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24. Teopema 3a cpegHute ctoiiHocTu (Pon, NlarpaHk, Kowwu). dopmyna Ha Teinbp

OedbnHnuma. Bcekn OTBOpEH WMHTEPBaA, CbAbPKall TOYKATa a e HapuMyame OKONHOCT Ha
TOYKaTa a. LLle Ka3Bame, Ye TOYKaTa a e BbTPELUHA TOYKA 3a MHTepBasa M, aKo CbLLECTBYBA OKOMHOCT §

Ha TOYKaTa a U &CM;

OeduHuums. e kassame, ye pyHKuMATa f(X) UMa nokaneH makcumym (MMHUMYMm) B TouKa C ot
cBoATa AedPMHULMOHHA 061aCT, aKo CbluecTBYBa OKONHOCT & Ha ToukaTta C, 3a koaTo f(C) > f(X),Vx e o
(f(X) > (C), VX € §). Ako dyHKuUMATa f UMa OKaNEH MaKCUMYM MM NOKaNeH MUHUMYM Lie Ka3Bame, Ye
f Mma nokaneH ekcTpemym.

Teopema Ha Depma.
Ako o¢yHKuMAaTa y = f(x) e amdepeHumpyema B epgHa BbTpewHa Todka C oT cBoATa
AedUHULMOHHA 061aCT U MMa /IOKANIEH EKCTPEMYM B Ta3uM TouKa, To f’ (c) =0.

Teopema Ha Banepuypac.
Ako paaeHa ¢oyHKuma f(x) e HenpekbcHaTa B KpalHMA M 3aTBOPEH MHTepBan [a, b, Ta goctura 8
TO3U MHTEpPBAN TOYHATA CM FOPHa M TOYHATA CU AONHA rpaHULa.

Teopema Ha Poa.

Ako ¢yHKumATa f e HenpekbCcHaTa B KpaliHMA M 3aTBOPEH MHTepBan [a, b], andepeHymnpyema B
oTBOpeHus uHTepsan (a, b) u f(a) = f(b), Torasa cvulecTeyBa £ npuHagnexaua Ha (a, b) n f'(€) = 0.

JloKka3aTencreo:

Tb# KaTo dyHKUMATA f(X) e HenpekbcHaTa B [a, b], To TA e orpaHMyeHa. [la 03Ha4YMM CbOTBETHO
cLulToyHaTa 1 ropHa n TouHaTa 1 AONHA rPaHMUA B MHTepBana [a, b].

Ako | = L, To nopaau HepaBeHcTBOTO I<=f(Xx)<=L, M3NMbAHEHM 3a BCAKO X OT UHTepBana [a, b],

dyHKumaTa f(x) we 6bAe KOHCTAHTa B TO3M MHTepBan. ToraBa HelHaTa NPOM3BOAHA € Hyna B Lenus
nHTepBan (a, b) u TeopemaTa e AOKasaHa.
OcTaBa ga pasrnegame cayyan, korato | < L. CbrnacHo TeopemaTta Ha BaMepuwpac cbliecTByBaT ABe
TOYKM X1 U X, OT MHTEpBana [a,b] Takmea, ye f(x1)=l n f(x,) = L. NMoHe eaHa OT Te3n ABe TOYKM e BbTPELIHA
3a MHTepBana [a,b]. U HanctnHa ako gonycHem NPOTUBHOTO, T.€ aKO MMaMe X1=a, X2 = b nam nbKkxy = b,
X2 = a, TO OT ycaoBmeTo buxme nonyunnm | = L. Heka x; e BbTpewHa 3a MHTepBana [a,b]. Ho f(x1)=I.
ToraBa ¢pyHKuMATa f(X) LWe MMa NoOKaneH MUHUMYM B TOYKaTa X1, MOpPaAM KOETO CbrnacHO TeopemaTa Ha
depma we nmame f'(x1) = 0. Ako nbK X; e KpaliHa To4Ka 3a UHTepBana [a,b], To ToukaTa x, we 6bAe
BbTpellHa. B TakbB cnyyan ToBa We 6bae eaHa TOYKA Ha JIOKaNeH MaKCMMYyM U CnegoBaTeIHO NakK no
TeopemaTta Ha ®Pepma uwe mmame f'(x,) = 0. M Taka BBB BCUUYKM C/y4au CblECTBYBA TO4YKA £
npuvHagnexauwa Ha [a, b], 3a kosato f'(§) = 0.

Teopema Ha JlarpaHx (popmyna Ha JlarpaHK 3a KpalHUTE HapacTBaHUA)
AKko PyHKUMATa f e HenpeKkbCcHaTa B KpalHUA 1M 3aTBOPEH MHTepBan [a, b], andepeHumnpyema B
OTBOpPEeHUA UHTepBan (a, b), To cbuwecteyBa € € (a,b), 3a kosaTo f(b) — f(a) = (b-a)f'(€).

JloKa3aTencreo:
~
C<aHO D

Iba

Heka F(x) = f(x) — f(a) —
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F(x) e HenpeKkbcHaTa B [a, b], KaTo pa3nnKa Ha HenpeKbCcHaTa B TO3U UHTepBan GyHKumaA f(x) n
NMHeNHa OYHKUMA M BbB BCAKAa BbTPeElWHa Tovyka Ha [a, b] wma npoussogHa paBHa Ha:

Fesag>L S

Mmame F(a) = F(b) = 0 u 3a pyHKumnATa F(x) ca M3NbAHEHU BCMUYKM YC/IOBUA OT TeopemaTa Ha

CneposaTesIHO CblUecTByBa (S a,b TaKaBa, 4ye Wﬂ
A Wecrayea & ( ) ==1

Pon.

Nnn f(b) — f(a) = (b-a)f’(€), c KoeTo TeopemaTa e goKa3aHa.

Teopema Ha Kowiu 3a KpailHUTe HapacTBaHUA.

Ako f(x) n g(x) ce HenpekbcHaTh B [a, b] n andeperumpyemn 8 (a,b) n g'(x) F 03a BcAko x
€(a, b), To cblecTBYBa £ € (a,b), 3a KoATO

f(b)-f@ _ f'(S)

g(b)-g(@) 9g'(%)

[loKka3aTencreo:

LLle pokasxem, ye g(a) *g(b). Ja npuemem, ye g(a) = g(b), cneposatenHo 3a g(x) B MHTepBana
[a, b] u e B cuna Teopemata Ha Pon. CnepsoBaTesHO CbliecTByBa TouKa £ < (a, b), Takasa ye g’(€) =0,

- 0bobuweHa popmMmyna Ha KpalHWUTe HapacTBaHWUA Ha Koww.

KOeTo e npoTusopeyme c ycnosueto. CneposatenHo g(a) # g(b).

Morkem fa pasriegame nomoltHaTa ¢yHKuma F(x).
F(x) e HenpeKkbcHaTa B [a, b], KaTo pa3nnKa Ha HenpeKbCHATK B TO3U UHTepBan GyHKUUK f(x) n
g(x) 1 BbB BCAKA BbTpeLlHa TOYKa Ha [a, b] Mma nponsBogHa paBHa Ha:

W

aF =

Mmame F(a) = F(b) = 0 u 3a pyHKumMATa F(X) ca M3NbAHEHM BCUMUYKM YCIOBUA OT TeopemaTa Ha

e, SEIEEG

Pon. CnepoBaTeNHO CbLLECTBYBA € € (a, b) TaKaBa, ye 9 -@:()E ot ycnhosueTo g'(§)

#0
f'(5) _ fb)—f(a)

9'¢) 9d-g() , KOETO 10Ka3Ba TeopemarTa.
dopmynaTa Ha JlarpaH e YacTeH cayyan ot popmynaTa Ha Kowwm npu g(x) =x.

Teopema Ha Teiinbp.

[a npegnonoxum, dye pyHkumaTa f(x) nputekasa nponssogHa Ao pea (n+1) B HAKOA OKOAHOCT
6 Ha eaHa ToYKa a OT HenHaTa gedUHUUMOHHA 061acT. 3a BCAKO X NpUHaafiexawo Ha & cbliecTByBa
TOYKa & MmexAay X M a TakaBa, Ye:

f(x) =f(a) + X%Ia f'(a)+(x_a) f"(a)+...+@f"(a)+ﬂf"(§) - dopmyna Ha Teilbp.

2! n (n+1)!
JoKa3zaTesncTso:
[a pa3srnepame pyHKUMUTE:

o = £+ TOXD, OOCOT, | FOCCY

2 n!
h(t) = (x-t)"*
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f (t)(X H_f'@, fOx-9° f"Ox-1)°,

gm="ro+ 1 2! 2!
MRANLCSUE _f Ox-=1" _ " Ox-1"
n! (n-1! n!

h'(t) = -(n+1)(x-t)"
3a ¢yHKumuTe h(t) n g(t) npnnarame Teopema Ha Kowwu 3a KpaitHUTe B MHTepBan (a,x) uam (x,a).
h’(t) #03aBcakot S(a, x) nan (x, a) n h(t) n g(t) ca HenpekbcHaTh 1 andepeHLMpyemu B (a, X)
9(0-9() _ ')
h(x)—h(@) h'($)

n+l

g0 —g(a) = 00— (@) -2 f(a)- &= ) (@)= 2 a) fra) - g
(n+1)!

oT gedmMHNLUNATa:

n (x, a) cneposaTenHo cblyectsysa T.€ € (a, x) uam (x, a), Taka ye:

h(x) — h(a) = -h(a) = _(X_a)n+1
(n+1) . n
g - 1O

n!

h'(€)= -(n+1)(x-§)"

— g(x)—g(a) = ﬂ ég (h(x) —h(a))
Unn

2 fr(a)+ (x-a)’ a) f'(a)+.. Lx=a) n) f"(a)+

(X _ a)n+l )

f7(5)

f(x) =f(a) + |
(n+1)! , KOeTo [JOoKa3Ba

TeopemaTa



