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Çàäà÷à 1. 1ò.
Ðåøåíèå. Ïðåäñòàâÿíå âòîðîòî íåðàâåíñòâî â êàíîíè÷åí âèä: (x− 1)2 + y2 ≤ 1(Ôèã. 1).

Ôèãóðà 1: D : x ≤ 2y, x2 + y2 ≤ 2x.

Íåíóëåâàòà ïðåñå÷íàòà òî÷êà íà ïðàâàòà ñ îêðúæíîñòòà å (8
5
, 4
5
). Êàòî êðèâîëèíååí

òðàïåö, ìíîæåñòâîòî D å D =
{
(x, y) ∈ R2

∣∣ 0 ≤ x ≤ 4/5, x/2 ≤ y ≤
√
2x− x2

}
.

Ïîñëåäîâàòåëíî ïðåñìÿòàìå∫ ∫
D

yexdxdy =

∫ 8/5

0

∫ √2x−x2
x/2

yexdydx =
1

2

∫ 8/5

0

exy2
∣∣√2x−x2
x/2

dx =
1

2

∫ 8/5

0

ex(2x− 5

4
x2)dx

Ñëåä íåêîëêîêðàòíî èíòåãðèðàíå ïî ÷àñòè ïîëó÷àâàìå I = 1
4

(
9− e8/5

)
Çàäà÷à 2. 1.5ò.
Ðåøåíèå. Ìíîæåñòâîòî å Ôèã. 2. Èçâúðøâàìå ïîëÿðíà ñìÿíà

x = ρ cos(ϕ), y = ρ sin(ϕ).

Ïúðâîòî íåðàâåíñòâî ñå òðàñôîðìèðà â r2 ≤ 2r sin(ϕ), îò êúäåòî 0 ≤ sin(ϕ) è 2 sin(ϕ) ≥ r.
Âòîðîòî îãðàíè÷åíèå å åêâèâàëåíòíî íà sin(ϕ) ≤

√
3 cos(ϕ), îò êúäåòî, èìàéêè â ïðåäâèä

÷å ϕ ∈ [0, π] (îò ïîëîæèòåëíîñòòà íà ñèíóñà) îêîí÷àòåëíî ïîëó÷àâàìå ϕ ∈ [0, π/3]. È
òàêà, îáðàçúò D′ íà D êàòî êðèâîëèíååí òðàïåö e D′ =

{
(ρ, ϕ)

∣∣ 0 ≤ ϕ ≤ π/3, 0 ≤ r ≤
2 sin(ϕ)

}
. ßêîáèÿíúò íà ñìÿíàòà å ρ. Ïîñëåäîâàòåëíî ïðåñìÿòàìå



Ôèãóðà 2: D : y ≤
√
3x, x2 + y2 ≤ 2y.

∫ ∫
D

dxdy

(1− x2 − y2)2
=

∫ ∫
D′

ρdρdϕ

(1− ρ2)2
= −1

2

∫ π/3

0

∫ 2 sin(ϕ)

0

d(1− ρ2)
(1− ρ2)2

dϕ =

1

2

∫ π/3

0

1

(1− ρ2)

∣∣∣2 sin(ϕ)
0

dϕ =
1

2

∫ π/3

0

1

1− 4 sin2(ϕ)
dϕ− π

6
.

Èçâúðøâàìå ñóáñòèòóöèÿòà t = tan(ϕ), dϕ = dt
1+t2

, sin2(ϕ) = t2

1+t2
. Ïîëó÷àâàìå èíòåðàëà

1

2

∫ π/3

0

1

1− 4 sin2(ϕ)
dϕ− π

6
=

1

2

∫ √3
0

1

1− 4 t2

1+t2

dt

1 + t2
− π

6
=

1

2

∫ √3
0

1

(1−
√
3t)(1 +

√
3t)
− π

6

Èìàìå îñîáåíîñò â ò. t = 1/
√
3. Òúé êàòî â çíàìåíàòåëÿ (1 − t

√
3) å íà ïúðâà ñòåïåí,

èíòåãðàëúò å ðàçõîäÿù.

Çàäà÷à 3. 1.5ò.
Ðåøåíèå. Ìíîæåñòâîòî å èçîáðàçåíî íà Ôèã. 3.

Ôèãóðà 3: : 2x2 + 2y2 ≤ z2, 2− z/2 ≥ x2 + y2, z ≥ 0.

2



Êîíóñúò è ïàðàáîëèäúò ñå ïðåñè÷àò âúðõó îêðúæíîñò ñ ðàäèóñ 1 è öåíòúð C(0, 0, 1).
Ïðåäñòàâÿìå ìíîæåñòâîòî êàòî öèëèíäðè÷íî òÿëî:

K =
{
(x, y, z) ∈ R3

∣∣∣x2 + y2 ≤ 1,
√

2x2 + 2y2 ≤ z ≤
√
2(2− x2 − y2)

}
Äà îçíà÷èì ñ D åäèíè÷íèÿ êðúã â R2. Ñïîðåä òåîðåìàòà íà Ôóáèíè

VK =

∫ ∫ ∫
K

1dxdydz =

∫∫
D

∫ √2(2−x2−y2)
√

2x2+2y2
dz dxdy =

∫∫
D

(
√
2(2− x2 − y2)−

√
2x2 + 2y2)dxdy

Èçâúðøâàìå ïîëÿðíà ñìÿíà. Ïîëó÷àâàìå∫∫
D

(
√
2(2− x2 − y2)−

√
2x2 + 2y2)dxdy = 2π

∫ 1

0

ρ
(
− ρ
√
2 +
√
2(2− ρ2)

)
dρ dϕ =

5π

3
√
2
.

Çàäà÷à 4. 1.5ò.
Ðåøåíèå. Ìíîæåñòâîòî å èçîáðàçåíî íà Ôèã. 4.
Ïðàâèì ñìÿíà â ñôåðè÷íè êîîðäèíàòè

x = ρ cos(ϕ) sin(θ), y = ρ sin(ϕ) sin(θ), z = cos(θ)

Ïúðâîòî íåðàâåíñòâî äàâà ρ ≤ 4. Îò âòîðîòî ïîëóàâàìå sin2(θ) ≤ cos2(θ), êîåòî, ïîíåæå

Ôèãóðà 4: K : x2 + y2 + z2 ≤ 16, x2 + y2 ≤ z2, z ≥ 0,.

θ ∈ [0, π] îçíà÷àâà, ÷å θ ∈ [0, π/4]. Çà ìàñàòà ïîëó÷àâàìå

MK =

∫ ∫ ∫
K

(x2 + y2 + z2)dxdydz =

∫ 2π

0

∫ π/4

0

∫ 4

0

ρ2 sin(θ)ρ2dρ dθdϕ = 2π

∫ π/4

0

sin(θ)dθ

∫ 4

0

ρ4dρ =

2π(1−
√
2

2
)
45

5
=

1024

5
π(2−

√
2)
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