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I'maBa 1

Kombunaropnka

Pasrnexpame muoxkectBoto A = {ay, ..., a,}. C |A| o3nauaBame 6post Ha eJre-
menture Ha A. Heka Ay, ..., A,, ca mogMHoxKecTsa Ha A 1 HeKa, Jia pasriegaMe
MHOXKeCTBOTO K = Ay X Ay X ... X A,,.

1.1 Hapeagena n3BajJKa ¢ IIOBTOPEHNS

Heka A; = A3ai = 1,...,m, ToraBa Opost Ha €JIEMEHTUTE HA MHOXKECTBOTO
K me e |[K| = n™ = V. TakaBa koudurypanus HapudamMe BapHAIUs OT 1
eJIeMeHTa, M-TH KJIaC, ChC ITOBTOPEHNUS.

1.2 Hapenena n3Bajgka 6e3 IMMOBTOpeHNs

Heka 1 < m < n. Pasrnexmame muoxkectsoro K = Ay X Ay X ... X A,
KbJEeTO Al = A,AQ = A\{G,l} y 7Am = Am,1 \ {am,l} = A\ {al, ...,Gmfl}.

B To3u ciyuait

!
|K| = | Ay || A5 k|Ap] =n(n—=1)(n—2) ...(n—m+1) = (nfm' _ym,

(1.1)
TaKaBa KOH(bI/IpraH‘I/IH HapnaHe Bapualud OT N €JIeMEHTa, T-TU KJiacC, 663
IIOBTOpEHUA.

AKko n = m ToBa ca mepMyTanunTe Ha N eaeMenta, P, = nl.

4



1.3. Henapesena u3aJjika 6e3 MOBTOPEHHUS 5

1.3 HenapeaeHna u3zBajika 6e3 MOBTOpPEHUs

B ro3u ciayqait e Bapuo (1), Ho Besgika m-opka Moxke jga Obje moBropena m!
ITBTH, TOraBa

|K|:@:”7!: n
m!  (n—m)!m! m

_ m
=C". (1.2)
Tazu xkouduryparus Hapmdame KOMOMHAIIUKA OT N €JIEMEHTa, M-TH KJIac,
6e3 moBTOpeHusA. 11 ¢cbOTBETCTBA Ha OpPOs Ha MOAMHOXKecTBaTa Ha A ¢ TOU-
HO M eJIEMEHTa, 3aI0TO BCIKO IMOAMHOYKECTBO MOYKE Jla Ce PA3IryIeKa KaTo
HeHape/leHa N3BaJKa 0e3 MOBTOPEHUS.
Tyx moxke na ce mokayke CJleJlHUsI TPOCT pe3yJraT. lHTepecyBame ce or
Opost HA MOJIMHOXKECTBATA Ha JIaJIeHO MHOYKECTBO, TOraBa
n

m=1

n

ST = )t =2

n
m = \m

1.4 Henapeaena n3BaJiKa C IIOBTOPEHUSI

Pasriiexxtame MmuoxkectBo K ¢bCTOAIIO ce OT N+ m — 1 HOMepUpaHu KyTUH.
Heka nmame m enementa * ¢ A. PasnpbckBame * [0 TIPOU3BOJIEH HAYWH B
Te3U KyTHH, KaTO B BCdAKa KyTHs TONAJa M0 eHa *. Bposd Ha Bb3MOXKHUTE
pasipeeieHust Ha * B KyTHHTE € (”*;’z*l). Ot mbpBarta KyTHS J0 KyTHATA
C Hall-MaJI'bK HOMED, Chb/IbpzKallla * IIOCTaBAME €JIeMEHTa (1, OT Ta3U KyTUusd
JIO KYTHUSITa C BTOPH 110 TOJIEMIHA HOMED Ch/IbPKAIIla * TTOCTaBIME eJIeMEeHTa
ap n T.H. Taka Ha BCIKO PA3IIOIOKEHNs Ha * Ie ChOTBETCTBA €/IHa Hape/IeHa
KOH(UTypaIs ¢ IMOBTOPEHUsI, ToraBa Opos Ha Te3W KOHMUTypaluu Iie e

paBeH Ha Oposd Ha pa3lpejiesieHus Ha *.

1.5 3amaum

Samaua 1.5.1 Pasnpedeasm ce k Hepassuvumu 4acmuyy 6 n pasiuvuMUy
Kaemxu. Jla ce namepu 6pos Ma 6B3MOACHUME HAUUHY HA padnpedenenue,
aKo BCAKG KAEMEKQ MOdHce 0a coloporca Hall-mHo20 edna wacmuya. (Depmu -

Jlupax)

Pemenne 1.5.1 Bpos Ha Bb3MOXKHATE HAYHHE Ha paslpejiesieHHe Ha
YACTHI[UTE CHOTBETCTBA Ha IIOJMHOYKECTBATA OT Kk KJIETKH, MAPKUPAHH UPe3
rnomajane Ha 9acTUNA B TAX (BIK 10 TOpe).



6 IraBa 1. Kombunaropuka

Bagauda 1.5.2 Pasnpedeasm ce k HEPASAUNUMU HACTAUYY 6 N DABAUNUMU,
kaemxu. Jla ce namepu O6pos Ha 6B3MONCHUME HAYUHU HG PA3NPEOeneHUE,
aKO HAMG 02PUHUNEHUE 30 OPOA HA YACTNULUME NONAOHAAY 6 eONG KACTMKA.
(Bose - Adinwaiin)

Pemenne 1.5.2 Bposi Ha Bb3MOXKHHTE HAUYMHU Ha paslpejieseHne Ha
YaCTUIUTE CHOTBETCTBA HA HEHADEJEHUTE U3BAJIKU C [OBTOPeHUs (BUXK 110
rope).

Bagaua 1.5.3 Pasnpedeasm ce k pasiusumu 4vacmuy 6 n padisuysumu Kiem-
ku. Jla ce namepu 6pos Ha 663MONCHUME HAYUHU HA PASNPEIEAEHUE, GKO Hi-
MQ 0Zparuterue 3a 6poa Ha wacmuyume nonadkaiu 6 edna kaemxa. (Max-
cyen - Boayman)

Pentenne 1.5.3 Tosu 6pon choTBeTCTBA HA BCUYKU k mudpeHn dnciia B
n 6poitna cucrema, T.e. n¥

Bagaua 1.5.4 Pasnpedeaam ce k paziuvumu wacmuyt 6 N pa3iusuMy Kaem-
Ku. Jla ce namepu 6pos MG 6B3MONCHUME HAYUHY Ha padnpedesenue, ako 1
Kaemra mooice 0a cs0spatca Hatli-MH020 eOna Yacmuya.

Pemienne 1.5.4 Topa pasupejiejieHue IpeACTaBIIBa Pa3IpeIeIeHIeTO
Ha HapeJeHN U3BaJIKi 6e3 MOBTOpeHus! (BUXK 10 Tope).

Bamava 1.5.5 /Jla ce dokastcam masorcdecmeama:

n n

k] \n—k

n n—1 n—1

k) - \k—1) Tk

Pemenne 1.5.5 [IbpBoTO OT ThiKgecTBaTa ce JOKa3Ba TPUBUAJHO, Thii
KaToO Ha BCAKA M3BAJ/IKa MOYKEM JIa ChIIOCTABUM HEHHOTO JOII'bJIHEHUE.

3a J1a JI0OKaxKeM BTOPOTO e pasriiejaMe HeHApeJICHN U3BAJIKU Oe3 MOB-
toperns. Heka A; e MHOXKeCTBOTO OT OHE3W U3BAJKHU, KOUTO HE ChIbPIKAT
bukcupan esemenT, Heka Toit ja e a;. Osnagasame A = KK\ A;, kbrero K*
€ MHOYKECTBOTO OT BCUYKH PAa3TJIEXKTaHN U3BAIKN.

Torasa, oueBUIHO, 1€ ObJIe U3IbJIHEHO

n—1 n—1

K =lA Al =)+,



1.5. Banaun 7

Bama4da 1.5.6 Pasnpedessm ce k pazaurvumu 4acmuyy 8 N passusaumy KAem-
Kku. Jla ce mamepu 6poA Ma 6BIMONCHUME HAMUNU HA Padnpedeserue, aKo
KAEMKAMa a, noobupa npouseoser 6potl “acmuyu, G OCMAHAAUME KACMKU
CaMo no eona 4acmuya.

a) 6 Kaemkama a; uMa MOYHO S YACTNUUL

6) 6 KAEMKAMA A1 UM He NOGEHE OM S HACTNUUU

8) 6 KAEMKAMA A1 UMA NOHE S YACTNUYY

Pertenne 1.5.6 a) 6post Ha nomaHAJIUTE B @ IIIE € (’Z), a Ha OCTaHAJIUTE

e e % Torapa obmrust 6poii 11e e

k (n—1)!
s)(n—k+s—1)!

npu k> s, n— 12>k — s u Hy/la B OCTAaHAJIUTE CJIyYau.
Wwmaiiku mpeBuL TOBa, APYyTUTE JBa CAydas ce IMPeJICTaBIT KaTo CYMH,
KaTO eJIMHCTBEHUsI IMPODOJIEM € Jia Cce TPeIeHAT IPAHUIUTe Ha CYMUPAHETO.

Samaua 1.5.7 /la ce namepu 6posa na pasrurume, omcmoAauLy Ha eOHAKE0
PA3CMOAHUE O, YEMUPU HEKOMNAGHAPHY TOUKU.

Pemenne 1.5.7 Ejna paBHuna ce ornpejess OT TPU TOYKHU, WA OT JIBE
TOYKHU U PA3CTOSHUETO /0 TPeTa TOYKA, WA OT TOYKA W JIBE PA3CTOSHUS U
T.H.

Heka Y e paBHMHA M3II'bIHABAINA YCIOBAETO. ToraBa BCIKa TOYKA MOXKE
Jla ce HAMUpa B €IHO OT JBETe IOJIYIIPOCTPAHCTBa OIpeeeHn orT Y. AKo
YEeTHUPHUTE TOUYKHU JIeXKAT B €JHO U CHINO MOJYIPOCTPAHCTBO, TO T€ JIEXKAT B
eqna papanHa, CJieJIOBATETHO MMOHE €JHA OT TOYKUTE € OT JIPYTrOTO MOJIYII-
POCTPAHCTBO.

Heka A;, i =,---,4 ca gajennrte TOYKH U pascrosauero p (A;,X) = d,
P=---4.

AKo Tpu OT TOUKHTE Ca OT €JHOTO HOJIYIPOCTPAHCTBO, PABHUHATA ITE S
cuuTaMe 3a €KBUBAJIEHTHA HA paBHUHATA MUHABAIA IIPe3 Te€3W TPHU TOYKH.
Heka BCHUKH TAKHBA DABHHUHI €& Y.

Ako ¥ € ¥y, 10 p (A4, ¥) = 2d. Bpost Ha pashuanTe B ¥; € (g‘
ce OlpeJIeNIAT OT n30opa Ha TPHU OT YETUPUTE TOUKH.

Heka gpe or toukure, Ay, As, ca or egHOTO, a JPyrUTe JBE Ja Ca B
JIPYTOTO TOJIYIIPOCTPAHCTBO. ToraBa paBHUHATA, MIHABAIIA Ha €THAKBO pPas-
CTOsIHUE OT YE€TUPUTE TOUKU $ CINTAME 33 €KBUBAJIEHTHA HA PaBHUHATA MU-
HaBaia npe3 Touknre Ay u Ay, u Ha pascrosgHue 2d OT JPYrUTE JBE TOUKH.

) , 3AII0TO



8 IraBa 1. Kombunaropuka

Heka Bcuuky TakmBa paBHHHE Ca Y9, TEXHUS OPOIi 11e e (3), 3aIIl0TO Ce OIl-
peJiesiaT oT u3bopa Ha jaBe Touku. Ho Taka BecsKa 1osydeHa paBHHHA ce Opou
aBa bTh. CrreroBaTesiHO O0Iust Opoil paBHUHU €

5, ()
) +%:7.

SaLLaqa 1.5.8 ,ZZ(L ce Hamepu 6p0ﬂ HA UEAOYUCAEHUME NONOHCUMENHU, PE-
WeHUA Ha
Ty +Tog+ -+ Ty = N.

Pemenne 1.5.8 Heka x4, -+, x,, ca 1eju, HEOTPUIIATEJIHA PEIIEHAA HA
ypaBHennero. Heka mmame ejgHa m-opKa, ChCTOLAIIA Ce OT Ty €JeMeHTa OT
1-Bu Tun, xy esemenTta or 2-pum Tuil u T.H. ToraBa mmMame B3aMMHO €JTHO3-
HAYHO CHOTBETCTBHUE MEXK]Iy M3BQIKUTE OT N €JIeMEHTa OT MHOYXKECTBO C M
eJIeMEHTa C IIOBTOpEeHUd 1M MHOXKECTBOTO OT IIeJIM HEOTPUIATC/IHU PEHICHUA

Ha ypapHeruero. CjegoBaTe/HO OPOSIT Ha TE€3U PEIIEHUS € (m+:_1).



I'1aBa 2

Kilacuyecka BepossTHOCT

Heka u3BaIkOBOTO IIPOCTPAHCTBO £ = {wy, ..., Wy} CE CHCTOH OT KpaecH Opoi
exementi {w; };_ . Ha Bceknu esiemenT Ha ) ¢bIOCTaBSIME TUCIIO IPECTABIIS-
BaIlo Herosara sBeposgtHOCT w; = P{w;}, P{w;} >0, > P{w;} = 1.

Axo A € ¥ {Q} e naxaxso cuburne or o-anrebpara X {2} cbabpraa

2, To BepositHocTTa P (A) ce nedunnpa Karo

P(A) =Y P(w). (2.1)

w;EA

Axo P (w;) = P(w;) = £,3a4,j =1,...,n, Toraa P (A) = 2, kbaero m
e Opost Ha OJIArOIPUATHATE U3XO/IM, a 1 € OPOsd Ha Bb3MOXKHUTE M3XOIN.

2.1 Ilpumep

Beuuku crenu na eyun Kyb ca ornserenu. Kyobr e paspasan na 1000 egrnaksu
KyOueTa, KOUTO CJIeJ] TOBa ca jJo0pe pa3mecenu. /la ce HaMepu BEpOATHOCTTA
n30paHo KybOde Jia mMa TOYHO JIBE OIBETEHU CTPAHMU.

KyosbT nma 12 pbba, HA BCeKM OT KOUTO UMa 110 8§ KyOdeTa ¢ TOYHO JIBE
omnperenn crpann. CiaegoBareaHo Opost Ha OJIATONPUSITHATE U3XOIN Ie € 12 *
8 = 96, a 6poa Ha BB3MOKkHHTe u3xoau € 1000, ciaemoBaTe/no ThpceHaTa

96

BEPOATHOCT 1IIE € 1000°

2.2 Ilpumep

Ypua cbabpxka M uwepuu u N — M 6enn tonku, M < N. Obpasysame
HeHapeJeHa M3BaJiKa Oe3 BpbIinane ¢ obeM n, n < M,n < N — M. Ja ce
[IpeCMeTHE BEPOSITHOCTTA M3BAIKATA JIa CbIbpPKA TOTHO k I€PHU TOIIKH.



10 I'mapa 2. Kiracudecka BepOsSITHOCT

Nname (JZ ) BBH3MOKHI M3X0J1a, KATO OJIATONPUITHUTE Ca TE3W W3BAIKM,
KOHUTO CbIbpKAT k dyepuu u n — k Oeym Tonku. Bposdar Ha u3Baakure ¢ obeM
k or uepHUTE TOIKU € paBeH Ha (]\:), a Oposi Ha U3BaJKUTE OT N — k Oesn

kaq.

TOIIKU, KOUTO JIOI'LJIBAT U3BaIKaTa OoT k Oen e ( ok CirenoBaTeiHO OPOst

Ha OJIATONPUATHUTE U3XOJIN € (Alf ) (]\L i])f ) Torasa TbpcenaTa BEPOATHOCT €

(%)

2.3 Ilpumep

Jla ce mpecMeTHe BEpOSTHOCTTA IIPU XBBPJISHETO Ha JIBa 3apa Jia ce IajHe
IIOHE €JIHA IIECTHIA, aKo:

a) 3apoBeTe Ca PA3IUINMHU U PA3THIHATE U3XOJN CA PABHOBEDOSTHH

6) 3apoBeTe ca HEPA3IMINMU U PA3JHIHUTE U3XO/M €4 PABHO BEPOSITHU

B) MOPaT JIM JIBeTe MPEJIIIOJIOKEeHNs JIa OIMCBAT eJlHAa U CbIla JIefiCTBI-
TEJTHOCT.

Pesynrara or xBbpistHeTO Ha k 3apa MOXKe Ja ce Pas3ryiekjia KaTo pasll-
peJiesienue Ha k dactuny B 6 pasjimauMu KJIETKH.

a) B TO3W CJIydail MOXkKe Jia ce pasriiekjia paslpejesieHne Ha 2 Pasjinn-
MM YacCTUIM B 6 Pas/jimIuMu KJIEeTKH. ToraBa Oposi HA BCUYKHUTE BH3MOKHH
msxozna e 62. Heka A e chOnTHeTO HUTO €/Ha JaCTHIA He MONa/1a B KIeTKa-
Ta, wecmuya. A ce ¢hCToi OT OHE3M M3XOM IPU KOUTO U JIBeTe YaCTHUIIU Ca,
IoIaJIHaId B JApyruTe 5 KjeTku. Torasa

_ 52
PA)=1-P(A)=1-

6) To3u ciydail e aHAJIOPMYEH Ha MPEIHUsI, KATO Ce pasryiexK/a pPasll-
pelleJIeHIeTO Ha JIBe HEPA3JIUIUMK JacTUIU B 6 KJIETKM, T.e. M3BaJKaTa e
HeHapejieHa ¢ IToBTopeHus. Torasa Oposi Ha Bb3MOXKHHUTE U3XOJIH €

7

n = 5

2

a 6pos Ha GJIArONPUATHUTE U3XOM 33 chouTHeTo A e

6
m = ,

2

TOraBa
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B) aKO JIOIYCHEM, Ye U JIBeTe MPEJNOJIOKeH s OIUCBAT BAPHO JIEHiCTB-
TEJTHOCTTA, TO Ie UMa Pa3/nKa BbB BEPOATHOCTUTE Ha JIaJIEHOTO CHLOUTHE B
3aBUCHMOCT OT TOBa JIAJIU XBbPJIANINAAT 3apOBeTe ' pa3anvaBa uin He. Tbii
KaTO 3apOBETE Ca JIBa peasiHu 00eKTa, TO BEPOATHOCTTA PA3IJIEKIAHOTO Ch-
ouTue He OM TPsiIOBAJIO Jla 3aBUCH OT HJAKAaKbB CyOEKTUBEH (paKTOP KAaToO TOBa
JaJIA XBBPJISIIUT T pas3indasa i ve. T'bit karo usxombr (1,6) Moxe na
HACTBIN 110 JiBa pazjudyau Haduua (1,6), (6,1), a (6,6) camo mo ejuH, TO
Mojiesia 6) He onucBa J106pe JeHCTBUTETHOCTTA.

Ilapagokc Ha /Ibo Mepe. [1pu xBbpiisiie Ha Tpu 3apa IIO-9eCTo ce Iaaa
KOMOMHAIINS IIPU KOSITO CyMaTa OT TOUYKHTE € 11, OTKOJIKOTO KOMOMHAIIHS ITPH
KOSITO cyMaTa OT ToukuTe e 12. AKo mpuemame, 1e 3apoBeTe ca Hepas3mInMu
TO 3a JIBeTe CLOUTUs MMa, paBeH OpOoil OJArONPUITHU U3XO/HU, JTOKATO aKO
3apoBeTe ca pa3InduMu, OpPosi Ha OJIATONPUATHUATE U3XO/IU B JIBATA CIydas €
pa3JIuIeH.

2.4 3anaun

Sama4da 2.4.1 Xesspasam ce dsa pasiuvumu 3apa. Kaxea e seposmuocmma
da ce nadnam dee mpotiku, axo cymama om nadnaiume ce Mmowku € Kpamma
Ha 3¢

Permenue 2.4.1 Cymara e kparna na 3 B caygaure (i,7), (4,7 + 3), Kb-
nero j = min; {(i + j)mod3 =0}, i =1,2,3,4,5,6 u (6,6), (6,6), r.e. 06110
14 usxoma. Ot Tax aBa ca 6iaronpustau (3,3) u (3,3) , Taka Ue TbpceHaTa

1
BEPOATHOCT € =.

amaua 2.4.2 Yucaama 1,2,3,4,5 ca nanucanu na 5 xapmuuku. Ilocaedosa-
MEAHO CE U3ME2AAM MPU KAPMUUKY 03 8PBUaGHE U CE Pa3Nnoa2am edHa 00
dpyea no peda Ha uzmezaamne. Kaxea e 6epoamHocmma maxa noaAy4eHomo
MPUUUPPEHO YUCAO 0a € YEMHO.

Pemnienne 2.4.2 Bpos Ha HauuHUTE, 110 KOUTO MOXKEM JIa U3TEIJIUM 3 OT
|
BB3MOXKHU 5 KapTu 0e3 BPbINaHe e ﬁ Ot Tax OJIArONPUATHHA Ca OHE3U

HapeJeHn TPOIKU, KONTO 3apbpiiBar Ha 2 mwim 4. Te3n KouTo 3aBbpIIBaT HA

2 ru nu3dbmpame KaTo OT ocTaHaIUTe 4 KApTUIKU TErJIUM 2, CbOTBETCTBAIIHN Ha
o 4 _

nbpBHUTE 2 1UdPHU, ToraBa TaxHaTa Opoiika e G2 = 12. Anajoruvano Opost

Ha Te31, KOUTO 3apbpIiiBar Ha 4 cbio e 12. ToraBa ThpceHaTa BEpOSITHOCT €

12 %2 5—3)!
R L
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Bamaua 2.4.3 Ilpu nposescdarne Ha u3bopu uma dsama kandudamu, Kamo
30 MBPBUA Ca nycramu n Oosemunu, a 3a emopus m, n > m. Kaxea e
gEPOAMHOCTIMA NPU NPebpossare Ha broasemunume bpoam Ha npebpoexume
2aacose, nodadenu 3a Nepsus kKandudam, npe3 usL0mo 8peme 0a e No-20A9M
om bpos Ha 2aacoseme, nodadenu 3a 6Mopus Kardudam.

Pemienne 2.4.3 Heka OwosieTmHHTE ca IOJpEJIeHN 110 pejla Ha I10/[aBaHe

€1,€9, ..., Entm, KATO €; = 1 aKo OroJieTHHATA € 32 IIbPBUS KaHJIUIAT, €; = — 1
aKko OIoJIeTHHATA € 32 BTOPHUA KaH/IHIaT.
Jledunupame

k
Sk = Z €4,
=1

S, =n—m.

Besika mospenba Ha Oo0eTHHUTE Cce IPEeICTaBs dpe3 TPAeKTOPUS, TPbhI-
Bama or 0 U ChCTOLIIA ce OT M + N CKOKa, N OT KOUTO MOJOKUTETHU, a M
oTpunare;HU. Besgka TpaeKTopus 3aBbPIIBa B TOUYKATA 1 — M U MOXKE Ja Ce
OTIpeJie/I €THOZHAYHO OT MOMEHTUTE B KOUTO MMa IMOJIOXKUTETHU CKOKOBE.
CrenoBaTeiHO OPOST HA TPAEKTOPUUATE € (m+”

Heka A e cnburmero “upu npebposiBaHeTo OIOJIETHHATE Ha II'bPBUS Ca,
BUHAI'M ITOBeUe OT OroyieTuHnTe Ha Bropud”. ToraBa O/aronpusiTHE 3a ChOU-
TeTo A ca Te3m TpaeKTopum 3a KouTo S; = 1 W He ce Jonupar J0 mpaBaTta
S =0.

Bposit Ha TpaekTopunte 3a Kouto S; = —1 e (”*7;:*1), Tbif KaTO TPsAOBa
Jla ce U3BbPIIAT N MOJOKUTETHN CKOKa, TP Bb3MOXKHU n+m— 1. Ot peauria-
Ta €1, €9, ..., €n1m MOXKEM J[a MAXHEM €1, Thil KaTo Beue cMe hukcupaan S; =
—1. HoBure Tpaekropuu 1e 3aBbpiiBaT B Toukata (n+m — 1,n —m+ 1),
Tbil KATO UMAT €JIMH OTPHUIATEICH CKOK 10 MaJIKO.

3a Ja MapKupamMe TPAeKTOPUUTE KOUTO ce JOIupaT 10 mnpasara S = 0, 1e
M3I0/I3BaMeE T.H. METOJ Ha OTpakeHneTo. Besika TpaeKTopust Iomuparia ce 10
npaBata S = 0 g orpazsBamMe CHMETPUYIHO OTHOCHO S = (), 3amovyBaiiku oT
II'bPBHUSA MOMEHT Ha jornupane. HoBure TpaeKTopuu ce ¢bCTosaT OT 1+ m — 1
CKOKa W IIle 3aBbpIIBAT B TOYKaTa, CUMeTpudHa Ha (n+m — 1,n—m+ 1)
cupsamo S = 0. Tasu touka e (n+m —1,m —n —1). Heka x e 6pog na
[IOJIOYKUTETHUTE,a Y € Oposi HA OTPUIATETHUTE CKOKOBE HA OTPA3CHUTE TPa-
ekropun. Torasa

r+y=m+n-—1
r—y=m-—n—1.

CuentoBarenno y = n, a * = m — 1. ToraBa 6pos Ha TpPaeKTOPUUTE KOUTO
1
me ce gomupar g0 S = 0 me e (“:ﬁl ) Taka Opos Ha OJIArOHPUATHHUTE
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n-+m n+m—1 n+m-—1
()
CJIQ,HOBaTeJIHO BEPOATHOCTTa €/IHa TPaCKTOPUA Ta € 6JI&FOHpI/IHTHa (6]
RO 0 el i Bl ) D G R ) I

(") SO

TPaeKTOPUH €

2(n+m—1)!
1— nl(m—1)! _ n—m
(min) m+n

Bazaua 2.4.4 Jla ce namepu 6epOAMHOCIIMG CAYHATUHO U3OPAMHO eCcTmecm-
6eH0 wucao da e

a) wemmo

6) kpammo Ha 5.

Pemtenune 2.4.4 a) /la pasrenanve nbpsure N qncia 1,2,..., N u Heka

¢ (N) e 6post Ha "4eTHUTE THCIA KOUTO He HaaMuHasar [NV.
Nmame N = 2g + r, kbgero ¢ = q(N) = [%] ur € 0,1. Moxem n1a

JnedpuHIpaMe BEPOATHOCTTa Ha ¢hOUTHETO A=, n30paHoTo YHCIO € YETHO 110
CJIeJIHAS HATIHH:

N 1
P(A) = lim m:lim ¢ _ .
N—oo N = 2g4+1r 2

Pasriexknanero #a ciaydast 6) ¢ HAI'BJIHO aHAJOTHIHO.

2.5 TeomeTpudHa BEPOSITHOCT

HeKa N3Ba/IKOBOTO HpOCTpaHCTBO Q € HAKaAaKBO FeOMeTpI/I‘{HO MHO)KGCTBO7 a
paSF.He}K,ZLaHOTO C"b6I/ITI/Ie A € HEeroBO IIOAMHOXKECTBO. ToraBa BepOﬂTHOCTTa
Ha A Moxke na ce geduHUpA IO CAETHUST HATNH

p(A)

P (A) = )
© ()
KbIeTO ,u € HAKaKBa MAPKa, HallpUMEpP IIJIOII.

Samaua 2.5.1 Urmara Ha BrodoH. Bspry paupara nokpuska ¢ padcmos-
Hue mearcdy patiemama a nyckame u2aa ¢ deasicuna . /a ce namepu eepo-
AMHOCMA UAAMA 04 NPecede HAKOe 0m Paiemama.
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Pentenmne 2.5.1 Heka y e pa3cTogHHEeTO OT cpejaTa Ha WIJaTa JO Haii-
O/1M3KaTa JIMHUS OT paiierara, a & € bI'b/JI'bT MEXK/1y HAIIPABJICHUETO Ha, UTJIaTa

u HOpMAaJaTa KbM paiierara. Torasa

QZ{(w,y)toﬁxég,OSyﬁg},

*“‘ﬁ S

/ / drdy =

CiteoBaTeTHO ThpCeHaTa BEPOATHOCT €

P(A) = =

am’



I'1aBa 3

YciaoBHa BepodTHOCT. Popmylia 3a
II'bJIHATA BEPOATHOCT, (pbopMyJia Ha
beiic.

3.1 YcjoBHA BEepOSITHOCT

Heka B e cvburue 3a xoero P (B) > (0. YcjioBHA BEPOSATHOCT Ha ChOUTHETO
A 1upu ycioBue B ce meduHupa 1o CaeHUS HATUH:

P(AB)
P (B)

P(A|B) =

Ako A n B ca cvbutus, kato P (A) > 0u P (B) > 0, Torasa

P(AB) = P(A| B)P (B) = P(B | A)P (A). (3.1)

[IpesncraBsrero (3.1) ce HApHYIA GOPMYAQ 34 YMHOHCEHUE NG BEPOATIHOC-
mu. To Moxke ma ce 06001 34 MOBeYe OT JIBE CLOUTUSA MO CJACIHUA HAUNIH:

P((k] Ak> = P(A1)..P(Ar | AiNAynN..NAgq) (3.2)

3.2 @PopmyJa 3a I'bJIHATA BEPOSITHOCT

Nznonssaiikn AJUTUBHOCTTa Ha BEPOATHOCTHaTa MAPKa MMaMe, e

P(OAk) - '“1 P(A).

=1 1=

15
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KbJero Aq,...A; ca aBe 10 JIBe HECHLBMECTUMU CHOUTHSI.
Heka Hi, ..., H; obpa3yBar T.H. II'bjiHa I'Pylla OT CbOUTHS, T.€. Uf’zl H, =
Q, HH; =0,i,5 =1,....k, i # j. Torasa Bcako cuburne A Moxke Ja ce
[IpeJICTaBu BLB BHjga A = Ule AH,.
BeposgTHocTTa Ha chOUTHETO A MOXKE Jia Ce IPeJCTaBh BbB B
k k
P(A) =Y P(AH;) = Y P (H) P(A| H) (3.3)

i=1 =1

[Ipeacrassinero (3.3) ce Hapuyda Gopmyaa 3¢ NBAHAMA BEPOATNHOCT.

3.3 ®@opmyJa Ha beiic

Axo e HacTbuio cvbuTHero A T0 BepositHocTTa P (H; | A) MOXKe 1a ce mpeji-
craBu 4pe3 T.H. gopmyaa na Bedc:

PAR)PUA) _ _PALH) P
P (A) - Yo P(H)P(A| H)

Bepositnocture P (H; | A) ce HaprdaT anocTepruopHI BEPOSATHOCTH Ha, X1~
noresute H;, i =1,... k.

P(H; | A) =

(3.4)

3.4 3aagaun

Bamaua 3.4.1 Bepoamnocmma daden cmpesey, da yiyuwu eona MUWEHG €
2 )

3. Axo yayuu muwenama npu nepeus uscmpes mot noAYHasa Npasomo Ha
8MOPU U3CMpPen no 6Mopa muwera. Bepoamnocmma 3a yayusane na dseme

MUWEHU, NPU deama uscmpena € l. ,ZZG CE MNMPECMEMHE GEPOAIMHOCINING 3G

2
Yyayweare Ha 6MmMopama MUWEHE, ak0 CIMPEAEUBIN € NOAYHUUA NPABO HA 6TNOPU

u3cmpen.

Pemntenue 3.4.1 Heka A e cbOUTHETO ,,cmpeseysm yueasa nspeama Mu-
wena“, a B e cobutuero ,,cmpeseusm yueasa emopama muwena . Tbpcrum
BEpPOSATHOCTTA Ha chbuTueTro B mpu yciosue A.

P (AB)

P(B|A):W:O.75.

Bagaua 3.4.2 Ilpu ecexu onum edHo cabumue HaCMsNEa ¢ 8EPOATMHOCTI, P.
Onumume ce nposestcdam nocaedosamento 00 HACMBNEAHEMOo Ha CodumMue-
mo. [a ce namepu sepoammocmma csbumuemo da nacmsnu na k+ 1 onum.
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Permtenue 3.4.2 Heka P (B) e Tbpcenara BepositHOCT. Torasa
P(B) =P (4. AAp) = (1-p)'p.

Samaua 3.4.3 Kaxesa e seposamuocmma da ce noayywu Hecskpamuma 0poo,
aAK0 YUCAUMENAAM U ZHAMEHAMEAAM CA YUCAG, KOUMO ce udbupam om pedu-
YaAma MG eCMeCmBEHUME YUCAL NO CAYUGEH HAYUH U HE3ABUCUMO €IHO Om
dpyeo.

Pemenue 3.4.3 3a ja ce nosyun HeChbKpaTuMa Jpod TpsiOBa W {UC-
JINTEJIAT W 3HAMEHATEJIAT Jla He Ce JIeJIAT Ha €HO W CbINO IPOCTO THCIIO.
[TosoBaBaiiku ce Ha Pemenne 2.4.4 BepodTHOCTTA €IHO CJaydaiiHO U30OpaHO
YUCTIO JTa Ce JIeTN Ha JTaJIeHO 9HuCIo k e % ToraBa BeposITHOCTTA JIBETE TNCTIA
Jla ce JIeJAT Ha €JHO U ChIO IPOCTO YUCTIO € k%, k-tipocto. CienoBaTesHo

Tbpc€HaTa BEPOATHOCT €

(1_212)<1—312>...: 11 (1—]:2>,

kA1

KbIETO ke IIPOCTO 9UCJIO.

Bana4ga 3.4.4 HUepava A noaywasa undopmavus ,0a“uiu ,me“u 5 csobwasa
na uepavwa B. Iocae B a csobwasa na B, a B wa I, xotimo obasasa nosyve-
Hnama unpopmavyus. Beexu om uepavume xazea ucmunama 6 edurn om mpu
cayuan. Kaxea e sepoamuocmma A da e xkazan ucmunama, axo I e coobuyun
BEPHUA PE3YAMAM.

Pemenne 3.4.4 Heka A e cnburnero A kaszsa uctunara“, a D e ¢cnbu-
treTo ,I' Ka3Ba ncruHaTa’“. D HACTBIIBA KOraTO: BCEKH OT YeTUPUMATa Ka3Ba
HCTUHATA, KOW Ja € JBaMa Ka3BaT MCTUHATa, a JPYTUTE JBaMa JTIbyKAT, WJIN
JIbXKaT U deTupumaTa. Torasa

rw1=(5)+ ()G G+ () =5

Ako A e kazaji ucTuHaTa, TO

Po1a=(3) +(5)5) B)-%
13

P(DA) = P(A)P(D] 4) = 5.
Torasa P (DA 13
P(A| D)= P((D)) - =
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Bapgaua 3.4.5 Kymusa csdsporca n busema, om xoumo m < n ca nevesus-
wu. Ilo cayvaen navun n uepayvu udbupam no edur obusem. Ednaxeu au ca
wancoseme 3a newardo na ecuvku uzpavu? Koea e wati-uszodno da ce u3-
meaau busem?

Pemienne 3.4.5 Heka Aj e cuburmero ,uszmeeasn ce neveausw ourem,
caed kamo om Kymuama ca udsadenu k ousema”. 3a upenxomnure k — 1
oInTa UMaMe cjieJHuTe xunore3u: Hys -s om usmezaenume k obusema neve-
aam, s =0, ..., k.

Torapa BepogTHOCTTA

3as=0,...,ku0apus>m.

Yenosnara BepoaTHOCT Ha chbuTHero Ay e P (Ag | Hys) = 7=,

[Ipunaraitku popmysiara 3a mbIHATA BEPOATHOCT TIOJIydaBaMe

LG m—s _m (")) _m
P =S T TR e T
CﬂeﬂOBaTeﬂHO HIaHCOBETE 3a He‘{aﬂ6a Ca €eJHaKBH.

Bagaua 3.4.6 [locaedosamenno ce xespis monema. Axo ce nadhe Auye, ue-
pausm neveau 1 a6., axo ce nadwe 2epb, 2you 1 a6. Havarnus xanuman wa
uepayua e r A6. Mepama 3a6spuiea uil K02amo uzpausm Gaiupa, Uil Ko-
eamo csbepe npedsapumenno onpedesena cyma . Kaxsa e seposmmuocmma
uepaysm da ce pazopu?

Pentenne 3.4.6 Heka p (z) e BepogTHOCTTA UIPATbT Ja Ce PA30PH KO
npuTexkaBa x JiB. ToraBa BEpOSITHOCTTA JIa Ce PA30PH IIPU YCJIOBUE Ue € CIie-
YesTiIT Ha IbpBHst X071 e p (z + 1), a ako e 3ary6us e p (x — 1).

Coourusra By =, uepausm nevesu Ha nopeus xod“n By = uzpavsm 2ybu
Ha nspeus xod“ odpazyBaT II'bJIHA IPyHa OT CHOUTHSI.

Heka A e cuburuero ,uepausm ce pazopsasa. Torasa P (A | By) =p(x + 1)
u P(A| B,) =p(z—1). Nmaiikn upeasuy, ue P (By) = P (By) = 1 u npu-
Jnaraifku popMmysiara 3a IIbJIHATA BEPOSTHOCT HOJIydaBaMe, e

1
p(@)=5@+1)+pl-1)),
kbiaero 0 < z < «. Msnonssaiiku maganaure yciaosus p (0) = 1 u p(a) = 0,
noJy4aBame, e

1
— o411
p(x) STt
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Bamava 3.4.7 /Jlsama dywu uzpasm do nobeda, kKamo 36 mosa € Heobrodumo
nspeuam da cnevesu m, a emopusm n napmuu. Ilepeusm uzpau neuesu
BCAKA MAPMUS C BEPOAMHOCT, P, a 6mopusm ¢ eepoamuocm q = 1 —p. Ja
ce npecmemmue ePoAMHOCTNNG NBPSUAM, ULPaY, 06 CNENEAU UAAGNG U,

Pemenune 3.4.7 [IbpBudar nedesn nsjiata urpa ako Crevdesan II'bPBUTE
m WIpU, WIK aKO OT IIbpBUTE M + 1 urpu 3aryou ejana urpa, u T.H. Torasa
ThbpCEHATa BEPOATHOCT €

m m +1 2.m m+n—2 n—1,_m
P=p"+ gp™ + ¢pT et ¢ r=
1 2 n—1
m m m+n-—2\ . 4
p"| 1+ q+---+ q

1 n—1

Bunomuunre KoedurmenTn nzpasgapat ¢pakTa, 9¢ MOMEHTUTE B KOUTO IIbPBUSs
ATpad Ievesn ce pasipeiesisiT Me¥K, Iy UT'DAHUTe UTPH.

Banava 3.4.8 Bcaxa om n ypru csdsporca k 6eau u m wepnu monku. Om
nspeama ypra 6adum eona Monka U A NYCKAME 666 6Mopama ypha, caed
Mmoea om 6mopama ypra 6aduM MONKG U A NYckame 6 Mmpemama u Mm.H.
Kaxsa e sepoammnocmma om nocaednama ypha da ce udsadu 6Ana MoONKa.

Pemenne 3.4.8 Heka A! e cbbOurunero ,or i-Tara ypHa BaJuM Osa’,
a Aj - ,0T i-TaTa ypHa BaJuM depHa“. BeposaTHocTuTEe Ha TE3nm cbhbuTHS 34
wbpBaTa ypHa e ca chorserno: P (AL) = k—&-im u P(Ay) = 5.

Torasa BeposiTHOCTTa J1a U3Ba UM Osijia TOIIKA OT BTOpaTa ypHA IIe e

P(A%) =P (AL A,) P(AL) +P (AL A) P (A) =

k41 k N k m ok
k+m+1k+m k4+m+1k+m k+m
Anayormmo P (A7) = . CiieoBaTeno Thpcenara BePOATHOCT HE 3aBHCH

_k
OT 1 1 € paBHa Ha 7.

Bamava 3.4.9 Bcaxa om n ypHu csdsporca k 6eau u m wepnu monku. Om
nspeama Ypra 6adum edHa MONKG U A NYCKAME 666 SMOpama YpHa, caed
mosa om 6mopama YpHa 6aduM MONKA U A NYCKAME 6 MPEmama u m.H.,
Kamo monkama u3eadena om nociedHama ypra nyckame 6 nspsama. Kakxesa
€ BEPOAMHOCTIING CBCMABTM HA YpHUMeE 04 He Ce € NPOMEHUAN.
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Pemntenue 3.4.9 CbcraBbT HA YyPHUTE HAMA Ja Ce TPOMEHH, aKO KaKBa-
TO TOIIKa CMe M3BaIUJIN OT II'bpBaTa ypHA, TaKaBa TOIKA BaJUM OT BCUYKH
cienBamu ypuu. ToraBa ako A e ¢bOUTHETO ,CHCTABbLT Ha YPHUTE HE CE €
npomenmwi“, a By u By ca cbobutugara ,,0T 'bpBaTa ypHa € u3BajleHa Odyia
TOIKA U ,, 0T II'bpBaTa ypHa € U3BaJcHa JYepHa TOmKa ™

k(k+ 1" +m(m+1)""
(k+m)(k+m-+1)""

P(A)=P(A|B,)P(B1)+P(A|By) P(Bs) =

Bapaua 3.4.10 Ilpes mouxa O om eésmpewnocmma Ha MPUBLBAHUK Npe-
Kapsame npoudsoana npasa l. Bcexu om esproseme Ha Mpus2sAHUKG NpU-
YUCAABAME CAMO KoM edna om cmpanume my. Hexa seposmmnocmume | da
npeceye 6CAKG 0m cmparume My ca pr, p2 u ps. a ce dokasice, ue py + pa +

p3 = 2.

Pemenne 3.4.10 Heka p; = P(A;), i = 1,2,3. Umame AjAy = As;
AyAs = Ay Aj Az = Ay, Crienioarennio P (A1 Ay) = 1—p3, P (A3Ay) = 1—py,
P (A1A3> =1- P2, OCBEH TOBa P <A1A2A3) =P (Zlggzg) = (. Torasa

0= P (A1 AyA3) = P (A Ay A35) = 1= P (A U Ay U Ag) =

1—P(A) — P(Ay) — P(A3) + P(A1Ag) + P (A1 A3) + P (A243) =
L—pr—p2—p3+ (1 —p1)+ (1 —pa)+(1—p3) =
4—2p; —2py —2p3 =2(2—p1 —p2—Dp3)-
CrenoBatesHo p; + po + p3 = 2.

Bagaua 3.4.11 C nomowyma na sepoammnocmny padcsoicdenus da ce noxa-
ace, we (1 —2™)"+(1—(1—2)")">1, saz€[0,1];m,n € N.

Pemienne 3.4.11 Heka ja pasriiejame paBobI'bjiHa TabIUIA C N Pea
U M cTbI0a. XBbpJIgMe HEIPABUIHA MOHETA, KATO BEPOATHOCTTA Ja CE MaJl-
He june e 1 — x, a BepodTHOCTTa 3a repdb € x. BbB BedKa OT KJIETKUTE Ha
TabJMIaTa 3alrcBaMe pesyaraTa oT eJIHO XBbpJsdHe. ToraBa x™ o3HadaBa B
IIPOU3BOJIEH PeJI JIa UMa caMo repbose, a 1 — 2™ e BeposITHOCTTa B IIPOU3BO-
JIeH peJi Ja uma mone eno Jjwure. CJie/loBaTeTHO BepOATHOCTTA BbB BCUUIKU
pejioBe Jia uma none eano juie e (1 — z™)". Aunanoruuno (1 — (1 —z)")" e
BEPOLATHOCTTa BbB BCEKH CThJO Jia mMa IoHe eanH repb. Heka pasriemame
cuouTnsaTa A=noHe equH repd BbLB BCEKH CThJIO 1 B=mone eaHo juie BbB
Beeku pej. 3a tax AU B = (.

1=P(Q)=P(AUB) < P(A)+P(B)=(1—a™)" + (1 — (1 —2)")™
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Samaua 3.4.12 Jla npednoaoorcum, e seposmuocmma 0a ce poou MOMUE
UAU MOMUYY € edna U cowa. Tozasa axko edno cemeticmeo uma dee deya,
KaKk6a € 6eposmHocmma dseme 0a G MOMUYEMA AKO

a) aKo no - 204AMOMO deme e MOMUYE;

6) axo none edHOMO € MOMUME.

Pemenne 3.4.12 Axo 110 - TOJIIMOTO € MOMHUYE, TO TOraBa BEPOSITHOCT-
Ta JIBeTe Jla ca MOMHUYETa € paBHA Ha BEPOSTHOCTTA BTOPOTO Jla € MOMHYE,
CJIEJIOBATEJTHO € %

Ako ozaaunm ¢ A cbOUTHETO ,[I'LPBOTO JeTe € MoMuYe”, a ¢ B - . BTOpoTO
JieTe € MoMu4e”, TO ThPCUM BEpOATHOCTTA

P(AB
P(AB|AUB):PU(1U;)

P (AB) |

"~ P(A\B)+P(B\A) —P(AB) 2

Bamaga 3.4.13 Xespaam ce mpu s3apuema. Kaxsa e sepoammnocmma edro
U CBULO YUCAO 04 Ce NOABU MOYHO HA J6e 0M MAX.

amaua 3.4.14 Om mecme ¢ 52 kapmu no CAYYAEH HAYUH CE U3ME2AAM,
dse.

a) Kaxea e seposmmuocmma me da ca om edun U oy HOMUHGA?

6) Kaxea e sepoammnocmma me da ca om e0un u couwy HOMUHAA NPU YC-
A0BUE, e Ca OM PA3AUYHY 60U T

Penienne 3.4.12
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HezaBucumocTt

Cooutusara Ay, Ag,---, A, ce HapuIaT HE3ABUCHUMHU B CHBKYIIHOCT, aKO 3a
Bcako k, 2 < k < n e u3IIbJIHEHO

P(Aj Ay -+ Ay) = P(Ai) P(Ay,) - P(Ay), (4.1)

KbjieTo 1 < iy <19 < - <1 < 1.
[Ipu k& = 2, cuburusara A, A; ca He3aBUCUMU, aKO

P (A1 Ay) = P(A)) P (Ay). (4.2)

Ako (4.1) e u3mbiHeHO camo Tpu k = 2, To cHOUTHATA ce HAPUYAT He3a-
BHCHMH [IBE IIO JIBE.

4.1 Ilpumep

Axo jiBe cvbutusg A n B ca He3aBUCHMU U BCSIKO OT TAX MMa TOJIOKUTETHA
BEPOATHOCT, TO T€ He ca HechbBMecTHMH. ToBa cjenBa mpocTo or (akTa, e
P(AB)= P (A)P(B) > 0, cienoaresino AB # ().

JlecHo Mozke J1a ce mpoBepu, Ye ako A u B ca He3aBUCUME, TO HE3ABUCUMU
me 6baaT u aBoiikuTe oT cvoutng A u B, A n B.

Hezapucumocrra Ha JBe CHOUTHS 3aBHUCH MPEIUMHO OT BEPOATHOCTHATA
MsIpKa JeduHupana BbpXy Tax. KaTo mpumep 3a ToBa Jia pasriejame Ipoc-
tpancrsoro {2 = {1,2,3,4}, u asere cuburus A = {1,2} u B = {1,3}. Ao
BEPOSITHOCTHATA MSIPKa € PABHOMEPHO paslipejiesieHa BbpXy ), To chbOuTusiTa
A n B ca mezapucumu. B ciiydait, 1e BepOSITHOCTTA UMa CJIETHOTO PA3Ipe/ie-
JIEHUE: P = i, Py = p3 = %, Py = %, ToraBa ChbOUTHATA He Ca HE3aBUCHUMU.

Bamaua 4.1.1 Xsespaam ce dea 3apa. Hexa Ay e cabumuemo ,na nopsus 3ap
ce nada newemmno wucao®, As e ,na emopus 3ap ce nada HewemHo “UcAo
J 2 )

22
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a Az e ,cymama om nadnarume ce mouku e newemna“. Hezasucumu au ca
cebumusma dee no dee, a 6 ce8KYNHOCM?

Pemenne 4.1.1

1
P (A1Ay) = P (A1 As) = P(AyA;3) = 0.25, crenosaresiio cuouTnsATa Ca
HE3aBHUCHMU J[BE 110 JIBE.
Toit karo P (A1 AsA3) = 0 # 0.5°, To cnburusita He ca HE3ABUCHMU B
CBHBKYITHOCT.

Bamaya 4.1.2 [Ipocmparncmeomo om eaemenmaprume csbumus 2 csdsp-
orca N eaemenma. IIpu xaxeo wati-2oaamo n 6spry nodmmoscecmeama Ha §2

mootce da ce depunupa eeposmmuocm P u csbumus Ay, As, -+, A,, Koumo da
ca nesasucumu 6 coerynmocm u0 < P(A;) <1l,i=1,--- n.

Pemenne 4.1.2 Heka Aq, Ay, - - -, A,, ca TakuBa ¢hLOUTHSI, Y€ U3IILIHABAT
YCJIOBUSATA Ha 3ajia49aTa. 3a IMPOU3BOJIHA N-0pKa (€1, -+ -, €,), €; = 0, 1, umame,

ye P (ﬂ?zl AEE")) > 0, K'bJIeTO AEO) = A;, Agl) = A;.

Ot Tyk ciessa, 1qe (), Af.fi) # (). Tvit karo npu (€], -+, €,) # (€1, , €,)

n
cvouTusaTa (N, A, “ oy " Agei) ca HeIIPpeCHUJallly ce, CJIEJOBATETHO ChIIbp-
JKaT pa3IMIHy eJIEMEHTH 1 6POAT Ha pasaudHuTe HAOOpH (€1, - - -, €,) € paBeH
na 2". Toraa N > 2" n <log, N.
Babenexka: Or daxkra, ue P(ABC) = P(A)P(B) P (C) ue cnensa
HE3aBUCUMOCT B ChBKyITHOCT Ha cvoutusa A,B u C. Toea ce BuKa oT cirei-
Ballisl IIPUMeEp.

4.2 Ilpumep

Heka npocrpancrsoro Q2 = {1,2,3,4,5,6,7,8} u BCHUKE U3XO/[H Ca PABHOBE-
positau. AKo pasriename cvoutnara A = {1,2,3,4} u B =C = {1,5,6,7},
to umame, ye P (ABC) = %, HO CHOUTHATA HE CA HE3aBUCHMH.

Samada 4.2.1 Bspry n xkapmonuema ca Hanucaru n peasnu wucaa. Kap-
MOHYEMAMA CE CAG2AM 8 KYMUA U ce uasanxtcdam edno caed dpyzo 6e3 eps-
wane. Hexa Ap e csbumuemo ,k-momo u36adeHo “UCAO € MOo-20AAMO OM
npeduwmrume .

1 PAR=1 1 ...

. Mla ce noxaoice, ue P k=1 n.

2. Mla ce doxaorce we Aq,---, A, ca nHe3as8uCUMU 6 CEEKYNHOCT.
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Pemenne 4.2.1 1. Ilpu nbpBute k onnra ca usrerjieHn k 9ucia, KOUTO
Morar jia ce noapeadar 1o k! naunna. Haif-roasmoro ot Tax mie 6b1e mociejHo
B (k — 1)! cayuas. CrenoBaresno

P(4) (k=1 1
k)= ———— = —.
k! k

2. Pasruexkname Bepositaoctra P (Aj - -+ A,). Cuburnero A; - -+ A, cboT-
BETCTBa Ha TOBA KapTOHYETATa JIa Ca U3TErJICHH B HapacTBAalll PeJl Ha YUCIaTa,
HaIMCaHu Ha TgX. ToBa MOKa Ja CTaHe 10 €IUH €JUHCTBEH HAYMH OT BCUY-
kute n! Br3moxkan. Torasa

P(Ar---Ay) == =P(A) P (Az)--- P (Ay).

Ome mosedue, Heka 1 < 41, ---,15s < n, s < n. Pasrnexmame BeposT-
Hocrra P (A;, | Ai,): BepodTHOCTTA, OT iy M3TEIJIEHN KapTOHYETa 9-POTO JIa
€ Hal-ToJIsIMO, IIPU YCJIOBHE, Y€ OT IIbPBUTE i; KApTOHYETA i1-BOTO € Haii-
rosisimo. Tbit -KaTo iy € Haifi-roasMo B (iy — 1)! cirydast, To Tasu BEpOSITHOCT

P(A, | Ay) =+

12
C ananornanu pascbxiaenus P (A, | Ay Ay,) = i u T.H. ClreJi0BaTeIHO

P(Aj Ay Ai) = P(A) P (Agy | Ay) - P (Ai, | Ay Ay -+ Ai ) =

1
irig iy,

CJIe,ZLOBaTeJIHO CBLOUTHATA Ca HE3aBUCUMU.



I'taBa 5

JlncKkpeTHN cJj. B. 1 TEXHUTE
xapakTepuctuku. Cxema Ha
bepnyau. OyHkiuga Ha
pa3npejenaenue. llpumepn 3a
JUCKPETHU pa3lpe/ieieHus

5.1 JIucKpeTHHu cJI. B. 1 TexHuTe (pyHKIUN Ha
pasnpejeieHne

KaszBawme, de e nedpunupana ciaydaiina BeJTUInHa, aKo 1eUHUPAHO CHOTBET-
crBre € : () — R 3a koeTo npoobpasza Ha bopesioBaTa g-ajredpa ce ChIbpKa
B o-ajrebpaTa IOpoJeHa OT MOoAMHOXKecTBaTa Ha (). AKO ciaydaifHaTa BesH-
YrHa pueMa n36pouM (KpaeH min 6e3KpaeH) Opoil CTOWHOCTH T ce Haphda
JINCKPETHA W HEMPEK'bCHATA B TPOTUBEH CJIydail.
JluckperHuTe CiaydaiiHU BeJTMIUHU MOTAT Jia ce jiepUHUPAT 10 CJIETHUS
HAYNH:
§ T x2 - @,
p pP1 P2 - Dn

Kbjero {z;}] ca croitHocTHTE KOUTO IpueMa CilydaiiHara BegudnHa &, a

{p:}], Xy pi = 1 ca BeposATHOCTHTE, C KOUTO IPUEMA TE3U CTOMHOCTH.
OcHoBHA XapaKTepUCTHKA Ha CAydYailHUTe BEJUYMHE CE ABABA TAXHATA

dyukiug Ha pasupesenenue. Ta ce qedpuHUpa 10 CAeTHUS HAUUH:

Fe(z) =P <x).

25
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Taka nedunnpanara QyHKIMs €JIHO3HAYHO (C TOYHOCT JIO €KBHBAJIEHT-
HOCT) OIIpeJIesis JIaJIeHa CIyJaliHa BeJIMIuHa.

3agaya 5.1.1 Jla ce namepu dynryuama na pasnpedeserue Ha CAYHaUHa-

ma 6eAUuYuUHa
c 0 1 2 3 4

p 022 032 033 0.04 0.09

Coimio Taka 110 j1ajiena GYHKINS Ha pa3lpe/ieienue MOXKe Jia ce HaMepu
ciay4daiiHara BeJIMYUHA.

Heka nmame jBe ciydaitnn Benumuunu € u 7. Taxuarta ¢bBMeCTHa ILIHT-
HOCT MOXKe Jia ce JieprHUpa Ipe3 cjeHara Tabainna:

P11 P12 - Pin
P21 P22 - Do

: . .. D)
Pm1  Pm2 o Pmn

Kbaero p;; = P ({& = zi,n = y;}).
Ouesmo p; i= P({€ = 2.}) = Sy P({E = ain = yy}) = Sy py
b =1
Pasupenesnenuero {p;}; | ce Hapuda MapruHaJIHO paslpe/iesieHue Ha CILy-
JaiiHaTa BeJuanHa &.
B ciygas xoraro § u 1) ca nHesaBucumu umame, de P ({{ = z;,n =y;}) =
P& =2i}) P ({n =13}, me. pis = piny.

CobeMecTHaTa DYHKIUATA HA pa3lipe/iesienne Ha & U 1) ce JedpuHIpPa TaKka:

Fey(v,y)=P{E<m,n<y)).

MozkeM J1a pasriegame yCJIOBHOTO pasmpejiesienne Ha & Ipu yCJIOBUE 1):

. . Dij
P(f:”ﬁ:J):T;kg
J

K'bJETO

P (77 = .7) = Zpkj-

Bapaua 5.1.2 Jladenu ca cayuatinume seauvuru € : —1,0,1,3 un: —1,2,3,
kamo P ({§& = x;,m =y;}) = c(i* + j2), xedemo ¢ > 0 e neuzeecmmua Komc-
manma. Jla ce namepam KoHCMaHmMama ¢, Kakmo U Map2uraiHume nasm-
nocmu wa & u n, u eepoammnocmume P ({€ =0,n1<2}), P({{<1,n>2}),

P{&+n>2})!
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Bagaua 5.1.3 Cayuatnume sesuvuny & u 1N €4 HE3a6UCUMU U ca Jehuni-
PAHU MO CACOHUA HAYUN:
& -1 1
p 05 0.5’
n 1 3 5
p 05 025 025

a ce namepu csemecmnuama nasmuocm wa & U n, pa3npedescHusma Ha
v=2+n+1ut=~En Kakmo u mATHAMA CEEMECTVHA NABMHOCT.

5.2 Cxema Ha beprynn

[IpoBexkaT ce cepus OT HE3ABUCUMU OIUTH, KATO IIPH BCEKU OIUT MMAa €JIH-
cTBeHO JiBa BBL3MOKHU m3xoga A u A. IIpu Bceku OmUT BepOATHOCTTA Ha
cubuTneTro A e efHa U cblia.

Cobutnara A u A Morar na ce HHTepHpeTHPAT KATO YCnexr W Heycnew
[IPU TIPOBEXKIAHETO Ha HaKakbB omut, a p = P (A) u g = P (A) = 1 — p kato
CbOTBETHO BEPOATHOCTTA 38 YCIIEX M HEYCIeX IPH ITPOBEXKIAHETO Ha OIUTA.

[lon cxema ma Bepuynu (n,p) me pasbupame HOpeIuna OT 1 OT TO-
peoIicaHuTe OIUTH, C BEPOATHOCT 3a yciex p. Heka ¢ v, o3nadumm Gposi Ha
ycrexure B cepusi oT n 6epHysinesn onura. BepositHocrTta P, (k) 3a nocrurane
Ha k ycrexa Moxe Jia ce IpecMeTHe 110 (hopMyiaTa

n
P =P (=1 = ()t 5.)
KbjeTo k=0, ...,n.

deno e, ue Bepoarnoctta P, (k) e koedunuenta npes s* B paspurnero Ha
nosmuoMa (ps + q)".

5.3 DBuHomHO pa3npeaesieHue

Heka na pasriesiame ciydaiinara Bejanduna &-,0pot ycneru 6 cepus om n
bepryauesu onuma”. Tasu ciydaitna Bemanna npuema crovinoctu & @ 0,1, ...,
C BEPOSITHOCTH

P(E=k)=p = <n> ¢ Fp"

. 3a Taka JeduHUpaHa caydalina BeJIUYNHA Ka3dBaMe, ye ¢ OMHOMHO paslipe-
JleJleHaOMHOMHO pastpejiernenne Bi(n, p).

Axo € € Bi(ny,p) un € Bi(ns,p) ca He3aBUCUME CJIyYailHU BEJUIUHHU,
toraBa  +1n € Bi(ny + na, p).
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Haucruna, veka P(§=k) = p, = (’Zl)qnl_kpk, aPln=k) = q =

t

P(+n=t)=) P(E=in=1t—1)

i=1

" II10HE2KEe 5 " 77 Ca He3aBUCHUMUN
t
PE+n=t)=)> pgi=
=1

N1\ ni—ip i (T2 na—(t—i), t—i
gt g p T =
1 1

t
1=

1
! ny U]
t ni+ngs—t

p'q S
i=1 \* t

3a Jia npecMeTHEM cyMaTa, pasryiexkjaame ciegHusd mojen: mame ny + ng
KJIETKH. B rbpBuUTE Ny KJIETKU IIycKaMe 110 CIydaeH Ha4YUH ¢ eJIEMEHTa *, & B
n
i

BTOPHUTE Ny KJETKU ITyCKame t —i *. 3a BCIKO OT ( 2) Ha Opoil pasmpegeaeHus

Ha * B I'bpPBUTE 7] KJIETKH UMaMe (tn—i) pasnpeaesieHusd Ha * BbB BTOPUTE 19

KjaeTrku. Torasa Z"le (";) ("f) CbOTBETCTBA Ha OPOsl HAUMHU 110 KOWNTO MOTaT

Jla ce pasmupenensT t Ha Opoit * B nq + ny Kierku. CreoBaTe/IHO

t
Z nq N9 . ny + N9

2\ i)\ t
Crenosarenno £ +n € Bi(ng + na, p).

Bamaua 5.3.1 Fdun nywav sunazu nocu 6 dotcoba cu dse Kymuu Kudpum.
Kozamo ucka da 3anasu moti 63uma Kaeuka om cay4atino udbpara om deeme
kymuu. Caed uzeecmmo epeme moti 0cmanosasa, we ednama e npazna. Kaxea
e BEPOAMHOCTNMA 6 MO3U MOMENM OPY2aMa KYMuA 0a uma k KA€Ky, axo 6
HAYAA0MO U 6 J8EME KYMUU € UMAAO N0 N KACUKU?

Pemenue 5.3.1 Heka napeuem ejnara KyTus ycnex, a Jipyrara Heycnex.
Torasa TpsibBa J1a ce HaAMepPHU BEPOSITHOCTTA Jla UMa N Ha Opoit ycrexa u n —k
Ha Opoil Heycliexa B cepusd OT OepHyJineBu onuTu. Taszm BepoaTHOCT e

n+n—=k 11 2n — k 1
n on 2n—k - n 22n—k ’
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Bagaua 5.3.2 Hexa npedu onuma coujecmesysam 06e pasHOSEPOAMHY U eJUH-
CMBENO 6B3MONCHU TUNOMEIU OMHOCHO 6EPOATNHOCTNMG 30 YCNET NPl eoun
onum: p =1/2 up = 2/3. Koa om déeme runomesu uma no 2044ma anoc-
MEPUOPHA BEPOATIHOCT, aKO Npu nposescdane na 200 nezasucumu onuma ca
nacmesnuau 116 yenexa?

Pemnenue 5.3.2 Heka A e chburnero it ,,116 ycmexa ot 200 onura’. Amoc-
TEePUOPHHUTE BEpOSITHOCTH Ha jiBeTe xunoresu ca P (Hy | A)u P (Hy | A). To-
raBa MMame

200
(Hy) (116)21%62% _ 3200
)~ () hoshe 216

~ 1.9%.

P(H |A)  PHA LA PA|H)
P(Hy | A)  P(H)A) P

5.4 T'eomerpudHo pa3npejeieHne

Heka na pasriename ciyuaitnara sejandunna &-,0pot neycnery 0o nosasa Ha
napseu ycnex“ B cepus ot 6epHyineBn onuth. Ta3u ciaydaiina BeTUInHa IIPU-

ema croitroctu & : 0,1,..., ¢ Bepoarnoctu P (£ = k) = p, = ¢*p. 3a Taxa
nedbuHUpaHa cyvaiiHa BeJIMUnHa Ka3BaMe, U9e € TeOMETPUIHO paslipejiesieHa
Ge (p).

Heka ma uzpasum HeitHata (pyHKIMSA Ha pas3lpe/ie/IeHIe:

Fe(x)=P(El<z)=1-PE>2)=1-P(E>n+1)=

00 o] ) qn+1
L= > PE=i)=1= > dp=1-p7—

i=n+1 i=n-+1

:1_qn+1

7
KbJIETO N = [z].

Bagaua 5.4.1 Hexa £ un ca He3a6UCUMU U EOHAKBO 2EOMEMPUNHO PA3NPE-
denenu cayuatinu seaununy ¢ napamempu p u t. Ja ce namepu dynxyuama
na pasnpedeserue na T = min[&, n).

Pemienue 5.4.1
F.(2)=P(r<z2)=1—P(min[{,n] > 2) =

1-PE>zn>2)=1—-P(E>2)P(n>z2) =
1-PE>n+1D)P(n>n+1)=1-(1—-p)" a1 —-t)"""

Cnenosarento 7 € Ge (pt).
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5.5 Orpunarejano OMHOMHO pa3npeaelieHne

Heka na pasriiename ciydaitnara Beqimanna &-,,0poti Heycnexu 0o noAsa na -
mu ycnex “ B cepust OT OepHY/IMeBU onuTh. Ta3u cirydaiiHa BeJIMINHA [IPUeMa,

croitroctu & : 0,1, ..., ¢ BepositHocTn P (§ = k) = (k:f:l)pr_lqk. 3a Taka

JnedbuHupana cilydaiiHa BeJIMYUHA Ka3BaMe, de UMa OTPUIATEJHO OMHOMHO
pasupenesnenune N B (1, p).

Bapgaua 5.5.1 Kaxsa e gepoamnocmma 0cMus 408ex “Ys HAKAKSE CAYL 0a
e Nemus NOBAPSaAA, aKO SEPOAMHOCTIIMG eduH 408ek Ja NO8APSa € P.

5.6 Xwurep reoMeTpudIHO pa3npeesieHne

Heka umame N uznenus, or kouto M ca gedexktau. [IpaBum m3Bagka ¢ obem
N U ce mHTepecyBaMe OT OPost Ha JiepeKTHUTE U3JIe/IMs B Ta3u n3BaJiKa. Heka
¢ e caydaiiHaTa BeJIUYIUHA 0001l dedhexmmuu uddesus 6 ussadka ¢ obem n .

Torasa & : 0,1,...,min[M,n|, KaT0 BEPOATHOCTHTE C KOUTO Ce TIpHEMAT
TE3U CTOMHOCTHU ca

(1) ()
pp = P{¢ =k} = ELank )
(+)
3a Takapa ciydaiiHa BeJMYMHA KasBaMe, 9€ € XUIep FeOMEeTPUIHO PasIl-
penenena HG (N, M, n).

Bamaga 5.6.1 /Jla ce doxaoice, we npu N, M — oo, kamo limy_.o, (M/N) =
p, 0 <p <1, e usnasarero

. n n—
Jim p = (k>p’“(1 -p)" "

Penienne 5.6.1

M! (N — M)! n! (N —n)
KM=k (n—k)l(N—M—-n+£k)!" NI
_(n M! (N — M)! (N —n)
_<k>(M—k)!‘(N—M—n+k)!' N!
n\M (M —1)! (N — M)! (N —n)
Y

NM-—k'(N—M—-n+kl'(N-1)l
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5.7 IloacoHoBO pa3zIipejejieHue

PasBurnero Ha ekcrionentara B pen Ha Teilyiop uMa Bua
00 .0
x
x
e’ = —.
25
=0 °
Torasa ako pazjenmM Ha €* 11e Oy IUM
o0
x
_ —x
1= Z Te s
pu x > 0

CiieioBaTe/IHO IO TO3M HAYUH MOXKEM Jia JiebuHUpaMe CirydaiiHa Besu-
yuna £ : 0,1,2,- - ¢ BepogTHOCTH

3a TakaBa Cﬂy‘{aﬁHa BeJiMdnHa Ka3BaMe, Y€ € II0aCOHOBO pa3IIpe/ie/ieHa

£ Po()).

Banmaua 5.7.1 Hexa & € Po(\) un € Po(\2) ca nesasucumu caywatiny
seaununu. Ja ce dokaoice, we T =€ +1n € Po (A + Aa).

Pemtenne 5.7.1

P(r=k)=P(&+n=k) =

Plg=im=k—i) =Y PE=i)P=k—i)=

k
=0 i=0
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il k—qd

k 7 k—i k % k—i
A1 -1 A2 —A2 —(A1+A2) 1 A" A
S oM h =3 Rl

2 p—at T Kl &

e—W“?);'(Al + A0)".

Bamaua 5.7.2 /la ce dokaorce, we axko n — oo u p, — 0, no maxsse Hawun,
Ye ppn = X, Mo

)\k
lim <Z>pnk(1 - pn)n_k = 76_/\'

s k!

Pemenne 5.7.2 Twoit-kato p, = % TO

n e nn—1)---(n—k+1 .
<k>pnk1_pn b= ( ) ( )pnk<1_pn) F

CremoBaTesiHo

k
lim <Z>pnk1 — p " A A,

Bamaua 5.7.3 Hexa & ---&, ca nezasucumu cayywatinu seauvwuru. /la ce
doxaorce, ue

a) axo & € Bi(n;,p),i=1---m mo

S+ + & €Bi(ng+ -+ np, p)
6) axo & € Po(\) mo

L+ + & ePo(M+--+ M)

Pentenne 5.7.3 JlokazaTecTBOTO ce U3BBPIINBA 110 UHAYKIMA. B cirydas

Ha m = 2 nojrouka 6) e pasmieiana mo-rope. Ilogrouka a) ce pasriexia
AHAJIOPMIHO (BHZK MO-TODE).

Bamada 5.7.4 Hexa & € Po(\) un € Po(u) ca mesasucumu cay4atinu

seaununy. Jla ce mamepu ycaoeromo pasnpedesenue na £ npu Ycaosue, e
E+n=n.
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Pemienne 5.7.4 Heka 0 < k < n, k,n € N. Torasa

Ple=k =
Pl =kg4n=np =TI

P{e=k}P{e+n=nle=k}  (NeMR)P{n=n—k}
P{¢+n=n} Yl P{E=yPin=n—j}

(0)2) ()

' A
CriesioBaTeTHO THPCEHOTO pasmpesesenne e Bi (n, m)

3a)1atla 5.7.5 BpO.ﬂm Ha npoee(?eﬁume onumu f € CAYHAEH U MOIHCE da ce
merny om 0 do o0, NpU KOEMO 6EPOAIMHOCTNING moti da e paser ra ke
)\k:

-2

Beexu onum moorce da 65de ycnewern ¢ sepoammHocm p u HEYcnewer ¢ ee-
poamuocm 1 — p. Ja ce nocmpou paznpedeaeruemo na OPos Ha YCnewHume
onumU.

Pemenne 5.7.5 Heka n e 6pos Ha ycrenHuTe OnuTH.

Pl=1 =3 Pli=ml e~ Ple=1 = 3 (H)ore e -

k=m k=m
= [k AF ()" & (A"
- m_k—m” __ =X —
¢ kz;(m)p 1 k! ¢ m! nz:‘f) n!
(Ap)me—)\p
m! ’

5.8 TlosmmHOMHO paz3IipejiesieHue

[IpoBexxtame n HE3ABUCHMU OINTA, MPU BCEKU OT KOUTO HACTHIIBA TOTHO
eiHo oT cbhouTnsaTa Ay, - -+, A, ¢ BEPOATHOCTH p1, - -+, Pr, >y Pi = 1. Torasa
BepOSITHOCTTA, chouTnero A; jma HacTbuu ki Ha Opoit mbru, Ay - ko Ha Opoii
I'bTU U T.H. €

T .
Pn (klu e 7k7“> = n' H szkz
=1 """
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CBBKYITHOCTTA OT BCHYKHM TaKWBa UNCIa Ce HAPWYIa MOJMHOMHO paslpe-
nenenne. Tesu BepoaTHOCTH ca KoedwuimenTuTe mpef s, , - - -, 5,k B passu-
THUETO Ha

g (317 U 757‘) = (p131 + +pr$r)n~

AKo ce HHTepecyBaMe KaKBa, € BEPOATHOCTTa A; J1a € HACTBINIO k I'bTH
nosede or Ay, ToraBa mosaramMe s; = s u Sy = s~ '. T'bpceHaTa BepOATHOCT €
KoeduenTa npea s~

AKO ThpPCHM BEpOATHOCTTA OT HOMepaTa Ha HACTBIMINTE CLOUTHHA JIa ¢
paBHa Ha HAKAKBO YHCJIO k, TOTaBa MoJIaraMe s; = ' I ThPCEeHATa BEPOITHOCT
e KoeduIeHTa mpej s*.

5.9 YucyoBu xapaKTepPUCTUKU Ha CJIyUaiiHU Be-
JINYUHA

MaremaTndecko o4aKBaHe Ha JUCKpeTHATa cjaydaiiHara Bejaundnna & jedu-
HUpaHa 9Ipe3
§ x1 Xy 0 Ty
p P11 P2 - Pn
nedunupame karo £ = Y7 | x;p;. Maremarnueckoro odakBaHe IpeICcTaB-
JisiBa, JinHeeH ornepaTtop. Ako £ u 1) ca HesaBucumu, o BEn = EEE.
E¢k =" | 2Fp; napuuame k-tu momenrt na &.
D¢ = E(¢ — E¢)® = E€2 — 2F (EE€) + B¢ = EE% — (E€)? napuuane
jucrepcud Ha &.
CaoiicTBaTa Ha JUCIEPCHATA Ca CJIEJICTBHE OT CBOMCTBATA HA MaTeMaTH-
TeCKOTO OYaKkBaHe. FTHO BayKHO CBOICTBO e:

D(E+n)=DE+ Dy +2E(E— EE) (n— En).

Hucsoro cov (&,m) = 2E (§ — E€) (n — En) ce napuda KoBapusius Ha &
u 7. Ako £ u 7 ca mesasucumu, 10 cov (£,1) = 0.

Bagaya 5.9.1 Jla ce namepam mamemamuieckume o4akeaHus u ducnep-
cuume Ha cayuatinume sesununy depurupany 6 3adavu 5.1.1, 5.1.2, 5.1.3.

Bapaya 5.9.2 Jla ce namepam mMamemamuieckume 04aK6aHUA Ha NOACOHO-
80 U OUHOMMO PA3NPeIeNeHY CAYUATHU GEAUMUHU.



I'taBa 6

Iopazknamu pyHKIINN

[ITe pasriex1aMe JUCKPETHU CIYIalHI BeJTUINHA, IPUEMAIIN TOJI0KUTETHN

CTOMHOCTH
§ 11 x0Ty

P P1 P2 ' Dn

K'bJIeTo » 2, p; = 1. Koraro ciryvaitnara BeimanHa nmpueMa KpaeH 6poit cToii-
HOCTU CyMHPaHETO € KpaiiHo.
Ba Tax MoxkeM j1a jgeduHupamMe ciaegHaTa QyHKITI:

he (s) = Es* = pis. (6.1)
i=1

TakaBa pyHKIMA HATHYIAME TTOpaKIaia PyHKIUI Ha MOMEHTUTE Ha, CJIy-
vaiiHara BesmanHa £. Pexbr (6.1) e abeomorao cxozgant npu |s| < 1, ciemo-
BaTeIHo DYHKIWATA he (S) € aHaJIUTHYHA B euHIIHAs KPbL. Tbit Karo

he" (0)
n!

Pn =

Y

TO MEXKAY IOPpazKJaallnuTe be'HKHI/II/I n JUCKPpETHUTE Cﬂy‘{aﬁHI/I BE€JIMYMHHN NMa
€JHOSHaYHO CHOTBETCTBUE (C TOYIHOCT 0 eKBI/IBaJIeHTHOCT).

6.1 Il3pa3zgBaHe Ha MOMEHTHUTE UpPe3 IMOPaKIa-
marTa PyHKIs

Ako cobimectByBa EE, TO
W (1) = BE =3 pi (6.2
i=1

35



36 Inapa 6. Ilopaxkiaru pyHKImn

a akKoO C'bH.[@CTBYBaT MOMEHTUTE OT k-TI/I pegl TO
hY () =Be(€—1)-(E—k+1). (6.3)

Torasa, JUCIIEPCULATA MO2KE Ja CE€ U3pa3u TaKa.:

DE = he, (1) — (W (1)) + (B (1)) . (6.4)

6.2 Ilopaxgamara PpyHKIUA B cepusi OT OIUTH

Ako pasriiesiame cepust OT OEpHYJINEBU OIUTH, IIPU KOUTO BEPOSITHOCTTA 34
ycIlex ce MEHHU OT OIIUT Ha OIUT U HeKa O3HAYUM C P; BEPOATHOCTTA 38 yCIeX
Ha i-Tus onut. ToraBa BepositHOCTTA 32 k ycnexa ot n onuta P, (k) e paBHa
Ha KoeduImenTa npes s* B pasBUTHETO Ha HOparKIamaTa (yHKITHs:

n n
his) = I1 (s + ) = 3 P (k)
i=1 i=1
Torasa BeposgitHOocTUTE P, (k) MOrar ja ce HaMepsT 110 CJIe[HUsT HAYMH:

1 dFh(s)
n )= g o

Usmex iy aucaara P, (k) nait-rossimo e ToBa 1uciao P, (m) 3a koero m =
[((n + 1) p], kbaeTo ¢ [.] e o3HAUeHA TATaTa YacT Ha 9uca0TO. ToraBa nmame
HepaBeHCTBaTa
m+1)p—1<m<(n+1)p.

C momorrra Ha MMopazkgarara (DyHKIUS JJeCHO MOTAT Jla U3Pa3AT CJI0KHO
KOMOUHATOPHY TBbPJieHNs (BUzK maparpada 3a MOJMHOMHO Paslipe/e/ieHue).

Banaua 6.2.1 /J[a ce namepsam nopasicdausume Gyrryuy Ha pasnpedeneni-
ama degpunupany 6 eaasa 5. Usnoassatixu npedcmasanusma (6.3) u (6.4) da
ce HAMEPAM MAMEMAMUYECKOMO 0YAKE6AHE U QUCIEPCUAMA HA ME3U PA3N-
pedeserus.

6.3 Kowmnozumus Ha pa3npeaejaeHnd

Heka &, - - -, &, ca He3aBUCUMU CJIyYallHU BEJTUYUHU C TIOPAYK AN (DYHKITIH
he (s). Topcum nopazk namara dyuxmus na & + - - - +&,. Toit kato &, -+, &,
Ca HEe3aBUCUMU CJIydailHU BeJIUYUHU, TO 551, e ,55" CBIIO IIe Ca HEe3aBUCUMU
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cnyqaﬁHH BeJIM4InHM, TOoraBa IIO CBOIICTBaTa Ha MATEMATUIECKOTO OYaKBaHE
nMaMe

n
ES£1++€7L — Esgl e Sgn = H ES&ZJ
=1
CJIeJIOBATEIHO

he+-te, (s) = H he, (s)-
i=1

Ot TyK JiecHO cefBa 3ajada H.7.3 6e3 ga ce mpubsrsa 10 U3MOI3BAHETO
Ha (opmysiaTa 3a II'bJIHATA BEPOSITHOCT.

Bamada 6.3.1 Hekxa £ e yeaoquciena cayyvating SCAUMUMHG ¢ Nopartciaua
dynryusa h(s). Ja ce namepu nopasrcoawama Gyrnkyus na cayswatnama ee-
AUNUHG

a)n=~&+1
6)n ==&+ k, kedemo k e yanro wucao
6)n=2¢

Pemenue 6.3.1 Bes orpanuvenue Ha oOIIHOCTTa MOXKE Jla C€ CUUTA, Ue
¢ npuema croitnoctu ot 0 710 00.
a)
P{n=i}=P{{=i—-1}=pi1.

Torasa

hy (s) = Zpi—lsi = sZpisi = sh(s).
i=1 =0

6) pelaBa ce aHAJOTUYIHO HA a).
B)
P{n=2i} = P{{ =i} =p;.

Torasa

hy, (s) = i)pis% =h (s2> :

Bama4da 6.3.2 Heka & e yeaowuciena cayywating 6eAuquna ¢ nopaicoauya
dynryus h(s). Ja ce uspasu dynryusma g(s) = Yooy ans” upes h(s),
Ksdemo

a) a, = P{{ <n}

6) a, = P{¢{ < n}

6) an = P{€ > n}

) a, =P{{>n+1}

d) a, = P{{ = 2n}
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Pentenne 6.3.2 KakTo u B npejiHaTa 3ajiada MOXKeM Jia cautame, de &
npuemMa, croiitaoctu or 0 10 0.
a) B Tosn ciryuait

am=P{Esn) =3 Ple=i}=3p

Torasa
00 0o n 0o 00
g(s) =2 ans" =3 > pis" =) piy s"=
n=0 n=07=0 =0 n=i

ZPiSiZSn: h(3>_
i=0 n=0 l—s

6) B To3u cayuait

n—1 n—1
an=P{E<n}=Y P{¢=i} =Y p.
=0 =0

Torasa
o & sh (s
g(s)=>p Y "= 1—(5)

=0 n=i+1

B) B To3u ciayuait

n—1 n—1
a,=1-P{{<n}=1-> P{{=i}=1-) p;.
=0 1=0

Torasa
00 o) oo n—1 1 —sh
g(s) =D a,s" =D " —s> D pis" = 1S<S)
n=0 n=0 n=0 =0 - S

Ba mojTouKy T) U 1) pasriexkIaHeTo € AHAJIOTUYHO.

Bama4da 6.3.3 Heka & un ca 4ea0uucieny CAYHATHY BEAUNUHL U HEKA CAY-
watinua eexmop ¢ = (§,m) uma pasnpedenenue P{{ =1,n=j} =p;j, i,j =
0,1,

a) da ce uspazam nopasrcdawyume dyrryuu he (s) u hy (s) wpes nopaorc-
dawama dynryus he (s, S2).

6) /a ce npedcmasu heyyy (S) upes he (s1,52).

68) a ce doxasice, we ELn <= he (s1,52) = he (s1) hy (52).
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Permtenne 6.3.3 a) Maprunannoro pasnpejenenne Ha £ e P{{ =i} =
o0
=0 Pij- Torasa

he (s) = i ipijsli = h¢ (s1,1)

=0 j=0
. Anajyioru4no 3a hy, (s).

6)
Pi{e+n=i} =) P{é=i—kn=k}=>Y pik
k=0 k=0

Torasa criopej JedpuHUIUATA 38 HOpaXK1alia PYHKIUS TMaMe:

ety (s) = Z Zpi—k,ksi = Z Zpi,ksi =

1=0 k=0 k=0 i=k
[ee] o0 .
SN ks = he (s, 8).
k=0 i=0

B) B eiHaTa mocoka TBbPJIEHNETO € TPUBUAHO, UMAKU B IpeIBu L Jedu-
HUIUsTA 3a Hopakaala pyHkiums. B apyrara mocoka To cjiejBa OT TOBa, 1e
KoepHUIMeHTUTe Ipe/i ChOTBETHUTE CTEIeHN Ha S| U So TPsiOBa Jia ChBIIAJIAT.

6.4 Teopema 3a HEIPEeKbCHATOTO ChbOTBETCTBUE

Heka &1,&, -+ e peauiia oT IEJI0OYUC/ICHN CJIYYaiiHU BEJIMYUHUA C Pas3IIpeie-
nenus py, (n) = P{&, = k} u nopaxamu dbynxiuu hy, (s) = Est.
3a j1a Objie U3IIbJIHEHO, Ue 3a BCAKo k= 0,1, - - -

lim py, (n) = pr,
n—oo
¢ HeOOXOIMMO 1 JIOCTATHIHO 3a BeAKo 0 < s < 1 Ja € U3IIbJIHEHO
dim Ay, (s) = h(s).

B samada 5.7.2 mokazaxme, de GMHOMHOTO paslpeeeHne KIOHH KbM
[I0ACOHOBOTO paslpejeaeHne Korato p,n = A. To3u pesynrar Moxe ja ce
HOJIyYd U 9pe3 HopazKiamnTe PyHKIUNA.

Buaewm, ue nopazkamara GyHKIus Ha GUHOMHOTO pasnpesesenue e (p,s + q)".
Toraga

<n—npn(1—s)>n: (n—A(l—s))": (1_“1_,9))"’

CJIeIOBATEJIHO




I'maBa 7

AOCOJIIOTHO HENIPeKbCHATHI
pasnpeaesieHns

Heka (2, F,P) e BeposiTHOCTHO IPOCTPAHCTBO (MHOZKECTBOTO ) € J0cTOBEp-
Horo cvburue, F e o-anrebpara noposena or mogamHoxkecTBaTta Ha (2, a P e
BeposTHOCTHA MspKa jedunupana B F). Heka (R, B;) e 6opesoBoro n3me-
puMo tpocTpancTBO (R e peasHarta npasa, a By e g-anrebpara mopojeHa or
[0JIyOTBOPEHUTE MHTepBaI B R).

Ciyuaitna Benmanna £ Hapudame GyHKIMA, n3obpasssaiia {2 B Ry, KOATO
MIPUTEXKAaBA CBOMCTBOTO M3MEPUMOCT:

¢ (B)€eF,

kbaero B € B;.

KakTo u B juckperHusi ciydaii Moxke Ja ce jedunupa QyHKIMITa HA
pasupegenenne F () = P{¢ < x}, HO B cera e pasriiex/jamMe TaKUBa CJIy-
JailHu BEeJIMYUHU 38 KOUTO (DYHKIUATA HA PA3IpPee/ieHIe € HeIIPEKbCHATA.

Heka B € By, Torasa

P{SGB}:/RlIB(x)ng(x),

KbJeTo [p () € HHAUNKATOPBT Ha MHOXKECTBOTO B, a F () e dyuxnusaTa na
pasinpe/ieseHne Ha &.

Axo g (z) : (R1,By1) — (R1,B1) e usmepumo cvorBercrsue u 1 = g (§),
TOraBa

Fy (@) = [ 15 () dFe ().
kbaero B ={y:g(y) < z}.

40
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Kazsame, 1e dynknugara F' e abOCOIOTHO HEIIPEK'bCHATA, KO ChIIECTBYBa
dyukiusa f, nunrerpyema Bbpxy R; B cMuchi Ha Jleber, TakaBa |e

rasu QyHKIUs [ HapudaMme IUIBTHOCT HA BEPOSITHOCTHOTO paslpeje/eHHe.

Axko nmame dyuknus g, takasa de F (z) = [*_ g (u)du, 10 g = f n.H.
CrrefioBaTe/THO HEOOXOMMO U JIOCTATHIHO yCIOBHE eHa (DYHKIUS Ja €

dbyHKIMA Ha IBTHOCT 3a HsAKoe pasnpeenenue e f (u) > 03am.B. x € Ry u

/R1 f(u)du=1. (7.1)

Torasa ako § nma QyHKINA Ha pasupesenenue [ (), KogTo e abCOIIOTHO
HeIpeK'bCcHaTa, TO { IpUTeXkKaBa INILTHOCT f¢ (), KaTo

P{ge B = [ fe(a)da.

Axo y = g (z) e mudepentmpyema bynkmus, karo ¢ () # 0 u g(x) €
C (Ry), To n = g (§) uma mwIbTHOCT

fe(97 () .
f, <x>={é5§1<i’>? inf,ep, g (¥) <y < sup,cp, 9 (2)
0

else

Hucioro z, : P{{ <z,} <p < P{¢<z,} ce Hapuda p-KBaHTWI, IIPH
p = 1/2 ce Hapuva me/raHa.

Maremarndyecko ouakBaHe u juciepcust (KAKTO 1 MOMEHTUTE OT TIPOU3BO-
JIeH peJi) Morar Jia ce JedbuHupaT aHAJOMMYHO Ha JUCKPETHUs CJIydail, KaTo
CYMHUPAHETO Ce 3aMEHH ¢ MHTETPUPAHE:

B = [ wdF(x) = /R (@) do (7.2)
D¢ = [ (w— B (2) = [ (2~ BOf (@) do (7.3)

Eer — /R HdF (r) = /R oHfe (@) da (7.4)
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7.1 PaBHOMepHO pa3npejejieHue

Kassame, e HenmpekbCcHaTaTa CiydaiiHa BejmanHa { € paBHOMEPHO pasIipe-
nesiena U (a,b) B maTepBana [a, b], ako HefiHaTa IIHTHOCT Ha PA3Ipe/iesIeHIe
nMa BHIA

0 r<a
fe(@)=9c a<x<b,
0 r>b

K'bJIETO € € TaKaBa KOHCTaHTa, 4e Ja e U3Ib/IHeHo (7.1), T.e. ¢ = ;—.
Torasa dyHKIUATa HA PA3IIpE/IEICHUE e UMa BUJIA:

0 r<a

Fe(z) =4 72 a<x<b.
0 z>b

b 1 a+b

E:/ dr = .
é axb—ax 2

b a+b\’ 1 1 b a+b\°
Dg_/a<x_ 2 >b—adx_b—a/a (x_ 2 )dm_
3
1 ? 1 (a—-%° —a)’
/ (x_a—2|—6> d(m—a+b>— ( 2> o (b a)'

b—a 2 b—ua 3 a 12

MozkeM Ja n3pa3uM BEPOATHOCTTA CJIydaiiHaTa BeJIUTHHa J1a IPUHAIIe-
KM Ha J1aJieH naTepBal («, [):

P(a<£<ﬂ)=/ﬁ v _ o)

ab—a b—a’

7.2 EKcnoHeHIMAJHO pasIlipejesieHne

Kassame, ue ciyuaiinara Bejmanna £ MMa ekcrioHeHIma no F (\) pasmpee-
JIeHEe aKo HelHaTa IJIBTHOCT Ha pa3npeac/ieHne nMa, BIIa,

Ae ™M >0

e ={* T2y

Torasa dyHnkIugTa Ha pasnpeeaeHue e obe

Fe(x) = /0 e Mdy =1 — e,
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8a MaTeMaTuIecKOTO OYaKBaHe U JIUCIEPCUITA TMaMe:
T A 1
E¢ :/ xhe Mdu = —.
0 A

T 2
2 / 2)\ —)\ud ]
EE = ; T°Ae u-—/\z

D¢ = E€® — B% = Alz

Heka na pasriemame ciaeannsa mojest. JlageHo ycTpoiicTBO 3alovBa Jia
pabotu B mMomeHTa ty m ciaeli BpeMe t nedexktupa. Heka T e ciaydaiinara
BesmanHa t — ty, IpejcTaB/IsBallla BpeMeTo Ha 0Oe30TKa3Ha paboTa Ha yCT-
poiictBoro. Torasa yHKIMATA HA pa3npeieacHne

F(t)=P(T <t)

ompeiesisi BEPOATHOCTTA 3a IOBPeJa B IepHoja t.
BepositHocTTa 38 6e30TKa3HA paboTa B TO3M IIEPUOJ, €

RO =P(T>t)=1-F(t).

Oyuknusara R (t) mapuaame QyHKIMA HA HAJTEKTHOCTTA.

Axo Fe(z)=1—e* 1o R(t) = e M.

Heka A e cwhburuero ,6ezomrasna paboma 6 unmepsana (t_q,1ty)“ ¢ mpo-
IUbJIKUTEJIHOCT t_1, a B e cwburmero ,6esomxasna paboma 6 uMmepsana
(to,t)“ ¢ mpombiKuTesHOCT t. ToraBa cropes rOpHUTE PA3CHAKICHH

P(A) = e M1,
P(B)=e.
OueBnyiHO chOUTHETO A U cHOUTHETO B Cca HE3ABUCHMU, 3aIOTO
P(AB) = P(A) P (B) = ¢ -1+,

Torasa

P(B|A)=P(B),

KO€ETO IIpeJcTaBJ/IsddBa OTCbCTBUE Ha HOCJIG,ZLefICTBI/Ie.
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7.3 HopmaJjiHo pa3ipejgejieHne

Kazpame, ue ciydaitnara seqmunna & e nopmaino N (a, s?) pasupejenena

aKo HelfHaTa BEPOATHOCTHA IIJITBTHOCT UMa BUIAQ

1 _(z—a)?

fe(z) = 7/@@ 242

Heka Ja HaMEPpUM MaTeMaTHYI€CKOTO OYaKBaHE.

o0 (z—a)?
E :/ xf dx—/ 22 (.
§ —00 \/2#32

[IpaBumMm cmaHaTa

ToraBa * = st + a, dr = sdt.

2
E¢ s(st+a)e 7dt (st+a)e “Tdt =

3\/% \/_/

Tt + —/ 5 dt.

o0 t2
/ te"2dt =0

¢%/°°

Nurerpana

3aI0TO (DYHKIHIATA

€ He4dY€THa, a UHTerpaJjia

0 1 tzd
e 2dt=1
[w 2T

3aI0TO MOJAUHTErpaaHaTa (PyHKIHA € IILTHOCT Ha HOPMAJIHO pasipeiesie-

e N (0,1) u

oo
| f@de=
—0o0
Cunenosarenno FE = a.
Cera ja HAMEpUM JIUCIIEPCHUSITA.

D¢ = /o:o (z — E§)2f (x)dx = /OO (x — Ef)Q 1 " (725(;)26&



7.4. l'ama pasmpezeseHue 45

OTHOBO paBUM CMsTHATA
x— B¢
t= ,
s

toraBa x = st + F¢, dv = sdt. Upe3 uHTErpupane 10 4acTh MOy daBaMe
2 2
S 0 t2 S o0 t2
D¢ = —/ e Tdt = ——/ tde™z =
¢ VA RS V2T J—oc0
2

S +2 o¢] tZd
— tem2 | — e zdt| =
\/271'[ o /—oo :|

ciaenosaTenno DE = 52

[LrbTHOCTTA HA HOPMAJIHOTO DA3IPEJIE/ICHNe UMa MAKCUMyM B TOYKATA
E¢ u npe undnexcan touku B ¢ = £ E¢. Pasnpenenenunero N (0, 1) ce napuda
CTaHIAPTHO HOPMAJIHO Pa3IIpe/IeJIeHue.

7.4 Tama pa3sipejiejieHueE

Hexka nedunupame ['ama dyHKImsaTa 10 CIeHAST HATITH

Tosu unrerpas e cxogsiui u I' (n 4+ 1) = n! 3a neaure uncia n.
Kaszsawme, ue ciayuaiinara sennunta £ e lama pasnpegernena I' («, 3) ako
HelfHaTa ILTLTHOCT Ha Paslpe/leseHue UMa, BAJIA

LY _ga-le=Br 4>

fe (@) ={ 7@ e

Hexka na namepum MOMEHTHUTE Ha TaKa JeUHUPAHOTO pasIpejie/ieHue.

Ek:/oo ety
'3 ; F(oz)x e x

[IpaBum cmsinata Sz = t, ToraBa dt = (dx.

k 1 o a—1+4+k _—t _ 1
E¢ _ﬁkr(a)/o tottke dt_iﬂkua)r(wrk).

Crenosarenno EE = %, uDE=%.
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7.5 Dbera paz3npenaeienne

Kaspawme, 1e ciyuaiinara Besmanna £ e 6era pasupesernena B (p, ) ako Heii-
HaTa IIJI'BTHOCT MMa BHJIA

Pota) gp=1(1 — )7 2 €(0,1]

_ ] Tpr
f5 (x) = { (P)I'(q) 0 v [07 1] .
Kbaero
I'(p)I'(q)
I'(p+q)
e T.H. beta HYHKITUSI.
Heka j1a namepum MoMeHTHTE Ha Taka JedUuHUpaHATa CIyJailHA BEJTUIU-

1
=B(p,q) = /0 2 (1 —2)" da

Ha.

! Cp+q) [ 14 —1

E¢ :w/o P = 2) N dr =
F'p+q)T'(p+1)
IF'pTp+a+l)

[Ipu | = 1,2 nopaju cBoiicTBaTa Ha raMa (pyHKIHATA UMaMe

p
Be = p+q
p(p+1)
p+q)(p+qg+1)

D¢ =

7.6 Paznpenenenune Ha Koin

Kaszsame, ue ciayuvaiinara sequnanna & uMa pasmnpejesenne una Komwm K (a, o)
aKO ILTbTHOCTTA Ha Paslipejie/IeHIe NMa BHIA

1 1
fe(z) = %-m-
g
['padukara Ha TOBa pasmpejencHue € 1Mo0j00Ha Ha rpadukara Ha HOP-
MaJIHOTO pasIpeeseHne, HO M0-0aBHO ce CX0XKaa KbM 0 Ipu & — 00. 3aTOBA
TOBa paslpejie/ieHne HIMa MATEMATHIECKO OYaKBaHe.

7.7 x° paslpeleJsieHue

KazBame, 4e ciyuaiinara Benunanna & e XQ paslpejiesieHa ¢ 1 CTeIeHU Ha
cBODO/IA aKO Td UMa pasipeesienne [ (%, % . ToBa pasnpejiesienne Moxke ja
ce MOJIyYd W KaTo JIMHeitHa KOMOMHAIs Ha KBaJIpaTh HA HOPMAaJIHO pa3ipe-
JEJICHN CIIyYaliH! BEJIMYUHU.
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7.8 Pazsnpeneinenune na CTiomeHT

Kaspame ve coryuaitnara Beamanna  mMa pasnpeesaenne Ha CrrogeHt ¢ (n),
aKO ILTBTHOCTTA Ha paslpejie/ienne Ha { nMa BUJA

LG I P
f@)-r(gwﬁlun

_ntl
2

reR,ne’l

[Ipu n = 1 ce mosnyuasa pastpeenenuero na Kormm. [Ipun > 2 F¢ =0,
upu n > 3 D§ = 5.

Tosa pazmpejiesienre MoxKe Ja ce MOJIydu Karo (HPYHKIUS Ha JIBE He3a-

BUCHME cydaiinn Besmaunu & u 7, Karo £ € x2(n), an € N (0, 1), Torasa

C:ﬁét(n).

7.9 Paznpenesnenue na Puiiiep

Kassame, 4e ciryuaiinara Besmunna uMa pasupejenerne va Oumep (F pas-
upesiesierne) F' (n,m) ako HeifHATa ITHTHOCT Ha pa3lpejeieHne NMa BHJIA
mm/2nn/21" (m;rn) i
f(z) = ™ ma )2
r(s)r(s)

2 2

r >0, m,n € Z. Toraga npu n > 3 umame E§ = 2.

Tosa pasmpe/iesienue Moxke Ja ce noiayun, ako & € x? (m), an € x? (n),
ToraBa

7.10 3Bagaun

Baga4da 7.10.1 Hexa & € E(N). Axo €] e yarama wacm na &, da ce namepu
seposmmocmma na csoumuemo A =,[£] e uemno wucao*.

Pemenne 7.10.1 Coburnero A Moxke ja ce NPEJICTaBU KaTO CyMa OT
HechbBMecTUME cbouTHA A = Y72 o A), KbJIeTO

Av={l] =2k} = {2k <€ <2k +1).

Torapa -
P(A) :I;P(Ak>'
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P(Ay) =F(2k+1) = F(2k) = e (1—¢")

P(A) = ie_% (1 —6_1) -

= e+ 1

Bamaua 7.10.2 Hexa cayvatinama seiuvuna & npuema HEOMpPUUamesHu cmoti-

nocmu, uma nenpexscrama Gyrkyus na pasnpedesenue F' (x) uneka P{{ <x +y | £ >y} =
P{{<zx}, x>0,y >0. Ja ce dokasce, e & e eKCROHEHUUAAHO pasnpede-

AEHA.

Pemnenne 7.10.2

P{§<x+y|gzy}zp{y§5<$+y}_F(x+y)—F(y)

P{E>yy 1-F(y)

CrenoBaTeHo
Fz+y) - F(y)
1-F(y)
1=F(z+y)=01-F(z)(1-F(y).
[Momarame H (z) = 1 — F' (z). Torasa
H(x+y) = H (o) H ().

Crnenosarenno H (x) = e F(z) =1— e\

F(z)=

Bamaga 7.10.3 Hexa cayuatnama seaununa § € T (o, 1), an € Po(N), a -
npoussoano ecmecmeeno wucao. /a ce doxaosrce, we P{{ > A} = P{n < a—1}.

Pemmenne 7.10.3
1 A
PUEZN=1-F =1~ /0 29N~y =
1 © 4 _
- o l’d .
F(a)/,\ ¥ e Ydx

I/IHTerI/IFaMe IIOCJIEZI0BATE/JIHO 110 9aCTU U II0JIydaBaMe

1 e 1 o
- e xd :_7/ « ld T _
F(oz)/A oo I (a) Ja v

1 1 S
(64 T [OO (03 Id —
T’ ¢ = +F(Oz—1)/>\ oo
a—1 1 )
. )\Oé*lefwz

“I' (a0 — 1)

1=

Y Pi=it=Pln<a-1}.
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Banmaua 7.10.4 Heka cayuwatinama seauduna & uma Gynkyus na pasnpede-
aenue F (x). Jla ce namepu dynkyusma na pasznpedeserue na caywatnama
seauvuna n = F (£).

Pemtenne 7.10.4 OznagaBame ¢ g (y) = sup, [z : F' (z) < y], kbaero 0 <
y < 1. Tvit karo F'(z) e dbyHKImsa Ha pasupesenenue, 1o [z : F (z) < y] =

(00,9 (y)), mpu F () =y, [z : F(z) <y|] = (—o00,9 (y)], mpu F () < y.
B mbpBus ciaydaii nmosydaBame

P{n<yp=P{F(§) <yt=P{{<gy)}=F(9) =y,
a B JIpyrud cjiydaii

P{n<yt=P{F () <yt=P{{<gy}=F(9(y) +0).
OTKBIETO THPCEHOTO TBHPAEHUE € OYEBUTHO.

3amaua 7.10.5 Kaseame, ue cayuwatinama eeauduna & € CuMEmpuina ako
& u —& umam edno u cow,o paznpedeserue. /la ce udpasu ce0lcmMeomo Cu-
MEMPUYHOCT, UPE3 PYHKUUAMA HaA Pa3npedeseHue U NASMHOCTIING.

Pemenune 7.10.5 Ot jpedununuara 3a CAMETPUIHOCT CJIEJIBA, U
Flz)=P{—¢>-a}=1-P{—£(<—-a}=1—F(-2+0).
Ako F (z) e menpekbcHaTa (OyHKIHS, TO
F(z)=1—F(-z),

aKO ChIIECTBYBa BeposiTHOCTHA TIbTHOCT f = F' 10 f () = f (—2).

MsnomsBaiikn Te3n paschbKICHUA MOXKE Ja Ce HOKayKe, 9e€ HOPMAJIHOTO
pasIpe/ie/ieHne, PaBHOMEPHOTO pasipe/eenne B uarepsasa (0, 1), rama pas-
peJiesieHneTo, pasupeaesnennero na Komm ¢ mapamersp 0 ca cumerpudin
pasnpe/IeIeHAsL.

Bamaua 7.10.6 Hexa & un ca He3a6uCuUMU, €KCNOHEHUUAAMO PA3NPEIEAEHU
E(\). Ja ce namepu pasnpedeaenuemo na ¢ = min {&, n}.

Peinierne 7.10.6
P <z)=P(min{{n} <z) =
l—Pmin{&n} >2)=1-PE>z)P(n>z)=
1-(1-F(z)’=1—e

CitesroBaTesIHO paslpesiesieHueTo Ha ( € ChINO eKCIOHEHIMAIHO, HO C Hapa-
MeTBbD 2.
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Bamaua 7.10.7 Hexa &, = max{ny,---,n.}, ksdemo n;,i = 1,--+ n ca ne-
3a6uUCUMU U eOnaK6o pasnpedesenu ¢ Gynkyus Ha pasnpedesenue F (x) =
1—27 30 x >0 u 0 6 npomusen caywati. O3navasame c G, = nﬁ’;a. /la ce
Hamepu pasnpedesenuemo na G, npu n — oo.

Peutenne 7.10.7

F, () = P{¢u < a} = P{& <n'/"z} =

n

P{mam {n, - ) < nl/o‘x} = HP{Th' < nl/ax} =

=1
n

17 () =TT (1- ) = e

i=1 n

Bamaga 7.10.8 Hexa &, = max{n,---,n.}, ksdemo n;,i = 1,--+,n ca ne-
3A6UCUMU U eOHAKEO PABHOMEDHO PA3NPEIEAECHU PA3NPEICAEHYU 6 UHMEPEANG
[0,1] Osnauasame ¢ , =n (1 —&,). Jda ce namepu pasnpedeseruemo wa C,
npu n — 00.

Pentenne 7.10.8 Pemennero e anagornano Ha (7.10.7).

Bapgaua 7.10.9 Hexa &y, - - -, &, ca nedasucumu u eOHaK80 pa3npedescHy Cay-
watiny seaununy ¢ nasmuocm fe (x) u dynkyusa na pasnpedeanue Fe (x).
ITodpesicdame peanruzayuume Ha CAYHATHUME BEAUNUHY 66 BAPUAUUOHHUA
ped qy < -+ < €my- Ja ce namepu pasnpedesenuemo ma caywatnama ee-
auuna &y, Kaxeo 6u 6uro pasnpedeenuemo na CAYHATRAMA GEAUMUNA
(Fe (&) (> cmovaa ma r-mo macmo 656 eapuayuonnus ped (Fe (§:,))q) <

e < (F (fin))(n)-

Peutenne 7.10.9
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Tpancdopmarinu Ha ciIy4daiiHu
BeJIMTIUHU

AHnajlornaHO Ha €IHOMEpHUsI Caydail MoxkeM Jja JebuHupaMe MHOTOMEPHU
CJIyYailHU BEJIMYUHU, KATO ChOTBETHO TAXHATA (PYHKIUS HA PA3IIpEJie/IeHIe
e maoromepna. Torasa n pyHKIUATA Ha IIHTHOCTTA 1€ € MHOTOMepHa, (DyH-
KITUsl, KATO € M3IIbJIHEHO

X1 x2 Tn
F(sl,m,sn)(xlwwwn)=/ / / feer ) (W, up) dundus - - - dus,.

AHajIoruIHO Ha JIMCKPETHHS CIydail ce 1eddUHUPAT U MapTrUHAJTHUTE Pa3-
IpeJieIeHns

T2 (T3 Tn
f&l = [ [ - [ f(§1,---,£n) (ul’ - 7Un) dusdus - - - du,,.

T1 Ti—1 [Tit1 Tn
ffz = [ [ [ /; f(&,,&jn) (ulj...7un> dul"'duifldui+l"'dun'

Mozxe na ce nedunupa u yCjaoBHO paslipe/ie/ieHre Ha €JIHa CIydaiiHa Be-
JIMTIUHA CIPSIMO JpyTa:

_ ffﬂ? (‘Tay)
f§|77 (‘Tay) - fn (y) )

KDBJIETO f, € MapruHaHOTO paslipejiesieHue Ha 1).

ToraBa mMoxke ma ce medwHUpPa YCIOBHO MaTeMaTHIeCKO OYaKBaHe, aHa-
JIOTHYHO Ha JUCKPETHUS CJIydaii, KaTo

E(&|n) = /RSUfgm (2,y) dz.

ol
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Heka z,y € R", y = g(x) e HsaKakBo obparnmMo uzobpazkenue or R™ B
R" Heka & = (&1, - &,) € ciiydaen BeKTOp ¢ DYHKIUA Ha IUTLTHOCTTA f¢ (7).
O6pasysame cirydaiinus Bektop 11 = ¢ (£). Tbpcum pasmnpeseniennero Ha 1.
Cropej, TeopeMara 3a CMsiHA Ha IPOMEHJIMBATE UMaMe

@) =fe(o W) 7],

Kbjero J e skobuana Ha cMgnata T = g ' (y).
AnajioruvHo Ha AUCKPETHUS CJIydail IPU He3aBHCHMHE CJIydailHi BeIndn-
HU CbBMECTHATA ITLTHOCT € IIPOU3BEJICHIE OT MAapPrUHAIHTE ILIHTHOCTH.

8.1 KoHBoJo11ss Ha He3aBUCUMU CJIyYaiiHI Be-
JUYUHA

Heka  u 7 ca aBe He3aBHCHME CJIydafiHi BeJHYUHN C ILTHTHOCTH f¢ ()
fn (y) cvorBerno. Torasa cbBMecTHATA IIBTHOCT HA & U 1) €

fem (@y) = fe () fr (y) -

IIpaBumMm cmaHaTa

=&+
0=¢
n3paseHa upe3
u=z+y
v=x
qUATO OOpaTHa UMa BUIA
="
y=u—v’
¢ skobuan J = —1.
Torasa
feo (u,v) = fe (v) fy (u—0) [ J].
CremoBaTesiHo

fe(w) = [ fe @) fy (u=v)do. (8.1

Tosa upejicTaBsiie ce HapUYa KOHBOJIIONUS Ha CJydaiiHuTe Beudunu & u 1),
win Ha yskuunte fe (v) u f, (y).
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8.2 IIpousBejeHne Ha HE3aBUCUMU CJIyYaiiHI Be-
JUYAHUA

Heka £ u 7 ca aBe HE3aBUCHMU CJIydaiiHU BEeJUYMHU C ILTBTHOCTH f¢ (z) U
fn (y) cvorBerno. ToraBa cbBMecTHATA ITBTHOCT HA & U 1) €

fem (@ y) = fe () £y (y) -

HpaBI/IM CMsAHaTa

¢=4&n
0=¢
n3paseHa Ipes
u=2xy
v=ux’
quATO oOpaTHa UMa BUJIA
r=uv
y=3’
¢ axobnan J = —1.
Torasa
U
oo (o) = fe @) £y (4) 171
Cirienosare HoO

few) = [ Fe 0, (%) S 52)

Tora e mpejcTaBsHETO HA IIBTHOCTTA HA MPOU3BEJIEHMETO HA CJIydaiiHUTE
BeJIMIUHU £ U 7).

8.3 3azaun

Samaga 8.3.1 Heka & u n ca He3a6UCUMU, EKCNOHEHUUGAHO PASNPEICAEHU

E (M. Aa ce namepu pasnpedeaenuemo na ¢ = %

Pemenne 8.3.1 Usnonssame cmanara

— &
¢ = &+n
T=E(47
u3paszeHa upe3 QyHKIIATA
_ X
Tty

v=x+y’
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HeltHaTa oOpaTHa MMa BHUIA

T = uv
y=v—uv’

KaTo gaxkobuana e J = v.
T'bﬁ KaTo C.Hy“IaIU/IHI/ITe BE€JINMYNHU Ca HeSaBI/ICI/IMI/I, CbBMeECTHaTa IIJIBTHOCT

UMa BUJIA
fEﬂ] (ZL‘, y) _ /\2€—>\(m+y).

CremoBaTesiHo
fer (u,0) = N2e™ 0],

Torasa MapruHaJiHaTa IIJIBTHOCT €

fe(u) = /oo Ne ™ | v | dv.
0

CuteJ1 uHTErpUPAHE 110 YaCTU IOJIydaBaMe, de

otkbaeTo ceqsa de ¢ € U (0,1).

Bagaua 8.3.2 Hexa & un ca nezasucumu, nopmanro pasnpedesenu N (0,02).

a ce namepu pasnpedenenuemo na ¢ = %

Pemntenne 8.3.2 3nonssame cmaHara

(=%
n
T=n
nu3pazeHa upe3 PpyHKIUITA
u==2
y )
v=Yy
HenHaTa o6paTHa HNMa BHIa
r = uv
y=v’

KaTo akobuana e J = v.
CbBMecTHaATa IUTHTHOCT Ha & U 1) UMa BUIA

1 2?4 y?
e 202

ff:ﬂ (I, y) - 27T0-2

Torasa cbBMecTHaTa ILITBTHOCT Ha, ( U T €

1 _ (u11)2+112
(& 202 | v |:

fC,T (u7 'U) =

2mo?



8.3. Bazaun

27T026 207 |v|.

CreoBare/Ho MapruHaaHaATa ITHTHOCT Ha ( UMa BHJA

1 /oo —?(14+4?) 11
0

e 22 vdv=——,
2mo? 2m 1+ u?

K'bJIETO CMe W3MOJI3BaIU, Y€ HHTErpaJia € CMMeTPUIeH OTHOCHO V.
CrenoBarenno ( nma pasupejesienue Ha Korrm.

95
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Bepuru na Mapkos

Bepura na Mapkos ¢ ucKpered napamMeTbp HapuaaMe PEIUIia OT IeJIOUNCIe-
HI coaydaiiny Beanaunn {€,, n > 0}, TakuBa 1ge 3a MIPOU3BOIHU 1, g, * * * , b1, In, I ],
3a, KoUTO € JeduHupaHa BepOITHOCTTA,

P{fn-i—l :j|€0:i07"'a€n—1 :in—lagn:i}y

€ U3II'bJIHEHO

P{gn—&-l =j|€0=i0,---,€n_1 :in—17§n:in}:P{€n+1 :j|€n:i}'

Takapa Bepura na MapkoB MOXKe ca ce pasriexKJIa KaTo MHOXKECTBO OT
CbCTOSHMS, KATO JaJIeH IIPOIEC IIPecKada OT ChCTOSHUE B ChCTOAHUE ChC
CbOTBETHUTE BepOHTHOCTH 3a HpeXOﬂ.

AKo0 3a BCAKO 1 € UBII'LJAHEHO

P& =7 & =i} = pij,

Ka3BaMe, de Bepurara Ha Mapkos e xomorenHa (crammonapha). [lle pasriex-
JlaMe caMo TaKnBa BEePHUIH. 3a TaxX Marpurara P = {p;;} ce napudaa marpuna
Ha Ipexoaure. BepogTHOCTTA p;; € BEPOSTHOCTTA 33 IIPEXOJ] OT ChCTOMHUE |
B cbCTOdAHUE j. flcHO e, e

j=1

ToraBa pasryiexKIaHugT IPOIEC € HAI'bJIHO JedUHUPAH, aKO 3HAeM Ha-
YaJHOTO ChCTOAHUE W MaTpUIaTa Ha npexojaute P.

Heka c pz(?) € BEpPOATHOCTTA 3a IIPeX0J OT ChCTOAHUE ¢ B CbCTOSHUE J 34
n ckoka. lToraBa Ka3BaMe, e ChCTOSHUETO j € JIOCTHKUMO OT ChCTOAHHETO

. n
1, aKO 3a HIKOe N pl(j) > 0. AKo JBe CbCTOSIHUS Ca B3AUMHO JIOCTHXKUMU, TO

o6



o7

Ka3BaMe, Y€ Ca €eKBUBaJICHTHH. O“IGBI/I,H,HO TaKa ,He(bI/IHI/IpaHaTa CKBHBaJICHT-
HOCT € peJjiallid Ha CKBUBaAJICHTHOCT, KOATO pa3/ie/id CbCTOAHHATa Ha €IHa

BeEpHUra Ha MapKOB Ha KJIaCOB€ Ha €KBHUBaJICHTHOCT.

KazBame, de eHo c¢bCcTOsinMEe € MEPUoUIHO ¢ nepuoid d > 1, ako Hail -
MaJIKUAT OOIIL JIe/IUTe Ha BCUYKHU 1, 33 KouTo p;;~ > 0, e pasen Ha d. Torasa
aKO JIBE ChCTOSHHUS Ca OT €IMH U CbII KJIac Ha eKBUBAJEHTHOCT, TO Te IIe

ObIaT MEPUOIUIHN C €IUH U ChIIU TIEePUOI.
Hexka

€ BEPOATHOCTTA IIPOIECHT JIa Ce BbPHE B CHCTOSHHE { TOYHO CJIEJI 1 CKOKA.
. n
Torasa ako ¢ € MEPUOTUIHO CHLCTOTHUE, TO fl-( ) = 0,3an#kd, ke N.

Torasa f; = 307, fl-(n) € BEepOATHOCTTA BepHUrara KOraTro M Jia € Ja ce
BbpHE B cbherosuue . CbcrosHue, 3a KoeTo f; = 1, ce Hapuda Bb3BPATHO, &

ako f; < 1, ce HapuIa IpexoaHo. MaTeMaTnIecKoTo OIaKkBaHe

T Z nfz(n)

n=1

ce HapUda CPEeJHO BpPeMe 3a BPbIIAHE B ChCTOAHUETO f.

3a BCHYKH e/ IMOJIO2KUTEJIHU YHUCJIa € BAPHO YPaBHEHUETO Ha Koamo-

ropos - Yemnmen
m+n n m n
Py Zp§ pi sz piy -

Axo TOBa PaBE€HCTBO C€ 3allillle B MaTpUYIHa (1)0[)Ma7 aie 1nmpuemMe Bujia

pntm) — p(m) p(n) — p(n) p(m)
Torasa 1o NHAYKIOUA MOXKeE J1a ITOJTyIrUM
p™ =pp...P=pP"

E;[HO CbCTOAHUE € Bb3BTapHO TOr'aBa M CaMO TOr'aBa, KOraTo

—  (n)
Pii” =

OCBeH TOBa f] = O fz] = pl]7 pZ] Zk: 1 fz] p]] K'b,ZLeTO fl(]n)

€ BeposT-

HOCTTa CHUCTeMaTa 3a II'bPBU II'bT Jda IIOIIaJHE B CbCTOAHNE j, aKO Ha4vaJIHOTO

CbCTOAHUE € 1.

Ot TyK ce BUXKJa, Y€ IOBEJICHUETO Ha BEPUTATa Ce OIpPeesst KaTo I1/I0

oT pl(?) .
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KazpaMe, 9e eIHO ChCTOSHEE € eproJndHo, aKO € Bh3BPaTHO, TAKOBa de
CPeJIHOTO BpeMe 3a BpbIlaHe e KpailHo, 1 He € IePUOIYHO.

KakTo Bede criomMeHaxme, eQHa BEPUTa MOXKE JIa Ce Pas3/IoxKU Ha KJIACOBEe
Ha ekBuBaJeHTHOCT. Torapa ako exna epura Ha MapKoB € Hepa3aIoKuMa, TO
BCUYKN HENHU CHCTOSIHUS Ca OT C¢JIHaKbB THUII.

Besiko pasnpenenenne {m;}, i = 1,2, - -, KOeTO yI0BJIETBOPSBA CUCTEMATA
ypaBHEHNsI

oo
T = TPy
=1

j=1,2,--- ce HapWYa CTAIIMOHAPHO pasIpesie/ieHNe Ha BEpUTraTa.

Torasa ejina HEpas3/I0)KUMa, HEIlEpHOIUYIHa Bepura Ha Mapkos npuna/ijie-
KU Ha eJMHUS OT JBa THIIA!

a) chCTaBeHa € WM caMo or mpexounu (f; < 1), wim camMo or HyJIeBH
Bb3BPATHU ChCTOsiHES (11; = 00). B To3u ciyqait

: (n) _

Jim pi;” =0

38 BCUYKHU CHCTOSHUA %, ] U BepuraTa HaMa CTAIlMOHAPHO Pa3IIpe/ie/IeHUE;
6) chCTaBeHa € caMo OT eproJMYHI ChCTOSTHUS, TOTaBa 3a BCEKU J[BE ChC-

TOSTHUS © U

lim p@) =T,

n—oo kY

ZTFJ‘ = 1
7=0

u {7;} e eUHCTBEHO CTAIMOHAPHO DPa3lpejiesIcHIe Ha BEPHUIaTa.

Jpyr Kpurepuii 3a eproJvHOCT €, Ue eJ[Ha BepUra € eprojinyita, ako 3a
KODEHHTE Ha XapaKTepUCTUIHOTO ypasHenue |P — AE| = 0, \;, e u3IrbjiHeHo,
qe \g = 1 u |\;| < 1 3a Bcu9KM ocTaHATN CHCTOSHHUS.

CbIo Taka BAPHO € TBBPJEHUETO, Y€ 33 eJHa HEePA3JIoKUMa U Helepuo-
JIMYHA MApKOBCKA BEpHIa ChIIECTBYBa CTAIMOHAPHO pa3IlIpe/IeIeHIe TOraBa
1 CaMO TOraBa, KOraTo CUCTeMaTa

[e.e]
T = TiDij
i=1

J = 1,2,... npurexkaBa IOHE €JHO HEOTPUIATEJTHO, HEHYJIEBO OI'DAHUYEHO
pelreHue 3a IPOMEHJIUBUTE ;.
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9.1 3amaun

Bamauga 9.1.1 Jla pazesedame maproscka eepuza 3adadena ¢ MAMPUUGMa
0 1
P= ' D | |

/a ce nposepu daau ms e ep2odunta u 0a ce HamMepu HEUHOMO CMAUUOHAPHO
pasnpedescrue.

Pemenne 9.1.1 OueBunno P?" = E, a P?"~! = P. Torasa He cblec-
TByBa lim,, ., P", cjiejoBaTeTHO Bepurata He € eprojudHa. 3a Ja HaAMEepPUM
CTAIMOHAPHOTO Pa3lipejie/IeHre, pelaBaMe CUCTeMaTa YpaBHeHUS

T = T2
T = T1.

Torasa cranmmoHapHOTO pa3IpeaecHIe € 11 1 O4YeBUIHO TO € €/JMHCTBEHO.
272

amaua 9.1.2 /ladena e sepuzama nwa Mapxos, cscmoawa ce om cscmos-

) _ _ _ 1
nusama 0,1, -+, ¢ npexodnu sepoammocmu: por = 1, piip1 = pii—1 = 5. a
ce HaMePU CMAYUOHAPHOMO Padnpedesetue Ha 6epu2ama.

Pemenue 9.1.2 OdeBujiHo Bepurarta e Hepa3JjoKuMa, TOraBa peraBaikm

cucreMaTa
o

m =
T —

+ + o

RN NI
w‘;‘w‘j‘

IIoJ1y4aBaMe 27T0 =T = Ty = =+ -. C.HG,ZLOBaTe.HHO

i - { 0 U 0

i1 o oo T ?é 0
CJIG,HOB&TGJIHO CTalMOHapPHO pa3lIpe/e/ICHUue He CbIIeCTBYBa U BepuraTa HeE €
€proJIn4yHa.

Samaua 9.1.3 /[adena e sepuzama na Mapkos cacmoswa ce om csCmoAHU-
ama 1,2,3,4, u ¢ mampuya Ha npexodume

1 0 0 O
1090 L 9
P =12 2
0 5 0 3
0 0 0 1

a ce namepu cmayuonapromo pasnpedeserue na 8epu2ama.
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Pemenne 9.1.3 Bepurara e Hepasjao:KuMa U CTAIlMOHAPHOTO paslipejie-
JIEHIE ce HAMHPAa, KATO Ce PeIld CUCTeMaTa

7T1:7T1+%
Wgz%
T3 =

2
2
7T4:7T4+%

Torasa cranmonaproTo pasmnpejesenue e (p,0,0,1 — p).

Bapgaua 9.1.4 Moden na Epengecm. Jlsa coda A u B, pazdeseru coc mem-
bpana, csdspotcam obw,o a Ha 6poti morekyasu. B daden momenm no cayuaen
HAYUH €OHA MOAEKYAA NPEMUHAEA NPe3 Membparama om edurus cs0 6 dpy-
eus. /a ce namepu cmayuonapromo paznpedensenue Ha CUCTEMAMA.

Pemntenne 9.1.4 Heka B cbiaa A B gajieHnss MOMEHT 1 uMa k MOJIEKY/IH
(checTostHUE K), B CJICIBAINMS MOMEHT CHCTEMATa Ie IPEMUHE B ChCTOSHUE
_ J J
k—1 wmwm k + 1 ¢boTBeTHO ¢ BEPOATHOCTH pjjiy1 = 1 — L m p; L
3aIl0TO BEPOATHOCTUTE 3a IPEX0/I HAa MOJIEKYJIa OT €JUHUS CbhJI B JIPYTULA Ca
IIPOIIOPITMOHAJIHA Ha OpOsi HAa MOJIEKYJIUTE B TO3U CbJI.

Torasa CTallUOHapPpHOTO pa3IIpeae/ICHHUE CE dABABa PCIICHHUE Ha CUCTEMaTa
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Bamaua 9.1.5 /ladena e sepueama na Mapkos, onpedesera om mampuyama
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Zla ce nposepu dasu msa e Hepazrodcuma, nepuodunHa u da ce onpedenu
CMAYUOHAPHOMO PA3NPEIENEHUE.

Pemenue 9.1.5 OueBujHo Bepurara e Hepas3jIoKUMa W [EPUOJIMYHA C
nepuosi d = 2. 3a Jla HaMEpPUM CTAIlMOHAPHOTO pa3IpejieieHue, pelaBaMe
cucremMaTa
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IIpeameren nokasaJiers

x? pasnpenenenne, 51

o-ayrebpa, 11, 45

p-KBaHTUJ, 46

['eomerpuana BeposgTHOCT, 15

Hapenena nssajika 6e3 nmoBropenus,
D

Hapenena usBajika ¢ 1moBTOpeHus,
Y

Henapeiena usBajika 6e3 moBTope-
Hus, 6

Henapeiena u3Bajika ¢ IOBTOPEHNs,
6

abCOJIIOTHO HENPEK'bCHATH pa3Iipe-
nenennsd, 45

Oera pazipejesenne, bl

gucriepcnst, 38, 46

JIOCTUZKAMO OT CbhbCTOsTHUE, 63

JBa 3apa, 12

eKCIOHEHITNAJIHO pa3lipejiesienne, 47

€proJInvHo chbCTOgHNE, 65

dopmysia na Beiic, 18

dopmysia 3a MbjHATa BEPOATHOCT,
18

dopmysia 3a yMHOXKEHUE Ha, BEPO-
aTHocTH, 17

dyuKINg Ha IBHTHOCT, 46

dyuknus Ha pasnpejencaue, 29

rama paszmpejiesenne, 50

XHUIIEP I'eOMETPUIHO pa3IIpe/ie/IeHue,

34
XOMOTeHHa (CTaIlMOHApHA) BEpUTa
Ha Mapkos, 63
M3Ba/IKOBOTO MTPOCTPAHCTBO, 11

61

KJIACOBE Ha €KBUBAJIEHTHOCT, 64
KOMTIIO3UIIS Ha pa3npeesienusd, 40
KOHBOJTIOIINA Ha HE3aBUCUMU CJIY-
JaliH1 BeJIMIUHU, DS
KOBapusnus, 38
MaprUHAJHO pasnpejenenne, 30
MaTeMaTH4IecKo odakBaHe, 38, 46
MaTpuIla Ha npexojante, 63
MeauaHna, 46
Mozen Ha Ependect, 67
HeHapejieHa n3Bajka, 11
Hepa3/IMINMHI JacTuIu, 6
He3aBUCUMU ONIUTH, 31
HE3aBUCUMU B CHBKYITHOCT, 25
HE3aBUCUMOCT, 25
HE3aBUCUMOCT JIBe TI0 JIBe, 25
HOpMaJIHO pasnpejesienue, 49
OTPUIATETHO ONHOMHO pa3ipe e ie-
Hue, 34
MIEPUOJINIHO ChCTosTHNE, 64
IIOJINHOMHO pasIipe/jiejienue, 38
nopazkaia pyHkims, 39
[IPOU3BEJICHIE HA HE3aBUCUMU CJTy-
JailHu BemdIunu, H9
pPaBHOMEpPHO pasnpejienenue, 47
pazIuInuMu KJaeTKu, 6
pasupejenenue Ha Puiep, 52
pasnpenenenue Ha Ko, 51
cxema Ha bepnymnn, 31
c¢bBMecTHA (PYHKIUS Ha paslipe/ie-
Jgenue, 30
C¢bBMeCTHA ILTBTHOCT, 30
ciydalina BeandnHa, 29
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caydaiiHug BEKTOP, 08

CTAITMOHAPHO pasIpe/iesienne, 65

TeopeMa 3a HEIPEK'bCHATOTO ChOT-
BercTBUE, 43

ypaBHenue Ha Kosiamoropos - Herr-
MeH, 64

YCJIOBHA BEPOATHOCT, 17

YCJIOBHO MaTeMaTUIECKO OYaKBaHE,
o7

YCJIOBHO paznpejiesienne, 30

Bepura Ha Mapxkos, 63

BeposgTHOCcT, 11-15

BEPOATHOCTH 3a Iipexo, 63

BB3BpATHO ChCTOsiHME, 64

BpeMme 3a BpbInane, 64

, 31

abCOJIIOTHO HelpeK'bcHaTa (DYHKITUSI,
46

aTrloOCTEPUOPHN BEPOSATHOCTH, 18

OJ1arONPUATHATE U3X0an, 11

JIOCTOBEPHOTO cbbuTue, 45

dyukug Ha pasmupesgenaenue, 45

lama dynkimg, 50

reOMeTPUIHO paslipesesienne, 33

METO/I Ha OTpaskeHuero, 14

MHOTOMEPHU CJIYYaliHU BEJTUYIUHH,
57

HAKAKBO 00OpaTUMO M300parKeHue,
58

[Tapasioke na JIbo Mepe, 13

[I0ACOHOBO pazlipesiesieHne, 35

pasmupeaenenne Ha CTIOAEHT, 52

YCJIOBHO pasnipejiesieHne, 57

BEPOSTHOCTHO IIPOCTPAHCTBO, 45

IIpenveren noka3zaJierr



