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Preface |

In writing this book, our goal was to produce a text suitable for a first
course in mathematical logic more attuned than the traditional textbooks
to the recent dramatic growth in the applications of logic to computer
science. Thus our choice of topics has been heavily influenced by such
applications. Of course, we cover the basic traditional topics — syntax,
semantics, soundness, completeness and compactness — as well as a few
more advanced results such as the theorems of Skolem-Lowenheim and
Herbrand. Much of our book, however, deals with other less traditional
topics. Resolution theorem proving plays a major role in our treatment of
logic, especially in its application to Logic Programming and PROLOG. We
deal extensively with the mathematical foundations of all three of these
subjects. In addition, we include two chapters on nonclassical logics —
modal and intuitionistic — that are becoming increasingly important in
computer science. We develop the basic material on the syntax and se-
mantics (via Kripke frames) for each of these logics. In both cases, our
approach to formal proofs, soundness and completeness uses modifications
of the same tableau method introduced for classical logic. We indicate
how it can easily be adapted to various other special types of modal log-
ics. A number of more advanced topics (including nonmonotonic logic) are
also briefly introduced both in the nonclassical logic chapters and in the
material on Logic Programming and PROLOG.

The intended audience for this text consists of upper level undergraduate
and beginning graduate students of mathematics or computer science. We
assume a basic background in abstract reasoning as would be provided by
any beginning course in algebra or theoretical computer science, as well as
the usual familiarity with informal mathematical notation and argument
as would be used in any such course.

If taught as a course for advanced undergraduates, essentially all the ma-
terial in Chapters I-III, together with a reasonable amount of programming
in PROLOG, can be covered in one semester with three hours of lectures a
week. When teaching it in this way, we have had (and recommend) an ad-
ditional weekly section devoted to homework problems and programming
instruction. Alternatively, the material on resolution theorem proving and
Logic Programming can be replaced by the chapters on modal and intu-
itionistic logic to get a rather different course. For two quarters, one can
simply add on one of the nonclassical logics to the first suggested semester
course. We have deliberately made these two chapters entirely independent
of one another so as to afford a choice. There is, however, much similarity
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vi Preface

in the developments and, if both are covered, the corresponding sections
of the second chapter can be covered more quickly. At the graduate level,
essentially the whole book can be covered in a semester.

The text develops propositional logic in its entirety before proceeding
to predicate logic. However, depending on the background of the class and
the predilections of the instructor, it is possible to combine the treatments.
Indeed, for a graduate course or with students with some previous exposure
to propositional logic and truth tables, this may well be better. To follow
such a path, begin with 1.1-2 and then move on to 11.1-4. If planning to
introduce PROLOG and develop the foundations of Logic Programming, 115
can be used to explain the syntax and semantics of PROLOG. To start the
students on actual programming, an informal introduction to PROLOG im-
plementation and programming can be continued in the recitation section
(parts of 1.10 are relevant here). Of course, the theoretical underpinnings
must wait for the formal development of resolution and unification. With
or without the Logic Programming, it is now possible (based on the tableau
approach) to prove the soundness and completeness theorems for predicate
logic in IL.6-7 and to continue through the proof of Herbrand’s theorem
in I1.10. A Hilbert-style proof system is presented without proving any
results in 1.7 and I1.8.

The resolution-style proof system on which PROLOG is based is more
intimately tied to its development in the propositional case, as the basic
theorems are proven by using Herbrand’s theorem to reduce predicate logic
results to corresponding ones of propositional logic. Thus it is necessary,
if covering this material, to do the propositional case first. The sections
needed for the treatment of PROLOG are 1.8, 1.10 and I1.11-13. The re-
finements of resolution considered in 1.9 are strictly optional. While linear
resolution (I1.14) is highly relevant to PROLOG, the completeness theorem is
one of the most difficult in the text. We have therefore provided in IIL.1 an
alternate approach to the corresponding results for Horn logic and PROLOG
that requires only the basic definitions of linear resolution (I.14.1-3).

A diagram of the logical dependencies between sections of the text is
given on the facing page. Unless indicated otherwise by an arrow, the order
of dependency runs right to left. Dotted lines (as from the propositional
to predicate sections for classical logic) indicate relevance but not strict
logical dependence. We should note that the very first section, L.1, simply
collects definitions and facts about orderings and trees that are needed at
various points in the text. This material can be covered at the beginning
or inserted as needed. In particular, Konig’s Lemma, 1.1.4, is not needed
until the treatment of complete systematic tableaux in I.4. At various
other points in the text, certain paragraphs or even whole sections that are
not needed for the later material are marked as optional by an asterisk (*).
They are also printed in smaller type and with wider margins to set them off
from the main line of development. In addition, there are three important
possible exceptions to the order indicated above; these are of particular
relevance for those courses not including very much about PROLOG.
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The first exception also needs a warning. Our basic approach to logic
does not include a specialized equality predicate. Although no longer the

common approach in texts on mathematical logic, this is the right way to -

develop the subject to do resolution theorem proving, Logic Programming
and PROLOG. We have thus relegated to IIL5 the analysis of equality, either
as a special predicate with the privileged semantics of true equality and
the corresponding logical axiom schemes, or as an ordinary one with the
appropriate equality axioms added on to each system under consideration.
It is, however, quite possible to cover the relevant material in IIL5 up
to I11.5.3 and the proofs of the soundness and completeness theorems for
equality interpretations described there immediately after IL.7.

The second exception concerns the proof of Church’s theorem on the
undecidability of validity for predicate logic. In IIL.8 we present a proof
designed to apply even to the fragment of predicate logic represented in
PROLOG. In Exercise 3 of IIL5, however, we indicate how the presenta-
tion can easily be modified to make no mention of PROLOG notation or
procedures and so give a proof of Church’s Theorem which is accessible
after IL.7.

Finally, the introduction to nonmonotonic logic given in IIL.7 up to
II1.7.6 can also be read independently of the material on Logic Program-
ming and PROLOG. The rest of IIL.7 consists of an analysis of the stable

.models of Logic Programming with negation in terms of nonmonotonic

Jogic. Other, more self-contained, applications to graphs and partial or-
ders are given in Exercises 8-9 of IIL.7.

We should point out that there is a considerable overlap in the basic
material for the development of modal and intuitionistic logic in Chapters
IV and V. Indeed, a single unified development is possible albeit at some
expense to the ease of intelligibility. We have instead written these chapters
so that either may be read independently of the other. For the readers who
wish to delve into both topics, we supply a comparative guide to basic
notions of classical, modal and intuitionistic logic in V.6. We try there to
point out the similarities and differences between these logics.

We have included a variety of problems at the end of almost every section
of the text, including a fair number of programming problems in PROLOG
which can be assigned either for theoretical analysis or actual implemen-
tation. In particular, there are series of problems based on a database
consisting of the genealogical lists in the first few chapters of Chronicles.
1t is reproduced in Appendix B. We have included these problems to serve
as paradigms for use with a similar database or to be appropriately modified
to fit other situations. This is not, however, a text on PROLOG program-
ming. When teaching this material, we always supplement it with one of
the standard texts on PROLOG programming listed in the suggestions for
further reading at the end of Chapter III. We used ARITY PROLOG and the
printouts of program runs are from that implementation, but nothing in
the text is actually tied to a particular version of the language; we use only
standard syntax and discuss typical implementations.
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When we (infrequently) cite results from the current literature, we at-
tribute them as usual. However, as this is a basic textbook, we have made
no attempt to attribute the standard results of the subject to their discov-
erers, other than when at times we name theorems according to common
usage. We have, however, supplied a brief history of logic in an appendix
that should give the student a feel for the development of the subject. In
addition, suggestions for further reading that might be useful for either
students or teachers using this text are given at the end of each chapter.
Finally, a fairly extensive bibliography of related material, arranged by
subject, is given at the end of the book.

Portions of this book appeared in various formats over many years. Very
early versions of the material on classical logic appeared in lecture notes
by Nerode which were distributed for courses at Cornell years ago. This
material was also independently reworked by George Metakides and ap-
peared as lecture notes in English with Nerode and in Greek as his lectures
at the University of Patras. Nerode [1990, 4.2] and [1991, 4.4] contain pre-
liminary versions of our treatment of intuitionistic and modal logic based
on the tableau method which were presented in lectures at Montecatini
Terme and Marktoberdorf in 1988 and 1989, respectively. Qur approach
to resolution was also influenced by courses on program verification given
by Richard Platek at Cornell. More current versions of the material have
been read and used over the past five years by a number of teachers in both
mathematics and computer science departments and we have benefited
considerably from their comments and suggestions. We should mention
Uri Abraham (Mathematics, Ben Gurion University, Israel), John Cross-
ley (Mathematics and Computer Science, Monash University, Australia),
George Metakides (University of Patras, Greece and Information Tech-
nologies Research, EEC), Dexter Kozen {Computer Science, Cornell) and
Jacob Plotkin (Mathematics, Michigan State University). Warren Gold-
farb (Philosophy, Harvard) helped us avoid a number of pitfalls in the
historical appendix. Particularly extensive (and highly beneficial) com-
ments were received from Wiktor Marek (Computer Science, University
of Kentucky), George Odifreddi (Computer Science, University of Turin,
Italy) and Robert Soare (Mathematics and Computer Science, University
of Chicago) who used several versions of the text in their courses. We
also owe a debt to our graduate students who have served as assistants for
our logic courses over the past few years and have made many corrections
and suggestions: Jennifer Davoren, Steven Kautz, James Lipton, Sherry
Marcus and Duminda Wijesekera.

We gratefully acknowledge the financial support over the past few years
of the NSF under grants DMS-8601048 and DMS-8902797, the ARO under
grants DAAG29-85-C-0018 and DAAL03-91-C-0027 through the Mathe-
matical Sciences Institute at Cornell University, and IBM for an equipment
grant through Project Ezra at Cornell University. We would also like to
thank Arletta Havlik and Graeme Bailey for their help with the TEXing of
the text, and Geraldine Brady, Jennifer Davoren and George Odifreddi for
their help in proofreading.
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Finally, in appreciation of their continuing support, we dedicate this
book to our wives, Sally and Naomi.

Cornell University Anil Nerode
Ithaca, NY Richard A. Shore

December, 1992

o e b 8

Contents

Preface
Introduction

Chapter I: Propositional Logic
I.1 Orders and Trees
1.2 Propositions, Connectives and Truth Tables
1.3 Truth Assignments and Valuations
1.4 Tableau Proofs in Propositional Calculus
L5 Soundness and Completeness of Tableau Proofs
I.6 Deductions from Premises and Compactness
1.7* An Axiomatic Approach
1.8 Resolution
1.9 Refining Resolution
1.10 Linear Resolution, Horn Clauses and PROLOG

Chapter II: Predicate Logic

IL.1 Predicates and Quantifiers
II.2 The Language: Terms and Formulas
I1.3 Formation Trees, Structures and Lists
II.4 Semantics: Meaning and Truth
I1.5 Interpretation of PROLOG Programs
11.6 Proofs: Complete Systematic Tableaux
II.7 Soundness and Completeness of Tableau Proofs
I1.8* An Axiomatic Approach
I1.9 Prenex Normal Form and Skolemization

II1.10 Herbrand’s Theorem

II.11 Unification

11.12 The Unification Algorithm

I1.13 Resolution

II.14 Refining Resolution: Linear Resolution

Chapter III: PROLOG
ITII.1 sLp-Resolution
II1.2 Implementations: Searching and Backtracking
III.3 Controlling the Implementation: Cut
II1.4 Termination Conditions for PROLOG Programs
IT1.5 Equality

xiii

—

16
19
31
33
40
43
55
59

73
73
75
79
84
89
97
108
114
116
120
124
128
131
139

145
145
152
164
168
174



Contents

II1.6 Negation as Failure
II1.7 Negation and Nonmonotonic Logic
II1.8 Computability and Undecidability

Chapter IV: Modal Logic
IV.1 Possibility and Necessity; Knowledge or Belief
IV.2 Frames and Forcing
IV.3 Modal Tableaux

Iv4
IvV.5

Soundness and Completeness
Modal Axioms and Special Accessibility Relations

IV.6* An Axiomatic Approach

Chapter V: Intuitionistic Logic

Vil
V.2
V.3
V.4
V.5
V.6

Intuitionism and Constructivism
Frames and Forcing
Intuitionistic Tableaux
Soundness and Completeness
Decidability and Undecidability
A Comparative Guide

Appendix A: An Historical Overview

Al
A2
A3
A4
A5
A6
AT
A8
A9
A0

Calculus

Logic

Leibniz’s Dream

Nineteenth Century Logic

Nineteenth Century Foundations of Mathematics
Twentieth Century Foundations of Mathematics
Early Twentieth Century Logic

Deduction and Computation

Recent Automation of Logic and PROLOG

The Future

Appendix B: A Genealogical Database

Bibliography
1. History of Mathematics
2. History of Logic
3. Mathematical Logic
4. Intuitionistic, Modal, and Temporal Logics
5. Logic and Computation

Index of Symbols

Index of Terms

177
188

196 -

207
207
210
214
224
233
243

247
247
249
258
266
275
288

295
295
296
299
300
303
307
309
312
315
315

319

329
329
331
337
344
347

355
357

<

Introduction

In 1920 logic was mostly a philosopher’s garden. There were also a
few mathematicians there, cultivating the logical roots of the mathemati-
cal tree. Today, Recursion Theory, Set Theory, Model Theory and Proof
Theory, logic’s major subdisciplines, have become full-fledged branches of
mathematics. Since the 1970s, the winds of change have been blowing new
seeds into the logic garden from computer science, Al, and linguistics. These
winds have also uncovered a new topography with many prominences and
depths, fertile soil for new logical subjects. These days, if you survey inter-
national meetings in computer science and linguistics, you will find that the
language of mathematical logic is a lingua franca, that methods of mathe-
matical logic are ubiquitous and that understanding new logics and finding
feasible algorithms for implementing their inference procedures plays a cen-
tral role in many disciplines. The emerging areas with an important logic
component include imperative, declarative and functional programming;
verification of programs; interactive, concurrent, distributed, fault tolerant
and real time computing; knowledge-based systems; deductive databases;
and VvLsI design. Various types of logic are now also playing key roles in
the modeling of reasoning in special fields from law to medicine.

These applications have widened the horizons of logical research to en-
compass problems and ideas that were not even considered when logic was
motivated only by questions from mathematics and philosophy. Applied
logic is now as much a reality as is applied mathematics, with a similarly
broad, overlapping but somewhat different area of application. This situa-
tion has arisen because of the needs for automated inference in critical, real
time, and large database information processing applications throughout
business, government, science, and technology. Mathematical logic, cou-
pled with some of its applications, should be as easily available to college
and university students as is applied mathematics. It may well be as im-
portant to the future of many previously qualitative disciplines as ordinary
applied mathematics has been to the traditionally quantitative ones.

This book is a rigorous elementary introduction to classical predicate
logic emphasizing that deduction is a form of computation. We cover the
standard topics of soundness, completeness and compactness: our proof
methods produce only valid results, all valid sentences are provable and,
if a fact is a logical consequence of an infinite set of axioms, it is actually
a consequence of finitely many of them. The need for soundness seems
obvious but, as we shall see in our discussion of PROLOG, even this require-
ment of simple correctness is often sacrificed on the altar of efficiency in

xiii
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actual implementations. Completeness, on the other hand, is a remarkable
result connecting proofs and validity. We can prescribe an effective proof

procedure that precisely captures the semantics of first order logic. A valid

sentence, i.e., one true for every interpretation of the relations used to state
it, always has a proof in a particular formal system and there is an algo-
rithm to find such a proof. Compactness also has surprising applications
that deduce results about infinite structures from results about finite ones.
To cite just one example, it implies that every planar map is colorable with
four colors as every finite planar map is so colorable. We also prove that
validity is undecidable: no single algorithm can decide if any given sentence
is valid. Thus although we can, using a particular algorithm, search for a
proof of a given sentence ¢ and be assured of finding one if ¢ is valid, we
cannot know in general whether we are searching in vain.

Our treatment begins in Chapter I with the syntax and semantics of clas-
sical propositional logic, that is the logic of compound sentences formed
with connectives such as “and”, “or”, “if” and “not” but without con-
sideration of the quantifiers “for all” and “there exists”. We present a
traditional approach to syntax in terms of strings of symbols as well as
one based on tree structures. As trees have become basic objects in many
computer science areas, the latter approach may well be more accessible
(or at least familiar) to many students. Either approach can be adopted.
We then introduce the semantic tableau proof method developed by Beth
(Foundations of Mathematics [1959, 3.2]) and Smullyan (First order Logic
[1968, 3.2]) for propositional logic. We have found over the years that the
tableaux method is the easiest for students to learn, use and remember.
This method seeks to find a proof of a sentence ¢ by discovering that a
systematic search for a counterexample to ¢ fails in a finite amount of
time. The procedure brings out the unadorned reasons for completeness
by directly analyzing the subformulas of the formula ¢ for which a proof is
being attempted. It presents the systematic search as a tree—constructing
algorithm. The goal of the algorithm is to produce a finite tree beginning
with “p is false” with a contradiction on every branch. Such a tree shows
that every analysis of “p is false” leads to a contradiction. We call this a
tableau proof of ¢. Employing a systematic search for tableau proofs, we
prove the soundness, completeness and compactness theorems.

We then develop the resolution method of theorem proving introduced
by J. A. Robinson [1965, 5.7]). This method has played a crucial role in the
development of automated reasoning and theorem proving. After again es-
tablishing soundness and completeness, we specialize this method to Horn
clauses to develop the mathematical foundations of Logic Programming
and PROLOG (still at the propositional level). Logic Programming is a gen-
eral abstract approach to programming as logical deduction in a restricted
setting. PROLOG is a type of programming language designed to implement
this idea that computations are deductions.

In Chapter II we introduce the rest of predicate logic (functions and
relations; variables and quantifiers) with explanations of its syntax and

Introduction xv

semantics. We present a tableau style proof system for predicate logic
and prove its soundness and completeness. Our approach naturally leads
to Herbrand’s theorem which, in a certain sense, reduces predicate logic
to propositional logic. Then, following Robinson, we add to resolution
the pattern—matching algorithm, called unification, which is originally due
to Herbrand. This produces Robinson’s system of deduction for predicate
logic; it was the first complete redesign of logical inference for the purpose of
mechanization of inference on digital computers. It is really better carried
out by machines than by hand. Robinson's work made automation of
reasoning on digital computers a major area of research. Many of his ideas
and much of his terminology have persisted to the present day.

Chapter III is devoted to the specialization of resolution to Horn clauses,
a special class of predicate logic formulas that are the domain of Logic Pro-
gramming and PROLOG. The predicate version of Logic Programming has
applications to expert systems, intelligent databases and A1 among many
others. Logic Programming has a very active research community and has
become a separate discipline. In addition to restricting its attention to a
limited class of formulas, Logic Programming and PROLOG make various
changes in proof procedures to attain computational efficiency. We cover
the mathematical foundations of Horn clause logic and then of PROLOG:
syntax, semantics, soundness and completeness. We also touch on proofs
of termination for PROLOG programs. As an example of current trends, we
give an introductory account of.the so—called “general logic programs”. We
present views of implementation and semantics for negation in this setting
in terms of both negation as failure and stable models. This area is still
in considerable flux. It is one example of the larger evolving subject of
nonmonotonic reasoning. Unlike the classical situation, in nonmonotonic
logic the addition of new premises may force the withdrawal of conclusions
deduced from the previous ones. We include a brief introduction to this
area in II1.7. We are not programmers, however, and do not attempt to
really cover PROLOG programming beyond what is needed to illustrate the
underlying logical and mathematical ideas. (References to basic books on
PROLOG programming are included in the bibliography.) We do, however,
deal with theoretical computability by PROLOG programs as our route to
undecidability.

Standard proofs of undecidability for a theory come down to showing
how to represent each effectively computable function by a logical formula
s0 that computing the values of the function amounts to deducing instances
of that formula. The noncomputability of specific functions such as the
halting problem (deciding if a given program halts on a given input) are
then translated into the impossibility of deciding the provability of given
formulas. In this way, we prove the undecidability of PROLOG and of Horn
clause logic (and so a fortiori of all of predicate logic) by showing that Horn
clause programs and even standard implementations of PROLOG compute
all effectively computable functions. As a definition of an algorithm for an
effective computation, we use the model of computation given by programs
on register machines. Thus we simulate each register machine program for
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computing a recursive function by a PROLOG program computing a coded
version of that same function. As it is known that all other models of

computation can be simulated by register machines, this suffices to get the-

desired results on computability and undecidability.

For the final chapters, we turn to some nonclassical logics that are be-
coming increasingly important in understanding and modeling computa-
tion and in verifying programs. “Nonclassical” has a technical meaning:
the truth of a composite sentence may not depend solely on the truth of its
parts and, indeed, even the truth of simple statements may depend on con-
text, time, beliefs, etc. Although this attitude is not the traditional one in
mathematics, it reflects many real life situations as well as many important
problems in computer science. The truth of an implication often has tem-
poral components. Usually sentences are evaluated within some context.
If our knowledge or beliefs change, so may our evaluation of the truth of
some sentence. The analysis of programs depends on the states of knowl-
edge of the computer over time, on what may happen and on what must
happen. We touch briefly on one form of such logic (nonmonotonic logic in
which later information may invalidate earlier conclusions) in Chapter III.
The last two chapters are devoted to a systematic study of two such logics:
modal and intuitionistic.

Intuitionism incorporates a constructive view of mathematics into the
underlying logic. We can claim that we have a proof of A or B only if we
have a proof of one of them. We can claim to have a proof of “there exists
an z with property P” only if we can actually exhibit an object c and
a proof that ¢ has property P. Modal logic attempts to capture notions
of necessity and possibility to serve as a basis for the analyses of systems
with ‘temporal, dynamic or belief-based components. We describe the se-
mantics of both of these logics in terms of Kripke frames. These are sets
of classical models together with a partial ordering or some other relation
on the models; it is this relation that embodies the nonclassical aspects
of Kripke semantics. We then formulate tableau systems that generalize
the classical ones and faithfully reflect the semantics expressed by Kripke
frames. Once again, soundness and completeness play a central role in our
exposition. The two logics are presented independently but a comparative
guide is supplied in V.6.

For good or ill, the philosophical tenets of intuitionism play no role here,
nor do the philosophers’ analyses of time and necessity. Rather, we explain
Kripke frames as a way of modeling the notion of a consequence of partial
information and modal operators as simply expressing relations among sets
of models. This explanation fits the prospective use of intuitionistic logic,
as Scott has suggested, as a language for Scott domains and information
systems, or for Horn clause logic, which is a subtler use of both classical and
intuitionistic logic. It also fits the applications of modal logic to program
analysis and verification, as initiated by Hoare with dynamic logic and
continued by many in the field.
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Finally, we believe that knowing the historical context in which math-
ematical logic and its applications have developed is important for a full
understanding and appreciation of the subject. Thus we supply in an ap-
pendix a brief historical view of the origins and development of logic from
the Greeks to the middle of the twentieth century. Parts of this survey
may be fully appreciated only after reading the text (especially the first
two chapters) but it can be profitably consulted before, after or while read-
ing the book. It is intended only as a tourist brochure, a guide to the
terrain. To supplement this guide, we have included a fairly extensive bib-
liography of historical references and sources for additional information on
many topics in logic, including several not covered in the text. When pos-
sible, we have confined our suggestions to historical material, handbooks,
surveys and basic texts at a level suitable for a reader who has finished this
book. Some newer subjects, however, also require references to the current
literature. This bibliography is arranged as several (partially annotated)
bibliographies on individual subjects. References are made accordingly.
Thus, for example, Thomas {1939, 1.1] refers to the item Selections Illus-
trating the History of Greek Mathematics with an English Translation by
Ivor Thomas published in 1939 which is listed in Bibliography 1.1, Source-
books for the History of Mathematics. We have also included at the end

of each chapter suggestions for further reading that are keyed to these
bibliographies.



I Propositional Logic

1. Orders and Trees

Before starting on the basic material of this book, we introduce a general
representation scheme which is one of the most important types of struc-
tures in logic and computer science: Trees. We expect that most readers
will be familiar with this type of structure at least informally. A tree is
something that looks like the following:

(0) /¢\ (1)
ANA

(0,0) (0,1) (1,0) (1,1)

/

(0,0,0) (0,0,1) (1,0,0) (1,0,1)

FIGURE 1

It has nodes (in this example, binary sequences) arranged in a partial order
(extension as sequences means lower down in the picture of the tree). There
is typically a single node (the empty set, @) at the top (above all the
others) which is called the root of the tree. (We will draw our trees growing
downwards to conform to common practice but the ordering on the tree will
be arranged to mirror the situation given by extension of sequences. Thus
the root will be the smallest (first) element in the ordering and the nodes
will get larger as we travel down the tree.) A node on a tree may have one
or more incomparable immediate successors. If it has more than one, we
say the tree branches at that node. If each node has at most n immediate
successors, the tree is n—ary or n-branching. (The one in the picture is a
2-ary, or as we usually say, a binary tree.) A terminal node, that is one
with no successors, is called a leaf. Other terminology such as a path on
a tree or the levels of a tree should have intuitively clear meanings. For
those who wish to be formal, we give precise definitions. This material can
be omitted for now and referred to as needed later. In particular Kénig’s
lemma (Theorem 1.4) is not needed until §4.
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Definition 1.1:
(i) A partial order is a set S with a binary relation called “less than”,
and written <, on S which is transitive and irreflezive: :
z<y and y<z = z<zand
z is not less than z for any z.

(ii) The partial order < is a linear order (or simply an order) if it also
satisfies the trichotomy law:

r<yorz=y or y<=z.

(iii) A linear order is well ordered if it has no infinite descending chain,
i.e., there is no set of elements zo, 1, .. of S such that

< 22 € 21 < o

(iv) We use the usual notational conventions for orderings:

<y & z<yorr=y.
r>y & y<«c.

Note that antisymmetry for partial orderings, < y = it is not the
case that y < z, follows immediately from Definition 1.1 (i). (We follow
standard mathematical practice in using “=" and “&” as abbreviations
for “implies” and “if and only if”, respectively.)

Definition 1.2: A tree is a set T (whose elements are called nodes) par-
tially ordered by <r, with a unique least element called the root, in which
the predecessors of every node are well ordered by <7.

A path on a tree T is a maximal linearly ordered subset of T'.

Definition 1.3:

(i) The levels of T are defined by induction. The 0" level of T consists
precisely of the root of T. The k + 1%t level of T consists of the
immediate successors of the nodes on the k** level of T'.

(ii) The depth of a tree T is the maximum n such that there is a node of
level 7 in T.. If there are nodes of level n for every natural number n
we say the depth of T is infinite or w.

(iii) If each node has at most n immediate successors, the tree is n-ary
or n-branching. If each node has finitely many immediate successors,
we say that the tree is finitely branching. A node with no successors
is called a leaf or a terminal node.

We will only consider trees of depth at most w, i.e., every node on every
tree we ever consider will be on level n of the tree for some natural number n
(and as such will have precisely n many predecessors in the tree order).

The crucial fact about finitely branching trees is Konig’s lemma:
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Theorem 1.4 (Kénig's Lemma): If a finitely branching tree T is infinite,
it has an infinite path.

Proof: Suppose T is infinite. We define the sequence of elements zo,
zj, ..., constituting a path P on T by induction (or recursion). The first
element xg of P is, of course, the root of T. It has infinitely many successors
in T by the assumption that T is infinite. Suppose that we have defined
the first n elements of P to be 2o, 1, ... , Zn-1 on levels 0, 1, ..., n — 1
of T respectively so that each z; has infinitely many successors inT. By
hypothesis, zn—1 has only finitely many immediate successors. As it has
infinitely many successors all together, (at least) one of its immediate suc-
cessors, say Y, also has infinitely many successors. We now set £, = y.
Z., is on level n of T and has infinitely many successors in T and so we may
continue our definition of P. [

Konig’s lemma is a version of the compactness theorem in propositional
logic and in topology. See §6 (and especially Theorem 6.13 and Exer-
cise 6.11) for the former and Exercises 10 and 11 for its relations to the
latter.

Frequently it is just the shape of the tree that is important and not the
nodes themselves. To facilitate talking about the arrangement of different
materials into the same shape and to allow the same component to be used
at different places in this assemblage, we will talk about labeled trees. We
attach labels to the nodes of the tree. Again the picture should be clear.

Definition 1.5: A labeled tree T is a tree T with a function (the labeling
function) which associates some object with every node. This object is
called the label of the node.

In fact, after the first exposure or two to labeled trees we will at times
simply drop the word. We will draw our trees already labeled and will let
the concerned reader adjust the formalities.

Another way of putting more structure on a tree is by adding a linear
ordering on the entire tree. Consider the case of the standard binary tree of
finite sequences of 0’s and 1's: The underlying set is the set 8 = {0,1}* of
such sequences. We think of a binary sequence o of length » as a map from
{0,1,... ,n—1} into {0,1}. We use “ ~ to denote concatenation. Thus, for
example, (0,1)70 is (0,1,0) while (0,1,0)7(0,1) is (0,1,0,0,1 ). (Note
that we frequently abuse notation by identifying 0 with (0) and 1 with (1)
in such situations.) The tree ordering <s is given by extension as functions
o < T ¢ o C 7. The additional linear order usually associated with this
tree is the lezicographic ordering on sequences: For two sequences o and T
we say that o <, 7 if o C 7 or if o(n), the nt? entry in g, is less than 7(n)
where n is the first entry at which the sequences differ (otherwise, as one
can easily see, 7 <1, o or o = 7). The same procedure can be applied to
any tree to produce a linear order of all the nodes. We begin by defining
a linear order on each level of the tree. This order is usually called <p
and described as a left to right ordering for the obvious pictorial reason.
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(This corresponds to ordering the binary strings of each fixed length by
o < 7 if, at the first place ¢ and 7 differ, o is 0 and 7 is 1. We then say

that o is to the left of 7.) The left-right orderings of each level are then

extended to a linear ordering (also designated <) of all the nodes of the
tree: Given two nodes z and y, we say that z <y yif s <r y. fz and y
are incomparable in the tree ordering, we find the largest predecessors z’
and y’ of x and y respectively which are on the same level of T. We then
order z and y in the same way that =’ and 3/ were ordered by < on their
own level: z <z y iff 2’ <z 3. Any such total ordering of the nodes of a
tree is also referred to as the lericographic ordering of the nodes.

FExercises

1. Give an example of a finitely branching tree which is not n-branching
for any n.

2. Give an example of an infinite tree of depth 3.

3. Prove that the notion of the level of a node in a tree is well defined,
i.e., every node in a tree T is on exactly one level.

4. Prove that every node of a tree other than the root has exactly one
immediate predecessor.

5. Let T be a tree. We say that two nodes z and y of T are adjacent if
one is an immediate predecessor of the other, i.e., z <r yor y <r z
and there is no node strictly between them. Prove that there is no
sequence of nodes zy,...,z, (n > 3) such that each z; is adjacent
to z;41, 1 = T, but there are no other duplications on the list. (In
graph theoretic terms (see Exercise 6.8) this says that if we define the
edges of a graph to be the adjacent nodes of a tree, then the graph is
acyclic.) Hint: Use Exercise 3.

6. Prove that a linear order < on § is well ordered iff every subset of S
has a least element.

7. Prove that the lexicographic ordering <; of pairs from the natural
numbers N is well ordered.

8. a) Prove that the lexicographic ordering < of n—tuples of natural
numbers is well ordered for each n.

b) Prove that the lexicographic ordering of the set of all n-tuples (with
n < m for any m € N) is well ordered.

9. Consider the set of all finite sequences of natural numbers. Define an
ordering < as follows: o < 7 iff either o is shorter than 7 or, if not,
o < 7. Prove that < is a well ordering.

- The next two exercises are for those readers familiar with the topological
notions of product topologies and compactness.

e 1o o
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10. Show that Konig’s lemma for binary trees is equivalent to the com-
pactness of the topological space C = {0,1}* where {0,1} is given the
discrete topology and C the product topology.

11. Show that Ko6nig’s lemma for all finitely branching trees is equivalent
to the compactness of all spaces [[ X; for every sequence of finite sets
X, i € N, where each X; has the discrete topology.

2. Propositions, Connectives and Truth Tables

Propositions are just statements and propositional logic describes and
studies the ways in which statements are combined to form other state-
ments. This is what is called the syntactic part of logic, the one which
deals with statements as just strings of symbols. We will also be concerned
with ascribing meaning to the symbols in various ways. This part of lan-
guage is called semantics and a major theme in the development of logic is
the relationship between these two aspects of language. The analysis of the
internal structure of statements is left to a later time and a subject called
predicate logic. For now we will consider some of the ways in which one
builds statements from other statements in English. The construction pro-
cedures we consider will be the ones basic to mathematical texts. We call
the operations that combine propositions to form new ones connectives.

The connectives one finids most frequently in a mathematical text are
“or”, “and”, “not”, “implies” and “if and only if”. The meaning given to
them by the working mathematician does not precisely reflect their meaning
in everyday discourse; it has been changed slightly so as to become entirely
unambiguous. They should be thought of simply as part of the jargon of
mathematics.

We introduce formal symbols for these connectives as follows:

vV for “or” (disjunction)
A for “and” (conjunction)
- for “not” (negation)

— for “implies” (conditional)

« for “f and only if” (biconditional).

Before making the meaning of these connectives precise, we describe how
they are used to form statements of propositional logic. The description
of the syntax of any language begins with its alphabet. The language of
propositional logic consists of the following symbols:

(i) Connectives: V, A, 0, —, &
(ii) Parentheses: ), (
(iii) Propositional Letters: A, Ay, Az, ..., B, By, By, ..., ... .
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Once the symbols of our language are specified, we can describe the
statements of the language of propositions. The definition that follows
selects out certain strings of symbols from the language and calls them
propositions. It is an inductive definition which describes the “shortest”
statements first and then describes how to build longer statements from
shorter ones in accordance with certain definite rules.

Definition 2.1: (Propositions)
(i) Propositional letters are propositions.
(ii) If « and B are propositions, then (a A 8), (aV B), (-a), (@ — B) and
(o & B) are propositions.
(iii) A string of symbols is a proposition if and only if it can be obtained
by starting with propositional letters (i) and repeatedly applying (ii).

For example, (AV B), C, ((AA B) — C), (-~(AA B) — () are all
propositions while A A -, (AV B, (A — A) are not. We will return to
these examples in 2.3 below. The importance of clause (iii) in the above
definition is that it provides us with the basis for applying induction directly
to propositions. We will also return to this subject after first introducing
another approach to describing propositions.

Labeled (binary) trees provide us with an important way of represent-
ing propositions. It is not hard to see that each proposition ¢ can be
represented as a finite labeled binary tree T. The leaves of T' are labeled
with propositional letters. If any nonterminal node of T is labeled with a
proposition a, its immediate successors are labeled with propositions (one
or two) which can be combined using one of the connectives to form a.
The left to right ordering on the immediate successors of « is given by the
syntactic position of the component propositions. This procedure can be
carried out so that the original proposition ¢ is the label of the root of the
tree T'. One could take such labeled trees to define propositions and ignore
the inductive definition given above. We instead offer a precise translation
between these notions:

Definition 2.2: A formation tree is a finite tree T of binary sequences
(with root @ and a left to right ordering given by the ordinary lexicographic
ordering of sequences) whose nodes are all labeled with propositions. The
labeling satisfies the following conditions:

(i) The leaves are labeled with propositional letters.

(ii) If a node o is labeled with a proposition of the form (a A ), (aV 8),
(@ — B) or (& < B), its immediate successors, 0”0 and 0”1, are
labeled with & and 8 (in that order).

(iii) If a node o is labeled with a proposition of the form (-c), its unique
immediate successor, 070, is labeled with a.

The formation tree T is associated with the proposition with whlch its root
is labeled.
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Example 2.3: We can depict the formation trees associated with the cor-
rectly formed propositions listed above by inserting the appropriate labels
for nodes on the proper trees:

(AVB) root C root

A B

({(AAN B)—>C)  root
(AAB) c

A B

(~(AAB)—=C) root

AN

~(A A B) c
(AAB)

A B

FIGURE 2

Note that in these examples we talked of the formation tree associated
with a given proposition. Behind this usage stands a theorem that there
is, in fact, a unique formation tree associated with each proposition. The
method of proof for such a theorem is induction. The definition of proposi-
tions is an inductive one: the propositional letters are the base case and the
formation rules given by the various connectives constitute the inductive
step. Clause (iii) of the definition says that all propositions are included
in this process. Corresponding to this type of definition we have both
other definitions and proofs by induction. Indeed, induction is the pri-
mary method for dealing with most of the notions we will consider. Thus,
for example, to define a formation tree associated with each proposition
it suffices to define one for each propositional letter and to specify how to
define one for a proposition constructed from others via each of the con-
nectives in terms of the ones defined for its constituent propositions. The
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corresponding method of proof by induction establishes that some prop-
erty P (such as there being at most one formation tree associated with
each proposition) holds for every proposition by first showing that it holds
for each propositional letter (the base case) and then showing that, if it
holds for propositions a and 3, then it holds for each of the propositions
constructed from o and § via the five basic connectives. This method
is really nothing more than the usual procedure of induction on natural
numbers. A translation into that terminology is supplied in Exercise 15.

Theorem 2.4: Each proposition has a unigue formation tree associated
with it.

Proof: We first show by induction that each proposition o has a formation
tree associated with it. The base case is that « is a propositional letter,
say A. In this case the tree consisting precisely of @ (its root and only
node) labeled with A is the desired tree. For the induction step consider
the proposition o — (. By induction there are formation trees T, and T
associated with o and 3 respectively. The desired formation tree T(,_, ) for
(a — B) has as its root @ labeled with (@ — ). Below this root we attach
copies of T, (on the left) and T (on the right). This can be described
formally as letting the other nodes of T(_,) be all sequences 07c for every
o on T, and 177 for every 7 on Tjs. The labels are the same as they were in
the original trees. As both T, and T were formation trees, it is clear that
T(a—p) is one as well. (The labeling of nodes is inherited from the original
trees except for that of the root by (@ — B). This labeling of the root
is acceptable as the root’s immediate successors are, by definition, labeled
with o and 3 respectively.) The cases for the other binary connectives are
handled in exactly the same way. For (—~c) we simply add on the nodes
07c for o in T, (with the same label as o) to the root @ which we label
with {(~a). Note that if the formation trees for a and 8 have depth n and
m respectively, the tree for any of the propositions built by applying one
of the basic connectives has depth max{n,m} + 1.

‘We next claim that there is at most one formation tree associated with
each proposition. For the propositional letters, this claim is clear. As the
root of the tree @ must be labeled by the propositional letter if the tree
is associated with it, the definition requires that the root be a leaf, i.e., it
is the entire tree. Consider now the inductive case fora — 8. f T is a
formation tree associated with (@ — () then its root @ must be labeled
with (a — f) by definition. Again, by the definition of a formation tree, @
must have two immediate successors 0 and 1 which must be labeled with
« and B respectively. Every node on T below ¢ = 0 or 1 must be of the
form 07 or 1o respectively for some binary sequence o. For i = 0,1 let
T; = {0 | i"c € T} have the standard ordering and be labeled as in T'. It
is clear that Tp is a formation tree for @ and T} for 8. They are unique by
induction and so T has been uniquely determined as required. The other
connectives are handled similarly. 0O
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This theorem corresponds to what is often called the unique readability
of propositions: There is only one way to parse a proposition into its com-
ponent parts all the way down to the propositional letters. Along these
lines, we will, in informal usage, abuse our notation by omitting parenthe-
ses whenever no confusion can arise. Thus, for example, we will write —a
for (-a) and a — S for (@ — B). Formally, unique readability gives us
another way to define functions on the propositions and prove facts about
them: induction on formation trees. Typically, we induct on the depth of
the formation tree associated with a proposition. The advantage of using
trees is that, if one defines a function on formation trees, one automat-
ically has one on the associated propositions. If instead, one defined an
operation directly on propositions by induction, one would not know that
there is only one way of analyzing a given proposition inductively so as to
guarantee that the operation is well defined. This is precisely unique read-
ability. We will see some examples of such procedures in the next section.
For now, we just note that the theorem allows us to define the depth of a
proposition. We can also use it to pick out the propositional letters that
are “relevant” to a given proposition:

Definition 2.5:

(i) The depth of a proposition is the depth of the associated formation
tree.

(ii) The support of a proposition is the set of propositional letters that
occur as labels of the leaves of the associated formation tree. (That
this notion corresponds to the ones which occur syntactically in the
proposition is proven by another induction argument. See Exercise 16.)

*Closure operations and inductive definitions:

Another approach to the type of inductive definition given may clarify
the role of (iii) in guaranteeing that only those expressions generated by (i)
and (ii) are propositions. We begin with the (algebraic) notion of closure.
A set S is closed under a single (for example n-ary) operation f(s1,...,5n)
iff for every s1,...,8n € S, f(31,... ,8n) € S. The closure of a set S under
(all) the operations in a set T is the smallest set C such that

1) SCCand
2) if f € Tisn-ary and s1,... ,8, € C then f(s1,...,82) € C.

To see that there is a smallest such set consider the set
C=n{D| S < D & D is closed under the operations of T'}.

Of course S C C. Now show that C is closed under the operations of T'.
It is then clear that C is the smallest such set as it is contained in every
set D D S which is closed under the operations of T. We could now define
the set of propositions as the closure of the set of propositional letters (i)
under the operations A, V, -, — and « as listed in (ii).
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Turning now to semantics, we take the view that the meaning of a
propositional letter is simply its truth value, that is, its truth or falsity.
(Remember that we are postponing the analysis of the internal structure
of propositions to the next chapter.) Each proposition will then have
a unique truth velue (T, for true or F, for false). The truth value of a
compound proposition is determined from the truth values of its parts in
accordance with the following truth tables:

Definition 2.6: (Truth tables):

a| B | (avh) a| B | (anp) a| B | (@=h)
TI|T T T, T T T|T T
T, F T T | F F T|F F
F| T T F|T F F|T T
F|F F F|F F F | F T

a| B | (a=h)

T|T T a | o

T |F F T| F

F|T F F| T

F | F T

FIGURE 3

As pointed out earlier, the meaning of these connectives as specified by
these truth tables is not exactly the same as in ordinary English. For V, the
meaning is that of the inclusive or: aV § is true if either or both of & and
B are true. The meaning of — is further removed from that in colloquial
usage. In mathematics, (@ — ) is asserted to be false only when a is true
and g is false. It is asserted to be true in all other cases.

The formal assignment of truth values to propositions based on those
of the propositional letters will be given in the next section. Intuitively, it
should be clear from the inductive definition of propositions how, given any
proposition whatsoever, we can construct a truth table for it by considering
it as being built up step by step starting from propositional letters. For
example Figure 4 is the truth table for (4 A B) — C).

The eight combinations of truth values for A, B, C (2% = 8) can be
thought of as all possible states of the world as far as any proposition
in which only the propositional letters A, B, C appear is concerned. The
column for (AAB) is auxiliary and could be eliminated. The result would be
the abbreviated truth table for ((AA B) — C). If the convention implicit in

e sy {5yl
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A|B|{C|(AAB) | (AAB)— ()
T|T|T T T
T|T|F T F
TI\F|T F T
T|F|F F T
F|TI\|T F T
F|T|F F T
F|F|T F T
F|F|F F T

FIGURE 4

the above table for systematically listing the (eight) possible combinations
of truth values for the propositional letters A, B and C is observed, then
it is clear that to any proposition there corresponds a unique abbreviated
truth table.

A priori, we might have begun with some other list of basic connectives.
In general, an n-ary connective is any function o which assigns a propo-
sition o(Ay, ... , An) to every n-tuple of propositions Ay,...,Ap. So s
1-ary (unary), while A and V are 2-ary (or binary). An n-ary connective
is truth functional if the truth value for o(A,... ,Ay) is uniquely deter-
mined by the truth values for A;,...,A,. Our five connectives are truth
functional since their meaning was defined by truth tables. On the other
hand a connective like “because” is not. For let A symbolize “I had prune
juice for breakfast” and B “there was an earthquake at noon”. Even in
the event that both A and B have truth values T it is at least debatable
whether (B because A) should have truth value T. The debate might be
more or less heated in other cases depending on the content of A and B.
An n-ary connective which is truth functional can be completely described
by means of a truth table. Here each b;, 1 <i < 2" is either T or F:

Al A2 te An O'(A], s ’Ak)
T T T b
T T F by
F F F
FIGURE 5
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Conversely, two distinct abbreviated truth tables (with the conventional
listing of truth values for A;,...,A,) correspond to distinct truth func-
tional connectives. By counting we see that there are 22" distinct n-ary
truth functional connectives. (So there are 12 = 16 — 4 binary connectives
which we are not using.)

Definition 2.7: A set S of truth functional connectives is adeguate fif,
given any truth functional connective o, we can find a proposition built up
from the connectives in S with the same abbreviated truth table as o.

Theorem 2.8 (Adequacy): {—,A,V} is adequate.

Proof: Let A,,..., A; be distinct propositional letters and let a;; denote
the entry (T or F) corresponding to the i*® row and j** column of the
truth table for o(4;,... ,Ax). Suppose that at least one T' appears in the
last column.

A v AJ cee A O'(Al,...,Ak)
b
b2
a,-,- b‘l
FIGURE 6

For any proposition a, let aT be a and of be (-a). For the i*P row
denote the conjunction (A3* A...AA}*) by a;. Let i3,... ,im be the rows
with a T in the last column. The desired proposition is the disjunction
(i, V...Va;,,). The proof that this proposition has the given truth table is
left as Exercises 14. (Note that we abused our notation by leaving out a lot
of parentheses in the interest of readability. The convention is that of right
associativity, that is, A A B A C is an abbreviation for (A A (B A C)).)
We also indicate a disjunction over a set of propositions with the usual
set—-theoretic terminology. Thus the disjunction just constructed would be
written as \/{a; : b:; =T}. O

Example 2.9: The procedure given in the above proof can be illustrated
by constructing a proposition built using only A, V and — which has the
truth table given in Figure 7.

ot b

A —p——————
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S
t
Q

N
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0| || ov| | LW D] =
R B e B e B e B B B B |

F

FIGURE 7

We begin by looking only at rows with a T in the last column. For
each such row we find a proposition which is true for that row and false
for every other row. The proposition we want is the disjunction of the
propositions we obtain for all relevant rows (rows 1, 5, 8 in this case).
For any particular row, the proposition true for only that row is obtained
by taking the conjunction of the letters having a T in that row and the
negations of letters having an F' on that row. In this case row 1 gives
(A A B AC) (we abuse notation again!); row 5 gives ((—A) A B A C); and
row 8 gives ((—A) A (-B) A (=C)). Thus the proposition (AABAC) V
(FA)ABAC) V ((-A) A (-B) A (~C)) has the given truth table.

Clearly, given any proposition a we can construct its truth table and
then follow the above procedure to find another proposition which has
the same truth table and is a disjunction of conjunctions of propositional
letters and their negations. A proposition of this form which has the same
(abbreviated) truth table as a is called a disjunctive normal form (DNF)
of a. There is also a conjunctive normal form (CNF) equivalent of @ which
is presented in Exercise 3.3. Another method of finding DNF and CNF
equivalents of a is presented at the end of the exercises for §4.

Remark 2.10: The above procedure does not tell us what to do in case
the last column consists entirely of F''s. See Exercise 13.

Corollary 2.11: {~, V} is adeguate.

Proof: We can easily check that (A; A A2) has the same truth table as
-((~(A1)) v (—(A2))). Thus given any proposition a we can find a DNF
of a and then eliminate any use of A by this substitution. The resulting
proposition will still have the same truth table. O

The sets {—, A} and {—~, —} are also shown to be adequate in the exer-
cises. If a set is not adequate, how do you prove that? (See Exercises 10.)
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Remark 2.12: By the adequacy theorems (Theorem 2.8 and Corollary
2.11) we could, in theory, get by with just the connectives -, V and A or
even just — and V. The induction clause in the definition of propositions
and many related definitions and proofs (such as those involving tableaux
in sections 4, 5 and 6) could then be considerably shortened. We will,
however, leave the list of connectives as it is but will generally explicitly
deal with only a couple of cases in any particular proof and leave the rest
as exercises. ‘

FEzercises

1. Which of the following expressions are official (that is, unabbreviated)
propositions of propositional logic based on the propositional letters
A B, C D,.."7

a) ((-(AvB)A C)

b) (AAB)VC

c) A—-(BACQ)

d) ((A — B)— (—\A))
e) ((~A)—-BvV C)

f) ((CVB)AA) < D)

g) ((VA)A(-B))

B) (AA(BAC))
2. Prove your answers to 1(a), (b) and (f) by either giving the step by step
procedure producing the proposition in accordance with the inductive
definition of propositions (you can simply draw a correctly labeled for-

mation tree) or proving, by induction on statements, that there is some
property enjoyed by all propositions but not by this expression.

3. Prove that the number of right and left parentheses are equal in every
proposition.

4. Prove that the depth of a proposition is less than or equal to the
number of left parentheses appearing in the proposition. (Use the
official definition of proposition.)

5. Find DNF equivalents for the following propositions:
a) (A-B)-C
b) (A~ B)V(-C)

6. Prove that {~, A} is an adequate set of connectives. (Hint: Express v
in terms of —~ and A .)

7. Prove that {—, —} is an adequate set of connectives.
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8. Prove that the binary connective (a | 8) (“not both ... and”) called

9

10

11
12
13

14

15

16

the Sheffer stroke whose truth table is given by

alB|alB
T | T F
T|F T
F|T T
F | F T
FIGURE 8

is adequate. (Hint: Express - and A in terms of |.)

. Show that joint denial (neither & nor ), written as & | 3, is also
adequate.

. Prove that {A, V} is not adequate.
Hint: Show by induction that —a is not equivalent to any statement
built up from « using only A and V

. Prove that {V,—} is not an adequate set of connectives.
. Prove that {V,—, <} is not an adequate set of connectives.

. Explain how to handle the case of a column of all F'’s in the proof of
Theorem 2.8.

. Prove that the expressions constructed in the proof of Theorem 2.8
(including the case considered in exercise 13) have the desired truth
tables.

. 'We say that all propositional letters are built at stage 0. If propositions
« and B3 have been built by level n, we say that (=a), (aV ), (¢ A B),
(a = B) and (a « B) have been built by level n + 1. Clause (iii) of
Definition 2.1 says that every proposition ¢ is built by some level n.
Explain how we can rephrase proof by induction on the definition of
propositions in terms of ordinary induction on the natural numbers N.

(Hint: Proving that all propositions have property P by induction
on propositions corresponds to proving that all propositions built by
level n have property P by induction on n.)

. We say that each propositional letter A occurs in itself and no propo-
sitional letters other than A occur in A. The propositional letters that
occur in {—qa) are precisely the ones that occur in a. The ones that
occur in (aV ), (@A B), (& — B) and (a < B) are precisely those that
occur in either a or 8 (or both). This notion clearly captures the idea
of a syntactic occurrence of a propositional letter A in a proposition a.

Prove that the support of a proposition « is precisely the set of
propositional letters that occur in a.
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3. Truth Assignments and Valuations

Our view of propositional logic is that the meaning or content of a propo-
sition is just its truth value. Thus, the whole notion of semantics for propo-
sitional logic consists of assigning truth values to propositions. We begin
with the propositional letters.

Definition 3.1: A truth assignment A is a function which assigns to each
propositional letter A a unique truth value A(A) € {T, F}.

The truth values of all propositions should now be determined by the
assignment to the propositional letters. The determinations are made in
accordance with the truth tables for the connectives given in the last sec-
tion.

Definition 3.2: A truth valuation V is a function which assigns to each
proposition a a unique truth value V(e) so that its value on a compound
proposition (that is, one with a connective) is determined in accordance
with the appropriate truth tables. Thus, for example, V((-a)) = T iff
V(a) = F and V((aV B)) = T iff V(a) = T or V(B) = T. We say that V
makes a true if V(a) =T.

The basic result here is that a truth assignment to the propositional
letters uniquely determines the entire truth valuation on all propositions.
We analyze the situation in terms of an induction on the depth of the
propositions, that is, the depth of the (unique) formation tree associated
with the proposition.

Theorem 3.3: Given a truth assignment A there is a unique truth valu-
ation V such that V(a) = A(a) for every propositional letter a.

Proof: Given a truth assignment A, define (by induction on the depth of
the associated formation tree) a valuation V on all propositions by first
setting V(a) = A(a) for all propositional letters o. This takes care of
all formation trees (propositions) of depth 0. Assuming that V has been
defined on all propositions with depth at most n, the inductive steps are
simply given by the truth tables associated with each connective. For
example, suppose T{,—,g) is the formation tree (of depth n+ 1) for (o — B).
(It is built from T, and T (with the maximum of their depths being
exactly n) as in Theorem 2.4.) V({(a — B)) is then defined to be F iff
V(a) = T and V(8) = F. The valuation is defined on o and § by induction
since they have depth at most n.

Clearly V has been defined so as to be a valuation and it does extend A
It remains to show that any two valuations V;, V, both extending A must
coincide. We prove this by induction on the depth of propositions:

(i) Vi(a) = Va(a) for all propositional letters a (depth 0) since Vi, V2
both extend A.
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(ii) Suppose Vi (a) = Va(«) for all propositions & of depth at most nn and
that o and 8 have depth at most n. Thus Vy(a) = Va(a) and V1(8) = V2(B)
by induction. V;((aAB)) and Va((a A B)) are then both given by the truth
table for A and so are equal. The same argument works for all the other
connectives and so V; and V, agree on every proposition. 0O

Note that, by induction again on the depth of a, the definition of V()
in this construction only depends on the values of A on the support of a
(the propositional letters occurring in «). Thus the proof of the theorem
actually proves:

Corollary 3.4: If V) and V; are two valuations which agree on the support
of a, the finite set of propositional letters used in the construction of the
proposition «, then V(o) = V(). O

Definition 3.5: A proposition o of propositional logic is said to be valid if
for any valuation V, V(o) = T. Such a proposition is also called a tautology.

Definition 3.6: Two propositions a and 8 such that, for every valuation
V, V(a) = V(B) are called logically eguivalent. We denote this by a = 3.

Example 3.7:

(i) (AV (~4)), ((A = B) —» A) - A) (Law of the excluded middle,
Peirce’s law) are tautologies. See Exercise 1.

(ii) For any proposition a and any DNF 8 of a, a = 3.

(iii) We could rephrase the adequacy theorem (2.8) to say that, given any
proposition «, we can find a § which uses only -, V, A and such that
a=p4.

Although Corollary 3.4 allows us to check whether a given proposition is
a tautology or not using Definition 2.5, it also tells us that we can answer
the same question by finding out whether the last column of the corre-
sponding truth table has all T’s or not. We choose not to develop these
proofs by truth tables further because they do not generalize to proofs
for predicate logic which we will study shortly. We close this section with
some definitions and notations which will be important later and generalize
nicely to the corresponding concepts in the logic of predicates.

Definition 3.8: Let ¥ be a (possibly infinite) set of propositions. We say
that o is a consequence of ¥ (and write X F o) if, for any valuation V,

V(r)=T forallteX = V()=T.

Note that, if ¥ is empty, X F o (or just F o) iff o is valid. We will also write
this as F 0. This definition gives a semantic notion of consequence. We
will see several syntactic notions in the coming sections that correspond to
different proof procedures. A major result will be the equivalence of the
syntactic and semantic notions of consequence which will be embodied in
the soundness and completeness theorems (§5).
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Definition 3.9: We say that a valuation V is a model of TifV(e)=T
for every o € I. We denote by M(E) the set of all models of .

Notation: Rather than writing “implies” and “if and only if” in our def-
initions, theorems, etc., we often use = and & instead. These are not

symbols of the language of propositional logic but of the language (or meta-
language) in which we discuss propositional logic.

Proposition 3.10: Let £, £;, T, be sets of propositions. Let Qn(E)
denote the set of consequences of ¥ and Taut the set of all tautologies.

(i) T1C T = Cn(Z) C Cn(X2)
(i) TC On (D).
(i) Taut C Cn(X) for all X.
(iv) Cn(Z)= Cn(Cn(Z)).
(v) T1CE2 = M(Zz) S M(Zh).
(vi) Cn(Z)={c|V()=T forall V € M(Z)}.
(vii) ¢ € Cn({o1,...00}) & 01— (02.. (0 —0)...) € Taut.

We leave the proof of this proposition as Exercise 4.

The last assertion of Proposition 3.10 tells us that testing whether g isa
consequence of a finite set ¥ of propositions (sometimes called “premises”)
with, say, n members can be done in at most 9m steps by checking whether
the proposition on the right-hand side of (vii) is a tautology. But what
do we do if ¥ is infinite? We had better learn how to prove that o is a
consequence. The first method we will consider is that of tableaux.

Ezercises

1. Prove that the propositions in Example 3.7 (i) are tautologies by check-
ing directly, using Corollary 3.4, that they are true under all valuations.

9. Prove De Morgan's laws for any propositions o, ... ,x, ie.,
a) -(mVarV...Vay) = ~o A-agA...\—op
b) —(a1AazA...Aan) = " Voo V...V -oag.
Hint: Do not write out the truth tables. Argue directly from the truth
conditions for disjunctions and conjunctions.

3. A proposition is a literal if it is a propositional letter or its negation.
A proposition @ is in conjunctive normal form (CNF) if there are
literals 3,1, ..y Q1ngs 0215 covy O2nay -o0> Qily -+ 3 02,
such that a is

(01,1Va1,2v. . .Val,m)/\(az,Nag,zV. . -V(12,nz)/\- . ./\(ak,lv. . .Vak,n,‘).

Prove that every proposition is equivalent to one in CNF (i.e., one that
has the same truth table). (Hint: Consider a DNF (of ~a) and use
Exercise 2.)
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4. Find a NF for each of the following propositions:
a) (AABAC)—D
b) (AAB)— (CVD).

5. Supply the (short) proofs from the appropriate definitions for (i)—(vii)
of Proposition 3.10.

4. Tableau Proofs in Propositional Calculus

We will describe a system for building proofs of propositions. The proofs
will be labeled binary trees called tableaux. The labels on the trees will
be signed propositions, that is a proposition preceded by either a T or
an F (which we can think of as indicating an assumed truth value for
the proposition). We call the labels of the nodes the entries of the tableau.
Formally we will define (or describe how to build) tableaux for propositions
inductively by first specifying certain (labeled binary) trees as tableaux (the
so—called atomic tableaux) and then giving a development rule defining
tableaux for compound propositions from tableaux for simple propositions.

The plan of the procedure is to start with some entry, ie,
some signed proposition such as F(~(AA (BV C))), and analyze it into
its components. We will say that an entry is correct if our assumption
about the truth value of the given proposition is correct. For our current
example, F(—~(AA (BVC))), this would mean that ~(AA(BVC)) is false.
The guiding principle for the analysis is that, if an entry is correct, then
(at least) one of the sets of entries into which we analyze it contains only
correct entries. In our sample case, we would analyze F(~(A A (BV C)))
first into T(A A (BV C)). (If ~(AA (BVC)) is false, then (AA (B V C))
is true.) We would then analyze T(A A (B V C)) into TA and T(B V 0).
(If (AA(BVQ)) is true then so are both 4 and (BVC).) Next we would
analyze T(BV C) into either TB or TC. (If (BV C) is true then so is one
of Bor C.)

The intent of the procedure, as a way of producing proofs of propositions,
is to start with some signed proposition, such as Fa, as the root of our
tree and to analyze it into its components in such a way as to see that
any analysis leads to a contradiction. We will then conclude that we have
refuted the original assumption that o is false and so have a proof of a.
Suppose, for example, that we start with F(—~(A A —=A)) and proceed as
in the above analysis (replacing (B V C) by —A). We reach TA and T-A
and then analyze T—A into FA. We now have entries saying both that A
is true and that it is false. This is the desired contradiction and we would
conclude that we have a proof of the valid proposition =(A4 A ~A).

The base case of our inductive definition of tableaux starts with the
following (labeled binary) trees as the atomic tableaus for any propositions
a and 3 and propositional letter A (Figure 9).
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la 1b 2a 2b
T(aAB)
F(aApB)
TA FA Ta / \
| Fa Fp
T8

3a 3b 4a 4

F(aVp)

T(~a) F(-a) T(aV B) |
| /\ i
Fa To Ta T8 l
Fp
5a 5b 6a 6b
Fla—p) T(a+~ B) F(a < B)
T(o— ) | | //\\ '/\\
/ \ Ta Ta Fa Ta Fa
Fa T8
Fg T3 FB Fp T8
FIGURE 9

Definition 4.1 (Tableaux): A finite tableau is a binary tree, labeled with
signed propositions called entries, which satisfies the following inductive
definition:

(i) All atomic tableaux are finite tableaux.

(i) If 7 is a finite tableau, P a path on 7, E an entry of 7 occurring on
P and 7' is obtained from 7 by adjoining the unique atomic tableau
with root entry E to 7 at the end of the path P then 7/ is also a finite
tableau.

If 70, 1y vy T, - iS & (finite or infinite) sequence of finite tableaux such
that, for each n > 0, 7,3, is constructed from 7, by an application of (ii),
then 7 = Ur, is a tableau.

Tableau Proofs in Propositional Calculus 21

This definition describes all possible tableaux. We could get by with
finite tableaux in propositional logic (see the appendix to this section)
but would necessarily be driven to infinite ones in predicate logic. As they
simplify some proofs even in our current situation we have introduced them
here.

Each tableau is a way of analyzing a proposition. The intent is that, if
it is all right to assume that all the signs on entries on a path down to some
entry F in a tableau are correct, then one of the paths of the tableau that
continue on through E to the next level of the tree is also correct. To see
that this intention is realized, it suffices to consider the atomic tableaux.
Consider for example (5a). If o — f is true then so is one of the branches
through it: « is false or 3 is true. Similarly for (4a), if aV 3 is true then so
is one of & or B. The other atomic tableaux can be analyzed in the same
way. This intuition will be developed formally in the next section as the
soundness theorem for tableaux. The other major theorem about tableaux
is the completeness theorem. It is connected with the idea that we can show
that if o is valid, then all possible analyses of a given signed proposition
Fa lead to contradictions. This will constitute a proof a. In order to do
this, we will have to develop a systematic method for generating a tableau
with a given root which includes all possible procedures. First, however,
some examples of tableaux.

Example 4.2: We wish to begin a tableau with the signed proposition
F(((a= B)V(7V &) A(aVB)). There is only one atomic tableau which
has this entry as its root — the appropriate instance of the atomic tableau
of type (2b):

F((la=B)V(YVE)A(avp))

F(la—pB)V(yVé) F(aV f)

FIGURE 10

Now this tableau has two entries other than its root either of which
could be chosen to use in the induction clause to build a bigger tableau.
(We could legally use the root entry again but that would not be very
interesting.) The two possibilities are given in Figures 11 A and B below.

We could also do each of these steps in turn to get the tableau given in
Figure 11 c.

In this last tableau we could (again ignoring duplications) choose either
F{a — p) or F(yV §) as the entry to d evelop. F(yV §) is the end of
the only path in the tableau which contains either of these entries. Thus,
in either case the appropriate atomic tableau would be appended to that
path. Choosing F(a — ) would give the tableau of Figure 12.
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(a) F(((a > BV @V) AlaVh)
F((a—B)V(1V8) F(aVB)
F((a—=B)V(7V8)

F(a—B)
F(yvé)
(8) F((la = B)V(¥V) AlaVh)
/
F((a—B)V(1Vé) FaVvh)
F(aVB)
Fa
|
FB

() F(({a = B)V (V&) AV B))
F((a—B)V(1V &) F(aVB)
F((a—B)V(1Vé) F(aVp)

Fla—B) Fa
|
F(yvé) Fg

FIGURES 11 A, B, C
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F(la> BV V) AlaVh)

F(la—B)V(1V) F(aVvB)
F(la - B)V(rV6) FlaV p)
F(a—B) Fa
F(yv$) Fg
F(a—B)
Ta
FB
FIGURE 12

As the reader must have noticed, each time we select an entry it gets
repeated at the end of the chosen path as part of the atomic tableau that we
affix to the end of the path. As a notational convenience we will often omit
this second occurrence when we draw tableaux although it remains part of
the formal definition. (They will actually be needed when we consider the
predicate calculus and so we included them in our formal definition.)

We now wish to describe those tableaux that will constitute proofs and
a systematic procedure for generating them from given signed propositions.
We need a number of auxiliary notions:

Definition 4.3: Let T be a tableau, P a path on 7 and E an entry occur-
ring on P.

(i) E has been reduced on P if all the entries on one path through the
atomic tableau with root E occur on P. (For example, T'A and F A are
reduced for every propositional letter A. T-a and F-a are reduced
(on P) if Fo: and T respectively appear on P. T(a V p) is reduced
if either Ta or T3 appears on P. F(a V B) is reduced if both Fa
and F'3 appear on P.)
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(ii) P is contradictory if, for some proposition a, Ta and Fa are both
entries on P. P is finished if it is contradictory or every entry on P
is reduced on P.

(iii) 7 is finished if every path through 7 is finished.
(iv) T is contradictory if every path through 7 is contradictory. (It is, of
course, then finished as well.)

Example 4.4: Here is a finished tableau with three paths. The leftmost-
path is contradictory; the other two are not.

T((AA(-A) V(BV(CAD))

T(AA-A) T(BV (C A D))
TA TB T(C A D)
T(-A) T|C
FA T|D
®

FIGURE 13

We can now define tableau proofs of o as ones that show that the as-
sumption that « is false always leads to a contradiction:

Definition 4.5: A tableau proof of a proposition a is a contradictory
tableau with root entry Fa. A proposition is tableau provable, written
I q, if it has a tableau proof.

A tableau refutation for a proposition « is a contradictory tableau start-
ing with Ta. A proposition is tableau refutable if it has a tableau refutation.

The following example is a tableau proof of an instance of Peirce’s law.
Remember that we don’t actually recopy the entries that we are reducing.
We put ® at the end of a path to denote that it is contradictory.

o
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Example 4.6: Peirce’s Law.

F((A—-B)— A)— A)

T((A— B) — A)

N

F(A - B) TA

| |

TA ®
|

FB
|

®

FIGURE 14

In much of what follows, for every definition or theorem dealing with a
tableau proof or a logical truth (or both), there is a dual definition or the-
orem dealing with a tableau refutation and a logical falsehood respectively.
It is left to the reader to provide these dual propositions.

The next step in producing proofs is to see that there is a finished tableau
starting with any given signed proposition as root entry. We will describe a
simple systematic procedure for producing such a tableau. A development
that uses only finite tableaux is provided in the appendix to this section.

Definition 4.7 (Complete Systematic Tableaux): Let R be a signed
proposition. We define the complete systematic tableau (CST) with root en-
try R by induction. We begin the construction by letting 7o be the unique
atomic tableau with R at its root. Assume that 7,,, has been defined. Let
n be the smallest level of 7,,, containing an entry which is unreduced on
some noncontradictory path in 7,,, and let E be the leftmost such entry of
level n. We now let 7,41 be the tableau gotten by adjoining the unique
atomic tableau with root E to the end of every noncontradictory path of
Tm on which F is unreduced. The union of the sequence 7, is our desired
complete systematic tableau.
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Theorem 4.8: Every CST is finished.

Proof: Consider any entry E which occurs at some level n of the CST 7
and lies on a noncontradictory path P in 7. There are at most finitely
many entries on 7 at or above level n. Thus, all the entries at level n or
above on T must be in place by some point of the construction. That is,
there is an mg such that for every m > mq, Tm through level n is the same
as T through level n. Now, for m > mg, the restriction of P to 7, is a
path in 7,, containing E. At each step m 2 mo in the construction of the
csT we reduce the entry on the lexicographically least node labeled with
an unreduced entry which is on some noncontradictory path in the tableau
Tm. If E is not already reduced on P by stage mo, we can proceed for at
most finitely many steps in this construction before E would become the
lexicographically least unreduced entry. At this point in the construction
we would reduce E. O

In allowing infinite tableaux, we seem to be in conflict with the intuition
that proofs should be finite objects. However, by Kénig’s lemma, we can
restrict our attention to finite contradictory tableaux.

Theorem 4.9: If T = Ur, is a contradictory tableau then for some m, Ty
is a finite contradictory tableau. Thus, in particular, if a CST is a proof, it
is a finite tableau.

Proof: T is a finitely branching tree. Consider the subset of all nodes of 7
with no contradiction above them. If this set is infinite, it has an infinite
path by Konig’s lemma. As this contradicts the assumption that every
path in 7 is contradictory, there are only finitely many such nodes. They
must all appear by some level n of 7. Thus every node at level n + 1 of 7
has a contradiction above it. Once again, as 7 through level n+ 1 is finite,
there is an m such that 7, is the same as 7 through level n+1. Now every
path P in 7, is either a path in 7 (ending with a leaf of level < n) or a path
containing a node of level n + 1. In the first case, P is contradictory by
our assumption that 7 is contradictory. In the second, P is contradictory
by our choice of n and m. Thus 7, is the desired contradictory tableau.

Note that if 7 = U, is as in the definition of a CST and m is least such
that 7, is contradictory, then we cannot extend 7., in the construction
of 7. Inthiscase 1 =Ty O

In the next section, we will consider the import of this argument for the
semantic as well as syntactic versions of the compactness theorem.

*Appendix: Finite tableaux suffice.

We wish to show that we can develop the results of this section without
recourse to infinite tableaux. We first prove that there is a finite finished
tableau with any given root. We then consider systematic procedures to
generate such tableaux.
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Theorem 4.10: There is a finished finite tableau 7 for each possible root
entry Ta or Fa.

Proof: We proceed by induction on the depth of the given proposition . If
its depth is 0, i.e., a is a propositional letter, then the tableau consisting of
just the signed propositional letter is finished. The point here is that signed
propositional letters are themselves atomic tableaux. For the inductive case
consider first case (2b): F(aAB). By induction there are finished tableaux
7o and 75 with root entries Fo and F respectively. We form the desired
tableau with root F(a A B) by beginning with the corresponding atomic
tableau (2b) and then appending copies of 7o and 75 below the entries
Fo and F respectively. It is immediate from the definition of a finished
tableau that this gives the desired result. The arguments for cases (3a),
(3b), (42) and (5a) are similar.

Next consider case (2a): T(aAB). As before, we have finished tableaux
7o and 75. We again begin our desired tableau 7 with the appropriate
atomic tableau (2a). To the end of this tableau we add a copy of 7« to get
a tableau 7' in which the only possible unreduced occurrence of an entry
is that of T8 in the original atomic tableau. We now add a copy of g to
the end of every noncontradictory path in 7’ to get our desired 7.

The cases (4b) and (5b) are similar. (6a) and (6b) are handled by ap-
plying this same procedure below each of the two distinct paths introduced
by the atomic tableau to the two adjoined signed propositions which are
put on these paths. [

The above proof actually gives a recursive procedure to construct a fin-
ished finite tableau with given root. The procedure is, however, somewhat
complicated and hard to carry out. We now define a simpler systematic
way of generating tableaux that will always produce a finished finite tableau
with any given root entry. The idea is to always reduce the unreduced entry
of greatest depth. We will see in the next section that this procedure will
always produce a tableau proof of Fa.

/

/

Definition 4.11 (*Systematic Tableaux): We define *systematic tableauz
by induction:

(i) Every atomic tableau is a *systematic tableau.

(ii) If 7 is a *systematic tableau and E is an entry of 7 of maximal depth
such that there is a noncontradictory path P of T on which E is
unreduced, then if 7’ is the tableau gotten by adjoining the unique
atomic tableau with root E to the end of every noncontradictory path
P’ of T on which E is unreduced, then 7' is a *systematic tableau.

Our claim is that if we start with any *systematic tableau (and so in
particular any atomic tableau) and repeatedly apply instances of the induc-
tive step described in Definition 4.11(ji), then we eventually reach a finished
tableau. Of course, once we have a finished tableau there is, by definition,
no way of continuing this process. We can thus specify a sequence of steps
that will eventually build a finished tableau with any given root entry.

27
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Let 70 be the atomic tableau having the given entry as its root. Then,
by induction, we form from 7, the *systematic tableau, Tn41, gotten by ap-

plying the formation rule to say the (lexicographically) least E of maximal -

depth (as a proposition) which occurs unreduced on some noncontradictory
path in 7.

The proof that this procedure eventually produces a finished tableau is
a somewhat more complicated induction than the ones we have seen so far.
We do not, however, actually need this result for later work. The simple
existence of a finished tableau with any specified root entry (Theorem 4.10)
suffices for the theorems of the next sections. Moreover, this procedure is
not the most efficient way to produce such a finished tableau. We give
examples and hints as to how one actually builds finished tableaux in the
exercises.

The advantage of the *systematic tableaux approach is that the proof
of termination, although somewhat complicated, is quite clean. It proceeds
by induction on the pair consisting of the maximal depth of an entry in
T as described above and the number of unreduced occurrences of entries
with this maximal depth. These pairs are ordered lexicographically and so
progress is made in the induction when either the maximal depth of such
an entry in this tableau is reduced or, failing that, when the number of
unreduced occurrences of entries with the given maximal depth is reduced.
(Exercise 1.7 says that the lexicographic ordering < (used at the end of
the proof of Theorem 4.12) of pairs of natural numbers is well founded, i.e.,
it has no infinite descending chains. Thus we may do a proof by induction
on this ordering in the usual format: If, from the assumption that some
property holds for every pair less than (z,y) in this ordering, we can prove
that it holds for {z,y) as well, then we may conclude that it holds for every
pair.)

Theorem 4.12: There is no infinite sequence (7n ) of *systematic tableaur
such that for each n, Tn41 is gotten from 7, by an application of the in-
ductive clause (ii) of Definition 4.11.

Proof: We proceed by induction on the lexicographic order of the pair
h(mo) = (i, j) where i is the maximal depth of any entry of 7o occurring
unreduced on some noncontradictory path in 7o and j is the number of
unreduced occurrences (on any noncontradictory path of 7o) of entries of
depth i. Now if i = 0, the only relevant entries are signed propositional
letters. As all such are atomic tableaux, any occurrence of one is necessarily
reduced. In this case then, there are no unreduced occurrences of entries
( = 0) and 7o itself is finished. (Remember that in this case there can be
"no 11 produced by applying clause (ii) to 70.) Thus, by induction, it suffices
to prove that the application of clause (ii) of the definition of *systematic
tableaux decreases h as we can then apply the induction hypothesis to the
sequence beginning with 7;. Consider a situation as described in Definition
4.11 (ii). Note that all occurrences of E in 7 on noncontradictory paths in
7' are reduced: Each occurrence of E in 7 on a noncontradictory path P
in 7 has been reduced by the addition of the atomic tableau with root E
to end P. The only new occurrences of E in 7’ are in these added atomic
tableaux; these occurrences are already reduced by definition. Now, all the
occurrences of entries other than E in 7’ that are not ones of T are nonroot
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entries in the atomic tableau with root E. These all have depth less than
that of E. Thus 7' has fewer occurrences of unreduced entries of depth
that of E than T and no new entries of greater depth. In other words,
h(7') <r h(7) as required. O

The advantage of the original procedure for generating a CST is that it is
not necessary to check every entry in the tableau to find the one E for which
we must act. One simply checks the occurrences of entries level by level in
lexicographic order until one is found which is unreduced. The *systematic
procedure requires checking every entry to see that we have an unreduced
one of maximal depth. The original procedure also always terminates with
a finite finished tableau. Unfortunately the proof of termination for the CST
procedure seems considerably more complicated than for the *systematic
one. One can, however, use it in any particular example and simply notice
that one has a finished tableau when it is produced.

FExercises

Give tableau proofs of each of the propositions listed in (1) - (7) below.
1.

Idempotence and Commutativity of A, V
a) (aVa)—a

b) (aAa)e—a

) (anpB) - (Bra)

d) (@avp) e (BVe)

. Associativity and Distributivity of A, V

a) ((aAB)A7) « (@n(BA7)
b) ((aVB)V7y) e (aV(BV))
c) (@V(BA7) < (aVB)A(aVT)
d) (an(@BVY)) e (@AB)V(an))

. Pure Implication Laws

a) a—«

b) a— (8- a)

c) (a—=B)—((B—-7)—(a>7)

d) (@—=(B—-7)—>(a—=p)—(a—17)

. Introduction and Elimination of A

a) ((a—>(B—-)—(arB)—7)
b) ((aAf)—7) - ((a—=(8—-7))

. De Morgan’s Laws

a) ~(aVp) < (~aA-p)
b) ~(aAB) & (maV-p)

. Contrapositive

(a=p) = (B ——a)

29
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7. Double Negation

Q &

8. Contradiction
-(aA-a)

9.3) (maVp)—(a—p)
b) (a—B)—> (~aVp)

Conjunctive and disjunctive normal forms

Recall from Exercise 3.3 that a conjunctive normal form (CNF) for a
proposition a is a conjunct of disjuncts of literals (propositional letters or
their negations) which is equivalent to a. Similarly, a disjunctive normal
form (DNF) for a is a disjunct of conjuncts of literals which is equivalent
to a. For any proposition o, we can find equivalent conjunctive and dis-
junctive normal forms by the following procedure:

(i) Eliminate all uses of < in the formation (tree) ofa by replacing any
step going from 8 and v to 8 «» y by one going to (8 — Y)A(y — B). This
produces a proposition @; equivalent to ¢ in which < does not occur.

(i) Eliminate all uses of — in the formation of oy by replacing any step
going to B — ~ by one going to =3 V. This produces an a2 equivalent to
a in which the only connectives are =, V and A.

(iii) Get a third equivalent proposition a3 in which, in addition, - ap-
pears only immediately before propositional letters by replacing in o9 all
occurrences of ~—3 by 8, of ~(8V+) by ~BA—y and of ~(8A7) by =BV .
(iv) Now use the associativity and distributivity laws above to get equiv-
alents of a3 which are either conjuncts of disjuncts of literals (cNF) or
disjuncts of conjuncts of literals (DNF).

We provide an example of this procedure by finding both normal forms
for the proposition o = (A — B) «> =C':

(A— B) «-C (@)
((A— B) = -C)A(~C — (A— B)) (ii)
(=(~AV B)V=C)A(-—CV (-~AV B)) (iii)
((-~AA-B)V-=C)A(-—CV (-AV B)) (iii)
((AA-B)V-C)A(CV (-AV B)) (iii).

We can now apply step (iv) to get a ONF for o :
(AV-C)A(-BV-=C)A(CV-AV B)

We can also use distributivity to produce a DNF for a :
((AA-B)V-C)AC)V (((AA-B)V-C)A(-AV B))
(A/\—\B/\C)V(ﬂCAC)V(AA-ﬂBA—\A)V(--CA-iA)V(A/\ﬂB/\B)V(—‘C/\B).
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This last line is a DNF for c.. It can, however be simplified by using some
of the other rules proved above and simple truth table considerations. In
particular, contradictions such as C A —C can be eliminated from disjuncts
and tautologies such as CV—C can be eliminated from conjuncts. Applying
these procedures simplifies the DNF derived for a to the following:

(AAN=BAC)V (-CA-A)V (=C A B).

10. Use the procedure described above to find CNF and DNF equivalents for
the following propositions:

a) (A-B)~(4-0)
b) (A« B)— (CVvD).

11. Use the laws provided in the above exercises to prove that each step of
the above procedure produces a proposition equivalent to the original
propositiona.

5. Soundness and Completeness of Tableau Proofs

We are going to prove the equivalence of the semantic notion of valid-
ity (F) and the syntactic notion of provability (). Thus we will show that
all tableau provable propositions are valid (soundness of the proof method)
and that all valid propositions are tableau provable (completeness of the
method).

Theorem 5.1 (Soundness): If o is tableau provable, then o is valid, i.e.,
Fa=Fa.

Proof: We prove the contrapositive. Suppose « is not valid. By definition
there is a valuation V assigning F to a. We say that the valuation V agrees
with a signed proposition F in two situations: if E is Te and V(a) = T or if
Eis Fa and V(o) = F. We will show (Lemma 5.2) that if any valuation V
agrees with the root node of a tableau, then there is a path P in the tableau
such that V agrees with every entry on P. As no valuation can agree with
any path on a contradictory tableau there can be no tableau proof of . O

Lemma 5.2: If V is a valuation which agrees with the root entry of a
given tableau T (given as in Definition 4.1 as Ury,), then T has a path P
every entry of which agrees with V.

Proof: We prove by induction that there is a sequence {P,) such that, for
every n, P, is contained in P,y and P, is a path through 7, such that
V agrees with every entry on P,. The desired path P through 7 will then
simply be the union of the P,. The base case of the induction is easily
seen to be true by the assumption that V agrees with the root of 7. As
an example, consider (6a) with root entry T(a « ). If V(o « 8) = T,
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then either V(a) = T and V(a) = T or V(a) = F and V(a) = F by the
truth table definition for «+. We leave the verifications for the other atomic
tableaux as Exercise 1.

For the induction step, suppose that we have constructed a path P,
in 7, every entry of which agrees with V. If 1, is gotten from 7, without
extending P,, then we let Pyyq = P,. If P, is extended in 7,41, then it is
extended by adding on to its end an atomic tableau with root E for some
entry E appearing on P,,. As we know by induction that V agrees with E,
the same analysis as used in the base case shows that V agrees with one of
the extensions of P, to a path P4 in 741, O

Theorem 5.3 (Completeness): If a is valid, then a is tableau provable,
ie., Ea=t a. In fact, any finished tableau with root entry Fa is a proof
of a and so, in particular, the complete systematic tableaus with root Fa
is such a proof.

The crucial idea in the proof of the completeness theorem is embodied in
Lemma 5.4: We can always define a valuation which agrees with all entries
on any noncontradictory path of any finished tableau.

Lemma 5.4: Let P be a noncontradictory path of a finished tableau 7.
Define a truth assignment A on all propositional letters A as follows:

A(A) =T if TA is an entry on P.

A(A) = F otherwise.
If V is the unique valuation (Theorem 3.3) extending the truth assign-
ment A, then V agrees with all entries of P.

Proof: We proceed by induction on the depth of propositions on P.

(i) If « is a propositional letter and T occurs on P, then V(a) =T
by definition and we are done. If Fo occurs on P, then, as P is noncontra-
dictory, Ta does not and V(a) = F.

(ii) Suppose T'(a A B) occurs on the noncontradictory path P. Since 7
is a finished tableau, both T(c) and T'(8) occur on P. By the induction
hypothesis V(a) = T = V(B) and so V(a A B) =T as required.

(iii) Suppose F(a A ) occurs on the noncontradictory path P. Again
by the definition of a finished tableau, either Fa or F must occur on P.
Whichever it is, the induction hypothesis tells us that it agrees with V and
so either V(a) = F or V(B) = F. In either case V(a A §) = F as required.

The remaining connectives are treated like one of these two cases de-

pending on whether or not the corresponding atomic tableau branches.
The details are left as Exercise 2. O

Proof (of Theorem 5.3): Suppose that a is valid and so V(o) = T for
every valuation V. Consider any finished tableau v with root Fa. (The
CST with root Fa is one by Theorem 4.8.) If 7 had a noncontradictory
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path P there would be, by Lemma 5.5, a valuation V which agrees with all
its entries and so in particular with Fa. This would give us a valuation
with V(a) = F contradicting the validity of . Thus every path on 7 is
contradictory and 7 is a tableau proof of . 0O

It is clear from the proof of the completeness theorem (in fact from
Lemma 5.4) that if you try to construct a tableau proof for « (i.e., one
starting with Fa) and you do your best by constructing a finished tableau
with root Fa but fail to produce a proof of & (i.e., the finished tableau
has at least one noncontradictory path) then the valuation defined by this
noncontradictory path as in Lemma 5.4 gives us a counterexample to the
assertion that o is valid. As we can always produce a finished tableau
with any given root, we must, for every proposition, be able to get either
a tableau proof or a counterexample to its validity!

It is this dichotomy (albeit expressed at the level of more complicated
fragments of predicate logic) that forms the basis for constructive solutions
to many problems. It is also the underlying rationale of PROLOG and of
the implementation of other constructive theorem provers as programming
languages. One starts with an assumption such as “there is no = such
that P(z)” and one either proves it true or finds a counterexample, that
is, one actually produces an x such that P(z). We will consider these
matters in I1.5 and, in more detail, in Chapter III.

FEzercises

1. Verify the remaining cases of atomic tableaux in Lemma 5.2.
2. Verify the cases for the remaining connectives in Lemma 5.4.

Reformulate and prove the analogs of the results of this section for tableau
refutations and satisfiability:

3. If o is tableau refutable, i.e., there is a contradictory tableau with
root Ta, then a is unsatisfiable, i.e., there is no valuation V such that
V(a) =T.

4. If a is unsatisfiable then there is a tableau refutation of c.

6. Deductions from Premises and Compactness

Recall the treatment at the end of §3 of the consequences of a set T of
propositions (which we called premises). A proposition ¢ is a consequence
of & (X F o) if every valuation which is a model of ¥ is also one of o,
i.e., every valuation which makes all the elements of ¥ true also makes o
true. (See Definitions 3.2 and 3.8.) This notion of consequence and the
associated one of a proof from given premises (which we are about to define)
reflect common usage in mathematical arguments. A theorem is typically
stated as an implication of the form a — 3. The proof of the theorem,



34 Propositional Logic

however, is generally presented in a format which begins by assuming that
the hypotheses (c) are true and then argues that the conclusion (8) must
be true. Viewed syntactically in terms of proofs, we might describe this
procedure as “assuming” « and then «“deducing” B. The semantic notion of
consequence captures the first view of such an argument. We now want to
capture the syntactic or proof theoretic version by defining what it means
to prove a proposition from a set of premises. Once we have developed the
appropriate notions, a formal version of the informal mathematical method
of argument described above is (easily) provided by the deduction theorem
(Exercise 6). We now turn to the abstract formulation of the notions needed
to express this result.

‘We begin our analysis with the definition of tableaux with premises from
a set of sentences. It differs from the basic definition only in that we are
allowed to add on entries of the form Ta for premises c. This variation
reflects the intuition that working from a set of premises means that we
are assuming them to be true.

Definition 6.1 (Tableaux from Premises): Let T be a (possibly infinite)
set of propositions. We define the finite tableaux with premises from X (or
just from T for short) by induction:

(i) Every atomic tableau is a finite tableau from X.

(ii) If 7 is a finite tableau from ¥ and a € T, then the tableau formed by
putting Ta at the end of every noncontradictory path not containing
it is also a finite tableau from X.

(iii) If 7 is a finite tableau from %, P a path in 7, E an entry of T occurring
on P and 7' is obtained from 7 by adjoining the unique atomic tableau
with root entry E to the end of the path P, then 7' is also a finite
tableau from X.

If 70, T1s+++ » Tns- - is & (finite or infinite) sequence of finite tableaux from
S such that, for each n > 0, Tn41 iS constructed from 7, by an application
of (ii) or (iii), then 7 = Ur, is a tableau from L.

We can now define tableau proofs as before.

Definition 6.2: A tableau proof of a proposition a from ¥ (or with pre-
mises from ¥) is a tableau from £ with root entry Fo which is contradic-
tory, that is, one in which every path is contradictory. If there is such a
proof we say that a is provable from T and write it as X Fa.

Example 6.3: Figure 15 gives a tableau proof of A from the set of
premises {-B, (AV B)}.

We can now mimic the development of the last section to prove the
soundness and completeness theorems for deductions from premises. The
only changes are in the definition of a finished tableau and the CST. A fin-
ished tableau from X is a tableau from X with Ta on every noncontradictory
path for every a € L. The idea here is again that we are incorporating
the truth of the premises into the analysis.
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FIGURE 15

Similarly we must take steps in the construction of the CST from X to
guarantee the appearance of these premises. We list the elements of ¥ as
am, m € N, and revise the definition of the CST by simply adding on one
step to the definition of Tm41. If our new construction has produced 7,
we let 7/, ,, be the next tableau that would be defined by the standard
csT procedure. (If that procedure would now terminate, we also terminate
the current construction.) We now add on Tay, to the end of every
noncontradictory path in 7, ; which does not already contain Ta to form
OUr NEeW Tr41.

Theorem 6.4: Every CST from a set of premises is finished.
Proof: Exercise 1. 0O

The proofs of the soundness and completeness theorems can now be
carried out as before with the caveat that we must always see to it that
the propositions in I are true in the relevant valuations. We state the
appropriate lemmas and theorems and leave most of their proofs in this
setting as exercises.

Lemma 6.5: If a valuation V makes every o € X true and agrees with the
root of a tableau T from T, then there is a path in T every entry of which
agrees with V.

Proof: Exercise 2. O

Theorem 6.6 (Soundness of deductions from premises): If there is a

tableau proof of a from a set of premises X, then « is a consequence of X,
ie,XFa=>XFa
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Proof: If not, there is a valuation which makes 3 true for every 8 € £ but
makes a false. Continue now as in the proof of Theorem 5.1. O

Lemma 6.7: Let P be o noncontradictory path in a finished tableau T
from Z. Define a valuation V as in Lemma 5.4. V then agrees with all
entries on P and so in particular makes every proposition 8 € T true (as
T8 must appear on P for every B € L by definition of & finished tableau
from T ).

Proof: Exercise 3. 0O

Theorem 6.8 (Completeness of deductions from premises): If a is a con-
sequence of a set T of premises, then there is a tableau deduction of a from
Y,ie,ZFa = Tta.

Proof: If ¥ F a, every valuation V which makes every proposition in X
true also makes o true. Consider the CST from X with root Fo. It is
finished by Theorem 6.4. Now apply Lemma 6.7. O

Again we consider the problem of finiteness of proofs. The argument for
Theorem 4.9 using Konig’s lemma works just as before for tableaux from
premises ¥ even if X is infinite:

Theorem 6.9: If 7 = Ur, is a contradictory tableau from X, then, for
some m, T, s a finite contradictory tableau from Z. In particular, if o
CST from X is a proof it is finite.

Proof: Exercise 4. O

Thus we know that if « is provable from % then there is a finite tableau
proof of it. This can be viewed as a syntactic version of the compact-
ness theorem. Using the completeness and soundness theorems it can be
converted into a semantic one:

Theorem 6.10 (Compactness): a is a consequence of ¥ iff a is a con-
sequence of some finite subset of X.

Proof: Exercise 5. 0O

We have left the indirect proof, via completeness and soundness, of the
semantic version of the compactness theorem as an exercise. However, a
direct proof of this result is also available. The compactness theorem is
genuinely deeper than the others we have proven and deserves two proofs.
An advantage of the direct approach is that the completeness theorem can
be proved from the compactness theorem and without recourse to infinite
tableaux. The direct approach also shows that compactness is simply a
consequence of Konig’s lemma.
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Definition 6.11: A set ¥ of propositions is called satisfiable if it has a
model, i.e., there is a valuation V such that V(a) =T for every a € X.
We also say that such a valuation satisfies I.

Example 6.12:
(i) {Al, A, (A1/\A2), Az, (Al/\A3), Ay, (A1/\A4), ...}isasatisﬁable
infinite set of propositions.
(ii) {41, Az, (A1 — A3), (—A3)} is a finite set of propositions which is
not satisfiable nor is any set containing it.

Theorem 6.13 (Compactness): Let & = {ai | i € w} be an infinite set
of propositions. T is satisfiable if and only if every finite subset T' of X is
satisfiable.

Proof: Note that the “only if” direction of the theorem is trivially true;
the other direction is not (not trivially that is). The problem is that finding
different valuations which satisfy longer and longer initial segments does
not necessarily mean that there is a single valuation satisfying the whole
sequence. Building such a valuation is essentially an application of Konig’s
lemma.

Let (C; | i € w) be a list of all the propositional letters. We define a tree
T whose nodes are binary sequences ordered by extension. We use Ith (o)
to denote the length of a sequence o and set T = {o | there is a valuation
V such that, for i < Ith(0), V(es) = T and V(C;) =T iff o(3) = 1}. What
this definition says is that we put o on the tree unless interpreting it as
an assignment of truth values to the propositional letters C: (i < lth(0))
already forces one of the a; to be false for i < lth(o).

Claim: There is an infinite path in T if and only if 3 is satisfiable.

Proof of Claim: If V satisfies & then, by definition, the set of all ¢ such
that (i) = 1 iff V(C;) = T is a path on T. On the other hand, suppose
that (o; | j € N) is an infinite path on T. Let V be the unique valuation
extending the assignment determined by the 0, i.e., the one for which C; is
true iff 0() = 1 for some j (or equivalently, as the o; are linearly ordered
by extension, iff (i) = 1 for every i such that i < lth(o;)). HVE X,
then there is some o; € X such that V(a;j) = F. Now by Corollary 3.4
this last fact depends on the truth values assigned by V to only finitely
many propositional letters. Let us suppose it depends only on those C;
with ¢ < n. It is then clear from the definition of T that no o with length
2 n can be on T at all. As there are only finitely many binary sequences
o with length < n, we have contradicted the assumption that the sequence
(o) is an infinite path on T and so V F T as claimed.

The next claim is that there is, for every n, a o of length n in 7. By
assumption every finite subset of ¥ is satisfiable. Thus, for each n, there
is a valuation V, which makes o; true for each i < n. The string o given
by o(i) = 1iff Vo(C;) =T fori <nisthenon T by definition.
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Konig’s lemma (Theorem 1.4) now tells us that there is an infinite path
in T and so ¥ is satisfiable as required. O

The connection between this version of the compactness theorem for
propositional logic and the compactness theorem of topology is considered
in Exercises 9 and 10. Other applications of the compactness theorem can
be found in Exercises 7 and 8.

*Finite tableaux suffice.

We wish to outline the development of the soundness and completeness
theorems from premises based on the semantic proof of the compactness
theorem without recourse to infinite tableaux. Now, if the given set of
premises X is finite there is no trouble in proving the soundness and com-
pleteness results of §5 for proofs from Z. One can follow the path outlined
in the appendix to that section but still consider only finite tableau. One
simply requires that a finished tableau have Ta on every noncontradictory
path for every o € Z. The proofs (including that of Theorem 4.10 that
there is always a finished finite tableau from X with any given root entry)
can be carried over without difficulty.

The situation for infinite sets of premises seems more complicated.
Proofs, even from infinite sets of premises, must now be finite objects.
Including this restriction as part of the definition of a proof from premises
can cause no difficulties in the proof of soundness since the hypothesis of
the theorem starts us with such a proof. Thus the soundness theorem for
finite proofs is simply a special case of Theorem 6.5.

The problem with considering only finite proofs comes in the proof of the
completeness theorem. There we begin with a finished tableau T with root
Fa. If 7 is contradictory, it is a proof of &. If not, we usea noncontradictory
path in 7 to define a valuation that agrees with £ but makes o false.
"The existence of such a valuation contradicts the assumption that o is a
consequence of X.

Now if £ is infinite and 7 being finished means that T'a appears on every
noncontradictory path on 7, then it seems as if we have to consider infinite
tableaux. We can avoid this by appealing to the compactness theorem
(6.13). It essentially reduces the infinite case to the finite one. Thus we can
use the compactness theorem to reduce the completeness theorem for finite
proofs from infinite sets of premises to the one for finite sets of premises.

Theorem 6.14 (Completeness of deductions from premises): If a is a
logical consequence of a set of premises X, then there is a tableau proof of
afrom L, ie, LFa = Zka

Proof: As T E o, TU {-a} is not satisfiable by definition. By the com-
pactness theorem (6.13), there is a finite I’ C X such that I'U {~c} is not
satisfiable. Again, by definition, this means that I' F a. The completeness
theorem for finite sets of premises outlined above (see also Exercise 12) now
tells us that there is a proof of @ from I'. As I’ C I, this proof is also one
from¥E. O
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Ezercises

. Prove Theorem 6.4.

. Prove Lemma 6.5.

. Follow the proof of Lemma 5.4 to prove Lemma 6.7.

. Follow the proof of Theorem 4.9 to prove Theorem 6.9.
. Deduce Theorem 6.10 from the results preceding it.

S Gt WD

. Deduction Theorem: Let T be a finite set of propositions and A X
the conjunction of its members. Prove that for any proposition a the
following are equivalent:

(i) XEa.

(i) FAZ—-a.
(i) TFa.
(iv) FAZ—a.

Applications of Compactness

For problems 7 and 8, use the compactness theorem for propositional
logic or Konig’s lemma. The key point in each case is to faithfully translate
the given problem into an appropriate set of propositions (or an appropriate
tree). One then applies compactness or Kénig's lemma. Finally, one must
translate the result of this application back into the terms of the problem.
These problems are treated in predicate logic in Exercises I1.7.5.

7. A partial order has width at most n if every set of pairwise incom-
parable elements has size at most n. A chain in a partial order < is
simply a subset of the order which is linearly ordered by <. Prove
that an infinite partial order of width at most 3 can be divided into
three chains (not necessarily disjoint) if every finite order of width at
most 3 can be so divided.

Hint (using compactness): Let the elements of the order be {p,|n € N}.
Consider propositions Rp;p;, Api, Bp; and Cp; for 4,j € N. Think of
Rp;p; as saying that p; < p;. Think of Ap; as saying that p; is in
chain A and similarly for Bp; and Cp;. Now write down the sets of
propositions expressing the desired conclusions: Each of 4, B and C
is a chain; every element is in A, B or C'; the order has width 3.

Note: Dilworth’s theorem states that any partial order of width at
most n can be divided into n chains. Thus Dilworth’s theorem for infi-
nite orders follows from the theorem for finite orders by compactness.
As the finite case is proved by induction on the size of the given order
this is a nontrivial application of compactness.

8. A graph G is a set of elements {ag, a1, ...} called nodes and a set
of pairs of nodes {a;, a;} called edges. We say that G is n—colorable
if we can label its nodes with n colors Cy, ..., C, so that no two
nodes in a single edge of G have the same color. Suppose every finite
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subgraph of G (a finite subset of the nodes and the edges between
them) is 4—colorable. Prove that G is 4—colorable.

Hint (Using Kénig’s lemma): Define a tree of 4-ary sequences ordered
by extension. Put a sequence o of length n + 1 on the tree if and only
if it defines a 4—coloring of the nodes aq, ai, ..., anp by coloring a;
with color Cp(;y.

Note: The four color theorem says that every planar graph is 4-
colorable. By this exercise, it suffices to prove the theorem for finite
graphs as a graph is planar if and only if all its finite subgraphs are
planar.

An Axiomatic Approach

7.1 Axioms: The axioms of our system are all propositions of the following
forms:

@) (@—=(B—a)
@) ((a= (B—7) - (@ B) = (a— )
(iii) (-8 — -a) = ((-B—a)— B)
where a, 8 and v can be any propositions.

The forms in this list are often called aziom schemes. The axioms are
all instances of these schemes as a, 8 and v vary over all propositions. It
is easy to check that these axioms are all valid. Their choice will, in some
sense, be justified a bit later. Our system has only one rule of inference

called modus ponens.

Connections with topological compactness and Koénig’s Lemma 7.2 The Rule of Inference (Modus Ponens):

From d a we can infer 8. This rule is written as follows:
The compactness theorem for propositional logic can be connected to the om a and & = B, A

topology on the set 7 of all possible truth valuations which is determined @
by letting the open sets be generated by those of the form {V :(3aex)

(VE )} for any set T of propositions. a=pB

B
Systems based on axioms and rules in the style of the one presented

above are generally called Hilbert-style proof systems. We therefore denote
provability in this system by Fy.

9. Prove that the space T with this topology is compact.

10. Deduce the nontrivial direction of the semantic version of the com-
pactness theorem (6.13). Hint: Prove the contrapositive from the open

cover property.

11. Prove Kﬁnig’s lemma from Theorem 6.13. Definition 7.3: Let X be a set of propositions.

. . . (i) A proof from X is a finite sequence o, az, ..., such that for each
See also Exercises 1.10 and 1.11 for other connections between Konig’s i < n either:

lemma and topological compactness. (1) @ is a member of I;

(2) o is an axiom;
Finite Sets of Premises and Tableau Proofs or

(3) i can be inferred from some of the previous a; by an applica-
tion of a rule of inference.

12. Give a direct proof of the completeness theorem for deductions from
finite sets of premises that could be used in the proof of Theorem 6.14.

(ii) a is provable from X, £y a, if there is a proof ay, ..., a, from =
where a, = a.

(iii) A proof of a is simply a proof from the empty set @; « is provable if
it is provable from @.

7*. An Axiomatic Approach

Propositional calculus (as well as other mathematical systems) are often
formulated as a collection of azioms and rules of inference. The axioms
of propositional logic are certain valid propositions. A rule of inference, —o from &
R, in general, “infers” a proposition a from certain n—-tuples ay,... ,a, of
propositions in a way that is expected to preserve validity. Thus, for R to
be an acceptable rule of inference, it must be true that, if one can use R (26 — ~a) modus ponens
to infer a from the valid propositions a, ... ,an, then a must be valid as (=8 = —a) - ((-B—a) — B) axiom (iv)
well. ((_‘ﬂ — a) — ﬂ)

We now give a brief description of one such classical formulation based
on the adequate set of connectives {-, —}. (For simplicity we view the
other connectives as defined from — and —». This considerably reduces the
number of axioms needed.)

Example 7.4: Here is a proof of ((-8 — a) — g) from T = {-a}:

(ma = (=8 — —a)) axiom (i)

modus ponens.

We should note here, as we did for tableau deductions, that, although
the set of premises ¥ may be infinite, if a is provable from ¥ then « is
provable from a finite subset of X. Proofs are always finite!
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The standard theorems are again soundness, completeness and compact-
ness. Soundness is fairly easy to prove. One has only to check that the
axioms are all valid and the rule of inference (modus ponens) preserves
truth, i.e., if the premises are true for some valuation then so is the con-
clusion. The syntactic version of the compactness theorem is immediate
in this setting as all proofs are finite. The semantic version (as stated in
Theorem 6.13) remains nontrivial. Of course, the semantic proof given
there also remains applicable. The theorem can also be derived from the
completeness theorem for this rule-based system (which must therefore be
nontrivial).

We omit the proofs of soundness and completeness for this particular
system (they can be found in Mendelson [1979, 3.2] but in the next sec-
tion we will consider another rule-based system and will supply the proofs
of such results. For now, we simply state the theorems for the system
presented here.

Theorem 7.5 (Soundness and Completeness from Premises): a is provable
from a set of propositions T if and only if o is a consequence of I, i.e.,
TFpa & TFa.

Corollary 7.6 (Soundness and Completeness): A proposition a is prov-
able if and only if it is valid, i.e., Fra & Fo

Remarks 7.7:

(i) On modus ponens: If a has a tableau proof and a — S has a tableau
proof, then & and @ — f are both valid by the soundness theorem. As
modus ponens preserves validity, 3 is also valid. Thus by the completeness
theorem for tableau proofs, 8 has a tableau proof. There is actually an
algorithm for getting a tableau proof for 8 from such proofs for a and
a — (. This is known as the Gentzen Hauptsatz (principle theorem) and
is too long to prove here. Modus ponens is also called the cut rule and this
theorem is therefore referred to as a cut elimination theorem.

(ii) On theorems: A theorem is any proposition which is provable. So
any proposition which occurs as an element in a proof is a theorem. We
usually think of the conclusion as being the last element of a proof but,
any initial segment of a proof is also a proof.

(iii) Choice of azioms: The corollary says that the axioms are complete
in the sense that we can prove any valid proposition from them by re-
peated applications of modus ponens. On the other hand, since the axioms
are valid and modus ponens preserves validity, every theorem (i.e., every
proposition provable in this system) has a tableau proof. Thus tableau
proofs are sufficient and so are the axioms and rules of inference listed
above. One could have more axioms (or fewer) or more (or other) rules of
inference or both. Sometimes it is a matter of taste, other times a matter
of expediency (e.g., what makes various proofs easier). The key point is
that whatever the proof system, there is really only one set of theorems,
the valid propositions.

(iv) Efficiency: Proving theorems efficiently from such a system of ax-
joms and rules may be somewhat tricky since you often have to guess which
axiom to use rather than having a systematic procedure as is the case for
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the tableaux. The source of this problem is having a plethora of axioms
from which to choose. The Hilbert—style proof system presented here has
many axioms and few rules. Other systems which reverse the emphasis
are Gentzen systems and natural deduction systems. These are much more
relevant to automatic theorem proving and, in their intuitionistic or con-
structivist forms, to producing systems which have the property of always
being able to produce a proof or counterexample for any given proposition
(as discussed at the end of §5).

8. Resolution

The proof method underlying PROLOG and most automatic theorem
provers is a particularly simple and efficient system of axioms and rules
called resolution. Like the system presented in §7, resolution has only one
rule. It reduces the large amount of the guesswork involved in producing a
proof by essentially eliminating all axioms. (Actually it incorporates them
automatically via various formatting rules but as far as the work of produc-
ing the proof is concerned, this almost amounts to their elimination.) The
resolution method, like our version of the tableau method, is a refutation
procedure. That is, it tries to show that the given formula is unsatisfiable.
It begins by assuming that the formula of interest is in conjunctive normal
form (see Exercises 3.3 and 4.8). In typical computer science treatments
this form is called clausal form and the associated terminology is as follows:

Definition 8.1:

(i) A literal £ is a propositional letter p or its negation —p. Iffis por
—p, we write £ for —p or p respectively. The propositional letters are
also called positive literals and their negations negative literals.

(ii) A clause C is a finite set of literals (which you should think of as the
disjunction of its elements). As we think of C as being true iff one of
its elements is true, the empty clause O is always false — it has no
true element.

(iii) A formula S is a (not necessarily finite) set of clauses (which you
should think of as the conjunction of its elements). As we think of a
formula S as being true if every one of its elements is true, the empty
formula @ is always true — it has no false element.

(iv) An assignment A is a consistent set of literals, i.e., one not containing
both p and —p for any propositional letter p. (This, of course, is just
the (partial) truth assignment in which those p € A are assigned T
and those ¢ with § € A are assigned F.) A complete assignment is
one containing p or —p for every propositional letter p. It corresponds
to what we called a truth assignment in Definition 3.1.

(v) A satisfies S, AE S, iff VC € S(CNA # @), ie, the valuation
induced by A makes every clause in S true.

(vi) A formula S is (un)satisfiable if there is an (no) assignment .A which
satisfies it.
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Examples 8.2:
(l) b, qT, D, q(= _'Q)’ T and _'q-(= Q) are literals.
(ii) {p, r}, {—g¢}, and {q, —r} are clauses.
(i) S = {{p’ r}, {e, -r}, {~a}, {-», t}, {s, _'t}} is a formula which, in
our original notation system, would be written as ((pVr) A(gV-r)A
(@) A (-pVE) A (sV -t)).
(iv) If A is given by {p,q,r,s,t}, i.e., the (partial) assignment such that
A(p) =T = A(g) = A(r) = A(s) = A(t), then A is an assignment
not satisfying the formula S in (iii). S is, however, satisfiable.

*PROLOG Notation:

Another way of thinking of clausal or conjunctive normal form is in terms
of implications. Suppose we have a clause C whose positive literals (the
propositional letters contained in C) are A,,...,An and whose negative
literals (the propositional letters p such that p (i.e., (—p)) is an element of C)
are By,..., B,. The clause C is then equivalent to A1VAzV...VA,, V=BV
...V =By, This in turn is equivalent to By AB2...A B, — A1 V...V Am.
If there is at most one positive literal (i.e., at most one 4;) in C then C
is called a Horn clause (or a program clause if it has exactly one positive
literal). If the Horn clause contains some negative literals it is a rule,
otherwise a fact. A goal clause is one with no positive literals. It is the
logic and proof theory of these clauses (which we analyze in section 10) that
is the heart of PROLOG. (PROLOG is, however, not limited to propositional
letters. It also allows for variables in its literals. We will elaborate on this
when we deal with predicate logic in chapter II.)

The standard notations in PROLOG reverses the order used in — and
instead use either «— or :— which are read “if”. Occurrences of the A
symbol are replaced by commas. Thus A; :- By, Ba,...,B, or A; «
By,..., By isread (and means) A, if (B; and Bz and ... and B,,). Interms
of generating deductions or writing programs one thinks of the assertion of
aclause C such as A; i~ B,..., B,, as specifying conditions under which
A, is true. We are usually interested in establishing some result. Thus A;
is called the goal of the clause C (or at times the head of C) and B, ... ,Bx
the subgoals (or body and with this terminology the symbol “ :~ ” is called
the neck) of C. The idea is that C tells us that to establish A we should first
establish each of By, ..., B,. Along with the goal — subgoal terminology
come the terms succeed and fail. One says a goal A succeeds if it is true, or
more precisely from the programming point of view, if we have a proof of 4.
Otherwise we say the goal fails. Be warned, however, that this terminology
of success and failure is (at least for now) somewhat imprecise.

It is worth noting what these views imply for the meaning of the de-
generate cases of the notation :~ ,ie,whenn=00orm=0. If m=0
then :- By,...,Byn (or — By,...,By), called a goal clause, is equivalent
to =By V...V By, i.e., it asserts that one of the B; fail (is false). If n =0
then A4; :— (or A1 —), called a unit clause, is equivalent to simply A;,
thus this notation simply says that A, succeeds (is true).
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The resolution rule is much like a version of modus ponens called cut.
Modus ponens (see §7) says that from o and a —  one can infer 8. In
this format, the cut rule says that from a VvV~ and ~a Vv 8 infer vV 8. Thus
cut is somewhat more general than modus ponens in that it allows one to
carry along the extra proposition 4. Resolution is a restricted version of
cut in which o must be a literal while 8 and 4 must be clauses.

Definition 8.3 (Resolution): In our current terminology, we say that,
from clauses C; and C; of the form {£}UC] and {£}UC}, infer C = CiUC,
which is called a resolvent of C; and C,. (Here £ is any literal and |0 means
that we are taking a union of disjoint sets.) We may also call C; and C,
the parent and C their child and say that we resolved on (the literal) £.

(Note that, compared to the classical form of the cut rule, the resolution
rule also eliminates redundancies, i.e., letters common to C, and C,. This
takes the place of certain axioms in a classical proof system such as the
Hilbert-style one of §7.)

Resolution is, of course, a sound rule, that is, it preserves satisfiability by
any given truth assignment. If some assignment satisfies both C; and Cs,
whatever it does for p it must satisfy one of C} or C}. (This argument is
formalized in Lemma 8.12.) It can thus be used as the basis of a sound
proof procedure.

Definition 8.4: A (resolution) deduction or proof of C from a given for-
mula S is a finite sequence C},Cs,...,Cnr = C of clauses such that each
C; is either a member of S or a resolvent of clauses C;, G, for j, k < 1.
If there is such a deduction, we say that C is (resolution) provable from
S and write § Fr C. A deduction of O from S is called a (resolution)
refutation of S. If there is such a deduction we say that S is (resolution)
refutable and write S k¢ O.

Warning: A resolution refutation of S gives a proof of {1 from S. As O is
always false, we should think of this as showing that S can never be true,
i.e., S is unsatisfiable. This will be the content of the soundness theorem
(Theorem 8.11).

Examples 8.5:
(i) From {p, r} and {—-g, -} conclude {p, —q} by resolution (on r).
(i) From {p, q, -r, s} and {-p, ¢, r, t} we could conclude either
{g, -r, s, v, t} or {p, ¢, s, —p, t} by resolution (on p or r)
respectively. Of course, both of these clauses are valid and are equiv-
alent to the empty formula.

A more useful picture of a resolution proof is as a tree of deductions
rather than just the sequence described above.

Definition 8.6: A resolution tree proof of C from S is a labeled binary
tree T with the following properties:

(i) The root of T is labeled C.
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(ii) The leaves of T are labeled with elements of S.

(iii) If any nonleaf node o is labeled with C» and its immediate successors
oo, 0, are labeled with Cy, C; respectively, then C; is a resolvent of
Co and Cl.

Example 8.7: Here is a resolution tree refutation of the formula S =

{{p,r}, {g,-7}, {—¢q}, {-»,t}, {-s}, {s,-nt}}, i.e., a resolution tree
proof of O from S:

{r} /D\ {-»}
N N

{rq} {~q} {-p,s} {~s}
{p: T} {q1 —'T} {_‘p’ t} {8, _'t}

FIGURE 16

Lemma 8.8: C has a resolution tree proof from S if and only if there is
a resolution deduction of C from S.

Proof: (=) List all the labels of the nodes o of the tree proof of C from .S
in any order that reverses the < ordering of the tree (so leaves are listed first
and the root last). This sequence can be seen to be a resolution deduction
of C from S by simply checking the definitions.

(«=) We proceed by induction on the length of the resolution deduction
of C from S. Suppose we can get tree proofs for any deduction of length < n
and Cy,...,Ch, is one of length n from S. If C, € S there is nothing to
prove. If not, then C,, is the resolvent of C; and Cj; for some 7 and j less
than n. By induction, we have tree proofs 7; and T; of C; and C;. Let T,
be the tree whose root is labeled C and to whose immediate successors we
attach T; and T}. Again, by definition, this is the desired tree proof. 0O

Yet another picture of resolution deduction corresponds to the inductive
definition of the set of theorems or clauses provable from S.

Definition 8.9: R(S) is the closure of S under resolution, i.., the set
determined by the following inductive definition:

1) IfCeS, CeR(S).
2) If Cy, Cz € R(S) and C is a resolvent of C; and C; then C € R(S).
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Proposition 8.10: For any clause C and formula S, there is a resolution
deduction of C from S iff C € R(S). In particular, there is a resolution
refutation of S iff O € R(S).

Proof: Exercise 1. O

The first observation to be made is that no matter how the resolution
method is described, it gives a sound proof procedure.

Theorem 8.11 (Soundness of Resolution): If there is a resolution refuta-
tion of S then S is unsatisfiable.

We first prove a lemma which is needed for the inductive step in the
proof of the theorem.

Lemma 8.12: If the formula (i.e., set of clauses) S = {C, C3} is satisfi-
able and C is a resolvent of Cy and C2, then C is satisfiable. Indeed, any
assignment A satisfying S satisfies C.

Proof: As C is a resolvent of C; and Cj, there are ¢, C] and Cj such that
C, = {£}uC, Co = {£}UC} and C = C{UC4. As A satisfies {Cy,Cz}, it
satisfies (that is it contains an element of) each of C; and C>. As A is an
assignment, it cannot be the case that both £ € A and Z € A. Say le A
As AECyand £ ¢ A, AF C} and so A F C. The proof for £ ¢ A just
replaces C; by C;. O

Proof of Theorem 8.11: If Cy,...,C, is a resolution deduction from S
then the lemma shows by induction (on n) that any assignment satisfying §
satisfies every C;. If the deduction is in fact a refutation of S then C,, = 0.
As no assignment can satisfy O, S is unsatisfiable. O

Remark 8.13: The soundness theorem and its proof could just as well
have been phrased directly in terms of Definitions 8.6 or 8.9. We leave
these formulations as exercises 2 and 3.

Our next major goal is to prove that the resolution method is complete,
i.e., if S is unsatisfiable then there is a resolution refutation of 5. We will
then want to consider ways of implementing a search for a refutation of
S. We will first consider using the resolution method as originally pre-
sented. We then introduce more and more restrictive versions of resolution
which are designed to make the search more efficient without rendering the
method either unsound or incomplete. Following this line of development,
we will first present a simple direct proof of the completeness of the general
form of resolution given in Definition 8.3. This proof will, however, rely on
the (semantic form of the) compactness theorem. We will then introduce
and analyze a somewhat abstract description of unsatisfiability. It will sup-
ply us with a proof of the completeness theorem for resolution deduction
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which does not rely on the compactness theorem and a new proof of the
compactness theorem. That proof of completeness will be the paradigm
for the completeness proofs of the restricted version of resolution presented
in §9.

We begin our first path to completeness with a lemma that will allow
us to eliminate literals in clauses which are resolution deducible from an
unsatisfiable formula S. Repeated applications of the lemma will show
that O, the clause with no literals, is deducible from S.

Lemma 8.14: For any formula T and any literal ¢, let T(£) = {C €
R(T) | ¢, £ ¢ C}. If T is unsatisfiable, then so is T(£).

Proof: Assume T is unsatisfiable and suppose, for the sake of a contra-
diction, that A is any assignment which satisfies T'(¢) and is defined on all
the literals (of T) other than £. Let A; = AU {£} and A = AU {€}. As
T is unsatisfiable, there are clauses C; and C; in T such that A4; K C;
and Az ¥ Co. Now as £ € A, and A; ¥ Cy, £ ¢ C1. If £ is also not in
C then C) € T(¢) by definition. As this would contradict our assumption
that A E T(£), £ € C,. Similarly, £ € C,. Thus we may resolve C; and C.
on £ to get a clause D not containing £ and hence in T'(£). (As a resolvent
of two clauses in T, D is certainly in R(T)). Then, by our choice of A,
Ak D. If A satisfies the resolvent D, however, it must satisfy one of the
parents C; or C,. Thus we have the desired contradiction. O

Theorem 8.15 (Completeness of Resolution): If S is unsatisfiable then
there is a resolution refutation of S.

Proof: By the compactness theorem (Theorem 6.13), there is a finite sub-
set §' of § which is unsatisfiable. As any refutation deduction from §’ is
one from S, we may assume that S is finite, i.e., it contains only finitely
many clauses. If there are only finitely many clauses in S and each clause
is finite, there are only finitely many literals, say £1,%,... ,£, which are in
any clause in S. For the rest of the proof we will consider only clauses and
formulas based on these n literals.

We wish to consider the set of clauses C € R(S) and prove that it
contains (0. We proceed by eliminating each literal in turn by applying
Lemma 8.14. We begin with S, = S(£,) = {C € R(S) | £n,fn ¢ C}.
By definition, it is a collection of resolution consequences of S none of
which contain £, or Z,. By Lemma 8.14 it is unsatisfiable. Next we let
Sn—t = Sn(€n—1). It is an unsatisfiable collection of resolution conse-
quences of S,, (and hence of S) none of which contain £,_;, ln_q, by or £y,
Continuing in this way we define S,_2,...,Sp. By repeated applications
of the definitions and Lemma 8.14, we see that Sp is an unsatisfiable set
of resolution consequences of S containing no literals at all. As the only
formulas with no literals are @ and {01} and @ is satisfiable, 0 € Sp. Thus
O is a resolution consequence of S as required. O
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We now turn to a more abstract formulation of the notions and lemmas
inherent in the proof of the completeness of resolution deduction. They
will be needed to deal with the refinements of resolution in §9 and §10.

Definition 8.16: If S is a formula and £ a literal, we let
St={C-{f}|CeS A £¢C}.

So S* consists of those clauses C of S containing neither £ nor Z, plus
those clauses (not containing £) such that C U {¢} € S. Note that if the
singleton clause {#} is in S then O is in S°.

Admittedly, this definition seems somewhat obscure at first reading. It
is based on the idea that we can analyze (the satisfiability of) S by cases.
St corresponds to the result of the analysis under the assumption that £ is
true. S¢ gives the result when £ is assumed false. Consider, for example,
the formula S under the assumption that £ is true. The first point here is
that, if £ is true, then any clauses containing £ is satisfied since a clause is
equivalent to the disjunction of its literals. As the formula S is equivalent to
the conjunction of its clauses, any clause known to be true can be eliminated
from S without changing its satisfiability. Thus, assuming £ to be true, we
may omit any clause containing £ from S as far as satisfiability is concerned.
This is precisely the point of the part of the definition of §¢ which restricts
the clauses under consideration to those C such that £ ¢ C. The next point
of the analysis is that, still assuming £ to be true, £ can be omitted from
any clause C containing it without changing the satisfiability of C. (Again
C is equivalent to the disjunction of its members. If one of them is known
to be false it cannot affect the satisfiability of the disjunction.) Of course,
if the satisfiability of C is not affected, neither is that of the formula S
containing it. This is then the point of that part of the definition of S*
which says replace C by the smaller clause C — {£}.

If £ is false, then 7 is true and the same analysis applies to S¢. As one
of £ and £ must be true, we can argue (as we do in Lemma 8.17) that
S is satisfiable if and only one of S¢ and S? is satisfiable. Thus, we can
reduce the satisfiability problem for S to two similar problems for formulas
St and S with one less propositional letter. We can then continue this
procedure by considering each of the two new formulas §¢ and S¢. In
this way, we could produce a binary tree of formulas in which we would
successively eliminate one literal at each level of the tree. Every path
through this tree corresponds to an assignment. The branch through S¢ is
the one that makes £ true. The one through Z is the one that makes ¢ false.
If every path through the tree ends with a formula containing the empty
clause (0, we can conclude that the original formula S was unsatisfiable. On
the other hand, if not all paths lead to O, then, if we successively eliminate
all the literals appearing in S, either there is an infinite path along which
we have eliminated every literal or at least one path ends with the empty
formula @. In either case S is satisfiable. Indeed, the appropriate path
(infinite or leading to @) directly supplies an assignment satisfying 5.
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Seen in this way, the plan of the analysis is similar to that of tableau
proofs beginning with Fa for some proposition a. There too, we attempted
to analyze all ways of making « false, i.e., of verifying Fa. If they all lead
to contradictions (®) we conclude that Fe is unsatisfiable and a is valid.
Here, if all paths lead to a formula containing the unsatisfiable clause {J,
we conclude that the formula § is unsatisfiable. On the other hand, if the
tableau analysis was finished and produced a noncontradictory path, we
could use that path (Lemma 5.4) to define a valuation satisfying . In the
analysis here, when we eliminate all the literals (corresponding to finishing
the tableau) and are left with an infinite path or one ending with the empty
formula @, this path itself directly supplies the assignment satisfying S.

We illustrate the construction of S¢ from S and the general form of this
analysis by considering two examples.

Example 8.17: Let S = {{p}, {—q}, {-p,~¢}}. The analysis in which
we eliminate first p and then ¢ can be represented by the following tree:

S
7N
SP = {{-q}} {O0,{~q}} =57

S7e = {O} ¢ =8r

FIGURE 17

Assuming p is true, we eliminate the clause {p} from S and the literal
—p from the clause {—p, ¢} to get S? on the left side of the first level of
the tree. Assuming that p is false, the right side (S?) reduces to {0, {-¢}}
since S asserts that p is true by having {p} as one of its clauses. At the
next level, we consider g. On the left, when ¢ is assumed true, we again
get 1 as SP asserts that —g is true. On the right, where we assume that
q is false, we eliminate all clauses containing —g to get the empty formula.
Thus, we have a path ending in @. It supplies the assignment satisfying S
Make p true and ¢ false.

Example 8.18: Consider the formula proven unsatisfiable in Example 8.7,
s = {{p,r}, {g,~r}, {—q}, {-»,t}, {-s}, {s,~t}}. We begin the
analysis by eliminating p. When we assume p to be true, we eliminate the
clauses containing p (as they are true) and omit —p from the others (since
being false —p cannot help to satisfy them) to get S? = {{g,-r}, {~d},
{t}, {-s}, {s,t}}. On the other hand, when we assume that p is false
we eliminate clauses containing —p and remove p from the others to get
§? = {{r}, {a,~r}, {~a}, {~s}, {s,~t}}. Here is part of the full tree
analysis:
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S= {{pr T}, {qv "1‘}, {“q}r {_‘p7 t}v {“”}l {’1 "t}}

87 = {{g,~r}h {~gh {th {=sh {s,~t}}  {{r}{a,~r}, {-a}. {~s}.{s,t}} = 57

s = {00, {t}, {-s},{s,-t}} {{-r}: {t}, {~s}, {5, -t}} = 877

FIGURE 18

The path of the analysis through SP? terminates at this point since it
contains OO0 and so is unsatisfiable. The other paths displayed, however,
continue. If continued, every path would eventually terminate with an
unsatisfiable formula containing O as a clause. This is the analog of the
proof that § g 0. We leave the completion of this analysis as Exercise 4.

We now formulate and prove the results that say that the analysis dis-
cussed above correctly captures the notion of satisfiability.

Lemma 8.19: S is satisfiable if and only if either S¢ or St is satisfiable.
{Warning: In the “if” direction the assignments are not necessarily the
same.)

Proof: (=) Suppose that A F S. If A were a complete assignment we
could conclude that it must make one of £, £ true, say £. We could then show
that A F S%. If we do not wish to make this assumption on A, we instead
start with the fact that, by definition, one of £ or Z does not belong to A.
For the sake of definiteness assume that £ ¢ A. We now also claim that
AE 8¢ We must show that A satisfies every clause in S¢. Consider any
C € St. By the definition of S%, either CU {£} € S or C € S (depending
on whether or not £ is in the clause of S which “puts” C into S¢). Thus,
by hypothesis, AE C or AF CU{Z}. As an assignment satisfies a clause
only if it contains one of its literals, there is a literal k such that either
keCnAorke(CU{f})NA. AsZ¢ A by our assumption, in either
case we must have k € CN A, ie., AF C as required. The case that £ ¢ A
is handled similarly.

(«) Suppose for definiteness that A F S¢. Now neither £ nor £ appear
in any clause of S¢ and so we may adjust A on £ as we choose without
disturbing the satisfiability of S¢.. More precisely, if we let A’ = (A —
{2}) U {€} then A’ E S’ as well. We claim that A’ = S. Consider any
CeS. IfleCthen A/ FCasle A If£ ¢ Cthen C—{f} € S¢by
definition of S¢. As A F S* there is some literal k € (C — {£}) N A. Now
A and A’ differ at most at £ and Z. As k £ £ or £, we see that k € A/'NC
as required. O
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Corollary 8.20: S is unsatisfiable iff both S¢ and St are. O

This corollary, together with the unsatisfiability of O, actually charac-
terizes the property of unsatisfiability.

Theorem 8.21: If UNSAT = {S | S is an unsatisfiable formula} then
UNSAT is the collection U of formulas defined inductively by the following
clauses:

(i) DeS = SelU
and
(i) SfeU A SteU = Seu.

Proof: As O is unsatisfiable UNSAT satisfies (1). By Corollary 8.20 it also
satisfies (ii). Thus U C UNSAT. We must show that UNSAT C U. We
prove the contrapositive by showing that if § ¢ U then S is satisfiable.
Let {p;} list the propositional letters such that p; or f; occurs in a clause
of S. Define by induction the sequence {¢;} such that ¢; = p; or p; and
Stuti ¢ Y. (Property (ii) guarantees that we can always find such an £;.)
Now let A = {¢; | i € N}. We claim that A satisfies S. Suppose C € §.
We must show that CN A # @. As C is finite, there is an n such that
for all propositional letters p; occurring in C, i < n. If CN.A = @ then
Vi < n (£; ¢ C) and so a clause corresponding to C is passed on to each
Stits for § < n. At each such transfer, say to S%%, we remove Z; from
the clause. As all literals in C are among the #;, the clause deriving from C
becomes (1 in §%+++¢, By our choice of the £;, S%+¢» ¢ U. On the other
hand, any S containing O is in U by clause (i) and we have our desired
contradiction. O

This result is the analog of Lemma 5.4. The choice of the sequence ¢;
corresponds to the definition of the assignment in Lemma 5.4 from the
signed propositional letters appearing on the noncontradictory path on the
finished tableau. As there, we are building an assignment that satisfies
every entry on the path being constructed. Since we eventually reach the
unsatisfiable clause O in this construction, we have the desired contradic-
tion. As for tableau proofs, this characterization of unsatisfiability is really
the heart of the completeness proof of the resolution method.

Theorem 8.22 (Completeness of the resolution method): If S is unsatis-
fiable then there is a resolution refutation of S ( equivalently, O € R(S)).

Proof: We proceed by induction according to the characterization of
UNSAT provided by Theorem 8.21. Of course, if O € S, then O € R(S).
For the inductive step, suppose that, for some £ and S, O € R(S%) and
00 € R(S*). We must show that O € R(S). By assumption, we have tree
proofs Ty and T of O from S¢ and S¢. Consider Tp. If every leaf in Tp
is labeled with a clause in S, then Ty is already a proof of O from S. If
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not, we define a tree Ty by changing every label C on T, which is above
a leaf labeled with a clause not in S to CU {Z}. We claim that T is a
tree proof of {£} from S. Clearly, by the definition of S¢, every leaf of T
is in S. We must now check that every nonleaf node of T is labeled mth
a resolvent C” of its immediate successors C} and Cj. Suppose they cor-
respond to clauses C, Cp and C} respectively on Ty. As Ty is a resolution
tree proof, C is a resolvent of Cy and C;. Note first that no resolution in
Ty is on £ or Z as neither appear in any label on T} (by the definition of S¢).
Next, consider the possible forms of clauses C§, C{ and C’ on T}. If, for
example, both Co and C) (and hence certainly C) are above leaves labeled
with clauses not in S, then C’ = CU{ £} is the resolvent of C} = CoU{ £}
and C| = C,U{#}, as is required for T} to be a resolution tree proof. The
other cases to consider either keep all three clauses the same in T as they
were in Tj or change C and precisely one of Cy and C) by adding on {£}.
In all these cases C’ is still clearly the resolvent of C}j and C} and we again
verify that Tj is a tree proof. Similarly, if we replace every label C on a
node of T; above a leaf labeled with a clause not in S by C U {£} we get
Ty, a tree proof of { £} from S (or in the case that all leaves were in S, one
of O ). We can now define a tree proof T of O from S by simply attaching

o and 77 to the immediate successors of the root node of T which we label
with O. As O is a resolvent of { £} and {Z} the resulting tree T is a proof
of Ofrom S. O

*Compactness revisited

Of course there is no need to reprove the compactness theorem as it
can be phrased solely in semantic terms. Nonetheless we offer another
proof based on the characterization of UNSAT given by Theorem 8.21. It
is the construction of the infinite sequence ¢; of literals in the proof of this
theorem which corresponds to the path through the tree of assignments
(given by Konig’s lemma) in our original proof of compactness in Theorem
6.13.

Theorem 8.23 (Compactness): If S is unsatisfiable, so is some finite
subset of S.

Proof: Let 7 = {S | 351 C §[S: is finite A 51 is unsatisfiable]}. If we
can show that 7 satisfies (i) and (ii) of Theorem 8.21 then we are done for
it will then contain all unsatisfiable formulas.

(i) If O € S then Sy = {0} C S shows that S € T as required.

(i) Suppose S¢, 5% € T. We must show that S € 7. By definition
of T, St and Si there are finite unsatisfiable formulas S;, Sz C S such
that S‘ C §% and SI - S% Let S5 = S1 U 8. S3 is a finite subset of S.
It suffices to show that it is unsatisfiable. If not, then there would be an
assignment A satisfying S3. Now .4 must omit either £ or . Thus .4 would
satisfy either Sg or S% respectively. As it would then satisfy Sg or 8 (as
S3 D 83, S1), we have the desired contradiction. [
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FEzercises

1. Prove Proposition 8.10 by induction. (Hint: For one direction proceed
by induction on the number of lines in the proof. For the other direction
proceed by induction on the definition of R(S).)

2. Rephrase the proof of Theorem 8.11 (soundness) in terms of resolution
tree proofs and an induction on their definition.

3. Do the same for the version of resolution deductions defined in terms
of O € R(S).

4. Continue the analysis in Example 8.18 until every path terminates with
a formula equivalent to the unsatisfiable clause 0.

5. Rewrite the following in both conjunctive normal and clausal form.
a) ((AvB)— (CvD))
b) ~(AABA-C)
c) ((AAB)V(BVC)V(AANQ)).
6. Which of the following clause sets are satisfiable? Give assignments
satisfying them if they are. If they are not, explain why not.
a) {{4,B}, {-4,-B}, {-4,B}}
b) {{-4}, {4,-B}, {B}}
) {{4}, 0O}
d) {0}
7. Find all resolvents for the following pairs:
a) {4,B}, {-A,~B}
b) {A,-B}, {B,C,D}
8. Find R(S) for the following sets S:
a) {{4,-B}, {4,B}, {-4}}
b) {{4}, (B}, {4,B}}
9. Find a deduction of the empty clause from
{{4,-B,C}, {B,C}, {-4,¢}, {B,-C}, {-B}}
10. Use resolution to show that each of the following is not satisfiable by
any assignment.
a) (Ao (B-O)A (A~ B)A (A~ -0))
b) (A~ B)—-B) - -B)
11. Let @ be the proposition ~(p V g) — (—p A —q).
a) Give a tableau proof of a.

b) Convert —« into CNF and clausal form. (Show the steps of the
conversion.)

¢) Give a resolution proof of a.
12. Do the same for the proposition 8 = (—rV(pAg)) — ((r = PIA(r — q)).
13. Prove that if SFx C, then S E C.
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14. Prove that if SU {~C} € UNSAT, then S Fx C.
15. Let T be defined inductively by the following clauses:
(i) {OYeT
(i) S¢, SteT=>85¢e¢T
Prove that for every finite S € UNSAT, S € T but that not every
S € UNSAT is in 7. (Thus the characterization of UNSAT in Theorem
8.21 cannot be changed by replacing the base step assumption that all

formulas containing O are included by the plausible alternative that
just the formula consisting of O alone be included.)

9. Refining Resolution

Resolution is already a considerable improvement, for example, on the
classical system of rules and axioms in §7. Resolution is intuitively more
efficient because one is never tempted to ask which (of the infinitely many)
axioms (of §7) should we put down next in our proof. There is only one rule
for resolution. Thus, when we try to search systematically for a resolution
refutation of a given (say finite) S, we need only arrange to check the
application of this one rule to elements of S and previously deduced clauses.
Even so, the search space can quickly become quite large. In fact, it is
known that, for a certain class of theorems, the standard resolution method
takes exponential time. A major concern is then developing ways to limit
the search space (preferably without giving up soundness or completeness
although in actual applications both are often sacrificed; more on this point
later). In all honesty, we should point out that restricting the search space
for proofs means that we will miss some proofs. Thus, although we search
through a smaller space, the proofs we find may well be longer than those
found by a wider search. Nonetheless, pruning the search tree does seem
to be more efficient. {Of course we are using efficiency in a heuristic sense.
sAaT = {S | S is satisfiable } is NP complete and no system can avoid this
theoretical limitation. Nonetheless, in practice smaller search spaces tend
to correspond to faster run times.) We will consider just a few of the many
possible strategies for directing the search for a resolution refutation.

We can consider directing the search from two viewpoints. The first
is to terminate the search along paths that are unpromising. The second
is to direct it by specifying the order in which we should try to go down
alternative paths. Perhaps the most obvious branches to prune are those
with tautologies on them: If C is a tautology then it can’t be of any use
in showing that S is unsatisfiable. As it is easy to check if a clause C is
a tautology (just in case it contains both p and p for some propositional
letter p) this is an inexpensive and useful pruning. (The cost of checking
for tautologies has been absorbed by the requirement that we consider only
clausal forms. Putting an arbitrary proposition into CNF can be expensive.)
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Definition 9.1: T-resolutions are resolutions in which neither of the par-
ent clauses is a tautology. RT(S) is the closure of S under T-resolutions.

Lemma 9.2: Any restriction of a sound method, i.e., one which allows
fewer deductions than the sound method, is itself sound. In particular, as
resolution is sound, so is R7, i.e., if 0 € RT(S), S is unsatisfiable.

Proof: As any deduction in the restricted system is one in the original
system and by soundness there is no deduction of O in the original one,
there is none in the restricted system. 0O

It is also not hard to see that R7 is complete.

Theorem 9.3 (Completeness of T-resolution): If S is unsatisfiable then
O e RT(S).

Proof: The proof of the completeness of resolution given in Theorem 8.22
remains correct for RT. The only remark needed is that if Tp and T
have no tautologies on them then neither do the trees Ty and 7] gotten by
adding Z and ¢ respectively to the appropriate clauses. The point bere is
that no clause on Tp (T1) contains £ () by assumption as Ty (T) is a proof
from S¢ (§%). O

Tautologies are true in every assignment and so can surely be ignored.
We can considerably strengthen this semantic approach to refining resolu-
tion by fixing one assignment A and requiring that in every resolution one
of the clauses be false in .A. (Again, if both are true in A, so is the resolvent
and we cannot hope to get unsolvability without resorting to clauses which
fail in A. Of course, this is far from a proof that we can simply ignore all
such resolutions.) :

Definition 9.4: Let A be an assignment. An A-resolution is a resolution
in which at least one of the parents is false in A. R* is the closure of S
under A-resolutions. This procedure is often called semantic resolution.

Theorem 9.5 (Completeness of A-resolution): For any A and S, if S €
UNSAT then O € RA(S).

Proof: Fix an assignment A and let 74 = {§ | O € RA(S)}. We must
show that UNSAT C T4, By the characterization of UNSAT of Theorem 8.21
it suffices to prove that

(i) 0eS=SeTAand

(ii) For any S and ¢, if S* € T4 and S € T4 then S € T4.

(i) is immediate. For (ii) consider the .A-resolution proofs Tp and Tj
of O from S* and S* respectively. We can form T} (77) as before by adding
£ (£) to the appropriate clauses of Tp (T}). The resulting trees are of course
resolution proofs of {£} and {¢} respectively (or perhaps of O). They
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may not, however, be A-resolutions since one of Z, £ may be true in A.
On the other hand, as at most one of £, is true in A, at least one of T
and T is an A-resolution proof. For definiteness say that £ ¢ A and so T}
is an A-resolution proof of {£} or O from S. In the latter case we are
done. In the former, we can combine this proof of {£} with Ty to get the
desired A-resolution proof of O as follows: To each leaf C of Ty which
is not in S attach as children C U {£} and {£}. As { ¢ A, this is an
A-tesolution. Since C ¢ S, CU{f} is in S. Thus, except for the fact
that {£} may not be in S, we have the desired .A-resolution proof of O
from S. We finish the construction of the required proof by attaching a
copy of the tree T] below each leaf labeled with {£}. The resulting tree
is now easily seen to represent an A-resolution deduction of O from S.
Other than the resolutions of {£} and nodes of the form C U {Z} that we
have just considered, all the resolutions appearing in this new proof appear
in one of the .A-resolution deduction trees Tp or T}. Thus every resolution
appearing on the tree is an A-resolution. 0O

As an example of a syntactic procedure which, to some extent at least,
determines which resolutions we should try first we consider ordered reso-
lution.

Definition 9.6: Assume that we have indexed all the propositional letters.
We define R<(S), for ordered resolution, as usual except that we only allow
resolutions of C; U {p} and C; U {p} when p has higher index than any
propositional letter in C; or Cs.

Again if we try to mimic the proof of completeness given in Theorem 8.22
by simply restoring p and $ to the ordered proofs Ty, Ty of O from SP
and S?, we may no longer have ordered resolutions. All we need to do,
however, is reexamine our characterization of UNSAT to see that ordering
can be imposed.

Theorem 9.7: UNSAT is equal to the class of formulas U< defined induc-
tively by the following clauses:

(i) 0Oe S=SelU< and

(ii<) If no propositional letter with indez strictly smaller than that of p
occurs in S, SP € U< and SP €¢ U< then S e U<.

Proof: As the inductive clause (ii<) is weaker than (ii) of 8.21, U< is
surely contained in I{ = UNSAT. On the other hand, the original proof of
the characterization of UNSAT (Theorem 8.21) shows that any S ¢ U< is
satisfiable and so UNSAT is also contained in /<. The only point is to list
the {p;} occurring in S in ascending order of their indices. 0O

The proof of completeness of resolution in Theorem 8.22 with R replaced
by R< and (ii) by (ii<) now proves the completeness of ordered resolution.
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Theorem 9.8 (Completeness of ordered resolution): If S is unsatisfiable,
then there is an ordered resolution refutation of S, i.e., D€ R<(S). O

Ordered resolution eliminates some of the duplications resulting from
different permutations of the literals on which we resolve producing the
same resolvent. It therefore reduces the number of times we derive any
particular clause. There are many other versions of refutation each of
which eliminates some aspect of the search space. A couple of them will be
discussed in the exercises while the most powerful — linear resolution —
will be considered in the next section in the setting of propositional logic
and in the next chapter in the setting of full predicate logic.

Ezxercises

1. Let S be a finite set of clauses. Arbitrarily give each occurrence of
a literal in the clauses of S a distinct index. A lock resolution is a
resolution in which the literal resolved on has in each parent the lowest
index of any literal in that parent. The literals in the child inherit their
indices from its parents with the proviso that, if a literal appears in
both parents, then in the child it has the smaller of the two possible
indices. (We use superscripts to indicate the indexing.)

Example: C; = {p!, ¢%, r*}, C2={-p*, ¢°},
Cs = {-¢%}; S={C1, Cs, C3}.

Here we can lock resolve C; and C; to get {¢?, 3} = Cs4. Cy can
then be lock resolved against Cj to get {r®}. We cannot, however, lock
resolve Cp and C; as we would have to resolve on ¢ and the occurrence
of ¢ in Cz does not have the lowest index of any literal in Cs. (It has
index 5 while —p has index 4.)

Prove that lock resolution is complete, i.e., if S is unsatisfiable
then there is a lock resolution deduction of O from S. (Hint: Proceed
by induction on the ezcess literal parameter = the total number of
occurrences of literals in S minus the number of clauses in S.)

2. Show that lock resolution cannot be combined with the omission of
tautologies to get a complete resolution system.

3. Suppose S is a set of clauses, U C § and S — U is satisfiable. A
resolution has support U if not both parents are in S — U. Give a
complete definition of a resolution of clauses with support U and the
associated set RU(S). Prove that § € UNSAT & O € RY(S).

4. We say informally that an F-resolution is one in which one of the
clauses is a goal clause (i.e., it contains only negative literals). Give
a complete formal definition of F-resolution (that is without referring
to the basic definition of resolution) and of § Fr O (there is an
F-resolution proof of O from S). Prove that S € UNSAT iff Skg0O.
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10. Linear Resolution, Horn Clauses and PROLOG

‘We wish to consider another refinement of resolution: linear resolution.
We will defer the full analysis of this method to the chapter on predicate
logic. Here we will simply describe it and analyze its specialization to
Horn clauses. In this form it becomes the basic theorem prover underlying
PROLOG. The plan here is to try to proceed via a linear sequence of reso-
lutions rather than a branching tree of them. We carry out a sequence of
resolutions each of which (after the first) must have as one of its parents
the child of the one previously carried out.

Definition 10.1:

(i) A linear (resolution) deduction or proof of C from S is a sequence of
pairs (Co,Bo ), .., {Cn,Bn) such that C = Cp4; and

(1) Co and each B; are elements of S or some C; with j <1,
(2) each Ciya, i < n, is a resolvent of C; and B;.

(ii) As usual we say that C is linearly deducible (or provable) from S,
S k¢ C, if there is a linear deduction of C from S. There is a linear
refutation of S if S k¢ O. L(S) is the set of all clauses linearly
deducible from S.

The usual convention is to write linear resolutions with the starting point
at the top and the conclusion at the bottom (as opposed to the picture of
tree resolutions which put the node, labeled by the conclusion, at the top).
Thus we picture a linear resolution as follows:

Co By
Gy B,
Cs B

Cn By,
C
FIGURE 19

Example 10.2: Let S = {4, Az, A3, A}, A1 = {p, ¢}, 42 = {p, ~q},
As = {-p, g}, As = {-p, ~q}. Figure 20 gives a linear refutation of §:
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{pw q} {p s _'q}
: {n} {-p,q}
| @  {»-a

{-p} {r}

NN\ N

o

FIGURE 20

Definition 10.3: In the context of linear resolution, the elements of the
set .S from which we are making our deductions are frequently called input
clauses. The C; are called center clauses and the B; side clauses. Cp is
called the starting clause of the deduction.

If we extend the parent—child terminology by defining the ancestors of
a clause C in a resolution proof of C from S to be the clauses above it in
the tree proof, we can rephrase the definition of linear deduction by saying
\ that each C; is resolved against an input clause or one of its own ancestors
to produce C;,;. Y

Linear resolution is clearly a refinement of resolution; that is, every
linear resolution proof is an ordinary resolution proof. As resolution is
sound (Theorem 8.11), so then is linear resolution. In Chapter II, Section
14 we will prove that linear resolution is complete. For now, we wish to
consider only the case of Horn clauses and PROLOG prograins.

Definition 10.4:
(i) A Horn clause is a clause which contains at most one positive literal.

(ii) A program clause is one which contains exactly one positive literal.
(In PROLOG notation it looks like A :~ By, Bs, ..., B,.)

(iii) If a program clause contains some negative literals it is called a rule
(n > 0 in the notation of (ii)).

(iv) A fact (or unit clause) is one which consists of exactly one positive
literal (Notation: A. or A:-.).

(v) A goal clause is one which contains no positive literals. (Thus in

PROLOG it is entered as a question with the symbol ?- .)
! (vi) A PROLOG program is a set of clauses containing only program clauses

(rules or facts).
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Notice that Horn clauses are either program or goal clauses while pro-
gram clauses are either rules or facts. An important point is that an incon-
sistency can arise only from the combination of a goal clause and a fact.
The contradiction may be mediated by rules but rules (and facts) alone
cannot produce a contradiction. '

Lemma 10.5: If a set of Horn clauses S is unsatisfiable, then S must
contain at least one fact and one goal clause.

Proof: The assignment which makes every propositional letter true satis-
fies every program clause. The assignment which makes every propositional
letter false satisfies every goal clause and every rule. Thus, any unsatisfiable
set of Horn clauses must contain both a fact and a goal clause. 0O

The general view of a PROLOG program is that we are given a collection
of facts and rules and wish to deduce consequences from them. Typically,
we may want to know if the conjunction of some facts qy,qs,... , g, follows
from our program P. We enter this as a question ?7- ¢;,¢2,...,g, at the
PROLOG prompt and receive an answer telling us if the ¢; are consequences
of the program. The general idea implemented by PROLOG is to add on a
goal clause G = {-q1,-¢z2,... ,7¢gn} to the given program and ask if the
resulting set PU{G} of Horn clauses is unsatisfiable. The simple but crucial
point here is that the conjunction of facts ¢, ¢2,...,q, is a consequence
of our assumptions P just in case P U {G} is unsatisfiable. We isolate this
basic semantic transformation as a lemma. It is implicitly employed every
time we ask a question in PROLOG.

Lemma 10.6: If P is a PROLOG program and G = {~q1,~¢2,... ,¢n} @
goal clause, then all of the g; are consequences of P if and only if PU{G}
is unsatisfiable.

Proof: The proof simply consists of tracing through the definitions. First
note that PU{G} is unsatisfiable if and only if any assignment satisfying P
makes G false. Next note that the goal clause G is false iff none of the —¢;
are true, i.e., G is false iff all the ¢; are true. Thus, our desired conjunction
of facts is a consequence of our assumptions P just in case P U {G} is
unsatisfiable. 0O

Our goal now is to translate this semantic condition into a proof theoretic
one that we can verify by resolution methods. In fact, we show that linear
resolution suffices to decide unsatisfiability for sets of Horn clauses.

Theorem 10.7 (Completeness of linear resolution for Horn clauses): If
S is an unsatisfiable set of Horn clauses, then there is a linear resolution
deduction of O from S, i.e., O € L(S).

Proof: By the compactness theorem (Theorem 6.13 or 8.23) we may as-
sume that S is finite. We proceed by induction on the number of literals
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in S. By Lemma 10.5 we know that there is at least one positive literal
p occurring as a fact {p} in S. Consider the formula S? as described in
Definition 8.16. Each clause in SP is a subset of one in S and so is Horn
by definition. We clalin-that SP is unsatisfiable. The point here is that, if
AF SP, then AU {p} F S contradicting the unsatisfiability of S. As SP
contains fewer literals than S (we omit any clause containing p and remove
P from every other clause), we may apply the induction hypothesis to S?
to get a linear resolution deduction of O from SP. As in the inductive step
of the proof of the completeness theorem for the general resolution method
given for Theorem 8.22, either this is already a linear proof of O from S or
we can convert it into one of {$} from S by adding p to every clause below
one not in S. We can now extend this proof one step by adding on {p} € §
as a new side clause and resolving against the last center clause {5} to get
O as required. O

The advantage of linear resolution is obvious. We are now looking for
a linear sequence to demonstrate unsatisfiability rather than a whole tree.
The tree structure of the searching in PROLOG is generated by the different
possibilities for side clauses. Each path in the tree of possible deductions by
PROLOG represents a linear resolution. In the actual setting of a PROLOG
program and a given goal clause (question to the interpreter) we can be
more precise in specifying the order of clauses in the linear resolutions for
which we are searching. By Lemma 10.4, we know that the goal clause
must be used in the deduction. In fact, we can require our deduction of
O to start with the goal clause and thereafter to use only clauses from the
PROLOG program as side clauses. As these clauses are called input clauses,
this restriction of resolution is called linear input resolution.

Definition 10.8: Let P be a set of program clauses and G a goal clause. A
linear input (LI) resolution refutation of § = PU{G} is a linear resolution
refutation of S which starts with G' and in which all the side clauses are
from P (input clauses).

The method of Li-resolution is not complete in general as may be seen
from the following example.

Example 10.9: Recall the clauses of Example 10.2: § = {A;, A3, A3, A4},
A= {P7 q}1 Ay = {p: ﬂq}v A = {_‘P: q}’ Ay = {_'p) —’q}- The only goal
clause here is A4 which we set equal to G. The remaining clauses are,
however, not all program clauses. If we set P = {A;, A2, A3} and try to
produce a linear input resolution refutation of § = PU{G} beginning with
G we are always thwarted. Figure 21 gives one attempt.

The problem here is that, no matter how we start the resolution, when
we get to a center clause which contains exactly one literal, any resolution
with a clause from P produces another such clause as resolvent. Thus we
can never deduce 0.

Linear input resolution does, however, suffice for the cases of interest in
PROLOG programming.

Linear Resolution, Horn Clauses and PROLOG 63

{-r,~q} {p,~q}
{~4} {r,q}

{r} {-p,q}

{q} {p,~q}

NN N

{r} {-p.q}

FIGURE 21

Theorem 10.10: Let P be a set of program clauses and G be a goal clause.
If § = PU{G} € UNSAT, there is a linear input resolution refutation of S.

Proof: Note first that we can resolve a goal clause only against a program
clause (as opposed to another goal clause) as we must have some literal p
in one of the clauses being resolved and p in the other while goal clauses
contain only negative literals. Moreover, the child of any such resolution
must again be a goal clause as the single positive literal in the program
clause must be the one resolved on and it is removed from the child leaving
only the negative literals of the program clause and the remaining ones of
the goal clause. Thus, if we have any linear proof of O from S starting
with G then all the children of the resolutions in the proof must be goal
clauses and all the side clauses must be program clauses as desired. It
therefore suffices to prove that there is a linear proof of O from S starting
with G. We again proceed by induction on the number of literals in our
unsatisfiable set of clauses, but we prove a stronger assertion than that of
Theorem 10.7.

Lemma 10.11: If T is a set of Horn clauses, G a goal clause such that
T U{G} € UNSAT but T € SAT, then there is a linear resolution deduction
of O from T U {G} starting with G.

Proof: As before, we may assume that T is finite by the compactness
theorem. We proceed by induction on the number of literals in 7". As in
the proof of Theorem 10.7, we know that T contains a fact {p} for some
positive literal p and that T' = (TU {G})? = T? U{G}" is an unsatisfiable
set of Horn clauses. (As G is a goal clause, it contains no positive literals
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and so {G}? is just {G — {p}}.) As T was satisfiable and contained {p},
T? is satisfiable by the same assignment that satisfied T' (by the proof of
the “only if” direction of Lemma 8.19). Thus we may apply the induction
hypothesis to T/ to get a linear proof of I from T’ starting with G — {p}.
If this proof is not already the desired one of O from T starting with G, we
may, as in the proofs of Theorem 8.22 or 10.7, convert it into a proof of {5}
from T starting with G. We can again extend this proof one step by adding
on {p} € T as a new side clause at the end to do one more resolution to
get O as desired. O

v

As any set of program clauses is satisfiable by Lemma 10.5, this lemma
suffices to prove Theorem 10.10. O

We now know the general format of the resolution proofs for PROLOG:
linear input resolution. There are two points left to consider before we
have the precise mechanism used by the PROLOG implementation. The
most important one is that PROLOG is not restricted to propositional logic;
it uses predicates and variables as well. This is the topic of the next chapter.
The other point is more technical; it concerns ordering considerations which
come in two varieties. The first deals with the actual representation of
clauses in the implementation of resolution and the choice of literal on
which to resolve. The second deals with the ordering of the search for
linear proofs: searching and backtracking.

We begin with-the representation of clauses. Our abstract presenta-
tion of resolution deals with clauses viewed as sets of literals. As sets, the
clauses are intrinsically unordered. A machine, however, typically stores
clauses as sequences of literals. Moreover, it manipulates them as sequences
and not as sets. Thus, set theoretic operations such as union must be re-
placed by some sort of merging procedure on sequences. In particular,
when G = {-Ag,-4A1,...,-An} and H = {B,-By,..., By} (viewed
as ordered clauses) are resolved, say on A; = -B, the interpreter sim-
ply replaces A; by —By,... ,-B,,. The resolvent is then (as an ordered
clause) {ﬁAo, —|A1, ey "Ai—h —|B(), PN ,ﬂBm, ’ﬂAH.l, ceey —lAn}.' In addi-
tion to the ordering itself, one should note that, as a result of this view of
clauses, duplications may arise if, for example, one of the B; is the same as
some Ay (k # i). The implementation of PROLOG does not check for such
duplication, it merely carries along all copies of literals in the appropriate
location in the ordered clause. (Ordered clauses are sometimes referred
to as definite clauses, hence the notation in the next definition using LD
for linear—definite.) This ordering of clauses does not cause any serious
changes. We embody it in the following definition and lemma.

We continue to use T to denote a set of Horn clauses, P a set of program
clauses and G a goal clause.

Definition 10.12: If PU{G} is given as a set of ordered clauses, then an
LD-resolution refutation of PU {G} is a sequence {Gg,Co),... ,{Gn,Cp)
of ordered clauses G;, C; such that Gy = G, Gpy1 =0, and
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(i) Each Gy, i < n, is an ordered goal clause {~4;y,... v Ay} of
length n(?) + 1.

(ii) Each C; = {B;, =Bi,,... ,~Bjm(;)} is an ordered program clause of
length m(i) + 2 from P. (We include the possibility that C; = { B;},
ie., m(i)=-1.)

(iii) For each # < n, there is a resolution of G; and C; as ordered clauses
with resolvent the ordered clause Giy; (of length n(i) + m(i) + 1)
given by {—'Ai,o g e aﬁAi,k—l y D0y .. 1_'Bi,m(i) ) _‘Ai,k+l ) sey
=Ain)}- (In this resolution we resolve on B; = A; . .)

Lemma 10.13: If PU{G} € UNSAT, then there is an LD-resolution refu-
tation of P U {G} starting with G.

Proof: This is left as Exercise 1. Proceed by induction on the length of
the Li-resolution refutation of P U {G}. (Note that we can only resolve a
program clause and a goal clause at each step of the resolution. Each center
clause must be a goal clause and each side one a program clause.)

Our next task is to describe how we choose the literal of G; to be re-
solved on in an LD-resolution proof. The selection rule used in virtually all
implementations of PROLOG is to always resolve on the first literal in the
ordered goal clause G (in our notation this is just the leftmost literal in G;).
The literals in the resolvent of C; and G; are then ordered as indicated in
Definition 10.12. We call such linear input resolutions with ordered clauses
sLD-resolutions. (The S stands for selection.) More generally, we can
consider any selection rule R, i.e., any function choosing a literal from each
ordered goal clause.

Definition 10.14: An SLD-resolution refutation of PU{G} via (the selec-
tion rule) R is an LD-resolution proof ( Gg, Cp ), . .. , (Gpn,Cr ) with Gy = G
and Gp41 = O in which R(G;) is the literal resolved on at the (i + 1) step
of the proof. (If no R is mentioned we assume that the standard one of
choosing the leftmost literal is intended.)

Theorem 10.15 (Completeness of SLD-refutation for PROLOG): If P U
{G} € UNSAT and R is any selection rule, then there is an SLD-resolution
refutation of PU {G} vie R.

Proof: By Lemma 10.13, there is an LD-resolution refutation of P U {G}
starting with G. We prove by induction on the length n of such proofs (for
any P and G) that there is an SLD one via R. For n = 1 there is nothing to
prove as G = (i is a unit clause and so every R makes the same choice from
Go. Let (Go,Co),...,{Gn,Crn), with the notation for these clauses as in
Definition 10.12, be an LD-resolution refutation of length n of {Go} U P.
Suppose that the selection rule R chooses the clause ~Agx from Go. As
Gr+1 = O there must be a j < n at which we resolve on —Aox. fji=0
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we are done by induction. Suppose then that j > 1. Consider the result C
of resolving Gy and C;j = {Bj,-Bj0,... ,"Bjm(j)} on B; = Agx:

C={-400, ..., Aok-1,"Bjo, -+ ,"Bjm(j) » ~Aok+1s - s 2 Ao,n(0) }-

We claim that there is an LD-resolution refutation of length n — 1
from P U {C} which begins with C. One simply resolves in turn with
Co,...,Cj—1 on the same literals as in the original proof that started
with G. The only change is that we carry along the sequence of clauses
=Bjo,... ,"Bjm() in place of A« in the center clauses of the resolution.
After resolving with each side clause Cy, ... ,Cj_1, we have precisely the
same result Gj4; as we had in the original resolution after resolving with
C;. We can then continue the resolution deduction exactly as in the original
resolution with Cj4i,...,Cn. This procedure produces an LD-resolution
refutation of length n — 1 beginning with C. By induction, it can be re-
placed by an SLD-resolution refutation via R. Adding this SLD-resolution
via R onto the single step resolution of Gp with C; described above pro-
duces the desired sLD-resolution refutation from P U {G} via R starting
with G=Gy. 0O

We now know what the PROLOG interpreter does when a question is
entered as in “7- Aj,...,An.”. It searches for an SLD-rtesolution proof of
O from the current program P and the goal clause G = {—A4;,...,—A,}
starting with G. The remaining uncertainty in our description of its action
is just how it organizes this search. At each step 1 of the SLD-resolution, the
only choice to be made is which clause in P to use to resolve on the leftmost
term in our current goal clause G;. We can thus display the space of all
possible sLD—derivations as a labeled tree T. The root of T is labeled G.
If any node of T is labeled G’, then its immediate successors are labeled
with the results of resolving on the leftmost literal of G’ with the various
possible choices of clauses in P. We call such trees SLD~trees for P and G.

Example 10.16 (sLp-Trees): As a simple example, consider the pro-
gram Py :

p:i- qQ,r. (1)
pi- s )
q- ®3)
q:- 8. (4)
r. : (5)
s:— t. (6)
8. (7
PROGRAM F,.
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Suppose we have G = {—p} as our goal clause. The corresponding SLD—
tree is given below in Figure 22. ‘Along each branching we indicate the
clause of Py resolved against. The convention is that the successors are
listed in a left to right order that agrees with the order in which the clauses
used appear in Py. Success paths are those ending in 0. A path is a failure
path if it ends with a clause G’ such that there is no clause in P with which
we can resolve on the leftmost term of G’. In this example there are five
possible paths. Two end in failure and three end with success.

-p
7 X
ﬂq’ -r -,
y I(4) ®)

S

\7)

-r =8, T =i O
N |
] =, =1 -r failure
I ®)
failure a
FIGURE 22

The PROLOG theorem prover searches the SLD-tree for a success path
by always trying the leftmost path first. That is, it tries to resolve the
current G with the first clause in P that is possible. In Figure 22 it would
simply follow the path (1), (3) (5) to get the correct answer “yes”. If the
theorem prover hits a failure point (i.e., not O and no resolution is possible)
it backtracks, that is, it goes back up the tree until it returns to a node
N which has a path leading out of it to the right of the one the theorem
prover has followed upward. The prover then exits from N along the path
immediately to the right of the one it just returned on (i.e., it tries the
leftmost successor of N not yet attempted). This process is repeated until
a success path is found.

Example 10.17 (Backtracking): If we omit clause (3) from the above
program Py to produce P;, we get a new SLD~tree as pictured in Figure 23.

In this case, the theorem prover first tries the path (1), (4), {6), failure.
It then backtracks to —s, —r and tries (7), (5), success, to give the answer
yes.

Suppose the PROLOG interpreter has searched the tree until it has found
an answer and we then enter a semicolon “;” at the prompt. The inter-
preter will resume backtracking to look for another resolution refutation in
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-p
(1)/ w
—g, T =8
(4)' ® \(7)
-, 7 -t |
N ]
—t,or -r failure i
l ®)
failure O
FIGURE 23

the part of the tree that it has not yet searched. A “no” answer now means
that there are no more proofs. A “yes” answer indicates another one has
been found. In this case, we may once more enter ;" to start the search
for yet another proof. In the last example after finding the proof along the
path (1), (4), (7), (5) the theorem prover answered “yes”. If we asked for
another proof by entering a semicolon, it would backtrack all the way up
to the top node and try the path (2). It then would proceed down (6) to
a failure, backtrack to —s and follow (7). to another success and “yes” an-
swer. One more request for a proof via entering a semicolon would finally
produce a “no” answer.

If PROLOG searches through the entire SLD-tree without finding a path
leading to O, it gives the answer “no” the first time we ask our question. By
our general completeness theorem, we then know that in this case PU{G}
is satisfiable and so (by Theorem 10.6) the question asked is not a logical
consequence of P,

This type of search procedure is called a depth—first search procedure as
it tries to go as deeply as possible in the tree by running down to the end
of a path before searching sideways along any other branches. In contrast,
one that searches the tree in figure (1) in the order —p; =g, or; —8; -r;
=8, 7 ~t; O; O; —t; ~r; —r; failure; failure; O is called a breadth—first
search. Clearly many mixed strategies are also possible. In our case, the
depth-first search was much faster than breadth—first (3 versus 6 steps).
Indeed, this is a quite general phenomena. Depth-first is usually much
faster than breadth—first. That, of course, is why the implementations use
depth-first searches. The cost of this strategy can, however, be quite high.
In a breadth—first search, it is clear that, if there is a path ending in 0O, we
must eventually find it. In contrast, the procedure of depth—first search is
not complete: There may be a path leading to O but we may search the
tree forever without finding it.
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Example 10.18 (Failure of depth-first searching): Consider the following
simple program:

q:-r. ' (1)
r:- q. (2)
q. )

The usual search procedure applied to the starting clause ~g will loop bz?ck
and forth between —~¢ and —r. It will never find the contradiction supplied

by (3).

This example seems easy to fix and to depend purely on the order of
the clauses in the program. Unfortunately, rearranging clauses will not
always produce a terminating program even when a correct proof does
exist. (See program Ps of IIL.2 for an example.) The full impact of these
problems cannot, however, be felt until we deal with full PROLOG rather
than restricting our attention to the propositional case. Indeed, it is only
with the introduction of predicates and variables that one sees the true
power of PROLOG. We now turn to these matters, first in the general
setting of full predicate logic and then in just PROLOG.

FEzercises

1. Prove Lemma 10.13.

2. Consider the following sentence in “English”; If the congress refuses
to enact new laws, then the strike will not be over unless it lasts more
than one year and the president of the firm resigns.

a) Represent this sentence in three ways:

(i) by a statement in the propositional calculus
(ii) by one in conjunctive normal form
(iii) as part of a PROLOG program.

b) Suppose congress has refused to act and the strike has not yet
lasted more than a month. Add these to your list (in (a), (b)
and (c)) and use a tableau deduction to see if the strike is over yet.
(You can try to do a deduction from the appropriate premises or
an ordinary one from the appropriate conjunction but be careful
how you formulate the problem.)

c) Suppose instead that the congress refused to act, the strike is now
over but the president of the firm did not resign. Use tableau
deduction to see if the strike lasted more than a. year.

d) In (d) and (e) if you had a list of the relevant clauses in your
PROLOG data base, what would you enter to get the answer.

3. One of the successful applications of expert systems has been analyzing
the problem of which chemical syntheses are possible. We consider here
an extremely simple example of such a problem.
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‘We know we can perform the following chemical reactions:
(1) MgO+ H; — Mg+ HO
(2) C+ 0, —» CO;
(3) CO; + HyO — H,CO;.

a) Represent these rules and the assumptions that we have some MgO,
Hs, O3 and C by propositional logic formulas in which assertions say
that we have a particular chemical and implications are understood
to mean that, if we have the hypotheses, we can get the conclusion.
(Thus (1) is MgO AHy — Mg A H;0.) ,

b) Describe the state of affairs in clausal form and as a PROLOG Pro-
gram.

c) Give a resolution proof (in tree or linear form) that we can get some
H, CO;.

. Represent the following information as a PROLOG program so that, if

you are told that Jones has fallen deathly ill and Smith has gone off to
his bedside, you could determine if the directors will declare a dividend.

If Jones is ill or Smith is away, then the directors will meet and
declare a dividend if Robinson comes to his senses and takes matters
into his own hands. If Patterson comes, he will force Robinson back
to his senses but, of course, he will come only if Jones is ill. On the
other hand, if Townsend, who is inseparable from Smith, stays away,
Robinson will have to take matters into his own hands.

Give a resolution proof from your.program and the added hypothe-
ses from above that shows that the directors will declare a dividend.

. Represent the following information as a PROLOG program:

If congress enacts a line item veto and the president acts respon-
sibly, there will be a decrease in both the budget and trade deficits
unless there is a major lobbying campaign by both the protectionists
and the advocates of high interest rates. A strong public outcry will
get the congress to enact the line item veto and force the president to
act responsibly. The protectionists can be kept quiet if productivity
increases and the dollar is further devalued.

(It may help to start with a formulation in propositional logic and
convert it appropriately.)

How would you add on PROLOG clauses to reflect the fact that the
public is vocally outraged about the deficits, the dollar is continuing
to fall on world markets and productivity is on the increase.

How do you now ask the PROLOG program if the trade deficit will
decrease?

Give the resolution refutation that shows that it will go down.

. Draw the sLD-tree illustrating all possible attempts at SLD-refutations

using the standard selection rule {always resolve on the leftmost literal)
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for the question “?- p.” and following program:

(1) p:- s,t.
(2 P q.
(3 q.

4 Q- r.
(5) r— w.
(6) r.

(7 s.

(8) ti- w.

In what order will the PROLOG interpreter search this tree and what
output will it give if we enter a semicolon at each yes answer?

Suggestions for Further Reading

For orderings, partial orderings and trees, consult Birkhoff {1973, 3.8],
or almost any of the logic and computer science texts listed in the bibliog-
raphy [5.2].

For early propositional logic, read Boole [1952, 2.3] and Post [1921, 2.3).

For various alternate formalisms for logic, read the propositional part of
the following:

Tableaux: Beth [1959, 3.2}, Smullyan [1976, 3.2], and Fitting [1985, 4.2].

Axioms and Rules of Inference: Hilbert and Ackermann [1950, 3.2},
Mendelson {1964, 3.2] and Enderton [1976, 3.2]. For an approach at a
more advanced level, see Kleene [1971, 3.2], Monk [1976, 3.2] or Shoenfield
1967, 3.2).

Resolution: Chang and Lee {1973, 5.7], J. A. Robinson [1979, 5.2], Lewis
and Papadimitriou {1981, 5.2], Maier and Warren [1988, 5.4].

Natural Deduction: Prawitz [1965, 3.5], or at a more advanced level,
Girard [1987, 3.5] and Girard et al. [1989, 3.5].

Sequents: Gallier [1986, 5.2], Manaster {1975, 3.2] or Girard [1987, 3.5]
and Girard et al. [1989, 3.5].

For a problem-oriented text based on resolution and Horn logic, see
Kowalski [1979, 5.4].

For Boolean algebra and its relations to propositional logic, see Halmos
[1974, 3.8], Sikorski [1969, 3.8] or Rasiowa and Sikorski [1963, 3.8].
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1. Predicates and Quantifiers

The logic of predicates encompasses much of the reasoning in the math-
ematical sciences. We are already familiar with the informal idea of a
property holding of an object or a relation holding between objects. Any
such property or relation is an example of a predicate. The difference be-
tween a property and a relation is just in the arity of the predicate. Unary
predicates are simply properties of objects, binary ones are relations be-
tween pairs of objects and in general n-ary predicates express relations
among n~tuples of objects. A reasonable answer to the question of what
are O-ary predicates might well be that they are propositions. The point
here is that they are simply statements of facts independent of any vari-
ables. Thus, for example, if we are discussing the natural numbers we may
let (z,y) denote the binary relation (predicate) “z is less than y”. In this
case ¢(3,y) denotes the property (unary predicate) of y “3 is less than y”
and ¢(3,4) denotes the (true) proposition (0-ary predicate) that 3 is less
than 4.

In this discussion z and y were used as variables while 3 and 4 were
used as constants. Variables act as placeholders in much the same way
as pronouns act as placeholders in ordinary language. Their role is best
understood with the following convention: At the beginning of any par-
ticular discourse we specify a nonempty domain of objects. All variables
that show up in the ensuing discussion are thought of as ranging over this
domain. Constants play the role of names for objects (individuals) in this
domain. In such a setting, n-ary predicates can be viewed as simply sets
of n-tuples from the domain of discourse — the ones for which the predi-
cate holds. Thus, for example, unary predicates can be seen as the subset
of the domain consisting of the elements of which the property is true. 0—
ary predicates assert facts about the domain of discourse and, in the context
of predicate logic, are usually called sentences rather than propositions.

Another important class of objects in mathematical discourse is that
of functions. For example f(1,2) might stand for the sum of 1 and 2.
Functions also have an arity which corresponds to the number of arguments
the function takes as input. Ordinary addition on the natural numbers is
a binary function as is multiplication. Subtraction, however, is not even
a function on the natural numbers. The point here is that the difference
of two natural numbers is not necessarily a natural number. We require

7R
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that the outputs of any function considered always be elements of our
domain of discourse. (We may change the domain of discourse, however,
as the need arises or our mood dictates.) On the other hand, not every
element of the domain need be a value for a function. As another example
consider a ternary function g(z,y, 2) defined as z -y + z. Here we see
that variables can play the role of placeholders in functions as well as
predicates. In analogy with our manipulations of the binary relation ¢
above, we can define binary and unary functions from g by replacing some
of the variables by constants: g(1,y,1) is the unary function y+1 and
9(z,9,0) is multiplication. How then should we view g(1,1,0)? It is, of
course, (the constant) 1. Thus, just as we can think of propositions as
predicates of arity 0, we can think of constants as functions of arity 0.
They are objects which have no dependence on any inputs; they simply
denote elements of the domain of discourse. More generally, we call all the
symbols generated by the function symbols, constants and variables such
as f(z,9(y,y)), terms. We think of them also as ranging over our domain
of discourse (or possibly just some subset of the domain — what is usually
called the range of the function).

As with propositions, the truth-functional connectives can be used to
build compound predicates from simpler ones. For example, if ¢(z, y) still
denotes the relation “z is less than y” and ¥(z, y) denotes the relation “z di-
vides y” then (p(z, y) Ay(z,y)) is a new binary predicate with the obvious
meaning. In addition to the truth functional connectives, predicate logic
uses two other predicate constructors:

(i) the universal quantifier (with the intended meaning “for all”)
denoted by “V”,

and

(ii) the eristential quantifier (with the intended meaning “there
exists”) denoted by “3”.

Example 1.1:

(i) Let the domain of discourse consist of the natural numbers N; let
“@(z,y)” denote “z < y”; f(z,y) the binary function x+y and
a, b, ¢ be constants naming the numbers 0, 1, and 2 respectively:

(a) ((3z)¢(z,y)) is a unary predicate which says of y that there is a
natural number less than it. It is equivalent to “y is not zero”.
((vz)((3y)¢(z,y))) is the true sentence (predicate of arity 0)
saying that for any natural number z, there is a natural number
y which is greater than z.

(b) ((Vz)o(z, f(z,b))) is a sentence saying that z < z+1 for every z,
i.e., every natural number is less than its successor. ¢(y, f(y,y)) is
again a unary predicate saying of y that y < y+y. This predicate
is also equivalent to y being nonzero.
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(ii) Let the domain of discourse consist of all rational numbers Q. Again
¢(z,y) denotes £ < y, f(z,y) represents addition (z + y), g(z,y)
division (z <+ y) and a, b, ¢ are constants representing 0, 1 and 2.

(a) The ternary predicate (p(z,y) A ¢(y,2)) says that < y and
y<az

(b) The binary predicate ((3y)(¢(z,y) A ¢(y,2))) says that there
is a rational number between x and z. The unary predicate

((v2)(e(z,2) = (Gy)(#(z,y) A ¢(y, 2)))) expresses a property
of z which says that, for any z, if z is less than 2 then there is a
rational number between them.

() ((v2)((¥y)(e(z,y) — (o(z, 9(f(z,y), ) A o(g(f(z,1),),9)))))

is a sentence saying that for every z and y, if £ < y then
z< %“ <y.

(d) ¢(y, f(y,y)) is again a unary predicate saying that y < y + .
Note, however, that in this domain this predicate is equivalent
to y being positive.

2. The Language: Terms and Formulas

We can now give a formal definition of what constitutes an appropriate
language for predicate logic and then specify the formulas of predicate
logic by an inductive definition which selects certain “well formed” strings
of symbols which we think of as the meaningful ones.

Definition 2.1: A language £ consists of the following primitive symbols:
(i) Variables: z, y, z, v, Zo, Z1, -+ , Yo, Y1, --+ » - --- (an infinite set)
(ii) Constants: ¢, d, co, do, .... (any set of them)

(iii) Connectives: A, 0, V, —, «
(iv) Quantifiers: V, 3

(v) Predicate symbols: P, Q, R, Py, Ps, ... (some set of them for each
arity n =1, 2, ... . There must be at least one predicate symbol in
the language but otherwise there are no restrictions on the number
of them for each arity).

(vi) Function symbols: f, g, k, fo, f1,--., 90, ... (any set of them for
each arity n =1, 2, ... . The 0-ary function symbols are simply the
constants listed by convention separately in (ii). The set of constant
symbols may also be empty, finite or infinite).

(vil) Parentheses: ), (.

Note that we no longer have propositional letters (which would be 0-ary
predicates). They are simply unnecessary in the context of predicate logic.
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A true (false) proposition can be replaced by any sentence which is always
true (false) such as one of the form aV-a (aA-a). (See Theorem 4.8
for an embedding of propositional logic in predicate logic.)

As a prelude to defining the formulas of a language £, we define the terms
of £ — the symbols which, when interpreted, will represent elements of our
domain of discourse. We define them inductively. (Readers who prefer to
use the formation tree approach exclusively may skip the more traditional
syntactic one given here in favor of the presentation of the next section.
They should then take the formulations given there as definitions and omit
the proofs of their equivalence to the ones given here.) .

Definition 2.2: Terms.
(i) Every variable is a term.
(ii) Every constant symbol is a term.
(iii) If £ is an n-ary function symbol (n = 1,2,.... ) and ¢, ... st are
terms then f(¢,...,t,) is also a term.

Definition 2.3: Terms with no variables are called variable—free terms or
ground terms.

The ground terms are the ones you should think of as naming particular
elements of the domain of discourse. They are the constants and the terms
built up from the constants by applications of function symbols as in (iii)
above.

The base case for the definition of formulas is given by:

Definition 2.4: An atomic formula is an expression of the form R(ty,...,
tn—1) where R is an n-ary predicate symbol and to,... ,tn-1 are terms.

We now give the full inductive definition of formulas.

Definition 2.5: Formulas.
(i) Every atomic formula is a formula.

(ii) If @, B are formulas, then so are (@A B), (@ = B), (a = B), (-a)
and (aV ).

(iii) If v is a variable and « is a formula, then ((Fv)a) and ((Vv)a) are
also formulas.

Definition 2.6:

(i) A subformula of a formula ¢ is a consecutive sequence of symbols
from ¢ which is itself a formula.

(ii) An occurrence of a variable v in a formula @ is bound if there is
a subformula v of ¢ containing that occurrence of v such that Y
begins with ((Vv) or ((3v). An occurrence of v in ¢ is free if it is
not bound. (This includes the v in Vv or Jv.)
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(iii) A variable v is said to occur free in ¢ if it has at least one free
occurrence there.

(iv) A sentence of predicate logic is a formula with no free occurrences
of any variable, i.e., one in which all occurrences of all variables are
bound.

(v) An open formula is a formula without quantifiers.

To see that the definition of sentence corresponds to the idea of a formula
with a single fixed meaning and truth value, notice that all references to
variables (which are the only way of moving up to predicates of arity greater
than 0) occur in the context of a quantifier. That is, they occur only in the
form “there exists an z such that ...” or “for all z it is true that ... ” . The
idea of replacing a variable by some other term to produce predicates of
perhaps smaller arity (as we did in Section 1) is captured by the following
definition:

Definition 2.7 Substitution (or Instantiation): If ¢ is a formula and v a
variable we write ¢(v) to denote that fact that v occurs free in . If ¢ is
a term then ¢(t), or if we wish to be more explicit, (v/t), is the result of
substituting (or instantiating) ¢ for all free occurrences of v in ¢. We call
¢(t) an instance of . If ¢(t) contains no free variables, we call it a ground
instance of .

There is one important caveat that must be heeded when doing substi-
tutions.

Definition 2.8: If the term ¢ contains an occurrence of some variable z
(which is necessarily free in ¢ ) we say that t is substitutable for v in o(v)
if all occurrences of & in ¢ remain free in o(t).

Note that ground terms are always substitutable for any free variable.
The problems with substituting a term t (with variables) which is not
substitutable in ¢ will become clearer when we define the semantics of
formulas. For now, we consider two examples.

Example 2.9:

(i) Consider first a unary predicate ¥(y) = ((3z)p(z, y)) where our
notation is as in Example 1.1(i). There is no problem substituting
z or 2 or even f(w, w) for y to get ((Iz)p(z,2)), ((3z)p(z,2)) and
((3z)p(z, f(w,w))) respectively. These formulas simply say that z,
2 and w + w are not zero as we would want and expect. However
if we try to substitute f(z,z) for y we get ((3z)¢(z, f(z,z))). This
formula says nothing about z or z + z; it is simply the true sentence
asserting that there is some z such that z < z + z.

(i) Next consider a language for the integers Z with constants 0 and
1, a unary function symbol s for successor and a predicate Az, y, 2)
which is interpreted as z+y = 2. Let ¢ be the sentence VzIyA(z, v, 0)
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which is true in Z. As a true universal sentence, ¢ should be true of

any object. Indeed, any permissible substitution results in a formula

valid in Z. On the other hand, if we violate substitutability and

substitute s(y) for = we get VzIyA(s(y),y,0) which is false in Z.
Example 2.10:

(i) ((Vz)R(z,y)) is a formula in which y occurs free but = does not.
((3y)((Vz)R(z,y))) has no free variables; it is a sentence.

(ii) A variable may have both a free and a bound occurrence in a single
formula as do both z and y in (((Vz)R(z,y)) V ((3y)R(z,y))). -

(iif) If p(z) is (((3y) R(z, ¥)) A((V2)~Q(z, 2))) and ¢ is f(w, u) then p(t) =
p(z/t) is (((FY)R(f(w,u),y)) A ((V2)-Q(f(w,u),2))). The term
9(y, s(y)) would, however, not be substitutable for z in ¢(z).

After the exercises for this section we will usually omit parentheses from
formulas when doing so improves readability.

FEzercises

For exercises 1-5 let the language be specified by the symbols listed in
‘ Definition 2.1.

1. Which of the following are terms?

: a) ¢ e) f(z,d)

| b) zy f) (Vz)(R(c))
c)c g 9(c, f(y,2))
d) P(c) h) g(R,d)

2. Which of the following are formulas fully written out in accordance
with Definition 2.57

a) f(z,c) d) Vz(P(z))
b) R(C, f(d’ 2)) e) (_‘R(z’ f(‘llI))
c) (3)(P(c)) ) (3=)(((Vy)P(2)) — R(z,y)))

3. List all the subformulas of the formulas listed in exercise 2.

4. Which occurrences of variables are free in the formulas listed in answer
to exercise 37 Which are bound?

5. Which of the following proposed substitutions are allowable by our
definition of substitutable?

2) z/f(z,y) in ((Qy)(P(v) A R(z, 2))).

b) z/9(f(2,9), @) in (((3z)(P(z) A R(z,3))) — P()))-
c) 2/9(f(2,y),a) in ((3z)(P(z) A R(=,v)))-

d) z/g(a,b) in ((3y)(R(a,z) A P(y))).
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3. Formation Trees, Structures and Lists

As with the definition of propositions, we can make the formation rules
for formulas more explicit and the definition of such terms as “occurrence”
more precise by reformulating everything in terms of formation trees. This
is also the preferred presentation in most texts on PROLOG programming.
Our starting point is again the terms.

Definition 3.1:
(i) Term formation trees are ordered, finitely branching trees T labeled
with terms satisfying the following condition:
(1) The leaves of T are labeled with variables or constant symbols.

(2) Every nonleaf node of T is labeled with a term ¢ of the form
f(tyy.-. sta). \
(3) A node of T which is labeled with a term of the form f(¢; ... ,¢,)

has exactly n immediate successors in the tree. They are labeled
in (lexicographic) order with ty,... ,¢,.

(ii) A term formation tree is associated with the term with which its root
node is labeled.

Example 3.2: (i) The term formation trees associated with f(c, g(z,v))
and h(f(d, 2), g(c, a), w) are

fle,g(z,v)) root
¢ 9(z,y)
z y
and
h(f(d, 2), g(c, a),w) root
f(d,2) g(c,a) w
WA
FIGURE 24
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Proposition 3.3: Every term t has a unique formation tree associated
with it.

The proof of this proposition, like those of the other results of this
section, is a simple exercise in induction like that of Theorem 1.2.4. We
will leave them all as exercises. This one is Exercise 4.

Proposition 3.4: The ground terms are those terms whose formation
trees have no variables on their leaves.

Proof: Exercise 5. O
The atomic formulas are handled as follows:

Definition 3.5:

(i) The atomic formula auziliary formation trees are the labeled, ordered,
finitely branching trees of depth one whose root node is labeled with
an atomic formula. If the root node of such a tree is labeled with
an n-ary relation R(t1,...,t,;), then it has n immediate successors
which are labeled in order with the terms ¢,,... ,t,.

(ii) The atomic formula formation trees are the labeled, ordered, finitely
branching trees gotten from the auxiliary trees by attaching at each
leaf labeled with a term ¢ the rest of the formation tree associated
with ¢. Such a tree is associated with the atomic formula with which
its root is labeled.

Example 3.6: The atomic formation trees associated with the formula
R(c, f(z,y), 9(a, 2,w)) is

R(C, f(z,y),g(a,z,w)) root
¢ f(z,y) 9(a, z,w)
T Yy a z w
FIGURE 25

Proposition 3.7: Every atomic formula is associated with a unique for-
mation tree.

Proof: Exercise 6. 0O

Definition 3.8:

(i) The formula auziliary formation trees are the labeled, ordered, bi-
nary branching trees T such that
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(1) The leaves of T are labeled with atomic formulas.

(2) If o is a nonleaf node of T with one immediate successor o A0
which is labeled with a formula ¢, then o is labeled with -,
Fvp or Yvyp for some variable v.

(3) If o is a nonleaf node with two immediate successors, o A 0
and o A 1, which are labeled with formulas ¢ and 1, then o is
labeled with @ AY, @ VY, ¢ = ¢ or ¢ & .

(it) The formula formation trees are the ordered, labeled trees gotten
from the auxiliary ones by attaching to each leaf labeled with an
atomic formula the rest of its associated formation tree. Each such
tree is again associated with the formula with which its root is la-
beled.

(iii) The depth of a formula is the depth of the associated auxiliary for-
mation tree.

Example 3.9: The formula formation tree associated with the formula
3zR(c, f(z,y), 9(a, z,w)) AVyR(c, f(z,y), 9(a, 3,w)) is

3zR(c, f(z,1), 9(a, 2, w)) AVYR(c, f(,y), 9(a, 2, w))
3zR(c, f(z,1), 9(a, z,w)) VyR(c, {(z, ), 9(a, z,w))
R(c, f(z,y),9(a, z,w)) R(e, f(z,y),9(a, z,w))

I (X)) g(a, z,w) ¢ fl=y) g(a, z,w)

WAV

FIGURE 26

\

z Yy a z

Proposition 3.10: Every formula is associated with a unique (auziliary)
formation tree.

Proof: Exercise 3.7. 0

Formally, we continue to treat the remaining notions about formulas,
subformulas and occurrences of variables as the proven equivalents of the
notions defined in the last section. Those definitions could, however, actu-
ally be replaced with the ones we present here.
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Proposition 3.11: The subformulas of a formula ¢ are the labels of the
nodes of the auziliary formation tree associated with .

Proposition 3.12:

(i) The occurrences of a variable v in a formula ¢ are in one-one corre-
spondence with the leaves of the associated formation tree which are
labeled with v. (The correspondence is given by matching the typo-
graphical ordering of the occurrences of v in y with the left-right
ordering given by the tree to the leaves labeled with v.) We may also
refer to the appropriate leaf labeled with v as the occurrence of v in .

(if) An occurrence of the variable v in ¢ is bound if there is a formula v
beginning with ((Vv) or {(3v) which is the label of a node above the
corresponding leaf of the formation tree for ¢ labeled with v.

Proposition 8.18: If ¢ is a formula and v a variable then p(v/t) is
the formula associated with the formation tree gotten by replacing each
leaf in the tree for o(v) which is labeled with a free occurrence of v with
the formation tree associated with t and propagating this change through
the tree.

Proposition 8.14: The term t is substitutable for v in p(v) if all occur-
rences of T in t remain free in ¢(t), i.e., any leaf in the formation tree for
t which is a free occurrence of a variable x remains free in every location
in which it appears in the formation tree described in Proposition 3.9.

We leave the proofs of these propositions as Exercises 8-11.

Notice that, except for the distinction we have made in our alphabet
between function symbols and predicate symbols, the formation trees for
terms and atomic formulas are indistinguishable. Each has leaves labeled
with constants or variables and every other node is labeled by applying one
of the appropriate n—ary symbols to the labels of its immediate successors.
The standard implementations of PROLOG, and so the various programming
texts, in fact do not make this alphabetic distinction. Terms and atomic
formulas are all lumped together and called structures. One can therefore
have a syntactically acceptable PROLOG clause like “reading(john, read-
ing(jack,list1))”. This PROLOG clause might be rendered into English as
follows: John is reading Jack’s first reading list. Here “reading” is thought
of both as a predicate describing who is reading what and a function giv-
ing people’s items for reading. In general, however, it seems very difficult
to make consistent sense out of such combined usages. The semantics we
present in the next section, which is the standard one for predicate logic,
makes no sense unless we maintain the distinction between function and
predicate symbols. As it is the basis for the theoretical analysis of PROLOG
(in terms of soundness and completeness, for example) and we know of no
reason that it might ever be necessary to exploit such a confusion, we will
simply assume that separate alphabets are maintained for function and
predicate symbols (at least within any particular program or application).
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Example 3.15: As an example of a typical PROLOG structure, we briefly
consider one of its most important function symbols (or operators), the
pairing function denoted by “.”. Thus .(e,b) denotes the ordered pair
with first element a and second element b. This function is used to form
arbitrary lists by repeated application. Practically speaking, the operator
“.” in PROLOG should be applied only to pairs the second element of which
is already a list (the first element can be anything). To get such a procedure
off the ground, PROLOG starts with a constant symbol [ ] denoting the
empty list (one with no elements). Thus a list consisting of just the element
b would be represented by .(b,[ ]) and the ordered pair (a, b) would actually
be realized as .(a,.(b,[ ])). As this notation is cambersome, lists in PROLOG
are also denoted by putting their elements in order within square brackets
and separating them by commas. Thus [a,b,c,d] denotes the list with
elements a, b, c and d in that order. This notation is really an abbreviation
for an iterated use of pairing (with the convention that we always end with
the empty list). [a,b,c,d] is treated as if it were .(a,.(b,.(c,.(d,[ D})). Its
formation tree is given in Figure 27 below.

{a, .(b, (e, .(d,[ ]))))

a (b, (e, (d,[ 1))
b (e, .(d,] ]))\
c /-(d,[ ])\
d []
FIGURE 27

The list [a,b,¢,d] is also written [a | [b,¢,d]]. The notation with the
vertical bar, |, is another version of the function symbol . for combining
lists. [X | Y] denotes the list whose first element is X and whose succeeding
elements are those of the list Y in order. The terminology that accompanies
this notation is that X, the first element of the new list, is called the head
of the list [X | Y] and the list Y consisting of the remaining elements is
called its tail.

The reason for avoiding terms like [a | b] or equivalently .(a, b) when bis
not a list is that we usually define list handling functions by recursion. The
starting point for such recursions is generally the empty list [ ]. Thus a
function so defined would never be computed on an input like .(a,b) when b
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is not a list. We will return to this point with examples and explanations
of definition by recursion in section 5 after we have defined the semantics
for predicate logic and PROLOG.

Fzercises

1. Draw the formation trees associated with the following terms:
a) ¢
b) f(z,d)
¢) g(f(z,d),c)
d) h(y, g(z f(f(c, d), 9(z, 2))))
2. Draw the formation trees associated with the following formulas:
8) R(c,d)
b) R(f(z,y),d)
¢) R(c,d) A R(f(z,y),d)
d) FyVz(R(z, f(c,d)) V ~P(h(y)))
e) Vz(R(g(z, z,2)) = P(y)) A P(2)

3. Indicate which leaves are free occurrences of variables in the trees of
exercise 2.

. Prove Proposition 3.3.
. Prove Proposition 3.4.
. Prove Proposition 3.7.
. Prove Proposition 3.10.
. Prove Proposition 3.11.

O 00 3 O O

. Prove Proposition 3.12.
10. Prove Proposition 3.13.
11. Prove Proposition 3.14.

12. Prove that the length of every term ¢ in a language £ for predicate
logic is greater than or equal to the depth of the associated formation
tree.

13. Prove that the length of every formula ¢ of predicate logic is strictly
greater than the depth of the associated formation tree.

4. Semantics: Meaning and Truth

A language £ of predicate logic is specified by its predicate (or relation)
symbols and function symbols. A single language will have many possible
interpretations each suited to a different context or domain of discourse.
Thus the language with just one binary predicate P(z,y) can be viewed as
talking about any of the following situations:
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1) The natural numbers, N, with <.

2) The rationals, Q, with <.

3) The integers, Z, with >.
or any of a host of other possibilities. If we add a binary function symbol
f(z,y), we could view f as representing, for example, z-y, z—y or max{z, y}
in these respective domains. To begin to interpret the language, we must
specify a domain of discourse and the intended meanings for the predicate
and function symbols.

Definition 4.1: A structure A for a language £ consists of a nonempty
domain A, an assignment, to each n-ary predicate symbol R of £, of an
actual predicate (i.e., a relation) R* on the n-tuples (a;,... ,a,) from A,
an assignment, to each constant symbol ¢ of £, of an element ¢ of A and,
to each n—-ary function symbol f of £, an n-ary function f# from A" to A.

In terms of the examples considered above, we can specify structures for
the language with one binary predicate by letting the domain be N, @Q, or
Z respectively. The interpretations P4 of the binary predicate are then
<, <, and > respectively. When we add the binary function symbol f we
must specify in each case a binary function f# on the domain to interpret
it. In each of our examples, the function would be the one specified above:
multiplication, subtraction or max.

We begin the task of interpreting the formulas of £ in the structure A
by saying, for each ground term of the language £, which element of the
domain of discourse A it names.

Definition 4.2 (The interpretation of ground terms):
(i) Each constant term ¢ names the element cA.

(ii) If the terms ty,... ,t, of £ name the elements t{,... ,t2 of A and f
is an n-ary function symbol of £ then the term f(ty,...,t,) names
the element f(f1,...,t.)4 = fA(t{,... ,t2) of A. (Remember that
f# is an n-ary function on A and that t{,... ,#2 are elements of A
so that fA(t{,... ,t2) is in fact an element of A.)

Continuing with our above examples, we might add constants ¢ and d
to our language and assign them to elements ¢4 and d of the structures
as follows:

1) A=0; dA=1.
2) cA=1/2; dA=2/3.
3) A=0; d4=-2
Suppose f is interpreted as multiplication in each of the three structures.

Then the ground terms f(c,d) and f(d, f(d,d)) name elements of the struc-
tures as follows: .
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1) (fle,d)A=0; (f(d, f(d,d))* =1
2) (fle,d)* =1/3; (f(d, f(d,d)))* =8/2T.
3) (fle,d)*=0; (f(d, f(d,d))*=-8.

It is convenient to deal with structures A for languages £ which have a
ground term naming every element a of A. If we are given a structure 4
for a language £ in which not every element of the domain is named by a
ground term, we ezpand L by adding a new constant ¢, to £ for eacha € A
to get a language £* and extend A to a structure for £# by interpreting
these constants in the obvious way: ¢ = a. Thus in £4 every element of
the domain A is named by a constant. Notice that every structure A for
L becomes one for £ in this way and every structure for £# becomes one
for £ by simply ignoring the constants cq.

We can now define when a sentence ¢ of a language £ is true in a given
structure for £. We will write this as A F . The formal definition is by
induction on sentences in the expected manner. The interesting case is that
for the quantifiers. Here it is necessary to have ground terms which name
each element of A. If there are not enough ground terms in £, we simply
use the definition in £A. Thus, we assume in the following definition that
every a € A is named by a ground term of £.

Definition 4.3: The truth of a sentence ¢ of £ in a structure A in which
every a € A is named by a ground term of £ is defined by induction. (If
not every element of A is so named, we use the definition of A E ¢ for £A
to define A E ¢ for sentences ¢ of L£.)

(i) For an atomic sentence R(t1,...,t,), A F R(t1,...,t,) iff
RA(t{,... ,t), ie., the relation R* on A™ assigned to R holds
of the elements named by the terms ¢;,...,¢,. Note that, as
R(ty,... ,t,) is a sentence, the t; are all ground terms and so
name particular elements of A.

(i) AE -y & it is not the case that A F ¢. [We also write this as
AF )
(i) AF(pVY)e AFgpor AEY.
(iv) AE(pAY) e AFpand AF 9.
v) AE(¢p— ) AEpor AEY.
(vi) AE(poyY) e (AEpand AEY) or (AE ¢ and A¥ 9).
(vii) AF Jup(v) & for some ground term ¢, A F @(t).
(viti) AF Vvp(v) & for all ground terms t, A F o(t).

Note that truth (or satisfaction, as E is often called) for longer sentences
is always defined in (ii)—(viii) in terms of truth for shorter sentences. It
is for clauses (vii) and (viii) that the assumption that all elements of our
structure are named by ground terms is crucial.
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Definition 4.4: Fix some language L.
(i) A sentence ¢ of L is valid, F ¢, if it is true in all structures for L.

(ii) Given a set of sentences ¥ = {ay,...}, we say that o is logical
consequence of L, T F a, if e is true in every structure in which all
of the members of X are true.

(iii) A set of sentences £ = {ay,...} is satisfiable if there is a structure
A in which all the members of T are true. Such a structure is called
a model of £. If ¥ has no model it is unsatisfiable.

Note that we have defined truth only for sentences, that is, formulas
with no free variables. The point here is that if ¢(v) has v free then the
formula has no single fixed meaning in a structure A. It rather represents
an n-ary predicate on A for n > 0 and so we do not say that it is true
or false. The notion for formulas with free variables that is analogous to
truth for sentences is that of validity.

Definition 4.5: A formula ¢ of a language £ with free variables vy, ... ,v,
is valid in a structure A for £ (also written A F o) if the universal closure
of ¢, i.e., the sentence Vv Vus, ... Vupyp gotten by putting Vo; in front of ¢
for every free variable v; in ¢, is true in A. The formula ¢ of L is valid if
it is valid in every structure for L.

As long as we are in a situation in which every element of the structure A
is named by a ground term, this definition of validity in A is equivalent to
saying that every ground instance of ¢ is true in A, i.e., AE ¢(t1,... ,tn)
for all ground terms t;, ..., t, of £. Also note that as sentences have
no free variables, a sentence is true in a structure iff it is valid in the
structure.

Warning: For a sentence ¢ and structure A either ¢ or —y is true in A
(and the other false). It is not true, however, for an arbitrary formula ¢
that 1 or —) must be valid in A. It may well be that some ground instances
of 9 are true while others are false. Similarly, one can have a sentence such
that neither it nor its negation is valid. It is true in some structures but
not in others.

Definition 4.6: A set ¥ of formulas with free variables is satisfiable if
there is a structure in which all of the formulas in T are valid (i.e., their
universal closures are true). Again such a structure is called a model of X.
If £ has no models it is unsatisfiable.

Example 4.7: Consider a language £ specified by a binary relation symbol
R and constants cg,c1,C2,... . Here are two possible structures for £
corresponding to two different interpretations of the language.

(i) Let the domain A consist of the natural numbers, let R* be the usual
relation <, and ¢t = 0, ¢f* = 1,... . The sentence (Vz)(3y)R(z,y)
says that for every natural number there is a larger one, so it is true
in this structure.
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(i) Let the domain of A consist of the rational numbers Q = {go,q1,... };
let R4 again be <, and let ¢! = go, ¢f* = q1,... . The sentence
(Yz)(Vy)(R(z,y) — (3z)(R(z,z) A R(z,y)))) is true in this structure.
(It says that the rationals are dense.) It is not, however, valid as it
is false in the structure of (i) for the natural numbers.

Warning: We have not included any special or reserved predicate symbol
for equality in either our syntax or semantics for predicate logic. In other
words, we have made no provisions in our definitions that could be used to
force us to interpret some particular predicate, such as “=", as true equal-
ity. We have avoided this extension of our definition of a language in 2.1
and the corresponding restriction in the definition of truth in 4.3 because
it does not mesh well with resolution theorem proving, logic programming
and PROLOG. Some of the perhaps unexpected consequences of this choice
can be seen in Exercises 2-3 of §7. A view of predicate logic with such a
distinguished equality predicate (as well as an approach to equality without
it) is presented in IT1.5. The syntax and semantics presented there can be
read now. The proofs of soundness and completeness discussed there for
logic with equality are simple modifications of the ones we present in §7.

Now that we have defined the semantics for predicate logic we can make
precise the claim that we do not need propositions. Indeed there is a faithful
embedding of propositional logic in predicate logic.

Theorem 4.8: Let ¢ be an open (i.e., quantifier—free) formula of predicate
logic. We may view ¢ as a formula ¢’ of propositional logic by regarding
every atomic subformula of ¢ as a propositional letter. With this corre-
spondence, ¢ is a valid formula of predicate logic if and only if ¢’ is valid
in propositional logic.

Proof: Exercises 9-11. O

Now that we have both the syntax and semantics for predicate logic
it should be clear by analogy with our development of propositional logic
what we should do next. We have to give methods of proof in predicate
logic and then prove soundness and completeness theorems analogous to
those we have seen for the propositional calculus. First, however, we will
consider the application (or actually, the specialization) of our semantics
to PROLOG.

Notation: We will often use vector notation as in Z, £ and & to denote
sequences of variables, terms and constants respectively.

Exercises
1. Let £ contain a constant ¢, a binary function f and a unary predicate P.

Give two structures for £: one in which Yz P(f(z,c)) is true and one
in which it is false.
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2. Show that Vz(p(z) — ¢(f(x))) A Vz p(z) A 3z—q(z) is satisfiable.

3. Give an example of an unsatisfiable sentence.

4. Define a structure for the language containing constant symbols 0
and 1, a binary predicate < and one binary function symbol + in which
z+1 < z is valid but 2+ z < z is not. Indicate why the structure has
the required properties.

5. Prove that Ak —3xp(z) & A E Vz—p(z). Does it matter if ¢ has free
variables other than z?

6. Prove that, for any sentence ¥, A F (¥ — Jzp(z)) © Ak Jz(y —
¢(z)). What happens if 9 is a formula in which z is free?

7. Prove that for any sentence ¥, A E (3xp(z) — ¢) & A E Vo(p(z) —
). What happens if 1 is a formula in which z is free?

8. Theorem on constants: Let ¢(Z) be a formula of a language £ with
a sequence T of free variables. Let ¢ be a sequence of new constants
(not in £ ). Prove that (&) is valid iff ©(c) is.

9. Prove Theorem 4.8 for formulas with no free variables. (Hint: Convert
between models for ¢ or -y to assignments making ¢’ or -y’ true.)

10. Combine exercises 8 and 9 to prove Theorem 4.8.

5. Interpretation of PROLOG Programs

In this section we want to specialize the ideas and definitions of the last
section to explain the semantics of clausal form and Horn formulas with free
variables and so begin the study of the semantics of full PROLOG programs.

The syntax for clausal form and PROLOG format is the same as in the
propositional case (Definition 1.10.4) except that literals can now be any
atomic formulas or their negations. Note, however, that implementations
of PROLOG uniformly use (initial) capital letters for (names of) variables
and lower case ones for (names of) predicates, constants and functions.

Definition 5.1 (Clausal Notation):

(i) Literals are atomic formulas or their negations. The atomic formulas
are called positive literals and their negations, negative literals.

(if) A clause is a finite set of literals.

(iii) A clause is a Horn clause if it contains at most one positive literal.

(iv) A program clause is a clause with exactly one positive literal. If a
program clause contains some negative literals it is a rule, otherwise
it is a fact.

(v) A goal clause is a clause with no positive literals.

(vi) A formula is a not necessarily finite set of clauses.

The PROLOG notation for rules and facts is as in the propositional case
as well.
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Definition 5.2 (PROLOG Notation):

(i) In PROLOG, the fact {p(X)} consisting of the single positive literal
p(X) appears in PROLOG programs as follows: ’

p(X).

(i) Therule C = {p(X), ~q (X,9),..., —gn(X,¥)} appears in PROLOG
programs as follows:

p(X-") = ql(-‘fr?);'” 1qn(X-.’?)-

(iii) For a rule C as in (i), we call p(X ) the goal or head of C. We
call the ¢; ()? s }7), .. ,q,.(}-f , }7) the subgoals or body of C. When the

head-body terminology is used, the symbol :- which connects the
head and body of C is called the neck.

(iv) A (PROLOG) program is a formula (set of clauses) containing only
program clauses (i.e., rules and facts).

The intended meaning of clauses and formulas is as in the proposi-
tional case except that we must explain how we treat the free variables.
Each clause is interpreted as the universal closure of the disjunction of
its elements. Thus the intended meaning of C; = {¢(X,Y), r(Y)} is
VXVY[g(X,Y) vV r(Y)]. In this vein the intended meaning of the rule C
given by p(X) -~ q(X,Y),...,q.(X,Y) (in clausal notation C = {p(X),
~q1(X,Y),... ,7gn(X,Y)}) s VXVY[p(X)V-q1 (X, Y)V... Vog, (X, Y)].
Repeated applications of Exercises 4.8 and 1.3.2 would show that this
is equivalent to VX[IY(q:(X,Y) A ... A gu(X,Y)) — p(X)]. (We will
later analyze some examples to see how this equivalence is worked out.)
Thus C truly embodies a rule: If, for any X, there is a Y such that
@1(X,Y),q2(X,Y),... ,qa(X,Y) are all true (have been verified), then
p(X) is also true (has been verified).

A formula S is interpreted as the conjunction of its clauses. Thus if
S = {C1,C2} where C; is as above and C; = {g(X,Y),m(Y)}, then S
has the same meaning as VXVY[q(X,Y) Vr(Y)| AVXVY [g(X,Y) Vm(Y)).
In particular, if the formula S is a PROLOG program then it is equivalent
to a list of universal facts of the form YXp(X) and rules like C in the
previous paragraph. Implementing PROLOG consists in making deductions
from such a list of facts and rules.

Note that in describing the intended meaning of a formula, each clause is
universally closed before we take the conjunction. The importance of this
convention will become apparent when we consider resolution for predicate
calculus. Confusion can be avoided by using distinct variables in each
clause. (This corresponds to what is called standardizing the variables
apart (see §13)). We will later (§9) show that, at the expense of adding
new function symbols to our language, every sentence of predicate calculus
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is equivalent to a formula in the sense of Definition 5.1. (This result will be
the analog of CNF for the predicate calculus.) For now, after one example
involving such transformations, we will simply deal with the syntax and
semantics of formulas in clausal form directly. The notions of structures for,
and interpretations of, formulas in clausal form are immediately specified
by the above translation into predicate calculus.

*Knight’s moves: an example:

Let us briefly examine the added expressive power given to us by using
variables in PROLOG by considering the problem of representing informa-
tion about a knight’s moves on a chessboard. We can label the squares of
the board by pairs of numbers from 1 to 8 in the usual way.

3
2
1
1 2 3
FIGURE 28

We thus might well want our language to include the constant sym-
bols 1,2,...,8. One of the basic predicates of our language should be the
4-ary one, ktmove(X1, X2, X3, X4). (For the moment we want to avoid
worrying about the actual representation of pairs in PROLOG via the list
notation introduced in §3 and so will use a 4-ary predicate on {1,...8}
rather than a binary one on pairs of numbers.) The intended interpreta-
tion of “ktmove(X1, X2, X3, X4)” is that a knight is allowed to move from
position (X1, X2) to (X3, Xs). One way to represent the data involved is
to simply list all the facts:

ktmove (1, 1,2, 3).
ktmove (1, 1, 3, 2).

The list is, however, quite long (336 facts). Moreover, the situation quickly
becomes intolerable when we ask for only a little bit more. Suppose we also
wish to have another predicate 2ktmove(X1, X2, X3, X4) which says that a
knight can get from (X1, X2) to (X3, Xs) in two moves. Here too we could
enter a very long list of facts:

2ktmove (1,1,1,1).
2ktmove (1,1, 3,5).
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This is really all we could hope to do were we restricted to propositional
logic. That situation corresponds to simply having a pure database. Once
we have variables, however, we can greatly condense the representation
of the data by the introduction of rules. The one for 2ktmove is obvi-
ous: 2ktmove(X1, X3, X3, X4) if there are Y, Y such that ktmove(X;, X3,
Y1,Y3) and ktmove (Y1,Y2, X3, X4). In predicate logic we might express
this rule or definition as follows:

VX1V X2V X3V X4[3Y;3Y> (ktmove (X1, X2, Y1, Yz2)

Aktmove (Y1, Yz, X3, X4)) — 2ktmove (X1, X2, X3,X4)] (#)

We will introduce a general method for converting all such sentences of
predicate calculus to clausal equivalents (or PROLOG programs) in §9. For
now we analyze this one in an ad hoc way. We begin with eliminating the
implication in favor of = and V as in constructing a CNF in propositional
logic to get the following sentence equivalent to (#):

VX1V X5V X3¥ X4 [-(3Y13Ys) (ktmove (X1, X2, Y3, Y2)

A ktmove (Y1, Y2, X3, X4)) V 2ktmove (X1, X2, X3, X4))-

_ The next steps are to apply the equivalence of —3Jzp to Vz—yp established
in Exercise 4.5 and then De Morgan’s laws from Exercise 1.3.2 to get
VX1V X2V X3V X5 [VY1VYa[-ktmove (X1, X2, Y3, Y2)]
V —ktmove (Yl, Y2, X, X4)] V 2ktmove (Xl, X2, X3, X4)]

Finally we have an equivalent of (#) which is essentially in clausal form

VX1V X2V X3V X4VY1VYa|[-ktmove (X1,X2,Y1,Y2)
V —ktmove (Y1, Y2, X3, X4) V 2ktmove (Xi, X2, X3, X4))-

(The semantic equivalence of these last two sentences should be clear.)

The clausal form of our rule originally stated in predicate calculus as
(#) is thus simply:

{—ktmove (X1, X,, Y3, Y2), ~ktmove (Y1, ¥z, X3, X4),
2ktmove (X1, X2, X3, X4)}.

This is a Horn clause which we write in PROLOG notation as

2ktmove (X1, X2, X3, X4) i~ ktmove (X1, X2, Y, Y2,
ktmove (Y1, Yz, X3, X4).

Thus, we have an e:_sample of the general interpretation of a program
clause of the form “p(X) -~ ¢;(X, ¥),... ,q,,()-(‘,}-")” in PROLOG. It is a
rulg which says that, for every choice of the variables X in the goal (head)
p(X) of the clause, p holds of X (succeeds) if there are ¥ such that all of the
subgoal (body) clauses g; (X, 17), e gn(X, }7) hold (succeed). In our case,
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the clause says as expected that you can get from (X1, X3) to (X3,X,) in
two knight’s moves if there is a (Y3, ¥2) such that you can get from (X1, X2)
to (Y3,Y2) in one move and from (¥1,Y2) to (X3, X4) in another.

Let us see how we might reduce the size of the program representing
ktmove from 336 clauses to one of more manageable size by the introduction
of other rules. One approach is to introduce symmetry type rules that
would enable us to derive every knight’s move from a small list of basic
moves. One obvious such rule is symmetry itself:

(S1) ktmove (X1, X2, X3, Xs) :— ktmove (X3, Xa, X1, X2).

Remember that this rule says that (for any X, Xs, X3, X4) if a knight can
move from (X3, X4) to (X1, X2), it can move from (X1, X2) to (X3, X4).
Introducing this rule would allow us to cut our database in half. Other
possible such rules include the following:

(S2) ktmove (X1, X2, X3,X4) :— ktmove (X1, X4, X3, X2).
(83) ktmove (X1,X2,X3,X4) i~ ktmove (Xg,Xl,X.;,Xs).
(84) ktmove (Xl,Xg,X3,X4) :— ktmove (Xs,Xz,Xl,X4).

(Check that these are in fact correct rules about a knight’s behavior in
chess.) We could then list just a few basic moves which, together with
these program clauses, would correctly define the predicate ktmove. (It is
correct in the sense that any structure satisfying all these facts and rules
would give exactly the legal knight’s moves as the quadruples of constants
{1,...,8} of which the predicate “ktmove” holds. The correctness of the
program in terms of execution, which employs resolution-type theorem
proving, will be dealt with later.)

Another tack might be to try to define “ktmove” in terms of arithmetic
operations on the positions, i.e., to capture, in some sense, the rule as it
is usually taught: The knight may move from (X1, X2) to (X3, X4) if the
change in one coordinate is 1 and 2 in the other, i.e.,

(A0) ktmove (X1, X2, X3, X4) if | X1 — X3] + | X2 — X4| = 3.

(We must also make sure that the two positions are different. This will be
taken care of by the way we define the appropriate arithmetic operations.
In particular 0 will not be an allowed value for |X; — X3|.) Now PROLOG
has many arithmetic operations and predicates built in but a precise under-
standing of how they are used requires knowing more about how programs
are implemented. So for now, we wish to avoid using the built-in predi-
cates. We can, however, put into our program definitions of our own for as
much arithmetic as we need. (Be careful not to use the names reserved for
built-in predicates for the ones you define.)

To begin with, we might define the “succeeded by” predicate on the set
of numbers {1,..., 8} by a database:

93
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suc (1,2).
suc (2, 3).

suc (7,8).
We could then define a truncated version of addition by the following rules:
(Al) add (X,1,2) :- suc(X,Z2).
(A2) add (X,Y,2) - suc(11,Y), suc(Z1, Z), add (X, i, Z1).
We could then directly define X1 —Xz2| =Y by:
(A3) absolute_difference (X1,X2,Y) = add (X1,Y, Xa).
(A4) absolute difference (X, X2,Y) :— add (X2,Y, X1).

(These rules do what we want because we are only interested in truncated
operations, i.e., only on what happens on {1,...,8}. They do not define the
operations correctly on all the integers. We will say more about intended
structures for a program later.)

So far we have been considering the meaning of clauses in a PROLOG
program entered as such, e.g., by “consulting” a file containing the program
as listed. We must now explain the semantics of goal clauses entered at
the “?” prompt. The intended meaning of, for example, “?7- p(X;, X;)
q(X2, X3).” is “are there objects a;, az, a3 such that p(a;, as) and q(as, a3)”j
PROLOG responds not only by answering yes or no to this question but, if
the answer is yes, by giving instances that verify it, i.e., actual terms (and
SO names for objects) a;, az and as such that p(a1,a2) A g(az,a3). (As
discussed in the case of propositional logic in 1.10.4, entering “;” after
one answer has been found asks for another. This may be repeated until
there are no more, at which point PROLOG answers “no”. The search

for additional answers may also be terminated after any reply by simply
entering a return.)

' As in the propositional case, PROLOG implements the search for such
witnesses a1, az and a3 by adding the goal clause G = {-p(X1, X2),
—q(X2, X3)} to the current program P and then deciding if the result is an
}msatisﬁa.ble formula. Let us list various semantic equivalents of the result-
ing formula to help see how this search produces an answer to our question.
First, the meaning of the clause G is VX VX2V X3 [=p(X1, X2)V-q( X, X3)].
If adding it to the program P produces an unsatisfiable formula P U {G},
then its negation is a logical consequence of P {check through the defini-
tions as we did in Lemma 1.10.6). Thus

PE "‘VX1VX2VX3[—|p(X1, Xz) \ "lq(X2,X3)].
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As we have seen above (and in Exercise 4.5), this is equivalent to P F
3X,3X,3X3[p(X1, X2) A g(X2, X3)]. The implementation of PROLOG tries
to establish this consequence relation by producing a resolution refutation
of PU{G}. (We will define resolution refutations for predicate calculus
in §13 and Chapter IIL.) A by-product of the proof procedure is that it
actually produces witnesses, a1, a2, a3 in this case, that show that PU {G}
is unsatisfiable by providing a proof from P that p(a;, az) Ag(az, a3). From
the viewpoint of resolution theorem proving, these witnesses are a mere
by—product of the proof. From the programming point of view, they are
the essential result. They are the output of our program; the answers to
our questions.

Because of the way PROLOG represents data via logic, there is an un-
usual symmetry between input and output. We can put the variables any-
where in our predicate when we ask questions. Thus the simple predicate
add (X,Y, Z) not only supplies a + b when we enter “?- add (a,b, Z2).” it
also supplies b — a when we enter “ 7- add (a, Z,b).” (at least if b > a). A
single PROLOG program can thus be used to answer quite fancy questions
that might be difficult to extract from a simple database. Compare asking
if one can get from (g, b) to (c,d) in three knight’s moves given one of the
above PROLOG programs to explicitly writing such a program in some other
language given only the database listing the knight’s moves. The arrange-
ment of, and orders for, searching are all done automatically. Again we
will return to these points of reversibility and searching later.

Ezercises

1. Verify that the symmetry rules (S1)—(S4) are legitimate. (You can do
this by applying the arithmetic definition of ktmove (A0).)

2. Explain (in English) the meaning of the rules (A1)-(A2) and why they

correctly represent addition on the structure {1,...,8}.
3. Explain (in English) the meaning of the rules (A3)—(A4) and why they
correctly represent absolute difference on the structure {1,... ,8}.

4. Suppose that suc(X,Y) were correctly defined in some way on all the
natural numbers, i.e., suc(n,m) is true iff n + 1 = m.

a) Do the clauses (A1)-(A2) still correctly define addition?
b) Do the clauses (A3)—(A4) still correctly define absolute difference?

Suppose now that suc(X,Y) defines “succeeded by” on the integers.
What relations do the clauses (A1)-(A2) and (A3)-(A4) now define on
the integers?

5. Suppose we switch to a language containing the constant ¢, a unary
function symbol s(X) and a ternary predicate symbol a(X,Y, Z). Write
a set of PROLOG clauses that will make “a” define addition in the
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sense that a(s"(c), s™(c), s*(c)) will be a consequence of the program
iff n+m =t. (s”(c) is shorthand for s(... (s(c))... ) where there are n
occurrences of s in the string of s’s.)

6. Prove that every PROLOG program is satisfiable.

The following problems (and others later on) were designed to be used
with a database which we supplied on line. This database consists of the
genealogy given in the first few chapters of Chronicles (the last book of the
Hebrew Bible). The information there is in terms of male descent only. (Ac-
tually there are bits and pieces of information on women and their children
but so fragmentary as to make inclusion fairly useless. The information was
recorded in the database in terms of the predicate “fatherof(a, b)”. Thus
the file consisted purely of (many) facts entered as follows:

fatherof(adam, seth).
fatherof(abraham, isaac).
fatherof(isaac, jacob).
fatherof(isaac, esau).

I.n problems 7 and 8 assume that this is the only type of information
available (e.g., in defining grandfather, there is no need to consider ancestry
on the mother’s side as this sort of information is not available).

We provide a printout of the database as Appendix B. If the reader does
not have on-line access to this database or a similar one, the following
problems should be answered by just writing down a PROLOG program
which is semantically correct according to the interpretations of facts and
rules described in this section. Similarly descriptions of how to get the
requested information from the programs will suffice.

7. Ancestors:
a) Write a program defining “grandfatherof”.

b) Find the grandfathers of nimrod, lud and joktan.

c) Use this program to find a grandson of noah; to find all his grand-
sons (use the facility which generates alternate answers by entering
a semicolon after each answer is given until there are no more).

d) Write a program defining “greatgrandfatherof”.
e) Find the great-grandfathers of shem and canaan.

f) Use the program to find a great-grandson of abraham; to find ten
of his great~grandsons.

g) Write a program to define “ancestorof”.

h) Find three ancestors of shem.
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8. Uncles:
a) Write a program defining “uncleof”.
b) Find the uncles of nimrod, lud and joktan.

¢) Use this program to find a nephew of shem,; to find all his nephews
(use the facility which generates alternate answers by entering a
semicolon after each answer is given until there are no more).

d) Write a program defining “granduncleof” (recall that my grandfa-
ther’s brothers are my granduncles.)

¢) Find the granduncles of shelah and canaan.

f) Use the program to find a grandnephew of ham; to find eight of
his grandnephews.

6. Proofs: Complete Systematic Tableaux

We will now describe a system for building proofs of sentences in predi-
cate logic. As for propositional logic the proofs will be labeled binary trees
called tableauz. The labels on the trees will be signed sentences (i.e., sen-
tences preceded by T or F to indicate that, for the sake of the analysis,
we are assuming them true or false respectively). We will again call these
labels the entries of the tableau. Formally we will define tableaux for pred-
icate logic inductively by first specifying certain (labeled binary) trees as
tableaux (the so—called atomic tableaux) and then giving a development
rule defining more complex tableaux from simpler ones. The intent of the
proof procedure is to start with some signed sentence such as Fa as the
root of our tree and to analyze it into its components in such a way as
to show that any analysis leads to a contradiction. We will then conclude
that we have refuted the original assumption that o is false and so have a
proof of a.

The analysis of the connectives will be the same as in propositional logic
and the plan of the analysis will again be that if some sentence is correctly
signed (T or F) then at least one of its immediate successors in the tree
analysis is also correctly signed. The new problem is how to deal with
quantifiers. If we consider, for example, T3z¢(x), the obvious analysis of
the assertion that there is an z such that ¢(z) is simply to supply such
an z. Supplying such a witness means specifying a ground term ¢ and
asserting that ¢(t) is true. Thus, our first concern should be that there
are as many ground terms available as we might ever need. If we therefore
begin with any language £, we immediately expand it to one L¢ by adding
on a set of constant symbols cp,c1,c2,... not used in £. Let A be any
atomic sentence of £ and a, # be any sentences of L. The base case
of our inductive definition of tableaux for the analysis of sentences of the
language L starts with the following (labeled binary) trees as the atomic
tableauz. .
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FIGURE 29
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Intuitively the requirement that the constant introduced in cases 7b and
8a be “new” is easy to understand. The starting point of the tableau here
is the assertion that an z with some property exists. There can be no
danger in then asserting that ¢ is such an z as long as we have no prior
demands on ¢. On the other hand, if some other assertions have already
been made about ¢, we have no right to assume that an element with
these other properties can also be a witness for this new assertion. The
precise syntactic meaning of “new” will be defined simultaneously with
the inductive definition of tableauz as binary trees labeled with signed
statements.

Definition 6.1: We define tableauz as binary trees labeled with signed
sentences (of L¢) called entries by induction:

(i) All atomic tableaux are tableaux. The requirement that ¢ be new in
cases 7b and 8a here simply means that ¢ is one of the constants ¢;
added on to L to get Lc (which therefore does not appear in ¢).

(ii) If 7 is a finite tableau, P a path on 7, E an entry of 7 occurring on P
and 7’ is obtained from 7 by adjoining an atomic tableau with root
entry E to T at the end of the path P then 7’ is also a tableau. Here
the requirement that ¢ be new in cases 7b and 8a means that it is one
of the ¢; which do not appear in any entries on P. {In actual practice
it is simpler in terms of bookkeeping to choose one not appearing at
any node of 7.}

(iii) If 7o is a finite tableau and 70,71,...,7n,.... is a sequence of
tableaux such that for every n > 0, 7,41 is constructed from 7,
by an application of (ii) then 7 = Ur, is also a tableau.

Warning: It is crucial in the setting of predicate logic that the entry E in
clause (ii) be repeated when the corresponding atomic tableau is added on
to P (at least in cases 7a and 8b). The reason for this will become apparent
once we analyze the action needed in these cases and the resulting definition
of a finished tableau (Definition 6.7).

We would next like to define tableau proofs of sentences in predicate
logic. It is important to realize, however, that in most situations one
does not simply prove a sentence outright. One normally proves some-
thing based on various assumptions or axioms. The semantic aspect of this
procedure was embodied in the notion of logical consequence in Definition
4.4. To capture the corresponding proof theoretic notion we need to define
tableaux and proofs from premises for predicate logic analogous to the ones
presented in 1.6 for propositional logic. The modifications needed are like
those incorporated in the definitions of 1.6 for propositional logic. The key
change is in the definition of a tableau from a set of sentences S. The
underlying idea is that we are assuming that every sentence in S is true.
Thus, in addition to the formation rules for ordinary tableaux, we may
assert at any time that any sentence in S is true. We accomplish this by
adding on one new formation rule for tableaux from S.
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For the remainder of this section we let S be a set of sentences in the
language £. We often refer to the elements of S as premises.

Definition 6.1 (Continued): Tableauz from S. The definition for tableaux
from S is the same as for ordinary tableaux except that we include an
additional formation rule

(it') ¥ 7 is a finite tableau from S, ¢ a sentence from S, P a path on 7
and 7/ is obtained from 7 by adjoining T to the end of the path P
then 7’ is also a tableau from S.

From now on we will define our notions for tableaux from S simultane-
ously with the ones for ordinary tableaux. The additional clauses pertain-
ing to tableaux from S are parenthesized, as in the following important
observation.

Note: It is clear from the definition that every tableau 7 (from S) is the
union of a finite or infinite sequence 7y, 71,..., T, ... of tableaux (from §)
in which 7y is an atomic tableau and each Tn+1 is gotten from 7, by an
application of (ii) (or (ii’)). From now on, we will always assume that every
tableau (from S) is presented as such a union.

Definition 6.2: Tableau proofs (from S): Let 7 be a tableau and P a path
in 7.
(i) P is contradictory if, for some sentence @, Ta and Fa both appear
as labels of nodes of P.

(ii) 7 is contradictory if every path on 7 is contradictory.

(iii) 7 is a proof of & (from S) if T is a finite contradictory tableau (from S)
with its root node labeled Fe. If there is proof 7 of a (from S), we
say a is provable (from S) and write - o (S + a).

(iv) S is inconsistent if there is a proof of & A —a from S for some sen-
tence a.

Note that, if there is any contradictory tableau (from S) with root node
Fa, then there is one which is finite, i.e., a proof of a (from §). Just termi-
nate each path when it becomes contradictory. As each path is now finite,
the whole tree is finite by Konig’s lemma. Thus, the added requirement
that proofs be finite tableaux has no affect on the existence of proofs for
any sentence. Another way of looking at this is that we could have required
the path P in clause (ii) of the definition of tableaux (Definition 6.1) to be
noncontradictory without affecting the existence of proofs.

Before describing the appropriate version of finished tableaux and the
construction of complete systematic tableaux, it is instructive to look at
some examples of proofs by tableaux in predicate logic. Note that we
again abbreviate the tableaux by not repeating the entry being analyzed
(or developed) unless we are dealing with either case 7a or 8b of the atomic
tableaux.
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Example 6.3: Suppose we want to check the validity of the formula
((Vz)p(z) — (3z)p(z)). We form the following tableau:

Fl(Vz)p(z) — (3z)p(z)]

T(Vz)p(z)

F(3z)p(z)

Fo(c)

T(Vz)p(z)

To(c)

®
FIGURE 30

For the last entry we chose to use the same constant c as in the previous
line so as to get the desired contradiction. We were able to do so because
the atomic tableau for Vzp(z) allows us to use any constant.

The next example also yields a contradictory tableau.

Example 6.4: See Figure 31.

In practice, it will generally prove more efficient to extend a tableau by
first expanding the atomic tableaux which require the introduction of new
terms and to then turn to those for which any ground term can be used.

Example 6.5: See Figure 32.

The atomic tableaux for T(Vz)p(z) and F(3z)p(zx) tell us that we can
declare p(t) true or false, respectively, for any ground term ¢. On the other
hand, the atomic tableau for T(3z)(z) allows us to declare ¢(t) true only
for one of the constants ¢; which have not appeared so far in the tableau.
The following example shows how we can get into trouble if we do not obey
this proviso.

Example 6.6: Reverse the implication in Example 6.3 to get the sentence
((3z)p(z) — (Vz)p(z)) which is not valid. If, however, we violate the pro-
visions for using new constants, we can produce a “proof” of this sentence,
as in Figure 33.



F[(vz)(P(z) — Q(z)) — ((Vz)P(z) — (vVz)Q(=))]
T(vz)(P(z) — Q(z))
F((Ve)P(z) — (Vz)Q(z))

T(vVz)P(z)

F(vz)Q(z)
FQ(c) 2 “new” ¢

T(Vz)P(z)
TP(c)

T(vz)(P(z) — Q(=))

T(P(c) = Q(c))

FP(c) TQ(c)

F1GurE 31

Itis easy to see that tableaux in predicate logic need never terminate if no
contradiction comes up. Thus, there is some question as to when we should
say .that an entry has been reduced and when a tableau is finished. To
motivate these definitions, we first consider the role of the atomic tableaux
for the' quantifiers and how we use them in building tableaux. When we
deal with T(3z)¢(x) (or F(Vz)ep(z)), we analyze it simply by listing Tp(c)
{or Fip(c)) for some constant ¢ not yet appearing along the path being
extended. The original sentence (3z)y(z) contains no more information

L LD VLAY W DVLs LY L GUICGUA Fve)

F((V2)(p(2) A(z)) — ((Vx)p(z) A (Y2)%(2)))

T((Vz)(v(z) A () F((vz)((z) A¥(=)))
F((Vz)p(z) A (V2)$(2)) T((vz)p(z) A (Va)$(z))
F(vz)p(x) F(vz)p(z) T(Vz)p(z)
newc Fo(c) Fy(d) newd T(vVz)p(z)

T((Va)(p(z) A9(2)  T((Vz)p(z) A¥(2))) F(p(e) Ay(e)) new e

T(p(c) A{c)) T(p(d) A(d)) Fyle) Fi(e)
Ty(c) Typ(d) T(Vz)p(z) T(vz)(z)
T4(c) T+(d) Tp(e) Ty(e)

® ® ® ®
FIGURE 32

than the new one ¢(c) and so we may reasonably claim to have finished with
it. On the other hand, if we are dealing with T(Vz)p(z) (or F(3z)p(z))
the situation is quite different. Here we may add Ty(t) (or Fip(t)) to
our tableau for any ground term t. This, however, far from exhausts the
information in the original sentence. It merely gives us one instance of
the universal fact asserted by T(Vz)yp(z). Thus, we cannot say that we
have as yet finished with T(Vz)yp(z). With this distinction in mind we
can define the notion of when an entry of a tableau has been reduced and
when a tableau is finished. As in the propositional case, our goal is to
describe a systematic procedure to produce a tableau proof (from ) of a
given sentence @. That this systematic procedure will always succeed if ¢
is valid (a logical consequence of S) will be the content of the Completeness
Theorem (Theorem 7.7).
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F((Fz)¢(z) — (Vz)p(x))
T(3z)p(z)
F(vz)p(z)
Ty(c)
Here we have developed the entry

Fp(c)  F(¥z) (), illegally using the same
c as in a previous entry.

®

FIGURE 33

Pet t1,... %, ... be a list of all the ground terms of our language L¢
which, we recall, includes the new constants ¢;.

Definition 6.7: Let 7 = Ur, be a tableau (from S), P a path in 7, E an
entry on P and w the i** occurrence of E on P (i.e., the i** node on P
labeled with E).

(i) w is reduced on P if

(1) E is neither of the form T(Vz)p(x) nor F(3z)p(z) and, for
some j, 7;+1 is gotten from 7; by an application of rule (ii) of
Definition 6.1 to E and a path on 7; which is an initial segment
of P. [In this case we say that E occurs on P as the root entry
of an atomic tableau.]

or

(2) E is of the form T(Vz)p(z) or F(3z)p(z), Ty(t;) is an entry
on P and there is an j + 1°* occurrence of E on P.

(ii) 7 is finished if every occurrence of every entry on T is reduced on
every noncontradictory path containing it (and Ty appears on ev-

ery noncontradictory path of 7 for every ¢ in ). It is unfinished
otherwise.

The idea here is that signed sentences such as T(Vz)p(x) must be
instantiated for each term t; in our language before we can say that we
have finished with them. We can now show that there is a finished tableau
(from S) with any given entry on its root node by constructing the ap-
propriate complete systematic tableau (from S). The plan is to devise an
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ordering procedure so that we can reduce each entry in turn to produce
the finished tableau. We employ a variant on the lexicographic ordering on
the nodes of the tableau.

Definition 6.8: Suppose T is a tree with a left-right ordering on the nodes
at each of its levels. Recall (from 1.1) that if T is, for example, a tree of
binary sequences, the left-right ordering is given by the usual lexicographic
ordering. We define the level-lexicographic ordering <pp on the nodes v,
p of T as follows:

v <pp p < the level of v in T is less than that of u or v and p are on
the same level of T" and v is to the left of p.

Definition 6.9: We construct the CST, the complete systematic tableau,
with any given signed sentence as the label of its root, by induction.

(i) We begin with 7o an atomic tableau with root the given signed sen-
tence. This atomic tableau is uniquely specified by requiring that in
cases 7a and 8b we use the term t; and that in cases 7b and 8a we
use ¢; for the least allowable 1.

At stage n, we have, by induction, a tableau 7, which we extend to
one Tp4y. As 7, is a (finite, labeled) binary tree the level-lexicographic
ordering is defined as above on its nodes. If every occurrence of every
entry on T is reduced, we terminate the construction. Otherwise, let w be
the level-lexicographically least node of 7, which contains an occurrence
of an entry E which is unreduced on some noncontradictory path P of 7.
We now proceed according to one of the following two cases:

(ii) If E is not of the form T(Vz)y(z) or F(3x)p(x), we adjoin the atomic
tableau with apex E to the end of every noncontradictory path in 7
that contains w. For E of the form T'(3z)¢(x) or F(Vz)p(x), we use
the least constant c¢; not yet appearing in the tableau.

(iii) If E is of the form T(Vz)p(z) or F(3z)p(z) and w is the i** occur-
rence of E on P we adjoin

E E
or
To(t:) Fo(t:)
respectively, to the end of every noncontradictory path in 7 contain-

ing w.

The CST from a set of premises § with a given root is defined like the
ordinary CST above with one change to introduce the elements of S. At even
stages (n = 2k) we proceed as in (i), (ii) and (iii) above. At odd stages (n =
2k+1) we adjoin Tay, for oy, the k*? element of S to every noncontradictory
path in 7, to get 7,+1. We do not terminate the construction of the CST
from S unless all elements of § have been put on every noncontradictory
path in this way and every occurrence of every entry is reduced on every
path containing it.



Note that, in general, a ¢ST will be an infinite tableau (even if S is
finite). The crucial point is that it is always a finished tableau.

Proposition 6.10: Every CST is finished.

Proof: Consider any unreduced occurrence w of an entry E in 7. C 7
which is on a noncontradictory path P of the given csT 7. (If there is
none, 7 is finished by definition.) Suppose there are n nodes of T which
are level-lexicographically less than w. It is clear from the definition of
the CST that we must reduce w on P by the time we form 7 p41. Thus,
every occurrence of each entry on a noncontradictory path in 7 is reduced
as required.

If we consider the CST from S, the same considerations apply to show
that every entry is reduced on every path. (It just takes twice as many
steps to get there.) The procedure of adding on the k*® member of S at
stage 2k + 1 guarantees that every element of S is put on every path of the
csT from S. It is therefore a finished tableau from S. O

Example 6.11: Figure 34 gives an example of a finished tableau.

FExercises

In exercises 1-11, let ¢ and ¢ be any formulas either with no free variables
or with only z free as appropriate. Give tableau proofs of each of the
following.

- Bz)(p(2) V9(2)) < (Ba)p(z) V (3z)P(z).

- (Va)(p(z) AP(2)) & (V)p(z) A (VZ)Y(2).

. (e V (Vz)¥(z)) — (Vz)(p V ¥(x)), T not free in .

- (p A @x)¥(z)) — (Bx)(p A (), 7 not free in p.

- (3=)(¢ — ¥(z)) = (¢ — (3z)¢(2)), 2 not free in ¢.
. (3z) (e A () = (@ A (3x)(z)), z not free in .

- ~(Iz)p(z) = (V) -ep(2).

- (Vz)-p(z) — —(32)p(z).

- (3x)p(z) — ~(Vz)p().

. (3z)(e(z) = ¢¥) = (Vz)p(z) — ¥), T not free in 1.
. ((Bz)p(z) = ¥) — (Vz)(p(x) — ¥), T not free in 1.
. Let v and 9 be any formulas with free variables z, y and z; let w

be any variable not appearing in ¢ or ¥. Give tableau proofs of the

following.
a) Vz3y-Vz ¢(z,y,2) « VzIyIe—p(z,y, 2).

b) 3aVy(Vze V) o JzVyVw(e(z/w) V ¥).
c) Vz3y(p V Iz} « VzIy3w(e V ¢¥(2/w)).
d) Vzy(p — Vzyp(2)) — VzIyvw(p — 9(z/w)).

WO 00 =3I O Uv i W N

et
N = O

T((3y)(~R(yv) vV P(y,9)) A (V) R(z, z))

T(3y{~R(y,y) V P(y,9))

T(Vz)R(z,z)

T(—~R(co, o) V P(co, c0))

T(Vz)R(z,x)

TR(co; co)

(suppose to = co)  T(—R(co, o)) T P(co, o)
® T(Vz)R(z,x)

TR(t1,t1)
T(Vz)R(z,x)

TR(t2,t2)

FIGURE 34
13. Theorem on Constants: Let ¢(z,...,Z,) be a formula in a

language £ with all free variables displayed and let ¢, ... ,cs be con-
stant symbols not in £. Show that Vz; ...Vz,p(z1,... ,2y) is tableau
provable iff ¢(cy,...,cn) is. Argue syntactically to show that, given
a proof of one of the formulas, one can construct a proof of the other.
(You may assume the proof is given by the CsT procedure.)

14. If the left-right orderings on each level of T is a well-ordering (i.e.,
every subset has a least element), then the ordering <rr is a well-
ordering of the nodes of T.
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7. Soundness and Completeness of Tableau Proofs

We can now exploit the complete systematic tableaux to prove the basic
theorems about predicate logic and provability: Soundness, Completeness
and Compactness. We begin with the soundness of proofs by tableaux in
predicate logic. Throughout this section, £ is a fixed language of predicate
calculus and S is a set of sentences in £. The case of pure tableaux, i.e.,
with no set S of premises, is simply the case S = @. This remark applies
to all the results of this section and so we will deal only with the case of
proofs and tableaux from S. The root nodes of our tableaux will also be
taken from L.

Lemma 7.1: If 7 = Ur, is a tableau from a set of sentences S with root
Fa, then any L-structure A which is a model of SU{~a} can be ezpanded
to one agreeing with every entry on some path P through 7. (Recall that
A agrees with Ta (Fa) if a is true (false) in A. )

Proof: The only expansion of A that is necessary to make it a structure
for all the sentences appearing in 7 is to define cf* for the constants ¢; in
Lc ~ L appearing on P. (Remember, these are the constants used in T as
the “new” constants in instantiations.)

We define P and (:;4 by an induction on the sequence 7, giving the
construction of 7. At each step n we will have a path P, through 7, and
an extension A,, of A (with the same domain) which interprets all the ¢;
on P, and agrees with P,. This clearly suffices to prove the lemma. When
Tn+1 i gotten from 7, by extending some path other than P, we need make
no changes in P, or A,,. Suppose then that Tn+1 is gotten by adding on to
the end of P, either an atomic tableau with root E an entry on P, or an
element oy of S. In the latter case we extend P, in the only way possible
by attaching ay to its end. No extension of A, is necessary and it agrees
with aj (and hence P,1;) by hypothesis. We consider then the case of
extending 7, by adding on an atomic tableau 7 with root E. By induction
we may assume that A, agrees with E. We wish to extend A, to A, 1and
find a path P, extending P, through 7,,, agreeing with A,;;. (The
base case of our induction is the atomic tableau 75 whose root Fa agrees
with A by hypothesis. The analysis of the base case is then exactly as in
the inductive step: We wish to extend A to Ao and find a path Py through
To agreeing with Ag.) We consider each type of atomic tableau 7.

(i) The situation for the propositional connectives is the same as in the
proof of soundness for propositional logic (Lemma L.5.4). In particular, no
extension of A, is necessary. If, for example, we added on

T(aV B)
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then we know by induction that A, F aV B and so A, Faor A, F ﬂ We
choose to extend P, accordingly. The analysis for the other propositional
connectives is left as Exercise 7.

(ii) If we added on

T(Vz)p(z) F(3z)p(z)
or

Ty(t) Fo(t)

we again have no problem. A, F Vzp(z) (or A, F —|3:ctp(z).) and 80
A E o(t) (An E —p(t)). (Note that if ¢4 is not yet defined by our inductive
procedure we can now define it arbitrarily and still maintain our inductive
hypothesis as we know that A, F Vzo(z) (or A, F -3zp(z)).

(iii) Finally, if we added on

T (3z)p(x) F(Vz)p(z)

Ty(c) Fy(c)

for some new constant symbol ¢ (i.e., one not appearing either in § or in
an entry on P,), we must define cA. By induction, we know that A, F
Jzp(x) (A F =Vzp(z)) and so we may choose an element a€ A(=A, by
construction) such that, if we expand A, to A, by letting A =a, we
have An41 F p(e)(Ant1 E ~@(c)) as required. O

Theorem 7.2 (Soundness): If there is a tableau proof T of a from S,
then SE a.

Proof: If not, then there is a structure .A F - in which every oy in S
is true. Lemma 7.1 then tells us that there is a path P th¥ough T a.'nd an
expansion A’ of A which agrees with every node on P. As P is contradictory
by assumption, we have our desired contradiction. O

We now turn to the completeness of the tableau method of proof for
predicate logic. As in the propositional case (Theorem I:5.3 and espec;ally
Lemma 1.5.4) the plan is to use a noncontradictory path in a CST tq bul'ld a
structure for Lo which agrees with every entry on P. The underlying 1(.iea
here is to build the desired structure out of the only a.va.ilable. materials
— the syntactic objects, in particular, the ground terms appearing on the
path. This idea and its application in the proof of the completeness theorem
will be crucial ingredients in the proofs of many other importa.Pt resu.lts
including Herbrand’s theorem (Theorem 10.4) and the Skolem-Léwenheim

theorem (Theorem 7.7). ’
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Theorem 7.3: Suppose P is a noncontradictory path through a complete
systematic tableau T from S with root Fa. There is then a structure A in
which a is false and every sentence in S is true.

Proof: Let the domain of this structure be the set A of ground terms
t; on the master list of ground terms of our expanded language Lo. We
define the functions f# associated with the n-ary function symbols f of
our language in the natural way corresponding to the syntax of L¢:

FAGi tigy o oti) = fltiny--- i)

Remember that the elements of our structure are the ground terms and so
the ¢; appearing on the left-hand side of this equation are being viewed
as elements of our structure to which we apply the function f4. On the
right-hand side we have another term, and so an element of our structure,
which we declare to be the value of this function. If R is an n—ary predicate
letter, we define R4 as dictated by the path P:

RA(t;,,...,t;) < TR(ti,,...,t;,) is an entry on P.

We now prove the theorem by establishing a slightly stronger assertion
by induction.

Lemma 7.4: Let the notation be as above.
(i) If FB occurs on P, then B is false in A.
(ii) If TB occurs on P, then B is true in A.

Proof: First recall that, by Proposition 6.10, every occurrence of every
entry on P is reduced on P. We now proceed by induction on the depth of
B (more precisely, on the depth of the associated auxiliary formation tree
as given in Definition 3.8).

(i) If B is an atomic sentence, then 8 is of the form R(t;,,... ,t; ). T3
occurs on P then RA has been declared true of t;,,... ,t; . If 3 occurs
on P then, as P is noncontradictory, T8 does not occur on P and R4 has
been declared false of ¢;,,... ,¢;,.

(ii) Suppose B is built using a connective, e.g., B is (81 V B2). As T is
finished, we know that if T3 occurs on P, then either T8; or T8, occurs
on P. By induction hypothesis if T3; occurs on P then f; is true in A
(and similarly for 8;). Thus, one of 3, B2 is true so (8; V B;) is true in
A (by the inductive definition of truth). On the other hand, if F(8; V G2)
appears on P, then we know that both F3; and Ff3; appear on P. Qur
inductive hypothesis then tells us that both £; and F; are false in 4. We
then have that (8; V 82) is false in A as required. The cases for the other
connectives are similar and are left as Exercise 8.

(iii) Suppose B is of the form (Yv)p(v). If w is the i*" occurrence of
T((Vv)p(v)) on P, then T'p(t;) occurs on P and there is an i+1% occurrence
of T((Vz)p{z)) on P. Thus, if T((Vv)p(v)) appears on P, then ¢(t) appears

Soundness and Completeness of Tableau Proofs 111

on P for every ground term t. As the depth of () is less than that of
(Vo) (v), the inductive hypothesis tells us that ¢(t) is true in A for every
ground term t. As these terms constitute the universe of our structure A,
(Yv)p(v) is true in A as required.

If F(Vv)p(v) occurs on P then, again as 7 is finished, Fp(t) occurs on P
for some ¢. By induction hypothesis ¢(t) is false in A. So (Vv)p(v) is false
in A.

(iv) The case for the existential quantifier 3vp(v) is similar and is left
as Exercise 9. O

This also completes the proof of Theorem 7.3. O

We now specialize our general remarks on the finiteness of proofs to
complete systematic tableaux.

Proposition 7.5: If every path of a complete systematic tableau is con-
tradictory, then it is a finite tableau.

Proof: By construction, we never extend a path on a CST once it is con-
tradictory. Thus, every contradictory path on a CST is finite. The theorem
then follows from Konig’s lemma (Theorem 1.1.4). O

We have thus proven an effective version of the completeness theorem.
For any given sentence o and any set of sentences S, we can produce either
a proof that a is logical consequence of S or a model of S in which a fails.

Corollary 7.6: For every sentence a and set of sentences S of L, either
(i) the cST from S with root Fa is a tableau proof of a from S
or

(ii) there is a noncontradictory branch through the complete systematic
tableau which yields a structure in which a is false and every element
of S is true.

As the path in (ii) of Corollary 7.6 is countable (i.e., there is a one—one
correspondence between its symbols (and hence its terms and formulas)
and a subset of the natural numbers), so is the structure associated with
it. We have thus also proven the Skolem-Lowenheim theorem. 0O

Theorem 7.7 (Skolem-Léwenheim): If a countable set of sentences S is
satisfiable (that is, it has some model) then it has a counteble model.

Proof: Consider the csT from S that starts with a contradiction aA—a at
its root. By the soundness theorem (Theorem 7.2) it cannot be a tableau
proof of a A—a from S. Thus, it must have a noncontradictory path P. As
there are only countably many ground terms in L¢, the structure defined
in the proof of Theorem 7.4 is the desired countable model of S. O
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The analogous theorem can also be proved for arbitrary cardinalities.
Also note that we use countable in the sense of at most countable, that is
the model may be finite. In our setting, however, one can always guarantee
that the model is infinite (Exercise 3). One can guarantee that a set of
sentences has only finite models only by the special treatment of equality
which we consider in III.5. Ignoring the remarks on PROLOG, this treatment
of equality can be read at this point.

We can reformulate Corollary 7.6, in analogy with the completeness and
soundness theorems for propositional calculus, in terms of the equivalences
between provability and logical consequence. The point to keep in mind is
that, if « is false in some model for S, then it cannot be a logical conse-
quence of S.

Theorem 7.8: (Completeness and Soundness):
(i) a is tableau provable from S & « is a logical consequence of S.

(ii) If we take a to be any contradiction such as B A =8 in (i) we see
that S is inconsistent if and only if S is unsatisficble. O

The compactness theorem for predicate logic is also a consequence of
these results.

Theorem 7.9 (Compactness): Let S = {ai1,a2,...} be a set of sentences
of predicate logic. S is satisfiable if and only if every finite subset of S is
satisfiable.

Proof: The only if direction is immediate. For the if direction consider
the ¢sT from S with root entry F(a A —a). If the CST is contradictory it
is finite by Proposition 7.5. If it is infinite, it has a noncontradictory path
and so by Corollary 7.6 there is a structure in which every q; is true. If it
is contradictory and finite then a A —a is a logical consequence of the finite
subset of § whose elements are those appearing on this tableau. This finite
subset can have no model as a: A ~a has no model. O

We should point out one important difference between the completeness
proofs for predicate and propositional logic. The finished tableaux for
propositional logic were always finite and so for every proposition a we can
effectively decide if it is valid or actually produce a counterexample. For
predicate logic, if a given sentence ¢ is valid we eventually find a proof. On
the other hand, if it is not valid, the finished tableau and the path providing
a counterexample may well be infinite. Thus we may never in the course
of our construction actually know that ¢ is not valid. This phenomena is
unavoidable. Church’s theorem states that there is no effective method for
deciding if a given sentence in the predicate calculus is valid. We prove
this result in Corollary II1.8.10 as a corollary to a result on termination
of PROLOG programs. A proof suitable for insertion at this point can,
however, be based on the semantic approach indicated in Exercise I11.8.3.
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Fzercises

1.

Give a semantic proof of Exercise 6.13: Let ¢(z1,... ,Z,) be a formula
in a language £ with all free variables displayed and let c1,... ,¢n
be constant symbols not in £. Show that Vz;...Vzpp(zy,..., Zn)
is tableau provable iff @{ci,... ,c,) is by showing that ¢(z1,..., Za)
isvalid iff ¢(c1,... ,cn) is valid. Now apply the completeness theorem.

. Let £ be any language which includes a binary relation symbol < and

S any set of sentences of £ which has an infinite model and includes
the axioms for linear orderings:

(i) (z<y)V(y<z) and

({l) @<YA@y<2)—(z<2).

(a) Show that there is a model M for S with an infinite descending
chain, that is, one in which there are elements ¢g, ¢1, . .. such that
.fcpp1fen<... <0

(b) How can you also guarantee that c; # c; for i # 57

(This problem shows that the notion of well ordering is not definable
in predicate logic.)

. Let £ be any language for predicate logic and S be any set of sentences

in £. Prove that S is satisfiable iff it has an infinite model.

. Let £ be a language for arithmetic on the natural numbers N (= {0, 1,2,

...}) including 0, 1, +, - and >. Let Th(N) be the set of all sentences
of £ true in N. Show that there is a nonstandard model of Th(N), i.e.,
a structure M for £ in which every sentence of Th(N) is true but in
which there is an element ¢ greater than every n € N.

. Reconsider the applications of compactness in the exercises for propo-

sitional logic. Use predicate logic to give considerably simpler proofs
of Exercises 1.6.7 and 1.6.8. (Note that the planarity of a graph G is
expressible in predicate logic since by a theorem of Kuratowski it is
equivalent to two specific finite graphs not being subgraphs of G.)

. Deduction Theorem: Let ¥ be a finite set of sentences in a language

L and AX the conjunction of its members. Prove that, for any sentence
@ of L, the following are equivalent:

Q) Sk o.

(ii) EAZ — .
(iii) T F .
(iv) F A — .

. Complete the proof case (i) of Lemma 7.1 by describing the required

extensions of P, for the other propositional connectives.

. Complete the proof case (ii) of Lemma 7.4 by handling the other propo-

sitional connectives.

. Complete the proof of case (iv) of Lemma 7.4 by considering the case

that g is Jup(v).
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10.

11.

Predicate Logic

Let £ be a language with no function symbols. Describe a procedure
which, given any sentence 9 of the form Vz; ... Vza3y1 ... Jymep, with
quantifier free, decides if 9 is valid. (Hint: First use Exercise 6.13 to re-
duce the validity of 9 to that of Iy, ... Jymp(c1, ... 160, Y1, - .- ,¥m) for
new constants ¢y, ... ,c,. Consider all formulas of the form ¢(cy, ...,
Cnyd1,... ,dm) where d; € {c1,... ,¢n}. Apply the ideas of Theorem
4.8 and the methods of Chapter I to decide the validity of each of these
sentences. If one is provable then so is . If none are provable, argue
that ~¢ has a model.)

Let R be a binary relation symbol, and let R be its interpretation in
a structure A. The transitive closure of R4 is the set of all pairs (a, b)
for which there exists a finite R4A-path from a to b, i.e., a sequence
ag,d1,-.. ,Gn, 1 > 1, of elements of A with ap = a, a, = b, and
RA(a;,ai41), 0 < i < n. Show that transitive closure is not first—order
definable; i.e., show that there does not exist a formula TC(z,y) of
predicate logic such that for all structures .A and a,b € A, AE TC(a,b)
if and only if (a,b) is in the transitive closure of RA. (Hint: Define the
formulas p,(z,y) inductively by:

P1(z,y) = R(I,y)
pn+l(xv y) = 3‘Z(R(:E’ z) A p"(z’y))’

Show that in any structure .4, the pair (a, b) is in the transitive closure
of RA iff A F py,(a,b) for some n. Suppose there were such a formula
TC(x,y) expressing the transitive closure of R. Consider the infinite
set of sentences

{TC(a,b)} U{~pn(a,b) [n > 1}.

Obtain a contradiction using the compactness of predicate logic.)

8*. An Axiomatic Approach

As for the propositional logic we give a brief sketch of a classical ap-

proach to predicate logic via axioms and rules. For the sake of brevity, we
use as propositional connectives only — and — as we did in L7. In the
same vein we view the existential quantifier 3 as a defined symbol as well:
We replace 3zp(x) by —Vz—p(z). (They are equivalent by Exercise 4.5.)
We also fix some list of constants, function symbols and predicate symbols
to complete our language £. The axioms include the schemes (1.7.1) for
propositional logic but now the variables &, 8 and « range over all formulas
of £. In addition we include two schemes that express the meaning of the
universal quantifier. Note that we are considering all formulas, not just
sentences and remember that validity for a formula with free variables is
the same as for its universal closure.

8.1 Axioms: Let a, # and v be any formulas of £. The axioms of our
system are all formulas of £ of the following forms:
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(@) (@—(B—a)
(i) ((@a—=(B-7)~(a—B8)—(a—1))
(iii) ((-a) = (@—B))
(iv) (Vz)a{z) — «(t) for any term ¢ which is substitutable for « in a.
(v} (Vz)(a = B) — (& — (vz)B) if a contains no free occurrences of z.

It is easy to check that all instances of these axiom schemes are valid.
The restriction in {iv) is necessary as we explained when we defined sub-
stitutability (Definition 2.8). Recall that we considered in Example 2.9 (ii)
the structure Z of the integers with constants for 0 and 1, a function s
for successor and a predicate A(z,y,z) which is interpreted as x +y = 2.
In particular, we considered the true sentence p = Vz3yA(z,y,0). Asa
true universal sentence, ¢ should be true of any object. Indeed (iv) asserts
that any permissible substitution results in a formula valid in Z. On the
other hand, if we substitute s(y) for = we get VzIyA(s(y),y,0) which is
false in Z. As for the restriction in (v), consider the true (in Z) sentence
¢ = Yz(YyA(z,y,y) — A(z,1,1)). If we could ignore the restriction in )
we could conclude from ¢ (via the rule of modus ponens given below) that
vyA(z,y,y) — YzA(z,1,1)). This formula is not valid in Z as can be seen
by setting the free occurrence of = to 0. (This substitution only affects the
left side of the implication by making it the true sentence VyA(0,y,y). The
right side of the implication is, however, false.)

Our system has two rules of inference. The first rule is modus ponens
applied to the formulas of £. The second captures one direction of the
equivalence between the validity of a formula with free variables and that of
its universal closure. (The other direction is included in axiom scheme (iv).
Just take ¢ to be z.)

8.2 The rules of inference:

(i) Modus Ponens: From o and  — 3, we can infer 3 for any formulas
a and S.

(i) Generalization: From Vza infer a.

As in propositional logic, such axiom and rule based systems are gen-
erally called Hilbert-style proof systems. The definition of a proof from a
set of formulas ¥ is the same as for propositional logic except that we have
more axioms and rules.

Definition 8.3: Let T be a set of formulas of L.

(i) A proof from T is a finite sequence 1,0z, ...an of formulas of £
such that, for each i < n, one of the following is true:

(1) a; is a member of I;
(2) o is an axiom,
(3) c; can be inferred from some of the previous a; by an applica-
tion of a rule of inference.
(ii) o is provable (a theorem) from T if there is a proof au,... ,an from
¥ with an = a.
(iii) A proof of a is simply a proof from @. o is provable if it is provable
from @.
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The standard soundness, completeness and compactness theorems can
be proven for the system presented here. It is taken from Elliot Mendel-
son’s Introduction to Mathematical Logic (1964, 3.2] and a development of
predicate logic using it can be found there. In §13, we will extend the rule
based system of resolution to a fragment of predicate logic and prove the
corresponding results for it.

9. Prenex Normal Form and Skolemization

We would like to show that, in a certain sense, predicate logic can almost
be reduced to propositional logic. Roughly speaking, we want to eliminate
the quantifiers by introducing new function symbols and terms. The basic
idea is that a formula such as:

P=Vr1.. V2,31 ... 3ymR(T1, . o Ty YLy e -+ 5 Ym)

will be replaced by one

¢ =Vl‘1 ...Van(:z:l,... ,:z:,,,fl(a:l,... ,z,,),fz(a:l,... ,:L‘n),
. 7fn(z1,--- ’mn))-

Here each f; is a new function symbol. The intended interpretation of f;
is as a function choosing, for any given z,,... ,Z,, a y; which makes the
formula true if one exists. Such functions are called Skolem functions. It is
clear that ¢ and ¢ are equisatisfiable (i.e., ¢ is satisfiable iff 4 is) and so we
could try to find a tableau (or other) refutation of ¢ just as well as one of .
In order to reap the full benefits from such a procedure, it is convenient
to first replace ¢ by an equivalent formula ¢’ called a prenez normal form
of © in which all the quantifiers are at the beginning. We can then hope to
eliminate successive blocks of quantifiers VZ3§ by introducing appropriate
Skolem functions. The ultimate goal is to get a universal formula 1 (i.e.,
one with only universal quantifiers which all occur as the initial symbols
of ¢) which is equisatisfiable with the original . (We say that ¢ and Y
are equisatisfiable if both are satisfiable or if neither are.) We would then
only need to consider universal formulas in any refutation proof scheme.
(Of course, we have resolution in mind.)

As we know how to replace all uses of connectives by expressions involv-
ing only - and V (they form an adequate set of connectives by Corollary
1.2.11), we assume for convenience that our given formula ¢ has no other
connectives. We will show how to find a prenex equivalent for such a ¢.
We first need the basic moves to handle — and V.

Lemma 9.1: For any string of quantifiers a:; = Q171Q222...Qnz,
(each Q; is ¥ or 3) and any formulas ¢, ¢ we have the following provable
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equivalences
(1a) F QzﬂVw o Qzﬁy—w
(1b) F~ Qz—-3y<p “ Qa:Vy-up
(2)  FQz(vypV ) o QaValp(y/2) V ¥).
(22) +Qa(p Vv Vy) o QaVa(p v ¥(y/2)).
(20) + Qa(3yp V) « Qa3a(p(y/2) V ¥).
@) F Qa(pV Iyy) o QzIz(p V ¥(y/2)).

where z is a variable not occurring in ¢ or ¢ or among the ;.

Proof: Tableaux proofs of such equivalences are fairly simple and are left
as exercises. (Samples of (1), (2a) and (2b’) were given in Exercise 6.12
(a), (b) and {c) respectively.) Alternatively one can argue semantica:lly for
the equivalences and then apply the completeness theorem. (Exercise 4.5
essentially gives (1a) and (1b).) A general approach to these equivalences
is outlined in Exercises 1-3.

Note: In the context of resolution proofs, the practice of renaming vari-
ables as in 2a and 2b to avoid possible conflicts is often called standardizing
the variables apart.

We can now prove that every formula ¢ has a prenex equivalent.

Theorem 9.2 (Prenex Normal Form): For every formula ¢ there is an
equivalent formula @' with the same free variables in which all quantifiers
appear at the beginning. Such an equivalent of ¢ is called a prenez normal
form (PNF) of o.

Proof: By induction on the depth of ¢. Remember that, by Corc')llal'vy
1.2.11, we may assume that the only propositional connectives occurring in
¢ are - and V. If ¢ is atomic there is nothing to prove. If ¢ is Vg./'w or
Jyy and ¢’ is a PNF of ¥ then Vyy' or 3yy’ is one for ¢. (This fact is the
base case for the induction in Exercise 1.) If ¢ = =) and 9’ is a PNF of z,b
then repeated applications of the clauses (1a) and (1b) of the 1emrr'1a will
produce the desired PNF for ¢. If ¢ = 1 V 6 then repeated applications of
the clauses (2a), (2a’), (2b) and (2b’) will give the result for ¢p. O

Note: One can easily introduce prenexing rules that deal directly with the
other connectives. The following equivalences may be used to put formulas
in PNF without first eliminating any of the connectives except «:

(32) F Qz(Vyp A ) o QaV(p(y/2) A ).
(32') FQa(p AVyp) o Qavalp Av(y/2)).
(3b) +Qz(EypAY) o QeI(p(y/z) AY).
(3v) Qw(<p AJyyp) & Qz32(<p Np(y/z)).
(48) + Qz(Vyp — ¥) « Qada(p(y/2) - ¥)-
(4e) FQi(p — Vyp) o QaVa(p — Y(y/2)).
(4b) F Qe — ¥) = QaVa(e(y/z) — ).
4b') +Qz(p — ) < QzIz(p — ¥(y/2)).
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Again z is a variable not occurring on the left-hand side of the equivalences.

Example 9.3: We find PNF’s for two formulas:

(i) V23yP(z,y) Vv -3zVyQ(z, y):
Yu[3yP(u,y) V ~32VyQ(z, y)]
Vudv[P(u,v) vV =32VyQ(z, y)|
Vuv[P(u,v) V Vz-Vy Q(z,y)]
Yudv[P(u,v) V VzIy—Q(z, v)]
VudvVw[P(u,v) V Iy-Q(w, y)|
VuZoVw3z[P(u, v) V ~Q(w, 2)}.

(if) V2Vy[(3z)(P(z, 2) A P(y, 2)) — 3uQ(z,y, u)}:
VaVyVw[P(z, w) A P(y,w) = JuQ(z,y, u))]
VaVyVw3z[P(z, w) A Py, w) — Q(z,y, 2)).

(iif) Alternatively we could get a different PNF for (i) as follows:
Vu[3yP(u,y) V ~3zvyQ(z, )]

Yu[IyP(u,y) vV Vz-Vy Q(z,y)]
VuVw(IyP(u, y) V -VyQ(w,y)|
Yu¥wIv[P(u,v) V ~VyQ(w,y)]
YuvwIv[P(u,v) V 3y-Q(w, y)]
VuVw3v3Iz[P(u,v) V ~Q(w, 2)].

We can now reduce the problem of giving refutation proofs of arbitrary
sentences of the predicate calculus to that for universal ones.

Theorem 9.4 (Skolemization): For every sentence ¢ in a given language
L there is a universal formula ¢’ in an ezpanded language L' gotten by the
addition of new function symbols such that ¢ and ¢’ are equisatisfiable.

(Note that we do not claim that the formulas are equivalent. The pro-
cedure will always produce a ¢’ such that ¢’ — ¢ is valid but ¢ — ¢’ need
not always hold. See Exercise 9.4 for an example.)

Proof: By Theorem 9.2 we may assume that ¢ is in prenex normal form.
Let y1,... ,¥n be the existentially quantified variables of ¢ in the order in
which they appear in ¢ from left to right and, for each i < n, let zy, ... , Tn,
be all the universally quantified variables preceding y;. We expand £ to £’
by adding new n;-ary function symbols f; for each i < n. We now form ¢’
by first deleting each 3y; and then replacing each remaining occurrence of y;
by fi(z1,... ,zn,). We claim that ¢’ is the desired sentence equisatisfiable
with . To verify this claim it suffices to apply the following lemma n
times:

Lemma 9.5: For any sentence ¢ = Vz,...Vz,3yy of a language L, "
and ¢ = Vz;... Ve, ¥(y/f(z1,... ,Ts)) are equisatisfiable when f is a
function symbol not in L.
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Proof: Let £’ be the language obtained from £ by adding the function
symbol f. It is clear that if A’ is a structure for £’, A is the structure
obtained from A’ by omitting the function interpeting f and A’ F ¢/, then
A E ¢. On the other hand, if A is a structure for £ and A F ¢, we can
expand A to a structure A’ by defining f4’ so thatfor every ay,...,an €
A=A, AEY(y/f(a,...,a)). Of course, A’ F ¢’ . Note that n may be
0, that is, f may be a constant symbol. O

Corollary 9.6: For any set S of sentences of a language £ we can con-
struct a set S’ of universal sentences of a language L' which is an expan-
sion of L gotten by adding on new function symbols such that S and S’
are equisatisfiable.

Proof: Apply the construction supplied by Theorem 9.4 to each sentence
@ of S separately to introduce new function symbols f,, for each sentence
@ of § and form the corresponding universal sentence ¢’. Let S’ be the
collection of all of these sentences ¢’ and L’ the corresponding expansion
of £. As in the proof of the theorem it is clear that, if a structure A’
for £’ is a model of ', then it is one of S. The proof also shows how to
expand any model of S to one of S’ by defining each new function symbol
[, independently of what is done for the others. O

Example 9.7: Possible Skolemizations corresponding to the prenex nor-
mal forms of Example 9.3 above are as follows:

(i) VuVw[P(u, fi(u)) V =Q(w, fa(u, w))]
(i) YzVyVw[P(z,w) A P(y,w) — Q(z,y, f(z,y, w))]
and
(iii) YuVw[P(u, fi(u,w)) V -Q(w, f2(u, w))].

Example 9.8: There are many familiar examples of Skolemization in the
construction of axiom systems for standard mathematical structures such
as groups or rings. In these situations, axioms of the form Vz3Iyyp(z,y) can
be replaced by open formulas of the form ¢(z, f(z)) by introducing the
appropriate Skolem functions.

As a particular example let us reconsider the structure of Example 2.9
for the integers Z and the sentence Vr3IyA(z,y,0) which says that ev-
ery integer has an additive inverse. The Skolemization of this sentence
is VzA(z, f(z),0). The interpretation of f should be the unary function
taking every integer z to its additive inverse —z. The Skolemized sentence
then simply says that, for all z, z + (—z) = 0.

Harking back to the clausal forms for predicate calculus introduced in §5,
we now see that every set of sentences has an equisatisfiable clausal form.

Corollary 9.9: For any set S of sentences of L, there is (in the termi-
nology of §5) a formula, that is, a set T of clauses in a language L' gotten
by adding new function symbols to L such that S and T are equisatisfiable.
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Proof: Consider the set S of universal sentences V' (%) equisatisfiable
with § given by Corollary 9.6. Let 7" consist of the equivalent open for-
mulas ¢'(Z) gotten by dropping the initial universal quantifiers from the
elements of §'. (¢ and ¢’ are equivalent by Exercise 4.8 or 6.13.) If we
view each atomic formula of £’ as a propositional letter and form the CNF
equivalent 1, = At,, ; of each formula ¢’ € T", we get a set of formulas T"
each in CNF and each equivalent to the one of T” : MNopi=v,=¢" =9
for each € S. (For each ¢, 9, is equivalent to ¢’ by Theorem 4.8.) The
desired set T of clauses then consists precisely of the set of all conjuncts
from all of the formulas @ in T : T = {3,; | o € §}. O

FEzxercises

1. Let ¢ and 9 be any formulas (with free variables) and let Q_:)z: =
Q171Q223 ... Qpzy, be any _sEring of E)la.ntiﬁers. Prove that if ¢ and 9
are equivalent then so are Qzy and Qz3. (Hint: proceed by induction

—
on the length n of Qz.) Thus in proving the equivalences (1a)-(4b")
we may assume that the formulas have free variables but the strings
Qz of initial quantifiers are empty.

2. Use the theorem on constants (Exercise 4.8) to show that we may also
assume that there are no free variables in formulas in the equivalences
(1a)—(4b').

3. Now argue for the validity of each equivalence (1a)-(4b’ ) either seman-
tically or by giving a tableau proof. (Use exercises 1 and 2 to assume

—
that the Qx are empty and that there are no free variables present.)

4. Let p(z, y) be an atomic formula and f a function symbol not appearing
in . Show that the sentence Vzy(z, f(z)) — Yz3yp(z, y) is valid but
its converse, Vz3yp(z,y) — Vzp(z, f(z)), is not.

5. Find prenex equivalents and Skolemizations for the following sentences:
(2) Vy(3zP(z,y) — Q(y, 2)) A Jy(VzR(z,y) V Q(z,)).

(b) 3zR(z,y) & VyP(z,y).
(c) Y23yQ(z,y) V IaVyP(z,y) A ~IzTyP(z,y).
(d) ~(V23yP(z,y) — Jz3yR(z,y)) A Vz-TyQ(z,y).

10. Herbrand’s Theorem

The introduction of Skolem functions and the reduction of any set of
sentences to universal ones gives us a more concrete approach to the di-
chotomy of unsatisfiability and model building implicit in the completeness
theorem for tableau proofs. Consider any set S of universal sentences in
a language £ with various Skolem functions already included. We also as-
sume that £ contains at least one constant c. We claim that either S is
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inconsistent (i.e., unsatisfiable) or there is a model A of S whose elements
are simply the ground terms of the language £. As all such terms must be
interpreted in any structure for £, this is in some sense a minimal structure
for L. )

Definition 10.1: The set of ground (i.e., variablefree) terms of a lan-
guage L is called the Herbrand universe of £. A structure A for £ is an
Herbrand structure if its universe A is the Herbrand universe of £ and, for
every function symbol f of £ and elements ¢,,... ,¢, of 4,

FAGL, - ta) = f(t1y ..o o tn).

(We include here the requirement that ¢4 = ¢ for each constant symbol ¢
of L.)

The Herbrand universe is reminiscent of the structure produced in the
proof of the completeness theorem (Theorem 7.3). As we shall see, they are
intimately related. Note also that no restrictions are placed on the inter-
pretations of the predicates of £ so there can be many Herbrand structures
for a given language L.

Definition 10.2: If S is a set of sentences of £ then an Herbrand model
M of S is an Herbrand structure for £ which is a model of S, i.e., every
sentence of S is true in M.

Example 10.3: If our language £ contains the constants a and ¢, a unary
function symbol f and a binary one g and predicates P, Q, R then the Her-
brand universe H for £ is {a,c, (), £(¢), g(a,c), f(a), f(c), f(g(a ),
9(a, f(a)), 9(a, f(c)), 9(a, 9(a,c)), ... ,g(f(a), f(c)), ..., fff(a),... }.

We claim not only that there is an Herbrand model for any consistent
set of universal sentences (or open formulas) S but also that, if S is in-
consistent, then its unsatisfiability is demonstrable at the truth-functional
level via ground instances of the formulas (that is, instances of substitu-
tions of terms from the Herbrand structure for the universally quantified
(free) variables in S).

Theorem 10.4 (Herbrand’s Theorem): Let S = {p;i(z1,... ,2q,)} be a
set of open formulas of a language L. Either
(i) S has an Herbrand model or
(ii) S is unsatisfiable and, in particular, there are finitely many ground
instances of elements of S whose conjunction is unsatisfiable.
The latter case, (ii), is equivalent to

(ii') There are finitely many ground instances of the negations of formulas
of S whose disjunction is valid. (As we may view these ground in-
stances as built from propositional letters, the disjunction being valid
is equivalent to its being a truth—functional tautology.)
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Proof: Let S’ consist of all ground instances from £ of formulas from S.
Consider the csT from $’ (in the language £ alone, i.e., with no additional
constant symbols added on) starting with F(a A —~a) for any sentence a.
There are two possible outcomes. First, there might be a (possibly infinite)
noncontradictory path in the tableau. In this case, the proof of Theorem
7.3 supplies us with a model .4 of S’ whose elements are the ground terms of
L, i.e., an Herbrand model for S’. By definition of S’ and of tableau proofs
from S, ¢(t1,...,t,) is true in A for every ¢ € S and every ty,...,t,
in the Herbrand universe. Thus the structure A defined on the Herbrand
universe by the path is a model for S.

The other possibility is that the tableau is finite and contradictory. In
this case, the tableau is, by definition, a proof of the unsatisfiability of
the set of elements of S’ appearing in the tableau and so we have the
unsatisfiable conjunction required in (ii). Moreover, S cannot be satisfiable:
A model for S is one in which ;(z1,... ,Zp;) is valid, i.e., true for every
instance of the free variables z,... ,n,, for every p; € 5. Any example
of (ii), however, directly exhibits a set of such instances which cannot be
simultaneously satisfied in any model.

Finally, by Theorem 4.8 we may manipulate the variable-free formulas
as propositional letters. The unsatisfiability of the conjunction as required
in (ii) is then equivalent by propositional rules to the disjunction of their
negations being valid or a tautology. Thus, (ii) and (ii’) are equivalent. O

Note that if S is unsatisfiable (and so (i) fails), then (ii) directly exhibits
the unsatisfiability of S. Thus we have a method for producing either an
Herbrand model for S or a particular finite counterexample to the existence
of any model of S.

We can now give some variations on Herbrand’s theorem which will be
particularly useful in our study of resolution theorem proving and PRO-
LOG. We can also phrase our results positively to give a direct reduction
of provability or validity in predicate logic to provability or validity in
propositional logic. We begin with the special case of an existential for-
mula.

Corollary 10.5: If ¢(Z) is a quantifier—free formula in a language L with
at least one constant symbol, then ITp(Z) is valid if and only if there are
ground terms t; of £ such that p(£1) V...V ¢(t,) is a tautology.

Proof: First, note that 3Fp(Z) is valid & VE-p(Z) is unsatisfiable &
-p(F) is unsatisfiable. By Theorem 10.4 (ii), —¢(Z) is unsatisfiable iff
there are finitely many ground terms &; of £ such that ¢(£1) V...V ¢(t,)
is a tautology. O

Translating these results into the terminology of clauses of §5, we have
what will be the key to resolution theorem proving in the predicate calculus.
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Theorem 10.6: A set S of clauses is unsatisfiable if and only if the set
S’ of all ground instances from the Herbrand universe of the clauses in S
is unsatisfiable.

Proof: If some set of instances of elements of S (instantiated with terms
from the Herbrand universe) is unsatisfiable then S, which asserts the va-
lidity of its member clauses, is surely unsatisfiable. In the other direction,
if S is unsatisfiable then, by Herbrand’s theorem (ii), there is, in fact, a
finite set of instances of clauses of S which is unsatisfiable. 0O

The restriction in our version of Herbrand’s theorem that S contain only
universal formulas (or equivalently that we consider only sets of clauses)
is necessary as can be seen from the example in Exercise 1. On the other
hand, further restricting S to consists of only program clauses allows us
to establish the existence of minimal and indeed least Herbrand models.
(See Exercises 3.) Moreover, in the case of a deduction from a set of
program clauses, which is the case of interest for PROLOG, we can eliminate
the disjunction in the analog of Corollary 10.5 in favor of a single valid
instance. That is, if P is a set of program clauses and (%) is an atomic
formula, then P F 3%Z0(Z) < there are Herbrand terms £ such that P k= 6(£)
(Exercise 5).

Finally, although it is not directly relevant to resolution theorem prov-
ing, we can use Skolemization to get a generalization of Corollary 10.5
to arbitrary sentences. This result provides a propositional equivalent for
validity in predicate logic.

Theorem 10.7: Let ¢ be a sentence in prenex normal form in a language
L, ¥ a prenex equivalent of —¢ and 6(Z) an open Skolemization of ¥ in
the language L' as in Theorem 9.{. (Note that the free variables in i are
precisely the eristentially quantified ones of ¢.) Then ¢ is valid if and
only if there are terms 1y,... i, of L' such that -O(H) V...V -8(i,) is
a tautology.

Proof: By Corollary 10.5, it suffices to prove that ¢ is valid if and only if
3zZ-4(Z) is valid. Now ¢ is valid iff - is not satisfiable. On the other hand,
Theorem 9.4 says that -y is satisfiable if and only if 8(Z) is satisfiable.
Thus, ¢ is valid iff () is not satisfiable. Finally, note that §(Z) (or,
equivalently, VZ0) is not satisfiable iff 37-6(Z) is valid. O

FEzercises

1. Let £ consist of the constant ¢ and the unary predicate R.
(a) What is the Herbrand universe for £ ?
(b) What are the possible Herbrand structures for £ ?

(c) Let S = {R(c),3z-R(z)}. Note that S does not consist solely of
universal formulas and so is not in clausal form. Show that while
S is satisfiable, it has no Herbrand model.



2. Let £ consist of the constants ¢ and the function symbol f.
(a) What is the Herbrand universe for £?
(b) Describe infinitely many possible Herbrand structures for L.

3. Prove that every set P of program clauses has a minimal (indeed least)
Herbrand model. (Hint: Prove that the intersection of all Herbrand
models for P is itself an Herbrand model for P.)

4. Let Mp be the minimal Herbrand model for a set P of program clauses
in a language £. Prove that for each atomic formula ¢ of £, Mp F ¢
iff ¢ is a logical consequence of P.

5. Let P be a set of program clauses and G = —6(Z) be a goal clause.
Prove that, if P F 376(Z) (or equivalently, P U {G} is unsatisfiable),
then there are Herbrand terms & such that P F 8(f). (Hint: If P
3#9(Z), look at the minimal model Mp and apply Exercise 4.)

11. Unification

‘We saw in Theorem 9.4 that, for every formula ¢ of predicate logic, there
is another one 1 which is open, in conjunctive normal form and equisat-
isfiable with ¢. Thus if we are interested in the satisfiability of (sets of)
formulas in predicate logic, it suffices to consider open formulas in clausal
form. The only difference from the propositional case is that literals are
now atomic formulas (possibly with free variables and the added Skolem
function symbols) rather than simply propositional letters. Of course, a
clause with free variables is understood to be equivalent to its universal
closure. From the viewpoint of resolution theorem proving, the only differ-
ence between predicate and propositional logic in deducing O from S is the
problem of how to instantiate the free variables (i.e., make substitutions)
in the available clauses so that we may then apply the reduction rule.

Of course, we could, as in the tableau proof of Herbrand’s theorem,
simply list all ground term substitutions in the Herbrand structure and
start running our resolution machine with all of them as inputs. Needless
to say, this is not an efficient procedure. We need a better guide.

For example, if we have C; = {P(f(z),y), ~Q(a,b,x)} and C; =
{=P(f(g(c)), g(d))} we should be able to resolve C; and C; by directly sub-
stituting g(c) for = and g(d) for y to get {~Q(a,b,g(c))}. (Remember that
C, is equivalent to its universal closure VzVy(P(f(z),y)V ~Q(a,b,z)) from
which we can deduce any substitution instance.) The general approach to
the problem of which substitutions to make when doing resolution proofs
is called unification (or matching). We describe it before giving the reso-
lution algorithm for predicate calculus. First, we need some notation for
substitutions.

Definition 11.1: A substitution @ is a finite set of the form {z)/t1,za/t2,

<+ yTn/ta} Where the x; are distinct variables and each t; is a term other
than z;. If the ¢; are all ground terms, we call @ a ground substitution. If
the t; are distinct variables, we call 8 a renaming substitution.

As we are concerned with substitutions in clauses, we must define the
action of 6 on a clause C. In order to define the composition (successive
application) of different substitutions, it is convenient to define the action
of a substitution 8 on terms as well.

Definition 11.2: An ezpression is any term or literal. Given a substitu-
tion @ and an expression E (or a set of expressions §) we write Ef (S9)
for the result of replacing each occurrence of z; in E (in every element
of ), by t; for every i < n. If the resulting expression Ef (set of ex-
pressions S9) is ground, i.e., variable—free, then the substitution is called a
ground instance of E (S).

Note: The substitution  is written as a set of elements of the form z; /ti
rather than as a sequence of such terms because the intended substitutions
of t; for each z; are performed simultaneously rather than successively.
Thus, in E{z; /t;,z2/t2}, any occurrences of z2 in ¢ will be unaffected by
the substitution of ¢5 for z3. :

Example 11.3:

(i) Let S = {f(z,9(%)), P(a,7),Qy,2,b),~P(y,z)} and 6 = {z/h(a),
v/g(b),z/c}. Then S8 = {f(h(a),g(g(b)), P(a,h(a), Q(g(b),c;b),
—P(g(b), h(a))}. Here 6 is a ground substitution and 56 is a ground
instance of §.

(ii) Let S be as in (i) and let 0 = {z/h(y),y/9(z),2/c}. Then So =
{£(h(v), 9(g(2))), P(a, h(y)), Q(g(2), ¢, b), ~P(g(2), h(y))}-

Composition is a natural operation on substitutions, i.e., we want to
define 8o to be the substitution which when applied to any expression E
to get E(6o) gives the same result as applying o to E§,ie., (Eb)o.

I

Example 11.4: Let E = P(z,y,w,u), § = {z/f(y),y/9(2),w/v} and 0
{z/a,y/b, 2/ f(y),v/w,u/c}. Then E6 = P(f(y),9(z),v,u) and (E6)o =
P(f(b),9(f(%)),w,c). What then should 6o be? Well, z is replaced first by
f(y). We then replace y by b. The result is z/f(b). y is replaced by g(2)
and then z by f(y) and so we get y/g(f(y)). w gets replaced by v which is
in turn replaced by w. The result might be written w /w but this is omitted
from the description as it causes no changes. The substitution z/a in o also
has no bearing on the final outcome since there are no z's left after applying
6. The final substitution in ¢, u/c, however, acts unimpeded as there is no
substitution for « made by 6. Thus 8o = {z/f(b),y/9(f(y)),u/c}-

Guided by this example we can write out the formal definition of com-
position of substitutions.
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Definition 11.5:

() If 0 = {z1/t1,... ,2a/tn} and 0 = {91/s,... yYm/Sm} then bo is
{z1/t10,... T /tno,y1/81, . ,Ym/5m} less any z; /t;o for which z; =
tio and any y;/s; for which y; € {z1,... ,z.}.

(ii) tI‘he empty substitution e (which does nothing to any expression) is an
identity for this operation, i.e., fe = €f = @ for every substitution 8.

We now check that we have defined composition correctly and that it is
associative.

Proposition 11.6: For any expression E and substitutions 0,9, and o:
(i) (Ef)o = E(80) and

(ii) (¥8)o =1(60).

Proof: Let 6 and ¢ be as in the definition of composition and let ¢ =

{=1 /.1'1, .+« »2/T}. As the result of a substitution consists simply of re-

placing each variable in an expression by some term, it suffices to consider

the case in which F is a variable, say v, in (i) and the result of applying
(¥8)o and ¥(60) to v in (ii).

(i) We divide the argument into two cases.

Case 1: v ¢ {z1,...,2,}. In this case v = v and (v0)g = vo. If
v€{y1,--. ,ym} then vo = v = v(f0) as v ¢ {z1,--.  &a,91,... ,ym} and
80 no substitution is made. If, on the other hand, v = y; for some j < n
then y; € {z1,... ,z,}, (v8)o =vo = s; = v(fo).

Case 2: v = z; for some i < n. In this case v = ¢; and (v8)o = t;o but
this is exactly v(fo) by definition.

(ii) The result follows from several applications of (i):

v((¥0)o) = (v(yh))o
((vi)8)o
(vi) (o)
v(y(60) O

1l

Thus we may omit parentheses when composing sequences of composi-
tions. The composition operation on substitutions is, however, not com-
mutative. (Exercise 3 asks for a counterexample.)

. Our interest in substitutions, we recall, is to make certain elements of
different clauses identical so that we may apply the resolution rule. The

process of making substitutions that identify expressions is called unifica-
tion.

Deﬁx.xition 11.7: If S = {Ey,... ,E,} is a set of expressions we say a
substitution § is a unifier for S if £10 = Ef = ... = E.0, ie., S0 is a
singleton. S is said to be unifiable if it has a unifier.
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Example 11.8: (i) Neither {P(z, a), P(b, ¢)} nor {P(f(z), 2), P(a,w)} are
unifiable. (Exercise 2).

(ii) S1 = {P(z,c), P(b,c)} and S = {P(f(z),y), P(f(a), w)} are, how-
ever, both unifiable. The first can be unified by {z/b} and only by this
substitution. The situation for S, is a bit different. 8 = {z/a,y/w} unifies
Sy but so do 0 = {z/a,y/a, w/a} and ¥ = {z/a,y/b,w/b} as well as many
others. Here 8 has a certain advantage over the other substitutions in that
it allows more scope for future substitutions. If we first applied 6 to unify
5> we could then unify the resulting set with the expression P(f(a),c) by
applying {w/c}. Had we used either of o or ¢, however, we would be stuck.
On the other hand, we can always go from @ to ¢ or ¥ by applying the
substitution {w/a} or {w/b} respectively. We capture this property of 0
in the following definition.

Definition 11.9: A unifier 8 for S is a most general unifier (mgu) for S
if for every unifier o for S there is a substitution A such that 6\ = 0.

Up to renaming variables there is only one result of applying an mgu:

Theorem 11.10: If  and 1 are both mgu’s for S then there are renaming
substitutions o and X\ (i.e., ones which consist solely of replacements of
distinct variables by other distinct variables) such that SO0 = Sy and
S8 = Sya.

Proof: By the definition of an mgu there are ¢ and A such that S6o = Sy
and Sy = §8. Clearly, we may assume that ¢ and A make substitutions
only for variables occurring in S8 and S respectively. (They consist of the
single terms E@ and E, respectively, as # and 1 both unify S.) Suppose
o makes some substitution z;/t; where ¢; is not a variable or a constant.
In this case the complexity (e.g., length) of the expression Efc in Sfo =
{Efc} must be strictly larger than that of £ in §0. As no substitutions
of terms for variables (e.g., A) can decrease the length of an expression we
could not then have Sy A = SfocA = S6 as required. If there were in o a
substitution z; /c, for some constant c, then no further substitution (e.g., A)
could return the resulting instances of ¢ in an expression Efo in S6o back
to instances of the variable z; in Ef € S8. Thus, once again, we could
not have S8cA = SO for any \. We now know that ¢ can contain only
substitutions of one variable by another. If o identified distinct variables
by such a substitution, then A could not distinguish them again. Thus o
(and similarly ) is simply a renaming substitution. [

FEzercises

1. Find substitutions which will unify the following sets of expressions.
(a) {P(z, f(y),2), P(g(a), f(w),u), P(v, f(b),c)}.
(b) {Q(h(z,y),w), Q(~(g(v), a), f(v)), Q(h(g(v),a), £(b))}.

2. Explain why neither expression in Example 8 (i) is unifiable.



3. Show that composition of substitutions is not commutative, that is,
find two substitutions o and A such that o) # Ao.

4. We say that expressions E and F are variants (or E is a variant of F) if
there are substitutions 8 and 9 such that £ = F and Fy = E. Recall
that a renaming substitution is one of the form {z1/v1,...,%n/¥n}
where zi,... ,Z, are distinct variables in F and the yi,... ,yn are
distinct variables not including any variables in E other than perhaps
some of ,,... ,Tn. Prove that if E and F are variants, then there is
a renaming substitution o for E such that Eo = F.

12. The Unification Algorithm

In this section we will give an effective procedure for finding an mgu
for a finite set of expressions S. We start with two illustrations, $; =
{f(z,9(z)), f(~(y), 9(h(2)))} and Sz = {f(h(z),9(x)), f(g(z), h(z))}. We
begin our search for mgu’s for S; and S, by noting that in each case the
terms to be unified begin with f. Of course, if they each began with dif-
ferent function or predicate symbols there would be no hope as unification
only replaces variables. The next step must be to check the first and sec-
ond place arguments of f in the terms of Sy (Sz). If we can unify them
both by a single substitution, then we can unify S; (S2). For §;, we get
Ty = {z, h(y)} and T» = {g(z), g(h(2))} respectively. In order to unify
T, in the most general way, we should substitute h(y) for x. As we must
do the substitution throughout the expressions being unified, the second
place arguments in T become g(h(y)) and g(h(z)). These first differ at y.
We can now unify them by applying {y/2}. Again this must be applied to
the entire expression and we get f(h(z2), g(h(z))) and f(h(z), g(h(z))) as
required for unification. Thus the composition {z/h(y)}{y/z} = {z/h(2)}
is our desired unifier. For S, the process halts when we try to unify the
arguments of f. Here the first difference occurs in the set of first arguments
where we get {h(z),g(z)}. As these terms differ at the function symbol
rather than at a variable there is no hope of unifying them and so S; is not
unifiable.

The general procedure for unification is to move along each of the ex-
pressions in the given set to the first position of disagreement. If, in any
one of the expressions, it is not a variable the set is not unifiable. If it does
not contain a variable in one of the expressions, we can replace it by one
of the terms in the corresponding position at another expression. As long
as the variable being replaced does not occur in the term replacing it, this
substitution makes some progress towards unification. We can now try to
repeat the process in the hope of eventually unifying the set of expressions.
We now formalize this process.

Definition 12.1: Let S be a finite nonempty set of expressions. To define
the disagreement set of S find the first (i.e., leftmost) position at which not
all elements E of S have the same symbol. The set of subexpressions of

each E € S that begin at this position is the disagreement set D(S) of S.
(In terms of formation trees, we find the lexicographically least node of the
formation trees associated with each expression such that not all the labels
of these nodes begin with the same symbol. D(S) is then the set of labels
of these nodes.)

Note that any unifier 4 of S musf: necessarily unify D(S).
Example 12.2: For S; = {f(z,9(z)), F(h(y),g(h(2)))} and Sz = {f(h(x),
g(z)), f(g(z), h(z))} as above, the disagreement sets are D(S;) = {z, h(¥)}

and D(S;) = {h(z),9(@)}. For Ti = Sifz/h(¥)} = {f(h(v), 9(h(¥));
F(h(y),g(h(z)))} the disagreement set is {y, z}.

12.3 The Unification Algorithm for S: Let S be a set of expressions.
We attempt to unify it as follows:

Step 0. Set Sp = 5, g = €.

Step k + 1. If i is a singleton, terminate the algorithm with the an-
nouncement that 0go102 ... o) is an mgu for S. Otherwise, see if there is
a variable v and a term ¢ not containing v both of which are in D(Sg). If
not, terminate the algorithm with the announcement that S has no mgu.
(Note that, in this case, it is at least clear that Si is not unifiable.) If
50, let v and t be the least such pair (in any fixed ordering of terms). (In-
deed, we could nondeterministically choose any such t and v as will become
clear from the proof that the algorithm succeeds.) Set ok+1 = {v/t} and
Sk+1 = Skok+1 and go on to step k+2

Example 12.4: Consider the set of expressions

S = {P(f(y, 9(2)), h()), P(f(R(w),9(a)),1), P(f(h(b)9(2)),¥)}-

Step 1. S = Se = Spoy is not a singleton. D(So) = {y, h(w),h(b)}. De-
pending on the ordering of terms, there are two possibilities for o;:
{y/h(w)} and {y/h(b)}. It is better to choose the second (see step 2)
but suppose we are not so clever and blindly set g1 = {y/h(w)}. We
then get S; = Spo1 which is
{P(f(h(w),g(2)), h(b)), P(f(h(w), g(a)),t), P(f(h(b),9(2)), h(w)) }-

Step 2. D(S;) = {w,b},02 = {w/b} (and so we get to {y/h(b)} after all).
Then S; is )

{P(f(h(b),9(2)), h(b)), P(f(R(b),g(a)),?), P(f(h(b), 9(2)), h(b))}-

Step 3. D(S2) = {2,a}, 03 = {z/a}. Then 53 is
{P(f(h(b),g(a),h(®)), P(f(h(b),g(a)),t), P(f (R(5), 9(a)), h(b))}-

Step 4. D(Ss) = {h(b),t},04 = {t/h(b)}. Then Sy is
{P(f(h(b), 9(a)), h(D)), P(f(h(b),9(a)), h(b)), P(£(h(b), 9(a)), h(b))}-

Step 5. Sy is a singleton and the mgu for Sis

{y/h(w)}Hw/b}Hz/a}{t/h®)} = {y/h(b),w/b, z/a,t/h(b)}-
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Theorem 12.5: For any S, the unification algorithm terminates at some
step k+1 with a correct solution, i.e., either S is not unifiable as announced
or ¥ = 0001 ...0% %3 in fact an mgu for S. Moreover, 1 has the special
property that for any unifier  of S, 6 = 6.

Proof: First of all, the algorithm always terminates as each nonterminal
step eliminates all occurrences of one of the finitely many variables in S.
It is obvious that if the algorithm terminates with an announcement that
there is no unifier, then S is not unifiable. On the other hand, if the
algorithm terminates with the announcement that Y =0¢...0, is an mgu
for S, then it is at least clear that 1 is a unifier for S. Suppose then that
6 is any unifier for S. We must show that 8 = 8. We prove by induction
that, for every i, 8 = 0y...0.0.

For i = 0, the claim clearly holds. Suppose we have § = 0901 ...0;0
and o;41 = {v/t}. It suffices to show that the substitutions o;,,6 and 8
are equal. We show that their actions on each variable are the same. For
T # v, 20;410 is clearly the same as z6. For v itself vo;10 = t. As 6
unifies Sop ...0; and v and ¢ belong to D(Soq...0;), 6 must unify v and
t as well, i.e., td = v0 as required. O

The unification algorithm given here is simple but inefficient. As pre-
sented, it is the search for a v and ¢ with v not occurring in ¢ that can
take excessive amounts of time. The problem is that we may have to check
each pair of items in the disagreement set rather than simply taking the
first variable and term that we come across. As an example, consider the
problem of unifying § = {P(z,... ,z,), P(f(zo,Z0), ... yF(@no1,201)) )

D(S0) = {z1, f(z0,20)}; &1 = {21/ f (0, %0)};
51 = {P(f(z0,%0), 2, ... ,Za), P(f(0, Z0),
f(f(zo, Z0), f(%0,20)), f(z2,T2), ... , f(Tno1,Tn1))}.
D(81) = {2, f(f(z0, Z0), f(z0,%0))}; 02 = {z2/f(f(0,%0), f (20, T0))};

etc.

Note that before announcing o; we had to check that z; was not either
of the two occurrences of variables in f(xo, o). For oy there were four oc-
currences to check. In general D(S;;;) will have twice as many occurrences
of variables as D(S;) and so the “occurs check” takes exponential time.

More efficient (even linear time) procedures for unification are now
available (Martelli and Montanari (1982, 5.4]). Unfortunately, all current
PROLOG implementations simply omit the “occurs check”. They simply
take the first variable z in D(S;) and substitute for it the first term ¢ other
than « in D(Sk) in the expressions contributing = to D(S). Thus, the
implementations believe that S = {z, f(r)} is unifiable. (They cannot
actually carry out the substitution. They would try to replace z by f(z)
and then return to  which would again be replaced by f () and so on
forever.) Needless to say, this type of unification destroys the soundness

Resolution 131

of the resolution method. Some protections against such incorrect deduc-
tions can be put into programs. We will discuss one in III.2 after we have
more fully described the actual deduction procedure of PROLOG. Unfor-
tunately, almost nothing the programmer can do can fully compensate for
omitting the occurs check. We will, however, prove (Corollary I1.8.7) that
certain programs sufficient to calculate all effective functions do in fact run
correctly even without the occurs check.

Ezercises

1. Apply the unification algorithm to each of the following sets to find an
mgu or show that none exists.

(2) {P(z,y), P(y, f(2))}

(b) {P(a,y, f(¥)), P(2,2,u)}

(c) {P(z,9(z)), P(y,v)}

(d) {P(z,9(z),y), P(2,u,9(a)), P(a,9(a),v)}
(e) {P(g(z),¥), P(y,¥), P(y, f(u))}

2. Apply the unification algorithm to each of the following sets to find
mgu’s or show that they are not unifiable.

(a) {P(h(y),a,z), P(hf(w),a,w), P(hf(a),a,u)}
(b) {P(h(y),a,2), P(hf(w),a,w), P(hf(a),a,b)}

13. Resolution

‘We now describe how to combine unification with the resolution method
for propositional logic to give a proof scheme for full predicate logic. As
before, we consider formulas in clausal form. Remember, however, that
literals are now atomic formulas or their negations with free variables al-
lowed. The results of §9 and §10 show that, as long as we are willing to
add function symbols to our language, every sentence has an equisatisfi-
able version in clausal form. Note that all the variables in a sentence S
are local, that is, each clause is understood as its universal closure. § is
then the conjunction of the universally quantified clauses. Thus, there are
no connections between the variables of distinct clauses. To reflect this
syntactically, we will generally rename variables when using two claust?s
together so that they have no variables in common. (This procedure is
called standardizing the variables apart.)

As in the propositional case, clauses with at most one positive literal
are called Horn clauses. The rest of the terminology from Definition 1.10.4
(or I1.5.1) describing program clauses, rules, facts and goals, is also carried
over intact from the propositional case. Thus, for example, a (PROLOG)
program is a formula which contains only program clauses, that i.s ones
with exactly one positive literal. We continue to use PROLOG notation.
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Example 13.1: Consider the following list of clauses:

mother (X,Y):~ daughter(Y,X), female (X). (1)
mother (X,Y):~ son (Y,X), female (X). (2)
daughter (X,Y):~ mother (Y,X), female (X). 3)
son (X,Y):~ mother (Y,X), male (X). 4
father (X,Y):- son (Y,X), male (X). (5)
father (X,Y):- daughter (Y,X), male (X). (6)
daughter (X,Y):- father (Y,X), female(X). (7)
son (X,Y):- father (Y,X), male (X). (8)
male (jim). 9)
male (tim). (10)
female(jane). (11)
female (pam). (12)
father (jim, tim). (13)
father (jim, pam). (14)
mother (jane, tim). (15)
mother (jane, pam). (16)

These clauses are the PROLOG versions of

{{mother(z,y), ~daughter(y, z), ~female(z)},
{mother(z,y), ~son(y, z), ~female(z)},

{mother(jane, pam)}}.

Which are in turn the clausal forms of

VzVy[daughter(y, z) A female(z) — mother(z, y)]A
Vz¥y[son(y, z) A female(z) — mother(z, y)]A

LA

A

A

mother(jane, pam).

Definition 13.2: Suppose that we can rename the variables of C) and
C, 50 that t_'hey have no variables in common and are of the form Cju
{Pty, = , Pin} and C3U{-P5y,...,~P5,,} respectively. If o is an mgu
for {Pt,,...,Pt,, P&,... , P8} then Clo UCho is a resolvent of C; and
Cs. (Clo U Cyo is also called the child of the parents C; and C,.)
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Resolution proofs of C from S and resolution refutations of S in both
linear and tree form are now defined as in the propositional case (Definitions
1.8.4 and 1.8.6) except that we use the version of the resolution rule given
above and allow the premises inserted from S, or equivalently the leaves of
the tree proof, to be Co for any renaming substitution ¢ and any C € S.
Similarly, we define R(S) as the closure under resolution of the set of all
renamings of elements of S.

Two points should be noted in this definition of resolvent. The first
is that the renaming of variables is necessary. For example, the sentence
{{P(z)},{~P(f(z))}} is (unsatisfiable and) resolution refutable but the
clauses cannot be unified without renaming the variables. The second
point is that we cannot assume in the above definition that n or m are
equal to 1 as we did in propositional logic. We must be able to eliminate
several literals at once. (This aspect of the procedure is often called fac-
toring.) As an example, consider S = {{P(z), P(y)}, {~P(z),~P(y)}}. It
is (unsatisfiable and) resolution refutable but no resolution proof from S
which eliminates only one literal at a time can produce O.

Example 13.3:
(i) We can resolve

C = {Q(z),ﬁR(y),P(m,y),P(f(z), f(z))}
and
C; = {~N(u),~R(w),~P(f(a), f(a)), ~P(f(w), f(w)}

to get
Cs = {Q(f(a)), ~R(f(a)), ~N(u), ~R(a)}.

To do this we unify {P(z, ), P(f(z), f(2)), P(f(a), f(a)), P(f(w),
f(w))} via the mgu {z/f(a),y/f(a),z/a,w/a} and perform the ap-
propriate substitutions and union on C; and C;.

(ii) From the clauses corresponding to (3) and (16) in Example 13.1 above,
we can form the resolvent {daughter(pam, jane), ~female(pam)} by the
substitution {X/pam,Y/jane}.

Example 13.4:
(i) From (a) and (b) below we wish to conclude (c):
(a) YzVyVz[P(z,y) A P(y,2) — P(z,2)] (transitivity) and
(b) VzVy[P(z,y) — P(y,z)] (symmetry)
(c) VaVyVz[P(z,y) A P(z,y) — P(z,z)].
In clausal form, we wish to derive C3 from S = {C},Ca} where

C = {—-P(a:,y),ﬁP(y,z),P(x,z)},
Cy= {—IP(U,’U),P('U,'U,)},
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and
Cy = {ﬂP(:z:,y),ﬂP(z,y),P(a:,z)}.

(Note that we have standardized the clauses of S apart.)

We exhibit a resolution tree proof with the substitutions used in
the resolution displayed on the branches. For clarity, we also underline
the literal on which we resolve,

C1 = {=P(z,y), 2P(y, z), P(z, 2)} {-vP(u,v),P('u,u)} =C;

€ {u/z,v/y}
{"!P(.’t, y)t _'P(z1 y)r P(I, z)} =C3

FIGURE 35

(ii) We can show that son(tim, jim) follows from the clauses in exam-
ple 13.1 by the following resolution proof:

(8) = {son(X, Y), ~father(Y, X), —male(X)} {father(jim, tim)} = (13)

{son(tim, jim), —male(tim)} {male(tim)} = (10)

{son(tim, jim)}.

FIGURE 36

One can ask for the results gotten by resolution in the above examples
from PROLOG. If one has the clauses of Example 13.1 in the database, one
enters the desired result at the © 7— » prompt as “?- son(tim, jim).”. One
then gets the answer yes. PROLOG interprets the question as a request to
prove son(tim, jim) from the database. More precisely, if positive literals
C1,Cs,...,C, are entered at the “?” prompt, PROLOG tries to deduce
O from the database S and the goal clause G = {-(Cy, ..., —-Cy,} which is
also written :- C1,Cs,...,C,. (Recall that a goal clause is one without
positive literals, i.e., one of the form - Ay,..., A, where the A; are
positive. The reason for this terminology is apparent from such examples.)

If the C; are ground, then we would expect a successful deduction of (3
from SU{-Cy, ..., =} to imply that all of the C; are consequences of S,
(This implication will follow from the soundness of resolution for predicate
!ogic, Theorem 13.6 below. With some syntactic effort it can also be viewed
in the case that the C; are ground, as a consequence of the soundness of res-’
olution for propositional logic.) Consider, however, the meaning of entering
an atomic formula with free variables such as “male(X),female(Y)” at the
“?” prompt. Again PROLOG takes this as a request to prove O from S and
the added goal clause {-male(X), —female(Y)}. Success here only means
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that from S we can conclude ~VXVY [~male(X)V-female(Y)] as the clause
{-male(X), ~female(Y')} means VX VY [-male(X) v —female(Y)]. That is,
we conclude 3X3Y [male(X) A female(Y')]. What PROLOG actually does is
return a substitution, say X = jim, Y = jane which demonstrates the truth
of the conclusion 3X3Y [male(X) A female(Y')] based on the information in
S - i.e., {—male(jim), ~female(jane)} is inconsistent with §. Of course, in
applications it is almost always this correct answer substitution that we
really want, not the mere assertion that 3X3Y [male(X) A female(Y)).

Definition 13.5: If P is a program and G = {-41,...,74,} a goal
clause,-we say that the substitution 8 (for the variables of G ) is a correct
answer substitution if (Ay A Az A...AA)0is a logical consequence of P
(that is, of its universal closure).

Note that, by an application of Herbrand’s theorem given in Exercise
10.5, if P U {G} is unsatisfiable then there is a correct answer substitu-
tion which is a ground substitution. That one can always find such a
substitution via resolution is essentially a statement of the completeness
theorem. We will return to the issue of completeness of resolution after
proving its soundness. We discuss general resolution methods in this and
the next sections and leave the specific search procedures used in PROLOG
to Chapter III.

Theorem 13.6 (Soundness of Resolution): If 0 € R(S) then S is unsat-
isfiable.

Proof: Suppose, for the sake of a contradiction, that A k S. Let the
notation for a resolution be as in Definition 13.2. It suffices to show that
if AE C}, C; and C is a resolvent of C;, C, then A E C,ie, AF Ct
for every ground substitution 7. (If so, we could show by induction that
A E C for every C € R(S). As R(S) contains O, we would have the
desired contradiction.) The only point to notice here is that if A E C; then
AE C;o; for any o; as the C; are open. For every ground instantiation 7 of
the variables of C' = Cjo U Cj0 we can argue as in the propositional case.
(See Lemma 1.8.12 and Theorem 1.8.11.) As, for each ground instantiation
7, either Clo7 or Cy07 is true in A (depending on whether the literal
resolved on is true in A or not and in which of the C!7 it appears positively),
then so is their union Cr. 0O

We now want to prove the completeness of the resolution method for
predicate logic by reducing it to the case of propositional logic. We begin
with two lemmas. The first (Lemma 13.7) relates single resolutions in
propositional and predicate logic. The second (Lemma 13.8) extends the
correspondence to resolution proofs. This lemma (which is often called the
lifting lemma as it “lifts” proofs in propositional logic to ones in predicate
logic) will be quite useful in the analysis of restricted versions of resolution
in §14 and III.1. The special case of proofs of [ will be especially useful
and is singled out as Corollary 13.9.
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Lemma 13.7: If C} and C} are ground instances (via the substitutions
61 and 62) of C, and C, respectively and C’ is a resolvent of Ci and C},
then there is a resolvent C of C, and C; such that C' is a ground instance
of C (via 6,03 if C, and C> have no variables in common).

Proof: As the resolution rule allows us to rename the variables in C;
and C; as part of the resolution, we may as well assume that they (and so
also 6, and 6,) have no variables in common. As C{ = C16, and C} = C,6,

are resolvable, say on the ground literal P(ty,... ,t,), there are sets of
literals

A1 ={P(513),... ,P(310,)} C C,
and

Az = {~P(8,,),... ,P(32.n,)} € Co

which become unified to {P(t,, ... ytn)} and {=P(t;,... ,t,)} by 6, and 6,
respectively. As the sets of variables in 8; and 7 are disjoint, 8,6, unifies
both sets of literals A, and A, simultaneously. Thus, by the definition of
resolution for the predicate calculus (Definition 13.2), C = ((C, — AU
(C2 — A3))o is a resolvent of C; and C> where o is the mgu for

{-P(31,1),... 1 OP(81,0,)} U {=P(32,1),..., ~P(53,,)}

givgn by the unification algorithm. The only point left to verify is that
c’ s an instance of C. We claim that ¢' = C6,8;. Note that as 6,6,
unifies ~A4; U A3, the special property of the mgu given by our algorithm
(Theorem 12.5) guarantees that 06,02 = 6,6,. Thus

C6102 = ((Cy — A1) U(Cz — A3))06,8,
=((C1 - A1) U(C: ~ 4,))6:6;
= (C16; — A161) U (Cyf, — A26;) (by disjointness of variables)
= (G~ {P(tr,... ,t)) U (C} — {-P(t1,... ,ta)})
=C’"  (by definition). a

Lemma 13.8 (Lifting Lemma): Let S be a formula in a language £ and
let S’ be the set of all ground instances of clauses in S in the Herbrand
universe for L. If T' is a resolution tree proof of C’ from S, then there is
a clause C of L, a resolution tree proof T of C from S and a substitution
6 such that T = T' (i.e., T and T' are labelings of the same tree and
Cib = C for C;, C! the respective labels of each node of the common tree
underlying T and T'. Thus, in particular, C' = C0.) Moreover, if the
leaves of T' are labeled R; and each R; is an instance of an S; in S, then
we may arrange it so that the corresponding leaves of T are labeled with
renamings of the appropriate S;.
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Proof: We proceed by induction on the depth of resolution tree proofs
from S’. For the base case of elements R; of §', the lemma is immediate as
each such R; is a substitution instance of an element of S. Consider now a
proof of C' from S’ of depth n + 1. It consists of two proofs, 7] and T} (of
depth < n) of ground clauses C}, C; from $’ and a final resolution of C{
and Cj to get C’. Suppose that P(ty,...,t,) € C{, =P(t1,... ,t,) € Ch
and that we resolved on this literal to get

C'=CiUCy — {P(t1,... ,tn), ~P(t1,... ,ta)}.

By induction, we have predicate clauses C; and Cj, proof trees T} and T
of Cy and C; and substitutions #; and 6; such that T;6; = T}. (The leaves
of T; are also labeled appropriately by induction.) At the cost perhaps of
renaming variables in 7} and T3, we may assume that §; and 8, have no
variables in common. (As the resolution rule allows for arbitrary renamings
of the parents, the T; remain resolution proofs. As our lemma, only calls for
the leaves to be labeled with some renamings of the given clauses from S,
this renaming does not alter the fact that we have the leaves appropriately
labeled.) We now apply Lemma 13.7 to get a resolvent C of C; and C;
with C’ = C6,0;. We can now form a resolution tree proof T from S of C
by combining T and T5. As 6, and 6, are disjoint, 76,6, restricted to T3
and T simply gives us back T16;, and T26;. Of course, on the remaining
node C of T we have C8;6, = C’. Thus T is the required predicate logic
resolution proof from S’ of C and 6,6, is the substitution required in our
lemma. O

Corollary 13.9: If T’ is a resolution tree proof of O each of whose leaves
L; is labeled with a ground instance R; of the clause S;, then there is a
relabeling T of the underlying tree of T' which gives a resolution proof
of O each of whose leaves L; is labeled with (a renaming) of ;.

Proof: This is simply the special case of the theorem with C/ = 0. The
only point to notice is that the only clause C which can have O as a
substitution instance is O itself. O

Theorem 13.10 (Completeness of Resolution): If S is unsatisfiable then
0 e R(S).

Proof: Let S’ be the set of all ground instances of clauses in S in the
Herbrand universe for the language £ of S. By one of the consequences
(Theorem 10.6) of Herbrand’s theorem, S and S’ are equisatisfiable. Thus
if we assume that S is unsatisfiable then so is $’. By the completeness
of resolution for propositional logic (Theorem I.8.15 or 1.8.22) we then
know that O € R,(S’) where we use R, to represent the resolution proce-
dure in propositional logic. (As usual we consider the atomic formulas as
propositional letters in this situation.) The completeness of resolution for
predicate logic (i.e., O € R(S) if S is unsatisfiable) is now immediate from
Corollary 13.9. O
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Ezercises

1. Find resolvents for the following:
a) {P(z,y), P(y,2)}, {~P(u, f(u))}
b) {P(z,z),-R(z, f(x)}, {R(z,y), Q(y, 2)}
¢) {P(z,y),~P(z,z),Q(s, f(z), 2)}, {~Q(f(2), , 2), P(z, 2)}.

2. Translate the following sentences into predicate logic, put in clausal
form and prove by resolution:

a) Suppose all barbers shave everyone who does not shave himself,
Moreover, no barber shaves anyone who shaves himself. Conclude
that there are no barbers.

b) Suppose John likes anyone who doesn’t like himself. Conclude that
it is not the case that John likes no one who likes himself.

3. Suppose I believe the following:
(i) There exists a dragon.
(ii) The dragon either sleeps in its cave or hunts in the forest.
(iii) If the dragon is hungry, it cannot sleep.
(iv) If the dragon is tired, it cannot hunt.
Translate (i)—(iv) into predicate logic. Use resolution to answer the
following questions:
(a) What does the dragon do when it is hungry?
(b) What does the dragon do when it is tired?
(Assume that if X cannot do Y then X does not do Y.)

4. (a) Express the following in clausal form:
Everyone admires a hero.
A failure admires everyone.
Anyone who is not a hero is a failure.

(b) Use resolution to find X and Y who admire each other.

5. Give a resolution refutation of the following set of clauses. Indicate
the literals being resolved on and the substitutions being made to do
the resolutions:

1) {P(a,z, f(y)), P(a, 2, f(h(b))), ~Q(y, 2)}
2) {~Q(h(b),w), H(w,a)}

3) {=P(a,w, f(h(b)), H(z,a)}

4) {P(a,u, f(h(w))), H(u,0), Q(h(}), b)}

5) {~H(v,a)}.
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6. Consider the following sentences.

1) All the stockholders who will have real estate partners will vote
against the proposal but no others.

2) john and jim (and similarly mary and jane) will form real estate
partnerships if some bank will give them a loan unless none of the
lawyers can get them the needed zoning variance.

3) No banker will give a loan to form a real estate partnership with-
out a lawyer’s getting the needed zoning variances. With such an
assurance they require only a good appraisal to agree to the loan.

4) john and jane are stockholders.

5) joyce is a lawyer who can get zoning approval for anyone with
enough money.

6) john is immensely wealthy and his and jim’s land has been given
a good appraisal.

Translate these sentences into predicate logic, put them in clausal form
and use resolution to deduce that someone will vote against the pro-
posal. Who is it?

14. Refining Resolution: Linear Resolution

Systematic attempts at generating resolution proofs are often redundant
and inefficient. As in the propositional case, we can impose various restric-
tions to make the procedure more efficient. The analogous procedures (to
those considered in 1.9) are covered in the exercises. We now wish to ana-
lyze, in the setting of full predicate logic, the refinement dealt with in 1.10
for propositional Horn clauses: linear resolution. The plan here is to try to
proceed via a linear sequence of resolutions rather than a branching tree.
We carry out a sequence of resolutions each of which (after the first) must
have one of its parents the child of the one previously carried out.

Definition 14.1: Let C be a clause and S a formula.

(i) A linear deduction of C from S is a sequence of pairs of clauses
(Co, By ),--. ,{Cr,By) such that Cp and each B; are either renaming
substitutions of elements of S or some C; for j < 4; each Ci41,i < n,
is a resolvent of C; and B;; and Cp43 = C.

(ii) C is linear deducible from S, S - C, if there is a linear deduction of
C from S. There is a linear resolution refutation of § if O is linearly
deducible from S. L£(S) is the set of all clauses linearly deducible
from S.

We picture a linear resolution as follows:
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FIGURE 37

as in the following familiar example (1.10.2):

S = {A1, 42,45, A4}, A1 ={p(z),q(z)}, A2 = {p(z),~q(2)},
Az = {-p(z),q(z)}, As={-p(z),~q(2)}.

{p(z),q(x)}  {p(z),~q(=)}
{p(z) {-p(z), (=)}

{-p(z {p(z)}

/
}
/
{a(=)} {-p(z), ~a(z)}
/
)}
/

(]
FIGURE 38

Definition 14.2: In this context, the elements of S are frequently called
input clauses. The C; are called center clauses and the B; side clauses.

If we extend the parent—child terminology by defining the ancestors of
a clause C in a resolution proof of C from S to be the clauses above it in
the tree proof, we can rephrase the definition of linear deduction by saying
that each C; is resolved against an input clause or one of its own ancestors
to produce Ci4i.
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We want to prove that linear resolution is complete. (As it is a restriction
of the sound method of full resolution its soundness is, as usual, automatic.)
For the sake of the eventual induction argument as well as applications to
the special case of proofs in PROLOG, we will actually prove a stronger result
which gives us some control over the starting point of the linear proof (Co
in the above notation).

Definition 14.3: U C S is a set of support for S if S—U is satisfiable. We
say that a linear resolution proof (Cj, B; ), i < n, of C from S has support
UifGCpeU.

The intuition here is that we will consider a formula S € UNSAT. In
this case the “cause” of the unsatisfiability has been isolated in U (which
“supports” the fact that S € UNSAT).

‘We can now state a strengthened version of the completeness theorem.

Theorem 14.4: If S € UNSAT and U is a set of support for S, then there
is a linear refutation of S with support U.

Our first step is to reduce the proof of Theorem 14.4 to the case in which
every nonempty subset of S is a set of support for S.

Definition 14.5: S is minimally unsatisfiable if it is unsatisfiable but
every proper subset is satisfiable, i.e., {C} is a set of support for S for
every C € S.

Lemma 14.6: If S € UNSAT then there is @ minimally unsatisfiable S'C
S. Moreover, if U is a set of support for S, UN S’ is one for §'.

Proof: By compactness, some finite subset of S is unsatisfiable. If S’ is
an unsatisfiable subset of S with the least possible number of clauses, S’ is
certainly a minimally unsatisfiable subset of S. Let U be any set of support
for S. fUNS' =@, S would be contained in the satisfiable set § — U for
a contradiction. Thus S’ — (S’ NU) is a proper subset of S’ and so, by the
minimality of §’, is satisfiable. 0O

Proof (of Theorem 14.4): Our plan now is once again to reduce the proof
to the case of propositional logic. (We supply a proof for this case below.)
As in the case of general resolution, we apply Herbrand’s theorem. If S is
unsatisfiable and has support U, so is §’, the set of all ground instances
of elements of S, and it has support U’, the set of all ground instances
of elements of U. We wish to show that any linear resolution proof T" of
O from S’ with support U’ lifts to one from S with support U. This is
immediate from Corollary 13.9 to the lifting lemma. The lifting lemma
preserves the shape of the resolution tree and so lifts linear proofs to linear
proofs. It also lifts instances R; of clauses S; on the leaves of the tree to
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(renamings of) S;. Thus if the clause C}, of the proof T" is in U’ and so is
an instance of a clause C in U, then it lifts to a (renaming of) the same
clause C. O

We now turn to the proof of the strengthened completeness theorem for
linear resolution in the propositional calculus. The proof here is more dif-
ficult than for semantic or ordered resolution but is connected with the set
of support and lock resolution methods considered in the exercises for 1.9.

Proof (of the propositional version of Theorem 14.4): By Lemma 14.6, it
suffices to consider only those § which are minimally unsatisfiable. (Any
linear resolution refutation of S’ C S with support U NS’ is one of S with
support U by definition.) We proceed by induction on E(S) = the ezcess
literal number of S, that is, the number of occurrences of literals in all
clauses of S minus the number of clauses in S. (Note that we need S to
be finite to even define the excess literal number.) We in fact prove by
induction that, for any C € S, there is a linear refutation of S which begins
with C, i.e. C = Gy in the proof tree. At the bottom, if E(S) =—1,0¢€ S
and there is nothing to prove. Suppose now that E(S) > 0.

Case 1. C is a unit clause, i.e., it contains exactly one literal £. There
must be a clause C' € § with £ € C’ as otherwise any assignment
satisfying S — C (which is satisfiable by the minimality of S ) could
be extended to one satisfying S by adding on ¢. Note that ¢ ¢ C'
for if it did, C’ would be a tautology and § would not be minimally
unsatisfiable contrary to our assumption. Thus C’ — {} is in S by the
definition of §¢ (Definition 1.8.16). If C' = {Z}, we are done as we can
simply resolve C' and C to get O. Suppose then that C' = {Z, .. .} has
more than one literal. As S € UNSAT, §? € UNSAT by Lemma 1.8.19.
Each clause removed from S in forming S¢ has at least one literal )
(again by definition). Thus their removal cannot increase the excess
literal number. On the other hand, at least C’ loses one literal @) in
its transition to S¢. Thus E(S%) < E(S).

We next claim that S¢ is also minimally unsatisfiable: Suppose D €
S but S° — {D} is unsatisfiable. Now, by the definition of S* ,DeS
or DU{Z} € S and in either case £ ¢ D. Let D’ represent whichever
clause belongs to S. We know, by the minimal unsatisfiability of .S,
that S — {D'} is satisfiable. Let A be an assignment satisfying it. As
C={t} € S—{D'}, AF £ Consider now any F € S! — {D} and
the associated F' € § ~{D'}. As AF£and AE F', AF F in either
case of the definition of F'. (F’ is defined from F as D’ was defined
from D.) Thus Ak S® — {D} contrary to our assumption.

Our induction hypothesis now gives us a linear resolution deduction
of O from S* starting with C' — {£} : (Cy,B1),...,{Cn, B,) with
Co = €' — {€}. Each B; is a member of S¢ or is C; for some j < i and
Cr, By, resolve to 0. We construct a new proof {Dj, A;) in segments
with the i*® one ending with D, = C;. We begin by setting Do = {¢} =
C and A = C'. Of course, they can be resolved to get D; = Cp. Now
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we proceed by induction. Suppose we have A4;, j < k and Dy = C;.
If B; = C; for some j < i, we let A = C; (which by induction is a
previous Dp,) and resolve to get Dyt = Ciyr. Otherwise, B; € St
and we have two cases to consider. If B; € S we set A = B; and
resolve to get Dxy1 = Ciy1. If B; ¢ S then B; U {Z} € S. We set
Ak = B; U {£} and resolve to get Diy1 = Ciy1 U {€}. In this case, we
set Ary1 = {£} and resolve to get Dyy2 = C;4; and so continue the
induction. As {£} = Dy, we now have a linear resolution refutation of
S as required.

Case 2. C = {¢,...} has more than one literal. Now consider S¢. As
above, it is minimally unsatisfiable and has lower excess literal number
than §. We thus have, by induction, a linear resolution deduction of
O from S* starting with C — {¢}. If we add on £ to every center clause
and to any side clause which is in S¢ but not S, we get a linear proof of
{£} from S starting with C. Consider now S’ = § — {C}U{{£}}. It too
is unsatisfiable. (Any assignment satisfying it satisfies S.) As C has
more than one literal, E(S’) < E(S). Now as O ¢ &', for any S” C &,
E(S") < E(S'). If we take $” C S’ to be minimally unsatisfiable we
have, by induction, a linear resolution proof of O from S C S U {{£}}
beginning with {¢}. (Note that S’ — {¢} = S — {C} is satisfiable by the
minimal unsatisfiability of S. Thus, any unsatisfiable subset S of S’
must contain {¢}.) Attaching this proof to the end of the one of {£}
from S gives the desired linear refutation of S starting with C. O

Further refinements of general resolution are possible. Some of these
(such as ordered linear resolution) are considered in the exercises. Instead
of pursuing the general problem further, we turn our attention to the special
case of resolution from Horn clauses — that is, the deduction mechanisms
for PROLOG.

Ezercises

1. Following the model in 1.9 for ordered resolution in propositional logic,
give a complete definition of an ordered resolution and an ordered
resolution refutation for the predicate calculus in which you index the
predicate symbols of the language.

2. State and prove the soundness theorem for ordered resolution for pred-
icate logic.

3. State and prove the completeness theorem for ordered resolution for
predicate logic.

4. Give the definitions and prove the soundness and completeness theo-
rems for the predicate version of F-resolution (Exercise 1.9.4).

5. Give the definitions and prove the soundness and completeness theo-
rems for the predicate version of lock resolution (Exercise 1.9.1).
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Suggestions for Further Reading

To see how predicate logic got its start, read Frege [1879] in van Heije-
noort [1967, 2.1]. :

For more on the predicate logic versions of tableaux, axioms and rules
of inference, resolution, natural deduction and sequents, see the references
to these topics at the end of Chapter I.

The basic development of model theory (beyond the few theorems given
here) can be found in Chang and Keisler [1973, 3.4] or any of the other
texts in list 3.4 of the bibliography.

To see where Herbrand universes and unification come from, read the
first few pages of Herbrand [1930] in van Heijenoort [1967, 2.1] or Herbrand
(1971, 2.3].

To see Herbrand’s theorem used as a basis for the exposition of logic,
see Chang and Lee [1972, 5.7]. Many varieties of resolution can be found
there; see also Loveland [1978, 5.7] and Bibel (1982, 5.7].

The standard text on the theory of PROLOG is Lloyd [1987, 5.4] which
also has an extensive bibliography. Other suggestions for reading about
PROLOG can be found at the end of Chapter III.

IIT proLOG

1. sLb—-Resolution

In this chapter we will consider the full PROLOG language for logic pro-
gramming in predicate logic. Much of the basic terminology is simply
the predicate logic version of that introduced in 1.10. We will, nonethe-
less, restate the basic definitions in a form suitable for resolution theorem
proving in the predicate calculus. PROLOG employs a refinement of linear
resolution but we have made the presentation independent of the (rather
difficult) completeness theorem for linear resolution (Theorem I1.14.4). We
do, however, assume familiarity with the definitions for linear resolution in
Definitions I1.14.1-3. Thus our proofs will be based on the analysis of the
propositional version of PROLOG discussed in 1.10, together with Herbrand’s
theorem (I1.10.4) and the reduction of predicate logic to propositional logic
that it entails. At times when a knowledge of I1.14 would illuminate certain
ideas or simplify proofs, we mark such alternate results or proofs with an *.

Recall from IL5.1 that a PROLOG program P is a set of program clauses,
i.e., ones with precisely one positive literal. We ask questions by entering a
sequence of positive literals A, ... , A, at the « 7— » prompt. The PROLOG
interpreter answers the question by converting our entry into a goal clause
G = {-A,,... ,~A,} and asking if PU {G} is unsatisfiable. We will now
describe the way in which PROLOG discovers if P U {G} is unsatisfiable.
Our starting point is the method of linear resolution introduced in 1.10 for
propositional logic and proved complete for predicate logic in I1.14. We
next restrict ourselves to an input version of linear resolution. Although
this is not in general a complete version of resolution (as can be seen from
the example following Definition I1.14.1), it turns out to be complete in
the setting of PROLOG. For the remainder of this section P is a PROLOG
program and G a goal clause.

Definition 1.1: A linear resolution proof (Go,Co),--. ,{Gn,Cr), G
is a linear input, or LI, (resolution) refutation of P U {G} if Gy = G,
Gny1 = 0O, each G; is a goal clause and each C; is a (renaming of a)
clause in P.

*Theorem 1.2: If PU{G} € UNSAT, there is a linear resolution refutation
of PU{G}.

*Proof: As every PROLOG program is satisfiable (Exercise I1.5.6), {G} is
a set of support for PU{G}. By the completeness theorem for linear reso-
lution (Theorem 11.14.4) there is a linear refutation (G, Co), .. , {Gn,Cy)
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with Go = G. We claim that every G; is a goal clause and, modulo re-
naming, every C; € P. Proceeding by induction, the only point to notice
is that we cannot resolve two goal clauses and so the next C; must be from
P while the result of the resolution of a goal clause and a program clause
is again a goal clause or 0. O

‘We now know the general format of resolution proofs for PROLOG: linear
input resolution. Before continuing to examine the additional refinements
implemented in PROLOG, we should note (and this is usually true of im-
plementations of all resolution methods) that when G = {—4,,... , =4}
and C = {B,-By,...,—Bp} are resolved, say on A; = B via mgu 0, the
interpreter does not check to see if perhaps some resulting duplications
should be eliminated {e.g., A;0 = A0 or A;6 = Bf or By = B8) . It
simply replaces ~A; by —By, ... , By, and then applies 8 to each term. It
does no further simplification. To understand the actual implementations,
we should therefore think of clauses (as the machine does) not as sets of
literals but as ordered clauses, i.e., sequences of literals. A resolution as
above then inserts the literals —Bg,... ,~By, in place of ~A; and applies §
to each literal in the sequence to get the next {(ordered) goal clause. This
ordering of clauses does not cause any serious changes. We embody it in
the following definition and lemma.

Definition 1.3:

(i) ¥ G = {~Ay,...,-An} and C = {B, -By,... ,"Bn} are ordered
clauses and @ is an mgu for 4; and B, then we can perform an ordered
resolution of G and C on the literal A;. The (ordered) resolvent of
this resolution is the ordered clause {—Ao,... ,~Ai-1,~Bo,... ,7Bn,
’WA,;+1, ceoy —-An}G.

(ii) If PU {G} is given as a set of ordered clauses, then a linear definite
or LD-refutation of P U {G} is a sequence {(Go,Co),...,{Gn,Cn)
of ordered clauses G;,C; in which G = Go, Gny1 = O, each G;
is an ordered goal clause, each C; is a renaming of an element of P
containing only variables which do not appear in G; for j < i or Gy
for k < i and each G;; (0 <4 < n) is an ordered resolvent of G; and
C;. If C,, is not O , we call the sequence, as usual, an LD-resolution
proof .

Note that this method does not employ the strategy of collapsing literals.
‘We resolve on one literal from each clause and remove only these two literals
from the resolvent.

Lemma 1.4 (Completeness of LD-resolution): If P U {G} is an unsat-
isflable set of ordered clauses, then there is an LD-refutation of P U {G}
beginning with G.

Proof: Consider all (ordered) ground instances P’ U G’ of the {ordered)
clauses in P U {G} in the appropriate Herbrand universe. By Herbrand’s
theorem (Corollary 11.10.6) P’ UG’ is unsatisfiable. By the compactness
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theorem (I.7.9), some finite subset of P’ UG’ is unsatisfiable. As all sets
of program clauses are satisfiable (Exercise I1.5.6), any such subset must
include elements of G, i.e., instances of G. Let P”UG" be an unsatisfiable
subset of P/ UG’ of minimal size. By minimality there is a Gj € G”” such
that P” UG" — {G{} is satisfiable. By Lemma 1.10.11, there is then an
LD-resolution refutation of P’ U G” starting with Gj. By Lemma 1.5
below this can be lifted to the desired LD-refutation of PUG. 0O

*Proof: Let P’ and {G’} be the sets of unordered clauses corresponding
to P and {G} respectively. The proof proceeds by a simple induction on
the length of the Ll-refutation of P’ U {G’}. Note, however, that one LI-
resolution may be replaced by a sequence of LD-resolutions to compensate
for the collapsing of literals allowed in LI-resolution. We leave the details
as Exercises 1-2. O

Lemma 1.5: The lifting lemma holds for LD-resolution proofs. More pre-
cisely 11.13.7 holds for ordered resolutions; 11.13.8 holds for LD-resolution
proofs; and 11.13.9 holds for LD-resolution refutations.

Proof: The proofs are essentially the same as in I1.13. The lifting of a sin-
gle resolution (I1.13.7) is, however, somewhat simpler in that no collapsing
of literals occurs here (and so the parameters n; and ny are both equal to
1 in the proof). In the proof of the lifting lemma itself, we note that, for
linear resolutions, an induction on the depth of the tree is the same as one
on the length of the proof. The leaves of the tree are the starting clause
and the side clauses. We leave the details of rewriting the proofs of 11.13
in this setting as Exercises 3-5. 0O

Our next task is to describe how, in an LD-resolution proof, we should
choose the literal of G; on which to resolve. The selection rule used in
essentially all implementations of PROLOG is to always resolve on the first,
i.e., the leftmost, literal in G;. The literals in the resolvent deriving from
C; are then always inherited with their original order and put to the left of
all of the clauses coming from G;. We call this an sLD-resolution. (The S
stands for selection.) More generally, we can consider any selection rule
R, i.e., any function choosing a literal from each ordered goal clause.

Definition 1.6: A selection rule R is simply a function that chooses a
literal R(C) from every nonempty ordered clause C. An SLD-refutation
of PU {G} via R is an LD-tesolution proof (Gg, Cp), ... ,{Gn,Cy) with
Go = G, Gpy1 = O in which R(G;) is the literal resolved on at step 1
of the proof. (If no R is mentioned we assume that the standard one of
choosing the leftmost literal is intended.)

Our next goal is to prove a completeness theorem for sLpD-refutations.
We first give a simple proof along the lines of our previous arguments
that uses a version of the lifting lemma for sSLD-proofs. On the proposi-
tional level, the heart of this proof is essentially that of Theorem 1.10.13,
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the completeness of SLD-resolution for propositional logic. The difficulty
with lifting that result directly to predicate logic is that the lifting lemma
does not apply directly to SLD-proofs with arbitrary selection rules. - The
problem is that the rule may choose a literal out of the predicate lifting
of a given clause which is not the lifting of the literal chosen by the rule
from the ground instance of the given clause. However, this problem does
not arise for a wide class of selection rules, including the standard one of
always choosing the leftmost literal. So in the case in which we are inter-
ested for implementations of PROLOG, we can directly lift the completeness
theorem.

Definition 1.7: A selection rule R is invariant if, for every (ordered)
clause C and every substitution 8, R(C6) = (R(C))0.

Note that the standard selection rule is obviously invariant.

Theorem 1.8 (Completeness of sLD-refutations): If P U {G} € UNSAT,
there is an SLD-resolution refutation of P U {G} via R for any selection
rule R.

Proof (for invariant selection rules): We argue exactly as in the proof of
Lemma 1.4 except that we apply Theorem 1.10.13 in place of Lemma 1.10.9.
We then apply the lifting lemma for sLD-resolutions with an invariant
selection rule (Exercise 6). O

We could now supply a direct but fairly complicated proof of Theorem
1.8 for arbitrary selection rules. It is somewhat simpler to instead prove a
lemma asserting an independence result: given an LD-refutation starting
from G, we can find an SLD one via any selection rule R. The general form
of Theorem 1.8 would then follow directly from Lemma 1.4. The proof of
this independence result is itself somewhat technical and we postpone it to
Lemma 1.12.

We now know what the PROLOG interpreter does when a question is
entered as “?7- A;,...,A,.”. It searches for an SLD-resolution proof of
O from the current program P and the goal clause G = {-4;,... ,~4,}.
Before analyzing the search method for finding such a proof, let us consider
what happens at the end. If all attempts at finding a proof fail PROLOG
answers “no”. If a proof is found, PROLOG gives us an answer substitution,
that is a substitution for the variables in G. In fact, if the proof found
by the interpreter is (Gg, Cp), ... ,{Gn,Cr) with mgu’s y,...,6, then it
gives us the answer substitution § = g .. .0, restricted to the variables of
G. Most importantly, these are always correct answer substitutions, i.e.,
(A1 A...AA,)0 is a logical consequence of P.

Theorem 1.9 (Soundness of implementation): If # is an answer substi-
tution given by an SLD-refutation of P U {G} (via R for any R) then 6 is
correct, i.e., (A1 A ... A A,)8 is a logical consequence of P.
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Proof: We proceed by induction on the length of the SLD-refutation.
For the base case of a refutation of length one, G = Gy = {—A} and
Co = {B} are singletons with § an mgu for {4} and {B}. As B €
P, it is a logical consequence of P as is its substitution instance B#.
As 0 is a unifier, B8 = A8 which is then also a logical consequence
of P as required. Suppose now that G = {-Ag,...,nA,} and P U
{G} has an sLp-refutation of length n + 1 starting with Go = G and
Co = {B,~By,... ,mBy} and a resolution on -A; with mgu 6. The
resolvent G1 = {—\Ao, ‘e ,“'A,'...l, 'ﬁBo, e ,ﬁBm,ﬁAH.l, ceey ﬁAn}oo has
an SLD-refutation from P of length n with mgu 8 = 6,...6,. Thus,
by the induction hypothesis, G16p6’ is a logical consequence of P. Let
0 = 6,8'. As Cp € P, Cyf is also a logical consequence of P. Now
Cy8 is equivalent to (Bgd A ... A B,,,8) — Bf. So by propositional logic,
{-Aob,...,~A;10,-Bb,~A; 10, ... ,nA,0} is then also a consequence
of P. As 8 = 0y6', 6 also unifies A; and B, i.e., A;§ = Bf. Thus GO is a
logical consequence of P as required. 0O

The answers supplied by sLD-resolutions are, in a sense, all the correct
ones there are.

Theorem 1.10 (Completeness of implementation): Let R be a selection
rule. If PE (A1A...AAp)o then there is an sSLD-refutation T = ({G;,C; ) |
i < n) of PU{G} via R with answer substitution 8 and also a substitution
¥ such that Go = GOy.

Proof (for invariant selection rules): We prove by induction on the length
n of an sLD-refutation of P U {Go} via R that there is a refutation with
answer substitution # and a v such that ¢ = 6 on the variables of G.
Choose a substitution v instantiating all the variables of Go to new con-
stants (i.e., ones not appearing in PU{G}). As PE (A1 A...AA,)o it is
clear that P U {Go~} € UNSAT. Let T = ((G;,C;i}) | i < n) be a ground
sLD-refutation of P U {Gov} via R. By the invariance of R, reversing the
substitution ~y (i.e., replacing the constants by the original variables) gives
an stD-refutation T = ((G},C}) | i <n}) of PU{Goc} via R in which the
unifiers 1; restricted to the variables in Go are the identity. The ground
refutation can also be lifted, by Exercise 6, to one

T" = ((G{,C{) | i<n)

of PU {G} with mgu’s f,... ,6,. Suppose that R selects the literal A;
from G. We can now apply the induction hypothesis to

Gll = {=4q0,...,mA;i-10,~Bo1%o, ... , ~Bometo, "Ai+10, ... ,mAno}
and

GY = {-Agb,... ,mA;_100,7Bo 100, ... , " Bomeb0, Ait+160, ... , " Arbo}
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as G} = GYoyy = G{1oo (remember that Goyp = Go and, as oY unifies
Ag and By, 6y01 = a1/p). Thus, we have an SLD-refutation of P U {GY}
via R withmgu’s 6] ... 6}, and a X' such that 6} ...6" )’ = o on the variables
in GY. If z occurs in G = Gy, but 26, does not appear in GY, then 6,
does not appear in 6},...,6’. Since yo = o on the variables in Ag, we
can extend )’ to A by setting A(z) = o(z) for each variable z in Ay such
that 26 is not in G{. Then 606} ...0.\ = o on all the variables of G, as
required. (Keep in mind that y6yo = yo for y occurring in G.) O

To provide proofs for Theorem 1.8 and 1.10 for arbitrary selection rules,
we now prove the independence lemma, as promised. We begin with a basic
procedure to change a single choice of literal in an LD-refutation.

Lemma 1.11 (Switching Lemma): Let G = Go = {-Aq,...,A,} and
let (Go,Co),...,{Gx,C) be an LD-refutation of P U {Gy} with answer
substitution ¥ = 1y ... 1. Suppose that Ajtbo. . . sy is the literal resolved
on at step s > 0. There is then an LD-refutation (Go, Cp), ..., (G, )
of PU{Go} with answer substitution 6 = 6, ... O in which we resolve on
Aiby...0,_ 5 = Ajvpy...Ps_o at step s — 1 such that GO is a renaming
of Gy .

Proof: Let C; = {B;,-B;,... v Bim,} fori <k. Let Gy_; = {4},
~AL, ... ,mAL)} where Ao .. hsn = A}, and suppose we resolved on Al
atstage s—1. Thus Gy ={-4g, ~A],... ,~4._,,~B,_1,..., =B 1,m,_1s
A1y, m AN, and G,41 is 9, applied to the result of replacing
—Aj = -Aj by -B,g,... y7Bsm, in G,. (Recall that by the definition
of LD refutations, ~B,,..., =B, m, have no variables acted on by Pe—1.)
We know that A;.n/;s_lz/;, = By, = Byp),_1%, and so we can unify A;-,
and B,. Let ¢!_, be the corresponding mgu and let A be such that
Ys-19¥s = ¥,_1;A. We now replace step s — 1 of the original refutation by
this resolution. We want to show that we can resolve with C,_; on the
literal A14;_; at step s with mgu 9. If we can also show that the result
of this resolution is a renaming of Gs+1, We can continue the refutation,
modulo renamings, to get the desired result.

We first note that, from our original refutation, Ajv,_1 = B,_19,_;.
Combining this fact with the relation for A above we can get the fol-
lowing sequence of equalities: Al A = Al 19, = B ~1Ws1s =
B,_19,_;A. Thus X unifies A’9_, and B,_; = Bs_19,_, (by conven-
tion, B,_; has no variables acted on by ¥,_;). We may therefore resolve
on A4, _, with mgu ¢/, as required. We also get a A’ such that A = /X,
Combining the equations for ), we have Ys—1%s = ¢ _ 9L X . If we can now
prove the existence of a substitution ¢’ such that Yy 19, = Ys_1%s¢', then,
by Exercise I1.11.4, we will have established that Yy 19}, is a renaming of
¥s—1%s as required to complete the proof. The argument for the existence
of ¢’ is similar to that of A'. We know that ALYs_1¥, = Be_19._ 4, while
in the original proof v,.; is an mgu for A, and B,_;. Thus there is a ¢

SLD-Resolution 151

such that ¥, _;9} = 1,-1¢0. We next note that Aps1p = AL, 1, =
By, = Bytps_19. Thus ¢ unifies A}%—l and Bsy,-1. As 9, in
the original proof is an mgu for this unification, there is a ¢’ such that
¥ = 9,¢’. Combining this with the first equation for ¢, we see that

Yy 1V} = Ps—19s¢’ as required. O

Lemma 1.12 (Independence Lemma): For any LD-refutation of P U {G}
of length n with answer substitution 0 and any selection rule R, there is an
sLD-refutation of PU{G} via R of length n with an answer substitution 1
such that G is a renaming of G6.

Proof: We proceed by induction on the length of the given LD—refutation.
As usual, there is nothing to prove if it has length 1. Suppose we have an
LD-refutation of G of length k + 1 with answer substitution ¢. Let A; be
the literal selected from G by R and suppose it is resolved on at step s of the
given LD-refutation. Apply Lemma 1.11 s—1 times to get an LD-refutation
(Go,Co)y.-- ,{Gk,Cr) of PU{G} = P U {Gy} with answer substitution
¥ = o1 ...k in which A; is the literal resolved on at step 1 and such
that ¢ is a renaming of 8 via A\. Now apply the induction hypothesis to the
LD-refutation (G1,C1), ..., (G, Cr) to get one of G; via R with answer
substitution §' such that ¢; ... g = ¢’ with )’ a renaming substitution.
We can now prefix the resolution of G = Go with Cy on A; (with mgu ¢q)
to this refutation to get the desired sLb-refutation of P U {G} via R with
answer substitution @g6’. We complete the induction argument by noting
that Gowol' = Gopops....oxX = GopXN = GowA)N. We have now found
the required sLD-refutation and renaming substitution A\)\. 0O

Proof (of Theorems 1.8 and 1.10): It is now clear that, by applying
Lemma 1.12, Theorem 1.8 follows immediately from Lemma 1.4. Simi-
larly, Theorem 1.10 follows from Lemma 1.4 together with the special case
proved above for invariant selection rules. O

Ezercises

1. Prove the following lemma: If G is an ordered goal clause, C an ordered
program clause, G’ and C’ the unordered clauses corresponding to G
and C respectively (i.e., the union of the elements of the sequence)
and the goal clause D’ is an Li-resolvent of & and C”, then there is a
sequence of LD-resolutions starting with G and C and ending with an
ordered goal clause D which corresponds to I'.

2. Use the results of Exercise 1 to carry out the inductive *proof of
Lemma 1.4.

3. Prove Lemma I1.13.7 for ordered clauses and LD-resolution.
4. Prove Lemma I1.13.8 for ordered clauses and LD-resolution.
5. Prove Corollary I1.13.9 for ordered clauses and LD-refutations.
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6. Notice that the proofs of Exercises 3-5 work for SLD-resolutions if the
selection rule is invariant.

7. Let S be a set of clauses in a language £ . The success set of S is
the set of all ground instances A(t,... ,t,) in £ of the predicates of
L such that there is a resolution refutation of S U {-A(t1,...,t,)}.
Prove that if P is a PROLOG program then a ground atomic formula

A(t1,... ,tn) is in the success set of P iff it is true in every Herbrand
model of P.

8. Suppose a graph G is represented as a database of edges via the
list of facts “edge(n, m).” for each pair of nodes, n, m for which
there is an edge connecting them in the graph. (Assume that the
graph is undirected and so “edge(n,m).” appears in the database
iff “edge(m,n).” also appears.) Define, via a PROLOG program, the
predicate “connected(X,Y)” so that connected(n, m) is a logical con-
sequence of the program iff there is a sequence of nodes n = ny,n, ... ;

nx = m such that each successive pair of nodes n;, niy1 is joined by

an edge.

2. Implementations: Searching and Backtracking

Although SLD-resolution is both sound and complete, the available im-
plementations of PROLOG are neither. There are two sources of problems.
The first, and at least theoretically relatively minor one, is in the implemen-
tation of the unification algorithm. As we have mentioned, the available
PROLOG implementations omit the “occurs check” in the unification algo-
rithm. Thus, for example, the PROLOG unifier believes that X and f(X )
are unifiable. In addition, the PROLOG theorem prover does not make
the substitutions needed by the unifier until they are required in thesLp—
resolution. These two facts combine to destroy the soundness of the system.
Thus, for example, given the program:

test - p(X, X).
(X, f(X)).

and the question “?- test.” PROLOG will answer “yes.”. What has hap-
pened here is that the theorem prover says that to verify “test”, we must
verify p(X,X). As p(X, f(X)) is given, it suffices to see if p(X, X) and
p(X, f(X)) can be unified. The unifier answers that they can. As no fur-
ther information is needed (to instantiate “test”, for example) the theorem
prover gives the answer “yes” to our question. Thus, it gives an answer
which is not a logical consequence of the program — a violation of sound-
ness.

A key point in the above implementation is that the theorem prover did
not have to carry out the substitution {X/f(X)} implicit in the unifier’s
answer. If it had tried, it would have fallen into the endless loop of trying
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to output the results of the substitution. This situation is illustrated by
the program: :

test1(X) - p(X, X).
p(X, f(X)).

If we now ask “?- testl(X).”, the result of the looping is displayed as
PROLOG tries to give the “correct” answer substitution of X = f(f(f(... .
(Hit control-break to stop the display.) This type of failure can also occur
undisplayed in the search for an sLD-resolution. Consider the program:

test2 :— p(X, X).
(X, f(X)) = p(X, X).

In this case, the only indication that something has gone wrong is that no
answer is forthcoming.

Unfortunately, these problems may well occur in natural programs as
well. Of course, both of these problems could be eliminated by imple-
menting the unification algorithm correctly. As there are now reasonably
efficient (i.e., linear) unification algorithmns, this is not an unreasonable ex-
pectation. For now, however, one can fairly easily eliminate the first type
of problem in favor of the second. One simply writes programs in which
any variable appearing in the head of a clause also appears in the body.
This can be done by simply adding X = X to the body for any variable X
in the head not already in the body. The first program would then become

test :— p(X, X).
PX, F(X)) = X = X.

Now, when the theorem prover tries to resolve on p(X, X) and P(X, f(X))
and the unifier says they are unifiable, the prover asks for the substitution
so that it can put the expression resulting from X = X into the goal clause
in place of p(X, X). As the substitution is circular, it never gets to complete
the proof. Thus, this simple programming trick will restore the soundness
of the PROLOG theorem prover (at the expense, of course, of taking longer
to run). Completeness, however, is another matter.

The source of the incompleteness of the PROLOG implementation is the
method employed to search for an SLD-refutation. Suppose we are given a
program P and a goal clause G. We wish to find an sLb-resolution refuta-
tion of PU{G} beginning with G. At each step i of the sSLD-resolution, the
only choice to make is which clause in P to use to resolve on the leftmost
term in our current goal clause G;. We can thus display the space of all
possible sL.D—derivations as a tree: the root node is labeled G and if a node
is labeled G’ then the labels of it successors are the results of all possible
choices of clauses of P for the next resolution on the leftmost term of G'.
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We call such trees SLD-trees for P and G. As a simple example, consider
the program P;:

(X, X) - ¢(X,Y),r(X,2Z). 1)
p(X, X) - s(X). 2
q(b, a). (3)
q(a,a). (4)
9(X,Y) - r(a,Y) (5)
(b, 2). ©)
s(X) - ¢(X,a). (N

The sLD-tree for P, starting with the goal clause G = {-p(X,X)} is
displayed in Figure 39. Along each branching we indicate the clause of
P; resolved against. The convention is that the successors are listed in
a left to right order that agrees with the order in which the clauses used
appear in Py. Success paths, corresponding to yes answers, are those ending
in O. At the end of each such success path we put the answer substitution
given by the proof (of O) represented by the path. A path is a failure path
if it ends with a clause G’ such that there is no clause in P with which we
can resolve on the leftmost term of G'.

ﬂp(X’ X)
o N
-¢(X,Y),-r(X, Z) -s(X)
(3/ |(4> \(s) \(7)
-r(b, Z) -r(a,Z) -r(a,Y),r(X,Z) —¢(X,a)
(6)] ' | (a/ |<4) \(s)
o failure failure O O -r(a,a)
{Xx/v} {Xx/b} {X/a}
failure
FI1GURE 39

We see here that, of the six possible paths, three end in failure, two end
with the correct substitution {X/b} and one with {X/a}.

The PROLOG theorem prover searches the SLD-tree for a success path by
always trying the leftmost path first. That is, it tries to resolve the current
G with the first clause in P that is possible. In Figure 39 it would simply-
follow the path (1), (3), (6) to get the correct answer substitution {X/b}.
If the theorem prover hits a failure point (i.e., not 0 and no resolution is
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possible) it backtracks. Backtracking means retracing the path one has just
followed until one finds a node with a branch to the right of the path being
retraced. If there is more than one such path, take the leftmost one. The
theorem prover repeats this backtracking procedure until a success path is
found.

Copies of printouts for runs of the programs P; (and other programs
listed in this section) are included at the end of the section. We also
include printouts of the runs with “tracing”. (Tracing is a facility supplied
with most implementations of PROLOG that displays the actual steps of the
search of the SLD—tree. It is an important tool for understanding the flow
of control in a program and for debugging. Note that items of the form
“ Onnn” are just names for variables.)

If, for example, we omit clause (3) from the above program P, to pro-
duce P, , we get a new SLD—tree as pictured in Figure 40.

-p(X, X)
o N
-q(X,Y),-r(X, 2) —s(X)
(4/ \(s) \(7)
-r(a, Z) -r(a,Y),r(X,2) -¢(X,a)
TA
failure failure 0O —-r(a,a)
{X/a}
failure
FIGURE 40

In this case, the theorem prover first tries the path (1), (4), failure. It then
backtracks to ~¢(X,Y), (X, Z) and tries (5), failure. It then backtracks
all the way to ~p(X, X) and tries (2), (7), (4), success to give the answer
substitution X = a.

The same backtracking procedure is implemented when we ask PRO-
LoG for a second answer. Thus, with the original program P; and goal
{-p(X, X)}, ie, “?- p(X,X).” we got the reply “X = b —". If we now
ask for another answer by entering “;” the theorem prover backtracks from
the success node until it hits a node with alternate paths — here —¢(X,Y),
-r(X, Z). It then tries (4), failure and (5), failure and then backtracks to
-p(X, X). It now tries (2), (7), (3) giving once again the answer X = b. If
we enter “;” , once again, it backtracks from the success node to —¢(X, a)
to try (4) and give the answer X = a. Should we once again ask for another
answer, PROLOG will backtrack to ~g(X, a), try the remaining path (5), fail
and report no — no more success nodes have been found and there are no
more paths to try.
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The situation is similar if we get a “no” answer on first entering our
question. Here it means that all paths in the SLD-tree have been traversed
and they are all failures. By our general completeness theorem, we then
know that P U {G} is satisfiable and so there is no substitution for which
the question asked is a logical consequence of P;. By the completeness
theorem for the implementation we also know that when we finally get a
no after a series of “;” requests, every correct answer substitution is an
instance of one of the answer substitutions already displayed.

This type of search procedure is called a depth—first search procedure as
it tries to go as deeply as possible in the tree by running down to the end
of a path before searching along any other branches. In contrast, a proce-
dure that searches the tree in Figure 40 in the order —p(X, X); —q(X,Y);
(X, Z); =s(X); - (b, 2); -r(a, Z); ~r(a,Y); ~r(a, Z); ~q(X,a); O; fail-
ure; failure; O0; O; —r(a, a); failure, is called a breadth—first search. Clearly
many mixed strategies are also possible. In our case, the depth—first search
was much faster than breadth—first (3 versus 9 steps). Indeed, this is a
quite general phenomena. Depth-first is usually much faster than breadth—
first. That, of course, is why the implementations use depth—first searches.
The cost, however, is quite high — we lose the completeness of the SLD-
resolution method (quite independently of the procedure used to implement
unification).

The general completeness theorem guarantees that, if PU{G} € UNSAT,
there is a (necessarily finite) sLD-refutation proof beginning with G. If
there is one of length 7 it is clear that in a breadth—first search we must
find such a proof by the time we have searched the tree to depth =, i.e., we
have traversed every possible path of length n. Unfortunately, there are no
such guarantees for depth-first searching. The problem is that some paths
of the tree may be infinite. Depth-first searching may then keep us on such
a path forever when a short proof lies along another path. As an example,
consider the program P; gotten by replacing (6) in P, by

r(W,Z) - r(b,2). (6')
The sLD-tree for P; beginning with —p(X, X) is displayed in Figure 41.

Here we see that, even though there are sSLD-refutations along the paths
(2), (7), (3) and (2), (7), (4), the depth-first search employed by PROLOG
will not find them. Instead, it will endlessly pursue the leftmost path
(1), (3), (6') and then continue trying to use clause (6') again and again
forever.

We can now see why the ordering of the clauses plays a crucial role in
the actual running of a PROLOG program. If we rearranged P; to get Py by
interchanging clauses (1) and (2), the theorem prover would first find the
proof (2), (7), (3) and then (2), (7), (4). Only then, if asked for another
answer, would it fall into the endless search part of the tree. Unfortunately,
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ﬂp(){’ X)
(1) 2
-q(X,Y),-r(X, Z) -s(X)
(3/ (4)| \(s) \(7)

-r(b, Z) -r(a,Z) -r(a,Y),-r(X,2) —¢(X,a)
S AR
-r(b, Z) failure failure O 0O -r(a,a)
@ {X/8} {X/a}

failure

FIGURE 41

the arrangement of clauses, though an important programming consider-
ation, is not enough to guarantee completeness. To see this, consider the
program FPs :

equivalent(X,Y) :- equivalent(Y, X). 1
equivalent(X, Z) :— equivalent(X,Y), equivalent(Y, Z). (2)
equivalent(a, b). (3)
equivalent(b, c). (4)

and the goal G = —equivalent(c,a). It is clear that equivalent(c,a) is a
logical consequence of P; (Exercise 1). The problem is that no matter in
which order clauses (1) and (2) are listed in the program, a depth-first
search will always keep trying to apply the first of them since both heads
will unify with any expression of the form equivalent(tz, t3) for any terms ¢,
and ¢3. Thus the theorem prover will be able to use one of (1) and (2) but
not both. It is, however, easy to see that if either clause is omitted from Ps
then the result together with G is satisfiable. Thus, no depth-first search
procedure can find an SLD-refutation of PU{G} regardless of the ordering
of the clauses in P. (Note that the depth-first implementation remains
unable to find the proof here even if we use another selection rule.) Thus,
depth-first search methods, although efficient, are inherently incomplete.
In the next section we present a programming tool to minimize or get
around these problems. In §4 we briefly consider the general problem of
guaranteeing termination (for certain types) of programs in pure PROLOG
with the standard selection rule and depth-first searching of SLD-trees.
In §8 we show that the general termination problem for PROLOG programs
is undecidable.
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Ezxercises

1. Find an SLD-refutation of Ps U {—equivalent(c, a)}.

2. Prove that every set P of program clauses has a minimal (actually
least) Herbrand model Mp (i.e., prove that the intersection of all Her-
brand models of P is also a model of P) but not every set S of universal
sentences has a minimal Herbrand model.

3. Consider the program P

p(X) Z) = Q(XaY)ap(Ya Z) (1)
p(X, X). (2)
q(a,b). ()

Draw SLD-trees for P and goal “?- p(X,Y).” for the standard selection
rule and also for the rule which always chooses the rightmost literal
from a clause.

4. a) Draw the sLD-refutation tree illustrating all possible attempts at
SLD—proofs using the standard selection rule and the associated correct
answer substitutions for the following program and goal:

1) p(X,Y) - s(X),t(X).

@) p(X,Y) = o(X, (X)), (X, f(Y))-
(3 qbY).

4  ¢(a,Y) - 7(a, f(a))-

(8) r(a, f(a)).

(6) (b f(b)

(7 s(a).
(8) s(b).
9) ta)

Goal: ?- p(X,Y).
b) Explain what happens in terms of PROLOG searching and back-
tracking when we enter “?- p(X,Y).” and then repeatedly ask for
more answers via “;”.
5. Define PROLOG programs for the following operations on lists. (The
basic notations for lists were introduced in I1.3.)

a) second_element (X,Y’) which is to define the predicate “X is the
second element of the list Y.

b) substitute for.second_element (Y,L1,L2) which is to define the
predicate “L2 is L1 with Y substituted for its second element”.

¢) switch (L, M) which is to define the predicate “M is L with its
first and last elements exchanged”.
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d) Check that your programs work correctly, at least when all vari-
ables are instantiated, by running some examples: Is b the second
element of [a, [b,c],d,e] or of [a,b,¢]? Is [b,c] the second element
of either of them? Is [, [b, ], d] the result of replacing the second
element of [a, b, with {a,[b,¢},d]? Is [a, e, [b, d,d},d? Is [a,c,b]
the result of interchanging the first and last elements of [a,b,¢]? Is
le, b,a}?

e) Try a couple of examples with uninstantiated variables as well: find
the second element of [a, [b,c],d, €] and [a, b, c]; replace the second
element of [a,b,c] with [a, [b,c],d] and then replace the second el-
ement of the result with b; interchange the first and last elements
of [a,b,c] and then of the resulting list. Now some examples with
the roles of the variables interchanged: Find a list with second
element b; one which, when its second element is replaced by b,
would be [a, b, c]; one which, when its first and last elements are
interchanged, would be [a,b,c}.

f) What simple universal statements suggested by the above examples
should be true about your programs? Try asking as a PROLOG
question if substituting the second element of a list X for its own
second element returns the original list. Similarly for the result
of switching the first and last elements twice. Explain the output
when these questions are entered.

6. Trace the execution of your programs on the examples in Exercise 5
and explain any anomalous behavior (depending on your program there
may not be any).

In Exercises 7-8 we use a unary function symbol s (with the intended
meaning “successor of”) to define a counter beginning with the constant 0.
Thus 0 corresponds to 0, s(0) to 1, s(s(0)) to 2, and in general s™(0)
(= s...s(0) with n repetitions of the function s) corresponds to n. Do
not try to use the built-in arithmetic operations supplied with PROLOG.

7. Write a program to calculate the length of a list using this counter. Try
it on a couple of inputs: [a,b,d], [a,b,¢, [b, ], [d,c,€]]. What happens
when you try to find a list of length three?

8. We add on to our language two predicate symbols “add(X,Y, Z )" and
“multiply(X, Y, Z)".

a) Prove that, if we interpret “0)” as 0 in the natural numbers and “s”
as successor, then the following PROLOG program defines addition
on the natural numbers as represented by {0, s(0), s(s(0)),... } in
the sense that “add(s™(0),s™(0),s"(0))” is a consequence of the
program iff n+m =r1:

add(X,0, X).
add(X,s(Y),s(2)) - add(X,Y, 2).
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b) Write a similar PROLOG program to define multiplication in terms
of addition and successor so that “multiply(s™(0), s™(0), s” (0)) will
be a consequence of the program iff mn = r. (Hint: z(y+1) =
zy+z.) ’

c) Prove that “multiply(s®(0), s™(0), s™(0)) is in fact a consequence
of the program iff mn = r.

9. bRecall the procedure in II.5 for defining a knight’s move on the chess
oard.

a) Write a program defining a queen’s move. (It can move horizon-
tally, vertically or diagonally.)

b) Write one defining when a queen cannot move from one position
to another.

c) Write a program to find a way to put a queen in each column so
that none of them could move to any square occupied by any of
the others.

Do not use any built-in predicates (i.e., no arithmetic, no cut, no
“not”)‘

d) Find two solutions to the problem in (c).

10. Write a program for the function FLATTEN which strips off all brackets
from a list except the outermost, i.e., it returns a list of atoms in the

order in which they would appear on the page when the input list is
written out.

11. Consider the following program:

te(X,Y) - r(X,Y).
te(X,Y):- r(X, 2),te(Z,Y).

The goal
?- tc(a,b).

will succ‘eed exactly when the pair (a,b) is in the transitive closure of
the relation r(, ) as defined in Exercise 11 of IL.7. How do you reconcile

this with the result of that exercise? (This problem is also relevant to
Exercise 1.8.)

The following problems are continuations of Exercises I1.5.7-8 and follow
the same conventions about the assumed genealogical database. A printout
of the database and some words of warning are included in Appendix B.
They also make use of the counter defined in Exercise 7. Once again, if
not using the database simply write out the programs defining the required
predicates and explain how one would obtain the desired information. Now,
in addition to explaining why your answersare semantically correct, discuss
how they would run as implemented by PROLOG.
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12. a) Define nthgrandfather(X,Y, s"(c)) to mean that X is an ancestor of
Y n generations up. (Start with n =1 for X is the father of Y.)

b) Use this program to find libni’s grandfather’s great-grandfather.

¢) Can you find more than one such ancestor? Should you be able to
do so if all were well with the database?

d) Use this program to find four of levi’s great-great-great—grandchild-
ren.

e) Find three of esau’s grandchildren.

13. a) Define cousin(X,Y’) to give the usual meaning of first cousin.
b) Find five cousins of tola.
c) Define secondcousin(X,Y).
d) Find six second cousins of libni.

Recall the usage in English: My children and my brother’s children
are first cousins; my grandchildren and his grandchildren are second
cousins; my children and his grandchildren are first cousins once re-
moved; my children and his great—grandchildren are first cousins twice
removed; my grandchildren and his great-grandchildren are second
cousins once removed.

e) Define cousin(X, Y, s"(c),s™(c)) to mean that X is the n*" cousin
m times removed of Y.

f) Find seven second cousins once removed of libni. Can you tell or
guess and verify what relation they are to the people listed in (d)?

g) Find three third cousins twice removed of libni. Can you predict
from your program how they are likely to be related to libni (i.e.,
what routing istaken to find these instances)?

14. Various anomalies may creep into your results when implemented with
an actual genealogical database. Consider how the following typical
problems with such databases might affect your programs.

a) The same data may be recorded twice. For example the fact
fatherof(abraham,isaac) appears twice in the database. Will this
cause any wrong answers to be reported? What effect if any will it
have on running a program such as the one for ancestor or for n*h
cousins m times removed?

b) Different people may have the same name and not be distinguished
in the database. (Try to see who is the father of enoch.) How
will this affect the ancestor and cousin programs? Can you devise
a method for identifying people in the database that might be used
to eliminate or reduce the impact of this problem? (Hint consider
using a counter.) Try the father of enoch again. Also see if you
have eliminated all solutions to ancestor(X, X).



o PROLOG Implementations: Searching and Backtracking 163

¢) The same person may appear under more than one name. We know, PROGRAM P
for example, from other Biblical passages that esau is seir. How will
this affect the ancestor and cousin programs? What could you do

?7- listing. - (1) EXIT: q(a,a)?>
(short of editing the data file) to correct for such a situation? Can l;“- R (2) CALL: r(a,.0239)7>
you add rules to the database that would take care of this problem 7 q(A,B), (2) FAIL: r(a,.0239)?>
without editing the database? (Examples in the database used for r(4,0). (1) REDO: q(a,a)?>
tryigg your so!ution out are finding the grandfather of lotan and the P“;x) - (3) CALL: r(a, 022D)7>
cousins of hori.) a(a,a). (3) FAIL: r(a,022D)7>
q(A,B) - (1) FAIL: q(_005D,_022D)? >
Runs of Programs P, - P, r(a,B). (4) CALL: s(.005D)7 >
r(b,A). (6) CALL: Q(_005D,a)?>
PROGRAM P,. s(A) - (6) EXIT: q(a,a)?>
q(A,2). .
7~ listing. (2) FAIL: x(b,.0261)7> yos (4) EXIT: s(a)?>)?>
P - (1) REDO: q(b,a)?> - p(X,0. »+ (0) EXIT pla,a)?

a(A,B), (1) EXIT: (o037 _ X=ao;

r(1,0). P afa,e)r xmao »s (0) REDO: p(a,a)?>
p(A,A) -~ (3) CALL: r(a,.0261)7> no .,

s(). (3) FAIL: r(a, 0261)7> ?7- trace. (4) REDO: s(a).>’
q(b,a). (1) REDO: q(a,a)?> yes (6) REDD: q(a,)?>
q(a,a). (4) CALL: r(a,.0256)7> ?7- leash (full). (6) CALL: r(a,a)?>

A,B) - ) . ) : r(a,a)?
Ry (4) FAIL: r(a, 0255)7 > yes R a;:: >)-a>
r{b,A) (1) FAIL: q(_0085, 0255)7 > 7~ spy(p/2). (5) FAIL: qi_gzsn;:;

PR yeos (4) FAIL: s(. ?
s(A) (6) CALL: s(_0085)7 > LK), )

(,2). (6) CALL: q(.0085,a)? > R . #+ (0) FAIL: p(_005D,_005D)? >

s 4 ! % (0) CALL: p(_005D,_005D)? > o
yes (6) EXIT: q(b,a)?> (1) CALL: q(.005D, 022D)7 >
- p@x,x), (5) EXIT: s(b)?>
X=b —; *+ (0) EXIT: p(b,b)?>
X=b —;

X=b —;
#+ (0) REDD: p(b,b)?

X=a—;

PROGRAM Pij.
';‘i trace (6) REDO: s(b)?>
: . (8) REDO: q(b,a)?> 7- trace.
};es (6) EXIT: q(a,a)?> ?— 1listing. '
?~ leash(full). p(A,A) - yes
yes (8) EXIT: s(a)?> q(A,B), 7- leash(full).
- spy(p/2). *+ (0) EXIT: p(a,a)?> r(,0). yes
yes X=a—; plAA) - 7- =py(p/2).
- p(x,D. ** (0) REDD: p(a,a)?7> s(h). yos
*+ (0) CALL: p(.0085,.0085)7 > (5) REDD: s(a)?> qE:’:;' - P31, ”
(1) CALL: q(.0085,.0255)7 > (6) REDO: q(a,a)?> :(A:B). - *+ (0) CALL: p(.00D, -005D)?>
(1) EXIT: q(b,a)?> (7) CALL: r(a,a)?> r(a,B). (1) CALL: q(-0086D, 022D)? >
(2) CALL: r(b,.0261)7> (7) FAIL: r(a,a)?> r(A,B) - (1) EXIT: g(b,a)?>
(2) EXIT: x(b,.0261)7> (6) FAIL: q(.0085,a)?> r(»,B). (2) cALL: r(b,-0239)?>
*= (0) EXIT: p(b,b)?> (5) FAIL: 8(.0085)7> s - (8) GALL: r(b,.0239)7 >
X=b —; ++ (0) FAIL: p(.0085,.0085)7 > ah.2). (8) CALL: x(b,0239)7>
*+ (0) REDO: p(b,b)?> no yes (6) CALL: r(b,.0239)7>

(2) REDO: r(b,.0262)7> - p(X,X).
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PROGRAM Pj.

7~ listing. 7- pX,X). -

p(A.x) = *+ (0) CALL: p(_005D,_005D)? >
8 .

P(AA) - (1) CALL: 8(.005D)? >
q(A,B), (2) CALL: q(.005D,a)? >
r(A,0). (2) EXIT: q(b,a)?>

q(b,a). (1) EXIT: s(b)?>

qa(a,a). IT: p(b,b)?

al,B) - " (0 ET: p(b,B)7>
r(a,B). X=b—;

rALB) *+ (0) REDO: p(b,b)?>
r(b,B). (1) REDO: s(b)?>

s(A) -~ (2) REDO: q(b,a)?>
q(A,a). (2) EXIT: q(a,a)?>

yes (1) EXIT: s(a)?>

- p(x,X). *+ (0) EXIT: p(a,a)?>

X=b —; X=a—;

X=a—; *x (0) REDO: p(a,a)?>

7- trace. (1) REDO: s(a)?>

yes (2) REDO: q(a,a)?>

?7- leash(full). (3) CALL: r(a,a)?>

}":-s spy(p/2) (4) CALL: r(b,a)?>
i ’ (5) CALL: r(b,a)?>
yes

3. Controlling the Implementation: Cut

We have seen that the success of an execution of even a semantically
correct PROLOG program depends in many ways on the specifics of the
implementation. So far, the only control we have had over the path of
execution has been the ordering of clauses in the program. We know,
for example, that the base case of a recursion should always precede the
inductive case (why?). Similarly, facts about a predicate should generally
precede the asserted rules. Such heuristics can, however, go only so far. At
times we might wish to exercise more detailed control over implementing
the searching of the sLD—tree. Sometimes this is “merely” for the sake of
efficiency. At other times there just seems to be no other way of getting a

program that will run at all. In this section we consider one such built-in
control facility — cut.

Syntactically cut, written “!”, appears to be simply another literal.
Thus we write:

Pi- 41,492,434

It does not, however, have any (declarative) semantics. Instead, it alters
the implementation of the program. When the above clause is called in a
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search of the sLD-tree, the subgoals ¢1, g2, !, g3 , g4 are inse%'ted at thg
beginning of our current goal clause as usual. We try to satisfy ¢ an
g2 in turn, as before. If we succeed, we skiP over the cut and att'empt to
satisfy g3 and g4 . If we succeed in satisfying g3 and g4 all contm}las ::s
if there were no cut. Should we, however, fail and so by ba.cktrackn‘l‘g e
returned to the cut, we act as if p has failed and we are returned by “deep
backtracking” to the node of the SLD-tree immediately a})ove that for p,
called the parent goal, and try the next tfra.nch to the right out of that
node. (If none exists, the current search fails as usual.)

Example 3.1: Consider the following program:

t:— p,r. 1)
t— s (2
P q1,92,,43, 94 (3)
pi- u,v. (4)
q1. ®)
02 (6)
5. (7)
u. 8

For the goal {—t} we get the following SLD—tree:

-t
(1)/ \(2)
-p, =T -8
(3)/ \(4) \7)

O
=qy, g2, !, g3, g4, T T success
(5) (8)
g2, !7 g3, G4, T v, T
(6) I
|, —qs, ~qa, —T failure
(cut)
43, g4, T
failure
FIGURE 42
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When we run the search we travel down the leftmost branch, as usual,
going through the cut until we hit the failure point. (Note that ! succeeds
by definition the first time through; we simply remove it when reached.)
However, when we hit the failure node at the end of the leftmost path, con-
trol is passed to the node labeled —s from which we immediately succeed.
The point is that, once the goal clauses after the cut, —g3, g4, -r, have
failed, we return not to the parent, (=p,-r), of the clause with the cut,
but instead go back to its parent (—t). We then try the next branch to the
right (through —s) and proceed with our search.

The use of cut in this example merely saved us time in the execution
of the program by pruning the SLD-tree without cutting off any success
branches. Such uses of cut are, of course, innocuous (or safe). It is, how-
ever, difficult to write programs so that the uses of cut are always restricted
to such safe situations. In general, the cut can be a source of both incom-
pleteness and unsoundness. Clearly, if the cut prunes a success path, we
may lose some correct answer substitutions. Worse yet, it could prune all
the success paths. In this case we might wind up running down an infinite
path — demonstrating the incompleteness of the search system much as
in the analysis of depth-first searching. Finally it might prune both all
success paths and all infinite paths. In this case PROLOG will answer “no”
when in fact P U {G} is unsatisfiable. In this way cut can introduce an

actual unsoundness into programs, as a “no” answer means that P u{G}
is satisfiable.

Nonetheless, cut can be very useful if extreme care is taken when using
it. Some implementations of PROLOG have other facilities for controlling
the implementation of searching. One such is called snip. It acts like a
restricted form of cut. For example when a clause p i~ ¢, g, (!gs, qa!], g5
is encountered, the search progresses normally through the snip (g4), that is
through the clauses between the exclamation points. Should backtracking
return you to right end of the snip, however, it instead skips over the snip
to return to ¢;. Although this is at times a convenient tool, we will see in
the exercises that a snip can always be replaced by a use of cut. In general,
we simply warn the reader — be very careful, cut can have unexpected
consequences. At the very least, uses of cut which subvert the declarative
semantics of the program should be avoided. We will, however, briefly
consider one important use of cut — defining negation — as a lead in to
some other topics.

Although “not” comes as a built-in predicate in PROLOG, we can see
what it really means by defining it in terms of cut. Its meaning in PROLOG
is different from the usual logical meaning of negation. “not{P)” means that
we have a demonstration that P fails (i-e., is not provable). Thus PROLOG
answers “yes” to the goal “not(A)” if and only if it would answer “no” to
the goal A. We could replace uses of “not” by uses of cut by inserting a
definition of not(A) :

not(A) -~ A, !, fail.
not(A).
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We see here that if not(A) is called, PROLOG turns to the ﬁrst: clﬁ.us?e”dei‘i‘?gﬁ
it and calls A. If A succeeds, we pass over the cut and hit fail .d a:xth
is a built-in predicate which always fa.ils (a.ud so could be reila?e_lsw:) h
any other clause which always fails). Thus, if A succeeds,. not( )Aa.l . o
the other hand, if A fails, we try the second clause defining not(A) an
succeeds. ¢ hould
In fact, the tables can often be turned. Many ’?ses of cut “ca.n :m s }c:uve
be replaced by uses of “not”. We say “should” because “no caln ?,al
some declarative sense in PROLOG programs (evex} though not the ¢ as?cal
one) while cut is much more problematic. We wﬂg t?xplore the tgeor:: 1(;,i "
semantic underpinnings of PROLOG’s use of “nc?t in §6. In order g
that, however, we will first make a start on dealing with equality in §5.

Ezercises

1. In Exercise 2.4 what would be the effect of inserting a cut, !, b't;,tween
the two literals in the body of clause (2) on your answer to (b)
Recall the list notation introduced in ExampIe: 11.3.15. Consider the
following program APPEND for appending one list to another:

(al) a([],Y,Y).
(a2) o([X|Y], Z, [XIW)) - a(Y, Z,W).

. .
9. What is the advantage of modifying this program to APPEND":

(al) a([,Y,Y)- L
(a2) a([X|Y), Z, [ X|W]) == a(Y,Z,W).

Consider the situation when we have two given lists = and y and we
wish to find out the result of appending one to the front of tkfe oth;er,
that is consider goals of the form ?- a([z,y, 2], [u,v], Z). Consider also
ones of the form 7~ a([z,y,2],V,W).

3. What problems arise in the implementation of APPEND' (in contrast to
that of APPEND) when considering a goal of the form 7-a(X,Y, [z,y, z]&
Consider what happens when you try to get more than one answer su
stitution for the variables.

4. This question is somewhat open—ended and refers to the database n::{(l—
tioned in the exercises for I1.7-8 and I11.11-12. Can you use cut to 1e
advantage of the ordering of clauses in the genez'a,logxcal (?atabasefto ?i -
leviate any of the problems that you had earlier on VY?lth the axtr}xll}t'
relation programs such as grandfather, un.cle or cousin? Assume Ya
the clauses in the database reflect births in chronologlf:al order. You
might consider both rewriting your programs and writing a nev: spl:';-l
gram (with cut) to revise the database in some way to preven
results as someone being his own grandfather.
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4. Termination Conditions for PROLOG Programs

Wh.:ril url‘l)porta.nt proPlem in the analysis of programs is that of determining
i programs terminate. Of course, the problem in general is undecidable

eorem 8.9 and Corollary 8.10), but it may be manageable for specific
programs of practical interest. In this section we present a method of ax’ml-
ysis 1.;hat can be used to abstractly characterize termination of programs
;‘ilz:n;lng ’I‘;‘}r:th the standard selection rule of always choosing the leftmost
Th: ;‘da te es.piro.a.ch presented is that of Apt and Pedreschi (1991, 5.4].
o al)l' pted the ideas o.f Bezem (1989, 5.4] for characterizing termination

LD-proofs .from a given program and goal to deal with the situati

where the selection rule is fixed as the standard one. o

For the rest of this section P will be a PROLOG program and G a goal in
:. hlanguage L. All. clauses and resolutions are ordered. We let P’ and be
e set -of ground instances of P and G respectively. SLD—proofs will mean
ones using the standard selection rule. The basic property of the pro
P that we wish to characterize is given in the following deﬁnition:p e

}lzczi,imation 4.}: P i.s left-terminating for a goal G if all SLD-proofs from
i } starting with G are finite. P is left-terminating if it is left-
terminating for every ground goal G.

Note that.if P is left-terminating for G, then the standard implemen-
ta.tlon of 'P In PROLOG (using leftmost selection and depth—first search)
will tefmlr'late on the goal G. Indeed, as all SLD-proofs starting with @
are ﬁmte: it v:vould terminate with any search rule. Thus, if we fan IO
left—termination for the goal clauses of interest, we will be’ gua.ranteedpthvi
our programs terminate under the standard implementation. ®

o The :)asic .strategy in nearly all proofs of termination of deductions has
Th(()3 fzt)rnz. l;‘llrst, tzﬁe carefully defines a well ordering of clauses or proofs
shows that individual deductions (or in our ions)

hat i . case resolutions

.p;r(-)dulce decreases in this ordering. Once we have reached such a situation)
it is clear that all proofs terminate as each step represents a decrease in,

a well ordering. The descripti i
_ ption of the well orderin i i
the basic notion of a level mapping. § e mant begins with

Definition 4.2;

(i) A level mapping for P is a functi i

A : on f from the atomic sentences (po:

itive ground literals) of £ to N. We denote the value of this fun((:i)ioi
(f)n a 'hteral.A by |Aly, called the level of A with respect to f. If the
unction f is clear from the context, we will omit the subscript.

(ii) If M is a structure for £ and A4 = Ai, ..., A, asequence of atomic

sentences, we let M(A) be the least i < n such tha i

. . < t ME A;

is one, and n itself otherwise. If @ = {~41,...,-4,}, we z;ist)f th?:e
M(G) for M(As, ..., Ay). Lo e
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(iii) P is acceptable with respect to a level mapping f and a model M of P
if for every B - Ain P, i.e., every ground instance of a clause in P,
|B| > |A;| for each i < M(A). P is acceptable if it is acceptable with
respect to some level mapping and model.

To grasp the idea behind this definition, consider first a level mapping
without any mention of a model. It is then clear that, if P is acceptable,
every ground resolution of a goal clause G = {-4,..., —-A,} with a clause
in P gives a resolvent of lower level than G. This modified notion of ac-
ceptability corresponds to the condition that all LD-proofs from P starting
with G are finite. (See Exercises 1-2.) The restriction to SLD-proofs will
be captured by the restriction to literals A; for i < M(G) by the right
choice of the model M. The basic idea is that, if there is no sLD-refutation
of {—A4;}, then no sLD-refutation starting with G can get beyond A;. Thus
there is no need to consider later literals in an analysis of the SLD-tree
from G. On the other hand, if there is no SLD-refutation of {—A;}, there
is a model M in which A; is false. Thus the right choice of model will cut
off the level function precisely at the point at which one need not consider
any more literals.

To begin our analysis we define, from a given level mapping f and model
M of P, the required well ordering of clauses. We must consider first the
ground goal clauses and then certain nonground ones.

Definition 4.3:

(i) Let P be acceptable with respect to f and M. We extend f to ground
goal clauses G; = {—4i1,... ,~Ain} by setting |Gi| = (|Asj1 15 o
|A; j, |} where we have listed the literals Ai 1, ... , Ai m(c,) In decreas-
ing (although not necessarily strictly decreasing) order of their level.
We order these tuples by the lexicographic ordering. (Formally, to
make this literally an extension of f we identify each n € N with the
one element sequence {n).) Note that the lexicographic ordering on
finite sequences is a well ordering by Exercise 1.1.8(b).

(ii) A goal clause G is bounded (with respect to f and M) if there is a
maximal element in {|G*| : G* € G'}. (Recall that G’ is the set of
ground instances of G.) If G is bounded, we denote this maximal
element by |G|. (Note that with the identification of n and (n) this
agrees with the definition in (i) if G is ground.)

The use of the word bounded is justified by the following lemma.

Lemma 4.4: G = {~Ay1,... ,—An} is bounded (with respect to f and M)
if and only if there is a sequence T such that G* < 7 for every G*eG.

Proof: The “only if” direction is immediate. Suppose then that there is
a 7 as described in the Lemma. Let ¢t be a number larger than any element
of 7. If G* € G', then there are at most n elements in the sequence |G*|.
By the choice of 7 and t, each of these elements is less than ¢. Thus there
are only finitely many sequences of the form |G*| for G* € G'. As every
finite set has a maximum in any ordering we are done. [J
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. Our next task is to prove that any acceptable program which starts
with a bounded goal must terminate. As the ordering induced on the goal
clauses is a well ordering, it suffices to show that resolutions with clauses in
P decreases the level of the goal clause. We begin with ground resolutions.

Lemma 4.5: Let P be acceptable with res )

pect to a level mapping f and a
model M. If G = {—A,,...,~A,} is a ground goal and H = {-B,,...,
=B, ~4s,...,A4,} is an SLD-resolvent of G with some ground clause
C ={B,~Bi,... ,~Bn} in P, then |H| < |G|.

Proof: We proceed by cases. First, suppose that M(G) =1, i.e., M ¥ A,
and 50 by definition |G| = (]A;]). As we resolved G and C, B = A4,
and it is false in M by assumption. As C € P, it must be true in the
modcfl .M of P. Thus, B; must be false in M for some i < m and so by
definition M(H) < m. As |B;| < |A;| for every i < m by acceptability,
|H| < |G| = |A1] by the definition of the ordering. ’

Next suppose that M(G) > 1. In this case H and G succeed in M for
the first time at the same literal, i.e., M(H) = M(G) +m — 1. Thus the
sequence |H| has the same elements as |G| except that |A;| is replaced by
the set of elements |B;| for 1 <i < m. As |B;| < |A| for each i, it is clear
from the definition of the extension of the level mapping to clauses and the
ordering on these sequences that |H| < |G| as required. 0O

We now prove our lemma for bounded goals.

Lemma 4.6: Let P be acceptable with respect to a level mapping f and a
model M. If G = {-Ay,... ,~A,} is a bounded (with respect to f and M)
goaland H = {-By,... ,—~Bp,,~As,... ,~A,}0 an sLD-resolvent of G with
some C = {B,-By,... ,~Bp} in P, then H is bounded and |H| < |G|.

Proof: Consider any ground instance Hvy of H. By extending ~ if neces-
sary, we may assume that 6~ also grounds B. H< is then a resolvent of
G6~y and C#y € P’ and so by Lemma 4.5 |[Hv| < |G6+|. As G is bounded
|GOv| < |G|. As H~ was an arbitrary ground instance of H, H is bounde(i
by Lemma 4.4. If we now choose + so that |Hy| = |H| we see that |H| < |G|
as required. O

Th.eorem 4.7: If P is acceptable and G is a goal clause which is bounded
(with respect to any level mapping and model showing that P is acceptable)
then every SLD—proof from P U {G} beginning with G is finite.

Proof: Consider any SLD—proof from PU{G} starting with G = G,. Each
successive resolution produces a new goal clause G,,. By Lemma 4.6, the
sequence |G| is strictly decreasing. As the ordering on goal clauses is a
well ordering, the sequence of resolutions must be finite. [

Corollary 4.8: Every acceptable program is left-terminating.
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Proof: The corollary follows from the theorem as every ground goal is by
definition bounded. O

We now wish to characterize the left-terminating programs by proving
the converse to Corollary 4.8. We also want to deal with nonground goals
by proving some form of converse to Theorem 4.7. We begin with the
ingredients of our level mapping.

Definition 4.9: If the SLD-tree from P U {G} beginning with G is finite,
N(G) is the number of its nodes; otherwise, N (G) is undefined.

Theorem 4.10: If P is left-terminating, there is a level mapping f and o
model M such that

(i) P is acceptable with respect to f and M and

(ii) For every goal clause G, G is bounded with respect to f and M if and
only if every SLD—proof from P U {G} beginning with G is finite.

Proof: We define the required level mapping f and model M by setting
|A| = N({~A}) for each atomic sentence A of £ and requiring that M F
A < there is an sLD-refutation of PU{=A}. Note that, as we are assurning
that P is left—-terminating, f is well defined. Also, by the completeness of

SLD-resolution, each atomic sentence A is true in M if and only if it is a

logical consequence of P. We now prove that f and M have the desired

properties.

(i) Consider any clause C = A i~ Bj,...,Bnin P.Letn=M(By,...,
Bp). There is an sLD—proof from PU {~A} beginning with {—-A} and a
resolution with C. By the definition of M, there is an SLD-refutation of
P U {~B;} beginning with ~B; for each i <n. The SLD-search tree for
each such refutation is clearly a subtree of the sLD-tree for {—~A}. As
each such search for i < n succeeds, the SLD-tree for B, is attached
to the end of each successful search for refutations of all of the ~B; for
i < n. Thus the sSLD—tree for {~A} contains copies of the sSLD-tree for
{~B;} for every i < n. The definition of f then tells us that |4} > |Bi]
for each i < n as required.

(ii) Let G be a bounded goal clause. Suppose, for the sake of a contra-
diction, that there is a nonterminating SLD-proof (Go, Co), (G1,Ch),- -
starting with G = Gy. For any n, we can (starting with (Gn,Cr)) find
a substitution 8 which grounds all the clauses of (Go, Cp), (G1,C1), -+ - »
(G, Cr). This gives an SLD-proof beginning with the ground instance
GO of G of length n. As n was arbitrary, this contradicts the assumption
that G is bounded.

Finally, suppose that every SLD-proof beginning with G terminates. No-
tice that the SLD—tree from any goal clause is finitely branching: Each
immediate successor of a fixed node corresponds to a clause in the finite
program P. Thus, by Konig’s lemma (Theorem 1.1.4) the sLD-tree for G
is finite. Suppose it has n nodes. Again, as every SLD-tree has branchings
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of at most the number of clauses in P, there can be SLD-trees from ground
instances of G with arbitrarily large numbers of nodes only if there are ones
of arbitrarily large depth. Thus, if G is not bounded, there is an SLb—proof
beginning with a ground instance of G of length n + 1. The lifting lemma
for SLD-proofs (Exercise 1.6) then lifts such a proof to one of length n + 1
beginning with G. As this proof must be a path on the SLD-tree beginning
with G we have the desired contradiction. O

Corollary 4.11: P is left-terminating if and only if it is acceptable.

As an example we will show that the program PERM for deciding if one
list is a permutation of another is left-terminating, The language of our
program consists of a constant [ ] for the empty list and the binary list
combining function “.” of Example I1.3.15. We also use the alternate no-
tations and abbreviations introduced there such as [a] | [b, ¢, d] for [a, b, c, d].
The ground terms of the language, i.e., its Herbrand universe H, consists
of the closure of the constant [ ] under the list combining operation. The
program for PERM includes a program APPEND (consisting of (al) and (a2)
below) for appending one list to another as well as two clauses (p1) and
(p2) defining PERM from APPEND:

(al)  a([],Y,Y).

(@2)  a([X|Y],Z,[X|W]) == a(Y,Z,W).

@) ().

(P2) p(X’ [Y, Z]) = a(‘/V’ [YIV],X),G(I’V,V,U),}?(U, Z)

Now not all LD-proofs from PERM starting with a ground goal are finite
(Exercise 3) but we will show that PERM is acceptable and so all SLD-proofs
starting with ground goals will terminate.

Theorem 4.12: PERM is acceptable (and so left-terminating).

Proof: We first let |z| be the length of z for any list « in the Herbrand
universe, H. Thus, for example, |[y|v]] = |v| + 1 for all y,v € H. We
define a level mapping by setting |p(z,y)] = |z| + |y| + 1 and |a(z,y, 2)| =
min{|z|, |z|}. As our model we could take the intended interpretations for
p and a on B (Exercise 6). Rather than verifying the semantic correctness
of the program, however, it is easier to create an artificial model that
embodies just enough to cut off the resolutions when needed. We define M
with universe H by saying that p(z,y) holds for every z,y € H and that
a(z,y, z) holds iff |z| + |y| = |2|. It is obvious from the definitions that M
is a model of PERM. We prove that, with this choice of level mapping and
model, PERM is acceptable.

We only have to check ground instances of clauses (a2) and (p2). For
(a2) just note that, for any z,y € H, |y| < |[z|y]| by definition. Thus for
any z,y,z,w € H,

la(y, 2, w)| = minflyl, wl} < |a([zly], 2 [z}w]) = min{|[zly]], |[zlw][}
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as required. Now consider any ground instance of (p2):
p(z, [y, 2]) — a(w,[ylv], ), a(w,v,v), p(y,2).
It is clear that
Ip(z, [v, 2])| = o] + |[yl2)l + 1 > la(w, lylv], )| = min{|w], =]}

If jw]+|[y|v]] # |z}, then we are done by our choice of M and the definition
of acceptability. Suppose then that |w| + |[ylv]| = |z| and so |u]| < |=l.
Thus |p(z, [y, 2))| = || + |[ylz]] + 1 > |w| > |a(w,v,u)|. Once again we
are done unless |w| + |v] = |u| as well. In this case, |u| < [z] fmd s0
Ip(z, [y, 2))| = |zl + |lwl2]l + 1 > |u| + |[yl2}] + 1 = |p(u, 2)| as required to
complete the proof of acceptability. O

As acceptability implies left-termination, we have sh9wn thaft PERM
running with the standard implementation of PROLOG will term.mate on
any ground clause. As the logical consequences of PERM are the intended
ones by Exercise 5, PERM will terminate with a corref:t answer on any
ground goal. Thus we have a proven method for checking if one h.st is a
permutation of another. More interestingly, we can use the characterization
of termination in terms of boundedness to prove that it can do much more.
For example, by starting with a goal of the form G = {—qf(:r, X)} we wou}d
hope to be able to find all the permutations of a given list x. To see this,
it suffices to prove that G is bounded. We prove much more.

Theorem 4.13: For all terms t,ty,... ,t, of L, every goal G of the form
{-p([t1,. .- , tn], t)} s bounded (with respect to the level mapping and model
of the proof of Theorem 4.12).

Proof: For any ground instance Gy of G, |Gy| =n+m + 1 \.vvhere m =
|ty|. As the length of ¢y is constant for any ground substitution v, G is
bounded. O

Many other types of goal clauses can be proven bounded for PERM. See,
for example, Exercise 7.

FEzercises

Definition:
(i) P is terminating for a goal G if all LD—proofs: fro'm P U {G} starting
with G are finite. P is terminating if it is terminating for every ground
goal G.
(i) P is recurrent with respect to a level mapping f if, for every clause
A A,,...,A, in P, |A| > |A;| for each 1 < i < n. P is recurrent
if it is recurrent with respect to some level mapping.
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. Prove that if P is recurrent it is terminating.
- Prove that if P is terminating it is recurrent.
. Prove that PERM is not terminating.

. Prove that APPEND is recurrent.

Gt WO

. Prove that the logical consequences of PERM of the form p(z,y) for
Z,y € B are the intended ones.

6. Prove that one could use the intended interpretation of pand aon B
as the model in the proof of Theorem 4.12.

7. Suppose G = {~A,... ,~A,}. Prove that, if each A; is bounded (with
respect to some level mapping and model), then so is G.

5. Equality

Until now, we have ignored the whole question of mathematical equality.
(Recall that in PROLOG, “t; = t,” is used to mean that ¢, and ta can be
unified.) The time has come to at least face the problem of “true” equality
for it is indeed a problem for PROLOG. Syntactically, we introduce a special
(reserved) two-place predicate written infix as = = y. (The use of = for
equality is too widespread to give it up in our exposition simply because
PROLOG syntax took it for some other use. In all contexts other than
PROLOG programs, we will use “=" for the equality relation.) We must
now expand our deduction methods and semantics for predicate calculus
to deal with this new special predicate.

The basic properties of equality (in a language £) are captured by the
following:

Definition 5.1: The equality azioms for L:

1) z==.

@ z=pA. Az, =y, > f(@1,. .. &) = f(y1,-.. ,9n) for each
n-ary function symbol f of £ .

B)zi=y; A o ATy =y o (P(z1,... ,2n) > P(y1,... ,ys)) for each
n-ary predicate symbol P of £ (including the binary one “="),

Re'ﬂexivity of “=" is guaranteed by (1). The other usual properties of
equality (symmetry and transitivity) follow from (3) by taking P to be =
(Exercise 4).

We can now think of these axioms as being added to any set of sentences
we are dealing with under any proof system. Thus, by a tableau refutation
proof of a sentence S with “=” in its language, we mean one from the set
of sentences S* where S* is S plus the universal closures of (1)-(3) for all
the function and predicate symbols of S. Similarly, a resolution refutation
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of S is one from S*. Unfortunately, simply adding in these clauses makes
for a very inefficient procedure. We will return to this point shortly when
we consider more specialized methods such as paramodulation.

The next step is to decide on the intended semantics for equality. Here
there are two choices. We can treat equality as we did all other predicates
and simply require that the interpretation of “=” be a two—place relation
which satisfies all the equality axioms. From the proof theoretic, and so
the PROLOG point of view, this is the only approach on which we have any
real handle, and within the confines of a fixed language, it is all we can say
about equality. On the other hand, from an abstract mathematical point
of view, we would like to require that “=" always be interpreted as true
equality.

We can, in fact, require this of our interpretations and still prove all
the basic theorems of IL.7 as before: soundness, completeness, compact-
ness, etc.. The only problem arises in the proof of the completeness theo-
rem. In the proof of Theorem IL.7.3, our construction via the CST gives us

a structure in which the interpretation of “=" satisfies all the above axioms
but this does not guarantee that it is true equality. The solution is to divide
out by the equivalence relation induced by “=". To be precise, let A be the

structure determined by a noncontradictory path on the ¢ST for a given
set of sentence S. The elements of A, we recall, are the ground terms ¢ of
a language £ . We define a relation = on them by: ¢, =t & AF t; =ta.
Using the equality axioms, it is easy to see that = is an equivalence relation
(i.e., t =t for every t, if t; = tp thent; = t; and if t; = ¢; and ¢, = ¢3, then
t; = t3). We then define a structure B for £ on the equivalence classes of =.
That is, the elements of B are the sets of the form [t;] = {t|{t = 1} for
each t; € A. The functions and relations are defined on B by choosing rep-
resentatives and referring to A: BF P([t]1,...,[tn]) & AFE P(ty,... ,tn)
(for P other than “=") and f3([t]1,...,[ta]) = [fA(t1, ... ,tn)]. Of course
“=" is interpreted as true equality in B. At this point, one must check
that these definitions are independent of the choice of representatives (that
is, the elements ¢; chosen from the sets [t;]). The final step is to show by
induction, as we did for A, that B agrees with every signed statement on
the path used to construct A. Thus B is the required model for S in which
“=" is interpreted as true equality.

Theorem 5.2 (Completeness): If S is any set of sentences which includes
the equality azioms for the language of S, then either there is a tableau
proof of O from S or there is a model for S in which = is interpreted as
true equality.

As our main concern now is with the proof theoretic, i.e., resolution
method, point of view we leave the details of this construction and the
proof of the appropriate compactness theorem for such interpretations as
exercises. From now on we use “=" simply as a reserved predicate symbol.
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Definition 5.3: An equality structure for a language £ with “=" is any
structure for £ which satisfies the equality axioms. Similarly, an equality
model of a set of sentences S of £ is an equality structure for £ in which
all sentences of S are true. An equality resolution (or tableau) proof from
S is then one from S plus the equality axioms.

The soundness, completeness and compactness theorems for resolution
(or tableaux) are then by definition true for equality interpretations and
proofs. In terms of actually carrying out equality resolutions with any sort
of efficiency, however, we are considerably worse off than in the original
case. There are simply too many new rules. At this point we will give
one revised resolution rule to handle equality that goes a long way towards
alleviating the problem.

The inference scheme (paramodulation) we want will take the place of
the equality axioms (2) and (3). That is, we want a rule (like resolution)
which, when combined with resolution, will be complete for equality in-
terpretations: If {z = z} € S and $ has no equality model, then O is
derivable from S using resolution and paramodulation. (The point here
is that S may mention “=” but contain no equality axioms other than
z =1z.) The basic idea is that if we have a clause C; containing a literal
L(t,...) in which a term ¢ occurs and a clause Cy (with no variables in
common with C}) containing ¢ = s then we can conclude from C; and C,
not only C; U C, but also the modification of Cy U Cs in which we replace
t by sin L(t,...). Of course we need not replace ¢ by s everywhere in L.
Thus, we want to consider replacement of a single occurrence of ¢ by s in
L. (Obviously, multiple replacements can then be generated by repeated
uses of the rule.) We use L[t/s] to represent the result of replacing some
one occurrence of ¢t by s in L.

Example 5.4: From C; = {-~P(a), Q(b)} and C; = {a = b, R(b)} con-
clude {~P(b), Q(b), R(b)}. Note that we also drop a = b from the result.
As in resolution, it has been used and absorbed.

Of course as in resolution, we must consider the possibilities introduced
by unifications.

Example 5.5: From C; = {~P(z),Q(z)} and C; = {b = b, R(b)} we can
conclude {—~P(b), Q(b), R(b)}. This is simply instantiation via unification.

More generally we should consider the following:

Example 5.6: From C, = {-P(f(g9(z))),Q(z)} and C; = {g(h(c)) =
a, R(c)} we can conclude {~P(f(a)), Q(h(c)), R(c)}. Here g(z) is the term
t being considered. We unified it with g(k(c)) by the substitution {z/h(c)}.
After applying this substitution to C; to get {~P(fgh(c)),Q(h(c))} we
replaced the occurrence of gh(c) by a as allowed by gh(c) = a of C, and
combined to get our result.

As with resolution, we may also collapse literals via unification before
applying the substitution. Here it is necessary to separate these operations.
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Definition 5.7: Suppose we can rename the variables of C; and C; so that
they have no variables in common and C is of the form {{J(tl), fees L(ty)}u
C; and C; is of the form {r; = s1,... ,Tm = sm}UCY. If oy is an mgu
for {L(t1),...,L(ta)}, o2 one for {ry = s1,...,7m = s} and o one for
{t101,7102} then any clause of the form

{L a10[t1010/s1020]} U Cia10U Ch020
is a paramodulant of C, and Cj.

Together with resolution, this rule is complete for equality interpreta-
tions. In fact, as with resolution, a linear version is also complete.

Theorem 5.8: If {x = z} € S, C € S and S — {C} has an equality
interpretation but S does not, then there is a linear proof of O from S
starting with C via resolution and paramodulation. (As you wc?uld expect,
such a linear proof is a sequence {Co, Bp ), ... , (Cn, By ) in which Cp = C,
Cny1 =0, each B;isin Sorisa C; for j < i and each C;+1 follows from
C; and B; via one resolution or paramodulation step.)

The proof is very much like that for resolution alox.le and we omit it.
The general problem of dealing with just equality is quite complicated. It
is a well developed subject on its own, that of rewrite rules. The prob}ems
of integrating equality with PROLOG or more general t.heorem provers is an
as yet underdeveloped topic of current research that lies beyond the scope

of this book.

Ezercises

1. Prove that the tableau method with equality axioms is sound for the
class of interpretations in which = is interpreted as true equality.

2. Give a complete proof of the completeness theorem for table'au proofs
(from the equality axioms) with the true equality interpretation (The-
orem 5.2).

3. Prove the compactness theorem (a set of sentences is satisfiable iff every
finite subset is) for the true equality interpretation.

4. Prove that the symmetry and transitivity of “=" follow from (1)—(3)
of Definition 5.1. (Hint: For the first let ) =z, 22 =2, )1 = ¥ and
y2 = z in (3). For the second let 7, =z, Za =y, 1 =2 and 25 = 2.)

6. Negation as Failure

PROLOG, as we have described it so far, has no way to derive .negat§ve
information. (The Herbrand structure for a PROLOG program P in which
every ground atomic formula is true is obviously a model of P.) Nonetheless,
it is often the case that we want to conclude that certain facts do not hold.
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In PROLOG derivations, negation is implemented in terms of failure, i.e.,
the goal -4, often written “not(A)”, succeeds if and only if PROLOG would
return “no” to the goal A. There are a number of ways of understanding
negation which are used to justify this implementation. The two earliest
are the closed world assumption (Cwa) and the completed database (cpB)
view. The first falls outside the scope of predicate logic so we will explain
it fairly briefly; we will give a more detailed treatment of the second. These
two approaches also apply to a more general implementation of negation

as failure which allows arbitrary clauses in the program as well as in the
goal.

In the next section we will describe a more recent approach to negation,
that of stable models. The characterization of such models also goes beyond
predicate logic. It is closely related to nonmonotonic logic which we will
also describe in §7.

The cWa arises naturally in the context of databases. If we are given
a database of grades for students in the math department, we may have
reason to believe that it is a correct and complete list. Thus, if the fact that
Jones got an A in Math 486 does not appear, we may reasonably assume
that it is false. The extension of this principle to a setting like PROLOG
with rules as well as data leads to the cwa for a program P: If a ground
atomic formula (positive literal) A is not a logical consequence of P then
we may infer ~A.

The first thing to note here is that the Cwa deals with the abstract
notion of logical consequence or, equivalently, provability in some complete
proof systems for predicate logic. By the undecidability of provability in
predicate logic (Corollary 8.10), however, we cannot hope to implement
such a rule even in theory. The closest we can expect to come is to conclude
—A when we have a proof that A is not a logical consequence of P. For a
PROLOG-like system such a proof might reasonably consist of a finite SLD-
tree starting with the goal ~4 in which every branch ends a failure. In this
case, we know that there is no sLD-refutation starting with the given goal.
The completeness theorem for SLD-refutations (Theorem 1.8) then tells us
that A is not a logical consequence of P. Such a tree is called a finitely
failed sLD~tree for P U {A}.

The usual implementations of PROLOG only check for a finitely failed
SLD-tree via the standard selection rule. For theoretical analyses, however,
we are better off considering a more general definition which has a clearer
semantic content. To this end, we will have to consider refutation search
procedures which do not follow the standard rule or even any selection rule
that always chooses the same literal from a given goal. (See Exercise 2.)

We begin with a generalized notion of a selection rule that makes its
choice of literal at any step based on the entire history of the proof up to
that point rather than on just the current goal clause.
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Definition 6.1:
(i) A generalized selection rule R is a function which, given any LD-proof
{Go,Co), - . ,{Gn,Cr), chooses a literal from G,.
(ii) An LD-proof (Go,Co), ... ,{Gn,Cr) is a proof via a generalized selec-
tion rule R if the literal resolved on at each step i, 0 < i < n is the one
chosen by R from the proof (Gy, Cy), ... ,{G:,C;) up to that point.

We now give the formal definition of the SLD-tree associated with a given
goal, program and generalized selection rule.

Definition 6.2: Let P be PROLOG program, G a goal clause and R a
generalized selection rule. The associated SLD-tree (from P starting with
G via R) is a finitely branching tree T labeled with goal clauses such that
each path of T is associated with an SLD proof via R. We define T by
induction. The root node of T is labeled with G. If any node o of T is
labeled with a goal clause G’ and the generalized selection rule R chooses
the literal —A from G’ given the proof associated with the path through T
leading to G’, then the immediate successors of ¢ correspond to the clauses
C; of P which can be resolved with G’ on —A. These nodes are labeled
with the results of resolving G’ on ~A with the corresponding clause C;
of P. (The proof associated with the path to a successor of G’ is the one
associated with the path to G’ followed by the appropriate resolution.)

Note that, in general, the SLD-tree associated with some P, G and R
may be infinite. Some paths may succeed, i.e., end with O (success) .a.nd
so be (necessarily) finite refutations of G from P. Others may be failed,
i.e., there is no clause of P with which the final goal can be resolved on the
selected literal. Other paths, however, may never terminate.

We can now approximate the set of literals A which are not logical
consequences of a program P by considering those for which the search for
a refutation of A fails in a finite and hence observable way.

Definition 6.3:

(i) The sLD-tree associated with P, G and R is finitely failed if it is finite
and every path ends because of a failure to find a clause of P with
which the selected literal can be resolved. (In particular no path ends
with success, i.e., 0.)

(if) The SLD finite failure set of a PROLOG program P is the set of ground
atoms A such that there is a generalized selection rule R such that the
SLD-tree associated with P, {~A} and R is finitely failed.

Recall the contrast between breadth—first and depth—first searches of
SLD-trees in terms of completeness. In this setting, there are generalized
selection rules R which guarantee that if A is in the finite failure set of P
then the sLD—tree via R is finitely failed and there are others which do not
have this property.
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Definition 6.4: An SLD-proof (via R) is fair if it is either finite (and so
either failed or a successful refutation) or, for every occurrence of a, literal
Q in the proof (say in G;), either R selects Q at step 7 or there is a stage
J > i at which Q6;...0;_, is selected by R, where 6y is the mgu used at
step k of the proof. A generalized selection rule R is fair if every SLD-proof
via R is fair.

I.t is not hard to design a fair generalized selection rule R. However, no
ordinary selection rule can be fair. (See Exercises 1-2.) The following re-
sult says that we can restrict our attention to any fair generalized selection
rule.

Theorem 6.5: For a program P and ground atomic formula A, A is in
th{: SLD-finite failure set of P iff the SLD-tree for A via R is failed for every
fair generalized selection rule R. Thus, there is a finitely failed SLD—tree
for A using any selection rule if and only if the SLD-tree for A is finitely
failed for any fair generalized selection rule.

PFoof: The “if” direction is immediate from the definition of the finite
fatlure set. Suppose, therefore, that A is in the finite failure set of P and R
is any fair generalized selection rule. We wish to prove that the SLD-tree

via R starting with {~A} is finitely failed. We prove a stronger lemma, by
induction.

Lexpma 6.6: Let P be a PROLOG program and R a fair generalized se-
lection rule. If a goal clouse G = {~A1,...,~An} has a finitely failed
SLD—tree of depth k (via any generalized selection rule) and (Go,Cp ), ...,
(Gn,Chr) is an SLD-proof from P via R with G = G, then every path on
the SLD—tree via R that has (Go,Cy ),... ,(Gr,Cr) as an initial segment
is finitely failed.

Proof: We proceed by induction on k. Suppose k = 1 and A, is the
literal selected from G in the given failed SLD—tree S of depth 1. By the
definition of a failed SLD-tree, no clause in P has a head that will unify
with A,. Now consider any path Q on the SLD-tree T via R starting with
(G0,Co),...,{Gpn,Cp). As R is fair there is a node on Q@ at which R
chooses A,# for some substitution 4. By our assumption about A,, no
clause of P has a head which can be unified with Asf. Thus the path Q
terminates with a failure at this point. As Q) was an arbitrary path on T
with the specified initial segment, 7" is finitely failed below this point.

For the induction step, let A, be the literal chosen at the first level of
the given finitely failed SLD-tree S of depth k + 1. The first level of S
then consists of all the resolvents of all resolutions on A, with clauses in
P. Each node at this level then has the form

H= {_’Al,--- 1_‘Aa-17'_'Bl,~'- 1_'Bk1_'As+1)"- )_‘An}g

where 6 is the mgu associated with the appropriate resolution and clause
C of P. Note that H has a finitely failed SLD—tree of depth k.
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Now let Q be any path on the sSLD-tree T via R starting with ( Gy, Co ),

. +{Gp,Cy) with G, = G. Again, by the fairness of R, there is some
level, say m — 1, of @ at which we first select a literal of the form A,y
coming from A, in G. Let (Gy,Cp),... ,{Gm,Cr ) be the path up to
the point at which we have performed the resolution on A,. The last
resolution on this path was with some C € P whose head unified with
A, and so with A,. The proof of the switching lemma (Lemma 1.11)
shows that G,, is a renaming of the clause H on the first level of S which
corresponds to Cp,—1. As starting a finitely failed SLD-tree is obviously
invariant under renamings, Gy, starts a finitely failed SLD—tree of depth k
and we can apply the induction hypothesis to (G, Cp),-.. ,{Gm,Cm ) to
conclude that @ is finitely failed. O

In view of Theorem 6.5, we may assume that we have specified any fair
generalized selection rule R to define our SLD-trees. It is now reasonably
clear how a PROLOG type system equipped with an implementation of a
fair R should attack a question asking for negative as well as positive con-
clusions. We start with a clause G containing both positive and negative
literals. We then carry out an SLD-proof via R except that when we se-
lect a positive literal A we try to construct a finitely failed SLD-tree via
R starting with A. If we succeed, we eliminate the literal A and continue.
If we fail, the attempt at refutation of G fails as well. We formalize this
procedure as SLDNF-refutations (SLD-refutations with negation as failure).

Definition 6.7:
(i) A general goal clause G is simply an arbitrary clause.

(ii) Let P be a PROLOG program. An SLDNF-proof via R from P beginning
with G is a sequence (G;,C;) of general goal clauses G; and clauses
C; € P with Gy = G and G, = O which is generated as follows: If
R(G;), the literal chosen by R, is negative, then G, is a resolvent of
G; and C; via mgu 6; on literal R(G;). If R(G;) is positive, it must
be a ground literal A. In this case, there must be a finitely failed
sLD-tree (via R) starting with the goal ~A. We then have G;;, equal
to G; with A deleted, C; plays no role and 6; is the identity.

As usual, the composition sequence of mgu’s 6y...6; = @ for such a
proof is called its answer substitution.

The definition of the SLDNF-tree from P starting with G via R is the
same as that of the corresponding sLD-tree (Definition 6.2), modulo the
modification in (ii). A path on the tree is just an attempt to construct
such an SLDNF-refutation. The path succeeds if the attempt eventually
produces 0. Suppose at some point on such a path we encounter an SLD-
tree T starting with some ~R(G;) where R(G;) is a positive ground literal.
If T has [ on one of its paths, T is not finitely failed. In this case, we say
that this attempt at finding an SLDNF-refutation fails. (Of course, even if
the SLDNF-tree is not finitely failed, we may never discover this fact and
the proof procedure may simply fall into an infinite search.) If R(G;) is
positive but not ground, we say that the proof flounders at this point.
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Warning: We allow the SLDNF-refutation to proceed when R chooses a
positive literal only if it is ground. Such a choice is called safe. This
restriction is essential as we are interpreting the success of —q as the failure
of g. If g has a free variable X, this is clearly unfounded. A question
“?- —q(X).” asks for a ¢ such that =g(c) holds while “?- ¢(X).” asks for
a d such that g(d) holds. Clearly neither one is the negation or failure of the
other. Unfortunately, most PROLOG systems do not bother to check that a
positive literal is ground before applying the negation as failure procedure.
This can lead to unexpected (and indeed false) results.

Before describing the relationship between negation as failure and the
CWA, we introduce a more general approach in terms of “completed data-
bases” (CDB). The idea here is that, when one specifies the conditions under
which something occurs, one specifies them all. In terms of a particular

program P, suppose we consider one n-ary predicate r and all the clauses
of P with 7 in their heads:

’I‘(tl’l, ceny tl,n) - qul, ey q1,n1 .

r(te1,... ythn) = Qe Y P

If we view this list as a complete description of when r(X1,...,X,) holds
(for new variables X;), then we can express this view by the sentence

'I‘(Xl,... ,X,,)«—»qlv...qu.

where Y1,...,Y,, are the variables in Qs+, Qingy Xi1,...,X, are new
variables and q; is 3)’1, .o )},pi(Xl = ti,l A.. ./\Xn = ti,n /\q,',l A.. -Aqi,n.-)-
The “if” () direction in these equivalences is simply the assertions of the
given program. The “only if” (—) direction say that we have completely
specified r by the program clauses. Comp(P), the completion of P, includes
such an axiom for each predicate r appearing in P. If r does not occur in
the head of any clause of P, we include the axiom VX -r(X ) in Comp(P).
In the absence of equality, Comp(P) consists of these axioms and no others.

To deal with equality, we include in Comp(P) the basic equality axioms
(1)~(3) of §5 for the language of P. In addition, the database point of
view dictates that distinct terms (names) represent distinct objects. We
incorporate this point of view (to the extent possible in first order logic)
by including the following axioms in Comp(P) as well:

(4) flz1,...,z0) # 9(v1,... »Ym) for each distinct pair of function sym-
bols f and g of arities n , m > 0 respectively.

(5) t(z)# z for each term t(z) (other than z itself) in which z occurs.

6) flxr,...,zn) = f(zn,... WWUn) 2 Ty =91 A...Ax, =y, for each
n-ary function symbol f.
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This completes the construction of Comp(P) from P. Every clause in
P is clearly a consequence of Comp(P) and so Comp(P) F P. Moreover,
if P is a PROLOG program, Comp(P) is consistent. (Again, the Herbrand
structure in which “=” is interpreted as true equality and every other
ground atomic formula is true is a model.) We can now use Comp(.P) to
prove soundness and completeness theorems “justifying” the negatlon‘as
failure rule. We begin with a lemma relating unification and the equality

axioms (1)—(6).

Lemma 6.8: Let S = {81 =t1,...,8, =tn}.

(i) If S is unifiable and 8 = {z1/r1,... ,Tm/Tm} is the mgu given by
the unification algorithm (11.12.3), then (1)-(6) F (s1 = t1 A...A
Sp=tn) =2 (@1 =T1A...AZym =Tn).

(ii) If S is not unifiable, then (1)—(6) F (s1 =t A.. . Asp, =1,) = AAN-A
for any sentence A.

Proof: Consider the unification algorithm as applied to S. It produces a
sequence of substitutions 8g,6y,... ,65. Let {z1/rk1,... ,Zm/Tk,m} be the
composition .. .0. One proves by induction on k that {1)-(6) E (s; =
A ASp=1)0p...0k > (Z1 =Tk 1 Ao ATy = Tiym) for each.k up
to the point at which the algorithm terminates. If it terminates with a
unifier we have proved (i). If it terminates with the announcement that
S is not unifiable, it is easy to see that (1)—(6) prove that no inst.z'mce of
(s1 =t1 A... Asp = ty)bp...0k can be true, as is required for (ii). We
leave the details of the induction and verifications asExercise 3. O

Theorem 6.9 (Soundness of SLDNF-refutation): Let P be a PROLOG pro-
gram.
(i) If the SLDNF-tree via R from P beginning with a general goal G =
{Ly,...,Ln} is finitely failed, then Comp(P)E L1 V...V Lp,.
(ii) If there is a success path, i.e., an SLDNF-refutation of G from P, on the
tree with answer substitution 0, then Comp(P) E (-Ly A...A—-L,,)6.

Proof:

(i) We proceed by induction on the depth of the finitely failfed SLDNF-~
tree starting with G. We begin with the case that the tree is finitely failed
at its first level.

If R(G) is a negative literal L = —r(sy,... , s,), then there is no clause
C € P with whose head we can unify r(sy,...,s,). If the_l:e is 1o clause
in P with r in its head then Comp(P) includes the axiom VX -r(X) and s0
Comp(P) k¥ —=r(sy,...,8,). Otherwise, with the notation as in the defini-
tion of Comp(P), we see that Comp(P) F r(s1,...,8,) « V{IY1,...,Y},
(31 = t,',l AN...NAN8sp = ti,n A di1 AL A qi,ni)|i < k} As 7”(.?1,.. . ,Sn)
does not unify with any r(¢;1,... ,ti,»), by assumption, the falmtx of each
of the disjuncts follows from the equality axioms by Len'lma 6.8(ii). Thus
Comp(P) F =r(s1,... ,S,) and so Comp(P) £ G as required.
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If R(G) is a positive literal L, it must be ground (or the proof would
flounder rather than fail) and the sLD-tree starting with =L must have
a path ending in 0. Thus, by the soundness of SLD-refutations (The-
orem 1.9), P k L as required. (Note that as L is ground, the answer
substitution given by the SLD-refutation is irrelevant.)

Now consider the inductive step. Suppose that G has a finitely failed
SLDNF-tree of depth k + 1. If R(G) is a positive ground literal L, then the
SLD—tree starting with —L is finitely failed and Gy is G — {L}. It has a
finitely failed SLDNF-tree of depth k and so by induction, Comp(P) k G,.
As G contains Gy, Comp(P) E G as well.

Finally, suppose R(G) is a negative literal L = -r(s1,...,8,). (Again
we adopt the notation of the definition of Comp(P).) Each immediate
successor H; of G on level 1 of the given failed SLDNF—-tree is the result of
applying the appropriate mgu ; to G with L replaced by =i 1,--. ,"Gin,
(for i < k). Each has a failed SLDNF-tree of depth < & and so, l’>y inductic;n‘,
Comp(P) F H; for each ¢ < k. It thus suffices to prove that Comp(P) E
AH; = VYXG. To see this, it suffices in turn to prove that

Comp(P) F A{(=gi1 V...V =in,)0:]i < k} — —r(s1,... , 55).

Now by the definition of Comp(P), -r(sy,... ,87) can fail to hold only if
av,... ,Yp‘,(sl =tiiA...Asp = ti,n/\q:',l /\.../\q,-,m) for some 1 <k. By
Lemma 6.8, this can happen only if there is a ¥ which unifies s; and t; ;
for each j < n as well as witness GiaN...Agin,. As 0; is the mgu for this
unification, tlle assumption that (—g;,; V...V —g; ,,)0; implies that there
are no such Y as required. 0

(ii) We proceed by induction on the length of the SLDNF-refutation.
Suppose first that the refutation has length 1 and so G contains only one
literal L. If L is positive, it is ground and there is a finitely failed SLD-tree
starting with ~L. By (i), Comp(P) k =L as required. If L is negative, say
—r(s1,...,8n), then there is a clause of the form 7(t1,... ,t,) in P that
can be unified with L by some 6. Thus =8 is a consequence of P and
hence of Comp(P) as required.

‘ Next, consider an SLDNF-refutation of G of length k + 1. If R(G)
is a positive literal L;, then L; is ground, 6 is the identity and G; =
{L1,--.,Li_1,Lit1,... , Ly} has an SLDNF-refutation of length k& with
mgu’s 6;...0;. As in the base case, Comp(P) k —L;; by the induction
hypothesis Comp(P) k (=Ly A...A=L;_; A L AL ALy . 6y
Thus, Comp(P) k (~Ly A ... A =Ly )00, ... 0 as required.

Finally, suppose R(G) is a negative literal L; = —7(81,...,8n),and Gy =
{L1y-. , Licy, i1, .. » @i Lit1, ... , Ly }8g. By induction, Comp(P)
E {—lLl Ao ADLi_ A GaA...A Qjn; N SLiti AL A "Lm}eo. Oy
Now by the definition of Comp(P), the fact that 8, unifies 7(s1,...,8n)
and r(tj1,... ,t;) and Lemma 6.8(i), Comp(P) F (gj1 A ... Agjn, )00 —
7(s1,-.. ,54)80. Thus we see that Comp(P) k —~L;fp...0) as reciujired to
complete the induction step. O
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Theorem 6.10 (Completeness of SLONF-refutation): If P is a PROLOG
program, G = {-Ai,... ,~Ax} an ordinary goal clause, R a fair generalized
selection rule and Comp(P) F A1 V...V -A; then there is a finitely failed
SLD-tree from P via R beginning with G.

Proof: The idea of the proof is much like that for the proof of completeness
of the tableau method (I1.7) as modified to handle equality in §5. If the
SLD-tree beginning with G is not finitely failed, then it has a (possibly
infinite) path Q. We use the terms and formulas appearing on @ to define
a model M of Comp(P) such that M E X (A1 A...AAy). (X lists the free
variables of G.) The construction of M then establishes the contrapositive
of the desired theorem.

Let Go, G4, ... and 8y, 01, ... be the goals and the mgu’s appearing in the
sLD—proof associated with Q. As in §5, the elements of M are equivalence
classes of terms of the language and the function symbols operate on them
in the obvious way defined there. The crucial new idea here is to use the
sequence of mgu’s to define the equivalence relation on the terms. We
say that two terms s and t are equivalent, s = t, if they are eventually
identified by the sequence of mgu’s, i.e., there is an m such that s6y ... 0, =
t0p...0,. It is easy to see that this relation is, in fact, an equivalence
relation (Exercise 4). We denote the equivalence class of a term ¢ by [t]
and let the universe M of our intended model be the set of these equivalence
classes. It is now easy to see that the equality axioms (1)-(6) of Comp(P)
are satisfied in M when = is interpreted as true equality on the equivalence
classes (Exercises 5).

As the first step in defining the atomic formulas true in M, we declare
r([t1],- - , [ta]) true if there are s; € [t;] such that —r(si,...,sn) appears
as a literal in one of the goal clauses G,,. Note that this immediately makes
M E 3X(A) A...AAL) (as the (classes of the) terms in G provide the
witnesses).

Our next, and most critical, claim is that the set S of atomic facts
declared true so far satisfies the “only if” direction of the axioms for pred-
icate letters in Comp(P). Suppose —r(si,... , s,) first appears as a literal
in the goal clause G,,. By the fairness of R, there is a u > m at which
~r(81y.+- 151)0m ... 0, is selected. Note that —r(sy,... ,8p)0m ... 0, =
=7(81,.-- ,8)00 .. .6, by the usual convention on the choice of variables
and mgu’s. At that step it is replaced by the literals (—¢; 1, .. , i n; )0u41
(= (~i1,--- y7Gin; )00 . ..0uy1) from the body of the appropriate clause
of P. As 6,4, is an mgu for this resolution, each g¢; ;0,4; is in S. So
by Lemma 6.8(i) we have the desired witnesses for the disjunct ¢; of the
instance of the axiom of Comp(P) associated with 7{[s1],... ,{ss)).

We now have to extend S so as to make M a model of the “if” direction
of the axioms, i.e. of P, without losing the “only if” direction. Let P’
be the set of ground substitution instances of clauses of P by elements of
M and let S’ be the set of resolution consequences of S U P’. Let M be
such that S’ is the set of atomic facts true in M. We claim that M is
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the desired model of Comp(P). As it is obviously a model of P, we only
have to check that the “only if” direction of the axioms for each predicate
r have been preserved as well. This claim is immediate by induction on the
length of the resolution deduction putting any r(¢,,... ,t,) into S’: It can
be deduced only if some appropriate instances of the ¢; 1,... »Gin; in one
of the clauses of P with r in its head have already been deduced. O

The definition of Comp(P) formalizes the intuition behind the cbB ap-
proach. Analogously, CWA(P) is the set of all sentences which should be
associated with P according to the cWA (closed world assumption). The
basic intuition of the cwa is that, for any positive ground literal L, if
PF L then we should infer —L. We can thus view it as adjoining to P the
following clauses:

(0)  {~L} for each ground positive literal L such that P ¥ L.

While the CWA shares with CDB the view that the domain of discourse
is correctly captured by the ground terms, the CWA takes it even farther.
In addition to the equality axioms (1)-(6) described above, it asserts that
the universe consists precisely of the ground terms. This assertion cannot,
however, be guaranteed by a formula of predicate logic (Exercise 6). If
we consider only logical consequence (F) rather than provability, we can

express this requirement by an infinitary clause, DCA, the domain closure
aziom:

(7) z=t,V..Vz=t, V...
where (¢;) a list of all the ground terms.

We now write CWA(P) to denote the extension of P by (0)-(7). Note
that any model for cWA(P) is an Herbrand model for P. As the adjunction
of (0) guarantees that the truth of every ground literal is determined by
CWA(P), there can be at most one such model. Indeed for any PROLOG
program P, CWA(P) is always satisfiable and its only model is the minimal
Herbrand model for P (Exercise 7). As this model is also one of Comp(P)
(Exercise 8), the soundness results (Theorem 6.9) proved for negation as
failure and Comp(P) hold automatically for CWA(P) as well. There can,
however, be no completeness theorem comparable to Theorem 6.10 for
CWA(P). Indeed, no effective procedure (such as searching for an SLDNF-

refutation) can list all the logical consequences of CWA(P) for every P
(Exercise 8.6).

In addition to sometimes wanting to derive negative information, the
PROLOG programmer might like to use such expressions in the program

as well. This leads to the notion of general programs and general SLDNF-
resolution.

Definition 6.11: A general program clause is one which contains at least
one positive literal (but perhaps more). A general program is a set of
general program clauses.
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In any given general program clause {R, L1,...,Ln} we single out one
positive literal, R, as the head and consider all others as the. body of
the clause. We then write the clause in PROLOG notation (with ﬂ) as
R:- Li,...,L,. (Unfortunately, the interpretation and analysis W}ll de-
pend on which positive literal is chosen as the head.) In the same vein, we
write general goal clauses in the form {-Li,... ,~La}; however, as t'>efore
the hope is to show that P F 3X;.. .Xm(L1 A ... A L,)8 by deriving O
(via some form of resolution) from P U {G} with mgu’s fo...0x =6 .

We can now extend the definition of SLDNF-refutations to general pro-
grams by introducing a recursion at the point at which we search for a
finitely failed tree. We now look for a finitely failed SLDNF-tree. The ex-
tensions of a general program P to CWA(P) and Comp(P) are defined as
before. Soundness results like those of Theorems 6.8, 6.9 can be proved
in this general setting as well. The completeness result of Theorem 6.10
no longer holds. Indeed, the completeness theorem cannot .be extended to
general goal clauses even for all PROLOG programs (Exercise 9). Weaker
forms that deal only with the cases in which every branch of the SLDNF—tree
ends in success or failure do hold. Under these conditions, it is possible to
show that the SLDNF—tree gives, in some sense, “all” the answers that are
consequences of CWA(P) or Comp(P). We refer the reader to Shepherdson
(1984, 5.4] for a treatment of CWA(P) and to Chapter 3 of Lloyd [1987, 5.4]
for a thorough discussion of the cDB approach and Comp(P).

The crucial caveat in the setting of general programs P is that it may
turn out that cCWA(P) or Comp(P) or both are unsatisfiable even though
P is satisfiable (Exercises 10-12). Conditions like those of recurrence and
acceptability considered in §4 can, however, be used to guarantee the con-
sistency of Comp(P) and to produce a completeness theorem for SLDNF-
refutations with respect to the semantics given by Comp(P). (Again we
refer the reader to Lloyd {1987, 5.4].)

Ezercises

1. Show that no selection rule that always chooses the same literal from
each goal clause can be fair.
(Hint: Consider the program P with three clauses:

1 r-pg @ p-p @) g-gq)

2. Describe a fair generalized selection rule and prove that it is fair.
(Hint: Always choose the first literal to appear in the proof so far that
has not yet been chosen.)

3. Complete the proof of Lemma 6.8.

4. Verify that the relation = defined in the proof of Theorem 6.10 is an
equivalence relation.
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5. Yerify that the equality axioms (1)-(6) are satisfied in the set M defined
in the proof of Theorem 6.10 when “=" is interpreted as true equality
of equivalence classes.

6. Prove that no set of sentences of predicate logic can imply axiom (7
of cwA. (Hint: Use the compactness theorem.)

7. Prove that the unique model for CWA(P) for a PROLOG program P is
the minimal Herbrand model for P.

8. Prove that the minimal Herbrand mode! for a PROLOG program P is
also a model of Comp(P).

9. Give a counterexample to the generalization of Theorem 6.10 to general
goal clauses. (Hint: Write a short program and choose a general goal
such that every attempted SLDNF-refutation flounders.)

10. Give an example of a general program P such that Comp(P) (and
hence P) is satisfiable but cwA(P) is not.

11. Give an example of a general program P such that cwA(P) (and
hence P) is satisfiable but Comp(P) is not.

12. Give an example of a satisfiable general program P such that neither
Comp(P) nor CWA is satisfiable.

7. Negation and Nonmonotonic Logic

The general procedure of implementing negation as failure described
in the last section is both useful and important. Nonetheless, it violates
one of the most basic tenets of mathematical reasoning. In mathematical
reasoning (and indeed in all the systems we consider elsewhere in this book)
a conclusion drawn from a set of premises can be also be drawn from
any larger set of premises. More information or axioms cannot invalidate
deductions already made. This property of monotonicity of inferences is
basic to standard mathematical reasoning, yet it is violated by many real
life procedures as well as by the negation as failure rule.

In the absence of evidence to the contrary, we typically take consistency
with the rest of our general belief system to provide grounds for a be-
lief. The classic example concerns Tweety the bird. At some stage in the
development of our knowledge we observe and learn about various birds.
Based on this information we conclude that birds fly. One day we are told
about Tweety the bird and naturally assume that he can fly. When we are
later introduced to Tweety, we discover that he is a pet ostrich and can
no more fly than we can. We reject our previous belief that all birds fly
and revise our conclusions about Tweety. We now face the world with a
new set of beliefs from which we continue to make deductions until new
evidence once again proves our beliefs false. Such a process is typical of
the growth of knowledge in almost all subjects except mathematics. Beliefs
and conclusions are often based on a lack of evidence to the contrary.
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A similar approach is embodied in the notion of negation as failure. If we
have no evidence to the contrary (i.e., a deduction of L), we assume that L is
false. This procedure clearly embodies a nonmonotonic system of reasoning.
Minsky [1975, 5.5] was the first to propose such systems and beginning with
McCarthy’s study of circumscription [1980, 5.5] various researchers have
proposed and studied a large number of nonmonotonic systems which have
been suggested by various problems in computer science and AL To list just
a few: Hintikka’s theory of multiple believers, Doyle’s truth maintenance
system, Reiter’s default logic and Moore’s autoepistemic logic as well as
various versions of negation as failure in extensions of PROLOG by Apt,
Clark and others.

We will now briefly present a new approach to an abstract view of non-
monotonic systems as given in Marek, Nerode and Remmel [1990, 5.5].
It seems to capture the common content of many of the systems men-
tioned. The literature has dealt primarily with the propositional case and
we restrict ourselves to it as well. For negation in PROLOG, this means that
we will always be looking at the set of ground instances of a given program
in the appropriate Herbrand universe. After describing the general system
we will connect it to one interesting way of picking out a distinguished Her-
brand model that captures many aspects of negation in PROLOG (although
it is not precisely the same as the negation as failure rules of §6): the stable
model semantics of Gelfond and Lifschitz [1988, 5.4].

We present the idea of nonmonotonic systems in the form of rules of
inference like resolution or the one given for classical monotonic logic in I.7.
In such a setting, a rule of inference is specified by giving a list of hypotheses
and a conclusion which may be drawn from them. The standard rule of
modus ponens (1.7.2) concludes 3 from the hypotheses a and a — 3. An
appropriate style for describing this rule is to write the hypotheses in a list
above the line and the conclusion below:

a,a— 0

B

In this notation, the axioms are simply rules without hypotheses such as
in L.7.1(3):

(@— (8- a)

The crucial extension of such a system to nonmonotonic logic is to add
restraints to the deduction. In addition to knowing each proposition in the
set of hypotheses, it may be necessary to not know (believe, have a proof of,
have already established, etc.) each of some other collection of propositions
in order to draw the conclusion permitted by a given rule. The notation for
this situation is to list the usual kind of premises first and then, separated
by a colon, follow them with the list of restraints. The restraints are the
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propositions which the rule requires us not to know (believe, etc.). Thus
we read the rule

ag,... 9an:ﬂ1y--- 1ﬂm
v

as saying that if ¢,... , o, are known (proven, established) and g3, ... ,
Bm are not, then we may conclude that we know (can prove or establish) .

Definition 7.1 (Nonmonotonic formal systems): Let U be a set (of propo-
sitional letters).

(i) A nonmonotonic rule of inference is a triple (P, G,p) where P =
{a1,...,a,} and G = {B1,-..,Bm} are finite lists of elements of U
and ¢ € U. Each such rule is written in the form

Tr =

ali'“’an:ﬂl"-- 1ﬁm
(‘4

We ca.ll 0,...,a, the premises of the rule r and Bis-.. B its
restraints. Note that either P or G or both may be empty.

(ii) If P = G = @, then the rule r is called an aziom.

(ili) A nonmonotonic formal system is a pair (U,N ) where U is a non—
empty set (of propositional letters) and N is a set of nonmonotonic
rules.

(iv) A subset S of U is deductively closed in the system (U,N) if, for each
rule r of N such that all the premises a,...,qa, of r are in § and
none of its restraints 3, ... , Bm are in S, the conclusion wofrisin S.

The essence of the nonmonotonicity of a formal system is that the de-
ductively closed sets are not in general closed under arbitrary intersections.
Thus there is, in general, no deductive closure of a set I of propositional
letters; i.e., no least set S 2 I which is deductively closed. The intersection
of a decreasing sequence of deductively closed sets is, however, deductively
closed (Exercise 1) and so there is always (at least one) minimal deductively
closed subset of U (Exercise 2).

The deductively closed sets containing I can be viewed as the rational
points of view possible in a given system when one assumes all the elements
of I to be true. Each one expresses a set of beliefs which is closed under
all the rules. There may, however, be many such points of view which
are mutually contradictory. The intersection of all deductively closed sets
containing / represents the information common to all such rational points
of view. It is often called the set of secured consequences of I or the skeptical
reasoning associated with the system and I.
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Example 7.2: Let U = {a, 3,7} and let

Q
™

S

T =—— T3
a

7’2=9’;—'B T4

(i) Let Ny = {ry,r2}. There is only one minimal deductively closed set
for (U,N1) : S = {a, 8}. S is then the set of secured consequences of
< U’ N, 1 )

(i) Let Na = {ry,73,74}. There are two minimal deductively closed set
for (U,N2) : 81 = {a,8} and S = {a,7}. § = {a} is then the set
of secured consequences of (U, N,). In this case the set of secured
consequences is not deductively closed.

The analog in nonmonotonic logic of a classical deduction from premises
I involves a parameter S for the set of propositions we are assuming we do
not know. We use this notion of deduction to characterize the eztensions
of a nonmonotonic system which are analogous to the set of consequences
of a monotonic system.

Definition 7.3: Let (U, N) be a nonmonotonic formal system and let
S, I C U. An S-deduction of ¢ from I in (U,N) is a finite sequence
¥1,-.. , Pk such that ¢ = ¢ and, for all i < k, ¢; is either in I, an axiom
of (U,N) or the conclusion of a rule 7 € N all of whose premises are
included among ¢y,... ,p;_1 and all of whose restraints are contained in
U — S. In this situation ¢ is called an S—consequence of I and we denote
by Cs(I) the set of all S—consequences of I.

Note that the role of § in the above definitions is to prevent applications
of rules with any restraint in S; it does not contribute any members of
U directly to Cs(I). Indeed, Cs(I) may not contain S and may not be
deductively closed.

Example 7.4: With the notation as in Example 7.2, define a system
(U,N) by setting N = {ry,r3}. If § = {8}, then Cs(8) = {a} is not
deductively closed as it does not contain - in violation of rule r;.

Proposition 7.5: If S C Cs(I), then Cs(I) is deductively closed.

Proof: Suppose all the premises of a rule r with conclusion ¢ are in Cs (1)
and all of r’s restraints are outside it. By the definition of Cg(I ), we
can produce an S-deduction containing all the premises of 7. All of the
restraints in r are outside S by hypothesis. We can thus extend the S—
deduction to one of ¢ by applying r to get ¢ € Cs(I) as desired. O

Definition 7.6: S C U is an extension of Iif Cs(I) = S. Sis an extension
if it is an extension of the empty set @.
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The extensions S of I are the analogs for nonmonotonic systems of the
logical consequences of J. Every member of an extension is deducible from
I and all the S—consequences of I are in fact in S. We give some basic
properties of extensions in Exercises 3-5.

It turns out that extensions capture many procedures in mathematics
and computer science. We give some mathematical examples in Exercises
8-9. Now we return to PROLOG programs with negation and their connec-
tion to extensions through the notion of stable models.

. From our current point of view, it is natural to try to consider the nega-
tion as failure as a nonmonotonic system. The underlying idea of negation
as failure as presented in the last section is that we may assert —p when
we do not know (cannot deduce) p. This suggests a natural translation of
a general PROLOG program into a nonmonotonic formal system.

Recall from Definition 6.11 that a general program clause has the form
P Q1.0 ,Gny D81, .. , ™8y, Where p, ¢; and s; are atoms.

Remember also that we are in the propositional case. Thus, if a pro-
gram of interest has variables, we consider instead all ground instances of
the program clauses in the Herbrand universe. We can now easily translate
a general program P containing only ground atoms into a nonmonotonic
formal system in a natural way. We consider each ground atom as a propo-
sitional letter. These atoms constitute our universe U/. Each program
clause C of P of the form p:- Q-+ yqn,81,... , I8y, is translated into a
rule tr{C) :

q15---3qn : S1,... ,Sm
p

The nonmf)notonic system is then specified by letting its set of rules N be
the collection {tr(C) : C € P} of translations of clauses of P.

Definition 7.7: Let P be a general program with only ground clauses.
tr(P), the translation of P, is the nonmonotonic system (U, N) where U
is the set of atoms appearing in P and N = {tr(C) : C € P} is the set of
translations of clauses of P.

It turns out that it is precisely the extensions of tr(P) which are the sta-
ble models o'f P introduced by Gelfond and Lifschitz [1988, 5.4] to capture
a strong notion of semantics for general programs with negation as failure.

Definition 7.8: If U is the set of atoms appearing in a ground general
program P and M C U, then Py, is the program obtained from P by
deleting each clause which has in its body a negative literal s with s € M
and also deleting all negative literals in the bodies of the remaining clauses.
As. Pyt is clearly a PROLOG program (it has no negative literals), it has a
unique minimal Herbrand model by Exercise I1.10.3. A stable model of P
is an M C U such that M is the unique minimal Hebrand model of P,y,.

This terminology is justified by the following theorem which shows that
stable models of P are in fact models of P.
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Theorem 7.9: Every stable model of P is a minimal model of P.

Proof: Suppose M is a stable model of P. Consider a clause C of P of
the form p :— q1,... ,qn, 51, ... , 28m. If some s; € M, then M trivially
satisfies C. If none of the s; are in M, then p:— ¢i,... ,qn is in Py. As
M is amodel of Py, pe M if q1,... ,¢9n € M. Thus M satisfies C in this
case as well and so M is a model of P.

To see that M is a minimal model of P, consider any M’ C M which is
also a model of P. We need to show that M = M'. By the definition of a
stable model, it suffices to show that M’ is a model of Pys. Now any clause
C’ of Py comes from some C in P as above with s; ¢ M for 1 < j < m.
It is then of the form p :— ¢i1,...,¢s. Suppose then that ¢;,... ,g, € M'.
We need to show that pe M’'. As M' C M, s; ¢ M’ for every 1 < j < m.
Thus, as M’ is a model of C € P, p € M’ as required. [

Example 7.10: Let @ be the following general program of Gelfond and
Lifschitz [1988, 5.4]:

p(1,2).

q(z) = p(z,9), ~q(y)-
Q has two minimal Herbrand models: M; = {p(1,2),q(1)} and M; =
{p(1,2),¢(2)} (Exercise 6). The usual negation as failure rule applied to

this program answers “no” to the question “7- ¢(2).” but “yes” to the
question “?— ¢(1).” Thus we should prefer the first model over the second.

Now consider the possible subsets of the Herbrand universe as candi-
dates for stable models of the ground instances of this program. First, the
program itself is transformed into the following ground version P:

(1,2).

q(1) = p(1,1),~¢(1).
q(l) b p(l,z),—\q(z).
q(2) = p(2,1),~q(1).
q(2) == p(2,2), q(2).

|

We now consider the subset M = {g(1)} of the Herbrand universe. P
is then

r(L,2).
q(1) == p(1,2).
q(2) == p(2,2).

The minimal Herbrand model of Py is {p(1,2),¢(1)} # M. Thus, M is
not a stable model of P. Indeed, any set M not containing p(1,2) is not a
model of P and so by Theorem 7.9 not a stable model of P.
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'I\{ext, we consider the two minimal Herbrand models M; and M, of the
original program Q. We claim that M, is stable but not M,. First, Py, is

r(1,2).
q(1) = p(1,2).
a(2) - p(2,2).

The minimal model of this program is clearly M; which is therefore stable.
On the other hand, Py, is

»(1,2).
(1) - p(1,1).
9(2) == p(2,1).

Its minimal model is {p(1,2)} # M,. Thus M, is not stable.

In fe%ct, Mj is the only stable model of P (Exercise 7) and so the stable
model is the “right” one from the viewpoint of negation as failure.

A direct and precise connection of stable models with nonmonotonic
forma:l systems is provided by the Theorem 7.12. We continue with the
notation introduced above and begin with a lemma.

Lemma 7.11: If M’ is a model of Py, then M’ D Cum(9).

Proof: Suppose that M’ is a model of Py;. We prove by induction on
thtle length of M—deductions that every member of Cy, (@) is contained in
M'. Consider any M-deduction ¢, ... »%k,p (from @) and suppose the
rule applied at the last step of this deduction to conclude p is tr(C) for
some clause C in P. By induction, we may assume that ¢; € M’ for
every 1 < i < k and so every premise ¢; of tr(C) is in M’'. As this is
an M-deduction, no restraint s; of tr(C) is in M. By definition then,

P q1,....gn is one of the clauses of Pyy. As M’ is a model of Py,
P € M’ as required. O

Theotem 7.12: A subset M of U is a stable model of P if and only if it
is an extension of tr(P).

Proof: Suppose that M is an extension of (U, tr(P)). First, we claim

that M is a model of Py,. Consider any clause p:— qy,...,¢, in Py such
that ¢1,...,¢9, € M. By the definition of Py, there is a clause ¢ =
P41, 4Gn;™81,... , S, in P with no s; in M. Thus there is a rule

tr(C) in tr(P) with all its premises in M and none of its restraints in M.
As extensions are deductively closed by Proposition 7.5, g € M as required.
Next, we must prove that no M’ strictly contained in M is a model of Pyy.
As M = Cp(@), this is immediate from Lemma 7.11.
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For the converse, suppose that M is a minimal Herbrand model of Pys.
We first note that, by Lemma 7.11, M D Cjp(@). By the minimality
assumption on M, it suffices to prove that Cpy (@) is a model of Pas to
conclude that M = Cjs(®) as required. Consider, therefore, any clause
pi- q1,... ,qn in Py with all the ¢; in Cp(@). There is then an M-
deduction ¢, ..., containing all of the ¢;. By definition of Py, there is
aclause C = p:— qi,..- yqn, S1,.-+ y 78m in P with none of the s; in M
and so a rule r(C) in tr(P) with all its premises in Cp(@). We may
thus form an M-deduction with p as the consequence. So p € Cn(9)
as required. O

Gelfond and Lifschitz show that certain classes of programs with prop-
erties like those considered in §4 have unique stable models and propose
the term stable model semantics for such programs. The special case of a
unique stable model is certainly of particular interest. From the viewpoint
of nonmonotonic logic, however, all the extensions of tr(P) are equally
good candidates for models of the system.

FEzercises

1. Let S; D S; 3 .... be a nested sequence of deductively closed sets for
a nonmonotonic system (U, N ). Prove that N S; is deductively closed.

2. Zorn’s lemma (an equivalent of the axiom of choice) states that any
nonempty family of sets closed under the intersection of downwardly
nested sequences has a minimal element. Use it and Exercise 1 to
prove that every nonmonotonic formal system has a minimal deduc-
tively closed subset.

3. Prove that the operation Cg(I) is monotonic in I and antimonotonic
in S, that is if I C J, then Cg(I) C Cg(J) and if S C T, then
Cs(I) 2 Cr(I).

4. Prove that, if S is an extension of I, then S is a minimal deductively
closed superset of I and for every J such that I C J C S we have
Cs(J)=S.

5. If S and T are extensions of I and S C T, then S =T.

6. Prove that the minimal Herbrand models of programs P and Q of
Example 7.10 are the sets M; and M given there.

7. Prove that M; is the only stable model of P in Example 7.10.

(Hint: To begin the analysis note that any candidate must contain
p(1,2) to be a model of P but will not contain any other instance of P
by minimality considerations.)

Refer to Exercises 1.6.7-8 for the basic terminology about graphs and
partial orderings used below.
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8. Let n be a natural number and G be a locall i i
: . y finite graph, i.e., a graph
in which, foF each node z there are at most finitely many nodes y sugh
that {z,y} is an edge of G. We define a nonmonotonic formal system
(U(G),N(G)) by first setting U(G) = {Cxzi | z is a node of G and

:u? n}. We then put into N(G), for each node = of G and j < n, the
e —_ y

:Czl,... ,Cz(j — 1),Cz(j +1),...,Cxn
Czj )

Finall.y, we put into N(G), for each pair z,y of distinct nodes of G,
each i < n and each v € U9G), the rule

Czi,Cyi
7]

.Prove t‘hat § € U(G) is an extension for (U(G), N(G)) if and only
if coloring each node z of G with color i iff Czi € S produces an
n—coloring of G.

9. Let P be a partial ordering of width n. We define a nonmonotonic
system (U(P), N(P)) by first setting U(P) = {Czi|z € P and i < n}.
For each z € P we put into N(P) the rule N

:Czl,...,Cz(j — 1),Cx(j +1),...,Czn
Czj )

Fina.l!y, for each z and y in P which are incomparable in the partial
ordering, we put into N(P) the rule

Czi,Cyi
Y

Prove tha't S C U is an extension of (U(P), N(P)) if and only if {Cs,
-+, Cn} is aset of disjoint chains covering P where C; = {z|C:, € S}.

8. Computability and Undecidability

One of the major tasks of the logicians of the 30’s and 40’s was the
formalization of the basic intuitive notion of an algorithm or an effective
procedure. (For convenience we consider procedures on the natural num-
bers.) Many seemingly different definitions were proposed by a number
of researchers including Church, Gédel, Herbrand, Kleene, Markov and
Post. They suggested schemes involving recursion, equational deduction
sys_tems, idealized models of computing machines and others. Perhaps the
_phllosophically most convincing proposal was that of Turing. He gave what
is undoubtedly now the best known definition in terms of a simple machine
model of computation: the Turing machine.
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Every function calculable by any of these models was clearly effective.
As investigations progressed, it became evident that any function that was
intuitively computable could be calculated in any of the systems. Indeed,
over a number of years all these proposals were proven equivalent, that is,
the class of functions computable in any one model is the same as that
computable in any other. These functions are now called the recursive
functions. Early results along these lines led Church to formulate what is
now known as Church’s thesis: the effectively calculable functions are pre-
cisely the recursive ones. The weight of the evidence has by now produced
an almost universal acceptance of this thesis. Thus, to prove that any com-
putation scheme is universal in the sense that it computes every effective
function, it suffices to prove that it computes every function computable
by any of the schemes known to define the class of recursive functions.

It is not difficult to model almost any of the standard definitions by
deduction in predicate logic: for each recursive function f, we can write
down axioms in a language for arithmetic which includes a term 7 for each
natural number n and a two—place predicate symbol py such that f(n) =m
iff p; (7, ) is a logical consequence of the axioms. (We restrict our atten-
tion to unary functions simply to avoid strings of variables. Everything we
do will work just as well for functions of any specified arity m by simply
replacing the single variable z; by a sequence of variables 1, Z2,... ,ZTm.)
For the most part, these representations can be naturally expressed in the
form of PROLOG programs. (See Exercises 1-2 for an example.) Thus,
any sound and complete implementation of PROLOG (e.g. with breadth-
first searching) will correctly compute all recursive functions. By choosing
the right model of computation (Shepherdson’s register machines as de-
scribed in Definition 8.1) and exercising some cleverness in the translation
into PROLOG (Definition 8.4), we will prove that the standard implemen-
tation via the leftmost literal selection rule and depth-first searching of
the SLD-tree also suffices to compute all recursive functions. (In fact, the
“right” programs will run correctly with essentially any selection rule and
search procedure.) Thus PROLOG is a universal computing machine model
(Corollaries 8.6-8.7).

Once one has an agreed upon the mathematical definition of an algo-
rithm or the class of effectively computable functions, one can hope to
prove that various procedures (or decisions) cannot be carried out (made)
by any algorithm or that particular functions cannot be computed effec-
tively. (These notions really coincide. Decision procedures such as deciding
if a number n is in some given set A, or if some polynomial has an integral
root or the like correspond to calculating the characteristic function C4 of
A (Ca(n) =1ifn € A and Ca(n) = 0if n ¢ A) or of the set of tuples
of numbers which correspond to the coefficients of polynomials with inte-
gral roots.) Indeed, beginning with the first definitions of the recursive
functions and continuing to the present, many classical problems asking for
algorithms have been solved negatively by showing that there is no recur-
sive function which computes the desired result. One of the earliest and
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best known of these results is Turing’s proof of the undecidability of the
halting problem: There is no algorithm (recursive function) for deciding if
a given computer program halts on a given input. Thus, once we have pro-
vided a translation of a standard model of computation into PROLOG, we
will have proven the undecidability of the termination problem for PROLOG
programs with the standard implementation. As the arguments apply to
semantically complete implementations as well, we will also have proven
Church’s celebrated result on the undecidability of validity for predicate
logic (Theorem 8.10).

We begin our proof of the universality of PROLOG for computation by
presenting Shepherdson’s register machine model for computability. It is
“mechanically” simpler than Turing’s model and considerably easier to im-
Plement in PROLOG. A register machine consists of some number of storage
locations called registers. Each register contains a natural number. There
are only two types of operations that these machines can perform in im-
plementing a program. First, they can increase the content of any register
by one and then proceed to the next instruction. Second, they can check
if any given register contains the number 0 or not. If so they go on to the
next instruction. If not they decrease the given register by one and can
be told to proceed to any instruction in the program. Formally, we define
register machine programs and their execution as follows:

Definition 8.1: A register machine program I is a finite sequence I3,.. . ,
I, I 41 of instructions operating on a sequence of numbers Zi,..., %,
where each instruction I,,,, for m < t, is of one of the following two forms:

(1) =k =21 + 1 (replace zx by zx + 1)
(ii) If zx # 0, then z) := zx — 1 and go to j. (If zx # 0, replace it by
Zx — 1 and proceed to instruction I;)

It is assumed that after executing some instruction I,,,, the execution pro-
cedes to I, 41, the next instruction on the list, unless I,,, directs otherwise.
The execution of such a program proceeds in the obvious way on any input
of values for z,,... ,z, (the initial content of the registers) to change the
values of the z) and progress through the list of instructions.

The final instruction, 111, is always a halt instruction. Thus, if I, is
ever reached, the execution terminates with the current values of the z,.
In general, we denote the assertion that an execution of the program I is at
instruction I, with values n, ... s of the variables by I, (n, ... 2\ ).

Definition 8.2: A register machine program I computes a function f :
N — N, if, when started at instruction I with 1 = n and z; = 0 for
all k > 1, its execution eventually terminates (at instruction I141) with
Ty = n and 23 = f(n), i.e., we eventually have I1i(n, f(n),ns,... ,n,)
for some numbers ng,... ,n,. If f is partial function from N into N, ie.,
it is not defined at every n € N, we also require that the execution of the
program beginning at I;(n,0,... ,0) terminates if and only if n is in the
domain of f.
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A (partial) function from N to N is (partial) recursive if it is computed
by some register machine program.

The reader familiar with Turing machines can find proofs that the par-
tial functions computable by a register machine program are exactly those
computed by a Turing machine program or any of the otl:.Ler more common
models in the original papers of Shepherdson and Stl.u:gls (1963, 3.6] and
Minsky [1961, 3.6} or in many basic texts on computability s.uch as Cutlan.cl
{1980, 3.6] or Tourlakis 1984, 3.6]. For our purposes, we s1mp1¥ take this
model as the defining one for the class of partial recursive functions.

For the sake of definiteness, we give a specific definition of what it means
for a PROLOG program with a particular implementation to f:ompu!:e a
partial function f. We assume that a minimum am.ount of arithmetic is
represented in our language. In fact, all we need is a constant for the
number zero, say 0, and a unary function s representing thfa Successor
function on N. In this setting (which we considered in Exercises 2.7-8),
s(z) represents z + 1 and the term s™(0) represents the number n.

Definition 8.3: A PROLOG program P with a (two.—place) pred%cate.p
computes the partial function f (under some specific xmplemef’ltatlon) if,
for any natural number a, asking the question “7- p(s®(0),Z ) plfoduces
a nonterminating computation if f(a) is undefined and a terml.natmg one
with the answer substitution Z = s°(0) (and no other answers) if f(a) = b.
If no implementation is mentioned, we assume t'hat any sound and com-
plete one is intended (they are, of course, all equivalent). ]'3y the standard
implementation, we mean the sound but incomplete one using the leftmost
selection rule and depth-first search.

Perhaps the most natural way to represent a register machir_xe in the
language of predicate, or even Horn, logic is to mtroc‘luce a pre.dlcate let-
ter p,, of r variables for each instruction I,,. _The mt.ended u}terpreta—
tion of pa(ny,... ,n,) is that the machine is z?t instruction m with values
n1,...,n, for the variables. We can now easily express the stfap _by step
execution of a given program by implications corresponding to its instruc-
tions.

A first attempt at such a translation might well proceed as follows:
For each instruction I,,,, 1 < m < t, include an axiom of the appropriate
form:

i) pmlz1y-- > ZTr) = Pmtr(T1, -+ Th1, S(Tk )y Tht1y - -+ 1 Tr)-
ii Tiyeee s The1,0,Tht1, oo, ZTp)
( ) pm( , , ,’ _)pm-l-l(zly"- )zk—lyoyzk+li" . 7-771‘)
A DPm(T1,- - s -1, 8(Y)s Tt 1y - - - Tr)
_'pj(zlv" 1y Thk-1yY, Thtly - -+ axr)-

(Note that being a successor is equivalent to being nonzero.)
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Let Q(I) be the finite set of axioms corresponding under this translation
to register program I. It is not hard to prove that, if program J computes
the partial function f, then, for any n, m and r — 2 numbers q,b,c...,
p1(s™(0),0...0) - ps11(s™(0), s™(0), a, b, c.. .) is a logical consequence of
Q(I) if and only if f(n) is defined and equal to m. Such a translation then
suffices to give the computability of all recursive functions by, and so the
undecidability of, any sound and complete version of Horn clause deduction
or PROLOG. (See Exercise 3.) Unfortunately, the standard implementation
will not always find the terminating computation (Exercise 4).

Shepherdson’s strategy (as presented in Bezem (1989, 5.4]) for con-
verting a register machine program into a PROLOG program that will cor-
rectly compute the same function (even, as we shall see, with the standard
implementation) involves two ideas. The first is to reverse the direction
of the implications, thus translating the calculation into a verification.
The second is to move the variable in the goal clause out of the way so
as to eliminate the possibility of unnecessary and unwanted attempts at

unifying it.
Definition 8.4: The PrROLOG program P(I) associated with a register
machine program I contains the following clauses:
A clause transferring the variable in the goal clause out of the way and
passing control to the first instruction:
p(Xl, Z) - pl(Xl,O, cen ,0, Z)
(The string of zeros has length r — 1.)
For each instruction I,,, of type (i), the single clause:

Pm(Xl, v )Xn Z) = pm+1(Xl, ree 7Xk—1’ S(Xk),Xk+1, ser )Xry Z)
For each instruction of type (ii), the two clauses:
Pm(Xl, ey Xk—h Oa Xk+17 "'Xm Z) =
pm+l(X1a v 7Xk—110) Xk+11 e Xr; Z)
pm(Xh .en ,Xk—ly 8(Y),Xk+1, e Xr, Z) =
Pj(le-- . 7‘Xk—11},7Xk+17‘ XraZ)
Finally, the clause corresponding to the terminal states of the register ma-
chine: Pey1(Xy, X, ..., Xr, Xo).

Theorem 8.5: For every register program I, the PROLOG program P(I)
with any implementation computes the same partial function as I.

Proof: Fix a natural number @ and a register machine program I which
computes a partial recursive function f. Consider the program P(I) with
the goal clause Gy = {~p(s®(0),Z)}. Notice first that every clause in
the program P(I) has at most one literal in its body. Thus every goal
clause appearing in any SLD-proof beginning with G has at most one literal.
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Thus the course of any such SLD—proof is independent of the selection rule.
We also wish to show that result of the search for an sLD-refutation is
both correct and independent of the search procedure. To see this we need
a more detailed analysis of the execution.

When we start with the goal clause Gy = {-p(s®(0), Z)} the first reso-
lution must be with the first clause in P(I); the result is

G, = {-p1(s%(0),0,...,0,2)}.

Suppose the execution of the register program I produces at its nt® st.ep
the state Ip,(n)(m(1,n),m(2,n),... ,m(r,n)) with m(n) < t+1. We cla‘Jm
that, as long as the machine has not halted before step n, the succeeding
goal clause G, of the sLD—proof is precisely

{ =Py (s™™(0), s™E(0), ..., s™"™(0), Z)}

and that no substitutions are made for Z. The proof is by induction so
suppose the claim is true for n.

If I,(n) is of type (i) the register machine moves to state
Lymyq1(m(1,n),...m(k — 1,n), m(k,n) + 1,m(k + 1,n),... ,m(r, n)).

There is only one program clause with py(n) in its head (the one corre-
sponding to In(n)) and so only one with which we can resolve G,,. This
resolution obviously produces the desired result:

{=Pmmy+1(s™™(0),sEM(0), ..., smEMF(0), ..., s™")(0), Z)}.

If I,,,(n) is of type (ii) there are two program clal'lses whose heads con-
tain pm(n). The argument divides into cases according to whether or not
m(k,n) = 0. In either case there is exactly one clause whose head can be
unified with G,, so the resolution is uniquely determined and G, ; has the
required form.

Thus, if I is nonterminating when started in state I3(a,0) (i. e. f is
not defined at a), then P([) is nonterminating when started with t.he goal
{-p(s#(0), Z)} as required. Suppose then f(a) =b. If I is §tarted in state
I,(a,0) then it must terminate at step n + 1 of its execution by entering
some state I;11(a,b,c2,... ,¢). By the above induction argument, clause
Gpn41 of the (unique) sLD—proof is

{-p:41(5%(0),5%(0), 5°2(0), ... , s°7(0), Z)}.

Once again, there is exactly one program clause with p,, in its heafi: the
final one of the program. Resolving G4 with this fact gives 0 with an
mgu including the substitution Z/s*(0), as desired. O
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Corollary 8.6: Every (partial) recursive Junction f is computable by a

PROLOG program Py that ezecutes correctly under any implementation of
PROLOG. )

Proof: Every (partial) recursive function f is computed by some register
machine program Iy. By the theorem, P(I ) is a PROLOG program that
computes f under any implementation. [J

Of course, when referring to implementations of PROLOG, we have (tac-
itly) assumed we had one which correctly implements resolution (otherwise
it would be meaningless). In particular, contrary to all actual implementa-
tions, one must typically assume some correct unification algorithm to be
assured of the correctness of any result. It is worth pointing out that the
PROLOG programs P(I) constructed above from register machine programs

run correctly even when the occurs check is omitted from the unification
algorithm.

Corollary 8.7: Every (partial) recursive function f is computable by a
PROLOG program Py that ezecutes correctly under any implementation of
PROLOG (even with the occurs check omitted from its unification. algorithm).

Proof: A careful look at the progression of the sLD-proof from P(I)U{G}
starting with G = {p(s%(0), Z)}, as analyzed in the proof of Theorem 8.5,
shows that all substitutions employed are ground. The unifications always
work on a goal clause in which Z is the only nonground term and, until the
last step of the proof, no substitution is made for Z. Thus all substitutions

~ for variables in the program clauses before the last step are ground. At

- the last step (if there is one), we make a ground substitution for all the
variables in the program clause including Z. As no ground substitution
can violate the occurs condition on substitutions, the fact that we omitted
the check has no significance. 0

We can now prove the undecidability of the halting problem for PROLOG
and the general validity problem for predicate calculus.

Theorem 8.8: The halting problem for register machine programs is un-
decidable, that is, there is no effective procedure for determining if a given
program halts on a given input.

Proof: We assume Church’s thesis that every effectively calculable func-
tion is recursive, i.e., can be computed by a register machine program. A
formal proof that there is no recursive solution for the halting problem can
be obtained without Church’s thesis by explicitly writing the programs for
the few functions that appear in the following argument. Such programs
can be found in the basic papers or many standard texts on computability.
Just as we can make a list of all finite sequences of numbers, we can make
an effective list of all programs for register machines. If the halting problem
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were decidable, there would be a recursive function h(z) such that, if the
z*® program on this lists halts on input = with output y, then.h(.:z:) =y+1
and otherwise h(z) = 0. We immediately deducc.a a contra.dlctlc,m by 1.:he
classical diagonalization argument: As h is recursive (by Chur.ch s thesis),
it is computed by some register machine program. SupPose h is computed
by the n** program on our list. Consider k(n). As h is defined on every
pumber, the n*® program with input n halts with some value y.ﬂ?y defini-
tion then, h(n) = y+1 contradicting the assumption that the n™ program
computes h. O

Corollary 8.9: The halting problem for PROLOG progf‘ams‘with any im-
plementation, with or without the occurs check in the unification algorithm,

is undecidable.

Proof: The proof is immediate from the theorem and results 8.5-8.7. [J

Corollary 8.10 (Church’s Theorem): The validity problem for ‘pr.‘edic_ate
logic is undecidable, i.e., there is no effective procedure for deciding if a
given sentence of the predicate calculus is valid.

Proof: If I is a register machine program then I halts with input a -if and
only if the search for an sLD-refutation of P(I)U{-p(s%(0), Z)} terminates
successfully by Theorem 8.5. By the completeness and sopndness of SLD—
resolution this happens if and only if 3Zp(s*(0), Z) is a logical consequence
of P(I). As P(I) consists of a finite set {Cj,... ,C',..} of clauses, the ter-
mination is equivalent to the conjunction of the umversal. closure of. t'he
clauses C; implying 3Zp(s*(0),Z). Thus, if we could de.c1de the validity
problem for predicate calculus, we could decide the halting problem and
contradict Theorems 8.8-9. 0O

Ezercises

A very common definition of the partial recursive j.‘un.cfions proc'eeds by
closing some simple functions under composition, primitive recursion and
a least number operator:

The successor function s(z) = z + 1 is partial recursive.

The constant function ¢(z) = 0 is partial recursive.

For each 7 and j the projection function p; (zy,... ,,) = ; is partial
recursive.

If g1,... ,9, and h are partial recursive, then so is f(x1,...,2r) =
h(g(x1,--- sTr)s - 1 9nlZ1,-- -, 21))-

If r > 1 and g and h are partial recursive, then so is the function f
defined “by primitive recursion” as follows:

f(0,z2,... ,z.) = g(z2,... ,%s)
f(z1 +1,22,...,2,) = h(zy, f(z1, %2, ... , Tr), T2, - -+, Ty)-
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If f(z1,...,2,,y) is partial recursive then so is the function g(z,... ,
z,) defined by setting g(z,... ,z,) equal to the least number y such
that f(z; ... ,z,, 2) is defined for every z < y and f(z1,... ,z,,y)-= 0.

. Show (by induction on the definition given above) how to write PROLOG

programs that compute each partial recursive function.

. Prove that the programs given in answer to Exercise 1 compute cor-

rectly for any sound and complete implementation of PROLOG. (Hint:
By completeness of the implementation, it suffices to find one Lb-
refutation for each desired computation. Now follow the path of the
computation. For the other direction, use soundness and the fact N is
a natural model for the program with the intended semantics.)

- Let Q(I) be the set of clauses corresponding to register machine pro-

gram I for the partial recursive function f as given before Defini-
tion 8.4.

(i) Argue semantically to show that, for any numbers n, m, a, b, ¢, . . .,
?1(3"(0),0, oo, 0) = peya(s™(0), s™(0), s2(0), s4(0), ... ,) is a log-
ical consequence of Q(I) if and only if f(n) is defined and equal
to m.

(ii) Apply Theorem 8.8 to give a proof of Theorem 8.10 that does
not depend on the notions of PROLOG implementation or even
resolution.

(iii) Prove that Q(I) as a PROLOG program correctly computes the
same partial function as register machine I for any sound and
complete implementation. (Hint: Follow the hint for Exercise 2.)

. Give an example of a register machine program I such that Q(I) as a

PROLOG program does not correctly compute the same partial function
as does I if the standard implementation of PROLOG is used.

. A set W of natural numbers is recursively enumerable if there is an

effective procedure to list its members, i.e., it is empty or the range of
a (total) recursive function. Use Church’s Thesis to prove that a set
S is recursive iff both W and its complement, N — W, are recursively
enumerable. (Hint: Argue informally that, given listings for both §
and N — W, you can calculate the characteristic function of S.)

. Show that there is a PROLOG program P such that the logical con-

sequences of CWA(P) as defined in §6 are not recursively enumerable.
(Hint: By Church’s Thesis and the results of this section, there is a
program P which computes the partial recursive function f such that
f(n,z) = 0 iff the n'® register machine program halts on input z. As
the only model of cwA(P) is N, the logical consequences of cwa(P) are
precisely the true facts about this function. In particular, —p(s™(0),0)
is a logical consequence of CWA(P) iff the n*! register program does
not halt on input z. Now use Exercise 5 to argue that this would
contradict Theorem 8.8.)
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Suggestions for Further Reading

A good survey article on logic programming is Apt {1990, 5.4]. The
March 1992 issue of the Communications of the ACM is devoted to Logic
Programming. It includes a brief history (Robinson [1992, 5.4]) as well
as surveys of the impact of logic programming on databases {(Grant and
Minker [1992, 5.4]) and the Fifth Generation Computing Project (Furukawa
[1992, 5.4]). The standard text on the theory of PROLOG is Lloyd [1987, 5.4]
which also has an extensive bibliography. Another text which stresses res-
olution and the connection of logic programming to relational databases is
Maier and Warren [1988, 5.4].

For practical programming in PROLOG, see Bratko [1986, 5.4], Ster-
ling and Shapiro [1987, 5.4] and Dodd [1989, 5.4]. Clocksin and Mellish
[1981, 5.4] used to be the standard text and is still good.

For more on termination problems in logic programming and PROLOG,
see Apt and Pedreschi [1991, 5.4] and the references there.

Logic with equality is treated in all the standard texts on mathemat-
ical logic mentioned in the suggestions for further reading at the end of
Chaper 1. Consider in particular, Mendelson (1964, 3.2], Enderton [1976,
3.2] or Shoenfield [1967, 3.2]. A basic model theory book such as Chang
and Keisler [1973, 3.4] is also a good place to look

For the treatment of negation as failure in PROLOG, see Chapters 3—4 of
Lloyd [1987, 5.4] and the appropriate references including Clark [1978, 5.4]
and Shepherdson [1984, 1985 and 1987, 5.4]. A good current survey and
extensive bibliography can be found in Shepherdson [1992, 5.4].

For basic articles on nonmonotonic logic, see Ginsberg [1979, 5.5]. For
further developments along the lines of §7, we recommend the series of
papers by Marek, Remmel and Nerode [1990, 5.5]. For the different ap-
proaches and sources of nonmonotonic logics mentioned at the beginning
of §7, see Apt, Blair and Walker [1987, 5.4], Clark (1978, 5.4], Doyle
[1979, 5.5], Hintikka [1962, 5.5], McCarthy {1980, 5.5], Minsky [1975, 5.5],
Moore {1985, 5.5} and Reiter {1980, 5.5]. A good source of current research
articles which are often quite accessible are the TARK ( Theoretical Aspects
of Reasoning about Knowledge) volumes in list 5.5.

For an excellent introduction to recursive function theory (the theory
of computability) from an informal viewpoint assuming Church’s thesis,
we recommend Rogers {1967, 3.6]. For more details on the equivalence of
various definitions and actual “implementations”, we suggest Davis and
Weyuker [1983, 5.2] and Odifreddi {1989, 3.6]. For more specifically on
register machines, see Fitting [1987, 5.2], Cutland [1980, 3.6], Tourlakis
[1984, 3.2] or the original papers by Shepherdson and Sturgis [1961, 3.6]
and Minsky [1961, 3.6]. An approach somewhat more oriented to computer
science can be found in Machtey and Young [1978, 5.4].
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"The next result along the lines of the undecidability of predicate logic is
Gode-:l’s celebrated incompleteness theorem: There are sentences @ in the
predicate logic language for arithmetic such that neither © nor - is prov-
fi.ble from any reasonable axioms for arithmetic. For a brief introduction to
incompleteness, see Crossley [1990, 3.2]. Expositions of this result can also
be found in many standard textbooks such as Boolos and Jeffrey [1989
3.2, Enderton [1972, 3.2] and Mendelson (1979, 3.2]. A treatment from a,.
recursion-theoretic point of view is in Odifreddi [1989, 3.6]. A puzzler’s ap-
proach can be found in Smullyan [1987 and 1978, 3.2]. The original paper
Gadel [1931, 2.3] is still worth reading.

IV Modal Logic

1. Possibility and Necessity; Knowledge or Belief

Formal modal logics were developed to make precise the mathematical
properties of differing conceptions of such notions as possibility, necessity,
belief, knowledge and temporal progression which arise in philosophy and
natural languages. In the last twenty—five years modal logics have emerged
as useful tools for expressing essential ideas in computer science and arti-
ficial intelligence.

Formally, modal logic is an extension of classical propositional or pred-
icate logic. The language of classical logic is enriched by adding of new
“modal operators”. The standard basic operators are traditionally denoted
by O and ¢. Syntactically, they can be viewed as new unary connectives.
{We omit a separate treatment of propositional logic and move directly to
predicate logic. As we noted for classical logic in I1.4.8, propositional logic
can be viewed as a subset of predicate logic and so is subsumed by it. The
same translation works for modal logic.)

Definition 1.1: If £ is a language for (classical) predicate logic (as de-
fined in I1.2) we extend it to a modal language L , by adding (to Defini-
tion 11.2.1) two new primitive symbols 00 and ¢. We add a new clause to
the definition (11.2.5) of formulas:

(iv) If ¢ is formula then so are {Oy) and (Oyp).

The definitions of all other related notions such as subformula, bound vari-
able and sentence are now carried over verbatim.

When no confusion is likely to result we drop the subscripts and refer
to Lg,, as simply the (modal) language £ .

Interpretations of modal languages were originally motivated by philo-
sophical considerations. One common reading of O and ¢ are “it is neces-
sary that” and “it is possible that”. Another is “it will always be true that”
and “it will eventually be true that”. One should note that the intended
relation between O and ¢ is like that between V and 3. They are dual
operators in the sense that the intended meaning of Q¢ is usually -O—p.
The two interpretations just mentioned have ordinary names for both op-
erators. At times it is natural to use just one. Interpretations involving
knowledge or belief, for example, are typically phrased in a language with
just the operator [0 (which could be denoted by £ ) and Oy is understood
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