHEIM OTIPABIATHCS HMEHHO OT IIPOM3BO/HOM, & MOHS-
THe HE(dEpeHEana CTPOUTh YK€ Ha OCHOBE IPOWU3BOIHOM.

105. OcHoBHble $opMyan u upaBwia daddepennupobanus. BeraucieHre
nuddepernmano GyHKIMA HOCHT HasBaEMe AMphepeHROHpOBa-
g oA *¥). Tak kaxk qubdepernuan dy ML MHOXHTEIEM dX OTIHYACTCA
OT UPOW3BOIHOM y,, TO IO TaGiHIE NPOMU3BOAHBIX IS 3JIEMCHTapPHBIX
dynxmuit [95] nerko cocTaBuTs Tabnuiy HE(QEPEHIHAIOB A HUX:

1. y=c dy=0
2. y=x* dy=puxt-1.dx
1 de
y=z dy=—25
= =3
y=Vx dy=37=
3.y=a&" dy=a*-Ina-dx
y=é¢* dy=¢*-dx
4. y=log, x d _log":: dz
y=Inx dy=-d§
5. y=sinx dy=cos x-dx
6. y=cosx dy=—sinx-dx
7. y=tgx dy=sec2x-dx=c—fs%

*) Ot natmEckoro cnosa differentia, o3HaYaromero «pa3HoOCTbY.

**) BopoueM, TeM Xe TepMHHOM OOBMHO 0003Ha9aloT M BRMMCICHHE HOpOH3-
BOMHBIX, UL KOTODOTO HA DYCCKOM s3bIKe HeT ocoboro TepMmuHa. B GonbmmHCTBE
FHOCTDAHHBIX A3HIKOB JuIsi O6O3HAa4YeHHs STHX ONEpanuil CYIMECTBYIOT IBa PaiMy-
HHX TepMEHA, HanpuMep, mo-(pammyscke pasmagarot «dérivation» o «différentiation».
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8. y=ctgx dy:——csc“x-dx=-——§l—.z-?-5
9. y=arcsinx dy=7111.:1—ﬁ

10. y = arccos x dy=—'17it'l‘_a£—£5

11. y=arctgx dy:-lif;;

12. y=arcetgx dy=—1—'?5—2

Mpasuina AubdepeHUHPOBAHHUSA*) BRHIJIAAAT Tak:
I. d(cu)=c-du,

II. d(utv)=du+dv,

ITL. d(w)=u-dv+v-du,

IV. d(%):”—"'——”‘”"’”.

2

Bce onu nerxo MOJIYYaOTCA M3 COOTBETCTBYIOIIMX NPABHJ JJisl NPO-
H3BOOHBIX. I[OK&)KGM, HAIIpuMep, ABa IOCJICAHHX!

d-v)=-v) -dx=W-v+u-v)dx=
= +dx)+tu-(v' -dx)=v-du+u-dv,

u\ _(uy' _Wv-w v (-dx)—u-(V-dx)
Sy -,

_v-du—u-dv
=~

106. MasapnanthocTs QopMbl nuddepennmaia. ITpasmno mubdepen-
IMPOBAaHAA CIOXKHOK (QYHKIMH HpHBENET HAC K OJHOMY 3aMEYaTeIPHOMY
M BaxnoMy cBoicTBy mubdepernmana.

Iycts pysxmmn y=f(x) 1 x=@(¢) TaKOBBI, 9TO M3 HHX MOXET OLITH
cocraByeHa cnoxuas dysxumms: y=f(p(?)). Ecmu cymecTByloT mpou3Boa-
HBIE Y, M X;, To — o mpaBwiy V [98] — cymecTByeT H Mpou3BOAHASA

Vi=Ys* Xq- @)

Muddepenmyuan dy, eciu X CYMATATh HE3aBUCHMOH IEPEMEHHOM, BBI-
pasutca mo dopmyie (5). Iepeiinem Temeps K HE3aBHCHMOW NEPEMEHHOM
1; B 5TOM IIPE/IOJIOKEHHM HMEEM JIPyroe BRIpaxkeHne st muddepernuaa:

dy=y;-dt.

*) Ecnm pedb MEET MMEHHO O BBIYHMCICHHH OH G PEepeHURANOB,
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3aMensd, Ol[HaKo, IPOM3BOMHYIO y; ee BbipaxcuueM (7) M 3ameudasi, 4To
x;-dt ectb pubdepeHmHan x kak (QYHKIMH OT f, OKOHYATEJIbHO IO-
JIY4UM:

dy =y, x;dt=y;-dx,

T. €. BepHeMcst X mpexHe il dopme mupdepeniuanal

TaxeM 06pa3oM, MBI BUIMM, 4YT0 opma oufdepenyuana
Moxcem Bbimb coxpaieHa dance 8 MoM CAyHae, eCAU NPEHCHAR He3a6UCUMAn
nepemennan 3amenena Hogoil. MBI BCETIa MIMEEM NIPaBo NMHUCATh AU depen-
muan y B opme (5), Oymer IM x He3AaBHCHMOMH IIEPEMEHHOM WIIH HET;
Pa3sHHMIA JMIIb B TOM, YTO, €CJIH 33 HE3aBHCHMYIO NEPEMEHHYIO BBIGpaHO
t, To dx O3HAuYAeT HE IpPOW3BONbHOE mpumpautenne Ax, a auddepermuan
X KaK QyHKIMH OT £. DTO CBOMCTBO M HA3BBAXOT HHBAPDHAHTHOCTHIO
bopMmu nuddepernunmana.

Tax xax u3 GopMyasl (5) HemocpeacTBenHo moiydaercs dpopmyna (6),
BLIPAXXAIOLIAA IIPOU3BOAHYIO Yy uepe3 mupdepennnantt dx u dy, To U 1o-
cienHas GopMyJIa COXPAHAET CHTY, TO KaKOH 6Bl HE3AaBHCHUMOH
nepeMeHHOH (KOHEYHO, ONHON M Toi ke B 00OMX Ciy4asx) HH
6GBIIH BBIUMCJIEHB Ha3BaHuble MudepeHIHaIbL.

ITycts, Hanmpumep, y=)1-x*~1<x<1), Tak uTo
,_ X

yx_ —-V_l_x'z'

ITonoxum Tenepb X =sin ¢ (—; <t< g . Torma y=)1-sin’t=cost, 1 Ml

GymeMm mMeTh: dx =cos ¢ -dt, dy= —sin - dt. Jlerko mpoBepuThb, 4TO ¢op-

MyJja
, _—sint-dt sin ¢

Yx="Costdr = cost

JAeT JIMIIb JPYroe BHIPAXKECHHE UL BBIMMCJICHHOH BBHIIE IPOU3BOJHOM.
DTEM 00CTOATENLCTBOM 0COOEHHO yHOOHO NOJbL30BRTBCA B CAyYasx,
KOTZIa 3aBHCHMOCTb y OT X He 32JaHa HEIOCPEJCTBEHHO, & BMECTO ITOTO
3a71aHa 3aBHCUMOCTh OOEHX IIEPEMEHHBIX X M ¥ OT HEKOTOPOH TpPETheEid,
BCIIOMOTATENBHOM, IepeMeHHOH (Ha3biBaeMoOil MapaMe TP o M):

x=¢(t), y=v(). ®

Ilpemmonaras, 4ro obe 3TH (QYHKIMH WMEIOT MPOM3BOJHBIC K 4TO JUIA
nepBoil M3 HHX CYIUECTBYeT oOpaTHasd (yHKIHs t=0(x), umerouras mpo-
M3BoIHYIO [83, 94], Jerko BUJETb, YTO TOIAR H y oKa3biBaeTcs QyHKumeH

oT X:

y=p(6())=f), ®
IUII KOTOPO# TakXke CyHIECTBYeT IPOH3BOAHAA. BhluuMCIEHHE 3TOH 1po-
HU3BOJHOM MOXET OBITh BBHINOJHEHO IO YKa3aHHOMY BBIILC NPaBHIIY:

o dy_ypedt_yi_w'Q)
*Tdx xj-dt xp ¢(t)° (10)
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HE€E BOCCTaHaBJIHKHBAiA HCIIOCpCIlCTBCHHOfI 3aBHCHMO-
CTH Yy OT X.

2 2
MOXHO ONPENEIIMTh, KaK 3TO CHACJIaHO BBINIC, HE IOJb3YIACh BOBCC 3aBHCH-

MocThio y=)1-x2

Ecau paccMaTpuBarh X U ¥ KaK OPSIMOYIOJIbHBEIC KOOPAMHATHI TOYKH
Ha IIOCKOCTH, To ypaBHenus (8) XaXIoMy 3HAUSHUIO IapamMeTpa ! CTa-
BAT B COOTBETCTBHE HEKOTOPYIO TOYKY, KOTOpas C M3MECHEHMEM ! OIHCHI-
BaeT KPUBYIO Ha ILNIOCKOCTH. YpaBuenws (8) Ha3bpBalOTCA MapaMeETp U-
YeCKHMU YPABHEHUAMH 3TOH KpHUBOM.

B ciyuae mapaMeTpuyecKoro 3ajamus KpuBoH, dopmyna (10) mosso-
JIS€T HENOCPEACTBEHHO IO ypaBHEHMsM (8) yCTaHOBUTH YIIoBOH Kodddu-
[{MEHT KacaTeJIbHOM, HE IEPeXoAd K 3aJaHMI0 KpuBoit ypasHesueM (9);
HMEHHO,

Hanpumep, ecnu x=sint, y=cost (—7—1 <t=< f) , TO OPOU3BOIHYIO Vi

—~

tga:%‘. an

-~

3aMeuaHue BO3MOXHOCTL BHIPAXaTh MPOU3BOAHYIO depe3 AnG-
bepeHunansl, B3ATbIE MO JFOOOH IEPEMECHHOM, B 4YaCTHOCTH, IIPHBOAWT
K TOMY, 4T0 GOpMymbl

N

y 1 dy dy du

dx dx’ dx du dx’
dy

BEIpaXaronie B JeHOHMNeBbX 0603HaYeHnAX npasmia AuddepeHIEpPoBa-
s 00paTHO#M QyHKDAHM H CIOXHOH GYHKIMH, CTAHOBATCS NPOCTHIMH aJl-
reGpaHyYecKHMH TOXIECTBAMH (IOCKONBKY Bce AuddepeHmansl 31eCk Mo-
ryT OLITh B3ATHI IO OXHOM W TOM *e mepemeHnoif). He cmemyer mymarts,
BIIPOYEM, YTO 3THM JIaH HOBHI BEIBOJ HA3BaHHBIX POPMYIL: IPEKIE BCEFO,
3[eCh HE JIOKa3hBAJIOCh CYIIE€CTBOBAaHHE IPOU3BOIHBIX CIEBA,
IJABHOE € — MBI CYIIECTBEHHO II0JIb30BaJIMCh HHBAPHAHTHOCTHIO (GOpMBL
muddepenninana, KOTopas caMa eCTh CJICJCTBHE IpaBuia V.

107. Jinddepenunajisi KaKk WNCTOYHHK UPHOIWNKeHHBIX ¢opmys. Mul
BH/IeNH, 4To 1pHu Ax -0 nuddepenuman dy dynkouu y (€CiIH TOIBKO yy = 0)
npeacTaBiseT coboil FIaBHYI 4YacTh OECKOHEYHO MAaJioro IpH-
pamenns dyuxunn Ay. Takum obpazom, Ay ~dy, Tak 4ToO

dy=dy, ©)]
WM noJipobHee

Afeg) = Foxg+ 02) = £() =F (%) - Ax (32)

C TOYHOCTBIO [0 OECKOHEYHO Majlod BBICIIEro Nopsaka, yem Ax. D10
3HAYUT [62], 4TO OTHOCHTEJNbHA 1 DOIPEHIHOCTH 3TOrO PABEHCTBA
CTaHOBHTCA CKOJIb YIOJHO MAJIOi HpPH HOCTaTo4YHO MayoM Ax.
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PaccMoTpuM mpocToit npumep: mycts y=x3, Torana
Ay =(xy+ Ax)? — x3=3x%- Ax + 3xy - Ax2 + Ax3,

M JUHEHHOH 4YacThio Ay (Kak Mbl 3TO BBILE YCTAHOBIUIM B OOIUEM BMAE),
JeHCTBATENbHO, sABiAeTcd Auddepenuman dy=13x%.Ax=y,.Ax. Ilomo-
KHUM KOHKDPETHO X,=2,3; eciu B3ath Ax=0,1, To Oyaem mmers Ay=
=2,4%-233=1,657 u dy=3-2,32.0,1=1,587, Tak 4To IMOrpeHIHOCTL OT
3aMeHBl HepBoro ymcia BTopeiM Oyamer 0,070, a OoTHOCHTEeAbHAS
porpemiHocTh npeBhIcHT 4%/, Ilpu Ax=0,01 momywam Ay=0,159391 u
dy=0,1587, 4TO MaeT OTHOCHTEJNbHY O IOIPELUHOCTb, YXKE MEHb-
myio 0,5°/; mpu Ax=0,001 - OTHOCHTENbHAS HOrPELIHOCTH
menbmie 0,05/, u 1. I

ITono6roe Ke 06CTOATENBCTBO MOXET OBITH M HEIOCPEACTBEHHO YCMO-
TPEHO M3 DHC. 44, NAIOWIETO TE€OMETPAYECKOE HCTOJKOBaHue mu(pdepen-
nuana. Ha rpadprke BANHO, 4TO IpH YMEHBIUCHHH AX MBI, IEHCTBHTEILHO,
Bce ¢ Oompmuel OTHOCHTEJBHOM TOYHOCTHI0 MOXEM 3aAMEHATH
[pUpallleHue OpAMHATHI KPMBOH HpHpAINEHMEM OPIHHATHI KACATEILHOM.

Beiroga 3aMensl npupaiuenud ¢yukumu Ay ee mubdepenumanom dy
COCTOHT, KaK SICHO YHTATEIIO, B TOM, YTO dy 3aBHCHT oT Ax N U HE i HO,
B To BpeMs Kak Ay npencrasiseT co00i0 0OBIKHOBEHHO §0Jiee CIOXKHYIO
dynxuzio ot Ax. :

Ecnu nonoxuts Ax=Xx—-x, u X,+A4x =X, To paBeHcTBo (3a) npuMmer
BHI

) =) =" (xg) - (x = X,)

iR

J)=f(x0) +17(%g) - (x = Xo).

ITo aToit popMmyne, Ay1s 3HAYeHHH X, OIM3KUX K X,, byHKIUs f(X) mpH-
O/npKeHHO 3aMeHseTcd JHHeHHO# dynkuueit. [eoMeTpuuecku 3T0
COOTBETCTBYET 3aMEHE YYaCTKa KPHBOH y=f(x), OPAMBIKAIOIIETO K
TOUKE (X, f(Xy)), OTPE3KOM KacCaTeJbHOMH K KDUBOH B ITOH TOUKE:

Y= (%) +1(x0) + (x = xp) %)

(cp. puc. 44). B3saB s npoCcTOTHL Xy=0 ¥ OrpaHN4YUBAICH MAJBIMH 3HA-
YeHUAMH X, OyJeM MMeTh NpHOIIKEHHYIO hopMy.ry:

JX)=0)+f'0)-x.

*) HeHcTBUTENLHO, YPaBHCHHE NPAMOR C YIIIOBBIM KoadduimenTtoM &, npoxoms-
uieit gepe3 TOUKY (X, ¥,), Oymer

y=yo+k(x—xp);

B Clly4ae KacareNbHOM 31ech CICAYET HOMOKHATb Yo=F(x,), k=f"(%p).
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Orciona, noacTaBnss BMECTO f(x) pasiuyuHBIE 3JICMCHTAPHbIC OyHKuMH, Nerko
00Jy4YuTh pap dbopmyi:

— 1
(1+x)=14ux, B vacTHOCTH, ]ﬁ+ x=1+ 3 X,

eX=1+x, In(l+x)=x, sinx=x, tgx=x, 4T o

(B3 KOTOPBIX MHOTHE HaM yX€ U3BECTHBI).
IIpaBeseM OpEMeEphl NPUGIKEHHBIX $OPMYI OPYroro THIIA, TAKKE€ HMEIOLIMX
CBOUM HMCTOYHHKOM DaBeHCTBO (3).
1) Ecnu niwBy Tsokenol HMTH (IPOBOXA, KAaHATA, PEMHs), HOXBEIIEHHOW 3a 06a
KoHIa, 0603HaYHTE Yepe3 2s, MpoNeT — uepe3 2/, a CTpeNy mposeca — gepe3 f (puc.
45), TO nUA BENWCIEHAS § 4YacTo

1= [ ! TONB3YIOTCH (OpHGIIDKEHHOM) dop-
1'\ Mymnoi
s 1220
* S= I 1 +§ . °I-2‘ .
Puc. 45. Benuunmy f 3aece GymeM  cudrars

HE33dBHCHMOH @HEepeMeHHOH, a s -—
byuxuueii o f. TpebyeTcs ycTaHOBUTE CBA3b MEXAY U3MEHEHHeM As JJIMHLL S H U3Me-
HeHueM Af cTpenst mposeca f.

3amenss As Ha ds, momy4uM

4
As:.'—;é-z]f, oTKyAa Af=

/
7
ECJ'[H, Haﬂp}JMCp, YYECTh HU3MCHCHHC JJINHBI nponona OT H3MEHCHHUA 'reMnepaTypu
MIIH HArpy3Ky, TO OTCIOAA MOXHO IPEAYyCMOTPETh H M3MEHEHHE CTPENbl OpoBeca.

2) VI3BeCcTHO, 9TO KPYroBOél TOK (pHC. 46) ACHCTBYeT Ha eOWHHMLY TaK Ha3biBae-
MOro (MarHuTHOTO 3apsna», OOMEINCHHYIO HA €r0 OCH Ha PAcCTOSHWM X OT meHTpa O,

RS

S w

C CUIIOi
k /
s’ rlzre
@+ x2)? z | L
Yl VS
roe k — DOCTOSHH®IA KO3hdHIMenT, a —
pamuyc. HaiiTm BbIpaxkeHMe MO CHIBIL, C

KaKo# Xpyrosodt Tox Oyaer nelicTBOBaThH
Ha MargEAT NS IUHHBI AX, DPacOOJIOKCHHBUE Pac. 46.
no ocu Toka. Ilpm stom Gymem cumTats,
4YTO B IIOJTFOCE N COCPEAOTOYEH HOJIOKHUTENBHbIA (MATHHTHEIH 3apANY 7, a B [IOJHOCE S —
PaBHBIf €My OTPHIATE/IbHBIN (MATHUTHBIA 3apsg» — 7.
O6was cana F neicTBAS TOKa HA MATHAT BHIPA3HTCS TAK:
km km 1
F=- - =—km-A| ———| .
3 8

R 8
@+x9 [+ (x+ AP (@+x3)?

3ameHsis npApamenue GyHKiuH (B IPEATONOXEHAH, 9TO Ax MaJIO) ee mapdepeHmanom,
NOIYYEM

1 . x
F=—km.d — =3k-mdx-*6
(@+x)* (@+x2)?

108. Ilpuvenenne JupepeHuHaIoB NPH ouenKe morpeurdocTed. OcoberHo ymo6uo
M €CTECTBEHHO HCHONB30BaTh NOHATHE ME(depeHpEana B NpuOMIKEBHRIX BHYACICHHAAX
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TIPH OLCHKE MorpemHocrteif. ITyCTs, nanpuMep, BEMYHHY X MbI H3MEPSEM WA BBMHCIA-
€M HEeNOoOCpeAnACTBEHHO, a 3aBHCANYIO OT Hee BEIMUMHY y OHNpENENSeM @ o
bopmMyne: y=f(x). TIpd U3MEPECHHM BEJMMMHBL X OGLIKHOBEHHO BKDaABIBAETCS
HOrpelHoCcTs, Ax, KOTOpas BIIEHET 32 COGOX0 MOrPenHOCTh Ay [MIA BeMUMHbL ¥. Beuny
MaJIOl BEeMYMHBI 3THX HOIPEIMHOCTEH, MONAraroT

Ay =y5. Ax,

T. €. 3aMeHAIOT Opupamenne Aupdeperrmaror. Ilycte dx 6ygeTr MaKCHMa 1 b-
HOM abCOomMOTHOM HOTpemrHOCTBIO BEIHYMHLI X: |Ax|=<<6x (B OOGBMMHBIX YCIOBHSX
nojfo0Hast TPaHUNA MOrPEMHOCTH IPU HIMEPEHRN u3BectHa). Torma, oue-
BHIHO, 32 MAaKCHMaJIbHYO abCOMOTHYIO MOrpelIHOCTE (FPAHANY HOTPELIHO-
CTH) IJIA ¥y MOXHO HPHHATH

8y = |yk|-ox. (12)

1) ITycts, HanpuMep, IIa ompefeneHust 00beMa mapa cHabana (C IOMOMIBIO IUTAH-
PEHUOMPKYJIA, TONOEMEPA, MHKPOMETPa M T. I.) HENOCPEIACTBEHHO H3MEpSAIOT
Auametp D mapa, a 3aTeM 06%eM V BEIUH CI A0 T 1o hopMyie

T
V=—D3,
6
7T
Tak kax Vb = 3 D2, To B 5TOM Cny4ae, B cuny (12),
sv=21Dp2.5D.
2

Pasgenus 3T0 PaBeHCTBO HA NpelpiAyIIee, TONYYHM
sV oD

v D’
TaK 4TO (MakCHMalbHAas) OTHOCHTENbLHAS ITOTPELIHOCTh BLIYHCICHHOTO 3HAYCHHA 061e-
Ma OKa3bIBaeTCA BTpOe OoMbINeif, yeM (MAaKCUMAJILHAA) OTHOCHTENbHAS OOTPEMHOCTE
H3MEPEHHOTO 3HAYeHHsl AHAMETpA.
2) Ecnu 4MCIIO X, AIs KOTOPOI'O BBEIMHCIAETCS €r0 JeCATHYHSIA norapudm y =log x,
HOJIY4EHO ¢ HEKOTOPOW HOrpemrHOCTBIO, TO 3TO OTPA3HTCA Ha jorapudme, cO3naBas
U B HEM IIOTPEINHOCT.

M
3neck yx=— (M=0,4343), Tax uro, o dopmyie (12),
x

Ox
O0y=0,4343 . — .
x
TaxuM o6pa3om, (MakcaMatsHas) a6 CONIOTHA 8 MOCPEIIHOCTD storapud™ma nmpocto
ompesienseTcss 00 (MaKCHMAaNbHON) OTHOCHTENbHON MOrPeNIHOCTH CAMOTO
Yucla, ¥ 06paTHO.

DTOT pe3ynbTaT UMEET MHOTOOGpA3HBIE IPHMEHEHUSL. Hanpumep, ¢ ero moMoinpto
MOXHO COCTABUThL Ce0e NPECTABIEHHE O TOYHOCTH OGBLIKHOBEHHOM IIOraputMHYeckoi
MHHEHKH, CO WKanoH B 25 cm=250 mm. IIpu OTCYETe UNMH yCTaHOBKE BA3HPA MOXHO
YIROHTECS, OpEMepHO, Ha 0,1 MM B Ty WM IpYry:o CTOPORY, YTO OTBEYaeT MOrpeni-
I0CTH B norapuhMe

0,1
Oy = =0,0004.
250
Jrcioma, Mo Hamel dbopmyite,
dx 0,0004
o T 0,00092. .. 0,001
x 0,4343

JTHOCHTENbHAA TOYHOCTH OTCYETOB BO BCEX 4acCTHX HIKajdbl oHA H Ta kel
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3) IlpH BLIYHCIIEHHMH YIJIA @ TIO JIOFapH(GMO-TPHI OHOMETPHYECKHM TabJNLIAM BCTaeT
BOIPOC, KAKHMHE TAGNMIIaMH BHIFOZHEE NONL30BATECA — TabiMnamy CHHYCOB MMM TaH-
redcoB. ITonoxamM

y=logsing u y,=logtgy
H GyIeM CMMTAaTh MAKCHMAJILHEIE MOTpemHOCTH Oy; B 0y, PABHBIMHE (CKaxeM, IOJNIOBHHE
ToclieqHero 3HAaKa MAHTHMCCH). Ecnu 0GO03HAYMTh COOTBETCTBYIOIME MAKCHMAJbHBIE
HOrPEmHOCTH B yrie ¢ uepe3 &,¢ B 6y, TO,
KaK ¥ BbIUIe, MOIYIHM:

M
ay1= N 'COS‘P"Sl‘P,
sin g

M
Oy, = P sectg - 6y,

4

TaK 4710

By =0, - cOs?p < Oyp.

| TakuM 00pa3oM OKa3bIBAETCH, YTO NPH

— ONMHAKOBBIX OmmMOkax B Jorapupme Tab-

Puc. 47 NUIA TAHIEHCOB HaeT MEHBINYIo MOOrpem-

T HOCTH B YyIJie, 4eM TaOimma CHBYCOB, H,

cTano OmTh, SBIAETCs Goliee BHITOXHOMH *).

4) B xauecTBe MOCJENHEr0 HpUMeEpa PacCMOTPHM BOINPOC O TOTHOCTH H3Mepe-

HHS HEH3BECTHOFO COIPOTHBIEHHS y C NOMOMBIO MOCTHKZ YHTCTOHA (puc. 47).

TIpm 3TOM HOABHXHOH KOHTakKT D mepenBHraercsi mo rpagyupoBasHoi nmHeiike AC

10 Tex mop, NOXa rambsaHoMeTp G He TOKaxeT OTCYTCTsie Toka. CoONnpOTHBICHME
y onpeaensiercs no opmye

Rx
y=—, 3)
a-x
rae a=AC, x=AD, R — WM3BECTHOE CONPOTHUBIICHUE BETBH BC.
ITo dopmyne (12) momyyaercs:

Rx Y R
6y=(__‘_x_.) .6x=._a._._-.6x;
a—x/x (a— x)?

eciy pa3fel|Th MOWIEHHO 3TO PABEHCTBO HA PaBeHCTBO (13), TO MOJYYHM BBHIDAXKEHHE
(MaxcUMaNbHON) OTHOCATENbHOM NOIPEMHBOCTH s ¥;

dy a-0x
y x(a—x)
B
Tak KaK 3HaMeHaTeIb x(@—X) JOCTHraeT cBoero HaHO O b M er o 3HAYCHHUS OPH

X=—**) a [OrpelIHOCTh Ox NP M3MEPEHWH UIVHEL MOXHO CYHTAaTh HE 3aBHCAIICH

[ ST

*) ITp¥ 3THX BBIKIAJKAX MBI NOPEQIONArajM yrijibl BBIPAXCHHEIMH B DajgHaHaX,
HO pe3yJIbTaThl, OUEBMIHO, CHPaBEJMBbi OE30THOCHTENLHO K TOMY, KaKoH enuENCR
HU3MEPSIOTCS YIIIBI.
*¥) Y3 04eBAOHOIO HEPABEHCTBA

a? a\?
xz—ax-%—=( ——1=0
4 2

HENOCPEACTBEHHO OJTyIaeM
a2
x(a—x)=< T

9TO HA JIOKQ3BIBACT HAMIE YTBEPXICHHE.
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OT X, TO HAMMEHb I € € 3HAYCHHE AN OTHOCHTENLHOM MOrpelHOCTH AOCTHraeTes
a
HMEHHO TPH x=—2— . TTosTOMy OGBIKHOBEHHO, AJIA TMOJYYEHHS BO3MOXHO TOYHOIO De-

3yJIbTAaTa, COMPOTHBIEHEE R (C NOMOMBIO MarasyHa CONPOTHBNIEHHH) yCTaHABINBACTCS
¢ TaKMM pacueToM, YTOOB TOK HCYe3aji IPY MOJIOXKEHHH KOHTakTa D, BO3MOXHO Gomee
OJIM3KOM K cepeaune mmEelixa AC.

§ 3. OcHoBubie TeopeMbl IuddepeHNHATLHOIO HCUHCACHHS

109. Teopema ®epma. 3uanue npou3BonHoH f'(x) HeKoTOpoH GyHK-
mud f(X) 9acTo mO3BOJAET HENaTh 3aKJIOUCHME M O HOBEIACHMH CaMOM
¢yukiua f(x). BoompocaM 3Toro poja M OyAyT, B CYIIHOCTH, TIOCBAINEHBI
HACTOSANIMIt maparpad H CIeayIolHe 3a HHAM.

IpenBapuTenbHO JOKAXEM IPOCTYIO JIEMMY:

Jemma. ITycmv gyuxyus f(x) umeem KOHEUHYIO NPOU3BOOHYIO 8 MOUKE
Xo. Ecau sma npouseoonasn f'(x,) >0 [f'(x,) <0}, mo oaa smauenuit x, oo-
cmamouno 6auskux Kk x, cnpaea, Gydem f(x)=f(x)) f(x)<f(x)], a
044 3Hayenuil X, docmamoyno GAUSKUX K X, ¢ ae68a, 6ydem f(x)<f(x,)
() =f(x)}-

WnpivMu croBaMu 3TOT $akT BHIpaXaroT Tak: gynkyua f(x) 6 mouk e
X, 6ospacmaem (y6vieaem). EcIn uMeeTCA B BHIY ONHOCTOPOHHSS IPO-
HM3BOJHAsS, HATIPHMEp, CIpaBa, TO COXPAHAET CHILY JIMIIL yTBEPXIECHHE O
3HAYEHHAX X, JIEXAIUX COpaBa OT X,.

JdokaszaTenbcTBo. Ilo onpeneicHHIo IPOU3BONHOM,

f’(x(',) =lim S0) = f(xp) .
x+x X %0

Ecmu f'(x,) >0 (orpaHMYMMCS 3THM CIydaeM), TO, B CHiy S5, 2°, HaimeTcs

Takas OKpecTHOCTb (X,— 0, X+ 6) TOUKH X,, B KOTOpOH (IIpH X 7 X;)

f@=f69) g

x—x,

IIycTh cHavasa X,<X<X,+0, TaKk 4YT0 X —X,>0; H3 HpEOBIIyIIEro
HEpABEHCTBA CIIEAYET Toraa, uro f(x)—f(x,) >0, T. e. f(x)>f(x,). Ecma
Ke X, — O<X <X, B X —X5<0, To, 09eBUIHO, U f(X) —f(x,) <0, T.e. f(x)=
<f(x,). Jlemma noxasana.

Teopema Depma. (P. Férmat) ITycmo dynxyua f(x) onpedesena
6 Hexomopom npomexcymxe X u 60 eHympeHHeil mOuKe ¢ 3mo20 npome-
HCYmMKQ npuHUMaem Hauboabliee (Haumenvuiee) 3nauenue. Ecau cywecmeyem
08YCMOPOHNAA KoHeuHas npoussodrnas f'(c) € amoil mouxe, mo Heobxodumo
f(e)=0%).

JdokaszaTenscTso. ITycTh s ONpPENEIEHHOCTH f(X) IpHHUMACT
HambGonbOlee 3HAYeHUE B Touke c. Ilpemmonoxenme, 4To f'(c) =0,

*) DTO YTBEDXIECHME, Da3yMeeTcs, BOCHPOHM3BOAMT JIAIMb CYHIHOCTh TOTO IIpH-
eMa, KOTOopeid mpumeHsn P epMa i pasbiCKaHUA HAROONBIIHMX M HAWMEHBHOTHX
sEayenpit Gyakmum (P epMa He pacmojarall NOHATHEM TTPOM3BOAHON).
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IPUBOMUT K IpoTuBopeunto: mudo f'(c)>0, u Torma (mo nemme) f(x)>
> f(c), ecnu x > ¢ H JocTaToYHO 6JM3KO K ¢, mubo f'(c) <0, u rorma f(x) >
>f(c), ecm1 x<c u mocratoyHo Onu3ko K ¢. B oboux cmygasx f(c) He
MOXeT OBbITh HamOONBLIIMM 3HadeHHeM GYHKRIUA f(X) B mpoMmexyTke X .
ITony4yeHHOEe MPOTHBOPEUHE U TOKA3EBIBACT TEOPEMY.

BcomomammM [91, 92] reoMeTpudeckoe HCTOJKOBAHHE MPOM3BOMHOM )’ =
=f'(x) Kak yrioBoro koddouruenta kxacaTeldbHOH K KpuBoit y=f(x).
OOparmenre B HYJNb IPOM3BOTHON f'(c) reOMETpUYECKH O3HAYAET, YTO B
COOTBETCTBYIOLIIEH TOYKE 3TOH KPHBOH KacaTeslbHAsi mMapajuieibHa OCH X.
Puc. 48 nemaet 3To 0GCTOATENBCTBO COBEPLUIEHHO HATJISIHBIM.

g 4

|
I
i
|
t
%
i
{
|
t
H
c

Puc. 48. Puc. 49.

B nokaszaTenncTBe CYM[ECTBEHHO OBLIO HCIIONB30BAHO IIPEINOJIO-
XKEHWE, YTO ¢ SABJAETCS BHYTPEHHEH TOUKOM NPOMEXYTKAa, TaK KaKk HaAM
IPUNUIOCh PACCMATPHBATH U TOYKK X CIIPaBa OTC, HTOUKH X CJIeBa
oT ¢. Be3 3Toro mpelmoNoXeHWS TeopeMa mepectajia Obl OLITH BEPHOM:
ecmn ¢yHKOuS f(x) ompenesiecHa B 3aMKHYTOM HIPOMEXYTKE M JOCTHTAET
CBOETO HAUOOJBINET0 (HAMMCHBIIETO) 3HAYCHHAS HA OJHOM H3 KOHIIOB
3TOro MPOMEXYyTKa, TO mpom3BomHad f'(x) Ha 3ToM Komue (eciau Cylme-
CTBYET) MOXeT M HE ObITh HyJieM. IIpemocTaBiisieM YMTATEIIO MOABICKATH
COOTBETCTBYIOIIH TIPHMED; FE€OMETPUISCKH 3TOT (akT HILTIOCTPHPYETCH
pucyHkoMm 49,

B xauecrBe mpunoxenus Teopemsl P epma IOKAKEM OIHY JEOOO-
OBITHYIO TEOpEMY O HpOHM3BOIHONK (yHKOHH.

110. Teopema Hapby (G. Darboux). Ecau gynkyus f(x) umeem xoneu-
HYI0 npou3gooHyio @ npomexncyme la, b]*), mo dynxyua f'(x) npunumaem,
8 Kauecmee 3HAUEHUA, KANCOOE NPOMENCYMOUHOE Uucio Mexcoy f'(a) u
1 ().

HoxaszatenbcTBo. CoepBa mpeamosoxeMm, 4to f'(2) u f'(b)
AMEIOT DasHBlE 3HAKH, HampmMep, 4to f'(a)>0, a f'(b)<0, m mokxaxeMm
CYLIECTBOBAaHME TOYKM ¢ MEXHAYy a4 B b, B xoTopoi mpoum3Bommas obpa-
IaeTcs B HyJh. B camMoM fene, W3 CYIeCTBOBAHHS KOHEYHON NMPOM3BOI-

*) IIpu 3TOM MBI CYHTA€M, YTO B TOYKE @ CYHIECTBYET NMPOM3BOOHAS CNpaBa,
a B Touke b — npousBomHast cneBa. OHM B manbHewmmeM 00O3HAYAIOTCSH MIPOCTO

@) w5 f®).



111) § 3. OCHOBHBIE TEOPEMB! JUOPEPEHIMAJIBHOIO MCUNCIEHNAA 225

Ho#l f'(x) cmenyerT HempepmiBHOCTH dyHKmuu f(x) [96, 2°], a Torma, mo
2-if Teopeme BeliepmrTpacca [85], f(x) mpuamMaeT B HEKOTOpPOit
TOUKE ¢ CBO¢ HamOoibllee 3HaYCHWE. JTa TOYKA ¢ HE MOXET COBIAAATH
HM C @, BM ¢ b, Tak kak, cornaceo JiemMme, f(x) 6onbpime f(a) BOMH3H
Touk @ (cupaBa) 1 Gonbme f(b) BOMM3M Toukm b (ciema). Urak,
a<c<b. Torma, mo teopeme ®epMa, momysaeM f'(c)=0.

Ilepexons x oOmeMy ciaydaro, Bo3bMeM noboe uucio C, 3aKIIFOYEH-
Hoe Mexnay f'(a) u f'(b); mycTh, WA oupenesieEHOCTH, f'(a@)=C=> f'(b).
PaccMoTprM BenoMoratensaylo Gyaxmmo @(x) = f(x)—Cx; oHa Hempe-
phIBEA M HMeeT IpoH3BOAEYI0 ¢'(x)=f'(x) —C B mpoMexyTke [a, b].

Tak xak ¢'(@) = f'(a) - C>0, a ¢'(b) = f'(b) - C <0, To mo HoKazaHHOMY,
CYLIECTBYeT Takasi Todka ¢ (@a<c<b), B XoTopoH

@)= ()-C=0, T1.e. fi)=C.

JloxazaHHas TeopeMa HMeeT OoJNbLIOe CXOACTBO Co 2-i TeopeMoil
Komu [82], cormacHO KOTOpO# BCsKas HeNpepbiBHAas (GysHKkuus mepe-
XOOHT OT OJHOIO 3HAYeHMS K JApYroMy, JIMINb IEPEXOMs 4Yepe3 BCe Ipo-
MexyToyHsle udcna. Onpako, TeopeMa Jap 6y OTHIONb HE SBISETCH
crnencTBreM TeopeMsl K o I M, Tax Kak NPOU3BOJHAS f'(X) HENPEpHIBHOU
(GYHKUMYE caMa MOXET M He OBITh HempephiBHOH (QyHKIHEH.

111. Teopema Poansa. B ocHose muOrMx teopeM H dopmyn mudde-
PEHIHAILHOrO HMCYUCICHHS H €ro MPIUIOXKERMH JSKHT Cleayrollas Ipo-
CTad, HO BaXHas TeopeMa, ca3siBaeMas ¢ umeHeM P o mia (M. Rolle) *).

Teopema Ponna. IIycms 1) pynxyus f(x) onpedesena u nenpepsisha
8 3amrnymom npomexcymke [a, bl; 2) cywecmeyem Kowneunas npou3soo-
naa f'(x), no xpaiineii Mepe, 8 omxpeimom npomexcymxe (a, b); 3) na xou-
yax npomexcymxa ynkyus npunumaem pasHvle snauenus: f(a)=f(b).

Toz0a mexcdy aub Halidemca makas mouka, ¢ (a<c<b), umo
f'()=0.

Jdoxa3zaTenbcTBoO. f(X) HeMpEephIBHA B 3aMKHYTOM IIPOMEXKYTKE
[a, b] B moToMy, mo 2-it Teopeme BeliepmTpacca [85], mpuaumaeT
B 3TOM HpPOMEXYTKe KaK CBoe HauOoJiplliee 3HaYeHHE M, Tak M CBOE HaH-
MeHbIIee 3HAYCHUE M.

PaccMoTpuM ABa ciyvas:

1. M=m. Torma f(x) B mpoMexyTke [a, b] cCOXpaHAET HOCTOSHHOE
3HAYEHHE: B CAMOM JieJie, HEPABEHCTBO m= f(x)=<M B 3TOM cilyuae JaecT
f(x)=M npu Bcex x; moaToMy f'(x)=0 BO BCEM NPOMEXYTKE, TAK YTO
B KQyecTBe ¢ MOXHO B3ATh Jo0OyI0 TOYKy M3 (a, b).

2. M >m. Mul 35aeM, 910 00a 3T 3HAYeHHS QYHKIMEH TOCTHrArOTCH,
HO, TaK kaKk f(a)= f(b), TO XOTb OAHO H3 HHMX IOCTHIAETCS B HEKOTO-
poii Touke ¢ MeX Ay a ®u b. B TakoMm ciydae u3 TeopeMnt ®epma

*) B [elCTBUTENBHOCTH P OJI b BBHICKA3AI 3TO YTBEDXKACHHME JMHIbL [jis MHOIO-
4JICHOB.

15 I'. M. ®uxresrosbl, T. I
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cremyeT, 4To TpousBojmas f'(c) B oToif Touke oOpamaeTrci B HYJs.
Teopema moka3zana.

Ha reoMeTpryeckoM si3blke TeopeMa P o IS o3HAYaeT ClieAyroiee:
eCu KpaliHMe OpAMHATHI KpHBOU y=f(X) paBHBI, TO HA KpUBOH Haimercs
TouKa, A€ KacaTeJibHas MapajuielbHa

4 ocu x (puc. 50).
p OOpairaeM BHUMAaHHWE Ha TO, 4TO
— HeNpepPHBHOCTh (QyHKIHM f(X) B 3 a M-
Y 5 KHYTOM IpoMexyTke [a,b] B cy-
IECTBOBAHKE POA3BOXHONA B O BCEM
OTKPHITOM TpOMeXyTKe (@, b) ¢y ure-
CTBEHHH A BEPDHOCTH 3aKIIO-
7 L L ‘ICEEI|I((IH TeopeMbl. Pyukuusa f(x)=x-—
— E(x) yHoBIETBOPSiET B IPOMEXYTKE
Puc. 50. [0, 1] BceM yCIOBHSIM TEOPEMEIL, 3a HC-
KIIOYEHWEM TOrO, 4TO HMMEET Da3phiB
npu x = 1, a npomssozmas f'(x)=1 sesze B (0, 1). Oynxuus, onpeneseMas
paBeHACTBaMH f(x)=Xx Opu 0<x<§ 1 f(x)=1-x npu Esxsl, TaKXKe
YIOBJETBOPSIET BCEM YCIOBHSM B TOM € MPOMEXyTKe, MCKJIOUas JIMIIb

.1 .
TO OGCTOSATENLCTBO, 9TO IPH X =3 HE CYHIECTBYET (mByxcToposHeii) mpo-

H3BOMHOM; B TO Xe BpeMs mpousBoxdas f'(x) paBHa +1 B JeBo# moJo-
BHHE TIPOMEXYTKa ¥ —1 B IpaBoii.

ToYHO TAK Xe CYIIECTBEHHO M ycJoBHe 3) TeopeMbl: QyEKmdsa f(x)=x
B mpoMexytke [0, 1] yIOBIETBODSET BCEM YCIOBHAM TEODEMBI, KpOoMe
ycnosus 3), a ee mpomsBomHas f'(x)=1 moBcrony.

UepTeXH MPEOCTaBIIIEM YHATATEIIO.

112. ®opmyaa Jlarpamxa. OOpaTHMCS K HEIOCDEICTBEHHBLIM CleAd-
CTBUSIM TeopeMsbl P o i 4.

Teopema Jlapannca. IIycms 1) f(x) onpedeeHa U HenpepeléHa 6 3am-
KkHymom npomexcymxe [a, bl, 2) cywecmeyem Koneunas npoussoonas f (%),
no kpaiineii mepe, 8 omxkpvimom npomexcymxe (a, b) *). Tozoa mexncdy au b
naiidemca marxaa mouka ¢ (a<c<h), umo 0aa Hee ebimoaHAemMCA paseH-

cmeo

-1D_ o), W

Jloka3aTenbCTBoO. BBeleM BCOOMOTAaTeNbHYIO QYHKINMIO, OTpe-
IeHB ee B MpoMeXyTke [a, b] paBeHCTBOM:

F®) =/ ~f@-T8L2 (x-a).

*) KoHeuEO, HeIPEePHBHOCTS hyHKman f(x) B (4, b), mpeanonoxerHas s 1), yxe creayer
@3 2), HO MBI HE 3716Ch, HA B IOCIEAYIONEM HE CTABEM Cebe LENbIo PACTICHATh YCIIOBHE
TEOpEMbI HA B3aMMHO HE3aBHCHMEIEC LPEIIIONOXCHI.
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Ora (QyHKHUS yOOBJIETBOPSET BCEM YCIOBHAM TeopeMsl Ponnma. B ca-
MOM JieJie, OHA HempephiBHA B [a, b], Tak kak mpencTaBiseT coGol pas-
HOCTh MEXOY HempepbiBHOH Oynkmueit f(x) W Jubeiimod ¢yuxnueir. B
OpoMexyTke (@, b) OHa MMeeT OHPEIENICHHYIO KOHEUHYIO HpPOH3BOTHYIO,
PAaBHYIO
F()=f(-L89=L@.

Haxomen, HENMOCPEACTBEHHOH HOACTAHOBKOM ybexnaeMca B TOM, 9TO
Fa)=F()=0, 1. e. F(x) npuHEAMaeT paBHble 3HAYCHHMs HA KOHUAX IpO-
MEXyTKa.

CrenosatesbHO, K GyHKIMH F(x) MOXKHO IPHMEHKTD TeopeMy P o 111 5
M YTBEPXAAThH CylleCTBOBaHME B (a, b) Takoii ToukH ¢, aTo F'(c)=0. Takum
obpazoM, o

’ (b - a)
f @) -==5=—=0
OTKyHa |
/ fB)—fla
f'(e)= T bTa
4. U Tp. H.

JoKa3aHHYI0O TeopeMy HA3LIBAIOT
TaKkXe TEOPEMOHN O CpegHEM
3HaYeHHHU (B nudpdepennnarsaoM 7
MCYHCIICHHH),

Teopema P o nysa sBifeTCs qacT-
HBIM CJIy9aeM Teopemsl Jlar p a H-

K a; 3aMeYaHusA OTHOCHTENILHO YCJOBUH 1) M 2) TeopeMsl, CreaHHbBIC
BBHIILIE, COXPAHSIOT CBOIO CIUIY H 3JIECh.

OO6pammascy K reoMeTPHIECKOMY HCTOJIKOBAHHIO Teopemsl Jlar p a H-
K a (puc. 51), 3aMeTuM, UTO OTHOLICHHE

f®)-fl@) _CB

b-a T~ AC
€CTb YrjaoBod Ko3pUIMEHT cekywlelt AB, a f'(c) ecTs yrmoBoit kKo3bdu-
[HEHT KacaTeIbHOH K KpUBOH y=f(x) B Touke ¢ abcmuccoit x =c¢. Takum
06pa3oM, yTBepKieHHe TeopeMbl JIaT P aH K a PABHOCHIBHO CIEHYIO-
ueMy: Ha Oyre AB Bcerna Haiiiercs, mo KpaiiHeil Mepe, ofHA Touka M,
B KOTOPOH KacaTelbHas mMapadjeibHa xopue AB.
HoxazanHast popmyia
f®)-f(a)
PR22=r© wu fB)-f@=1()-b-a)
HOCHT HasBamde GOopMYyns Jlarpauxa mwm GOPMYJIH Ko-
HEYHBIX NpHpauteHHd. OHA, OYEBUIHO, COXPAHSET CHIYy H JUIS
ciy4dasa a=b.
Bo3pmeM ioboe 3nadenme X, B DpoMexyTke [a, b] ¥ mpunmamsM emy
npupawenue Ax =0, He BBBOAMIIEE €ro 3a IPeleibl HpoMexyTka. Ipu-

Puc. 51.

15%
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MeHHEM bopMmyily JIarpamHXa K OPOMEXYTKY [Xg, X,-+Ax] mpu Ax=0
WA K OPOMEXYTKY [x,+Ax, x,] npu Ax<O0. Yucno ¢, 3akiioUCHHOE B
3TOM Ciydae MEXAY X, H X,-+ X, MOXHO IpEeICTaBHTH Tak:

c=x,+0-4x, rtme 0<0O<I1%).

Torma dopmyna JlarpasHxa IpAMET BHI:

LG+ I0-T0) _ 1(x, 1 64x) (1a)
WA
Af(xp) = f(xy+Ax) —f(x0) = f(%+04x) - Ax  (0<BO<]1). @)

DTo PaBEHCTBO, JAIOIIEE T O Y H O € BLIPAXKECHHE IS NPUPAIEHAS QyHK-
UM IIpH JHO60M K O HE€ 1 H O M IPUPAINECHHH X apryMeHTa, ECTECTBEHHO
IPOTHBOLOCTABIAETCA MpuOIIDkeRnoMy pasencTsy [107, (3a)):

Af (%) =f (o + 4%) = f(x)=1"(%0) - A,

OTHOCHUTENIbHAS MOTPEITHOCTh XOTOPOrO0 CTPEMMTCS K HYJIO JHIDL IIpH
6ecxoneyso MasnoMm Ax. OTCloa IPOUCTERAET W CaMOE Ha3BaHWE «Dop-
MyJla KO HE€4YHB X IPHPALICHHI>.

K merirone GopMmyinsl Jlarpauxa — B Hel GQUTypHpYET HEH3BECT-
HOEe HaM dHCio 0 **) (wm ¢). DTo HEe MeLIaeT, OMHAKO, MHOT00OPA3HbIM
IpPYMEHCHUAM 3TOi GOpPMYJIEl B AHAJMU3E.

113. Iipenen mpousBoHoi. ITosie3HEI IpEMEp TAKOTO MPAMEHHSA TaeT
crenyromee 3ameuanwe. [lpemmonoxum, urto ¢yHKOHA f(X) HeOpepbIBHA
B MPOMEXYTKE [X, Xo+H] (H=>0) B #HMeeT KOHECYHYIO MPOH3BOI-
Hylo f'(x) ang x>x,. Ecnu CymecTBYyeT (KOHCUHHIH HIH HET)
npenen :

lim f'(x)=K,
x+Xp+0
To TakoBa Xe OyJeT MU MpOHM3BOJAHASA B TOYKE X,
cupasa. [lelictBurensno, npu 0< Ax<H mveem (1a). Ecma Ax ~0, To —
BBHy OTPAHMYECHHOCTH BENMYMHBI § — APTYMEHT IPOM3BOMHOMN X+ 04X
CTPEMHTCS K X,, TaK YTO IpaBas YaCTh PABEHCTBA, a C HEIO U JIEBad CTpe-
MHETCA K npeneny K, 4. ¥ Tp. I. AHAIOTMIHOE YTBEPXKICHHE YCTaHABJIH-
BAETCAd M Ui JIEBOCTOPOHHEH OKPECTHOCTH TOYKH X,.

%) VIzorga roBopsT, 9TO 0 eCTh «(mpaBHIIbHAS APOOBY»; HE CIEAYET TOIBKO yMaThk,
9TO pedb MAET O PANHOBAJBHOM APOOH — 9HCIIO 6 MOXKET OKa3aThCsl M HPPALMOHANBHBIM.
*%) JInnth B HEMHOTHX CJIy9asX MEI MOXEM €ro YCTaHOBHTB; HAallpEMeEp, IUIA KBaj-

1

parryHO# GyHKmEE f(x)=ax®+bx+ ¢, KaK JIErkO IPOBEPHTH, HMeeM 0 = 7
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PaccMOTpUM B KavecTBE (pUMeEpa (QYHKIMIO
f(x)=x arcsin x+ 1/ 1-x2
B npomexytke [—1, 1]. Ecir —1<x<1, To o OGBIMHEIM MpaBuiiaM AuddepeHnyaib-
HOFO MCUYMCIIEHHs JIErKO HAWTH:
x x
Yi-xt J1-x?
IIpu x-1-0 (x--1+0) 312 mnpou3BOAHAsA, OYCBHAHO, CTPEMUTCA K IpPENey
T
2

= arcsin x.

f/(x)=arcsin x+

T
(— E)’ 3HAMMT ¥ Npu X = * 1 CYIecTBYIOT (ONHOCTOPORHHE) IPOM3BOAHbIC
fEn=+2
..

YacTo COCNAHHOC 3AMEYaHHe HPUMEHAETCS IPH cleayrommx obcros-
TeBCTBAX: U3 TOTO (akTa, YTO HAHIEHHOE JUIA MPOM3BOJHOMH BBHIPAXKCHHE
CTPEMHUTCH K +oo (—oo) IpH NPHOIKEHUH X K X ¢ TOH HJIH
APYroil cTOpOHB], NENACTCS 3AKIIOYCHHE, YTO B caMoO# TOYKE X,
COOTBETCTBYIOINAg O NHOCTOPOHHSASA NPOU3BOJHAAL paBHA +o°
(—<). 1 2
Hanpumep, ecnd BepHYThCS K (QyHKIHAM [i)=x 1 filx)=x*,
KOTOpEIe MBI paccmaTpusamu B n° 101, To fnsd nEX (mpu x=0) mMeeM:

fi="5,  fim==.

353 3x°
Tak Xak IepBoe M3 3THX BHIpaKeHHWil mpH X - +0 cTpemMuTca K +oo, 2
BTOpoe mpu Xx— +0 WiH OpE X - -0 MMEeT, COOTBETCTBEHHO, WPEJICIEI
oo WIA —oo, TO 3aKJIFOYaeM, YTO Ik fi(x) B Touke x=0 cymecTByeT
IBYCTOPOHHSAS IPOM3BOMHAA: + <o, B TO BpeMs Xak Ul fy(x) B 3TOH Touke
CYIIECTBYIOT JIMINb OJHOCTOPOHHWE NPOU3BONHBIC: +oo CpaBa M — <o
creBa.

M3 cxa3aHHOro BBITEKAET TAKXe, 4TO, €CIM KOHEYHAs IIPOM3BOAHAA
f'(x) cyuiecTByeT B HEKOTOPOM IPOMEXYTKE, TO OHA NPEICTABIISACT coboro
(yHKIHMIO, KOTOpAst HE MOXET HMETh OOBIKHOBCHHBIX PAa3PHIBOB MIIA CKaY-
KOB: B KaXmoil Todke oHA JubO HempephIBHA, THOO MMeET pa3phbiB 2-r0
pona -[cp. 102, 2°].

114. ®opmyna Komu. ®opmyna KOHeYHBIX mpupanienuit 0 6 0 6 u1a-
eTCa crexylomiuM obpaszom:

Teopema Kowwu. IHycmy 1) gynxyuu J(x) u g(x) Henpeprisuuvl ¢ 3aMm-
KHymom npomesicymie [a, bl; 2) cywecmeyiom KoHeuHvie npoussodnste f'(x)
u g'(x), no xpaiineii mepe, 6 OmKpvimom npomevicymie (a, b); 3) g'(x)=0
6 npomencymke (a, b).

Tozda mexcdy a u b naiidemca maxas mouka ¢ (a<c<b), umo

f®)-f@ _f)
gB)-¢l@ g'0© ° ®
Dra dopmyda HocuT Haszsamme GopmMysnb Konru
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Aoxa3zaTenscTBo. YCTaHOBMM CIepBa, 4TO 3HAMEHATEND JIEBOLL
aCTH HaIllero paBeHCTBA HE PABCH HYJIO, TaK KAK B IPOTMBHOM Ciiydae
BBIDAXEHHE 3TO HE MMeEJIo OBl cMmbicia. Ecim 6bI 6BUIO g(b)=g(a), o,
no Teopeme P o s, nmpowsBommas g'(x) B HEKOTOPOX IPOMEXYTOYHOMH
TOYKe OblTa GBI paBHA HYyJTIO, 4TO TPOTHBOPEYUT YCIOBHIO 3); 3HAYMT
g(b) = g(a).

PaccMoTpuM Teneph BemomoraTeNnbHyio (pyHKIMIO

) fa) S OT@
Fx)=f(x)~ f(a) B = 2@ 8%~ gl
OTa QYHKUHMS YIOBICTBOPSET BCEM YCIOBHAM TeopeMbl Ponas. B ca-
MoM nene, F(x) HenpepbiBHa B [a, b], Tak Kak HEUpPEPHIBHEL f(x) u g(x);
npown3BoaHas F'(x) cywiectByeT B (g, b), uMeHHO, OHA paBHa

’ Y __f(b)"/(a) v’
F (x)—f (x) g(b)—g(a) g (x)‘
Haxomen, npsamoii mofcTanoBkoi y6exaemces, 4To Fla)= F(b)=0. Bcien-
CTBUE ITOTO B MPOMEXYTKE (@, b) CymecTByeT Takas Toyka c, uto F'(c)=0.
Wrage rosops,

, fO-f@ .\
f(@-m -g'(c)=0
WIH

’ _f(b)*'/[(a) .o’
I O= =g &)

Paznemms na g'(c) (3T0 BO3MOXHO, Tak kak g'(c)=0), monysaem Tpe-
OyeMoe paseHCTBO. .

AcHo, yto Teopema JlarpaH kK a SBASETCS YACTHBIM CIIyyaeM Teo-
pembl Kowwu. JIns mosydeHns GopMYJIBI KOHEYHBIX TIpUPAMCHHH u3
GopMynmsl Kol H ChemyeT moJsioXHuTh g(x)=x. Teopemy Komu =Ha-
3HBAOT 06006 e HH O M TEOpeMOM O CpelHEM 3HAUYEHHH
(8 maddepemuansEoM ucuucIeHAN).

I'eomerpmyeckas wumocTpamus Teopemsl Komu — Ta Ke, YTO U
A TeopeMbl JIarpa Hxa. YToGH YMTATEIIO Jerde GBLIO 3TO YCMOT-
PeTh, MepeiiieM K ApYTuM 0603HAYCHASM: X 3AMEHAM Ha 7, a ¢bysku 060-
3HAYMM 1epe3 @(¢) u y(¢). Ecnu ¢ M3MeHsieTcs B MPOMEXyTKe [«, 8], To dop-
myda Komwu wanmmercs Ttax:

WO-v)_y»)
dB-v@ g F=r=P. @)

PaccMoTpuM Tereps KpuBYyIo, 3aaHHYI0 HapaMeTpPHYECKHMH
YPaBHEHHUAMHU

x=@(t), y=y(t) (x<t<p). &)

Torna nesas wacts GopMymsI u 31€ech BBEIPAXaeT YriaoBoi koadduiruent
XOPZBL, COCIUHSIONICH KOHNBI JyrM 3TOM KpHBOI, a IpaBas — YIIOBOH
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K03(QdHIHEHT KacaTelIbHOH B HEKOTOPOH BHYTPCHHEH TOYKE IYI'H, OTBE-
yaromeit =y [106, (11)].

3aMeuyaHHue IDTH CoOOOPaXEHUA MOACKA3BLIBAIOT MBICIL O BO3MOX-
HOCTH BEIBeCTH QopMyny Komu u3 popmymst Jlarpamxa. CyTs
3TOTro BEIBOJA B TOM, UTO BMECTO ApaMeTpHIeCKoil 3aBrcuMocTH (5) ycTa-
HaBJIMBAIOT HEMOCPEICTBEHHYIO 3aBHCAMOCTE: ¥ = f(x), ¥ Torma dopmyia
(4) oxaseBaeTcs paBHO3Havame# c (1).

§ 4. Ilpom3soausnie n gadQdepennnasl BLICIIMX HOPSAKOB

115. OnpefiesieBne NPOH3BOTHLIX BHICIINX HoOp#AKoB. Ecim dynxmms
y=f(x) mMeeT KOHEYHYI0O IPOHM3BOIHYIO ) =f’(X) B HEKOTOpPOM mpoO-
MexXyTke X, Tak 4TO 3Ta HOCHENHNS CaMa OPENCTABIAET HOBYIO (YHK-
U0 OT X, TO MOXET CIYy4dAThCA, TO 3Ta (YHKOHA B HEKOTOPOH ToUKe
X, u3 X, B CBOIO ouepenb, IMeeT MPOM3BOJEYIO, KOHEUHYIO HiH HeT. Ee
Ha3bIBAIOT IPOHM3BOJHOH BTOPOTro NOPpAXKa WIKH BTOPOH
DpoH3BOXHOHN dyuxuuu y=f(x) B ynomManyToii Touke, H o603Ha-
YalOT OJHAM W3 CHMBOJIOB

2 2
DV Dy T ), D).

Tak, HanpuMep, MBI BHEACIH B 92, YTO CKOPOCTh ¥ IBHXKEHHS TOYKH

paBHA NPOM3BONHOR OT MPOHIEHHOTO TOYKON IIYTH § IO BPEMEHH f: U=

ds
=‘—1?, YCKOpEHHE XK€ ¢ €CTh IPOU3BOAHASA OT CKOPOCTH ¥ IO BPEMCHH:

dv : . -

a=gr. 3HAYHT, yCKOpEeHHUE ABJNSCTCA BTOPOH NPOHM3BOMHOMNH OT
d3s

NYTH MO BPEMEHH: A= 7 .

Anasormino, eciu OYHKIEA -y = f(X) HMEET KOHEYHYIO BTOPYIO IPO-
H3BOJHYIO B IIEJIOM IpoMexyTke X (T. €. B KaXIOH TOYKE 3TOro mpoMe-
XYTKa), TO €€ IPOM3BOZHAS, KOHEYHAs MM HET, B KaKoH-mH6o TOUKe X,
u3 X HaspBaeTCI NMPOH3BONHONW TPEThero MOpALKA WIH
TpeThel NpOHU3BONHOKH bynkmuu y= f(x) B 3T0i Touke, u 060-
3Ha4yaeTcs Tak:

ddy . daf(xo) 7
dx’_a ’ yln, D3y’ _a;a— ’ f (x0)9 Dsf(xo)'

ITomo6HbIM Xe 06pa3’oM OT TpeThel HPOU3BOAHOM IEPEXOJUM K UeT-
BepToi H T. A. Ecnm mpemmonoxurs, 4To momATHE (#—1)-i mpousson-
HOH yXe onpenmesieEo H 9TO (11— 1)- IPOU3BOIHAS CYIIECTBYET M KOHEYHA
B IIpOMeXyTke X, TO e¢ NPOU3BOIHAA B HEKOTOPOM TOHUKE X, 3TOTO IIPO-
MEXYTKa Ha3bIBAETCd NPOH3BOAHON nTo mopAnKa WM n-i
NIpOoU3BOAHOR OT HCXomHOH O(yHKDHM y= f(X); mia o6o3HAYCHHA
€e NPAMEHSIOTCS CHMBOJIBL

dny . dY (%)
¥, Dry; TEED - fxy),  Daf(xy).

dxn ’
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HHoit pa3 — npu mojib3oBaHMM oOo3HaveHWsMH JlarpaHxa HiH
Komu - MOXET BO3HHKHYTh HAZOOHOCTH B yKa3aHMM IIEPEMEHHOH,
10 KOTOpo# GepeTcs mpous3BoAHAsA; TOrMA ¢¢ MULIYT B BUJIE 3HAYKA BHU3Y:

” 3 )
Yx, Dx’y7 f (x())’ u T. I,
IIPHYEM, X“‘,, x3, . .. €CThb YCJIOBHAs COKpalICHHAas 3a1IMCh BMECTO XX, XXX, . . .
HaHpHMep, MOXHO HAIUCAThL: 4= Sp.
(qHTaTeJ'IIO SICHO, YTO H 371€Ch I €JI b HBIC CHMBOJIBL
danf

dxn’

F® wmm £, Dif wm D f

MOXHO PacCMaTpHBATH Kak (yHKIHMOHAJNbHBIC 00O3HAUCHHS.)

Takum oOpa3oM, Mbl ONpEIe/IN IOHATHE #-OH IIPOM3BOJHOH, KdK
TOBOPAT, HHAYKTHUBHO, NCPEXoAi IO HOPANKY OT MEPBOH mpou3-
BOAHOM K mociemyromiuM. CoOTHOULIEHUE, ONpeeIAIoniee #-0 MPOU3BOI-

HY10:

y(n) y(n——l)]
HA3HIBAIOT TAKXKe PEKypPPEeHTHBIM (WIH ¢BO3BPATHBIMY), IOCKOJBKY OHO
«BO3BpaIlaeT» Hac oT m-if X (n— 1)-ii TIPOM3BOAHOM.

CaMoe BBIYHCJICHHE OPOM3BOMHBIX N-TO HOpAOKa, NPH YMCJIEHHO 3aJaH-
HOM n, MPOM3BOGMICA MO M3BECTHBIM YK€ UATATENIO HpaBunaM u dopmynam. Ha-
TpEMeEp, €CIIH

1 1 4 1
y=—xt-— x3+2x2+—x——-£,

27 6 3
TO

1 4
y'=2x3—3x2—{--4x+ = y'=6xt-x |4,

=12x-1, yIv=12,
TaK 470 BCe HOCTEAYIOLHMe IPON3BOMHbIC PaBHBI ToxHecTBeHHO 0. Vimu mycrs
y=In (x+ V22 +1);
1 x 2x?-1

S SRR St SRR
Y T T ek T T

TOraa

3aMeTHM, 4YTO IO OTHOIICHHIO K IPOU3BOJHBIM BBICLIMX NOPSIKOB
TaK K¢, WHAYKTHBHO, MOXHO YCTAaHOBHUTb IIOHATHE O JHOCTO PO H-
He it mpousBomuoit [cp. 100]. Ecna dyHkmus y=/(x) ompeneneHa JLIIb
B HEKOTOPOM HPOMEXYTKe &', TO, TOBOPs O IIPOH3BOIHOM JIFO60ro MOpsia-
Ka Ha KOHIE €T 0, BCErJa MMCIOT B BHIY AMCHHO OITHOCTOPOHHIOIO
ITPOU3BOIHYIO.

116. O6mne dopMyar1 s NPOH3BOMHLIX JoGoro nopsaaka. MTak,
IUIS. TOTO, 9TOGBI BLIMHCIUTE 1-10 MIPOH3BOMHYIO OT Kakoii-imbo QyHKIuM,
BoOOIIE TOBOPS, HYXHO NPEJBAPHTE/ILHO BBHYHCIHTL IIPOU3BOZHBIC BCEX
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BOIHbIE BCEX MNpEeIIECTBYIOWMUX mopsakos. OIHAKO B psile Clyuyaes
yna8tcs YCTaHOBHUTb TaKoe o6uie e BEIpaXEHHE a8 n-# NPOUSBOA-
HOH, KOTOpO€ 3aBHCHT HENOCPEACTBEHHO OT 1 U He COJAepXUT Gonee
0603HaYEHMH NMpeAleCTBYIOWNX NPOU3BOLHBIX.

[Ipu BbiBOZe Takux OGWUX BEIPaxeHUH HUHOrAa OBIBAIOT NOJE3HEI
(hOpMyIIbL:

()™ =c.u™, ()P =u™ 2,
o6o6wamuue Ha CAy4ai BHICIIMX [POM3BOAHBIX HM3BECTHHIE YMTATEIO
npasuiaa [ u Il n° 97, Ux serko noayuuTb noC/A€IOBaTEAbHBIM [PHUMEHE-
HHEM 5TUX MNpPaBHJL.

1) PaccMoTpuM cHavana CTeneHHy GYHKUHIO y==x* rige p — /o-
6oe BewecTBeHHOe uyucao. MmeeMm nocaegoBaTenbHo:
Y=patt Y =p (e — et
Yr=pp—1)(@p—2)x*3, .

Jlerko ‘ycMoTpetbh oTcioga ¥ OGWMA BaKOH:
yM=p@—1)...(@p—n + 1) x*",

HO, CTPOro roBOPS, OH ewE MNOAJMEKUT AOKasdaTeaAbCTBY. [lag 3TOro
BOCMO/b3yeMCsl METOJOM MaTeMaTHuecKOH MHAykuuHd. IlonycTus, yro mas
HEKOTOPOro 3HayeHus 7 3ra ¢GopMy/aa BepHa, npoauddepeHUUpyeM e
e pas. Mul npugeMm K pesyabTarty:

M=y =pe—1) ... @ —n1) [ =
=pp—1) ... pg—n+41) (p— ) x (1)
TaK yToO Hawa ¢opMyna okaswiBaercs BepHOR nas (n - 1)-# npous-

BOJHOH, ecan Oviia BepHa Aas n-#. Orcloma 4 caepyer e cnpasensu-
BOCTb NpPU BCE€X HATypanbHHX 3HAaYeHHUAX A.

Ecau, Hanpumep, B3ATh p==— 1, TO NOJAYYUM
(1 aen__ (=1 n
() =D (mae =R
anpv1p.=—~%~
R A SR WA o n—1\ L _,
i e e s M
_(=lyren—hu,
oy«
u T, I

Korga camo g ectb HaTypaabHOE€ YUCIO m, TO M- NPOU3-
BofHas OT x™ GyJdeT yxe MOCTOSHHBIM YUC/AOM ml, a BCE CaAelylouue —

# CumBonom nll 0603HaualoT NpOM3BelieHNe HATyPaAbHBHIX YHCEN, HE MPEBOCXO=
IAIMX # M ORHOW ¢ HUM YE€THOCTH, TaK YTO, HampuMep,

M=1-3.5.17 I0N=2-4.6.8-10
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Hyaamu. OrTciola ACHO, YTO M [J9 UEJAOr0 MHOrOYJNEHa CTENEHH m
HMEET MECTO aHalorHyHoe OGCTOATE/bCTBO.
2) Ias HeckoAbKO Gojee OOUIErO BHPAXKEHUSA

y=(a-+bx)* (a, b=const.)
CTOAb XKe JIerko Hanaew: .
YW =p@E—1...(a—n41) 8" (@ fbx)*™"
B uyacTHOCTH, noJy4aeTcs, KdK H BHlie,
' ( 1 )M)___ (— ) nlpn

atbx) T @Fbxr
1 )0') (=) @n—bl
(Va‘“-rb} T @t bxyrYatox

3) Ilycte tenepr y=Inx. Tlpexne Bcero, umeem
= (Inxy=—

BosbMEM oTcrona npousBoAHyo (17— 1)-ro nopsaxka no COOTBETCT-
pyomet gopmyae u3 1), 3aMeHHB B HeR n Ha 7 — 1; MH ¥ NOAYYHUM
TOrAa

- 1 \(n=1) (1t (n— 1)
y(n) _— (yr)(n 1) (7> =( ) xﬁ ) .
4) Ecmm y=a*, 10
Yy =a* a, Y =a*.(lna)},. ..
O6mas ¢opmyna '
y® =a* (In a)"

JIerKO JO0Ka3uBaeTCA MO0 METONY MaTEeMaTHYeCKOH anyKuuu.

B uyacTHOCTH, OYEBHIHO,

(€)™ =e*.
5) TlojoxuM y==sin x; Torxa
y=cosx, y =-—sinx, y"==— cosux,
v . A\
y ==sinx, y ==cosx,...

Ha stoM nyrn nafiti TpeGyeMoe ofluee BHpaxeHHe AJ n-# npous-
sBoaHo# TpyaHo. Ho meno cpasy ynpomaercs, ecau mepemucaTs ¢op-

Myly AAf NepBOH npoussoaHo# B BHie y == sin (x—{—%), CTaHOBHT-
Cq ACHHM, YTO npn KaxcaoM auddepeHUHPOBaHHH K apryMmeHty Oyaer
Npa6aBAATbC —, TaK YTO

(sin x)™ = sin (x +n. %-) .
\
Amnanormuno noayuaetcs u dopmyna

T
(cos x)'™ == cos (x+n . 7).

2 1
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1 "
6) PaccmorpuM ¢yHkuHIO y=m—s flpencrasus e€ B BuRE

1 1 1
Y =% \x—a x+ta)’
MBI [IOyYaeM BO3MOKHOCTL MCMONL30BaTh npuMep 2) (W obiMe npasuaa, YyKasaH-
Hule BHauane). ‘OKoHuaTeabHo,

(x’ L as>(m == ;3:"” 2 [ x —1 T (x +1 a)"+‘] g

\

7) B cayuae ¢yHkuuu y ==e%* sin bx M ynorpeGum Gonee HCKyCCTBeHHhIlt
npuéM. ViMeHHo, uMeeM

y' = ae®* sin bx 4 be®* cos bx;
€CaH BBeCTH BCIOMOr'aTelbHblit Yyroa ¢, onpemeiaseMb yCIOBHAMH
b . a
TO BHPa¥eHHe LA mepBoff MPOH3BOXHON MOMXHO MepenHcaTh B BHIe:
Y=V a b e . (sinbx - cosg+ cosbx - sing)=
=V a5 - &4 . sin (bx +9).
Mosropas nuddepenunposanue, nerko yCTaHOBHTHL obuluft 3akoH
n
ym = (a® 4 b%) 7, gax gin (bx 4 noy)

1 06OCHOBaTb €ro MO MeTONy MaTeMaTHYecKOH MHIAYKIHH.
8) OcraHoBuMCA emE Ha (b]yuxmm y==arctg x. [locraBum ce6e CHauaza 3a-
naveit Bopa3uth y' uepes y. Tak kak x=1tgy, 10

sin ¢ =

— 1 — 3 PP pp— . ks
y'_—l—_-l_—;;—cos y=cosy sin_(y+?).

JuddepeHunpys BTOPHYHO MO x (M NMOMHA, YTO ¥ eCTb (QYyHKOMA 0T Xx), moay-
yuM

y"=[——- siny .+ sin <y+—;->+ cosy - cos<y+%>] c Y =
=costy . cos<2y —I—%) = Ccos®y - sin2(y+ —;-)
Cuaenymomee zmquJepeHunposague Iaet
’y”'=[——2 siny - cosy - sin2(y —{—32—“'—)—{—2 cosy . cos2<_v—|—-%>] cy' =
=2costy . cos<3y +2. —;‘-):2 cos®y . sin 3 <y —{—12‘-)
O6wan dopmyana: ‘
y®=(n—1) cos®y - sinn <y + :;)

ONpaBAHBAETCA MO METONY MaTeMAaTHUECKOH HHIYKUHH.
Ecau (npu x > 0) sBecTH yroxn

Y

[NE

1
z = arclg =
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TO 3Ta (hopmyna Mmoxer ObIThb NepenHcaHa Tak:
1

ym = (n — 1)1__; - sinn(®—2)
(+x9?
WY, HAKOHel,
_ 1 . 1
Py = (— 1)1 (,1_1)!—--—--—__E » sin narctg ra
(14222

9) YcraHOBHM B 3aKiO4eHHe, B BHIe yNpakHeHHs, (OpMymy

L
I x

1 n—1 x p—
D" (x1e*)=(— 1)* n+1("—123 ..
CnpasemiusocTe €€ nmpn n=1 1 n =2 npoBepserca HenocpeacTBerHo. Jlo-
NyCTHM TENepb, YTO OHAa BepHA NAA BCeX 3HAaYeHWH 2 BOAOTh 10 He-
KOTOPOTL O =2, IOKAXEM, YTO TOIAa OHAa COXPAHUT BEPHOCTL M NMPH 3aMeHe
n Ha n41* C sToft 1eNbI0 PACCMOTPHM BhIpaxeHHe

L L L L
Dt (xhe*) = D" [D (x"e* )] = D"[nx"1e* — x"2e¥ | =
L L
=n-D"* (x"1e*) — D [D" (xB2%)].

nOJleyﬂCb HallUM IONyIl€HHeM, MOXHO NepenucaTb 3TO BhIPpAXEHHE TakK:
1 1 1

—_ ex
Dn+1 (x"e*)=n (— 1) ——

x ex
= D[] =

Hrak, ¢popMyna BepHa IaA B Ce X HaTypaidbHbIX 3HaueHHH u.

117. ®opmyaa JleiiGnuua. Kak Mpl 3aMeTw/d B Hauane npemwiy-
mero n°, npasuia I u Il, 97, HemocpeaCTBEHHO MEPEHOCATCS ¥ HA Cayualt
NPOU3BOAHKK Jo6oro mopsaaka. C/oxHee OGCTOUT A€JO C NPaBUIOM 11, -
OTHOCSIIMMCA K aHddepeHpoBaHNi0 NPOU3BEAEHHS.

IpeanonoxuMm, uTo QYHKUMH U, U OT X MMEWT KaXAas B OTHeJb-
HOCTH TIPOUSBOAHBIE [0 7-r0 TNOPAJAKA BKIIOUYATEAbHO: MOKAXEM, YTO
TOrga HMX TpOU3BeJeHHe y-——u'o TaKXKe HMEET 71-10 MPOM3BOAHYIO, H
HatiidM e& BhipaxeHue.

CraneM, npumensia npasuno lll, nocnenosarenbno muddepeHUHpPOBaTH
5TO NMpOHU3BEJEHHE; MH HaHA&M:

Y=uvv+4uv, y'=u"v+ 200 } uv",
y"' — uV",U __I__ 31177,0! __I_ 3117,0" + u,v'", e

Jlerko NOAMETHTb 3aKOH, MO KOTOPOMY NOCTPOEHH BCE 3TH (POPMYJIHL:
npaBHie YAaCTH MX HANOMHHAIT Da3jOXeHHe CTemeHed GuHoma: u-}-v,

* O6pamaeM BHHMaHHe YUTaTenA Ha 9Ty cBoeoGpasHyl GODMY NpHMeHeHHA
METONa MATeMaTHueCKOH HMHIYKUHMH; B IeHCTBHTEABHOCTH (CM. TEKCT HHXE) Mbl
HCNOAb3YEM CNpaBeINHBOCTh Haued GopMyan maa n u gaa n — 1.
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(u+v)? (u+4wv), ..., mwe BMeCTO CTeneHe# i, ¥ CTOAT MPOU3BOMHbIE
COOTBETCTBYWOWMX nOpsiakoB. CXOACTBO CTaHeT Gosee MOJHEIM, €CJH
B TOMyueHHHX (opmynax Bvecto u, v mucarb u'®), o®, Pacmpocrpa-
Hfil 5TOT 3aKOH Ha CJyuvah mo6oro n, mpugeM k obue#t Qopmyre®:

n
P = (o)™ = Z Ciu"Ny® =

i=0
= uy 4 nu'" o _‘_n___(nl—.—21) nny" L,
R n(n_ll).'é‘(nTi_{— D pn-idg® 4 g, (1)

Ins nokasatenbCTBa €& CHpaBelJUBOCTH mpuberseM CHOBa K Me-
TOLy MaTemaTHyecko#f HHmykumd. JlomycTuM, 4yTo Npu HEKOTOPOM 3Haue-
HuM 7 oHa BepHa. Ecau ana ¢ydkum# u, v cywecTByioT u (7 1)-e
npousBOAHNE, TO MOXHO eld pa3 mnpoadddepeHunposaTb MO X; MH
TOJTyUnM:

n n n
plns1) =Zcf‘ (a5 0)Y =Zciu(n—i+l).-a(i) —1—20,’.11("‘%(“”.
i=0 i=0 i=0

O6beauHuM Temepb cJaaraeMble o6eMx TMOCJAEIHMX CyMM, COAepKa-
IMe OJMHAKOBbIE MNPOU3BENEHHA NPOM3BOAHBIX (yHKuu# u# ¥ v (cymma
NOPAAKOB TNPOU3BOAHHX B TAKOM NPOW3BEJEHWH, KaK JErko BHAETH,
pasHa Bcerga n-+1). ITlpoussenenue n'"1y(Y pyonur ToMBLKO B TEp-
Bylo cymmy (npu i==0); KoapduuueHnt ero B 310# cymme ectb Cp==1.
Touno tak ke u®o(™1) pxomur ToABKO BO BTOpYK CymMmy (B Caa-
raeMoe ¢ HomepoMm i==n), ¢ koadduuuenton Cp==1. Bce ocTanb-
HHE TIPON3BEIEHHS, BXOMALLME B 5TH CyMMHl, mMeior Bug u'"1-Flgtk)
npuuéM 1 << k<< n. Kaxaoe Takoe npoUsBEJEHHE BCTPETUTCSA KaK B NEPBOY
cymvMe (caaraemoe ¢ HoMepoM i==£), Tak H BO BTOpOH cymme (Caa-
raemoe ¢ HoMepoM i==k — 1). CyMMa COOTBETCTBYIOLIUX KOI(PDUIUEHTOB

Gyzer ck -+ Ck!, Ho, kax usBecTHo,
Ch 4+ cH'= Chore

* CuMBoA Y, O3HAYaeT CyMMYy OJHOTHOHK X craraemnx. Korga caarae-
Mble STH 3aBHCAT OT OJHOTrO 3HayKa, MEHAIOIIErocsA B ONpeNeNdéHHBX TrpaHUUAX
TO 9TH TPAaHUUB ¥ YKa3bIBAIOTCA (CHM3Y W cBepxy). Hampuwmep,

n

Voi=eotai+...+em

1=0

UT. 1.

I

1 1 1 1
7 l+5+g+...+5,

J

1phAs

k
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TakuM 06pasoM, OKOHYATENbHO HAXONMM:

n » .
1) e g 141)55(0) +2 Ch Ll DM (8 (o) g(nee)
k=
n+1

= ECrkH- D=l ()
k=0

TaK Kak Chpi=Chi=1,

Mbt nonyunnn aas y™1) pupawenne, BnoJHe aHanoOruyHOE BHIPa-
wenuio (1) (TOALKO 7 8aMEHHNOCH "4yHCAOM 7 -}-1); 3TUM M [JOKasaHa
CTpaBeJHBOCTb (OpMyan (1) A/A BCEX HATYpa/bHHX 3HaueHu#t 7.

YcranoBneHHas ¢opMyna HOCHT  HasBaHue ghopmysw JleidO6rnuya.
Ona yacTO GHIBAET NOJIE3HA NPH BHBOAE OGLIMX BHpaXeHult N/ A-# npons-
BOJHOMH, , ‘

3aMeTuM, 4TO TaKyw xe (OPMyny MOXHO OhIO GHW YCTaHOBHTb M
Las n-# NpoMsBOAHOH npoM3BeJEHM HECKOJABbKHX COMHOXHTE-
aeft y==uv ... {; OHa UMEET CXOACTBO C pasJiOXEHHeM CTENeHH

mMHorouneHa (ufv-f...4 )"

118. Ipumepnl. 1) Halném npu nomomu ¢opmyan Jleti6uuua (1) mnpous-
BOAHYIO :

(x* . cos ax)'so,
Tonoxum v = x3, 4 = cos ax. Torna

4 =gt cos (ax+k-%>,

v'=2x, 0"=2 " =0V = =0

Taxum o6pasom, B opmyne (1) Bce Cnaraemuie, KpoMe TPEX MepBHX, PaBHBI HYND,
H Mbl NOAyyaeM:

(uv)™ = x?. a% . cos (ax +50. ;) —|——5—(2 <2x+a%.cos (ax +49- 1:2-) +

1
+ g)—?—%g <2.a%. cos (ax +48. %) = a** [(2450 — a%x9) cos ax — 100 ax - sin ax).
’ 2) Bosspamaach K mnpuMepy 7), - 116, Teneps MM MoxeM noayudars oliee
BhipaXeHHe I1A n-i NPOH3BOAHON GyHKIMH
y=e% .sin bx

HENoCpeACTBeHHO no dopmyne Jle#t6nuya:

P == p0¥ [sin bx (a" __n_g%_—i_l_)_ avii A .)—l—
-+ cos 6x (na"“b — ﬁ("—l—'%)%-_jla""?b’ + .. )] .

3) Haliném suipasmenue ana (r+ -t NpOU3BOAHOH GYHKUMH ¥ == arcsin x.
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HmMeeM, Npexje BCEro,
1 1 1

TVic® Virx Viex

K 910, 10 dpopMynie Jle i O m 1 a,
1 1\ (1 ™ 9 1\ 1y
= R R ey
Vi+x J1-x Vi+x) Vi-x I+x Vi-x

+n(n -1 ( 1 )(n_z) ( 1 )"+ n(n~1)(n—2) ( 1 )("—3) ( 1 )w N
1.2 Vm V‘l—'—; 1.2.3 Vm_' VITX M
1

Ecne Tenmepr K BBIYMCIICHHIO MOCJIENOBATENBLHBIX OPOM3BOOHBIX OT

¥y

V1+x

- npmeuﬁrb dopmynnl, monygennbte B 116, 2), To npumeM & pe3ynbTaTy
1-x

- - - —
(1) - 1 u{(2n nn B @2n-3)1 11 n(n-1) (2n-5)11 31
AT

A+xn Q1o 0-n 1.2 Qe -xr

4) Tpebyerca HAWTA 3HAYEHMS BCEX NOCNIENOBATENLHBIX NPOH3BOTHBIX bysxnpm
arctg x mpu x =0,

1
Tak xak ' = 1:7 » T0 ¥’ (1+x%) = 1. Bo3bMeM 7-10 HPOU3BOAHYIO OT 0GEHX uacTeii
X

TO paBeHCTBA (MONB3ysich opMynoi Jle i 6 Hu 1 a):
1+ 22 n+1) 4 2nx . (M4 p(n— 1) . y(n-1) = 0,
TOXUM 31eCk X =0; eCrM 3HaYeHHs NPOM3BOIHBIX OpH x =0 OTMeuaTh 3HAauYkamu 0
3y, TO HOJTYYHM:
W= —n(n-1)- 5570,

Ilpn x=0 wnpomssogmas y”’'= obpamaercs B 0: yj=0. L3 nafinen-

CEEOT

2,
O COOTHOIIEHMS $CHO, YTO BCEraa y.(, ™ 0. Yro XK€ KacaeTci MPOM3BOMAHBIX
*THOTO MOPAAKA, TO UMEEM Uit HAX PEKYPPEHTHY 10 hopMyly:

AT =~ @m=1)-2m - 5F0,

IHMMas BO BHEMAHMe, YTO yg= 1, moNyyaeM oTciona:

AV = (- pmEmt.

ToT xe pesynbTaT MOXEO 6BUIO OB mONY4MTH M M3 O6mieH tdopmynsl mpumMepa
116.

5) To xe — maa dyHKmE y = arcsin x.

Yxazanue. Popmyny Jle#i 6 HH11a NpAMEHHTS K COOTHOIICHHIO;

A-x®).y"-x-y"=0.

Omeem: yE™ =0, y¥™V=12.3 ... Qm- 12=[2m~- 1. DTOT pesynbTaT u3
UX BBIPaXEHHH B 3) HONyYaeTcs He CTONb IPOCTO.
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6) Muozouaenvt Jleowcanopa. B 3aKiroueHHe OCTAHOBEMCA Ha BaXXHBIX MHOIO-
yineHax, Hocsuux uMa JIexanapa (A. M. Legendre). Oun onpenensiorcs paBeH-
CTBaMH

dn(xz— 1)
Xa(x)=cn - n=1,2,3,...),

IZie DOCTOSIHHBIM Ko3dduimenTaM ¢, NPUGAIOTCA TE WM HHBIE 3HAYEHHS B 3aBUCHMOCTH
OoT cooOpaxeruit ynoocrsa.

IIpexne Bcero y6emuMcs B TOM, YTO MHOTOWIEH Xr(x) (CTeneHd n) uMeeT n pas3ima-
HBIX BEIECTBEHHBIX KOPHEH, KOTODHIE BCe coaepRaTcs Mexay — 1 u + 1. JIns npocTOTsI
HOJIOXKHAM IOKa cp=1.

Jlerko BEAeTh, 9TO MHOTOWIEH (xZ2—-1)'=(x—1)".(x+1)" u ero n—1 mocieno-
BaTENBHBIX OPOM3BOAHBIX OOpamiaroTcs B HyIb npd x= + 1. Toraa mepsasi ee mpou3-
BomHAS, O TeopeMe P onna [111), Oymer umeTh kopers u Mexny — 1 ® +1; no ToH
XKe TeopeMe, BTopasi IPOM3BOAHAS OyZeT MMeTh ABa KOPHA Mexay —1u +1, H T. 1.
BIUIOTh 10 (n— 1)-# mpom3BomHO#, KOTOpas, MOMIUMO KopHe# ~1 ®m + 1, Gymer Mexny
HUMHA AMeTh eme 7— 1 xopHeit. IIpuMennB K Hel eme pa3 TeopeMy P o 11 s, nmpHAaeM
K TpeOyeMOMy 3aK/OYEHHIO.

Coxpansis k03pduumenTs! ¢y =1, onpeneMM Terneph 3HAYCHMS MHOTOWIERAa Xn(x)
npu x=*1.

IIo dopmyne JleitGHUIa, paccma-rpunaa cTeneHb (x2—~ 1) xak pou3BeleHHE
(x+1)" Ha (x— 1), MOXHO HAIHKCATb:

dr(x—10 deet DR @nmie— 1y dn(x+1)n
Xo(0)=(x+1)7. clL. . .
()= G Iyt =+ O —- dxn1 R

S(x-Dn.

Tak Kak BCe claraemble, HauuHasA CO BTOPOFO, COAEPXAaT MHOXHTENb X - 1 H, CllemoBa-
TeNbHO, obpamniarorcsa B O npu x =1, TO oueBHIHO: Xp(1)=2"-n!.

Awnanoruygo nonydaem: Xp(—1)=(-1)7.27.4l,

Ecim B dopmyne, naromreit obiee onpenencame MAorowrena Jexauapa Xn(x),
MOJIOXKHUTh B YaCTHOCTH

1
c = ——
"Ton g

TO MOJIYMTCS MHOTOYWIEH, KOTOPBIM Yalle BCErO BCTPEYAETCS; €ro MMEHHO MBI OymeM
BOpe/b Beerna 06o3Hauath depe3 Pn(x). OH XapakTepH3yeTcs TeM, YTO B TOUKaX x =1
H x= — 1 mpuAEAMaeT 3Ha4YCHUSA

Pn(])=1, Pn(‘1)=("1)"-

C nomompsio dopmynel JIe#i G HE A JIETKO YCTAHOBHTH JAJIEE, YTO MHOFOYIICHB
JJexanapa Xn(x) yIOBIETBOPSIOT CIEAYIOMIEMY COOTHOIIEHHIO,

~1)Xn+2x Xn—n(n+1)Xn=

KOTOPO€ MIDAET BaXKHYIO POJIb B TEODHH ITHX MHOTOYJIEHOB.
B camoM pene, nmonaras y = (x2— 1), umeeM

Y =2nx.(x2- 1)1, TaK 4TO (x2—1).y" =2nx-y.

Bo3smem Tenepb (n+ 1)-e mpoM3BOAHBIE OT O0EMX YaCTEl MOCIEHHEr0 PaBeHCIBA; MO
dopmyne JleiiOGHHI A,
nn+1)
G- 1)yn+D) 4 (n+1) . 2x - pn+D 4+ 5 -Z.y(")=2nx-y("+l)+(n+1)-2n-y(”)-

O1crona

~1)yn+2) 4 2xp(n+1) — p(n+ 1)y(M =0,

H, IO YMHOXCHHMH HaA Cp, NOJIYyYACTCA HAOKA3bIBAEMOE COOTHOIUCHUC.
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119. Juddepenuuansr Beicmmx nopsimkos. O6paTmcs Teneph K aud-
(epennuanaM BBICHINX IIOPSAKOB; OHH TakXKe ONPEeNesIFOTCA HHIYKTHBHO.
AudbdepenunanoM BTOPOro HOpsAIKa HIIH BTOPHIM aiuddepemn-
nuanoM OyskmuM y=f(x) B HeKoTopol TOYKe Ha3BIBaeTCA nudde-
PEHIIMAJ B 3TOH To4Yke OT ee (mepBoro) muddepennuana; B 0603HAYCHEAX

d%y =d(dy).
AubdepenunmanoMm TpeTbero nopsaka wim TPETBbHUM
nudpdepennHanmoM HasbiBaeTca muddepeniman ot BTOpPOTo Iud-
(epenumana:
d%y =d(d?).

Boobwe, nubdepenunanom #nro nopsaKa Wi n-M I H ¢-
bepennumanomM o¢ynxuuu y= f(x) HaswBaeTcs Tubdepenupan ot
ee (n—1)ro nuddepenmmara:

d"y =d(d"1y).
Ecnu monb3oBathes QyHKIHOHANBHEIM 0603HAYEHHEM, TO MOC/IENOBA-
TenbHble AUddepeHIaIsl MOryT OBITH 0GO3HAYECHBI TAK:
) N R o) <o
&f(x0), d3f(x,) ar f(x,)
IPHYEM IIOJIy4ACTCS BO3MOXHOCTb YKa3aTh TO 4YacTHOE 3HAYEHHE X = X,,
npH koTopoM mubdepennuansr Gepyrcs.

ITpu BbMMMCTEHME OU(GEPEHIUATOB BBICIIHX NOPAJKOB OYEHBb BaXHO
OMHHUTD, YTO dX €CTh HPOU3BONBHOE H HE3aBHC A€ € OT X YU C I 0,
KoTopoe npu IubGepeHIMPOBAHHE 1O X HAMLIEXHT PACCMATPHBATH KAk
NOCTOSHHB A MHOXHTENb B TakoMm ciyyae, Gymem umers (Bce
BPEMs — IpeAroaras CymieCTBOBAHHE COOTBETCTBYIOLIMX NPOU3BOIHBIX):

Ay =d(dy)=d(y’ - dx) = dy' dx=(y" -dx) -dx=y" . dx®,
By =ddy)=d(y" - dx®) =dy" - dx? = O/'"dx) - dxt=y"" . dx3 %),
H T. O. Jlerko yrazapiBaemblii obuHil 3aKOH

dﬂy =y(n) . dxn (2)
JOKa3LIBACTCA METOJOM MaTeMAaTHUYECKOM HHOYKIIMH. U3 »ero CIenyeT, uTo
dny
y(") ===,

TaK YTO OTHBIHE 3TOT CHMBOJ MOXHO PaccCMaTpuBaThb KaK O P 0 6 b.

Bocnonbsosasuics pasenctsoM (2), nerko Teneps npeobpasosats pop-
Myny JTeii6nuna kx muddepennmamam. docraTouro YMHOXHUTEL 00e
YacTH ee Ha dx", 9TOGEI IOJyYHTh

duv)= 3 Cld=tu. div  (du=u, d=1).
i=0

Cam Jle# 6HU I ycCTAHOBMI CBOIO OPMYIY MMEHHO IS nuddepennu-
aJIoB,

*) Iox dx?, dx®, ... M T. m. BCeraa Pa3yMerTCss ¢TeneHHn oT auddepenumana:
(dx)?, (dx)3, ... Nuddepennman or cremeHd GyaeT 060IHAYATECA TaK: d(x?), d(x¥), ...

16 T. M. ®uxtenronsu, 1. I
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120. Hapymenne HuBapuaHTHOCTH ¢opMbl I/is JHQepennyuanoB Bbic-
mMX nopaaxkos. Bcnomwmas, uro (mepBhlit) muddepenunan dyHkmun
obnafgaeT CBOHCTBOM HHBAPDHAHTHOCTH (G OPMBEL, €CTeCTBEHHO
HOCTaBUTh BOMPOC, 06J1aNai0T JIH MOJAOGHBIM CBOMCTBOM A deperIaist
BBICIIHX JIOpsinkoB. [lokaxeM, HapuMep, YTO yxe BTOpoil aubddepeHmuan
3THM CBO¥CTBOM HE oOlapgaer.

Utax, mycte y=f(x) u x=¢(t), Tak 4TO y MOXHO PacCMATPHBATEL KaK
cnoxuyio Gymkmuio or 1 y=f(¢(t)). Ee (nepselit) muddepennman mo ¢
MOXHO Hamucath B Gop™me dy =y, -dx, roe dx=x;-dt ecTb QyHKIHUS OT 1.
Berarciisiem Bropoit muddepernman no t: d%y =d(y;, - dx) = dy, -dx + y,-d(dx).
Huddepermuan dy;, MoXHO, CHOBA JIOJIb3YsACh WHBAPHAHTHOCTHIO (POPMBI
(mepBoro) muddepenunana, B3sare B Gopme dy.=yL-dx, Tak 4TO OKOH-
4aTeJIbHO

&y =yl dx*+ y; - dx, 3

B TO BpeMs KaK IIPH HE3aBHCHMOM IepeMEHHOH Xx BTopoi muddepenuman
umen Bu dy =y}, - dx?. Koneuno, Beipaxenue (3) ana d?y ssusercs 6 o-
see o6 MM €ClH, B YAaCTHOCTH, X €CThb HE3aBHCHMAs IIEPEMEHHAS,
TO d®x=0—1 ocTaeTcs OIMH JMIIL NMEPBHI WIEH.

Bosemem mpumep. TlycTs y=x%, Taxk 4TO, NOKYAA X — HE3aBHCHMasi IEPEMEHHAS:
dy=2xdx, d?y=2dx2.
ITonoxuM Teneps x=1t2 Toraa y=14, u
dy=4:t3t, d%=12t%ds2,

HoBoe BrIpaxenue a1 dy MoxeT GBITh HOJIYYEHO H M3 CTAPOTO, €CIIM TyAa NMOICTABUTH
x =12, dx=2t dt. Ina4e oGCTONT 1eN0 ¢ d2y: CHeNaB TAKYIO K€ MOACTAHOBKY, MBI I10JIy-
4uM 812 dt? BmMecTo 1212 dt2. Ecin xe npoauddepeHImpoBaTs paBencTBo dy = 2xdx Io ¢,
cyuTas x QyHKuWei oT ¢, To, Hanonobue (3), npuueM K Gopmyie

d?y =2dx%+ 2xd?x.

IMoncraeme ciopa x =12, dx=2tdt, d?x=2dt?, nony4yMM yxe NPABHIBLHBIA pE3yJbTaT:
12¢2dz2.

HUrak, ecmn x mepecraer GbITh HE3ABHCHMON IlepeMeHHOH, To mudde-
PeHIHAJI BTOpPOro Iopsgka d%y BhIpaxaeTcs 4epe3 mudbepeHmHaTB X
ABy4neHHoOHR dopmynoi (3). dna maddepenmaios TpeTbero U Aajb-
HEHLIMX JOpAOKOB uyHciio no6aBounbix (IpH IEpexXoAe K HOBOM HE3aBH-
CHMOIi TIepEMEHHOW) WIEHOB €llle BO3pacTeT. B COOTBETCTBUH C 3THM B

BBIPAXECHHUSAX BBICHIMX IIPOU3BOIHBIX Ve, Via, ... 4€pE3 OubdepeHiHan
’r _dzy ///__day (4)
Te= g Ve T g

yXe He b3 auddeperunanst 6patsh mo JT000M NEPEMEHHOMH, HO JIHIIb
IO TIEPEMEHHOH X.
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121. TIlapamerpnueckoe nuddepennnpoBanne. MoxHO, BHpoOueM, Ha-
MUCATh BBIPAXKCHUSA MPOU3BOAHBIX IO X U 4Yepe3 Aubdepenimasl, B3sThic
1o J11000i MEPEMEHHOM £, HO OHM OyAyT ropasio ciaoxuee. VIMewHo, ¢ 4 M-
Tasg BCe HUXKE HANHCaHHBIEC nNubbepeHuUUanb B3 s-
TBIMH IO !, UMEEM IOCJIENOBATEILHO

d(dy) dx.d?y —d%x- dy
, —

cody e (dyy _lax) _de
T Pes z;.;)x—”dx I R
T. €
o dxedy—dix-dy
y.\'2 =- '"7’(2;;}’ T ] (5)
3aTEM,

(dx ~d%y —-d*x - dyJ

X T T -

| dx-d’y~d3x- d_vr'
dx? )

77X

dx3(dx d3 — d3xdy) — 3dx2d®x(d.x d%y — d?xdy)
dx® i

dx

U OKOHYATCJIBHO:

ror_ dx(dx d® — d3x dy) — 3d2x (dx d%y — d?x dy)

Yxs dxs (6)
v T. 1. @opmyisl (5), (6), ... sBusrorcs HauGonee 00 I UM M, eciu
B HHMX CYMTATh X HE3aBMCHMOMW IE€pPEeMeHHOH, To d2x, d’x, ... obpartsarcs

B HyJb — H MBI BepHeMcs K (dopMynam (4).

IMonyyennbre HaMu GOPMYJIBI IUIS IPOM3BOJHBIX Y TI0 X OCYIIECTBISIOT
TaK Ha3plBaeMoe MapamMeTpHUYecKoe AUPpbepeHIHPOBa-
Hue. Ecim x u y 3amaHel B GyHKIMH OT mapaMeTpa f:

x=¢(t), y=y(),

To, KaKk Mbl Buend B 106, Ipu U3BECTHBIX YCJIOBMAX DTHM ONPEAEIAETCS
1 p Kak Qynxuus oT x: y= f(x). [Ipu HaM4Mu MoCNEeTOBATETBHBIX IPOH3-
BOJHBIX OT X M ) IIO { CYNIECTBYIOT COOTBETCTBYIOIlIHE IIPOM3BOIHbIE OT
Y MO X M BHIPAXKAIOTCH BBIBEICHHBIMH BHIIIE (GOPMYTAMIL.

Wnorna ymobHee MMeTh BBHIpaXeHHE MPOM3BOOHLIX Y IO X Yepe3 Hpo-
u3BOIHbBIE Xe (a He muddepenuransr) oT x ¥ y o f. VX erko moIyduTsh
u3 mudepeHIManbHBIX BEIPAXKEHUH, Pa3aeuB YACITHTEIb M 2HAMEHATEITb,

COOTBETCTBEHHO, Ha df, dt*, dr®, ... Taxum mytem npumeM K (opMyiam:
dy dx d?y d?x dy
—_— ’ — e e g — 7 17 r 7
oAty ;o dt o dft dr? odt Xe— Xed
P Ea T MeT

dt t.th

(dx)S" B

16*
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AHAJIOTHYHO:
r orrr Rz 7 1)
’

7 e 7 27
o _ XKxiye — x50 ye) = 3xe Xty — xpy;
x3

=°

u T. A.

122. Komeumnle pazmocrs. ITycte dyukuus f(x) onpeneneHa B HEKOTOPOM HpoMe-
XyTEe J M BCE 3HAYCHHS X, KOTOPHIE OYIyT BCTpPeYaThCs, CINTAIOTCS OPAHAMIIEXALIMME
3TOMy NpPOMEXYTKY. PHKCHDOBAB HEKOTOPOC MPHpAMIEHHE AX NEPEMEHHOH X (MBI
6ynem npemonaraTh, IS ONPENENEHHOCTH, Ax >0, XOTs HAYTO He MeMao 651 paccmar-
puBath U Ax <0), momoxuM

Af)=f(x+4x)-f (%)

H Ha30BEM 3TO BbIDaXCHHE NEPBOM PA3HOCTH IO Hameld ¢ynximn. BTop o
Pa3HOCTBHIO Ha3bIBACTCH MepBas PA3HOCTh OT MEPBOM Pa3HOCTH:

Lf(x)=AAf ()= Af(x+ Ax) - Af(x) = f(x+2 A%) - 2f (x+ A0 + f ().
BrICIIMe Pa3HOCTH ONPENENAOTC HHAYKTHBHO:
At f(x) = A[A"~ L f(x)].

BopoyeM, st n-i pa3HOCTH MOXeT OHITH YCTaHOBIIEHA B GOpMyIa
n —_—
A f(x)= 3 (~DICh f(x+n—i dx)=
i=0
nn-1)

I’ S G+n=2 49— L+ (= D),

=f(x+nAx)—%f(x+nTl A0+

BRIDAXalolllass 3Ty PA3HOCTH HEMOCPEACTBEHHO dYepe3 3HAYeHus camMoi dynkumu f(x)
B PaBHOOTCTOSIIMX TOYKaX :

x, Xx+A4Ax, x+24x, ..., x+n Ax.

OT1a GopMyna JIerko AOKa3HIBAETCS MO METOLY MATEMATHYECKON MHAYKIMY, YTO MOKET
OLITE MPEOCTABICHO YMTATEIIO,

ConocraBum Teneps 3TH KoweuHble pazHocmu C TIDOM3BONHEIME H nHGGepeHnua-
J1amMu.

Ipennonoxmm, yto ¢yHKums f(x) MMeer n~1 Hempe p BIBHBIX MPOU3BOAHBIX

LG, L7, vy £ (x) ,

B 3aMKHYTOM TNIPOMEXKYTKE [xo, Xo+7 Ax] H KOHEIHYIO n-10 mpom3BomHylo f(")(x), mo
KpaiHell Mepe, B OTKDBITOM IIPOMEXYTKe (X,, Xo+n Ax). Torna mmeer Mecto hopMyna

A" f(x0)= f(&n) - Axn, rae Xo<E&n<xo+n dx. @)

Ilpu n=1 peno ceomurcst X GOpMyse KOHEYHEIX NpPHPAMIEHHH, KOTOPAas ABIACTCA
npocTefimmM YacTHEIM CiTyyaeM $opMynst (7). HamepeBasace MpoBecTH NOKA3aTEILCTBO
HAINEro yTBEPXKACHHUS 10 METOAYy MATEMaTHYeCKOM MHIYKIMH, MBI JOMYCTHM COpaBel-
JIHBOCTH M3MEHEHHOH ¢opMynsl (7), monyyaeMolt npu 3amese 7 Ha n—1, pasymeercs,
IIPH COOTBETCTBCHHO HM3MEHCHHHIX NPENNONOKEHUAX, H AOKaxeM (7), NpH CHeNaHHBIX
npepnonoxenusix. s mux caemyer, uro s dyskumn Af(x) = f(x+ Ax) — f(x) B mpoMe-
XYTKE [X, Xo+n—1 Ax] ¢ H3GBHITKOM BBHIIOJHSAIOTCA YCTIOBHA NPHMEHAMOCTH H3MEHEH-
HO# ¢opMynsl (7), H MBI MOXEM HAmHCaTh .

AVHAf ] = A" f(x0) = [f "D(én oy + Ax) = fO-N & ] - Axn2, ®
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Ihe xo<&n_y<Xo+n-1 Ax. TIpuMeHss k TpaBoil YacCTH 5TOro paBeHCTBA dopmyny

KOHEYHbIX NPHPAIIEHNiE *), NOMYYNM HEIOCDEACTBSHHO GopMymy (7), mprdeM
xo<£n_1<5n <5n_1 +Ax =< Xo+n Ax.

3amermM, 4T0, ecym TpousBonHas f(M(x) CymIECTBYET Takke B TOUKE X, M IPHTOM
HeNnmpepsIBHA B ITOH TO%Ke, TO K3 cooTHomieHus (7) mpu Ax -0 (Torma &, —xg)

CIIEAYET, 4TO
An
7Oy = tim T

Ax—>0 Axn

®)

BopoyeM, 3Ta MHTepecHas (OpMyNa, YCTAHABIMBAIOAA BO3ZMOXHOCTH MOJIYYEHHS
n-ii TMPOM3BOAHOH C MOMOIUGIO JHINL O NHOT O NPENENnbHOTO TEepexona, CupaBel-
JIHBA TPH €AUHCTBEHHOM NPEANOJIOKECHHH, YTO 3Ta HPOM3BOAHAS CYIIECTBYET MMEHHO
B TOYKE X;. ITO 3HAYMT, 4T0 B HEKOTOPOM OKPECTHOCTH TOYKH X, CylLie-

CTBYIOT WPOH3BOJHEIE
&), £, -eny £ (2)
W, C/IEDOBATENBHO, MPH NOCTATOYHO MaNnoM Ax, MOXeT GbITh NpAMEHEHA
2

¢opmyna (8). Beuny cymiecTBOBaHMS TpOM3BOAHOK f(M)(x,), BOCIONB30BABINHCE dbop-
MyJoit (2) n° 96, MOXEM HamHCaTh .

S En )= FOD(x) = £(M)(x,) - Cnor—x0)+a-(Sno.y—x0)

SO=Y(En_y+ Ax) - SO (x) = £ (xp) - (Ena+dx—x0)+B - (n—y+ Ax - xy),

The & M ff 3aBHCAT OT Ax M BMeCTe C HHM CTPEMSTCA K Hylo. OTCiona ¥ U3 (8) BhITe-
KaeT **);

A" f(xe) = [f M(xp) +7] - AxP,
Iae y — HOBaa GeckoHeuHas Manasi. HakoHell, HeMs 3TO PaBEHCTBO MOWIEHHO HA AxM
Y mepexons K upeneidy npm Ax -0, npageM k ¢opmyne (9).

TloxuepxaeM, 910 OHa HMeET MeCTO NHIIb B NPEANONOXKEHHH, 4TO
cymecTByeT npoussoaHas [f("(x,). [Ipegen cupaBa MOXET CymeCTBOBATH
M TOT7a, KOrAa 3Toi NMPOM3BOHOH HET ***), PaccMOTpEM, HanpuMep, QYHKIHIO, OOpe-
JENICHHYIO TaK:

f(x)=x3-sin% (x=0), f(®=0,
B34B X, =0. JI5ig Hee CymiecTByeT nepBast MPOM3BOIHAS
S(x)=13x2 -sinxi—x-cos% (x=0), f(0)=0,
HO HET B TOuke 0 BTOPOi NPOH3BOAHOM, HOGO OTHOMIEHHE

1
3 Ax2.sin — — Ax . cos —
SO+a9-f@ ~ 7 TS 1 1
= =3 Ax.sin — —cos —
Ax Ax dx Ax

*) Ha uro M1 mmeeMm mpaso, Tak kak dynxumus f(?"—1(x) HelpepsBHA B NpPO-
MeXYTKe [&n_y,&n_;+ Ax], a BHYTDH HETO MMeeT KOHEMHYIO NPOM3BOAHYIO f (M(X).
**) Vuuthipag, 4o 0<&n_, —xo<(n—1) dx (npa Ax=>0).
**¥) Tak 9o dopmyna (9) OTHIOOE He MaeT HOBOT O ONPEHACIICHAA CAMOIQ
TNIOHATAA n-H OPOM3BONHOY, PABHOCHABHOIQ CT?:POMY!
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npu Ax -0 npegena He uMeeT. B TO ke BpeMs BhIpaXXeHHE

L1 1
£1O) _fO+24%)-2f0+4)+F(©) _ 8 Ax?-sin - —~2 Ax?-sin ——

Ax? Ax? Ax*?

1 1
=8 Ax-sin —— —2 Ax -sin — 0.
2A4x Ax

§ 5. ®opmyaa Teiinopa

123. ®opmy.1a Teitnopa ann muorownena. Eciou p(x) ecth Lienslf MHOTO-
9JICH CTEICHH A

p(X)=a,+ax+ax>+ax*+ ... +apx", €))]
To, mocienoBaTebHo OuddepeHmupys ero n pas:
p’(x)=a1+-2-a2x+3 ca®+ ... +neaxtl
p'x)=1-2.4,+2-3.-ax+ ... +(n—Dn-ax"?,
px)=1-2.3.a;+ ... +(n-2)(n—Dn-a,x*3,

.............................................

P’(x)=1-2.3...n-a,

M ImoJiaras Bo BceX 3THX (opMynax x =0, HaliieM BBEIDAXEHHM A KO-
3 dbHuNEeHTOB MHOTOYJIEHA Yepe3 3HAYEHHUA CAMOTO
MHOTOYJEHA M €T0 MPOH3BOOHBX NpH x=0

p'©0) p"(0)
a, =p(0), a, = T 02=—2!— s
) _ ")
=g cces =T

ToxactaBuM 3TH 3HaueHHs koapduimentos B (1):

’ 7’ 277 0 (n) 0
p(x)=p(0) +1%(!Q x+p*—2(!0) x2+2 3!( ) 34 ... +£n—!(—) xn. )]

Ota popmyna orimyaercs oT (1) 3amUChI0 KOIPHHIMEHTOB.

BMmecto Toro 4roOHl pasjiaraTb MHOTOWIECH IO CTENEHAM X, MOXHO
OBUTO GBI B3ATh €r0 Pa3JIOKEHHE IO CTENEHAM X — X,, TI€ X, €CThb HEKOTO-
Ppo€e NMOCTOAHHOE YaCTHOE 3HAYCHHE X:

P(x)=Ag+ A)(x — xg) + Ay(x — xo)* +
+Ay(x — X+ ..+ Ap(x —Xp)". 3
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Homaras x—x,=§&, p(x)=p(x,+&)=P(), mia xo3dpdHIMEATOB MHOro-
YjieHa
P(§) =A0 +A1£ +A2§2 +A353 +...+A,8n

HMCECM, MO0 JOKAa3aHHOMY, BBEIPAXCHHI.

PO P70
4,=PO), 4=00, 4,-T0,
P(0) P(n)(0)
4,=152 A=T
Ho
P& =p(xy D), P'(9)=p'(5o +E),
P E)=p (548 -,
TaK 4YTO
PO =plx). P'O=p(x0), P O)=p"(p), ...
H
Ay=plry), 4,=T50, 4, =P,
1t 4)
P (x0) PP(xy) (
A= 4, =

T.¢ KodppuuueunTH pasdnoxeHus (3) oka3aJduchr BBH-
PaAaXeHHBIMM Yepe3 3HAYEHHS CAMOro MHOTOYJEHA
A €Tro NPOM3BOAHBIX IPH X=X,

TMoncrasuM B (3) BhIpaXxkenus (4):

pu

(. o 9
14 2(:‘ ) (x —xp)*+

1’;") (x—x)+

P(x) =p(xp) +

P (x0)

()
5 2RO (v, (8)

n

+

(x=xpP+ ...+

®opmyna (5), Tak xe Kak U ee YacTHHIA (mpu x,=0) cmyvaii (2), Ha3H-
BaeTcad popmyaoit Teitnmopa (B. Taylor)*). 3BecTHO, XKaKue Bax-
HBIe NPHMEHEHHA OHA HMeeT B ajrebpe.

CroemaeM (Tose3Hoe I NaJbHEHINETO) OYEBHOHOE 3aMEYAHHE,
YTO €CIM MHOrowieH p(x) TpenCTaBjeH B BHIOE

¢ C. C. C)
PX)=cot 3y (x=Xo) 51 (X=X +31 (X=X + ...+ F (x—X)",
TO He0O0X0AUMO

P(xo) =Cp, P’(xo) =0, P”(xo) =Cgy +n s P(n)(xo) =Cp.

| f))Bnpoch, dopmyny (2) 4acTo Ha3BIBAKOT dopMynok Maknopena (C. Mac-
aurin), :
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124. PaznoxkenHe NPOH3BOJbLHOM OYHKIME; NONOJHHTEILHBI wWieH B
dopme Ileano. O6paTames Temeps k PaCCMOTPEHHIO IPOH3BOJbHO i
Gyaxmn f(x), BooGle He FBNIAOIWEHCH TIeMBIM MHOrowieroM. Ilpemmoro-
KHM, 9TO VI HEe B HEKOTOPOH TOUKE X, CYIIECTBYIOT MPOM3BOMHBIE BCEX
TIOPAIKOB O 7-TO BKJIIOYHTENILHO. DTO 3HAYAT, TOYHEE TOBODS, YTO (PyHK-
I OIPEACIICHA U UMEET POU3BOHEIE BCEX MOPSAIKOB JI0 (7 — 1)-ro Bxmio-

YHTENIBHO:
S @), 1), £, ..., fON(x)

B HCKOTOPOM IpoMexyTke [a, b], conepxariem TOYKY X,, H, KPOME TOrO,
MMECT IPOU3BOAHYIO n-ro mopsaka f((x,) B camoii Touke x,*). Torna,
no obpasuy (5), u mis ¢pyskmum f(x) MoxkeT GbITs COCTaBIJIEH MHOTO-
WieH

PO = £ 752 () 1 L0 (o ye

2!
+ f (n)(xo)
’ n!

(x—xp)". ©)

Cornacho mpenwecTsyromemy 3aMCYaHHIO, 3TOT MHOTOYJEH M
€To NpoOK3BOAHEE (10 n-if BUIIOYATENLHO) B T 0 Y K € Xg HMEIOT
T€ Xe 3HavYeHHSA, YyTo H QyHKkInus f(x) u ee IPOHU3BOA-
HELE.

Ho ma stor pa3, ecmu Tomeko f(x) Be ecTs weNBIii MHOTOWYIEH n-if
CICNeHH, yXe HENb3s yTBEPKAATh paBeHCTBA f(x)=p(x). MBorowrex (x)
AA€T JIMIp HEKOTOpPOe MPHUONTHXKeHHe pYHKI M H JS(x). IToaTomy
0co0bIii MHTEpec npuobperaer HM3YYCHHE Pa3HOCTH

r(x)=f(x) - p(x). Q)

YcranoBuM, mpexzae Beero, uTO npu X=X, 3ma pasHocmv npedcmas-
Asem cobott GecKoHeuHo MAAYI0 nopadKa eviwe n-20 (no cpasnenwio ¢ x — X,):

1) =0((x — xp)). ®)

ITo ceoiictBy MHoOrownena p(x), mus dysxumn r(x), oveuamo, Gymyr
AMETh MECTO PaBEHCTBA

r(xg)=r'(x))=r"(x))=...=r®(x)=0. )

ME1 ceifvac ycranosaM o Gme e YTBEpXACHHE: ecau 04 A KaKo i
1ubo dynrkyuu r(x), umeroweii ¢ mouxe Xo NpOU3600Hbie 00 n-20 no-
DAOKAG 6KAIOUUMENLHO, BbINOAHAIOMCA yeaosusn (9), mo umeem mecmo coom-
Howenue (8).

HoxazatenscrBo mposemem mo METONYy MAaTE€MAaTHYECKOH HHAYKITHH.
Ilpu n=1 310 yrBEepXNCHHE MMeeT BHI: eciu Pyuryun r(x), umerowan

*) Ecnu Touka X, sBIseTCA ONHAM. {3 XOHHOB NpOMEXyTKa [a, b), TO, roBops o
TPOH3BOIHBIX B ITOH TOYKE, MBI HMCEM B BHAY O XHOCT O POHHWC¢ NPOU3IBOLHEIC,
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6 mouke X, npoussoonyio (nepgozo nopAaoKa), y0oesemeopaem YCAOBUAM
H(xg) =r'(x,) =0,

r(x)=o(x - x,).

mo

Ero CIIPABENJIUBOCTD IIPOBEPAECTCA HENMOCPCACTBCHHO:
. rx . r{x)— ri(x
llm = L. = hm Q__.(_Qz r/(xO) ::0_
X% X .y, X%

IIpenmonoxumM Temeph, 4To CHOPMYIMPOBAHHOE BHIILIE YTBED-
KAEHHE CIPABEUIMBO IS KakKoro-mubo n=1, ¥ MoKaxXeM, 4TO OHO
OCTaeTCHd BEPHBIM M IIPH 3aMeHe n HA n+ 1, T. €. uTo: ecau 043 KakK o ii-
aubo gynxyuu r(x), umeoweil ¢ mouxe x, npoussoduste do (n+ 1)-zo
NopAOKA 6KAOYUMENbIO, bINOAHAIOMCA YCAOBUA

r(xy) =r'(xp)=r"(xp) = ... = r"(xy) = r"+1(xy) =0, 9%

r(x) = o((x — xp)"*1). (8%

N3 (9*) ycmaTtpuBaeM, uTo GyHKuus r'(X) yHOBJIETBOPSET YCIOBHIM
THna (9), a 3HAYHT IJIA HEE MO U PEHIMONOXKEHHOMY YXKE HMEEM:

F(x) = o((x — x)").
Ho, mo dopmyne xoHeunsix npupamenuii [112),
r(x) = r(x) — r(x) = r'(c) - (x = xo),
THe ¢ CONEPXHTCA MEXTY X, M X; Tak KakK |c—Xo| <|x—x,|, To
r'(e) =o((c ~ xo)") = o((x ~ x¢)"),

M MBI OROHYATENBHO HmpHXomuM K (8*), uTo ®m TpeboBaOCh J0OKa3aTh.

TaxuMm o6pazoM, Halle yTBEDXKIEHHE ONpPaBJAaHO A JHOGOro HATy-
PaJIbHOTrO N, M 1714 pa3sHOCTH (7) NEeHCTBATENBHO BHINOIHAETCS COOTHOLIE-
nue (8). IlpunuMas Bo BHuUMamue (6), MBI moyyuaeM (opMyITy

£ = £0) 780 () + 780 (s

2
(n)(x, n — n 0
P f nE 0) (x_ -:CO) + 0((x xo) )3 (1 )

mo

KoTopasd oT ¢opMysl (5) I MHOTOWIEHA PASHATCS HAIMYHEM [ O I O JI-
HUTenbHOTro 4YneHa (8). B ykasamnoit dopme IONOJHHTEILHBIR
wied 6601 naH ITeano (G. Peano). ®opmyna (10) n HaseBaeTca gop-
mynoii Tetinopa c donoanumenvuvim unenom ¢ gopme Ileano.

Hoxasannas GopMyra SBIAETCH ECTECTBEHHBLIM 0606menneM GopMyIIbt
(3) n° 96, KOTOPYX0 MOXHO HANHCATH TaK:

FGY= [0+ 1 Gi(x = 5+ 0(x — 30
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oHa otBevaeT n=1. TaMm ¢yHkuma f(Xx), ¢ TOYHOCTBIO HO GECKOHEYHO
MAJIOH Mopsiika BBIUIE NEPBOro, MPEACTABJSIACH B BHAE JMHEHHO
GYHKOHH, 31eCh XKe MBI NPEACTABISIEM €€ LEeJIbIM MHOTOWICHOM M-if
CTEMEHH, HO YK€ C TOYHOCTBIO IO OECKOHEYHO MAJIOi IOpsIIKA BHIIIE
n-ro.

JIerko mokasaTk, YTO Takoe IpeJCcTaBieHHe GYHKIUK f(X) e IMHCTBEHHO,
T. €. YTO, €CJI4 MMEEM OJHOBDEMEHHO BONH3HU X,

Jx) = A+ Ay(x — xp) + Ay(x — x>+ . . . + Ap(x — x)" + o((x — x0)")

S ) =Ag+ Ay(x = Xo) + A(x — Xl + . .. + An(x = Xo)" + o((x - X)),
TO HE00X0aHUMO
Ay=A), A=A, ... A=A,

JeHCTBATENbHO, U3 TOXIECTBA
Ay +Ay(x — xp) +A2(X =X+ ..+ Ap(x —xp)* =

= Ao+ Ay(x — xg) + Ax(x — x° + . . . + A (x — x)" + o((x — xp)")
Opu X —>X, cpa3y nomy4aeM A,=A;. VHHYTOKUB ITH WIEHHI M JEIS HX
HA X — X, MOJYYHM:
A+ A(x—x)+ ... + Ap(x — X )~V =

= Ay +Ag(x —x0) + . .. + A (x = x4 o((x - xp)"Y),

OTKy/a, aHAJIOTHYHO, A, =A;, U T. 1.

Huorma yno6ao dopmyny (10) npumensts B apyroit dopme. domoi-
HUTEIbHBIH WieH r(X) MOXHO IIPEACTABHTH TakK:

() = 2 (x - %),

A€ « 3aBHCUT OT X H CTPEMHTICA K 0 BMecTe ¢ x —Xg- Tloxcrasnsasa 310
BBIPDAXKECHHUE, MMOJYYUM

£ = 1)+ 752 (x - 3y L 500) O Y L RS PR T

n!

Hauee, neperocs B popmyie (10) f(x,) HaneBo u mosarast x —x,=A4x,
MOXHO IEpenucaTh ee B BHIE

AFG) = f'(5o)+ Ax+ 5 [/ - A+ .+ fOx) - Ax+0(Ax7).  (106)
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B 3toit popme ona eine Giuxe k dhopmyse (3) n° 96:
Af(x) = f'(xp) - Ax + o(Ax).

Iocnenusas BbIAENACT JIMIND OJHH TJIABHBIA YWICH H3 OECKOHEYHO MAJIOTO
npupamienus ¢ynkmuu Af(x,) — cumras, Kak Beerda, Ax 3a OCHOBHYIO
beckoHeyHO Mamylo, B TO BpeMs kak B ¢opmyne (106) BEIIHCAHBI YICHBI
BCEX MOPSZIKOB [0 H-TO BKJIFOYMTENILHO, IIPHYEM BCE OHH SBJISAIOTCA 0 P O-
CTeHMHUMH OECKOHEYHO MANEIMH B CMBICIE n° 63.

C TOYHOCTHIO [0 MOMOJHHTENLHOTO YICHA, TaKuM o0pa3soM, I p H-
pameHde QYHKOHH pPa3JOXKEHO HO CTEHEHSM IIpH-
PalleHHsd HE3AaBUCHMON mMEpEMEHHO .

Haxkonen, BcnoMuHas, 4To

F' o)« Ax=df (), f7'(x) + x> =df (%), . .., fNxp) - Axm=drf (x,),

Mbl MoxeM Ilepeniucats (106) B Takoit dopme:
1, 1
Af(x) =df (x,) + 5 Af(x)+...+ ol d™f(x,) + o(Ax™).

Orcroma BumuM, yto (mpu Ax-0) mocnemoBarenbuble MuddepeHIMANDT
NpPEeACTaBIAT co00l, ¢ TOYHOCTBIO M0 (aKTOPHAIOB B 3HAMEHATENE,
MMEHHO HpocTeiiimie 6eCKOHEYHO MaJIble WICHB! COOTBETCTBEHHBIX MOPSI-
KOB B Pa3JIOXKCHHH OECKOHEYHO MAJIOTr0 NPHMpPaLeHUs QyHKIHH.

125. Ilpumepni. Beero mpouie BerasauT ¢opmyna Tedno pa, ecan
Xo=0%):

F@=f @+ L 510 2y LDO o, an
K 3TOMY YacTHOMY CJIYYarO0 BCEra MOXHO CBECTH ACJIO, B3AB x—xo 3a

HOBYIO HE3aBHCHMYIO IIEPEMEHHYIO.
PaccMoTpuM B Bume IpaMepa HEKOTOPBIE KOHKDETHBIE Pa3jIOXEHHS

no 3Toit ¢opMyne ANIA 3JEMEHTAPHBIX (QyHKIIHIA,
1) Oycte f(x)=¢€*; Torma f®(x)=e* npu mobom k=1,2,3,... Tak
kak B 3ToM ciy4dae f(0)=1, f®(0)=1, To, mo popmyne (11),

x  x® xn
e"=1+1—!+2—!+...+ﬁ+o(x").
2) Ecnu f(x)=sin x, To f¥(x)=sin (x+k%) , TaK 4TO

£(0)=0, fC™(0)=sin mx=0,
f@n=1y0) =sin (nm —g) =(~=D"1  (m=1,2,3,...).

*) W a1y dopmysty cBA3bIBAIOT ¢ HMEBCM M akjTopena (cM, CHOCKY Ha cTp. 247),
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Iostomy, nosioxuB B Gopmyne (11)-n=2m, umeem

X8

sin x=x— -!-5

3' +( l)m 1

(2m 1)‘+o(x my,

3) Anasornyno, mpa f(x)=cos x:
fOE)=cos(x+k-3)5 fO=1, femO=(~1)m,

fEn-10)=0 (m=1,2,3,...).
Takum o0pa3zoM (ecam B3ATH n=2m+ 1):

x4

cosx-l +4‘

(- + o(xtm+1),

)(2 )!

4) PacCMOTpUM Temepb CTENEHHYIO QYHKLIHIO X™, rIe m — HE HaTy-
PAJIbHOE YHCJIO M HE Hyjlb. B 3TOM ciyyae mpu x -0 ymbo cama ¢yHk-
s (ecnu m<0), 6o ee upousBoAnbie (HAYHHAA ¢ HEKOTOPOro HOPA/KA,
npu n>m) 6eCKOHEYHO BO3pacTaloT. CnenonaTanHo 371ECh
yXe Hemb3s 6paTh x;=0.

Bo3beMeM x,=1, T. €. cTaneM pa3jiaraTe x™ no cTemeHAM X — 1. Bnpo—
yeM, KaK yXe YIIOMHHAJIOCh, MOXKHO BBECTH B KQUeCTBE HOBOM NEpeMEHHOMH
x~—1; MBI ee mo-TipexxHeMy OyneM 0003HavaTh depe3 X, W CTaHeM pas-
smarate ¢QyHKuuio (1-+x)™ IO CTeNeHAM X.

Kax mpI 35aem [116, 2)],

O =m(m-1) ... m—k+1)(1+x)"k
TaK 4TO

fO)=1, f®O)=m(m-1)...(m-k+1).

Pasioxenne MMeeT BHL

(1 +x)'"—1+mx+m(m21) 24, +m(m_11)_"2'(m;"+1) X"+ o(x").
' 11
B wacTHOCTH, HampuMep, IipH n=2 " m= -L3, -3 6yneM wMeTh

1

—e =1 — 2 2
= 1 —x+x%+ o(x?),

Yl+x=1 +%x——;;x2+o(x2),

1 1 3
=1-3sx+%x%+0(x?).
V1+x 2 8 9

HCPBOC H3 3THX pa3JIO)KCHHﬁ OYCHBb JICTKO NOJYYacTCd JJICMEHTAPDHO —

x3
JOHOJIHTEIbHBIN WieH 34eCh OpoCTO paBEH ——— . BTOPOC XKE H TPCTHC

T+x
norpeGosany Obf Gosice ATMHHBIX BBIK/IANOK [cp. 63].
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5) Ecnu mepeiita k norapudmudeckodt ¢ymkumm lm x, XxoTopas crpe-
MHTCA K —oco IIPH X - +0, TO, Kak H B IpebIAyIEeM IPHMEPE, MBI Ipel-
noyTeM paccMaTpuBaTh GyHKIMIO f(x)=In (1 + x) 4 pasmarats ee mo cre-
IeHSAM X.

Torpa [116, 3)]

() = (-Dfk-1)t%

Ta+or
Orciona f0)=0, fWO)=(~1)y~k-1).
it n
In(1+x)=x-3 45—+ (=112 4 o).

6) Ilycte Teneps f(x)=arctg x. Mot umenn B 118, 4) 3nauenns ee npo-
U3BOAHBIX NpY x=0;

S =0, fen=D0)=(~ 1y 1@m~2)L,
TaK 4YTO €€ Pa3JIOXKCHHC IIPCACTABUTCA B BHIE
x3 x5

—_—y — — 1\ym— lx 2m
arctg X =x——+75 - L+ (=-1) S +o(x)

7) Ona ¢yukmpu f(x)=tg x 3aKoH oGpazonaHux ko3 dunuenTon B
Gbopmyne Teiimopa ciaoxeHn. TeM He MeHee, HECKOJILKO IIEPBLIX WIEHOB
ee HaIMCaTh HeprIlHO. Tak xak, HampuMep,

, sin x 1+2sin? x

AC )—coszx o J (x)=2coszx » ST =2— Tcostx
. 2+ sin® x
V() — il
SN(x)=8sin x P

TO
fO@=0, fO=1, f"0)=0, f"0)=2, [Y(0)=0,

TaK 4To0 _ 3
tg x=x+?+o(x4).

TTomb3ysACh H3BECTHBHIMH PA3/IOKEHHAMH, MOXHO, YXe He BBIYMCIISS NPOM3BOIHBIX,
HENIOCPECTBCHHO MHCATh DA3NIOKEHUA H OJIS Gonee coxHbIX (yHkumit. Hanpamep,
npensiaymas gopMysa Morna Gel GBITH HOJyYeHA M3 Pa3/IOKEHMH A4 sin X H COS X.
IlpuBenem HOBEIE NPUMEDEI; DK 3TOM BCE CTEHEHH X, JO HA3HAYEHHOM BKIIIOMHTENEBHO,
MBI GyneM TOYHO ywnThiBaTh, a GOJIee BBHICOKHE CTENEHH (He BEIIMCHIBAS HX) 6Gynem
cpa3y BKJIIOYATh B JOTOJHUTENLHLIH YJIEH.

8) Hanucate pa3oxenne dyHripm esinx no x2, B cuny 1),

esinx =1 +sin x+% sin? x+-é— sin® x4 o(x3) **);
HO, 1O 2),
sin x=x— % x3+ o(x%),
TaK 4TO

1 1 1
Sinx =14 x——x8| 4 — x24— x3+ o(x3).
¢ ( 6 ) 2.6 oG)

*) Ilon 0! MeI, Kax Bcerna, pasyMeeM 1.
**) Cneposano Gul HamMcaTb ofsind x), HO, BBHIY 3KBHBAJIEHTHOCTH GECKOHEYHO
MaJIBIX X W sin X, 3TO BCe paBHO, YTO o(x3).
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YneH ¢ x3 ucye3zaeT H, OKOHYATEIILHO,
1
esinx=1 +x+-2— x2+ o(x3).
AHaNOru4Ho,

1 1
etgx=14x+ ~2-x2+5 X3+ 0(x3).

9) Hanwmcath pa3noxenue ¢pyHkIwu In cos x mo wiena ¢ xb. Cornacto 5), In rne v=
1 1
=In [1+(cos x—1)]=(cos x— 1)—3 (cos x - 1)2+€ (cos x — 1)3+ o(x5) *),
ITpu atom, BBHAY 3),

1 1 1
cosx—1= —Ex2+—-x4—— x8-+o0(x7);

24 720
oTCIofa
Incosx= (—E—x2+ lx"——l—x") - l (ix"— ix“) +—1- ( —ixs) +0(x®)
2 24 720 214 24 3 8

HIH — TIIOCIHEe NMPHBECACHUA —

1 1 1
Incos x= —zx'l——x“-——s x5+ 0(x5).

12 4
AHaJTOru4Ho,
In (x+ VFxZ) = x—1x3+—3— x5+ o(x%)
6 40
H
In S{I.l_x = - _l_xz - _l_xl._ _l_ X8+ 0(x5).
x 6 180 2835

Bce 3TH pa3noxenHs, oIydYeHHble 6e3 HeNOCPEACTBEHHOr O HCIOJIBb30BaHuA HOPMYJIBI
Te#tmopa, MOrH Obl, KOHEYHO, OBLITH MOJYYEHE ¥ IIO 3TOM PopMylie, X NPHTOM —
B TOMHOCTH ¢ TeMH k¢ K03 dHIneaTaMy, BBHAY YCTAHOBJIEHHOM BEIME €IWHCTBEHHOCTH
NONOGHOrO Pa3NoKeHHa GYHKIHM.

Jamegyanue. Tak kak pacCMOTpeHHBIE 31eCh (YHKUMH HMENH B
OKPECTHOCTH TOUKH X={ IpouM3BOAHBIE BCEX NOPAAKOB, TO MBI HHYEM
He OBUIM CTecHeHBI B BbIOOpe umcina n B ¢opmyne (11), T. e. Moriu mpo-
IOJDKATH Pa3jioXeHHsA 3THX (YHKUMiA BILUIOTH IO Jt00o# CTemeHH Xx.

126. dpyrne dopmui qonoauurensHoro 4iexa. ®opmyna Teiinmopa
¢ JOUOJHHUTENBHBIM wieHoM B Gopme IleaH o uMeeT MHOrooOpasEbie
TIPIIOXEHHA (CM. CIEIYIOUIYIO TJIaBy); HO BCE OHH, TAK CKa3aTh, «JJOKaJIb-
HOTO» XapakTepa, T. €. OTHOCATCA K CaMoO#l TOYKe X,. ECIM B HHX HHOH
pa3 ¥ MIET peyb O IPYIMX 3HAYECHUAX X, TO ITH 3HAUYEHHA ITPEIOIaraloTcs

*) Tak xak 1—cosx opmoro mopsuaxa ¢ x2 [61), To o((cos x—1)°) B TO ke BpemMs
ecThb o(x8%).



126} § 5. DOPMVIIA TEWJIOPA 255

¢IOCTATOYHO GIIM3KAMM» K X, M HAIepes HE MOTYT GBITh B3ATHL IO IPOH3-
BOJIY.

Mexy TeM eCTeCTBEHHO MONBITATHCS HCIONB30BATH MHOTOWIEH p(x)
Kak npubiuxeHue X QyHKHnuu f(X), C MOMOMBIO KOTOPOToO
OHA ¥ MOXET OBITh BBHIYMCIIEHA C HYXHOH CTEIEHBIO TOYHOCTH.

Huist Toro 4T0GBL MHOTOWIEH p(X) GBUI MPHTONEH IS 3TOR POJIH, He-
00X0ZMMO HMETh BO3MOXHOCTb OLEHWBATh DPAa3HOCTH (7) nna masm-
HOro x. B aroMm ciaysae ¢gopma Ileamo, XapaKTepu3yrolas JIMIIb
crpemiienre r(x) k O mpu x -0, ciayxuTh He MoxeT. OHA He MO3BONSET
YCTaHABNUBATL JUIA KAKHX 3HAYEHHH X MHOTOWIEH p(X) BOCIPOM3BOMHT
¢ysxmaro f(x) ¢ Hamepen yka3aHHOM CTENEHbIO TOYHOCTH, HAYETO HE TOBO-
PHT OHA TaKXe O TOM, KaK MOXHO ObIIO OBl — TP JaHHOM X — BO3-
NeHiCTBOBATL HA BENMYHHY JONOJHHTENBLHOTO 4ieHa r(x)=r,(x) 3a cueT
yBelM4eHHs #*), U T. 1.

IToaToMy MbI 0OpaTHMCS K BEIBOXY APYTHX GO PM MOMOIHHTEND-
HOTO 4JleHa Fy(x). [lyis ompenieNeHROCTH GyaeM paccMaTpHBATE TIPOMEXY-
TOK [Xy, X,+ H] (H>0) BIpaBo OT TOYKM X, M GyNeM CUATATSH dyHKIHIO
f(x) ompenenenHoit B 3TOM MPOMEXyTKe; CIydai, Koraa ¢yHxmHa 3amana
B NPOMEXYTKe [X,— H, x,], WcuepnbIBaeTCA aHAJIOTHYHO.

Ha stoT pas cnemaem Gollee Tsikellbie TIPENOJNIOKEHAS, HMEHHO, 10-
IyCTHM, 4TO BO BCEM IIPOMEXYTKE [X,, X, + H] CyIeCTBYIOT ¥ HEIPEPELIBHBI
NEPBbIE 77 MPOU3BOIHBIX:

S 1), S, fOAx)

H KpOMe TOro, II0 KpaiiHeii Mepe, B OTKDBLITOM LPOMeXyTkKe (X,, X,+ H)
CyIIeCTBYeT W KOHe4HA (n+ 1)-1 mpomsBommas f(+1)(x),
OtmerumM, uto, BBUdy (6) u (7),

Fa0) = 6~ 1) = () LD (e
F(xy)
n!

(x-x)'. (12)

Dukcupyem Temeph 110 60 € 3HAYECHHE X M3 IPOMEXYTKA [%y, X+ H],
umo o6pa3ny mpaBoi yactu Gopmymsl (12), 3aMeHsAsA HOCTOSIHHOE YH-
ClIO X, Ha IEPEMEHHYIO Z, COCTABMM HOBYIO, BCIOMOTATELHYIO (PYHKIUIO:

P

n,

72~/ - 1D -T2 (-2 - LD wozp DD (g,

TPHYEM HE3aBHCUMYIO NMEPEMEHHYIO Z CYHTAEM H3MEHSIOIIEHCS B IpoMe-
XyTKe [x,, x]. B aToM mpoMexyTke pyHKIMS p(z) HEMpEPHIBHA H HPHHU-
MaeT Ha KOHUAX ero 3Hayemus [cm. (12)]:

P(Xp)=ra(x), @(x)=0.

*) HyXHO IOMHHTB, 9TO NONOJHMTEBHBIA WieH r(x) 3aBUCHT, BOOGIE roBOpA,
OT 7, NN MOYePKABAHHS ITOTO OGCTOATENHLCTBA MBI M GyneM BIIpenb O0GO3HA¥YaTH €ro
yepe3 rn(x).
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KpoMme Toro, B IpOMEXYTKe (X,,X) CYLIECTBYET IPOH3BOAHAN
7= 1@~ [G20-2-r@)-[ G202 -T2 -]
[f IV(Z)( —zp- (2) (- 2)2]

SO o SO
[ a2 - -2 ]

WIH, TIOCJIE YHPOILEHHS,

(n+1
p@)= -T2 (g,

Bo3bMeM Teneph Npou3BosibHY QYHKUMIO (Z), HENPEPHIBHYIO B Ipo-
MEXyTKe [x,, X] 1 MMelollyI0 He OGpamaIoNIyIoCa B HYJb HPOH3BOAHYIO
¥'(2), mo KpaifHeil Mepe, B OTKPEITOM IPOMEXYTKE (X, X)

K dysxmusm ¢(z) 1 w(z) npamennM dopmyny Komu [114):

p(x) — p(x)) _ ¢'(c)
9(x)~y(xo) ¥'()’

rae
Xp<C=Xx MM c=x+0(x-x) (O<6<1).

Tax xak (
n+1,
P=0, pl)=ran), ¢@O=-T" ey,
TO

(n+1)
rn(x) w(le, (Z’)(xo) f (C) ( )

Tenepp, ecnm MOACTaBIATE BMeCTO y(z) JitOObIE YIOBJIETBODSIOLLHAE
[IOCTABJICHHBIM YCJIOBHSIM (YHKIMH, MBI NOJIYYHM pasjiHduble GOpMEI 10-
MOJIHKTEILHOIO 4JieHa rp(X).

Iycts 9(2) =(x —2)?, tme p>0. Umeem:

V(@ =-plx-2"1  (x<z<x).

OveBuaHO, 3Ta (QYHKIMS YIOBIETBOPSET IOCTABJICHHBIM TpeGoBaHHAM.
ostoMy

rn(X) =

—(x—Xxg)P (n+1), (n+1),
S T —

Tak Kak c=x,+60(x ~x,), To X —c=x— Xy —0(x —xp)=(1 - 0)(x-x,), u
OKOHYATENIBHO:

ro(x) = f(n+1)(xonTp9(x~ Xo)) | (1 =) +1=r(x - x )™t (0<B<1).
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ITO BBHIPAXEHHE HA3HBACTCH MOMNOJHHTEJIBHHBM YJEHOM
B popMme Mnemunsxa m Poma (O. Schlémilch - Roche).

W3 mero, opAaaBas p KOHKPETHEIE 3HAYEHHS, MOXKHO MONYdaTh Golee
4acTHBIE QOpMBI JONMONHHTENbHOTO wiena. Iosoxus p=n-+ 1, momyamm
HOMONHHUTENbLHBH d4neH B popMe Jlarpamxa:

(n+1)
1) LR =Xyt (xS e,

KOTOPBIH BRITJISIHT 0COOEHHO MpocTo. OH HATIOMMHAET CIEAyIOLIMii ode-
penno# 4ineH ¢opmymst Teiinopa, Jume BMECTO TOro, 4To6BI BhI-
WHCITHTE (72+ 1)-0 IIPOU3BOIHYIO B TOUKE X, 3TY IPOA3BOMHYIO GepyT It
HEKOTOPOIO CPE/IHEro (Mexnmy x, ¥ x) 3HAYEHAA C.

®opmyna Tei#nopa ¢ HONONHATENBHBIM WieHOM B Qopme JI a-
rpaHXa, TakuM o0pa3oM, MMeeT BHUJ

S0 =1x) 178D (e + L5 (- xge

(n) (n+1),
f (xo) (e—x) + f(n+1()¢!3)( — xnt (13)

xXp=c=x).

Ecnu nepemectd B Hell wieH f(X,) HaleBO, TO JIETKO YCMOTpeTh B Heil
npsiMoe obGobmenne GopMyssI KOHeWHbIX HpHpamendit [112]), xoTopyro
MOXHO HAMOHCATh TaK:

Jx)=f(x) =f(€) - (x = xo).

XoTA 0XOTHEe BCETO MOJB3YIOTCA IOMOIHHTEILHBIM WICHOM HMEHHO
B dopme JlarpaHka, BBAJY €¢ HPOCTOTH], BCE XK€ B OTHECTHHBLIX CIIy-
Yasx 3Ta GopMa OKa3HBAETCA HENPUTONHON Il ONEHKH JOMOJHHTEILHOTO
YJICH4, ¥ NPHXOQUTCA NpHOEraTs K IpyruM GopMamM, MeHee TpocTeM. W3
HHUX YIIOMSHEM 37ieCb 0 JONMOJHUTEJNBHOM 4YJeHe B opMe
Komrm, xoTopsii monywaerca u3 obmieit dopmMer M aeMuaprxa u
Poma mpu p=1:

r,,(x) - f(’l-l-l)(xo + O(x— XQ)) (1 e)n(x _ xo)n+1 .

127. T1prGmmxennsie dopmyimsi. [TomoxuMm, mis TPOCTOTEY, B dbopmyne
(13) x,=0, a BMecTo ¢ cramem mucath Ox, roe 0<0<1:

0 C ) (n+1)(
F@=f@+ P x+ L L0 ST ot (14

Eciu oT6pOoCHTE 37€Ch JONOJHHTENbHBIA WISH, TO MOJYYHTCA H P U 6 J1 u-
XeHHad bopMyna:

0 0 )0
@)=+ T2 51 L0 2y L0O

17 I'. M. ®uxtesronsn, T. I
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3aMendIomas GYHKIOHIO CJIOXHON IPHpPOAHI NieibiIM MHOrowiesoM. Ho Ba
3TOT pa3 MBI B COCTOSHAEA ONNEHHUTHh NOTPEMHEOCTH 3TOo# dop-
My s, u6o oHa XKaK pa3 M papHA (DO abGcoyroTHOM BenmdmEe) OTOGPO-
mersoMy wieny. Hampmmep, ecrm (n+ 1)-1 mpom3Bommas (mo kpaifHei
Mepe, P M3MEHEHAH apryMenTa Mexay 0 m x) orpammdena mo abcomoT-
HOH BeNMYUWHE 9HCIOM M, To

Mxn+1
| ra(X)| <GiDi

JIns mpuMepoB obpaTimMcs K 3eMeRTapEbiM ¢yrkmusaM. HaMm et Ha-
IOGHOCTH MOBTOPATH BHIKJIAAKA n° 125, TANE TOMOMHATENLHEIA WICH MBI
GymeM mucaTe B HOBOM dopme.

1) IMomoxuM f(x)=e*. Ilpubnuxennas dbopmyma:

xn

ex-_l+ +2'+ +-;‘l-!‘,

Taxk XaK JOTOJHATCIIHBIA YNeH 3}.'(601:

n(x) (Pl + 1)| +1 b

TO, HANPEMED, IpH X >0 MOrpemHOCTb OLCHHBAECTCA TakK:
xn+1

[ Fa(x) | <€ R

B vactmocTH, ecmu x=1,

1 1

At

e1++ i
n.

]r,,(l)[ (n+1)' .

Tlomo6Ho# dopMyloli MBI yX€ HOJb30BaJMCh B 37 Iid MpHOMMKEH-
HOTO BLIMHCJICHHAS MHCIA €, HO ONEHKA JOIOJHHTENHEHOTO WIEeHa, MOJTyYeH-
Has OpyroM IOyTeM, TaM Obuta Golice TOYHOH.

2) B3sB f(x)=sin x, moIyInM
xzm 1

x3 J\:5 -1
sin x=x— o+ (-1) rsyE

35‘

B 3TOM cCiiyuae OONMOJIHWTCILHBIA WICH:

sin (9x+(2m+l)%)

xem+1
Cm+1)°

H IIOrpCIMHOCTE ONCHHUBACTCS JICITKO:

| x | 2m+1
|70 <G
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B wacTHOCTH, €CJIE MBI JOBOJIbCTBYEMCS OOHHM WICHOM M IOJIAracM
sin x=x,

TO JUIS TOro, YTOOBI IOTPEIHOCTh OBUIA Membine, ckaxeM, deM 0,001,
JOCTATOYHO B3ATh (cumTas x >0)

x3
F < 0,001

2017
x<0,1817,

4To mpuMepHO paBHO 10°. IlpH monb30BaHHM ABYWICHHOH (OpMYIioi
3

. : x
sin x=x- —,

I DOCTHXXCHHSA TOH X€ TOYHOCTH YXE€ IOOCTATOYHO B3ATh
x5
T2-0<0’001

HIIH
x<0,6544(=37°,5);

€CJIH K& OTPAHMIATHCA yraaMu x <0,4129 (=23°,5), To morpemnocTs 6yneT
maxe <0,0001, u 1. 1.

MEI BHIMM, 9TO C YBEIMYCHHEM YHCNIA WICHOB MHOrowieHa Tei o p a
OH ¢ Bce 6ombiell TOYHOCTHIO U Ha GOJbINEM MPOTIKECHAR BOCIPOU3BOIUT
HcxonHy¥o ¢ysknmio. OToT ¢akT HAIVIAOHO WLIIOCTPUPYETCA puc. 52a,
rae Hapany ¢ rpapukoM QYHKIHM y =sin X OpeICTaBACHLI TPaQUKd MHOTO-
YIEHOB

3 3 5

y=Xx, y=x_x—9 yzx—x_"'
6 120

, W T. O

3) Amaxornyso, s f(x)=cosx MeeM

-2 Pm%
CoS X= +g— L+ (-1 Sl ?
IpHYeM
—(— 1)+l |yt
r2m+1(x) ( 1) COoS 0x emt2”
TakK 4To

| x|2mt2
[ Pomy1(x)| =< (2n|1+2)!

Hanpumep, ans GpopMysnbl
. xz .
COSs X= 1 - 7

OOrpeuIHoOCTh
4
(9] <5

17*
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¥ HaBepHOe OymeT, ckaxeM, <0,0001 mis x<0,2213 (=13°), u T. . Ha
pHC. 526 mpeicTaBiieHsl IS cpaBHeHNS rpaduky QyHKIUU Y =COS X U Ipa-
¢HKHA MOCTIEeNOBAaTENbHBIX MHOIOWIEHOB
2 2 4
y=1, y=1—52—, y=1—%+xﬂ HT. A
Ml obpamiaeM BHAMAaHHE TMTATENsI HA CYIIECTBCHHOE MPOIBHXKEHHE
BIEpEX 10 CpaBHEHHIO C GopMynamu nn® 62, 63, 107: menepb mbr ymeem

7
g /
Ve
2 // ‘;
7k \é’/ /
/// i
a5t
1 1
/4 /

(6) G
Prc. 52.

YCMaRAeAUaMs 2PAHUYb! NOZPEWIHOCIU U pacnoaazaem dopmysamu oboi
mounocmu.

Viaxem eme, uto Gopmyna Tedmopa ABIAETCA HCTOUHMKOM JUIA HOCTPOCHMA
npubimkeHRBIX GopMyn COBEPIIEHHO HHOTO THIA.

4) B xauecTBe IEPBOTO HIPEMEPA OCTAHOBUMCA Ha opmyae Toiizenca (Ch. Huygens)
ISt NPEGIMKEHHOTO COPSMIIEHAN IYTH OKPYXHOCTH, MaJjiol 10 CPABHEHMIO C PAIyCOM.
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Ilycth s — pmnuua ayru, d — COOTBETCTBYIOIIAA €if Xopaa, a § — xopaa, COOTBET-
CTByromas mojioBuHe nyrm (puc. 53a). IlocraBuMm cebe 3apmaueli NPEACTABETH 5 B O 3~
MOXHO TOYHEe mpaOmmkerHo#t dopmynolt Buma s=Ad+ Bd, roe A, B — xo3¢-
¢$unpenTEl, DOIeXamUe ONPEACICHRIO,

Puc. 53.

Ecma r — pafuMyC OKDYKHOCTH, & 2X — HEHTPAIBHBI YIoJ, COOTBETCTBYFOIIMI
ayre s, TO EMeeM
d=2r.sinx=2 l"+Glx° 0<0'<1)
=2r.sinx=2r|x—— x+-—— <0'<1) .
6T 120

x
M, aHAIOTHYHO, 3AMEHAs X Ha 7

a=zrsmf=zr(1x—lx3+—°lx*) ©<6"<1).
2 27 48" 3840
Orcrona
Ad+B6=2r[(A+-1—B)-x—(-l—A+—l—-B)~x‘+(—8—’—A+ 6 B)-x‘].
2 6 48 120”7 " 3840

B TO BpeMs Kak s=2rx. EctecTenHO BHIGPaTh A H B TaK, Ir06H 65U10

A+ 1 B=1 ! A+ 1 B=0,

27 7 6 48
160 TOrAa pasHHLA MeXAy JEBOM W IPaBOi YacTAMH paccMaTpHBaeMoli Gopmys Gyaer
JIHINB B WIEHaX, comepxammx x5. Jna xodhdmmenTor 4 u B monyyaeM 3HAUCHHA

1 8
A= -3 B='§’ H $hopmyna npuHMMaET BUI

Ee norpemsocTh 4, KaK JIErk0o BEACTb, OUCHABAETCH Tak:

14l <r-
< P o
180
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F 7
Hanpumep, OpH LeHTpanbHOM yrie B 30°, T. e. x=—1—§ , HMEEM, COIJIaCHO 3TOM

onenke, |4|<r-0,000007; B peficrBuTeNBHOCTH §=r-0,523599 ..., a mo dopmyne
Tio#resca nomyyaerca s=r.0,523593..., TaKk 4TO PACXOXICHHE HE IPEBOCXOIHT
YCTAaHOBJICHHOM I'DaHMILIBL.

5) Ona Toit xe nema I1.JI. He 6 s méB Hai CleAyiolee OpaBmUio: 0y2a npubu-
JICEHHO PAGHA CyMME DAGHHIX CMOPOH DPABHOOEOPEHHO20 MPEY20AbHUKA, NOCMPOEHHO20

l [4
Ha xopde u umeroujezo 8bICOMOil 3 cmpeaxu (puc. 536).

4
Tlonoxum moka h=7Yf; HUXKE BBISICHUTCS, YTO, IIoJarad y = V? MBI NEHCTBATENILHO

HOJNY4aeM — B HEKOTODOM CMEICIE — Ha MJIY Y II€e npubmnxecHue.
Kax MbI BHIEIH TOJBKO 4TO,

1 1 0,
—d=r-sinx= —— X3 0<0,<1);
5 r-sin x r(x 6x 0 ) ( 1<1)
aHAJIOTHYHO,

1 0,
=pf=yr(l - =ypr|—x2—Zxt 0<0,<1).
h=yf=yr(1-cosx) vr(zx 24x) 0<0,<1)

0O603Hauas Yepe3 s* CyMMy CTOPOH PaBHOOEAPEHHOTO TPEYTOJIbHHMKA, O KOTOPOX yIOMH-
HaeTca B mpaBwie Ye 6 nim & Ba, UMeeM

*-2 lda+h=2 1 12+9‘ 42+21x szaz
= — = —— ——x — —— =
g 2 > 6  T120") V2

LI |
-2rxV 1 +(?-;— —-3—) x2+axt+bx8+cxB.

Teneps, HMEHHO I TOTO, YTOOL! YHHYTOXHTD IOX KOPDHEM WIEH C X%, MOJIOXHM €T0

4
ko3ddrumenT paBHeM 0, OTKYZIa M HAXOAM ) = 3 !

JIIs1 OlICHKY NOTPEIHOCTH IEPElHIEM BHIpAXECHAE LIS s* B BHIE

s*=2rx 1+ 4x4, 15)

IPHYEM BEIDAXKCHAE A OKAXETCA CONEPRAIIAM BTODYIO B UeTBEpTYIo cremend x. IIpen-
13
nonaras x<5, 6ymeM mMeTh: x2<2,5, x4<6,5, a Torma mis 4 DONYYMTCs OllcHKa

|4} <0,06, Tak uTo [A|x*<0,4.
O603Hauns ms ynobersa Ax? uepes y, mo hopMyie KOHEWHEIX mpupamtenwii [112]
OyzmeM mMeETH

y
ViFaxti=Ji+y=1+—— (0<6<1).
2V1+ 0y

ITocienusas npo6s OLEHUBAETCS TaK:

y
2Y1+6y

Alx 0,06x*
- {7 _ jAlx - —x_<_1__0,1x1_
2VT=Ty[ 2Y1-14|x* 2Y0,6 2




128] § 6. MHTEPTIOJINPOBAHUE 263

Conocrasiisa eeipaxerue (15) aad s* ¢ TONBKO 4TO NONYYECHHLIMH pe3ynbTaTaMH BH-
IHEM, 9TO

s*=s+9, rme |o|<0,1rx5.
Tlopsamok DOrPEIHOCTH TOT %€, YTO M B dopmyne I'to#ire mca.

Mur Bepremes k dopmyne Telimopa ¢ JHONOJHATEILHEIM WIEHOM
B riaaBe XI BTOPOro Toma, NMOCBAIICHHOA GECKOHEYHBIM psAIaM; TaMm 3Ta

bopmyna GymeT MrpaTh BeCbMa BaXHYIO pOJIb.

§ 6. Uurepnosmponanue

128. Tlpocreiimas 3amaua uWHTepmoimpoBamus. Popmyna Jlarpamxa.
IlpencraBum cebe, uTo nust HekoTopoi GyHkmau f(X), ONpeNENEeHHONH B
HpoMexyTke [a, b], Beraucienst m+ 1 ee 3HAYEHHH B TOUKAX Xy, X;, .. ., X
MIPOMEXYyTKa:

SO f(x0), - - o, fm), M

¥ TpeGyeTcs M0 3TUM 3HAYEHH IM BLIYACIHTL 3HAYEHHE f(x) pa
KaKOM-JH60 HOBOM 3HAYEHHH X.

B 3TOM H COCTOMT nmpocmeiiuian 3adaua UHM EPROAUP OB AH U A.
KomreqHo, B Tako#l IOCTaHOBKE BONIPOCR COAEPKHUTCA MHOTO HEONpe/IelIeH-
HOro. OGBMHO 3a7avy NOHMMAIOT TaK: HINETCS LENbii MHOTOWIeH L(x)
HaMHU3IIEH CTENeHH, KOTOPbUA B 3aJaHHBIX Toukax X; (i=0,1, ..., m),
HA3BIBAEMBIX }3.4AMU UHMEPNOAUPOBAHUA, IPDUHAMACT Te XKe 3HAYenus f(x,)
yro ¥ QyHKOusA f(x), ¥ OpUOGAHMKEHHO IOJAraioT Uil JIIOGOTo X
u3 {a, b}

F(x) =L(x). )]
Tono6noe NprOIKEHHOE PABEHCTBO HA3BIBAETCS UHMEPHOAAYUORHO Bop-
myaoit. VITax, HaJUleXWT OpexJe BCEr0 HAWTH HMHTEPIOJATHOHHYIO
dbopmymy, a 3aTeM — OpH OOpeleEHABIX IPEMIOIOKEHUIX OTHOCHTEILHO

$yEKIEE f(X) ~ OmEeHHT b NOTPENIHOCTh HPEGIIKERHOM bopMyIEL (2).
AnA paswickaEma MuOrowiesa L(x), yHOBJETBOPSIOMIETO YCIIOBHSM

Lx)=f(x) (i=0,1,..., m), 3)

yIOOHO BBECTH MFAOTOYJICHH m-if CTemeHu

I (x) _ x=xp) .« (X=X )X~ Xp) - - - (x— Xm)
k (i xo) + + - Goe— X )i~ Xpe g ) v - - Ok — X)) °

(k=0,1, ..., m),

KOTOPEIE, COOTBETCTBCHHO 3HAYKy, IPHHMMAIOT 3BaueH#e 1 OpH X=X, H
obpamarorcs B 0 mpu x=x;, ecnu i=k. Teneps SACHO, YTO MHOTOWIEH

L) = 2 f(xl() @

YIOBJICTBOPSACT BCEM YCNOBHAM (3). CTeleHL 3TOr0 MHOTOWICHA HE BBIMIE



264 [JL 111, TIPOM3BOAHBIE U JUOOEPEHLINAIGL [129

m ¥ crajo OmTh yciaoBusMH (3) OH ompenesnseTcs OJHO3HAYHO, €r0 HA3bl-
BAIOT UHMEPNOAAYUOHHBIM MHO204AeHOM Jla2paHow a, a mpUGIKEH-
HOE€ paBeHCTBO (2) — wunmepnoaayuonnoii ghopmyaoit T azp an x a.

3aMeTHM, 9TO MHOrOWIeH [ (X) MOXHO HAIMCATh 0oJee CXATO, eCiH
BBECTH BEIPAXKCHHE

o(xX)=(x—x)(x—x;) ... (x—xp),

obpamatomeecs B 0 kak pa3 B y3Jax HHTEPHONHPOBAHHA Xg, X1, - .., Xpp.
WmMenHo, oveBHIHO,
(=30 o (= )E =) o (=X =L (x5,
a
(ex—x0) -+« Ok = X4—1) (g = X4 1)+ oo (X — Xm) =
lim 2. — fim 2070 _ g1,

X=Xy
Takam obpasom,

B w(x) 3 w(x) .
lk(x)—m u  L(x)= Aé; TG —7) S(x)-

129. JAonommBressunii wien ¢opmysmi Jlarpamxka. O6Gpatmmca Tenepb
K OLIeHKe pa3nocT f(x) — L(x), rae x ectb moboe QHEKCHpOBaAaHHOE
3Ha4YCHAE B OPOMEXYTKe [a, b], OTIHYHOE OT y33OB HHTECPHOJAPOBAHMA.
Ipeonoaocum, umo ynxyun f(z) 6 smom npomexcymke umeem npous-
800HbIE 8cex nopAadkos do (m+ 1)-20 exaouumensvho.

KakoBa 6n BM GObuta mocrosmHas K, bymkmus

¢(2)=f(2) - L(2) - K- o(2)

TOXe MMeeT m+ | Npon3BOAHBIX H K ToMy Xe obpamaetcs B 0 B y3max
x; (i=0,1, ..., m). Mu BrOepeM Tenepb NOCToAHHYIO K Tak, 9TOOHI H
OpH z=x ObUTO ¢(x)=0, T. e. HOJOKAM

K=f(X) - L(x) (5)

w(x)

(tak xax x=Xx;, To w(x)=0). ITo Teopeme Poansa [111}] B m+1 nopo-
MEXYTKaX MeXAy m+2 KOPHAMH X, Xq, Xy, ..., X, OYHKIEM ¢(zZ) Hai-
nercs m+ 1 pa3saMMHBIX KOpHEH ee Ipom3BoxHOH ¢'(z). IIpuMensa cHoBa
TeopeMy Ponnsa x bysknuu ¢'(z) B X m DpoMexyTkaM Mexay ec m+ 1
KOPHAMH, YCTAHOBHM CYIIECCTBOBAaHHE m DA3JIMYHLIX KOpHEH BTOpo# mnpo-
u3BomEON ¢''(z) m T. 1. IIpomoikas 9To paccyxnenume, Ha (m+ 1)-M ero
mare OpuIeM K CYIIeCTBOBaHMIO Kopust £ (m + 1)-it npon3BomHoit ™ +1)(z),

TaK 9ro
(=0 (a<é<b). ©
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Ho L(™m+1(z)=0, u6o crenerb MEOrowieHa L(z) He Bhuue m, a om+D(z)=
=(m+1)! YunTEBas Onpe/ie/ieHHe BCIOMOTaTelbHOM dyrKimH ¢(z), mMeeM
gm+D(z) = f+D(z) - K+ (m + 1)},

Tak yro u3 (6) nmoiyyaercd, 4ro »

_ )
K= -

OxoHyarenabHo, u3 (5) HaxonuMm:

fm+1)(&)
J&) = L(x) + =gy o) (a<€<D). M
10 — unmepnosayuonnaa gopmysa JIazp amx a ¢ 0onoAHUMENLHIM
usenom. B ormmdue ot (2), oHAa ABJIAETCA T O 4 H O !
3aMeuanue. Ecma B mpomexytke [a, b)

max lf(m+1)(z)l =Mm+1<oo,

To, TAK KaK B 3TOM HIpoMexyTke |w(z)|=(b-a)y™*!, momy4aeM TaKyxo
ONEHKY UIA HOrpemHoCTH GopMynH (2)
M,
| /(%) - L(x)| sﬁ(b—a)’"“.

ITpaBas 4acTh IPH m->co CTPEMHTCS K HYJIO JMIb UL OY€Hb Y3KOTO
Kracca Qymkumit f(x); mampumep, 310 OyAeT HMMETh MECTO IJId TaKHX
(ynxmuit, kxoTopsie B [a, b] muddepermmpyemsl moGoe HCIO pa3, HpH-
4eM BCe HX MPOM3BOJHBIE OFPAHMYCHHL O I H O H mocTosHEOHK M. B atoMm
CITyuae 10 Mepe BO3PACTaHMA Y M CJIa Y3JIOB HHTECPIONMPOBAHMA K H C-
3aBHCHEMO OT 3aKOHA, NO KOTOPOMY BBIGMpPAIOTCA 3TH Y3JIHL,
norpemsocTs GopMyis (2) OyneT paBHOMEPHO CTPEMHTECH K HYJIO. Kax
noxazan Mapunuuakesmu (J. Marcinkiewicz), aist xaxnuoi OTJENIBHO
B3ATOH HENPEPHIBHOM (YHKIWA MOXHO JOCTHTHYTh Taxoro xe 3bdekra
IyTeM HaJUICKAIIEro BEIOOpa MoC/eIoBaTebHBIX cAcTeM y3noB. Ho — mo
TeopeMe ® a6 epa (G. Faber) — mHe cymecTByeT TaKOro 3aKoHa BHIGODa
y3J10B, KOTOPBIi roAwIC] GBI B 3TOM CMBICHE UL BCEX HCIPCPAIBHBIX bysK-
IMHit OXHOBPEMEHHO. B MOAPOGHOCTH OTHOCHTENBHO 3THX H AM HOJOGHEX
BOOPOCOB MBI 371€Ch BXOJHTb HE MMEEM BO3MOXHOCTH.

130. Hurepno/mpoBanue ¢ KpaTHRIMH Yy3nama, Popmyna Spmnara.
MoXHO OCTaBHTSL 6oJiee 06wyio 3a0avy uHmMepnoAuposanus, 3anas B y3nax
Xgs X1 + « -» Xm, KDOME 3HAYEHAH CaMoil (yHKIMH f(x), Taxke 4 3HAYCHUA
[DOCNIENOBATELHBIX €€ IMPOM3BOIHBIX:

S, (%), - - -5 fONxp),
S, f "(x1), - - , SO (xy), 8)

JCem)s [/ Gm)s o SO Xm)s
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rae ny, ny, ..., By — HEOTPUUATENBHBIC LeNble ykcaa. Obiiee YuciIo 3THX
yCOBHH paBHO

e+ D+ @+ D+ ... +(1r+1)=N.

3ajady BBMHUCICHHA 3HauCHHA QyHKuMM f(X) MpH JTIO60M OTIHYHOM OT
Y31I0B 3Ha9eHHH X u3 [a, b] — ¢ HCHmONB30BaHMEM BCeX JAHHBIX (8) — ML,
n0/106H0 TpocTeiiieMy ciayyaro, 6yfeM MOHMMATh Tak. Wuercs Nl
MHOTOWIeH F(X) HauHU3IIeH CTENeHH, KOTOPHI B KaXIOM y3JI€ X;, BMECTe
CO CBOMMH HPOH3BOMHLIMY JI0 MOPS/KA #; BKIFOYUTENBHO, IPHHAMACT Te
X€ 3HA9CHHA, 9T0 U caMa QyHKuusa f(x) H ee COOTBETCTBYIOIIHE IIPOH3-
BOAHEIE, & 3aTeM NPHOIMXEHHO IOJAraroT

J(x)=H(x). €)

Y3IIbL X; HA3BIBAIOTCSA Y3.1aMU UHMEPNOAUPOBAHUA, COOTBETCTBEHHO K P d M-
Hocmu m+1.

MoxHo DoKa3aTh CyluecTBOBaHHE H €IUHCTBEHHOCTh MHOTOWIeHa H(x)
CTeneHU He BhIC N — 1, yAOBIETBODPAIOIIEr0 BCEM IOCTABJIEHHBIM YCIIO-
BUSIM. Ero HaswBaroT uwmepnoiayuonneim muozousenom dpmuma, a
Gopmyiy (9) — unmepnoaayuonnoii opmyaoii 3 p mum a (Ch. Hermite).

Ecnu BCe n; NONOXATE PaBHBIMH HYJIIO, TO Mbl BEPHEMCA K (GopMyIte
Jlarpamxa (2). MH BCTpeqaiuch H ¢ APYTHM HaCTHBIM CIIyYacM dop-
Myibl O pMHTa: BO3bMEM OJIHH JIMIUD y3€1 X, HO KPaTHOCTH 1+ 1, T. €.
OT MHOTOWICHA HE BBHILE n-i cTemenH, 7(x), moTpebyeM, 9ToOBI B TOHKE
Xo €r0 3HAYCHHEC H 3HAYCHHA 7 €r0 IPOM3BOIMBIX COBIAJANH, COOTBET-
CTBCHHO, CO 3HAYCHHAMH CaMoH QyHKmEM f(X) M ee HpOM3BOJHEIX. MEI
3HaeM, YTO 3THM TpeCGOBaHMAM YIOBICTBOPSET MHozousen Teiinopa
(124 (6)]

1) = /) + L2 (=) .+ T (e,

n!
Taxam o6pasoM mprGimkennas dopmyna
J(x)=T(x)

[cp. n° 127] Takke SBISETCA YACTHBIM CIIY4aeM MHTEPIOJSUAOHHOMN dop-
MyJIbl DDMHUTA.

Hononuutenbueni wien ¢opmynsl (9), BocCTAHABIHBAIOIIMHE €€ TOY-
HOCTB, BBIBOJUTCH C IOMOINBIO DACCYXACHHI{, aHAJIOTHYHBIX I[PHUBEICH-
HEIM B OpeApIAyimieM Homepe. PaccMoTpum muorowrten N-il crenenm

Q@) =(z— Xyt (z —x;)u ¥ ... (2 X)) m+]
H IOJIOXUM I a<z<b
D(2)=f(z2)-H(z)-K-Qz), rtme K=const.

Ecnu npeanonoxwuts, 9To dynxkuus f(z) B mpomexytke [a, b] mmeer N
HOCIICAOBATEILHBIX IPOU3BOJHEIX, TO 3T0 OyaAeT cnpasemmmso u pis D(z).
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PUKCHpPYs 3HAYEHHE Z =X, OTJIHYHOE OT Y3JIOB, Mbl BHIGEpPEM HOCTOSHHYIO
K T1ax:
fx)-Hk)
= x) = 01);

k=T [Q=0s (10)
npu TakoM BbiGope dynxmus D(z) obpamaercs B 0 u npm z=x. Beero
ona 6ymeT mMeTb N+ 1 KopHel, ecii KaXObii KOpeHb CYMTATE CTOJIBKO
pas, xakoBa ero KpaTHocTb¥). IIpEMeHAs HOCIENOBATENBHO TeopeMy
Ponns Kak ¥ Bhime (C TeM JHIIL YCIOXHEHHEM, YTO KaXObli Kp a T-
HE i koperb Qynkmum &D(z) eme B TedeHHE HECKOJNLKHX waros 6ymer
GHrypHpOBaTh ¥ Kak KOPEHb €€ IIOC/IeJOBATENBHEX MPOU3BOAHBIX), OKOH-
YaTEIbHO MPHAEM K YTBEPXKIEHUIO, YTO B HEKOTOPOif Touke & obpaTHTCs
B 0 mpousBomuas DWXz). Otcrona

£

K="

u Bumay (10)

E
F@)=He)+ L2 o), an
3T0 U €CTh UHMEPNOAAYUOHHAA Popmyaa Dpmuma ¢ OONOAHUMENbHBIM
YAeHOM.

Popmyna JlarpaHka ¢ JONONHUTETLHHIM WieHoM [(7)] sBisercs
ee YaCTHEIM CiIydaeM. TOYHO Tak Xe, B35B GIMHCTBEHHBIA y3eNl X, Kpar-
HOCTH 7+ 1, MBI Kak 4acTHBIA cirydait dopmynsr (11) mosydrM dopmyiry
Te#inopa ¢ [NONOJHATCHLHHIM WieHOM B dopme Jlarpamxa
[126 (13)].

*) MH pacHmpoCTpaHseM IOHATHE KpPpaTHOCTH KODBS, NPHBEYHOE IS 4ATA-
TeNs IO OTHOIIEHHMIO K IIeIOMY MHOTOWIEHY, Ha JroOyio ¢yaximro D(z): ¥HCIO o HA3LI-
BAacTCA ec KOPHEM p-it kpaTHOCTH, ecli & o6pamaet B 0, BMecte ¢ $(Z), 1 p— 1 ee mpous-
BOJHEBIX.



F'JIABA YETBEPTAA

HNCCIEAOBAHME ®YHKIMM C IIOMOMBIO
IMPOM3BOIHBIX

§ 1. Nayvenne xona m3MeHeHus (pyHKIEM

131. YciaoBue nocrosucrsa (pyskmud. Ilpy H3ydeHHH Xoxa W3MEHEHHS
(yHKOUM HA IIEpBOM MeCTe NOSBIAETCS BOOPOC 00 YCIOBHAX, IIPH KOTO-
phix QyHXmHS CoXpaHSeT B HaHHOM IPOMEXYTKE ITOCTOSHHOE 3HAYECHHE
WA U3MEHsAeTCd B HEM MOHOTOHHO [S7].

Teopema 1. IIycmo dynxyun f(x) onpedenena u HenpepvisHa 6 npome-
ocymxe X' *) u umeem GHYmMPU He20 KOHEeYHYIo npousgoouyio f'(x).
Haa mozo, umober f(x) 6visa ¢ & nocmoannodl, Heo6x00UMo U QOCMAMOoUHO
yeaogue

f'(x)=0 enwympu X.

Heob6xoxZuMocTh YycuoBus odeBHmga: u3 f{x)=const cremyer
f'(x)=0. Hoxaxem Temeph obpaTHOE.

HocTtaTtodyroCTb. IlycTs ycnosue BbmosHeHo. PuxcupyeM He-
KOTODYIO TOUKY X, A3 IPOMEXyTKa & M Bo3bMEM I I0 6y I0 IPYIyIo €ro
Touky x. Jlis mpoMexyTka [x,, x] wm [x, x,] yxoBIeTBOpeHH! BCe yClo-
BASA TeopeMbl Jlarpamxka [112], cmegoBaTebHO MOXEM HAIHCATH

J&x) = f(xo) =f"(€)(x — Xg),

TAC ¢ COICPXATCA MEX Y X, H X ¥ 3HAMUT 3aBEIOMO JIEXAT BHYTD H
X. Ho mo npemuosnoxesnto f'(c)=0, Tak 4To misa Beex x u3 X

J(x) =f(x,) =const,

4 Halle YTBEPXKICHHE JNOKA3aHO.

B uHTErpasibHOM HCYMCIIEHMH BaXHOC IIPHJIOXKEHHE HalIeT BBITEKa-
Iomee OTCIOAa IPOCTOE IPEIIOKEHHE.

Cnedcmeue. Ecau ose dynxyuu f(x) u g(x) onpedesenst u HenpepuigHvl
6 npoMexcymrke X' U 6 HY M P u He20 uMeIOM KOHeuHble npoussodnsie f'(x),
g'(x), npuuem

f'x)=g'(x) (emympu X),

*) IIpoMeXyTOK & moxer 6uTH 3aMKHYTHIM WM HET, KOHEYHBIM HIH OeCKOHCTHBIM,
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mo smu PyHKyuu 60 ecem npomexcymxe & pasHAMCA Aumb HA NOCMOAH-
Hyi0:

S(®)=g(x)+C (C=const).

I[J'Iﬂ [OKA3aTCIIbCTBA NOCTATOYHO HIPUMCHHUTH TCOPEMY K Pa3sHOCTH

S(x) —g(x): Tax xak ee mpomsBonHas f'(x) - g'(x) BHyTpH & cBommTCA K O,
TO ¢caMa pPa3HOCTh OyxeT MOCTOSHHOIM.

Oco6GeHHOCTH MOTb30BaHMS ITOM TeopeMOl BLISICHUIM HA IpHMep ax:
1) PaccmorpeM gBe dyBKumm

arctg x u arcsin

(—o<x<+o),

Vl +x2
Tak xax TpoOH3BOAHAs BTOPOH H3 HUX
—— x2
Vi+x2-
. x 1 1+ x2 1
D arcsin = - =
V1+x2 x2 14+x2 1+x2
1- 2
1+x2

COBNajiaeT ¢ ODPOM3BOAHOH mepBOM (YHKIMH, TO 3TH (GYHKUMH BO BCEM IIDOMEXYTKE
OT — e JO + o, PA3HATCSA HA NOCTOSHHYIO:

arctg x = arcsin +C.

V1+x2

Jns ompenerneswsa 3HaYeHHs 3TOH HOCTOSHHOM MOXHO, HAIpHMep, IOJOXHTb 3Z€Ch
x=0; Tak KaK OpH ITOM apKTaHIeHC ¥ apkchHyc oba obparsarcs B 0, To ¥ C MOIIKHO
6b1Th HyneM. MTak, MBI JOKa3aJIM TOXNECTBO

arctg x =arcsin (= oo <x<+eo),

1/1+x2

KOTOpOE, BOpOYEM, B 50 GEUTO BBIBEAGHO M3 JJIEMEHTAPHEIX COOOpPaXenHil.
2) Ipepnaraercs, aHANOIMYHO, JOKA3aTh, YTO

arcsin x = arctg (-1<x<1).
1-x?
3) PaccMoTpEM Tenepb (GyHKLIMH
1
arctgx M —arctg ——.
Bx M ¥R Ta

Jlergo npoBepHTh, YTO HX NPOU3BOMHLIE COBNAJAIOT BO BCEX TOUKAX X, HCKITFoYas x = + 1
(rze BTOopas u3 dyBxuuit Tepset cMuich). [103TOMY TOXIECTBO

! t tg x+C
— arctg . —— =arc
23 gl s gx

OKa3bIBaCTCA YCTAHOBJICHHBIM JIMIOb JJIA KaXIOTro H3 HOPOMEXYTKOB
(-1 +1), (e, ~1), (+1’ +e0)

B OTAEeJNBbHOCTH. JI06ONLITHO, YTO H 3HAYEHMA NOCTOSHHOH C JUIS 3THX OpO-
MeXyTKOB OynyT pasmuyunbive. s nepsoro u3 nux C=0 (B ueM yGexnaeMcsi, nojaras
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» T T
x=0), a Oy OByX APYTHX HMEEM, COOTBETCTBEHHO, C=E wm C= —E (4TO JNETKO

YCMOTDETD, €CJIA, HANPHUMED, YCTPEMHATb X K — oo HJA -+ o).
Bce 3TH COOTHOIIEHHS TAaKXe MOTYT ObITh HOKa3aHH! 3JIEMEHTAPHO.

3aMevuaHme. 3HaUeHHE TEOpPEMBI 1 HPOSBIAETCA B Te O p €T H-
9eCKHX MCCIECHOBAHMAX M BooOmIe B Tex ciydasx, xorma ¢yskmus 3a-
JaHa Tak, 9TO M3 €€ ONpeeeHHA HEMOCPEACTBEHHO HE BHITEKAET, YTO OHA
COXpaHsieT OCTOssHHOE 3HaueHHe. IlomoOHble ciiydan HaM He pa3 BCTpe-
TATCS B JaJIbHEHIIEM.

132. Ycnosue MonotounocTn ¢pyskmun. BoIICHNM Teneps, KaK MO HpPOH3-
BOIHOM (PYHKIMH MOXHO CYHXHTH O BOo3pacTanuH (yObiBaHMM) CaMoif GyHK-
MM B JAaHHOM OpoMexXyTke. OCTaHOBUMCA CHaqaya Ha ciiydyae (pyHKIHH,
MOHOTOHHO BO3pACTaIonieii B M HPOKOM CMBICJeE, T. € He YOB-
Baroniell (WM MOHOTOHHO yOBIBalOIieii B MK POKOM CMBICIE, T. €.
He Bo3pacraromieit) [57].

Teopema 2. ITycmv @ynkyus f(Xx) onpedesena u HenpepbviéHa 6 npo-
Mexcymke X' u 6 HYm pu Hez0 umeem KoHeuHyio npouseodnyro f'(x). Haa
mozo umobwl f(x) 6vlra ¢ X monomonno eospacmaroweii (ybvisaroweri)
8 WUPOKOM CMbICAe, HeOBX00UMO U OOCMAMOYHO YCAO8Ue

£/®)=0  (<0) sayrpu & ¥).

Heob6xomnumocTs Ecnu f(X) MOHOTOHHO BO3pacTaeT, XOTs GBI
B LIMPOKOM CMBICNIE, TO, B3SB X BHYTPH & H NpHAaB €My NpHpALICcHAE
Ax >0, 6ymeM HMETb:

S+ Ax)=f(x), TEEDITD g,
u B mpepene, opu Ax -0, nonyuam f'(x)=0.

HocratousocTsh. IIycTh Temepw, obpaTHO, mano, 910 f'(x)=0
BAYTPE &. BosbMeMm 1pa 3Hadermns x’' u x’ (x' <x”') u3 npomexyrka &
" X oyrxmun f(x) B mpoMexyTke [x', x"] mpumennM popmyny Jlarpam-
X a:

SE) = f(x)=f(c) (x"-x) (x'<c<x").
Tak xak f'(c)=0, To

S&)=f(x),

u ¢ynxmua f(x) Oymer Bospacraromieif, mo Kkpaiigeif Mepe, B IIMPOKOM
CMBEICITE. :

Ho cmx mop mna ¢yumxmmu f(x) He ObUIA HCKIIOYEHA BO3MOXHOCTh
COXpaHATh B HEKOTOPHIX IPOMEXYTKaX M MOCTOSHHBIC 3HAYEHHS, a HJIA

*) Xora dopMynmEpyeM TeOpeMB! MBI HApaieNbHO W AJIS BO3PACTAIOMMX M Ui
yObmBaromux $yHKUnit, HO IPH AOKA3ATENbCTBE OTPAHAYABAEMCH JIAIDB CNIy9aeM BO3-
pacraHus.
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€€ MPOM3BOAHOM — 00palmarscsa B STHX MPOMEXYTKAaX TOXIECTBEHHO B 0.
Ecim MBI 3Ty BO3MOXHOCTb MCKJIIOYMM, TO OPHAEM K CIIy4ar0 BO3PACTAHHSA
(i yOBBaHHSI) B CTPOTOM CMBICJIE.

Teopema 3. Ilpu coxpaneHuu mex sce npednOAONceHUil OMHOCUMENLHO
Henpepvignocmu Pyuxyuu f(x) u cywecmeosanus ee npoussoomoii f'(x),
018 mozo umobel f(x) Gbiia monomoHHO 6ospacmaioweii (y6uisaiouer)
6 CMpo20M CMbiCAe, HEOOXO00UMbL U DOCMAMOUHbI YCAOBUA:

1) f'(x)=0 (=<0) mna x sayTpu X

2) f'(x) He obpawaemcs moxcdecmeento 6 0 Hu 6 Kakom npomexcymke,
cocmagasowem yacmo 1.

Heo6xommmocTs. Ecmm f(x) Bospacraer B mpomexytke &, To
mo TeopeMe 2 rMeeM f'(x)=0, Tak uTo ycnosue 1) BbmoJHsAeTCS. Bomos-
HSETCA W YCJIOBHE 2), Tak KaK, eCii OBl IpousBomHas obpamanack B 0
B HEKOTOPOM IIPOMEXYTke CIJIOM b, To Ho TeopeMe 1 B meM f(x)
6pl1a 6B MOCTOSIHHOM, YTO HPOTMBOPEYHIIO OBl MPEHIOJIOKEHHIO.

HocTaTo4vnocTs. Ilycrs BemosasOTCA yenosus 1), 2) TeopeMsL.
Torzma, B cumy Teopemsr 2, ¢yHkuus f(x) sBiseTcs, Bo BCAKOM CIydae,
meybrmaromeit. Econ B3sTh BV 1Ba 3ravenns x’ u x” (x'<x"), To GyneM
HMETb HE TOJBKO

Sx)=f(x"), M

HO H
SE)=<fX)=fx") ms  x B [x,x"] @)

HoxaxeM, 4To 3HaK paBeHCTBa B (1) Ha JeNle OCYILIECTBHTHCA HE MO-
xeT. Ecima 651 6bL10 f(x") =f(x"), To, BBUAY (2), mOMYIHIH OHI

&) =f®)=f&") ma  x 3 [x,x"],

T. €. ¢yHKIHEA f(x) 6bina GBI MOCTOSHHON B MpoMexyTke [x', x”'], ¥ MsI
uMenn 6bl f'(x)=0 B 3TOM IIPOMEXYTKEe CIUIOIIb, BOIPEKH YCIOBHIO 2).
HUrtax,

S&)<f(x") npu  x'<x",

T. €. GyBKuA f(X), B CTPOIOM CMBICIIE, BO3DACTaeT. DTHM TeopeMa [0-
Kas3aHa.

VYcTanoBeHHas CBA3h MEXAY 3HAK OM IPOM3BOIHON H HA I P a B-
JeHHECM M3MeHEHH S (YHKIMHA IeOMETPHIECKH COBEPHIEHHO OYe-
BUITHA, €CJTH BCOOMHHTD [91, 92], ¥To mpomsBouas npeacrasiisieT coboit
yrioBoit koapdunmenT kacaTenbHOH X rpaduky (yHKOEH. 3HAK 3TOTO
YIJIOBOro Ko3¢¢uimenTa MOKa3biBacT, HAKJIOHEHA JM KacaTelbHASA BBEpX
WK BHE3, 4 C HEI0O — MIET JIM BBEPX HJIM BHH3 M cama KpuBad (puc. 54).

Onuako B OTHENBHBIX TOYKAX KACATENbHASA NPHE 3TOM MOXET OKa-
3aTbCS M FOPU3OHTANIBHOM, T. €. IPOH3BOAHAS — JaXe B CTPOTOM CMBICTIE —
BO3pacTaromeii (yormBaromeil) GyHKIUM MOXET AJs OTHEIbHBIX 3HAYCHHM
x obpamatscs B 0.
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Mpumepr. 1) IIpocTedmuit npuMep NOCIEAHETO0 OOCTOATENHLCTBA NOCTABIIAET
dysxuus f(x)=x3 OHa BO3pacTaeT, M TeM HE MEHee MPOM3BOHAsA ¢e f '(x)=3x2 mpm
x=0 obGpamaercsa B 0.

2) AHanorm4do, Bo3pacraromeii 6yaer u dpyurums

f(x)=x-sin x,
6o ee mpom3BoAHAS
f'(x)=1-cosx

He OTpHULIaTeNbHa, o6pamascek B 0 ans 3Hagemmit x=2kn (k=0, +1, +2, ...).

g @ # )
7 Z7 d
Puc. 54.

3) Haxonen, 4roObl mOKa3aTb, 4TO IJiA Bo3pacTaromedt dyHkimu IpoOH3BOAHAS
MOXET faXe B KOHEYHOM MOpOMeXyTKe obpamatici B 0 GeckoHeYHOE
MHOXECTBO pa3, paccMOTpuM dyHKIIFO

1
sin ~——
f(x)=e * * g x>0,
f(@©)=0.

lim f(x)=0,
x-++0

Quesugro,

Tak YTO Hama (yBEKuuA HenmpepbiBHA ¥ upH x = 0. UmeeM, naa x> 0:

snz -1 1) 1
fix)=e * x-(l—cos—)—;O,
x| x?

1
TIpUYeM 3Ta OpOM3BOAHAA obpaniaercs B 0 Opu x = Cyo *k=12,3,...).
7

3aMeTHM, 4TO .
1

2
0<f’(x)<2e-x—l—>0 mpe x40,

eI

otciopa [113] u £’(0)=0.

MoXHO IOCTPOHTh NpHMEPHI Bo3pacTatonmx (yoemaronmx) Gynxnui,
I KOTOPHIX TOYKH, IAe mpousBomHas obpamaercs B 0, pacmpeneieHbl
eme Gosee cioxHEM o6pa3zom. OmEaxo, MOZOOHBIE CIy4Yald BCTPEYAIOTCH
PenKo, U O IPaKTHIECKHX Heliell 0OBMHO HOJB3YIOTCA TaKMM J O C T a-
TOYHBIM NMPHU3HAKOM: ecau npouzsoonaa f'(x)>0 (<O0) noscrody.
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UCKAI0YAA PA3BE AUlib KOHEUHOe YUCA0 3naderui X, mo gdyukyus f(x) 6ydem
so3pacmaroweii (ybvisarowei).
OTOT IpU3HAK OYeHb YAOOEH B IPHIIOKEHHSX,

1\x
I mpuMepa paccMoTpEM dyHkmmio f(x) = ( 1 +;) mpu x>0 ® OOKaxeM, dTO
OHa BO3pacTaeT. JIOCTATOTHO [OKA3aTh, YTO BO3DACTAET €€ JIOTAPAYM

g0)=Inf(x)=x[ln (x+1)-In x].
Nmeem

1
g(x)={ln(x+l)—lnx]—m.

Tak kak, mo ¢gopmyiie KOHEYHRIX mpApamenuit [112],
1 .
1n(x+1)-]nx==E, roe  x<€é<x+1,

\
TO g'(x)>0; g(x) BO3pacraer, 9T0 H TpeOyeTcs mOKa3aTh.

133. JoxazaTeabcTBo HepaBencTB. V3noXeHHEI# NpoCToi KpHTEpUH MOHOTOHHOCTH
YCIEMIHO OPHMEHACTCSE K JOKA3aTeNIbCTBY HEPABEHCTB.

4
1) JokaxeM, 9t0o g O<x< 3 MeeM

. 2

sin x > — x,
T

sin x 7T
Ilycts f(x)=—o (0<x<-2—) . IIpon3Bomras
X
co —tg>
f’(x):._if(x—gr_) (0< x<£)
x2 2

6yner oTpuuaTensHa, Tak kak x <tgx. 3Hauut, dyEKmHs f(x) y6eBaeT U fx)>
24 2 7

>f(— =—, eCiH O<x<—,
2 2

4

1
2) ®yukuus f(x)=cos x—1 +E x? obpamaertcst npa x=0 B Hyns. Ee npomssozuas,
npu x>0,
S ()= -sinx+x>0 (6o sin x<x).

3uauut, dymxuus f(x) ang x=0 OKa3eBAaETCA BO3pAacTAIOMmed, W npu x >0 6yneT f(x)>
>f(0)=0, T. e.

1
cosx>1——x2
2
OTciozia, aHATIOrAYHO, TPH X >0 MOIYIHM, 4TO

1
smx>x-——6—x3,
" T. n

4
3) Jokasars, 9TO IpH 0<x<—2- 6ynet

1
tgx>x+-—x3,
& 3

18 I'. M. ®uxtenroasy, T. 1
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Jlna $TOro NOCTAaTOYHO YCTAHOBHTb, YTO AAA YKa3aHHHIX X NpPOM3BOAHAA YHKIMK
tgx —x — 3 X%, paBHas sec? x — | — x2, IONOXKHUTENbHA, T. €. YTO tg* x — x? >0,
a 3TO MPHBOJMT K M3BECTHOMY HepaBeHCTBY tg x > x [54 (9)].
4) Tak kak ¢yHKRUHA f(x)= In x —x (x > 0) uMeeT NPOU3BOJHYIO
>0mpu 0<x <!
t — —
fl) = ! <0 npy x> 1,

10 yHKIHMA 3Ta BO3pACTaeT, NOKa x H3MeHseTcA B mnpomexytke (0,1], n ydu-
Baer B mnpomexyrtke [l, +oo) Orciona scHo, uto f(l)=-—1 G6ymer Hau6omb-
WKM 3HayeHuem GYHKIMH, Tak yro maa x>0
Inx=Sx—1..

5) PaccMoTpuM eme ¢YHKUWMD f(x)=x®—ax g1a x =0 (upexnonaras

0 <a<<l). UMeem |
S >0mpn O<x <
1 — a—1 ___
r@=ae—n {Zg 23T

R — aHAJOTHYHO 4) — 3aKMOYuM, YTO Ana x >0

x*—ax=<1—a, ®3)
[MonyueHHoe NMPocTOe HEPaBEHCTBO ABAAETCA HCTOYHHKOM IAA BHBONA psAia
KIaCCHMYECKHX HEepaBeHCTB, CBA3M C 93THM I0Je3HO NpeICTaBUTb €ro eule u

B ApYrux ¢opmax.

~ a
Monaras x ==37 , rlle ¢ ¥ b NpPOM3BOAbHHE MOJOXHTEIbHLIE yHCHa, B 060-

5’
3navaa | —a uepes B, npusexeM (3) k BURY _
a® B8 <<aa - Bb (3a)
@5,4,8>0, a+B=1). '
HWhorna BBoaAT umcna k =i— >1nk =—;> 1, Tak uro R'= k—_’i—] 3ame-

HAA B TMpPeNbIAYLIEM HepaBeHCTBE @ W &, COOTBETCTBEHHO uepe3 aP u b"', noay-
KM
1

1
abSk— P iz_'bk' (36)
. r l
(a,6>0; b k"> 1, k—'{‘p:’])n

6) Mpewne Bcero, HEPaBEHCTBO (32) MOXHO PAaCNMPOCTPAHMTL HA Cayyah amo-
6oro uucia mepeMHouaeMbix cTenened. OT ABYX K TPEM NEPeXon OCYmECTBASETCA
Tak (C ABYKpPaTHHM NPHMEHEHWeM HepaBeHCTBa (3a)):

g 1 >ﬂ+1 B 1

a“bﬁcT=a”-<bB+T Bt aa+(B+7)~ba+TCﬁ+7
8 .

< aq b =aq b ¢
+ 6+ Vg b g o) =ea+ B0+
TaK YTO OKOHYATENbHO
’ a*bBcl =< aa -+ BH 4 1e.
(a,b,c,2,8,1>0, at+B+y=1)

AHanoruuHo MoHo 6n10 6N COBEpPLIMTL M mepexox OoT 7 K n -1 U mokasatsh —
0 METOTy MaTeMaTHYeCKO# HHIYKUWH — obllee  HepaBeHCTBO, KOTOpOE (B H3Me-
HEHHBHIX 0003HAYEHHAX) MMEET BHA:

afads... aln<<qa, +qea; ...+ gnlp
@ v O e, >0 it b g =)
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BaaMen g; MOXHO BBECTH NPOHIBOIbHME 9iCAa p;> 0, nonaran gy == —Li ,

Jm

TaKk u4To CyMMa Z q; = 1. HepaBencTBo Hanuuiercs Tak:
- .
-
Lp
(aplap’ e apn)f g = P4 + st ... 4 pua,
v prtpst...+ps

(@1 ,00008p, P1 400y Pp>0)

@

Mpr py =py=...=p,==1 M OpUAEM K H3BECTHOMY HepaBEHCTBY

i./—.__ < al-{—ag-’l—...-{—a,,, (42)

Q183 * ... Ay

YCTaHaB/IMBAIOINEMY, UTO CPEOHEE 200MemMPUYECKOe PAOA NOAOICUMELbHBLX HUCen
He npesocxodum ux cpednez2o apugmemudecko20. Taxum o6pasoM, HepaBeH-
¢TBO (4) ABAAETCA €CTECTBEHHHIM 0606 HeHHEeM 3TOr0 KIaCCHYECKOro YTBEp-
WIACHHS,

7) O6paTumMca K JOKa3aTeldbCTBY, TaK Ha3nBaeMoro, HepaseHCTBa Komu —
Feapnepa (A. L. Cauchy — O. Hélder) o

n n 1

Sans|Jar} - (). 0
f=1 i =1

== i==1
(@;, b >0 R, B' > 1, ;—+;——,=])

Komn ycTaHoBHI 3TO HePaBeHCTBO AAf YaCTHOTO Cayuyas kB ==k'=2:

n n n
Z 8:by é‘/za? : Zb"’. (52)
i=1 . ]

=1 - i=1
[Mpennonoxum CHavaza, 4to
n n

Yo=Y o =1, ©

i=1 i=1

TaK uTO nojjexaniee N0Ka3aTealbCTBY HepaBeHCTBO NMpPHMeT BHA

n

\
a;b; << 1,

i=1

[Monoxum B HepaseHcTse (36) moouepénHo a=a;, b=6; I=1,2,...,n) n npo-
CYMMHpYeM BCe MOayueHHHe HePaBEHCTBA; YUHThiBas ycioBue (6), nmpuimém x 1pe-
GyeMoMy pe3yabrary.
O6umit cryyall npUBOAUTCA K PaCCMOTPEHHOMY 4aCTHOMY, €CIH B3aMeH yuceld
a;, b; BBecTH uncia
a;

ai=—'——— b. — bi

1 ’ [ St n 1 ?

(Sar  Zar

1 j=1



276 ra. v. MCCARMOBAHME OYHKIMM C IOMONIbIO MPOMSBOAHMHX {184

JIA KOTOPBIX yie BBINONHAIOTCA ycaosua tuna (6). Ilo moxasanHOMy
n
L
Yas<i,
i=1
a 310 paBHOCHIbHO (5).

8) M3 HepaBencrsa Komu—T eabpepa cpasy nonyyaercs eme 0fHO Bax-
HOe HepaBeHCTBO, HocsAmee uMA MuHKoBckor o (H. Minkowski)

n 1 n 1 n 1

@+ 50 [F <[ Y atl® rad ™

{.%1(0 + b)k} <{i§lai} —|—{i§lb }
(@; b; >0, k> 1)

QOueBHIHO,

n n

z(a,+b>k—2a,(a,+b)k ‘+2” (@ + byt
i=1 i=1 i=1
Ecam k Kamao# M3 moCAeHMX IBYX CYMM NpHMEHHTb HepaseHcTso (5), To mo-
nyunm*:
1

Z(a+b,)k {Z"} {2(a+b)‘”—""’}_’+

i=] i=1 i=1
1

+ { i bf }k . { i(ai + b,-)(k"l) kr}%F=

i=1 i=1

{3 + (34} (S arf

i=1

H, HaKOHell COKpAaTHB HAa TOCAEXHHH MHOxHTenb, Npuuem k (7).

134. MakcumMyMsl ¥ MHHHMYMBI; HeoOXomumble ycaosust. Ecan
¢oynxkumuss  f(x), onpelen&HHas W HeMpepHBHas B NpoMexyTke [a, b],
He 9BndeTcd B HEM MOHOTOH-
g HOW, TO HalAyTCA TaKHe YacTH
{a, B] mpomexyTka [a, b], B
KOTOPHX HawGo/blliee WM Hau~
MeHblIee 3HAueHHE IOCTHraeTCs
¢pyHkuueli BO BHYTpeHHel
TOuKe, T. €. Mexay a u B. Ha
rpajguxke ¢QyHkuud (uept. 55)
Z TaKHM [POMEXYTKaM COOTBeT-
CTBYIOT  XapakTepHele ropOu
WIH BIaJUHBL

* HanowmuumM, utO }e +%= it
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Tosopat, uto dhyrryus (x) umeem 8 moure. X, -MaKcumys (uau
MUHUMYM)™, ecau dmy mouxy MOICHO OKpYxeUms MAKOE oKpecmHo-
emsro (xg—3, xy43), codepamcawedsica & npomexncymre, 2Be 3adana
PyrKgUR, 1Mo AR BCex €8 mouex X. 8LNOAHSEMCS HepaBenCImneo

F)<fx0) (am f(x)=f(x0))

Wruma C/I0BaMH, TOUKA X, ROCTaBAdET qunKunn f (%) maxca-
MyM  (MUHEMYM), ecJH sHaquue f(x,) oxasusaercs HanGOALUIMM (nau-
MEHbIIYM) u3 3HaueHuH, NpUHAMaeMHX (YHKUMEH B HEKOTOPOH (XOTA
6u Manoft) oxpeciaocm sTo# TOukH. OTMETHM, UTO CaMoe onpenene-
'HHE MaKcuMyMa (MMHHMyMa) npeanosiaraeT, 41o- QYHKUMS safaHa o
o6e CTOPOHH OT TOUKH X,. - . - , .

Ecam cymecTByeT Takaf OKDECTHOCTb, B Mpelenax KoTopo#t (nmpu
x.—,éxo) BLINO/IHAETCA CTPOTOE HEPABEHCTBO

F<fix) m f(x)>f (xo)),

TO TOBOPAT, qTo.cpyHKupm AMEeT B TOUKe X, co6cTBe HHH i Makcu-
MyM (MUHUMYM), B NPOTHBHOM Clyude — HECOGCTBEHHH A,

Ecau ¢yHKuus HMEET MAKCHMYMH B TOUKAX Xy U X;, TO, MNPHMEHAR
K IPOMEXYTKY [xo X1] 2-10 Teopemy. Betiepmrpacca [85), su-
A#M,” 4TO HAaUMEHBIUIErO CBOErO 3HAYEHHA B STOM NPOMEXyTKE (QYHKIMA
HOCTHTAeT B HEKOTODOH TOUKE Xy ME K LY XoH Xy H UMEET TaM MU H H-
MYM. AHalOrMuHO, MEKIY [HBYMS MUHAMYMamMd HENpEeMEeHHO HaHAdTCH.
MakcuMyM. B ToM mpocreftuiem (M Ha npakTuke — BaxHeRuleM) ciyuae,
Kbraa ¢yHknus HMeeT BOooOIlE NHHIb KOHEYHOE YHCJIO- MAKCHMYMOB H Ma-
HHMYMOB, OHH TOMPOCTY UYepeayioTcs.

‘BameTnM, uTO Oaf 0603HaueHus MaxcuMyMa MM MEHUMYMa cymecr-
BYeT M OGBEAMHAOUWMHE HX TEPMHH —DKCTpeMyM*™

IMocrasum sanady O POSKHICKaHMA BCEX 3HaueHMH apryMesTa, JOCTaB-+
ASOWHX  GYHKIHUA IKCTPEMYM. l'lpn pelleHnn ed OCHOBHYIO pOJn Gyaer
MrpaTh NPOM3BOLHAS.

[Mpennonoxum cHavazia, YTO AIK Q)ym(mm f(x) B npomexytxe (a, b)
CYWECTBYET KOHE4YHan DpoussopHad. Ec¢au B Touke x; QyHKuus ume-
eT SKCTPeMyM, TO, mpumeHsis R NPOMEXYTKY-(x, — 3, x0+8) 0 KOTO=
pom Gblia peus Builue, Teopemy P epma [109], sakmouaem, uto f' (x,) =
=0: B '9TOM COCTONT HeO6XOonuMOe yCJAQBHE IKCTPEMyMA, K-
CTPEMYM CJelyeT HCKaTh TOJLKO B TEX TOYKaX, I/J€ NMPOU3BOAHAA PaBe
Ha HY/IO; TaKkHe TOYKH OyNeM Ha3WBaTh CTAUHQHAPHHMU **%,

He caexyer aymarb, OOHaKO, YTO K@kfiad CTAIMOHAPHAd TOUKA HO-
craanﬂer GyHKUMR SKCTPEMYM: ~YKI3aHHOE TONBKO YTO HEOGXOAHMOE
ycnoaﬂe HE S§BAfETCS ,!IOCTaTO‘leIM. Mu meenu HarpuMmep, B 1321),,

. * [lo-71aThiHA CroBd maximum H mmxmum oaﬂaqamT «mm60m>mee» H CHap~
‘MeHbllee> (3HaueHwue),

o %% JlatHHCKOE extremum, 4TO Q3Hauaer cxpaﬂmee» (3naqeﬂne)

%5 B gux uamerienue  GYHKUMH Kak Oul (npuocraﬂasnﬂaae'rcm. CKOPOCTL
STOro H3MeHeHus [U2] oopamaerca B HYilb,
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yTO mas pyHKuuM x® npom3somHas 3x¥ obpamaercs B Hyab mpu x =0,
HO B 3TOM TOYKE (YHKUMS HE HUMEET SKCTPeMyMa: OHa BCE BpeMs BO3-
pacraer.

Ecau pacuMpuTh KaacC paccvartpuBaembix ¢yHkuui f(x) u nomy-
CTHTb, YTO B OT/JEJbHHIX TOYKAaX HBYCTOPOHHEH KOHEUHOH NPOH3BOM-
HOH He CYWEeCTBYeT, TO HE HCKJIOUEHA BO3MOXHOCTb TOrO, YTO 3KCT-
peMyM TPUAETCA Ha KaKylo-au60 W3 TaKHX TOUEK: Beldb Teopema Pepma
yTBepxaaeT paseHcTBO [ (X)==0 Jumb B NpPEeANOJOXEHHH,
YTO CYIECTBYeT IBYCTODOHHAS KOHeuHas mnpoussonaHas! Hampumep,

2

¢ynkuus x 3, oueBugHO, HMMeeT MuUHUMYM npud X ==0, B To BpeMsa KaK
B 3TOH TOUKE e€e NPOM3BOAHAs CJeBa paBHA — OO a CNpaBa - oo
[101]; TouHo Takxe B Touke x=—0 HMeeT MHHHUMYM QyHKuus |x |, x0-
TS ABYCTOPOHHEH npousBopHOK a/as Hee B 3ToH Touke Her [100]. Cae-
NOBaTENbHO, H TOYKH, B KOTOPHX HE CYWECTBYET JABYCTOPOHHEH
KOHEYHOH MpOM3BOAHOH, TAKXKE MOTYT NOCTABAATb (PYHKUUH SKCTPEMYM.
Ho, pasyMeeTcs, u B 3TOM CJAyuae TaKxe HEe MOXET OHTb rapaHTHpo-
BaHO HaJWuMe 3IKCTPEMyMa BO BCeX TakuxX Toukax. [Ipumepamm MoryT
1

5 .1
CAYKATL GYHKUMM y==x3 u y=X.sin — (C NONOJHHTEJbLHLHM yCJIO-

sueM: y=0 npu. x==0). [lepBas u3 Hux uMeeT GeCKOHEuHylO NPoOH3-
BOXHYyl0o B Touke x =0 [101], BTOpas e BOBCE HE HMEET NPOM3BOA-
HOH B 3TOH# TOuke [102, 1°], HO Touka x =0 He mOCTaBAAET 3SKCTpe-
MyMa HH TOH, HM apyroi ¢yHkuun (n6o B mobo# e& okpecrHocTH o6e
(YHKUHY NPAHUMAIOT H TOJOXKHMTENbHHE M OTPHIATENbHHE 3HAueHHs).

136. docraTtounme ycaosug. Ilepsoe mpasuao. Urak, ecaus Touxa
X, €CTb CTalMOHAapHad TouKa Aad OyHKuuM f(x) nam ecan B sTOH
TOUKE He CYIIECTBYeT AJA Hee ABYCTOPOHHEHR KOHEYHOM npousBoAHOH,
TO TOYKAa X, NPEACTaBJASeTCHd, TaK CKas3aThb JHIb «NOAO3PHTENbHOU>
Mo 3KCTPEMYMY M NOAJENKHT JajJbHERIIEMYy HCNB TaHHIO, :

DTO HCNBITAHHE COCTOMT B TPOBEPKE NOCTATOUYHH X YCJOBHH
LA CYILECTBOBAHUA SKCTPEMYMa, KOTODHE MH CeHyac YCTaHOBUM.

[Tpeanonoxum, 4YTO B HEKOTOpPO# okpecTHOCTH (X, —38, x,-}3)
TOUKH X, (no kpaltHeR Mepe, mnA X 7% X,) CYULECTBYET KOHEYHas MNpo-
n3BofHas f (X) W KaK CiAeBa OT X, TaK M CNpasa oT X, (B OTAENb-
HOCTH) COXpaHsieT onpeneneHHu# 3nak. Torna BO3MOXHH
caAeaylolMe TPU CAyuas: A

L f(x)>0 mpn x<x, u f(x)<0 npu x>x, T. e. npu3zsoo-
Haa f(X) npu nepexode uepe3 moury X, MeHAem 3HAK NANC HA MU-
nyc. B sroM cayuae, B npomexyTtke [x, —38, x,] dyuknus f(x) Bos-
pacTaer, a B NMPOMEXYTKE [X,, X,-} 8] yOusaer [182], Tak uro 3Haue-
Hue f(x,) 6yner HaunGonbmM B mpoMexyTtke [x,—8, x,4-3], T. e. B
TOUKE X, QyHKUHMA UMEET COGCTBEHHHH MaKCHMYM.
L ) <O0npux < x, u f(x)>0 npux_>x,T.e. npou3soonas
J (x) npu nepexode nepes mouky x, mensem 3HaK MUHYC Ha nA0C. B 3TOM
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CIy4yae aHaJOruyHO ybexjaemcs, 4TO B TOYKe x, (QyHKuus uMeeT col-
CTBEHHBIH MUHHUMY M. _

HL f(¥)>0 xak mpu x<{x, Tak u npu x >x, 60 xe
f (x)<0 u cnepa u cnipasa OT X, T. €., npu nepexode 4epe3 x,, f (x) He
Mmensgem 3nara. Torga gyHkuua udo BcE BpeMs BoapacTaer, auG0 BCE
BpeMst yOnBaeT; B JMo0o#t GAM30CTH OT X, C OMHOH CTOPOHB Ha#oyTCs
Toukn X, B KOTopuix f(x)<f(x,), a C Apyro#t — TOYKH X, B KOTO-
puix f(x)> f(x%,), Tak uTO B TOYKE X, HHKAKOr0 3KCTpeMymMa
HET.

Fpadmnueckas HAMOCTpalMs NPOCTEHRIINX BO3MOXHOCTEH HaHa Ha
yept. 56 a, 6, B. :

1774
¢/
k4 : 74 MUK,
N / ‘é ‘é,
! i Xy Sy
| B 5%
2~ s A
Mqh: I M{I/m !
J Z 'i'a z z ‘7'70 z
/i
4 MUK,
; . %
Y A
i i %g
I
/.L‘ NeX
withe. E
0 z Z z g
Yepr. 56.

Wtak, Mb nosnyyaeM mepBOe MPAaBHJAO ANA HCHBTAHUS <MOLO-
8DUTENLHOrO> 3HAYEHHUA X NOOCMABALR 8 npou3sodnyw f(x) crawasa
x < X, a 3amem X > X, YCMAHQBAUBAEHM 3HAK NPOU3BOOKOL 804N
om MoYKU X, CAC6Q U CNPAsa om Heé; ecAu npu IMoMm NnpoussodHas
J(x) Mensem 3naK nAKC Ha MUHYC, MO HAAUYO MAKCUMYM, ECAUL Me-
HAem 3HAK MUHYC HQ NAOC, MO — MUHUMYM; eCAU JCe 3HAKQ He
MeHsem, mo JKCmpemyma 8osce Hem.

9TO NpaBMAO TOMHOCTBIO pEWIaeT BOMPOC B TOM CJyuae, KOria
B npoMexyTKe (a, b), kak 5TO OGbUHO OLIBAeT, BCEro JHIIb KOHEUHOE
YUCMO CTAUMOHADHBIX TOYEK WJIH TOYEK, IIE OTCYTCTBYeT KOHeuHast
NpPOU3BOLHAS:

8 <yl iy < gy oo < 2, (4
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HMEHHO, TOorpa, mMpexne BCero, B MoGOoM [IPOMEXKYTKE
(al» xl): (xb xi)’ ey (xk’ xk+l)' s (xm b)

CyweCTBYET KOHeuHas mpousBoxHast f (xX) U, KPOME TOro, B KaX AOM
TakoM mnOpoMexyTke f(X)) cCoxXpaHseT MNOCTOSHHBHH
sHakK. Jledcreutensno, ecan 6 f (X) MeHsna 3HaK, HanpuMep, B npo-
MEXYTKE (X4 Xp), TO, no Teopeme ILlap6y [110], ona o6pamanace
bl B Hy/Ib B HEKOTOPOH TOUKE ME X AY X R Xp,,, YTO HEBO3MOXKHO, MO-
CKOJIBKY B Ce€ KODHM NPOM3BOAHON yxce copepkarcs B paay Touek (4).

ITocneanee sameuanne GLIBAET INO/MEBHO B HEKOTOPHX CAyuasX Ha
MpaKTHKE: 3HAK MDOM3BOLHOH f'(X) BO BCEM NPOMEXYTKE (Xp, Xpiq)
ofnpenenuTCs, €CAM BHYACAUTh 3HAayeHwe (WIX HAXKe TOJLKO YCTAHOBHTH
3HaK) €& B O L HOMH KaKo#-1m6O TOUKE STOrO NMPOMEKYTKA.

136. Tlpumepbi. 1) Halitu skcrpemymst dyHkumu f(x) = (x 4 2)* (x — 1),
E& npoussomHad Bcerma CywecTBYeT M KOHeyHa:

Fr)=2(x+2)(x— 1) +3(x 42 (x — 1) = (x + 2) (x — 1)* (5x - 4).

Kopuamn npousponHoft (CTauMOHAPHLIMM TOuKaMu) GyAyT:
0,8, x; = 1-

DTUMH 3HAYEHHAMH BECh NMPOMENKYTOK (— 00, - 0©) pa3buBaeTcA Ha CAELyIOMHE
qacTH:

(— ®, — 2)) (_ 2: —018); (_' 0y8) 1)’ (]) + w)

Ilna onpexeneHus 3HaKa NPOW3BONHON B STHX NPOMENKYTKAX MOXKHO, BOC-
NOAb30BABIIKUCH CHENAHHHIM BhHIIEe 3aMEYaHHEM, YCTAHOBMTb €r0 JIA KOHKPETHHIX
sHaueHuHl, Hanpumep, aaa — 3, — 1,0 n 2. Onpeneass 3HakyH OTAENLHRIX MHOMH-
TeleH, M BCEl MPOM3BONHOH monyyaeM CaelyiOLlNe 3HaKH:

B MPOMEXYTKE (~— ©, —2) (—)(4)(—) =+
> > =2 —-08 (HHP)=—
> > -08 1) HPHH=+
> > L+ HHH=+

Orciona ACHO, YTO NMpH x == ~—2 PyHKUMA f(Xx) UMeeT MaKCHMYM, mpu x = — 0,8
OHa MMeeT MHHMMYM, a 1IpH x = | skcTpeMyMa BoBCe HeT.

OnHako, OORIYHO MOCTYNAIT HHAaue, HE MOXCTABJAA B MPOM3BOIHYI KOHKpET-
Hux 3HaveHu#t. Hauném ¢ x = — 2. [lpousBesenre ABYX DOCIENHAX MHOXHTedel
npou3BonHo#t (x —1)* ¥ 5x 44 npu x = — 2 ¥MeeT 3HaK MHHYC, CAeXOBATElb-
HO (10 HENnpepHBHOCTH) COXpaHAeT TOT Ke 3HAK ¥ BGAM3M 3TOM TOYKM (Kak cae-
Ba, TaK M cnpaBa). MuoxuTeas e x 4 2, korga x, Bo3pacrad, NPOXONMT yepe3
SHaueHHe — 2, MEHAeT 3HAaK MHHYC Ha IMIOC, TAaK YTO MPOM3BONHAS MEHs’ET 3HaK -

4
NA0C Ha MMHYC, N QyHKUMA MMeeT MakcuMyM. [Tpu X=—"5 (n BG6au3m 3TOrO

3HayeHHdA) MepBhe 1BAa MHOMHTENd NPOM3BOLHOA MMEIOT 3HAK MMIOC; MOCAEXHHH
ke MHOXHTendb OSx 44 (a ¢ HuUM M BCA MPOW3BOXHAA) NPH MPOXOXKIEHUH uepes
3TO 3HayeHHe MeHAET 3HAaK MHHYC Ha Mmoc, PyHKuMa 34ecb uMeeT MHHUMYM. Ha-
KOHell, NpH Iepexone yepe3 3HaueHHe x = |, He TOAbKO mepBuff U TpeTu#t MHO-
XUTeNb COXPaHAIT 3HAK, HO M BTOPOH MHOXKTenb Taxkuke, n60 KBajpar BCeria
GONOXHUTENEH; IKCTPEMYMa 3[ECh HeT.
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3Ha,. OYKM X, HOCTAaBAAIOILLMeE Hamed QYHKUMH SKCTPEManbHEE 3Haye-
HMAl, J€TKO BLIYHCIUTH Temepb W CaMH 9TH 3HAYEHHS: MaKCHMYM f(—2)=0
H MHHHMYM f(— 0,8) = ~— 8,40.

Ha wepr. 57 naH rpaduxk, Hnmocrpupylomﬂﬁ J
H3MeHeHHe 3ToH GyHKuuH ¥, :
2) Hatitn skctpemyubt ynxunn f(x)=sindx - 4
-+ cos® x. Y
Beuny Toro, uro ¢yHkuusa umeer nepuon 2=, ez g(‘z‘_ ®
JOCTAaTOYHO OrPAaHMYHTHCA TeMH 3HAYEHHUAMH X, KO- 4= 2
TOphle comepikarcAd B mnpoMexyTke [0,2x]. ITpous-
BOMIHaA 9TOM (PYHKUMH CYLIECTBYET Be3le: 7 /
2
fl(x)==38sin?x - cosx—3cos?x- sinx= 1 Z_/ a1 77
=3 sin x - cos x - (sin x — cos x). 1 [
N [
Kopun npousBomHO# (CTaUHOHAPHHE TOYKH) B 3TOHM oI
cayyae 6ynyT: ¢
L 50 3n -2
0,—, & —, = (2=).
VG Ty i 9 ( ) J .
A d
ITpu nepexone yepes x =0 MHOXUTe b Sin X Me- - -
HAET 3HaK MHUHYC Ha 1JIOC, a BCA MPOM3BOJHAA Me- v
HAET 3HaK IMIOC Ha MHHYC, 60 mnociefHue MBa -4
MHOXHTENA COXpaHAT B6AM3H x =0 3HaK MUHYC; l
HaJIHLO MaKCUMyM. MHoxuteab sin x —cos x, o6pa- \ -7
L3
wapmuica B HyIb NpH X=-r, TpU mepexone ue- \J1#
pes 9Ty TOUKy MeHAeT 3HaK MHHYC Ha nmoc. To 3

xKe 6y11€T H C npOHBBOJlHOﬁ, TAaK KakK NEpBLIE JBa
MHOXHTENA T1IOJOXHUTENbHK, ClI€A0BaTelbHO, 3M€ECH qepT. 57.
6)’1161‘ MHAHUMYM. Ananornyno HCCAEAYIOTCA U OCTallb-
Hble CTallMOHApHbIe TOYKH: BCE OHH MNOOYepPENHO JNOCTaBAAIT GYHKUHH MaKCH-
MYMbl U MHUHUMYMBbL

MMoncrasaaa Mx B BbolpaxkeHHe (YHKIMH, MONYYHM CaMH MAKCHMalbHble ¥ MH-
HUMaJbHbK 3HAYEHHA: '

U
maxcumymo: f(0)=f (2n) == 1,f<12‘~> =1,f (%) =__V;22.=_._0,71’
\

MUHUMY ML f<%>=—T2-'=O,71, f(@)=—1, f(%’i)=_1_

9
’#’\J/\y%s/ﬂ{zm 1592 / 7=

a5
I N I

N N~

-~/

7

|

R
N

Yepr. 58.
Ipadux ¢ynxumu npencrasaer Ha uepr. 58 [cp. 147, 1)].
2 1

3) Haittu skcTpemyMul dyHKUMH f(X) = X% — (x2— 1)3‘

* 3pech M B CHENYIONMX APHMEPAX H3MEHEHHE QYHKUMM MBI WATIOCTPUDYEM

rpadukaMy, HO caMbiff BOMPOC O NOCTPOEHHH rpaduKkos 6YNeT 1OAPOOHO
paccMorper auwsb 8 § 3. Cm,, B yactHocty, 149, 3).
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- - Ha 3TOT pa3 KoHeYHAA oporA3BoHAA

2 4

1 2 3 3

, _2 -3 1 -3 2 (2-1) -x
f(x)—':-;‘ x "—3-(272—1) 2x=—3———1————§
2.02-1)7

CYHIECTBYET Be3Zie, MCKII0O9asA Touky x=0 m x= £ 1.

IIpn mpuOmmkeawd x K 3TAM 3HauYeHwsM (C oOeMX CTOPOH) HIpPOHM3BOAHAA CTpe-
MHUTCS K T oo,

Jia onmpenenenus KopHell Opou3BOAHONM, NPEPABHMBAEM HYJIIO €€ YHCIMTENDb; MBI

1
HaleM x = +— . HTaK, (nofo3pHTENBEHEIMAY 10 3KCTPEMYMY OyIyT TOYKH:
2
‘ 1 1
-1, -—, 0, —, +1.
Tipu x=0 (4 BOJM3U 3TOM TOYKH) THCIHATEb A BTOPOX MHEOXHUTENL 3HaMEHATEINA
1

HMEIOT 3HaK mnoc. MHoXuTENb Xe x3 3HAMCHATENIA MCHSET 3HAK MHHYC Ha oc,

1
MPOM3BOXHAA — TOXe: MEHMMYM. Ilpm x=— m (BONMH3HM) 3HAaMCHATENb COXPAHACT
2

1
3HaK Wnoc, YncnuTens ke, MMes B BUAY 3HadYeHHs X, OJH3KME K —, HEPENHIEM Tak:
2 2

T 7 1
a —xi')3 -x° ; OH o0pamaeTcs B HYJTb OpH X = —, C YMEHLIIEHHEM X — YBEJIMUMBACTCH,
2

a C YBCJNIMYEHHEM - YMEHBIIACTCH, TaK 9TO MEHsET 3HAK IUIIOC HA MHHYC, H HAJMIO
2
1 s
makcaimMyM. To xe u npu x= —— . IIpu nepexoge depe3 x=1 MBOXHETENH (x2— 1)3
2
B 3HAMEHATEINE, KOTOPhIi oOpamaercs B 3Toif Touke B HyJb, HE MEHACT 3HAKA; 9TO Xe
CHOpaBEUTMBO ¥ IS MPOH3BOMHOM, Tak 9TO mpH x=1 3Kkcrpemyma Her. To ke H npH
x=-1.

4

AT

7 N

Z . -/ J 7 2
Prc. 59.

3
HTaKk, MakCEMyMBbI f(:l:i)= VZ& 1,59, a Muammym f(0)=1.
2

I'padmk na puc. 59 [cp. 149, 4)].
4) 3aryxalomue KoneGanus IlycTs mBHXEHHME TOYRM HPOMCXOZUT NO
CIIEAYIOMEMY 3aKOHY:
s=Ae—H sin wt,
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rae s ~ OpoleHAEN myTh (OTCYATHBAEMEI OT HAYAILHOTO MOJIOXKERHs), a { — BpeMA
(OTCTHBAEMOE OT HAYaJIbHOro MoMenTa). ByZieM CYHTaTh BCe NOCTOSHEEE A, k, o,
a Taxke MEPEMCEHHYIO { — NOJIOKHUTENLHEIMA. BhiACHMM BuA rpadmka 3Toft 3aBHCH-
MOCTH; €70 HHTEPECHO COMOCTAaBHTBL C yXe 3HakoMoit Ham cmHycommo#t s=A sin wt.
Tak kak e~k >0, To, O9eBHEIRO, 06a rpad¥Ka NEPecekAIOT OCh X B OHAX M TeX XKe TOUKAX

4
t=n—(n=1,2,3,...). 3ameTnM, uT0 dynxunsa s=A sin w¢ EMeeT NONEPEMEEHO MaKCH~
w N\=
MyMBl ¥ MUHAMYMBI B TOUKAX 7= (n+—2—) — , r7ie obpalqaercsa B HyJIb €€ OPOH3BOMHAS
®
s’ = Aw cos wt. COCTaBAM NIPOM3BOAHYIO A 3amansoft dyrxmma [cp. 99, 30)):

———— w
s'=Ae~M(w.cos wt—k-sin wt)=A. a2+ kte—kt (—————— cos wt —

k
———— sin wt|.
Vw?+ k2 V 4+ k? )

BBoAs BCOOMOTaTENLHELA YIOJl @ NOA YCIOBUSIMH:

w k .
———=008p, —————=SINY,
a2+ k2 Veo? + k2

HOPEIHIIeM BEIPaKeHHe OPOU3BOAHON B BHIE
s'=A- Ywt+kte~k cos(wt+g).
Onpa obpamaercs B HyJIb B TOYKax

NN\=n ¢
t={n+=|—-—,
(n 2)&)

H TaK KaK KOCHHYC, IDOXOAs Yepe3 Hyjb, MEHSET 3HaK, TO JIETKO COOOpa3HTh, STO NIpH
3TEX 3PAYCHMAX Hamia GysKkums, Ne#CTBETE/IFHO, HMEET MAKCHMYMBI IIDH 77 YETHRIX
H MEHMMYMBI OpH 71 HeYeTHRIX. IT0 CpaBEEHHIO C CHHYCOMAOMN, MPOB30IIII0O CMEMEHH €

@
3KCTpEMAJILHLIX TOYEK BJIE€BO HA —.
w

Herpynso mpoBEpHTH, YTO BCE MAKCHMYMBI OYAYT HOJIOKHUTEJLHE!, & MAHHMYMBI
oTpUnaTenbusl. ECA BenpMHAHY 72-TO 3KCTpeMyMa 0003HaIMTh depe3 An, TO

kn

=e?®

An

An+1

s

Tak 9TO pa3sMaxu YOBIBAIOT B IeOMETPHYECKO#t IPOrpeccHw.

Tpadux (s DpOCTOro YacTHOXO Ciyuas) NpefcTaBieH Ha puc. 60. [pmwxcHue
DOJOOHOrO THNA HOCHT HA3BaHHE 3aTyXalomMero xkonebaHms. :

3aMevaHHe. B OONBIIMHECTBE NPEICTABIMIOIMXCA HA NPAKTAKE CIIy4aeB B3-
JIOXEHHOrO B NPEIBIOYIIEM n° OpaBmiIa OKa3hIBA€TCS BIONHE JOCTATOYHO JIA HCCIENO-
BaHHS (IOJO3PHTENbHEX) 3Havenni. OxEako cileayer nath cede OTIET B TOM, 9TO
MOTYT GHITB ‘CIy4aH, TI¢ OHO HENPIWIOXHMO: 3T0 Oymer Toraa, korga B moGol Oim-
30CTH OT HCHEITYEMO TOYKH COIEPXKHATCH GECKOHEYHOE MHOXKECTBO APYrHX HOJOOHEIX
XKE TOUCK, H IPOM3BONHASN HE COXPAaHAECT OOPEAEIEHHOrO 3HaKa
€ TOY# My ¢ ApYroi CTOPOHEI OT 3TOH TOYKH.

PaccmoTpeM s npuMepa GYHEKIMIO, OHPEReISeMyio paBeHCTBAMH:

f(x)=x2-sin£ (upn x=0) m f(0)=0.
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Mur yxe 3naeM, 4TO OHAa DpH x=0 HMeET DPOE3BOIHEYIO f(0)=0 {102, 2°. Omuaxo
B JoGoft 6MM30CTH OT CTAMOBAPHOH TOUKH x=( KaK cJieBa, Tak H crpasa IpOM3-
BOHAs

1 1
J(x)=2x-sin —~cos —
X X

6ECKOHEYHOE MHOXKECTBO pa3 MeHseT 3HaK. 30ech B TOYKe x=0 HEeT 3KCT peMmyma.

N Y, A
\ i \
Yo ;e [\
e / ‘\“:' II \\
TEA\\N ! & !
@ . \ /
L
3 ! 1~ ]
g -
05 Mo 3
7 ! ' A2 T
1 e
N\ Lt /
1 -7 S= 1 h
. v
)\ ! \ !
POl ! v !
- (N ! /
/ v ooy
. v o7 vog
A/ s
\
Puc. 60.

Ecmm xe onpenenuTs QyHKIMIO Tak:

fx)=x2 (l+sin%) npu x=0, f(0)=0,

TO OHA OOHapYXHBAeT TAaKYIO XK€ OCOGEHHOCTb, HO HA 3TOT pa3 mpH x=0, OYeBHAHO
6yner Mmuarmywm. Ilpasmio B o6oux ciaygasx HETPHIOKHAMO.

137. Bropoe mpaBmio. IIp pa3sbiCKaumH 3KCTPEMYMOB HCCIIENOBa-
HUE 3HaKa OPOM3BONHOH BOJHM3M HCOHITYEMOM TOYKM MOXHO 3aMEHHTH
HCCIICAOBAHMEM 3HAKA BT O p O H IPOM3BOJHOM B caMoii 3TOM Touke; Io-
KaxeM 3TO.

Wrak, mycts Gymkmus f(X) He TONBKO HMEET MPOH3BOMHYIO fx)s
OKPECTHOCTH TOYKH X,, HO ¥ BTOPYIO HpPOHM3BONHYIO B CaMOIl TOUKE X,:
S"(xo). Touka x, — crammomapsas, T. €. f'(x;)=0. Ecma f"(x))>0, To,
mo yemme n° 109, — dymxums f'(x) B Touke x=X, Bo3pacTaeT,
T. €. BOJH3H TOUKH X, cieBa f'(x)<f'(x)=0, a cmpasa f'(x)>f (%) =0.
TakeM obpasom, mpor3BomHas f”(X) MeHAET 3HAK MEHYC HA IUTIOC H, Cle-
AOBATENBHO, f(X) MMeeT B TouUKe X =X, MAHEMYM. Ecmu f"(x)<O0, To
f(x) B Touke x=x, y6bBaeT, MeHid 3HAK IUOC HA MHHYC, TaK
YTO HANMIOO MAKCHMYM.

Takum 06pasoM, MOXHO CHOPMYIHPOBAT 6MOpOe NP A8 u 40
AJI% HCIBITAHNS <IIOXO3PHTENLHOTO? 3HAYCHHS Xy HOOCMABAAEM X, 60 6MO-
pyio npoussoonyio f'(x); ecau f'(x) >0, mo Pyuxyus umeem munumym,
ecau e f"'(x)<0, mo — makcumym.
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ITO MpPABIIIO UMeET, Boobile rosops, 6oiee y3kmil Kpyr MPEMEHEHHS;
OHO, HANpPUMEP, SBHO HENPHIOKAMO K TEM TOYKAM, I/€ HE CYIIECTByeT
KOHEYHOH mepBoii mMpou3BoAHOHM (B60 TaM M pedd GBHITH He MOXET O BTO-
poi). B Tex ciydasx, Korja BTopas IpOH3BOMHAS obpaimaeTcs B HyJIb,
OPaBHJIO TaKXKe HUYEro HE JaeT. Pemenme Bompoca 3aBUCHT TOrga OT
TIOBE/ICHHs BBICIINX OPOM3BOJHLIX [CM. crlemyroummii n°].

Ecim noxenaTe OPHIOXHTL 3TO NPABIWIO K OpEMEDPY 2), TO HY>XHO BBITHCITHTH
BTOPYIO NPOH3BOAHYIO;

S7(x)=65in x cos x (cos x+sin x) - 3(sin? x+cos? x).

n 3z
Ipu x = 0(2x), 7 7, 3 HepBoe cilaraeMoe obpamaercs B Hy/Ib H 3HaK f*/(X) OpOTHBO-
ez 4
HOJIOXKEH 3HAKY f(x)=sind x +cos? x; 310 6ymer MEHYC mma x =0 2n), 7 (3mech Makcu-

3z 4 Sn
MYMBI) U IUIOC I X =7 K > (3mech MHHUMYMEI), s x = 7 " ? » BBHAY PaBeHCTBaA
sin x=cos x, f"'(x) ceemerca k 6sindx, TaKk 4TO B NEPBOY M3 3THX TOYEK 3HAK BTOpPOH
Opou3BOnHOK Oyaer mmoc (MUHAMYM), a BO BTODOt MHHYC (MaKCHMyM),

x2—~5x+6
Bor HoBbilf HDpHUMep: HaliTH 3KCIpeMyMsl yHKiMH f(X)= .

x2+1
x2-2x~—
(x2+1)?

ee XOpHH OymyT X, =1— J2=-0,41 mx,=1+ J2=2,41. Tuddepemmpyem IIPOR3BOJ-
HYIO CHOBA KAK [IPOM3BENEHHE:

IMpoussogras f'(x)=5 obpamaercd B HyJdb BMeCTe C YHCITHTEIEM;

5
f (x)=m(2x—2)+...,

OpuyYeM TOYKAMH 3aMEHEH WIEH, COAepXamMi MHOXHTENeM xI~2x—1 M HaM He

" ztsp |

Y=<zt Hsh— -
y %‘)—
J

Lz 3 Yy 5
4
. W
1
Lo
W8 64 Z 0 24 6 8 W 12 K% z
Prc. 61.

HYXHBH#, #00 114 Tex 3HAaYeHmH X, KOTOpble MBI COGHpaeMCS IOACTABIATH, OH
3aBefloMO HyIb. JIETKO BHAETS, uTO f''(x;)<0, a f"(x,) >0, clenoBaTeNBHO, 3HAYEHHE
S (x1)==7,04 ectb MaxcumyM, a f(x,) = —0,03 — .

I'padux ¢pysximm gamsa pwuc. 61 {cMm. 149, 5)).
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HakxoHen, pacCMOTPHM €INe Takyl0 3a a4y TIEOMETPHYECKOTO COJEPKAHHS:
HAalTH SKCTpPEMAJIbHEE 3HAYCHHA JUIA PAacCTOSHWA r OT JAaHHOM (Ha IUIOCKOCTH) TOYKH
P (&, ) mo To9ex M (x, y) xpusoii
(K), 3aiaHHOM CBOMM YpaBHEHHEM:
y=f(x) (pnc. 62).

BMmecto ¢yBEKDEM r MOXHO
paccMOTpeTh GYHKIHIO

e (R Ca )

roe y=f(x). IlpupaBHuBas HYIIO
IIPOU3BOAHYIO:

wy=x~-E+@-n)-y%,

BHOUM, YTO JJId TOro, 4TOOHI
Touka M (x, y) Ha xpuBoit (K)
IOCTaBJIsia 3KCTPEMyM paccTos-
HAIO r, BeOOXOAAMO BBIIQOJIHEHHE
7 Z  ycnoBms:

Puc. 62. E—x+ydn-y)=0.

WnbME criosamy, Touka P (£, ) momkHa nexaTh Ha OpAMOi
X-x+y{¥-3)=0,

IIpOBENCHHOM Yepe3 Touky M(x, y) KpHBOM MEPNEHAMKYJISADHO K KacaTelEHOHY); ee
HA3LEBAIOT HOPMaNblo K KpHBOH.

HoftycteM ke, 9ro TO9ka P(&, 77) HNEHCTBHTENBHO JIEXAT Ha HOPMAIH X KPMBOM
(K) B Touxe M(x, y); Oymer nu paccrosHme PM sxctpeMyM? Pemenue 3TOro pompoca
3aBHCHT OT 3HaKa BTOPOH DPOH3BOAHON:

up=14+y2+—1)-ya.

277
3710 BRHIpaxenue obpamaercs B HyJb (IpeAnonaras y, = 0) nunm B To9ke ¢ ¢ KOOpAH-
HaTaMH:
’ , 1+y¢ 142
S=x—yx'—Fr>s  N=Yt—F;

Yxr Yxr

IUIA Hee BOOPOC OCTaeTcs OTKpHITHIM. Touxa C OTAenser Ha HOpPMAHM Te TOYKE P,
Ut KOTOphIX '’ <0, m paccrosume PM Gyner MaXCHMYM, OT TeX TOYeK P, mns
EOTOPEX #’'>0, M 3T0 PacCTOAHME €CTb MHEHMYM. -

Boocnencrpun {243, 253] MEI yBHmMM, 9TO 374 nNOrpaBuYHasgs Touka C
Ha HOPMaJIH 3aMe¥aTelibHA BO MHOTHX OTHOIIEHMSIX.

138. Hcunonn3oBande BBICIINX DPOH3BOAHBIX. MBI BHIENH, YTO €CNH
S (x)=0u f"(x)) =0, To dynxmus f(x) AocTHTaeT B TOYKE X, MAHAMYMA;
ecimu xe f(x)=0 7 f"(xy) <0, To DyEKIHA HMEET B 3TOH TOUKE MAKCH-

1
*) Ee yrnosoi#t kodd¢mmEeET — - OOpaTeH MO BeJMYMHE ¥ [0 3HAKY YIJIOBOMY
Yx

ko3bdurmenTty y; KacaTenbHOM.
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MyM. Ciyvai, xorma u f'(xy)=0 u f"'(x)=0, GBLT ocTaBIcH HAMH Heuc-
CJIeIOBAHHEIM. _

IpenmosoxuM Teneps, 4To GyHKmms f(x) AMeeT B Touke X=X, 7 XHo-
CleNOBaTENLHBIX HPOM3BOJAHBIX, OpHYEM BCE OHHM, BIUIOTH Ho (72— 1)-#,
B 3TOH Touke oOpamialoTcs B HYJIB:

S ) =f"(x)= ... =f=Nxp) =0,

Mexay TeM Xak f(%(xg)»=0. Pasnoxum npupamerre f(x)—f(x,) ¢ynx-
IEH f(x) 0O CTemeHsM PasHOCTH X —X, o GopMyre Teiimopa c mo-
TIOJIHATENIBHBIM WIeHOM B dpopme Ileamo [124, (10a)]. Tak xak Bce mpo-
M3BOJIHbIC IOPAAKOB MEHBLIAX, Y€M 7, PABHEI B TOUKE X, HYJIO, TO

)~ o) =TI (e,

Benencteue Toro, 4to a—~0 mpu x—-x,, IpH JOCTATOYHOH GIM30CTH
X K X, 3HaK CyMMBI B wmcnuresie OyfeT coBmamaTh co 3HakoM f(Y(x,) kak
A X<Xy, TaK U 401 X >X,. PaccMoTpuM nBa ciydvas.

1°n — HeweTHOE ymcaoO: n=2k+1. Ilpu mepexone oT 3Ha-
YeHHH X, MEHBIINX, 9€M X,, K 3HAUECHHAM, GONMBIIHEM, YeM Xy, BEIDAXEHHE
(x —x,)" M3MEHHUT 3HaK Ha OOPATHBI, a TAK KAK 3HAK IIEPBOTO MHOXKHTEJIS
OpH 3TOM HE MEHSETCH, TO H 3HAK Pa3sHOCTH f(x)—f(x,) u3menutca. Ta-
KAM o6pa3oM, B Touke X, GYHKIEA f(X) HE MOXET HMETh 3KCTPEMyMa,
#00 BOIM3M 3TOH TOYKM IPUHMMAET 3HAYEHHS KaK MEHbIUWE, TaK U 60JIb-
uge, geM f(xp)-

2°n - 4eTHOe YHCIO: n=2k B 3TOM ciyyae pasHOCTH f(X)—
~f(xy) He MeHseT 3HaKa NP NMEPEXOZie OT X MEHDbUIMX, YeM X,, K OOb-
IIHM, TaK Kak (x—xo)" >0 mpu Bcex x. OueBHIHO, BOMIM3M X, KaK ClIeBa,
Tak ¥ COpaBa 3HaK Pa3sHOCTH f(x)—f(x,) COBmAaZaeT co 3HAKOM 4HCIA
SOXxp). 3maumT, ecan f)(x)) >0, To f(x)>f(x,) B6mM3U Touxu Xy, A B
TOUKe X, QYK f(x) rmmeeT (COGCTBEHHBLN) MURIMYM; eclu ke f(W(x,) <
<0, To dysxmua mMeeT (COOCTBEHHEIN) MAKCHMYM.

Otcrona momyyaeM Takoe N p aB HJI O:

Ecau nepsas us npoussoomvix, He obpawaroujuxca 6 mouxke Xx, 6 Hyav,
ecmb npou3gOOHAR HEUemHO20 NOPAOKA, GYHKYUA He umeem 6 mMOUKAx X,
HU MAKCUMYMQ, KU muHumyma. Ecau maxoii npouseoonoii A642emca npous-
600HAA YemHO20 NOPAOKA, PYHKYUA 6 MOUKe X, UMeem MaKCUMym uau
MUHUMYM, CMOMPA nO momy, 6ydem au 5ma npouzeo0HaA ompuyamevHa
UAU NOAOHCUMENLHA.

Hanpmvep, ast dyHxmmn f(x) = eX+e~X+2 cos x TOIKa x =0 ABISETCA CTALEOHAP-
HOH, TaK Kax B 3TO# TOUKe oOpamaercs B Hy/lb IPOM3BONHAS
[(X)=eX-e—X—2sin x,
Hanee:
[ ()=eX+e xX~2cosx, f”(0)=0;
[(xX)=eX~e~x+2sinx, f7(0)=0;
SV(x)=eX+e X+2cosx, fIV(0)=4.
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Tak Xak B HyJb He OoOpaTwiach HepBOM IPOM3BOAHAS Y€ THOT O HODAAKA, TO
HaJIMIO 5KCTPEMYM, 2 HMEEHO MHEHEMYM, B60 f1V(0) >0,

3aMevanne. XoTH BbBEACHHBIN BHINE KpUTEpHil pemaer Bompoc 06 3kcTpe-
MyMe B BeCbMa INHPOKOM KJacce CIY9acB, HO, TEOPSTHYECKH rOBODsi, OH BCE XK€ HE
ABIAeTcs BeeoOBeMmommEM: (yHKIMsl, He 6yNy9d TOXIECTBEHHO MOCTOSHHON, MOXET
UMETh B OKDECTHOCTH HCIBITYEMOH TOYKH NPOM3BOJHBIE BCEX MODPSAAKOB, KOTODEHIE,
OfHAKO, B 3TO# TOYKeE BCe 3apa3 OOpAMIAIOTCS B HyJlb.

B kadecTBe mpEMEpa paccMOTpEM (BMecre ¢ Komm) cienyromyio (QyHKOHIO:

1

f=e ©  (upr x=0), f©0)=0.

Hpn x=0 ona mMeer OPOH3BOJHBIC BCEX MOPANKOB:
1

1
2 -5 . 6 4\ —=
f(x)=;e  f (x)=(—-;+;)e X, .
H, BOOOIIE,

1 —
fXx)=Pn (?)'e ¥ (m=1,23,..), ©)
rae Pn(z) ects nensiit MHOTOWIEH (cTemenw 3s). B OGMHOCTH 3TOro 3axoHa JiErko ybGe-
OUTHCS IO METOAY MAaTEMATHYECKOM WHIYKUMH.

VYcranoBMM Temepb, YTO ¥ B TOUKe x=0 ans Hamel yHKUHH CYIIECTBYIOT
IPpOUM3BOAHBE BCeX HNOPSAAKOB, NHpPHYEM BCE€ pPaBHH HYNIO.
JlelCTBATENHLHO, IPEXAE BCETO,

1

-0 _x

x 1

x?
e

TaKk 4to f’'(0)=0. JomycTuM, 9TO HOKA3bIBAEMOE YTBEPKICHHUE BEPHO il BCEX MPOM3-
BOJHBIX JIO #-rO NopsAAxa BKIOUMTENbHO. Torama [cMm. (9)]

-0 mpu x-0%),

1 1
O o (E)
x - 1
ex.

-0 ompu x-0,

c
MOCKONBKY YHCIHTENb TNPEACTABISET CODOM CyMMY WIEHOB BHAA et 3uauur,
B

n fn+D0)=0. Ilo MeTomy MaTeMAaTHYeCKOH MHAYKIEH YTBEDKIEHWE OIPABJAHO
NOJIHOCTEIO.

XoTs HemOCpEeACTBEHHO SCHO, YTO AaHHas OYHKUMA Hpd x=0 HMeeT
MEHEMYM, HO YCTAHOBHTE 3TOT ()aKT C IOMOUIBIO PACCMOTPEHHAS €€ MOC/IEAOBATENLHBIX
OPOM3BOAHEIX B 3TOM TOYKE — HE YAANoCh OFI

139. Pa3pickande Hau0OJLIMAX H HAWMEHbIUAX 3HaveHuii. IlycTts
¢byaxmaa f(x) ompemeneHa M HEIpephiBHA B KOHEYHOM 3aMKHYTOM IIpo-

*) HamoMu®M, 4TO €2 IpH Z -~ + e Oyaer OeCKOHETRO OONBINON BHICIIEro HOPAAKA,
weM n1006as cremems zX, T. €.

1
[65]. 3nech ponb z urpaer = (npu x ~0).
X
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Mexyrke [a, b]. To cHX mOpP MH HHTEPECOBAIACH JIMINL €¢ MAKCEMYMAMH
¥ MEHAMYMAaMH, TEIEPh XK€ MOCTABAM BOIPOC O Pa3hICKAHWA HAa M 0 O I b-
mero HaMMEHBb I €T O U3 BCeX 3HAYCHMAI, KOTOPHIE OHA IPAHAMAET
B 3TOM IPOMEXYTke*); mo 2-if Teo-
peMe BeidiepmTpacca [85],
TakAe HanmOOoNbIINEe H BaWMEHbLILHE
3HAYEeHAS CYIMeCcTBYIOT. OCTAHOBHM- 7
c A ONpeNeIeHHOCTH HA H a -
6oNbpmeM 3HAYCHHUH.

Ecim oHO DOCTHraeTca B HEKO-
TOpoli Touke MeX IOy a u b, To

3TO OHHOBPEMEHHO OyneT omHAM !

U3 MAaKCEMyMOB (OYeBHIHO, HaH- _

6oapmEM); BO HauboJbLIee 3HAYE- ) Zz
HHAE MOXET XOCTHTAThECA H HA OTHOM Prc. 63.

H3 KOHIIOB NIPOMEXYTKa, a Wid b
(puc. 63). TakaM 06pa3oM, HYXKHO CPABHETH MEXIY COo0Oii Bce MAKCAMYMBI
¢ynxmym f(x) mee TpadauIEEle 3HaYeHHA f(@) u f(b); manbomm-
mIee M3 STHAX gHceN B OyJeT HanOoNMbIIM A3 BCeX 3HadeRdi Qynxkmma f(x)
B [a, b]. ABanoruyso pashHICKHBAeTCA W HAaWMEHbIUEe 3HAYECHHE (DYHKIHAH.
Ilycrs, HAmpEMeEp, Pa3HICKHBAIOTCA HARGONBIICe W HAUMEHbINCS 3HAYCHWA GYHK-
4

3
waH f(x) =sin® x+ cos® x BIpPOMEXKYyTRe [ e —47-: ; OBa MAKCUMyMa, PaBHHIX 1, Gonsme

3
TDaHMYHBIX 3HAYEHHH f ( - %) =f] (-47-! ) =0, cnegoparenmsHO, 1 1 6yaeT HarCONLMMM 3Ha-

gegEeM OGyHKIEM B YRa3aHHOM npoMexyTke. MummMmyM, papHEIt 0,7 ..., Gonsme
IrPAaHUYHLIX 3HQAYCHWM, TAK YTO HAMMEHBIIMAM 3HaYeHWeM Oyaer 0. A mpoMexyTxa
n 3n

iy B Ka9eCTBe HAHOONBINErO 3BAYeHHs OPHOUIOCH 651 B3aTH GONbmmii m3 asyx
n Sm
MaxcemymoB 1 ® —0,7 ..., IOCTHTAeMbIX OpH X=— B — , H00 HA KOHIAX TPHEAMAIOT-
n 3n
cq 3HavYeHHs f (Z) =07...uf (—2—) = —1, Mensmme, 9eM 1. Hamvennmee 3HageHHE

JOCTHraeTcs Ha OpaBOM KOHIE, B TO X6 BpeM#, NPH X =7, COBOANAS C MEHAMYMOM,

Ecm xenaior n3bexaTh MCCIIENOBAHAA HA MAaKCHMYyM HIH MHHMMYM, TO MOXHO
nOCTYoHTh WHaYe, HyXHO JMIIb BHYACIMTH 3HAYeHEs (GYHKIMH BO BCEX (TOAO3DH-
TENLHLIX» [0 3KCIPEMYMY TOYKAX M CPABHMTb HX C IDAHFVHEIME 3HaYeHHAME f(G) B
f(b); HamGonpmM¥e W HaWMEHbIINE W3 STHX THCE), OYCBHAHO, M OyayT HAHCONLIIAM
H HAEMEHHIAM M3 BCeX 3HaYenuit GpyHKuwy,

3
HaoprmMep, 1 NpoMeXyTEa [—% , T:_z] cpapemsaeM 3HaYeHAA f(0)=1, f (Z:-) =

1 n 3 7w 3n
L 7 *o ey -— = Py— — go, - y —
0, f(z) 1 ¢ rpaEEvYEBIME f( 4) f(4) ’ a oA OpOMEXYTKA [——4 2

*) TakaM 00pa3zoM, MEI COXpaHSeM 32 TEPMHUHOM MAKCHMYM €ro (JIOKaJLHEDD
cMucn (Ramboibmee 3HayeHMe B HENOCPEACTBEHHON OKPECTHOCTH
COOTBETCTBYIOmE! TOYKH) H OT/IHYaeM €ro OT HaHGoNnNpmero 3HAYEHHSHA
GYHEIEH BO BCEM PacCMATPHBAEMOM IMPOMEXYTKE.

To xe OTHOCATCX K MHEHMYMY B HAaHEMEHBIIEMY

3HAYEHHRIO
dyaxmEA.

19 I, M. ®uxterronsu, T. 1
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CPaBHMBAECM YHCIIA f(g-) =1, f(n)=—-1, f(-z-) =~0,7 ... C TPAaHAYELIMH 3HAYCHHIMH

f(%)=0,7 uf(.32f)=..1_

3aMeuanne. B mpuxilagHeIX 3afayax daIie BCErO BCTPEYAETCS LPOCTOM CIiIy-

yaif, KOria MeXAY a B b Oxa3HBaeTCs JHIb OFHA (MONO3PHTENHFHAN) TOUKA X .

Ecnu B 310% TOodke dyHKIHA MMeeT MakCEMyM (MHHHMYM), TO Oe3 CpaBHEHHS C rpa-

HAYHLIME 3HAYEHHSMH SCHO, 9TO0 3TO

J u 6yner Hambonemee (HauMeEHbINEE) 3Ha-

yeade GYHKIME B OPOMEXYyTKe (CM. pHC.

64). Yacto B momoCHBIX cIyJasx Oka-

/ 3pBaeTca Gojiee OPOCTEIM OPOE3BECTHE

HCClIeIOBaHAE HA MAaKCEMYM H MEHHMYM,

YeM BBHIYACIATP W CPaBHHBATh 4YacCTHHE

3HavYeHus ¢yExnEA (ocobeHHo, ecmm B

Vi COCTaB €€ BHIPAXKEHHAA BXOAAT OyKBEH-
HEIC NOCTOSHHEIE).

BaxHO mOmUepKHYTH, 9TO CKAa3amHOE

OPWIOKEMO B HOJHOMMepe ¥ K OT-

Z XPHTOMY mpoMexytky (a, b), a

o a 4 Takxe K 6 ECKOHEUYHOMY MPOMEXYTKY.

Poc. 64.

140, 3agam. W3noxwMm Teneps, B
BHAE TPHMEPOB, DAA 3aja4y H3 Dpas3HBIX
obnacreii, pelmenne KOTOPBIX IPUBOANTCA MMEHHO K PA3bICKAHMIO HAmOONBINEro MM
HaAMeHbIlero 3naveHHMs GyExkiwd. BopoueM, uame BCETO HHTEPEC HPEICTABIAIOT HE
CTONMBKO CaMM 3TH 3HAYCHHS, CKOJLKO T¢ TOYKH (Te 3HAYCHHS apryMeHTa), KOTOphie
JOCTARIAIOT BX QYHKDWH.

1) Y3 xBaapaTHOrO JIKCTA XECTH CO CTOPOHOIO 4, BHpeE3as OO yrjlaM paBHEIC XBaj-
patsl m crabasi kpasi (pac. 65), COCTABISAIOT HPAMOYTONBHYIO OTKDHITYIO KOpPOOKY.
Kak monyurs kopo6ky HanbGonpmedd BMecTH -
MocTH?

Ecnmu  cropony Bmpeaaemoro kpanpata 0603Ha-
9ATH Yepe3 X, TO O0OBeM y. KOPOOKM BBIDA3HTCS TaK:
y=x(a—-2x)?, mpudeM X W3MEHSeICH B MPOMEXyTKe

‘[0 —] Bonpoc IpEBeics K HAXOXKACHWIO HAmGONb-

Iero 3HaueHds GYHKUEH y B 3TOM IPOMEXYTKe.
Tak Kak npon3sogHas ¥’ =(@—2x) (@—6x) Mexny

a a .
On 3 HMEET CHAHCTBEHHBIH KOPEHB x=—6— » TO ybemus-

IHCh B TOM, WTO 3TO 3HAYeHHE AOCTABISET (yRKmM
MaKCEMYM, OXHOBPEMEHHO HOJyYaeM H HCKOMOe Hau-

Puc. 65.

a .
6ommee 3navenme. M mmave: npu x=—g MMEEM .

2q® .
y= ?7- s B TO BPEMA KaK I'DAHWMYHBIC SHAYCHAS Y: PABHBI 0, CJI€AOBATCIIBHO, NIPA X =~

JDeliCTBATELHO, NONYIAETCS Haubonbinee 3HAYeHAS U y.

2) Hamo 6pepno ¢ KpyrisiM cedemmeM amamerpa d. TpeOyercst ob6Tecats ero Tax,
91068 HMOnyuHiaack 6anka ¢ OpAMOYTONLHLIM CedeHMeM HaHGONbMmed mpou-
HOCTH.

Vkazarame. B coupommem MaTepua.non YCTAHABIMBAETCS, YTO NPOYHOCTH
NpAMOYTOJILHOR CalIke TPONOPmHOHANLHA. IpOoH3BeneHAIO bh?, tne b — OCHOBaHWE
OpAMOYTOJILHMEA B cegeran Gankm, a & — ero BBICOTA.
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Tak kak h*=d2—b% TO peub HpmeT O HAMGONBINEM 3HAYCHHE IS BLID2XEHHS Y=
=bht=b(d?— b?), OpEYEM (HE3ABHCMMASA HepeMeHEAs» b W3MeHseTca B OPOMEXYTKE
©, d) '

Ipomssomnas y’=d®-3b? obpamaerca B HyIb JHITD OXHAXIIEI BHYTPH 3TOrO

OpOMeXyTKa, B Touke b=-—. Bropas mpomssozHas y” = —6h<0, CIISIOBATENBHO,
B YKa3aHHOH TOUKe ,::ocmraelz:a MakCHMYM, a C HAM M HanOOoibImee 3HavYeHwe.

Tpn b-——-% 6yner h=d th-, Tak 910 d:h:b=73:]2:1. U3 puc. 66 Buano,
KaK DOCTPOUTh TpebyeMElll IPAMOYTONEHAK (IMAMETD Das/jelieH Ha TPH DABHEIE YaCTH,

B TOYKAX JENCHAS BOCCTABJIEHBI NEPICHIUKYIAPE). B CTPOMTENEHOM Jene OGLMMHO
TPEACHIBACTCA OTHOMERHE /i ¢ b =7 : 5; 3T0 M ecTh NpEOIHXEHHOE 3HAYEHTE V2£1,4 .

i3
Puc. 66. Prc. 67.

3) Boxpyr nonywiapa pajuyca r OHMCATbL IPAMOM KPYroBoOi KOBHYC HAaHMEH b-
mero o0bveMa; Opd 3TOM HPEANONATaeTcs, YTO OCHOBAHHS TmoJIymapa M KOHyca
JIEXAT B ONHOH IUTOCKOCTH M KOHNEHTPHYHBI (pHC. 67).

3fech HYXHO eme PANHOHAILHO BHIGDPATh HE3ABHCEMYIO NEPEMEHHYI0; OYCTh €10
6yner yron ¢ npm BepmmHe Komyca. IIpH 0GO3HAYEHHAX geprexa OymeM mMeTh R=

r r
=—-——, h=-——, Tag 9T0 06BEM KOHYCa

cosp ' sing
i
1 37"
’U='-—7!R2h=“——'—.
3 cos?p -sing

Jna Toro 91061 00HLEM v HMENI HaMMEHbIIEE 3HAa9€HHE, OYEBHIHO, HYXKHO,
9TOOHI BHIDAXEHME y=COS?(Sin@, CTOSImEE B 3HaMeHaTeNe, NONYSTHIO CBOE Ha M-

4
Gonpmee 3HaucHWE, OPH MIMEHEHHA @ B NPOMEXYTKE (0, 5) . Umeem
, . 1
Yo=—2cosp-sin?p+cos’p=2 cosdp E—tg’(p H

7 1. 1
Mexay Onatrponsnop;ﬂax obpamaercs B HyJIb ML OPA tgq‘)n—2—, @=arctg —

Vz
(470 oTBewaer 35°15'52”), Menss OIpH 3TOM 3HAK IUIOC HA MHHYC. OTOT YroJd JOCTaB-
JIsIeT BHIPAXKEHHWIO Y HamOOJbINee 3HAYEHHE, 2 OOBEMYy ¥ — HAEMEHbINEE,

19
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4) I'pys Beca G, Nexani Ha rOPA3OHTAJIBHON IUIOCKOCTH, HOJIKEH OBITH CHpH-
HYT OPWIOKEHHOH K HeMy CWION (puc. 68). Ilox xakWM YIjIOM K FOPH30HTY - NpH
HAMYEY TPEHUS — HAMJIEXHT OPIIIOKHATH 3TY CRIY, 4TO-
6n BenHuYHHA ec F Ona mamMersbmet ? Ko-
shdumuenT TpeHUs x4 JaH.

Vikaszanme. TpeAHe cCyMTaeTCi OPONOPHAOHANEB-
HBIM CHJE, OPIKHMAIOmie# TeJI0 K IUIOCKOCTH (3aKOH
KynoHa), X HampaBleHO HOPOTHB ABWXEHUS. MHOXH-
Telb MPONOPUHOHAIBHOCTH 4 M eCTh ko3¢ dHumenT Tpe-
HAA.

OnpenemeM cmwiy F, KOTOpas COOTBETCTBYeT [JaH-

Puc. 68. HOMY yrily 0. Pa3naras ee mo rOpH30HTAJIFHOMY H BEPTH-

KaJbHOMY HANpAaBIEeHAsSM, NOJYIAM JUIS COCTABJISTEOIIMX

penmaunsl F-cos 8 u F-sin 6. Cwia, OpmyuMalomas Tejl0 K IUIOCKOCTH, Oymer G-

— F.sin 8, Tax 4ro, Mo 3axoHy Kynoma, Tpemme R=pu(G— F-sin 0); ropusoHTanb-

Hag cocraBsromas F-cos 0 TsAymelt cunnl F kak pa3 ¥ AO/DKHA YPaBHOBEINABATE €T0
TpeHue:

\II]"““_"!!.IEIII‘ a
RN

F-cos0=u+-(G—F-sin 8),
OTKyHa
G
F=————“—,— .
cos §+usin 0

Peys HueT O Pa3biCKaHMK HAMMEHBII €T O 3HAYCHAS 3TOH QyHKIEH — HIH
Han6Gonbpmero 3HaYeHus QyHKIMH y=cos 6+usin 6 — npm w3MeHeHwmH 6 B mpo-

MeXYTKE [0, —;—] . IpoumsBozmas yj = cos 8 —sin 8 obpamaercs B HyJb, eclnH tg0=p

Wi 6 =arctg &; 3TOT YroJ 6 Ha3KIBAETCA (YIJIOM TpeHns», Tak kak yyi= —usin 6 —cosf <
<0, TO OpAJATaTh CHIY IO YIIIOM TPEHHS OKa3biBaeTcs Hanbolee BHIoAHO. Hamprmep,
€CJIE BYXHO CHBHHYTH KaMeHb MO NEPEBAHHOMY HACTHIY, TO 4= 0,4 m 6=22°.

5) MI3BecTHO, YTO CTOMMOCTD IUTABAHHA CYAHA B TEYCHWE 7aca BHIPAXAETCA B pyo-
nIX 3MOEpHYECKOYd dopMyaol a+bv®, rne a m b — NOCTOAHHEIE, KOTOPHIE
JOJDKHEI OHITh YCTAHORJICHH! OTHENBHO JUI KaXJOr0 CyAHA, 2 ¥ — CKOPOCTh CyAHA
B yanax (ysen= 1,85 xatfuac)*). IIpn KaKoi CKOPOCTH («GKOHOMHAYECKOH») CYAHO HOKPOET
mo6oe paccTosH¥e C HAUMEHbBIIHMH 3aTpaTaMa?

1
Ha noxkpsiTHe 1 kM DOTpebyeTcs —— 4aca, COOTBETCTBYIOIIME 3aTPATH! BHIPA3AT-
ca GopMyJoi 1,850

1 @b (bvz+“
1,850 T 185 v

a ’
IIpHpaBAUBaHMS HYJIIO IPOM3BOAHYIO BEIDAXEHHA y=bv2+; , TONy4nM yg=2bv—
a a 'y 2a
—;;=0, OTEYJa v= %" Tax xax y.,-=2b+v—a>0, TO NPH HAWACHHOM 3HAYCHUH ¥

3aTpaTHl JEHCTBATENBHO NOCTHIAIOT HAHAMEHbII e i BEIAYHHBL

3
Ypcnernsii npamep: a=40, b=0,01, v=12000=12,6 (y3nos).

*) B 3r0#t QOopMysne NOCTOsAHHAA YaCTh PacXofa a OTHOCHTCH K aMODTH3AUHMH H
K COJEPXAHHIO KOMAH/EI, 3 BTOPOY WIeH bv® — K CTOMMOCTH TOIUTHBA.
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6) IlycTe anexTpHdeckas JIaMOOYKA MOXET HEPeIBHTAaThCA (HanpAMep, Ha Gnoke)
00 BEPTHKAIGLHOM mpsaMolt OB (puc. 69). Ha xakOM DacCTOSHHMH OT TOPH3OHTAILHOMU
mnockocts OA ee clielyer NOMECTETB, 9T00BI B TOUKE A 3TOM IUIOCKOCTH MOJYyYATH
HAaHEGONBMY OCBEMEHHOCTH?
Vkazanmme. OcBemerHOCTh J HpONOpuioOHANbHA Sin@ B 06paTHO MPONOPHHKO-
HaJbHa KBaApaTy paccrosuus r=AB, T. e.
Jec sin g

r’

G
%ﬁ_

THAC ¢ 3aBUCHT OT CMJIb] CBETA JIAMIIOYKH.
Ecnmu 3a HE3aBUCHMYIO M€PEMEHHYIO BhI-
6pate h= OB, 10

/

h A ~
Siﬂ¢=-—-, r= Wl’+az g \\\
r i \\
1 .
H ”i . ¢Z\
J=¢r—o—ou—r—  (0<h ). A
CGErapn OTht)
Hanee, npou3pogaas Puc. 69.
at—2h2
Jh=Commm——
(h2+a%)%/2

a
ofpamaerca B HyIb OpHE h=-—=-0,7g, MEHAA 3HaK OPH HEPEXOAC Yepe3 3TO 3HAUCHHG
2

C IUIIOCA HA MEHYC. DTO H €CTh HAWBRITOJHEHIIEe paCCTOsSHHE.
MoxHO BHOpATh 32 HE3AaBECUMYIO NEPEMEHHYIO YTOJI ; TOTAa

a c .
r= sy J=-—-cos?psinp,
cosQ a?

¥ IO CBOAMTCA K PA3bICKAHHIO HAWOONBIIEro 3HAYCHHSA JUIA (DyHKUMH y=cos?e sin¢@
n

B IPOMEXYTKE (0, E) . Ho Mzt yxe 3aaeM [cM. 3agavy 3)], 4T0 3T0 HaOONBIIEe 3HAYCHHE

JOCTETaeTCA IpPH YIIE @, IIA
1

KOTOPOTO tg @y =—. [l paccros-
2

HUA h TONydacM NpeKHEe 3HAUC~
a
HHE g 18Py =—r.

7) U3 Touxa A, Haxopsmieica

HA JXeJIe3HOAOPOKHOM MarucTpaim

AB (pmuc. 70), rpy3oBoif NOTOK

Hampapisgerca B To4ky C, oTcToOs-

myio Ha paccrosmme CB=1 ot

Prc. 70. JoHaE  kee3Ho# goporn. Crom-

MOCTh IPOBO3a BECOBOU EHMHUIIL

HA ¢[JMHALY PACCTOSHHAA €CTh & — IO JKejIe3HOM Jopore u § ~ IpH IyXeBol TpaHCIOp-

TapoBke. K kako#t Touke M cnenyer mposectd mocce MC, 97005 mpoBO3 Ipy3a H3 A

B C (mo mmuamr AMC) 6uIn BO3MOXHO Aemeniie?

IIpm 0603HaYCHASX 9ePTEKAa CTOMMOCTH MPOBO3a BECOBOH €AVMHMUL! IDy3a — IpPH

HIPON3BOJILHOM IOJIOKEHIA TOUKE M — OKasbIBaeTCA paBHOH

y=o(d-x)+BYx2+# (Osx=<d).
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Hmeéem
x X2+ [2 ( Xt ) ( ﬂ) )

Ecmu k=1 (a==f), T0 3T0 BBIpaXKeHHE COXPAHAET 3HAK MAHYC, He o6 pamasacs
BOBCe B HYNnb. Pymxnma y yOnieaer ¢ Bo3pacTaHueM x OT 0 A0 d W, OYEBHIHO,
HOCTHATAET CBOEI0 HAWMEHBLINErO 3HAYCHHA Npu X=d. B 3TOM ciiyuyae Bcero BHIrOpHEe
HAYMHATD MOCCEe HENOCPEACTBEHHO Y TOYKH A.

To xe cupasennuso 1 npu k < 1, €CIIH TONBLKO OAHOBPEMEHHO

ki
'Vl — k2
HeiicrButensdo, npu k<1 BoipaxeHue

=d.

x

—k
Vxt+ 12

HMMEET €MHCTBCHHEIH KOPEHD
kl .

1-&2

Ho npu cAenaHAOM NpEeIUONOXEeHHH 3TOT KOPSHb OKa3bIBaecTCA JIeXKam¥M BHE J0O-
OYCTEMOTIO JUIsl X IPOMEXYTKa W3MEHEHHs (WIM Ha KOHIIE €ro), TaK YTO BHYTPH NpOMeE-
KYTKa OPOM3BOJHAA Y OKA3EIBAETCA OTPHIATEILHOM.

Jlmme B TOM Cilygae, ecind YOOMSHYTHIM KOPEHBb 6y[eT <d, 3TO 3HAYEHHE X Ompe-
HelisieT NOJIOXCHHS TOYRA M Me xRy A # B, npa KOTOPOM PacxOAsl IO IEPEBO3KE
OyayT HaEMEHBIIMMA.

3amMevanne. Ilone3yeMca ciaysaeM OOpaTuUTL BHMMAHHC YMTATENA HA Clie-
nyromee obcrosTenserBo. IlpE pasbicKaHEM HAWOONBLINEro WM HAAMEHBINEIO 3HAYC-
HEA GYBKUFH I ONPENENEHHOrO0 OpPOMEXYTRA M3MEHEHHS ApPryMEHTA JIETKO MOXET
OEAa3aTkCs, YTO BHYTPH 3TOrO MPOMEKYTKA BOBCE HET KOPHE MPOM3BOAHON (AN APYTHX
(WORO3PHUTENBHLIX) 3HAYCHAN). DTO CBHACTE/LCTBYET O TOM, 9TO B PACCMAaTPHBAEMOM
IpoMexyTKe QYHKIMS OKa3LIBAETCA MOHOTOHHO BO3pacTalomell mmi yOsiBaromel m,
CIIGNOBATENLHO, MOCTHTAET KAk HAamOGONbBINErO, TaK W HAMMEHBINETO CBOETO 3HAYECHHSA
Ha KOHIAX OpOMEXYTEKA.

B nocnenneit 3agave OpE OOpeiEIEHHBIX COOTHOMEBHAX MEXAY BXONAIMMH B HEE
BEIIMYMHEAMA KaK pa3 U OCYINIECTBIIACTCH NOAOOHOE NONTOKEHHE.

§ 2. Bomyximte (M Borayrsic) $pyHKImuH

141. Ounpenenenne Bemykiol (Bormytod) ¢ymxumm. Ilocne kxnacca
MOHOTOHHBEIX QYHKIHH, BO3pacTaOMmMHUX W4 yOHBAXMHAX,
BEIICIIACTCS KJIACC TaK HA3BIBACMBIX BBHINYKJI B X HIK BOTLHYTH X

Dynuxyua f(x), onpedesennas u Henpepovi6HAA 8 NPOMENCYMKE

*), Hasvigaemca GwvinyK a0l (sbinykaoii 6 Hu3), ecau 048 ar06vix
mouek x; u X, u3 X (x; = x,) 6bINOAHAEMCA HEPABEHCMBO

S + gox) <qy - f () + gy - f(x), m

*) 3nech Z cHopa Moxer 6bITH 3aMKHYTHIM ITH HET, KOHCUHLIM H1H GEeCKOHEUHBIM,
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KaKogwl 6bl Hu GblAU. NOAONHCUMEAbHbIE YuCAd G % g, 6 cymme oaiowjue edu-

Huyy. DYHKYUR HA3bI8aAeMcsa 8 0.2HY m o il (ebmyic/zou 6eepx), ecau
— emecmo (1) — umeem®)

J(@X, + pxy) =g, - (%) + 43 - f(35). (1a)

OueBnnpo, 9T0, €CIA q)ymtmm S(x) BemyKna (Bormyra), To (yHKIHS

~ f(x) oxa3sbBaercsa BormyTo# (BEmIyKNIOH), m HaoGopor. DTo mpocToe

3aMEYaHuC NO3BOJIAT HAM BO MHOTHMX CJTy4asX OIPaHAYHBATLCS H3YYCHHEM
JIMLIL BBIOYKJIBIX (yHKDMIA.

IIpusenernoe ompenesicHHe BHIMYKION (QYHKIMA HMeET HPOCTOM reo-
MeTpudeckdit cMeIC. ITpexne BCEro OTMETHM, YTO BHIPAXEHHE

X=qX+qXs (X <Xp), ¥))
NIPH HAJIOKCHHLIX HA ¢, U ¢, YCIIOBHSAX, CONCPRATCS MEXAY X; M Xy; 00-
PaTHO, KaXI0€ THCIIO X, KOTOPOE CONEPRHATCS MEXIY X W Xp, MOXCT
OBITH €JMHCTBEHHBIM 00pa3oM IPENCTABICHO B YKa3aHHOW dopMe, C. Ko-
s dunreRTAMEI

¥
_Xp—X .
By
H ‘ (2a)
X=X :
%= Xp—xg '
Ecrm  paccMoTpers rpaduk
byaxmm f(x) (puc. 71) m ero myry
MEXIY TOIKaMH ' z
A, y) B Ayx, p), o0& ook

rae y,=f(x), y,=f(x,), T0 B Je- Pac. 71.

Bo#t vactu mepaserncTBa (1) — npum

Koaq)q)lmuerrrax (2a) — MH mMeeM opmma'ry Touku 4 myru A, A4, ¢ aGe-

muccoil x. B mpasoif ke 4acTH 9TOro HEPABEHCTBA CTOHT opmma"ra TOUKH

B xopam A4, v : 4
- Ta

y=2Zy 4+ 0y, €

Xp=x7 1t xp—xy

¢ Toil xe abcumccod. TakuM obpasoM, éwnykaasn @dynkyus xapax-:
mepusyemcs mem, umo 6ce mouku aroboi dyzu ee 2paguxa sexcam no o

*) IonsTrAe BRMYKIOHK (BorHyTOH) dyEKIER GbUIO BReneHO M eHCEHOM {Jd. L.
W. V. Jensen), KOTODHIt HCXOQWN, OJHAKO, M3 GONee YaCTHOT O COOTHOMCHHS,
geM (1) [wm (1a)], amenso:

f(n + xz) SO+ ) |
2 2 ’
=)

1
OHO OTBEYAET ql-qz—2 B ciyqae genpepHBHBX O¢ysxiuli, KOTODEIME MBE]

OrpaHHIHBACMCs, €ro ONPEACNCHAC PABHOCHIFHO NAHHOMY B TEKCTE,
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coomeemcmesyioweii x0pooii uau ua wueil. (B ciysae BorEy T o it dyHk-
LHH BMECTO <«IOJl» CIeN0BaJ0 OLI CKa3aTh «Haly.) OMHOBPEMEHHO C CaMoik
dysxumest f(x) BHIDNYKNOo¥ (BOrmyToi) HA3HBAIOT H KPHBYIO
y=f(x).

TpUBHANLHEIM HPEMEPOM BHIIYKIION (M — ONHOBPEMEHHO — BOrByTOH) (yHKIHE
CIYXuT NHHeHEas ¢ymkmma f(x)=ax+b: mm Hee cootHOmerMe (1) BHIOMHI-
CTCS BCCTIa CO 3HAKOM D 2 BEeH C T B 2. Brmykiol dyuxknmel Gyaer m dymxnus f(x) =
=x%, 9TO JIerko NPOBEPHTH HENOCPEACTBEHHO IO OUPE/EIIEHHIO:

(@11 +42%0)% = guxX3 + @33 + @1 G (%1 — X502 < gy 32 + g2,

e ¢y, ¢,>0, ¢;+qg,=1. [Ipyrae npaMepsl BBITYKIBIX ¢yBxkumit yaTatens malizer
HAXKE.

142. Ilpocreiimme npel/IokeHHs 0 BRNYKJIBIX (yHKimsx. 1°, ITpous-
sedenue 6binykAoil PYHKYUU HA NONOHCUMENSHYIO NOCMOAHHYIO ecmb Gbi-
nykaasa @yHKyus. _

2°. Cymma 08yX uAu HecKOAbKUX GbINYKABIX GYHKyuil moxce evIinyKad.

B obomx ciyyasx moKa3aTeIbCTBO Cpa3sy HONYYAETCA M3 ONpene-
JIeHUs.

3amevanue. Ilponssenenne OBYX BRITYKIBIX (YHKIHH MOXET He
OKa3aThbes BEUTYKNOH ¢ynkmmedt. [Ipmmep ToMy Gyzmer man Hmke (B CHOCKE
Ha crp. 300). \

" 3° Ecau o(u) ecms 6bINYKAAA U NPUMOM 603DACMAIOUAACA HYHKYuA,
a u=f(x) maxsce evinykaa, mo u caoxcras Pynkyun (f(x)) 6ydem evi-
nyKaoti.

AelicTBUTENBHO, BBHAY BRIIyKIOCTH f [cM. (1)] B Bo3pacTaHms ¢ HMeeM

P(f(@rx,+ goxp))<p(qy - (%) + 4, - f(X),

4 B CIITY BHITYKJIOCTH @ HOCJIe/THEE BRPAXEHAE HE MPEBOCXOIMT ¢, ¢( f(%,)) +
+45-@(f(x,)), TaKk 9TO OKOHYATENHLHO MOJYYAEM HEPABEHCTBO

P(fgrx; + g2x0)) <1 - 9(f(x)) + g @(f(x2),

koTopoe M IpelCTaBisieT coboit cooTHomenue TEma (1) ans ¢ymkumn
?(f(x))-

IIpeuiaraeM 4uTaTemo J0Ka3aTh AHAJOTMYHLIE YTBEPXKIECHHS, COIED-
Xammiecs B TaGnume:

P() | u=/&) | o(f()
evinykaa, ybvieaem 8oeHyma evinyKaa
602Hyma, éo3pacmaem 602Hyma 602HymMa

goz2Hyma, ybvisaem evinyKaa 6oenymq
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4°. Ecau y=f(x) u x=g(y) cymv 00HO3HaHuHbIE 63aUMHO obpamuble YHK-
yuu (8 cOOmeemMcmeyIowWUx nPOMENCYmMKax), Mo 0OHOBPEMEHHO

J16) | £0)
gvinykaa, eospacmaem eozHyma, eo3pacmaem
evinykaa, ybvieaem evinykaa, ybvieaem
602Hyma, ybvieaem e8oz2Hyma, ybvieaem

ITycTe, HamprEMeED, B IEPBOH CTPOKE H3 IIPEAIOIOKEHHS OTHOCUTEILHO |
MBI XOTAM BHIBECTH 32KJIIOYEHAE OTHOCHTENBHO g. ITonoxum

fGD=y, [f(x)=y,, TAK T0 x;=g(1), Xp,=8()n).
VimeeM, mo ocHOBHOMY HepaBeHCTBY (1)
S@x + @ex)<qy - f(x) + g - f () =11 + 4o 15«

Tax kax, mo TeopeMe 06 obpatHo#t dynxmum [83], dymxuusa g(y) Taxxe
OyneT Bo3pacraromeii, To

@i+ % y)=8(f(g1%: + 92%)) = 9, - 8(¥) + 42 - (),

9TO H JOKa3bIBaeT BOrEYTOCTE Qyurmun g [cMm. (1a)] *).

5°. Buinykaaa e npomexncymke & dynkyun f(x), omauunans om nocmosn-
Hoil, He Moxcem Oocmuzamb HauboAbw ez0 3HAUEHUA GHYMP U
IMo2o npomexcymxa.

HonycraM ODpPOTHBHOE: IyCTh (D)YHKIHMS AOCTHTaeT HambOonbimero 3ma-
YeHHA BO BHYTPEHHEH ToYKe X, MpoMexXyTka. Tax kKak GyHKNMSA OTIHIHA
OT NOCTOSIHHOM, TO 3Ty TOYKY MOXHO 3aKIIOTUTL B TAKOH IPOMEXKYTOK
(1, xp):

Xy < Xo <Xz,

9TO0BI XOTh HA2 OJHOM H3 KOHIOB 3HaueHHe QYHKIHHK OLLIO CTPOro MeHb-
1e, 9eM B TOUKE X,. ITycTh, CKaxeM,

FO)<f(xg),  fx)=<f(xp).

Ilonaras x,=q,x, + goX,, YMHOXAM 00c 9aCTH HepBOro HEPABEHCTBA HA
g;, a BTOPOIO Ha ¢, U CIOXHM. MEI moiryasM
g1 f(x1) + g3« F5) < f (%) = flqu Xy + 42%0),

9YTO NPOTHBOPEYHT BBIIYKJIOCTH GYHXIHH f. ODTHM Halle YTBEPXICHHUE
IOKa3aHo.

6°. Ecau npomencymok [x;, X,], 20e x; < X, , cO0epHcUmca 6 npomexncymse
X, 6 komopom Ppynxyus f(x) evinyxaa, mo coomrnouwerue (1) evtnosnsaemesn
Aubo ecezoa co 3HAKOM paseHcmea, Aubo 6cezoda Co 3HAKOM He-
pasencmea.

Bos3Bpamasce k¥ o6o3madcHEaM puC. 71, reOMETpPHICCKH 3TO MOXKHO
BHIDA3ATH Tak: dyzea A, A, aubo caueaemca c xopool AA,, aubo e
(3a uckaouenuem KoHyos) 6 ¢ A sexwcum no o Xopooil.

*) Bee chopmynupoBaHHEIe B Tab/IMIe yTBEPKICHAS OUYCBHIHEI B3 YEpTEXKa,
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Hna 10Ka3’aTeNbCTBA PAcCMOTPHM JHEE B Y 0 ¢ymxnuio (3), xo-
Topas B TOYKAaX X, H X, NPUHMMAET Te Xe 3HAUCHHSA, ITO H Qyaxmud f(x);
IUIS KpaTKoCTH 0603Ha9uM 3Ty GyHKIuio Yepe3 /(x). Pa3nocts

¢(x)=7(x) - I(x) = f(x) + [- A=),

BBHOY BBIOIYKIOCTH ¢ysxnmit f u —/, Toxe Gymer Bemykioi [2°]. Torma
6o ¢(x)=0 B mpoMexyTke [x;, X,], 1uGo 3Toro HeT. B mepBoM ciryuae
f(x)=Kx) B 3TOM NpOMeXyTKe, T. €. JAyra CJHBA€TCH C XOPIOii,
H cooTHouIcHEXE (1) BBIIOJHACTCA BCeEerjJXa CO 3HAKOM DPaBEHCTBA. Bo
BTOPOM CJIy4a€ BO BCEM NPOMEXKYTKe (X, X,) HOIKHO GHITE @(x) <0, ubo,
ecmu OBl QYHKIHMS ¢ NPUHAMAJIA B TOM IPOMEXYTKE ¥ HEOTPUUATEIbHbIE
3HAYEHHAs], TO OHA JocTHranga Obl CBOEro HaWOOJBLICTO B HPOMEXYTKE
[x;, x,] 3HaYeHMss BHY TP M 3TOro MPOMEXYTKA, YTO VIS OTJIAYHOMN OT
IOCTOAHHOM BBIIYKJIOM (yHKUME HeBo3MoxHO [5°]. WTaxk, BHyTpH npo-
MexXyTka f(x)<I(x), kpuBas JICKAT O OJ XOpAOH, M cooTHowenue (1)
BBIIIOJIHACTCA BCEF Ja CO 3HAKOM HEPABCHCTBA. -

Ecau 0an 106020 npomexmcymra [x, X,), X;<X,, codeprucauezoca
6 X, coomnowenue (1) evinosnaemca co 3HaKom HepaseHcmea, mvi Gydem
dynxyuro f(x) nasvieamv cmpozo 6vinyKA0ii. AHAIOIHIHO YCTa-
HaBJIABACTCA MOHATHE CTPOFro BOTHYTOH ¢yHkuumu. OTa TepMHu-
HOJIOTHSI HPUMEHAETCA OJJHOBPEMEHHO M K KpHBOii y =1(x).

143. Ycnopus memyksoctn dymximu. YuatbiBag (2) u (2a), MOXHO
OCHOBHOE HepaBeHCTBO (1) mepemncaTs Tak:

S)=

. xlf(x1)+ L S(xp)

X
Xg = X Xo—= X1

wm — 0ojiee CHUMMETPHIHO —

(%3 = %) (xp) + (6 ~ %) f() + (x — %) f(x) =O0. @
Hakomen, 3Ty ycioBue MOXET OHITH 3aIMCAHO M C INOMOMIBIO OIpeme-
JMTeNns:
g 1 x o flx)
' 1 x  f() |=0. ®)
1 x  f(x)
i Bo Bcex cimyvasix mpeamoJlaraeTcs, 4To X
g1 COICPKUTCA MEXKIOY X, H X,; IJIA oIpere-

JICHHOCTH OyAeM BHpeOb CYATATH X;<Xp.
3aMeTHM, IIONYTHO, YTO YCJIOBHE BBHITYKJIO-
ctd ysxupa B dopme (5) momydaeT He-
IOCPEICTBEHHOE T'€OMETPHYSCKOE MCTOJKOBAaHME, €CIM BCIOMHHMTB, YTO
HANWCAHHLIM OIpEE/IUTENb BHIpAKAET YOBOCHEYIO Iutomanps AA,AA4,
(puc. 72) ¢ T30 COM HMMEHHO TOTJa, KOTAAa TPEYrOJbHAK II O JI O X K-
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TEeJIbHO OPHEHTHPOBaH, T. €. mepuMmeTp ero A4, —A4 — A, ONHUCHBAECTCA
OpPOTHB 9aCOBOM CTpEJIKH.

OtMeruM 0co60, 9TO, ecau peus udem 0 Cmpo 2ot evinyKiocmu,
MO 60 6CEX IMUX YCAOBUAX 3HAK PABEHCMEA OOAXHCEH Obimb UCKAIOYEH.

VnobHble [ OpOBEPKH YCJOBHS BHLIOYKIOCTH ¢ymkmun f(x) moiy-
JaJOTCH, €CJIM HpHUBJIEYb €¢ MPOU3BOJIHBIC.

Teopema 1. Ilycmv dynxyus f(x) onpedesena u Henpepvieha 6 npome-
scymxe X u umeem 6 Hem KOHeuHyio npou3eoonyio f'(x). Jas mozo, umobe
f(x) 6vira evinyraoit 6 &, Heobxodumo u docmamouno, umobsl ee npous-
eoonas f'(x) eospacmaaa (8 wupoxom cmoicae).

Heob6xoaunMocTh. Ilycrs ¢ynxmua f(x) Bemykma. Ipemmona-
ras x, <X-<Xx,, IpenuanIeM yciosse (4) B BAAE:

fD-fG)_fo)-f@ ©

X=Xy X=X

Ecia Temepb YCTPEMHTB 3/1€Ch X K X; WM K X, TO B IIPENEse, COOTBET-
CTBEHHO, MOJIYIUM :

Frlg LT (7a)
H
- *
Flap=LESB) ), (76)

otkyna f'(x)<f"(x,), Tak gro dyHxnus f’'(x) NCHCTBHTECALHO OKa3HIBACT-
¢Sl BO3PACTAONICH (B MAPOKOM CMEICIE).

HocTaTedHOCTbH. JIIpemoNoXAM TeOeph BRUIOJHCHHAE 3TOrO
mocNeAHero ycnoBms. Jlusd Joka3aTelbCcTBa HEpaBeHCTBA (6) IPHMEHAM
K Kaxmoi u3 ero gacteil popMysTy KoHCUIHBIX mpupaimenni [112]

X=Xy Xo— X

f(x) —f(xl) =fl(§]) f(xz) _'f(x) =f,(62)’

npuaeM X, <&, <x <&, <Xx,. Tak kak, no npemnonoxenmto, f'(§)<f"(5),
To cooTHOomeHHE (6), NEHCTBHATENHLHO, HMEET MECTO, 4 H3 HEIO MOXKHO
BOCCTAHOBHTBL COOTHOmeRHe (4), 06ycioBIHBalONIee BEITYKIOCTh GyHKIMHA
f&).

Teopema 2. ITycmv gynxyus f(x) onpedesena u HenpepbigHa 6émecme
co ceoeii npouseodnoii f'(x) ¢ npomescymxe X u umeem 6HYmMpu Hezo
KoHeunylo emopyio npouseodnyio f''(x). [Haa ewnyksocmu @ynxyuu f(x)
6 & Heobxodumo u docmamouro, umobsi e Hy mpu X 6bi10

f(x)=0. ®

B cBa3u ¢ mpempimyinei TEOpeMOH, JOCTATOYHO NPHMEHHTH K bynk-
mma f'(x) Teopemy 2 n° 132.

%) B mATepecax MOCHEAYIOIEro MOMYEPKHEM, 4TO TpH BLBOAE HepapeHCTB (7a)
¥ (76) mcmons30BaHO OBUI0O TOJNBKO CYMECTBOBAHHE HPOW3BOAHOM, COOTBETCT-
BEHHO, B TOUKE Xy WA X, .
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Hs1st BOrBYTOCTH QYHKIMH 2HAJIOTMYHO IIOY4AeTCS YCIOBHE

S(x)=0. G

Taxum o6pasomM, TpeGosanme
S"x)=0 (<0) ®

3aBEJOMO 00ecHedMBaeT CTPOTYIO BBUIYKIOCTh (BOTHYTOCTD), M60
HCKJIFOYAET BO3MOXHOCTL sl yHKOMH f(X) OBLITL NMHEHHOH B KAaKOM ObI
To HH 6bLTO IpoMexyTKe [142, 6°].

Teneps cpasy ofnerdaercst mocTpocHHe JI0GOr0 4MC/A DPEMEPOB KAK BEINYKIBIX,
TaK ¥ BOTHYTBIX GyHKIMHA:

1) @ynximst a* (a>0, a=1) ABNACTCH BHIDYKIOH B MPOMERYTKE (= o0, + o),
TaK Kak (aX)”=ag*-(In @)2>0;

1
2) dyukuma Inx BorHyTa B mpomexyrke (0, +), u60 (In x)”= — —;<0
[cp. 142, 4°7; x

1
3) pna dyskumM x-Inx (B TOM Xe MPOMEXYTKE) BTOpas OpoWsBogHas — >0,
M GYHKIMA BHINYKJIa; X

4) nnst GyHKIMHE X7 (B TOM K€ IPOMEXYTKE) BTOPAsi IPOM3BOIHAA paBHA r(r—1)xr—2
OTCIO/Ia BHAHO, YTO NPk 7> 10 r< 0 GyHKumMA BHIDYKkNa, anpu0<r<1 BOTHY T a*),
U T. A

Bo Bcex 3THX npuMepax (aXTHYECKH HMena MeCTO CTPOTas BBOYKIOCTh MM
BOTHYTOCTb.

B 3akmodeHue, MbI YKaXeM €IIC OJHY BaXHYIO TI€OMETPHYECKYIO
XapakTepUCTHKY BbIIykiod ¢ynxuum f(x). IIpy 3ToM, BMECTO X O p I H
y rpapuka Qymkmmu y=f(x), Ko-

TOPYI0 MBI DPacCMATpUBAIHA B
n° 141, 3gech MBI mpHBIEYEM
K PACCMOTPEHHIO Kaca Te€ JIb-
HY0 B nro6oit Touke rpadura

(puc. 73).
Teopema 3. ITycms gynxyus
f(x) onpedesena u menpepvisna
z 8 npomexcymrke X u umeem
0 Lo 8 HeM KOHEUHYI0 NpOU3EOOHYIO
Puc. 73. f'(x). Han evinykaocmu dynxyuu
f(x) neob6xo0umo u docmamouno,
umobul ee epaghux ecesmu mouxkamu sexcanr Ha d 060l ceoeii KacamenHol

(uau ua neii).

Heob6xonumocts. Kacatenmsnas k kpmBoit y=f(x) B Touke
Ag(xo, f(xp)) EMeeT yrioBoit kodddunuent f'(x,). YpaBsenue xacaTesb-
HOM HamuineTcs Tak:

7 .Z,Tf(‘zo)

Y =1(xp) +f'(x)(x — X¢).

*) STOT DpEMEp NaeT BO3MOXHOCTh — HONYTHO — IOKa3aTb, 4TO DpoM3BeJicHHe
ABYX BBINYKIBIX GYHKIWE MOXET He OBITh BHIYKION (yHKImeH; Tak, QyEkupa - xl/s
BB Y K2, BTOBPEMA KAK ¢¢ KBAJPAT, T. ©. QYHKIHS ¥%/3 OKA3BIBACTCS BOTHY T O ¥,
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Hamexur nokasaTs, 4To BEIIYKJIOCTb (GYHKIHMH f(x) BiedeT, [is JTHO6BIX
TOYeK X, M X U3 X, HEPaBEHCTBO

J)=f(x0) + 1 (x)(x — X,). (10)

OHO pPaBHOCWIILHO IBYM TaKUM

f’(xo)s’f(x—)i(x-"—) oI X=X, (11a)

X=X,

f’(xo)zf(%_—fx(ox“) s x<x, (116)
a 9TH HEPaBEHCTBA COBIAMAIOT, COOTBETCTBEHHO, C HEpaBEHCTBaMH (7a)
1 (70), HOJY4eHHBIMU DPH [OKA3aTeILCTBE TeopeMsl 1 (MMeHHO B mpen-
HOJI0XCHME BBIMYKJIOCTH (QYHKOHMM), €CIH B IEPBOM H3 HAX IOJOXHTE
Xy =X, X, =Xy, @ BO BTOPOM Xy=X,, X; =X.

HocraTtodsHocTh. IlpenmonoxmM, HA0GOPOT, 4TO BEHIIOJIHAET-
csi mepasencrso (10) wm — 9ro To xe —~ HepaBenctBa (1la) u (116).
Torma mo HMM MOXHO BOCCTaHOBUTH HepaBeHcTBa (7a) u (76), oTkynda
crenyet, 4To f'(x)=<f'(x,), Tak 9ro mpousBomuas f’(x) Oymer Bo3pacraro-
we# ¢Qyskuueir. OTo Ke, B CBOIO Ovepenb, Kak MBI 3HaeM (teopema 1)
BJICYET 34 CoOOM BBITYKIOCTE (PyHKOUH f(X).

3ameuyanue. ObpauiaeM BHUMAHHE YHTATENS HA TO, YTO (HAKTH-
YeCKH (CM. CHOCKY Ha CTp. 299) HeoO6XOLMMOCTb HepaBeHCTBA
(10) ~ s HaHHOT O X, H NPOU3BOJIBHOIO X% X, — [JOKAa3aHA B Hpe]-
HOJIOXKEHHUN JIMIIB CYIIECTBOBAHHS HPOU3BOAHOM f'(X,) B caMoit Touke X,.

144. Hepasencrso Hencena u ero mpunosxenns. COrJIaCHO OOpEHENICHAIO BBINYK JIOH
¢yaxkunn [cm. (1)}, umeem

Slava+ax)=<a-f(x)+q,-f (x).
(91,9:>0; g1 +q.=1)

MoxHO HOKa3aTh, YTO I BRIYKIIOH QYHKIMU HMeeT MecTo Goree obIee HEPaBEeHCTRO
(XOTOpOE CBS3LIBAIOT C MMeHEM M e HC e H a):

Sl +aoxa+ oo+ anxn)<qy - f () + G f(X)+ . o+ gn-f(xn) (12)
G- n>0; 1 +...+qu=1)
KaKOBEI OBl HH GELTH 3HAYEHHS Xy, X, - - -, Xn B3 OCHOBHOTO mpoMexyTka L. s n=2

OHO, KaK MBI 3HaeM, BEPHO; AONYCTHB Tefepb, YTO OHO BEPHO HJIS KaKOro-Iubo HaTy-
PaJIBHOTO YHCI/IA 1=2, IOKaXEM, YTO OHO BEPHO W Mis n+ 1, T. €. YTO, B3sB n+ 1 3Haue-

HHHA Xy, « .« «y Xny Xnyy B3 & vn+ 1 n0MOXATENBHBIX YUCEIL Gy, » « +5 G5 Gri43, CYMMA KOTOPBIX
paBHa eguHAILE, OYIeM UMETh

fl@xi+ - -+ gnxntanprXnt D<qi S+ - .- +qn )+ @nyy - f(ny).  (13)

C sToit nenbIo, 3aMEHHM ClieBa CyMMY ABYX IOCIEOHHX CIAT2EMBIX nXn+qnyXn+1

OJHHM CJIaracMbIM
gn qn41
(gn+an4) ( Xn+ xn+1) ;
qn+dqn4q qn+dn4,
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9TO HacT BO3MOXHOCTH BOCHOJL30BATECS HEPaBEeHCTBOM (12) M YCTAHOBHTB, YTO BEIpa-
xenwe B (13) cneBa He MPEBOCXOAHMT CYMMEL

qn qn+
41'f(x1)+'--+(¢1n+‘1n+1)'f[ Xn+ - xn+1) .
dn+dni1 an+an+,

Ocraercsl JMIb NMPUMEHWTh K 3HAYEHMrO (GYHKIMA B HOCICOHEM CJIAra€MOM OCHOB-
Hoe HepaBeHCTBO (1), arobu1 npuATH K (13). TaxnM 06pa3soM — 1O MeTOOy MaTeMaTu-
YeCKOH MHAYKIME ~ BepaBeHCTBO (12) HOMHOCTBIO OUpaBIaHO.

O6b1vHO, BMECTO MHOXATENEH g7, CYMMa KOTOPHIX PaBHA €IMHMIE, BBOIAT HPOM3-
BOJIBHEIE ITOJIOXKHATENBHBIE 9ncia p;. Ilomaras B HepaBeBCTBE (il)

P
T

(Zpixi) Zpi-f(xy)
fl— |=———.
Zp; Zpi
B ciaysae sorEyTo# OyHxumE f, OMEBHOHO, 3HAK HEPABCHCTBA HYXHO H3MEHHTD
Ha OOpaTHBIH. .
Bribnpas pasmaHeIME cioco6aMB GYEKIWIO f, MOXHO MOJNY9aTh BaXKHBIE KOHKpET-
HBIC HEPaBERCTBA — J IOPATOM BCe H3 OFHOrO Mcroymwka! IlpmBemeM npuMep bl
1) Hycts f(x)=xk, rne x>0, k>1 (Buinyknas o¢ysxnus). NveeMm
(zpixi)k Zpix!
=
Zpi Zpi

DpPUBEAEM €ro K BHAY
‘ (12%)

(Zpixdk<(Zp)k—1. Zppk.
K

k=1
3amensist 30eck p; Ha b; , a x; Ha

, TIDUJIEM K YK€ M3BECTHOMY HAaM HepaBeH-
k—1
bi
crey Komn —Tenbgaepa

1 BLIRY e §
Ea,b,-s{i‘af}k . {Ebf_l }
fcp. 133 (5)).
2) Monaras f(x)=Inx, rne x>0 (Boruyras OGYHKIHAA), OIYIHM
Epi-lll Xi Zpix,-
—_—Ina
Zpi Zp;

OTtcrona, MOTEHIHPYs, TIPHAEM TOXKE K yKe BCTPEYaBIIEMYCS HEPABEHCTBY

1

S cy. ¥
(<
Zp;
[cp. 133 ().

3) Hakoren, Bo3bMeM f(x)=x-Inx, roe x>0 (Beinyknas dysxums). Torna

OKaXeTcs, 4TO
Zppx;  Zppxy ZppxpIn x;
— =
Zpi  Zpi Zpi

*) HanmogoGue Toro, kax X O3Ha4YaeT CyMMY, 3HAK ] O3Ha4aer mp oM 3-
BEeNEHHE.
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VYMHOXas Ha Zp; ¥ NOTEHIMPYs, NONYyYHM HEPaBEHCTBO

s .
§€5f5< { 11 x{’m} DR
2pi

1
B wacTHOCTH, IONOXUB 31€Ch p;=— , OYAEM HMETh
Xj

—=<VI.
2 —

Xi

Ecma pacnpocTpaluTh HOHATHE CPEAHETO TapMOHHYECKOTO¥) Ha ciyyail
HECKOJIbKMX 4HCel, TO HCPABEHCTBO 3TO MOXHO COPMYJINPOBATHL TaK: cpednee 2apMo-
HuuecKoe pAOA HOAVIICUIMEAbHBIX YUCEA HE NPesocxodum UX cpednezo 2eomempuveckozo.

145. Touxu nepermba. IIpu noctpoenmu rpaduxoB Gymkumit (demy
OyleT MOCBsIUEH CIEAYIOUMA maparpad), OPEACTABISIOT HHTEPEC, TAK
Ha3plBagMble, TOYKH Hepernba kpusoil y=f(x).

Touxy M(x,, f(x,)) kpusoii nazvisaiom ee mowukoii nepezuba,
ecau oHa omoessem y4acmox Kpueoii, ede dynkyus f(x) evinyxaa (evi-
nyKAa 6Hu3), om yuacmka, 20e sma @GyHkyus eoznyma (8vinyxaa ééepx)
(puc. 74).

e e ettt i et et e 2

7]
Puc. 74.

Eciii 1IpeAnosoXuTh, 4TO B PACCMATPYBAEMOM IIPOMEXYTKE (QyHKIUA
J(x) mveeT xoHEUHYI0 IPOM3BOMHYIO, TO 3TA NMPOM3BOMHAA, 110 TEOPEME
2, BO3pacTaeT B HEKOTOPOH OKPECTHOCTH [, — 0§, X,] cneBa oT x, u y 6bIBaeT
B OKPeCTHOCTH [Xx,, X,+ 0] cupaza, unu naoGopoT — yOLIBAaeT cileBa H
BO3pACTacT Crpasa. B nepsoM cimyuae f'(x) UMeeT mpU X =X, MAKCHMYM,
4 BO BTOPOM — MHHEUMYM. ECIv JOIYCTUTH elle CYyLIECTBOBaHME KOHEHU-
HOM BTOpO# mpoussomAcH f"(¥) XOTH OB TONBKO NPH X=X,
70 HeobxommMmo f'(x,) =0 (cp. 134].

3710 ycmoBue f(x,)=0 HUrpaeT TaKyro Xe POJb B OTHOUICHHU TOYEK
meperuba, kakyro Hrpajo yciosue f'(x,)=0 Opu pa3sbIiCKaHHH 3KCTpe-
MyMoB ¢yaxmad f(x): oHo He0O6XODHMO, HO HE HOCTATOYHO.

*) CM. cuocky Ha crp. 74.



304 TJL. 1IV. HCCJIIEAOBAHVIE ®VHKIIMN C IIOMOMBIO ITPOU3BOIHEIX [145

B mocnennmem nerko ybemurthcs Ha mpuMepe — mycTh f(x)=x4i, Torma
JS"(x)=12x*=0 B mpomexyTKe (— =, + ), TAK 9T0, IO TeopeMe 2, (pyHK-
s f(X) BHIIyKJIa BO BC€M 3TOM IPOMEXYTKe, XoTa f'(x) obpamaercs
B HYJIL B Touke x=0.

Ecna Bropas mpowssomnas f''(X) CymmecTBYeT Be3ie BHYTDH paccMa-
TPHBAEeMOro MPOMEXYTKA, To aGCIECCH ToYek mepernba CleoyeT MCKAaTh
Cpemd KOopHeH 3Toit mpousBoaHod. Ho KaXIplii KOPeHb X, HOIJIEXHT
HCHHTAaHHIO. IIycTh B HEKOTODBIX OKPECTHOCTAX [Xy— 8, Xx,) H (%5
X, + 0] cnesa u cpasa oT X, Npou3BoaHasd f’(X) COXpaHAeT ompe-
JdenenHBd 3Hak. Torma mud pacmo3HaBaHAS TOYKH mnepern6a
MOXHO [aTh TaKO€ JIPABHUJIO: ecau npu nepexode uepe3 3HaueHue
X = Xy npoussoonasn f''(x) menaem 3nax, mo Hasuyo nepe2ub, ecau xce 3Haxa
He menaem, mo nepezuba nem [cp. 135]. .

OTMETHEM, YTO NP 3TOM Ha YYaCTKaX KPHUBOHM, OTHEJICHHBIX TOYKOM
(%0, /(xy)), KpHBasi OKA3KIBAETCA C TP O T O BBUIYKJOH HA OJHOM H C T P O-
T 0 BOTHYTOM Ha IpYroM.

PaccMoTpum, mis mpuMepa, dyskipmo f(x)=sin x; mus see f”’(x)= —sin x o6pa-
MAeTCA B HYJIb B TOUKaX x=kn (k — menoe), Meusis NpHd 3TOM 3Hak. Ciemo-
BaTeNbHO, BCEe TOYKH CHHYCOHJBI, JEXAIIHE HA OCH X, SBISIOTCA TOUKAMH IICpermda;
JIETKO BUAETH, YTO B IPOMEXYTKaxX (2m — 1 7, 2mn) CEHYCOMAA BHIIYK/IA (BBIOYK/IA BHM3),
a B IpOMeXyTKax (2mmn, 2m+ 1n) oHa BOTHYTa (BHIIYKIIA BBEPX).

Moxuo Oputo GBI, KaKk MBI 3TO cfenaid B n° 138 mpu pa3biCKaHHH
SKCTPEMYMOB (DYHKIMM, OPUBJCYL Y BBHICIINE NPOU3BOMHEIE B HCIBITYEMOM
TOYKE X,, AJIA KOoTopoi# f'/(xg)=0. TakuM IyTeM moJiy4yaeTcs IpaBUIIO:
ecau nepeas u3 npoussooHvx (8viule 6Mopoz0 nNOpAOKA), He obpawarowuxcAa
6 MouKe X, 6 Hyab, eCmb NPOU3BOOHAA HEUemHO20 NOpAOKA, MO HAAUYO
nepe2ub; ecau e maxoii NPou3BOOHON AEAAEMCA NPOU3EOOHAA UYEMHO20
nopaodka, mo nepezuba Hem.

B 3axiroyeHme, yKaXeM 3aMedaTelIbHOE CBOMCTBO KpHMBOH y=f(X)
OTHOCHTENBHO KacaTeJIbHOM K Hel B Todke mepermba (ecnu Takas Kaca-
TEIbHAS CYMIECTBYET): KPUBAA NEPexooum ¢ 3moit mouke ¢ 00HOil CMOPOHb
KacameavHoli Ha Opy2yio, m. e. KpUBAA U KACAMENbHAA 63QUMHO nepecexaiom-
cAa (cM. puc. 74).

JTo 06CTOATENBLCTBO OYECBHIHO, €CJIA KacaTelNbHAsd BepTHKalbHA (CP.
puc. 43, a u 6). ObpaTuMcs K CIy4al0 HAKJIOHHOK HJIM I'OPH30HTAJILHOM
KAcaTeJILHOM, pe/IIoJIaras CyleCTBOBAHNE KOHETHOH IPOM3BOIHOR f(Xy)-
HomycTuM Ijist ONPeENEHBOCTH, YTO JIEBEE TOUKH meperuba, i x, — =
<X <Xy, KpHBas BBLUIYKJa, a NpaBee, UL X,<X<<X,+ 0, KpUBas BOTHYTa
(3To oTBeyaeT puc. 74, 6). B 3TOM ciydae YCTaHOBHEM, YTO IS X <X,
KpHUBas JICKUT Ha J KacaTeNbHOH (MM Ha Heif), a i1 x>x, — OOXA.
KacaTeJbHOU (WIH Ha Heil), T. €. 4To

SX)=f(x) +f (x)(x—x,), ecmm  x<x,

JX)=f(xg) +f (x)(x~Xp), ecmum  x>Xx,.
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Ho mepBoe u3 3THX HepaBeHCTB coBmamaeT C HepaseHcTBoM (10) [143)
(cmemyer uMeTh B BHOYy 3aMedYaHme, TaM Xe). Btopoe ects ananor
HepaBeHCTBa (10) AN BOTHYTo ¥ dyHkuuu.

3amMeuyaHue. Yacto UMEHHO 3TO CBOMCTBO KpUBOH NpPHHHMAIOT
MpOCTO 3a ompenesienue TO4KH mepermb6a. Takoe ompemedenue
BOBCe HC PpDAaBHOCHIBHO QNaHHOMY Bhime. Kpusas
TIpEXIe BCErO MOXKET He MMETb KacaTeNbHOH B TOuYke meperuba, Tak yTo
BTOPOC OIIPELIICHAE OKAXKETCS HEMPHIOKMMEIM. MOXET CllyqnThCH 06paT-
HOC! KpHBasl MEPECEKAeT KACATENbHYIO B TOYKE, KOTOpas HE OTHEIAET
BLIMYKJIOrO y4acTka KpHBOH OT BOTHYTOrO, H IEPBOE ONpEIEiICHHE He-
TPUJIOKHMO. TakoBEl KpHBBIE Ha DHC. 43, ¢ H 2; HO HHTEPECHEE KpHUBas

y=x5 (1 +sin? i) npu x =0, y=0 npu x=0, koTopas B Hauae KOOpIUHAT

KacaeTCd OCH X M TIEPECEKACT ee; 3HeCh CYIIECTBYET Aae HENMpepLIBHASA
BTOpas MPOM3BOMHASN, HO OHAa OECYHCIIEHHOE MHOXECTBO Pa3 MEHSET 3HAK
BOJTH3U TOUKH X =0 Kak cJeBa, TaK U CIIpaBa OT Hee.

§ 3. IMocrpoenne rpamxos yHKnmii

146. ITocranoBka 3amaun. Bo BceopyxuH MeTomoB nuddepernuann-
HOT'0 HCHHCIICHHS BEPHEMCS K BOIIPOCY O TOCTPOCHUH rpad HK O B
Gyuxnuii [cp. 47). IycTe cHavana TpedyeTcs MOCTPOHTH IpaduK He-
TPEPEIBHOM B KOHEYHOM TpPOMEXYTKe [a, b] QyHKkuun y = f(x). Tlpu atom
CeifYac OCHOBHOM IENBIO NI HAC ABIACTCA BOIMONCHO MOUHAA xapak-
MEPUCIUKA €aM020 X00a U3 MeHeHU A PYHKYuU; TOUHOCTb OTHIE)b-
HBIX OPAMHAT HHTEPECYET HAC B MEHbIICH CTENEHH .

OOGBIMHO TIPHMEHSAEMBIii IPHEM TIOCTPOCHHUS (IO TOYKAM> [47], B3aTeIM
Gosiee MM MeHee IycTO, HO CAY4aHHO M 6e3 OTHOLICHHS K (Heus-
BECTHBIM Hanepel) OCOGEHHOCTAM Trpaduka, HempuroneH. OH Ipex e
BCEro TPeOyeT BBMHCIEHHS GOJIBLIOTO YUCTA KOOPIMHAT, YTO 1T PakKTH-
Y€ CKHU HeynobHo. Ho rmaBHoe B ADYroM: oH HENPHTOZEH II PHHI HU-
THaNbHO, IOTOMYy YTO HMEHHO BBHIY CIYYAHHOCTH BBIYHMCIISEMEIX
OPIMHAT OH BCE XK€ HE O0ECIEYMBAET NOCTIDKEHHS NOCTABJICHHON ILEITH.

Ilpennosnoxum Teneps, yto Gpynkuus y = f(x) Boobme mmeeT KOHEYHYIO
NPOH3BONHYIO }' = f(X); HCKIIOYEHHE MOXET MPENCTABHTLCH JIMIIb B KO-
HEYHOM MHCJI€ OTAEIbHBIX TOYEK, Ilie IPON3BOJHAA OKA3BIBAETCS 6 € C K O-
HEYHOH — ONpENCNIEHHOTO 3HAKA WIIH PasHbIX 3HAKOB CIIPAaBa M ClIeBa.
Torna MeTomb! AHGdepeRImATEHOrO HCUHCIIEHHS HAIOT BO3MOKHOCTE ycra-
HOBUTB HEKOTOPOE YHCJIO «OIIOPHBIX» TOYEK, XA PAKTEPHBIX HM € H-
HO N1 HNaHHOTO rpadHukKka, IO KOTOPHIM rpaduk CTPOHUTCS
YX€ ¢ DOCTATOYHOM TOYHOCTBLIO.

IIpexzie Beero, MbI MMeeM 371€Ch B BHAY MOBOPOTHBIE TO YK U
rpaguKa, T. e. BEpIIMHBI ero rop6OB M BIAJWH, OTBEYAFOIIHE 3KCTpe-
ManbHbLIM 3HaueHnsM bynxkuun [134 —138]). Bmpouem, k num crenyeT

20 I, M. ®uxtenronsn, . [
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IPHCOEMHMTL BCE BOOOIIE TOYKH, IIe KacaTeslbHAs IOPH30HTAIBHA MM
BEPTHKAJIbHA, JaXe €CJIH OHU HE OTBEYAIOT SKCTpeMyMaM dyHkiwn. Pasy-
Me€TCs, JOJDKHE OBITh OTMEUEHE! ¥ KOHIH IpaduKa.

Korna ynoMsHyTHIe TOJBKO YTO TOYKH HAHECEHHI HA YE€PTEX (4 UHCIIO
UX OOBIMHO HEBENMKO), ITOTO, COGCTBEHHO, YK€ HOCTATOTHO [UIS TOCTPOE-
BHs rpaduka.

ITocrpoennbiii momo6GHEIM 06pa3oM rpaduk yke IOBOJBLHO MOJIHO
OTOGpaXxaeT Xof H3MCHEHHS (YHKIHM, TOYHO OTMEYas MPOMEXYTKH ee
BO3pacTanusi W YOLIBaHHS, a TaKkKe TOYKH, IJI€ CKOPOCTh H3MEHEHHs
byskumn mamaer mo Hyas (' =0) wiM Bo3pacTaeT 10 GECKOHEUHOCTH
(' =t=).

MoXHO HOCTHTHYTb NaJIbHEMIIEr0 YTOYHEHHsS Ipaduka, €CIIH Y4ecTh
€r0 BBINYKJIOCTH (BBIYKJIOCTh BHH3) MM BOTHYTOCTb (BH-
IYKJIOCTh BBEPX) HA OTHAENBHBIX YYACTKAX H MOJIOKEHHE OTAEHSIOLIMX HX
Touek nmeperuba [143, 145)].

147. Cxema mocrpoenns rpaduxa. Ilpumepni. Wrtak, mycts dyHKmus
y=f(x) B paccMaTpuBacMOM mpoMexyTke [a, b] mBaxmel muddepenuu-
pyéMa, MCKIFO4asi OTAEHbHHE TOYKH, B KOTOPBHIX IPOU3BoAHAA J' =f'(x)
mMeeT GECKOHEYHOE 3HAYeHHE, OIPE/ENIEHROro 3Haka ¢ 06eHX CTOPOH MM
Pa3HBIX 3HAKOB CIIpaBa U CJICBa.

Torna nns moctpoeHust rpaduka GYHKUHE y=f(X) HAIJIEKHT BBHOIOI-
HHTDb CIICAYIOLICE:

1) ompenenuts 3HaueHMA X, OIS KOTOPBIX NpOHM3BOAHAS ' =f'(x)
paBHa HYJIO MM OECKOHEYHOCTH, M TOABEPIHYTh MX HCCICIOBAHWIO HA
3KCTPEMYM;

2) ompeneNuTh 3HAYEHMA X, MAIA KOTOPHIX BTOpas IIPOM3BOLHAS y'' =
=f"'(X) paBHa Hy.IlO, H DOIBEPIHYTH MX HCCIICTOBAHAIO HA EPETHG;

3) BLMHCIHTH 3HaueHHs camoii GYHKIEH y=f(X), OTBEHAKOIIME BCEM
3THM 3HAYCHHSIM X, & TAKXe KOHIAM 4 B b paccMaTpHBaeMOro IpOMEXKYTKa.

PesynbraTel ynoGHO pPacHojOXHTh B BANe TaOmMImBI [cM. HEXe mpH-
Mephl], ¢ HENPEMEHHBIM YKa3aHWEM OCOOGEHHOCTH BBHMUHCICHHON
TOYKM Tpaduka: mMaxcumym, munumym, ' =0, y' = + o« WM — e, J'= t
HIH F «*), nepeaub. ‘

WHorna x HAa3BaHHBIM TOYKaM rpaduka MpH XeJaHWM IPHCOETHUHAIOT
€Il M HEKOTOPHIE APYIue, HAPUMED, TOYKH IlepeceueHrs rpaduka ¢ oCIMH.

ITocne HaHeceHHst HAa 4YePTEX BCEX BLIMMCIEHHBIX TOYEK uYepe3 HHX
TIPOBOASAT CaMblii rpadHK, yIATHBAS MPU 3TOM BCE YIOMSHYTEIE HX O C O-
6eHHOCTH.

Mbvi umeem 6 6udy, koneuro, 0ObIuHbLE 6 NPAKMUKeE NOCMPOEHUA 2PAPUK08
cayuaii, K020a nepean npoussooHas obpawaemes 6 0 (WA B + «) uau 6mopas
npouseoonan obpawaemcsa ¢ 0 — Auwb 6 KOHEUYHOM Hucae MOYeK.

*) Tak MBI yCiIOBHO GyaeM OTMedaTh TOT (AKT, 4TO HPOU3BONHAS CNiEBA eCTh + oo,
a chpaBa — o, WA HA060POT.
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Toraa B npoMeXyTKax MEXIYy HMMH rpaduk HAET BCe BpeMs BBEpPX HJIH
BCEe BpeMs BHHU3, a TaKxKe OKa3bIBAETCS BBIIYKJIbIM, BHA3 WJIM BBEDX.

Boruucienns W TPOBeJieHHE KPHBOM ympolaloTcs, ecnu (YHKIHUS He
H3MEHSET CBOEro 3HAYEHHs IPU M3MEHEHUHM 3Haka x (deTHas oGyHk-
L), TAKYTO TPAaP UK CHMMETPHYEH OTHOCHTEJIBLHO BEPp-
THKaAaNlbHOHU OCH. AHAJIOTHYHYIO YCIYTY MOXCET OKa3aThb U CHU M-
METpPHS OTHOCHUTEJbHO Havyajga KOOpPIAHHAT, KoTopas
AHATHTHYECKH BHIPAXaeTCsl B TOM, 4TO (QyHKIMS IpH M3MEHEHUH 3HAaKa X
TAKKe JIHUIL MEHsIET 3Hak (HedyeTHa st GyHKIus).

IMMpumeps. 1) B 136, 2) MBI yXe ucclienoBanu MoBeicHUE (GYHKUNH
y=sin3 x+ cos3 x;

C IOMOIUEIO €€ NPOM3BONHON Mbl YCTAHOBWIM 3HAYEHHUS X, JOCTABISIOIUME (YHKIHH
3KCTPEMYMBI, & TaKXe BBIMHCIWIM M CaMH 3KCTpeMalbHble 3HaYeHHs GyHkuwmu. Ilpu
3TOM, BBHAY IEPHOOMYHOCTH (PYHKLHH, MBI OrPaHUYMIIACH NPOMeXyTKoM [0, 27] uzme-
HeEds x. I'paduk (QYHKIHM TakXe AOCTAaTOYHO MOCTPOMTH M 3TOrO HPOMEXYTKA.

Tenepb HaM HYXHO HAWTH KOpHM BTOpOW npoussoamoii. Eciu mpeactaBuTh ee
B BHzeE

9 2
V= 3 (sin x+cos x) (sin 2x- —3—) s

3n
TO JIErKO BUAETb, YTO TIEPBBHIA MHOXMTENb B cKoOkax oOpainaercs B 0 mpu x=z =

7
=236 u Tné 5,50, a BTOpolt — mpH x-=0,36 (21°), 1,21 (69°), 3,51 (201°) u 4,35 (249°);

BO BCEX CJIyyasix 3HaK y’' MEHSETCs, TAK YTO HAIMIOO meper uo.
CocTaBnseM TaGMiLy:

x=0 0,36 0,78 1,21 1,57 2,36 3,14 3,51 3,94 435
|

y=1 0,86 0,71 0,86 1 0 -1 —0,86 {—0,71 —0,86
=0 = ’ =0 =0 =0
fmkc. nepeaub }:‘m,‘. nepeau Jﬁakc. nepeaut }:uun. nepe2ub | Loxe. nepezu6
x=4,71 5,50 6,28

y=—1 0 1 ITo 3to#t Tabnvue W WOCTPOCH Trpaduk,

n306paxeHHbId Ha puc. 58.
3amMevuanue. UYnrarenb HOMKEH HMETh

¥'=0 B BHAY, YTO IPUBOAUMBIE B KHHMIC YECPTEXH,

Mun nepez2ud y'=0 wmaxc.
) BBUAY Manoro MacmTaGa, HEe NOJIHOCTBIO HC-

MOJIL3YIOT T€ TOYHbIE NAHHBIE, KOTODPBIE IOJIY-
4eHBI BBIYMCIICHMEM. PeKOMeHAyeTcs MOBTOPHTH ITH 4YCpTEXM B GoNpmoM Macmrabe.
2) PaccMOTpHM (GyHKIMEO

y=sin x+sin 2x.

OHa He TOJBLKO NMEPUOAVYHA, HO ¥ He4 e THa. JTO TIO3BOJIET COKPATHTSH €lile Mpo-
MeXYTOK H3MEHeHHs X, cBeas ero k [0, ).
B 3TOM npoMexyTke NIPOH3BONHAS

Y =c0s x+2¢cos2x=4 cos® x+cos x -2
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-1+ j3
obpawaerca B 0, ecmit cos x=—8V— , T. €. 1pi x:"-0,94 (54°) u 2,57 (147°). Taxk
Kak BTOpas NPOH3BOAHAA
y'’= —sin x—4sin 2x = —sin x(1+ 8 cos x)

NpH NEPBOM H3 3THX 3HAYCHHI, OYE€BHIHO, OTPHIATCIbHA, TO OHA AOCTABNAET (QYHKUMH
MaKCHMYM; aHAIIOTHYHO, IIPH BTOPOM 3HAYCHHH MMEEM MMHHMYM.

Cama BrOpas npousBogHas obpaiaercs 8 0 BMecte ¢ sinx npu x =0 win x=n=3,14,
a TaKXe BMeCTe C MHOXHTENEM B ckoOkax npu x==1,70 (97°) — BO Bcex ciiyyasx MeHsAs
3HaK (meperu®).

Tabnuua:
x=0 0,94 1,70 2,09 2,57 3,14
y=0 1,76 0,74 (] -0,37 0
nepeaub ¥ =0 maxc. nepeeut A V' =0 s, nepezub

2
K yka3aHHBIM BBILIC 3HAYEHHUSIM X MbI ONPUCOCTHHUIIY 31ECh CLUC 3HAUCHUE X = ? =

22,09 (120°), npu xoropom y=0 (rpaduk mepecekaer ochb x). I'paduk, mocTpoeHHbIH

4

110 3THM TOYKaM, u300paxkeH Ha puc. 75, s npomexyTtka [—z, 0] oH moiyyaercs
IBOMHBIM NEPEKITABIBAHHEM. BOKPYT OCH Y, a 3aTEM — BOKDYT OCH X.

148. Beckoneunbie paspuiBbl, GECKOHEYHBIH NPOMEXYTOK. ACHMOTOTHL
ITose3no pacumpuTs KMacc paccMaTpUBAeMEIX (GYHKIMI B IBYX HaIpaBJje-
HMsAX. Bo-niepBBHIX, MBI JOMYCTHM Temeps Ul GyHKIMK Y =f(X) BO3MOX-
HOCTh obOpamaTbcs B OECKOHEYHOCTH UL OTHENBHBIX
3HAYCHUA X. DTO 3HAYMT, ~ €CIH X, €CThb OJHO M3 TAKHMX 3HAYEHWI, UTO,
Op¥ NPUOIMKEHUM X K X, C TOM WM C APYroil CTOPOHHI, f(X) CTpeMHTCS
K + o MM K — . BO-BTOPBIX, HAC MOXET MHTEPECOBATDH IOBEIECHHUE (HYHK-
IMAUB OECKOHEYHOM NPOMEXYTKE.

Tax kak pasmepbl uepTexka, pasyMeercsl, KOHEYHBI, TO B 00OMX 3THX
Cily4asix TPHXOAUTCS AOBOJILCTBOBATHCA UacThIO BCero rpaduka. 3a mpe-
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ACTaMH MepTexa CTAPAIOTCS OCTaBUTH TaKUe 4ACTH rpadHka, O BUJE
KOTOPHIX JICTKO HaNepeA COCTaBUTh cebe MPeACTABICHHE, UCXOOA M3 TOTO,
YTO HAYCPUCHO.

OcranoBuMCH Ha Cilyyae GECKOHEYHOro paspbiBa (YHKIMM, CKaxeM,
npu x=x,. IIpu npubmixenuu x K x, ¢ OQHON CTOPOHBI YHKIHS CTpe-
MHTCS K GeCKOHEYHOCTH (TOr0 WJIM MHOrO 3HAKA) MOHOTOHHO —
€CIIH, MO KpajiHe Mepe, B KOHEYHOH 9aCTH IIPOMEXYTKA — IIPOH3BOIHAS
y'=f'(x) nMIIb XOHEYHOE YHCIIO
pas mensieT 3uak. C pa3sHBIX CTO-
POH OT X, (€CIIM X,, HE €CTh KOHEI[
TIPOMEXYTKA) (GYHKIUS MOXCT
UMETH MpeJesibl M Pa3HbIX 3Ha-
KoB. Bo BCsiIkOM cityuae, rpaguk
Oymer Oe3rpaHuuHo  npuIIH-
KaThCHA, YXOIst B OECKOHEUHOCTD,

K BEepTHKAaJIbHOH NpsIMOR
X=X, B BEPXHCH WJIM B HIDKHCH

€ro 4acTH, CMOTpA 1o 3HaKy Oec- 77
KOHEYHOro Ipefiesia. 3 Ta I p -
Mas NO3BOJNSAET OTYET-
JHBO NpEOCTAaBHUTH Ce-

6¢ Bug rpaduka u 3a /
npeaenamMu yeprexa
(puc. 76). Ilpmvepamu MoOryT Puc. 76.
CIY>)XUTh M yX€ H3BECTHBIC HaM

rpadukd QyHKIMi y=§ npu x=0 (puc. 10), y=tg x npu x=2k + 1)%

(puc. 16), y=log, x npu x=0 (puc. 14).

B ciyyae Geckoneynoro (B oOHy CTOpPOHY WM B 00e) IPOMEXYTKa,
MOMOOHYIO K€ YCHYry MHOIZIA OKA3hbiBACT FTOPH3OHTAJNbHAS WIA
HAKJIOHHA IpsAMas, K KoTopol rpadux mpubiikaeTcs Oe3rpaHuvHO.
B cBasy ¢ 3TAM, JaauM cieayoiee obiee onpeeIeHue.

ITycTe MMeeM KpHBYIO, BETBb KOTOPOH B TOM WM MHOM HaIIPaBJICHUM
ynansercss B OeckoHeuHOCTb. Ecau paccmosnue § om mouku Kpusoii 00
HEKOMOpOii onpedeaeHnoll npAMOIL no Mepe yOaeHus mouku & beckomney-
HOCMb CIIPEMUMCA K HYAIO, MO IMA APAMAS HA3bI6ACMCA A CUM N M 0 0 i
Kpugoi.

ToJIbKO YTO MBI HMENH IEJI0 C BEPTUKAJ b HBIMH ACHMITOTAME;
Temepb 3aHMEMCA ACHMITOTAMM TFOPM3OHTANBLHBIMH H Ha-
KJIOHHBIMH — BCE BpeMs JUIL KPUBOH, 3aandoil ypasuenueM y = f (x).

IIpaMepel TOPH30HTA N b HBIX ACUMITOT HAM YK€ BCTPEYAIIHC:

“ a .~

ANS KpUBOH y=— — ripsimMas y=0 1pu x— + (puc. 10), Iad KpuBOM
T g4

y=arctg x mupsiMpie y=3 u y= —“i , COOTBECTCTBCLIIO, TPH X+ = H

X — e (puc. 21), nas KpuBo# y=a* — 1psmas y=0 OpH X - - =, €CIH
a>1 HTpH X > + =, eci a<1 (puc. 13),
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A Toro YTOGHI, HAIpKMep, MPH X — + o, npsMmas Y=»5 cuyxuna
aCHMIITOTOH IS KpUBOH y = f(x), oueBumno (puc. 77), HE 06 X0 T H M O
H IOCTATOYHO, YToOBl OBUIO

limé=lim [y-b|=0 wm limy=lim f(x)=5.

X+ o0 X+ 4 oo X—++4o0 X+ oo
Taxim o6pasom, BOpoc © TOpPHU30OHTANbH O i ACHMITOTE CBOIUT-
€A MONPOCTY K BOHPOCY 00 3TOM Hpejele.

4
N g

Puc. 77. Puc. 78.

OTAenbHO HyXHO HCKaTh MOMOGHBIH IIpeJie)l U IPH X - — = TIPH 3TOM
(xax, HaIpHMeD, B CiTyuae KPUBOIL y=arctg x) MOXET NOJYMHUTLCA U ApYyras
acUMITOTA.

Ilepexons X HAKTOHHBIM acHMuTOTaM, YIIOMSIHEM, YTO IIPHME-
PaMH HX MOTYT CIIYUTh H3BECTHBIE YHTATEIIIO H3 AHAJMATHYECKOM reoMeT-

PHH ACHMIITOTH y = :tg X rHnepooIBl

2 2 —
z—z—%z=1 WIH  y= ir‘—l:sz—az 4}
(cM. Tarkxe puc. 7).
[penmonoxnm Teneps, 9T0 kpuBas y= f(X) UMEET HAKJIOHH y 10
aCHMITOTY
Y=ax+b 2

(puc. 78), ckaxeM, co CTOPOHEI IOJIOXKUTEJIBHOH YacTH oCH Xx. Tak kax
Pa3sHOCTE OpIMHAT |y—Y| JMIE HOCTOSHHBIM MHOXHTENEM (paBHBIM
KOCHHYCY yrila MeXHy aCHMITOTOH H OCHIO X) Pa3HUTCA OT PACCTOSHHSA O,
TO NIPH X - + - ONHOBPEMEHHO C & IOJDKHA CTPEMMTLCA K HYJIIO H 3Ta
Pa3HOCTE:

lim (y—-ax-5)=0. 3
X+ oo
Pasnenus Ha x, moaydnM orcroza:
. y .
x-lvlfi ; - (4)
KPOME TOro, paBeHCTBO (3) HENOCPEACTBEHHO AaeT
lim (y-ax)=0». )

X+ +
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Wrtak, pyst Toro 4Tobbl mpsaMas (2) 6pUIa aCHMIITOTOM UL JaHHOM KpH-
BO#, HE0OX oMU MO BbmONHeHHe ycoBuil (4) u (5). O6paTHoe pac-
CyXICHHE JIETKO IIOKAXET M HX DT OCTAaTOYHOCTbHb. Bompoc 37ech
CBCJICA K IOCNICIOBATEIIbHOMY pasbIicKanuio npenenos (4) u (5), xoro-
PBIMH YK€ H OHPEAeIITCS KoIQhHIHEHTH ypaBHeHHS HPSAMOii (2).
PasymeeTcs, 11a x -~ — = HyXHO MOBTOPHTB BCE HCCIICOBAHUE.
Hanpumep, B ciydae runepGoust (1), CUHTASL X - + =, HMEEM

3aTeM,

BosBpauasics k 3agade o mpoBeneHun rpaduka GyHKOMU, TENepb MbI
N06aBAM K CKa3aHHOMY B IpeJbLAYLIEM n° B myRKTax 1), 2), 3), uTo cie-
OyeT euie:

4) ompexenuTh 3HAYEHMA X, obpaiaromme Qyukmmo y=f(x) B Gec-
KOHEYHOCTh, C Y4YCTOM 3HaKa, M MOCTPOHTb COOTBETCTBYIOLIHE BEpPTH-
KaJIbHBIE ACHMIITOTEI;

5) HAaWTH TOPH3OHTANLHYIO HJIHM HAKJIOHHYKO ACMMITOTY rpaduka (u
IPUTOM OTIEJILHO IPH X - + e H IPH X - ~ «, €CIH IPOMEXYTOK OecKo-
HEYeH B 00€¢ CTOPOHBI).

O6paTiMcst cHOBa K IIpEMEPaM.

149. I'pamepbl. 3) BepHeMcs K GyHKIMM
y=x+2)%(x~1)?
U1l KOTOPOM MBI YXxe Hckann axcTpeMyMmsl B 136, 1). OT1a dyHKuus coxpaHsieT Renpe-
PBIBHOCTB IIPH — o <X=< + o, JIpH X~ + oo HE TOINBKO Y, HO H % CTPEMHUTCH K oo,

TaK 4T0 ACHMITOT HET.
PaccMOTpUM NOMONIHATENBHO BTOPYIO IIPOM3BOIHYIO

Y'=2(x-1)(10x2+16x+1).

Ona obpawaercs B 0 pu x =1; —0,07; — 1,53, MeHss IIDY 3TOM 3HaK (meperuo).
CocTraBisieM TaGiuily:

X=-2 — 1,53 —0,8 -0,07 0 1
y=0 -3,58 —8,40 -4,56 —4 0
¥'=0 V' =0 ¥ =0
Maxe. nepezu6 Aun. nepeaub nepezu6
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I'paduk MbI yXe mMend Ha puc. 57.
1) Ilycth
2 1

y=x> (-1
{cM. 136, 3)]. @yHKUMS COXpaHSET HEDPEPHIBHOCTb B HPOMEXYTKE (— e, -+ ). Ilpen-

CTaBHB €€ B BUJE
1

A2 1 2’
L4+ - 1%+ (x2-1)3

y=

JIETKO YCTAHOBHMTB, YTO y-+0 mpH x ~ + o, Tak YTO rpaduk Haiued (QYHKUMH HMEET
acMMOTOTOM OCh X (M HANpPaBO M HAEBO). BTopas npousBoaHas y'’ He MMEET KOPHEN;
neperu6s1 OynyT JIMIIB B TOYKAX, Il NPOM3BOAHAA Y’ oOpamaeTcsi B GECKOHEMHOCTD.
Buay 4eTHOCTH QYHKUMM — CHMMETPHSA OTHOCHTEJIBHO OCH Y.

Tabnuua:
X=—oo -1 -0,71 0 0,71 1 +oo

y=0 1 1,59 1 1,59 1 )

, Y= Y=2e y'=0 ,
V=t Make. Mun. MaKc. y ===
I'paduk — Ha puc. 59.
x2—-5x+6
5) y=— [em. 137].
x2+1

HenpepbiBHa B (— o, + ). IIpu x—+ £, oueBHaHO, lim y=1: rOpu3OHTAILHANA
acumnrora, Bropas npousBoaHas

.

o G DOE—dxt )

(x2+1)
obpammacrca B HyJIb IPH x= — 1, 2+ Vii 241 u2- V— == 0,27, MeHss 3Hak (nieperu6).
Tabnuua:
Xe=—oo —10| =5 | -1 | —041| 0 [027]| 2 | 241 3 (373 5| 10| 4ee
y=1 1,55 | 2,15 6 7,04 6 4,40 0 —0,03 0 0,08 0,23 {0,55 1
nepe- | y'=0 nepe- y'=0 nepe-
2u6 | Mmakc. £ MUn. 2ub

I'paduk Ha puc. 61. HeGonbiuoii Maciutab 3mech MeIaeT OTYETIMBOCTH YepTENa,
0COOEHHO B NPOMEXKYTKE HU3MEHEHHA x OT 2 A0 5; 5TavacTh rpaduka mnpejacTaBicHa
B YBENHYCHHOM MacioTabe.

Janum Tenepb psn HOBBIX IPUMEPOB.

(x—1)

) AR

(x+1)2°
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Dynxuus obpalaeTcss B GECKOHEYHOCTD (— o) NP X= — 1. Tak K4K OPH X~ *
UMeeM
¥y —-5x24+2x—1
_— 1’ _y —X=—
x (x+1)?
TO KpHBas MMCET acUMITOTY: Y=x—35.
BbluucIiuM 11pou3BOHbIC:

, (= 1Xx+5) 24(x-1)
T ety Cx+DE

Ilepsas ofpaiaercs B Hy/b 1py x = 1 (leperud) ¥ npu x = — 5 (MaKCHMYM); ZPYTHX TOUYCK
neperu6a Het. ITo TaGmune:

>

rr

x=—10 —35 —3 —1 0 1 5 10

y-=—16,4 —13,5 —16 — —1 0 1,78 6,05

=0 =0
I MAKe. nepeeut

crpouM rpaduk, ¢ y4eToOM acUMHTOTHI (puc. 79).

N 5
D= - a=% [ R L— T ”I”*:TJ /‘
xoa [ T R . 75/___(\27 /) %{

ITo stoit dopmyne dyHKuus 0O-

i
{
S S DU
JIy4aeT BEIeCTBEHHbIE 3HA4CHMU, JIAILb i l ’ 7 i
ecid x=<<0 MU x>a; Npu x =a QyHK- : | L 1 z
uuss obpawaercs B Oeckoneunocts. < 4§ F 4 2 ( . yor 8 0
Cuuras X >a, UMEeM NPH X — + oo ey ey ] ----- fo e
—_ | f‘ |
R | ]
—_= — 1, | i
x x—a e e 6% 2 I
j Ry -
X | ) ! v
y—-x= X ! ) . B A
X—a ! ‘ ’
]
i : /2
a a ] ‘
X e > 7
Vx+Vx=a 2 d
—4- _/f [R— —ad
Tak 4YTO, CO CTOPOHBI TMOJIOXHTEIIb- | ! \ J Lo
HBIX X, KpuBas npubmxaerca X  EIE S S B 7 28 SRR SN
a
aCUMIITOTE y=x+5. AHJIOTHYHO Puc. 79.
a
HONy4aeTcsi CO CTOPOHBl OTPHUATENBHBIX X JAPYras dacMMOTOTa y= mx-o.

ITpoussonnas

2( 3
L1 5“)__ 3 X
y_;' (x—a)? —(x Ea) (x—a)?

olpaiiaeics B Hyb IIpH x::z— a, MeHsisl 3HAK MMHYC Hd4 Wioc (MuHuMyM). Oua oOpa-

@aeTcs B Hynb M npd x=0, HO 3T0 — KOHey NpPoMexyTka (— =, 0], B KOTOPOM MBI
Gyukuuio paccmatpuBaeM, U 06 3KCTPEMYME 371ECh HE MOXET ObITh ¥ DEdH.
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BTopaa OPOU3BOOHASA:

—a?x
4

1
y (x-ap’
oHa >0 ¥ npH x<0, K OpH Xx>a, TaK YTO KpHBasi BCeraa Bbykia (BHM3). Brium-

’r

3
CIIMB €IM¢ OpAMHATY y = 2,604, OTBEYArOMYIO X = 3 a, 4

MBI HMEEM YXe NOCTATOYHO NAHHBIX ISl TOCTPO-
eHMs rpadmka (puc. 80).

a8 38
8 y= V (a=0).
3x

g
9=V
,&X%
Y
&\\
e;\ D /
[]"ﬂ z /R )
Puc. 80. Puc. 81.

TlepeMernas x MOXeT H3MEHATHCA JIHIL B mpoMesxkyTke (0, al; npu x=0 ¢yaxuua
obpamaercst B GeCKOHEYHOCTS.
IIpoussopuas

a’+2x3 1 x+y)
6x2y a 2ly x

BCeTa OTpHUATENbHA, Tak 9TO ¢yHKims yObiBaer. Ilpm x=a mnpomsBommas y = — .,
Bropas npoussognas

, 1 . ) 1 1)
= o— - X ———
y 5 34 R
a
obpawaerca B Hy/Ib, MeHSS 3HAK, JHIb NPH y=x=—=0,63a (neperub6); npu 3TOM,
3

VZ
OYEBHAHO, ' = — 1, I'padux npencrasnen ua puc. 81.

§ 4. PackpeiTHe HeonpenenenHocreii

0
150. Heonpenenennocrr BuIa R Msl npEMEHHM Temeph MOHSTHE
TIPOM3BOMHOM U JIoKa3aHHBIE B §§ 3, 5 mpemulecTBYIONIeH IIIaBhI TEOPEMEL
IUIA paCKpHITHUS HeOollpeAeNeHHOCTe#X. Ilocnexyrommue Teo-
pembr 1 -4 B ocHoBHOM mpunamiexar Jlonurtanio (G. F. de PHospi-

tale) u U. Bepuyanu (Joh. Bernoulli). Beickasannoe B HUX IIPaBHJIO
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00OBMHO Ha3bIBaOT NpaBuUAoOM Jlonurtansa Caayana MbBl 3aii-
0
MEMCH OCHOBHEIM CJIy9a€M HEONpENEJICHHOCTH BHAA -~ , T. €, HCCIeAyeM

BOIIPOC O Mpeliefle OTHOINCHUS ABYX dyukumit f(x) 1 g(x), crpemauxcs K
Hyo (IpH OTIpeIeNICHHOM MPEICIIbHOM IIEPEX0Ie X - a).
HaureM ¢ mpocTo#l TeOpeMBI, HENOCPEACTBEHHO UCTIOJIB3YIOMEN CaMoe
TOHATHE IPOU3BOTHOM.
Teopema 1. ITycme: 1) dpynxyuu f(x) u g(x) onpedenenst 6 npomexcymxe
{a, b], 2) lim f(x)=0, lim g(x)=0, 3) cywecmeyrom Koneunvie npouzeodnsvie
x—+a

fl(a) u g'E(;), npuuem g'(a)=0. Tozoa

/@ /@
a8 &@ >

JdokaszarenbcTBo. CyNeCTBOBAHUE KOHEUHBLIX NPOM3BOIHBIX

['(@) u g’(a) obecneuuBaeT HeMpepbIBHOCTE (DYHKIHH f(x) u g(x) B Touke a.

B cuny 2) nmeem: f(a)=lim f(x)=0 u g(a)=Ilim g(x)=0. Beuny Toro,

X—+~a xX—+a
yro g'(a)=0, mo memme n° 109, g(x)=0 ana 3HaYeHMil X, HOCTATOYHO
X
OJIM3KUX K @; MMM MBI U OfPAHHYHMCH, TaK YTO OTHOILCHUE % HuMeeT
CMBICIL.
Teneps 3T0 OTHOIIEHUE MOXHO IIEPENUCATL B BHAE
f&x)-f(a)

f)_f®-f@_  x-a
gx)  g()~-gla) sx)-g@
X—a

IMepexons 31€Ch K Mpefelly OpU X -—d, U MOIyYnM TpeOyeMelil pesyasTar.

Mpumepsl. 1) Haittu npenen
eX—_eg—X

tim ——————— .,
x>0lm(e—x)+x~—1

TIo TeopeMe OH paBeH BEIYMCICHHOMY IpH x =0 OTHOIICHMIO NPOU3BOIHBIX

eX+e X 2 2e
1 T 1 e-t
1- 1-—
€—X |x=0 e
2) Haiitu mpenen
 VmE-VE
lim
x—-1 a_
1- )@
Oun paBeH
-3 1
A _ 14 3
et gy 16
3 "9
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B Tom ciyua€, Koraa omnospemenno f'(a)=0, g'(a)=0, moxuo BoC-
IIOJIB30BATECH CIEAYIOIUM 00001HeHneM TeopeMbl 1, HPHBIICKAIOLIHM
K PacCMOTPEHHIO NPOU3BOJHEIEC BEICIIMX IOPSAIKOB:

Teopema 2. ITycms: 1) gynxyuu f(x) u g(x) onpedenenvi 6 npomencymxe
[a, b], 2) lim f(x)=0, lim g(x)=0, 3) 6 npomexcymxe [a, b] cyyecmsyrom

x—+0

x—+0
KOHeuHvle npou3soonsle 6cex nopaokos 0o (n—1)-2o exmouumensto f'(x),
f”(X), R f(n—l)(x)’ g,(x)’ g”(X), RS g(n—-l)(x)’ 4) hpu x=a OHu éce
obpawyaromcsa ¢ 0, 5) cywecmeyrom xoneunvie npoussoonsie f(Na) u g(a),
npuuem g a)#0. Tozda

e 8 ga)

1~mf x) _ f((a)

HDokasaTtenbcTBo. IlpuloxuM x kaxnoit u3 ¢ymxuumii f(x),
g(x) B npomexytke [a, x] (a<x<b) bopmyny Teiinopa c momoi-
HHUTEILHEIM WICHOM B dopme ITeanmo [cm. 124, (10a)]. Beuny 2), 3) n
4), mojayunM

(n)
f) =IO (o gy,

¢@) =" OHx _qyn,

rae « u -0 npu x—>a.

BTopoe u3 3TuUX paBeHCTB, BCieACTBHe yciosust g(a)=0, mnpexie
BCETO NOKAa3hIBAeT, YTO g(X) OTIMYHO OT HYJIs, IO KpaiiHeil Mepe, M
3HAYEHHI X, NOCTAaTOYHO OJIM3KHX K @. ECIM 3THMM 3HAYEHUSMH OrpaHM-

X
YUTHCS, TO OTHOLIEHHE % HMEET CMBICIL.

Torna U3 HANMCAHHBIX PABEHCTB HENOCPEACTBEHHO H IOJYYAeTCS Tpe-
OyeMblit pe3ysbTar:

. xX) 4. fN@)+a f(Na
timf 9 L @ ta_ f)a) )
xea &) Lo 8N +B  g((a)

IIpumep. 3) Haiitn openen

. eX—eX-2x
lim —————— |

x»0 X—sinx
3necs uMmeem:

f(x)=eX—e—%X-2x, f(0)=0; g(x)=x—sin x, g(0)=0;
f(x)=eX+e—x-2, f(0)=0; g'(x)=1-cos x, 2'0)=0;
frx)=eX-e™%, S70)=0; g"(x)=sinx, g"0)=0;
[ (x)=eX+e™X, f0)=2; g"(x)=cosx, g7"0)y=1.

CrenoBaTeNnbHO, MCKOMBIIL TIpEJETT paBed 2.

XoTs B OOJBLIMHCTBE CIYy4acB IS PACKPBITHS HEONMpPEAEIEHHOCTH
0
BMJIa o yKe MOCTATOYHO JAOKA3aHHBIX TEOPEM, HO Ha IPaKTHKe OOBIMHO
yoobuee crnemyroinas
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Teopema 3. Mycme: 1) ynxyuu f(x) u g(x) onpedeeitvl 6 npomedsicymre
(a, b, 2) lim f(x) =0, lim g(x)=0, 3) & npomencymre (a, b] cywecmsyrom

xX=--a P
KoHeunvie npoussoonvie f'(x) u g'(x), npuuem g'(x)=0, u naxoney, 4) cyye-
cmeyem (KoneuHwlil Ui Hem) npedei

lim L% _ k.
Tozda u a €00
o2
imf® -k
g &)

NHoxazaTenbcTBo. JMomonHuM olpesenenne Qynkuui f(x) u
g(x), TONOXHMB MX MPU X=a paBHbIMH Hymo: f(a)=g(a)=0%). Torna
5T QYHKIHH OKaXKyTCsi HEMPEPHIBHBIMU BO BCEM 3aMKHYTOM IIPOMEXYTKE
[@, b]: MX 3HAYEHMS B TOYKE @ COBHANAIOT C IIpEle]aMH IIpH X ~a [BBHAY
2)], a B IpOYMX TOYKaX HENPEPHIBHOCTh BBITEKAET W3 CYIIECTBOBAHMA
KOHEMHBIX Mpou3BoAHEIX [cM. 3)]. Mpumensin Teopemy Kourw [114],
MOJTy4uM

f)_fx)-fl@ _ [
) g0)—-g@ )’
roe a<c<x. To obcrosrenbeTBo, 4To g(x)=0, T. e. g(x)=g(a), ecTh
CHEACTBUE Tpeanoiokenus: g'(x)=0, xak 3To ObUIO YCTAHOBJIECHO NPH
BeIBoie opmynl K o 11 u.
Koraa x —a, o4eBUAHO, U ¢4, TaK 4TO, B cuny 4),

lim 9 < 1im L9~ &
a 8@ L 80 77
YTO M TpeGoBANOCH 10KA3aTh.

TakuM o6pa3oM, MoKa3aHHAsi TeOpeMa CBOJHMT IpeJesl OTHOLIEHHS
(Qynxuui K 1penexy OTHOUIEHHS HMPOU3BOIHBIX, € CJAM MOCITENHM 7
cymecTByeT. Yacro oKazhBaeTCs, YTO HAXOXKIEHHE Mpefesia OTHO-
IIEHHs] IIPOM3BOJIHBIX MPOILIE U MOXKET OBbITh OCYIUECTBJICHO 3JIEMEHTAp-
HBIMH [pPHEMaMHU.

Mpumep. 4) Haiita npenen
. tgx—x
lim ——.
x-0Xx—sinx
OTHOUIEANE TIPON3BOHLIX MOCHEIOBATENBHO yNPOIIACTCS:
1

cos? x 1 1-cos?2x 14cosx

1—cosx costx l-—cosx cos’x

1pH x ~0 OHO, OYEBNAHO, cTpeMutcs K 2. Tako xe OydeT, COTTaCHO TEOPEME, M HUCKO-
MBI TIpeaen.

*) KOHeYHO, MOXHO OBUIO GBI TIPOCTO NMPENTIONOKHTE 3apaHee (YHKLHH Ompesne-
JIEHHBIMHM ¥ HEIPEePbIBHBIME TIPH X = a; HO B NPHIIOXKEHUsX MHOH pa3 ynobhee ¢opmy-
JTUPOBKA YCIIOBHIE TEOPEMDI, IaHAas B TeKCTe (CM., HApUMeED, Teopemy 3%).
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Teopema 1 B 5TOM ciiyuae Geula bl HENpANOXuMa, ¥60 NpH x =0 NPOM3BOMHBIE
YMCIHMTENIA ¥ 3HaMeHaTeNs obe papubl 0. YITO Xe KacaeTCsi TEOPEMEI 2, TO, XOTH C ee
HOMOIILIO 3afia%a MOT/Ia 6kl GHITH paspemmnena, HO JUIA 3TOrO NOTPe6OBATOCH BbI (B YeM
Jerk0  yOemuThCs) BHMHCIHTL TPH NOCIEAOBATENLHLIX HPOH3BOAHBIX OT 3a/JaBHBIX

() 2:1810:1 8

OCpamaeM BEWMAHHWe WATATENs HA TO, YTO 3HECh M OTHOMEHHME HPOM3BOMIHBIX
) 0
CHOBAa NPEACTABHIO HEONPENEIEHHOCTh BUAA 3 HO DPAacCKpPHITh 3TY HEONPEAETICHHOCTD

OKa3aJIOCh BO3MOXHBIM HyTEM 3JIEMEHTAPHBIX NpeobGpa3oBaHmii. B Apyrnx ciaydasx
MOXeT NOHAafOOUTBCA NPUMEHHWTh TEOPEMY N OBTOPHO. Baxuo OOMYEPKHYTH,
YTO NpH 3TOM AONYCTHMB BCAKHME YNPOWEHNSH NOJY4aeMBIX
BHIDaX€HHH, COKpameHue OoOGMUX MHOXHTENEH, HCHOONb3O-
BaHHE YyX€ H3BCCTHH X NMpeAenon H T. m. (Bcero aroro nenate Hemlbas,
€I TpUMeEHAETCs TeopeMa 2!) B ciieayioleM OpHEMepe TeopeMa 3 DpHMEHSETCA 0o-
CJIEAOBATENLHO TPH pa3a; HOCHC NEPBOrO MEI COKpamiaeM Ha eX, a nocie BTOpOro —
OT6pPachBAEM MHOXATEID eX B 3HAMeHATeNe (60 OH CTPEMHTCH K 1). OTHM BBRIKIAIKH

YIPOMAIOTCH.
IIpumMeps.
. XeXtxeX—2eXf2eX  2xe2X 4 g2X | xeX | eX_4e2X|2eX
5) lim =lim =
x~0 (ex-1)° x=0 3(ex—1)2. ex
2xeX—3eX+3+x 1 . 2xeX+2eXx-3eX+1
=lm —————— . m—-—-—
x>0 3(ex-1)2 3 x—0 2(ex-1)ex
1., —eX+2xex+1 1 _ 2xeX+ex 1
=—li =—lim =—.
6 x-0 ex—1 6 x-0  eX 6
1
= 1
1+x)-e s x-(1+)In(1+x
6 lim L 7 i (g4 pyx X2 DA 40
x—0 x x—+0 x2(14x)

Tak KaK DepBbIf MHOXKHTENb COPaBa CTPEMMTCH K €, TO HOCTATOYHO 3aHATHLCH BTO-
pPbIM MHOXHTEEM. C NOMOMIBIO ABYXKPATHOTO TIPHMEHEHHS TEOPEMBI 3 HaMIeM, 4To
1

npenci1 €ro paBcH —E .

e
Omesem: —-— ...
2

Teopema 3 nerko pacnpocTpaHseTcs Ha ciydaif, KOIJa apryMeHT X
CTPEMHTCS K GECKOHEYHOMY IIpefielly: a= + « (3TOro, pasyMeeTcs, Helb3s
cresiaTh B OTHOLICHUH TeopeM 1 u 2). MiIMeHHO, MMeeT MeCTO, HAIIPHMED,

Teopema 3*. ITycms: 1) dynxyuu f(x) u g(x) onpedeaenvt 6 npomexncymre
[e, +«], 20e ¢=0, 2) lim f(x)=0, lim g(x)=0, 3) cywecmsyiom & npome-

X+ +-o0 X too
ucyme [c, + ] xoneunvie npouseodnsie f'(x) u g'(x), npuuem g'(x)=0,
u, naxoney, 4) cyujecmeyem (Koneunwlii uau nem) npeden

lim &=K.

X 4o 8'(X)
Toz20a u

lim PAC) =K.

oo oo §X)
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HokxaszaTtenscTBo. IlpeoGpazyeM mepeMeHHYXO X Imo dopMyie
1 1
X=s, t=_. Torna, ecyint x - + =, T0 -0, ¥ oGpaTHO. BBHAY 2), nMeeM

s o

{40 —+0
a B cuny 4),

1 1 . .
K ¢yuxuusm f (?) 7t g(;) OT HOBOH NMEPEMEHHOH f{ MOXHO IpHMe-
HHTb TeopeMy 3, 9TO JAcT HaM
P 1
N

CTRCLE e
) )

S(x)
Jim S5 =K

a Torna u

4. U Tp. I.

3ameyanue. HMHorma mpu packpbITHR HEONPEIEIIEHHOCTEH pac-
CMaTPUBAEMOT0 BAAA MOXHO 000HTHCE P o pM a1b B 0 0e3 npuMeHeHRHS
yKa3aHHBIX BBILIE TEOPEM, MCHOJIb3ys Pa3loXKeHWsd GYHKUHH 10 dopmyIie
Te#inopa [124-125]. IIycts x~0 (k 3TOMy cnydYaro BCerma MOXHO
cBecTH nejio). ECM ¢ MOMOINBIO M3BECTHBIX Pa3NIOXKEHHI yHaeTcs BbIfe-
JUTh W3 YACIUTENS ¥ 3HAMEHATeNs rJaBHbIE WIEHBL

X)) =ax+o(x"), g(x)=>5bx™+o0(x™),
f&) .

TO CTAHOBHTCS Cpa3dy fCeH Hpelnell ApobH 20 - OH PaBeH Hymo, b I
+ o, CMOTpPA TIO TOMY, OyHeT NM #n Oonbllie, paBHO HJIM MeHble m**),
[Cp. 62, 63.]

Tak, B mpumepe 1) umeeM, 3amenss Qynkmun €5, e * wln(e—-x)—-1=

X ~
=In (1 —;) HECKOJIbKMUMHA IEPBBIMU YJICHAMH HX Pa3JIOXCHUM:

1im(1+x+...)—(1—x+...)_ lim 2x+.;_= 2e

- 1 -1
x=0 (..i-}-...)-l—x JH"(1——)x+... ¢
e

e

1 1
*) ®yrkuuu f (—t—) H g (—t-) MBI uddepeHuupyeM No ¢ XKaK CIOXHBIE GYHKIHH.

**) B nocnenHEeM cnydae 3 Ha K OeCKOHEYHOCTH HETPYyHHO cooBpasuTh Mo 3HAKaM
au b, a Takxe (B Clyyae HEYE€THOCTH PasHOCTH m— 1) MO 3HAKY X.
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Anajlornudo B npuMepe 4):

x3 x3
(x+—+...)—x §+
lim =1im—é—‘:2.

x3 X
=0 -l x>0 4 .
6 6

IMpensiaraercs, B BUAe YIPAXKHEHHUS, TEM XK€ METOIOM DEIIMTH [IPHMEPEL
3) u 5).

151. HeonpenenenHocTs BHIR g O6paTumMcs X PpPacCMOTpEHHIO He-

. oo
OIIPEACJICHHBIX BBIPAXCHHUHU BHA = T. €. HCCJIEAYEM BOIIPOC O IIPEACIIC

oTHouleHus nByx Gymxmuid f(x) m g(x), CTpeMAIUXCA K + « (IpH X —~a).
ITokaxem, 4TO B 3TOM Ciiy4a€ IPUMEHUMO TO xe€ upasuso JI o n u-
maa s CHedymrllas TEopeMa eCTb IPocTad repedpa3upoBKa TEOPEMEL 3.
Teopemad4. ITycmy: 1) gynxyuu f(x) u g(x) onpedesenst 6 npomesiscymie
(a, b], 2) lim f(x)= + <, lim g(x) = + =, 3) cywecmeyrom & npomesxncymre

x--a X—~a
(a, b) roneunvie npouwobubze f(x) u g'(x), npuuem g'(x)=0, u, narxoney,
4) cywecmeyem (Koneunwlii uiu Hem) npeoea

[ _
ilf;g (€9)] K
Tozoa u
li mf(x) =K.

a8

HokxazaTenbcTBo. PaccMorpuMm cHavana Ciydaili KoHeuHoro K.

Tak xax npomsBomHas g'(x) He oOpalaeTcs B HyJb, TO IO TEOpEMeE
Dap6y [110] oHa coxpaHseT 3HaK, H (QYHKUUS g(X) U3MEHAETCA MO-
notonno [132}. U3 2) Torma scHo, uTo g'(x)<0 M g(x) ¢ yOnBaHHEM X
MOHOTOHHO BO3pacTasi CTpPeMHMTCS K + <. MOXHO CYHTaTh, 4TO BCErIa
g(x)=0.

3amaBIuch MPOU3BOJILHEIM UCIIOM (£ >0, B CHy ycioBus 4), HaiieM
Takoe 7>0, 4To IpU a<Xx<a-+n Oyner

fx
g'x)

&

=

<75-

TTonoxuM Ju1s KPaTKOCTH d + 1) = X, ¥ BO3bMEM X MeXAY a U X,. K mpome-
KyTKY [x, x,] npumenum dopmyny Ko mu *):

@) -fx) _ 1)
g0 -glxy £©@°

¥) B 3TOM. — CYIIECTBEHHOE OTJIMYME OT JIOKA3ATENICTBA TEOPEMBI 3: 37ECh HENb3s
npuMeHuTh dopMyny Kowmru K mpomexytky [q, x], mbo, kak OB HM ONpEOENATH
dyukuun f(x) n g(x) B TOUKE @, BBUAY 2), U3 HUX HE NMONYYUTH HyHKIMi, HEMPEPLIBHBIX
B 3TOH TOuYKE.
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IAE X =< ¢ =<X,, CICOBATENLHO,

FCORPACD)

&(x)—g(xy) M

HanuineM Teneps TOXIECTBO (KOTOPOE JIETKO HEMOCPEACTBEHHO IIPO-
BEPHTD):

f&) K= S (xp) ~ K- 8(xo) g(xo) [1 g(xo)] S - fx) K] ,

g(x) T e @ 1| e -2Cxo)
OTKyza
FLC '< lf(xo)—K-g(xo) f(x)—f(xa)_Kl
g(x) - g(®) g(x)—g(xy )

Bropoe ciaraeMoe cupasa Uil X <X, =a-+17 OYAeT MEHbIIE =, B CHIY

2,
(1). BBugy Toro xe, 4to g(x)—~> + = NIpU X-—+a, NEPBOE CJATAEMOE TIPH
9TOM CTPEMHMTCS K HYJIO, M HaigeTcs Takoe 0 >0 (MOXHO cuuTaTh §<1),

€
4yTo AJIsi a<x=a+0 NEpBOC CJIaracMo€ TOXEC CTAHET MCHBIIC 3¢ HJ’IH

YKa3aHHbIX 3HAYeHUH X OyZeM UMeTh Toraa

S
() -k ’

4TO ¥ JOKa3bIBaeT TpeOyeMoe yTBepKAcHHEY).
B tom ciyqae, korga K= + « [u 3aBenomMo f'(x) =0, mo kpaiine#t Mepe,
BONU3U 4], UMeeM, MEHSS PoJIsSMU f U g,

g &)
113}7,(—)4) TaK 4YTO H ilf: 5 =0,

OTKy/la, HAKOHEIl,
X
lim £&_ oo,
xoa EX)
Tak kak (mo Kpaiineit Mepe BOJH3HU @), 04eBUIHO, U f(x) >0 u g(x)>0**),
OTMETHEM, YTO [OKA3aTENbCTBO 0€3 CYIIECTBCHHBIX H3MEHEHMH pac-
NMPOCTPAHAETCS U HA Cay¥ail a= —«. TOYHO Tak Xe TeopeMa Morjia Ol
OBITH HOKa3zama M il nmpoMeXyTka [b, a) (b<a) xax Npu KOHEYHOM a,
TaKk M NpH a= -+ ». TakuM oOpasoMm, Ha Ciayyait GeCKOHEYHOro Ipenesa
apryMenTa TeopeMa 4 pacmpoCTpPaHseTCs aBTOMATHYCCKH.

B Bune OpHMEPA JIETKO NOJIYYUTh YA€ H3IBECTHBIC HAM NPCHACHBI:
1

. Inx . x i 1
7) lim = lim = lim —=0 (ecnu > 0).
x> doe XH xeoo UXFTL gyt pxH

¥) ITomyepkHeM, 4TO B HAIEM DAcCyXHEHMH Mbl (GaKTHYeCKH He HOJIb30BAIACH
NpEANONOoXeHAeM, 410 lim f(x)= + e [cp. mokasarenecrBo Teopembl HITonbia
B 33]. ‘

**) Cnyyaif K= — e IPH NPEANOJIOKENHIX TEOPEMLI HEBO3MOXKEH.

21 . M. ®uxtenroany, 7. 1
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L ox# . pxn—1
8) lim —= lim (a=1, u>0).
Xxa>too 8% x4t a@*-Inag
-]
Ecmm p>1, TOo cupasa CHOBA MMEeM HCONPENENCHHOCTH TOTO € THNA — ; HO,

o
OPOHOJDKAs ITOT HPOLECC ¥ HOBTOPHO HDPHMEHSA TeopeMy 4, B KOHOE KOHIOB MONYHHAM
B YACITATENC CTeNeHb C OTPHNATENbLHBIM (WM HyNeBEIM) nokasateneM. I103ToMy, BO
BCAKOM Cllyvae,

x4
lim —=0.

X+ 400 Q%

Cuenaem ofiee 3aMedanne OTHOCHTENbHO TeopeM 3 (3%) m 4. B Hux
YCTaHABIMBACTCSA IIPEET OTHOLICHAS GYHKIHE B NP e QMO T OX € H U H,
4TO CYLIECTBYET Hpeles OTHOIEHMs Ipom3Bomubix. Ho oGpamenue 3THX
TEOpPeM HEJOMYCTUMO, M IEPBLI IIpeie] MOXET CYLIeCTBOBATL HPH OT-
CYTCTBHH BTOPOTIO.

Hanprumep, cymectsyer mpeaen

. x+sin x . sin x
lim XFS0%_ g (1+_)=1,
X+t X X+ 4oo X

XOTs OTHOUICHHE HNPOW3BOLHBIX, PABHOC 1+cos X, Npeacia mpu X —»> + o
HEC HMCECT.

152. Jipyrue BuInl HeompexesennocTeil. IIpempinyiue TeopeMbl OTHO-
0 oo
CHJTHCE K HEOMPE/IEICHHOCTAM BHMA & M .
Ecim mmeeM HeompeneneHHOCTh BHEA 0- =, TO e MOXHO HPHUBECTH
0
K BUIY & HIH E H TOrJJa BOCIIOJIb30BaThCd IpaBwioM Jlomu Ta 4.
IIycre
lim f(x)=0, limg(x)= + .
X—+a X~a
Torma umeem

f)-g0) = LD 8@

g &

Bropoe u3 3THX BBIpaXeHHH IPEACTABISET MPH X -—a HEONMPEAEIEHHOCTD
0 -3
BHJA 5, TPETBC — HEONPENEJIEHHOCTh BHAA — .
oo

MDpamenp.
1
Inx x Xt
9 lim (x#.lnx)= lim —= lim —————= lim —=0
x40 x+40 XTH  xaq0 —pxTETL x40 -

(MBI cumTaeM g >0).
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K Buny g HITH f:} BCEI'Zla MOXHO HPUBECTH M HEONPEAENIECHHOCTH BUIA
= — . [TycTs uMeeM BrIpaxenue f(x)— g(x), npudeM
lim f(x)= + =, limg(x)= + .
X—-a

X—=+a

Torma MoxHO NPOH3BCCTH, HANIPUMED, CIIEHyOIIce Hpeo6paaoBaHue, CBO~

0
JAIICE 3TO BBIPAKEHHUEC K HECONPEACTICHHOCTH BHIAa 61

1 1
. B S WO M )
f(.X)“g(x)—— 1 1 - l* 1 .
fx) gx) fx) g)
qaCTO, BIIPOYEM, TOTO XK€ yoaceTcs JOCTUTHYTH npoie.

IIpumenp.
. R 1 . X?.cos?x-—sinZx
10) lim |ctg? x~ —| = lim ——————— "
x—=0 x2)  xu0 x2.sin? x

HO
x?.cos?x—sin?x x.cosx-+sinx x-cosx—sinx

x2.sin? x X x.sin2 x

Openc nepBoro MHOXHKTEIA HAXOOUTCA 311EMEHTAPHO:

x.cosx+sinx sin x
lim ————=lim|cosx+——| =2,
x—+0 X x—+0 X
4 KO BTOPOMY IPMMeHseM TeopeMy 3:
. XxX-cosx—sinx - Xx-sin x . -1 1
lim - = lim — - = lim - =——,
x-0  X-sin®x x—~0 SINZ X+42x-SiN X-COSX x-0 S0 X 3

——-+2cosx
X

2
Taxum 06pa3oM, HCKOMEIH TIpenen paBeH -3

B cnyyae neompenenennbIx Beipaxenuit Buaa 1=, 0°, <0 pekomenmyercs
3T BBIPAXCHHA IPEIBAPUTENLHO 1IPONIOrapudMHPOBATE.

Hycts y=[f(x)]*™; Torma Iny=g(x) - Inf(x). Hpenen Iny mnpei-
CTaBJsET CO0OM HEONpENeJCHHOCTh yXKe U3yueHHoro Tuma Q- e. Jlomy-

CTUM, YTO OJHMM M3 YKA3aHHBIX BBIIEC OPHEMOB yjaeTcs HaiTd lim In y,
x—a
KOTODBIH OKa3bIBAETCA DABHBIM KOHEUHOMY UHMCHY K, oo WM — e,

Toraa lim y, coorBeTcTBEHHO, 6yneT eX, + = mmu 0.
x—-a

IIpumeps. 11) Iycts
1

sin x} 1—cos x
y= (~">-——)
X

Tpebyerca Haittit lim y npu x~0 (HeonpeneaeHHOCTD BUaa: 1°°).

21+
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Ecnu CYATATh X >0 (3THM NPEANOTIOKEHNEM, BBHAY YETHOCTH (YHKIHH P, MOXHO
OrpaHAYATLCA), TO
Insin x—1In x

1-cosx

TIpumensa TeopeMy 3 (M HCHONMB3ys yXe HAMNECHHBIH B MpeqbIAYIIEM OpUMEpE Pe3yiib-
TaT), TONYYHM:

cosx 1
. . sinx x . x.cosx-—sinx 1
limIn y= im— = lim - =——,
x=0 x—»0 Sinx x+0  Xx-sin?x 3
OTKyAQ 1 1
limy=e 3=—".
x>0

12)

={—-—arctg x .
Y (2 ¢ )

ITpn x4 e 31O BHIPaXeHWe NMpPEACTABIINET HEOHNPEAENeHHOCTh Brna 00. MMeem

n|Z - arct
n|—-—arctg x
S
ny =——ae—__° -1
Inx oo
ITo nmpasmry JIonuTans:
1 1

24 'l+x2
E-—arctgx
lim Iny= lim =
X—+ f-o0 X+ + oo 1
x
x 1—x2
‘ 1+ x2 TR RN
= lim ————= lim ——= lim —- = -],
X oo T xatoeo 1 x40 14 X2
arctg x ——
2 14 x?

1
Tax yro lim y=—,
Xor o0 e

§ S. IIpnGamxenHoe pemenue ypaBHeHHii

153. Bpommble 3aMeuanMs. 3aiiMeMCs Temeph 3aJadeil O HAXOXIAEHHS K opHeit
HaHHOM QYHKXIHMHA f(x), T. €. KOpHEH ypaBHEHHS
f(x)=0. (6))
Bupouewm, pemate 5Ty 3ajauy Mbl 6yaeM B TPEMNOIIONKEHHH, 9TO MHTEDECYIOLIMH HAC
KOpeHb & H30TUPOBAH, T. €. YTO HAMIEH COMEPXKAIMMIL ero NPOMEXYTOK [a, b]:
a<&<b,
B KOTOPOM IPYTHX KODHEH HeT.
Ecmu, cBepx TOro, Ha KOHLAX NPOMEXYTKA (BYHKIHsA f(X) MMeeT 3HAYeHHs fl@
1 f(b) pasHBX 3HAKOB, TO, KAK 3TO OBUIO PAa3BLACHEHO B N° 81, B CBA3H C IPUMEHEHHEM
1-i Teopemrl BonbuaHo — KOMIH, TOCTeAOBATENEHO AeNisi HA YACTH IPOMEXY-
TOK, CoAiepXaluii KOPeHb, U ompenenss 3HaK GYHKUMH f(x) B TOYKax AENEHHs, MOXKHO
TMPOU3BOJIBHO CYXAaTh 3TOT MIPOMEXYTOK H TEM OCYIIECTBIIATH IPAGIIHKEHHOE BHIMHCIIC-
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Hue KopHs. OAHAKO, DTOT NPHCM, HECMOTPS HA ero NPHHIMOWANBHYIO NPOCTOTY, Ha
MPAaKTHKE YacTO OKA3bIBAETCS HENPHIOAHBIM, w00 TpedyeT CmkoM GOJNBIIOrO KO-
yecTBa BEIYMCIIEHUl. B HacTosineM naparpade uykraTe/s NO3HAKOMHTCS C MPOCTEHIIUMHU
mpueMaMd NPHOMKEHHOTO BBIYMCIEHUS (M30JIMPOBAHHOIO) KOPHA YypasHeHus (1),
KOTOpBIE BOJIee CHCTeMaTuieckd U Goiee GpICTpO BenyT K Lield. IIpH 3TOM Mkl CHOBA
6yneM HMeTh Cllyyail HCHONB30BaTh OCHOBHBIE TOHSTHS M MeToabl AuddepeHumans-
HOLO HCYUCIICHHUS.

Mel GyaeM Bcerza LpeanoiaraTh BBINOJHEHHE CIICAYIOINUX YCIIOBHIA:

1) dynuxyua f(x) 6 npomencymxe l[a, b] nenpepvigna emecme co ceoumu npouseoo-
nomne f(x) u f7(x);

2) snauenun f(a) u f(b) PyHkyuu na Komyax nPOMENCYMKa UMEIOM DA3Hble 3HAKU:
f@-f(B)=<0:

3) obe npoussodusie f'(x) u f"(x) coxpansiom xaxmcoan onpedesennsiii 3HaK 60 6cem
npomexncymre [a, b].

W3 HenpepbIBHOCTH (GyHKUMH f(X) U yCIOBuS 2) ClemyeT, YTO Mexay a ub coacp-
xUTCA Kopedb & ypasHenud (1) [80]. Tak xak mpousBoaHas f’(x) coxpauser 3uak [3)],
10 f(x) B mpoMexyrke [a, b] Bo3pacTaer wiM yObIBaeT M, CIEHOBAaTEIBHO, OOpalaeTcs
3 0 IMIDb OMHAXABL KOPEHb & M3OJIHPOBAH.

VYcnosye 3) reoMeTpUYECKH O3HAYAET, YTO KpUBasf y = f(x) HE TOJIBKO UAET B OIHOM
HampaBJIEHWM, — BCe BPEMS BBEPX WM BCE BPeMs BHH3, CMOTPS 10 3Haky f(x) [132],
HO K TOMY Xe (CTpOro) BBINyKJIa BHH3 WJIM BBEpPX, CMOTps mo 3Haky f/(x) [143]. Ha
puc. 82 m300pakeHsl YeThIpe BO3MOXHBIX CIIy4Yasl, OTBEYAIOIUMX Da3jiMYHbIM KOMOHHA-
muaM 38akoB f'(x) B f/(x).

B anrebpe ycraHaBIMBAeTCS, YTO IIPH BBIYHMCIIEHMH (BELECTBCHHBIX) KOpHEH a JI-
re6bpanvyecKUX YpaBHEHHMH BCerna MOXeT OBITh CO3JaHO TaKOe IOJIOKEHHE
BCLUEH, [P KOTOPOM BRINOJIHAKOTCA YCNoBHA 1), 2), 3), TaK YTO 3THU yCIOBHUS IMPHHIIH-
NHAJIBHO HE OrPaHUYMBAIOT NPHIOKMMOCTH M3JIaraeMbIX HHXE MPHEMOB. DTOTO HEJb3s
CKa3aTh 0[O OTHOWIEHHIO K TPAHCUEHZEHTHBIM (T. € HeaarcopaudecKiHm)
ypaBHeHusaM. OOHAKO HA NPAKTHKE IIOCTABJICHHBIC OrPAHAYEHMA Mail0 CTECHUTCJibHBI,
TaK Kak B OOJIBUIMHCTBE CJIy4aeB BBICKA3aHHBIC YCIOBHS BBHITOJIHSIOTCS.

154. Iipasnio nponopuuosaMLHBLIX uacreii (Merox xopxa). Ecnu mpomexyTtox [a, b]
[AOCTATOYHO MaJl, TO C H3BECTHBIM IPUOIIMKEHAEM MOXHO CYMTaTh, YTO — MPH H3Me-
HEHHM X B €ro mpefesiax — mOpupamesue GyHKuud f(x) IpONOPLUHOHAJNBHO
npupalleHnio aprymerTa. OGosnayas uepes & KopeHh GYHKIIMH, MMEEM, B YaCTHOCTH,

f&-1@ &-a
fB)-f@) b-a’

OTKyZa, C Yy4eTOM Toro, uto f(§)=0,

. (b-a-f@
g0 2D
f®)-f(@
Taxum 06pu30M, 34 IIDH6J'IPDKCHHOC 3HAYECHUC KOpHA 30¢Ch IIPHHUMACTCSI YUCIIO
b—-a)-f(a)
xy=a- 82D @
f(B)—-f(a)
3TO BLIPAXESHHE, OYEBH/IHO, MOXHO NPEICTABUTL M B Takoi dhopmc
b—a)-f(b
X =b— b-a)-fb) . 2%
fo)~-f@

W3noxeHHoe OpaBUIO NOJIy4YeHHs: NPACTIKEHHOTO 3HAYEHHs KODHS M Ha3BIBACTCA
npasuiom nponopyuoratstiocmu yacmei*). OHO ROMYCKaeT IPOCTOC TI'€OMETPHYECKOC

*) B CTapHHy ero HA3bIBAJIA ¢«NIPABHIOM JIOXHOTO monoxenus» (regula falsi), nbo

OHO OCHOBAHO HA TIPEANOJIOKEHHMH, KOTOpPO€, CTPOrQ rOBOpsA, HE OTBEYacT ACHCTBH-
TENBHOCTH,
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ucronkosanue. 3aMeHuM pyry MM’ xpupoi (puc. 82) — xop poit MM’. Ypasrerue
moclieHed MOJKET OBITh HANUCAaHO, HAIPUMeDP, B BHIE

b)—
y—f(a)=f( ) ~f(a)
b—a

Hame npapuio, 00 CymIecTBy, CBOAMTICK K TOMY, 9TO BMECTO TOYKM A IEpeceveHNs
KPHWBOMH C OCBIO X ONPENENACTCA TOYKa D mepccedeHus ¢ OChIO X 3TOM X O P I Bl

4

(x—a). 3

4

7|

|
1
1
i
I
|
1
!

Y

)2

Puc. 82.

HeitcteurentHo, nonaras B (3) y=0, mia abCuMcch Xx; TOYKH D HOIydaeM HMEHHO
BBIpaxeHue (2).

B cBA3H ¢ 3TMM DpaBWIO OPONOPUMOHANBHBIX YACTEH HA3LIBAIOT TAKKE MemoooM
xopo.

OGpaTHMC}I TCOCPb K HCCIICNOBAaHUIO BOOPOCA O MOJIOKCHHH TOYKH X; IO OTHOMIC-

HUFO K KOpHIO §. HemocpeACTBeHHO ACHO, YTO TOYKA X; JEKAT MEXIY a | b, HO C KaKoi
CTOPOHE! OT &?

Taxk xak B ciayyasix I m IT (111 1 IV) MBI MMeeM 1o ¢ BBINYKIOH BEA3 (BBEPX) BYyHK-
e, To xpuBasa MM’ nexur non (Ham) xopaAo# MM’ T. e.

ORI(C)
b-a
Tlomarad 3mech X =X;, HEMOCPEACTBEHHO MOIY4acM
fCa)<0,

)

Tak 410 f(x;) Bcerma UMeeT 3HAK, MPOTHBOMOJOXHKIN 3HaKy f'/(x). OTcroma, HakoHer,

3aKmoyaeM, 4To ¢ cayuaax I u IV suguenue x, sexcum mencoy a u &, 6 cayvaax wce 11
u X1 ~ mexncoy & u b. '

f(x)(<)f(a)+ (x—a) (a<x=<b) @)
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Orpanuymsasce cayvasmu I IV, OpuMesdM CHOBA Hallle IPABWIO, HA 3TOT pas
K IPOMExKyYTKY [x1, b]; 3amenss B (2) a Ha x,, HONYIMM HOBOE TIPHOIHKEHHOC 3HAYCHEE

KOpH# &:
_ ®b- xp) ‘f(xl)
fO)-fx)

COZCPKAWICECs, IO NOKA3AHHOMY, MEXAY Xx; H &, DTOT NPONECC MOXKHO NPOLOJDKATDH
HCONPENCICHHO M NOCTPOHTE IOCICAOBATENLHOCTL BCE BO3PDAacCTaOI[HX OpH-
ONUKEHHBIX 3HAYEHHI

X=X

A<X|<Xp<...<Xp<Xpy;<...<€

IIpm 3TOM mIOGBIE IBA MOCIENOBATENILHEIX 3HAUCHUS Xn M Xp4 CBSA3aHBI GOPMYIIOH,
aHaNIOrHIHOM (2),
b= xn)-f(xn)

O -fGn

Tloxaskem, 4TO, ¢ BO3pacTandeM n, xp ~&. B caMOM zene, MOHOTOHHO BO3pacTaro-
masl, HO OrpaHMYeHHas (HAalpUMEpP, IUCIOM &) IepeMeHHAs X, HOJXKHA CTPEMHTHCH
K HEKOTOpDOMY KOHEUYHOMY IpeeIy
a=<<f, Ecmi mepeiftu x mpeneny B y
paBeBCTBE (5), ECOONE3YST NMPH 3TOM
HeNPepLIBHOCTS  GyEkmm  f(x), TO
MOIyYAM, YTO

(b-2)-£@) _
o -f@

otkyna f(x)=0. Tak kak mApyrux 0

KopHed ypapHeHust (1), kpoMme &, B

npoMexytke [a, b] Her, To a=£¥),
Puc. 83 wumoctpupyer mocre-

meHEOe npubmmwkemue Touek D,, D,,

... *OEPECEYECHNS MOCIIENOBATENbHEIX

XOpZ4 € OCBI0O X K HMCKOMOM TOuYKe A.
Jlerko noHATB, 4YTO B CiydYasx Puc. 83.

II wmm III noBTOpHOE mpMMeHeHEE

OpaBwIa MPWBEAET K MOCIENOBATENHHOCTY yOBIBAIOIMH X NPHOIHKEHHBIX 3Ha-

yeautt

®)

Xn41=Xn

b=xy>=Xy> ... >Xp> Xy >0 >E,

CTPEMSIITHXCS K KOPHIO & crpasa.

Takum obpa3oM, BO Bcex cilyyasx, IPUMEHUB ITOCTATOYHOE YHCIO Pa3 YKA3AHHOE
BBIIE IPRBUJIO, MOXKHO BEIYACINTD KOPeEbE C N0 6 O0OH CTENEHLI0O TOYHOCT M.
Tlpm 3TOM, BIPOYEM, OCTaeTCsi OTKPHITHIM BOIPOC, K4 K OMEHHTH TOUYHOCTH
YX€ BRHIYHCJIEHHOrO ONPHONHUKXEHHOrO 3HAYEHHUSA Xn.

JJ1s1 pemeHus ero MPEMeHAM K PasHOCTH f(Xn) — f(£) OpMyITy KOHeYHEIX IpHEparme-
A [112):

FOR)=fGn) —fE=(xn=5 - f(0) EZc=xn).
Orcrona

*) CXORMMOCTE NMPOlecca MOXHO YCTAHOBMTH B 6¢3 NPEANOJIONKEHUS, OTHOCSIIETOCS
KO BTOpOHl NPOM3BOJHOH, HO TOIJ@ HE MCKIIOYEHA BO3MOXHOCTE TOTO, UTO TOUKH Xy
TEPEXOJAT ¢ OJHOU CTOPOHEI OT KOPHS HA APYTYIO,
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ecny 0603HaYUTL YE€PE3 m HauMeEHbIee 3HaueHHe | f'(x)| B paccMarpuBaeMom mpoMe-
XyTKke (KOTOpPOE MOXKHO Pa3 HAaBCeIAa BbIYMCIUTH HANEPEX), TO MOJIYYMM OLICHKY:

Ix —f|<lf(xn)l
n e

©

Tak no camoit Beruyune f(xn) 0Ka3bIBACTCA BO3MOXHEIM CYZHUTD O 6IIM30CTH X;; K KODHIO!
PaccmoTpuM mpuMep. YpaBHEHHE

x8-2x2-4x-7=0
HMeET KOopeHb Mexay 3 1 4, nbo, ecia yepe3 f(x) 0003HaYMTH JIEBYIO €ro 4acTh
f(3)=-10<0, f(4)=9=>0.

IToctaBuM cebe 3amaueii BHIYMCIMTEL 3TOT KOPEHb ¢ TOYHOCTHIO o 0,01. B mpoMexyTke
[3, 4] o6e npowmssommbIe

f(x)=3x2-4x-4 wu [f'(x)=6x-4

COXPaHsIOT 3HaK Iulioc (Ciay4ait I); HamMeHbillee 3Ha4YecHKe nepsoll U3 uux Oymer m=11.

MNmeem:
f(3) 10
3- 2 34 _-34052...;
@@ T

OKDYIJIAf, TONIOXKUM X, =3,52. Tak kax f(3,52)= —2,246592, To, no HepaseucrBy (6),
TpeOyeMoif TouHOCTH elie Her. ITpomoikaem:

0,48 -£(3,52 1,07836416
s )=3,52+ =3,52+0,09...
f@—=1(3,52) 11,246592

HIH, OKpYrinsas, xs=3,61. Boryucimue f(3,61)= —0,458319 ¥ mOnb3ysch HEPaBEHCTBOM
(6), cEOBA BHOMM, 4TO LIENb ele He AocTHrHyTa. Hakosel,

0,39.1(3,61) B 0,17874441
f@-f361) T 9458319
OKpyriss, NONOXHAM X3=3,63. Tak KaK MBI OXPYIIWJIM B CTOPOHY KODHS#, TO MOLJH

M OEPECKOYUTh Yepe3 HEero; 4To 3TOro He MPOM3ONUIO, BUAHO HO 3Haky ymeaa f(3,63) =
= —0,041653. Ha 3TOT pa3, 00 HepaBeHCTBY (6),

0,041...

Jxs—&) =E—x3<~T<O,W.

Xy =

X, =3,52 -~

Xx3=3,61—~ =3,61+0,0188...

Taxum obpazom,
3,630 <& < 3,634,
T. €. £=3,63.14 004
OTHM NPHMEPOM MBI OIPAHHYHMCS, TAK KAK METOJ XO P A BCe ke Mano 3¢-
texTHBeR; €My ClleyeT OPEAUOYECTh METOJ KacaTellb HBIX, K KOTODOMY MbI
M TepexomuM.

155. ITpasuno Helorona (MerTol XacaTelbHBIX). BepHeMCA K NpPEXHUM OPEANOIO-
JXEHESIM OTHOCHTEJILHO GyHximn f(x) [153); BCkOMBIA KOpeHb & 3Toil GYHKIEA U304~
poOBaH B mpoMexyTke [a, b): a<&<b. OTnpasiasck OT KaKOro-EAOYyAp M3 KOHIIOB 3TOrO
nNpOMEXyTKa, BaupmMep, oT b, HamumeM ¢opmyny Telknopa ¢ JONONHUTEIbHBIM
4jeHoM B dpopme JTarpanmxka:

1
0=y =f(b)+S'(b)- (f—b)+5f”(0) (§-bp  (§<c<b). )
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OT16pachlBasi JOIOJHUTCIbHbIA YJICH, IPUOTMKEHHO MOXKHO TIOMOKHTh

fO+fb)-(§-b)=0

OTKyAa
b
ICY
fb)
TakiM NyTeM Mbl NPUXOAMM K IPUOIMKEHHOMY 3HA4YeHHIO KOpHI &
b
xp=b- f(—) . (8)
£

TIonyyeHHe 3TOrO 3HAYCHHS MOXHO HAIJIAHO MHCTONKOBATE M ICOMCTPHYECKH.
PaccMOTpHM KacaTeJbHYO K KpHBOHK y=f(x) B Touke M’, ¢ abcunccoit b. Ee

YPABHCHHUC HMCECT BHUI
y—f®) =) -(x-b).

Ilonaras 3gece y=0, Haiimem abcuuccy ToukM T NEPECeYCHHUs KACATEILHOH C OChIO X;
OHa B TOYHOCTH coBmazaer ¢ (8). 3HayMT, CyThb Aena B NMpUOIMKCHHOHR 3aMeHe Hyrd
KpuBOit MM’ — kKacaTeJbHOM K HEil B OOHOM U3 €€ KOHLOB (CM. puc. 82).

STo mpaswio, mocsmiee WM H b0 TOHa, Ha3bIBACTCH TaKKe Memodom Kaca-
MenbHbIX. ,

Bcraer, omHako, BONPOC, TAE JIEKAT 3HAaYeHHe X;, Nogydaemoe no dopmyse (8).
Benb TOT %e pUC. 82 MOKA3bIBAET, YTO TOYKA MEPECeYEHHsT KaCATEIBHON C OCBIO X MOXET
NeXaTh JaXe BHE PACCMAaTpUBaeMOro moMexyrka! MBI JOKaxeM, YTO, ecau 3Hauenue
f(b) — oonozo snaxa ¢ f'(x) (1. e. B cnyqasx I u IV), x{ seoscum .Memcby¢ u b.

IIeHCTBHTem,Ho Tak KaK f(b) u f'(b) — omHoro 31aka, To M3 (8) HEMOCPENCTBEHHO
ICHO, YTO X< b, C apyro# cropossl, u3 (7) u (8) cieayet:

o 1O
& 2 f0)
Ho f “(x) B DPACCMATPUBAEMBIX CITYasX UMCET OAMHAKOBHIH 3HaK C f'(X), cnenoBaTesbHO,
&< xl . OKOHYATENIBHO: & < xl <b.

AHaNOrMYHO, €CNIM MCXONMTh H3 TOYKM @, M KacaTelbHYIO K KDUBOH NpPOBECTH B
xoHue M (c abcuccoit @), To, B3ameH (8), NOMyYuM IpHOIIKEHHOE 3HAYCHHE

’ fl@
X1=a— <
@
OTHOCHTEILHO BEIYUCIIEHHOrO IO 3TOH ¢opMylle 3HAYEHMS MOXHO YCTAHOBHThL, KakK
W BHILIC: ecau 3uauenue f(@) — odnozo suaxa c f'(x) (1. e. B cay4asnx IT u I1I), x| aeaxcum
Mmencoy a u &,

TakiaM 06pa3oM, [UIA KaxAOro M3 YeThipeX BO3MOMHBIX CIy4deB YKa3aHo, C Kakoro
KOHLIA TapaHTHPOBAaHA YCOEMHOCTL NPUOMOKEHUs K KOpHIO 110 mpasully HplotoHna.
TIoBTOpHOE MPUMEHEHHE €ro JaeT B ciyyasx I IV mocnenosatensHOCTh y 6 bl B a 10-
MM X 3HaYCHMIA:

E—xj=§-b+ &by (&)

8%

7 ’ ’ 7
b>x{>Xe> ... >Xp>Xpp > .. =&,
a B ciyyasx IT i III — mOCnenOBaTeNsHOCTE BO3PACTa o LM X 3HAYCHMI:
’ Ié l4 ’
A<X{<Xp<...<Xp<Xppp=<-...<&,

ApHYeM BHYACHEHHC TIOCTEAYIOWIErO 3HA4CHHA M0 NPEMbIAYIEMY BCETa NIPOU3BOAKTCS
no dopmyne
’ ’ f (,\'n)

Xny1=Xn— 7.
[ xn)

81Y)
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’
W 3mech JIETKO JOKa3aTh, 4TO Xp ~¢. MoEOTOHHas u or PaHHYCHHAs IepeMcHHas

x,; uMeeT KOHEUHBIH mpejen §; mepexois xe K npeaeny B (10), ¢ y4eTOM HelpepLIBEOCTH
obenx Gyuxuuit f(x) u f'(x), Haiimem:

6
r®
Puc. 84 nnmocTpupyeT mpubmDkeHHEe K TO4ke A cO CTOPOHBI ToueK Ty, Tp, ...
MICPECEYCHHS TIOCIIENOBATENBHBIX KACATENBHBIX C OCBIO X.

0, orkyma f(B)=0 u f=¢&

M!

Puc. 84.

Taxum obpa3zom, u mpaBuno H B TO0Ha, NOBTOPHO NPHMEHEHHOE, NO3BOJISET
BBIYKCIIHTE KOpeHb { ¢ NG O0# CTENMEeH b TOYHOCTH. LIpH 3TOM TOYHOCTB
yXe BBIYMCIEHHOTIO MNPUOMDKEHHOrO 3HAYEHHS OLCHMBAETCH, KaK M BBIMIE,
mo dopmyne (6).

Y106BI OXapakTepu30BaTh CKOPOCTh YOBIBaHHA pa3HOCTeH X —&, BepHEMcs K dop-
myie (9); 3aMeHnM B Heii b yepe3 x,';, a x; — uepe3 x,'1+1:

’ 1 ’ ’
st O ot e
2 [

O6o3znayas yepe3 M Bambombmee 3Hauenwe |f/(x¥)| B 3amaHHOM mpOMeXxyTke [a, b]
(M coxpaHsis 3a /m ero npexsee 3HAYCHUE), OTCIOAA JIETKO NONYIATh TENEph:

’ M,
lx,H.I—EISE'IXn‘"ElZ. (11)

TTockonbKy CIpaBa CTOMT KBaZpaT, 3TEM OOecredeHo BecbMa ObicTpoe mpubim-

XKEHME x,', K & (Do kpaifiHeil Mepe, HaYmHAs C HEKOTOPOIO MECTA), 9TO M JENIA€T METOJ
KacaTeJILHBIX OHHHEM H3 CaMbIX 3(GEKTUBHBIX METOA0B HPUOIMKEHHOrO BHIYMCICHHA
KOpHSL.

Hepagencrpo (11) Brmonssier eme onny ¢yuknmio. EclE TOYHOCTH BLMHCIEHHOTO
3HAYeHHA X1 yXe OLEHEHa, HalpHMep, C MOMOMEIO HepaBeHCTBA (6), TO HEPABEHCTBO
(11) Do3BoJsAET HANEpEX OLUECHHTh TOYHOCTH €6 HEBHRI YHCIEHHOT O 3HAYEHHA
x:1+1- OTO MOXKET OKa3aThkCs IMOJIE3HBIM OPH PELICHHH BONPOCA O TOM, HA KAKOM 3HAKe
nenecoobpa3Ho €ero OKpyIriMThb.

O6parmMcs X mpuMepaM. X pememme, pasyMeeTCs, DpeNIoOJIaraeT HCIOJB30Ba-
HHE BCEX BCIIOMOTATENbHBIX CPEACTB BBIMHUCICHHS, KAKHE UMEIOTCS MOJ PYKOM, KakK-TO:
Tabnmil cTeneHed M KOpHel, Tabmui ymHOXeHHMs, apmdmoMeTpa, JorapaGMHYECKHX
H JIOrapE)MOTPHIOHOMETPHYECKHX TaOMull, HATYpaJbHBIX Tabnull TPUrOHOMETDH-
9CCKHX BEIMYHH, TaOJMIl [jI8 TEepeBONa IPafycHOH Mephl YIVIOB B PajHaHHYIO, U T, U,
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156. ITpumepsi 1 yopaskuests. B 3ToM n® Me1 6yAeM I10JIB30BATECA MCKITHOYATEIBHO
METONOM KacaTelbHBIX.

1) Beruucauts ¢ TouHOCTBIO 10 0,01 KOpeHDb ypaBHCHHSL
x3-2x2-4x-7=0,
3Hasl, YTO OH CONEPXKHKTCA B NIPOMEXYyTKe (3, 4) [cp. 154].
HNnmeem:
S(xX)=x3-2x2-4x-7, f(3)=-10<0, f(®=+9>0,
f(x)=3x2-4x-4>0, f’(x)=6x-4>0 (mpu 3=<<x=<4)
(cny4ait 1); nauMenbinee 3uavenue | f(x)] ectb m=11.

OrnpasinseMcs OT TOTO M3 KOHLOB 3af@HHOTO MPOMEXYTKA b=4, UL KOTOPOro
3HaK QyHkomu f(x) coBmazaer co 3HakoM f’’(x). ITo dopmyne (8)

X;=4_f(4),=4_ 2:4—0,32. e
f@) 28

OKDPYIJIfisl, TOJIOKHM x; =4-0,3=3,7. Tak xak f (x;) = f(3,7)=1,473, T0, N0 HEepascH-
c1By (6), x; &< —1’;17-3 <0,14, 1. e. mOCTHrHyTass TOYHOCTH HemocTaToyHa. Jlaice,
. fG7N _ 1,473
e 7 22,27
TTOJIOKHM, x; =3,7-0,066=3,634. Ha stOoT pa3 f (x;) = f(3,634)=0,042..., Tak uro,

0,042
B culy (6), xz—&< “1 <0004, Tlosromy

x;=3 7 -

%

=3,7-0,066...;

4 WA\
3,630<€<3,634 u £=3,63 ¢ TpebyeMoii TOU- \f

HOCTBIO. U=
(Monyyenue 3TOro Xe€ pe3yabTaTa B
154 mo Merony Xopx mOTpebOBaIO TP eEX !
1IaroB.) i
2) Jns BTOpOro npHMepa Hpe1oXHM i
ce6e PelIUTh ypABHEHUE f/ '

s
x-logx=1. ‘ i
1

Bocmone3yemcsi 3TuM  CliyyacM, YTOOBI
MOSICHATH YHUTATENIO, KAK TpadHUYECcCK o€
H300paxerHne QyHKImMA MOXKET Ciy-
KHUTE IS HPENBAPUTENBHOM OPHEHTHPOBKH
B DACMONIOKEHHH KODHEH ypaBHEHWsS. 3HAYeHue X, YJIOBICTBOPAIOIIEE YPABHEHHIO

&I\

ks f"@wx

Prc. 85.

log x=—,
X

OYCBHOHO, NPCACTABNSACT achuccy TOYKH IICPCCCUYCHUA KPHBBIX
1

y=1log x " Y=—.
X

Haxe rpyboe mx m3obpaxenme (puc. 85) cpa3dy NOKas3blBa€T, YTO HCKOMBIH KOPEHb
JIEXUT MeXAY 2 B 3. DTO JIETKO Teneps MPOBCPHTH U BLIYUCIIEHHEM, HOO, nonaras f(x) =
=x-.log x—1, uMeem

fQ)=-0,39793 ... <0,

f(3)=0,43136 ... >0.

BeluncauM ynoMsHYTHIH KOpeHb ¢ TOYHOCTBIO no 0,0001,
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. O4eBUAHO, TIPpU 2s<x=<3
f'(x)=log x+loge=0,

loge
ff)=—->0
X

(cnyqaii 1); Moxuo nonoxures m=0,7.
Tax xak aMeEHO f(3) MMeeT TOT Xe 3HaK, 4TO H f'(x), TO, o dopmyie (8),

’ F{€)) 0,43136. ..

=3 Gy T T oean

mosioxuM x;=3-0,47=2,53. MmeeM f(x1)=/(2,53)=0,019894..., Tak uto x,—&=
0.01% _ 0,03. Tasee,

=3-0,473...;

=

£l

1253 5, 00198%...
@53 777 083741...

BO3bMEM x; =2,53-0,0237 = 2,5063. OuenuM, mo HepaBeHCTBY (6), IIOTrPEILHOCTS:

7
x3=2,53~

=2,53-0,02375...;

/{/p £(2,5063) =0,000096. . .,
’ 0,000096. . .
xg=f<———— <0,0002,
74 0.7
=l T. €. 2,5061 <€<2,5063. B TakOM ciy4ae HMeEEM, C yXe Tpe-
g OGyeMoil TOYHOCTBIO,
2 &=12,5062 4 0,0001 -
/ I [Ha nene 2,5062 sBlsiercsi M3GHITOYHEIM TPHGIIMXEHAEIM 3HA-
70 yenueM miA &, u6o £(2,5062) >0.]
/ I 3) BepHeMcs X ypaBHEHHIO
g / 2X=4x,
1 O KOTOpPOM yxe ObUla peus B 81. MBI BHOEIH TaM, YTO MEXAY
/ / 0 u 0,5 3aKmOYeH KOpPEeHb 3TOTO YpaBHEHHSA, JTO 0OCTOATEIH-
I3 CTBO TaKXe JIETKO OBUIO OBl 3aMETHTH C HOMOIIBIO TPadHEKOB
/ 2] dyukumii y=2% u y=4x; Ha puc. §6 ACHO BAAHO, YTO 3TH KpH-
4= Bbl€, KPOMe TOYKH ¢ aGCImccoi 4, mepecekaloTcs emme B HEeKOo-
p Topo#i Touke ¢ abcnumccoi & mexay 0 u 0,5. Ilpennoxum cebe
BBIYMCIIMTBL 3TOT KOPeHb ¢ TOYHOCTHIO a0 0,00001.
/ Hmeem g 0=x=<0,5,
2 f()=2x-4x, fi(x)=2%.1n2-4<0,
f(x)=2%.1n22>0
Zz i —4—12 —21n2 _Ai
7 2 7 (cnyuait I1). 3nece m=4—}21In2>3, M=2In? 2<0,7, s
m

Puc. 86. <0,12. Tak xak f(0)=1 mMeeT omMHAKOBmid 3HaK C f'(x),
TO HayuHaeM ¢ a=0. B cumry (6), MOrpemHOCTL 3TOrO IpH-

1
GIIHKEHHOTO 3HAYCHUS <-§ , a Toraa, B cuiny (11), MOXHO Hamepel OLEHUTH IOTPEI-
HOCTb:

1
e—x{<o,12,5<o,014.
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IMosTomy BhruMcieEHOE 10 Gopmyne (8*) 3nauenue
1 1 3
In2-4 3,306852...

OKPYTJIsIEM Ha BTOPOM 3HaKe: x;=0,30. Tlone3ysace 3HaueHwem £(0,30)=0,031144...,
HO HepaBeHCTBY (6), TOYHee OLEHMBAEM TOTPEITHOCTE:

» 0,031144

X1

0,30...

’
X1

<0,011
a toraa, mo (11), ,
& — x5 <0,12-0,000121 < 0,000015,
TaK YTO npuOnuxaeMcs k TpebyeMoii TounoctH. Cnenyiomiee NPHOIHKEHHE:

’ 0,031144. .. 0,031144...
Xx=0,30- =0,30 + =0,309897...
0,8533643... -4 3,1466356. ..

’
OKpYIIIAEM Ha NATOM 3HAKE «B CTOPOHY KOpHS» Xp=0,30990. Tak kax £(0,30990)=
=0,000021...>0, To 3TO 3HAYeHHE BCE ke MEHBILE kopHs. TlorpeinnocTs e ero,
B cuiy (6), Ha mene oka3bIBaeTCs

»0,000022
é—x2<—3—< 0,00001,

TaK YTO, OKOHYATENILHO,
¢=0,30990+0,00001 -
4) Ypasuenue
tgx=x

yMeeT GeCYMCIIEHHOe MHOXECTBO KOp-
Hed. DTO MOKHO cpa3y yYCMOTpeTh
3 puc. 87 - mo GecqucneEHOMY
MHOXECTBY TOYEK IepeceYeHHus rpa-
duka TaHreca y=tgx c mnpsAMOii
y=x. IlpegnoxuMm cebe BHLIYHCIIATH
HAUMEHBIIMN HOMOXHUTE N b-
HbIH KOPEHB ITOrO YPaBHEHUS, KOTO-

. 5 3z
PRI COMEPRUTCA MEX Iy i u 5"

3n
Tax xak mpu x=-2— TaHrenc obpamaercss B GECKOHEYHOCTb, TO MNPEATIOKEHHOE

ypaBHeuue ymobuee npe/icTaBuTh B Buae f(x)=sin x —x - cos x = 0.

Hmeem:
5) VE S5n
f(?J“?(I*Z)’ o

fO)=x-sinx<0, m>2,7; f”(x)=sin x+x.cos x<0 (cnyyait IV). Hauwmgaem ¢ b=

T
=3= 4,7123889. . .; nonyynm

2
x1=7”—3— =4,7123889. . . —0,2122066. . .

T

3neCk MBI CTaNKMBAEMCS CO CNEAYIOIMM OBCTOATENBCTBOM: B TabmMuax TPHIoOHO-
METPHYCCKHX BEAMIMH (M MX JOTapH(MOB) YIJiBl yKasbiBaloTCS B IPaiycax, MHHYTax
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U CeKyHHOax; I03T0My OKpyrienne nonpapki 0,2122066. .. saM ygobHee aenaTh RMEHHO
B 5THX eAuEWI@X. MEl Bo3bMeM 12°10°, 4TO OTBEYAET HECKONBKO GONBIIEMY WHCITY
0,21223484... (OKpyrieHHe B ¢«CTOPOHY KODHS»), TaK 4YTO

x, = 4,5000406. . . (257°50").

Hanee,
S = ~cos 12°10’ +4,5000406. . . - sin 12°10" = —0,0291274. . .,
0,03
)= —4,398962...; x—&< 57 =0.012.
IIpomomxaem: ’
, 0,0291274. ..
=4,5000406. . . — ————— """ = 4,5000406. . . ~0,0066214. . .;

2 4,398962. ..

OKpyrjsem monpasky ao 0,0066177... (22'45"") n Gepem
x5 =4,4934229. . .(257°27'15").

Tak xak f(x;) = —0,000059. . ., To
, . 0,00006

[
Xg—g=<
2,7

- 0,0000223.

Taxmm obpazom
4,4934006. . . <£<4,4934229...,
M MOXHO MHOJIOXHTH
£ =4,4934 4 0,00003.

5) Cuna Meroma HproToHa oCOOEHHO HPOABIAETCS, KOIKA HPOMEXYTOK,
CoepXaluii KOPEHb, AOCTATOYHO CYyXeH. BBMHCIAM B 3aKIfOYeHHE ¢ GONBINON TOY-

1
HOCTBIO, CKaXeM, 0 —— , KOPEHb ypaBHEHUS X2—2x—5=0, HCX0oAs M3 NIPOMEXyTKa

1010
(2; 2,1), B XOTOPOM OH COHEPXKHUTCH.

3meck:
f)=x3-2x-5 f(@=-1<0, f(2,1)=0,061>0,
fx)=3x2-2>0, [f7(x)=6x>0 (umpn 2=<x=21).

(cnyyait I). Jlerko noacuuTaTh, yTo m =10, M <12,6, Tak 41O

M
—=<0,63.
2m

0,061
Haunnaem ¢ b=2,1. Tlo ¢opmyne (6): b— 5«7)——00061 Teneps, NONB3YACH

HepaBeHCTBOM (11), MBI 3apaHee NOACYHTAEM, KAKOM TOYHOCTH MO XHO XJIAATh
OT X{:

x1—£<0,63.0,00612 < 0,000024.
ITosroMy uucno

2,1
_/en =2,1- 0061_21 0,00543. .
f'@n

11,23
OKDYTJIfIEM (B CTOPOHY XODHA» HAa NISTOM 3Hake: xj=2,1-—0,00544=2,09456. Tax xax
S (x{)= £(2,09456) = 0,000095078690816, TO Temepb, mo ¢opMyne (6), MOXHO TOYHEE
OHLEHHTHL MOIPEUIHOCTD:
0,000095. ..

g —g <0 600001,
xa-e 10

=21
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ITepexonms k x; u cHOBa mpuberayB K (11), nogcyutaeM Hanepex:

x3—&=<0,63 - 0,000012 = 0,000000000063,
ITostomy wucno

0,000095078690816
§=2,09456— ————— "2 _ 5 (00456 0,000008518416. . .
* 11,1615447808 09 ’

OKDYIJIEHHOE Ha OJMHHA[UATOM 3Hake: xz=2,09456—0,00000851841 =2,09455148159,
BCE K€ OTJINYAETCS OT MCKOMOrO KOPHS MeHkbINe, yeM Ha 0,00000000007. WTak,

2,09455148152 <& < 2,09455148159,

1
T. €. £=2,0945514815+1—0ﬁ’.

157. KoMOUHHPOBAHHEIK METOA. DTOT METOL COCTOMT B OIOHOBPEMEHHOM HCIIOJIB30-
BaHMM KaK M€TOJa K2CAaTENbHHEX, T&K M METO/Aa XOp A,

Jna oOpeaeseHHOCTH NPEANONIONKHM, YTO MBI HMeeM AENI0 CO cinyyaeM I. ITpubnu-
KCHHBIE 3HAYEHUs X, M X] BBIYHCIMM, KaK ¥ BBIUE, NOJB3YACh (GOPMYTIaMU (2 u (8):

__0-a-f@ iy T
! fo-f@ ’ e’
TOrAa, OO JOKa3aHHOMY,

a<x;<E<xi{<b.

Ilpu cieyromen e Lare Mbl IONPOCTY 3aMeHseM B 9THX (OpMyTax a U b uepes x, U x4

(xi—x) -f(x1) , . JGD

I A R T S

DTOT mponecc MOXeT GBITh NPOJOIDKEH HEONpEAEICHHO, EMes ABa TIpHGIKEHHBIX
3HAYEHUA Xp ¥ Xf, MEXAY KOTOPBIMU CONEPXKHTCA KOPEHD &, MBI MEPEXOIHM K CIIeAYIO-
niedl mape mpuOIMKEHHBIX 3HAYeHHM HO GOpMyIaM:

(xn—xn) - f(xn) X ¥ S(xp)
YA VNG =An T o .
SRS Gen) T G
Bropas u3 Hux Toxnectsena ¢ (10); mepBast ke CYIIECTBEHHO OTIIMYAETCH OT )

TeM, 9T0 mouxa b 3amennemea 30ecs moukoii xp, éce Gonee u 6oaee Gauzwoii k &. Bemm
HEPaBEHCTBO (4) — JUI PacCMAaTPHBAEMOTrO CIyyas — INepenHcaTrb B BHIE

X=X

Xn41=Xn—

x—-a b-a
fx~-fl@ fB)-f(a)

H HOJIOKUTb B HEM =X M X=Xp, TO JIETKO YCMOTPETh, YT0 YOOMSHYTas 3aMeHa b Ha
Xn cnocobemeyem auwp Gosee Gvicmposmy npubausicenmo xn X UckoMomy xopio (TEOMETpH-
4Y€CKH 3TO OYEBHAHO!).

TakuM 06pa3om, mpu KOMGHHHPOBAHHOM METOAC MBI IIONY4aeM OZHOBDPEMEHHO
HEZIOCTATOYHbIE ¥ H3OBITOYHBE NPHOIIIKEHHBIC 3HAYEHMS KODHS, KOTOPHIE CTPEMSTCH
K HeMy € pa3BEIX CTOpOH. B caywasx I m IV x, crpemurca k & ciesa, 2 X7 — chpasa;
B caygasx ke II u III, ogesunmo, Gyner maoGopor. Bemmumma |xh—xn| Henocp e a-
CTBEHHO IO3BOJMCT CYAUTH O Ka4YeCTBE JOCTHTHYTOTO NPHOIHXKEHNA — B 3TOM
ya06CcTBO KOMGHHEPOBAaHHOTO METOZA.

ITpumenenne ero ocseTum npAEMepaMH.
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158. [IpuMepn M ynpaxkBeRusl. 3[eCh NPENNOJIaracTCs HONb3OBAHUE JIMINL K O M-
OMHUPOBAHHEM METOAOM.
1) HaliTh TpH BEIICCTBCHHBIX KOPHA YPaBHEHHSA
f(x)=2x3—x2-Tx+5=0
¢ ToymOCcTRIO mo 0,001,
Ipy6eii rpadmx ¢yHKumEm y= f(x) moMoraer HAalTH OPOMEXYTKH, B KOTODBIX
comepxkaTCA 3TH KOPHH:
—2<f<-1, 0<f<1, 1<3<2;
NPOBEPHATH 3TO JIETKO HO H3MEHEHHIO 3HAKa (HyHKIHH.
(a) B mpomexyTtke [—2, —1]
fix)=6x2-2x—7>0, f"(x)=12x-2<0
cnyyaé (IIT). Tak xak f(~2)=—1<0, f(-1)=9>0, To npasuno HroTOoHa Ban-
JNIEXAT OPUMEHATb K J1€ B LI M KOHIIAM NpPOMexyTkos. ViMeem: f'(—2)=21 u
-1
xX{=-2~—=-1952...,
21

9
9-(-1
Oxpyriisis 3HadYeHne x; B CTOPOHY YMEHBINEHMS, TMONYYMM 4HMcao —1,96<&,. Ecmu xe
OKDYTJIHTH €0 B CTODOHY YBENMWYEHWs, T. €. B CTOPOHY KOPHS, TO HONYTHM 4HCIO
-1,95; o f(-1,95)=0,01775>0, T. €. B 3TOM ClIyiac Mbl HEPECKOTUIH Y€PE3 KOPEHb.
ITO 06CTOATENLCTBO BLIFOAHO IUIA HAC, HOO [aeT BO3MOXHOCTH CY3UTh NPOMEXYTOK,

COAEPXKalINi KOPeRb, H, OTOPOCHB MpexHee 3HAYCHHE X, , IOJIOXKATH

x{=-196, x,=-1095.

x=—1 ~1,9.

HManee, uMeeM:
f(—1,96)= ~0,180672, f'(—1,96)=19,9696,

0,180672

xp=—1,96+———= —1,96+0,00904.. . = —1,95095. . .,
19,9696
,01 - 0,01775
Xo=~1,95~ —M——= ~1,95-0,00089. .. =—-1,95089...
0,01775+0,180672

TIockONEKY &, HOMXHO OBLITH 3AKIFOYEHO MEX/AY STHMH IDAHHIAMH, TO SICHO, 9TO
&= —1,9509+0,001

(Tax 910 TpebyeMas TOYHOCTbH mpeB3oiineHal).
(6) B mpoMmexyrke [0, 1] mepsas mpousBomHas f'(x) COXpaHsSe€T 3HaK MHHYC, HO

BTOpasi mpou3soaHas f/(x) MersieT 3HaK, oOpamasck B HYJb B TO4YKe x=—6— . 9T10 06-

CTOSTENLCTBO 3aCTaplifeT IpEABApHTENLHO €lle CY3HTh IPOMEXYTOK. HcHmeThiBas
sgavenwa x=0,5, nonysaem: f(0,5)=1,5>0; Tax kax f(1)= —1<0, 10 &; conepxurcs
BHYTPK npomexytka [0,5, 1], rne f”’(x) coxpanser 3Bak mwmoc (crnysai IT). Y 3mece
npaBuio0 Hb10 TOHa NpEMeHseM K JieBbIM KoHIAaM. M Meem:
1,5 0,5
1=0,5+-"-=0,7307=0,74, =1--—-=0,80.
=0FEs Y
OKpyTJIeHHE X| B CTOPOHY KODHA He OPHBEJNO K NEPECKAKHBAHMIO Yepe3 KOPEHb,
u6o £(0,74) =0,082848 > 0. Haxonew,
0,082848

£ =074+ - =0,755. . .,
e 5,1944
0,01296

=0,80 ~ " =
%2 0,298848

0,756.. .,
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TaK, 4ro 0,755...<%,<0,756..., ¥ MOXHO TNOJOXHUTh
£,=0,756 +0,001 .

(8) B mpomexyTke [1, 2] BrOpas npou3BomHas COXpaHMET 3HAK IUIIOC, HO nepBast
OPOU3BOJHAS MEHAET 3HaK, obpamiasck B 0 opu

1+ V43
6

HUcmoeiteiBaem 1,5: f(1,5)= —1, B T0 Bpema kak f(2) =3, Tak 4TO 1,5<£;<2; f'(%)
B 3TOM IIPOMEXKYTKE MMeeT 3Hak muroc (cnyuai I). Mmeem:

X= = 1,26.

1 3
n=15+2516  x=2-S =17

13
Hepes KOpeHs W 371¢Ch He repeckoyuny, oo f(1,7) = 0,036. Hakonen,

0,0568

X,=1,6-F =1,64+0,094...=1,6%...,
0,604

, 0,036

xp=17— —=1,7-0,005...=1,694...,

6,94

Tak 410 ¥ &3=1,694.10,001.
3aMeuanue. Tak Kak cyMMa KOPHeif, 110 M3BECTHOI TeOpeMe anreGphl, NOTKHA
paBusaTbCs 0,5, TO 3THM MOXHO BOCIIOJIB30BATLCS AJIS IIPOBEPKH.
2) VpaBreHnue
f(x)=x*-3x2+75x~10000=0

MMCET /1Ba BELICCTBEHHBIX KOPHA: OAMHE Mexay — 11 u — 10, a npyroit — mexny 9 u 10.
Boyucnuth ux ¢ Tounoctero oo 0,00001.
(a) B mpomexytke [~11, —10]

S @) =4x3-6x+75<0, [7(x)=12x2=6>0
(cnyuaii 11). Monyyaem:

3453

,\‘;T 114 - =—10,33...:f:“10,3,
5183
1050

X — 10— - 210,230~ 10,2
4503

R MCPBOM CITyHae Mbl OKPYTITHIH B CTOPOHY KODHS, HO uepe3 ¥eTO He NEPEeCKOMHIH.
Jlanee,

164,3181
Xg=—10,3+ ———=~10,262... = ~ 10,262,
4234,108
25,27984
x,=—10,2-- -= —10,260. .. -10,260
2 417,1165
(To xe 3amevanne). Hakoneu,
4,334569118736
Xy=—10,2624+ ————————= — 10,262 +0,0010354. .. = — 10,2609645. . .,
4186,137218912
0,00807038048
X3= —10,260 - —————= — 10,260~ 0,0009642. . . = — 10,2609642. . .,
8,369759358736
TaK 4TO

&, = —10,260964 —0,000001
(maxe ¢ Gouyblueil TOMHOCTBIO, YeM TpeGOBAIOCH).

22 T. M. duxrenroasit, 1. [
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(6) B npomexytxe [9, 10} f'(x)>0 n f"(x) >0 (cmyyai I).
3necn:
3007
X =94 -—--=9+0,869...=9,87 (8 cTopoHy KOpHs!).
3457 :
450
x{=10——--=10-0,112...=9,89;
4015

1,2389658878
Xy =987+ ————————=9,87+0,01599...=9,88599...,
77,4689008

5=9,89 15,52060641 9,89 —0,003993 9,886006
Xo = s —_———— = y — VU, sea = s e
? 3885,106676

TaKk 4TO, OYEBHIHO,
£, =9,8860010,00001 .
3) PaccMOTpUM ypaBHEHHE

f(x)=x-sinx-0,5=0.

0,5
Tocrpous rpaduku ¢yeximit y=sinx ¥ y=— (puc. 83), BaauM, YTO OHM mepe-
x

cexaloTcs B GECYHCIEHHOM MHOMXECTBE TOYEK, TAK YTO Hallle ypaBHEHHWE MMeeT Gecdmc-
JIEHHOE MHOXecTBO KopHel. ITo rpadmky BHAHO Takxke, YTO HAWMEHBINHH ITOJIOXKH-
TembHbIM Kopenb & 6u3ok k 0,7; moctaBrM ceGe 3afayelil BEITHCAMTE €ro ¢ TOYHOCTHIO

y
”
y—.'_‘{

J=5nL

Puc. 88.

no 0,000001. [3nech cnemyeT UMeTh B BHAY 3aMedYaHHEEe 00 OKpYrJEHMM B AONSX
rpapyca, KOTopoe GHIIO CAeNaHo No TOoBOAY 3aaqn 4) B 156.]
Tlonctasnss B Gysknmio f(x) 3HaYcHHAS

a=0,6981317... (40°) m b=0,7853982... (45°),
TONly4aeM B TEPBOM CIIydae OTPHI@TENLHBIN PE3yNbTaT, @ BO BTOPOM — MONOXHUTENb-
HBEIY, 3BAUET, a<&<b, O6e mpomssommele f'(x), f”(x) B 3TOM NPOMEXYTKE MMEIOT
3pak mmoc (ciayya# I).

CxeMa BEIMACIICHWI:
x,=0,6981317...+0,0419512. ..,

x}=0,7853982...~0,0438510...;
[ePBYIO MONpABKY «OKpyrisiem» no 0,0418879... (2°24'), a Bropyro — no 0,0439231...
(2°31’), Tak 9YTO OKOHYATEIBHO
x;=0,7400196. .. (42°24), x1=0,7414741... (42°29").
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Hanee,
X, =0,7400196. ..--0,0008211. .. =0,7408407. . .,

x3=0,7414741. .. - 0,0006329. . . =0,7408412. . .,
OTKyJa ¥ HONy4aeM ¢ TpebyeMol TOYHOCTBIO:
&=0,740841 + 0,0000005 .
4) B 3aKIIFOYECHHE BEPHEMCS K YPaBHEHHIO
fX)=xt—-x-1=0.

Mer Bunend B 81, 9TO OHO HMEET KOpeHR & Mexay a=1,22 u b=1,23. Ycrauosuts,
KaKylo TOYHOCTb B OUPENENEHHH 3TOTO KODHS JAeT BCErO JMIIb JBYKPATHOE MpHMeE-
HeHMe KOMOWHMPOBAaHHOrO METOAA.

CxeMa BeiaMcIeHu#t (crmy4aii I):

0,0000466544
x;1=1,224+ —————=1,22073... =1,2207,
0,06353115

, 0,05886641
X =1,23— 2 =1,22086. .. =1,2209;
6,443468

0,00000005533760598398
x,=1,2207+ =1,22074407. ...,
0,001255538012096

, 0,0009788499821761
x5=1,2209 = —————— =1,2207441...
6,279478581316

Taxum obpazoMm,
&=1,2207441 +0,0000001 .



TFTIIABA IIATAA
OYHKIHNN HECKOJBKHX INEPEMEHHBIX

§ 1. OcHoBHbIE NOHATHS

159. ®ynxkuuonanbHAs 3aBHCHMOCTL MeXKAy HepeMeHubivMH. IIpumepsy.
Jo cux mop MBI M3y4adH COBMECTHOE M3MCHEHHE I BY X IIEPEMEHHBIX,
M3 KOTOPBIX OJHA 3aBHCEJa OT APYroif: 3HAYEeHMEM H €3 4 B H C U-
MO M TIEpEMEHHOH yXe€ BIOJIHE OIpPEAENISIOCh 3HAYEHHE 3 ABHU CH M O il
NEPEMEHHON HIIM QYHKUHH. B Hayke U B XU3HM HepeIKH, OHAKO, CIydaH,
KOIZla HE3aABHCHMBIX MEPEMEHHBIX OKa3bIBAETCH HECKOJBKO,
H UId ONpENCJiCHHA 3HAYeHHS (GYHKIHM HEOOXOMMMO IpeIBAPHTENLHO
YCTaHOBHTb 3HAYEHHS, COBMECTHO INPUHUMAaeMbIe BCEMH 3THMH HE3ABU-
CHMBIMM TIEPEMEHHBIMU.

1) Tak, HampuMep, o6beM V' KpyroBoro WHJIHHAPA €CTh G Y H K H A
OT pajuyca R ero oCHOBAHMA U OT BBHICOTHI H; 3aBHCHMOCTH MEXAY 3THMH
TEpEMEHHBIMH BhIpaXkaeTcs hopmyoit

V=nR?H,

KOTOpas JIaeT BO3MOXHOCTb, 3Hasd 3HAYCHHS HE3aBUCHMBIX IT¢pec-
MeHHBb X R ¥ H, ycTAHOBUTh COOTBETCTBYIOILCE 3HAYECHHE V.

O61eM V' yceyeHHOTO KOHYCA, OYEBUIHO, SIBJIAETCS QYHKIUHEH OT T P € X
HE3aBHCUMBIX MEPEMEHHBIX — PajMycoB R U r oDOUX €ro ocHoBanMii u
BBICOTHI H, 1o dopmyne

V=7%I(R2 +Rrr?),

2) ITo sakony OMa, HampspkeHue V' B LENM 3MEKTPHIECKOrO TOKA
CBA3aHO C CONMPOTHBIIEHWEM R 1enu M ¢ cuioil Toka I 3aBUCUMOCTBHIO
V=RI Ecnu V u R cuMTaTh NAHHBLIMH, TO OTCIona ompemenurca I xak
byuxknus or Vu R

3) Ilycte TemmepaTypa MaccChl Ia3a, HaXOSILErOoCS IOJ MOPIIHEM
IWIAHAPA, He TOCTOAHHA, Toraa 00beM V M [AaBjeHHME p OJHOTO MOJS
raza cBssambl ¢ ee (abcomoTHol) TemmepaTypoit 7, Tak Ha3bIBAEMOI,
dopmysoit Knanmelipona:

pV=RT (R=const).
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Otcrosa, cuutad, HanpuMep, V ¥ T He32BUCHMBIMH 1€ peMeH-
HbIM H, QYHKUMIO p MOXHO BBIDA3HThL Y4epe3 HUX TakK:

_&T
p==.

4) Usyyas ¢usuueckoe COCTOSIHME KaKOTo-HMGYAb Tela, 4acTo HpH-
XOJIUTCS HaOJIIOMaTh W3MEHCHHE €r0 CBOKMCTB OT TOYKH K TOYKe. TAKOBLL:
IUIOTHOCTb, TCMICPATYpa, 3JIEKTPHYCCKHH HOTEHUMAI H T. 0. Bee stu
BEJIUMUHBE CYTh «bDYHKUHMH TOYKH» HJIM, €CIH YroAHO, GYHKIMH OT KOOp-
AUHAT X, Y, z TOYKU. EcaM Qusnyeckoe CocTosHME Tena MeHseTCs BO
BPEMCHH, TO K 9TMM HE3aBUCHMBLIM NEPEMEHHBIM MPUCOCIHHSCTCS €Ile H
BpeMs, £. B aToM ciyuae Mbl uMeeM /€10 € (GYHKUMAMM OT 4 €T BIP € X
HC3aBHCUMBIX TICPEMCHHBIX.

Hucno NMOXOOHBIX TIPHMEPOB YMTATENb U CAM MOXKET HPOM3BOJILHO
YBEJIHYUTb.

VTouneHue MOHATHS (QYHKUMH B Cllydae HECKOJBLKHX HE3ABUCHMBIX
[EPEMEHHbIX HAYHEM C MPOCTCHILEro Ciydas, KOIAa ITHX MEPEeMEHHBIX
JABC.

160. ®yukuuu JBYX mepeMeHHHIX M 0GJIACTH MX onpedeienus. I OBOpsi
00 M3MCHEHHM JIBYX HE3aBHCUMBIX IICPEMEHHBIX X H ¥, Mbl JJOJDKHBI BCAKHI
pa3 yxa3piBaTh, KAKH ¢ MAPpH 3HAYCHUH (X, Y) OHH MOTYT
NPUHUMATL COBMECTHO; MHOKECTBO e# 3TUX map u Gyjer
0061acCThI0 U3MEHCHHU S NEPEMEHHBIX X, J.

Camoe ompesiesieHHe MOHATUSA G YyHKI MM JAaeTC B TeX ke BbIpa-
KEHUSX, YTO U JUIS CIy4yasi O/IHOH HE3aBUCUMOIt IEPEMEHHOI:

Ilepemennas z (¢ obracmeio usmenenun ) Hazvieaemes @y HK y u e il
He3a6UCUMbBX nepemMEeHHB X X,V 8 MHOXMCecmEe o/, , ecau Kaxncoil
nape (x, y) ux snauenuti us e/l — no HeKOMOPOMY MPAGUAY UAU 3AKOHY —
cmasumcs 6 coomsemcmeue 00HO onpedeneHnoe snauenue z (U3 %).

3/ieCb UMeeTCA B BUAY OXHO3HAYHA A (YHKIUS, JIETKO pacmpo-
CTPaHUTDb ITO ONPEJCJICHUC U HA CIyYail MHOTO3HAaYHON QyHKIUH.

MHOXeCTBO e#, 0 KOTOPOM BBIIIE ILIA Pe4b, H €CThb 06 JTACT b
onpepecnennsa Qynknuu. Camu NEPEMEHHBIC X, V, — II0 OTHOLUECHHUIO
K MX QYHKIMM z ~ Ha3bIBAIOTCSi e AaPTryMeHTaM . DyHKIMOHAIbHAS
3aBUCUMOCTb MEXAY Z U X, ¥ 0003HAYAETCHA, AHAJIOTHYHO CIIYYaIO OJTHOM
HE3aBHCUMOM NIEPEMEHHOM, TaK:

z=f0% 3, z=¢(x, »), z=z(x, ) uT. IL

Eciu mapa (x,, y,) B3aTa u3 e#, 10 f(X,, ¥,) O3HAYAET TO YACTHO e
(MuciuoBoe) 3maueHue QyHKumm f(X, y), KOTOpoe OHA NpUHUMAET,
KOIJIA X =Xy, ¥ =Y,-

TIpHBeneM HECKOJLKO TPHMEPOB GyHKLUYA, 3aMaHHbIX AHANATHYCCKH —~ () O p-
MyJaaMH, CyKkasauueM ux obiacteld onpenenenus. GopmMyst:

Dz=xy wm 2)z=xtiy?
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onpeneiaoT GyHKURM A Bcex nap (x, y) Oe3 uckimoyeHus. GopMyibr:

S— 1
3) z=Y1-x2=)2, 4) z=
Vi-x2—3

roasTcsa (ecnM MBI XOTHM HMETh AEI0 C KOHCYHBIMH BEIICCTBCHHBIMH 3HAYCHHAMH z)
yumb A Tex nap (x, y), KOTOpHE YOOBIETBOPSIIOT, COOTBETCTBEHHO, HEPABEHCTBY

xX2+y?<l mm x2+yi<l.
PopMyoii:

. X 4
5) z=arcsin —-+arcsin —
a

QyHKUHA OmpeseieHa Ul TeX 3HAuYeHMil X M y, KOTOpble NOPO3Hb YAOBAECTBOPAIOT
HEpaBEeHCTBAM
—-a<<x=<a, -—b=<y=b.

Bo BCex 3THX COydYasx Mbl yKasblBaiM HamOojee IUMPOKYI0 — €CTECTBEH-=
Hyo [46, 2°] — obnacTe mpumeBeHns GOPMYIBI.

PaccMOTpuM Tenepb Takoil mpumep.

6) TlycTh CTOPOHBI TPEYTOJIbHHMKA NMPOH3BOJIBHO H3MEHSIOTCS, C TeM JMIOb Orpa-
HAYEHHEM, YTO MEPEMETP €ro COXpaHsAeT NMOCTOSHHYIO BewumHy 2p. ECiH IBe CTO-
POHBI ero 0603HAYHTH Y€pe3 X U y, TO TPEThA CTOpoHA OyAeT 2p—Xx—Y, TaK 4TO Tpe-
YTONBHUK BIOOJIHE ONPERENAETCs CTOPOHAMHM X M y. Kak 3aBHCHT OT HMX IUIOALb Z
TpeyTOJIbHHKA?

Ilo ¢popmyne I'e p o Ha 3Ta mIOMAAb BEIPA3HTCH TaK:

z=Vp(p-x) (p—y) (x+y-p).

Yo xe Kacaercs 06GacTH ompeAeNeHHuSA e# sroit dyuxuum, TO oHa 06y~
CJIOBJIMBAETCS, Ha 3TOT pPa3, TeM KOHKPETHBIM BOIPOCOM, KOTOpEI{ OpHBEN K pac-
cMoTperuio ¢yukuun., Tak Xak AJMHA KaXOOH CTOPOHBI TPEYrOJbHHKA €CTh MOJIO-
XKHTEJIbHOE YHCIIO, MEHBILlEe MOJIYOEPAMETPA, TO JOJDKHBI BBIIOJHATHECA HEPAaBEHCTBA

O<x<p, O<y<p, x+y=>p;

OHM M XapaKTepH3YIOT 00NaCTh 4 .

TakuM o6pa3oM, B TO BpeMs KaK A (YHKIMH OXHOH NMEpEeMEHHOM
CTaHAApTHOM 00JACTHI0 U3MEHEHHS apryMeHTAa ABJISUICS (KOHCYHBIH MM
GeCKOHEYHBI) NPOMEXKYTOK, B ciydae GyHKIMM ABYX IEPEMEHHBIX
MBI yX€ CTaJKMBaeMCs ¢ GOJBUTHM pa3sHoOOpa3sHeM M CJIOXKHOCTHIO BO3-
MOXHBIX (M eCTeCTBeHHBIX) o6yacTell H3MEHEHUA apryMEHTOB.

Paccmotrpenre atux obnacteil 3HadMTeNBHO O6JEryaeTcs HX IeoMe-
TpUYeCKoM HHTepmpeTanueid. ECTH B34Th HA IUIOCKOCTH [BE B3aMMHO
NEPIEHIUKYJIPHEIE OCH B OOBMHBIM 00pa3oM OTKJIAAbIBATH HA HHX 3HA-
9eHHSI X W Y, TO, KAaK H3BECTHO, Kaxnoil mapoi (X, y) ODHO3HAYHO OIIpe-
IenseTci TO4Ka Ha IUIOCKOCTH, HMEIOMAs 3TH 3HAYCHHS CBOMMH KO-
OpIOHMHATAMH, U 0OpaTHO.

Torma masd XapakTepUCTHKHA TeX map (X, y), Ind KOTOPHIX OIpene-
JieHa (pyHKuys, IpOILIE BCEro yKa3aTh, Kakas ¢urypa Ha ILUIOCKOCTH XY
3aII0JIHAETCH COOTBETCTBYIOIIMMHA TOYKAMHU.

*) HecMoTpsi Ha TO, YTO IoOJiydyeHHas dopmysna camMa mo ccOc coxpaHseT
CcMBICHT U B 6ojiee MpOKOit 001acTi, HApuUMep, UIg X >p H Y > p.
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Tak, rosopsar, uto ¢ysxuum 1) u 2) ompemeNeEH] BO BCed HIO0CKOCT H,
bysximz 3) n4) — B Kpyre, COOTBETCTBEHHO, 3aMKHYTOM (T. €. BKJIOYAIOMIEM
OKDYXHOCTB) HJIA OTKDHITOM (06€3 OKpyXHOCTH) (puc. 89); dyskuus 5) ompenenena
B OpaMoyronbHuke (puc. 90); Hakomen, QyHKuuA 6) PacCMATDHBAETCS B OT-
KPHITOM TpeyroabHUKe (puc. 91).

4

779

/ 7 2

/ /{/0 i) z /
Z N -
// 7 7]{ 7

Puc. 89. Puc. 90. Puc. 91.

W
§

JTa reoMETPHIECKass MHTEPOpPETANdd HACTONBKO YI0OHA,YTO 0OBMHO
caMble Naphl 4YHCEN (X, y) HAa3bIBAIOT <«TOYKAMH», & MHOXECTBO TaKHX
¢TOYEK», OTBEYAIONICE TEM MM MHBIM IeOMECTPHYECKMM o0OpasaM, Ha3bl-
BAIOT IO MMEHH 3THX 00pa3os. Tak, MHOXKECTBO «TOo4eK» WM map (x, y),
U1 KOTOPHIX BBITOJIHAOTCS HEPABEHCTBA

as<x=<b, c=<y=d,

€CTh <«IPAMOYTOJIbHUK», M3MEPEHHS KOTOPOTO paBHLI b—a M d—c; ero
OymeM 006o3Ha4YaTb CHMBOJOM [a, b; ¢, d], CXOODHBIM C 00O3HAYEHHEM
OpoMexyTka. MHOXeCTBO «Touek» MJIM map (X, »), yHOBJIETBOPSIOLUEX

HEPaBEHCTBY
(x—a)?+(y-PB)2=<r?,

€CTb «KpYyI» paauyca r, C IEHTPOM B «Touke» (x, f§), 4 T. IL.

HanonmoGue Toro, xax ¢yHKIUs y=f(X) reoMeTPHYECKH HILIFOCTDH-
poBanace CBoMM Ipad Uk o M [47], MOXKHO reOMETPHYECKH HCTOIKOBATE
U ypaBHeEMe z= f(x, y). BosbMeM H NpOCTpaHCTBE HPAMOYILOJILHYIO
CHCTeMY KOOpAMHATHBIX OCel X, y, z; H300pa3suM Ha IUIOCKOCTH Xy 0671aCTh
o/ W3MCHEHHs! NEPEMEHHBIX X M y, HAKOHEL, B KAaXIOW TOYKE M(x, y)
9ToH 0067aCTH BOCCTABHM IEPIEHAMKYIAD K IUIOCKOCTH Xy H OTIIOXKHM
Ha HEM 3HaueHue z= f(x, y). ['eoMeTpHuueckoe MeCTO IOJIYYEHHBIX TAKHM
00pazoM TO4YeK U SBHTCS CBOEI0 POJA HPOCTPAHCTBEHHBIM
rpadukom Hameid Gynkmun. Ito GymeT, Boobie roBops, HeKOTopas
DOBEPXHOCTD; B CBOIO OYepesb, PABEHCTBO Z = (X, ¥) Ha3bIBa€TCA y P 4 B-
HEHHUEM HNOBEPXHOCTH.

Hns npumepa Ha puc. 92, 93 1 94 u306paxensl reoMeTpuYeckie 06pasbl
bynmxumit:

zZ=Xxy, z=x%+3)2

=YT=F 7.
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IlepBriit 13 HEX OpecTaBaAeT coboif rumepbonuyeckuit mapa-
6onoua, BTopod — mapaboJToMI Bpal[EHHS, & TPETHH —
nonycdepy.

Puc. 92,

B 3akiioueHHe YHOOMSHEM, YTO HHOIJA TPHXOIUTCS PACCMATPUBATH
TIEPEMEHHYIO Xy, 1, , 3HAYCHHS KOTOPOi 3aHYMEPOBaHbl 11B Y M 5 HATYpaJib-
HBIMH 3HaYKaMd m H n (KaXIBOi H3 KOTOPHIX, HE3aBHCHMO OT JAPYroro,

V4

Puc. 93. Puc. 94.

npoberaeT HATYpajibHBIA psn yucesn). Takas NepeMeHHas NPEACTABIAET
co60H, B HEKOTOPOM CMEICIIe, 0600IcHHE BAPHAHTHl X,.
MoXHO NOJIOKHTH, HATIPUMED,
__(m+n)! 1 (m+1)-n
Xm,n= minl ? m,n='m“2+“_n2 ’ xm,n=,m_m
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ITo ¢yTu Hena, 3HAYKM m M 1 ClelyeT PACCMATPHUBATL KaK HE3aBHCH-
MBble TIEPEMEHHbIE, 4 IIEPEMEHHYIO X, ,, — KaK QYHKIMIO OT HHX. Ob6acTh
A3MCHCHUS HE3aBHCHMBIX IICPEMEHHBIX B JAHHOM Cliyyae [COMCTPHYECKH
WLTIOCTPHPYETC CBOeoOPa3HOM ToueuHOH KBaJPAaTHOH CETKOW B IEPBOM
KOOPIHHATHOM YIJIE.

161. Apndmernyeckoe n-mMepHoe npocrpanctso. Ilepcxons x QyHk-
OHSIM OT H HE3aBUCHMBIX ITEPEMEHHBIX (MpH #=3), MBI CHayalla OCTaHo-
BHMCS HA CHCTEMaX COBMECTHBL X 3HAYCHHIl 3THX IIEPEMCHHBIX.

B ciyuae n=23 Takas CHCTCMa M3 Tpex 4Hcel (X, y, z), KaK SICHO UHMTa-
TENI0, €le MOXET OBITh I'€OMETPHYECKH MCTOJIKOBAHA XKak To4kKa
NPOCTPAHCTBA, & MHOXKECTBO TAKUX TPOCK — KaK YacTk MPOCTPaH-
CTBa WJIM TeOMETPHYECKoe T € J1 0. Ho mpH 7 >3 BO3MOKHOCTH HENOCPe -
CTBEHHOH [EOMETPMYECKOM HMHTEPIPETALMM YXKE HET, BBHAY OTCYTCTBHUS
y Hac MHTYMIMH IIPOCTPAHCTBA C YHMCIOM M3MEPEHHi, GONBILUM TpeX.

TeM He MeHee, XKeJIas pacHpoCTPAHUTh [EOMETPHYECKHE METOIH (OKa-
3aBilMecs IIOJIOTBOPHBIMH IJIs PYHKIHMH IBYX H TPeX IEPEMEHHBIX) U Ha
TEOPHIO PYHKIMiT GONBIIEro YUCHa NEPEMEHHBIX, B AHAJIM3¢ BBOAAT MOHA-
THE H-MEPHOTO (IPOCTPAHCTBA» U IIPH 1 >3,

HasoBeM (n-MepHO#) « T 0 4K O i1 » CHCTEMY U3 1 BEILICCTBEHHBIX YHCEIL:
M(x,, Xy, ..., Xp)*); caMu WHCHA X, Xy, ..., Xp ABJIAIOTCA KOOPIH-
HaTaMHM 3Toi «Toukm» M. MHOXKECTBO BCEX MBICIHMBIX H-MECPHBIX
«TOYEK» COCTABJIACT N-ME€ PHOE€ «IIPOCTPAHCTBO» (KOTOPOE HHOT-
Jla Ha3blBAOT apUPMETHUYECKHM).

Iienecoobpa3Ho BBECTH MOHSATHE <paccTosAHMs» MM’ MeXay IByMs
(n-MepHBIMH) «TOYKaMH»

M(x, Xy, ..., Xp) 0 M'(x], X3, ..., Xp).

ITonpaxas M3BECTHON M3 aHAIMTHYCCKOH reoMeTpHH popMyIie, 1oJ1araroT

MM’ = M= || 3 - xp =Y =x P+ Gh-x .+ x5 ()
i=1

IOpH n=2 WM 3 3TO «PACCTOSHME» COBNANACT ¢ OOBIMHBIM PACCTOSHHEM
MEXIy ABYMS COOTBETCTBEHHBIMH I'¢OMETPUYCCKUMHI TOYKAMH.
Eciu B35Th €€ OJHY «TOYKY»

17 rt 4 z.
M (x{, X5, ..., X3),

*) VIMed [eN0 C HEeOUPEHEICHHbIM YUCIOM IEDCMEHHBIX, DPEHCTABIIAETCSH yao6-
HBIM 0003HAY4Th MX He Pa3IMYHBIMH OYyKBaMH, HO ONHOM M TOi e OykBoM JMmE C
pa3inyHeIME HoMmepamu. Takum o6pasoM, x; O3HayaeT (Bpa3pe3 C MPEXHEH NPaKTH-
KOH) He i-¢ 3HAuUCHHE HeKOoel MEepPEeMEeHHOH, a caMoe {-10 IIEPEMEHHY10, KOTOpas caMa II0
cebc IpHEMMACT PA3JIMYHbIC 3HAYCHHS.
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TO, KaK MOXHO HOKa3aTh, IJIA «paccTosuuitr MM', M'M"” u MM'' Bi-
TOJIHACTCS HEPABEHCTBO

MM <MM' + M'M", ©

HAIIOMHMHAIOIIEES U3BECTHYI0 TEOPEMY IEOMETPHH: «CTOPOHA TPEYToJbHUKA
HE NPEBOCXO/UT CYMMBI JIBYX OPYTHX CTOPOHY.

HekcTBUTENEHO, /IS 1I060r0 HAGOPa BEIECTBEHHBIX YHCEI ay, G,y ..., 0,
u by, by, ..., b, IMEET MeCTO HEPABEHCTBO *)

n n n
[ 2sop<)2a<| S
i=1 =1 i=1

Ecnu nonoxuTs 31ech
a=x;—%;, b=x/-x), Tak wro a@;+b=x]-x,
(i=1,2,..., n),

TO TOJIYyYUM

]/1221 &7 —x)?= Vgl(x; —x)+ l/ gl -,

4T0 paBHOCHIBHO (2). Takum 00pa3oM, CyuIeCTBEHHOE CBOHMCTBO pac-
CTOSHMA OKA3bIBACTCS HAJIMIO M B HAILLIEM «IIPOCTPAHCTBE».

B n-MepHOM «IpoCTpaHCTBE» MOXHO PacCMAaTPHBATH U HENPEPHIBHBIE
«KPHUBEIE».

HUssectHo [106], uTo ypaBHeHHS

x=¢(t), y=y(1),

*) OTO HEPABEHCTBO €CTh HE YTO MHOE KaX YACTHEIMA Cly4ail yXke BCTPETHBIIErocs
HaM HepaBeHCTBA MuHKkoBcKOT O [133 (7)] mpu k=2. Ecix Bo3BecTH 06e 9acTH
€r0 B KBaJpaT 4 OHYCTUTh B O0EHX YaCTAX DPABHEIC 4JIEHE], TO OHO CBEAETCS K TOXKE
H3BECTHOMY HepasencTBy Kournm [133 (5a)]. IlpuBenemM COBepIIEHHO 3IEMEHTApHOE
HOKa3aTeNLCTBO ITOT0 NOCIECAHErO HEPABEHCTBA, @ BMECTE C TEM — W HEPABEHCTBA
B TEKCTE.

KBagpaTHbIl TpexuieH

n

n n n
Z(a,-x+b,~)2= Zaf < x242 Zaibi . x+2bf,
i=1 =1 =1 =1

OYCBHIHO, HC INPHHUMACT OTPHLATENLHBLIX 3HA4YeHW. B Takom ClIyda€ OH HE€ MOXET
HMCETb IBYX Pa3/IMYHBIX BCILECTBCHHBIX KOPHEH, H BHIPAXCHHE

n n n 2
Daf- >'bi - Zaibi}
=1 =1 i=1

JOJDKHO OBITH HEOTPHIIATCIBHLIM, a 3TO PaBHOCHIBHO HEepaBeHCTBY K o0 m H.
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rae ¢(f) u ¢(f) cyTp ¢yHKkuuM OT mapameTrpa f, HENpepHBHbE
B HEKOTOpPOM npoMexyTke [#, ¢'], — BhpaualoT Ha TJIOCKOCTH Herpe-
DBIBHYIO KPUBYIO. AHAJOrHMYyHO, HO JUlllb C TOMOUIbIO TPEX HENPEPHIBHBIX
GyHKIIH:

x=¢(), y=9@, z=x() (E<t<r),

BbIpAXae€TCA HENpepeiBHas KpuBas B (OOBIKHOBEHHOM) TPOCTPAHCTBE.
[Tompaxan sToMy, paccMOTpUM Teneph, 5 HENPEPHIBHHIX (DYHKUHR oT £
=0, (8) Xa==03() ..., X,==9,(8) (F<t<t’).

Torma MHOMKECTBO «TOYEK>

(“Pl (t): Pa (t)’ cee sy P (t))»

[oly4aeMslXx INDM pas/MUHBIX BHAUEHMAX mapameTpa £, M COCTaBaser
HENpEepPBIBHYI0 <KPUBYIO» B M-MEPHOM «npocTpaHcTBe». [lonomus

xp= () ...y Xn=9, () X{=¢(t"), .., Xn=9, ("),
MOXHO CKa3aThb, YTO 3Ta <KPUBAs» COEAMHAET <TOUKH>
M(xy, ooy X5) B M (X[, ..., Xn)

B TtOM cayyae, Koraa BCe (YHKUMH @, ..., ¢, OKasbiBAaIOTCH JH-
HEUHBI MY, «KPUBAS» NEPEXOAUT B «IIPAMYIO»:

x1=a1t—|—pl, cee y x,,=0t,,t—]—pn;

31eCh KO3((PHUUMEHTH 04, ..., &, MPEANOAAraOTCA HEOBparaouUMICs
sapas B 0, a ¢ usaMeHaerca oT — oo A0 -} 0o. BymeM cuutath «TOUKM»
et CAeNYOL MMM ORHA 33 APYro¥ B MOPAAKE BO3PACTaHUs napameTpa'
eCJH t'<t<t", TO M3 COOTBETCTBYIOIIMX «Touek» M, M, M’ uvenno
«touKa» M nexur Memny ABYMsl ADYTUMH, TaK Kak ciaemyer 3a M
n npepmectsyer M". Ilpa 5THX yCIOBHAX, KaK JETKO I0Ka3aTb, pac-
CTOSTHAA MEXJIy HUMH yAOBJIETBOPAIOT COOTHOUIEHHIO:

MM = MM} MM,

YTO SIBASAETCH XapaKTEPHHIM NJ NPAMOA B OGHYHOM MPOCTPAHCTBe.
YpaBHeHHA <«npsMOH», MPOXOASIUEN uepe3 NBE 3aJaHHBIE «TOUKH»

’

M(xy, ooy xp) 1 M (xX], ..., xn),
OYEBHIHO, MOryT OBIThb HAMUCAHBl B BHAE:

’ 0 ! . ’ ’

xy=x;t(xf —x1), ..., Xp=x,-}+t(xp—x))
(— oot + ),

npinuém camu «toukw» M u M’ nonyuaorcs orciona npu t=0 u 1,
Ecmu xe wusmeHaTs ¢ Toabko 0T 0 mo 1, TO moayuurcs <«mpsMoJHHe-
HbIf OTPE3OK», COECAMHAOMWMNI 3TH «TOUKH».

«Kpupas», C€OCTOAINAs H3 KOHEYHOTO YHCJA <«IP#MOJAHHEHHHX OTpE3-
KOB», Ha3HBAETCA <«JIOMAaHOH»,
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162. Ilpumepm o6Gaacteil B n-mepHom npocTpanctee. O6paTumci
Tenepb K PAacCMOTPEHHIO HEKOTOPLIX TPHUMEPOB «Tea» H  <«oOm;acTei»
B N-MEPHOM <«IPOCTPAaHCTBE>.

1) MHoxecTBO «TOYeK> M (X, Xg,..., X,) KOODIMHATH KOTOPHX
HE3aBUCHMO OJHA OT APYro#l YAOBJETBOPSIOT HEPaBEHCTBAM

QX< by, QT Xa<Zby ..., Q<" X, <<,

HaB8HIBAETCS (N-MEPHBIM) <«IPAMOYTOJABHHM MapaJielenunesoM» u o6o3Ha-
YaeTcs TaK: ‘
[ah bl; ay, b?; esey Qpy bn]
Ilpp n=2 orcioma, B YaCTHOCTH, MNOJyyaeIcs TOT <MPAMOYIOJb-
HHK», O KOTOpPOM Ve Obiia peys B n° 160; TpexmepHoMy «napanie-
JETUNeny» OTBEYaeT B npocrpancme 06LIKHOBEHHBIH TIPSMOYT OJIbHbIH
napajajienenunes,
Ecav B HanucaHHBIX COOTHOILEHHAX MCK/IOUUTb PABEHCTBO:

ay < xy < by, @< xg<bg.ovy < X, < bps
TO ITUM ONPENEJUTCd OTKPH TH H <«IPIMOYTOJbHER HapaJie/enunens
(alﬁ bl; aq, b‘l; veey Qpy n)’

B OT/INYHE OT KOTOPOrO PACCMOTPEHHBLH BhIllle HABBIBAETCA 32 MK HY T BI'M ¥).
Pasnoctn by — a3, by—ag, ..., b,—a, Ha3HBAOT U3MEpEHUIMH OCOUXK
‘mapanJselenurnenos, a TOUKY

(al—lg—b1 a, -+ b, a,,—l;b,,)

] 9 y vy
— WX LEeHTPOM.
OXpecTHOCThO «TOUKH» My (x], X3..., X») HaseBaercd Jio-
604 OTKPBITHIH «Napaie/enunen»;
(=8, 0 — By, a3y an— 3 X408 (3)
(3 39..., 3,>>0) c uentpom B Touke M, uame Bcero 310 Oyner

<KyO»:
(] —3 X1 +38 x5 —3, x-8...; Xn—3, xp+3)

3 > 0), ece n3Mepenus KOTOpOro pasHH (23)
2) PaccMOTPUM MHOXKECTBO <«TOYEK» M (X3, Xa, +vs s Xp), KOOPAHUHATH
KOTODHIX YIOBJAETBOPSIOT HEPABEHCTBAM

x1=0, x=0,.,., x,,;O,' xl—l—x‘,—l—r...—l—xnéh (h>0).

[Tpu n==2 COOTEETCTBYIOWIAM BSTOMY MHOXECTBY reoMerpmyeckuM oOpa-
30M Oymer paBHOOEIpEHHBIYt TNpPAMOYIOJBHBIE TPEYrOJbHMK, a TpH

*) MoxHo paccMaTpuBaTh TaKke W 6 e CKOH e YH bl i «Napanienenunens, 1ias
KOTOPOrO OmpejleNAomide ero NPOMeXyTKH (MM HEKOTOpbIe M3 HHX) OKa3hiBa0TCA
6eCKOHEYHLIMH,

loBopa 06 n-MepHOM «mapajnenenuneje», €CAH He CIEJAHO OrOBOPOK, MBI
BCerfa OyneM HMeTb B BHAY K OHe UHDbIH <mapanieneluiens,
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TeTpasap (puc. 95). B obuieM ciyyae ero Ha3BIBAIOT CUMIJIE K C O M *)
(uMeHHO ~ 3aMKHYTHIM, B OTJIHYME OT OTKPBLITOT O, KOTODbIi
IOJIY4YHTCH, €CIH B HANUCAHHBIX COOTHOIICHHAX HCKIIOYUTH DPAaBEHCTBO).

3) Haxonem, MHOXECTBO «To4eK» M(X;, X,, ..., Xp), OHpELEISEMOE
HEPaBEHCTBOM

(= 2D+ (= P+ G P (<),

ecu My(x), x3, ..., x3) ecTb NOCTOSHHAA «TOUKA»,a r — MOCTOSHHOE
OJIOXHUTEIPHOC YUC/10, 00pa3yeT 3aMKHY Ty (WIM O TK P BT Y I0)
n-MepHylo «cdepy» paauyca r,

C LCHTPOM B <«TOYKe» M. 4 z

WHpiMu croBaMu «cepar ecThb
MHOXECTBO «TO4eK» M, «pac-
CTOSIHUE» KOTOPHIX OT HEKO- p
TOPOH IOCTOSHHOH <«TOYKI»

M, wue mpeBocxomuT (WiH
Menble) r. Camo co6oif sicHo, 0
YTOo 3TOit «cdeper mpu n=2 4
oTBeyaeT Kpyr [cp. 150], a

npu n=3 - oOOBIKHOBEHHAS

chepa.

OtkpbiTyto «cdepy» Jro- Puc. 95.

6oro pamuyca r>0 c ueH-
TPOM B Touke My(x?, . . ., Xx%) MOXHO Takke PACCMATPMBATL KAK O K P € C T-
HOCTBH OJTOH TOYKM; B OTIMYHE OT TO# («mapajuiesenunenanbHOR»)
OKPECTHOCTH, KOTOPYIO MBI BBEJIM PAHBILC, 3Ty OKPECTHOCTh OYIEM HA3bI-
BaTh «ctepudeckoiiy. [Tonme3no pas maBcerna naTh cebe OTYET B TOM, 4TO
€CIIM «TOYKa» M, OKPYXEHa OKPECTHOCTBIO OIHOTO H3 YKA3aHHBIX IBYX
THUIIOB, TO €€ MOXHO OKPYXHTh U OKPECTHOCTBIO BTOPOTO THIIA TaK, YTOOLI
3Ta OKPECTHOCTDb COZEPKANAach B NEPBOIA.

ITycte cuavaya 3azaH arapajuiesnenuresy (3) ¢ LEHTPOM B «TOUke» M, .
HocTaTouro B3ATh OTKPBITYIO «C(hEpy» C TEM XKe LEHTPOM M PaguycoM r,
MeHbWIMM Bcex 6; (i=1, 2, ..., n), uToOBl 3Ta chepa yxe couepkanack
B HA3BAHNOM «Iapajuiesienunenes. [eHCTBUTENbHO, M JIFO0OM «TOYKHY»
M(x,, x,, ..., X,) 3TOH «chepbi» OyeM uMeTb (IIpH XaxaoM i=1,2, ..., n):

a

n
[xi= x| =<l 30~ x0)2= MMy=r=$;
k=1

HITH
x) = 6=x;<x] + 6,

TakK YTO 3Ta TOYKA NMPHUHAIJICKHUT 3aTaHHOMY <«apaJlJICICIIUIIC Y.

*) Tlo-nmateiHd simplex O3HA4YAET «MPOCTOMY. CHUMIIJIE€ KC MPEACTaBiseT coboi,
JIeHCTBUTENBHO, HMPOCTEHIIee MHOIOTPAHHOE «TENIO», ¢ HAWMEHBIIMM BO3MOXHBIM s
NAHROTO HPOCTPAHCTBA YUCIIOM FpaHeit.
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O6partHo, eciu 3a1ana «cepar pamuyca r ¢ IEHTPOM B M), To «mapauie-
nemumes (3) B HEH CONEPKHMTCS, HANPHMED, MPH & =0,=... =08, ="
n
STO CHeMyeT U3 TOro, YTo Jrobas «Touka» M(x,, X,, ..., X,) 3TOro rapai-
JIeJICnAneia» OTCTOMT OT «TOYKH» M, Ha «pacCTOSHHE»

ity || o9 < || S
k=1 k=1

H, CIeM0BaTeNbHO, NPHHAMICKHT 3aJaHHol <«cdeper.

163. OGmee onpeneicHHe OTKPHLITOH H 3aMKHYTOH o6mactn. Hazosem
«To4Ky» M'(x{, X3, ...,X;) BHYTPEHHEH <(TOUYKOH» MHOXECTBA o
(B n-MepHOM <IPOCTPAHCTBE»), €CIH OHA IPHHAIICKHAT MHOXECTBY e/
BMECTE C HEKOTOPOil JOCTaTOYHO MAJIOH €¢ OKPECTHOCTHIO.

W3 yTBepxkneHus, MOKa3aHHOIO B KOHIE HPEABIAYIIETO n°, ChenyeT
C OYEBHIHOCTBIO, YTO 6€3pa3IMYHO, KAKOTO THNA OKPECTHOCTH
3[leCb MIMETh B BHAY — <IapajijieNeNUICAANbHbIe» AIM «ChepHuecKuey.

Aid OTKPHTOT O WIPIMOYTOJILHOTO MapasllelIeuIenas

(@, by5 .+« o5 an, by) @
Kax/as €ro «Toyka» sBJIsAeTCA BHyTpenHe#. JlelicTBHTENBHO, eciu
ay<xi<by, ...,a,<x,<b,,
TO JIETKO HAUTH Takoe 0 >0, uToOBI OBLIO
ay<x1—0<x3+0=<by, ..., a,<x,~8<x,+0<b,.

Ananoruiso, B ciysae O TKPBITO# «cdephh pammyca r ¢ neHTpoM
B «Tovke» M, Kaxnas NpuUHamIexamas e «rouka» M’ Takxke SBIISETCH
Iist Hee BHyTpeHHeH. EcnM B3aTh ¢ Tax, 4ro

. O<p<r—-MM,,
H OIHUCATh Boxpyi' M’ «chepy» 3TUM pamMycoM o, TO OHA LEJUKOM GymeT

COIEPXAThCA B HCXOMHOH «ceper: mHILBL Tolbko MM’ <p, ToTHac xe
[160, (2)]

MMy<MM'+M'My<p-+M'M,<r,

TaK YTO «TOYKa» M NPUHAMIEKUT HCXOTHOH «Cdeper.
Takoe e 3axTIOYeHHe MOXHO CHENAaTh X 06 OTKPBITOM CHUM-

TUIeKCe:
%>0,..., x,20, x+...4+x,<h (h=0).

ITomobroro poma mHodCeCms0, yeaukom cocmoswee u3 6HYyY mp e n-
HUX «moueKs, bydem Ha3vleamv OMKDPHIM O i <€00AACMbIOY.

Taxam 0o6pa3oM, OTKDHITBIA <OPSMOYTOJBHELA Hapajieenuneny, oT-
KpbITas «chepar, OTKPHITBIA CHMIUIEKC — CIIYXAaT IPAMEPAMH OTKPHITBIX
sobmacreity.
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O606uuM Temepb MOHATHE TOYKM CrymeHHs [52] ma Clyvuait MHOXe-
CTBAa @/ B N-MEPHOM (IPOCTPAHCTBe». «Toukay M, Hazvisaemes «mouk o1
ceyuenunr muoxcecmea ek, ecau ¢ kaxcdoii ee okpecmHocmu (M CHO-
Ba — 0e3pasiMiHO, KAKOTO THIIA) COOEPHCUMCA XOMb 0OHA <MOUK@> MHO-
ocecmea e#, omauunas om M,.

«T'OYKH CTyWenus» IS OTKPHITOM «06IACTH», HE MPHHALIEKAIIEH eit,
Ha3BIBAIOTCI MOTPAHHYHBIMH <TOYKAMU» 3TOH «obnactwy. ITorpa-
HHYHBIC ¢TOYKH» B MX COBOKYMHOCTH 00pa3yioT <«IpaHuny obaacTms. Om-
Kpbimasn «obaacme» emecme ¢ «epaHuyeiy ee HA3vI6aeMcA 3 A MK H Y M 0 1
«obaacmoion.

Herpyaso BuAeT, 9TO UIS OTKPHITOrO <napajulesiemunenar (4) morpa-
HUYHBIMU OYAYT «roukm» M(x,, ..., X,), 111 KOTOPHIX

a<=x,<b, ..., ay<x,=<b,,

IIpUYeM XOTh B OJHOM CIIy4ae HMEET MECTO HMEHHO PaBEHCT B O.
Touno Tak e, Aa PacCMOTPEHHOM BBIIIE OTKPHITOH «ChepsD mmorpa-
HUYBBIME OyHYT «TOYKH» M, IUI1 KOTOPHIX B TOYHOCTH MM,=r.
Haxomnern, nns oTKpeITOro cHMIUIekca (5) MOTpaHHYHBIMU SBISIOTCS
«Toukm» M(x,, ..., X), YIOBJETBOPSIOIIUE COOTHOLIEHHSM:

x2=0, ..., %20, X, + ... +x,<h,

IIPUYEM XOTh OJHAXILI OCYLIECTBIAETCSS PaABEHCTBO.

Takum 06pa3oM, 3aMKBYTHIH <IPSIMOYTOIbHBII IapaJIIeNeNUIIe Dy, 3aM-
KHyTas «chepar U 3aMKHYTBIH CHMILIEKC HAIOT IPHAMEDPHI 3aMKHYTBIX <00-
JlacTei.

Brpens, rosops 06 «o061acTi», OTKPHITON WM 3aMKHYTOM, MBI BCErma
OyzeM UMeTh B BHAY «00JIACThY B YKA3AHHOM 37IECh CIEMUATEHOM CMBICIIE.,

YcTaHOBUM Teneph, UTO 3aMKHYmMOIi «obaacmuy npunadsexcam yxce gce
ee «MouKu» czZyujeHus.

ITycts nambl 3aMKHYTas «0OJacTB» o) K «TouKa» M, BHe ee. Joka-
XeM, 4YTo Toraa M, He OyAeT «TOUKOW» CTYIUEHMS IS o).

3aMKHyTas «o6MacTe» G) MONYHaeTCs M3 HEKOTOPOM OTKPHITOH «06-
JIaCTH» Q) NMyTEeM NPUCOENHHCHWS K HEH ee «apauipd . OueBHOHO, M,
HE SBJIAETCA <TOYKOW» CrymIeHWS [UIs C)); CIENOBATEIbHO, M, MOXHO
OKDYXHTBh TaKoH OTKpPHITON «chepoil», YToOOBI B Heili BOBCE He conepxa-
JI0Ch «Touek» U3 &). Ho Torna B Hell He MOXeT GBITh U ¢TOYEK» U3 &: Bell,
ecd OBl Kakasg-HHOyIOb <Touka M’ u3 § B mee nomana, To B Hei conep-
XKajach OBl HEIMKOM H HEKOTOpas OKPECTHOCTh «Toukw» M’, W B 3ol
OKPECTHOCTH He ObUIO OBl BH OJHOW TOUKH M3 &), BOIPEKH ONPEACIICHHIO
¢TOYKH CTYIICHAS» H MHOXCCTBA § KaK «rpaHumpb. VTak, B ymoMsHYToi
scheper HET «TOUEK» U3 &), YTO M JOKA3HIBAET Hallle YTBEPXK/CHUE.

Boobme «rouedHoe» MHOXECTBO e/, Colepikalllee BCE CBOH <«TOYKK»
CTyLICHUS, HA3BIBAIOT 3 AaMKHY T Bl M. Takum o6pa3zoM, 3aMkryTas <06~
JIACTh» €CTh YAaCTHBIA Ciydadl 3aMKHYTOTO MHOECTBA.
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BeeneMm euie pax TepMuUHOB. MHOXECTBO «ToYek» e/ Ha3bIBaeTCH
OrPaHMYEHHBIM, ECIM OHO LENHKOM COJEPKHICS B HEKOTOPOM
«IPSMOYFOJBHOM MapaUieIeIHIeIEs.

«O0macTb» Ha3BIBACTCA CBA3HO M, €CHM JNIOOBE €e [(BE «TOMKH»
MOXHO COCAMHUTBH <JIOMaHOH», Jexaleii BCEMU CBOHMM <TOUYKAMM» B <06~
jJactiwv. Ha pue. 96 npencras-
JEHO JUId MWJUTIOCTpAlMH  He-
CKOJIBKO CBSI3HBIX oOjacTeit Ha
ILJIOCKOCTH.

OrpannuenHass U  CBS3Has
«obJacTk» B n-MepHOM  dIpoO-
CTPAaHCTBE» (OTKPHITAS WITH 3aM-
KHYTasl) €CTb, B HEKOTOPOM CMBI-
Clle, aHaNoOr KOHEYHOro IpoMe-
XKYTKa (COOTBETCTBEHHO, OTKPEI-
TOT0 HJIM 3aMKHyTOro). Yura-
TeJIb BHIMT, OZHAKO, HACKOJBKO
YCIIOXHACTCSA KapTHHA TIPH Ilepe-
XoJle K n-MepHBIM (upu h=2) 06-
pasam. IIpocTeIM M 0IHOTUITHBIM
IPOMEXYTKAM, TPAHHLEH KOTO-
PBIX CIIyk4aT BCETO JIMILL [BE TOUKH, 3/€Ch MPOTHBOMOCTABIAETC OIPOM-
HO€ MHOroo0pasue «00IacTeil» CO CIIOXKHBIMH <TPAHHLAMH>.

Bce u3nokenHoe B MOCHENHMX DN° MOXHO PAcCMATPHUBATE KAk ycTa-
HOBJICHHC JIMIIIb HEKOCTO T€OMETPHUYECKOT O A3BIKA; C 3THM He
CBA3HO (IPA 7>3) HUKAKHX PE€aJibHBIX IEOMETPHYECKAX IPEICTAB-
Jienui. OIHAKO MONE3HO NMOTYEPKHYTh, YTO HA Jelle n-MepHOE apH(MeTH-
YECKOE IPOCTPAHCTBO SBJIAETCA JIMIIb MEPBLIM IHATOM K TeM B BBICIICH
CTeNEHU IJIONOTBOPHEIM 006 0O MI€HH AM IOHATHS MPOCTPAHCTBA, KO-
TOPBIE JIEXAT B OCHOBE MHOTHX GoJiee BLICOKMX YacTell COBPEMEHHOI'O aHa-
nu3a *).

164. ®ynkuun n nepemennnix. ITycTs mMeeM n MEPEMEHHBIX X;, X, - ..
- +» Xn, COBMECTHBIC 3HAYCHHs KOTOPBIX MOTYT BEIGHPATBLCS TIPOM3BOJIBHO
M3 HEKOTOPOTO MHOXECTBA ¢/ TOYEK #-MEPHOTO NMPOCTPAHCTBA: 3TH IEpe-
MCHHBIC HA3bIBAIOTCHA He3aBHUCHUMB MH. Ompenenenne QyHKIHA ©
BCC CKa3aHHOE I10 TMOBOJY HEro UL CllyYas J[BYX HE3aBHCHMBbIX NEpEMEH-
HBIX [160] HemocpeCTBEHHO MEPEHOCHTCS H HA PacCMaTpUBAEMBLii CIyyYai,
TaK 4TO HET HAaNOOHOCTH HAa 3TOM OCTAHABIIHBATHLCH.
Eciu TouKy (xy, Xy, ..., X,) 0603HAYMTE uepe3s M, To byHKIHIO ¥ =
=f(xy, Xy, . .., X,) OT 3THX MEPEMEHHBIX HHOT A HA3LIBAIOT byaknumeit
TOYXH M u 0603HAYalOT TeM Xe 3HaKOM: u= f(M).

*) Msl moMemany B KaBBIYKAX BCe T€OMETPUYECKHE TEPMMHDI, KOTOpBIe ynmoTpe6-
JLUIACH B CMEICHIE, OTJIMYHOM OT OOBIMHOTO: ¢TOUKA», ¢PACCTOSHHME, «OBNACTEY, H T. M.
Bapens MbI 3TOTO Aenath yxe He Gymem.
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TTpenmnosiokiM Temephb, 9TO B HEKOTOPOM MHOKECTBE § TOUEK m-Mep-
HOTO IPOCTPAHCTBA ([e M He CBA3AHO C n) 3a1anbl 7 QYHKUME OT m mepe-
MEHHBIX 1, tyy .y !

X, =@ (tstyy oo tmds o ovs Xn=@a(tis tas o5 tm) 5)
WM, KOpOUE,

xl=‘p1(P)’ cees xn:Qn(P)s (Sa)
rae P o3HadaeT TOUKy (4, fo, - - - ty) m-MepHoOro mpocrpancrsa. omy-
CTHM, CBEpX TOrO, 4YTO KOTHa Touka P(t;, t,, ..., ly) U3MEHACTCA B Ipe-

JlejaX MHOXKECTBA §, COOTBETCTBYyIOLIAs €if n-MepHas Todka M, ¢ Koop-
auaaTamu (5) [mmu (5a)], He BEIXOHUT 3a MpPEJENsl #-MEPHOrO MHOXKECTBA
o/, roe onpenenena Gyuxuus u=f(x, X,, ..., xXp) =f(M).

Toraa MepeMeHHYIO # MOXHO PaCCMATPHBATh KAK CIIO X HY O ¢ y H-

KI MO0 OT HE3aBHCHMBIX NICPEMEHHBIX 4y, by, . .., m (B MHOXeCTBE §) —
Tepe3 HOCPEeACTBO MEPEMEHHBIX Xi, ..., Xp!

u=f(<p1(t1, loy ooy t)s « oo @nlfis oy v s tm));
u sBosercs GyHKOHe#d oT GyHKODUHE @, ...,p,. [Cp. 51.]

CaMBblil Tpoliece OMpeAeIeHUs CI0XKHON QYHKIMHA M0 QYHKIKSM @y, . . .
.., Pn ¥ OYRKIMM f HA3bBaeTCH (Kak B MpocTeiuiem Ciyyae QyHKiui
OIHOH TepeMeHHO) — CYyNmepHmo3 MUK e i
Knacc (ydxkOouil HECKONBKHX IIEPEMEHHBIX, C KOTOPBIMH HETIOCPEn-
CTBEHHO NPHXOJUTCA MMETh AENO HA MEPBHIX TMopax, ouenb mepeiuk. Ilo
CYINECTBY, OH CTPOHMTCS C IOMOIIBIO CYIEPHO3AIUH HA SNEMECHTAPHBIX
ynKnusx o AHO i mepemenHoit [48, 50] u Ha cremyroumx QyHKIEIX
OBYX IEPEMEHHBIX:

X
z=xty, z=Xxy, z=; U z=XxY,

T. e. Ha YeTHIpeX apU(PMETHYECKMX ONepalHsAX M HA TaK Ha3bIBACMOH
CTEMEHHO-TIOKAa3aTeNbHOH (QYHKIHM.

ApHbMeTHIECKHE ONEPANH, TOBTOPHO IPMMCHCHHBIE, MCXONsA U3 He-
33aBHCHUMBIX IIEPEMEHHBIX X;, Xy, . . ., Xn ¥ MOCTOAHHBIX, IPHBOAAT MPEXIE
BCEro K IETbIM MHOTOWIEHaM *):

P(xy, Xy oo Xp)= 2 Copu mX1X8 . X0
Vi, Ve, ooy ¥
(enmas paMOHANbHAs QYHKIMA) K K YACTHBIM JBYX TAKHX MHOTO-
TWICHOB

Pn

¥y ¥
2.Cm, m, cery P X1 Xg - < Xn
’ By iy n
2:Cu, thy ooy X1 X" - xﬁ

O(xys X5 oy Xp) =

(1po6Has pauHoHaNbHAad QyHKUUS).

*) MBbI 3HaeM, YTO 3HAK ), O3HA4aeT CYMMY OJHOTUIBBIX CIIaraeMbIX. 3mech Mol
uMeeM 6ofiee CIIOXHBIA Chydail, KOTHa CIaraéMbi¢ 3aBUCAT OT HECKOJILKAX 3HAYKOB.

23 . M. duxrcenroney, 1. 1
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Ilpusevenne 3meMenTapHbIX QyHKIME omHOM IIEPCMEHHOH MPHBONUT
K TakuM, HampuMmep, QyHKIUAM:

In(x+y+2)
S(xy, 2) ===,
Y+ y24 22
®(x, y, z, t)=sin xy +sin yz +sin zt +sin tx,
H T I
Te 3aMevyanusd, xotopele GBUH caenansl B 46 mo MOBOLY AHAIMTHYeE-

CKOro 3ananud QyHKUEH ONHOM IEPeMEeHHOMH, MOTIYT GHITH MOBTOPEHBI U
3/1eCh.

165. Ilpemen ¢yHKIEH HECKOIBKHX nepemennbrx. IIpenmonoxum, uro
Obyskmus f(xy, ..., x,) ompenelieHa B HEKOTOPOM TOYECYHOM MHOXECTBE
e/, NOUYCKAIOWEM TOYKY CTYILEHHS M(a,, a,, ..., a,).

AHANOTHIHO ONpEJESICHHIO IPeNeNa (PYHKIMH OT OXHOM IIEpEMEHHOI,
FOBODAT, 4TO @ymkyus f(x,, ..., x,) umeem npedesom wucio A n pu
CmpemMAeHUU NEPEMEHHBIX Xp,...,X,, COOMGENICMBEHHO, K
Qg5 ..., Ay, €CAU 017 KAXHCO0020 Yucsa >0 Hailidemcs makxoe yucio =0,
ymo

[f(xps o ooy X0)— A <e,
AU MOABKO

[ ~a,| <6, ..., [x,—a,] <é.
ITpu arom Touka (xy, ..., X,) IpeAmoNaraeTcs B3sATOM M3 e H OT-
JM4HO# OT (ay, ..., a,). VITaK, HepaBeHCTBO mjis GYHKIMA DOJIKHO BEHI-

TIOJTHATBCA BO BCEX TOYKAX MHOXECTBA e/, » JICXKAIIUX B TOCTATOYHO MaJIOM
OKPECTHOCTH

(@~90, a,+8; ...; a,—96, a,+9)

TOYKH M, HO MCKIIOYas CaMy 3Ty TOUKY (€CIM OHA NPUHAIJIEKHT ).
O603HavaroT npenen (GpyHKIHA Tak:

A= lim f(x, ..., x,). (6)
Xy -0y
Xn—>dpn
B reoMeTpuveckuX TepMHUHAX, BBOJS LI TOYEK Xy, .- x)H (g, ...
-+ .5 @n) obo3naveHns M u M,, MoXHO GBUIO GBI nepedpasaposaTs mpu-
BCICHHOC ONPENENECHUE TaK: uuca0 A nasvieaemca npedesom Pyrkyuu f(M)

npu cmpemaenuu mouku M x M, (uamu — ¢ moukxe M,y),
ecau 043 Kaxcdozo uucaa e>0 cywecmsyem maxoe wucao r>0, umo
(M)~ A| <e,

Auts mMoavko paccmosnue M M <r.
Kak u Bbme, Touka M mpeamonaraeTcs B3STOM H3 o4, HO OTIMYHOMN
OT M. Takium 06pa3oM, HEPABEHCTBO s DYHKIMH DOJKHO BHITOTHATHCS
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BO BCeX TOYKaX MHOXECTBA o/, JeXalluX B HOCTATOYHO MaJlod ¢ ¢ e-
PUYECKOH OKPECTHOCTH TOUKM M,, 32 MCKIIIOYEHMEM caMo#l 3Toit
TOYKH.
O0o3HavycHue mpenena GyHKUME Takke MOXHO IPUCHOCOOUTE K 3TOMY
OIIpe e ICHHIO:
A= lim f(M). 6

M-=M,

13 3amevanust n° 161 06 OKPECTHOCTSAX Pa3HBIX THIIOB HETIOCPEICTBEHHO
SICHA TOXIECTBEHHOCTh OOOMX IPUBENEHHBIX OIpPEHEICHHUIA.

AHAJIOTHIHO YCTaHABIMBACTCA MOHATHE O OeCKOHETHOM mpeneine (ymk-
mad. B ciyqae 4=+ « HIH — <, HEPABEHCTBO

(g, ooy xp)—A] <e
JIMILp 3aMEHSETCS, COOTBETCTBEHHO, HEPABEHCTBOM BHIA

f(xls MR ] xn)>E

f(xla . "sxn)< —E,

rae E ecTb IpoU3BOJIBHOE HAIEPEI B3STOE MOJIOKHTEIBHOE YHCIIO.

YHooMsineM B 3aKiIFOYeHHE O CIydae, Kora HeKOTopble M3 He 3 a B -
CUMBIX MEPEMEHHBX X, ..., X, CTPDEMATCA K OECKOHCUHBIM IIpe-
ZenaM.

MosxHo OBLIO OBl PacHPOCTPAaHHTh HMOHATME TOYKU CTYIIEHHU A
May, ..., a,) o61acTH e/ ¥ HA TOT ClIy4aif, Kora Bce KOOPIMHATHL ITOMH
TOYKH (MJIM HEKOTOPHIE U3 HUX) OCCKOHEMHHI *).

Hanpumep, mouxa (+ =, ..., +=) asiaemca 044 e# mouxoil czywe-
HUA, ecau 8 moit obaacmu HatlOYMCca MOYKU CO CKOAb Y200HO 60AbUMU
(noaoscume avHbIMU) KOOPOUHAMAMU.,

B 3TOM UpemoIoXeHHy, TOBOPAT, UTO GyHKyus f(x, ..., X,) umeem
npedeaom uucao A npu cmpemaeHuu cex NEPeMEHHbIX Xy, Xy, - . .y Xn K - o,
ecau 0aa Kaxcoozo wucaa >0 cyyecmeyem makoe uucio A =0, umo

lf(x1’ Xgs ooy xn)-AI =&,

WJIH

AU MOABKO
x >4, x,>4, ..., x,>A.
B obo3navenusx:
A= lim f(x, ..., Xy).

X+

B 9acTHOCTH, BO3BPALIAsCh K IEPEMEHHOMH X, , O KOTOPOH ObLIa pedn
B KoHne n° 160, roBOpAT, YTO 3ma HepeMeHHAs npu 0e32PaHuyHoMm

*) B 9TOM city4ae TOYKa M Ha3BIBaeTCss HECoOCTBE HH O M.
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s03pacmanuy oboux HOMepoe m u n umeem npedesom A, ecau d4a Kayc-
0020 ¢>0 Haiidemca maxoii Homep N, umo

[Xm n—A|<¢ mpu m=N, n>N.
3amMChIBAIOT 3TO TaK:

A= lim x,, , wum opocto A=lim x,, ,.
g T ,
n-—>-tw

Jlerko MOHATH, Kak TPAaKTyeTCs CiIy4ai, KOraa A= + = WIH — .

166. Ceenénme k ciydar0 BapHaHwTE. PaccMOTpPEM B n-MEpHOM HOpO-
CTPAHCTBE MOCJIENOBATENBHOCTH ToOYEK

M, .., xP) (k=1,2,...).

Mps1 6yneM rOBOpPHTB, YTO 3Ta NOCIENOBATEILHOCTH CXOIUTCA K M P e-
NenbHOH Todke Myay, ..., a,), eciu, npa k-~ + «, paccTosHHE

MOM;( "0. (7)

Bmecro 3Toro MoxHO ObLIO OBI MOTPeGOBATH, YTOOH KOOPIHHATHI
TOYKH M), MOPO3HB CTPEMHIMCh K COOTBETCTBYIOL{MM KOODAMHATAM
ToykH M,, T. €. 9T0o0BI OBLIO

XDy, . xP g, @®)

PaBHOCHIBEHOCTE 0GOHX ONpenesieHMH, COOCTBEHHO, BBITEKAET M3 JO-
Ka3agHoro B 161 yreepxzeHHs 06 OKPECTHOCTSX ABYX THIOB. JleHcTBH-
TEeNbHO, ycaoBue (7) 03HaYaeT, YTo, KAKOBO OBl HH 6BUIO YMCiIO r >0, Touka
M, npu KocTaToyHo GONBLIOM Kk YHOBIETBOPAET HEPABEHCTBY

MOMk< r,

T. €. monajfaeT B (OTKPHITYIO0) chepy pamuyca r ¢ HEHTPOM B Touke M,;
TpeOoBamue xe (8) MMeeT TOT CMBICI, YTO, KAKOBO ObI HE OBLIO 9HCIIO
6>0, Fa3BaHBaA TOYKA — CHOBA IIPU NOCTATOYHO 6OJBIIOM kK — yHOBIE-
TBOpsAET HEPaBEHCTBAM

[x)~ay| <6, ..., [xP~a,] <4,
T. €. COJEpXKUTCS B (OTKPHITOM) Napasulesicouiese
(a,-90, ay+90; ..., a,~ 96, a,+96)

C MEHTPOM B TOH XKe TOUKe.

ITycte Tenmeps Touxka M(a,, ..., a,) ABIfETCS TOUYKOMW CryIme-
HHU A HEKOTOPOrO MHOXECTBA ¢# B n-MEPHOM MPOCTpPAHCTBE. Torma us
e/ BCerja MOXHO M3BJIeYb TaKylO IIOCIeJOBATEIBHOCTh OTIHYHBIX OT M,
Touex: {M,}, KoTopas cxomwnace Obl k M,, Kak X HpemeabHO i
TO9KE.
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Jns mokasaTennCTBa 3aaIUMCS IIOJIOXKHTEIBHOMH BapuanToi r,—0.
To onpenenennro Touku crywmenus [162], B Kax/oik chepHIECK O i
OKPECTHOCTU TOYKH M, panmuyca ry, Haiizercs (OTiaudHas oT M,) Touka
M, mMuoxectBa o/ . Tlocnenosatensuocts {M,}, o9eBHIHO, U GymeT wuc-
KOMOH.

Tenepe MOXKHO CHOPMYTHPOBATL Takoe ycaosue, Heobxodumoe u Oo-
CMamounoe 048 cyuecmeosanust npedeavrozo pasencmsa (6) [uau (6%)]:
ecau ussieus uz e# nocaedosamevhocms {M,) omauunvix om M, mouex,
cxodayyioca K M,, mo uuciosas nociedosamenviocme {f(M})}, cocmon-
Wasa u3 coOmeemcmeyiowux 3uauenuti @Pynkyuu, ece2da cxooumesa k A.

Heob6xomumocTs Ilycrs mMeeT Mecto (6*), H MO 3aTaHHOMY
&£>0 HaliIleHO COOTBETCTBYIOIIEE eMy r>0, B COLJIACHH C OIlpeNeJICHUEM
npensLaymero n°. Eciu mocnenosatenbHocTs TOYEK {My) cxomures K M,
TO — IS O0CTaToyHo Gonbmiux k — 6ymer

MOMk< r,
a 3TO BJICYET 3a CO60ﬁ HEPABEHCTBO
/(M) ~A| <e,

KOTOpO€ M IOKa3eIBaeT, uTo f(M,)—A.

HoctaTtoyHocTs. IIpeanonoknM Temepb, YTO BBITOTHAETCS BBI-
CKa3aHHoe Bblllle yCioBME. [II TOro 4ToOBI MOKA3aTh HAJMYME PABEH-
crBa (6*) B COOTBETCTBUMM C OIpPEAENCHHEM MpPEABIAYIIETo Nn°, IOMYCTHM
IPOTHBHOC TOMY, YTO COAEPKHUTCA B 3TOM onpeneienuu. Torma mua o e-
KOToporo uucaa e>0 yxe He CylIeCTBYeT COOTBETCTBYIOUIETO F, T. €.,
Kakoe Obl uucio r>0 HM B3ATh, BeETAA B o# HaijeTcs Takas (OTIHYHASA
oT M,) Touka M’, YTO OJHOBPEMEHHO :

MM <r, wo |f(M')-A|=e.

BasiB nonoxutenpHyro Bapuanty ry -0, CTageM 3a r moouepenHo 6paTh
YMCIIA ry; OIS KaXAOIo r, Halzercs, 10 CKa3aHHOMY, CBOosA (OTIMYHASA OT
M) Touka M, nns xotopoii

MMy<r,, 1o (M)~ 4] =e.

[Iocrpoennas Takum o6pasoM IMOCIEAOBATENBHOCTE ToUCK (M} cxomuTcs
K M, M B TO 3Xe BpeMs YKCIIOBAs TOCJIER0BATENLHOCTD { f(M,)} 1ie MoxeT
HMETh TNPEACNIOM A, BONPEKH YCIOBHIO. DTO MPOTHBOPEYHE M [AOKA3Li-
BACT HAIlle YTBEPXKIECHUE.

HuraTenio SCHO, 9TO BBICKA3aHHOE YCJIOBHE Nae€T APYTLY I GopMy
(Ha «A3bIKE TOCIENOBATENBLHOCTEI) OIpPENENEHHS Npeaea (QYHKIUM.

Takum obpasom, ¥ 1 (QYHKIME HECKOJNBKMX NEPEMEHHBIX YIAETCS
BONIPOC O mpefiesie GYHKIMH CBECTH K BOIPOCY O Wpelelie BAPHAHTH [Cp.
53]. DTOT pesymbTaT JErko pacmpoCTPaHMTh M HA Ciyyaif, Koraa yucia
4, ay, ..., a,, WIR HEKOTOpble W3 HUX, GECKOHEYHBI.
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Vka3aHHOe 0OCTOATENBCTBO HO3BOJAET PACIPOCTPAHMTE HA HOBELA THIC
npezgesa BCC OCHOBHBIC IOHATHA M IPEJIOKEHHS pa3BUTOH B riaase I Teo-
PHH IpefieioB — Hamofobue Toro, Kak 3To OBUIO chesiano B 55 mus mpe-
neyia QYHKIHH OT OHHOM He3aBUCHMOIL HEPEMEHHOM.

167. Ilpumepnr. 1) ITomb3ysce TeopeMOR O mpenene IpOH3BeICHHS,
MPeXJEe BCEro, JIETKO IMOKa3aTh, 4YTO

lim Cx ... xr=Cdy ... a,
X1—+ay
Xn—>dn
rae C, a;, ...,a, — mM0OObIe BELIECTBEHHHIE, a V), ..., ¥, — HEOTPHIA-

TeJbHBIE Leible yucna. Orcroma, ecom wepes P(xg, ..., X,) 0003HAYHTB
qenyw panMoHaAbHYW0 o¢yuknuo [163]:

P(x17 L xn)= 2 Cv,,,,,,,,,‘x{‘ .e. x;’,",
¥n

Viyeney

HO TEOpEME O CyMME, IOJiyyaeTCsd TaKxXe

Clim P(xy, ..., x)=P(a,, ..., a).

X4
Xn—+dn

Anajiornyso a1 ApoOGHOH panuonanbuo# ¢ynkuun [163]

¥, ¥y

Zci’xx---,"nxll' X"
’ ’l” b

ZC .., iwXn" - X

Oy, -+ Xa) =

110 TeopeMe O Mpefiesie YACTHOTO,
lim Q(xy, ..., x)=0(qy, ..., ay),
A —+a;
X —+p
KOHCYHO, JIMIIb IIPU YCJIOBUM, YTO 3HAMEHATENb B TO4Ke (d;, ..., d,) B O
He oOpamaercs.
2) PaccMOTpHM CTENEHHO-IOKA3aTebHYI0 GYHKIMIO XY npH x>0 H

npousBoJibHOM y. Torma, eciim a>0 u b — moGoe BEeHIECTBEHHOE YHUCIIO,
OyneM HMeTh
lim xy=db.

x—=+a
y+b

HeHCTBUTENbHO, €CIIU B3ATh JIIOOble BAPUAHTHI X, ~a H y,~b, To [cp. 78]
x’};.=eyn-lnx.._,eb-lna ___ab,

4 3TO — HA «A3bIKE NOCIENOBATENLHOCTEH» ~ M YCTaHABJIMBAET TPeOyeMBIi
Ppe3yiIbTaT.
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3) Mycts 0 BapuaHTax X, H Y, U3BECTHO, YTO OHU HMEIOT MPELEH,
'COOTBETCTBEHHO, @ M b, W CTAaBUTCS BOMPOC O Mpejlese COCTaBJEHHOro
#3 HUX BRIDAaXEHHUS '

+ Y XV, 2 oum x°n
Yn n
Jlna cnyyas Tak HasblBa€MHX HeoMpedEaEHHHX BHIPaXEHHH, YCJIOBHO
XapaKTepH3yeMbIX CHMBOJIAMH:
©—o00, 0- 00, %, %, 1, 0% oof,

Kak Mpl 3HaeMm [31, 78], npefen MOXKeT BOBCE HE CYUIECTBOBATb, a €C/AH
‘CYUECTBYET, TO MOXET — NPH TEX *Ke a@ W b — UMeThb pas3auuHBle 3Ha-
‘yeHnsl, B 3aBHCHMOCTH OT YACTHOIO 33aKOHA W3MEHEHHs BAPUAHT X, H J,.

Ecin BCHOMHHTBL ONpele/eHne mnpexena (QYHKUMA L BYX HE3aBHUCH-
MBIX NEPEMEHHMX Ha <«fA3bIKE MOC/IeJ0BaTEJNbHOCTEH», TO CTaHET ACHO,
YTO YMOMSHYTHIE THOB <«HeonpeldentHHOcTe#» cBg3aHBl ¢ (PaKTOM H e-
‘CyU eCTBOBAaHMUSA CAEAYOUHUX NPEIENOB:

. . . . X
lim (x—y), lim x.y lim =, lim =,
x— 4o x>0 x—=0 x—»;‘;wy
Y-+ y—otoo y—0 v — oo
lim %7, lim x?, lim X7,
x—1 x>0 x — oo
y—+too y—=0 y—=0

4) Tlocrasum BompoC o mpejeie:

_xy
lim .
x—0 X8 +y’
y—»O

(¢yHKuHﬂ 3A€Ch OfnpenejeHa Ha BCel MIOCKOCTH 3a HUCKJAIOUYEHHEM UMEHHO TOYKH
x=0, y=

Ecan B3siTh JBe YaCTHYHBE IOCAEXOBATEALHOCTH TOYEK

1 1 2 1\

{2« iz &)
oueBHJHO, cxofAmueca K Touke (0, 0), To oxaxercs, 4TO NMPH BCex K
1 1 1. ’ 2 1\ 2
g =f(5 5)=7> 2 Fom=rs(5, £)=%.

Orclona yxe crefyer, YTO YHOMAHYTOTO Mpefeda He CYUIeCTBYeT.
[Tpennaraercsa aHaJIOTHYHO y6e11mbca B TOM, 4TO He CyulecTBYeT mpejaena
_y9
lim

y—=0
5) Hao6opot, cymecTsyer npenexa
xﬂ
lim =22 =0
x-—»Ox +,V
y—b
310 Cpa3y BHITEKaeT M3 HepPaBEHCTBA

lx’+y“]\2|x|
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To4HO Tak Xe MOKA3BIBAETCA, YTO H
L xity
lim =

x-0 X2+ 32
y—0

168. IlosTopnbie mpemenst. KpoMe paccMOTpDEHHOro Bbiiue npejena
bynxomm f(x,, X, ..., X,) IPH OXHOBPEMEHHOM CTPEMIICHHH BCEX
apryMeHToB K HX HOpelesiaM, IPUXOJUTCS UMETh IEJI0 U C IPEAeNaMHt apy-
roro poAa, HoJiy9a¢MBLIMH B PE3yJIbTATE PN MOCJIE€A0BAaTE I b H bl X
OpEETbHBIX NEPEXOHOB IO KaXIOMY ApryMEHTY B OTIENLHOCTH, B TOM
WM HHOM mopszke. IlepBrii mpenen Ha3BIBAeTCS 7-KpaTHBIM (HIH
ABOHHBIM, TPOHHBIM HT. A. — OIpA n=2,3, ...), a HoCIHETHNI —
DOBTOPHBIM.

OrpanuypMes Ul TPOCTOTHI Ciy4aeM (YHKUMH BYX IEPEMEHHBIX
S(x, ). Jonycrum k ToMy e, 4To 0o6NacTb e/ M3MeHEHUS TIEPEMCHHBIX
X, Y TaKOBa, 4T0 X (H€3aBHUCHMO OT }) MOXET NPHHHMATH J06oe
3HAUCHUC B HEKOTOPOM MHOXECTBE X, JUIS KOTOPOTO @ CIYXHT TOYKOM
CTYIICHHs], HO €My HE NPHHAIJIEXHT, H aHATOTHYHO ¥ (HE€3aBHCHUM O
OT X) H3MEHAETCA B MHOXECTBE ¢Y C He IPHHAANEXAIIEH eMy TouKoii cry-
e b. Takyro 06macTs e# MoXHO GBUIO Gbi CUMBOHYECKH 0GO3HAYHTD,
kak X' X<9. Hanpumep,

(@ a+H;b,b+K)=(a,a+H)x (b, b+K).
Ecnu npu moboM QHKCHPOBAaBHHOM y H3 %Y CyIECTBYeT s
Gyskmae f(x, y) (koTopast oXasbiBaercs (yHKIHEH JMIIb OT X) npenen

IpA X —~q, TO 3TOT Npefes, BooOle roBops, OyneT 3aBHCeTh OT HaIepes
¢duKCApOBaHHOrO y:

lim f(x, ¥) =¢(3)-

3aTeM MOXHO NOCTaBHTh BONPOC O Ipefeie GyHAKnuM ¢(y) npu y—=b
lim p(y) =lim lim f(x, y)
y-b y-»b x—a
— 3To ¥ OyZeT ofuH W3 NBYX MOBTOPHBIX MpenenoB. Jpyroi moJyumTcs,
€CIIH IIPEZICNIbHEIC NEePEXOAbl MPOM3BECTH B 0OPAaTHOM MOPSIKE:
lim lim f(x, y).

x+a y-b

He cneayer nymaTh, 4TO HOBTODHBIE DpEAENbl 3TH HEOOGXOARMO pasupl. Ecnn,
Hanpumep, B obnacta o4 (0, +0; 0, + =) HOTOKHTHL

X=y+x2+)3
1) S, )=
xX+y
¥ B3:iTh @= b= 0, TO MOJIyYuMm:
e =0Im f(x, y)=y—1, lime()=Hm lim f(x, y)= -1,
x—0 y—~0 y=+0 x-0

B TO BpPEMs Kak

p(x)=lim f(x, y)=x+1, limyp(x)=lim lim f(x, y)=1,
y=0 x~+0 x>0 y~0
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MoOXeT CIyYHTBCS TaKKe, YTO OQMH M3 MOBTODHBIX NPENENOB CYILECTBYET, a ApY-
roii — mer. Tak Oynmer, Hanpumep, Ang GyHKUAN:

1
xsin—+y ,
x
2) fx, Y)=—————— mmm  3) f(x, y)=x-sin—;
x+y y

B 060uX Cny4asx 3[ecCh CyLIECTBYET MOBTOpHEIA npexen lim lim f, HO HET NOBTOPHOro
. . y=+0 x>0 .

npegena lim lim f (a B nocnegreM npumepe — HeT paxe mpocToro mpeaena lim f).
x+0 y-+0 y-0

ITH MPOCTBIE MPUMEPHI MOKA3BIBAKOT, HACKOIBLKO OCTOPOXKHBIM HYXKHO
OBLITHIIP NE€PECTAHOBKE IBYX NPENEAbHBX NEPEXOLOB
MO Pa3HBIM NEPEMEHHBM: He Pa3 OIKMOOYHEIE YMO3aKITIOUECHHS
NIPOUCTEKAIM UMEHHO OT TaKoH HE3aKOHHOI NEepecTaHOBKU. B To xe Bpems
MHOTHC BaXKHBIC BOIPOCHI AHANM3a CBS3AHBI MMEHHO C IEPECTAHOBKOM
IpEeIeIbHEIX IEPEXO0B, HO, PA3yMEeTCs, BCAKMH pa3 I03BOJMUTEILHOCTD
MEPECTAHOBKH HOJIKHA OBITH 0c060 0GOoCHOBaHA.

Onmuu u3 myTteit kK TakoMy OGOCHOBAaHMIO OTKPBIBAET CIIEAYIOLIAS TEO-
peMa, KOTopas B TO XK€ BpeMs yCTaHABIIMBAET CBA3b MEXIY IBOMHBIMH
M HOBTOPHBIMH IpEIeIaMHu:

Teopema. Ecau 1) cywecmeayem (koneunbiii uau nem) 060 iiHoii npe-
dea

A=lim f(x, y)

x—=a
y=b

u 2) npu mobor y uz <Y cywecmeyem (koHeumviil) npocmo i npedea
no x

¢(») =lim f(x, y),
x—+a
mo cyuecmseyem noemopHbulii npeden
lim ¢(y)=1im lim f(x, y)
y-=b y—+b x—a
U pasen 060 HHO MY,

HoxkaxeM 3To IuIs ciydas KoHedHBIX A, a u b. Cormacuo ompeneine-
muio n° 163, mo 3amamnoMy >0 waiinerca Takoe 6=0, uTo

Cx, ») - 4] <, €)

JMWb TONBLKO |Xx—al<d u |y—-b| <0 (upuuem x Geperca us I, a y u3
). PHXCHPYeM Tenepb y Tak, HTOGHI BHUIONHAIOCh HEpABEHCTBO |y —b| <
<9, u nepeiineM B (9) X nupemeny, ycTpeMuB x K a. Tak Kax, BBUAY 2),
f(x, y) nmpu 3ToM cTpeMuTest K npezeidy ¢(y), To IOIydHM

lp(y) —A| <e.
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Bcnomnnas, 9To y 37€ch ecTh M060e TUCII0 U3 %Y, OAYNHEHHOE JIUIIb
YCHOBHIO |y —b| <0, NPHXOIMM K 3aKJTFOYEHHIO, 4TO

A=lim@(y)=lim lim f(x, y),
y=b y=+b x-a
9. 1 Tp. I.
Ecmu, rapany ¢ ycmosusamu 1) u 2), mpu mro6oM x u3 & cymecTByeT
(kOHEYHEI) mIpoOCTO M Ipenen o y

p(x) =lim f(x, y),
y—=b

TO, KaK CIICAYeT M3 YXK€ NOKA3aHHOTO, €CIIH X M ¥ OOMEHATH POJAMH, —
CYIIECTBYET TAKXKE M BTOPOIl MOBTOPHBH IIpeAen
limyp(x)=lim lim f(x, y)
x—+a x-—+a y-b
M pPaBed TOMY Xe yuciIy 4: B 3TOM ciaydae 00a mMoBTOPHHX
nmpeneysa paBHBEL
W3 noxasanHoO# Teopembl Cpasy SICHO, YTO B IpuMepax 1) m 2) IBoii-
HOM IIpefiesl HE CymiecTBYeT (modeMy ?). B 3ToM Jlerko yGemuThcs H He-
DOCPEICTBEHHO.
B npumepe 3), Hao00poT, ABOMHOM IIpEleNl CYIIECTBYET: M3 HEPABEH-
CTBa

. 13
Ix-sm—lslx[
y

ycMaTpuBaeM, 4To oH paBeH 0. DTOT HmpuMep IOKA3BIBAET, YTO YCIOBHE
1) Teopemsbl He BneueT 3a CoGoil yCIOBHA 2).

He cnenyer mymaTth, oIHAKO, 9TO CYIIECTBOBAHHE IBOMHOIO Ipelesa
HeoOXO0QHMO IUisd paBeHCTBZ IOBTOPHBIX: B IpuMepe 4) Npeabiay-
mero n® o6a DOBTOPHBIX Ipefeia CYLIECTBYIOT H paBHBI 0, XOTsA IBOIi-
HOTO IIpeneia HeET.

§ 2. HenpepoiBabie dynaxmoan

169. HenpepriBHOCTE M pPa3pbIBLI GYHKIHA HECKOJILKHX TEPEMEHHBIX.
IMycte ¢ymxmus f(x,, ..., X,) ONpEIeeHA B HEKOTOPOM MHOXECTBE o/
TOYEK A1-MEPHOTO IPOCTpPaHCTBa, B M’(X], ..., X;) €CTb TOYKA CTYIIECHHS
3TOrO MHOXECTBA, IPUHAgJIeXallass CAMOMY MHOXECTBY.

FoBopsar, uto ¢ynkyua f(x;,...,X,) HenpepwvienHa & nouke
M'(xq, ..., X)), ecau umeem mecmo pasencmso

lim,f(xl, e X)) =f(X1, .. X0); )

X=Xy

’
Xn=>Xn

8 NpOMuGHOM dHce cayyae — GHyHKyua mepnum paiszpevié 6 mouke M'.
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Ha «i3bike e-0» HENPEePEIBHOCTL (YHKIMH B TOYKE M’ BHIPA3MTCsl TaK
[165): no aobomy 3adannomy € >0 Qdoaxncro Hatimucy maxoe & =0, umo

[fxes oo X)) =S (x1, ..o, xp)| <6, )

AUUL MOJAbKO
]x1~x{[<6,..., [xn—-x,',]<6; (3)

Uy unHave: no =0 doasxcno maiimuce maxoe r=0, ymo

|f(M) - f(M")| <e,

AUUWb MOABKO pACCMmoArnuUe
MM’ <r.

IIpu sToM Touka M(x,, ..., X,) IPEAIIOJATAETCS IPUHAISKAIICH MHO-
JKECTBY o/, B YACTHOCTH €, MOXET COBIIACTH U C Toukoil M’'. MIMeHHO
BBUAY TOTO, YTO Ipexen GyHKIUH B TOYke M’ paBeH 3HAYEHHIO (PYHKITMH
B 3TOH TOUYKe, 0ObIMHOE TpeboBanue, 4ToOB M ObUTa OoT.IMuHA OT M', 31€eCh
CT2HOBUTCH HCHYXXHBIM.

PaccMaTpuBast pasHOCTH X;—X;, ..., X,~X; KaK ODpHUpAIlEHH A
Ax1, ..., Ax; HE3ABMCHMBIX NEPEMEHHBIX, 4 Pa3HOCTL

SO, oo X)) =S (X1, - X0

~ XKak Ipupaumenue Qyrkouu, MOXHO cka3aTh (kak B ciyuae (pyHk-
IMH OOHON NepeMEeHHOI), YTo PyHKyuA HenpepuviéHa, ecau becko-
HEYHO MANbIM NPUPALYEHUAM HE3AGUCUMbBIX NepeMEHHbIX omeéeuaem 6ecKo-
HeYHO manoe dce npupawjenue PyHKyuu.

OnpenencHHas BHIIE HEIPEPHIBHOCTL QYHKIMU B Touke M’ €CTh, Tak
CKa3aTh, HENPEPHIBHOCTb IO BCE€H COBOKYNHOCTH IE€pPEMEH-

HBIX X;,...,X,. ECIH OHa UMEET MeCTO, TO ONHOBPEMEHHO U
. 4 ’ 7 ’ ’
lim f(x, xg, ..., xp)=f(x1, Xa, ..., Xp),
xl"x:
. ’ ’ 7 ’ ’ 7

lim f(x;, X5, X3, - .., Xp)=f (X1, X, X3, ..., X1),

xl"x;
’

Xg—>Xp

H T. I, 100 371eCh MBI OCYILECTBJISEM JIMIIL 4aCTHBI € 3aKOHE IIPH-
omxenuss M x M'. VnpiMu crioBamu, GYHKIUS OKa3bIBAETCS HENPEPHIB-
HOM B OTHEJPHOCTH MO KAaX OO NepEMEHHOMR X;, 1O KAXIOH
nape MEPEMEHHBX X, Xj, H T. I

C npuMepaMyt HenpeprBHBIX GYHKIMA MBI yX€ CTaJIKUBAJIMCh. Tak,
B 166, 1) OGputa ycTaHOBJieHA HEIpPepHIBHOCT L eNOH M HpoOGHOH
panuoHaidbHOMN GyHKIul OT # APryMEHTOB BO BCEX TOYKAX H-Mep-
HOTO mpocTpascTBa (Wi IpoOHOM GYHKIMH — 3a MCKIIOYCHHEM TeX
TOYeK, KoTopble obpamaror ee 3naMenatenab B 0). Tam xke, B 2), Onlta
IIOKa3aHA HENPEPHIBHOCTE CTENMEHHO-MOoKa3aTeNbHOH ¢ynk-
My XY UL BCEX TOYEK MpaBoil moiymiiockoctH (x >0).
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Ecnu BHOBb PacCMOTPETH QYHKIHIO
xy
x2+ y?

fGx, »)=

(ana x%+y?=0),

ONPENEIICHHYIO JTOH POPMyJIOl BO BCell [NIOCKOCTH, KPOME HAYATILHOHR TOYKHM, M MOJO-
KHTh JonoHETENEHO: f(0, 0) =0, To nomyynm npuMep pa3phelBa. OE UMEET MECTO
HMEHHO B HaYalbHOM TOYke, TaK Kak [167, 4)] npu x~0, y—~0 mana dyuxumu npemena
HE CYIIECTBYeT.

30ech MBI CTalIKHBAEMCS C TAKMM MHTEPECHBIM OOCTOATENbCTBOM. PaccMoTpeHHas
dyakunas f(x, y), XOTA | He SBISETCS HempepsBHOH B Touke (0, 0) no obenm nepeMeH-
HBIM 3apa3, TeM He McHee OyleT HempephBHA B 3TOM TOYKe KaK NO X, TaK H mO
Y B OTAENBHOCTH; ITO CIeAYeT u3 1oro, 9ro f(x, 0)=/(0, y)=0. Bopouem,
CKAa3aHHOE IEpeCTaeT ObITh YAMBUTENIBHBIM, €CIM COOGpa3MTh, YTO, TOBOPH O HeENpe-
PLIBHOCTH IO X H IO y B OTACIBHOCTH, Mbl YYWTBHIBAEM JMIIIh OPHOMXEHHE K TOYKE
(0, 0) BOONE MO OCH X WJIM IO OCH y, OCTAaBNISA B CTOPOHE OECYHCIICHHOE MHOXECTBO
JIDYTHX 3aKOHOB NPHOIIMKEHNS.

Eciw nns ¢yrxumu (M) npu cTpemieHur M k M’ poBce He CYMECTBYeET
ONpPENIC/ICAHOr0 KOHEYHOro mpeAeia

lim f(M),
MM

TO FOBODAT, 4TO B TOYKe M’ QyHKUMS HMeeT pasphlB, AaXe B TOM CIIyYae, KOTAa B CaMoii
Toyke M’ GpyHKUMS He ompenelieHa [Cp. 3aMeyaHHe B 66).

Touxw pa3peiBa QYHKIMH MOTYT GBITL HE TOJNBKO H30IHPOBAHHBIMH, KaK B OpENbI-
AylieM IpHMepe, HO U 3aH0JHAT: CO0OXO JIHHHMH, IOBEPXHOCTH U T. I. Tak, QyHKIuH
IBYX HEPEMEHHBIX

x2+ 2 1
x2-y2’ x24y—]

HMMEIOT Pa3phiBbl: LEPBas — BAONb OPAMEIX y= tX, a BTOpas — BIOJS5 OKPYXHOCTH
x2+y2=1. Ina dyHKMil TpeX DepEeMEHHBIX

x+y+z 1
xy-z X2+ y2 - 22

Pa3phiBEl 3aNOJIHSIOT B NMEPBOM Chyyae rumepbonmyeckuit mapaloioMa z=xy, a BO
BTOPOM ~— KOHYC z2=x%4 )2,

170. Onepamun nan HenpepbiBHbIME Gynkumsvu. Jlerko chopmysin-
pPoBaTh U NOKasaTh TEOPEMY O HENPEPHIBHOCTH CYMMBI, Pa3HOCTH, IIPO-
H3BENICHHS, YaCTHOTO JBYX HENpPEPHIBHBIX (yHKumii [cp. 67]; mpemocras-
JUIEM 3TO YUTATENIO.

Mb1 OCTaHOBHMCS JIMIUL HA TEOpEMe 0 CYNepHn o3 MU HH Hempe-
puiBHBIX (ynKkIwi. Kak 1 B n° 164, MBI npeanosioXuM, 4To kpoMe ByHK-

muH u=f(x;,...,x,), 3aJaHHOH B MHOXeCTBe o# n-MCDHBIX TOUEK
M(x,, ..., x,), HaM Jaubl ewe n QyHKIui

X=@i(ty, oty o Xn=a(ty, -y t) 4
B HEKOTOPOM MHOXECTBE § m-MepHBIX Touek P(t;, ..., t,;), IpHIeM TOYKa

M ¢ xoopnunaTaMu (4) He BBIXOJMT 3a Mpelesibl YIOMSHYTOIO MHOXE-
crBa oA,
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Teopema. Ecau gynxyuu oP) (i=1, ..., n) ece nenpepvignsi 8 mouxe
P(ty, ...,tn)us §, a pynxyun f(M) nenpepvisnae coomeemcmay ro-
weit mouke M'(x{, ..., x) ¢ koopounamamu

xiijl(tl’! Tty t’,"), AR ] x”'l:an(tll, MR ] tl'n)’

Mo u cAOHCHAA PHYHKYUA

u:f((pl(tls RS ] tm)’ . "(pn(tl’ MRS ] tm)) =f(q71(‘p), .. ,(p,-,(P))

b6yodem Henpepviena 6 mouke P’.
HelicTBuTenbHO, CHayana Ho ¢>0 ompenaenurcs wucio 6=0, Taxoe,
yro u3 (3) cnemyer (2) (BBHAY HENpepHIBHOCTH (GyHKIMH f). 3areM mo

yucny O (BBHAY HENpPEPHIBHOCTH (YHKUMH ¢, ..., ¢,) HAHOETCS HUCIO
7n>0 Takoe, YTO HEPABEHCTBA
=t =<n, ..., [ta=th]| <7 )
BJIEKYT 32 Co0O0il HepaBeHCTBa
[, ~x1| =ty -t —@t1, -t <, ...,
[Xn=Xn| = |@alty, - t)—@alty, ..., )| <6.

Ho Torma, mpu wnanmuuu (5), Oymer Takxe
]f(xI’ ey xn) _f(x;, feey x;)] =
= lf(q)l(tl’ M tm)’ L -,<Pn(t1, vy tm))"

A (2T o NP (S, )| <e,
YTO M JIOKa3bIBAaCT HALUE yTBEPXK/IEHHUE.

171. ®yuxuuu, Hempeprishbie B oGuactu. Teopemmt Boasuawo—Komnm.
Ms1 6yneM roBoputs, 4To @ymkyus f(x,, ..., X,) Henpepviena @ Hekomo-
POM MHONCECMEE oA MOUEK N-MEPHO20 NPOCMPAHCMEa, eCAl OHA HenpepvlBHa
6 Kaxcooii mouke 3mo20 MHOXCECMBA, KOMOPAR AGAAEMCA O4A He20 Moy~
Kot ceywyenun. Bupenp, Kak NMpaBHIIO, MBI OFPAHHYAMCH CIyYaeM, KOrna
MHOXECTBO e/ HpEACTaBIseT COB6OH OTKPHITYIO WK 3aMKHYTYIO O G-
aacTh [163], HamomoOue Toro, kKak HeHpepLIBHEIE (BYHKIHA OXHOM mepe-
MEHHOM MBI PacCMATPHBAIH B HPOMEXKYTKe.

O6pamaemcs Temeps X M3YYCHUIO CBOMCTB (DYHKIHH HECKOJIBKHX niepe-
MEHHBIX, HEOPEPEIBHOH B HEKOTOPOH 006JACTH n-MepHOTO HpOCTPAHCTBA.
OHH BOOJIHE AHAJNOTHYHLI CBOMCTBAM (DYHKIHMH OXHOMN IepeMEeHHOH, He-
npepbiBEOM B npoMexyrtke (ri. II, § 5).

ITpu M3710XKEHUH MBI JIULIB 171 KPATKOCTH OTPAHMYMMCS CIIy4aeM 1 B Y X
HE3aBHCHMBIX HepeMeHHbIX. Ileperecenre Ha oOLIMIA CIIyYaii IpOU3BOAATCS
HEIOCPECTBCHHO M He NPEACTaBJIseT Tpyda. BmpoyeM, HEKoTopele 3aMe-
HaEUd IO 3TOMY IOBOAY OYXYT CHENAaHBI HOMYTHO.

Chopmynupyem Teneps TeopeMy, aHanormuHylo 1-if TeopeMe B o I b-
Hano-Kowwu mis Gynxuun oxsod nepemennoii [180].
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Teopema. Ilycmv gynxyus f(x,y) onpedesena u Hempepwviena 6 HeKo-
mopoii ¢ 6 a3 0t obracmu &. Ecau 6 06yx mourax My(xy, y,) u My(x;, y1)
amoi obaacmu @yHKyus npuHUMaem
3HQUEHUA PA3HBIX 3HAKOE:

f(xo’y0)<0’ f(x15y1)>0’

mo 8 3moii obaacmu HalldemMca u MouKa

M'(x',y), e xomopoii ¢yHkyusa obpa-
waemcea 8 nyaw: f(x',y)=0.

HJoxazaTeabcTBO MBI IO-

CTPOUM HA CBEHEHHM K CIyd4aro (yHK-

2 IUA OJHON HE3aBHCUMOM IEPEMEHHOIM.

BBuy cBS3HOCTH 00JIACTH &), TOY-

Ku M, © M, MOXHO COCOHHHUTEL I O-

MaHO#H, BCEMH TOYKaMH JIeXamlei

B 9 (puc. 97). Ecnu mocieoBaTeabHO

nepeOupaTh BepIHHBI JIOMAHOM, TO JHOO OKaXeTcs, 4TO B Kakoi-1nbo

u3 HuX (ysxmus oOpamaercs B 0 — M Torma TeopeMa nokasama, JUOO

aTtoro He Oyzer. B mocimexmmeM ciydae HalfmeTcss Takags CTOpoOHAa JoO-

MaHoO#, Ha KOHOAX KOTopoil (yHKIWS NPUHHMAET 3HAYEHHS DPa3HBIX 3Ha-

koB. V3menus o0o3HadeHus TO4ek, OymeM cuuTaTth, uTo M, U M, xak pa3

H SBIISIOTCA KOHOAMH 3ToM cTopombl. Ee ypaBuenmst uMmeror Bup [161]:

Prmc. 97.

X =Xo+ H(x, — -’fo& 1)y =Yo+ (1~ ¥o)-

Eciu Touka M(x, y) nepeIBUraeTCs UMEHHO BIOJIb 3TO CTOPOHBI, TO HaIlla
nepBonavanbuas ¢GyHkuEsa f(x, y) mpeBpamaercsi B CIOXHYIO (QYHKIHIO
OIHOH TepeMeHHOH f:

F(t)=f(xo+ t(x,~Xo), Yo+ U1~Y¥)) (O=t=<l),

OYEBHIHO, HEIPEPBHIBHYIO (II0 TeopeMe MpPEAIIECTBYIOMIEro n°), BBUIY He-
IPEpHIBHOCTA Kak GyHKumd f(x, y), Tak W JTUHEHHBIX (QYHKUHIL OT ¢, Mo~
CTaBJICHHBIX BMecTO ee aprymentoB. Ho mms F(t) mMeem:

FO)=/(x9, ¥ <0,  F(1)=/(x;, ) >0.

ITprmmenss x dynkoun F(¢) o I H o i mepeMeHHOH yke HOKAa3aHHYIO B n°
80 Teopemy, 3axmouaeM, uyTo F{(¢") =0 mpu HEKOTOPOM 3HAYCHHH ¢ MEKAY
0 u 1. Becnomunas ompenenenne ¢yakmun F(¢), muMmeeM TakuM oOpazoM

f(xo +1'(x; = Xp), Yo+ ' (0 _J’o)) =0.

Touka M "(x', ¥, TtHE X' =X+t (x;~X%p), ¥V =Y+t (y1—y,) M sABASETCA
HCKOMOI.

Orcroza BeITEKaeT, kKak U B 82, 2-9 TeopeMa Bonsrnamo—~-KomH,
KoTopas, BIpodYeM, Morjia Obl OBITH moJydeHa H Cpasy.
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UuTaTenb BUNUT, YTO NIEPEXOA K NPOCTPAHCTBY # UBMEpPEHHUi (TIpH 71 > 2)
HE CO3/1aeT HUKAKUX 3aTPyHEHUH, KOO B n-MEPHOM CBSI3HON 00JIACTH TOYKHU
TaKXe MOTYT OBITh COSHMHEHBI «JJOMaHOi» M BOIPOC CBENETCS K PaccMo-
TPEHHIO €¢ CTOPOHBI, BONIb KOTOPOit (yHKIHA OyJEeT 3aBUCETh OT OJHOTO
napaMeTpa, U T. 1.

172. Jlemma Boasbiano—Beifiepmtpacca. s manbHeilIero n3moxXeHust
HaM NoHao6uTcs 0600menne iemmelr Bonbnauno—-BefiepmTpac-
ca [41] Ha cioyyail mOCIEAOBAaTENBHOCTH TOYEK B IPOCTPAHCTBE JIFOOOro
qucia U3MEPEHUH; KaK BCErJa, Mbl OFPaHHYHMCS <ILIOCKHM» CIydYaeM.

Jlemma., U3 m1060ii 0o 2paHnuueHHOol NOCACO0BAMENBHOCY MOYEK

M (%1, 1), My(Xa5 Yo)s «+ oy Mp(Xp, Y1), - ..
GCee()a MOMCHO U36/4€4b MAKYI0 YaCMUUHYIO nOCJIe@oeameanocmb

Mnl(xnp ynl)a an(xn,’ yn,)a ey Mnk(xnp ynk)’ ceey

(My<fg<<...<Ng=<<..., Ak-> <),

Komopas cxoouaach 0vl K npedeabHoil moukxe.

l-e 1oKa3aTenbCTBO MBI IPOBEAEM, MIEpPeHECsS HA PacCMAaTPH-
BaeMEBI CIy4ail paccyXIeHHE, KOTOPBIM MBI MOJIB30BAJIUCh B IMHEHHOM»
cnyqac [41}].

Beugy orpaHHYe€HHOCTH [JaHHOH MOCICIOBATENBHOCTH TOUYEK,
HalijeTcss Takod (KOHEIHBII) y
npsmoyronssuk [a, b; ¢, d], ) __
B KOTOPOM OHA LIEJTHKOM CO- mn v
IEPXKUTCs. Pa3genuM Kak mpo-
MeXyToK [a, b] 3Hauenuit x, p+d
TaK M MPOMEXYTOK [c, d] 3Ha- 2 |
YCHHUH y IomoJam:

atby = jatb i | :
[a, “2-—] ) 2 > ] : t i
i |
erd)  [etd 5 i '
[C, 3 3 [ 2 d] . U a ng bl L
2
KoMOuHHPYS KOKIYI0 U3 HO- Puc. 98.

JIOBHH TIEPBOr0 MPOMEXKYTKA
C KaX0#l M3 IOJIOBUH BTOPOIO, MBI IOJYyYAM YETHIPE HMPSIMOYTOJIbHHUKA:

W [a%% oS0, a5 6 e S
, a+b, c+d a+b , c+d
am [o%557 554, an 57, 555 4],

Ha KOTOPHIE Pa3laraeTcs OCHOBHOU IpAMOYroubHuK [a, b; ¢, d] (puc. 98).
XoTp B ofiHOH U3 3TUX 4YacTeit OyaeT comepxarbcs OE€CKOHEedYHOE€
MHOXECTBO TOYEX JAHHON MOCIEIOBATENBHOCTH, U00, B IPOTHBHOM
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ciIy4ae, ¥ BO BCEM IPSAMOYIOJILHHKE X COMEPKAIOCH OBI JIAIEL KOHEYHOE
4pCII0, YTO HeBo3MOXHoO. ITycTs [a,, by; ¢, d|] 6yneT TOT U3 IPAMOYTroJIb-
muxos (I), (1), (1I1), (IV), B KOTOPOM COHEPXUTCH OECKOHEUIHOE
MHOXECTBO TOYEK Hallel MOCIeNOBATEILHOCTH (M OJMAH U3 TAKHX
ApPSIMOYTOJIBHHKOB, GCIIM MX HECKOJBKO).

IMonyYyeHHEI MPSAMOYrOJbHAK CHOBA PA3JIOXKHM HA YeThIPE MEHBIIHX
HOPSIMOYrOJIBHAKA H BO3BMEM TOT M3 HUX, B KOTOPOM CONEpXHUTCA O € c-
KOHEYHOC MHOXECTBO TOYeK JaHHOM MOCIEAOBATEIBHOCTH; 060-
3HAYKM ero uepes [a,, by; ¢y, dy].

DTOT TPOIECC IMOCIEAOBATEIBHOIO APOOIICHHS IPSIMOYIOJLHHUKOB MBI
IpezcTaBiIsgeM cebe mpoaospKaromumMes 1o deckoneynoctd. Ha k-if ctaanu
€ro MbI BEIOEpEM IPSIMOYTONbHUK [ay, by; ¢y, di] OO yCIOBHEM, YTO B HEM
CONEPXHUTCA OECKOHEYHOE MHOXECTBO Touek M,. Usmepenus
3TOro TPSAMOYTOJIbHUKA

b-a
by—a;= BV

dk"‘Ck:——
crpeMsarcs K O mpu k— + .

IIpuMeHAM Temeps B OTHENBHOCTH K IIOCIENOBATENHLHOCTH IIPOME-
xyTKOB {[ay, by]} 3HaueHME X W K TOCIEIOBATENLHOCTH HPOMEXYTKOB
{[cy, dy]} 3HaueHMdt y NeMMy O BJIOXEHHBIX HMpoMmexyTkax [38]. U3 mee
CIIEIyeT, YTO KOHIEI IPOMEKYTKOB @ U by, a Takxke ¢, U dy, CTpeMaTcy,
COOTBETCTBEHHO, K OOIIMM INpemesIaM:

lim g, =limb,=X u limc¢,=limd,=Yy. ©)

MOXHO CKa3aTh, YTO MOCIENOBATENLHOCTh IPSIMOYIOJBHUKOB {[ay, by;
Cx, di]} «cTarmBaercsa» B Touky M(X, y).

Temephs, B3sB B XaueCTBe M, IIOOYI0 TOUKY HalleH MOCIETOBATEND-
HOCTH, HONAJAMOINYIO B IPAMOYIOJBbHUK [a;, by; ¢;, d}], MBI CTaHEM 3aTEM
IIOOYEPEHO BBINEIATh TOUKH Mp,, M, , ..., BbIOMpas — B obmem ciry-
yae — B KaueCTBe M, ,(Xn,, V) JEOOYFO TOUKY IOCIENOBATEILHOCTH, C JIe-
AYIOMYI 3a paHee BEIOPDAaHHBIMHE M COAEPXKAIIYIOCA B k-M
OpAMOYroJbHUKE [ay, by; ¢y, di]. DTo chenaTs MOXHO HMEHHO TOTOMY,
9TO KaXIOBI M3 IPSMOYTOJLHHKOB COIEPXUT OECKOHEYHOE MHO-
KECTBO TOYCK M,.

Tak kak

ap<=Xp=<b, U Cp=Yp=<dy,
To, BBUAYy (6),
lim x,,=%, lim y,=y,
koo koo
TaK YTO BBIAEJICHHAA YACTHYHAs MOCIEAOBATENBHOCTh {My} cxomuTcs K

touke M(x,7), Kak kK npenenbHO# [166].
Il-e tokxa3aTenbcTBso. Ilpoine, ogHAKO, DOCTYNHTL HMHAYE, HC-
HOJIb30BaB TEOPEMY, yXe MOoKa3aHHYIO B 41 g ciydas NueEHHOM mocie-
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Z0BaTeNIBHOCTA. ECnM ToukH Hamell mOCHeNOBATENBHOCTH CONEPKATCS B
KOHEYHOM INpAMOYroJsHuke [a, b; ¢, d], To

asx,<b, c=sy,=d (mman=1,2,3...).

IIpumernuB TeopeMy n° 41 cHadana K IOCHENOBATEIHLHOCTH {xn}, BBI-
ACTAM YaCTHYHYEO MOCIENOBATENBHOCTD {Xn,}, CXOIATIYIOCS K HEKOTOPOMY
opefieny X. TakuM o6pa3’oM, JUI YaCTHYHOM MOCIENOBATENHLHOCTH TOYEK

(xn,s ynx), (xn,’ yn,), ceey (xnh ynk)’ s

IepBBIe KOOPIMHATEI YXKE MMEIOT Ipesei. BTOPHYHO OpHMeHMM ymoms-
HYTYIO TEOPeMY K HOCHEAOBATENBHOCTH BTODHIX KOOPAWHAT {),} M BHI-
ieTM  TAKYKO 9aCTUYHYIO MOCICHOBATENBHOCTh {Vn, }, KOTOpas ToXe
CTPEMHTCS XK HEKOTOpoMy Iipefely y. Torma, oueBHIHO, YaCTHIHASA MMOCe-
JOBaTENBbHOCTE TOYEK

oo Yy g s Vg Do oo G s Vg Do -+ -

OyneT cTpeMHTBCst K IpeenbHOM Touke (%, y).

3ameTiM M 37€Ch, YTO 00a PAaCcCYXKICHHs JIETKO MEPEHOCATCA HA CIIy-
Yail IPOCTpaHCTBA 7>2 M3MepeHMil. B mepBoM M3 HEX, HAIpHMep, U3-
MCHSETCS TOJIBKO TUCIIO 9aCTel, Ha KOTOphIe paclafaeTcs 3aJaHHas IPIMO-
yroyibsasi oGnacTe, €CIM Pa3NeNuTh MONOJAM KaXABIA M3 OIpEAeNsro-
IIAX ¢ IPOMEXKYTKOB; B OOIEM Cllydae ITHX HPOMEXYTKOB OymeT n, a
qacreif — Bcero 27,

173. Teopemnt Beiiepmrpacca. C HOMOLIBIO HOKa3aHHOM TEOpeMbI
IPEXE BCEI0 MOXET OBITh YCTAaHOBJEHA IVl QYHKUMI IBYX NMEpeMEeHHBIX
1-1 Teopema BeitiepmTpacca:

Teopema. Ecau gynkyun f(x, y) onpedesena u nenpepwisna ¢ o 2 pa-
Huuenunou zamknymoi obaacmu &) *), mo gynxyus ozpanuuena,
™m. e. 6Ce ee SHAYEHUS COOEPHCAMCA MeNHCOY 08YMA KOHEUHBIMU 2PAHUYAMY:

m=<f(x, y)<M.

Aoxa3zaTenbcTBo (0T DPOTHBHOIO) BIOJHE AHAJOTMYHO pac-
cyxnennto n° 84. Ilycre Qynxmus f(x, y) upu usmenenun (x, y) B &) oka-
3bIBACTCI HeOTpaHMYeHHO . Torma mia moboro n HaitmeTcs B &)
Takasg Touka M, (x,, ¥.), 9To

lf(xm yn)l >Hh. (7)

ITo Teopeme n° 172, u3 OrpaHMYEHHON NOCIIEAOBATENLHOCTH {M,,} MoXHO
M3BJICUL YACTHIHYIO IOCIIE/IOBATENLHOCTD {M,,}, CXONALUYIOCA K IpENeib-

Hoit Touke M(X, 7).

*) Kotopas, Ha 3T0T pa3, MOXeET ObITb H HECB I3 H O if.

24 . M. duxtenuronsit, 1. 1
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OTtMeTHM, 9TO 3Ta TOuka M HEOOXOOMMO NPHHAMICKHT obIacTu &).
JleHCTBUTENBEO, B IPOTHBHOM Ciyyae TOYKH M,, Bce ObUIM OBI OT Hee

OTJIMYHBI, ¥ TOoyka M Obuta GBI TOYKOMW CrymeHnus obmacta &,

el He IPHHAIIeXKAmel, 9TO HEBO3MOXHO BBUAY 3aMKHYTOCTH 00JIacTH
& [cm. 163].

BenencTBHE HEMPEPHLIBHOCTH GYHKUHMM B Touke M HOKHO GHITH

FMe) =f gy V) ~f (M) =f (%, 7),

a 3To HaxomuTcs B mpoTuBopeund ¢ (7).

2-1 TeopeMa BedepmTpacca dopMymupyeTcs ¥ HOKa3bIBAETCH
(c cchuTKOM Ha HpPeNBIAYHIYIO TEOPEMY) COBEPILUEHHO TaK Xe, Kak U B 85,

3aMmeTHM, 9T0 Ge3 CYIECTBEHHBIX M3MEHEHHMH B PACCyXIeHHSX — o00e
TeopeMsl BeH ep I Tpa cca IepeHOCATCS U Ha Ciiyyail, korga ¢ y H k-
OUS HEeIpEepHBHA B NI0O6GOM OTPAaHMIECHHOM 3aMKHY-
TOM MHOXeCTBe o# (XoTH Obl M He IpecTaBsronmeM co6oio o6ma-
CTH).

Kak u B ciysae ¢bymxkmum omuod mepemennoi, musa ¢ynkuua f(x, y),
OHpEeNEeNICHHOM  OTPAHHUIE HH O ¥ B MHOXECTBE 2/, pa3HOCTH MEXKITY
TOYHBIMH BEDXHEH M HIDKHEH IPAHMIAMH 3HAYCHMM (QYHKIUM B o# HA3BI-
BaeTcs e¢ KonebGaHuUeM B 3TOM MHOXecTBe. Eciue# orpammieHo
1 3aMKHYTO (B YaCTHOCTH, €CIIH e/ €CTh OrPaHHIeHHASA 3AMKHyTas 00J1acTs),
4 GYHKIUA f B HEM HENPEPHIBHA, TO KoJieOaHHEe €CTh HOIPOCTY PA3HOCTH
MeXIy HAUOOJBIIMM H HAAMEHBIINM €€ 3HAYCHHSMH.

174. PaproMepHas HenpepbiBHOCTB. MBI 3H4€M, 9TO HEUOPEPHLIBHOCTH
byuxnun f(x, ) B onpeneNeHHOR Todke (X,,Y,) MHOXeCTBA o#,
rae GyHKmus 3amaHa, Ha <I3bIKE £-0» BEIpAXAaeTCs Tak: mo JroboMy &=>0
JOJIXHO HAWTHCH Takoe 6 >0, 9TO HEpaBEHCTBO

lf(x’ ) =f(x, YO)l <&
BBITOJIHAETCS IJIs BCAKOM TOUKH (X, ¥) M3 o/, JUIIb TOJBKO
lx—x[ <8, [y—y5|<d.

Ilycte Temepb ¢yuxmus f(x,y) HeOpepelBHA BO BCEM MH O X €-
cTBe eA; Toraa BO3HMKAET BONIPOC, MOXHO JIK 110 JAHHOMY & >0, HaiiTH
Takoe 0 >0, KoTopoe roaWIoCs OB — B YKa3aHHOM CMEICAE — IUIL BCe€ X
ToueK (X,,¥,) U3 e# onmuHoBpeMeHHO. Ecmu 310 BO3MOXHO (IpH
m060M €), TO TOBOPAT, 9T0 QYHKIHA B o4 PABHOMEDPHO HEID e-
PHBHaA.

Teopema Kanmopa. Ecau fynxyus f(x, y) Henpepvisna 6 02 p au u-
YeHHOU 3aMKHYmMO i obaacmu &), mo oHa bydem U pA8HOMEPHO
HenpepviéHa & 9.

Joka3aTensrCTBO IOBEAEM OT IPOTHUBHOIO. JlomyCTHM, 4TO
U1 HexoToporo ducia e>0 He cymecTBYyeT uucia >0, koTopoe
roguiock O OTHOBPEMEHHO IS BCEX TOUEK (X,, ¥,) obmacTH &.
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Bo3bMeM mocCiIenoBaTENbHOCTD CTpEMAIIHXCA K 0 IOJOXUTEIBHBIX
qUCET

y=By= ... =8> ... =0, 8,~0.

Tak Kak HU OJJHO U3 YHUCEN J, HE MOXET FOMUTLCS — B YKa3aHHOM CMBICIIE —
OIHOBPEMEHHO JUIA BCEX TOWUEK (Xy, ¥,) oOmactu &), TO JIA Kakaoro 6,
HalieTcs B ¢ Takas KOHKPETHAs To4Yka (X, V,), AJd KOTOpoii §, He ro-
IMTCA. DTO 3HAYUT, YTO CYUIECTBYET B &) Touka (X, Vs), TSI KOTOPOH

lx;l—xnl<6na Iyl"l’—yn[<6ns
H TEM HC MCHCC

If(xr’u yr,z) —f(xn > yn)l =¢€. (8)

N3 orpaHuYeHHON MOCTENOBATENBHOCTH TOYEK {(X,, ¥n)}, 1O Teopeme
Bonrumano-Bei#epmTpacca, M3BICYEM TAKYIO YACTHYHYIO IO-
CIENOBATENBHOCTD {(Xnys Yrp)}s UTO Xpp—X, Yn,—), TIPHYEM TMpEIEIbHALA
Touka (X,y) HeobXomuMO NpPHHAIJIEKHUT obiacTH &) (BBHIY ee 3aMKHY-
TOCTH).

Tak xaxk, majee,

’
lx:rk_xnxl <0, ly"k_yﬂkl <0,
U, DM BO3pacTaBuu k, ny—~ + = U 6, ~0, TO

4
Xe=Xu—~0, VYm0,
TaK 4YTO U
., - —
X=X, Y)Y

Beuny menpepbiBHOCTH dymkiuu f(x, y) B Touke (X, y), IpHHAAJIEKA-
e obmactu &), MBI TOJDKHBI HMETh Kak

S s Vo) =S (%, 7)s

TaK H

f(x/,ua y/:g) ”f(_x—’ ?),

OTKyzIa
SXnps Ynp) "f(x;m ym) ~0,

YTO OKAa3bIBAETCA B MPOTHBOpeYMM C HepaseHCTBoM (8). Teopema moka-
3aHa.

HOnst GOopMyJHPOBKM BBITEKAIONIETO OTCIOAA CIIEACTBUS HaM IOHAIO-
OuTcsa HOHATHE AMaMeTpa TOYEUHOIO MHOXECTBA: TaK Ha3bIBACTCA
TOYHAS! BEPXHSAS IPAHHMIA PACCTOSHMIA MEXAy MOOBIMH ABYMS TOYKAMM
MHOXeCTBA.

Cnedcmaeue. Ecau giynkyus f(x, y) Henpepbisha 6 02paHUUEHHO 3aMKHy-
moii obaacmu &), mo no Odannomy £=0 naiidemca maxoe 0=>0, umo, na
Kaxue 6bl uacmudble 3AMKHYMble JHce obaacmu &), . . ., M, ¢ duamempamu,

24+
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Menvuumuy O, Hu pazbums smy obasacme *), Kosebanue GYHKYuU 6 KaHCool
yacmu 8 omoeabHOCMU Oydem MeHbule €.

HocraTodno 3a § B3ATH TO YMCIIO, 0 KOTOPOM TI'OBOPHTCA B ompele-
JIEHMH PaBHOMEPHOM HenmpepwiBHOCTH. ECnu Auamerp YacTHIHOH 067acTH
&); MEHBILIE §, TO PACCTOSHHE JIOOBIX OBYX €€ ToYeK (X, ¥) H (X,, V) MCHbILIE
8: V(x—x%+(y = yp)?<94. Otcrona u momaBHO |[x—Xo| <6 u |y—y,|<§,
Tak uTo |f(x, ¥)—f(%y, ¥o)| <¢. Ecnm 3T ToukH BHIOpaTh Tak, 4TOOBI
S(x, ) u f(xy, y,) GBLIH COOTBETCTBEHHO, HAHOOJBIIAM H HAHMEHBLITHM
H3 3HAYCHHM QYRKOHM B 00JacTH &);, TO M IOJIyYMM Tpedyemoe yTBep-
KJICHHE.

Jlerko BHOETH, 9YTO AOKa3aHHAs TeopeMa 0e3 M3MEHEHHH IEPEHOCHTCA
(mono6ro TeopeMam BeitepuwTpacca) Hachoyyaii Q yHKI(HH, He-
OpepHBHON B NH0O6OM OTPAaHHYEHHOM 3aMKHYTOM
MHOXeCTBe oX.

175. Jlemma Bopexs. Ilone3Hoe mpemIoKeHue, foKa3aHaoe B 88 Moxer
OBITE 0600IIEHO HA MHOTOMEPHBIH CITy4ai.

ITycTs mMeeM cucTeMy ) OTKPHBITH X 00acTe it o HA IIOCKO-
CTH; €CJIH KaXas TOUYKa MHOXECTBA o/ COAEPXKHATCI XOTh B ONHOH H3 3THX
obnacTeit ¢, To 6yZeM rOBOPHTb, YTO CHCTEMa O, MOKPHBAET
MHOXECTBO eX.

Jlemma Bopens. Ecau ozpanuuertoe 3aMKHymoe MHO#CeCmeo oA mouex
naockocmu nokpwisaemca 6eckomneunoiti cucmemoii D ={c} omxpoi-
melx obaacmeil, mo u3 Hee cez0q MONCHO 6bl0eaumb KOHEUHY 0 noo-

cucmemy
>*={0y, Oy, ..., On},

KOmMOpAA maKice noKpbieaem ece MHOMCeCmBo ok,

HoxkazaTtenscTBo (0T mpotuBHOro). HomycTuM, 9TO MHOXE-
CTBO e/ He MOXET 6BITH IIOKPHITO K O H € 9 H Bl M YHCIIOM obnacTeiio u3 .

BBHIy OrpaHMYEHHOCTH MHOXECTBA o4, OHO COJEPXKHUTCS B HEKOTOPOM
npsMoyroJlbEuKe [a, b; ¢, d]. PazmemnB kxaXxapii M3 ABYX IPOMEXYTKOB
[a, b] u [c, d] momonaM, MBI Pa3JIOKHM 3TOT NPAMOYIOJLHHMK, KaK W IPH
noka3aTenbcTBe JeMMbl Bonbmano — BeiiepmTpacca [172],
Ha 9eTHIpE NPSAMOYrOJLHEKA. BMeCTe ¢ TeM U MHOXECTBO e# Pa3IOKATCA
Ha YacCTH, CONEPXAIMECT COOTBETCTBEHHO B 3THX YaCTHYHBIX IPAMOYI'OJIb-
HHUKAX; 9acTeif, BIPOYEM, MOXET OKa3aThCI M MEHBINE YETHIPEX, €CIIH
KaKoii-Mi60 IPAMOYTONLHAK HE CONEPXHT BOBCE TOYEK MHOXKECTBA oX.
XoTh omHAa W3 3THX 4acTeil (Ckaxem, e/,), B CBOIO odepellb, HE MOXET
OBITH DOKpHITA KOHEYHBI M YHCIOM obiacTeit ¢ (60 B mpOTHBHOM
Cliydae BCE MHOXECTBO e/, BOIIPEKH IIPEIOJIOKEHHAIO, ObLIO GBI MOKPHITO
KOHEYHB M wnciaoM oO0macteit ¢). ToT W3 YaCTHYHBIX HPSAMOYIOJIb-
HHKOB, KOTODHIA COJNEPXHUT MMEHHO YacTh e/#; MHOXKECTBA e/, 0603HATHM
gepe3 [a;, by; ¢y, 4.

*) O1H YacTHYHbIe 061aCTH MOTYT UMETh OOMIMMH JIAIIbL NOTPAHHYHAIC TOUKH.
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OTOT NPSMOYTOJBHAK CHOBA PAa3JIOXHM HA 9ETHIPE NPAMOYIONBHUKA.
Xots OBl ONMH M3 HUX — 0GO3HAUYMM ero uepes [a,, by; ¢y, d,] — comep-
KAT 9aCThb e/, MHOXKECTBA /4, KOTOPAs He MOXKET OBITh HOKPHITA K O H € U-
HBLM YHCIOM 00Jacreii o.

IIpomoikas 3TOT mpomece A0 GeCKOHETHOCTH, HA K- CTAMHH ero MEI
NDUIEM K NPSAMOYIOJNBHHKY [ay, by; ¢y, d)], comepkamemy Takyioo 4YacThb
e#;, MHOXeCTBa o/, KOTopas HE MOXET OBITH TOKPHITA KO HE€ YHH M
4qucIoM obnacreii o.

Kak u B 172, MBI 3aKJIIOYMM OTCIOZA, 9TO HPSIMOYTOJILHAKH [ax, by;
Ck» dy] «CTATHBAIOTCSY B TOUKY (X, ), TAK 4TO

lim a; = Im bk =E, lim Cp= lim dk 25.

O1a Touka M(X, y) NPUHAMIEXHT MHOXECTBY oA . HeilictBuTensHo,

KaKy!0 OBl OKpeCTHOCTb (X —0, X+ 0; y — 6, ¥ + 6) Toukn M HH B3ATb, IIs
JIocTaTo4HO Oomblnux k Oyner

X-b<ap<by<X+0, y-b<cp<dy<y+9,

TaK YTO B YHOMSHYTYIO OKPECTHOCTH IIONAZIAET YaCTh /), MHOXECTBA oA
(mo camoMy BBIGODY ee, HaBEpHOE CoAepKAIas GSCKOHEYHOE MHOKECTBO

Toyek). CremoBaTenbHo, TOUuKa M SBIACTCS TOYKOMW CT YVIOICEHH A
AL MHOXECTBA o/ W JOJDKHA €My NpHHAIEKATh, BBUJlY €r0 3aMKHY-
TOCTH.

B TtaxoM ciryuae, Touka M COIEPKUTCA B OOHOH U3 objacrteil o, cka-
KEM, B O,.

Tak Kax 0, ecTb OTKPHEITas 06NACTh, TO B HEe BXOMHUT M HEKO-
TOpas OKPECTHOCTH

(x-0,X+6, y—0, y+96)

3To# To4KH. KaK u TOJNBKO 9TO, JIETKO IMOKA3aTh, YTO B 3TY OKPECTHOCTD
[EIMKOM MONAJET, IPH NOCTATOYHO 60IbIIOM K, IPSIMOYTOJBHHK [ay, by;
C> d], 2 CHAM — M CoIepXKaImasics B HEM JacTh o/, MHOXeCTBa o/ . Takum
o0pa3oM, BCce MHOXECTBO o/, HOKPHIBAETCE OXHOH 06NACTBHIO Tgs
MEXy TeM KakK BBHIOMpa H €ro MbI Tak, YTOGBI OHO HE MOIJIO GHITH IO-
KPHITO HUKAKAM KO HEYHH M 4YHCIOM obnacreil o. Iloaydennoe mpo-
THBOPEYAE U OKA3HIBACT JIEMMY.

B Tex mprmeneHMAX neMMBl B o pe s, KOTOphle dYMTATeldb HAMIET
B CJIEAYIOIIEM N° H B IPYTHX YaCTAX Kypca, B Ka9eCTBE MHOXKECTBA o/ GYIET
¢urypaposaTh oObIKHOBeHHO 3aMKHYTas o6GunacTbh. Ho mHHoH
Pa3 NPAICTCA NPAMEHATE €€ U K APYIrHM 3aMKHYTBIM MHOXECTBaM, HAIPH-
MEp, K HEOIPDCPBHIBHOMH KPHBOII

176. HoBele /10ka3aTe/bcTBAa OCHOBHLIX TeopeM. 1° 1-1 Teopema
BeiiepmTpacca. ®Oyskmus f(x, y) OpeIONOKEHA HENPEPHIBHOM
B OrpaBMYCHHOH 3aMKHYyTo# obnacTn &). CliemoBaTelbHO, KaXIYIO TOYKY
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(x', ¥") sToM 06IACTH MOXHO OKDYXHTh TaKoi OKPECTHOCTBIO ', YTO
B ee mpenenax (eciu yepe3 & 0003HAYEHO HAmEpe]| B3ATOE YHCIIO)

lf(x’ y) _f(x,s yl)l <&
f&,y) —e<flx, p)<f(x, ) +e.

TakuM o0pa3oM, B obsacTd ¢’ dyHKIHS OKa3pBaeTCl OTPaHUYE H-
HoO H. :

IIpuMenss nemMy Bopens k cucteMe J ={0'} 3THX OKpECTHOCTEH,
MOXHO BBIJIEJTUTD U3 > K O HE I H O € IHCJI0 OKPECTHOCTEH 0y, Oy, .. ., Op,
KOTOPHIE B COBOKYNHOCTH MOKDPEIBAIOT BCIO 001acTh &). Ecimu

migf(xs y)st B 0O; (i=1, 2: RS ] n):

U

To, B35IB B Ka4eCTBE #1 HAMMEHBILEE U3 M1;, A B KauecTBe M — Hauboubliee
3 M;, OyneM EMeTs B &)
m<f (x) =M,

9. ¥ TP. A.

2° Teopema KanTopa. 3agasBiuuch HPOH3BOJIBHBIM YHCIIOM
£>0, KaXayo TOYKY (X', y') OKPYXHM TaKOH OKPECTHOCTHIO

G’ =(xl — 6[, xl + al; yl _ al, yl + al)’
9TO JIA.JH0GOM MpHHAIeKaIel eif Touke (x, y) (B3 @) Oyner
P €
lf(x’ y)"f(x ’ y')l <§'

Ecmu (x,, ¥,) €CTh Apyras nomoOnas ke To4ka, Tak 4T0 U

LG 3) = f (%o 7o) <55
TO B pE3yJibTAaTe
[fCx, ¥) = f(%g5 Yo | =<e. ®

3aMeHUM KXl HPAMOYTOJIbHUK 0’ BYETBEPO MEHBIIUM NPAMOYTOJIb-
HHAKOM, C TEM K€ IEHTPOM,
- (4 & & &
o"=(x’»i, X+355 Y -5, y’+7) .

Cucrema z'={5'} 5THX OTKDHITHIX IPSMOYTOJLHAKOB MOKPHIBAET 00-
nacte ). IMo nemme B o pe s, U3 Hee BBUIENSAEM KO H € T H Y IO CHCTE-
My TPSMOYTOJLHHKOB

_ & 8. o 5
Oi=|Xi—5, Xit5; Yi—5, Vity
¢ TeM ke cBoiictBoM. Hakomen, 0603raYnM depe3 0 HAMMEHbIIES U3 BCEX
o;
qucet —2—’ .
Tycts (x, ) u (%), ¥,) — o0l ABe TOYKH 00MaCTH &), I KOTOPHIX
|x—x5| <8, |y—yol <0, (10)
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Touka (x,, y,) MPHHAMIEKAT ONHOM H3 OKPECTHOCTEH T, HAIIPHMED,
OKPECTHOCTH

= 51- 510 . » 61- 61.
o‘i“_—. xi.__2_., x[,‘_f_?, yl.‘_._z_’ yi.+_2_ R
TakK 4YTO

%, %,
lxo_xi.|<?l’ lyo‘yi.l<71-

U3 (10), Tak kax 65%, CIIEIYET, YTO ]x—x0|<%"— H ]y—y0]<92’—'
Ortcrona
[x=x;| <80y [y=2i] <04

U TOYKH (X, ¥), (X, ¥,) 06 OKa3BIBAFOTCS JICKAIMMH B OHONM M3 1T € pBoO-
Ha4vaJlbHO ONPENEICHHbIX OKPECTHOCTE

(x; =6, x;,+ 5.'.} Vie=0iys Vig+03),
a TOrja, Mo NOXa3aHHOMY, AN HEX Bemoasercs (9).
Wrak, ymanoce mo ¢>0 Bb6path 6>0 He3aBUCHMO OT MOJNO-

KEHHA TOUKH (Xy, Jp), YeM H JI0Ka3aHo, yro QymKmMs f(x, ) paBH o-
MEPHO HEOPEPLIBHA.

§ 3. IMpomssonubie n Auddepenmuanst bynKmmii
HECKOJIBKHX IEPeMEHHBIX

177. Hacrupie npon3somubie H 9acTabie aadgdepenmmann. s yHpore-
HAS 32MACH M U3JIOKCHHS Mbl OTpaHMYAMCH ciydaeM (yHKmuit oT Tpex
IICPEMEHHEIX; BCC JAJbHEHINeE, OJHAKO, COPABEUIMBO W A (yHKIMIL
JF000T0 YKCTA NEpEMEHHBIX.

Hrax, myct B HeKoTOpOil (OTKPHITOI) 06iMacTH &) HMeeM (BYHKIHIO
u=f(x, y, z); Bo3bMEM TOuUKy M(x,, Yos Z) B 3Toi obGmacta. Ecmu Mer
TPHITHIIEM ¥ ¥ Z HOCTOSIHHLIE 3HAYCHHS V, U 2, B OYIeM H3MCEHATL X, TO
¥ u 6yzneT Gynkumeif oT oxHON MepeMeRHOM X (B OKPECTHOCTH X,); MOXHO
IOCTaBUTBL BOMPOC O BHIMUCIICHHM €€ MPOU3BONHOM B TOUKE X =Xx,. IIpo-
AardM 3TOMY 3HAYCHUIO X, npupamenne Ax, Torza QyEKUES NOTYIHT
NpHpPANICHAE

Axu =Ax.f(xo; Yo Zo) =f(x0 +Ax, Yos zo) _f(xo’ Yo zo);

KOTOpOE MOXHO 6bUTO 6L HA3BaTh €€ YA CTHHM HPHpPAIMEHUEM
(mo x), mOCKOJBKY OHO BLI3BAHO H3MCHCHHEM 3HAYCHHS JHIOb OIHOM
nepeMeHHOMH. Io camoMy omperneNeRHIO MPOM3BOIHOMN, OHA NPECTABIIAET
coboro mpemen

lim Axu =lim [(xo+ Ax, j’oa Zg) — f(Xq 5 Yo Z0)
Ax—+0 A4x-0 Ax

OTa HpOU3BOMHAS HA3HIBACTCA YACMIHOU MPOUIGOOHOI Pynkyuu f(x, y, z)
ne x & mouke (X9, Yo, 2o)»

.
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Kax BuayuM, B 3TOM OIpeIeSICHHA HE BCE KOODAHMHATHI PABHONPABHBI,
TaKk KaK y, H z, Hanepel (QUKCHPOBAHBI, a X MEHSETCS, CTPEMsCh K X,.
YacTHYIO MIPOKU3BOIHYI0 0003HAYAIOT OJHUM M3 CHMBOJIOB:

314 3f(x’yaz *). ’ ’ .
| o2y, [ Yo 20 Dath Dif (5o, Yo 20

3aMeTHM, 9TO GYKBa X BHH3Y B 3THX 00O3HAUCHWAX JHINL YKA3LIBAET,
0 Kako#l H3 IepeMeHHBIX OepeTcs IpOW3BOAHASA, M HE CBA3aHA C TEM,
B KaKo# ToUKe (X, Vg, Zo) MbI IPOM3BOIHYIO BEITHCIIAEM **).
ABaJIOTHYHO, CUMTAS X M Z MOCTOSHHBIMH, a Yy IEPEMEHHBIM, MOXHO
paccMaTpHBaTh Ipelel :
lim A"nglim f(x()) y0+Aya z())_f(xO’ Yoo zo) .
Ay~0 dy Ay~0 Ay

Ilpemen 5TOT HA3LIBAaeTCA uacmmuoii mpouseoonoii dymxyuu f(x, y, z)
no y ¢ mouke (X,, ¥y, Z,) B 0003HAYaeTCs CHMBOJAMH, AHAJOIHYHBIMU
HPEIbITyLIHM:

d 3f (X0 Yo Z0) ’ ’
a_;’ —050—20'; uy’ fy(xo, yo, Zo); D_yu, Dyf(xo, yo, Zo)'

To9HO TaK XKe ONpENCIAETCA U YacmHan npoussoounas gynkyuu f(x, y, z)
no z 6 mouxe (Xy, ¥y, Zp)-

CaMoe BBLMHMCICHHE YaCTHOH NPOM3BOJHOHM IO CYLISCTBY HE Hpel-
CTABJIIET HMYETO HOBOTO IO CPABHEHHIO C BHIMUCICHHEM OOBIKHOBCHHOR
MPOM3BOJHOM.

IpuMmeps. 1) Iycte a=xY (x>0); 4acTHblC NPOM3BOAMEIE 3TOH (yHKIHH
OymyT:
ou ou
—=y-x¥7, —=x¥-Inx.
9y

ox

Ileppas w3 HAX BEMHAC/IAETCS KaX OPOM3BOAHAS CTENEHHOH (YHKUMH OT X (npn
y=const), a BTopasg — KaK IPOM3BOIHASN [OKA3aTCIBLHOMK ¢yukuuu ot y (upu x = const).

x
2) Ecm u=arctg —, TO
y

u ¥y ou x

3x—x2+y2’ 5 —x2+y2.

*) sIx 06 u (C.G. Jacobi) mpeUTOXMI MONIBE30BATECA KPYTIBIM J (BMECTO IPAMOTO
d) B 0603HaYeHM IMEHHO 72 CT H O i OpOM3BOAHOM.
#*) 1 3mech I €JbHE € CHMBOJBI

of
é’x—y f”ty Dxf

MOXHO DacCMATpHBaTh Kak G yHKIHOHaJbHEE¢ 0GO3HaYeHHMA I 4acT-
Bolt npousBoaxoit no x. [Iog06GHKX nIpAMeYaHHif BOPeAb MbI OBTOPATD Yie HE CTaHEM.
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x
3) Ana u=————— HMeeM
x24y24 22
ou y24zi-x? ou - 2xy ou —2xz

a_x=(x2+y2+zz)2’ 5}=(x2+y2+22)2’ £=(x2+y2+22)2'

4) Ilycte z=y-f(x2~3?), rme f(W) — OPOH3IBONBHASN OYHKIUA (aMeromas
npon3BozHyro). IToxasaTs, YTO i z BCETNA BHIIOIHAETCS COOTHOIICHHE:

1 9z 1 9z =z

xox yoay »#
KaxoBa Obl Hm ObUra dyBRIMA f.

IMo mpasuny mupdepemumponanus cloxHOM Gynkuuy (03Hayas IMTPEXOM IIPO-
H3BOJHYIO IO 4) EMEEM

9z

—=y-f(x2=y%)-2x=2xy - f'(x2 - )?),
0x

E=f(x’—y’)—2y*-f’(x2—y’),
ay

B OTCIOfa

1 1 1
—'£+—-—3—i=2y-f'(x2—y’)+—-f(x2—yz)—2y~f'(x2—y2) -2
x 0x y 3y y »2

5) CTopoHa a TpeyroibHAKA OOPENENACICS 1O IBYM ADYTMM CTOPOHaM b, ¢ H 3a-
KIIFOYCHHOMY MEXIY HHMH YLy & Tak:

a=}/b*+c2~2bc-cos .

oda b—c-cosa b—c-cos « da bc-sina

Torna

b  YBtci-2bc-cosa a Ox a

6) Wssectman u3 ¢wsmkw dopmyma Kunameiipona pV=RT (tme R=
=Const) BBIPAXAET CBA3b MEXAY OOBEMOM V, JaBlleHHEM p W abCoOmOTHOMN TeMmepa-
Typo#i T ORHOTO MOJIS HAEAILHOIO ra3a H ONpeNeisieT OJHY W3 BEJMIWH p, V, T Kak
dyrxmmro nByx npyrux. Ecim p, V — He3zaBuCHMEIe nepeMensble, a T — ¢dyskumsa ot

HUX: T=p—, TO
R
aT V 9T »p
o R’ 3V R’
Ecmu ponb HE3aBHCHMBIX MrparoT mepemennnie p u T, a V — dbyHKIEA OT HEX: V=
RT
=—, TO
p

aV  RT vV R

o T p’
RT
Ilycts, Hakonen, ¥ u T — He3aBECHMEIE NEPEMEHHEIE, p — (DYHKUESN OT HHX: p=—V;
TOorza

ap RT 31_5
v vE’ aT V'
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OTcloa, MEXOY NpOYMM, IOJYYaercs BaXKHOE B TEPMOMHHAMMKE COOTHOIICHHE

3anmerEM, u9To o6o3HaueHEms S K06 M 4YacTHBIX HPOH3BOAHBIX (C KPYIJIBIMH Q)
clleyeT paccMaTpUBaTh TOJbK O Kak LENBHBIC CHMBONLI, @ HE KaK YacTHHIC KK
npo6u. TIoyveHHOE TOJNBKO YTO COOTBOIIEHEME C OCOGCHHOHN SACHOCTBIO IOAYEPKHBACT
5TO CYLECTBEHHOE Da3jMuuMe B XapakTepe 00GO03HayeHMl OOLIKHOBEHHBIX M HaCTHBIX
FIPOM3BOMHLIX: €CIH OBl BBIIMCAHHBIC B JICBOX YaCTH NPOM3BOIHEIE OLUIM OOBLIKHOBEH-
HBIMH, TO MOXHO 6bUTO GBI HX PACCMAaTPUBaTh KaX JaCTHBIE ONHUX M TeX ke nuddepen-
OHAJIOB, H IIO COKPAIeHWH MbI NONMydwiA Grl 1, BMeCTO — 1; 34€Ch XK€, KaK MBI BHIHM,
9TOrO AENaTh HENb3S.

ou

ITpou3Beaenne 4aCcTHOH IMPOH3BOAHOU 35 1a IPOM3BONBHOE TPHpALile-

pre Ax Ha3BBacTCH yacmubim Ouddepenyuarom no x Gyukyuu u; ero 0bo-
3HAYAIOT CHMBOJIOM

du
du= % <Ax.

Ecnu 1 31€eChk nod ougdeperyuarom dx He3asucumoii nepeMeHHot X pasy mems
npupawenue Ax, To Npeapiaymas GopMylia HANKIIETCS TaK:

du
du= 3% dx.

Ananoradgo,
-dz.

ou ou
dyu——}—;-dy, dzu— 2z
TaxuM o6pa3oM, MBEl BHIMM, YTO MOXHO OBLTO GBI M YaCTHBIC IIPOM3-
BOJIHBIE IPECTABHUTE B BAe N po Oe i
dyu dyu  du
dx’ dy’ dz’
HO IPH HEIPEMEHHOM YCIOBHH YKa3blBaTh, IO KaKol mepeMeHHON Gepercs
nupdepennna.

178. Tloimoe npupamenue dynxnuu. Ecnu, wmcxoas #3 3HAdEHHH X=X,
Y=Yy, Z=2, HE3ABHCUMBIX NEPEMEHHBIX, IPUJATh BCEM TPEM HEKOTOPBIC
npupamenus Ax, Ay, Az, To byaxuus u=f(x, y, z) NONYIAT NPHPALICHHE

Au:Af(xo, yt)a Zo):f(x()'*'Ax’ y0+Ay’ ZO+AZ) —f(xor yO’ ZO)’

KOTOPOE Ha3HIBACTCA NOAHBIM npupaweruem QYHEKIHAH.

B ciy4ae ¢pynkmun y=f(x) OT ofHOH NEPEMEHHOH, B NPEIIOIOXKCHUH
CYIIECTBOBAaHUS B TOUKE X, (KOHEUHOH) mpomsBommo# f'(x,), A mnpupa-
ulenus GyHKOUA mMeeT mMecTo dopmyna [96 (2)]

Ay =Af(xo) =f"(xo) - Ax + - Ax,
rae « 3aBACHT OT Ax u « -0 mpa 4x 0.
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MEI MMeeM B BHIY YCTAHOBHTH aHAJIOTHYHYIO (OPMYITy MU HpHpalue-
Husa ¢ynkuud u=f(x, y, z):

Au=A4f(xy, ¥y, 2p)=
=fxl(x0’ yo, ZO)'Ax+f}',(x0: yoa Zo)'Ay+
+17 (X5 Yos 2)-dz+a-Ax+f-Ay+y- Az, ¢))

rae «, B, ¥ 3aBucar ot Ax, Ay, Az u BMeCTe ¢ HAMH CTPEMATCA K HYJIO.
Opnnako, Ha 3TOT pa3 MPHIETCSI HAIOXKHThL Ha (GYHKIHIO GoJiee TsDKeIbIe
OTpaHWYCHHUS.

Teopema. Ecauuacmusie npoussodnvie f(x, y, z), fy(x, y, z), £;(x, », z)
cyujecmeyom He moavko 8 mouke (Xo, ¥y, 2o), HO U 6 HEKOMOPOIL ee OKpecm-
HOCMu, U Kpome mozo HenpepuvleHel (Kax @GyHxkyuu om Xx, y, z) 8 smoii mouxe,
mo umeem mecmo gopmyaa (1).

Hns nokxa3aTedbCTBa OPSACTABHM IOJIHOC IpHpamieHue QpyHK-
uuu Au B BHAE:

Au=[f(xo+Ax, yo+ Ay, 2o+ Az) = f(xy, Yo+ Ay, z,+42)] +
+»[f(xo, Yo+ Ay, 2o+ 42)— f(Xy, ¥y, 2o+ 42)]+
+[f(x0! yo, 20+Az)_f(x07 yO, ZO)]'

Kaxnas p3 3THX pa3sHoCTeldl mpeAcTaBiiseT YacC TH O € IpUpAIICHHE,
(YHKOUH JIAITL IO O/IHOM mepeMennoM. Tak KaKk MBI IIPEIIOJIOKUIH CyIIe-
CTBOBAHME YACTHBHIX IPOH3BOJHBIX B OKPECTHOCTH TOUKH (X4, ¥y, Zo), TO —
OpA JOCTaTOYHOM MastocTH Ax, Ay, Az — X 3TEM pa3sHOCTSM IO OTAE/b-
HOCTH MOJXXHO IPHMEHHTH (HOpPMyYJy KOHEUHBIX mpHpamtenmii [112] *); mMbl
TOJIY9uM

Au=f(xy+0A4x, yo+ A4y, zy+4z)-Ax +
+fy(xg, Yo+ 0,4y, zy+4z)- Ay + (X, ¥os 2o+ 0p42) - Az.
Eciy moJ10XKHTE 30€Ch:
Silxo+04x, yo+ Ay, 2o+ Az)=Ff(x45 Yos 2p) +
Sy (s o+ 0,4y, 2o+ A2)=f3(%y, Yo, 20) +B,
Sfi(%0s Yo, 2o+ 0:42) =1 (x5 ¥o5 2+,

TO npuneM K Beipaxenuto (1) mna du. pu Adx -0, Ay -0, 4z~0 apry-
MEHTEI HPOHM3BOJHBIX B JIEBBIX 9aCTAX ITHX DABEHCTB CTPEMATCS K X,
Yos 2o (60 0, 0,, 0, — npaBuBEBIE QPO6H), CIIEAOBATEILHO, CAMHE HPOHK3-
BOJHbIE, BBUAY IPEANMONOXEHEORX HENPEPHBHOCTH HX
OIS 3THX 3HAYEHHUUd MepPEMEHHBIX, CTPEMITCS K MPOH3BOM-

*) Ecna B3sTh, HaUpEMeED, NEPBYIO PA3HOCTh, TO €€ MOXHO DPacCMaTpUBaTh Kak
npupamenre dyExmmm f(x, yo+ A4y, z,+4z) OT omHON mepeMeHHON X, OTBeYaromee
oepexony OT Xx=X,, K X=x,=/Ax. IIpomsBomgeads mo x oT 3Tod GyHKUMH, T. €.
Sx(x, yo+ Ay, zy+ Az), 0 NPEANONOKEHAIO, CYyMIECTBYET JUIA BCEX 3HAUECHAN X B IPOMeE-
XyTKe [xg, Xy+ Ax], Tax 970 GopMyNIa KOHEYHEIX NPHPANICHAN OPHMCHEMA, | T. X.
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HBEIM B IIPABBIX YaCTHX, & BEJIMIHHEL 2, 5, Y — K HYJIIO. DTHM U 3aBepLIacTCH
0Ka3aTeNbCTBO. »

HoxazanHas TeopeMa JaeT BO3MOXHOCTb, MEXIY IPOYAM, YCTAHOBUTS,
9TO U3 CYUWecmeo8aHus U HenpepvlBHOCMYU 8 OaHHOI moyKe YACMHBIX NPOU3-
B0O0HbBIX 8blMeKaem HenpepwblGHOCMb 8 MOt MmouKe camoii GyHKyuu; NeCTBU-
TensHo, ec Ax ~0, Ay -0, Az -0, To, oueBuHO, ¥ Au 0.

His Toro uro6s dopmyny (1) Moxuo GbUTO HammcaTs B Oojiee KoM-
HaKTHOH dopMe, BBEAEM B PACCMOTPEHHE BHIPAKCHHE:

o=VAE+ D+ 222
— pPAacCTOSHHE MEKIy TOYKAMH
(X0> Vo> 29) ®  (xg+A4x, yo+ Ay, z4+42).
IMone3ysce MM, MOXKEM HAaUKCATh:
w-Ax+B-Ay+y-Az= (oc-

dx Ay Az
+8. 4+ . . p.
e '8 (4 14 (4 ) e

O603Ha4YHB BHIpaXeHHE, CTOSIUEe B CKoOKax, uepe3 &, OyIeM HMETh
a-Ax+f-Ay+y-Adz=¢-p,

rae e 3aBucHT oT Ax, Ay, Az u crpemuTtes k nyimo, eciu Ax -0, Ay -0,
Az -0 wm, kopoue, eciu p~0. Utak, dopmyny (1) MoXHO Temeph HEpe-
HHCATH B BHIIE:

Au=Af(xy, Yo, 20) =S (X5 Vo> Zo)’Ax‘*‘fy'(xo, Yo» Z0) -4y +
+'f;,(x0’ JYo» ZO)'AZ +6'93 (2)

roe e-0 mpu p—0. Benuuuna e.p, o4eBHAHO, MOXeT OBITH 3amHCaHa,
kak o(p) (ecau pacmpocTpaHuTh BBemeHHOE B 60 0003navyeHue U HA CIIydai
(byHKIUI HECKOJILKAX HEPEMEHHBIX).

3amMeTnM, 9TO B HAIIEM DPACCYXICHUH HE OBLI GOPMAILHO HCKJIIOYCH
ciyuait, xorna npupamenus Ax, Ay, Az mopo3Hp WIH maxe Bce cpasy
paBubt 0. TakuM 06pa3oM, roBops 0 MPEIEIBHBIX COOTHOLICHHIX

a0, p-0, y-0, -0

mpu Ax -0, Ay -0, Az~0, MBI MOHMMAaEM HX B IIHPOKOM CMBICIEC U HE
HCKIIOYAeM IS STHX IpPHPAINCHAN BO3MOXKHOCTH B MPOIECCE HX H3MECHE-
HAS oOpamaTtecs B Hyib. (Cp. anagormadoe 3ameyanue B 96.)

Ilp¥ [OKa3aTenLCTBE NpEOBIAYMIE TeopeMil MHL noTpeboBanm OT (YHKIUH He-
CKOJIbKHX NepeMeHHBIX Golnbine, 9eM B Ciiydae ¢yHKumE OmHOH mepeMeHHOH. [ns Toro
910o0Bl MOKa3aTh, 410 6e3 cobimomenns 3THX TpebGopammit dopmyna (1) mma (2) 3mech
Morna 6Bl 0Ka3aTkCs H HENPMIOXAMOM, PACCMOTPHM, B 3aKIIIOYCHHE, CIIEAYFOLIMH
npuMep (TAe LI OPOCTOTHL MBI AMEEM JEJIO BCETO JIAIb C JBYMsT HE3aBHCHMBIMH
TIePEMEHHBIMH).

OnpepenmuM dyaxmmo f(x, y) paBeHCTBAMU:

X 21250 0, 0)=0
f(x,y)—x,—-ﬂ; (eCmeer>)_, (0, 0)=0.
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Ota QyHKUMS HENpephIBHA HA BCEH INIOCKOCTH] IUIA TOYKH (0, 0) 3T0 cnenyer m3
167, (5). Manee, cymecTBYIOT YaCTHBIE NPOM3BOAHEIE IO X M IO ¥ TaKXe Ha BCeH MIOCKO-
cru. IIpu x2+y2>0, oueBHOHO,

N R )
fx(x,y)—m, fy(x’y)—m°

B Havanbuolt xe Touke uMeeM: [0, 0)=f$(0, 0)=0; 5T0 HENOCPENCTBEHHO BHITE-
KaeT, 00 CaMOMY ONpPEZEJieHUIO YaCTHBIX IPOK3BOAHEIX, H3 TOr0, 9T0 f(x, 0) = f(0, y) =
=0. Jlerko mokasate, 4yT0 B TOuke (0, 0) HEmpPEPHIBHOCTH NPOU3BOAHBIX HAPYINAETCA

1
(mm OEpBOH W3 HUX JOCTATOYHO, HAPHMED, MOJOXHTE y=x=—-0] .

n
Popmyna Buaa (1) wim (2) s Hamell dyrknuu B Toaxe (0, 0) He HMeeT MecTa.
B camoM jpiene, ecni NONMyCTHTH IPOTHBHOE, TO GBUIO GEI

Ax2- A
ol & Y Ax2+ 4y?,

40, 0)= ——=
1/(0, 0) Tt
rae ¢ +0 opu Ax~0 u Ay —0. ITonoxus, B 9acTHOCTH, Ay = Ax >0, ©MeNA 651

1 A Vi I 1
—Adx=¢- |2-4x, oTKyma &=-—,
2 2V§

H & He CTpeMUIIoCh Gbl K Hyo Opd Ax ~0, 9TO NPOTHBOPEYHT NOMYIICHUIO.
Ananormuryro ocobenrocTs B Touke (0, 0) mposBNIseT M dyHKIMS

[, »=T1|xy].

IIpemocTapisieM wuTaTeno pa3o6palbes B STOM.

179. Tloametii muddeperuman. B ciyyae dynkumm y=/£(x) omuoit nepe-
MEHHOM, Mbl paccMaTpuBayiv B 103 BOIpPOC 0 IIPEACTABHMOCTH €¢ TpHpa-
menus Ay = Af(xg) = f(x, + Ax) ~ f(x,) B BHAE

Af(x)=A-Ax+0(4x) (4 =const). )]

Oxasasioce [104], 4To ISt BO3MOXHOCTH TaKOTO HMpENCTABJICHAS H e o O-
XONMMO H NOCTATOYHO, YTOGHl CyNIECTBOBAJA B TOYKE X =X,
KOHEYHAs Npom3BoAHAs ['(X,), NPHYEM HANHCAHHOE PpABEHCTBO OCYIIE-
CTBILIETCA MMEHHO IpH A = f7(x,). JIuueiinyro 9acTs

A Ax=f'(x))- Ax=y,-Ax

npHupanieHus GyHKUAN MBI 1 Ha3bBaym ee AuddepermuanomM, dy.
Ilepexonss k QyHKIHMM HECKOJNLKHX, HANPHMED, TPeX NEPEMEHHBIX:.
S(x, », 2), onpenenennoii B HEKOTOpOIT (CKaxeM, OTKpHITOH) obyactu &),
€CTECTBCHHO IIOCTABUTb aHAJIOTHYHBLIA BOIPOC O NPEICTABHMOCTH TpHpa-
TIEHUS
Au:Af(xo’ Yo 29 =f(x+Ax, y,+4y, 2o+ A2) ~f(x0 Yo 20)
B BHIE
Af (x4, Yo, 2g)=A-Ax+B-Ay+C- Az +o(p), @

rae A, B u C — nocrosunsle, a g =) Ax2+ Ay + 422,
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Kak u B 103, 1erko mokasaTh, 9TO €CJIHM MMEET MECTO pasiioxenue (4),
TO B TOUKE (X, ¥y, Z,) CYIECTBYIOT YaCTHBIC IIPOM3BOJHBIE IO KAXIOH U3
MEPEMEHHBIX, PUIEM

fx,(xo’ Yo» 20)=A, f;(xoa Yo» 20)=Bs f;.’('xO) Yo» ZO)=C'
JIefCTBUTENILHO, HAIpUMED, ToJiaras B (4) Ay = Az =0 u Ax =0, moxyunm

S+ A0, Yos 2= S0, Yoo 2) _ 4, o1 AxD)
Ax ax

OTKyJa U CJICHYET, YTO CYLIECTBYET

f(xo‘l‘Ax, Yo» zo)_f(xoa Yo zo)=A
Ax :

fxl(xOs Yo> 20) =Alim

x—0
TakuM 06pa3om, cooTHouIleHne (4) BCErna OCyLIECTBIIETCA TOJBKO B BAJE
Af(Xg» Yo» 20) =S (%05 Yo» 20) - AX +
+fy(Xg5 Yo 29) - Ay + £1(%o5 Yo» Z0) - Az + o(p) ©)
wiM — B Gojiee KOPOTKOH 3amuACH —
' Au=u - Ax +uy- Ay + uy- Az + o(p). D)

OnHako, B TO BpeMs Kak B ciydae (ysKnuM onHOH HEpPEeMEHHOH Cy-
IECTBOBAHHSA IPOM3BOMHOM y;=f"(X,) B paccMaTpHBaeMoii Touke ObLIO
yXe M JOCTATOYHO JUIS HAJMYHSA COOTHOIIEHHA (3), B HAlIEM Ciyvae CyIe-
CTBOBaHME YaCTHBIX IPOH3BOJHBIX

u; =fx,(xo, Yo zo), u]’l =fy'(xo’ Yo» Zo), u, =fz,(x0, Yo Zo)

eme He obecmeunmsaeT pasnoxenus (4). Ind ciaydas GyHKIHMH ABYX IEpe-
MEHHBIX MBI 3TO BHJEIM Ha IpMMepe B mpempuayineM n°. Tam xe, B Teope-
Me, ObLIM yKa3amel JOCTAaTOYHE € YCIOBHS [UIA BBIOIOJIHCHHS CO-
oTHoWEHHS (4): 3T0 — CYIIECTBOBAHME YACTHBLIX NMPOU3BOJHEIX B O K P €-
CTHOCTH TOUYKH (Xy, Vo, Zo)) HEX HEMPEPEHBHOCTDH B 3TOH TOUKE.
BrpoueM, Jerko IoKa3aTb, 9TO 3TH YCJIOBHS OTHIONb HE HEOGXOIMMBL
s Gopmyisl (5) wim (5%). OTo, COGCTBEHHO IOBODA, CIENyeT yXe H3
TOTO, 9TO AN (YHKOMH OIHOM TepeMeHHOH (KOTOpYIo, €CId YrOJHO,
MOXHO PACCMATPHBATL M KaK (QYHKOMIO OT JHOGOro 4HCiIa MEPEMEHHbIX)
momo6HbIe yCIOBHS HE HEOOXOIMMBL

IIpu nasuuuu gopmynst (5) dynkyus f(x, y, z) Hasviaemca Ou g ¢ e-
penyupyemoii 6 mouke (X5, ¥y, 2o) 4 (TOINBKO B 9TOM ciydae!) esipa-
Jcenue

Uy Ax+uy-Ay+uy-Az=
=fx,(x0’ yo, zo)'Ax‘lbf}:(an Yo» ZO)'Ay +.le(x01 y0, Zo)'AZ,

m. e. AuHeiiHan uacme npupaujenus @ynkyuu Hazvieaemcs ee (NOAHbIM)
Jugppepenyuarom u 0603aa9aeTCA CAMBONIOM du Wi df (x,, Yo, Zo)-
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B ciyyae QyHKIMM HECKONBKHX NEPEMEHHBIX YTBEDXKICHHE: «byrrOus
mupdepenupyeMar B TaHHOM TOUKe, KaK BHIMM, YXKe He PaBHO3HAYaNIE
C YTBEPX/ICHHEM ¢pYHKIUS AMEET YaCTHBIE NPOR3BOMIHEIC IO BCEM IIEpe-
MEHHBIM» B 3TOH TOYKE, HO 03HAYAET HEYTO O O I b Il € e, BrpoveM, MbI
o0bryHO OymeM IpemosaraTh CYIIECTBOBAHME M H € II PEPHBHOCTS
HaCTHBIX IPOM3BOIHEIX, & 3TO yXe NepeKphBaeT aubdeperuupy-
€MOCTb.

IMon muddepenmmanaMu He3aBHCHMBIX MepPEMEHHBIX dx, dy, dz ycnas-
JMBAIOTCS PasyMeTh M POU3BOIAbHB € npupamenus Ax, Ay, Az ¥);
IO3TOMY MOXXHO HAIIECATh:

df(xm Yo» 20) =f;c,(x05 Yos zo)-dx+fy'(x0, Yos o)+ dy ‘*‘f;’(xo, Yo zo) dz

HITH
du=ug-dx+uy-dy+u,-dz.

IToanwii Oupdepenyuan oxasvieaemca pasmoim cymme uacmuox
ougpgepenyuanos [177].

180. T'eomMeTpudeckas HHTepUpeTaLus Jist cryqas QYNKNMH ABYX mepe-
MeHHbIX. JKemas 1aTh reOMETPHYECKOE MCTOJKOBAHUE CKa3aHHOMY BBIIIE,
AHAJIOTHYIHOE TCOMETPHYECKOMY HCTOIKOBAHMIO NPOM3BOAHOM M Iud-
¢epernuana ¢GyskumMm omHOIM TICpEMEHHOHI
[91, 104], BepHEMCS K HOHATHIO KACATEIbEOMH
K KpuBO# J{ B mammoil Ha Hel Touke M, .

Mer onpenenumi xacatensayro M,T (puc.
99) xak mnpefenbHOE HOJNOKEHME cexymeit
MM npu crpemnennn MyM x uymo [91].

OveBraHO, MOXKHO JaTh M Takoe, paBHO-
CHJIBHOE 3TOMY, OIIPEJICIICHHE:

Hpaman MT nasvigeaemea xacame 4 b-
Ho U K Kpusoii §{ 6 mouxe M, na neii, ecau Prc. 99.

paccmosnue MP nepemennoii mouku M xpu-

6ol J{ om npamoii M,T, npu cmpemaenuu paccmosnus W K nymo,
A6AAemcA OecKONeuHO Maaoll 6bicuiez O nopAdKa, yem MM (r. e.
eciu otHomenne MP[M,M 1upu sTom CTPEMHTCS. K HYJTIO **),

*) Ecnm oToxnecTrTh nEddEpERnEaT He3aBH CH MO i NMEpeMEHHO I
x ¢ nuddepeHnEanoM x, kak @ YEKLUMH OT HE32BHCHMBIX NEPEMEHHBIX X, ¥, Z, TO,
mo obmel HopMyite, MOXHO HAIHACATH

dx=>xy+ Ax+ x5 Ay+x5- Az=1- Ax+0- Ay +0- Az = Ax,
TOTJa PaBeHCTBO dx = Ax OKa3bIBAETCHd M OKA3a HHBEl M.

**) A 3TO 3HAYAT, YTO CTPEMHUTCA K HYIIO Sin @, & C HEIM H YTOJI $ MEKIY CEeKyImeH
MM 1 npsmoit M,T (cM. puc.).
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PaccMoTpuM Temeps HEKOTOPYIO HOBEPXHOCTH &  Ha Hell Touky M,
(puc. 100).

AnayioruyHo onpeneNeHHIo KacaTelIbHOH IpsAMOif, JaTuM OIpeaciICHIe
KacaTeIbHO’ ILUIOCKOCTH:
ITnockocme MK Hasvieaemcas kKacameAbHO# RAOCKOCMbBIO

K noeepxnocmu S 6 mouxe M, Ha Heil, ecau paccmosnue MP nepemennoii
mouku M nosepxnocmu & om 3moil n1ockocmu, nPU CMpeMAeHUU paccmos-

Hua MM x Hymo, asasemca 6ecKOHeYHO Maaoii vl cuie 20 nopadka,
uem MyM (. e. ecnu oTHOIEeHUe MP/M,M 1pX 3TOM CTPEMHTCS K HYJIO).

Puc. 100.

IIycte [159] moBepxHOCTH 3aJaHa YpaBHEHAEM z=f(X, y) B IpsMo-
YIOJBHBIX KOODOMHATAX.

Bo3bMeM Ha Heit TOUKYy M(Xos Yo, 2Zo) [THe zo=f(x,, ¥o)] B HCCHETYEM,
[PH KaKAX YCIOBHAX IUIOCKOCTH §, MPOXOMsIIast depe3 TOUKy M, H HMero-
Lasi ypaBHEHHE

Z—-zy=A(X-x)+ B(Y-y,), ©6)

YIOBJIETBODSIET 3TOMY OIPE/IEIICHHIO.
ITposeneM ML mapainemsro ock z (cM. puc. 100) u u3 M, omycTEM

na ML nepuenmukyissp MyN. Tak kak orpe3ok MK oTmmyaercs oT MP
MOCTOSHHBIM MHOXHTeNEM (HE DaBHBIM HYJNIO), TO BMECTO OTHOIUCHHUSA

MP|MM,, MoxHO paccMaTpmBaTh oTHomenne MK|MM,. Ilokaxem Te-
mepb, 9TO, He MEHs [0 CYIIECTBY OIPEIENIeHHs KacaTeJIbHOM IUIOCKOCTH,

MOKHO, HAKOHEIl, 3aMEHUTD 3/1eCh paccTosiuue r= MM, oTpe3koM p = M,N.
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Ecin npu M~ M, ctpemutcs K Hymr0 oTHomlenue MK/p, To 3To TeM
Oomnee BepHo mms oTHowrenuss MK/r, uGo r>p. IIpeANONOX UM
Tenepb, YTo MK/r cTpeMHUTCHS K HYJIO, | YyCTAaHOBHUM,
YTO TOorga CTpeMHUTCHA K HYynaro H MK/p. dna storo mocra-

r
TOYHO JI0Ka3aTh, YTO NPU M —~ M, OTHOIIIEHHE 2 OCTa€TCS OrPAHHYEHHBIM.
Otpe3ok MK, ¢ TOYHOCTBIO /IO 3HAKA, PABEH BBIPAKEHHIO
z2—Z=z-2,—A(x - x,) — B(y - y,)
WJIM, €CJIH BBECTH 0003HAYCHHA
X —xo=A4x, y"y():Ay’ z_zo=AZ:Af(xo, Yo)s

~ BBIPAXEHHUIO
Az - (A Ax + B Ay).

Beuny cremaHHOTO NpeAnoJIOKEHUs, IO KpaifHeil Mepe Is Todyek M,
OCTATOYHO ONMH3KHMX K M|, OyneM uMeTh

|4z - (A4 Ax + B Ay)| <% r:%}/zleJr/]y2 + Az%,
TaK 4ro

LAi‘<lAl .l_{lx_l+lBl .[A_yl+ll/1+(]z]z|)2
e 0 e 2 P

Ui (YCHIIHBAs HEPABEHCTBO)

@<|A|+|B|+l(1+""*|) :
e 2 e
Ortcrona

Ll aq41+18) 41,

a CJICa0BATEIIbHO,
Z::VI + ('AQZJJ2<2(|A|+ |B|+1),

4YTO M TpeOOBAIOCH I0KA3aTh.
Takum obpasoM, mmockocts (6) 6yZeT KacaTenbHOM K TOBEPXHOCTH
B TOM H TOJIBKO B TOM CJIydae, €CIH OTHOLICHHE

A4z—(A4 Ax+ B 4dy)

e
CTPEMUTCA K HYJIIO BMECTE C 0, T. €. €CIIH HMEET MECTO PaA3JTOKECHHE

Az=Af(xy, y))=A-Ax+ B- Ay + o(p)
fep. (4]

Mpur npuxosMM K OKOHYATENBHOMY 3aKIIIOUEHHIO: 044 mozo, umobwl
nosepxnocmy z=f(x, y) 6 mouxe My(x,, y,, z,), 20e zy=f{x,, y,), umena
kacamenbHyr0 naockocms *), Heo6x00uMoO u 0ocmamoyHo, Ymobsl npu x=Xx,,
Y=Y, bynkyusa f(x, y) 6vira oupfepenyupyema.

*) UMeeTcst B BHOY TIIOCKOCTB, HE MApaJUTENBHAS OCH Z.

25 I M. ®uxrenronsu, T. I
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Tax Kak IIpH BHIIOJHEHWH 3TOr0 ycioBus KodddrmuenTH 4 u B He-
06X0IMMO PaBHBI YACTHBIM NPOM3BOIHEIM f (X, Vo) B f5(Xy, Yo)» TO Kaca-
TENbHAS IIOCKOCTE BHIPA3HTCS YPABHEHHEM

Z - 2y =1 %05 ¥9) - (X = Xo) +f (%05 Yo) - (¥ = ¥o)-

O6EYHO 3HAYKOB IPH X, , Z HE IHIIYT; TOIJa ypaBHEHHE KacaTeILHOM
IJIOCKOCTH NPHHAMAET BHUJ

Z-z=fUx y)- (X-)+fy(x, ¥)-(T-y). 0]

HeTpymso BHOETH, 9TO €CJIH Hepeceyb IOBEPXHOCTh M KacaTeJbHYIO
K Helf IOCKOCTh MF000ii MI0CKOCTHIO, MapaJUIeIBHOI OCH Z B NpoXoasnieit
wepe3 TOUKYy M, To B CCUCHUH C IIEPBOM MONy4aeTcss HEKOTOpas KpHBasd,
a B CEUCHHH CO BTOPOM — KacaTelbHAs K Hell mpsmas *).

B 9YacTHOCTH, B CEUECHMH MOBEPXHOCTH IUIOCKOCTSMHM Y =), H X=X,
MOJIydaTcs KpUBBIE, YTIOBEIE KO-
3¢ dHIEERTH KOTOPHIX **) COOT-
BETCTBEHHO PAaBHEL

Sdxo, ¥p) B f;(xoa Yo)-

Ha puc. 101 orpesxu KM,
K,M, n KM 1ipeICTaBJIAIOT 9acT-
HBIE 1 MOJIHOE IpApalieHus Qynk-
mau, a otpesku KN, KbN, u

KN — 49acTHHle M IOJIHBIA €€
r mabdepermuanst [cp. n° 104 u
puc. 44].

181. IipomsBoappie OT CJOXK-
oeix  Qysxumii.  Ilycte umeeM
$yHKIHIO

ll=f (x’ Vs Z),
omnpeieIeHHYIO B (OTKPHITO#) 06-
JacTH @), NpuU¥eM Kaxnaasd Hu3
IIEPEMEHHBIX X, ¥, Z B CBOIO O4epe/lb, ABisieTcs QyHKIuel OT mepeMerHOH
! B HEKOTOPOM NIPOMEXYTKE:

x=p(t), y=9(), z=y).
ITycTh, KpOME TOTO, IPY M3MEHEHUH ! TOYKH (X, y, Z) HE BHIXOIAT 32
mpeaensl obyacT 4.
IToICTABHB 3HAYEHNUS X, ¥ K Zz B QYHKIHIO f, HOJTYIUM CIOKHYIO QYHK-

THIO:
u=flp(), (), %(1)-

*) Huxe [234], 6yner paccMoTper Gonee o6muit BOIPOC O KacaTeNbHBIX K mo6bpIM
KPHBEIM, POBEACHHBIM IO IIOBEPXHOCTH YE€PE3 AAHHYIO TOUKY.
*¥) Jlerko coo6pa3uTh, MO OTHOMEHMIO K KAKHM KOODAMHATHBIM CHCTEMaM BbI-
YHCIISIOTCA 3TH YIJIOBEIE KO3(OUIAECHTEI.

Prc. 101.
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IIpequonoxuM, 9TO u HMEET IO X, ¥ U Z HENPEPHIBHBIE YACTHHIE IPOH3-
BOJIHBIE Uy, U}, U, *) M 9TO X}, y; U Z; CyliecTBYIOT. TOra MOXHO J0Ka3aTh
CYMIECTBOBAHUE NPOU3BOMHOH CIOXHOH (YHKIHM M BMECTE C TEM BEI-
YUCIIHATD €ee€.

HejicTBuTebHO, IPHAATMM IIEPEMEHHOM ¢ HEKOTOpoe mpHupauenue Af,
TOTAA X, ¥y M z NOJIYYaT COOTBETCTBEHHBIE Ipupailenua Ax, Ay u Az,
(byHKIMA Xe u MOJYYHT ImpHpalieHue Au.

Ilpencrasus mpupamense # B ¢popme (1) (3T0 MBI MOXeM CHENATh,
TaK XaK NPEINOJIOXHIA CyIICCTBOBAHHE HEI PEPhIBHBIX YaCTHBIX
IPOM3BOMHBIX Uy, Uy, #;), TOJYIAM

Au=ug-Ax+uy- Ay +uy-Az+a-Ax + - Ay +y- Az,

rne a, , y~0 npu Ax, Ay, Az~0. Pasnemms obe wactu pasenctsa ma Af,
OymeM uMmeTn

de  , Ax  , Ay , Az Az

e =Ue U U A{%ﬁ =
At x At Yoat 2 At At P TRRAV T

Yerpemum Temepe mpupamenue At x Hymo; Torma Ax, Ay, Az Gynmyr
CTPEMHUTCS K HYJIIO, T2K KaK QYHKIHH X, ¥ U Z OT ¢ HEIPEPHIBHBI (MBI IIpe/l-
HOJIOXHUIIA CYLIECTBOBAHHE NPOH3BOMHBIX X, V; H z;), a MOTOMY «, f, ¥
Takke OyIyT CTPEMHUTBCS K HyJo. B Ipesese morydmm:

Up=1ty- Xy + Uy Yy + 1) 2, 8)

BunuM, 4To IpH CENTaHHBIX NPEANONOKEHAAX IPOH3BONHAS CIOKHON
$ynxuun medcTBuTeNBHO CymecTByeT. Ecim Bocmomp3oBaThes Muddepen-
MHAIBHBIM 0603HaYeHHEM, TO hopMyy (8) MOXKHO 3aIIHCATh TaK:

du_du dx du dy~ du dz

=0 2 00 o) 2 9

aox d oy ar Vo ©)

Temnepb paccMoTpuM TOT Cily4aii, KOT/a X, y M z 3aBHCAT HE OT OJHOM
TICPEMEHHOM #, & OT HECKOJBKHX NIEPEMEHHDIX; HAIPHMED,

x=¢t, v), y=9t,v), z=y( v).

Kpome cyiecTBoBanm: 1 HENPEPEIBHOCTH YACTHBIX MPOH3BOJHEIX (BYHK-
mud f(x, y, z)*), MBI IIPE/IIONATaEM 3/1€Ch CYILECTBOBAHHE TIPOM3BOIHEIX
oT QyHKIMit X, y, z IO £ H 0.

Iocne noxcranoBkE GyHKIHIL @, p U § B GYHKIHIO £ MBI GyIeM MMeTb
HEKOTOPYIO (PYHKIMIO OT 1By X IEPEMEHHBIX / M ¥, H BO3HUKAET BOMPOC
O CYMIECTBOBAHWH M BBIYHCJICHHH YAaCTHBIX NPOH3BOMHBIX #; U u,. Ho 3TOT
CITydaif HE OTJMYAETCS CYINECTBEHHO OT yXe HM3y4eHHOTO, MGO NpPH BHI-
YHMCIICHMA YaCTHOH NPOM3BONHOM (QYHKIMH OT ABYX NEPEMEHHBIX MBI OJIHY
U3 NEPEMEHHBIX QUKCHPYEM, H Y HAC OCTAETCs PYHKIUS TOJBKO OT O Il H O i

*) CobctBerHO TOBODS, NOCTATOYHO NPENNONOXHTH HA(PGEPEHIEPYEMOCT dynk-
uue u=f(x, y, 2).

25%
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nepemenHoit. CnenoBaTenbro, Ui 3Toro ciydas dopmyna (8) ocraercs
6e3 m3meHenus, a bopMmyiry (9) HyXHO Hepenucarb B BUAE:
du_du 9x Odu dy ou 0z *
ot —ax ot "oy of 9z oi %
182. ITpumepst. 1) PaccMOTPHM CTEMEHHO-TIOKA3ATENIBHYIO dynkmro
u=xY.

Tlonoxwe x=g(t), y=y(t) v npoanddepeHEpoBaB N0 TOJBKO YTO BBIBEICHHOMY
npaBuny JHdOEpEHIMPOBAHNS CIOXHOU QYHKIHMH, NONYYUM H3BECTHYIO yXKe Ham tdop-
myny I'. B. Jleii6unua u M. bepuynnu: )

wp=yxY"1-xj+x¥-In x-y.
Pamblne MBI YCTAHOBHIM ee¢ (B OPYIMX OOO3HAYEHHMsX) C IOMOILUBIO HCKYCCTBEHHOrO
mpreMa [99, 23)].

2) Ilycts u=f(x, y, zZ) uMeeT HENPEPLIBHLIC YACTHbIC NMPOH3BOMHbIE, U BMECTO
X, ¥ ¥ z TIOJICTaBJIEHO:

x=n-¢, y=(-§ z=(-n
Torma
ou _3u ou du du Ou du du ou

————t—,  — = ——— —_——-—t—,
& 9y 0z n 9x 0z ac x 9y
3) Eciu (IpH TeX ke NPEANOJIOXEHUSIX OTHOCHTE/ILHO ¢yukupu ), coXpaHas
x He3aBHCHUMOUN mepeMeHHOH, MOIOXHTH

y=yx) m z=z0(%),

rae oyEkumE y(x), z(x) muddeperurpyeMsl N0 X, TO 4, KakK CIOXHAs ¢dbyHKOHA OT X,
6yZeT HMETh NMPOM3BOMHYIO:

>

du_3u+au dy ou dz
T ox oy dx oz dx
HIIH
. di
Zb—t:f (%, (0, 2(0) +5(x, ¥(x), 2(x)) ¥ )+ fi(x, y(x), 2(x)) - 2'(x)-

31ech CaMO X HIPaeT poJjib MEPEMEHHOM ¢ B dopmyite (8).
4) Ecm %xe¢ 06 e mepeMeHHbie X, ¥ OCTaBHTh HE3aBHCHMBIMH, 2 BMECTO z TIOI-
CTaBUTh GYHKIHIO
z=2z(x, ),
FMEIOILYIO YaCTHBIE IPOM3BOMHEIE MO X W IO ¥, TO JUIS CIOXHON GYHKIHH u= f(x,
z(x, ¥)) GyneM HMMeTb:
ou , , ,
gxzfx(x: Y5 z(x, J’)) +fz(x’ ¥y, Z(X, )’)) * zx(X, y)s

ou
P =f(x, ¥, z(x, M)+ [3(x, y, 2(x, 3)) - 23(x, ¥).
5) B kadecTBe JaJbHEHINEro MNpHMepa TNPHMEHEHHS dopmynsl (9) paccMOTPHM
ponpoc 0 aubdepeHIMpPOBAHUA OTIPpEe AECIUTE T 4
an G <.+ in
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B NPEANOJIOKEHUH, YTO 3JIEMEHTEI ero a; (i, k=1, 2, ..., n) cyTb QYHKUUH OT HEKOTO-
daj -
poro mapameTpa Z, IJisi KOTOPBIX CYLIECTBYIOT MPOU3BOMAHBIC IO f: o

BcroMHHas pa3jIokeHUe ONPEACTIUTENs 1O AIeMEHTaM K-To cTonbna
A=Ay ay+ Aok Qo+« -+ Aig- @i+ - < -+ Anke- angks

rae anreGpanvdeckue AOMONHEHUs A, ..., Anj JNEMEHTA aj HE COIEPXAT, IPUXOIUM
K 3aKIIOYEHHIO, YTO

04 y
aaix e
B TakoM cnyyae, no dopmyne (9),
dA n 1 94 dayg o n dajy,
P P i, Ao ——Z
dt ;Z': z‘l ,z::1 ik dt

n .
3aMeTHM, 4TO cymMmMa >, Ajp - ‘1:’:_" JIA€T Pa3JIoXEHHE ONPEEINTEA, OTIHYAIOIerocs
i=
OT AAHHOTO JIHIIL TEM, 9TO IJIEMEHTHI €r0 A-IrO CTOJIONA 3aMEHEHBI HX MPOU3BOIHBIME
no ¢. OTCIoa MpaBWIO: NPou3e00HAR onpedeiumens A paena cymme n onpedeaumeneil,
noayuaroyuxca uz A samenoil, noouepeoto, riemenmos ezo 1-z20, 2-20, . .., n-20 cmoabya
HPOU360OHBIMU.

®opmyna (8) cxomHa ¢ GOPMYNOR uy=uy-x; A Cciayyas GYHKUMM ¥ OT O JHO M
nepeMeHHOM x. IlomgepKHEM, OZHAKO, CHOBA PA3HHIy B YCJI OB H X, NPH KOTOPHIX
ObuH BhIBeAEHBI 3TH Gopmynel. Ecmm # 3aBHCHT OT O JH O M TIEPEMEHHOM, TO AOCTa-
TOYHO OBUIO HPEANOJIOXKHTH CyIIECTBOBAHHE MPOM3BOMHOMN 4%, B CIyYae XK€ HECKOJBKHX
MEPEMEHHBIX — MBI BBIHYX/CHBI OBUIH IPEAIONOXUTE €Ie M HENPEPBIBHOCTH MPOMU3-
BOOHBIX Uy, Uy, ... CleAyrolue MPUMEPE! MOKA3bIBAIOT, YTO OJHOTO CYI[eCTB O-
BAaHH S 3THX MPOM3BOAHBIX MIA OEHCTBHUTENLHOCTH GopMyiHl (8) BooOuIe HemocTa-
TOYHO.

6) OnpenenmaM dyuximmo u= f(x, y), monaras:

x2y
XE4y?

Orta dyHKiMs, KaK MBI BUAEH, HMECT YaCTHbIE MPOU3BOAHBIE BO BCEX TOYKAX, HE HCKITFO-
yasg u HavanpHo# (0, 0), mpuyem

fx0, 0=0, . f3(0, 0)=0;

3aMETHM, YTO HMEHHO B 3TO# TOYKE IIPOM3BOMAHBIC TEPHAT Pa3pHhIB.

Ecii BBECTH HOBYIO TIEPEMEHHYIO !, TIOJIOXMB X=1! B y =1, TO HOJYYHM CJIOXHYIO
dysxipro ot ¢. Ilo dopmyne (8) npoussoguas 3toit GyHkuum npu {=0 Gbra 6B
paBHa

fGx, )= (mpu  x*+3%=>0), f(0, 0)=0.

U =ug xj+uy-yi=0.

Ho, ¢ npyroi CTOpOHEI, ¢Cilt Ha AENC NOACTaBUTh 3HAYEHHS X M ¥ B JAHHYIO QYHK~
U0 u=f(x, y), NoiIy4yum
2t 1

u ==t
R i)

i 1
IIponuddepeniuposap Teneps HEMOCPEACTBEHHO 1O f, OyoeM HMETh u}=i npu

JuoOOM 3HAYCHUH Z, 3HAYMT H OpH £ =0,
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OxkaspiBaeTcd, 910 GopMyna (8) B JaHHOM Ciy9ac HEOPDAMEHWMA.
7) Iloeenerve dbynkupa u = f(x, y) onpenenseMol paBeHCTBAMH

G

XCey

flx, y)=xz+y2

(opr  x2+3%=0), f(0,0)=0,

B Toyke (0, 0) BOONMHE aHAJIOTHYHO. B3SB 3[€Ch X =y ={, NOJYYHM CIOXKBYIO (yHKIHIO
2

u=z t3, xoTopas npu f=0 uMeeT OECKOHEYH Bl € ONHOCTOPOHHHME POHU3BOLHEIC.
Ecnu Xe NOJIOXHTE: X=¢, a

4
y=tasint— mpud t=0 u y=0 npu £=0,

TO CoXHas (YHKIMs, OpeNieNnsieMan paBeHCTBAMH:

©
t-sm;—
u=——— upu t#0, u=0 npm =0,
2
1+t3-sin2-t—

opH /=0 HHKAaKOMN DPOU3BOAHOM HMETh HE OyneT.

183. ®opmyna xoHewnbrx npupamensii. I[lycte bynxkuua f(x, y, z)
OIpesieicHa W HEOPEpHIBHA B 3aMKHYTO#M obmacta &) M mMeeT He-
IPEpLIBHEIC YACTHEIC HPOU3BOAHEIE [y, fy, f» BHYTPH 3Toll obiactu
(T.€.BOBCAKOH BHYTpEeHHE# ee Touke). PACCMOTpHUM ABE TOUKH U3 &)

My(Xo, Yos 2o) B M(xy+Ax, yo+ Ay, 2z, + A2),

KOTOPOE MOXHO COCAMHHUTH IPSIMOJIMHEHHBIM OTpe3koM M M, LEIMKOM
JIexalM B obactua &).
Toraa umeer mecro dopmyna:
Af(xo’ Yo zo) =f(x0+ Axa y0+Ay, ZO+AZ) "'f(xo, Yo ZO) =
=fi(Xo+04x, y,+04y, )+ 04z2)-Ax+ (.. .)- Ay + f{(...)- 4z (10)
0<0<1),
BHOJIHE aHAJIOrHYHAsA H3BECTHOH dopMyJie KOHEUYHBIX HpPpHUDa-

medHdk A byakoum onuoit nepemennoi [112, (2)].
I mokaszaTenbCTBa ee MoJIoXAM B byrkunu f(x, y, z)

x=xy+t-dx, y=y,+t-dy, z=z,+t -4z (1)

(npu O=<t=<1), T. e. paccMOTpEM Hally GYHKIIHIO IMEHHO B TOYKAX IIPSIMO-
aaueiHoro oTpe3ka M M,. CroxHas GyHKIUA OT ¢

Ft)=f(xy+1t-Ax, yo+t- Ay, zy+ - A2)
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HempephiBEA BO BceM mpomexyTke [0, 1] [170], a BHyTpH HEro HMeeT
HOpOU3BOIHYIO, KoTopad, mo dopmyie (8), paBHa

F'(t)=fixo+t-Ax, yy+t-Ap, zg+t-Az) - Ax+ f;(.. ) - Ay +f{(. . .)- 4z,
6o u3 (11)

DM, Doty Zoss
IMpumennm K Qynxuun F(¢) B mpomexytke [0, 1] dopmyny (2) n° 112:
F1)-F0)=F(6) (0<0<1).
Ecnu 3aMeTuTh, 4TO, IO ONIpeleieHuto Gynkuun F(t),
1) — FO)=f(x, + Ax, yo+ Ay, zy+ Az) — f(Xy, Vo5 Z0)s

M HOJCTaBUTh BMECTO mpom3BomHoil F'(6) Tonbko 4TO HaHIEHHOE BBIpa-
xenne (upu ¢ =0), To ¥ mpuneM x popmyie (10).

B kadecTBe NMPOCTOro HpHUMEpa IPHIIOXKEHHS XOKAa3aHHOH (GopMybl
YIIOMSIHEM CIIEAyIOLee MpeIoXeHne:

Ecau @gynkyusa f(x, y, z), HenpepvigHas 6 3amKHymot U C6 A3 HO i
obaacmu ), eHYmMpu 064aCMU Umeem uacmuele npou3goonsie pasnsie 0:

4 4 4
f x =f y =fz = 0’
mo 3ma gyHuxyus 6o eceii obaacmu &) c600UMCA K HOCIOAHHOU:

f=const.

ITycte My(x,, ¥,, zo) 1 M(x, y, z) GyayT moOwle ABe To49KH obacTu &).
BBHay OpemmoIOKEHHOM CBS3HOCTH &f), 3TH TOYKH MOXHO COCIHHHTH
JIOMAHOM, He BBIXOAsIEH 3a npenenst &). Ecimu M (x;, ¥y, z;) €CTb CIEOyIO-
mas 3a M, BepuIMHA JTOMaHoOM, To, nosoxus B (11) x,+Ax=x,, y,+4y=
=y, Zo+Az=2z,, cpa3y moIyIuM

f(xl’ Y1» Z]_)=f(x0, Yo» ZO);

Iepexos TaKk MOCJENOBATENIFHO OT BEepIIMHBI K BEPIIMHE, OKOHYATEIHHO
HaiizeM:
f(x, Y Z)=f(x03 Yo» ZO)s

4. | Tp. I.

184. Ilpom3sommas Ne 3aqAHAOMY HANPaBJICHHIO. YacTHBIE NPOU3-
Bomuble dymkmuu f(M)=f(x,y,z) mo X, o y, MO Z BBIPAXKAIOT ¢CKO-
pOCTh H3MEHeHHs» (YHKIMH IO HAIPABJIICHHIO KOOPAMHATHBIX OCEH.
Hanpumep, f; eCTb «CKOPOCTh H3MEHEHHS» QYHKUMH IO X: TOYKA Ipel-
noJiaraeTcsl epeMeliarolleiics JUlbp o Napamie/in ocH x. Mexay Tem,
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BO MHOIMX (PH3MYECKHMX BOIPOCAX MOXKET IMPEICTABUTh HHTEPEC TaKXe
«CKOpOCTh M3MeHeHus» QyHkuuu f(M) 4 mo IpyruMm HampasiieHusM. Tak
OyneT, HApUMep, B CiIyyae, €ClId JaHO MO JIe TEMIepaTypHl, T. €.
€cJIM 3aJjaHa TeMmepaTypa f(M) B Kaxmoil Touke M paccMaTpu-
BaeMOro Teja. 3aKOHBI paclpelielieHHs H IEPEMElICHHs TelUla Cylie-
CTBEHHO 3aBHUCST OT CKOPOCTH ma-
vz IeHus (M pocTa) TEMIIEPATYPHL 10
BCEM HAMpPABJICHASIM. Y TOYHHUM MO-
/ % HATHE <CKOPOCTH H3MEHEHUS» WJIH
) il npousBomHO¥N OyEKUMH ©O
M/r mo60My 3aJaHHOMY HAIPABJIEHHIO.
3nech MBI Takxe OyneM MMeETb CIIy-
, yaif mpuMeHUTh hopmyiy (9).
N p e Ilycts dynkuus f(M) ompene-
JIEeHA B HEKOTOPO# (OTKpHITOI) 00-
, JracTu. PaccMoTpuM JH06yi0 TOUKY
U My(x;, Yo 2,) 3TOM obmacTd u jto-
Gyr0 HANpaBJICHHYIO NMpAMYK (OCh)
I, mpoxopasulyro dYepe3 3Ty TOUKY
A (puc. 102).
Puc. 102. ITycte M(x, y, z) — Kakas-HHU-
Oynp nOpyras Touka 3Toil ocy,
MM — nnura oTpe3ka Mexay M, u M, B3sTas C HAANIEKANIMM 3HAKOM,
MMEHHO CO 3HAKOM ILIIOC, €CJIH HampaBiieHue MM coBIanacT ¢ HampaBs-
JICHHEM OCH /, 1 CO 3HAKOM MUHYC — B IPOTHBHOM ClTy4ae.
ITycte M Beorpammdenno npubnmxaerca K M. Ilpedea

lim f(M)— f(Mn)
MM, MM

Hazvieaemcsa npou3eodHnoi om Pyukyuu f(M) no nanpas-
aenuio I (unu Baoms ock I) B 0603HAYAETCS CEAYIOMIAM 00paszoM:

3f(M ) af(xo; Yo zo)
al al

OTa mpou3BoJHAS XapaKTepU3YeT «CKOPOCTh H3MEHEHUs» (DYHKUUH
B TouKe M, IO HanpasJieHHIO /.

B YaCTHOCTH, KaK YIIOMHMHAJIOCh, H OOBIYHBIE YaCTHBIE IIPOU3BOAHBIC

af @
3—9’; 3§ 5£ TOXE MOXXHO PacCMaTpuUBaTh KaK IPOM3BOIHBIE «IIO HAIPAaB-
JICHHUIO.
TlpeamonoxuM Temepb, 4To (yHkums f(x, y, z) MMeET B pacCMarpu-
BaeMoii 06J1aCTH H e T P € P BI B H Bl € YacTHbIe npou3Boauble ¥). ITycTh 0Ch

I obpa3yeT ¢ ocsiMH KoOpAMHAT YIJel «, 8, y. JlokaxeM, YTO NpH CHg-

*) CM. cHocky Ha cTp. 387
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JIAHHBIX TIPEAMOJIOKEHHAX NPOM3BOJHAA IO HANpPAaBJeHUIO / CyLIEeCTByeT
M BhIpaxkaeTcd popMyJioi

9f(xq5 Yos zo)_&f. 3_f Q}:
Tl TpxCosEt cosﬂ+az cos p. (12)

s [oka3aTesbcTBa 3aMETHM, YTO €CIY HOJIOKHUTE MM =t, T0 6ynem
VMeTh
X—Xg=t-cosa, y—y,=t-cosff, z—z,=t-cosy.

Takum o6pa3oMm, BIoJb ock / KOOPAMHATHI X, Y, Z MOXHO paccMartpu-
BaThb, KaK (yHKIIUH

X=X,+t-cosa, y=y,+t-cosfl, z=zy+1cosy, (13)

a dynkmuro f(M)=f(x,y,z) — Kak CIOXHYIO bynxmuro ¢(f) ot ¢ Ilpu
3TOM TouKe M, COOTBETCTBYET 3HAYEHHE f, PABHOE HYIIIO.
Taxum obpazom, umeeM:

of(My) _ .
= im,

M) - f(M, . t) -0 ’
S z{f( o)=}}gl‘l’()t¢()=(p(0)’

€CJIH TOJBKO CywiecTByeT mpomsBojHas ¢'(0). Ho mpoussonnas ¢'(t) mpu
CHCJIAHHBIX INPEMITOJIOKEHMAX CYHIECTBYET H BHIPAXaeTcs Mo (opMylle
(9) cnenyrownm o6pazom:

(P(t —azﬁ‘yyﬁ‘*‘g;a
Ucnomb3ys ¢popmyusr (13), nomyyaem

()= - cosar
(p(t)—ax cosac+aycosﬂ+

of
57 €08 Y
OTKyla M CllelyeT HAllle yTBEPXKICHHE.

3afa/uMCsl Temeph BOIIPOCOM: 10 KAKOMY HARPABACHUIO dynxyua ¢
Oannoti mouke 6ydem ecezo Gbicmpee 6o3pacmams? Koneuno, 3toT Bonpoc
MMEET CMBICIH JIMIIb B TOM CJIy9ae, eClId MPOH3BOIHBIE

~Q_f(ja Yos Zo) __3f(x0, Yos Zo) _3f(x0’ Yos Zo)
a= P b——-—ay I T 14

HE PaBHbI OJIHOBPEMEHHO HYJIIO (W60 MHAaYe — HPOM3BOLHAS MO JHOGOMY
HampasjieHHI0 6bUTa OBI HyseM).
B sToM mpeamonoxenun, npuberneM k mpeoGpasoBaHmIo BBIPAXXCHUS
(12):
a-cosa+b-cosf+c-cosy=
75 5 [ a b ec
=]/az+b2+c'~'-(V:-CQSGH%-COS/%L—— - COS y) .

V- V.-
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Jdpobu B ckoOKax MOXHO pacCMaTpHBaTh, KAaK HAIPABJIAIONIHE KOCHHYCHI
HEKOTOPOTO HAINPABJICHAA g:

a b c
——=cos4, ——=—=COSy, —====COS8Y,

TETR o V-

M TOT[2 MBI IOJIyYrM
Va?+ b+ c2- (cos A- €os o+ Cos - Cos f + oS ¥+ COS ).

Ecnn, Hakomen, depe3 (g, /) 0003HAYATL yroil MeXIy HANPABICHAAMH g
® I, To 1o m3BecTHOH (JopMyIie aHAIMTHYECKOH T€OMETPHH MOJIYIHM:

o Y@ T+ cos (g, D). (15)

Tenepr AcHo, 4uTo, ecnmH ! OToXHeCTBIAETCA C g, 3Ta NPOU3BOJHAS
JOCTUIHET H2aHOONbIIer o 3HAYCHHS:

ot vasre- || -G

Bektop g, nmeronuii npoexmur (14) Ha OCH KOOpPAMHAT, YKa3bIBAacT
HarpasJierue Haubonee GHICTPOro Bo3pacTaHHsd QPYHKIMH, a €ro JJIHHA |g|
JaeT BeJIHYMHY COOTBETCTBYIOHIEH MPOM3BOMHON. DTOT BEKTOP HA3BIBAKOT
2paduenmom Pyuxcyuu f(M)=f(x, y, z).

ITepenncaB popmyiy (15) B Bume

a{=]§[-cos(g, I)’

JIETKO YCMOTPETh, UTO BEKTOP, KOTOPHI MOMYYHTCA €CIM HA HAIPABJICHHM
9. ”

| OTJIOXHTB OTPE30K a_lf , IpercraBisieT coboif mompocTy MpoeKOouio Ipa-

JHUEHTa Ha 9TO HANPABJICHHUE.

185. VimBapuanTHocth ¢opmer (nepsoro) auddepennmana. ITycts Gpynk-
st u=f(x, y, z) UMeeT HENPEPHLIBHBIE YACTHbIE IPOU3BOIHBIE Uy, Uy, Uj,
IPHYEM X, ), Z, B CBOIO OYepelib, ABNAIOTCA (PYHKIUSAME OT HOBHIX IeEpe-

MCHHBIX ¢ H 0:

xX= (P(t, U): y =1{)(t, ’U), z= Z(t, 1)),

TaKKe UMEIOLUMI HEIPEPHIBHBIE XKe JACTHEIC IPOM3BO/IHEIS Xty Xos Vis y,,,
z;, z,. Torma [181] He ToJBKO CyIIECTBYIOT HPOM3BOIHBIE OT CJ'IO)KHOH
GYHKIMM u IO ¢ M ¥, HO 3TH IPOM3BOAHEIE TAKXKE HEMPEPHIBHMLL 110 ¢ H 0,
KakK 3TO JIETKO YCMOTpeTh u3 (8).

Ecmu OB X, y ¥ z OBUIM HE3aBHCHMBIMHA IE€PEMEHHBIMH, TO, KaK MBI
3HaeM, (monmsit) mudpdepernuan GpyHkuuA ¥ 6bUT GBI paBeH

du=ug-dx+uy-dy+u)-dz,



185] § 3. IPOM3BOJIHBIE U JUOOEPEHIIMAJIbL 395

B nmaHHOM Xe ciydae u 3aBHCHT — 4epe3 IIOCPEACTBO X, V, Z — OT
nepeMEHHBIX ¢ B v. ClefoBaTENbHO, 10 OTHOILUEHUIO K 3TUM MEPEMEHHBIM,
mupdepeHHAT HANMITIETCS TaK:

du=uj-dt+u,-dv.
Ho, B cuny (8), ‘
Up= - X+ Uy Vi + Uy Zp
M, QHAJIOTHYHO,
Uy=U X+ Uy Yy + U 2,
IMoncTaBuB 5TH 3HAYEHUA B BHIPAXEHHE MJIA di, 6YIEM MUMETD:
du=(ug-X;+ - yy+ tty 20) - dt + (uy - X, + Uyy, + ;- 2,) - dv.
IMeperpynmupyem WieHsl CEAYOIEM 06pa3oM:
du=u-(x;-dt + x,-dv) +uy-(y;-dt + y, - dv) + - (2} - dt + .- dv).
X ¢ £ y -Vt Yo 2z 1 0

HerpynHo BHAETB, YTO BHIpaXeHHH, CTOSHIHE B CKOOKax, CyTh HE 4TO
HHOE, KaK mupdepernnansl G YyHKHUHE X, y, z (OT ¥ M v), TaK 4YTO MH
MOXEM HANHUCATh:

du=uy-dx+uy-dy+u,-dz.

ME! npunius  To# e caMoil ¢ o p Me muddepennnana, 4To K B CIy-
9ae, Xoraa x, y, z OblM HE3aBHCHMBIMH IIEPEMEHHBIMH (HO CMBICI CHM-
BoJIOB dx, dy, dz 31eChb, KOHETHO, YXKe JAPYTroi).

Wtax, 01a @yHKyuii HeCKOAbKUX HEPEMEHHbIX uUMeem Mecmo UH 8 a-
puanmuocms ¢opmbr (nepsoeo) dugdepenyuaia, xax u i GyHK-
IHi OAHOH mepeMeHHOI *).

MoxeT CIyuuThCA, YTO X, ¥ U z OYAYT 3aBHCETh OT PA3JNMYHBEIX IEpe-
MEHHBIX, HAIpUMED,

x=9(t), y=vE,w), z=x@,w).
B TaxoM ciyyae MBI Bceryia MoXeM CYHTATh, YTO
x=(p1(t3 'U, W), )’=‘P1(t, ’U, W), zZ= X1(t, v, w)a

H BCE NpeablayIde pacCyxaeHusl OyIyT MPHMEHAMBI M K 3TOMY CIIy4alo.
Crnenpcreusa. us ciyvas, korfa x 4 y 6sumM QYHKIHIMHE OIHOM
IEePEMEHHOM, MBI HMEIH CIACOYIOMHe $oPMyIIbL:

dicx)=c-dx, d(xty)=dx+dy, d(xy)=y-dx+x-dy,
xX\_y-dx-x-dy
d(;)——yz .

*) OTMeTHM, 9TO TO %€ 3AKIIOYEHHE CIPABEITHBO K IIPH OJHOM IPEMIONOXEHUH
AudpbepeRNAPYEMOCTH BCEX PacCMATPHBAEMEIX (yHKIMit, UToOH y6enmThes
B 3TOM, NOCTAaTOYHO IOKa3aTh, YTO PE3yNAbTAaTOM cynepuo3mumy AuddepeHImpyeMbix
byukuuit Oyner Takxke muddepernmpyeman dysxnus,
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OTu GpopMyNL BepHB M B TOM cilyyae, Kormga x
My aBHNAOTCA QyHKUUAMYU H060ro ¥ucaa mepeMeH-
HBIX, T.e€. Xorga

x=pt, v,...), y=v9(, v ...).

JloxaxeM, HAIIpUMED, OCIeAHIO0 hopMyJy.
Jlns 5TOr0 NMpMMEM CHayajla X M y 33 HE3aBUCUMBIE IIEPEMEHHLIC,

TOraa

xy 1 X vdx—x-d

d[E) =L dno Xy vl
y) ¥ »* y
BuzamM, 4TO IPH 3TOM OpeauonoxkeHur auddepeHnuan UMeeT TOT XKe

BHJI, YTO M Jiia QYHKIMHA X Ay OXHOH nepemenHo#. Ha OCHOBaHHH Xe
HHBapHaHTHOCTH GOpMEI JuddepeHnnasa MOXHO YTBEPXKIATh, 4TO 3Ta
hopMysa CHpaBeIMBA K B TOM Ciydae, KOLNa X M y SBISIOTCS (yHK-
OUESAMH J1:000r0 4Mciia MepeMEHHBIX.

JloxazaHHOE cBO#CTBO mojHoro muddepeHnnana ¥ CISNCTBHA M3 HETO MO3BOJSIOT
yOpomaTh BEYKCIICHHE Taddepenmanos, HanpuMep:

x 1 x\ y-dx—x-dy
1) darctg-=——— - d|= | =————
Tl T
1+{—
y
2 d x _(x2+y2+22)dx—x-d(xz—(-yz—{-zz)_
x24+y24 22 - (x2+ y2+22)2 -
G242 —x)dx—2xy-dy—2xz-dz
- (P y2 ) :

Tak kax ko3bdrmimentamu npu auddepernmanax He3aBHCHUMBIX NEPEMCHHBIX ABIIA-
FOTCH COOTBETCTBYIOIIME YaCTHBIC NPOH3BOAHBEIE, TO OTCIONA Cpasy Xke

X
MOJNY4arOTCs M 3HAYeHMs 3THX nociensux. Hanpumep, ans u=arctg— MMeeM Hemo-
y

CPEICTBEHHO
u y Ju x
ax x4y’ 9y T e
a s u= ﬁ; NMOIyYuM cpasy
ou Yy +z22—-x* ou 2xy
3_x=(x3+y2+z‘5)3’ b;: _(x2+y3+22)2’
du 2xz

9z (2t
[cp. 2) u 3) 177].

186. TTpamenenne nosmoro mudrpepennaia B NPUOTHKEHHBIX BbITHCIICHHSX. Amnario-
raaHo aubdepermuany GyHkuEE OT OmHOM mepemerHON [108] m moNHBI nuddepeH-
Ean GYHKIMH OT HECKONBKUX IIEPEMEHHBIX C YCIEXOM IPHMEBACTCS B OPHOIIKCHHBIX
BLIYMCJICHHAX TIPH omeHke morpemHocredd. Ilycts, Hampamep, MBI HMEEM dysxuEIOo
u=f(x, y), npmueM, Oonpenesss 3Ha4CHus1 X U ¥, MBI JIOMYCKAeM OrPELIHOCTH, CKaXeM,
Ax u Ay. Torpa 4 3HAYCHUE u, BLIYUC/ICHHOE OO HCTOYHBIM 3HAYCHUAM apryMCHTOB,



186] § 3. TIPOU3BOAHBIE U JUPOEPEHIINATIBI 397

TakXe MONYYMTCH C HOrpemiHocTbro  Au= f(x+ dx, y+4y)— f(x, y). Pesb wupmer 06
OIl € HK € 3TOM HOrPEeINHOCTH, €CIIM H3BECTHEI OLIEHKH NOTpennocTeil Ax u Ay.

3amenss (IPHONHXEHHO) MpupalleHne GyHKuuHA ee maddepeHIMATIOM (YTO ONpaB-
[IaHO JIMING IIPH AOCTATOYHO MAIBIX 3HAYEHUAX x U Ay), HOoMydnM

ou ou
Au=— - dx+—- dy. 16
=X Py y 16)

3mech M MOrpemrHoOCTH Ax, Ay, ¥ KO3bbHIHEHTh NPH HAX MOTYT OBITB KaK NOJOXH~
TENbHBIMH, TaK ¥ OTPHLATENHHBIME; 3aMEHsSI T€ U OPYTHe HX aOCONIOTHBIMH BETHYM-
HaMH, MPHAEM K HEPaBEHCTBY

ou

[ dul = 7% | dy].

ou
dAx| +1—
|IXI |3y

Ecnu gepe3 du, Ox, dy 0003HaYuTh MAaKCHMalbHB € abCONMOTHEE HMOrpemHO-
ctH (WIH TpaHMLUB a8 abCOMOTHEIX NOTPENIHOCTEH), TO, MOXHO, OYEBHAHO,
MPHUHATH

ou ou

ay

Su= -0x+ <Oy, a7n

IIpuBeneM MpuMeEpEHL

1) Ilpexnae BCero, ¢ NOMOIIBIO BBIBEAEHHBIX (GOPMYJN JIETKO YCTaHOBHTH OOBIY-
Hble B NPAKTHKE NPHOJIMKEHHEIX BBHIYHCIEHWH NpaBHIa. Ilycte u=xy (toe x>0,
y>0), Tak ur0o du=y dx+x dy; 3aMenss nuddepeHUMANB] PHPAILICHUAMH, IIOJIYYAM
Au=y - Ax+x- Ay [cm. (16)] mmm, mepexoms k rpaHAnaMm morpemsocteit [cMm. (17)]:

Su=y:ox+x-dy.
Henst o6e 9aCTH 3TOro paBeHCTBA HA &= XY, IPHIEM K OKOHYATENbHOMN hopMyne

Su ox &
222 (8)
u x y

BRIpAXAMOINE TaKoe MPAaBHIO. (MAKCUMAALHAA) OMHOCUMEAbHAS NO2PEUtHOCNb
npousgedenun pagHa cymme (MAKCUMAABHBIX) OMHOCUMEAbHBIX NO2PeuHoCmeld COMHO-
srcumeneil.
MoxHO 6biI0 6B HOCTYIHMTH HpPOIIE — CHAYanla IpoJjorapudMupoBars Hopmyity
u=Xx-y, a 3aTeM npoauddepeHIpOBaTH:
du dx dy¥*)
Inu=Inx+lny, —=—4—
u x y

H T. O

x
EciiM u=~, TO IO 3TOMy METOZLy Haiimem
y
Inu=lnx-Iny, —=—-—;

repexons K aOCONIOTHBIM BENMYHHAM M K MAaKCHMAIbHBIM NOTPEMIHOCTAM, MBI TIOJIY-
yiM CHOBa dopmyiy (18). TaxuM 06pa3oM (MaKCUMAAbHAR) OMHOCUMEAbHAA NO2peul-
HOCMb YACMHO020 PABHA Cymme (MAKCUMAABIBIX) OMHOCUMEAbHbIX NO2PeWROCmeil 0eaumo20
u Oeaumenn.

2) YacToe NpHMEHEHHE HAXOJAT MCYHCIIEHHE TIOTPEMHOCTEH B ToNOrpadu, riaaBHbIM
06pa3oM IIpM BHIYHCIEHMH HE W3MEPEHHBIX HENOCPEICTBEHHO 3JIEMEHTOB TPEYrojb-
HHKAa — IIO H3MEPEHHBIM €ro 3jleMeHTaM. TIpHBeeM NMpUMeEpPh U3 3TOM 061IacTH.

*) O6pamaeM BHUMAaHHE YMTATENsI HA TO, 4TO Iuddeperiman In u Mbl BEIYHCISEM
Tak, Kak €CJ ¥ OBl u ObUIAa HE3aBHCHMMOM IEpEeMEHHOM, XOTSA Ha Jefie OHA ABJIACTCA
dbynkmyeit ot x u y [175]. D10 3amMevaHre CleayeT UMETh B BHAY U HAXE.
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IIycte B mpsMoyromsHOM Tpeyroybauke ABC (puc. 103) xater AB=b u npmie-
X)ammi yron < BAC=« H3MepeHH; BTOPO# Xe KAaTeT 4 BHIYHECISIETCS IO ¢opmyIre:
a=>b - tg a. Kak OTpaxaroTcs Ha 3HAYCHWH g IOrPEMEOCTH [IPH H3MEDEHHH b | o ?

4

Pruc. 103.

Anddepenmmpys, momymm
da=tga-db+

- de,
cos? a
TaKk 4YTO M

« det,

da=tga-8b+
cos?a

IlycTb, HatpEMep, H3MEPEHUS OPUBEIH K Pe3y/IbTATAM:

b=121,56 m+0,05 m, Ja=25°21"40" £ 12",

TaK 41O

a=>57,62 m.
Onpenensas mo Hameil Gopmyiie da, monoxuM B Heid 6b=0,05, a M:WGS” (Benb

60" - 60- 360
0x HYXHO BEIDA3UTh B DajilaHax, a& OAMH pAaJiMaH DaBEH MMEHHO —om =
=206265"). M1l nomyyam
tga- 6b=0,0237, do=0,0087,
0s? o

TaK YTO, OKPYTJIAs, MOXHO CYHTaTh 0a=0,04. Utak, a= 57,62 m+ 0,04 m.
3) HaitneM morpemBOCTs OPH ONPENETEHHH CTOPOHBl @ KOCOYTONBHOTO TPEyroib-
BUKa ABC (puc. 104) mo ¢popmyne

a=|/b2+c%-2bc-cos a.
ITone3ysce pesynbTaTamMu npumMepa 5) n° 177, MoxHo o gopmyrne (17) cpaly HalHCaTh:

b—c-cosa
da =

.6b+c—b~cosa. 6c+bc-sina_ Sa
a a a
M3 yeprexa Xe HMeeM HENOCPEACTBEHHO:
b-—c-cose=a-cosy, c—b-cosa=a-cosf, bc-sina=a-hg,
rhe hg €CTh BEICOTA TPEYTOJBHHKA, ONyHIeHHas U3 BepmEbl A. TakuM 06pa3oM OKa3kl-

BaerICs, 4TO
da=cosy-8b+cos f-8c+hg-da;

10 3TO# GOpMyJIe erKO CYAHuTh O BIHSHHH Ha da OTHEIBHEIX morpemHocrei db, e, de.
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187. Opgmnopoannie ¢ynkmun. Kak H3BECTHO, OJHOPOMHBIMH MHOIO-
4JICHAMH HA3BIBAIOTCSI MHOTOYWIEHEI, COCTOSIIHE U3 WICHOB OJHOIO H TOIO
ke u3Mepenus. Hanpumep, BrIpaxkeHne

3x%—2xy + 5%

€CTh OTHOPOJHBI MHOTOWIEH BTOpoil cTemend. Ecim yMHOXHTB 3JIeCh X
M y Ha HEKOTOPbIA MHOXHTENb f, TO BeCb MHOI'OWIEH IPAOOPETET MHO-
XHTeNh ¢t BO BTOpoii cremeHd. Ilomo6Hoe oOCTOSTENECTBO UMEET MECTO
JUTS 11000r0 OJIHOPOTHOI'O MHOTOYJICHA.

Omuako 4 ¢yaxnud 6ojiee CIOXHON MPUPOALI MOTYT 001azaTh TaKHM
€ CBOMCTBOM; €CJIA B3STh, HAIPAMED, BHIPAXKECHHE

X l/_x‘i'_y: .In x ,

x—y y
TO U OHO TPHOOpETaeT MHOXHUTENb 2 MPH YMHOXEHHU OOOMX aprymeH-
TOB X H y Ha !, YIONOOISCh B 3TOM OTHOLIEHHH OJIHOPOIHOMY MHOIO-
YJleHy BTOpoit crenend. ITlomoOuyro QyHKIHIO eCTeCTBEHHO TaKXe Ha3BaTh
ONHOPOAHOH PyHXIHEH BTOPOH CTENEHH.

Hamam obiiee onpeneneHue:

Oynryun f(x,, ..., X,) om n apzymeHmos, onpedesenHHas & obaacmu &),
Haszvleaemcs OOHOpPOOHOU GYHKYyueli m-ii cmeneHu, ecau
HpU Y MHOMCEHUU 6CEX ee ap2yMeHMO8 HA MHOMcumens t @yHKYus npuobpe-
maem 3mom xHce MHOMCUMENb 8 m-ii CmeneHy, T. €. eCIIA TOXIECTBEHHO BHI-
MOJIHAETCS PAaBEHCTBO

flxy, ..., tx)=t™-f(x,, ..., Xp). (19)

Hnst TpoCTOTHL Mbl OTPAaHHYMMCS HPEIOIOJIOKEHHEM, UTO X, ..., Xp
d ! 3[eCh OPWHUMAIOT JIANIL IOJIOXKATENbHBIe 3HadeHHs. OO61acTe &),
B KOTOPOif MbI paccMaTpuBaeM (yHKIuiO f, BMecTe ¢ Jr060# cBoell TOU-
ko M(x,, ..., X,) IpeImoyaraeTcs coiepXallel H Bce TOYKH BHIA
Mtx,, ..., tx;) mpu t >0, T. . Bech JIy4, ACXO/IAIIUH H3 HAYATILHOH TOYKH
U IPOXOIAIIMIA depe3 TouKy M.

Crenenb ONHOPOINHOCTH m MOXeT OBITh JIOOBIM BELIECTBECHHBIM
9HCJIOM; TaK, HaIpuMep, QYHKIHS

X X
X*.sIn — -+ ™ - COS —
y y

SIBJIAETCA OJHOPOINHOW (PyHKIHEH CTENEHM 7T OT apryMEHTOB X H ).
ITocrapaeMcst Temepb NOJYIHTh 0 OmIee BHIpaX e HH € OJHOPOX-
HOH (QYHKLIMH CTEIICHH M.
Ilycte cmepBa f(X;, ..., X,) €CThb omHOpoAHAsA QYHKUHA HYJI€BOMH
CTelleHH; TorIa
S(xg, txg, oo oy 1X,) =f(Xy, X5, -« .5 Xp).

1
ITonoxus t=——, IOJMyIIM
1

F(xys X, ...,xn)=f(1,’§, ’ﬁ) .
t
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Ecnu BBECTH QyHKUIHUIO OT 72— 1 apryMeHTOB:

Py, o tn )=, 1, . Uny),
TO OKAXETCA, UYTO

SXys Xoy ooy Xp) =@ (i—:, e ;f) .

WUtak, Bcakad ogHopoAHAas GYHKIHS HYJIEBOH CTEIECHH INpPEACTaBIACTCS
B BU/JE (QYHKIMH OTHOLIEHWH BCEX apryMeHTOB K oJHOMY M3 HuX. OGpart-
HOE, OYEBHIHO, TAaKXKe BEPHO, Tak YTO IPEIIIECTBYIONIEC PABEHCTBO
maeT oO6Ilee BEIpPaXEeHHUE ONHOPONHON GYHKUHH HYJe-
BOH CTEIMEHH.

Ecna f(x;, X, ..., Xn) €CTh OJHOpOHHAs GYHKUMS m-i CTEHNCHH
(¥ TOJIBKO B 3TOM CITyyae), OTHOLICHHE €€ K X7’ 6y/eT 0XHOpO/HOM yHKIIHEH
HYJIEBOW CTENeHH, TaK 4TO

S(x15 X0, 'f"x”):(p(fc_"’ fﬂ) .

- 9 e« s oy
x1 X1 Xy

TakuM obpa3oM, MBI MojTyyaeM O OGIIHH BMJ OXHOPOHAHOHM
OGYHKIOMH CTCIEHH M

f(xq, X, ...,x,1)=xi"-¢;0(x—2 .. ﬁ) .

x0T x

o
— 14+ [=
x.M.lni:xz.'_(x)_ 1

n?.
xX—=y y y~l X

X

IIpumep:

188. ®opmyaa Diinmepa. IIpenmosnoxum Terepb, 4TO OAHOPOAHAA
(ctenmenu m) dymrxums f(x, y, z) *) uMeeT B (OTKpHITOH) oOyacTH &) He-
IIPEpHIBHBIE YaCTHbIE UPOM3BOIHBIE IO BCEM aprymeHTaM. PUKCHpYs 10
IIPOH3BOJIy TOYKY (X4, Vo, Z,) H3 &), B CHIIy OCHOBHOTO TOXJECTBA (19),
6yoeM uMeTsh Aid Jroboro ¢ =>0:

fxy, 1y, 1zg) =1™- f(xXq, Vo5 Z0)-

IponuddepenupyeM Telepb 3TO PaBEHCTBO MO f: JIEBYIO 4acTh pa-
BEHCTBAa — MO NpaBHiy aubdepeHUMpoBaHus CIOXHON (QyRKmmuy **), npa-
BYIO — TpPOCTO Kak cTelmeHHy!o Qymkumro. Ilonyyum

Fitxg, 1Yy, 120)- Xo+ f(tXg, 1Yo, 12) Yo+ F X0, 1Yo, 12g) 2y =

= mtm_l'f(xOs Yo Z())-

*) JIumb A5 YOPOUICHHUS TUChMa MBI OTPAHMYMBAEMCS 31€eCh CIYYaeM TpexX mepe-
MEHHBIX.
**) VIMEHHO ISl TOTO, YTOOBI UMETh MPaBO NMPUMEHUTH 3TO MPABKJIO, Mbl M MpeX-
MONOXUIH HEMPEPLIBHOCTh YaCTHBIX NPoU3BOAHBIX [181].
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Eciii MOJOXUTS 3716Ck ¢ =1, To mpungeM K ciienyloLiel gopmyie:

SiXos Yo, 20) - Xo+ f3(Xo5 Yo Zo)'Y9+f;(xo» Yos 20) 2o =m-f(Xg, Yo, Zo)-

Taxnm ob6paszom, s JiioOoi Touku (X, Y, £) HMEET MECTO PABEHCTBO
S yoz)-x o fi(x y )y s fix y D) z=mef(x, s 2). (20)

DTo paBeHCTBO HOCUT Haspamme gopmyant Jiiaepa (L. Euler).

MBI BHIEH, YTO 3TOMY DPABEHCTBY YOOBJIETBOPSET jrobas oOHOPOA-
Has (QYHKIMS CTEIICHH M, UMEIOINAsA HENPEPhIBHBIC YACTHBIC IIPOU3BOAHBIE.
IMoxaxeM Temeps, 4TO U OOpaTHO ~ Kaxdasd (yHKIUS, HEOpephIBHAS
BMECTE CO CBOUMH YACTHBLIMH ITPOU3BOIHBIMU U YIOBJIETBOPSIOINAA PaBeH-
crey Ditnepa (20), HeoGXOMHMO SBISETCS OMHOPOAHOMN QYHKIHEH CTe-
MEHH M.

IeiicTBUTENBHO, MYCTH f(X, y,z) OymeT Taxod Qynkuued. PUKCHPYs
10 POH3BOJNY 3HAYEHHS Xy, Yo, Zy» PACCMOTPUM CJIEAYIOIYIO (YHKINMIO
ot ¢t (upu ¢ >0):

(p(t) __f(txo, tyO’ tzo) .

= pra
Osna onpejesiena U HempephlBHA HpH Beex f>0. BoluciuB ec mMpoH3BoOA-

Hy!0 ¢'(¢) 1m0 mpasuwiy AuddepeHInpoBaHns APOOH, NOJYIUM Takke APobs,
YUCJINTENIL KOTOPOR paBeH

(X5 tYos 120) - Xo + S50, 1Yo 120) - Vo +
FfltXgs Vs 120) - Zo) - t —m- f(tXy, 1Yy, 12¢).
3amenuB B Gopmyse Ditnepa (20) x,y,z HA Xy, 1Yy, 12y, BUIUM,
YTO 3TOT YMCJIHTESb OOPAINAETCs B HyJlb, Tak 4T0 ¢'(f) =0 u @(t) = c = const

(itpa ¢ >0). UTo6BI ONPENeuTh NOCTOSHHYIO ¢, IOJIOXKKUM ! =1 B paBeHCTBE,
onpenenstoueM ¢(t). Iomyynm yro

c=f(x4> Yos ZO).

Urtak,
flxy, tyy, t2,
() ==-> ,‘;ﬁo"*i) =f(Xg> Yo» Z0)
HJIH
S(xy, 1y, tzo) =t™- f(Xg5 Yos Zo)s
4. ¥ Tp. O.

MOXHO cKazaTe, 4To QopMya Diinepa B TaKoH Xe Mepe Xapax-

TEepHU3yeT OJHOPOAHYIO (YHKIUIO CTENEHM m, KaK H OCHOBHOE paBeH-
ctBo (19).

26 . M. ®uxremroasy, 1. I
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§ 4. Ilponssonunic H MBR(pQepeRIMant! BHICHAX NOPATKOB

189. Ilpoussonusie Beicmux mopamkos. Ecnn dynxmms u=f(x, y, z) *)
MMECT B HEKOTOPOH (OTKpHITOH) 06nacTH &) 4YacTHYIO NPOHM3BOIHYIO
IO OIOHOH M3 MEPEMEHHBIX, TO HA3BAHHAS NPOHM3BOJHAS, CAMA SBJIAACH
dysKIEeii oT X, Y, z, MOXET B CBOIO 09€pe/ib B HEKOTOPOH TOUKe (%05 Yo» 20)
HMCTh JaCTHBEIE MPOM3BOJHEIC IO TOH JXe WM IO JIo6Goil Apyroi mepe-
McHHOH. [lna ucxommolt gymkmmm u=f(x,y,z) 3TH NMOCIENHHE HPOM3-
BOJHEIC OyAyT 4YacTHHIMA NPOH3BOAHLIMA BTOPOTO MOPAAKA
(1A BTOPBIMH JaCTHBIME IPOHM3BOTHLIMH).

Ecin nepsast nporssosas ObUia B3sTa, HAIPHMED, NO X, TO €€ NPO-
H3BOJHEIE IO X, V, 2 0003HAYAOTCH TAK:

_c')_”gzi)zf(xo, Yo» Zo) % =32f(xo, Yo» Zo)
ox? dx? 7 9xdy ax9y

u 3 (x5 Yo, 20)
9xdz 9xoz

WM
4 2, 2 774
Ua=Faxo, Yo 20 Uy =fxy(Xo> Yo 2o)s
2 /7,
ux'z=f;rz(x0’ yO’ zO) **)'

AHaJlormIHEIM 06pa3oM ONpeNeNnsaioTCs IPOU3BOAHbIE 3-T0, 4-T0 | T. 1.
NOPANKOB (TPeThH, I€TBEePTHE, ... MIPOU3BOAHEE). Obmee
ompeJieJIeHHe JaCTHOH NMPOH3BOHON n-r0 MO P A A K2 MOXET GBITH JAHO
HHIYKTABHO.

3aMeTEM, 9TO 4YacTHasd HIPOU3BOIHAS BHICIIETO MODAMAKA, B3ATas IO
Pa3sIM9HBIM NEPEMEHHBIM, HAITPHMED,

u %u du
oxdy’  dydx’  9xdyoz’ "’

Ha3HIBACTCA CMEIIa HHOH YaCTHOH MPOH3BOIHOM.

HpuMmepu. 1) Hycrs u=xiy%2% Torpa:

uyx=4x8y822, uyy=12x3%%z2,

uy=3xty2z2, Uy =12x3y2,2,

u; =2xtysz, uzx = 8x3%%,
Uz = 24x%%, Wy =T2x%1%z,
Uyyx=36x2y?z2, u}‘,{xl =12x%y%z,
uly = 24x3y%z, Uiy =T2x2y%z,

*) Mbr ¥ 306Ch IS HPOCTOTH IHCHM& OrPAHHYHBAEMCS CIIYYaeM dbysxoun oT
TPeX NEePEMEHHBIX.

*¥) Pasymeercs, mubdepenimanbabie 0GO3HAYCHHs ClENYET DAcCMATPHBATh Kak
LenbHEbIe CUMBOJIEL. KBagpar 9x? B 3HaMeHaTeNe 3aMeHNET YCIOBHO X X M YKa3hIBAET
Ha mupdepeHmApOBAEAE N BaX A B IO X; TOYHO TaK JX€ 3HAYOK Xx? BHW3Y 3aMeEHSIET
Xx. OTO HYXHO UMETHh B BUAY M JabIIE,
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2) M=1 umenu yxe [177] yactable Opou3Boaabie Wi GYHKIMH u = arctg i:
ou y du x Y
BLIYKCIIUM Tereph AalbHeUInAe MPONU3BOJHEIE:

aZu_a(y ) 2y
axt ax \tyr) (R4’
Pu__ ) B ¥

ax 3y ay x=+y= Gy’

)
ay ax x2+ Gy

% a 2xy )  6xyt— 253
ax2dy ay\ Grtr) (i’

Pu 9 [ xE-)® ) _ 6xy®—2x3
Ix \(x2+322 -

32u ) _ 2xy
9 ( @y (etyre’

oy ox* (x2+)2)°
W T. A
1

3) Ina dyEKUMH 4= ——————— = (x2+ y2+z%) % HMeeM MOCIeHOBATE/IHHO:
du g
= — X (242429 2,
ox

P s 3
——=3x2- (24 y+2%) E-(+)2+2Y)

0x?
.
AHAJIOTHYHBIE BEIPAXKEHHS MONYYMM H JJIS Pl 3—2 CnoxuB ux, y6enamcs, 4To QyHk-
y
UMS 4 YOOBIETBOPAET YPABHEHHIO
32u 0%u 32u
(’)x2 3y2 9z

4) Ilycts y = f(x+at)+e(x—at), rae a=const, a f(u), p(4) — 0B¢ TPOHU3IBO JIb~
H bl € (YHKUEA, MMEIOIHEe NEPBYIO M BTOPYIO NPOM3BoAHble. IIoka3aTs, 4TO y yaoBjeT-
%y %y
BODSIET YDABHCHUIO 3—[2— at-— 3x , KakoBbl Op1 Hu Obute dykeUMHE f U @.
Ilonp3yscey mpaswinoM muddeperImpoBanns CI0XKHON GYHKIM HAXOOoWM *):

2
V' fxranr+pe-at), 2= fretat)be (e ar)
ox / dx2

=f’(X+at)'a+<P’(x—at)-(—a),

2

z:z f(x+at) a*+¢"(x~at) (- a)*=a?*- gxy , . M TP. J.

*) Oitpuxu B o6Go3nauewwax f’, ¢’, ... O3HAYAIOT NPOU3BOAHBIE MO APTYMEHTY
u ysxumi f(u), u).

26*
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5) HokasaTs, 9TO BEIpAXEHHE

cexsfenfl).

IZe ¢ B 1 O3HAYAIOT NPOH3BONbHEE (YNKIMA (AMeOmMe MEPBYIO M BTOPYIO
OPOH3BOAHEIE), YAOBJIETBOPAET ypaBHEHIIO

0’z L2y 9%z 2 9z
-

aox2 .3x3y
oo ()2 ()5 (3
=== 2] -5 v |3

ox x| x x] X X

9z [y} 1 [y
oot

ay x] x x

oz ¥ ¥\ 2y (¥} ¥
o o 7 (x)+x3 v (x)+x4 v (;)'
P’y (J’) 1 () y (y)
9x dy x2¢xx2wx =Y\

7z 1 ,,(y)+l ,,(y.
3y‘_x"p JeY J_c)’

YMHOXad HOCNeHHE TP HPOH3BOJHEIE, COOTBETCTBEHHO, Ha X2, 2Xy, J2 H CKIAbIBAL,
AelCTBATENHHO monydaeM 0.

x2.

HNmeem:

190. TeopeMa 0 CMemAHHEIX NPOH3BOAHBIX. IIpM PacCMOTpDEHHH NpH-
MepoB 1) u 2) GpocaeTcs B IJIa3a COBIANIEHHE CMEMIAHHBIX MPOH3BO/IHBIX,
B3ATHIX IIO OJHHMM U TEM K€ IIEPEMEHHEIM, HO B Pa3HOM ITOPSJIKE.

HyxHO cpa3y ¢ OTMETHTB, YTO 3TO BOBCE HE BBITCKAET C HEOOXOIH-
MOCTBIO H3 ONpEXENE€HHUS CMEUAHABX NPOA3BOJHEIX, TaK 9TO Cy-
HIECTBYIOT CIIy4aH, KOrja YIIOMSHYTOrO COBHAJCHHS HET.

s mpEMepa paccMOTpPAM QYHKIIHMIO

S, »)=xy x;fz @px x*+)%>0), (0, 0)=0.
HNmeem R ,
—_ 4. 2
fite 0=y |5 +£+(§ff—y,),] (pu x*+2~0),

[0, 0)=0.

IMpugap x 9acTHOe 3HAuCHHE, DaBHOE HYJIO, OyneM HMeTh OpH J060M y (B.TOM
uncne ® mpu y=0): f1(0, y)= —y. IIpomuddepermposas 3Ty GYEKIEIO OO y, MOTYIEM
f%A0, y)= — 1. Orciona crnemyer, B 9aCTHOCTH, 4To B Touke (0, 0) GyneM mMeThb

[0, 0)= —1.
Bermymenms TakeM xe o6pasoM f3y B Touxke (0, 0), monyunm
f¥0, 0)=1.
WrTak, ans paccmarpusaeMoli dymiarmm f5y(0, 0) = £3.(0, 0).

TeM He MeHEe, HMOJIMCUYCHHOE HAa NPHMEPAX COBHAJICHHE CMELIAHHBIX
IPOU3BOMHBIX, OTJIHIAIOINMXCA JMIIL NOpsankoM nudpdepernnpoBanuii, He
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CIy4afHO: OHO ¥IMEET MECTO B INMPOKOM KJIACCE Cy4aeB — IpH cobio-

JEHHH ONpeNeeHHbIX ycnoBuid. HauneM co cienyromteif mpocToit Teopemsl.
Teopema. Ilpeonosoxcum, umo 1) f(x,y) onpedesena ¢ (omxpvimoii)

obaacmu &), 2) 6 amoii obaacmu cyujecmeyom nepevie npoussodnsie f. u fys

4

a makdce emopvle CMe Ul aHHble Npousgoonvle fy, u fyx 4, Haxowey,

3) amu nocaeonue npoussodnsie fy, u fy:, Kak Gyukyuu x u 'y, nenpepeiensi

6 Hexomopoii mouke (x,, ¥,) obaacmu &). Toz0a ¢ amoii mouxe

f;c,;'(xo » yo) =f):;c(xo s yo)' (1)
H OKa3aTeabCTBO. PaCCMOTle\'I BBIPAXKCHHE

W=f(xo+h, Yo+ K) = fCxat+h, yo) = (x4, Yo+ K)+ (x4, Yo
hk ’

rae h, k OTJMYHBI OT HyJdA, HAIPHMED, NMOJOXUTEJbHBI, H IPUTOM Ha-
CTOJIBKO MAalIbl, YTO B &) COAEPKUTCA BEChb NMPAMOYIONBHHK [X,, X,+h;
Yo» Yo+ kl; TAaKMMH MBI UX (HKCHpYEM O KOHIIA PACCyXKICHHS.

BreneMm Temepb BCIOMOIaTeNbHYIO QYHKIUIO OT X:

(P(x) =f(xa y0+kk)'-f(x, J’o) ,

KOTOpas B IPOMEXYTKE [X,, X, Al, B CHITy 2), MMeeT MPOHU3BOIHYIO

7' _ S, yo+klz~f,’c(x, Yo

¥, CICAOBATENbHO, HenmpepbiBHA, C MOMOMIBIO 3TON (DYHKIMH BLIPAKEHHE
W, KoTopoe paBHO

W:l [f(xo+h’ Yo+ k)= f(xo+h, J’o)_f(xm Yot K) = f(x,, }’o)] , (2)

h k k

MOXHO IIepenucaTh B BUIC:

qui(ﬁ)"‘h) —p(x) .

Tak kak st Gynknuu @(x) B mpoMexyTke [x,, X,+ A} BhmonHAIOTCA
Bce ycnoBusi TeopeMbl Jlarpamxa [112], To MBel Moxem, mo ¢op-
MyJie KOHEYHBIX IPHUPALLCHHI, TpeoOpa3oBaTh BLIpaXeHne W Tak:

Fx(xo+ 04, Yo+ k) — fx(x,+ 6k, yo)

W =g (xo -+ Oh) = )

0<8<1).

ITonp3ysick CylLECTBOBAHMEM BTOPOH HPOM3BOAHOH fr(X, y), CHOBa
HpUMEeHNM (OPMYJy KOHEUHBIX NPUPAMICHHMH, HA ITOT pa3 — K (DYHKIHH
oT y: fi(xo+0h, y) B mpomexyTke [y,, yo+k]. OKOHYATENBHO, MOIYUHM

W= f(xo+ Oh, yo+0,k)  (0=<0, 6,<1). 3)
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Ho BeIpaxenue W comepxuT x U Y, C oHO# CTOPOHBL, U A U k, ¢ IPYroi,
ONMHAKOBEIM 00pa3oM. ITo3TOMy MOXHO OOMEHATH MX DPOJHM M, BBEHS
BCIIOMOTATENbHYI0 (YHKIHIO

_f(x0+h» y)_f(x ) y)
y0) =Lt D=0 )

IIyTeM aHAJIOTHYHBIX PACCYXKICHHH IOJIyYHTh PE3YIbTAT:
W =1%o+ 0k, yo+05k), (0<6,, ,<1). @
M3 conocrasnenus (3) u (4), Haxonum:
o (Xo+6h, yo+0,k) =1, (%o + Osh, yo+ 05K).

VYcrpeMuB Teneph A U k X HYJIIO, IEpEHIeM B 3TOM PABEHCTBE K NpPEIEIy.
Beuny orpanuueHHocTH MHOXHTenei 0, 6, 0,, 0,, apryMenTsl u crpasa
H CJIeBa CTPeMSTCH, COOTBETCTBEHHO, K X,, ¥,. A TOTJa B CHIY 3) OKOHYa-
TENBHO M TOJIYYHM:

S5 ¥0) =Fy(X05 ¥o)s 4. TP, I

Taxum 00pa3oM, HeN pePHIBHEB € CMENIAHHBIE NMPOU3BOIHBIE f)
" fy',: BCErJla PaBHBL.

B OpHBeNEeHHOM BbiIe NpHMeEpPE 3TH IPOU3BOHbLIE

x2— 8xty?
P {1+ s

He MMEIOT BOBCe mpenena mpu x -0, y~0 u, cnemosarensHo, B Touke (0, 0) Tepmar
P a3 pH B! K 3TOMY CIy4al0 Hania TeopeMa €CTeCTBCHHO HEHNPHIIOXAMA.

} o0

MuTepecHo MOCTaBUTH B CBA3b Bompoc o paBeHcTBe (1) ¢ BompocoMm
0 TOBTOPHEIX IpeJiejiax, paccMoTpeHHHIM B n° 168. Ecnu npennonoxurs
CYIIeCTBOBaHHME NEPBHIX NPOU3BOMHEIX, TO, HANMCAB BHIpaXKeHUE W B BUIE
(2), merko ycMoTpeTh, 4YTO

lim =St B W20 (= const) )
h—0
H, aHAJIOI'HYHO,
lim W=f3,((xoy yo'f'klz—f:':(xo; yo) (k=COHSt). (5*)
k-0
Tor Ja, 10 CaMOMY OIIPCACIICHUIO HpOK3BOHHOﬁ,
.fy,),((xO’ yo) =lim fy(xo‘Fh, y(;,)’—‘f;'(xo, J’o) =1im lim W, (6)
k-0 k=0 k>0
fx’;(x{)) yo) — lim fl’t(x(h y0+klz—f’,((x0y y()) — ]im llm W. (6*)
k-0 k-0 k-0

TakuM 06pa3oM, BOOPOC O CYINECTBOBAHMH H pABEHCTBE CMEHIAHHBIX
IPOM3BOJHBIX TOXKIECTBEHEH C BOIPOCOM O CYLIECTBOBAHMH U PaBEHCTBE
NOBTOPHBIX Ipe/eJioB /s Bolpaxenus W (3apucsmero ot h u k).
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OTo 3aMeYaHHe MO3BOJIAET CIEOYIOIIHUM o6pa.30M YCHIHUTH OOKa-

3aHHYIO TeOopeMmy.
IIpednonoxcum, nomumo cyujecmeosanus nepevix npou3zeoOHwvIx, cyuje-

’7

CM60sanUe auttb OOHOU U3 CMEUAHHBIX NPOU3GOOHbIX, HAMPUMED, L%, ¥)
6 OKpecmHocmu mouxu (x,, y,) (uckaouan daxce camy smy mouxy). Ilycms,
Oazee, cywecmeyem KoHeunwisi npedea

. 77

lim f)(x, y)=A4.

X=Xy
Y=Y
Omcioda yxce soimexaem cywecmeosanue ¢ mouke (X0, ¥o) Obeux cme-
WQHHBIX NPOU36OOHbIX U pasercmeo (1) *).
JeHCTBUTEIbHO, MCXONA M3 CAENAHHBIX IIPEIIOJIOXEHMUI, MOXHO, Kak
H BBILIE, IPHUTH K paBeHCTBY (3), a 3aTeM, MOJB3YACH CYIECTBOBAHHEM
npenena GyHKuMU f,:;,(x, ») B Touke (X, ),), YCTAHOBHTH CYLIECTBOBAHHE
ABOMHOro mpejena IPH OXHOBPEMEHHOM CTPEMVICHMH A W Kk
K HYJIO:
lim W=A.
h~0
k=0
Ho mpocTeie mpemens (5) u (5%), mo mpemnonoxenuro, CyIecT-
BYIOT: TOT7Ia MO0 TeopeMe n° 168, CymecTBYIOT TakKe MOBTOPHbIE MpeIeIhl
(6) u (6*) u paBHEI HBOMHOMY. A 5TO H 3HAYHT, YTO CYILECTBYIOT M PaBHHI
Mexzy coboii Ipo3BomnEIe fi(X,, Vo) M f1u(%Xos Vo)

191. O6o6menne. OGpaTHMCA, HaKOHeL[, K JI0Ka3aTeNabCTBY O O mye i
TEOPEMBI O CMEIIAHHBIX NPOU3BOIHBIX:

Teopema. Ilycmv @ynxyus u=f (%1, X5, ..., X,) oM n nepemenusvix
onpedenena ¢ (omKpyimoii) n-meproii obaacmu &) u umeem 6 smoii obaacmu
6CEB03MOICHbIE YACMHbLE Npou3eooHsie 00 (k — 1)-20 nopadka exaouumensto
U CMewanHHble npoussoomvie k-20 nopadka, npuuem 6ce Imu npous-
600Hble HenpepblgHbl 8 &)).

IIpu smux ycaoeuax 3Hauenue mob6oii k-ii cmMew annoii npou3seoo-
Holl He 3asucum om moz0 nopsadKa, ¢ KOMOPOM NPouU3BOIAMCA NOCAEO08a-
meanbnvie Juddepenyuposanus.

HoxazaTtenscTBo. [us k=2 TeopeMa yxe JloKa3aHa, Tax vTo,
HANPHMED,

iu P
9x;9x; dxj dx;

JeACTBHTENbHO, YTOOK! CBECTH 3TOT CIIyyail K IEPBOH TEOpeMe, 0oCTa-
TOYHO 3aMETHTB, UTO NPH BBLIYMCICHHH 3THX MPOM3BOIHBEIX MOXHO BCEM
HpOYMM MEPEMEHHBIM (KPOME X; M X;) NPHIOHCATH MOCTOSHHbIE 3HAYEHHS,
NIpHeM HA3BaHHBIC MPOU3BOIHEIE, HETNPEPHIBHbIC IO BCEH COBOKYIIHOCTH
TIEPEMEHHEIX, GYAyT HENPEPHIBHEL H IO [IEPEMEHHBIM X; H X;, IpH (pUKCH-
POBaHUM OCTANRHBIX. ITycTh Temeps k>2.

*) Ot1o mpennoxenue nparagnesut 1B a p i y (H. A. Schwarz).
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JokaxeM cHadYajla HAUIy Teopemy JUIA TOTO Cydas, KOrga IpH BHI-
YHCIICHHH IPOM3BOIHOM k-ro MOPsIKa IPOU3BEICHA IIEPECTAHOBKA TOJBLKO
MEXIy IBYMS NMOCHENOBAaTENbHBMU IubdepeHUNPOBAHAIMH,
T. €. JIOKaXeM CIIPaBeIJIABOCTh PABEHCTBA

u . ’ u )
X1, 0X1y + -+ OXiy Xipyy + -+ OXig  OX1y OX1y ++ + OXiny, Xty +++ OXie *
(Boeck iy, iyy ..oy ins Inpqs -+ +s ik €CTL HEKOTOPOC PA3MEHICHHE

U3 n 3HaKoB 1, 2, ..., n 00 k, ¢ BOBMOXHBEIME TTOBTOPEHHSMH. )

IMpoussens mocCieNOBATENbHO HEOOXOAMMEIC JUIf BLITHCIICHHS 3THX
NpOM3BOMHBIX AubGepeHIHPOBaHNs, BUIAM, YTO NPOH3BOMHEIE (A —1)-ro
nopanka B o6oux Ciyiasx oJuHAKoBBL. IIpHMEHMB K HAM YX€ IOKa3aH-
HyI0 [isi k =2 Teopemy, IOIYYdM, YTO M Npou3BoAHEE (A + 1)-ro mopsmka
paBHHL Jlanbilie ke B 000OMX CIyJasX HYXHO NMPOHU3BOAMTH OJHHAKOBEIC
oTiepalliy, KOTOpbIE M IPUBEAYT K OJAHAKOBBEIM PE3YJLTATAM.

Wtax, paseHcTBO (7), NEHCTBUTENBHO, CIPABEUIMBO, U TeOpeMa JUisA
3Toro ciydas nokasaHa. Ho Tak Kak BCAKas IEPECTAHOBKA 3JJIEMEHTOB
MOXET ObITh JOCTHIHYT4 PSLNOM NEPECTAHOBOK JABYX HOCHEXOBa-
TEeNXBbHBIX 3JEMEHTOB, TO TEOPEMA NOKa3aHa W B oOIIEM ciydae: IpH
YCIIOBHMH HEHPEPRIBHOCTH COOTBETCTBYIOIHMX MPON3BOAHEIX, BCEIA MOXHO
IIEPECTABNIATh MeXAY coGoo mupdepeRTHpoBanns M0 Pa3IMYHBIM Tepe-
MEHHBIM.

HenpepreIBHOCTL MPOM3BOAHBIX MBI BIpeldb Beerna Oynem mpexmorna-
raTh, TaKk 4TO AJ HAC MOPAMOK TOCTeXOBaTeNbHBIX. Huddeperimpona-
HAlR 6yaer Ge3pasnmyeH. DTo JaeT HAM IPaBO BUpEAb NpH 0603HAYCHAH
CMEIIAHAOH MPOH3BOAHOM COOMpaTh BMecTe Mu(epeHIMPOBARKSA IO OJ-
Hol H Toii ke mepeMennoit. Ecnu u ecTe QyHKIMA OT X;, X, - .« .5 Xp, TO MBI
6yeM IHCATh TAKYIO MPOHM3BOIHYIO B BHIIE

*u
R Ix ... ax» ’

rhe o +vy+ ... +a,=k; eclm ke u ecTb QYHKIHUA OT X, J, ..., Z, TO —
B BHIE
ok
Ix= 9yB ... 9zv’
rae «+f+...+y=k. OTOENbHBIE «IOKA3ATCIMY 04, Ug, ..., Xp MWIH
@, B, ..., 7 MOTYT OBbITb M HYJAMH: Hanmmyue I depenunana ¢ aroxasare-

nem»  o3HAYaET OTCYTCTBHUe Ha Aene AubdepeHUHPOBAHHA IO
COOTBETCTBYIOIIEH NEPEMECHHOM.

192, ITpom3BojHbIe BHICUIMX NOPSAKOB OT ciloxknoil ¢ymcmuu, ITycte
HMeEEM (QYHKIHIO

u=f(x), Xy, ..., Xp),



192} § 4. TIPOU3BOZIHBIE M AMPDEPEHIIUAJIBI BBRICHINX TIOPAAKOB 409

LHE X, Xy, - ..» Xy, B CBOK) OYEPENb, CYTh GYHKIMH OT NCPEMEHHBIX 1,
toy ooy timt
xizfpi(tl:tz"--’tm) (i=1: 2,..., n)_-

Omuocumenvro @GyHkyuit f U @; npeonoaodCcUM, YmMo OHU uUMelom He-
npepbleHble YACMHble NPOU3BOOHblE NO 8CeM NepeMenHbimM 00 k-20 nopsaodka
8Kaouumensto. PacCMaTpuBasi ¥ Kak CIOXHYIO QYHKIHIO OT NMEPEMEHHBIX

ty by voor tmt
u=Ft, t, ..., 1) =f(@1sPos -+ > Pn)s

IOKaKeM, YTO CAONCHAA BYHKYUS UMeem Makokce 8ce npousgoonsie 00 k-20
nopAOKa 8KAIOUUMEALHO, U NPUMOM HenpepbieHble.

Toynee rosops, Mbpl OyZeM HOKa3blBaTh CIIEAYIOIUEC IPECIIOKEHHE:
KaXJasg NpoM3BoxHAasA kro nopsaka ¢yexknuu F cy-
IECTBYET M COCTABIAETCS M3 MPOM3BOAHBIX QYyHK-
nUH f (0 €& APIYMEHTAM Xy, X5, ..., X,) U QYHK I HH @; (10 uX apry-
MEHTaM ty, ty, ..., t;y), HOPSIAKA He BEIIIE k-TO, TyTEM Yy MHO-
KeHHH M CIOXEHHUH

Jloka3aTensCcTBO OyIeM BECTH IO METOAY MaTeMAaTHYeCKOH MHIYKIHH.
Ing k=1 3To yTBEpXICHHE CIPaBEUIMBO; OHO CIEAyeT M3 BHIBENCHHOIM
patee GOPMYJIBI U1 IIPOM3BONHOMN cioxHOH (ynknuu [181].

TIpenrmookKuM, YTO TeopeMa BepHa JAJiSl IPOU3BOJAHBIX BCEX LOPAIKOB,
HUBIMIAX, YeM k; JokaxeM, YTO OHA BEPHA W NI MPOM3BOAHBIX k-ro mopsaa-
xa. Kaxmgas k-1 npou3Boimas mojydaercs H3 HekoTopoil (k—1)-i mo-
cpenctBoM muddepernupoBanud mo omHoMy u3 f;. IlpencraBum cebe
Hpou3BofHY0 (k —1)-ro mopsaka. OHA MO HPEANOJIOKEHUIO IOJy4YaeTcs
U3 OpOM3BOAHBIX (QyHKIMil f M @; IO NMEPEMEHHBIM X M ! HODPSAKOB HE
BBIIE kK —1 IlyTeM yMHOXEHHH M CJIOXEHMH, T. €. IPEACTaBlseT CoboH
CyMMy OPOM3BENEHMH YHOMSAHYTHIX Ipou3BomHbX. Jubdepenuupys mo 7,
moboe M3 3THX IPOM3BENCHMIA, MBI JOJDKHEI IO ovYepenH IuddepeHnupo-
BaTh KaXIbii U3 MHOXHTENeH. ECnu 3TOT MHOXMTENL €CTh MMPOU3BOIHAA
mopsIka He Bblle k — 1 OoT oxuoi 13 dyHKIMil @, TO B pe3ynbTaTe audde-
PEHIMPOBAHUS €r0 MBI IOJNYYMM IPOU3BOJHYIO ToH e QyHKImM mopsaka
pe Bemue k. Ecau e 3To 6yaeT Ipou3BomHAas Iopsiaka He Bhime k—1
dyHKuMH f, TO paccMaTpuBas 3Ty NPOH3BOJHYIO KaK CIOXHYIO (YHKIHIO
OT IepeMeHHbIX ¢ i auddepeHnupys ee o ¢;, Mbl 3aMEHHM ee U3BCCTHOU
CyMMO#i Npou3BencHui *).

B pesyaeTaTe, MUl pacCMaTpUBaeMoH NPOM3BOIHOH K-ro mopsika
MOJIyYMTCS, OMEBHUIHO, BHIPAXEHHUE KaK Pa3 yKa3saHHOro BWIA, YTO M HO-
Ka3pIBA€T Hallle YTBEPXKICHKE.

HenpepblBHOCTh NTPOM3BOIHBIX CJIOXKHOM (QYHKIMM F BBITEKACT M3
caMoro crocoba cocTaBjeHMsA HX H3 TPOU3BOJHBIX f M @, JIOCKOJLKY
MOCETHIE TPEATIOJIOKEHBI HETPEPLIBHLIMH.

*) VIMEHHO IPEIIIOJIOKEHHe O HEM P EP LI BH O C T YU BCEX IPOU3BOIHBIX GYHKIMH
f n obecmeynBaeT NPaBO MONL30BATHCS M3BCCTHHIM HAM TPABHIIOM JJIS BBIYMCIICHHS
NPOM3BOIHEIX OT CHOXHON (ynknum [181).
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193. Tuddepenmuansr BHCIEX NOPEIKOB. Iycts B obnactu &) 3amana
HeKoTopas GyRkmus u=f(x;, x,, ..., X,), AMEIOMAS HENPEPBLIBHbBIE YaCT-
HBIC TIPOM3BONHBIE NEPBOro mopsaka. Toraa, kak MeI 3HaeM, (IOJIHBIM)
nrddepernuanoM du Ha3bIBAETCS ClEAYIOLIES BBHIpAajKECHHUE:

_ou du du
du——é};dx1+-a—x;a’x2+ e +a—;'dxn,

rae dxy, ..., dX, — XPOM3BOJBHbIC NPHPAIICHAS HE3ABHCHMBIX TepeMeH-
HBIX Xp, ..., Xp.

MEI BHIHM, YTO du TAKXe SABJISETCS HEKOTOpOH GyBKIHei OT X, X,, . ..

++» Xn. ECIH TpPENIONOKHTh CYIECTBOBAHHE HEIPEPHBHEIX YACTHBIX

IPOM3BONHEIX BTOPOTO IOpSAKA JUISL #, TO du GyNeT HMETh HENpepHIBHBIE
YACTHBIC NPOM3BOJHEIC NIEPBOrO NOPS/KA, H MOXKHO FOBOPHTE O (TIOJHOM)
muddepernmane ot atoro muddepernuana du, d(du), KoTopHIil Ha3BIBAETCH
nrbpdbepernEanoM BTOpoOro mopsAnka (UM BTODPHM
nubpbepeHNHANOM) OT 4 OH 0603HAYAETCT CHMBOJIOM d2u.

Baxso momuepKHYTH, UTO npupawenusn dx,,dx,, ...,dx, npu smom
paccmampusalomca Kak nOCMOoAHHbIE U OCMAIOMCA 0OHUMU U MeMU Hce npu
nepexode om 00Ho20 Ougepenyuaia K caedyrowemy.

Taxum 06pa3oM, ecitu BOCIONIB30BATHLCH NPABHIAMHA muddepenuupo-
BaHHMA U3 n° 185, Oynem mmers

d?u:d(du):d("’_"dx1+_"’idx2+ D dxn)=
dxy ax, ox;

n
ou ou ou
=d(5x—l)-dx1+d(5}—z-)-dx2+ ... +d(a—x") . dx,

HJIH, PacKphIBad,

d2u=(g—;%dx1+;£2;—&dxz+ +5;% dxn) edx; +
+(#2;xl dxﬁ%dxﬁ ... +3x‘:2;xn dxn) cdx,+
( ax':z;xl L+ axizgx, dx, + +% dxn) “dx, =
=§:—§dx§+%dx§+ e +%dxﬁ+
+23—x'?;—xzdx1dxz+23—xfzg—&dx1dx3+...+
+2%};dxz dx;+ ... +2ﬁ%dxn_1 dx,.

Ananornaso ompenensercs f1uddepennman TpeTrhero mo-
psanka, d®u, m 1. 0. BooGe, ecmn mudpdepennnan (k —1)-r 0 mopsnxa,
d*~lu, yxe onpenenen, To nudbepennuay kro nopsanka dwu
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onpenessiercs kak (monublii) muddepennuan ot auddepennuana (k - 1)-ro
mopsaxa ¥):
d*u=d(d*u).

Ecnu mis GyHKUHH ¢ CYUWIECTBYIOT HCIPEPHIBHBIC YACTHBIE IPOH3BOJI-
HBIE BCEX NOPSAIKOB IO k-TO HMOpAAKAa BKIIOMHTENBHO, TO CYLECTBOBAaHHE
storo k-ro muddepenunana obecmeyeno. Ho pasBepHyTHIe BHIpaXCHHA
nocaenoBaTenbHbIX AudpepeHnHanoB craHOBATCA Bce Oomee u Gouee
CIIOXHBIMH. B TeJIfX ympoLIeHHs HX 3amHCH NpuOeraror K CIeayrolieMy
IpHEMY.

TIpexne Bcero, B BBEIpaXeHMU NepBoro auddepeHnnana ycaoBHO
«BbIHECEM OYKBY # 3a CKOOKH», TOTZJa €f0 CHMBOJHYECKH MOXHO
OylleT 3amucaTh CJICAYIOLIMM 06pa30M:

du= ( 9 dx1+ dx2+ 4 dxn) - u.
BXn

Teneps 3aMevaeM, YTO €CIH B BBIPAXEHHH i BToporo nuddepen-
LHajia TakXe <BBIHECTH # 3a CKOOKM», TO ocTaromieecsi B CKOOKax BEIpa-
*eHue G OpMalbHO MNPEACTABIAECT B PACKPBHITOM BHJE KBAJIpaT BhbI-
paxeHHs

3 9 .
dxl dx2 .+ a—xn' dxn,
IO3TOMY BTOPO#t ;:[mb(bepeuunan CHMBOJHYECKH MOXHO 3aIHCATh
Tak:

aXn

AHANOrMMHO MOXHO 3amucaTh TpeTuit mudpdepennman U 1. H. ITo
npaBwiIo — oOlee: mpH BCAkoM k OylneM MMeTb CUMBOJIHYECKOE
PaBEHCTBO

(o ) 9 2
d‘*’u—(—x; dx1+‘—9?2dx2+ ces -%—dxn) “u.

. 9 .. +22 g Y
du—(axl dx, + axzdx2+...+3xndxn) u, ®)

KOTOPOE MOXHO MOHUMATh TaK: CHavYajla MHOTOWIEH, CTOSIUHHA B cKOO-

bopMaNbHO BO3BOMUTCI IO IpaBUIIaM aireOphl B CTCHEHD, 34~
TEM BCE IOJIYYCHHBIC WICHBl «YMHOXAIOTCS» Ha # (KOTOpOE NONMHCHIBACTCS
B YMCIUTENAX NpH ¢¥), © TOJNBKO IOCIE 3TOro BCEM CHMBOJAM BO3Bpa-
LAETCA MX 3HAYCHHME KaK Mpou3BoAHbIX M muddepernuanos.

MBuI BHAEIH, YTO 9TO HpaBWjio BepHo Hpu k=1, 2; mosTtoMy mocra-
TOYHO IOKa3aTh, YTO €CJIM OHO Bepuo s d*u, To oHo OyHeT TakkKe BEPHO
u s dtly,

JIOMmycTHB, YTO 3TOT 3aKOH IUiA d*u BeITONHAETCA, OyIeM HMeTh B pas-
BEPHYTOM BHIIE: )
Q=3 Copn o g g L 0,

*) JIerko yCTaHOBHTH IOHATHE U O ¥ a C T H bl X muddepenmmanax noboro nopsazaka,
Ha 3TOM OCTaHaBJIMBATECA HEC 6y}1€M,
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/i€ CYMMHPOBAHHE PacCIPOCTPAHSETCS HAa BCEBO3MOXHBIE IDYIILI HEOTPH-~
UATENBHBIX IEHBIX YHCET Oy, U, ..., Q%,, YJOBIETBOPAIOIMX YCIOBHIO
o+t ... ta,=k, a
k!
Co, ey, el ... anl
CYTh ¢HOJMHOMHAJIBHBIE» KO3 (DULHEHTSL.

B npenmosioxenuu, 4TO CyIIECTBYIOT HENpPEPHIBHBIE MPOH3BOIHBIE
(k +1)-ro nopsmka, npomupdepeHuEpyeM IpemBIIYIIyIO dbopMyy; MBI
HOJYYAM

ok+1y

15 Oy ooy O ° ax‘;x'l'l 3x:a e ax:n

d*tlu= 3 C, dxptidxy ... dxir+

ok+1y
+3x‘;x GxEF L g

dxPrdxptt L odxr L.

r+1y
dxg Oxv . aint

cet dxidxy ... dx°,‘,"+1} .

OueBHHO, TO € CamMOe MBI MOIJIM OBl HOJYYHTB, bdopManbrHO
HEPEMHOXHB CHMBOJIHYECKHE BLIPAXKEHHU:

ok % %y L
an,,a,,...,anmdxl dx2 e dxptX

9 d 9
X(a—xl dx1+(—9~gdx2+ e +3Xn dx,,
H IIOTOM IpHIIHCAB uU. Ho 310 <IIPOHM3BEACHUE» €CTh HC 4YTO HHOE, KaK

d 0 [
(de1+5};dx2+ et

k
P dx,,) X

3 9 .
X(;)—)‘ldx1+—é?zdx2+ .o +5?n dx,,)—-

(9 9 3, Yk
—(E;I—dx1+-$;dx2+...+—37ndxn) s
TaK YTO . ‘
ety (9 9 9 g Y
de+iy («9x1 oyt g dny b dxn) ",
Y. M Tp. ]

M3 npensinyluux paccysaeHnit BALUM, 4To k-if quddepentuman ssisercs
OAHODPOINHEIM HEJIHM MHOTOYJEHOM CTEHECHH Kk, HIH,
KaK TOBODAT, ABJAETCA G 0 pMO# k-t cTeme R M OTHOCHTENHHO NH-
(epeHNUANOB HE3ABHCHMBIX NEPEMEHHbIX, K03 dHuIeHTaMH IpH KOTOPHIX
CITyXaT YaCTHBIC MPOH3BOAHBIE K-T'0 OPSIAKA, YMHOXKEHHEBIE HA IETI0YHCIIEH-
HBIC MOCTOSIHHBIE (¢IOJMHOMUANBHEIEY KOI()QUIUMEHTI).



194) § 4. MPOU3BOJIHLIE U TUODEPEHUWANBI BLICIHMX [MOPAOKOB 413

Hanpumep, ecnu u=f(x, y), To

247 — 2 )
dPu= dx +23x3 dxdy+
i:{{)ﬁ“ 4 AL N
du dx &3320 dx* dy +
9% 9, ¢
3ax3y2dxd) Tay"’d}’
du=2"axt 14 2" goday6.29 g ge .
ot 9x3 9y azaz o
_ 0l 3., 0% 14
+4axay3dxdy .ay‘dy,

U T. 0. IToNOXHUB KOHKDETHO u=arctg ; , 6ymeM umeThb
__ydx—xdy oy = 2xy(dy? — dx?) +2(x2~- y2) dx dy
T ye - (x2+4 y2)2 >

(6x2y - 2y%) dx3+4-(18xy® - 6x3) dx® dy  (6y3— 18x%y) dx dy?-+(2x3— 6xy?) dy?
[C SO N (2 +y)3

d’u=

HT. I

CroxHoCTh BeIpaxeHns At AuddepenHuuana BO3pacTaeT ¢ yBejude-
HHEM Yucna mepeMesHbX. Ecmu u=f(x, y, z), To, ckaxem, Tperuit mud-
¢epeunnan d°u B pasBEpPHYTOM BHUIE TAKOB:

d*u= ( dx + dyf—d) a”d“ka”dy"

+~dz3+ 3" 2dxdy2+
43,90 dxrdz+3 "’ 24324 g gy
9xt 9z 0y* 9z

+3 3y azdyd22+6 dxdyd"

194. /Iudpdepennnanbr croxkubrx pyuxumii. IlycTh MBI Telleph MMEEM
CIIOXKHYIO (YHKLHIO:
uzf(xla x2, L] xn)’
rae, B CBOIO Ovepelp,

x,=<p,~(t1,t2, ---’tm) ([=1,2, ...,n).

B 3TOM ciyvae mepBbiii audepeHinan MOXET GBITh COXpaHeH B MpeX-
HEM BUZE:
du L u ou
du—-a—x;dxl’r‘m dX2'+ e +3_Xn dxn
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[ma ocHOBaHMH MHBapHaHTHOCTH ¢opMel mepBoro muddepennuana, 185].
Ho 3necy yxe dx,, ...,dx, gBusioTcs AudpdepeHNUaNaMHI HE HE3ABUCH-
MBIX NEPEMEHHBIX, & QYHKIEH U, CIeHOBATENBHO, cCaMu OyIyT QyHxnasMHu,
H MOTYT He OGBITh MOCTOSHHBIMH, Kak B IPeILIAYINEM CIIydae.

Boruucnue Temepb BTopoit Auddepernuan Hamel ¢ymxknuu, Oymem
HMETh (€CIIH BOCIIOJB30BATECI N paBHIAMHBE OudhhepeHIMpPOBaAHMS
n° 185]:

du d( )dx1+d( )dx2+ +d( )dx,,

du u u _
ot .d(dx1)+a7-d(dx2)+ T T - d(dx,) =

(@ 9 2

_(‘,—,}:dxﬁa dx, + +5;1dx,,) cu+
ou U 4o

+3x1'd2x1+}')_nd Xy +

Msur BEzuM, 9TO M AubdepeRnuana nopsAnka BBOIE NEPBOTO HHBA-
PHAHTHOCTE GOpMHL B0 0 6 L[ € HE MMEET MecCTa.

PaccMoTpEM Tenepp 4acCTHBEIH ciaydad, KOTHA X, Xp, ..., Xn fB-
JAIOTCH TUHEHHBIMH QYHKOHAMH OT #, %y, ..., Iy, T. €. KOTHa
xi=oPt +a@t+ ...+, + B (=1,2,...,n),
roe of) u f; — mocTosHHBIE.

B aToM ciyuae OymeM HUMeTh
dx;=oaf0dt; + ... +Mdt, =aPAt, + . . . + ™AL, = Ax;.

M1 BEIMM, 4TO Bee mepBhle auddepennuanbl QyHKIMR X, Xp, ..., X5
B 3TOM CJIy4ae I OCT O A HHBI, HE 3ABHCAT OT 4y, &y, ..., t;y; CHIEHOBA-
TEIbHO, IPHMEHMMET 6e3 u3MeHeHu# BbIKIaaky n° 193. OTciona BBITEKAET,
4TO 6 CAyude 3aMeHbl HE3ABUCUMbBIX NEPEMEHHBIX X1, Xpy ..., Xn AUH € i
Hbl MU GYHKYUAMU OM HOBLIX NEPEMEHHBIX 1, lyy ..., 1m, MO2Ym Oblmb
COXPaHeHbl NpedcHue GulpadceHun Oaxnce 048 Oufepenyuanog evicuiux
nopaokos. B mmx auddepenmmansl dx,, dx,, ..., dx, COBOANAIOT C IIpH-
pamerusmu Ax,, 4x,, ..., Ax,, HO 3TH NPHPAILCHHUS HE IPOH3BOJIBHEI,
a ofycnosnuBaroTcst npupamenusmu Aty , At,, ..., Atp,.

DTo mpoCToe M BaxXHOe 3aMevamue (mpuuamIexamee K oImu) Mbl
ACIOJb3YeM HENOCPEIACTBEHHO B CIICAYIONIEM n°.

195. ®opmyaa Teiiopa. Ml yxe 3uaeM [126 (13)], uyro dyskuus F(1),
IIpH YCIIOBHH CYIIECTBOBAHHS €€ 1 -+ 1 NEPBHIX MPOU3BOMHBIX, MOXET OBITH
ciemyiommM ob6pasom pasmoxena mo ¢opmysne Telmopa:

F(t) = F(to) + F,(to) '(t‘ to) +
o F"(to)-(t 1P+ FO g (- 1+

+ + F("-H)(t0 +0(1—1))-(1—tx)"*t  (0<b<1)
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(momoHUTENLHBIN 4ileH B3AT B Gopme Jlarpanixa). D1y dopmyiy,

IIOJIOXHUB
t—ty=At=dt, Ft)-Ft)= AF(,),
MOXHO nepenrucaTh Tak:

1 1
ARty =dF(to) + 5 d®Fip) + . . . + - d"Ft) +

1
tarDi

Ilpu 3ToM BaXHO HOIYEPKHYTb, UTO seauyuna dt, 6X00AWAA 6 PAZAUYHBIX
CMEnenAx 6 evipaxcenun ouggepenyuanos cnpasa, 6 mounocmu pasna momy
npupawenuto At, komopoe puzypupyem 6 npupawenuu PyHKyuu caesa.

Wmenno B mocnenueii popme popmysaa T e it i1 o P a pacupocTpassercs
H Ha Ciy4yadl (yHKIMM OT HECKOJIBKHMX IIEPEMEHHbIX.

AN ympoLteHdst MMChbMa OTPaHMYHMCS Gynxuueit f(x, y) nByx mepe-
MEHHEIX.

IIpenuonoxmum, 9To B OKPECTHOCTH HEKOTOPOH ONIPENEIEHHO! TOYKH
(Xo» ¥5) 3Ta (YHKHES MMeeT HempephIBHBIC HPOM3BOMHEIE BCEX MOPS/IKOB
Jo (n+ 1)-ro BRounTeaBbHO. ITpHaammm Xy H ¥, HEKOTOPbIE IpUPALEHAA
Ax u Ay Tax, 4TO6H NpAMOIMHEHHEA OTpE30K, COCAUHAIOMMN TOYKH
(%05 ¥0) | (Xo+4x, y,+4y), He BBmuEN 32 IpeJielibl  pacCMAaTpHBAEMOIH
OKDPECTHOCTH TOUKH (X,, J,)-

TpebyeTcss noxasaTs, 9TO OPH CAENAHHBIX IPEANOJOKEHUSX OTHOCH-
TeNbHO (YHKUME f(x, y) COpaBeATHBO CleAyIOmee PaBEHCTBO:

Af (o5 o) =S (o + A%, Yo+ Ap) - f(X,, yo) =
1
= Af(o, ¥0) +3, 8 (hgy YO+ - . + 50 (5, 70) +
Farm Y ot 04x, 3,4 04))  (0<0<1),  (9)

ARty +60.4t)  (0<f<1).

NpUIeM @uzypupylouue cnpasa 6 pasiuuHblx CMeneHsx ougppepenyuans
dx u dy pasner umenno mem npupawenusm Ax u Ay nesasucumsix nepe-
MEHHbIX, KOmOpble nopodusu npupawjenue gynkyuu caeeq.

Ans noxasarenecrsa [kak H B n° 183] BBegeM B PacCMOTPEHHE HOBYIO
HE3aBHCHMYIO MEPEMEHHYIO f, HOJIOKHB

x=xp+t-dx, y=y,+t-dy (O=t<l). (10)

IToncTaBus 5TH 3HAYEHAS X M Y B DYHKIHIO S(x, y), Hoay4uM cao0XHY 10
¢yrknmio oT ommo#t mepeMeHHO# f:

) =f(xo+t-Ax, yy+t-Ay).
Mt yXe 3HaeM, YTO BBEJEHHBIC HAMH B paccMoTpenue Qopmyrasr (10)
TCOMETPHYCCKH BEIDAXAIOT IPSIMOJIMHEHHDIN OTPEe30K, COSAUHSIONIMI TOY-
KM M(xy, o) 1 My(x,+ Ax, y,+ Ay).
Tenepb MBI BHIMM, 49TO BMECTO NpHpAILEHHS

Af (X0, Y0) =S (X + A%, py+ Ap) = f(xp, ¥),
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MBI MOXEM PacCMaTpHUBATL IIPUPALLICHUE BCIIOMOIATENBbHOMH (byHKI.IPII/IZ

AFR0)= K1) - F0),
Tak Kak oba npupamenunst paBusl. Ho F(t) siBiseTcst GpyHKuMel oT omHOMi
nepeMeHHOH 1 mMeeT [192] n-+1 HeNpepHIBHBIX TMPOM3BOIHEIX; CJIEIOBa-
TeNbHO, NPAMCHMB K HEil yxke BHBEACHHYIO panee dopmyny Teiinopa,
MOJTY4AM

AF0) = F(1)— F0) = dF(0)+ [ d2FO) + .

o d"F(0)+(+1), "RO)  (0<0<1); (1D

npu 3ToM auddepeHiuan dtf, BXOOAMA B pasjaM4HBIX CTEMEHSX CIpaBa,
pasen At=1-0=1.

Tenepsb, MONB3YACH TEM, YTO HpU JHUHE il Ho H 3aMeHe NMepeMEHHBIX
CBOMCTBO MHBAPHAHTHOCTH (OpPMBI MMeeT MeCTO M IUIA BhICIIMX audde-
PeHIOHANIOB, MOXEM HAIMCATh, YTO

dFQ) =f{(Xy, yo)  dx + f3(x0, Yo)  dy =df (x,, ¥o),
d2F(0) = (%5 Yo) - dX* + 2f5(xo, ¥o) - dx dy + fyi(xy, ¥o) - A2 = (%, Yo)s
u T. A. Hakonen, miust (n+ 1)-ro muddepenuuana OygemM uMeThb
A1) =dmtif(x, + 04x, y,+04y).
BaxHO OTMETUTh, UTO 30ect Ougdepenyuaast dx u dy nuuem ne om-
audaromea om paree é3amelx npupawenuii Ax u Ay. JedcTBUTENBHO,
dx=Ax-dt=A4x, dy=Ay.dt=ANy.

IMoxncTtaBus Bce 3T0 B paszyioxenue (11), Met U pumeM K Tpebyemomy
pasnoxenuto (9).

YuTaTenb OOJDKEH JATh Cebe OTUET B TOM, 4TO, XoTs B muddepen-
nuanbHoi dopme dopmyna Teitnmopa mist cinydas GyHKOIuM HECKOIb-
KMX MEPEMEHHBIX MMEET TaKOi JKe MpOCTOi BHI, Kak U i ciaydas GyHK-
UMM OJIHOM IIEPEMEHHOM, — HO B PasBEPHYTOM BHIE OHA FOPa3f0 CIOXKHEE.
BoOT kax BRINVISOAT IEPBHIE TPH €¢ WieHAa Aaxe Uit QyBKOAHM JHIIL JBYX
HNepeMERHBIX:

S+ Ax, yo+ Ay) = f(x4, o) =
= [f((\’o, Vo) Ax + fy(xg, yo) - Ayl +

g LfiGhs 3o) » AR+ 265y o)+ AXAY + (o, o) - A9 +

U on o) - A%+ 3K y) - AxtAly +

+3f X0 Vo) - AxAY* + £ (%05 yo) - A1+ . ...

®opmyna (9) mmeer Mecto U npud n=0; 3TOT YACTHBIi CIyyal MbI
yxe paccMaTpuBaid B 183.
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§ 5. OkcTpemyMEl, HanGOABIINE B HAMMEHBIINE 3HAYCHHAS

196. JxcTpemyMbl QyHKUHH HECKOJBKHX NepeMeHHbIX. HeoGxogumbre
ycaoBus. Ilycts yukuus

u:f(xl’ x27 LR xn)

6 ) 0 x3 %) 6 ] i
onpeziesiena B obmactu D u (x), x2, ..., x5) Gyder BHyTpeHHeE Tou-
Ko 3T0il obsacTu.

[CoBopsr, uto gynxyua f(x,, x,, . .., x,)e6mouke (x3, x3, . .., x%) umeem

Makcumym (MUn UMy M), ecau ee MONHCHO OKPYHCUMb MAKOil OKpecm-
HOCMbIO

(-6, xP+06; x3-06, x3+8; ...;x2-8, x0+9),
umobsl 014 ecex mouex >moii OKpecCmRocmu 6blNOAHAAOCH Hepaserncmeo

SO Xay o xp)=<(, X3, ..., x9).
=)

Ecam 3Ty oXpecTHOCTb MOXHO B3STH HACTOJIBKO MaJIOH, 4TOGEI 3HAK
PaBeHCTBA ObLI HCKIIIOYEH, T. €. YTOOBI B KAXIOH TOYKE ee, KpoMe caMoit

Touku (x?, x3, ..., x3), BHIIOJHSIOCE CTPOroe HEPAaBEHCTBO
0 0
S5 X9, -0 X0) <S03, X3, o0y XD),
(=)
TO FOBOPAT, 4TO B Touke (xJ, x3, ..., x9) uMeeT MecTo COOGCTBe HH B

MakCUMyM (MMHMMYM); B HPOTHBHOM Clyyae, MaKCHMyM (MHHHUMYM) Ha-
3pIBAETC HECOOCTBEHHBI M.

Hns 0603HAYeHHST MAKCHMYMa U MHHMMyMa YIOTpeOJAeTca M OOLmit
TEPMHH — 3KCTPEMYM.

IMpeanonoxumM, 4To Hama GyHKIUA B HEKOTOPOI Touke (X7, x3, ..., x0)
UMEET 3KCTPEMYM.

IToxaxeM, 4To € CJiH B 3TOM TOYKE CYIECTBYIOT (KOHEUHbIE) YACTHBIE
TIPOU3BOAHKIE:

FuOs oo XDy o X - XD,

TO BCE 3TH YaCTHEIC IPOU3BOJIHBIE PABHBL HYIIIO, TAK YTO obpaujente 8 Hyib
YACMHBIX NPOU3BOOHBIX NEPBO20 NOPAOKA ABAAEMCA HeOo6X00 UMbl M
YCAOBUEM CYUeCMBOGAHUA IKCMPEMYMA.

C 9Tol HENBIO MONOKHM X, =X3, ..., X,=x3, coxpanss X, mepemen-
HBIM; TOIJd y HAC MOJNYYMTCS QYHKOHS OT OMHON NMEPEMEHHOM X;:

u=f(x, x3, ..., xp).

Tak xak MBI BPEANONOKMWIH, 4TO B Touke (x2, x3, ..., x%) cymecTByeT
9KCTpEMYM (OJI OHPEHENICHHOCTH — IYCTh 3TO OyAET MakCHMyM), TO,

2?7 . M. ®uxrenrosusu, 1, I
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B YaCTHOCTH, OTCIOJa CJedyeT, YTO B HEKOTOpoi okpectHocTH (X)— 4,
x7+8) ToukH X, =x{ HEOOGXOQUMO HOJIKHO BHIIOJHATHCS HEPABEHCTBO

f(x1’ xg) '-'9x?1)<f(xgsxg’ . --sxg)s

TaK YTO YIOMSHYTAd BbilE QYHKIMA O I H O ii TIEPEMEHHOM B TOUKE X, = XJ
OyneT UMeTh MaKCHMyM, a OTcloaa mo teopeme ® e pma [109] crenyer,
4TO
7/ -0
fxl(xi)’ X2 v ey x2)=0-

TaxiM ke 06pa3oM MOXHO IToKa3aTe, 4uTo BTouke (x?, x3, . . ., x%) u ocTann-
HBIC YacTHBIC IIPOH3BOJHBIE TAKXKE PaBHEI HYJIO.

HTaK, aIom03pUTEIbHBIMEY 10 3KCTPEMYMY SBJISIOTCH T€ TOUKH, B KO-
TOPEIX YaCTHBIE NIPOH3BOJAHBIC MIEPBOTO MOPAAKA BCe 0OpaMIarOTCsS B HY/Ib,
MX KOODAMHATHI MOXHO HAWTH, PELIMB CHCTEMY YpaBHEHHMHM ¥)

f;ﬁ(xla KXoy - v ey xn)=0,
Sol o 50 =0, 0
f;n(xl, Xgy o ves Xp)=0.

Kak ¥ B ciiyyae QyHKUMH OXHOM NMEPEMEHHOM, MOJOOHEIE TOUKH HA3HI-
BAlOT CTAUHOHAPDHB MU

3amMmeuanns I Heobxomumoe ycoBre CylecTBOBaHMS IKCTPEMyMa
B ciydae muddepeHnupyeMoii PyHKIHA KPATKO MOXHO 3aIlHCATh €IIE TaK:

df(xy, X5y .., Xp)=0,

TaK KaK, ecu fy, =fr, = ... =f5,=0, To, KakoBbI 65l HH ObUTH dx,, dx,, . ..
..., dx,, Bcerma

df(xy, Xy o ooy Xp)=fry o dXy+ froedXg+ . .. + frnedxp,=0.

u 06paTHO: €CIIA B JaHHOM TOYKE TOXXIECTBEHHO BBITOJIHSIETCH 3TO ycio-

BHE, TO BBHAY HPOM3IBONBHOCTH dXy,dx,, ..., dx, IpOU3BOI-
4 4
HBIE fy, fxs « - -5 fxs TIOPO3Hb PABHEI HYJIO.
II. O6priHO paccMaTpmBacMas GymKus f(x;, X, ..., X,) HMeeT (KO-

HEYHBIEC) YacCTHbIC IPOM3BOMHEIE BO BCeil OOJACTH, M TOTHA TOYKH, HO-
CTaBJIArONMe QYHKIHA 3KCTPEMYMBI, CIEIYeT MCKATh JIMAIIL CPefd CT a-
OHOHAPHBX Todek OnHako BCTPeYaloTCH Ciydad, KOrga B OT-
IOENLHBIX TOYKAX HEKOTOPEHIE YACTHBIE IPOU3BOJHbIE UMEIOT OECKOHEUHEIE
3HAYCHHMS IIN BOBCC HE CYLIECTBYIOT (B TO BpeMs KaK OCTajJlbHBIE paB-

*) Mot coydas ¢pyHKUmA OBy X NEPEMEHHBIX z=f(x, y) — B NPEANOIOKEHAH €€
ArhGbepeHIMPYEMOCTHE — YCIIOBHS
45 9)=0,  fy(x, »)=0

[OLOYCKAIOT OPOCTO€ TEOMETPHYECKOE TOJIKOBAHME: KacameawvHasa niockocmv [cM. 180
(6)] k nosepxnocmu z= f(x, y) 6 ee mouxe, omseuaroujeii IKCMpPemyMy, 004HcHa Obinb
napaasnsenvHa nIOCKOCMU Xy.
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HH 0). ITomoGHbIE TOYKH, COOCTBEHHO, TOXE CIEAYEeT NMPUYUCIUTD K OO~
3PHTEJIBHBIMY 10 9KCTPEMYMY, Hapsly CO CTAlMOHAPHBIMM TOYKaMH
[eMm. mmxe: 201, 6)].

197. Jocratousnie ycioBusi (ciay4ail (YHKOMM JBYX IepeMeHHBIX).
Kak u B ciiydae QyHKIMH OJHOM IEPEMEHHOM, B CTAIIHOHAPHON TOYKE BO-
BCe He obecreueHo HaJMyue sKcTpeMyMa. EciM s mpumepa B3STh Mpo-
CTYI0 QYHKUHIO z =Xy, TO I Hee zy=y M Z,=X 00pamaroTcs OTHOBpe-
meHuo B 0 B eIMHCTBeHHOM — HavanpHoil Touke (0, 0), B xoTopoit z=0.
B TO ke BpeMs HEMOCPEIACTBEHHO SCHO, YTO B JII0OOH OKPECTHOCTH JTOH
TOUKH ()YHKUHS HPUHAMACT KaK MOJIOXKUTENbHbIE, TAK U OTPHIATEIbHbIC
3HadYeHns, M IkcTpeMyMma HeT. Ha puc. 92 usobpaxena nMoBepxHOCTh (TH-
nepOonueckuil mapaGosion), BEIpakaeMas YPaBHEHHEM Z=Xy; BONU3H
HAYaJbHOM TOYKH OHA MMeeT CeOJooOpa3Hyw dopMmy, usrkbasice
B OJHOH BEpTUKAIbHON IJIOCKOCTH BBEPX, 2 B IPYTOH — BHH3.

Takum 06pa3oM, BCTaeT BONPOC 00 YCIIOBHSX, 4 OCTAa T O Y H bl X A
CyLLECTBOBanMs (WIM OTCYTCTBHS) 9KCTPEMyMa B CTalHOHAPHOM TOUKe,
TO €CTh O TOM M CCJIE€ LOB A H UM, KOTOPOMY 3Ta TOYKA JOJKHA OBITH
JOMOJIHUTEJIBHO IOIBEPIHYTA.

MBI paccMOTpHM CHauaJla Ciy4ait GYHKIHM ABYX IepeMeHHbIX f(X, ).
Ipenmnonoxum, 4To 5Ta QYHKIHUA ONpeleNieHa, HellpephIBHA M HMeeT He-
MpephiBHbIE YACTHBIE IPOU3BOAHBIE IEPBOIO M BTOPOro IOPSIKOB B
OKPECTHOCTH HEKOTOPOR TOUKM (X, Vo), KOTOPAS SBJISETCS CTAMOHAPHOM,
T. €. YIOBJIETBOPSET YCIOBHAM

SilX0s Y9 =0,  fXe, ¥9)=0. (1a)

YToObl YCrAHOBUTH, NEUCTBUTEIBHO JIM Hallla GYHKIHS HUMECT B TOUYKE
(Xg» ¥o) OKCTPEMYM HIJIH HET, €CTECTBEHHO OOPATUTBCS K PACCMOTPEHHIO

Pa3HOCTH
A= f(x, y) —f (%5 ¥o)-

Pazjnioxum ee mo ¢opmysne Teitmopa [195], orpannunuBasce IBYyMs
WieHaMu, BrpodeMm, Tak Kak Touka (X, ¥,) MPEINOJI0oXeHa CTAlHOHAPH OH,
TO NEPBBLIA WIEH HUCYe3aeT, U Mbl GyIeM HMeTb IPOCTO
1
A=2—!{f,(.i-Ax2+2f;’y-AxAy+f§’,.Ayz}. @)
Ilpu 3ToM poJjb mpupauenuit Ax, Ay UrpajoT pasHOCTH X — Xy, ¥~ Y, U
NPOM3BOIHBIE BCe BHIYHUCIICHBI B HEKOTOPOH TOUKe
(xp+04x, y,+64y) (0<0O<1).
BBeneM B pacCMOTpeHHE 3HAYEHMS 3THX IPOH3BOAHBIX B CAMOM HCIEI-
TyeMoO#i TouKe:
an =f :I('z(xo s yo)a ap=f ;I(Iy(xo; yo), Aoy =f )/';(xo > yo) &)
U TIOJIOXKUM
fralxo+04x, yo+04y)=ay +oyy,
S o)=ap+ap, (.. )=an+ay,

27



420 CJI. V. ®VHKUUU HECKOJIBKUX NMEPEMEHHBIX {197

T4k 9YTO, BBHAY HENPEPLIBHOCTH BTOPHIX IIPOM3BOIHBIX,
Bce a0 npu Ax—~0, Ay 0. (€]

PasHocTs A Hamuimercs B BHAE:
1
A=3 {a,14x% 4 2a,Ax Ay + g Ay? + 0y, Ax + 2a0Ax Ay + e Ay?).

Kak MBI YCTAHOBHMM, MOBEJECHHME PasHOCTH 4 CYILECTBEHHO 3aBUCHT OT
3HAKa BBIPAKEHUA )05 — dag.

s obnmervemmst  paccyxie-
HHI BBEIEM GIOJSPHEIE KOOPIH-
HaTBI», B3SB 3a IOJIOC HCXOIHYIO
TOUKY (X,,),) W MPOBEAS 4epe3
HEe NOSAPHYH OChb NapalIeIbHO
ocu x (puc. 105). Ilycte p==
=JAx*+4y> ectb  paccTosHHE
MexIy TokaM (xp,¥0) B (%),
a @ 03HAa4YaeT Yroj, COCTABIICHHBIH
COEIHHSIONIMM HUX OTPE3KOM C IO~
JIIpHOH OCBIO, Tak 4TO

Puc. 105.

Ax=gpcosp, Ady=psing.

Torza wHTepecyroniasi HaC pasHocTh A HamuImeTcs Tak:

2
A= % {a,; cos? p +2a,, COS @ SIN @ + gy SINZ @ +
+ @y, OS2 + 2a, COS @ Sin @ + dy, sin® ¢}.

1° IycTb, CHavYala, d@;;ds — ds,>0.
B sTtoMm cnyuae a,a, =0, Tak 4TO a;;=#0, © mMepBEH TpeXulieH B
cxobkax {...} MOXeT OBITb IPEACTABICH B BHUJE:

El;: - [(all CoS (p + alz Sin (p)z + (alla]2 — a%z) . SinZ (p]. (5)

Otcroia sCHO, 4YTO BBIpaX€HHE B CKOOKax [...] Bcerna IOJIOXHTENBLHO,
TaK YTO YyIHIOMSAHYTHH TpPpeX4YJeH NMPH BCEX 3HAYEHUAX
p, He o6panjasich B HYyJdb, COXPAaHsIET 3HAK K03 du-
HUEeHTAa a;;. Ero abcomoTHas BeIMYHHA, KaK HEONpPEpLIBHAA B IPOMe-
xytke [0, 27] QpymKImmA oT @, EMeeT (OYEBHIOHO, MO JOXHTEJIbHO €)
HAaWMeHblllee 3HaveHHe m [85]:

|ay; cos® @ -+ 2ay, COS @ Sin @ + dy, sin? p| =m >0.

C apyroit CTOPOHBI, €CTH OOPATUTHCA KO BTO PO MY TPEXwieHy B ckob-
kax {...}, To, BBUAY (4),

Joty; €S2+ 2015 COS P SIN P - Gty SIN2 P =<ty | + 20y ] + [tge| <mm
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cpa3y s BCeX @, €CIH ToJibko p (a ¢ HuM u Ax, Ay) mocraTtouHo Mao.
Ho Torna Bce Bolpaxenue B ckobkax {...}, a 3Ha4uT H pasHocTs A, Gymer
COXPaHATH TOT XK€ 3HAK, YTO U N € P BBl H U3 TPEXUWICHOB, T. €. 3HAK dy;.

Wrak, ecmu a;; >0, To 1 A=0, T. e. QyHKIMI B paccMaTPUBAcMOit
Touke (X,,),) MMeeT MHHHMYM, a IpH a;; <0 Oymer u A4<0, T. e.
HAJIHLIO MAaKCHMY M.

2° TIpennoJioxkHUM Telepb, YTO @y, — dip<0.

OcTaHOBHMCS Ha CTyvyae, KOrma a;; =0, TOraa MOXHO H 31€Ch MCIOIIb-
3oBaTh npeobpasosanue (5). Ilpm ¢ =@, =0 Beipakenue B ckobkax [...]
OyneT Mo oXUTeENbHO, HOO cBemercs x a3. HaobopoT, ecnu ompe-
IENUTh ¢ =@, U3 YCIOBUS

@), COS Py + Ay SIN Q=0 (sin g, =0),

TO 3TO BBIPAXKCHUE CBEHETCS K (@;,dq —aly)sin®p, U 6ymeT oTpH I a-
TenbHoO. IIpu 10CTaTOYHO MAalTOM ¢ BTOP O TpexwieH B ckobkax
{...} xak npu p=g,, TaK H HPH @=gq,, OyIET CKOJIb YTOIHO MAJI, H 3HAK
A ompeneuTcs 3HAKOM M EePBOT O TpexwieHa. TakuM o6pa3oM, B JIro-
Goit 61M30CTH OT paccMaTpHBaeMON TO4KH (X,, y,) — Ha Jyyax, oIpe-
JENSEMBIX YIJIAMU ¢ =@, H ¢ =@y, pa3HOCTb / OyIeT HMeTh 3HaAYEeHHMS IIpO-
THBOIOJIOKHBIX 3HaK0B. ClleToBATENBHO, B 3TOM TOYKE IKCTPEMyMa OBIThH
HE MOXET.
Ecmu a), =0, u nepsoiit Tpexwnen B ckobkax {...} cBemercs K

2a,, COS @ SIN @ + dyy SiN% @ =sin @ - (2a;, COS @ + Ay, SiN @),
1 @SN QT Ay P P 12 Gg SN @

TO, MOJB3YACH TEM, YTO HABEPHOE @y 0, MOXHO OIPENETHTDH YroJl ¢; =0
Tak, 4TO

|ae| [sin @] <2| s | - [cos .

Torma npu ¢ =@, H ¢ =@, = —@; YIOMAHYTHIX TpPEeXWIeH OYNET UMETHL IpPO-
THBOIIOJIOXHBIE 3HAKH, H PACCyXIEHHE 3aBEpLIAETCS, KaK M BHIIIE,

Hmax, ecau a,,ay, — a3y >0, mo 6 ucnvimyemoii cmayuonapunoi
mouke (x,, ¥,) Pyuxyus f(x, y) umeem skcmpemym, umenHo, cobcmeenibviii
markcumym npu a,<0 u cobcmeennviii Munumym npu a;>0.
Ecau snce a0y — a2, <0, mo sxcmpemyma nem.

B ciyuae xe a,,a, —al,=0 15 pelrenuss Bompoca NMPHXOMMTCS IPH-
BIICKATh BBICIIHE IPOU3BOIHBIE; 3TOT «COMHMTENBHBINY Clay4yai MBI OCTa-
BUM B CTOPOHE.

IIpumepsn. 1) MccieayeM Ha MakCHMyM MU MMHUMYM OyHKLHIO

x2 2
Z= —t— (p>0, ¢=0).
q

7’ X 7’ y
Ix=-—, Zy=—

p q
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Otcrona Cpasy BUAHM, YTO CJUHCTBEHHOW CTALIMOMAPHOK TOYKOH SBJIAETCA HAYAJIO
xoopaunat (0, 0).
Beuucnus ay,, a;, ¥ asy, NONYyIHM

an=—, a,=0, ap=—;
p

OTCIONa ay,a;; — al,>0. CnenoBatembHO, B Touke (0, 0) OYHKUMM z MMEET MMHUMYM;
BIIPOYEM, 3TO SCHO M HENOCPENCTBEHHO.

TeoMeTprueckuM oOOpa3oM Hameli ¢yHKIEE OGyneT 3 NIIHHOTHYECKH# 1 a-
pabonoun c BepIIHHOK B HAYANBHOM TOUXe (Cp. pHC. 93).

xz yz
2 z=—-— (p>0, g=>0);
2 2g q 5
x
Zy=—, zy=~- z.
q
U 37eck BEOMM, 4TO CTalMOHAPHOM TOYKO¥ sBNsercs (0, 0).
BeruucnsieM
1 1
an=—, a;=0, @ap=-—;

OTCIOfA a,d,,— a3, <0. ClienoBaTenbHO, IKCTpEMYMa HET.

T'eoMeTpUYecKH MBI 37IECh HMeEEM Oeiio ¢ runep6onuveckumM napabo-
J1 O M i OM, BepIIHHA KOTOPOro — B Havaje KOOPAWHAT.

3) z=)2+x% wm z=y2+x3;
B 060HX ClTy¥asx CTalHOHAPHOH siBysieTcA Touka (0, 0) U B Hel ay,a,,— ai,= 0.

Hanr xpuTepnii He JaeT OTBeTa; NIPH 3TOM, B NIEPBOM CIiydYae, KaK HEIOCPEACTBEHHO
BHJIHO, HAJIMIO MHHHMYM, a BO BTOPOM — 3KCTpeMyMa BOBCE HET.

3amMedanue. Pe3yrpTaTel HACTOsUIEro N° BIOCAEACTBUH [236] oka-
XYTCsI TECHO CBA3aHHBIMU C TEOMETPUYECKHM BOIIPOCOM O IIOBEACHHH KpH-
Bo#t BOMH3HM ee «ocoboity Toukw.

198. Moctarounbie ycioust (o0wmmii cay4ait). O6paTumcs Temeps X
paccMoTpenmio obmero cuydas. Ilycts dymkiwms f(x, x,, ..., X,) ompe-
JeNieHa, HEIPEPHIBHA H UMEET HENPEPHIBHBIE IPOU3BOMHBIE IEPBOI'O H BTO-
POro MOPSAAKOB B OKPECTHOCTU HEKOTOPOl CTANHOHAPHOM TOYKH
(x3, x3, ..., x%. Pasnaras pasHocTh

A= f(xX1, X35 ooy X)) = (33, X9, ..., X9)
mo ¢dopmyne Teits1opa, modyunM, Kak H BBILLE,
A= S {flhe A3+ g A3+t [ A2

F 21 Ay Axg 4 2 f g Ax Axy + L+ 21 s AXn 1A%} =
LS v AxA
=3 foexk' XiOX
k=1

rae Ax;=x;—x?; Npou3BOOHBIC BCE BHIYMCIEHBI B HEKOTOPOM TOYKE

(x+ 04x,, x3+04x,, ..., x3+604x,) (O<0<1).



198] § 5. OKCTPEMYMbI, HAMBOJIbIIUE 1 HAUMEHBUIVE 3HAYEHUA 423

BeeaeM M 37ech 3HAYEHUA

fllftxk(xg,xg’ ~"’x2)=aik (i’k=1’ 2’ "-,n)’ (6)
TaK 4TO
S +04x,, ..., x84+ 04x,) =ay, + oy *),
U
oy +0 mpu Ax, -0, ..., dx,~0. )

Tenepb HHTCPECYONUICE HAC BBIPAXCHHUE A MOXHO HamHcaTh B BHUOC

n n
A= %{ Z aikAx,-Axk + 2 a,-kAx,-Axk} . (8)
i, k=1 i, k=1

Ha mepBoM MecTe B CKOOKaxX 3/1€Ch CTOUT BTOpoOo i Nu b dbepenuman
¢bysaxkuyu f B paccMaTpHBaEMOH Touke; OH IpeCTaBisieT coboif omHo-
POIHBIA MHOTOWIEH BTOPOIl CTENEHH MM, KaK TOBODAT, Kéaopamu4Hyio
Popmy oT nepemennnix Ax,, ..., Ax,**). OT CBOHCTB 3TO# KBa-
IpaTHYHON GOPME, KaKk MH YBHIHUM, H 3aBUCHT Dpe-
HMeHHMEe HHTECPECYIONMEro Hac Bompoca.

B BhICIIEH anreOpe KBaApaTHYHYIO (GopMy

n
2 ]aikyiyk (an=ay) ©)
i, k=1
OT TEPEMEHHBIX )y, ..., Y, HA3BIBAIOT ONpeOeAeHHOU noaoHcumeasHoti (om-

puyameavtoti), €CIM OHA MMeeT NMOJNOXHTEeNbHBIe (OTpHIIa-
TeJbHBIE) 3HAUCHUS NPH BCEX 3HAYCHHUAX apryMEHTOB, HE PABHBIX OA-
HOBPEMEHHO Hym0. Tak, mampumep, dopma

6y3 + 5y + 145 + 4y, Y, — 8y, V5 — 29,y5

6ynmeT onpeneneHHON MOJOKUTENBEHOM, DTO CTAHOBUTCA ACHBIM, €CJIM Ipe/I-
CTaBUTH €€ B BHIE

(291 =393 + 200 + Yo + Y22 + 3(va — 1)

Msl HE MMEeM BO3MOXHOCTH BJABATLCS 3[I€Ch 10 3TOMY IOBOIY B
noapobrocTH. OrpanmuuMcs YIOMHHAHUEM o mprHamnexamem C u i b-
BecTpy (J. J. Sylvester) HeoOX0OUMOM M TOCTATOYHOM YCJIOBUH IS

*) SIcHO, uTO aji = ag;i (M X =ay).
**) Bropas cymMMa HMeEeT CXOAHBIH BHJA, HO B Hel U XKO3bQMIMEHTH CaMH CYTh
(DYHKIUH OT TeX Xe NEePEMEHHBIX.
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Toro, 4ToOml popma (9) Gbina onpemencHHol M MOJOXHATENbHOMH. OHO BEI-
PaxaeTcs IENMbIO HEPABEHCTB:

ay Q... ay,
o1 Gy ... Gy >0 *).

a4 G Gy
>0, ay y Gpy >0, ceey
a3 Gy 4y

a; Gy

Qo ax

a;; >0,

anl an2 .. ann

Tak kax ompenescHHAS OTPULATENBHAN (GopMa ¢ MIMEHEHMEM 3HAKA
BCEX €¢ WICHOB MEPEXOJHT B ONPENEIICHHYIO IOJOKHTENbHYIO, B 06paTHO,
TO OTCIOZA JIETKO HAWTH M XapaKTEPHCTHKY OTPHIATENbHON (GOPMBL OoHA
JacTcA LENMbIO HEPABEHCTB, KOTOpas IOJIYy4aeTCs M3 HANMHNCAHHOM BHILIE
M3MEHCHNEM CMBIC/IA HEPABEHCTB Yepe3 O AHO (HAYMHAS C MEPBOTO).

Ionb3ysck 3THMK NORATHAMH, CHOPMYIIHPYEM TOCTATOYHBIE IIS CYIIE-
CTBOBAHUA IKCTPEMyMa YCJIOBHSL:

Ecau emopoii oupdepenyuan, m. e. xeadpamuunas @opma

ai,‘Ax,-Axk (10)

n
ik=1

co suauenuamu (6) xoafduyuenmos oxasvieaemca onpedeseHHO il

nosoxxumeavnoti (ompuyameavHoil) @popmoil, mo & ucnvl-

myemoii mouxe (x3, ..., x3) 6ydem cobcmeennviit munumym (MaKcumym).
J1a mokasaTenbCcTBA, BBEAEM DACCTOSHHE

e=VaAx2+ ... +Ax2

Mexay Toukamu (X7, ..., x3) M (%3, ..., X,). Bemocst B (8) 3a ckobky g2
U noJjiaras

Ax; :
{l=§i (l_—'l, 2, .oy n),

NIEPENUNIIEM BBIDAXCHUC OJIs Vil:! BHIC

A= 92—2 { zafk&'&k + élaikEiEIr} . (1n

i k=

*) OGpamaeM BHHMaHHE HA TO, YTO “WIeH C y;yy (i = k) BCcTpeyaerca B cymme (9)
ABAXIBI, TaK UTO Qjg=ay; €CTb N O OBUH A KodhduuuenTa npH y;yi. Hna Hamero
NPEMEPa YCJIOBHE JIETKO TIPOBEPSAETCH, €C/IH y4eCTh, YTO

ap=6, an=5 ay=14,

ap=an=2, ap=an=-4, ag=a,_=-1.
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Yucna §; 3apa3 He 00paImawoTCs B HyJIb, MO3TOMY, eciu (Gopma (10) —
MOJOXHUTENbHAdA, IepBags cymMmmMa B ckobOkax B dopmyne (11)
HMEeT BCerla IOJIOKUTENbHbI 3HaK. Boipllie TOoro, Tak Kak

_=2n1£?=1, (12)

TO HAHWJETCSd TaKoe MOCTOSHHOE HMOJOXHUTEJNbHOE YHCIO M, YTO
IIPH BCeX BO3MOXHBIX 3HaueHusx §; Gynet

n

a,-kE,Ek,»m.
k=1
HeiicTBUTEeNIbHO, 3Ta CyMMa IIPEICTABJISAET HENPEPHIBHYIO (YHKIMIO OT
apryMenToB &; Bo BCEM MPOCTPAHCTBE, B YACTHOCTH X€ — M B MHOXe-
ctBe e# Tex Touek (&, ...,%,), KOTOpHIE YOOBJIETBOPSIOT COOTHOIIECHHIO
(12) («cihepuueckas moBepxHOCTEY). Ho MHOXECTBO 3T0, KAK HETPYIHO BH-
JI€Th, 3aMKHYTO, T. €. COJIEPXHT BCE CBOM TOYKH CTYILCHHS; a TOT[a, IO
TeopeMe BeidiepmTpacca [173, cM. 3ameuanie mocjie ec OoKasa-
TeJbCTBA], HA3BaHHAA CyMMa OyJeT UMeTh Be# U HaMMEH b Ul € € 3Ha-
YeHHe M, HeOOXOAMMO ITOJIOKUTEIbHOe (KK M BCe ee 3HAYEeHUA B oX).

C npyroit croponsl, BBuay (7) Bropas cymma B (11) mns moctaTouHo
MaJIbIX Q, OYEBHAHO, OynmeT mo abCONIOTHOW BEJHYMHE yXKe MEHbLIE m,
TaK 9TO BCA CKoOKa OkaxeTci MOJTOXHTeNbHo . Hrak, B mocra-

ToyHo Mauloil cdepe, ¢ HenTpoM B Touke (x?, ..., x9), pasnmocts 4 Oymer
MOJIOXKHTENBHA, OTKYIa M SBCTBYET, YTO B HA3BAHHOM Touke (YHKIUA
S(x;5 - .., X,) MMeeT COOCTBEHHBIH MHHHMYM.

AHaJIOTMYHO UCYEPIIBIBACTCA U cyvaif, korna ¢opma (10) 6yner ompe-
JIEJICHHOW, HO OTPHILATEJ b H O i.

199. Venosust orcyrcerBus dxcrpemyma, Kaaparuunas ¢opma (9)
Ha3BIBACTCA HeomnpedeaeHHOU, €CIA OHA CIOoCOOHA NPHHMMATH 3HAYEHHS
OPOTUBOMOINOXHB X 3HaKoB. TakoBa, Hampumep, dopma

6+ Y3+ Y3+ 8y, ¥0 — 8y V3 — 2¥a 5.

HelcTBUTENBHO, HANIPUMED, €€ 3HAYCHHEe PaBHO +6 mpH y;=1, y,=y;=0
u —1mpu y;=1, y,= -1, y;=0.

Temepe MBI MOXEM MONOJHUTEL JOKA3AHHOE B YIPEABIAYILEM N° NpES-
JIOXKEHUE CIIEOYIOINM 00pa3oM:

Ecau xeadpamuunan gopma (10) 6ydem neonpedesennoii, mo
6 ucneimyemoii mouke (X3, ..., x%) zasedomo nem sxcmpemyma.

Iycrs npu Ax;=h; (i=1,2, ...,n) dopma (10) NPUHHMAET ITOJIOKH-
TEJILHOE 3HAYCHHUE:

21(1[;(/1,'/7,( >0, (13)

l, k=



426 TJ1. V. ®VHKLIUM HECKOJIBKMX INEPEMEHHBIX [199

anpu Ax;=h; (i=1,2, ..., n) — oTpUIATEILHOE:

aikgi;l-c <0.
1

G

i
ITonoxuM cHavaja

Ax;=ht upu t=0 (i=1,2,...,n),

YTO OTBEYAET IMEPEABIXCHHIO BIOJIb M O M P A M 0 i, COeTUEAIOMIEH TOYKH
G, . X a(x+hy, ..., x8+h,). Torna, Bemocs B (8) 3a ckobku £2, mo-
JIyqaeM IS 3TOro ciiydas

12 n n
4= 7{ 2 uhhe+ > “ikhihk}-
=1 =1

ITepBas cymMa B CKOOKax €CTb ONMPEACTEHHOE HNOJOXHUTE Jb-
Hoe gucno, BBHAy (13). UTo Xe kacaeTcs BTOpPOH CYMMEI, TO ee Ko3d-
¢dumuenTs! crpemsites k 0 mpu ¢ +0, uOo mpu 3TOM, OYeBHLHO, H Bce Ax; 0.
3HaYNT, NpH JOCTATOYHO MAJIOM f, BHIpAXeHHEe B (QHUIYpHBEIX CKoOkax (a
C HUM H BCA Pa3s’HOCTb /) CTAHOBHTCE MOJOXHTEILHEIM, T. €. B
TOYKAX YIOMSHYTOH BBILIE NPSMOl, HOCTaTO4YHO Omm3kux K (X, ..., x9),

Oymet
SCeys s X)) =G, ..o, XD).
C mpyroit xe CTOPOHBI, €CIIH B3ATh
Ax;=ht upm t=0 (i=1,2,...,n),

T. €. HEepeIBUrarbCi BAOJbL JpYrOodl HpsAMOH, COCOUHSAIOHMIEH TOUYKY

2, ..., x9 ¢ Toukoit (x2+4h;,...,x24+h,), To B ee TodUkax, AOCTATOY-
HO Gymmskux x (x?, ...,x%) (T.e. OTBEYArOWMX HOCTATOYHO MAJIOMY 1),
OKaXeTCst

f(xl, ---9xn)<f(xg’ .. -axg)-

OTuM Hoka3aHo, YTO B HCHBITYEMOH TOYKEe HE MOXET OHITH HH Mak-
CHMyMa, HH MHHUMYyMa.

MoxeT cmyunThes, yTo dopma (9), me Gymyun crrocoOHA HPHHUMATH
3HAaYeHHS D a3 HBIX 3HAKOB, BCE XK€ HE SABJISCTCA OUpPEHCICHHOH, MO0
obpamaercs B 0 He TOJBKO IIPH HYJIEBBIX 3HAYCHHSIX ApIyMEHTOB: B 5TOM
cirydae (GopMy HA3BIBAIOT nOAyonpedesenHoil. DT0 OTHOCHTCS, HAIPHMED,
K dopme:

W+VE+ Y3+ 21V + 20175+ 200 y3 =1+ Yot ¥9)%

OTPHUIATENILHBIX 3HAYEHHH OHA HE IPUHUMAET, HO B 0 ofpamniaercs BCIkuit
pas, kKorma
N1+ Ye+y3=0,

1
CKAKEM, TIPH 1=, =5 H Y= ~1.
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Cny4aii, xorna gopma (10) oxkaspiBaeTcs NONYyONpeAEIEHHO i,
€CTh «COMHMTENBHBL ciydall. B 3aBUCHMOCTH OT IOBENCHHMS BBICLIMX
TPOU3BOJHBIX, B 3TOM CJIy4ae MOXET OBITh 9KCTPEMYM, MOXET €r0 U He
ObITh. B 4aCTHOCTH, BBICUINE TPOU3BOJHBIE JOJDKHEL OBITH IIPUBJICUCHEL
H TOTJa, KOrjJa Bce NPOU3BOMAHBIC BTOPOTO IOPSOKA B MCIBITYEMOM TOYKE
obpauarores B 0.

HccnemoBaHueM «COMHMTEIBHOIOY CIIyYash MBI 3aHMMATLCA HE OyIeM.

3ameuanue. 1 ¢ynknuu f(x) omHoil mepemenHoit dopma (10)
CBOJIUTCS K OJHOMY 'WICHY

S (x) - AX,

rae X, — HCOBITyeMas Touka. OTa «(popmas, OYEBHIHO, ABIAETCA OMpe-
JEeIeHHON — MOJOXUTEIbHOMH IpH f'(x,) >0 1 oTpunaTenbHol npu f'(x,) <
<0. TakmM o6pa3om, mpusuak n° 137 ecTp YacTHBIA CiIyyail M3JIOXKEH-
Horo B 198.

Ilepexons x ciydaro ¢yHKum# f(x, y) IBYX INEPEMEHHBIX, 3aMETHM,
YTO M pe3ynbTaT n° 197 Taxxke COmepX UTCA B TOM, YTO OBUIO YCTAHOBJIEHO
B 198 u 199. Jlerko ycMoTpeTh, yTo HomyTHo B 197 GBLTO MOKa3aHO, 4TO
dhopma

a Ax2 + 2a,4x Ay + aAy?

B CIIy4ae, €CIIU a0y — G2 >0, OyHeT onpemeie HH O I (IIOJOKUTETD-
HOH IpH @y, >0 U OTPUIATENLHOR NPH g,y <0), B ciydae xe, eClu a;,dy, —
~a%<0,~ HeomnpemeseHHO .

200. Hanboubiee n HauMensmiee 3uavenust yaxunn. Ilpumepsr. IlycTs
obyukunsa u=f(x;, X, ..., X,) OIpeIeJeHA W HENPEPLIBHA B HEKOTOPOMH
OTPAUHYEHHOMW 3aMKHYTOMN o0ONacTH & M, 33 MCKIIOYEHHEM,
OBITH MOXET, OTHEJIbHBIX TOYCK, MMEET B ITOi 06NacTH KOHEYHEBIE 4acT-
Hble npousBoguble. ITo Teopeme BeliepuiTtpacca [173], B 3TOM 06-
jactH Haiimercs Touka (x,x3, ..., x9), B xoTopoit GyHkmus momyyaeT
Haubonbuee (HaMMeHbUICE) W3 BCeX 3HaveHuid. EciaM Touka
(x?,x%, ..., x%) #exur BHYyTpPpHU obnactu @), To B Heit QyHKIHSA, Ode-
BHIHO, UMeeT MaKCHMyM (MUHHMYM), TAK YTO B 3TOM CJIy4ae MHTEPECYIO-
ujas HAC TOYKAa HABEPHOE COJEPKUTCH CPEOH «ITOJO3PUTEIIBHBIX» IO IKC-
TpeMyMy Touek. OIHAKO CBOEro HanOOJbLIEro (HAHMEHBLIEr0) 3HAYCHHUS
GYHKIAA ¥ MOXET JOCTHraTh H Ha rpanmne obnactu. Ilostomy, d14 mozo
umobol naiimu nauboavuwice (Haumenvwiee) 3Hauenue gyukyuu u=f(x,, ...
.1y Xp) 6 0O2GCHIU &) HYHCHO HATIMU 6Ce BHYMPEHIIUe MOYKU, <MOO03PUMENb-
1ble» o 3KCMpemymy, 6blHUCAUMb 3HAUEHUA GYHKYUU 6 HUX U CPAGHUMD
€O 3HaUeHUAMYU PYHKYUU 8 NO2DAHUYHBIX MOoYKax obaacmu: naubosvuiee (Hau-
MeHbuiee) u3z >mux 3Havenuii u 6ydem Haubosvwum (HaumeHvwuM) 3HAUE-
nuem @yHryun 60 6ceil ob.aacmu.

IToscHuM cka3aHHOE NMpPHMEpaMHu.
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1) NycTb Tpebyercs HaliTy HanGoOJNbINEE 3HAYEHUE (DYHKLUH
u=sin x-sin y ~sin(x+y)

B TPEYroOjIbHHKE, OTDAaHUYEHHOM OCHIO X, OCBKO y H NpsAMO0 x+y=2z (puc. 106).
Nmeem
uy=cos x—cos (x+y), up=cosy—cos (x+y).

BHYyTpu ob6nacth npousBoauble 0oOpamalOTCs B HyJdb B COMHCTBCHHOM TOYKE

2 2% 33
4 3 3 B KOTOpO# u=—2— . Tak xakx Ha rpanuue
Z
obnacTy, T. €. Ha npsaMeix x=0, y=0 ¥ x+y=27%, Hama
a3 dynkupa pasHa 0, TO, OYEBHAHO, HAl[EHHAS BBHIIC TOYKA
‘9\ 2n 2n
S (? . ?) H [OCTaBIsAeT (QYHKOWM HAUOOJIbIEE 3HAYCHHE.

V4

2) Haiitu Haubonemee 1 HaWMEHBIEE 3HAYEHHS (QYHK-
nHu
g o L u=atx?+ b2+ c%z?% - (ax?+ by* + cz?)?

Pnc. 106. TMpH YCJIOBHH, YTO IEPEMEHHBIE X, y, Z CBS3aHBl 3aBHCH-
MOCTBIO Xx2+432+22=1 (M a>b>c>0). Onpenenns OTCIOAA
z% H TOJCTaBHB €ro BHIPAXKEHHE B K, TIPAAEM K (YHKIHH

u=(@-c)x?+ (- )yt +c2—[(a- )2+ (b-c)y* +c?

OT ABYX HE3aBHCHMBIX NEPEMEHHEIX X, ¥ B Kpyre x2+)%=1.
INpoussonHbEe

ux=2x(a-c) {(a+c)—2[(a- )x2+(b— )y +cl}
uy=2y(b - c) {(b+¢) - 2[(@— )x?+ (b - )y +cl}

OIHOBPEMEHHO OOpamIaloTCs B HY/Ab B TOYKAX

1) x=y=0 (u=0), (2 x;O, y= :té(u=l(b—c)2)
yz2t 4

1 1
3)x=%+—, y=0 (u=—(a~c)2).
Vj 4

Temeph HaIIEKHMT OOPATUTBCA K rpanuue O6MacTd, T. €. K OKPYXHOCTH x24y2=1,
Onpegensis 0TCI0Oa »? M MOACTABISAA €r0 BHIPAXCHHE B u, NOJYYMM (YHKUMIO ONHOR
OEPEMEHHOH X

u=(a*-b)x*+b*~ [(a— b)x* + b}

B npoMexyTke [~ 1, 1]. BHyTpH 3TOro npoMexyTKa HpOH3BOAHAS

uy=2(a— b)*x(1 - 2x2)
ofpamaercs B Hyab IIpU

4) x=0 w=0) n (5) x= :E»V_l—i (u»;-zlt—(a—b)z).

HakoHel, BCOMHMM O KOHIIAX PAcCMaTPHBAEMOrO MPOMEKYTKA
©) x=t1 (u=0).

Wrak, nognexar CPAaBHCHHIO 3HAYCHMA

1 1 1
u=0; Z(b—c)z; Z(a—c)’; —4—(a—b)2;
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1
M3 HMX HamMeHbInuM Oynet 0, a HanbGonbmmuM 7 (a—c)®. D10 1 OyayT UCKOMEBIE Hau-

MeHbIIIee U HAuGONbIIee 3HAYCHWS (YHKIMH, KOTODBIE OCTHIAOTCS, COOTBETCTBEHHO,
B TOYKAX
0,0, £1), (O, £1,0, (+1,0,0

(ILZ 0, Wli)'

Boo0ine, B ciyyae QyHKIMA IBYX NepeMeHHBIX i = f(x, y), 061acth 0ObIYHO OKa3bi-
BAeTCs OrPAHMYEHHOM K P U B 010 (M/IH HECKOJIBKMMI KPUBBIMH). Brosb 3TO# KpHBOit
(M KaXxnoi M3 KPUBBIX, €CJIM MX HECKOJIBKO) IIepeMeHHbIe X, y Tu00 3aBHCAT OOHA OT
npyro#t, mu6o obe 3aBHCAT OT OJHOTO HapamMeTpa, Tak YTO Ha TpaHHUI € Hama
dyaximua 1= f(x, y) OKa3bIBa€TCA 3aBUCAILEH OT O N HOH nepemem{oﬁ, U ee Hau-
Oonpinee (HAaUMEHbIIEE) 3HAUYCHHE HAXOMMTCH YXKE Meronamu n° 139. Ecnu, ckaxem,
KpHMBas 3a/1aHa MapaMETPHYECKUMH yPaBHEHUIMU:

H

x=¢(t), y=p),

TIe f U3MEHAETCS B IPOMEXYTKe [/g, T), TO Ha 9TOIl KpHBO#i Hama dyHkuun Oynet (Cnok-
HOU) dyHKUHEH OT ¢:
u=f(g(t), y (1)),

JUIA XOTOPO# HauboJIbinee (HAMMEHbLIIEeE) 3HAYCHUE HAHTH MBI YMEeM.
3) Haittu HanGonbniee 3Ha4YE€HUE IS NPOH3BEACHUS

u=xyzt

HEOTPHUIATEILHLIX YHCEN X, ), Z, !, IIPH YCJIOBHH, 4TO CyMMa HX COXDaHsSET NOCTOSH-
HYIO BEJIUYHHY:
x+y+z+t=4c.

IMokaxemM, uTo Haubonbliee NSt u 3HAYEHWE HMOJYYMTCS, KOTAA MHOXHTEIM BCC
pPaBHBl, X=y=z=f=c %),
Onpenenns f U3 HAHHOTO YC/IOBHS: [=4c—x—V—2z, NOACTABUM B I 3TO BhHIpa-
JKEHHE:
u=xyz(4c—x—y-z).

Mpb1 umeeMm 31aech QYHKIMIO OT TPEX HC3a BU CHM Bl X TEPEMEHHBIX X, , Z, B TPeX-
MepHO 06J1aCTH, OIpeneaeMOoil YCIIOBEIMH

=0, y=0, z=0, x+y+z=dc.

T'eoMeTpuyecku 3Ta 00JIACTH MPEACTABISAETCA B BHIE TEeTpae AP a, OrPAHUYEHHOTO
WIOCKOCTSIMH X =0, y=0, z=0, x+y+z=4c.
BrluuciisieM NPOK3BOAHBIE M IPUPABHMBAEM MX HYJIIO:

du ou
—~=yz(dc-2x—-y—2)=0, —=zx(dc—x-2y-2)=0,
ox oy

du

—=xy(dc—-x-y—-22)=0.

dz

BHyTpu o0nactu ypaBHEHMS 3TH YHOBJIETBOPSIOTCHA JIHIIL B TOYKE X=y=2z=C¢,
B KOoTOpo#l u= ¢4, Tak xaxk Ha rpaHuue obnacti =0, To B HalneHHO! TouKe, JEeHCTBU-
TENbHO, HOCTUIAeTCsA s (YyHKIMH HauboJibLIee 3HAYECHHUE.

*) Mbl mvie Ol OOPENEIeHHOCTH B3SUIM MMCJI0 COMHOMXHTENEH PABHBIM YETHIPEM;
pe3ynbTaT OyIneT TOT XKe IS JH00ro yucia COMHONUTENCH.
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VTBepxpenye Hale Joka3aHo (H00 mpH x=y=2z=c Takxke ¥ t=c) *).

Boobmie, B cmyyae QyHKIEA Tpex mepeMEHHBIX 4= f(X, y, z) OOJACTb OTpAHHYH-
BAeTCA MOBEPXHOCTHIO (WM PANOM MOBEPXHOCTel). BHONB Tako# HOBEPXHOCTH mepe-
MEHHBIE X, ¥, Z 3aBUCAT yX€ OT A BYX NApaMeTPOB (MMM MOTYT C/TyXHTb M [IBE U3
3THX NEPEMEHHBIX, KaK, HaOpuMep, TOJbKO 9T0: z=4c—x—y). Torna u ¢yHknus u
6ymeTr 3aBHCETH TOJIBKO OT A BY X DApaMeTPOB, TaK YTO ONpPEAECACHHE HAUOONBHIEro
(Ha¥MEHBIIETO) 3HAYCHUS €€ Ha TpaHule ABIseTcs yxe Gosee NpOCToH 3anauei, 0 KOTO-
poi#t mna peys Bbime. U 1. 1.

Ecnu dynxuus u= f(x,, X, « ., Xn) 330aHAANIL B OTKPBHITOM (MM HEOT P a-

HUYeHHOH) obmactu O, TO yxe Helb3s 3apaHee yTBEPKOATD, YTO OHA MOCTHIAET
B 06yacTH cBoero Haubonbmero (HamMeHbIIEro) 3HayeHrs. TeM He MeHee Takoe 3Haye-
HHE B OTACNBHBIX CIyYasX MOXET H CyHIeCTBOBATb; Mbl IIOSICHEM Ha NpUMeEpE, KaK B
3TOM MOXHO YAOCTOBEPUTHCA.

4) HaifTy HauMeHbIIEe 3HaYEHHE OJIA CYMMBI

u=x+yt+z+t

HDOJIOXHTEBHBIX YHCEN X, ¥, z, ¢, TIPH YCIIOBHHM, 4TO NPOU3BEJICHWE HX COXPAHSET NO-

CTOSHHAYO BEJMYHHY
xyzt=ct.

IlokaxeM, 4YTO HauUMeHbIee 3HAYECHHWE NS 4 UOJYYHMTCSA, KOTAR CNAraemble BCE
paBHBL x=y=2z={=c*¥%),
cd
OnpenenumM f: t =—— , IOACTABHM 3TO BBIDAXKEHUE B I
xyz

cd
u=x+y+z+—.
xyz
HaM HyXHO OTHICKATh HAHMMEHBIIEC 3HAYEHME I 3TOM (QYHKUMM TPEX NEPEMEHHEBIX
X, ¥, z, B 0b6macTy, onpefcnseMoi HepaBeHCTBaMH x>0, y>0, z>0, T. €. B IEPBOM
KOODIHHATHOM OKTaHTE, OTKPHITOM M Ge3rpaHM4YHOM,
ITonpo6yeM DPHMEHHTh NPEKHMI METOA: ecnM B 00JIaCTH €CTh TOYKa, e Hama
(yHKUHAS AOCTHUTacT HAaMMEHBIIETO 3HAYEHHS, TO 9T TOYKA, KaK M IPEXAE, OOJDKHA
OBITH B 4MCiIe cTanHOHAPHBIX. IMeeM

ot ot
ug=1-—=0, wuj=1-—=0
X Py y Py s
x2yz xy’z
cd
wy=1—-—=0;
xyz?

OTCIOJIAa X =y =_z=¢, YeMY OTBEYAET ! = ¢; IIPH 3TOM U = 4c¢.

Kak Teneps npoBepuThb, YTO 3TO 3HAYEHWE, ACHCTBHTENLHO, OYJET HA MM € H b-
o1 um?

SlcHO, 9T0 pH NPUOIMXEHUH K NOIPAaHUYHBIM IUIOCKOCTAM x =0, y=0, z= 0, paBHO
KaK U 1p¥ yjnaneHuu B OeCKOHEYHOCTh, Bama GYHKUMA 4 GeCkOHEYHO BospacraeT. Haii-
JCHHYIO TOYKY MOXHO OKDYXHTb KyOoM [¢, E; ¢, E; ¢, E], B3sB E >0 nacroanxo 60ib-
WuM, a € >0 HaCTONIBKO MaJIbIM, YTOOBI BHE 3TOrO Xy0a ¥ Ha €T0 HOBEPXHOCTH

*) U3 cka3aHHOTO CHEIYeT, YTO OPOH3BEACHUE MONIOXKUTEIBHBIX 4HMCEN Xyzf, CyMMa
KOTOpPBIX paBHA 4¢, HE NPEBOCXOAMT ¢*, TaK 4YTO

y x+y+z+t
xXyzt<=¢c= —— |
4
T. € CpeaHee TeOMEeTpHYECKOEC HE ONPEBOCXOXAHUT CPEOAHErO
apudPMeEeTHUYECKOT 0. DTOT pe3ynbTart, CIPABEAJIUBBIA 1UId JNFO0Oro KOIMYECTBA
paccMaTpHBaeMBIX YHCeN, HaM yxe ussecten [133 (4a)].
**) M 31eCh 9HCIO ClaraeMbIX MOXET OBITh JHOGBIM (CP. CHOCKY Ha IPEAbLAYLIEH

CTPaHHUIE).
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65110 # >4¢. Ho B Ky0e, Kak B 3aMKHYTOH ¥ OTPaHWYCHHOM 001acTH, QYHKIUS # JOJDKHA
MMETh HaUMEeHbIIIee 3HAYCHHE, TeNephb yXKe SICHO, YTO 3TO 3HAUYEHHE NOCTUTAETC UMEHHO
B Hali/lecHHO# BBONE TOYKE K 4TO OHO OylneT HauMEHBINNUM U IS BCEH IepBOHaYaJIEHOH
obnacrw, 4. u Tp. I.

3amevyanue. B npumepax 1), 3), 4) BHyTpH paccMaTpuBaeMoii obnactu cymie-
CTBOBAJia O Ha JHLIL «OJO3PUTENbHAA» TOYKa. MOXHO Obls1o GBI yOOCTOBEPUTHCH,
YTO B HeMl Hanmno MakcumyM (WM MHHUMyM). OOHAaKO — B OTJIMYHE OT TOrO, 4YTO
ObITIO OTMEYEHO AJist CiIy4asi GYHKIMM OOHOM mepeMeHHOH [cM. 3amevaHue B 139] —
30ech U3 3M0o20 00HO20 Heab3A 6bla0 Obl cOeAQmb 3aKAIOUEHUE, YMO Mbl UMeem 0el0 C
nauboavwum (Haumenbswum 3nayeruem Gynkyuu 8 obaacmu.

Crnenyromuii MpocToil mpuMep NOKAa3bIBAET, YTO MONOOHOE 3aKIIOYEHHE B IeH-
CTBUTEJILHOCTU MOXET IPUBECTH K HEBEPDHOMY pe3yjbTaTy. PaccMOTpMM B mpAMO-
yrompHuke [—S5,5; —1,1] dyHkumo

u=x3-4x*42xy—y*.
Ee npousBoamnbie
up=3x2--8x+2y, uy=2x-2y

B mpeJZlenax ob6nactd obpawarorcs B Hylb jumb B Toyke (0, 0). Kak nerko ybenutbes
C NOMOIIBIO Kputepus n° 197, B Helt (yHKUMS mMeeT MaKCcHMyM (paBusii 0).
Onuako, 3HaveHue 3TO He Oymer HauOonbmuM B obmacte, nubo, Hampumep, B
Touke (5, 0) dynknust u=25.

BcenenctBue 3TOro, B Ciydae (YHKIMH HECKOJILKHX
MEPEMEHHEBIX, — IPHU Pa3bICKaHWM HAaUOOJIbINETO WM HaH-
MEHBILETO 3HAYeHust PyHKumu B 00acTH -- HcciienoBa-
HHE HA MAaKCUMyM H MHUHHMMYM OKa3bIBAeTCsl MPAKTAYECKH
HEHY X HBIM.

201. 3agaus. MHoTuE 3azavyM — Kak H3 obnactu
MaTeMAaTHKH, TaK M U3 Opyrux objacTeif HayKM M Tex-
HUKH — OPHUBOJASAT K BOIPOCY O HAXOXJIeHMM HaunOonb-
LIero MJM HaNMMCHBLIETO 3HAYEHWS! HEKOTOPOH (yHKIMU.

Peienue 3amauy 1)—4) cps3aHO C yxe pacCMOTPEH-
HBIMU B IpeAbinylieM n° IpuMepaMi., Puc. 107

1) Cpeay BCcex BINMCAHHBIX B JAHHBIA Kpyr paamyca : ’

R TpeyrojbHUKOB HAMTH TOT, IUIOMAAs KOTOPOTO HaW-
Gonsmas (puc. 107).

Eciu 4epe3 X, y, z 0G03HAYUTH LERTPANbHBIE YIJIbl, OUMPAIOIIMECH HA CTOPOHBI

TPEYroJIbHHKA, TO OHU CBSI3aHBI 3aBUCHMOCTbHIO

x+y+z=2n,
OTKyZna
z=2n—-Xx—J.

IInomane TpeyroJbHUKa P 4epe3 HUX BBIPAXKAETCS TaK:
1 . 1 . 1 . 1 . . .
P=E R?.sin x+-2— R2.sin y+5 R?%.sinz= ERz- [sin x +sin y —sin (x + y)].

O6nacTh W3MEHEHHs MEPEMEHHBIX X M Y 31eCh ompeaensiercs ycnopuamu: x=0, y=0,
X+ y=<2n. HyXHO HalTH Te 3HAYEHHS NEPEMEHHBIX, KOTOPbIE COOOINAIOT BBIPAXKEHUIO
B CKOOKax HauQONbINYIO BEJIMYHEY.

2n 2n
Mst yxe 3Haem [200, npumep 1)], uTO 3710 OyOyT X= y=-§, TaK 4YTO M z=—§-:

[MOJTy4aeTcs PAaBHOCTOPOHHHMH TPEYrONbHHK.
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2) Cpenu BceX TPEYTOJILHEKOB AAHHOTO NEPHMETPa 2p HAUTH TOT, MIOmMAmb KOTO-
poro P HawGoimbnias.
Ilycts x, y, z 0O3HAYAIOT CTOPOHBI TPEYTOMbHEKA; Toraa mo dopmynme Cepowna

P=1plp-x@-y)p-2).

Moxuo 6bu10 681, IOACTABHB CIoAa z=2p— x — y, Opeobpa3osaTh P X BHAY

P=Ypp-x)p-»x+y—p)

M HMCKaTb Haubonbllee 3HaueHME >TOM QYHEKIMH B TPeyrojbHOK 06IacTH, 0 KOTOpO
yxke 6bl1a peus B 160, 6).

Mbl mocTynuM HWHadwe: 3aJaya CBOIMTCA K HAXOXACHHIO HAWGOINBIIEr0 3HAYEHHS
A7 IPOM3BENEHUA MOJIOXHTENBHLIX YHCEN

u=(p-x)(p-»)(»-2)
~ OpPH YCIIOBHH, YTO HX CyMMa MOCTOSHHA:
(P-x)+@-y)+(p-2)=3p-2p=p.

A MsI yxe 3HaeM [200, npaMep 3)], 4TO IS 3TOTO BCE MHOXKHATENH JOJDKHBI GbITh PABHEI,

-P
TaK 4YTO X=y=z= 3" CHoBa moJryqaeTci PaBHOCTOPOHHMH TpPEyrONbHHK.
3) Cpeny BOHCAHHBIX B JAHHBIH 3JUIHICOHL

x2 oy 22
atpta!

OPSMOYTONbHLIX HapasulelenunesoB (C peSpamu, Napa/UIENbHBIME OCAM €ro) HalTH
TOT, KOTOPBI MMeeT HaHOOIbIIHiX 00BEM.

Ecnu uepes x, y, z 0603HAYHTL KOOPIMHATHI TOX M3 BEPIIMH, KOTOpAs IIEKHAT B
IEPBOM KOODAMHATHOM TPEXTDAaHHOM Yrie, TO 00beM v = 8xyz. BMecTo v MOXHO pac-
CMOTPETh BeTHYMHY

2 x2 y2 22
“eEbe @ B
HOO OHH, OYEBHIHO, NOCTHIAIOT CBOMX HAMOONBINAX 3HAYCHHUH [pU OJHAX M TeX XK€
X, , z. ITo OTHOIMEHUFO XK€ K 4 BOIPOC CHOBA IPHBOAUTCA K IPAMEPY 3) MpeARIAYmEro n®,
Omeem:
x2 2 22 | a b c
—=—=—=— TaK YTO X=—y, Yy=—o z=—",

a b ¢ 3 3 V3 13
4) ITpeanonoxuM, 4TO KaKOH-HHOYZB ra3 (HampEMep, BO3AyX) CXHAMAeTcs B I O p-
IIHEBOM KOMIpPECCODE OT aTMOCHECpPHOro IABICHAS p, AO AABICHHUS p > P,
Pabora, 3aTpaunBaeMas IIpH 3TOM HA CXaTHE 1 MOJIA ra3a, BHIDA3HTCSH TaK:
y—1

k4
A=RT, - (f-) -1{;
y—11\p,

3aech R ecTh «razoBas nocTosiHHag», T, — abcomoTHas TeMuepaTypa rasa OO CXaTuf,
a Y ecTh HeKOTOpoe umciio (>1), 3aBuCAmEe OT KOHCTPYKUHH kKoMIpeccopa. Pa6Gora
A, OYeBHAHO, TEM MECHBINE, Y€M MEHBINE HayanbHasd Temmepatypa T,. Ilpm Gombimmx
CTeneHAX CXaTus, KOTJa SKOHOMMS B 3aTpaumBaeMoili paboTe mpeacTaBisieT BAXHOCTB,
pa3buBaloT Bech MPOLECC CEATHA HA HECKOJILKO CTyNEHEH, B IPOMEXYTKax mojaBepras
CXaThIi (M HarpeBaroIuiics BMECTE C TEM) Ta3 — OXJIAXIAECHUIO.
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IlycTh, Hampumep, Mbl HMeeM TPEXCTYNEHYATHH KOMIOpeccop ¢
ABYMA IIPOMEXKYTOYHBIMH XOJIOOHIPHAKAMH, B KOTOPBIX TEMIEPATypa AOBOLATCH CHOBA
o T,. Ecmu o6o3raumTh yepes p; u Do DABNECHHA B KOHLiE NEPBOM M BTOPOIi CTymeHei,
To obmas paboTa CXaTHA Tenepb OymeT

r—1 y—1 r—1

y y Ty
a-rT,. 2 (’i) 1+ (’i) 1 (") _1f.
y—11Lp, )2} 23

Torna BO3HMKAeT BONPOC, KaK IPH 3aJAHHBIX Pos P, Ty BEIOpPaTh MPOMEXYTOYHEIE
ZABJICHAA py K p; C TAKMM DpacdeToM, 4ToOBl BeJIMYKHA 3aTPAuMBAaEMOU paboTHI Gbuta
HAMMERbIIEH.

Ecmi 0T6POCHTh HOCTOSHHEIX MHOXKHMTENb M TOCTOSHHDBIE craraeMsle, KOTODbIE
HE BIHAIOT Ha HCKOMBIC BENAYMHBL Py M Py, TO HEJO CBEETCS K MCCIICHOBAHMIO BbIpa-
KEHUst

y—1 y—1 y-1

)

y—1 -1 y—1 y—1

M I
§2) 1 V2 D
COXpaHsACT IOCTOSHHYIO BCJMYMHY, TO, BOCHOJB30BABIIECH IPUMEPOM 4), 200, cpasy

BHAMM, YTO CYMMA U AOCTHraeT CBOEr0 HaMMEHLIIEro 3HaYeHHs TOrga, Korga Bce Clia-
TraeMbl€ paBHBI:

Tak xax nmpoumsnenenwe

=1yl oy
GG -6)
Do P P2 ’
HIIN
n_p_p
VZO 2 Pz’

TaK 4TO NOCNIEAOBaTeNIbHbIE OABJIEHHS CO-
CTaBJIAIOT T'€OMETPHYECKYIO NPOTPECCHIO.
OTcrona

3 ]
p=Vp§p, P::=VP0'P2»

5) Ha mIOCKOCTM HaH TPeyroJibHHK
Co cTtopoHamu a, b, ¢ (puc. 108); Ha Puc. 108
HEM MOXHO DIOCTPOUTE O€CYHCICHHOE . '

MHOKECTBO NHPaMHI C HAAa”HOR BEHICO-
TOH h, Tpebyerca m3 Hux HaiTu TY, KOTOpas MMEST HaWMEHBINyi0 GOKOBYIO HOBEpDX-
HOCTE .

Bonpoc cBoauTCH K HaX0XAEHMIO NpoexiMn M BepiimHLI mHpaMmuOsl. ITonoxeHue
€€ ONpeneNsercsl BeNMYHHAMH TPEX NEPHEHAMKYISPOB X, ¥, z, ONYIIEHHBIX, COOTBET-
CTBCRHO, Ha CTOPOHH 4, b, ¢. KaxnoMy nepnesamKynspy Mbl OPMIMCHIBAEM 3HAK IUTIOC
€CIIM TOUKA JICKHUT C TOM ke CTOPOHEL, YTO M CaM TPEYrOJbHNUK, M 3HAK MAHYC B OPOTHB-
HOM Ciyyae. BemWuHHEI X, ¥, z CBA3aHBI COOTHOINEHHEM (P o3HayaeT miomage Tpe-
YrOJIBRUKA)

ax+by+tcz=2P, otkyma z= ol )

28 T. M. ®urteuronsqu, 1. |
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HrTepecyromas Bac 60K0Basi TOBEPXHOCTD S BHIPA3HTCH TENEPD TaK:

a b c
p— 2 h2 —_— 2 h2 —_— 2 hz,
2Vx+ +2V_v+ +2Vz+

rae z JOJXHAO ObITh 3aMEHEHO HalICHHBIM BBIDAXCHHEM, O0NacThIO H3MEHEHHsT H e-
3aBHCHMBE X IEPEMCHHBIX X, Y SIBJIACICA BCS IUIOCKOCTh XY, HNmeem

, ax cz a
28 = e o
Va2+m Yzrhr ¢
23_",:L_L ._b_=
Vyr+ht VrrmE ¢
A)1:¢
X y z

OTKYIAa XxX=y=2z.

VAR VPR VAR

CooTtBercTBYIOmas ToYka M €CTh LIEHTP BIMCAHHOTO B TPEYTOJNBHMK Kpyra.

YTo 3THM 3HAYEHWSAM X M y OTBEYAST HAMMEHbLIEE 3HAYCHHE IS .S, JIETKO NOKa3aTh
Kak B mpEMepe 4) npeasiaymero n°, omaApasch Ha TO, YTO — OpH 0e3rpaHmIHOM BO3pa-
CTAHHHM X WM y — H S pacTeT A0 GeCKOHEYHOCTH.

6) IlycTh Namel HA IJIOCKOCTH TPH TOYKE M, (ay, b)), M, (a,, b,), M, (as, by, He
nexamue 5a omHOM npsMoii. TpeGyerca HaliTA B 3TOM MIIOCKOCTH TaKYHO TOYKY, 9TOOR
CYMMa e€ pacCTOAHHI OO NAaHHBIX TO4YeK OhUIA HaWMEHBIUEH,

B3sB mobyio Toury M (x, y), MONOXAM

0i= Y(x-a+(r-b)* (=1, 2 3).

Torna uccrenoBaHMIO NOMIEKAT GyHKUAS

u=20i=2 Yx—a)*+ (v b>

Jns Hee cymiecTBYloT — Be3Je, KPOMeEeé HNaHHBIX TO4Y€K, — YaCTHBIE TpO-
U3BOHBIE

ou x—a;

AL x=ZCOS Bi,

9x 0

du y—bi .

% _SYU_ Zsine,

ay oi

rae 6; osmagaet yron mpamMo#t M;M ¢ ockio x.

«ITono3pATEILELIMEP OO 3KCTPEMYMY TOYKAMH SBJISIOTCS, TAKHM 00pa3oM, Ipexnac
BCEro TOYKM M;, M, H Mj;, B KOTOPHIX NPOM3BOJHBIX HET, a 3aTeM Ta Touka M, (MBI
YBHIMM, 9TO OHA HE BCETZAAa CYIMECTBYET), B KOTOPO IIPOM3BOAHLIE 3apa3 O0pamarTcs
B 0. Tak xax opd OGecKOHEYHOM BO3DACTaHHHM X MJIM y Hama (GYHKUESA 4, OYEBMIHO,
Takxe OECKOHEWHO pacTeT, TO HAWUMEHBINErO 3HAYEHHMS OHA AOCTHATaeT B OJHOH u3
YIOOMSIHYTHIX TOYEK.

YT0GB! paskICKaTh CTAUHOHAPHYIO TOIKY M|, MpupaBHsieM Hymro 06e 4acTHBIE HpO-
M3BOMHEIE; 3TO NaCT HAM YCJIOBHS:

cos B;+cos 0,+cos 8;=0, sin 6,+sin 6,+sin 8;3=0.
Y MHOXMM DEpBoe Ha sin 8,, a Bropoe Ha cos 0, 1 BEIYTeM; MBI IOJIYYHM
sin (6, —6,) =sin (0, 03), oTkyma 6,—6,=0,—0,.

AHANOrmYHO HaiEM, 4YTO
0,—0;=05—6,.
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Taxum obpasoM, yriisl MEXAY NpsMbIMH M, M,, M,M,, M;M,, B3aTHIMH TOIIApHO,
JT
BCE JOJDKHEI OBITH DaBHEI 3 H TOYKa M, Dojy4aceTcs B IEPECEYeHHH YT, NOCTPOEH~

HBIX Ha CTOPOHax TpeyrojbHUka M M,M; u BMemaromux
27
yron —.
3 ¥
Ecnu B 3TOM TpEeYroabHHKE HET

2n
yrna, 66npmero HJIH paBHOTO 3 TO

Ha3BaHHBIC AYTH, ACHCTBUTENBHO, MEPECEKAIOTCH BHYTPH
TPEYTOJIbHUKA M ONpPEneNsioT TOuKy M, H3 KOTOpoi

x|
§

7
CTOPOHBI €r0 BHIHBI NOA, YIJIAMH, DPaBHbIMH —— (DHC.

Q
109). B 3TOM ciydae HaaJIeXHT CPaBHHTb 3HAYEHMHA, Puc. 109.

KOTODPBIE ¥ TMOJNy4aeT B Ha3BaHHBIX YETBIPEX TOYKaX.
Mbr noxaxeM, 4TO 3HAYeHWE ¥ B CTAIMOHAPHOM TOuXe M, OyneT MeHble APYTHX (a
3HAYAT, ¥ BOOOIIE HAMMEHBINNM), JeHCTBHTENIBHO, MO ¢TEOPEME KOCHHYCOB»

1 2
MMz = MyM3 + MyM3+ MM, - MyM, > (M0M2+ > M,,Ml) ,
TaK 4TO
S (R
MMy > MMyt MyM,.

AHaNOTN4HO

1
MMy = MoMy-t— MoMy,

CxnanpiBas, MOJIy4AM

MM, 4 M My > MM, -+ MM, -+ M Mj.
T. €.
u(My) > u(M).

OdeBHIHO, TOUKA M, 31€Ch MOXET ObITh 3aMEHEHa TOYKOH M, uin Mj, 4To M zaBepluaet
JOKa3aTeNbCTBO.

Mnave oOCTOMT A€NO, €CNI¥ OAMH H3 YTJOB TPeyronbHAKa MMM,
7T
paBeH unu Gonbme 3 Torpa cranmoHapHOM TOYKM BOBCE HE CYLIECTBYET

¥ HAMMeEHbIICE 3HaueHHe (QYHKIMH 4 JOCTaBIAECTCA OJHOM U3 NAaHHBIX TOo4Yek M,;, M.,
Mg — uMEHHO Toli, KOTOpas CIyXHUT BEPIIMHOR TYmOTO YIJIa.

JI¥oGOMBITHON OCOGEHHOCTBIO 3TOM 3aJa¥M SBJACTCH MMEHHO TO, YTO B HEH NpH-
XOAWTCH, KPOME CTAIMOHAPHOM TOYKM, CYMTATHCH M C TO4KaMH, B KOTOPBIX IPOM3BOJ-
HBIX He cymiecTByeT [cp. 196, 3ameuanue II].

7) O6o6umM 3azauy 1): craHeM HCKaTh BOMCAHHBEIX B NAaHHLIA Kpyr (paamyca R)
(n+1)-yrospHuk ¢ HAaEGOBIIEH WIOWAABIO P,

OG60o3HAYMM YEPE3 X;, X3, «++, X, Xn41 HEHTPAJIbHBIE YIIIbl, KOTOPbIE ONMPAIOTCS
Ha CTOPOHBI MHOTOYTOJTBHMKA; TOTAA

Xt Xot+ oo Xn+Xn =20,
OTKyIa

Xn 1= 27~ ey + X+ - o +Xp).
ITnomany P pasha

1 1 1 1
P=— R*ssin x;+~— R2.sin xp+ .« +-— RZ.sin xp +— R2.SID Xnyq;
2 2 : 2 ) nt

28*



436 TJ1. V. ®YHKIWU HECKOJIBKHUX ITEPEMEHHLIX [201

€CII IOICTABUTh BMECTO Xp4; €rO BBIPAXCHHE, TO BONPOC CBEAETCA K DPa3bICKAHMIO
HauGoJBIero 3uavenus s GyHEKIAnN

u=sin x;+sin x,+ .. . +sin x, +sin 272~ G, + x5+ . . . +x)],

npirdeM o6nacts &) A3MeHEnNs He3aBACAMBIX HepEMEHHBIX X1 Xgy «++y Xn ONPEOCISETCH
HEPaBEHCTBOM

x=0, x,20, ..., x,=0, x;+x,+ ...+ xp=<2m,

T. €. NPeACTaBNseT co6oif n-MepHbi cuMnnekc [162).
Mo obruemy mpaBsTy BEIYEC/ISIEM OPOM3IBOMABIC W NPHPABHMBAEM HX HYJIO:

€OS X, —€OS (X, + X+ ... +x,)=0,

D IR I ST A S P

COS Xp~C0S (X3 +Xg+ ... +x,)=0;

CAMHCTBEHHOX BHYTPE€HHEH TOUYKOM OO6NacTH, B KOTOpOM BEHIIONHSIOTCH 3TH
ycIoBus, Oyaer Touka

2n 27
X1 T X0= 200 =X = TOrga " X == —— ]
1 2 n i1 n+1 2+l

. 2z
et orBevaer wu=(n+1)sin —-.
n+1

Hna Toro 4ToGel HOKa3aTh, YTO 3TO, ACHCTBHTEIBHO, OyIHeT IManGOIBLIMEAM 3HAYe-
HHEM U, BOCHONB3yeMCA METOAOM MareMaTu4deckod muayxuuy. Ilpu n=2 mame yTeep-
XJICHHE yXe YCTAHOBIICHO B HpEMepe 1) mpeapipymero n°. JIOyCTHM, YTO OHO BEPHO
AN CNyYasl n CllaraeMbIX CHHYCOB (TaK YTO IMSi MX CYMMBI HAMOOIBIIMM 3HAYCHHEM

2n
Gyner n-sin — |, ¥ KOKaXeM BEPHOCTD €ro ¥ Ui Hawel CyMMsI n+ 1 cruycos.
n
Cornacio O6mMM yka3aHWSM, CHENAHHLIM DEILLE, HAIJIEXKHT CPABHHTh 3HAYCHHE
27
(n+1) sin iy CO 3HAYCHMSAMH, KOTOPhIE GyHKIMS IPHHEMAET HA rpasnue obnacTd
n

6. Bo3bMeM, HAaNpHMED, «rPalb CHMIIIEKCA» x,=0; Ha Hel i Oyner dbynkuveit nuuL
OT n—1 nepeMenHEIX:

u=8in x;+sin X+ ... +sin x,__;+sin Ra— G+ x4 - +xp_1)]

g 2n
H, 10O JIONYINEHHIO, HAaHOONBIOMM 3HAYCHHEM 3M€Ch OyneT #-sin — . To e MOXHO
n

YCTAaHOBHTL ¥ I APYyrux «rpaneii». Ho Tak xak

2n . 2n
nesin — < (n+1).sin —— *),
n n+1
TO Hanle yTBEPXKAEHHE noka3aHo. HauGompmyio mwiomaap Oyaer HMETh O P a B M JT b-
HBI I MHOroyronbHHK.

8) PaccCMOTpPHM D3JIEKTPHMYECKYH HNDHTAaTEeNbHYIO CETh C mapan-
JiensHbBIM BRITFOReHHeM. Ha puc. 110 mpeacraenena cxema cetw npwieM 4 # B — 3a-
XHMBI UCTOYHHMKA TOKa B Py, Py, ..., P, — NPHEMHWKH TOKa, HOTpeGIArOLIME, COOT-
BETCTBEHHO, TOKH iy, Iy, + + +, in. TPeOyeTcs, Ipu Hanepen 3aJaHHOM AOIMYCTHMOM O6meM
MaJICEHH NOTEHIMaja B NEeNH 2e, ONPEAENUTh CEYEHUs NPOBOAOB TaK, YTOGHI HA BCIO
MAargcTpais IOIIIO HAaWMEHBINee KOJIUIECTBO MEAM.

sin z
*) 2T0 OBCTOATENBCTBO CNIEAYET M3 TOrO, YTO (YHKIHSA —— MOHOTOHHO yGhIBaeT
V4

TP Bo3pacTauny z ot 0 xo = [em. 133, 1].
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OueBuaHO, OCTaTOYHO OTPAHMYMTBCH DPAacCMOTPCHHEM OHOTO M3 MPOBOLOB,
CKaxeM AAn, TaK KaK APYroi NPOBOX HAXONMTCA B COBEPINEHHO AHANOTHMYHBIX YCIOBUSX.
OGosznaunm wepes Iy, 1, ..., In nmael sactelt A4, 4,4, ..., An_,An (B8 M), uepes q,,
gss +++» qn — IUIOMIA[M HX NONCPEYHBIX ceyeHNH (B #42). Torna BEIpaXeHue

m=hagy+lgy+ ... +lngn

Kak pa3 WM npeacTaBuT obwmeM Beell 3aTpayeHHON MedH (B cmd); 11 HETO HAM HYKHO
IOOUTBCA HAMMEHbLIEH BESWYMHBI, IPHHMMAs BO BHUMAHMC, YTO OOlmee maicHMe MO-
TEeHIMaNIa B NPOBoxe A4, HOMKHO paBHATHCH e.

™ 7N\ .
DEANIRD, @
7 4 4 - 4,
A i
AN, :
4
Puc. 110.
Jlerko noacuwTath, Kakue TOKu Jy, Jy, ..., Jn 6yOyT npoTexaTh B OTpe3Kax AA,,
AAAZa ey An._lAn nenn.

Jiziitigt oo ting,  Jomigtoeeting cony  Jn=in.

Ecnu 0603HaYMTh Yepe3 @ CONPOTHMBICHUWE MEIHOM NPOBOJIOKA JIMHOK B 1 M u ¢ ceue-
HHEM B 1 mm?, TO CONPOTUBNIEHHS ITUX OTPEIKOB OyAyT

eh ol ol
rp=—-, ry= 3yt Y=,

G 92 4qn

TaK 410 COOTBETCTBYIOLIME MAJIEHMs NMOTEHIMAaNa B 3THX OTpPE3KaX, COIJIACHO 34KOHY
O M a, BbIpA3ATCA Tak:

Q[l‘ll Q[g.lz {_)[an
e =nJy= ’ ey=roly= s eees En=rndp=-—0
Ui 92 qn
UTobB M36eXaTh CHIOXHEIX BBIKIALOK, MBI, BMECTO HEPEMEHHBIX Gy, Gas - - -5 Gn,

BBCIEM HMCHHO 3TH BEJIWYUHE! €;, €2, ..., €1, CBA3AHHABIC POCTHIM YCIOBHEM

e t+e+...+en_t+en=e, OTKYNA en=e—e€—ey—...—€n_;-

Torpa, B cBOIO O%epe/ib,

911-’1 912.72 an-’n Dln-]rz
1= ] BT, ey gn=- —- =
1 ez en e—e —€y~...—€en_
1
R, Bi1Jn_y BJn
U=pl——+...+ + ,
€ €n_y e—e—...—6n_,
IpHuYeM 001aCTh M3MEBEHHS HE3aBH CHUMBEBIX MNEPEMCHHBIX €7, €5, « .-, €n_y ompe=

JIeNIAETCA HEPABCHCTBAMY
>0, €>0,...,en >0, ete+...+en_y<e

(OTKPHITHIE CAMOAEKC),
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TIpupaBeENBaHMs HYIO TNPOU3BOJHBLIE ¥ MO BCEM IEPEMEHHBIM, MOJYYHM CHCTEMY
ypaBHEHHH

2y 12Jn _
et (e—e - cee—en_p? ’
B [2Jn ~
&g (-e—-.—enyr 7
lﬁ—l«,n—l !ﬁJn
sy o2 +(e~e _ e )2= s
'A—1 17" €ny
OTKYNa (CHOBAa BBOIS €)
BJ, B, I2Jn
pragpe r

1
Yno6H0 0003HaYuTEL OOLIYIO BEIMYHHY BCEX ITHX OTHOINCHUIA dYepe3 = (A>0). Torma

e =MVT, ex=ALY T, ..., en=An)Tn,
NpPUYEM A JIEFKO ONPENENIAETCS U3 YCIOBUA €,+es+ ... +ep=¢:
e

A= = —.
LYI 4+ LY T+ oo+ 1V n

Tak Kaxk, Opd NpHGIMKEHHH TOYKH (e, €y, -- -, €y_;) K FPaHHUE 00ONACTH, 4 PacTeT
10 6ECKOHETHOCTH, TO HAMICHHBIE 3HAYCHHS €, €s - - +, € _; (€n) ACHCTBUTEALHO OOCTAB-
JISIOT QYHKUMH 4 HauMeHbIIee 3Ha4YeHUS,

HakoHsell, BC3Bpamasch K HAIIAM OCHOBHLIM MEPEMEHHLIM ¢y, (s, - - -, §n, HAXOAHM
e [ Q=
==V, @e=—-VTz, «vvy gqn=—-V7,
a9 FAd gz 1‘/2 dn 21 ns

TaKk YTO HAMBLIYOJHEAINME CEYeHMS NPOBOJOB OKA3BIBAIOTCSA MPOMOPHMOHATBHBIMU
KOPHSIM KBaJpaTHBIM M3 COOTBETCTBYIOIMMX CHJI TOXa.

9) MeTon EauMeHBIMUX KBagparToB. Tak Ba3piBaeTCd OYECHB pacupo-
CTpaHeHHHH MeTon OOpabOoTKU HAONIOHeHHH, CyTh KOTOpPOrO 3aKIIOYaercst B CIeny-
JOTIIEM.

IIycTh TpeOyeTcs Onpene/inTh 3HAYCHUS TpeX *) BeJIMYMH X, Y, Z, €CJIM Ui HUX yC1a~
HOBJICHO 71> 3 JIMHEWHBHIX ypaBHEHWH

aix+biy+ciz=d; (j=1,2,..., n),

OpHYEM HEKOTOpHIE U3 KO3hduumenTos a;, b;, ¢j, d; NONy4YeHBI ONBITHHIM IyTEM H U3~
BECTHEI JIMIOb 110 NpubImkenuro. TIpH 3TOM MBI OPEANOIOKHM, YTO XOTh Kakue-HAOyanL
TPA U3 3THX YPAaBHEHHH MMEIOT ONPEACTHTENb, OT/IHYHBIA OT HYJ: HampHUMep, NyCTh

a b ¢
a, by, c;{#0. 14)
a; by o

*) M1l OrpaHHYMBAEMCS TPEMA BEIHYMGAMY JIMILb JUIS TPOCTOTH MChMA.
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OpHaKo BBIYUCIICHHEIE M3 TIEPBBIX TPEX YDABHEHHH 3Ha4Y€HUs X, y, z, BOOOIIE roBops,
He 6yAyT TOYHO YNOBJIETBODATH OCTANIBHBIM (GO BBHAY HEH3OEXHBIX IOrpeHIHOCTEH
B KO3(Q(HIMEATaX ypaBHEHHs, TMOO BCIICACTBHE TOTO, YTO CAMH PAaBEHCTBA OKA3bIBAlOT-
€5 MUIb Npu6mkeHHEIME). He MMes OCHOBaHMI NPEANOYECTh OHM YPABHEHMS JPYIEM
M CYMTAsCh C HEH30EKHOCTHIO MOTPEMHBOCTEH

di=ax+biy+ciz—d;,

kakne 651 Hu 6paTh 3HAYEHUS X, Y, Z, CTAPAIOTCA HOCTHYL JIHIIb TOTO, YTOOBI CYyM M a
KBaApaTOB JTHX NOrPEINHOCTEH

n n
W= 26} = Zl'(aix+biy+ ciz~diR
=1 =

6bta HapMeHRbImM e (OTCIONa ¥ Ha3BaHHE MeToja). VIHEIMH CIOBaMu, HAWJIy4IIe
COTNACYIOIMMHUCSA € Pe3yThTaTaAMH OHBITA CYMTAIOTCA T€ 3HAYEHHA X, Y, Z, KOTOPbIE
[OCTaB/IIOT HaMMEHbIIYIO BeNuduHy ¢yakimu W= W(x, y, z).

ITo ofmemy npaemiy, 4TOOBl HalTH 3T 3HAYEHWSA, PHPABHWBAEM HY/IO INPOH3-
BOAHBIE OT W 10O X, y, 2%

2 > aiaix+biy+ciz—di)=0,
{=1
n
2 D bi(aix+biy+ciz—d)=0.
i=1

n
2 Zc,'(aix+biy+0fz -dp=0.
i=1

Iaycc (C. F. Gauss) BBen apyrue oGO3HAYCHHS CyMM ONHOTHMITHBIX CIIATa€MBIX,
Pa3HAMUXCS JIHIIb yKa3aTelsiMH;, HMEHHO, OH IUINET

n n

[aa] BMecTO 21' aj, lab] BMecto Zia,'bi HT IL
{= j=

B o6o3nayennax I'aycca OoyueHHble IUIS oupeneleHus 3HaYeHult x, y, z ypaB-
HEHUs NEPENHIIYTCA TaK:

[aalx+ [ably+ lac)z = [ad],
[ba}x+ [bbly+ [bclz = [bd],
[ealx + [ebly + [cclz= [cd];

HUX HA3BIBAIOT HOPDM Al bHB MM YDaBHCHUSIMHU.

Hoisi Toro 910GB! GBITH YBEPEHHBIME, YTO 3THMH YPABHCHHSMH OXHO3HAYHO OIpe-
AETATCA 3HAYEHUS X, Y, Z, HYXKHO YCTAHOBUTh, 4TO ONpPEHECIHTENL CHCTEMBI OTJIHYEH
oT Hyns. Ho mo u3BecTHOit Teopeme anreSpoi, XBagpaT 3TOrO OMpEeAETIHTENs IPEACTaB-
JISeTCS B BHIE

laa] [ab] [ac) a b c
[ba] [bbY} [bc]| = Z‘ a; by ¢,
[cal [cb] [ec] LK ay bx ok
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OpHIEM CYMMHPOBAHHE PACHPOCTPAHACTCS HA BCEBO3MOXHBIE codeTanma (i, k)
H3 £ 3Ha4KOB 1, 2, ..., n 0o TpH. Tak KaKk M3 BCEX ONpenenuTeNeil Cpaea, Mo Hallemy
OPEANONIOKCHHIO, XOTh ONUMH OTJIMYEH OT HYJNS, TO OTCIOAA M CIGAYET, YTO OIpEReiH-
Telb CJIeBa TAKXe HEe HYJb.

Ocraercs eme yGenuTsCA B TOM, YTO OOpPENEISEMBIE M3 HOPMANLHBIX YpABHEHH
3HQYCHAS OEPCMEHHEIX HEHCTBHTEILHO MOCTARIIOT GYEKuMM W HagMeHbilee 3Haue-
HuEe. JIng 3ToTo KOCTATOYHO, HALIPAMED, YCTAHOBHTD, YTO BHE COEPHI LOCTATOYHO GOJb-
moro papmyca W OyHer CkONb YrOMHO BENHKO.

C 3To# nenbro pacCMOTPEM 3HA4YEHMs NEPBbIX TPEX CKOGOK B BhIpaenuu W

axx+by+ez—dy=u;, ax+b,y+e,z—dy=u,,
X +byy+ cz— dy =g,

Beupy (14) yepes 3TH 3HAYeHHs, B CBOIO OuY€pe/b, JMHEHHO BEIPAXAIOTCHA, ¢ BHOJIHE
ONPENC/ICHABIME [TOCTOSIHHBIME KO3Q(QUUHMEHTAMH, M X, Y, z, Tak YTO, JOKA BCE TDM
BEMMHUEB! ), Uy, U3 OCTAIOTCS OTPAHHYCHHLIMHM, OIPAHUYCHRHIMH HeobXxomumo 6ymyT
caMn x, y, z. OTCroHa yke SCHO, YTO IpH GECKOREYHOM BO3DACTAHHH F2= X2 )24 72
TaKXke pacTeT Ho GeckomednocTd M uf+u3+ui (a cinemoBarennHo, u W),



IF'TABA MECTAA

OYHKIIMOHAJIBHBIE OITPEAEJINTEJIN;
X IMPUJIOXEHUS

§ 1. ®opmanbubie cBolicTBA (PYHKIMOHAIBHBIX
onpeneJmrTeNei

202. Onpenenenne GyHKUHOHANBLHLIX onpene/HTeneii (axodnanoe). B Ha-
crose# rinase (paBHO KaK M B JPYIUX YacTAX Kypca) BaXHBIM (opmaib-
HBIM OpYAHEM HCCIICMOBAHKA I HAac ABATCA 0coOOTro poma ompenme-

JHTEINH, COCTABJICHHBIC U3 YACTHHIX NMPOU3BOAHBIX. V3yunmM npemsapn-
TEJIbHO OCHOBHBIC HX CBOICTBa.

ITycte mavel n GYHKIHA OT 7 MEPCMEHHBIX

y.l. =f1(,\'1 ’ xz’ sy xn):
y2=f2(x19 Xy voes Xn)s ¢))

ynzfn(xp -xza ey xn);

KOTOPEIE ONpeJieieHbl B HEKOTOPOil n-MepHO¥ o6acTi &) M UMEIOT B Hel
HETMPEPLIBHLIE YACTHBIE HPOH3BOAHBIC IO BCeM NepeMeHRBIM. CocTaBHM
U3 3THX MPOU3BOIHBIX ONPENETUTEINb

dx; 0x, T 9xn
9%y Oxy Oxn |+

OTOT ONpENeINuTeNIb HA3HLIBACTCA OOBMHO (BYHKYUOHAAbHbIM Onpedenu-
meaem A Ko 0u WA 3KoGugrom CECTEMB! (1) — TO MMEHM HEMEUKOTQ
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matematuka SJxobu (C. G. J. Jacobi), Buepsble H3yYMBILEIO €ro CBOMCTBA
1 npuMenends *). O603HAYAIOT ero AN KPaTKOCTH CHMBOJOM

D(yla B TIEEEN y:l_)

D(xy, X9y ooy Xn) ’

CXOZIHBIM C 00O03HAYeHMEM NPOHM3BOMHOMN. SIKOGMAH MMeeT psi CBOMNCTB,
NOMOOHBIX CBOMCTBAM OOBIKHOBEHHOM HPOU3BOAHOIL.

203. Vmuoxenue skoGnanoB. Kpome crcreMbr ¢yuxnmit (1), Bo3bMeM
cucreMy QyHRIUA

xX1=0,(t, b, .-y 1),
Xo=@s(t15 Iy -+ -5 1n),

Xn =¢Pn(t1, Iy, <oy tn)s

)

ONPENEJICHHBIX M HUMEIOLIMX HEeNpPEPHIBHBIE YACTHEIE HPOM3BOJHBIE B 00-
nacte §. ITycTs npu u3MeHeHMH TOYKH (¢, Ly, ..., t,) B § COOTBETCTBYIO-
Iast TOYKa (X;, X;, . . ., Xp,) HE BHIXOJUT U3 06ACTH &), TAK YTO ¥, Yy, - - -5 P
MOXHO PacCMATPHUBATL KaK CIOXHBIE QYHKIMH OT 1y, by, .. ., I, 9€pPE3 IO-
CPEICTBO Xy, Xg, - . .5 Xp.

YMHOXHM Tenepp AkoGuaH cucreMs! (1) Ha sKkoOMan cucTeMs (2):

3x1 3x1 3,\’1
3;;:9:—2 oo 'a—t-;
9x; 9x, dx,
3[: 8_52 oo 5; .
9xn dxn dxn
’E a_tz . 5;

W3 Teopun omnpenenmTeneii HaM H3BeCTHA TeopeMa 06 YMHOXEHHH OIpeE-
JieIuTeNel, BeIpaxaronasics ¢opmMyioi

Q... n | | bybye ... by €€ - -+ Cin
G510y - .. Gy | |by1bos . .. by Cy1Cap - . . Con

*) B mayxy sxobmaBel ObnIN BBECHL OAHOBpeMeHHO ¢ Ak06u @ M. B. Oc-
TPOTPaACKHM,.
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rage OGlL[PIﬁ JJIEMEHT IOCJICAHETO ONPEACTIMTEIA TaKoii:
Ci = ailblk + aizbzk LRI ainbnk
G, k=1,2,...,n)

(yMHOX€HHE TIO IPaBUITy «CTpOKa Ha croyibely). TIpumenss 3Ty Gopmysy
K OYHKIMOHAMBHEIM OIpEASIIATCHAIM, MOJIYYHM

ax, dx, dxn| |0t 9, T 9tn
9y 8y, 0y, 9%, 9x, x,

dx, dx;  9xn| | 0n ot ot

O¥n Oyn oyn 0xn 0xn Oxn

Moy I dxm O dx 0% 0%
ox, 01, dxn ot ax, dtn dxn dtn
3_y£¢')£+ p?fi‘yﬁ 9y '?_x_‘+ +3&3_x—n
ax, o © 9xn dt, 9x, dtn dxn Oty
(Oyndxy o dyndxn  dyndx L dvndxn
19x, t,  xndty  0x dtn dxn dtn

3ameydas, 410, Mo GopMylie IS MPOU3BOIHON ClIOKHOM (QYHKIHH, 0f-
LN 3JICMEHT ITOTO ONPEISIUTRII eCTh

Ayi 9%, 8yi 0xn __dyi

oxy 8ty T Bxn Bty Oty
G k=1,2,...,n)

MbI MOXEM IOCHeTHHI ONIPENCIIMTC/Ib MEPCIIUCATh B BUAC

ot a1, atn
Yy 0Ys 2
5}'1- at, 3_’;

Joka3aHHOE TONBKO 4TO MepBoe CBOMCTB O skobuana B Kpat-
KX OOO3HAYCHUAX MOXKHO MEPEIMCATH TaK:

Dy, yay +-+y ) D(xpy X, - -, xn)= D(y,, y2y s ¥n) (3)
D(xy, xgy ooy Xn) Dy, 1y, ooy tn) Dy, ty, vy 1)
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Ecmu 651 uMesm omdy GyHKIMIO ¥ OT X, TE X €CTh dbyukiua or ¢, To
HOoJTywia 6Bl U3BECTHYIO (POPMYITY A IPOM3BOMHON CIIOKHOMN bynxmmm:
dy dx d "

Ey'fi?=3¥; TakuM 06pa3’oM, BEIBEZIEHHOE CBOMCTBO SKOGMAHOB SBIIIETCS
0606menneM GopMyIBl IS MPOU3BOIHON CIIOKHOIM byuxnun,

OrmernM ocobo TOT ciy4aif, Koria mepeMeHHKIE ¢, ty, ..., ty TOXIE-
CTBCHHBL C Jy, Vs, - .., Yn, TAK 9TO CHCTeMa (QYHKIWIA (2) €CTh pe3yibTaT
ob6pamenus cucrems! (1)*). Torna MoIyYeHHOE COOTHONICHHME CBE-
JETCS K CIEAYIOIEMY: .

_l)(yl’ Yay oy Yn).D(xb Koy ooy xl’l)_l

D(xy, x5, ooes Xn) D(Pys Yoo «vvs 1)
AN
D(yl: Yoy 00y Yn): 1 (4)
D(xh Xgy o ey Xn) D(xn Xgy ooy xn) :
D(yl’ Yoy o0y ,Vn)

B srom Bune oHO HamomuHaeT ¢opMyny mIA IPOM3BOLHON obpatnoit
¢byrxIMA.

204. Ymuoxenne QyHKIHOHANBHBIX MATPRI{ (MATpHI| Sxobmn). Ilycts
UMEETCH M QYHKIHH Yy, Vo, ..., Ym OT 1 (7>m) MEPEMEHHBIX X,, X, . ..

ceey Xpt
»=11x, %, .., Xp),
}’z =.f2(x1’ xz; ety xn),
Ym zfm(xl, Xp,y o -,xn),
NpUYEM, B CBOIO OYEPE/lb, NEPEMEHHBIE X, Xy, ..., X, ABJAKOTCA (YHK-

OUAMHA OT M NEPEMEHHBIX Lolyy ooy Iyt

X=0)(ts by ooy ty),
Xo =@yt by - - ., tyy),

Ipennosnarast B o6oux ciryuasx CYLIECTBOBAHHME HEHPEPHIBHBIX YACT-
HEIX IPOH3BOJHBIX, [IOCTAPAEMCS HANTH BBIPAXEHHE I AKOOHAHA Yy, Yy, ...
« vy Ym Kax QyHKOUE OT £, 4, ..., ty,.

*) Camyio BOMOXHOCTE TAKOTO ODPpaMeHES M 34eCh momyckaeM. Cw,
enenyromul naparpad,
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B Teopun onpenenuTeneii ycranasiauBaeTcsa obuas TeopeMa 06 y M-
HOXEHUU MATPHI (I11 XKOTOPOH HUCIONL30BaHHAS BBOIE TEOPEMA
00 yMHOXEHHH ONpeneIuTeNeii ABISETCS YaCTHBIM CIydaeM). PaccMoTprm
ose MaTpHUOH (Tabmwie:)

ay Gy ... 4 by by ... by
Ay Qyy ... 4 by by ... b,
21 oo on " 21 Uop em | (n>m)
Ay Ama - -« An but bug -+ bam

Hx n POH3BCIOCHUEM ABIICTCA KBaIpaTHAass MaTpUOa

€1 Ci2 --- Cim

Cn Cp ... Com
---------- >

Cm1 Cmo -« - Cmm

3JIEMEHTHI KOTOPOH BBIMUCIIIOTCA 110 QopMynam

Cie= by + Qoo + . . . + by

G, k=1,2,...,m)

CooTseTcreyromuit 370l MaTpHIe ONpeAcAHTEb PaBEH CyMME

ay;, Qy, ... Ay, b111 b112 . bi,m
i, oy - - - i1 .| bizl bl'z';‘, s bhm
k4
T T R B R R
Ami, Aniy + - Qi l bl'/;zl bimZ - b;mm

pacnpocTpanstoieics Ha BCEBO3MOXHBIE COYeTaHU A (i, lg, - . -y i)
U3 n 3Ha4koB 1,2, ...,n mo m.

IIpumerns 5ToT pe3yiabTaT XK GYHKIMOHAABHBM MAaTpH-
gaM (wm Mmatpuuam Sxobu)

dx; 9x,y dxn at, ot dtm
203 0y ox, 0x: 0%,

3X1 3xz o 5x_n J44 311 sz 8tm

I¥m Oym  Oym dxndxn  Ixn
ax] 3x2 .. .3xf1 ’ 3’] 3’2 ’ Btm ’
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MBI IIOTYyY¥M

oy 9%, Oy 9%n Oy 9%, L O 9xn
0xy Oty T T 8xn Oy Ox Oty T Xn Ot
9y 9%, 0y 9%n 03y 0% 4 972 9xn
Oxs 0ty T xn 0t Ox Oty T Oxn Oty | =
Oym 9%, L O¥m 0xn  Oym 9%, 0ym 9%n
3x1 3’1 e Oxn 3t1 Tt 3x1 3’m e 0xn atm

ian  ow ) (oxom  om
Oxi, 0x1y” " " OXim ot dty " oty
0¥ 0, 0y xi, Oxi, 9%,
_ Ix1, dxty” " " Oxim || Oty Oty " Ot

[ YT £ N I A T
9¥m 0Ym Qg’m OXim OXim 0Xiy,
Oxi, Oxiy """ 0Xin| | Ot Aty T Oty

Ecnu cHoBa BCmOMHHTE (GOpPMYIly IUISt HPOM3BOIHOM CIOXKHOH (DYHKIHH,
TO OUPENIEJIUTENL B JIEBOH YaCTH 3TOTO PABEHCTBA NEPEOMUIETCS TaK:

WL n

ay at, T oty
0290y Oy
oty 9ty " ot |

0Ym Oym  9¥m
o, oty

B xpaTxkux 0003HAYeHMAX TOJYYEHHBIH pe3yabTaT MMEET BHIL

D(ylr Yas ooy ym)_ D(yly Yoy e ooy J"m) D(xiu Kiyy ooy xim)
e e . . (5
D(ty, ta, ooy ty) Goinit iy DGRty Xias ooy Xim) - DUty g, - -y 1)

IIe CyMMa pacnpoCTpaHAETCS HAa BCEBO3MOXHBIE COYETAHHSA H3 I
3Ha4KOB 1,2, ..., n 1o m.

Ilpu m=1 poxazanHas ¢opMysa HEPEXOOUT B H3BECTHYIO (HOPMYIY
ans nuddepennmupoBanus CloxHoNH GYHKIMH (Yepe3 MOCPENCTBO HECKOJNb-
KHX IPOMEXYTOYHBIX TEPEMEHHBIX):

dy < 9y dxi
72 o dr

H, TAKHM 0o0pa3oM, ABIAETCA ee 00oOIeHMEM.
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OTMeTHM 4acTHBLA Citydai Hamtei GopMyJIbl, KOTOPBIH HOJIy4aeTCsl IPH
n=3 u m=2:

D(y;, ys) — D(yy, y2) . D(x;, x5) | DO, ) . D(xy, x3) | D(yy, y2) .D(xa, X1) ©
D1, 1) Dlxy, x) Dy, t) ' D(xy x3) D(1y, ty)  D(x;, x;) D(t,, t,)°

Ora dopmyna Haxogut cebe 0COOEHHO 4aCTOE IMPHMEHEHHE.

MBal ycTaHoBHIN psif GOPMATBHBIX CBOMCTB SIKOOHAHOB, aHAIOTHIHBIX
CBOMCTBAM OOBIKHOBEHHEBIX IPOM3BOMHBIX; K HUM IpHMBIKaeT U popmyina,
KOTOpYIO MBI BHIBeZeM B ofgHOoM H3 Ommpkaiimmx n° [210, 8)]. Ho 6oxee
riyGokas asajiorHs MeXOy IpPOH3BOIHBIMH M skoOHanaMu oOHApyXH-
BaeTCs 110 TOM POJIH, KOTOPYIO OHH HIPAlOT B TEOPHH HE ABHBIX ¢ Y H k-
nuit (cMm. cremyronumii §), 1, ocobeHHO, B BOIIpoce 0 3aMeHe Iepe-
MEHHBIX B IBOMHBX, TPOHHBX M, BooOue, KPaTHHX
HHTerpamxax (B TpeTbeM TOMe).

§ 2. Henpurie dynxunn

205. Ilonsarne nesBHO# dynknum o1 omHoil mepemennoi. Ilpenmomoxum,
YTO 3HAYEHHs OBYX IEPEeMEHHBIX X U Y CBA3aHBI MeXIY Co00i ypaBHEHHEM,
KOTOpOE, €CJIM BCe YJIEHBI ero MepeHeCTH HANeBO, B OOINEM CiTyyae HMeeT

BALL
F(x, y)=0. ey

3nmece F(x, y) ecTh (QyHKIMA IBYX IIEPEMEHHBIX, 3afaHHas B Kakoi-mubo
obyacti. Ecny 171 KaxIOro 3Ha4eHHs X — B HEKOTOPOM IPOMEXYTKE —
CYIIECTBYET OIHO HJIM HECKOJIbKO 3HAYeHHiH y, KOTOpblE COBMECTHO C X
YAOBJIETBOPSIOT ypaBuenuio (1), TO 3THM OIpeAeNseTcsi, OXHO3HAYHas
W MHOrosuaunas, ¢yukuus y= f(x), Iasd KOTOpO# paBercrBo

Hx, f(x))=0 @
UMeeT MECTO YK€ TOXIE€CTBEHHO OTHOCHTEIbHO X.
Bo3pMeM, panpuMep, ypaBHEHHE
Xz yt .
OHO, OYEBUIHO, ONPENENACT ¥y KAK ABY3HAa4YHY IO OYHKIUIO OT X B
npoMexyTtke [-a, a], umenHo

y=+2YF R,

W, eci BMecTO y NOACTaBUTH B ypaBHeHue (la) 3Ty dynkmuio, To MOJy-
YUTCHI TOXIECTBO.

3nech ymanoch HalTH IJIsl Yy OYEHb IPOCTOE AHAIMTUYECKOE BBIpaxe-
HHe 4Yepe3 X, Jaxe B JeMeHTApHLIX GyHKiugX. Tak 0OCTOUT Heno maneko
He Bcerga. Ecnu B34Th ypaBHEHHE

y—x-gsiny=0 (O<e<]l),
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KOTOpPOE HaM Y€ BCTPEYaJioch [OpH ApPYrHX JuUIIb 0003HAYEHHAX HEpe-
MEHHbIX, 83], To MBI 3HacM, 9YTO STHM YPaBHEHHMEM ) OLPENEIIETCT Kak
oIHO3HAa4YHAas QYHKIMA OT X, XOTS B KOHEYHOM BHAE OHA YEPE3 3JIEMEH-
TapHbic (DYHKIWH H He BbIpakaeTcs.

Oyaxuas y = f(x) HA3LIBACTCA HeAGHOH, €CIM OHA 3aJaHa IpH Io-
CPENCTBE HEpPa3pEU eHHOTr O {OTHOCHTENBHO )) ypaBHernus (1); ona
CTAHOBHUTCSL AGHOU, CSCIM PAacCMAaTpPHBAaETCA HEHNOCPENCTBEHHA A
3aBUCHMOCTD Y OT X. UnTarenio SICHO, UTO 3TH TEPMHHBI XapaKTEPU3YIOT
Jume crnoco® 3amanus QyHKIpM y = f(X) 1 He MUMEIOT OTHOILUEHHSA K ee
upupone. [CTporo rosops, HPOTUBONOCTABJIEHWE HESABHOTLO M A B-
HOT O 3ahagud (QyHKIUMM C HOJHOM YETKOCTHIO BO3MOXHO JIMIUb, €CIH
IIOA SIBHBIM 3aIaHUEM DPa3yMeTh SBHOE aHAJHTHYECKOE 3a]aHHE;
€CJIM XKe, B KayecTBE ABHOIrO, IOMYCKAaTh 3aJlaHHE C IOMOUIbIO JHO0Oro
npasuna [45], To 3amanne GYHKIMH y OT X C HOMOINLIO ypaBHeHud {1) Hu-
YeM He XyXE¢ BCAKOrO IPYroro.]

B npocreiieM ciayvae, Korna ypaBHenue (1) — anreOpamdeckoe, T. €.
xoraa ¢pyHkuus F(x, ¥) eCTb HeJbIk OTHOCUTEJILHO X U Y MHOTOWIEH, Olpe-
JensieMass MM He IBHa s (QyHKousa y oT x (BooOlie MHOro3HavyHas) Ha-
3piBaeTcsl aJJreb6pauveckoit. Eciu cremenr ypaBHeHMA (OTHOCH-
TEJIbHO J) HE BbIILIE YETBIpEX, To ajrebpanveckas GpyHKIMS TONYCKaeT o B-
HO€ BBIpAXCHUC B pafHKayaxX, IPH CTEHEHU BBIIIC YETHIPEX TaKOE€ BbI-
PakeHHE BO3MOXHO JIMIIb B BHAE HCKJIIOYEHHA.

Ceitiuac Hac 6ydem ummepecosams AUULL 80NPOC 0 CY e cme o éa-
HUuu U OOHO3HAYHOCMU <$HeAGHOU» Pynryuu (pasHo Kax u o opy-
2ux ee ceoiicmeax), He3agucuMo om G03MONCHOCIMU NPedCmasumy ee 8 «A6-
HOM> gude anasumuueckoli opmyaoti. BripoueM, B 3TOH IOCTaHOBKE BO-
IpOC IJi HAaC HE HOB; C YaCTHBIM CJIy4aeM €ro MBI MMeJd Aejio, Korja
pedsb LA O CYHIECTBOBAHUM M O CBOHCTBAaX oOpaTHOM (GyHKIMH, U ypaB-
HEHHEM :

y-f(x)=0

mepEMEHHAas X ONpPENeIIANach Kak «HesABHAA» (QYHKIMS OT ).

IloyunrenbHa reoMeTpudeckasl TPakKTOBKA YKa3aHHOTO Bompoca. Ypas-
HeHue (1), IpU M3BECTHBIX YCJIOBHAX, BBIPAXKAET KPHUBYIO HA IUIOCKOCTH
[manpumep, ypaBHende (la), Kax M3BECTHO, Bbipaxaer 3iumunc (puc. 111)];
B 3TOM CJIy¥ae OHO Ha3bIBAaeTCA HESIBHBIM YyPaBHEHHEM KpHBOIA
Boupoc 3akiroYaeTca B TOM, MOXeT Ju Kpubas (1) (uu ee 9acTh) 6BITH
BBHIpaXKCHa OOBMHBIM YpaBHCHHEM BHIA Y= f(X), C OAHO3HAYHOM
¢bynKIuel copaBa; reoMeTPHYECKH 3TO O3HAYaeT, 4To KpuBas (Wid ee
YacCTh) IepeceKaeTcs NpsAMOi, mapaljIeIbHOM OCH ), JIMIIb B OXHOH TOYKE.

Ecnu MBI xeaeM HMeTh OJTHO3HAUHYIO (YHKIMIO, TO KaK BHIHO HA
IpUMEpe TOFO K€ JJUIMICA, HY)XHO OIPAHHYMTBL HE TONBKO O0OJAacTb M3-
MEHEHUS X, HO U O0JACTh M3MECHEHUA ).

Msr 6ymeM TrOBOPHTB, I KPATKOCTH, 4YTO 6 HPAMOY20AbHUKE
(a,b; ¢,d) ypasnenue (1) onpedeanemy Kak 00HO3HAUHYIO
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PYHKYyuUuo om X, ecau npu Kancoom 3HaveHuu x 8 npomexcyme (a, b)

ypasHenue (1) umeem o0dun, u Moavko 00uH, KopeHb y 6 npomexcymre (c, d).
OO0br4HO Hac OyIeT MHTepecoBaTh OIIpe-

JieNieHHasi Touka (X,, ¥,), YIOBIETBOPAOIIAs 4

ypaBuenuto (1) (mexainas Ha KpuBOii),

B POJH YIOMSHYTOTO IPAMOYTOJbHHKA Gy-

€T UrypUpoBaTh OKPECTH O CT b 3TOH 7 z

TOYKd. Tak, HampuMep, B ClIy4ae IJUIMICA

(puc. 111), oueBHMOHO, MOXHO YTBEDPXKOATb,

4To ypaBHeHHe (la) ompezenser OpIMHATY

¥ KaK OJHO3HAYHYIO (QYHKIMIO OT aBGCIUCCHI Pac. 111.

X B JOCTATOYHO MAJIOf  OKPECTHOCTH

moboif ToukM 3JUIMIICA, KpoMe BepwiuH ero 4, A’ Ha OGoibloiil ocu.

206. CymectBopanne HesBHOHf ¢(ynkuun. Temeps yCTaHOBHM YCIIOBHS,
obecneunBarOIHe CYHIECTBOBAHKE ONHO3HAYHON H HENPEPBLIBHOM HESBHOM
dynxum.

Teopema I. IIpeononoscum, umo

1) ¢yuxyus F(x,y) onpedeseHa u HenpepvleHA & HEKOMOPOM HPAMO-
Y201bHUKe

D=[xo=4, xo+4; yo—A4', y+ 4]

¢ yeumpom 6 mouke (X, ¥o)

2) F(x,y) 6 amoii mouxe o6pawyaemca 8 wyav: F(xy, y,)=0;

3) npu nocmosunom x @dyuxyus F(x, y) monomouno eospacmaem (uau
MOHOMOHHO y6bleaem) ¢ 603pacmanuem y.

Tozoa

a) 8 HekomMopoii oxpecmuocmu mouku (x,, y,) ypasrerue (1) onpedessem
Y Kax 00HO3HAuHYI0O GyHKyuio om x:. y=f(x);

6) npu x=x, sma Hyukyua npunumaem 3uauenue Y,: f(x,)=Yo;
HaKoHey,

B) ¢pyHryua f(x) Henpepuigua.

JdoxaszatenbcTBo. CrTaHeM IlepeaBHraTbCS BOOJNb BE P T H-
K aJI ¥, NpoXolsulel yepes Touky M (x,, ¥,) (puc. 112), T. e. duxcupyem
X=x,; Torgja paccMmartpuBaemas ¢yHKuUs F(x, y) cBelerca K (YHKIUH
F(x,,y) or onuoit nepemennoit y. B cumy 2), oma mpu y=y, obpa-
maercst B 0. B To xe Bpems mo ycnosuio 3) dbyuxmus F(x,, y) Bo3pa-
CTaeT BMECTE C y, TAK YTO IS y <}, €€ 3HAUCHUS MEHbIe HyJd, a s
Y=Y, — Oonplie HynIs. B 4aCTHOCTH, CJIEOOBATEIPHO, OHA OYIET UMETH
3HQAYEHHS PA3HBIX 3HAKOB B Toukax Ay(X,, ¥, —4") 1 By(x,y, ¥, +4"), AMEHHO

KAy = F(x,, y,—4)<0, HBy)=Fx,y, yy+4)=0.

ITepeiimem Temepp K TOPH3OHTAJNbHBIM IPSIMBIM, NPOXOIsi-
UMM vepe3 3T TOYKM A, 1 B,, T. €. QUKCHpyeM HA 3TOT pa3 y=y,— 4’

29 I M. QuxrcHronwir, T. 1
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W y=y,+A". Ionydarcs mse GyHKmMH 0T o AHO i MEPEMEHHOM X:
Fx, yo~4') 1 F(x, yy+ A4'), koTopble, Kak MBI BHJCIH, IIPH X =X, WMEIOT:
nepBas — OTPHIATENLHOE 3HAYeHHWE, 4 BTopasd — IOJOXHTeIbHOoe., Ho
110 yCJIOBHIO 1) 3TH QYHKIMM HEIPEpHIBHEI *), a IIOTOMY HAHIETCS HEKOTO-
past OKpeCTHOCTB (X~ 0y, Xo+0y) Toukn x, (0<8,<A), B kKoTopoit obe

Y
) . & T
7
N,
!//
Y
4
44 7,
b

7l zp6'T  x TGy Tl z

Prc. 112.

¢ynkumu coxpamssoT cBoii 3Hak [80, nemma), Tak uTo mpH Xo—0p=<x<
<X+ 0,

Hx, y,-4)<0, Fx,y,+4)=>0.

VIHbIME clloBaMH, Ha HIKHEM M BEDXHEM OCHOBAHHAX MCXOJHOTO IPSIMO-
YIOJbHHKA BIOJb OTPe3koB A A, u B,B, nimuabl 28, ¢ HEHTPaMH B TOYKAX
Ay u B, 3anamnas ¢yaknous F(x, y) uMeeT OTpHIATESbHbIC 3HAYECHHS HA
IIEPBOM M IOJOXHATEIbHEIE — HA BTOPOM.

DHKCHPYEM B MPOMEXYTKE (X, — 0y, Xo+ &) N0 6 0e 3HAUCHHE X=X
H pacCMOTpHM BEPTHKAJBHBI M OTPE30K, COCAUHAIOIOHI TOYKH
A(X, yo—-A4") 1 B(X, y,+4). Brons mero Hama (yHKIHS CHOBa CBELETCS
X ¢ynkumn F(X, y) oT oxHoii nepemento y. Tak Kak oHa, B CHIIY 1), ne-
TIpepLIBHA *) H, KaK CKa3aHO, Ha KOHIAX IPoMexXyTKa [y, — A, y, + A'] ameer
3HAa4YeHHS Pa3HBIX 3HAKOB:

F(4)=F(, y,-4)<0, F(B)=F, y,+4) >0,

TO, o TeopeMe bonrnano-Komu [80], npu HekoTOpoM 3mHaueHHH
Y=Y, conepxamiemcss Mexay y,—A’ 1 y,+4’, ata dynxuus F(X, y) obpa-

IacTCa B HYJb:
FG, ) =0.

*) Mbl npeanonoxuiE HempepsBHOCTh dyEkuuu F(x, y) MO COBOKYIHOCTH Iepe-
MEHHBIX X, y; HO B TaKOM Cllydae OHa OyleT HENpephiBHA M IO KaXIOH NEPEMEHHOI
B OTHEJIBHOCTH.
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W 3pecy u3 ycmobus 3) cienyer, 4To IpH Y=y OyIEM HMMeETh, COOTBET-
crBenno, F(X,y)=0, Tak 4To ¥ ecTb ¢ AMHCTBEHHO€ 3HAYCHHE Y
B ipoMexXyTke (¥, — A’, y,+4’), KOTOpoe COBMECTHO € X =X YIOBJIETBOPSET

ypasrenuio (1). Ha xaxaoM BepTUKAILHOM OTpe3ke 4B HaiineTcd T O J b-

Ko onHAa Touka M(X,y), obpaliaroias IeBYIO 4aCTh ypaBHEHHUS B HYJIb.
Taxum o6pa3zoM, B OKPECTHOCTH

(Xo= 05 Xo+ 093 Yo—A', yo+4)

TOYKH (X),%) YpPaBHeHuEe (), neficTBUTENAbHO, ONPe-
IeJNsAeT y KAaK ONHO3HAYHY0 GYHKIUHIO OT Xx: y=f(%).

B To e BpeMs npenpiyllee pacCyXACHUE, BBUAY 2), IOKA3bIBAET TAK-
xe, 4To f(x,) =y,. UMeHHO, M3 Toro, uto F(X,, ¥,) =0, ycMaTpuBaeM, 4To
Yo M €CTh TO € IHHCTBEHHOE 3HAYCHUE Y B IPOMEXYTKE (y,—A’,
Yo+4'), KOTOpOE COBMECTHO C X =X, yHOBJIETBODSET ypaBHEHHIO (1).

Ocraercst b yCTAHOBHTbL HENMPEPHIBHOCTh QYHKIUK y = f(x) B mpo-
MexXyTKe (X, — 0y, Xo+ &y). JUIA TOUKH X=X, 3TO IOJIy4aeTCsi HEMOCPEICT-
BCHHO U3 MPCOBIAYLIETO PacCykAECHUS, KOTOPOE NMPUIOKAMO H K JIHOGOMY
MeHbIIEMY IPAMOYIOJbHHKY C HEHTPOM B Touke M(x,, ¥,). 3amenus
yucrno A" mobev uucoM &< A’, MbI Hamin Gbl, Kak U Bbille, Takoe =<0,
4TOOBI T TOGOro x M3 mpoMexyTKa (X,— 0, X,+J) COOTBETCTByIOMIEE
€My €AMHCTBEHHOE 3HAYeHUE Y, KOTOPOE COBMECTHO C X YIOBJIE-
TBOPSICT yPaBHEHHUIO (1), 0Ka3aJI0Ch HMEHHO MEXIY Yo —& U ¥, +¢&. Takum
o6pa3oM, IpH |x — X,| <8 nmenu Obl

lf(x) "yol = ]f(x) “f(xo)l <&,

YTO M JOKa3bIBAET HENPEPHIBHOCTL QYHKIMH f(X) B TOUKE X =0X.

JokazatenpcTBO I JH00OH TOYKM X=X aHAJIOTMYHO AOKA3aTellb-
CTBY AJisl x=Xx,. Touka M(X, ¥), rae y =f(X), yIOBIETBOPSET TAKUM Xe€
YCIIOBUSAM, KaK M To4ka M(x,, ¥,), u6o F(¥, ¥)=0. ITosToMy, Kak 1 BBILIE,
B OKPECTHOCTH TOYKH M(X, ¥) ypaBHenueM (1) mepemennast y onpemeis-
€TCA XKaK O JHO3HAYHAa A (QYyHKUHA OT X, HEMPEPbIBHAS B TOYKE X =X.
Ho, MuMeHHO BBHJY OJHO3HAYHOCTH, 3TA GYHKUMSA COBUAAAET ¢ f(x), U TeM
YCTaHABIMBACTCS HENPEPHIBHOCTD f(X) mpH X =X.

Mpb1 oKka3anu T€eoOpeMy CYIMEeCTBOBAHH S HESBHOM (QyHKIMH,
HE 3aJaBasiChb BOIPOCOM O BBHIYHMCJEHHHU €€ 3HAYCHHN HIU 00 ece
AHAJHTHYECKOM INpEeACTABIECHHUH, 3THM MBI 3aiiMeMcs B
rinase XII.

HoxasanHas TeopeMa, O9EBH/THO, SBJIETCA 0006mEnHEM TeopeMEI n° 83,

207. Nuddepemmpyemocts HesBHOH (ynxumn. Temepsr Mbl yCHIMM
NPEINONIOKEHHS OTHOCUHTENbHO ¢yHKuuu F(x, y) u Torga mojy4uM BO3-
MOXHOCTb YCTaHOBHTh U CYIECTBOBAHHE INPOM3BOAHON AJia (QYHKIHUH

y=f).

29*
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Teopema II. IIpeononoxncum, umo
1) ¢ynxyus F(x, y) onpedenena u Henpepwlena 6 npAMOY201bHUKE

D=[x—4, xg+4; yo— A, po+ 4]

¢ yeumpom 8 mouxe (xy, ¥o);
2) uacmuvle npousgoomuvie F, u F, cywecmeyiom u Henpepvienvl ¢ G,
3) F(x, y) 6 mouxe (x,, y,) obpawyaemcs 6 nyav: F(x,, y,) =0; naxouey,
4) npousgoonan Fy(x,, y,) omauuna om uyis.
Tozoa evinoanaomen 3axkouenus a), 6), B) meopemwvi 1 u, kpome mozo,
T) gyukyus f(X) umeem nenpepvienyio npouzeoonyI0.
HoxasatenbcTBo (puc. 113). Ilycts, nanpumep, Fy(x,, y,) =0;
Tak Kak npousBofHas Fi(x, y), B cuiy 2), HeNpepsIBHA, TO MOXHO MO-
CTPOHTDH TaKoM KBaJpAT:

[xg= 0"y X4+ 08"y yo— 08, yo+01 (<A m A),
uToOBI [UIS BCex ero Touek 6nwu10: Fy(X, ¥)=0%). Torma mns 3Toro ksai-

para BBINOJHEHBI BCE YCIOBHS TeopeMbl I: MOHOTOHHOCTL yHKIMH

4
454 <
Yo N D

\\//

% =

4o a
44

o

20256, Ty Zply ;48

Puc. 113.

F(x, ) 0o y, IpH X =const, BEITEKAET HMEHHO M3 TOTO, YTO F,>0 [132].
Crnetoatenbro, 3akmodenus a), 6), B) MOXHO CUMTATH OHPABIAHHBIMH.

Tlepexons k MOKa3aTeNbCTBY YTBEPXIEHHSA T), OyleM IO ¥ pasyMeTh
HMCHHO Ty HesBHYIO (QyHKUHMIO y=f(X), KOTopas ONpeMeseTcs ypaBHe-
HHeM (1) M TOXIECTBEHHO €My YIOBJIETBODseT. IIpuasuM X IpHpaLIcHHe
Ax; HapalieHHOMY 3HaYeHHIO0 X+ /Ax GyIeT COOTBETCTBOBATL 3HAYCHHE
y+Ay=f(x+Ax), BMecTe ¢ HMM YAOBJIETBOPSIONIEE YPABHEHHIO 1):
F(x+ Ax, y+ Ay) =0. OueBunO, ¥ TpHpanieHme

AF(x, y)=F(x+ 4x, y + Ay) - F(x, y)=0.

*) Mi60 u nnsa GYHKUHM HECKONBKMX HEPEMEHHBIX CHPABEIIABO YTBEPKIEHHE, aHa-
JorngHoe niemme n° 80 g GyHKOuiE OgHON NEpeMEHHOI.
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[pencrasus AF no gopmyne (1) n° 178, mosnyuum
0=AFx, y)=F(x, y)- Ax + F(x, y)- Ay +a1x i ply,

rae o u f§ 3aBucAT oT x, Ay u crpeMsaTCs X HyJIFo, korna Ax udy o au o-
BPEMEHHO crpemircs K nyimo. Otciona

Ay Fx(x, y)+o

Ax T Fx, B

YerpeMuM k Hymro Jx; B CUILYy YCTAHOBJICHHOM yXe HEIPEPHIBHOCTH
¢byuknuu y=f(x) [cM. B)], mpu 3ToM Ay Taxxke CTpeMHTCS K HYJIO, a Io-
ToMy ¥ a0, f+0. Tak kak F, =0, To CymecTBYeT Ipee NPaBoH YacTH,
a CIIeJIOBAaTENbHO, CYIIECTBYET M IPOU3BOAHAS Y 1O X!

4y F(x )

f' )=y =lim = = Fw 3)

Toacrasnsg f(x) BMecTo y, OyIeM UMEThb 5

ey Fxx, SO
A Ok

TaK KaK B YMCJIMTENE M B 3HAMEHATEJIC MMEEM HETPEPHIBHBIC (PYHKUHU OT
HEOPEPBIBHEIX ke GYHKIUIA, U 3HAMEHATeIb He oOpalaeTcs B HyJb, TO OT-
CroJia CHO, 4TO f'(X) — Taxxke HempepbiBHAs GyHKLUUA. TeopeMa JokazaHa.

3aMevaTensHo, YTO 1o CBoiicTBaM QyHkuuu F(x, y), KoTopas HaM
JaHa HEmOCPeICTBEHHO, MBI MOXEM CYIMTb O CBOHCTBax (YHKLMM Y=
=f(x), ANs1 KOTOPOH HEMOCPENCTBEHHOIO 3aJ2HHUSA Mbl HE HMEEM.

208. HesBubie ¢YHKIMH OT HECKOJIBLKHX NepeMeNHBIX. AHAJIOTHYHO
ypaBHeHH O (1) MOXHO paccMaTpHBaTh ¥ YPaBHEHME C OOJILIIMM YHC/IOM
MEPEMEHHBIX

F(xla Xgs vy Xns .'V) =0. (4)
ITpu U3BECTHBIX YCIOBUSAX STHM YPABHEHUEM y OIPECACHACTCA KaK ¢HE-
sIBHAs» (byHK]J,Hﬂ OT 1 IEPEMCHHBIX xl, KXoy «vvy X
y:f(xl’ x2’ ES] xn)9

KoTopas, BooOule rosops, OymzeT Muoro3nauHoil. Eciu moacraBuThb ee
BMECTO y, TO OyIeM HMETb

F(x], KXoy v vvs xnaf(xla KXoy vy xn)):()

yXke TOXKAECTBEHHO OTHOCHTENBLHO X;, Xo, -« ., Xp-
Mut GymeM ToBOpUTbh, uTO 8 (11 + 1)-MepHom napaisesenunede

(@, by; ay, by; .5 an, bp; ¢, d)

ypasnenue (4) onpedeasem y Kak 0OOHOHAYHYIO PYHKYUIO OM Xy, Xoy .. .5 Xpy
ecau 045 m060il Mouku (X, Xy, ..., Xp), cooeprcawjeiica 6 n-mepHom napai-
Aenenunede

((11, bl, aga bg; ched [Z”, bn):
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ypasrenue (4) umeem 00uH, U MOAbKO OO0UH, KOpeHb Y & NPOMelNCYmKe
(c, d). :
B posu Takoro mapauieienunena o6eMHO Oyner GurypmposaTh
OKPECTHOCTD HHTEpecyronici mac Toukd (x?, x3, ..., x9).
CdopmMyipyeM Terlepb OTHOCAIIYIOCA K ypaBHeHHIO (4) TeopeMy.
Teopema III. IIpeonosoxncum, ymo
1) ¢gynxyus F(xy, ..., Xn, ¥) onpedesena u Henpepvina 6 (n+ 1)-meprom
napasasesenunede

@:_[xg_'dl, xg_}'Al; sy xg_An, Xg_l"An; yo_A’, }’O'TI"AI]

¢ yermpom 6 mouke (x, ..., X%, yo);

2) uacmuwie npouseodnvie Fy , ..., Fy,, Fy cywecmgyom u Henpepblerbl
6 an;

3) dyuxyusa Femouxe (x}, ..., x8, y,) obpawaemca 6 nyav; u, HaKoney,

4) npoussoonan F, 6 smoii mouke He pasna ny.o.

Tozoa

a) 6 Hexomopoii oxpecmruocmu mouku (X3, ..., x3, y,) ypaenenue (4)
onpedessem y Kak OOHOIHAYHYIO BYHKYUO OM X1, « .., Xnt Y=F(Xy, ..., Xn);

6) npu x;=x3, ..., x,=x3 oma Pynkyua npunumaem 3HaueHue Y,

f(xgy Tty x2)=y0;

B) gyuryua f(x;, ..., Xp) HENpepvi6Ha O COBOKYRHOCMU CE0UX aAp2y-
MEHMOoE U

I) uMmeem HenpepbigHble dce YACMHBIE NPOU3BOOHBIE [y s . . .y fra.

Ha noxasateinbCTBe MBI OCTAHABAMBATHCA HE OyIeM, Tak KaK OHO
COBEPILIEHHO aHAJIOIHYHO JoKazaresnbeTBy Teopem I u 1L

Hakonern, B caMoM o0mIeEM ciay4ae MoXeT OBITH HaHa CHCTeMa M3 m
YPaBHEHHIA C 1 + M MEPEMEHHBIMH

Fi(xy, .oy Xn3 Y15 -5 Ym) =0,
F2(x1)-"3 xn; y15 R ym)=0, (5)
F(Xys ooy Xn3 V15 oo o5 Ym)=0.
3mecs peUub MICT 06 OINPEICIICHUH 3TOM CHCTEMBI M NEPEMEHHBIX V1, .. .5 Vm
KaK <HESIBHBIX» (I)yHKHHﬁ OT 1 MEPEMCHHBIX Xy, X5, - .., Xt
J’1=¢’1(x1, ceey xn), vy J’m=‘Pm(x1, RS xn)9

TaK YTO IIPH MOICTaHOBKE B (5) mOJy4aroTcs TO XK I€CTBA

Fy(%1s s Xns @1Xrs << o5 Xn)s o or P15 « -5 X)) =0,
F2(x1’ «ves Xns (pl(xl, e xn): RS ] ‘Pm(xl, seey xn))z()’

Fm(xl’ cees Xpps (pl(x].’ ey xn): vy (pm(xl, ey xn))=0'
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FOBOpﬂT, YIo 6 (n 1 m)-MepuaM napa/t/ze/tenunec)e
(al’ bl, .. a an: bn, cl; d17 .. , cma dm)

cucmema (5) onpedeasem y,, ..., Yy KAk o0O0HO3IHaAHUNbBLEC
PYHKYUU OMXy,. .., X,, €CAU 048 KAWCOOH MOUKU(Xy, . . ., Xp) 6 N-MEPIOM
napasinesenunede

(al9 bl; "'; ans bn)

cucmema ypaerenuii (5) umeem 00HY, U MOALKO OOHY, CUCmeMy peuleHull
Vis « - > Ym> NPUHAOACHCAWYIO M-MEPHOMY napaitesenunedy

(¢, di5 <5 Cmsy dp).

Mpbl BHMAENM, YTO B BOIPOCE O CYIIECTBOBAHMH OJHO3HAYHON HesBHOU
dysxuM, onpeneliseMoit o TH UM ypaBHeHueM (1) unm (4), pemaroyro
poiib urpaito TpeboBanue, YTOOBI B pacCMaTPUBAECMOM TOYKE, YAOBIETBO-
pSrOIEll YpaBHEHHIO, He obpallaiach B HyIb Mpou3BogHas F, — MMeHHO
mo To¥ mepeMeHHOH, KoTopas IOMJICKUT OINPENEICHHIO KaK HesABHas
¢bynkmmsa. B Bonpoce Xe 0 CYIIECTBOBAHMH ONHO3HAYHBIX HESBHBIX (yHK-
i y;, ..., Ym, OHpEIesseMbIX cUcTeMoll ypaBpeHuil (5), k KOTOpOMY
MBI celiuac IEpeXOoAuM, aHAJIOTHYHYIO poip Oyzer MrpaTb ssKoOHaH

OT QYHKUMi, CTOSIIUX B JIEBBIX YaCTAX, MO HEPEMEHHBIM Vi, ..., Vm:
oF, OF  OF oK,
on s T OYm— —En
OF, OF,  oF OF:
J=Db e Fr) o P P ©)
(P15 -+ vs Ym)
0Fm_y 0Fn_y  0Fm—y 0Fm_,
oy dy, T Wm—1  Oym
OFn 0Fn  0Fn OFn
n 9y T Ym—1 Ovm

Teopema IV, Ilpeonosoncus, umo
1) ece gpynxyuu Fy, ..., F,, onpedenervr u Henpepuvighel 8 (n+ m)-mepHom
HPAMOY20AbHOM napaiiesenunede

@=[x2—Al, xg’l’Al; cees xz_Ana x2+An;
0 4 ‘. . 4 | ’
yl_Ala y?"_Al, vey y?n—Amv yn?n“'"Am]

¢ yenmpom 6 mouke (x9, ..., x%; 3%, ..., Yo)

2) cywecmsyiom u HenpeptigHbl 8 G) uacmHvle HPOU3GOOHblE OM BMUX
Pdynxyuii no 6cem apzy menmanm;

3) mouka (3, ..., ¥%) yooesemeopsem cucmeme (5);

4) axobuan J [cM. (6)] 6 amoii mouke omauuen om HyAA.
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Toz0a
a) 6 Hekomopoii okpecmnocmu mouku (X2, ..., Y2) cucmema Yypasrenuii
(5) onpedennem y,, ..., y, kax 0dnosnaunvle Pyuxyuu om x,, . .., x,:

bst =f1(x1, ey xn)’ vees Ym—1 =fm—l(x13 sy xn);
ym=fm(x1, ey xn);

0) npu xo1 =xy, ..., x, =0x2 amu PYHKYUU NPURUMAIOM, COOMEeMCIMBeHHO,
0 .
sHavenusn ¥y, ..., ¥ _1, ¥0:

AL o XD =00, fua(RR, L, XD =30
JmX2, oy XY =38

B) fyHryuu f,, ..., f, HenpepuigHbl u

T) UMelOm HenpepblsHble e YacmHble Mpou3eodHble Mo cem apzy men-
mam.

loka3aTenbCTBO HOBENEM IO METOAY MATEMATHYECKOH HEH-
nykmuu. Ilpm m=1, xorma cucremMa cCBoOOMTCS K OJHOMY YPaBHEHHIO,
TeopeMa BepHa (3To — Teopema III). JlomycTEM Temepb, 4TO TeopeMa
BCPHA Ul Ciy4as, KOIZ]a CHCTEMa COCTOMT M3 m ~1 ypaBHEHHH M pedb
Hzer o6 onpenencHuy m— 1 HesBHBIX QYHKIMI, B JOKaXeM ee IUIS CHCTe-
MBI U3 m ypaBHEHHIL.

Hockonpky sikobuan J B Touke (X2, ..., %) OT/IMYEH OT HyJs, B HO-
CJIETTHEM CTONONE €ro XOTh ONHH 3JIEMCHT B 3TOH TOUKE TAKXKE HE PaBeH
HYJIO; IIyCTh, HANPHAMED,

dFm(x1, - -, ym)
— 2T T (),
Oym
B TakoMm ciydae, mo Teopeme III, mocinemmuee YpaBHEHHE, CH-
CTeMbl (5) ~ B HEKOTODPOH OKPECTHOCTH &* TouYKH

(x2, ..., ¥}) — ompemensier y, Kak ONHO3HAUHYIO (YHKIHMIO OT OCTAJIB-
HBIX apryMEHTOB:

ym=q)(x1, cees Xny Yrs e ym—l): (7)

TaK YTO TOXIECTBEHHO (OTHOCHTEJIBHO 3THX APTYMEHTOB) MMEEM
Fon(X15 <oy Xn3 Vi o v v Ymetr @15 - ..y Ym=1))=0. (8)
OTa QyHKIHS @ HENpepHIBHA M MMEeT HENMPEPHIBHBIE YACTHBIE IPOU3BOL-

HBIC; KpoMe TOro
oG, oo, x05 00, L, W) =)0 )

BaxxHo MOMYepKHYTh, YTO, HOCKOJNBKY MBI OTPaHHYUBa-
€MCsi BOpENh YOIOMAHYTOMH OKPDECTHOCTHLIO G&)* ypas-
HEHKE

FolX1s - oy Xn5 Y15 ooy Ym)=0

PaBHOCHIBHO ypaBHeHuIo (7): B mpelenax &)* eMy yHOBJIETBODPSIOT
OFHH M TE K¢ CHCTCMEBI 3HAUCHHH HEPEMEHHBIX Xi, ..., Xn3 V15 -+-5 Ve
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3aMenss mocnenmHee M3 ypaBHeHuii (5) 3THM ypaBHeHHEM (7) u non-
CTaBIIsAs (QYHKUMIO @ BMECTO J, B OCTAIbHBIE YPABHEHUS CHCTEMBI %),
MBL MOJIYYUM HOBYIO CHCTEMY yXe M3 m~—1 ypaBHeHuii ¢ n+m—1 mepe-
MCHHBIMHA

(Dl(xl’ ey xn; yla vy ym—l)zo,

R (10
q)m—l(x19 LY xn; }’1, Y J’m—J)ZO,
TA€ A COKpAIUEHUs MoJokeno (mpu j=1,2, ..., m—1)
d)f(x]_a ey xn; y19 LECIERY ym——]):
=Fi(x1, ooy Xn3 Vi ooy Ymets @0, <oy Yuo))). (1)

Ecuu BHIXONUTD 3a mpenensl oKpPecCTHOCTH &* To
cucreMa (5) oka3pIBaeTCi PaBHOCHJIbHO M CUCTEME (10) ¢ mobasie-
HueM ypasnenus (7). [ToaToMy, ecnd HAM yaacTcs IMOKas3aTh, YTO CHCTe-

Moii (10) B mocTaTouHo Manoif okpecTHOCTH d* Toukm (x9, ..., 3°_))
m—1 NEPEMEHHBIX ;, ..., Ym_1 ONPENEISIOTCA KaK OHO3HAYHBIE (yHK-
OUH OT Xy, ..., Xp:

n=hG& on X)) e Ymer=faa(Xy, LX), (12)

To B cuy (7) M IepemMeHHas y,, ONPENEIMTCA Kak Takas OJHO3HAYHAS
yHkmus:

Ym=fnlX1s -0y Xp) =
=¢(x1’ sy X, fi.(x_l’ ey x,,), ey f,,,_l(xl, ey xn)), (123_)

M 3aKJIFOYEHHE a) OyHeT MOJIHOCTHIO OMPaBAAHO ¥).

OGpartumes xe k cucteme (10)  mOKaXeM, YTO B OKPECTHOCTH TOYKM
(37, ..., ¥%-1) WIA Hee BBUIONHSIOTCS YCIOBMSA, aHANOrmuHbEe 1), 2), 3),
4). CnipaBeTMBOCT MEPBBIX BYX HEMOCPEICTBEHHO BHITEKAET U3 CBONCTB
¢ynkuwit F; u @, BBumy (11). Touno Tak %e ycioBHe 3), B CBSI3H C (D) u
(9), maer HaM (s j=1, ..., m—1)

(D](y(l)a M ygl—l):Fj(x(l), crey y?n-—l’ (p(xll)5 A y?n—l)):
:Fj(xtl)’ DY yron—l’ y?n):O‘

*) IlosicHuM, 4TO (n-+m— 1)-MepHbIH (OTKPBITHII) napajienaenunen d* mpexmona-
racrcsa HaCTOJBKO MaJlbIM, ‘{TO6BI OIIpeOeIAIoIIUE €ro IIPOMEXYTKH COIEPXKAIUCE B
COOTBETCTBYIOIIMX IIPOMEXYTKAX, ONPENENAIOUMX (7 771)-MEPHEIR  NapallIelenane,]
GD*. Ta OKPECTHOCTh TOUKH @, ..., o), © KOTOPOH yNOMHHAETCS B 3aXJIIOYEHHH a),
M OINpPENEIMTCH BCEMH NPOMEKYTKAMM, CBS3AHHEIMM C d*, C IPUCOEAMHEHWEM K HHM

NOCIEOHErO U3 OPOMEXYTKOB, CBA3AHHBIX C ‘2:0*,
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OcTaercst JUIIb PaccMOTPeTh K 0 O Ma H (aHanoruyHbii J)

0P, 09, 0D,
3}’1 9y " O¥m—1

0D, 09, 0D,
DDy, ..., Dy BT el

JE= 1t Fmel 3 3y Vm—
D(}’;, b ] ym—l) yl . : . . m _l
OPm_y 0Pm_ 1 OPm s
N 0y; T 0Ym—1

U yOeauThCA B TOM, YTO OH OTJIMYEH OT Hyns B Touke (x§, ..., y%_y).
C sroil 1ens0 npeobpasyeM olpeieiuTeNs J, NpubaBiaas K 3JIeMEHTaM
HEPBEIX €ro m—1 CTOJNOIOB 3MEMEHTHI M-TO CTOJOIA, YMHOXEHHBIE CO-

OTBCTCTBCHHO Ha ,ﬁg, ey 99 .
oy 0Ym_1
OF, , OF dp R OR % O
9y, Wm O T Ym— ym  O¥m—1 oym
oF, , 9F o9 oK, OF, 9y 0F
on Wm T Wm— Iym OYm-—1 I¥m
J=l. .

aFm—1+ 0Fm_, '32_ 0Fm_4 T 0Fm_, P 9Fm_,
oy, m T Wm-1 m OVm— O¥m
0Fm 0F, oy 9Fm 9Fnm P 0Fn
3}’1 5}; 371 T dymaa " vm b}’m 1 M

Ecnm c4nTaTh 31€Ch Y5 =@(X;, ..., Ym—1), TO BCE IJIEMEHTBI, KPOME Ha-
XOMIAIIMXCS B IOCIENHEH CTPOKE M B MOCJIEHNHEM CTOJONe, OyoyT mpen-
CTaBIATE coBGOM YacTHBIE Ipon3Boanble OT QyHKIHA @) (0 ¥y, - . -, Ym—1)-
Wmenno, Beuny (11), nuddepenmupys D; xax CJIO)KHY}O (yuxuro 1o

Yis +++s Ym—1 [HONB3ySCh NpaBHIIOM n° 181], nonyauM g j=1,
o, m—1
o9; oF; OF; 9y oP;  9F; 0F; 99
oy, - 5;1_ E .’ ’ OY¥m— B Wm—1  OYm Om—1
C npyroil cToponsl, eciu npoguddepeHIMpoBaTh MO ¥y, ..., Ym—1 TOX-

nectBo (8) *), To okaxercs, 4TO

0Fm
oy,

IFm 39 _ 3Fm
Ym N P 9yma

Fm g -
OYm 0Vm-—1

*) Benp eciu (crmoxnast) dynkuusd, crosmas B (8) criea, TOXKISCTBEHHO PaBHA HYJIIO,
TO H OPOHM3BOJHEIE €C IO JIIOOOMY apryMeHTy — TakXke HYyJiH,
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Taxum 0o6pa3oM, sj1eMeHTBL B NOC/TEMHEH CTpOKe (xpoMe mociennero)
BCE paBHBI HYI10. OKOHYATEILHO

0P, P, R

W mer Ovm

oD, P, OF,

_éy_l T Yme WI;

J= . oo
0Pm_, 0Dm_y 0Fp_,
T mer Oym

OFm

o ... 0 Fre

Pa3oxuB 3TOT oHpenenuTeNns HO 3NIEMEHTaM MoCieIHel CTpPOKH,
HIPUOEM K pPE3YJIbTATY

J=Jg*.%m

oVm
MMonoxum, mHakomem, 3meck x;=x%, ..., Yu_1= ¥%_y; Torma y,,=
=@(X;, ..., Ym_1), B cuiny (9), o6patutcs B 3%,. Tak Kax B 3TOM ciy4ae, Ho

yCcr0oBuio 4), J OTIMYHO OT HYJIsl, TO HE MOXKET OBITh HyJeM H J*, 4. H TPp. 1.

Ans cucremur (10), comepxaweit m—1 ypapuenuii, mama TeopeMa
Ipeanonoxena BepHOH. CilefoBaTeNbHO, CHCTEMa 3Ta B OKPECTHOCTH
Toukn (x9, ..., ¥%_,) ompenensier oqHO3HAYHBIE dysxumu (12), mempe-
PBIBHBIC 1 HMEIOIINE HEIPEPHIBHBIE MPOU3BOIHBIC; KPOME TOTO, 3TH (YHK-
UMK YOOBJIETBOPSAIOT H TpeOoBaHuio 6):

A s D=3, S, XD =0 (13)

Orciona cnenyer, uro m-s dynkuus (12a) Takxe HENpEepbIBHA U MMEET
HEIPCPBIBHEIE MPOM3BOAHBIC, H, HAKOHEW, IPHHAMAs Bo BHuManue (13) u

9):

T o XD =, - x5 AGE XD, frea (R, L, xD) =

0 0. ,,0 0 — 1,0
:(P(xl: c v xna yla MR ym—l)_yM'

Teopema noxasana.

3ameyanue. Mol obpamaeM BHMMAHHE YUTATENS HA J1 O K a JT b-
HBLH XapakTep BCEX TEOPEM CYLIECTBOBAHHUS HESBHBIX byHkmMit: peus
uoem 6ce epems Aub O HEKOMOPOii OKPECIHOCMU  paccmMampueaemoi
mouxku. Ho ¥ B TakoM BHIe 3TH TEOPEMEI IOJIC3HEL, Hanpumep, YUTaTeNIb
YBUIHUT 3T0 B ruase VI1I, roe npu u3yyeHHM CBOWCTB reomeT pude-
Ckoro o6pa3sa B JaHHOH €ro TOUKE COBEPLIEHHO NOCTATOYHO orpa-
HUYHUTBLCA HEHOCPCOCTBEHHON €€ OKPECTHOCTBIO.
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209. Briunciiende DPOM3BOAHBIX HesBHbIX (ymknuil. Xom paccyxneHui,
C TIOMOIIbI0 KOTOPHIX YCTAHABJIMBAJIMCh TEOPEMBI CYIECTBOBAHHS HESB-
HBIX QYHKIUH, B 00IIeM CiIyYae He JaBaJl MPEINCTABIICHHA O CAMOM C II O-
cobe BBIYHCIEHHUS NPOU3BOAHBIX (MEPBOIO IMOPAAKA) OT HESBHBIX
¢ynxnuii. O MPOW3BOAHBIX BBICILETO MOPSNKA M BOBCE He OBLIO pevH.
Temepb Ha 3THX BaXHBIX BOMPOCAX MBI OCTAHOBMMCS CIIEHAIILHO.

HauyneM c mpocteifiero ciyuas, xormna naso ypasuenue (1). Bymem
CYMTATh BBHIIOJHEHHBIMH, B OKPECTHOCTH PACCMATPHUBAEMON TOYKH, YCIIO-
Bus TeopeMbl Il; cymiecTBeHmHyr0 poJib B pdaibHeiilieM OyneT wurpath
TpeGoBanue F,=0.

ITokaxeM IpPOCTOH TpHEM [UIS BBHIYMCJIEHM S IPOM3BOMHOH V.
(ecmm cyulecTBOBAaHME €€ Hameped H3BECTHO). MbI 3HaeM, 4TO
€CIH HeSABHYIO0 (yHKIMIo y=f(x) moncraButhb B ypaBuenue (1), To oHO
oOpaTtuTca B ToXIecTBO [cM. (2), 205]. Utak, ecnu oA, y pa3yMeTb UMEHHO
3Ty (yHKIOHIO OT X, To JieBas uacTh pasenctBa (1), F(x, y), npencraBuT
coboif CIOXHYH0O QYHKIHIO OT X, KOTOpas TOXIOECTBEHHO
paBHa HyJt0. Tora u mpoW3BoJHas €€ MO X TaKxke eCTh Hyib. Eciam mpo-
nmuddepennupoBath 3Ty GyHKIMIO MO IpaBuwiy n° 181, To mosryyum

F(x, »)+ Fy(x, y)-y.=0%, (14)

oTkyza (tak kak Fj=0)

,l — F;(x! y)
J’x - F)/,(x’ y) > (15)

MBI IIPHIIUIA K yXe u3BeCcTHOM HaM dopmyie [cp. (3) 206].

Teneps MoxeM moitu mainbiie. Ecuu ynxuus F(x, y) MMeeT He-
NpPEPHIBHLIE TPOM3BOAMBIE BT OP OT O TOPSANKA, TO BBIpaXEHHE, CTOS-
mee B popmyine (15) cnpasa, MoxeT ObITh MpodudHEPEHIHPOBAHO MO X,
CIIEIOBATENBHO CYMIECTBYET M IIPOM3BOMHAS OT Jy, T. €. BTODpas Ipo-
U3BONHAS .., OT HesiBHON GyHKmuu y. Bemmonusas muddepeHnApoBaHne
U IOACTABIASA BCAKHH pa3 BMECTO . ee Boipaxenue (15), naitmem

v (Fay+ Fyay)- Fe—(Fot ey Fy _
Y= /2 N
Fy
2F,-Fj Foy— Fy*+ Fa— F2Fyi
- FI3 2
¥y

OTCIO/IA € BUIMM, YTO BTOpas Hpou3BoAHAas OymeT HeMpephIBHOH GYHK-
nueil oT X.

E cnu dyukmus F(x, y) ©MeeT HeNpephIBHbIE IIPOM3BOAHBIE T P € T b-
er o MOpAdKa, TO, OYEBHIHO, CYILECTBYET H TpPeTh A IPOM3BOMHAS
OT HesIBHOW (GYHKUMHK: yy:; €€ BBIPAXEHHE CHOBA MOXET OBITH MOJIYYEHO

*) CoOGCTBEHHO, TAKOLO K¢ THNA DAacCykKACHME MBI yXe MpoBOAMIHM Bbume. Cp.
CHOCKY Ha c1p. 438,



209} § 2. HESABHBIE ®VHKIINH 461

HEIIOCPE/ICTBEHHBIM /I (GEPCHIMPOBAHHEM BBIPaXeHHS /UIS Vi, U T. I.
C moMomEI0 MaTeMaTHYeCKoM MHAYKIMH JIETKO JIOKa3aTb, YTO CYUjecmeo-
6aHue HENpepbleHbIX Npouseoonsix dynkyuu F(x, y) do k-20 nopadka k=1
BKAFOYUMEALHO Obecneuusaem u Cywecmeosanue (nenpepuigroil) npouszeoo-
1oii k-20 nopaoka om messnoil gynxyuu.

ITocne Toro kax, Takum obpazoM, cambrii ®daxT cywecTBoBaHUS 1IO-
CJICIOBATENIPHBIX NPOM3BOJIHBIX OT HESABHOH (YHKUMH yCTaHOBIIEH, BBHI-
UHCIICHUE HX NPOLIE NPOU3BOJIMTE IyTeM MOBTOpHOro auddepenuupona-
HUS TOX/IECTBA (14), ¢ y4eTOM TOro, YTO y eCTh GYHKIHUS OT X. Hanpuwmep,
nepBoe ke AUdPepeHIUPOBAHHE 3TOrO TOKIECTBA AACT HAM

Gk F ¥ (Bt Byl Yot i y(i=0, (16)
oTkynma (Bexsp Fy»=0!)
“ S ]
V= Tt 2By et By
IIOJICTABUB BMECTO p, ero Bbipaxenwue (15), BepHeMCS K yxke HaWJeHHOMY
BBIPAXKEHUIO JUIS Vie; U T. 1.

AHaOrH4HO OBCTOMT /IENI0 U B Ciydae ypaBHeHMs (4) ¢ GOIBILMM duC-
JIOM IIepEMEHHBIX. 3/1eCh TPE/ONIATaeM BBITOIHEHHBIMA YCIIOBHS TEOPEMBL
I11. Ecnu ozt y pasymeThb HesiBHYIO (GYHKLHIO, OTpeIesIseMy¥o YpaBHEHHEM
(4), To (4) peBpaIACTCA B TO X A€ CTB 0. DUKCUPYS 3HAUEHHS X, , . . ., X,
M pacCcMaTpuBast y Kak YHKUMIO JMWb OT X, npoauddepeHumpyem
9TO TOXKJAECTBO TIO X,:

’
F,
4 ’ X .
Fiv Fyoy =0, omeyma v = -T2
TOYHO TaK e IOJYYHM
’ ’
, Fy y F;,
.}'xz:_—[;j! 7)’.\‘,,:71;;"" UHT IO
Ecnu HyXHBl BCe NpOM3BOJHBIE IIEPBOrO, BTOPOrO, ... NOPS/IKA,
TO HpOLUe Cpasy BBIMUCIATEL dy, d’y, ... Ilpomuddepenuupyem xe Haie

TOXKIECTBO MOJHBIM 006pa3oM, T.e. TpPUPABHAEM HYJIO IOJHBIN
nubdepernman oT €ro JICBOW 4acTH [MCIONB3Ys IPH 5TOM M HB a p u-
AHTHOCTDL ¢ opMBl HepBoro qubdeperuuana, 185]:

IF g OF 4. L OF oF 4.
({)_,: d)‘l I 5&'2 d’\Z Lo, 0Xn dxn Jray dyf(),
TaK 4TO
o IF
. 3x1 L = (’)-ini ~
(/}'” —*(,)7{: (,.\I e !,"f, (/An.
ay Iy
B 10 xe Bpems
=Y g oy
dy = o dx; v ..o B dx,
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Beunmy mpousBonbHOCTH dX,, ..., dX,, OTCIOA SCHO, 4TO

oF oF
o _ o  _ xn
9x,  9F * " 9x,  9F ’

ay y

KaK MBI M IIOJYYHJIH BBILIE.

Juddepennupys eine pas, moayinm
oF oF

oxi 0x,0%n

oF
oy

9*F
dx, + ...+ dx,,+axlaydy]dx1+...+ d?y=0

U ONIpeAenuM d2y, YTo HpUBeeT HAC K BBIPAXCHHAM IS
% oYy ?*y

3xi, 3)613)52’ m, sy

HT. O Mur BUIUM, YTO BO BCEX 3THX BBIKJIAIKaX OCHOBHYIO POJIb HIrpacT

yCIIOBHE, 4TO
, OF
F ¥y = a—y— b 0.

IlepeiizeM Tenepp K pPacCMOTPEHHIO CHCTEMBI ypaBHenwii (5). Bymem
HmpeanonaraTh, YT0 B OKPECTHOCTH B3SITOH TOYKH BBHIIOJIHSIOTCS YCIOBHSA
Teopemsl IV. CHoBa ofpainaeM BHMMaHHe Ha pOJib, KOTOpYIO Oyaer
urparb Tpebosanue J=0.

MEr 3HaEM, YTO HESBHBIE PYHKLUH Y, ..., ¥y, HMEIOT YaCTHBIE IIPOH3-
BOJIHBIE IO X, ..., Xp. CaMO€ BBIUHCJIEHHE HX NIPOU3BOAUTCH Ju-
(bepeHIMpPOBaHHEM TOXHECTB, KOTOpble moyydarorca u3 (5), ecad mmox
Vis ---s Ym DPa3yMeTb MMEHHO YNIOMSHYyTHle HesBHBIE Qynxumu. dudde-
PEHLIMPOBAHUE IO X,, HAIIPHMED, JAET

oF, O0F Q}’_l oF, 0ym =0
ox, Oy Ox1 T Oym 0% ’
oF, 0Fnm Q’_l_ +3Fm O¥m _
9%, 9y, 0xy T Oym 0%

O10 — cHcTeMa JHHEUHBIX ypaBHCHI/Iﬁ OTHOCHTEJIBHO HECH3BCCTHBIX

201 Qyﬂ,c OTJHIYHBIM OT HYJISA ONpeAcTUTEIIEM

9%, o
J_D&Fy, ..., Fr)
DOy, <-4 Ym) ’
Orcroga
D(F, ..., Fm) D(Fy, ..., Fyp)
0y DGy -ee5 Ym) %_ _ Dy -5 x)
9, D(F, ..., Fp)’ "7 0x, D(F, .-, Fm) '

D(yl’ Tt yﬁ'l) D(yl, A ] .Vm)
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AHaJIOTHYHbIe BEIPAXKEHUS MOJIY4al0TCS ¥ VI IPOU3BOIHEIX OT V1, - .., ¥m
IO Xy, -v.y Xn.
Ecnu dysxmmu F,, ..., F,, IMEIOT HENPEPHIBHEIE YaCTHHIE IPOH3-

BOIHBIE BT OPOT O MOPAAKA, TO NpaBHEe YaCTH BCEX IOJYYEHHBIX (op-
MYJI UMEIOT (HEIpEephIBHBIE) POU3BOAHBIE II0 BCEM APTYMCHTAM, CIEHO-
BAaTEJILHO, CYNIECTBYIOT (HEIPEPBIBHEIE) B T O P Bl € HPOM3BOAHEIE OT He-
#BHBIX (ynkmmwi. Boobme (kak 3To Jerko I0Ka3aTh MHIYKTHBHO) Cyuje-
cmeosanue oan ynkyuii Fy, ..., F,, nenpepvienvix npouzeoduvix 0o k-20
NOpAOKA GKAIOUUMEAbHO 8AeYem 3a COBOU CYuecmeosanue u HenpepsiGHOCMYb
6cex npousgooHuIx k-20 nopaoka u 04a neasuvix GYHKyul.

Boiuncnenue NPOU3BONHBIX OT HeSBHBIX (YHKIMI M B 0GIeM
ciyuae TaKkxke Ipou3BoguTcsa Jubo nubdepennupoBaHueM T O X J€CT B
(5) mo Tem umm ApyrmM mepemeHHbM, 60 MHGEPEHIMPOBAHHEM HX
HOJHBM 06pa3om Ilomyuaemas Ans onpelesieHus HTPOU3BOIHbBIX
Wi AubdepeHnuanos cuCTeMa JIH He i H bl X ypaBHEHHI CBOMM Ompe/ie-
JIMTeNIeM BCerna MMeeT OTJIHYHBIH OT Hyns sxobuan J. DT 3amMevaHud
CTaHYT OoJiee SICHBIMH HA IMIPUMEPAX.

210. IIpumeper. 1) ITycTth y CBS3aHO C X ypaBHEHHEM
— y
In [x2+)2=arctg —.
x
Juddepentmpys nocnesoBaTensHO N0 x (NpUYEM y cuuracM (GYHKLHEH OT X), MONLYYHM

Xty xy'-y
x2+y2 x2+y2

wni - x+yy =xy -y,
3aTeM
1+y2+yy" =xy";

4 T. A. VI3 nepBoro ypasHeHMs HAXOOAHM

x=y

U3 BTOpOro (EC/H MOACTABUTH HAMJCHHOE 3HAYCHMUE )')

’r

1+y? x24y2
yo= =

=2 s
x-y x-y)3R

" T. A
2) Jano ypaBHenme
F(x, y)=x2+y2-3axy=0.

Tpebyercs HaliTH 3KCTPEeMYMBl OmNpedensieMOil MM HeSBHOIN ¢yHKIMH y OT X.
Wmeem 3pmech

Fi=3x*-ay), F}=30%-ax).
Beupy (15), pna toro 4toGer GbUT0 yy=0, NOKHO BBHIIONHATECS PABEHCTBO F;=0,
Pemas cosmectno ypasuenus F=0 n F{=0, malineM 0O Be Oaphl COOTBETCTBEHHBIX
3HAYECHHH X U .

a_ a_
x=0, y=0 wu x=a)2, y=ald.
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Ho B nepsoit Touxe o6pamaercs B HyJib ¥ Fy, Tak 4TO MBI HE MOXEM yTBEpXIaTh,
YTO B € OKPECTHOCTH Hallle ypaBHEHME ONpeNesseT y KaK OAHO3HAYHYIO (YHKIHIO OT
x; mo3toMy Touky (0, 0) octasnsieM B CTOpOHE.

3
Bo BTOpOI TOUKE F} =342 V—>0 M K He# npunoma TeopeMa II. UtoOn1 yoemutscs

B HAIWYMMA JKCTPEMYMA, BEIMHCIMM yx- npu x = aV2 mpome Bcero Ucxomuts u3 (16),
nonaras Tam yy=0;

7

’” Fx!
Ixt= F}

*),

3
g ’
Tax xak F,’C§=6x>0 npu x=aV2, TO y;=<0, ¥ BQIMIO MAaKCHMY M.
3) IlycTh HeaBHass QYHKIHA Z OT X, ¥y ONPEHENAeTCAs YpaBHEHAEM

X2 ¥z 2
—+—=+—=1
at b ¢?
HmMeeM mocnenoBaTenbHO
x dx dy zdz c2x c?
TEIDLEZ o, de--ax-Tay,
a2 b2 c? a®z b2z
TaK 410
32 c2x dz c2y
ax a%z’ 9y b2z’
3aTtem
dxt dyt dt z dzz
—_—t—t+—+ A
[ c?
OTKYHA (€CIIM BOCIONB30BATHCS H3BECTHEIM YK€ BHIPAXCHHEM MJIA dz)
cir(xt 2% dx® ny y2  z%\ dy?
2. —_—t—] —
PO [ A D
4YTO JaeT HaM
92z ct (x2 22 9%z cixy
axt  a%8\at ox 3y— a3’
92z 2 zz)
===+ H T. A
ay* b2z3 | b*
4) Ilycrtb z onpenensercs, XaKk GyHKIAS OT X U y, U3 yPaBHCHHS
z=x+y-p(2).
IIpeanonaras 1-—y-p’(z)=0, noka3aTe, ¥TO
0z
8}’
Hmeem
0z _ 1 a9z B o(2)

x 1-y¢'@ ay 1-y¢'@°
OTKyIa M BHITEKaeT TpeOyemoe.
5) Ilycts w3 ypaBHEHMS
y=x@(2)+y(2)

’”
*) 310 — He 0OIEe BBIPAXKEHUE I yy2; OHO TOAMTCS JIMIIbL B HHTEPECYIOMICH HAC

3 3_
TOUKe (a V2, aV4) .
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riepeMeHHas z ofipenensercs kak HesBHad QyHkuus OT x u y. Ilpeamonaras x-¢'(z)+
+9’(2) %0, yCTaHOBHTE, YTO 312 QYHKUHS yAOBIETBOPsACT AmddepeRuraIbEOMY ypas-

BEHHIO
9% (32)2_ 0z 0z ¢’_)Zz 0%z (32)2
oxt oy ox

dx oy 3x¢’)y+ a2)*
win

r-q*—2pg-s+t-p*=0,
It ANS KPATKOCTH HOJIOKEHO

dz 0z 9%z 9z 9%z
=D, —=q, — =1 =S, —=1
ox oy ox* dx9dy oyt

ITocnepoparespHo auddepesuupys 10 X H [0 y, NOIyYUM

P@)+[x¢'@+yv'@lp=0, [x-¢'(@)+y'(2)}-g=1
H, Janee,

2¢°(2)«p+x-9"(@)+ v (@) P2+ [x- 9" (@) + v (D] r=0, q?
9 (2)-q+[x-9" @D+ v @ pa+ [x-¢'(2)+ v’ @)]-5=0,| —2pg
x-9"(@)+ 9" @) ¢*+ [x- ¢ (@) +y'(@)]- £=0. P

CiIOXMB NOCHEITHHE TPH PABEHCTBA, HPERBAPHTENBHO YMHOXEHHLIE HA g%, —2pgq,

P% ¥ OpHaeM K TpeOyeMOMY COOTHOINEHHMIO,
6) IIycTs maHa cHcTeMa

x+ytztu=a, x2+yP+z2+ut=0?,  x3+)3+23+uE=cd,
onpeaengowas y, z, ¥ Xak GyHKOUH oT x. MMeem
1+y'+2'+u'=0, x+yy'+zz’+u’=0, x2+y¥'+2% +ut'=0.

Ipearionaras OnPEICIMTEND

11 1]
ly z u{=@-»u-yu-z)
Vo2 Wt

HE PABHBIM HY/IIO, HMEEM OTCIOJA
(z-x)(u-—-x)
GE-y)u-y)

7) [lycth nepeMenysie X, y, z CBA3aHbL C NEPEMEHHLIMH r, 8,  COOTHOLICHUAMMU

N

UT. A

x=r.cos 8 cosp, y=r-sinfcosp, z=r-sing,
i 4 7T Tt

I
e O<r< 4o, ——<f<—, ———@<—, SAxobuan
e B=r 2772 2%

e o _ .

Dx, y,2) | 6 cosg rsin 6 cosg r C.OS ] sgntp

=" =1|5in § cosp rcos@cosp —rsin @sing|=r2cosp>0.
D(r, 6, 9) sin g 0 rcosg

VYuoMmsHyTHI€ COOTHOIIEHNS OOpelNesoT r, 8, ¢ kak GyHKUAM OT X, ¥, z. Jua Bbl-
4YCIICHUA OPOM3BOAHEIX 3THX (yHKuMt npoxuddepeHIMPYeM 3TH COOTHOIIEHHE IT O JI-
HBIM oOpaszom:

cos 8 cose dr—r.sin 8 cos ¢ d0 — r-cos 8 sin ¢ dp =dx,
sin 8 cos@ dr+r-cos 8 cosg df — r-sin 0 sinp dp=dy,
sing dr +r.cosp dp =dz,

30 I'. M. Quxtenroneu, T. 1
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Orcrona onpenemum dr, db u dy:

r2.cos 0 cos? r?sin 0 cos? r2.sing cos
dr= ? ax+ P gy, SO C0SP

X Z,
J J J
rsin @ r-cos 8
df= — dx+ dy,
J J
r-cos 8 sin g cos r-sin 6 sin ¢ cos r-cos?
dp=— Jtp 1de_ le (pdy-i— . (pdz.

OTHM, COGCTBEHHO, YXe M HAICHHl MHTEpeCYIome Hac NMPOM3BOAHbIE (ECIH YHeCTE
yKa3aHHOe BHIUE 3HauYeHue J):

a—r=cosﬂcos<p, éi=sinlicosq), a—r=singp,
ax 9y az
i‘)i=_sin8 129_: cos 8 29__0

dx  r.cosp’ dy  recosg’ oz

dp cos B sin @ o9 sin 8 sing dp cosep
7w

INpensnoxennbie ypaBHEHHS JIETKO PEMIMTL OTHOCATENLHO 7, 0, @

. ¥y z
r= Vx2+y2+z*, f=arctg—, @=arctg .

X / x2+ y2
JTO JaeT BO3MOXHOCTH BHIYHUCIATH BCE 3TH NPOH3BOIHEIE M TeM IOPOBEpUTh HAWeH-
HEIE Pe3yIbTaThl.

8) B kauecTBe 3aKJIOYHTENILHOIO IpEMepa Ha muddepeHIEpoBaHHE
HesIBHBIX (YHKIOHH BHIBENEM elle OXHY (HOPMyJy, CHOBa IIOMYEPKHBAIO-
INy¥O AHAJIOTHIO MEXTY SKOOHAHOM CHCTeMBI (OYHKHMI M IIPOM3BOMHOR
omno# GyHKIMH,

IlycTs naHa cHCTeMa n ypaBHEHMH ¢ 2n IepeMEHHBLIMI:

E(xly Xos veey Xny YVis YVas <o s yn)=0 (i= 1’ 21 cees n)-
Ipequonaras axobuan
DR, Fy, ..., Fn)
D(yl’ Yoy ooy yﬂ)
OTJIHYHBIM OT HYJs, PAaCCMOTPHM Y;, Yy, ..., ¥n Kak OQYHKOHH OT
X1, X, « . .5 Xp, ONPEHEISIEMbIE 3TON CHCTEMON YPaBHCHHM M, CICHOBATEID-

HO, ofpaljafoline WX B ToxzaecTsa. Juddepernupys 5TH ToXIECTBA IO
KaXJIOMy X;, PE3yNbTaThl MOXEM IIPEACTABUTH B BHIE

_OFi_0F oy 0Fi 0., OF; o
9x) 9y, 9xy Iy, dx; T Oyn 0%y
G j=12,..., n.
OHPeIIeJIHTeJIL, COCTaBJICHHBIH M3 JIEBBIX YacTEH 3THX PABCHCTB, €CTh

1y D, By -- F)
( l)n D(xy, Xy ooy Xn)°
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OIIpEeNCIUTENDL XK€, COCTABJCHHBIA H3 IpaBBIX ‘iaCTeI/I O4Y€BHIHO, IIpen-
cTaBiaseT coboi IIPOMU3BCACHHUEC onpeuemnenen

DF, By, os F) o DOHy 32y - Y1)
D(yl’ Va5 o ves ¥Yn) D(Xl, Xoy e vy Xn)

[em. 203 (3)]. Orcrona nonyyaercsi hopmyia

D(F‘l)_Lj FI‘I)
DGy, "___y_”) (= Q(j‘l;'_'_’ xn)
D(xI; sy J\n) P_(,FL_._._ Fn) i

D(yiy s ¥n)

sIBJISFOLIasACs ananoroM ¢opmyist (15).
Eciu ypaBHenus fHambl B BHIE, Pa3pelICHHOM OTHOCHTENBLHO X,
Xgy ooy Xnt

xl:(Pi(yJ’ Yos - s yn) (i=l, 2, tey n),

TO IIOJ PACCMOTPEHHBIIi CJiy4ail 9TO IOJOHIET, eCIN HONOKUTE F; =g, - X;.

Tak kax 3mech %’—— —1 unu 0, cMoTpsi mo ToMmy, Gyaer nu i=j umu
J
i j, TO YHCNUTEIb CBEIETCA K
-1 0. 0
0~ I 0 2(— l)ny
PR
u Gopmyna npuMeT BUL,
D(ylﬁ"'! yn): 1
D(xy, + oy Xn) PLXL’ xn) ’
Dy, -- v, ¥n)

OTOT pe3ynbTaT HaM yxe 3HakoM [203 (4)].

§ 3. Hexoropble Npu/IoxeHusi TeOPHH HesIBULIX (yHKIMHi

211. OtHocuTeabHBIe 3KCTpeMyMBI. PaccMOTpuM Bompoc o6 3kcTpe-

Myme OYHKIMA f(X;, ..., Xg4m) OT R-+m IEPEMEHHBIX B IIPEAIOJIOXNE-
HHH, 9TO 3TH I€PEMEHHbIC HOMYHHEHBI €l 77 YPABHEHHAM CBA3 H
Qsi(xl, cevs Xy Xngls ooy xn+m)=0 (1)

(G=1,2,..., m.

Mur YTOYHHM IIOHATHE O TAKOM OTHOCMUTEJBHOM JKCTpPpEMY-
M€ M YKaXEM NPUEMEI I €r0 pa3bICKaHHs.

30*
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LoBopsrt, 49T0 6 mouke M(x}, ..., x3,,), ydoeremeopawwyei

ypaeuneHnuam ceasu, gyukyua f(x,, ..., X,.,) umeem o0 mHo-
cumenbHb U MAKCUMYM (MuuwuyM) ecau HepaseHcmeo
’ 0 0
f(xla EREE] xn+m)€f(-xls ] “\n+m)
=)
EbINOIHACMICS 8 HeKOmMOpoii okpecmuocmu mouku M, 013 écex ee miouek
(%15 «+s Xntm), YOOEGAEMBOPAIOWUX YPABHEHUAM CBA3U.

Mst Gynem mpenmonarats, 9To Kak (yHKuus f, Tak M (ymkumun O,
HMEIOT B OKPECTHOCTH PacCMATPHBAEMOIl TOYKH HEIPEPHIBHBIC YACTHBIE
IPOU3BOJHEIC 110 BceM aprymentaM. Ilycrs, manee, B Touke M, o T mH-
YeH OT HYJS XOTb OHHH H3 ONpEIENHTENeH m-ro mopsmka,
COCTaBNEHHBIX U3 MATPHIEI YACTHBIX MPOU3BOMHEIX *)

P L )
9%, ° .ax’l, aXn+1 o '3xn+m
3& & 99D, _3(1)2 (2)
0xy o -3xn 3Xn+1 o .3xn+m ’
Pm  Pm Py P
ax; T dxn 3xn+1 ° .3xn+m
HalipuMEp, OIPLACIUTEIIb
0P, 9o,
3xr1+1. ’ '3xn+m
D, D
D@y, -y Pm) 32 .5 f : 3)
D(xn+1, “ees xn+m) nt1 ntm
Pm  3m
Ixnyy ° "0xn+m

Toraa, ecnu OrpaHHYIUTLCA HOCTATOUHO MAJIOM OKPECTHOCTHIO TOUKH
M, , o Teopeme IV cucrema (1) paBHOCH I b HA CHCTEME BHIA

Xnt1=P1(X1, oo vs Xy ooy Xnem=@u(Xps + - 05 X, @)
TOE @y, ..., P CYTh HESABHBIC (GYHKIMH, ompeneiseMble cucreMoi (1).
VnviMu cioBamu, TpeboBanue,-YTOOLI 3HAYCHNS IEPEMEHHBIX X, ..., X,
Xn4ly «++» Xptm YHOBJIETBODSIA YPaAaBHEHHUAM cBA3u (1), MOXHO

3aMEHUTD [PEAHOJIOXEHHEM, YTO JIEPEMEHHBIE Xpi1, - .., Xnp4m HPEACTA-
BILIOT coboit ¢ymkmpm (4) oT X, ..., x,. Takmm obpasom, Bonpoc 06
OTHOCHTEJNbHOM OJKCTpeMyMe IS (bymcmm Sy, .0y Xpgm) OT
n+m TEpeMeBEbIX B Touke My(x?, ..., x2, x%,,, ..., x%n) cBOOHMTCH
K Bompocy 006 OOBKHOBEHHOM (a6COJJTIOTHOM) 3KCTpeMyME IJIs

*) B aTOM cnyyae roBopsr, yTo Matpaua (2) mmeeT (B Touke My) paHT m.
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CHOXHOI (DYHKIUH OT 1 epPeMEHHDBIX
S o X 0, Xy oy OulXy, .., X)) %)

B Touke Py(x?, ..., x9).

OTu cooOpaxeHHs yKas3hIBAIOT U Ha PeaNbHBIA OyTh JJIS HAaXOXICHUS
TOYKH, OCTABJIAIONIEH OTHOCUTEIBHBIN IKCTPeMYM QYHKIUM Sy ey Xngm):
CCIH MBI yMeeM (DaKTHYECKH DPaspeildTh YPABHEHUS CBS3H, HaIpuMep,
OTHOCHTEJILHO IEPEMEHHBIX X;41, . .., Xnim, H HAHTH SBHBIE BHIPaxe-
Hud i ¢ynkumit (4), To Aeno cBomMTCH K HAXOXAEeHVIO abCOIIOTHOrO
SKCTpeMyMa Juis cnoxHoi dynkumu (5). CoBGCTBEHHO ToBopS, MBI Tax
MMCHHO M IIOCTYTIAJIA B PS/C paHee PellieHHEIX 3anay [200, 201), HaIpHuMep,
KOrna Mbl HCK2JIM HAMMCHBIICC 3HAYCHME I CYMMBI X+ p+z -+t py
YCIOBHH Xyzi=c* M T. I

VkaxeM Teneps Apyroit MyTh st HAXOXK IEHHS TOUKH My, ..., X%,
HE NPEATIOJIaras, YTO Mbl HMEEM SBHBIC BLIDAXEHHS 115 (HEABHBIX) (hyHKITix
(4), x0T cywrecTBOBaHMEM ITHX DYHKIMH MEI OyneM MONB30BATHCS ¥ 371ECh.

Wrak, nycte B TOuKe M, dyHKIMS SOy oo, X,4m) HMeET OTH oO-
CUTCHbHBH 3KCTPEMYM HIIM —~ YTO TO KE — CIOXHAS byukmus (5)
B Touke P, uMeeT skcTpemyM a6 ¢ 0 J1 KO T H bi 3. Torna, no 3amevanuro I
n° 196, B 9To# TouKe HONKeH OGpaILATHCH B HYTL ee mudepentyuan
¥ IPUTOM — TOXAECTBEHHO OTHOCHTENILHO IMPDEePeHNUAIOB Ir€ 3 a B -
CUMEBEIX IEPEMEHHBIX dX,, ..., dx,. Ilo MHBAPHAHTHOCTH (dbopMer IEp-
Boro mu¢depennyana [185], 3To ycIIoBMEe MOXHO 3aImMCaTh Tak:

n+4+m 3f N
jé;. F dx; =0, ©)
Iae WOx dXnyy, ..., dXpy, pasyMerotcs auddepennmansl Gynknun (4)

B TOYKe P;, B TO BPEMsA KaK YacTHBIE MPOM3BOIHEIE BBIYHCIICHBI B TOYKE
M,, 60 (kax SBCTBYET U3 TeOpEMBI Iv)
0y . 0 <0 0y __ 40
(pl(x(l)’ R xn)_xn-i»l’ ey (pm(“"la ey xn)_’anrm' (7)

H3 (6) Heavsa, koneuno, 3axatouums o pasencmee nya0 Ko3gguyuenmos
npu Judepenyuasax, max xax ne éce mu ouddepenyuarst npoussoavibl,
Hns Toro uToGH cBecTH meno X [POM3BOJILHO BBIOHpacMBIM Iubpepen-

OHanaM, T. €. K muddepernmanam dx,, ..., dx, HE€3aBHCU M bILX
ICPEMEHHBIX, Mbl IOCTAPAEMCS WUCKMIOUMTH OTCIOAA mbdepennnann
dXyi1y oy dXppm HEPEMCHHBIX 3aBHCUMBLX. OTO JIETKO C/IeNaTh,
eciu npoaubdepeHuUpoBaT TONTHEM 06pa3 oM YPaBHEHUs CBA3H
(1), pasymes 0K X1, . . ., Xppm bynmms (4) *):

n+m q

> =0 (i=1,2, ..., m). ®)

=1 0%;

*) Tousee roeops, Mbl duddepennmpyeM Te TOxIECTBa, KOTODPBIE HOJYyYAOTCA
U3 ypaBHEHHH (1), €M BMECTO Xnyg, - .-, Xri4-m B HUX NIOACTABUTEH KEABHbIE DYHKIUIN
(4). ITonoGHeLt cioco6 peud MLI OyzieM NPMMEHSTE U BOpeib,
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3nech, kak | BbIne, BBHAY (7), 9aCTHBIE IPOU3BOAHBIE BEMHCIIEHE B TOYKE
M,. Tak kxak, Mo IPeANOJIOXKEHHIO, OoNpeneanTens (3) B 3Toi Touke —
HE HYJb, TO dX;415 - .., dXpym MOTYT OBITH OTCIOAA JIMHEHHO BEIPAXKEHBI
gepe3 dx,, ..., dx,. ECIH 3TH BbIpaXeHASA MOJCTaBHTh B (6), TO HOIYIHTCT
PaBEeHCTBO BHOA

Aydx + ... +A4,dx,=0,

rae A;, ..., A, O3HaYarOT n BBIPAXEHWH, PAIIMOHAIBHEIX OTHOCHTEJIBLHO
YaCTHBIX NPOM3BOMHBIX (ymknui P;, u 371ech B3ATHIX B Touke M. Tak
KaK B 3TOM paBeHCTBe QUTypUpYIOT ToubKo nubbepermmans dx;, . . ., dx,
HE€3aBHUCHMBIX NEPEMEHHBIX, TO B TOUke M, nMeeM

A1=0, “aey AII=O‘

BMmecte ¢ ypaBHEeHHMAMHE CBSI3H 3TO HaeT n-+m ypaBHEHUH IS ompene-
JIEHUS. HEU3BECTHBIX X;, . .., Xpim-

Koneuno, MBI YCTAHOBHIIM JMINE HE€OOXOMHMBIEe YCIOBASA IIs
3KCTpeMaNbHOM ToukH My(x), ..., x3,,). Ho u B TakoM BHIE YCIOBHA
MOIYyT OBITH IIOJIE3HBI HaXe IUIA pasbiCKaHHd HamOosbmero (AN Hau-
MEHbIIEro) 3mavenns Qymkmum f mpu ycimoBmsax (1), ecim mo XxapakTepy
BOIIpOCAa Halepeld sSCHO, YTO BHYTPH paccMaTpHBAcMOif 00JacTH ITOJDKHA
CYILIECTBOBATh TOYKA, Ie 3TO HamOoiblnee (HaWMEHbINee) 3HAYCHHE JIO-
CTHTaeTCHd, MJIM eCJIH TaKoe MOMYIIeHHE CHeJaHO B HOPSIKE HaBEICHHS,
¢ TeM 9T00bI HAMIEHHYIO TOYKY allpOOHPOBATH JAPYTHMHE COOOPaXKECHAIMH.

IIpmMephl TpUBEEHBL HUXKE, B 214.

212. Mertox Heompe/ielieHALIX MHOXHTeNeil Jlarpanxka. B m3noxeEHOM
BHIIIE CIIOCO0OE HAPYIHACTCS CUMMMETpPHUS B OTHOLIEHHH NEPEMEHHBIX: 9acCTh
M3 HUX TPaKTYeTCs KaK HE3aBHCHMBIE, YaCThb — KaK 3aBHUCHMEIC, OXHH
IubdepennEamsl HCKIIFOYAIOTCH, APYrue coxpanatorcs. Horaa ato Biever
3a co00if YCIIOXHEHHE BBHIKIANOK. Jlar paHX NpelIokKHI METol, IpH
KOTOPOM BCE MEPEMEHHBIE COXPAHSIOT OJXHHAKOBYIO POJIb.

VmMuoxuMm paBercTBa (8), COOTBETCTBEHHO, HA HMPOH3BOJILHBEIE NOKA

(«aeonpenenennsies) MEOXHATENA 4; (i=1, 2, ..., m) ¥ pe3yNbTaTHl NOWICH-
HO CIOXHEM ¢ (6). MBI HOJy9AM paBEHCTBO

n+m 3f 3€D1 3¢m _

P (a_x]+ gt +zmﬁj—) dx; =0, ©)

rAe MO-IPEXHEMY dXp41, ..., AXpim O3HAUAOT MudepeHInansl HeABHBIX
Gyaxuuit (4) (B pacCyXJeHHUHU MBI I0KA COXPAaHAECM HEPaBHOIIPABHE
NepeMEHHBIX); IPOU3BOIHEIC BHIYUCIICHBL B TOUKE M,,.

Bribepem Tenepr 3HaueHus MHoxmTene A;=21y (i=1, ..., m) Tax,
9100BI 00pamiagick B HyJ1b AMEHHO KO3(ULIUEHTHI IPH 3 a4 B U C M M HI X
mabdepermaanax dxps1, .., Xnymt

f | 120 09 0 9Pm _
—a-x‘j"i'zl’s}? ...+Am'3—x]—0 (10)

(=n+1, ..., n+m).



212} § 3. HEKOTOPBIE NPUIOXEHUS TEOPHUU HESBHLIX OVHKIIAN 471

OTo cHmenaTb MOXHO, IIOCKOJIBKY OmpedeluTeNb (3) CHCTEMBI JIMHEHHBIX
YPAaBHEHHH, IOIyYalOMIeHcs OIS ompeneneHus Ay, A, ..., A,, OTJIHYEH
oT HyJii. IIpu BEIOpaHHBIX 3HAYCHUSAX MHOXHTENCH paBeHcTBo (9) mpu-
MET BHI

: 0.9 0. 00 4 '
é’(ax, PGt 3xj)dx,—-0. 9%

3meck MBI CHOBA MUMeeM A0 JHUIb ¢ quddepennyantaMy He 3 a B U C U-
MBIX IIEpEMEHHBIX, MO3TOMY KO3(hOHIMEHTHI NPH HUX OJDKHBI OBITH
HyJIIMH, T. €. Hapsany ¢ (10) uMeeM B

Of 40 3@1 o 0%Pm *
o) +49. 9% ] +2%. o%) =0 (10%)
(G=1,2,..., n.

Wrax, ons onpeneneHus n+ m HEU3BECTHBIX Xp, ..., Xpim, A €IIE M
MHOXHTeNel 4y, ..., A,, IMEEM CTOJBKO XK€ YPaBHEHHI{, HMEHHO M YpaB-
HEHMH CBSI3H U n+ m ypaBHECHUM

of 43 9% ,9Pm
3xj+1 a,+ Ay ox; =0

(=1,2,..., n+m)
[em. (10) u (10%)].
Jns Toro ¥To6B OONIErYUTh BHHIMCHIBAHHE THX YpaBHEHUM, OOBIKHO-
BEHHO BBOISAT BCIOMOTAaTenNbHY O (QYHKIMIO

F=f+1®D;+...+1,Qpn;
TOrJa YIIOMAHYTHIE ypaBHeHux MOTYT ObITh 3AIIACAHBI B BHIE

79—51_ =0 ((=1,2,..., n+m). (11)
OHH BBITJIAAAT Tak e, Kak U YCIOBHS OOBIKHOBEHHOIO 3KCTpeMyMa DI
¢yskomm F. DTO cliemyer paccMaTpuBaTh JIMINE KaK yKadaHue, obier-
Jaomee 3aIOMHAHAHHUE,

W meron JlarpaHXa NpABOIATK HE 06X 0 X UMBI M YCIOBHSM.
B ocrampHOM 376Ch MOXET OBITH IOBTOPEHO TO, YTO OBLIO CKa3amo B
KOHIIe NPENBLIYIIero HoMepa.

3aMevanue. B H3TOXKEHHOH TEOPHUH CYIIECTBEHHYIO POJIb HIDAJIO
NpeaNoOJOXEeHHE O paHTre MaTpHuOHBl (2), KOTOPHIM MBI BOC-
NOJIb30BAMCh TPIKALL IIpH pemieHMH 3agad OJHAM H3 YKa3aHHBIX Me-
TOOOB — IUIS YBEPEHHOCTH B TOM, YTO HE IpPOIYIIEHa HA OJHA TOYKa,
JOCTaBJISIOMIAs (GYHKIOAHA OTHOCHTENBHBIH 3KCTPEMYM, — CIIEHOBAIO OB
MPEBAPUTENLHO YCTAHOBHTH, YTO YIOMSIHYTOE NPEIIIOJIOXEHHE BBHIIOJ-
HAETCA HA Jielle BO BCeX TOYKaX paccMaTpuBaeMoll obmactw, yIoBire-
TBOPSIONUX YPAaBHEHHSM CBjI3H. B MPOCTHIX ciydasx Msl OymeM mpeno-
CTaBJIATH 3TO YATATEIIO.
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213. [Mocrartoumnble JUIS OTHOCHTEJILHOIO JKCTpeMyma yciaesus. Ilo
3TOMY MOBOJY MBI O PAaHAYMMCS HEMHOTHMH 3aMeuanusMHe. [Ipeamonoxmm
CYIIECTBOBAHAE M HEMPEPLIBHOCTL BT O P BI X NPOH3BONHBIX UIS (YHK-
mait f 1 D, (j=1, 2, ..., m). IlycTh Temepb Touxa M(x], ..., x2,,), co-
BMECTHO C MHOXHTEISME A2, ..., A%, yIOBJETBOPSET YCTAHOBJIECHHEIM
BHIIE HEOOXOAAMEBIM YCIOBHSIM.

Bompoc o mammam# B 3Toif ToUKe (OTHOCHTEIBHOTO) 3KCTPEMyMa 3a-
BHCHT, KaK u B 198, oT 3Haxa pasHocTH

A=f(x1, ey xn+m)_f(’a]?: cee xg+m)’

C Tol JIMIIL CYHICCTBEHHOH OrOBOPKOM, YTO W TOYKA (X, ..., Xpym) YHAO-
BJIETBOPAET ypaBHEHUAM CBA3H (1) Wi — 9TO TO ke — (4). JIerko noHsTh,
4TO N5 TaKHX TOUEK IpHpAIieHHe OYHKUHM f MOXET ObiTh 3aMe-
HEHO IpupameHAeM GynkouA F (Te Bce MHOXHUTEMH A; MBI CUMTaEM
pasasME AD):

A=Fys -y X = O, .y Xy,

BBuny Toro, 4To B Touke M|, Bomonusarorcs ycnosus (11), — B 3ToM-TO
U COCTOMT BbIrona mepexoaa x ¢dyskmuu F, — 3To npupaluenude, no ¢op-
Myiae Teiiopa, Moxer GuITh 3amucado Tak [cp. 198, (8)]:

1 n+m n+m
A =§{],‘Z’~'1 A]k Ax]-/_'lxk +Ié'1 oz]-k Ax] Axk} N

rae
Axj=x;—xJ, Ajp=Fep(x3, .., %)
U, k=1, 2, ..., n+tm)
u o —~0, ecam Ax; -0, ..., Ax,~0 (ocTambable mpupaienas Ax, 1, ...

«vvy A%pym Tpu 3TOM caMu coboii GyOyT GeCKOHEYHO MANBIMH IO He-
IIpepLIBHOCTA (ynkmuit (4)).

Ecim 3aMemuTh 31ech BCe mpHpameEMs Ax; COOTBETCTBYIOIMMH
nuddepennuanamu dx;, TO IO OTHOINCHHIO K HE3aBHCHMBI M IIepe-
MCEHHEIM 3TO BOOOIIE HMYETO HE W3MEHHT; UTO XE Kacaercs 3 a B B C H-
MBI X MEPEMEHHBIX, TO NMPOM3BEICHHAS 3aMeHa BBI30BET JHIIL HEOOXO-
IOAMOCTh IIOCTaBUTL BMECTO KO3QPHOHERTOB o, Apyrue GecKoHEeuHO
Mamsie fj:

n+

1 m n+_'m
A =§{j’k2=,1 Alk dx! dxk +],k2=‘1 ﬁj’f a'x] dxk} .

Iepexon x muddepentmanaM BBHITOAEH HOTOMY, 9T0 AubdepeHuHanl
3aBACHMBIX H HE3aBHCHMBIX NIEPEMEHHBIX CBS3aHBI CHCTEMOM JI M H € -
HBIX cooTHomenui (8). Tax xax ompememurens (3) B Togke M, mo mpex-
TIOJIOXKEHHIO, — HE HYJb, TO OTCIOfAa 3aBACHMEIC auddepeHnransl BLI-
pa3sATCs JMHEHHO 4epe3 He3aBUcuMBble. IloAcTaBiB WX BEIpaxenus B A,
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MBI, BMECTO NEPBOM CyMMBI, MONYYMM KBalpaTH4YHYI GopMy
OTHOCHTENbHO THEPbepeHINANOB dxy, ..., dx,.

A Teneps, Tak xe kak ¥ B 198 u 199, MoXxHO mokas3aTtk, 4TO:. ecau 3ma
dopma b6ydem onpedeaeHHOU U NPUMOM ROAOICUMEALHO U
(ompuyameavnoii), mo e ucnvimyemoil mouxe 6ydem 0OmHOCUMEAbHDYII]
MunumMym (MAKCUMYM): ecau dce hopma oxasvieaemca Heonpeode ae H-
HO U, MO OMHOCUMEALHOZ0 SKCMPEMYMA Hem.

BripodeM, nmpakTAYeCKoe 3HAYCHHE 3TOTO KPHATCPHsS HEBEIMKO (Cp. 3a-
meyanue B 200).

TlepeiineM k npumepaM H 3aJa4aM.

214. Ylpuvepst ® 3apaud. 1) Tlycrb TpeGyerca HaliTu skcTpeMyM dyBxuun
f=x+y+z+t npu ycnosuu P = xyzt—c®=0; obnacTe W3IMEHEHAs] NEPEMEHHLIX OIpe~
nensieTcss HepabBeRCTBaMy x>0, y>0, z>0, t>0. Mpl yxe permamm 31y 3amavy B 200,
4) daxTHYeckH BbIpaxast ¢ U3 mocnemsero ycnoBus. Teneps, nuddeperumpys 3to pa-
BEHCTBO HOJNHBIM 06pa3oM, Haimem

dx dy dz dt x dy dz
——+——-’r-—+—t-=0, otkypna dt=-—tf—+—+—]|.

x y z X y z

Wckimoyas dt n3 paseucrsa df=dx+dy+dz+dt=0, npuneM K pe3ynbTary

t t !
(l ——-—) dx+ (l ——) dy+ (1 ———-) dz=0,
x y z

KOTOPHIit, BBUAY POU3BOIGHOCTH dx, dy M dz, pacmalacTcs Ha Tpu:

t t t
1-—=0, 1-—=0, 1-—=0,
X y z

TaK 9T0 X=y=z=I=C.
Ilpumerss k Toit ke 3amave Meronx JlarpaHixa, BBEAEM BCIIOMOIaTelbHYIO
byHximro
F=x+y+z+t+Axyzt ¥)
¥ COCTaBMM YCIIOBMS:
Fi=1+Ayzt=0, ..., F{=1+Axyz=0,
OTKyZa
yzt=xzt =Xyl =Xyz, TaK YTO X=y=z=Il=C¢.

ﬂliﬂ TOro 4YrobObl BOCHONB3OBATBCS PE3YIBTATOM NPENBIAYINETO n°, BBIYACIHM
A= —— ¥ PaccMOTpEM dyBRIVIO
¢
xyzt
F=x+y+tz4+t——-~.
o3

Fe sropoit muddepenupan (B Touke x=y=z=1=c) Oyaer
2
diF= —— (dx dy+dx dz+4-dx dt+-dy dz+-dy dt +dz dt ).
c

Duddeperimpys ypaBHeHs CBA3A (BCe B TOM e TOYKE), MOIYYUM
dx+dy+dz+dt=0.

*) EClti BCHOMHHUTH pOJib 3TOM (YHKIMHE, TO CTAHET SICHO, YTO [OCTOSHHOE clarae-
Moe B cocraBe @ 3pechr MOXeT OBITh OOynIeHO O¢3 Bpena.
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Ecnu onpenennrs orcioma df W noncTaBUTb B npenbifiylee BBIDAXEHAE, TO OKOH4Ya-
TEeIbHO HalimeM

2 1
——ldx dy+dx dz-+dy dz+ (dx+dy+dz)*] = — [(dx+ dy+dz)*+ dx*+dy? + dz?).
c ¢

Tak kax 31a dopMa, OYEBHAHO, onpemeNeHHAS H HONOXATENbHAY, TO B HalHeHHOMN
TOYKe GyHEeT OTHOCHTELHLIA MEHAMYM.

[Ot1crona, ommako, HeNMbL3s coenaTh 3aKIIOYEHHE, YTO 3TOT MEUHAMYM OyneT M H a u-
MEHBbIIAM 3HAYeHHEM QYHKIMH f=Xx+y-+z+¢ OPH YRA3AHHOU CBS3H MEXIy 3Hadye-
HUSIMM €€ apryMeHTOB; cp. 200, 4)].

2) CraremM BHOBS [cp. 200, 2)] HCKAaTh BAUMEHBIIEE H HAKGONLIICE 3HAYCHANA dbynxym

u=a?x2+ b%*+ c%2 ~ (ax2+ by*+ cz?)?
(@=b>c>0)
OpH HAJIWYUHU CBSA3M:
x4 y2422=1,

T. €. Ha CEPHYECKOM NOBEPXHOCTH, BHIPAXKEHHOH 3THM YpaBHEHHEM ).
C aroit uenmpro, cHavana HaiineM 1o Merony JlarpaHXa BCe OTHOCHTEILHBK
3KCTpeMyMBl dyHKnuE. BenoMoraTensHas (yHKIms

F=a%?+b%y?+ c%2? — (ax®+ by?+ czD)%+ A(x2+ y2 + 2%)

IIPHBOAWT K YCIOBHSAM:
x[(a*+2) - 2a(ax?+by*+ c29)] = 0,

Y162+ 2) - 2b(ax?+ by +cz9)} = 0,
z[(2+ 1) — 2c(ax?+ by?+c29)] =0,
K KOTODBIM HaJUIEXMT IIPHCOCAWHUTD €IUE ypaBHEHMe cBsi3H. OTcrona
@) x=0, y=0, z=+1 (u=0);
2) x=0, y=+1,z=0 (u=0);
B) x=%1, y=0,z=0 (u=0);

1 1 1
@ x=0, y=iﬁ, z=iﬁ (u=z(b~c)2),
5) x +——l 0 :t—~1 (u 1(a c)2)'
‘= s =0, z= =— — 5
2 7z 7%
© x=+—, ym i1, 20 (u L@ ,,)2)
=+ N = s Z= = e - .
TR z

Bribupas ¥3 ykasawHLIX B CKOOKAax 3HAYCHHH ¥ HAHMEHbIIEE M HauboJNbIIee, MLl M NIPH-
JeM K pemmeHnio 3ama4du [cp. 200, 2)].

3) BepHeMcsl K 311a4€ O HAWBBITONHEHINMX CEICHHSX TIPOBOMAOB B JJIEKTPHYECKON
CeTH C mapajuleTIbHBIM BKIoYeHHeM [201, 8)]. Coxpanss npmusitele TaM 0603HAYEHHs,
6yneM HCKaTh 3KCTpeMyM (YHKIHH

f@1, 925 -+ an)=hay+ g+ ... 4+ lgn
IIPH YCIIOBHH, 4TO

ohty bl  ehin_

Q1 g2 dn

D(Gys 25 +++5 Gn) =

€,

*) Beuay TOro, 4T0 3Ta HOBEPXHOCTH HpEACTABIAECT 3aMKHYTOE OrPaHHYEHHOE
MHOXECTBO, CYIIECTBOBaHME Ha HEH Todek, rae (yHKUMS OpUEAMAECT HAXMCEHBIIES
1 HambombIIee 3HAUCHNE, BHITEKAET A3 TeopeMbl BeepmTpacca [cM. 3aMeuande
B KoHne n° 173}
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OPH 3TOM MBI HE CTAHEM JaXXe BBOOHTD, B3aMEH §;, g2, - -+, gn, APYIHE NEPEMEHHBIE,
KaK CJeNIaJid 3TO BhIIle, MO0 HAMIAMHM HOBLIMM METOJAMH 3a/1aya M TakK pelaeTcs
TIpocCTO.

Utak, mudbdepesimpys monHHM o6pa3oM ypasHeHne P =0, noiyynm
3aTeM clenyrolee Beipaxenune nusa aubdepennmana dgn:

2
I J In_1Jn—
done {x__xdqﬁ“,ﬂ_l_f__ldqn_l},

Indn | ¢} ah_s
oncrasnsis ero B paBeHcTBO df=hLdgy ...+l dgn_(+1ndgn=0, npuoeMm x
pe3ynbTarty:
2 2
LJ gn ln_yJn—
([1_ 4n _‘__21) dgy+ ... +(1,1__1__"._”_%) dgn_,=0.
Jn g1 Jn dn—-1
Tak xax dq,, ..., dgn_, yXe NPOU3BOJIBHB], TO KO3b(UIMEHTHI NIPH HUX NOPO3Hb HYJIH,
OTKyZa
2 2 2
n_ % -1 d9n_ge
S J, Jy JIn
"
ay=AVT, @o=AYTey vy Gn=AYTn. 12

MHOXUTEDL NPpONOPUUOHANILHOCTH } JICTKO OHPECACINTE 13 VPaBHCHMST CBSI3U:
n
Q —_
d== 2 VT,
e =1

Ecnu npuMennTs MeTod JlarpaH ik a, TO HyXXHO IOCTPOHTH BCIIOMOTaTEINIEHYRO
bysxnro *)

. (b5 InJn
Fgy, g2 -+ a)=hgy+ ... tlgn+ 22 |—+.co b o0
T 4qn
U NPUPABHATE HYJIIO €€ NPOU3BOJHBIC!
oF YLIA oF AnJn
o 1————;=0,..., ——-'=[n—‘ 2 =\,
4, g5 dqn an

OTKyHa CHOBa moityyaeM (12), ¥ T. 1.

4) B xauectse 60siee CIOXHOTO NpMMEpa PACCMOTPHM TaKYHO 3a1ady: TPEXOCHBIH

xZ 2 2

3ITHIICOUT, _a—'*’+_b—2 +%=1 (a>b>c) mepecedieH WIOCKOCTBIO [x+my+nz=0, mpoxo-
HOsiedt Yepe3 ero UEHTP; TpeOyeTcss OnpelNeNuTh MOJYOCH NOJIy4Yaroulerocs B CEYCHHH
unca. VHLIMH CIIOBaMH, HYXHO HAMTH 3KCTPEMAasbHBIE 3HAYeHWs OQYHKIHH r?=
=x24+)%+2z2 ecnd TepeMeHHbIE TTOJYHMHEHB! YKa3aHHBIM BBIIIC JBYM Y paBHE-
HUAM CBA3H.

MeToa KCKIIOYenHsl 3aBHCHMBIX nubdepenunanos {211} 30eck NPHBOAWT K CIIOX-
HBIM BBIKTAJKaM; HO3TOMY MBI cpa3y npuberHeM k Metony JlarpaH xa.

JIast TOro YTOOBI YOCOUTECA, YTO PAHI MATPHIILI

X Yy =z
@ b

I mn

*) (Heonpenenestsit MHOXHTE/L Mbl AN yao6erea 6epeM B dopMe A2 B BKIIO-
YacM B HEro DOCTOSAHHYIO Q.
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paBeH 2 BO BCEX TOYKAX MEPECEYEHHS UIMICOMIA C HIIOCKOCTBIO *), NOMYCTHM NpOTHB-
Hoe. W3 ofpamenus B 0 Bcex onpenenurenell BTOPOTO IOPANKA CIIERYET NpOnOpLUO-
HAJIbHOCTb JNIEMEHTOB BEPXHEH M HEKHEH CTPOK; HO TOTHA PaBEHCIBO Ix+ my+nz=0
X2 2 g2
BJICYET 33 €000 — +— +— =0, 94TO HEBO3MOKHO.
a® bt ¢®
CocTaBuB BCOOMOTATENBHYIO GYHKIHIO

xz y2 22
Fx, y, 2)=x2+)2+ 22+ 1 (—+ —+-—) +2u(ix-+my+nz),
at bt
OpHUpPaBHAEM HYIIO €€ OPOU3BOAHEIE:
. % y z
X+Ae—dul=0, y+A-—4+pm=0, z+i-Z+un=0. 3)
a? b2 c?

VMHOXas 3TA yPABHEHNMS, COOTBETCTBEHHO, HA X, ¥, Z H CKIAIBIBAS, NONYIMM (C yIeTOM
YPaBHEHHMH CBS3H), YTO A= — r2,

Ecmm npeqnonoxurs, [is ONpeeieHHOCTH, 9TO HU OfHO U3 MHCEN /, m, 1t He PaBHO
HyITtO, TO M3 (13) MOXHO YCMOTpETb, YTO F HE DABHO HY @, HM b, Hd ¢. Torma ypapeHe-
mus (13) nepenuinyTcs B BHAE:

la® - mb? nc?
y=—p —bz——-_—rz N Z=—H

OTcroza JIerko HaiTH 4, @ C HUM U X, y, 2; HO MUHYS 3TO, MOXHO, CJIOXKHB 3TH pa-
BEHCTBA, MPEABAPATEILHO YMHOXKCHHBIE HA [, 11, n, HOJIyYHTh ypaBHEHHE

Ba? m2b? n2c?
+ =0,
@1t B2y g2

OTKyAa HEIOCPEACTBEHHO M OUPE/ICIAIOTCA HMHTEDECYIOIME HAC HBA IKCTPEMAtbHbIE
3HaYeHus r,

Tag kax CymeCTBOBAHME 3THX SKCTPEMANBHBIX 3HAYEHUHA HANEpEN M3BECTHO, TO
30€ech, TaKAM 00pa3oM, OOJY9aeTcs MOJHOE PelIeHHe BOIpOCa.

5) Hakoren, npexnoxmnM ceGe HaliTH HaEMeHbee B HarGobinee 3HAYCHYs KBAADa~
THIHOU dopmMbI

x=—p

e .
at-rt 22

n
Sy, X9y ooy x0)= “‘2' | GxiXk @iy = ayy)
OPH YCIIOBUM
PXy, Xoy oony Xn) = XT+Xa4 oo b x5 = 1 #%), 14)

CocraBumM dyaxnmio Jlarpanxa

F(xl’ Xoy ooy Xn)'—=f(x1, KXoy o0y xn)~}»(xi+x§+...+x;°',)_

Hckmoyad x,, Xy, ..., Xn U3 YCIOBHHK

1 9F . ,

— ——=(ay —A) X1t @y Xt o Fapexn =0,

2 9x,

1 9F

= o E Ay X h @ = At o e xn=0, 15)
2 9x,

1F ......

= ——=amX;+ans Xg+ ... +(ann~ 4 xn =0,

2 aXn

*) Cm. 3ameyanme B 212.
*¥) 3mech MOXHO CHENATh 3aMeYaHUe, AHANOIMYHOE CROCKE HA CTP. 474.
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IpHJieM K YPaBHEHHIO n-H CTENCHH

ay—A a  o..oan '
A R -0 (16)
Gny  @as ann— 2

OTHOCHTENILHO 4. Ecnit 4 ecTh OIMH U3 ero KopHeit, To cucteMe (15) muHeiHbix ypasHe-
HEA MOMXHO YIOBJIETBOPUTb 3HAYCHUAMM Xy, Xa, +.., Xn, HE CIUIOME PABHBIME HYIIIO;
YMHOXHB MX Ha HAIUIEXKAIHH MHOXWTENb, MOXHO JOOHTbCH ¥ BGLIIONHEHAS YCIOBUS
(14). Opnako ompeneNicHMe THX 3HAUCHMH He IPEACTaBliseT ANs Hac MHTepeca, ubo,
KaK YBUIUM, BOTIPOC O HAWMEHLIZEM M HanmbonblueM 3HaveHUAX GyHKuuu f pemraercs
u 6e3 Hux.

HeiicTeuTenbHo, yMHOKAs paeeHcTBa (15), COOTBETCTBEHHO, HA X, Xgy veey Xn H
IIOYNEHHO CKIIaIbIBAst, IPUIOEM K PABEHCTBY

Sy Xoy ooy Xn) = ARG+ o+ XD =0
am, B cuny (14),
SOxyy Xgy o vvy Xn)e= 4.

TaxuM o6pazoM, ecnm A ynosneTBopsieT ypaeHenn:o (16), To 3HaveHne (GyHEIMM fB
COOTBEICTBYIOUIEH TOYKE (Xy, Xo, «++, Xn) U PABHO CAMOMY 4.

MBI nprXoauMM K M3SLIHOMY De3yNbTaTy: MCKOMOE HAMMEHBIIee M HauboNbImee
3HaYeHus GYHKIHA f, Opyn cobmonennn yenosus (14), CoBIaJaoT ¢ HANMEHSIIMM B Bau-
GonpmmM 13 (BEILECTBEHHBIX) KOpHEit *) ypanuenus (16).

215. TTousnrue HesaBncumocTd dyniumii. PaccMoTpum cucreMy byHKITmi

yl :.fl(xl’ x29 ve s xn)’
Vo =folxy, Xas - - -,y Xp), a7

Ym =fm(X1, Xos ooy xn)’

OTIPEEJICHHbIX ¥ HEMPEPHIBUBIX, BMECTE CO CBOMMH YACTHBIMH IIPOM3BOJ-
HBIMH, B HEKOTOPOH n-MEpPHOHI OTKPHITON 006nacTh §)).

PaccmoTpyM ciy4al, Korna 3Ha9€HHE ONHOM M3 HUX, HAPUMED, Vis
OIHO3HAYHO OIPEHeSIeTCd COBOKYMHOCTHIO TEX 3HAYEHHIl, KOTOPEIE
IPUHUMAIOT OCTAJIbHBIE (DyHKIfHK

(yjy .. ‘9yj——1s yj+1, L] °5ym)'

Tounee roBops, ecnmu §, €CTb MHOXECTBO Takux (1 — 1)-MepHBIX TOYeKk,
OTBEYAIOIMX BCEBO3MOMKHBIM TOYKAaM (X;, ..., X,) B &), TO TNpeNIIoja-
raercs, 4To B §, OyneT uMeTh MecTo (PYHKIHMOHAILHAS 3aBUCAMOCTD

yj=¢(yl9"’ﬂyj—l?yj+1a cees Yy (13)

NpHYEM 3TO PABEHCTBO OKAa3hIBACTCA TOXNECTBOM OTHOCHTEIBHO
X B ¢, eclnd BMECTO BCE€X y; moacTaBuTh Gyuxuuu (17) **). Torma

*) BopoueM, MOXHO [0Ka3aTh, YTO BC€ KODHH 3TOr0 YPAaBHEHHS OyayT memie-
CTBEHHBIMH.
**) CymecTBeHHO, YTO (QYHKUHMS @ B 4MCNE CBOMX HENMOCPENCTBEHH B X
apryMEHTOB HE CONEPXHT X.
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TOBOPAT, 4TO B 0O macTu & GYHKIUSA y; 3aBUCHT OT OC-
TanbHB X. BropoueM, LI TOro, 9TOOE HMETh BOBMOXHOCTh IPAMEHSTh
IuddepeHnInaTbHOe UCIHUCIIeHHe, MBI BKJIIOYHM B OIIPEZEJICHHE elle Tpe-
GoBanne, 4TOOB Pynxms ¢ OpLIa OIpefiesIeHa M HEMpephIBHA CO CBOUMH
YaCTHHIMH IIPOHM3BOINHBIMH B HEKOTOPOM OTKpBITOM obmactu § (m-—1)-
MEPHOTr'0 MPOCTPAHCTBA, COAEPXKAIIEH MHOXKECTBO &,

Ecmm, B wacTHoCTH, onHa W3 yHKumii (17), y;, CBOEZMTCS X MOCTOSH-
HOIf, TO OHA SBHO OYIET 3aBUCETH OT OCTANLHBIX: 3J€Ch MOXHO IIPOCTO
TOJIOKHUTE @ =const. OYHKUMA Yy, Vs, - .., Yy HA3BBAIOTCA BOOOWIE 3 a-
BHCHMBI MU B 0oGIACTH &), eCni ofna u3 HUX (BCE PABHO KaKas) 3aBUCHT
OT OCTaJIbHBIX.

IIpumepr. 1) Ecmi monoxurs
=X+ Xo+...+Xn,
Yo=xi+x3+ ...+ x5,
Y3=X1Xo+ X1 X3+ XpXgt o o - +Xn_1Xn,
TO HETPYJAHO TNPOBEPHTL, YTO BO BCEM N-MEPHOM HPOCTPAHCTBE OYAET BBLITOJIHATLCS
TOXIECTBO
Yo=Yi—2p;
2) Ananoruuno, nns ¢yEKIEd
J}’1=x1xz_x3:
Vo= X1 X3t X,
| 7= 24+ D) (3 2D — (x - Dixyxg — 3, (62 - xp02

HMeeM TOXIECTBEHHO (B TPEXMEPHOM NPOCTPAHCTBE)
Va=Yi-ywetyi.
Bce 3T0 — 3aBECEMEBIE dyHKIMHA.

Ecnu ge B o0nacTd &), HU B KakoH-IHOO YaCTHYHOM, B HEH Couepxa-
Ieiics, obmactu He mMeeT Mecto ToxzectBo Buaa (18), To dynknum
V15> Vas - - -5 Y HA3BIBAIOT HE3ABHCHMEIMH B obnacTu &.

OTBeT HA BONMPOC O HE3ABUCHMOCTH (QYHKIHH HaeT PacCMOTpEHHE TaK
Ha3eBaeMoW MAaTPHI B S ko0O0OH, COCTABIEHHOH M3 YACTHBIX IIPO-
H3BOMHBIX 3THX QYHKIHH DO BCEM HE3aBHCHAMBIM IIEPEMEHHBIM:

axl axz T 9xn
0x,0x, 7 Oxn (19)

YmdYm  ¥m
9x; 8x, 7 Oxn

IIpenmonaras n=m, Ipexae BCETO NMEEM TaKylo TEOPEMY:

Teopema 1. Ecau xomb 00un onpedesumenb m-20 NnopaoKa, cOCMas-
Aennblll uz nemermos mampuysl (19), omauuen om uyas e obaacmu &,
mo 6 smoti obaacmu GYHKYUU Yy, Vo, .. .5 Vi HE3ABUCUMDYL.
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HoxazatrenncTso. Ilycrs

0 In (208
0xy 8x; """ dxpy
S Y (20)
|09m dym  dym
19X, dxy """ Oxpm

Eciau Ob1 He paBHBIM HyM:0 GBI HE 3TOT, a Kakou-HAOYnb apyroi
ONPENENIMTENb, TO, M3MEHUB HYMEPAIMIO NEPEMEHHBIX, MOXHO OBLIO Obt
CBECTH BOIIpOC K ciyuaro (20).

Hoxa3aTensCTBO TeopeMbl GyneM BeCTH OT HPOTHBHOTO. IIpennoso-
KAM, YTO OHA 3 (PYHKUUH, HAPUMED yp,, BHIPAKAETCA Yepe3 OCTATIbHEIE,
T4ax 4TO

ym:(P(yl’ y2’ -"’ymﬂl)’ (21)

XOTSl OBl B HEKOTOPOH 4aCTH &), obnactu ).
IponuddepeHIMPoBaB 3T0 TOXIECTBO 1O KaXIo#h 13 IIEpEMEHHBIX

x;({=1, ..., m), MBI IOJIY4YHM pSIIT TOXKAECTB (B &),) BHIa
OYm_ O¥m O 0¥ 3y , m_ Om—1
0x; 9y, 8x; Iy, Oxg T Qym—y Ox;
(i=1,2,..., m.

MbI BumuM, 4TO 3IEMEHTHI HOCEemHEH CTPOKH onpenenutens (20)
TIOJTY4ArOTCA MyTeM CJIOKEHUs! COOTBETCTBEHHBIX JJIEMEHTOB NEPBBIX M1 — 1
9
CTPOK, YMHOXEHHDIX HPEIBAPHTENLHO HA MHOXUTEIH -—9); KON -—«aﬁy o
1 m—1
Taxoif ompememiTesnp, Kak M3BECTHO, paBeH HyMIO. DTO IIPOTHMBOPEYHT
ycnoBuio Teopembl. IlonyueHHoe HpOTHBOpeune IDOKA3BIBAET HEBO3IMOXK-
HOCTb paBeHcTBa (21).

216. Paur matpmubi SlkoGu. Ilepexoss k oGmiemy ClIyualo, BBeIeM
caenyromee onpenenerue. HasoseM paurom marpuns! S xo 6 u 19
(8 o6macTH @) HaMBBICIUMI U3 OPSIKOB ompenennTelei, o6paso-
BAHHBIX H3 JJICMEHTOB 3TOH MATPHUBI M HE OOPALIAIOIMXCA B HYJIb T O-
KAECTBEHHO B ). MoXeT, KOHEYHO, CIYYHTBCH, YTO BCE 3JIEMEHTHI
MaTpUupl (19) TOXKAECTBEHHO OGpAIAIOTCA B HYJIb, TOTAA TOBODAT, YTO
PaHI MaTpUUbI €CTh 0; HO 3TOT Ciyvaif He IPEACTABIAET WMHTepeca, HO0
3[IEC HOMPOCTY BCE QYHKUHMH Y;, Vg, ..., Yy CBOASTCS K IOCTOSIHHBIM
[183]. Ecnu paur marpuist (19) ectb u=1, To CYIIECTBYET XOTH OBI OOUH
OHPEACTUTENb (4-TO HOPANKA, COCTABJICHHBIH U3 JJIEMEHTOB MATPHIIE! (3T0,
KOHEYHO, UPEANOJIAraeT m=y W n=y) M He PaBHBIL B &) TOXICCTBEHHO
HYJIEO, B TO BPEMS KakK BCC OMPEACIUTENH MOPSAAKA BhULE 4 (€C/H TAKOBBI
MMEIOTCH) TOXIECTBEHHO PAaBHBI HYMIO. ['0BOpAT, uTO paHr 4 ZOCTH-
FaeTCs B HEKOTOPOH TouKe 0ONACTH, €CM, YNOMSHYTHIi OIpedemH-
TeJIb 4-FO MOPAJAKa HMCHHO B 3TOH TOYKE OTJIHYEH OT HYJIA.
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Teopema II. ITycmv panz mampuyer Ak o6u ¢ obaacmu &) ecmo
=1 u docmuzaemcs on ¢ mouke

My(x3, X3, .. ., X3)

smoii obaacmu. Toz0a 6 Hexomopoii okpecmuocmu &), HA38anHO MOYKU
W Byuryuii u3 wucaa nawux m (ULMEHHO me, NPOU3BOOHbIE KOMOPLIX 8X00AM
68 onpedeaumenv u-20 nOPAOKA, He pABHbli HyM0 6 mouke M) 6ydym Hesa-
BUCUMDBL, @ OCMQAbHbIE OM HUX 3A8UCAM.

HdokxaszaTtenscTBo. Be3ymaleHus oOHOCTH MOXHO MIPEAIOIIO-
KHTh, YTO B TOYKE M, OTIIHYECH OT HYJIL HIMCHHO OIPEICIIUTEIIH

N é& % Qé_ _3& M

0xy 0%y "7 Bxu| | 0% 0%y T 9x,

0y: 952 | |0f: 0fe oz
DGy, .-, e | %) |02 0 22
BB ox oy Bn|=(0mon T 0%l (@)

s e s ae s e e 0 . “ e e e vs et

adve O il O
ox, 9x, 7 dx, 0x, Ix, ~ T Oxy

BBuIy HEnpepbIBHOCTH YACTHBIX IPOU3BONHEIX, TO X OyIeT U B He-
KOTOPOH OKPECTHOCTH YIOMSHYTOH TOYKH, H, CIIEJOBaTeLHO, IO TEO-
peme I, dyskuma y,, y,, ..., y, OyAYT B 3TOH OKPECTHOCTH HE3ABHCHMEL

O603naurM Teneps uepe3 )Y, 33, ..., Y% 3Havenus stux QyHxuui B
Touke M,. Ha ocnoBanuu Teopemsl IV n° 208 B nexotopoM (1 + i)-MepHOM
napasJielienmne/ie

oM y=(x] =8y, x3+ 65 .. .5 X0~y X8+ O
.};g_Al, }’247[11; '..;}72_4]‘“, y2'+—Au) (23)
mepBble 1 U3 ypaBHeHu# (17)

fi(xly «eey xy; xy-f-]’ DS xn)_yl'_"o’
SoXys oo X5 Xugys e Xn) = Y2 =0, 4)

Fil1s s X5 Xpgas <o or Xn) =,=0

ONPENEISIOT Xy, Xy, - .., X, KaK OJHO3HAYHbIE (YHKIMH OT OCTAJIBHBIX
IEPEMEHHBIX Y15 - - -5 Yus X415 « - 5 Xn, (QHIYPUDYIOUX B ITHX YpaBHe-
HHSX

x1=(p1(yl’ .. "yy; x;l-}—l’ AL ] xn),

x2=(p2(ylv -'v’y;‘; x,u+1: "‘:xn)y (25)

xﬂz(p/z(yl’ L] y‘u; xﬂ+1, ey x,,).
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B ynoMsasHyToH ob6racTu cucteMb ypaBrheHui (24) u
(25) 0xa3BIBaOTCS BIOJNHE PABHOCHIBHBIMH, T.€. yIO-
BJIETBOPSAIOTC OJHUMM M TEMH XK€ 3HAYCHUAMMA HEPEMEHHBIX X, ..., X,
U Yy, Vo, -+ +» Vn. VI3 CaMoOl TEOPEMEIL, Ha KOTOPYFO MBI OMUPATIHCE, CIEAYET,
UTO, €CIH BMECTO X;, Xy, ..., X, IOACTABHTH B (24) dyuxumun (25), To
IOMYYaTCsi TOXMCCTBA  OTHOCHTENBHO P, ...y Vs Xpis - - o5 X
Ho nnst nac ceifyac BaxxHo M Apyroe: ecau gmecmo y,, ..., y,, noocmagumo
6 (25) gymcyuu f1, fs, ..., f,, mo noayuames moxcdecmea omuocu-

meawlio NEePeMEHHbIX X\, Xo, ..., X, — II0 KpaifHeil Mepe B HEKOTOPOH
oxpecTHOCTH Touks My(x, x9, ..., x9). Mmenno, mocrarouso Bssbpathb
3Ty OKPECTHOCTH

e ~0 ’ ’ N ’ O U . . ’

M= — 07, x9 + 075 x3-3, X3+ 655 .. .; x9-8, x2+67)

Tak, 4Tobbl OBUIO
0<d{=6;, O0=dp=<by ...,0<6, <5,

H, KDOME TOT'0, YTOOBI [UISl €€ TOUEK 3HAYCHHS Yy, Vs, - - ., V,, OTPEACIIAEMEIE
u3 (24), T. e. 3uavenus f,, fy, .. ., f,, oTmuamuce ot 39,38, ..., ¥i, cooT-
BETCTBECHHO, Menblue, em Ha 4;, 4y, ..., 4,%). eiicTBuTensBo, Torna
ToYKa (Xy, Xy, ..., Xp3 V1> Vas - - -» ¥n) ITIOTIAJAET B &y, K OJTHOBPEMEHHO
¢ paBencTsamu (24) HOJKXHBI BHITOJIHIATLCS H paBeHCTBA (25).

Bo3pMmeM Tenepb (ecad m=>u) J00yI0 M3 ocTanbHbix Gynxumi (17),
HANPUMED ¥, M JOKAKEM, YTO OHA 3aBHCHT OT IIEPBHIX u (GyHKIMH y,
Yas ++-s V- ECIH B PaBEHCTBO Y41 =f,41(X}, ..., X,) BMECTO X, ..., X

i

HO/ICTABHTh PYHKIUM (25), TO ¥,y UPEACTABUTCS B BuJIe (CITOKHON) hyHKIHH
OT Y1y vvy Vs Xpp1s v vn Xpt

Vet =L@ (s o Vs X1 o X, -
e @AV s Y Xy e Xy Xpqs ey Xp)E

=F, 00 o Vs X1, - X)) (26)

Ha ocHOBaHHE CHENaHHOTO BBbILE 3aMEYaHus, €CJId B 3TO PABEHCTBO
BMECTO Yy, Va5 «+ 3 Vys Vyp1 1OACTABHTB, COOTBETCTBEHHO, (YHKUHMHA f),
Jos « 3 fusSfuy1>, TO OHO YIOBJIETBOPHTCS TOX AE€CTBEHHO OTHOCH-
TEJIBHO X-0B B 00JIaCTH &P,

Hia toro, ¥ToObl yOemuThes B 32 BUHCUMOCTH OQYHKIUH Y, OT
ymxuuit y,, s, ..., y,, OCTaCTCA JHALL NOKa3aTh, 4To PyHryua F,,,
6 (27) na deae apeymenmog X,y ..., X He codepiucum. C 3TOl NeJbIO
JIOCTATOYHO YCTAHOBUTD, YTO — TOXIECTBEHHO OTHOCHTENBHO Vi, .. ., V,;
X, 415 -+ 05 Xp — OymHET:

MWy o g i _g
ax/A-H ’ 3xl,z+2 ’ ’ dxn
*) 310 MOXHO OCYHIECTBUTH BBHAY HENPEPBIBHOCTH QYHKLNMA [, f5, - . ., fp, MPHHU=
MaloWMX B TOUKe M, 3Hauenns »§, ¥, ..., i

31 I'. M. ®axrcaronew, 1T, I
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[cp. n° 183]. OcranoBumMcs mus npuMepa Ha MEPBOM PAaBEHCTBE, OCTAJIb-
HBIE JI0Ka3bIBAIOTCH AHAJIOTMIHO.

IponnddepermupyeM mo x,,, ypaBmemus (24), cuutas Xis eees X,
Gysxmaamm (25) ot yy, ..., Yus Xut1s «++» Xn; MBI TIOJNYYHM PpABEHCTBA:
N Op ofi Oy oh
el e MU R a <3 =0,
3X1 3X‘u+1 +3X‘, 3x”+,+3x#+,
ofy P + -I-%— O | oy =0
ox, 3X‘u+1 e 3X# 3xp+1 ax#-}-l ’ ’
O o e du | W
Xy Ixupy 779Xy IXupq OXpyy
JIHHECHHBIE OTHOCUTEILHO BEIUYHH ﬂ‘—, ey 9Py .
3x#+1 ax‘u-l-l

H3 smux p auneiinolx pagencms, Kax caedcmeue, evimexaem
(u+ 1)-e auneitnoe paserncmeo

fus1 091 +-..+3fy+1 Py +3f,u+1=
0%y O%Xu4q 0Xy Oxyyy Xyys

0, @™

IIOTOMY 9TO ONpeACTHTeNk (14 +1)-To TMOpsAAKA, COCTABNEHHBI M3 KO3(-
(uMEeRTOB IPH YIOMSHYTHIX BEMYHHAX H M3 CBOGOMHBIX WICHOB BO BCEX
@+ 1 pasencrax (27) u (27%), T. e. ompenenTuTeNID:

o o g

9xy T dxy dx,qq
of o _of
3X1 T 3x/t 3x,u+1

oy o 0

xy T Oy 90Xy,
3f/1+1 af‘u-[-l . af;‘+1
ox T 9%, Oxuq

TOXNECTBCHHO paBeH HYNI (BeAb pamr matpuusl (19) ects
u). Ho neBas wacts pasenctsa (27%), mo caMoMy oIpeneneHuto (26) Gpynx-
mau F,,,, OpencraBiseT HpOH3BOIHYIO g—xp‘if . Takum obpasoM, BBHIY

“uT1
(27*), aTa mpousBonHas AEHCTBUTEIHHO PaBHA HYIIO.

Wrax, B pynkuuu F,,; aprymeHTEl X,41s -+ +> Xn MOIYT OBITH OINy-
IICHBL: Y11 3ABUCHT JIMIIb OT J, ..., ¥,, 9. H TP. L.

B npumepe 1), 215, matpuna A ko 6u HMeer BUR

1 1 1
2%, 2x, 2xn
Xt Xgt oot Xn Xptxgt+ oot xn o0 Xt Xt ooty
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Ecmi K 971eMeHTaMH TPeThbell CTPOKM NMpHOaBHTh, COOTBETCTBEHHO, JIEMEHTHI BTOPOH,
1
YMHOX€EHHEIC Ha 3 TO TOJYYMTCS CTPOKA, cocTosmiasi (HOnoOHO NepBO¥) H3 PaBHBIX

aneMeHTOB. OTCIOAAa ICHO YX€, YTO BCE ONPENENHTENN TPETBErO NMOPAAKA — HYJIH.
PaHr MaTpuibl paBeB N BYM, M JEHCTBUTENbHO — B¢ (YEKIWH M3 TpeX He3aBM-
CAMBI, a TPETh 34BACUT OT 3THX IBYX.

AHITOTUMHO CKa3aHHOE NMPHMEHSETCS M K IpumMepy 2), 215,

B 3axioyenue 3aMeTHM, YTO BO3MOXKHBI CIIy4itH, KOIJa B OAHON 9acTH PaccMarpH-
BaeMOM o0nacTu 1IMeeT MEeCTO OJHAa 3aBHCHMMOCTb MeXOy OGYHKUMAMH, a B APYIroH
OCYIIECTBIISIETCSl IpYyras 3aBHCHMOCTb, MIIU e (QYHKUHH OKA3EIBAIOTCH HE3aBMCHMBIMH
U T, O

3) Ilycte, HanpuMep, GYyHKUMH ¥; H Y, OT JIBYX HE3aBHCHMBIX NEPEMEHHbIX X;, X»
ONPEneNAOTCA Ha INIOCKOCTH X,;X, CIEAYIONIMMH PAaBeHCTBAMM:

Y= x:;xgi €Cln 4\'1?0, Vo= x§xg’ €I x2=)0,
' 0, ecm x;=<0, 2 0, ecm x,<0.

Jlerko 1poBepHUTb, YTO 3TH (QYHKIUH HEOPEPBLIBHE! BMECTE CO CBOMMH IPOH3BOJHLIMA
Ha BCEH TIOCKOCTH.

B nanrOM ciyuae padr MaTpuubl SI k0O H paBeH N BYM IS MEPBOrO KOOPHHM-
HATHOTO YTMa, € THHH e — IUIS BTOPOTO U YETBEPTOTO YIJIOB M, HAKOHEL, H Y 7 10 ~—
It TpeThbero. Jlnmp B NCPBOM KOOPAMHATHOM yIjie (BYHKIIMH He3aBHCUMEL.

§ 4. 3amena nepeMeHRBIX

217. Dynkuun oxHoil nepemennoii. Ilens 3toro naparpada — HaTh NpeACTaBIICHHE
0 opMaNnbHOM NmpoOI{ecce 3aMeHhl NEePeMEHHbIX. II03TOMy MBI He Oynem
3[16Cb OTBIIEKATH BHUMAaHWE BBIACHEHMEM BCEX YCIIOBHI, IIPH KOTOPHIX NPOH3BOJAMBIE
MaHHIYJIANMK 3aKOHHBEL (4TO K TOMY € M HE NpEeACTaBlsfeT HUKAKUX TPYIHOCTEH).

31aYMTENBHAA YACTh CONEPKaHUs HAcTOsliero naparpada moryna Onl ObITE M3JIO-
’KeHa M paHblle; OJHAKO HaM Ka3aloCh LelecoO0pa3HbIM COCPEeNOTOYUTL BECh MAaTe-
pHa’, CBA3aHHbL C 3aMEHOM NepeMEHHbIX, B OIHIOM MECTE.

ITyctb gaHO BEKOTOPOE BBIPAXKCHHE

W=F(x, y, yx;s Yxts ++ ),

copepxamee He3aBUCUMYIO NEPEMEHHYIO X, GYHKUMIO OT Hee y M Psii OPOM3BOJIHBIX
OT y IO Xx OO HekoToporo mopsaka. VHo# pa3 Tpebyercs mepefiTu B mogoOHOM BbIpa-
)KEHWH K H O BBl M NEPEMEHHBLIM — HE3aBUCHMOM ¢ U QYHKUHMH OT Hee U, C KOTOPhIMU
CTaphble NEPeMEHHbIE X ¥ y CBA3AHHI ONpPENeNeHHBIMH COOTHOLEHUAMM (HOCSLIMMH
Ha3BaHue gopmya npeobpasoeanun). Tounee rosops, TpedyeTcs npeacTaBaTs W B (QyHK-
OHUH OT f, U M OPON3BOOHBIX OT U IO 1.

Takasgs 3aMeHa mepeMeH HB X OOGBIMHO MOTHBHpYETCs JIHOO OCOOBIM MHTe-
pecoMm, KOTOpLIf‘I OpPEACTABIAOT B pacCMATpUBAEMOM BOIIPOCE IIEPECMCHHBIC t U u,
b0 TeM YNpOLIEHHEM, KOTOpOe 3Ta 3aMeHa BHOCUT B CaMoO BhIpaxeuue W.

OcTraHOBUMCS CHayalla Ha Cily4ae, KOria 3aMeHSeTCs JIMIUb He3aBHCUMas Iliepe-
MEHHas 4 JaHa ¢opMyJsa mpeodpa3oBaHMs, HENOCPEACTBEHHO CBS3bIBAOmMas X ¢ HOBOM
HE3ABUCUMON MEePEMEHHOH !,

[MpennonoxuM, yTo 312 GopmMyna NpeoGpasoBaHMst pa3penieHa OTHOCHTENBHO X!

x=g(t). 1)
Ecmu y ectb QyHKIMS OT X, TO Yepe3 MOCPEACTBO X OHA SIBMIAETCS ¥ (YHKLIMEH oT I

31+
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Mbe1 nMenn yxe B 121 Gopmysl, BLIpaXArOMue OPOH3BOIHLIE OT ¥ 0O X 4epe3 Npom3-
BOJHBIE OT X H y 1O I:

, Vi L, XIYE—xtyi
Yx=—, Yxr= )
X} xp @
oy XEXIYE = Xy = 3xE(xiy - xHiy)) '
= pr e

Tak Kak xj, X, x/#, ... MOXHO CYHTATH M3BECTHHIMU byHKIUAMHE 0T ¢ [oHH Moy~
darorcst w3 (1) muddeperuuposanrem], TO OCTaeTCH JHMIbL NOACTaBHTL B W BMecCTO

Y%» Y%A, +- - OTH BBIDAXEHHS HX yepe3 1 Vi, Vi, ...
Ecnn dopmyna mpeoGpasoBanus maHa B HEpa3pemIeHHOM OTHOCHTENBHO X BHIE:
@D(x, t)=0, 3

TO 3a[1a4a no CynIeCTBY PEIIACTCs TaK XKe, TUINb IPON3BOHBIE X, XJ, ... BHIYHCIAFOTCS
00 npasmiaM uddepeHIpPOBaHN HEABHBIX BYHKIHH *).

Ilepexons k obmemy ciiy4aro, KOr/Ja 3aMeRsIOTC 00e NICPEMEHHBIE, MPEATIOIONKHM,
4T0 (OpMyIibI NIPeOGPa30BaHNS PA3PEINEHE] OTHOCHTEBHO CTapbIX INEpeMEHHBIX:

x=p(t,w), y=y(t, . C)]

Ecma y ces3sano $yHKIMOHANBHOM 3aBHCHMOCTBIO C X, TO OTCIOJa u OyHmeT CBs3aHO
3aBUCEMOCTBIS C f, & TOTHA B cuy (4) x M y OKaXyTCs CIOXHBIMM (QYHKOHSMH OT f.
ITo ppaBuity nuddepeHIMPOBaHUA CIOKHBIX ¢dysxnmii GymeM uMeTs

Xp=@i+oqut,  yi=yi+yiul;

XE=QREL 20+ i ol yE=E . byl ...

OGCpaimaeM BHHMAHME 9HTATENS HA TO, YTO Yepe3 Xf{, ¥{ ¥ T. . MBI 0003HaYaeM
ITOJTHEIEY IIPOU3BOJHEIE OT X ¥ ¥ IIO f, T. €. C YUETOM M 3aBHCHMOCTH U OT ¢ HA0GOpOT,
@t ¥, - . O3HAYAKOT NPOH3BOMHLIE MO ¢ JIMIIE MOCTONBKY, MMOCKONBKY ! BXOOHT B QYHK-
UuH @, 4, ... B KaYeCTBE O AN OT O H3 OBYX apTyMEHTOB.

IlonctaBus 3TH BbIpaXeHHs B (GOPMyYITHI (2), HalineM BBIPAKEHHS NPOM3BOIHBIX
OT y IO X 9epe3 £, # ¥ NPOU3BOIHBIE OT ¥ 1O ¢, U T. 1.

Ecmu ¢opmynel mpeoGpa3osanus Ke pa3peleHbl OTHOCHTENBHO X H .

D(x, p, 1, })=0, W(x,,t, u)=0, ®

TO NPOW3BOMHEIC X}, ¥i, X{, Y}, ... BEIYHCISIIOTCA OTCIOA MO IPaBAIAM anddepeH-
POBaHHUA HEABABIX (yHKuwmii. Hampumep, muddeperimpys (5) mo ¢ (IpEYeM He TONHKO
X ¥ y, HO M u cqaraercs QyHKOueH OT ¢), MONy4YHM ypaBHEHHS

Dixi+Pyyi+Dpt+ Duup=0,  Wixf-+ Pyt Wi+ ¥luj=0,
M3 KOTOPbIX Halinyrcs X7, yf, 4 T. O.
B ToM wactHOM crmyuae, xorma GopMyisl UpeoGpa3oBanus pa3permeHst OTHOCH-

TE€bHO HOBBIX TIEPEMEHHBIX:

t=alx, ), u=p(, y), (6

*) Bopouem, mpH 3TOM MOXET OKa3aThCS, 4TO B OKOHYATETHHOM BBIpaXeHun W
€LIC OCTAHETCA X; ero NPHAETCS HCKIMIOYaTh MpH nomomm (3).
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MOXHO, OPEXJE BCCTO, IOJIb30BATHCS M3IOXEHHBIM TOIBKO 4YTO OOIIMM METOI0M.
Hanpumep, auddepennupys dopMynbt (6) 10 ¢ (IPHYEM X, ¥, & CYATAEM (YHKIUAMH
OT t), NONYyYHM

=olxit oyl up= P Bk,
OTKyHa
7 a4 ’
o B3 —ajug y ot~ B,
- -
Wy —ayfs’ iy afps
U, HaKOHELL,
’
, ax”;"ﬂ§
Yxmg
ﬁy —xyuy

Ilpomie, omHako, B 3TOM Clyyae HOCTYNHTh TaK, Kak cclid Obl mpojesiBajid o 6-
PaTHBIY DepeXoA OT NEPEMEHHEIX /, ¥ K IepeMeHHbIM x, y. IIpoauddepenuupo-
BaB GopMyJIbl (6) 110 x (cunTas y GyHKOHEH OT X), HOIYYUM

ti=aitaiyt,  ux=Pe+Biyy,
TaK 410
uy Byt By
ro ogtagyy’

)]

OTKyZAa IJA y5 NONMYyYaeTCs TO XK€ BHIPAKEHHE, YTO M BBILIE.

W 3pecp MBI pa3snnmyacM NIPOU3BOUHBIC [f, Uk, X%, fx: HEPBbIC O3HAYAIOT (IIOIHBIE)
TPOY3BOAHBIC 110 X, C YYCTOM H 3aBHCHMOCTH ¥ OT X, a BTOPbIE CYHMTAIOTCS C X JIMIIb
KaK € O JH UM M3 IOBYX aprymeHron Qyukuii o, f.

3aMeTn™, 4YTO HEPEeXOJ OT fIEPEMEHHBIX X, ¥ K lCPeMEeHHBIM 7, 4 mo Hopmynam
(6) MOXeT ObITH MCTOJKOBaH I€OMETPHYECKH KaK HCKOTOpOE TO4Y€4YHOE npe-
obpazoBaHMCe MIOCKOCTH (MIM €c YaCTH): €CIH X, Yy PacCMAaTPHBAThL Kak
KOODAMHATHEI HEKOTOPO#l TOYKH M IUIOCKOCTH, @ !, & — KaK KOODAHMHATHI HEKOTODOM
TOYKM P, TO npeobpa3oBande NMepeBOAUT TOoYKy M B TouKy P. Bo3pMeM 3aTteM KaKyro-

6o xpusylo S Ha IWIOCKOCTH, C ypaBHeHMeM y = f(x); 9ToH (YBKIMOHATBHON 3aBACH-
MOCTH MEXAY X M y OTBEYaeT HEKOTOpas 3aBHCHMOCTb MeXIY ! H u: u=g(t), koTopas

TaKXe ONpeNenseT Ha ILIOCKOCTH HEKOTOpylo kpusyio O. WITak, B paccMaTpUBaeMOM

npeobpasoBanuyM KpEpas J{ mepexomut B kpuByio xe . Ecmu B Touke M nepBoil KpuUBOi
MPOBECTH KAcaTeNbHYIO C YyINOBBIM KO3(QOHUHEHTOM y/, TO B COOTBETCTBYIOLIEH TOYKe
P BTOpas KpuBas OyIoeT EMeTh KacaTeNbHYIO C YINIOBBIM KodthdUIACHTOM 4}, KOTOPBIH
onpeaenserca 0o ¢opmyne (7). Takum 06pa3oM, Mo KOOpAWHATAM TOYKH M Ha KpHBOK

H u yrnosomy xosddunmenTy kacatenbEoOd B M OMHO3HAYHO ONpENENsAIOTCA

KaK KOODJIWHATHI COOTBETCTBYIOINEH Toukd P Ha mpeobpasobammoit kpusod £, Tax
H yrjioBo# xoad¢uimenT xacarenbHoit B P. ITostomy, ecnu yepe3 TOUYKYy M NpOBECTH
JIBE KpHBBIE, Kacalolluecss B 3TOM TOuKe, TO MpeoOpa3oBaHHBIE KpUBBIE OynyT Takxke
KacaTbCAi B COOTBEICTBYIOWEH Touke P. PaccMaTpuBaemoe moueunoe npeoGpaszosanue
NAOCKOCMU COXpanAen Kacanue [Cp. Hwxe mpumep 5)I.

218. Ilpumepnl. 1) TlycTh maHO ypaBHeHHe X yyi-+-xy%i+y=0; npeobpa3osats ero,
monaras x=ef.

ITo dopmynam (2) umeem

yime~hyh, Y= (=),
M ypaBHeHHe npuMer 60Jiee mpoCcTOi BH:
Yit+y=0.
2) IlpeoOpa3oBaTh BLIpaXECHHE
VAL

va 2
nonaras x={-—J. QA+yeP
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ITon obmyro cxemy 3TO DpeoOPa3OBAHHUC MOLOWIET, €C/M HANHKCATb X =f— i, y=u.
o dopmynam (2)
77 oy ’ /7 4
Xy — xpyi—y' (xi+yi)?
(xt+yp®

C npyroit cropousl, popMyna mpeoOpa3oBaHusi maeT xj= | —yj; moacTasnss, HaiigeM
OKOHYATEeNbHO W = yji— yj.

3) lepecTaBEOBKa ponell mepeMeHHB X. IlpennonoxuM, 4To He3a-
BHCAMasi IepeMeHHasi X H (yHKIHS OT Hee y OOMEHMBAIOTCA POJIAMH, MO OOMIyIO
CXeMy 3TO HmpeoOpa3oBaHME MOZOMIET, €ClH HOJIOKHTh X=u, y={. IlocTtaBuM cebe
3a/1a4eif BEIPa3UTEL NPOH3BOJHEIE OT Y IO X Yepe3 MPOH3BOAHEIE OT x 1o y. CHOBA IIpH-

Geraem x popmynam (2), 3aMenss ¢ gepe3 y. ECi yuects, uto yy=1 @ y}i=yjd = ... =0),
TO Cpa3y NOJYyYHM
/
4 , 1 ., Xy
Jr’x=x—;,, Yxr= —;‘E;’

3xia? — xfxi
= et e———— 3 v

b0

y17
3

Hanpumep, seipaxenue W= yiyd —
—3y5a?, eCH DPUMEHWTbL K HEMY 3TO

177

Xyi

npeobpa3oBaHue, NOMYYUT B W= —

xps

4) Ylepexoxm K TUONSAPHBEM

Puc. 114. KkoopmuHaTaM EcmM x, vy paccMat-

pHBaTh KaK OPSAMOYIOJIGHBIE KOODIUHATHI

TOYKH, TO YpaBHeHHe y = f(x) BHIDA3UT Kpu-

Byro. YacTo ObiBaeT NOJI€3HO MEPEHTH K MONSAPHEIM KoopaAHHAaTam r, 0,

BBIDQXadA KPHBYIO €€ MO APDHHEM yYypaBsHeHHeM r=g(0). Torna, ecrectBerHoO,

OPEACTARIACTCA HEOOXOMMMOCTD, MCXOIsS M3 BEIPAXKEHHIl PAa3IMYHBIX TEOMETDHYECKAX

3JIEMEHTOB KDHBOHM Yepe3 x, ¥, yx, Vi3, --., NOIYYHTH COOTBETCTBYIOIINE BHIPAKEHHS
ux uepe3 8, r, rj, ros, ...

©®opMynEI Ipeo6pa3oBaHus B 3TOM Cilyyae, XKaK H3BECTHO, HMEIOT BHI X =r COS 0,

y=rsin 0. Muddepenunpys ux oo O (Upa4eM YYMTEIBAaEM, 4TO r e€CTh (yHKuAs oT ),

IOnyYaM

x; =rjcosB—rsinf, yi=rjsin@+rcosb;
Xpa=r{zcos 8 —2rgsin 8 —rcos 6,
Yy =rftsin0+2r cosB—-rsin, ...

Orcroza, no dopmynam (2), Haitnem (moncrapisisi 8 BMeCTO ¢):

: 2 ’ 2
, _risin@4rcosf ., r24+-2rga—rrj

IYx= n Yx:= T
rjcosB—rsinf’ (r§ cos 8 —rsin 8)3’
Taxum 06pa3zoM, HaopuMep, yriloBoi K03gduueHT XacaTenpHO# Oyner

, rfsin @+ rcos @
tga:y = ) - 0,
r cos @ —rsin

TAHIE€HC yria w, 00pa30BaHHOTO KacaTelbHOM C MPOIOIKEHHBIM PaJHyCOM-BEKTOPOM
(puc. 114),

tga—-tg8 xyi-y

1+tga-tgd x+yy’

tgw=tg(@—-0)=
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TENephb BBIPA3KMTCS MPOCTON hopMyIion

r
tg w= =
ry
B CBSA3H C Y€M [IPY MOJIIPHOM 3a[AHHM KPUBOW MOJIOKEHHE KACATENbLHOM MPEANOYHTAIOT
OIpENENIATh HMEHHO YIJIOM .
PaccMoTpuM ete BhIpakeHue

3
(A +yp)
i

DPEACTABNISIOEe, KAK YBUOMM Huxe [B n° 251], BaxkHLII reOMETPUYECKHI IJIEMEHT
KpUBOH (spajuyc KpuBu3HbIY). ECIH HOACTaBMTBL CIONA HAMiJIEHHBIE BBINIE BHLIPAXCHUS
IS yy M Y53, TO 0OCJE YIPOMEHH HOTyYuM

R

3
(GENTAY
P20~ rrih

5) Ilpeo6Gpaszopanne JlexaHapa. I[IOCTABNEHHYI0 B NpeIbIAYILIEM
n° 3amavyy 3aMeHbl [EePEeMeHBBIX MOXHO OBOOUINTH, AONYCTHB OPUCYTCTBHE [ po-
H3BOAHBIX yXe B popMynax npeobpasoBanus. Mbl OrpaHUYEMCS OIHEM IPHEMEPOM
3TOrO popxa:

t=ye, U=X-yi—Y;

3T0 mpeo6Gpa3oBanne Ha3blBaeTcs HpeobpaszopanueM Jlex aH ap a.
IlpomuddepenuupyemM BTOpyo HOpMysy mnpeobpa’josamusi mo X, PacCMAaTpHBast
cleBa 4 KaK QYHKIHMIO OT X Yepe3 MOCPENCTBO f (3aBHCMMOCTB f OT X JAETCS NepBOM
dopmyoir):
U Y3 = yit xya—yi=x-yi.

OTtciona (B npennonoxkennu, 4To y3h+#0) w uj=v. Takum oOpazoM, ecnn y9ecTsh
4 06e popmyitsl peobpazopanus, UMeeM

X =uj, y={L-uj—u,

YeM BBIABJISIETCS B3 AUMHOCTB NOpeoOpa3soBaHus: I, u, yj BLIPAXKAIOTCH Yepe3 X,
¥, Yx COBEpIIEHHO TAK )K€, KAK 3TH MOCIENHHE BEJHMMHBI BBIPAXKAIOTCS uepe3 MepBble.
Huddeperuupys noxoOHbIM ke 06pa3oM Mo x (HOPMYITY uj= X, MOIYIAM

1
u-ye=1, oTkyma yy=—.
up

Hanbueimee nuddeperimposanne naet ,
727
8

U YRy =0, Tak uto yE = — il ,

upd

H T. O

3ameTHM, yTO ecim mpeobpasoBanue JlekaHaApa MCTONKOBATH TEOMETPH-

YECKH KaK mpeobpa3oBaHue INTOCKOCTH, TO OHO OTHIONbL He GyneT TOYEeTHEBI M mpe-

obpaszosarmueM. [lius OnpeleNeHHsl KOOPAWHAT f, ¥ TOYKM P HENOCTATOMHO 3HATH KO-

OPIHAHATHI X, ¥ TOYKH M, HO HyXeH M YIIOBOil Koah(HIMEHT y; KacaTelLHOH B ITOM

TOYKE K paccMaTpHBaeMOH KpHBOH y=f(x). TeM He Meuee, Kpupas Hpeobpasyercs

3[eCh CHOBA B KPUBYIO, H KACAHHE COXpaHAETCA™).

*) HNonobuble mpeoGpa3oBaHus, COXPAHAIOWIHE KACAHHE, WIPAFOT BAXHYIO POJb
B PamIMYHbIX O6NACTAX reoMeTpumy M aHanw3a. OHM HOCAT HAa3BaHHE Kaca T el b-
HBIX npeo6pa3oBaHHUM, WM Npeob6pa3oBaHHi HNPHUKOCHOBE-
Hu . Toyeunsie npeobpa3zopamus U npeobpazosanns JIe X aHApa SBITIOTCS JIMUIb
YaCTHBIMH NPHUMEPAMH HUX.
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219, OYHKIHE HECKOJMLKHX NMEPEMEHHBIX. 3aMeHA He3aBHCHMBIX NepemeHHbIx. [lepeii-
JIeM Temepb K 3amaye 0 npeoGpa3oBaHmy BEIPAKEHHS

9z 9z 9%z 9%z )

w F(x,.v, B 3y U o axdy
COIEPHKALUErO, KPOME HE3aBHCHUMBIX MIEPEMEHHBIX X, ¥, ..., K QYHKIMM OT HHX 2, TAKXe
YaCTHBIC OPOH3BOAHBIC z II0 €€ ApPryMCHTaM, A0 ONPCACIICHHOIO mOopsAakKa.

ITo TeM e MOTHBAM, YTO H B OPOCTEUIIEM CIy¥ae, paCCMOTPEHHOM BBIIIE, H 311ECh
MOXET HOHB.,HOGPITLCH nepefrm K HOBBIM NOCPCMECHHBIM, KOTOPBIE CO CTAPpBIMH
CBSI3aHBI C MOMOWIBIO ¢fopmysa npeobpazosanusn. Eciin 0603HaYUTh HOBEIC HE3aBHCUMEIE
MEpEeMEHHBIC 4epes £, U, ..., a QYHKIMIO OT HEX — 4epe3 v, TO 3a/JaYa COCTOMT B TOM,
4YTOOBI BRIpa3uTh W uepes f, 4, ..., ¥ ¥ ¥epe3 NPOU3BOJHBIC OT ¥ HO €€ apryMeHTaM.
O‘ICBHJIHO, OOCTAaTOYHO HAYYHMTBCS OCAaTh 3TO OO OTHOIICHHWIO K CTa P BIM IIPOHU3-
BOMHEIM 9z 9z 0% 0%

N %" 3" oxt 9x oy
YTO HE3aBUCHMBIX IICPCMCHHEBIX BCErO ABC: CTAPBIC X K ¥, @ HOBBIC tAau.

Haunem u 30eCh € TOIrQ Cliy4as, KOorga 3aMCHSAIOTCH JIMIIIbL HC3aBHCHMBIC IICPEMCH-
HBIC, H q)opmynm npeoﬁpasonamm HECOOCPCACTBCHHO CBA3BIBAIOT CTAPHIC NCPCMCHHBIC
X, ¥ C HOBBIMM ?, u.

IIpennonoxum, yTo GopMyJisl IPeoOpa30BaHusl Pa3pENieHbl OTHOCHTENBHO CTaphiX
OCPEMCHHBIX!

5« JIJIS NPOCTOTHI MECEMA MEI Oy/IeM [IPetIoiaraTh,

x=¢(t, w), y=y, w. ®)

PaccMaTpubasi z Kak ClOKHYIO GYHKIHIO OT £ U # Yepe3 HOCPEACTBO X H ¥, IO NpaBHITY
mnddepeHUMpPOBaHFs CIIOKHBIX QYHKUMNA MONYYHM:

9z dx 9z @1 dz 9z 9x 9z 9y 9z

z= , e 9
a 9t Ix 9t dy ou ou 3x+3u ay ©

0z 9z
TaxumM o6paszom, U1 OIpeneneHns CTaphblX NPOH3BOJHBIX 3_ H — MEI EMEEM CHCTEMY
x

TUHCHHBIX YPaBHEHMIA; OTCIOfA CTaphie IPOM3BOAHLIE JIMHEHHO BBIPA3ATCS 4€pe3 HOBbIC

Bz= 0z Baz 32_C32+Daz

—=A—+B—, —-C—+D=—, (10)
ax ot du  Jy ot ou

IIpu 3TOM BaXHO OTMETUTH, 9TO X03ddmmenTs A, B, C, D COCTaBIAIOTCH H3 NPOM3-

BOZHBIX (yHKImii @, y, durypupyiomux B dopmynax (8), Ho BOBCE HEe 3aABHUCAT

OT z. 9z Oz

D10 3aMeyaHMe MO3BOJIACT NPEMEHHTH GopMynsl (10) X NPOHM3BOOHBIM — , ‘;’—-

27 Y

ax

(BmecTo z). TakuM uyTeMm, HampuMmep, UL d—; IIOJIYYHTCH BBIPaXXECHHE
X

(2?__ 0] (az) 4 P (az)+Ba (az)_
axt 9x\ox] " or\ox) T oulox)
2. 2 2 2 B
=;A(A ?_Z+B ,_3__2 4-24?_24_3_312) B(A vaz_*_Ba_{ Qﬁef _3__22).
at2 otdu 9t 9t 9t du at du ut dudt du du

IIpumenss (10) x IPOM3BOAHEIM BTOPOrO HOPsAAKa (BMECTO z), MOXHO IOJIYYHTb BBIPa-
KEHHs 711 NPOU3EOAHBIX TPETEIrO MOPsIIKa, U T. .
Ecmn dopmynsl npeo6pa3oBanus Pa3penieHBl OTHOCHMTEIBHO HOBBIX HEPEMCHHBIX:

t=alx, y), u=px, ),
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10 ynobHec mpuberHyth K oOpaTHOMY MeEeTOAY, T. €. DPAacCMAaTPHBATDL Z KaK
CIOXKHYIO QYHKUMIO OT X, ¥ Yepe3 NOCPEACTBO !, #, U AuddepeHInpoBaTh ee N0 CTapbhiM
nepeMedHbLIM. DTO cpasy npuseJeT Hac K dopmynam tupa (10):

9z Ot 9z Oudz 9z Ot 0z Qu 0z
bom o, mmm — e an
Ix 9x 9t Oxou Jy Iy It 9y du

Ha aT0T pa3 ko3¢ dunueHTs!

ot du ot ou
A=—, B=—, D
ox ax ay Iy
OyayT QYHKOMAMU OT X, y, HO TaKXe HC 3aBUCAT OT z.
Hpumenss nosTopHo ¢opMyisl (11), MOXHO M 3/€Ch NONYYUTh BBIDAXKEHUS Aalb-
He#mmx Opom3Boiinbix. Hanpumep,

2 «
FED (g0 ) 040 080 0 (00) 0 (0
Ix2 gx\ ot ou ot ax \du

“ox ot oxon s

.49z 98 bz A( 50" ) +B(A o 322) ).
ax ot 9x ou 2

AS4B. S 4B—
ot ot ou at Ju ou

Hakonen, B o01memM cliyyae, py NPOU3BOJIBHLIX (opMyNax Npeodpa3zoBaHHs
(])(x, Y, b, M) = 07 q—/(*\ﬁa Y 1, ll) = Oa (12)

MOMHO [0Jib303aThCs KaK NPAMBbIM, TAK H oGpammM METOAOM, BbIUUCIIAA YaCTHBIC
NPOH3BOOHBIC

ox  dx Jy oy B ot 9 du  du
. I ~ 3 ~_ 3> “ H - b - Yy - ’ -
ot Qu 91 Qu ox  dy ox oy

1m0 npaspiaM IudpepeHUMpOBaHUS HEABHBIX (QYHKLIMIA.

220. Merox sbiudciienns nugdepeHusanoB. YKaxeM Tenepb M IPYroil MeToa s
BBIPA)KEHMs CTApbIX NPOM3BOIHBIX 4Y€Pe3 HOBBIC, OCOOEHHO ynobOubli, ecnu B W BXxondar
HE OT/ENbHBIE NPOM3BOHBIE, HO BCEC MPOU3BOAHBIE AAHHOTO MOPsAAKa. 9TO — METOA
BBIYMCINEHHUSd MONHBIX aAuddepennuanon OH Takke MoXxer ObITh
NpeACTaBleH B ABYX $opMax, B 3aBUCHMOCTH OT TOTO, CYMTAXOTCA JH [ M 4 WIH X K Y
HE3aBHCUMBIMHU NEPEMEHHLIMHU.

IlycTh cHAYana He3aBHCHMBIMH OyayT ¢ M 4, Bce nuddepeHUHansr 6epyTcs HMEHHO
N0 3TUM HepeMcHHBIM (I pAM O Meroxn). duddeperimpys nomseM obpasom ¢op-
MyJEl opeobpazopanus (12), MOKHO BLIPA3UTh dx ¥ dy JTMHEHHO Yepes df u du:

dx = o dt+f du, dy =y dt+0du (13)

3aTeM, Iuddepennupys 3TH Gopmyisl, mpeactaBuM d2x U d*y B BHAC OJHOPOJHBIX
MHOIOMJIEHOB BTOPOM CTENeHH OTHOCHUTENBHO df U di:

dix=cdt*="C{ dt dutndut, d?y =0 di?-+ o dt du+ x du?. (14)

u T. A. Kospduumeuts! o, §, ..., 1, » CYTb U3BECTHbiC yHKUMM OT X, y, ! W 1.

*} 31ech YMECTHO CIENaTh 3aME4YaHHe, aHAJIOrM4HOe 3amedaHuio Ha cTp. 484, Tak
KAaK BBIPQKEHUA CTapblX IIPOM3BOMAHBIX 4epe3 HOBbIE COIEPXKAT X, ¥, TO I[IOCIE MOACTa-
HOBKHM 3THX BbipakeHMil B W MOeT OKa3aThCs HEOOXONMMEIM elile MCKIO4aTb X, ¥
¢ nomoupio GopMyn mpeobpazopanus. UuTaTenb JIETKO 3aMETHT ¥ B JAanbHedlicm
CIIy4au, CXOHHBIC C ITHM,
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TIpeacraBuM Tenepb dz ABOAKO (OJB3YSCh MHBAPHAHTHOCTBIO GopMul auddepen-
Hasna):

0z oz 9z 0z
dz=—dx d) dt+— di 1
o= o +3 y+a +3 . 15

Ecma BMecTO dx u dy NOACTaBATH MX BEIpaxenus (13) ¥ npupaBEATE X03(dUIIMEHTH
npH dt ¥ du B 06€UX 4acTsAX PaBEHCTBA *), TO HOJYYaTCs JIMHEHHbIC yPaBHEHHUS -

a32+ 32 9z ﬁaz 9z 32
H —_ —_———
ax ' by ot Fr ay au’
9z 0z
H3 KOTOPBIX OMPEREIATCS OPOR3BOAHEIE — ¥ —
ax  dy

AHaJIOTHYHO, MOXHO NMPEACTABATH ABOSKO d2z (IOMHS O TOM, YTO HE3aBHCHMEIMH
NepEMEHHBIMA SBILIIOTC HE X M y, @ ¢ | u):

2%z 0% 0%z 9z az
d¥z=—dx3+2 dx d —aV2 d® d¥y=
zax2 +3x3 xy+ay2y+ x+a 'y =
2.
i 3 9%z a6
at® 3 ou ou?

Honcraees BMecTO dx, dy, d?x u d?y ux peipaxenus (13) u (14), mpupaBaseM Koddda-

IHAEHTH NpH dt2, dt du ¥ du® B 00€HX 9acTAX PARBEHCTBA **). DTO JaeT HaM CHCTEMY TPEX
9%z 3’2 3’2 ( az

JIMHEHHLIX YpaBHEHHH )11 ONpPENEIICHAS npouanommx T

0z 2’ 9x 3y 3y’

5}-, yXxe mnecmm) HT. I

AK KaK —

ax’

Bornee OpoCTHIM B OCYLIECTBIEHUA #BISETCA OOpPaTHBIH MeTO N, OpPH KOTO-
POM HE3aBHCHMBIMH NECDEMEHHBIME CYATAIOTCA X H y, Tak 4To Bee Muddepenrmmanty
OepyTca Ha 3TOT pa3 OO 3THM MePEMEHHBIM.

IMocnenoBaTenbEEIM auddiepermpopanneM w3 dopMyn npeoGpasosamma (12) Mel
Mony9aeM 37ech

dt=adx+bdy, du=cdx+ddy: an
dt=edx®+fdx dy+g dyt, du=hde+idxdy+jdy 18),

2 T. A. U 3peck x03ddmmentst a, b, ..., i, j CyTb H3BeCTHLIE QYHKUHH OT X, y, ¢t H u.

Ecym B (15) BMecTO dt ¥ du noacTaBaTEL KX Bhpaxenus (17) ¥ OpHPaBHATL K03dbdH-.
IMEHTH! TPH dx B dy B OOEMX 9acTaX PaBeHCTBd, TO HENMOCPeACTBEHHO MO~
Iy1aM

qi B 9z 9z 8z 0z 9z

=a—+c—, —=b—+d—.
PP TARS VA M TR ¥
Bsamen (16) B HacTosmeM ciydae GyaeM HEMeTh
9’z 0%z 0% 0%z 0%z 9z oz

=22 12 2% axdy
zaz oy TVt 3:= ot du 3@ "ot Y u

*) HanomamM, 9TO paBeHCTBO Adt-+ Bdu=A'dt+ B'du MOXeT HMETb MECTO IS
NPOU3BONbHKX dt ¥ du JIAIB B TOM ciiy4ae, ecna A=A"u B=B'. i

**) PaBenctBo Adt2+ Bdt du+ Cdut=A'dt®*+ B'dt du+C'du® MoxeT UMETh Mecm
oM IPOHU3BONbHEX dt uduimmmp npa 4=A4", B=B', C=(",
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TMoncranoska Beipaxenuit (17), (18) m mpupasuuBande x03dduuuenTos npu dx2, dx dy
u dy? B 00eux 9acTfixX paBeHCTBAa HENOCPEACTBEHH O MNPHBEAYT K BBEIYHCIIEHHIO
o 9%z 322 9z
OPOU3BOAHBIX —— HT. I
ax2’ 9x dy 3y’

221. O0umii cryvaii 3aMenn! nepemenasix, OOpaTuMcs, HAKOHeIT, K 00ImeMy cilyvalo,
KOT[a 3aMEHSIOTCS M He3aBHCHMEIe mepeMeHHble, M Gynkums. Ilycte dbopMynsl mpe-
06pa3oBaHus pa3pelneHB! OTHOCHTENBHO CTaphIX HePEeMEHHBIX:

x=¢(t,u,v), y=pt,u,v), z=x u ). 19

Ecma z ectb GysKumA OT x ¥ y: z=f(X, ¥), TO MOACTABIAA CIOJA BMECTO X, ¥ H Z MX
BBIDAXXEHASA 4epe3 !, ¥, ¥, NOJMYYMM 3aBHCHMOCTb MEXAY MOCIEAHHMH IepeMEHHBIMHU,
TaKk 910 v OynmeT QyHKIHeH OT ¢ ¥ u.

CuMTass HE3aBHCHMBLIMM TEPEMEHHBIMA f K ¥ (IPAMOM MeTON), a z — (yHK-
mueil OT HAX 49epe3 MOCPEACTBO X M y, KaK U BHINE, MOJYYMM paBeHCTBA (9), a U3 HHX

ox oz

(10). Ho 3pecy mon 5;- veey 5— pa3yMeIOTCs ¢IOJHBIEY 9YaCTHBIE NPOA3BOAHBIE OT
u

X, ¥, z 0O ¢t Wi u, moiy4yaemsie U3 (19) ¢ yyeToM TOro OOCTOATENBCTBA, YTO ¥ Cama

3aBHCHUT OT ! M u:

ox Jp (‘)'pc‘)v oz 3,(+3,¢ v

ot ot v at’  Cou du ovou

ov 3v

Koabouimenter A, B, C, D cogepXaT HE TONBKO f, U, v, HO U MNPON3BOJHbIC 3— 3—

u
MOCJIEHAE BXOOAT pauUHMOHANBHBIM 06pasom. IlocnenoBatensHOE NMpHMeE-
Hernue dopmyn (10) u 34ech NPHBEET K BRIPAXEHASNM [UIA BTOPRIX NPOU3BOAHEIX, H T. .
Ecnu dpopMyner npeoGpa3oBaHNA pa3pemleHs! OTHOCHTEIBHO HOBBIX NEPEMEHHEIX:

t=a(x,y,2), u=B(x,»12, v=yx17 2, (20)

TO 00OpMHO npuberaloT Kk 06 paTHOMY MEeTOAY, T. €. CYIATAIOT HE3ABHCHMBIMU
MepeMeHHBIMHA X U y. UMmeem

v 9o 31‘ dvou 9v_9vat v du

+
3x 31‘ 3x (‘)uc‘)x dy 9t 3y 3u3y

at v
BmecTto a—— y reey 3_ CI0JIa HYXHO IIOACTaBHTh UX BBIPAXEHHA, ITOJyYaeMble MuddepeH-
X y

LMPOBAHHEM IO X U IO ¥ dopmyn (20), ¢ y4€TOM TOrO, YTO Z €CTh QYHKIMSA OT X H V-

9t 9x dxdz ov ay 3}’ 9z

ox ox zox’ T3y 9y 0z oy

9z 9z
TaxuMm IyTeM [0y 4aI0TCH JIMHEHHEIE OTHOCHTEIILHO ™ H = yDaBHEHHSI, H3 KOTO-

X
ov v
pPBIX 3TH NPOM3BONHBIE JIETKO BBIPAXAIOTCA 4epe3 X, ¥, 2, 5— H 3_ .
t u
Brlyucniende OanmbHEWIIHX HPOU3BOAHBIX IIPOINE BCErO BHINMONHWTH Tak: aubde-
9z 0z
pPEeHLMpYEM MOMyYeHHOE UIsi — | Wil — | BeipakeHHe CHOBa HO x (110 y), paccMaTpABas
v v ax .

NPOM3BOJIHBIC — M — KaK QYHKIMH OT X M y Yepe3 HOCPEACTBO f H u, H T. [

ot ou
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B ciyuae dopmyn npeobpazopanns oOmIEro BHAA

A, y,z, 1, u,)=0,  B(x,», z, 1, u, v)=0, } @1

(x, y,z,t,u,v)=0

MOXHO HOJb30BATHCA JIFOOBIM M3 3THX METOJOB C NPMMEHEHMEM npaBui juddepeH-
LHUpOBaHUs HESBHBIX (YHKLIWH.
Juis peiienms paccMaTpuBacMOM OOIled 3a#ayM 3aMEHBI MEPEMEHHBIX IPHMEHHM
H METOJ BHYHMCIECHHSA DONHHX AnPdepernmanos Mu orpamu-
YHUMCS M3T0XCHHEM TOH ero ¢opMbl, KOTOpas CBfi3aHA ¢ NPEANOJIOXEHHEM, YTO He3a-
BACHMEIMHE SIBJISFOTCS CTaphie IepeMeHHble X ¥ y (06paTHB M Me T O ), TaK YTO
MO 3TAM IepeMEHHBIM U Oepyrcs Bce auddepeHunanel.
TocnenosatensEbM muddepenumpoBanyemM, ucxons u3 Gopmyi (21), MOXKHO HalTH
BBIPaXCHHS
dt =a, dx+a,dy+a, dz,
du=>bydx+b,dy+b,dz, (22)

dv=c; dx+c,dy+c, dz;

d?t =9, dx®+ 9, dx dy+ 93 dy?+ 9y dx dz +
+ 05 dy dz+- 0¢ dz2 + a3 d?z,

d2u=eldx2+...+esd22+b3 d2Z, (23)
d?=fidx2+ ...+ fod?2+c3d’z; ...
Ecnu B paBencTso
v v
dv=—dt+—du
ot ou
NOACTaBHUTL BMECTO df, du U dv uxX BeIpaxenAs (22), TO MOJYYHM
- v ov
cdx+tc,dy+cydz= 7 (aydx+a, dy+a, dz)+3— (by dx+b,dy+bydz),
u
OTKyIa
dz=Adx B dy, (24)
Jdv o
1i¢ A, B pagMOHAanNbHHM 00pa3oM COHSPKAT IPOMU3BOTHBIE — MU o .
u

Comnocraenas 510 ¢ popmynoit

0z 0z
dz=—dx-+— dy,
ox a2y ’
BHIHM, YTO
P)
o, 0,
9x Iy

BosbMeM Teneph PaBeHCTBO (f M 4 He ABJSAIOTCH HE3ABACHMBIMH TCpEMeH-
HBIMH)

2 % 2
dzv=a—— dr>+2 kad dtdu+(9—1)du2+l21;dzt+(9i)d2u
a2 a1 Ju ou? at du

¥ DOACTABHM CIOfia BMECTO df, du, d*t, d?u, d*v ux suipaxeunus (22) u (23), a 3atem u dz,
3aMCHHM €ro BhIpaxkeHueM (24). VI3 moyiy4eHHOTO PaBeHCTBA ONpENEIUTCH d2z:

d%2=C dx*+2D dx dy+ E dy?,
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. } oY Iv
roe C, D, E paidoHalbHLEM 006pa3oM cCodepxaT OPOH3BOAHBIE — , — ,
v 9w I at  du
——, oo, — , ComocTaBiuss ¢ GopMyIoi

otz ot gu  our

0% 0%z 0%z
d¥z=—dx*+2 dx dy+—dy?,
X2 ax dy 2y?
TIPAXOO¥M K DE3yIbTaTy
2 0> 9%z
Q__z_ =C, Z D, ——=FE,
dx? 9x dy Iy

HT. O

3amaye npeoGpasosaHysi DEPEMEHHBIX U 3[eCh MOXKHO NpPHAATb TE€OMETPHYECKHI
cemuicn. Ecia mepemennwie (x, y, z) u (¢, u, ) paccMaTpuBaTh KaK KOOPOMHATHI TOYEK
M u P npocrpaHcTBa, To hopMynsl npeoGpa3sosanms, Hanpumep, B hopme (20), OTHOCAT
KaXaoi Toyke M HEKOTOpYIO TOYKY P, T. €. XapakTepu3yloT TOYe€dYHOe mpe oG-
pa3oBaHHe mpocTpaHCTBAa (WM ero 9acTd). 3aBUCAMOCTH MEXAY X, y U Z

OTBEYACT 3ABNCEMOCTh MEXAY f, 4 U ¥, TAK YTO Kaknas [OBEPXHOCTh $ npeobpasyercs
DA 3TOM B HEKOTOPYIO TIOBEPXHOCTH JJ .

0z 0z
Mpb! BHAETH, YTO 3HAYCHUSIMH X, V, Z, Ey )4 ™ OOHO3HAYHO ONPENeNAIOTCS 3Hade-
v o X y
HuA I, U, v, ;-37 n 5— . Bcnommmas ypasHeHue KacaTenbHOM nnockoctH [180 (6)]:
u
0z 0z
Z-z=—X-x)+— (Y-,
dx ay

OTCIOA NIErKO 3aKNIIOYHTh, YTO JBYM KACAIOUIMMCHA B TOuKe M NOBEPXHOCTAM S, H
S, OTBEYaIOT B PacCMATPUBAEMOM NpPEOGPA3OBAHMHA JBE TIOBEPXHOCTH &1 H ) 5, TAKKE

Kacaromecs B Touke P. Toueunoe npectpazosanue npocmpancmea coxpamnsem Kacanue
[cp. Amxe ipumep 7)).

222, IMpumepnt. 1) Ilepexonm Kk MONApPHBIM KoopauHaTaM. IlycTh
zZ ecTh QYHKUMSA TOMKH HA IUTOCKOCTH z=f(M). OOLIKHOBEHHO NOJOXEHHE
TOYKM ONPEHCNAETCHS €€ IPSIMOYTONbHBIMA KOOpHMHATaM# (X, ¥), TaK YTO z SBISIETCS
dyHKUHEN OT mepeMeHHBIX x U y. YacTo, 0HAKO, OKa3kIBaeTCa 60Jee YHOGHBIM Xapak-
TEPA30BATh NOJOXEHNE TOYKH IOJSAPHBIMA KOOpAMHATAMH F, 6, @ TOrJa BO3HHKAET
HeOGXOMUMOCTh TIPpeoOpA30OBaHMA K HOBLIM MepeMeHHbIM. IIpopenaeM STOT Tepexon
pasIM4YHBIME METOJaMH.

IIpaMoit MeTOn He3aBUCHMBIMH [EPeMEHHLIMHA CYuTarcTcs r, 6. Mcxonad
3 dopMy npeobpasoBaHug

x=rcosh, y=rsin8,

1o o6pasuy dopmyn (10) umeem

0z 9z . 0z 0z . 0z oz
—=¢080 — +sin 8 —, —=—psinf —+rcosf —,
r dx Jy 20 Ix oy
OTKyAa
0z dz sin8 0z cosB gz
02 _cosplZ S0z 0z g07, ©5)

oS § — — R neoe-— C—
ox ar r 90 dy or r 88
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sinf | cosf
TaK 4TO BBIpaxeHus cos§, —-——, sin §, —— wrparoT 374ech pPoib KO3(h HIHEHTOB
r r
A, B, C, D. 3atem,
0%z 0 ( 9z sin 0 9z\ sin @ 9 ( dz sin 8 9z
——=c0s0 — |cosf —~ ~—]~— —|cosf —— —=
ox? or or r o0 r 06 or r 08
9%z 2sinfBcosf 92z sin28 92z 2sinBcosB 9z sin2 6 9z
=cos? 0 — — + — — e —
or? r or 08 2 902 r? 00 ¥ oor
AHAJIOTHYHO HAXOA¥M
0%z . 9%z 2sinfcosh 9%z costh 92z 2sinfcosfdz cos?l 9z
——=sin? 8 —- + —_—— —+ —
02 or? r or oo rz 962 re 00 r or
M T. O
O6paTHH# MEeTO HE3ABHCHMBLIME IEPEMEHHEIMM CUHTaroTca X, y. Js
or

Toro 4TobObl BOCHONB30BaThCs Gopmynamm (11), HyXHO 3HATh NPOM3BOAHBIE — ,
80 or 96 ox
ax’ oy’ oy
IOMe cTapble EPEeMEHHBIE ¢ HOBLIMHA, OTHOCHTENBHO Hociemanx. Ho MOXHO BOCIONB-
30BaThCs MeTonaMu IuddepeHIpoBanns HesBELIX QYHEKIWIA, He pa3pemas ypaBHEHHI.
Ecm mponuddeperuaposats GopMyNIBl MpeoOpa30BaHMs MO X 4 WO y, CYUTad r H 0
$YHKIMAMEA OT X H y, TO TOIYIUM

. VIXx MoXHO HaliTH, pa3pelidB IpEIBAPUTENILHO YPAaBHEHHS, CBA3BIBAIO-

L

ar . 00 ., or
1=cos8——rsinf —, O=sin§ —+rcosd —
ox ox 0x ox
u
20 r 00
Orcosﬂa—r—rsinﬂ——, l=sin9‘?—+rcose—.
oy oy Iy Iy
OTcrona
or L sin 6 ar . 88 cos
—=cos 0, —=-— , —=sinf, —=
ox ox r ay oy r

# no ¢opMynam (11) — MBI BO3BpAIaeMCA K BBIpaXeHUIo (25), U T. A.

MeTton Beunmcinenus gudpdepennuamosn. Ilycth, kak H TOJIBKO
YTO, HE3aBHCUMBIMH ME€PEMEHHEIMA OYAYT X, Y.

JluddepesupyeM o THBM 00pa3omM ¢opMymsl npeobpa3oBaHus

dx=cos 0 dr—rsin 0 db, dy=sin 8 dr+rcos 0d0;

OTCIOHa

—sin 8 dx+cos 0 d
dr=cos 0 dv+sin dy, db—_—mXTISTAY
r

TaK 4YTO

in 0 0
dz=a—z a’r+(E d9=(c030§—3m iz) dx+(sin9 §+(ﬁ»~ %) dy,
ar L or r 006 or r 09

YTO CHOBA MPHBOIMT K BbIpAXEHHsM (25).
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Bropuusoe nuddeperupposarme GopMyn nis dr v d6 naer:

X sin? 8 dx? -2 sin 6 cos 6 dx dy+cos? 8 dy?
d?r= ~sin 0 d6 dx+cos 0 d6 dy = s
r

~ r(cos 8 dx-+sin 8 dy) d8 —(cos 8 dy —sin 6 dx) dr
r2 -

2sin 6 cos 8 dx?—2(cos? 8 —sin2 0) dx dy — 2 sin 8 cos 6 dy*?
- 2 *

a2 -

Toraa mia d2z 6yaeM UMEThb:

0% 0%z 0%z 0z 0z
d2z=——dr?+2 drdf+—do%+— d?r+—d6 =
e or 96 FY TR YR T
2 9%z 2sinBcosb 9% +sin2 ] 32z+sin3 60z
= [cos - — —
or? r dr 08 rz 962 r or
2sin 8 cos 6 9z ,
— | dx2+2 (.. )dxdy+ (.. ) Ay,
r? a0
0%z
OTKyZa OJIS BTOPHIX OPOH3BOMHBIX FyrTE MOMNYYATCs Te XK€ BLIPAXKCHUS, YTO M BhIIE,
X

PaccMOTpHM, NS IpAMepa, BBHIPAXKEHUS
9z\% (0z\* %z 0%
me (B (E). et
dax oy ax* 9y
C moMombIo HaiaeHHbIXx GopMyIT OHM peoOpa3yloTcs Tak:
92\ 1 (9z)? %z 1 09%2 19z
Wi=|—| +=|=1, Wy=ret— —t+——.
! (BrJ r? ((‘)B) 2ok r2 g0 r r
2) Mepexon Xk chepHmYeCKUM KOOpPAEHATAM B npocrpancrse
pOJIb, AHAJMIOTHYHYIO HOJAPHBIM KOOpDAMHATAM Ha IUIOCKOCTH, MTPAIOT TaK Ha3biBae-

Mele chepuHIeCKMe KOODAHHATSH @, ¢, 6, C KOTOPEIMH OPAMOYTOJILHBIC
KOOPAHHATHI X, y, Z CBA3AHBI ¢ IIOMOIIBIO hopMyT

x=psinpcos8, y=psingsinb, Z=pCOS®P.
IIycth Tpebyercs mpeoGpa30oBaTh K HEPEMEHHBIM @, ¢, § BbIpaXeHHs
du\t  (ou\? [Ju\? 0%u 0*u Qi
R
ox oy, oz oxt  9y: 02°

rie u eCTh HeKOTopas HYHKUUSA TOUKH B DIPOCTDAHCTBE.

Eciu mpeoGpasosaHde NMPOM3BECTH B [BA NpHeMa, monaras cHayama x=r cos 6,
y=rsin 6 (B ocTaBiAs z HEHIMEHHBIM), 4 3aTeM Z= Q@ COSQ, r=gsing (ocTaemss § He-
W3MEHHBIM), TO MOXHO GyZIEeT BOCHONBL3OBATHCA pe3ynbTaTaMu NpmMepa 1).

HanpuMep, I8 BTOPOTO BBIPAXEHHST AMEEM

du u 0w 19 10u
= b —,
Ixz 9yt 9rr r: 96 r or
Pu Py 19 1 9u
= —— .
azz  9rt] r296% r or

W.,=

o
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Beipaxenne B CKOOKax, HA OCHOBAHHM TOTO e OpuMepa 1), IepemmimeTcd Tax:
32u 1 3’u+1 3u
392 ot e de’
ou ou cos @ Ju
—=sinp —+
ar 30 0 3(p

HAKOHeN,

TloncraBnss Bce 3TO, OKOHYATENNbHO Halnem

Pu 1 o 1 (‘)2u 19u ctge du

2=t —

_ — .
00* 0% dg* @sin’p 362 0de o o9

W (3u)2+ 1 (au)2 . 1 (au )2
Y90 ersinzp 98] o2 lop)

3) Iloxa3ars, yTO BeIpaxemusa W; m W, coxpaHsioT ¢BOI0 G OpM Yy IpH JO60M
npeobpa30BaHUHE MPSIMOYTONEHBIX KOOPAHHAT B INPSIMOYTOJIBHBIE XK€

AHaJIOTHYHO,

X' =aix+by+cz, Y =ax+by+cyz, 2’ =agx+byy+c3z,
rae x03pduienTs! @, b, ¢ YIOBIETBOPAIOT M3BECTHRIM COOTHOIICHUSIM

1 npu i=j,

aiaj+bibj+c,-c]={0 mpu %, (26)

MeTton BRIUYNCICeHUA nudpdepernmuanosn. Cuuras x, y, z HE3aBUCH-
MBIMH TIEPEMEHHBIMHA, HMEEM

dx’=a,dx+b,dy+c, dz, dzx’=0,

dy'=a,dx+b,dy+c, dz, dxy’ =0,
dz'=a,dx+bydy+c,dz, 4%z’ =0.
Toraa
du= — (al dx+b,dy+c,dz) dx+ b, dy+c, dz)+—- (aydx+by dy+cs d2),
OTKyZa

ou ou ou ou au_ ou ou 3u

- = . 7 2 P b >
PP vy R Ml M W
ou 3u+ 3 + ou
3Z—CIaX, 33,5

BO3BOJA B KBajpaT H CKJIaAbIBad, B CUIY (26), HOAyYuM
) (o) (5o
W,= + + .

v ( ) (ay o7

2 32
d®u= Pu (@, dx+b,dy+c,dz)*+2 “ - (ay dx+b, dy+c¢, d2) (aydx+bydy+cad)+ - -
o0x® ox’ dy

3areM,

Bripaxenne W, ecTb cyMMa ko3bduumentos npu dx?, dy® m dz%;, ¢ noMouipio (26) ue-
TPYAHO YCTAaHOBHTB, YTO
W, %u o o%u

vt Toyr o




222] § 4. BAMEHA INTEPEMEHHBIX 497

4) ITpeoOpazoBaTh ypaBHEHHE

L 32w p 0w C ow ow

+yz v Lot XY =
3x2 3 2 3}’ 3 = oz ox ax dy
K HOBBIM TIEPEMEHHEIM 7, i, ¥ IO GOPMYJIaM x = uv, y = of, z = tu.
IIpsimo#t MeTo A Cunuras HE3aBACUMBIMM HEPEMERHBIMH 1, I, v, OYAEM HMETh
3w ow ow é)w ow ow 3w ow ow
7 kil

A o+ — -
ot 3y dz du  ox 0z v ox J[é)y

Orcroga
3w 1 9w 1 9w 1 9w
=t u—f = v—,
d). 2 9t 2 9u 2 v
ow 1 ow 1 3w_|1 ow
Yoy 2 2"0m 2 %0
é)w 1 ow 1 3w 1 9w
3z~5 ot 2 ou E 01)'
Haree,

I*w b/] ow ) ] ( 1 ow 1 9w | 9w
X—=x—x——W|=x— | -t — 4= F—v——w|=
ax? (')x( ax ax\ 2 dt 2 9u 2 ov )
1 LW 1 0w 1 L0 1 3w
=1 g2 —t—up — -
4 9tz 4 du® 4 302 2 duow

1 2w lt 2w 3t¢')w 1 3w 1 ow

T2 %00t 2% 5ton 4 o 2% 790"
o*w 3( ow 3(1 ow 1 9w 1 3w)
oz Iz ) 0.

Yoy 29 2 0 2%
1 32w 1 32w Dzazw 1 ?Fw 1 3w 1 ow 1 ow

= — - — U——— ) —,

o T e 2 0 2 ouge 1 0t 7 0 7 5w

4 T. A. Ci10XuB BCe NOXOGHEIE BEIPAXEHHs (M OTOPOCHB YHCIIOBOH MHOXHTEINE), HOIYIAM
npeoGpa3oBaHHOe YpAaBHEHUE B BHAE

. »Pw 3" Fw
3,2 3:42 r

Jo cAX mop 3aMEHAIIMCh JHINb HE3AaBHCHMBIE NEPEMEHHBIE; IPHBEIEM IIPHMEDHI,
re 3aMeHe MOABEPTacTC U QYHKUHSA.

0z 0z
5) IIpeo6pa3oBaTh ypaBHEHHE X2 ¢9—+ y2 3— =72, monaras
X 'y

t t
x=t, =— z=——,
7 1+’ 1+t

IIpaMo# MmerTo A Hesasucumble nepeMennsie: ¢, u. duddepenumpyeM Tperbio
u3 ¢opMyn npeobpa3oBaHms IO f U IO 4, PaCCMATPUBas NEPEMEHHEBIE z M © XKaK QyHKIMH
OT t, u (IepByIo — 4epe3 MOCPEACTBO X, y):

ov
1-r222
(')z z 1 ot 9z —12 12 v

Yoy W ey G G o

32 . M. Puxresronbu, T. I
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Orcroma

9z 1 (1 0 90\ 9z (Ltmp g
ot 3uJ 9y (+10)2 ou’

ax  (L+rop
IIpeoGpa3oBaHHOe YpaBHEHHE MOCHE COKpAINeHHs GYJET MMeTh BUI:
o
—=0.
ot

PemuM Ty e 3afjaqy WHaYe.
O6paTHH#® MeTOn BrpasnMm u3z GopMyn npeobpa3oBaHus HOBEIE HEpEeMeEH-
HBIE 4Yepe3 Craphie:
1 1 1 1
t=x, u=—-——,
y x z X
¥ OyZIeM CIRTaTh HE3aBHCHMBIMM IEPEMEHHBIMH X, y. Jdnddepermnpys TpeThio GopMyity
mo x ¥ mo y (v 3aBUCUT OT HHUX Yepe3 MOCPEACTBO 7, i), HalimeMm:

V= — — —

_1 9z 1 v 1_¢‘)v 1 1 32_ ov 1
2 9x xz_at ou x2’ 2 dy 517}’2
HIY oz (1 v 1 v 9z 22 9v
| 7 —=— — H®T O
ox xz 9t x® au] ay ¥y ou
6) Bripaxenne oz ¥’z 9

ox? ox By i)y2

¥y z
npeoGpa3oBaTh K MEPEMERHEIM f=X+y, U=—, ¥=—.
x x

MeTton Beiuncnernusa nud depernuano s HesasacuMmble mepeMeRHbIE:
x, y. JaddepernmEpyem GopMynsl npeobpa3oBasus:

1 1
di—dxt+dy, du= -2 dxt—dy, dv=—— dit—dz.
x? X X2 x

Ecnu v paccMaTpuBaTh, Kax (YHKIMIO OT X, ¥ 4e€pe3 IMOCPEaCTBO £, ¥, T0 maddepentman
dv BaUAIIETCS TaK:
ov ov

1
du_—dr+~du_—(dx+d )+— (—31 dx+— dy) .
at ou x2 x
ConocTapnss ABa BHIPAXEHUS U1 dv, HaXOAnM
z v v y
de=Zax+x L @xran+ 2| - Lax v ay).
x ot ou x
CocTasuM Teneppb BTOpble muddepesnranbl OT HOBHX IEPEMEHHEIX:

2 2
d=0, du="ae-= dxdy,
x3 x?

2 2z 1
dv= ——dx dz+— dx*+—d%.
x? x3 X

C Apyroii CTOPOHSI,
o v o v ov
d*w=—dt2+2 —dtdu+—du2+ di*t+—du=
MR TR a Py R TR P

o 1

% ¥y 1 2 Bv
— |~ dx+—d — d. 2—-—d d
+3u’ ( e x+x y) +3u ( X x y)
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IIpupaBHuBasi 06a BbIpaXEHHA I d%¢ M 3aMEHsA dz HOYYEHHbIM BBIIIE €r0 BbIpa-
KeHFeM, MPHUIEM K PaBeHCTBY, B3 KOTOPOro ONPENETHTCS d2z:

dx [z ov ov y 2z
d¥z=2— [—— dx+x— (dx+dy)+— (——dx+dy ]—— dx?+
x Lx ot ou X x?

4 [32”@1 var+2 2w +d)( Y & lld)+
x| 242 - (dx - —dxt—
orr T o u MNe®rs¥

0% 2 1 2 9v (2 2 )
+ (J_ dx»}~—dy) 4——)(—{drz-——dxdy)].
X X x3 X2

ou? ou
9%z 0%z 0%z
OTciofa MOXHO ONpENENHTh NPOM3BOAHbBIC ——, - ~ -, —— Kak koaddu-
x2 " 9xdy o0y

uMenTsl npu dx?, 2dx dy, dy:. Ho HyXHBIA HaM PE3yNbTAaT MOXHO IIOJyYHTh IIpOUIE,

3aMeTuB, 4YTO d*z nepexoant B W, ecnu B3ATh dx =1, dy= — 1. TaxuM nyTeM HaXOHUM :
o GHPP Ot 9

x3  ou? t o’

7) IMIpeob6bpazopanue Jlexampapa. Hamomobue 5), 218 mMul u 31eCh
npuBegeM InpeobpasoBanne JlexaHnxpa xak npuMmep Gosee obmero mpeo6pa-
30BaHHs, KOraa yxe (GopMysibl, CBSI3BIBAIONIHE CTAPbIE ¥ HOBblE IEPEMERHBIE, COAEPKAT
npoussogubie. Llonoxum

Pasymesi o z HEKOTOPYIO ONpENETIEHHY0 QYHKIHMIO OT X U y: z= f(x, y), Oynem
OpeAnoiaraTh €€ TaKoil, YTO
D(t,u) 9% 9%z 9%z \?
J= = = [ | =0
D(x,y) 0x® 0y \9xay

Juddepermmpys TpeThio w3 Gopmyn npeobpa3oBanus 110 X U 00 y (IPUYEM ¥ pac-
CMaTpHBAEM KakK QYHKIMIO OT X, ¥ Yepe3 IOCPEACTBO !, k), HOIyIHM
ov 9%z v 9%z 0%z 0%z
ot s m Xty oo
ot Ox* Qu 9xdy  Ix*  xdy

v 9z v 9% %z 9%z

@7

coom b =X o Y o,
at 9xdy du 9yt Ixdy = 92
OTKyHa
x=‘3—f, y=§j—, TaK 4TO H z=t%:—+u3—:—v, (28)

T. €. npeobpa3oBaHie HMEET B3a W M HBI M Xapakrep.
JAuddepeHunpys HepBEle ABe U3 NOMy4eHHBIX dopMyn (28) cHagana mo x, a 3aTeM
O y, OPAJEM K YPABHECHHAM

0% 322+ v 9%z *v 9z v Iz

Y=ot oV orou oxay’ " orou o 0w oxoy

0.0 92 9w 9% _ O 9z 9% 9%
9t 9xdy 9t du 9y’ ot du 9xdy out R

32*
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Tax kax [203 (4)]
ot o v \2 D(x,y) 1
TO U3 3THX YpaBHEHMI

0% o 0%
oz du® »rz ot ou o’z ot*
ot 1~ 9xdy 9 1

Ecnu x, y, Z M t, 4, ¥ TPAKTOBATh KaK KOOPAMHATHI HEKOTOPBIX TOYEK NPOCTPAHCTBA,

To mnpeobpazopanse Jl¢xaHApa MOXHO DAacCMATPHBATL Kak npeobpa3oBanne

npocrpascTsa (Ho He TOo9e4Hoe). IloBepxXHOCTE, XapakTepusyeMas 3aBHCUMOCTBIO

MeXNy z W X, y, IEPEXOAUT IPA 3TOM B IIOBEPXHOCTh, ONPENEILIEMYIO 3aBHCHMOCTBIO
v Qv 0z 0z

Mexay o M f, u. Tax Kax f, u, v, — , — 32BHCAT TONBKO OT X, ¥, Z, ~—, ——, TO Tpe-
) ot ou ox Oy

obpazopanue JlexaHApPA COXpaHAET kacaHmEe®), :

8) Jlerko 0606mmTh mpeobpasopanne JlexaHOpPa HA Ccay9ail npOCTPaHCTBA

M060T0 YKcia H3MepeBRH, ITyCTh, CKakeM, z eCTb QYHKIHS OT Xy, Xgs » -+« Xn - Tomoximm

t,~=-a—z- (=12 ...,n ®
Xi

37ech ¥ €CTh HOBa sl (QYHKIMS OT H O BBIX MEPEMCHHLIX fy, Iy, - .+, In.
ByneM Ipeanonarath U 3Jech ONpenesuTeNb

4 0%z 0%z
3—"21 X, 0, o 0x, 0xn
0%z 0%z %z
I= Ix5 0X) E o 9%, 0Xn
;)221)22 ...... 322
9xn 0%y Oxn 0%y X3

OT/IMYHBLIM OT HYMIA.
IpomuddeperuupyeM (GOpMyIy, ONPEACISIONIYO0 o, O Xi (paccMaTpuBast TIpH
JTOM © KaK QYHKIMIO OT X, - -+, Xn 4€PE3 MOCPEACTBO fy, + -+, In):

i xi-
=10t dxidxy (=1 0x;9xk

n 2 n 2.
v v 0% P2 k=1, ..., .

Beupy J=0, oTcioma clenyet

ov .
—=x; (i=1,..,n)
3[,‘
TakuM 00pa3oMm, H
n a,v
z= Z ti— -7
= Iati 14

TaK uTO B OBLIEM Ciyyae NpeoGpa3oBaHme Taxke MMEET B3 a M MHBIH XapakTep.

*) Croma Taxke OTHOCHTCS CHOCKA Ha CTPp. 487,
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9) HaxoHel, pacCMOTPMM elue OOYH NpHMEp Hpeobpa3oBaHus, NPEACTABIIAIOMI
HeKOTOpoe cBoeobpasue. TTycTh

¢(ll1, crey Uy Xpy eee, xl’l)

Oyzer dyHKUUS OT 27 MEpeMEHHbIX, O AHOPDOAHASA 2-ff CTENEeHH OTHOCH-

TENBHO NEPEMEHHBIX Xj, ..., Xn. lIpeanonaras onpeaenurens
% g ¥
X} 9x, 9%, 9xy dxn
g Iy 9%
H= 9x, dx, 9xk dxy dxn
% e ¢
8xn dx; Oxn dxs  OxE

OTJHYHBLIM OT HYyJISl, [TOJIOXKUM
P
ti=—m
Bx,-

H BBEIEM Iy, ..., In B KaY€CTBE HOBbIX HE3aBACHMBIX [IEPEMEHHEIX BMECTO X, - .., Xp.
Toraa ynxums ¢ npeoGpasyercst B HEKOTOPYIO DYHKIHIO

(77 7RSI R M X
JokasaTts, 4TO

Iy

a) ——=ux,

@) Py
oy .

©® =-is (=1, ).
ou; ou;

Auddepemupys ¢ =y DO Xy, paccMaTpuBas y Kak GYHKIMIO OT X;, ..., X, Yepes

HOCPEACTBO #y, +++, In:

or_Sow o
Oxy i=10t; dx;dx;;

k=1, ..., n).

op . .
C npyroif CropoHbi, NpOM3BOJHASR Py 6yneTr oAHOpPOZHOH byHKUHEH Tep-
X /e

BOH CTEHEHH OTHOCHIENBHO NIEPEMEHHBIX X1, ..., Xn. Torna mo dopmyne 2 -
nepa [188]

oo 5 o9
Oxy  i=10xy0x;

x;i k=1,..., n).

. o0
ConocraBiss TONYYCHHBIE ABA Pa3/IONKCHUA IJIst 5——, Beuiy H=0, 3akmouaem o
X,

k
COpAaBEAJIMBOCTH COOTHOLIEHUI (a).
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Juddepermppys ke 0o u; DOIyYHEM
Ip dy < Iy Do

3",‘ 31!,' h=1% 3xk3ui'

ap

H05—, OYeBHIHO, OAHOpOOAHAasd GYHKLIHSA BTOPOH CTEOmEHH OTHO-
uj

CHTEJIBHO Xy, ..., Xn. CHOBa npuMensst popMyiry DK nep a, BAOUM, YTO HOCICIHSIST

CyMMa naer HaM

& 9 (3!})) P
ou;

— xXp=2—.
k=10xk ouj

Otciona u caenyior coornomenus (6).



TITABA CEOBMAS

NPWIOXKEHUA TUOOEPEHIINAJIBHOIO MCYHCIEHNUSA
K TEOMETPUI

§ 1. AmamuTHyeckoe NpeCTABJEHHE KPUBLIX H NOBEpPXHOCTeil

223. KpuBrle Ha IJIOCKOCTH (B IPSMOYIOJIHHLIX KoOpAHHATAX). B Ha-
CTOSMICH IJIaBe MbI OCTAHOBHMCS Ha HEKOTOPHIX MPHJIOKEHHAX H3YYeH-
HBIX LOOHATHH, (QakTOB U MeToN0B AU(PEPEHUHATLHOIO HCIACTEHUS K
reoMeTpud. [C HEMHOIHMH W3 HEHX MBI CTAJKMBAIMCH yXe Bhlie n° 91,
141, 143, 145, 148, 180.]

MbI cynTaeM 1ONIe3HBIM OpEIBAPHTENHHO HAIIOMHHUTE YHTATENIO Pas3-
JITIHBIE COOCOOBl aHAJMTHYECKOTO NIPEACTABIEHMS KDHBHIX H HOBEPXHO-
CTeii; aToMy mocBameH § 1. OroBopmM Hamepen, 4To (GYHKIHEH, O KOTO-
PBIX OyZeT HATH pedb B 3Toi INaBe, Kak NPABIIO, MPENIOJIATAIOTCS H e-
OPCPHIBHBIMHA H MMECKWIHEMHE HEOPDEDPHIBHEIE X€& IpoO-
H3BOAHDBIE IO CBOMM apryMeHTaM; B Ciydae HamoOHOCTH, MBI GymeM
TPeGOBATD CYLIECTBOBAHMS H HENPEPHIBHOCTH H JATBHEHIIAX IPOH3BOIHBIX.

HagreM ¢ IO CKHX KPHBBIX, IPHYEM B OCHOBY IIOJIOXKHM HEKO-
TOPYIO IPSIMOYTOJILHYIO CHCTEMY KOOPAMHAT Oxy.

Boime Mer HE pa3s paccMaTpHBau ypaBHEHHE BHIA

y=fx) wmm  x=g(y) M

W H3y4aIH COOTBETCTBYIONIIYIO eMy KpuBylo [47, 91, 146 u cuen.]. Takoro
poja 3adaHWe KpUBOH, Koria ofHA M3 TEKYIIMX KOODIHHAT €e TOUKH
OpPEACTaBISeTCs. B BUAE (OMHO3HAYHOM) ABHON OYyHKOMH OT Apyroi
KOODIMHATHI, MEI Oy€eM Ha3hBATH SIBHBIM 3aJaHHeM (WUIH IIPEICTAB-
nenueM) kpuBod. OHO 06GiajaeT mpPOCTOTOM M HATIAIHOCTBIO; KaK YBH-
IIAM, 6CAKOe Opy20e 3a0aHUue — B HEKOTOPOM CMBICJIE — Modem
bv1my céedeHo K smomy.

B cBasu ¢ Teopueil HesBHBIX (QyHKIEH HAM IPHXOIMIOCH TAKXKE ro-
BOPDHTb O HE€SIBHOM 3aJaHAHM KPHBOH, T. €. 0 IPEUCTABJICHHH KPHBOMI
YPaBHEHUEM BHJIA

F(x, y)=0, €)

HEPa3PEIEHHBIM HH OTHOCHTENILHO X, HA OTHOCHTEIBHO y [205 u cienm.].
Takoe ypaBHeHME HOCHT Ha3BaHWE HESIBHOT O YPaBHEHHS KPHBOL.
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U3 TeopeM o cyuiecTBoBaHuu HesBHOH dymkmuu [205, 206] cuenyer,
4TO €CJU B TouKe (X,, J,) KpUBOii BHIIOJIHEHO YCJIIOBHE

Fi(x, =0 mma  Fy(x,, )0,

TO, HO KpaiiHe#i Mepe, B HEKOTOPOH OKPECTHOCTH 3TOM TOUKH KpHBAs
MOXeT OBITh IpPCIACTaBJIEHA SABHBIM ypaBHenueM (1) Toro EaM ApYroro
BUja (npHyeM Gurypupymonias B HeM GyHKIHA f HIIH g HeNPEPEBAA BMECTE
CO CBO€i MPOU3BOIHOI).

Taxum o6pa3oM, TOJBKO TOYKH (X,, ¥,) KPHBOH, IIS KOTOPHIX BEHI-
MOJIHAIOTCA cpa3y oba ycioBus

F:Ic(xoa yo) =0, F;'(xos yo) =0, (3)

MOI'YT HMETH TY 0COBGE€HHOCTH, YTO B MX OKPECTHOCTH KpHBas HE
IPEACTABHMA SIBHBIM YPaBHEHHEM (HM TOTO, HHM Apyroro BHAa). Touku
KPUBOIi, yIOBJIETBOPAOIIHe YpaBaeHHsM (3), H HA3BBAIOT 0 CO 6 BIM H.

Huxe [236] MBI 3aiiMeMCs BOIPOCOM O TIOBelleHHH KpHBoii (2) BO.HU3H .
oco6oit Toukn. Ho, xak mpasuiio, oCoOple TOYKH OyIyT MCKIIOYATBECH H3
PacCMOTpEHHsl, © MBI OyneM M3y4aTh KpHBYIO JHMIIb B OKPECTHOCTH €e
OGBIKHOBeHHOI# (T.e. HEOCOOOMH) TOUKH.

Haxonel, B IpeasIoylieM U3JIOXKEHHH HE pa3 yHOMHUHAIOCH O ToMm,
YTO YpaBHEHHS BHIA

x=p(), y=y(), C))

YCTAHABIIMBAIOIIME 3aBUCHMOCTH TEKYIMX KOOPDIHHAT TOYKH OT HEKOTO-
poro mapameTpa f, TakKkKe ONPEEIIIOT KPHBYIO Ha IJIOCKOCTH [cM.,
manpumep, 106]. IlonoGHrie ypaBHEHHS HA3HIBAIOT TMapaMeTpHYe-
CKHMHM, OHA JalOT NapaMeTpHUYUYECKOeEe IPEICTaBICHAE KPUBOM.

PaccMoTpuM TOUKY (X,, J,), ONPENCIAEMYIO 3HAaYCHHEM !={, Iapa-
METpa, H IPEANOJIOKNAM, YTO TIpH =1, Oyner ¢'(f)) =0. Torma u B6aHM3M
9TOrO 3HAYEHHS ¢ MPOM3BOMHAA X;=¢'(f) — IO HENpepHBHOCTH — Oyzer
COXpamAThL TOT Xe 3HakK; GyHKIuA x=¢(f) OKa3HBACTCA MOHOTO H-
Ho it [132]. IIpu 3THX ycioBasX, B cuiny 83 1 94, MoXHO ¢ pacCMaTpUBaTh
KaK OIHO3HAYHYIO (QYHKIMIO OT Xx: f=~0(x), HEIPEPHIBHYIO U HMMEIOILYIO
HEINPEPHIBAYIO XK€ HpOHM3BOOHYFO. IloncTaBuB 3Ty OQYHKIHIO BMECTO ! B
BHIPAXCHHE IUIS J, YCTAHOBHM HEIOCPEACTBCHHYIO 3aBHCHMOCTB Y OT X

y=(0(x)) =1(x),

roe — CHOBa — (YHKIHA f HEIpEpHIBHA BMECTE CO CBOCIO IPOH3BOIHOM,
TakuM 0Opa3oM, MBI BEIpa3EM 51 B H BIM YpaBHEHHEM, II0 KpaiHed Mepe,
YyYaCTOK KPHBOH, MPHMBIKAIOLIUI K B3ATOH TOYKE. AHAJIOTHMYHOE 3aKJIIO-
HYeHMe MOXHO CIENaTh, ecad gaxe ¢'(f,) =0, Ho 9'(4)=0, ¢ ToH emum-
CTBEHHOM pa3HMIEH, YTO HOJYYATCS SBHOC YPaBHCHHE OpPYroro BHAA:
x=g(y).

JIdiup B TOM ciaydae, KOraa OXHOBPEMEHHO

Xi=9'(t)=0 u  y=9'(t)=0, )
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KpHBasd B OKPECTHOCTH PAacCMATPHBAEMOH TOYKH MOXKET OKa3aThbCid HE
OPENCTAaBHMOH S BHE M YPaBHEHMEM; TAKyI0O TOYKY OyaeM Ha3BIBATH
oco0boii.

B 237 MBI ocTaEOBUMCS BKpaTILie Ha BUAE KpuBoii (4) BOIU3n oco 6o i
TOYKH, HO, KaK IIPaBWIO, U 3[IeCh MBI OyIeM H3y4aTh JIHIb O O BI K H O-
BEHHBL € TOYKH.

Baxuo Temepr OroBOPUTHCS, 9TO BCE CKa3aHHOE BBIIE 00 OOBIKHO-
BEHHOH TOuKe (X,, ¥,), T. €. TaKoH, A KOTOPOil He BBIIONHSIIOTCH YCIIO-
BuA (5), IpenuoJiaraeT ele, 4YTo 3Ta TOYKA MOJNYy4YaeTCA TOJNBLKO
OPpH OOHOM 3HaYEHHH HapaMeTpa =1, (T. €., K&Kk roBOPAT,
ABJIAETCA I P o CToH Toukoi). Ecim 631, Hao6opoT, Touka (x,, ¥,) Obina
KpaTHO# ¥ oTBeyasa, HAIPUMED, HBYM DPA3IHYHBIM 3HAYEHHAM Iapa-
MeTpa t=1t, H t=1,, To B Hel, BooOlue rosops, mepecekasuch OBl IBa
YYaCTKa KDHBOH: OJMH, ONPENECNIAEMBIA 3HAYCHHMsIMY f, OIMM3KMMM K ?,,
a OpYro — 3HA4YeHUsIMU !, OJIUM3KUMU K #;,. B 3TOM ciyyae BCIO KpHBYIO
B OKPECTHOCTH JAHHOM TOYKH OINATH-TAKH HENB3sA OBLIO OBI IpeacTaBUTH
SBHBEIM ypaBHEHHEM. TaxuM oOpa3oM, KPaTHBIE TOYKH TAKXKe IO CY-
LIECTBY CJIENYET OTHOCHTB K 0 C0 O BI M ¥).

ITomeneM mTorm ckazamnoMy. MBI He OBITAIMCH OATh T'E€OMETpHYE-
CKYIO XapaKTepHCTHKY ITOHATUS KPUBOM: JUIA HAC KpuUGAsA echb zeomempu-
yecKoe Mecmo mouex, y008AemeOPAIWUX AHAAUMUYECKOMY COOMHOWEHUIO
suda (1), (2) uau (4), — B OPEMIOIIOKEHAH HEIPEPEIBHOCTH BCTPEYAIOIIMX-~
cs B HUX QyHKmuA 1 uX mpomsBomHBIX. IlpaBna, reoMeTpuueckue obpasbl,
onpezeisgeMble 3TUMH Pa3fIMYHBIMH CrTocof0amMu, B I eJIOoM MOIYT 3Ha-
YUTENILHO PAa3HUTHCA IO CBoeMY OOJIAKY, HO B M aJI O M, B OKPECTHOCTH
o6BIKHOBEHHOH (a B CllyJae mapaMeTPUUYECKOrO 3aJaHHA M II P O-
CT O #) TOYKH, BCC OHH YIOZOOJIAIOTCA TeM mpocreimmM obpas3aM, KOTo-
pHIe 3amaroTcs ypaBHCHAsMEH Brna (1).

224. Tpumepnl. CnenaeM 0030p HamvaLIe BCTPEYAIOIIMXCS KPABEIX (MHOTHE M3 HHX,
BHOPOYEM, YK€ 3HAKOMBI YNTATEIHO M3 AHAIMTHYECKOW reOMETPHH).
1) Henuwas nususa (puc. 41). Ee ypasuenne

X X

alX
=—\e%+e ¢
2

)=achf-.
a

Ilo Tako#l NMHHH YCTAHABNMBAETCS B PABHOBECUM IMOKas H HEPACTAXKHMAs TaRenas
HHATH (Uenb, IPOBOA H T. H.), MOJBEIIEHHAs 32 00a KOHIIA.

®opma kpuBo# BOMM3m Bepmuubl A (CM. puc. 41) HamoMmuHaeT mapabony, HO HpH
YOAICHMH OT BEPIIMHEI KPHBas Kpy4e ycTpemusieTcs B OeckoHeyHOCTh. OTpe3ok OA4=a
onpenessieT TouHee ee GopMy — YeM @ MeHbINe, TeM KpHBas Kpyde. TO paclosioxeHue
KPUBOH, KOTOpoe H300paXkeHO Ha 4YepTeXke, BOBCe He0Of3aTeIbHO, HO OHO NO3BOMIAET
NpUIATh YPaBHEHHIO KPHBOIH Hambosiee OpoCToi BHI.

*) EcTb, BOPOYEM, OAMH CiIyyaii, KOraa TOYKY, DOIYYaFOIIyEOCS ABARXKILI BCE XKe HE
CYATAIOT KPATHOM: 3TO GynmeT Toraa, kOrga TOYKa OTBEYaeT IByM Kpa# HH M 3Hade-
HHAM NapaMeTpa ¥ B Hell KpUBasg 3a MBIKA € T C 4. B npuMepe OKPYXKHOCTH

x=a-cosf, y=a-sinl (O<B=<27)

310 OYAeT TOouKa, onpeaeliseMas 3HAYEHAAMH 9 =0 u 0 == 2.
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2) NN HNC, OTHECEHHBIM K OCAM CUMMETDHH, HMCET YPABHEHUE

xz yz
=1
a b2

x ¥y
HOCKOJILKY CyMMa KBaJpaTOB BEJIMYHH — U ; JOJDKHA PABHATBECS CIUHUIIE, €CTECT-
a

BEHHO IPHHATH WX, COOTBETCTBEHHO, 32 KOCHHYC M CHHYC HEKOTOPOTO yria f. 3TO mpH-
BOJUT K OOBIYHOMY NapaMeTPHYeCKOMY NpeNCTaBJICHHIO 3JIIAICA,

x=acost, y=bsint;

Opy U3MEHEHMH 7 OT 0 NO 27 JIUIMIC OMUCHIBAETCH OPOTHB YaCOBOU CTpPENKH HauMHAS
otT xoHna A (a, 0) 6ompmoii ocu.

Moxuo 65U10 6bl, pasyMeeTcs, HCIIONB30BATh M KAKUE~THOO IpYTHE BBIPAKEHHS,
CyMMa KBajpPaToB KOTOPBIX PaBHA €JEHMIIE, H IOJIOXHTH, HAIIPAMED,

4 1—-u? 2u
=a — E y=b P ]
1+u2 14 u?
i€ 4 M3MEHSIETCA OT —oo 10 +oo, TaK KakK OpH u—~ £+ oo
HMEEM x—~—a, y-0, TO MOXHO CYMTaTh YCIOBHO, 4TO
2epzd, TouyKa A" (—a, 0) nodyyaercs NpH u= + .
4 AHANOrHYHO AJIs Ciiydass THH e p 6 0 I bl
xz yZ
Z 5 b
BCOOMMHAs. HM3BECTHOE COOTHOILICHHE, CBA3LIBAIONIEE I H-
nepbonEYecKUEe KOCHHYC H CHHYC, MOXHO IIOJIO-
KHTH
x=acht, y=bsht (—owo<f<-+to),
7 z
Jlpyroe mpencraplieHHe TOM e KPHBOI:
1+u2 2u
x=aq ——, y=b-—-
1—u2 1-u2
(—o<u<+ow; uxtl)
UnTaTemo peKOMEHAYETCS BO BCEX COyJasX gaTh cebe
OTYeT B MEPEABWKEHUH TOYKM IO KPHBOW HIpH M3MEHe-
HHA HapaMmeTpa.
3) Ionykybuueckass mapaboma (puc. 115)
y2-cx*=0 (c=>0)
3geck ocoboi  TOuKOM cCiyxur Hayamo (0, O0).
p 115 Ecnmu pemuTh ypapHEHWE OTHOCHTEILHO Y, TO MOMYYHM
uc. .

SABHbIC YpPaBHCHHS JOBYX CHMMETPDHYHBIX BETBel KpHBOi

3
y==% Vexs= + ex?.
Tax xak y'=0 npu x=0 ans ofewx BeTBeif, TO B Havalle OHH 00€ KacaloTci OCH X, ¥
HalMio OoCTpHE [Touka Bo3BparTa, cm. 236].
4) Actpounpaga (puc. 116)
2 2z 2
x*+y*=a® (a>0).
OTo ypaBEEeHME, COOCTBEHHO T'OBOpS, HE HOOXOOHT IOX TOT THM, KOTOPHIM MBI

YCIIOBIIACH OTPAHMYHMTECA: B KaXxHOH M3 Touek (*+a, 0) u (0, +4) ogHa H3 YaCTHBIX
OPOH3BOAHBIX JIEBOM YaCTH ypaBHeHMS obpamiaercs B «. BopouyeM HETPYAHO, OCBOGO-
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AHB YPABHCHHMC I(pPlBOﬁ oT uppauuonam.ﬂocreﬁ, npeacTaBuTh €ro B BHJE
((x2+y2) — a3+ 27222 = 0,

IIpu 3TOM NpPenCTaBJICHIY YKA3aHHBIC TOYKH KaK pa3 H OyayT 0c o 6 bI M H.

W3 ypaBHEHMS KpDHBOM BHAHO, YTO KPHBAs JIEXHT B Kpyre X2+ y2 = g% ¥ CHMMETPHYHA
OTHOCHTENTBHO O0CHX OCed; OTpaHHYMMCA HO3TOMY NEPBLEIM KBaApaRTOM. Paspemiast
YD2BHEHHE OTHOCHTENILHO y:

: o2\
y=(a“'—xa)2

U nuddepeHnupys:

2 2\1 1
y=-\gd-x3)2.x ¥,

BHAMM, 4YTO NpH x=0 KacaTelbHasl BEePTHUKAJILHA,
a mpm x=a — ropusoHranmsHa. OTCIOAa CIENYeT,
YTO BO BCEX YETHIPEX 0COOBIX TOYKaX OyAyT O C Tp 1 4
(ToOYykm BO3BparTa).

XKenast moNyYuTh DApPaMETPHYECKOE NPEACTa-
BJICHHE ACTPOHMIBI, HCIONE3YEM TO, YTO — B CHIY
ypaBHCHMA KDHBOM — CyMMa KBaJIpaTOB BHIpaXCHUMH Puc. 116.

1 1

) 3
x
(—) u (—) JIOJDKHA PaBHATHCA eAMHuIE. [10I0XHB MX PABHBIMH COS ! M Sin 7, IpUAEM
a a

yi K TAaKUM [OapaMETPHYCCKAM yDaBHCHUSM:
x=acos¥t, y=asind®t (O=<t=<2m).
Tax xax OpOU3BOJHEIC
xt=—3acos?tsint, yj=3asin?zcost

obe oOpamartorcs 8 O 1pu =0 (2n),

T 7 3x
—, m, —, TO 3THM 3HaUeH4AM Iapa-
2 s > 2 ’

METpa OTBEYalOT O0CODHBI € TOUKA —
TE K€, YTO ¥ BHIMIE.
5) Hexaprtos nucrt (puc. 117)

x3+4+y3—-3axy=0%) (a=0).

Oco60il TOYKOM CIYXHT HAIaIO
koopamuHat (0, 0): B HeM KpmBas cama
Puc. 117. ceba mepecekaer. Kpusas mMeeT acHMII-
TOTY Xx+y+a=0 Kax Opu x -~ +e, TakK
¥ OpH X = — co.
Yr1olObl yOenuTicd B 9TOM, Pa3/ICiIMM ypaBHEHME HOYICHHO Ha x3:

3 1
(&) -saZer-t

X X X

OT1crosa, Ipexnae BCEro, MOXHO 3aKIIOYATh, YTO, CKaXeM, OpH |x| > 3a,

Yy
—| ocraercs
X

3_ 3
*) Cm. npumep 2), 210. Touka A(aVZ, aVZ), OTBE4alomas MakCUMyMy ¥ Kak ¢yHK-
LU OT X, OTMEUYEHa Ha YepTexe.
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y "
OTPaHHYEHHBIM, a4 TOT/ARQ YX€ ACHO, YTO NPH X —~ + = OTHOWeEHHe —— — 1, C apyroi

CTOPOHEI, YpaBHEHUE AAE€T HaM

y
3a.--
3axy x
yt+x= o T 2= 2?
X5 =Xxy+y y y
x x

TaK 4YTO IOPH X+ t o OymeT y+x- —a. DTAM Hame YTBEPKACHHE W omnpasaaHo [148].
y o
BBons B Ka4ecTBE IapaMETPA OTHOIICHUE [ = — U NMOACTABIIAA B ypaBHEHWE KPWBOIi

X

Y =1X, JIETKO NOJIyYUTh OAPAMETPHYECKOE IIPEACTABIICHHE:

3at 3at? ( 1)

= - Y= - —~oco<f< too, f#H — .
341’ 13+1 ’

Ilpu £~ 4 = 0be KOOPAUBATEI cTpeMATCs K 0; MOXKHO CYUTaATh, YTO HAYAIILHAS TOYKA
(0, 0) monyyaetcs kax npu =0, Tax u Opu f= tco, IIpu U3MEHEHHH f OT — o JO —1,
TOYKa (X, y), BCXONs U3 HAYANA, BIAOJ DPABOil BETBU yramnsiercss B 6eckoneynocts. Ilpu
M3MEHEHHH / OT — 1 10 0 Hamwa ToYka U3 6ECKOHEIHOCTH BIOJIb JIEBOM BETBH BO3BpaMacT-
¢ K Havany. Hakowen, npu Bo3pacTaHHM f OT O [0 + oo TOYKA OIMCHIBAET (mportms
4aCOBOH CTPENKH) IETIIIO.

225, KpuBnle MexXaHHYECKOIo npoucxoxaennd. ITponoikas nepeueHn MPHMEPOB,
PacCMOTPUM €II€ HEKOTOPHIE KPHBEIE MEXAHHYCCKOTO IIPOMCXOXASHUSA, IOJIy4YeHHbIE
OyTéM Ka4YC€HHU 51 OAHAX KPUBBIX IO APYTUM.

Puc. 118.

6) Huxnouna. Boobpasum, uro mo mpamo#i Ox (puc. 118) crepa Hampaso
KaTuTCa 6€3 CKONBXEHUS KDYr Pagudyca a C LEHTPOM B A. Kpubas, ommcel-
BaeMas IPH 3TOM JOOOH TOYKOH OKPYXKHOCTM, M HA3ZEIBAETCA IIM K JI O M 10 if. Ilpo-
CIieliM, HanpuMmep, OyTk TOYKH O 3a BpeMs omHOro o6opoTa Kpyra.

PaccMOTpEM KaTAIOHICS KPYT B HOBOM IIOJIOXEHHM. TOYKOM KacaHus CILY)RKHT
yXe apyras To4ika N; TakuM o6pa3oM, O IPSMOil TOYKA KACAHHS HEPEMECTHIACH HA
paccroasue ON. B To %e BpeMs Touka O IEepeMeCTUIIACH B IOJOXeHHe M, OpoiIst
110 OKPYKHOCTH Kpyra myTh NM. Tak KaK KaueHHe IPOHCXOAHT 6 €3 CKOJbKE HH A,
TO OTH NYTH PABHEL -
NM=ON.

Ecmu BHIGpaTh Temeps B KavecTBe NapaMerpa, OIpPEAENISIOmEro MOJIOKEHHE TOYKH,
yroix t= <YNDM Ha KOTODBIi yCHelsl IOBEPHYTECA pagHyC, AMEBIIM B Hayajde KAYeHHs
BEPTHKAJIBHOE MOJIOXeHne A0, TO KOOPOHHATH! X U Y TOYKH M BHIpasATCA CIIEAYIOIHM
obpazom:

x=OF=ON-FN=NM-MG~-at—asint,
y=FM=NG=ND—-GD=a—-acost.
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WTtax napaMeTpHyecKHe YPAaBHEHHS IMKIOHABI UMEIOT BUI
x=a(t-sint), y=a(l-cost) (0=<t<2n).

Ilpu B3MEHEHHMH f OT ~ o O +eco MONYYHTCA KPHBAS, COCTOAWAS U3 OECUMCIICHHOTO
MHOXECTBA TaKHX BETBEH, kaxkas M3o0paxena Ha puc. 118.
Tak xak mpoussoaHBle

xi=a(l—cost), yj=asint

OHOBPEMEHHO o0pamaiorcs B O npu f=kn (k=0, £1, +2, ...), TO 3TUM 3HAYEHHIM
oTBeyaloT ocobnie Toukn kpupoit. Ho [106, (10)]
, Vi sin ¢ ¢ t
yx=o = =clg—,
x x; l-cost 2

TaK 9YTO, HApPHUMeEP, IpH f~ + 0 (umu npu x ~ +0) mpowssomuas y;, GymeT CTPeMHTHCS
K I co; SICHO, 4TO B HAYaJIBHOH TOYKe (DPaBHO KaK H B JAPYIHX OCOGBIX TOYKAaX) KacaTelb-
Has BEpTHKaJIbHA: 34€Ch HAMIIO OCTpHe [Toyka Bo3BparTa, 237).

7) Onu- M THODONHEKIOHAA. EcmM OOMH KPYr 6e3 CKONBKEHMS KaTHTCS
H3BHE IO APYroMy KDyry, TO KDHBas, OIUCHIBAEMAs NPOU3BONILHOM TOUKOM OKpYXk-
HOCTH DOIBHXKHOTO KDyra, HashlBAeTCA 3NUIHKIOHM 0. B ciyuae ke KaueHus
H3HYTDH MBI HMEEM JIEJIO C T M I O I X K-
nowum ok OCTaHOBAMCS HA BBIBOAE YPaBHEHHH J
NEPBOM W3 3THX KPHBbIX. ’

Bo3pMeM Hawanmo KOOpAuHAT B LEHTpe O
HETNIOABYXRHOTO KPyra, a OChb X IIPOBEIEM 4Yepe3
TO MOJNOXEHHE A HHTEpecyroniel HAC TOYKH,
B KOTOpDOM OHa SBISETCH TOYKOH KacaHHs
obomx kpyros (pmc. 119). Korma momBmKEBI
KpYr nepefeT B HOBOE INOJIOXEHHE, YKA3aHHOE
Ha 9epTexe, Touka A nepeiiner B M. I'eoMeTpu-
YECKOE€ MECTO TO4YeK M HaM M HAUIEXHT omnpe-
IeNATh.

O0o3HaYUM yYepe3 a paadyC NHENOABHX-
HOTO Kpyra, a 4epe3 ma — paJdyC KaTaInerocs
Kpyra. BribepeM 3a mapaMeTrp 31ech yrom f=
= JMCB Mexay pamuycoM CM, COoeaMHSIOMEM
LEHTp KaTSAMIErocs Kpyra ¢ HHTEPECYIOMIEH Hac
TOYKOH Ha €ro OKPYXHOCTH, M paauycom CB,
OpOBEICHHBIM B TOYKY Kacammsa. B Hauame nBu-
XKEHUS IyCTh 3TOT yron paseH 0.

Ilpexpe Bcero, NOCMOTPUM, B Y€M 3[€Ch NPOSBIAETCS OTCYTCTBHE CKOJI b-

SN’

Puc. 119.

X eHHA Jlyra AB, mnpolineHHas TOUKOWl KacaHAs IO HEMOABHXHOM OKDYXHOCTH,

Add
IOIKHA DaBHATBbCA Ayre MB, npoHIEHHOH TOYKOH KacaHus II0 KaTALIEHCA OKpYX-
HOCTH:
a-JAOB=ma-{MCB=mat, otkyna <JAOB=m1.

BeipazaMm Temepb KOOPAWHATH X B y TOYKH M yepe3 1. UMeeMm

x=0G=OE+ FM = (a+ma) cos mt+masin <] FCM;
HO

T
AFCM= <4 BCM - 4OCE u JOCE=~-mi,
TaK 4YTO

qFCM=(1+m)r—% # sin < FCM = —cos (14 mt.
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OXOHYATEILHO
x = a[(14+m) cos mt — m cos (1+m)t].

ITono6ueIM e 06pa3om HaitmeM
v=a[(1+m)sin mt—msin (1 +m)t].

OTH ypaBHEHWSI MAAIOT NAPAMETPHYECKOE MPEACTABJICHWE 9 I M LM K JI O U 1 Bl

Korza xaTamuiicsi KpyT CHOBa IPAIET B CONPHKOCHOBEHME C HEMOABIKHEIM KPYTOM
B TOH e CBOEH TOYKe, 9TO M B Havase JBHXEHHS (T. €. IpH ¢ = 27), Touka M 3aKOHYAT
OIHY BETBb KpuBO#. Ilpm manbHefimeM kaueHMu OHa OymET ONNCBEIBATL CIEGAYIOIIYIO
BETBB, OAOOHYFO NEPBOM, U T. A.

ITpom3BojHEIEe
xi= —m(m+ a[sin mr—sin (14-m)t],
Yi=m(m-+1)a[cos mt —cos (1+ m)t]
obpamarorcst ogHOBpeMeHHO B 0 mpH t=2kn (rae k=0, +1, +2, ...), T. e. BCAKHit

pa3, KOTJja pacCMaTpMBaeMas Ha MOJBHKHOM KpPYTe TOUKa CTAHOBHTCS TOYKOH KacaHws.
CoOTBeTCTBYIOIME TOYKK KPHBOH OyAyT O0COGH MM (TOYKW BO3BpATa).

Inuiikmondsr

Kapdiodn

Jianoyuknoude
Puc. 120.

B cnydae rHDOnMKIOMAL HOOOOHEIM Xe O0Opa3OoM NOJMYYarOTCA TAakKHe
NapaMeTPUIECKUE YPABHEHUS:

x=a[(1 - m)cos mt+mcos (1-m)t],
y=a[- (1 -m)sin mt+msin (1 - m)t].
3aece m Takke O3HAYAeT OTHOLICHME pafidyca KATAIIEroCs KPyra K pajHycy HeIlo-

IOBIXHOTO. JIETKO 3aMETHTB, YTO 3TH YPaBHEHMS NOJIYYatOTCS A3 YPABHEHHM SHHIMKIOUAL!
3aMEHOH m HA — m.
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1
Ha puc. 120 n306paXeds! SHAUKMKIORIL, COOTBETCTBYIOLIHE = 1, 2, —5 , H THIO-

1
IMXJIIONOEI, COOTBETCTBYIOIINE M= —3— u -Z . B mocnepueit umratenn yY3HAa€T acTp O-

noy*).

8) OBonweBenTa xpyra. IlpescraBnM ceBe, 4TO Ha KpYyI, ONHCAHHLIA
U3 peHTtpa O pagAycoM a, HaBepHYTa
N0 YacOBOH CTpelKe HATDH; IIYCTh KOHEI \f/
HUTH TPEXOIUTCA B Touke A. CraHem
HATHL pa3BepThBaTh (MPOTHB 9acoBOM
CTPEJIKH), CMATBIBasi C KPyra M BCE BpeMs
HaTAruBast ee 3a Komew. Kpwsas, omu-
ChIBaeMas MpH 3TOM KOHLIOM HHTH, Ha3bl-
Baercss 3BOJIBBEHTON Kpyra [cp.
ke 254, 246).

Bo3pMeM Havano KOOpAMHAT B LICHT-
pe O (puc. 121) m npoBegeM OCh X uepes
T09ky A. Korma Oymer cMoTama dacTh
AB mUTH, OHa 3aiiMeT moOJOXeHWe BM,
pacmonarasch MO KacaTeNbHOM K KpYTy,

N’
a Touka A4 nepeiinet B M. Utak, AB= BM.
B xagecTBe mapameTpa BBeIEM YION f=
= JAOB Mexny pammycamm OA m OB.
KoopauaaTthl X, ¥y Touku M BEIpa3ATCA
CIIEAYIOMEM 00pa3om:

x=DC-DO=BF-DO0O=
= BM sin {BMC— OB cos <{DOB,;

Puc. 121.

A
H0O BM=AB=at, a yrnot < BMC wu < DOB paBHbl m—-{f, Tak dTO

x=atsin(x—~t)~acos(w—t)=a(tsin t+cost).
Hanee,

y=CM=CF+ FM= DB+ FM= OBsin <DOB-+BM cos SBMC=a(sin t— t cos t).

Taxum 06pa3oM, Hama KpuBasi OPEACTABIAETCS CIEAYIOLEME napaMeTpHYeCKUME
YDaBHEHUSAMH:
x=a(tsint+cost), y=a(sint—tcost).

EnuncreeERas ocoGas Touka OTBeyaeT 3HaueHmo /=0, mpu XOTOpoM obpa-
maroTcs B 0 o6e mpom3Boaskie

Xt=atcost, yj=atsint.

Ilpennaraem wmTaTemo yGenaThcst B TOM, YTO Ta Xe KPHBasA OOMYUMTCH, €CIH
KaTATh OpsMyro (6 €3 CKO T b X € HM 51) IO KPYTy M pacCMOTDETh TPaeKTOPHIO KaKOH-
nub0 TOYKH OpSMOH.

226. Kpusbie Ha WIOCKOCTH (B NOJSPHBIX KOOPIMHATAX). IIpumepnl.
Bo MHOruX ciyyasx okasbBaeTcsl IPOLNE MPEACTABIATH KPHBHIE WX II O-
JAPHBIMYU YPaBHEHHSIMMY, YCTAHABIMBAIONIAMH 3aBUCHAMOCTH

1
*) Ec¥ B ypaBHEHMSX THIIONMKIOHIH! IOJIOKHTD m=:1— H 3aMeHHWTb ! Ha —4i,

TO M HOJIYYaTCsl YPaBHEHHMS, IPUBEACHHEIE B 4).
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MEXy TEKYLIMMHA TOJAPHEIMA KOOpIUHATAMHA 7, ' Touek kpHuBoii. ITomsp-
HBIH yroi 0 MBI OTCUMTEIBAEM OT IOJSAPHOU OCH, CUUTAS €TI0 IOJIOKUTEIh-
HBIM IIPOTHB 4acCoBOM crpesikd. IloJSpHEI pammyc-BeKTOp r MbI OyleM
6parh KaK IOJOXHTEILHBIM, TaK M OTPHIATENLHBIM; B IIEPBOM CiIydae
€ro OTKJIAJBIBAIOT B HANPABJICHWH, OIIPeIeISEMOM YIIIOM 0, 2 BO BTOPOM ~—
B IIPOTHBOIIOJIOKHOM HaIpaBIICHAH.

Kak B ciry4ae IpsIMOYTOJIBHBIX KOOPAUHAT, U 37IECh 3aBHCHMOCTD MEXAY
r 1 0 MoXeT OBITh 3aJ1aHa B SIBHOM, HEIBHOM WJIM ITapaMeTpryeckoi hopme.
MpbI OrpaHUYHMCS, IPEHMYLIECCTBEHHO, TPOCTEHIIAM CIIy4aeM, Korjaa KpH-
Bas IMPE/CTABNIAETCS sIBHBIM ypaBHeHHeM BHpa r= f(0).

Eciu nepeiTi K IPAMOYTOJIBHEIM KOOPIHHATAM, B3sB, Kak OOBIMHO,
MOJIFOC 32 HAYaso, a MOJIIPHYIO OCh — 3a OCh X, TO YPABHCHHS

x=rcosfO=f(0)cosf, y=rsin0O=f(0)sin0

JagyT mMapaMeTpHYECKO€E HpPeACTABICHHE HAalled KPHUBOM, Mpu-
yeM poJib Iapamerpa 37eck OyeT HrpaTh HoJsApHbIM yroi 6. [Ilogyvennsie

Puc. 122,

agech (QyHKIHM OT 0, BMecTe C f, HEIPEPHIBHEI B HMEIOT HENPEPHIBHBIC
MIPOU3BOJHBIE.]
DopMyJIB
x,=rycos §—rsin 0,

YVe=rysin0+rcos0

HOKa3bIBAIOT, 4T0 0co06Gas Touka (B cMmbiciae n° 223) MOXET BCTpe-
THTBCS JIHIIL B TOM Ciyyae, ecuu r=r,=0.
OGpaTMc K TPHMEDPaAM.

1) ApxuMenoea cnapanb r=af (puc. 122).

KpuBylo MOXHO DacCMaTpHBATh KaK TpPAEKTOPHIO TOYKH, PAaBHOMEPHO IBHKY-
LISHCA 110 JTydy, ACXOAAIEMY U3 IOJII0CA, B TO BPEMSI KaK ITOT JIyY pABHOMEPHO BpamiaeTCH
BOKPYT HOJIOCA.
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. Ans mocTtpoeEms psapa Todek A, B, C, D,... XpHBOH OTIOXHM IO BepTHKAIHA

04 =a-%, a 3ateM BossMeM OB=20A4, OC =304, OD =404 u T. 1., 160 M OTBE-

4 T T
YaroT YIJEL 2 3 3 —i- R 4—2- u T. 1. Uamenrsas yron 8 ot 0 1o -, moiyynM GeckoHETHOE

MHOXECTBO BHTKOB kpmBoit OABCD, DEFGH,...; pacCTOsHUS COCCJHMX BHTKOB,
CcYHUTas WO JIy4yy, PaBHEI 272d.

MoxHO yrily § DpHAaBaTh M OTPHIATENbHEIC 3HadeHus, oT 0 1o — . Torpa nomny-
4uTCA BTOpas 9acth kpuBoit OAB’'CD’..., HaMedYeHHas MyHKTAPOM; OHA CHMMETPHYHA
C IIEPBOiA.

3aMeTHM, 4TO ypaBHeHME r=af+b TakXe BHIDAXaeT apXHEMEAOBY CIHH-

b

P anb: €CM NOBEPHYTh HOJISAPHYIO OCh HA YTOJNl &= —— , TO 3TO YPaBHEHHE OPHBEACTCA
K Buay r=af. a

a
2) Tunepbonmueckass COHpPAaIb: r=E (puc. 123).

IIpu Bo3pacTammm yriia 6 no GECKOHETHOCTH DANMYC-BEKTOP CTPEMUTCA K HYIIO,
a TOYKa KPHBOM CTPEMMTCA K COBIANEHHIO C DOMIOCOM (HMROTAA €r0 He JOCTHTasd);

B 3THX YCJIOBHSX IOJIOC HA3bIBAeTCHA ACHMIOTOTHYECKOH TOYKOH KPHBOH.
Kpusas 6ecarcienrOe MHOXECTBO pa3 3aBOPaYHBACTCA BOKPYT HOJIOCA.

. a 1
Ecim Ha nyye 6 =-Z OTIOXATh OTPE30K OA=— H B3ATH AB=EOA, ocC =E OB,
T
1
OD= 3 oG, ..., To ToukHu A4, B, C, D, ..., O4€BHIAHO, JeXAaT Ha KPUBOIL,

Yros 0 MoXeT DpPHHEMATh ¥ OTpHUATENbHbIE 3HayeHus. IIpw m3meHemwn 6 ot 0
IO —e, KaK U B Cllydae apXMMEHOBOM CIMpai, HONy4aeTcs BTOpas 4acTb KPHUBOH
A'BC'D’ ..., cHMMETpHYHAA C NIEPBOii; OHA W 3€Ch HAMEYEHA IMyBKTHPOM.

JAna ytouHeHus ¢GoOpMBI KpHBOH B OECKOHEYHOCTH PAacCMOTPHM BEPTHKAILHOE

sin 0
paccTosiHAe TOYKH KpHBOH IO monApHOM OCH y=rsin 8 =a—6—— .Ypa r++ e uma —

910 TO %€ — mOpH 6+ +0 mMmeem lim y=a. Taxum ob6pa3oM, npsmas, OpoBeACHHAS
[ApaJUIESIbHO HOJISIPHOM OCH HAa PAacCTOSIHAM a OT Hee, CIIyXHT Ui KpHBOK a CH M O-
TOTOMWU.

33 I'. M. ®uxredroasn, T. I
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3) JJorapedMuueckas cuapans r=aems (prc. 124).
Ecnu yron 6 Bospacraer (wm y6riBaer) B aprdMeTHYECKOM NPOrpeccHt, TO r BO3-

pacrtaer (yOBIBaeT) B reOMETPHYECKON mporpeccrd. OTIONKAM HA OOJIIPHON OCH OTpe-
ke

"l
30k OA=a, a Ha BepTHKAH K Helt — OTpe3ok OB=ae %; obe ToukE A, B npmBane-
X¥aT Hame# kpuBOH. EcM mOCTPOETH Temeph mpsMOYrOJBHYIO nomanyo ABCDE...,

Prc. 124.

TO U3 NOAOGUS TPEYrOJBHUKOB HETPYAHO 3aKIIOYHTB, YTO OTpeskda OA, OB, OC, OD,

n
mZ
OE, ... 0o6pa3yioT reoMeTPHYECKyI0 HPOTPECCHIO CO 3HAMEHATENeM ¢ 2; TaK Kak

I T 4
COOTBETCTBYIOIOHE YIIBI CYTh 0, > 2-—5, 3-3 H T. 1., TO, O4EBHAHO, BCe TOYKH C,

D, E, ... TakxKe JeXaT Ha pPacCMaTPHBAEMOH CIMpAJIH.

Korpa yron 6 pacretr oT 0 10 + <, ToUKa JieJlaeT GECUMCIEHHOE MHOMXECTBO 060-
POTOB BOKpPYT HOMIOCA, 6 BICT PO yHAmsdich OT HEro B GECKOHEYHOCTh; PACCTOSHES
MEXy BUTKAMM yXe HE PABHEL. YTOJ § MOXET OPHHUMATEL B OTPUIATE/ILHbIE 3HAYCHUS,
KOrza 0 CTpeMHTCS K — e, TO paidyc-BEeKTOp r cTpeMHTCA Kk 0. KpmBas GeckoHednoe
MHOXECTBO pa3 3aBOPAYMBAETCH BOKDYT IOJIEOCA, Ge3rpaHwdHo X HeMy OpHGIDKafch
(€0 HEKOrma He mocruras, cM. 4Yacts AB'C’D’E’... Ha puc. 124); nomoc sBiasercs
ACHMIOTOTHYE€CKOH TOYKOM KDHUBOI.

OTmerrM, HakoHen, 9TO, MOBOpAYMBasi MONSPHYEO OCh BOKDYT MOJIOCA, MOXHO
DOCHTLCS YHEMTOXEHHS MHOXHTEN @ M NPHBECTH YPAaBHEHWE JIOTapH(bMI4ecKol CId-
pajiE K OpocreiiimeMy BHAy: r=emb,

49 Vaurknr: r=acosb+b (puc. 125).

TIponcxoxneBEre 3TEX KPHBEIX MOXHO cebe HpencTaBHTh Tak. BO3nMeM OKDPYX-
HOCTB Jramerpa a. Ecim BuibpaTh momoc O JexamyM Ha Camoil OKPYKHOCTH, a mOJISp-
HYIO OCb OpOBeCTH dYepe3 neutp C, To Anst moboit Toukd M OKpyXHOCTH, OYEBHIHO,
6yner r=acos 6. 310 u ecTh HONAPHOE ypaBHEHME OKPYXHOCTH., ECI H3MEHATh 371eCh
yron 6 or 0 mo 27, TO mepeMeHBas TOYKA K Ba XK OBl OIMINET OKPYXHOCTh (IIpOTHB
9aCOBOM CTpENKH).

Ecne ynnmBnTE TeHeph BCe PamdyCh-BEKTOPH! OM’ OKDYXHOCTH Ha NOCTOSHEBIA
0Tpe30k M'M=b (b>0), To U3 IOCTPOEHHBIX TAKHUM IyTeM TOYeK M COCTaBHETCS HOBas
KpHBas, KOTOpast 1 HOCAT ofliee Ha3BaHWe Yy TH T K U. Ee NONsApHOE ypaBHEHHe, OUe-
BHZIHO, Oynmer r=a cos 6+b.

IIpome Bcero obcromt meno, ecid b>a, W60 TOraa pajyc-BEKTOp BCETAA HOIO-
JKUTEIICH H KPHBasi OKPYXKaeT MOMIOC €O BCeX CTOpoH (pmc. 125g). Ilpn b<a Kpusas
DPOXONWMT dYepe3 IOIIOC H, caMa cebs mepecekas, oOpasyeT BHYTPEHHIOIO METIIO, KaK
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Ha puc. 125 6. Jns onpenenesds yrjioB 8, Ipw KOTOPBIX HEPEMEHHASA TOYKA IPOXOLUT
"epe3 momoc, nonaraeM r=0 B ypaBHeHHH KpuBO#. MBI oJy4aeM ypaBHEHHE COS 8 =

= —— , KOTOPOE HMEET pelieHne HMEHHO HOTOMY, ¥TO b<a.
a

OcobeHH0 MHTEpeceH NPOMEXYTOYHBIM THI KPUBOH, OTBEYAROIMiL CITyyaro, KOria
b=a. 3ech MONIOC JEKHT Ha KpHBO# (8 =7), HO neTnm HeT; KpuBas H300paxkeHa Ha
puc. 125 6. Cpa3sy 6pocaeTca B ria3a TOXIECTBO 3TOM KPHBOH ¢ KapAHOH [0 i,
PacCMOTpEHHO} BhlIIE, KaK YaCTHBIA clydal SnHUHKT0HAH (puc. 120). Tpexn-
CTaBIIfEM YUTATEIO YOEOUTECE B 3TOM.

MM=b>n MM=b=r

MM=b<z
Puc. 125.

5) Jlemuuckxarta Beprynnn: r?=2a%cos20 (pac. 126).

DTy KPHBYIO MOXHO OHpEACIATh KaK FreOMEeTpHYecKoe MeCTO Todek M, IJig KOTo-
PBIX IpPOM3BEIHME HX paccrosinmii o= FM u ¢'= F'M 1o AByx JaEHHIX TO4eK Fu F',
OTCTOSIIIEX OJHA OT APYroil Ha pacCTosHWE 24, eCTh OCTOSHHAS BeNMYHHA a* *).

*) TIpH yKa3aHHOM COOTHOIICHHM MEXIy paccTosaueM FI' ¥ MOCTOSAHHOMN BEJIMYH-
HOM NpoW3BeleHMs pQ’, 09eBHAHO, cepeamHa O oTpe3ka FF' NMpHHAIJICKHT KpHBOH
(o= o’ = a). naue obcronT meno, ecmu oo’ = b, rae b+ a, TOrAa HONYIAIOTCA TaK HA3bl-
paemMbie oBanb Kaccumm

33*
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Ipu o6o3Hayenuax puc. 126 u3 TpeyronsunkoB OMF u OMF’ umeeMm
0*=r’+a?+2arcos 8, o%=r:+a?—2arcos b,
TaK 4TO, TIO ONPEACIIEHHFO,
0%0"%=(r?+a??-4a%r? cos? = a4,
OTKyIa NOCNE 3TeMEeHTaPHbIX Npeofpa3oBaHui TOIYIHM
r2=2a? cos 26.

DTO M €CcTh NOJIPHOE yPAaBHEHME JIEMHHACKATEL
Tak kax nepas, a ¢ Helf M OpaBas 4acTh 3TOrO ypaBHEHHS HE MOXET NPHHUMATD
OTPHIATEIIbHbIX 3HAYCHHEH, TO YroJl § MOXET H3MEHAThCS JIMIIb B TAKHX HPOMEXYTKAX,

Puc. 126.

INs KOTOPBIX c0s 20=0. 310 OyAyT DPOMEXYTKH

a4 3z 5=n Tn
L3 &3 G
4 4 4 4

Bes kpEBasi paCHOOJIOXKHTCS B ABYX BEPTHKAJIBHBIX YIjlax MEXAY OpAMBIME SS

7 3=
¥ TT, OpOBEAECHHLIMHA IO YTIIaMH 7 " 7 K HOJApHEO# ocu (cM. pucyHok). OmHa cama

n 3ax 5n Tn
cebst IepecekaeT B IOJIIOCE, KOTOPOMY OTBEYAloT 8 = ~-Z C T 71

Ecmi o6br9EBIM 06pa3oM NEPEHTH K IPAMOYTOJILHLIM KOODAMHATAM, TO JIETKO;
TIOMYYHTh Takoe (HesBHOE) ypaBHEHHE JIEMHHCKATBI:

(x2+ y2)F =2a%(x? - y?).

227. TloBepxHOCTH M KpHBHIe B NPOCTpaHcTBe. MBI He Ipedmoyaraem
3J1€Ch YTIyOIATECA B IPHIIOXKeHUS TApdepeHIHaIbHOrO HCIUCIIEHHAS K Teo-
METPHH B IIPOCTPAHCTBE, OCTaBIIAA 3TH BOIPOCHL IS CIEIHAILHOIO Kypca
naddepermuanbaoit reomerpun. [109TOMy B OTHOLIEHMH HPOCTPAHCTBEH-
HEIX 00pa3’oB Mbl OTpaHfYAMCS JIMIIL TEM, YTO HEOOXOMMMO IS Aaib-
HEHIIEX yacTeil caMoro Kypca aHaiiu3a.

Kak u Benue (HamOMHHM 3TO elle pa3), Bce paccMaTpHBaeMble (QyHK-
nuK Oy/IeM IpeanonaraTh HENPEePHIBHEMHE H HMEO LIHMH H e-
NPpEepHIBHBIE NPOH3IBOJAHBE IO CBOMM apryMeHTaM.
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ByneM HCXOIMTh M3 NPAMOYIOJIbHOM CHCTEMbI KOODAMHATHBIX oOCeH
Oxyz. HaM OpUXOJUIIOCH yXe FOBOPHTH O TOM, 9TO NOBEPXHOCTH B IpO-
CTPAaHCTBE MOXET OBITH BBHIPAKE€HA yPABHEHHEM MEXY TEKYIIAMH KOOp-
JUHATAMH BHJA

z=f(x,) ©

[eM., manpumep, 160]. Takoe ypaBHEHHE, PABHO KaK M aHAJIOTHYHBIC €My
x=g(y,2) 4 y=h(z, x), MBI OyneM Ha3bBaTh 5 BHBIM YDaBHEHHEM IIO-
BEPXHOCTH.

K smomy npocmetiuenmy cayuaro, 6 U36eCIMHOM CMbicAE, CBOOAMCA U OpY-
2ue cnocobsl 3a0aHUA NOBEPXHOCMU.

YacTo CIIyyaercs, YTO IOBEPXHOCTh BHIPAXKAETCA YPABHEHHMEM BHIA

Kx, y,2)=0, Q)

HE Pa3spellieHHBIM OTHOCHTEJIBHO TOMH WIIH HHOH KOOPJAMHATHI (HEABHO €
saganue). Eciu B Touke (X, ¥y, Zp), €My YAOBIETBOPSIOIIEH, XOTh OIHA
M3 9aCTHBIX NPOM3BOIHBIX Fy(Xy, Yo, Zo)» Fy(Xqs Yo» Z0)s FiXes Yo» 20) OT-
mriEa oT 0, TO B OKPECTHOCTH 3TOH TOYKH MOBEPXHOCTH IPENCTaBHMA A B-
HB M ypaBHEHMEM TOTO WM MHOTO THIA. JIeHCTBHTENBHO, €CIIM, HAIPH-
Mep FJ(xy, Yo 2p) %0, To mo Teopeme III n° 208, mo kpaiineid Mepe B OK-
PECTHOCTH PACCMATPMBAEMON TOYKH, YPaBHEHHE OHPENENSET Z, KaK OIHO-
3HaYAY:0 (QYHKOMIO OT X H . z=f(X,y) (4 IPHTOM — HENPEPLIBHYIO
BMECTE CO CBOMMH IIPOM3BOJHBIMH IO OOOHM apryMeHTaM).

TaxuMm 00pasoM, HCKIIIOUEHHE MOXET NPEICTABUTHCA JIMIIL B O C O-
0 0 TOYKE MOBEPXHOCTH, YHOBJIETBOPSIONIEH Cpa3y TPeM YCIIOBHSIM:

F,=0, F,=0, F,=0.

P(x’ y) =0, (8)

HE coIepikailee BOBCE OJHOM M3 KOODAWHAT, TAKKe MOXET OBITh HCTOJI-
KOBaHO KaK ypaBHEHHE MOBE€ pXHOCTH. VIMEHHO, HA IUIOCKOCTH Xy
OHO BHIpaXaeT K P M BYIO; €CIM HAa HEH, KaK HAa HANPAaBJLAIONICH, HO-
CTPOMTh HHUJIHHIPHYECKYIO IOBEPXHOCTh C 0OpasyrolTuMm, Iia-
PAJLIENBLHBIME OCH Z, TO BCE TOUKH 3TOM OBEPXHOCTH, H TOJIBKO OHH, OyayT
yIOBJIETBOPATh PAaCCMATPHBAEMOMY YDPaBHEHHIO (TIOCKOJIBKY z B HETO HE
BXOJHUT H HHEYEM HE CTECHEHO).

AHATOTHYHO MCTONIKOBHIBAIOTCS ypaBHendms Buma G(y,z)=0 um
H(z, x)=0.

OGpaTuMest Teneps K KpHBBIM B IpocTpaHcCcTBeE. IIpocreii-
LIHM CIIoco0OM 3a/IaHUs KPHBOM B MPOCTPAHCTBE ABJISIETCA TOT, KOrda OB €
TEXYIIEe KOOPAHHATH, HAPHMED, y M 2, 3aJal0TCs B BHJe (QYHKIHHA OT

TPeThEH, X:
y=/(), z=g(). ®

ITogoOHBLi cOCOO €CTh €CTECTBEHHBIH aHAJIOT SIBH OT O 3aJaHus KpH-
BO# HA IUIOCKOCTH. Wl 3eCh ypaBHEeHHs YKa3aHHOTO THIA MOXKHO ObUIQ
Obl Ha3pBaTh ABHBIMH YPaBHCHAAMH KPHBOH.

VYpasueHHe
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Kak u B ciayyae mockoif KpUBOM, K AGHOMY 3A0AHUIO 8 OCHOBHOM, CGO-
oamcA u Opyaue QHAAUMUYECKUEe NPedCMAGACHUA  NPOCMPAHCMEEHHOIl
Kpueoil.

Kaxnoe u3 ypaBHeHwHit (9) MoXeT OBITH HCTOJIKOBAHO MO0 Kak ypaB-
HEHHE OPOEKNUH Halllel KpHBOH HA KOOPAHMHATHYIO ILIOCKOCTh, COOTBET-
CTBEHHO, Xy WIH X2, THOO KaK ypaBHEHWE O POEKTHPYIOIIET O K H-
nuaapa [eM. (8)] ¢ obpasyroumme, mapaie]bHEIMH, COOTBETCTBEHHO,
OCH Z WJIH OCH ).

Bonee obumii cmoco® 3amamdsi MPOCTPAHCTBEHHOM KPHBOM COCTOMT
B TOM, YTOOBI PacCMATPUBATL €€ KaK I€pecedeHHe ABYX IOBEPXHOCTEH
BooOire. ECIH 3TH NMOBEPXHOCTH BHIPAXAIOTCA KaXOasd OJHUM H3 HIKe-
CIEOYIOLINX yDaBHCHHI

F(x’ Vs Z) =0’ G(x’ ) Z) =O: (10)

TO COBOKYNHOCTb OOOHX ypaBHEHMIl JaeT aHAIUTHYECKOE IpEeICTaBJICHHE
KpuBoil mepeceueHus. YpaBHenus (10) Ha3pBaloT HEeIBHBIMH ypas-
HEHUSIMH KPHBOHM.

CocTaBHM MATpHIly M3 YaCTHBIX IPOU3BOIOHBIX OT GyHKimid F u G

F, F, F,
( « By By an
G, Gy G

Ilycts wakoii-gubynp W3 ompedenuTesIell 3TOH MAaTPHILI, HAIPHMED,
F, F
4 7’
G, G,
oTmieH oT 0 B paccMaTpuBaeMoit Touke. Torga Ha OCHOBAHHH TEOPEMEI
IV n° 208 B okpecTHOCTH 3TO# ToukM ypaBmeHus (10) MoryT GbITH 3ame-
HEHBI ypaBHeHMsMH Tuna (9) (npmueM ¢urypupylomme B 3THX ypaBHe-
HHAX (YBKOMH CHOBa OKa3bIBAIOTCS HEMPEPHIBHLIMH BMECTE CO CBOHMH
MPOU3BOJHBIMH).

TakaM 006pa3oM, BO3MOXHOCTH CBEOEHHMS K IPOCTEHINEMY CHOCODY
3a/1aHMs NIEPECTAET OBITh OOECHICUSHHOM JIMIIH B OKPECTHOCTH TAKOH TOYKH
KpHBO# (€e Ha3BBaIOT O C o0 6 0 i), rae BCE TPH ONMPEAECIHUTENS MATPHIEL
(11) omHOBpEMeHHO O0pAINAIOTCA B HYJIb.

228. TIlapamerpuueckoe mpeicTaBiense. llepeiizicM, HAKOHEN, K ma-
paMeTPUYECKOMY 3aJaHHIO TIOBEPXHOCTEH U KPUBBIX B IIPOCTPAHCTBE, NIPH-
9eM Ha 3TOT pa3 HayHeM C KPp U BHIX. Iloo6HO TOMy Kak MBI 3TO
Jlenanu Ha IUIOCKOCTH, KOOpIMHATHI MEPEMEHHOH TOYKM N PO CT P a H-
CTBCEHHOMW KPHBONH MOXHO 3a71aTh B (DyHKIHH OT HEKOTOPOH BCIO-
MOTaTeJIbHOM NEPEMEHHOH ~ mapaMeTpa — [

x=(P(t), y=‘i’(t), z= %(t), (12)
C TeM 4TOOBI P M3MEHEHHHU MapaMeTpa ! TOYKa, KOOPIHUHATHL KOTOPOH
JaloTcs J3TAMH YPaBHCHHSIMH, OIMCHIBAJia PAaCCMATPHBAEMYIO KpPUBYIO
(s caydae sBHOTO 3ananus (9) posib mapaMeTpa HIPAJIO CaMo X).
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Ecmi 11 B3TOH TOYKM KPHBOM XOTh OJHA M3 IPOM3BOMHBIX X, Vi, Zj
orymyHa oT 0, TO — Kak W B Clyyae IUIOCKOH KPUBOH — JIErKO B OKpeECT-
HOCTH 3TOH TOYKH NEpPEHTH OT MapaMeTPHYeCKoro K SBHOMY 3ana-
HHFO. JIMIIE B OKPECTHOCTH O0CO 6 Ol TOUKM, e BCe 3TU IPOH3BOI-
HbIE — HYJH, HEJb3sl I'ApPaHTHPOBATh TaKyH) BO3MOXHOCTD.

Kak u B cioyuae mmIockoil KpHBOH, K 9HCIYy O0cCO O BIX ClemyeT oOT-
HECTH H TaK Ha3bIBAEMBIE K P A THB € TOYKH, T. €. TOYKH, IOIydacMEIe
IOpH AByX Wik OoJIbIEM yucle 3HA4YEHWH mmapamMerpa *).

OOparaMcss K MapaMETPHUYECKOMY MPEICTABIECHHIO II O-
BEpDXHOCTEI.

Ha sT0T pa3 ompezenenne NOJOXEHHUS TOYKW HA MOBEPXHOCTH IOTpE-
Oyer I BYyX IapaMeTpOB (B CIlyyae sABHOIO 3alJaHus (6) pOJib ITHX Iapa-
METPOB HMIpaliM OBE M3 KoopAuHaT: X H y). IIycTh MMeeM ypaBHEHHSA

x=pu,0), y=y(u,0), z=yx0), (13)
rae (u, v) n3MeHsieTcss B 3aMKHyToi obsmactH 4. CoCcTaBHM MATPHILY
(qvé Yu x;) (14)
Po Yo Ao

4 TIPEANOJIOXAM, 9TO IS U =1, M ¥ =0, OTJINIeH OT 0 XOTh OJMH U3 OIpe-

JeMMTENeH 3TOM MATpPHILI; HAPAMED, ITYCThb

Pu Yu

Po Yo

‘Torna, nepenucas mepphie npa u3 ypasuenmit (13) B Buze
P(u, 0)~x=0, 9w, v)-y=0,

Ha OCHOBaHMH TeopeMbl IV n° 208 MoxeM yTBEepXIATh, YTO 3TOH CHCTe-
MOH IBYX YPaBHEHHH C 4eTHIpbMs NEPEMEHHBIMH u, ¥, X, ¥ (ecnd orpa-
HUYMTHCS 3HAYCHUSAMHU HX, OJIM3KAMHA K WHTEPECYIOLUIVM HAC) IepeMEHHBIE
U, ¥ OHOPENEISIOTCS, KaKk OJHO3HAYHBIE (PYHKIMH OT X, V:

=0,

u=g(x,y), v=h(x,y),

HENPEPLIBHBIE CO CBOMME NPON3BOAHBIMH. HakoHel, MOoACTABIAA 3TH BEHI-
PaXeHUs ¥ H © B TpPeTbe M3 ypasHenm# (13), nmpumeM x oObMEOMY IIpej-
CTaBJICHMIO ITOBEPXHOCTH SBHHIM YDPABHEHHEM

z=y(g(x, ), h(x, )) =1(x, ),

rne ¥ QyHKIUA f HENpEpHBHA M WUMEET HENMpPEPbIBHEIC IIPOHM3BOHBIE.
JImne B TOM CiIydae, eCiIM BCe TpH onpenenutens Matpuisl (14) omgmo-

BpEMEHHO obpaimatorcst B 0 (COOTBETCTBYIOMIAA TOYKA HOBEPXHOCTH GYIET

0Cco0 0 0if), Takoe HPEICTABICHHE MOXET OKA3aThCS HEOCYIUECTBHMBIM.

*) Cm. crHOCKY Ha ¢Tp. 505,
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YuraTemo fCHO, YTo B CBS3M C MApaMETPHUECCKHM IPEICTABICHAEM
TIOBEPXHOCTH TaK JX€ MOXET OBITh YCTAHOBJICHO MOHATHE O D POCT O if
M KPAaTHOMH TOYKaX NOBEPXHOCTH: IEpBas MOJYYAeTCS IHINb IPH
ONTHOH CHCTeMe 3HavYeHHHl (¥, ¥) mapaMeTpoB, a BTOpasd, OO MeHbLIEH
Mepe, — IpH ABYX ¥).

Bosspamascs k mapamerpmyeckmm ypasmemmam (13) moBepxmoCTH,
¢uKcHpyeM B HEX 3HAYCHHE OJHOTO M3 NAPAMETPOB, HANPHMEP, HOJIO-
XUM u=1uy,. Toraa mojy4arcs, OUYEeBHIHO, YPABHEHHS HEKOTOPOH KPHBOM

x=@uy, V), Y=y, v), z=1(%,v),
BCCMH TOYKAMHM JICXKAIleH Ha NOBEPXHOCTH. VI3MeHsA 3HaYCHUE 1, MOJY-
MM LEN0e CeMeHCTBO TAaKHX «KPUBBIX (#)>. AHAJIOTHYHO, QUKCHPYS
3HAYCHME V=1, HOJYYAM TaKxe KPHBYIO HA HAIIEH ITOBEPXHOCTH
x=(p(u, 00)9 Yy =1p(us ’UO)J z= Z(u, UO);
U3 TAaKHX «KPHBBIX (¥)» TAKXe COCTaBIAETCH IEN0oe CeMeiiCTRO.

Taxk xax 3HaYeHAs ¥ H ¥ MOXHO PACCMATPHBATL KAK KOO P AMHA T Bl
TOYCK Ha MMOBEPXHOCTH, TO 3TH JIMHHH HAa3HIBAIOT KOOPOAHHATHEI MHU
JUHHSIMH IOBEPXHOCTH. ECiIM Toyka moBepXHOCTH HpoCTasd, T. €. HO-
Jy4acTcs TMHIb NPYU OJHOH CHCTeMe 3HaueHHil (4, v) HapaMeTPOB, TO Yepes
HCC NMPOXOMUT OO OJHON KOOPAWHATHOH JIMHMH M3 KaXIOro ceMeiicTma.

OGo3pesas pasnmuuble CHCCOOB! AHANATHYECKOTO MPEACTABICHUS IO~
BepxHocTe# [eM. (6), (7) m (13)] u mpocTparcTBeHHBIX KpuBBIX [(9), (10)

u (12)], MbI Moriu GBI ITOBTO-
Z PHMTB CKa3aHHOE B KOHIIE n° 223.
B oxpecTHOCTH 0 O BIK H O B € H-
HOo# (M mpocToOil) TOUKH
IeJI0 CBOOMTCH K HAIJISIHOMY
cIyyalo SBHOT O 3a/IaHuA.

229, IIpumeprl. 1) Kpusasx
Busmauu Tak Ha3zpiBaeTCd KpH-
Bas HepeceYeHHs YOBEPXHOCTEH code-
DBl M [IPAMOTO ITMIMHApPA, IS KOTO-
POrO HAOpAaBILIIOMIEHA CHYXHT OK-
DPYXHOCTb, IOCTPOEHHas Ha pa-
omyce cdepbl, Kak Ha JMaMeTpe

Puc. 127. (prc. 127). Ilycte pagmyc cdepsl
eCTh R; eclmM pacloONOXHTH OCH, KAk
YKa3aHoO HA DHCYHKE, TO YpaBHEHHS cdepsl H IHIMHADPA, COOTBEICTBEHHO, OynmyT

x%34+y2422=R?,
x¥+y*  =Rx.
COBOKYIHOCTh HX ¥ OIpEneNsieT HAIly KPHBYIO.

*) OT™MeTrHM, 4YTO B CIyda¢ 3aMEKHYTO# IOBEpXHOCTH (T. €. IOBEPXHOCTH,
He HMeEIOIlel KOHTYpa, Hanpumep, chepadeckoif), ee TOIKH 3aBEIOMO HE MOIYT OHITh
MOCTaBJICHHl B B3aMMHO ONHO3HAYHOE COOTBETCTBHE TOYKAM IUIOCKo# obmactm 4 Ha
IUTOCKOCTH #v. B 3TOM cllyyae HATHIHME KPATHBIX TO4CK HeW30exHO mnpH mo0oM mapas
METPUIECKOM 3aJaHVH,
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Kpupas mMeeT BHI A30THYTOM BOcbMepkd; B Touke (R, 0, 0) ona cama cebs mepe-
CEKaeT, Tak 4YTO 3Ta TOYKAa — HaBepHOE O C O 6 asA. IDTO MOATBEPXKIAETCS M BBIMUCIIC-
HEeM. MaTtpuua

2x 2y 2z
2x—-R 2y O
HMeeT ONpenenuTeNny
2y 2z 2z 2x 2x 2y
= —4yz, =4xz— 2Rz, =2Ry,
2y O 0 2x-R 2x—R 2y

KOTODEIE BCe BMecTe 0bpamaiorcs B 0 AIMEHHO B 3TOH TOUKE.
Kpusyro BUBHAHH MOXHO NPENCTABHTh M IAPAMETPHYECKH, HANPHUMED, TaK:

x=Rsin®f, y=Rsinfcost, z=Rcost.

JedCTBUTENBHO, HETPYAHO IPOBEPUTH, 9TO 3TH BHIDAXKEHMsI TOXIECTBEHHO YIOBJIET-
BODSIIOT HESBHBIM YDaBHEHWSIM KDHBOM M 4TO NPH H3MCHEHMH NapaMerpa f, CKaxkeM,
ot 0 1o 277, NOMHOCTRIO OIMCHIBAETCSA BCH KPHBAsA. Z
Touka (R, 0, 0) monyyaercs ABaXnel — IIPH

b4 3 N
=3 H t=—2—, T. ¢. sBJfeTCS KPDAaTHOH,
KaK M CJIEOBAJIO OXHIATh.

2) Ecrs cny4aW, Korga mnapaMeTpHYEcKoe
TIpEACTABJICHAE €CTECTBEHHO BEITEKa€T H3 ca-
MOTO TIpOMCXOXJeHust KpuBoil. PaccMoTpum,
B BHJIE IpUMeEpPa, BUHTO BY IO A M HH 0. IIpo-
HCXOXIEHAE ¢ MOKHO cebe mpencraBdTh Clie-
nyrouteM obpasoM. ITycte HekoTOpast Touka M,
HAXOOUBIIANACS TepBOHAYanbHO B A (puc. 128),
Bpam@aercs PaBHOMEDHO BOKPYr OcH z (cka-
KeM, IO 9acOBOM CTpElIke) M OXHOBPEMEHHO
y4aCTBYET B pABHOMEDHOM Xe IOCTyNaTelb-
HOM [ABIKCHUH TApaJUIeNsHO 3TOH ocu (momy-
CTMM, B OOJIOXHTENLHOM Hanpasiewwn). Tpa-
€KTOpUsl TOYKH M ¥ Ha3BIBa€TCI BHHT O-
BO# NHHHeH 3a mapaMerp, OIpenessio-
@A NONOXEHWEe TOYKH M, MOXHO IPHHATH
Yroji f, COCTaBJISIEMBIA C OCBIO X IIPOCKLHEH
OP orpe3ka OM. KoopnamHaTbl X H Y TOYKH
M Oynmytr Te Xe, 4TO M Y TOYKM P, Tak 4TO Pac, 128.

X=acost ¥ y=asinf, TAe a €CTb PaglyC OMUCHI-

BaeMo#l Touko0il P OKpYy:KHOCTH. UTO Xe KacaeTcs BEpTHKAIBHOIO IepeMeEIlCHAS 2z, TO
OHO PacCTET NPOINOPLHOHANLHO YriIy mOBOpoTa ¢ (MO0 MOCTyHaTeIbHOE U BPAIATEILHOS
OBmxeHAs 00a OPOUCXOAAT PAaBHOMEPHO), T. €. z=cf. OKOHYaTenbHO IapaMeTpHYCCKAC
YDP2BHEHHS BHHTOBOM ymarMM OymyT

x=acost, y=asint, z=ct. (15)

TlonmyyeHHAst BUHTOBas JIAHWS HA3BIBAETCA JI € BO i; IpHM NpaBoi CHCTEME KOOp-
JWHATHBIX OCeH Te e ypaBHEHWs BBIpaxkafii ObI O p a BY 10 BHHTOBYIO JIHHMIO.

Jlerxo mcxmowuTh #3 ypaBHeHWH (15) mapaMerp !/ H mepedTH X SIBHOMY 3a/IaHHUIO;
HalpAMEP, HalAs f U3 OOCIENHErO YDaBHEHWS U IIOACTABHB €0 BBIPAXCHHE B MEPBBIE
IBa, TIONYy4YuM

z .z
x=acos—, y=asin—.
c c
3) PaccMoTpEM chepHI€eCKY IO HOBEPXHOCTH pagudyca R ¢ LEHTPOM B HAYANS
(puc. 129). Ee HedaBHOE ypaBHEHHE OyA€T, Kak M3BECTHO,
X+ yP4z%= R,
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XKemass monydnTs ee OObIMHOE MapaMeTpPHYECKOE NPEICTABICHAE, IPO-
BEJIEM ¢3KBAaTOPHAIbHOE» cedenre AKA’, a depe3 «moxoce» P, P’ U paccMaTpUBaeMyIO
Touky M - «Mepuauan» PMKP’. Ilonoxenme Toukun M Ha cdepe Moxer ObiTh ompe-
JeNeHo yriaMe ¢ = {POM u 0= JAOK. ViMeeM z=NM = R cosp. 3atem ON= Rsing,
a yepe3 ON KOOpIHHATHI X U y (Te e it M, uto u 11t N) BbIpa3arcs Tak: x = ON cos#,
y=ONsin 8. CobOupas Bce 3TH pe3yilb-
TaThl, OKOHYATENBHO MapamMeTPHYECKUe
YPaBHEHHs HOBEPXHOCTH Chepsl Mmoxyqum
B BHAE:

x=Rsin ¢ cos 6,
y=Rsingsin 6,
z=R cosg,

MpAYEM YTOJl ¢ JAOCTATOYHO M3MEHATH OT
0 non, ayron 8 — or 0 go 2x.

OnsaKo, COOTBETCTBAE MEXAY TOY-
KaMu ceprudecKOd TOBEPXHOCTH M TOY-
XamMHa mnpsMoyroibEEKa [0, 7z; 0, 27] Ha
WwIOCKOCTH @O He OyneT B3aMMHO OIHO-
3HAYHBIM *): 3pavenus 0 =0 u 6 =27 opu-
BOJAT K OJIHIM M TEM K€ TOYKAM IOBEpPX-~
HOCTH H, KpoMe Toro, mpu ¢=0 (p=mn)
K(axono OBl HH OBIJIO 3HAaYeHHE 0, HONyYaeTcss OJHA JIMIIb TOYKA — MOINEOC
P(P).

T 7 7
Ecnu ¢ 3aMeHdTH yriom Z=E—<p, HM3MEHSFOIUMCS OT 5 o 7 a 6 MeHATH

MEXNY —7 U 7, TO MBI MIPHIEM K OOBIMHBIM reorpaduyeckuM KOODHHUHaA-
TaM: IOHPOTE M JOJITOTE.
JInsi MaTPHLIBI YaCTHBIX IPOH3BOIHBIX

Rcospcosf Rcospsin® —Rsing
—Rsingsin 8 Rsingpcos b 0
BCE OIPENeMTeNTH
Rzsinfpcos @, RZsin?psinf, KRZsingcosg

obpamaroTcst BMecTe B Hyib npd =0 u p=n. OgHaKO OYEBHAHO, YTO 0ba «momocar
NpPENCTABIIOT OCOOEHHOCTh TOJILKO IPHMEHHTENBHO K 3TOMY AHAIHTHIECKOMY
NPEACTABIICHUIO CeEpPHL.

Jlerko BHIETH, YTO OOHO CEMEHCTBO KOOPAHHATHHIX JHHUM Ha cdepe COCTABUTCS
3 MepuamaunoB (f=const), a npyroe — M3 NapajglIcJbHBX KPYTOB
(@ =const).

4) MoXxHO 0006mMTh IPeABIAYTHHi IPAMED CllenyIonmmM o0pa3oM. ITycTs B IWIOCKO-
CTH Xz 3ajaHa kpmBas (00pasyromas) CBOMMHE IapaMeTpPUICCKHMHE yPaBHEHASIMH

x=pW), z=pW), (16)

opuveM p(4)=0. CTtaEeM Bpamars ee, KaK TBEPOOE TeJIO, BOKPYT ocH z (puc. 130). Ecan
depe3 v 0OO3HAYMTL yros MOBOPOTA, TO YPABHEHAs] HONY4aeMOH MOBEPXHOCTH
BpalleHH s HANWIYTCS B BHIE

x=p)cosv, y=p)sinv, z=yp@) O=<v=2n).
Ecn¥ B IIIOCKOCTH Xz B3ATH MOMYOKPYXHOCTD
x=Rsinu, z=Rcosu

*) Cp. cHOCKy Ha cTp. 520,
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H ee BpamaTh BOKPYT OCH z, TO IIapaMETPHYECKOE TpEeICTaBIeHMe OOpasyeMoM Takum
HnyTeM cepHYecKOH TOBEPXHOCTH MBI IOJYYHM (C TOYHOCTBIO 0 OOO3HAYCHHI) B Dpexk-
HEM BHJIE.

IIpenocTaBiisieM YHTATENIO YOSOUTECS B TOM, YTO OCOOEIMH TOYKAMM IJISi HOBEpPX-
HOCTH BpAllleHHs MOTYT OBITH JIAIIL TOYKH Ha OCH BpAlleHHs, JIMOO JXKe TOYKH, HOJY-
YeHHLIe NPH BPAMEHMA M3 OCOOBIX TOYeK oOpa-
3y10IIEH.

KoopauHATHRIMM JIMHUSMH H 3[€Ch CIyXaT 2
pa3yHYHBIe MOJNOXeHNs oOpasylomel (MepHIHAHbI)

M mapajuieJlbHble KPYId.

S) Ecimu K BpaImaTeldbHOMY JABHXCHMIO

xpuBo# (16) mprcoenMHMTE €le N OCTYN aTe€ A b-
HOE€ — NapaUIeIbEO OCH BpameHws, To (mpen-
monaras o6a [BWKEHHS IIPOMCXOASINUMH pPaBHO-

MEpHO) HOJIyduM OOmMYy¥ BHHTOBYIO MHO-
BEPDXHOCTBH

x=@(u)cosv, y=@u)sinv,
z=yp(u)+cv.

Bo3sMeM, B 4aCTHOCTH, B KayecTBe oOpa3syro-
1IeH MOJIOXKUTENBHYIO YaCTh OCH X:

x=u, z=0 (u=0).

TlomBeprayB €e BHHTOBOMY ABHXCHMIO, IPHAEM K 4
OOBHKHOBEHHOH BHHTOBOK mHmOBeEpXx- Puc. 130.
HOCTH

X=ucosv, y=usinv, z=cwv.

s obmrelf BHHTOBOM MOBEPXHOCTH OOHO CEMEHCTBO KOODAMHATHBEIX NHMHHH CO-
CTOUT W3 pa3NIAYHBIX IOJIOXKEHHWH oOpasyromielt (v=const), a Apyroe — H3 BHHTOBHIX
maHu# (4 =const).

§ 2. KacareabHas M KacaTellbHafl ILIOCKOCTh

230. KacaTennHasl K IUIOCKOH KpHBO#H B HPAMOYTOJILHBIX KOOpDAHMHATAX.
IMousTme XxacaTenbHOH HAM yXe BCTPEYaJoCch He pa3 [cM. Hampm-
Mep, 91]. Kpusas, 3ananHas SBHEIM YpaBHEHHEM

¥y =f (X),
roe f — HenpepbiBHAS (YHKIUSA C HEIPEPHIBHON IPOU3BOIHOM, B KaxIod
cBoeil Touke (X, y) UMeeT KacaTeJbHYIO, YIJIOBOH KO3(HIHEeHT KOoTopoi
tg o BEIpaxaercsa opMyoit
tga=y,=f"()
TaxuM o0pa3oM, ypaBHEHHE KacaTEJIbHOH HMMeEeT BUI
Y-y=yX-x). M

3neck (xak u HEXe) X, Y 03HAYAIOT TEKYI[HE KOOPAMHATEL, a X, ¥ — KOOp-
JUHATH] TOYKM KacaHHS.

Jlerxko mMOJYIATh B YPaBHEHHA HO PMaJdH, T. €. NPSIMOH, IpoOXons-
Iei 4Yepe3 TOUKY KacaHWs IEPIEHAHKYISIPHO K KacaTeNIbHOM:

y_yzmyl;()(—x) wm X-x+y (¥Y-y)=0, @
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B cBs3u ¢ KacaTeNbHOM M HOPMAJIBIO PACCMATPHBAIOT HEKOTOPBIE OT-
PC3KH — HMMEHHO OTpe3kH TM m MN u ux npoexuun 7P u PN Ha oCbh X
(puc. 131). ITocnequue HA3LIBAIOTCS, COOTBETCTBEHHO, M O AK 2C A T € JI b-
HOH 4 MONHOPMaNbK U o6o3HAYAIOTCH depe3 sht (subtangens)
u sbn (subnormal). ITonarast B ypasmenusax (1) u (2) Y=0, Jierko BbMdu-
CJIUTh, 4YTO

sbz‘=TP=f,—, sbn=PN=yy,. 3
X

Torna u3 Tpeyronpunkos MPT u MPN onpenensiTcs ¥ [IHHBL O T pe3-
KOB KaCaTeJbHOHX H HOPMAJH

X
B ciyyae HesBHOTO 3amamms KpuBOW

Hx, y)=0

B OKDECTHOCTH e¢ 0GB KHOBEHHO U ToukHm M(x, ¥) MOXHO DOpen-
CTaBHTh CeGe KPHBYIO BHIDAXCHHOMN SBHBIM ypaBHeHHEM. ECiu B Touke M. ,

Hampumep, Fy(x,y)=0, To xpu-
4 \ Basl BBIPAa3WTCS YPABHEHHEM BHIA
y=f(x), roe o&ynkuus f menpe-
PbIBHZ H UMeeT HEOPEPHIBHYIO IPO-
u3BoJHYy10. OTCIONa SICHO, YTO IS
KpPHBOH CyIleCTBYeT B Touke M
KacaTeJIbHASI, H €€ YPaBHEHHE MO-
\ XeT OBITE mpeacTaBieHo B (dopme

@

(1). Ho mer 3naem [209 (15)], urto
B 3TOM CiIy4ae

N\
/\17 = s Fi(x, ») .
x F(x, »)’

Ny e

e
a7
Puc. 131.
TOJACTABJIsASA, MOCIE MPOCTHIX Hpe-
obpa3oBanmii MOJIyYMM BIIOJIHE CHMMETPHYHOE OTHOCHTEIBHO X U ¥ ypaB-
HEHHE KacaTeJIbHON

F (e, )X~ x) + F,é(x, INY - y)=0. )

K Tomy xe pesynbraTy mpHmem u'B ciyyae, ecinn F;=0 B Touke M,
HO F;=0. Jlume B oco6 o Touke 5TO YPaBHEHHE TEPSET CMBICH, H
OTHOCHTEJIPHO KacCaTebHOM, 6€3 HONOJIHATEILHOrO HCCIIeIOBAHMUS [236],
30€Ch HMYEro CKa3aTh HEJb3SL.

YpaBHeHWe HOPMAIH [Is PACCMATPHBAEMOTO CIIy4asi, OIEBHIIHO, Oymet
TaKOBO:

Fy(x, yX(X = x) — FY(x, XY - ) =0.
HaKOHeH, OPEOAIIOJIOXKHM, YTO KpuBasl 3aJaHa IIapaMETPHICCKH
x=q(t), y=y(1).
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Mser Bunenn, uro ecom ¢'(t)=0, xacarenpHas K KpEBOH CyHIECTBYET H
HMEET yrioBoit kosddunueHt

Vi
tg o:—;‘ . (6)
[106 (11)]. VpaBHenne kacarenbHOM MOXET GBITH HANHCAHO TaK:
4 X-x Y-y
Y-y=2x- ===,
y x;( X) W R

B nocnenueit Gopme ypaBHeHHWe roamres M Ui Ciydas, Korga x;=0,
HO yy=0%). Jlumm B 0ocoG oM Touke, rme u x;=0 u y;=0, ypaBue-
HHE TepsieT CMEIC, M BOOPOC O KacaTelIbHOM CCTaeTcs OTKPHITHEIM [237].

Huorpa y,quHo, YMHOXHB
06a 3HaMeHaTeNsT HA MHOXH-
Tellb df, IMCATh YpABHEHHE
KacaTeJIbHOH B BUIIE

X-x Y-y
0

231. Hipameprs. 1) ITapa-
6oma: y*=2px. Hubdeperm-
pys 3TO paBeHCTBO (cymTas y
byHKIHER OT Xx), HONYy4HM yyg=p.
Taxum o6paszom [cM. (3)], mo o-
HOpManb napaboas ecThb
NOCTOSSHHAA BEJHYMHA.
Otciona BBITEKa€T NPOCTOM cho-
co6 mnocrpoeHus BHopmamd (a ¢
HE W KacaTelnbHO#) K mapa-
Gone. Ilo dopmyne (4), nns oTpeska HOpManM K napaGolle MMeeM BBIpaXKEHHE

n= Y57

2

X 2
2) Onnunc: a—2+;l—q=1 (puc. 132). ITo dopMmyne (5) uMeeM Takoe ypaBHERHE
b2

KacaTelIeHOH:

x y
z(X—x)+§(Y—y)=0.

VuntbiBas camo ypaBHEHME JIUTHIICA, MOXHO HOCIEAHES ypaBHEHHE HEPEHHCATH
B GoJsiee mpocTOM BuzE
xX yY 1.

*) Ilp¥ 3TOM, KaK BCerAa YCIABJIMBAIOTCA B AHAHTHYECKOH IEOMETDHH, €CilH B
MIPOIIOPHHH
X-x Y y

a b

OJHH W3 NOCNEAYOIIHX WICHOB €CTh 0 TO 9TO O3HAa4YaeT OpOCTO, YTO paBeH 0 u cooTBeT-
CTBYIOINMH NPEIbIAYIIHA YiIeH.
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az
Ilonaras 3pmece Y=0, majineMm X=-—. Taxum obpa3zom, Touka T IepeceycHHUs
X

KacaTeJIbHOM C OCBIO X HE 3aBHCHT HM OT y, HE OT b. KacaTempHble K Pa3 T H4HBI M
9JUTHIICAM, OTBEYAIOIIMM DPa3IMYHBIM 3HAYEHHSM b, B HX TOYKaX, MMeEIONMX abcmmccy
X, BCe IPOXOAAT YepPe3 OJHY M Ty e TOUKy 7" Ha ocH x. Tak kak npu b=a noiydaercs
OKPYXHOCTB, Il KOTOPOH KacaTejbHas CTPOMTCA MPOCTC, TO ToYKa T cpa3y Ompenels-
€TCsl, ¥ 3TO NIPHBOJIMT K NPOCTOMY CHOCOOY NOCTPOEHHS KACATENILHOM K IUINICY, SCHOMY
H3 pHuc. 132 %),

Jlerko omnpenenuTh MIWHY OTpe3Ka HOPMAIM JJIst JJUTHICA:

b4x2 + ad

2 2
x= Yy
Taxkoe e BbIpa)eHHE IMOJYYAETCA W B CJIy4ae rumep6 o nu e 1.
a

2 2 2

3) Actporpga: x3+3% = & (puc. 116). YpapHeHHe KacaTENLHOM

1 1
x 3 X-x)+y 3(¥Y-»)=0

€ DOMOUIBIO CaMOro ypaBHEHHS KPHBOH MoxeT GHITh NpeoOpa3oBaHO K BHAY

X v 2 X Y
—+—=a @wm =1.
LAY 21 21

x!i ys asxa aaya

Tlocnennee ypapHEeHnE €CTh «ypAaBHEHHC B OTpe3kax». CIEIOBaTENbHO, KAacaTelbHAS
2 1 2 1

OTCEKAET Ha OcAX OTPe3kH a°x® M a®y®. OTCIOEA JErko MOIYYHTh OJHO HMHTEPECHOe
CBOUCTBO acTponisl. OGO3HAYHB Yepe3 T AJHHY OTPE3Ka KACATENBHOH MeEeX 4y O C fi-
MH, HMeeM

T=ga=const.

TakuMm 00pa3oM, OCH CHMMETPDHH aCTPOHUAB Ha BCEX KacaTelb-
HBIX OTCEKAKT PAaBHBIE OTPE3KH.
4) Ouxnounga:
x=a(t—sint), y=a(l—-cost)
(puc. 118).

t
Mzr uMenu yxe [B 225, 6)] paBeHCTBO yx= Ctg 7 T. €.

t cttt(nt
ga—g24g22,

Tt
H MOXHO IIPAHATH & = —2- - -5' .

*) OTO CBOMCTBO KacaTeMbHBIX K 3JUTMIICY HEMOCPEACTBEHHO CBA3aHO C TeM (aKToM,
9TO 3JUIMOC MOXET ObITh pacCCMAaTPHBAeM KakK OPTOrOHANIbHAA TPOEKUMs HEKOero Kpyra
(paguyca a), Jexanero B HAKJIOHHOM IJIOCKOCTH.
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t
BceoomuuMm (puc. 118), 910 t= < MDN, Tak 910 {MEN = Ecim npogomxuTh

ot
npsMyto EM 1o mepecederuss B T € OCBIO X, TO <IETx=—2-——2—=oc. CrniegoBaTebHO,

npssMass ME, coemuHsIOMAs TOYKY IMKJIOMOH! C BEICHIEH TOYKOM KaTsINErocsi Kpyra
(B COOTBETCTBYIOINEM MOJIOXKEHMH), ¥ OyHeT kKacaTenbHOM. OTCIOma fICHO, 4TO IpsMast
MN 6ypmer HOpMAaIBIO.

BroocnencTeum HaM mosie3Ho OyHET BEIpaXeHHE B OTpPe3Ka n HOPMaiM, KOTOpoe
JIETKO TOJYYATh U3 IPSMOYLOJIBHOTO TpeyroiaspHuka A MEN. MMmenno,

t
n=MN=2asin—2-,

S) Dmunuknoupga:
x=al[(l+m) cos mt—m cos (1+ m)t],

y=a[(1+m)sin mt —msin (1+m)t]

(puc. 119).
Hammcae BeIpaXeHHs A8 IPOH3BOJHBIX Xf K Y/ B BHIE

t 1
xt=2am(1+m) sin > cos (m+3) f,

t 1
yi=2am(1+ m) sin > sin (m + 5) t,
HalaeM, 49TO

A 1
tga=£=tg (m+—) I,
Xt 2

1
OTcrona o= m+3- z.

Ecmu coemumuts (pHc. 119) Touky D ¢ M, To 3Ta npsiMas COCTaBHT C OCBIO X Kak
pa3 Takoi yroiu:

t
IxTD=<IDOT+<JODT= mt+—i- .

Cnenosarensao, DT ecTs KacaTenpHas B TO4YKe M, a MB 6yneT HOpMAJILIO.
6) O BonbpBEeHTA Kpyra:

x=a(tsinz+cost), y=a(sint—1rcost)

(puc. 121).
3necs

yi
tga=—=1tg!, OTKyma a=t.
Xt

TakmM obOpasoM, kxacarenbHass MT napamnensHa paguycy OB, v BM ecTb HOpManb
K Hame#l KpHBOM.

3aMeganme. Pesymsratel mpumepos 4), S5), 6) MOXHO OBUIO OB HOJYIHTH
6€e3 BCAKHX BBIKJIANOK, HCXOAS H3 KMHEMAaTHYECKHX coobpaxenuit. IIpm kaye-
HUM OJHOM KPHBOK IO APYIO# TOYKA KaCaHWs CIYXHT BCAKHH Pa3 MIHOBEHHBIM IIEHTPOM
JUIs ABAKyHIeicst GUryphl, Tak YTO HOPMaslh K TPAGKTODHH JIXOOOH €€ TOYKH MPOXOOHT
4yepe3 3Ty TOYKY KacaHWs.
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232. KacarennbHas B NOJAPHBIX Koopamharax. Eciu KkpHBas 3ajaHa
IOJIAPHEIM ypaBHEHUEM r = f(6), To, mepexons o6bMEEIM 06pa30M K HpsMO-
YTOJNBLHBIM KOOPIMHATAM, IOJIY4aeM IapamMeTPHueCKOe IPeNCTaBIIeHHe
KpHBOH B BUIE

x=rcos 0=f(0) cos 0,
y=rsin 0=f(0)sin 6,

IPHYEM DPOJIb IapaMeTpa 3iech urpaer 0.
B TakoM ciyyae, mo oGeit Gopmyie (6),
Yo risinB+rcos@

tga="F=a——————.
& xj rgcos@—rsin@

Onnako, eciii KpuBas MCCIIEAyeTCs B MOJIAPHBIX KOOPIMHATAX, OOBIYHO
TOJIOXKEHHE KACATENIbHOM OIpeNeNIAoT HEe YIJIOM « C IONAPHOM OChIo,
a yrioM o ¢ HPOAGIDKEHHBIM pa-
IycoM-BekTopoM (puc. 114 u 133).
Mput umenu yxe [218, 4)] mpocTyro

bopmyy
r

N ~—_ tgo= ®

To4HO Tak e BMECTO OTpe3-
KOB ¢, n, sbt, sbn, 0 KOTOpHIX ObLIA
pedr B 230, 31€Ch paccMaTpUBAIOT
npyrue otpe3kd. Ilposens uyepes
nomoc O oCh, NMEPIEHAUKYIAPHYIO
K paguycy-BeKTOpy (3Ta och Bpa-
1AeTCs IpH MEPEeMELICHUN TOYKH),
MPOJOJIKAIOT KAacaTeJIBHYIO M HOP-
MaJb 0 IEPECEUeHUs ¢ Helt, cooT-
BETCTBEHHO, B Toukax T u N. Torna
orpe3kn TM u MN Ha3pBalOTCA
7 MONAPHBIMHU OTpe3KkaMH Kka-
caTeJbHOM M HOPMAaJld, a MX Ipo-
ektiud 70 u ON Ha yOOMAHYTYIO
OCb — MONSPHBIMH NOJKa-
caTellbHOM M moaHOpManbio. O6o3HaYaTh MX OyAeM, Kak H IpexiIe, HO
noMenias BHU3Yy B BUIE 3HaYKa OykBy p. JIerko moJydyuTh, UCTIONB3Ys (op-

Myny (8):

Puc. 133.

Sbtp=T0=’tgw=;rg, sbnp=ON=rctgw:r;,

a OTCroaa yxe

np,=MN=Yrt+r2.
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233. TIpumepnl. 1) ApxuMenoBsa cuupans: r=af (puc. 122).

Taxk Xak rj=a, TO shny=a=const. 3T0 MO3BOJIAET CpPasy yCTAHABINBATE IONIOXCHHE
Touku N, a ¢ Heil — HOPMAaJlM H KacaTeIbHOM.

3aMeTnM, 49TO tg w=0, TaK 9TO TIPH O~ U tgw—+o, T. € Yrod @ CTPEMHTICH
K TpAMOMY.

2) Tumepbonuueckass CHHPpANb: =—g(pp1c. 123).

a
Ha artoTt pas )= — 5 sbtp = —a=const, uTO Takxke oBneryacT OYEBHIHBIM obpa-

30M HOCTPOEHHE KAacaTeNbHOM.
3) JorapunbMHdgeckasd cnupanb r=aem (puc. 134).

1
WMeeM r)=maem0, Tak 4TO tg w=-—=const, 1 caM yron w=const. Taxum obpa-
m

30M, JIOrapupMHUEcKasi coApaltb o0lajaeT TeM 3aMeYaTeNbHEIM CBOMCTBOM, YTO Yroj
MeXAY PaJHyCOM-BEKTOPOM M KacaTEILHOM COXpaHSET NOCTONHHYIO BeMInHy. MIHBIMM
cnopamMd, nNorapHdMudeckas COHEpaldb NEpPEceKaeT BCE CBOH
PAIHMYCH-BEKTOPLH HOA MNOCTONHHBIM YIrJIOM. OTEM CBOHCTBOM

Puc. 134. Puc. 135.

OHA HANMOMMHAET OKPYXKHOCTb, KOTOpas TaKXe IEPECEKaeT PaNHyCHI-BEKTOPHI, HUCXOMSA-
[IFe U3 IIEHTpa, MO MOCTOSHHLIM (AMEHHO HOX HpSAMBIM) yIJIoM. [BupodeM, H OKpyx-
HOCTb MOXHO PacCMaTpHBaTh KaK 9ACTHEHIA Ciydail JrorapudME4eCKOH COMpad, OTBe-
garomqait m=0.]

4) YonuTkm r=acos0+b (puc. 135).

OrmeTnM, 9T0 sbnp=rg= —asin 8 okaspiBaeTcs He sasucsmeit or b. Takem oOpa-
30M, €CIId B35Th JIEXAIle HAa OAHOM Jyye (W3 MOJIOCa) TOYKM Das3/IMYHBIX YJIHTOK,
OTBEYAIOMIAX PA3JIMYHBIM 3HAYEHNsIM b, TO IUIA BCEX ITHX TOYEK HOJIPHAA DOJHOPMATb
6ymer obmas, T. e. Touka N — omHa u Ta Xe. Ho mpu b=0 mony4aercs OKPYXKHOCTB,
IUis XOTOPOH MOCTpOEHAe HOPMAlM OYCBHAHO; TOTJA JIETKO HOCTPOMTh HOpPMAalb B i
nmo6oit B3 ymatok (puc. 135). VI3 TpeyronsEmka AMON BbMUCHSETCA NOJAPHAS
HOpMaAJIb:

np = Ya*+2ab cos 8+ b2

34 T. M. Q®uxrenroabu, 1. 1
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Ocobenno mpocTO BHIpaXEHWE HOJAPHOM HOPMAIM A Kap AHOoHM A *) (b=a):
]
np=2a cos-2- .

5) JeMmuauckaTa: r:=2q?cos20 (puc. 126).
JinhdeperumpyeM 310 paBeHcTBO, cuMTas r GyRKIMEH OT 0; NOIyumM
rrg= —2a%sin 20.

Pasnemun mowieHHO 3TH ABa paseHCTBa, BBALY (8), Halimem

tgw=—=—ctg 20,

|~

T
OTKYIA cu=29+5 . Obo3nagas vepe3 o ¥ § yribl HAKIOHA KACATENLHOM M HOPMAJM,
HMeEEM

,3=oc—£, a=w—|—0:39+—7}-,
2 2

ClenoBaTelbHo, f=360: yron HaxklIOHA HODMAJM K JIECMHHCKATE pa-
BCH YTPOEHHOMY HNONAPHOMY YINY TOYKH KACAaHHA. DTO JAaeT MPOCTOH
TpUEM TIOCTPOSHHS! HOPMAJIH.

234. Kacareapnas K npocTpaHcTBennoii Kpupoii. KacareanHas nnockocrb
K mosepxmocTs. 1° B ciiyuae IpOCTpaHCTBEHHON KpHBOM, OmpeneieHHe
KacaTeJIbHOR ocTaeTcsi 6YKBAJIBHO TO XK€, UTO U LI IUIOCKOM kpmBoif [91].
OrpaHEIHMC 376Ch NPEATOIOKEHNEM, UTO KpHBasi 3ajaHa HapaMe T p U~
4YeCKHu:

x=(t), y=vy(), z=y0@).

BosbMeM ompepeneHHoe 3HAYCHHE ! H, TEM CAMbIM, ONPEACIICHHYIO
Touky M(x, y, z) Ha KpHBO#; mycTh 3TO 6yAeT o6 LIKHOBEHHAd M
npocTasd Touka [223]. Ilpumamum ¢ mpupaiuenue Af, Torma Hapa-
LICHHOMY 3HAYeHHIO ¢+ /¢ mapamerpa Oymer OTBeYaTh [Apyras Touka
M (x+Ax, y+ Ay, z+ Az). Ypasuenus cexymeis MM, 6ymyT mMeTh BHI

X-x Y-y 2Z-z

Ax Ay Az ?

rae X, Y, Z — texymue KoopAMHATHL, ['€OMETPHYECKHI CMBICH 3THX
YPaBHCHUH He H3MCHHUTCS, €CIM MBI BCE 3HAMEHATE)IM pasleluM Ha At

X-x Y-y Z-z
de Ty T A
At At At

Ecim 3T ypaBHEeHHS B mpefene, npu At—0, coxXpausroT ompemneseH~
HBIA CMBIC]I, TO 3THM OYIET YCTAHOBJIEHO CYINECTBOBAHME I P € I € JI b-

*) ViMeRRO 3TOT YacTHBIA CiydYail u m306paxken Ha puc. 135.
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HOTO NMOJOXEHHUS CeKymeid, T. e. kacaTeabHoit. Ho B npe-
Jejle Mbl TTOJIyYaeM
Yoz Tor 2oz ©
Xt Yt Zt
U 9TH ypaBHEHMS, JCHCTBHTEIHHO, BEIPAXKAIOT OPSAMYIO, TOCKONLKY HE BCE
3HaMeHaTeNu — myJd. TaknMm o6pa3oM, B Kaxmoif o 6 BIKHOBEHHO i
TOYKE KpHBOM KacaTeJbHAS CYLIECTBYET M BBIDAXKAETCS ITUMH YypaBHE-
HusMu., g 0co 00 TOYKH BOIPOC O KacaTeIbHOH OCTAETCA OTKpPHI-
TBIM.
3aMeuaHHne. MB mepeXoJWIH K NpeAesly B ypaBHEHHSIX CeKyillei
npu At ~0; moxaxeM, 4TO 3T0 PAaBHOCHII b HO INPEAHOTIOXECHHALO, YTO
MM, ~0. Beuay HenpephIBHOCTH OyHKIMit ¢, v, ¥, u3 Ar-~0 cremyer,
49TO0 H

=YAx*+ Ay* + A2 0.

Jins foxasaTelbCTBa OOPATHOrO 3aKIIOUCHHS 3a1a/HMCs IIPOM3BOJILHEIM
qrcnoM ¢ >0. Tak kak MM1 ecTh HempepbBHAasA (ymknms oT A7, To mpH
|At|=¢ sTa dyHKUMA MMeeT HaHMMEHbINEE 3HAYCHHE 0, OYEBHIHO, TOJIO-
KHTENbHOE (TaK XaK B3ATAS TOYKA OPENNOJIONKEHA MPOCTOH, T. . HE
HOJIyJaeTCs HA IIPH KaKOM 3HAYEHHH Iapamerpa, OTJIMYHOM OT f). B Ta-
KOM CIyd4ae

npu MM, <6 weobxomumo |Af|<e, u. u Tp. I

HWnorna ypasuenus (9) yno6no mmcaTh B BHIE

X—nyZz

& Tdy  dz
KOTOpEIi mojydaerca u3 (9) yMHOXEHMEM BCeX 3HAMCHATeNeli Ha di.
Ecma gepes @, §, ¥ 0003a9aTh YIibl, COCTABJICHHBIE KacaTeIbHOH C
OCAMM KOODIMHAT, TO HANPABJISIOIAE KOCHHYCHI COS, COSf, COSy BBI-
pasATcs Tak:

X} i

COS o= et COS =t
+ Vx;2+y’f+z{" + Vx2+y 4212
zt
cosy=

+ VPRt
1

BroiGop ompeneseHHOro 3HAKa Hmepeld paJdKkalloM OTBEeYaeT BLIOOpY ompe-
JeJICHHOTO HAIpPABJICHUS KacaTEIIbHOM.

Bompoc o kxacaTedbHOM K KpUBOM, 3aJaBHOH HEABHEIMH YpPaBHCHHUAMH
F(x,y,z)=0 u G(x, y, z)=0, MBI paccMoTpuM HWXE, B 3°.

2° IIycTh NOBEPXHOCTH 3aJaHA SBHBIM YpaBHCHHEM z=f(X, y).
Mbr B 180 nmamm ompenenerHe XKacaTeJLHOMW HJIOCKOCTH H,

34*
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B IPEANOJIOXEHHA nnd)d)epennnpyeﬁocm byuxmun f(x, y) *), HauwH ypas-
HEeHHe 3ToH Iutockoctm [180 (6)]:

Z-z=f(x, )X ~ %)+, Y)Y - ).
OOBIKHOBEHHO 0003HAYAIOT
=l =p E-rix n=q
M MHIIYT yPaBHEHHE KAaCATENLHOM IJIOCKOCTH TaK:
Z-z=p(X~x)+q(¥Y-y). (10)
Eciuz cos A, cos i, COS P CyTh HANPABJIAIONIME KOCHHYCHI HO PM a JI U

K HMOBEPXHOCTH (TaK HA3BBAIOT IEPICHOHKYJIAP K KaCATEJBHOM IIIOCKO-
CTH B TOYKE KACaHHS), TO VIS HHX UMEEM BBIPAKECHHSA

—-p —-4q
€os A= COS =
+ Y14+ ¢ - i+p+¢’
1
CoS V=’ 11)
+ VT+pi+q?’ (

JBOMHOHM 3HAK Iepel PAJAHKATIOM OTBEYAET ABYM HPOTHBOIOJOXKHBIM Ha-
MPABJICHASM HOPMAJIH.

IIpoBeneM Temeps IO NMOBEPXHOCTH HYepe3 pPACCMATPHBAEMYIO TOYKY
IPOU3BOJILHYIO KPHBYIO

x=g(1), y=9(t), z=y(1),
TaK 4TO TOXAECTBEHHO OTHOCHTEIBLHO ! OyIeT
20 =1(e@®), y(®)).
HuddepennmpyeM 3To TOXAECTBO ﬁo t [181]:
1@ =py'(t) +qy'(2).

Bo3pMeM xacaTesIbHYIO K KpHBOH B paccMaTpHBaeMoid Heocobo# Tou-
ke B dopme (9). Ecnm, HaxoHen, B NPeAbIAYIIEM PABEHCTBE 3AMEHHTH
OPOM3BOJHEIE ¢, ', ¥’ MPONOPIAOHAIBHEIMA UM, B CHITY (9), pasHOCTAMH
X-x, Y-y, Z-2z, 1o npapeM x (10). TaxuMm obpasoM, kacaTtenpHas (9)
BCEMH TOYKAMH JIEKHUT B KacaresnbHOH miaockocTr (10). Mer MoxeMm, cie-
TMOBATENBHO, TEUEPh Onpedeaums KAcAMeAsHyl0 HAOCKOCMb K NO8epXHOCMU
6 3a0aHHOll HA Hell MmOouKe, KK MAKYI0 NAOCKOCMb, 8 KOMOopoii Aexcam Ka-
camenvHbie KO 6CeM KDUBHIM, NMPOGEOEHHbIM MO NOGEPXHOCMU yepe3 3my
mouky *¥),

Ecim moBepXHOCTH 3afiaHa HEesIBHHB M ypaBHermeM F(x, y, z)=0,
To, mpeanonaras F;=0 B paccMaTpHBaeMOW TO4YKE, B OKDECTHOCTH €¢

*) ME! 3peck DpEeAHoNiaraeM CyINeCTBOBAHWE M HEOPEPHIBHOCTH YACTHEIX MPOH3-
BOJHBIX, CllefloBaTe/bHO, maddepermmpyeMocTs Hammmo [179].
**) Yactryro 06 3TOM yxe Gpuia peus B 180.
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MOXHO BHIPAa3UTh IIOBEPXHOCTh M s BH B M YpaBHEHHEM Z=f(X, y), TaK
YTO CYIIECTBOBaHHE KAacaTeJbHOH ILTOCKOCTH obecmeveno. Tak kak B 3ToM
ciyyae

9z Fy 9z K

"R TR TR

TO, HOJCTABAAA 3TH 3HA4YeHHs p M g B ypasHeHue (10), jerko mpeoGpa-
3yeM ero K BHIY

F::(x’ ) Z)(X_x) + Fy,(x’ ¥, z)(Y~y) + le(x’ Y, Z)(Z _Z) =0. (12)

OueBnHO, B TAKOM XK€ BHIE IPEACTABUTCI YPaBHEHHE KacaTeIbHOM ILIO-
CKOCTH M B ciydae, eciid F, =0, Ho Kakas-uuOyapb M3 JABYX APYrHAX IPOU3-
Bogubx Fy, Fy ormiyna oT 0. Jlume B oco 6o Touke 3TO ypas-
HEHHE TepsieT CMBICH (M BOIIPOC O KacaTeNbHOH IIOCKOCTH OCTaeTcs
OTKDBITHIM).

3° Tenmepp Jerko cooOpa3uTh, KaK HAWTU KacaTeJIbHYIO K KpUBOH, 3a-
JaHHON IBYMs HEsIBHEIMH YDaBHEHHSIMH:

Hx’y’ Z)=0, G(x, ¥, Z)=0,

T. €. IPEACTABIAIONIEH IepeceyeHre IBYX COOTBETCTBYHOINMX IMOBEPXHO-
creil. Eciiu paccMaTpuBaeMasi Ha KpUBOH To4ka — OOBIKHOBEHHAd, TO B €€
OKDECTHOCTH KDHBAasi MOXET OBITh BHIDaXEHA U SIBHBIMH YDaBHECHHSIMH
[227], Tak 9TO CymecTBOBaHHE KacaTeNbHOH ofecmeyeHO. JTa KacaTelb-
Hasl, OYEBHJIHO, JIEXHUT B NEPECEUYCHHU KacaTeIbHBIX ILTOCKOCTEH K yrmoMs-
HYTBIM JIBYM MOBEPXHOCTSIM H, CJIE€IOBATEILHO, BEIPAXKAETCS YPABHEHUSIMHU

F(X-x)+ F(Y-y)+ F(Z-2)=0, } (13)
GX-x)+ G Y-»)+G[(Z-z)=0.

[Tax xak B OOBIKHOBEHHON TOYKe Il MATpUIBLI Ko3(hpHINEHTOB XOTh
OIMH M3 ompenesmrTeneid oTiamieH oT 0, TO STIMHU YpaBHEHUSIMH, NeUCTBH-
TEIBHO, OIPENENIMTCS NpPSIMas.]

4° Bo3Bpamasce K MOBEPXHOCTH, IepeiiieM, HAKOHEN, K CIyYaro, KOraa
OHA BBIPAXACTCs NMAPAMETPUYECCKUMH YPABHEHHSIMU:

x=<p(u, ’U)’ yZW(lh ’U), zZ= X(u’ ’U).

CnHoBa orpanpynBaeMca o6 BIKHOBEHHO#N (M mpocCToOH) TOUKOMH;
Tak kak [228] B ee OKPeCTHOCTH HOBEPXHOCTb MOXeT OBITh BHIpAXKEHA M
SBHBM YPaBHEHHEM, TO CYLIECTBOBAHME KacaTeJbHOH IJIOCKOCTH 0be-
Crie4eHO. YpaBHEHHE €€ MOXeT ObITh HAOHCAHO B BHUIE

AX-x)+ B(Y -y)+(Z ~z)=0, (14)
rae xoa3bbuimenTt 4, B, C eille HOmIEXaT OIpeAcICHHAIO.

Ecnu B ypaBHEHHSIX IOBEpXHOCTH 3aKpENHTh 32 ¥ 3HAYCHHE, OTBEYa-
rouiee BHIOPAHHOHN TOYKE, TO MOJIyYATCS YPABHEHUS KOODAMHATHON JIMHHU
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[«kpuBoii (v)»], Mpoxoasiuel depes 3Ty TOUKy. KacaTenbHas K 3TOM KPHBOIM
B YKa3aHHOH TOYKE BBIPA3HTCH ypaBHEHHAMHA [cM. (9)]
X—-x Y-y Z-z

e VA
Xy Yu Zy

Ananormano, GUKCUPYS ¥, MOJIYYMM KOOPAMHATHYIO JIMHHMIO IPYIOro ce-
MEHCTBA, NPOXOAANIYIO UYepe3 OAHHYIO TOYKY [«kpuByIO (#)»] U HMerOLLyIO
B Heil KacaTeNnbHYIO

X-x Y-y Z-z

== 7 .

7
Xp Yo Zy

Tak kak o0e 3TH KacaTenbHBIE JOKHBI JEXATh B KACATENHHOM ILIO-
ckoctd (14), To BHIONHAIOTCS YCIOBUA

Ax,+ By, +Cz,=0,
Ax,+ By,+Cz,=0.
B taxom ciydae koapdunnentsr 4, B, C TOMKHBI GBITH MPOIOPIHOHATHHE
ONPEHETIUTENSIM MaTPHUIBI .
xll yl.l zll
(x.', Yo z;) '

OOGBIKHOBEHHO IIONATAIOT MX PaBHBIMH I3TUM ONPECHCIUTEIIAM!

Xy Yo

’ ’

Yu 2y

7 ’
Vv Zy
TCHCpB YPaBHEHHE KacaTelIbHOH IJIOCKOCTH ITPpOUIEC BCErOo HANHKCATH C IIO-
MOINBIO OIPCHCINTENS:

’ ’
Zy, X
A= , B=|" T -

’
Zl) xv

X-x Y-y Z-:z
Xy Yu z; |=0; (16)
b Xe Yoo Zo
B OOBLIKHOBEHHOH TOYKE OHO, HEHCTBUTEIHHO BLIPAXKAET TLIOCKOCTD.
Hampasnsronque KOCI{HyCBI HOpMAIA OyayT

B
COS A=t cos it =
+ l/A2+B’2+C2 ¢ + |/ A2 Bz—l-C2 (17)
C
COS V=,
+ J482+ B+ C?

235. IIpavepnl. 1) PaccMorpsM BHHTOBYIO NHHHK IO (puc. 128)
xX=acost, y=asint, z=ct.
B atomM cnyyae

’

Xt=—asint, yj=acost, zi=
¥ YPaBHEHHS KAcaTeIbHOM HMMEIOT BHI
X—x Y-y Z -z
—asin t a cos t c
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Hanpapnstornye KOCHHYCHI XKacaTelXbHOH

asint acost c
cost= ———, CO§f=————, COSY=———,
a2+ c? Vat+c Vaz+¢

OTMeTHM, 4TO COsy=const, clenoBarensHo, W y=const. Ecia mpencrasute cebe
BHHTOBYIO JIMHHIO HABEDHYTOM HAa HPSAMOH KpYIJbIi HNUIMHAD, TO MOXHO CKa3aTh,
YTO BUHTOBAs JIMHHAS NEpecekaeT Bce oGpasyroliue 3TOro UHMIMHAPA OO HOCTOSHHBIM
yrioMm *).

x* y: oz

D=t —=t—==1L
2) Onauncoun P TR

Kacartensnas miockoCcTh mory4aercs: mo ¢opmyie (12), ¢ y4eTOM caMOro ypaBHEHHs
3IUTHICOUMA:

xX yY zZ

_..+.__ ——
a b 2

3) Konyc (BTOporo mopsigka) —t+t5-==
a

KacarenbHas mWIOCKOCTb:

B Bepumme (0, 0, 0) xoHyca, koTopas siBiisieTca 0c 06 0¥ TouKOH, 2 TO YypaBHEHHE
TEPAET CMBICII, ¥ KaCaTeIEHOM INIOCKOCTH HET.
4 Kpusas Busmauu (puc. 127):

x2+y2_|_ZZ=R2, x2+y2=Rx'
Kacarenrnas Belpaxaercst ypasaerdsmy [cMm. (13)]
xX+yY+zZ=R?, (2x—R)X+2yY=Rx.

OTH ypaBHCHUs NIEPECTAIOT BHIPAKATH NPAMYIO JIHIIb B 0co0oii Touxe (R, 0, 0).
S5) BuEHTOBAas HIOBEPDXHOCTh:

xX=ucosv, y=usinv, z=cv.
Tlo dopmyne (16) ypaBHEHHE KacaTeNbHOK INIOCKOCTH Oyner
X-x Y-y Z-z
Cos v sin v 0 |=0.
—usine ucosv c

C yyeTOoM ypaBHEHUI{ IIOBEPXHOCTH 3TO YPABHEHHE MOKET OLITH YIPOIIEHO Tak:

u
sinv-X—cos v-Y+—+Z=uw.
c

236. Oco0ble TOUKH NJIOCKHX KPHBLIX. 371€CH MBI OCTAHOBUMCH 1MOAPOG-
Hee HA IIOBEJICHWH KPHUBOIf, 3a/JaHHOM HESIBHBIM YPaBHEHICM

F(x’ y)=0:

BOAu3H e 0co0O o0 Touku (x,, y,). He uMest B BUIy HCYCPHATH ITOT
BOINIPOC, MBI XOTHM JIAIIb ITO3HAKOMUTH YHTATEIs ¢ IJIABHBIMH THIIAMMU

*) Ecnz noBepxHOCTh IWIMHApA pa3pe3aTbh N0 oOpasyromei M pasBepHyTh, TO
BUHTOBas JIMHUS [IPEBPATHTCS B NPAMYIO, KOTOPas BCE BEPTHKANH, €CTECTBEHHO, Nepe-

CeKaeT MOJ OJHMM M TEM K€ YIJIOM. DTO COOOpaKEHHE JeNaeT NPERSIIYILni Pe3yapTaT
COBEPICHHO OYEBUIUBIM,
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ocobbx Todek. Ilpu 3ToM dynkmuio F MBI HpenmojlaraéM HempepRBHOM
U MMerollell HenmpepbIBHBIE NPOU3BOJAHBIE NEPBBIX IBYX HOPSIKOB. Bes
yMaJIeHHs OOLIHOCTH, MOXHO CYMTaTh X,=0, y,=0; 3T0 0TBeYaeT MpPoOCTO
IIEPEHOCY Hauala KOOPAWHAT B HCHBITYeMYyXO TOYKYy. MTak, mmeem
F0,0)=0, F,0,0)=0, F;(0,0)=0.
Bsenem o6o3HaveHns
an = F:Ic:(o’ 0), A= F;J"(O, O)a Aoy = F':(O’ 0)

Ilpenmosiaras, 9TO U3 YHCEIL @y, dyg, Gge XOTh OJHO — HE HYJIb, MBI CTAHEM
KnaccuGUIUpPOBaTh NPEICTABIAIONIMECS BO3MOXHOCTH B 3aBHCAMOCTH OT
3HAKA BBIPAXCHUS 4y dp—dip. M CCIENOBAHHSA HACTOSAIIETO
n° TecHEeHMAM o0pa3oM ODPHUMBIKAIOT K HCCAEOOBa-
HEAM n° 197

1° a; Qs — afa =0.

B sToMm ciydae, kak MbI 3HaeM, QyHkims F(x, y) MMeeT B HAYaIbHOM
TOYKE 3KCTpeMyM. 3HAYHT, B JOCTATOYHO MAJIOH OKPECTHOCTH 3TOH TOYKH
F>=0 wm F<0 (ucxiroyasd caMyl0 Ha49aJIbHYIO TOYKY, rae Gyskumsa o6-
pamaercst B 0). MHaye roBops, B YIOMAHYTOMH OKPECTHOCTH
HET HHM OAHOH TOYKHM HameHd KpuBOH, KpoMe HaYUILHOIH:
3Ta IOCJEOHASA OKa3LIBACTCH U3Z0AUDOBAHHOU MOYKOU KPUBOIA.

IIpumMepsl, IUIIOCTPUPYIOLIME PAacCMaTpUBACMBIH CITydai:

x2+12=0 wmwm (+y)(x+y-1)=0.
HavanpHas Touka NMpUHAAJIECKUT 06€UM KPHBBIM H Ul OGEUX SABJISETCS
us3onupoBaunHoi. Ho, B To BpeMs Kak mepBass BCs COCTOHT H3
OOHOM TOYKH, BTOpPas, KpOME Hee, COHEPXKHT ellle MPAMYIO X+ y 1, me
MPOXOIALIYIO qepes Hayajo.

2° ayy000 - aly<0.

Kak u B 197, B OKpECTHOCTH HAYaJIbHOH TOYKM MOXHO NPEICTABHTH
Kx, y) B cneqyromieM BHIE:

Hx, y) =% (a1, X% + 241X + @y )® + 0013 X2 + 200X + 2057},

roe
Bce o—-»0 mpm x-0, y-0,

WIH, €CJIH BBCCTU IOJIAPHBIC KOOPAWHATHL Q, ¢

o? . s
Hx,y)=" {ay; cos? @ + 2a;, cos @ sin ¢ + ay, sin® @ -+
+0ty; Cos? @ + 201, COS (p SI0 @ + gy SIN% ).

B paCCMa.TpHBaCMOM ciIy4ae, ecili IPEIIIOJIONATE CIUE dy =0, Tpex-
WICH a;; + 2a;5 + Gyt 2 UMEET Pa3IHMYHBIC BELIECTBCHHBIE KODHH 1y, &, (£ <1,)
U pasjiaracrcsl Ha MHOXHTCIH ay(f—1)(f—1,). IlomoxnmM, ¢, =arctgt,,
@, =arctg t,, Tak 4TO %, =tge,, L,=tgp,. Temepsp Jserko Hpeo6pa3013a'rb
NEPBBIA TpeXWIeH B CkoOkax {...} K BHAOY

@y, COS% @ + 21, COS P SIN P -+ dpy SINZP = G COSZ P(tE ¢ — tZ Py (g P — tg Py). (18)
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OTcrona CTaHOBMYICA SCHBIM, YTO HpPSMBIE, NMPOBEICHHBIE Yepe3 HAYAJIO
OOJX YIilaMH ¢; U @, K OCH X, — OyAeM AIA KpaTKOCTH HA3HIBATH UX Mps-
MbIMU (@) U (p,) — AEIAT IUIOCKOCTb HA JIBE YIJIOBBIX 00JacTH, B OJHON
U3 KOTOPBIX YNOMSHYTHI TPEXWICH COXpaHSET 3HAK ILIIOC, 4 B IPYroi
3HaK muHYC *) (puc. 136).

3axmounM Temephs npsMeie (¢;) X (@,) BHYTPH IBYX CKOJIb YIOMHO
Y3KHX YIJIOBBIX OoOyiacTeif — IBYX Iap BEPTHKAJBLHBIX YIJIOB, COIEpXa-
IIAXCSA, COOTBETCTBEHHO, MEXIOY IPAMEIMH (p, —¢) U (p;+€&) WIH (@ —&)
U (py+¢&) (3T yrael Ha puc. 132
3amTpUXoBaHbl). B3sB Kpyr gocTa-
TOYHO MaJIOrO pajhyca r, BOKpYT
HavaJia, MOXHO YTBEPXKIATh, YTO —
IO BBIACJICHWM YIOMAHYTBIX yI-
JIOB — OH pa300beTcs Ha JBE yIJIO-
BHIX 00JIaCTH, B KaXIOH H3 KOTO-
pPeIX yxe cama ¢yukmus F(x, y) co-
XpaHAeT ONPEJENICHHHI 3HaK: B 0J-
HOH IUTIOC, a B Apyrodl Mumyc (CM.
puc.). JlelicTBUTENBHO, TaK KaK IIpH
HU3MEHEHHH YTJIa BHE NPOMEXKYTKOB
(p1—¢, @, +¢) u (P, —&, Py +6) Tpex-
wieH (18) me obpawaerca B 0, To . Puc. 136.

OH oCTaeTcs mo abCoMOTHOH BeiM-

yiHe GONBIIAM HEKOTOPOrO MOJIOXHTEIbHOro uucia m,. C gpyro#t cro-
POHBI, IPA JOCTATOYHO MAJIOM @ BBIPRXKEHHE ), COS? @+ 20, COS p Sin ¢ -+
+ 0t Sin2 @ mo abcouroTHOM BesAuMHEe OyneT Mesbine m,. OTcroza u cie-
IyeT Haile yTBepxleHue (cp. paccyxienue B 197, 1°).

PaccMoTpuM Temeph IBa 3aIITPAXOBAHHBIX BEPTUKATIBHO PACIOJIOKEH=
HBIX CEKTOpa Kpyra, HampuMmep, Te, KOTOpPHIE OrpPaHWYEHH NPSIMBIMU
(p,—¢) 4 (p;+¢). Tak xak HA TUX OPAMBIX QYHKIUA MMeeT IPOTHBONO-
JIOXKHBIE 3HAKM, TO HAa KaXJOoM BEPTHKAJIM, NEPECEKAI0-
e yNOMSAHYTH E CEKTOPH, HalJeTCd TOYKA, BKOTO-
poii Fx,y) o6bpamaercsa B 0, T. e. Touka Hameii kpusoil. 310
CIIEYET W3 M3BECTHOTO CBOMCTBA HempepbiBHOM (ynxmuu [80], ecu mpu-
MeHWTh ero K ¢yakmud F(x, y) or y (upux GUKCHPOBAHHOM X) **),

TaxuM 00pa3oM, BHYTPM KaX@oi mapH 3alITPHXOBAHHBIX CEKTOPOB
pacmoJIoKeHa BETBb KPWBOiA, IIPOXOJsNIas YEpe3 HAYANIO, B TO BPEMA Kak
BHE HWX, B Ipeilellax Kpyra, Touek KpwBoii HeT. BBHIY IpOM3BOJIbLHOCTH
€ ACHO, YTO B Hayajle 3TH BETBH KACAIOTCs, COOTBETCTBCHHO, NPAMBIX (@)
1 (Py)-

TIpaBna, ocrajics OTKPHITHIM €HIe BONPOC, CAMHCTBEHHA JIM Ta TOYKa
Ha YOOMSHYTOU BEPTHKAJH, B KoTopoil F(x, y)=0. Ecau OH HX HalLIoCh

¥) OTHM MBI HECKOJIBKO yrityGnsem ckasammEoe B 197, 2°. TaM HaM KOCTaTOYHO
OBUIO KOHCTATHPOBATH HANMYHE ABYX NPSMBIX, HA KOTOPHIX TPEXWIEH MMeEeT Da3HbIe
3HAKH.

*¥) Cp. moka3atensCTBO TeopeMsl I n° 206 0 cymecTBOBAHHH HCABHOM (GyHKIHH.
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nBe, To, o Teopeme Pommsa [111], MexXIy HEMU Ha Toif Xe BEPTHKAIA
HaILIach Obl TOYKa, B KOTOpPOit Gbuto 6bI Fy(x, y)=0. WTax, emxuncTsen-
HOCTb OyZHeT yCTaHOBJIEHA, €CII MBI JOKaXeM, 4To, TO KpaiiHell Mepe,
B IOCTaTOYHOH OJIM30CTH K HAYaly TAKOE PABEHCTBO HEBO3MOXHO.
HomnyctrMm mpotuBnoe. Torma 6yaeM HMeTh Fy(xp, y)=0 mns meko-
Yn
% tee=h.
Ipavennm x Gyskmun Fy(x, y) dopmyny komeunpix mpupamenuii [183,
(10)]:

TOPOH IOCIENOBATENLHOCTH TO4eK {(X,, ¥,)}, rie x,~0 m

0=E),l(xn, y,l)—F;(O, 0)=

= ;c;’(onxn> 0nyn)- Xn+ F,;(ann , 0nyn) “Yn 0<0,<1)

HIIHA

F;;'(enxn’ en n.) + F':(anxn s enyn) .2 0.

xH—

Iepexons 3meck X mpesedy, MOJYYAM OKOHYATENBHO app +dopt; =0 IITH
Q0

t=— f’ YTO HEBEPHO: TAKOE 3HAYECHHUE #; MOIJVIO OB HMETh JIMIIL B TOM
22

Ciyyae, €CH OBl KOPDHM TPEXWICHA @y + 2d5,f +dgyt? OGBUIH P a B H B M H.

W3 cxasanroro momyTHO BBHITEKAeT, YTO, B JOCTATOYHON 6JM30CTH K
HaYaJTy, HE OJQHA TOYKA YIOMSHYTHIX IBYX BETBEH, KpOME CaMoi HAdaJIh-
HOH, yxe He OymeT oCoboii.

AHanoraMHO HCYEPNBIBACTCA M CIydail, KOIIA dyp=0, HO a4, =0 wm
@ =ay=0, HO a,,#0; OTMETHM, JIHIb, YTO B HOCJAEOHEM CIYYae POJb
npsMbIX (@;) H (@,) UTPAIOT OCH KOOPAMHAT.

WTak, mpu CHeTaHHOM IPENIONIONCHUH @8y —alp<0 Touxa (0, 0)
OKa3BIBAETCA 0801HOI MOuKOi KPHBOM: B Hell NMEpPECEKaIOTCA OBE BCTBH
KpPHBOH, KaXJas U3 KOTOPHIX B 3TOM TOYKE MMEET CBOKO KACATEJIBHYIO.
Vraoeele KO3(@UIHEHTH 3THX KacaTeJBHBLIX ONPENEIIIIOTCA BCErAa H3
YDABHEHHS @); + 2a,,f + Gypt?=0; JHUIOD €CIU @y =0, CIEHYET CUMTATE, UTO,
KpoMe KOHEYHOTO KOPHI, OHO HMeEeT KOpHeM H GeCKOHETHOCTb.

IIpuMepaMu MOTYT CIIyXHTH yXe 3HAKOMBIE HAM KPHBLIE

(x2+y2?+2a%(y*—x*)=0 [memuuckarTa, puc. 126],
x+3y*-3axy=0 [mexaproB nmcT, puc. 117],
IUIs KOTOPBIX Havalo M OymeT nBoitHO# Toukoil. B mepBoM ciiyuae mMmeeM
o= —4a?, a,,=0, ay=4a% t,=1, t,= — 1, Tax 9TO KacaTeJILHLIMH B Ha-

HaJIC CIIyXKAT OGHCCEKTPHCEL KOOPANEATHEIX YTIIOB. Bo BTOPOM: @y =Gy =0,
ap=—3a, =0, f,=, ¥ KaCaATENBHEIMH CIIy’)KaT OCH KOODAHHAT.
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3° ayay, —ajs=0.

JomycTuM M 30ech, 4TO dy, 0. KBampaTHBI TpeXwieH ay, - 2a,f+
+ayt? B 3TOM Cily4ae MMeeT OBOUHON KOPEHb f,= —dyy[dy. Ilo-
naras, Kak ¥ BBIUE, @, =arctg?, OPOBEOEM UYEpe3 HAYAIO OPAMYIO IOX
3TUM YIVIOM @; B OCH X. 3aKIIoYnM
€e B YIJIOBYyI0 0O0JacTb MeEXAy Hps-
MbMH (@, —¢) 4 (p,+¢&) (ma puc. 137
ona 3amTpuxoBana). C IOMOIIBIO CO-
obpaxenuil, CXOOHBIX C NPHMEHECHHBI-
MH BBIIIE, MOXKHO YCTaHOBHTE, YTO BHC
3aIITPUXOBAaHHOH 00JacTH, HO B JO-
CTaTOYHOM ONM30CTH K Havamy, QyHK-
mus  F(x,y) coxpauseT ompexe-
JEHHBIH 3HAK, OAHH H TOT Xe€
¢ obeux CTOPOH: IUIIOC WM MHHYC,
B 3aBHCHUMOCTH OT TOro, OyIeT mu
Gy >0 HIH ay,<0. Temeppr HA Hps-
MbIX (@, T€) QYHKIUA UMEET O QM H a-
K O BBl € 3HAaKH, H IPHMEHATH Teope-
My Kowmwu mHempss.

Msr ne OynmeM yriyOnaTecs B MC-
CIENOBAaHUE 3TOro ciy4as, TpeOyio-
uiero 6osee CIOXHBIX PaCCyXIEHUM, C MPUBICYCHUEM BBICIINX TPOU3BOJI-
HeIX. OrpaHHYMMCS YKa3aHHEM HA OCHOBHbIE BO3MOXHOCTH, KOTOPHIE 371eCh
IPEACTABIISIOTCS.

a) BOum3u HavabHOM TOYKM, KpoMe Hee CaMoif, HeT TO4YeK KPUBOIi:
u3oaupoeannas mouka (Xak B ciydae 1°).

IIpumMmepsn

Puc. 137.

xt+)y2=0 mm  (x*+)%)(x+y-1)=0.

His 00erx «KpUBHIX» HAYAJIO ABJISETCA M3 O0NHMPOBAaHHOM TOYKOM.
6) B o0oux 3alUTPUXOBAHHBIX BEPTHKAILHBIX YriaXx (B IOCTATOYHOM
OJIM30CTH K HAYaIly) HA KaXXXOH BEPTHKAJIM JIEXKAT IO /I B € TOYKH Hallei
KPHBOH, Yepe3 Ha4aJlo IPOXOIAT JiBe BETBH XPUBOM, UMeIOIIHE B HEH 00-
LIy¥o KacaTelbHYIO (p,): 0soliHas mouxa (Kax ¥ B ciydae 2°).
HDpumMmep:
xt-32=0, T.e. y=1=x2

JABe IapaboJibl, B HAYAJBHON TOYKE KACAOIIMECAd OCH X.

B) B omHOM H3 3alUTPHXOBAHHBIX YIJIOB BOBCE IET TOUEK KpiBOif, a
B IPYIOM — JIBe BETBH, KOTOpBIe KaK Obl 3aKaHYMBAIOTCS B HAYATBHOU
TOYKE, UMesl B HeH oOLIyro KacaTelbHYIO (p;). 30eCb MBI MMeEeM IEJIO C
HOBEIM THIOM 0CO0O#l TOUKM — C moukoi gozspama (WM mMOuKkol 3a-
ocmpenus). B 3aBECUMOCTH OT TOro, JEXAT JIH o0e BCTpeYarolecs B Hei
BETBH IO pa3HbIe CTOPOHBI OT OOlLIeH KacaTebHOH Wi IO OJTHY CTOPOHY,
Pa3MyaloT TOYKM BO3BpaTa MEPBOTO M BTOPOTrO poja.
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TIpumepoM kpuBoif, HMeIOLIEH B HaYasIe TOUKY BO3BPATA NEPBOLO POJa,
MOXET CIIYXHTb KpUBas

-x*=0
(monykxybuueckas nmapa6oma, puc. 115).

Bonee penxuit ciyvaif TOYKH BO3BpAaTa BTOPOTO POAA NMPOWILIKOCTPUPYEM
TaKMM IIPHMEpPOM:

-(y-x?)?=

WA
y=x2+xx (x=0).

OOGe BeTBH B HaYaJbHOM TOYKE KACAIOTCH OCH X, PACHOJIArasch (Mo Kpaif-
HeH Mepe, BONIM3W Havanma) Han Hewo (puc. 138),

Ecmu g, =a;,=a,=0, To mpuxoadTcs paccMa-
TpUBaTh OPOU3BOIHBIC BHICUIMX NOPSAKOB. B aToM
ciydae BO3MOXHBI M 0Oojiee CIIOXHBIE THMIBI 0COOBIX
ToueKk (mpotinbie WIH, BOOOLIE, n-Kpammbvle TOTKH,
" T. I0.).

q

237. Ciaywaii napaMeTpivecKkoro 3aJaHHst KpH-
Boii. CkaxeM ellle HECKOIBKO CJIOB 06 0COGBIX TOYKaX
IUIOCKUX KpUBBIX, 3aJaHHBIX DapaMeTpHYEC-
KHMHU ypaBHEHHUSIMHU

x=g(1), y=y().
Iycrs npu ¢ =1, uMeeM
xo=¢(t)=0 ®m ¥, =1P'(to) =0,

HO H3 NIPOM3BOAHBIX BTOPOTO NOPsIKa xo H Yy mycTh

XOTh OJ{HA, HAPDHUMED Xy, OTJIMYHA OT HYJIA.
TIpoBeneM cekylyro Yepe3 TOUKH (X4, Vo) ¥ (X, ¥) KPUBOii, OTBEHAIOLIIE
3HAYECHHSIM [, ¥ { napamerpa. Ee ypaBHenne MoXxeT OBITH HaECAHO TaK:

|

Pac. 138,

X-xo_Y-y,
X—Xg Y=Yy

Ho no dopmyne Teiimopa [c HONMONHMTEIBHBIM WieHOM B (opme
ITeano, 124 (10a)], Tak kak xy=y;=0, umeeM

- "—( +d)([—t0 )

1, . »
Y =Yo=5(30 14 Bt - 1)",
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rae o ¥ f crpemarcs x O npu £—t,. IloncTapiss, mepenuieM ypaBHEHHE
CeKyleH, mocie CoKpalleHHs 060HMX 3HaMeHaTeleil Ha l(t )%, B cie-
IYIOIIEM BHJIE:

X-xy Y-y,

xg ta y+p”

3mech MOXHO HEpeiiTH K Ipeaeny Ipd ¢ -1, ¥), ¥ TakuM IyTeM Iony-
yaeTcd YpPaBHEHHE KacaTedbHOM:

X_ Y__ e
Pt Y-y =1 (X - xp). (19)
0

P e
Xo Yo

Mbl IpeAnonoXunu xg #0; mycrs, uampumep, x, >0. Torma ¢Qynk-
uust x=¢(t) opu t=t, uMeeT (coOCTBeHHBI) MuHHMYM [137], T. e
X >X, OpH 3HAYCHHUAX f, OMU3KHX X f, (KaK NpH !<Z,, TaK U IIPU >1,).
TakuM oOpa3oM, B TOUKe (X,,,) CMBIKAFOTCS HBE BETBH KPHBOI, OTBe-
qaroume f<1I, ¥ ¢ >1#,; OHH HMEIOT
oOmryro (HAKJIOHHYHO MWJIH TIODH- g o
30HTAJBHYIO) KacaTelbHYIo H obe g, —
pPacmoJioXeHsl BIpaBO OT Bep-
THKATL X=X,. WHBIMH CJIOBaMH, t=t, Y,
Hanumo mouxa eoszspama (puc. 139). !
DTO0 - OCHOBHOM ciy4ait ocoloit !
TOYKH IJIs1 KPUBOM, 3aJaHHOM Mapa- i
METPHYCCKH. ; z

TJl')len(o IONTH HECKOJIBKO AaJIbllie o o
B 3TOM HCCJICIOBaHHH, 9TOOHI yCTa- Pac. 139.
HOBHTB, Xakoro p o Aa OynaeT 31a
Touka Bo3BpaTa. C 3TOH LENbIO MPHBICYEM TPETHH IPOR3BOIHBIE, H IIPH-
pallenus X —X, H y— ), HANHUIIEM B BHIE

X—Xg=735 xo (t— 1)+ 7 (x'” +a)(t - 1),

1 77 177 ot
y—J’o=§J’0(E 50)2“’ (Yo' +B)t—19)%

rae @ 1 f cHoBa cTpemsTcs kK O mpu 7-7,.
BorancnnM, monb3ysch ypasrenHeM (19), opauHaTy Y ToukM K ac a-
TenbHO#MH c abcouccod X; MBI HOJIYYHM

Y-y,= l 7 (X — %) ‘iy o (1 - 19)* + (xm +a)(t = to)°.

*) CM. 3amedande B 234, KOTOpOE NPHIOXHMO H 31eCh, €CIIH pacCMaTpHBAEMYIO
TOYKY CYHTATh M POCTO .
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CocTaBuM, HAKOHell, Pa3HOCTh OpAMHAT Y M y, OTBEYAIOUIMX OMHOHU W
Tol xe abcuucce Xx:
l xl/ly(l,,_ xa'y:)ll ~
e e O
0

rae 4yepe3 ¢ 0003HAYEHA CHOBA HEKOTOPAsk OECKOHEUHO Majas TIPH f-1,.

Terneps eci TONBKO Xg Yo —Xo Ve #0 (YTO OOBIKHOBEHHO M BBIIOJI-
HSIETCA), SICHO, YTO Pa3sHOCTh Y —y OymeT p a3 HBIX 3HAKOB IPH I<1,
U 1>1,, T. €. JUIi TeX ABYX BETBell KPHBOM, KOTOPBIC BCTPEYAIOTCA B TOYKE
(x> o) (B IPENTIONOXKEHHH, XOHEUHO, YTO MBI OTPAHHTHBACMCS 3HAYECHUSIMH
t, JOCTATOYHO OJIM3KEMH K ). BeTBU pacmosaratorcst 1o pa3sble CTOPOHEI
OT KacaTeJIbHOH, M MBI YCTAHABJIMBAEM TOYKYy BO3BpaTa MEepPBOTO
pona.

ITpuMepsl NONOOHBIX OCOOEHHOCTEH BCTPEYasUCh HAM YXE HE pas:
OUKJIOHAA, SMH- WIM THIIONUKIIONIA, 3BOJNBBEHTA Kpyra — BCE HMEIOT
TakWe TOYKH Bo3BpaTa (pumc. 118 —121).

Moxer oka3aTsCs, B HCKIIIOUATENLHOM CIIyYae, 4TO Xg Vo — Xo Vo =0;
TOIJa Pa3loXeHne Y —y IO CTENeHSM ! — I, HAYHETCH C YSTBEPTOll IIH
Oomee BBICOKOW CTENEHH 3TOTO IByWwieHa. ECITH cTemeHb 3Ta YeTHA 4,
TO paccMaTpHBaeMasi ocobast Touka OyIneT TOYKoi BO3BpaTa BTOPOT O
poIa.

§ 3. Kacanue KpHBBIX Mexay cofoii

238. Ornbaromas ceMelcTBa KpHBBIX. EC/TH [1BE KpHUBbie HMEIOT OOLIYIO
TouKy My, 1 — B 3TOH Touke — OOLIyI0 KacaTeNbHYIO, TO IOBOPAT, 4TO
KPHUBHEE KacalwTcsa B Touke M, Hacrosmmii maparpadp mo-
CBAIIEH HEKOTOPHIM BOIIPOCAM, CBA3aHHBIM C KacaHHEM IUIOCKHX KpH-
BBIX. y

Ilpuctynmas x paccMoTpeHHi0 oTmGampIieif ceMeiicTBa KpH-
BBIX, OCTAHOBMMCS CHAYaJIa HA CAMOM IOHATHH CeMe i C TBa KpUBBIX.
Ham yxe He pa3 IpHXOJUNOCH BCTPEYATHCS C YpPABHEHWSIMH KPHUBLIX, B
KOTOPBIE, KPOME TEKYIMX KOOPIWHAT X M y HNEPEMCHHON TOYKH, BXOJUT
elle OJWH WIM HECKOJIbKO mapaMeTpoB. B ciysae omHoro mapa-
METPA, CKAXEM 4, YPABHEHHE MMEET BHL

F(X, Vs a):O. (1)

JleBad 4YacThb sABIIsieTC (QYHKIMEN TpeX IEPEMEHHBIX, U3 KOTOPBIX Tiepe-
MEHHYIO g MBI HHAY€ HA3HIBAEM JHIIL IIOTOMY, YTO OHA HTpaeT 0coOyro
poJIb: I DOJY4YEHMsl KOHKPETHOM KpHBOM 3HA4YeHME MapameTrpa a AoJI-
XHO ObITh ¢ukcHpoBano. IlpH M3MEHEHHH 3TOTO 3HAYEHUsS, OOBIHO B
apeeaax HEKOTOPOro NMPOMeXyTka, OyAyT moiydaThcs, BooOlie roBops,
pasmqyuabie (10 GopMe HIIM PACIHOJIOXEHKIO) KPHBBIC.

COBOKYIIHOCTh BCEX OSTHX KpPHUBBIX H HA3BBAIOT CE€MEHCTBOM
KPHBBIX C OJHAM IapaMeTpoM, a ypaBHenue (1) — ypaBHEeHHEM
ceMelicTBa.
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Wnorma ciay4aercs, 4To I NoJoOHOTo CEMENCTBA KPUBBIX CYIIIECTBYET
Kpusas, Komopas Kacaemca Kaxcooil Kpueoil cemeiicmeéa 8 0OHOU uau He-
CKOAbKUX MOUKAX U NPUMOM 6CA COCMOUM U3 3Mux mouexk Kacanus (puc.
140). Takas xpuBasg HOCHT Ha3BaHMe oruOaloifeil maHHOro ceMeil-
cTBa. MBI noKaxeM ceifyac, Kak yCTAaHOBHTH, CYLIECTBYET JIA OrmOaroias,
U KaK HaliTH ee B Ciyvae CYIIECTBOBAHMS.

C oTeolf menpl0 JONMYCTH M CHaYana, YTO OrHOaroIasi CylecTByeT.

Puc. 140.

JJ1s MPOCTOTHL UPEIIONIONAM, YTO pedb uaeT o0 orubalorieit (Toy-
Hee — BETBH orubaroiiieil), koTopas KaXIoi KpuBoil ceMeiicTBa KacaeTcs B
OOHOM Touke. Torga KOOPAHHATHL 3TOH TOYKH KACAHHUA OJHO3HAYHO
ONPENCIIAIOTCA yKa3aHHEM KpHBOH ceMeiicTBa, T. €. 3HAYCHHUEM I1apa-
MeTpa a:

x=p(@, y=y(a. 03
ITockonpKy orubaromias BCS COCTOMT W3 TOYEK KACAHMSA, 3TH YpPABHECHHS
H AT DapaMeTpuyecKoe NpeACTaBJIeHHEe OruOaroIeid.

Mzl npenonaraeM Cym eCTBOBAHME M HENPEPBHIBHOCTD
4aCTHbIX NPOM3BOAHBIX (QyHKIHM F M Npou3BOAHBIX (QyHKIMIL @ H .

Touka (2) nexut ma kpusoii (1), onpemenseMol TEM Xe€ 3HAYCHHEM
mapamMerpa g, TaKk 9TO HMeEeT MECTO TaKoeé TOX AEeCTBO OTHOCH-

TEJbHO a:
F(p(a), p(a), a)=0. 3
Ilponuddepermiposas ero noiaHeM 00pa3oM 1o a, moayunm [I81, 185]%)
Fedx+ Fydy+ Fyda=0, )

NPHYEM IIPOU3BOIHBIE BEMUCICHLI UPH yKa3aHHbIX B (3) 3HAYEHMIX apry-
MEHTOB, a dx U dy o3madaroT mubdepenunamsr Gpynxumit (2).

Tenepr IocrapaeMcs aHAIMTAYECKHA BHIPA3uTh TOT (akTt, 4yro ormba-
Iomas kacaercd B Touke (2) xpusoit (1). Kacarensmas x xpmusoit (1)
[em. 230, (5)]

FAX-x)+ F(Y-»)=0 )
u kx xpusoid (2) [230 (7)]
X-x Y-y (6)
dx dy

*) 3mech, MEXAY MPOYMM, MBI HCHONB3YEM H HEOPEPHIBHOCTHL YACTHBIX IPOHM3BOM-
BEIX yEKUME F.
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JOJXHBI COBHACTb. Y CJIOBHE COBIAJICHHUS 3THX IPAMBIX MOXHO HAIIUCATh
B BHIC

F,dx+ Fydy=0. Q)

IIpu 3TOM, Kax M BBIIIE, IIOX X ¥ y MBI pasyMeeM UX 3HadeHus (2), a mox
dx u dy - mudpdepenmrarsr dyuknuii (2).

3ameTuM, yTo ypaBHenus (5) u (6) IHEHCTBHTENBHO BHIPAXAIOT Kaca-
TeJIbHbIE K KPUBBIM JIHIUG B IIPEANOJIOKEHHH, YTO paccCMaTpuBaeMas TOYKa
He OyneT mis nux ocoboif. Tem He Menee, paBeHCTBO (7)) UMEET
MECTO JaXxe B TOM cClydae, eCJIH 3Ta TodYka OynmerT
ocoboif qusg Tod MIu Npyroit XKpuBoOIi

Comnocrasnsas (7) ¢ (4) u y4uTsIBasi, YTo da — IPOU3BOJILHOE YHUCIIO,
HaiineM, uto F,=0 WIH B pa3sBEpHYTOM BHIE:

Fi(p(a), w(a), a)=0. ®)

Toxnectsa (3) u (8) mokaseBaroT, 4To Gyuknuu (2), HAM HEH3BECT-
HbIE, IOJDKHBI TOXIECTBEHHO OTHOCHTENHEHO 4 YHOBJIETBOPATH CHCTEME
YpaBHECHHH

I;'(x: Vs d) =0’ Fé(x: Y, a) =0. (9)

Hrax, ecnu ormbaromas CylleCTBYeT, €¢ IapaMeTPHYECKUE ypaBHeE-
HuA (2) DOIy4arOTC KaK PELICHHs OTHOCHTENIHHO X M y CHCTeMBI (9).

B ToM ciydae, Korjia 3Ta CHCTEMa IPH NEPEMEHHOM @ BOOOIE HE JIo-
MycKaeT pellennii B BUMe QYHKIMA OT g, IOJIOXKEHHE BEHIEH sCHO; O T -
0aroimeil BoBce HeT. IIpemnonokuM Xe Terneph, 4YTO B PE3YJIbTATE
petuenust cucreMsl (9) moJiyueHs! ypaBHenus (2), BhIpaXKalolMe KpHBYIO
6e3 ocoOnIx Touek *). Byner nu aTa KpuBas ormbaromieii Hamlero cemeii-
CTBa KpHBBIX?

Tak kak ¢yuxumu (2) yJNOBIETBOPSIOT ypaBHeHHsM (9), TO BBNIOJ-
Hsrorces Toxaectsa (3) u (8). Inddepennupys mepBoe H3 HHX, HOTyTHM
(4), a conocrasnas 3ro ¢ (8), mpumeM k pasencrsy (7). Ecia Touxa (2)
(g mpu omHOM a) He Oymer ocoboil Ha CooTBEeTCTBYROIEH KpHBOH (1),
TaK ITo ypaBuenue (5) HEHCTBHTENLHO BHIpAXAET KAaCATENBHYIO K Ha3BaH-
HOM KpHBOH, TO paBeHCTBO (7) 0OyClOBIHBaEeT COBNAJICHHE ITOH Kaca-
TeNBHOM ¢ KacaTenbHoM (6) K kxpmBoi (2). B sToM cinyuae xkpuBas (2)
Ha caMoOM Jene Oynmer orubarniefi cemMmeucrna.

B 4acTHOCTH, 3TO MOXHO TapaHTHPOBAaTh, €CJIA, HAIIPEMEpP, KPUBEIC
MAHHOTO CeMeWCTBa BOBCE JIMIIEHBI OCOOBIX TOYEK.

Hao6oport, ecu Takue 0COOBIE TOYKM HMEIOTCS M NPH M3MEHCHMH &
TeOMETPHYECKOE MeCTO MX o0pasyeT XpuByio (2), TO COOTBETCTBYIOLIHE
el GyEKIME ¢ ¥ p HeOOXOOMMO YyHOBIETBOpsroT chcteMe (9)**), xoTd B
9TOM CIydae KpHBas MOXeEeT He OBITH ormbaromei

*) IIpH HANWYMK OTAENBHEIX OCOOBIX TOYEK OrPaHMYEMCS NPOMEXYTKOM M3MEHE-
HHS DapaMeTpa, He COAEPXAlulMM KPDHTHYCCKHX €ro 3HAYeHMH.
**) JIna gEX BemomHseTcs (3), spaunT H (4). 3ateM, mMeer Mecto (7) KaK BHIIE
YOOMHHANOCH B TEKCTe; conocrasnsd ¢ (4), npuxomuM K (8).
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HTax, npy BaImYAA 0COOBIX Touek KpHBad (2), MOJIyYCHHAS B pe3yib-
TaTe peulenus cAcTeMBI (9), MOJUIEXKHT elle NPOBEpKe: OHA MOXET OHIThH
orubaroieii, MoXeT ObITH TEOMETPHIECKHM MECTOM 0COOBIX TOYeK Ha KpH-
BHIX CeMeiCTBa MM, HAKOHEI, YaCThI0 — orudaroleif, YacThIo Xe — Ta-
KAM TeOMeTPHYECKHM MECTOM.

OOBIKHOBEHHO IPU Pa3bICKAHWUH Orubarolieif He OCTaHABIHBAIOTCA HA
cucteMe ypaBHeHu# (9), HO HAYT maypule — HCKIK YA T H3 HAX 4.
HrbIMH CcIIOBaMH, MOJIy4alOT COOTHOIUCHHE BHIA

D(x, y)=0, (10)

yXKe He COMepxKallee @ H MPEACTaBisiionlee coboii ycmoBue, HeoOxoad-
Mo€ H JOCTATOYHOE IUIS TOTO, YTOOBI JUIS TAPHI 3HAYCHHUH X, ¥ HANLIOCh
Takoe 3HAYCHHC ¢, KOTOPOE COBMECTHO C HHUMH YIOBJIETBOPSIIO OOOMM
ypasueuusiM (9).

Bce Touku kpuBoit (2), mosydeHHO# pemeHueM cuCTeMEI (9), HOJDKHBI
yaoBieTBopsATh ypaBHenuro (10). ITosToMy, ecu 31O mocliennee ypaBHe-
HHE HE BHIDAXAeT HWKAKOH KpHBOH, TO cpa3y SCHO, YTO ormdaromieit meT.
Ecmu xe ypaBrenue (10) BelpaxkaeT KphBYIO (€€ Ha3BIBAIOT I H CK p H-
MHUHAaHTHOMH KpHUBOIM cemeiicTBa), TO OHAa KAaK BHIE TOIJIEKUT
mpoBepke. B ee cocraBe moJpKHA OKasaThCs orudaromias (ecim oHa CyIie-
CTBYET), HO JOJDKHO OBITh B I€OMETPHYECKOE MECTO OCOOBIX TOuekK (eciH
TaKoBhle HaHIo). KpoMe Toro, 3mech €cTh €llle oJHA HENPHUATHAS BO3-
MOXHOCTb, KOTOPYIO CJIEyeT HCKIIOYUTH IPOBEPKOH: WMEHHO, B COCTaB
JUCKPHMHUHABTHOR KPHBOI MOXET MONPOCTY BXOOUTh ONHA MJIM HECKOJIBKO
YaCTHHIX KpHUBHIX ceMeiicTBa. Tak Oymer B ToM ciydae, Korma © € cCKo-
HEYHOMY MHOX€CTBY TOYeK JUCKDHMHHAHTHOH KpHBO# OTBeyaeT
O HO K TO XE 3HAUYCHHE @, COBMECTHO C HUMH YIOBJIETBOPSAIONIEE YpaB-
HeHuM (9) *).

Bcee ckazanHOe BCero Jiydile BBIACHHUTCA Ha IPHMeEpaXx.

239, IIpamepsl. 1) Haiita oruGaromyro ans ceMeicTBa OKPYXHOCTEH

(x—a)+yt=r2 (r=const)
(puc. 141).
HubdepermmpyeM mo a: —2(x—a)=0. Uckmovas g, moiydsM y2—r2=0 wmwm
y=%r: ABE ONpAMEE, NapaUICILHBIE OCH X, KOTOpHIE, OUCBHAHO, COCTABIAIOT
ormbaronyyro **),

*) Ecne oIepHpOBaTh HEMOCPEICTBEHHO ypaBHEHMSMH (9), TO Takas BO3MOXHOCTh
VCKIFO9AETCH, HOTOMY 9TO YPaBHEHHS MEITAIOTCA PEINUTH NPH 3aBEIOMO NEPEMEHHOM 4.
**) Eciiv ypaBHEHWe CeMEiCTBa B3STh B BHIE

x—at Vrz—y2=0,

TO pe3dymbTaT AuddepeHumpoBaEns N0 a Oyaer — 1=0; W3 HEBO3MOXHOCTH 3TOrO
PaBEeHCTBA, Ka3amoch Obl, BbITEKAeT 3aKmouenue 06 orcyrcrBmm ormbaromeit. Takxoe
3aKII0YCHHE, OJHAKO, ObUI0 OBI HEBEpHO, TAK KAK BCH H3JIOXEHHASA TEOPHS NPEAIONaraeT
CYIECTBOBAHME M HENPEPBIBHOCTh YACTHBIX HNPOHM3BOAHBIX OT JIEBOHM 4acTH ypaBHCHHS
ceMelicTBa, a 37iech (AMEHHO IIPH Y = + r) KOHEYHOM IPOM3BOAHOM HO y HET.

35 I. M. ®Puxrerronsu, T. 1
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2) Haiite ormGaromyro pasiHYHBIX NONOXKEHEH! OPAMOM, CKONL3AIIEH ABYMS TOY-
KaMu, HaXOJSNIIHMHACS APYT OT APYra Ha MOCTOSHHOM PACCTOSHMM g, IO OCAM KOOpIH-
Hat (puc. 142).

Prc. 141. Prc. 142.

BasB 3a napamerp yroi 6, COCTABJICHHBLH NEPOEHAMKYAAPOM K JBIDKYIIEHCA OpAMOit
C OCBIO X, YPaBHEHHE NPAMOY MOXKHO HANNCAThL B BHME

x y
_—t——=a.
sim@ cos@
Juaddeperimpyem mo 8
- cos B+ sinf=0 @mm ——= Y
sin% 8 cos?8- sin®@ cos®0

Muave 3T0 MOXHO HANMCATh TakK:

x y x y

sin® cos® sin® cos8
sin?@ cos?@ sin®0-+costf

a,

oTKyma x=asin®8, y=acos?#.
UnATaTeNs y3HAET B 3THX YPaBHEHHAX NApaMETPHUECKOe IPEICTaBiCHAE a C TP O M-

1
I Bl [224, 4): t= E-— 0] , KOTOpas B JAHHOM CJIy4ae H ABJIsSeTCA ormbaroimei.

C 3THM CBOWCTBOM acTPOHIEI MBI YK€ OFHAXKILI CTANKHBACL [231, 3)].
3) Bo MHOTEX ciyvyasix oru6alomasn Kak 6n orpasE4EBaeT (sormbaers) yacTh
TUIOCKOCTH, 3aHATYIO KDHBRIMH ceMeiicTBa. UTO 3TO He BCeraa Tax, MOKA3HIBAET IPHMED:

y=(x~a)t
(pmc. 143).
3mecy ormbaromedl CIyXHT OCh X, HIE€PECEeKAaIOMas BCe KPHBLIE CeMeHCTBa.
ABanorausoe 06CTOATENECTBO NPOSBIAETCS B B CEAYIOmeM, 6olee CITIOKHOM IpAMEpE.
4) Haitte ormbaromylo cemeiicTa y=a?(x—q)® (mapa6 o a5,
ConocTaBiissl 3T0 ypaBHEHHE C ypABHEBHEM

2a(x~- a)®—2a*x - a)=2a(x - a) (x—2a) =0,

nonyyrM 6o x=a (y=0), mbo x=2a (y=a?), Tak 4YTO NHCKPAMWHAHTHAS KpHBAs
COCTOHT M3 mpAMOR y =0 n kpuBo#t 16y = x%, Tleppas Kacaercsa Bcex mapaGon B BepmH-
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Hax. Bropas HMeeT c Kaxaol napaboioii Tpu ofmmMe TOUKM: KacaeTcsa ee

OpH X=2a ¥ mepeceKaeT IpH x=—2a+2a)/2.
5) PaccMOTpEM 31N HIOC

X2 y?

—+==1.

a2 b2
CrameM wuckaTh oOrubalpomyio ceMeicTsa
OKPYXHOCTEH, NOCTPOCHHBIX, KaK HA IHAMET-
pax, Ha XOpJax JJUIANCA, NapaJlieNbHBIX OCH
y (puc. 144),

Puc. 143. Puc. 144.

IIpunss 3a mapameTp abcHHCCy ¢ NEATpA OKPYXXHOCTH, HANMINEM ypaBHEHHE 3TOTO
CeMeicTBa B BHIE:

bz
F(x’ Y, t)=(x—t)2+y2——2 (az_tz)_.:o,
a
Npr4eM ¢ A3MEHAETCA B IPOMEXYTKE [ —a, a]. FiMeem
a®
= —— X,
a4 b?

Ilonctaeme 310 3HaueHwe ! B ypapHeHHe F=0, MBI mONyYMM ypaBHeHMe oOrmbaromeit

B CJIEOYIOLIEM BHJE:
a?x \? b2 a'x?
x-——|+yt-—lat———|=0
@b 2\" (@b

WM, IOCHe NpeoOpa3oBaHmi:

2b%
Fij= —2(x—t)+—2 t=0, oTkyma ¢
a

x2 2
LAY
@b b

M-EI DpHIUIH K JUTMICY ¢ TEMH XK€ OCIMEH CHMMETDHHM, YTO H JAHHBIN.

JIX06OImBITHO OTMETHTH, YTO JTOT JUIANC KACAETCd HE BCEX OKPYXKHOCTeH
CeMeERCTBA. DTO OOCTOATENBECTRBO JIETKO YCMOTPETh, €M HE MCKIIIOYATh ¢ M3 YPaBHEHHK
F=0nu F{=0, a BHIpa3ATH U3 HEX X ¥ y Yepe3 ¢:

a*+b? b
= t, y=z— Vat-(a®+b)s2.
a @ 4
JelCTBHETENBHO, OTCIONA Cpa3y BHIOHO, YTO BBIDAXEHME IJIs ¥ MOXET OBITH BeINeCTBCH-
02
HBIM JIMIOb TIPH | ¢ |=<<———— . 3HAYHT, TOJIBKO A JIfl YaCTH CEMEHCTBA OKPYKHO-
a’+b?

cTelf, COOTBETCTBYIOMIEH YKA3aHHKIM 3HAYCHHEAM {, CYLLECTBYET Orubaromas.

35#
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OTOT HOYYHMTENLHBIN NpUMEP HOKA3hiBAe€T, ITO MapaMeTpHYeCKOoe 3aJaHMe oruba-
IoIelf MOXET oOKa3aTkCcAd Oojiee BBHITOAHBIM, IOTOMY 9YTO H3 HErO Jierie yCMOTDETS,
JJI XaKOi 4aCcTH JAHHOTO ceMelicTBa ormbaromnas ACHCTBHTEIIBHO CYIIECTBYET.

6) (st ceMeliCTBAa KOHOEHETPHAYECKHX OKPDYXHOCTEH

x2+y:=a (a=0)

orubaromeit Her: mubdepermpoBanre HO @ Cpa3y MPHEBOAUT K HEBO3MOXKHOMY DaBCH-
ctBy 0=1.
7) PaccmoTrpum 1Ba ceMeiictBa MONYyKyOHYeCKHUX mapa6on

@ -ap-x-0

© - (-ap=0
(puc. 145). JucKpuMHMHAHTHAs Kpusas GyheT

@ x=0, (©) y=0,

U B 000HX ClTygasix SBISETCA HOCHTENBHHIICH O0COOBIX Touek. Ho B ciy4ae (6) oma Bce
e OJHOBPEeMEHHO Oynmer ormbaromeii; B cinyuae (a) ormbaromei HET.
8) Bolnee CIOXHBIA MPAMEP TAKOrO X€ THOA HAET APYrOe€ CEMEHCTBO MONyKyOH-
yeckrx mapabom:
(y-a?-(x-a)3®=0

(puc. 146). 3nmece mUCKpUMMHAHTHAS KPHMBAsA pacmajacTcd Ha JABE NPAMEIC: y=X H

H

g

(y-a)?=(z-a”

7”\\\f

Puc. 145. Puc. 146.

)

4
y=x—— . IlepBas SBIACTCA JMINb TEOMETPAIECKUM MECTOM OCOOEIX TOYEK, a BTOpas
27 D! P

6yner ormGaromeit.
9) HaxkoHer1, pacCMOTPEM CeMeHCTBO IPAMEIX

41+ 0x =13,

Ecmu npomuddeperumposats no t: 4x =2ty ¥ HCKIFOUWTEL ! W3 OOOMX ypaBHCHHIf,
TO TOJIYYHM, KaK Pe3yJIbTaT MCKITOYCHUS:

x(x4-y)=0.
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D10 ypaBHEHHE NpPEACTABAsNET ABe OpsAMEle: x=0 ¥ y= —Xx, KOTOphIe BXOAAT B COCTaB
nammoro mydka (opu =0 u ¢= —2). Hr ojpa H3 HEX He ARNSETCA HM Ormbaromed, Hy
HOCHTEJIbHHIEHR 0coObIX Todek. Ormbaroiieli B 3TOM Clydae HeT.

DToT DpHMEP HILIOCTPHEpPYET YKa3aHHYIO HAMH paHee BO3MOXHOCTE TOTO, 4YTO
ypaseerze (10) IpencTaBUAT He OTHOAIOINYIO, 4 OHY MIIM HECKOJILKO KDHBBIX CEMEHCTBA.
Ecna 6B MbI, He HCKJTIOYAs #, HONBITAMCh BHIPA3ATL X K y Yepe3 f OpU HepeMeH-
HOM {, TO 5TO OKa3aJoCh ObI HEBO3MOXHBIM,

240. XapakTepucrmueckue ToukH. C TOHATHeM OTHOAIOIEH TECHO
CBSI3aHO IPYroe MHTEPeCHOE TEOMETPHYECKOE MOHATHE — XaPpaKTep H-
CTHYECKHX TOYEK.

Bo3bMeM OJIHY M3 KPHUBBIX CEMEHCTBa

Hx’ Y, a)=0,

ompenesieMylo 3HaUeHHEM a mapamertpa. IIpHgazpM a HEKOTOpOe NpH-
pamerne Aa; 3madennio g+ Ada mapamMerpa OyJeT OTBEYATh APYras KpHBas
ceMelicTBa
F(x’ Y, a+Aa)=0a
«bim3kasg» K TepBOH.
MoXeT CIyYuThCs, YTO MPH HOCTATOYHO MajioM Aa 06e KpuBble mepe-
CeKaroTCs B OJHOM WM B HECKOJIBKHX Toukax. IIpu crpemienuu da X Hymo

(@)

Puc. 147.

3TH TOYKH IepecedeHus] OyAyT KakuM-To obpa3zoM mepeMelaThes mo mep-
Boi KpuBo#l. Ecim mpm 3ToM Kakas-mubo M3 TOYEK NEpeCcedeHHs CTpe-
MHTCS. K ONPEACIICHHOMY NPeACIIBHOMY IOJIOXKEHHIO, TO 3Ty IPEAC/IbHYIO
TOYKY Ha3bIBalOT XA PpaKTEepPHCTHUYECKOH TOYKOM HA HCXOH-
HOI kxpmBo#t (puc. 147). [O6pamaeM BHAMaHHE YHTATENsd HA TO, YTO Xa-
paxkTepucTHYeCKas TOYKa CBA3aHA HE TOJBKO C TOH KPHBOM, Ha KOTOPOK
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JIEXHT, HO U CO BCEM CeMEHCTBOM. I'0BOPHTE 0 XapaKTepHCTHUECKOM TOUKe
AU OTAEJIBHO 3a[aHHOW KpHBOM OBUIO GBI JIMINEHO CMEICIA.]

Touka mepeceueHMs YIOMSHYTHIX BBIE KPHBEIX JOJDKHA YIOBJIETBO-
PATH CHCTEME YpaBHEHHM

Fx, y, a)=0, Fx, y, a+4a)=0

WM paBHOCWJIBHOM €M cucTeMe

I;v(x’ y’ a)=0, F(x, Vs a+ja)—F(xa Vs a)=0. (1 1)
a

Ycrpemus 3nechk da K HyIIO, Mbl IPUAEM K yXe 3HAKOMOH HaM CHCTe-
me (9):

F(x’ Y, a)=0, Fllz(xa Y, a):O’

KOTOPO#, TakuM 06pa3oM, IIpU 3aJaHHOM @, W JOJDKHBEI yIOBJIETBOPATDH
KOOPAMHATHL XapaKTePHCTUIECKON TOYKH.

Tounee rosops, ecli COXpaHUTb 338 X W ¥ 3HAYEHUS KOODAMHAT TOYKH
nepecedeHus, To BMecTo (11) (npumenss dopmyay Jlar p a H X &) MOXHO
HAIHCATD:

Kx, y, @)=0, F,x, y, a+64a)=0 (0<6<1).

Ecmi npn Ada-—+0 xoopAMHATEI X, ¥ HMEIOT COOTBETCTBEHHO IPEIEshI
X, ¥, TO, IEPEXOAs B HANMCAHHBIX PABEHCTBAX K IIpEIEiy, BBHAY HEIpe-
peBHOCTH GynKuuit F u F), nerko yG6emIuThCA B TOM, YTO KOOPIMHATEI
X, ¥ XapaKTepHCTHYECKOW TOUKH, NEHCTBUTEILHO, YIOBIETBOPSIOT CHCTEME
ypaBHennit (9).

HomycTuM Temepb, 4TO XaPAKTEPUCTHYECKHE TOYKHM CYIIECTBYIOT HA
KaXIoH KpHBOH cemeificTBa. Torga MoOXHO IOCTaBHTH BOIPOC O T € O-
METPHYECKOM MECTE XaPAKTEPHUCTHUYECKHX TOYEK.
Ecnmu 3T0 MecTo mpencrasiseT coGol Kpusyro Buaa (2), To dyHKuuH ¢(a),
y(a), durypupyiomue B ee yp