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IMPEATI'OBOP

Tasu KaUra € pbLKOBOJICTBO 3a PelllaBaHe Ha 3aJa4d 110 KOMILIEKCEH aHa-
JIN3, MpeHA3HAYEHO TJIABHO 3a CTYJIEHTHUTE OT CIeluaJHocTuTe MaremaTu-
Ka, [Ipmwioxxna maremaruka u Maremarrnka n nudopmaruka BbB Pakyiarera
o Maremaruka u wHbopmaruka Ha Codbuiickus yuusepcurer. To Moxke n1a
O'bJie MOI3BAHO U OT CTYJEHTHUTE OT JPYTU BUCIINA YIeOHU 3aBeJICHUS, U3Y-
JaBalld KOMILIEKCEH aHajn3. PbKOBOICTBOTO MOXKE Ja Obie IIOJIE3HO U 34,
MIPENoaBAITe Ta3W JUCIUAILINHA. [Ipu chbCTaBAHETO My aBTOPUTE Ca CE
CTPEMUJIN /18 C€ PBKOBOISIT KAKTO OT ChBPEMEHHOTO ChCTOSHHUE Ha IPEIoIa-
BaHETO Ha KOMILJIEKCHUS aHAJIN3, TaKa U OT ycraHoperuTe B Coduiickust yHU-
BepcuTeT AbJATOrOJUIITHN TPpaJUuIlui B IIPEIIoJaBaHEeTO Ha Ta3uW JAUCHUIIINHA,
BOJIEIN HATaJIOTO cu oT akaz. JI. Hakamos, akan. JI. aneB u mpombizkeHn
ot npod. T. I'enues, mon. T. Apruposa u TeXHUTE YUECHUIIH.

PokoponcreoTo chbabpxka Hag 300 3amadu, pasnpenenenn B 10 maparpa-
da, KOUTO CHbOTBETCTBAT HA OCHOBHUTE TEMHU, BKJIIOYEHN B yaeOHaTa Iporpa-
Ma 110 komitekced anasun3 xa MU npu CV. To 10 ronsgma creren ocuryps-
Ba HE3ABUCHUMOCT OT JAPYI'H U3TOYHUIM, Thil KATO BCEKHU Iaparpad 3amodsa ¢
KpaTKN TeOPpETUIHU 6e.He)KKI/I, CPaBHUTEJIHO II'bJIHO OCBETJIABAII CbOTBETHA-
Ta TeMa. 3aJIa9iTe BbB BCEKH Haparpad ca pasie/eHd TeMATHIHO Ha I'PYIIH

%), cbIbprKAIM OTIAETHUTE THIIOBE 3a/aYu.

(ormesnenn cbe cumBoga *
BxroueHn ca KakTo 9UCTO YIIPAXKHUTEHN 38241, IS YCBOSIBAHETO HA
[PEIOJIABAHNST MaTepruaJjl, TakKa U HO-TPYJHU U ChIbPXKATETHU 3aJ1a9H, TU-
eTo pernaBaHe OM JOBEJIO /10 3HAYUTEHO 33 TbJOOYABAHE HA 3HAHUATA. 34
OCHOBHUTE 33/[a9UU BbB BCAKA I'PYIIA, KAKTO U 38 BCUYKH IPUHITUITHU 33/1a49H,
ca JajeHn bjHu pertennsi. OcraHajmnTe ca CHaOJEHU C KPATKU PeIleHus
WM yI'bTBAHUS M OTTOBOPH. PaszHoobpa3meTo Ha BKJIIOUEHUTE BbB BCEKU ITa-
parpad 3ajauu rapaHTupa J00pOTO YCBOSIBAHE HA CHOTBETHHUS MaTEPUAL.

Yact ot 3ajaunTe, BKIIOYEHN B TOBA PBKOBOJICTBO, Ca ChCTABECHH OT aB-
TOpUTE U Ca JABAHU HA NMHUCMEHUW U3MUTHU mpe3 mnocjegaute 20 TOMMHU BbB
OMU. BriroueHn ca U MHOTO 3aJa9H, TOAXOMSIIN 38 IIEJINTE Ha TOBa, PHKO-
BOJICTBO, OT BEJIMKOJIEITHUsI COOPHUK 110 TEOPUs HA aHAJUTUYHUATE DYHKIUH
na upod. T. I'eruen u gor. T. Apruposa.

Wsyioxkennero B pbKOBOJACTBOTO M3UCKBa, aKTUBHO OTHOIIIEHUE OT CTPAHA

Ha YuTaTesd: Ja U3BHPIIBA CaAMOCTOATE/IHO BCUYIKU IIpEeCMATaHnuA, Ja IIPOC-
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8 IIpearosop

JIeJISTBA BHUMATETHO BCHIKHU N300PaKeHNsI, Ta OCMUCJIST PEITeHUSITa Ha, TPUH-
[UTTHUTE 33Ta49H.

BajiatunTre, KAKTO U (PUTYPUTE KbM TSIX €A HOMEPUPAHHU C JIBE YHCJIA; II'bp-
BOTO IIOCOYBAa HOMepa Ha maparpada, a BTOPOTO — HOMepa Ha 3ajadara,
cboTBeTHO duryparta, B maparpada. Hampumep 3amx. 3.16 e 3amada 16 ot
maparpad 3, a dur. 6.25 e dpurypa 25 or naparpad 6.

Ha aBropure e 0coGeHO MPUATHO J1a U3PaA3AT OJIAr0IAPHOCTTa CH Ha ac.
A. Anekcannpos u cr. H. ¢. H. HukosioB 3a ToBa, de mpovyeTroxa BHUMATETHO
PBKOMUCA U ChC 3abeIeXKKNUTE CH JOMPUHECOXa 38 OTCTPAHIBAHE HA PEIUIA
HETOYHOCTH, Ha IJI. ac. B. YepHOropoB 3a okazaHaTa HHU ChIIECTBEHA IIO-
MOIII, IPY TIOJI'OTOBKATA Ha PBHKOINCA 3a [eYaT U Ha PeJIAKTOpPKAaTa I-3Ka
X. TlamykuneBa, IusTO OT3UBIMBOCT U KOMIIETEHTHA pabOTa JIONpUHECOXa
3a OTCTpaHSABAHE HA MHOTO €3WKOBY U CTHJIOBH HETOTHOCTH.

tosin 2004 . Aemopume



O3unavenus

N — MHOKECTBOTO H& €CTECTBEHHTE THCIIA

Z — MHOXKECTBOTO Ha IEJIUTE THCIIA

R — MHOXKECTBOTO Ha PeAaHHTE YUCIIA

R?=R xR

C — koMIuTeKCHATA paBHUHA

C = CU{o0} — pasmupenara KOMILICKCHA DAaBHUHA

A={z€C: P(z)} = {P(2)} — MHOXKECTBOTO OT KOMIIJICKCHUTE UHCJIA,
[IPUTEXKABAIIM CBOMCTBOTO P

A — 3aTBOpenaTa 0OBUBKa Ha MHOXKECTBOTO A

dist(A, B) = inf{|a—b|,a € A, b € B} — pa3cTosiHHETO MEXK /Iy MHOXKECTBATA
AuB

Re z — peasnara 4acT Ha KOMILIEKCHOTO HHCIIO Z

Im z — mMarmHepHATa YACT HA KOMILUIEKCHOTO HHCIIO 2

|2| — MOYJI'BT HA KOMIUIEKCHOTO YUCIIO Z

arg z — MHOXKECTBOTO OT apIyMEHTHUTE Ha KOMIIJIEKCHOTO UHCJIO Z

arg, z — IVIABEH apryMeHT Ha KOMIUIEKCHOTO YUCIIO 2! —7 < argyz < m

Z — KOMIIJIGKCHO CIIPErHATOTO HA KOMIUIEKCHOTO YHCIIO 2

(21, 22) — mpaBaTa mpe3 z] U 2

[21, 22] — 3aTBOpeHATA OTCEUKA C KPAMINA 2] U 22

(21, 22)” — JBIBT € HAYAJIO 21, ChLPIKAIIL 22

Oz = (0, 4+00)” — nosoxkurenara aberuca
Ox~ = (0, —00)” — orpunarenanara abcruca
Oy™ = (0, +ioo)” — moJIOKUTEIHATA OPJMHATA
Oy~ = (0, —ico)” — orpunareHaTa OpAUHATA

-

<(z1, 22, 23) — OPUEHTUPAHUST BI'bJI C pamene (29,21)7 (22, 23)”

A(z1, 22, 23) — TPUBI'BIHUKDBT C BHPXOBE 21, 22 U 23

b

(21, 22) — JUbra OT OKP'BbIXKHOCT C KPaUIla 2] U 29

K(a,R) ={z€ C:|z—a| < R} — KpbI'bT ¢ LeHTHD a u pajuyc R > 0

C(a,R) = {z € C: |z — a] = R} — OKPBKHOCTTA C IHEHTHD @ U PAJUYC
R>0

~~ — KpuBara, IPOTUBOIOJIOKHO OPHEHTUPAHA Ha KpUBATA, Y

Inty — BbTpemHOCTTa Ha 3aTBOpPEHATA KOPJAAHOBA KPHUBa

Ext~ — BbHIIHOCTTA Ha 3aTBOpEHaTa YKOPJAHOBa KPUBA Y

0D — opuenTupaHaTa rpaHuia Ha objaacrra DD
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10 O3snauenus

A, arg f(z) — U3MeHeHHETO Ha apryMeHTa Ha (yHKIusTa [ 110 KPHBATA Y
(21, 22, 23) — IPOCTOTO OTHOIIIEHKE HA TOYKUTE 21, 23 U 23

(21, 22, 23, 24) — JBOIWHOTO OTHOIIIEHHE HA TOUYKUTE 21, 22, 23 U 24



§ 1. KoMmmiekcHu 4mciia

Hedbunurus 1.1. Komnaexcro 4ucio ce Hapwda BCsSIKa HapeaeHa JIBOWKa OT
peaJiHu 9uca.

B mHuoxkectBoro Ha KomiuiekcHure uncaa C = {z : z = (a,b), a,b € R} ce
BbBEXKJAT PABEHCTBO, ChOMpAHE U yMHOXKEHUE:

1. (a,b) =(¢,d) <= a=cub=d.
2. (a,b) + (¢,d) = (a+ ¢, b+ d).
3. (a,b).(c,d) = (ac — bd, ad + be).

Orrocuo Te3u oneparuu C e nose ¢ Hysa nppoiikara (0,0) u equaua aBoiikaTa
(1,0). Ako z = (a,b) € C, 1o 0OpaTHUSAT My €JIEMEHT OTHOCHO CHOUPAHETO e
a —b
10 u3obpaxenuero a — (a,0) va R 8 C e uzomopduszbm, TO peajiHOTO HUCIO @
Ce OTBXKJECTBSABA ¢ KOMILUIEKCHOTO uncyio (a,0). Osnauasame i := (0,1). Vmame
i.i = (—1,0) = —1, T.e. i € KOPEH HA yPABHEHUETO 22 +1 = 0. Yucsoro i ce Hapu4a
umazurepra edunuya Ha C. BeAKO KOMINIEKCHO YHCIO MMa €IMHCTBEHO IIPEJICTa-
BsHe YIpe3 ¢, & UMEHHO:

—z = (—a,—b), a OTHOCHO yMHOMKEHHETO — 2z | = (

z = (a,b) = (a,0) + (0,b) = (a,0) + (0,1)(b,0) = a + 1b.

Tosa npescraBsiie ce Hapuda a42ebpuver 6u0d Ha KOMILIEKCHOTO YHCJIO 2. pe3 Hero
JIEHCTBUSITA ¢ KOMILTEKCHI YHCJIA CE CBEXKIAT JIO ChOTBETHUTE JIEHCTBUS C PEATHI
YHCIIa, KATO IIPOCTO Ce Pa3KPUBAT CKOGHTE 1 ce B3eMa mpeasu, de i2 = —1. C Beako
KOMILJIEKCHO YHCJIO Z = a + ib ce cBbp3BaT o3HadeHusTa Re z := a — peajiHa 4acT
Ha z; Im z := b — uMaruHepHa JacT Ha z; |z| = vVa? + b?> — Monysn Ha z; Z := a — b
— KOMILIEKCHO CIIperHaTo Ha z. B cuia ca paBencTBara z+7z2 = 2Rez < Rez =

z — 1 -
Z—;—iz,z—§=2i1mz — Imz:%,zfzwz,f:é,ziwzzi@,
__7Z\_Z AL
ZWw = Z.W, (—) ==, [Z| = |2|, |zw| = |2|.|w| n ‘—‘ = .
w w w |w

Ile orGesexkuM, Ye HepaBeHCTBATa 2 S W €A JIMIICHA OT CMUCHI, 3amoro B C
HAMa Hapeada, HacJedsIBalna Ta3u B R.

Kato ce cienpa dopmaanara mebpunnnmsa 1.1, ¢ BCIKO KOMIIEKCHO YUCTO 2 =
a + ib ce acorumpa TouKaTa oT papHuHaTa R? ¢ kKoopmuHaTu (a,b). Taxka peaanuTe
9UCTIa e acoIUupaT ¢ abCIMCHATA OC, KOATO Ce HapUda Peasnd OC, & GUCTO MMa-
TUHEPHUTE YHUCJIa CbOTBETCTBAT HA TOYKHA OT OPJUHATHATA OC, KOSATO C€ HApUYa
umazunepna oc u ce bemexu ¢ iR. OcBer ToBa, Thit KaTo Beagka Touka M OT pas-
HUHATA Ce OIpeelist €HOZHAYHO OT PAJInyC-BEKTOPA CH OM , TO OTTYK HaTaTbHK
e OTbXK/IECTBIBAME KOMILIEKCHOTO 4YHCIO z = a + ib Kakro ¢ roukara M (a,b),
TaKa U C PaJyCc-BEKTOPA OM. Pasmumnara R? ce HAPUYA KOMNACKCHA DABHUNHA W
ce 6esexu ¢ C.
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12 § 1. Kommiekcrun quciia

Cera BbBeJIeHUTE II0-TOPEe O3HAYEHUs NIPUJIOOUBAT SICEH T'€OMETPUYEH CMUChI.
Taka |z| e AbJKHHATA HA BEKTODA 2, & Z € TOYKaTa, CAMETPUIHA HA 2 OTHOCHO PeaJl-
uara oc (¢ur. 1.1). Bekropaara naTepupeTanus Ha KOMIJIEKCHUTE YUC/IA HATJIEHO

i i
z 21+ 22
| 2 - T
O /

1 1
1 1
| 1 21

O : _ @) ,’ -
1 1
1 1
1 1
1 1
| -T2
1 _ -
! 22
1
'z

@ur. 1.1 @ur. 1.2

WIIOCTPHUPa CbOMPAHETO U U3BaXKJIAHETO HA KOMILJIEKCHU YUC/IA IPe3 CTAHIaPTHOTO
npasuso na ycnopednura (dbur. 1.2). dcHo e, 4e eBKIUIOBOTO PA3CTOSHUE MEXKIY
TOYKWTE 2] U Z3 € PABHO Ha JbJKUHATA HA BEKTOPA 21 — 29, T. €. HA |21 — 2o|. Taka
|22| e pascrosiHmeTo MEXKIYy 21 + 22 M 21 M 3aTOBa Ca B CHJIA HEPABEHCTBATa Ha
TpubrbianuKa (dur. 1.2)

|l21] = |22|| < |21 + 22| < |21] + |2al.

B mbpBOTO HEpaBEHCTBO PAaBEHCTBO Ce€ JOCTUTA TOTaBa W CAMO TOTaBa, KOTaTo
arg zo = arg zj; + m, a BbB BTOPOTO — KOTATO arg zs = arg z1.
[To-061110, 110 MHIYKIUS Cce JIOKa3Ba, de

n

n
sz S Z |Zk|
k=1

k=1

Bektopbr 2z # 0 ce onpesens eIHOZHAYHO OT JbJKUHATA CH M bI'bJIa, KOWTO
CKJIIOUBA C TIOJIOKUTEIHNS b4 Ha abcnucata Oz . To3u BbIbJI ce HAPUYA, ap2yMeHm,
Ha z U ce Oenexu ¢ arg z. Jucioro z = 0 naMa apryMent. SIcHO e, 9e ako ¢ e eauH
aprymMeHT Ha z, 70 @ + 2kw, k € Z, e c¢bmo aprymedT Ha z. V3Mex iy BCHUYKH
apryMeHTH Ha 2 CBINECTBYBa €IWH €IUHCTBEH, KOWTO NPUHAJJICKA HA HHTEPBAJIA
(—m, 7]. O3HauaBa ce ¢ arg, z u ce HApUYA 24a6eH apeymenm Ha z. Heka z = x+1y,
r=|zlmup=argz NUmame x = rcosy, y = rsing u z = r(cos p + isin ). To3u
3aIMC ce HAapU9a mpuzonomempuyer eud Ha z. ZIcHO e, e ¢ = arg z e pelieHue Ha
cucremara cos ¢ = x/|z|, sinp = y/|z|. llle orGenexkum omie, e aKo @ € apryMeHT
Ha 2, TO tg ¢ = y/T, HO HE BCAKO pEIIEHUE Ha TOBA yPABHEHHE € apTyMEeHT Ha Z.
Taka, ako z = 1 + 14, T0o tg @ = 1, orkbaeT0 @ = 7/4 wm ¢ = 57/4 (¢ € [0,27]) u
© =b57/4 e apryment Ha —1 — 4, a He Ha 1 + 4.
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3a ymobcTBO ce BbBexk/Ia o3HadeHnueTo Ha Oiutep e'? := cos + isiny. Taka
TPUIOHOMETDUYHUSAT 3allUC Ha z npuema Buaa z = re'?. OueBmgno |e'?| = 1,
e =¥ — p—0=2knr kcZ, e =e"% ucas cuia dopmyure Ha Oitnep:
cosp = (e +e7'¥) /2, sinp = (e"? — e7*¥)/2i. Or cwrbuparesruTe GopMysIn 3a
TpUroOHOMeTpHYHITE DYHKIHN crepa e'Pell = i(@t0) civ / e'? = e¢=9 Taka cbe
cuMBOJIa €'¥ ce ommepupa KaKTo ¢ Io3HaTaTta Hu GyHKIWm €7, x € R, Bce emHo 1€ i e
peadsiro gucso. Cren Kato ce medunupa e, z € C, craBa sICHO, Y€ Te3U PaBEHCTBA
ca BepHH. JIBe KOMIIIEKCHN dncia z = re'? u w = pe'? ca pasnu, camo ako r = p
up =0+ 2km, k € Z. Ocsen Tosa zw = rpe’?T u 2/w = (r/p)e’¥=%. Orryk
crenBa |zw| = |z||w| n argzw = argz + argw. Taka zw ce nosydasa OT 2 4Upes3
xoMoTeTus ¢ KoeUIMeHT |w| 1 BbpTeHe Ha bI'bJI arg w.

ITo unpykuus caensa (e9)™ = ™%, 1.e. (cosy + ising)™ = cosny + isinne.
Toa pasencTso ce napuda gopmyaa na Moassp. Heka z = re’?, a = pe’. Torasa
YPABHEHHETO 2" = a € eKBHBAJEHTHO Ha 1" (cosny + isinny) = p(cosd + isinf)
U UMa 1 PA3JIMYHU KOPEHa 2| = {L/ﬁel(e'*'%”)/", k=0,1,...,n— 1. Te ca BbpxoBe
Ha HpaBUeH N-bI'bIHAK, BOACAH B OKPbKHOCT ¢ HeHThbp O u paguyc /p. Tasm

dopMmyJsia 3a npecMsTaHe Ha KOPEHUTE Ile HapudaMme CbIlno dopmyaia na Moassp.

1.1. [la ce 3amurie B ajreOpuyer BUJ IUCIOTO:

W sy 61w (1) n(;_wf>

7 1414

Pewenue. a) (2+1)(4 + 3i) = 8 + 6i + 4i + 3i% = 5 + 10i.
3+i  (B+i)(1+i) 244

6)1_Z.=(1_i)(1+2.)— 5 =1+2i
1—i (-9 11—\’ . ..
T T T omeeaeT <1+i> ===
o\ (v (1 By 1B
Dlgin ) =\le i) ] =l ) =gty

1.2. Hexaa =2+14, b=1— 2i. la ce npecmerne: a’ + b2, |b|, ab u a/b.

Pewenue. Umame: a? +b% = (2+14)2 + (1 —2i)2 =3 +4i — 3 —4i = 0,
b = V12 +22 = /5, ab= (2 +4)(1 +2i) = 5i mw a/b = ab/|b|> = i.

1.3. /la ce 3ammie B TPHIOHOMETPUYEH BUJL YUCIOTO:

a)—1; 6) —i; B)l+d 1)V3—i m)—V2—iVv2

e) l4+cosa+isina, a € [0, 27]; 2k) 1—cos a+isin a; 3) sin a+i(1+4cos ).

Pewenue. a) Ome. e/™H267) L € 7. 6) Ome. ei(fgﬁk”), k € Z. B) Ome.
ﬂei(%'ﬂ’”), k € Z. 1) Umame |v/3—i| = 2, a ¢ = arg(v/3—1) e permenue na



14 § 1. Kommiekcrun quciia

cucreMara cos @ = \/3/2, sinp = —1/2, oTK'bJIeTO HAMUPAME (P = —% +2km

u ToraBa V3 — i = Qei(_%+2k”), k € Z. n) Ome. 2ei(_%+2k”), k e Z.

e’ o e a o
e) Umame z = 1 + cosa + isina = 200525 +i2sin§cos§ = 20055615.

e}
Axko a € [0, 7], To cos 3 > 0 u cienoBaTe/HO TOBa € TPUIOHOMETPUYHUAT

;s Q
LR—

o !
B Ha 2. Ako a € [m,27], TO cos 5 < 0 u Torama z = —2‘0085‘6

i(m+5)
(& 2/ € TbpCEHUAT TPUIOHOMETPUYECH BUJ.

o
2 |cos &
cos
2sin 2ei"3*,  a € [4km, (2k + 1)27],
k) Ome. z = 20 s
—2sin 5627, a € [(2k+1)2m,4(k + 1)7], k € Z.
2c0os ~e "3, a € [(dk— 1)m, (4k + 1)),
3) Ome. z = 20 s
—2cos §€Z 7, «a€[(dk+ D7, (4k + 3)7|, k € Z.

1.4. Heka a = —v2 4+ iv2, b = 1 + iv/3. Jla ce 3amumar B TPUTOHO-
MeTpIYeH BUJ 9pe3 TJIaBeH apryMeHT Wuciaarta: a, b, @, b, ab, a/b, a’b® n
a+b.

Pewenue. Umame a = Qei%ﬂ, b= 2¢'3 u rorasa @ = 26_’%{, b=2e""s,

w|y

(3T, T -137 -11m a (3T T -5
ab = 4@1(7"'5) = 4et 12 = Lle_lﬁ7 = eZ(T_§) = ezﬁ’

b
_ 20 o 6 _;3m
a’b 0 =27 T 270 1E = 2707

- 137 ;5T i57r 57T ,L'137r

a+b= 2(6’%r +€'3) = 2e' 21 (e'25 4+ e7'21) = 4 cos 22€ =
1.5. /la ce pemu ypaBHEHHETO:
a)22=5-12i; 6)22=-4+3i; B)°=1 r)=-1;
o) 2t =—i; e) 22 =v3+3i; k) 22=14cosa+isina, a € [0,27].
2

Pewenue. a) Hexa z = z+iy. Torasa 2> = 22 —y? 4 2izy n ypasHenuero e

eKBUBAJIEHTHO Ha cucTeMaTa: x° — y2 = 5, vy = —6. Vzpazasame y = —6/x
u ciej 3aMecTBane nosydasame xt — 522 — 36 = 0, oTKbJeTO HaMmpanme
r1 = —3,r2 =3,a0rTaM 1 Y1 = 2, Yo = —2. Taka KopeHnTe HA yPaBHEHUETO
cazi=-3+2tuz=3—21.

3abenescra. Ot popmynara Ha MoaBbp e sICHO, Ue aKO 2| € €IUHUIT KO-
PEH Ha yPABHEHHETO 22 = a, TO JPYTHAT € Zg = —2|, TAKA Ue IPH PellaBaHe

Ha cucTreMaTa € JO0CTaTb4iHO [Ja Ce€ HaMepu caMO €HOTO u pelieHue.
3

1
6 () . = - — ) —— = 7_‘_ '7'
) me. A1 \/§ Z\/§’ 2 \/§ Z\/§
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-k

B) Ome. z =¢'3 , k=0,1,...,5.
. (2k+1)7

r) Ome. zp =€ 3 ,k=0,1,2.
7:(4k:—1)7r

n) Ome. zp =¢" s ,k=0,1,2,3.
e) NUmame /3 + 3i = 2v/3¢'3 u or dopmynara Ha MoaBbp IOIyIaBamMe

- ( )
o= Vo3 k=0,1,2.

,/QCOS%eiaﬁm, a € [0, 7],
xK) Ome. z, = T ertniom
—2COS§€Z T+, «a€lm2n], k=0,1.

1.6. la ce permu ypaBHEHHUETO:

a) 22 +522+9=0; 6) (z+1)(z+2)(2+3)(z+4) +5=0;

B) 2|+ (1+1i)z=44+7i; 7r)|z+i|+]|z—i] =2

n) 24+ 822+ 1622 +9=0.

Pewenue. I1le n3non3same, 4e ako z € KOPEH Ha ITOJIMHOM C PeajHU KOe-
dunmenTu, To Z € ChINO HEroB KOPEH.

a) Kopennre Ha chOTBETHOTO KBaJpaTHO ypasHenme y? + 5y + 9 = 0
(y = 22) cay1 = (=5 +iV11)/2 u yo = 7,. Torasa KoperuTe Ha JAJIEHOTO
YPaBHEHUE ca 212 = /Y1 U 234 = Z1,2, KBJETO (/Y1 € €JHa OT CTOHHOC-
TuTe Ha Kopena. Kaxro B 3a1. 1.5 a), npecmarame /yr = (1 + iv/11)/2 n
nomyuaasame 21 = +(1+iv/11)/2 m 234 = (1 — iv/11) /2.

6) Tomarame y = (2 + 1)(z +4) = 22 4+ 5z + 4. Torasa (2 + 2)(z + 3) =
y + 2 n mosydasame ypapHeHmeTo y2 + 2y + 5 = 0, UMHTO KOpEHH ca
y1 = —1 +2i, y» = ;. Cuen ToBa or 22 + 52 + 4 = y; Hamupame

s

o ([P

B) Oriesiere peajlHa U UMArMHEPHA YACT M PEIeTe MoJIyYeHaTa CUCTEMA.
Ome. 3 + 4i.

r) OT HePaBEHCTBOTO HA TPUbI'bJIHMKA UMaMe

Z12 = . Torasa 234 = 212 =

1
2

lz4+i+]z—i=|z+i+]i—z2>|z+i+i—2| =2 =2,

KaTO PABEHCTBO Ce JIOCTUIa CaMO aKO Z IPUHAJIIEXKH Ha OTCedKara [—i,1).
Cire10BaTEIHO PEIIeHUsATa Ha YPABHEHUETO ca 2 € [—1, 1.

1) Ypasuennero e ekpuajiento Ha (2(z +4))% = —9.
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V2
2
1.7. [la ce mokazke T'b>KIEeCTBOTO:

a) |z +w|? = |22 + 2Re 2w + |w|?;

6) |z — w|? = |z|> — 2Re 2w + |w|*;

B) |2+ w|? + |z — w|? = 2(|z|? + |w|?). UsTbakyBaiiTe O TEOMETPUTHO;

r) (1420 + [z —wl? = (1 + |2*)(1 + [w]?);

) (1= 2 — |z — wf? = (1 = [2P)(1 — [w]);

e) 2|z| +2w| = |z + w + 2V/2w| + |z + w — 2y/zw];

XK) |24+ w| + [z —w| = |z + V22 —w?| + |z — V22— w?.

Pewenue. a) Umave |z + w? = (z + w)(z +w) = (z +w)(Z + W) =
2Z + 2w + Zw + ww = |22 + 2w + 2w + |w]? = |2|? + 2Re 2w + |w|?.

B) CireniBa ot a) u 6). B ycnopegauka ¢ sbpxose 0, z, z + w, w unciara

Ome. z1,2 = -2+ (3 + i), 234 = 21,2

|z 4+ w|, |z — w| ca xbKUHUTE HA JAUAroHAJUTE My, a YucsaTa |z|, |lw| — Ha
CTpaHUTE MY. TaKa TH2KIACCTBOTO CHOTBETCTBa Ha M3BECTHOTO CBOICTBO Ha
YCIIOpETHUKA: CyMaTa OT KBaJIpaTUTe Ha JUarOHAJUTe € DABHA Ha CyMaTa OT
KBaJIpaTUTe HA CTPAHUTE.

r) Vnsmeane. Uznomspaiite pasencrsoro |a|? = aa, a € C.

e) Usbupame /z u \/w Taka, ye \/zw = \/z\/w. Torasa |z +w+ 2/ zw| +
|z +w — 2y/zw| = |z + Vw|? + |z — Vw|?. Cera tebpaennero ciepa
OT B).

K) Ynemeanre. [loauraere jiBere crpaH HA PABEHCTBOTO HA KBAJPAT U

nsnos3BaiiTe pasenctsoto |al? = aa, a € C.

1.8. Jla ce mokazke HEPABEHCTBOTO:
a) ||2| = w]| < [z £ w| < |2| + w};
6) (|Rez|+ |Imz|)/v2 < |2| < |Rez| +|Imz|;

z
B) ‘|| - 1‘ < |arg z|. VI3rbikyBaiiTe ro reoMeTPUIHO;
z
) | = 1] < [|2] - 1] + || arg 21
1 z w
2 st 5 (4 o |+ 2
2 2wl
Pewenue. a) Or 3as. 1.7 a), npeasu oueBuauTe HepaBeHcTBa Re(2w0) <

|Re(zw)| < |zw| = |z| |w], crensa

(1) |z +wl® < |2 + 20z fw] + [w]* = (2] + [w])* <= |z +w] < [2]+ |w].
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Orryk, 3aMensiikn w ¢ —w, noiaydasame |z —w| < |z|+|w|. 3a na gokaxkem u
JIsIBaTa CTpaHa Ha HEPABEHCTBOTO, 3amucBame z = (z—w)+w, w = (w—z)+z
u npuiarame (1). Iomyuasame |z| — |w| < |z — w| u |w| — |z| < |z — w]|, T.e.
||z = Jwl| < |z —wl|. Orryk cien samsnara Ha w ¢ —w caeapa u |[z| — w|| <
|z + w.

6) Heka z = x +iy. Hepasencrsara ca exusasentan ua (|z] 4 [y|)? /2 <
22 4+ 2 < (lz| + |y|)?, re. ma ouesummure mepasencrsa (|z| — |y[)? > 0 u
2|z||ly| > 0. PaBencrso B JsiBaTa crpaHa ce jocrtura, ako |x| = |y|, a B
nscuata — ako mwin = = 0, nan y = 0.

B) Heka z = |z|e'®, a = arg 2, e TpuroHOMeTpUIHEAT BUJ Ha 2. VMame

ﬁ — 1‘ = |ei°‘— 1] = ‘e’%Hei% —e*"%| =
z

a «
sisin®] 32| = ol
ising | <23 |a]

TyK cMe U310/13BaIN U3BECTHOTO HepaBeHCTBO |sinz| < |z|, z € R.

TeoMeTpHYHO HEPABEHCTBOTO O3HAYABA, Y€ JbJIKAHATA HA JIbIaTa OT €11~
HUYHATA OKPBAKHOCT ¢ Kpammma TouknTe 1 i €'Y e mo-rojisMa oT IhsKIHATA
Ha XOpJIaTa ¢ KPAHIIa ChIUTe TOUKH.

PasenctBo ce moctura camo ako z > 0, arg z = 0.

r) Ynsmeare. Cieapa OT B) ¥ HEPABECHCTBOTO HA TPUbI'bJIHUKA.

1) Kato momuraem Ha KBajipaT, H3IOI3BaMe PaBeHCTBOTO |a|? = aa u
pUBEEM 10/ OOII 3HAMEHATEI, TOJTydaBaMe, ue JAJeHOTO HEPABEHCTBO €

€KBUBaJIECHTHO Ha
Az fwl (|2 +Hw P +2zwtzw) > (|2 +Hw+2|2] wl) (2]2] [w]+2w+7w)
i, npeasus 2w + zw = 2 Re(2w), na
|| |w](2] = [w])* > Re(2w)(|2| - |w])*.

ITpu |z| = |w| T0 e TpuBnasHO, a npu |z| # |w| e eKBUBAIEHTHO HA OYEBUJI-
HOTO HepaBeHCTBO |z| |w| > Re(zw).
Pasencrso ce jocrura nim ako |z| = |w|, wiu ako 2w > 0, T.e. aKO z U W

JieyKaT Ha OKPb2KHOCT ¢ IeHTbP 0 uim Ha jrba ¢ Hagaso0 0.

1.9. Jla ce gokaxe, de cbijecTByBa MHOXKecTBO S C {1,2,...,n} or un-
JIeKCH, TaKa e

D

kesS

1 n
> — ’Zk’, z€e€C, k=1,2,...,n.
Vi
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n

Pewenue. Heka 0 = ) |zx|. [IpaBure y = +x pasgensar KomiiekcHaTa
k=1

paBHMHA Ha YeTHpH KBaJpaHTa. [loHe B eIuH OT TsX, Ja ro 03HAUYUM ¢ A,

cymara Ha dncjara |zg|, 2z, € A, e no-rossiMa wiu pasaa Ha o /4. Bes orpanu-
genne e canrame, ve A = {z = x+1y : |y| < x}. OueBnano 3a z € A umame

2| = /22 + 42 < V222 = /22 = /2Re z. Torasa ako S = {k : z;, € A}, 1o
sz > Re sz :ZReZk Z’ k|
kesS \f

kesS keS kesS
1.10. [a ce mpecmerHe:
a) (1+iv3)T+ (1 —14v3)";  6) (14+0)'1 —4v/3)75;
B) (¢’ + ) /(e —e); 1) 14 cosa+---+ cosna;
1) sin a—l—sin 3a+- - +sin(2n—1)a; e) sina—sin 2a+- - -+(—1)""1 sin na;

) + 3T n oT n T n 9
2K) COS — + €08 — + €08 — + €0s — + cos —
11 11 11 11 11’
) 27 n 4 n 6 n 8m n 107
3) cos — + cos — + cos — + cos — + cos ——
11 11 11 11 117
u) 1+2cosa+---+(n+1)cosna; K) cos? a+cos? 2o+ - - -+ cos® na;
2 -1
1) cos a+ () cos 2a+- - -+ (7) cos(n+1)a; m) sin Tsin =" .. .sin u;
n n n
2 -1
H) 1 — cos™ f + cos™ . + (_1)n—1 cos™ u
n n n

Pewenue. a) Heka a = 1+1iv/3 = 2¢'5. Torasa 1 —iv/3 =au o’ + (a)7 =
a” 4 (a”) =2Rea” = 2.27cos7?7r =27,

6) Toit karo 1+i = v/2e', 1—iv/3 = 2e7'5 10 (141)100(1 —4y/3) 5! =
(v/2)100¢25img =51 17im _ g—1g42im _ o1,

B) Or dopmysure Ha Oitsep ciejsa, e

atf [ a—p a8 a— 0 .ot

e 4 P = 72 (e’2 +e "2 ) =2cos 5 e' 2

! atd [ jas B jess
: , atB [ .a—B _:a-B . a—f a8

el — e — 173 (ez 2 —e "2 ) =2isin 5 e' 2

Torasa (e 4 ) /(! — i) = —i ctg

n
r) Heka A = 1+ > coska u B = Z sinka, a # 2kn. Torasa S =

k=1 k=1
n

n n . .
A+iB =1+ Y (coska +isinka) =1+ 3 e** = S (!)F e cyma na
k=1 k=1 k=0
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ei(nJrl)a _

et — 1

reOMETPUYHA [IPOTPECHsi C I'bpBU WwieH 1 u gacTHo €'Y, T.e. § =

i Da/2  na
Kakro BBB B), npecmsitame S = M
sin ar/2
ReS — sin(n+1?oz/2.cosna/2 0B ImS — '
sin /2 sin /2
Arko a =2km,to A=n+1, B=0.
1) Ome. sin? na/sina, o # k.

sin ka. cos(2k — 1)a/2

sin(n + 1)a/2.sinna/2

1

€'z u monydaBame A =

sin k. cos(2k + 1) /2

Ome. =2k—1u—
e) Ome — upu n u

mpun =2k, k=1,2,..., a# 7+ 2sm, s € Z.

’K) 3a TbpceHaTa cyMa S mmame

cos /2

. .3 .5 .7 .9
S = Re (elﬁ + €M 4 el 4 el + e’ﬁ)

1-— ei%r 1-— eizilr
11 1 1 —igs
= € —i'_Zﬂ_ — Re T — € .e . =
1 — i1t 1 — ettt —2isinmw/22 2

3) Ome. —1/2.

u) Axo z = ', a # 2km, 10 3a TbpceHara cyma S umame

S=Re(1+2z+ -+ (n+1)2")=Re(1+z+ -+ ")
— Re (z"‘"2 - 1>, — Re (n + 1)etn+2) - (n + 2)e'tha
z—1 (e’ —1)?
(n + 1)t _ (n 4 2)eine 4 o—ia
(% — i)
(n+2)cosna — (n+ 1) cos(n + 1)a — cos «
4sin? /2 '

= Re

ITpu o = 2km nmame S = (n+ 1)(n + 2)/2.

i 1
K) Ome. n  sinna co's(n + 1)
2 2sin
a) Or exna cTpana,

,aF km, k€.

e (1 4 )" = e (n+2)3 (ei% + e_i%>n = 2" cos" gei("ﬂ)%.
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Or gpyra crpaHa,

eia(l + eia)n — gl + <n> el 4t (n> ei(k+1)a 4ot (n> ei(nJrl)a_

1 k n
Karo oTnienum B gBeTe cTpaHM peasiHATa 4YacT, II0JIydaBaMe
«a a
S =2"cos" — cos(n+2)—.
2 2
. j2km n
M) Twit kato 2z, = €' n , k=0,1,...,n — 1, ca kopenure Ha z" — 1 = 0,

To 2" —1 = (2 —1)(2 — z1)...(2 — zp—1). Or Apyra crpana, 2" — 1 =
(z—=1)(z" L+ 272+ ... +1). Orryk saxmodasame, qe (z — 21)(z — 22) . ..
(z—zp—1) = 2" 14+ 2" 24+... 41 3a Beaxo z # 1. [loneske oT gBeTe cTpann
Ha PABEHCTBOTO CTOSAT IIOJMHOMH, TO € B CHJIA 3& BCAKO z. B yacTHOCT mpu

z = 1 nomyuasame (1 — z1)(1 — 22)...(1 — z,—1) = n. OrryK, HpexBUL
kx| | _jkr kx . km nolkw
11—z = [ | |e7"n —€'n | = 2sin —, cieasa 2771 [ sin — =n, T.e.
n k=1 n
n—1 k

IT sin — = n/2""L.
k=1 n

;T
u) Heka z = e'n. Torasa

n 2n n
k=0 k=0 k=0
_ 1§i n Zk(2n—2l/) _ i i n nilzk(?n—h/) _ . n
oo v oo v sl
k=0v=0 v=0 k=0
n—1
sammoro Y. zF("=2) = 0 3a v # 0, n (IIposepere!).
k=0
1.11. Heka a € C u |a| < 1. [a ce nokaxe, 1e
z—a | < <
=1+ |z|= L
1—az|~> 12 =
Pewerue. mame
2
Fal= S a2 11 _as2
| S T2, =1 < [z—a|" = [1-az|

= (z—a)(z—a) = (1-az)(1 - az)
— |z|? —az —az + |a|? § 1 —az —az + |af*|2?
= 2P +la’ —1-]af[zP 20 <= (-1 -]a) S0

= \z|2—1§0 = |z| = 1.

VIIA
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1.12. Heka a € C u Ima > 0. /la ce moxaxe, ue

z—a| < >
;1 <= ImzZO.

zZ—a

1.13. Jla ce uzobpa3u B KOMILJIEKCHATA PABHUHA MHOXKECTBOTO OT TOYKHU

Z, 338 KOUTO:

1
a) Rez <0 K) Re— =\, A eR;

z
6) Imz < 1, a) Imz2 =)\ )\ €ER;

-1
B) |Rez| < 1; M) : 1‘:)\,)\>0;
r) [Imz| <1, |Rez| > 1; H) |2|? = Rez;
o) |z —il < 1; o) |z—1]+|z+1] =R, R > 0;
e)|z—1] < |z —3|; n) |z+i|—|z—i| =R, R> 0
) 0<argz<%; p) |z| =1 —Rez;

z—1 =« z

3)argz+1—1, c)Rel_Zl>0,

s

< 2.

z4+1
Pewenue. a) TlonypasauHaTa, HAJISBO OT opAuHaTHaTa oc (dur. 1.3).

H)1<|z—1|<2,0<argz<g; T) 1<

6) 3arBopeHara 0JypaBHUHA 107 paBarta y = 1 (dur. 1.4).
B) VBunara mexxay npasure © = —1 u x = 1 (dur. 1.5).
r) MuozkecrBoro e nokasaxo Ha ¢ur. 1.6.

[ [ [ [

| ‘ ‘ |

0 0 -1

@ur. 1.3 Qur. 1.4 @ur. 1.5 @ur. 1.6

1) Kpbror ¢ iearsp @ u paguyc 1 (dur. 1.7).
e) 3arBopeHaTa NOJIypaBHUHA, HAJISBO OT mpasara © = 2 (dur. 1.8).
) ‘breasr ¢ pamene Oz u ‘bIIONONOBAIATA HA I'bPBH KBaJPaHT

(dur. 1.9).
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'
24
: 0o 1 2 3
i
/4
0 0 -
®ur. 1.7 ®ur. 1.8 @ur. 1.9

3) eomeTpraHOTO MSICTO Ha TOYKHU, OT KOUTO oTceukara [—1, 1] ce Buxka
e z—1
TOZ BIBIL - Bsemere npensu, [e arg ——— = arg(z — 1) —arg(z + 1) e
z

OPMEHTUPAHUSAT bI'bJI MKy BekTopure z + 1 u z — 1 (dur. 1.10).

-1 1
Qur. 1.10 Q@ur. 1.11
u) Yacrra or BeHema Mexjy OKpbxkHOCTUTE |2 — 1] = 1 m |2 — 1| = 2,

pasmoJiokeHa B bpBu kBajapant (dur. 1.11).

K) Ako z = z + 1y, 10 Re~ = Re — = . Toraa ako A = 0,
z

EEET
TbPCEHOTO MHOXKECTBO € IMArmHePHATA OC, 8 aKO A 7 (), TOBa € OKPbYKHOCTTA
2 2
1 L 1 1 1
Tr— — y*=| == | cueHrbp — ¥ pajuyc ——.
2 2 2 2|\l

a1) AKO z = x + iy, MHOXKECTBOTO e xuiepbosara 22y = A.

M) Ako A = 1, TOBa € MHOXKECTBOTO OT TOYKHU, KOUTO Ca Ha PABHO pas-
crostuue or —1 m or 1, T. e. cumerpasiata Ha orcedkara [—1,1]. Ako A # 1,
KATO TIONIOKUM z = & + iy U M3NoI3BaMe Bpb3KaTa 27 = |z|? = 22 + ¢,
rmoJryvaBaMe, e MHOXKEeCTBOTO C€ ChCTOM OT TOUYKHUTE, YNUTO KOODPIMHATH

VJO0BJIETBOPSABAT YPABHEHUETO

14 )2
1— )2

22 4+y? -2

KO€TO € €eKBHUBaJICHTHO Ha

LN, (2
TTioxe) Y T \ioe)
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C1e/1oBaTeTHO THPCEHOTO MHOXKECTBO € OKPhyKHOCTTa ¢ TeHThbp (1 + M%)/
(1 — A2) u pamuyc 2|\|/|1 — A\?|.

1) Okpbxuocrra 2 4+ y% = ¢ nentnp 1/2 u paguyc 1/2.

0) Karo usnosisBame HepaBeHCTBOTO Ha TPUBI'bJIHUKA ¥ JeDUHUIUATA
Ha eJIUIICa, TOoJIyYaBaMe, de ThbPCeHOTO MHOYKECTBO €: MPA3HOTO MHOXKECTBO,
ako R < 2, orceukara [—1,1], ako R = 2, u emunca ¢ dbokycn —1, 1, ako
R > 2.

1) Xunepbosia ¢ dpokycu +i 1 0cu — KOOPIAUHATHUTE OCH.

p) Mapa6omara y> = 1 — 2z ¢ Bpbx 1/2 1 oc — abemucHaTa oc.

10N> L, 1\’ 1 1

¢) Kpbror <:C — 2) +y° < <2) C UEHTDP 5 1 PAMYC 5.

-1
§+1}:{z:|z+1| < |z — 1]} e mo-

JIypaBHUHATA, HAJSIBO OT opamHaTHaTa oc, T.e. Rez < 0. MuoxkecTBoTo

{ z—1
e

z+1
5\ 2 4\ 2
HOCTTa (1: + 3) +y? = (3> (Bk. M) ¢ A = 2). Cire10BaTeIHO THPCEHOTO

T) MHO)KecTBOTO {z 1<

< 2} e 001acTTa, KOATO ChIabpxKa 1 U e orpaaeHa OT OKPbiK-

MHOZKECTBO € JidBaTa IIOJIypaBHHHA, OT KOATO € U3BaJleH KPbI'bT

(dur. 1.12).

+5<4
P =
3|7 3

—5/3  —1)/30 4 )
1 ¢ 1 -

@ur. 1.12 @ur. 1.13

1.14. JIa ce nokaxke, 4e 3a Bcsiko z € C apere croiinoctu Ha V22 — 1
JekaT Ha 1IpaBa NpPe3 HAYaJ0TO, YCIODEJHA Ha 'bIVIONOJIOBSIATA HA
A(—1,1, z), npekapaHa 1pe3 BbPXa 2.

Pewenue. Heka arg(z — 1) = ¢y, arg(z + 1) = @2 u (2,{) e bro-
nosopsmara Ha <{(—1,2,1) (dur. 1.13). Torasa <(—1,2,1) = @1 — pe,
UG 2,1) = (o1 — 92)/2 1 <(1,(,2) = o1 — (1 = 92)/2 = (o1 + ¢2)/2.
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p1+0o
Croitrocrure Ha V22 — 1 ca £4/[22 — 1|e' 2, Taka 4e Te jiexkaT Ha NpaBa
npe3 HavaoTo, ckiousaiia ¢ Ot brba (@1 + ¢2)/2, T.e. T4 e ycnopegHa

Ha npasara ((, z).
1.15. Jla ce peru ypaBHEHUETO
(z+a)"—e*(z—a)"=0, a€C, acR, neN,

¥ J1a ce JIoKaXKe, e KOPEHHUTe My JIesKaT Ha CUMeTpaJiaTa Ha oTcedkara [—a, al

7 ca Pa3JInYHU.

Pewenue. YpasHenuero e ekBupajeHTHO Ha [(z2 + a)/(z — a)]" = €.
Orryk caensa |z + a| = |z — al, T.e. z jgeku Ha cuMeTpajaTa Ha [—a,al.
Zr +a
Karo xopenyBame, 3a kopenure 2z, k = 0,1,...,n—1, moaydaBame P— =
" —
a2k - at2km _sja42km
;at2kn e +1 e 2 +e ' , o+ 2km
€ " nim Zk =a ioc+2k7r = ia+2k7‘r 7ia+2k7r = —la Ctg 2 :
e n —_ 1 [ 2n — e 2n n

1.16. Jla ce peru ypaBHEHHUETO

144iz\" 1+
(—I—zz) B +m7 WER, neN,

1—1z 1—1a
U JIa ce JIOKaXke, 9e KOPEHUTe My Ca PeaslHU U Pa3JIUIHHU.

+ 2km 1+41a
Ome. z :tgL, k=0,1,...,n—1, KpaeTo p = arg ——.
2n 1—1a
1.17. Heka Toukure 21, 29,..., 2, JIE2KAT B €/IHA U CHINA IOJIYyPABHUHA,

ompejesieHa OT mpaBa | Ipe3 HAYAJ0TO Ha KOOPIMHATHATA CHCTEMA, KaTO

IIOHE €Ha OT TdAX He JIe2KM Ha l. ﬂa ce JJOKazKe, Je:
n
a) > zr #0;
k=1

6) cblecTByBa MOIyPABHUHA C TPAHUYIHA IPaBa P, KOATO CbIIbPXKA TOU-

1 1 1 no1
kure —, —,...,— u y_. — # 0. Koz e tasu npasa?
21 22 Zn k=1 ?k
Pewenue. Heka H = {z € C : a < argz < « + 7} e mojiypaBHHHATA
C IpaHUYHA IIpaBa [, KOATO ChIbp:Ka TOUKuTe 2k, k = 1,2,...,n. Tbit ka-
TO arg — = —argz, To Toukure —, k = 1,2,... n, e npuHaIJIeKAT Ha
z Zk
muoKecTBoTO {( € C: —a — 7 < arg( < —a}, KOero e HOoJlypaBHUHATA,

cuMeTpruydHa Ha H OTHOCHO peaJjiHaTa IIpaBa M MMAallla 33 I'DAHUIA [IpaBaTa
p, cuMerpudHa Ha [. Ciie10BaTeIHo e JOCTATHIHO Ja Ce JTOKaXKe CaMo a).

a) Bes orpannyenne moxkeM Jjia caurame, e | € uMarnHepHaTa oC U TOY-
KWUTE 21,22, ..., 2y JIEKAT B JigcHaTa nojgypasauaa Rez > 0. (Tosa Bunaru

MOZKEM Jla TIOCTUTHEM, KATO IIPHJIOXKUM IIO/IXOJISINO BbPTEHe. )
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n n
Taxa mone 3a equo k umame Re z; > 0. Torasa Re (Z zk> = > Rez; >

k=1 k=1
n

Om sz#O

k=1

1.18 (Teopema na I'ayc-JIroka). [la ce mokaxe, ue ako P(z) e npous-
BOJIEH [IOJINHOM, TO Hy/tuTe Ha P’(2) ce cbibpKaT B Hali-MaIKOTO U3I'bKHAJIO
MHOZKECTBO, ChJIbprKaIlio Hysaure Ha P(z).

Pewenue. Tbit KaTo HAR-MAJIKOTO U3IBKHAJIO MHOXKECTBO, Cb/IHPIKAII0
uysaure Ha P(z) (T.e. m3anbkHamaTa 0OBUBKa Ha Hysnure Ha P(z)), e cede-
HUEe Ha 3aTBOPEHU IIOJIypaBHUHHU, JOCTATHIHO € JJa IIOKazKeM, 1€ aKO HYJIUuTe
21,22, ...,2n Ha P(z) nexar B enHa 3aTBOpeHa nosypaBHUHA H, TO U Hy-
mure Ha P'(z) snexxar 8 H. OtHoBo (Kakro B 331, 1.17 a)) MoxkeM Ja cun-
rame, ye H = {z : Rez > 0}. B nporusen ciay4ail npuiarame mOIXO/IsIIN
TpaHcsanus u BbpreHe. Tbit karo P(z2) = a(z — 21)(z — 22) ... (2 — 2zp), TO

/
P(z) _ 5 ;, u ako zo e Hysna Ha P'(z), TO i o 0. Ako
P(z) =17 = 2k k=1 20 — Zk
20 — 2k

JorycHeM, de zg ¢ H, m.e. Rezg < 0, To or Re = Re 5 =
20 — 2k |20 — 2,

20 — 2k 20 25
Re 2~ _Re 0 __Re
20 — 2k |20 — 21| |20 — 21 |?
1 1 1

<0,k=1,2,...,n, 6u ciienBa-

JIO, Y€ TOYKHTE JIe2KaT B JidBaTa IIOJIypaBHUHA

20— 21 20— 22 | %o — zn
n
{z : Rez < 0} u, cbracuo 3au. 1.17, > ——— # 0. [osyuenoro uporu-

k=120 — %k
BOpedne JIOKa3Ba, TBHPJIEHUETO.

Hagcakbie mo-moy ¢ manku OyKBu a, b, ¢, . .. Ie o3HaIaBaMe KOMILIEK-
CHHUTE 4YHcia, choTBercrBainy Ha Toukure A, B, C, ...

1.19. Heka z1 # 29 € C. la ce mokaxke, 9e 3a BCSIKO Z OT IIpaBaTa Ipe3
z1 U 2o cbiiectByBa t € R Taka, e z = 21 + t(z2 — z1) (mapamerpudHo
ypaBHeHMe Ha IIpaBa). 3a KOU CTOWHOCTU Ha t YUCIOTO Z NPUHAJJIEXKU Ha
orceukara [z1, z2]?

Pewenue. 3a z € (21,22) BEKTOpUTE Z — 2] U 23 — 2] Ca KOJIMHEAPHU U
3Ha4M CbinecTBYBa t € R, TakoBa e z — 21 = t(22 — 21). AKO 2 JIexKU BHPXY
abua (21, 22)7, T€3W BEKTOPH Ca €JHONOCOYHH, Taka de t > 0. Ako z e or

IPOTUBONOJIOKHUSL b4, uMame ¢ < 0. Ako z € [21, 22|, nosyuasame t > 0 u
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t = |z — z1]/]z2 — 21| < 1. CremoBarenno z = z1 + t(z2 — 21), t € [0,1], e
YPaBHEHHUETO Ha OTCEYKATa |21, 22].

1.20. Heka Toukara z Jeju OTCEYKATa [z, 23] BHTPENIHO B OTHOIICHUE
21+ Azo

14+ A
Pewenue. Toit kKato z € [21,22], T0 2 = 21 + t(20 — 21), t € [0,1], T e.

A > 0. Ha ce pokaxe, qe z =

z —z1 = t(z2 — z1). OrTyK Chensa, e z — z9 = (t — 1)(z2 — z1). Torasa

|z — 2 t A
= 7= 2| = T OTKBACTO HaMupaMe t = T CnenoBaresiHO z =
z1 + 1+)\(zg—z1)zzll—:_);\zg.
1.21. [a ce jokaxKe, Ue cpejara Ha OTCEYKaTa [21,29] € 2 = %(zl + 29),
a MeuIeHTbpbT Ha A(21,29,23) € 2 = é(zl + 29 + 23).
Pewenue. Or 3am. 1.20 mpu A = 1 mosydaBame, 4e z = 5(2“1 + 29) e

cpejlata Ha OTcedKara [z, z2]. AKO z e MequneHTbPbT Ha A(z1, 22, 23), TO
. 1
TOH menm oTcedkara |z3, §(z1 + 2z2)| B orHOIIEHNE A = 2 1 nak or 3a7. 1.20

zZ1 + 29
Bt+2—g 21+ 20+ 23
cjaeBa, 9e 2 = = .

3 3
1.22. Jla ce jnokaxe, e Tpubrbinunure A(zq, 29, 23) u A(2], 25, 24) ca

HO,ZLO6HI/I 1 eJHaKBO OPpHMEHTHUPpAaHU TOoraBa M CaMO TOraBa, KOraTo

23— 21 25— 2]

) -

Zg— 21  Ah—2

Pewenue. Heka e msnbineno (2) u o, o ca brmTe B TPUHILIHUIUTE
CHOTBETHO IIPU BbPXOBETE 21 U 2], OPUEHTUPAHU B IIOCOKA, OOpaTHA HA JIBU-
JKEHHMETO Ha YaCOBHUKOBaTa cTpejika. lorasa or (2) ciensa arg(zs — z1) —
arg(ze —z1) = arg(z4 —21) —arg(z5,—21), T.e. @ = o/. OcBen T0Ba, HaK or (2),

|23 — 21| _ |22 — 21|

nMame T.e. CTpaHHUTe, CKJIOYBAIIU bI'bI o = o, ca

/ I / 1
|25 — 21 |25 — 21| L,
nponopunonasnnu. Crenosarenno A(z1, 22, 23) U (2], 25, 24) ca H0J00HN U
eTHAKBO OPUEHTUPAHN. ZICHO e, e e BIPHO U 0OpaTHOTO.

1.23. B AABC, «BAC = au AC > AB. Bbpxy crpanara AC e B3era
Toukara D rTaka, ye CD = AB. Heka FE e cpenara na AD, a F' — cpenara
na BC. Ja ce namepu <<CEF'.
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Pewenue. Bes orpannuenne e cunrame, de (dbur. 1.14) A e naganoro

b+c .
Ha KoopiauHaTHaTa cucrema u B € Ox'. Torasa f = —5 d = c— be™@
c — be™
e = —(—. Topcenust broa <CEF e pasziuka Ha apryMeHTUTe Ha

ynciara ¢ —e u f —e, .e. <CEF = a — arg(f — e). mame

b+be 1 - o _ia o ‘o
f—e= % = ib(l +e'%) = ielf(eﬂ? +e'2) = bcos %ezf,
Te. |f—e| =bcosa/2 uarg(f — e) = /2. Crnenosarenno <CEF = «/2.
\
C(ih)
] c
D
F
E . \E
(83 M -
0=a B - A(—a) O=D B(a)
Qur. 1.14 Qur. 1.15

1.24. B pasuo6epennsst AABC (AC = BC') D e cpenara na AB. Heka
DE | BC (E € BC) u M e cpenara na DE. [la ce nokaxe, ue AE L CM.

Pewenue. Heka AB = 2a u CD = h. Jla u3bepem AB 3a peasnuna oc, D
3a KoopuHaTHO Hadaso u DC' 3a umarnnepsa oc (dur. 1.15). Torasa Ha
roukure A, B u C' cbOTBETCTBAT KOMILJIEKCHUTE YUCJIA —a, G U ih.

Vemosuero AE | MC e expupaientio ma YCJIOBHETO OTHOIIEHUETO HA
CHOTBETHUTE UM KOMILIEKCHU YHC/IA JI@ ObJIe YMCTO UMATHHEPHO YHCJIO, T. €.
ih —m = iX(e + a), kbmero A > 0. Ba j1a J0oKaXKeM TOBa PABEHCTBO, HPeJi-
BUJ M = e/2, me u3pasuMm e upe3 a u h. Ypasuenumero na upasarta BC
(Bk. 3a1. 1.19) e z = a + t(ith — a), a Tbit Kato BekTOP®T i(ih — a) e mep-
nenukyasipen Ha BC, 1o ypasHenuero Ha npasara DE e z = si(ih — a),
s € R. Ba E, xato npeceuna Touka va BC nu DFE, nony1aBaMe ypaBHEHHETO
a+t(ih —a) = —s(h +ia), OTK'bJETO, KATO OT/IEJIUM peaHaTa U NMATHHED-
HaTa YaCT M PEIINM CHCTeMaTa 3a § u t, momydaBame s = —ah/(a? +eh2).

Crnemoatenno e = ah(h + ia)/(a® + h?). Umame ih — m = ih — 5 =
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ih(a® 4+ 2h? + iah)/2(a® + h?), e + a = a(a® + 2h* + iah)/(a® + h?) n
th—m = iz—(e + a). C ToBa TBBPJIEHUETO € JIOKA3AHO.
a

1.25. Bopxy crpanure AC u BC wa AABC BBHIIHO ca ITIOCTPOEHU paB-
HOGeIpeHn IpaBoObIbaHd Tpublbaaumy ACC; u BCCy ¢ npaB bI'bj IpH
pbpxa C. Heka M e cpemara na C1Cy. Ha ce mokaxe, ue CM 1 AB n
AB =2CM.

Pewenue. Io ycnosue ¢y —c = —i(a—c), ca—c = i(b—c) um = (c1+c2)/2.
Torasa m —c = (c1 +c2 —2¢)/2 =i(—a+c+b—c)/2 =1i(b—a)/2. Tosa
osnauasa, ue CM = |m —c|=|b—a|/2=AB/2u CM L AB.

1.26. Heka |z1| = |22| = |23] = 1. [a ce qokazxe, de cjeJHUTE TBbHP/ICHUS
ca eKBUBAJICHTHU:
1) z1+ 204+ 23 = 0.
2) Toukure 21, 22, 23 Ca BbPXOBE Ha PABHOCTPAHEH TPUbI'bJIHUK.
3) ComecrByBa a € C, |a] = 1, rakoBa 4e 21, 22, 23 ca KOpDEHHUTE Ha
ypasuenuero 2> —a = 0.
Pewenue. Bes orpannuenue e cuamrame, Ue TOU-
i KWUTE 21, 22, 23 Ca DA3IOJOXKEHH BbDPXY €IMHUTHATA
OKPBKHOCT B IIOCOKa, obpaTHa Ha MOCOKATa Ha JIBU-
0 JKeHIe Ha JacoBHUKOBarTa crpeska (dur. 1.16).

1) = 2). IIpeau Bcuvko 1ie 0TOEIEKUM, Y€ YCIIo-

@[y

1 PeIHUKBT ¢ BbpxoBe B ToukuTe 0, 21, 21+ 22, 22 € poMO

cbe crpana 1, 3amoro |z1| = |22| = 1. OT paBercTBOTO
2tz 23 = —(21+22) cienpa, e quaronanst My [0, 21+ 29 e
®ur. 1.16 ChINo ¢ abkuaa 1 u rorasa <(z1,0, z9) = 2w/3. Oc-

BEH TOBa IaK OT CBIIOTO PABEHCTBO CJIJBA, Y€ TOY-
KaTa z3 € CUMETPUYHA Ha 2] + Zp OTHOCHO HysjaTa. ToBa o3HadaBa, 9€ U
(22,0, 23) = <t(23,0,21) = 27/3, 3amoro [0,2] + 22] e BIIONOIOBSIIA Ha
<(21,0, 22). CrnenoBarenno zo = zlei%ﬂ, 23 = zzei%’r = zlei%ﬁ, OTK'bJIETO
nostyqasame |29 — 21| = |23 — 29| = |23 — 21| = V/3.

2) = 3). Heka 21 = €. Torasa zp = z€'3 = ei(‘PJr%ﬂ), 23 = z1€'3 =

3

. 4an .
P13 1e. 21, 22, 23 Ca KOEHATE HA YPABHEHHETO 25 = @, KBIETO 0 = /3%,

3) = 1). Caeasa or dopmysnure Ha Buer.

1.27. Heka 21 # 29 # 23 # 24 u |21] = |22| = |23] = |z4] = 1. Hda ce
JIOKazKe, 9€ CJIeTHUTE TBbPJICHUS Ca eKBUBAJCHTHU:

1) 21+ 29+ 234+ 24 =0.
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2) Toukure 21, 22, 23, 24 Ca BbPXOBE HA [IPABObI'bJIHUK.

3) CwbmiecrByBar a,b € C, |a|] = |b| = 1, TakuBa ue z1, 22, 23, 24 ca
KoperuTe Ha ypasHennero (22 — a?)(z? — b?) = 0.

Ynemeane sa 1) = 2). Jlokaxere, e 9eTUPUBI'bJIHUKDLT C BbPXOBE B
TOUYKUTE Z1 + 29, 29 + 23, 23 + 24, 24 + 21 € poMDO cbC cTpaHa 2, B KOHTO 21,
29, 73, Z4 Ca CpeJuTe Ha CTPAHUTE MY.

1.28. Jla ce mokaxke, Ue TOUKUTE z1, Z2, 23 Ca BbPXOBE Ha IOJIOKUTE]I-
HO (OTPUIATENIHO) OPHUEHTUPAH PABHOCTPAHEH TPWHI'bJIHUK TOTABA M CAMO
TOraBa, KOraTo 21 + 2ow + Z3w2 =0 (zlw2 + 2w + 23 = O)7 K'bJIETO W = ei%ﬂ.

Pewenue. Heka z1, 29, z3 ca BbpXOBe Ha MOJIOXKUTETHO
OPHEHTHPAH paBHOCTpaHeH TpubrbiHuk (dur. 1.17). To-
raBa (zo — 2z3)w = 23 — 21, T.€. 21 + 20w + 2z3(—w — 1) =0
Ot npyra crpana, w? =1 <= (w—1)(w? +w+1) =0,

2
OTKDb1eTO w? = —w— 1. ClirenoBaTesto 21 + zow+ 23w = 0 BA) 3
fcno e, ye e BApHO U 0OPATHOTO.
1.29. Tpubrbianumure ABC u A1B1Cq7 ca pasHo-
CTpaHHU W ¢IHAKBO opueHTHpanu. Ja ce mokaxke, 4e cpe- o o
nure Ha orceukure AAy, BB u CC ca BbpXoBe Ha paBHO-
@ur. 1.17

CTPaHEeH TPUBI'bJIHUK CbhC CbIIaTa OPHEHTALIHS.
Pewenue. Heka TpubI'bJIHAIIUTE Ca MOJIOXKUTETHO opueHTHpaHu. Mmame
a+bw+cw? =0ua; +bw+ ciw? = 0. OTTyK, Karo chbepeM IOWIEHHO

a+a b+b c+ec
¥ pa3jieiuM Ha 2, TojrydaBamMe 2 ! + > Lo + 5 Lw? = 0. Twit karo
a+a b+b c+c
z 1, j; L z L ca cpeauTe ChOTBETHO Ha orceuknuTre AAy, BBi u

CC1, TBbpaenneTo ciaeaBa oT 3a.1. 1.28.

1.30. Bbpxy crpanure Ha AABC BBHIIHO (BBTPEIIHO) Ca MOCTPOECHH
paBHOCTpanuu Tpubrbiauunu. /la ce moxkaxe, |e:

a) nenrposere Ay, By, Cy HA Te3u TPUHI'bJIHUIIN,

6) cpejure Ha orceukure AAy, BBy, CCy
ca BbPXOBE Ha PABHOCTPAHEH TPUbILJIHUK.

Pewenue. e nzioXuM pelreHre caMo 3a PABHOCTPAHHUTE TPUbI'bJIHU-
1, moctpoenn BbHIMHO. Heka te ca ABCY, BC A1, CAB; ¢ IeHTpOBe ChOT-
BetHo Cy, Ag, By 1 ca OTpHUIlATESIHO OPUEHTUPAHH.

a) Ynsmeane. Karo usnonssare 3a71. 1.21, gokaxkere, 1e ag + bow + cow?
=0.
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6) Heka o, V', ¢ ca cpemure cvorBeTHO Ha orceukure AAg, BBy, CCy.
Nmame 2a’ = a+(b+c+ar)/3,20 = b+ (c+a+b1)/3u2d = c+(a+b+c1)/3.
[le mokaxem, e a'w? + bw + ¢ = 0. ITo yciaosue ajw? + bw + ¢ = 0,
aw? +biw+c¢=0u aw?® + bw + ¢; = 0, OTKBIETO A w? = —bw — ¢, bijw =
—aw? —cu ¢ = —aw? — bw. Torasa 6(a’w? +b'w + ') = 3aw? + bw? + cw? +
a1w?+3bw+cw+aw+biw+3c+a+b+e; = 3aw? +bw?+cw? —bw—c+3bw~+cw+
aw—aw? —c+3cta+b—aw? —bw = aw?+bw? 4+ cw? +bw+cw+aw+cta+b =

(a+b+c)(w?+w+1)=0.

1.31. /Ia ce maMepu reoMeTPUYIHOTO MSICTO Ha IEHTPOBETE Ha PAaBHOCT-
pPaHHUTE TPUbI'bJIHUIIN, BIUCAHU B KBaJIpaT CbC cTpaHa 1.

Pewenue. be3 orpannydenne MoxKeM J1a cIUTaMe, U€ KBaIPATHT € C Bbp-
xoBe B ToukntTe 0, 1, 1 + ¢, ¢, u Heka paHOcTpaHHuIT NABC e BumcaH B
kBajgpata (dur. 1.18). fcHo e, e nukost crpana va AABC He jiexku Ha CTpa-

7 ¢ 141 7
R
i(-2) an

B -
A Lo

1 : 1
0 o] 1-44

@ur. 1.18 @ur. 1.19

Ha Ha KBaapaTa. OCBeH TOBa OT CHLOOParKeHHE 33 CUMETPHSA € JOCTATHLIHO
Ja pasriename camo cirydast A € [0,i], B € [1,1+1¢] u C € [i,1 +i]. Torasa
KOMILJIEKCHUTE YHCJIa, ChoTBeTcTBamy Ha Toukure A, B u C, ca ia, 1 +ib u
c+1i, xbaero a, b, c € [0,1]. To yerosue ia+ (1 +ib)w + (¢ +i)w? = 0, OTKb-
IIeTO, KATO OTIEINM pealHa I MMArnHepHa dacT, claeasa ¢ = V3 — 1 — by/3
u2a—0b—cV3++v3—1= 0. BamecTBaMe ¢ BDLB BTOPOTO PaBEHCTBO U
moydaBame b = 2 — V3 — a, a orTaM u ¢ = 2 — V3 + a\/g. Toit karo
b,c € [0,1], To orTyk ciemsa, ue a € [0,2 — v/3]. 3a nenrnpa m na AABC
umame m = (ia+1+ib+c+14)/3 = (3—v3+av3)/3+i(3 —/3)/3. Taka
Imm = (3—v/3)/3, Rem = (3—+/34a+/3)/3, karo, npeasuz a € [0,2—+/3],
(3—1/3)/3 < Rem < V/3/3. CiiesioBatesiHo m ommcBa OTCEIKATa, YCIOPeTHa
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Ha peanHaTa oc ¢ Kpaumia 1 —+/3/34+4(1—+/3/3) u v/3/3+1i(1—+/3/3). Oc-
TaHAJIUTE CJIydad Ha pasnoJoxkenue Ha Toukure A, B u C' nojaydaBame upes
CUMeTpUsl OTHOCHO JIMATOHAJINTE U IeHTbpa Ha KBajpara. laka ThbPCEHOTO
reoMeTpUIHO MACTO € KBaJpaT CbC CTpaHH, yCHOpe,I[HI/I Ha KOOpJIMHATHHUTE
ocn, m BbpxoBe B Toukute 1 — /3/3 +i(1 —/3/3), V/3/3 +i(1 — /3/3),
V3/34iv3/3u1—+/3/3+iV3/3 (bur. 1.19).

1.32. Heka ABCD u A1B1C1Dq ca jaBa eqHaKBO OPUEHTUPAHU KBaJIpa-
Ta. Jla ce jokaxe, ge:

a) cpeaure Ha orceuknre AA;, BBy, CCy u DD ca BbpxoBe Ha KBaJIpaT
CbC CBHIIATA OPUEHTAINSI;

6) AA? + CC? = BB} + DD?.

Pewenue. Bes orpannvenue 1ie cauramMe, 9e KBaJIPATUTE Ca MTOJIOKUTETHO
opueHTupanu. IIpean Bcmako 1a oTOEIeXKUM, de HEOOXOIUMUTE U JOCTATHI-
HU ycjaoBus 3a ToBa ToukuTe A, B, C' u D nma 6bJaT BbPXOBE HA MTOJIOXKU-

TEJIHO OPUEHTUPAH KBaJpaT ca
(3) c=b+ilb—a)ud=a+i(b—a).

a) 3a cpemure Ay, By, Cy, Dy cvorBerHo Ha orceukure AAy, BBy, CCy
DDy nmame ag = (a+a1)/2, bo = (b+b1)/2, co = (C+Cl)/2, do = (d+d1)/2.
HenocpeicrBeno ce nposepsiBa, e Te yaoBjaeTBopssar (3).

6) Pasencrsoro AA}+CC} = BB?+ DD? e exsupajentro Ha [a—aq|? +
lc—c1?2 = |b—b1|?+|d—di|%. Ot (3) cniempa c—cyp = (1+4)(b—by) —i(a—ay)
ud—d; =i(b—by)+(1—1i)(a—a1). Karo uznonssame pasencrsoro |z|? = 2Z,
HoJIydaBame

lc—c1|* = |a—a1|* +2|b—b1]|* — 2Re(1 —i)(a — ar)(b— by)

|d —di]* =2|a —a1|> + |b— by|* = 2Re(1 — i)(a — a1)(b — by),
OTK'bJIETO CJIEJIBA TBHPIAEHUETO.

1.33. Heka ABCD, A1B1C1D1 u AyByC5Ds ca Tpu KBajapara, KaTo
A=A uC = Cs. a ce gokaxe, ue D1Dy | BM u D1Ds = 2BM, xbaero
M e cpenara Ha B Bs.

Pewenue. Be3 orpannyenne Ha OOIHOCTTA MOXKEM Jia cunTame, de B e

HA4YaJI0TO Ha KOOpJAMHATHaTa cucrema. Toraa (HampaBere 4epTex) TBbD-
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IEeHNeTO € eKBUBAJEHTHO Ha PaBeHCTBOTO di — dy = 2i¢m. To ce mposepsi-
Ba JMPEKTHO, KaTO B3eMeM NpeBuj, de 1o yciaosue dp — a = i(by — a),
dy —c=1i(c—bg), a=icum= (b +b)/2.

1.34. Bospxy crpanute Ha detupublbinnka ABC D BBHITHO ca OCTPO-
€HU eJHAKBO OpHeHTHpaHu oa00Hu Tpublbiaumy AMB, BNC, CPD un
DQA. [da ce Hamepu HEOOXOAUMO U JIOCTATHLIHO yeaosue orceukure M P u
NQ 1a 6b1aT paBHU U B3AUMHO TEPIEHIUKYISPHU.

Pewenue. Orceuknre M P u N(Q) ca paBHE U B3aUMHO IEPIEH UK Y/ISIPHI
TouHO Koraro p —m = i(n — q). Ilo ycinosue (Bk. 3a71. 1.22)

m—a n—-b p—-c q—d

= = Q.

b—a c¢—b d—c¢ a-—d

Umame p—m=a(d—b)+(1—a)(c—a)un—q=(a—1)(d—b)+a(c—a).
ToraBa p —m = i(n — q¢) < (a—ia+1i)[d—b—i(c—a)] =0. Orryk
caenpa, e wn « — i+ = 0, wim d — b = i(c — a). AKO e U3IbIHEHO
bpBoTO, T0 o = (1—4)/2 = (1/4/2)e™"1 1 TpUbIbIHIIATE Ca PABHOGEAPEHE
u npaBobIbiaad. Ako d—b = i(c—a), To yeTupubrbiaukbT ABCD e ¢ paBHu
U B3AUMHO TIE€PIIEHIUKYJISIDHU JINATOHAJIN.

Taka ako MP = NQ u MP 1 NQ, to win tpublbinunure AMB,
BNC, CPD u DQA ca paBHOGEIPEHN U NMPABOBIBJIHE, WM YeTUPUBIbII-
HukbT ABCD e ¢ paBHU U B3aUMHO HEPIEeHUKY/ISAPHH JIMArOHAJIH.

O6paTHO, BCSIKO OT T€3U YCJOBUS € JOCTATHIHO 3a TOBa orceukure M P

u N@Q ja ObaT paBHE U B3aUMHO HEPHEHUKYJISTPHU.

1.35. Jla ce jiokazke, de JUIETO S HA:

a) TPUBI'bJIHUKA C BbPXOBE B TOUKUTE 21, 22, 23 €
1 _ _ _
S = 3 Im(Z122 + Z223 + Z321);
0) M3I'bKHAJIUS MHOTOBI'BJIHUK C BbPXOBE B TOUKUTE 21, 22, - - -, Zp, €
1 _ _ _
S = 5 Im(Z129 + Zo23 + -+ + Zp21)-

Pewenue. a) Bes orpannvenue MOKeM Jla cauTaMme, de arg z; < arg zg <
arg z3 (mmade me npenomepupame Touknte). Heka af = arg z, k =1, 2, 3.
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22

Z3

Z1

Dur. 1.20
Umawme (Bxk. dur. 1.20)
1 _ _ _
5 Im(z122 + Zozs + 2321)
1 . , .
— L (o a7 4[] 0370) g o)
1 . ) .
= §(|21| |zo| sin(ag — 1) + |22 |23] sin(as — a2) — | 23| |21] sin(ag — a1))
= SA(0,2,22) T OA0,22,23) ~ FD0,21,73) T S (21,22,23)

6) Ynsmeane. Ilpekapaiive nuaronasna [z1,zn—1] U pascbikiasaiTe 110

WHTYKITAS.
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§ 1. Kommiekcrun quciia




§ 2. C-nudepenmupyemoct. XosiomopdHU DYyHKITAUA.
VYpaBHenusa Ha Ko — Puman

Heka zp € C u f(2) e koMILIeKcHO3HAUHA (DYHKIWA, JeDUHIPAHA B HEIHA OKOJI-
HOCT.

Hedbununnusa 2.1. Oyukuusra f(z) ce napuua C-dugepenyupyema (Komniex-
cHo-dugpeperyupyema) B zg, aKO ChIECTBYBA

i 1) = £0)
zZ—20 zZ— 20

Tasu rpanuna ce osHauasa ¢ f'(zg) u ce Hapu4ua npouseodna Ha [ B 2.
Dyuxusara f(z) e C-nudepennupyema B zp TOraBa U CaMoO TOTaBa, KOIaTo Chb-
mectByBar KoucranTa a € C u dynknus £(z), lim £(z) = 0, Taka e
z—20

f(2) = f(20) + a(z — 20) + (2 — 20)(2).

Nmanve a = f'(zg).

Axo f(z) e C-mudepennupyema B zp, TO YacTHUTE U NPOU3BOIAHU ——(Zp) U
of of of or
a—y(zo), z = x + iy, cbmecrByBar u f'(zo) = %(zo) = —i@(20)7 T €.

of, . of, .
(1) oL (o) + 5 () =0,

Axo u(z) = Re f(2) n v(z) = Im f(z), T0 4acTHHTE HIPOU3BOAHU HA U U U B 2o
cbluecTBYBaT U ako B (1) ommesuM peasiHa ¥ MMardHepHa YaCT, IOJLydaBaMe

©) G ) = 5l 5o(n) =~ (o).

Bpwbskure (1) u (2) ce napuuar ypasrenus (ycaosus) na Kowu — Puman. Te ca
HEODXOIUMU, HO He ca jocrarbanu 3a C-audepeHupyeMoct.

Hedbunnnusa 2.2. Oyukuuara f(z) ce napuua R-dudepenyupyema B 29 = xo+
1Yo, aKO cbllecTByBar KoHcTanTH a,b € C u dyukuus v(z), lim v(z) = 0, raka de
z—20

f(z) = f(20) + a(x — x0) + b(y — yo) + (2 — 20)7(2).
of _of

Nmame a = ——(29) u b 3 (20)-

ox

Venosusita Ha Ko — Puman u R-pudepennupyemocrra Ha f B 2 ca HEOOXO-
mumu u gocrarbaan 3a C-audepeHnupyeMoct.

Oou Ou Jdv OJv
ox’ Oy’ Oz’ Oy
PeK'bCHATH Ca B zg U yJIOBJeTBOpsBaT yciaoBusita Ha Komm — Puman, o f e C-
JaudepeHImpyemMa B 2q.

Axko f = u + v, YacTHUTE TPOU3BOIHU CbIIECTBYBAT, HEIl-

35
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Axo BbBeseM (hbOpPMATHA YaCTHH MPOU3BOIHI 5 1 5= "IPe3 paBeHcTBaTa
P Z
of _1(of _,of\ of _1(of .of
dz 2\0x 0dy)’ 0z 2\0x Oy)’

10 ypaBuenueto na Kommn — Puman e ekBuBasienTHO Ha 5% = 0.
Z

Hedbununnus 2.3. Oyuxiusra f(z) ce Hapuda ToaomopPra B Zg, aKo Ts €
C-mudepenrupyema B HeiiHa okojiHOCT. Tt ce Hapumya xoJioMOpdHA B OTBOPEHOTO
muoKecTBO D C C, ako e xosioMmopdHA BbB BCIKa TOYKA HA D.

Hedbunuannus 2.4. Oyuxiusra w(z,y) ce HAPAIA TAPMOHUYHA B OTBOPEHOTO
MHOYXKECTBO D), aKo € JIBYKPATHO TJIaJIKa U

P
o2 Oy

Ako f e xomomopdua B D, to Re f u Im f ca xapmonnuaan dyskiun B D.
O6parHo, ako peajHo3HauHaTa GYHKIMA u(X,y) € XapMOHUYHA B €IHOCBbD3aHA
obyiact D, TO CbINECTBYBa peaTHO3HaYHa W XapMoHmdHa B D dyuknusa v(z,y),
raka e dyskuugra f(z) = u(x,y) + w(x,y), 2 = x + iy, e xoaomopbua B D.
OyHKIHATA ¥ C€ HAPAYIA XAPMOHUIHO-CIIPETHATA HA, U.

Aw 0.

Hedbununusa 2.5. Heka f(z) e nedpunupana u HenpekbCHATa B OKOJHOCT Ha
20 € C. Uzobpaxenuero w = f(z) ce Hapuda KoH@opmHo B 2y, KO TO 3ala3Ba
BIVIATE MEXKIy KPHBUTE IIPE3 Zg MO FOJEMHUHA ¥ OPHEHTHPOBKA.

Heka f(z) e xomomopdua B 29 u f'(29) # 0. Ako 7 e ragka Kpusa mpes3 2o,
YMATO TAHIEHTA B 2o CKJiouBa ¢ Ozt opueHTHPaH BI'bJI @, TO 00pasbT it [' = f(v)
e IIaJKa Kpusa B OKOJIHOCT Ha f(zg) u Tanrenrtara it B f(zo) ckmousa ¢ Oz opu-
enTupad bIba o+ arg f'(zp). OTTyK cienpa, ve ako f'(zg) # 0, To n306pazkeHneTo
w = f(z) e xondopMHO B 2.

af o0%f of of

Ilo-maraTbK OCBeH O3HAYEHUSITA 38 YACTHU IIPOU3BO/IHU ——

oz’ dxdy’ 8z 0z

n

T. H. Ile U3N0I3BaMe U obndauure fy, fry, [z, fz 1 T.H.

2.1. [a ce nokaxe, ye dyukiusTa f(z) = Re z ne e C-qudepennupyema
B Hukoe z € C.
Pewenue. Imame (f(z+ h) — f(2))/h = Reh/h 3a Bcsiko z € C. Torasa

i LT~ f(2) 1. soaro lim flz+h) = f(2)

h—0 h h—0 h
heR heiR

=0 # 1.

2.2. Jla ce mokaxKe, de pyHKIUITA

6*1/Z4, z # 0,

f(z) = 0, —0
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e xosiomopdHua B z € C\ {0}, Ho He e C-nudepennupyema B z = 0.
Pewenue. B C\ {0} 1s1 e cynepnosurusi Ha xonomopduuTe GyHKINHT
g(w) =e¥ u h(z) = -1/

3a z = 0 umame

—1/2* i% 1/p*

liH(l) M = lir% £ - 0, nokaro lin(l) 7f(pf£ ) = iH(l) c = 0.
=S = I
2.3. Jla ce mokaxke, de pyHKIUITA

zy(z +1iy) ,

—a, Z2=T+1 0,

fle)=q «*+y° s
0, z=0

yJIOBJIeTBODsiBa, ypaBHenusita Ha Komu — Puman B 2z = 0, #o He e C-mude-
peHIupyeMa B Ta3l TOYKA.

Pewenue. Ilpecmara ce, ge f(0) = f,(0) = 0 u ciegoBaresnto ycioBusaTa
ua Komu — Puman f;(0) +14f,(0) = 0 ca yxoBrersopenu. OT npyra crpana,
upu y = az, « € R, nosyuasame

. f(z) = f(0) . Ty . ax? «
lim ———~ 5, 9 — 1m N9 = bR
z—0 z z—0 2% +y z—0 (1+a ).Z' 1+«

Twit karo Ta3u rpanuiia Bapupa ¢ «, 10 f He e C-nudepennupyema B z = 0.

2.4. Jla ce namepar scuuku Touku z € C, B kouro e C-nudepennupyema,
dyskIUIATA:!
a) f(z) = 2* +iy*;

u) f(z) = —6(cosx +isinx) + (2 — 2i)y> + 15(y2 + 2y);
) f(2) = |2% — y?| + 2ilzy|.
XosoMmopdHa i € f B T€3U TOUYKH?!
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2 nv= y2 nMaT HEeIIPEKbCHATU YaCTHH

Pewenue. a) @ynknuure u =
npou3Bo/iHu 3a Besdko z € C. VesoBusita va Komm — Puman ca uznbiinenn
TOYHO KOTaTo & = ¥, T. . pyuknuaTa e C-gudepeniiupyeMa BbB BCIKA TOTKA
Ha IIpaBaTa Yy = T U caMo TaM. T'd He e X0/IOMOP(HA B HUKOs OT TIX, 3aII0TO
Ta3W TpaBa HIMa BLTPENTHU TOYKHU B Tomosorusta ua C.

6) YcnosusaTta na Komm — PuMan ca m3mbJHeHH TOUHO KoraTo 21°y =
—2zy3, T.e. koraro zy = 0. Cnenosarenno f e C-mudepennupyema BLPXY
BCSIKA TOYKa OT KoopJuHaTHUTe ocu. He e XomomopdHa.

B) Ome. Besika Touka or koopamnaraute ocu. He e xosomopduna.

r) Ome. Besiko z € C. Xosomopdna e.

1) Ypasrenusra na Komu — Puman Bopar jio cucremara xy? (4r2y3—3) =
0, y3(5zty+1) = 0. Beaxa Touxa (,0) e pemmenne na Tasu cuctema. Ako y #

0 (Torasa u x # 0), To o1 Y3 = ) > 0 cotensa y > 0 u Torasa baty +1 > 1,
T. e. Apyru pemtenusi ocser (x,0) nama. Taka f e C-nudepennupyema Bbpxy
peajiHaTa 0C, HO He € XOJIOMOPQHA.

e) Cera cucremara e: 2xsiny = 0, 22 cosy = —1 <= siny =0, cosy =
—1, 22 =1.

Ome. Besika Touka z = +1 + i(2k + 1)m, k € Z. He e xomomopdna.

k) Ome. z = 2kmw + i, k € Z. He e xonomopdHa.

™
3) Ome. Besika Touka oT ipaBuTe y = —x—l—k’§, k € 7Z. He e xonomopdHa.

u) Ot yciosusaTa na Kommu — Puman momyuasame sinz = —y2, cosz =
y? 4+ 5y + 5. O mbpBoTO ypasHenue ciaemsa y € [—1,1], a Tbit kaTo y2 +
5y +5 > 1 > cosx 3a y € [—1,1] (3amo?) u BcAKO x, TO cucremara e
eKBHBaJIeHTHa Ha sinxz = —1, cosx = 1.

Ome. Hama Takupa TOUYKH.

k) Ako z = x+iy npuHaIexkn Ha MHOXKecTBoTo D = {2 € C : 22 —¢% >
0, zy > 0} (dur. 2.1), o f(2) = 2% — y? + 2izy = 2% n dbynxkmuUaATA €
xomomopdra. Ako z € Dy = {z € C: 22 —y? < 0, xy < 0} (dur. 2.2),
10 f(2) = —2% u cbmo e xomomopdmua. Ilpu z € D3 = {z € C : 22 — 2 >
0, xy < 0} (bur. 2.3) f(2) = 22 —y? — 2izy = z° u ne e C-mudepennupyema.
Hpu 2 € Dy ={z€ C:2?2—y? <0, zy > 0} (bur. 24) f(2) = —z? un
e e C-nudepennupyema. Bopxy npasure x =0, y =0, z =y u z = —y,
6e3 Hauasioro z = 0, byukiusTa He e C-nudepennupyema, KakTo ce BUKIA
oT Buga u chorBeTHO B Dy, Do, D3 u Dy. Ilak oT HampaBeHHTE IO-TOpe
2

pasriexganus umame |f(z)] = |z|* 3a Beako z € C. CiuenoBaresnno mpu
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Y
L v A < y
A Do \\\ Dy //rg)
2 )
D1 0 < 0 Ds
Dy N\ Dy
2
@ur. 2.1 Dur. 2.2 @ur. 2.3 @ur. 2.4

z = 0 dyskmusra f e C-gudepennupyema (BxK. 3371, 2.12).
Ome. z € D1 U Dy U {0}. Xonomopdua B D1 U Ds.

2.5. la ce namepsar Benuku Toukn z € C, B kouro e C-nudepennupyema
dbyHKIMIATA:

a) f(z) = [2°(1z]" = 2);  6) f(z) =sin|2[%  B) f(2) = 2(2 +7%).

Pewenue. a) f(z) = 22(2Z — 2), f= = 22(|2|*> — 1). Tbpcenure Toukm ca
perenust Ha ypasHenuero fz = 0, koero Hu JaBa z € {2z : |z| = 1} U {0}.

6) Ome. 2 =0 |2| = \/7/2+kn, k€ Z, k > 0.

B) Ome. z = 0.

2.6. la ce namepu xosomopdna Gyuknus f(z) = u + iv, 3a KosTO:
a) u(z, ) = 25(1 — y);
)

=)

Q::@

= 322y 4 222 — 3 — 2%

=}
~

-

) ~=(@siny — ycosy);
) v = 2:1:y — eY cos x;

e) v(z,y) = y/(2* + ), f(2) = 0;

x) u(r,y) = e*[(x? — y?) cosy — 2xysiny], f(0) = 0.

Pewenue. a) Ot ypaBuennsaTta Ha Komm — Puman mmame vy, = u, =

7

(z,

(2, y)

(x,y)—am y + bay? + ey, a,b,c € R;
y) =

(,y) =

(z
(
2(1 —y) u v, = —uy = 2x. laTerpupame wbpBOTO ypaBHEHUE II0 Y HPH
dbuxcupano x. Torasa v = 2y — y? + p(x), KBbIETO MHTErPAIIOHHATA KOH-
cranTa () e AByKpaTHO Iiiajka GyHkuus zHa x. Karo 3amecTum BbB BTO-
POTO OT TOpHHTe ypaBHeHnus, noaydasame ¢’ (1) = 2z, T.e. p(x) = 22 + C,
kbaero C' € R e npoussosma koncranta. Torasa v = 2 —y? + 2y + C u
f(z) =u+iv =2z - 2zy +i(x> — y?) + 2iy + Ci = 2(z + iy) +i(z? — v +
2izy) +iC = 2z + iz +iC.
6) Ome. v =4zy — 23 + 3zy* + C, f(2) =222 — i3 +iC.
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B) lmanme
— o — 2 _ _ 2 2
Uy = Uy = 20y + by", vy = —uy = —ax” — 2bry — 3cy”,

OTKBJIETO CJIeJl MHTErPUPaHe W 3aMeCTBAHe MOJTydaBaMe
2 b 3 / 2 2 2
v =axy’ + Y +o(x), ¢'(z)=—ax®—ay” — 2bzy — 3cy
1
u p(r) = —gax?’ — (a + 3¢)zy? — b’y + d. Twit xaro ¢ e yHKuUA caMo
Ha T, HOCJIEJHOTO PABEHCTBO € Bb3MOXKHO caMo ako a = —3¢, b = 0. Torasa
u=—3cx®y+cy?, v=—-3cry? +cx® +du f(z) = u+iv =ic(z® + 3ix?y —
3zy? —iy?) +id = i(c2® + d), d € R.
r) Or ypaBuenusita Ha Komu — Puman mammpame v = e *(ysiny +
xcosy) + C u ToraBa

f(z) =e ¥ (xsiny —ycosy) +ie “(ysiny + xcosy) + iC

—z eiy — efiy eiy + eiiy
=e x - —y

21 2
Yy _ oy iy -y
+ie_“<ye 2.6 T J;e >+z'0
/)

= i(z +iy)e "W +iC = ize™* +iC, CeR.

) Ome. u = 2% — > —eysinx—i—C’ f(z)=2%2—ie"®*+C,C eR.

Lt =+
22 + 42 z 2
K) Ome. f(z) = 26

2.7. Heka ¢ : R — R e aBykparno miajgka ¢yukius. la ce mamepn

e) Ome. u = —

xojiomopdHa dyHKIus f = u + tv, 38 KOSTO:

a) u(z,y) = p(zy); 6) u(z,y) = ¢(y/z);
1,2 2
o o) =¢ (ST ) 0 uley) = pla? - )
a) u(z,y) = p(coszchy); ) u(z,y) = oz + /22 +32).

Pewenue. Hexa u(x,y) = ¢(t), kbaero ¢(t) e qByKpaTHO ryajaka (QyHK-

s Ha peasiHaTa IpoMernsnBa t, a t = t(x,y) e IByKpaTHO riaaka dyHKIs
Ha x u y. Torasa

Uy = ‘Plta:a Ugy = Solltgzg + Soltx:va Uyy = So/ltgz; + ‘Pltyw
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OTK'bJIETO
(3) Au="(t3 + ) + ¢ At.

a) Tbit kaTo u e xapmonn4na dbyukuusa nt = zy, 1o Au = At = 0 u or (3)
nosyuasame ¢’ (t) = 0, orkbaero ¢(t) = At+ B, A,B € R, u u = Azy + B.

Cera ot ypasHenusTa Ha Komu — Puman Hamupame v = g(y2 —2)+C, a
orram u f(z) = —iéz2 +B+1iC, A, B,C € R.
6) Cera t = % u or (3) nomyuasame (1 + t2)¢” + 2t¢’ = 0, orxbaeTO
p = Aarctgt + B u ciieJoBaTeTHO U = Aarctg% + B.
Ome.v=—Alny/22+y>+C, f(z) = —iAlogz+ B+iC, A,B,C € R.

B) Ome. ¢ = é—l—B,u: :E;_l::yQ—i-B,v = _:[;2Afy2+0’ f(z) =
é—i—B—i—iC, A,B,C € R.

r) Ome. ¢ = At + B, u = A(z? —y?) + B, v = 24xy + C, f(z) =
Az>+ B+iC, A, B,C €R.

n) Ome. p = At + B, u = Acosxchy + B = Acoszcosiy + B, v =
—Asinzshy+C =iAsinzsiniy+C, f(z) = Acosz+ B+iC, A,B,C € R.

e) Ome. f(z) =AV/z+iB+C, A,B,C € R.

2.8. [a ce nokaxe, ue ako f(z) = u + iv e xonomopdua B obaact D u
CTOIHOCTUTE U JIexKaT Ha:

a) npasara au + bv + ¢ = 0,

6) oxkpbxkuocTTa (U — a)? + (v — b)? = R?,

10 f = const B D.

Pewenue. a) dudepenrupaiiku au + bv + ¢ = 0 mo x u y, noxyvdaBame
aug + bvy = 0, auy + bvy = 0. OrTyx u or ycnosuara na Komm — Puman
HaMupame aug — buy = 0, auy + bu, = 0. Jerepmunanrara Ha Ta3u cHCTEMa,
OTHOCHO HEU3BECTHHTE Uy U Uy € a®? 4 b? # 0 U cIeI0BATEIHO T MMa CAMO
HyJIeBOTO pellenue u; = uy = 0 B D, orkbaeTo u = const. Anajormano
v = const.

2.9. [a ce mokaxe, de ako f e nguia dyukiws (1. e. xonomopdua B C) u
f(z) =u(x) +iv(y), To f(z) = az + .

Pewenue. Toit kKaro u 1 v ca xapmonununu, To Au = u” =0, Av =" =
0 = u(z) = ax + B, v(y) = a1y + Bi1. Or u, = v, mosydaBame a = aj.
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CrenoBare o
f(z) = u(z) +iv(y) = alz +iy) + B+ i =az+b, b=pF+ib.

2.10. Heka D C C e oburact. [la ce HamepsiT Bcuuku XojgoMopduu B D
bynkimu f = u + iv, 3a Kouto u? + iv? e cbIo XomoMOpdHA.
Ome. f(z) = const.

2.11. Heka f = u + iv e xoumomopdua B obsact D C C u u = ¢(v),
KBJIETO ¢ e ABykpaTHo riaaka B R. la ce mokaxke, 1e f(z) = const, z € D.

Pewenue. Toit kaTo u 1 v ca xapyonmann u Au = (v3+02)¢" +¢'Av = 0,
TO

(4) (v2 +v)e" = 0.

Ako v% + 1)5 = 0 3a Beako z € D, 1o v, = vy = 0, OTKbJAETO v = const B
D. Torasa (3a1. 2.8 a)) f(z) = const, z € D.

Axo v2 + vg # 0 B Touka zy € D, T0 v2 + vg # 0 B okosnoct U Ha
20 m ot (4) cnensa ¢”(t) = 0 3a Besko t € v(U). Twit kato v # const B
U, to v(U) cbabpxka orBopen uatepBan A. Torasa ¢(t) = at + b, t € A,
a,b € R, orkbiero u(z) = av(z)+b B oTBOpeHOTO TIOMHOMKECTBO v 1 (A) Ha
U, r.e. croitnoctute Ha f 3a 2z € v~ '(A) mexxar BbLpxy mpasara u = av + b
u chriacho 3a. 2.8 a) f(z) = const B orBopen xpbr U; C v~ H(A). O
Teopemara 3a eauHcTBenocT (Bx. § 10) momywasame f(z) = const, z € D.

2.12. Jla ce nokaxe, de dynkmuaTta f(z) = |z|? e C-nudepenrmpyema
B z = 0 u e e C-nudepennupyema B Hukoe z # 0. a ce nokaxe, de npu
z # 0 MHOXKECTBOTO OT TOYKHUTE Ha CI'bCTsIBAHE Ha JNMEPEHUIHOTO YaCTHO
C(h) = (f(z+h) — f(2))/h e okpbxuocrra C(Z, |2]).

Pewenue. IIpu z = 0 nmame }llli% C(h) = }llli%(f(o +h)— f(0))/h = }llii%ﬁ
=0.

Axo z # 0, KaTo u3NoA3BaMe paBeHcTBOTO ad = |al?, 3a ((h) nmame

BE a2 h

Crnemosarenno |((h) —Z — h| = |z|, oTKBaETO, aKO () € TOUKa Ha CI'bCTABAHE

3a ((h), npu h — 0 me momyuanm [(o — Z| = |z|, ne. (o € C(Z,]z]).
O6patHo, axo Z + ze'®, a € R, e npomssomma Touka ot C(Z,|z|), karo

i

u3bepeM HapacTBane h = pe~ 2, p > 0, e nosryanm

lim C(pe™'2) = 7z + 2™,
p—0
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T. e. Besika Touka ot C(Z, |z|) e Touka Ha crbersiBaHe 3a AUBEPEeHIHOTO Jac-
tHO ((h).

2.13. [la ce gokaxe, de dyuxiuara f(z) = |z| ankbae ue e C-nude-
pernupyema. 3a Besiko z € C j1a ce HaMepu MHOXKECTBOTO OT TOYKHTE Ha
crbersiBate Ha judependnoro dacTHo ((h) = (|z 4+ h| — |z|)/h upu h — 0.

Pewenue. 1) Heka z = 0. Torasa ((h) = |h|/h, Te. [((h)] = 1 3a
Besiko h € C. CueoBaresiHo BesKa TOYKa Ha crbersiBane (o Ha ((h) npu
h — 0 nexku na okpbxuoctra C(0,1). O6paTHO, aKo €'* e TPOU3BOIHA TOU-
(2

Ka OT Ta3W OKPbKHOCT, TO KaTo usdepeMm h = pe ' p > 0, 1ie nojy4um

lin%) C(pe™") = e'*. Taka MHOXKECTBOTO OT TOYKHUTE HA CI'bCTSBAHE € €JTH-
p—

urgHara okpbkuoct C(0,1).

2) Hexa z = re®, r > 0. Torasa

R e R e et A R O n z
N h Ch(lz+h|+|2])  |z+h| ]|zl |2+ A4z

¢(n) z

OTK'B/IETO IIOJIydaBaMe

Z+h
|z 4+ h| + |z]

B
|z 4+ h| + |2

\«h)

Otrryk nipu h — 0 csiesBa, ge ako (p € Touka Ha crbersiBate 3a ((h), Ts e
YOBJIETBOPSIBA PABEHCTBOTO

Z 1
Co — m =5
z 1 e”¥ 1
e (pelC|l—,-|=C—,=).
rewee(g73) =¢(53)
e—iﬂ ez’a
ObpartHo, ako (y = - + > € IIPOM3BOIHA TOUKA OT Ta3U OKPbHAKHOCT,
KaTo u3bdbepeMm h = pei%a, oJIyaBamMe
B—a 1 _,; 1.
li < ZT>:7_ZB Zel® = (.
pILHOC pe 5€ + 5¢ Co

Taka MHO>KECTBOTO OT TOYKHUTE Ha CI'LCTSIBAHE Ha, ,ZLI/I(l)epeHLIHOTO JaCTHO €

o 21
OKP'BbZKHOCTTa = |-
P 212] 2
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2.14. [a ce nokaxe, de ako f(z) = u + iv e QpyHKIMs, 38 KOATO

Jim Re f(zo+h) — f(z0)
h—0 h

CBIIECTBYBA, TO Uy(20) U Uy(20) CHIIECTBYBAT H Ca PABHIL.

Pewenue. Heka A = }llin% Re fz0 + hf)L _ f(zo). Karo ocrasum B TOBa

pPaBEHCTBO h Jia KJIOHW K'bM HYyJIa I'bPBO UPE3 PeasiHu, a IOCJe IPe3 YUCTO

nMarmHepHun CTOfIHOCTI/I, e 1oJIiyaInumM

u(zo + h) — u(zo) — g (z0)

A= lim
h—0
heR

n
. v(z0+1ih) —v(zp)
A= 1%90 h = vy(20).
heR

2.15. Jla ce mokaxke, € OTHOCHO IPOMEHJIUBUTE Z U Z ONEpPaTOPHT Ha
0? 0? 0?
Jlannac A = — + —
ox oy
Vnsmeane. Izpbpiere hopMasnaTa CMsiHa HA IPOMEHJIMBUATE 2 = X+1Y,

ce 3allicBa BbB BUia 4 —
020%

zZ=x—1y.
2.16. Heka w(z) e majena dbyukuus, dz e HapaCTBaHETO Ha Z U

argdz. a ce mokake paBeHCTBOTO:

d
a) dw = w, dz + wz dz; 6) aw =w, + wze—Qza;

dw ldw
B) max |~ | = lw,| + |wz|; 1) min | ——| = |Jw.| — |wz|].
z24+z 2=z
Pewenue. a) Ot x = 5 Y= % 1 AepUHAINATA Ha Tu(EePeHITnAT
i

Ha (byHKL[I/IH Ha JABE€ IIPOMEHJ/IMBU UMaMe

dw:wxda:—i—wydy:wx@—l—wy@
1

2

6) IlosyuaBa ce or a), Karo pasjejuM Ha dz W B3eMeM IPEJBUJI, Ue
dz/dz = e~?** Orryk crempa, ge w(z) e xosoMopdHA TOYHO TOrapa, Ko-
dw  Ow

rato — = —.
dz 0z

1 1
(wg — iwy) dz + i(ww + twy) dZ = w, dz + wz dz.
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B) OT HEPABEHCTBOTO Ha TPUBI'bIHUKA MMAaMe

dw
dz

ow
0z

ow
0z

)

KaTO PaBEHCTBO Ce JIOCTUTa TOYHO KOraTo argw, = arg(wse %), T.e. mpm
a = (argwz — argw,) /2.

r) [Tosry4aBa ce KaKTo B), KATO PABEHCTBO ce JIOCTHTa IpH arg(e” 2%w;) =
T+ argw,.

2.17. [a ce pemmn 3ama9a 2.13, karo ce n3mnosssa 3ajga4a 2.16 6).

Pewenue. Ilpu z = 0 Tbpaenuero e ouesmano. Ilpu z # 0 or f2(z) =
2> = 2% cnenpa 2f f, = Z, 2f f= = z. Toa mn nama f, = 2/2|z|, f= = 2/2|z|.
Karo 3amectum B 2.16 6), nosryuaBame

1

=5

z
2|z]

a =

dz 2|z

—2x

T. €. TOUKUTE Ha CI'bCTSIBaHE 1 Ha JudepeHIHOTO YacTHO Ha f 1o Koe Jia e
z

. z 1
HalpasJieHne e'* jiexkar Ha okpbxkHOCTTAa C' | ——, = |. O6parHO, ako (y =
2|z 2
z Z—2ia
ﬁ + me € IPOU3BOJIHA TOYKA OT Ta3U OKPDLXKHOCT, TO TOYKATA, Ha
z z

CI"'bCTdBaHe df IO HaIlPpaBJICHUETO arg dz =« YVAOBJIETBOPABa PaBEHCTBOTO
z

gz, =
dz  2|z| 2|2

—2i«x

n cjaeaoBaTe/IHO JIE2KW Ha Ta3UW OKP'Bb2KHOCT.

2.18. [la ce mokaxke, 1de ako f(z) e R-mudepenupyema B ToukaTa 2o U
CBHIIECTBYBA,

lim
2—20

f(2) = £(z0)

Z— 20

ro win f(z), wm f(z) e C-qudepennupyema B 2.
Pewenue. Or R-nudepennupyemocrra Ha f(z) 3a rpaHunaTa Ha MOJLyJa
Ha gudepenaroro yactuo upu h = hy + thy — 0 umame

f(z0+h) — f(20) h1 fz(20) + ha fy(20)
h h

A= lim
h—0

= lim
h—0
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Ako Ha h mazgem bpBO peajiHU CTOHHOCTH, T.e. ho = (0, mocCe IUCTO UMa-
THHEPHH CTOWHOCTH, T.e. h1 = 0, U HaKpasl CTORHOCTH BbPXY OMCEKTpHCcaTa
Ha II'bPBU U TPETU KBAJIPAHT, T.e. h1 = ho, I IMOJIyYnM

A= \fol = 1fyl = | fo + fyl/V2

njin, KaTo IIOBAUTHEM Ha KBaJapaT,

|fx’2 = ’fy‘Q u 2|fm’2 = ’fx +fy|2 = |fx’2 + ’fy‘Q +2Refx7y7

T.e |ful* = |fyl* u Re fufy, = 0. Orryx 3a u = Re f u v =Im f ciensa

2., .2 _ .2 2
(5) uy + vy = uy + vy,
(6) Uply = —Vzy.
Or (6) umame u; = pug, vy = —pu,. Karo samectum B (5), moaydaBame
v2 = uz, T.e. Uy = Fuy. AKO v; = uy, or (6) moaydaBame u; = —Uy, T.e€.

dbynkimsara u — v = f(z) e C-audepennupyema B 29. AKO v; = —1uy, or (6)
CIIeJIBA Uy = Uy, T.€. f = u +iv e C-mudepennupyema B 2.

2.19. Hexka f(z) = u+iv e gedpunupana B obsacr D, nMa HePEK'bCHATH
YaCTHH NPOM3BOIHU f; U fy 7 uf/ + vg # 0B D. [la ce nokaxke, ue ako f
3alla3Ba [PABUTE BIVIH MEXKILy KPHBHUTE, TO WIH f, WiIH f € xomoMopdHa B

D.
Pewenue. Heka

li: 2 =z + te'?, ly : 2 = 29 + ite’?

ca JiBa IepIeHIuKyJIApHE Jibda ¢ Hadaso zg € D. Texaure obpasu ca Kpu-
BUTE
Ly wl(t) = f(Z() -+ tew), Ly : wg(t) = f(Z() + Z'teu’o).

Bekroputre

w1 (0) = uy(20) cos p + uy(20) sin ¢ + i(vz(20) cos p + vy(20) sin p),
wh(0) = —ug(20) sin @ + uy(20) cos ¢ + i(—vx(20) sin @ + vy (20) cos @)

JIe’KaT BbpXy Jonuparenaure KbM L1 u Lo B Toukara f(2) U ciegoBaTesHo
ca OPTOTOHAJIHM. 3a CKAJAPHOTO UM IIPOU3BEJICHIE MMAME

(ug —H); —uZ —v2) sin ¢ cos p — (Upty +v,vy) sin? O+ (upty, +v,0,) cos? p = 0.
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Otrryk ipu ¢ = 0 u p = 7/4 HamMupame
Ugtly + vz0y = 0, U2+ 02 = uz + vg.

OT mbpBOTO ypaBHEHHUE CIEABA Uy = AUy, Uz = —My, KbAECTO QYHKIUA-
Ta A = A(z,y) e HenpeKkbcHATa B [ TOpaan yCIOBUETO uf, + 21; =# 0. Karo
3aMecTHM BbB BTOpOTO, noiayuasame A2 = 1, T.e. A = +1. ITopaau nemnpe-
KbCHATOCTTA B 0OstacTTra D (cBbp3ano MHOXkKeCTBO!) OTTYK ciiejiBa, e A = 1

uii A = —1. B mbpBusg ciaygaii e xojomopdHa f, BbB BrOpust — f.
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§ 3. IpobHo-uHeliHa DYyHKIINSA

Kommurekcaara pasauaa C, KogTO He € KOMIIAKT, Cé KOMIIAKTU(MUIUPA, KATO
K'bM Hesl Ce IPUTUCIIN OINE €JIUH eJIeMEeHT 00, HapedeH Oeskpaltina movwka. HoBoTo
MHOKECTBO Ce HAPHYA PA3ULUPEHE KOMNAeKcHa pasruna U ce benexu ¢ C := CU
{o0}. To e Tomosoruyno nupocrpancTso, Karo okosinocrure Ha z € C ca uzsecruure,
a TI0JT OKOJTHOCT Ha 00 ¢e pa3bupa BCAKO MHOXKECTBO OT BHUIA @\ K, xpuero K e
xomnakT. Taxka C ce mpeBpbINa B KOMIAKTHO TOHOJOTHYHO IIPOCTPAHCTBO, B KOETO
ca B cuita Bpb3kuTe lim 1/2 = oo, lim 1/2 =0, lim z = 00, a + 00 = 00 3a BCSKO

z—0 Z2—00 zZ—00
a € C, a.0o =00 3a Beako a € C, a # 0.

Oxkpnbxnoct B C ce Hapuua BesKa 0OMKHOBEHA OKPBIKHOCT mid npasa. Chob-
paXKeHUATa J[a MPUIUCIIAM IIPABATE K'bM MHOXKECTBOTO HA OKPbXKHOCTUTE Ca CJIEI-
HUTE: BCAKA OOMKHOBEHA OKPBHKHOCT nMa ypasaenue a(z? + y?) + bz + cy +d = 0,
a # 0. IIpu @ = 0 monyuyaBame ypaBHeHne Ha 0OMKHOBeHa pasa [ : bx + cy+d = 0.
Tbit KaTO BCsIKA OKOJTHOCT HA 0O CbIbPKa TOYKHU OT [, eCTECTBEHO € JIa IPUEMEM,
ge oo € [. Taka Beska mmpaBa MOXKe Jia ce Pa3ryIek1a KaTo OKPbKHOCT, MIHABAIIA
pe3 Ge3KpaifHaTa TOIKA.

ZIpobro-suneting HapudaMe BCsKa MYHKIIAS OT BHUIA

1) wiz) = 20
cz+d
MN306parkeHnero, KOeTo Tsi OCbINECTBSABA, ce Hapuda JpobHO-AUHEUHA MPAHC-
popmayus. Ilpu ¢ =0, d = 1 g uma Buga w = az + b U ce Hapu4a, YAAQL AUHETHA
mpanchopmayus. 1smara Tpanchopmanus n300pa3siBa B3aNMHO-e1HO3HAYHO C B
cebe cu, karo w(oco) = oco. OcBeH TOBa, aKO o = arga, TO Td € CyHepIO3ULUsI
Ha poTarusATa w; = €%z, XOMOTeTHATa Wy = |alw; W TpaHcIamATa w3 = wa + b.
CJie10BaTeJIHO 3al1a3Ba 'bIVINTE MEXK/Ly KPUBUTE 110 MOJIEMUHA, I OPUEHTUPOBKA, U30-
OpassiBa OKP'bXKHOCT B OKP'bXKHOCT U IIpaBa B IIpaBa.

Kbjiero a, b, c,d € C u ad — be # 0.

b
Heka ¢ # 0 u A e jmerepMmuHaHTaTA “ J T.e. A = ad — bc # 0. Ipobro-
c

smHeitHaTa TpaHcdopmarums (1) mzobpasssa B3anMuo exmosHauno C \ {—d/c} B
C\{a/c}. IIpu ToBa, ako pasriegaMe 1 rpaHIIHITE CTORHOCTH w(00):= lim w(z) =
Z—00

a/cu w(—d/c) := lim w(z) = 00, nojay4aBamMe B3aUMHO €HO3HAYHO CHOTBETC-
z——d/c
rBue Ha C B cebe cu. Ako pemmm (1) OTHOCHO 2z, HOJy4YaBaMe
dw—10b
z=——, ad—bc#0,
—cw +a

KOEeTO II0Ka3Ba, de obpaTHaTa Ha JIPOOHO-JIMHEHATA TPAHCHOPMAIINS € CBINO JPO-
6HO-mHeitHA TpancdopMmarus. [lle orbesreskum orre, we cynepro3urus Ha IpOOHO-
JuHeliHn TpaHcdOpMaIluun € makK JIpoOHo-jauHeiiHa TpaHcdopmarus. Tbit KarTo
w'(z) = AJ(cz +d)? # 0, 2 # —d/c, To apobHO-MHEiHATA TPaHCchOPMAIIS €
koHdopmuO n3o6paxkenue B C\ {—d/c}. B cuna e npencrapsiaeTo

a A

(2) w(z) = P

49
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To ce monyuaBa BejgHAara, Karo HAMEPHUM YACTHOTO M OCTATHKA OT JIEJIEHETO HA
az 4+ b ¢ ¢z + d. Cera crasa sicHo 3ammp ome B gedunuimsTa (1) ce Hamara yc-
goBuero A # 0. Or (2) ciensa, e w(z) e cynepuosunus Ha IsiaTa TPaHchOp-
Manus w1 = ¢z + d, TpancdopmanuaTa we = 1/w; u ugnara rpancdopMmarys
w3 = ——wsy + e Tpaucdopmanusara w = 1/2z n306pa3saBa OKPBHKHOCT B OKPbIK-
HOCT, KaTco I/ICTI/IECKa OKP'BIKHOCT TIPE3 HAYAJIOTO OTHBA B IPaBa, HEMUHABAIIA [IPe3
HA4aJI0TO, ¥ OOpaTHO, a IIpaBa IIpe3 HavaJoTO OTHBAa IaK B Takaba npasa. Cie-
JIOBATEJIHO obmIaTa ApoOHO-TMHEiHA, TpancdopMaIys KaTo CyIepIIO3UIIs Ha I/
rpancdopmanuu u TpancdopmManuaTa 1/2z e KoHDOPMHO H306parKkeHue, U3IPAIIA-
MO OKP'BXKHOCT B OKPBKHOCT. [Ipn TOBa, 4KO OKPBHKHOCTTA MUHABA, MTPE3 TOTKATA
—d/c (koaro Hapuyame noaroc Ha Tpancdopmanuara (1)), To obpazbr U e mpa-
Ba. CllefioBareHo, ako MCKaMe Ja ,A3IpaBuM® oKpbrKHOCT C, IOCTATHIHO € 113
npusioxkuM TpaHcdopmarusTa w = 1/(z — a), Kbgero a € C' e IPOU3BOJIHA TOYKA.

Toukara zg € C ce napuua nenodeusicna (dsotina) mowka Ha rpancdopManuaTa
(1), ako w(zg) = 2p. Ilpu ¢ # 0 ToBa € KBaZPaTHO ypaBHEHHE, & IpH ¢ = () € JUHEHHO
u 33 a # d uma exuacrser koper B C. B ro3u coyuaii, 1bit kato w(co) = oo,
00 Ce pasmIexkja Karo BTOpa JBoiiHa Touka. Ako a = d, To w = z + b/d u o0
€ eIMHCTBeHaTa U JBoiiHa Touka. Taka npoOHO-ImMHelHaTa TpaHcdOpMaIys NMa
Hali-MHOTO JIBE HENOJIBUKHU TOYKHU U aKO T€ Ca TPH, T € UJICHTUTETLT, T. €. W = Z,
zeC.

IIpocmo omnowenue Ha TPU PA3IMIHU TOYKH 21, 22, 23 € C ce Hapu9a 9ucoTo
(21, 22,23) = (23 — 21)/(23 — 22). 600 omrowerue HA YETUPH DPABIUIHU TOY-

= (21,22,23) 23— 21
KU 21, 22, 23,24 € C ce napuua aucioro (21, 22,23,24) = =
(Zl, 22, 24) 23 — %2
24 — 21
———, KaTo aKo HallpuMep 24 = 00, TO
24 — 22

(21, 22, 23,00) = lim (21, 22, 23, 2) = (21, 22, 23).
zZ—>00

CbImecTByBa caMo eJIHa JIpOOHO-THHETHA TpaHchopMalysi, n306pa3siBalia TPH pas-
JINIHU TOYKU 21, 22, 23 B TPU PA3IUIHA TOUKH W1, Wa, W3, U TS CE 33J1aBa C (DOPMY-
gara (wy, we, w, ws) = (21, 22, 2, 23). JApobHo-1uHeliHaTa DYHKIUSA € eMHCTBEHATA
QyHKIWS, KOSITO 3a11a3Ba JBOMHOTO OTHOIIEHUE HA BCEKU IETHPU TOUIKU.

Axo | e mpaBa, T0o uneepcha Ha Toukara z € C oTHOCHO | ce Hapuda TOUYKaTa
z*, cumerpuuna Ha z oTHOCHO [. Ako C = C(a, R) e OKPBKHOCT, TO UHBEPCHA
Ha z # a orHocno C' ce Hapuda TOYKaTa 2*, KoATO: 1) JleXKu Ha Jrbua 1Ipe3 2 ¢
Hauasio a, T.e. arg(z* —a) = arg(z — a), u 2) |z* — a||z — a| = R?. Unsepcuara
TOYKA HA IEHTHPA G HA OKPBHKHOCTTA € 00 W OOPATHO — 3a BCAKA OKPBKHOCT 00
e uHBepcHa Ha ueHTbpa k. Or 1) u 2) HemocpeicTBeHO moJydaBame (opMysiaTa
z* = R?/(Z—a)+a. Orryx mpu a = 0 u R = 1 ciespa, Ue HHBepCUsITa OTHOCHO
eJIMHUYHATA OKpBXKHOCT e z* = 1/Z. Taka tpancdopmamnusita w = 1/z = 1/Z
€ CylepIo3ulius Ha JBe MHBepCHU — OTHOCHO |z| = 1 u ormocuo R. Ocsen ToBa
nuBepcHara Ha z € C(a, R) e camara TOUKa .

Jpobuo-snneitnara rpancdopMalys 3ana3Ba HHBEPCHUTE TOYKH, T.€. ako (1)
uzobpassiBa oKpb:xkHOCTTa C' B OKpbKHOCTTA C1 1 2 U 2* ca uaBepcHU oTHOCHO C,



o1

To obpasure M w = w(z) u w* = w(z*) ca uaBepcHU orHOCHO (Y.

IIpuniun 3a cboTBeTcTBHUE HA rpaHunmTe: Ako Tpancdopmanusara (1) uzo-
6passBa obstact D C C B obmact Dy C C, To T n3006pa3siBa OpHeHTHpAHATA I'Da-
uuiia 0D wa D (ToBa e rpanuiiaTa Ha D npu JBIXKeHNe, BbPXY KOsATO obaactra D
ocTaBa OTJISBO) B opueHTHpaHnara rpanuna 0D, Ha D1 u o6paTHO, aKo u306pa3sBa
0D B 0D, To Ts1 uzobpazsiza u D B Dj.

3a Hac 1m1e 6be 0c06EeHO BAXKHO CJIETHOTO TBbPJIEHNE, KOETO € CJIEJICTBHE OT TO3U
npunnu: Heka K w Kj ca gBa Kpbra, unnto rpanndan okpbxkuaoctu C u Ch ca
OIIPEJICJICHU OT TOUKUTE 21, 22, 23 U W1, W, w3. Heka w = w(z) e npobHO-mMHeliHaTa
Tpancdopmanus, 3a Koato w(zg) = wg, k = 1,2, 3. Torasa Ts1 n3obpassisa C' BbPXyY
C1 u aKko wi, we, w3 UHAYIUPAT Bbpxy C] ChIaTa OPUEHTUPOBKA, KOATO 21, 22, 23
unynupat Bbpxy C, To K ce nzobpasssa Bbpxy Ki. Ako Te urpynupar sbpxy C1
[IPOTUBOIIOJIOXKHATA OPUEHTUPOBKA, TO K ce n300pa3siBa BbpXy BbHITHOCTTA Ha K.
[TocsremoTo ce citydBa camMo ako HOJIIOCHT Ha TpaHcopManuaTa w(z) IpuHaJIeKI
na K, r.e. —d/c € K. Axo —d/c € C, ro K; e exnara or jBere HOJIYPABHUHU C

rpaanaHa npasa C.

3.1. Jla ce mokazke, 9e BCAKa Iisiia JuHelHa Tpancdopmanus w = az + b,
a # 1, e cyneprio3uiust Ha POTaIust OKOJIO HEIIOJBUKHATA ¥ TOUKA Z( HA bI'bJI
= arga u XoMoTeTHsI ¢ KoedUImuenT |al.

Pewenue. Kato usBajuM IOYJIEHHO JBETe CTPAHU Ha PABEHCTBATA W =
az +bu zyg = azy + b, momyuasame w — 29 = a(z — 29) = |ale’*(z — 20),
T.€. BEKTOPDBT W — 2y Ce IOJydaBa OT 2 — zg UPe3 POTalus Ha bI'bJl & U
XOMOTETHSI ¢ KOeDUIIUEHT |a.

3.2. Jla ce jpokaxke, 4e Igjara JIMHEHa TpanchopMaius w = az + b,
a # 1, n3obpassiBa BCEKU TPU'BI'bJIHUK B ITOJI00€H U €THAKBO OPUEHTUPAH HA
HEro TPU'bI'bJIHUK.

Pewenue. Ciensa or 3ax. 3.1 u 3ax. 1.22.

3.3. [la ce mHamepu Iisia JIMHEHHa TpaHchOpMaIus w = az + b, 3a KosiTo

a) w(—1) =2, w(i) =2i; 6)w() =1 w(l)=v2+i.

Pewenue. a) Ciren 3amecTBaHe nosrydasamMe cucremara —a+b = 2, ia+b =
2i, OTK'bIIETO HaMupaMe a = 21 u b = 2 + 24.

6) Tbit KaTO 7 € HENMOIBUKHA TOYKA, TO W — i = a(z — 1), OTK'bIETO
V2 =a(l —1i) = av2e™"%, wm a = e'i. Cnenoparenno w = a(z — i) 4+ i =

s . ;T ;T .o . T
ez4z+z(1—el4> :€Z4Z+2SIH§€ZS HTOF&B&bZQSng@ZS.
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3.4. [a ce mamepn msaia JuHeHHa TpaHcdopMalus w = az + b, KosiTo
n3o6paszssa Tpubrbianuka A(1,4,0) B rpubroaanka A(0,2,1 + 7).

Pewenue. IIpensun 3a1. 3.2 tpsosa w(0) = 1+ ¢ n w(l) = 0, orkbaero
HamupamMe b=14+ina=—(1+1), re.w = (14+1i)(l—2) = ﬂei%ﬂ(z— 1).
Taka A(0,2, 144) ce noxygasa or A(1,4,0) cie/ mocsie0BATEHO IPUIATaHEe
Ha TpaHCJAIUsTa 2 — z — 1, pOTaluaTa OKOJO HAYAJIOTO HA bI'bJ 57 /4 n
XOMOTETHATA C KOeUIHeHT /2.

3.5. [la ce mamepu 1isiya inHeiiHa TpaHchOpMaIins, n300pa3saBalia Bbp-
xoBeTe z1 U z2 HAa A(21, 22, 23) B CPeJITE HA CPEILYIIOJIOKHATE UM CTPAHU U
Jla, ce OTpejIen JBOMHATA TOUKa Ha Tasum Tpancdopmarns. la ce mokaxe,
Ye BbB BCEKU TPU'BI'LIHUK METUNEHTHPHT (G, MEHTHPBHT HA OMUCAHATA OK-
pbxkuOCT O U OpToLeHTbPBT H Jiexkar Ha ejiHa NpaBa (HApedeHa npasa Ha
Otinep), xkaro G e mexxy O u H u GH = 2GO.

Pewenue. Cpenure Ha [29, 23] 1 [21, 23] ca 2] = (22 + 23)/2 u 25 = (=1 +
z3)/2. CienoBaresino koeduimenTure a u b Ha ThbpceHaTa TpaHchOPMAITHs
w = az + b ca pelrenne Ha cucTeMarTa

az1 +b= (22 +23)/2,
aza +b=(z1+ 23)/2,

OTKbJIeTO Hamupame a = —1/2 u b = (21 + 22 + 23) /2.

Tbpcenara JBoiiHa TOYKa ¢ € PeIleHHe Ha yPaBHEHHETO ¢ = —¢g/2 +
(21 + 22 + 23)/2, orkbrero g = (21 + 22 + 23)/3, T. €. TOBa € MeIUIEHTHLPBT
Ha A(z1, 22, 23) (Bk. 331, 1.21).

Hemnocpezcrseno ce npecmsita, e w(z3) = 25 e cpejara Ha [21, 22]. Ciezo-
BATEJIHO BCSIKA CTPAHA HA TPUHIbJIHUKA Ce N300pa3siBa B CpeIHATA OTCEUKA,
ycnopejHa Ha Hest. [lopaju 3ama3BaHe Ha bIJIATE TOJIydaBaMe, e BCSKa
BUCOYMHA Ce M300pa3siBa B CUMeTpaJjiaTa Ha CPEILyToJoXKHATa CTPAHA, T.e.
oproneHTbpbT H oruBa B neHTbpa O Ha ONUCAHATA OKPBKHOCT HA TPUb-
rbyiHuKa. T'bil KaTo TpancdopManusiTa € Cylneprno3uis Ha POTAIUsT Ha, bI'bJl
arg(—1/2) = m okos1o TOUKaTa g n xomoTerns ¢ koedunuent 1/2 (3ax. 3.1),
ro Toukara O jexu Ha npasata GH, G e mexxny H u O u GO = GH/2.

3.6. [la ce mokazke, de TIpH Tisiyia nHEHA TpaHchOpMAIUs TEHTHPHT Ha
Besika OKpbkHOCT C' ce m300pa3siBa B IeHThpa Ha obpasa i1 (.
Pewenue. Ianara tpanchopmarius nzobdpassBa mpaBa B IpaBa, OKPbIK-

HOCT B OKPBXKHOCT 1 3alla3Ba 'BIVIUTE. C.HG,ZLOB&TGJIHO JAuaMeTbp Ha C ce
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n300passiBa B xopaa Ha (4, KosaTo e opToroHaJjHa Ha (1, T.e. B JUaMeTbP
na Cj. CremoBaTe/IHO IIpecedHaTa TOYKA Ha ABa auamerbpa Ha C' 1me ce

n306pa3u B IIpecevHaTa TOYKa Ha JBa JuaMerbpa Ha Cf.

3.7. Ila ce mamepu Isiia TpaHCGOpPMAIUs, KOSITO M300pa3siBa Kpbra
K(a,R)={z€C:|z—a| < R} Bxpbra K(a1,R1) ={z: |z —a1| < R1}.
Pewenue. Tpancnanusita z1 = z—a nzobpasssa K (a, R) B kpbra |z1| < R

1
c nenTbp 0 u paguyc R. XoMmoTeTusTa zo = R A uzobpassiBa Kpbra |z1| < R
B Kpbra | 23| < R;. Hakpas rpancianusita z3 = 2o+ a1 nzobpassisa |z2| < Ry
B K(a1, Ry). CrnenoBaresino equa TpancdopMaius ¢ ThPCEHOTO CBOWCTBO €

w(z) = 230290 21(2) = fl(z —a)+ai.

3.8. Jla ce HamMepsAT BCUYKU IeJIH JIMHEHHN TpaHC()OpPMAIU, KOUTO U30-
OpassiBaT ropHaTa nojaypasHuHa Imz > 0 B cebe cu.

Pewenue. CbriiaCHO NPUHIMIA 38 CHOTBETCTBHE HA TPAHUIUTE MOJIOKH-
TEJTHO OpHEHTHpaHaTa peajiHa IpaBa ce M300pa3siBa B IMOJOKUTETHO OPHU-
eHTHpaHaTa peajiHa IpaBa, T.e. ako w = az + b e eaHa TpancdopMalus,
3amasBaiia ropaara mnojypasautaa, To or 0 < 1 ciaegsa w(0), w(l) € R u
w(0) < w(1), orkbaero moaydasame a € R, b e R, b<a+b < a > 0.
ObparHo, Besika TpancdopMalys or Buga w = az+b, a > 0, b € R, 3anassa
ropaara moJjiypasHuna, 3amoro Imw = aImz > 0.

3.9. Jla ce HaMepsT BCUYKH LI/ JIMHEHHN TpaHCchOpMaIlil, KOUTO U30-
Opa3zsiBaT:

a) usurata 0 < Rez < 1 B cebe cu;

6) uBHIATA, 3AKJOUEHA MEXKJy IpaBuTe y = ¢ Uy = « — 1, B cebe cu
(dur. 3.1).

Pewenue. 6) Heka w = re’®z + b e eama TpanchopManus ¢ JajeHOTO
cBoiictBo. T e cymeprosunus Ha poramus z; = €'z, XOMOTeTHs 29 = 2] U
TpaHcaanus zz = zo + b. Tbil KaTo Ipu 29 U z3 WBHIATA ce M300pa3siBa B
ycropegHa Ha cebe Ci MBHUIlA, POTAIUSATA 2] TPSAOBa J1a MPUTEKABA CHITOTO
cBoiicrBo. Crenoarento o = 0 win o = 7.

1) @ = 0. Torasa z; = z 1 UBUIATA OCTABA HA MACTOTO CH. AKO 1 # 1, ipu
Zo MBHUIIATA IIe Ce M300pas3y B yCIIOPEIHA UBUIA, YUATO IMHPUHA € PA3THIHA
OT Ta3W Ha JaJieHaTa W IpPHU z3 HaK Ie ocraHe pazyindHa. CjeaoBaTesIHO
r = 1. 3a ja ocraHe uBUIaTa B cebe CU U IPU TpaHCIAIUsTa 23 = z + b,
BEKTOPBLT b TpsiOBa ja Obje ycropeseH Ha IpaBaTa y = T, T.e. b = )\e’%,
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0| An/4 /4

@ur. 3.1

) € R. Taka nonyuasame w = z + Ae'1, A € R,

2) a = 7. Cera 21 = —z u UBHMIATA ce N306pa3siBa B yCropeaHa Ha cebe cn
¢ rpannyny npasu npes —1 u 0. 3a jga ocraHe TS CbC ChIIATa IMIXPUHA U IIPH
2o, TpsibBa r = 1, T.e. w = —z+b. Ako nipencrasum b = 14 ¢, TpaHCIAIHUSITA
¢ BeKTOp b e cymeprosunus Ha TPaHCIAIUUTe ¢ BEKTOP 1 M ¢ BEKTOp C.
[IbpBara u3obpassgBa UBHUIATA B I'bPBOHAYAJIHATA, CJIEIOBATEIHO, KAKTO B
1), Bropara TpsibBa ja Obje ¢ = X', N e R. Taka w = —2z + 1 + \e'T.

O6parHo, Besika TpaHcdOopMalldsl OT BUJIa W = 2z + AT wm w = —z +
1+ )\e’%, A € R, nuzobpassBa mamenara nuBuia B cebe cu.

Ome.a) w=z+iAuwmw=—z+1+1i\ XA €R.

3.10. [Ta ce jokaxe, 4ye Besika yHKiws f(2), KOsATO 3amas3Ba pas3crosi-
HUSTA MKy TOYKUTE B DaBHUHATA, € Wi oT Buia f(2) = €®z + b, wam ot
Buga f(2) = e"“Z + b, kbaero a € R, b € C.

Pewenue. Ot |f(1) — f(0)] = |1 — 0| = 1 crensa f(1) — f(0) = €@,
a € R. Jla pasrename dbynxmusaTta p(z) = e (f(z) — f(0)). Ta cbmo
3ala3Ba Pa3CTOSHUSATA MeKy TodkuTe U ocBeH ToBa (0) = 0, ¢(1) = 1.
Otrryk crensa, de 3a Besiko z € C, |¢(2)| = |2| u |¢(z) — 1] = |z — 1|, T.e.
©(z) nexu Ha okpbrHOocTuTe C(0,|2]) 1 C(1,|z — 1]). Tesu okpbxKHOCTH CE
npecuuar B Toukure z u z. CiepoBarento ¢(z) = z wim ¢(z) = Z, Taka 4e
3a Besiko * € R, p(z) = z. Heka cpimectByBa 29 ¢ R takosa, 1e ¢(zp) = 2o.
Torasa 3a Besiko z € C, ¢(z) = z. HeiicrBuTenHo, ako JOIyCHEM, Ye UMa
z € C, 3a xoero p(z) = Z, me noxyunm |z — zo| = |¢(2) — ¢(20)| = |Z — 20
U CJIEJIOBATEJIHO Z( JIEXKU Ha CHMeTpaJiaTa Ha orcedkara [z,Z], T.e. 29 € R,
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KOeTO e IpoTuBopedne. AKO I'bK ChINECTBYBa 29 ¢ R, Taka 1e ¢(zy9) = Zo,
AHAJIOTHYHO CcTejiBa, ue p(2) = Z 3a Beako z € C. Tvit karo f(2) = e (z)+
f(0), TBbpaEHRETO € JOKA3aHO.

3.11. a ce mokazke, 4e TpaHchopMalusaTa w = 2 n300pa3siBa:

a) sbu ¢ Hadano 0 B b4, cuMerpudeH Ha Hero otHOcHO R. Ilpu ToBa Ha
nmocoka oT 0 KbM 0O CbOTBETCTBA MMOCOKA OT 00 KbM 0

6) npaBa Ipe3 HAYAJIOTO B CUMETPHYHATA i1 OTHOCHO R;

B) NOJIypaBHHMHA C IPaHUYHA [IPaBa MPE3 HAYAIOTO B CHMETpUYIHATA I

oTHOCHO R.
. Ka | = Tz = JIBI IO
Pewenue. a) Heka [ ze€C:z=re r>0 aecR}e e3
1 1 . 1
magajoro. ToraBa 3a z € [, w = — = —e™ 'Y, T.e. — UPUHAJJIEKH HA JIHIA
z z

{weC:w=pe ™, p> 0}, cumerpuden na | ornocno R. Ilpu Tosa, Tbit

KaTo 1pu u3MeHenuero Ha r oT 0 j1o 400, — ce meHu ot +o00 g0 0, To cieiBa
r
1 TBBPIEHUETO 3a ITOCOKATA.
Tebpienusra 6) U B) CJIeBAT HEIIOCPEJICTBEHO OT a).

3.12. Jla ce mHamepu obpasbT Mpu TpaHCHOPMAIAATA W = — HAa!

a) C = Clala)), a € R\ {0; ’

6) C = C(ib,|b]), be R\ {0};

B)l={z€C:Rez=ua, acR\{0}};

r)[={z€C:Imz=0>b, be R\ {0}};

ni={z=zx+iyecC:y=a—1}

e) D=K(1,1)NK(i,1);

K)D={2€C:0<Rez<1, Imz>0}.

Pewenue. a) Twit karo 0 € C, 10 06pazbr i | e npasa juausi. OcBeH ToBa
2a € C' u C ckimouBa ¢ peasHata 1pasa R brba m/2 B Toukara 2a. [Tonexe
tpancdopmarmsTa w = 1/z ocrassa R ma msicToro cu (3a7. 3.11) n 3amassa
brIATe, [ e mpaBa 1pe3 Toukara 1/2a, ycropejaHa Ha UMArvnHEpHATA [IPABA,
r.e. | :Rew =1/2a.

6) Ome. Ilpasa npe3 Toukara —i/2b, ycropejiHa Ha peajiHaTa IIPaBa, T. €.
Imw = —1/2b.

B) Tbit karo 0 ¢ [, To o6pasbr it C' e MCTUHCKA OKPBIKHOCT IIpe3 Ha-
qajioro. Ocsen ToBa 1/a € C' u C crmousa ¢ R b 7/2 B Ta3u TouKA.
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Crenosarenno C = C(1/2a,1/2al).

r) Ome. Oxpbxuocrra C(—i/2b,1/2|b|).

1) Toit kato 0 ¢ [ u 1 € [, To 06pazbr C' e NCTUHCKA OKP'bXKHOCT, MUHA~
sama npe3 0 u 1. Ocsen Tosa, nonexe | ckmousa ¢ Oxt broa 7/4 B Toukara
1, To u moumparennara kbM C' B Toukara w(l) = 1 cximousa ¢ (1,0)” broa
7/4. Taka IEeHTHPBT HA TA3N OKPBHIKHOCT JIEZKH Ha IEPIEHANKYIISIPA, U3/
HAT OT ToYKaTa 1 KbM Ta3! JONUpATEIHA, I HA CHMETpaJaTa Ha OTCEUKATa
[0,1], T e. ToBa e Touxata (1+14)/2. Cremosarenno C = C((1+1)/2,1/v/2),
BK. dur. 3.2.

w=1/z

w/4

Q@ur. 3.2

e) ChbIIacto IPUHIHUNIE 38 CHOTBETCTBHE Ha TPAHUIATE JOCTATHIHO € [
IPOCJIEJNM B KaKBO Ce m300pa3siBa OPHEHTHpaHaTa I'DaHuIa Ha o6aacTTa
D. Oceen ToBa, Thil KATO I'PAaHUYHATE OKPBIKHOCTH CE [IpecHvar B TOY-
kute 1 + 4 u 0 [0 MPaB BbI'bJI, JIOCTATBIHO € Jia HaMephM obpasza ca-
Mo Ha Jgbrara (1+44,0) or okpbxkuocrra C(1,1), Bxk. dur. 3.3. Nmame

|

®@ur. 3.3
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w(l+4) =1/(14+14) = (1 —1i)/2 u or a) cieasa, 4e TbpceHUAT oOpa3 e
JacrTa OT npaBata Rew = 1/2, cebpssama (1 —i)/2 n 0o u HeChbpIKAIIA
w(2) = 1/2, .e. ToBa € sbubr W = 1/2 — jv, v > 1/2. ToraBa o6pa3bT Ha
ocTaHaJIaTa 9acT OT OPHUEHTHPAHATa rpaHula Ha [ — abrara (Oﬁz) oT
okpbrkuaocTTa C(i,1) — mONMyvIaBaMe, KATO 3aBBbPTUM TO3H JIHI B IOJIOKH-
TeJIHa MOCOKa Ha bI'bJ /2. Taka momydaBame abda w = u — /2, u > 1/2,
onmcBaH B mocoka or oo KbM (1 — i)/2. Crenosaresno obpassbr Ha D e 06-
nacrra {z:Rez > 1/2, Imz < —1/2}.

k) IlocienoBaresno Hammupame obpasa Ha OpHEHTHDAaHATa I'DAHUNA Ha

nosyusnnara D (dur. 3.4):

@ur. 3.4

1. JIvawr (+i00,0)” ce nzobpasssa B srbda (0, —ico)™
2. Orceukara [0, 1] ce n306pazsiBa B rbaa (+00,1)"

3. JIvabr z = 1 + 4y, y > 0, ce nzobpa3siBa B OHA3U OT JBETE IbIH,
cebp3Bamy 1 u 0, Ha okpbkuOCTTA C(1/2,1/2), KOATO CKIIOUBA BI'BI

—m/2 ¢ rbaa (+00,1)7, T.e. TOBa € Jbrara B YeTBbPTH KBaJIPAHT.

CrenoBarenno o6pasbr Ha nosyusunara e obiaacrra {w € C : Rew > 0,
Imw <0, |w—1/2] >1/2}.

3.13. Heka okpbxkuocture C1 u Co ce jonupar BHTPEIIHO B TOYKA & €
C. B obitacrra, 3ak/II09eHa MEXKIY TsIX, € BIIUCAHA PEUIA OT OKPbXKHOCTH,
sonmparu ce momexay cu u 1o C1 u Co. [la ce qokaxke, 4e TOMUPHUATE TOIKHU

Ha Te3M OKPBH2KHOCTH JiezKaT Ha €Ha OKPBb2KHOCT.
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Pewenue. bes orpanmyenne moxkeM 1a cauntame, de & = () 1 OKPbKHOCTH-
re C1 u Cy ca oproronainu Ha peannara npasa (dur. 3.5). Tosa moxe 1a ce
HOCTHUIHE € MOJXOJsINa Tisijta Tpancdopmarusi. Tpancdopmarmsra w = 1/z

w=1/z

w\7r/2‘ v\Tr/2

NN/ N

®@ur. 3.5

uzobpazsia C1 u Cy (3a1. 3.12 a)) B mpaBu, yCropejHu Ha MMAIMHEPHATA
oc, a 06J1aCcTTa, 3aK/II0YeHa MEXKY TIX — B UBHUIATa MeXK 1y Te3u npasu. OK-
pbkHOCTHTE, Jormpariy ce 10 C1 u Co 1 MOMeXK Iy CH, ce n300pa3siBaT B OK-
PbKHOCTH, JOIMUPAIIN Ce JI0 ABETE IPaBU 1 MoMexk 1y cu. OIeBUIHO TEXHUTE
JIONUPHU TOYKHU JIesKaT Ha eJ[Ha IpaBa (TOBa e Ipasarta, ,pa3losioBsBama‘
uBnnara). Tasu npasa e ycropeHa Ha UMArMHEPHATA OC M HEe MUHABA IIPE3
Hagajoro. CremoBaTeHo Tsi e obpa3 Ha OKpbKHOCT mpe3 0, opToroHaHa

Ha R, 1.e. gommpaia ce g0 Cp u Co B 0. TBbpaeHuero e mokasaHo.

3.14. la ce mokaxke, 9e o0pa3bT HA OKPbHbXKHOCT, OPTONOHAJHA HA €11~
HUYHATA OKPbXKHOCT, U TpaHChOpManusaTa w = 1/2z € OKPbKHOCT, CUMeT-
pUYHA Ha Hed OTHOCHO peaJjiHaTa IpaBa.

Ynsmeane. Vznonssaiite, ue w = 1/z e cyneprosuiusi Ha WHBEPCHsI OT-
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HOCHO |z| = 1 m cumerpust ornocHo R. Jlokazkere, ¥e OKPBIKHOCT, OPTOrO-
HaslHA Ha |z| = 1, nmpu mHBepcusi otHOCHO |z| = 1 ce m300passiBa B cebe
CcH.

3.15. Jla ce uzobpasu B uBniara 0 < Rew < 1:

a) noaypasauHara Re z > 0 6e3 kpbra K(d/2,d/2), d > 0;

6) obnacrTa, 3arpajena or okpbxuocrure C(a,a) u C(b,b), 0 < a < b;
B) obmacrra C\ (K(a,a) U K(—=b,b)), a >0, b > 0, raka 1e w(2a) = 0.
Pewenue. a) Tpanchopmanusara z; = 1/z uzobpaszsiBa nuMmarnHepHaTa

npaBa B mMarmHepHara npasa (3aza. 3.11), a okpwxkuocrra C(d/2,d/2) B
npaBata Rez; = 1/d (3ax. 3.12). O6pasbr Ha JajieHaTa 06JIaCT € UBHUIATA
0 < Rez; < 1/d. OcraBa ja ,pasmmpum® Ta3u MBUIA C XOMOTETUSATA 29 =
dz;. Taka ejxna TpancdOpMaIyst ¢ HCKAHOTO CBONCTBO € w = 22 0 21 = d/z.
C momorrra Ha 3a71. 3.9 MoxkeTre ma ce ybemauTe, Ue BCHIKU TAKUBA TPAHC-
dopmanun ca w =d/z + i\ wm w = —d/z +1+i\, XA € R.

2b 2b

6) Ome. w = T (2 ) ridwmw= 2 (21 + 14\,
b—a \ z a—b\ z

A€ER.

B) Tpancdopmarnre, KOUTO IpUIaraMe MOCIEOBATEIHO, ca MOKA3aHU
Ha dur. 3.6.

(2) A (21)
z1=1/z
—2b\ —b a 2a —1/2b 0 1/2a
, (22) ‘ (23)
Zo=z1+ z3 = 2ab z
e=a+t g 8= b .
0 1 0 1
2a " 2

Q@ur. 3.6
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(z4) (25)

24 = —23 25 =24+ 1

@ur. 3.6 (upoxbiKeHue)

Coe 3HaKka X ca orbesnsa3anu IIocjie JoBaTe/ IHUTE 06pa31/1 Ha TOYKaTa 2a.

n b(z — 2a)

MaMe W = 250 24 0230290 2] = —————".
(a+b)z
%k %

Ilox xpusa, munasausa npes oo, ce pa3zdmpa HEIPEKHCHATO M300parKeHUe z =
v(t) : [0,1] — C, Taxosa e cwbmecTByBa to € [0, 1], 3a koeto v(tg) = tlgrtlo ~(t) = oo.
AKo v1 ¥ 72 ca JiBe KPUBH IIpe3 00, MOJ OPUEHMUPAH G254 MEXKJY TSX ce pa3bupa
OPUEHTUPAHUAT bI'bJ B 0 MexK /Iy TexHuTe 06pa3u 1pu rpancdopmarmsaTa w = 1/z.
Taka no onpezenenue tpancdopmanugara w = 1/z e KoHMDOPMHO U300parKeHue B

Toukure 0 1 oo.

. az+b
3.16. la ce mokaxke, de JpobHO-JIMHETHATa TpaHCHOPMAIUs W= —d
cz

e KOHPOPMHO M300pazkeHue u B Toukure —d/c 1 oo.

Pewenue. Heka ¢ # 0 u 71, v2 ca kpusn upe3 —d/c. Heka I'y u T’y

az+b

ca TeXHUTe oOpasy TpH TPAHCPOPMAIUATA W = Td Opuenrupanusar
cz

BB Mexay 'y m I'o B 00 e paBeH Ha opweHTHpaHUA BI'bJ B 0 MexIy

obpasure um l; u lo npu rpanchopmanusita ( = 1/w. Kpusure [; u ls ca

1 cz+d
obpa3u Ha ] U Yo Ipu TpanchopMmarusTa ( = — = i A Tosa e apobmo-
w o az

nuHeitHa Tpancdopmanus, karo ((—d/c) = 0 (na orbesnexum, de a(—d/c) +

b= —A/c # 0) u cieroaresiHo e KoHMOPMHO H306pazkeHue B Toukara —d/ ¢,
T. €. OPHEHTUPAHUSAT bI'bJI MEXK/LY Y1 U Y2 B —d/C € paBeH Ha OPUEHTUPAHUS
BB Mex Ty 'y u 'y B oco.

Axo ¢ # 0, kordOPMHOCTTa B 00 CJieiBa OT TOBA, e ako ( = 1/z, To

a+b¢ . a
w = ———— e JipobHO-InHelHa TpaHcdopmanust, 3a Kosito w(0) = —.
c+d¢ c
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Anajiornuso ciaeasa KoH(OpMHOCTTa B 00 1 1pu ¢ = 0.

3.17. Jla ce nmokaxke, Ue IpOOHO-JTUHEHHATa TpaHCPOPMAIUSA € eINHC-
TBeHaTa TpaHcdopMaIus, KOITO 3ala3Ba JBOWHOTO OTHOIIEHWE HA BCEKHU
YETUPH TOYKH.

Pewerue. Hexa 21, 29, 23, 24 ca pazimanan Touxn ot C, w = w(z) e apobHo-
JHeiHa Tpancdopmaius u wy = w(zk), k = 1,2, 3, 4. Torasa w(z) ce 3asa-
Ba ¢ dopmyrnara (wy,ws,w,wy) = (21, 22,2, 24). OTTYK 1pu z = 23 ciejBa
(w1, wa, w3, wyq) = (21, 22, 23, 24), T. €. w(z) 3ama3Ba JABOWHOTO OTHOIICHUE.

O6patHo, ako w = w(z) e PyHKIWsI, KOATO 3a1a3Ba JBOHOTO OTHOIICHTE
HA BCEKU YeTUPH TOYKU U wy = w(zk), k = 1,2,3, 10 3a Besiko z € C umame
(w1, wa, w,ws) = (21, 22, 2, 23), KOETO € eJHA JIPOOHO-JIMHEHA TpaHchOopMa-

T 4.

3.18. Jla ce mokaxKe, 4e 4eTUPHU TOYKHU 21, 22, 23, 24 € C jexkar Ha enHa
OKP'b’KHOCT TOraBa M CaMo Torapa, Koraro (z1, 22, 23, 24) € R.

Pewenue. AKo eiHa OT TOUKHUTE, HAIIPUMED Z4, € 00, TBhPIAEHUETO CJIeBa
z3 — 21

oT TOBa, 4e (z1,22,23,00) = (21,22,23) € R <= arg = 0, uin

Z3 — 22
T <= z3 JIe:KU Ha npaBata (21, 22).

Heka cera C' = C(a, R) e ucTuHCKAa OKPBKHOCT U 21, 22, 23, 24 € C. To-
2

raBa zp = —— +a, k = 1,2,3,4, u upuiaraiiku mocJjie0BaTeIHO TPaH-
Zk —Qa
copmarmure 2 — 2z —a, z — R? /z u z — z+ a, 3aHa3Baly JBOIHOTO

OTHOIIEHHE, IToJIydaBaMe

(21,22,23,24) — (Zl —a,22 —a,z3 —a,z24 — a/)
R? R? R? R?
<zl —a Zy —a’zg—a’z4—a>

=(z1—a,z2 —a,23 —Q,24 — Q)

= (§1,§2,§3,§4) = (21,22,2:3,2’4), T. €. (2’1,22,2’3,24) e R.

O6parHo, ako C(a, R) e OKpbIXKHOCTTA, OlIPe/ieieHa OT TO‘{KI2/IT€ 29, 23, 24,

TO OT paBeHcTBaTa (21,22,23,24) = (21,292,23,24) U 2y = —— +a, k =
Zr — a
R2
2, 3,4, nponeaupailku KakTo IO-TOpe, HoJaydaBaMe z; = ——— + a, T.e.
zZ1—a

z € C.
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3.19. Jla ce moxaske, e TOUKHTE z* M Z ca MHBEPCHU OTHOCHO OKPbHIK-
nocrra C, ompejesieHa OT TOYKHTE Zz1, 22,23 € C, ToraBa m camMo Torapa,
KOTaTo

(3) (2%, 21, 22, 23) = (2, 21, 22, 23).

Pewenue. Ako z € C, To z* = z u TBbLpAEHHETO cjensa oT 3az. 3.18.
Heka z ¢ C. IIbpBo mie Jl0KaykeM, de paBeHCTBOTO (3) He 3aBHCH OT TOU-
kute, onpegensmu C, T.e. akKo wi, wa, w3 Ca MpousBoaHu Touku ot C', TO
(2%, w1, w2, ws) = (z,w1,ws,ws). HeiictBuresnto, Heka w(z) e apobHO-THHEI-
Ha TpaHcdopManus, Koaro usnpamma C B peajnHara npasa. EaHa Takasa
rpancdopmanust e (w(z),1,0,00) = (z, 21, 22, 23) wm w(z) = Mﬂ,
Z1 — k%2 — Z3
upu koeto w(z1) = 1, w(z2) = 0, w(z3) = co. Heka w(z*) = w* n w(wy)=w,
k =1,2,3. Tvit karo w(z) 3amasBa ABOHOTO OTHOIIEHUE, TO (2*, 21, 22, 23) =
(w*,1,0,00) = w* u (z,21,292,23) = (w,1,0,00) = w. Orryk u (3) cneasa
w* = w. Torasa (w*, wi,ws,ws) = (W, W, Ws,ws), 3amoro wy € R, k =
1,2, 3. Cera, KaTo B3eMeM IpeBUjI, de obparnara TpancdopMars Ha w(z)
e bl JpobHO-THHeliHA TpaHcdopMalus, moaydaame (2%, wi,ws,ws) =
(z,w1,wa,w3).

Heka e B cuiia pasencreoro (3). e pasriename jBa cirydast:

1. Heka C' e npaBa u z3 = co. Torasa

2 —z zZ—Z
(3) —= 2 _ — f .
zZ1 — %9 zZ1 — 22
ToBa Hu JaBa |z* — 22| = |z — 22|, Koero o3HavaBa (moHexe z2 € C' e upo-

M3BOJIHA), Y€ z* U z ca Ha PAaBHU PA3CTOsIHUS OT BCsIKA TOYKa Ha IIpaBaTa, B
TaCTHOCT W OT caMaTa IpaBa. ToraBa win z* = z, win z* 1 z ca CAMETPUIHA
oraocuo C. Ako z* = z, or (3) u 3ax. 3.18 cieasa z € C, KoeTo He € BAPHO.
CrenoBaresino z* u z ca cuMeTpuvIHU OTHOCHO tpasata C'.
2. Heka C' = C(a, R). Tlpeobpasysaiiku paseHcTBOTO (3) M GyKBaJHO
R2
CJIeIBAKK perneHnero Ha 3a1. 3.18, morydaBame 2% = — +a, e z¥e

zZ—a

nnsepcua Ha z ornocuo C(a, R).
OcranajiaTa 9acT OT TBBPJICHUETO CE JI0KA3Ba 110 OOPATHHS II'bT.

3.20. [a ce HamepsT HEHTHPBT U paaunychbT Ha OKpbxkHOCcTTa C(w), R),

B KOSITO TpaHCcOpMaIysTa:

z—z21

a) w = ——, zo ¢ R, nuzobpassiBa peajHara Ipasa,;
5
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0) w= cj_—::z u300passiBa okpbxkuocTTa C(a, 1), —g ¢ Cla,r);

3z —2
B) w = ZZ i n306paszsBa okpbxkHOCcTTa C(1,1).

Pewenue. a) Mmame w(z2) = oo. VHBepcHaTa TOYKa Ha 0O OTHOCHO
C(wo, R) e nearbpbT it wy. Tbit kKaro apobHO-JMHeliHATA TpaHCchOpMAaIist
3al1a3Ba UHBEPCHUTE TOYKHU, TO w(o € 00pa3 Ha TOYKATa, HHBEPCHA Ha 29 OT-

Z9 — 2
HocHO R, T.e. wy = w(Z2) = 2"l Monexe w(0) € C(wo, R), 3a paguyca
zZ9 — 29

nvame R = |w(0) — wy| = ’22‘11;12"
6) Heka 8 = —d/c u * e unBepcuara i1 touka ornocuo C(a,r), T.e.
B* = R?/(B — @) + a. Torasa, monexe w(f) = 0o W WHBEpCHATA Ha 0O

ornocuo C'(wp, R) e wg, 10 wy = w(F*). Twit karo w(a + r) € C(wg, R), TO
R = |w(a+ 1) — wpl. o
B) Cera 3 = —i/2, * =1/(—i/2 —i)+i=2/3i +i=14/3. Torasa

1 1 —2 3i—6 3 6.
wy = w — :721; - = :74—71/’
§+Z

3 o1 5 b
3 6 3
R = 0) — =\2t— - ——i|=|—=+ 1| =1.
0(0) ~ w| = |2~ 2 — 2 ‘5+5z
3.21. Jla ce Hamepu oOpa3bT Ha:
a) orceukara (21, z2] upe3 w = Z_Zl;
zZ — Z9 )
6){ZGC:Rez>O,Imz>0}qpe3w:212,;
z+1
22 —1
B) {z || mz > 0} upes w Zzz+2
I‘){zeC:O<argz<%}qpe3w:71;
5
1
II){ZEC:O<Rez<1}qpe3w:Z72;
s
e) {zeC:1<|z| <2} upes w = Zl;
Z_
X)) {zeC:|z—1] < V2, |z+1|<\@}qpe3w:i;;

Pewenue. ChbriacHo NpUHIHUIIA 32 ChOTBETCTBHE HA T'PAHUIIATE JOCTA-
THYHO € Jla HaMepuM oOpa3a Ha OpHEeHTHpAHATa IDAHUIA HA ChOTBETHATA
obsacr. Ilpu ToBa, aKo He CjeIUM 3a OPHUEHTUPOBKATA Ha TpAHUIUTE, 00-
paza Ha 00JlacTTa MOXKEM Ja OIpeeuM U KaTO HaMepuMm obpas3a Ha eJiHa

BbTpeIHa (BbHIIHA) 33 ChOTBETHATA 06JIACT TOUKA.
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a) Tbit kKato w(z3) = 00, TO [21, 22] e ce uzobpasu (dur. 3.7) B yacr or
npasa, MuHaBamia npe3 w(z1) = 0 mw w(oco) = 1, 1. e. B 9aCT OT peayHaTa Ipa-

.-
-
29 7

Zz—Z1

w: _—

z — 22

—

21
L’ ) Y
0
@ur. 3.7

Ba. Tasu gacT cBbp3Ba HenpekbcHaTo 0 1 00 U He ChbpxKa 1. CiieroBaTesiHO
ToBa e JIbabT [0, —00)™.

6) it kato w(—i) = co u —i € iR, —i ¢ R, T0: IBIBT [10, +i00)” mE ce
u300pa3u B 9acTTa OT Ipasata, cBbp3Baiia roukure w(0) = —1 u w(oo) = 1,
KOSITO Chbprka Toukara w(i) = 0, T.e. B orceukara [—1, 1]; sbabr [0, +00)~
— B Jbra OT OKPBXKHOCT, cBbp3Bama —1 u 1 n cpabpxkama w(l) = —i, T.e.
TOB& € €JMHIYHATA [T0JYOKPBKHOCT, PA3IOJIoKeHa B JIOJHATA 0Ty PABHIHA
(dur. 3.8). Hakpasi, or w(—i) = oo (—i e BbHIIHA 3a 06JacTTa) CIe/Ba, de

I 'y
zZ—1
) w = A
zZ4+1

_ —1 0 1
0 1

_ZT =

@ur. 3.8

06pa3bT Ha 06JIaCTTa € eJUHIIHUST TIOJYKPbL, JIeXKAIL B JIOJHATA [OJLyPaB-
HUHA.

B) Tbit kato w(2i) = oo, To obpasure Ha [—1,1] m Ha {2z € C : |z| =
1, Imz > 0} ca mbru cvorBerHo OT OKpbxkHOCTH C7 U Co, CBbp3BalM

. 3 4.

rouknre w) = w(—1) = ————inws = w(l) = 5t [Tonezke nHBEpCHATA
Ha 2i oTHOCHO |z| = 1 e /2 mw(i/2) = 0, 1o nenTbpbT Ha Co € 0, & pauycHLT
e |wi| =1, T.e. ToBa e eMHUYHATA OKPBKHOCT. AHAJIOTUIHO, [IOHEXKe — 21
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w 2z —1
_ iz +2

S S D
(e=)

o bi
L4
Qur. 3.9
e cuMmerpuuHa Ha 2i orHOcHO R, menrbpbr Ha C7 e w(—2i) = —5i/4, a
pazuycwt it e |w(0) + 5i/4| = |—i/2 + 5i/4| = 3/4. 3a na onpeaenum Kou oT
JUbIUTE, CBBP3BAIH W] U W2, Ca ThPCEHATE 00Pa3u, B3eMaMe IIPEBUI, Ue
w(i) =11 w(0) = —i/2. ObpazbT Ha ObIacTTa Onpe/eisiMe upe3 w(i/2) = 0

(Bk. dur. 3.9).

r) O6pasbr nHa [0,1] e ababr [0,—00)7, a Ha aBUA [1,+00)” — ABIBT
(00, 1]™. O6pasbr Ha Jrbda arg w = 7/4 e jbra 0T OKPbKHOCT, CBbp3Baiia
u 1 u crmouBama ¢ gbda [0, —00)” brbsl /4 B TOUKATA HyJIa, T.€. JONHUpa-
TeJIHATA K'bM Ta3M Jibla B TOYKaTa HyJIa e IbIbT argw = 7+ /4. LHenrbpbr
Ha Tazu oKpbKHOCT e (1—1)/2, a paamycwr ire [1—i|/2 = 1/v/2 (dbur. 3.10).

®ur. 3.10
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1) Tpancdopmanusira 3anassa peannara npasa (w(z) € R 3a z € R).

IIpasara Rez = 1 ckiiousa ¢ nest B Toukara 1 brbia w/2. CregoBaTesiHo

obpaszbr Ha Rez = 1 e okpbxkuocr (w(2) = oo!), oproronanna Ha R B
roukara w(l) = 0 n munaBama npe3 w(oo) = 1, T.e. TOBa e OKPBIKHOCT
¢ muamersp [0, 1]. Ananorndno, o6pasbr Ha Rez = 0 e OKpbKHOCTTA C

quamersp [1/2,1], Bk, dur. 3.11.

z—1
)

A\ |

0 1 0
@ur. 3.11

e) Ome. Bk dur. 3.12.

i

)
-]

LN
Al o

@ur. 3.12

x) I'pannunnre oxpbxkuocta C; = C(1,v/2) u Cy = C(—1,v/2) ce upe-
cuYaT B TOUKUTE —i U § U CKJIOYBAT C OTCeYKaTa [i, —i] B TOYKaTa i bIJIA
cboTBeTHO paBhu Ha —7 /4 u /4. ToraBa obpasure Ha ABeTE AbIU, 3arPaXkK-
JIAIM Ja1eHoTo MHOXKecTBO (ur. 3.13), ca jrbun 1pes 0, CKIIIOUBAIIM € JIbYa

(0, —00)” (3ax. 3.21 a)) cbmmre brom. CregoBarelHO 06pa3bT € 0b1acTTa
{w:3r/4 < argw < 5w /4}.
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zZ—1
w:z—i—i /4
1 i\0
@ur. 3.13

3.22. [la ce mamepu jnpobHO-snHEiHA TpancdopManust w(z), KOSTo H30-
Opa3ssiBa:

a) roprara nosypasauta Im z > 0 B cebe cu, raka 1e w(0) = 1, w(l) = 2,
w(2) = oo;

6) ropuara nosiypaauHa Im z > 0 B equHuYHUS Kpbr |w] < 1;

B) kpbra K(4i,2) B moaypaBHuHara 7/4 < argw < 5m/4, raka de
w(4i) = —4 ww(2i) = 0;

') eUHNYHUS KPBI 2| < 1 BbB BbHIIHOCTTA HA Kpbra |w — i < 1.

Pewenue. a) CplnecrByBa eMHCTBEHA IPOOHO-JIMHEIHA TpaHChOPMAIUsT
w(z), 3a koaro w(0) = 1, w(1l) = 2 m w(2) = 0o, u 14 ce 3a7aBa ¢ popmyIaTa
(w,1,2,00) = (2,0,1,2), orkbaero Hamupame w = 2/(2 — z). Tbit Karo T
n300pa3siBa peagHaTa Impasa B cebe cu, To Im z > 0 me ce uzobpasm Ui B
cebe cu, min B Im 2z < 0. Tbit kaTo KakTo ToukuTe 0, 1, 2, Taka u ToukutTe 1,
2, 0O OIpeNessAT MOJOXKUTeNIHa OTHOCHO Im 2z > 0 opmenTanusa, To Imz > 0
e ce u306pas3u B cebe Cu.

6) Cropes; npuHIUIA 38 CHOTBETCTBHE HA IPAHUIUTE JIOCTATHYHO € JIa
HaMepHUM JPOOHO-TNHEHA TpaHcdopMalus, n300pa3siBalla OpUEeHTHPAHATA
rpanuia Ha Imz > 0 B opmeHTHpanara rpanuia Ha |w| < 1. Opuenrn-
pPOBKaTa Ha TPAHMIATA Ha I'bpBaTa O0JACT Ce OIPEIENs OT IOCJIEI0BATE-
HocrTa Ha Toukure 0, 1, 0o, a Tasm Ha BrOpara — or 1, i, —1. CienoBa-
TeJIHO ejiHa TpaHchOPMAIUs ¢ UCKAHOTO CBOHCTBO € w = w(z), Ipu KOsATO
w(0) =1, w(l) =i u w(co) = —1 (dbur. 3.14). Ta ce 3a1aBa ¢ paBEHCTBOTO
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)

w = w(z)
-1 1
0 1 00 0
Qur. 3.14
) 1—Z
(w,i,1,—1) = (2,1,0,00) = z, OTK'BJETO HAMHDAME W = vl
z+1

B) Heka w = w(z) e rpancdopmalms ¢ nckaHoro cpoiicro. Torasa s
u300pa3siBa rpaHuIaTa Ha Kpbra — okpbkuOcTTa C(41,2), B rpanndmara

npaBa Ha HOJIypaBHHMHATA, T.e. B Ipasata u = v, w = u + v (dbur. 3.15).

Tit karo w(4i) = —4 u (4i)* = 00, To w(o0) = (—4)* = —4i, kbyero (4i)* e
Q
43 2444 Ny//
by w = w(z)
4 %
0 T 0

®ur. 3.15

naBepcHaTa Ha 47 orHocHo C'(44,2), a (—4)* e cumerpuynara Ha —4 OTHOCHO
npasara u = v. T'bil kKaro ocsen ToBa w(2i) = 0, To Tazu TpaHchopmalys e
eIHO3HAYHO onpeesiena ¢ dopmymnara (w, —4,0, —4i) = (z, 44, 2i,00), OTKb-
Jero Hamupame w = 4i(z — 24) /(2 + 47 — z). OcraBa ja IpoBepuM, e Ta3u
TpancdopMarst jeficTBuTeHO n306passiBa Kpbra K (44,2) B mosypaBHIHA-
Ta /4 < argw < 57 /4. Tbit kKaro BbTperiHaTa Touka 4i ce n306pas3siBa BbB
BbTpeIHaTa Todka —4, goctarbano e Ja nposepuM, de C(4i,2) ce n3obpa-
3siBa B IpaBaTa u = v. ToBa e Taka, 3amoro w(2 + 471) = oo, w(2i) = 0,
T.e. 00pa3bT € IpaBa IPEe3 HAYAJOTO, U OCBEH TOBa TOYkKuUTe —4 m —44 ca

CHIMETPUYIHN OTHOCHO HeE:d.
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r) Ome. Eana tpancdopmarms e w = w, 3a KosTo w(l) = 21, w(i) =
z

1+, w(—1)=0.

3.23. Jla ce HaMepu MHOYKECTBOTO Ha JAPOOHO-JMHEHHUTE TpaHcdopMa-
UK, KOUTO M300pa3saBart:

a) ropuara nosypasauaa Im z > 0 B cebe cu;

6) ropuara nosypasauna Im z > 0 B equanIHUsT Kb |w| < 1;

B) eauMHUYHHS KPbT |2| < 1 B cebe cn.

Pewenue. a) Heka npobuo-ymneitnara tpancdopmanus w = w(z) uma
UCKAHOTO CBOCTBO. CbIVIACHO NPUHIIMIA 38 CHOTBETCTBHE HA IPAHUIIATE Tsi
n3obpa3zsBa peasinara npasa Im z = (0 B peasnara npasa Imw = 0. Torasa,
ako z € R, ro m wy = w(z) € R, k = 1,2, 3. Tpancdopmarusra w(z) ce

ompeJiesist OT paBeHCTBOTO (w1, wa, w, ws) = (21, 22, 2, 23), OTK'BIIETO IOy Ya-
az+b

ord KbJeTO a, b, ¢, d € R. OcBer ToBa, ako Im z > 0, To TpsiOBa
cz

(az+b)(cz+d)  ad—bc

lez + dJ? ez +dJ?

ayuaBame ad — bc > 0. OOpaTHO, HEIOCPEJICTBEHO Ce IIPOBEpsBa, e aKO
az+b

cz+d’
n300pa3siBa TOpHATA MOJIypaBHUHA B cebe CH.

6) HeKaw:w
cz+d

eJIMHCTBEHA TOYKa 20, Im zg > 0, 3a koo w(zp) = 0. Cumerpuunara TouKa

BaMe W =

u Imw > 0. IIpecmsarame Im w = Im Im z n mo-

w(z) uma Buga W = KbJeTo a,b,c,d € R u ad — be > 0, To w(z)

m3o6passBa Im z > 0 B |w| < 1. Torasa cbiecrByBa

Ha zp oraocHO R e Zg. T'bit kaTo w(z) 3ama3Ba nuBepcHUTE TOYKH, TO W (Z)) =
oo. CnemoBarenno azg+b = 0u czg+d = 0, otkbaeTro b = —azg, d = —czZp n
a(z — 2p) z— 2
— = K——.
c(z — Zp) z—Zo
npasa ce n300passgBa B €IUHNYIHATA OKPBXKHOCT, TO 3a BCAKO o € R mmame
Tr — 20 .
1= \K]g = |K|, re. K = ¢? 6 € R. Crnemosarenno w(z) e or
|z — Zo
———, 0 € R, Imzy > 0. O6parHO, HEIOCPEICTBEHO CE
Z— 20
IpOBEPABa, 9€ BCAKA TPAHCOPMAIUs OT TO3HW BUJ, MMa UCKAHOTO CBOICTEBO.

w(z) nMa Buga w = OcBen ToBa, Tbil KATO peaHATa

Busia w(z) = e

3abenesicka. CpaBHeTe Tasn 3aja4a Cbe 3a.. 1.12.
B) Heka rtpancdopmanusra w(z) uma uckanoro cpoiicro. Ciiesaiiku

pemennero Ha 6) (cera mmBepcHaTa Ha 20, |20] < 1, 3a xosaTo W(20) = O,

zZ— 20 .

e —), noay4aBame, e w(z) uma Buga w = K 12 Tbit KATO TOUYKHTE
20 — Z0%

OT eJIMHIYHATA OKPBKHOCT |z| = 1 ce n306pa3sBaT B TOUYKH OT €UHUIHATA
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oKpBIKHOCT |w| = 1, To |w(e¥)| =1, T.e.

e — 2 % — 2] % — 2]
1= K g g g,
L —=Zpet? |e*?| [e=*% — Zo| et — 2|
CaenoBarenno w(z) uma Buja
w= ewg, 0 R, |20 <1
1—72pz

O6paTHOTO Cce TPOBEPsiBa, HEITOCPEICTBEHO.
Cpasuere Ta3u 3aga4a cbe 3a1. 1.11.

3.24. [la ce HaMepu MHOXKECTBOTO Ha JIPOOHO-TUHEHHUTE TpancdopMa-
n w(z), KOUTo u306pa3siBar:

a) ropHara IoJypaBHHHA B cebe cm, Taka 4de w(zg) = wp, Imzy > 0,
Imwg > 0;

6) equuuuHMs Kpbl B cebe cu, Taka 1e w(zg) = wo, |20 < 1, |wo| < 1;

B) kpbra K(0,R;) B kpbra K (0, Ra), Taka 1e w(zg) = wo, |20| < Ri,
”u}()‘ < R».

Pewenue. a) Heka w = w(z) e eana ot Tbpcennte Tpancopmarmu. Heka
(=T(z) = e =2

z—Zo

passiBaIly TOpHaTa MOJIypPaBHUHA B eMHIYHIS KPbT, KaTo 1'(z0) = S(wg) =
0 (3ax. 3.23). Torasa TpanchopmanuaTa F(¢) = S ow o T71(¢) nsobpa-

oW — W
u¢==5Sw)= eif2 — — 0 oy rpancdopMannn, u306-
w — Wy

3sBa equHUIHUS Kpbl B cebe cu u F(0) = 0. Cuenosaresnno (3a71. 3.23)
F(¢) = €%¢. Ceraor SowoT~1(¢) = €3¢ nomyuasame, 1e w(z) nma suia

W — W 02— 2
70:610 70, 0 € R.
w — Wo Z— 20
W — W 2 — 2
6) Ome. 70 = ¢t 70,9611%.
1 —wow 1—2pz

Ynsmeane. Ciieapaiire pelieHneTo Ha a).
B) Heka w = w(z) e Tpancdopmanus ¢ uckanoro cpoiicrso. [Ipunaraiiku

Z 21— Ry
nocjeoBaTesiHo TpancdopManuure z; = —, ( = 7,&, HoJIydaBaMe
Ry — £z
R1 ~1
Z— 20
rpancdopmarusra ( = T(z) = R1R27*’ usobpassBamia |z| < R; B

I¢| < 1, Taka ue T'(z9) = 0. Anasnoruuno, rpancopmanusra ( = S(w) =

Ry o uzo6passiBa Kpbra |w| < Rz B |(| < 1, Taka 1e S(wy) = 0.

R% — Wow
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Torasa TpancdopmamuaTa F(() = S ow o T71(¢) uzobpazasa |[¢| < 1 B
I¢| < 1, karo F(0) =0, .e. F(¢) = €¢. Orryk ciemsa, ue w(z) uma Busa
w — wo

— R 2T R,

Ry———
R% — Wow R% — 502’7

3abenescra. llpu Ry = Ry = R morydaBame, e MHOXKECTBOTO Ha TPAHC-
dbopmanuure, nzobpassamy |z| < R B |w| < R, Taka 1e w(zp) = wo, €

w — W _eie zZ— 20

, BeR.
RQ—ﬁow RQ—E()Z

3.25. Jla ce namepu npobHO-smHeiitHa TpancdopMalms w(z), KOsTo u30-
OpassBa:

a) ropuara noJiypaBauHa B cebe cu, Taka e w(zg) = wy, argw’(29) = «,
a€R, Imzg >0, Imwy > 0;

6) equHMYHUA Kpbr B cebe cu, Taka ue w(zg) = wo, argw’(z0) = a,
aeR, |z <1, |wo| < 1;

B) ropHara moJjiypaBHuHa B cebe cu, taka e w(i) = 2i, w(0) = 1;

') eAuHNYHES KPBI B cebe cu, taka 1e w(l/2) =0, w(l) = i.

Pewenue. a) Crexn karo nudepeHnupamMe JBere CTPAHU HA PABEHCTBOTO,

HOJIy9eHO B 3. 3.24 a), U 3aMeCTuM 2z = 2p, W = wy, HoaydaBame w'(2z9) =
W — Wy L Im wg
619 —_ 610

— . Cnenosarenno arg w'(zg) = 6 u Torasa = «. Taka
Z0 — 20 Im 20
w — wo i Z — 20
TbpceHaTa TpaHchopmanusa ¢ ——— = e'*——— u T4 e eJIUHCTBEHATa, C
w — W z —Z
HCKAHOTO CBOHCTBO.
6) Kakro B a), cien nudepennupane u 3aMectsane nosydasame w'(zg) =
1 — Jwo|?
0 i0 !
17‘|2€ . CnenoBarenno arg w'(zp) = 6 u Tbpcenara rpancopmalus e

w — Wy ia © T R0

1—@011}_ 1—502'

B) Or a) upu zp = i, wy = 2i UMaMe, 4e ThbpCeHaTa TPaHCHOPMAIHs

w — 21 Lz —1 1—2: :
2 el Orw(0) = 1 — — e,
eloT A o = e T w(0) cnespa T e T.e
e'* = (3 4 4i)/5. Karo 3amectum 1 pemmmM OTHOCHO w, TIOJydaBame, de
2(2z+1)

ThbpceHaTa TpPaHCPOPMAIN € W = 50—,
—z
3abeneoicka. Pemere 3agadara, KaTo u3noysBare ¢gpakra, 9e —i 1 —2% ca

WHBEPCHU HA ¢ U 2¢ OTHOCHO peajiHaTa IIpaBa M CJIEJOBATEJHO ThpceHaTa
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TpancdopMmarys TpsabBa a yaosiaerBopsiBa yeaosusaTa w(0) = 1, w(i) = 24,
w(—1i) = —2i.

r) Or 6) upu zp = 1/2, wyg = 0 umame, de TbpceHaTa TpaHchoOpMaryst
z—1/2 2z—1 ,
e OT BUJA W = ezal — zj2 = @ 5, Ot w(l) = ¢ namupame €'“ = i u

2z—1
noJiydaBamMe w = j———.
2—=z

3.26. [la ce n300pas3m eMHIIHEAT KPbBT |2| < 1 B cebe cu, Taka e jaBe

BBLTPENTHU TOYKHU Z1, Zo Jia Ce M300pa3dAT B ToukuTe +a, 0 < a < 1.
Pewenue. CoriacHo 3aj. 3.25 6) apobHo-jmHeliHaTa TpaHcdoOpMaIms,
KOsITO N300pa3siBa eJIMHUYIHUsI Kb B cebe cu, Taka e w(z1) = a, ce 3a7aBa

¢ dopmymnara

w—a 02— 21
1—aw 1—2z12°
Ot w(z2) = —a noyvaBame
(4) 20 g m— 2
1+ a2 1—7Z129 ’
22—z
OTKbJETO, AKO O3HAUNM b = T2 cinenBa f+argh = m, T.e. § = m—arghb.
— 2122
2a —iargb
BamecTBame Taka HamepeHoTo 6 B (4) u nosyyaBame Ty =¢ 80h = |b|,
a
1—+/1—1b]?
OTK'bJIETO HaMUpaMe a4 = T CrenoBare/iHO TbpceHaTa TPaH-
w—a o z— 21 29 — 21
chopMmarust € —— = gi(m—arg b)if, KbleTo b = ——— u a =
1—aw 1—212 1—2Z129
1—+/1—1b]?
0] '

3.27. Jla ce u300pa3u eUHUYHUAT KPbI' B cebe CH, Taka e OTCEIKATA
[0,c], 0 < ¢ < 1, na ce TpancdopmMupa B OTCEYKa OT peajiHaTa 0C, CUMeTPUY-
Ha OTHOCHO HadaJioTo. /la ce HaMepn JIbJKUHATA HA Ta3U OTCEUKA.

Pewenue. Ilpnmarame 3a71. 3.26 3a 21 =0, 22 = cu w(0) = a, w(c) = —a.
w—a z—a

ToraBa b = ¢ > 0, argb = 0 u ———— = —2z, OTKDBIAETO W = ——,
1—aw az —1

kato a = (1 —+v/1 — ¢?)/c. Tasu Tpancdopmanus nsnpama orceuxara [0, c] B
orceukara [—a,a] (a HE B [rbra OT OKP'BbIKHOCT, CBbP3BAIIA —a U @), 3AI0TO

Ha peaJiHN 2 CbOTBETCTBAT pPEaJIHU W. ,B;’bJI)KI/IHaTa Ha OTCeYKaTa € 2a.
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3.28. Heka |z1| = |22] = 1 u 0 < argz; < argze < 27. Jla ce namepu
MHOYKECTBOTO Ha JpOOHO-jMHelHITe TpaHcdopMmarmu w(z), Kouto n3o0pa-
35BAT €JMHUYIHUS KPBI' B cebe CH, Taka ue:

a) w(z1) n w(z2) Aa GbIAT JUAMETPATHO IIPOTHBOINOIOXKHU TOYKH;

6) sbrata {z: |z| =1, argz; < argz < arg 2o} Ja ce u300passiBa B JAbra
or |z| =1 ¢ mpmxuna a € (0,27).

Pewenue. a) Heka w(z) e Tpancdopmaius ¢ UCKaHOTO CBONCTBO. T'bii
KaTo Tsl M300pa3siBa eJMHUIHUS KPbI' B cebe cH, ChIIeCTBYBaT 20, |2o| < 1,
n 0 € R, takusa e (3a71. 3.23 B))

i Z— 20
w(z)=e T %2

Heka wy = w(zg), k = 1,2. T'bit karo npasara (wi,ws) € NepHEHIUKYJISIPHA
Ha |w| = 1, To npoobpasbr it 1mie 6bie oKpbikHOCT C Ipe3 21 U 2y, HEePIIEH, -

KynspHa Ha |z| = 1. CiretoBarento 2o jtexu Ha gorara l = CN{z : |z| < 1}.
2 — 2 .
O6paTHo, ako 2y € [, To w = e = § € R, uMa HCKAHOTO CBOIICTRO.
—Zoz
1 2.5 |z0] < 1, 0 € R, e npoussosina Tpancdopmaniust
— 20k

¢ uckaHoro ceoiicrBo. Heka wy, = w(zx), k = 1,2, argwy —argw; = au Cy e

6) Heka w =€

OKpbKHOCTTA 1Ipe3 ToukuTe 0, w1 u we. broabr Mmexay (w| =1u C) B w; e
a/2 (Bx. dur. 3.16). Torasa mpoobpazbr C Ha C] € OKPBKHOCT 1pe3 21 U 22,
Z2

o= w(z)
—_—

®ur. 3.16

ckyouBalia ¢ |z| = 1B 21 prvn /2 u zg € CN{z: |z| < 1}. O6parHo, Bcsika
o 2 — 2
TpaHchopMaIms OT BUJIA W = 6291770, 0eR, zoe CN{z:|z| < 1}, uma

— 20k
MCKaHOTO CBOMCTBO.

3.29. Jla ce HamMepnm MHOXKECTBOTO Ha JPOOHO-JTHHEHHUTE TpaHcdopMa-

uu w(z), KouTo n306passiBar:
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a) kpbra |z| < R B roprara nosypasansa Imw > 0, taka de w(z;) = 0,
w(z2) = 00, KBAETO |21| = |22] = R, 0 < arg 21 < arg zo < 27;

6) kpbra |z| < R; B Kpbra |w| < Rg, taka 4e mbrara {z : argz; <
argz < argze, |z| = R1} 5a ce n306pas3u B jbrata {w : argw; < argw <
argws, |w| = Ra}, kbaero |z1| = |22] = Ry, argze —argz = «, |wi| =
|wa| = Re, argws — argw; = B u «, 8 € (0,27).

Pewenue. a) Heka w(z) e Tpancdopmanus ¢ uCKaHOTO CBOHCTBO. T'bii
karo w(z1) = 0, w(z2) = 00, T uma Buya (BXK. perieHnero Ha 3a1. 3.23 6))
zZ— 21

w(z) =K

b
Z— 29

kbiaero K = re'

e KOMIUIEKCHa KoHcTaHTa. Taka w(z) e cymneprosurnust Ha
rpanchopmanuaATa w1 = ———, poranuaTra wy = €Yw; U XOMOTETUSATA
zZ — 29
22
w3 = rws. VIMame o = arg zo — arg z; = arg —. Torasa (dur. 3.17) xopaara
21

[21, 22] ckmouBa ¢ gonmparennara KbM |z| = R B 21 brua /2. Tparcdop-

w 7Z—Z1
T T, %
0
®ur. 3.17

ManusTa wi u300pasaBa xopiara [z1,22] B apua [0, —00)” (san. 3.21 a)).
CrenoBarenno wy u3obpasssa jrbrara (z1,22) B Jrbda argw; = m — /2, a
Kpbra |z| < R — B moiypasHuHaTa ™ — /2 < argw; < 27 — /2. Torasa wo
TpsiOBa Jla U3BBPIIN TaKaBa POTAIlMsl, Ye Ta3u IIOJyPaBHUHA Ja ce u300pas3u
B Imwy > 0, m.e. Ha BI'bat ™ + «/2. Taka nosnyuasame 0§ = 7w + /2. Tbit
KaTO XOMOTEeTHsITa 3alla3Ba ropHaTa I0JypaBHUHA, TO w(z) UMa BHJA

; ayZ — 21 22
ir+3) 2 2 a=arg—, r>0.

w(z) =re P, -
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O6paTHO, BCsiKa TakapBa TpaHcOpMaIlys KaTo CyIeplIo3ulius Ha TpaHchop-
MaIuTe Wi, W2, W3 UMa UCKAHOTO cBoicTBO. Ts n306passisa jbrara (2/1,2\2)
B abaa [0, +00)".
6) Heka w(z) e emna or Tbpcenure tpanchopmainmu u ( = T(z) =
rlei(”+%)ﬁ, ¢ = Sw) = rgei(’”g)w ca TpaHchoOpMaIunuTe, KO-
z— 29 w — wo
UTO M300pa3saBaT CbOTBETHO |z| < Ry m |w| < Ry B ropHaTa HOJIypaBHHUHA,
Taka Je JIbIUTe (Z,?Q) u (m) ce uzobpassiar B rbaa (0, +00)”. Torasa
tpanchopmanuaTa F(¢) = S ow o T~1(¢) m306passaBa ropuaTa MoTypas-
uanna Im ¢ > 0 B cebe cu, taka ge F(0) = 0 u F(co) = oco. Crenosarestio
(zaz1. 3.23 a)) F(¢) = a(, a > 0. Cera or S ow o T1({) = al nonyuasame,
e w(z) uma BHIA
w — W ‘(Q_B)Z—Zl

x
= re2

, 1T >0.
w — W Z— Z3

Ob6parHo, Besika TakaBa TpaHChOpPMAIUs UMa, KCKAHOTO CBOHCTRBO.

3.30. Heka mnpobuo-nuneiinara tpancdopmanus w(z) u3obpasssa eju-
HUYHUS KPBL B cebe cu, Taka 1e w(zp) = 0, 29 # 0, |20| < 1. Ja ce mokaxe,
e w(z) m300pas3sBa eJUHIYHA IIOJYOKPBKHOCT B HOIYOKPBAKHOCT TOTaBa
un caMO TOraBa, KOraTO KpauHiaTa u JjexkaT Ha AruaMeTbpa, MUHaBalll IIPE3
TOYKaTa 2.

Pewenue. Heka d e muamMeTsbpbT 1pe3 2g U | € MOJIYOKPHKHOCT C KPAUIIa
BbpXy d. OT w(zp) = 0 nmame w(z)) = w(l/Zp) = co u nonexe 1/Zp naexu
Ha npasarta (0, zp), To 06pa3bT Ha Tasu mpasa npu w(z) e mpasa mpes 0.
Taka 06pa3br di Ha d e nak juamersbp. T'bil Karo w(z) B3aNMHOEIHO3HAYHO
U HeIpPeK'bCHATO n300passisa |z| = 1 Bbpxy |w| = 1, To [ me ce nzobpasu B
eJlHa OT J{bIUTeE, OIIPeJIeJIeHa OT di, T.€. B HOTyOKPbAKHOCT.

O6paTHO, HeKa TOJIyOKPBbIKHOCT OT |z| = 1 ¢ Kpauia 21, 22 ce n3o6pas3siBa
B MOJIYyOKPBXKHOCT OT |w| = 1 ¢ kpanma w; = w(z1) u wy = w(z2). Toit
KaTo mpasarta (wi,wz) € OPTOroHaaHA Ha |w| = 1 B TOUKWTE W] U W2, TO
poobpasbT I Iie Objie OKPBKHOCT 1IPe3 2] U 22, KOSTO € OPTOrOHAJIHA Ha
|z| = 1 B ToukuTE 2] MW 2, T.e. TOBa e mpasara (z1,22). ToBa o3HauaBa,
qe 1/Zg € (21,22) (w(1/Zg) = o0), orkbaeTo cienBa zg € (21, 22). C ToBa
TBBPJICHAETO € JIOKA3AHO.

3.31. Hexa |a| < 1, a = arga u w(z) = ' — , 0 € R. [Ta ce nokaxe:

1—az
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a) ako r € [0, 1], To 3a BesKO 2, |z| =7, ca B cua HepaBeHCTBATA

r+ |al

r—la|. T+ laf
1+7|a|

< Jw(z)] <

1 —r|al

B nisBoTo HepasencTro pu 1 € (0, 1) paBeHCTBO ce JIOCTUTa caMo 3a 2 = re'®,
a B JIICHOTO — 33 2 = —re'®. [Ipur =0 u r = 1 u B [[BeTe HEPABEHCTBA NMa,
PaBEHCTBO 3a BCSKO Z, |z| = 7.

6) ako r > 1, To 3a BCsIKO Zz, |z| = r, uMame

T+ |al

r— |al
1+ r|a|

> w(z)] =

1 —rlal

3a Kom z ce JOCTUTaT paBeHCTBaTa?
Ynsmeane. Hamepere obpasa Ha OKpbKHOCTTA |2| = 1 upe3 w(z).

3.32. la ce moxaxke, 4e TOUKUTE 2] U 23 CA UHBEPCHU OTHOCHO OKPBHIK-

z— 21
woct C' ToraBa m caMo TOraBa, KOTaTo | | = const 3a Besko z € C.
|z — 29|
Pewenue. Heka z1 u z3 ca mHBEepCcHU OTHOCHO OKpbkHOCTTa C. Torasa
zZ— 21
TpaHcdopManusaTa w = ——— u300passiea C' B OKPBbIKHOCT, OTHOCHO KOSITO
zZ— 22
0 m 0O ca UHBEDPCHHU, T.€. TOBa € OKPBKHOCT ¢ HeHThp 0. AKO pammychbr
Ha Ta3u OKPBHKHOCT e A > 0, To 3a Besgko z € C mmame |w(z)] = A <=
zZ— 21
7‘ | =\
|z — 29
|z — 21]

ObpatrHo, HEKA =\ < |w(z)| = A. Ille nokakeM, Te TOUKHTE

|z — 29|

Z JiexKkaT Ha OKPB2KHOCT C)\, OTHOCHO KOfITO 21 U 292 Ca MHBEPCHU. Axo A = ].,

z JIeXKU Ha CHMeTpaJsaTa Ha OTCedKaTa (21, 22| u ToBa e Taka. Heka A # 1.

20 — 271
Ob6parnara TpanchopMalus HA W € 2 = o1 Ts nzobpassiBa peasiHaTa
w —_—
upasa B mpasata (z1,22), a OKpbKHOCTTA |[w| = A B oKpbKHOCT C), KaTo

2(0) = z1, a z(00) = z3. Ionexke 0 u 0O ca MHBEPCHU OTHOCHO |w| = A, TO
21 m 29 ca masepcHn ornocuo Cy. OcBeH ToBa, Thil KaTo peasHaTa mpasa
e oproroHajHa Ha |w| = A B ToukuTe —\ U A, TO npasara (21, 22) € OpTO-

ronasaa Ha C) B Toukure z(—A) n z(\). ToBa o3nauasa, e [z(—A),z(A)] e
2(=A) +z(A) 21— Az

muameTbp Ha C) U ToraBa LIEHTHPBT U € 29 = = ,

A A A ’ X
2(— )2_ z(A)] _ “122__)\;1| Haxkpas me orbesexum,

Az + 21 Azg — 21
qeOTZ<—A):H7)\I/IZ( ):ﬁ

a paguychT — R =

cieqBa, de ToukuTe Z(—\) u
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z(A) messit orcedkara [z1, 23] BBTPEIIHO M BBHIIHO B OTHOIIEHHE A (BXK.
3a1. 1.20). OkpbkuocTuTe C)\ Ce HAPUYAT ANOAOHUESY OKPBAHCHOCTIU.

3.33. Heka C1 = C(a1, R1) u Co = C(ag, R2) ca nBe Hempecuyammm ce
OKpBbKHOCTH. Jla ce HaMepsAT BCUYKH JIBOMKN TOYKH, KOUTO €3 WHBEPCHH

exnoBpemento oraocHo C1 u Co.

RZ
Pewenue. Ypapuennero Ha nHBepcusTa oTHocHO C1 e 2* = 1 +ai, a
zZ — a1
2
otHOCHO Cy — 2* = %—i—ag. Tasu cucrema Boau 10 KBaIpATHO YPaBHEHNE
Z — Qo

3a z W 3HAUYM UMa JBe pelleHns. AKO eIHOTO pellleHue e z = «, z* = (3, To
apyroro e z = 3, 2* = «, 3a10TO IIOM TOYKaTa 3 € MHBEPCHA Ha (, TO U (¢ €
unBepcHa Ha . ClieIoBaTE/HO UMa CaMO €JIHa JIBOMKA TOYKH, €IHOBPEMEHHO
uuaBepcHn oTHOCHO (1 u Co, 1 Te ca KOpPEHHTe Ha KBaJpPaTHOTO ypaBHEHHE,
IIOJIYYEHO OT cucreMaTa 3a uaBepcusTa oraocHo C1 u Co.

e orbenexkum, ye cucreMara uma perterne u ako Cp u Co ce npecuyar

WK JIONIUPAT, KATO B TO3U CIydail perieHusTa i ca obiure Touku Ha C1 n

Cs.

3.34. Heka C7 u (5 ca aBe mempecndaiiu ce oKpbxKHOcTU. [la ce Ha-
MepH JIpoOHO-IMHEHa TpaHcdopMalns, Kossto u3obpassasa C1 u Cy B JBe

KOHICHTPUYIHNU OKPBH2KHOCTH.

Pewenue. Heka «, B e 1Boitkara TOYKH, € THOBPEMEHHO HHBEPCHU OTHOCHO

Z—«
Cy u Cy. Tpanchopmanusira w(z) = u300paszaBa oKpbxkHocTuTe Cp 1
Z p—

Cs B okpbxuOocTH C! 1 C), OTHOCHO KOUTO TOUKHATE W =ocounmw(a)=0
1 2
! /
ca ejHOBpeMeHHO nHBepcHH. ToBa o3HauaBa, 4e (' u C5 uMar 001 IEHTHD

0, T.e. Te ca KOHIEHTPUIHMU.
zZ—

IIle orbenexkum orre, de TpaHchOpPMAIUITA W = (kakTO M W =

z —

) m3o6passiBa obsiacTTa, 3aK/oUeHa Mexkay okpbxkHocTuTe Ch 1 Co,
Z [e—
BbB BeHella, orpaJiet or C1 u C). IIpu Tosa, ako «(/f) npuHaiIesKu Ha Kpbra,

orpagier ot C1, 1o Cf e BbrpenHaTa (BbHIIHATA) OKPbXKHOCT Ha TO3U BEHEI.

3.35. [a ce namepu jipobHO-JinHEHA TpaHcdopManus w(z), KOATO U30-
Opa3ssiBa:
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a) kpora K(a,r) B kpvra K(b, R), taka 1e w(zp) = wo, w(z1) = wi,
Kbero 29 € K(a,r), wy € K(b,R), z1 € C(a,r) u wy € C(b, R);

6) xpbra |z| < 1 B kpbra |w — 1| < 1, raka ve w(0) =1/2 n w(1) = 0.

Pewenue. a) Heka z§ u w{ ca MHBepCHUTE TOYKH Ha 2p ¥ W) CbHOTBET-
no oruocuo C(a,r) u C(b, R) n w(z) e npobHO-mMHeliHa TpaHCchOpMaIs,
Jgedunupana ¢ paBeHCTBOTO (wp, w,w,wy) = (20,21, 2, 23). Hexa C(c, p) e
obpazbr Ha C(a,r) npu w(z). Torasa okpbxkuOCTHTE C(b, R) u C(C, p) Mu-
HABAT IIPe3 W] ¥ TOUYKUTE W) U W, C& HHBEPCHH OTHOCHO BCsKa OT TsAX. OTTyK
clle/Ba, Ue JiBeTe OKPbKHOCTH CbBlajar. JeficrBurento, rpancdopmMarms-
Ta ( = % n300pa3siBa BesKa OT TX B OKPBXKHOCT, OTHOCHO KOsATO ()
u 0o ca I/IHBengI/I, T. . nMaima neaTbp 0 n MuHaBama npes Toukara ¢(wp)
n 3ua4un cbBuajgar. Ho Torasa u nmpoobpasure um C(b, R) u C(c, p) cbBua-
nar. CuesroBaresino Tpancdopmanusita w(z) nzobpasssa kpbra K (a,r) nim
B K(b, R), nim BbB BbHIIHOCTTA My. Tbil Karo Bbrpensa 3a K (a,r) Touka
2 ce n3006pas3siBa BLB BhTpertna 3a K (b, R) Touka wp, To 06passr Ha K (a, 1)
e K(b,R).

6) Crenpaiiku pemennero Ha a), nmame 0¥ = oo, (1/2)* = —1, w(oo) =
—1 u rpanchopmanusTa w(z) ce 3amaBa ¢ pasercrsoro (w,1/2,0,—1) =
1-=2
z,0,1,00). O amMupaMe w = )
( ). OTTyK HaMupam P

3.36. [la ce u300pa3m Bbpxy Berena 1 < |w| < R obmacrra:

a) 3aksiouena Mex 1y okpbxkuocrure C(—5,4) n C(5,4);

6) sakiodena Mexxay okpbxuocTure C(0,1) u C(1,5/2), Taka de Ok-
pbKHOCTTA |2| = 1 na ce uzobpasu B |w| = 1;

B) 3aKJIIOYEHA MEXKJy MpaBara y = —r U oKpbKHOCTTA C (261%, 1).

Ja ce onpenenn R.

Pewenue. a) e caensame pentenuero Ha 3aj. 3.34. Pemenunero Ha cuc-

B 15
z =
z—5 Z+5

I/I306pa3$IBa BCdKa OT OKPBb2KHOCTUTE B OKPB2KHOCT C

TeMaTa 2* =

—5ea=—-3uf = 3. ToraBa Tpancdop-

MaIludTa, Wy =

neutsp 0 u paguycn cvorBerHo |wi(—1)] = 1/2 u |wi(1)| = 2, a obsacrra,
3aKJII0YEHA MeXKJy TaX — BbB Berena 1/2 < |wi] < 2 (dbur. 3.18). Cera

ocTaBa J1a MPUIOXKUM XoMoreTusita w = 2wi. C ToBa omupenessive u R = 4.
. 2(z+3)
Taka emaa TpamcdopMaIms ¢ HICKAHOTO CBONCTBO € w = —————.

A ) z—3
6) Ome. R=2, w = Gy
z+4
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=
w
ot
A
N
Y

®ur. 3.18

s
B) Ynsmeane. Hail-nanpes npuioxere poraiusira wy = € 4 z.

Ome.RzQ—i—\/g,w:@.
2 —/3et1

3.37. Jla ce uzobpasu Bbpxy Betena 1 < |w| < 2 obsacrra:

a){z:Rez>0, |z—h|>1,h>1}

6) 3aKkJI0YeHa MKy IpaBaTa T = 2 U OKPbXKHOCTTA |2| = h, 0 < h < 2.

Ha ce onpenenu h.

Pewenue. a) poiikara TOYKHU, €JIHOBPEMEHHO MHBEPCHU OTHOCHO MMa-
rMHEpHATa OC U OKPbXKHOCTTA |2 — h| = 1, ca a = Vh2—1u f = —a.
Tpaucdopmarusra w = w(z), 3a koaro w(—a) = 0, w(a) = oo, uMa BuUJA

z+«
w=K
zZ—«

¢ nearbp B 0. Ocrasa na nondepem K u h taka, ye ToBa jia ObJE BEHEIA

, KbJIETO K e koncranra. Ta I/I306paSHBa obJ1acTTa BBHB BCHeEI]

1 < |w| < 2. Tbit kKaTo npu Tazu TpanchOpMalls UMarnHEPHATA OC OTHBA
BbB BBTPENIHATa OKPBLXKHOCT Ha BeHela, a |z — h| = 1 — BbB BbHIIHATA
OKpBKHOCT Ha Bemena, To umame 1 = |w(0)] = |K| u 2 = |w(h + 1)| =

h+1+vh? -1

|K| otkbiaero Hammpame K = e h = 5/4. Taka enna
h+1—-vh2 -1 ’
. 0dz+3
TpancdopMalnnsd ¢ UCKAHOTO CBOICTBO € W = € Pt 0 € R. Opyrure
z —_—
TpaHcdOPMAIU ¢ TOBa CBONCTBO ca Te3u, 3a Kouto w(—a) = oo, w(a) = 0.
i)
AHajiorn4yHo moJsiyuaBame, Ue Te ca OT BHIA W = 2€ i3 0 € R.
z
8 452 — 16 o Bz—4

6) Ome. h=—,w=e wm w = 2e 0 € R.

5 5z —4 52z — 16’
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3.38. Jla ce mamepu apobHO-IMHEHA TpaHCOPMAIUs, KOSITO M300pa-
3sBa orceuknure [—2,—1| n [0,2] cvorBerHO B orceukure [—1,—k| n [k, 1],
kbjero k € (0,1). la ce oupenenu k.

Ynsmeane. Cienpaiiku pemenuero Ha 3a/1. 3.36 a), nzobpasere obsacrra,
3aKJIIOUeHA MEXK/Iy OKPBKHOCTUTE ¢ Juamerpu cborBerHo [—1,0] u [—2, 2],
BbB BeHera k < |w| < 1.

Ome. w:(2+\/§)ﬂ, k=2-—+3.

244423

3abenesrcra. Pemere 3ama. 3.27, KaTo U3IMOJI3BATE CHLINATA UIES.

3.39. Heka C] u (3 ca mpousBosHn oKpbxKHOCTH. Jla ce mokaxke, 1e
cblecTByBa OKpbxkHOCT C, orHOCHO KOosATO C1 1 Cy ca MHBEPCHU IIOMEXKIY
cu.

Vnsmeane. Axko C1 u Cy umar obmu Toukn « u 3, uype3 TpaHchopmaly-

saTa W = ﬁ, aKo a = 3, mam w = %, axko a # [3, nzobpazere C u Coy
B ycropeau uian npecudaniu ce npasu. Ako C u C HAMaT 00Ia TOYKA,
Upe3 MOIXO IS JPOOHO-TNHEHA TPAHC(DOPMAIHS I'H N300pa3eTe B KOHIEH-
TPUYHU OKPBHKHOCTH. B3emeTe mpeasus, de Te3u TpanchOopMaIuy 3ama3BaT
WHBEPCHUTE TOUKH.

az+b

3.40. Heka npoitHuTE TOYKHM Ha TpaHCHOPMAIUATA W = P
cz

ca zi,
zo € C. Jla ce mokaxe, 4e:

a) aKko 23 = 29 = zp, TO W MMa BUJA

1 1
- +h, h=—S

w—2zy Z—20 a—czy

6) aKo z1 # 22, TO W UMa BUJIA

w — z1 zZ— 21 a — Cz1

=A A=

w— 2o z2— 29 a—czy

Pewenue. llpenn BCUYKO I1Ie TPUTIOMHIM, 4€ Z1, 22 €3 KOPEHUTE Ha KBa/I-

paTnoro ypasuenue cz2 + (d —a)z —b =0, ¢ # 0.

cz+d .
a) Nmawme = . Tbit KaTO 3HAMEHATETAT €
w — 2o (a—cz0)z+b—dz

[OJIMHOM OT II'bPBa CTEIEH, KOMTO ce aHyaupa npu z = zp, To (@ — ¢zp)z +

b—dzy = (a— czp)(z — 29). Torasa

cz+d c(z—20) +czo+d cz+d 1 N c

(@ —cz)(z —20) (a—cz)lz—2) a—cx z—2 a—cz
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Orryk, npeasu zg = 5 cJIeBa
c

1 1 c

+ .
w — 20 Z— 20 a — Cz

-z (a—ecz)z+b—dxn

w
6) U =
) Maaxee w—2zy (a—cz2)z+b—dz

Jupa Ipu 2 = 21, a 3HAMEHATEAT — MPA 2 = 22, TO

. T'bif KaTO YNCIUTENAT Ce aHy-

w—z1 (a—czn)(z—21) a—cxn z—2

w—20 (a—c)(z—2) a—cz z—2
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§ 4. Penunm 1 pegoBe OT KOMIIJIEKCHU YHCJIA.
CreneHHu pegoBe

Jedununuure Ha peIula, pel, CTelleHeH pejl, TOUKa Ha CI'bCTABAHE, CXOAUMOCT
U T.H. B KOMILUIEKCHATA PaBHUHA ca abCOJIOTHO CLIIATE, KAKTO B peaTHUs aHAJU3.
[Topagu ToBa Bcm4KO, KOETO 3HaeM 3a Te3u 00ekTu B R, € BApHO 063 m3MeHeHne u
tyk. EquncTBenaTa pasimka e, e ako TaM £-OKOJIHOCT Ha TOYKa To € R e 0TBOpeH
MHTEPBAJI C JIbJKUHA 26, YUATO CPEJIa € T, Cera T € OTBopeH Kpbr K (2o, ).

Axo {z,} e cxomsma peauna ¢ rpannna z, To Rez, — Rez, Imz, — Imz.
OGpaTHOTO CBINO € BAPHO. BLIPOchT 3a MOJYJa U apryMeHTa € II0-CJOXKEH: aKO
Zn — 2, TO |zp| — |z|, HO penunara {argz,} He e JUIbKHA, (€3 JOIbJIHUTEIHN
YTOBOPKH, Ja Oblle CXOAINa U, OIIe IoBeYe, /18 KJIOHH KbM arg z. Tosu BbIpoc ce
KOMEHTHpa JeTailJiHo B 331 4.1 1m0o-HATATbK.

" tyx
e abcoJIIOTHATA CXOAUMOCT Ha PeJi BOAU JIO HEroBaTa CXOAUMOCT;

® IIPUHIUII'BT 33 MaKOPHUPAHETO Ha PeJi OT CXOALI PeJl ¢ HeOTPUIIATe/IHU dJle-
HOBE € BEpEH;

e npuHnurbT Ha Komm 3a cxonuMocT Ha peauru nMa Cbinata (GOpMYIHPOBKA.

Ilosnarure kpurepun nHa Jlamambep, Komu, Paabe—/lioamen, dupuxie,
Aben u T.H. ca B cuia 3a peJoBe OT abCOJIOTHU CTOWHOCTH U Ca OCHOBHUSIT WH-
CTPYMEHT 3a H3CJIeJ[BaHE.

Kakro e uzBectro, cmenenen ped ¢ yenmsp mowkama a € C ce Hapuda pes o

o0
Buza Y an(z—a)™. Hekalimsup {/|a,| = 1/R. Or kpurepus Ha Kommu ciensa, ue
n=0 n— 00
peIbT € abCOIOTHO cXoas 3a |z—a| < R u pasxonamn 3a |z—a| > R. CireoBaresiHo
obsiactTa Ha cxomumocT e KpbrbT K(a, R). Toii ce mapuua xpse Ha crodumocm
Ha cTeneHHUs pejl, a R — meroB pajmyc Ha cxoauMmocT. ledunurusara na R ¢
TOPHOTO PABEHCTBO ce Hapuda popmysra na Kowu—Adamap. OcBeH Hest decTo ce
u3n0J3Ba, npeasu abcomoraara cxomumoct B K (a, R), u kpurepusT na Janambep

an

B ciremaus B R = lim
n—00 | @1
C TOJIOXKUTETHU YJIEHOBE Ca ChINO TPUIOXKIMIU.

. Pazbupa ce, n BCu9IKky Ipyru KpUTEPUN 38 PEIOBE

B C rpanumara #a o6acTTa Ha CXOIUMOCT HA CTEIEHEH PEJl € OKPBHYKHOCT U €
MHOrO 1mo-0orara OT aHAJOTMYHATA rpaHulia B R, KOSITO ce CbCTOU OT JiBe TOYKH.
[Topaju ToBa 1 MPOHIIEMUTE 38 CXOJAUMOCT II0 'PAHMIIATA, KAKTO U 33 CBOMCTBATA HA
cymarTa Ha JIQJIeH CTEeleHEeH PeJl BbPXY OKPbhKHOCTTA HA CXOJUMOCT, C& MHOTO IIO-
CJIOYKHU U TIPEJCTABJISABAT OOIMUPHA TEOPHs, KOSTO 33 ChXKAJIEHNE € M3BbH HAIINS
obcer. OT Ta3m Teopusi HUE 3acsdraMe eJIHa HUIIOXKHA YaCT, Kacaela Hail-ipocTn

CJIydan Ha CXOHUMOCT IIO I'bPaHUIlaTa.
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84 § 4. Pequnu u pegoBe or koMiLieKcHru ducja. CTerneHHd peaoBe

4.1. Heka lim z, = z. [la ce gokaxe, ue lim |z,| = |z|. Cxousiuia m e
n—oo n—oo

pemunara {arg z, }?

Pewenue. Hexka € > 0 u ng e Takosa, ue |z, — z| < € upu n > ny. Torasa
OT HEPABEHCTBOTO Ha TPUbI'bJIHUKA umame ||z,| — |z|| < |z, — 2] < € 3a

n > ng, T.e. |z, — |z].

IIlo ce ornacs jo {argz,}, nocra-
BEHHAT BBIPOC € HEKOPEKTEH, Thil Ka-
TO arg z, B3eMa 6e30pOITHO MHOTO CTOM-
noctu. Ako obade z # 0 u argz e us-
Opan u pukcupan, uzdupaiiku arg z, €
l[argz — m,argz + 7| (dbur. 4.1), To or
Zn — Z ClejiBa arg z, — arg z. Haucru-

" Ha, 3a BCsKO £ > () HeKa Mg € TakoBa,

argz + 7 [/' arg 2 e |z, — 2| < € 3a n > ng. Ha npe-
0 Kapame JBere jgormpareaian or O KbM

Py C(z,e) u Heka 20 € BI'BIBT, KOHTO Te
ckmouBar. dcno e, e or € — 0 cuen-

Our. 4.1 Ba 0 — 0. T'vit karo 2, € K(z,¢&) upu

n > ng, TO 3a U30paHus arg z, MMaMe
argz —d < arg z, < argz+0, T.e. |arg z, — arg z| < §, OTK'bJIETO CJIe/[Ba, e
arg z, — arg z. I taka, ako arg z,, ca IpoM3BOJIHO U30paHu, TPAHUIHUSAT IIpe-
XOJI arg z, — arg z Moe Jia He O'bJie BepeH (HalpuMep ako arg z, € [2m, 47),
a argz € [0,27]) wm naxe pexunara {arg z,} na He Obie cxomsiia. [pu
z # 0 obave arg z, BUHAI'M MOXKe Ja ce uzbepe MoAXoIAIo (KAaKTO HUe Hall-
paBHUXMe), TaKa 4e J1a UMaMe arg z, — arg 2.

n
4.2. Heka {p,} e peauna, 3a kosito p, > 01 >, pr, — 00, U HEKA Gy, — a.

k=1
Ha ce moxkazke, 1e:
aip1 +azp2 + - -+ anPn
a) ako b, = , TO b, — a;
pP1+p2+--+pn
a1 +ag+---+an
6) ako ¢, = , TO ¢, — @ (TeopeMa 3a CPeJHOTO APUT-
n
METHYHO).

Pewenue. a) Heka € > 0 u ng e TakoBa, 4e |a, — a| < £/2 upu n > ny.
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Torasa
b g GPLE ot anpn —a(pLt -+ pa)
" pL+e P
_ (a1 —a)pr + -+ + (any — a)Png + (Ang+1 — @)Pngt1 + -+ - + (an — a)pn
P+ +pn ’
OTKbIETO
L) n no
> Prlag —al o E+1pk > Pklag — al
k=1 =n k=1
|bn_a|§ p +§' no < po +§-
> Pk > Dk > Dk
k=1 k=1 k=1

[IbpBusaT 4YieH Ha cymMaTa BJSCHO KJIOHH KbM HYJIA IPU N — 00, Thil KaTO
YUCJIUTENSAT € (DUKCUPAHO YHUCIIO0, & 3HAMEHATENST KJIOHH KbM +00. Ciiefio-
BaresiHo |by, —a| < €/2 4+ ¢/2 = ¢ upn gocTaTbIHO TOJIEME N, T. €. by — a.

6) CuieziBa OT a), aKO IIOJIOXKUM Py, = 1 38 BCSIKO M.

4.3. Heka z, — z, z, # 0. [a ce jokaxe, 4e 3a BCIKO N /2122 ... 2n
MOXKe Taka Ja ce n3dbepe U3MekKIy Nn-Te My CTOMHOCTH, 9e /2123 ...2, — 2.
Pewenue. 1. Heka z # 0. sbupame ¢ = arg z u cjej T0Ba @, = arg 2z, €

1
[ — 7, ¢ + 7w]. Torasa (3amx. 4.1) ¢, — @ u ﬁ((pl + o+t on) — @

o1 ot

(3azm. 4.2 6)). Hda nedbunupamve ¥/z1z3...z, = V/|z122...2, T
1

Toit kKato Y/ |2’1H2’2’ . ’Zn| = 6%(IH|Z1|+1H‘ZQ|+'-~+1H|Z77‘|) bit E(ln |2:1‘ + In |22‘ +

o4 In|z,|) — In|z| (3am 4.2 6)), To /Z120 ... 20 — €M PFle = |2[e? = 2.
2. Ako z =0, 10 |z,,| — 0. CnemoBarenno {/|z122 ...z, — 0, oTKBIETO
YZ129 ... Z2n, — 0 KAaKBUTO U CTOIMHOCTU Ha, {/2122 ... 2%, Ja B3EMEM.

4.4. Ja ce mokaxe, 4de 3a BCIKO z = ¢ + iy € C
A .
(1 + —) — e*(cosy + isiny).
n
z
Pewenue. Twit karo 1 + — — 1, 6e3 orpanudenue Ha OOITHOCTTA MOYKEM

z z
na cautame, ue Re (1 + —) > (0, u ToraBa MO2KeM J1a nu3dbepem arg <1 + —) €
n n

T z
( —), T.€. arg (1 + —) = arctg
n

Y
39 = U pesnIiaTa MOXKe Ja ce 3alnlile

n

O (O [
n n n2 '
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Karo Bzemem npensui, ge mpu |z| < 1, In(1 + 2) = = + 220(x), arctgz =
x + 230(x), xbaero O(z) ca orpanmdenn B okoHOCT Ha T = 0 BYHKINT HA
T, IIOJIydaBaMe

T\ 2 y2 % ﬂ]n<1+2i+12%y72)
[(1—#) +2} =e’ oo — €”, mnarctg
n n

OTKBJETO CJie/IBa TBbPACHUETO.

- Y,
n

i w+2km

4.5. 3a z = re'? # 0 na nedunupame {/z = Yre' n | Kbjuero k < n e
dbukcupano ngI0 HeoTpUIATEHO YKCyO0. la ce moKaxke, e

lim n ({z—1) =Inr +i(p + 2kn).

n—oo
Pewenue. Imame
2k 2k
n(%—l):n(’{/?cos(p—i_ ﬂ—l)%—i{l/;nsinw—i_ T
n n

Karo Bzemem mpensma, we e = 1+ x + 220(x), cosz = 1 + 220(x),
sinz = x + 230(x), xbaero O(x) ca orpanmdenn GyHKIME B OKOJHOCT HA
x = 0, nosrygaBame

2k 2k
n<{l/7jcos(p+ 7T1>:n(erlzlmcos<’0+ 7Tl)
n n

KOETO MCKaxMe JIa JIOKaXKeM.
4.6. [la ce nmpecMeTHAT IPAHUIUATE:

a) li 1+1cos7T+ —l—lcosmT
lm —_ —_— o oe. —_— —_— .
2 2mn ’

; 4 .7 4" nm
6) nlLH;O (58m6+“'+5nsm6>'
DN
L 1 n [ %
Pewenue. a) 1 + icosg oo 27(308% _ Rekgo (e;) _
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10
" 41— 203

4.7. Heka z = €'*, a € R, e nmpon3BosiHa TOYKA OT €IUHUIHATA OKPDbIK-

6) Ome

noct. Jla ce jokaxe, Je:

a) ako a = §2ﬂ, p, ¢ > 0 — 1eau B3auMHO mpocTH Yucya, To {2"} e
HePUOMYHA PEJIUIA C TOUKH Ha cI'beTaBane e, r=0,1,...,q — 1;

6) ako o # 2277, TO BCSIKA TOYKA BbPXY €IMHUIHATA OKPBIKHOCT € TOYKA
Ha CI'bCTsIBaHEe Ha peunara {z"}.

Pewenue. a) Lemnre 1qncia ce pasnajgar Ha ¢ Kiaaca o mod ¢ Ipes mpec-

n iPor (@s+7)
TaBsinero n = gs+r,r =0,1,...,g— 1. CinenoBaresuo 2" = (e q ) =
iL2nmr
e'a™™ = 2" u 3Haum pejUNATa € NepHOJUYHA C TOYKH Ha CI'bCTaBaHe 2",
r =0,1,...,¢g — 1. Tbit kaT0 P U ¢ ca B3AUMHO NPOCTH, TE3U UUCTA CA

BCUYIKHU PA3JIMIHU IIOME2KIY CH.

6) Tbit kKaTo % € MPAIHOHAJIHO TI0 [IPE/IIOJI0KeHNe, TO e'* % 1 3a BCsKO
nsuto 8. Pemmnara e orpanndena, cJIeJ0BaTeIHO MOXKEM J1a U30epeM CXOIAIa
nozapesuia {2 }. Ako € > 0 e MIPOM3BOJIHO, TO CHINECTBYBa k) TAKOBa, e 3a
k > ko u Besiko p > 0, 3a KOeTO Ny + pg, IPUHAJJIEKA HA HojpeaunaTa {ng },
e umame |2 PE — 2| < g roe. [2PF — 1| < e. CremoBarenno ynciara 2Pk
KOUTO Ca PasjuvHu OT 1, ce HAMHUpPAT B MPOU3BOJIHA £-OKOJTHOCT Ha 1 Taka,
ye z = 1 e TOUKa Ha CI'bCTsIBAHE Ha PeJuIara.

Ila durcupame cera emIHO TaKOBa pg € J1a pasrjergaMe pPeaurara
{bp, = 2"Pr}. Ba mes umame b, # bpy1 u |bpyy — by| = |2PF — 1] < e,
T. €. BCEKH JBa CHCEIHHU UICHA Ca PA3/JIUYHU U Ha PA3CTOSHHE II0-MAJIKO OT &,
OTK'BJIETO CJIeJ[Ba, € KAKBATO U TOYKA OT €IUHUIHATA OKPBXKHOCT J1a B3e-
MeM, B HeifHa IpobuTa £-OKOJHOCT IIle TIONa/HEe [IOHe e1H djeH Ha {b,}, a
suaqun u Ha {z"}.

az+b
4.8. Heka w = o td e apobuo-uHeliHa TpancdopMaIus ¢ peajgHun Ko-
edUIUEHTH, TPUTEXKABAIla JBe pa3JndHu aBoiHun Touku. Heka zy € C e
durcupano. la ce jokaxke, 1e BCUYKM UJIEHOBE Ha PEKYyPEHTHATA PEIUIA
Zn = w(zp—1), n =1,2,..., JexXar Ha eJHA OKPbAKHOCT.
Pewenue. Ako w = az + b, To a # 1. nade w 6u nMaia eIuHCTBEHA
JBOIHA TO4YKa 00. AKO «v € KpaiiHaTa It JBOiiHa TOYKa, TO W CE 3aIIMCBA BbB

Busia w — « = a(zp — ). CrenoBarenno z, — a = a™(z9 — @) 3a BCIKO 7N,
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OTK'bJETO
an+2 —a"

(2ns 2n41, 2nt2) = TntE _ gntl €R.

Tosa mokassa (3a/1. 3.18), ¥e BCeKHU TPHU MOCIIEIOBATEHA WICHA Ha PEINIATA
JIezKaT Ha eHa [IPaBa, & TOraBa M BCUIKATE U YJIeHOBE JIe’KAT Ha Ta3u IpaBa.
Axo w He e 1z, HeKa « u 3 ca pBoitHuTe i Touku. Torasa (3a1. 3.40 6))

w—« Z— a — C Zn — O 20 — &
= A . A= g T om0
w—p z— 3 a—cf z2n — B 20— f3

Axko o u (8 He ca peaJiHH, Te ca KOMILJIEKCHO CIIPETHATH, T'bil KATO €& KOPEHH

Ha KBaJIPATHO yPaBHEHUE C peasiHu KoedUIMeHTH 1 cJjenoBaresHo [A| = 1.
ToBa HI HaBa

Zn — Q Z0 — « \
- - )
2p — B 20 — 3
|z —a
T.€. BCUUKHU 2, JIE2KAT Ha OKPBLYKHOCTTA < 2 : m = A (BXK. pererueTo
y —
Ha 3a1. 3.32). Ako a u  ca peasnu, To u A e peasHo. AKo pasriejame
w—« Zn — Q
TpancdopMalusaTa U = 75 U O3HAYUM Uy = 7,37 TO TIOPa/I TOBA,
w— Zn —

qe JIpoOHO-IHMHEHaTa TpaHcdOpMalnsd 3ala3Ba JIBOMHOTO OTHOIIEHUE, IIe

nMamMe, de

An+2 —_A™ An+3 — A
(Zna Zn415 Zn42, Zn+3):(una Un+1, Un+2, un+3):An+2 _ An+1 :An+3 — An+1

€ peaiHo Yucjo 3a Beako n. CbriacHo 3a/1. 3.18 BCceKU 4eTupu 1ocjieioBa-
TEJTHU YeHa Ha PeIUIaTa JeyKaT Ha €/IHa OKPBYKHOCT, OTKBIETO CJIE/IBA, U
BCUYKUTE U YJICHOBE JIEZKAT HA OKPBYXKHOCTTA IPE3 20, 21 U 23.

az+b

cz+d
Ha ce mokaxe, de 3a Bcsiko 29 € C pekypeHTHara pequna z, = w(zp—1),

4.9. Heka w = € IIPOU3BOJIHA JIPOOHO-JINHEHA TpaHchOopMaIns.

n =1,2,..., e WK Pa3xoJdIIa, W KJIOHH KbM JBOIHA TOYKA HA TPAHC-
dopmManmsITa.

Pewenue. 1. Heka w He e usiia jmHeiiHa Tpancdopmanust (T.e. ¢ # 0).
Torasa Ts1 uMa JiBe JBoiinu Touku «, 3 € C. fcHo e, ve ako zp = « (z0 = ),
TO zp, = & (2, = ) 3a Besgko n. Heka zp # «, (.

Axko o = 3, 1o (3a1. 3.40)

1 1 1 1
=——+4h, h#0, orkbIETO = + nh — o0,
zZ—« Zn Q@ 2o

w— «
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U z, — Q.

Axo a # 3, 1o (3ax. 3.40)

w— « z2—« a— co Zp — 20 — @
=A , A= ——+#1, orkbieto — = A2 i
w—p3 z—p a—cp Zn — z0—

Orryk ciesBa:

e mpu |A| <1, A" - 0= 2z, — q;

e npu [A| > 1, A" — 00 = z, — [;

e upu |A| = 1, perunata {A"}, a ¢ Hest u pejunara {Un _ %~ oz}7 .
Zn — 0
_ |l —q
pasxoAIla 1t notexke || = 20 — 8| < +oo (20 # ), TO M pepnaTa
20 —

{zn} e pasxomsma.

B nocneanus ciy4aii (|A| = 1) Bcuukn wieHoBe Ha pexunara {2y } rexar

|z —al |20 —qf
Ha, alloJIOHMEBATa OTHOCHO ¢ U (3 OKP'BYKHOCT < Z : = (BK.
|z =Bl 20— B
3a1. 3.32).
2.w=2z+b,b+#0. Torasa z, = zy + nb — 00 — eUHCTBEHATA JBOWHA
TOYKa Ha W. )
3. w = az+ b, a # 1. Cera ABoifHNTE TOYKM Ha W Ca & = 1
—a

00. fcHo e, ye ako zp = «, TO 2z, = « 3a Bcsgko n. Heka zg # «a. Mmame

w—a = a(z — a), oTKbAETO 2, — @ = a" (29 — o). OTTYK CIilesiBa:
e upu |a| <1, z, — o
e upu |a| > 1, z, — o0;
e upu |a| = 1, pequnara {z,} e pasxousima.
C ToBa TBBLPJIEHUETO € JOKA3AHO.

2t — 1)z —1
4.10. Heka w = w
z—241

peauna z, = w(zp—1), n = 1,2,..., € CXofsdIIa U Ja ce HaMepPU T'PAHUIATA

N

n.

u zg € C. [a ce jjokaxe, de peKypeHTHaTa

Pewenue. IBoitiure TOUKHM Ha TpancdopMmanusaTa ca 1 u i. mame

w—1 zZ—1

w—1 "Tz-1
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KaToO OT w(eo) =i = A un w(oo) = 2i — 1 namupame A = 7 Torasa

w(oo) — 1
zn—t (1 "2 —i
Zn—1 (2) 20— 1
CrenoBarenno, ako zg = 1, T0o z, = 1 3a BcsgKko n, a ako zg # 1, T0 z, — .
* % %
[o¢]
4.11. Jla ce JoKazKe, Y€ aKO PEJIbT » | 2, € CXOAAN U |arg z,| < a < 7/2,

n=1
TO TOI € abCOMIOTHO CXOJISIIII.

Pewenue. Heka z, = zp, + iyn, ©n = argzn, |on| < a < w/2. Torasa

oo
Ty >0, > Xy, € CXOJIIL, COS Y, > COSa U
n=1
Tn Tn
|zn| = <

CiiesioBaTesIHO PebT Y | |2p| € cxousi, Thil KaTo ce MaXKopupa OT CXOJISIII

n=1
peJi ¢ HEOTPULATEIHH UICHOBeE.
(e8] e8]
4.12. Hexa pegioere Y. 2z, u Y. 22 ca cxongammu. Jla ce jokazxe, qe ako
n=1 n=1

o0
Re z, > 0, T0o perbT Y. |2,|? e cxomam.

n=1
o
Pewenue. Heka z, = x,, + iy,. ToraBa pexbr »_ X, € CXOIMIL U 3HAIH
n=1

Tn — 0. Bes orpannyenne Ha oOIIHOCTTA MOXKeM fa cunTame, de 0 < x, < 1,

o)
OTK'bJIETO III€ MOJIYYUM 33721 < &y, ¥ CJIEJIOBATENHO PDEIBT Y x% e cxomgal. Tbit
n=1

oo (o0
Kato Y. (T, +iy,)? e cxo/sI 1o ycoBue, ciesa, ge Y. (12 —y2) e cxoman.

n=1 n=1
oo oo
Ho Torasa e cxomgamt u pebt Y. [22 — (22 —y2)] = 3. 2, a ¢ Hero e cxomsmy
—1 =1
- 2 2 S ’ 2 '
u penvT Z (':Un +yn) = Z |Zn| .
n=1 n=1
o0
4.13. Heka S,, e n-Ta mapimajina cy™Ma Ha peia » . an. Ja ce mokaxke
n=1

paBeHCTBOTO (TpeobpazoBanue Ha Abe)

n n—1
Z agby = Z Sk(bg — brt1) — Sm—1bm + Spby.
k=m k=m
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Vnsmeane. VsnonssaiiTe paBeHCTBOTO a) = S —Sk_1 U IIpeobpasyBaiiTe.

an+1
Qp

4.14. Cworiacao kpurepust Ha Jamambep, ako lim
n—oo

< 1, To pesrbT

(o)
> an e abcomoTHO cxofAmL. AKO Ta3u rpaHMIla € TMO-ToJsiMa OT 1, pefbT e
n=1
pasxomsir. Moxke i B TOBa TBbPAEHNE CUMBOJIBT lim 1a 6bae 3aMeHeH CbC

cuMBoJIa lim sup?
Ome. B gacTra ,,cXoad1m MoxKe, HO B 4acTTa ,,pa3xousnt — He. Hampumep
ako 1 < a < 8, peabr
1 1 1 1

tot ozt ot

It T T T

€ CXOJISIII, HO

B
A2k+1| _ (2k) s
asg (Qk + 1)0‘
n TOraBa
lim sup Inil) Q.
n—00 an

4.15 (Kpwurepwnit na Jlaii6umi). /la ce gokaxe, ue ako pepunara {c, }
oo

€ MOHOTOHHO HAMAJISBAINA U KJIOHU KbM HYJIa, TO PEILT Y Cp2" € CXOJISII,
n=1
3a BCSKO z, |z| < 1, ¢ eBeHTyasIHO M3KJIIOYeHUe Ha 2 = 1.

Pewenue. Heka S, e n-ra maprumajina cyma Ha pejga. loraBa 3a BCSIKO
nzto p > 0 me nmame

(1—2)(Sp4p—Sn) = Cn1 2" F g2 24 4 cn+p_1zn+p_1 + Cppp2™ TP

+3 n+p n+p+1'

n+2 n
— Cn41% — Cn42%2 — "~ Cpyp-17 — Cn4p?

Otrryk npu |z| < 1 moiyvyaBame

11— 2||Sntp — Sn| < ent1 + (cng1 — ng2) + (Cng2 — cnys) + ...

+ (Cnerfl - C7L+p) + Cptp = 2¢n41-

2Cn11
11— 2|
3abenesicka. Permtere 3amadara, Karo M3MOJ3BaTe MPeoOPA30BAHUETO HA

Abern (3ax. 4.13).

Axko z # 1, 10 |Spyp — Sn| < — 0 1 3HaYM PEAbT € CXOJISIIIL,
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o0

4.16. [Ta ce maje nupumep Ha pell Y . Gy, TAKBB Y€ 32 BCSIKO €CTECTBEHO
n=1

(o ¢]
k perrbr S ak e exonsam, mo me e abeomorHo cxozgmI,
n=1
oo ,tan
Pewenue. [a pasriegame peja »
n—o Inn

e
, a € R, — — npanmoHaJ IHO quC-
T
1
‘ In*n
o) ezkom 00
na Jlaiibuun (3a71. 4.15) peabr > — € CXOJIdIl, HO PeJIbT >
n=2 In"n n=2In"n
Pa3XOJIAII, 3aI0TO MayKopupa (IpH JOCTATHIHO TOJEMH 1) XaPMOHIIHUS

pen.

710. 3a BCSIKO ecTecTBeHO k 2 = €'F £ 1, N\, 0 u cbryacHo KpuTepus

e

(e.@)
4.17. a ce usciaeBa CXOAUMOCTTa HA PEa » | Gy, K'bIETO:
n=1
n n' . ein ei
a)a,=-——;6)a,=-——;B) a, =¢"; 1) a, = —; ap = —;
) n (22)77,’ ) n (Zn)n’ ) n ) ) n n ) 'Zl) n n 9
1 sin 3n .. COS2n
e) a, = —cosny, p € R; k) a, = 7@, v €R;3) a, = 2”7@,
n Inn n
peR.

JE— 1
Pewenue. a) lim |a,|» = 1/2 < 1. Cbriacuo kpurepust Ha Kormm peabr
n—oo

e J1azKe aDCOJIIOTHO CXOJISII.

6) lim

n—oo

an+1

=e ! <1 — perbr e aBCOTIOTHO CXOJISIIIL.
Gn

B) @, HE KJIOHH KbM () — PEIbT € PasXOJIIIL.

1 )
r) - N\ 0, € # 1 — peabT e cxojsy 110 Kpurepust Ha JlaiOHuUI.

(o) o 1
1) Perbr > Rea, = >, —cos— e pasxojgslii, 3amoTo 3a Besiko € > 0
n=1 n=1"1 n
1 1 1 1—¢
CBINECTBYBA Ny TaKOBa, Ue cos — > 1 —e 3an > ng. ToraBa — cos — > ,
n n n n
o
a XapMOHUYHUAT peJl e pas3xo/sil. CleJloBaTeIHO U Y, d;, € PA3XOJISIIL.
n=1
00 o 1 .
e) Y. a, = Re > —€e"™. Arko ¢ # 2km, k € Z, peabr e CXOAdIl 1O
n=1 n=1"T
kpurepus Ha Jlaitbuun,. Ilpu ¢ = 2k7 ce mosiy1aBa XapMOHUYHUAT PEJI.
00 0o Hid3ne 0o ~3n ) X
K an, = Im = Im — z = €. Axko 2 1, peabr e
) T;Q " ngz Inn = lnn’ 7 1, pen

CXOJISATIL 110 kpurepust Ha Jlaitbuum. CrenoBaresno, ako 3p # 2kmw, k € Z,

oo oo
> ay e cxopsm. Axo 3¢ = 2k, a, = 0 u peabT Y @y € OTHOBO CXOJISIIIL.
n=2 n=2
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3) cos 2np = (e2"¥ + e_i2"‘p)/2, CJIE/IOBATEITHO

00 . 9] 7,2 00 i20\n
1 1 eyn 1 @)
z 2 _ - -

E - Cos 2ny 5 E 2 E

n=1 n=1 n=1

JlpaTa pefa OTIAACHO ca cXofdamu npu ie?% # 1 u ie™% £ 1, 1.e. npu
2% # —g+2k7r1/12<p v g+2k7r, k€7 Axo 2p = —g—i-%w, ke z,
I'bPBUAT PEJI OT/ISICHO € Pa3XOJsIl (ToBa € XapMOHUIHUSAT PEJ), a Thil KaTo
ie~ 2% = —1, propuar pes e cxomsm (Kpurepuii na Jlaii6mmi). CiemoBaTento
JIAJIEHUSIT PEJl € ChINO pas3xomusil. Ako 2¢ = 5 + 2km, k € Z, Bropuar pex
OTJSICHO € Pa3XOJsIl (XapMOHUYHUST PeJ), & IbPBHUAT € CXOJAI, Thil KaTo
ie'2% = —1. Cj1e0BaTENHO 1AIEHUSIT pesl e pasxXoJIsl.

Ome. llpu 2¢ # :I:g—l—QkW, k € Z, peJtbT € CXOJISIIL, & Ipu 2 = :I:g—l—Zlmr,

k € Z — pazxozsml.

4. 18 ,ZLa ce HaMepI/I PaInyCchT HA CXOAUMOCT R Ha cTeneHHUS Pe:
o (0.) o0

a) X T6) X B o) 3 2t 3 e
n=0 n=0 n=1 n'

o0
e) Z (n+a™)z", a € C; x) Y cosnaz", a € C,
= n=0
2

3) Z (1—1)n sinnaz", a € C;
") Zq 2 qeC,a,beN, b>1;
mam+w (a4+n)BB+1)...(B+n) ,

) 2 A+ 1) (y ) o oubret,
7750,—1,—2,....
Pewenue. a) Toit karo lim /n = 1, or dopmynara na Kormu—A namap
caenpa R = 1. e
6) Ome. R = 0.

B) Ome. R =1/2.
r) Umame ap, = 2" 3a k = n! u ap, = 0 3a k # n!. Torasa km Vag| =
— 00

1 1
lim (2")n! = lim 200" =1 u caenoBarenno R = 1.
n—oo n—oo
1) Coriacuo kpurepust Ha Jamambep

| 1 n+1 1 n
Re tim POED" (1Y) =
n—oo n"(n+1)! n—o0 n
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n n

. a a
e) Ako |a| <1, o lim — = 0 u or upexacrassuero [n+a”| =n |1+ —
n—oo N n
u dopmynara Ha Komwm—Amamap mosydaBame R = 1. AHajorm4yHo, ako
n 1
la| > 1, or |n+a"| = |a™] |1 + —n’ nosiyuaBame R = Tl
a a

x) Ako a € R, or |cosnal < 1 creapa lim {/|cosna| < 1. Ot apyra
n—oo
crpana, 1 e ToukKa Ha crbCTsiBaHe Ha peaunara {cosna} (Bxk. 3aia. 4.7).
Crnemosatenno lim {/|cosna| =1, T.e. R =1. Heka a = a+1ib, b # 0. Tit
n—oo

Karo cosna = ("% + e7""%) /2, OT HEPABEHCTBOTO Ha TPUBHI'bJIHUKA NMAaMe

V/lent —e=mb| /2 < /| cosna| < {/ (e + emb) /2.

Orrykx npu b < 0 nosmyuasame lim {/|cosnal = e™® ampu b > 0 —
n—oo

lim {/|cosnal =e’ m.e. R=¢7 10l
n—oo

3) Ynsmeane. CirenBaiiTe pelenneTo Ha ).

Ome. Axo a € R, a # km, R = e; ako a = km, R = 00; ako a = a + b,
b#0, R=e ItI+1,

u) VYnemeane. l3noma3BaiiTe paBeHCTBOTO
N n. L J— a\”
lim (|g|*" )" = limexp [(g) ln|q|} .

Ome. Ako || =1, R=1;ak0 a = b, R = —; ako a < b, R = 1; ako

1
la’
a>bulg/<l,R=o00;ak0a>bulg>1 R=0.

K) Vnemeane. Vznonssaiire kpurepusi Ha Tanambep.

Ome. R =1.
o0 [ee]
4.19. Heka pajuycure Ha CXOAUMOCT Ha peJioBere »  anz™ u Y. byz"
n=0 n=0
ca cboTBeTHO R1 m Ro. Ila ce mokaxke, 4e ako R e pajiuychbT Ha CXOJIUMOCT
Ha peja:
(0.)
a) > (an +by)z", To R > min(Ry, Ra);
n=0

6) > apbyz™, 10 R > RiRy;
n=0

o0

B) S Im.n (b, £0), o R < R1/Ro.
n=0 bn

Pewenue. 6) Ba Besgko € > 0 cbiectByBa umciao v = v(g), Taka de
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1 1
Ylan| < e +eu Vb, < = + ¢ 3a Begro n > v. Torasa
1 2

2

Vanby| < ! +e 1+1 + €2
a - - 4

"M RIR R R

3a BCSIIKO N > V U CJIEIOBATEIIHO

1 — 1
E = nll;n(}o n\/ ’anbn’ S ﬁ, T. €. R 2 RlRQ.

bn,
Babenestcka. Hepasencrsara B a), 6) u B) ca Tounu. B ToBa ce ybexa-

a
B) Cieasa or 6), KaTo B3eMeM NpEJBUJL, de a, = by, <n>

BaMe, pas3IeKIAMKH CcjiefHus npumep: a, = b, =1, n=0,1,...

o0
4.20. Heka R e pajmycbT Ha CXOJMMOCT Ha pefia », ayz” 1 3a BCAKO
v=0
n
n > 1 HyauTe HA TMAPIUATHATE CYMU Dy (2) = a,z” JIeXKaT BbH OT KPbla
v=0
K(0,p). Ha ce nokaxe, ye R > p.
Pewenue. mame pp(z) = an(z — 21)...(2 — zp), KaTO |2| > p, V =
n D (0
1,2,...,n. Torapa 0 # [pn(0)] = |an| [T l2v| = lan|p™ u |an| < ’ np(n)’
v=1

1 — 1
CrenosaTesiHO == lim {/|an| < =, 1.e. R > p.
p

o0
4.21. Jla ce mokaxke, e OMHOMHUSAT PeJ, » <a> 2", ae C\ (NU{0}),
n

n=0
nMa pajuyc Ha cxoaumoct 1 u 3a |z| = 1 e abcosorHo cxofsmn npu Re v > 0

u pasxogsiy upu Rea < —1.

« ala—1)...(a—n+1
Pewenue. Heka a,, = = ( ) ( ) Nmame =
n n! On+1
n+1
— 1 u or kpurepusi Ha /lajrambep ciejiBa, 4e pPaJIuyCcbT Ha CXOIM-
n—ao

MocT Ha Gunomuust pex e 1. Heka cera |z| = 1. Ot

1 1 1
|anz"|:|an|:\a|1—a; Hl—a;— ‘1_05+ ‘
n
1 1
Z\Reall—LeO;—i_ '...’1—R6a+ ‘
n

npu Rea < —1 caenpa |a,| > |Rea| > 1, orkbaero noiayvasame, e a, He
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_1>:

n+1
n <H — 1> e ancyioto Ha Paabe — [lioamen. Twit karo Rea > 0, To
n—o«

cbiecrByBa § > 0, raka ye Rea > §. Heka x € R e takosa, 4e | — a| =

Gnp

kJjioHn KbM 0 1 peabT e pasxonsmt. Heka Rea > 0u R, =n <

an+1

|z — 4], 7. e. x mexxu Ha cumerpasaTa Ha orceukara [J, a]. Torasa (nampasere
geprexk!) 3a n > x umame [n — | < n — J, OTKBIETO

n+1
n —-1)= 14+96)>14+6>1.
R>n(n—5 > _5(+)> +6 >

CoritacHo kpurepusi Ha Paabe — Jloamest peabT e abCOMIOTHO CXOJSII 3a
|z| =1 npu Rea > 0.

4.22. ,Ha ce HaMepHT Benuky Touku 2z € C, 32 KOUTO € CXOJISAI PeIbT:

nZ3n+1 %) eina
9520 S BNy S C i ack,
) Z z—2

\/n2—|—1—\/n2 1 <22—2>3”’
0E () (1)

871
1
Pewenue. a) Toii karo — \, 0, To or Kpurepus Ha JlaiGuui (3a71. 4.15)

cresiBa, de perabr e cxoidn 3a |z| < 1, z # 1. ToBa Hu jgaBa, Ye pajuycbT
My Ha CXomuMocT e Haii-masuko 1. Or mpyra crpana, 3a z = 1 moaydaBame
pasxozsii pest (xapMmonnanus pej). Crie0BaTesIHO PaJuyCchT Ha CXOIUMOCT

e TouHo 1. OKOHYATEJHO PeIbT € CXOSIN 3a BCSKO 2, |z] <1, z # 1.

) (_1)”Z3n+1 00 (_1)nz3n

6) OueBuiuHO pejioBeTe » u oy ca CXOJAIA 33

n=o Inn n—o Inn
o0 n
3 w
eHM U cbiny z. [Tosarame w = —z° u pasriexgame pejga y . ——. Paszcbx-
n=2 11170

JlaBaiiKi KaKTo B a), TIoJIydaBaMe, ge Toi e cxozant 3a |w| < 1, w # 1. Torasa

II'bPBOHAYAJIHUAT PEJl € CXOJAIL 3a |Z‘ S 1 ¢ uskIOYeHNE Ha KOpeHuTe Ha

3 7r+2k:7r
z° = —1, T.e. Ha Toukure 2 = €' s ,k=0,1,2.
B) Ome. |z| <1, 2 # 2z, = ¢ a+72kﬁ k=0,1,...,6.
22—2

- 1 Pa3ChKJAaBallKu KaKTo B a), J0-
z—2i

3n
KaxKeTe, 9e PebT Z (Vn2+1—+vn2-1) (2> e cxomsmy 3a |w| < 2,

r) Ynsmeane. Ilomoxere w =

w # 2€ = , k=0, 1 2 Hakpast namepere obpasza Ha TOBa MHOYKECTBO Upe3
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(2w — 1
TpanchopMmaluaTa 2 = 2(11)2)
W —
Ome. Imz < 5/4, z # oo, (£v/3 + 5i) /4.
z—1 00 2
n) Ynemeane. [onoxere w = . Jlokaxere, 1e pejopere » . — U
z+ 1 n=1 2n

LS 1
sin? Tw% ca cxoigmu 3a |w| < 1, w # +1. Ciej ToBa nokaxere, e
n=1 n

x 1 1
peInT nZ=:1 <sin2 ﬁ — 2n> w?™ e pazxomsny 3a w = +1.
Ome. Rez >0, z # 0, cc.

4.23. Jla ce nane mpuMep Ha CTENEHEH PeJl, KOUTO BbpXy I'PAHUIATa Ha
KpbI'a CU Ha CXOJUMOCT €:

a) pasXOoJIsIIy;

6) cxogsi;

B) CXOJISII C M3KJIIOUCHNE Ha KpaeH Opoil oTHAIIpe ] n30paHu TOYKL.

Vnsmeanre. VIznon3saiire kpurepus na Jlaiibumuir.

°° X 2" x1/1 1 1
Ome. a) > 2";0) > —;B) > — ottt )2 e =1
n=0 1n n

n n
v=12,...,k.
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§ 5. EsremenTapuu byHKIN

Eaemermapru me napudame dbynkuuure e, sinz, cosz, logz, z* (a € C) u
[MOJIy9EeHUTE OT TAX Upe3 aJIreOpUIHU OIePAINY, CyTIepIo3ulus Ha MYHKIUA U 00-

parHa QYHKIUSI.
1. Excnionenrinanna dyakmnus e®, z € C. ledunupa ce kato cyma

Ha CTEIICHHUA Pe

5 z 22 z" 2 2"

cxops 3a Besiko z € C. Ta e xomomopdna B 1sitata papanaa C, Bbpxy peasnara
oc (r.e. 3a z =z € R) cbBuasa ¢ no3uarara HU OT peajHus aHaau3 GyHKIH € 1
nMa CJeJIHUTe CBOIiCTBA:

a) (ez)/ = e%;

6) e*1e?2 — ez1+22;

B) € # 0 3a Bcsko z € C;

r) e* = e%e® = e%(cosy +isiny), |e*| = €%, arge® = y+2km, k € Z, z = x +iy;

1) TIEPUOJIAYHA € C OCHOBEH Tepuoj 27i, T.e. e*12km — o2 35 pesiko 2 € C u
BCaKO k € Z;

€) eIHOJIUCTHA € BbB BCAKA XOPHU3OHTAJIHA HMBUIE C [MIMPUHA, [HO-MAJIKA WJIH
paBHa Ha 27, T.e. e*! £ e*2 3a 21 £ zouna<Imz; —Imzy < b, b—a < 27.

2. Tpuronomerpudyau PyHKIUMH sin z, cos z, z € C. Tedunupar ce
KaTO CyMH Ha CTEIIEHHUTE PeJIoBe

z 22 25 o0 L2n+1
i = - 4 .= s
S TR TR ;f Ve
2’2 Z4 0 ZZn
coszi=1—— 4+ — —... = (-1)" 7
| | |
2! 4! oy (2n)

cxousimy 3a Besko z € C. Te ca xomomopduu B C, 3a 2 = z € R cwBHagar c
MIO3HATHUTE OT PEAJIHUS aHaJIN3 (PYHKIUU Sin 2, COS T U UMAT CJCIHUTE CBOMCTBA:

a) (sinz)’ = cosz, (cosz)’ = —sin z;
) eiz _ e—iz ez’z + e—iz ) o
6) sinz = g 82 = ———, e”¥ = cosz + isinz (dopmynu Ha
Oitsiep);

B) EPUOAMYHU CA C OCHOBEH LIepUoJL 27;
r) upuemMar Beska croifnoct or C u B YaCTHOCT He ca OrpaHUYeHU;
1) BCHIKHU (DOPMYIIA U ThKJIECTBA, U3BECTHU OT TPUTOHOMETPHsITa 38 2 = = € R,

caBcuwiau3a z € C. )
sin 2z cos 2z

C dyukmuuTe sin z, cos z CBbp3BaMe U QYHKIUATE tg 2 = o ctgz =

sinz’
Te ca gedbunnpann u xoaomopduu cvorserto B obnacture C\ {n/2+ km, k € Z},

1— 12z
C\ {km, k € Z}. Or dpopmynure Ha Ofistep umame tgz = iﬁ, ctgz =

99
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-eiQZ + 1
HOBEH TEPUO]T T.

3. JloraputMmuyHa dbyuknmd log z. debunupa ce 3a z € C\ {0} xarto
BCAKO peIlleHne Ha ypaBHeHHeTo e’ = z. AKO argz e eauH apryMeHT Ha z, TO
logz = In|z| +i(argz + 2kw), k € Z, 1.e. Besiko z # 0 uma 6e36poifHO MHOTO
JoraputMu u log z e muorosHauna Gynkius (T He e byHKIua® B oOuUaiHuUst
CMUCBJI, KOHTO BJlaraMe B TOBa HoHgATue). Mmame:

. OTTyK B 9aCTHOCT cCJieJBa, Y€ U JABeTe (byHKI_II/II/I Ca NIepuoJuvHu C OC-

a) el°8% = 2 3a BesKa cToitHOCT Ha log z;

6) loge* = z + i2km, k € Z;

B) PaBEHCTBOTO log 2129 = log z1 +10g 22 KaTo paBeHCTBO HA (DYHKIIUY € JIUIIEHO
OT CMUCHJI, T'hif KATO B HEIO yYACTBAT He YUCIIA, a ojMHoKecTBa Ha C. AKO, KakTo
e obuuaitno, nedurupame cyma A+ B = {w :w=u+wv, u € A, v € B} Ha sBe
MHOXKeCTBa A 1 B, TO pABEHCTBOTO € B CHJIA KATO PABEHCTBO HA MHOXKECTBA;

r) ako D C C\ {0} e obmact, mox enHo3HadeH KjoH Ha logz B D pasbupame
BCsIKa HempekbeHaTa B D dbynkmus f(2), 3a kogro ef ) = 2, 2 € D;

mako D =C\{ze€eR:2<0}={2€C: -7 <argz < 7}, 10 log,z :=
In|z| + iarg, 2z, argy z € (—m,7), e exHO3HAYEH KJIOH Ha log z B D. Hapudaame ro
2naeen KAoH (2aa6na cmotinocm) Ha log z. Benuku eHO3HAYHM KJIOHOBE Ha log z
B D ce nasar ¢ dopmynure: log, 2 = logy z + i2km, k € Z. Te ca xomomopdHu
B D dbyukuuum u (log, z)) = 1/z, z € D, k € Z. Uspuuno me orGesiexxuM, [e
Taka JepUHIPAHUTE €IHO3HATHA KJIOHOBE Ha l0g 2 He yJIOBJIETBOPABAT PABEHCTBOTO

—V2+iv2 3w —V2+iv2 _

BB B). Hanpnmep logg i 5 = i, JoKaro log, ¢ + log, 5
T n 3m 57 ” 3T
i—4i— =i— # —i—;

2 4 4 4’

e) dyukuusita logy(1l + z) e nebunupana B C\ {z€R: 2 < -1} usalz|<le
B CHJIa PA3BUTHETO
oo Zn
-1
logg(1+2) = 3 (—1)" 12
n
n=1
4. Crenenna ¢dyukmus z%, z € C\ {0}, o € C. Hedunupa ce ¢
paBeHCTBOTO 2% = e¥1°8% Ty e MHOrosmauna (byHKIMS, KATO BbB BCIKA 00JACT
D c C\ {0}, B KosiTO MOXKe J1a ce OT/eN eJHO3HAaYeH KJIOH Ha log z, MoxkKeM J1a
OTJEJIMM U eIHO3HAYEH KJIOH Ha 2%. Axo ¢ (2%)p 03HAYUM eUH €[HO3HAYEH KJIOH,
TO BCHYKH OCTAHAJH ce TIoTydaBaT oT dbopmynaTa (2%), = (2%)oe?*™ k € Z. llpn
D=C\{z €R:2z <0}, 2% = e¥losozei2kam ((za)5 = ¢¥1080 #) JInawme:
a) ako @ = m € Z, 1o 2™ e exHosHauHa QYHKIMs, Karo 2" = 2z.z...Zz, aKO
&2

m I'bTU

zmm’

m>0,uz™= axko m < 0;
6) ako a« = p/q, p,q € Z, ¢ > 0, (p,q) = £1, 10 Zd e g-3Ha9Ha (PYHKIUS, KATO

,k=0,1,...,g—1;
B) ako o € C He e pan@oHaJIHO YKUCII0, TO 2% e Ge3KkpaitHo3HauHa BYHKIHS;

P s 2kpm
— ed 10g0261 4
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r) ako @ € R, 1o |2%] = |2|* u arg z* = awargz + 2km, k € Z. Orryk crensa,
ve dbyHKIuATA 2% € eIHOJNCTHA BbB BCEKU bI'bJI C BPbX B HAYAJIOTO U I'OJIEMUHA,
[O-MaJIKa Wi paBHa Ha 27 /|al;

1) 2928 = (2122)® B CMHCBJI Ha PABEHCTBO HA MHOXKECTBA;

e) (2%)% D 2%F B cMECHN Ha BKIIOYBAHE HA MHOXKECTBA;

x) 2928 D 22%P8 B eMuECL Ha BKIIOUBAHE HA MHOXKECTBA;

!/

3) dynkuuaTa z* = e*!°80* ¢ xomomopdbua B C\ {z € R: z < 0} u () =
ealogoz
aT —_ ae(a—l)logoz — aza—l;
e) byuxusTa (1 + 2)* = e*1°80(12) ¢ xomomopdna 8 C\ {2z : 2 < —1} u 3a

|z] <1 e B cuna passuTHeTo

(1+z)“:i<2)z", (Z) _ a(a—l)..r.“(a—n—kl).

n=0

Tosu crenenen pen ce Hapuda buromer ped wa Hiomon.

5.1. Jla ce mokaxke, 4e 3a BCIKO z € C U BCSIKO eCTECTBEHO YUCJIO 1l € B

CHhJIa HEPpaBE€HCTBOTO

z Z\" |2 |Z| "
e—(l—l—f)‘ge —(14+— .
n n

. Z\"
Babenesicra. OTTYK B 9aCTHOCT CienBa, de lim (1 + —) = e*, KoeTo
n—oo n

npeasus e* = e(cosy+isiny), z = xr+1iy, AaBa Apyro perierne Ha 3a. 4.4.
Pewenue. Ot dbopmynara 3a buroma wa Hioron umame

() = () C) = (1) - (-5

OTTyK 1 OT HEPABEHCTBOTO Ha TPUBI'bJIHUKA ITOCJIEJOBATEJIHO II0JIydaBaMe

R ) 5

k=2 k=n+1

- 1 E—1\1 |z/* P
< 1—(1-=)-(1- e Y -
- [ < n> ( n ﬂ k! + k!

k=2 k=n+1

5.2. Jla ce mokaxKe, 4e 3a BCEKH 2, 21, 22 € C ca B cuiia dpopmyure:
a) sin? z + cos? z = 1;
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6) sin(z1 & z2) = sin 21 cos zo & cos 21 sin z;
B) cos(z1 & 2z2) = cos 21 cOS 2o F sin 21 sin z9;
Z1 + 22 21 — 22
cos :
2 2
n) 2sin? z = 1 — cos 2z, 2cos® z = 1 + cos 2z;

) COs 2] + cos zg = 208

e) 4sin® z = 3sinz — sin 3z, 4 cos® z = cos 3z + 3 cos z.
Pewenue. a) Vmame

eiz o e—iz 2 eiz 4 e—iz 2
sin®z4+cosz=(—n-—) + | ——
21 2

ei2z+e—i2z_2+ei2z+e—i2z+2_1+1_1
4 4 22 7

6) Cera sin 21 cos z3 + €0s 21 Sin 29

eiZ1_€f’L'21 eiZQ_*_ef’L'ZQ eizl _i_efl'zl 6’L'Z2_677,'22 ei(Z1+22) _ e*i(21+22)

2 2 2 24 24
= sin(z; + 22).

5 eiz _ 6—iz 3
e)sin®z = | ———
21

1 i3z —i3z_3 iz _ ,—iz
= _Ze © 5; (e ) = Z(Bsinz—sin?)z).

5.3. Xunepbosmanure ¢pyukiuu sh z u ch z ce nedpunupar ¢ paBencreara

zZ_ g%

Shzzie s ChZ:
2

e“4+e
2
Jla ce nmokaxe, ue:
a) Te ca NEePHOJMYHU C OCHOBEH II€PUOJL 2774
6) shz = —isiniz, chz = cosiz;
B) ch?z —sh? 2 = 1;
r) sh(z; £ 22) = sh 21 ch z9 & ch 21 sh 2o;
1) ch(zy & 2z9) = ch z1 ch z9 & sh 21 sh zo;
e) Resinz =sinzchy, Imsinz = coszshy, z = = + iy;
k) Recosz =coszchy, Imcosz = —sinzshy, z = x + iy;
3) Reshz =shzcosy, Imshz = chasiny, z = = + iy;
u) Rechz = chzcosy, Imchz =shzsiny, z =z + iy.
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Pewenue. a) CrenBa oT TOBa, Ue €° € MePHOUIHA ¢ OCHOBEH IIE€PUOJ 2774.

i(iz) _ ,—i(iz) zZ_ o=z
6) siniz = ¢ 2,6 = i< 26 =1ishz <= shz = —isiniz u
i
ei(iz) + e—i(iz) €% 4 e?
cosiz = 5 = 5 =chz.

2 2

B) ch? 2z — sh? z = (cosiz)? — (—isiniz)? = cos? iz + sin?iz = 1.
e) sin(x + iy) = sinx cosiy + cos rsiniy = sinx chy + icosx shy.

u) ch(z +iy) = chaxchiy + shxshiy = chxcosy + ishxsiny.

5.4. Heka f(z) e kost jia e or dbyHKIuuTe €7, sin z, oS z.

1. Jla ce mamepsit Bcuuku z € C, 3a KOUTO:

a) f(z) €R; 6) f(z) <0;B) f(2) € iR.

2. /la ce HAMepPAT BCUYKH JILIU | IPe3 HAYAIOTO, TAKUBA I Zlggo f(z)=0.

z€l1
Pewenue. 1. a) Heka z = x + 1y. Toit kato € = e* cosy + i€’ siny, To
)

e € R <= €%siny =0 <= siny = 0. CremoBaTeIHO THPCEHNTE TOYKN
z€Ccaz=z+ikm,z € R, ke€Z Or3ar 53 e) umame sinz € R <
coszshy = 0, orkbuero noydasame z = ¢ u z = /2 + kn + iy, k € Z.
Anajiornuno Hamupame, de cosz € Rzaz=xu z = krn + iy, k € Z.

6) Ot a) cuenpa, ye e* < 0 3a r1e3u z = x + ikm, k € 7, 3a Kouto
e®coskm <0 <= (—1)¥ <0, xoero e msnbaneno 3a k =20+ 1,1 € Z, T.¢e.
e#<0z3az=x+i2l+1)m, [ € Z.

Ome. sinz < 03a z =z, x € (m+ 2km,2n +2kn), k € Znu z = 7/2 +
2l+ 1) +iy,l € Z;cosz < 03az=ux,x € (n/2 + 2kn,3w/2 + 2kn), k € Z
nz=Q2+1)r+iy, | €Z.

2. Ilpenn Bemiako mie otbenekny, de lim f(2) =0 <= lim |[f(z)| =0.

Z2—00 |z| =00

Heka | = {z € C: z = re'?, p € [0,27)}. Torapa ot |¢*| = e"°*¥ cuenpa

lim |e*] = lim e" =%,
Z—00 7—00
z€l
fcno e, ge lim "% = ( camo ako cos ¢ < 0, T.e. ako ¢ € (7/2,37/2).
r—00

CresioBaresiHo ThbpcenutTe Jiban ca l : z = re'?, o € (n/2,31/2).
Tbit kKaTo lirjrzl |sinz| He cpmecrByBa, To wbuure Ozt u Oz~ He upn-
Tr— 00

TeXKaBaT UCKAHOTO CBOMCTBO 3a sin z. Ot dopmynara va Oiliep 1 HepaBeH-

CTBOTO Ha TPUBI'bLJIHUKA IIOJIyIaBaMe
iz’ _

2

He ’e—izH ‘eiz’+|67iz‘

< | si <
< |sinz| < 5
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NJIn

Y_ oY Y4 ey
|€2€‘§ | sin z| §% (z = x +1y).

2| sin 2|

Orryk crensa, ue lim = 1. Tosa o3nauaBa, 1e |sin z| pacre He-

lyl—oo el
OrPAHUYEHO € PACTEHETO Ha |Y| M CIeIOBATETHO JIBIN ¢ HCKAHOTO CBOWCTBO,

pasimaan or Oz 1 O™, CbINO He ChIECTBYBAT.

Amnanorununo, He cbiiecTByBatr Jbuu [, 3a Kouro lim |cos z| = 0.
zZ—00
z€l

5.5. Jla ce permrar ypaBHeHHUSITA:
a)sinz = 0;6) cosz = 0; B) shz = 0;r) chz = 0; ) cos z++/3sinz = 1;

e) chz —shz = 1; ) sin® z + cos® z + 7sin? 2 = 0; 3) sin® z + cos® 2 = 1.

ei? _ oz )

Pewenue. a) sinz = 0 <= 5; =0 <= ¥ =1=¢
122 =12k < z=kn, k€.

6) Ome. z=w/2+ kr, k € Z.

B) Ome. z = ikm, k € Z.

r) Ome. z =i (n/2 + kn), k € Z.

. , 21 241

1) Iomarame e'* = t. Torasa sin z = oy ) CO8% =~ HmonytaBaMe

KBapaTHOTO ypasuenue (v/3 4 i)t2 — 2it +i — /3 = 0 c xopenn t; = 1 u

—14+iV3 _ er

5 e's . Or e = 1 namupame iz = 12km, T.e. z = 2km, a or

. - 27
e“:el?—z:%’r+2kﬂ,kz62.

e) Ome. z = i2kmw, k € Z.

x) Karo pasmoxum sin® 2z + cos

ty =

6 2 u wsnmossBame, ue sin? +cos?z = 1,

3ammcBaMe ypasHeHHeTo BbB Buaa 1 — 3sin? z cos? z + 7sin? 2z = 0. Orryk u
dbopmymure 2sin? z = 1 — cos 22, 2 cos? z = 1 4 cos 2z mosydaBaMe KBaIpaT-
HOTO (OTHOCHO cOS22) ypasHenne 3cos®2z — 14cos2z + 15 = 0, oTKbIeTO

2z

Hamupame cos2z = 3 u cos2z = 5/3. Ilomarame €% = ¢ u nosyvaBame

ypasuenusita t2 — 6t +1 = 0 u 3t> — 10t + 3 = 0 ¢ KOpeHH CHLOTBETHO
tp =3+V8, tg =3 —+8utz =3 t, =1/3. Haxkpas or €'%* = 3 + /8

1 ) .
HAMHpaMe 2z = o log(3 + V38) = —%ln(?) +V/8) + km, or €2 =3 — /8 —
, i

z:—%ln(3—\/§)+k7r, or eizz:3—2:—%ln?)—i—kﬂ,HOTeiQZ:l/?)—

zz%lnS—i—kzw,keZ.
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3) Karo usnosnssame, ue sin? z 4 cos? z = 1, mocJieJ0BATETHO oIy 9aBaMe
sin® z + cos® 22 <= sin®z(sinz — 1) +cos? z(cosz — 1) =
0 < (1—cosz)(14cosz)(sinz—1)+(1—sinz)(14sinz)(cosz—1) =0 <—
(1 —sin z)(1 —cos z)(sin z + cos z + 2) = 0. Ypasuenuero sin z +cos z +2 = 0

2 = sin? 2 + cos

cyieT ostaraneTo e = t e expusasenTHo Ha (1+414)t2 +4it — 1+ = 0, wmiito

-2 2 2 2
—g\[(l +i)uty = —_'_2\[(1 +1), Karo |t1| = v2 — 1,

argt) = 5m/4 m |ta] = V2 + 1, argty = 57/4.
Ome. z = /2 + 2km, z = 2km u 2 = 57 /4 + 2kn +iln(v2 + 1), k € Z.

KOpEHHU ca {1 =

5.6. Heka u,v € C u u? +v? = 1. Jla ce JoKazKe, ue ChIECTBYBA €JHHC-
mBeHo z € C, TakoBa ue 0 < Rez < 2w, 3a KoeTo © = cos z U v = sin z.

Pewenue. Ot u? +v? =1 <= (u+iv)(u—iv) = 1 crenpa, ge u+iv # 0.
Toit kaTo B uBuiata 0 < Imw < 27 dyuknuara e* e eHOIUCTHA U IPUEMA
BCsIKa KOMIIJIEKCHA CTOHHOCT, pa3indHa OT HYJa, TO ChIECTBYBa € INHCTBEHO
z:0 < Rez < 2w, TakoBa 4e

(1) e = u + iv.
Torasa
1 ,
(2) u—iv = — = 5.
U+ 1

Cera ot (1) u (2) u bopmysnure Ha Ofisiep nojayyaBame u = COS z U v = sin 2.

5.7. Ha ce mokaxke, ue BceKu TpuroHomerpudeH nosusoMm f(¢) = ag +
n

> (ag coske + b sinkyp), ax, by € R, k =1,2,...,n, or crenies n uma Haii-
k=1
MHOIO 2n peaJsiHu HyJ M B uHTepBasa [0, 2m).

Pewenue. Tlojarame €'Y = z u or ¢opmysure wa Oiutep moydaBame

§(an — iby,). Tosu nmosmHOM

MMa Haii-MHOrO 21 KOMILIEKCHU HyJId. AKO z € eJHa OT TSX, TO KOPEHUTE Ha,

122 1
) = — 3 az® = — Pon(2), xaro cop =
27 k=0 z

ypaBHenuero €Y = z ca ¢ = —ilogz = —i(In|z| + iargz). Takbs Kopen
e peajieH caMo ako |z| = 1 u ToraBa Toif € ¢ = argz. Tmit Karo BesAKO
KOMILIEKCHO YHCJIO Z UMa CaMo eJuH aprymeHT B nuTepBasa [0,27), To Ha
BCsIKa HyJIa 2z Ha IoJuHOMa P, (z) choTBeTCTBa HA-MHOIO €JHA HyJa ¢ €

[0, 27) Ha mosmuHOMa (). C TOBa TBHPIEHUETO € JIOKA3AHO.
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1
sinz’ e —1’
Hy/IMTe Ha 3HaMeHaTess Ha f(z) u § > 0 e npoussosHo uncio. Ja ce qokaxe,

5.8. Heka f(z) e Koz ja e or dyukuuure ctgz, ZL ca

oo
4e f(z) e orpanntvena B obsmacrra Ds = C\ |J K (2, 9).
k=1

Pewenue. Tlpenn Bcuuko me orbesexkum, de ako f(z) e orpannuena B
obsacrra Ds, Ts1 e orpanudena u B obsacrra Dj, 3a Besgko 01 > 0§, 3aI0TO
Ds, C Ds. ToraBa moxeMm ga cunrame, de 0 > 0 e takosa, e K (zp,0) N
K(z,0) = 0 3a k # 1. e uznoxum perterne camo 3a dbyuknusra f(z) =

1 Tbit kKaTo f(2) € nepuoUIHa ¢ OCHOBEH 1I€PUOJL 274, JIOCTATHIHO € JIa

e —

JokazkeM, de 1s e orpanudena B DsN{z : 0 < Im z < 27}. Or HepaBeHCTBOTO
1

< -
jer =1 ~ [le?| =1 [e* =1
1

Ha TpUbI'bJIHUKA UMame | f(2)| = , 2 = x+1y.

Orryk mpu x > 1 cuensa |f(2)] < ampu r < —1 —

et —1 < e—1’
1 e

e
1f(2)] < = < . OcBeH TOBa, Thil KATO MHOXKECTBOTO
l1—e* e—ertl ~e—1

IIs = DsN{z : 0 < Imz < 2m, —1 < Rez < 1} e komnakr u f(z) e
HenpekbeHara Gyukims Bbpxy [ls, To [ f(2)| < m(d) 3a Besaxo z € 1. Taka

|f(2)] < M(J) 3a Bcaxo z € Ds, kbuero M () = max <el,m(5)> e
e —

KOHCTaHTa, 3aBHCCIIa CaMO OT 0.

5.9. Jla ce mokaxe, 4e:

a) ako 21 Z 29, 0 {u € C:u=logz1} N{v € C:v=1logz} = 0;

6) ako D C C\ {0} e obmact u f(z) e eguosnaden ko Ha log z B D, TO
f(2) e eqnosucraa dyukuus B D.

Pewenue. a) Ha nomycuem, 4e cbliecTByBaT u u v, u = logy 21, v =
logy 72, TakuBa 4e u = v. Torasa el°81%1 = ¢l°8222 1.e. 2 = 2 — nporuso-
peune.

6) Ciuezia ot a).

5.10. la ce mpecmernar Bemukn croinoctu na: log(1 — i), log(v/3 — i),
log (—1/2 —iv/3/2); 1V2, @t (1 — i)iV2.

Pewenue. Toit xaro |1 —i| = /2 u —m/4 e exun apryment na 1 — i,
10 log(1 — i) = Inv/2 + i(—m/4 +2kn), k € Z. Ananornuno, log(v/3 —
i) = In2+i(—7w/6+4 2km), log (—1/2 —iv/3/2) = i(4n/3 + 2km), k € Z;
1V2 — oV2logl _ gi2v2km i _ gilogi _ ,—5+2km (1— Z-)i\/i — eiV2log(1—) _
emTﬁH\@k”ei‘/ilnﬂ, ke Z.
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5.11. Jla ce cymupar CaeIHUTE PEeIoBe:

a) i s1nn90 ¢ € (0,27); 6) niow, g€ (—mm), p#0;
B) § (cosng)o o€ (0,277); F) ij(_l)nlm, p e (—7r,7r);

PeweHue. a) OT PasBUTHETO Ha logo(l + Z) B CTEIleHeH PeJl CJIe]] 3aMeCT-
o0 n

z
BaHe Ha 2z C ¢ — z nosydasame —logy(l — z) = > —, |z| < 1. Tsit karo
n=1 M1

TO3M PeJ| € CXOJII 32 BCSKO 2, |z| = 1, z # 1, To oT rpaHn4HaTa Teopema
Ha Aben 3a Bestko ¢ € (0, 2m) mvame

O ing )
g = — lim logy(1 — 2z) = —logy(1 — €*%).
n z—et¥
n=1
0 cosny
CJiesioBaTe/IHO, KATO OTJEJUM peajiHa U MMarvuHepHa 4YacT, . =
n=1 n
i x sinney i i i2 [, —i2_ i%
—In|1—€e*|u Y =—argy(l—e'?). Ceraor 1—e¥=e'2 (e '2—€'2 | =
n=1

—2isin gei% = 2sin gei% npesu o € (0,27) necro namupame |1—e™?| =

QSing u argy(l — e'?) = L4 ; T
00 00 g —
Ome. COSTY —1n2sin£, > Sl SR
oo 22n+1 1

6) Vnsmeane. Jokaxkere, e Z [logy(1 + 2z) —logy(1 — 2)]

~m+1 2
3a 2| <1 I/I IPOJIbJIZKETE KAKTO B a)
Ome. fln ’ctg 5‘
n
B) Pexbr Z S n—Tn MMa PaJILyC Ha CXOAUMOCT 1 1 € CXOJISIN 3a BCAKO
n—
1 1
z, |z| = 1. Ot pasmaramero = — — ciesBa, de 3a |z] <1
(n—1)n n—-1 n
i Z’I’L i TL i zn § anl Z
uMame —_— = Z =z _ Z + -
nz?(n_l) ’I’L—l n=2 T n:2n_1 n=1
—zlogg(1 — z) + logy(1 — z) + 2= (1-2)logy(1 — 2) + z. Cera npoxbiKere
KaKTO B a).

Ome. (1 —cosgo)ln2sin§ + (p_ﬂsimp—l—cosgo.
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(e.) ZTL
r) ¥nsmeane. Kakro BbB B), JoKakere, e 1 + 1yl —
: ) & n§1( ) nn+1)

1
<1 + z> logg(1+2) 3a|2z| <1, z #0.

Ome. %(1 + cosp) — sinpIn 2 cos g
n) Vnsmeane. lokaxere, e
0 n
z 1 1 z
Z(*l)nﬁ D) [(z - z) logg(1+2) +1— 2] » el <1, 2 #0.

n=2

0 1 1—psing — 1 %)

me. sin cos |.
2 2

e) Vnsmeane. lokaxere, e

i( [ I VT IS S B o A
315 (21 )log z 5|0 12 , Z i

n=2

@) L + L
me. — sin —(p COS .
Sy T 5pcose

K
5.12. [la ce mpecmerHe Insin 6 do.

0
Pewenue. Or pemennero Ha 3a1. 5.11 a) umame

) 0 ei2nd
logy(1 — e?0) = — Z , 0 € (0,m).
n
n=1

Ocsen ToBa OT pernieHueTo Ha 3aj. 4.15 cjejBa, 4e TO3U pejl € PABHOMEPHO
CXOJISAI, BbPXY KOMIAKTHUTE MmojMHOXKecTBa Ha {2z : |z| = 1} \ {1} u 3naun

e PaBHOMEPHO CXOJsIl 3a Besiko 0 € [e,m — ], € > 0. Torasa

T—€ ) T—e €i2n0 0 1 T—E
/ logo(1 — e) df = —/ Z do = — Z / e dp
€ € n e

n=1

> 1 T—€ ,i2nd Jiomd > 1 eiQn(ﬂ'fs) _ el2ne i~ sin 2ne
== g di2mf == 2i =2
n=1 € n=1 n=1
00
Tbit KaTo TO3H peJ| ce Maxopupa OT pejia y |, —, Toit € PABHOMEPHO CXOJIAI]
n=1M

3a BCako €. Cre1oBaTeIIHO

T

/0 logy(1 — e2%) df = lim i logy(1 — e2%) df = lim 2

o0 .
sin 2ne

= 0.
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Cera, KaTo OTIENUM peajlHaTa YacT, [TOJIyIaBaMe

/1n281nc9d0=02>/ ln2d9+/ Insinfdf =0
0 0 0

:>/ Insinfdf = —mwIn2.
0
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§ 6. KoudopmMHN n3obpakeHusi ¢ eieMeHTapHU (DPyHKIIUN

B koMmmiekcHust aHAN3 € Bb3MPUETO XO0JIOMOPGMHUTE DYHKITNN, KOUTO OCHIIEC-
TBsIBAT B3AMMHO-€JJHOZHAYHO U300parkeHne, Ja ce HapudaT eJHOAUCTIHU, & CAMOTO
n300paxkeHne — KoHPOPMHO U eTHOAUCTIHO.

B Tosu maparpad ce pasriexkigar KOH(MOPMHH W €IHOJUCTHU M300parKeHud,
OCBINIECTBABAHN OT ejieMeHTapHuTe dyuknnn 2%, a € R, dyukiuara na 2KykoBcku
" HeifiHuTe 00paTHU, e, TPUTOHOMETPUIHUTE DYHKIINN U TEXHUTE 00paTHU, 1og 2.
Kato nmpasusio gymure ,,KOHGOPMHO U €THOJUCTHO BBHB (POPMYIUPOBKATA IIE Ce
M3ITyCKAT, HO T€ BUHAIU TPsibBa Ja ce UMaT IIPeIBU.IL.

DyuxrusTa 2® ce meduHEPA, KAKTO € H3BECTHO, C PABEHCTBOTO 2& = e® 1987 g
Ts1 € MHOrO3HauHA. HeliHu eIHO3HAYHU KJIOHOBE Ce OTJEJIST, KATO Ce OTIEJIAT €IHO3-
HaYHU KJIOHOBe Ha log z. ToBa Haii-yecTo ce mpaBH, KATO KOMILJIEKCHATA PABHUHA
ce paspexxe 10 HSAKOM JIbd, T.e. KaTo ce pasriexkaar obiacru ot suga D = {z € C,
p < argz < ¢ + 21, ¢ € R}, a orgenennsar kimon e & = e(nlzl+iarg2) - Axq
a € R, 1o 2% = |2]|%™ @382 maka ue [2%] = [2]%, argz® = aargz. 3a ma 6bae
Taka M30paHUAT KJIOH €IHOJIMCTHA (PYHKIUs B HsIKOsI mogobsact Dy C D, TpsioBa
oT 21 # 29, 21,22 € Dy, ma cnenpa 2§ # 2§, Ako 2§ = 2§, 10 |21|* = |22|* m
el ATE AL = O ATEZ2 m e |z1| = |2g| M cvarg 21 = aarg 29 + 2kw, k € Z. locemno-
TO PaBEHCTBO MOKa3Ba, Ue ako D1 € BbI'bJ C BPbX B HAYAJIOTO U MSPKA, [T0-MaJIKa
WM PaBHA Ha ﬁ, TO 2% 1Ie O'bJle €THOMCTHA B HErO. B TaknBa MMEHHO 'BIVIM I
u3yvaBaMe MeOMETPUYHUTE CBOMCTBA HA 2% B NAJEHUTE 110-JI0JIy 3aJadH.

6.1. Jla ce namepu 006pa3bT Ha Jabda arg z = 6 ape3 pyHKIUATA W = 2%,

Ome. JIvabT argw = af.

6.2. Jla ce mamepu oOpa3bT Ha bIbjia 0 < argz < 6 upe3 yHKIHATA
w =z

Pewenue. Coriaacuo 3ajgadga 6.1 ababr argz = (0 ce uzobpassiBa B
argw = 0.aa = 0, aargz = 0 — B argw = af. CienoBarejHO TbPCEHH-
a1 obpas e brbabT 0 < argw < af, ako a > 0, mm af < argw < 0, ako
a < 0.

6.3. [la ce m3o6pasum pruabr 0 < argz < § < 27 B brbjaa 0 < argw <
B < 2m.

Pewenue. Upesz z% broabr 0 < argz < 6 ce m3obpassiba B brbia 0 <
argw < af. 3a ma cbBoajHe TO3M 00pa3 ¢ brbja 0 < argw < [, TpsiOBa
af = 3. Topcenara QyHKIWMST € W = 7.

6.4. Jla ce uzobpasu ngnara paBHUHA, paspaszaHa 1o abda OzT, B enu-
HUYHUST KPbI.
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Pewenue. Hamenara obsact e prbabr 0 < argz < 2w. Toit ce n3obpa-

3siBa B TOpHATa IOJIyPaBHUHA, KOSITO € TOYHO bI'bJbT 0 < argz; < m, upe3
s 1

dbyukuusTa 21 = 227 = 22 cbryacHo 3aj. 6.3 (U3pUIHO MOUEpTABaMeE, Ue

.arg z

23 = |z]e'27).

Hexka cera a e mpon3Bo/IHO YHC/IO OT TOpHATA MOJypaBHUHA. ToraBa 2o =

21— a
¢wL "=, € R, u306passisa Tasu NOJIyPABHAHA B CMHUIHUs KPbr. Thp-
21— Q
Vz—a
Vz—a
6.5. Jla ce mzobpasu obuacrra {Imz > 0} \ {z =iy, 0 <y < h} B
ropHaTa H0JIypaBHUHA.

ceHaTa PyHKIUS € W = 29 0 21 = €*¥

Pewenue. Haii-nanpen tpsosa na ,m3upaBuMm® paspesa [0,ih], KoilTo
CKJIIOUBaA bI'bJI /2 ¢ R, T. €. chriiacHo 3a/1. 6.3 TpsiOBa Jla HAIPABUM TPAHC-

dbopmanusTa z; = z2. Taka nocyeoBaTeHo notydasame (dbur. 6.1)

(2) ) (21) (22)

ih
| 4¢: l 2 =27 ﬂ l »ZQ:ZI"'h2 ﬂ l -
I ==
L -h*T o 0T Az
0 ] | ] |
(23)
] n
w=va {4 | |
—h 0 h
@ur. 6.1

Topcenara dbynkius e f(z) = 230 290 0 21 = V22 + h2.

3abenesicka. B ToBa perienne, KaKTo U B MOBEYETO, KOUTO CJIEJBAT, CbC
CTpEeJIKN OT BUJA —, ==, --», ==3 € II0COYE€HO CHhOTBETCTBUETO Ha I'DaHU-
nuTe npu otiesnnuTe Tpancdopmanun. Taka Hampumep paspe3bT OTHBA B
orceukara [—h,h], kato seBuAT My OpaAr (crpenka ==3) orusa B [—h,0], a
necuusT (crpesika &) — B [0, hl.

6.6. [a ce msob6pasu obmacrra C\ {(—o0,a] U [b,+00), a < b} B ropuara

[TOJIy paBHUHA..
Pewenue. Ilocnenosarenunre TpanchopMaluu ca MOKa3aHu Ha ¢ur. 6.2.
z—b
Torasa f(z) = z202; = .
z—a

z
3abenesicka. PyukiusTa z; = OOMKHOBEHO HapuvaMe ,3ajelBane’
z

—a
Ha JabanTe (—o0,al u [b, +00). Bx. 3ax. 3.21.



113

—
I
~—
—
™
-
~
—
N
N
~

o= 2T b .
Al T2 a zo=y/z1 |
<t o o - .
T a b 1 0 I: 1 1 -1 0 1
I I I I
®ur. 6.2

6.7. la ce uzobpasu obsacrra C \ [i,2¢] B ropHarTa nosypaBHUHA.
Pewenue. f = z3 0 29 0 21, KbIAETO 21, Z2 U 23 Ca IOCJIEIOBATETHUTE
Tpancdopmarmu ot dur. 6.3.

(2) (21) (#2)

2
P —1 |
R, | Z2 = —21 !
-- = X o () 0o I -
I
I
)
(23)
wevE |
0
Qur. 6.3
z—1
3abenesicra. OyHKIUATA 21 = Y OOMKHOBEHO Ce HAPUYA ,pa3TAraHe
— 2

Ha OTCEYKa JI0 JTbLI”.

6.8. Jla ce uzobpasu obiacrra {Im z > 0}\ [ib, +ic0), b > 0, B {Im w>0}.
I[Ipocsesiere caMn ChOTBETCTBHETO HA TPAHHIUTE.
Pewenue. f = z3 0 23 0 21, KbJETO 21, 22 U 23 Ca IOCJIEIOBATEIHUTE

Tpancdopmaruu or dur. 6.4.

6.9. a ce nzo6pasu obmacrra {|z| < 1} N{Imz > 0} B {Imw > 0}.

Pewenue. Ilocnenosarenunre TpanchopMaluu ca MOKa3aHu Ha ¢ur. 6.5.

Obsacuenue. Upes zp m3upassiMe Jbrara, 0e3 jia U3KPUBUM OTCEYKATA,
[—1,1], kaTo m3mparum obmiara UM ToYKa —1 B 00. ‘bruabr e —mw/2, or-
ceukara [—1,1] oruBa B (—00, 0] 1 opagun KOHMOPMHOCTTA JbraTa e OTH-
Jie B JIbd, Koitto ckimousa ¢ (—oo, 0] brua —m/2, T.e. B Oyt. O6pasbr Ha

obJracTTa Upe3 21 € BTOPH KBAIPAHT.
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(2) (#1) (22)
Z1
Zl:zQ: 0,0 > L Aty >
i —b= 0 0
ife———
0
(#3)
23 = /22
Q@ur. 6.4
(#2) (23)
z9 = —121 Gl 25 = 22
7 T
0 [0}
(21)
L _Z—a
T —%/
5
\
AY
(22) (23)

—i2 3/2
2= e zgﬂzl A\Q?n— 253:22/

@ur. 6.6
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6.10. [la ce m30o6pasu obnacrra {|z] < 1} N{|z — 1| <1} B {Imw > 0}.

Pewenue. Heka a u b ca npecednuTe TOYKHN Ha ABETE OKPBH2KHOCTH. qpe?,
zZ—a

TpaHchopManusITa, 21 = TOYKaTa b OTUBa B 0O U CJIEJ0BATEJIHO JIBe-

Te OKpb2KHOCTH ce nsnupasaT. T'bil KaTo Te ce npecnuar Noi brbi 2m/3 1
orcedkara [a,b] oruBa B sbua [0, —00), TO ABeTE JILIU [a, b] ce n306passBaT
B JbaH, ckiousamy ¢ [0, —0o) bram cpborBerHo —7/3 u 7/3. Pesymrarbr
MOXKe J1a ce mpocyeau Ha dur. 6.6.

1
6.11. Ja ce mokaxe, de ¢ynryuama na 2Kykoscku w = B (z-i— >
z

IIpUTEXKaBa CJIeJHUTE CBOMCTBA:
a) eJHOJIUCTHA € BbB BCsIKA 00JIACT, HECh/IbPIKAIlla PA3JINIHU TOUKY 2] U
29, TAKHUBA 4€ 2122 = 1;

6) ako R > 0 u R # 1, To okpbxkHOCTTA |2| = R ce n3obpassiBa B
eJIaTicaTa
u2 02
1 T N
Z(R+ = Z(R- =
2vn)] B(w)
quuto dhokycu ca +1; ako R = 1, okpbxkHocTTa |2| = 1 ce n3obpassia B

orceukara [—1,1], onucana apa wbry;
B) ako p € [0,27), ¢ # 0, 7/2, 7, 3w /2, T0 IBUBT arg z = ¢ ce n306pas3siBa
B KJIOH Ha Xuiepbojara

u? v?

anuTo orycu ca Touknte 1. [Tpu ¢ = 0 orceukara [1,0] n ababT [1, +00)
ce m3obpazsiar B abua [1,+00). IIpu ¢ = 7 orceukara [0, —1] u JbIbT
(—o0, —1] ce uzobpazsBar B Jbda (—oo, —1]. Ako ¢ = m/2, abubr [i, +i00)
ce n300pazsiBa B sbda [0, +i00), a orceukara [i,0] — B spaa [0, —i00). AKo
¢ = 31/2, orceukara [—i, 0] oruBa B sbua [0, +i00), a IbabT (—i00, —i] — B
abaa (—ioo, 0].

Pewenue. a) Heka z1 # 29, Ho w(z1) = w(z2), T. €.

1 +1 1 +1
— |z — | == |z — .
2 ! Z1 2 2 Z9

Orryk citespa z129 = 1. CiieoBaresiHo, ako eJHa 00JIaCT He ChIbpKa pas3-
JIMIHU TOYKH 2] U 22, 38 KOUTO 2122 = 1, TO B Hest PyHKIUATA HA 2K YyKOBCKHI
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e exnosmcrHa. Haii-qecto cpemannre 06acT Ha €IHOJMCTHOCT, C KOUTO Ce
pabotrm, ca {|z| < 1}, {|z] > 1}, {Imz > 0}, {Im 2z < 0}.
6) Heka z = Re'®, ¢ € [0,27] u w = u + iv. Torasa or

1 , 1 1 1 1
u—+iv = 3 (Rew+ Re"%"> =3 [<R+ R> cosy + i (R— R) sinw}

[IOJTy JaBaMe

1 1 1 1Y\ .
(1) u-2<R+R)cos<p, v—2<R—R)smcp.

Ot (1) 3a R # 1 ciensa

p i —1,
@ Lipy ] >N ol 2
2 R 2 R
Taka 4Je o0pa3bT Ha OKPbLXKHOCTTA |z| = R e enumcara ¢ ypashernue (2),
1 1 1 1
KOATO M NOJIyOCH 6 = o (R + R) nb= 3 (R — R) u dokycn £1. Axo

R =1, obpasbr ce nasa ¢ ypaBHeHusita u = cosp, v = 0. CienoBaresHo,
KOI'aTo Z OIMCBA I'OpHATA €JIMHUIHA HOJIYOKPbKHOCT OT 1 10 —1, 06pasbr
ommcea oTceukara [1, —1], a ako z ommcBa JOTHATA TOTYOKPBIKHOCT 2 = e'¢
¢ € [m, 2], obpazbr onmcsa orceuxara [—1,1].

B) Ako ¢ # 0, /2, m, 37/2, o or (1) nosyuasame, 1e 06pas3bT Ha JIbda
arg z = ¢ e eJIMHUAT KJIOH Ha XurepboJsara

u? v?
3 . .o — 1,
Cos“ e  sIn” @

qunTo pokycu ca £1. JIpyrusar KjaoH Ha Tasu xunepbosa e obpas Ha JIbIa
argz =m — .
IIpu ¢ = 7/2 napameTpuyHOTO TIpejCcTaBsHe Ha obpasza na Oy e u = 0,

1 1
v = 5 <R — R) 7 JIeXKW BbpXy mMaruneprara oc. IIpu ToBa, korato R ce

Menu oT 0 10 +00, v ce MEHHI OT —00 JI0 +00. AHAIOTMYHO Cce Pa3ryIeKia 1
ciygasar 37 /2.

6.12. Jla ce mamepu obpa3bT Ha objactra D upe3 dyukmusara Ha 2Ky-
KOBCKH, aKo:

a) D={|]z|] <1};6) D={|]z| >1}; B) D={|2| <1, Imz > 0};

r) D={lz| <1, Imz < 0}; x) D={Imz>0}; e) D= {Imz <0},

k) D={|]z| <R<1};3) D={|]z]| >1/R, R< 1}.
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Pewenue. Topcenure obpas3u cxemaTndHo ca jajeHun Ha ¢ur. 6.7-6.14,
K'bJIETO C Pa3/IMIHa MIPUXOBKa Ca IMOKa3aHW 00pa3uTe Ha OTIEJTHU YaCTU OT
cboTBeTHATa 001acT. CbC CTPEJIKH € JAJIEHO ChOTBETCTBUETO HA OPUEHTUPA~

HUTE I'paHUIU.

Qur. 6.7. 3azx. 6.12 a)

Qur. 6.8. 3ax. 6.12 6)

Qur. 6.9. 3az. 6.12 B)
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@ur. 6.10. 3ax. 6.12 r)

@ur. 6.12. 3ax. 6.12 €)

/
. 2
\_& (7 3)

@ur. 6.13. Baz. 6.12 x)
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=
| e

@ur. 6.14. 3ax. 6.12 3)

6.13. [la ce u30bpasu obsacrra |z|>2, paspssana 110 orcedxkure [—3, —2]
u [2, 3], B ropHaTa 10JIypABHUHA.

Pewenue. TlocnemoBarennure TpaHchopMannum ca n300pa3eHN Ha
dur. 6.15.

(2) (#1)

b= Z
1T
O C3 3
=3 3 3 3
) ) (22) by 13 (23)
222*(214‘*) 3= +ﬁ
2 21 — ) 72T 13 _
_13 —11 13 0 -
12 12
(24)
24 = /23
®Dwur. 6.15

3abenesicka. Periere 3amadara 6e3 ja usnosssare gyHkiusta na 2Ky-
KOBCKH.

6.14. [a ce uzobpasu obsacrra {|z| < 1, Imz > 0}, paspszana 10

orceuknre [0,i/4] u [3i/4,1i], B ropaara 1mojaypaBHUHA.
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Pewenue. IlomyaaBame mocienoBaresno obJacTuTe, W300pa3seHW Ha

dur. 6.16.

<_
I
—_
—_
=

N

i)
—

Bleale -—

=

Il

)

=

~—
|
=
firy

O  OmmmO) O
&
—

I
= L1
< O [e o
b2 as 0 : 1
Dur. 6.16
Hararbk npomgbmkaBame kKakTo B 3a1. 6.6. Tyk a1, by, ag, ba, .. .ca moc-
3. 1

JIeJIoBaTeJHUTE 00pas3yu Ha g0 M IPes 2L, 2, Tounure UM cToOHOCTH

HE CMe IIpeCMATaJIN.

6.15. Heka D = C\ [-1,1] u D; = C\ {(—o0,—1] U [1,400)}. Ha ce
JIOKaXKe, I€ BbB BCsIKa OT Te3U 00/IaCTH MMa 10 JiBe oOpaTHU Ha (QyHKINATA
na 2Kykoscku. [la ce mamepar obpasure Ha D um D 4upe3 TaX, KaKTO U
TEXHUTE aHAJUTHIHN U3PA3H.

Pewenue. Obnacrra D e BbHIIHOCTTA HA oTcevukara [—1,1] u or pemre-
HusATa Ha 331. 6.12, a) u 6), ce Bukja, 4e T e 0b6pa3 upe3 pyHKIUATA HA
ZKykoBcku kakro Ha |z| < 1, taka u Ha |z| > 1. CrenoBarenno B D uma
aBe obparnu Ha dysknusta xHa 2Kykosckn fi(w) u fa(w), usobpassisaru
D cvorBetHo B |z| < 1 u |z| > 1. Ananorndno, or pemenusita Ha 3a7. 6.12,
1) ¥ e), ce BUKa, ue D e 06pa3 upe3 dbyHknusTa Ha 2KYKOBCKH KAKTO Ha
{Im z > 0}, raka u na {Imz < 0}. CrenoBarenno B D) uma JjiBe oOpaTHH
na dynknuaTa na 2Kykosckn g;(w) u go(w), n3006passBalnm s CbOTBETHO B
{Imz >0} u {Imz < 0}.

Heka cera w € D e npou3BOJIHO YHCIO. 3a Jia HAMEPUM HETOBUTE IIPO-

obpazu upe3 dbyHkiuaTa Ha 2KyKOBCKHU, TPsaOBa J1a PEIINM YPaBHEHUETO

1 1
w = 5 (z + >, OTK'bJICTO HaMUpaMe 2192 = w & Vw? — 1. Ila usbepem B D
z
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OH3U KJIOH Ha Vw2 — 1, KOIHTO e II0JI0}KUTeIeH BbPXY JIbua (1,400), T. €.

w2 — 1 = /Ju? = T]es(ara(w—1)+arg(uwt1))

karo 3a w > 1 nmame arg(w — 1) = arg(w + 1) = 0. Heka cera fi(w) =
w — vVw? — 1. T4 e eqna or obparHuTe Ha QyHKIUATA Ha 2KyKoBcku B D u
cJIe1oBaTesHO 51 n300pas3sBa win B |z| < 1, wmm B |2| > 1. Ho

1
o00) = lim (w—Vw?—-1)= lim —————— =0¢€ {|z| < 1},
1

, TO Ts

taxa e fi(D) = {|z] < 1}. Tnii kato fo(w) = w+Vw? —1 = i)
1(w

uzobpassiBa D B |z| > 1 u e Bropara obparHa, YneTo CbliecTByBaHe Gerie
JIOKA3aHO II0-TOPE.

a pasriegame cera obnacrra Di. Toa e KOMIUIEKCHATA PABHUHA, PA3Psi-
3ana 1o Jrbanre {z < —1} u {z > 1}. Kakro 6emte orbesstzano mo-rope, B Dq
nMa JBe obparHu Ha dyHKImsaTa Ha 2Kykoscku: ¢ (w) : D1 — {Imz > 0}
u g2(w) : D1 — {Imz < 0}. 3a Besiko w € Dy g1(w) u ga(w) ca pemternsita

1 1
Ha ypPaBHEHUETO W = 5 (z + >, T.e. ToBa ca w + vw? — 1. Jla nedunn-
z

pame vVw? — 1 B Dy Taka, ue Vw2 — 1‘w:0 = ¢. 3a TOBa € JOCTATHYHO JIa

OJTOMKIIM \/w2 —_1= \/‘wQ _ 1|€%(arg(u;—1)-i-aurg(w-i—1))7 K'BJIETO 38 W € (_1’ 1)

nmame arg(w — 1) = m, arg(w + 1) = 0. (IIpoBepere mMa 1 Bpb3Ka MEXKIY

TO3M KODPEH U u3nos3Banust B nedununusTa Ha fi u fo mo-rope!) Tbit kaTo
w—i—\/m‘wzo =1 € {Imz > 0}, ro me umame z = g (w) = w+Vw? — 1,
a Torasa go(w) = w — Vuw? — 1 = L
g1(w)

6.16. [la ce mamepu obpasbr Ha obmacrra D = {Imw > 0} upe3 Besika
or obparnuTe Ha dyHKimsaTa Ha 2K YKOBCKH, HaMepeHu B 3aj. 6.15.

Pewenue. Or 3az. 6.12, a), 6), 1) u e), Beanara noiaydasame fi(D) =
{lz2] < 1,Imz < 0}, fo(D) = {Imz > 0, |z] > 1}, g1(D) = {Imz > 0,
2] > 1} = fo(D), ga(D) = {|2] < 1, Tm 2 < 0} = f1(D).

6.17. Jla ce m3obpasu obsacrra {|z| < 1, Imz > 0}, paspsasana no nise
JTbTH OT OKPBKHOCTTA |2 — /2| = 1 (dbur. 6.17), 8 {Imw > 0}.

Pewenue. Tpecearnre Toukn v2 — 1 u v/2 + 1 na {lz — V2| = 1} ¢ Ox
ca mmsepcun otnocuo {|z| = 1}. Cuemosaremmo {|z| = 1}, {|z — V2| = 1}
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u Ox ca ABe II0 JBEe OPTOrOHAJIHKU. 3allouBaMe ¢ U3IpaBdAHe Ha eJUHUIHATA,

OKP'B2KHOCT:

—1 ai Z(ﬁil)
z21 = by _ = .
z+1 f 2 2o = —121
1-v2 o
(22)
(23)
i(vV2—1) as
b2 a2 b3 oy = z3
\ Z3:z§ i * 3—2v2
0| V2 -1 —34+2v/2 0 3-2V2

®ur. 6.17

Hararbk nponbmkaBame KakTo B 331 6.6.
3abenestcka. Pemere 3amadara 6e3 jga usnosseare pyHkiusita Ha 2Ky-

KOBCKMU.

6.18. Jla ce n306pasu BbHIIHOCTTA HA KpbcTa“ [—1,1] U [—21,1] B eau-
HUYIHUA KPbI.

Pewenue. Heka z1 = 2 — V22 — 1 e obparnara na dbyuknusra na 2Ky-
koBckH, m3obpassasama C \ [—1,1] B |[w| < 1 (ToBa e dyukmusara f1(z) or
zaz1. 6.15). I'paduanoro pemenne Ha 3aja4dara e nokaszaHo Ha dur. 6.18.

6.19. Jla ce m306pasm 1saTa paBHIHA, Pa3psI3aHa 0 JOJTHATA €TMHATHA

HOJIYOKP'BbZXKHOCT U 10 orcedkara [0, —2i], B rOpHATA 1I0JIypABHUHA.

z+1
Vnsmeane. Upes z1 = - m3obpasere 06JIaCTTa BbB BBHHITHOCTTA HA
z—1
LKPBCT® U IPOIbIzKeTe KaKTO B 3a1. 6.18.

6.20. Jla ce n3006pa3m 1s1aTa paBHIHA, Pa3psA3aHa 10 JOJTHATA €IMHITHA

HOJIyOKP'BXKHOCT U 110 Jbda [0, —i00), B ropHaTa [OJIyPABHUHA.
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Vnsmeane. Hanpasere Tpanchopmarusta 21 =

(2)

O

zZ2 = iZl
—_—

_1(. J].

2
b3—(13

25 =24 — /27— 1

@ur. 6.18

6.21. Jla ce n3obpazsar objacture, mokazanu Ha ¢ur. 6.19, B euHTIHAS

KPBI.

®ur. 6.19
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Ynesmeane. 3amounere ¢ pyHKnusaTa Ha 2KyKOBCKH.

6.22. Jla ce n3obpasu ropHara [OJIypaBHHHA, Pa3psi3aHa 0 OTCEYKATa
[0,7] u mo gbrara {z : |z| =1, Imz > 0, —1/2 < Rez < 1/2}, B ropuara
HOJLyPABHUHA.

Pewenue. ITocnenosarenno npurarame n3obpazkenusta (dur. 6.20):

20 =21 — /22 — 1,
Vzi—1>03az21 >1

 J

N
N
I
N —
N
N
w
+
&=
~—

O=.

1a1 = z4(—1ia) 2
e —) O—-

25 = 124 —a1 0 ai
-} O —_—

=1 0 1

—z'al = 24 (za)

®ur. 6.20
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Hararbk e sicno (BxK. 3371 6.5).

2 2
Y
6.23. Jla ce uzobpasu BoHITHOCTTA D Ha eucarta —2+b—2:1, a>b>0,
a
B €JIUHUYHUS KPbI.
z
Pewenue. D ce n3obpassiBa upe3 z1 = N7 BbB BbHITHOCTTA [ Ha
a2 —
eJuIcaTa ) )
1 Y1
7+t s =1L
a b

202 a2 b2

KosTO nMa pokycu B TouknuTe +1. Heka R > 1 e KopeH Ha ypaBHEHHETO
1 1 a
- R+=) =——.
2 < " R) a? —b?

1 1 b
Torasa 5 (R — R> = \/ﬁ OTTYK ciaeaBa, 4de (byHKHHHTa’ Ha >KyKOB_

cku u30bpassiBa KakTo |z2| < 1/R, taka u |z2| > R B Dp. CuenoBaresino
obparnara Ha dyunuara Ha KykoBckm 29 = 21 — \/z% — 1 uzobpazssa
D1 B |z2] < 1/R. Twpcenoro usobpaxenue e w = Rzy o z1. Tyk oTHOBO

\/z%—1>03a21>1.

6.24. Jla ce nzobpaszm syrmukata {|z| < 1, |z +i| > /2}, paspsazana 1o
orceukara [3i/4,1], B ropHaTa 1orypaBHUHA.

Pewenue. JIBere OKpBAKHOCTH CKIIIOYBAT ¢ oTCedkara [1, —1] briam cbor-
BeTHO —71/2 u —m /4. Ciies HIKOJIKO M3MPABSIHUS I MOJYIUM DE3YJITaTa,
nokazaH Ha dur. 6.21. Hatarbk npojbinkaBame KakTo B 3a1. 6.5. BmecTo

z4 Guxme Moru Ja HanpasuM TpaHcdopmarus Ha 2Kykoscku. (Onuraiire!)
6.25. Jla ce m3obpasu synuukara {|z —i| < v/2, |z +i| > /2, pasps-
— A
;T =
3aHa 110 JbIUTE OT eJUHUYHATA OKPbKHOCT [1,e'1] u [e'4™ —1], B ropHara
[IOJIy PABHUHA.

Pewenue. TlocnemoBaremno mpuiarame m300parKeHUsITa, [MTOKA3AHU Ha
dur. 6.22, ciaen KoeTo MpoabKaBaMe KakTo B 3a1. 6.6.

6.26. Jla ce mokaxe, ye HyHKIMsATA W = € IPUTEKABA CJICJHUTE CBOMC-
TBa:

a) exnosmcraa € BbB Besska mBnna D = {z € C:a <Imz < b, b—a < 27}
nw(D)={weC:a<argw < b}.

6) BCsiKa mpaBa Yy = Yo Ce M300pa3siBa B3aMMHOEIHO3HAYHO B JIbda
argw = yp.
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zZo = —iZl

(22) (23) (24)

as
az
23—1
4 4= ——
Z3 = 29 23-|—1
—o
-1

INE)

O-),E

Qur. 6.22
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B) BCsIKA OTCEYKA 2 xo9 + 1y, a < y < b ce uzobpazsgBa B Jbrara
{w: |w| =€, a < argw < b}.
Ynemeane. Vznonssaiite, ae |e2T| = €%, arg e™ W = y + 2k7, k € Z.

6.27. Ja ce m3obpasu obmacrra {|z| > 1, Rez < 1} B {Imw > 0}.
Pewenue. Buxkre dur. 6.23.

(2) (21)

Wl
[an)

20 = —2Tiz1 1
e

®ur. 6.23

6.28. Jla ce mzobpasu obmacrra {|z — 1| > 1, |z + 1| > 1}, paspssana 1o
orcevkara [—i,4|, B rOpHATA [IOJIyPABHUHA.

Pewenue. Hait-nanpe, npuirarame nzobpaxkenusita ot dur. 6.24 u nocse
poIb/KaBaMe KakTo B 3a7. 6.8 cier 2.

1
k— —) — 2 -
1 0 1 m(““Lz)
o

®ur. 6.24
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(#2) 2mi
| I i |
I I — 2 n I
—2m 4+ m T 21 + m _e2m _e72m
0

Dur. 6.24 (npoxbiKeHue)

6.29. Jla ce uzobpasu obnacrra {|z+ 3| > 3, [z — 1| > 1}, paspsasana 1o
abrata z = —2 + 2¢“°, ¢ € [0, 7], B ropHaTa NOIypABHUHA.

Pewenue. Tlonygasame nocienosarento (dur. 6.25):

(2)

A~ | =
i

N
V)
I
|
wl
3
5N
/N
&
|
N~
~——
\
—
N
w
Il
®
)
o
—sf===
|

=23+ 1 l Jl JllL

®ur. 6.25
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6.30. [la ce uzo6pasu usunara {0 < Im z < 1}, paspszana o orceuxkara
[0,4/2], B ropraTa mosypaBHHHA.
Pewenue. IIbpBure nse npeobpaszoBanus ca mnokasanu Ha ¢ur. 6.26. Ha-

TaThbK € ZICHO — CJICIIBaHE€ Ha JI'b9U U KOPEHYBaHE.

(2) (#1)

Z1 = €

Dur. 6.26

6.31. Jla ce uzobpasu noayusunara {—1 < Imz < 1, Rez < 0}, pasps-
3ana 1o orcedkara [—1,0] u o abaa (—oo, —3], B ropHaTa MOy paBHIHA.

Pewenue. IIbpBuTe Tpu TpancdopMmalnm ca nokazanu Ha dur. 6.27. Ha-
TATbK € sICHO — IOBIUTAaHEe Ha KBAJpPAaT, CJACIBaHe Ha J'b4M, KOPEHyBaHe.

(2) i i (21)

-3 —i [ =g+ W.] as b
A —C o 0 52 o Om—
l i (l
(#2) (#3)
t A
ba
1 1 8b3
2o = €71 a2 == 5 (22 * g)
7 Qa3

®ur. 6.27
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6.32. Otmacrra {|z — 1| > 1, |z — 2| < 2}, pasps3ana 110 OTCEYKHTE
[2,5/2] u [3,4], na ce n306pa3u B ropHaTa MOJIyPABHUHA.
Pewenue. TlocnenoBarento npuiarame n3obpakenusita (dur. 6.28):

(2) (1)

i

2o = e47ri(zl_i)

N
w|~= O
SIS e
[N

(S}
[~}
N
w
Il
|~
N
0
[\V)
+
G
"
\

®ur. 6.28

Hararbk e sicHo. HpocneﬂeTe CaMHt CbOTBETCTBHETO Ha I'DaHUIIUTE.

6.33. Obmacrra {Rez >0, Imz > 0, |z —i| > 1}, paspsasana 10 gbrure
v =1{z:2=2i+2% ¢ € [-7/2,0]} u 2 = {z : 2z = 2i + 2,
¢ € [r/4,7/2]}, na ce n306pa3u B ropHaTa IOJSYPABHHUHA.

Pewenue. II'bpeure yernpu TpancdopManum ca mpejcTaBenn rpaduaHo
Ha ¢ur. 6.29. Ciiest ToBa € siCHO — U3MPABSHE HA IPABUSI bI'bJI C zZ, cJIelIBaHe

Ha JI'b4, KOPDEHyBaHe.

6.34. Obumacrra {|z —1/2| > 1/2, [z —1| < 1, |z +i| > 1}, pasps3amna mo
mabrata y = {z: 2 = 2/3 + 2% /3, ¢ € [0, 7]}, na ce m3o6pazu B Imw > 0.

Pewenue. Haganoro na pemenuero e nokazano na dur. 6.30. Hararbk e
KaKTO B IIPEJIAIIHATA 3a/a9a CJIe]T 22.
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(2)
‘ (21)
47 | . |
b:22+267’% Zl_l ] 22:27T(Zl+2)
@2+ 2 : _i o o -
J bl "
-5
0
(#3)
. t
b3
£l z3 =€
2 3, = - |
0
-1 0 1
(24)
a4
1 1 by
Z4 = 5 (23 + g) i
Dur. 6.29
(2) (1) |
1 I i | - i
- S — o
2 2 2
1
Z1 = —
z

Dur. 6.30
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(22)

™

z—2izflfz
PTEAMA\A TS T i

2 Om—
a =z (3/4)

Qur. 6.30 (npobKenue)

6.35. la ce mamepu obpa3br Ha uBunara {—mn/2 < Rez < m/2} upes
dbynkimara w = sin z. Jla ce qokaze, ge MOIYyI€HOTO N300parKEHUE € €JIHO-

JIMCTHO.

) 1 /e 1
Pewenue. Imame w = sinz = s\ + —— | = 2140230220 21, KbJIETO
i e

. Z9 1
Z1 =1z, 2y = 621, 23 = —/, %4 = 5 <Z3 + ) HOCJIe,ZLOBaTeJIHO I1oJry4aBame
2

23
(ur. 6.31):

(2) (z1)

51

— ] [

Z1 =12 E

_go ------------- fe g —_— E
|

-

(Zi)1 0 1 (24)
Z—Z ] \ ! — 1 + i
23 = i \\\ //' Z4 = B (23 Z3> ) l
T 11
®Dur. 6.31

Begxka or dyuknuure 2, k = 1,2, 3,4, e enaosmctaa. Cjie10BaTeIHO TaKaBa
e n w = sin z. OcBen ToBa orceukara [—7/2,m/2] ce n306passiBa B OTCEUKa-
ta [—1,1], kato w(0) = 0. O6parnara dbyskuus f(w) = z € eJIHOINUCTHA B
D = C\ {(—o0,—1] U [1,+00)} u yaosiersopsiBa yciaosuero sin f(w) = w,
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T.e. e obparHa Ha sinz. Bbpxy orceukara [—1,1] T B3ema cbinure CTOM-
HOCTH KaKTO M3BECTHATA OT PeaJHusl aHaau3 (DYHKIMA arcsinx U 3HAYM €
npoxb/pKenne Ha arcsinz or [—1,1] B D.

6.36. lla ce mokaxke, ue (pyHKIUATA W = Sinz € €IHOJUCTHA B IOJIY-
upunata G = {z : =7 < Rez < w, Imz > 0}, u jga ce Hamepu 06pa3bLT
D = sin(G).

Vnsmeane. Cnenpaiire penienrero Ha 3aj. 6.35.

Ome. D =C\ {[-1,1] U [0, —ic0)}.

6.37. a ce mokaxke, ue pyHKIMATA w = tg 2z M300pas3siBa €IHOJIUCTHO
upunata G = {z € C: —7/2 < Rez < 7/2} B obuacrra D = {C\ [i, +ico) U
[—i, —ioo)}. Usnonssaiite To3u dakr, 3a na nedbunupare B D yHKusATa
arctg w, KosaTo ¢bBIaJIa BLPXY R ¢ U3BeCTHATA OT peaaHus aHaau3 (yHKIUST
arctgx : R — (—m/2,7/2).

1 €2iz -1

P
z9 — 1

z.
22+17 4

6.38. Jla ce namepu 06pasbT Ha Kpbra {|z| < 1} upes nedbunupanara B

Vnsmeane. Umame tg Z = HpI/IJIO}KeTe IocJjie/10BaTeJIHO TpaH-

chopmarnnuTe z; = 2z, 29 = €1, z3 = = —iz3.

3a1. 6.37 dyuxknusa w = arctg z.
Ome. Usnnara —7/4 < Rew < /4.

6.39. /la ce mamepu ob6pasbr Ha obsmacrra D = {0 < Rez < 7/2,
z
Imz > 0} upes dynximsTa W = tg2 3 Ha ce mokaxKe, ue m30bparKeHme-
TO € €JIHOJIUCTHO.

Pewenue. mame
9% 1—cosz

w=tg? S = ——°,
& 2 1l+cosz
Hait-nanpen me mamepum obpasa wa D upe3 dyHKIuATa 4 = COSZz =
1/ . 1
3 e'* + — |. IlocienoBarennure Tpanchopmanuu ca HOKazaHu Ha ur.
e
6.32.

6.40. [Ja ce uzobpasu B NpaBObI'bJIHNUK BeHEbT T < |z| < R, paspszan
1o orceukara [r, R).

Pewenue. Karo npuioxkum dyHukiusita log z nogydasame pesyiarara, 10-
Ka3aH Ha ¢ur. 6.33.

6.41. [la ce u306pasu B npaBobIbiIHuK obmactra D = {|z| > 1, |z —1| <
5/2}, paspsasamna 1o orcedkara [1,7/2].
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(Z) (Zl) T
2
zZ1 =12 2o = e°1
0 /2 0
(22) 0oz = (u
; Z —1 Z —|—i CoS 2
v 3= 2 2 z2 -
0 1
(w)
1—23 1—cosz
w = =
1+ 23 1+ cosz
—1 0 1
®ur. 6.32
Inr 4+ 27 In R+ 273

w=1logz=In|z| +iargz,
0<argz <2m
== —

R

4
4
——

le—r

InR

Inr

@ur. 6.33
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Pewenue. Hait-naupen me uzobpasum D BbB Berer (BxkK. 3a7. 3.34).
JBoiikara Touku a u b, uasepcan kakro orHocuo C(0,1), Taka U OTHOCHO
C (1,5/2), ca KOpeHU Ha yPABHEHUETO

=17 41
z—1 T

12 (5/2)°
z
T.e. a=—1/4, b = —4. Torasa dyukuusira

z+1/4 4z +1
z+4  A(z+4)

z1 =

n3obpassiBa D BB Berer ¢ nenTbp 0. Tbit karo z1(1) = 1/4, 21 (7/2) = 1/2,
To TOBa € BeHewbT 1/4 < |z1| < 1/2, paspsizan no orceukara [1/4,1/2].
[Mosnyuasame (dur. 6.34)

(2) (21)

N | =

b= 4z +1
"T Az +9)
(w)
ln1+2i ln1+2i
e g T
7
i
w = log z1 = In|z1| + targ 21,
2
0 <argz <27 ces —
ln1 In =

®ur. 6.34
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O6paTHu Kpbrosu (yHKIINA

6.42. Heka 3a Bcsko k € Z na nedunupame

Ak:{wEC:—g+2k7r<Rew<g—i—le},
3
Bk:{wGC:g+2kw<Rew<;—I—Zl@ﬂ}.

Ja ce moxazke, ye m3obpaxkenuaTa sinw : Ay — C u sinw : By — C ca
€JIHOJIICTHY 1 3a obpasure nM nmame sin(Ay) = sin(By) = C\ {(—o0, —1]U
[1,400)} 3a Besiko k € Z.

Pewenue. Ot nedunnnusara Ha QYHKINAATA Sin w UMaMe

_ 1|ev 1
smw-i T+ ciw = 240230220 21,
1
. Z9 1 1
KbIETO 21 = W, 290 = €71, 23 = —, 24 = 3 <23 + > Ha ¢ur. 6.35 B gBe
7 zZ3

YCIIOPEJIHE KOJIOHKH JlaBaMe IOC/IeI0BATEIHITE U300parKeHHst Ha MBUIIATE
Ay, u By, ocbinecTBsiBan OT Te3u detupu pyHKmu (cpaBHere ¢be 3a1. 6.35).

Ot ¢ur. 6.35 ce Buxka, de 0Opa3brT Ha BCsiKa oT mpuiure Ap u By e
obmacrra D = C \ {(—o00,—1] U [1,400)} ¢bCc cboTBETCTBHE HA IDAHUIATE,
KaKTO € IIOCOYEHO CbC cTpejkuTe. Besgka or dynkmuure 2, k= 1,2,3,4, e
eJTHOJIMCTHA B CBOsATA JePUHUIMOHHA 00JIaCT, TaKa 4e JBeTe U300paKeHus:
sinw: Ay — D usinw : By — D ca eguomucran. Heka w = fi(z) : D — Ay
nw = gi(z) : D — By ca Texunre obparnu. Bendakn Te yoBiaeTBopsiBaT
pasencTBara sin f(z) = z, sin gx(z) = z. ToBa Hu jaBa ocHOBaHUE JIa JaEM
cJie/iHaTa

Aedpunuyus. Besika ot dyukimure fi(z) u g (2), nedunupanu B D, ce Ha-
puda obpaTHa Ha GYHKIHATA Sin w 1 ce 6este’kn cboTBeTHO fi(2) = arcsing z,
gr(z) = arcsinj z. @ynkrusara fy(z) = arcsing z uzobpasssa D B mBuIATA
—7m/2 < Rew < 7/2, karo orceukara [—1,1] ce mzobpassiBa B oTcedkara
[—7/2,7/2] u arcsing(0) = 0. CoreroBaresnno Ts1 cbBiaga Bbpxy [—1, 1] ¢ us-
BecTHaTa (DYHKIWMS OT peanaHus aHaius arcsinz. Tasu dbyHKius ce Hapuda
eaasha cmotinocm Ha arcsin z, z € D.

[ITe ce 3aemeM ¢ HAMUpaHe Ha AHAJIUTUYEH U3Pa3 33 BCsIKa 0T (QYHKIUUTE
fr(2) 1 gr(2). Mmante fi,(2) = 27 o2yt ozt ozt @ynknusra 23 = 25 ' (2)
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Ak Bk
7g+2k7r» ----------- -<g+2k7r ----- 3%+2k7r
(w) (w)
— === ==3
21 = tw

(1) (1)
(22) (2)
=
-1 0 1
[N
(22) (=2)
O
-1 0 1

(24) = (2) = ]l[ - ° i» —— i (22) = (2)

®@ur. 6.35
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e obparHaTa Ha PYHKIUITA HA }KyKOBCKI/I KOSITO 1/13o6pa35{Ba DB ,ZLOJIH&T&
HOJlypaBHUHA, T. €. z;l(z) =z—-Vz2-1, K’b,II,eTO Vz ’Z o = @ (k.
za. 6.15). OueBuHo zg = iz3. Oyukiusra 22 e obparHaTa Ha €°!, KOSITO
n300passiBa JsiCHaTa HoJIypaBHuHa —7/2 < arg zo < m/2 B uBuaTa —7/2 +
2kt < Imz; < 7w/2 4 2km, T.e. ToBa e dyuxiuara z; = log, ze + 2kmi,

logg zo = In |za| +iargze, —7m < arg zo < 7. Hakpas w = zfl = z1/i. Taka
HOJTydaBaMe
1 1
fr(z) == (logo iz—Vz22—-1)+ 2km’> = —logyi(z — V22 — 1)+ 2km
i i
1
= arcsing z + 2km = arcsing z = ~ log i(z — V22 — 1),
i

KbJIETO, KAKTO € m3BecTHO, log, u = In |u| + jargu, —m + 2km < argu <
T+ 2km.
3a npecmsitane Ha g (z) 3abessi3BaMe, 4e 24_1 = 23 e obpaTHaTa Ha PyH-

krusiTa #Ha 2KyKoBekH (BXK. JicHaTa KOJIoHA Ha ¢ur. 6.35), n3obpasssaiia

D B ropnata mojypaBHUHA, T.€. 23 = 221 =24+ V22 -1, V22— 1‘220 = 1.

1 ¢ obparnara Ha €*!, KosTO H306pa3s-

[To-maTaTbK, 29 = 123, & 21 = 25
Ba JisBaTa IOJAypaBHHHA 7/2 < argze < 37/2 B mBunara 7/2 + 2km <
Imz; < 37/2+2km, 1.e. TOBa e dyuximsaTa logy zo = logy 22 + 2k7i, KbaeTO

logy zo = In|22] +darg 29, 0 < arg zo < 27. OKOHYATEIHO [OJIyIaBaME

1
gr(z) = arcsing z = ~ logji(z + v 22 — 1) + 2k.
i

6.43. /la ce HaMepaT IPOU3BOJHHUTE Ha PYHKIUHUTE arcsing 2 u arcsing z,
ze€D.

Pewenue. Ot dopmynure arcsing z = llogo i(z — V22 — 1) + 2km namu-
pame !

. ;1 1 ) z 1 1
(arcsing z)' = — i(1— = = 7
1i(z — V22 —1) 22— 1 —ivVz22—1 1 -—22

KbJero V1 — 22 = —iv/22 —1 e oH3U KOpeH, KOHTO B3eMa IIOJIOKHTETHU
croifHOCTH BBPXY orcedkara (—1,1).

AmnaJjiornyno,

1 -1
V22 —1 J1-—22

(arcsin} z)" =
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6.44. Jla ce mokaxke, 1e B obactTa [ € B crijia paBEeHCTBOTO arcsing z +
arcsing z = .

Pewenue. Ot 3a1. 6.43 nmory4yasame, 4e arcsing z + arcsing z = ¢ = const.
ITpu z = 0, xaro ce B3eMme npeasut, e arcsing 0 = 0, arcsing 0 = 7, npecms-
TaMe ¢ = T.

3abenesicra. Ot 3a. 6.44 craBa sicHO 3aIm0 (QPYHKIUITA arcsing z ce Ha-
puYa TjIaBHA CTOHHOCT Ha arcsin z B D: BCSIKa JIpyra CTOMHOCT ce u3passiBa
upe3 Hed. Taka arcsing 2 = arcsing z + 2km, arcsiny z = arcsing z + 2km =
T — arcsing z + 2km.

6.45. la ce mokazke, 9e (DyHKIIMHTE

arcsing z, Imz >0 arcsing z, Imz <0
Fy(z) = ’ T u Gr(z) = ’ ’

arcsing, z, Imz <0 arcsiny z, Imz >0

morar ja ce gedunupar n Bbpxy (1,+00), Taka de jga cranaT XoaoMopd-
un B D = C'\ (—o0, 1] u takusa, 1e Fj(z) n3o06paszsa D €IHOINCTHO B
nosyusunara {—m/2 4+ 2km < Rew < 37/2 4 2k, Imw > 0}, a G(z) uso-
6passiBa D; exHosmctHO B osyusunara {—m /24 2km < Rew < 37/2+ 2k,
Imw < 0}.

Pewenue. Ot 3am. 6.42, dur. 6.35, e sicHo, de 3a Bcsiko r > 1 uma-

Me Zggcn arcsing z = zggl arcsing, z U TasW IPaHUIA IPUHAICKI HA JTHIa
Im2>0 Im 2<0
Rew = m/2 + 2k7. Axo nonoxum Fi(x) = lim arcsing 2, me nosytuy
Im2>0
dbyukuums, HenpekbcHaTa BLPxXy (1, +00) 1 xosioMopdHa B ropHaTA U JI0THA-

ra nosaypasauHa. CbriacHo Teopemara Ha Mopepa (Bx. 3am1. 7.26) Fi(z)
e xojjomopdua B Di. OcBeH ToBa € sICHO, Ye ako I1,xy > 1, T1 # Zo,
T0 Fi(x1) # Fi(xa), taka ue Fj e emnomucrHa B Di. Tebpuenuero, de
Fi(Dy) = {—7/2 + 2kr < Rew < 37/2 + 2k7, Imw > 0} ciensa me-
mocpescTBeHo oT 3a1. 6.42, dwur. 6.35.

Pazcbxaenusra 3a Gy (z) ca cbBCceM aHAJIOIHIHN.

Babenesrcka. Pyuknusita Fi(z) ce HApU9Ia aHaAUMUYHO NPOOBANCEHUE HA
arcsing z oT ropHarTa HoJIlypaBHUHA Ipe3 Jabda (1, 00) B JJoJIHATA 0/l DABHH-
Ha ¥ Pe3yITaTbT OT TOBa IPOIbJKEHNe e arcsinj, z. AHajgormdno, arcsing z
ce nporb/Kasa npe3 (1,00) or jJoaHaTa B ropHaTa IIOJIyPABHUHA W DE3yJITa-
THT e arcsing z. C aHAJIOrMYHU Pa3ChbyKJICHHUs JIECHO Ce MPOBEpsiBa, Ue BCs-

Ka 0T (yHKIUHUTE arcsing z ce npojbikaBa KakTo 1pe3 (—oo, —1), Taka u
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upes (1,00), n IPOABIIKEHHETO € ,chceHa’ dyHKIms arcsing, z. Taka nanpu-
Mep HPOJILJIKEHHETO Ha arcsiny z oT ropHara IOJIyPaBHUHA B J0JIHATA [PE3
(—00,—1) e dyukuusita arcsingiq z. (IIposepere!) B Tos3u ciyvaii 06ukHO-
BEHO Ka3BaMe, 9e BCeKM KJIOH Ha MHOro3HavHaTa (PYHKIM arcsin z e neozpa-
HUYeHo npodeadicum TIpe3 BCAKO OT MHOXKecTBaTa (—oo, —1), (—1,1), (1, 00)
U PE3YJITATBLT € ChINO KJIOH Ha arcsin z.

6.46. [la ce mokaxke, ye BCEKM €IHO3HAYEH KJIOH Ha arcsinz B [ Mo-
JKe HEeOIPAHWYEHO Jla Ce TPObJIXKHU [IPe3 BCAKO 0T MHOXKecTBaTa, (—00, —1),
(—1,1), (1, 00) KaKTO ,LLOTTOPE HAJOIY", TAKA U ,LOTI0JY HArope“, u pesy/ra-
TBHT € OTHOBO €HO3HAYeH KJIOH Ha arcsin z.

Vnsmeane. PazcbxkaaBaiiTe KakTo B 3a1. 6.45, 3a j1a 000CHOBETE TBBHP-
JIGHUSITA, OT IPEJUITHATA 3a0eIeXKKA..

6.47. Heka ca magenn usurnure Ap = {w : 2km < Rew < (2k + 1),
ke€Z}wnB,={w:(2k+1)r <Rew < (2k+2)m, k € Z}.

Jla ce mokaxke, qe:

a) BcsAKO oT m3obparkenusTa cosw : Ay — C u cosw : By, — C e ezno-
sactao 1 cos(Ay) = cos(Bg) = D =C\ {(—o0, —1] U [1,+00)};

6) B D nma 6e36poiino MHOr0 06parHu GyHKIUKN arccosg z : D — Ap u
arccosy, z : D — By u Te ce gasat ¢ (popmysuTe

1 1
arccosy z = — logj(z+V 22 — 1)42km, arccos), z = ~ logh(z—V/ 22 — 1)+2km,
i i
KbJeTo v z2 — 1 e onsu KJoH, KoiiTo npu z = 0 B3eMa cToitHOCT 7, a log™ u =
Inju| +iargu, 0 < argu < 2,
1
!/
B) (arccos z) = ———— —_—
) ) V1= 22 V1— 22
03aze(—1,1);

r) arccosy z + arccosy z = 2m(2k + 1), k € Z;
1) BCsIKA OT Te3u 00parTHu (DYHKIMA ¢ HEOrPAHUICHO IPObJIKAMA [IPE3

Kbjaero vV 1 — 22 >

, (arccosy z)' =

BCceku OT paspesute (—oo, —1) u (1,00) u NPOIIbIKEHIETO € OTHOBO 0OpaTHa
bYyHKIUST HA COS W;

e) dyuknusTa arccosy z cbBiaia Bbpxy [—1, 1] ¢ u3BecTHAaTA OT peamHust
anau3 PYHKIMs arccos T U ¢e Hapuda 24a6eH KA0H Ha arccos z. Beeku apyr
KJIOH MOXKe JIa Ce M3Pa3u upe3 [iaBHusl (BXK. I)).

Vnsmeare. znonssaiire, 4ye cos w = 23029021, KbJETO 21 = W, 29 = €71,

5 (2)
Zz=- |22+ — | =2
2 zZ9
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6.48. Heka Ay = {w: —7/2 + kr < Rew < 7/2 + kn, k € Z}. a ce
JIOKazKe, Je:

a) msobpazkenuero tgw : Ap — C e ennosmmcrno u tg(Ax) = D = C\
{[i, +i00) U [—i, —ico)} 3a Besiko k € Z;

6) B D uma 6e36poiino muoro obparau dyHKImn arctg, z : D — Ay u e
ce gaBaT ¢ popmyJiaTa

1+zz
1-—

1 — Z
tg, 2z = 1 k —1 kr, keZ,
arctg, z = 0g + ™= % 0g0i+z—|— T

KkbJero logyu = In |u| + zargu - < argu <

B) dyHKIHATA arctg, z = l go

z

cbBIasa Bbpxy R ¢ m3BecTHaTA
z
OT peasiHusl aHaJIN3 PYHKIUS arctg x.

Pewenue. mame

1 621'10 -1
tgw = —-———=2402302002]
8 ieriv 4] ’
. 2 zZ9 — 1 Z3
KbIETO 21 = 2iw, 29 = e°', z3 = 1 z4 = —. IIpunaranero Ha Ta3u
z9 (3

dopwmya Bojau 10 pesyarara, rpadguaHo nzobpazen xa dur. 6.36.
IIpeobpazoBarnero odeBHIHO € eqHONUCTHO. [la o3HaUmMM c arctg z :

D — Aj obparnoro msobpaxkenne. Mmame tgarctg, z = 2z, Taka de TOBa

o3HaveHUe e onpapiaHo. llo-HaTarTbK 3a mocienoBaTesHUTE 0OPATHU U300-

. 1+ 23 )
PAAKCHUsA IMAMe 23 = 12, 2 = 7~ 21 = log zo = In | 29| + 4 arg 22, KbaETO

—7 + 2km < arg zo < m + 2km. Crenosarenno z; = logy 2z + 2kmi = logy, 2.

. 21
Toit KaTo w = ?, OKOHYAaTEJ/JIHO II0JIydIaBaMe
(3

1 ), —
+Zz+k7r ,10gOZ z+k7r.

t = l
arctgy, z = - logy 5 i

C rToBa a) u 6) ca mokasauu. Ocrasa ja uposepum B). Or dur. 6.36 ce
BIDKA, de npu k = 0 orceukara (—7/2,7m/2) ce m300pas3siBa B peasHaTa
upasa. CiesoBaresHo arctgy z y/I0BIeTBOPsiBa ThKJIECTBOTO tgarctg z = 2
u arctgyz € (—m/2,7/2) 3a z € R, 1.e. Bbpxy R s cbBuajia ¢ ussecrHara
OT peaJiHust aHaIu3 DyHKIHUSI.
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i (m + 2km)i
E T 1 /I-r
— i T oo
s : T 21 = 29w | 2o = et
—7+/€7T -——— -——— 7+k' B LT T o DI TP PR —_—
2 [ -?-kﬂ” 2 ?2km’
: (=7 + 2km)i
(#2) (23)

|
—_
o
s fle——
|
—_
cee---ay
—_
=

@ur. 6.36

6.49. Jla ce jokaxe, ge:
a) 3a BCskO Yo € R, |yo| > 1, umame
lim arctg, z — lim arctg, z = m;
2—1Yo Z—1Yo
Rez>0 Re2<0
6) cbiecrByBa eqnosuctaa B C\ [—i, 7| byuknus f(z), koaro nzobpassisa
C\ [4,7] B {km < Rew < (k+ 1)} u Takasa, 1e f‘Rez>0 = arctg z,
f‘Rez<0 = arctg; 2.
Ynsmeane. a) Mznonssaiire hopmysiara 3a arctgy, z, noaydena B 3a. 6.48,
3a [pecMsTaHe Ha JBeTe IPAHUIIN.
6) UsnonspaiiTe a) u Bpb3KaTa arctgy,  z = arctg, z + 7.

6.50. [a ce namepn xapmonmuna B K (0,1) dynkmus u(z), KodTo ma
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6be HenpekbeHata B K (0,1)\ {1,7} u rakasa, ue u‘le 1, “}LQZ 0, KbIETO
Li={z:z2=¢€% € (0,n/2)} u Ly =C(0,1)\ L;.

Pewenue. Axo f(z) e xonomopdua B K (0, 1) dyHkiusi, KosiTo u3obpassiBa
K(0,1) B uBunmara 0 < Imw < 1, taka 1e Ly ce m3006pa3siBa B peajHaTa
mpaBa, a L; — B mpaBara Imw = 1, To xapmonnunara Gyskmms u(z) =
Im f(2) me 6bae pemenne Ha 3amadara. Hamupanero Ha f e moKa3aHo Ha

(2) (1)

z—1 __3mi
zZ1 = Zo =e€e 4 21
_ z=1
Y0
(22) (z5)  mi (24)
l 2 7
24 = l z3 + ﬂ
23 = logg 22 1= L\
0 _
=)

[E o

2
®ur. 6.37

dur. 6.37 (L1 e naueprana ¢ yuebesena jmaus). Tbpcenara QyHKIus €

7; 1 - 37 Z_l
— = — | 7y X
f(2) = 2402302902 2+7r0goe o]
3z —1
Toit kKaTo 20 = e 4 JIEXKU B JISICHATA TOJypPABHUHA, TO argze =
y—
arctg mZ2. Torasa
(S
11 s z—1i 1 1 24y =2 -2y +1
=1 = —+—arge "4 = —+4—arct .
U(Z) Hlf(Z) 2 rge 2—1 2 retg $2_|_y2_1

6.51. /la ce namepu dbyHKnus u(x,y), XapMOHUYIHA B 0oJayuBuara D =
{—m/2 <Rez < m/2, Imz > 0}, menpexbcrara 8 D \ {£7/2} u Takasa, ue
u(—7/2,y) =u(r/2,y) =03ay>0wuu(x,0) =1,z € (—n/2,7/2).
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Ynsmeane. Nz06pazere D B nBunara 0 < Imw < 1, raka 1e [—7/2,7/2]
— {Imw =1} a{z = —m/2+1y,y > 0}U{z = 7/2+1iy,y > 0} — {Imw =
0}. Ao f(z) e monydenoro uzobpaxkenue, To u(z) = Im f(z).

1z

2 1—e s
. = - - = ) < < — =
Ome. f(2) wlOgH—e”’ log¢ =1In|¢| +iarg(, 0 < arg( < 57 u(z)
u(z,y) = — arct o8t
7y _7T g Shy'

6.52. [a ce namepu xapmonuuna B D = {Imz > 0, Rez > 0} dyukuus
u(z), menpexnenara B D\ {0, 1} u takasa, ue u(0,y) = 03ay > 0, u(z,0) = 1

ou
za x> 1, a—(w,O) =03axze€(0,1).
Yy
Pewenue. Heka v e cupernarara Ha u GyHKIus. OT ypaBHEHHUSITa Ha
0 0
Komm — Puman umame 8—u = a—v = 0 Bbpxy (0,1) u Torasa v(x,0) =
Y x

const 3a x € (0,1). Cienoaresto u(z) e peasHa Jact Ha xojoMopdHa B D
dbyukuust, kosito m3o6pazsasa D B noayusnna {0 < Rew < 1, Imw > const},
Taka e JbIbT [0, 4+700) ce n3obpazssa B sbda {Rew = 0, Imw > const},
ababT Rez > 1 — B arbaa {Rew = 1, Imw > const}, a orceukara (0,1) —
B orceukara {0 < Rew < 1, Imw = const}. 3a uzobpaszsiaiara (yHKImsI
nosrygasame (dur. 6.38)

(2)

— zn1=z+Vz2—-1,v/-1=1

(obparHa Ha pyHKIMATA

na 2KykoBckn)

0 1
(22)
5 ( m) 2i
23 =\|22— — | —+1c
22 = logg 21 2 )

ic 14 ic

Dur. 6.38
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CrenoBare o
27 2 2
f(z) =14 —logy(z+V22—1)=1— —arccospz = — (5 — arccos z)
s ™ T
2 :
= — arcsing z,
7r

2
u(z) = — Rearcsing z.
7r

6.53. /la ce mamepn xapmonmuHa B cektopa D = {0 < argz < 6,
0 <r < ro}t dyarius u(z,y) = u(r,p), KossTOo na Oble HENPEKbCHATA B
_ . ou
10 _
D\ {0,rg,r0e"} u TakaBa, ue u‘m’ =0, u’ (0,r0€i®) = =1, 5 . =0.
=ro
Pewenue. JlecHo ce mpoBepsiBa, 1Ue B TOJSIPHU KOOpAuHATH (T, @) ypas-
Ou  0Ov Ou 10v
Heanero — = — Ha Komm — Puman nma Buga — = ——. OTTyK 1 OT
or oy or rdp
ou Ov ;
— = 0 moryyaBame — = 0 u Torasa BbpXY Jibrata z = rge'’,
87’ 8(,0 ‘Z|=T0

|z|=ro
0 < ¢ < 0, umame v = v(rg,) = ¢ = const. Cuenobaresnto, ako f(z) e

xosomopdHa dyHKIWs, Kosito nzobpassisa D B usunara {0 < Rew < 1,
Imw > ¢} n Takasa, ge f((0,70)) = {Rew = 0, Imw > ¢}, f((0,70e")) =
{Rew = 1, Imw > ¢}, f({|z| = ro, argz € (0,0)}) = {0 < Rew < 1,
Imw = ¢}, 1o u(z) = Re f(z) me 6bje penieHne Ha HOCTaBEHATA 3a/a49a.

(2) 0 (=1)

[0¢€ J[ Inrg + 260
z1 =logz =1n|z| +iargz,
- O<argz<0
0
0 [ o | In
(22)
—1
2o = 7 (z1 — Inro)
le—— B
i
U_J_U
0 1

®ur. 6.39
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Taka mosryaasame (dur. 6.39):
1 7 .
f(z) = 7 log z + ] Inrg +ic, ¢ € R e npousBosiHA KOHCTAHTA,
)

u(z) = Re f(z) = %arg z.



§ 7. NuTrerpupaHe B KOMIIJIEKCHATa 00JIACT.
Teopema na Jlaitouun, — HioTow.
Teopema u ¢popmysia Ha Kommu. Teopema Ha Mopepa

Kpusa v B C ce napuya BCAKO HENPEK'HCHATO m300pazkenune z = z(t) Ha MHTED-
Bai [a,b] C R B C. @yrknusra z = z(t), t € [a, b], npeHacs ecrecrsenara Hapeaoa
B [a,b] BBPXy 7 m KoraTo t onmcea WHTEpBaJA [a,b], Toukara z = z(t) ormcsa 7y
or TouKara z(a), HApUYAHA HA4GA0 HA 7, 40 Toukara z(b), HapudaHa kpad Ha 7.
Kpusara ce napnya:

e sameopena, ako z(a) = z(b);

e oicopdanosa, axko z(t1) # z(t2) 3a t; # ta € [a,b] ¢ eBeHTyaIHO U3KIIOUECHHE

z(a) = 2(b);

e 2aa0ka, aKO ChINECTBYBA 2’ (t), KOATO € HEeNPEeK'bCHATA U PA3JINIHA OT HYJIa B
[a, B];

o wacmuuHo 24adKa, AKO UMa TAKOBA pa3jielisiHe Ha UHTepBaJa [a,b] Ha KpaeH
6poit 3aTBOPEHN OJUHTEPBAJIH, Y€ BbB BCEKU OT TX 7Y € IJIaJIKa KPUBA;

e pexmuduyupyema, aKo uma Kpaiia Jbikuna (7). Beska yactuuno riagka
KpuBa e pekTuduImpyemMa.

Heka v : z = z(t), t € [a,b], e pexkrudunupyema xpusa u f(z) = f(z(t)),
t € [a,b], e byskuus, nedurupana Bbpxy 7. Ja pasmiename cymuTe OT BUIa
n
S () (zk — zk—1), KbETO @ = tg < b1 < - < tp, = b, 7k € [tp—1,tk],
k=1
zp = 2(tg) u ¢ = 2(7%), k = 1,2,...,n. Ako Te3u cymu mMar KpaiiHa rpaHuia,
KoraTo max |ty — tg—1| — 0, xasBame, we f e unmezpyema Bbpxy . [ pannmara

SRSN

HapudaMme aumeer ukmeepan ot f 1o y u OesekuM ¢ / f(2)dz nnu 3a kparkocT
gl

/ f. Toit 3ama3Ba moBe4eTO OT CBOMCTBATA Ha PEAJIHUTE UHTEIDAJIM U HE 3aBUCH
5

OT HapaMeTpHu3aIusaTa HA KpUBATa B CJIEJHUS CMUCHIL: ako 7 : z = z(t), t € [a,b),
t = ¢(1), 7 € e, ], € MOHOTOHHO pacTsillla U HENPEKbCHATA (DYHKIIMs, TAKABA 1€

$(0) = a, 9(B) = bum ¢ 2 = 2(p(7)), 7 € [, ], 1o /f - / f. Ao 7~ e

il 71

fo;aKofeHen—

KpHUBaTa C IPOTUBOIOJIOXKHA Ha 7Y OPUEHTUPOBKA, TO /

Af(z) dz .

Ha JIb/DKHHATA Ha ; B 9acTHOCT, ako |f(z)] < M, z € v, o

pPeK’bCcHaTa BbPXY 7Y, TO

< / |f(2)||dz|, kbuero |dz| := ds e enremenTbT
.

/7f(2) dz

Ako v e qacTHYHO IVIajKa, JUHEHHUIT HHTErPAJ Ce PEeLyIupa JI0 UHTErPa BbpPXY

< Mi(y).

147
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uHTEepBasa [a, b, .
[ 1@ = [ ez

" € CBbp3aH C peaJIHUTe KpHBOJ’IHHeﬁHH nHTerpaJjm oT II PO ¢ paBEHCTBOTO

/f(z)dz:/udm—vdy+i/vdm+udy,
2! v v

KbIeTo [ =u+iv u z = x + 1y.

Teopema 1 (Jlaitouun — Hioron). Axo f e nedunupana B obnact D C C
n uma npumutusHa F' B D (T.e. F' e xonomopdbua B D u F/ = f B D), TO 3a BCsika
kpuBa 7 C D ¢ Havas0 21 U Kpaii 29

/ f(2)dz = / [()dz = F(z3) — F(=1).

f = 0. ObpatHo, ako /f = 0 3a BCsika

B JaCTHOCT, aKO 7y € 3aTBOp€Ha, TO /
v

¥
3arBOpeHa Kpusa y C D, To f numa npumutusHa B D.

Teopema 2 (Komm). Axo D e exHocebpsana obaact, f e xojsomopdua B D

u v C D e 3arBopena kpusa, to | f =0.
¥

Taka Bcsika X0JI0MOP(HA B €JHOCBbp3aHa 06J1acT (DYHKIUS UMa, [IPUMUTHABHA.

Teopema 3 (Komwm, 3a ciaoxkeH KOHTYP). Ako D e orpanudena kpaiino-
cBbp3anHa obsacT ¢ pexruduimpyema rpanura 0D u f e xosloMopdHA B OKOJTHOCT
Ha D, To / f=0.

oD

Tyk ¢ 0D e o3HayeH KOHTYpbT Ha objiacrTa D, T.e. TOIOJOrMYHATA IPAHUIA
Ha D, opueHTHpaHa Taka, 9e [PU JIBUXKEHHUE 10 Hesl 06JIacTTa OCTaBa, OTJISIBO.

IIpu cbimure ycyoBust 3a D u f e B cuiia ciiennara dpopmyiia Ha Komm

1
f(20) = 5= ﬁd?«“, zo € D.
2mi Jop 2 — 20

Besika xomomopdHa yHKIU e 6e3Kpaiino naudepeHnupyema, T.e. ako f e Xo-
sgomopdmna, To u f/, ', ..., ca xonomopdHE 1

|
My M [ S
(=) = o /E,D s weD neN.

Teopema 4 (Mopepa). Ako f e HenpekbcHata B obsiactra D u / f=03a

~
BesgKa 3aTBOpeHa Kpusa Y C D (ZocTaTbuHo € 3a BCeKU IPABOBIbJIEH KOHTYD 7y CbC

CTpPaHU, YCIOPEHI HA KOOpAUHATHUTE OCH), TO f e xosoMopdua B D.
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Haxpas e ot6esiexxum, e TeopemaTa u popmysiara Ha Kormu 3a ciokeH KOH-
TYp OCTaBaT B CUJIa U IIPU IO-CJIabu MIPEIIOJIOXKEHUsI 38 f, & UMEHHO: JIOCTATBIHO
e f ma 6bae xosomopdHa B D u HenpekbcHaTa B D.

BbB Beuukm 3a71atn 10-71051y, KO 7y € 3aTBOPEHa 2KOP/AaHOBA KPHUBA, TO
TSI € OPUEHTUPaHa B II0COKA, IIPOTUBOIOIOXKHA HA JIBUKEHUETO HA YaCOBHU-

KOBaTa CTPEJIKA, OCBEH aKO He € Ka3aHO JPYTo.
7.1. [la ce mpecmerHe /(y — z — 32%) dz, xbOero 7 e:

a) orceukara [0,1 + i;

6) nauynenara jgunns [0,4] U [7,1 + 4]

Pewenue. a) ITapamerpuanoro npejcrassite Ha orcedkara [0, 1+1i] e v =
t,y=twmz=(14+1)t, ¢t €[0,1]. Torasa

1 1
2. B a2 N (1 t 1y
L(y—m—?;xz)dz-/()( 3t70) (1 + 1) dt = (1 )/0 324t — 1

6) IMapamerpuunoro npejcrassue Ha [0, e © = 0, y = t wm z = it,
t €[0,1],anmafi,l+iex=¢ty=1wmz==t+1 t € [0,1]. Torasa

/y_/Oz /zl-‘rz]

! ! i 1 1
/(y—x—szi)dz:/ itdt—i—/ (1—t—3t%)dt = ~4+1— - —i = —(1—1).
- 0 0 2 2 2

7.2. Ja ce npecMmerHe / |z| dz, kbaero 7 e:
v

a) orceukara [—i,1];

6) JsisiBaTa 1oJI0BUHA Ha OKpbKHOCTTAa C(0,1) ¢ HaUamO —i U Kpaii i;
B) jsicuara nososuna Ha C(0,1) ¢ HaUam0 —i u Kpaif i.

Pewenue. a) Ome. i. 6) Umame 2z = v~ () = €', t € [7/2,37/2]. Torasa

3

. . -3 ;T
/]z\dz:—/ ]z]dz:—/ ie’tdt:—/ e”dit:—(eZT—ezi)
g 7 3 3

= 2i.

»

B) Ome. 2i.

7.3. Ia ce mpecmerHe / Zdz, KbJIeTO 7 €:

.
a) ropaara nosiopuna Ha C(0,1) ¢ Havamo 1 u Kpait —1;
6) nosmara nostosuna Ha C'(0,1) ¢ magamo —1 u kpaii 1.
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™
Pewenue. a) z = e, t € [0,7] n /zdz :/ e ie dt = Ti.
¥ 0

6) Ome. mi.

7.4. Jla ce mpecmeTrHe / |z|Zdz, kbJeTo v e KOHTYpbT Ha obsiacTTa

~
{lz2] < 1, Imz > 0}.

Pewenue. mame v = 1 U7, KbieTo vy : 2 = t, ¢t € [—1,1],av9 : 2 = €%,
t € [0, 7]. Torasa

1 ™ ) ) s
/|z|zdz:/ +/ :/ |t|tdt+/ e—“z’e“dt:/ idt = i,
R e 72 -1 0 0

1
Tbil KaTo / t|t|dt =0 (t|t| e Heuerna dyHKIWMS).
-1

IS

7.5. Jla ce mupecmerHe / —dz, KbJIeTO Y € KOHTYypPbT Ha obJiacTTa

N

{1<|z| <2, Imz > 0}.
Pewenue. Imame vy = 41Uy, UysUrg, KbaeTo vy 2 =t,t € [—2,—1], 72 :
z=et te[0,n],y3:2=tt€[1,2],74:2=2e"t€0,n]. Tnitkato z = Z

™ eit )
BEbPXy R, TO / / = / fdz = —/ the” dt = / eBtdt =
Y2 Y3 o € 0

2 ; 4
;/ idz :/ Tt = 21/ 3t dt = —.CJIe,ILOBaTeJIHO/ZdZ =
3 Juz 0o €~ 0 3 N Z
4
v+ + [+ =
7 Yo 3 Y4 3
7.6. a ce npecmerne /(z —a)"dz, n € Z, Kbaero 7y e:
¥ A
a) 1noyokpbKHOCTTA {2 1 2 = a + Re', t € [0, 7]};
6) okpbikHOCTTA {2 : 2 = a + Re', t € [0,27]}.
i npu n = —1,
Pewenue. a) Ome. ¢ Rpn+l
i (=1)"*'—1) upnn# —1.
27 ) ) 2
6) / (z —a)"dz = / R"e™iRedt = iR"™! / !t gy
v 0 0

0, n#—1,
2mi, n=—1.
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7.7. Heka 7 e 3aTBOpEHa >KOpIaHOBa KpUBa 1 S € JINIETO Ha 00JIacTTa,
3arpajieHa ot 7. a ce mokaxke, 4de

/xdz:—i/ydz:l/zd,z:is.
gl gl 2/,

1
Pewerue. Ot peaysnnst aHaan3 € U3BECTHO, de S = 3 xdy — ydx. Toit

Karo z uMma npumurueHa B C, To 0T Teopemara Ha Jlaitbuu, — HroTon ciienpa,

1e /zdz =0 = /xdz— —i/ydz. OcBen TOBa/xdx—i-ydy—O,
gl ¥ gl gl

1
Tbit KaTo x dx +ydy = id(wQ +1?) e Touen mudepenumain. Torasa

1 1 1
/zdz:/xdx—i—ydy—i—i/xdy—ydx:is
2 Jy 2 Jy 2/,

1 1
/mdz:/(z+z)dz:/zdz:i5’.
gl 2.Jy 2Jy

* ok ok

7.8. Heka v : u = u(t), t € [0,1], e rmanka kpusa, z = z(u) e xoJ0-
mMopdHa B okosHOCT Ha 7y dyukimua u I' = z(y) : z = z(u(t)), t € [0,1], e
obpasbr Ha 7y upe3 dyukiuaTa z(u). Heka f(z) e menpexkbcnara Bbpxy I

Ha ce mokazke, 1e
/ f(z)dz = / f(z(w)2'(u) du (bopmyna 3a cMsiHa Ha TPOMEHIUBATA).
r Y

Pewenue. Coriacuo popMmysiara 3a IpecMsiTaHe Ha MHTErpaJl IO IJIaJiKa,

KpHUBa
1 1
/ f(2)dz = / F(u(®) [2(u(®)] di = / F(2(u(t))2 (u(t)d (t) di
I 0 0
- / £ (2(u))2' (w) du.

7.9. Heka ~ e npousBosiza pekTuduimpyemMa Kpusa, 7 € HeliHuaT oopas

npu n3o6pakenneTo z — z u f(z) e dyHKms, HenpekbcHaTa BLPXY 7. Ja

Af(z)dzz[yf(z)dz.

ce JIOKaz2Ke, 9e
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n
Pewenue. Heka Sy, = > f(Cr)(2k — 2k—1) € peJiuIia OT HHTETPAJIHE CyMH
k=1

na Puman, Kironsima KbM /f(z) dz. Torasa
g

[ £G)dz = tim ST - 7 =l St~ ),
v k=1

n—00
k=1

KbJIeTo 7, = Ck, txy = Zk. llocienuara cyma obade e mHTerpajiHa cyMa Ha

Puman 3a dyuxiusta f(t) BbPXy 7 U CJI€I0BATEIHO KJIOHU KbM / f(t)dt.

gl
7.10. Heka f(z) e HenpekbcHaTa BbDPXY €JMHUYHATA OKPBHIKHOCT 7 :

|z| = 1. Ja ce mokaxe, 1e

/Wf(z)dz:—[yf(z)cz.

Pewenue. Coriacuo 3aj. 7.9

[yf(z)dz:[yf(z)dz.

Ako B mocjieiHusd MHTErpajl HAIPABUM CMsHATA 2 = U = —, TO 7 — 7Y U
u
du
dz = ——. CbriacHo 3aj1. 7.8 nosyiasave
u

Lﬂ@@:—lﬂ@ﬁ.

7.11. Heka D C C e npoussosna obsact (He HEIPEMEHHO eJIHOCBbP3a-
Ha), ¢ € IIPOU3BOJIHO KOMILIEKCHO 1ncio u f(z) e xoimomopdua B D dyHKIwmsI.
Heka v : z = z(t), t € [0, 1], e upoussosna kpusa B D. [la ce jnokaxe, de Cb-
mecTByBa HenpekbeHaTa B [0, 1] dyukius $(t), KosiTo mpuTeKaBa CeHUTE
cBoiicTBa:

a) ®(0) = ¢ (magasno ycsosue 3a P(t));

6) 3a Bcsiko ¢ € [0, 1] cbmecrByBar orBopen B [0, 1] nogunTepsan A; Ha
t, kpwr K(z(t),d:), coabpkai gbrara {z(7), 7 € A}, n npnvurnsaa $4(2)
Ha f(z) B K(2(t),0;), Takasa 1e ®;(z(7)) = ®(7) 3a Besiko 7 € Ay

B) /f(Z) dz = ®(1) = (0) = ®1(2(1)) = @o(2(0)) = @1(b) — Po(a),
¢
a=z(0), b= z(1).
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3abenesicka. Pynknusara $(t) ce mapuda npumumuena Ha f(z) BBPXY
KpHBATA 7, KOATO YJIOBIETBOPSBA HAUYATHOTO YCJIOBHE a).

Pewenue. Heka § > 0 e pascrostuuero or v 0 0D. Bupxy [0, 1] B3emame
Touku 0 = tg < &1 < to < --- < t, = 1 TONKOBa 0JIM30 €IHA O JAPYTa,
ve jprara z(t), t € [tr—1,tp+1] na ce cpabpxa B kpbra K (z(tg),0/2) =
K (2,9/2). Kppror K (a,0/2) e eqnocsbp3ana 00s1acT # CbIVIACHO TeOpe-
marta na Jlaiibuur, — Hroron B Hero mma 06e30pOifiHO MHOTO NPUMUTUBHU
Ha f(z), 3aBucemu OT MPOMU3BOJIHA AUTUBHA KOHCTaHTa. Ta3um KOHCTAHTA
usbupame Taka, 4e ChoTBETHATa IPUMHUTHUBHA F(z) Ja yjoBiaeTBOpsiBa Ha-
qasHoTo ycsosue Fy(a) = Fy(2(0)) = c. Ananornuno, B K (21,0/2) Moxkem
Ja n3depem npumuntuHa Fi(z) Taka, e Fy(z1) = Fi(z1). Ilpoxbikasaii-
KI Taka, BbB BeeKN Kpbl' K (2, 0/2) MoxkeM Jla HaMepUM HPUMHUTUBHA, 38
kosiTo Fi_1(zx) = Fr(zx), k = 1,2,...,n. OT ToBa paBeHCTBO € SICHO, Y€
aKo 3a T € [tgp_1, ;] momoxum ®(7) = Fi_1(2(7)) = Fr(2(7)), me noxyunm
HenpekbeHara B [0, 1] dynkius.

Heka cera 3a t € (tg_1,t;) nonoxum ®(2) = Fj_1(2). fcuo e, qe $4(2)
e npumutusHa Ha f(2) B K (2-1,0/2) u 9e ®y(2(7)) = Fr_1(2(7)) = ®(7)
3a T € [tr_1, k).

Tbit kKaro 3a Besiko k = 0,1,2,...,n—1 maoxkecrBoro Dy, = K (21,,0/2)N
K (#+1,0/2) e OTBOPEHO U HEIPA3HO, TO CHIIECTBYBa OKOJHOCT Ay Ha tj,
takaBa 4de z(Ay ) C Dy. Torasa nomarame @, (2) = Fj(z) = Fry1(2), z €
Dy.. C toBa a) u 6) ca joka3aHu.

B) ITo Teopemara na JlaiiGuur — Hioron

/ " b2y de = Foy(2) — Fro (2 1).

Torasa

/f )dz = Z = ;(Fkﬂ%) — Fr—1(2k-1))

k=1"%k—1
= Z F1(2r) = Fr(2r)) + Fa-1(zn) — Fo(20)
k=1

= Fn1(2(1)) = Fo(2(0)) = @1(b) — ®o(a) = @(1) — (0).

Baotcna sabenesrcka. ITponenypara, 1o kosito or dbyukuusra Fy(z), me-
dbunupana B oxkosnnocT Ha Hadasoro a = z(0) Ha KpuBaTa 7y, HOIyIHXME
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dbyuknusra F,(z), rebunupana B Kpas b Ha 7y, ce HAPHIA AHAAUMUYHO NPO-
dsaoicenue Ha Fy or a B b 110 KpuBaTa <y, KATo € W3I0J3BaHA BEpUraTa OT
npecuyaniu ce Kpbroee K (zx, 0/2). OGMKHOBEHO, KOraTo Ce IPecMsiTa HHTer-
paJj OT MHOTO3HAYHA (PYHKIIUsI, Ce 3a/1aBa CaMO CTOHHOCTTA ¥ B HAYAJIOTO d.
Toga mpeiiosiara, de € U3BbLPIIEHO CJAETHOTO: B OKOJTHOCT Ha, @ ce jiebuHupa
€JTHO3HAYEH KJIOH Ha MHOTrO3HadHATa (DYHKIUS, KOUTO B @ B3eMa JaJeHaTa
croitHocT. To3u KJIOH ce MPOIb/KaBa 110 KpuBaTa J10 Kpast 1 b. Pecrpukiiusi-
Ta Ha TOBa IPOJIbJ/IZKEHUE BBPXY 7Y € €IHO3HATHa HEIIpEK'bCHATA beHKL[I/IH Ha
napamMerbpa t. IMeHHO Ta3u pecTpukiidsi ce WHTerpupa 1o kpubara. Har-
puMep ako TpsibBa ja mHTerpupame pyHKIusTa log z, KogTo npu z = 1 uma
crofinoct (0, MO eMHUIHATA OKPBHXKHOCT 0€3 JacTTa i, JIeZKAIA B YeTBbLPTH
KBaJIpaHT, KaTo cunTaMe z = 1 3a HayaJjo, a z = —i¢ — 3a Kpail, MoCTbIIBa-
Me TaKa: B OKOJIHOCT Ha z = 1 msbupame log z = log, z, Thil KATO UMEHHO
logy 1 = 0. IIpogbizkenuero Ha log, 2z o ropHaTa IOIyOKPBKHOCT 10 —1 €
log, z, kaTo B —1 apryMeHTHT Ha 2 CTaBa M. AHAJUTUYHOTO IIPOJbJIZKEHNUE
Ha log z 110 YacTTa OT KpuBaTa B TPETU KBAIPAHT OT —1 110 —i e byHKIusATa
logz =1In|z| +iargz, m < argz < 3w/2. CiesoBaTesIHO BLPXY KPUBATA OT
1 o —i npoabxkenuero e obje logz = In|z| +iargz, 0 < argz < 37/2,

7 TI0J / log z dz ce mma TIpeBU, UMEHHO UHTErPAJIBT OT Ta3u (DYHKITHS.

v
CJIG,ZL Ta3u 3a0e/IeKKa € MOYTH fCHO, Y€ IIpeCMATaHEeTO Ha MHTErpaJin OT

MHOTO3HA4YHN (DYHKIINKA CTaBa 110 IMPABUJIOTO, U3JIOKEeHO B 3a/. 7.11. Umen-
HO, HeKa MHOro3HavyHaTa dyHKIWA f(z) e 3aajeHa B HAYAJI0TO @ Ipe3 CBOst
croitnoct. Heka KJIOHBT, KOWTO B @ MMa Ta3u croitnoct, e fo(z). [Ipombixka-

BaMe fy 110 KpuBaTa 1 IO/ / f(2) dz pasbupame numMeHHO HHTErpaJsa OT TOBA
¥

npojbikenne. B okonuocT Ha a fo(z) nma npuvmurusaa Fi(z). Hes npogbi-

»kaBaMe 10 b o kpusara 1o F,(z). Torasa [ f(z)dz = F,(b) — Fy(a).
g

7.12 (Uurerpupane no yactu). Heka f u g ca xomomopduu B 06-
sgactta D u v e kpuBa B D ¢ Hadaso a u kpait b. [la ce nokaxe, 1de

Afg’dZnglz—Agf’dz.

b
Tyx, pasoupa ce, fg|, = f(b)g(b) — f(a)g(a).
Pewenue. Oyuxnusara fg e npuvmutueaa B D #a dbyukmusara fg' + gf’ u
pPe3YATATHT € ciiesicTBue oT Teopemara Ha Jlaitdonu — HroTow.
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Sabenescrka. I TyK e B cujia ToBa, KOETO Kaszaxme BbB Baotcha 3abenesrc-
xa: Axo f u g He ca eHO3HAYHU, OTIEIAT CE TEXHU €THO3HATHN KJIOHOBE B
HAYAJIOTO HA KPHUBATA, TAKa Ue HAYAJIHOTO YCJIOBHE ja Oblie u3rbianeno. Te
ce TPOIbJXKABAT 110 KPUBATA U CTOMHOCTATE UM B b ca CTOHHOCTUTE NMMEHHO
Ha Te3W MPOJIbJIKEHUS.

7.13. Heka /z e oH3U KJIOH, KOITO B OKOJHOCT Ha 2z = 1 e eJ[HO3HAYEH

dz
u /1 =1. Jla ce npecyerne | —=, K'BJETO 7 €:
z

gl
a) ropHaTa eIMHATHA MTOJYOKPBKHOCT ¢ Hadauo z = 1 (dur. 7.1 a));

6) J0JIHATA €MHUIHA TIOJIyOKPbBKHOCT ¢ Havyaso z = 1 (dbur. 7.1 6));
B) KpuBara Ha dur. 7.1 B).

INE

. 1 2e

-1 0 1 W
B)

a) 6)
@ur. 7.1

1
Pewenue. a) Toit kato v/1 = 1, T0 B OKOJTHOCT Ha 2 = 1, /z = 219802

- arg z
V0zle! 27, —m < argz < m. IlpoabiKeHneTo Ha TO3U JIOTAPUTHM MO TOP-
HaTa eJMHUYHA TIOJIyOKPbKHOCT Boau or arg l = 0 mo arg(—1) = m. Torasa

beHKHHHTa 2\/5 ¢ IIpUMHUTUBHA Ha 1/\/5 u 1mojiydaBaMe
dz -1 - -0
7:2 Z’ :2(615—6z§):2i_1.
=2 (i~ 1)

6) PascbikiaBaiiku KakTo B a), me noaydnM arg 1l = 0, arg(—1) = —,
OTKbJIETO

dz -1 T -0
— =2 z‘ 22(6_15—625):2—7;—1.
- V7| ( )
B) T'bit KaTOo KpuBaTa IpaBy J(BE II'bJHU OOMKOJIKK OKOJIO HAYAJOTO, TO
7 T 177
argl =0, arg <2e’1> = 2.27m + — = ——, OTKBJIETO NOJIyYaBaMe

4 4
2T 17 175
/jl; a3 le (e 5 (e%(1n2+z%) _ eo) 9 (\@ez% _ 1)
z
Y
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—9 (\/ﬁei% - 1).

7.14. Heka 7y e KpuBara:
a) C(0,1) ¢ mauaso u Kpaii Toukara 1; 6) na dur. 7.2.

Qur. 7.2

Jla ce mpecmerHe /logzdz, log1l =0.

Pewenue. a) Ycnosuero log 1 = 0 m3ncksa B OKOJHOCT Ha z = 1 Ja je-
dbunupanme log z = logy z = In |z| +iarg z, —7 < arg z < 7. IIpobikennero
Ha Ta3n (byHKI_LI/ISI IO I'OpHaTa €IMHUIHa ITOJTYOKPDbHZKHOCT BOJAU JIO CbIlaTa
dbyukmnus ¢ argl = 0, arg(—1) = 7. [IpoxbizkerneTo mo moJHATA eIUHIIHA,
noIyoKpbKHOCT 0T —1 110 1 Bomm 1o logz = In |z| +iargz, m < argz < 27
c arg 1l = 27. ToraBa, KaTo MHTErpUpaMe IO YACTH, TOJIyIaBaMe

1
/logzdz = (zlogz — z) = I(Inl1+ 27 —1Inl — 0¢) = 2mi.
¥

6) Cera npogbizkennero Ha log z 1o kpusata or 1 10 —3 nasa logz =
In|z|+iargz, 0 < argz < 47 47, Thil KATO KpUBaTa [IPABU J[BE [I'LIHU O0H-
Kosiku 0KoJ10 2z = (. MImame arg 1 = 0, arg(—3) = 57. Torasa unrerpupasnero
0 9aCTU BOJIA JIO

-3
/logzdz: (zlog z — 2)
v 1

=-3(In|—-3]+iarg(—3) —1) — 1(In|1| +iargl — 1)
= —3(In3 + 57i) + 4.

7.15. Heka logu e ousn kJioH, koitTo 3a u > 0 B3ema croitnoct Inu. la

z+1
ce ImpecMeTHe / 22 log dz, aKo:

z—1
a) v = (C(0,2) ¢ Hauayo u Kpait z = 2;
6) v=C(1,1) ¢ magamno u kpait z = 1 +i.
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zZ+
Pewenue. a) Ilo yciosue npu z > 1 (Torasa

z+1 z+1
=In
z—1

arg(z—1) = 0. Ba TOBa € JIOCTATBIHO Ja ToJI0KuM arg(z—1) = arg(z+1) = 0,
ako z > 1. ToraBa m3menennero Ha arg(z + 1) — arg(z — 1) swpxy C(0,2),
KaTo ce 1movHe B 2 u ce ¢cBbpiu B 2, € or 0 10 27 — 27 = 0. Cuter unTErpupane

[0 YaCTH HOJIydaBaMe
2/ 23dz
_|_ — -
2 3Jowpe (z+1)(z-1)

1
7 > 0) BbB opmysiara

log —l—z(arg(z—i—l) arg(z—1)) TpsibBa na umame arg(z+1)—

0(072) z—1 3 -1
2/ 23 dz 1 / 23 / 23
[ _— = — dZ — dZ
3Jowpz z+1(z—1) 3 |Jope z—1 co2) #+1
= ! [QM'Z?’ — 2miz3 } = @,
3 z=1 z=—1 3

KaTO TOCJCIHNATE JBa MHTErpaJja ca nmpecMeTHaTn 1o dgpopMmynara xHa Komm.

6) Cera m3menennero Ha arg(z+1) mo C(1, 1), mousaiiku or z = 2, e ot 0
o a, o = <(1,—1,144), ana arg(z—1) — or 0 g0 7 /2. ToraBa usmeHeHreTO
na arg(z 4+ 1) mo C(1,1) or nagaso 1+ 4 5o Kpaii 1 + ¢ e 6bje or « 1o «,
ana arg(z — 1) — or /2 mo w/2 + 2w. Crenosareto

14 3
2 1
+ / A /+1) dz
1+i cay #—1

1+13[ln5+za—z<g+27r>—<ln5+ia—ig)}

N
— o (1 - Z> .
z=1 3

7.16. Heka 7 e 3arBopena kopzaHosa Kpusa, 0 € Inty u f(z) e xoso-
MopdHa B okoaHOCT Ha Int v dyukmmusa. Heka zg € v e n3bpana 3a Hagayo u

log z e Koit J1a e eTHO3HAYEH B OKOJIHOCT Ha z( KJIOH Ha JjorapuTbMma. /la ce
JOKaXKe, 1e

1 1 1
/ zlogz+ dz:fz?’logz—i_
(171) 1 3 z—1

21

1
=3
2
T3

z—|—1

/ f'(2)log 2 dz = 2mi(f(0) — £(0)).
Y

Pewenue. Axko msbpanusit KJIOH B3eMa croifrocT In|zo| + iargzo B 20,

TO MPOJIBJKEHUETO MY 10 7y JI0 Kpas zo Ie JloBeje J0 croitHocT In |zo| +



158 § 7. Unarerpupane B KoMILIeKCcHaTa objact. Teopema Ha JlaiOHUI —

i(arg zp + 2m), Tbil KaTo 7y OOMKAJIS HAYAJIOTO BEJIHDbXK B IIOJOXKHUTEIHA II0-
coka. Torasa, nHTerpupaiiku 110 4acTH, II0JIydaBaMe

: 20 f(2)
1 dz = 1 - [ —=d
/vf(Z) ogzdz=f(z)logz| A Lz

= f(z0)(In |z0| + i(arg zo + 27) — (In|zo| + i arg zg)) — 2wi f(0)
= 2mi(f(z0) — £(0)).

7.17. Heka D e paspsizanara 1o (—oo, —1] U [1,00) KOMIIJIEKCHA DaBHU-
Ha, V1 — 22 e xonomopduara B D dynknus, koaro B (—1,1) Bzema moso-

JKUTEJTHU CTOMHOCTH, U arcsin z = arcsing z, z € D (Bxk. 3ai. 6.42 u 6.45).
arcsin z

m dZ, KbJIeTO

Hexka v e xpuara ot dur. 7.3. /la ce npecmerne /

(1— 222 = (VI= 2P '

@ur. 7.3 Dur. 7.4

Pewenue. KaTo uarerpupame mo 9acTu, MmoJrydaBame

arcsin z
213/2 dz
Y (1 -z ) /
zarcsin z

z
arcsin z d =
/7 V1—22 V1—22
o 1/ d(1—2*)  zarcsinz
~ 1—22 V1—22

B z
— | ——=darcsinz
i /7 V1-—2?

—1 —1

zarcsin z

V1— 22

1
+5 log(1 — 2%)

7 %

2

i

1 .
Or 3a1. 6.42 numame arcsingz = —logyi(z — V22 — 1), xbgero 3a z = 0
i

V2 —1=i,re V22 —1=/|22- 1|e%(arg(zfl)+arg(z+1)), karo upu z = 0
nmame arg(0 — 1) = 7, arg(0 + 1) = 0 (dur. 7.4). Ilpun HenpexkbCHATOTO

u3Menenue Ha z or 0 j1o i, arg(z — 1) ce menu or m 1o 37/4, a arg(z + 1)
i (37 7
— or 0 no w/4. Crnemosarenno Vi2 —1 = \/565(7+1) = 1V2, OTK'bJIETO

1 1 1
arcsingi = — logyi(i —iv/2) = ~ logg(v2 — 1) = ~ In(v/2 — 1).
i i i



Hioron. Teopema u ¢popmyina na Komu. Teopema ma Mopepa 159

Amnajiormuno namupanme arg(—i — 1) = 57 /4, arg(—i + 1) = —n/4 u To-
raBa /(—i)? — 1 = V2e:(F71) = iv/2. Otrryk mosydasame arcsing(—i) =
1log0i(—i —iV2) = lln(\/?—i- 1).

' ITpu IIpO,ZL'bJI}KeHI/IéTO Ha arcsing z npe3 touka A (dur. 7.3) or ropua-
Ta [OJIyPaBHHUHA B JIOJIHATA PE3yITarbT € arcsing z (Bxk. 3ax. 6.42 n 6.45),
a IPH [POJIbJIKEHHETO Ha arcsing z mpes3 Todkara B oT ropHara B J0JHA-

Ta MOJIyPABHUHA PE3YATATHT € arcsing z = arcsing z + 2w. CiemoBare/iHo

1
arcsinz| _ . = arcsing(—i) + 27 = 27 + ~ In(v2+1).
= i

arg(—i+1) = %T —i

Qur. 7.5

Coriacuo gedunnnusra va V1 — 22 (nosoxurenen B (—1,1)) me umame
arg(l—=z) ‘2:0 = arg(l+2) }220 = 0 (¢ur. 7.5). Koraro z ce uamens or 0 J10 1,

arg(l—z) ce m3menst ot 0 110 —Z, aarg(l+4z) — or 0 no w/4. CnenoBarenHo
V1—i2 = \/56%(7?%) = /2. Ilpu HENpPeKbCHATOTO W3MEHEHHE Ha Z 110
KpusaTa ot i j10 —i, arg(l — z) ce uamenst or —7/4 no —7w /4, a arg(l+z) —

or /4 no Tr/4. Cnenosarenno /1 — (—i)? = \/ie%(_%”r%ﬂ) = /2. Taka

moJjIyvyaBame

zarcsin z
V1— 22

Karo usnonsame Beue namepenure nsmenenusi va arg(l — z) u arg(l + z)

K
= —z'7r\/§.

i
110 KpUBaTa OT % JI0 —1, IToJIyvdaBaMe

™7
log(1 — (—)?) =In2+i <—I + I) = In2,
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log(1 - %) =n2+i (=7 +7) =In2.
og(l—i*)=In2+1 4+4 n

Crenosaresmo log(1— 22) ‘Z_Z: log(1—(—14)?) —log(1—i?) = 0. OxonuaresHo

arcsin z dz )
L e = —imVa

HoJIydaBaMe

* ok ok

7.18. Heka v e 3aTBOpeHa »KOpP/JAHOBA KpWBa, KOSITO HEe MUHABa IIPE3
toukaTa @ € C, u n € Z. [la ce nokaxe, 1de

0, n#—1,
/(z—a)”dz: 2mi, n=-1, a €lInty,
! 0, n=-1, a¢nty.

Pewenue. Axo a ¢ Inty, or reopemara mna Komm ciensa, te

/(z —a)"dz = 0 3a Besiko n. Heka a € Inty u C' = C(a,d) e oKpbKHOCT,
gl

rakasa e K(a,d) C Intvy. @yukuusara (z — a)” e xosoMopdHa B OKOTHOCT
Ha Int v\ K (a,d) n cbriacHo Teopemara Ha Ko 3a ¢103keH KOHTYD nMaMe

(z—a)”dz:OHm/I/

(z—a)"dz = / (z —a)" dz. Cera TBbp/EHEETO
0 C

yuCc—
caiesiBa ot 3a1. 7.6 6).

7.19. Jla ce nmpecMmerHaT mHTerpaaute Ha Openes

o oo
/ sinz’dr u / cos 2 dz.
0 0

Pewenue. Heka yr e xouTypbr Ha obmactra {2z € C : 2] < R, 0 <

arg z < w/4} (dbur. 7.6). Tbit kato GyHKIWATA ¢i# e xosoMopdHa B IAIaTa,
2

paBHMHA, OT TeopeMmara Ha Kormm ciesa / e dz = 0 3a Besgxko R > 0.

YR
Ot npyra crpana, cjieJiBaiiku o3HaUeHUusITa Ha ur. 7.6,

. R . . .
(1) 0= / e dz = / e dx + / e dz + / e? dz.
TR 0 CR dR

Nmanme

L R R 2 . (R 2
/ e dx :/ cos &2 dx—i—z'/ sin 22 d:z:,/ e dz = —614/ e dx.
0 0 0 dr 0
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Re'%
dr Cr
w/4
0 R
Qur. 7.6

P2

e mokazkeM, e / e dz — 0 mpu R — oo. eficTBUTETHO, KATO U3ITOJI-
Cr

3BaMe CTaHJapTHATa OIEHKA 33 MOJyJa Ha WHTerpaja M U3BECTHOTO Hepa-

BEHCTBO sinx > 2x/m, x € [0, 7/2], Hocie 0BaTeHO oIy IaBaMe

, , I , T a2
/ e dz| < / ]6”2] |dz| = R/ e~ sin2t gy < R/ e w tdt
Cr Cr 0 0

:%(1—6_R2)—>0HpHR—>oo.

Cera ot (1) mpu R — 0o nostyuaBame

o o . o0 9
/ cos 2% dx + z/ sin 22 dx = /4 / e " dx.
0 0 0

© NG
Ot peanHus aHaju3 € U3BECTHO, 1€ eV dx = 5 (uurerpas Ha Iloa-
0

COH). CJ'[e,I[OBaTe.HHO, KaToO OTAe/INM peaJiHa 1 UMalrnHepHa 9acCT, IIoJIyIaBaMe

o0 o0
V2
/ cosx2d:c:/ sin:p2dx:—7r.
0 0 4

(o]
7.20. Ia ce npecmerHe / e~ cos 2bx dx, b> 0.
0

Vnsmeane. Unrerpupaiire byHk-
_ 2 . .
nusaTa e ° 10 KOHTypa Ha mpaBo- —Ii+ib d2 R+1b
broiaauka {z € C : |Rez|] < R,
0 < Imz < b}. Crenpaiiku o3Ha-

geHusTa Ha Gur. 7.7, mocyieaoBaTes-

d3 dl

2
HO JIOKazKeTe, de e “dz — 0,
dy

/ezzdz — 0 mpu R — o0, a
ds

@ur. 7.7
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R
.2 2 2
/ e dz = —¢® / e e qr. Ciles TpaHEYEH IPEXO (orHOBO Ce
do —R

U3I0J13Ba CTOMHOCTTA Ha MHTEerpaJsa Ha IloacoH) e moyuanre

/ e~ cos 2bx dx = ﬁe‘bz.
Ome. /me™* /2.
dt

a?cos?t + b?sin? t
Pewenue. Heka «y e enuncara z = acost+ibsint, t € [0,27]. Or 3az1. 7.18

2
7.21. Ia ce nupecmerne I = / ,a>0,b>0.
0

dz )
umame [ — = 2mi. O gpyra crpaHa,
z
¥

/dz B / Zdz /2“ (acost —ibsint)(—asint + ibcost) i@t
v ? a ¥ 122 ~Jo a?cos?t + b2sin?t

dt + iabl.

_/27T (b? — a?)sint cost
Jo a?cos?t+ b2sin?t

Cera or nBere pasencrsa mnosydasame I = 27 /ab.

7.22. Heka D C C e eagnocsbpsana obmact u u(z,y) : D — R e xap-
MonndHa B D ¢dyuknusa. [la ce mokarke, de cblmecTByBa XosjaomopdHa B D
dbyukuus f(z), rakaBa ye u = Re f. Ocsen ToBa f € €JMHCTBEHA C TOYHOCT
JI0 KOHCTAHTA.

Pewenue. Heka v = Re f 3a #skos xosomopdua B D dyukius f u
f = u+iv. Torasa

(2) I1(2) = ug + vy = uy — iuy,.

Taka ako f cbllecTByBa, TO f' e HaIl'bJIHO OIpeje/ieHa OT 1 U 3Haunl f e
eJIMHCTBEHA C TOYHOCT JI0 /INTHBHA KOHCTaHTa. PaBeHcTBOTO (2) HE mOICE-
ma Kak Ja kKoHcrpympame f. Heka g = u, — iu,. OueBngno g € CY(D) n

g YAOBJIETBOPsBa YCJIOBHATA Ha Komm — Puman. CJIe,Z[OBaTeJIHO g € XOJIO-
z

mopdua B D. Jla dukcupame zy € D u meka f(z) := u(zp) +/ g(¢) d¢,

#0
z € D, KbJeTo MHTEIPUPAHETO € 10 Mpou3BoJna kpusa vy C D, cebp3Baina

zp u z. O Teopemara Ha Komu ciiejiBa, 4e HHTErpabT HE 3aBUCU OT KPH-
Bara 7. Torasa f e xonmomopdua B D u f' = g = u, — iu,. Heka @ = Re f.
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Or Uy — ity = [’ = ug — tuy caeasa, 1e (u — ), = (v —a)y = 0 u 3na-
un u — U = const, z € D. Tbit kato 3a 2 = z9 umame f(z9) = u(zp), TO

u(z0) = u(z0) u cneposarenno u =4 = Re f, z € D.

7.23. Hexka f(z) e dyukuus, xonomopdua B okoasoct Ha kpbra K (0, R),
R >0.
a) [a ce jokaxe, 4Je 3a BCSKO a, |a|] < R,

o @ g s - ),

21 )|, j=r 2(z — a)

6) Ha ce mokaxe, 9e ako 2|a] < Ru M := |H\la}1$ |f(2)], To |f(a)— f(0)] <
2|a|M/R.

B) Karo usnosnssare a) u 6), 1okaxkere, e BCsiKa OrpaHUYIeHa [si1a DyHK-

sl € KoHcTaHTa (TeopeMma Ha JImyBmn).

1 1
Pewenue. a) Vmame a4 = — —. Torapa or dopmynara Ha
2(z —a) z—a z
Komu moryuasame
1 1
o f(2) dr— - f(2) ds— L HONS
270 Jz=g 2(2 — a) 27 Jjz)=p 2 — @ 210 Jiz=r 2
= f(a) = f(0).

6) Or a), CTaHJapTHaTa OII€HKa 3a MOJ1yJ/la Ha HHTEr'paJia 1 HEPaBEHCTBOTO

Ha TPUBI'bJIHUKA IIOCJIEI0OBATE/ITHO ITIOJIyYdaBaMe

1l f2) ] £(2)]
| f(a) = f(0) = on /|ZRz(z—a)dZ' < o ‘Z|:Rm|dz|
] 7)) o M
e} _ R g o 9rR
<o om0 —Ja) = o RR —a)
2|a|M
< R .

B) Ako f e 1gsta dyHKIus, TO a) 1 6) ca U3MbJIHEHH 3a BCAKO R > 0 n
Besiko a € C. Tlpu R — oo or 6) caensa, de f(a) = f(0) 3a Besiko a € C,
T.e. f e KOHCTaHTA.

7.24. Heka D e orpannteHna, kpaiino cebp3ana obsact, f(z) e dyHkius,
n

xomomopdHa B okomHocT Ha D, 2z € D,k =1,2,...,n,uwn(2) = [] (z—21).
k=1
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Ha ce moxkazke, e

_ 1 (C) Wn(C) - Wn(z)
PO i fopwn@ 2
e TOJIMHOM OT creneH Haii-mHoro n — 1 u P(zx) = f(zk), k=1,2,...,n.

Pewenue. Toit karo nommuOMbT wy, (¢) — wy(z) OT cremen n ce aHynIupa
n—1
pu ¢ = 2, 10 wn (C) —wn(2) = (C—2) Y. e (€)2¥, kbaero cx(¢) ca mommmomu

ua (. Torasa
1

RO Y A (O 1 SN < YA S B (91 (S IR
e @ 29 dC‘kZ:O@m'/aD ot )

27 Jop wn =

€ MOJIMHOM OT cTerieH Hali-MHOro 12 — 1. OcBen ToBa or dopmysara Ha Korm

fo - L[ 1©

" 2mi Jop (— 2

dg

ImojgyvdaBaMe, e

Pl — wn(2) f(©)
f(Z) P( ) T 9m /BD (C - Z)wn(C) “

u ciaenoBaresnto f(zy) — P(z) =0, k=1,2,...,n.

7.25 (Popmyna Ha Komm 3a Heorpanmuena obuiact). Heka 7 e
3aTBOpEHa KOpJaHoBa KpuBa u f(z) e dyHKIuUsA, X0g10MOpdHA BbB BbHII-

nocrra Exty Ha 7, B 0o u mo v. [la ce nokaxe, 1e
1/md§: —f(2) + f(0), z € Exty,
2t VC_Z f(o0), z € Int .

Pewenue. Jla pukcupame z € C u meka R > 0 e Takosa, 1e v U Inty C
K(z,R). B obmacrra, oupenenena or v un okpwxkuocrra Cr = C(z, R),
npuitarame dopmysara Ha Komm n nosyaasame

1/ 1, _{f(z), 2 € Ext,
(=

2mi C’RU'\/—C_Z 0, z € Int .
Tobit kKaTo
1 f¢Q) .1 f(©) 1 f(¢)
27i CRU,Y_(—de_ﬁ CRC—de_Qm'/Y(:—de
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JOCTATHIHO € JIa JOKaKeM, Je

f(©)

R—o0 271 Cr C—Z

d¢ = f ().

Heka ¢ > 0 e mpomssosmo u R > 0 e rakosa, 1e |f({) — f(oc0)| < € 3a
| — z| > R. Torasa (3a1. 7.6 6))

1 f©) _ |t (€) = f(o0) 1 e _

C ToBa dopmysiara e JoKa3aHa.

7.26. Hexka D C C e orBopeno muoxecTso, [ e npasa, [N D # () u f(z)
e dbynkus, HenpekbecHaTa B D u xomomopdua B D\ I. [la ce mokaxe, de
f(2) e xonomopdua B D.

Pewenue. Ilpean Bcuuko 1me orbesexkum, de 6e3 orpaHudeHne Ha OOIII-
HOCTTa MOXKEM Jla CumMTame, de [ € peajiHaTa Ipasa. B NpOTUBEH cirydai
BMecTO 3a f(z) me pascbxkaasame 3a GynknusaTa f(az + b), Kbaero Juneli-
HaTa TpaHchopmanus w = az + b uzobpazssa R B [. OcBen ToBa, Tbil KaTO
XOJIOMOP(HOCTTA € JIOKAJTHO CBORCTBO, 32 JIa yCTAHOBUM XOJIOMOP(HOCT Ha
f(2) B Touka zp € I N D, me pascbxaaBaMe B OKOJHOCT Ha 20, T.€. B KPbI
OKOJT0 2. ETO 3ammmo 6e3 orpanndeHne MoKeM Ja cMsiTame, de [ e Kpbr.

[lle mokaxkem, [e f(2)dz = 0 3a Bceknm 3aTBOpEH NPABOBI'bIHUK

oP
P C D cbe crpanu, ycnopeIHu Ha KOOPAWMHATHUTE OCH. Bb3MOXKHU ca TPHU

caIydast:
1. IN P = (). Tebpaernero ciemsa oT TeopeMara Ha Komm.

2. Crpana Ha P jexu Bbpxy I. Heka € > 0 u P. C P e npaBObI'bJIHUK,
nosyuen or P ¢ e-ormecrBaHe Ha crpaHara [a,b], Jexkama BbPXy [
(dwur. 7.8), raka ue | N p. = (). Torasa

f(z)dz = lim f(z)dz =0,
oP =0 Jap.

b b
3aI[0TO lin% / flz+ie)dx = / f(z) dx mopazm HeNpeKbCHATOCTTA
e~V Ja a
Ha f BBPXY (.
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i€

Q@ur. 7.8 Q@ur. 7.9

3. LN P # 0 (bur. 7.9). Cera

(2)dz = (2)dz + f(z)dz,
oP oP; oP;

kbjero P, u Py ca kakTo B 2. Taka 0THOBO f(z)dz = 0.
oP

Haxkpast or Teopemara Ha Mopepa ciejsa, 1e f(z) e xonmomopdna B D.
7.27. Heka f e xosomopdua B ejuananust Kpbr K (0, 1) u HenpekbcHaTa

Bbpxy K(0,1). Ja ce mokaxe, 4de 3a Besiko 29 € K(0,1)

o L[ T@

211 |z|=1 zZ— 20

dz.

Pewenue. Tbit karo 2Z =1 3a |z| = 1, To

1 flz) 1 f(z) \dz
2mi |z]=1 2 = 20 dz = 2mi /|z|1 <Z(1 —Z(]Z)>Z2

u oT 3aj. 7.10 momydaBame, 1e

Y PRy (€ N
|z|:lz

211 |z]=1 2 — 20 211 1-— 702’)

z
Cera TBbpIeHHeTO cieiBa oT (hopMmysiara Ha Ko 3a hyHKIAATA, 1 1(z) ,
— Z20%

kosTO € xosomopdua B K (0, 1) n menpexsenara sbpxy K (0, 1).
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7.28 (Popwmyna ua IIBapu). Heka f e xonomopdua B K (0, 1) u men-

pekbecrara Bbpxy K (0,1). la ce mokaxke, de 3a Besko zg € K(0,1)

1 Re f(z) z+x )
Flz0) = — 1z) O dz + iIm f(0).
27 J)2 =1 z zZ— 20
2 1
Pewenue. Kato B3eMeMm mpemaBui, |e Z+ 2 = — — Ref =
z2(z — 20) z—zy z

(f+f)/2, dopmynara na Kommu u 3a71. 7.27, 32 mHTerpaja B JIficCHATa CTPAHA

Ha paBE€HCTBOTO IIOCJ/IEAOBATE/JIHO IIOJIyvdIaBaMe

1 fH+fGE) (2 1

% |z|=1 2 (Z—Zo _Z> dz
A @@, 1 [ @+,
2 /|Z|:1 zZ— 20 d 4mi /|Z|:1 z d
= f(z0) + F0) — 5 f(0) = 5700) = f(z0) — i m £(0).

3abeneoicra. Upes dpopmyitara na IlBapir Besika xosoMopdHA B €IMHIY-
HUs KPbr PYHKINS MOXKe 1 Objie Bb3CTAHOBEHA 110 CTOMHOCTHTE Ha peaJ-
HATA II 9acT BbPXY eauHIIHaTa OKpbKHOCT. [Tpu ToBa, ako u(z) = Re f(2),

z=¢" te€l0,2n], T0

1 27 )
fleo) = 5= [ e TR+ itnf(0). 20 € K(0.1),

2 2
z+ 2 |z|* — |20
U KaTo B3eMeM IpeJBujl, de Re = 5~ U OTJICJUM peajnara
z— 2 |z — 20
yacrt, nostydasame dopMmyiaTa Ha Iloacon 3a XapMOHHYHU (PYHKIUN

1 °n N |20‘2
S i L
ueo) = 5= [ utety =g an

N aKo 2o = re'to,
1—r2

. 1 [27 .
oy — it dt
u(re™) 27 /0 u(e )1 — 2rcos(t — tg) + 12

Tazu dopmysia perraBa Kiacudueckara 3ajada Ha Jlupuxie 3a e MHUIHUS

KPBI.
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§ 8. Pex nHa Teitnbp. Pena na Jlopas.
Ocobenn TOYKM OT €HO3HAUEH XapaKTep

Heka D C C e obacr u f(z) e xomomopdua B D dyuknus. B cuna e ciaeqaara
Teopema Ha Teiiabp. Heka zy € D. ToraBa B oKoJiHOCT Ha zg (byHKIHSTA
f(2) Moxke 5@ ce pa3Bue B CTENEHEH Dejl

(1) f(z) =ao+ai(z—20) +- - +an(z—20)"+- = Zan(zfzo)n,
n=0

KoiiTO ce Hapuda ped na Tetasp Ha f(z) okomo z = zg. Koedbunmenrure a, ce
pecMATaT 1Mo (hbOPMYJIUTE
M) 1 / f(z)dz

|z—z0|=r

(i nl 2w (z — zo)"t1’

Kbjero 1 > 0 e takosa, ue K (zg,r) C D u uHTErpupaHeTo e B 0COoKa, 00paTHa Ha
IIOCOKATA, HA IBUKEHUE Ha JaCOBHUKOBATA CTPEJIKA.
Paguycwbr na cxomumocr R ma (1) e paBeH Ha pa3CTOAHUETO OT 2o J0 Haii-
Gim3kaTa ocobena Todka Ha f u ciaegosarenno R > dist(zg, 0D).
Koraro f(z) He e xomomopdHa B okOHOCT Ha 29 € C, a camo BbB BeHer D :
r < |z —zp| < R ¢ nueHTBD B zg, Tsl MOXKE Jia Ce IIPeJICTaBl KaTo CyMa Ha JBa PeJia:
by ba

— 2
f(Z)—Zizo+(2720)2+---+ao—|—a1(z—zo)+a2(z—zo) +...

(2)

b

(oo}
n
Penbr ) ————— e cxozgm abCOMOTHO U PABHOMEPHO BHPXY KOMITAKTHHUTE TIOJI-
n=1 (Z - ZO)
o0
n
MHOXKECTBA Ha |z — zg| > 7, a peabr Y. an(z — 20)" e cxougam abCONOTHO U
n=0

PABHOMEDHO BBPXY KOMIIAKTHHUTE IMOJAMHOXKECTBa Ha |z — zg| < R. Ciemosares-
HOo f(2) = fi1(2) + fa(2), xbHero fi(z) e xonomopdHa B |z — 20| > 7, a fa(z) —
B |z — 29| < R. @yukuusara f1(z) ce napuua xaparmepucmuyuna Gynruus va f(z)
BbB Berena D. Koedurmenture ce ompenessit € IHO3HATHO 0 CIeTHATE (DOPMYIIH:

1 1 f(z)dz

b - = — R A —
" 2m 27i (z — z)+1’

FE) (2= 2)" " dz,  an

|2—z0|=p |z—z0l=p

KbJIETO p € IPOU3BOJHO UUCJIO MEXKJy I U R 1 UHTerpHpPAHeTO € B [I0COKA, IIPOTH-
BOIIOJIO’KHA Ha TI0OCOKATA Ha JIBUKEHUE Ha YaCOBHUKOBATA CTPEJIKA.
Peasbr (2) ce napuda ped wa Jlopan ua f(z) BbB Benena D u 0OMKHOBEHO ce
3aIMCBA TAKA:
o0

f(z) = Z an(z — 29)", KbAETO Afy = b_, iU N < 0.

n—=——oo

169
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Heka cerar = 0, T.e. f(z) e xomomopdna B mpobutust kpbr D : 0 < |z—2z9| < R.
B 103u ciyuait zg ce Hapuda usoaupana ocobena mouxa wa f(z) om ednosnaven
xapaxmep. Bb3MoKHU ca ciieHUTE CIIydan:
o0
1. Benuku koedurmentu b, ca pasau Ha Hymna. Torasa f(z) = > an(z — z0)"
n=0
u axo nosiokuM f(zg) = ag, mojydasame, de f ce ONPOIbIKABA JI0 X0JOMOPGhHA B
|z — 20| < R dbynkuus. B To3u ciay4dail zg ce Hapuda omemparuma ocobena mouka
Ha f(z) u e B cuiia
Teopema na Puman. Cienunre TBbP/IEHUS Ca eKBUBAJCHTHH:

(1) zp e orcrpanuMa ocobena Touka Ha f(z).

(2) Cobmecrysa lim f(z).

(3) f(z) e orpanuuena B mpobuUTa OKOJHOCT Ha Z(.

2. CbIrecTByBa I/I0 TOJIOKUTETHO YUCJIO M, TakoBa 4e b, # 0, HO b, =
oo

3a BCAKO M > M, T.e. PebT » ., ————
— n
n=1 (Z ZO)
Torasa zg ce nHapuya noatoc Ha f(z) OT KpaTHOCT M U € B CHJIA
Teopema. CieHuTe TEHPACHNS Ca CKBUBAJCHTHH:

b’fL
CbJIbpPXKA CaMO KpaeH OpOil djieHOBe.

(1) zp e mostroc Ha f(z).

p(2)
(z — z9)™
20, KbjieTo ¢(2z) e xonomopdua B zg u p(29) # 0. (B To3u ciayuait zg e
m-KpareH moJoc Ha f(z).)

(2) CobmecrBysa m € N, takoBa ue f(z) = B IIpobUTa OKOJIHOCT HA

(3) CobmecrByBa m € N, takoBa de zg e m-kparnHa Hysaa 3a 1/f(z). (B To3m
cydail m e KpaTHOCTTa Ha IIOJIOCa Z(.)

(4) lim f(z) = oc.

z—20

3. Besbpoitao mHOrO Koedurmentu b, ca pasmuunu ot 0. Torapa zy ce Hapu-
4a cswecmsena ocobena mouka Ha f(z). B To3m caydail nosejgenuero Ha f(z) B
OKOJTHOCT HA Z( € HAITbJIHO HEKOHTpoJupyemo. VImenno, B cusa e

Teopema (Coxouxku — Kasoparu — Baiiepipac). Cienaure TBbpieHust
ca eKBUBaJIEHTHU:

(1) 2o e cbimecTBeHa ocobena TouKa Ha f(2).

(2) 3a Besika npobura okosHocT D = {0 < |z — 29| < £} mHO)ecTBOTO f(D,)
e HaBcAKbie Ibero B C, T.e. 3a Beako « € C cpmiecTByBa peauna 2, — 2o,
rakaBa 4e f(z,) — a.

(3) B C me chmectsysa lim f(z2).

z—20
BobBenmennre noTyK moHATHSA MOraT Ja ObIAT MpeHeceHn u 3a zg = o0. VIMeHHo,
neka f(z) e xomomopdua B obnacrra D = {z € C : |z| > R}. IlpaBum Tpamc-

1
dopmanusara ( = —, Koaro uzobpazsasa D B npoburara okosanocr 0 < || < R Ha
z
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1
¢ = 0 u dysxuugara p(¢) = f ( C) e xojjomopdHa B Hes. ToraBa z = 0o ce Hapu4a

CBHOTBETHO OTCTPAHUMA OCOGEHOCT, TIOJIIOC WJIH ChINeCTBeHa 0cobeHa Touka Ha f(z),
ako ¢ = 0 e Takasa 3a ((). Karo B3emem npensu pazsuruero Ha ¢(¢) B pex Ha

1 1
Jlopan B 0 < |¢| < = u ce BbpHEM KbM [(2) = @ | — |, 1e moaydInm:
z

R

a) ako 0o e oTcTpaHnMa ocobernoct Ha f(z), To B |z| > R e B cuiia pasBUTHETO
o0
flz)y=>" a—Z — Teitbpos pex Ha f(2) B 2 = 00
n=0 %
6) ako co e nosmoc Ha f(z), To

%) a
= bm n bmf m-l v b 7l7 bm 0;
f(z) 2™+ 12 4+ 1z+n§:0 n #

B) aKO z = 00 € CbIIecTBeHa 0cobeHa Touka Ha f(z), To
o0 o0 a
F) =3 b+
z
n=1 n=0
KaTo 6e30pOItHO MHOIO KOeUIMEHTH b, Ca pa3/IuIHU OT HYyJIa.
Tesu peioBe ca abCOJIOTHO M PaBHOMEPHO cxoiganu B Kominakraure (B C) moa-
muoxkectBa Ha {z € C: |z| > R} u ca B cuia dopmysure
1 f(z 1
b — () _

= — ap = —
T o gl "o

f(z)z""tdz, r>R.

|z]=r |z|=r

8.1. Jla ce passue B pej Ha Teirbp okoso z = 0 dyukuusra f(z) u ga
ce HaMepU HeroBUSAT PaJlyC Ha CXOAMMOCT, K'bJeTO:

2) f(2) = chz 6) [(2) = shz: B) f(2) = sin” 5 0) f(2) = —— b £ 0
1
) f(Z):mQ e) f(z)zlogoljz;

x)) f(2) =logy(2% — 3z + 2);
3) f(2) = (a+2)% acC,a+#0, f(0) =e*98% kpnero loga e 3amaeHa
CTOMHOCT;

o 2
W) () = VEEL S(0) = €555 J6) = |
n) f(2) = aretgz. f(0) = 0080) £2) = [ e dciw) p) = [T ac
Pewenue. a) Toit kato e* = % Z—T, z€C, 1o
n=0 T

o

I N B I N ) L R B o § LR
chz=g(@ e )=g) T3 T T 2 @
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2€Cu R = .

oo ,2n+l
6) Ome. ngom’ R = 0.
B) Vnsmeane. Nsnomssaiire dopmytara sin? z = %(1 — €08 2z).
= w1227 o
Ome. ngl(—l) @n)] 27", R = o0.
r) 3a asz} <l <= |2| < ’Z nMaMe

n

1 1 n %n_oo @ e
f(Z):b(l—i—abZ):b,;)(_l) (b) —7;)( 1) pntl”

b .
Caenoparesno R > |—|. Twit karo —— e eauHcTBEeHATa 0COOEHA TOYKA Ha,
a a

b
f(z), 0 R = ’a"

1) Heka 21 = 2 4 3i, 20 = 2 — 3i. Torasa

f(z) = (Z_Zl)z(z_zg):zlizg (z—lzl_z—122>

U OT I') TOJIydaBame

z 1, =1 ., 1 .
f(z):Z — 2 _E:zn—i-lz +§:Zn+lz :Z1_22§:(222)n2
1 n=0 “1 n=0 2 n=1 1

kbaero 0 = arg z;. ToraBa R = |21| = |22 = Vv 13.

1
e) Nmame log, l tE logy(1 + 2) — logy(1 — 2) + i2km, k € Z, z €

C\ {(—o0,—1]U[1,+00)}, orkbaero npu z = 0 nosydasame log, 1 = i2km,

T.e. k = 0. Cera usnosssaiite TeiirbpoBoro passurue Ha logy(l + z).
o0

Ome.
ngo 27’L =+ 1

K) Ynemeane. Nznonssaiire pasencrsoro f(z) = logy(l — 2)(2 — 2) =

In2 + logy(1 — 2) + log, (1 — %)

22l R =1.
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x 2" +1
Ome. In2 — > + 2", R=1.
n=1 n2n

2\« Z\
3) Vnsmeane. Ilokaxere, e (a + 2)* = a® (1 + 7> , KbJIETO (1 + 7)
a a
€ OH3W eJIHO3HAaYEeH KJIOH, KoiiTo npu z = ( mpuema croitnoct 1.
x () a®
Ome. —2z", R = |al.
n=0 \1n/ a"

L\ ,n iz 1 S _ (2n—3 I
u) Ome. €'i Z ( >1” = e'1 [1+2Z,z+n22(—1)" 1Wz"],

R=1.

1 00
k) Or = > (=1)"z", |z| < 1 u reopemara 3a judepeHipane
1 +z n=0
—1 00
Ha CTENeHHH Dejose cieapa ———— = »_ (—1)"nz""!. Torasa f(z) =
(Z + 1) n=1
o
Y (=1)"(n—1)z"u R=1.
n=2

oo
—— = > (=1)"2?", |2] < 1, KaTO PeabT e paBHO-
1 + Z2 n=0

MEPHO CXOJISIII] BbPXY KOMIIAKTHUTE TI0JMHOXKecTBa Ha |z| < 1. Torasa

a) Nmame f'(z) =

2n+1
f(z) =1 /f ) d¢ = z R=1.
M) Ome. n;ﬂm, R = .
H) Ome. ngo(fl) Gnt DiEn T 1) R = oo.

8.2. Jla ce passue B pej Ha Teirbp okoso z = 1 dyukuusra f(z) u jga
ce HaMepu HETOBHUAT PAIUyC Ha CXOIUMOCT:

a) f(z) = =5:6) fl2) = ¥z f(1) = 5
B) f(2) =logyz; ) f(z) = sin(2z — 2?).

Pewenue. a) ITonarame z — 1 = u. ToraBa z = 1 + u u pa3suBame B pej
okoJ10 u = 0 pyHKIUITA

1+u 2 2 U\ "
_ _q_ 1IN (Y .
fw) =314 ut3 3;:;)( ) (3) » lul <3

Caemosarenso f(z) =1+ Z 1)+l 3n+1 (z—1)"u R=3.



174 § 8. Pex na Teiibp. Pex va JlopaH.

1 .
6) Ilo ycnosue /z = 31080 2+2m) — ¢f % eslo807 Tlomarame z — 1 = u

ImojgyvaBaMe

© /1
/1—|—u—e 363log0(1—|—u 262;2(3)

n=0

/1
Ome. 5 Z (3>(z -1)" R=1
n

n=0

B) Ome. i (_13;_1(,2 -1)" R=1.
n=1

r) Crest monaraneto z— 1 = u nomyyasame dynxnusTa sin(1—u?). Mmame

2 2

sin(1 — u?) = sin 1 cosu? — cos Isinu
o [e.9]
) (u2)2n (u2)2n+1
= sle(—l)" —cole(—l)"i
| |
P (2n)! P (2n + 1)
:iSin( _%)UQ’VZ
|
= n!
.\ sin (1 -2
Ome. Z (n'Q)(z —1)*" R = 0.

n=0
8.3. Jla ce HamepsAT IbPBUTE Y€TUPU PA3IUIHU OT HYJ1a KOeMDUIINEHTH B
TeHTHPOBOTO pa3BI/ITI/Ie okos10 z = 0 Ha QyHKIHUATA:

a) f(2) = 6) f(2) = o anctg0 =0,

go(1+2)’
B) f(2) —vcosz, f(0)=1;1) f(z) = €.
o0
Pewenue. a) Heka f(z) = > apz™. Tbii kato z = —1 e equnHcTBeHATA i1
n=0

ocobena Touka (Ts ¢ TOUKa Ha pask/IoHsBaHe Ha logy(l + 2)), To paanychT
Ha cxopumoct Ha pena e R = 1. Torasa 3a |z| < 1 nmame

z= <§:an >log0 1+ z) Zanz Z 1)"71%7
n=0

n=1

KaTo M JBaTa peja ca abCOJIFOTHO CXOJSINI. 3aTOBa MOXKEM Ja TH YMHOMKIM
o0

nowrenno. Taka momydasame z = . ¢p2". T'bil KaTo cremeHHUTE pEIoBe,
n=0
HaMUpAIIH Ce OT J[BeTe CTPAHU Ha TOBa PABEHCTBO, CHBHIAAAT 3a |z| < 1, oT
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Teopemarta Ha Teityrbp ciaenBa, de u KoedunmeHTrTe UM ChbBIagaT. 1loayda-
BaMe ypaBHenusaTa c1 = 1, ¢, = 0, n # 1 wimn,

1 1 1 1
ag = 1, —§a0+a1 = 0, §a0—§a1+a2 = 0, —iao—|—§a1—§a2+a3 = 0, e
1 1 1
OTK'bJIETO IIOCJIEIOBATEIHO HAMUPaMe a1 = —, Gy = —-— 1 a3 = — . laka
2 12 24
1 1 1
fRy=14+-2— =22+ _—-2—..  |z| <.

2 12 24

3abenesicra. OMUCAHUAT TO-TOPe HAYUH 38 OIpee/sTHe Ha KoeUIueH-
TUTE a, HapudamMe Memod Ha Heonpedesenume KoehuuueHmau.

6) Vnsmeane. znonssaiire, ue f(z) e yerna dyukius, orkbuero f(z) =
oo
anz®, |2 < 1.
" 1, 4, 44
Ome. =1+ 22— —2t+ —204... 1.
me. f(z) +3z T +945z +-0 2| <

B) Ynomeane. Usnonssaiite, e f(z) e werna dynxmua u f2(z) = cos z,
< 7/2 (7/2 e naii-6im3kara 0 HyJaTa TOYKa Ha pasK/oHsBaHe Ha f(2)).

1 1 19 ™
Ome. =122 4 =56 —.
me. f(2) 4Z 96Z 5760z 2

r) Ynsmeane. Uznonssaiite pasencrsoro f'(2) = €* f(2).

Ome. f(z):e<1+z+22+5z3+-~>,zEC.

x

6

1 o0
8.4. Hexa ———— = >~ a,2". Jla ce nokaxe, 4e:
1—2z—-2 n—=0

a) ag =a1 =1, any2 = any1 + ap, n > 0;

n+1 n+1
6)an:L <1+\/5> —(1_\/5> ,n>0.

V5 2 2

Pewenue. Ocobennre TOUKU Ha (DYHKIUITA 1 5 caz = — 5
—z—2z

V5 —1
2

, KaTo TMo-0/m3Ka JI0 HyIata € zg. CriemoBaTenno pagunychbT

VE—1

Ha CXOIMMOCT Ha TelbpoBud i1 pen e R = 5

n zop =

a) 3a |z| < Ruvame (1 — 2z — 2%)(ag + a1z + -+ +apz"+---)=1mnu
KaTO CPABHUM KOeUIIMEHTHTE [IPEJ] ChOTBETHUTE CTEIIEHH Ha 2, [I0JTydaBaMe
ap =1, —ap+a1 =0, ..., apny2 — apt1 —ap =0, n > 0.
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3abeaestcra. Penunara {a,} ¢ ropaure cpoiicTBa ce Hapuda peduya Ha
Duborayu.

6) 0 1 1 Lo,
T ra crpaHa, ————— = —— U KaTo pas-
AbY p 1—2z—22 VE\z—21 23—z P

BUEM B peJl Besika oT japobure (BK. 3aj. 8.1 1)), nosyuasame

1 1 &t — ot =1 11 11
- = 72’@: - _zln _ —ZQn Zn
p— ﬁZ T Div-A G VAR G iy

£l ()

Cera TBBPACHUETO CJjie/IBa OT €IUHCTBEHOCTTa Ha TefIJI’prBOTO pa3BUTHE.

[e.e]

E
= Z(fl)" 22n'z2". Ha ce mokaxe, ue Ey = 1,
COS 2 = (2n)!

2 2
Ey+ " Eoy+---+ nEQn:O
2 2n

3abeneoicka. Yucnara E,, n > 0, ce napuyar wucaa nwa Otaep.

8.5. Heka

T T
Pewenue. PaguychbT Ha cXOIUMOCT Ha pesia e 5 H3a |z] < = nmawme

(o) 2n o
z FEy,z
1) . -1 =1
20 G .0
n=0 n=0
IIpupaBusiBame Koedunuenrure npes 22", n = 0,1,..., 1 HoIydIaBaMe

TBBbPACHUETO. UIpe3 HEro MozkeM Jla IIPEeCMETHEM BCAKO OT YHhC/IaTa EQn.

TaKaEQZ—l, E4:5, E6:—61, oo, a
1 14 1 n 5} n 61 e | ’ < ™
= *Z *Z 72’ z —.
Cos 2z 2! 4! 6! ’ 2

8.6. Hexka logy(1 +¢€*) =1n2+ Z ncf: 1 2" Ta ce moxaxe, de:

a) ap = %, ap +nap +n(n —1)ag+--- +nlay_1 + 2nla, =1, n > 1;

6) az, =0, n > 1.

Pewenue. a) Heka f(z) = logy(1 + €*). Ilpean Bcnmduko 1me orbeserxnm,
Je Haili-Om3Kara J0 Hysnata ocobeHa Touka Ha f(z) € im u ciej0BaTEeHO
pajmyCchT Ha CXoauMocT Ha pena e w. Torasa 3a |z| < 7 umame f/(z) =
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eZ

1+e?

Z anz". Ot gpyra crpana, f/'(z) = = (1+e&)f'(z) = €,

OTK’b,ZLeTO cjaeaBa paBEeHCTBOTO

<1+Zn,> > an" ZT:

n=0

CJIG,ZL IpUpaBHsBaHE HA ChOTBETHUTE KOGDUIMEHTH HOIydaBame ag = 1/2,
a1

n' (n—1)! 1!

nla,_1 + 2nla, = 1.

6) Umame f(—z) =logy(l+e %) =logy(l+e*) —z = f(z) — z, oTKBAETO
z

1
:*,,Hﬂﬂao+na1+n(n—1)a2+---+

z

crenBa f(z) — = = f(—z) + g Tosa osnauara, de dbyukimara f(z) — 5=

1'e yerna u snaun asn, =0, n > 1.

o0

z B
8.7. Heka = —2m. Jla ce noKaske, de:
e —1 n=0 n!

n+1 n+1 n+1
a)B0—1,< 0 >Bg—|—< 1 >B1++< n >Bn—0,

6) B2n+1 == 0, n 2 1.

3abenescra. Yucnara B, ce Hapudar wucaa Ha bepryau. Te ca paru-
oHasiHu uncia u By = —1/2, By = 1/6, By = —1/30, Bg = 1/42 u 1. 1.
Paguycbr Ha cxomuMocT Ha CTENEHHUs Pejl e 27.

z z
Ynsmeane 3a 6). Tokaxere, e dpyHKImsITA ] + 5 € 4eTHA.

8.8. [a ce passue B pex na Teitabp okono z = 0 dyuknuara f(z) u ga

Ce HaMEpH HEroBUAT paJnuyC Ha CXOAUMOCT R:

a) f(z) = zctgz; 6) f(z) =tgz B) f(2) =

;1) f(2) =loggcos z.

sin z
21z .
1 2
Pewenue. a) Heka g(z) = ezz_ T . Torasa ctg z = 62” j_L 1= =i+ eQiZZ_ 1
. 9(2i2)
=i+ , win z ctg z = iz + g(2iz). Orryk u or 3a1. 8.7 nosydaBame
z

zctgz—l—}—z Ban u R=m.

6) Ynsmeane. snonssaiire dbopmyrnara tgz = ctgz — 2ctg 2z.
0 - 1 n147(4" — 1)B 2n-1 p_ T
me. Z(— ) o)l on? B= 3.

n=1
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z
B) Ynsmeane. Jokaxkere u usnosissaiire, de =ctgz +tg=.
sin z 2
4
Ome. 1+ Z )t " R=m.
r) Ynameane. MSHO.HSB&I/ITG, qe (log,cosz) = —tg 2.
oo
4m(4" —1) T
Ome. B [ — S S
me. 3 (1) on(2n)l ot 2
n=1
—_ 12
8.9. HeKa —_— = ZT " Jla ce moKazKe, 4e:

4 t+4
a) T,,(z) e mosmHOM OT n-Ta cTeneH ¢ Koedurment 1 upex 2";
6) T0(=) = 5
B) 4T, +1(2) — 42T, (2) + Th—1(2) =0, n > 1, z € C.
Pewenue. a) Ot dopmynara na Komm 3a Teitmbposute KoedUImeHTH

cos(n arccos z);

nmMamMme
4 — 2 dt

1
To(2) = =— S
n(2) =35 /M:T 2 —dat+4 ]
K'bJIETO T € TOJKOBa MaJIKO B 3aBUCUMOCT OT 2, Y€ KOPEHUTE Ha 12 — 4zt +4
ca u3BbH Kpbra |t| < r. Tesu xopenu ca t1 = 2(z + ivV1 — 22) u to = 2(z —
ivV1 — 22). Tyk me cunrame, ye z # +1 (3acera) u v 1 — 22 e KJIOHBT, KOHTO

B3eMa nostoknTesHn croiinoctn B (—1,1). Torasa

1 1 1 1 A—t2 L84t
—dzt+4  ti—to \t—t1 t—ty —dzt4+4 t2 — 4zt + 4
dt
I/ITM?IKaTo/ —1:03an:1,2,...,T0
= "7
1 8 —dzt dt

Th(z) = —
n(2) 27 Jyy=y 12 — Azt + 4 0]

8 1 1 1\ dt
Tt — by 2mi t|:,<t—t1_t—t2>tn“
4z 1 1 1\ dt
"o (o in)

Karo uznonssame dhopmynara na Ko 3a BbHITHOCTTA Ha [t| = 7, TIO/TyYa-

Bame (BXK. 3aJ1. 7.25)

1 1 dt 1
— _— = ——, k:172I/IS:n,n+1-
27 |t|=r t— tk ts ti
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Karto uznonzsame, 1e t1te = 4, mosrygaBame

T (2) 8 1 n 1 4z 1 + 1
Z) = — f— [ —_
" t1 — 12 t?—i_l tTQH_l t1 — to 1y

2 gttt 4 -t
t1 — to 4n t1 —ty 4™
2
7m[ Tt —22) + t5(22 — t9)]
2

[22 1— 2% t”—i—t”]

YN
1
:—n[(z—l—i\/l—z2 +(z—ivV1—2?) ]

2

Acno €, 9e IIpU IMMOBAUTaHETO Ha N-Ta CTEIICH

o 6uaoMa Ha HIOTOH KOpeHuTe ce yHUIIO- /’_\x
:01 =

JKaBatT, Taka e Tp,(z) e HOJIMHOM OT CTeneH

n. Or ycnosuero V1 — a2 > 03az € (—1,1) Pur. 8.1
cienpa arg(l—z) = arg(1+x) = 0. B rakbs

caydait 3a x > 1 noixygasame (dur. 8.1) arg(l — z) = —m, arg(1 + x) = 0,
OTK'bJIETO

V1—22= \/me%(arg(lfx)ﬂrg(lﬂ)) — V22— 1e75 = —in/22 — 1.

Torasa 3a koeduruenture a, npex 2" mosydaBame

6) Heka = € (—1,1) n a = arccosz, a € (0,7). Torasa

1
Th(z) = on [(cosa +isina)"™ + (cosa — isin )"
1, X 1
=0 (e +emY) = nT COSNA = oy cos(n arccos ).

OTTyK CbIVIACHO TeopeMaTa 3a UACHTUYIHOCT Ha aHAJIUTUIHA (byHKLLI/H/I CJIeI-
Ba T),(z) = cos(n arccos z) 3a BCSIKO Z.
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Baoicna 3abenesicka. Bevmpocr pasencrBoto 1,(z) = cos(narccos z)
ciensa ot 1y, (x) = cos(narccoszx), x € (—1,1), camo 3a z € C\ {(—o0, —1]U
[1,400)}, KbieTo e neduHupan IIABHUASAT KJIOH HA (DYHKIUTA arccos 2 (BxK.
3aj1. 6.47). T'bit KaTo arccos z e npoabikuma Heorpanudeno B C\ {£1}, a B
+1 uMa rpaHuIa, TO BCUYKH IPObJIKEHUsT HA cOs(N arccos z) 1ie CbBIaJaT
¢ eqaosnaunara dbyukuus T, (2) BkaounTento u B +1.

TyK Ce HaT'bKBaMe Ha €/ITHO MHOI'O BaKHO dABJIeHHNEe B KOMIIVICKCHUA aHaJIn3
— 3a BCAKO z MHOTO3HA4YHATA (PYHKIUS U = 7 arccos z B3ema 0e30pOoiHO
MHOTO cToiiHocTn. Benmakn Te obade upes pyHKImsATa COS U OTMBAT B €IHa U
ChINA CTONHOCT, TaKa e CJIOKHATA (DYHKIHsI COS(N arccos z) e eJJHO3HAYHA U
xojiomopdHa B C.

o0
B) Ot pasenctBoTo 4 — 12 = (12 — 42t +4) > T, (2)t" cien paskpusane

n=0
Ha CKO6I/IT6 n CpaBHsdABaHE Ha KOG(bI/IHI/IeHTI/ITe OpeJja paBHUTE CTEIIEHU Ha t

nonydaBame: Top = 1,47y — 42T =0=T1=zudl,1 — 421, + 1,1 =0
npu n > 1, OTKBIAETO MOCIETOBATEHO MOXKEM A HAMEPUM BCHIKN Tr,.
[Monuromure T),(2) ce Hapu9aT noauromu ha 4ebuwos u UrpasT U3KJIIO-

YUTEJIHO BazKHa POJId B aHaJIU3a.

8.10. la ce HamepdT rPAHUIIUATE:
.1 1tz 9 3
a) lim — [3el—z — (3462 + 1222 + 2223) |
z—0 2z

: 201 _ ) _ 22 _ .3
6)l1ir%)(log0(1 z) — 22— 2%).

1
Pewenue. a) T (I+2) (1424 42"+ ) = 1+2(z+ 22+ 234+ +).
CremoBaTestHO
e1is — o 2z 422423 4)
2 3 44 ...
:e<1+22+z +zll—|-z+ PRI S

4 2
+3(z+z2+z3+-~)3+3(z+22+-~)4+--->

22
=e (1 + 22 +42% + gzg + %z‘l + z5<p(z)> ,

KbJeTo p(2) e xonomopdua B z = 0 dynknus. CiemoBaresHo

1 2
lim [36% — (3462 +12:2 + 2223)} = lim e(38 + 32(2)) = 38e.
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2 23

2
11
6) logg(1 — z) = {— (z+z2+3+--->] = 22427+ 52+ 20(2),

Kb1eTo ¢(z) e xosomopdra B 2z = 0 dynkuums. OTTyK 10/1ydaBame

11 11
2 3 .
iy (g1 —2) =52 %) =t (3 +200)) = 3

8.11. /la ce HaMepu JIOPAHOBOTO pa3BUTHE Ha (DYHKITUSATA!

1
a)z

1
6 e
) (z—a)(z—0b)’
BbB Berena |a| < |z| < [b];
22 —2z+45
B)

(z—2)(:2+1)
1
) e

B OKOJIHOCT Ha 2 =1 U 2 = OQ;
1) eT-> B OKOJIHOCT Ha z = 1 u z = o0;

okoJio z =0 u z = o0;

0 < |a| < |b], B okoHOCT HA 2 = 0, 2 = a, 2 = 0O W

B OKOJIHOCT Ha z = 2 1 BbB BeHena 1 < |z| < 2;

e) zsin ] B OKOMHOCT Ha 2 = 1;
22 — 4z

3K) COS 5 OKOJIO 2 = 2;
(z-2)

3) e*T% B obnacrra 0 < |z| < oo;

n) sin O0K0JIO 2 = 1 1 2 = 00;

z—a
K) log, — OKOTO0 2 = 00;
1

) 23(26 +1)2(2 — 1)

Pewenue. a) Karo nznosnsBame dopmysiata 3a reoMeTpraHATA TPOrPECUST
(o)

BLB Benena /3 < |z +i| < 2.

= E ", momyuasame:
—z
a1) PasBurne okomno z = 0:
n

1 1 1 z
z—2 —2(1-2/2) _222n’ exopa upi |2} < 2

n=0

ag) PasBurue okosio z = 00:

1

5= (1—2/z Zzn Z n+1’ exog npu |z| > 2.
n=0
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6) IlomyuaBame cbOTBETHO:
61) PasBurne okosno z = 0:

1 1 11
(z—a)(z—b) a—-b\b—2z a—z
1 1 1
T a-—b 2 o122
b(1=3) o (-0)
2" 1 /1 1 N
- (Z prt1 Zaml) - a_bz<bn+1 an+1>2 :
n=0 n=0
62) PasBurne okoso z = a:
1 1 1 1 1
(z—a)(z—b)_z—az—a+a—b_z—aa—bl_2—a
b—a
1 1 = (z—a)” (z—a)"
_a—bz—anzz;)(b—a)"_a— 7:—(17%;J b—a)t2’
63) PasBurtne okoso z = oo:
1 1 11
(z—a)(z—b) a—-b\z—a z—0b
1 1 1

N

R Sy
L

o0
_ 1 a™ 1
- (Z o+l _n Oszrl) a_b;) on+1

a—2>
n=0

64) PasBurne B |a| < |z] < |b]:

1 1 1 1
(z—a)(z—b):a—b<z—a+b—z>
_ 1 1 n 1
P\ (1-3) v(1-3)

1 = a" L
:a_bzznﬂ +a_bzbn+1‘
n=0 n=0
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B) Paznarame B eementapuu npobu:

22-22+45 1 LG
(z—=2)(22+1) 2-2 z—i z+1i

Torasa:
B1) PasBurue okosno z = 2:
22-2245 1 N i i
(z—2)(22+1) 2-2 2-2—i+2 2z—-2+i+2

1 7 ')
= + —

22 (2—@(1—§:§> (2+@(1+;1?>
1 = (z—2)" s n (2 —=2)"
=Z_2—ZZ<§_WL—%§<-1>M

1 - . 1 (—1)"
_z—z_”§:@_2)<@—2WH7%@+2WH)'

n=0

Penbr e cxonsut npu |z — 2| < /5 — pascrosnuero ot 2 j10 +i.
1

B2) Passurue BbB Benena 1 < |z| < 2. OyHkimsiTa 5 © xojioMopdHa,

B |z| < 2 u ce pa3BuBa II0 CTEIIEHUTE HA Z, a - I = ca xojoMopdHA
z—1 z+1

npu |z| > 1 u ce pa3BuBaT 1O CTElEHUTE HA —. Taka HoJydaBamMe
z

2 - .
24 —2z2+5 1 7 )

FE TS0 ) ()
z 2
oo n X . AN
z N " — (=)
- _Z on+1 +ZZ on+l
n=0 n=0
n+1

oo n oo
z (=1
:722n+1 +2Z onte
n=0 n=0

r) IlocenoBarenno mosyaBame:

r1) Passurme okoso z = i. lImame

/ / /
I 1 B 1 1 1
(z+4)?2  \z+i)  \z—i+2) 2 \1-43"
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184
o (& —) 1 itz —i)
T2 nz:% o S 24 o
1 i(z—d) li ni™(z — i)t
4 4 2i on
CieoBaTesHo
I 1
(22+1)% (2 —10)%(2 +1)?
B 1 i 1 X ni(z—i)n3
__4(2—1')2_4(2—@')_21'7; on
B 1 i 2 (n+3)i"(z —i)"
T4z —i)?2 Az—1) nz% on-+4 '

r2) Passurme okoso z = co. Vmame

I 1 B i (—1)"
2241 2 (1 + Z%) Rt »2n+27
1Y) & (-D)(—2n-2)
22 +1 - Z ~2n+3 :
0
OKOH‘IaTeJIHO noJjrydaBaMe

Yo
(22412 2z \2+1 =

OTKbIETO

1) Vmawme:
1) Passurne okoso z = 1:

,HQ) Passurne okoJsio z = oo:
1 ay a Qnp,
el =ay+—+ 5+ttt
z z Al
. 1
Tyk ag = lim eT-2 =1mu
zZ—00

a1 = lim z(ei - 1)

Z—00
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1 1 1
— i T T R
zglgoz<1—z+2!(1—z)2+ +n!(1—z)”+ )

Hexka cera n > 2. ITo dopmynara va Ko 3a TeitrbpoBuTte KoedummeHTH

nMaMe

1 I N
ap = — eT-z2""1dz.
270 ) |z|=R>1
t—1 dt
Heka t = 1 . ToraBa z = — dz = 2! |z| = R ce mzobpassiBa B
—z
1 R
okpbrkuocTTa C' @ |t — T R2| = Rz _ 7 OUHcalia b IOCOKATA Ha ABIKCHHe

Ha 9aCOBHUKOBaTa CTPEJIKA. CHG,ILOB&TGHHO

nil (ngl) (—1)kt”_1_k
k=0

1 (=1t 1 iz
) A T e a
— “1\ 1 A n—1\ 1
_ k+1 L dt — _1)k+! .
S ("o [ = S0 (M e
o0 u2n+1
e) Or dopmysiara sin u = —1)*———— nosay4yaBaMe
) Ot dopmy. HZ:O( )(2n+1)! y
. 1
zsin (z—1+1)sin
e _
> 1 1
=(z—-1 -1
(2 );)( )" 2n+ 1) (z— 1)2n+1 +Z 2n+1) (z — 1)2n+1
> 1
=1 .
+7; 2n+1) z—l +Z 2n+1) (z — 1)2ntl
) Umame
2% — 4z (z—2)%2 -4 (1 4 >
cos cos = COS
(- —2)? (- —2) (- —2)?
4 4
—coslcosm—l—sinlsinm

=cos1) (-1)" (2711)! <z 3 2)4” +Sinli(_1)n(2nil)! (z i 2)‘*”*2‘



186 § 8. Pex na Teiibp. Pex va JlopaH.

3) Nmawme
o0 n o0
1 1 z 1
ez+z :ezez :ij o
nl nlz
i n_ Lk 1 © [N 2%k-n
= Tl — I\lon—k | = Z 1(n — k)l
=\ k' (n—k)lz =\ El(n — k)!

PenbT e abcosrorHo m paBHOMEpPHO cxomdarl. ToraBa MOXKeM [1a IOIPETIM

qJIeHOBETE MY IIO IIOJIOXKHUTE/IHU W OTpUIATEJSIHU CTEIIEHW Ha Z. Axo s =

2k —n > 0, 10 KoedummenTHT Mpes 2° € H kl(n —k)V’
n — .

e m3BbpieHo mo Bcudku n > 0 u 0 < k < n, takuBa 1e 2k —n = s, T.e.

KbJIETO CyYMHUPAHETO

n—k =%k —s>0. CiregoBarejano To31 KOe(UINEHT €

> 1 = 1 1
Ce = = —_—
3 kzk"(k:—s)! Z(V—l—s)!ul’
=S =
K'BJIETO CMe TOoJIOXKmIm v = k — s > 0.
Anajiornyno, ako 2k — n = —s < 0, 3a Koe(pUIIMEHTa C_g IOJIydaBaMe
1
C_g = Z ————— KBJIETO CyMUPAHETO € W3BbPINEHO 10 BCUIKU Kk U N,
El(n — k)!
TakuBa e 0 < n, 0 < k< n,2k—n=—-s, rre. k+s=n—k > 0. Taka
TOJTy YaBAME
= 1
c=y L
| |
— El(k + s)!
OkoHyaTe1HoO
L o0 [o.¢] o 1
Z+; = s S = —
e Sz(:)csz +SZ;C_SZ , KBJIETO C3 = C_g4 VZ;) (V—FS)!I/!.

u) IlocieoBaresnno nosydasame:
n;) Passurue okoso z = 1. Nmawme:

1
sin i = —sin {1+ = —sin 1 cos — cos 1sin
1—=2 z—1 z—1 z—
> 1 > 1
= —sginl -V — 1 1" .
Sin nzz;]( ) (2n)!(2_1)2n COS nZ:;)( ) (2n—i—1)!(2—1)2"+1

ug) PasBurne okoso z = oo:
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1) Heka u = 1/z. Nmame

z z 1 > -1
T T T T T 1—u:nZ:0(2n+1)!(1—u)2”“'

2) Tlo-maraTbK

1 1 1 \*D 1 <\
1-wk (k- 1) <1—u> -1 (Z“l>

o0

1 I+ k—1
:(k_l)!;(Hrk—1)(l+k:—2)...(l+1)ul:Z< 1 >ul.

3) Karo 3amectnM pesynrara or 2) B 1), mosryaasame

R Gy
sin - ——Z “ cwero o = (- 1>n(2nl+1)!<l;j”).

n=0

[e.o]

!/
z—a 1 1 1 1 a™ —b"
1 = — = — = -
<Ogoz—b) s—a 2—b Z<1_g) ( b) Z o+l
> z(1—- n=1
z
TO -
z— " —a”
1 = g t.
ogo s + cons

n=1
Ako mosioxKuM 2z = 00, IoJIydaBaMe, de KOHCTAHTaTa € HyJIa.

.H) Pemenuero e N3JI02KMM Ha HAKOJIKO CT'BIIKH:
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C1

Cs
@ur. 8.2

1) Twit karo z = —i e AByKpaTeH IOJIIOC, TO

_ b b1 . an
flz) = + Z.+nz%an(z+z) ,

(z4+1)?  z+

KbJIETO, ChIVIACHO (hopMy/uTe 3a KoedUIMEeHTHTE HA JIOPAHOBHs pejl (BXK.

¢dur. 8.2),

1 dz

i o, SETIC T
, L (2 + i) dz
2w Jo, (20 +1)2(2 - 1)

an =

n=0,1,2...,

n=12.

Tyk C1 e oKpBKHOCT |z + 1| =T, V3 < r < 2, Taka Ue BbH OT Hesl OCTaBa
caMoO MOJIIOCHT 2 = §.

Heka Cs : |z2+i| = R e npou3Bo/iHa OKP'bKHOCT, ODHEHTHPAHA II0 [IOCOKA~
Ta Ha JIBUKEHMe Ha JaCOBHUKOBaTa cTpenka, u R > 2. Torapa nmHTEerpamre

1 dz 1 / (z+i)" 1dz
. 0o
2mi Jo, 23(20 4+ 1)2(z — 1)(z + )" 2mi Jo, 23(25 +1)2(2 — 1)’

n = 1,2, He 3aBucar oT R u ejleMeHTapHa OIEHKA IIOKa3Ba, Y€ Te KJIOHAT
KbM HyJa 1ipu R — oo. CiiemoBaresHo ca paBHU Ha Hysa. Taka mosydaBame

weg ([ L) e (L)

CbC CBIMUTE MTOAUHTErPATHA (DYHKITAN.
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2) Toukara z = i e nBykpaTna mya Ha (2% + 1)2. Cremosaremmo (2% +
1)2 = (2 —)%0(2), xbaero p(z) = co + c1(z — i) + - -+ € IoJMHOM OT JeceTa
crenen, kato ¢g = @(i), ¢ = ¢'(i). Ot ocnosuara dhopmyna na Kormu 3a

IIPOU3BOJHUTE, OTYUTANKN OPUEHTUPOBKATa, HaMUPaMe

1 d
2mi Joyue, (2 = 1)2@(2) (24 = 2°) (2 + )"t

Qn

. n=0,1,2...,

B ‘d% <so<z><z4 - ;)(Z - i)nﬂ)
b — L /C (z+i)" dz

2mi Jowue, (2 —i)%p(2)(2* = 2°)

3) Karo mudepenrmpame asere crpanm na (25 + 1)2 = co(z — )% +

z=1

, n=12.

z=1

c1(z — )3 + -+ CHOTBETHO /(Ba U TPU II'LTH, TIOTyUaBAMe
1 d? ,
0= 5 @(z +1)° . = —36 = ¢(i),
1 d® o
=g F(z +1)? . = 180 = ¢' (7).

Karo uspbpiiM npecMsiTanusita BbB GOPMYJIHTE 3a dy U by, OT 2) 1 3amec-
TUM TOJIydeHuTe croitnocTn Ha ¢(i) u ¢’ (1), cies n3BecTHN IpeobpasoBaHMs
crurame Jio

n+19 +i(n + 17) 9+ 8i —15 + 17
ap = — B ) bl - ) b2 e ——)
36(2i)n+3 72 72
~154+17 1 9+Sz 1 n+19+i(n+17),
1) = —m G5 z—i—z_z 36025 GO

8.12. [la ce namepsT ocoberure Toukn Ha dyHKnusara f(z) u ga ce omn-
peJiesin TEXHUAT BUJT;:

) () = —— i 6) f(z) = LoD Pa(2) 1 Qu(2)
a )= —F zZ) = KbIeTO zZ)n Z) ca B3aUMHO
1 + 247 Qm(z) ) rH n m
HpOCTI/I IIOJIMHOMMU OT TOYHU CTEIIEHU M U M C'bOTBeTHO;
e* 1 1 1 1
B)f() 2+1 F)f ) —1_g7ﬂ)f(2)_62—1_2—271'17
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) £ = €755 ) £(2) = i 3) f(2) = —
e z)=el-z; K Z)=—5—;3 z)= ——.
’ sin® 7z’ zsinz
Pewenue. a) Hynure na sHamenarens zp = eiﬂfkﬂ, k =0,1,2,3, ca

IpOCTH U He ca Hyau Ha gucauress. CIeoBaTe/HO Te ca IPOCTH MOJIIOCH
3a f(z). Jpyrn ocobenn Touku B C mama. I'panmmara lim 24/(z* +1) = 1
Z—00

CBINECTBYBA, CJIEJOBATEHO 0O € OTCTPAHUMa OCOOEHOCT.

6) Besika k-kparHa Hysna Ha Q. (z) He e Hyna Ha P,(z), ciemoBaresto e
k-xparen nomoc na f(z).

Ako n < m, rpanunara lim P,(2)/Qm(z) cbluecrByBa, ciie/l0BATEIHO

zZ— 00

z = 00 e oTcTpaHnMa ocobena Touka. Ilpu ToBa, ako n < M, Ta3u TPAHUIA €

HyJIa ¥ B OKOJIHOCT Ha 00 dyHKiusATa f(2) MOXKe Ja ce MpeICTaBl BbB BHIA

n—m’

z
f(z) = #(2) KbJeTo ¢(z) e panuonasna dbyskusa ¢ p(oo) # 0. B To3n
z
caydail KazBame, de 0o e (m — n)-kpamna nysa wa f(z).

Ako n > m, dysknusra f(z) ce npeacrasst BbB Buga f(2) = Sp_m(2) +
R(2)/Qm(2), kbaero S;,_, € IOJMHOM OT CTEIIeH TOYHO N — M, a CTEelleHTa Ha
nosimHOMa R € ¢Tporo mo-Majika oT cremnenTa Ha (. Ciemosaresno z = oo
e orcrpannMa ocobeHocr 3a R(z)/Qm(z), a ToBa o3HavYaBa, Ue € IOJIOC OT
kpatHocT n — m 3a f. Jlpyru ocobeHocTu HsiMa.

B) Hynumre na 3namenaresnss i ca IPOCTH IIOJIOCH, & 2z = 0O € H30JIH-
pana ocobenoct. T'bit karo lim f(x) = oo, lim f(iy) =0, o lim f(z) ue
Tr—0Q0 Yy—00 zZ— 00
CBIECTBYBA, CJIEJOBATEHO z = 00 € ChIeCTBeHa 0CO0EHa TOUKA.

r) Hymure 2z = 2k7i, k € 7, na snamenaresns ca npoctu. [Ipu k # 0 2z,
He e ocobernocT 3a 1/z, cienosarenno e npocr nommoc 3a f(z). Ako k = 0,

1
T = +ap+arz+---, crepoarenso f(z) =ap+ajz+---, Koero
e* — z
ozHauaBa, 4e z = () e oTcTpaHuMa 0cobeHOCT Ha f.
TouykaTa z = 00 € TOYKa Ha CI'bCTABAHE Ha IOJIOCH W € 0COOEHOCT, HO
Hem3oJMpaHa. 3a Hed e B cuja TeopeMara Ha Coxonku — Kazopatu — Ba-

fieprupac (Bx. 3a1. 8.16).

n) Ome. z, = 2kmi, k # 1, k € 7Z, ca nupoctu mosocu, z; = 27i €
OoTCTpaHUMa 0COOEHOCT, z = 00 € HEeU30JIMpaHa 0COOEHOCT.

e) Ocobenure TOYKM TpsiOBa Jia Ce THPCAT CPell 2 = OO0 M 0CODEHHTE

TOYKHU Ha

. Ipanunara lim f(z) = e~! cbmecTsyBa, 3Haum 2z = 00 e
zZ—00

OTCTpaHNMa O0CODEHOCT.
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B 2z = 1 nmame

OTK'BJIETO TTOJIydaBame, ue z = 1 e chbimecTBeHa ocobena Touka. JIpyru oco-
6enoctu z/(1 — z) HsAMA, CaeIOBATETHO HAMA U f.

k) Hymure 2z = k, k € Z, na 3namenaress ca rpukparuu. [Ipu k # £1
Te ca TPUKPATHHM TOJIOCH Ha f, Thil KATo He ca Hy/Iu Ha JucauTes. ToukuTe
z = £1 ca mpocTU HyJIU HA YUCJATEJISA, CJIeJIOBATENHO ca 3 — 1 = 2-KpaTHu
rosiocu 3a f.

Toukara z = 0o He € U30JUpaHa 0COOEHOCT.

3) Ome. z = 0 e aByKpareH noJoc, z = km, k # 0, ca eJHOKpaTHH TI0-
JIIOCH, Z = 00 € TOYKa Ha CI'bCTIBAHE HA IOJIOCH (HEM30IMpaHa 0COOEHOCT).

8.13. Heka f(z) e dynkiwmsi, xomomopdHa B IpodUTa OKOJIHOCT HA TOY-
Kara zg. a ce mokaxKe, de ako:

a) le)rrzl (z —20)f(2) =0, T0 29 € orcTpannMa ocobena Touka Ha f;

6) C’bII(;eCTBYBa €CTECTBEHO IHCIIO M > 1, TakoBa |e ZILIIZIO(Z —20)"f(2) #
0, Ho JEE (z — 20)™ 1 f(2) = 0, TO 29 € m-KpaTen noymoC Ha f.

Peweﬁue. a) Oyuknusara g(z) = (z — zp) f(z) uma orcrpannma ocobeHOCT
B Toukara zo u ¢(z9) = 0. Torasa g(z) = (2 — z0)91(2), KbAETO G1(2) €
xosomopdHa B zg. Tbit kato ¢1(2) = f(z) 3a 2z # zp, TO 2y € OTCTpaHUMA
ocobeHa ToUKa Ha f.

6) Vnosmeane. Ilpunoxkere a) kbM bynknusara (z — 29)™ f(z).

8.14. Hexka f(z) e xomomopdua BbB Beterna V = {z € C: 0 < |z| < 1}.
a ce onpeenn BurbT Ha ocobenocrra Ha f(z) B Toukara z = 0, aKo:

a) |/(2)] < ﬁ SEVi6) [f(2) < [ eV

B) f()=0,neN,n>1uf#0.

Pewenue. a) Tbit kato ll_)l% |zf(2)] < ll_)l% V2] = 0, ot 3a. 8.13 a) cres-
Ba, 4e z = 0 e orcrpaHnMa ocobeHa TOUKA.

6) Tbit kaTo ,lli% 23f(z) =0, To z = 0 e mym oTcTpannMa ocobeHa TOUKa,
WK € MOJIIOC OT PeJi Hafi-MHOro 2.

B) T'wit karto f # 0, or Teopemara 3a ejauncrBenocT (Bx. § 10) ciensa,
ve z = 0 He e orcrpanuma. Ts He Moxke Jia Obje mosoc, 3amoro 1/n — 0 u
f(1/n) = 0. CrenoBaresnno e cbIecTBeHa 0COOEHA TOUKA.
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8.15. [la ce mokazke, 4e aKko zp € HOJIIOC Ha f, TO 2 € CbIeCcTBEHa 0CODEHA

z
(Zgi(zz)"n , KbJIETO

QO(Z) (§ XOJIOMOp(i)Ha 1 pa3/JIM9Ha OT HYJIa B OKOJTHOCT Ha Z(). Bes OorpaHHUY€HNe

Touka Ha dynknusTa e’

Pewenue. Heka zg e mosioc ot pex m. Torasa f(z) =

2T
MoxKeM Jla canrtame, 4e Rep(zg) > 0. Heka iy = {2z € C: 2z =zp+re'm } u

lp={2€C:z2=2z +rem}, r>0. Torasa

Re (2o + Tei%)

lim Re f(z) = lim = 400, mokato lim Re f(z) = —o0.

z—>ZoR f( ) r—0 rm o0, A z—»zoR f( )

z€l1 z€l>

CremoBaTe/IHO He CbIIecTByBa lim |ef (Z)’ = lim R/ y snaum zg e cb-
Z—20 220

mecTBeHa ocobeHa TOUKa Ha, ef.

8.16. Jla ce jokaxe, e reopemara Ha Coxonku — Kasoparu — Baitepii-
pac ocraBa B CUJIa, aKO 0COOEHATA TOYKA € TOUKA HA CI'bCTSIBAHE HA TIOJIOCH
1 GYHKIUATA HIMA JIPYyTH OCOOEHOCTH B OKOJIHOCT Ha Ta3H TOYKA.

Pewenue. Heka f(z) e xonomopdua B obmactra D = {z € C : 0 <
|z — 20| < r} \ {2z}, KaTO 2, ca momocu na f u nh_}ngo zn = zo. lle
JIoKazkeM, de MHoxkecTBoTO {w : w = f(2), 2 € D} e naBeskbe roero B C.
Ila morycHeM HMPOTUBHOTO, T.e. chinecTtByBar § > 0, o € C, TakuBa 4e 3a

1
—, 2 € D.
fz) =a’
Tbit kaTo 2z, n = 1,2,..., ca nmosocu Ha f(z) — «, To Te ca Hym Ha g(z), a

Besiko z € D e usmbianeno |f(z) — «| > §. Heka g(z) =

or |g(z)| < 1/4, z € D, u Teopemara Ha Puman ciiesBa, ye zp e orcrpaHuMa
ocobena Touka Ha g. CiemoBarenno ¢(z) e xosoMopdHa B OKOTHOCT Ha 2.
[Tpu ToBa, Tbil KATO 2( € TOUYKA HA CI'bCTsIBaHe Ha HyJsid Ha ¢(2), OT TeopemarTa
3a eJIMHCTBEHOCT cJiejBa, de ¢(z) =0, re. f(z) = 0o, z € D. Tosa jioka3sa
BCHYKO.

8.17. Hexka D C C e obmact u f(2) e dynkmnus, xomomopdHa 1 eaHo-
muctaa B D\ M, kpmero M C D e MHOXKECTBO, BCHIKH TOYKH HA KOETO Ca
nzosmpanu. Jla ce mokaxe, de:

a) Hukoe z € M He e cblecTBeHa 0cObEeHa TOUKA HA f;

6) ako zp € M e mostoc Ha f, TO TOii € eJJUHCTBEH U € OT pej 1;

B) aKo BCsAKO z € M e orcrpannMa ocobeHa Touka Ha f, To f e eqHOMMC-
THa B D.

Pewenue. a) Heka z € M. CbuiectByBa npodura okosHoct U Ha z, TakaBa
qe UNM = (), u nexka D* = D\ (M UU). Or upunnuna 3a 3ana3saHe Ha
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obmacture! criempa, we f(U) u f(D*) ca obmactu. Ocsen ToBa, Thit Kato f
e exnoscrra, 1o f(U) N f(D*) = 0. Caenosaresnno f(U) He e HaBCAKbE
rbero B C. Cera or Teopemara na Coxonkn — Kasopatu — Baiteprpac
noJiydaBame, de z He e CbIIeCTBeHa 0cobeHa TouKa Ha f.

6) Heka 2y e momoc or pex n > 2. Oyukmuara g(z) = 1/f(z) cbipo e
eqaosuctHa B D\ M u B 29 uma Hysa or pex n > 2. Tosa o3nauasa, ue
¢'(z0) = 0, KoeTo mporuBOpeun Ha exHOMUCTHOCTTA Ha ¢(z). CremoBaTeaHo
n = 1. Ilak or emHOoMCTHOCTTA Ha [ CeIBa, Ue Tsl MMa Hali-MHOTO €JIMH
HOJTIOC.

B) a jomycHem, de cblecTBYBaT TOYKU a,b € M, takusa ue f(a) =
f(b) = c. Heka A u B ca Hempecuvaly ce OKOJHOCTH ChOTBETHO HA G U b
uA\a C D\M,B\bC D\ M. Torasa f(A) N f(B) e okosHOCT Ha ¢
n comecrsyBar d € f(A)N f(B),d # ¢, a1 € A\ a, by € B\ b, 3a kouto
f(a1) = d = f(b1). ToBa nporuBopeun Ha exnosmcraocTTa Ha f B D\ M.
AHnasornuHo ce 1mokassa, 4e He e Bb3MOoKHO f(a) = f(b) 3a Hakon a € M u

be D\ M.

8.18. Jla ce mokaxe, ue ako f(z) e exHonmcTHa nsia GyHknus, To f(z)
e 1A JuHeiina QyHKIus.

Ynsmeane. Ilpunoxkere 3azn. 8.17 3a D = C, M = {0} u dyukuusra
f(1/z). Cnex roBa ce nmososere Ha TeopeMara Ha JInysui (Bx. 3a. 7.23 B)).

8.19. [a ce jmokaxe, de ako f(z) e exnosmmcraa B C u HsMa Jpyru oco-
GerocTu ocBeH moJirock, 1o f(z) e ApobHo-JMHelHA DyHKISI.

Pewenue. Ot 3a7. 8.17 cienpa, de f(z) nMa eIMHCTBEH U TO TPOCT TIOJIIOC
2o € C. Heka g(z) e xapakrepucTuanara it GyHKIMs B IODAHOBOTO PA3BUTHE

OKOJIO zo. Torasa g(z) = z—Lzo’ a € C, axo zy # 00, u ¢g(2) = az, ako 29 =
oo. Cera npuioxere Teopemara Ha JIuysua kbm dyukiusTa f(z) — g(z).
8.20. [la ce mokaxe, ue ako pynknusita f : C\ {0} — C\ {0} e eamno-
JmcTHa U xojomopdHa, To win f(z) = az, wmm f(z) =a/z,a #0, a € C.
Pewenue. Coriacuo 3aj. 8.17 uMa, JiBe Bb3MOKHOCTH:
1) Toukara z = 0 e orcrpanuma ocoberoct. Torasa f e eJJHOMCTHA 511

byuxima n umame (3ax. 8.18) f(z) = az+ b, a # 0, b € C. Twit karo
f(z) #03az#0, 10 b=0.

Mpunnun 3a 3anasBane Ha obmacture: Ako D C C e obmact u f # const e
xosomopdua B D dyukuus, To f(D) e cbio obact.
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2) Toukara z = 0 e upoct nostoc. Torasa Ts1 € orcTpannMa 3a QyHKIHATA
1/f(2) mor 1) cneasa f(z) =a/z, a # 0.

8.21. Hexka f(z) mama apyru ocobenocru B C ocsen mosttocu, v C C e
kpuBa u f(z) = Z, z € 7. Jla ce Jokaxe, 4e ¥ € 4acT OT OKPbKHOCT WJIU
paBa.

Pewenue. Toit kato f (ﬁ) = 2z 3a z € %, TO OT TeOpeMaTa 3a eIUHCT-

BEHOCT cJiejiBa, de f ( f (E)) =z, z € C. CuenoBaresino f(z) e ejHOMMCTHA
u 3Haun (3a. 8.19) e npobuo-smueiina dbyuknus. Heka z, 21, 29, 23 ca pas-
JIMIHU TOYKHU OT <. T'bil KaTo japobHo-smHeitHAaTa (DYHKIUS 3ama3Ba JIBO-
HOTO OTHOIIEHWE Ha BCEKH deTmpn TOUKH (3a71. 3.17), To (2,21, 22,23) =
(f(2), f(z1), f(22), f(23)) = (2,21, 22,23), T.e. (2,21, 22,23) € R. Cienosa-
TesiHO (3271 3.18) z npuHa/Ie)KM Ha OKPBXKHOCTTA (IpaBara), olpejiejeHa

OT TOYKHTE 21, 23, z3. C TOBa 3ajadara e pellleHa.
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Heka a € C e usosmpana ocobenocr Ha f u f(z) = Y, an(z —a)" e jo-

pPaHOBOTO I pasBuTHe B mpobutarta okosmHOocT 0 < |2z — a] < R, Xbmero a, =
1 z

— L)ldz, n € Z, r < R. Pe3audyym Ha f B TOUYKara a Hapuda-
27 J o (ar) (z —a)nt

1
Me KoeduuenTa a_1 = f(2)dz u 6enexum Res(f,a) := a_;. Scuo e,

21 C(a,r)
4e ako f(z) e xosomopdHa B a, T.e. a e orcrpanuMa ocoberoct, To Res(f,a) = 0.
3a npecMmsTaHe Ha PE3UILYYMUTE HAl-4€CTO Ce M3MOI3BAT CICJIHUTE IPaBUIIA:

1. Axko a e npocr nogtoc, 1o Res(f,a) = lim (z — a) f(2).
zZ—a

2. Ako f = /1, xbuero ¢ u Y ca byHKIWME, X0JOMOPGMHA B OKOJHOCT HA d,
ola) # 0, ¥(a) = 0, ¥ (a) # 0, To a e mpoct nomoc wa f u Res(f,a) =
o(a)/V'(a).

3. AKo a e m-KpaTeH IoJItoCc Ha f, TO

lim ((z —a)™ f(2))" .

Res(f,a) = o Dim

4. Axo f = ¢/¢, xbuero ¢ u ¥ ca QyHKIuHM, X0JOMOPGMHA B OKOJHOCT HA d,
¢(a) # 0 1 a e m-kparna Hyma Ha Y, T. €. Y(z) = (z—a)™P1(2), Y1(a) # 0, TO
a e m-kpareH noitoc Ha f u Res(f,a) = ¢p—1, KBAETO ¢y —1 € KOSDUIMEHTBT
npest (z—a)™ ™! B TeitrbpoBOTO pasBuTHE OKOJIO @ Ha byHKIMATA (2) /1)1 (2).

3a mpecMsTaHETO Ha TO3U KOEMUIIMEHT U3I0/I3BaMe TeH'bPOBUTE PA3BUTHS
Ha QyHKIUATE © U Y.

Axko f(z) e xonmomopdHa B OKoJHOCT |2| > R Ha 00, KOATO MOXKe j1a Objie

o0
n3ommpana ocoberocr Ha f, u f(z) = > a,z™ e JOpaHOBOTO ¥ PA3BUTHE OKOJIO
n=—oo
1
00, 10 medunupame Res(f,00) = —a_; = — f(z)dz, r > R. fcuo e, ge
27 Je=qo.n

ako f e xomomopdHa B 00, To Moxke Res(f,00) # 0 (manpumep f(z) = 1/z). B rozu
cayuait Res(f,00) = — Zlij& z2(f(z) — f(0)).

EcrectBeno 06061menne na Teopemata Ha Komu e ciaegnara

Teopema 3a pesuayymute. Heka D C C e orpannveHa KpaifHO CBbp3aHa
obsact u f e xomoMopdHa B OKOIHOCT Ha, D ¢ M3KJIOUEHNE Ha KpaeH 6poil ocobeHn
TOYKH a71,ds,...,0, B D. ToraBa

(2)dz = 2mi Z Res(f, ar)-

oD =1

Tasu Teopema e BaKHa C TOBa, Y€ CBEXKJA IPECMSATAHETO HA €IUH HHTErDAJI
JIO IIpecMsITaHe Ha PE3UIYYMH, KOETO UeCTO CTaBa Upe3 eJleMeHTapHU METOJIU KaTo

195
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nudepeHpate U HaMupaHe Ha rpanuna. OT Hes B 9acTHOCT cilefiBa, Ue ako f e
xonomopdra B C ¢ UBKIIOUEHNE Ha U30JUpPAHU OCOBEHH TOUKH (Te OYeBHJIHO ca
KpaeH 6poit) ay,as, ..., dy, 00, TO

Res(f,00) + z": Res(f,ar) = 0.

k=1

HpeCMHTaHe Ha KOHTYPHUW HUHTErpaJjin

Jla ce mpecMeTHAT UHTErPAJIATE:

dz
9.1. I = | ——, kbaero C =C(1,1).
e (1,1)
Pewenue. Ocobernre TOUKN Ha MOAMHTErPAJIHATA (DYHKIHS Ca KOPEHUTE

4 ,L»7'r+2k7r
Ha ypaBHeHHeTo z* = —1, T.e. zp = €

4, k=0,1,2,3, KAaTO BCUYKUTE
i
ca npoctu nosrocu. OT TX BbTpe B Kpbra, orpajied or C, ca zg = e€'4 u
e
z3 = €' 1 . Torasa

-
(44 1)

1 2k

Res(zi) =

422 4

2=z

2 ) - T -7 2 ) . s
I = 27i(Res(z0) + Res(z3)) = —% (ezZ + e’%) . (ezz + e*ZZ>

27ri2 T Tiv/2
=——2c08— = — .
4 4 2

dz
2. 1= =C(14+1,vV2).
9 /C(Z— 2 Z 1)’ kbjero C = C(1 +1,/2)

Pewenue. Ocoberure TOUKN Ha MOAUHTerpajHaTa PYyHKIUS ca z = 1 u

z = &1, KaTo 1 e AByKpaTeH IOJIIOC, a 1 ca MPOCTH OJIOCH. BbTpe B Kpbra,
sarpagen ot C, ca 1 u ¢. mame

_1/(z—1)?

. 1
Res(i) = R -

1 /!
=7 Res(1) = <22+ 1)
Torasa I = 27mi(Res(i) + Res(1)) = —mi/2.

z=1 z=1

z

9.3. I = /C 1221 1)
Ome. I = 7i/4.

dz, xvaero C = C(1,V/3).



Ilpecmsitane Ha KOHTYpHH HHTEr DAl 197

6
4
94. [ = / 5Zli—kdz, kbaero C = C(0,1).
C

227 +1
526 44

227+ 1
C, a IMEHHO KOPeHHUTe Ha YPaBHEHHETO 2’ = —1 /2, 1 BCUUKWTE Ca B €JUHIY-

Pewenue. Oyuxnusra f(z) nMa KpaeH 6poit 0cobeHr TOUKN B

uust Kpbr. Ocsen ToBa f e xonmomopdHa B 0o, Karo f(oo) = lim f(z) = 0.
Z— 00

Torasa I = —2mi Res(f,00) = 2mi lim zf(z) = bmi.
Z—00
dz
9.5. I = :
. w ey e

a) C' =(C(0,1/2); 6) C = C(e'3,R), 1 < R < /2; B) C = C(0,2).

Pewenue. Ocobennre Toukn Ha dyukimaTa f(z) =

23(26 +1)%2(2 — 1)
-2k
ca: TpukpareH nomoc B z = (, JBYKpaTHU HOMIOCH B 2z = €' ¢ , k =

0,1,...,5, mw mpocT 1oJioc B z = 1.

"
a) I = 2miRes(f,0) = 2mi lim,_o(23f(2))" = mi (WM)
—271.
6) I = 2mi(Res(f,0) + Res(f,1) + Res(f, e's) 4+ Res(f,)). Ot a) umame
Res(f,0) = —1, a Res(f,1) = lin%(z —1)f(z) = 1/4. 3a npecmsaranero Ha

OCTaHaJINTE PE3NAYYMU II€ U3II0JI3BaMe Teﬁﬂ’])pOBOTO pa3BUTHUEC Ha CI)YHKL[I/I—

2=0

ara p(z) = 23(25+1)%(2 — 1) oxomno Touxure z; (k =0, ...,5). Tbit kKato 2,
e JBYKpaTHa Hy/Ta Ha @, To p(2) = (2 — 21)%(az + az(z — z;) + - -+ ). Umawme
1 1 1

fz) = o(z) ~ (= zk)29(2>’ oo 92 = % ag(z —zp) + -

e xoslomopdHa B 2i. Torasa, ako g(z) = co+c1(z — 2,) + - - - € TeHTBPOBOTO
U pa3BUTHE OKOJIO 2k, TO

1 ! as
Res(f7zk):61:g,<zk): <a2+a3(2—2k)+"‘) :_;%7
z=zy
1 1
KbJIETO g = iwll(zk), as = gcp’”(zk). Kato B3emeM npesui, de 25 = —1,
JlecHO npecMsTaMe ag = 36(z7 —z;) 1 ag = 324z, —288. Torasa Res(f, €'6) =
2v/3 -5+ 9:1(2 3 8 — 9
V3 —;2;( +v3) u Res(f,i) = o ‘. CrenoBaresno
1 2v3-5+9:(2 3 8 —9s
[—ami(—14 Ly 2V32040RHVE) 8-
4 721 721
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_ m(3+2V3) +Z,7r(f—5)
36 4
B) [ = —2miRes(f,00) = 2mi lim zf(z) = 0.
2
9.6. I:/ 2+1dz, kbaero C = C(0,R), ¢/n < R< v/n+ 1.
Ce TZY

Pewenue. IlonuaTerpaanara GpyHKIMS UMa TPOCTH HOJIIOCH B TOUKUATE Z,

3a kouto 22 = k, k € Z. Bwrpe B xpra K(0,R), ¢/n < R < ¢/n+1, ca 0,
+/k, +eiF VE, +ei's Vi, k=1,2,....,n. Heka a # 0 u e2mia’ — 1 Torasa

2

z 1
R = - —_
es(a) (e2miz® — 1) | _ 6mi
Co1110 Taxa
Res(f,0) = lim 2/(2) = 1 . -
e\, Y = iy Esz) = o (2mi)%8 2
23 271-1 + T + A

1 1
Cuenosaresnno I = 2w | — +6n—— | = 2n + 1.
211 67

9.7. I:/ %dz, kbaero C = C(0,R), ¢/n < R< v/n+ 1.
C

627riz3 _
1
Ynsmeane. IIpecmernere Res(0) = 0, Res(a) = o a® =k, k € Z\{0}.
mia
Karo msnonssare dopmysnure sa Buer, nosmydere, ue > Res(a) = 0 3a

a3=k
BCAKO k € Z.

Ome. 0.

1
9.8. I:/z”sindz, kbaero C'=C(0,R) un=0,1,2,...
C z

—Dk2wi/(2k + 1)! = 2k
Ome.I—{( Jami/Qk+ 1)L n k=0,1,2,...

0, n=2k+1

9.9. Jla ce Jokaxke, 4e ako 00 e M30JmpaHa ocobeHa Touka Ha f(z), TO

Res(f,00) = — Res (lef (i) ,0).

Pewenue. Heka f(z) e xomomopdna 3a |z| > Ru f(z) = > apz"
n=-—o00
e JIOpaHOBOTO I passuTue okoso 0o. Mmame Res(f,00) = —a—1. Or apyra
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1 1 1
crpana, GynknuaTa — f <> e xoslomopdua B 0 < |z]| < T W JIOPaHOBOTO
z z

[e.°]

a 1 1
it pazsutue okoo 0 e > n—nﬂ, KaTo Res (2f () ,O> =a_j.
z z z

n=—00
1
z

3
9.10. I:/ = ° dz, kpgero C' = C(0,2).
c?+1

1
Z3€Z

T mame

Pewenue. I = —2miRes(f, 00), kbuero f(z) = n
z

1 1 1 e 1 z 22 28 9 3
1 (o]
=D "
o n=0
1 1
Torasa Res - f1=1,0) = as. Ilo meroma Ha HeompeaeaeHUTE KOEDUIH-
z z
27
eHTH npecmsTamMe az = —1/3 u nosnyuasame (3a71. 9.9) I = 5
9.11. I:/ 2sin — dz, kpgero C = C(0,2).
C z—1
Pewenue. I = —2miRes(f, 00), kpaero f(z) = zsin . Torasa

1, /1 1.1 1 — 1, /1
?f (z) _2381111_2—237;)&“2” u Res <z2f (z) ,O) = as.

Or gpyra crpaHa,

: N (="
sin =
1-=2 (2n + 1)I(1 — z)2ntl

n=0
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1 (k) (k+1)!

KoedumuenTsr npes 22 B pa3sBUTHETO HA m eay = m Taka
MIOJTy JaBaMe
o0 [e.9]
_ (=" (ens1) _ an+1 1.
as = ZWGQ —Z(—1> (2n>' —COSl—§Sln1.
n=0 n=0

z—1

dz n € N, xkbaero log € eJHO3HaYEH

9.12. I = /z log
C

KJIOH Ha log B objacTTa (C \ [1, 2] u
a) C =(C(0,1/2);6) C =C(0,3).

Pewenue. a) Toit kato byukmuara f(z) = 2" log S
5

1
5 e xojaoMopdHa B
|z| < 1, To or Teopemara na Komm cieqsa I = 0.

6) I = —2miRes(f,00) = 2miRes (12f <1> ,0> Nmanme f( )
z z

1 1—=z 1—=z
log , Kbaiero log € eJHO3HAYeH KJOH Ha log B objacTTa
Znt2 1—22 1—22

C\ [1/2,1] u 3nauu e xosomopdua Gynknus 3a |z| < 1/2. Ba na mHamepum

n+1

KOe(DUIIUEHTA Gp+1 B TEHIBPOBOTO U pa3BuTHe Ipes 27 1e U3Ioji3BaMe,

qe 3a |z] < 1/2 e B ciila paBEHCTBOTO
1—
1—

3a Hgakoe k € Z. Cera ot

log = logy(1 — z) — logy(1 — 2z) + i2k7

[e.9]

2" N U
logg(1 — 2) Z — u logy(l—2z)=— Z
n n

n=1 n=1

2n+1 o
cjleaBa p4+1 = ————— —, HE3aBUCUMO OT CTOMHOCTTa Ha k’

+1
2mi (27 — 1)
n+1 ’

d
9.13. I:/z, Kbaero vVz2+z+1>03az2z >0u C =
224+z4+1
C(0,2).

Pewenue. I = —2miRes(f, 00), kbuero f(z) =

Taka mosrygaBame [ =

1
————. Oynknuara
V224241 Y
f(z) e xomomopdna B 0o u f(oo) = lim f(z) = liI_’I_l f(x) = 0. Torasa

Z— 00 Tr—1T00

. M x
Res(f,00) = = lim 2f(z) = = I —mm——x =

Caenosaresno I = 27i.
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9.14. I —/ ,/ dz K'bJIETO 1/ 1> 03az € (—oo,—1)U(0, +00)

uC = C(0,2).

1 1
Pewenue. I = —2mi Res(f,00) = 2mi Res <2f <> ,0>, KbaeTo f(z) =
z z
1 1 1
it Sl () .
S 1 lorasa z2f<z> ST
B obsacrra C \ (—oo, —1], karo vVx +1 > 0 3a > —1. Tsit karo z = 0 e
JIBYKpaTeH IOJIIOC Ha Ta3u (yHKIHs, TO

e (5 (2) ) - (759) .

Taka [ = —mi

' —1/2
z 1
Jlo chimust pe3yarar ce JOCTUTA U KO PA3BUEM i1 = (1 + )
\/ z z

OKOJIO Z = 00.
dz

9.15. [ — / ,
c(Zr+1)v22 +1

nmapabosiata & = y2, olUCBaHA B II0COKA HA HAMAJISIBAHE HA .

KbIETO \/m € €JHO3HaYCH KJIOH

o 2

=vV2>0ucCe

z=1

KbeTo vV z2 + 1

Pewenue. Tbit KaTo —i 1 i ca TOYKUTE Ha pa3KJoHsiBaHe Ha v/ zZ + 1, To
B obsactra C \ {(—ico, —i] U [i,i00)} MOxke Jia ce OT/iesn eHO3HAYEH KJIOH
Ha Tasu GpyHKIMA. Ycaosuero v 22 + 1 > ( ompejiesid eUH €THO3HAYEH
KnoH. Heka I'p € KOHTYpPBT, ChCTOSIIL 207310T abrara L OT OKPbXKHOCTTA
C(0,R), R > 1, orceuena or napabosnara C, u gyacrra Cg or C, chibpKaiia

1
ce B K(0,R) (dbur. 9.1). Heka f(z) = G OVETT

s
objacrTa, 3arpajieHa or I'p, ¢pyHKIusTa f WMa JBa MPOCTU MOJIOCA €'4 U

Twit KaTO BBHTPE B

Cr

Oei% LR
1 R

e id

®ur. 9.1 ®@ur. 9.2
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5 (2) dz = 2mi (Res(ei%) + Res(e—i%))

1 1
= 2mi ( + — ) :
423V 22 + 1], 423V22 + 1] ,=ci%

.arg(z—1i)+targ(z+1)
ITo ycaosme V22 +1 = /|22 +1]¢" P € TO3U eJHO3HAYEH
KJIOH, 3a Koiito arg(l — i) = —n/4 u arg(l 4+ i) = w/4. 3a ga npecmerHeMm

croitrocrTa Ha V22 + 1 npu z = €'7, TpsGBa Ja IPOC/IEINM KaK Ce H3MEHST
arg(z—1) u arg(z+1), koraro z ce aBuKuU 110 okpbKuOCTTA C(0, 1) OT TOUKA-
Ta z = 1 110 ToukaTa z = €' (cur. 9.2). Torapa arg(z — i) ce Menu or —7 /4
10 —7/8, a arg(z +1i) — or /4 10 37/8. Momyuasame arg(e's — i) = —7/8,

arg(e's + i) = 3m/8 m /22 + 1‘

4 s
= /2e's. AHAJIOIUYHO IPECMsITaMe

z:ei%
22+1| . = v2e 5. CnenoBaremnno
z=e ‘4
f(2)d o 1 (%%4_1-%) mCOS77T e L4+2
z)dz =2mi—— (e e = o
T'n 4v/2 V2 8 2

Or npyra crpana,

f(z)dz

Lr

1
< f(z dz:/ dz
[ e = [ e

</ |dz| < TR 0
T e (A -DV[EP =1 (R -1)VR2 -1 R—oo
TaKa/ f(z)dz = lim f(z)dz:—gim.

C

R—o00 g

HpeCMﬂTaHe Ha peaJJHU MHTerpaJin
27

OT BH/A / R(sin 0, cos 0) dO,

0
kbaero R(x,y) e panmonasiHa QyHKIUSI HA T U Y

Te3u unTerpaam mpecMsiTaMe 1o ciexuus Haumn. Ilomarame z = e'?. Torasa

1 1 1 1 ) d
sinf = —(z—=),cos0 = = |z+=), dz = ¢?idf = izd#, d9:.—zﬂcne/1
27 z 2 z iz

3aMeCTBaHe IIoJIydaBaMe KOHTYPEH HMHTEerpaJl (B’pry eJMHUYIHaTa OKp’b)KHOCT) oT

parnmonaHa MYHKIUT HA 2.
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Jla ce mpecMeTHAT MHTETrPAJIATE:

27 do
9.16.[:/ —, 1<k <1
o l+kcost
Pewenue. Nmame
Izl,/ dQZ :2/ #z@rRes(zl),
1 C(0,1) <1—|—]{:Z +1>Z 1 C(0,1) kz +2Z+k‘
2z

14+ VI K2

nust, koitro jtexku B K (0, 1). Torasa

KbJAETO 21 = € IIPOCTHUAT IIOJIIOC Ha IIOJUHTEIr'paJiHaTa Cl)YHK-

1
(k22 +2z+ k)

9.17. I:/ cos 0 db

B 1 1 2
C 2(kz +1)

Res(z1) = = —.
(1) ise " T e

z=2z1

_.Db+4cosh
Ome. I = —7/3.

T e
9.18. I:/ —

—r 1+sin“d
Ome. T = 7v/2.

27 de
9.19. I = —, 0 < g <p.
/0 (p+ qcos )2 1=Pp

4
Pewenue. Umamve I = — / 3 i 5 dz. IlommurerpaJinara
i Joon) (2% +2pz +q)

byHKIUS MMa JABYKpPATHHU TOJIOCH B ToukuTe 21 = (—p + \/p?> —¢?)/q n
29 = (—p —\/P? — ¢?)/q, xato 29 < —1 < 21 < 0. Torasa

4 ! 1
I= =2t ReS(Z]_) = 87 <2z2> = 787_[_72%
i *(z = 22)*) |,—, % (21 — 22)
_ 27p
T (p? - ?)3?

T cos 26
9.20. I = df,acC 1.
/0 1—2acosft+a2 "¢ s lal #

Pewenue. Toit karo nopuaTerpagnaTa GyHKIUsI € Y€THA, TO

Izl/” cos 20 €.
2 J_.1—2acosf + a?
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Ocpen ToBa cos 20 = (/29 + ¢7120) /2 = (22 + 272) /2. Torasa

1 2 +1
I = —— 5 3 B} dz.
4i Jo1) #%(az? — (1 +a?)z + a)

IIpu a # 0 nogunTerpasHaTa (GYHKIUS UMa, IIPOCTH ITOJIFOCH B TOUKHUTE 2 = @

4
1
u z = 1/a u nBykparen mosoc npu z = 0, karo Res(a) = (12020;__1)’
| ‘1 it
hes (1) = gz Res(0) = . o s ] < 1 mony e
I L, i (Res(0) + Res(a)) e’
= —— es €S =3 3
4 YT
apu |a] > 1 —
I 1 i
I = _£27m (Res(O) + Res (a>) = m'
Axko a =0,
1 4 1 1 1
44 c(0,1) z 47 C(0,1) z 2

2w
9.21. I = / €% cos(nf — sin ) dh, n € Z.
0

27
Pewenue. Hexa J = / % sin(nf — sin §) df. Torasa
0

27
J+il = / 9 (i cos(nf — sin §) + sin(né — sin 0)) df
0
27T . . 27r .. .
_ 7,/ ecoseefz(rﬁfsm 0) do = Z/ ecosOJrz sm9671n9 do
0 0
= / e?27 "t dz = 2mi Res(0).
C(0,1)

Ako n < 0, o Res(0) = 0, a ako n > 0, To Res(0) = 1/n!. CnenoBarento
J=03z3aBesskon €Z, [ =0upun <0wul =2r/n! upun > 0.

9.22. | :/ sin®"6df, n € N.
0
(2n)!

Ome. I:WW npu n > 0.
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IIpecMmsiTane HA peaiHM HECOGCTBEHM MHTEIPAJIM OT BUA
/ R(x) dz, xbaero R(x) = P(x)/Q(x), P(x) u Q(x) ca

noJIMHOMM, TaKuBa 4e deg () > deg P + 2

[eS) o0 R
Axko Q(z) #0, z € R, To nox / R(z) dz pasbupame / ;= lim . Ako
—o0 —o0 R—oo J_p
oo a—e R
Q(a):0,a€RI/IQ(m)#O,xeR,m;ﬁmTO/ = lim —|—/ .
—o0 é%:ooo -R a+e
o0
To3u UHTErpaj HAPHYAME 24a6HA CMOUHOCTM U TO OEJICKUM V.D. / . Axo Q(z)
0 — 00
UMa [OBeYe OT eJHa PeasHa HyJia, V.p. / ce jepUHUPA 110 AHAJIOTUYEH HAYUH.
— 00
TeSI/I UHTEerpaJin npecMdTaMe 110 CJIeIHUA HaIUH:
e Uurerpupame dyukuusara R(z) no kourypa g = [—R, R]| U Cr (dur. 9.3),

kbiero CR e HoJyoKph:KHOCT ¢ HeHThp 0 U JocTaThbuHO rojsM pajanyc R,
TakbB ue moJrocure Ha @ ce cpabpxkar B K (0, R), ako Q(z) # 0, x € R,

U TI0 KOHTYPa YR, OT dur. 9.4, Kbaero Cl, C2, ... ca NOJYyOKPBKHOCTH C
IIEHTPOBE a1, A2, ... W PAINYCH £, aKO () MMa peajiHud HYJIH a1, G, - . .
c Cr
o O o
—R 0 R —R ar 0 az R
®ur. 9.3 ®Dwr. 9.4

o IIpecmdATaMe KOHTYpHUSI MHTETPAJI C TEOPEMATa 33 PE3UYYMUTE.

e Ilpasum rpanuyen upexon npu R — co (R — oo, € — 0).

Ila ce mpecMeTHAT UHTErPAJIATE:
272 1
9.23. T = / i
oo T* Dz 44
22+ 241
244+ 522+ 4

Pewenue. Pynknusita R(z) = UMa IIPOCTH IOJIOCH B TOY-
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Kure z = +i u z = £2i u e He ca peasnu. Torasa (dur. 9.3)

R
/ R(z)dz = /_R R(z)dz + /C R(z) dz = 2mi(Res(i) + Res(27))

(i1, T2 _bn
— T\ e 12 )~ 6

CTaH,HapTHaTa OIll€HKa 3a MHTErpajinT€e U HEPaBE€HCTBOTO Ha TPUBI'bJIHUKA

2(z|2 1
/ R(2) dz </ |R(z)||dzy</ 2Pt
C Cr C

/ o |2t =5[22 —4

(1)

HU JiaBaT

2R+ R+1
“ R s 4 s

Cuen rpannden npexos npu R — oo or (1) nomyuasame I = 5m/6.

o dz
9.24. [ = —_—
/_oo (2 + 22 4 2)?
Ome. I =7/2
o
9.25. :/ da .
oo (@24 1) (22 + 22+ 2)
Ome. I =27/5
o dz
9.26. I = 0,b>0.
/0 @)@ b)) ¢ 707

o 1 o
Vnsmeane. Tbit KaTo QyHKIUATA € YeTHA, TO / =3 / . Cirezr ToBa,
0 —00

. 1 . b? — 3a?
npecmerrere Res(ib) = Sib(a? — ) Res(ia) = T (@ — D

7(2a + b)

Ome. I = ———*=.
e 4a3b(a + b)2
e} 2

9.27. I = / L dr.

0 0 +1

2
Pewenue. Oyuxnusira f(z) = 62_ ] ¥Ma IPOCTH HOMIOCH B TOYKHTE
z

-2k

3
z
zp=¢€"6 ,k=0,1,...,5 u Res(f,z;) = _Fk'
I nawun. Karo uarerpupame mo xoutypa ot dur. 9.3, cjaeq rpaHuvdeH
[IPEXO/JT, [TOJIyYaBaMe
2

21 = QWiZRes(f, 2E) = —

k=0

211

- ((ei%)3 8+ (ei%”ﬁ) L
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OTK'beTO Hamupame I = 7 /6.

II nawun. Warerpupame dynknumara f 0 KOHTypa <Yr Ha CEKTOpPa
{z:]z] <R, 0 < argz < w/3} (bur. 9.5). Mmawme

Re's
f(z)dz:/Rf(m)d1:+ f(z)dz—/ - f(z)d=. Ch
r 0 Cr [0, Rei/3]
OcBen ToBa 5 »
/ f(z)dz = /R ﬁe’% dx = — Rf(x) dx. b 95
[0,Reim/3] o 2041 0

Taka n
/ fyde=2 [ fayde+ [ Fz)de.
YR

Ot jpyra crpana,

(z) dz = 2mi Res(e' ) = 2mi (Z> = E,
R 6 3

3aIll0TO BBTPE B CEKTOPA, 3arpajieH oT R, MyHKIudTa [ MMa caMo eauH

s
nosiroc €' . Hakpast ciie]] rpaHudeH 1mpexoj OTHOBO moJydasame [ = /6.

%) 3
9.28. I:/ v dw
0

204+ 17
Vnsmeane. Nnrerpupaiite nmo kourypa Ha dur. 9.5.
Ome. I = 7/3/9.
o
d
9.29. I:/ ¥ peN,n>2
0 1+ zn
1
Pewenue. Unrerpupame dyukiusra f(z) = 15 om BbPXy KOHTYDPa YR
z

Ha cekropa {z : 2| < R, 0 < argz < 27w/n} u cieBaiiku pelrennero Ha
zaz. 9.27 (II mauun), mocTUrame 0 PaAaBEHCTBOTO

_oin
(1 — e’277r> I = 2miRes(f, e’%) =27 < ¢ > ,

n

s
T
nsin —
n

Te. (e7'n —e'n)] = —2mi/n, orkbaero noaydasame I =

> dz
9.30. [ = WW;HEZ,’QZO.
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Vnsmeane. [(z + i)*"*l] (n) _ (-D)"n+1)(n+2)...2n(z + Z~)—(2n+1)7

ho Lo - (@n)t
Res(i) = " [(z+1) | = 2 ()22
™ (2n)!
Ome. I = 52n ek

0o :L,m—l
9.31. I:/ dr, m,n € N, m < n.
0 1+fL’n

szl
Pewenue. @yukuusira f(z) = T MMa HPOCTH IOJIIOCH B TOYKHUTE
z
m
- 42k z
zp =€ n ,k=01,...,n—1, ¢c Res(f,zx) = —%. Wnrerpupame f

no KoHTypa Ha cekropa {z : |z| < R, 0 < argz < 27/n} u nosydaBame
(mossBaiiku dur. 9.5)

R Rz2 o
/ f(x)dx + f(z)dz—/ f(2)dz = ——27" (20 =€"n).
0 Cr 0
Rz2 R
Nnmame /0 f(z)dz = zgm/o f(x)dx n

f(z)dz

Cr

m—1 R™ 9
g/ L|alz|§ —W—>O, R — o0.
cp 11427 R*—1n

27
Taka cyieyi Tpanmuyen npexos npu R — oo nosyuasame (5™ — 1)1 = 7z6”.

_ —my— . —1
Cera or 2{'(23™ — 1)7! = (2" — 25™)"! = (2isinF)" " mammpame [ =
m /. mm\~!
— [ sin — .
n n
3abenesicka. B vacrrocT, ako m — 1 u n ca detHu, T.e. m — 1 = 2p u

n = 2q, 110 TO3U HAYUH IIpecMsTaMe U

00 2p 00 2p 92 1 -1
/ mgdeQ/ xQd:U:W<sin Pt 7T> :
oo L4244 o 14z q 2q

Pa361/1pa ce, JO CbIud pe3yJ/iTaT nie JOCTUTHEM U aKO MHTEerpupamMe 110 KOH-

Typa Ha dur. 9.3, HO Torapa e TpAOBa Ja U3BLPIIUM JIOII'LIHATETHA padboTa
Z-7r+2k7r
— Jla cyMHpaMe pe3nyyMHuTe B TOUKHTEe 2 = e 24 , k=0,1,...,q — 1.

(Hanpasete ro!)
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o)
d
9.32. I:V.p./ SR
oo T3 =222 + 21
1 1
Pewenue. Oynknusra f(z) = B 972 =259 HMa, IIPOC-
i nosocu B ToukuTe z = 0 m z = 1 £ 4, kato Res(l + 1) =

2i(1+1)
Uurerpupame f(z) o kourypa Ha dur. 9.4 (a; = 0) u nosyuasame

e R
f(x)d:v+/ f(z)dz—i—/ f(z)dx + f(z)dz = T,

-R C. c Cr L+

3a ja mpecMeTHEM liH(l) f(2)dz, me passuem f(z) B JJOpaHOB peJi OKOJIO
E—> Ce
z = 0. Nmame
1 1 1 __ap _ a0

f(Z)—;m—Z(QO‘i_alZ‘i‘ )— > +a1+agz+ - > +SO(Z),

KbIeTO Z) e HKIMA, XOJIOMO Ha B okoJsHocT Ha z = (. Torasa
)

d 0 ;.0
/ f(z)dz:ao/ Z+/ go(z)dz:ag/ we.edé’—i-/ o(z)dz
C. c. * C. x €€ C.

= —Tiag +/ o(z) dz.
Ce

Twit Kato @(z) e orpanmdena B okoiHocr Ha z = 0, Te. |p(z)| < M,

TO 38 JOCTaTBHLIHO MAJKO E: / w(z)dz| < Mme 0 0. Cuenosaresno
E—
=

lirr(l) / f(2)dz = —miag = —mi/2. Ilo crangapTHUs HAYMH JOKa3BaMe, de
E— Ca

/ f(z2)dz — 0, R — o0, u cies rpanudeH npexoq upu € — 0, R — oo
Cr

nosygaBame I = /2.

9.33. I = /OO x dz
.33. I =v.p. N e —"

Pewenue. @ynkiusara

f(2) : :
z) = =
224+ 1)(22+2-2) (224+1)(24+2)(2—1)
MMa [POCTH HOJIIOCU B TOukHuTe 2z = +i, 2 = —2 u z = 1, xaro Res(f,i) =
1
. arerpupame f(z) no kourypa or dur. 9.4 (a1 = —2, ag = 1) u

2(i — 3)
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IOJTyJaBaMe
—2—¢ R

Cl 2+€ c?2 1+e Cr

Kakro B 3a;1. 9.32, passusame f(z) B JIOpaHOB pel OKOJIO 2 = —2 U OKOJIO
2mi
z = 1 u npecmsiTame hm f(z)dz = — hm f(z)dz = ——. Ilo
C’l 15 CZ 6
CTaHJAPTHUS HAYUNH YCTAHOBSIBaME, ‘e l1m f(2)dz = 0 u cnexn rpann-
R—o0 CR
Y€eH MPexo]Jl MoIyIaBaMe PaBEHCTBOTO
2w e e T — 3mi

15 6 -3 10 7

oTKbiero Hamupame I = 7/10.

HpeCMHTaHe Ha peaJjiHn HecoOCTBeHU nmHTerpaJim OoT BUaa

/00 R(x) Sinma dz, kbaero R(x) = P(x)/Q(x),
oo cos mx

P(x) u Q(x) ca nonmuaomu u deg Q > deg P + 1

Te3u naTErpa N NpecMsaTaME IO CICTHUS HATIH:

e Unrerpupame dbynkuusra R(z)e!™* no xonurypa or cdur. 9.3 wm dur. 9.4 B
3aBHCHMOCT OT TOBa JaJu () MMa WU HIMa PEaHU HYJIH.

o IlpecmsiTaMe KOHTYPHUSI MHTEIPAJI C TEOPEMATA 33 PE3UILYYMUTE.

e Ilpasum rpanuyen upexon npu R — co (R — oo, € — 0).

Jla ce mpecMeTHAT UHTErpPAJIATE:

o cosx
9.34. | — dz, a>b>0.
/_Oo (@ +a?)(@2+02) ¢
12
Pewenue. Oyukuusra f(z) = e a2€)(z2 ey HMa [IPOCTH IIOJIIOCH B
—a
TouknTe z = tia u z = +ib, kKato Res(f,ia) = m u Res(f,ib) =
B_b
m. Torasa (CbI/II‘ 93)

R el
/m f(z)dz = /R T E D) dx + o f(z)dz
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o (et e
T aZ—=n2\ b a

Ot CTaHJapTHaTa OlleHKa 3a MHTErpaJInTe 1 HEPAaBCHCTBOTO Ha TPU'bI"'bJIHUKA

nmMmame

f(z)dz

Cr

</ |€zz| |d ’</ e—Imz |d |
> VAR Zz
o 122+ a?|[2? + 0 cn |22 = lal?] [[212 — b2

< mh 0
(R?— ) (R2 —12) Rooo

3amoro e~ ™% < 1 3a Imz > 0. Taxa ciex rpaHudeH TpexoJ nmo R — oo

OJIy YaBaMe
R sinx T et @
.[ ) d = —-——— — —
+Z/Oo(x2+a2)(x2+bz) v a2b2<b a)’
7 T et o /°° sinx d 0
oTkblero | = ——= [ — — u z = 0.
. a?—b2\ b a oo (22 + a?) (22 + b2)

o
9.35. I:/ A dr,a>0.
o (22+a?)

Ome. I = me™%/4a.

9.36. I—/OO _asiame L

oo T2 422 +5
zeiﬂ'z
Pewenue. @yukuusra f(z) = 0. 45 PG UMa TIPOCTH MOJIIOCU B TOUKUTE
z = —14 27, kaTo
Tz 1—92; —27
Res(f,—1+2i) = —— _ Q= 2)em
202+ 1) [,y 4i

Torasa (¢ur. 9.3)

R ™
(=) dz = /_Rf(:n) dot [ f)dz=T0 200

f
Cr

Ille nmoxazkeM, de (2)dz — 0 mpu R — oo. T'wit KaTo cera cremnenra
Cr

Ha 3HAMEHATE sl Ha PalMOHAIHATA (DYHKIUS € CAMO C €IMHUIA O-TOJITMa
OT Ta3W Ha YUCJUTEJs, OIeHKATa, KOSITO HampasuxMe B 3a11. 9.34, e rpyba u
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He Bbpmn pabora. e mocrbnum no ciaequns HadnH. Mmame f(z)dz =
Cr

/ f(Re®)iRe™ df. Torasa
0

- . . - . T Re*ﬂRsiHG
0N - 0 < 10 < -
[ rretyine o) < [Mipretinan < [T ST Ras
R? T rRsing
__ TRsin0 79
R2—2R—5/0 ¢

T ™
; 2 po
Toit kKaTo / e RS0 g9 — 9 / e ™RSO 49 \roxkeM na m3nONI3BaME He-
0 0

pasencTBoTo sinf > 20/w, 6 € [0,7/2], u kakTo B 3a7. 7.19 na 3aK/I0UNM,
e f(2)dz — 0 upu R — oo. Cera e JOCTUIHEM JI0 CHIIUS U3BOJL, 1O
Cr

APYyT HAYIWH. HOCHG,ILOB&TGIIHO noJrydaBaMe

/2 6—7rRsin0 do = /3 6—7rRsin9 d9+ /2 6—7rRsin6' do
0 0 g

< 2/3 e—szinGCO80d0+/2 e—szin% do
0

™

3
2

_ mV/3R 7m/§R> T _ nV3R
= — 2
7TR 0

% —mRsin6 : m 2 (
drR 0 - 2 = —(1- 2 —
e mRsin 0 4 66 R e + 66 ,

2 .
OTK'BJIETO CJIeJ[Ba / e ™0 49— 0 mpu R — 00, aorTyK I f(z)dz —
0 Cr

0 pu R — oo. ITo-rope usnosnssaxme, e 2cosf > 13a 6 € [0,7/3]. 3a re3u,

KOHUTO ca 3all03HaTH ¢ TeopeMaTa Ha Jleber 3a rpaHryeH Ipexol 101 3HaKa Ha
™

HMHTErpaJia, e OTOeIeKIM, 9€ OT Hesl TUPEKTHO CJICIBA, Te / e Fsint gg _,

0
0 apu R — oo. Cera cjiel rpaHuvdeH IIpexXoa M OTeJIdHe Ha peaJiHa U UMa-

*  xcosTr T
I'HHEepHa JacT nostydasame | = —me 2™ n / S dr = —e T
oo TF 22+ 5 2
° x sin ax
9.37. I:/ 27d$,a>0
0 x —|—4

Ome. I = we™2)2.

.
9.38. I:/ ST .
0 X
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iz
Pewenue. Toit karo dyukuusara f(z) = — uMa eJIUHCTBEHA 0COOGEHA
z

touka z = 0, To (dur. 9.4, a1 =0, C! = C.)

[m’g:/_Rsf(x)dx—i-/csf(z)dz+/ERf(a:)dx+ CRf(Z)dZ:()_

Karo nanpaBum cMsina Ha NPOMEHJIUBATA & C —T B IIbPBHUSA MHTEIPAJ U T'O
00EeIMHUM C TPETHSI, ITOJIyIaBaMe

R iz _ _—ix iz iz
/ Hdm+/ edz—i—/ e—dz:O,
€ x c. * Cr *

LTI R A A
1 (%4 (74
i sin x e e
22/ d:zz—/ dz—/ —dz.
e X . 2 Crp %
KaxkTo B 3a;1. 9.36 3akmoyaBamMe, de — O0mpu R — o0, a

Cr

eiz ™ eisew ) T
- —dz = = ice’ df = i e df — im,
oz o ¢&e’ 0 e—0

Tbil KATO MOXKEM Ja HallpaBUM I'DaHUYCH IIPEXO/ IO 3HaKa Ha HHTErpaJia.

Crenosarernno [ = /2.
o0 —
9.39. [ = / cosar QCOSM dz, o >0, 3> 0.
0 X
Ynsmeane. Nnrerpupaiire dbyuknusra f(z) = (e

iz

— e%) /2% Bupxy
KOHTYpPa YR, OT 3aJ. 9.38 U KaTo cjaeJBaTe PEHICHUETO I, MIOKazKeTe, 9e

2/R cos ax — cos Bx
€

72

dr = — f(z)dz — (2)dz.
Ce

f
Cr
Caen ToBa passuiite f(z) B pey Ha Jlopan okosio z = 0 u KakTo B 331, 9.32

JI0OKazKeTe, 4e — 7(a — (). He pasuesnsiire majieHusi uHTErpas Ha JBa

€

uHTerpaJal

Ome. I =7(f— «a)/2.

00 . 2
9.40. I:/ <Slm> dz.
0 X

Ynsmeane. Vznonssaiite dopmynara 2sin® x = 1 — cos 2.
Ome. I =7/2.
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IS . 3
9.41. I:/ <Smx> dz.
0 X

Vnsmeane. VIznon3saiire dpopmysrara

4sin® z = —sin3z + 3sinz = Im [(1 — ") — 3(1 — €')]

1 ) 3 .
u uHTerpupaiite dyuximsara f(z) = [4(1 — e — Z(l —e¥)| /23 1o kom-

Typa YR, OT 3a1. 9.38. Ilokazkere, 1e / — —Zm'. He pasmensiite Ha nsa
Ce

uHTerpaJal
Ome. I = 31/8.
00 i3
9.42. I:/ T2 e
0 x

Pewenue. Ot dopmymara 4sin® z = 3sinz — sin 3z ciepa, ge

4123/ Sm:z:dx_/ s1n3:cdx:3/ smxdx_/ 51n3xd3x
0 0 0 0

X x x

oo -
SN x
=2 dr = .
0 X

Ome. I = /4.

.
9.43. I:/ )
o 2%(2?+a?)

1+iz—e%
23(22 + a?)
YR,e OT 3aJ1. 9.38 U cieJBaiiTe H3I0KEHOTO TaM pelleHue.

2
Ome.I:;(;l(l—a—k(;—e_“).

[e.e]
9.44. I:V.p./ %dm.
oo

Ynsmeane. Unrerpupaiire dynkimsra f(z) = 10 KOHTYpPa

- Zeiz Zeiz
225246 (2—2)(z—3)
Typa YR or dur. 9.4 (a1 = 2, ag = 3). Upes sopanosoro passurue Ha f(2)

II0 KOH-

Ynsmeane. Unrerpupaiite f(z) =

OKOJIO Z = 2 W OKOJIO z = 3 TIOKaKeTe, 9e — 2mie? u — —3mie.
cl c2
Ome. I = 7(2sin2 — 3sin 3).
& sinx
9.45. I =v.p. ————dx.
P /_oo (@ — D)@+ 4)

Ome. I = t(cos1 —e"2)/5.
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IIpecMmsiTane HA peajlHM MHTErpajy OT BUA
/ z*R(x) In™ x dx, xkpaero a € R, m € NU {0}
0
u R(x) e panmonanua yHKIus

Tesu MHTErpaIn MpecMATaMe 110 CJICTHASA HAYHH:
1
e Ako o € Z, unrerpupame bynxmusTa f(z) = 2*R(z)log™ ! 2 mo xourypa
YR.e OT dur. 9.6, ako R(z) HAMA IIOJOKHUTEHH LOJIIOCH, Wi oT dur. 9.7, ako
R(z) mMa NOJIOKUTETHN TOIIOCA A1, (g, . . .

®ur. 9.6 ®ur. 9.7
e Axo a ¢ 7, unrerpupame dbynkuuara f(z) = e*°8*R(z)log™ z chorBeTHO
110 KOHTYpa oT dur. 9.6 nim dur. 9.7.
e [Ipecmsitame KOHTYpHUSI HHTEIDAJI C TEOPEMATA 38 PE3ULYyMUTE.
e IIpaBum rpanuyen npexoj npu € — 0, R — oo.

Tyk logz =1In|z|+iargz, 0 < argz < 27, kato argz = 03a z €[, a arg z = 27 3a
z € II (dur. 9.6 u dbur. 9.7).

Jla ce mpecMeTHAT UHTErPaJIUTE:

&0 x dx
9.46. | = -_— .
/0 (22 4 2x + 2)2

Pewenue. Tlomtocure Ha moamHTerpaHaTa QyHKIHUI ca 21 = —1 4+ 1 =
V26T zg = —1 —i = \/2e'T u Te He ca peasnn u nooxurern. Cremno-



216 § 9. Teopema 3a pesugyymure. Ipuiokerns

BaresHo (dur. 9.6)

/ zlog 2 "
yre (2 +22+2)2
R
rlnx z(Inz + i27)
= d d
@) /5 (22 + 20+ 2)2 x+/g / (22 4 22 + 2)? w+/

R
R
d
= —27m‘/(E = +372x33+ 57 /CR /E = 2mi(Res(z1) + Res(22)).

Toit kaTo 21, 22 Ca JABYKpPaTHHU IIOJIIOCK Ha IIOJUHTEerpaJiHaTa CbYHKL[I/IE{, TO

Res(z) = zlogz \' (st 2z)logar + 21— 2
o (2 = 22)” z=z1 N (21 — 22)3

Res(z;) = <

zlog 2 )' (214 2)logze + 21 — 2
(z—21)?) ._., (21 — 22)3

Karo usnosissame CTaHJapTHaTa OIEHKa 3a MHTErpaJiiTe M HEPaBEHCTBOTO

Ha TPUbI"'bJIHUKA, IIOJIydaBaMe

zlog z / |z||In|z| + i arg z|
———————dz| < |dz|
L o rap <, g e
R(ln R + 2m)
< 2
S 2k 22 Y

zlog z & S/ |z||In|z| + 7 arg z| dz|

c. (22 +2z +2)2 (|z]2 — 2]z| — 2)2
£(|Ine| + 2m)
< .
- (2—25—52)227T5 el

Hakpas ot (2) cien rparuden npexon npu R — oo, € — 0 Hamupame

(21 + 2z2)(log zo — log z1) + 2(z1 — 22)
(21 — 22)?
—2(InvV2+i5F —Inv2—i3f) +2.2  —mit4i 47

—(Res(z1) + Res(z2)) = —

(20)3 81 8

& xdx
9.47. I =v.p. _—
Vp/o 3 —3r —2
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Pewenue. Tpit xato 23 — 3z — 2 = (x — 2)(x + 1)?, noguHTerpamnara
byHKIUSA MMa [OJIOXKUTEIEH TI0JIIOC U TpsibBa Jja uHTerpupamMe OyHKIUATA
zlog z
G2+ 1)

/ zlog z "
VR (z—=2)(z+1)
_/2_8 zlnx dx—i—/ +/R zlnz dw—i—/
e (z=2)(z+1)? 1 Joge (x=2)(z 4+ 1) Cr

R ; 2—¢
B / x(lnz + 27i) 4 / B / x(lnzx + 27i) da+ /
2te (€= 2)(z +1)? cz Jo  (@=2)(x+1) C.

= 27i Res(—1).

1o KoHTypa ot dwur. 9.7 ¢ a; = 2. Umame

Kato ompocrum, mosygaBame

AR = ey R R R

=27 Res(— ).

1 ' —27i — 3
Tsit kaTo —1 e IByKparen nouoc, To Res(—1) = <Z og2z> = %
- z=—1

Oynknusra logy z = In |z| +iargz, —m < argz < 7, e xoJoMopdHa B OKOJI-
HOCT Ha 2 = 2 u Bbpxy C cvemama c log z. Cremosareno

/ zlog z ds — / zlogy z I
cr (z=2)(z+1)2" Jor (z—2)(z+1)?

B okosinoct Ha z = 2 nmame

zlog, z _atai(z—=2)+---  ag
z—2)(z+1)2 22 =g Tl
zlogy 2 ~ 2In2 (2) b
KbBJETO d) = ——— = , a e X0JoMopdHA U 3HAYN OIDAHU-
ot 0 + 12|, 9 w2 p b

yeHa oT KoHcTanta M B okosiHocT Ha z — 2. Torasa

/C1 o(z)dz

€

< Mme —0

e—0
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n cjaea0BaTeJIHO

1 d 0 - i0
lim __Z%0% dz = ap lim c ap lim 62649 do
e=0 Jeor (2 = 2)(2 + 1) e=0Jo1 2 —2 e—0 ). et
2In2 .
=— .
9

Awnasiornuno, dyuknusra log; z = In|z| + iargz, 7 < argz < 3w, e
xojioMOpdHA B TOYKATA 2 = 2 U BbPXY Cf cbBraga ¢ log z. Torasa, KakTo

IO-TOpE,
. zlog 2z . zlog; z .
1 —=—dz =1 ——————dz = —mib
€I—I>I(l) c2 (Z—2)(Z+1)2 “ sl—r>r(l)/cz (2—2)(Z+1)2 : oo,
zlog; z 2(In2 + 27i)
z+ ) z=2
Toumno kakTo B perrennero Ha 3a1. 9.46 ce ybexxmaBame, 1e — 0m

Ce e—0

P 0. Caex rpanmden mpexosn ot (3) mosmyuasame I = (3 —21n2)/9.
Cr fv7°

o0 Inzx
9.48. [ = da.
/0 RN T

Pewenue. nrerpupame pyHKIUITA

dur. 9.6. Umame

(4)

log? 2
(z+1)(224+2+1)

110 KOHTypa OT

/ log* 2z I
v ZHD(EE+241)

= In? (1 2
:/ n2x dx+/ / nx—i; i )2 d:v+/
. (@+D)(@24+z+1) Cr (x+ D) (22 +z+1) 3
= 2mi (Res( 1) + Res ( ) + Res ( )) .

Kakto B 3a7. 9.46 3akaiouaBame, e

(|lng| + 27)?2
< 2
/E T (1-e)(1—e—¢?) [y 0,
(In R + 27)?2
< 2R 0.
/CR " (R-1)(R?—R-1) T R
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Torasa, KaTo HAIPABUM I[PHBEJCHUE W M3BBLPIINM IDAHUYEH [PEXOJ [IPU
e — 0, R — oo B (4), nonyuasame

o0 dx
—Amil + 472
ml 7T/O C+r D@ +z11)

= 2mi [Res(—l) + Res (ei%ﬂ) + Res (ei%ﬂ)} .

(5)

IIpecmsaTame
1 2 2
Res(—1) = % F _ () = —72
22+z4+1|,_ 4 1
- 27 47

Heka a e koe na e or unciara €3, €3 (T.e. @ € KOPEH HA yPABHEHHETO
2?2+ 2+ 1=0). Torasa

log? 2 log? a log? a
Res(a) = 1)(22 . D(2a+1)  2a%+3a+1
(z+1)(22+2+1)|,_, (a+1)(2a+1) a? 4+ 3a +
B log? a
Ca—1"
3aI10TO a® = —a — 1. Cera KaTo B3eMeM peaBul, ue

2m i T T iz . LT om . s
'3 —1=¢'3(e's —e'3) :2zsm§e’3 = iV/3e's,

n j2m  gom _iom a2
es —1=¢5 (s —e 5 ) =iv3e's,

2n 2T ar 4w
logel% = ;m u loge’% :—;”,
227 4772 T -4 167T2 - 27
nosxyuasame Res(e'3 ) = — e '3, Res(e'3 ) = — e '3 un) Res=
e Rese$) = =g Rele ) = g ¥ s
2 3
ng + % Haxkpast or (5), KaTo OTJeJMM peajiHa U UMATHHEDHA YacT,
i
7 2 /°° dx ™3
Hamupame | = —— u = :
P 8"y GrO@rzt+1) 9
o0
1
9.49. I:/ L da.
0 1177 + 1

Pewenue. 3naMenaTesar Ha mojuHTerpainara Gyukims ¢ + 1 e Gunom,
KOHWTO BbDPXY Jibda argz = 27/7 B3eMa CbIIUTe CTORHOCTH KAKTO BbPXY
moJstoykuTenHara abcruca. CaemoBaTeIHO BMECTO 1O KOHTypa oT ¢ur. 9.6
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Q@ur. 9.8

MOZKEM JIa MHTerpupamMe 1o KOHTypa Ha cektopa or ¢dur. 9.8 (cpaBHu cbe
3aj1. 9.27). B 1031 ceKTOp JI€XKU CaMO MOJOCHT €'T 1 BMECTO C'be celneM, Ie
paGorum camo ¢ eun nomoc. Ocsen Tosa ByMecto dynknusTa log? 2/ (274 1)
MOZKEeM JIa MHTerpupaMe mo-tpoctara dynkmus log z/(27 +1). Karo Bzemem
IpeJBIJL, Ye BbPXY JIbda arg z = 27 /7 umame z = :L‘ei%, x > 0, mosydyaBame

- 27

log z R Ing ln:c + 227”) et
/ - 1dz:/ - 1d +/ / 71 dx—i—/
vre 2 1 e T Cr € Tt + Ce

= 27mi Res(e'7).

OueBuiHO, —— 0 ¥ KaTo HaITpaBUM I'DAHUYEH ITPEXOI,
Cr R—>oo e—0

cTurame o

(6) (1— e )T — 77”612/0 xﬂi - = 2miRes(c'7).

Cera mpecMmsiTame

~lA

log z
T+ 1Y

zlog z
JOE 727

ime
i 49

Res(e'7) =

z=e

u (6) crasa

\1\%

21t o [0 dx o2 .
1-— I — —e¢€'7 e’
(=== 7/0 PR TR

T

WJIN, CJIeJI JiejieHe Ha e'7,

2
—2¢sin — I — ﬂel

-/°° dx _27r2
7 7 o xTH+1 497

~A
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OtnesisiMe peaJlHa U UMarvHepHa YacCT, peliaBaMe IIOJIydeHaTa CHCTEMa U

2 ™ [ee)
I:_ﬂ Cos = / dx _ 7
0

49sin® 7’ aT+1  TsinZ

oo .3
9.50. I:/ vz,
0

HaMHupaMe

26 +1
Ome. I = 72 /54.
e Inx
9.51. I =v.p. ———dx.
P /0 22—z —2
Pewenue. Ille cmemBaMe CTPUKTHO cXeMaTa OT pellleHneTo Ha 3a7]. 9.47.

Nmanme

1 2—e
(7) / o8’ / / dz
z2—z—2 2yc) 27 —x—2
2—e 1 2
</ / ) nz + 2mi) d +/ / / / = 27mi Res(—1).
2te .CL' —x—2 Cl CQ . Cr

dcHo e, ge ——0m —— 0. OcBen TOBa
Cr R—o0 c. €0
log} In?2
lim Y e = (Bk. 3a71. 9.47),
e—0 Cg z + 1 =2 3
. log?z (In2 + 27i)?
lim = —mi —— ———————7 u
e=0 Jc2 z+1 =9 3
loo? 2 2
Res(—1) = — 08 % _ (™) -
(22=2-2),__,4 -3 3
Cren rpammten mpexon ot (7) mosrydasame
* d 2 2In?2+4miln2 — 47?
—4mil + An? V.p./ 2796 = 271'1'7L + w2t Amn T .
0o TE—x—2 3 3

Karo OTAEJIUM pE€aJiHa U MMalrnHepHa 9acCT, HaMHupaMe

72 —1n2%2 /‘X’ dzx In2
I=—— u v.p. _ =
6 0

© dx
9.52. I:/o NCEESVIEESTE
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1
Pewenue. arerpupame byHKIEATA

T 110 KOHTYPa
e2198%(2 4 1)2(22 +1)
ot dur. 9.6 u Hamupame

e 31982 (2 1 12(:2 4 1) Jo Va@+1)2(@24+1) oy,

B R dx n
. (ln a:+27rz)( 2

r+1)2(22+1)

/NH it

= 27mi(Res(—1) + Res(7) + Res(—1)).

Twoit kaTo

—>0

—_— O (HaHpaBeTe CaMH CbOTBETHUTEC OIECHKMH
Cr R—o0 C. e—0

KaTO U3IOJI3BATE CTaHIAPTHATA OIICHKA 38 MHTEIPAJIATE U HEPABECHCTBOTO HA
TPUBI'BIHUKA), OTTYK [OJIyIaBaMe

= mi (Res(—1) + Res(i) + Res(—1)) .

ITo-nararbK uMame

/
1 3t
e
e2 (24+1)) . _ 4
1 e ' g
Res(i) = (logi = —1),
21982 (5 4 1)2(22 + 1)/ i 2
Res(—i) 1 eii% e'x (log(—i) 3m|)
es(—1) = = og(—i) = —!
e%logz(z + 1222+ 1)), 4 2

W cjie]| KaTo cymmpame, nosayuasame I = 7(3 — /2)/4

0 3 $2
9.53. I =
/o (z +1)%(

d
22+ 22 +2) .

2 log 2
e3
Pewenue. Nnrerpupame pyHKIHITA

G122+ 2:172) 110 KOHTYypa
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ot dur. 9.6. Umame

e%logz R 3.%'2
/ 53 dz:/ 55 da:+/
vre (2 H1)%(2% + 22+ 2) . (z+1)%(2x2+22+2) Cr

R 6%(ln:)c+2m’) p
_/5 (x +1)2(22 + 22+ 2) $+/C€

= 2mi (Res(—1) + Res(—1 +4) + Res(—1 —1)).

Toit kKaTo — 0, —— 0 (3amo?), ciex rpaHuveH PeXoi U
Cr R—o0 C. e—0

[perpynupane mojIydaBame
(8)  (1—e'5)I = 2mi (Res(—1) + Res(—1 + i) + Res(—1 — 7))
OcseH TOBa ,
2 log z
es3 2 - 27
Res(—1) = [ ——/— — 2%
es(~1) <z2+2z+2> 1 3¢ 7
o

U aKO @ € Koe Jia e oT uucjara —1 + ¢, —1 — ¢, To

R e%logz e%loga
)= CrErm | et in
zZ=a

Karo Bsemem mpemsun, qe —1 + 4 = /2e's u —1 —i = /2e'4, orryk
HaMHUpaMe

;5T
J2e 6

2

Res(—1+1i) = — v2es ( v2

% = —2> n R,eS(—]. — ’l/) =

;2m
Karo samectum B (8) u pasmesum jBere cTpaHu Ha €3 , II0JIydaBame

o . 2 V2 x n
(eﬂ% - 612?> I =2mi (—3 + \QC(@% — 616)> ,

2 2 V2
—92isin %I — i (—3 T \QC% sin g) ,
nJjaimn

—V/3I =27 (—34—?) )

orkbero mamupame I = (4 — 3v/2)/3v/3.



224 § 9. Teopema 3a pesugyymure. Ipuiokerns

[ee] (0%
9.54. [ = / ) dz, o € R. [la ce onpezensT crofinocrure Ha «,
x
38, KOUTO UHTETPATILT € CXOISIIIL.
Pewenue. Nurerpupame axmara e®°8% /(23 4 1) no komTypa or
pup y yp

dur. 9.6. mame

alog z R a R o, 27«
[ L I
vre 20T 1 c 0 +1 cp Je a0 +1 C.
- m42km

2
= QWiZRes(zk), zL =€ 3
k=0

WNaTerpaabT e CXoHIl ToraBa 1 caMo TOraBa, KOTATo — 0m —_—
C. e—0 Cr R—o0
0. Taka
60{
< 27e 0, akoa+1>0,Te.a>—-1, 1
: 1—¢3 e—0
Ra
/ < = 2R 0, ak0o 0 +1< 3, e < 2.
Cr R —1 R—oo

CieroBaTe/IHO UHTErPAILT € CXOMdI, ako —1 < a < 2. 3a Te3u CTONHOCTU
Ha (v cJieJ] IpaHudeH npexo ot (9) mosydaBame

2
(10) (1 — ™) = 27i Z Res(zk).
k=0
alog z alog z
ITo-nararbk Res(zx) = ¢ _ _FC T L rorama
3z* z=z 3
k
i i(a+1)Z iom o i(a+1)3x
Res(el§) = _%7 Res(—l) — GT’ Res(e’%) _ _%

Karo 3amecrum B (10) u paszjenum apere cTpanu Ha €' 1e MOy IUM

—2isinanl = 2mi (1 — ('3 4 e—i(2a—1)g)>

3
o
Sl (1 — 2cos(2a — 1)f) .
3 3
2cos(2a — 1)I -1
Orryk Hamupame [ = 7 - 3 :
3sinam

HpeCMeTHeTe CbIIUd HWHTEIr'paJl, KaTO HHTerpupare IO I'paHHIlaTa Ha
{z:e<|z| <R, 0<argz < 2n/3}.
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o0 o
9.55. I:/ L
o (

.'L'2+1)2
1—
Ome.I—LO?T), —1l<a<3.
4COS7

o0 Vx dx
9.56. I = v.p. .
Vp/O (z—2)(z + 1)

Pewenue. Vnrerpupame dyHKIngTa

dur. 9.7:

. /m<z—2>l<ojz+1 (/ h /+> x_ﬂﬂl)z
2—e e = d
</ /2+g> x —2) ac—il /CR /E /Cl /02—2mRes 1).

e log 2z
ITpecmsitame Res(—1) = =0.
z=—1

6élogz
(z—2)(2+1)2

110 KOHTypa OT

z—2

Kato cmeaBame crpukTHO perennero Ha 3ai. 9.47, mogydaBame

1 E
. _e51080% V2
lim =T = ———i,
arg 2=0
1
1i _e3logr® V2 ox
im =Ml — = ———mie*s .
arg 2=27
OueBu,HO, —— 0 u cores rpannder npexon ot (11) moc-
C. E—>0 Cr R—o0

TATaMe [0

3
(1-€3) = \9fm(1 + ).

Pasnessame ma '3 u Hamupame [ = —77\3@/9\/3.

Inx
9.57. I—/ dx.
Vala 17
log 2

Pewernue. Warerpupame byHKIUATa —————— 10 KOHTypa OT
e2 logz(z +1)2
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dur. 9.6:

/ _ logz / Inx dx—l—/
VR, e2logz(z+1 Va(z +1)2 Cr

/R Inz 4 2mi /
— T dx +
- 5 (Inz+27) (£ + 1)2 a

—2/ f dx—|—2m/ fx—i—l /CR / = 27i Res(—1).

dAcHo e, ue —— 0, oTKBIETO
Ce 6_>0 CR

(12)

[Tpecmsarame Res(—1) = <

R—o0

o dz
21 + 273 =27 -1).
+ m/o NG EESIE mi Res(—1)

T .
) =3 + i, 3amecrBame B (12) u Karo
1

OoTAeJIUM peaJiHa U MMarnHepHa Y9acT, IIoJIydaBaMe

3

I =—m,

[ a3

£
9.58. I:/ T g, 1<a<2.
0

T

Vnsmeanre. lIpenBapure/;iHO HHTETPUPAITE IO YaCTH.

T
Ome. ar
2(a— 1) sin —
2
IIpecmsiTaHe Ha MHTErpaJin OT BUAA
b

R(z)(x — a)?(b — z)' P dzx, xbaero a,b,p € R,
" a R(x) e panmonanna pyHKIus

Tesn HHTErpaJjii nmpecMdAdTaMe 110 CJIeTHNA Ha'IUH:

e Unrerpupame dbynxnusta R(z)eP108(z=)e(1-P)108(0=2) 116 konTypa vg . or

our. 9.9, xbaero C! = C(a,¢), C2 = C(be), Cp = C(0,R), a R e moc-
TATHIHO TOJISIMO, TAKa Y€ WHTEPBANBT [a,b] m Bemukm mosocn Ha R(z) ma
6baar B kpbra K(0,R), I u Il ca ¢chOTBETHO TOPHUAT W JOJHUAT OpsT HA
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Q@ur. 9.9

[a,b]. @yukuuure log(z — a) u log(b — 2) ca OHe3W eHO3HAYHU KJIOHOBE, 32
Kouto mpu x € |

eplos(z=a)(1=p)log(b=2) — (y: _ g)P(h — z)'P > (.

3a ToBa e mocrarbaHo npu x € I ga B3emem arg(z —a) = arg(b—x) = 0. He-
Ka 0TGEJIeXKUM U3PHUTHO, Y€ IIPU TO3H U300p Ha JIOrapUTMUYHATE (DyHKIUH
eplos(z=a) g ¢(1-P)108(0=2) ye ca eanosmaunu B C \ [a,b], HO TAXHOTO TIPOM3-
BeJIeHNE € eJIHO3HAYHA U cJenoBaresHo xojomopdua dbyukius (IIposepere
ToBal).

o IIpecmsaTamMe KOHTYPHHUS MHTErpaJj C TEOPEMATA 38 PE3UILYYyMUTE.

e IIpaBum rpannden npexon npu € — 0, R — oo.

Jla ce mpecMeTHAT MHTErPAJIATE:
1
9.59. I = / (1-2)P(1+2)Pdx, -1 <p<2.
-1

Pewenue. Ilspeu navwun. VlnTerpupame 1o KoHTypa 7Yg. OT ¢dur. 9.9 c
a=—1,b=1 dyskuusara f(z) = ePlog(1=2) o(1-p)log(1+2) ' garo orapurmuTe
ca n3bpamu Taxa, 9e npu = € I arg(l —z) = arg(l +z) = arg(zx — (—1)) =0
u f(z) = (1 — z)P(1 + z)'7P. KoraTto z Hanmpasu ejHa I'bjHA OOUKOIKA HA
C? 110 1OCOKa Ha JIBUYKEHUETO Ha YACOBHUKOBATA CTPEJIKA, M3MEHEHHETO HA
arg(z+1) = arg(z — (—1)) e or 0 510 0, a ToBa Ha arg(l — z) — or 0 go —27.
Crenosarenno npu z € Il arg(x +1) =0, arg(l —z) = 27 u

f(a;) _ ep(ln(lfz)727ri)€(17p)(1n(1+x)+i.0) — (1 _ x)p(l + x)lfp€f2pm"
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Torapa ot ocHOBHaTa TeopeMa Ha Komm mvame

l—¢

o=/ (z)dz:/_Ha(l—x)p(l—i-:v)l_pdx—i-/

cz

l—e
_/ (1—x)p(1+x)1_pe_2pmdx+/ +/ ,
—14e Csl CR

OTKBIETO

(13) (1 —e 2P /_1:5(1 —z)P(1+ 2P de + /cg +/Cg +/CR = 0.

Axo z € CL 1o |f(2)] = |1 — 2]P[1 + 2|'7P < (2 + ¢)Pe!~P. CnenoBarento

I8

11— 2|1 + 2|*"P < eP(2+ &)t P2re 7 0 mopagu p > —1. IIlo ce orHacs

E—>

< (24 ¢)Pel"P2re —— 0, it KaTo p < 2. Axo z € C?, 1o |f(2)] =

e—0

710 / , OUEBMJIHO TOIl He KJOHM KbM Hysna npu R — oo, Tbil Karto f(z)
Cr

e OT HOpsiIbKa Ha z IpH z — 00 U He e orpanudeHa. Pyukrusra f(z) e
xonomopdua B C \ ([—1,1] U {cc}). Ilpu usmenernmero Ha 2 mo C2 or Touka
A €1 o Touka B € (1,4+00) (dur. 9.9) arg(l + z) ce nzmens or 0 1o 0, a
arg(l — z) — or 0 o —m. Cuenosarenno arg(l +z) = 0, arg(l —z) = —7
3a > 1, OTK'bJIETO

F(z) = epinl1=sl=im) ((1=p)(in| Lt +i.0)

= |1 — 2P|l + 2" Pe ™ = (z — 1)P(1 + z) 7P P™
p 1-p
=z (1 — 1) <1 + 1) e P,
x x

1\? 1\
Karo passuem (1 — > u <1 + ) o 6unoma Ha Hioron, nmomyuasame,
x x

4Je ipu © > 1

f(:g):epﬂx(l_iﬂ”(p;”-;—--.)

X<1+1—p+(1—p)(—p)_12+_”>
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CreoBaTe/iHO B pa3BUTHETO
al
f(z):bz—i-ao—kfz + e

1 —pmi

Ha yHKIwsTa f(z) 0KoJI0 00 KoeduImeHTbT Ipe 2z~ - e a; = 2p(p—1)e
Torasa

(2) dz = 2mia; = 2mi.2p(p — 1)e P™.
Cr

Karo manpasuM rpanuden mpexos B (13), yMHOXKHM jaBere cTpanu ¢ eP™ u
p p pexon, y Y i\ p
usnona3BaMe dopmysaara na Oiep 3a sin z, moayvaBame

2isinprl = 2mi.2p(1 — p),

orkbaero I = 2p(1l — p)m/sinpm.
Bmopu navun. Nnvame

I:/l(l—m)p(1+x)1pd:c:/l(l—i-x) (1_33)1, dz.

-1 1 1+
o0 tp
Cnen cvsimara t = (1 — x)/(1 4+ z) nonyuaBame [ = 4/ 5 dt. Tlo-
o (141
HATATbK IIPeCMsTaHusATa cTaBaT KakTo B 3a1. 9.54. (Josbpmere rul)

2 dx
9.60. I:/1 x{‘/(az—l)Q(Q—x)'

Pewenue. Karo cieaame perrennero Ha 3ai. 9.59, mmame

/ dz _ /25 dr +/
vre 22 =1)2BR2 =218 Jie a(@—1)2B2-2)13 " Je

2—e d
- - — 27 Res(0).
/1+5 z(x —1)2/3(2 — 2)1/3¢-2mi/3 +/Cg +/CR 71 Res(0)

I/ITyK/ — 0, — 0 nmpu € — 0, HO cera
(et cz

J

IIpecmsarame Res(0) =

(14)

2R
<
~ R(R—-1)*3(R-2)/3
1

(2 —1)2/3(2 — 2)1/3
npexoy or (14) nosyuasame

—0 mpu R — 0.

. 1
z=0 \3/5622%

n cjena rpannydeH

(1- %) = omit
V2
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OrTyK (KATO yMHOXKIM jBeTe CTpanu ¢ e '3 ) navupame I = w¢/4/+/3.
9.61. I_/1 Vel )
1+ 22
Pewenue. Unrerpupame bynxmusra f(z) = 2341 — 2)Y/4/(22 + 1) 1o
koHuTypa or dur. 9.9 (a =0, b = 1), karo argz = arg(l —2) =03a z € L.
Nmanme (B2K. mogpobHOTO perenne Ha 3a7. 9.59)

(15) / 23/4(1 _ 2)1/4 g /-15 x3/4(1 _ 33)1/4 " +/
e A1 . z? 41 c2

l—e ,3/4(1 _ p)1/4p—i%F
_/ . 2«’13) © de"’/ +/ = 2mi(Res(i) + Res(—1)).
€ T + 1 Cgl CR

2’3/4(1 _ 2)1/4
— 5, . Kato ocraBum Toukata z ja
z
z==%1i
ce MeHn oT Touka = € I 7o i, BIKIame, de arg z ce menu or 0 g0 7/2, a

Ocsen ToBa Res(+i) =

arg(l — z) — or 0 o —m/4. Cnenosarenno argi = 7/2, arg(l —i) = —7 /4.

Torasa
R ‘ ’3/4 arg7,|1 ’1/4 L arg(1—i) ﬁei?—g
es(i) = 2 T
V2e e
Ananornuno, Res(—i) = —
—2i

AKO ocTaBUM Zz Jla ce MEHH OT TOYKa To € 1 10 Touka x > 1, BuxKIaMe,
4e arg z ce menu or 0 1o 0, a arg(l — z) — or 0 mo —n. Torasa 3a x > 1
argr =0, arg(l —z) = —7n

:U3/4|1 _ x’1/46£(—w) x3/4(x _ 1)1/46_ZZ

f(fL‘): $2—|-1 = .%'2—|—1 ,

orkbaero lim f(z) = lim f(x) = 0. CienoBaresino
Z— 00 r—00

L
f(z)= ~ +22+

B OKOJIHOCT Ha 2 — OO "

f(z)dz:al/ %:2772'@1.
CR CR z

Mmame a; = lim zf(z) = lim zf(z) = e ', maka ue / f(z)dz =
Cr

Z—00 Tr—00
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P
2mie 4. Kakro B 3az1. 9.59 ycramoessame, 4e — 0, — 0,
o1 e—0 o2 e—0
€ 1>

u cJie]| rpanuyer npexos B (15) moydasame

s 5T -137

27 v 2 s
(1— 67127)1 = 27m'\2[, (61T6 - 671176) — 2mie "%,
i

T
KaTO YMHOXKHUM /JIBETE€ CTPpaHU Ha TOBa PaBEHCTBO C 614 1 U3II0JI3BaMe (1)Op—

as 9
myaata Ha Oitnep, mocturame 10 27 sin ZI = 2m <\sﬁ sin 6 1), OTK'bJIE-

9
o I =m/2 <\8/§sinlg—1>.

rd

2
9.62. I:/ dx.
0o (24 1)y/z(2—x)3

Pewenue. VIarerpupamve dyuknusra f(z) =

2’4

(22 +1)21/4(2 — 2)3/4
xy Kourypa or dur. 9.9 (a =0, b = 2), karo arg z = arg(2—z2) =03a z € L.

BbP-

[Tony4yaBame

/ 2t dz _(1_ei327r)/2_8 zt dx
ype (224 1242 — 2)3/4 (22 + 1)zV/4(2 — z)3/4

(16) +/C€1 —f—/cg +/(JR = 2m’(ResZi) + Res(—1)).

Karo tpbraem or touka x € I, or ¢dur. 9.10 mammpame argi = /2,
arg(—i) = —7/2, arg(2 — i) = —a, arg(2 — (—1)) = —27 + a, KbueTO

1
a=<(0,2,i) = arctg 3 Taka mostygaBame

24 eiGQgﬁ ei13ﬂ§6a
Restl) = oo |, = s " ReCD= g
)
0N 2
./ —a
21+«

®ur. 9.10
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Akox > 2, 10 arge =0, arg(2 —z) = —7n

4
f)= -
(22 + 1)zt 4z — 2)3/4e™" T
2\ —3/4
_ i x! )
o - 1
2t a2 ek
ax 11 —3/4\2  [-3/4) 4
=) (- (V)2 () )
— ¢iF 1+§l+§i
o 2z 8 a?

™ 3 131
f(Z)_eZ4(Z+2+82+ )
Torasa 13 p 13
f(z)dz = L R s
Cr 8 Cr z 8

Karo nanpasum rpanuden npexos, ot (16) noaydasame

.37 1 -6a—T1 - 137 —6a 13 - 371
(1-— el%)l = 271'@'@ (€Z6 R ) — omi—el T
i

 3m
Pasnesisime nBere cTpaHu Ha TOBa PABEHCTBO Ha e€''4 U HaMUpaMe

1 1 — 1
I—W\@(; in 20 77?), a:arctgi.

- 53/8 S 3

1 xdx
9-63. 1= /_1 22 —4) Y (z+1)(1 —z)2

(
T 1 1
1 23 dx
9-64. 1= /1 (22— 4)/(z+1)(1 —z)2
2 (1 2 2

3abeneoicka. Pemere 3amaun 9.60-9.64 1 1o Bropusi Ha4YUH, JIaJIeH B pe-

meHueTo Ha 331, 9.59.
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CyMupaHe Ha YUCJIOBU PeOBE

Teopemara 3a pe3ujyyMHUTe JIaBa Bbh3MOXKHOCT Jia Ce CyMHUPAT HSIKOW YUCJIOBU
pemose. Tyk me ce cupem Ha JBa Buua penose. Heka f(z) e mepomopdua B C
bYHKIHS, T. €. XOJOMOPQHA ¢ U3KIIOUEHNE Ha, MOJTIOCH. Torasa:

1) pexbr (aKO € cxXOzsI)

) k
Y. f)=lim > f(n)
k—o0
n=-—o0 n=—*k
MOXKe /1a Ce CyMUupa II0 CJaeJHUA HaAYUH:

e Bsema ce peaurna or pasgysaiiu ce )opaauosu kpusu C), (T.e. Takuba, e
Beeku Kpbr' K (0, R) OT M3BECTHO MsICTO HATATBHK CE€ ChAbPKA BbB BbTPEIIl-
Hocrra Ha C),), KOUTO HEe MHUHABAT IIPE3 MOJIIOC Ha f.

e C Teopemara 3a Pe3UIyyMUTE CE TPECMATA,
/ f(z)ctgmzdz.
Cn

e [lpaBu ce rpaHudeH mMpexos Ipu N — 0.
[Toygenoro paBeHCTBO € ypaBHEHHE 33 ThbPCEHATA CyMa.

oo
2) peabT Z (=1)"f(n)e'™™ o € R, ce cymMmupa aHajOrIHO, KATO CE PECMATA

eiaz
/ f(2)—dz
c., sinz

9.65. Jla ce cymupar pemosere:

S O T O ) LN o
a) nzzjlﬁ’ 6) nZ::ln47 )nzz:l ’ ) Z (2714—1)37

n=—oo

77,2 n=0
x© (=1 0 (@ +n)em cos an
77 Z; e _]‘ 77)77 _]‘ ni?
) n:Z,oo (a+mn)? o ¢ )nzz,oo( ) a? + n? ;( ) a? +n?
S n sin an
) i (—1) elan iacosan—l—nsinan o< -0
K - , , T < a<m,a ;
ne—oo a+in’ g a? + n?
e 1
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Pewenue. HaBesikb/ie o-HATATBK IIe U3I0JI3BaMe pesysrara oT 331, 5.8,

CBIVIACHO KOHTO ChbilecTByBa KoHCTaHTa M, TakaBa 4e 3a Besko z € G =
o0

C\ U K(n,1/3) nmame |ctgmz| < M, 1/|sinmz| < M.

n=-—00
ctgmz

22

B z = 0 u npocru momocu B 2 = k, k € Z \ {0}, karo z;, € IntC, 3a
k € [-n,n]. Torasa

(17) /C n 8T 1 — omi (Res(O) + zn: Res(kz)).

22
k=—n
k#0

a) Heka C),, = C (0,n + 1/2). ®ynxiusra UMa TPUKPATEH TOJTIOC

Twit kato Cy, sexxu B obmmactra G, 10 |ctgmz| < M 3a z € Cp, uBcsiko n € N.

ctgmz
/ g2 dz
Cn *

COSTZ

Torasa

§A41227r (n—l—i) mo
<n+2)

1
—

Res(0), paszsuBame nogunaTerpasnarTa (GpyHKIWs B pej 0Koso z = 0:

IIpecmsarame Res(k) = k # 0. 3a na npecmerHeM

2%(sinmz)’

1 w222 izt
COSTTZ Y T ag a1 as
2 = 252 454 =3ttt
zesinmz 3 Tz oz z z z
22l m— + —
3! 5!
w222 wizt
2 _ 2! 4!
KDBJETO ag + a1z + agz” + -+ - = 35 51 e (OYHKIINS, XOJI0-
Tz n Tz
T3 5!

MmopdHa B 2z = 0.

[To meToma Ha HeonpemereHnTe KoeUIeHTH Hamupame ag = 1/7, a; = 0

u ag = —7/3 = Res(0). Crex rpannten upexos B (17) monyuasame
9] oo 9] 2
1 T 1 1 1 T
2 2 g0 OTERAe Zﬁzi 2 2 6
n=-—00 n=1 n=-—00
n#0 n#0

6) CbriacHO TeopeMaTa 3a Pe3UyyMUTe

n

-4
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Kaxkro B a) nmame —— 0. CienoBarenno
Cn n—oo

(18) )" Res(k) = — Res(0).
k=—00

k40

[pecmsrame Res(k) = 1/7k?, a 3a Res(0) cempanme metoa ot a):

1 w222 it
COSTZ 157 79 + 4 ag + agz® + agzt + - - -
ZAsinmz 25 w22 pdt n 25
T e T

Tyk xoedwurmenTuTe ) ¢ HEYETHN UHIEKCU Ca HYJIN, Thil KATO PA3BUTATA B
pen dyHKIUs e yeTHa. Torasa

. 7T222+7T4Z4 _ 7.‘.32,2_{_7.(.524 N 2+ 4+
2! 4! e 7T 3! 5! .. (ao a2z a4Z o oe . )
U KaTo CpaBHUM KoedwuimeHTuTe, HaMupame ag = 1/7, ag = —7/3 u aq4 =

—73 /45 = Res(0). Bamectsame B (18) u momydgasame

ZOO L1 Zw 1_n
nt 2 nt 90
n=1 n=-—o0o

n#0

B)IlocienoBaresnto moydasame

d n
/C m = 27ri<Res(O) + Z Res(kz)),

dz
22sinmz
Cn

ITo-nararbk

< (n iﬂ)g% <n+ 1> —— 0, Res(k) = (_1)k.
2

1 z 1
Z2sinmz 23sinmwz 5 w322 bt
27— + —
3! 5!
2 4
ap +az” +agz” + - -
23
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u Res(0) = ag. Tyk Bcuuku KoepUIUEHTH a, C HEYETHU HHJIEKCH Ca Hy-
z

Jid, 321070 DYHKIUATA, — e derna. Karo npupaBHumM KoeduimenTure
sinmz

B PaBEHCTBOTO

3.2
Tz
1:<7r— ) +--->(ao+a2z2+-~),
HaMHupaMe ag = 1/71‘, ag = 7I'/6. HaKpaH CJIeJ] T'paHU4Y€eH IIPEXOo/ IIoJIydyaBaMe
0o —1 [e's) 00
™ (=) (=" (=" (="
I = =2
6= 0 or =) ot =2 o
n=-—oo n=-—oo n=1 n=1

n#0

9
—1)" 2

OTKBIETO E ( 2) = *% .
n

n=1

r) Tyk umame

[ s =2 (re(43) + 30 mot).

—1)*
Ouesn/tHo, . — 0. Ocsen ToBa Res(k) = 7r(gk—21)3

IIPEXOJL, TIOJTy YaBaMe
oo
1y I
1 L Sy AR 2.
(19) Z Gt 1) 7 Res 5
n=—o00

3a npecmaranero na Res (—1/2) nsnonssame pasBuTuero

u cjeJ rpaHndeH

1 1

(2z +1)3sin7z _8 (

1\ 3
zZ+ 2> sin 7wz

1 1\*
ap + ax z+§ + a2 2—1—5 + e

K'bJIETO
1

=ap + —1—1 + —i—l 2+
SSinﬂz_ao “a\# 2 @2\~ 2
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Iomarame z + 1/2 = ¢ B moC/I€IHOTO PABEHCTBO U IIOJIyIaBaMe

1 1 9
: = =ag + a1t + agt” + - -
8sinmz  —8coswt 0 ! 2
Twit kaTo cos 7wt e YeTHa DyHKIWMS, TO a1 = a3 = a5 = - - - = 0. CjreoBares-
Ho 2,2 444
1 T4t Tt
o= 1= i ) (ap +aot +aatt+ -
8( TR >(0+2+4+)
T KaTo CPaBHUM KoeHIMeHTHTe, HaMupame ag = —1/8, ay = —m2/16 =

Res (—1/2). Taka ot (19) crensa

-1 [e)
(=1)" (-p*
n:zoo (2n +1)3 2 (2n+1)3 16

n=0
OrTyk, KaTo B3eMeM IpEeIBHU, Ue CJel mojiaranero n = —k — 1 mwbpBarTa
o~ (=F N G O
CcyMa B PaBEHCTBOTO CTaBa Z m, [IOJTy daBaMe Z m =3
n

k=0 n=0
1) Ome. 72 ctg wa/ sinwa.

e) Tyk

/C (a + 2)ei% dz _oni <Res(ia) + Res(—ia) + z": Res(k)) .

(22 +a?)sinmz

3a mamupanero na lim na npegcrasuM Cy, (dbur. 9.11) kaTo obeuHeHne
n—oo C’n

Ha YETHPU JIbIH: Afb, BAC, Cfb u DA, Ako z =z +iy € AE?, To |y| <1

[ e
\

@ur. 9.11
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1\ . 1
uz = (n+ 2> e, —en < @ < gn, KbIAETO Sing, = 1 OYEBHUIHO
n —+ 5
e, — 0. Torasa
n—oo
' 1 1
(a+z)ezaz n—|—§+|a| e~ Y ’I’L+§+|CL|

< . <M
(22 +a?)sinmwz| — 1\?2 |sinmz| — 1\?2 ’
n+§ —|(I‘2 n+§ —|(I‘2

zanioro QyHKImsATa e~ Y e orpanndena 3a |y| < 1, a 1/sin 7z e orpanndena
Bbpxy C, OT KOHCTaHTa, He3aBucela oT n. CjemroBaTeIHO

1
n—i—i—i-\a] 1
/ﬁ <M <n+>2en—>0.
A

I 1 2 ) 2 n—00
<n+2) —a

Baz€BC, z=(n+1/2)e"%, e, <o <7 —ep,y > 1 nvame

eloz ¢~ 267(7r+a)y 267(7r+a)y

= My~ (mtaly
sinmz

= e — emY| Tl _e2wy = ] _e2n

1
n+ =+ |a T—¢n _
M1 2 . (n + ;) / 67(7r+a)(n+%)sm<p ng.
En

1 .
Toit kato ™+ a > 0, TO e~(rro)(ntg)sing (Bk. 3a. 9.36)
0 n—oo
u cineposaresno [ —— 0. Awmanoruusno, [ — 0, [ —— 0,
OTKBIETO U — 0.

—
Cnn oo

Cera mpecmsiTame

(a4 z)es _ (a+ia)e” . (a—ia)e®
Res(ia) = 2zsinmz |,_.. ~ —2ashma ’ Res(—ia) = —2ashma’
h —4sh k iak -1 k

Res(ia) + Res(—ia) = %, Res(k) = (aa—;+)22 . ( 71) .
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Torasa
o0

Z (—=1)"(a + n)eon chaa —ishaa

=
a2 + n? shma

n=-—0o0
Karo OTZeJINM DeaJIHUTE YaCTU, IIoJyJYaBaMe

o0

—1)"(a + n)cosan
3 (=1)™( )

a? +n?

n=—oo

0

—1)"(a+n)cosan = (—1)"(a + n) cosan
_ Z( )" ( ) +Z( )" ( )

a? + n? a? + n?
n=—00 n=1
_ i (=1)™(a — n) cosan n i (—=1)™(a +n)cosan
—~ a? + n? — a? + n?
1 49 2 (=1)"cos an chaa
= - a =7 .
a —~  a’+n? shma

OrTyk HAMUupame

i (—=1)"cosan  machaa —shma
a2 +n?2 2a?shra

n=1
AHaJIOFI/I‘IHO, qIpe3 UMarnHepHUTe 9aCTU CTUT'aMe 10

a? +n? ~  2shrma’

i (=1)"nsinan mshaa
n=1

’K) 3amouBamMe ¢be

(20) / m = 2mi (Res(ia) + Z Res(k)) )

k=—n
e—aa (_1)k€iakz
Res(ia) = — , Res(k) = —F"——.
(ia) shma (k) m(a + ik)
CrieiBaliK1l PEIIEHUETO HA €), TIOoJIydaBaMe, de —— 0. Torasa or (20)
n—oo
cJIeIBa On
. :
(_1)n6wm e—Qa
21 = .
(21) Z a+mn "shra

n=—oo
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ITo-nararbk umame

OTK'BACTO

D R Mt P e

= a+ ik P a—1ik a-+ik
1 - a cos ak + ksin ok
=—+2) (-1 .
st Z( ) a? + k2
k=1
Otrryk u ot (21) mammpame
> : —aa
(_Dnacosan—i—nsman: Te 1
— a? +n? 2shma  2a

ctgmz

dz = 0. eiicrBuTeHO,

3) Hait-nampe/ e mokazkem, e /
z

n

/ ctemz ., _ 27ri<ReS(0) + i Res(k))’

z
k=—n
k0
n
karo Res(k) = L 1 SHatH Z Res(k) = 0. Ocgen ToBa
k=—n
k0
ctgﬂz_ 2 COSTZ _i COS T2 _ao+a222+a4z4—|—---
z Z2sinmz z27r_ﬁz!z2 4. 22 '
3a10To (PYHKIMATA, Z?OS "2 ¢ erna. Taka Res(0) = a3 = 0, a orram u
sinmz
t
/ tenz dz = 0. Torasa
2
ctgmz 1 1 1 / ctgmz
dz = - ctgmzdz = —— ——dz.
/Cn 32+ 1 /Cn <3z+1 Sz) &7 3 Jo 2(32+ 1)
ctgmz M2nR,
H ooTE g < 0, R, = 1/2.
© /Cn 2(32 + 1) ‘ S RiBR, — 1) w0 Kpaero Bn = m 1/
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ctgmz
CrenoBaresno / & dz 0. OT apyra crpana,
c, 3z +1 n—00

t 1 .
/Cn ;ngi dz = 27i | Res <—3> + Z Res(k)
IIpecmsTame

1 —ctg g 1 1
_— = = — k = "
Res ( ) 3 373 Res(k)

n cjieJ rpaHndeH Ipexo/1 IoJydaBaMe

o0
> 5=
S . 3n+1 33

Paznarane na mepomopdHu QyHKIINHN
B pe/ioBe OT eJIEeMEHTAPHU PAIMOHAJIHU (PyHKIIUUA

Heka f(z) e mepomopdua dyukuus u {C),}52, e peauna or pasiysaniy ce
JKOpJIaHOBM KpuBH. Heka ocBen ToBa

(22) /C gf(oz d¢ —— 0.

n—oo

Torapa, nmpecMmsTaliKu WHTErpaJja dpe3 TeopeMaTra 3a Pe3uyyMuTe, Cjel IpaHu-
YeH IMpexoJ] MmojiydaBaMe IpeiCcTaBsHe Ha f B pell OT eJeMEeHTAPHU PAI[MOHAJIHYI
PYHKITUN.

Axo (22) He e UBI'bJIHEHO, HO CBIIECTBYBA €CTECTBEHO YUCJIO P, TAKOBA Y€

max|f(2)|
lim sup —————
n—oo INiN |z|P

n

< +00,

TO KaTO TIpejicTaBuM siipoTo Ha Korm BbB BuIa

1 1 1 1 z 2P Pl 1

=z (j_Z ¢rettenten =y
¢

[ocJie IpecMeTHeM UHTerpaJa or (22) u HalpaBUM I'DAHUYEH IIPEXOJl, OTHOBO II0-

JiygaBaMe IpeJCcTaBsHe Ha f B peJ OT eJleMEeHTaAPHU PAIMOHAJIHU (DYHKITUH.
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9.66. Jla ce ,ZLOKa}KaT cbopMmeTe:

a)TFCtgﬂ'Z—*—FZ 5, 2 & L

%) - 7
)smwz +Z 71272§Z ’
T 1 >
= k, k € Z,;
5) shrz Z+Z 2’Z7é2 <
n=1
oo
, 2 ¢ 7
sin? 7z _z; (2 —n)? ¢
) = —1—f+227’22 2+ 2kmi, k€L
A ez —1 2 n:1z2—|—4n27r2’ ’ '

Pewenue. HaBecsikbie no-uararsk Cp, = C(0,Ry,), R, =n+1/2u M e

KOHCTaHTa, He3aBUCeIla OT 7.

1 1 =z 1
a) Nmame =— 4 - . Torasa
) ¢—z ¢ (C—z
1 ctgm( 1 ctgm( ctgm(
2 — S — i S dc.
(23) 271 Jo, (— 2 21 Jo, ¢ dc+ 27T (¢ —2) 4

Ypes Teopemara 3a pe3UyyMHUTE IIPECMATAME

1 ctgmwC - 1
— d — ¢t -
2mi Jp, €= ¢ = Res(z Z Res(k) =c gﬂz—l—kz_:n =2

k=—n
1 ctgm¢ - B
el i d(Res(O)—i—k;nRes(k)
k£0

(B2k. pemenuero Ha 3a1. 9.65 3)). Ocsen ToBa

—|z]) n—oo

ctgw( M27TR
d
|a5m =

Hakpasi cie rpanunden npexos B (23) mosryuasanve

~ 11 1 1
e = Jim 37 =230 ()
=—n =
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1 = 2z
It a e

6) Ynsmeane. CresBaiiTe CTPHKTHO H3JI0KEHOTO PEIICHUE Ha a).
B) Ynemeane. Vanonssaiite hopmysiara siniz = ish z u pesysrara or 6).
2
. m
r) Ynsmeane. Usnonssaiire dpopmysiaTa oT a) 1 PaBEHCTBOTO ——5—— =
, sin” 7z
—(mctgmz)'.

1) Cobriacho 3aj. 5.8 umame < M3zazeC,,C,=CR,),

1
le? — 1]

karo cera R, = 2w (n+ 1/2). Torasa

z
1‘ < M|z|, z € Cy,. llpeacrassive

sanporo Ha Komu BbB Bua

Tz tatar: 0
U HojlydaBame
1 ¢
o o T
! ¢ 1 =z 22 ¢d¢
(24) _Qwi/cneﬁ—1<g+62> d“m/n<e<—1><2<<—z>
1 C+ 2 22 dg
= 3mi Cng(ec_nd“m/cn (€ -1 —2)

ITo-mararbk IIOCJIEIOBATEJIHO IIpecMATaMe

L ; = Res(z ” es(2kmi
27ri/cn(e<—1)(c—z)dc Res(z) + Y Res(2kmi)

k=—n

n .
z 2kmi
et —1 +kz 2kmi — 2’

kA0

1 C+=z

o7 Jp, = 1) % = Res(0) + > Res(2kmi)

k=—n
k#£0
n ~ 5 n
e ()13
3t 2 (hgpg) =15+ 2
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n
1
3aI0TO Z Sy 0. Hakpast, Tbit KaTO

k=—n

2w R,
M 0
T Ru(Rp —|2]) nooo ’

|, @=e
o, (e8 =1)C(¢ —2)

cJieJi 'paHUYeH 1pexo/| B (24) mosyvyaBame

z z = 2kmi
—1-Z247 1o M
e —1 2+nLHc}okZ ( 2k7ri—z>
=—n
k40
-1 n

z 1 1
—1-2_ .1 - -

2 “it (k_zn Skmi—z | Zl ki — z>

z . 1 1
=1—2— 2 1i —
2 Zni»n;oz <2k7ri —z Zkzm'—i—z)

z > 222
=1—-— _ .
2 +nzlz?+4n27r2



§ 10. Ilpuanun 3a makcumymMma. Jlema ma IlIBapii.
Teopema 3a emguncrBeHocT. [IpuHiiun 3a aprymeHTa

B To3m naparpad ca BKJIIOYEHH 33J1a4d, CBbP3aHU CbC CJIEJHUTE OCHOBHU De-
3yJITATA OT KOMIIJIEKCHUS aHAJIN3:

o IIpunyun sa maxcumyma (BxK. 3agaqau 10.1 u 10.4 u 3abesnekKuTe Cael TX).

o Jlema wa Isapy. Heka f(z) e xonomopdua B kpbra K (0, R), |f(2)] < M 3a
Besko z € K(0, R) u f(0) = 0. Torasa

2
(1 VCIERIE=S

(2) [F(0)]

z € K(0, R);
M
< —.
- R
ITpu ToBa pasencrso B (1) (upu z # 0) wim B (2) uMa camo ako f(z) =
M .
ﬁe“‘z, a € R.

o Teopema 3a edurncmesernocm. Ako f(z) e xomomopdua B ob1act D u MHOXKeCT-
BOTO OT HyJIUTE ¥l MMa IIOHe eJHAa TOYKa Ha crbecrsiBaie B D, Tto f(z) = 0,
z€D.

o Teopema 3a A02aPUMMUNHUA UHOUKAMOD U NPURYUN 3a apeymenma. Heka
€ 3aTBOpEHA KOpJIaHoBa KpuBa, f(z) e xosomopdua B okosHocT Ha 7y U Int
¢ u3KJIo4YeHnue Ha KpaeHn 6poii nosocu B Inty u f(z) # 0, z € ~. Torasa

1 !/

Nopo L [F@
2mi J., f(z)

kbaero N u P ca cborBeTHO OposT Ha HyJjauTe u noJtocure Ha f B Int~y, a

A, arg f(z), e u3smenenueTo Ha arg f(z), KOraTo z ONUIIE 7Y BEJHDLXK B IIOJIO-
JKATEJIHA OTHOCHO Int 7y mocoka.

1
dz = gAA, arg f(z),

o Teopema Ha Pywe. Heka v e 3aTBOpeHa »KOpaHOBa KpuBa, PyHKIUATE f U
g ca xonomopduu B okosHocT Ha v U Inty u |g(2)| < |f(2)], # € «. Torasa
dyukiuara f + g uma ToaKoBa Hynu B Int 7y, KoskoTo u f.

10.1. Heka D C C e orpanuuena obsact u f(z) e dpyHkiusi, xosoMmopdHa
B D. [a ce jgokaxe, de 3a Besiko a € D u Besiko 1, 3a koero K(a,r) C D, e

B CuJIa PaBEHCTBOTO

1 2w

f(a) f(a+re™)dp.

Karo ce usnosssa ToBa paBeHCTBO, Jla ce JoKaxkKe, de win f(z) e ThiKIecT-
BEHO KOHCTAHTA, WM 3a BCAKO a € D cbinecrByBa z = z(a) € D, Takoa 1e

[f(@)] < [f(2)]-

245



246 § 10. Ilpunmnum 3a makcumymMa. Jlema ma IIBapir.

Pewenue. Ot popmynara va Komu nmame

1 1 2w i )
fla) = / fz) dz = — flatre®) —i—"re )irew dp
21t Joar) 2 — @ 2w Jo rew
1 2w )
=5 ; fla+re'?)dep.

Tasu dpopmyna 0OUKHOBEHO HapUdaMe Gopmyaa 3a cpednama cmotnocm.
Ha jorycHeM cera, de TBbPJEHHETO He e BapHO. ToBa o3HavaBa, de f(z)
He e KOHCTAHTa U CBINeCTBYBa a € D, TakoBa e 3a BCIko z € D mmame
()] < 1f(@)]. Hexa 4 = {z € D : |f()] = |f(@)[}. Twit xaro [f(2)] o
HenpeKkbcHara MyHKIWMs, To A e 3aTBOpeHo nogMuoKecTBO Ha D (f # const)
u caenosaresno D\ A e orsopeno. Ille mokaxem, ye A e u orBopeno. /la
JlorrycHeM, de ToBa He e taka. Torasa (dur. 10.1) cboecTByBa Touka b € A,
KosiTO He e Bbrpemna 3a A. Toa o3navasa, 4e 3a Bceku Kpbr K (b, rg) C D

®ur. 10.1

cbiecrByBa Touka ¢ € K(b,rg) N (D \ A). Heka r = |b — ¢|. Twit karo
D\ A e orBopeHo, chiecTByBa uHTEpBal [, (], 0 < a < 3 < 27, TakbB Ue
saTBopenaTta qbra L = {z : z = b+re'?, a < ¢ < B} or oxpwxnocrTa C(b, )
nexu usigno B D\ A. Torasa |f(2)| < |f(a)| 3a Besiko z € L u coeroBaTeIHO
CBIIECTBYBA JOCTATHIHO MaJsko € > 0, takosa 4e |f(2)| < |f(a)| —¢, z € L.
Or dopmymnara 3a cpeHATa CTONHOCT MMaMe

2
F@I=150) =5 [ 0+ ret
1 o i i
5 <5 [ o srelaos [ 150 ren)ap
< - [1F(@] = )8 — o) + |F(@)] (27— (5 - )]

—(3—a) < |f(a)]

o
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Tosa nporusopeune nokassa, ye A e orsopeno. Tbit karo D e obiiact u
A+ 0D (a e A, rocnemsa, i'e D\ A=0u A= D, re |f(z) =|f(a)
3a Besiko z € D. Cera or 3aj. 2.8 cuensa, e f(z) = f(a), z € D, koero
IPOTUBOPEYN Ha, JIOITyCKAHETO. TBBLPICHUETO € JOKAZaHO.

3abenesicka 1. ToBa TBBHPACHUE € UZBECTHO KATO NPUHUUN 30 MAKCUMYMG
U ce U3IM0JI13Ba Hali-1ecTo B cieaHaTa ¢popMma: Ako f e xosjomopdHa B 001aCT
D, 1o |f(2)| He Moxke Ja mocTHra MakCHMyMa CH BbB BbTDEINIHA TOYKA Ha
D, ocsen ako f = const.

3abenesrcka 2. Ot (3) ce BUKJIA, Ue CHIIECTBEHO 3a JOKA3ATEJICTBOTO €

He popMmysiaTa 3a CpeJiHaTa CTOWHOCT, & HEPABEHCTBOTO

1 2 i
@< 5 [ 15+ re)dg.
Karo usmnossBare ToBa 00CTOSITENICTBO, JOKAYXKETE CJIETHOTO MO-00IIO TBBHP-
JIeHUe:
Heka f(z) e peasiHo3HaYHA HepeK'bcHATA DYHKIMSI B O'PAHIYEHA 00JIaCT

D, rakaBa 4e 3a Besiko a € D u Besiko 7 > 0, 3a koero K (a,r) C D, e B cuia

HEPaBEHCTBOTO
1 2 )
fla) < — fla+re?)dep.
2 0
ToraBa nim f e KoHCTaHTa, WM 3a Besko a € D cobmectByBa z = z(a),

rakoBa ue f(a) < f(z), T.e. 3a f e B cujia NPUHIUIIBT 38 MAKCUMYMA.

10.2. Heka Py, Ps,..., P, ca ¢dukcupanu touku B paBumHara C u 3a
Besika Touka P € C |PPy| e abikunara Ha orceukara PPy, Heka f(P) =
ﬁ |PPy|. Ha ce nokaxe, 1e ako D C C e orpanuiena 06/1acT, TO MaKCHMY-
k=1
bt Ha dbynknuaTa f(P) B D ce poctura Bupxy 0D.

Pewenue. Heka z n zj, ca KOMIUIEKCHUTE YHCJIa, ChOTBETCTBAIM Ha P
u P, k=1,2,...,n. Homunomsr g(z) = ﬁ (2 — zx) e xonomopdna B D

k=1
dbyuknus u crnopes npuHIUIA 3a MakcuMyMma |g(z)| moctura Makcumyma cu

Bbpxy 0D. Ocrasa na ce 3abesnexu, de f(P) = |g(z)].

10.3. Heka D C C e orpanmnuena obmacr, f(z) e xonomopdua B D dyn-
kst u M e KoHCcTaHTa, TakaBa 4e 3a Besko ¢ € 0D e B cujia HePaBEHCTBOTO
limsup |f(z)| < M. Ha ce nokaxe, 4e |f(z)| < M 3a Besko z € D, karo

z—(

PaBEHCTBO C€ JOCTUIra CaMO aKO f = const.
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Pewenue. Heka ¢ > 0 u § > 0 ca ¢dukcupanu. CbriiacHo aeduHALIN-
srta Ha limsup 3a Besko ¢ € 0D cbmecrByBa r = 1((,€), r < J, TakoBa
ge 3a Besiko z € D N K (¢, r) umame |f(z)] < M + . Kpvrosere K((,r),
¢ € 0D, nokpusat kKoMmakTa 0D u MoxkeM j1a u3bepeM KpaifHO IOJITOKPH-

n
e K(C1,7r1),..., K(Cpymn). ToraBa 3a z € DN < U K(Ck,rk)> e umMame
k=1

n n
|f(z)| < M +e. Heka Dy = D\ |J K(Ck, k). Torasa 0Ds C |J K(Ck,7) 1
k=1 k=1
caegosarento |f(z)] < M +¢e3a z € 0Ds. CbIiacHO IPHHIINIIA 38 MAKCHMY-

Ma ChINOTO HEPABEHCTBO € B cuyla n 3a 2 € Dg. Ako cera z € D e IPOU3BOJIHO
u o < dist(z,0D), 10 z € Ds u3naun |f(z)| < M+e. Orryk, nonexe € > 0 e
npoussosHo, ciaeasa |f(z)] < M. Coriacuo 3ax. 10.1 pasencrso ce jocrura
camo axo f(z) = const = Me'®, a € R.

10.4. Heka D C C e npoussosnna obact u f e (yHKIH, X0J0MOPQHA
B D. Jla ce nokaxe, de win f(z) = const, mwin 3a Bcsgko a € D cbinecTByBa
z = z(a) € D, rakoBa 4e |f(a)| < |f(2)], T.e. IpHHIMI'BT 3a MaKCHMyMa €
Ba/IMJIeH 3a mponsBosHa obmact B C.

Pewenue. Ila monycuem, de f # const u cbimecTByBa a € D, TakoBa 1e
|f(2)] < |f(a)| 3a Bcaxko z € D. Ako a # oo, To |f(2)] < |f(a)| 3a Besko
z € K(a,r) C D n cbriacuo 3ax. 10.1 f(z) = const 3a z € K(a,r). Torasa
(reopema 3a emmnHcTBeHOCT) f(2) = const, z € D. Ako a = 00, TO npu
jocrarbano roasamo R > 0, {z : |z| > R} C D u |f(z)| < |f(o0)| 3a 2] >
R. Cvriacuo jgedununusaTa Ha XOIOMOPGHOCT B 00 (BXK. § 8) dyHKImsATA
o(z) = f(1/2) e xomomopdua B Kpbra |z| < 1/R u tam |p(2)] < [¢(0)].
Orryk cienpa, ge p(z) = const 3a |z| < 1/R, r.e. f(z) = const 3a |z| > R.
Crenosarenno (reopema 3a eauucrsenoct) f(z) = const 3a z € D.

3abeaestcra. OT NpUHIMIIA 38 MaKcuMyMa cjelBa, e ako f(z) e xouo-
mopdra B D C C u menpexbenaTa B D, 1o ot |f(2)| < M 3a z € D cienpa
|f(2)] < M 3a z € D. llpu usnonsBaHeTto Ha TOBa CBOMCTBO 3a HEOTPa-
HuYeHn objacTu TpsiOBa na ce BHmMaBa. Hampumep sin z e xomomopdHa B
D={z:Imz>0}n3zazeR=0D nvawme |sin z| < 1, nokaro | sin z| pacre
HEOrPaHMYEHO ¢ pacTeHeTo Ha Im z (Bxk. pemennero Ha 3a. 5.4). [Ipuannara
e, ue sin z He e Henpexbenata B D = {z : Im z > 0} U {oo}.

10.5. Heka f(z) = 65, 2] <1, z# —1.
a) Ha ce gokaxe, de ako |z| =1, z # —1, 10 |f(2)] = 1.

6) 3a Bcako R > 0 ja ce omuine MHOXKECTBOTO OT TOYKH Z, 33 KOHTO
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f(z)] = R.
B) Bapno s e, 1e ako |z| < 1, 1o |f(z)| < 17 Ako He e, He IpoTHBOPEIN

JIM TOB& Ha IPHUHIHNIA 38 MakcuMyMa? OBocHOBETe OTTOBOPA.

. 1-=2
Pewenue. IlpobHo-mnneitnara (pyHKIMS W = 0 n300pa3siBa eTHOIUC-
z

THO U KOH(MOPMHO Kpbra |z| < 1 BbpXy JsicHara nosypasHuHa Rew > 0.

a) Crenpa ot ToBa, 4e |f(2)] = eRew.

6) Heka L = {z : |f(2)] = R}. dcuoe,ue L =0 3a 0 < R < 1lumu

1—=2
L ={z:|z| =1} 3a R = 1. Or cBoiicrBara Ha rpanchopMaIuuTe w = T
z
—InR
u eV cinensa, 4ye 3a B > 1 L e OKPpBXKHOCT € IEHTbP B TOYKATA TR TR
n

JIOIUPAIIA Ce JIO eJIMHNIHATA OKPBXKHOCT B —1.
B) He e Bsapno, zamoro f(0) = e > 1. He nporusopeun Ha npuHIimna 3a
MakKCHMyMa, Thil KaTo He cbinecTByBa lim f(z). B mocreanoro ce ybexia-
z——1

BaMe, KaTO OCTaBUM Z Jda KJIOHU KbM -1 BeJIHDH2K 110 peaJjiHaTa OC U BTOPHU

uoT 110 L.

10.6. Heka f(z) e xonomopdua B obnact D u f(z) mama wyau B D.
Ha ce mokaxke, ge nan f(z) = const, win 3a Bcgko a € D cblnecTByBa
z = z(a) € D, takosa e |f(a)| > |f(2)], .e. |f| me mocrura MuHEMYyMa cu
B D.

Pewenue. Axo |f| nocrura munumyma cu 8 D, To xosomopdHaTa HyHK-
s g(z) = 1/f(z) me mocrura makcumyma cu B D. Cregosatenno g(z) =
const, a orryk u f(z) = const, z € D.

Babenesrcka. Tebpuenuero B 3a1. 10.6 € U3BECTHO KATO NPUHUUN 3G MU-

HUMYMA.
10.7. Heka f(z) e xonomopdua B K(0,1), |f(2)] < M, z € K(0,1) u 2,
|z <1, k=1,2,...,n, ca uyau na f. la ce nokaxe, de
n
z— 2
<M —.
el < [T [E2
k=1
Pewenue. Oyuxruure ok (z) = (2 — 2) /(1 — Zz), k = 1,2,...,n, uso-
GpassiBar exmHUYIHUS Kpbr B cebe cu. Heka my(e) = min{|pi(2)| : |z] =
1 — ¢}, kbuero 0 < & < 1 e npoussosino. Torasa my(e) — 1 u cieno-
e—
Bareso m(e) = min{my(e), k = 1,2,...,n} — 1. OyuximsTa ¢(z) =
e—

f(2)/ 11 ¢x(2) e xomomopdua B K(0,1) u sbpxy C(0,1—¢) yaosrerBopsiBa
k=1
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HepaBeHCTBOTO |p(2)| < M/(m(g))™. Or upunimna 3a MaKCUMyMa CJIeJBA,

)TL
qe To e m3nbiaHeHo u 3a z € K(0,1 — ¢). Cera karo ocraBuM € J1a KJO-

1
Hu kbM 0, 1me nosyunm, 4e |¢(z)| < M 3a Besko z € K(0,1), orkbiaero

n
1f(2)] < M ] |¢r(2)|, xkoeTo u Tpsibpaiie jia ce goKaxe.
k=1

10.8. Heka P(z) e moauHOoM cbe craprim koedurpent exuauia. Ja ce

JIOKaxKe, e Im|ax |P(z)| > 1. Kora ce mocrura paBeHCTBO?!
z|=1

Pewenue. Imame P(z) = 2" (1 p Il &2) = 2"p(z). Pynk-
z z

nusita p(z) e xosomopdua B obsacrra |z| > 1, HenpekbcHaTa € 3a |z| >

1 u ¢p(oo) = 1. Or mpuHIUNa 3a MAKCHMyMa, CJI€IBa, 1€ Tn‘ax\go(zﬂ > 1,
z|=1

OTKbJIETO m|ax |P(z)| > 1.
z|=1

Axo TnaX|P(z)| =1, T0 ‘max|<p(z)| =1 = ¢(0), oTKBIETO P = const =
=1 =1

p(c0) =1uroraBa ar, =0, k=0,1,...,n—1, r.e. P(z)=2".

10.9. Heka Py, (2) = a,2"+- - -+ ag € HOIHHOM OT CTEIeH 1 i [mlax] | Pn(2)]
-1,1

= 1. Jla ce jokazxe, Je:

n
a) |P,(2)| < |2+ V22— 1‘ 3a Besko 2 € [—1, 1], kbaero v22 — 1 e Tozu
=iV

zZ=1

eIHO3HaYeH KJIOH, 3a KOiTo v/ 22 — 1
0) |a,| < 2.
Pewenrue. Ilpn Taka pukcupanus e JHO3HAYEH KJIOH HA KOpeHa (byHKIs-
Ta p(z) = z+ V2% — 1 e xomomopdna B obaacrra C\ [~1, 1] u a nzobpaszasa

€IHOJIMCTHO U KOH(bOpMHO B'])pr BBHIMTHOCTTA Ha €AUHNYIHUA KPDBI, KaTO
p(00) = oo u |p(2)| =1, z € [—1,1] (ToBa e exHO3HAYEH KJIOH Ha oOpaTHATA
dbynknus na 2Kykoscku). ToraBa dyuknusra g(z) = P, (z)/¢"(2) e xoio-
mopdua B C\ [—1, 1]. Tlpuiarame npuHIEIa 33 MAKCHMYMA 33 BHLHITHOCTTA
Ha eJmIcara, orpax/jaiia .paspesa’ [—1,1], KosgTo e mpoobpa3 Ha OKPbK-
HocTTa |w| = p mpu TpancdopmanuaTa w = (z), U CJIEI TOBa OCTABIME p
na kjaonu KbM 1. TTomyuasame:

a)sa z ¢ [=1,1] |g(2)] < max 9(2) =1 = [Pa(2)] < |o(2)]".

)

an n
6) |2n‘ = [g(o0)| < max 9(2)| =1 < an| <2".

10.10. Heka D e orpanuuena obsact u f(z) e dyukuus, xomomopdHa B
D, uenpexnenata 8 D u |f(2)| = const 3a 2 € dD. [la ce nokaxe, e uin
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f(2) nma mone enna myna B D, win f(z) = const, z € D.

Pewenue. Heka nenpexkbenarara dbynknus |f(z)| moctura MuanMyMa u
MaKCHMyMa CH BbDPXY KOMIaKkTa D ¢hboTBeTHO B ToukuTe a 1 b. OT mpuHIua
3a makcumyMa (3ax. 10.1) ciexsa, we b € 0D. Ako f(z) # 0 B D, 10 or
npuHImna 3a MuHEMyMa (3a1. 10.6) cienpa, e u a € dD. Torasa cbriacHo
yeaosuero umame |f(a)] = |f(b)| u it xaro |f(a)| < |f(2)] < |f(b)] 3a
Bestko 2 € D, 1o |f(2)] = |f(a)| = const, z € D. Cera ot 3a1. 2.8 ciespa, ue
f(z) = const, z € D.

10.11. Hexka P(z) e mosmuoM ot crerren n > 1 u r > 0. [a ce gokaxe,
qe MHOKecTBOTO E, = {2z : |P(2)| < r} e obeaunenne Ha He IOBede OT
n exHocBbp3anu obsacru. Ilokaxkere, e E, ca eQHOCBbP3aHU OOIACTH 3a
JIOCTATBYHO TOJIEMU T

Pewenue. Muoxecrsoro E, e orsopeno u OF, = {z : |P(z)| = r}. Torasa

oo

E, = | Dy, xbaero Dy ca menpecuuamu ce obsactu u 0Dy C OE,. Toit
k=1

karo P(z) He e KoHCTaHTa, TO BCsAKa OT obsacture Dy ChIrbpiKa HOHE eJHa

uyna Ha P(z) (Bx. 3ax1. 10.10). CieoBaTesiHo OposiT UM He HAJIMIHABA M.
Axko Dy e enna or Tesum obsactu, Heka v C Dj e 3aTBOpeHa XKOPJAHOBA
KpuBa. 3a z € y uMame, de |P(z)| < r 1 OT IpUHIKIA 38 MAKCHMYMa, CJIE/IBA,
e HEPABEHCTBOTO € B CHJIa U 33 TOUKNTE OT BbrpentnocTTa Inty ma . Tosa
oznavasa, de Inty C E,, orkbiero ciejpa (3amo?), e Inty U~y C Dy, T.e.
D;. e eqHOCBBpP3aHa 00J1ACT.

Heka P(z) = ay, ﬁ (z—z) m R > 0 e TakoBa, 1e |zx| < g, kE=1,2,...,n.

k=1
Torasa |P(z)| < |an|R" 3a Bcsiko z ot kpbra K (0, R/2). OrTyk cienBa, ge 3a

r > |a,|R"™ 1031 Kpbr ce cbirbpxKa B E, u Thii KaTo Besika or obsacture Dy
ChibpxKa IoHe ejHa Hys1a Ha P(z) u K (0, R/2) e cBbP3aHO MHOXKECTBO, TO
K(0,R/2) C Dy, 3a Becsiko k. CoeioBaresino E, uma caMo eJjHa KOMIIOHEHTa
Ha CBbP3aHOCT, T.¢. F, e obact, pn ToBa €IHOCBbp3aHa.

10.12. Heka D e orpanudvena obsact u dyukuuure f(z) u g(z) ca xo-
nomopdbuu B D; HenpexbcHaTH B D 1 UMAT eHU U CbInu Hyu (6poeHu c
kparnocrure uMm) B D. Jla ce mokaxe, de ako |f(z)| = |g(z)| # 0, z € 9D,
to f(2) = Ag(2), |]\| =1, z € D.

Pewenue. Ot yciosuero ciefpa, de dyuknusara ¢(z) = f(2)/g(z) e xomno-

MopdHa 1 pasmaHa oT Hyda B D, Henpexbenata e B D u [p(2)| = 1, 2 € D.
Ag(2).

Torasa ot 3aj1. 10.10 ciensa, ue p(2) =\, z € D, re. f(z
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10.13. Heka f(z) e xonomopdna B kpbra K (0,1) ¢ nskiovenne Ha Kpa-
en 6poit nomocn, Henpekbeuara e B K(0,1) u |f(z)| =1 3a z € C(0,1). Hda
ce jokaxe, de f(z) e paruonayHa GyHKIHsI.

Ynsmeane. Hexka a1,as2,...,a, 1 b1, b2,...,b, ca CbOTBETHO HyIUTE U
nomocure Ha f(z), 6poeHn cbC CbOTBeTHHTE UM KpaTHOCTH. DyHKIHHTE

p n
£2) 11 (2 = b/ (1= Bz) 1 g(2) = 1 (2 — a)/(1 — @2) yomsernopman

k=1 k=1
yeqoBusTa B 3a7. 10.12.

10.14. Heka f(z) e wana dyuknus (f # const) u [f(2)] = 1 3a z €
C(0,1). Hda ce nokaxe, ge f(z) = Az", [\| =1, neN.
Pewenue. Toit karo f # const, To f uma KpaeH 6poit HyIH a1, ag, . . ., Gy
n

B kpbra K(0,1). Torasa (3a1. 10.13) f(z) = A [[ (z — ag)/(1 — axz), T.e.
k=1

f(2) e panmonanna dbyuknusa ¢ noocu B ToukuTe 1/ay. Toit kKaro f e msta
dbyHKIWsI, TOBa € Bb3MOXKHO caMo ako 1/ay = oo, T.e. ax = 0 3a Besko k.
Crenosarenso f(z) = Az".

10.15. Heka f(z) e nsuia dynkuus n |f(2)] < 1/|Imz|, z € C. Ha ce
Jokaxke, ge f(z) =0, z € C.
Pewenue. Heka zy € C e nponssosna Touka nu R > 0 e Takosa, 1de |2 <

R. Oynkmuara g(z) = (22 — R?)f(z) cbmio e nsana u 3a |z| = R nvave
9(2)| = |z = Rl |z + R[[f(2)| = 25|f(2)| = 2R[Im 2| [ f(2)| < 2R,

KbJeTo S € JIMIETO HAa TPUbI'bJIHMKA C BbpxoBe B TouknTe —R, R u z.

Or npurnuna 3a MakcumyMma caensa, 4de |g(zo)] < 2R <= |f(20)] <
2R

R? — |z0]*
10.16. Heka f(z) e dynkuus, xonomopdua B equnnanus kpbr K (0, 1),
ul|f(z)] <1, z€ K(0,1). da ce gokaxe, 4e:

[Ipu R — oo nonygasame, de f(zp) = 0.

a) f(z)—if(zo) < i _720 3a BCeku z, 2o € K(0,1);
1= f(z0)f(2)] |1 — %02
_ 2
o e = LI o,
Pewenue. a) Heka w = f(2) u ( = ¢(z) = 12—_;00,2’ Y(w) = %.

Oynxmusara g(¢) = ¥ o f o p () e xomomopdua B K(0,1), g(0) = 0,
lg(¢Q)] < 1, ¢ € K(0,1), me. Ta ynoBierBopsiBa ycJIOBUsITA B jiemMaTa Ha
MIsapn. Crexosaremno |g(C)| < [¢], ¢ = ¢(2) <= [o(f(2))] < |p(2)]-
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6) Creasa oT &), KATO HAIIPABUM I'DAHUYEH IPEXOJ IIPU 2 — 2.

10.17. Heka f(z) e dynxkiwmst, xomomopdna B ropHarTa noaypasanaa H =
{z:Imz >0}, uIm f(z) >0, z € H. la ce nokaxe, Je:

a) 1(z) _@ < Z—io 3a BCEKU z, 29 € H;
f(z) = f(z0)| 12~ %0
Im f(20)
6) |f’ < ——— 2 € H.
) [f(z0)l = — == %0

Vnsmeane. Cnenpaiite pemennero Ha 3aj. 10.16, KaTo U3I0/JI3BaTE TPAH-

zZ — 20 w — Wy
chopmarure @(z) = — u Y(w) = —, n300pa3dBaIIy ropHaTa

zZ — 20 w — Wo

IIOJIypaBHUHa B € IUHUYIHUA KPbBI.

10.18. /la ce nokaxe, ye ako dyukuusra f(z) e xomomopdua B K(0,1),
1f(2)] < 1, z € K(0,1), u uma jiBe pasinvHU HEHNOABUXKHHU TOYKH a,b €
K(0,1), To f(z) = z.

Z J—
Pewenrue. Oyuknusra ¢ = g(z) = - n300pas3saBa eJMHNYHUS KPbI
—az
bh—
B cebe cu, karo g(a) = 0, g(b) = (4 := 173(). Torasa dyukusta ¢(() =
—a

go fog 1(¢) e xomomopdra B K(0,1), [p(¢)] <1, ¢ € K(0,1), ¢(0) =0
u ¢©(¢1) = (1. Or nemara na IBapry caensa, ve ¢(¢) = (. Torasa f(z

g lopog(z) =g log(z) =z
10.19. Heka D = {z : |Rez| < 7/2}. [la ce nokaxe, Je:
a) TpancdopmanusaTa W = tg g n300pazsiBa D € IHOINCTHO U KOH(MOPMHO

BbPXY €JMHUIHUS KPbI;
6) ako f(z) e dyukuus, xonmomopdua B D, f(0) =0u |f(2)] <1, z € D,
10 |f(2)] < (tggj, z€D.
Pewenue. a) Crenpa or ToBa, 4e tg 2o el,z — 1.
2 e +1
6) Or a) caensa, 1e dyuxmuara g(w) = f(z), w = tg %, e xosoMopdHa

b K(0,1), 9(0) = 0 [g(w)| < 1. Torasa [g(w)| < || <= |f()| < |tg 5]

10.20. Heka f(z) e dyukiusi, xomomopdua B K(0,1), u [f(2)] <1, z €
K(0,1). [da ce gokaxe, e

HOER

1fO)] = |21 1f O]+ ]2
L=[fO)[]2] ~

&< T
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Pewenue. Or 3az. 10.16 a) (upu zp = 0) umame M < |z|,
1= f(0)f(2)

z € K(0,1). ToBa o3nauaBa, e Toukara ( = f(z) OpUHAIICKHA Ha LIPO-

obpasa na kpbra {w : |w| < |z|} npu TpancdopmanusTa w = f_ff((oo))c

Ot cBoiicTBara Ha IpobHO-THHEHATA TpancdopMalus (BXK. § 3) ciensa, de
TOBa € KPbI' ¢ JUAMeTbp, YAUTO KPAUIIa Ca B TOUKHUTE

g HOI=  fO) - fO)+ 1] f(0)
L=1f(0)[[z] [£(0)] L+ [f(O)[[z] 1£(0)]

HpI/I TOBa @ W b ca TOYKHUTE OT TO3U KpPbI, CbOTBETHO C Hall-MaJI'bK U Haii-

roJsisiM Moaydr, T.e. |a| < [f(z)| < [b].

3abeneoicka. CpaBHeTe Tasn 3aja4a Ccbe 3a1. 3.31.

10.21. Heka f(z) e dyukuus, xomomopdua 8 K(0,1), f(0) =1 u |f(z)]
< M, z € K(0,1). Ia ce nokaxke, ue B kpbra K(0,1/M) e usmbineno
HepaseHcTBOTO |f(2) — 1| < M]|z|.

Pewenue. Axo f = const B K(0,1), to f = 1 (monexke f(0) = 1)
U HepaBeHCTBOTO e oueBHjHO. Heka cera f # const. Tpancdopmarusita

P(w) = M]\;;i__lw uzobpasssa K (0, M) B K(0,1) (Bx. 3ax1. 3.24 B)), Taka
1e 1)(1) = 0. Torasa (dur. 10.2) dynknusTa
S -1

e xosmomopdua B K(0,1), ¢(0) = 0 z)] < 1, z € K(0,1). Cneno-
Barenno (yema na IllBapm) |¢(2)| < |2|, 2 € K(0,1), u B gacrHOCT, aKo

=
5

®ur. 10.2
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z€ K(0,1/M), 1o |p(z)] < 1/M. Cera or (4) nonyuasame

p(2)(M? 1)

AT )

u 3a |z| < 1/M umame

1
)2 —1) _ 37 M= 1)

Wl Sy L

Fz)-1] < —1.

Torasa or semara Ha IIIBapi 3a dyukimsTa f(z) — 1 B kpbra K(0,1/M)

cJIeIBa,
]
1/M

F(2) =1 < —2L = M2,

10.22. Heka f(z) e dynkmus, xomomopdua B kpbra K (0, R) u Henpe-
kbcHata B K (0, R). la ce nokaxe, de f(z) HaMa Hyau B Kpbra {z : |z| <

FOLR = max Al 2 e K(0.R)
Mo Kot M =max{[f(z)], 2 € KO, R)}.

Pewenue. Heka zp € K (0, R) u f(z09) = 0. [Ipmiarame emara na IIsapiy

kbM dyHKIwsTa ¢(2) = f(2) — f(0) u momyuasame |g(z)| < M ’f( )‘| |.

_FO)|Rr
M +[fO)]

10.23. Heka D C C e obaact u u(z) e xapmonnuna B D dyuknus. Ta ce

OtrryK 32 2z = 29 ciejBa, de |zo| >

JIOKazKe, e aKo u(z) J0CTUra MUHUMYMA WM MAKCUMYMa CH BbB BbTDEIIHA
Touka Ha D, 1o u(z) = const, z € D.

Pewenue. Heka a € D e TakaBa, 1e u(z) < u(a) 3a Bcsixo z € D. Heka
K(a,r) C D. Twvit xato K(a,r) e exnocsbps3ana obiacr (3a1. 7.22), Cb-
mecrByBa xonomopdua B K (a,r) dyukuus f(z), 3a xosaro Re f(z) = u(z).

Oynxmusra ef (?) e xomomopdra B K (a,7) u |ef(?)] = ei?) < eul@) = |f(@)|,
Ot npuHImITa 32 MakcHMyMa ciesa, de ef (2) = const, z € K (a,r), orkbe-
o u(z) = u(a), z € K(a,r).

Heka A = {z € D : u(z) = u(a)}. Muoxecrsoro A e 3aTBOpEHO U

Herpasno, Tbit kKaro K (a,r) C A. Ho A e u orBopeno. /leiicTBuTenHo, ako
be A rou(b) =ula) > u(z), z € D, n KAKTO 1MO-rope CHIIECTBYBA KPbI
K(b,e) C D, 3a uniito Touku z e msmbiareHo u(z) = u(b) = u(a), T.e.
K(b,e) C A. Tnit kato D e cbp3ano maokecTBO 1 A # (), TOo D = A.
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Ako u(z) moctura MUHUMYMa CH BbB BbTDEIIHA TOYKa Ha [, TO XapMo-
angHara QyHKusa —u(z) J0CTUra MaKCUMyMa CH B CbIIATa TOYKA U OTHOBO
nosygyasame u(z) = const, z € D.

10.24. Jla ce nokazxe, 4e ako u(z) € XapMOHUYHA U OrPaHrIeHa (DYHKIUST
B C, 10 u(z) = const, z € C.

Pewenue. Toit kato C e eHOCEBp3aHa 00J1ACT, TO CHITECTBYBA XOJIOMOP-
dua B C, 1 €. mguta dyuxmus f(z), takasa e Re f(z) = u(z). Oyuximsara
ef(?) e cpmo nanma u |ef?)| = e4?) < M| kpaero M > u(z), z € C. Cbr-
nacHo Teopemara Ha JImysmn e/ (?) = const, a Torasa u u(z) = const, z € C.

10.25. Heka f(z) e dynknus, xosomopdna B kpbra K (0, R), Helpekbe-

nara B K (0, R) u neka A(r) = max{Re f(2), |z| = r} u M(r) = max{|f(2)],
|z| =7}, kpaero 0 <r < R. [la ce nokaxe, 1e ako f(0) =0, o

M(r) < 2r

< R—TA(R)’ r < R.

Pewenue. Axko f e koncranta (r.e. f = 0), TBbPIEHUETO € OUEBHJHO.
Heka f ne e koncranra u D e obpazbr Ha K (0, R) nmpu Tpancdopmarmsita
w = f(z). O npuHnuna 3a MakcuMyMa 3a xapMoHudHaTa yaknus Re f(z)
(zag. 10.23) ciensa, ue D ce chabprka B nosypasaunara {w : Rew < A(R)},
karo 0 € D u A(R) > Re f(0) = 0 (dur. 10.3). JIpobuo-iuueiinara TpaHc-

(2) (w) ©

w=f(2) %\Am) 2A(R) (w) 5
SR 01
V

®@ur. 10.3
w
dopmanus ( = —————— u300pa3sBa MOJypPABHUHATA B €IUHUIHUS KPbI
2A(R) —w
K(0,1) (samo?), a D — 8 D' C K(0,1), karo ((0) = 0. Tosa uu nosu-
f(z)
cema Jjia pasriegame yHknusaTa ¢(z) = ————————. Ta e xomomopd-
)= am -0

Ha B K(0,R), g(0) = 0 u |g(2)] < 1, z € K(0,R). CbryiacHo jiemara Ha
Msapr umame |g(z)| < |z|/R, z € K(0, R). OrTyK, Karo B3eMeM INpeJIBH/I,
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_29(2)
e f(z) = TQ(Z)A(R)’ ciesiBa

2|z|
R— ]

2|9(2)|
1—1g(2)]

OTK'BJICTO TIPU |z| = 7 moJiydaBaMe TBBbPJCHUETO Ha 3a/a49aTa.

ARy < 2EI/E

1) < < T EgRAR = g AR, 2 € KO0.R),

E O S 3

10.26. a ce namepu O6POSIT Ha HYJIUTE HA MTOJTUHOMA
f(z) =28+ 25 4620 +523 + 822+ 4241,

KOUTO JIeKaT B JigcHaTa nosypasuuna Re z > 0.

Pewenue. Heka R > 0 e ToJIKOBa rojisiMO, 1€ BCUYKH HYJIU Ha f, JieyKaln
B Rez > 0, ca B noaykpwra D = {Rez > 0} U {|z| < R}. Torasa axo f
HsiMa HYJId Bbpxy ODpg, 6post N Ha Hyaure B Re z > 0 mie Obje chryiacHO

MIPUHITATIA 38 apTyMEHTa

(5) N = %AaDR arg f(2).

CrenoBarenno Haii-Hampe]| TpsabBa Jla HPOBEpUM Jaju f UMa HYJIH BbPXY
nMarvHepHaTa OC U aKO MMa, Ja I'l OTCTPpaHUM Ype3 JiejiIeHe Ha ITOJIMHOMU.
Bopxy |z| = R mymn mama cbruacHo n3bopa na R. mame

fliy) = —y® +6y* —8y> + 14+ i(y® — 5y +4y) =0
TOoraBa M CaMO TOraBa, KOraTO ypaBHEHUATA
—S 6yt =82 +1=0 u -5 +4y=0

nmar obmu kopenn. Kopenute Ha Broporo ypasHenue ca (0, £1 u +2 u te He
ca KopeHn Ha bpBoTO. ClieoBaTe/IHO f He ce aHy/Inpa BbPXy HMarnHepHaTa
ocu e B cuia (5).

Twit kato f(2) = 25(1+1/2+---+1/2%), 1o

Acy arg f(2) = Agy arg 2° + Ay arg(1+1/2 + -+ - +1/2%),
kbaero Cr = {|z| = R} N{Rez > 0}. fcHo e, 1e

Acy, arg 28 = 6Ac, argz =6 (g — (—%)) = 67.
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[o-nataTbK, Thit Kato 1+ 1/2 4+ -+ +1/2% — 1 1pu |2| — oo, T0 arg(l +
1/z+4---+1/2% — arg1 = 0, orkbaero

e(R) = Acyparg(l+1/z+---+1/2°) — 0 npu |2| = R — oc.

Taka monydaBame P}im Acy, arg f(z) = 6.
—0Q

3a a HaMepuM U3MEHEeHneTo Ha ¢ = arg f(iy), Korato y ce MEHH OT 00
JIO —00, 1€ U3C/IeBaMe U3MEHEHHETO Ha

_ Im f(iy) y® — 5y + 4y _ Qy)
(6) tgp = Re f(iy) —y®+6y*—8y2+1 P(y)

Ba Taszu nes TpadBa Ja Mo3HABaME PA3IIOJI0KEHUETO HA HYTUTE HA TUCTUTE S
u 3namenarens B (6). Hymure va Q(y) ca 0, £1, £2. Illo ce orHacs mo
mymmTe Ha P(y), Kato monoxkum y? = t, momyuasame g(t) = 3 — 612 + 8t — 1.
Henocpecrseno mposepsiBame, e g(0) < 0, g(1) > 0, g(4) < 0, tggloog(t) =
+oo. Crenosaresiro g(t) = 0 uMma TpU pPa3IMIHU PeAHU KOpeHa ti, o U
t3, TakuBa e 0 < ¢ < 1 < tg < 2 < 4 < t3. Torasa P(y) = —g(t) uma
mecT Hyam Y12 = £v/t1, ysa = £v/t2, ys6 = ++/l3, Umero pasnosokeHne
KaKTO W MOBEJIEHNeTO Ha tgy u ¢ e mameno B Tabm. 10.1 (B Hes ¢ ,,+“ u

Tabsma 10.1

y —oo Y6 —2 Y4 —1 Y2 0 Y1 1 Y3 2 Y5 +oo
Q - ‘ -0 + ‘ + 0 — ‘ -0+ ‘ + 0 — ‘ -0+ ‘ +

P - 0 + ‘ + o - ‘ - 0 + ‘ + o0 - ‘ - 0 4 ‘ + 0o -

tg |0 +OO‘*O<> 0 +00‘700 0 +00‘700 0 +00‘700 0 +OO‘700 0 +00‘700 0

@ | 37/2 27 5m/2 3 /2 am 9 /2 51 117/2 67 137/2 T

[43

»,—" ca najenu 3uanure Ha P u ) B orvienHuTe uHTEpBain). AKO Yy — —00,
y < Yy, TO tgp — 0, karo upu ToBa f(iy) mexu B III kBajpanT (3HamM —,
—). Caemosarenno ¢ — 7w (bur. 10.4). Ilpu y — ys, y < ys, tgp — 00,
karo f(iy) e B III kBagpanr u 3uaum ¢ € (7,37/2) u ¢ — 37w/2. Ilpn
IpeMuUHAaBaHETO Ha Y 1pe3 Yg B mHTepBaia (Ys, —2) f(iy) npemunasa B IV
KBaJIpaHT (3Hamu —, +) u upu y — —2 nosydasame tgp — 0, OTKbIETO
¢ — 2m. Ilpu npemunaBanero Ha y npe3 —2 B maTepBaaa (—2,y4) f(iy)
npemuHasa B | kBajpanT (3uamu +, +) u tg ¢ — +00 npu y — Y4, OTK'bIETO
¢ — 2m+7/2 = 57 /2. Karo npob/KuM Taka 0T HHTEPBAJ B MHTEPBAJL, I11e
[TOJTy IUM ITOCJIeIOBATEIHO CTOMHOCTHTE Ha 0, KAKTO € moka3ano Ha dur. 10.4.
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137/2

T 57 37 /—\ \

3m/2

™

/2

117/2

@ur. 10.4

Taka Ipu U3MEHEHHUETO Ha Yy OT —OO [0 +OO, @ Ce Uu3MeHd OoT 7 10 T n

cJIeJ0BaTEJIHO
lim A[ZR —’LR]f(Zy) =7 —"T7Tm = —6m.
R—oo ’
Torapa ) 6 6
m™ — 07T
A 5 Bopg arg f(2) o 0

u f HdaMa HYJIX B JigiCHaTa IIOJIypaBHUHA.

10.27. a ce mamepu OposST Ha HYJIATE HA MOJTUHOMA
flz) =221 =323 4322 — 241

BbB BCEKU KBAJIPAHT.

Pewenue. Bupxy mmarunepnara oc f(iy) = 2y* — 3y? + 1 +1i(3y> — y)
u f He ce aHyJIMpa, 3aI0TO YpPaBHEHUSITA 2y4 32 +1=0u3y’—y=0
usmar obmm kKopenu. [le nokaxem, ue f(x) > 0 3a x € R. [eiictBuresHo,
fl(x) =823 — 922 + 62 — 1, f"(v) = 6(42> — 3z + 1) u f”(x) > 0 3a BesAKO .
Torasa f'(x) pacre B (—00, +00) u nonexe f/(0) = —-1<0,a f/(1) =4 >0,
to f'(z) nma equacTBeHa peanna uysta a € (0,1). Teit karo f'(z) < f'(a) =0
sax <amu f'(x)> f'(a) =03ax > a, o f(x) namanssa B (—00, a) u pacre
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B (a,+00). Taka f(x) > f(0) =13az<0wu f(z) > f(1)=23ax >1.3a
z € (0,1) nmame

fx)=322A—a)+1—z+22* >322(1—ax)+1—2=(1—2z)322+1) > 0.

Canenosarenso f(z) > 0 3a Besiko © € R.
[ITe namepum 6posi Ha Hyaure Ha f B I kBagpant. Twit karo f(x) > 0,
r € R, 10 Ay o) arg f(r) = 0. Kaxro B 3a1. 10.26

Acyarg f(2) = Acparg2* +e(R) =4 - g +e(R) =27+ e(R),

kbjero Cg e pbrata {z = Re®, 0 < ¢ < 7/2}, a e(R) . 0.
—00

Bupxy mmarunnepuata oc f(iy) = 2y* — 3y? + 1+ iy(3y? — 1) = P +iQ,
KaTo myiaute Ha P ca £1 un :I:l/ﬂ, a Ha Q — 0, :I:l/\/g. 3uarure HA P
u () B OTJe/JHUTE WHTEPBAJM, KAKTO M MOBeJeHNeTo Ha ¢ = arg f(iy) u
tgp = Q/P ca nanenu B tabs. 10.2. Ilpencrasa 3a nosenenuero Ha f(iy)

Tabma 10.2

y oo 1 1/v/2 1/V/3

Q + \ + \ + 0 -

P + 0 - 0 + +
tgp 400 ‘ —00 —00 ‘ +o00 0|0 0
v |0 /2 /2 0 0

wld

Wl

®ur. 10.5
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nasa ¢ur. 10.5. CuenoBaresiHo

R—o0
1
Taka 3a 6post N na uyaute Ha f B | kBagpant nosyuaBame N = 2—(2# +
T

0+0)=1.

[To-rHaTaTbK NPOBILKETE CAME, KATO YCTAHOBHUTE, Y€ B TOPHATA, TIOJIyPAB-
HuHa f WMa JBe HyJIH, U u3noJi3Bare, de f e ¢ peajHu KOeUITUEHTH.

Ome. BbB Bceku KBaJipaHT f WMa TOYHO IO €J{HA HYJIA.

10.28. [la ce Hamepu OGpOSAT Ha HYJIUTE HA TOJUHOMA
f(2) =25 +24+322 + 82+ 15

BbB BCdKa OoT noaypaBamHHTEe Rez > 0 mw Rez < 0, KaKTO W BBB BCEKHU
OTBODEH KBaJIPAHT.

Pewenue. e pasriename camo jsicuara nosypasuuaa Re z > 0. Mmame
fliy) = y* — 8y? + 15 +iy3(y? — 3), xaro xKopenure Ha y* — 8% + 15 =0 ca
y=+v3uy=+V5,anay>(y?—3) =0cay = 0uy = +/3. Ciemopareno
f uMa sBe HyIHm BBLpPXy mMarmeepHara oc — +iv/3. Karo pasmenum f na
22 + 3, momyuasame f(2) = (22 + 3)(23 + 22 + 5). Cera ocrasa ja HaMepuM
6post Ha mysnute Ha g(2) = 22 + 224+ 5 B Rez > 0. Kakro B 331, 10.26
umame Ac, arg g(z) = 37 + e(R), kbuero Cr = {|2| = R} N{Rez > 0} u
e(R) —— 0. Ocsen oBa g(iy) = P(y) +iQ(y) = —y*> + 5+ i(—y?), xaro

R—oo
P(y) = 0 camo 3a y = +/5, a Q(y) = 0 camo 3a y = 0. Karo usciemsame
sHanuTe Ha P u () B OT/Ie/THUTE HHTEPBAJIH, 32 MOBeIeHneTo Ha ¢ = arg g(iy)
u g(iy) nosygaBame pesysararure, orpasenu B 1abst. 10.3 u dur. 10.6. Torasa

. . s T
Rhf(l)o Aig,—ir arg g(iy) = 5~ (—§> =7

Tabyma 10.3

Y —00 -5 0 V5 +00
Q + \ + — \ —

P — 0 + + 0 —
tgp | —oo —00 ‘ 00 00 —00 ‘ +00 400
w | 7/2 w/2 0 —m/2 —m/2
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s
Z
us
2

(iy)

N

Wl

@ur. 10.6

ST o T

™
KaTo ¢(z) e ¢ monoxkuresnn Koedunuentu, To g(x) > 03a z > 0 u g(z) uma

u 3a 6pog N ua mysiute Ha g B Re z > 0 monygaBame N =

o exaua Hysa B 1 u IV kBajgpaHT, cHMeTpUIHE OTHOCHO peajtHara oc. OcBeH
TOBA, Tbil KATO ¢ € MOJIMHOM OT TPeTa CTEIleH, TOH MMa U egHa peajHa HyJia
u T e orpunaresna. OT BCHIKO Ka3aHO JOTYK CJIeBa, 9e f nMa JIBe HyJIH
BRez > 0, entna B Rez < 0, mo enna B I u IV KBajpaHT u HsIMa HYJIU BbB
IT u I11 xBagpanrt.

10.29. [la ce Hamepu OPOSIT HA HYJIUTE B I'bPBU KBAJIPAHT HA ITOJUHOMA.
a) f(z) = 2* +1i2% — 722 + 62 — 27i/8;

6) f(z) = 2° — 5izd + 3iz3 + 22 — 2;

B) f(2) = 2° + 224 + 423 — 322 — 2iz — 4i.

Ome. a) 0; 6) 1; B) 1.

10.30. /la ce mamepu 6posit Ha nyaure B K (0, 1) Ha nojgmHoMA:
a) f(z) =2% — 220+ 22 - 82— 2;

6) f(z) =28 —42° + 22 - 1;

B) f(2) =423 — 22+ 1.

Pewenue. a) 3a z € C(0,1) nmame

129 =228 422 — 2l < |2 + 2|28 + |22+ 2 =6 < 8 = §|2].

Cwriactno Teopemara na Pyme f(z) mva tonkosa myan B K (0, 1), koikoro
u 8z, T.e. eqHA.

6) |28+ 2% <2<3<|—42°—1]3az2¢€C(0,1) u cremoparenno f(z)
nma rret Hyiau B K (0, 1).
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B) Ome. Tpu.

A—z

10.31. a ce mokaxke, ue npu A > 1 ypaBHEHHETO ze = 1 numa camo

equn kKopel B K (0,1) n Toit € mostoKuTEIEeH.
Pewenue. Axo |z| = 1, 70 Rez = x < 1 u torasa |ze?™?| = A% >
A—z

M1 > 1. Cwriacno Teopemara ma Pyime ypasueHneTo ze = 1 numa TOJI-

koBa kopenu B K (0, 1), KOJIKOTO MMa ypaBHEHHETO zeM % = 0, T.e. euH.
Ocsen ToBa axo f(z) = ze’* —1, 10 f(0) = -1 <0wu f(1) =1 —1>0.
CiretoBaTe/IHO TO3H KOPEH € peasieH u e B unrepsasa (0, 1).

? = )\ mMa camo

10.32. la ce mokaxe, 1e nmpu A > 1 ypaBHEHUETO 2 + €~
eJINH KOPEH B JIFCHATA [OJyPABHUHA U TOM € MOJI0KUTEJIEH.

Pewenue. CpasusiBame |z — A| u |e”?| Bbpxy rpanunara na K (0, R)N{z :
Rez > 0}3a R > A+1. Ao z = iy € [—iR,iR], 10 liy—A| > A > 1 = |e"¥|;
axo |zl = R,Rez > 0,10 [z = A > |2 —A=R— )X > 12> |e?| = e Rez,
Cera ot Teopemara Ha Pyiie cje/iBa, 4e ypaBHEHHETO UMa €JUHCTBEH KOPEH
B JISICHATA MOJIyPABHUHA, a OT ChOOPaYKEeHUs 33 HEIPEKbCHATOCT 3aK/IH09a-

BaMe, 4e Toii e B maTepBasa (0, \).

10.33. Heka 0 < |a| < 1 u n € N. [la ce mokaxe, 4e ypaBHEHUETO
(z —1)"e* = @ mMa TOYHO N eIHOKPATHH KOPEHA B JSICHATA [IOJIyDABHUHA U
BcHUKM Te ca B Kpbra K (1,1).

Pewenue. Heka R > 1u D = K(1, R)N{z: Rez > 0}. Ba z = iy € 0Dk,
mvame iy — 1| > 1, orkbaero |iy — 1[*e?¥| > 1 > |a|. Ako z € ODg,
|z — 1] = R, 1o |z — 1|*|e*| = R"eR®* > 1 > |a|. CenoBaresno 3a Besko
z € ODp e usnrbineno |z — 1|"|e®| > |a| u cbruacuo Teopemara Ha Pyie BbB
Besika obsract D, R > 1, ypasuenunero (z — 1)"e* = a uma TOJIKOBa KOpEHa,
KoJIKOTO nMa u (2 — 1)"e* = 0, 1. e. Touno n. T'vit kato R > 1 e npoussosHo,
TO JIaJICHOTO ypaBHEHHE MMa TOYHO 1 KOPEHa B JsiCHATa IOJypDaBHUHA U
Beuuky Te ca B Kpbra K (1, 1). Ako 2z e KopeH or pes moHe 2, 1o (29—1)"e*0 =
amn(zo—1)""1e* + (29— 1)"* =0, Te. (20— 1)" Le® (20 — 1 +n) =0,
KOeTO O3HadaBa, ye win zg = 1, mm e® = 0, win zg = 1 —n < 0. Crurnaxme

10 IIPpOTHUBOpEYIUeE.

10.34. a ce mokaxke, e ypaBHeHnuero ctgnz = az, a € R, upu a > 0
“Ma CaMO peajiHid KopeHu, a npu ¢ < (0 — 6e30poiiHO MHOTO peaHu U JIBa
YUCTO UMArMHEPHU KOPEHA.

Pewenue. Hexka D,, = {z € C : |Rez| < n+1/2, |Imz| < n+ 1/2}.
Coritacuo 3a. 5.8 cbinectByBa koHcranta M > 0, takasa 4e |ctgnz| < M,
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z € 9D, 3a Bcako n € N. Torasa npu jocrarbaHo rojaemMu n 3a z € 0D,
mvame | ctgmz| < M < |a|(n+ 1/2) < |az|, otkbaero |cosmz| < |azsin7z|.
Tbit kKaTo ypaBHeHHATA Ctg T2z = Az U COSTZ = aZSINTZ ca eKBUBAJICHTHH,

10 B D, OposaT Ha KOpEHHTE Ha JaJeHOTO yPAaBHEHUE CbBIAJA, ChIVIACHO

TeopemaTa Ha Pyire, ¢ 6pos Ha KOpeHUTE Ha ypaBHEHHETO azsinwz = 0
u roit e 2n + 2 (z = 0 e aBykparen u 2z = k, k = +1,+2,...,4n ca
¢/IHOKPATHH ).
i(n+ 1)
y=azr,a>0
—n—j n -1 0 1 n n+ 3
y=ar,a<0
—i(n+3)
Qur. 10.7

Heka cera a > 0. Torasa (dur. 10.7) upasara y = ax upecuya rpadu-
kaTa Ha dyHKIuATa y = ctgme B 2(n + 1) = 2n + 2 Toukwu, gexamm B D,
(o exna BbLB Beeku unrepsBana (k— 1,k), k = 0,+1,4+2,...,4+n, u no exna
B unreppaiure (—n — 1/2,—n), (n,n + 1/2)). CremgoBaresano ypaBHEHHETO
ctgmz = az uma 2n + 2 Kopena B unrepsana (—n — 1/2,n + 1/2) u 3naun
BcuukuTe My Kopenu B D, a ortam u B C, ca peasnu u B C re ca 6e36poiino
MHOTO.

Axko a < 0, npeceunnre TOUKM Ha y = ax ¢ y = ctgmz (bur. 10.7) B
D,, ca 2n (uo exna BbB Beeku unrepsan (k— 1, k), k = 0,+1,+2,..., £n,
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karo B uHTepBaauTe (—n — 1/2, —n) u (n,n + 1/2) HaMa OpecevHn TOUKH).
Crie1oBaTeIHO B TO3M CJIydail JaJIeHOTO yPABHEHHUE UMa, JIBa KOMILIEKCHU U
6e30poitHO MHOTO peaJsiHu KopeHu. Tbil kKaro dyukuusra f(z) = ctgmz —az
e HeuerHa, T.e. f(—z) = —f(z), u Bbpxy R mpumema peasiHu croiiHocry,

T.e. f(Z) = f(z), To aKO z € KOMIIJICKCEH KOPEH Ha YyPABHEHHUETO, KOPEHU
buxa Omm U —z, Z 1 —2z. 110C/IeHOTO € Bb3MOXKHO CAMO aKO 2 = —Z, T.e€.
Rez = 0, u ToraBa KOMILJIEKCHUTE KOPEHH Ha yPABHEHHETO Ca 2] = iq,
z9 = —ia, a € R. [lo-Touno, @ € KopeH Ha ypapHeHuero cthmax = —ax. C

TOBa TBBPJACHUETO € JJOKa3aHO.

10.35. la ce mokazke, 9e ypaBHEeHHETO tg w2z = az, a € R, nma 6e36poiino
MHOT'O PEAJTHU U JIBa YUCTO nMarnHepuu Kopena nipu a € (0, 1) u camo peasnn
Kopen# 1pu a € (—oo, 0] U [1,400).

Vnsmeane. Cnenpaiire crpukTHo perenuero Ha 3a7. 10.34.

10.36. Heka f(z) = z — ctg z. [la ce jokaxe, ue:

a) f(z) uMa caMo peasHu U NPOCTH HYJIH;
1 d
6) lim —— / 2 .
n—oo 271 |z\:(n+%)ﬂ' f(Z)

o0
2
B ——— =1, KbJIeTO Ty, Ca MOJIOKUTESHNTE Hyn Ha f(2).
) nz_:l 2+ :C% o n Y f(z)
Pewenue. a) Ot 3ax. 10.34 (upu a = 1) caenpa, ue f(z) uma camo pe-

amau mysan. Cera, KaTo B3eMeM IIPeABHUJ, 4Ue ctgz e mepuommdna yHKIUS
u fl(r) =14+ —=—>0,zecR\{kr}, £ =0,£1,£2,..., crobpasaBanme,
in” x

de f(z) uMa u36POMMO MHOTO PEasHH U IIPOCTH HyIu ([0 ¢/[HA BbB BCEKN

unrepsa (km, (k+ 1)m)). [Ipu ToBa, Tbit kKato f(2) e Hederna dbyHKIus, TE
ca CHMETPHYIHU OTHOCHO HAYAJIOTO.

[e.e]
6) Twit kato |ctgz| < M, ze€ C\ |J {z:|z—kn| <7/4} (3a1. 5.8),
[ —
TIOCJIEIOBATE/THO TOJTy YABAME >

1/ b
2mi |z|=(n+1)m f(z)

1 ctgz 1 | ctg 2|
— ————dz| < — |dz|
270 J |z =(nt Lyr z2(z —ctg 2) 27 Jizj=(n+ 1) 1z|(|z] — | ctg 2])

1 M 2m(n + 1) M
_— i -mM=
21 (n+ 3)m ((n+ 3)m — M) (n+3)mr— M

dz—l‘:

IN

2 -0,
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KoraTo n — oQ.

B) OT Teopemara 3a pe3ujyyMuTe UMame

1 / 1 -
L ——dz=2)Y Res(zz).
211 |2|=(n+1)n f(z) kz:l

1

Twit KaTO X} ca MPOCTHU IOTIOCH HA ?, TO
1 1 1 1
Res(xp) = = = _ )
(k) flag) 1 1+ 1+ctg2ay, 24 a2
sin? z;,
= 2
C 6 : 1
cera oT ) cJjieaBa, e T; 9 T 1‘%

10.37. Heka f(z) = z + ctg z. [la ce jnokaxe, ue:
a) f(z) uma 6e30pOIHO MHOTO peaJHU U TOYHO JBE YUCTO MMArWHEPHU
HyJIN, KATO BCHYKHU T€ Ca IPOCTH;

dz
6) lim = 0;
n—oo \Z|:(n+%)7r 22f(2’)

B) E = 1, KaTo cyMUpaHeTo € MO BCUYKU HYJIH Z, Ha f(z).
n

Vnsmeane. Cnenpaiire pemennero Ha 3aj. 10.36.

10.38. Jla ce nokaxe, ye ako ¢yuknusTa f(z) e xonomopdHa U ejHO-
aucrra B obinacr D C C, ro f'(z) #0, z € D.

Pewenue. Ja nomycuem, ue f/'(zg) = 0, z9 € D. Tosa o3nauasa, e zy
e moHe JByKpaTHa HyJja Ha dyuknusara f(z) — f(z9). Tbit kato Hyaure Ha

xosioMopdHUTEe (PYHKIIUU Ca U30JIUPAHU, TO ChIlecTByBa r > (), TakoBa te

K(z0,7) C Du f(2)— f(20) #0, f'(2) # 03a z € K(z0,7)\ {20}. Heka m =
min{|f(z) — f(20)|, z € C(20,7)} > 0mw # f(20) e Takosa, 1e |w— f(zp)| <
m. Torasa 3a Besiko z € C(zp,7) mmame |w — f(z0)| < m < |f(z) — f(z0)|.
Cwriacto Teopemara Ha Pyrie dyukiusita f(z)—w e uma B K (2o, 1) TOIHO
TOJIKOBa, HyJsi, KOJIKOTO U f(2) — f(20), T. €. mone aBe Hymm 21, 29. [Ipu ToBa
nopau w # f(z0) Te ca paznuanu or zg, a nopagu f'(z) # 0 umame z1 # 2.
Ho roraa or f(z1) = f(22) = w cneasa, 4e f He e €JIHOJUCTHA, KOETO
IIPOTUBOPEYIN Ha, yCJIOBUETO.

10.39. ComecrByBa jin dbyukius f(z), xoaoMopdHa B OKOJHOCT HA TOU-
kata z = 0 U Takapa, Je 3a JIOCTATBHLIHO FOJIEME N Jia O'bjle U3II'bJIHEHO:
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a) f(1/n) = f(=1/n) =1/n;

6) f(1/n) = (=1)"/n*;

B) f(1/n) =1/(n* - 1)?

Pewenue. a) He. Heka g(z) = z. Tnit karo 1/n — 0 u f (1/n) = g(1/n),
OT TeopeMara 3a eJIMHCTBeHOCT cieasa, 4de f(z) = g(z). Ho g(—1/n) =
—1/n#1/n.

6) Vnosmeane. Pasrieaiire jBa ciydast: n 9eTHO U M HEUETHO.

Ome. He.

B) Ome. Ha. f(z) = 22/(1 — 22).

10.40. Heka f(z) e dyuknus, xonomopdna B obmact D. Jla ce mokaxe,
Je:

a) ako cbinecTByBar zg € D u ng € N, rakusa e f(”)(zo) =03an > nyg,
10 f(2) € MOJIMHOM OT CTeleH Haii-MHOTO n;

6) axo 3a Besiko z € D cbitectByBa n = n(z), Takosa e f((z) =0, To
f(2) e nonmuOM.

Pewenue. a) OT ycaoBHeTO CI€/Ba, Y€ B OKOJHOCT HA TOYKATA 2 = Z(,

"0 (k)
f(z) = Py (2) = Z fk('Zo)(z — 29)*. Cera or Teopemara 3a €HHCTBEHOCT
k=0 )

nosydasame, de f(z) = Py, (z), z € D.

6) Heka z9g € D u K = K(z0,r) e neitna oxosnoct, takasa 1e K C D.
Hexa K, = {z € K : f™(z) = 0}. fcuo e, 4e K, ca kommaxra u K =
oo
J K. Tbii karo K e Hen36poMMO MHOXKECTBO, TO CHIIECTBYBa N = Ng, 3a

n=1
Koeto K, e 6e3KpaiiHo, Jake Hem36pouMo MHOXKecTBO. Torasa To nMa mmone

e/lHa TOYKa Ha crbersaBane B D. OT TeopemaTa 3a eJIMHCTBEHOCT CJle/iBa, e
f0)(2) =0, z€ D, .e. f(2) e nommHOM.

10.41. Heka f(z) e dynkius, xomoMopdHa B OKOJHOCT HA TOUKATA Z =
0, u {an}2°, e pelmila OT Pa3IMIHK [OJIOKUTEIHH YUCTIa, KaTo a, — 0. da
ce JIOKazke, Ue aKko 3a J0CTaTbIHo rojeMu n, f(ay,) € Ru f(ag,) = f(azn+1),
To f(2) e KOHCTAHTA.

Pewenue. Heka f(z) e xonomopdna B kpbra K (0,7). Tbit karo K(0,7) e
cumerpuen otHOCHO R, To n bynkmmsTa f(Z), a ortam u g(2) = f(2)— f(2),
e xosmomopdua B Hero. IIpu ToBa g(a,) = 0 3a mocrarbano rosemu n. Tbit
Karo a, — 0, oT TeopeMara 3a eJIUHCTBEHOCT cyejuBa, de g(z) = 0, T.e.

f(z) = f(Z), raka ue f e peannosHauHa u judepeHIppyeMa (OYHKIM B
unrepsaia (—r,r). OT ag, # asnt1, f(azn) = f(agn+1) 1 Teopemara ua Pou
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HoJIy4apaMe, de 3a JIOCTATHbYHO IOJIeMHU 1 ChIeCTBYBa HOJOXKUTEIHO YUCIIO
by, Mexy ag, U G2n+1, TakoBa 4e f'(b,) = 0. Twit kato a, — 0 (a, > 0),
To u b, — 0. Cera or Teopemara 3a eguHcTBeHOCT Ciensa, de f'(z) = 0,
z € K(0,7), nu 3Haun f(z) e KoHCTaHTA.

10.42. Heka f(z) e dyukius, xomoMopdHa B OKOJHOCT HA TOYKATA Z =
20. Ja ce mokazxe, ue chinecrByBa dbyHKIuUA ¢(2), X0I0MOpGhHA B OKOJTHOCT
Ha TOYKATa 2y U Takapa, Je:

a) axo f(z0) # 0, 10 f(2) = e82);

6) axo f(z) = f(20) = - = [ (20) = 0, f)(2) # 0, 10 f(2) =
(z — z9)"e903),

Pewenue. a) OT HENPEKbCHATOCTTA CJIEJIBA, Y€ ChIIECTBYBa OKOJIHOCT
U = K(z0,7) Ha 20, B KosITO f(2) € pasamdna oT Hysa. ToraBa (yHKIHsITA
1f'(2)/f(z) e xomomopdua B U u Toit karo U e eqHOCEBP3aHa, TO TS UMa
IPUMUTHBHA B Hesd, T.e. cbiecTByBa dyHkuus F(z), xomomopdua B U, un
F'(z) = f'(2)/f(2), z € U. Torapa (fe ') = f'eF' — fF'e t = 0, orxnaero
f(2)e F() = * X = const. Cremosarenno f(z) = eF A 2 e U,

6) PassuBame B pen na Teilrbp 0Ko0JIO zp U IpHUIarame a).

10.43. Heka f(z) u g(2) ca nemn dyuxmun u |f(z)| < |g(2)|, z € C. [a
ce gokaxe, de f(z) = Ag(z), |\ <1, z € C.
Pewenue. Heka zy e Hysna Ha g(z) or peg m > 1. Torasa (3ax1. 10.42)

meh(2) | kpiero h(z) e xo-

B OKOJIHOCT Ha 2y € W3ImbiaHeHo ¢(z) = (z — zp)
nomopdHa B Tasu okoanoct. Or ycnosuero ciensa, de u f(zp) = 0. Heka
f(2) = (2= 20)"e?®) e choTBeTHOTO MpEACTABSHE Ha f(2) B OKOIHOCT HA 20.

Taka B OKOJTHOCT Ha z( IIOJIydIaBaMe
|2 — 20|"[e¥P)] < |2 — 20|™["MP)] = [ePB3)] < |z — 2[R

f(z)

Orryk crensa, ge m < n. Torasa dpynknusTa ﬁ =(z— zo)"*me‘f’(z)*h(z)
g(z

e xosloMopdHa B OKOJIHOCT Ha z( U T'hil KATO Z( € IPOU3BOJIHA HyJIa Ha g(2),

To T4 e nana hyuxnusa. Cera TBLPAEHUETO CJIEIBA OT TeopeMaTa Ha JInmyBuI.
10.44. Heka f(2) e usna dynkuus (f £ 0) u |f'(2)] < |f(2)|, z € C. [a
ce nokaxe, ue f(z) = et knaero A u u ca xoucramru, [\ < 1.

Pewenue. Haii-nanpes mme jokaxkem, de f(z) # 0, z € C. Ja gomnycuem
nporusHoTo U Heka f(2p) = 0. ToraBa B OKOJHOCT Ha TOYKATA 2z MMaMe
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f(2) = (z — 20)"e9®), n > 1. Cera

In(z = 20)" ') + (2 = 20)"g (2)e?P| < |z — zo|"[e?)]

= [ned® 4 (z = 29)g' (2)e9?)| < |z — 20| [9?)].

Orryk 3a z = 2 momyaasame |e9(0)| < 0. Crenosarenno f(z) # 0 3a
Besiko z € C. Torasa cbinecrByBa 1sita dbyuknus g(z), Takasa e f(z) =
e9?) 2 € C (mx. pemennero ma 3am. 10.42). Cera ot |f(2)] < |f(2)] <
|g'(2)| <1 u or reopemara na Jluysui cienpa, de ¢'(z) = A u 3nauu g(z) =

Az + p, z € C, kpzero A u p ca koucranry, [A| < 1.

10.45. Heka f(z) e dynkuus, xomomopdHa B OKOJHOCT Ha Kpbra |z| < 1,
ulf'(2)] <|f(2)|3a |z| = 1. Ja ce nokaxe, de ako f(z) uMa IOHE ejHA HyJIa
B 1031 KpbI, T0 f(2) = Az, A € C.

Pewenue. Axo f =0, 10 f(z) = Az, A = 0. Heka cera f # 0 u 2o, |20| < 1
e nysa Ha f. e nokaxkeM, de Ts € eJMHCTBEHA, [IPU TOBA €JHOKPATHA HyJIa
Ha f. Paschxkapaiiku KakTo B pelteHnero Ha 3ajada 10.44, mosydaBame, de
|z0] < 1. Heka N e Gposit na Hyure Ha f BKpbra |z| < 1uf = 6(z) € [0, 27)
e aprymentsT Ha f(2)/f(2) 3a |2| = 1, me. 3a z = €, t € [0,27). O
YCJIOBHETO U OT TeOpeMaTa 3a JOTapUTMUYHUST MHIUKATOD IIOCJIEI0BATETHO

HoJIyJaBame
1 f'(2) 1 (2| F(2)] i
1< N=—"— dz = — L) i0+) gt
- 2mi Jj=1 f(2) 2m Jo | f(2)
L)
E— cos( +t)dt <1.
o Jy | ey | T

Caenosaresno N = 1, 1. e. f nma caMo eJiHa, U TOBA ¢THOKPATHA HYyJIa
B Kpbra |z| < 1. OcBeH ToBa, PABEHCTBO B TOPHUTE HEPABEHCTBA Ce JIOCTUTA
camo ako |f'(2)/f(z)] = 1 n cos(§ +t) = 1, r.e. camo axo f'(z)/f(z) =
1/z < z2f'(2) = f(2) 3a |z| = 1. OT Teopemara 3a €JIMHCTBEHOCT CJIEJIBA,
ve zf'(z) = f(z) m3a |z| < 1. OrTyK B YacTHOCT mOsTydaBame, 4e zof'(zp) =
0 = zp = 0. Torasa dyukuusra f(z)/z e xomomopdua B kpbra |z| < 1 u
it kKato (f(2)/2) =0, To f(z) = Az, A # 0.

10.46. la ce mamepsiT Bcmuku nesin ¢yakmmn f(z) m g(z), 3a xourto
f2(2)+g%(2)=1, z € C.

Pewenue. Hexa f(z) u g(z) ca nem bynkunun, 3a kouto f2(2)+g¢%(z) = 1,
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z € C. Torasa

(7) (f(2) +ig(2))(f(2) —ig(2)) =1,  z€eC.

Oynkmuara h(z) = f(z) + ig(z) e nsana u h(z) # 0, z € C. CbuecryBa
nsta yrkmus o(z), Takasa e h(z) = e¥(?) 1.

(8) f(2) +ig(z) = €912,
Ot (7) crenpa

— ()

0 1) —ig(2) = 5

Cera ot (8) u(9) moayuasame f(z) = cose(z) n g(z) = sing(z). O6par-
Ho, aKo (z) e nama dynxmusa, To sin (z) + cos?p(z) = 1, z € C, T.e.

HamepeHuTe (QyHKIUU Ca €JIMHCTBEHUTE.

10.47. Heka f(z) e dynkuus, xonomopdHa B Kpbra |z| < 1, u cbinecTsy-
Ba @ € (0,27), Takosa 4e |f(x)| = | f(ze*¥)| = const # 0 3a Besko = € [0, 1).
Ha ce nokazke, e ako YUCIOTO ¢/ e upanuoHaHo, 70 f(z) e KOHCTaHTA.

Pewenue. Or ycinosuero ciaensa, de f(0) # 0, u 3Haun cbimecrBysa 0 <
r < 1, rakoBa 4e f(z) # 0 B kpvra |z| < r. Torasa dbyuknusara g(z) =
f(rz)/f(0) e xomomopdHa u pazauuHa OT Hy/a B eauHudHus Kpbr u g(0) =
1. CaeoBarento cbinecTByBa OyHKIWs h(z), XomomopdHa B |z| < 1, Takasa

M=), Teit xaro |g(x)] = |g(0)] = 1 3a Besixo © € [0,1), To

qe g(z) = e
o0

h(z) € R 3a Besako = € (—1,1). Orryk cieasa, ge ako h(z) = Y apz" e
n=0

TeilIbPOBOTO pasBuTHE Ha h(z) OKOJIO Hysara, TO

(10) an € R, n=0,1,...

Ananormano mvame |g(xe’?)| = |g(0)] = 1, = € [0,1), h(ze*¥) € R, z €
(-1,1) m

(11) ane™ e R, n=1,2,...

Axo cbuiectByBa n, TakoBa 4e a, # 0, To or (10) u (11) ciexnsa, de ¥ =
+1 < np = kr, r.e. p/7 e panmonanno uncio. Cienosaresso a, = 0 3a
BCAKO 1 1 Torasa h(z), a ortyk u f(z) ca KoHCTAHTH.
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