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1. Byneeu ¢pynrxuyuu. Teopema na IHocm-A610HCKU 3a
neaHoma.

Heka J2 = {0, 1}. Bcaka pyuknuda f : J2 2 J2, n € N, n 2 1 Hapuuyame

ABOHYHA (OyAeBa) GyHKIHSA.

Bceaka dyukiug f : Ja? 2 J2 MoxkeM [a pasraexkgame KaTo (OYHKIIUS
Ha N HEe3aBUCHUMU IPOMEHAUBH X1, X2, ..., Xn.

C F2® 1116 03HaYaBaMe MHOXKECTBOTO Ha BCUYKU ABOWYHU (PYHKIIMU Ha

n npoMeHAuBH. O4eBUOHO €, 4e |Fan| = 27 .

w

Os3nauaBame Fa = UF,_Il - MHOK€CTBOTO Ha BCUYKHU JBOUYHU (PYHKIIUU.
n=1

BbBexxname craHmapTHa (AeKcuKorpadcka) Hapeadba Ha Jao:

o = aiag...an npeaurectnsa f = bibs...bn, aK0 chIIECTBYBaA

ie{l,2,.., n}, TakoBa 4e a; = by, az = by, ..., ai-1 = bi.1,

ai < bi (a; = 0, bi = 1). [Ipu craHmapTHO TOAPEAEHU BEKTOPHU OT J2m

BcsKa OyaeBa (PyHKIUS ce 3a1aBa €IHO3HAYHO C ABOUYEH

BEKTOP-CTHAD ¢ pa3dmepHOCT 2. ToBa 03Ha4YaBa, 4e i-raTa KOMIIOHEHTA

Ha BEKTOPa-CTHAD € CTOMHOCTTA Ha (PYHKIIMATA 34 i-TUsS BEKTOP OT J2?

B CTaHIapTHaTa Hapeaoa.

Heka f (x1, X2, ..., Xn) € F2®, gi (Y1, V2, ..., Ym) € F2®,i=1,2, ... n.
dyuknuara h (yi, y2, ..., ym) = £ (81 (Y1, -+, Ym), €2 (V1, -5 Ym), -ov»
gn (V1, ..., Ym)) HApU4aMe CyHEepHmO3HIIHA Ha g1, £2, ..., n BBB f.

Ka3Bawme, ue pyuknusara f : J2° 2 J2 He 3aBHCH C’BIILECTBEHO OT
OpoMeHAMBaTa Xi, ako f (xi, ..., Xi-1, 0, Xi+1, ..., Xn) = f (X1, ..., Xi-1, 1, Xi+1,
..., Xn). Omre Ka3zBame, 4de X; € QHKTHBHA IPOMEHAHBA.

SlcHO e, 4ye K'BpM BCIKa ABOWYHA (PYHKIIUG HA N IIPOMEHAUBH MOKEM J1a
[n00aBUM KOAKOTO MCKaMe (PUKTUBHH ITPOMEHAMBHU. Taka MOXKeM Ja
cyuTaMe, 4Ye CylepIio3ulydara Ha g1, g2, ..., gn BbB f € nedpuHnpana
JOpHU KOrato gi, g2, ..., En Ca (PYHKIIMHN Ha pas3AndeH Opoi IPOMEHAUBH.

Heka F = {fo, f1, ...} c F2. Heka X = {{, x, 0, 1, (, ), <3ameras> }.
[To-HaTaTeK 1ie 3anucsame aymure fa, xf, kpaetro a, f € { 0, 1}* kato
fi, Xj, KBAETO 0. € ABOUYHOTO IIpeACTaBIHE Ha YHCAOTO i, 3 € ABOUYHOTO
IIpeacTaBgHe Ha YHUCAOTO j. [JJedprHUpaMe MHAYKTUBHO ITOHSITUETO
dopmyaa Han MHOKeCTBOTO OT GyHKUHH F:

Baza: 3a Bcaka pyuknusd fi € F Ha n mpoMeHANBH aymarta

fi (x1, X2, ..., Xn) € X* e popmyaa Hang F.

[Ipenmoaoxkenue: Heka fi € F e pyHKIINSg Ha n IPOMEHAUBU U

01, P2, ..., On € X* ca popmyau Hag F vau mpoMeHAUBH, T.€. OT BHAA Xk.
Crpuka: ToraBa agymara fi (o1, @2, ..., ¢n) € X* e bopmyaa Han F.

dynkuu4g ot Buaa f (xi, ..., Xn) = Xk HapU4aMe HAEHTHTET.



Heka F = {fo, fi1, ...} ¢ F2. Ha Bcaka ¢opmyaa ¢ Haxn F cermocraBsame
dyukimdg f € Fz 110 caeqHUS HAUYMH:

Baza: Ako ¢ = f; (x1, ..., Xn), TO onipeaeaame f = f; € F.
[Ipenmoaoxkenue: Heka fi € F e pyHKIINSg Ha n TIPOMEHAUBU U

©1, P2, ..., On Ca POPMYAU UAU IPOMEHAUBU U CHOTBETHHUTE UM
dyHKIIMHU ca g1, g2, ..., En € F2. AKO @j € mpoMeHAUBaTa Xk, TO
CBHOTBeTHaTa (PYHKIIUA gj € UAEHTUTETHT Xk.

Crrenka: ToraBa Ha popmyaata ¢ = fi (91, ..., On) CBIIOCTABAME
cynepmosurusara f = fi (g1, ..., gn).

C [F] 1ze o3HaYaBaMe MHOXKECTBOTO OT BCHUYKHU JBOUYHU (PYHKIINH,
CBIIOCTaBeHU Ha (popmyauTe HaA F u mie ro Hapuyame 3aTBapAHe HA
F (OTHOCHO CyIIeprO3UIUsaTa).

MuoxectBoTo oT pyHKINHU F c F2 e mbano B F2, ako [F] = Fa.
OueBugHO €, 4e [ F2 | = F2, HO ChIIleCTByBaHETO Ha I'bAHU MHOXKECTBA,
pas3anyHu oT F2 He e oueBUAHO.

Heka F c F2. KasBawme, ue F e 6asuc, ako:
1. F e mbaHO, T.€. [F] = Fa.
2. F e MUHHUMAaAHO 110 BKAIOUBAHE C TOBa CBOMCTBO, T.€.
G c F =2 [G] # Fa.

Hecdunupame noryHa pyHKIWM f (X, 6) = X° 10 CAEIHUS HAYUH:
x°=x,ak006=1ux"= x,akoc = 0.

Aema: 0° = o, 1° = G.

Popmyan oT BUAA X; 7'X; 7...X; ™, KBAETO X, #X, mpuj#s,c;€{0, 1

HapuYaMe €eACMEHTAaPHH KOHIOHKIIHH.

Teopema (Bya): MHOXecTBOTO { X V Y, XY, g} € II'bAHO.
JokazareAacTBO: AKO f =0 , MOXKeM aa mnpeacraBuM f = XX U ToraBa
fel{xvy,xy, x}]

Heka f #0. Torasa f (x1, X2, ..., Xn) = V x,"x,”...X,°" , KOETO €

6,6,...0, €J3
£ (01,0 0p) <1

dopMmyaa Hax { X V Y, Xy, g}.

B o3HayeHmdaTa Ha JoKaszaTeAcTBOTO, Korato f #0, popmyaara ce
Hapuya C’hBBpIIeHA AH3IOHKTHBHA HOpMaAHa ¢opma Ha f.

Teopema: Heka F ¢ F2 e mbaHO MHOXKecTBO, G < F2 u 3a Bcaka
dyuknug f € F umame f € [G]. ToraBa G € I’bAHO MHOKECTBO.



CaencTBHeE: { Xy, X} € I'BAHO, { X VY, X} € II'bAHO,
{0,1,xy,x®y} e mbAHO.
Hoka3zareactBo: OT TeopeMara Ha bya u 3akonuTe Ha [le Mopran

va=§§, Xy=§v§ HoTr X =x® 1.

Ila ce CITPEM Ha IIOCACOHOTO ITBAHO MHOZKECTBO OT CA€ACTBHETO.

Heka f e Fa. Torasa f uma copmyaa vHag { 0, 1, xy, x ®y }.
PaskpuBame ckobute BBB (popMyaaTa, KaTo nIpusaraMme
OUCTPUOYTHUBHUS 3aKOH Ha KOHIOHKIHUSTA CIIPAMO CHOMPaHETO 10
MOAYA 2, U3II0A3BaMe€ UAEMIIOTEHTHOCTTA Ha YMHOXKEHHETO (XX = X) U

dakra, ye f @ f = 0. Hakpaga nnoaAygyaBame MHOTOKpaTHa CyMa II0

MOZIYA 2 OT eAeMeHTapHU KOHIOHKIIUU 0e3 OTpHIlaHUd, KaTo eqHa
eAeMEeHTapHa KOHIOHKIIUS ydacTBa Hall-MHOI'0 BeOHBXK. [Ipu ToBa, oT
aHaAOTHATA Ha KOHIOHKIIHSTA C YMHOXKEHHETO I10 MOAYA 2, IIOAydYeHaTa
dopMyaa MozKe [1a pasraekgaMe KaTo oAnHoM Hazx roaeto GF (2)
(moaeTo c nBa eaeMeHTa). Hapuyame g moaAnHOM Ha H{eraAkHH.

Teopema: Bcaka OyaeBa (pyHKIHS UMa U TO €IUHCTBEH IIOANHOM Ha
KeraakuH.
[oka3zateAcTBO: Besgka pyHKIMS MMa IIOAMHOM, Pa3ANYHUTE (PYHKITUU

MMAaT Pa3AMYHHU IOAMHOMHU M 6podaT Ha moanHOoMuTE € 2° = |Fan|.

KasBame, ye mHOKecTBOTO F C F2 € 3aTBOpeHo, ako [F| = F.
Hamnpumep F2 e 3aTBopeHO, Thi KaTo [F2] = Fa.

MHuoxecTBaTa {6}, {i}, {x, §} CBIILIO Ca 3aTBOPEHHU.

Teopema (KpuTepHH 3a 3aTBOopeHoOCT): Heka F c F2 e TakoBa, ue
1. f(x) =x € F;
2. 3a Bcgka pyskuud f (x1, ..., Xn) € F 1 g1, ..., gn € F umawme
h=f(gi, ..., gn) € F.
Torasa F e 3aTBopeHO MHOXKECTBO.

KaszBawme, uye pyuknusara f (xi, ..., Xn) € F2 3anma3zBa HyaaTa, ako
f (O, ..., 0) = 0. KazBame, ye ¢pyrkiugara f (xi, ..., Xn) € F2 3anmasBa
emmHHDara, ako f (1, ..., 1) = 1.

OznauaBaMme ¢ To MHOXKECTBOTO OT BCUYKU OyA€BU (PYHKIINH, KOUTO
3anasBaT HyaaTa. Te3n oT TIX KOUTO ca Ha N IIPOMEHANUBH
osHauaBaMe c To®. O3HauyaBame ¢ T1 MHOXKECTBOTO OT BCHYKH OyA€BHU
PYHKIINH, KOUTO 3ala3BaT eguHuIlaTa 1 ¢ T1® Te3u oT TIX, KOUTO ca
Ha N IIPOMEHAUBH.

Hanpumep xy € To, x vy € To, xy € T1,x vy € T1, X € To, Xx € Ty,

X To, X ¢T1,x®y e To,x®Py ¢ Thi.

Taxka To # F2 u T1 # Fa.



OueBuzHo, |To?| = 2°'= | T1®|, Thi KaTo Bcaka QyHKLMS 3alasBalia
KOd [1a € OT KOHCTaHTHUTe ce aepUHUpPA I10 IIPOU3BOAEH HAYUH BBPXY
BCHUYKH BEKTOPU OCBEH €IHH.

Teopema: MHoxkecTBaTa To u T1 ca 3aTBOpeHN MHOXKECTBa OT OyAeBU

PYHKITHIH.
JlokazaTeAcTBO: [JUPEKTHO OT KPUTEPHUS 3a 3aTBOPEHOCT.

Heka f (x1, ..., Xn) € Fa. dyakuudgara f *(xi, ..., Xa), olIpeseaeHa 1o
CAeqHUS HA4YWH: 32 BCEKHU BEKTOP ai...an € J27,

f*@i, ..., an) = f(a,,a,,...,a,) HapuIaMe ABOHHCTBeHa Ha f.

Bekropure o = ajaz...an € J2" ¥ o = a, 4, ...a, € J2® Hapudyame

n

IIPOTHBOIIOAOIKHH BEKTODPH.

Aema: B cranmaprHaTta Hapeada Ha J2?, ITPOTHBOIIOAOXKHHUTE BEKTOPH
ca CUMETPUYHO Pa3IlOAOKEHH OTHOCHO cpeaaTa Ha Tabauiiara.

OT Ta3u AeMa IoAydyaBaMe CAeOHUST aATOPUTHM 3a HaMHpaHe Ha
ABOMHCTBeHA (PYHKIIUS, 3aJa/leHa ChC CBOSI BEKTOP-CTHAD:
1. mHBepTUpaMe BCSIKa CTOMHOCT B CTHADA;
2. 3aBBpTaMe CUMETPHYHO CThADA OKOAO cpemarTa.
KaTo HerocpezcTBEHO CAEACTBHE OT aATOPUTHMA II0AyIaBaMe:
3a Bcgka (pyHruusda f € Fa, (f *)* = f.

C npuaaraHe Ha aATOPUTHBMA MOXKEM [a YCTAHOBHUM CAETHUTE
ABoMHCTBeHOCTH: (0)* =1, (x)* =X, (X)*=x, (xXy)*=x VY.

AeMa (DBOHHCTBEHOCT Ha CAOXHA QyHKIHA):
Axo h =f (g1, ..., gn), TO h* = f *(g1*%, ..., gn*).

dynkuugara f (Xi, ..., Xn) € F2 Happuame caMOABOHHCTBEHA,
ako f * = f. Cec S o3HauaBaMe MHOKECTBOTO OT BCUYKH
CaMOABOMHCTBEHHU (PYHKIIUH, CBC S Te3H OT TdIX, KOUTO ca Ha n
IIPOMEHAUBH.

Hampumep X, X ca caMOABOMHCTBEHH, Xy HE € CAMOJABOMHCTBEHA.
Taka S # Fa.

Aema: dynknudgara f Ha n TpoMeHANBU € CAaMOBOWHCTBEHA &
3a BceKHU BeKTOp o € Ja" e Bcuaa f (o) #f (a).

n-1
Beue e cHo, 4e |S®| = 2° | TBit KaTo BCAKA CaMOABOMHCTBEHA
PYyHKIIME Ha N IPOMEHAUBH ce AeprHUpPa CBOOOJHO TOYHO BBHPXY €IUH
OT BCSIKa ABOMKA ITPOTUBOIIOAOKHHU BEKTOPH.



Teopema: MHOXXeCTBOTO S € 3aTBOPEHO MHOXKECTBO OT OyA€BU

PYHKITHIH.
JokaszaTreacTBo: [Ipraarame KpuTepus 3a 3aTBOPEHOCT, KaTo
HM3II0A3BaMe AeMaTa 3a JBOMHCTBEHOCT Ha CAOXKHA (PYHKITHS.

BeBexknmame HOBa peaalyisa < B Jam:
aKo o = aiaz...an ¥ f = biba...bn, TOo 00 <P & a1 < by, ..., an < bn.
Penrarnuara < O4eBHUIHO € YaCTUYHA Hapeada, KOSTO He € AMHeHHa.

BeBexknmame peaariud <e B Jat

aKo o = a1a2...an U f = b1ba...bn, a0 < B & chIIECTBYBa
ie{l,2,...,n}, TakoBa4e a; < b;j (ai =0, bi= 1) u a; = b; npu j # i.

Aema: Ako a < B u a # 3, TO CBILIECTBYBAT A1, ..., 0k € Ja?,

TAKHUBA Y€ o < 01 < ...<e 0k <*  (mommyckame k = 0).

KaszBawme, uye pyuknusara f (xi, ..., Xn) € F2 € MOHOTOHHA, aKO 32 BCEKH
a, B € J2®, TakuBa 4e o < P umawme f (o) < £ (B).

C M o3HauyaBaMeé MHOXKECTBOTO OT BCHYKHU MOHOTOHHHU (PYHKIINH,

¢ Mn T€e3u OT TgX, KOUTO ca Ha N IPOMEHANUBH.

dyHRIMNTE X, XY, X VY, 0, 1 ca MOHOTOHHH, JOKATOX HE €
MOHOTOHHA, Tb¥ KaTo O <1, HO0 1 = 0>1=0.

Taka M # Fa.

Bamadara 3a HaMmupaHe Ha gBHa popMyaa 3a 6post Ha MOHOTOHHHUTE
PYHKIIMH Ha N IPOMEHAWBU HE € pelleHa.

Aema: Heka f ¢ M. ToraBa chIillecTByBar o, € J2®, TakuBa 4e
oa<ep uf(a)>1f(p).

Hoka3zateacTBo: Trit Kato f ¢ M, To chillecTByBaT o < f3, o # 3,
TakuBa 4e f (o) > f (B), T.e. f (o) = 1, f (B) = 0. OT ropHaTa aema
CBIIIECTBYBAT A1, ..., 0k € J2?, TAKUBA Y€ oL <o 01 <» ...<e* Ok <o .
[a ozHauuM oo = a, ok+1 = B. [la ZOIIyCHEM, Y€ 3a BCAKO
ie{0,1, ..., k}umame f (o) <f (cti+1).

ToraBa 1 ={f (a0) < f (1) £ ...<f (ak) < f (ox+1) = O — mpoTUBOpEUHE.
Taka cpHiecTByBa UHAEKC i, TaKbB 4e f (o) > f (ai+1) U o <e ali+1.

Teopema: MHoxkecTBOoTO M € 3aTBOPEHO MHOXKECTBO OT OyA€BU

PYHKITHH.
[okaszareacTBo: [Ipraarame KpuTepHs 3a 3aTBOPEHOCT.

Bcaka ¢gyukiug f (X1, ..., Xn) € F ¢ moanHOM Ha 2KeraakKuH

oT BUAa ao @ aix1 @ ...® anXn, HapuyaMe AHHeHHa GyHKIIHSA.
C L o3HauaBaMe MHOXKECTBOTO OT BCHUYKH AUHEHHU (PYHKIINH,
¢ Ln T€3u oT T4X, KOUTO ca Ha N IIPOMEHAUBH.

Hamopumep x, x =X®ieL,HoxygL,xvy=X®y®Xy¢L.



Taxka L # Fa.
OueBugHO |La| = 27*1, THH KaTO B 00IINA BU AUHEHHUTE IIOAMHOMU
Ha 2KeraakuH uMatT n+1 cBOOOAHU KOEePUITUEHTH.

Teopema: MHoxkecTBOTO L € 3aTBOPEHO MHOXKECTBO OT OyA€BH

PYHKITHIH.
JlokazaTeAcTBO: [3mioa3BaMe KpUTEPHUS 32 3aTBOPEHOCT.

Teopema (IIocT-516A0HCKH): Heka F c F2. Torasa F e nmbano < F He e
IIOAMHOKECTBO Ha HUTO eAHO oT MHoxKecTtBaTa To, T1, S, M, L.
JlokazaTeACTBO:
Heka F e mbas0o 1 K € { To, T1, S, M, L }. [la nomycuewm, ue F < K.
Torasa [F| c [K]. Ot mpaHOTaTa Ha F umawme [F] = F2 2 [K] = Fa.
Ot gpyra cTpaHa 3a MHOXKecTBOTO K Bede nokasaxme, 4de [K] = K # Fa —
npotuBopeune. Taka F He € TOAMHOXKECTBO HA HUTO €0HO OT
mHoxkectBaTa To, T1, S, M, L.
Heka F He e mogMHOXKECTBO Ha HUTO €HO OT MHOXKECTBaTa
To, T1, S, M, L. ToraBa criectByBat pyHKIUA fo, f1, fs, fm, fi € F,
He HelIpeMeHHO pa3anyHU, TakuBa ue fo ¢ To, f1 ¢ T1, fs ¢ S,
fm ¢ M, fi ¢ L. [la odgayuwm F' = {{o, f1, f;, fm, fi}, F' c F.
Ille mokazkeMm, 4e Xy, X € [F'].
dynkuudara go (x) = fo (X, X, ..., X) € [F'], Tp¥ KaT0 BBB PYHKIIHUITA
fo cme 3amecTuau npomenauBu. Umawme go (0) = {0 (O, O, ..., 0) = 1, T
kato fo ¢ To. Pynknuara g1 (x) = f1 (X, X, ..., x) € [F'], Tp¥ KaTO BBB
dyHkmgara fi cMe 3aMecTHAN TPOMEHANBH.
NUmawme g1 (1) =11 (1, 1, ..., 1) = O, Tpi1 kato {1 ¢ Ti.
3a go (1) 1 g1 (0) uMmame YeTHUPHU BB3MOKHOCTHU:
1. g0(1)=0mg (0)=0-ToraBa go (x) = x, g1 (x) = 0
uraka 0 e [Flugo (g1 (x) =1 e [F];
2. 20(1)=0mnm g1 (0)=1-mroraBa go (x) = X u g (x) = X
M TaKa X € [F'];
3. g (1)=1wnugi(0)=0-mroraBa go (x) = 1 ug(x) = 0
urtaka 0 € [F], 1 e [F];
4. go(1)=1mgi (0)=1-mroraBa go (x) = 1 u g (x) = X
i TaKa g1 (2o (x)) = 0 € [F]u 1 e [F].
Taka B TpH OT cAydauTe IIOAYIHUXME ABETE€ KOHCTAHTH.
[la pazraemame BTOpUA cAy4dal, IIPHU KOHUTO IIOAYYHUXME CaMO
OTPHULIAHUETO.
dyuknuara fs ¢ S = cpliecTByBa o = a1az...an € J2t, Taka 4e
fo (a) = fs (o). DyHRIMATA g5 (X) = fs (X*, X2, ..., x*) e [F']:
ako a; = 1, To X* = X ¥ 3aMecTBaMe caMoO ITPOMEHAUBA,
ako a; = 0, To X* = X, HO B TO3H cAy4ail X e [F'] 1 3aMecTBame
IIpoMeHANBa ¢ popmyaa Hag F', Taka e oTHOBO IToAydyaBame
dopmyaa Haxm F'.
Hmawme gs (0) = fs (0%, 0%,...,0™) = fs (a,,2,,...,a,) = fs (a),



gs (1) =1 (1",1%,...,1*) =5 (a,,a,,...,a,) = fs (a).

Taka gs (0) = gs (1).

Ao gs (0) =g (1) =0, Togs (x) = 0 e [Fmgi (g (%) = I € [F].
Aro gs (0) =gs (1) =1, T0g (x) = 1 € [F]mg (g (x) = 0 € [F]
Taka c popmyau Haz { fo, f1, fs } mocTporxme KoHcrantTuTe O u 1 BBB

BCUYKU CAyYaH.
dyuknuara fm ¢ M 1 ToraBa OT AemMarta I10-TOpe ChIIEeCTBYBaT BEKTOPH

o, B € Jd2®, TakuBa de a <e B u fm (o) = 1, fm (B) = O.

Heka a = ai...a;-10ai+1...an, B = ai...ai-11aj+1...an.

dyHKIUATA gn (X) = fm (a1, ..., ai-1, X, aAi+1, ..., an) € [F'], THH KaTO
3aMecTBaMe IIPOMEHANBH C Bede IIOAYYEeHUTE (POPMYAH 0, 1 magF.
NMmame gm (0) = fm (a1, ..., &i-1, O, ai+1, ..., @n) = fm (a) = 1,

gm (1) = fm (a1, ..., ai-1, 1, @i+1, ..., an) = fm (B) = O.

Taka gm (x) = x € [F'].

Heka xyzi1z2...zx (k > 0) e HA¥-KbCUAT HEAMHEEH YA€H B IIOAMHOMA Ha
XKeraakuH 3a pyaknusaTa fi. TakbeB nma, T kKato fi ¢ L. BB
dopMmyaata 3a fi 3amecTBamMe IPOMEHAUBUTE Z1, ..., Zk C Bede
noaydenata dopmyaa 1 Hax F' ¥ BCUYKM OCTAHAAH IIPOMEHAMBH Ge3

X U y C Bede IToAydeHaTa popMmyaa 0 max F'. Taka HoAy4aBaMe
dyHKIHNL g1 (X, V) € [F']. [ToamHOMBT Ha 2KeraakuH 3a g1 (X, y) ©UMa BHOA
g (%, y) =xy @ ax @ by @ ¢, Thlf KaTO BCUYKU OCTaHAAW HEANHEWHHU
YAEHOBE ChABbP3KAT IIOHE eHa IIPOMEHANBA, pa3aAudyHa OT

X, ¥, Z1, ..., Zk U C€ aHyAHuparT. [la HalpaBUM CAeHATa CMsSHA Ha
IpoMeHAUBUTE: X = U @ b, y = v ® a. Ta e mo3BoaeHa:

ako b =0, To u ® b = u 1 3amecTBaMe caMO IIPOMEHAUBA,

akob=1,Tou®b = u e [F] u 3amecTBaMe IIPOMEHAHBA C (hOPMyAa
Hazx F', Taka ye 0OTHOBO noay4daBaMme popmyaa Hazx F'.

Taka moaygyaBaMme (PYHKIIUSI
hi(U,v)=uU®b)(vda)@®au®b)®bvda dc=uvedd,

Kbpaero d = ab @ c.

Axo d =0, To hi (u, v) = uv,

akod =1, Tohi(u,v)=uv u gm (h1 (u, v)) = uv.

[Toayunxme, ye KOHIOHKIIHATA € popMmyaa Haxm F'.

Taka { xy, g} c [F'] c [F] u {xy, g} € I'bAHO MHOXKECTBO U OT €IHa
TeopeMa 3a I'bAHH MHO3KecTBa =2 F e II'bAHO MHOXKECTBO.

KaszBawme, uye pyuknusTa f € Fz e IllecdhepoBa, axko [ {f} | = Fa.
CwbraacHo TeopeMmarta Ha [loct-510A0HCKY f e [llechepoBa &
fgTo fegTi,fegS,fgM,Tf¢L. Ille mokaxkxeMm eagHO JOCTATHYHO
ycaoBue 3a lllecpepoBocT.

Teopema: Heka f e Fou f ¢ To, f ¢ T1, f ¢ S. Torana f e lllepepona.
JlokazaTeACTBO:

IIle mokazkem, ye f ¢ M u f ¢ L u ToraBa ot TeopemaTa Ha [locT-
dA6aoucku pyakiugra f e lledgepona.



Twit kato f ¢ To, TOf (O, O, ..., 0) = 1.
Cruoorfg T1=2f(1, 1, )

Ho (0,0, ...0) =< (1, 1, .. l)I/If
Taka 4de f ¢ M.

Ha monycuem, ye f e L, re. f=a0® x; ® x, © ..® x;
OrfgTo=2>f(0,...,0)=1,Te.ap=1.0rfegT1=2>f(1,1,..,1)=0,
Te. 1®1D...®1 =0 = k e HeuerHo. Cera

k+11reTH

f*=1@(x, ®1)0..0(x, ®1)®1=1010..01@x, @..0 x, =

k+2 mpTH

) =
=o
0,0,..,0)>f(1,1,..,1),

=10 x, ©..0x;, =f=2{feS$S-nporusopeune. Taka f ¢ L.

2. Kpaiinu aemomamu. Peaynsapru uspasu. Teopema Ha
KnunHu.

KpaeH neTepMHHHpPAaH aBTOMAT HapHuyaMme IIeTopKara
A=<Q, X qo 9, F >, kpaeto

Q e KpailHO MHOKECTBO OT BBTPEIIHU ChCTOSHUS,

X e kpaiiHa BxogHa a30ykKa,

qo € Q € Ha4YaAHO CBbCTOSHUE,

6:QxX > Qe vacTuuHa PyHKIHSA Ha NMPEXOAHTE,

F c Q € MHOXXECTBOTO OT 3aKAIOYHUTEAHU CHCTOSHUSI.

[IpencraBsame KpallHUTE AeTEPMUHHUPAHU aBTOMATU C KpaeH
OPHEHTHUPAH MyATUTpPad C BbPXOBe eaeMeHTUTe OoT Q. B rpaca numa
pebpo ot qi 1o qj, HaanucaHo ¢ X € X, ako 8 (qi, X) = ;. OGUKHOBEHO
HaQ4YaAHOTO CHCTOSIHHUE € IIOCOYEHO ChC CTPEAKA, a 3aKAIOYUTEAHUTE
CBCTOSTHUS Ce N300pa3sBaT C ABOMHU Kpbriera.

Hedunupame A : Q x X* 5 Q — pasmiupeHa GyHKIIHA Ha IPEXOAHTE
10 cCAeIHUA Ha4dyuH: A (g, €) = q 3a BCcIKO q € Q,

A(q,ox) =06 (A(q, a), x),3aBceku X € X, q € Q u a € X*, 3a KOUTO

6 (A (q, o), X) e nedpuHUpaHa, HeAepUHUPaHA, ako 6 (A (q, o), X) He e
neprHUpaHa.

KasBawme, ue aBTroMmatsT A = < Q, X, qo, 0, F > pasnmo3naBa aymara
o € X* ako A (qo, o) € F. E3aukbr La={0a | o € X*, A (qQo, o) € F}
HapuiaMe €3HK, pa3llo3HaBaH OT aBTomMarTa A.

Axko dpyukimara Ha npexonute 6 : Q x X - Q He e TOTasHa, TO MOKEM
[a pasumupum aBromaTta A 10 A' caAegHUS HAYUH:

A'=<Quqg* X qo, 6%, F >, kpaeto q* ¢ Q,

6* (q, x) = 0 (q, X), ako & (q, X) e medpuHUpPaHA U

6* (q, X) = q*, ako 6 (q, X) He e mepuHUPaHA.

Cera, axko A pasrnosHaBa aAyMara o, To o4eBHUAHO A’ pasrno3Hasa o.
O6paTHOTO CBILIO € BAPHO, Thil Karto q*¢ F = L, = L,,. U Taka 6e3 na



H3MEHIMeE e3MKa Ha aBToMaTa MOXKEM, aKo € HeoOX0oauMo, aa
nonedprHUpaMe (PYHKIIUATA Ha IIPEXOAUTE 10 TOTarHa (PYyHKITHS.

Teopema: 3a BceKU KpaeH AeTEePMUHHUPAH aBTOMAaT

A=<Q, X qo, 0, F > cruiecTByBa aBTOMaTHAa rpamMaTtuka [', Takasa ude
Lr = La.

Hoka3zareactBo: [locTrposgBame rpamatukara I' = < Q, X, qo, P >,
KpaeTo P ={qi > xq; | ako d (qi, X) = qj} W {qi > X, ako d (qi, X) € F }.
HNzuncrBame I' oT akcroMa B AdCHA YacT Ha IIPABHUAO U aKO € € La

(go € F), mobaBaMe ImpaBUAOTO o —> €. A€CHO Ce BUXK/A, Ue
IIoAy4deHaTa rpaMaTuka rnopaxaa e3nka La.

KpaeH HeZeTepMHHHpPAH aBTOMAT HapuiaMe IIeTopKaTa
A=<Q, X qo 9, F >, kpaeto

Q e KpaifHO MHOXKECTBO OT BBHTPEIIHU ChCTOSHUS,

X e kpaiiHa BxogHa a30ykKa,

qo € Q € Ha4YaAHO CBbCTOSHUE,

6:QxX > 2Q%e ¢pyHKIHA HA NPEXOAHTE,

F — Q € MHOXECTBOTO OT 3aKAIOUUTEAHU ChCTOSHUS.

Hedunupame A : Q x X* -5 2Q — pasmupeHa PyHKIIHA Ha IPEXOLHTE
o caegHUud HadyuH: A (q, €) = {q} 3a Bcako q € Q,

A (g, x) =06 (q, x) 3a Bcako X € X, A (q, ax) =U 8(q,,x),

i=1

kBIeTO A (g, o) ={ q, ,d,, , ---» Oy }-

KasBawme, ue aBromMaThT A pasnmo3HaBa AyMmaTa o € X*, ako
A(qo, ) "F#. EsukprLa={a | a e X*, A (qo, ) "F =}
HapuiaMe e3HK, pa3lo3HaBaH OT aBToMaTa A.

Teopema: 3a Bcaka aBroMaTHa rpamatuka =< N, T, S, P >
CBIIIECTBYBaA KpPacH HeAeTepMHUHUPAaH aBToMaT A, TakbB 4de La = Lr.
Joka3zareAcTBO: Be3 orpanuyeHre Ha OOIITHOCTTA MOXKEM JIa CHUTAME,
4ge B [' Hama nipeumenyBaiy npaBuaa. Heka E ¢ N U T. Koucrpyupame
aBpToMarTa A 110 cAeJHUS Ha4YuH:

A=<NuU{E}, TS, F >, kpaeto

6 (A,x)={B| A>xBeP,U{E},ako A>x e Pu

F={E},akoe¢ LruF={S,E}, ako¢ € Lr.

TpuBuaaHo ce mmpoBepsaBa, dye La = Lr.

Teopema: 3a BCEKH KpacH HeAETEPMUHUPAH aBTOMAaT
A=<Q, X qo, 0, F > criiecTByBa KpaeH AeTeEpMUHUPAH aBTOMaT A',

TaKbB 4e LA = LA,.

[okaszareactBo: IlocTpogBamMe KpallHUAT AeTEPMUHHUPAaH aBTomMat A’
o caegaud HauyuH: A' = < Q', X, { qo}, &', F' >, kpaeTo

Q' < 2?2 e MHOXXeCTBOTO OT BCUYKH M C Q, TakuBa 4de CHIIECTBYBa
ayma o € X*, tTakaBa 4e A (qo, o) = M. dyuknuara d' : Q' xX > Q' e



neduHupana o caenuus Hauus: & ({q, .9, , -+, 9, ) X) = U d(q,,,X)
i=1

uF={MMecQ,MNF=J}

C uHAYKIUS 110 AbAKUHATA Ha o IIIe ITOKaXKeM, 4e

A (qo, @) = A" ({qo }, o).

Baza: Heka a = ¢, T.e. d (o) = 0. Umame A (qo, €) = {qo } 1

A" ({ o}, &) = {qo} > A (qo, @) = A" ({qo }, &)

[Ipenmoaoxxenue: Heka TBBpAEHUETO € U3II'BAHEHO 3a AyMarTa o.
Crpnka: Ille mokaxkeMm, de A (qo, ax) = A’ ({ qo}, ax).

Heka A’ ({ qo}, @) = { q,,,4,,, - 4, }. Torasa 1o necdununuara Ha &'

mmame A’ ({ qo}, ax) = &' ({ q, ,q, > ---» 9, ) %) = |J 8(a,,%)-
i=1

OT HHAYKIIMOHHOTO IIPEAIIOAOKEHUE NMaMe
A(qo, ) =A" ({qo}, ) ={q, .49, dp | 2

A (o, o) = (J 80,3 = & ({ ), ax).

Nmame A (qo, o) "F =D & A ({qo}, o) nF =D & A" ({qo}, o) € F.
Mraka L, = L,,.
KaTo xkomOuHMpaMe TPUTE TEOPEMHU IToAydaBaMe, de aBTOMATHUTE
€3HIH (Te3’ KOUTO CE€ pa3IIo3HaBaT OT aBTOMAaTHU rpaMaTHKH), ca
TOYHO TE€3U €3UIM, KOUTO C€ pa3Illo3HaBaT OT KpaliHU AeTepMUHUPAHU
(HemeTepMHHUPAHH) aBTOMAaTH.

OTTYK HaTaTbhbK CUUTaMe, Y€ BCUYKH aBTOMAaTH Ca HaBCIKB/E
neprHUPaHU.

Kpaiinute nerepmuHupanu aBroMatd A 1 A' HapudaMme

eKBUBaA€HTHHU, ako L, = L,,.

Kpaiinuar gerepmMuHupaH aBToMaT Ao, KOUTO pal3rio3HaBa aBTOMAaTHHUS
e3uK L ce Hapyuya MHHHMAaA€EH 3a TO3U €3UK L, akO 3a BCEKH aBTOMAaT
A, xo#iTo e eKkBuBaaseHTeH Ha Ap uMame |Qo| < |Q|, kbpaeTo Qo 1 Q ca
MHOXKecTBaTa 0T ChCTOSHUSITA ChOCTBETHO Ha Ao U Ha A.

Heka X e mpou3BoaHa a30yka. Peaarnnara R ¢ X* x X* Hapuyame
ASICHO-HHBapHaHTHAa, ako oT (o, B) € R = (ay, By) e R
3a BcdKa ayMa y € X*.

Heka A = < Q, X, qo, 6, F > e kpaeH gerepMuHHUpPaH aBTOMAaT.
Onpeaeasme peaarudara Ra ¢ X* x X* 1o caegHUa HAYUH:

Ra={(a, B) | A(qo, &) = A (qo, P) }-

Aema: Ra e peaaniyd Ha €EKBUBAAE€HTHOCT U € AsCHO-UHBapUaHTHA.
JokazareacTBo: TpuBHasHa IpoBepKa.



Heka X e mponsBoaHa a3byka u L ¢ X* e Ipon3BOAEH €3UK.
Hedunupame peaarmuara Ry ¢ X* x X* 1o caeHUS HAYUH:
Ry ={(a, B) | 3a Bcaka ogyma y € X*, ay u Py
eqHoBpeMeHHO ca B L uau He ca B L }.

Teopema: Peranuara R e peaaliyiss Ha eKBUBAAEHTHOCT U €
[sSICHO-UHBapHUaHTHA.
[oka3aTeAcTBO: TpuBHaAsHA IIPOBEPKA.

Heka A = < Q, X, qo, 6, F > e kpaeH gerepMuHHUpPaH aBTOMAT.
CoecrogHueTO q € Q HapuyaMe AOCTHIKHMO, aKO CBIIECTBYBa AyMa
o € X*, TakaBa 4e A (qo, o) = q. AKO 3a Bcgka ayma o € X* umame

A (qo, o) # q, Ka3BaMe 4e CbCTOSHUETO ( € HEAOCTHIKHMO.

9lcHO e, 4e oTCTpaHdABaHETO Ha HEJOCTHXKUMUTE ChCTOSTHUS He
IpoOMeHS e3UKa, pa3llo3HaBaH OT aBToMaTa.

Taka moxkeM ga cuyuTame, 4e aBTOMaThT A Ma caMO JOCTUXKUMU
cbCcTOAHUA. BCEKH Kaac Ha EKBUBAACHTHOCT Ha Ra cpabpka gymute
ot X*, KOUTO HoBexKJaT aBToMaTa [0 JalleHo HeroBo cherodguue. e
oTOeAeKHM, 4e ThH KaTo aBTOMAThT € HaBCAKbBAE AePUHUPAH BCIKa
nyma ot X* goBexa aBToMara 10 HIKoe ChCTossHHE. Taka, ako
aBTOMATHT A € HaBCIKbe NePUHUPAH U UMa CaMO JOCTUXKUMU
CBCTOSIHUS, UHJIEKCHT Ha peaanudara Ra e KpaeH - TogHO | Q]| .

Teopema: Heka L c X*. Peaarnuara Ry ¢ X* x X* nma KpaeH UHOEKC &
L e aBTOMaTeH €3HUK.

JokaszateacTBo: Heka L e aBToMaTeH e3uK. ToraBa chlleCTByBa KpacH
nerepMuHupaH aBromat A = < Q, X, qo, 6, F >, TakbB ue La = L.

AecHo ce BUX/a, 4e ako (a, ) € Ra, To (o, B) € Ru. IIpu ToBa
IIOAOXKEHHE, BCEKH KAAaC Ha EKBUBAaA€HTHOCT Ha Ry ce cscTon oT
KaacoBe Ha Ra 1 B KaTo Ra HMa KpaeH uHAEKC, TO Ry cpiio uma
KpaeH UHIEKC.

Heka nanekcsT Ha Ry e kpaeH. Heka [0] € KaachT Ha €EKBUBAA€HTHOCT
Ha peaauuara Ry ¢ npencraButea a € X*. /[la o3Ha4yum c Q
MHOXKECTBOTO OT KAAQCOBETE Ha €KBHUBAAEHTHOCT Ha Ry (To € KpaiiHo).
[TocTposiBaMe KpaeH AeTepMHUHHUpPAH aBTOMAaT

A=<Q, X [g], 6, F >. AecHO ce BUKa, Y€ BCEKH KAaC Ha
€KBHBAACHTHOCT Ha peaauudaTa Ry cpabpka AyMHU caMmo oT L vau nymu
He oT L (ot medpmHMImMara Ha Ry pu vy = g).

Taka moxem na necpunupame F = {[a] | o € L }.

Hedunupame 6 ([a], X) = [ox]| 3a Bcako x € X. Tasu nedpuHUIIUA €
KOPEKTHA, T.€. HE 3aBHUCH OT IIPEACTABHUTEAd Ha Kaaca Ha
€KBHUBAAEHTHOCT, ThH KaTo peaalydara Ry e ngacHo-uHBapHaHTHA.
AecHo ce BuxXaa, 4de La = L. Taka L e aBTomaTeH e3UK.

CaexncrBHe: ABTOoMaThT A = < Q, X, [¢], 0, F > oT Teopemara e
MHHHUMAaAEH 3a e3ukKa L.

JokazaTeAcTBOo: B mmpolieca Ha J0OKa3aTEACTBOTO Ha TeopeMarta
IIoKazaxMe, 4e MHAeKCHT Ha RL e mo-MaabK oT HHAeKca Ha Ra 3a Bceku



LeTepPMHUHUpPaH aBToMaT A, KOoHTo pasno3Hasa L. Ot gpyra crpaHa,
IIOCTPOEHUAT aBTOMAaT UMa TOYHO TOAKOBA CHhCTOSHUS, KOAKOTO €
HHEKCHT Ha Ry, Taka ye TO € MUHHUMAaAEH.

Heka A = < Q, X, qo, 0, F > e kpaeHn nerepmMuHupas aBromMat u La = L.
CumuTame, 4ye aBTOMATHT € HAaBCIKbBIAE AePUHHUPAH U UMa CaMO
JIOCTUKUMH ChCTOSIHUS.

CoecrogHudaTA qi, qj € Q HapryaMe eKBHBAaA€HTHH, aKO CbOTBETHUTE
UM KAQCOBE Ha €KBHBAAEHTHOCT Ha peaaludara Ra monazgaT B €4UH U
CBIII KAQC Ha EKBUBAACHTHOCT Ha peaanudara Ri.

Ot Ta3u gedpUHUIMS U OT TeopeMaTa AeCHO Ce€ BUXK/A, Ue
MHUHHMH3AlUaTa Ha aBToMaTta A ce cBexX/a 40 HaMHUpaHe Ha BCUYKU
IIOAMHOXKeCTBa Ha Q OT eEKBUBAaA€HTHHU CHCTOSIHUS.

Aema: Akoq1,q2 € Q,q1 ¢ Fu g2 € F, To q1 ¥ q2 HE ca eKBUBAaA€HTHH.
Aema (TecT Ha emHaTa OykBa): Heka qi, q2 € Q. AKO ChIIleCTByBa

x € X, Taka 4e 0 (q1, X) He € EKBUBaA€HTHO Ha 0 (g2, X), TO q1 ¥ 2 He ca
€KBUBaACHTHHU.

Aema: Heka Q = { Q1, Qo, ..., Qs} e pazbuBaHe Ha Q, TaKOBa 4e
QicFuau Q;c Q\F,j=1, 2, ..., s. Heka 3a Bcagko Q j, 3a Bcsgka
OykBa X € X 1 3a BCEKHU (1, 2 € Q j umame: & (q1, X) € Qx,

0 (qo, X) € Ox3a Hakoe k € { 1, 2, ..., s}. ToraBa Bcako Q j ce ChCTOH

CaMO OT EKBHUBAACHTHHN CBCTOAHHAI.

TpuTe AEMH BOIAT 0 CAEIHHS aATOPUTHM:
1. O6pasysame pasbusanero S° = { Q), QJ}, Kpaero QY = F

u Q) =Q\F,i=0.
2. Heka cme noctpouau pasbusanero S' = { Q}, Q., ..., jS I3
Bcako Q? paszbuBame Ha { le*l, QZI, ey QE: }, TaKUBA 4e

€AeMEHTHUTE Ha BCIKO OT TSIX HE Ce Ibp:KaT KaTo
HEEeKBUBAAEHTHH C TecTa Ha efHaTa OyKBa M o0equHsIBaMe
IIOAyYEeHHUTe pa3duBaHusa B Sitl.
3. Ako Si*l = Si — kpaii, uHa4ye i++, IPpeMUHU KBM 2.
Heka Sr = Sr*l = ... e mocaegHOTO pa3bUBaHe.
9lcHO e, 4e OT IIocAeHAaTa AeMAa IIOAMHOKECTBATA B ST ceé CBbCTOAT CaMO
OT EKBUBAAEHTHHU ChCcTogHUA. OCBEH TOBA AECHO CE€ BUK/A, Y€ HE €
BB3MOXKHO €EKBUBAAEHTHU CHCTOSHHUS [a Ca B PA3AHYHU
IIOIMHOXKECTBa Ha pazbuBaHeTo S'.
Cera Bede A€CHO MOXKEM Oa IIOCTPOUM MHUHUMAaAHUST aBTOMAaT
Ao = < Qo, X, to, 60, Fo >, Qo = S*. 3bupame to = Q;, Taxka ge qo €Q;,
THH KaTO HAYAaAHOTO ChCTOSIHHE HA aBTOMaTa € KAAChT Ha
€KBUBAaAEHTHOCT Ha Ri, KOUTO chabpiKa €, a € € B KAACHT Ha
€KBHUBAAEHTHOCT Ha Ra, cboTBeTEH Ha qo. MHOXKECTBOTO OT
3aKAIOYUTEAHUTE CHCTOSAHUS Fo OIIpemeassMe 110 CAEHUSA HAYHUH:



Fo ={ Q, | Q,< F }, Tbl KaTO 3aKAIOYUTEAHUTE CbCTOSHHS Ca TE3H

KAACOBE Ha €EKBHBAACHTHOCT Ha Ry, KOUTO ChaOppzXKaT caMoO AyMH OT L u
TOraBa Te3M KAacoBe ca obpa3yBaHU TOYHO OT KAacoBeTe Ha Ra,
CBHOTBETHH Ha 3aKAIOUYUTEAHU CHCTOAHHUM.

dyHKIHATA Ha IIpexXoauTe do AepUHUpPaMe 10 CAeTHUS HAYUH:

do (Q,, X) = Q}, aKo 3a BCAKO q € Q7 uMame 6 (q, X) € Q.

[eduHuiysaTa e KOPpeKTHa, Th KaTo BbB BCUYKU €AEMEHTH Ha ST,
CBCTOSHHUATA pearuparT efHaKBO Ha TecTa Ha eHaTa OyKBa.

Heka X e azbyka. BeBexkmame orepariii B MHOKECTBOTO OT BCHUKH
e3uiy Hag as3bykara X:
1. Heka L; c X*, Lo ¢ X*. [ledouHupame cyma Ha e3unure L u Lo:
Li +Ly=L; U Los.
2. Heka L1 ¢ X*, Lo ¢ X*. [ledpuHupamMe Ipou3BeAeHHE Ha €3UIIHUTE
LimLlo: Li.Llo={opf | « € L1, B € Lo }.
Hedunupame LO = {¢g}, L1 =L, L2 =LL, ..., Lo*1 = LaL,

3. Heka L ¢ X*. [lepuHupame HTEepamusa Ha e3uka L: L* = U L.
n=0
Heka X = { X1, Xo, ..., Xn} € KpaiiHa a30yKa.
Pasmupasame X g0 X =XuU {e, D%+, .,()}-
Be3 orpannyeHne Ha OOIIHOCTTA MOXKEM [a CYUTaMe, 4ye JoOaBeHUTe
CUMBOAM He ce cpemat B X. [lepuHupamMe HHAYKTUBHO ITOHATHATA
peryasipeH H3pa3 U €3HK, ChIIOCTAaBE€H Ha TO3H PEryAsipeH H3pa3:

(peryasgspHUAT U3pa3 € AyMa Haj X , ChIIOCTaBEHUTE €3UIlH ca Ham X)
Baza: ymure ¢, I, x;,1 =1, 2, ..., n HaQ X ca PETYASIPHU HU3pas3u U
CBOTBETHUTE UM PETYAIPHU €3UIM Haj X ca

{e}, D,{xi},i=1, 2, ..., n.

[Ipenmoaoxxenue: Heka a, B € X * ca PETYAIPHU U3Pa3u U CbOTBETHUTE
UM DEryAdpHH e3unu Haa X ca L, 1 Lg.

Crpnka: Torasa (o)+(B), (a).(B), (o0)* € X* ca PETYASIPHU HU3pas3u U
CBOTBETHHUTE UM DETYASIPHHU e3ul Haa X ca L, + Lg, Lq.Lg, Lo*.

BpbBexxgamMe mpUOPUTET Ha OIIEPAIIMUTE B CACTHUS PEm:
urepanus, npousBeneHue u cyma. [1o To31 HaYMH MOXKEM CHIIIECTBEHO
[a OTpaHUYUM yroTpebara Ha CKOOH B PETYASPHUTE U3Pa3H.

Teopema: Ako L: u Lo ca aBTomMaTHu e3uniy, To L1 + Ly e aBTomaTeH
€3UK.

JlokazaTeACTBO:

Heka e3uksbT L1 ce mopaxkaa ot rpamatukara 't = < N1, T, S1, P1 >.
Heka e3uksbT Lo ce mopaskaa ot rpamaturkarta [2 = < N2, T2, Sz, P2 >.
Be3 orpanuyeHue Ha OOIIHOCTTA MOXKEM A CMsSITaMe, 4e

N1 " N2=J, N1 n T2 =3, T1 n N2 = . AKo TOBa HE € U3IIbAHEHO
MOXKEM Jia IIPEUMEHyBaMe CbOTBETHUTE HETEPMHUHAAH, KOETO HIMa Aa
usMmenu esurmte L1 1 Lo. Heka S ¢ N1 U N2 U T1 U Ths.

[TocrpogaBame rpamaTukaTa ' =< N1 UN2 U {S} , T1 U T2, S, P >,



P=P1UP2)\{S1 > ¢8S2>c}u{S >81,8S > 82}uU{S > g ako
umame S1 — ¢ uau Sz — ¢ }. [loaydyeHara rpamaTrka € aBToMmaTHA U
BeaHara ce Buxzaa, 4e L. =L, +L. =1L1 + Lo.

Teopema: Bceku KpaeH €3UK € aBTOMAaTEH.

JlokazaTeACTBO: { € } € aBTOMAaTEH €3UK, ThH KaTO Ce Imopaxkaa oT
aBToMaTHaTa rpamMatuka I'=<{S}, {a}, S, {S— g >.

I'pamatukaral' =< {S},{a}, S, {S —» aS}| > e apromarHa u nopaxaa
esuka J. Heka L ={a}, a # &, o = ajaz...ax.

ToraBa rpamatukara ' = < {8, A, Ao, ..., Ax1}, {ai, ag, ..., ag}, S,

{S > aiAi1, A1 > a2Ag, ..., A2 > ak1Ax1, Ax-1 = ax} > € aBToMaTHa
U odeBUAHO Lr=L ={a}.

Heka L = { a1, ..., aum } € IPOU3BOAEH KpPacH €3UK, m > 1.

ToraBaL={a1}+{a2}+ ...+ {oam} U oT npegaara TeopemMa L e
aBTOMAaTeH €3UK, T'bH KaTo € KpaliHa cymMa Ha aBTOMAaTHU €3UIIU.

Teopema: Ako L; u Lo ca aBToMaTHU e3ulu, To Li1.Lr e aBTOMaTeH
€3UK.

JlokazaTeACTBO:

Heka e3uksbT L1 ce mopasxkaa ot rpamatukara 't = < N1, T, S1, P1 >.
Heka e3uksbT Lo ce mopaskaa ot rpamaturkarta [2 = < N2, T2, Sz, P2 >.
OTHOBO 6€3 OorpaHHUYEeHUE Ha OOIIHOCTTA MOXKEM [a CMATaMe, de
NinN2=, N1inT2=0,TinN2=0.

Heka e ¢ L1, € ¢ Lo.

[TocrpogaBame rpamaTukara I' = < N1 U N2, T1 U T2, S1, P >,
P=(P1UP2)\{A > al A—>aecPi1}U{A —> aSz|3a Bcgko

A — a € Pi}. OueBugHo I' € aBTOMaTHA rpamMaTUKa U BegHara ce
nposepaBa, 4e Lr = Li.Lo.

Heka ¢ € L1, € ¢ Lo (caygaqar € ¢ L1, € € Lo ce pasraexxzia aHaAOTHUYHO).
ToraBa L1 =Li" +{¢}, e ¢ L1, u L1’ cbl1o € aBTOMATEH €3UK.

Cera Li.Lo = (L1’ + {€}).Lo = Li".Lz + Lo. OT TOKy1110 1OKa3aHoTo Li".L2 e
aBTOMAaTEH €3UK, Lo € aBToMaTeH €3UK U OT TeopeMara mno-rope Li.Lo e
aBTOMAaTeH e3UK.

Heka e e Li,e € Lo. ToraBa L1 =L +{e}tueg L', Lo=L) +{e}lu

€ ¢ Lo, Li' 1 Lo’ chillo ca aBTOMATHU €3UIIH.

Nmame Li.Lo = (L' +{e}).(L2" +{e}) =Li".Lo" + L1 + Lo’ + {e}.

Ot pokasanoto no-rope Li'.Lo’ € aBTOMaTeH €3UK, cblIo L' u L' ca
aBTOMATHH €3UIH U { € } € aBTOMATEH €3UK, 3alll0TO € KpaeH =

Li1.L2 e aBTOMAaTEH €3UK.

Teopema: Ako L e aBToMaTeH €3UK, TO L* e aBTOMaTeH e3HUK.
JlokazaTeACTBO:

Heka e3uksT L ce mopaxkaa ot rpamatukara '=<N, T, S, P >.
Be3 orpanudyenue Ha OOIIIHOCTTA MOXKEM 1A cMsaTaMe, 4de [ e 6e3
aKcuoMa B [IsICHA 4acT Ha IIPaBHUAO.

[TocrpogBame rpamaTuka IV = <N, T, S, P’ >, kpaeto

PP=P\{S > ¢ U{A —> aS | 3a BCIKO KbCO IpaBUAO A — a € P }.



OueBuzaso I e aBromarHa rpamMaTuka, Buxkaa ce, e L, = L'\{¢}.

U taka L*\{ ¢} e aBTOMaTeH e3uk = L* = L"\{ ¢} U { ¢} e aBTOMATEH €3UK.

Teopema (Kauuu): MHOXKecTBaTa Ha PETYAIPHUTE €3UIU U
aBTOMAaTHUTE €3UIlU ChBIIaAAT.

JokaszareacTBo: C MHAYKIUA 10 IIOCTPOEHHETO III€ IIOKAXKEM,

4ye BCEKH PETYASIPEH €3UK € aBTOMaTeH.

Baza: Esuniure { ¢ }, J, { Xi} ca aBTOMaTHHU €3UIlH, 3AIII0TO cCa KpalHHU.
[Ipenmoaoxkenue: Heka L, u Lg ca peryadapHu e3UIM, CLOTBETHH Ha
PETYAdAPHHTE U3pasu o U B U aa OOIyCHeM, 4Ye L, u Ly ca aBromarHu
€3UIIH.

Crenka: Torasa L, + Lg, Lo.Lg, Lo* ca aBTOMaTHN €311

(TeopeMute 1o-rope).

Heka L e aBromarteH e3uk. llle nokaxkeM, 4e L e peryadapeH e3uk.
CrillecTByBa KpaeH AeTEPMUHUPAH aBTOMAaT

A=<Q, X qo, 6, F > taksB ue L = L. [la o3HauuMm

Q={qo,qi ...}, F={q,,q,,...,q, } ¥ & CH MHCAUM, € aBTOMATHT
A e mipencraBeH Cc KpaliHUA opueHTUpaH myaturpad G.

O3HauyaBaMe C Rf‘j MHOXKECTBOTO OT MapiupyTute B G oT q; IO qj, KOUTO
HE€ M3II0A3BaT KaTO BBTPEIIHU BbPXOBETE (k, Jk+1, ..., (n. ICHO €, Ue
BCEKH MaplIPyT OT (i A0 qj onpenead ayma o € X*,

TakaBa 4e A (qi, o) = qj. Taka MoxkeM [a OTHXKIAECTBUM BCEKH MapIIPyT
CBhC CHOTBETHATA My AyMa OT BXoAHAaTa a3zdyka U Ja cuuTame, de Rf‘j e

e3uK Hajg X, T.e. Rfj c X*.

. . . .pktl _ k k k k
Aema: 3a BCekH (;, gj € Q e B cura:R|; =R + R (R ) * Ry,
k=0,1, .., n.

[okaszareacTBo: MapuipyTure ot Ri‘j“ pazbuBaMe Ha ABe

IIOAMHOXKECTBA — TAaKHBa KOUTO He HM3II0A3BAT (k KATO BBTPEIIEH BPbX
U TaKHBa KOUTO HU3IIOA3BAT (k KATO BBTpeIleH BpbX. OU4eBUIHO

MapuIpyTuTe oT Ry, KOMTO He M3MI0A3BAT gk KATO BBTPEIIEH BPBX Ca
TOYHO MApPUIPyTUTE OTRS.

Jla pa3bueM IIPOU3BOAEH MapIIPyT oT REY | KOHTO M3MOA3BA (i KATo
ij 2

BBTPEIIEH BPbX Ha YaCTH I10 CAEIHUS HAYUH: (i -- Jk -- Jk ...(k -- Jj-
B MexXXauHHHTE YacTU He Ce Cpella (k, TakKa de MapUIpyThT 3aro4yBa C
MapUIPYT OT gi A0 (k, KOUTO HE M3II0A3Ba (k KATO BBTPEILEH BPBX, T.€.

MapIIpyT OT RY , TpoIba¥kaBa ¢ IIPOU3BOAEH GPOl IIMKAH OT gk [0 Jk,
KOWTO MUHABAT TOYHO BEAHBXK IIPE3 (k, T.€. MAPIIPYT oT (R, )*u

3aBBPIIBA C MAPIIYT OT (k A0 qj, KOHTO HE U3II0A3BA Jk KATO BHTPEIIEH
BPBX, T.€. MapuIpyT oT Ry,. Taka mapmipyture ot Rj", Kouro

M3II0A3BAT (k KATO BRTPEIEH BPBX ca TodHO Ri.(Ry,)* Ry, u

okoHvaTeAaHo R =R + R (R )* R;.



Aema: ESI/IK’BTRE € peryaspeH e3ukK 3a Bceku i, j € {0, 1,...,n},
ke{0O,1,..,n+tl}

[oxka3zateacTBo: [IpoBexkmame MHAYKIUS 10 K.

Basza: k = 0. Ako i = j, To R ca BCHYKH MapUIPyTH OT qi 0 qi, KOUTO
He MUHaBaT IIpe3 HUKOHU APYyT BpbX. AKo B rpada G HaMa HPUMKH B (i,
ToraBa R, = {¢} u R, e peryasgpen e3uk. AKo B rpadpa G uMa IpUMKH
B Qi ¥ Ha TAX CBOTBETCTBAT OYKBU X, ,X, ,...,X; , TO

Ri ={X,,X;,...,X, , €} U R{ € peryAspeH e3ux, Thif KaTo CLOTBETCTBA
Ha PETyAdpHHdA HU3pasd X; +X, +..+X; +¢.

Ako i #j, TO Rf’j ca pebOpara ot qi 10 qj. Ako B rpacda G Hama pebpo oT
qi o qj, To Ry, = @ u R}, e peryaapen esux. Ako B rpacda G uma peGpa
OT ¢j A0 ¢j ¥ Ha TAX CbOTBETCTBAT OYKBH X, ,X, ,...,X; , TO

R ={X,,X,,....,X; } ¥ R, € peryaspen e3ux, Thif KaTo CHOTBETCTBA Ha
PETyAdpHHA HU3pasd X; +X;, +..+X; .

[Ipenmoaoxkenure: Heka 3a Hakoe k e3UKBT Rfj € PETYAIPEH €3UK U
HeKa ocfj € CHbOTBETHUAT PETYAIPEH U3Pas.

Crpnoka: ToraBa e3UKBT Rfj” CBIII0 € PeryAdpeH, Thi KaTO ChrAacHO

ropHaTa A€Ma TO3U €3HUK CHhOTBETCTBA Ha PETYASIPHUA HU3pa3
k k k y% _k
o+ o (o) Oy -
[IpoapaskeHUE HA JOKA3aTEACTBOTO Ha TeopeMaTra Ha KauHu:
n+l
Wmawme, ue R{j” ca BCHYKH MapuIpyTH OT (i 10 g (6e3 orpaHu4YeHue) u

OT ropHaTa AeMa Rinj+1 e peryadgpeH e3uk. Ot mepuHHIMATA 32 €3UKa La

n+l

umame, ge Ly = Ry, +Rgy +...+ R,

ThHU KaTO AYMHUTE, KOUTO CE

pas3mno3HaBaT OT aBToMAaTa I'o JOBEXIAT OT HAYaAHOTO ChCTOSHUE
do IO HAKOE OT KpaHuTeq, ,q, ,...,q, - ¥ Taka La e kpaifHa cyma Ha

peryadapHu e3uni = L = La e peryagpeH e3uk. Taka BceKM aBTOMAaTeH
€3HK € PEryAdpeH.

3. I'pagpu. Jopeema. ObxoxncoaHe Ha 2pagpu.
MuHumManHo noKpueauio ovpeo.

Heka V e kpaliHO MHOXKeCTBO, V = { V1, V2, ..., Vn }, EAEMEHTUTE Ha V
Hapu4daMme BBpxoBe. Heka E e kpaliHO MHOXKECTBO,

E =1{e, ez, ..., em }, enemenTuTe Ha E Hapuyame pedpa.

KpaeH opueHTHpaH MyATHrpad ce Hapuya Tpotikara G (V, E, fg) c
dyukumd fe : E 2 V x V (Ha Bcgko peOpo ce chlIocTaBs HapeaeHa
OBoliKa BbpXoBe). fc Hapruyame cBbp3Bala (PyHKIIHA.



3a 110 HarAegHO IIpe/cTaBsaHe Ha rpaduTe MIe U3II0A3BaMe
auarpaMy — BbPXOBeTe O3HadaBaMe KaTo TOYKH U BCIKO Pedpo
O3HadyaBaMe ChC CTPEAKa OT €OUH BPBbX KBbM IPYT.

PeGpara e € E, TakuBa ue g (e) = (v, v), v € V HapryamMe NPHMKH.

Heka G (V, E, fg) e kpaeH opueHTHpan myaTurpad u fc e nHekmus.
ToraBa G ce Hapyu4ya KpaeH opHeHTHpaH rpad. flcHo e, ye B TaKbB
cAydait MHOXKecTBOTO E Moxke ma Obae onpeaeseHO KaTo
noagMHOXKeCTBO Ha V X V. U Taka npu 3ajaBaHe Ha KPacH OPUEHTUPAH
rpad G cBpp3Baia PyHKIHUSI He € HeoOxXoauMa — rpadybT ce 03Ha4YaBa
c G (V, E) u ce 3agaBa ¢ MHOXKECTBO OT BbpX0oBe V U MHOXKECTBO OT
pebpa Ec Vx V.

Heka G (V, E) e kpaeH opueHTHpaH MyATUrpad u peaanmara EcCc V'V
e pedpA€KCHUBHA U CUMeTpHuYHa. B TakbB caydait G ce Hapuia KpaeH
HeopHeHTHpaH rpad vsu npocro rpad. [Ipu nuzobpassaBane HA
KpaliH1 HEOpUEHTHPaHU I'papu He prUcyBaMe IIPUMKUTE U CTPEAKHTE
MeXAy ABa BbpXa 3aMEHsIME C eqHa OTCeYKa.

AKo0 B KpaeH HEOpPHUEHTHPaH I'pad MOIyCHEM MHOTOKpPATHHU pedpa, To
OTHOBO IIle € HeobxoauMa CBbp3Ballia (PyHKIUS U B TO3U CAydal
rpadbT HApHYaMe KpaeH HEOPHEHTHpPaH MyATHrpad.

Heka G (V, E) e rpad. BppxoBere vi, vj HApruiaMe C’bCeAH,

ako (vi, vj) € E. Ako rpadsT G € opueHTHpaH, Ka3BaMe 4e V; € bamia Ha
Vj HAH, Y€ Vj € CHH Ha v;. Olle Ka3BaMe, 4e Vi U V; ca KpaHIla Ha
pebpoTo (vi, Vj).

Heka G (V, E) e kpaeH HeopueHTHupaH rpad u v € V. [leduraupame
cTelleH Ha Bbppxa v - d (v) = 6podar Ha pebpaTa, Ha KOUTO V € Kpai.
Heka G (V, E) e kpaeH opueHTupas rpad u v € V. [lepuHupame
NMOAyCTeIleH Ha H3XoZa Ha Bbpxa v — d- (v) = OposaT Ha pebpara,
M3AM3AllH OT V U MOAYCTEeNeH Ha BXoda Ha Bbpxa v — d* (v) = Opodar
Ha pebpara, 3aBBpPIIIBAIIU BBB V.

Heka G (V, E, fg) e kpaeH opueHTnpan myaturpadg. Pequmnara
Vi, Vy,...,V, , L20, TakaBa 4e 3a Bcako j € {0, 1, ..., L-1 } cpaiecTBYBa

e € E, rakoBa ue fg (€) = (v, , v, ), Hapu4yaMe MapuIpyT OT V, [0 V; B
] i+

rpada G ¢ ppaxkuHa L. [Ipn Vv, = V, , MApmpyThT HapuyaMme KOHTYP.

Heka G (V, E) e kpaeH HeopueHTHPAH rpad.
Pepuuara v, ,v,,...,v; , L>0, TakaBa e 3a Bcako j € {0, 1, ..., L-1},

(vi, v, Je EuszaBcakoje{l,.., L1}, v, #v, ,Hapuiame I’bT OT
] it J- it
v, #o v, Brpada G c geaxuna L. [Ipu v, = v, u L 2 3, Mmapiupyrsr

HapHu4yaMe IHKBA. JICHO e, 4e 110 Ta3u AepUHUIUS CUUTaMe, e uMa



TPHBHAAEH II'BT C IbAXKUHA O OT BCEKU BPBX Vi A0 Vi. llle orOeaekumM,
4e ¢ JepuHUPAHETO HAa TPUBHUAAEH ITHT OTYUTAME IIPUMKHUTE B
HEOpHEHTHPaHUs rpad, HO UM JaBaMe TEKECT HyAa IIpu obpasyBaHe
Ha I’bAKHHATa Ha ITbTUIllaTa.

I'padpsT G (V, E) ce Hapyrya cBBp3aH, aKo 32 BCEKH Vi, Vj € V
CBIIECTBYBAa BT OT Vi A0 Vj. JedpuHUIUATA € IIPUAOKHUMA U 3a
OPHEHTHUPAHUA CAydal, KaKTo U 3a cAydas ¢ MyATHUTpad, CbC 3aMsaHaTa
Ha IOHATHETO ITHT C IIOHITUETO MapIIPyT, HO TbH KaTO U3UCKBAHETO €
IIPEKAAEHO CHAHO, II1€e BbBEAEM aATE€PHATUBHO IIOHATHE.
Opuentupauuat rpadp G (V, E) Hapuyame caabo cBBp3aH, ako 3a
BCEKH Vi, Vj € V CBIIECTBYBa IIbT OT Vi A0 Vj UAHU OT Vj 0 Vi.

KaszBawme, de rpa¢ger D (V, E) e aABpBo, ako D e cBbp3aH rpacg 6e3
LIUKAH.

[Ile HarrpaBUM UHAYKTUBHA OePUHUINS HA KOPEHOBO ABPBO
(c KopeH 1):
1. Baza —rpadgrwr D ({1}, ) € KOpeHOBO ABPBO C KOPEH I U
€IUHCTBEH AHCT T.
2. Tlpenmnonoxxenue — Heka D (V, E) e KopeHOBO ABPBO C KOPEH T U
aucra li, 1o, ..., Ik
3. Crpnika —Heka u € V, w ¢ V. Toraa D’ (V', E') =
D' (Vu{w}, Eu{(u, w)}) e cbiio 1bpBO Cc KopeH r. Ako u = |; 3a
ie{l,?2,...,k}, ToHeroBuTe Aucra ca li, ..., li-1, w, li+1, ..., I,
B IIPOTHUBEH CAydYaii, Te ca li, ..., Ik, w.

Oneparugara B UHAYKIIMOHHATA CT'hIIKa HapHUdyaMe NPpHChEeAHHSIBaHEe
Ha BP’BX.

Teopema: Bcsako KOpeHOBO IBPBO € IBPBO.
Hoka3zareacTBo: UHAYKIINS 110 IOCTPOEHUETO.

1. Baza — kopeHoBoTo appBo D ({r}, & ) e cBBp3aH rpad, ThH KaTo
CBIIECTBYBa TPUBHAAEH ITBT OT I 10 I ¥ HAMA IIUKAH, ThH KaTo
HaMma pebpa, Taka ye D ({1}, & ) e mbpBoO.

[TpenmoaoxkeHue — HeKa KopeHoBoTo abpBo D (V, E) e nbpBo.
Crenka —Heka u € V, w ¢ V. llle mokaxkeMm, 4y€ KOPEHOBOTO
nepBo D' (VI E')=D" (Vu{w}, EuU {(u, w)} ) e 1BpBoO.

Heka vi, vj € D'. AKo vj, vj € D, TO 110 HHAYKIIMOHHOTO
IIPEAIIOAOKEHNE UMa ITHT OT Vi 10 Vj. AKO Vi = Vj = W, TO
CBIIECTBYBa TPUBHUAAEH ITBT OT Vi 10 Vj. AKO Vj = W, Vi # W, TO OT
UHAYKIIMOHHOTO ITPEAIIOAOKEHUE CBHIECTBYBA II'BT OT Vi 10 U U
KaTo nobaBuM pedpoTo (U, W) moaydaBaMme IT'bT OT Vi 0 W — He €
BB3MOKHO W [la CbBIIa[a C BbpXa Opeau u, Thb¥ KaTo w ¢ V.

U taka D’ e cBBbp3aH rpad. [da gomycHeMm, ye B D' uma IIUKAH.
TBi1 KaTO 10 UHAYKIIMOHHOTO IIPEAIIOAOKEeHHEe B D HaMa ITUKAH,
TO pedbpoTOo (U, W) CbC CHTYPHOCT y4acTBa B ITUKBA, KOETO €
IIPOTHUBOpPEYHeE, ThH KaTo W € Kpail eJUHCTBEHO Ha pedpoTo

WD



(u, W) 1 caemoBaTEAHO, ChrAACHO AePUHHUIIUATA Ha ITBT, W HE
MOKe /1a ydacTBa B IUKBA. Taka D' e cBBp3aH rpad 6e3 MuKAU,
T.€. D' e pppBO.

[ITe oTbeaeskuM, Ye BCSIKO IBPBO MOXKEM Aa IIpenedpuHupaMe KaTo
KOPEHOBO, aKO U30epeM ITPON3BOAEH HETOB BPBHX 32 KOPEH.

Teopema: Heka D (V, E) e nbpBo c KopeH r. ToraBa |V| = |E| + 1.
J[okaszareacTBO: UHAYKITHA 10 IOCTPOEHHUETO.
1. Basza - 3a kopeHoBoTo 1bpBO D ({r}, Y ) umame |V| =1,

|E| =0 uroraBa |V| = |E| + 1.
2. TlpenmnoaoxkeHue — HEKa 3a KopeHoBOTO AbpBo D (V, E) umawme
|V| =|E| + 1.

3. Crpnika —Heka u € V, w ¢ V. ToraBa 3a KOPEHOBOTO IBHPBO
D' (V,E)=D (Vu{w}, Eu{(u, w)})umame |V'| = |V]| + 1,
|E'| = [E] +1=|V]+2 |V']|=]E]+]1.

Teopema: Heka D (V, E) e appBo u vj, vj € V. ToraBa chliiecTByBa
€OIUHCTBEH IIbT MEXKAY Vi U Vj.

Hoka3zateacTBo: [loHe enuH I'BPT MEXKAY Vi U Vj UMa, ThHU KaTo

D e cBbp3aH rpad. [la OOIIycHEM, Ye CBHUIECTBYBAT ABa PA3AUYHU ITHTH
Vio Vi Vi s Vi S Vi, V SViH V,,V,,...,V; , V; =Vi, V, =Vj

> Ui i M? 7 h)Yi

Heka s e Hail-MaAKOTO YHCAO, TAKOBA Y€ V; # V, (TaKOBa S UMa, ThH

KaTo ABaTa II'bTd ca pa3AndHH), s = 1. Torasa

Vi, Vi s Vi,V =V, V..,V € IHKBA, KOETO € IIPOTHBOPEHeE.

Teopema: Heka D (V, E) e mppBo u (vi, vj) ¢ E. ToraBa B rpada

D' (V, E), E =E U {(vi, vj } *¥Ma TOYHO €qUH ITUKBA.

Hoxka3zateacTBo: Thit Kato (vi, vj) ¢ E, To chliecTByBa €IUHCTBEH IIBT U
TO C I'bAXKMHA ITOHe 2 oT Vi 10 V; B D. ToraBa npu mobaBgHe Ha pebpoTo
(vi, vj) HaucTHHA ce oOpasyBa IUKbBA Vi, V1, Vi, vi (V1 € Hempa3Ha penuiia
OT BBpX0Be). [la nomycHeM, de Ipu mobaBsHe Ha pedpoTo (i, Vj) ce
ob6pasyBa BTOPH IIUKDBA. EcTecTBEeHO, TOH Chabpka pedpoTo (Vi, Vj), ThH
kKato D e 1ppBO ¥ HIMa IIUKAU U UMa BUAA Vi, Va2, Vj, Vi (V1 # V2).

Be3 orpannyeHne MoKeM [1a CMsTaMe, 4e pedpoTo (vi, Vj) ce U3I10A3Ba
caMo Hakpas U B ABaTa IIUKbaa. Torasa vi, Vi, vj 4 vi, V2, Vj ca ABa
Pa3AWYHU BT MEXAY Vi U Vj B D, KOeTo e IIpoTUBOpeYHne C
IIpeauIlrHaTa TeopeMa.

Heka G (V, E) e rpad, a D (V, E'), E'  E e nppBo. ToraBa D ce Hapuua
NMOKpPHBaLIO A'PBO Ha rpada G.

Teopema: I'padbT G (V, E) mpurezkaBa MoKpHUBaIllo AHPBO TOTaBa U
caMmo ToraBa, korato G e cBbp3aH.

[okaszareacTBO: JlcHO €, ye ako G nmpuTexkanBa IIOKpUBAILO AbPBO D,
To G e cBBp3aH, TpH KaTo B D, a ToraBa u B G (E' ¢ E) uma st ot
BCEKHU BPBX OO0 BCEKHU APYT.



Heka G e cBbp3an rpad. llle omuiiieMm aATopuThM, KOHTO IIOCTPOSIBA
IIOKpHUBAILO AbPBO Ha G:

1. H=G.

2. nokato B H uma nmukau

H = H - pebpo oT 1uKmAA.

TeBpOuM, dye cae U3I'bAHEHHE Ha aATopuThMa H e mokpuBaiio appBo
Ha G. [leHCTBUTEAHO, aATOPUTHMBT BHHArH 3aBbpIIBa, ThU KaTto B G
nMa KpaeH 0poii pebpa, a ChIIeCTBYBaHETO Ha IIUKbBA ITpearosara
HaAWYHUeTO Ha IIoHe TPHU pedpa. YcHo e, ye H e rpad ¢ BppxoBe V u
pebpa E' ¢ E. OT camusa aAropuThbM ce BUXKAa, 4ye H HaMa ITUKAH.
[ITe mokazkeM, 4e Ha BCIKa CThIIKa H ocTraBa cBBp3aH rpad.
[a momycHeM, 4ye Ha HIKOsI CTBIIKA IIpeMaxBaHeTO Ha pedpoTo (Vi, Vj)
BOZY N0 HecBbp3aH rpad. Heka vk, vi ca BBPXOBe MeXIy KOUTO HaMAa
mbT. Thil KaTO Ha IIpegHaTa CThIKa rpadybT € OHUA CBBpP3aH, TO
CBIIECTBYBa IIbT MEXK/Y Vi U Vi, KOUTO MHHaBa Ipe3 pedpoTo (vi, Vj), HO
B TaKbB CAy4Yal MOIKEM [1a U3II0A3BaMe OCTaThKa OT IIUKbAA (HAU
IIOAXO/SIIIA HETOBA YacCT) U [1a MTOAYYUM ITHT MEXIY Vk U Vi B HOBUS
rpady, koeto e nmpotuBopeune. U Taka H (V, E') e cBbpp3an rpad 6e3
IIUKAH, T.€. IOKPUBAIIL0 AbPBO Ha G.

[Tox obxoxkamaHe Ha rpad Ie pasbupamMe IPOIEAYPA, KOSTO 10
olpeneAeHH IIpaBHAa “mloceliaBa” BCHYKH BBPXOBeE Ha rpada.

[aneHn e kpaeH HeopueHTHpaH rpad G (V, E). B pesyarat Ha
obxoxzmaHeTo B IIMpHHA V ce pa3buBa Ha HHBa Ha ob0XoxXzaaHe
Lo, L1, ..., Lk 11O cA€emHUS HAYUH:
1. n3bupame HadareH BPBHX Ha oOxXoxkaaHeTo I € V. “Obxoxkagame” .
Heka Lo={r},i=0
2. Ob6pasyBame HUBOTO Li+1 = {Vv | v € V, v — Heob6xozeH,
CBIIECTBYBa W € L;, Taka 4de (w, v) € E }. “Obxoxxgame” BCUYKHU
BBPX0OBE B Li+1.
3. Ako Li+; # O, ToraBa i++, mpemMuHu KbM 2. UHade kKpali.
Ille oTbeaexuM, Ue O6XO}KI_[aHeTO II1e TIOCETU BCUYKH BHPXOBE TOYHO
TOraBa, KoraTo rpadybT € CBbpP3aH.
[Ile TpUAOKUM Ta3u aATOPUTMHYHA CXeMa, 3a A ITIOCTPOUM
IIOKpPHUBAILO AHPBO Ha cBbp3anud rpadp G (V, E):
1. M3bupame HavaseH BPbX HA O0OXOXKIaHETO I € V.
ObpasyBame D = (Vp, Ep), Vb ={r}, Ep = &.
Heka Lo={r},i=0
2. Ob6pasyBame HUBOTO Li+1 ={Vv | v € V, v ¢ Vp, CchIllecCTBYBa
w € Li, takpBue (W,v) e E}. Ep=Epu {(w, V) | w € Lj, v € Li+1},
KaTo 3a BCAKO V € Li+1 ce mobaBd TOYHO e€qHO (W, V), TaKOBa 4Ye
w € Li, Vb = Vp U Li+1.
3. Ako Li+; # O, ToraBa i++, mpeMuHu KbM 2. UHade kpall.

Caen kpas Ha usnbaAHeHHeTO Vp = V, T KaTo G € CBBpP3aH U
noaydaBame KopeHoBo abpBo D (V, Ep), Ep < E, koeTo e mokpuBaiio
obpBo Ha rpada G.



[aneH e kpaeH HeopueHTUpaH rpad G (V, E). [Ipu cxemara
obxoxzaHe B A'BAGOYHHA OCHOBHHU ITOHATHUS CA TEKyLI BP'BX t 1
Oama Ha Bbppxa t — p (t).
1. M3bupame HagaaeH BpBbX I € V. “Ob6xoxxmame” r.
ObgaBgaBamMe t = 1, p (t) e HeompemeaeH.
2. TepcumMm HeoOXoaeH ChCe V Ha TEKYIIHs BPBX t.
Axko nMa TakbB Vv, ToraBa p (v) = t, t = v, “obxoxxgame” v,
IIPEMHUHU KBM 2.
Axo HaMa TakpBV U t # 1, t = p (), IpeMUHHU KBM 2.
AKO HAMa TaKbB V U t = 1, Kpaii.

U B Ta3u cxema I1e ce o0X0oAsT BCHYKH BBPXOBE TOYHO TOTaBa, KOTaTo
rpadbT e cBbp3aH. llle TpHAOKHUM aATOPUTMHUYHATA CXeMa 3a
pelniaBaHe Ha 3aadaTa 3a IOCTpodBaHe Ha IIOKPHUBAIIO ABPBO Ha
cBbp3anud rpad G (V, E):
1. N3bupame HagaaeH BpbX I € V, obpasyBame D (Vp, Ep), Vb = {r},
Ep =9, t=r, p (t) - HeolpeaeaeH.
2. TepcumMm HeoOXomeH ChCe V Ha TEKYIIHs BPBX t.
Axo uma TakbB vV, TOoraBa p (v) =t,t=v, Vp = Vp U { v},
Ep = Ep U { (t, v)}, npeMuHU KBM 2.
Axo HaMa TakpBV U t # 1, t = p (), IpeMUHU KBM 2.
AKO HIMa TakbB V U t = r, Kpai.

Caen kpas Ha usnbaAHeHHETO Vp = V, T KaTo G € CBBpP3aH U
noaydaBame KopeHoBo AbpBo D (V, Ep), Ep < E, koeTo e mokpuBaiio
obpBo Ha rpada G.

U nBata asropuThMa (B IIMPHHA U B IHAOOYNHA) CTPOSAT KOPEHOBH
'bpBETa U ToraBa Te MoTraT aa ObaaT M3II0A3BaHU 3a IIPEeBpPhIIaHe Ha
IIPOU3BOAHHU AbPBETA B KOPEHOBH.

Heka G (V, E) e kpaeH HeopueHTHUpPaH CBBHP3aH rpad.

Ka3Bawme, ue equH nbT B G € OHAEpPOB II'BT, AKO TOM MHHaBa MIpe3
BCSIKO pebpo TOYHO IO BeAHBK. AKO Ha4aA0TO U Kpad Ha OiaepoBuda
IIbT CHBIAAAT, KadBaMe de Toii € OHAepOB IIHK'BA.

I'pad, B KoiiTo nMma OirepoB IIUKBA, HapudaMe OHaepoB rpad.

Teopema (Onaep): G (V, E) e OtirepoB rpad < 3a BCEKH BPBX V € V,
d (v) e yeTHO YHCAO.

CaenctBHe: B kpaiiHusa HeopueHTHpPaH cBbp3aH rpad G (V, E) uma
OtiaepoB r1bT < B G UMa TOYHO ABa BbpPXa C HEYETHA CTEIIECH.

SlcHo e, ye TeopeMaTa U CAEICTBHUETO Ca B CHAA U 3a KpalHHU
HEOPHUEHTHUPAHU MYATHUTPadH.

Hedunuiusara 3a OtiaepoB rpT U OHAEPOB IIUKBA Ce€ IIPEHACS AECHO 3a
KpaliH1 OpUEeHTHUpPaHN MyATUrpadpu. B cuaa ca caegaute



Teopema: KpatiHuat cBbpp3aH opueHTupan myaturpad G (V, E, fg) e
OtiinepoB < 3a BCeKU BpBX Vv € V, d* (v) =d- (v).

CaenctBHe: B kpaiiHusa cBbp3aH opueHtupan myaturpad G (V, E, fg)
nma OHAEpOB IIBT > CBLIECTBYBaAT W', W' € V, TakuBa 4e

d* (w)=d (w)+1,d" (w')+1=d (W) u

3a Bcgrko v € V\{w', w"}, d* (v) = d- (v).

[aneH e KpaeH HeopueHTHUpPaH cBbp3aH rpad G (V, E).
Copuro Taka e gageHa pyHkimd ¢ : E > R. CroiiHocTTa C (€), € € E

HapuyaMme IeHa (Terao) Ha pebpoto e. Heka D (V, E') e mokpuBairio

obppBo Ha rpada G. IleHa Ha ABPBOTO HapUyaMe cyMmarTa

c (D) = ZC (e). [Tokpusaroro avpso D (V, E') HapryamMe MHHHMAaAHO
ecE’

IMOKPHBALIO A'BPBO, aKO 3a BCAKO IMOKpuBaio abpso D' (V, E”)

umame c (D) < c (D).

SlcHO e, ye BcekH rpacd mpuTekaBa MHHHMAaAHO ITOKPHUBAIIO AbPBO,
TBHH KaTo rpadbT IpuTeKaBa KpaeH Opol MoKpHBalllu AbPBeTa, a
BCAKO KpalHO MHOXKECTBO OT PEAAHHU YHCAA UMa Hali-MaAbK €AEMEHT.

Teopema (MIIL - cBoiicTBO): Heka G (V, E) e cBbp3aH rpad c neHosa
dyukimg o pebparac: E 2> Rud# U c V. Heka e= (vi, vj) € Ee

TakoBa, 4ye vi € U, v € V\U 1 e tMa MUHHUMAaAHO TE€TAO OT BCUYKHU
TakKuBa pedOpa. ToraBa chIllleCTByBa MUHUMAAHO ITOKPHUBAIIIO IHPBO

D (V, E') va G, TakoBa 4e e € E'.

Joka3zateacTBO: [la gommycHEM IPOTUBHOTO, T.€. HE CHIIECTBYBa
MUHUMAaAHO IIOKpHUBAIIO AbPBO Ha G, KOETO ChaBbpPKa pedpoTo e.
Heka D (V, E’) e npon3BOAHO MUHUMAaAHO IOKPHUBAIIO0 AbPBO Ha G.
ObpasyBame rpacda G’ (V, E' U { e}). ToraBa oT exHa TeopeMa I10-rope
B G’ UMa equHCTBEH IIUKBA, B KOUTO ydacTBa pebpoto e. To3u UKBA
chOBPIKa Apyro pedpo € (ui, u2), € # e, 3a koero u1 € U, u2 € V\U -
aKoO JIOIIyCHEM IIPOTHBHOTO, T.€. BCUYKH OCTaHaAH pebpa B MUKbBAA
cpabpIkaT Kpauia camo ot U mau camo ot V\U, m1e ce okazxke, 4ye Te
He Morart ga obpasyBat UKbA. Cera rocrposgBamMe IbPBOTO
D'(V,EEu{e}\{€}). Nmame c (D')=c (D) +c (e) —c (€¢) <c (D), Tt
Kato c (e) < c (€'). Tpit kKaTo D € MUHIMaAHO IIOKpPUBAIIIO ABHPBO,

TO ¢ (D') = ¢ (D) u ToraBa D’ chIl10 € MUHHMAaAHO IIOKpPUBAIIO ABPBO,
KOETO ChAbpKa e — IPOTUBOPEUHE.

[ITe m3moa3BaMe ITOAYIEHOTO CBOMCTBO 3a [a OIHIIIEM ABa aATOPUTHMA,
KOUTO CTPOAT MUHUMAaAHO ITOKPUBAIIO ABPBO.

AATOPUTBEMBT Ha lIpuM CTpOor KOPEHOBO IBPBO CBC 3a1a€H KOPEH T.
1. H3bupame npousBoaeH BpBX I € V, ntocrposgsBame D (Vp, Ep),
Vp={r}, Ep=0.



2. Ako Vp =V — kpali.
Axo Vp # V, Tbpcum pedpo e (i, Vj) C MUHUMaAHO TETAO, TAKOBa
e Vi € VD, Vj € V\VD. Vp =Vp U {Vj}, Ep =Ep v { e}.
[IpeMyHEHN KBM CTBIIKA 2.

AaropuTeEMBT Ha lIpum aupekTHO npuaara MII/I-cBoicTBOTO — HA
BCsSKa CT'BIIKa M30Mpa Hall-mo6poTo pedbpo U e CUTypeH, Yye B KpaiHa
CMeTKa IIe IIOAYYH MUHUMAaAHO IOKPHUBAIIO ABPBO.

AAropuTsMBT Ha Kpyckaa rmocTpogBa ObpBO 0€3 KOpeH.
1. Coprupame pebparta Ha G B HapacTBalll pe/ Ha Teraata UM

€1, €2, ..., €m.
2. Ot BcekHU BpBX V € V oOpasyBame TpuBHaAHO AbpPBO Dy ({ v}, O).
3. 3a Bcgko pebpo e; = (u, v),i=1, 2, ..., m 110 pena Ha

COPTUPAHETO ITPABUM CAEIHOTO: aKO U U V ca B pPa3AUYHU
mepBera D' (V', E'), D" (V”, E”), cBBp3BaMe U U V ¢ pedpo U 110
TO3U HA4YWH obeHABaMe ABEeTe AbPBETa B €IHO.

N360pBT Ha Hali-AEKOTO BB3MOXKHO Pedpo Ha BCIKA CTHIIKA Ce
rapaHTHpa OT IIPeABapUTEAHOTO COPTHUpPaHe Ha pedparta. AKO
JOCTHUTHEM 110 pebpo e = (u, V), TaKkoBa 4e U U V ca B €IHO U CHIIO
UBPBO, TO € He Ce BKAIOYBA B IbPBOTO, T'bl KATO CBHP3aHOCTTA HA U U
V e IIOCTHUTHAaTAa C II0-A€KH pedpa.

ChpurecTByBaT pa3AMYHU HAUYWHU 34 IIPefCcTaBsaHe Ha rpadH.
[IBpBUAT HAYUH € Ype3 CIUCHK OT pebpara, T.e. 4BHO 3a71aBaHe Ha E.
BTropusaT HaYWH € Ype3 CIUCHIM Ha ChbCeaUuTe (CHHOBETE 3a
OPHEHTHUPAHUdA cAy4dali) — 3a BCEKHU BPBX 33aBaMe MHOXKECTBO (3a
MyATUTpad 3agaBaMe CIIMCHK, B KOHTO MOXKe [1a UMa IIOBTOPEHUS) OT
HETOBUTE CHCEAU (CHHOBE).

3a TpeTus HauyWH nAepuHUpaMe MaTpHIA Ha ChCEACTBO 32 KpaeH

opuentupan myaturpad G (V, E, fc) - Mg =H a;

vlx|v|?

aj= [{e |e € E, fc (€) = (vi, vj) } |. [Ipu HeopueHTUpaHU rpadu He
oTYyuTaMe NpPUMKUTe, T.€. a;i = 03ai=1, 2, ..., |V]. dcHo e, ye nipu
KpaeH HeopueHTHpaH MyaTurpad G marpunara Mg € cHMeTpUYHa U C
HYAHU 110 IUArOoHaAa, IPU HEOPHUEHTHUPAHU I'padu T € ABOUYHA, a IIPU
MYATHUTPaU eAEMEHTUTE Ca IPOU3BOAHU €CTECTBEHH YUCAA.

TBH KaTo BCAKO ABPBO € rpad, To 3a IIpeAcTaBIHe Ha IbPBETA MOXKEM
[a U3MI0A3BaMe Ha4YWHUTE 3a IIpeAcTaBsaHe Ha rpacdu. ChlllecTByBAaT,
obaue, MHOIO I10-e(peKTUBHU NIpeacTaBsaHUs. Hanpumep, BCIKO
KopeHoBo n6pBO D (V, E) c KopeH r Moke na O0bae IIpeacTaBeHO ChC
CIIHC’BK Ha OamuTe: eqHOMEPEH MacuB p ¢ | V| eaemenra,

KaTo p[v] € BEPXBT, KBM KOUTO € IPUCheIUHEH Bhpxa Vv (barrara Ha V),
1o nepuHuIMd plr] = O — HeChIIECTBYBAIll BPBX.

Heka D (V, E) e kopeHoBO n1ppB0O. 3a BCEKU BPBHX V € V mepuHHpame



p (V) - pa3KAOHEHOCT Ha V KaTo OpOoST Ha CHHOBETE Ha V.
MaxkcuManHaTa pa3KAOHEHOCT Ha BBPXOBETE B €IHO KOPEHOBO ABPBO
HapuiaMe pa3KAOHEHOCT Ha A'bpBOoTO. KOpeHOBO IBPBO C
PaA3KAOHEHOCT 2 HapudaMe ABOHYHO A'BPBO, C PA3KAOHEHOCT 3
TPOHYHO A'BPBO U T.H. C PA3KAOHEHOCT I M-HYHO ABPBO.

BBB BCIKO ABOMYHO ABPBO MOXKE YCAOBHO [a Ce BbBee Hapeada Ha
CUHOBETE — ASIB U AecCeH CUH. [Io To31 HauyuH ABOUYHUTE IbpPBETa
yaA00OHO ce IIpeACcTaBdT Ype3 Hapenda Ha CHHOBETE — 32 BCEKH BPBX Ce
3ajaBa HapeaeHa ABOWKAa OT CHHOBETE MY — (ASIB CHUH, IECEH CHUH),
OTCBHCTBUETO Ha CHUH 3amaBaMe Hanpumep c 0.

CbBceM aHAaAOTUYHO MOKEM J1a BbBEIEM YCAOBHA Hapeada Ha
CHHOBETE U B M-UYHO IBPBO U Aa IIPeACTaBIME M-UYHUTE AbpPBeTa C
HapeneHH M-TOPKU OT CHHOBE, HO TOBAa € TBhPAe HeeDEKTUBHO, ThH
KaTo B TabAHIIaTa Ille UMa MHOTO IIPa3HU I1oAeTa. 3aToBa II1e
pasraegamMe eqHO APYTO IIpeACcTaBdaHE.

Heka B KopeHOBOTO IBbpBO D € BbBeaeHa Hapeada Ha CUHOBETE.
CBBKYITHOCTTa OT BCUYKH CUHOBE HAa [aJ/IEH BPBX IIIe HapHiaMe
OoparcTBO. [IHPBUAT CHMH B OpaTCTBOTO HApHUYaMe HAaH-ASIB CHH, a
ChbCEIBT Ha BCEKU CUH, KOUTO CTOM HEIIOCPEACTBEHO OT/SICHO
HapudyaMe AeCeH OpaT. SICHO €, Ye ITOCAETHUAT B OpaTCTBOTO HIMA
neceH Opat. 3a KOPEHOBHU IbPBETA C IT0-TOASIMAa PA3KAOHEHOCT MOXKe
[la Ce U3II0A3Ba MIPEACTABIHETO, HapeyeTo “HaH-ASIB CHH, J€CEH
OpaT” — TOBa € CIIMCBHK OT HAPEIEHH IBOWKH, 10 €IHAa 34 BCEKU BPBX,
Ha II'bPBO MSICTO CTOU HaM-A€BUS CHH Ha AaaeHud BpbX (0, ako HaMma
CHHOBE), a Ha BTOPO MSICTO CTOU AecHHuAT Opat Ha Bppxa (0, ako Tol e
IIOCA€eH B OpaTCTBOTO).

4. Cemanmurxa Ha peKypcueHume npo2pamu c
npedaeaHe HA napamempume nO CMOUHOCM.

[[le cuuTame, 4ye B HAIIIUL €3HK 3a IIPOrpaMHUpPaHe UMa caMo
nBa tuna ganuu: Nat 1 Bool. Nat ca ecrectBenuTe 4yncaa, B Bool uma
nBe croiiHocTH tt - ucruHa u ff - apxka. llle cuurame, e pazmosarame
C omnpeneAeH HaOOP OT OCHOBHH OIEPAIlHH OT CA€IHHUTE BUIOBE:
- omepanuu f : Natr 2 Nat, n > 1, Hanpumep cvbupane (+),
yMHOXeHUe (*) 1 T.H.;
- omepanuu f : Nat? - Bool, n > 1, HanpumMep paBeHCTBO (=),
pa3AMYHHUTE BUA0OBE HEPABEHCTBA (<, <, >, >) U T.H.;
- omepanuu f : Bool? 2 Bool, n > 1, Hanpumep KOHIOHKIIMA (&),
OU3I0HKIUA (V), OTpHULIaHUE (—) U T.H.

CUHTaAKTHUYHUTE EAEMEHTU Ha e3UKa ca CAeIHUTE:
- KoHcTauTu oT Tull Nat u Bool 3a o3HayaBaHe Ha eAeMEHTH
Ha Nat u Bool,
- CHMBOAH 3a OCHOBHUTE OIl€pallly;
- 00EeKTOBU ITPOMEHAMBH, KOUTO IIle 03HaYaBaMe C TAaBHUTE OyKBU



X, Y, Z, ...eBEHTyaAHO C HHAEKCH, T€3HU IIPOMEHAUBH Il IpHueMaT
CTOHHOCTH ecTecTBeHUTe unucaa oT Nat;

- (pyHKILMOHaAHU IIPOMEHANBH, KOUTO IIe 03Ha4YaBame ¢ Fi?,
KBIETO k e MHAEeKC, ITpoMeHAnBaTa Fi" 111e npremMa CTOHHOCT
yacTUyHa (pyHKIMS Haa Nat, n ykasBa 6podT Ha apryMeHTUTE
Ha (PYHKIIUATA;

- TOYKH, 3aIleTal, CKOOH, Ype3 KOUTO IIe IIOCTUraMe eqHO3HaYeH
CHUHTAKTHYEH aHaAU3.

[edunupame MTHOAYKTUBHO IIOHSITHETO TepM oT THI Nat.
Basza:

1. Bcgaka korncranTa ot Tull Nat e Tepm ot Tun Nat.

2. Bcgka obekToBa IpoMeHAUBA € TepM OT TUIll Nat.

[Ipennonoxenue: Heka 11, 12, ..., Tn Ca TepMOBe OT TUIl Nat.
Crpuka:
1. Ako f: Nat® - Nat e ocHoBHa omneparlmud, 1o f (11, T2, ..., Tn) €
TepM oT TUIl Nat.
2. Axko Fi" e pyHKIIMOHaAHA ITpOMeHANBA, To Fi” (t1, T2, ..., Tn) €

TepM oT TUIl Nat.

[eduHrpamMe MHAYKTUBHO [IOHSITUETO TepM OT THI Bool.
Bba3za:

1. Bcaka koHctaHTa OoT THUI Bool e TepMm ot Tun Bool.

2. Axko f: Nat® > Bool e ocHOBHa orepalys u ti, 12, ..., Tn Ca

TepmoBe oT Tull Nat, To f (11, 12, ..., Tn) € TepM oT THII Bool.

[Tpenmoaoxkenue: Heka mi, n2, ..., Tn ca TepMoOBe OT TUII Bool.
Crpnka: Ako f : Bool? - Bool e ocHOBHa omneparus, 1o f (n1, 2, ..., TTn) €
TepM oT TuI Bool.

[eduHrupame IIOHATHETO YCAOBEeH TepM. Heka n e TepMm ot Tun Bool,
11, T2 ca TepMmoBe oT TUIl Nat. Torasa if © then t1; else 12 € ycaoBeH
TEPM.

[To-HaTaThHK, 104 TepM Ile pazdbupame KOU ga € OT TPUTe BUIA
TEPMOBE.

SlcHO e, 4e aKo T € TepM, TO B T yJdacTBaT KpaeH Opol 00EeKTOBU U
PyHKIIMOHAAHU ITpoMeHAuBH. llle n3rnoa3BaMe 03HAYEHUETO

T (X1, ..., Xn, ™, F,™, ..., F.™) 3a na ykaxeM, ue 00EKTOBUTE
IIPOMEHAWBHY HA T ca cpen Xi, ..., Xn, & PYHKIIMOHAAHUTE ITIPOMEHAUBH
Ha t ca cpen F™, F,”, ..., F.”. [loHsakora Iie U3moa3BaMe CbKpaTeH

zanuc 1 (X, F). CbIwo, 111e cH I03BOASIBaMe [1a U3IycKaMe Opost Ha
apryMeHTHUTE 3a enHa (PYHKIIMOHAAHA ITPOMEHANBA, aKO TOH He €
CBIIIECTBEH.

Hexka 11, 12, ..., Tn ca TepmoBe ot Tunl Nat, t (X1, ..., Xq, F) e Tepm.
OsnagaBawme c 1 (X1/11, X2/12, ..., Xn/ T, F) TEpMBT, KOHTO CE ImOAy4YaBa
OT T Ype3 eIHOBPEMEHHO 3aMeCTBaHe Ha BCAKA OT 00EKTOBUTE



IIPOMEHAUBH X1, ..., Xn C TEPMOBETE T1, ..., Tn CHOTBETHO. [loHaKOTra 111
us3rnoA3Bame cpKpareH 3anuc 1 (X/1, F).

TepMmoBe, B KOUTO He ydacTBaT 0OEKTOBU IIPOMEHAHBH IIle HapHUdame
dyHKIIHOHAAHH TepMoOBe. EcTecTBEeHO, B TOPHUTE O3HAYEHUS, aKO
TE€PMOBETE T1, ..., Tn Ca (PYHKIIMOHAAHH, TO T (X/1, F) cbI1I0 €
PYHKIIHOHAAEH TEPM.

IIporpama e CUHTAaKTH4YeH 00eKT R oT caemHua BUA:

0 (X1, ..., Xn, F,™, F,™, ..., ™), where

B (X1, ooy X, ) =11 (X1, oy X, BP, B, L, B™)

B (X1, ooy X, ) =12 (X1, ooy X, B2, B, o, B™)

B (X1, ooy X, ) =t (X1, ooy X, B, B, o, B)

TyK 10 € TepMm oT Tui Nat, 11, ..., Tk ca TepMoBe oT Tull Nat uau

YCAOBHHU TE€PMOBE.
[Ile onpeaeauM omepalioHHATaA CEMaHTHUKa Ha egHa rnporpama R.

Heka p e pyHkimmonasex Tepm. M3pas oT Buga 1 — ¢, KBIAETO C €
KOHCTaHTa OT TUIIA Ha || Hapu4yaMe OIpoCTABaHe Ha |
B nporpamara R.
[Ile necprHMpamMe mpaBHAA, II0 KOUTO IIIE C€ U3BBPIIBA
OIIPOCTABAHETO.
0. ¢ — c 3a Bcgka KoHcTaHTa C (oT Tun Nat mau ot Tun Bool).
1. Heka f e n-mecTHa oCHOBHA omepanusd, Wi, ..., Un Ca
PYHKIIMOHAAHU TE€PMOBE, |11 —> C1, U2 —> C2, ..., ln —> Cn U
f(ci, ..., cn) = c. Torama f (u1, p2, ..., un) > c. Tyk pi, ..., un ©UMAT
TUIIOBE, KOUTO CHOTBETCTBAT Ha THUIIA Ha omneparusara f.
2. Heka n e pyHKIIMOHaAeH TepM oT Tl Bool, ui, po ca
dpyHKIIMOHAAHU TepMmoBe oT TuIl Nat.
a. Heka n — tt u 1 — c. Torara if n then p; else p2 — c.
b. Heka n — ff u u2 — c. Torara if n then p; else p2 — c.

3. Heka pi, p2, ..., p, ca yHKIIMOHAAHHU TEPMOBE OT TUIl Nat,
1<i<k.
Heka p1 — c1, g2 > €2, ..., B, —> C,_ .
Heka 1 (X1/c1, X2/c2, ..., X, /¢, , ™, F,™, ..., F ™) > c.
Torasa F™ (w1, p2, ..., 1, ) —> cC.

OT BHUOa Ha IIPaBUAOTO 3. CA€BA, Y€ IPeau aa npeaasem
rmapaMeTpuTe Ha JajfieHa IIoAnporpaMa TpaoBa 3abAXKHUTEAHO 1A
HaMepPUM TEXHUTE CTOMHOCTH.

KasBame, Y€ OIIPOCTABAHETO | — C € H3BOAHMO IIO CTOHHOCT B



nporpamara R u orbeassBame R - 1 — ¢, ako chIiiecTByBa KpaiiHa
\%

penuna So, Si, ..., Sn OT MHOZXKECTBA OT OIIPOCTSIBAaHUS, TaKaBa 4e:
1. So=9, u—>c e Sh
2. 3aBcakoi=0, 1, ..., n-1 umame, ge Si+1 = S; U { W' > C'}, KBIAETO

OIIPOCTABAHETO [I' — €' € U3BBPIIEHO 10 ITpaBuAo 0. MAHM IO €IHO
OoT nmpaBHaAaTa 1., 2., 3. ¢ IPeAIIOCTaBKU €AEMEHTH Ha S;.

YucaoTo n Hapu4dYaMe ABAXKHHA Ha HM3BOJA 3a OIIPOCTABAHETO W — C.

Aema (3a u3BoZA nmo cToHHOCT): Heka R - pu — ¢ ¢ abAXKUHA Ha
\'

ussona k.
1. AkKo p e KoHCTaHTa, TO UL = C.
2. Axo p =f{ (u1, M2, ..., Un), TO CBIIECTBYBAT KOHCTAHTH C1, C2, ...,

Cn, TakKUBa 4e R - ni > ¢, i =1, 2, ..., n, IIpu ToBa C AbAKHHA
v
Ha u3BoauTe 1mo-maska ot k u f (c1, co, ..., cn) = C.

3. Axo u = if © then pi else pz, To R I; Tn—>ttuR I; Ui — C
C I'BAKHMHA HAa U3BOIUTE II10-MaAKa OT k uau R l; n—>ffu

R l; U2 —> C C I’bAYKMHA Ha U3BOMUTE II0-MaAKa OT K.

4. Ako p = F™ (u1, p2, ..., 1, ), TO CHIIECTBYBAT KOHCTaHTH
ci, C2, ..., C, , TakuBa e R I; W —cj,j=1,2, .., nc apAXKUHA
Ha U3BOJAHTE II0-MaAKa oT k u
R I; i (Xi/c1, X2/c2, ..., X, /c, , F) > ¢ c 1bAXHHA HA U3BOAA
II0-MaAKa oT K.

C nomorrra Ha AeMaTa 3a U3BO/a, AECHO MOXKE [la Ce JOKaXKe CAETHOTO
TBBPAECHHUE:

TEBpAeHHE (EAHO3HAYHOCT HAa ONPOCTABAHETO IO CTOHHOCT):
Heka p e pyHKIIMOHAAEH TepM, C1 U C2 Ca KOHCTAHTU OT TUIIA Ha [ U

Rl;u—)C1I/IR|\7u—)C2.TOI‘aBaC1=C2.

Hedpunupame pyuakmnus Oy (R) : No — N,

Ov (R) (a1, a2, ..., an) ¥ b & R I; 10 (X1/a1, X2/ag, ..., Xn/an, F) - b.

dyukiuara Ov (R) HapuyaMe onepamHOHHA CEMaHTHKA Ha
nmporpamata R c mpemaBaHe 1O CTOHHOCT.

OmnpeneaeHHETO € KOPEKTHO, T.€. Ov (R) melicTBUTEeAHO € PYHKIINL, ThH
KaTo € B CHAA €THO3HAYHOCT Ha OIIPOCTSIBAHETO I10 CTOHHOCT.



Heka A e mpou3BOAHO MHOXKECTBO, B KOETO € BbBEAEHA YaCcTU4YHAa
Hapenba <. Heka criecTByBa L € A, KOHTO € Hall-MaAbK OTHOCHO <,
T.e. 1. <a 3a Bcgko a € A. Heka, ocBeH ToBa, BCIKa MOHOTOHHO
pactdimia peauna ao < ai < ... < an < ...MMa TOYHAa ropHa IpaHulla B A,

T.e. CBIIECTBYBA a € A, TaKOBa 4e an < a 3a BCAKO n € N U 3a BCIKO

b € A, TakoBa 4e an < b 3a Bcako n € N umawme, de a < b. EcrecTBeHo,

TOYHAaTa TOpHAa rpaHulla a € A e efUHCTBEHAa, O3Ha4YaBaMe a = U a, .

n
[Tpu Te3u npenrnoAoKeHUd, HapeneHaTa TpoHka (A, <, 1) Hapudyame
obaacT Ha CKoT.

[Ile mamem ripuMep 3a obaact Ha CKOT.

C Fn, n 2 1 03Ha4aBaMe MHOXKECTBOTO Ha BCUYKH YaCTUYHU (PYHKIIUMU

Ha n apryM€HTa Had MHOXKECTBOTO Ha €CTECTBCHUTE dHUCAA N.

B mHoxkecTBOTO Fn BBBEXKIAME YaCTUYHA Hapemba:

f,ge F)fcg®&®3aBcakox e N, ye Numame f (x) ~y=> g (X) > y.
Axo f ¢ g, kazBame ue f e moAPYHKIHA HA g VAU, Ye g €
npoabaxkeHHe Ha f. Hapenbara npurekaBa Hal-MaAbK €A€MEHT —

HUKBEe AepruHUpaHaTa (OYHKINSG, KOATO IIle 03HadYaBaMme ¢ —! — 14 ce
IpoabAXKaBa 00 BCAKA (PYHKITUS.

TeBpaenue: Heka { fi} € MOHOTOHHO pacTdilla peaguiia ot
dyHK1MH, fi € Fn. Jeduaupame QyHKIIUATA g 10 CA€IHUS HAYHH:

x e Nn,yeN)g(x) ¥y < cpaiectrByBa k € N, TakoBa ue fi (X) >~ y.

ToraBa g e mobpe gedpuHMpaHa n-MecTHa PYHKIN, KOSITO € TOYHa
ropHa rpasHuna Ha { fx }.
[okazareacTBo: TpuBHaAHAa IIpoBEPKA.

Kato caeacrBue Tpotikata Fn = (Fn, <, —!) € oOaacT Ha CKOT.

HeKa A1 = (Al, Sl, J_l), A2 = (AQ, SQ, J_Q), ooy An = (An, Sn, J_n), n 2 2 ca
obaactu Ha CkoT. O3HauyaBaMme A = A; X Az X ... X Ap — 1€KapTOBOTO

Ipou3BeAeHUE Ha MHOXKecTBaTa A1, Ao, ..., An.

B A BBBexxmame peaanud < : 3a BCEKH a; € Aj, bi e Aj,i=1, 2, ..., n,
(a1, azg, ..., an) < (b1, b, ..., bn) ® a1 <t biuaz <o b2 u ...u an <n bn.
OueBuOHO €, 4e < e yacTUu4dHa Hapenoda B A. [Ipu ToBa

1 = (L1, Lo, ..., 1n) € HA¥i-MaABK eA€MeHT B A OTHOCHO <.

TBBpAeHHe: Heka { (ax!, ax?, ..., ax?) } € MOHOTOHHO pacTdIlla peauia
oT eaeMeHTHU Ha A. Heka a; € Ai e TouHaTa ropHa rpaHulla Ha { ax},
i=1,2,..,n. ToraBa (a1, az, ..., an) € A € ToO4YHaA ropHa rpaHullia Ha
penunara { (ax!, ax?, ..., ax?) }.

[oxka3zareacTBo: TpuBHaAHA IIpPOBEPKA.



U taka nokazaxme, ye A = (A, <, 1) e obaact Ha CKOT, KBIETO
A=A1xA2X ... X An, < e nepuHUpaHaTa YaCTUYHA Hapenbda,

1 = (L1, Lo, ..., Ln). Tazu obractT Ha CKOT HapUuIaMe AeKapTOBO
npou3BeaeHHe Ha obaactutTe Ha CKOT A1, Ao, ..., An.

Heka A1 = (A1, <1, 11), A2 = (A2, <2, 12) ca obaactTu Ha CKOT.
KaszBame, uye nzobpaxkenuero f : A1 2 Az e HempeK’bCHATO, aKO 3a
BCAKa MOHOTOHHO pacTdIlla peauiia ap <1 ai <1 ...<1 an <1 ...0T
eAeMEeHTH Ha A; uMawme, de f (U a_ ) € TouHa ropHa rpaHulla Ha

penunara { f (an)} B Aa.
KaszBawme, uye nzobpaxkenuero f : A1 > A2 € MOHOTOHHO, aKO
3a BCEKHU a, b € A1 umame a <1 b = f (a) <z f (b).

TBBpAeHHEe: Becako HenmpekbcHaTO u3o0pakenue f: A1 > Az e
MOHOTOHHO.

JokazaTeAcTBO: 3a BceKU a, b € A1 u a <1 b pasraexxgame
MOHOTOHHATA peauna a, b, b, ...u nu3rmoa3BaMe HENTPEKHCHATOCTTA.

Taka, ako f : A1 2 Az € HEIIpeKbCHATO U300paskeHre U
ao <1 a1 <1 ...51 an <1 ...€ MOHOTOHHO pacTtdlla peaulia B Ai, TO
f(a0) <2 f (a1) <2 ...52 f (@n) <2 ... MOHOTOHHO pacTdIilia peauiia B As U

f(Ua.)=Ufla).

Heka A = (A, <, 1), Ai= (A, <, Li),i=1, 2, ..., n ca obaactu Ha CKOT.

TBBpAeHHe: Heka fi : A > Aj ca HEIpeKbCHATH U300paskeHus,

i=1, 2, ..., n. Jedunupame uzodbpazkeHue
fixfox..fh:A> A1 xXAxx ... Ap,
(fix f2x ...fa)(a) = (f1 (a), f2 (a), ..., fn (a)) 32 Bcako a € A.

TeepauwMm, de {1 x {2 x ...x fn, € HEDpekbCHAaTO.
JokaszateacTBo: TpuBHasHa ITpOBEPKA.

Heka A = (A, <, 1) e obaact Ha CrkoT 1 f: A 2 A e ToTaaHO
n3obpazkeHue.

Ka3Bawme, ue a € A e HemoaABHXKHA To4Ka Ha f, ako f (a) = a.
KazBame, uye a € A e HaH-MaAKa HENMOABHIXHA TO4Ka Ha f, ako
f(a) = am3a Bcgko b € A, TakoBa ue f (b) = b umame a ¢ b.
EcrecTBeHO, ako f mpuTexkaBa Hali-MaAKa HEIOABUIKHA TOYKA, Td €
eIUHCTBEHA.

Ka3Bawme, ue a € A e KBa3HHEeNNOABHIXHA To4Ka Ha f, ako f (a) ¢ a.
KazBame, uye a € A e HaH-MaAKa KBa3HHEINOABHIXHA TO4YKa Ha f,
ako f (a) c au 3a Bcako b € A, TakoBa ue f (b) € b umame a ¢ b.
EcrecTBeHO, ako f mpuTexkaBa Hali-MarKa KBa3WHEIOABUXKHA TOYKA,
TS € eIUHCTBEHA.

TBBpaeHHe: Heka f : A > A e MOHOTOHHO H300pakeHue. Heka a € A e



Hali-MaAKa KBasHuHeIIoABH>KHa TouKa Ha f. ToraBa a e Haii-mMaaKa
HeIIoABM>KHA To4dKa Ha f.

JlokazaTeAcTBO: /JlocTaThb4yHO € Ja IIOKaXKeM, de a € HelloJBUKHa TouKa
Ha f. Tpit KaTo a € KBa3uHenoABUXKHA, To f (a) c a. Trit kato fe
MoHOTOHHO, TO f (f (a)) < f (a) = f (a) e kBazuHenogBUKHA TOYKa Ha f.
Twit KaTo a e Hali-MaAKa KBa3WHENoABMXKHA TouyKa Ha f, To a ¢ f (a).
Taxka f (a) = a.

Teopema (KHactTep-Tapcku): Heka f: A > A e HeIpeKbCHATO

n3obpakenue. ToraBa f npuTekaBa Hall-MaAKa KBa3HHEMIOABHUKHA

TOYKaA.

[okaszareacTBo: KOHCTpyHpaMe peauna { an} OT €AeMEeHTH Ha A C

WHAYKIUS 110 1.

Baza: [Ipu n =0, ap = L.

[Tpenmoaoxkenue: Heka e medouHUpPAHO an, n > 0.

Crperka: ToraBa an+1 = f (an).

TeBpauM, 4ye peguniata { an} € MoHoTOHHA. Ille mokakem ToOBa C

WHAYKIUS 110 1.

Baza: Ilpun =0, ap =1L c a1.

[Tpennonoxxkenue: Heka an < an+1, n > 0.

Crpnka: Trit KaTo f € MOHOTOHHO, TO f (an) < f (Qn+1), T.€. @n+1 C an+2.

Heka a = U a_ . TeppauM, de a e Hali-MaAKa KBa3UHEINIOABUXKHA TOYKa
n

na f. [leticrBurento, f (@) =f (| J a,) = [J f(a,) = | a.. -

Umawme | J a,.,c | J a,, sit karo | | a, e ropra rpannna na penunara

n n n

{an+1}. Taka f (a) < U a_, = a "> a e KBa3WHEIOABUXKHA To4YKa Ha f.

n

Heka b € A e kBazuHenoaBukHa Touka Ha f, T.e. f (b) < b.

C MHOYKIHUS TI0 N IIIe TTIOKaXKeM, de an C b 3a Bcako n € N.

Baza: [Ipun=0,a0= 1 c b.

[Tpenmoaoxkenue: Heka an < b, n > 0.

Crrenka: ToraBa an+1 = f (an) < f (b) < b. U3nmoa3Baau cme, ye f e
MOHOTOHHO U 4Ye b € KBa3WHEIIOABHUXKHA Touyka Ha f.

Taka anc b3aBcgkon e N = a = U a, cb.

n

OkoHYAaTEAHO, a € A e Hali-MaAKa KBa3HWHEIIOABUKHA TOYKa Ha f.
OT ropHOTO TBBPAEHHUE IIOAyHYaBaMe, Y€ BCIKO HEIIPEKHCHATO
n3obpakeHue NpuTekaBa Hall-MaaKa HEMIOIBUXKHA TOYKA, KOSITO €

CBIIIEBPEMEHHO HaM-MaAKa KBaA3HHEIIOABH>KHA TO4YKa.

[ITe moxkaskem emHO 060OIIIEHNE Ha TeopeMaTa Ha Kuacrep-Tapcku.

Heka Ai = (A, <, 13),1=1, 2, ..., n ca obaactu Ha CKOT.
Ha ozpauuMm A = A1 X Ao X ...Xx An, A= (A, <, (L1, Lo, ..., Ln)).
Heka fi: A > A;,i=1, 2, ..., n ca TOTaAHU U300paKEeHUH.

CBBKyIIHOCTTA OT (pOpMaAHUTE PaBEHCTBA



f (X1, XQ, ceey Xn) =X
fQ (Xl, XQ, . Xn) = XQ

fn (Xl, XQ, ooy Xn) = Xn

HapHyaMe CHCTeMa OT ypaBHEeHHs 3a nusobpakenudara fi, o, ..., fn.
Ka3Bawme, ue (ai, ag, ..., an) € A € pelIeHHe Ha cUCTeMaTa, aKo

fi (a1, a2, ..., an) =@i3aBcarkoi=1, 2, ..., n.

KaszBawme, ue (ai, az, ..., an) € A € HAaH-MaAKO pelI€eHHe Ha CHUCcTeMAaTa,
ako (ai, ag, ..., an) € pelIeHre Ha CUCTeEMAaTa U 3a BCSIKO pelleHre

(b1, ba, ..., bn) € A Ha cucreMara umame (ai, az, ..., an) < (b1, ba, ..., bn).
EctrecTBeHO, akKo cucTeMaTa uMa Hali-MaAKO pPelIeHHe, TO €
€IUHCTBEHO.

KazBawme, ue (ai, ag, ..., an) € A € KBa3HpEIIeHHe Ha CHcTeMaTa, ako
fi (a1, a2, ..., an) Sf@ai3aBcgko i =1, 2, ..., n.

KaszBawme, ue (ai, a, ..., an) € A € HAH-MaAKO KBa3HpEIUeHHE Ha
cucreMara, ako (ai, ao, ..., an) € KBa3UpeIlleHue Ha CUCTeMaTa U 3a
BCSKO KBasupeulenue (bi, bo, ..., bn) € A Ha cucremara umame

(a1, az, ..., an) < (b1, bz, ..., bn).

EcrecTBeHO, akKo cucremMaTra uMa Hali-MaAKO KBa3UpeIIeHue,

TO € €UHCTBEHO.

Teopema: Heka f; : A > A; ca HenpeKbCHATH U300pakeHus:. ToraBa
cucTeMaTa OoT ypaBHeHHd 3a f1, I, ..., fn mpuTexkaBa Haili-MaAKoO
pelIeHre, KOETO € U Hali-MaAKO KBa3UpellleHHe.

MokazareactBo: [la o3HauuM f=fi xfh x ..xfh. ToraBaf: A> Aufe
HeIIpeKbCHATO u300paskeHue, bt Kato fi, fa, ..., fn ca HenmpexkbCcHaATH.
Ot Teopemara Ha Kunacrep-Tapcku f npurexxaBa Hali-MasKa
HEMoABUXKHA TOUKAa, KOATO € U Hali-MaaKa KBa3WHEIIOABUKHA TOYKa.

[a g oznauum c (ai, ag, ..., an) € A. llle mokaxkewm, ude (ai, az, ..., an) €
Hal-MaAKoO penieHue Ha cucreMara. Mmawme

f (a1, az, ..., an) = (f1 (a1, ..., an), f2 (a1, ..., an), ..., fn (a1, Az, ..., an)) =
= (a1, ag, ..., an), Taxka ue f; (a1, ..., an) = ai 32 BCAKO

i=1,2,..,n. Taka (a1, ..., an) € pelreHre Ha CUCTeMAaTa.

Hexka (bi, ..., bn) € A e peltenue Ha cucremara, T.e. fi (b1, ..., bn) = bi 3a
Bcgkoi= 1,2, ..., n.

Torasa f (b1, ..., ba) = (b1, ..., bn), Taka ge (bi, ..., bn) € HelmoABUKHA
ToukKa Ha f = (ay, ..., an) < (b1, ..., bn).

AHaAOTUYHO, KATO Ce U3IIOA3BA, 4e (ai, ..., an) € Hal-MaAKa
KBa3WHEIIO/IBUKHA TOo4YKa Ha f ce rmokasBa, 4e (ai, ..., an) €
Hali-MaAKO KBasupellleHue Ha cucreMara 3a fi, ..., fa.

Heka t (X1, ..., Xn, /™, E,”, ..., F.™*) e Tepm.
Heka ai, az, ..., an € N, 91 € Fnl, Q2 € Fnz, ceey QK € Fnk.

[ecdrHupamMe HHAYKTUBHO ITOHSITUETO CTOHHOCT Ha TepMa T B
ai, ..., an, Q1, ..., Pk, KOITO 3arIucBame T (ai, ..., an, Q1, ..., Pk) UAH



CBKpaTeHo 1 (a, ¢):
1. Akot=c, T0 7T (a, @) =~ Cc (CLOTBETHO OyAeBa KOHCTAHTA HUAU
€CTECTBEHO YHCAO).
2. Ako 1t =X, TO T (a, @) ~ a;.
3. Heka t = f (11, 12, ..., T).
Torasa 1 (a, ¢) ~ f (11 (a, @), 12 (&, 9), ..., 11 (@, @)).
4. Hexka t = if n then 11 else 12. ToraBa
T (a, ¢) ~ 11 (a, @), ako 7 (a, @) ~ tt,
T (a, @) ~ 12 (a, 9), ako =« (a, @) =~ ff,
—!1 (a, ¢), ako —! © (a, @).
S. Heka t = F™ (11, 12, ..., T, )

Torasa 7 (a, ¢) ~ ¢i (11 (a, @), 12 (@, @), ..., 7, (@, 9)).

Twit KaTO PYHKIHHUTE @i CA YACTHYHH, CTOHHOCTTA T (a, ¢) MOXKe 1a He
€ HaBCIKBE OIIpeeAeHa.

Ilo-HaTaThK 3a KpaTKOCT 1ue o3HayaBame F = F, xF, x..XF,

ng; °

Aema (c’hraacyBaHe Ha 3aMeCTBaHE H CTOHHOCT):
Heka t (X1, ..., Xn, ™, E,”*, ..., F."™) e Tepm. Heka ¢ € Fu
c1, C2, ..., Cn Ca KOHCTaHTH. Torasa 1 (¢, @) ~ 1 (X/c, F)(9).

JokaszareacTBO: MHAYKINA 110 IOCTPOEHUETO HA T.

TebpaeHue (3a moHoTOoHHOCT): Heka 1 (X, F) e Tepm, ¢,y € F,oCc ¥

1 a € N», ToraBa 3a BcgKa KOHCTaHTa b OT THUIIa Ha T UMaMe, 4de

T(@, @) 2b=r1(a,y) >b.

J[okaszareacTBO: UHAYKINA 10 IOCTPOEHUETO HA T.

Tebpaenue (3a xomnakTHOCT): Heka 1 (X, F) e Tepwm.

3a Bceku a € N?, ¢ € F 1 KOHCTaHTa b OT TUIIa Ha T € U3II'BAHEHO:

T (a, @) ~ b = crwilecTByBaT KpaliHu NOAMDYHKIINHY O C @, TaKUBA de

T (a, 0) @ b.

[oka3zateAcTBO: MHAYKIHMS 110 IOCTPOEHUETO HA T.

Ako T e KoHCTaHTa UAU T = X;, 1 € { 1, 2, ..., n }, To MOXeM aa uzbepeMm
0= (—|!rll , —|!n2 s e —|!nk ), KbAETO UHAEKCHT ITOKa3Ba Opos Ha
apTyMEHTHUTE.

Heka t = f (11, 12, ..., T)) ¥ TBBPAECHUETO € U3II'HAHEHO 32 TEPMOBETE

11, T2, ..., 7. Heka 1 (a, ¢) >~ b. ToraBa cbIriecTByBaT KOHCTAHTH

C1, C2, ..., Cl, TaKUBa 4e 11 (a, ¢) ~ c1, 12 (@, Q) ~ C2, ..., u (@, ) ¥ C1 U



f (c1, co2, ..., c1) = b. OT UHAYKIIMOHHOTO ITPEAIIOAOKEHHE CHIIECTBYBAT
Kpaiinu nondyHkuu 01 < @, 02 < 9, ..., 01 < @, TaKKBa 4Ue

11 (@, 01) @ c1, 12 (@, 02) ~ Co, ..., T1 (@, 61) = 1.

Heka 061 = (911, 912, ceny elk), 61j = (pj,j = 1, 2, ceey k.

Heka 02 = (021, 022, ..., 02x), O2j c 05, j =1, 2, ..., k.

Heka 61 = (611, 012, ..., O), Oy c 05, j = 1, 2, ..., k.

Heka 0! = 011 U 021 U ...U 011. Twit KaTo 011, 021, ..., 011 ca KpaiHu
noa(pyHKIINY Ha eqHAa U ChIla PyHKIMI @1, TO 0! e mobpe mecpuHMpana
KpaiiHa noadyHKIMI Ha @1. AHAAOTHYHO, HeKa 02 = 012 U 022 U ...U 012,
0% c @2, ..., K =01k U B2k U ...U Ok, 0¥k < ox. Heka 6 = (01, 62, ..., 6X).
ToraBa 6 < @ u 6 ca kpatitnu pyHKIIMHU. JcHo e, 9e 0;i c 0,i=1, 2, ..., L.
OT MOHOTOHHOCTTA IToAy4YaBaMe T (a, 0) ~ c1, 12 (a, 0) ~ co, ...,

11 (a, ) ~ ¢, cpio f (c1, c2, ..., c1) =b > 1 (a, 0) ~ b.

Cayuagar t = if n then 11 else 12 ce pa3raexkzma aHAaAOTUYHO Ha IPETHUS
CAy4aii.

Heka t = F™ (11, 12, ..., T, ) B TBBPJAEHUETO € U3I'BAHEHO 34 TEPMOBETE
1, T2, ..., T, - Hekat (a, ) ~ b.

Torasa chiIeCTBYBaT KOHCTAHTH C1, C2, ..., C, , TAKUBA Y€ 11 (a, @) ~ Ci,
(@, ) ~c2, ..., 7, (@ @) ~c, uOi(cyC2, ..., ¢, ) 2 Db. OT

WUHAYKIIMOHHOTO IIPEAIIOAOKEHNE ChIECTBYBAT KpafHU MOA(DYHKIIUHT
b1ic@,02c0,...,0, c o, Takusa ue 11 (a, 01) ~ c1, 12 (a, B2) ~ 2, ...,

Tni (a7 e ni) = Cni °

Heka 01 = (011, 012, ..., 01x), 015, € @j, ]

=1,2, ..., k
Heka 02 = (021, 022, ..., 02x), O2j c 05, j =1, 2, ..., k.

K

Heka 0, = (0

Heka 61 = 0110 6210 ...0 0, ,,02=0120U020..00

i 00y 0,,),0 Ccoi=1,2, ..,k

niz, ceey

Ok =01x U B2k U ..U 0 . OTHOBO 01, 62, ..., 6K ca KpailiHu PyHKIMH U

0! < 01, 02 c @2, ..., Ok < @1. Herka 6" = 01 U { (c1, C2, ..., ¢, , D) }.

Torasa 0" e kpaiina roadyHKIMS Ha ¢i, THH KaTo ¢i (C1, C2, ..., C, ) ~ b.
Heka 6 = (01, ..., 61, 01, 0i*1 ... 0%). ToraBa 6 < ¢ u 0 ca kpaiiHu
dyukuu. EcrectBeno, 01 < 0, 02< 6, ..., 0 L < 0 1 oT MOHOTOHHOCTTA
IoayyaBawme, 4e 11 (@, 6) ~ c1, 12 (@, 0) 2 c2, ..., 7, (@, 0) @ C, .

Ocsen TOBa, 0 (c1, C2, ..., ¢, ) ¥ b P> 1 (a, 6) > b.

Aema: Heka 0 € Fn u 0 e kpaiiHa, { fi} € MOHOTOHHO pacTdllla peguIa
oT eaeMeHTH Ha Fn. Heka 0 U f. . ToraBa cpiiectByBa m € N,
k
TakoBa 4e 0 ¢ fn.
Jloka3aTeAcTBO: TpHBHaaHA IIPOBEPKA.



TebpaeHue (3a HenpeknbcHaTocT): Heka 1 (X, F) e Tepm.
Heka go € 91 £ ...C On C ...€ MOHOTOHHO pPaCTHIlla PeAUIIa OT EAEMEHTH

Ha F. 3a Bceku a € N® 1 koHCcTaHTa b OT THIIA HA T UMaMe

T (a, U(pn) ~ b < cbilectByBa n € N, TakoBa 4e 1 (a, Pn) ~ b.

n

[oka3zateacTBo: Heka crirectByBa n € N, TakoBa 4e 1 (a, @n) ™~ b.

HNmame ¢n = U(pn 1 OT MOHOTOHHOCTTA IIoAydaBaMme T (a, U(pn) ~ b.

n n

Heka 7 (a, U(pn) ~ b. OT TBBPAEHUETO 32 KOMIIAKTHOCT CBIIIECTBYBaT

n

KpafiHu noayHKIUU 0 < U(pn , TAaKUBa 4e 1 (a, 0) >~ b.

n

Heka 6 = (01, 02, ..., Ok).
I/IMaMe U(pn = U((Pnl’ (pn2"“7 (pnk):(U(pnl’ U(an"“7 U(pnk)'

Twit KaTo 0 C U(pn , TO 01 U(pn1 , 02 U(pn2 , ooy Ok C U(pnk .

n n n n
HNmawme, ge 01, 0o, ..., Ok ca KpaliHU (PYHKIIUU U OT A€MaTa IIoAydaBaMe,
de CBIIECTBYBAT Ny, N2, ..., Nk, TaAKUBa 4e 01 < ¢, ,,02< ¢, ,, ...,
Ok € ¢, , - Heka n = max (ni, no, ..., Ny.
TeH KaTo pegunutTe { ¢}, { Oty -+or { Py C& MOHOTOHHH, TO 01 C @,
02 @y, ..., Ok ¢, P 0 c ¢n. Hakpaa oT TBBPAECHUETO 32

MOHOTOHHOCT IIOAy4YaBaMe T (a, @n) =~ b.

Heka t (X1, ..., Xn, F\™, E,”*, ..., F.™) e Tepm ot Tun Nat nau ycaoBeH
TEPM.

Hedunupame nsobpaxenue I; : F > F, 10 cAeIHUI HAYUH:

I: (1, @2, ..., 0x)(a1, az, ..., an) ~ 1 (a1, ..., an, @1, ..., Pk) 32 BCIKO

(a1, az, ..., an) € N»_ (91, @2, ..., ¢x) € F.

Teopema: [Ipu BprBeneHUTE O3HAUYEHUSs, [; € HEIPEeKbCHATO
n3zobpaxkesue Ha F = F, xF, x...xF, BBB F,.
1 2 k

JlokazaTeAcTBO: HemmocpenCcTBeHO CAeACTBUE OT TBBPACHHUATA 34
MOHOTOHHOCT U HENPEKHbCHATOCT.

Heka R e mporpama ot Buga
0 (X1, ..., Xn, F,™, F,™, ..., F.™), where

B (X1, ooy X)) = (X1, ooy X, B, ™, 0, ™), 1= 1,2, 0, ke
Heka Ii: F~> F,, Ii=T_,i=1,2, ..., k.



Pasraexxmame cucremara 3a uzobpaxkenuara ['1, I, ..., [k
Iy (X1, XQ, ceny Xk) =X

T2 (X1, Xo, ..., Xi) = Xo

[k (X1, Xo, ..., Xi) = Xk

Twit kaTo I'1, Iy, ..., [k ca HempeKbCHATHU N300pazKeHus (IpegHaTa
TeopeMa), TO CUCTeMAaTa IIpuTexkaBa Hali-MaAKO pellleHue
¢ = (p1, ©2, ..., 0x). [Ipu TOBa @ € 1 Hali-MaAKO KBa3upeIllleHHE.

dyuknuara Dv (R) : N — N, nedounupana c Dy (R)(a) ~ 10 (a, ¢) 3a
BCSIKO a € N», KbI€TO (¢ € TOYHO TOBa Hal-MaAKO pellleHre Hapudame
AeHOTAaIlHOHHA CEMaHTHKAa Ha IIporpamara R c npeanaBaHe mo

CTOHHOCT.

Cera 111e TOKaXKeM, 4e JeHOTAllMOHHATAa U ollepallMOHHAaTa CEMaHTHKa
CBHBIIQAT 3a BCcdKa IIporpama R.

[To-moAy c @ 11e 03HaYaBaMe Hal-MaAKOTO (KBa3H)pelleHue Ha
cucremara 3a I'1, 'y, ..., T'k.

TBBpaeHHue: Heka p (F) e pyHKIIMOHaAEH TepM, C € KOHCTaHTa U
R - pu — c. ToraBa p () ~ c.

\'
Hoka3zateacTBo: [IpoBexxgame IrbAHA UHAYKIINS 110 IbAXKHUHATA Ha

u3Boaa R I; u — c. Heka R I; UL — C C IbAXKHWHA Ha u3Boaa k u

TBBPAEHUETO € BAPHO 32 U3Boau R - 1 — ¢ ¢ 1bAKUHU To-MaAKu OT K.
\%

Pasraexxmame cayyan B 3aBHCUMOCT OT BUIA HA L.

CaydyauTe, KOraTo | € KOHCTaHTa, || € OCHOBHA OIlepallld UAHU |l €
YCAOBEH TEPM CAEIBAT HEIIOCPEACTBEHO OT MHAYKIIMOHHOTO
IIPEAIIOAOKEHNE U Ae(PUHHUIINATA 32 CTOMHOCT Ha TE€PM.

WurepecHudar caygau e p = F™ (w1, p2, ..., p, ). Umame R l; uL—>cc
UbAZKMHA Ha u3Boja Kk, Taka 4ye oT AeMaTa 3a HU3BoJa ChIIECTByBaT
KOHCTaHTH Cy, C2, ..., C, , TaKuBa 4e R I; w—c,j=1,2,...,nic
UBAZKWHH Ha U3BOAUTE I10-MaAKU OT k 1

R I; i (Xi/c1, X2/c2, ..., X, /c, , F) > ¢ c 1bAXHHA HA U3BOAA
1mo-mMaaka ot k. OT MHAYKIITMOHHOTO IIPEAIIOAOKEHHE UMaME L (¢) =~ Cj,

j=1,2,..,nurm (X/c, F)(p) ~ c. OT AemaTa 3a cbraacyBaHe Ha
3aMeCTBaHE U CTOMHOCT II0Ay4YaBaMe

Ti (c, ¢) =~ c. mame pu (@) =~ @i (11 (9), H2 (@), ..., W1, (@) =~ ¢i () =~



~ T (@)(c) ~ i (e, @) ~ c. U3moa3BaAu cMe, Ye ¢ € pellleHue Ha
cucremara 3a I'1, 'y, ..., T'k.

Teopema: Ov (R) < Dv (R).
Hoka3zareacTBo: Heka Oy (R)(a) ~ b. ToraBa R I; 10 (X/a, F) > b.

OT npegHOTO TBBPAEHUE IToAydaBaMe 1o (X/a, F)(p) ~ b. [Ipuaarame

A€MarTa 3a CbraaCyBaH€ Ha 3aME€CTBaAHE U CTOMHOCT U IioAydaBaMe
10 (a, ) ~ b & Dy (R)(a) ~ b. Taka Oy (R) < Dv (R).

BaBcgkoie {1, 2, ..., k} nepunupame pynkiuara yi : N* — N o
CAeTHUS HAYHH:
vi (@, az, ..., a, ) *b ® R I; n (X1/a1, X2/az, ..., X, /a,, F) > b.

dyuknuaTra yi € nobpe nepuHUpPaHa OT €JHO3HAYHOCTTA Ha
OIIPOCTSBAHETO I1I0 CTOMHOCT.

Aema: Heka u (F) e pyHKIIMOHAaAeH TepM U U (y) ~ b.

ToraBa R l; u— b.

J[okaszareacTBo: UHAYKITHA 110 IOCTPOEHUETO HA L.

CaygauTe, KOraTo |L € KOHCTAaHTa, [L € OCHOBHA Ollepaliyisd UAU |l €
YCAOBEH TEPM CAEIBAT HEIIOCPEACTBEHO OT AePUHUIHSTA 38 CTOHHOCT
Ha TepPM, OT HHAYKIIMOHHOTO IIPEAIIOAOXKEHHE U OT IIpaBHAaTa 3a
onnpocraBaHe. [lo-uHTEpeCceH € CAeHUAT cAydau:

w=FE"(u, o, ..., U, ) ¥ TBBPAECHUETO € U3II'bAHEHO 3a TEPMOBETE
M1, M2, ..oy M, . IMaMe p (y) ~ b =¥ criuecTByBaT
bi, b, ..., b, , TakuBa e pi1 (y) ~ by, p2 (W) @b, ..., p, (y) > b, u

vi (b1, b2, ..., b, )~ b. OT HHAYKIMOHHOTO NPEIIOAOKEHHE
R I; W —>bj,j=1,2, .., ni. Ocsen ToBa y;i (b1, bz, ..., b, )~ b >
2> R I; T (X1/b1, X2/ba, ..., X, /b, , F) > b. Or npasunao 3.

roayuaBame R I; u— b.

CaencTBHeE: y € KBa3upelleHue Ha cucremara 3a 'y, I'g, ..., k.
[oka3zateacTBo: Heka I (y)(a) ~ b. Torasa 7i (a, y) >~ b. OT aemara 3a

chraacyBaHe Ha 3aMeCcTBaHe U CTOMHOCT noaydaBaMme Ti (X/a, F)(y) ~ b
u ot nnpenHata aAeMa R - 1; (X/a, F) > b. CeraacHo gepuHuUIIATa HA
\'

yi moaydaBame i (@) @ b. Taka i () c vy, i=1,2, ..., kD ye
KBas3upellleHue Ha cucremara 3a ['1, I'g, ..., k.



CaencTBHE: ¢ C V.
JokaszateacTBo: Thl KaTo Yy € KBa3UpPEIIEHUE Ha CUCTEMAaTa 3a
Iy, Iz, ..., 'k, a ¢ € HAlI-MaAKOTO KBa3UPEIIEHNE Ha Ta3d CUCTEMA,

TO Q@ C V.

Teopema: Dv (R) c Ov (R).
[okazateacTBo: Heka Dv (R)(a) ~ b. ToraBa 10 (a, ) @ b, ¢ € ¥ u oT

TBBPAEHUETO 32 MOHOTOHHOCT IToAy4YaBaMe To (a, y) ~ b. OT aemara 3a

chraacyBaHe Ha 3aMeCcTBaHe U CTOMHOCT 1o (X/a, F)(y) ~ b u ot aemara

Io-rope rnoaydaBame R I; 10 (X/a, F) > b, T.e. Ov (R)(a) >~ b.
Taka Dv (R) < Ov (R).

Karo xombunupame asete TreopeMu rorydaBame Oy (R) = Dy (R),
C KOETO II0Ka3axXMe €EKBUBAACHTHOCTTA Ha ollepallioOHHaTa U
JEeHOTallMIOHHATa CEMaHTHUKAa C IIpeJaBaHe 110 CTOMHOCT Ha
PEKYPCUBHUTE IIPOTPaMHU.

Heka P e cBoiicTBo Ha pyHKIIMNUTE OT Fpn, T.€. P : Fn > { tt, ff}.
KasBame, 4ye P e (H30pOHMO) HEIIPEK'BCHATO, aKO 34 BCIKA
MOHOTOHHO pacTsIla penulia oT pyHKIuu { fi}, fk € Fn,

P (fi) sa Bessko k e N= P (| J £ ).
k

Teopema (mpaBuao Ha CkoTt): Heka P e HenmpekbCHaATO CBOMCTBO,
T : Fn > Fn e HEIIPEeKbCHATO N300paskeHue.

Heka P (—!) u 3a Bcaka g € Fn, P (g) = P (T (g).

Torama P (f), kpaoero f e Hali-maakaTa HenoABUXKHA To4uKa Ha I'.
JokazateacTBo: OT 10Ka3aTEACTBOTO Ha TeopeMara Ha

Kuacrep-Tapcku umame f = U f., fo==!, fis1 =T (f) 3a Bcako k € N.
k

C manyknusga o k mre nokaskeMm, 4e P (fi) 3a Bcako k € N.

Baza: IIpu k = 0, fo = —! u P (fo) e BapHO 10 ycaoBue.

[Tpenmoaoxkenue: Heka e mokazano P (fi).

Crrenka: Umawme P (fk) = P (T (fy)), P (f) e Bapuo = P (T (fiy)), T.e. P (fx+1).
Twi kato { fx} € MOHOTOHHO pacTsila peauiia U P e HelmpeKbCHATO

cBoiMcTBO UMame P (U f. ), .e. P (f).
k

[Ile mameM HAKOU MPUMEPHU 3a HEMMPEKBCHATU CBOMCTBA.

CsoticTtBo P ot Buaa:
P(f) ®3aBcakox e N, (! f (x) &I (x)) = O (%, f (X)), KbOETO

I (x) 1 O (x, y) ca IpPOU3BOAHU IIPEAUKATH HAJ €CTBEHUTE UYHCAA CE
Hapuya yCAOBHE 3a YaCTHYHA KOPEKTHOCT. JIcHo €, ue P (—!) e



BSPHO ITpU BceKU n36op Ha npeaukatuTe I, O. AecHo ce Buxna, 4ye P e
HEIIPeKbCHATO.

CsoticTtBo P ot Buaa:

P(f) ®3aBcakox e N0, [ (x) = (! f (x) u O (x, f (x))), kpaero I, O umar
CBHIIULI CMUCHA CE HApHUa YCAOBHE 3a TOTAAHA KOPEKTHOCT. YICHO e,
ge P (—!) e Bapuo <~ [ (x) = ff mpu Bcexku n3dop Ha O. AecHO ce BUXKIA,
ge P e HentpekbcHAaTO. [IpaBraoTo Ha CKOT, obade, HE € IIPHUAOKHMO 3a
P, Tpi1 kaTo P (—!) He e BApHO (OCBEH B TPUBUAAHUA CAydal

Korarto [ = ff).

Heka 1 : Fm 2 Fau T2 : Fn > Fn ca HEeIIpeKbCHATH U300 pasKeHUs.
ToraBa cBoiicTBoTO P, nedpunupanoc P (g) @ T1 (g = T2 (g e
HEIIPEeKbCHATO.

Tewpaenue: Heka P: u P> ca HenpekbcHaTH CBOMCTBA.

Torasa cBoticTBoTO P (g), medpurmpano c P (g) < P1 (g) & P2 (g) e
HEIIPeKbCHATO.

JlokazaTeAcTBO: AKO P € BAPHO 3a BCEKH YAE€H Ha HAKOS MOHOTOHHO
pactdaina peauiia, To P1 u Po cpi1o ca BIpHU 3a BCEKHM YAEH Ha
peauIiaTa, OTKbAETO AECHO CA€ABA TBBPAECHUETO.

CaencrBue: Heka Ty : Fn 2 Fou Tz : Fn 2> Fn ca HEIPEKBbCHATH
n3obpazkenud. ToraBa cBoiicTBOTO P, medpuHMpaHO C

P (g) < I'1 (g) = T2 (g € HEIpEKBCHATO.

Hoka3zareactBo: T'1 (g) =T2 (g) @ T1(g) =cT2(g) & T2 (g) =T (g).

Tewpaenue: Heka P; u P, ca HenpekbscHaTu cBolicTBa. ToraBa
cBoticTBoTO P (g), medpunupano c P (g) & P1(g) v P2 (g) e
HEIIPEeKbCHATO.

JlokazaTeAcTBO: AKO P € BAPHO 3a BCEKH YAE€H Ha HIKOS MOHOTOHHO
pacTsmia peauiia, To IoHe eaHo oT P1 u P2 e BapHO 3a 6e30poit MHOTO
YAEHOBE Ha peaullaTa, OTKbBAETO AECHO CA€ABA TBBPAECHUETO.

[ITe oTbeaeskUM, Y€ AECHO Ce IIpoBepsiBa (Upe3 IIPUMeED), Y€ OTPULIaHUe
Ha HEIIPEKBbCHATO CBOMCTBO HE BUHATU € HEIPEKbCHATO.

5. Penayuonna anzebpa. PenayuoHHO cmMsimane.
Hopmannu ¢popmu.

JIoMeH e MHOKECTBO OT CTOMHOCTH, ITOI00OHO Ha TUII JaHHU (HO HE €
THUII, 3alI0TO HIMAa Ollepalliu). PeAarlmoHHUAT MOgeA U3UCKBa
CTOHMHOCTHTE, KOUTO ChIbPKAaT JOMEHHUTE Ja cCa aTOMapHHU, T.€. 1a He
Morart na 0bpaaT pa3dbuTHu Ha Mo-MaAKHU KOMIIOHEHTHU. Hanpuwmep,
JOMEHU Ca MHOXKECTBOTO HAa IIEAUTE YHCAA, MHOXKECTBOTO Ha
CUMBOAHHTE HU30Be (C UAHU O6e3 (puKcupaHa AbAKUHA).

Heka D1, Do, ..., Dx ca nomenu. Peaanuss HapudaMe BCSIKO
noaMHoOXKecTBO R Ha gekaptoBoTo npousBeneHue D1 x Do x ...xX Dk.



Yucaoto k HapuyamMe pa3MEepPHOCT (CTEIEeH) Ha peAaludara.
EaemenTuTe Ha egHa peaanud R Hapruyame KopTexH. Bceku KopTexk
Ha exHa k-mepHa peaamus nMa k KoMrmoHeHTa. 3a KPaTKOCT
KOPTEKUTE 0O3HAYaBaMe I10 CAE€IHUS HAYUH: V1V...Vk, KbAETO Vi € Dj e
1-TUST KOMIIOHEHT Ha KOpTeXKa.

Twit KaTo cTaBa AyMa 3a 0a3u JaHHH, KOUTO (PU3HUYECKH Ce
ChXpaHABaT BhPXy HIKAKBa KpaiHa I1aMeT, IIle CUYUTaMe 4Y€ BCUYKU
peaanyy ca KpaHu. [Ipa3HOTO MHOXKECTBO CBIIIO € PeAallvd.

[Toae3HO e peaanusTa Oa ce pasraexkaa Karo Tabauna. Bceku pen B
TabAWIIaTa € KOPTEK M BCSIKa KOAOHA CHOTBETCTBA HA €OWH KOMIIOHEHT
OT CHOTBETHHH JOMeH. Ha KOAOHHTE YecTo UM ce JaBa UMeHa, KOUTO
ce HapuyaT aTpHOyTH. OGUKHOBEHO ATPUOYTUTE OIHMCBAT 3HAYEHHUETO
Ha CTOMHOCTUTE B KOAOHUTE Ha peAallyusdTa.

Bcaka peaanus cu nma uMme. MimeTo Ha peaanudara, 3aeQHO C
MHOKECTBOTO OT aTPUOyTHTE Ha peaaldara oOpa3yBaT cxemaTa Ha
peaamusaTa. AkKo nMeTo Ha peaanusTa e REL 1 HefinnTe aTpubyTu ca
A1, Ag, ..., Ak, TO peaallMOHHATa cCXeMa O3HadaBaMe 10 CA€OIHUI Ha4YUH:
REL (A1, Ao, ..., Ax). ATpulyTHTe B CXeMaTa Ha egHa peAalys ca
MHOKECTBO, a He CIIMCHK, T.€. HAMa Hapenda Ha arpudyrure. [1pu
pasMecTBaHe Ha aTPUOYTUTE AU KOPTEXKUTE, [IoAydaBaMe peAallus,
KOSITO € EKBHBaA€HTHA Ha I'bpBOHAYaAHaTa. Bepeku ToBa ce
IIpearioAara, 4e IIpyu BU3yasu3anus aTpuOyTHUTe ce 3alucBaT B
OIlpe/ieAeH CTaHaapTeH ped. To3u craHmapTeH pel BUHATU IIe
oIpezeAsMe OT 3aIlrica Ha cxeMaTa Ha pesarnudara.

CxeMaTa Ha eHA PeAallHOHHA 0a3a JaHHH HapuYaMe MHOXKECTBOTO
OT CXEMUTE Ha peAalliuTe, KOUTO yJacTBaT B 0a3zara JaHHHU.
Peaaruure He ca CTaTUYHH, T€ CE IIPOMEHAT B T€YeHUE Ha BPEMETO —
[O00aBAT ce HOBU KOPTEXKH, IPOMEHHAT CE ChIIIECTBYBAII KOPTEKU,
U3TPUBAT CE CHIIECTBYBaIIU KOPTEeXH. [lo-psiaKo ce IIpoMeHs cxeMaTta
Ha eHa peAalus — fo0aBsHe UAU U3TPHUBaHe Ha aTpudytu. B eqna
roasdMa peAallyis ToBa ca TBBPAE TEXKKU OIlepallUH.

Peaan3anmuaTa Ha eqHa peAalliOHHa 0a3a JaHHU Ce XapaKTepu3upa C
HEe3aBHUCHUMOCT Ha maHHuTe. C Apyru AyMHU, BbTPEIIHAaTa CTPYKTypa Ha
HMIIAEMEHTAallNd Ha 0a3aTa JaHHHU ce CKpUBa OT BBHIIIHATA
KOHIIETITyaAHa CTPYKTypa. KOHIIeNITyaAHO JaHHUTE ca OPraHU3UpPaHU B
TabAWIH, (PU3NYECKHU UMaMe 3alluCH B HIKaKBa (paiaoBa CTPYKTypa,
KOUTO ITPE/ICTAaBAT KopTexxuTe. 3a na opae momodpeHa edoeKTUBHOCTTA
Ha 3asBKHUTE CE€ M3II0A3BAT PA3ANYHU MEXaHU3MU 3a UHIEKCHUpPaHe
KaTo xeuinpaHe u B* nbpBeTta.

[TorpebuteanTte THPCAT UH(pOPMAIINA B peaallioHHaTa 0a3a JaHHU
KaTo o0pal3yBaT 3aABKH, HAIIMCAHU Ha HAKOHA OT (popMasHUTE
HOTAIIUU 3a U3pas3sBaHe Ha OIlepallly BbPXYy peAarnvu. Te3u HoTalluu
ca IBa BHaA:

1. Aarebpudyecka HoTallMsl, HapeYyeHa peAallHOHHA aAreopa,
KBbETO 3asBKHUTE CE N3pa3dBaT Ype3 IpHAaraHe Ha CIIeIIUaAHU
oIepaiiy KbM peAalluuTe.

2. Aormyecka HoTallyd, HapedeHa PEAAIlTHOHHO CMSITaHe, KbIETO
3adBKHUTE Ce U3pas3sBaT dpe3 [MHCaHe Ha AOTUYECKH (POPMYAH,
KOHUTO TPsiOBa [Ja yAOBOAETBOPSIBAT KOPTEKUTE B pPe3yATaTa.



JIBeTe HOTAIUU (IPHU HAKOU OTPAHUYEHMs) UMaT €EKBUBaA€HTHA
H3pa3uTEeAHa MOII, T.€. BCAKa OT TdX MOXKeE [a u3pasu IIPOHU3BOAHA
3asdBKa, KOLATO ApyraTta MOXKe.

PeaartmonHaTta aarebpa e HoTallyd 3a OIIHCBaHEe Ha 3asIBKU KbM
peaaruy. MHOXKECTBOTO OT OIlepalliiuTe, KOUTO OCUTYyPIBa
peaarioHHaTa asrebpa He e I'bAHO 110 TIOPUHT, B CMUCHA 4Ue
CBIIECTBYBAT Ollepaliuy, KOUTO He MOTaT Aa CE OIIHIIIAT ChC
CcpeAcTBaTa Ha peAallMoHHaTa aarebpa, HO MoraT fa ce onumIaT
HanpuMep Ha C++ HAM Ha KOH Ja € OT OOMKHOBEHUTE €3UIH 32
nporpamupase. [IpeguMcTBOTO €, Ye TOBa JaBa BB3MOXKHOCT 3a I10-
e(peKTHBHO ONITUMU3UPaHE Ha 3asgBKUTE.

OmnepaluTe OT peAarlioHHaTa aaredpa (popMasHO ce U3BHPIIIBAT
BBPXY PeAallll, KOUTO C€ Pa3TAeKIaT KaTO MHOXKECTBA OT KOPTEXKH.

CrhlecTBYBaT IIET OCHOBHU OIlepaIlliy, KOUTO ce NepUHUPAT B
peaalioHHaTa asrebpa.

[IspBUTE ABE OCHOBHU OIl€PaIlli ca OOMKHOBEHH OIlePalli BBPXY
MHOXKECTBA: O0EAHHEHHE 11 Pa3AHKA.

3a ga morat ma ce IIpHAOXKAT TE3U Ollepalluy BbPXY ABE peAalluu
Ru S, To TpabBa na ca M3IIbAHEHHU CAE€THUTE YCAOBUL:

- Rwu S TpabBa ma uMaT €IHU U CBHIIH CXEMH C HACHTUYHHU
MHOKECTBa OT aTpUOyTH, KAKTO U UACHTUYHHU JOMEHHU 3a Te3H
aTpubyTH;

- [Openu ma ce U3IrbAHU ollepallusaTa KOAOHHUTE Ha R u S TpadBa na
Ce MOoAPENsT II0 €AWH U ChIIH HAYUH.

Ob6emuHenueTro Ha R u S 6eaexxum ¢ R U S u To nTpeacraBasaBa
MHOXKECTBOTO OT KOPTEXKHU, KOUTO Cce cpemiaT B R, B S nau
enHoBpeMeHHO B R u S.

Pazaukata Ha R u S OeaexkuMm ¢ R - S u 19 nmpeacraBagBa MHOXKECTBOTO
OT KOPTEXKU, KOUTO Ce cpeliaT B R, HO He ce cpemiat B S.

TperaTa oCHOBHA ollepaliysa CAYKH 3a KOMOMHHpaHe Ha KOPTEXKUTE B
OBe peaalu. Tg ce HapUya AeKapTOBO NPOH3BEAEHHE.
JlekapToBOTO ITpou3BeAeHNE Ha peaaruuTe R u S beaesxkum c Rx S u
TO IIpPeaCTaBAIBa MHOXKECTBOTO OT BCEBB3MOXKHHUTE KOPTEKU, KOUTO ca
CheIUHEHNE Ha KopTexX OT R ¢ koprexk oT S. CxemaraHa Rx S e
obenuHeHNe Ha cxeMHUTe Ha R 1 S ¢ Ta3zu ocobeHoCT, ye ako R u S
UMaT aTpUOyTH C eJHAKBU MMeHa IIpeaBapUTEeAHO TpsiOBa aa ce
U3BBPIIN [IPpeHMeHyBaHe Ha aAyoaupaluTe ce arpudytu. ManoaBame
TOYKOBA HOTAIIUS - 34 [a pa3andaBaMe o0y aTpudyT A Ha
peaaruute R 1 S 3anucBame R.A 3a arpubyra ot R 1 S.A 3a arpubyra
ot S. llle cuntame, ye arpubyture Ha R npeamrecrBaT aTrpubyTHuTe Ha
S B cxemaTta Ha R x S.

[TocaemHMTE 1BE OCHOBHU OIlEpallUuU ca YHAPHU U Ype3 TIX Ce
IpeMaxBa 4acT OT peaalnusd. Te ce HapuYaT NPOEKIHA U CEAECKIIHSA.



Omnepanudgra IIpoeKIysd, IIPUAOKEHA BbPXY peaanud R ce nsnoassa 3a
obpal3yBaHe Ha HOBA peAallysi, B KOATO yJacTBaT cCaMO HIKOHU OT
KOAOHHTE Ha R. Beaexkum m, ,  , (R), kpmeTo A1, Ao, ..., An ca 4acT ot

arpubyrutre Ha R. Cxemara Ha HOBaTa peAanys Ce CbCTOU CaMO OT
arpubyrture Ai, Ao, ..., An. KopTexxuTre Ha HOBaTa peAarus ca
IIPOEKIINH Ha KOopTexXuTe Ha R Bppxy arpubyrure A1, Ao, ..., Aq,

C IPYTH OYMH KOPTEXBT V1Va...Vy IIPUCHCTBA B HOBaTa peAarniysd TOYHO
TOraBa, KOraTo ChIIECTBYBa KOPTeXK Ha R, KONWTO mMa CTOMHOCT Vi 3a
KOMIIOHEHTAaTa, OTToBapdlla Ha aTpudbyra A; 3a Bcakoie {1,2, ..., n}.
PesyaTaThT OT onmepanudara CeAeKIUs, IIPUAOKEHA BbPXY peaanud R e
Apyra peaalys ¢ MHOXKECTBO KOPTEXKH, KOETO € IIOAMHOXKECTBO Ha
Koprexute Ha R. Koprexxure, KOUTO C€ BKAIOYBAT B pe3yaTaTra ca
TOYHO OHE3H KOPTEXKHU OT R, KOUTO yIOBOAETBOPABAT HAKAKBO YCAOBHUE
C 3a croifHOCTHUTE Ha aTpUOyTHTE.

PesyaTaThT OT ceaekiuaTa OeAeKUM II0 cAeqHUS HadyuH: oc (R).
Cxemarta Ha peaanuara oc (R) ceBraga cbc cxemara Ha R.

C e ycaoBeH HU3pa3, B KOUTO KATO OIlEpaHAU ydacTBaT KOHCTAHTH HAU
nMeHa Ha aTpubyTtu Ha R. B C Mmorart ma ce M3MI0A3BaT pa3aAUdYHUTE
oIlepaliuu 3a CpaBHEHUE =, <, >, #, <, 2, KaKTO U AOTHYECKUTE CHIO3U
-, V, A. YcaoBueTo C ce mpuaara KbM BCEKH KOPTeEXK t Ha peaanusaTa R,
KaTo UMETO Ha BCEKHU aTpubyT B ycaoBueTo C ce 3amMecTBa ChbC
CBOTBETHATA My CTOMHOCT OT KopTexXa t. AKO YCAOBHETO CE€ OLIEHU KaTo
HCTUHA, TO KOPTEXKDBT t ce BKAIOYUBA B peaanudra oc (R), B mpoTuBeH
CAy4daill He Cce BKAIOYBA.

B peaanmonHaTa aarebpa ca mepuHUPaAHU U HIKOU JOITbAHUTEAHHU
orepaliiy, KOUTO MoraT aa ObaaT u3pa3eHu C IIOMOIITAa Ha OCHOBHUTE
IIeT OIEePAaITHH.

Omnepanudara ce4eHHe MOXKE [a Ce IIpHaAara BbpXy ABe peaanuu R u S,
3a KOUTO Ca U3II'bAHEHHU YCAOBHSATA, OIIMCAHU IIPH OIlepalluUTe
obenuHeHre U pazauka. CeueHuero Ha R u S Geaesxkum ¢ R NS 1 10
IIpeacTaBAIBa MHOXKECTBOTO OT KOPTEXKH, KOUTO Ce cpelaTt
enHoBpeMeHHO B R u S. CeueHueTo ce u3pasgaBa 4ype3 pasAHKa II0
caenHudg HadyuH: RN S=R - (R-S).

Onepanudara 4aCTHO MOXKE [1a CE IIpUAara BbpPXy ABE peaaniud R u S,
aKO Ca U3II'bAHEHU CAETHUTE YCAOBHUS:

- ako cxemara Ha R e R (A1, Az, ..., An), TO cXxemara Ha S TpabBa

na uma Buna S (Ai, Ai+, ..., An), 1 <i<n;

-  peaanusgTa S € HelrpasHa.
YactHoTo Ha R u S OeaexxuM ¢ R + S 1 To npeacraBassBa MHOXKECTBOTO
OT BCUYKU KOPTEXKHU V1iV2...Vi-1, TAKHUBA 4e 3a BCEKU KOPTEXK ViV+1...Vn
Ha S KOPTEXBT ViVa...Vn € KopTexX Ha R. C npyru nymu, R+ S e
Hali-roagMaTa peaaitysi, TakaBa de (R +S) x S ¢ R.
YacTHOTO ce u3passBa 4ype3 [eTTe OCHOBHU OIlepallliy Taka:
R+S =1, a0 n,(R)-Ta a, o, (Taa,,00, (R) X S-R).



Onepanudara cbeAHHEeHHE (0-CheAHHEHHE) € orepalud 3a
KOMOWHUpaHe Ha KOPTEXKHUTE Ha ABE perantuu R u S.

PesyaTaTsT OT onepanusaTa o3HadaBaMe I10 CAeOHNS Ha4duH: R MXc S.

Cxemara Ha R ¢ S e obenuHeHne Ha cxemute Ha R u S, ipu ToBa npu
nyboAaupaHe Ha aTpuOyTH OTHOBO TPsIOBa [a ce M3I0A3Ba TOYKOoBaTa
HoTanusa. C e yCAOBEH H3pas, I10400eH Ha YCAOBHUS HU3pas3 OT
CEeAEKIIHUSATa, HO B HEr0 MorarT [a ydacTBaT UMeHa Ha aTpulyTu u Ha R

1 Ha S. Koprexxure Ha R Xc S moaydyaBame I10 CA€IHUA HAYUH:

- obpasyBame peaarmgara R x S;

-  u3bupame OHe3M KOPTeXHU Ha R X S, KOUTO yaIO0BOAETBOPABAT
ycaoBueTo C (caen 3aMecTBaHe Ha UMeHaTa Ha aTpUuOyTHUTE ChC
CBOTBETHUTE CTOMHOCTH).

dlcHo e, 4e O-CheAMHEHUETO CE U3passaBa 10 CACAHHS HAYUH 4Ype3

OCHOBHUTE omnepaliuu: R Xc S = oc (R x S).

Omnepanydara eCTeCTBEHO Ch€AHHEHHE ChILO € ollepanud 3a
KOMOUHUpaHe Ha KOPTEXUTe Ha ABe peaanyu R u S. PesyaTaTsT oT

orepalysiTa o3HadaBaMe 10 CAeAHUS HaduH: R > S. KopTexxkute Ha

R 'S ca BceBB3MOXKHU ChEAUHEHHS Ha KOPTEX OT R ¢ KopTexX OT S,
KOHUTO Ce ChrAacyBaT II0 obimTe aTpubyTu Ha peaanuute R u S.
[To-tipenin3HO, HEeKa Ai, Ao, ..., An ca ob1ITe aTpUOYyTH B CXEMHUTE HA

peaaniuutTe R u S. ToraBa cxemarta Ha R D} S e TeopeTuko-
MHOXKECTBEHO 00eqHMHEeHNE Ha CXeEMHUTE HA R 1 S, T.e. He ce HU3II0A3Ba
TOYKOBaTa HOTAIMSA U aTpudbyTute Ai, Ao, ..., Ap ydacTBaT caMo II0

BEOHBXK B cxeMarta Ha R > S. /IBa koptexka r Ha Ru s Ha S ce
CheINHSABAT YCIIEITHO, aKO T€ CE ChraacyBaT II0 CTOMHOCTHUTE Ha

A1, Ao, ..., An. ToraBa crOTBETHUAT KOpTeXK Ha R X S ce cbraacyna 1o
BCUYKHU aTpUOyTH Ha R c KopTexka r ¥ 110 BCUYKU aTpUOyTH Ha S C
KopTexka s. EcTecTBeHOTO cCheJUHEHNE Ce U3pas3sgBa Ype3 OCHOBHUTE
orepalriu Taka:

R > S =L (oc (R x S)). YcaoBuero C uma BUaa:

R.A1 =S.A1 AR.A2=S. Ao A ...AR.AL = S An.

CriucekbT OT aTpubytu L 3amouBa ¢ arpubytute Ha R, mocaegBaHu oT
Te3u aTpubyTH Ha S, KOUTO He ca aTpubyru Ha R.

dopma Ha AOTHKATAa, HAapeUeHa peAAllHOHHO CMATAHE A€XKU B
OCHOBATA Ha IIOBEYETO KOMEPCHAAHU €3UITH 3a 3asaBKU, Oa3upaHu HaA
peaariioHHUA MofieA. Pa3ankaTa MeXay pesalloHHaTa asrebpa u
PEAAITMOHHOTO CMATAHE €, Ue PeAallioHHAaTa aArebpa e
orepallioOHaAHa — €IMH U3pa3 Ha peAalliOHHAaTa aArebpa maBa CThIIKa
10 CTBIIKA IIpolleaypaTa, KosaTo TpsiOBa ga O0bae U3BBpPILEHa, 3a aa ce
U34YHUCAU pe3yaTraTa. OT gpyra cTpaHa, PEAAIlMOHHOTO CMSTAHE €
JEKAAPATHUBHO — TOBA € €3UK OT IIPEAHUKATH, KOUTO Ka3BaT MaAH OaeH
KOPTEXK Ce ChIbP:Ka AU HE B pe3yATaTa.



PeaaiimonHoTo cMaTaHe CBIIIECTBYBaA B ABE€ PA3HOBUOAHOCTHU —
PE€AAIITHOHHO CMSATAaHE C IPOMEHAHBH B'BPXY KOPTEIKH U
PE€AAIITHOHHO CMSATAaHE C IPOMEHAHBH B'BPXYy ZIOMEHH.

PeaannimioHHOTO cMaTaHe C IPOMEHANBU BBPXY KOPTEXKHU € BU[
pPeAaIlIOHHO CMATaHeE, IIPU KOETO IIPOMEHAUBUTE O3HAYaBAT KOPTEXKH,
a He KOMIIOHEHTH Ha KOPTEXKH. AKO S € IIPOMEHAUBA, A e aTpudbyT, TO
II1e 0O3HaYaBaMe ChC S[A] cTOMHOCTTA Ha KOMIIOHEHTaTa Ha S,
oTTOBap4dIIa Ha aTpudyTa A.
[Tomg aTom pazbupame eIUH OT CAEOHUTE U3Pa3U:
- R (s), kpaero R e ume Ha peaalus, S € IPOMEHANBA, aTOMBT R (s)
Ce OlleHsIBa C UCTHHA, aKO S € KOPTEXK Ha peaanudra c UMe R, B
IIPOTHUBEH CAyYall ce OIleHsSIBa C ABXKA;
- s[A] op t[B], kpaeTo s u t ca mpoMeHauBH, A 1 B ca arpubyty,
op e{=, <, > # <, 2} e onepauud 3a apUTMETUYHO CPAaBHEHUE;
- s[A] op c, c op s[A], KpaeTO S, A, Op UMAaT CHIIUI CMUCHA, a C €
KOHCTaHTa OT JOMeHa Ha aTpubyra A.

Hedunuiusara 3a ¢opmMmyaa e HHAYKTHUBHA, YCIIOPEIHO AePUHHpPaMe
TIOHSTHATA CB’hP3aHa 11 CBO0OOAHA MPOMEHAHBA Ha (PopMyAa.

Bceku atoMm e popMmyaa, aTOMBT HIMa CBbP3aHU IIPOMEHAWBU U
BCHUYKHU [IPOMEHAUBH, y4acTBAIIlM B aToMa ca CBOOOIHHU.

Axo F e popmyaa, To —F e popmyaa. CBobogHUTE ITPOMEHANBHU Ha —F
ca CBOOOIHUTE IPOMEHAUBH Ha F 1 cBbp3aHuTe IpoMeHAUBU Ha —F ca
CBBp3aHUuTE IIpoMeHAuBHU Ha F. ®opmyaara —F e uctuHa ToraBa u camo
Torasa korato F e apxka.

Axo F1 u F2 ca popmyan, To F1 A Fo e popmyaa. CBobogHUTE
npomeHAUBU Ha F1 A F2 ca cBoOogHUTE ITpoMeHAnBHY Ha F1 u Fo,
CBBbp3aHUTE IIPOMEHAUBHU Ha Fi1 A F2 ca cBbp3aHuTE IPOMEHANBU Ha

F1 u Fo. dopmyaara F1 A F2 € ncTuHa ToraBa M caMo ToraBa KoraTo

Fi e uctuna u Fs e ucruHa.

Axo F1 u F2 ca popmyan, To F1 v Fo e popmyaa. CBobogHUTE
npomeHAnBY Ha F1 v Fao ca cBoOogHUuTE ITpoMeHAnBH Ha F1 u Fa,
CBBp3aHUTE IIPOMEHAUBH Ha Fi v F2 ca cBbp3aHuTE IPOMEHANBU Ha

F1 u Fo. dopmyaara F1 v Fo e nctuHa ToraBa U caMo ToraBa KoraTo

F, e ucrtuHa nau Fo e ucruna.

Axo F e dopmyra u s e cBoOoxnHa mpoMeHAauBa Ha F, To (Is)F e
dopmyaa. CBobogHUTE ITpOMEHANBHU Ha (Is)F ca cBobGomHMTE
npoMmeHAWBU Ha F 0e3 s, a cBpp3aHuTe IIpoMeHAnBH Ha (JIs)F ca
CBBbp3aHuTe npomMeHANBH Ha F u s. dopmyaara (Is)F e uctuna Torasa
M caMO ToraBa KoraToO CBIIECTBYBa KOPTEXK C KOHKPETHH CTOMHOCTH 3a
KOMITIOHEHTUTE MY, TaKbB 4e, aKO 3aMECTHM C HETO CBOOOIHUTE
cpeuranud Ha s BBB F moaydaBame ucTHHHA (bopMyAa.

Axo F e dopmyra u s e cBoboxHa npoMmeHauBa Ha F, To (Vs)F e
dopmyaa. CBobogHUTE ITpOMEHANBH Ha (Vs)F ca cBobogHUTE
npoMeHAUBH Ha F 0e3 s, a cBbp3anHuTe rmpomeHAuBHU Ha (Vs)F ca
CBBp3aHuTe npoMeHAUBH Ha F u s. dopmyaara (Vs)F e ucruna ToraBa
M caMO ToraBa KOraTo 3a BCEKH KOPTEK C KOHKPETHU CTOMHOCTH 3a



KOMITOHEHTUTE MY, aKO 3aMECTHUM C HEro CBOOOJHUTE CPEIlaHUus Ha S
BEB F moayyaBame nctuHHa popmyaa.

3asgBKa Ha PEAAIIMOHHOTO CMSATaHe C IIPOMEHAWBU KOPTEXKH HapHudaMme
n3pas or Buza {t | F}, kpaero F e dopmyaa, KogTo nMa egUHCTBEHA
cBobogHa mpoMeHAUBa t. OTTOBOPHT Ha 3agBKaTa € peAarusara,
ChCTaBeHAa OT BCUYKH KOPTEXKHM, YUUTO CTOMHOCTH, KOoraTo ObaaT
3aMeCTeHHU B ChOTBETHHTE KOMIIOHEHTHU Ha ITpoMeHAuBarTa t, npasdart F
HCTUHHA.

[Tonakora 3agBKUTE MOXKE [la fAaBaT 0e3KpaeH OoTroBop. 3aToBa ce
HaAara ia ce OTPaHUYHM [0 Pa3TAeXKIaHeTO caMo Ha 6e3omacHH
dopmyau. OcBeH, 4ye TpabBa na nepuHUPAT caMo KpaliHU peAaluu,
Te3Uu (POPMYAH TPsiOBaA [Aa OTTOBAPAT U HA HIKOU APYTU U3UCKBAaHUL.
3a ga onpeneanM Oe3oracHUTe POPMYAH HU TPsaAOBaT ABE
JOOITbAHUTEAHU Ee(PUHUIINH.

[IepBO 11 HeprHMpPaMe KaKBO 0O3HaYaBa KOMIIOHeHTaTa S[A| Ha
IIpOMEHANBATA S a Ob/le orpaHHYeHa B egHa hopMyaa.

B®B (popmyaara R (s) BceKr KOMIIOHEHT Ha IIPOMEHAMBATA S €
OTrpaHUYEH.

B®B dopmyaaTta s[A] op t[B] HIMa orpaHUYeHU KOMIIOHEHTH.

B®B popmyanTe s[A] = ¢, ¢ = s[A], komioHeHTaTa S[A] Ha
IIPOMEHAMBATA S € OTPaHUYEHA.

B®B ¢popmyaara s[A] op c, ¢ op s[A], KbAeTO Op € oreparus 3a
apUTMETHUYHO CPaBHEHUE, pa3ANYHA OT = HIMAa OTpPaHUYE€HU
KOMIIOHEHTH.

B®B ¢popmyaara —F HIMa orpaHUYeHH KOMIIOHEHTH.

B®B ¢popmyaara F1 A Fo eqHa KOMITOHEHTa Ha IPOMEHAUBA €
orpaHuyYeHa TOYHO KOTaTo Ta3u KOMIIOHEHTAa € OorpaHuYeHa HAU BBB Fi
UAU BBEB Fa.

B®B ¢popmyaara F1 v Fo eqHa KOMIIOHEHTa Ha IPOMEHAUBA €
orpaHHYeHa TOYHO KOTaTo Ta3u KOMIIOHEHTAa € orpaHudeHa BBB Fi1 u
BBB Fo.

B®B popmyaara (Is)F eqHa KoMIioHeHTa Ha IIPOMEHAMBA € OTPaHHUYeHAa
TOYHO KOTaToO Ta3u KOMIIOHEHTA € orpaHu4YeHa BBB F U mpomeHAnBaTa
€ pa3AnuyHa OT S.

B®B popmyaara (Vs)F exgHa koMmoHeHTa Ha IIPOMEHAUBA €
orpaHHYeHa TOYHO KOTaTo Ta3u KOMIIOHEHTA € orpaHuydeHa BBB F u
IIPOMEHAMBATA € pa3AUYHA OT S.

Caen ToBa neduHHpPaMe KaKBO O3HauaBa KOMIIOHEHTHTe S[A] u t[B] Ha
[IBe IIPOMEHAUBH S U t a 6bIaT H3paBHEHH B efHAa (popMyaa.

B®B ¢popmyaara R (s) HIMa M3paBHEHN KOMIIOHEHTH Ha ITPOMEHAUBH.
B®B ¢popmyaara s[A] op t[B], kbpaeTo op He e = HIMa U3paBHEHU
KOMIIOHEHTH Ha IPOMEHAUBH.

B®B popmyaara s[A] = t[B], s[A] u t[B] ca n3paBHeHH KOMIIOHEHTU Ha
IIPOMEHAUBH.



BwB dopmyaute s[A] op ¢, c op s[A], HIMa U3paBHEHU KOMIIOHEHTH Ha
IIPOMEHAUBH.

B®B ¢popmyaara —F HIMa n3paBHEHN KOMIIOHEHTH Ha IIPOMEHANBH.
B®B ¢popmyaara Fi1 A Fo 1Be KOMIIOHEHTH Ha IPOMEHAUBU ca
H3paBHEHU TOYHO KOTATO T€3H KOMIIOHEHTHU Ca U3PaBHEHU HUAU BBEB Fi
UAU BBEB Fa.

B®B ¢popmyaara Fi v Fo 1Be KOMIIOHEHTH Ha IPOMEHAUBU ca
H3paBHEHU TOYHO KOTaTO T€3H KOMIIOHEHTU ca U3paBHEHU BBEB Fi1 u
BBB Fo.

B®B ¢popmyaara (Is)F nBe KOMIIOHEHTH Ha IIPOMEHAHBHU Ca U3PaBHEHH
TOYHO KOTaTO ABETE IIPOMEHANBU Ca PA3AUYHHU OT S U KOMIIOHEHTUTE
ca u3paBHEHU BBB F.

B®B popmyaara (Vs)F nBe KOMIIOHEHTH Ha IIPOMEHAUBH Ca U3pPaBHEHU
TOYHO KOTaTO ABETE IIPOMEHANBU Ca PA3AUYHHU OT S U KOMIIOHEHTUTE
ca u3paBHEHU BBB F.

EcrecTBeHO, mpeamnoaaramMme pepA€KCUBHOCT, CUMETPHUYHOCT U
TPaH3UTHUBHOCT: S[A] e nu3paBHeHa CcbC S[A] BBEB BcgKa (popmyaa,

ako s[A] e uzpaBHeHa c t[B] B enHa dopmyaa, To t[B| e nuzpaBHeHa cbC
s[A] B chiiaTa popmyaa u ako s[A] e uzpaBHeHa c t[B] B eqHa popmyaa
u t[B] e uspaBHeHa ¢ u[C| B criiaTa oopmyaa, To s[A] e u3paBHeHa C
u[C] BBB (popMmyararta.

KaszBawme, ue popmyaara F e 6e3omacHa, ako:

1. Bcgka KoMIIOHEHTa Ha BCAKa CBOOO/HA ITpoMeHANBA HaA F e
u3paBHEHA BBB F ¢ HIKO0s orpaHudeHa BB F KOMIIOHEHTA Ha
IIPOMEHANBA.

2. 3a Bcgka noadopmyaa Ha F ot Buza (3t)G umame, ye Bcaka
KOMIIOHEHTA Ha t € udpaBHeHa B G ¢ HIKodg orpaHudeHa B G
KOMIIOHEHTAa Ha IIPOMEHAUBA.

3. 3a Bcgka noadopmyaa Ha F ot Buna (Vt)G umame, ye Bcaka
KOMIIOHEHTA Ha t e udpaBHeHa B G ¢ HIKodg orpaHudeHa B G
KOMIIOHEHTAa Ha IIPOMEHAUBA.

KaszBawme, ue 3agBkara {t | F} e 6e3omacHa, ako popmyaara F e
6e3oracHa.

Teopema: Bcaka 3asgBKa, u3pasmuMa B peaallioHHaTa asrebpa e
n3pas3uMma B 0€30IIaCHOTO PEAAITMOHHO CMSTAaHE C IIPOMEHAHUBU
KOPTEXKH.

PeaantmoHHOTO cMATaHE C IPOMEHANUBU BBPXY AOMEHU € BU[
peAallMOHHO CMSATAaHE, IIPU KOETO IIPOMEHAUBHTE O3Ha4YaBaT
KOMIIOHEHTH Ha KOPTEXKHU.

[Tomg aTom paszbupame eIUH OT CAEOHUTE U3Pa3U:

1. R (x1, X2, ..., Xn), KbAETO R € 1Me Ha peaalys, X1, X2, ..., Xn Ca
IIPOMEHAMBU HAM KOHCTAHTH. TO3U aTOM ce OlleHsIBa C UCTHHA
TOYHO KOraTo X1X2...Xn € KOPTE¥XK Ha peaanusaTa ¢ uMme R.

2. X op Yy, KbLAETO X, Yy Ca IIPOMEHANUBU AW KOHCTAHTH,
op e{=, <, > # <, 2} e onepanud 3a apUTMETUYHO CPABHEHUE.



Hedunuiusara 3a ¢opmMyaa e MTHAYKTUBHA U € aOCOAIOTHO aHaAOTHYHA
Ha aepuHUIMATA 3a (POpMyAa Ha PEAAIIMMOHHOTO CMsSTaHE C
IIPOMEHAVWBU KOPTEXKH, C Ta3U Pa3AHKa, Y€ BMECTO ITPOMEHAHBA
KOPTEK Bede TOBOPHUM 3a IIPOMEHAWBA BBHPXY AOMeEH. [lo-chims HadYuH
IapaseAaHo ce nedHHUpaT IIOHATHATa CBOOOAHA U CBBhp3aHa
IIPOMEHANBA Ha popMyAaa.

3asABKa Ha PEAAIIMOHHOTO CMATAHE C IIPOMEHAHUBH BBHPXY JOMEHU
HapudaMme u3pas oT Buja { XiXo...Xn | F }, kpretro F e popmyaa cbe
CBOOOIHU ITPOMEHAUBH X1, X2, ..., Xn. OTTOBOPHT Ha 3asBKaTa €
peaanusaTa, ChbCTaBeHa OT BCUYKH KOPTEXKU a1a2...an, TAKUBA Ye,
3aMecTBaliKHu C a; BCAKO CBOOOIHO cpelllaHe Ha X; BbB F 3a BCIKO
ie{l,2,..,n} mosydyaBaMe UCTHHHA POPMYyAA.
KakTo nmpu peaaliiioHHOTO CMsSTaHe C IPOMEHAUBH KOPTEXKH,
OTTOBOPHT HA HAKOHU 3asIBKH MOXKe /1a Obae 0e3KpaiiHa peAalrvs.
3aToBa OTHOBO Ce HaAara [a pasrAexkaiaMe camMo 6e3omacHH PopMyAH.
[eduHuiyaTa € KakTo IPU PEAAITMOHHOTO CMATAaHe C IIPOMEHANUBHU
KopTexkU. [I'ppBO ce nedpuHUpPa KaKBO 0O3HAYaBa IIPOMEHANBATA X A
Obae orpaHHYeHa B eqHa popmyaa. Caen ToBa ce nedpuHUpPaA KaKBO
O3Ha4yaBa [IBe IIPOMEHAVBU X U y Aa ObIaT H3paBHEHH B eqHA
dopmyaa. U caen ToBa, ka3zBame, de popmyaara F e bezonacHa, ako:
1. Bcaka cBobogHa npoMeHAnBa Ha F e uzpaBHeHa BBB F ¢ Hakos
orpanndeHa BBB F mpoMmeHAUuBa.
2. 3a Bcgka noadopmyaa Ha F ot Buna (3y)G umawme, ye y e
n3paBHeHa B G ¢ HIKog orpaHndeHa B G IpoMeHAUBA.
3. 3a Bcgka noagdopmyaa Ha F ot Buna (Vy)G numawme, ye y e
n3paBHeHa B G ¢ HIKog orpaHndeHa B G IpoMeHANBA.
KaszBawme, ue 3agBKarTa { X1X2...Xn | F } e 0e3omacHa, ako ¢popmyaara F e
6e3oracHa.

Teopema: Bcsaka 3asiBKa, U3pa3uMa B PEAAITMOHHOTO CMATAHE C
IIPOMEHAVMBU KOPTEXKU € U3pa3uMa B PEAAITMOHHOTO CMATAHE C
IIPOMEHAVWBU BBPXY JOMEHH.

CaeactBHe: Beaka Ge3omacHa 3agBKa, U3pasuMa B PEAAIIMOHHOTO
CMsTaHe C IIPOMEHAWBHU KOPTEXKHU € u3pasuMa B 6€30I1aCHOTO
PEAaIlIOHHO CMATaHE C IIPOMEHAWBHU BBHPXY JOMEHHU.

Teopema: Bcaka 6e3onacHa 3asBKa, U3pasuMa B PEAAIIMOHHOTO
CMsTaHe C IIPOMEHAWBHU BBHPXY JOMEHHU € U3pasuMa B peAalliOHHATa
aarebpa.

[Tpu nmpoekTUpaHe Ha CXeMa Ha eqHa peAariud TpsbBa ma ce u3bdaraat
CAE€THHUTE aHOMAAUH:
1. HzaummecTBo — nHPoOpMausaTa 6€3CMUCAECHO a ce Ay0Aupa B
KOPTEXKUTE.
2. AHoMaAMu Ha OOHOBABAHETO — KATO CAEICTBHE OT U3AUIIIECTBOTO
IIpU OOHOBABaHE Ha JAaHHUTE /A HE Ce aKTyaAUu3upaT BCUYKU



3aCerHaTu KOPTEXKH, T.€. 1a He Ce IIPOMEHHT JaHHUTe Ha
BCUYKU MECTa, KbAETO CE CperarT.

3. AHoMaauu npu nobaBsgHe — IpU JoOaBsaHE Ha HOBU JIaHHH,
KOHUTO 3acdraT KOMIIOHEHTH, OTTOBaPSIIU CaMO Ha HIKOU
aTpulOyTH, KOMIIOHEHTHUTE, OTTOBAPLIIN Ha OCTAHAAUTE
aTpuOyTH 33BPAXKKUTEAHO TPsIOBa [a IOAydYaT CTOMHOCTH, IIPHU
TOBa Te TPAOBa /a ce ChraacyBaT ChbC ChOTBETHUTE UM
CTOMHOCTH B OCTAHaAUTE KOPTEKH.

4. AHOMaAWH Ha U3TPUBAHETO — IIPU U3TPHUBAHE Ha JAaHHU A4 Ce
rybou mapyra nHopMalgd KaTo CTpaHUdYeH e(peKT.

OOUIoIpHUEeTHUST HAYUH 32 eAUMUHUpPaHe Ha H30pOeHNTEe aHOMAaAUU €
JEKOMIIO3UIINATA Ha PeAalliuTe — eHAa peaallrsd ce pa3duBa Ha ABe
HOBU peaaruu. [lo-dpopmaaHo, HeKa R (A1, Az, ..., An) € peaarrus.
ToraBa T4 ce AEKOMIIO3HpA Ha IBE HOBU PeAAITNU
S (B1, Bo, ..., Bm) u T (Cy, Co, ..., Cy), ako:

1. {B1, By, ..., Bn} U {Cy, Ca, ..., Ci} = { A1, Ao, ..., An}.

2. Koprexwure B S ca IPOEKIUHU Ha KOpPTEexXUTe Ha R 110

B1, BQ, ooy Bm
3. Koprexure B T ca mpoeKIiuu Ha KOpTexkUTe Ha R 1o
Ci, Cy, ..., Cxk.

B MHOTO cAydYamn m3BecTHUTE (PAKTH 3a PEAAHUS CBST, Y€ HE BCIKO
KpalfHO MHOXKECTBO OT KOPTEXKHU MOXKe [a € eK3eMIIAIp Ha JafeHa
peaarys, JOpHU Oa UMaT IpaBHUAHA Pa3MEPHOCT M CTOMHOCTH OT
IIPaBHUAHUTE JOMEHH. MOXKeM [a pa3AuyYrM ABa BHUAA OTPAHUYEHUS:

1. OrpaHH4YeHHS, OIIPEAEACHH OT CEMaHTHKATa Ha eAEMEHTUTE OT
JOMeHa — Te3U OrPaHUYeHHd 3aBUCHAT OT pa3dupaHeTo 3a ToBa
KaKbB € CMHChAA Ha KOMIIOHEHTHTE Ha peaanusara. Hanpumep,
aKO KOMIIOHEHTHT O3HauyaBa BUCOYHHA Ha YOBEK, TS HE MOKe J1a
o6pae 20 meTpa. [Toae3Ho e cucTemMara 3a ynpaBAeHHE Ha 0a3uTe
JaHHU Oa IIpoBepsiBa 3a TaKWBa HENIPaBIOIIOL00HN CTOMHOCTH.

2. OrpaHHY€eHHS, OIIPENEACHU OT PABEHCTBO MAW HEPaBEHCTBO HA
CTOMHOCTH — T€3U OTPaHUYEHUs He 3aBUCSIT OT TOBa KaKBa
CTOMHOCT MMa [a/leH KOPTeXK B AaJeH KOMIIOHEHT, a CaMO OT
TOBa AaAHM ABa KOPTEXKa ca ChraaCcyBaHH I10 OIIPedeAeHHU
KOMIIOHEHTH.

Hati-BaskHUTE OTrpaHUYEHUs OT BTOPHUS THUII ca (PyHKIIHOHAAHHTE
3aBHCHMOCTH. PyHKIIMOHAAHA 3aBUCHUMOCT B €1HA peaanuda R
HapudyaMe TBBPAEHHE, KOETO € U3II'bAHEHO 3a BCUYKH Bb3MOKHU
€K3eMIIASIPH Ha R u uma caegHUsa BUA: aKO ABa KOpTeXKa UMAaT €AHU U
CBIIM KOMIIOHEHTHU, OTTOBaPLAIIN Ha aTpudytute A1, Ao, ..., An, TO Te
UMaT eIHH U CBUIYM KOMIIOHEHTH, OTTOBaPAIIN HA aTpUOyTHUTE

B1, Bo, ..., Bkx. Beaexxum (pyHKIIMOHaAHATa 3aBUCHUMOCT 10 CAEIHHUSI

HauyuH: A1Az...An — B1Bo2...Bk.
KazBame, ye MHOKeCTBOTO { A1, A2, ..., An} OT €IUH HUAHU IIOBEYE

aTpulyTu Ha peaanusaTa R obpasyBat KAIOY Ha R, ako 3a Bceku
arpyout B Ha R e B cuaa pyHKIIMOHAAHATA 3aBHCUMOCT



A1As...An — B u { A1, Ag, ..., An} € MUHHMAAHO 110 BKAIOYBAHE C TOBa

CBOMCTBO, T.€. 32 BCAKO COOCTBEHO ITOAMHOXKECTBO
{ Ail , Ai2 s eees Aik} Ha { A1, Ag, ..., An} cpirecTByBa aTpudbyT B Ha R,

TaKbB Y€ He € B cuAa (byHKUMOHAAHATA 3aBUCHUMOCT A; A; ...A; — B.

BB3MOXKHO € efHa peaanya Aa uMa IIoBede OT €IHUH KAIOY.
OOHKHOBEHO B TaKaBa CHUTyallus ce n30upa eauH KAI0Y, KOHUTO ce
00sIBSIBa 3a M'BPBHYEH KAKOY. [[bPBUYHUST KAIOY CE€ U3IIOA3BA IIPHU
ChbXpaHeHHe Ha peaanusaTa. [IoHIKora TEpMUHBT B’b3MOIKEH KAIOY Ce
M3II0A3BA 3a O3HAa4YaBaHEe Ha ITPOU3BOAEH KAIOY Ha PeAalludTa, a
TEPMUHBT KAIOY Ce 3arla3Ba 3a I’bPBUYHUSA KAKOY.

KaszBame, ue MHOKeCTBOTO { A1, Ao, ..., An} OT aTpulyTH Ha peaaludaTa
R oGpasyBaT cymeprarod Ha R, ako 3a Bceku arpyout B Ha R e B cuaa

dyHKIIHOHaAHaTa 3aBUCHUMOCT A1A2 ...An — B. C gpyru aymu,

CYIIEPKAIOY Ha eqHa peaalyus R ce Hapuya MHOXKECTBO OT aTpuOyTH,
KOEeTO ChIbp:Ka KAIOY.

[[le pasraegamMe HIKOU ITPaBHAA, YPe3 KOUTO OT AadeH Habop
(PYHKIIMOHAAHU 3aBHCHMOCTH B PeAallis MOXKEM [a U3BANYaMe HOBU
PYHKIIMOHAAHU 3aBHCUMOCTU B Ta3H pPeAallyd.

OYHKIIMOHAAHUTE 3aBHCUMOCTHY 3a eHAa peAallys 4YeCcTo Morat aa
OBOaT mpeacTaBeHH 110 pa3AndeH HadyuH. [lo-popmaaHo, Ka3BaMme 4de
MHOXKecTBaTa S 1 T oT PyHKIIMOHAAHU 3aBUCHUMOCTH Ca
€KBHBAaA€HTHH, aKO MHOXKECTBOTO OT €K3EMIIAIPUTE Ha PEAAIIHATA,
YIOBOAETBOPSBAIIN S CHBIIaAa C MHOKECTBOTO OT €K3EMIIAIPUTE HA
peaanudgTa, ya1oBoAeTBopsaBamu T.

[To-061110, MHOZKECTBOTO (PYHKIIMOHAAHU 3aBHCUMOCTU T caeaBa oT
MHOKECTBOTO OT (PYHKIIMOHAAHU 3aBUCHMOCTH S, aKO BCEKHU
€K3EeMIIAID Ha peAalaTa, KOUTO YIOBOAETBOPABA S, YIOBOAETBOPIBA
uT.

Beaexxum S F T. EcrectBero, SFE Tu T FE S ToraBa u camo Torasa,
KoraTo S u T ca eKBUBaAeHTHH.

Heka e nagena pyHKIIMOHaAHA 3aBUCUMOCT A1As...An — B1Bo...Bn.
ToraBa MoxKeM aa 3aMeHUM Tas3Hu (PYHKIIMOHaAHA 3aBUCUMOCT ChC
caeqHUTE (PYHKIIMOHAAHU 3aBUCUMOCTHU: A1As...An — Bj,

i=1, 2, ..., m. ToBa mpaBHAO HapudyaMe IIPAaBHAO 3a pa3deAsIHE.
OOpaTtHO, PYHKIIMOHAAHUTE 3aBUCUMOCTU A1As...An — B,

i=1,2,.., m MoXKeM a 3aMeHsIMe C efHa PYHKIIMOHAAHA 3aBUCHMOCT
A1As...An — B1Bs...Bm. ToBa mpaBuao HapuiuaMe IpaBHAO 3a

KOMOHHHUDpaHe.
O‘-IeBI/II(HO €, 9€ U B ABaTa CAy4dad IIOAYI€HOTO MHO2KECTBO
CbYHKI_H/IOHaAHI/I 3aBHCHUMOCTH € EKBUBAACHTHO HA U3XOOHOTO.



Ka3Bawme, dye pyHKIIMOHaAHaTa 3aBUCUMOCT A1Az...An — B1B2...Bn €
TPHBHAAHA, ako { Bi, Bo, ..., B} < { A1, Ao, ..., An}.

Ka3Bawme, de pyHKIIMOHaAHaTa 3aBUCUMOCT A1Az...An — B1B2...Bn €

HeTpPHBHAaAHA, ako chelllecTByBai € { 1, 2, ..., m}, TakoBa 4de
Bi ¢ { A1, A2, ..., An}.
Ka3Bawme, dye pyHKIIMOHaAHaTa 3aBUCUMOCT A1Az...An — B1B2...Bn €

HaI'bAHO HETPHBHAAHA, aKo 3a Bcako i € { 1, 2, ..., m}, uMame
Bi ¢ { A1, A2, ..., An}.

Heka AiAs...An — B1Bo...Bn € HeTpuBHasHa PyHKIIMOHAAHA

3aBUCHUMOCT. ToraBa MoxeM fa IIpeMaxHeM oHe3Hu B, KouTo cpBHazat
c Hakoe A;. [loaydaBame HOBa HaI'bAHO HETPUBHAAHA (PYHKIIMOHAAHA

3aBUCHUMOCT A1A2...An — C1Ca...Ck, KOSTO OYEBUIHO € eKBUBaAeHTHA

Ha U3xonHaTa. ToBa IIpaBHAO HapHyaMe IPaBHAO 3a OTCTPaHABaHe
Ha TPHBHAAHHTE 3aBHCHMOCTH.

Heka A1Az...An — B1B2...Bm 1 B1B2...Bm — C1Cs...Ck ca

PYHKIIMOHAAHU 3aBHCHUMOCTH. ToraBa qobaBsaMe HOBa (PYHKIIMOHAAHA
3aBUCHUMOCT A1As...An 2 C1Ca...Ck. ToBa mmpaBHAO HapHuiaMme
TPaAH3HTHBHO NIPaBHAO.
SlcHo e, ye mobaBeHaTa (PYHKIIMOHAAHA 3aBHCHMOCT CAE€ABA OT
U3XOAHUTE (PYHKIIMOHAAHU 3aBHCHUMOCTH, TaKa 4de IIoAydIaBaMe
€KBUBaA€HTHO MHOXKECTBO OT (PYHKIIMOHAAHU 3aBHCHUMOCTH.
AkcromuTe Ha ApMCTPOHT ca IIpaBHAQ, 9Ype3 KOUTO MOXKE [a Ce
n3BA€Ye BCIKa (PYHKIIMOHAAHA 3aBUCHUMOCT, KOSITO CA€ABA OT JalleHO
MHOKECTBO (PYHKIIMOHAAHU 3aBHUCHUMOCTH. Te ca caegHUTE:

1. PedbaercHBHOCT - ako { Bi, Bo, ..., B} < { A1, Ao, ..., An}, TO

Ai1As...An — B1B»>...Bn.

2. HapacTBaHe — ako A1Az...An — B1B2...Bmn u C1, Cy, ..., Cx ca
IIPOU3BOAHU aTPUOYTH, TO
A1A2...AnCi1Cs...Cx — B1B2...BnCi1Ca...Ck.

3. TpaH3HTHBHOCT — aKO AiAs...An — B1B2...Bn u
B:iBs...Bm — C1Cs...Ck, TO A1A2...An — C1Co...Ck.

Karo 115500 HOpMaaHUTE (POPMHU Ca YCAOBHUS, KOUTO aKO Ca U3II'PAHEHU B
[JazeHa peAanus, TO B Hed CbC CUTYPHOCT HsIMa aHOMAaAUU OT

onpeneaeH Bumd. lleaTa Ha AEKOMITO3HIIUATA € na pa3bue peAaltiuTe Ha
I10-MaAKH peAalui, 3a KOUTO € B CHAA YCAOBHUETO 3a HOpMaAHa ¢popma.

KasBawme, 4ye eqHa peaalioHHa cxema R ce Hamupa B m’BpBa
HopmaaHa ¢opma (1NF), ako BCUYKUTE U JOMEHHU CE CHCTOLAT OT
aToOMapHU (HEAEAUMH) CTOMHOCTH.



KaszBame, uye emgHa peaariioHHa cxeMa R ce Hamupa BFB BTOpa
HopMmaaHa ¢opma (2NF), ako 3a BcsgKa HeTpUBHaAHA (PYHKIIMOHAAHA

3aBucUMOCT A1A2...An — B, KosiTO € usmbAHeHa 3a R umawme, ge B e

€AeMEHT Ha KAI0Y UAU { A1, Az, ..., An } HE € COOCTBEHO ITOIMHOXKECTBO
Ha KAIOY.

KazBawme, ye eqHa peaarioHHa cxema R ce Hamupa B TpeTa
HopMmaaHa ¢opma (3NF), ako 3a BcsgKa HeTpUBHaAHA (PYHKIIMOHAAHA

3aBucUMOCT A1A2...An — B, KosiTO € u3mbAHeHa 3a R umawme, ge B e
€AEMEHT Ha KAI0Y HUAU { A1, Ao, ..., An } € CYIIEPKAIOY.

Ka3Bawme, ue emHa pearaloHHAa cxeMa R ce HaMupa B HOpMaAHa
dopma Ha Boyce-Codd (BCNF), ako 3a Bcsika HeTpUBHUAAHA

pyHKIIHOHaAHA 3aBUCUMOCT A1Az...An — B, KogTo e usmbaHeHa 3a R
umawme, 4e { A1, Ao, ..., An } € CYIIEPKAIOY.

EcrecrBeno, BCNF = 3NF = 2NF.

AecHoO MOXKe fa ce IToKaKe, Ye BCSIKa peAallioHHAa cxeMa C IBa
arpubyrta e B BCNF.

MHorosHadHa 3aBHCHMOCT B €1Ha peaalud R Hapuyame TBBpAECHUE,
KOETO € U3II'PAHEHO 3a BCUYKHU BB3MOXKHU €K3eMIIASIPU Ha R 1 uma
CA€eOHUS BU: aKO KOMIIOHEHTHTE Ha KOPTEXKUTE, OTTOBAPSIIY HAa
arpubyrture Ai, Ao, ..., An CbBIAAAT, TO KOMIIOHEHTHUTE Ha KOPTEXKUTE,
CBOTBETHH Ha aTpubyrute Bi, By, ..., Bm ca HezaBucumu ot
KOMIIOHEHTHUTE Ha KOPTEXKUTE, ChOTBETHHU Ha BCUYKU OCTAHAAU
arpubytu. BeaexxM MHOro3HavHaTa 3aBUCUMOCT I10 CA€IHUS HAYUH:

Ai1A>...An, —— B1B2...Bn.

[To-iper3Ho, Ka3BaMe ye MHOrO3HayHaTa 3aBUCUMOCT

A1Az...An —— B1B2...Bm € B cuaa 3a eqHa peaanus R, ako 3a Bcaka
[OBOMKa KOpPTeXHU t, U B eK3eMIAsap Ha R, kouTo ce ceraacyBar 110

A1, Az, ..., An CBIIIECTBYBA KOPTEXK V, TAKBB Y€:

- vcecwpraacysa ctu umo Aj, Ag, ..., Ap;

- v ce cpraacysa c t mo By, Bo, ..., Buy;

-V Cce chraacyBa C U II0 BCUYKH OCTaHaAW aTpuOyTH Ha R.
C npyru gymu npu (oUKCHUPaHU CTOMHOCTU Ha A1, Ag, ..., An
CBOTBETHHUTE CTOMHOCTHU Ha Bi, B, ..., Bm U cToliHOCTUTE HA BCUYKHU

OCTaHaAUW aTpUOyTH Ce KOMOMHUPAT 110 BCEBB3MOXKHHU HAYHUHU B
Pa3AUYHU KOPTEXKHU Ha pesarygara R.

[ITe pasraegame HIKOU ITpaBHAa 32 MHOTO3HAYHHUTE 3aBUCHMOCTH,
KOUTO HamonobgaBaT IrpaBrAaTa 3a (PyHKIIMOHAAHHUTE 3aBUCUMOCTH, HO
MMa HIKOU pa3AauKU. [leprHUIIMATA 32 EKBUBAA€HTHOCT U CA€BaHE
Ha MHOZKeCTBa OT (PYHKIIMOHAAHU 3aBHCHUMOCTU aBTOMATHYHO Ce
peHacd U BbPXy MHOTO3HAYHU 3aBUCHUMOCTH.



AKo 3a eqHa peaaiya R € B cuaa MHOTO3Ha4YHATaA 3aBUCHUMOCT
A1Asz...An —— B1B2...Bn, TO 3a Heqa e B cuaa MHOTO3HaYHaTa

3aBUCUMOCT A1Az...An —— C1Cs...Ck, kbpOeTo Ci, Co, ..., Ck chabpKaT
Bi1, Bo, ..., Bm ¥ HaGKoU oT A1, A2, ..., An. ChI110 3a R € B cuaa
MHOTo3HayHaTa 3aBUcCUMOCT A1Az...An —— D1Ds...D, KbaETO

Di, Do, ..., Dr ca Te3u ot Bi, Bo, ..., Bm, Kouto He ca ot A1, Ag, ..., An.
Te3u nBe npaBHAa HapUyaMe NpaBHAA 3a TPHBHAAHHTE
3aBHCHMOCTH.

AKoO 3a eqHa peaalysa R ca B caa MHOTO3HAQYHUTE 3aBUCUMOCTHU
Ai1As2...An —— B1B2...Bm 1 B1Ba...Bnm —— C1Cs...Ck, TOo 3a R e B cuaa

MHOTr'03HavYHaTa 3aBUCUMOCT A1As...An —— C1Cs...Ck. ToBa nmpaBuao
HapHuiaMe TPAaH3HTHBHO NPaBHAO.

Moske fma ce rmokaske c IIPUMEP, Y€ 3a MHOT'O3HAYHUTE 3aBHCHUMOCTH HE
€ B CHAA IIPaBHAOTO 3a pa3acAdHE.

Axo pyHKIIMOHaAHaTa 3aBHCUMOCT A1Az...An — B1B2...Bm € B cuaa 3a
enHa peaanud R, To 3a R € B cuaa MHOro3HavyHaTa 3aBUCHMOCT
AiAs...An —— B1Bo...Bn. C apyru agymu, Bcaka (OyHKIIMOHAAHA
3aBUCHMOCT € MHOT'O3Ha4Ha.

3a MHOTO3HAYHUTE 3aBUCHUMOCTH € B CHAQ CA€COHOTO IIPaBHAO 3a
AOII'BAHEHHE, KOECTO HE € B CHAA 3Aa CbYHKLII/IOHaAHI/ITe 3aBHCHMOCTH.
axo 3a R e B cuaa MHorosHayHaTa 3aBUCHUMOCT

Ai1As...An —— B1B2...Bm, TO 3a R € B caa MHOro3HayHaTa 3aBUCHUMOCT

Ai1As...An —— C1Co...Ck, kbaeTo Ci, Ca, ..., Cx ca BCUYKHU aTpubyTH Ha
R 6e3 A1, Ao, ..., An, B1, Ba, ..., Bn.

KazBame, ye MmHOTO3HaAUYHaTa 3aBUCUMOCT A1A2...An —— B1B2...Bm €

HEeTPHBHAaAHA, aKO:
1. {B1,Bo, ..., Bn } n {A1, Ao, ..., An } = .
2. Ay, Ag, ..., Ay, B1, By, ..., Bn He n3uepnBar arpubyrure Ha R.

Ka3Bawme, ue enqHa peaalimoHHa cxeMa R e B 4eTBBhpTa HOpMaAHA
dopma (4NF), ako BbB BCIKa HETPUBHUAAHA MHOTO3HAYHA 3aBUCUMOCT

Ai1As...An —— B1B2...Bm, KogTO € u3mrbaAHeHa 3a R umawme, de

{ A1, A2, ..., An} € CyIIEPKAIOY.

EctrecTBeHO, BCIKa peAallysd, KOSTO CeE HaMHPa B YeTBBhPTAa HOPMaAHA
dopma ce HamHpa U B Tpetra HopMaaHa dopma, T.e. 4NF = BCNF.

ToBa caenBa ot pakTa, 4ye Bcaka PYHKIIMOHAAHA 3aBUCUMOCT €
MHoOro3HauyHa. OOpaTHOTO He € BIPHO.



Bcaka peaanus ¢ gBa aTpubyTa ce HaMHUpa B YeTBBPTA HOpMaAHa
dopMa, THH KaTo B Hed He MOXKe [1a UMa HeTPHUBUAAHN MHOTO3HAYHU
3aBUCHUMOCTH.

Heka R (A1, Ao, ..., An) € peaaltusa u R ce mekomMmmo3upa Ha JABE pesalluu
S (Bi1, Bo, ..., Bm) u T (C1, Co, ..., Cx). KazBame, ye 1eKOMITO3UITHATA €

ChbC C’beAHHEHHe Oe3 3aryba, ako R = S > T.

Teopema: [lekoMmmno3uniugaTa Ha peaarsaTa R (A1, Ao, ..., An) Ha aBe
peaartuu S (Bi, B, ..., Bm) u T (C1, Co, ..., Ck) € cbC chemuHeHue 6e3
3aryba ToraBa M caMo ToraBa, KoraTo 3a R e usmrpaHeHa IoHe eqHa OT
IBeTe MHOTO3HAYHU 3aBUCHUMOCTH

{B1, Ba, ..., Bm} n{C1, Ca, ..., Cit —— { By, Ba, ..., Bu} - {C1, Ca, ..., Cid,
{B1, Ba, ..., Bm} n{C1, Ca, ..., Cit —— {Cy, Ca, ..., Ci} - { By, Bo, ..., Bu.

Heka R e peaanuga, KoaTo yIOBOAETBOPABA MHOXKECTBOTO OT
PYHKIIMOHAAHU ¥ MHOTO3HAYHHU 3aBUCUMOCTH F. [la mpearnoAoKuM, e
S e HOBa peaanud, KOdTO Ce IoAy4daBa oT R ¢ mpemaxBaHe Ha
arpubytu. KazBame, dye S e npoekuua Ha R. ToraBa (pyHKIImOHaAHUTE
3aBHCHUMOCTH, KOMUTO Ca B CHAA 3a S ca TOYHO OHEe3M, KOUTO CAEIBAT OT
PYHKIIMOHAAHUTE 3aBUCUMOCTH BBB F 1 B KOUTO ydacTBaT caMo
arpubytu Ha S. KazBame, dye Te3u (PYHKIIMOHAAHH 3aBUCUMOCTH CE
NPOEKTHpPAT B S. AHAAOTUYHO ce AepUHHpa ITPOEKIHd Ha
MHOTO3HaYHH 3aBHCHUMOCTH. BB3MOXKHO €, o0aue, 1a ChIIECTBYBaT
MHOTO3HAa4YHU 3aBHCHMOCTH, KOUTO Ca B CHAA 3a S, HO HE ca B CHAA 3a
R. TakuBa MHOTro3Ha4YHHU 3aBUCHUMOCTU HapuiyaMe BrpaaeHH U Te
MorarT [a Ch3aamaT IpodAeMHU IpHU AeKoMio3upaHeTo B 4NF.

Heka R (A1, Ao, ..., An) € peaaliusi, 3a KOSATO € U3I'bAHEHO MHOXKECTBOTO
oT PYHKIIMOHAAHH 3aBUCUMOCTH F u R ce nmekommio3upa Ha aBe
peaaruu S (B, Bo, ..., Bm) u T (Cq, Co, ..., Ck). KazBawme, ue
J[EKOMIIO3UIIUSITA € ChbC CheAHHEHHE 0e3 3aryba Ha
dyHKIHOHAAHHTE 3aBHCHMOCTH, ako F1 U Fo F F, kpanero F1 u Fa ca

npoekiuute Ha F croTBeTHO BBpXYy S U T.

Ypes moaxoasiny JeKOMITO3UITHH, BCAKA CXeMa Ha peAallusd MOKe aa
ce MEKOMIIO3Upa Ha HAKOAKO CXEMH, TaKa 4Ye aa ca U3II'bAHEHH
CA€THUTE YCAOBHSI:

1. Bcuuku noayyenu peaanuu ga ca B BCNF (4NF).

2. [JlexoMIIO3UIIHATA [1a € ChbC CheJUHEeHne 0e3 3aryoa.
CrparerusiTa 3a J€KOMIIO3HUIIHS, KOSITO Bb3IIPpUEMaMe € CAeHaTA.

Heka A1 Az ...An —(—) B1 B2 ...Bm € HeTpuBHasHa (pyHKIIMOHaAHA

(MHOrO3Ha4YHa) 3aBUCUMOCT U { A1, Ao, ..., An} He € cymiepkaiod. ToraBa
JEKOMIIO3UpaMe peaalnudra R Ha caeqHUTE ABE peAalluu:
1. ITppBata peaarmsa uma arpudytu Ai, Ao, ..., An, Bi, Bo, ..., Bn.



2. Bropara peaarug uma atpubyTtu A1, Ao, ..., An 1 BCUYKU
ocTaHaAHW aTpuOyTH Ha R, KouTo He yyacTBaT BBB
pyHKIIMOHAAHATa (MHOrO3HAYHATA) 3aBUCHMOCT.

Axo HOBOmoaydeHute peaarinu He ca B BCNF (4NF), To kbM Tax
IIpuAarame chbirara mnpoienypa. [Ipu ToBa, PyHKIIMOHAAHUTE
3aBHCHMOCTH B HOBUTE PEAAIINHU C€ U3YUCASIBAT Upe3 IIPOEeKTUpaHe Ha
PYHKIIMOHAAHUTE 3aBUCHUMOCTH OT U3XOHATA PEeAAITUS.
MHoro3Ha4YHUTE 3aBUCHMOCTH B HOBHUTE pPeAallli, obade, KaKTO Bede
CIIOME€HaxXMe MOKE [a HE Ce U34YepIIBaT C IIPOEKTUPAHUTE
MHOTO3HaYHHU 3aBHCHMOCTH OT MU3XOAHATA PeAallys — Bb3MOKHO €
CBIIECTBYBAaHETO Ha BrpafleHu MHOTO3HAYHU 3aBUCHMOCTH.
[IpomechT Ha AEeKOMIIO3UPAaHe I1e € KpaeH, Thi KaTo BUHATH
IIoOAydYaBaMe PeAallfH C II0-MaAKO aTpuOyTH, a BCSIKa peaalys C ABa
arpubyrta e B BCNF (4NF).

[ITe oTbeaexkuM, ye B oOuIHsa caydail gekomnosunusaTa B BCNF (4NF) me
€ ChC chenuHeHUe O6e3 3aryba Ha (PYHKIIMOHAAHUTE 3aBHUCHUMOCTH.
CrurectByBa, obade, aArTopuUTHM 3a gekommnosunus B 3NF, KoiiTo e cbC
crenquHeHUe 6e3 3aryba 1 3ama3Ba (PyHKIIMOHAAHUTE 3aBUCHMOCTH.
To31 aATOPUTHM B ITIOBEYETO CAYUAU CE CIIPaABsd C U3AHIIECTBATA,
IIOPOJIEHU OT (PYKITMOHAAHU 3aBUCHUMOCTH.

6. KomnromwvpHu apxumexmypu — Popmamu nHa
daHHume. BvmpewHa cmpyxkmypa Ha ueHmpaneH
npouecop — 6nokxoee u KoHeeliepHa obpabomka,
uHcmpykuuu. Cmpyxmypa u liepapxust Ha namemma.
CeamenmHa u cmpaHuuHa npeadpecayusi. Cucmema 3a
npexwvceaHe — npuopumemu u obcayxiceate.

[Toq mepcoHaAeH KOMIIOT'BP pazdbupamMe U3YHUCAUTEAHA MAalllnHa,
M3II0A3BaHAa OT €QUH YOBEK, 3a pelllaBaHe Ha CIeU(PUIHU, ANIYHU
AATOPHUTMUYHH 3a/1a49d U IPOOAEMHU.
CriertudpuyHUTE OCOOEHOCTH Ha IIE€PCOHAAHHUS KOMIIOTHP Cca, Ye TOH
3aeMa MaAbK 00eM, UMa [IPocTa CTPYKTypa M CUCTeMa OT KOMaHIH,
MMa orpaHudeH obeM Ha OCHOBHATa IIaMeT U OIIPOCTeH HMHTepdeiic,
KBbM KOHTO Ce CBBP3BaT BCUYKH YCTPOHCTBA B H3YUCAUTEAHATA
cucrema.
Bbrpeku roasmMoTo pazHoobpasre Ha IPOU3BOAUTEAN U pa3MepH,
II€PCOHAAHHUTE KOMITIOTPU C€ XapaKTepHU3UpaT C eJHAKBB MOJZIEeA Ha
BBTpPEIIHA apXuTeKTypa. To3u MoaeA e U3rpageH OT TPU OCHOBHU
KOMIIOHEHTH:

- IIeHTPaA€H IPOLEeCcop;

- OCHOBHA IIaMeT;

- BXOAHO-H3XOAHH YCTPOHCTEBA.
BzaumoBpB3KaTa MEXAY OCHOBHUTE KOMIIOHEHTH OITPENEAs
AOTHYECKaTa OpraHu3alliid Ha ChOTBEeTHAaTa KOMITIOTHPHA CHCTEMA.



OOMeHBT Ha CUTHAAW, KOMaHAN U JaHHU Ce U3BBPIIBA II0 CIIEIIHaAHU
HHPOPMAITMOHHU AMHUHN. CHINECTBYBAT ABa BHUAa AOTHYECKa
opraHu3anys Ha KOMOIOTHPHUTE CUCTEMU:

1. UspuBuayasHu MH(POPMAIIMOHHU KaHAaAH.

2. OO6m1a nH(OpPMAaITMOHHA IITMHA.
[Ipu mrppBaTa opraHu3aligd OCHOBHHTE KOMIIOHEHTH C€ CBBP3BAT II0
cxeMmaTa Ha I'bA€H rpad, T.e. II0 CXeMaTa “BCeKU-BCEKH .
[Ipu BTOpaTa opraHu3alyss OCHOBHHUTE KOMIIOHEHTHU CU
B3aUMOIEHCTBAT ITOCPEACTBOM 00111a HH(pOPpMAIlHOHHA HIHHA, KOITO
IIPEeICTaBASIBa CIIEIIMAAN3UPAHO YCTPOHUCTBO, OTTOBAPHIIIO 34
IIpeHacgdHeTo Ha MH(popMalg MeX1y KOMIIOHEHTHUTE Ha
KOMITIOThPHaTa cucreMa. CXeMaTHUYHO OpraHU3alusTa € CAeHaTa:
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[IpequMCcTBOTO Ha BTOpaTa OpraHu3aliys e, 4e TS NMa HHCKAa IleHa,
mpocrta e u nobpe CTPyKTypHpaHa U e I'bBKaBa, T.€. Bb3MOXKHA € AeCHa
HaJICTPOHKa MAM 3aMsHa Ha OCHOBHHUTE KOMIIOHEHTH.
OcHOBeH HenOCTATHKBT Ha BTOpaTa OpraHUu3allvd € HeN30eKHOTO
orpaHUYeHHNe, Ye B Ja/IeH MOMEHT MOoTaT Ja KOMYHHKHUPAT caMo IBa
KOMIIOHEHTAa U IPOoU3THYAaIaTa OT TOBA II0-HUCKA IPOU3BOIUTEAHOCT.
[To-HaTaTHK IIe pas3raekagaMe caMo BTopaTta opraHusaiud (obira
nH(pOPMaIIMOHHA IIIMHA).
LHeHTpaAHUSAT IPOILIECOP € OCHOBEH KOMIIOHEHT B apXUTEKTypaTa Ha
IIePCOHAAHUA KOMITIOTHP. Beska 3azaya, KOSTO ce U3IIbAHSBA OT
KOMITIOThPA, AUPEKTHO MAU UHAWPEKTHO Ce U3II'bAHABA U KOHTPOAHPA
OT LIEHTPaAHU4 IIporecop. LleHTpaAHUAT IPOIECOP OCHIIECTBIBA
peaAu3upaHeTO Ha MaIMHHUTE KOMaHAM (MHCTpyKIuH). Hakou
HETOBU ChbCTABHH YaCTH ca:

- yIpaBAdBalll0 YCTPOMNCTBO;

-  apPUTMETHYHO-AOTHYECKO YCTPOUCTBO;
PEerucTpu;

- 0AOK 3a paboTa C 4HCAa C IAaBallla ToYKa U [p.

PerucTpHuTe IIPEACTAaBASIBAT CBPBXObp3a IaMeT, KOSITO Ce U3II0A3Ba 3a
chXpaHsaBaHe Ha MH(popMaIlls, BbPXy KOSITO C€ U3BBPIIBAT
AOTHYECKUTE U apUTMETUYHH orepanuu. Tasm nHdopManus ce
ChXpaHsSBa JOKATO IIPOIlecopa € IO EACKTPUUECKO HallpeXKeHUEe UAU
JOKaTO HIKOsI MalllMHHa KoMaHaa He g u3MeHu. Criopezn
(PYHKIIMOHAAHOCTTA CH PETUCTPUTE Ce€ MEAdT Ha TPU BUAA:

- PerucTpu c o010 ImpegHa3HAYEHUE — B TIX Ce 3aIIiCBaT
MEKIWHHU PEe3yATaTH HUAU C€ U3IIOA3BAT 3a aJlpecallvs;

- perucTpu 3a paboTra C maaBalla apuUTMETHKA;

- CAyXeOHH PEerucTpHu — U3M0A3BAT Ce 3a CIIeI[UaAHU CUCTEMHH
PYHKIIMH, KBM TIX C€ BKAIOYBAT (PAATOB PETHUCTHP (CBOBPXKA
nH(popMaIys 3a [IpeIrbABaHe, IIPEeHOoC, IT0COKa Ha obpaboTKa Ha
HHU30Be, MaCKHpaHe Ha NpeKbCBaHUd U ap.), PC (mporpamen




6posd, couu KbM cAelBalllaTa MHCTPYKIIHL 3a U3II'bAHEHUE), SP
(cTekoB ykazaTeA, COYH KbM BbpXa Ha IIporpamMHud cTek), MSW
(cboBpzka yrpaBasgBally (hAaroBe, CAYKEIIH 3a CHHXPOHU3AIIU
Ha paboTaTa Ha LIEHTPaAHUS IIPOIIECOP C BXOAHO-U3XOIHUTE
YCTPOMCTBA U C OIlepalliOHHATa CUCTEMA).

LleHTpaAHUSAT IPOIlECOP U3ITbAHABA €qHA MallIMHHA KOMaHa dpe3
cAegHaTa IIOCAEJOBATEAHOCT OT €eAEMEHTAPHU CTBHIIKH, KOSITO
HapuiyaMe OCHOBEH IHK'bA Ha H3II'bAHEHHE Ha KOMaHZAaTa:

1. AgpecupaHe U U3BAMYAHE HAa IIPEACTOSIIaTa 3a U3II'bAHEHUE

KOMaH[a (aapecupaHeTo cTaBa o chabpxkaHueto Ha PC).

2. ObuoBgBane Ha PC (cpappzkanuero Ha PC ce yBeanuaBa ¢

OBbAKUHATA Ha U3BA€UYEHATa KOMaHa).
3. JemmdppupaHe Ha KoMaHaaTa (OIIpeneAsaT ce BUIa Ha
oreparusaTra, Oposi Ha ollepaHAuTe, TUMIA HA JaHHUTE U padMepa
Ha JaHHUTE).
Te3u TpHU CT'BIIKHU Ce HU3II'BPAHSIBAT OT YIIPABASIBAIIIOTO YCTPOHCTBO.

4. Appecupane Ha onepaHaute (Ha 6azara Ha MHpOPMAILUSITA OT
IIOA€TO Ha KOMaH/aTa I10 OIIPEAEACHHN METOAU Ha aJpecaliys ce
OIIpeIeAsd MECTOIIOAOKEHHETO Ha KAETKHUTE OT IIaMeTTa, KOUTO
ChABPKAT OIlEpPaHIUTE).

HN3BAnyaHe Ha onepaHOuTE.

UN3nbAHABaHE Ha ollepanusaTra BbPXy OllepaHOuTe C IIOMOIITa Ha

apUTMETHYHO-AOTHYECKOTO YCTPOUCTBO.

7. 3amncBaHe Ha pe3yATaTra (OIIpeaeAs C€ MECTOIIOAOXKEHHETO Ha
pe3yATaTa U TOM ce 3aHacd B CbOTBETHATA KAETKA Ha IIaMEeTTa).

8. IIpoBepsiBa ce UMa AU IIOCTHIIMA CUTHAA OT HAKOHA OT CUTHAAHUTE

AUHUHU 3a IpeKbCBaHe. AKO [1a, yIIPpaBA€HHUETO Ce IIpegaBa Ha

XapaAyepHUS MEeXaHU3bM 3a 00paboTKa Ha npekbcBaHeTo. Caern

ob6paboTBaHe Ha IIPEKBHCBAHETO (KO € MMaAO TaKoBa) ce

IIpeMHuHaBa KbM CTHIIKA 1. (3armouyBa U3IIbAHEHUE Ha

cAeBalliaTa KOMaHaa).

oo

CrpuiecTByBaT pa3AndHU THIIOBE KOMaHU.

[I5pBUAT TUII KOMAHAU Ca apHTMETHYHO-AOTHYECKHTE KOMaHIH,
KOHTO C€ MU3II'bAHABAT BBbPXY OIl€PaHAM, KOUTO Ca II€AH YHUCAA ChC HAHU
6e3 3Hak. JacT oT TaX U3YucAgBaT OyaeBUTe (PYHKIIMYU KOHIOHKITHS,
[OU3IOHKIHA, OTPUILIAHUE, CyMa I10 MOAyA 2 U T.H. [Ipyra 4act ca
olepaluTe 3a CPAaBHEHHE — PABHO, PA3AMYHO, I10-TOAIMO, I1I0-MaAKO,
I10-TOAIMO HAH PaBHO, II0-MAaAKO HMAH paBHO U T.H. [locaemHaTta 4acT ca
apUTMETHYHHTE ollepalluy ChONpaHe, u3BaxkaaHe, YMHOXKEHUeE,
IIEAOYHCAEHO JEACHUE U MOAYA.

Bropuar TUI KOMaHOU ca HHCTPYKIIHHTE 3a Ipexon. Te IpoMeHAT
IIOCA€JOBATEAHOTO U3II'bAHEHHE Ha IIporpaMaTta 4pes IIpoMdaHa Ha
cToMHOCTTa Ha nporpaMuud 6posdy PC. BkarouBaT HHCTPYKIIHMH 3a
YCAOBEH IIPEX0o[, HHCTPYKIIMHU 3a 6€3yCAOBEH ITPeXo/, MHCTPYKIIUH 3a
H3BUKBaHE Ha IIOAIIporpaMa U MHCTPYKIIUH 3a BPBILIAHE OT
roAIporpaMma.



Tperudar TUII KOMaHOU ca yIpaBAABaIllH. ToBa ca HHCTPYKIIUH, KOUTO
Ce U3IIbAHABAT KOTaTO ITPOLECOPHT € B IIPUBUAECTHPOBAH PEKUM —
HaIIpuMep YeTe UAU ITUIlle B CAyKeOHUTe peructpu. [IpomecopsT
IIpeMUHaBa B IPUBUAETUPOBAH PEKUM HaIllpUMep IpU oOpaboTka Ha
IIpeKbCBaHe U BHOOIIE ITPH U3IIbAHEHHE Ha CHCTEMHA IIporpama,
KOSTO € 4acT OT oIlepallioHHaTa CUCTeMA.

YeTBBPTHUAT THUII KOMAHAM Ca TPAHCHOPTHH U T€ CAyKaT 3a
IpexXBbpAsdHe Ha HaHHU. OCHOBHUTE ca KOMaHa 3a IPEXBbPASHE HA
JaHHU OT €IHO MSICTO Ha IIaMeTTa B APYTro, KOMaH/a 3a IPEeXBbPATHE
Ha JaHHU OT IIaMeTTa B PETHCTPHUTE U KOMaH/Ia 3a IMPEeXBbpPAdHE Ha
JaHHHU OT PETUCTPUTE B ITaMeTTa.

HNma u gpyTu TUIIOBE KOMaHIHU — HAIIPUMED OIlepallly BbPXY YHUCAA C
raaBalla Touka (CrOmpaHe, U3BaKaaHe, YMHOXKEHHE, JeAeHHUe,
CTelleHyBaHe, KOpeHyBaHe U Ap.), Ollepallii BbPXy HU30Be
(mpexBBpAsSIHE, CpaBHEHHUE, KOHKATEHAaIlNsd), MyATUMEIUNHN OIlepalliu
MMX (cmenpasHU BEKTOPHH Ollepalllii, KOUTO UMAaT FOAIMO
IIPUAOKEHUE ITPU 00paboTKaTa Ha N300paskeHus).

YcrpoiicTBara B IIEPCOHAAHUA KOMIIIOTHP KaTO LIEHTPAAEH IIPOLIECOD,
OCHOBHA ITaMeT, TBBP/ ANUCK, BUIEOKOHTPOAEP U T.H. OOMEHST
IIOMEXKY CH JaHHU U KOHTPOAHA MH(OPMAIIUS II0 TaKa HapedeHUTe
muHy. IIrHaTa IIpecTaBAgIBa MarucTpasa, o KosTo MoxKe na obae
obMeHsIHa HHPOPMAINI MEXAY ABE HAU IIoBede yCcTpoHcTRa.

[[lruaTa € CrioAeAeH pecypc, KOMTO BCUYKM yCTPOUCTBA B
KOHKYPEHTEH PEXUM Ce MbYaT [a CU pasnpeneadar. Ha nieHTpasHuda
IIPOIIECOP CE [aBa I'bA€H IIPUOPUTET, KOraTo TpAOBa Aa H3II0A3Ba
muHata. Haaara ce BpBeXKJaHe Ha CIIELIMAAHO YCTPOMCTBO, KOETO Ce
HapHuya KOHTPOAEDP Ha IIMHATa UAW apOUTHP U TO U3BBPIIBA
pasnpeneAdHeTo Ha IMHATAa, T.€. OIPEAeAd KOE YCTPOHUCTBO 3a KOAKO
BpeMe [1a U3II0A3Ba InHaTa. OcBeH 3a 0OMeH Ha JaHHU, IIIHHAaTa Cce
HM3II0A3Ba U 3a IIpefaBaHe Ha yIIpaBAsBallla U afpecHa HH(pOopMaIlus.
3aToBa yCAOBHO LIIMHATA CE pa3leAd Ha TPU IOAINHU — HOAILIHHA 3a
JAaHHH, MOAIIHHA 3a aZAPECH I ynpaBAsSIBallla MOALUIHHA.
[TogmnHaTa 3a JaHHU IPEeXBBPAd HH(POPMAIHSI MEKIY OIIPEeaeAeHO
MACTO B IIaMeTTa UAW BXOMHO-HU3XOOHO YCTPOUCTBO U LIEHTPAAHUS
rnpoiiecop. KOHKpEeTHOTO MSICTO B IIaMeTTa UAHU BXOJHO-U3XOILHOTO
YCTPOMCTBO C€ OIIpefieAs OT aJpeca, KOHUTO Ce IIpeaasa I10 [MoAINHATA
3a aJpecu. YIIpaBadBalllaTa OAIINHA IIPpeHACd EACKTPUYECKH
CHUTHAAH, KOUTO KOHTPOAHPAT KOMYHUKAIUATA MEXAY LIEHTPAAHUS
IIPOLIECOP U OCTaHaauTe ycrpoicrtsa. [lo Hea ce mpeHacaT KOMaHAU OT
LEHTPaAAHUS IIPOLIECOP K'BM yCTPOMCTBATA U ChOTBETHO CE II0AyYaBaT
CBHOOIIIEHHS 3a cTaTyca Ha ycTpoicTrBata. Hampumep, ynpaBasgBaiiara
OAIINHA ChAbPXKAa ABE AMHHU 34 YEeTEHE U 3a IIHUcaHe, KOUTO
OIIPEAEALT IIOCOKAaTa B KOATO CE IIPpEHACAT JaHHUTE. [Ipyru ANHUU ca
AWHHSTA 3a CHHXPOHHU3AlYs, AMHHUU 110 KOUTO CE IIpefaBaT CUTHAAU 3a
IIPEKBbCBAHE U IP.

[[lmraTa NMa CAEIHUTE XapaKTEPUCTUKU:



- OIMpHHA Ha INOAIIMHATa 3a JaHHU — KOAWYECTBEeHA MspKa 3a
Opog OmuTOBE, KOMTO MOTAT A IIPpeMUHaBaT €IHOBPEMEHHO II0
HoAIINHATA 34 JaHHU,

- [OIMpPHHA Ha INOAIIMHATA 3a aJPECH — OIIPEAeAs MaKCHUMaAHUAT
pasMep Ha OCHOBHAaTa I1aMeT, HarpuMep dpe3 16-0uToBa
aapecHa IoAlInHa Morat ga ce agpecupar 64KB nawmer, ¢
32-6uToBa mMHa Morat Aaa ce aapecupat 4GB mawmer,

- CKOpPOCT — OoIIpeeAs KOAKO ITbTU IIIMHATA MOXKe /1a Obae
HM3II0A3BaHA (3a€eMaHa) B paMKHUTE Ha eIHa CEKyHa,
nusMepna ce B MHz.

ITameT B IepCOHAAHHSA KOMITIOTHP CE Hapu4da BCEKU PECYpPC, KOUTO
“Ma CBOMCTBOTO Ja ChbXpaHsBa uH(opMallus BB BpeMmeTo. [lamerta
IIpeACTaBASIBa ChbBKYITHOCT OT 6utoBe. Iloa equu OHT pazbupame
KOAWYECTBO MH(OPMAIIU, 3a KOSITO OTTOBapsd €IUH €ACKTPOHEH
eaeMeHT. C pa3dBUTHETO HAa KOMIIIOTPUTE CE OKa3Ba, de Hall-ynoOHaTa
anmpecyema equHuIla € Oatita. EnuH 6aHT e ocem Gura. KanaiurersT
Ha ITaMeTTa ce Mepu B OaliToBe. HUKOsS maMeT KOHIIEIITYaAHO He MOIKe
[a deTe JacT otT OaiitT. [TameTra ce u3rpaxkaa KaTo eTHOMEPEH AMHEEH
MacCHB OT OalTOBEe, KOUTO Ce HOMEPHPAT C IIOCAEIOBATEAHH HOMEPA,
HapedeHU azpecH. HomepanusaTa 3armouBa oT 0 ¥ cTHUra ga rnmocAeaHud
HaAWdeH pusndecku anpec. [lameTrra ce u3rpaxkga KaTo yCTPOUCTBO,
KOETO MOXK€ [a U3BBPIIIBA CAEOHUTE ABE OIlE€pAIlUU:

- dYeTeHe — II0JaBaHe Ha aJpecC U U3BEXKIAaHE ChABPKAHUETO HA

CHOTBETHUS OaiT;
- [HcaHe — IIoflaBaHe Ha aJpec U Ha 0ailT, KOUTO ce 3arucBa Ha
TO3U aapec.

ToBa e Aorm4ecKUaT MofeA Ha ntaMerTa. OT apXUTEKTypHA raeqHa
TOYKA I[TaMeTTa Ce pearnu3upa PU3UIEeCKU KaTo TPUMEPHU MATPHUIIH.
Koraro ce nomaae ABou4YeH anpec UMa yCTPOUCTBO, KOETO IO
aemrudpprpa — aapechbT Haco4YBa yCTPOUCTBOTO KbM OHE3U €AEMEHTH,
KOUTO CHhIBPKAT ChOTBETHHUTE OUTOBE. BpeMmeTo 3a memmudparivsa U
BPEMETO 3a IIPOYUTAHE ca KpaliHu BpeMeHa. [log BpemMe Ha JOCTBII 40
namMeTTa pazdbupame BpeMeTO OT II0JaBaHETO Ha aapeca /10
U3BAMYAHETO Ha JaHHUTe. BpeMeTo Ha MOCThII HapacTBa c obeMa Ha
maMeTTa.

B nmamerTa maHHUTE Ce NPEACTAaBAT B ABOUYEH BHUI.

C nowmorrra Ha n-OMTOBO IIOA€ MOTraT Ja Ce IPeACTaBAT TOYHO 21
pa3AM4YHU CTOMHOCTH.

[IBpBUAT HAYUH 3a IpeACTaBsIHE Ha IIEAUTE YHCAA € Ype3 NpaB KO,
[Tpu Hero Ha-cTapIIUAT OUT B N-OMTOBOTO IIOAE € 3HAKOB —

O o3HauaBa MMOAOXKHUTEAHO YHCAO, 1 03Ha4YaBa OTPHUIIATEAHO YHCAO.
Ocranaaute n-1 6uTa IpeacTaBaT abCOAIOTHATA CTOHHOCT Ha YHUCAOTO
B ABOHWYHAa OpoiiHa cuctema. [1o To3u HAYWH IIPH IIPaB KO
AUarna3oHbT OT IIEAN YHCAA, KOMTO MOXKE /a Ce IMPeACcTaBU C N-O0UTOBO
oae e -2n-1+1 .. .2n-1-1. [Ipu TOoBa HyAaTa UMa ABE NIPEACTABIHUL —
000...0 u 100...0. HemocTaThbKbT Ha IpaBUd KO €, UYe CBEONPaHeTo U
M3BasKIAaHETO Ha IIEAN YHCAA CE pearnu3upart TPYAHO arapaTHOo.



BTopusaT HAYUH 34 IIPEACTaBSIHE Ha I[IEAUTE UHCAA € Upe3 oOpaTeH
koz. OTHOBO HaM-CcTAPIINAT OUT € 3HaKOB. Pazankara oT npaBHs KOJ
€ B IIPECTAaBAHETO HA OTPHUIIATEAHHUTE YHCAA — TO Ce o0pasyBa upe3
WMHBEPTHPaHe Ha ABOUYHOTO IIpeAcTaBIHe Ha abCoAIOTHATA CTOMHOCT
Ha YUCAOTO. [lnana3oHbT IIPU N-OMTOBO IIOA€ OTHOBO € -2n-1+1 . .2n-1-1,
Hyaata otHOBO nma aBe npencraBguud — 00...0 u 11...1. I[Ipu
obpaTHUA KOO CHOMPAaHETO M U3BAXKAAHETO CE Peasu3upart
11o-e(peKTUBHO — YHCAATa, HE3aBUCHUMO OT 3HaKa CH, Ceé cbOUpaT KaTo
4rcAa B JBOWYHA OpoiiHa cucreMa, IIpH ToBa, aKO UMa IIPEHOoC OT
Hal-cTapiindg OUT HaBBH, TO KbM pe3yATara ce mobaBa 1.

TperudaTr Ha4YWH 3a INpeacTaBdHE Ha IIEAUTE YHCAA € Ypes3
OOM'BAHHTEAEH Koa. OTHOBO Hali-cTapmIudaT OUT € 3HaKOB. Paszamnkara
OT IIpaBUsd KO € B IIPEACTAaBIHETO Ha OTPULIATEAHUTE YHUCAA — TO Ce
obpasyBa upe3 HHBEPTHPaHe Ha ABOMYHOTO IIpeACTaBIHE Ha
abcoAroTHaTa CTOMHOCT Ha YHCAOTO (KaKTO IIPHU 00paTHUL KO) U CAEL
TOBa nobaBsaHe Ha 1. [luarna3oHbT OIPH N-OUTOBO 1ToAe e -27-1 |, 2n-1-7,
Hyaarta Bede uma enquHcTBeHO npencrasgHe — 00...0. Ilpu
JOOITBAHUTEAHUS KOJI ChOMpPaHEeTO U U3BaKIAHETO CE€ pearn3upart
Hal-epeKTUBHO — YHUcCAaTa, HE3aBUCHMO OT 3HaKa CH, Ceé ChOMpaT KaTo
4HcAa B JBOWYHA OpoiiHa cucTeMa, IIPH TOBa IIPEHOCHT OT
HaM-cTapiIndg OUT HaBBH Ce UTHOpPUpA.

Hma omre equH 3a npeacTaBIHE Ha YUCAATa — TaKa HapedeHUTe
ABOHYHO-AECETHYHH YHcAA. [[pu TaX BesgKa AeceTuyHa Iudpa ce
IIpeAcTaBd C YHUKaAHA ABOUYHA II0CA€QOBATEAHOCT. [IpeuMcTBOTO €,
4e ce JaBa BB3MOXKHOCT 32 AECHO U3BeXKJaHe Ha yncaa. HemocTaTbKbT
€, 4e Ce YCAOXKHABAT apUTMETHYHUTE orepainu. EqHa mmmdpa
OOMKHOBEHO Ce ITPEeACTaBs C YeTHpPHU O1Ta, KOUTO B 00IINA cAydait
npeacTaBdT crorHocTuTe / iudpute /cuMmBoaute 0-9. Taka 6
KOMOMHAIIMU OCTaBaT HEU3IOA3BaHU. Thil KaTO KOMIIOTPUTE
ChXpaHABaT OAaHHU 101 popMaTta Ha 0aiiToBe mMa ABa HaYMHA 3a
ChXpaHsSBaHe Ha YeTUPHU OUTOBUTE IIU(PPHU: BcaKa mudpa ce
ChXpaHSBa B OTAEAEH OalT (HemakeTHpaHa popMa) AU B eOuH OalT
ce cbXpaHdaBaT ABe IU(dpH (makeTupaHa popma). Exno n-6atiTtoBo
MMaKeTUPAHO JBOUYHO-IECETHYHO YUCAO MOXKE [a Ceé CbCTOU OT Ha-
MHoOro 2.n-1 nmudpu, egHaTa € pesepBUpaHa 3a 3HaK.

PeaanuTe 4yncaa B mameTTa Ce IIPEACTABAT Ype3 PallOHAAHU
aIpPOKCUMAaIIUH.

[IBPBUSAT ITOAXOM € PallMOHAAHUTE allpOKCUMAaIlNH Aa ca ¢ (PHKCHpaHa
Touka. C Apyru AymMu, B n-6UTOBO I10A€, I'bPBHUTE M OUTA IPEACTABIT
[sgAaTa 9acT Ha YHCAOTO, & OCTAHAAUTE N-m OuTa IIpencTaBaAT
ApobHaTa 4acT Ha YHCAOTO — [JeCeTHYHaTa To4YKa € Ha (PUKCHUpaHa
no3unus. [IpodbaeMBbT Ha TO3U IIOAXO/ €, Y€ He BUHATH Ce M3II0A3BAT
BCUYKU OUTOBE.

BropusaT noaxozn e palrfioHaAHUTE allpOKCUMAaIlNH fa ca C MAaBalla
To4YKa. Bcako 4mcao c maaBaia Touka uMa Buaa m.2P, KbAETO m €
ISIAO YHCAO, KOETO Ce Hapuya MaHTHUCA, a P € A0 YUCAO, KOETO Ce
Hapuya IopaabpK. KazBame, ye eHO YHUCAO C IIAABAIlla TOYKA € B
HOpMaAH3upaHa popMa, aKo Hal-CcTapIiIudaT OUT Ha MaHTHCcaTa € 1.



Bcgako gncAo ¢ maaBalia To9Ka MoxKe na 0b/le HOPMaAUu3HUPAaHO dpes
M3MeCTBaHe Ha MaHTHUCATa HAAIBO U ChOTBETHO OTpa3sgBaHe B
nopsiabka. Hopmaausupanara doopma Ha €HO YHCAO C ITAaBallia To9Ka
€ eIUHCTBEHa U OOMKHOBEHO TH Ce HM3II0A3BA 3a MpencTaBgHe Ha
YHCAOTO.

3a yHUBEpPCAAHO IIpeCTaBsgHEe HA CHMBOANTE B IIaMeTTa Ce IIOCThIIBa
II0 CA€JHUL HAYHWH : CbCTABd CE KOAOBA TAaOAHIIA, B KOATO BCEKU
CHUMBOA OT azeHa a3byka ce aconuupa c OuToBa IIopeaulia C
onpeneAeHa ObAKUHA. ChIIECTBYBAT PA3AUYHU KOJOBU TaOAHIIH.
[Ipumepu ca EBCDIC - 8-6uToBa KomoBa Tabauiia Ha IBM, UNICODE —
16-6utoBa yHHBepcaaHa KomoBa Tabauna, ASCII — mspBoHa4YaAHO
3aMHCAE€HA KaTo 7-0uToBa TabAnIla, HO BIIOCAEICTBUE pasIInpeHa /10
8-6uToBa 3a Hy>KIUTE Ha Pa3sANYHU HAIIMOHAAHOCTH. B pasanyHuTe
ASCII Tabauitu cumBoAauTe, Kogupanu ¢ 0 mo 127 ca egHHU U CBIIH, a
CUMBOAHUTE, KOOUPAHU CbC 128 mo 255 morart ma 6baaT pasaAundHH.

Hcropuuecky, orpaHUYaBamsaT (PakTop B IPOU3BOAUTEAHOCTTA HA
II€PCOHAAHHUA KOMITIOTHP € BPEMETO 3a AOCTBII 10 HamerTa. CKopocTTa
Ha I1aMeTTa € C IOPSABbIIN II0-MaAKa OT CKOPOCTTa, C KOodATO paboTu
HEHTPAAHULT IIPollecop. TeoOpeTUIHO aapecHOTO IIPOCTPAHCTBO TPAOBa
[la € MHOTO TOASIMO, 3a JIa MOXKe /1a Imobepe 1igaata nHgopmaiuda. Ho B
€IUH MaAbK UHTEPBaA OT BPEME PEeaAHO He Ce U3IIOA3BAT BCUUKUTE
Te3u agpecu. [lopaam Ta3u NpUYrHA Ce U3Tpazkaa Hepapxusd Ha
namerTa. lleaTa e agpecuTe, KOUTO B JafleH MOMEHT Ce€ M3II0A3BAT OT
LHEHTPaAHUL IIPOLECOP [Ia Ce JoKapaT 10-0AN30 40 HEro.

Cxemara e caegHaTa: (B IEHTPAAHUS IIPOIECOP) PETUCTPH € —> KeIll Ha
epBo HUBO ($L1 Kern) €-> Kerr Ha BTopo HUBO (L2 kelrn) € (U3BBH
LEeHTPaAHUL IIPOIEeCop) Kelll Ha TpeTo HUBO (L3 Kerr) € ocHOBHa
rnaMer < —> BUpPTyaAHa namer (swap-¢afiroBe BBPXY AUCK).
EcrecTBeHO, B cxemMaTa ce BKAIOYBA U BXOAHO-MU3XOQHATa CUCTEMA,
KOSTO AefiCTBa C JaHHHU U3BBH aPECHOTO IIPOCTPAHCTBO U OOMEHH
nH(pOopPMAaIIHs C OCHOBHATA IIaMeT U CbC swap-datiroBeTe.

Jlo peructpuTe UMa mapaseA€H OOCTHII OT Ipolecopa. L1 kemrbT e
pas3faeAeH Ha ABE He3aBHCHUMH 4aCTH — B €HaTa Ce I1a3saT caMo
WHCTPYKIIUH, B Apyrarta caMmo AaHHu. 3HakbT $ rpex L1 osnauasa, ye
Ta3u CTPYKTypa paboTu HEBUAMMO 3a IIporpaMara. L2 Keurst ce
HaMHpa B IIpollecopa u € 94acT OT OOIIOTO aIpPeCcHO IIPOCTPAHCTBO, C
KOEeTO paboTdaT HHCTPYKIIMUTE. L3 KelrsT e u3BBH IIpollecopa U ToU e
1o-roAgdM oT L2 kenreT 1o obem nmamer. OCHOBHAaTa I1aMeT He ChabpKa
BCHUYKHU aPeCU OT OOIIIOTO aPECHO IMPOCTPAHCTBO, PEAAHO BCUYKHU
aJpecHu MoraT Ja Ce IIOMECTAT CaMO BBbPXY AUCKA.

Mepapxusara Ha mameTTa ce 6a3upa Ha 0OIIOTO ITOAOKEHHE, Je 32
MaABbK IIEPUOJ OT BpeMe ca Hy:KHH MaAKo anpecu. HefiHarta 3amada e
[a ce peaausupa Obp3a maMeT ype3 ABeTe KOHIEIITUHN 3a AOKAAHOCT:
- TeMIOpaAHA AOKAaAHOCT — Hali-BEPOSTHO, ITIOCAETHO
HM3II0OA3BaHUTE JAHHU Ille ObAAaT U3IIOA3BAHU ITaK CKOPO, TaKa



BCSIKO HHBO IIOMHHU ITOCAE€THO M3II0OA3BaHUTE ODAOKOBE OT IIO-
JIOAHOTO HHUBO;

- IIPOCTPAHCTBEHA AOKAAHOCT — Hali-BEPOATHO CBCEIUTE B
aJApPECHOTO IIPOCTPAHCTBO Ha IIOCAEIHO U3IIOA3BAHUTE JAHHHU Il
OBOaT M3MIOA3ZBAHU CKOPO, TaKa OAOKOBETE OT II0-HUCKUTE HUBA
B HiepapxusaTa ca I10-TOAEMHU, ThY KaTo OCBEH de obxBarart
IIOCA€THO H3II0A3BAaHUTE OAOKOBE, T€ 00XBaIllaT TEXHUTE CHCEIH.

OcHOBHaTa XxapaKTepPHUCTUKA Ha KEIIOBETE €, Ue Te ca B TOPHUTE HUBA
Ha HepapxXxuara, HEIIOCPEACTBEHO CAE/ perucTpurte. KemroBere U3IISIA0
ce yIpaBAsSBaT OT xapayepa. PazMmepbT Ha KenloBeTe € 3HAYUTEAHO
II0-MaAbK OT pasMepa Ha OCHOBHAaTAa MaMeT U Te Ollepupar
IPUOAU3UTEAHO ChC CKOPOCTTA Ha IIpoliecopa.

Kenrer npeacraBasiBa CTPYKTypa KaTo MHOXKECTBO OT paMKH. Besaka
paMKa ce ChCTOU OT JaHHHU, ETUKET U ChCTOsIHUE. ETUKETHT e
XapaKTEePUCTHKAa Ha paMKaTa, KOATO € ChIIeCTBeHAa IIPU ThPCeHe Ha
naHHU B Keima. CbCTOSHHETO € Ba OuTa — OMT, KOUTO IIoKa3Ba JaAl
JaHHUTE B paMKaTa ca BaAUHU U OUT, KOHUTO IIOKa3Ba IaAH B
paMKaTa ca OMAMW ITHUCaHU JaHHHU.

OcHOBHaTa AOTHYECKa OpraHu3aIlyd Ha Kellla € PaMKUTE J1a Ce
rpynupaT B MHOXeCTBa. KelrsT ce peaan3upa KaTo MaTpHUlla, BCEKU
ped Ha KOSTO MPeacTaBAsIBa €IHO MHOXKECTBO OT PaMKH.

AnpechT 3a Kellla ce ChbCTOU OT TPH II0AETa — €TUKET, UHIEKC U
oTMecTBaHe. UHOEKCHT ommpeieAs MHOXKECTBOTO, B KOETO Ce HaMHupa
ThpceHaTa paMKa. [Ipu ThbpceHe CAel KaTo Ce OIIPEIEAN TOBa
MHOXKECTBO, JaHHUTE U €ETUKETUTE Ha BCUYKH PAMKH OT HETO BAHU3AT B
acolaTUBHA CXeMa C ThPCeHe I10 ChabpkaHue. Ha npyrus Bxox Ha
Ta3u CxeMa BAMW3a BXOMMAIIHS €eTHKET. B cxemara ce mpaBH ITapaseAHO
ThPCEHE Ha BXOALIIUS €TUKET U aKO TOH CHhBIIQJIHE C HAKOU €TUKeT Ha
paMKa OT MHOXKECTBOTO, Ha U3X0/la Ha CXeMaTa U3AU3aT JaHHUTE B
HaMepeHaTa paMKa. OTMeCTBaHETO IT0Ka3Ba MSICTOTO Ha TbPCEHUS
OaiiT B 6AOKa JaHHU Ha ThpceHaTa paMKa.

BcgKO MHOKECTBO Ce ChCTOHU OT €IUH U ChIIL Opoii paMKu. AKO TO3H
6poii e k, kazBaMme 4ye KelrsT € k-acomuaTuBeH. Hali-ipocTuar cayuait
€ KOraTo BCAIKO MHOXKECTBO OT PaAMKH Ce ChCTOH CaMO OT eHa paMKa.
B T03u caydaii ka3zBaMme, 4e KeUrbT € AUPEKTHO u3oopasum. [Ipu
OUPEKTHO U300pa3uMH KeIlloBe, UHAEKCHT IT0Ka3Ba OIlpe/ieAeHa paMKa
OT Kellla, TaKa Ye eTUKET He € HeoOxoauM. KelrroBe mpu KOUTO UMa
caMoO €IHO MHOXKECTBO OT PaMKH Ce HapHuyaT I'bAHO aCOIITUATUBHH.
EcrecTBeHO, IpU I'BAHO aCOIIMATUBHUTE KEIlIOBe HaMa HyK/a OT
uHIeKC. HegocTaThbKbT HA I'TBAHO aCOIIMATUBHUTE KEIIIOBE € roAgMaTa
CAOXKHOCT Ha aCOITMaTUBHOTO THhPCEHE.

ChIIIECTBEHUTE XapPaKTEPUCTUKU Ha KEIIIOBETE Ca CACIHUTE:

-  acoIMaTHUBHOCT;

- pasMmep Ha O0AOKa — aKO pa3MepbhT Ha OAOKA € MaAbK ce Iyou
IPUHITHIIA 34 [TPOCTPAHCTBEHA AOKAAHOCT, aKO € MHOT'O TOASIM
MOXKe J1a UMaMe HU3AHIITHO IIPeXBbPATHE Ha 0alTOBE;

- KaIlaluTeT — II0-TOAEMUTE KellloBe paboTdaT mo-6aBHO, TOKATO
IIPU II0-MaAKHUTE ce TyOU TeMIopasHaTa AOKaAHOCT;



- MeXaHU3bM 3a U3XBbPASHE Ha OAOKOBE OT JaHHU — aKO
THPCEHUAT OAOK OT JaHHU He Ob/le HaMepeH, Kod paMKa aa obae
U3XBBPAEHA, 3a [a Ceé 0CBOOOAU MSCTO 3a ThpCeHaTa paMkKa,
KOSITO III€ C€ U3TETAH OT I10-IOAHO HHUBO B HepapxusTa,
crpareruute ca caequuTe — LRU (13xBBpAgHE Ha paMKara,
KOSITO HE € U3M0oA3BaHa Hali-oTnaBHa), LFU (u3xBbpasgHe Ha
paMKaTa, KOSTO € U3II0A3BaHa Hal-pdanako), random (H3XBBPATHE
Ha npou3BoaHa pamka), NMRU (13xBBpAdHE Ha IIPOU3BOAHA
paMKa, KOsITO € pa3AudYHa OT Hal-4eCcTo U3II0A3BaHAaTa);

- Ha4yWH Ha 3aIlliucBaHe Ha OAOK OT JaHHU B KeIlla — KOoraTo ce
3anucBaT JaHHU B Kellla CTOU BBIIPOCHT OAAU Te€3U JaHHU /A Ce
3anpcBaT U B OCHOBHATAa IIaMeT, ABETe CTPaTEruu ca
write-through (r1pu Hes BCHUYKY 3aIIicH KBbM Kellla ce Haco4YBaT
U KbM OCHOBHATa ITaMeT, HEJOCTATHKBT €, Ue Ce HaMaAsaBa
IIPOU3BOAUTEAHOCTTA B paboTara Ha Kella IIPU MHOTO OIlepaliuu
3a 3aruc) u write-back (mpu Hes maHHUTE ce 3aITUCBAT CaMo B
HaAWYHa paMKa B Kellla, IIPU OIIUT 3a U3BbPXASHE Ha Ta3u
paMKa, Td TpsibBa ga ce 3aruile B ITaMeTTa IIpeau aa ce
U3XBBPAH, IIPEIUMCTBOTO Ha T€3H1 KEIIOBE €, Ye ce HaMaAsBa
TpaUKBT KbM OCHOBHATA IIaMeT, HEJOCTATHKET €, Ue ITaMeTTa
ryOM KOHCHUCTEHTHOCT — JJaHHU, KOUTO Ca 3aIllUCaHU B Kellla B
€IH MOMEHT MOXKe [a He IIPUCHCTBAT B OCHOBHATA IIaMeT).

B HavaaoTO OCHOBHATAa MaMeT € MHOI0O CKbIIa, JOKATO MarHUTHHUTE
OUCKOBE, Makap 1o-6aBHH, ca MHOTO II0-€BTHHH 3a 3allOMHSIHE Ha
equH out. OT gpyra cTpaHa IIporpaMHuTe 3all0oYBaAl 1a HapacTBaT U
[a ce Hy>KJadaT OT II0-TOAEMH apPeCHU IIpocTpaHCTBa. BrBexkaa ce
IIPUHIIUITHT Ha BHPTYaAHaTa MaMeT — IIPpU Hesl B KOMITIOTPUTE Ce
paboTH ¢ BUPTYaAeH aapec, KOUTO 10 pa3Mep € II0-TOASIM OT
dpusuuecKkusa agpec Ha OCHOBHATA MaMeT. Taka BUPTYaAHOTO apPecHO
IIPOCTPAHCTBO MOXKE [1a € MHOT'O II0-TOASIMO II0 pa3Mep OT PEAAHOTO
apeCHO IIPOCTPAHCTBO. BUpTyaaHOTO aipeCHO IIPOCTPAHCTBO €
pasnmeaeHo Ha OAOKOBe, HapedeH! CTPAHHIH. BupTyaaHUAT azpec ce
CBCTOH OT HOMEP Ha BUPTyasHaTa CTPAHUIIA U OTMECTBAaHE B PAMKUTE
Ha cTpaHullata. [IporechT Ha npeobpasyBaHe Ha BUPTyaA€H aapec
KBbM peaseH (PU3NYECKU aapec HapudyaMe TpaHcAauus. [Ipu
TpaHcAalHsaTa HOMEPHT Ha BUPTyaAHATa CTpPaHUIIA ce ITpeobpasyBa B
HOMep Ha (pu3MYecKa CTpaHHIla B peasHaTa I1aMeT, OTMECTBAHETO BBHB
dusmyeckaTa CTpaHUlla € CBIIOTO KaTo BB BUPTyasHaTa. ArtapaTHO
HAM OT OIlepallOHHAaTa CHUCTeMa Ce IMOAabpiKa BbTPEIIHa TabANIla Ha
CTpaHUIIUTE, KOSTO [IOKa3Ba B AalleH MOMEHT OT BPEMETO KaKBO €
H300pakeHNeTo Ha BUPTyaAHaTa IIaMeT BbPXy (pru3ndecKara.
CoirecTBeHO e 1a ce 0TOeAeKH, Ye OTAEAHUTE MHANBUAYAAHHU IIPOIIECH
He U3BBPIIBAT TPAHCAAIIUATA - T CE U3BBPIIBA OT CUCTEMEH ITPOIIEC,
KOUTO € YacT OT 94POTO Ha OllepallOHHAaTa CUCTEMA.

B HagaaoTO BHpTyaaHaTa naMeT peliaBa HyxKaaTa OT II0-TOAIMO
aJIpecHO IIPOCTPaHCTBO. B Hammu nHu dpusudeckaTa rraMeT HapacTBa U
IIOEBTHHABA. Brlipeku ToBa, BUpPTyaAHAaTa I[IaMET CE 3arasBa, Thi KaTo
C HEHHOTO Pa3BUTHUE CE IIPOABABAT HAKOU APYTH IIOAE3HU KadeCcTBa.



OCHOBHOTO €, Ye BCEKH ITPOIIEC U3II0A3BA BUPTYAAHH aPECHU B €IHO
BUPTYAAHO aPECHO IIPOCTPAHCTBO. B pe3yaTart oT angpecHaTa
TpaHCAAIlUs €IHAKBU BUPTYAAHU aIPECU OT PA3AUYHU IIPOIIECH Ce
n3o00pa3sgaBaT B pa3AudHU (PU3HUYECKH a/[pecy. Taka emHO U ChIIO
pPeaAHoO agpPecHO ITPOCTPAHCTBO MOXKE [Ia C€ U3IIOA3BA OT PA3AUYHU
Ipoliecu 0e3 ITPUITOKPHUBAaHE Ha apPECHUTE.

BupryasHaTa nmaMmeT uMa CAEOQHUTE HNPEaUMCTBA:

- 3almTa - IIPOILIECUTE Ca U3ISAO OTAEACHU €qUH OT APYT;

- IPOTPaMHPAaAHETO CE OIIPOCTHABA, Thil KATO BCEKU ITPOIIEC CE
pa3BHUBa B XOMOT'€HHO BHPTYaAHO aApPECHO ITPOCTPAHCTBO C
HadaaeH aapec 0.

OCHOBEH HeOOCTAThK Ha BUPTyaAHATa IIaMeT — KaKBO CTaBa IpU
HeHaMupaHe Ha u3nudecKaTa CTpaHUIa B ITaMeTTa. XapakKTepPHOTO 3a
BUpPTyaAHaTa [IaMeT €, Ye Ha MarHUTEH IUCK Ce OTaeAd (haiia
(swap-file), B KoiiTo ce moMmecTBa 06pa3 Ha I'bAHOTO BHPTYaAHO
aJIpecHO ITPOCTPAHCTBO. B peaaHaTa rmaMer ce IToMecTBaT CaMO HAKOHU
AaKTHUBHU CTpaHUIlU. [Ipy HeHaMHUpaHe AUIICBAIllaTa CTPaHUIIA TpsabBa
[a Ce IPEXBBPAU OT AUCKA B peasHaTa raMerT. ToBa IIPEXBBbPASIHE €
TBBPAE 0aBHO U IIOPAAU Ta3Hu IIPUYHNHA, PearHaTa [TaMeT BUHATH €
write-back, T.e. HUKOra OT IIpollecopa He ce 3aITucBaT JaHHU B AUCKA,
TaKa ce INoaabpzKa Bph3Ka caMO MeXK/Iy IIpollecopa U peasHaTa IIaMer.
TpamcaamuaTa ce U3BBPIIBA 10 CAETHUS HAYUH: IIPU 3asBKa 3a
JOCTBHII 10 AajieHa CTPaHHUIla, IIbPBO Ce IIPOBEPSBA JaAH T Ce HaMHUpa
BBB (pU3UUecKaTa IIaMeT — aKo [a, BPhIlla aJpeca Ha CTpaHUllaTa,

aKo He 3apexk/a ThpceHaTa CTPaHUIla OT AUCKA U CAEM TOBa BPbBIIA
HeliHUa agpec, ITPU TOBa aKo HAMa MSCTO B [TaMeTTa 3a HoBaTa
CTPaHUIla, HIKOS OT HAAMYHUTE CTPAHUIIN TPAOBa ma Obe ImoaMeHeHa
II0 HIKOHM OT aATOPUTMHUTE, KOUTO CIIOMEHaxMe IIPH KENIOBe, IIPH TOBA,
THH KaTo OCHOBHAaTAa I1aMeT € write-back, ako moagMeHsTHaTa CTPaHHUIIA
e Oraa MpoMeHsIHA, T TpsbBa aa ce 3arruille BbPXy OAUCKA.

OcBeH Ha CTpaHUIU, BUPTyasHaTa IaMeT MOzKe aa 0bae
OopraHH3UpaHa U Ha CeMEHTH, T¢€ 3a pPa3AHKa OT CTPaHUIUTE ca C
IIPOMEHAMBA IBAKHMHA U MOraT [a ce IpPUIIOKPHUBAT.

B mamuuauTe PENTIUM npu cermeHTalysTa agpechbT Ce II0AydaBa OT
16-0UTOB CErMEHTEH PETUCTHP U 32-0UTOBO OTMECTBAHE.

Bceku cerMeHTeH perucThp ChAbpKa UHIAEKC, KOUTO IT0Ka3Ba
OTMeCTBaHe B rao0asHa MAU AOKAAHA NECKPUIITOpHAa Tabauna.
JleCKpUIITOPHUTE TaOAUIU ChIBPKAT CETMEHTHU AECKPHUIITOPH, KaTO
BCEKH CETMEHTEH NECKPUIITOP OIMCBa €QUH CETMEHT 4Ype3 agpeca Ha
HaA4YaAOTO Ha CETMEHTa, pa3Mepa Ha CerMeHTa U pasAndYHU OMTOBE 3a
cbeTosgHUE. ['AobarHaTa AECKPUIITOPHA TaOAHIIA € eIUHCTBEHA U Ce
HM3II0A3Ba Hali-Bede 3a JECKPUIITOPU Ha CUCTEMHHU CETMEHTHU.
AokanHaTa OJEeCKPUIITOPHA TabAWIlA HE € eAMHCTBEHA U CEe U3II0A3Ba
Hali-Bede 3a JEeCKPUIITOPU Ha IIPHUAOXKHU CEIMEHTH. B maieH MOMeHT
MOKE [Ia Ce€ M3II0A3Ba TOYHO eHa AOKaAHA JEeCKPHUIITOPHA TabAHIIA.
[ToayyaBaHeTO Ha agpeca IIPHU CErMEeHTAlHsITa CTaBa 10 CAEIHUI
Ha4uH: (3aafleHU ca CETMEHTEH PETUCTHP U OTMECTBAaHE)



- II'bPBO Ce OIIpeneAd B rao0asHaTa MAU B AOKaAHA JEeCKPUIITOPHA
TabAWIIa [Ja Ce ThPCH CETMEHTHHUS IEeCKPUIITOP;

- CA€Il KaTo € OIIPENEAECH CETMEHTHHUAT AECKPHUIITOP CE B3UMa
aIpechT Ha HAYaAOTO Ha CETMEHTa U KbM HETO Ce IIpUbaBd
OTMECTBAHETO.

[ToaAygyeHUAT ampec CAE CErMEHTalUdaTa Ce Hapuda ANHEEH aipec U
TOU € 4aCT OT AMHEHWHOTO aIPECHO IIPOCTPAHCTBO.
BB3MOXKHU ca aBa cay4dad:

- AWHEWHOTO aJIpeCHO IIPOCTPAHCTBO AUPEKTHO ce N300passaBa
BBPXY (PU3UIECKOTO aJPECHO IIPOCTPAHCTBO;

- AMHEHWHOTO aJpeCHO IIPOCTPAHCTBO € BUPTYaAHO — U3BBPIIIBA CE
CTpaHH4YHA IIpeaapecaliys.

B cay4aii Ha cTpaHWYHA IIpeanpecalyd, AMHEMHUAT apec ce uslpalia
KBM OAOK, KOWUTO To IIpeodpasyBa KbM (PU3NYIECKU apec.

CHucTeMaTa 3a IpeK’bCBaHeE 1IeAU BB BCEKU MOMEHT /A Ce Aame
BB3MOXKHOCT 32 PETUCTpalHs Ha CAyYBalllo ce chouTue. MexaHu3MbpT
Ha IIpeKbCBaHUSATA € e(peKTHBEH HAaYHH 3a OOMaHa Ha HHPOpPMAITUs C
OaBHUTE BXOOHU-U3XOIHU YCTPOMCTBA M 32 CUTHAAU3UIINS 3a OCOOEHH
CBCTOSTHUA B paboTraTta Ha IeHTPaAHUd IIpolilecop. Upes Hes ce n3dbdarsa
HeoOXO0UMOCTTAa OT IIEPHUOAUYHHU ITPOBEPKH Ha paaroBe 3a OaleHHU
cpOutndg. Ha BCcsKO IpeKbCBaHe Ce ChIIOCTaBs TOYHO OIIpeleAeH
HOMep. 3a BCEKU BHUJ IIPEKbCBaHE UMa CIIel[haAHa I[IporpamMa, KoaTo Ce
U3II'bAHSIBA [IPU BB3HUKBAHETO HA TO3U BUJ IIPpeKbCBaHe. B ocHoBHaTa
nmaMeT UMa CIlelliasHa (pUKCHUpaHa obAacT, HapedeHa Tabanila Ha
BEKTOPHTE Ha MpPpeKbCBaHHATA. Bceky BEKTOpP Ha IIpeKbCBaHe
ChOBPIKA yKazaTea KbM IoAIporpamMa 3a oopaboTka Ha IPeKbCBAHETO
U CBCTOSHUE.

KoraTo BB3HUKHE ITPEKBbCBaHe, IIEHTPAAHUSIT IIPOIIECOP ITPEKBHCBA
H3I'bAHEHHETO Ha TeKylIllaTa IIporpaMa U ChIbpP3KaHHUEeTO Ha
nporpamuusa o0posd PC u perucrbpa Ha cbecTossHueTo MSW ce 3anasBart
B CTE€K 3a /1a MO3Ke [1a UMa BAOKEHH IpeKbCBaHNd. HOBOTO ChCTOSITHIE
Ha ITpoIlecopa IIpU BAU3aHE B IIPEKbCBAHE Ce€ B3UMa OT ChbOTBETHHUSI
BEKTOP Ha IIpeKbCBaHe, KOUTO ce HaMupa I10 HoMepa Ha
IIpeKbCBaHeTo. Besgka mmporpama, KosiTo o0CAyKBa ITPeKbCBaHe
3aBBbPIIBA C UHCTPYKIUA 32 BPBIIIAHE OT IIPEKbCBaHe, KOSITO OT BbpXa
Ha CTEeKa IIpodyuTa npeaunrHoTo ceecroguue Ha PC u MSW u ru
3apezkia B IIPollecopa U I10 TO3U Ha4YWH U3II'bAHEHUETO Ce BPhIla KbM
IIpeKbcHaTaTa Iporpama.

3a ma ce oTyeTe BajKHOCTTA HA CHOUTHATA, KOUTO MOXKE A HACTBIAT
ce BbBEXa MPHOPHTET Ha NpeKbCcBaHugTa. [Io Bpeme Ha
U3I'bAHEHHETO CH IIporpamMara 3a oopaboTka Ha eIHO IIPeKbCBaHe
MoOXKe n1a 6bae IIpeKbCHATa CaMo OT IIPEKBbCBAHEe C II0-BHCOK
mpuopuTeT. ChIIECTYBaT PA3AUYHHU BHUIOBE IIPEKHCBAHUS:
- IIpeKbCBaHHS 110 MALIHHHA IpelIKa — rpellka B araparypara,
T€ ca Hal-BHUCOKO IIPUOPUTETHH;
- BXOAHO-H3XOAHH IIPEKHCBAHUS — T€ C€ aKTUBUPAT B PE3YATAT
Ha U3II'bAHEHUE Ha BXOIHO-U3XOHA OIlepallud,;



- B'BHIIHH [IPEKHCBAHUSI — CBbP3aHU Ca C HIKAaKbB BBHIIIEH
eaeMeHT (Harrpumep O0yToH RESET) u ca aHaaornyHu Ha
BXOOHO-U3XOOHUTE TPEKHCBAHUSI;

- IporpaMHH IIPEKBCBAHHUS — T€ Ca CHHXPOHHU C IIporpaMara,
KOSITO CE€ U3II'bAHABA U OATHCKAT U3II'bAHEHUETO HA HAKAKBA
HHCTPYKIMd, HAIIpuMep neaeHue Ha O;

- mnporpamMHO-aKTHBHpaHH (SVC) npekbCBaHUL — IIPU TAX
TeKylllaTa IIporpaMa u3aaBa CIellMasHa KoOMaHaa 3a
IIpoBexXKAaHe Ha IIPEKbCBaHE.

[pyro pa3zneasHe Ha IPEKbBCBAHUATA € HA MACKHPYEMH U
HeMacKHpyeMH. MacKkupyeMuTe NpeKbCBaHUS MOrarT aa ce
UTHOPHPAT, T.€. fa He ce o6paboTBaT, 10KATO HEMaCKHUPYEMHUTE
IIPEK’bCBAaHUS 3aIbAXKUTEAHO ce o0paborBaT. Taka HEMaCKUPyEMUTE
HNpeKbCBAaHUI BUHATH UMAaT IPUOPUTET IIPE MACKUPYEMHUTE.

7. daiinoea cucmema. Ao2uuecKka op2aHuU3AUUS U
dusuuecko npeocmaesrHe. OCHOBHU cuCmMemHU
npumumueu.

PaHABT € OCHOBHATA €OAVMHHUIA, 9PE3 KOATO OIIEPAITMOHHUTE CUCTEMHU
ocUrypdBaT CbXpaHdBaHETO HA IIOCTOAHHHA 00eKTH JaHHH.

HmeTo Ha atia € CHMBOAEH HHU3 C OIIpe/ieA€Ha MaKCHMaAHa TbAXKHHA.
JonmycTUMHUTE CHMBOAM 3a UMETO Ha paiiaa, KaKTo U MakKCUMaAHaTa
OBAKUHA BapyupaT B Pa3AUYHUTE OIE€PAIIMOHHU CUCTEMH.

B UNIX/LINUX cucreMure ce AOIIyCKaT BCUYKU BB3MOXKHH CHUMBOAH U
He Ce ITPaBU pa3AMKa MeXKIY MAaAKU U F'AaBHU AQTHHCKH OyKBH.

B MSDOS ca npomyctumu camo nudpute, OyKBUTE ¥ CUMBOABT 3a
noguepTaBaHe (_) ¥ HE Ce IpaBU pa3AnuKa MEXKIy MaAKH U TAaBHU
AQTUHCKU OYKBH.

B Hakou onepalilMOHHU CHUCTEMHU UMETO Ha (patira mMa caemHaTa
dopma: ume_Ha_dgpaiin.paswuperue]. PasimnpeHueTo ce U3moa3Ba 3a
[la ce o3HA4YU TUIIA AU popMmaTa Ha atira U TO He € 3abAXKHUTEAHO.
[IpuMmep 3a Takasa onepalpoHHa cucrema e MSDOS.

OCHOBHUSAT MOMEHT € JOKOAKO SJPOTO Ha OIlepalliOHHaTa CUcTeMa
IIpaBH pa3AMKa MEXAy UMETO U pa3IlIupPEHUETO.

B UNIX/LINUX cucreMute 3a 4apOTO HIMAa UME U pa3lINpeHue —
HMeTo Ha padiaa e egHo 115A0. PasimpenusaTa MoraT ia Ce IIOCTaBAT 3a
1o-y1ob6Ha BpB3Ka MEXAY ITOTPebUTeAss U 0OCAYKBAIIUTE ITPOTPaMU B
ob6BHUBKaTa Ha SApPOTO, HO TOBa HE 3acsra caMoTO S1po.

3a pa3auka ot UNIX/LINUX cucremute, B MSDOS pasneasgHeTo e
3aA0KEHO B SIIPOTO — HAIIpuMep, patirnoBeTe C U3IIbAHUM KO
3abAKUTEAHO UMAT PA3IINPEHHE exe UAU COMm.

B mo-crapure ornepaliilMoOHHU CUCTEMHU MMa €IUHCTBEH THI (pafiroBe.
B rmo-HOBUTE OIepallMOHHU CUCTEMH TaKuBa palinoBe ce HapudaT
oOukHOBeHH (aHAOBe - CAyKAT 3a ChXpaHsBaHe Ha HHPOPMAIIH
BBPXY BBHIIIEH HOCUTEA.



B cpBpeMeHHHNTE OePaIllOHHN CUCTEMH UMa U APYTH THUIIOBE
daiinoBe. Te ca daiinoBe, CBBbP3aHU C BXOIHO-U3XOHU YCTPOHCTBA
HAM (palin0Be, CBBP3aHU C YCAYTH, IIPEOOCTaBEHHN OT SIAPOTO.

B UNIX/LINUX catiaoBeTe 3a BXOJHO-U3XOJHHU YCTPOUCTBA Ce
Hapu4yaT cnenHaAHH ¢anaoBe. Te ca ABa TUIIAa — CUMBOAEH
criertnaseH dpadin U OAOKOB crieriaseH dpadia. [ToazaTa ot T9x e, de
IIpoTrpaMHUTe CTaBaT HE3aBHCUMHU OT YCTPOMCTBATA — CUCTEMHUTE
IIPUMHUTHBH 32 YeTeHe U IIMCaHe ca eHU U CBHIIU 3a BCUYKH
YCTPOMCTBA.

B UNIX/LINUX catiroBeTe, CBbP3aHH C YCAYTH, IPEAOCTABIHU OT
AIPOTO ca HAKOAKO Bua. [IporpaMHHTe KaHaAH ca (paiinoBe, KOUTO
OCUTYPSBAT ME€XaHU3bM 3a KOMYHUKAIIUS MEXK/Iy [apaseAHO paboTelnu
npoiecu. TakbB TUI (patiroBe ca U TakKa HapedeHUTe socket, HO Te ce
H3I0A3BAT 3a IIPOILleCH B MpexkoBa cpena. B mo-HoBuTe UNIX cucremu
MMa CHMBOAHH Bpb3KH. CMBOAHUTE BPB3KHU ca TUII (paiiroBe, dpe3
KOHUTO Ce JaBa BB3MOXKHOCT eIMH (pakiA 1a € HOCT'BIIEH C Pa3AUYHU
nMeHa. Crlata Bb3MOXKHOCT ITPEAOCTABST U TaKa HapedeHUTe
TBBPAH BpP'b3KH, HO 32 Pa3AHKa OT CUMBOAHUTE BPB3KHU T€ HE CE
pasraexkaaTt KaTo THII pafirnoBe.

darinoBaTa cucTeMa Ha BCAKa OIl€palliOHHA CUCTEMA €
CTPYKTypHpaHa, KaTo HH(opManusaTa 3a camaTra CTPyKTypa e
3aria3eHa BbpXy ArckKa. ParianoBeTe ce OpraHu3upaT B KaTaAO3H.
BBIpochT € mjasn KaTar03uTe ca peasn3upaHu KaTo TUII patirnoBe.

B mo-crapure cucremu kKato OS/360 datiroBeTe BEPXYy €AUH OHCK ca
OpPTaHU3UPAHHU B €IUH KaTaAOT, KOUTO He € THII (paliA — IIOMECTEH €
OTIEAHO OT (patinoBaTa CUCTEMa BBPXY AUCKA.

B cpBpeMeHHUTE OIl€epalliOHHU CUCTEMH KATaAO3UTE Ca Peasu3upaHU
KaTo THUII CUCTeMHH patirnoBe. Bceku KaTasor chabpzka HHPOPMAIIUS
3a (paiiaoBeTe B HETO — 3a BCEKHU (paiia MMa IIOHEe €IUH 3aIThC, KOUTO
ChOBPIKA UMETO Ha parira U OJOIIbAHUTEAHA MH(OPMAIIUL.

KaTo BBTpEemIHa CTPpYKTYypa, Hali-00110 (paliAbT € IT0CAEJOBATEAHOCT
OT JaHHU. ENVMH BB3MOXKEH HOAXon € (paliAbT Aa € IIOCAEIOBATEAHOCT
OT 3aIlHCHU C onpeaeseH popMmat u abaxkuHa. B OS/360 uma aBa
dopMmaTa Ha pafiaoBeTe — 3aIIHCU C (PUKCHUpPaHa UAU C IIPOMEHANBA
abAKUHA. [Ipu TakaBa CTPYKTypa CUCTEMHUTE IIPUMUTHBH 34 UeTeHe
U IIHUcaHe TpsbBa [a ca OpraHUu3UpPaHU 110 3aIucu. ToBa mpeau3BUKBaA
mpobAeMH, 3aIl0TO IIPU PA3AHYHUTE TUIIOBE (pafirnoBe 3arucuTe TpsadbBa
[a ca C pa3AnudHa IBbAXKUHA U (popMaT, KOETO U3HUCKBA Pa3AHYeH
TIOAXOM ITPYU OIlepaIlMUTE YeTeHe U ITHCaHe.

B chbBpeMeHHHUTE OIlepPalliOHHU CUCTEMHU (PaWABT Ce pas3TrAekaa KaTo
II0OCA€JOBATEAHOCT OT OatiToBe. ToBa ompocTsaBa CTPyKTypaTa Ha
dpatira ¥ CHOTBETHO OIIPOCTSIBA CUCTEMHUTE ITPUMHUTHBH 3a paboTa ¢
datiroBe. Haii-chIrlecTBeHO €, 4ye TaKaBa CTPYKTypa MOXKe Ja ce
IIPUAOXKHU KbM BCUYKH U30POEHU IIO-rope TUIIOBe (paiiroBe.

ATpHOyTHTE ca morrbAHUTEAHA MHPOPMAIHs 3a Patirn0OBETE, KOSITO
oIlepalliOHHAaTa cHcTeMa cbxXpaHaBa. OCHOBHUTE aTpuOyTH ca:



- pasmMmep Ha (aiira B 3aBHUCUMOCT OT CTPYKTypaTa MY;

- arpubyTu 3a mara/BpeMe — gaTa/BpeMe Ha Ch3aBaHe Ha
datira, maTa/BpeMe Ha ITOCAEIEH OOCTBII, AaTa/BpeMe Ha
IIOCA€THA MOMU(UKAIINA, 1aTa/BpeMe Ha IIOCAEHO U3MEHEHHE
Ha aTpuOyTHUTE;

- aTpubyTH 3a CUTYPHOCT — COOCTBEHUK Ha (patira, IIpaBa Ha
JOCTBII 10 (haiira 3a pa3AUYHUTE HOTPEOUTEAH, IAPOAU 3a
JOCTHII 10 (patira (Haii-Bede 3a JOCTHII B MpeKOBa Cpena);

- arpubyTHu-daaroBe — Te3U aTPUOYTHU Ce peasu3upaT KaTo eauH
out, mpuMepu 3a Takuba gpaaroe B MSDOS ca: readonly (ako e
1, daiabT € camo 3a yeTeHe), system (ako e 1, padiabT €
CHCTEMEH, T.€. ChAbP3KAa JacT OT OollepallMOHHAaTa CUCTEMA),
hidden (axo e 1, patiabT € ckpur), archive (ako e 1, padiabT 1€
ObIle BKAIOUEH B cAeABallvs back-up Ha cucremara),
daaroBe uma u BbB Bepcunute Ha LINUX — Hanpumep, paarst
security deletion (ako e 1 3a HaKOU patia, TO IPU HETOBOTO
VHHUILIOXKaBaHe ce popMaTUpaT BCUUKU OAOKOBE, KOUTO € 3aeMaA
daiiaa) u paarsT undelete (ako e 1 mpu u3TpHUBaHe Ha daiisa ce
ChXpaHsaBa HH(POPMAaIlHs, IOAMOraIlla €eBEHTYaAHOTO MY
BB3CTAHOBSIBaHE).

Hati-tipocrata opranu3saius Ha pafinoBaTa CHCTEMA € 32 BCEKH JTUCK
[a ce U3rpaay equH KaTaAor, KOUTO ChAbpiKa HH(popManus (1Me,
aTpulyTH, AUCKOBU aApecH) 3a BCHYKH (paltin0Be, PA3IIOAOKEHU BBHPXY
aucka. TakaBa opraHu3anus UMa IIpH II0-CTapPUTE OIlePaIlMOHHU
cucremu, HartpuMmep OS/360. TakaBa opraHu3aiusa ch3aaBa peaulla
Heyago0cTBa — BCUYKU (palinoBe BBPXY €AMH OUCK TpsbBa ma ca c
Pa3AMYHU UMeHa, KOETO € IPobAeM IIPU MHOTOIIOTPEOUTEACKU
CHCTEMH, OCBEH TOBa Ce 3aTpPyAHABa ThpceHeTo Ha (aiiroBe. [Topamu
Te3U IPUYUHU B [I0-HOBUTE OIIEPAITMOHHU CHCTEMH C€ U3TpazKaa
HepapxXHYHa OpraHH3alHa Ha (ailiroBaTa cucreMa. B HagaaoTo T4 €
buaa c puKcupaH 6PoO HMBaA — IIPUMED € ollepalioHHaTa CUCTeMa
CTSS ua MIT, B KogaTo ¢aiiroBaTa cucremMa e Ha Tpu HUBA. [lo-HOBUTE
OIlePaIlOHHHU CHUCTEMH IOAMBPIKAT HepapXudyHa OpraHu3aliud C
IIpou3BoA€H Opoii HMBa. Hali-ropHOTO HUBO € rAaBeH KaTaaor. Beceku
KaTaAor MOXKe [1a ChAbp:Ka KaKTo MHQopMmalyg 3a ¢airoBe, Taka U
nHpopMaIys 3a APYTH KaTtasro3u. [1o To3n Ha4YMH ce TToAydaBa
'bPBOBHU/IHA OpraHU3allld — B ACTaTa Ha IBPBOTO ca (paiiroBeTe, a
BBHB BBTPEIIHNUTE BHPXOBE Ha ABPBOTO ca KaTaso3uTe. MimeHara Ha
daiiaoBeTe TPAOBA A ca YHUKAAHU CaMO B PpaMKHTE Ha €IUH KaTaAoOr.
B TakaBa opranuzanusa TpsbBa ga mMa Ha4YUH 3a YHU(UIUIPaHe Ha
MMEeTO Ha BCEKM (paiia. 3a IieaTa ce BbBeXK/IaT I'bAHH HMEHA Ha
datinoBe. AGCOAIOTHOTO ITHAHO UMe Ha (aiia ce o6pa3yBa OT UMeHAaTa
Ha KaTaAO3UTe I10 €AUHCTBEHHS BT OT KOPeHAa Ha JBbPBOTO A0 AHCTOTO
c paiina. OTHOCHTEAHOTO ITHAHO HMe Ha (paia e CBBP3aHO C
IIOHSATHETO TEKyIl KaTaaor. ToBa ume ce obpasyBa oT UMeHaTa Ha
KaTaAO3UTe 10 €IUHCTBEHUS ITHT OT TEKYIIHUI KaTaAOT 10 AMCTOTO C
daiiaa. B UNIX/LINUX cucremuTe nMa efuHHA Hepapxus 3a BCUYKU
daiianoBe U 3a BCHYKH yCTpoicTBa. ToBa ce moCcTHUra ¢ TeEXHUKATa Ha



MoOHTHpaHe. [Togabpzka ce TeKyIll KaTaaor 3a BCEKH OTAEAEH IIpoliec. B
MSDOS cucremure crienmmasHuTe (patinoBe He ca 4acT OT
HepapxudyHaTta CTpyKTypa. OCBEH TOBa 3a BCAKO AUCKOBO YCTPONCTBO
ce m3rpazxkaa cobCTBeHa HepapXudyHa CTPYKTypa CbC COOCTBEH KOPEH.
BeBexnar ce UMeHa Ha Pa3sAUYHUTE YCTPOMCTBA U CE IIOAIBPKA
TEKYIIO yCTpoMcTBO. TeKyIl KaTaaor ce HoAabpKa caMo 3a OTIAEAHUTE
YCTPOMCTBa, HO HE U 3a BCHUYKH IIPOLIECH.

Crpareruute 3a yrpaBA€HHE Ha JUCKOBOTO ITPOCTPAHCTBO Ce
00ycAaBAT B 3aBUCUMOCT OT KOMOMHHPAHETO Ha PEIeHHeTO Ha TPU
OCHOBHH BBIIPOCA.
[IH5pBUST OCHOBEH BBIIPOC € KoTa Ce pasIIpesiead AUCKOBA IIaMeT 3a
daiiaoBeTe. ChIlecTByBaT ABA OCHOBHH IIOAXO0/A:
- CTaTH4YHO paslpeAeAeHHe — [IPU Hero maMmer 3a eauH (paiia ce
pasnpeneas eTHOKPATHO, IIPU HETOBOTO Ch3AaBaHE,;
- AHHAMHYHO pa3npelaeAeHHEe — IIPH HEero I1aMeT 3a eauH aia
ce pasmnpenesss MHOTOKPATHO C HapacTBaHeTo Ha (patiaa.
CraTU4HOTO paslpeneAcHUe 3aTPyaHsIBa IOTPeOUTEAs — TOH TpsaOBa
IpeaBapUTEAHO Oa 3Hae KOAKO roadM Iie 0bae datiaa, 3a m1a Moxke aa
3a/1eA JOCTATBhYHO naMeT. [JJMHAMUYHOTO pa3npeaeseHIe e
II0-I'bBKaBa CTPAaTEerusd, HO € IO-TPyAHA 33 peasnu3aliyd.
BTopusT OCHOBEH BBIIPOC € KOAKO HEIIPEKbCHATH AUCKOBU 00AACTH
zaema equH aiia. [log HempeK’bCHATa AHUCKOBa obAacT pasbupame
IIOCA€JOBATEAHH CEKTOPH BBPXY €QHA ITHCTA, IIOCA€JOBATEAHU ITHCTU
BBPXY €OUH LIUAUHIBD, T.€. PU3UIECKH CbCEeOHH 00AaCTH, OTYUTAHKU
dpusuyeckaTa opraHu3alys Ha AUCKa. TyK OTHOBO MMa [ABa IOAX0aa:
- BcekU (palia 3aemMa eqHa HelpeKbCHATa 00AacCT BBPXY AHCKA,
JOCTaThYHO ToAsMa 10 pa3Mep;
- BCeKU (palia 3aeMa MHOIO HEIPEeKbCHATH 00AaCTU BBPXY AUCKA,
KOUTO He ca ChbCEIHHU.
TpeTHudaT OCHOBEH BBIIPOC € KaKBa € eIUHHIIaTa 3a pasIIpeeAcHue
BBPXY OUCKOBOTO IIPOCTPAHCTBO:
- ¢ pukcupaH pasMep B paMKHTe Ha BCUYKHU (paiirOBe;
- C IIPOMEHAUB pasMep, JOPU B paMKHTe Ha eIUH PaHA.

B mo-crapuTe omepaiiMoHHN CUCTEMH CE U3II0A3BA CTATHYHO H
HENpPEK'bCHATO pa3lpeneAeHHe. [I[pequMcTBa Ha Takasa
opraHu3allds ca AeCHATa peasusaliusd U eDeEKTUBEH JOCTHII IPU
rocAaeioBaTeaAHa obpaboTka. HegoctaTbk HA CTATUYIHOTO
HEITPEKbCHATO pa3IIpeleAcHUE € CHAHATA (pparMeHTaIHsI Ha
CBOOOHOTO AUCKOBO MPOCTPAHCTBO — BBPXY AUCKA UMa MHOTO
obAaacTH, KOUTO ca CBOOOHU, HO palinoBaTa CUCTEMA HE MOXKE aa
pasIpeaeAr AUCKOBA IIaMeT 3a paiia, 3allloTo HaMa JOCTaTBhYHO
roAsiMa HEIIpeKbCHaTa 00AacCT, BBIIPEKH Ye CyMapHO JUCKOBOTO
IIPOCTPAHCTBO € JOCTAaThYHO.

[Ipu ChBpEMEHHUTE OIEPAIlMOHHU CUCTEMH CE HU3II0A3BA AHHAMHYHO
H MoOAOKOBO pasmpeneseHHe. Bceku datin ce pazmeas Ha OAOKOBe,
KaTo BCUYKH ODAOKOBE Ha BCUYKHU (pain0oBe UMAT €THAKBB pa3Mep.



Bceku 6aok Ha enquH patia ce pasrosara B efHa HeIIpeKbcHATa 00AaCT.
Norudecku cbcemHUTe OAOKOBe Ha (hatina, obaue, He ca (PUIUIECKHU
CBhCEIHU BBHPXY AMCKA. [JrucKoBa mamert 3a OAOK ce pasIpenead KOraTo
dafinkT HapacTBa, a He IIPU HETOBOTO Ch3aBaHe. TakaBa
OpraHHU3allUsl pelllaBa [IOBEYEeTO IMIPOOAEMH HA CTATUYHOTO
HENpPeKbCHATO pasnpeneseHrie. OCHOBHHUSAT BBIIPOC € KaKbB Ja Obae
pasmepa Ha 6AoKa. AKO OAOKBT € TIPEKAAEHO TOASIM, TO IIIE€ C€ oSBT
mpobAaeMHU OT (pparMeHTaIlNAaATa, BBIIPEKH Y€ IIOCA€JOBATEAHUAT
JOCTBII 11Ie € IT0-e(DEKTUBEH. AKO OAOKBT € ITPEKaA€HO MaABK, TO
o0paTHO - IIIe Ce ITOCTUTHE e(PEKTUBHO U3IIOA3BaHE Ha JUCKOBaTa
IIaMeT, HO IIOCAEOBAaTEAHUST OOCTHII Ille € HeedpeKTuBeH. [Ipu mo-
MaABK OAOK Ce IogBsBa U APYyT npobaeM — ¢paiinoBaTa cucreMa TpsdbBa
Ja TIOMHU BCUYKH afipecu Ha OAOKOBETe Ha eNHH roadaM paiia, T.e.
0b0eMBT Ha cCHCTEMHaTa MHQopMaludg Ha paiiaoBaTa CUCTEMA
HapacTBa.

OTTYK HaTaThbK IIIe Ce CIIPEM ITO-TIOAPOOHO HAa AUHAMHUYHOTO
11o6A0KOBO pasnpeneaeHue. [Ipyu TakaBa opranusalusa Ha datiroBara
cucTeMa OUCKBT IIPeACTaBAgIBa IIOCA€JOBATEAHOCT OT OAOKOBe,
HOMepupaHU oT O HaTaThK.

datinoBaTa cucreMa TpHOBa A CbXpaHaBa CTPYKTYPH BBPXY AUCKA,
KOUTO [a AaBaT UH(OpMaIus 3a TEKYIIOTO paslpeaescHHIe Ha
aucKoBaTta nmamer. Te3u CTPyKTypH Ce HapudaT CHCTEMHH
CTPYKTYPH U Te TpsabBa na CchabpzKaT HH(POpMAaIlud 3a CBOOOOHUTE
0AOKOBe, 3a pasrpenescHUTe OAOKOBe 3a BCEKU (palia U 3a APYyTH
rmapaMeTpu Ha gaiiaoBaTa CUCTEMA.

Korato omnepalinioHHaTa cucremMa TpsOBa [a 3aeAU IIaMeT, T Ce
Hy3KZ1ae oT MH(opMalys Kou oT OAOKOBeTe ca CBOOOOHU — Ta3H
uH(opMalys Ce ChXpaHsBa B CHCTEMHA CTPYKTypa 3a CBoboAHHTE
O6aokoBe. llle pasraegaMe TPUTE HAU-TIOMYASIPHU PEAAUZAIIHH.

[IppBaTa peasnsanus Ha Ta3U CTPYKTypa € CBhpPp3aH CIIHCBK Ha
cBoOoaHHTe OAOKOBe. [Ipu Hes BceKU CBOOOIEH GAOK ChabpKa
agpeca Ha caenBalius cBobomeH 6aok. PaiinoBaTa cucremMa TpsaibBa ma
pasroAara c agpeca Ha II'bPBUS CBOOOIeH OAOK — TO3U aapec €
rmapaMeThp Ha atiroBaTa cucreMa. [1pu 3aeAsHe Ha TaMET Ce 3aeAs
II’bPBUS CBOOOIEH OAOK, a aagpeca Ha cAaeaBallius cBoboaeH OAOK ce
3alrcBa KaTo aJipec Ha IIbPBU CBobOoeH 6AOK. [IpequMcTBO Ha
II0X0Aa € AecHaTa peaausaiiys. OCHOBHUAT HEOOCTATHK €
HEHAaJIEKTHOCT — CTPYKTypaTa € IIpbCHaTa 10 BCUYKHU CBOOOIHU
OAOKOBE.

BToparta peasu3zaiiiisi € CBbp3aH CIIHCBK OT CBOOOAHH OAOKOBE C
HOMepa Ha cBoOoAHHTe OAOKOBe. [Ipu Ta3u CTPYKTypa I'bPBULT
cBOOOIEeH OAOK CHIBPKA HE caMoO aapeca Ha BTOpHUA CBOOOIEH OAOK, HO
U aJIpeCUTe Ha CAeABAIIUTE HIKOAKO CBOOOMHU OAOKA, TIOKOAKOTO
1mo3BoAsiBa pasmepa. CaeaBarusaT cBoOomeH OAOK, KOMTO Ce M3II0A3BaA
OT CTPYKTypaTa € IOCAETHUSA OAOK, YUHTO apec € 3aIlicaH B II'bPBUSI



cBoboseH 6A0K U T.H. [Io TO3M HAYHWH CTPYKTypaTa cTaBa I10-
koMmmnakTHa. OCBeH TOBa, T AaBa BB3MOXKHOCT [a C€ PeaAu3upart Io-
ePeKTUBHU aATOPUTMH 32 paslIpeaessHe U 0CBOOOKIaBaHe Ha
6aokoBe. PaiiroBaTa cucTeMa OTHOBO TpAOBa [1a pasmnoaara C agpeca
Ha II'bPBUS CBOOOIEH OAOK.

TperaTa peasnzalys € TaKa HapedyeHaTa KapTa AU TabAHIa Ha
cBobogHUTE 6AOKOBe. CTPYKTypaTa € MacuB OT €EAEMEHTH, KATO BCEKH
€AEMEHT IMO3UITMOHHO CHOTBETCTBA Ha OAOK BBPXY OUCKA, T.€. ChCEIHU
eAeMEHTH Ha MaCHuBa ChOTBETCTBAT Ha (PU3UIECKU CHCEIHU OAOKOBE.
Bceku eAeMEeHT OmMHcBa ChCTOSSHHUETO Ha ChOTBETHUS 0AOK. [Tpu Haii-
IIpocTaTa peasnusallvs € JoCTaTbhbueH eqUH OUT 3a eIHUH EAEMEHT —

1 o3HauaBa, ye OAOKBT € cBoboaeH, 0 o3HayaBa, ye OAOKBT € 3aeT. B
TO3U CAy4Yal Kaprara ce Hapuda OHToBa KapTa (bitmap). IIpegumcTBo
Ha OUTOBaTa KapTa € KOMIAaKTHOCTTA Ha CTPYKTypaTa — T € C
duKcupaH pa3Mep B 3aBUCHMOCT OT pa3Mepa Ha JUCKa.

OCHOBHO ITPEANMCTBO, obade, € Bb3MOXKHOCTTA 3a pa3paboTka Ha
e(peKTUBHU aATOPUTMH 3a paslpenercHie Ha OAOKOBE, KOUTO OTYHUTAT
pHU3UIECKOTO CHCEACTBO HAa ODAOKOBETE — MOXKE M1 CE€ IIOCTUTHE I10-
roAsIMa HEIIPEKbCHATOCT Ha dpafinoBeTe, BBIIPEKHU Ue Pa3IIPEaEACHUETO
€ TTOOAOKORO.

3a Bceku (padia onepalilioHHAaTa CUCTeMa TpA0Ba [a nMa uHPOopMaIus
3a TOBa KOU OAOKOBE B KaKBa IIOCAEIOBATEAHOCT Ca Pa3IIpPefeAeHH 3a
TO3U (patia — Ta3u HHPOPMAIIUS Ce ChbXpPaHsIBa B CHCTEMHH
CTPYKTYPH 3a pa3npeneAeHHTe OAoKoBe 3a aiinoBe. TyK OTHOBO
MMa TPU MONYAIPHHU PeaAu3ariiu.

[IppBaTa peasnsanus Ha CTPYKTypaTa € CB’hp3aH CIIHCHK Ha
OAokoBeTe Ha (paiina. Bceku 6AOK, pasnpeneAeH 3a ¢aiira Chabpka
JaHHU U aIpec Ha AOTUYECKHU cAeaBalvsa OAOK Ha ¢aiisa. [locaemausat
0A0K Ha datira TpabBa ga ChabpPzKa MapKep 3a Kpai Ha daiira.

[Tpu TakaBa opraHu3allyid 3a BCeKH enuH alin TpsabBa aa ce rmasu
aapec Ha IbPBULA OAOK, pasmpeneseH 3a dpatina. OOUKHOBEHO, TO3H
aJIpec e 3ammucaH B KaTaaora 3aelHO C UMEeTO U aTpulyTuTe Ha ¢atira.
HemocraThK Ha TakKaBa peasn3allys € HEHAAEeKHOCTTa — CMECBAT Ce
JaHHU U aPeCH, aflpecuTe ca NPbCHATH 110 BCUYKHU OAOKOBe. [pyr
HEeJOCTaThK € HeePeKTUBHOCT IIpH o0paboTKa Ha (pafiroBeTe C
IIPOU3BOAEH JOCTBII.

BTopaTta peasuzaliis Ha CTPyKTypaTa € KapTa HAW TabAHIa, 110100H0
Ha CUCTeMHaTa CTPYKTypa 3a CBoOOomHUTe OAOKOBe. PasmepnT HaA
eAeMEeHTHUTe Ha OuToBaTa Kaprta, obade, TpsibBa ma ce yBEAUYH —
CBbCTOSSHHETO Ha eIUH OAOK OTHOBO € CBOOOJEH MAU 3a€T, HO aKO
OAOKBT € 3aeT TOU ChabpKa aapeca Ha AOTUYECKHU CAeABallud OAOK
BBB (patira A MapKepa 3a Kpail Ha atira, ako TOH € IIOCAeTHUAT
06A0K BBB (patiaa. OTHOBO 3a BCEKHU enuH alia TpsabBa aa ce rmasu
agpec Ha IbPBUL pa3lIpeaeAeH 3a HETOo OAOK U OOMKHOBEHO Ta3H
nHoOpMaIUsa ce IT1a3u B KaTasora. [IpeguMcTBaTa Ha TakaBa



CTPYKTYypa ca, de IigAaTa Hy:KHa HHPOopMallus Ce ChIbpKa B
CTPYKTypa ¢ (PUKCHPaH pa3Mep, pPa3IloAOKeHa Ha (PUKCUPAHO MACTO B
aucka. [lo oTHoOIIeHNEe HAa HaAEeXKIHOCTTA — Bb3MOXKHO € Ch3JaBaHe Ha
HSIKOAKO KOIIHs Ha Tabauiiara. OCHOBEH HeJOCTaThK Ha Tabaunarta e
HePas3IINPsIeMOCT, Iopaay PUKCUPaHUS pasMep.

TperaTa peasusalys € CTPYKTypa, B KOATO 3a BCEKHU (paiia ce
ChXpaHsBa AOTHYECKATa ITOCAEMOBATEAHOCT OT OAOKOBETE,
pasnpeneAeHU 3a To3U (paiin. TakaBa CTPyKTypa ce Hapuda HHAEKC.
duznyecKaTa oOpraHu3allis Ha UHAeKca TpsabBa ma e TakaBsa, ue aa He
orpaHHYaBa paszMepa Ha (paliroBeTe U 1A OCUTYypsaBa ObP3 IIPOU3BOAEH
JOOCTBII. B pasanyHUTE OIIEpAITMOHHU CUCTEMH CE U3IIOA3BAT CBbP3aHU
CIIUCBIIH, AbpBeTa, B+ mbpBeTa u ap.

OcBeH CHUCTEeMHHUTE CTPYKTYPH 3a CBOOOOHUTE OAOKOBE U 3a OAOKOBETE,
pasnpeneseHU 3a paliroBe, oepalloHHATa CUCTeMa TpsiOBa na
pasroAara U CbC CUCTEMHHU CTPYKTYPH 3a O0IIUTE IapaMeTpy Ha
daiiaoBaTa cucreMa — Te ChXpaHsBaT BaskHa MHQOpMAIUL 3a
datiroBaTa cucTeMa Ha TAO0AAHO HUBO, HAIPpUMeEpP, pa3Mep Ha 0AOKa,
pa3Mep Ha mgAaTa painoBa CUCTeMa, aPeCcH Ha HAYaAO0TO U pasMepu
Ha pasAudHuTE obAacTH, 00111 6poii cBOOOAHN OAOKOBE H IIp.

[ITle pasraegaMe HIKOU KOHKPETHHU IIPUMEPHU 3a (PU3UIEcKa
opraHu3zanuda Ha ¢atinoBaTa cucTeMa.

[Tpu ¢atinoBara cucrema UNIX System 5, 111cKkoBOoTO IpOCTPaAHCTBO €
IIOCA€OBATEAHOCT OT O0AOKOBe, HoMepupaHu oT O no N, kpaero N
3aBHCH OT TOAEMHHATa Ha JUCKOBOTO ITPOCTPAHCTBO.

PasmepbT Ha 6aoka Hati-uecto e 1K, 2K mau 4K.

[uckoBoTo npocrpaHcTBo npu UNIX System 5 ce paznpenead Ha
yeTupu obaactu: boot block, super block, namekcHa obaact u obaact
3a JaHHHU.

BaokwT ¢ HOMep O ce Hapuya boot block 1 momob6eH 6A0K UMa BBHB
Bcaka (atinoBa cucrema. To#l chabpzKa mporpaMara, C KosaTo ce
3apexk/1a oleparoHHaTa CUCTeMA.

BaokbT ¢ HOMep 1 ce Hapu4ya super block u Toil chaBpsKa 001
rmapaMeTpu Ha paiiaoBaTa CUCTEMA.

HuaeKCcHaTa obAacT e crucTeMHarTa CTPYKTypa OT JAHHH, KOSTO
ChbXpaHdBa HHGOpMAaIlUd 3a pasnpenaeseHuTe 6AokoBe. Tsa
IIPEACTaBASIBA IOCAEIOBATEAHOCT OT 3alIUCH, HapeUYeH! HHAEKCHH
onucaTeAH (inode). 3a Bceku patia B HHAEKCHaTa 00AaCT uma
cobctBeH inode. B nmHaekcHaTa obAacT MMa HE3aBUCHMO afipecupaHe
Ha inode ot 1 mo S, KBAETO S € pa3zMepa Ha UH/AEeKCHaTa 00AacCT.
MakcumanHUST Opoii (patinoBe € orpaHHYeH OT Opost Ha MHAEKCHUTE
omHcaTeAH, ThH KaTo BCceKU palia TpsabBa 1a UMa UHIEKCEH OIIHCATEA.
B obaacTTa 3a MaHHH ca O0AOKOBeTe maHHu Ha QatiroBere. OCBEH TAX
B Ta3u o0AacT nMa OAOKOBE 3a CHCTEeMHa MH(popMald — KOCBEHH
0AOKOBe 1 OAOKOBE, KOUTO Peasnu3upaT CIIUCHKa Ha CBOOOIHUTE
OAOKOBe.



[ITle pasraegame CTPyKTypaTa Ha MHAEKCHUA onucatea (inode).

3a Bceku paiia uMa TOYHO eUH inode, KOUTO ChabpiKa aTpuOyTHUTE HA
daiiaa 1 angpecHa nHpopMmalys. HOEeKCHUTE onrcaTeAr UMaT
durcupas pasmep 64B B UNIX System 5. ITepBuTe 24B B inode e
yacTTa 3a aTpudbyTu Ha patisra, a ocranasute 40B cayxkart 3a agpecHa
nHpopMmanus. [IspBuaT arpudyt e mode. Toit 3aema 2B u cprabpka
CA€THUTE IIOAETA:

- THI Ha (patira - yeTupu OUTa, KOUTO 3aaBaT Jasu PadABT €
OOMKHOBEH, CIIeIaA€H, KaTaAOT, CHMBOAHA Bpb3Ka U T.H., aKO
TUI'BT Ha (patira B gageH inode e 0000, To To3u inode e
CBOOOMIEH, T.€. HE OIIHMCBAa HUKAKBB (haiia;

- owuroBe SUID u SGID, KOUTO ce HU3II0A3BAT KOraTo (PadAbT €
U3ITBAHUM U YIIPaBAdBAT IIpaBaTa 10 BpeMe Ha U3I'bAHEHUE;

- our sticky bit, ko#iTo ce n3moa3Ba Haii-Bede 3a 3alUTa Ha
KaTaA03H, ako (paliAbT € KaTaAorT;

- TpH TpyIu o Tpu Omta read, write, execute, KouTo
CBHOTBETCTBAT Ha IIpaBaTa Ha COOCTBEHUKA, ITpaBaTa Ha rpyrara
Ha COOCTBEHHKA U IIpaBaTa Ha OCTaHAAUTE IIOTPEOUTEAH.

BropusaT arpubyt e nlink. Toit 3aema 2B u cpabppska 6pos Ha
TBBPAUTE BPB3KHU Ha (patira. Tperuar arpubyt e uid. Toit e 2B u
CBhOBPIKA YUCAOB UAEHTU(PUKATOP Ha cCOOCTBEeHUKA Ha (patiaa.
YerBbpTudar atpudyT e gid. Toi e 2B 1 cpabp:ka YUCAOB
UAEeHTU(PUKATOP Ha rpyrnaTta Ha cCOOCTBEHHUKA Ha daiaa.

CaenBaruar atpudyrt e size. Toit e 4B u cpabpka pasMmepa Ha atiaa
B Opoti 6aitToBe. [TocaequuTe Tpu aTpubyra ca 1o 4B u ca aTpubyTu 3a
BpeMme. ATpubOyTHT atime nokassa mata/BpeMe Ha IOCAENEH AOCTHII 10
daiiaa. ATpubyThT mtime nokassa gata/BpeMe Ha ITOCAEIHA IPOMSIHA
Ha (atira. ATpuOyThT ctime mmokasBa gata/BpeMe Ha IIocAegHaTa
IIpoMsaHa Ha UHAEKCHUS onucaTtea Ha datiaa.

AnpecHarta 4acT ce pasnpenead Ha 13 agpecHu noaeta 1o 3B u equn
cBOOOeH OaliT 3a moapaBHsSIBaHe. Te3u agpecHH moAeTa ChabpPKaT
azxpecu Ha OAOKOBe B o0aacTTa 3a JaHHU. [I'bpBUTE HeceT aapecHU
IIOAETA CHhABPKAT aflpecuTe Ha I'bPBUTE AeceT OAOKOBE JaHHU Ha
daiiaa. EquHameceToTo agpecHo moAe ChabpKa aapec Ha KOCBEH OAOK
B obaacTTa 3a JaHHU, KOUTO ChABPIKA aIpecH Ha cAeaBaluTe OAOKOBe
OaHHU Ha (patira. [To To3u HAYWH ce peaan3npa KOCBEHA aZpecallHs.
[BaHazmeceToTo aapecHo MoAe ChabpKa aapec Ha KOCBeH OAOK, KOUTO
CBhOBPIKA alpecH Ha KOCBEHH ODAOKOBE, KOUTO ChObPIKAT aJpecH Ha
caenBalTe 0AOKOBE JaHHU Ha (patisa. [To To3mM HaYMH ce peaan3upa
ABOMHA KOCBEHA azpecanHsa. UYpe3 TPUHAIECETOTO aAPECHO IIOAE CE
peaan3upa TpoHHA KOCBeHa aapecaunus. [Io To3u HaYMH OGAOKOBETE
OT MaHHU Ha aiira ca opraHUu3HupPaHU B IBPBO, KOETO UMa AbAOOYMHA
Hal-MHoTrO TpU. ToBa o3HaYaBa e(PeKTUBEH ITPOU3BOAEH JOCTHII 10
daiina — Bceku OAOK OT JaHHU Ha (paiira e JOCTHIIeH Hal-MHOIO C
YeTUPHU AVMCKOBHU OIlepPaIlUU.

Twit KaTO agpecHUTE Moaeta ca 1o 3B, To MakCcUMaAHUAT Opoi
OAOKOBE B obaacTTa 3a JaHHHU € 224 = 16 MHUAMOHA OAOKOBE.



OT OBPBOBUAHATA CTPYKTYpPA CE MPeCcMATa, Y€ MAaKCUMAaAHUAT pasMep
Ha eguH paiia npu pasmep Ha 6aoka 1K e 16GB.

CynepbAOKBT ChOBPKA OOLIU ITapaMeTpHu Ha (patiroBaTa cucTeMa:

- pasMep Ha IgaaTa patiroBa CUCTEMA;

- pa3Mep Ha UHAEKCHaTa obaacT;

- 0bmr 6poii cBOOOMHN OAOKOBE MJaHHU;

- 0011 6poit cBOOOMHN MHAEKCHU OITHUCATEAH;

- wMacuB s_free[B], koiiTo chabp:Ka HOMeEpa Ha CBOOOIHU OAOKOBE
u 6pogu s_nfree, KoiTO ChaABPKA OPOS HA TE3U HOMEPA,

- MacuB s_inode[l], koiiTo cpabp:Ka HOMEpPa Ha cBoOooHU inode u
Opossy s_ninode, KoiTO ChaABPKA Opod HaA TEe3U HOMepPA.

[TocaemHuTE IBA KOMIIOHEHTA Ha CylepObAOKa ca CBBHP3aHU C
MeXaHHU3MHUTE 3a paslnpenessHe 1 0CBOOOXKIaBaHe Ha OAOKOBE B
obAacTTa 3a MJAaHHU U inode B MHIEKCHATA 00AACT.

B UNIX System S cuctemMHaTa CTPYKTypa, KOSTO ChAbpKa
nHpopMalys 3a cBobogHUTE OAOKOBE € CITUCHK OT OAOKOBE, KOUTO
CBhOBPIKAT HOMepa Ha cBoO6oaHU 6A0KOBe. KBM Ta3u CTPyKTypa ce
BKAIOUBaA U MacuBa s_free. Bceku oT 6A0OKOBeTe B CTPyKTypaTa B
HAYaAOTO CHU ChIBPIKA apec KbM CAEABAIIHsSI OAOK OT CTPyKTypaTa u
omre B-1 agpeca Ha cBoOomHHM OAOKOBE. 3a Ha4YaA0 Ha CTPYKTypaTa ce
cuuta MacuBa s_{free. Taka B eaemeHTa s_free[0] ce cpabpxka aapeca
Ha IIbPBUS OAOK OT obAacTTa 3a JaHHU, KOUTO ChabpikKa HOMeEpa Ha
cBobomHU 6AOKOBe. IIpu 3apexxmaHeTo Ha olepallfioHHaTa CHCTeEMAa
LIEAUAT CyIIepOAOK Ce KOIHpa B OIlEpaTHBHATA MaMeT U II0 TO3U HAYUH
uype3 macuBa s_free cucremara uMma Obp3 AOCTHII 10 HOMEpPAa Ha
cBOOOMHU 0AOKOBe. MacuBbT S_inode ce M3IIOA3BA 10 AHAAOTHUYEH
Ha4YHH Ha S_free, camo 4ye mpu pasmpeneAsHETO U 0CBOOOXKIaBaHETO Ha
inode. Homepa Ha cBoO6OomHM inode ce cpabp3KaT caMO B MacuBa
s_inode, HO He U B obaacTTa 3a JaHHU KaKTO ITPU CBOOOIHUTE OAOKOBE.
EcrecTBeHo, s_inode He MOXKe qa ChABbPKA HOMEpPATa HAa BCUYKU
cBoOoaHM inode. Cucremara, obade, MOXKe Aa pasrno3HaBa CBOOOITHUTE
inode — Te mmart Tun Ha daiira 0000. Taka, ako HOMepaTa Ha
cBoOoaHM inode B s_inode ce u34eprnsaT CUCTeMaTa MOXKe 1a
opraHu3upa ThpPceHe 3a cBoOomHU inode.

KaraaorsT ¢ Tun daiia B UNIX System 5. KakTo BCM4YKHU apyru
daiinoBe, BCEKU KaTaAOT IIpUTeKaBa UHIEKCEH OIIHCATEA, B KOUTO
IIOAETO THUII Ha patira e KaTasor. Bceku KaTaasor rmpuTekaBa OAOKOBE
OaHHU B obAacTTa 3a JaHHU. Te3u OAOKOBE ChIbP3KAT 3aITHCH, KaTO
BCEKHU 3allHC OITHMCBa eIrH paiia B KaTasora. CTpyKTypaTa Ha 3amnuca e
cAaemHaTA:

- 2B 3a HOMepa Ha UHIAEKCHHS OoIHcaTeA Ha (patirg;

- 14B 3a cobcTBeHOTO UMe Ha datira.
Taka B UNIX System 5 uma orpaHndeHUe 3a AbAXKHUHATA Ha UIMETO Ha
daiiaa — To € 1o 14 cumBoaa. [loaydaBame orpaHHYeHHE U 3a pasMepa
Ha WHAEKCHaTa obaacT. Ta He MoKe a ChabpKa II0OBeYe OT



216 = 65536 UHAEKCHU ontucaTear. XybaBoTo €, Ye BCUYKH 3aIlUCH ca C
duKcHupaH pa3Mep — IIOCTUTra Ce IIPOCTOTA Ha CTPYKTypaTa.

BarmucuTe B KaTaAora He ca COPTHPAHH - T€ Ca B XPOHOAOTHYEH pes,
T.€. B pefla Ha ch3naBaHe Ha aiaoBere. [Ipu nusTpuBaHe Ha daiia,
3aluChT My B KaTaAora He ce U3TPHBa, a ce 3anucBa 0 KaTo HOMep Ha
HHIEKCEH OoIIucaTeA. /la HalloMHUM, Y€ UHIEKCHUTE OIIMCATEAHN CE
aapecupat oT 1, Taka ye HoMep 0 MoOxKe ma ce U3M0A3Ba KaTo IIPU3HAK
3a cBOOomaeH 3anuc. [Ipu ch3gaBaHe Ha (paiia, B KaTasora ce ThbPCHU
cBoOoaeH 3anuc (c HoMmep 0), B KOUTO Aa ce 3amuilie UHQOpPMAIIUS 3a
ch3naneHus padia uAu ce mobaBd HOB 3aIlHC, aKO HIMa CBOOOMHHU
3arrucu. ToBa BOmu 10 HEIIPUATEH ePeKT — KaTaAO3UTe MoraT caMo aa
HapacTBaT, HO € HEBB3MOXKHO J1a ce cBUBaT. KaTo 115910 3a o6pabotka
Ha KaTaAO3UTE He Ce U3IIOA3BAT €e(PEKTUBHU aATOPUTMHU.

Bceku KaTasor chappzKa ABa CTAHOAPTHU 3allica B HAYaA0TO CH, JOPU
aKO B KaTaaora HIMa HUKAKBHU patiroBe. B mbppBUda 3aITUC UMETO Ha
daiia e .. ¥ e 3anucaH HoMepa Ha HHAEKCHUS OITHcaTeA Ha
POOUTEACKUS KaTaror. BB BTopHusd 3arruc uMeTo Ha pavia e . U e
3arrucaH HoMepa Ha COOCTBEHUS MHAEKCEH OITHCATEA Ha KaTaAora.

TBBpOUTE BPB3KH IT03BOAIBAT €IUH (paiia, KOUTO ce ChXpaHsBa Ha
€IHO MLCTO B 00AACTTA OT JAHHU U UMAa eQUHCTBEH inode na obmae
JOCTBIIEH C HIKOAKO UMEHA, JOPU B €IMH U CHIIIH KaTaAOT.

[Ipu cp3maBaHe Ha TBBPAA BpB3Ka Ha dpatia TpsabBa ga ce yBeAndu
6pogurT nlink B MHAEKCHUA omnHcaTeA Ha daiaa.

Bcuukuy TBBpAY BPB3KH Ha €IMH (paifiA ca HaI'bAHO PaBHOIIPABHU —
HsIMa 3HadYeHHe KOU e opurnHasHudg gaiia. [lopaau Ta3u npuyuHa
6posausT nlink momara Ha cucTemMara ga YCTAaHOBU KoOra € Hy>KHO €IUH
daiin ma ce u3Tpue PUNIECKH, a HE CaMO OT KaTaAora - IIPHU BCIKO
U3TpUBaHe Ha eauH aiia OposasT nlink HamaagBa ¢ 1 1 ako e cTraHaa
0, To pa¥inbT TpsIOBa Aa ce u3TpHe PpU3NIEeCcKU. BakHO e, ye TBHPIAHN
BPB3KHU MOTAT [a Ce Ch3/IaBaT caMO KbM OOHMKHOBEHHU (hpakiroBe.

CuMBOAHHNTE BPB3KHU AaBaT ChIaTa BE3MOXKHOCT, KAKTO TBHPIUTE
BPB3KH HO UMAaT Io-pa3anyHa peasnsaimsa. CHMBOAHUTE BPB3KH Ca
TUI (pafia — BCIKa CUMBOAHA BpB3Ka UMa coOCTBeEH inode, B KOUTO THII
Ha (patira € CHMBOAHA BPb3Ka, 3alliC B KaTaaora U obaact 3a naHHu. B
II'bPBUL apeceH OAOK B MHIIEKCHUS OIIHCATEA 32 CHMBOAHA BpPb3Ka €
3amnucaH aapec Ha 0AOK OoT obAacTTa 3a JaHHU, B KOHUTO € 3alIiCaHo
I’bAHOTO UMe Ha (patira, KbM KOUTO Ce OCBIIECTBSIBA Bph3KaTa.
[IpequMcTBaTa Ha CUMBOAHUTE BPB3KH IIPE TBBPAUTE CA CACTHUTE:
- CHMBOAHHU BPB3KU MOTAT [a Ce Ch3aaBaT KbM (paltinoBe OT
IIPOMU3BOAEH THII;
- BB3MOXKHO € CHMBOAHU BPB3KHU [la Ce Ch3AaBaT MeXay patiroBe
B Pa3AMYHU (ParAOBH CUCTEMHU, KOETO € HEBB3MOKHO 3a
TBBPAUTE BPBH3KHU.
EcrecTBeHO, 3a f1a ce peaan3upaT CUMBOAHHUTE BPB3KH ca HEOOXOAUMU
3HAYHUTEAHO IT0Bede pecypcu. ChIIo, JOCTHIIBT A0 (hatisa IIpe3 TIX €
KOCBEH, JOKAaTO IIpe3 TBhPAUTE BPB3KH € JUPEKTEH.



JIrcKoBOTO IpocTpaHCTBO npu darinoBara cucrema LINUX EXT2 e
IIOCAEZIOBATEAHOCT OT GAOKOBe, KouTo ce aapecupart ot O o N, kpaeTo
N 3aBHCH OT roAeMHHAaTa Ha JUCKOBOTO IIPOCTPAHCTBO. BaokoBeTe ca ¢
durcupana ppaxkuHa — 1K, 2K nan 4K. [JiCKOBOTO ITPOCTPAHCTBO IIPU
LINUX EXT2FS ce pasmnpeneas Taka: bpBUAT 0A0K e boot block, a
ocTaHaAaTa 4acT OT OAOKOBE ce pa3aeAs Ha €THAKBH II0 pa3Mep I'PYIIH.
Boot block 3aema enquH OAOK U TOM ChIbpP3Ka IIporpaMara, C KOSITO Ce
3apexkaa olepalioHHaTa CUCTeMaA.
Bcuuku rpynu ca ¢ QUKCHpPaH pasMep U ChABbPKAT YacT OT
dpatiroBaTa cuctema. Bcuuku rpynu uMaT eqHaKBa CTPYKTYpPa, KOSTO
Ce CBCTOU OT CAE€JHUTE IIOAETA:

- cynepOAOK;

- OIHCATEeAU Ha I'PyIIH;

- OuroBa KapTa Ha OAOKOBETE;

- OuroBa KapTa Ha inode;

- HHOEKCHa 00AAacCT;

- obaAacT 3a JaHHHU.

Cynep6aokbT, KakTo B UNIX System 5, 3aema enuH OAOK U ChABPKA
obmtu rmapamerpu Ha ¢atinoBaTa cucreMa. Pasamkara ot

UNIX System 5 e, ye Tol “Ma MHOTO KOIIHUS — II0 €4HO 3a BCsSKa rpyIia.
YacTTa OmMHCaTeAH Ha FPYNH ChIbP:Ka [IOCAEIOBATEAHOCT OT
OoITHCaTeAr Ha BCHYKH I'PyHH Ha (paiinoBaTa CUCTEMA.

CynepOAOKBT U OIIMCATEAUTE Ha I'PYIU ca raobasHu 3a ¢patinoBata
cucTeMa — Te ca €QHU U CBIIU 32 BCUYKU IPYIH U UMAaT KOIINE BBHB
BcsgKa rpyna. OcraHaauTe 4YeTHPH 00AaCTH OT efHa rpyrna
XapakTepu3upar camarta rpyia.

BuToBaTa KapTa Ha OAOKOBETeE Ce IIOMECTBA B €IUH OAOK U Ce
UHTEPIIPETUPA KaTO MacCUB OT OUTOBE, KOUTO ITO3UITMOHHO
CBHOTBETCTBAT Ha OAOKOBeTe B o0AacCTTa 3a JaHHU B rpynara. AKO eaquH
ouT e 1, To ChOTBETHUAT OAOK € cBOOOaeH, ako € O, TO CbOTBETHHST
0AOK € 3aeT.

BuToBaTa KapTa Ha inode 3aema equH OAOK U UMa aHAAOTHYHA POAS
Ha OuToBaTa KapTa Ha OAOKOBETE, HO ChIbp:Ka MH(OpMAaIIHd 3a
WHIEKCHUTE OITHCATEAHN B Ipyliarta.

HuaexcHaTa obAacT 1 o0AacTTa 3a ZAHHH MMAT aHAAOTHYHA POASI
Ha UNIX System 5 — nuHmeKcHaTa ob6AacT e pa3zaeAeHa Ha 3allkcCH,
HapedeHH MHAEKCHU onucarteAu (inode), KaTo Ha BceKH paria
CBOTBETCTBA TOYHO equH inode, obAacTTa 3a JaHHU ChIbpPKa
OAOKOBeTe C MOTPEOUTEACKHUTE JaHHHU. ECTECTBEHO, T€ Ce OTHACHT 3a
KOHKpeTHaTa Irpyma.

PasmepbT Ha enHa rpyrma ce oIlpenead Taka, 4e OuToBaTa Kapra Ha
cBOOOOHHUTE OAOKOBE 1a 3aemMa TOYHO eauH OAoK. Hampuwmep,

axko 6A0KBT € 1K, To rpynnaTa e Mmaako nosede oT SMB.

Ennn onmcatea Ha rpyna e 32B u cpabpika nHGoOpMAIUL 3a rpyrnara:
- anapec Ha OAOKa c OmToBaTa KapTa Ha DAOKOBETE;
- angpec Ha 6AoKa c bmToBaTa KapTa Ha inode;
- aapec Ha IbPBUS UHOIEKCEH OITMCATEA B HHAEKCHATA 00AACT;



- Opoit cBoOOmHM OAOKOBE B 00AaCTTa 3a MAaHHU Ha Ipylarta;

- Opoit cBoOomHM inode B MHAEKCHAaTa 00AaCT Ha IrpyIliara;

- Opoii paiiroBe C THUII KATAaAOT B Ipyliara.
Bcuuku onrcaTeAn Ha TPYHU Ce 3aIlMCBaT CAel CyIiepOAOKAa B PAMKUTE
Ha BCsSKa rpymna B 00AacTTa OIHCATEAH HAa I'PYIIH.

AnpecanusaTa Ha UHIEKCHUTE OIIHMCATEAU € 00I1a, BBIIPEKU de
WHAEKCHaTa 00AacT e pasnpbCcHATA MEXKAY Pa3AUYHUTE I'PYIIH.
PasmepsT Ha Bceku inode e 128B. B cpaBuenue ¢ UNIX System S ca
nob6aBeHU HOBU aTpUOyTH:
- Opoii 6A0KOBe, 3aeTH OT paiing;
- HOB aTpuOyT 3a Bpeme dtime — gata/BpeMe Ha ITOCAETHOTO
U3TpUBaHe Ha datiaag;
- arpubyTtu-daaroBe — peaausupar ce ype3 1 OUT U ca IToMecCTeHU
B 11oAe oT 4B; HaKou oT Tax ca: ¢aar secure deletion (mpu
U3TpUBaHe Ha atira ce popmMaTupaT BCUIKU OAOKOBE),
daar undelete (korato adiabT ce yHUIIIOXKABA, 38 HETO Ce
chXpaHsaBa MH(OpMaIlus, ITogMoralia eBeHTYaAHOTO MY
BB3CTaHOBsIBaHe), (paar immutable (He moraT na ce IIpoMeHST
HUTO aTpubyTUTEe, HUTO JaHHUTE Ha (paiira), dpaar compress
(manHUTE Ha (patira ce KoMIpecupart IPH 3aluc U
JeKoMIIpecupart IpHu deTeHe), paar synchronous write
(omrepammsiTa 3a 3aIrUC € CHHXPOHHA C (PU3UYECKOTO 3allCBaHe
Ha JaHHUTE BBPXYy OUCKA).
PasmepsT Ha agpecHaTa obaact B inode e 60B u Ta ce pa3zmeas Ha 15
aapecHU 1oaeta 1o 4B. IIspBuTe 12 noaera cpabpKaT agpecuTe Ha
mbepBUTE 12 60AOKa naHHu Ha datira. TpuHameceToTo,
YEeTUPUHALECETOTO U IIETHAAECETOTO [IOAE€ peasu3upaT CbOTBETHO
KOCB€Ha, JBOMHO KOCBEHA U TPOHMHO KOCBEHA afipecalius.
AnpecsT € yBeandeH Ha 4B, 3a pasauka or UNIX System 5, kpaeto Toi
e 3B. Ilo To3u HAYUH MOTaT Aa Ce aapecupar I10-roadM Opoili OAOKOBeE —
oo 4 MmuAuapa, KoetTo npu pasMep Ha 6aoka 1K e HAIrbAHO
[JOCTaThYHO 32 ChbBPEMEHHOTO ChCTOSHUE HA TEXHOAOTHHUTE.
KartaaorsT, 3a pa3zauka or UNIX System 5, uma pasanydHa CTPyKTypa
Ha 3aIllCHUTE:
- HoMep Ha inode Ha (atira (4B);
- [IBAXKWHA Ha 3anuca (2B);
-  [OBAXKUHA Ha UMeTo Ha (paiira (2B);
- uMe Ha (atisa (o 255B).
3anucure ca c IpoMeHAHBA AbAKHHA. [Ipu ToBa Te ce ImogpaBHABAT
1o 4B 1 3aToBa B 3amuca ce nasdT AbAKHUHHTE U Ha UMETO U Ha
3aruca. Taka umero Ha daiira pu LINUX EXT2 moxe na e mo 255
cuMmBoaa. [To oTHOoLIeHNEe Ha oOpaboTKaTa Ha KaTaAO3UTe HIMa
crpinectBeHn uaMeHeHus ot UNIX System S — oTHOBO e Hee(hbeKTHBHA.
Ot pasmepa Ha IIOAETO 3a HOMeP Ha inode ce BHUKIA, Y€ OposT HA
inode Mmoxke ga mocTUTHE 4 MUAHMapA.
LINUX EXT2 nnonabppka TBBPANU U CHMBOAHU BPBH3KH 10 CHIIUSI HAYUH,
1o kKo#to Te ce nmoaappkat oT UNIX System 5.



JICKOBOTO ITPOCTPAHCTBO IIpH (patiroBara cucrema Ha MSDOS e
IIOCAEIOBATEAHOCT OT CEKTOPHU. MUHUMaAHaTa eAUHUIIA 334
pas3npeneAeHre Ha JUCKOBO IIPOCTPAHCTBO Ce Hapuya KABCTEP U
IIpeAcTaBd €IWH HNAM HIKOAKO (CTelleH Ha ABoiKaTa) PU3HIEeCKH
CBhCEIHU CeKTopa. PasMepsT Ha KAbCTEpa € (PUKCHUpPaH.
JIMCKOBOTO IPOCTPAHCTBO CE€ PA3MIPENEAsS HA CAEJHUTE YaCTH:

- boot sector;

- FAT;

- komnue Ha FAT;

- KOpPEHEH KaTaAOoT;

- obaAacT 3a JaHHHU.

B boot sector ce cbxpaHaBa mporpamara 3a 3apexkiaaHe Ha
oIepallioHHaTa CHUCTeMa IIAIOC HIKOU OOIIU ITapaMeTpu Ha dpaiiaoBaTa
cucrema.

FAT (file allocation table) e Tabauna Ha (patiroBaTa cucrema, KOSTO
ChOABPIKa MHGOPMAIHS 3a pasnpeaeAeHUTe KABCTEPH U 32 CBOOOIHUTE
KabcTepHu. ChXpaHaBaT ce HIKOAKO Korus Ha FAT (oOmkHOBEHO 2) ¢
IIeA HaAeXXTHOCT Ha dafinoBaTa cucTeMa.

KOpeHHHSAT KaTaAor € N3HeCeH N3BBH 00AaCTTa 3a JaHHU.

ObaAacTTa 3a MAaHHH CHIbPKaA KABCTEPUTE U OCTAHAAUTE KATaAO3H.

Hakou ot obuiuTe mapamMeTpu, KOUTO Ce Ia3dT B boot sector ca
CAETHUTE:
- pasmepa Ha KABCTEpPa;
- pasmepa Ha Tabauliata FAT;
- Opos Ha KormusTa Ha Tabaunara FAT, KouTo ce cChbXpaHsSBaT;
- pasmep Ha KOPEHHUS KATaAOT;
- pasmep Ha IigAaaTa dpariroBa CUCTEMA.

FAT e MacuB OT €EAEMEHTHU C OIIPeAEA€H pa3Mep. Bceku eaemeHT
IIO3HUIIMOHHO CHOTBETCTBA Ha €IUH KABCTEP B o0AacTTa 3a JaHHU U
OIIHCBa HETOBOTO CHCTOSSHUE. [IbpBUTE ABa €eAeMeHTa OT MacuBa
CBOBPIKAT CAy2KeOHa MHGOpMAIHS U T€ HIMAT OTHOIIEHHE KbM
KAaBCTEpUTE. EAEMEHTHTE ¢ HOMepa OT 2 HaTaThK ChOTBETCTBAT Ha
KABCTEPHUTE, 3aTOBaA apecallydara Ha KABCTEPUTE B 00aacTTa 3a JaHHU
3ario4Ba oT 2. Bceku KabCTEP MOXKE [a € B TPU ChCTOSHUS:
- CcBODOOZEH — ToraBa ChOTBETHUAT My eaeMeHT BBB FAT chabppika
xon O;
- pasmnpeneaeH 3a (paHA — ToraBa CbOTBETHUSAT MY €AEMEHT BBB
FAT cpappzka aapechT Ha AOTHYECKHU CAEABAIINS KABCTEP, KOUTO
e pasrnpeneAeH 3a (patira MAM MapKep 3a Kpal Ha ¢aiira (camo
€IUHUIIH), aKO TOBA € AOTHUYECKHU IIOCACIHUAT KABCTEP, KOUTO €
pasnpeneaeH 3a gaiiaa;
- TIOBpeZdEeH — ToraBa ChOTBETHHAT My eaeMeHT BBB FAT cpabpxka
CIIEIIMaA€H KO/, KOHTO KaTO CTOHHOCT € II0-TOASIM OT
MaKCHUMAaAHHUS afipec Ha KABCTED.



B mo-crapute Bepcuu Ha atiroBara cucremu Ha MSDOS pasmepsT Ha
eAeMeHTHUTe B MacuBa e 12 0ura, kabcrepsT € 1K (gBa chcemuu
cekTopa). Taka morat ga ce agpecupat ao 212 = 4096 kancrepa, T.€. 00
4MB n¥CcKOBO IIPOCTPAHCTBO, KOETO € KpalHO HenocTaTb4yHo. [lopanu
TOoBa Tabauilara ce pasmupsaBa. [logeaBa ce FAT16, KpaeTo pa3sMepsT
Ha eAeMEHTHUTE Ha MacuBa e 16 6uTa U Morat fa ce agpecupar a0
216 = 65536 kabcTepa. OCBeH ToBa ce yBeAH4YaBa U MaKCHUMaAHUST
pasMmep Ha kKabcTepa — BbB FAT16 equH KABCTEP MOXKE /1a JOCTUTHE
64KB. Taka MakKCHMaAHUAT pa3Mep Ha JUCKOBOTO IIPOCTPAHCTBO
noctura 4GB. B WINDOWS/95 Tabaunara ce pasmupsaBa 10 FAT32 —
32-6uToBU eAeMeHTU Ha MacuBa. PatinoBara cucrema Ha MSDOS e
npuMep 3a gpafiaoBa CHCTEMA, KOSITO € Hee(peKTHBHO pas3IIrpseMa.
[Ipu BCcAKO cTapTHpaHe Ha OllepallloOHHATa CHCTEMa IigAaTa TabAnulla
FAT ce 3apexaa B ollepaTUBHATa IIaMeT 3a /Ja UMa 0bpP3 JOCTHII A0
nHpopMaIUsITa 3a paslpeaeAeHUTe U CBOOOJHUTE KABCTEPH.
YBeanyaBaHe Ha pa3Mepa Ha TabAuIilaTa BOAU 40 HEyZOOCTBO IgAaTa
TabAulla ga ce AbpKHU B mamerta. OCBEeH TOBa yBeAUYaBaHETO Ha
pasMepa Ha KABCTEPa BOOU N0 Hee(PeKTUBHO M3IIOA3BaHE Ha [IaMeTTa —
3a BCEKU (palia 3abAKUTEAHO Ca Pa3IpPEIEACHH IISA0 YHCAO KABCTEPH.
B MSDOS xaTaao3uTe ca tTun ¢gatinoBe. Bceku KaTasor chabpka
3anucu ¢ pukcupas pasmep (32B), kaTo BCceKU 3aIic oIrcBa eaquH
daiia B KaTaaora.
Pasnpeneaernuero Ha Te3u 32B e caegHOTO
- uMe Ha (patira (8B);
-  pasmupeHue Ha atisa (3B);
- arpubyrtu-dgaarose Ha daiisa (1B);
- pes3epBHUpaHO IIpocTpaHCcTBO (10B) 3a pa3mupsiBaHe;
- pmara Ha rocaemHa momudukanys (2B);
- BpeMme Ha nocaeqHa Moaucukanusa (2B);
- HOMeEp Ha I'bPBU KABCTED (2B);
- pasmep Ha (paiira B baiiToBe (4B).
H3moa3BaT ce caegHUTE aTPUOyTH-(PAATOBE:
- read-only - ako e 1, pa¥iabT € camMo 3a YeTeHe;
- system - ako e 1, pa¥iabT € CHUCTEMEH, T.€. ChAbPKA 4acCT OT
olepaloOHHaTa CUCTEMA;
- hidden - ako e 1, padirbT € CKPUT 3a HIKOU KOMaHIU Ha
olepaloOHHaTa CUCTEMA;
- catalog — ako e 1, pafiaAbT € KaTaaor;
- archive — ako e 1, paliabT ce BKAIOYUBA caeaBalud back-up Ha
daiiaoBaTa cucreMma.
KopeHHUAT KaTasor € H3HeCeH U3BBH 00AaCTTa 3a JaHHHU U UMa
durcupaH pasmep. ToBa Boau 40 orpaHUYEHHE Ha Opod Ha 3alIUCUTE
B KOPEHHHUS KaTaAor. TakoBa orpaHHUYEHNE AUIICBA ITPU OCTAHAANUTE
KaTaao3u. BBB BCEKU KaTaAoT, C U3KAIOYEHNE HAa KOPEHHUS, Cce
OAbPKAT ABa CTAHAAPTHU 3aIlica C UMe . U .., 0e3 pasliInpeHue,
KOHUTO OITUCBAT CHOTBETHO CaAMHS KaTaAOTl U POAUTEACKUS KaTaAor. 1o
TO3U HAYHUH Ce peasnsupa vepapxuyHaTra CTPyKTypa Ha daiiroBaTa
cucTeMa.



C pazBuTueTo Ha (patiroBara cucrema Ha MSDOS 3amouyBat ga ce
TIOAAbP3KAT pariA0Be C IPOU3BOAHO ABATH UMeHa. ChBIO Taka, B II0-
HOBHUTE BEPCHUH 3a CMETKAa Ha pe3epPBHUPAHOTO IIPOCTPAHCTBO BHB
BCEKHU 3alllC ce n00aBd AOITbAHUTEAHHN aTpuOyTH Aata/BpeMe Ha
ch3maBaHe Ha padira U Ha MMOCAEAEH AOCTHII A0 dadiaa.

datinoBata cucrema NTFS ce u3moa3Ba B I0-HOBUTE BEPCHUU Ha
WINDOWS - WINDOWS 2000, WINDOWS XP.

B TepmunuTe Ha NTFS AuCKOBOTO IIPOCTPAHCTBO CE HapU4ia TOM
(volume), KaTO €AUH TOM MOXKE [a 3aeMa HIKOAKO JUCKOBH IdAA.

MuHuMasHaTa eqUHUIA 3a paslpegeAeHHe Ha JUCKOBO IIPOCTPAHCTBO
€ KA'BCTEeP — II0CAEIOBATEAHOCT OT HAKOAKO (1, 2, 4 uau 8) dousnuecku
CchCeIHU CeKTopH. PazMephT Ha KabCcTEpa € PUKCHUPAH B PAMKUTE Ha
eqHa atinoBa cucreMa. Bceku KabpcTep UMa aBa axpeca:

- LCN (logical cluster number) — aAor4ecKHu azgpec Ha KABCTEPA B
paMKHuTe Ha TOMa,;

- VCN (virtual cluster number) — Aoruuecku agpec Ha KAbCTEPa B
paMKuTe Ha paiira, ako KAbCTEpPa € pa3IlIpeaeAcH 3a HIKaKbB
daiia.

AnpecupaHeTo ¥ B paMKUTe Ha TOMa U B paMKHUTE Ha BCeKU (paiia
3arouBa oT 0 0 MaKCHMaAHUSI HAAUYEeH afpec.

OcHoBHuAT IIpuHIUN Ha (ariroBara cucrema NTFS e, ge ngaara
nHpopMals 3a (patiroBaTa cUcTeMa Ce CbXpaHdaBa BBB (paliaoBe, T.€.
BBPXYy ANCKa HIMa cucTeMHHU obaacTu. Taka B NTFS uma Tpu Tuna
daiinoBe — OOMKHOBEHH, CIIEIIMAAHU U CUCTEeMHHU (patiroBe. B
CHUCTEMHHTe (pafiA0Be Ce ChXpaHABaT MeTalaHHUTE.

[IpequMCTBOTO Ha TO3H IIPHHIHII €, Ye I10 TO3U HaYUH CUCTEMHUTE
datiroBe Morart 1a HapacTBaT AUHAMUYHO, ITOM00HO HA OOMKHOBEHUTE
datiroBe.

JIMCKOBOTO IIPOCTPAHCTBO Ce pas3lpeaeAs Ha CAEOIHUTE 00AaCTHU:

- boot daiia;

- MFT datia;

- MFT 3o0na;

- II'bpBa IIOAOBHHA Ha oD0AacCTTa 3a JaHHU;

- [OPYTHU CUCTEMHH (PaiAOBE;

- BTOpa IOAOBHHA Ha obAacCTTa 3a JaHHU;

- Komwue Ha boot daiina.

Boot danaa chappKa IIporpaMarta 3a 3apexkaHe Ha OoIllepallioHHaTa
cucreMa. [lommppska ce CKpUTO Kortrue Ha boot datiaa B Kpas Ha
JAUCKOBOTO IIPOCTPAHCTBO C IIeA HaAEeXKIHOCT.

MFT daiiaa e cppiieTo Ha daiiroBaTa CUCTEMA — TOH ChIbPKA
orucaHUATa Ha BCUYKU (patiroBe. CrpeMexkbT € MFT daiina na e
HETIPEeKbCHAT 3a I0-ToAsaMa epeKTUBHOCT. [lopaau Ta3u nmpudynHa
HertocpencTBeHo caen MFT datina e mpeaBugerna MFT 30Ha, KOSTO ce
o bpsKa MpasHa, JOKaTo € Bb3MOKHO. B Hed ce pasnpeneadar
rabpcTepu 3a MFT daiina koraTo ToM HapacTBa.

Kabcrepu 3a cucreMHuTe pafinoBe Ce pas3lpeneAdaT HIKbIe 110 cpeaaTa
Ha ToMa.



MFT datisa cpabpka 3anucu ¢ purcupas pasmep ot 1K, kouto ce
agpecupat ot 0 HaTaThK. Bceku daiin B ToMa € OIIHMcaH C [oHEe €aHH
ocHoBeH 3anuc B MFT datiaa. AnpechT Ha TO3U 3aIlIUC Ce U3II0A3Ba
KaTo uaeHTU(pUKATOp Ha paiira B paMKUTe Ha paiiaoBaTa CUCTEMA.
[IspBUTE HAKOAKO 3arca Ha MFT datiaa ca pesepBupanu 3a
oITHCaHUe Ha CUCTeMHHUTE (paifiroBe (HAIIpuMep KOPEHHUS KaTaAoT,
OuToBa KapTa Ha CBOOOJHUTE KABCTEPH, CUCTEMEH (hpatia 3a o0IIwm
ImapaMeTpu Ha cUcTeMaTa, CUCTeMeH patia ¢ HHpopMalys 3a
IIOBpeNEeHUTE KABCTEPH U IP.).
[pyrudaT oCHOBEH MPUHIMII Ha (patiroBata cucrema NTFS e, ue
dafABT ce ChCTOM camMo OT aTpubyTu. [JlaHHuTEe Ha (patisra ce
pasraexkaaT KaTo €QuH OT THIIOBeTe aTpulOyTH Ha daiisa. Bcuuku
aTpulyTH ce ChXpaHAaBAaT 10 eAWH U ChIIM HaYyuH. Equn datia Mmoxke na
MMa HIKOAKO aTpubyTa OT €IWH U CHIIHN THII, B YACTHOCT HAKOAKO
arpubyra gaHHu. HIKOM OT THUIIOBEeTe aTPUOYTH ca CAEOHUTE:
- arpubyt $FILE_NAME - cbabp:ka COOGCTBEHOTO UMe Ha daiiag;
- arpubyr $STANDART_INFORMATION - chabpzxa uHQOpMAaIys
3a paiiaa — pazMmep Ha paiira, naTa/BpeMe Ha Ch3gaBaHe,
[oaTta/BpeMe Ha IOCAeIEeH NOCThII, JaTa/BpeMe Ha [MOoCAeIHA
MoaudUKAaIUg U Ap.;
- arpubyt $DATA - cbabpka gaHHu Ha daiiag;
- arpubyru $INDEX _ROOT, $SINDEX_ALLOCATION, $BITMAP,
KOHUTO C€ M3IIOA3BAT IIPH IIPEACTABIHETO HA KATAAO3UTE.
ATpubyTHuTe ca ABa THUIIA — PE3HAEHTHH 11 HEpEe3HAEeHTHH. EnuH
aTpulyT € pe3nuaeHTeH, aKo TOH U3IFaA0 ce chxpaHaBa B MFT-3ammca
Ha ChOTBeTHUS (patia. AKO eIuH aTpUOyT ce ChXpaHsaBa B KABCTEPH
u3pbH MFT-daiiaa, Toil € Hepe3uaeHTeH.
Hampumep, arpubyrure $FILE_NAME, $STANDART_INFORMATION u
$INDEX_ROOT BuHAaru ca pe3uieHTHH.
OOHKHOBEHO HEPE3UAEHTHU Ca OHE3HW aTPUOyTH, KOUTO AUHAMUYIHO
HapacTBaT MHOTO O0'6P30.
Bceku MFT-3amuc nma 3araaBHe, IIOCAEABAHO OT €IUH HAU II0OBeYe
arpubytu. B 3araaBueTo ce cpappzKaT O0ILIY apaMeTpH 3a 3aIruca.
Bceku aTpubyT mMa YHUKAAE€H YHCAOB KO/l U B paMKUTE Ha €OUH 3aIIuC
aTpuOyTHUTE Ce ChXpPaHsSIBaT B [IOCA€OBATEAHOCT, OTTOBapSIla Ha
HapacTBaHETO Ha YHCAOBUTE UM KomoBe. Bceku aTpubyT nma
3araaBue, B KOETO Ce OIIMCBAa THUIIA Ha aTpulyTa M aApyra mHpopMmalmd.
Axko aTpuOyTHT € pe3uaeHTeH, ChAbPKAHUETO MY € IIOMECTEHO B
MFT-3ammca. Ako aTrpulyThT € Hepe3uaeHTeH, To B MFT-3anuca e
IIOMECTEeHO caMo 3arAaBHeTO Ha aTpudyra. B To3u caydaii, 3arnaBueTo
CBhOBPIKA MHGOPMAIHL 3a KABCTEPUTE, paslpeaeAeHH 3a
CBhOABPIKAHUETO Ha aTpudyra B o0aacTTa 3a HaHHU. Ta3u nHopMaIus
ce a3y o popMaTa Ha €eKCTEHTHU OT (PU3HUYECKHU IT0CA€JOBATEAHH
KABCTEPH. BCEKM €KCTEHT Ce OITHCBa C TPHU KOMIIOHEHTA:!
-  VCN Ha Ha4YaAHHY KABCTEP Ha €KCTEHTA;
- LCN Ha HayaaHUA KABCTEP Ha €KCTEHTA;
-  pa3Mep Ha eKCTeHTa B OpOU KABCTEPH.
CaMuTe eKCTeHTH Ca OPTaHU3UPAHU B CIIUCHK.



Axo 3araaBHeTO Ha HEPE3UIEHTHUS aTpuOyT He MOXKe aa robepe
BCHYKaTa aapecHa MH(OpMAalHd, TO Ce pasnpeneAs HOB aTpudyT B
MFT-3amuca oT ChIIIUI TUIIL.

KataaorbsT B NTFS e (patia, KOUTO ChabpsKa 3aIlMUCH C IPOMEHAUBA
bAKMHA. Beceku atia B KaTasora ce OIuUcBa C €IUH 3allHC U TO3HU
3aluc ChabpxKa:

- cobcTBeHO mMe Ha daiiaa;

- aapechT Ha OCHOBHUY 3alluc Ha (paiira B pamrute Ha MFT-

daiisa;

- komnue Ha arpubyra $STANDART_INFORMATION Ha daiiaa.
KomneTo Ha craHmapTHaTa HH(pPOPMAIIUS B 3alIUCHUTE Ce ITOAIbPKA C
IIeA YCKOpPsIBaHe Ha CIpaBKHUTe 3a KaTaasora. OT gpyra cTpaHa
IIpoMgHaTa Ha CTaHAapTHaTa HHpopMaIus 3a eauH gaia TpabBa na
ce u3BbBpIIBA Ha aABe MecTa — B arpudyra $STANDART_INFORMATION
U B 3armmca 3a (patira B HETOBUSA KaTaAOT.
3anucure BB BCEKH KAaTaAOl ca ChIbpPKaHUe Ha aTpudyTa
$INDEX_ROOT u ca copTupaHu B a3zby4eH pen 1o uMmero Ha datira.
Ako 3anucurte He ce mobupar B arpubyra $INDEX_ROOT, Torasa 3a
KaTaaora ce pas3npeneAdT AOITbAHUTEAHH €KCTEeHTH, HapedeHu index
buffers c neaxxuHa 4K. Anpecure Ha pasnpeneseHute index buffers ca
coabpxkanue Ha arpubyra $INDEX_ALLOCATION. ATpubyTsT
$BITMAP cbabpzka HHPOpMAIHs 32 CBOOOIHUTE KAHCTEPHU BHB
BCUYKH HHAeKCHU Oydepu. Samnucure or $INDEX_ROOT 3aemHo cbC
OOITbAHUTEAHUTE 3aItucHu B index buffers ca opranusupanu B B-abppBo.
[HeaTa Ha Ta3u CTPYKTypa € YyCKOpsgBaHe Ha ThPCEHETO Ha (paiia 1o
nMe.

Kato 119A0 CHCTEMHHTE NPHMHTHBH PEaAU3UPAT YCAYTHU, KOUTO CE
IIPEIOCTABAT Ha MTOTPEOHUTEACKHTE IIPOTPAMHU OT SIPOTO.

PaHAOB AECKPHIITOP € 11910 Yucao oT O mo N-1, kbpaeto N e
MaKCHUMaAHUSIT Bb3MOKEH Opoii oTBopeHH daiisoBe. Toi
IIpecTaBASIBa UACHTU(PHUKATOP Ha OTBOPEH (paiia, KOUTO ce U3II0A3Ba
OT CUCTEMHHTE IPUMHUTHBHU IIPU MaHHUIIYAUPaHe C (patira.
CBbp3BaHeTO Ha (palfiA C JECKPUIITOP C€ OCHIIECTBIBA IIPU OTBAPSIHETO
Ha (patira U Ta3u Bpb3Ka Ce pas3KbCBa IIPHU 3aTBapdHe Ha (atisa.
®dalin0OBUTE OECKPUIITOPU UMAaT AOKAAHO 3HAYEHHE 3a IIPOILIECUTE —
BCeKH mporiec pasrorara ¢ N datinoBu geckpunropa. PariroBUTE
neckpunropu 0, 1, 2 ca cBbpp3aHU CHbOTBETHO ChC CTAHAAPTHHS BXO/,
CTaHOAPTHUL U3XO U CTaHOAPTHUL HU3XO0L 34 TPEIIKH.

[Ipu Bcako oTBapsgHe Ha palia C HETO Ce CBBbP3Ba yKa3aTeA Ha TeKylla
IMO3HIIHA 3a TOBa OTBapdHe. Ta ympaBagBa IO3UIIUATA B KOSITO C€
ITUIIIEe UAM OT KOLATO Ce 4YeTe BBB (pairina. TeKyiiara 1mo3uius e A0
YHCAO U CE€ U3MepBa C OTMECTBAHETO OTHOCHO Ha4YaAOTO Ha ¢paiira B
Opoii GaiiToBe. [Ipu BCcIKo oTBapdgHe 10 Moapa3bupaHe TeKylaTa
IIo3UINa uMa crorHocT 0.

[Ipu Bcako oTBapsgHe Ha patia C HETO Ce CBBbP3Ba U PEKHM Ha
oTBapsaHe. Toil onpeneAs KaKBU OIl€epalluy MoraT aa ce U3II'bAHIBAT
BBPXY OTBOPEHUs (paiia — HAIPUMeEP caMo dYeTeHe, caMo ITHCaHe,
4eTEeHE U IIHCaHe.



CHUCTEMHUAT IIPUMUTHB OpPeNn MMa CAEIHUS ITPOTOTHUII:

int open (const char *filename, int flag[, mode_t mode]).

Tott MoxKe ma ce M3II0A3Ba KaKTO 3a OTBapsgHE Ha ChIIIECTBYBAlL (paiia,
Taka U 3a ch3gaBaHe Ha HOB (patia. C open mMorart a ce OTBapdaT U
CIIeIlMaAHU (paticoBe, HO MOTaT [a Ce Ch3aBaT caMO OOMKHOBEHU
daiinoBe. AprymeHTHT filename 3amaBa uMmeTo Ha (patira — abBCOAIOTHO,
COOCTBEHO UAM OTHOCHTEAHO CIPSIMO TEKYIIHS KATAAOT B TEKYIIIHS
mporec. AprymMeHTHT flag e 11940 YHCcAO, KOETO ce HHTEIPETHPA KATO
daaroBe, 3agaBallM pexxuMa Ha OTBapgHe. ApTyMeHTHT mode ce
M3II0A3Ba CaMo IIPU Ch3aBaHe Ha (paliA U TOH 3a7aBa Ko/ Ha 3allluTa.
[Ipu U3IbAHEHHUETO HA Open, C OTBOPeHUs (paiia ce CBbP3Ba IIbPBUST
cBOOOIEH (paMiAOB AECKIIPUTOP Ha TEeKYLIHs ITporec. [Ipu ycrerrHo
3aBBPIIBAHE Open BpbIla (PaAOBUAT AECKPUIITOP HA OTBOPEHUS
daiia. [Tpu Heycriex open BpbIa -1.

B no-parruTe UNIX crcremMu 4pes3 CHCTEMHUSI IIPUMHUTUB Open He
MOXKeE /1a ce Chb3aaBa paiia. 3a Ta3u IeA ce U3MI0A3Ba CUCTEMHHUST
HNpUMHUTHUB creat, KolTo e 3anaseH U B 1o-HoBute UNIX cucremu.
[Tomo6GHO Ha open, upe3 creat Morart z1a ce ch3aBaT caMO OOMKHOBEHH
daiinoBe. CUCTEMHUSAT IIPUMHUTUB creat ©Ma CA€IHUS ITPOTOTHIL:

int creat (char *filename, mode_t mode).

Toit cr3naBa daiia ¢ uMme filename u Ko Ha 3aruTa mode U cAell ToBa
ro OTBapsl B PEKUM caMo 3a ImucaHe. AKO (paliAbT € CBIECTBYBaA,
nHpopMalysaTa B HEro ce u3rpuna. [Ipu ycrex creat BpbIia
daA0BHUSAT OJECKPHUIITOP Ha OTBOpPeHUs pabia, IpU Heycrex creat
BpBIIA -1.

CucremHuAaT NPpUMHUTUB close ce n3moa3Ba 3a 3aTBapsHe Ha Bede
OTBOpPEeHHU (patiroBe, T.€. 3a IIPEeKbCBaHE Ha Bpbh3KaTa MeXKAy Ipolieca
u daiia. [To-mperrn3Ho, upes close ce ocBoboxkmaBa ainoB
neckapuTop. To#t mma caenHud nporoTum: int close (int fd).
AprymenTsT fd 3amaBa patinoB meckpuntop Ha paiira, KOUTO IIe ce
3atBaps. [Ipu ycnemrHo 3aBbpuiBaHe close Bpria O, nHaue -1.

Read e cuctemMeH NpUMUTHUB 3a deTeHe oT (patia. Toit nma caegHug
npotoTHil: ssize_t read (int fd, void *buf, size_t count).

AprymenTsT fd 3amaBa painoB JeCKPUIITOP HA OTBOpPEH paia, OT
KOHTO IIIe ce yeTe. ApryMeHTHT buf 3azaBa aapec B raMeTTa, KbIAETO
IIe Ce 3aITCBaT IIPoYeTeHUTE JaHHU. APpryMeHTHT count 3amaBa Opoit
baiiToBe, KOUTO IIIe ce ITpodeTat. YeTeHeTo OT paiisa 3aroyBa oT
TeKylaTa no3uid. [1pu ycriex read BpbIlia 6pod Ha AeHCTBUTEAHO
mpodyeTeHHUTe OaliTOBE, KOMTO MOXKE /1A € Io-MaabK oT count. [ITpu
Heycriex read Bppiia -1. Caex u3mrbAHeHHETO Ha read TeKylarta
IIO3UITUSI CE YBeANYaBa C Opos Ha AeHCTBUTEAHO IIPOYETEHUTE
baitToBe. [Ipu onnuT fa ce YyeTe OT TEKYyIlla ITO3UIIUS CAe[ Kpas Ha
datina, read BpsbIa 0.

Write e cucreMeH IPpUMUTHB 3a IUcaHe BbB (atia. To#t numa caegHUs
npoToTHUIl: Ssize_t write (int fd, void *buf, size_t count).



AprymenTsT fd 3amaBa painoB JeCKPUIITOP HA OTBOPEH (paiia, B KOUTO
e ce nunle. AprymeHTHT buf 3agaBa agpec B mamerTa, OTKBAETO II1e
ce B3UMAaT JaHHUTE 3a ITHCaHe. APryMeHTHT count 3azmaBa Opoit
OaiiToBe, KOUTO IIle Ce 3aIIucBaT BBB (pairira. [Incanero BBB atira
3aro4yBa OT TeKymiaTa Imo3ulus. [Ipu ycrex write BppIia Opos Ha
OeUCTBUTEAHO 3aIrtucaHuTe OaitoBe. [Ipu Heycnex write Bprpia -1.
Caen M3IIbAHEHHETO Ha Write TeKyIaTa 03Ul Ce yBeandaBa C 0pod
Ha AeHCTBUTEAHO 3arrcanuTe baiiToBe. [Ipu onut fa ce muiie ot
TeKyllla MTO3UIINA CAel Kpas Ha daiiaa, TO ce yBeandaBa pasMepa Ha
datirna ¥ 3a HETO Cce pasmpeneAdT HOBH OAOKOBE, aKO C€ HaAOXKHU.

Lseek e crucTeMeH IIPUMHUTUB 3a ITO3UIIMOHUPaHe BBB datia. Tolt nma
caeqaus rmporotull: off_t Iseek (int fd, off_t offset, int flag).
AprymeHnTsT fd e patinoB meckpunTop Ha OTBOpeH daiia. Lseek
IIPOMEHS yKa3aTeAd Ha TeKylllaTa II03UIUs 3a OTBapsgHeTo Ha daiiaa,
CBHOTBETHO Ha (patinoBud neckpuntop fd. AprymeHTHT offset 3agaBa
OTMECTBAHETO, C KOETO IIIe Ce IIPOMEHHU TeKyllaTa I[I03UINd B Opoi
baiiToBe. AprymeHTHD flag onpeneass oTKBAE I1e CE€ OTIUTA
OTMECTBAHETO (0T HAYaAOTO, OT Kpas HAHU OT TeKylllaTa I[IO3UIHL).
Lseek Bprina O npu ycrex u -1 npu HeycHex.

Cucremuuar npumMuTuB dup nMma caegaud rmpototuil: int dup (int fd).
Toti ce n3noa3Ba 3a gydbaupaHe Ha PariAOB AECKPUIITOP.

AprymeHnTsT fd e (patinoB meckpuTop Ha OTBOpeH daiia. Dup Tbpcu
II'bPBULAT CBOOOKEH (paliAOB AECKPHUIITOP B TabAullaTa Ha pariAOBUTE
JECKPUIITOPHU 32 CHOTBETHUS IIPOIEC U KOIIHPA B HETO ChABPKAHUETO
Ha datiroBud aeckpuntop fd. [Ipu ycriex dup BpbIIa HoBUS painoB
[LECKPHUTOP, IIPU HEYCIIEX BphIIa -1. Dup uMa CMHCAEHO ITPHUAOKEHUE
IIpU IIpeHacoYBaHe Ha BXO[a U U3X0aa.

Cucremuuat npuMuTuB mkdir ce n3noa3Ba 3a chb3zmaBaHe Ha KATAAOT.
Toit uma caemHUA ITPOTOTHUIL:

int mkdir (const char *dirname, mode_t mode).

AprymeHTHT dirname 3as1aBa UMeTO Ha KaTaasora (abCOAIOTHO HAU
OTHOCHUTEAHO). ApryMeHTHT mode 3a7aBa KO Ha 3aluTa 3a
ch3maBaHUd KaTaaor. [Ipu usmrbaHeHueTo Ha mkdir 3a
HOBOCH3/JaBaHUA KaTaAOT Ce paslpeaeAsds HOB UHIAEKCEH OITUCATEA U B
POMUTEACKUS KaTaAOT Ce Ch3llaBa HOB 3amuc. Pazaukara otT
Ch3aaBaHeTO Ha OOMKHOBEHU (paliAOBe €, Ue B HOBOCH3/Aa1eHUS
KaTaAOT ce MHHUIIMAaAU3HpaT ABaTa CTaHOAPTHU 3aIlrca C UMEHA . U ...
CnI110, 32 pa3arKa OT open U creat HOBOCH3IaAeHUs KaTaAOT He Ce
orBap4. [Ipu ycrnex mkdir Bpswia O, mpu Heycrex BpbIna -1.

CucremHuatr npuMuTuB rmdir ce n3noa3Ba 3a U3TpUBaHE HA
Kataao3u.Toll uma caeqHUS IPOTOTHUIL:

int rmdir (const char *dirname).

AprymenTsT dirname 3agaBa UMeTO Ha KaTtasora. 3a ga MoxKe 1a ce
U3TpPHE TO3U KaTaAoT, TOH TpsiOBa [a e IIpaseH, T.e. Aa ChObpKa caMo
[aBaTa CTaHOapTHU 3amuca . U ... [Ipu usmrbaHeHuero Ha rmdir ce



0CBODOOK1aBaT MHAEKCHUS OITHCAaTeA Ha KaTaAoTa U ChbOTBETHUS 3aIIUC
B poauTeACKHUs KaTaaor. [Ipu ycriex rmdir Bpbina 0, IIpu HeycIiex
BpBlA -1.

Cucremuuar npumMuTtub chdir ce n3nmoa3Ba 3a cMaHa Ha TEKyIIHs
KaTaAor Ha TeKylLIud Irporec. To#l uMa caegHUS ITPOTOTHII:

int chdir (const char *dirname).

AprymeHTHT dirname 3agaBa UMETO Ha HOBHUS TEKYI] KaTaAOT.
[Tpu ycniex chdir Bppwina O, mpu Heycriex BpbIna -1.

Cucremuuat npuMuTuB link ce nsnoa3Ba 3a ch3/1aBaHe HA TBBPIAA
Bpb3Ka KbM (patia. Tolt muma caeqHUS ITPOTOTHIL:

int link (const char *oldname, const char *newname).

AprymeHTHT oldname 3agaBa uMe Ha chllecTByBarl datia. To3u caiia
TpabBa a € OOMKHOBEH. APTYMEHTHT newname 3a1aBa UMeTo Ha
HOBaTa TBBPJa Bpb3Ka KbM (pairiaa. [Ipu nsmeanenuero Ha link B
POOUTEACKUS KATAAOT Ha newname ce 100aBsi HOB 3aIluC C UMe
newname ¥ HOMep Ha inode, cbBIazgairl ¢ inode Ha oldname. [Tpu ToBa
B TO3U inode 6pogyhT Ha TBBPANUTE BPB3KHU ce yBeandana ¢ 1. Link
Bpbla O npu ycrex u -1 npu HeycCIex.

CucremHuar npuMuTuB symlink ce n3noa3Ba 3a cb3gaBaHe Ha
CUMBOAHA Bpb3Ka KbM (patia. Tolt muma caeqHUS TPOTOTHUIL:

int symlink (const char *toname, const char *fromname).

AprymeHTHT toname e ume Ha paiia, KOUTO MOXKe [a He ChIIeCTBYBAa.
AprymeHTHT fromname 3agaBa UMeTO Ha HoOBaTa CUMBOAHA Bpb3Ka. [1o
BpeMe Ha uslrbAHeHHeTo Ha symlink ce cp3naBa HOB atia ¢ uMe
fromname — pa3npeneasa ce HOB inode, KOMTO ce HMHHUITMAAU3HUPA C THUII
CHMBOAHA BPBb3Ka U ce pasnpeeAs OAOK OT JaHHU, B KOUTO ce
3anucBa toname, TOYHO KaKTO € 3a71aIeHO B OOPBIIEHHETO, CAE KOETO
B POAUTEACKHI KaTaAor Ha fromname ce no0aBsg HOB 3alllC 3a
HOBoCh3naAeHUus atia. [Ipu yeriex symlink BpsbIia O, nnaue -1.

Cucremuuar npumMuTuB unlink ce n3noa3Ba 3a yHHUIIIOKaBaHe Ha
daiinoBe. Tott mMa caeHUSA IPOTOTUIL:

int unlink (const char *filename).

AprymenTsT filename 3amaBa nMme Ha aiia, KOUTO IIle Ce YHUIIIOKAaBa.
PaliabT MOXKE [a € OT IIPOU3BOAEH THUII, 6e3 KaTaaor. [Ipu
n3mrbAHeHHeTo Ha unlink B poauTeackusa KaTaasor Ha (patisa ce
oCBOOOXK/TaBa 3anuca 3a daiirna U B UHAEKCHUA ortrcaTea Ha dpatira
OpoSYBT Ha TBHPAUTE BPB3KHU Ce HaMaasBa ¢ 1. AKO HoBaTa CTOHHOCT
Ha Oposya e 0, To MHAEKCHUST OIUcaTeA Ha daiira, 3aeaHO C
OAOKOBeTe, pasIpeaeAeHU 3a daiira B obaacTTa 3a JaHHU Ce
ocBoboxkmaBar. [Ipu ycrex unlink Bpsira O, npu Heycrnex BpbIna -1.

B MHOronoTpedbuTEACKUTE CUCTEMH TPsIOBa /1a € SCHO KaKBHU ca
IIpaBHUAATA 3a AOCTBII HA OTAEAHUTE ITOTPeduTEeAr no patiroBere.

[Ile pa3sraegamMe Kak € peasu3upaHa CUCTeMaTa 3a 3allliTa B
oneparponHuTe cucreMu UNIX u LINUX. PazanyHuTe TUIIOBE JOCTHII



[0 datia ca JOCTBII 3a YyeTeHe (r), JOCTHII 3a MucaHe (W) U JOCTHII 3a
U3II'bAHEHUE (X).

Bceku nmotpebutea B cucTeMaTa IIPUHAOACKHN Ha eIHA UAU I10BeYe
TPYIIH.

C Bceku paiia IIpU CH3IaBAHETO MYy C€ CBBP3BaT TPU aTpUdyTa, KOUTO
ce ChbXpaHdaBaT B HHIAEKCHHUA onucarteA Ha atiaa. ToBa ca uid, gid u
mode.

ATpubyThT Uuid ce HHUIIMaAU3UpPA C YHCAOBUS UAEHTH(PHUKATOP Ha
cobCTBEHUKA Ha MpoIlleca, KOUTOo e ch3maa aiiaa.

ATpulyThT gid ce MHHUIIMAaAN3HUpa C YHCAOBUL UIEHTU(PUKATOP Ha
rpymnara Ha cCOOCTBEHHKA Ha IIpolleca, KOHUTO e cb3naa datiaa.
ATpubyThT mode ce HHHUIIMAaAU3UpPA YpPe3 apTyMEHT B CUCTEMHUS
IPUMHTUB, KOHUTO € Ch3maa daiia.

CripsiMO BCEKH OTAEAEH (paiia IOTpeduTeAnTe ce pa3dbuBaT B CAEIHUTE
YeTUPU KATETOPHUU:

-  aZAMHHHCTpAaTOP (root);

- COOCTBEHHK — MOTPebUTEA, KOHUTO € COOCTBEHUK Ha (paiira;

- rpymna - notpeduTeAu, KOUTO He ca COOCTBEHHK Ha aiira, HO

rornazaT B rpyrnaTa Ha COOCTBEHUKA;

- APYTH — IIOTPedUTEeAN, KOUTO He IonaaaT B IPeJHUTE KAACOBE.
AIMUHHUCTPATOPHT UMa HEOTPAHUYEH MOCTHII A0 IgaaTa dpaiiroBa
cucrema.
3a ocTaHaAuTe TPU KATETOPHUHU TUIIOBETE pa3pelleH MOCTBII Ce
OIIPEeIeAsdT OT Koaa Ha 3amura mode, B KOHUTO ce ChXpaHsBaT TPH
TPYIH II0 TPHU OUTA (rwX), KOUTO OIPEAEAST IIpaBaTa Ha OJOCTHII 10
daiiaa 3a gpyrute rmoTpedbuTeAm, 3a rpyrnara Ha coOCTBEHHKA U 3a
caMusd cCOOCTBEHHK. AKO HSIKOU OT Te3u OuToBe € 1, To ChoTBeTHATa
KaTeropus uMa ChbOTBETHOTO IIPaBO BBPXY patira, B IPOTHUBEH cAydah
TSI HIMa TOoBa IIPaBo.

CucremHuaT npuMuTUB chmod ce n3moaA3Ba 3a IIpoMsHa Ha Kojia Ha
zammura Ha ¢gaiia. Tol uMa cAeHUS CUHTaKCHUC:

int chmod (const char *name, mode_t mode).

AprymMeHTHT name 3agaBa UMeTOo Ha daiiaa, YUUTO KOO Ha 3alluTa e
ce rtpoMmeHd. Hama orpanudeHue 3a Tumna Ha datiaa. AprymMeHTHT mode
3aaBa HOBHUS KO/ Ha 3amuTa. [Ipu usmrbaHeHueTo Ha chmod B
UH/IEKCHUS OIHcaTeA Ha dpaiina ce IIpoMeHs HErOBUs KO Ha 3allyTa.
3a ga 3aBbpiru ycrentHo chmod, mpoiechT, KOHTO ro U3IIbAHSIBA
TpabBa a IPUHAIAEKU Ha aMUHHUCTPATOpPa NAH Ha COOCTBEHUKA HA
daiiaa. [Ipu ycriex chmod Bpwma O, mpu Heycrex -1.

CucremHuar npuMuTuB chown ce n3noa3Ba 3a mpoMsiHa Ha
coOCTBEHUKA UAM rpynaTa Ha (patia. Toi nMa caefHUS CUHTAKCHUC:
int chown (const char *name, uid_t owner, gid_t group).
AprymMeHTHT name 3agaBa uMe Ha adia. ApryMeHTHT Owner 3aaaBa
YHCAOB MHAEHTHU(PUKATOP Ha HOBUS COOCTBEHUK Ha hatrina,
apryMeHTHT group 3aaaBa YUCAOB UAEHTH(PUKATOP Ha HOBaTa Ipyra
Ha (atira. Be3aMoxkHO € na ce 3anazne -1 3a owner (group) — B TaKbB
cAydait cobcTBeHHMKaA (rpyrara) Ha daiiaa He ce rmpoMmeHd. [ITpu



U3I'bAHEHHETO Ha chown B MHIEKCHUS omucaTea Ha (patiara ce
npoMeHaT aTpudyTuTe uid u gid. 3a ga ce mpoMeHH COOCTBEHHKA Ha
daiiaa, IIPoIeChT KOUTO U3IIbAHSIBA chown TpsiOBa ga IIPUHAAAEKH Ha
aIMUHHCTpaTopa. 3a aa ce IpoOMEeHU rpyrnara Ha gatiaa, IpoechbT
KOHUTO M3IrbAHsSIBa chown TpsibBa ga IIpHUHAAEKH HAa aAMHUHUCTPATOPa
MAU Ha cOOCTBeHUKA Ha (patiaa. [Ipu ToBa, cCOOCTBEHUKHT Ha dratira
MOKE /Ja CMEHU rpyrnara Ha gatisaa caMo C rpyra, Ha KOSITO TOH € YAEH.
[Tpu ycriex chown BprIna 0, mpu Heycrex -1.

8. KomniomvupHu mpexu u npomorxoau — OSI mooen.
Kananno Hueo. Mapwpymusayust. IP, TCP, HTTP.

[ITle pasraegame moneasT OSI (open system interconnection), cp3nanen
oT MexXayHapoaHata opranusarmda ISO (international standard
organization) 3a Bpb3Ka MEXKy OTBOPEHU CHCTEMH. BehIHOCT
OSI-MmozmeasT € abcTpakTeH MOIeA Ha MPEKoBa apXUTEKTypa, KOUTO
OITHCBAa ITpeaHa3HAYEeHNEeTO Ha CAOEBeTe, HO He ce 00Bbp3Ba C
KOHKpeTeH Habop OT IIPOTOKOAH.

Bceku caoil oT MogeAa Ha egHa MalllMHAa B3aUMOIEHCTBA C
€IHOMMEHHHS CAOM Ha Apyra MaminHa. [IpaBuaaTa 110 KOUTO ce
OCBIIIECTBSIBa TOBA B3aUMOAEHCTBHE C€ OIIPENEAIT OT MPOTOKOA,
KOMNTO OTroBapd Ha ChOTBETHHA cAoM. Ha mpakTuka ripu
KOMYHUKAIIUITA MEKIY CbOTBETHUTE CAOEBE Ha BETE MAIIIMHU HE CE
npenaBaT JaHHU. Bceku caoll mperaBa JaHHU U KOHTPOAHA
nH(pOopPMAaIHs Ha HEIIOCPEACTBEHO I10-IOAHUS CAOHM, JOKATO Ce
[OOCTUTHEe Hali-moAHUd cAoi. [lom Hero e pusudeckara cpema 3a
IpenaBaHe, KbIETO CE€ OCBIIECTBIBA peasHaTa KOMYHUKAIIUG MEXKIY
MalllMHUTe. B IpreMHUKa MToAyYeHUTE JaHHHU Ce pas3lIpoCTpaHsBaT B
oOpaTHa MOCOKa - OT Ha¥-TOAHUS CAOH Harope, KaTo BCEKU CAOH
IIpeMaxBa KOHTpPOAHATa HH(OpMaIlHs, KOSITO C€ OTHACS 0 HEeTo.
Bceku caoii mpenocraBs HHTep@eHc Ha HEIIOCPEACTBEHO MO-TOPHHUS
CAOH, KOUTO ollpeneass KaKBU (PYHKIIUH B YCAYTH MY C€ IIPEJOCTaBsIT.
B OSI-momeaa uma cememM CAos — (PU3UYUECKH, KAHAAECH, MPEXKOB,
TPaHCIIOPTEH, CECUEH, IIPEACTaBUTEACH, IIPHUAOKEH — U30POEHH ca B
IIOCAEIOBATEAHOCT OT HaM-AOAHUS KbM HaU-TOPHUSA CAOH.
PU3HYECKHAT CAOH MMa 3a 3a7ada [1a peasru3upa npeaaBaHeTo Ha
buToBe npe3 pusudeckara cpega. OcHoBHA (PYHKIINA HA PU3NIECKUS
CAOH € [1a yIIpaBAsiBa KOAUPAHETO U JAEKOJAUPAHETO Ha CUTHAAUTE,
npeacrapdainy aoudrauTe nudpu O u 1. To3u caoil He ce HHTEpecyBa
OT IIpeagHa3HadYeHHueTo Ha OuToBeTe. PU3UIECKUAT CAOH TpsabBa ma
OCHUTYypdBa Bb3MOXKHOCT Ha I10-TOPHUS KaHAAE€H CAOH [Ja aKTHBHU3HPA,
o bpKa U IpeKpaTaBa (PU3NIECKHUTE ChEINHEHUS.

OcHoBHA (PYHKIIHS Ha KAHAAHHSIT CAOH € OTKPUBAHETO U
€BEHTYaAHOTO KOPUTHpPAHE Ha I'PEIIKH [IPU IIPeJaBaHETO HA JaHHUTE.
JaHHUTE Ha KaHAAHO HUBO Ce€ OOMEHAT Ha [MOPIUU, HapedeHU KaApH
(0OMKHOBEHO C IBAXKHUHA OT HAKOAKO CTOTHH [0 HIKOAKO XHASIIU
baiira). [Ipu HamekAHA KOMYHUKAIUSI IIPUEMHHUKBT TPsIOBa ga
yBeooMdBa H3IIpalada 3a BCEKH YCIIEIIHO IOAYYEH Kaabp KaTo My



u3npara oopaTHO NOTBBPKAABAIL Kaabp. PyHKIINNTE HA KaHAAHUSI
CAOY OOMKHOBEHO C€ peaAu3upaT CMECEHO - arlapaTHO U IIPOTPaMHO.
MpeiKOBHSAT CAOH OTroBapd 3a (PpyHKIIMOHUPAHETO HA
KOMYHHKAaIIMOHHAaTa noampexa. IlpuaoxxkHure riporpamu, KOUTO Ce
U3II'bAHABAT B ABETE KPAaWHU CUCTEMU B3aUMOEHCTBAT IIOMEXKAY CHU
IIOCPELACTBOM HMaKeTH OT AaHHU. OCHOBHA 3a/1a4ya Ha MPEXKOBHS CAOH
€ MapUIpyTU3HUpaHeTO Ha Te3U nakeTH. [lakeTute ca ¢ PUKCHUpaHa
roA€MHUHA B paMKHTE Ha eQHa Mpexa. 3a CHCTEMUTE, peaAu3upaliu
BB3ANUTE Ha KOMYHHUKAIMIOHHATA II0AMPEXKa TO3U CAOH € IIOCAEIEH.
DyHKIIMUTE HA MPEKOBUL CAOM, KAKTO U HA IIO-TOPHUTE CAOEBE CE
peaanusupaT IporpamMHo.

TPaHCHOPTHHAT CAOH OCUTYPsSIBA TPAHCIIOPTHPAHETO Ha MPOU3BOAHO
JUBATHU CBOOIIIEHUS OT U3TOYHUKA [0 moaydaTesd. Tol e HA-HUCKHUAT
CAOH, KOWUTO peasn3npa Bpb3Ka OT THUII “Kpaii-Kpail” MexKIy
KOMYHHUKHUPAIUTE CUCTEMH. B TpaHCIIOPTHHA CAOH Ha HM3NIpalada
CHOOIIEHUATA ce pa3dMBaT Ha IIaKeTU U Ce I10/1aBaT Ha MPEKOBUS
CAOM, a B TPAHCIIOPTHUL CAOH Ha ITOAyYaTeAd IIOAAAEHUTE OT
MPEZKOBHUSI CAOH ITaKeTU ce peaceMbaupart. TpaHCIOPTHUAT CAOHU
0CBODOOIK1aBa IIO-TOPHHUS CECHEH CAOH OT I'pHUKaTa 3a HaIeXKIHOTO U
e(peKTHBHO TPAHCIIOPTHUPAHE HA JaHHUTE MeXAy KpalHUTe CHUCTEMH.
CeCHHHHAT CAOH € OTTOBOPEH 3a AHaAOTa MEXKIY ABE KOMYHHKHUPAIIH
nporpamu. ChoOIIIeHUsT ce 0OMEHSIT CAel KaTo ABaTa KpaiHu aboHaTa
yCTaHOBAT cecHs1. CECUUHHUAT CAOH OCUTYpdABa Pa3AMYHU PEXKUMH Ha
[AHaAOT — IBYIIOCOYEH €IHOBPEMEHEH AUAAOT, ABYIIOCOYEH
aATepHaATUBEH AHAAOT, €HOIIOCOYEH arasor. OCBeH ToBa TOU
IpenoCTaBsa Bb3MOXKHOCT 3a IIPEKbCBAHE Ha AHaAora U IIOCAEIBAIII0
BB3CTAHOBABAHE OT MACTOTO Ha IIpeKbCcBaHeTo. [Ipu aunicara Ha
CeCHeH CAOH BCSIKO CHOOIIIEHHE Ce ITpegaBa He3aBUCUMO OT APYTHUTE
CHOOIIIEHUd.

IIpeACTaBHTEAHHAT CAOH € HAM-HUCKUSIT CAOM, KOMTO pasraexkiga
3HA4YEeHHUETO Ha IIpegaBaHaTa MHQOpMAaIlUd.

[IepBaTa PyHKIMSI Ha TO3HU CAOH € [1a OIpeaeAr OOIIl CHHTAKCHUC 3a
IIpegaBaHe Ha ChoOIIeHUdATa. Bropara oyHKINA Ha CAOS € oa
yHU(UIIMPa BbTPEIIHAaTa CTPYKTypa Ha IIpeAcTaBeHUTe JaHHU B
cpoOIIeHuaTa. [1o To3u HAYUH 3a [MO-TOPHUS ITPHUAOKEH CAOH HAMA
3HAQ4YEHNE JaAU OIBETEe KpalHU CHCTEMH HM3II0A3BAT PA3AUYHU
pencTaBdHUd Ha JaHHUTE.

IIpHAOKHHAT CAOH € Hali-TOPHUAT CAOH, KBM KOHUTO ce CBBhpP3BaT
OTPEeOUTEACKHUTE MIPOIIECH B ABaTa KpalHu aboHarta. Hakou
OTPEOUTEACKH IIPOIIECU Ca MHTEPAKTUBHH - B3aUMOAEHCTBAT CH B
TFOASIM TIEPHO/, OT BPEME C KPaTKU CHOOIIIEHUS OT TUII 3asiBKa-OTTOBOP.
[dpyru noTpebUTEeACKH IPOIeCH B3aUMOAEHCTBAT C MaAKO Ha Opoi
TOAEMU 10 00eM ITOPIIMH OT JaHHHU. 3a ABaTa BUA IIPOILIECH Ce
HIpeaBUKAAT PA3AUYHU IIPOTOKOAN HA ITPHUAOIKHHUS CAOH.

KanaaHOTO HUBO HMa TPU OCHOBHHU (PYHKIIHH - Ja OCHUTYPH IOAXOISII]
nHTepderic Ha IO-TOPHOTO MPEKOBO HUBO, a OTKPUBA I'PEILIKHU 110
BpeMe Ha IIpegaBaHeTOo U [a yIIpaBAgBa HHPOPMAIIMOHHUST OOMEH.



JaHHuTE 32 KAHAAHOTO HUBO IIPEACTABASIBAT IIOCAEIOBATEAHOCT OT
kazpH (frame). KanaaHOTO HUBO B3UMa IaKEeTUTE, KOUTO MYy Ce
rmomaBaT OT MPEXKOBOTO HUBO U I'M 3aTBapd B Kanpu. Bceku Kaawp ce
cbcTOM OT 3araaBHa 4Yact (header), moae 3a JaHHU, KOETO ChABPKA
rnakeTa ¥ onamika (trailer). /IbaAskuHaTa Ha Kaabpa OOMKHOBEHO €
orpaHudeHa orrope. PU3NIECKOTO HUBO BB3IIpHeMa HHPOpMAIUSITA OT
KaHaAHOTO HHUBO KaTo IIOTOK OT OHTOBe, 6€e3 1a ce MHTepecyBa OT
HeliHaTa cTpyKrypa. [loaAydareaar uaeHTU(UIIPa B IIOTOKA OT OUTOBE
KaZpuTe U Bb3 OCHOBA Ha CAyKeOHaTa mHpOpMaIus B TAX T'U
KOHTPOAUPA 3a T'PELIKH. 3a IIeATa olalrkaTra Ha Kaabpa ChabpiKa
KOHTpPOAHA cyMa (0OMKHOBeHO 2 6aiiTa), KOSTO Ce U3YHUCASIBA BHPXY
ocTaHaAaTa 4acT OT Kaabpa npeau Tod na owpae nmpenaneH. Koraro
KaabpPbT IPUCTUTHE B II0AyYaTeAd, KOHTPOAHATA CyMa Ce
IIPEN3YNCASIBA U aKO Td € pasAudHa OT IIpefaJgeHaTa KOHTPOAHA CyMa,
TO TIOAYYATEASIT OTXBBPAS Kaabpa U eBEeHTYAaAHO HU3IIpallla ChOOIIeHMe
3a rpelrka KbM HU3TOYHHKA. AKO KOHTPOAHUTE CyMH CBHBIIaOHAT, TO
IIOAYYATEAdT IIpHUeMa Kaabpa U U3IIpala IoTBbXAaBalll Kaabp 10
n3rogyHuka. Cael ToBa ce IpeMaxBa CAyzKeOHaTa MH(opMAalid Ha
Kaabpa ¥ HTH(POPMAIIMOHHUAT IIOTOK Ce IIpegaBa Ha MPEKOBOTO HUBO
Bede 1o/ popMaTa Ha MaKeTH.

Pasraexname cuTyanuda IIpy KOSTO MallluHaTa A HU3npalla Kaapyu KbM
MamuHaTta B o karaa ¢ mym. Kagpure morat na ce U3KpUBHT 110
BpeMe Ha IpegaBaHeTO UAU H3IIFAO Oa CE U3TYOST.

KoraTo B B mocThIINM HOB Kaabp OT A, B H34ucagBa KOHTPOAHATA CyMa
Ha Kaabpa. AKO Ta3u KOHTPOAHA CHBIIQJHE C U3IIpaTeHaTa KOHTPOAHA
cyma, B u3mpailia [aHHUTEe Ha HETOBOTO MPEKOBOTO HUBO, POpMHUPa
IIOTBBPKAABAIIl KQIbp U I'0 U3npaina KeM A. AKO KOHTpPOAHATa cyMa
HE CBhBIIQJHE, TO KaAbPhT € CTPEIIEH U CE OTXBBbpAd OT Bu B He
H3IIpalla NOTBbPXKACHHUE UAH HU3IIpAallla HETaTUBHO IIOTBBPXKIECHUE
obpaTHO KBbM A.

BB3M0OKHO € A 1a U3npaTu Kaabp KbM B, HO TO3U Kaabp [a ce U3ryou.
ToraBa B He MOXKe fa pearvupa, Thil KaTo HE € PETUCTPUPAA T'PEIIKA.
3a ga ce mn3berHe Ta3u curyalyd, A crapTupa 6podd Ha BpeMe
(time-out) c usnpamianeTo Ha BCceKH Kaabp. BpemeTo, KOeTo oTdyuTa
Opogya TpssbBa ma e Io-roAgMO OT BPEMETO 3a IIpefaBaHe Ha Kaabpa,
obpaboTKaTa My B IIpHEMHHKA U IIoAydYaBaHe Ha IIOTBBPKIECHUE.

AKO KaIbpbT HE C€ NIOTBBPAU B paMKHUTE Ha TOBa BpeMe, TO A IIpeaasa
KaabpbT OTHOBO. Tyk ce obxBallia caydas B KoHTo A roaydaBa oT B
HETaTUBHO IOTBBPXKAEHUE (TOBa € pPABHOCHUAHO C U3THUYaHE Ha
BPEMETO 324 IOTBBPKIAECHUE).

BB3MoxkHO € A a u3npaTtu Kaaep KbM B, TO3U Kaabpp Oa ce

IIOAYYH B B, HO IOTBBPKAEHUETO a ce u3ryou. B To3u cayuaii A He
3Hae JaAu U3NPaTEeHUST Kaabp BHOOIIIE € IPUCTUTHAaA 10 B.

[Ipy BCHYKHU ITOAOKEHUS A H3IIpallla HAaHOBO Kaabpa U aKo He ce
B3eMaT MEPKH, B Ille TOAYYH ChIIMSI Kaabp U II€ I'o U3IIpaTH KbM
MpPEZKOBOTO HUBO, KOETO IIle JOBee A0 HEeOOIIYCTUMO AyOAUpaHe Ha
JaHHUTE. 3a IIeATa C BCEKH KaIbp C€ CBbP3Ba IIOPEAEH HOMED.



B cayyasa e gocraTpuHO HOMePHT Aa € equH 6ut (O nau 1). BeB Bceku
earH MOMEHT B ogakBa Kamep € onpenescH HoMep. AKO B moay4u
Kaabp C APYyT HOMEDP, TO3HU Kaabp € AYyOAUKAT U Ce OTXBBhpAd. Ako B
IIOAYYU KaIbp C OYaKBaHUA HOMED, KaAbPhT CE IIpHUeMa U O4YaKBAHUSIT
HOMep Ha Kaabp ce MHBepTupa (axko e 6ua O craBa 1, ako e 6ua 1
craBa 0). OT cBos cTpaHa A HOMepHpa aATEPHATHUBHO KaJapUTE, KOUTO
usnpaiia KeM B. EcTecTBeHO, aKo AaleH Kaabp Obe U3npaTeH OTHOBO
HETOBUAT HOMEP HE CE ITPOMEHH.

EnHo momoOpeHne Ha pas3raegaHusd IOAXO0M € CA€IHUS — Thil KaTo
KaJpuTe TeKaT U B JABETE IIOCOKH, ITIOTBBPKACHUITA MOKE [1a Ce
3aKaJar 3a KaJpUTe C JaHHU (3a IIeATa Ce M3II0A3BA I10A€ B 3aTAaBHUETO
Ha Kaabpa). [IpobaeMbT €, ye JaHHUTE OT MPEKOBOTO HUBO, KBM KOUTO
TpabBa 1a ce IPUKPENH IIOTBBPKACHHUETO MOXKE /1a ce 3a0aBsT
IIPEKaA€HO IBATO U OPOAYBT Ha BPEME [1a u3rede, KOETO IIle JOBEIe 10
moBTapsHe Ha Kaabpa. OOMKHOBEHO PEIIEHUETO € CAETHOTO - U34YaKBa
ce pukcupaH Opofl MUAMCEKYHAN U aKO AOTOTaBa He IIPUCTUTHE ITaKeT
OT MPEZKOBOTO HHUBO C€ M3IIpallla CaMOCTOSTEACH ITOTBbPKIaBall]
Kamabp.

[ITe pasraegaMe HIKOU MPOTOKOAH C MPo3opuH. Te ca ro-epeKTUBHU
OT TOPHUSL IPOTOKOA CIIPH U 4YaKal, ThbH KaTo II03BOASBAT H3MpallaHe
Ha II0BeYe OT eOUH Kaabpa IIPpeau aa Ce YakKa 3a MOTBBhPIKIAEHUE.

[Tpu Te3u IPOTOKOAU BCEKU KaIbp Cce HoMepupa ¢ gucao ot 0 1o
HSIKaKbB MaKCHMyM, OOMKHOBEHO OT BHIA

2n - 1, TaKa 4Ye HOMEPHT [Ia C€ BMEeCTBa TOYHO B n 6uta.

BBB Bcekr eqUH MOMEHT IIpeIaBaTeAdT IIOAAbpP3Ka MHOXKECTBO OT
IIOpEeIHN HOMepa Ha KaJApH, KOUTO [I0I1aaT B Mpo3opelna Ha
npezaBaTead. OT Apyra CTpaHa, IIOAYIaTeAdT IIoAIbpKa MPOo30pelr
Ha IOAy4YaTeAdd.

[TopengHuTE HOMEpPA B PaMKUTE Ha IPO30pera Ha IIpeaaBaTeAs
CBHOTBETCTBAT Ha KaJpH, KOUTO Bede ca OMAM U3NpaTeHH U YakaT
MOTBBpPKAeHNEe. KoraTo oT MpeKoBOTO HUBO Ha IIpeaaBaTeAs
IIPUCTUTHE HOB ITaKET, TOU paslInpsBa IIpo30opella OTKHM TropHaTa My
rpanulia. Korato B ripegaBaTeAss IIPUCTUTHE ITOTBBPKIAEHUE, JOAHATA
rpaHulla Ha Ipo3opena ce IpUABHKBa Hanped. [IpeguMcTBOTO €, Ue C
€IHO ITOTBBPIKIAEHUE MOoraT [a Ce IOTBHPAST [TIoBeYe OT €IUH
IIOCA€J0OBATEAHO HOMEpPUPAHU Kaapu. TpH KaTo KaapuTe B IIpo3opena
Ha IIpegaBaTeAs MoTaT a ce U3KPUBLAT UAH U3ryddaT, Te TpsibBa ma ce
CBhXpaHABAaT 3a €BEeHTYaAHOTO UM IIOBTOPHO H3MIpalrnaHe. Taka
IIpegaBaTeAdT TPSOBa ga pasriorara ¢ JocraTbueH Opoi Oydepu.

[Ile oTbeaesxuM eqHa OCOOEHOCT — IIPO30PEIrbT Ha IIPeIaBaTeAs HUKOTa
He TpsibBa oa e M3ISA0 3aITbAHEH (T.€. 1A ChIbp:Ka BCUYKH HOMEpPA),
TBHH KaTo MOTBBPKIABAHETO HA U3IIFAO 3aII'bAHEH ITPO30PEI] He MOXKe
[a ce MHTepIpeTUupa eIHO3HAYHO — TO MOXKEe Ja O3HadaBa KaKTo, 4e
BCHUYKHU KaJIpU ca OMAM IPUETH, TaKa U 4Ye BCUYKHU Kaapu ca OuAu
OTXBBPACHH.

Homeparta Ha KaapuTe B IIpo3opelia Ha IIoAydaTeAs ChOTBETCTBAT Ha
KaZpHu, KOUTO MoTaT aa 0paaT roAydeHu. Korato B moAydaTteas
IIPUCTUTHE KaIbp, YUHATO HOMEP ChBIIaZa C JOAHATA I'paHUIla Ha



HETOBHSI ITPO30pPEL], JaHHUTE OT TO3HU KaIbp CE IMpeaaBaT KbM
MPEXKOBHUSI CAOH Ha MOAyYATEAd U MPO30PEIlhT CE 3aBbpTa HAIIPE, T.€.
IIPUABUIKBAT CE U TOpHATA U JJOAHATA My I'paHHUIa. AKO HOMEPHT Ha
IIPUCTUTHAAUS KaIbp IIOIIafa B Po30pelia, HO He ChBIaa C JoAHATA
My TpaHHUIla, TO3U KaIbp HE ce OTXBBPAL, a ce Oydepupa.

3a pa3AuKa OT IIpo3opelia Ha IIpeaaBaTeAs, IPo30PeIrbT Ha
IoAy4YaTeAad UMa (pUKCHpaH pasMep. 3a Ja NoaabpiKa IIPo30pel] Ha
npemaBaTeas TpsabBaT Oydepu u OMTOBa KapTa, KOATO [TOKa3Ba KOU
Oydepu ca 3amrbAHEHH.

[Ipu Haau4YMe Ha CrpPelleH UAU U3TYOeH Kaabp, IIpeaaBaTeAdT I
IIPOIBAXKY [a IIpeaaBa KaapH, IIpeau aa pazdoepe de nMa npodaeM.
BBOpochT € KaKBO [a IIPaBU IIOAYYATEAAT C YCIEIIHO ITIOAYYEHUTE
KaapH CA€J CTPeIlleH UAH HU3TyOeH Kaabp.

Ennarta crparerud (go back n) e Te3u kagpu na ce OTXBBPALT. Td
CBOTBETCTBA Ha IIPO30peEll Ha rnoay4dareas ¢ pasMmep 1. C apyru nymu,
TIOAYYATEAdAT IIPUEeMa €IUHCTBEHO CAeIBAIIIUS ITOpe Kaabp, KOUTO
TpsibBa ma ce mpemazse KbM MPEXKOBUA CAOM. B nazmeH MOMEHT OGposaybT
Ha BpeMe Ha IIpeJaBaTeAs IIe U3Tede U TOH Ille U3IPpaTH HaHOBO
BCHUYKHU KaJIPH, 3alI0YBAWKU OT CTPeIIeHus (U3ry0eHMs).

[pyrara crparerus (selective repeat) e moayuyareasaT na 6ycdpepupa
YCIIELITHO ITOAYYEHUTE KaIPU CAEM CTPEIleH UAU U3ry0eH Kaabp. Korato
OpoaYBbT Ha BpeMe B IpenaBaTeAd U3Tede, TOM U3mnpaila HaHOBO CaMo
Hali-cTapuda crpenieH (u3rybeH) Kaabp. AKO IIOBTOPHOTO H3IIpalllaHe €
YCIIEIITHO, ITOAYYATEAST MOXKE ITOCAEIOBATEAHO A U3IPATH KBbM CBOL
MpPEZKOB CAOHM Kaapure, KOUTO e Oycpeprupas. OOMKHOBEHO IPU Ta3H
CTpaTerus MOAYYATEAdT U3IIpallia CAy:kKebeH Kaabp, KOUTO U3BeCTdBa
Ha IpefaBaTeAd 3a CTPElleH UAU U3TyOeH Kaabp - TOBa BOAU 10 I10-
Obp30 MOBTOPHO IpeaBaHe Ha ChOTBETHUA Kaabp. CTparerudara
CBHOTBETCTBA Ha pa3Mep Ha IPo30pella Ha IIOAyYaATeAd IO-TOASIM OT 1.
Bceku yCIienrHo moAy4eH Kaabp, YUHTO HOMEDP IoIaza B IIpo3opelia Ha
roAy4daTteAd ce Oydepupa U ce usnpaiia KbM MPEKOBUS CAOY 4aK CAel
KaTo ca HU3MIpaTeHU MPEaIllecTBAIIUTE I'0 B IIPO30pea KaIpH.

MpexkuTe ¢ 00LIONOCTHIIHO IIpeJaBaHe Ce XapaKTepu3uparT C 001y
KOMYHUKAIINOHEH KaHaA, KOUTO Ce CIOAEAs OT BCUYKU MaIllWuHH,
BKAIOYEHHU B MpexkaTa. Bceku u3npaTeH Kaabp MUHAaBA IIpe3 O0IIHUI
KaHaA U JOCTHUTA A0 BCUYKM MalllUHU B MpexkaTa. AIPEeCHO II0A€ B
Kaabpa I[I0co4YBa 3a KOU e IIpegHa3HadeH To3U Kaabp. KoraTo enHa
MallliHa II0AYYU Kaabp, Td IPOoBepdBa JaAH TOM € IIpeqHa3Ha4deH 3a
Hed. AKO TOBa € Taka, KaJJbPbT Ce IIpHuemMa u oopadboTBa, B IPOTUBEH
cay4dait ce oTxBBpAs. OOIIOAOCTHITHY MHOTOTOYKOBU KaHAaAU Ce
HM3II0A3BAT Hal-Be4e IIPU AOKAAHUTE MPEXKHU.
Hati-pasnpocrpaneHaTta nokasHa Mpexa e Ethernet. Enqun
IIepCOHAAEH KOMITIOTHP ce CBBbp3Ba B Ethernet mpeska ¢ rmomorirra Ha
NIC (Network Interface Card) - ToBa e KaHaAHaTa CTAHIIHUS, KOSITO
ochIllecTBaABa oomeHa 110 Ethernet kanaaa.

[Tpenu na n3npaTtu Kaabp, KaHaAHaTa CTaHIUS IIpoBepsiBa
CBCTOSTHHETO Ha KaHaaa. AKO TOH e CBOOOIEH, T4 BeaHara 3aro4Ba
npemaBaHe. AKO KaHaABT He € CBOOOIeH (T.e. ITpeaaBa aApyra CTaHIUS),



TO CTAHIIUSTA M34YaKBa HETOBOTO ocBobokAaBaHe. Cae KaTo 3aIll0uHe
IIpegaBaHeTo, KaHaAHaTa CTaHIUS IIPoabAXKaBa Ja IIOACAYIIBA
KaHaAa. AKO ce OTKpHE U3KPUBSIBaHe Ha ITPeaBaHUs CUTHAA, TOBA
03Ha4aBa, 4e I10 CBHIIIOTO BPEME € 3allovyHaAa [a IpeaasBa apyra
CTaHIIVL U € HACTBhIINAA KOAH3HA. B T0o3u cayuail 1BeTe CTaHIIUU
CIIMpaT IIpegaBaHeTO U BCSIKa OT TIX M34YaKBa CAydaeH MHTEPBaA OT
BpeMe IIpeau a IIpefaBa OTHOBO.

Kampure B Ethernet umat makcumaata apaxkuHa 1500 6aiita. KoraTo
eqHa mpeaaBallla CTaHIIUA pa3bepe 3a KOH(PAUKT, Td BeaHara Crimupa
IpeaaBaHEeTO KaTo OpA3Ba HACTOSNIUA Kaabp. 3a Aa MOXKe 1a ce
IIpaBU pa3AuKa MeXKIy BaAUIHU U Opsi3aHU KaapH, IbAXKUHATA Ha
Kabpa TpaOBa aa e MoHe TOAKOBA T'oAsIMa, Ye a MOKe ITpeaaBaHeTo
[a He e 3aBBbPIINAO, IPEeaH CTaHIIUATA /1a pa3bepe 3a KOH(PAUKTA.
3aToBa KaapuTe UMaT MHUHUMaAHa IbAKUHA 64 OaiiTa.

Anpecurte ca 1o mrect 6aita. Anpec Ha MoAydaTeA, ChCTOSIIIL Ce CaMO
or 1 e mpegHa3HAYEH 32 BCUYKH CTAHITUH.

B HagaaoTo B Ethernet ce n3amoa3sBa KoakcmaseH KabeA 1 CKOPOCTTa Ha
npenaBaHeTo e gocturasa 10 Mb/s. [To-HaTaThK ce BbBEXKIA
M3II0A3BaHETO Ha X’b0oBe (hub) 1 ckopocTTa Ha ImpeagaBaHe cKada
neceTokpatHo — 10 100 Mb/s. KanaaHuTe CTaHIIUU Ce CBHP3BAT KbM
xpba ypes3 aABe MeIHU YCyKaHu ABOMKH. [lo eqHa OT yCyKaHUTE ABOWMKU
ce IIpemaBa KbM Xb0a, a I1o Apyrara ce IIpueMa OT Hero. AKO Xp0bT
IIOAYYHY KaIbp II0 HAKOS AMHUS, TOM H3Opallla TO3U Kaabp 110 BCUYKHU
ocTaHaAUu AMHHH. BaskHO e /1a ce oTOeaexkH, 4ye XbObT padboTu Ha
¢dHU3UYEeCKO HUBO U HE 3Hae apecuTe Ha KaHAAHHUTE CTaHIIHH.
AAaTepHaTHBa Ha XbOOBETE ca IIO-HHTEAUTEHTHU YCTPOMUCTBA, KOUTO
paboTaT Beye HA KAHAAHO HUBO — MOCTOBETE U NIPEBKAIOYBATEAHTE,
KOHUTO He IIpeaaBaT KaJApPUTE [0 BCUYKU Bb3MOXKHH AMHUH. Te umat
nHpopMalys (BpB popMaTa Ha TabAUIH), Ype3 KOSATO Bb3 OCHOBA HA
aapeca Ha Kaabpa OIPEaeAdT 110 KOod U3X0HA AMHUSL Oa Ce U3IpPaTH
TO3U KaIbp.

OcHoBHaTa (PYyHKIIMS Ha MPEXKOBOTO HHUBO € [a MapIIpyTH3Upa
[IAKETUTE OT U3TOYHUKA KbM I[IOAyYATEAS. B oBEYeTO MpPEXRU
[IAKETUTE II€ U3MUHAT TOBA PA3CTOSHUE 3a HSIKOAKO XOIIa.
MapumpyTeH aATOPHT'BM € YacT OT copTyepa Ha MPEROBOTO HUBO,
KOSITO OITPEJIEASI TI0 KOS OT U3XO[HUTE AMHUH 1 CE U3IIPATH
IIPHUCTUTHAA IAKET. 3a IIEATA BCEKHU MapIIPyTU3ATOP IPUTERaBa
MapLIpyTHa TaOAHIIA.

MapuipyTusupamnmTe aATOpUTMHU ca [ABa BHAA - HEAZANITHBHH U
amanTHBHH. [Ipy HeaalITUBHUTE aATOPUTMH MapUIpyTHU3alHsTa He
ce U3BBPIIIBaA Ha 0a3aTa Ha TeKyllaTa TOIIOAOTHS Ha MpexKaTa.
MapuipyTure Mekay BCEKH ABa Bb3€Aa B MpeKaTa Ce U3YHCASIBAT
IIPEeIBapUTEAHO U MAPIIPYTHUTE TAOAUIIN CE IOIIbABAT PBYHO OT
MpPEKOBUTE aAMUHUCTpaTOpH. [Ipu mpomMaHa Ha TOIIOAOTHSTA Ha
MpeskaTa (HalrpuMep IIpH OoTIIafaHe Ha Bb3€A UAU Ha BPB3Ka),
aIMUHHUCTPATOPUTE PHYHO TPsSIOBaA Ja ITPOMEHAT MapUIPyTHUTE
TabAWIIH, TaKa Ye BCEKHU ABa Bb3eAa [a OCTaHAT CBbP3aHU.



ToBa mpaBu HEaOANITUBHUTE AATOPUTMHU IIPUAOKUMHU CaMO B MaAKHU
MpPEeXKH, IIPU KOUTO PAAKO HACTHIIBAT IIPOMEHH.

HeamanTuBHUTE aATOPUTMHU Ce HAPHUYAT OIle CTATHYHH.

Enna mapiupytHa TabAulia B €eIUH BB3€A ChIbPKa I10 €IUH pel 3a
BCSIKO BB3MOIKHO MeCTOHa3HadeHHte. [Ipu craTuyHa MapIipyTH3aus,
€qUH pel ChAbp3Ka TOAKOBA II0A€TAa, KOAKOTO Ca HEIIOCPEACTBEHUTE
ChCeOU Ha KOHKPETHUS BB3€A. 3a BCEKHU PEJ, C BCEKU ChCEL CE
CBBpP3Ba enHo Terao Mexkay O 1 1, Taka ye cymara OT Teraara Ha BCEKU
pen na e TouHo 1. KoraTo BBB Bbh3eAa IIPUCTUTHE ITAKET, I'HPBO Ce
oIpeneAd KOe€ € MECTOHa3Ha4YeHUETO, CAE] TOBA Ce€ "eHepupa €aHO
CAyYalHO YHCAO U B 3aBHCHMOCT OT TeraaTa B pefia Ha ChOTBETHOTO
MECTOHa3Ha4Ye€HUE Ce OlpeneAd KbM KOM ChCel Aa ce U3IpaTH IIaKeTa.
Taka KOAKOTO € II0-TOASIMO TETAOTO Ha €QUH ChCEJ, TOAKOBA IIOBEYE
IIaKeTH IIle ce U3IpaliaTr KM Hero.

[Ipu aganTUBHUTE aATOPUTMU MapUIPyTHUTE TAOAUIIM Ce IPOMEHAT
AUHaMHYHO 32 [a OTPa3dBaT IIPOMEHU B TOIIOAOTHATA U
HaToBapeHOoCTTa Ha Tpaduka. BaxkHa XxapaKTepHUCTHKA Ha €IUH
aIalITUBEH aATOPUTHM € HETOBaTa CKOPOCT HAa CXOAHMOCT - T Ce
OIIpeIeAs OT BPEMETO, KOETO € HEOOXOAUMO [1a C€ IPEUIUUCAIT
MapUIPYyTHUTE TaOAUIIU HAa BCUYKHU MapIIPyTH3aTOPU B MpeskaTa IIpu
IIPOMSHA B TOIIOAOTHATA UAU Tpaduka.

[Ipy meHTpaAH3HpPAHHTE AJalITUBHU aATOPUTMH B MpexKaTa ce
Ch3/1aBa €qUH MapIIPyTEH yIIpaBAsSBall IIEHTHP. ToH M3YuCAsIBa
MapUIPYyTHUTE TaOAUIIU HAa BCUYKU BB3AU U UM T' H3IIpamia. 3a aa ce
amanTUpaT MapIIpyTHUTE TaOAWUIIN KBbM TEKyllaTa TOIIOAOTHUL U
TeKyILIUs TpaduK, BCUYKH BB3AU TPAOBa Aa usnpamiat BHQopMaIus
KBbM MapIIpPyTHUL IIeHTHP. Ha 0a3ara Ha roAydeHUTe CBeIeHUs,
MapUIPYTHUST [EHTHP U3YHUCASIBA TerAaTa Ha pedparta M cael ToBa
IIpecMATa ONTUMAaAHULT MapUIpyT MeXKIy BCEeKH ABa Bb3eaa. [Jobpe e
[a ce MoAabpsKaT aATEPHATUBHU II'BTHIIA MEXKAY BB3AUTE.
Nupopmaruara oT m1o-0AU3KHUTE 40 MAPIIPYTHUA [IEHTHP BBH3AU I
IIPUCTUTHE I10-O0BP30 OTKOAKOTO OT IO-AaAseuyHuTe. [lopanu Tazu
IIPUYHNHA, IePUOABT HAa OOHOBSBaHE HA MAPIIPYTHUTE TaOAUIH TPAOBa
[a e TIOHE ABa II'FTH I10-TOAIM OT BPEMETO 3a IIpeMHUHAaBaHe Ha IIakKeT
OT MapUIPYTHUS LHEHTHP A0 HAW-OTOAaA€YEeHUI OT HETO BBH3EA.
[IpensuncaeHa MapuIpyTHa TabAHIlA, TIOAYYeHA B €QUH Bb3EA He
TpabBa a ce U3IM0A3Ba BegHAara, Thil KaTo MapUIpyTHUTE TaOAUITU
IIPUCTUTAT 10 PA3AUYHO BpeMe B PA3ANYHUTE BH3AH.

Axo 110 HIKaKBa NPUYUHA MapPIIPYTHULT HHEHTHP OTIIaaHEe, MpekaTa
octaBa 0e3 yrpaBaeHHe. 3a I1eATa MOXKe [1a ce AyOAupa MaplIIpyTHUAT
LEHTHP, HO ToraBa CAYKEOHHUAT TpadUK OU ce YBEAUYUA TBBHPIE
MHOTO.

[Tpu MapuipyTH3alyusaTa ¢ BEKTOP Ha pa3CTOAHHETO BCEKU
MapLIPyTU3aTOP U3rpazkaa U MO bp:Ka MaplIpyTHa TabAuIla, B KOSTO
BCEKH pell ChabpKa aJpec Ha AafleHO MeCTOHa3Ha4deHHe, ajpec Ha
caeqBalliaTa CThIIKA KBbM TOBAa MECTOHa3HA4YeHUeE 110 Hal-qo0pud
M3BECTEH [0 MOMEHTA IIbT U ABbAKUHATA Ha TO3U IIBT.



MapirpyTuzaTopuTe pa3MeHIT Ha (PUKCUPaH Opoi MHANCEKYHIU
CBOABPKAHUETO Ha MaPIIPYTHUTE CU TaOAWIIM CaMO C JUPEKTHO
CBBP3aHUTE KbM TIX CbCEIHU MapPIIPyTHU3aTOPH.
[Ipenmoaara ce, 4e BCEKU MapIIPyTH3aTOp 3HAe MeTpHUKaTa Ha
BPB3KHUTE 10 CBOUTE ChCEenH. [la MPEearioroKuM, de 3a MeTpPHKa €
n30paHo BpeMe-3aKbCHEHHETO Ha ITaKeTUTE.
Heka mamen mapirpytuizatop J IOAYyYH MaplIpyTHaTa TadbAuna
Ha cbeena cu X, kato X; e 06ssBeHoTO oT X 3aK'bCHEHHE 10
MapuIpyTU3aTOpPHT i. AKO 3aKbCHEHHETO oT J 1o X e m, To oT J 110
BCEKHU MapIIpyTH3aTOp i UMa II'BT IIpe3 X CbC 3aKbCHEHUE X; + m.
BB3MOXHHU ca 4eTHPH caydad:
- aKo B MapuIipyTHaTa Tabauna Ha J HaMa pel 3a HallpaBAE€HUETO
i, To J mobaBsa TaKbB Pen U 3alliCBa B HETO cAeABallia cTbirka X
U 3aKbCHEHHE Xi + m;
- aKo B MapuIipyTHaTa Tabauna Ha J uMa pen 3a HaIlpaBAE€HUETO 1
U B HETO € 3allrcaHa CcAeABallia CThIIKAa X, TO CTOMHOCTTA Ha
3aKbCHEHHUETO C€ aKTyaAHu3Hupa ¢ Xi + m He3aBUCHMO JaAHU T4 €
I10-TOASIMAa HAU TI0-MaAKa OT IIpeaxogHaTa CTOMHOCT;
- akKo B MapuIipyTHaTa Tabauna Ha J uMa pen 3a HalIpaBAE€HUETO I,
B HETO € 3alucaHa CAeBallla CT'hIIKa pa3anudyHa oT X U
3aKbCHEHHE I10-TOASIMO OT Xi + m, TO PeABT C€ aKTyasu3upa KaTo
3a cAeaBallla CTBhIIKA ce 3amucBa X, a 3a 3aKbCHeHHe X + m;
- akKo B MapuipyTHaTa Tabauna Ha J uMa pen 3a HalIpaBAECHUETO I,
B HETO € 3alhcaHa CAeBallla CT'hIIKa pa3anudHa oT X U
3aKbCHEHHE IT0-MaAKO UAU PaBHO Ha Xi + m, TO peabT He ce
IIPOMEHS.
CeproseH HeJOCTAaThK Ha MapUIPyTH3UPAIIUTE aATOPUTMHU C BEKTOP
Ha Pa3CTOSHUETO € HHCKaTa UM CKOPOCT Ha cxomumocTt. [Jobpute
HOBHWHH C€ paslpocTpaHsBaT 0bP30 B MpekaTa, HO AOLUITUTE HOBUHU
OOMKHOBEHO HU3UCKBAT TBBPIE T'OAIM Opoil MePHUOAUIHU CHOOIIEHUS 3a
[a OJOCTUTHAT OO0 BCUYKHU MapuipyTusaTopu. To3u mpodaem ce Hapu4da
OpoeHe o Ge3kpaHHOCT. 3a HETO CHIIECTBYBAT HAKOU YaCTUYHHU, HO
He U3YepIiaTeAHH pelleHUs (KaTo HaIlpHUMep pas3feAdHe Ha XOPHU30HTA).

[Tpu MapuIpyTU3UPAHETO CHC CA€LeHe C'hCTOTHHETO Ha Bp’b3KaTa,
BCEKU MapIIPyTHU3ATOP TPsIOBa Aa U3BHPIIBA CACTHUTE II€T OCHOBHU
JIEMCTBUS:
1. OTtkpuBaHe Ha CbCEAHUTE MapPLIPYTHU3ATOPU U TEXHUTE
MPEKOBHU aPECH.
2. N3mepBaHe Ha LIEHUTE HAa BPB3KUTE N0 ChCEAHUTE
MapUuIpyTU3aTOPH.
3. KoHcrpyupaHe Ha nmakeTu ¢ nHGoOpMaIusa 3a CbCTOSTHHETO Ha
BPB3KUTE.
4. HznpaiiaHe Ha T€3U HAKETHU A0 BCUYKH OCTaHAAU
MapUuIpyTU3aTOPH.
5. N3uucagBaHe Ha Hali-KbCUd II'BT 40 BCEKU MapIIPyTHU3aTOP B
MpesKaTa.



Caen BKAIOYUBAHETO Ha €OUH MapUIpyTH3aTOp Herosarta IIbpBa 3aja4da
€ J1a Hay4Hu KOU ca chcenuTe My. ToBa ce mocTura dpes3 H3IpalllaHe Ha
“exo0” rmakeT 10 BCAKAa OT U3XOASIIUTE AMHUU Ha MapUIpyTU3aTopa.

OT cBos cTpaHa, BCEKH OT ChCEAUTE OTroBapsl KaTo ChoOIIaBa

nuMeTo cu. ToBa nme TpsdOBa ga 6bIe YHHKAAHO B MpexKaTa.

Bceku mapuipytTusaTop TpabBa 1a MOXKe [a OIIPEeNeAr BpeMe-
3aK'bCHEHHETO [0 CBouTe chceny. Hal-npocTuaT Ha4uH €
MaplLIpyTU3aTOPHT Aa U3IIPATH "€X0" MaKeT KbM BCEKH CBOM ChCE Ha
KOHTO TpsiOBa AUPEKTHO [a Ce€ OTTOBOPH. BpemeTo oT n3npaiiaHeTo Ha
"exo0" rmakera [0 I10Ay4YaBaHE Ha OTTroBOpa CE MEAW Ha [BE U II0 TO3U
Ha4UH Ce II0Ay4YaBa BPEMETO-3aK'bCHEHUE 10 CbOTBETHHUS CBCE/.

Jpyr BBIIPOC € JaAu IIPU U3MEPBAHETO A Ce€ B3UMa IIPEeaABU
HaTOBAapPEHOCTTA Ha Bb3AUTe. Pa3ankara ce moctura B 3aBUCHUMOCT OT
TOBa KOra MapLIpPyTHU3aTOPBT CTapTHUPa U3MEPBAHETO - KOTaTo
[IaKeTHT [IOCTHIIBA B CbOTBETHATA U3XOALIlA OIlalllKa AW KOTaTo
[IaKeTHT CE IIPHUABUKYU B HAYAAOTO Ha OllalllKaTa.

Caen kaTo crOepe HeobxomuMaTa HHQOpPMAIIU 3a ChbCTOSHHUETO Ha
BPB3KHUTE CH, CA€IBAIIaTa 3aa4a Ha MaplIIpyTu3aTopa e aa
KOHCTPyHpa ITaKeT, KOUTO ChAbPKa Ta3u MH(pOopMAaIIU.

[TakeTsT TpsibBa ma ChOABPKA YHUKAAHOTO UMeE Ha IoAaTeAd, ITopeaeH
HOMEpP, CPOK Ha TOAHOCT U CITUCHK ChC ChCEOUTE Ha IMogaTeAd, KaTo 3a
BCEKHU CBHCEJ € yKa3aHa IieHaTa Ha Bph3KaTa [0 Hero.

OrnpeneAssHETO HA MOMEHTA, B KOUTO TpdOBa Aa ObaaT IIOATOTBEHU U
U3IIpaTeHU ITaKeTUTE € BaXKHa 3a/a4a.

EnuH BBb3MOXeH Ha4YHWH € TOBa [a CTaBa IIpe3 ONPENEeACHH PaBHU
HHTEPBaAU OT BpeMe. [pyra 1mo-nobpa BE3MOKHOCT € ITaKeTUTE Oa Ce
TIOATOTBAT U HU3IIPAIaT CaMO IIPHU IIPOMSIHA B TOIIOAOTHUSITA Ha
MpezKaTa - CAe/ OTIaJaHe AU II0SBa Ha HOB ChCE UAU ITPOMSIHA B
IleHaTa Ha HIKOs BPb3Ka.

Hati-cpiecTBeHaTa 4acT Ha aATOPUTHMA € HaAeXKAHOTO JOCTaBIHE Ha
MakKeTUTe C HHoOpMAaIUATA 38 CbCTOSHUETO Ha Bpb3KaTa 10 BCUYKU
MapUIPYTU3aTOPH.

3a pa3npocTpaHeHHUEeTO Ha ITIaKEeTUTE Ce U3II0A3Ba METOABT Ha
HaBoaHaBaHeTo (flooding). [Ipy Hero Bceku makeT ce HU3mnparlia I1o
BCUYKU AUHUH, OCBEH AMHUSATA I10 KOATO € IIPHUCTUTHAA.
OOpaboTkaTa Ha BCEKH IPUCTUTHAA ITAKeT 3aIl04YBa C IPOBEpPKa JaAu
IIaKeThT UMa II0-TOASIM ITOPeZleH HOMEP B CpPaBHEHHE C Hal-TOAEMUSI
IIopeieH HoMepP, KOHUTO € IIPUCTUTHAA 10 TO3U MOMEHT OT TO3HU
W3TOYHUK. AKO HOMEPHT € II0-TOAIM, MH(OPMAIIUATAa OT [TaKeTa Ce
3anucBa B TabaunaTta ¢ mHpopMalUd 3a CbCTOSHUE Ha BPB3KUTE U
IIakeThT Ce IIpeaaBa 10 OCTAaHAAUTE AUHUN. AKO HOMEPHT € I10-MaAbK
WAHW PaBeH, [TIaKEeTHT CE OTXBBPAL.

To3u aArOpUTHM MMa HIKOU ITPodAeMU. AKO IOPEAHUAT HOMEDP He €
JOCTATBHYHO TOAIM, TOY MOXKe [1a Ce IPEBBPTH. 3aTOBa Ce U3IIOA3BAT
32-6uToBU mopenHU HoMepa. B rmoaeTo 3a CpoK Ha TOAHOCT
MapUIPYTU3aTOPBT-II0AATEA YKAa3Ba ITPOIBbAKHUTEAHOCTTA HA



HHTEpPBaAa OT BpeMe B CEKyHIH, Ipe3 KOWUTOo ImpeHacaHaTa OT HETo
nHpopMalys TpsIOBa ga ce cuuTa 3a BaauaHa. Beceku
MapUIPYTU3aTOP, KOUTO MMOAYYHU AaZIeH ITaKeT HaMaAsdBa C eIUHHUIIA
CTOHHOCTTaA Ha TOBa II0A€ IIPEaU [a I'o IIpeaasie KbM CBOUTE ChCEIU.
OcBeH TOBa, CA€Zl KATO MapUIPyTU3aTOPHT 3alIHIlle JaHHUTE OT IIaKeTa
B cBosgTa TabAHIla, TOH IIpoabAXKaBa 1a HaMaAdBa CpoKa Ha IoJHOCT
Ha Te3W JaHHU Ha BCSKa CA€Ballla CeKyHaa. AKO cCpoKa Ha I'oJHOCT
craHe O, TaHHUTE ce U3TPHUBAT.

Caen KaToO €IUH MapLUIPyTU3aTOP IOAYYH I'bAHA MHGOPMAIIHS 3a
CBCTOSIHHETO Ha BPB3KUTE HAa BCUYKU OCTAHAAM MapUIPyTU3aTOPH, TOU
MOZKE€ [a IIPHUAOXKM asropuTbMa Ha [lerkcrpa.

H3gncaeHnTEe MapoIpyTH Ce 3aIIMCBAT B MaPIIPYTHUTE TAOAUIIH.
FoaemMuTe 110 pa3Mep MpPeKH U3UCKBAT U3II0A3BaHE Ha
MapUIIPyTU3aTOPU C I'OAIM 006EM ITaMeT.

OT raemHa ToyKa Ha MPEKOBOTO HUBO Internet e CbBKyIITHOCT OT
aBTOHOMHH CHCTeMH. Bcaka aBTOHOMHA CHCTeMa Ce ChCTOU OT eHa
UAU IIO0BeYe MpPeXU. B paMKuTe Ha eqHa aBTOHOMHAa CUCTEMAa UMa
dpuKCcHupaHU IIpaBHAA 3a IIpefaBaHe U (PpUKCHUpPAH pa3Mep Ha [IakeTa.
Internet BCBIITHOCT U3rpaxkaa mpaBUAa 3a BPb3Ka MEXKAY OTAEAHUTE
aBTOHOMHHU CHCTEMH. 3a LIEATA C€ U3II0A3Ba IIPOTOKOABT IP. Mexmny
ABTOHOMHHTE CUCTEMHU MAaHHUTE Ce NPUABUXKBAT 10/ (popMaTa Ha
meHTarpamHu. 3amadarta Ha [P e ga U3BBPINMN YCIIEIIHO IpeaaBaHe Ha
aedTarpaMuTe OT U3TOYHHKA [0 IToAydaTeAs: 6e3 3HadYeHHue JaAl Te ca
B €IHA U ChIIla MpeXKa UAU B pa3AndHHU MpexkU. Besgka geiitarpama ce
U3IIpalla CaMOCTOSITEAHO, KATO 10 ITbTA TS MOXKe /1a ce (pparMeHTHpa
Ha MI0-MaAKH equHHUIU. Korato dpparMeHTHTe JOCTUTHAT 10
IIoAy4JaTeAd TOU T'M peaceMOAMpa 3a [Oa IIOAYYN OPUTHHaAHATa
aeurarpama.

[Ile pasraegame popmaTta Ha IP-getitarpamara BbB Bepcusa 4
(4-6atiToBU agpecu). [P-gefitarpamara ce CbCTOU OT 3arAaBHA YacCT U
4acT 3a JaHHU. 3araaBHaTa 4acT € 20B+onuuu ¢ npoMeHARBA

MBbAYKUHA U UMa CAeOHUL (popMaT:
32 Bits

Version | IHL | Typeolservice‘ Total length

Identification | ,'::' | o Fragment offset

Time to live | Protocol Header checksum

Source address
Destination address
Ak . JE
], Cptiens (0 or maore words) T

[Toaeto Version yka3Ba BepcudTa Ha IIPOTOKOAA, KbM KOUTO
IIPUHAOAEKU OedTarpamara.

[Toaeto IHL yka3Ba abAXKUHATa Ha 3araaBHaTa dacT B 32-0UTOBU
nyMmu. To e HeobxoauMo, Tht KaTo moaero Options uMa npoMeHABA
UBAZKWHA.

[ToaeTo Type of service mokasBa KakKBO 00CAy:KBaHe OYaKBa
aedrarpamara. PasanyHute BUAOBE JaHHH, HAIIPUMED



BHAeon300pakeHue, raac, paiaoBe IIpearioraraT pa3sAndHo
obcaykBaHe. [[pakTHYeCcKU ceTalrHuTe MaplUIpyTU3aTOPHU He oOpbIIaT
BHHMAaHUIE Ha TOBAa IIOAE.

[ToaeTo Total length cpabpska obmmara ApAKHHA Ha AedTarpamara
(3araaBHa 4yacT + IaHHH).

[ToaeTo Identification cpabpska HOMep Ha HedTarpaMmara. Bcuaku
dparMeHTH Ha eqHAa U Chlla AedTarpamMa UMaT efHaKbB HOMEP U II0
TO3U HAYHUH IIOAyYaTeAs pa3dbupa Kod (pparMeHT KBbM KOsl Aedrarpama
IIPUHATAEKH.

®aareT DF (don’t fragment) yka3zBa Ha MapIIpyTH3aTOPUTE 1A HE
dparmMeHTUpPAT AeHTarpaMara. BcHYKH aBTOHOMHU CHCTeMH TpsibBa
[a Morart [a rpueMatr oparMeHTH OT IIoHe 576B. AKo pa3zMepsT HaA
dparmeHTuTe € 1mo-roaaM u aaret DF e 1, To mediTarpamara MoxKe na
IIPOILyCHE HAKOS aBTOHOMHA CHUCTEeMa C II0-MaaKa JBbAXKHHA Ha ITaKeTa,
JOPHU TS Ja Ce HaMUpa Ha OIITUMaAHUS MapLIPyT.

®aareT MF (more fragments) 3a Bcuuku (pparmMeHTH Ha gedrarpamara,
OCBeH ITocaeHUd € 1, a 3a mocaeguud e O, T.e. TOM IIoKa3Ba JaAu
IIOAY4YEeH (PpparMeHT € IIOCAEEH B JelTarpaMara UAU He.

[ToaeTo Fragment offset yka3zBa kbae ce Hamupa (pparmeHTa B
OpUrMHaAHaTa aeyrarpama.

[ToaeTo Time to live e 6posiy, KOHTO orpaHUYaBa IMPOABAKUTEAHOCTTA
Ha JXUBOTa Ha AedTarpaMara. ToBa 1moae ce HaMaAd C eAUHHUIIA Ha
BCEKH hop, a OCBEH TOBa Ce HaMaAsl C eAUHUIIA U 3a BCIKa CEKyHIa
npecto¥ B Mapiipyrtusarop. Koraro nmoaetro crane 0, gerrarpamara ce
IIpeMaxBa U B oOpaTHa II0COKa Ce u3mpala IIpeaynpeauTeAeH ITaKkeT.
[ToaeTo Protocol ykazBa nmpoTokoaa Ha TPAHCIOPTHO HUBO, KBM KOUTO
TpsaOBa ma ce npenane aetirarpamara. Toit moxke ma 6bae TCP, UDP
UAU HAKOH APYT.

[Toaeto Header checksum e KOHTpoAHa cyma caMo Ha 3araaBHaTa
gacT. Ta TpabBa na ce mpensdyncasgBa Ha BCeKU hop, ThH KaTo IIoHe
eIHO 1oAe ce rmpoMeHd - Time to live.

[ToaeTaTa Source Address u Destination address cbabpzKaT CHOTBETHO
aJpec Ha U3TOYHUKA U apecC Ha IIOAyIaTEAd.

BBb3MoxkHU ca pa3anyHU oniuu B moaeTo Options. Hati-uyecto ce
M3II0A3BAT ONIINH, KOUTO HaAaraT OrpaHUYeHUd BBPXY II'bTd, KOUTO
TpabBa a U3MHHE AedTarpaMara U ONIUU, B KOUTO Ce 3alluCBa II'bTS
II0 KOMTO € MHHaAa AeyTarpaMara — T€ CE U3II0A3BAT C LIEA II0-AECHO [a
Ce IIPOCAeOdaBaT TPEIIKH IIPU MapPIIPYTU3UPAHETO.

Bceku xocT 1 MapiipyTusaTop B Mpexkara uMma [P-anpec.

Bcuuku IP-anpecu ca 32-6utoBu. Beeku [P-ampec ce gean Ha nBe
4acTU — HOMEP Ha Mpeka U HoMep Ha XocT. HomepsT Ha Mpexkara e
HeIIpeKbCHATa MOPIMA OT OMTOBE B A9BaTa YacT Ha aJpeca, a HOMEPbBT
Ha XOCTa € ocTaHaAaTa HellpeKbCcHaTa IIOpPIHd OT OUTOBE B [AscHATa
4acT Ha ajpeca.

B 3aBucumocT oT cTpyKTypaTa cu IP-agpecute ce neaqdart Ha IIeT Kaaca.
KaacoBere ce pazanyaBart 10 I'bPBUTE HIKOAKO OHTa Ha ampeca, KOUTO
ce HApUYaT CHTHAAHH OHTOBeE.

3a kaac A curHaaHudaT 6ut e 0, HOMepPHT HA MpexkaTa € 7 OuTa, Taka
4e B HEro ca Bb3MOXKHHU ITPpUOAU3UTEAHO 120 MpexRM, HOMEPHT HA



xXocTa e 24 6uTa, TaKa 4e BCIKa Mpexka uMma npudausureaHo 16000000
XocTa.

3a kaac B curnaanuTe 6utoBe ca 10, HoMepbT Ha MpexkaTa e 14 obura,
TaKa 4e B HEro ca B3MOXKHHU ITpudansuteaHo 16000 mpexxu, HOMEPBT
Ha XocTa e 16 Outa, Taka 4e BcaKa MpezKa € C IPUOAN3UTEAHO

65000 xocra.

3a kaac C curHaaHuTe 6utoBe ca 110, HOMephT Ha MpexkaTa e 21
bura, Taka 4ye ca Bb3MOKHU npudan3uTeaHo 2000000 mpexkwu,
HOMEPBT Ha XocTa € 8 OuTa, Taka de BCIKa MpezKa € C IPUOAN3UTEAHO
250 xocrTa.

Kaac D, cbc curHaanu 6utoBe 1110 e npenHa3HadeH 3a pabora C
TPYIOBHU aapecH, a Kaac E cbc curHaanu 6utoBe 1111 e pesepBupan
3a Opaemnia yrorpeoda.

Foaemuat HenocTaThK Ha [P-agpecanimara e, 4e moAoBUHATA agpeECH ca
OT KAaac A U ce pasIpeneasaT caMo MEeXy MaAKo rnosede ot 120
aBTOHOMHHU CHUCTEMH, BBIIPEKHU Ue BCIKAa OT TIX MOXKE [1a ChabpKa
MHAUOHU XOCTOBE.

Bcaka mpexa TpabBa 1a uMa yHUKaAeH HOMEP ¥ BCUYKU XOCTOBE B
[JazeHa Mpexa TpdabBa [a uMaT eaIrH U CBhIL HOMEP Ha MpekaTa.
ToBa Bogu 40 mmpobaeMU ITpU HapacTBaHe Ha Oposd Ha MPEXKUTE.
Pemrennero Ha nmpobaeMa e ga ce paspelu pa3aeAdHeTo Ha eqHa
MpeiKa Ha MOAMPEKH, HO 3a BbHIITHUSI CBAT T Oa U3TAEXKa KaTo
eqHa Mpexka. 3a IeATa IIOAETO 3a MPEKOB HOMEDP Ce pa3lInupsaBa
HAICHO, KaTo Ce OTHEMAaT OMTOBE OT HOMEpPA Ha XOCT.

3a uMnaeMeHTAalUs Ha IIOAMPEXKUTE MapLIPyTH3aTOPUTE CE HYKAAAT
OT MpexXoBa MacCKa, KOSITO OIIpeeAd I'paHUuIlaTa MeX/Ay HoMepa Ha
MpeskaTa + HoMepa Ha IIoaAMpexKaTa U HOMepa Ha XOcCTa.

3a agpecarud B Internet ce usnoazsat 32-6utoBu IP-ampecn.
XocToBeTe, CBhP3aHU KbM AOKaaHa Mpexka Ethernet, npurexkaBat
YVHUKaAHU 48-01TOBU (PU3HUUYECKH aIpPeCH OT Ta3U MpeKa.

3a ycraHoBsaBaHe Ha ChOTBeTcTBUETO Mexkay IP amgpeca u Ethernet
aJpeca Ha XOCTOBETE B AOKaAHaATa MpezKa Ce M3IM0A3Ba IIPOTOKOA 3a
mpaBo IIpeobpadyBaHe Ha anpecuTe ARP. Koraro naneH xoct TpssbBa
[oa u3npaTtu gedrarpaMa KbM MallllHa OT AOKaAHaTa mpexka, uniito [P
aJpec e U3BeCcTeH, HO He e u3BecreH Ethernet agpeca, mpexoBusaT
CcAOH pasmnpocTpaHsaBa B A0KaanHaTa Mmpexka ARP maker-zagBka. To3u
IakeT-3asgBKa € oT TUII broadcast, T.e. IIpeaBa ce 40 BCUYKH
MainuHu. B rmoaeto “Ethernet agpec Ha rogareada” e 3arrucaHd
CBOTBETHHAT aApec Ha XocTa, KouTo uinpamia ARP 3agBkara.

B moaero “Nannun” e 3anucado ARP crobinieHue ot Buga “who is
XXX X tell Y.Y.Y.Y”, kprnero X.X.X.X 1 Y.Y.Y.Y ca IP angpecu
CBOTBETHO Ha II0AyYaTeAd W Ha IlofaTeAs. BCUYKM MalllMHU OT
AOKaAHaTa MpexKa UTHOPpUPAT 3asiBKaTa C U3KAIOUYEHUE Ha XOCTa,
qyuiiTo aapec ceBraga ¢ X.X.X.X. To3u xoct usnpamnia ARP nmaker-
OTTOBOP caMO Ha ITofaTeAs, Thi KaTo Bede 3Hae HeroBus Ethernet
aJIpec OT moAydeHaTa 3asiBKa. B moaero “/{laHHN” Ha ITaKeTa-OTrOBOP €
zanncanHo ARP crobiienue ot Buga “X.X.X.X is hh:hh:hh:hh:hh:hh”,



kbaetro hh:hh:hh:hh:hh:hh e Ethernet agpeca Ha xocra, uznpararig
nakera-oTroBop. OOMKHOBEHO XOCTa, KoWTo u3npaiia ARP 3agBkarta
3arnoMHd (Keimpa) noaydeHute 48-outoBu Ethernet agpecu, 3a ga
MoraT [ia Ce€ MU3I0A3BaT IIPU CAEABAIIO IpenaBaHe. [Ipu onpeneasHe Ha
Ethernet agpeca Ha nmoaydatead Ha naaeHa aAedTarpaMa I'bpBO Ce
IIpoBeEpPsSIBa OJAaAU TO3U allpec Bede € KeIIUupaH U ako He €, Ce U3Ipallia
ARP 3agBka. OcBeH TOBa BCEKH XOCT IIPU II'bPBOHAYAAHOTO CH
crapTupaHe uanpaila broadcast crobIlIeHHE, KOETO ChAbPKA HETOBUIT
IP agpec u Ethernet agpec, koeTo ce moAy4aBa OT BCHYKH OCTaHAAU
XOCTOBE B AOKaAHATa MpexKa U Te 3allicBaT Ta3u HH(popMaIvd B
CBOUTE KEIIIOBE.

[IpotokoasT RARP e 3a Hamupane Ha I[P agpecu o Ethernet agpecu.
3a pyHKIIMOHUPAHETO My € HEOOXOANMO B MpezKaTa /1a € BKAIOUEH
xXocT, KouTo pyHKIIMoHupa Kato RARP cepBBp. TO3u CHPBBP
cbhxpaHsaBa cboTBeTcTBHEeTO Mexkny Ethernet u IP agpecu Ha
craHiuuTe B Mpexxara. ObukHoBeHOo RARP ce n3moa3Ba oT MamivHu
6e3 TBBbpPAU AUCKOBE, KOUTO Ype3 Hero HaydaBaT cBos [P agpec.

Foaemuat rmpobaeM Ha [P mpoTokoaa e HegocTHUTa Ha aapecu. I1o
IPUHIUII CBHIIECTBYBAT Ha/ 2 MHAMApAA aApecHu, HO OpraHu3anusaTa
UM II0 KAACOBe € Hee(peKTHBHA U 3apall Hesd ce TyOsaT MUAMOHH
anpecu. [pyr npobaeM e roaAeMHHaTa Ha MapUIPyTHUTE TaOAHIIH.
CobxpaHsaBaHETO Ha TaOAWIIM C MUAVMOHH PENOBE a KajKeM €
BB3MOZKHO, BBIIPEKH Y€ IIOBEYETO MAPIIPYTU3ATOPU ChXpaHIBaT
TabAUIIUTE CU B OllepaTHUBHATA IIaMeT, HO APYT CEPUO3€eH IIpobaeM e
CAOXKHOCTTA Ha aATOPUTMHUTE 3a Mapuipytusais. OCBEH TOBa,
MapUIPYyTU3aTOPUTE IIEPHUOAUYHO TPsIOBa Aa U3IIpaIlaT MapIIpyTHHATE
cu TabAHIIM — KOAKOTO Ca II0-TOAEMH, TOAKOBA I10-TOASIMA €
BEPOATHOCTTA YaCTH OT TIX Aa Ce 3aryddT IpU IpeaaBaHeTo.
Pemrenune Ha onmcanuTe mpodAeMH € U3II0A3BaHe Ha Oe3KkaacoBa
Mmapipytusanudga CIDR. OcHoBHaTa uaed e, uye Hezaeturte [P anpecu ce
pasnpeneadaT 1o 6AOKOBe C pa3andyHa roAeMHHA (CTereH Ha 2), 0e3 ga
ce B3UMaT I10J BHUMaHHE KAACOBETE.

[IpemaxBaHeTO Ha KAACOBETE YCAOXKHSIBa MaplIpyTHui3anudgara. Bceku
pex oT MapuipyTHaTa TabAuna ce pasmmupsBa ¢ 32-0uToBa Macka.

[To To3m HauMH MapuIpyTHaTa TadbAulia e MmacuB oT Tpoiku (IP agpec,
MacKa, u3xondina AuHu4g). KoraTro npucTurse naker, ce usBan4da IP
aIpechT Ha IoaydaTead. [locae MapuipyTHaTa TabAHIA Ce CKaHUpPa pPer
II0 pead, KaTo 3a BCEKU Pel ChOTBETHATA MacKa ce nmpuasara KM [P
aJpeca U Cce cpaBHSBa IIOAYYEHHI HOMEP C HOMepa B pena. Bb3MoxkHU
ca HIKOAKO CBHBIA/€HHUd — B TAKBB CAyYall ce u3dupa pena Cc Hai-
'bATA MacKa.

Hati-BaskHUTE ITPOTOKOAU, OOCAYZKBAIIM TPaHCIHIOPTHUS caol, ca TCP
(transmission control protocol) u UDP (user datagram protocol).

[Ipennasnauenuero Ha TCP e ga ocurypsiBa HaZeXIHO IIpefaBaHe Ha
JaHHHUTE MEXKAY ITpeaaBaTeAs U IPUEeMHHUKA Ype3 YCTaHOBsIBaHEe Ha
Bpb3Ka. OOMeHBT Ha nHGpopMals, KoiTo oceirectBaBa TCP ce



U3BBPIIBA IToCcpeacTBOM cermeHTH. [Ipu npenaBane TCP nmoayuyaBa
JaHHU OT IIO-TOPHUS CAOH, paszieAss TH Ha 4acTH, OIlaKoBa I'Ul B
CerMeHTH U ru usnpamnia Ha [P nporokoaa. Toit oT cBog cTpaHa
OIIaKOBa CETMEHTHUTE B AeHTarpaMiu U U3BBbPIIBA MapUIPyTU3NPAHETO
Ha BcgKa aedrarpaMma. [Ipu npuemane IP mpoTokoasT pa3zonakosa
IPUCTUTHAAUTE AeUTarpaMu, CA€ KOETO IIPeiaBa [IOAYyIEHUTE
cermeHTH Ha TCP mmpoTokoaa, KOUTO CTA00sIBa U ITOApPeEKaa JaHHUTE OT
CEerMEHTHTE B CHOOIIEHUS KBbM ITO-TOPHUTE CAOEBE TaKa, KaKTO Te ca
OuMAHM U3IIpATEHU.

Bceku kpait Ha TCP BpBb3KaTta ce unentuduimpa c IP aagpeca Ha
CBHOTBETHHS XOCT U C 16-0MTOBO YHMCAO, HAPEYEHO HOMEP Ha MOPT,
KOETO OIIpeNeAd ChOTBETHATA IIPHAOXKHA ITporpaMa, U3IloA3Ballla Ta3u
Bpb3Ka. KomOuHamara ot agpeca Ha XOCTa U HOMepa Ha IopTa ce
Hapuda socket. Bceku TCP cermeHT chabpsKa HOMeEpaTa Ha IIOPTOBETE
Ha U3TOYHHUKA U Ha IoAy4daTeAd U ToBa Io3BoagaBa Ha TCP nmpoTokoaa
[la OIIpeNEeAHN 3a KOs IIPUAOKHA IIporpaMa e npeaHadHadeH ChbOTBETHUI
cermeHT. KomOuHauara ot socket-a Ha U3TOYHHKA U socket-a Ha
roAy4daTeAd € YHUKaaHa U Ta uaeHtudguimmpa TCP Bpb3kara. [IspBuTE
1024 HOoMepa Ha mopTOBE ca Taka HapedeHuTe well-known moprose,
KOUTO Ca pe3epBUPAHU 3a HAaW-4e€CTO U3I0A3BAHUTE CTaHAAPTHU
IIPUAOKHHU IIPOTPaMU.

TCP cerMeHTBHT ce CbCTOU OT 3arAaBHA YacT U 4acT 3a JJaHHU U UMa
caeqHUS popMar:

32 Bits

Source port Destination port

Sequence number

Acknowledgement number

TcP
header
length

ulA[P|R
R/ C|S|S window size
G|K|H[T

z<w
z-m

Checksum Urgent pointer

Opions (0 or more 32-bit words)

1 - L
3araaBHAaTa YacT BKAIOYBA 33BAXKHUTEAHU IToAeTa ¢ (PUKCHUPAH pasMep
20 baiiTa, KPM KOUTO MOXKe na 0bae mobaBeHo moae Options. Caen
OIIIIUHUTE (AKO MMa TaKHBa) CA€IBA IIOAETO HAa OOMEHSHUTE

naHHU - Data, KoeTo CBIIo He € 33 bAXKUTEAHO.

[ToaeTaTa Source port u Destination port ca gByba#iToBU U
IIpeACTaBASIBAT HOMEDP Ha ITOpTa Ha U3TOYHHUKA U Ha ITOAyYaTeAs
CBOTBETHO, KOUTO 3aeHO C [P agpecuTe Ha U3TOYHHUKA U HA
roay4dateasd oOpasyBaT HoMepa Ha socket-u, naeHTHUIIPAIIIT
YVHUKaAHO Bpb3KaTa.

[ToaeTo Sequence number e TopeaHusa HOMepP Ha IBPBUSI OAUT (B
paMKHTe Ha IIOCAEJOBATEAHOCTTa OT OaiiToBe, IpegaBaHU OT
M3TOYHUKA), KOUTO € 3anurcaH B noaeTo Data Ha cermeHTa.

[ToaeTo Acknowledgement number e HoMepHT Ha IIbPBUI OAUT AJaHHU,
KOMUTO Ce O4YaKBa [a Ce€ IIOAYYU ChC CA€ABAIINI CETMEHT, U3IIpaTeH OT
npyrus kpati Ha TCP BpB3Kara.

[ToaeTro TCP header length e 4-0uToBO U onpeneAs AbAKUHATA HA
zaraaBHaTa yacT Ha TCP cermenTa B 32-6uroBu nymu. To e
3aIbAKUTEAHO, THhH KaTO IOAETO 32 OIINU € C IIPOMEHANBA JABbAKUHA.




BaraaBHaTa yact Ha TCP cermeHTa chabpka U 6 eqfHOOUTOBHU oaara.
Te umaT cAeIHOTO ITpeAHA3HAYEHUE:!

- URG - yka3Ba, 4e € BaAUZICH € yKa3aTeAdaT 3a CIEIIHU JaHHY,;

- ACK - BaauzieH € HOMEPBHT Ha IIOTBBPKACHUE, 3aIlIUCaH B IIOAETO
Acknowledgement number Ha 3araaBHaTa 4acT;

- PSH - npu akTuBHpaHeTO Ha TO3H (PAaT, IPOrPaMHUTE MOIYAU
yIIpaBAsBallly TPAHCIOPTHUA CAOM Ha M3TOYHUKA U Ha
IIpUEeMHHUKA TPA0Ba /1a U3NpaTIT He3a0aBHO HAAUYHUTE JaHHU
KOAKOTO € BB3MOXKHO I10-0bP30 KbM TEXHHUS ITOAYYATEA;

- RST - cermeHT, B KOUTO € YCTaHOBEH TO3H (pAaT, CAYKH 3a
npekpatsaBaHe Ha TCP BpB3kara;

- SYN - cermeHT ¢ ycraHoBeH ¢aar SYN ce usnoasBa IIpu
ycraHoBaBaHe Ha TCP Bpb3Ka U 3a H3npaliaHe Ha Ha4aAHUS
HOMep, OT KOHTO IIe Ob1aT HOMepHupaHu OafToBeTe Ha
U3XOAAIINS UH(POPMAIIMOHEH ITOTOK;

- FIN - cermeHT, B KOUTO € yCTaHOBEH TO3HU (paar, o3HadaBa, de
U3NpalaybT IpeKpaTdBa IpeaaBaHeTo Ha JaHHU.

[ToaeTo Window size orrpezeass TemMIia Ha HH(POPMAITMOHHUSA OOMEH OT
rAelHa TOYKa Ha IoAydaTeAsd Ha MHPOPMAIIMOHHUS ITOTOK.
CroliHOCTTa Ha IIpo3opelia yKa3Ba Ha OTCpelIHaTa CTpaHa KOAKO
OaidiTa morar ma ObAaT U3NPaATEHH U ChOTBETHO ITPUETH 6e3
IIperrbABaHe Ha BXoAus Oydep cae IIOCAeOHUS IIOTBBPAEH HOMEP Ha
baiit. [Ipu moayyaBaHe Ha JaHHU, pa3MepbT Ha IPOo30pelia HaMaAsBa.
Axo To# craHe paBeH Ha O, H3IIpaIaYbT TPAOBA 1A ITpecTaHe aa
npenaBa naHHu. Caeq KaTo JaHHUTE Ce 00pabOTAT, IIOAYIATEAAT
yBeAHdaBa pa3Mepa Ha CBOd IIPO30pPeEL], KOETO 03HAYaBa, Y€ € TOTOB Aa
IIOoAyYaBa HOBH JJaHHHU.

[Toaeto Urgent pointer ce u3noa3Ba fa yKaxke IIO3UIHSTA Ha II'bPBUS
0alT Ha CIIENTHUTE JAaHHU CIIPSIMO HAYaAOTO Ha IIOAETO MAaHHHU.
[ToaeTo Checksum ce u3uncagBa Bbpxy neaus TCP cerment. I[Ipu
HETOBOTO U3YHCASIBAaHE y4acTBaT U HIKOU IIOAETA OT 3araaBHaTa 4acT
Ha [P pelitarpamara, B KOATO € OIIAaKOBaH CETMEHTA.

[Toaeto Options Ha 3araaBHaTta yacT Ha TCP cermeHnTa e
IpenHa3Ha4YeHo [a IIPEeAOCTaBU JOITbAHUTEAHU BB3MOXKHOCTH 3a
ynpaBAeHHe Ha oOMmeHa. Hali-BaskHaTa BB3MOKHOCT € YKa3BaHe Ha
MaKCHUMaAHa OBbAKHHA Ha cerMeHTa. Bcekn XOCT yKa3Ba cBodTa
MaKCHMaAHa IBbAXKHWHA Ha CETMEHTAa U 34 OChIIECTBsIBaHe Ha oOMeHa
ce IIpHeMa I1o-MaAKaTa OT ABeTe. AKO MakKCUMaAHaTa AbAXKHUHA Ha
CerMeHTa He Ce JOTOBOPHU ce IIpueMa I10 moapas3bupane, ye HelfHaTa
cTofHOCT € 556 6atiTa, KOETO € AOIIyCTHUMO 3a BCUYKH MHTEpPHET
XOCTOBE.

[Tpu mbpBOHaYaAHO OTBapsiHE Ha Bpb3KaTa MEXKAY ABa XOCTa €
HeoOXOUMO BCEKHU OT TAX Aa U3NPaTH Ha APYTHd HadaAHUd HOMEpP Ha
OaiiToBaTa II0CAE€JOBATEAHOCT, KOSITO IIle U3Mpalra, ¥ CbOTBETHO Ja
IIOAYYM HACPEIIHOTO IIOTBBPKACHHE 3a II0AYyYaBaHETO Ha TO3U HOMED.
[Tpouiegypata 3a ycTaHOBSIBaHE Ha Bpb3Ka Ce€ Hapuia TPHKpPaATHO
AoroBapsiHe U B HODMaAHHU4A CAydaill € caemHaTa:

1. XocTsT (KAMEHTBHT), KOUTO OTBaps Bpb3Kara, uanpama SYN
CerMeHT. B chlus cerMeHT KAMEHTHT YKa3Ba HOMepa Ha I1opTa



Ha CHPBBPA, C KOUTO TpsIiOBa [Ja ce YCTaHOBU BPB3Ka, U
Ha4YaAHUST HOMEP X Ha IT0ToKa 0aiiToBe, KOUTO KAUEHTHT IIIe
npenane KbM ChbpBbBpPaA.

2. CupBBPBT OoTrOBaps ¢hC cobcTBeH SYN cerMeHT, BKAIOUBAIIL
Ha4YaAHHUsS HOMEP Y Ha HEeroBHs IIOTOK OT OatiToBe. B cermeHnTa ce
ChObpXKa IIOTBBPXKAeHUE 3a SYN cermeHTa ¢ HOMEpP Ha
IIOTBBPXKAECHUETO, paBeH Ha X+1, TbH KaTo 3a camud SYN
CEerMeHT € HeOOXOAUM eqUH ITOPeaeH HOMED.

3. KameHtsT TpsabBa ma noTBBpAU HoAydaBaHeTo Ha SYN cermeHTa
OT CBPBBPA, KaTO U3IIPaTU CETMEHT C IIOTBBbPXKIAAaBalll HOMEDP
y+1.

3aTBapdHETO Ha Bpb3KaTa CBhIL0 CE U3BBPIIBA Ype3 TPUKPATHO
noroBapsaHe. Trit Kato TCP Bpb3KaTa € II'bA€H OYIIAEKC, TS CE 3aTBapd,
KOraTo BCEKH OT [ABaTa XOCTa IIPEeKpaTH CBOS U3XOAMI]
HH(POPMAITMOHEH ITOTOK. TaKbB THII 3aTBapsHe Ha Bph3KaTa ce
Hapuya Ollle CUMETPUYHO. BapuaHThT, IIPHU KOUTO AaAEH XOCT
IIpeKpaTsaBa MH(POPMAIIMOHHNA OOMEH U B [BETE IIOCOKHU Ce Hapuda
aCHMETPHUYHO IIPEKpaTdaBaHe Ha Bpb3KarTa.

3a CUMEeTPHYHOTO 3aTBapsHe Ha eqHa BPb3Ka € Heo0XoauM oOMeH Ha
4 cermeHTa — I10 ABa 3a BCAKa II0coKa. [laieH XOCT MOXKe Ja HHUIUUpa
3aTBapdHE Ha CBOdTa 4acT Ha Bpb3KaTa, KOraTo U3IpaTHu CETMEHT C
ycraHoBeH ¢aar FIN, caex KaTo IPUKAIOYH C ITpefaBaHEeTO Ha JaHHHU.
XOCTBT, IOAYYHA TO3H CETMEHT, MOXKE [1a IIPOABAXKHU [a U3IIpalla
JaHHU IIPU IIOAOXKEHUE, Y€ HE € 3aTBOPHA Bpb3KaTa. Bceku xocr,
Kotito moayuun FIN cermeHT, n3npaina oOpaTHO NOTBBPKIAEHUE C
HOMED, PaBEH HAa IIOAy4YE€HUd IopeneH HoMmep + 1, Tp¥ Kato FIN
CErMEHTHT U3HCKBA €IHUH IIOPEIEeH HOMED.

3a acuMeTPHUYHO 3aTBapsaHE Ha Bpb3KaTa Ce U3Ipallia CETMEHT C
BaurHat gaar RST.

UDP e npocT TpaHCIOPTEH IIPOTOKOA 3a IIpegaBaHe Ha AerTarpaMu B
MpEeXKHNTE C KOMyTallud Ha HakeTu. 3a pa3auka ot TCP, Tol He
OCBIILIECTBSBA HaAEXK/IEH TPaHCIIOPT. [ledTarpaMmuTte ce U3npamiat oT
M3TOYHHUKA 0e3 Ja ce KOHTPOAUPA IAaAHU Ca JOCTUTHAAH [0 IIOAyYaATEAS.
3aroBa popMaThT Ha 3araaBHaTa dyact Ha UDP gefitarpamara € MHOTO
IO-IIPOCT: T ChABP3KA CaMO HOMepaTa Ha IIOPTOBETE Ha U3TOYHUKA U
Ha IIoAydaTeAad, IbAKUHATA Ha AedTarpaMaTra U KOHTPOAHA cyMa.
UDP uma cMUCBA Oa Ce U3I0A3Ba IIPU MPEKHU C BUCOKA HAAEXKIHOCT.
Haii-moiiHoTo nnpuaoxkenure Ha Internet e WWW.

OCHOBHOTO, Ha KOETO ce 0a3upa web-TeXHOAOTHSTA € XUIIEPTEKCTa.
ToBa e TeKCT, KOUTO ChIABbpzKa B cede cu mHGopMallud Kak ma obae
n300pa3eH Ha eKpaHa. M3o00pa3sgsBaHeTo cTaBa upe3 ClellasHa
Imporpama, HapedeHa XHUIIEPTEeKCTOB browser.

XUnepTeKCTHT ce opopMs KaTo ChBKYIIHOCT OT CTPaHUIIN. Beaka
crpaHulla cu uMa yHukaaHo URL — yHHKaaeH anpec, KOHUTO
€IHO3HAYHO YKa3Ba MECTOIIOAOXKEHHETO Ha CTPaHUIlATA B LIEAUS
Internet. IpyroTo HeIIO € XUIIEPAUHKBT — IIOJ 4acCT OT TEKCTa, KOUTO
ce n3obpazgaBa ornoay crou URL Ha npyra crpanuna. C npyru gyMmu



XUIIEPTEKCTOBUTE CTPAHUIIN ChIbP3KAT IIPENPAaTKU KbM APYTHU
XUIIEPTEKCTOBU CTPAHULIH.

Browser e KAMEHTBHT, KOUTO U3TETAS U N300pa3sBa CTPAHUIIUTE.

Web server e CbpBBPBT, KOUTO CbXpaHaBa CTPAHUIIUTE. 3a
KOMYHHUKAaIIUA MeXIy browser-uTe ¥ CbPBbPUTE € Ch3IafieH
npotokosa HTTP.

Enso URL cpabppska MpOTOKOA, UME Ha AOMEWH U II'bTS Ha CTpaHHUIlaTa
BBPXYy AUCKa Ha ChpBBpa. [Ipu ochiecTBaBaHe Ha BPb3Ka MEXKIAY
browser-a u cppBBpa mo URL-To IrbpBO IO UMETO Ha ChPBBPA, a IIOCAE
10 ITBTH BBPXY AUCKA Ha ChPBHPA CTpaHULaTa (PU3UYECKU Ce€ U3TETAT
OT CBHPBBPA, IIpeaaBa ce Ha browser-a u To# 9 n3obpasgapa. Exna
CTpaHUIla Ce IIPeXBBpPAI B paMKute Ha eqHa HTTP-cecus. AkKo 4oBeK
KAUKHE BBPXY AMHK Ha U3TeraeHaTa CTpaHUlla, browser-pT
yCTaHOBSBa HOBa cecud, nogasa ce HoBoTo URL, usreraga ce
cTpaHUIlaTa OT ChbPBBPa U OTHOBE ce n300pa3daBa oT browser-a.
[TpotokoasT HTTP ce 6a3upa Ha TCP. HTTP KAuMEHTHT OoTBapsd cecusd Ha
IIPOU3BOAEH ITIOPT ¢ HOMep mo-roadam ot 1024. HTTP cepBBPBT cayllia
3a 3a9BKH Ha ropt 80.

[Tpu HTTP npoTokoaa mmMaMe IIOATOTBUTEAHA (pasza — IpaBU Ce 3asBKa
3a HTTP cecua kbpM cppBBpa, caen ToBa ce npaBu HELLO kbM
CBhPBBPA, IOTBBPXKAAaBa CE OT ChPBBbpPA U CE U3IIpallaT MEeTOAN Ha
HTTP. Metonute ca GET, HEAD, POST, PUT, TRACE, CONNECT.
OcuoBHuar Metron € GET. Kato aprymeHT My ce rmogaBa I’'bAHOTO UMeE
Ha CTpaHHUIlaTa BBPXy AUCKA Ha cppBbpa. CTpaHuluTe Morart a ce
KeIllupaT BbPXy ProxXy-cbpBbpH, 3aToBa B MeToga GET uma if-ycaoBue.
Bcgka xunepTekcToBa CTpaHHUIla UMa 3araaBHUe, KOETO ChAbPKa
OIIMCaHMWE Ha Bb3pacTTa Ha CTpaHUIlaTa, AaTaTa Ha IIocAeaHaTa
Mmoaudukaludg u Ap. MeroasT HEAD B3uMa camMo 3araaBHETO Ha
cTpaHunara. Toil mo3BoAsiBa Ha browser-a 06p30 1a IPOBEPHU OAAU I
nMa PU3NYECKH CTPaHHUIlAaTa U Kora € MOAHu(HUITMPaHAa ITOCAEITHO
(ciecTdaBa ce TETAEHETO Ha TSIAOTO Ha CTPaHUIIATA).

MetoareT PUT cayzku 3a IpexBbPASHE Ha CTPaHUIlA BbPXY ChpBBpa.
Toti e cBBp3aH c OOMEH Ha ABa eraria — I'bPBO Ce aBa aIpechT Ha
CTpaHUIlaTa, CAEI TOBa Cce IMpexbpad camara crpanuna. Meronst POST
e aHasorudeH Ha meToaa PUT ¢ Tasu pasanka, 4ye ToHd nodaBs HOBUTE
JaHHU KbM CBIIECTBYBAIll apecC.

MetoarT TRACE Bp&BIIIa OT ChpBBpPA IIOAYIEHUTE JaHHU I10 3agBKaTa.
Toii ce n3noa3Ba 3a TECTBAHE — Ja BUAUM JaAU CbPBBPHT € ITOAYIHA
TOBa, KOETO CM€ HU3IIPATHAH.

[Tpu nepBUTe Bepcuu Ha HTTP nmpoTokoaa 3a U3I'BAHEHUETO HA BCEKU
MmeTtof ce npaBu otaeaHa HTTP cecua — ta orBaps TCP crenuneHue,
IIpaillia Helllo, CAE TOBA 3aTBaps IIOCA€IOBATEAHO CHEAUHEHHUETO U
cecudara. C apyru nymu umaMme 1:1 — egHa cecud, €1HO ChbeJUHEHUE.
Caen ToBa 3arioyBa pa3BUTHE — CTPEMEKET € a HE Ce 3aTBapsd
CBhEIUHEHHETO, T.€. 1a UMa HIKOAKO CECHUU BBPXY €0HO CheANHEHHUE.
Axo 3a Bcgko usnbaHeHue Ha GET ce 3aTBapst chbeAUHEHHUETO, a
IIPECTOU YeTeHe Ha CepUs OT CTPAHUIU TOBa € MHOI'0 Hee(peKTHBHO.
[Tpu BepcusTa 1.0 va HTTP Ha eqHO cheauHEeHNE OTTOBAPS eaHa
cecud.



[Tpu Bepcusara 1.1 va HTTP na enno TCP crenuHeHne orroBapaT
HSIKOAKO CECHHU (HIKOAKO KOMaHH). Te3n KoMaHAU KacadT pa3saAudHU
XUIIEPTEKCTOBU CTPaHHUIU, HO JOCTBIIBT OO0 TAX Ce IpaBu ¢ eqHo TCP
cheAUHEHHe. 3a IIeATa Ce Ch3/iaBa ChOOIINTEAEH KaHaa. [1o Hero B
II'bAEH OYTIAEKC TeKaT 3asdBKH, a B o0OpaTHa I10CoKa — OTTOBOPH. Taka
He ce paboTu 110 MeToia CIIPU U YakKal 3a BCIKa 3asBKa.

[pyra ocobeHocT €, 4e 3ax enuH [P agpec Mmoxke na nMa HIKOAKO
HM€eHa Ha ChPBBPH (Taka HapedeHUTEe BUPTYaAHU ChPBBPH). 3a
KAHUEHTa T€ Ca pa3AMYHU ChPBHPH, HO PEAAHO 33 TIX CTOU €OUH U
cpir [P anpec. Ilo-kbCHO Te morar ma MUTpUpaT KbM APYTH KOMIIIOTPH,
HO BBTpe B TaxX URL-To 111€ ce 3ama3u U 10 TO3H HAa4YWH HE €
HeoOXoauMa ITpoMsIHAa Ha XUIIEPAMHKOBETE KbM CTPAHUIIN BBPXY
BUPTyaAHUTE CHPBBPU.

9. Pacmepusupaue HaAQ omceuKa, OKpBiKHOCM U estunca.

KommioThpHaTa rpadHKa e HayKa 3a METOOUTE 3a ChXpPaHeHUe,
ch3aBaHe U 00paboTBaHe Ha MOAEAH U TEXHUTE BU3yaAHU o0pasu C
IIOMOIIITa Ha KOMIOIOTHP. MTHTEepakTUBHOCTTA B KOMIIIOTHPHATA
rpacduKa U3UCKBa BU3yaAH3allUsaTa [Ja cTaBa Ype3 YCTPOUCTBa, KOUTO
MHOT0 O6P30 MOraT Ja IIPOMeHdT o0pa3a. Hali-mupoko n3rnoa3BaHU ca
rpapUYHUTE OUCIIAEU C EAEKTPOHHO-ABUYEBA TpHba. OT TecHUA Kpal Ha
TpBOaTa ce U3AbYBa CHOII OT EAEKTPOHH U TOH ce Haco4yBa 4pe3
CIIeMMaAHU MarHUTHU CUCTeMHU. B npyrusa Ha Tppbata e eKpaHa, KOHUTO
Ce CBbCTOU OT TOYKHU, KOUTO Ca JOCTATHYHO I'bCTO PA3IIOAOKEHH, Ue 3a
YOBEIIIKOTO OKO [a CE€ Ch3Aa/le UAI03UL 3a HellpeKbcHAT ob6pa3s. Te3u
TOYKU Ce HapudyaT MHKCEAH. EnuH nukcea ce popMupa OT TPU 3bpPHA
CIIEITMaAHO BEIIECTBO, HapedeHO AyMHHOGOpP, KOETO MMa CBOMCTBOTO
[la CBETU, KOTaTO CHOIIBT OT EAEKTPOHU Ce yAapHu B Hero. Tpure 3bpHaA
cBeTqaT B 4epBeHO (R), 3eaeHo (G) u cunso (B). Ocranaaute 11BeTOBE C€
IIoAy4YaBaT 4Ypes3 IMIOAXOASIIa KOMOMHAIINA Ha Te3U TPHU OCHOBHH IIBSITA.
TBi KaTO CBETAMHHUAT UMIIYAC Ha AYMHHOQOpa HaMaAsdBa MHOTO
O0Bp30 € BpemMeTo, o0pas3bT ce HyxXKaae OT HEIPEeKbCHATO IIpepUCcyBaHe,
JOPHU KOTraTo € cTaTudeH. 3a aa Cce IIOCTUTHE HMAIO3UsSTa Ha [IOCTOSHEH
oOpas, yecToTaTa Ha OIIpPeCcHsBaHe TpdAOBa aa e Haii-maako 60 Hz.

B 3aBucuMoOCT OT HaYWHa Ha pereHepalis Ha obpasa JUCIIAEUTE Ce
[EeAdT Ha ABa BU/a — BEKTOPHH 11 pacTepHH. Hue 111e pasraexgame
IIBETHU PACTEPHU OUCIIAEU. [IpU TIX BBHB BCEKU €OIUH MOMEHT
M300pakeHueTo IIPeACTaBASIBA €qHAa ITPaBOBI'bAHA MaTpPHUIlA OT
nmukcean. C BCEKHM ITHKCEA Ce€ CBbP3BaT (0OMKHOBEHO) 24 OuTta — 1o

3 Outa 3a BCsIKa OT OCHOBHHUTE IIBETOBH KOMIIOHEHTH Ha ITUKCEAA.

ITo To3mu HauyuH ce ocurypgaBatT Hag 16000000 nseroBe. OCHOBHHU
XapaKTEePUCTUKU Ha TE3U QUCIIAEU ca OpOoAT Ha IMUKCEAUTE (pa3MepuTre
Ha Matpuiara, HanpuMmep 800/600, 1024 /768) u recroTaTa Ha
IMUKCEeAnTe (OpodT Ha ITMKCEAUTE, KOUTO Ce ChOupaT B €OUH UHY,
Bapupa ot 72 mo 130).

Taka npu pacTepHUTE AUCIIA€H Bh3HUKBa HEOOXOIUMOCTTA OT
Ch3/1aBaHETO Ha e(PeKTUBHU aATOPUTMHU 3a pacTepHu3allvs Ha OTCEYKU
U KPUBU AWUHUU, T.€. 32 IpeoOpasyBaHe HAa KPUBU U OTCEYKH B



pacrepeH opMmar. KoraTo e naneHa egHa oTcedka (HaIlrpuMep, 4pe3
[BaTa CH Kpasl) AU KpHUBa (HallpUMep, Ype3 ypaBHEHUETO CH), 3a [a Ce
n3deprae Ts, TPAO0BA 1a ce OIpeeAr KOU IMUKCEAHN Ha JUCIIAesd A Ce
OIIBETST, TaKa de [ia Ce [a Ce IIOAYYH JOCTaThYHO OAM3Ka
ampoKCcHMallud Ha oTcedKaTa AU KpHUBaTa.

OOHKHOBEHO Ha BCEKU ITHKCEA C€ CBIIOCTaBsd JBOMKA KOOPAUHATH —
HoMepa Ha cThaDa X 1 HOMepa Ha pefa y Ha IIHKceaa. 3a Hadyaao Ha
KOOpAHWHATHAaTa CUCTEMa CE CUHUTA TOPHUAT ASB bI'bA, TAKA Y€ KaTO CE
OpUABUXKBaMe HasCHO X HApacTBa, a KaTo ce IPUABUKBaAME HAOAY
y HapacTBa.

[Tpu BCUYKHU aATOPUTMH 3a pacTepu3UpaHe Ha OTCeYKa, CHUTaMe, de
oTceyKaTa e 3aJalieHa c aBata cu kpad (X1, Y1) u (X2, Y2), kpaeTo
KOOPAWHATHUTE Ca C ILIeAU YucaAa. lleaTa Ha Te€3H aATOPUTMH € J1a Ce
OLIBETSAT IIOAXOASIIM ITHKCEAN, TaKa 4de [la Ce Ch3Aale UAIO3USTa, Ye Ha
€KpaHa € HadepTaHa OTcedYKaTa C Ha4daAo B IHUKCeAa C KoopauHaTu X1
1 Y1 u Kpail B IUKCceaa ¢ KoopauHaTtu X2 U Y2.

[IspBO pasraexkgaMe aAropHThMa Ha Bpe3seHxeM 3a pacrepusupaue
Ha oTcedka. [I'bpBO n3uncaAgBaMe HAKAOHBT Ha OTCEYKaTa.

Tott e m = dY/dX, kpmero dY = Y2 - Y1, dX = X2 — X1 u ypaBHEHHETO
Ha IIpaBarTa, OolIpefieAeHa OT OTcedyKaTa € y = m.X + b, KpIeTo

b = Y2 - m.X2. Ille cunTame, 4ye 3a HAKAOHA M € U3II’bAHEHO -1 <m < 1.
Axko TOBa He e TaKa, U3BBbPIIBaAMe CUMETPHs OTHOCHO IIpaBaTay = X U
cAeq TOBa IIPU HM34YepTaBaHe IIPOCTO IIPOMEHSIME POAWUTE Ha IBETE
KOOPAUHATH.

Coim10 Taka, mie cauurame, 4ye dX > 0. AKo ToBa He e Taka, ITPOCTO
pasMeHsaMe KpaullaTa Ha oTcedKaTa (IPH Ta3u pasMsaHa HAKAOHBT m
He ce rtpoMeHd). llle orGeaeskum, dye dX # 0 — ToOBa € OCUTYPEHO OT
II'bPBOTO CHOOPazKEHHE.

Taka caen Te3u ABe IIpeaBapUTEAHU choOpaxkeHud, (X1, Y1) e aAeBuaT
Kpa¥ u (X2, Y2) e mnecHuaT kpaii Ha orceukara. ChIllo, Thil KaTo

|m| <1, BbB Bceku cTpab Mexkay X1 u X2 (3a Bcgka (puKcHUpaHa
IbpBa KoopauHata Mmexkay X1 u X2) TpgadBa na ce olBEeTH TOYHO €IUH
nUuKceA. [IbpBUAT OIIBETEH ITHKCEA € (X0, Yo) = (X1, Y1).

Heka (xi, yi) € i-TuaT ouiBeTeH nukcea. OTceykara npecuda crbaba
Xi+ 1lnpuy =m.(x; + 1) + b. I[Ipu ToBa, i-TUAT OLIBETEH ITUKCEA IIIE €
Taka u3bpaH, ye yi <m.(x; + 1) + b<y; + 1, ako dY e HeoTpHUIIaATEAHO U
yi—1<m.(xi + 1) + b <y, ako dY e orpuriareano. Cera TpssbBa na
nsbepem (i+1)-uat mukcea 3a onBeTsaBaHe. AKo dY € HEOTPHUIIATEAHO,
TOH IIle € eUH OT ABaTa nuKceaa (Xi+ 1,yi) u (x1+ 1,yi+ 1). AkodY e
OTPHULIATEAHO, TOH IIle € eANH OT ABaTa IThuKceaa (x; + 1, yi) u

(xi + 1, yi— 1). U B gBaTa cay4dad, KO} TOYHO ITUKCEA a ce usbepe ce
OIIpesieAs OT TOBa KOU e 1o-0AM30 40 IIpecevyHaTa TodykKa Ha oTcedyKaTa
cbC cThAba x; + 1.

[Tpu dY > O, pascrogHueTo oT (Xi + 1, yi) mo (xi + 1, m.(x; + 1) + b) e
t=m.(x; + 1) + b —yi, a pazcrogHueTro ot (Xi + 1, yi +1) go

xi+1l, m(x+1)+bes=1-t=yi+1-m.(xi+ 1)-Db.
Takat-s=m.xi+1)+b-yi-(yi+t+1l-m.(xi+1)-Db) =



=2.m.(xi + 1) + 2.b - 2.yi — 1. YMHO}XaBaMe IIOAYIEHOTO PABEHCTBO
c dX u moaygaBame dX.(t —s) = 2.dY.(xi + 1) + 2.dX.b - 2.dX.y; — dX.
Taka 3HaAKbBT Ha t — S ChBIIAAA ChC 3HAKA HA YHUCAOTO

di =2.dY.(xi + 1) + 2.dX.b — 2.dX.y; — dX.

Axo d; > O, ToraBa uzdbupawme (Xi+1, yi+1) = (Xi + 1, yi + 1).

Axko d; < 0, ToraBa uzbupame (Xi+1, yi+1) = (Xi + 1, yi).

[Tpu dY < 0, pa3cekaeHudaTa ca aHAAOTUYHH: ToraBa
di=-2.dY.(xi+ 1) -2.dX.b + 2.dX.yi —dX u

ako d; > 0, uzdbupame (Xi+1, yi+1) = (Xi+1, yi+1) = (xi + 1, yi— 1),

ako d; < 0, ToraBa usbupame (Xi+1, yi+1) = (Xi + 1, yi).

3a mo-AeCcHO U3YHUCAIBaHE Ia ChOOPa3UuM CAETHOTO:

do = 2.dY.(X1 + 1) + 2.dX.b — 2.dX.Y1 - dX = 2.dY - dX, ako dY > O,
do = - 2.dY - dX, ako dY < 0. [IBata cay4yas MOXKeM ga 00eJUHUM TaKa:
do = 2.abs (dY) - dX.

Caen ToBa, ipu dY > 0, di+1 = 2.dY.(xi+1 + 1) + 2.dX.b - 2.dX.yi+1 —dX =
2 div1 —di = 2.dY. (xi+1 — x1) — 2.dX.(Vi+1 — V).

IMpu dY < 0, di+1 = - 2.dY.(xi+1 + 1) — 2.dX.b + 2.dX.yi+1 —dX 2>

2> div1 — di = - 2.dY. (xi+1 — x1) + 2.dX.(yi+1 — ¥i).

[IBaTa cay4das MOxKeM ga oOeIUHUM TaKa:

axko d; > 0, di+1 = d;i + 2.abs (dY) - 2.dX,

axko d; < 0, di+1 = d; + 2.abs (dY).

Taka mocTUramMe /10 CA€IHUS aATOPUTHM:

Bxonm: (X1, Y1), (X2, Y2).

1. Ako abs (X2 — X1) < abs (Y2 - Y1), ToraBa

pasmenaMe X1, Y1 u X2, Y2 u rev = 1, unade rev = 0; KM 2.

. Ako X2 < X1, ToraBa pa3smeHnsame X1, X2 u Y1, Y2; k™M 3.
.dY=Y2-Y1,dX = X2 - X1; kbM 4.

. do =2.abs (dY) - dX, xo = X1,y0o=Y1,1i=0; kpM 5.

. Ako dY > 0, incY = 1, unade incY = -1; KM 6.

. Ako rev = 0, yepTaeMm (xi, Vi), “Ha4e depraeM (yi, Xi); KbM 7.
. Ako x; < X2, kpM 8., uHade KoM 10.

. Ako d; > O, ToraBa di+1 = d; + 2.abs (dY) — 2.dX, xj+1 =xi + 1,
yi+1 = yi + incY, nHade di+1 = d;i + 2.abs (dY), xi+1 = Xi +1, yi+1 = yi; KbM 9.
9.1i=1i+1; KpM 6.

10. Kpaii.

CONO UL P~WN

Cera 11e pa3raeiaMe aArOpHIT’bMAa Ha CpeaZHaTa ToO4dKa 3a
pactepusupane Ha orcedyka. OTHOBO TpsiOBa [ga ce HAIIpaBHAT ABETE
cBhOOpazkeHusd, KaKTo IIPU aAropuThMa Ha Bpe3seHxeM.

Taka MmoxkeM ga cuuTame, de 3a HakKAOHa m uMaMe — 1 <m < 1 ¥ ocBeH
TOBa, 4e dX > 0. [IpaBara, KosaTO € orrpeneaeHa oT ToukuTe (X1, Y1) u
(X2, Y2) uma ypaBHenue F (x, y) = dY.x - dX.y + C = 0, kpreTo

C =dX.Y1 - dY.X1. Ta3u mpaBa onpezeasd ABe ITOAYPaBHUHU: 3a
BCUYKH TOYKHU (X, ¥) HaJ IIpaBaTa € u3nbAHeHO F (X, y) < O 1 3a BCUYKHU
TOYKHU (X, y) IoA ITpaBaTa € u3mrbaHeHo F (x, y) > O.

[I5pBULAT OLIBETEH ITUKCEA € (Xo, Vo) = (X1, Y1).



Hexka (xi, yi) € i-TuaT oliBeTeH nukcea. TpabBa ma n3bepem (i+1)-ugar
ITUKCeA 3a oiBeTssBaHe. Kakto npu Bpesenxewm, ako dY e
HEOTPUIIATEAHO, TOU Il € €AUH OT ABaTa IuKceaa (Xi + 1, yi) u

(x1+ 1, yi + 1). Ako dY e orpuiaTeasHo, ToH I1e € eqUuH OT ABaTa
nukceaa (xi+ 1, yi) 1 (xi + 1, yi — 1). Tyk obade, u360pbT KO TOUHO
ITUKCEA a ce u3bdepe ce onpeaeAs 1o ApyT HAaYUH.

Axo dY > O, veka M; e cpengata Ha orcedkara (xi + 1, yi) (Xi + 1, yi + 1),
ako dY < 0, Heka M; e cpemaTa Ha oTcedkara (Xi + 1, yi) (xi + 1, yi— 1).
N3gucaaBame d; = F (Mj) u ortpeneassMe B KOsl IIOAYPaBHHHA Ce HAMUPA
TO4YKaTa M; OTHOCHO ITpaBaTa U I10 TO3U HA4YUH OIIpeaeAsaMe KOH OT
aBaTa MUKceAa na u3depeM (eCTeCTBEHO, TO3U KOUTO A€KH B
IIPOTUBOIIOAOXKHATA ITOAYPABHUHA).

Mpu dY >0, di = F (M) = dY.(xi + 1) — dX.(yi + %) + C. Ako d; > 0,

nzbupame (Xi+1, yi+1) = (xi + 1, yi + 1), ako d; < O uzdbupawme
(xi+1, yie1) = (xi + 1, yi).

[pu dY <0,di=F (Mj) =dY.(xi + 1) — dX.(yi - %) + C. Ako d; > O,

n3bupame (Xi+1, yi+1) = (xi + 1, yi), ako di < 0 uzbupame
(Xi+1, yi+1) = (xi + 1, yi — 1).
OTHOBO MOXEM Jia CboOpa3uM HSIKOU HeEIlla 3a Ia U3UHCASIBaMe
I10-A€CHO.

1 dXx
Axo dY >0, do = F (Mo) = dY.(X1 + 1) ~dX.(Y1 + ) + C=dY - =%,

i = F (Mio1) = dY. (01 + 1) = dX.(yios + 2) + C =

=d; + dY.(xi+1 — xi) — dX.(yi+1 —yi) = opu d; > O, di+1 = d;i + dY — dX,
npu di <0, di+1 = d; + dY.
dX

Ako dY < 0, do = F (Mo) = dY.(X1 + 1) — dX.(Y1 - %) $C=dY+ =2,

dit1 = F (Mi+1) = dY.(xi+1 + 1) = dX.(yi+1 - %) +C=

=d; + dY.(xi+1 — xi) — dX.(yi+1 — yi) = nopu d; > 0, di+1 = d;i + dY,

npu d; < 0, di+1 = d; + dY + dX.

Tyk OpUBHIHO UMaMe€ HEJOCTATHK — PE3YATATHT OT AEAECHUETO Ha 2
MO3KE [Ja He € IIEAOYUCAEHO, HO HUE A€CHO MOXKEM [a I'0 IIOIIpaBUM
KaTo pasraexgame ypaBHeHnueto 2.F (x,y) = 2.dY.x-2.dX.y+2.C=0
3a IpaBarTa.

Taka mocTurame m0 CA€OHHUS aATOPUTHM:

Bxonm: (X1, Y1), (X2, Y2).

1. Ako abs (X2 - X1) < abs (Y2 - Y1), ToraBa

pasmenaMe X1, Y1 u X2, Y2 u rev = 1, unade rev = 0; KM 2.

. Ako X2 < X1, ToraBa pa3smeHnsame X1, X2 u Y1, Y2; k™M 3.

.dY =2.(Y2-Y1), dX = 2.(X2 - X1); kpM 4.

.Axko dY >0, do = dY — dX/2, uaage do = dY + dX/2; kpM 5.
.x0=X1,yo=Y1,i=0; xkpMm 6.

. Ako rev = 0, yepTaeMm (xi, Vi), “Ha4e depraeM (yi, Xi); KbM 7.

. Ako x; < X2, KpM 8., uHa4de KpM 12.

NOoOobh~ W



8. Ako dY > 0, kM 9., unade KpM 10.

9. Ako d; > O, ToraBa di+1 = di + dY — dX, xj+1 = x; + 1,

yi+1 =yi + 1, mHade di+1 = di + dY, xi+1 =% + 1, yi+1 = yi; KpM 11.
10. Ako d; 2 0, ToraBa di+1 = di + dY, Xi+1 = Xi + 1, yi+1 = yi, HHa4e
dis1=di+dY+dX, xi+1=%Xi+ 1,yi+1 =yi— 1; kbM 11.

11.i=1i+1; xBbM 6.

12. Kpaii.

TpeTusaT MeTo1, KOUTO Ille pa3rAellaMe € aATOPHT'HAM'AT Ha NOPIHHTE
3a pacTepusupaHe Ha orcedyka. OTHOBO MCKaMe /a ca B cHAa
npearioroxkeHusTa, 9ve — 1 <m < 1 u dX > 0. Tyk, obaue, modbaBsame U
JOOI'BAHUTEAHO ITpeariosoxkeHue (X1, Y1) = (O, O). ToBa He e HUKaKBO
orpaHu4YeHue, Tbi KaTo IIPOCTO MOKEM IIPU U3YepTaBaHETO Ia
IpaBUM noaxondnia Tpancaanud. I[loaarame H = X2, H > O,

V =Y2. ToraBa m = % B®B Bceku pukcupat pen (mpu pukcupaHa

BTOpa KOOpAWHATA) IIPU pacTepusupaHe Ha oTcedKkaTa TpsabBa aa ce
n3yepTaBa U3BECTHA IIOPIHS IIOCAEIOBATEAHU NTUKCceAU. [Ipu
HalpaBeHUTE ITPEAIIOAOKEHUd, ITbpBaTa IIopliud TpaAOBa 1a € B

pena O u 3amouBa oT cTbAba O, BropaTta nmopius B pena 1

(-1, mpu V < 0) 3armo¥Ba TOYHO C €OUH CTBAD 110 HAASICHO OT ITOCAE€THUSI
CcTBAD B IrbpBaTa Moprusd U T.H. [lopiiuuTe ce OIIPeneAdT 10 CAEIHUS
Ha4UH: B pefa y NOopLHATa € OT BCUYKHU X, TAaKHBa Y€

1V 1
y - 3 < I X<y+ 3 OTTyK HaTaTeK Ipearnoasarame, 4e V > 0 —

caydaqat V = 0 111e ce pasraexkia OTAEAHO B aATOPHUTHMA, a CAydasdaT
V < 0 aecHO MOXKe fa ce cBege KpM V > 0, ThH KaTO IOPLIUUTE U B
[ABaTa cAydasl ca €IHHU U ChIIIHU.

H
YMHOXKaBaMe II0CAEIHOTO HEPABEHCTBO C V H I1oAy9aBaMe:

2.H H 2.H H

2y —<x< v+ :

2V 2.V 2V 2.V

Cera HeKa H Co + To
2.V

, KbIeTO Co, To€ Zn 0<1r0<2.Vmu

£=c1+ I ,Kpaeroci, r1e Zu0<r; <2.V.
2.V 2.V
T, I, T, I,
ToraBa, (c1 + ——).y—co- > <x<(c1+ ——)y+co+ 2> =>
Crr o)y 5y e oIyt oy
c1.y —Co + LY T o5« C1.y + Co + al y+ o Taka IrbpBaTa HOpIUI
2V 2.V 2.V

. T,
nmpuy=0eO0, 1, ..., Co, Thit KaTo —2— < 1. [la moaroxuMm modo = ro.




,+5.0  mod,
2V 2V
3aro4yBa TOYHO C €QUH CTBAD IO-HAAACHO OT Kpad Ha II'bpBaTa IOpILus,

IL*r

——— |. IIpu ToBa,
7 |-

OueBugHo e, ye 0 =

. Bropara nnopuug npu y = 1

T.€. BCo + 1 U mpoampAXKaBa o0 Co + C1 + [

I, tr o
[ 02 VIJ = 0 uau 1, Tpii KaTo O <10 + 11 < 4.V. [loararame

I, +1,

mod; = modo + r1, ako modo + r1 < 2.V (T.€. [—VIJ = 0) uau

L+n J _ 1),
2.V

,+1, | _|mod,+r, | 1,+r.1 mod,
z—vJ_[ 2.V J_ 2V 2V
[To-o0110, HEKa ITOpPLMATA B peaa y 3aBbpliBa B ¢. imame

mod; = modo + r1 — 2.V, ako modo + r1 > 2.V (T.e. [

Torasa e sicHO, 4e [

I, +1,.y r,+r.y mod
c=ciy+tco+ | 22> | =cry+co+ 212 - Y
AR { 2.V J PITETTOV T av
ToraBa nopiuara B pena y+1 3amouBa B ct+1 U 3aBBbpIIBa B
r iy
C,.(y+1)+c, +— . (y+1)+—2| =
[l(y )t ¢, X, (y+1) 2.VJ

[C_y+c +c, + b y+ o, Do | c,.y+tc,+ h y+ b, Do +c, =
T T2Vt 2V 2wV o0 2vY 2w o2v) T

mody I,
= +——|t+tc+tc,.
2V 2V

[IepBOTO CHOMpPaeMo e paBHO MAM Ha 0 maM Ha 1, TBH KaTO

mody + r1 < 4.V. Ako mody + r1 < 2.V, ToraBa nopuudara B pega y + 1
3aBBPIIBA B C + C1 U ToraBa noaarame mody+1 = mody + 1.

Axko mody + r1 > 2.V, ToraBa nopnusTa B pena y+1 3aBppiiBa B

1 + ¢ + c1 u ToraBa noaarame mody+1 = mody + 11 — 2.V.

EcrecTBeHO, moraraHeTo € TaKoBa, 4e

{mody+r1.yJ _mod, +r.y mod,, > {ro+r1.y_[ro+rl.yJ+rl.yJ _

_ ro+r1.y_[ro+r1.yJ L LY mod, ., >
2.V 2.V 2.V 2.V
[ro+r1-(y+1)J _Ltrn.(y+l) mod,,

To3u mpoliec nmpoabAKaBa €CTECTBEHO 10 MOMEHTA, B KOUTO Kpasd Ha
HSKOS OT IIOPILIUUTE AOCTUTHE (MAM HaaMmwuHe) H.

Taka mocTurame OO0 CA€OHHUS aATOPUTHM:

Bxonm: (X1, Y1), (X2, Y2).

1. Ako abs (X2 - X1) < abs (Y2 - Y1), ToraBa

pasmenaMe X1, Y1 u X2, Y2 u rev = 1, unade rev = 0; KM 2.

2. Ako X2 < X1, ToraBa pasMmeHaMme X1, X2 u Y1, Y2; kem 3.
3.H=X2-X1,V =abs (Y2 -Y1); kpM 4.



Ako Y2 > Y1, incY = 1, unade incY = -1; ksM S.

y=0,x=0,ako V=0 KkbM 6., UHa4Ye KbM 7.

c = H; xpMm 8.

ri=H+H) % (V+V),ci=H+H)/ (V+V),modo=H% (V+V),
c=H/(V+V); xpm 8.

8. Ako c < H, ksM 9., nuHaue kM 10.

9. Ako rev = 1 uszuepraBaHe Ha nukceaute (Y1 +y, X1 + x),

4.
5.
6.
7.

(Y1 +y, X1 +x+1),..., (Y]l +y, X1 + c), uHade uU34yepTaBaHe HA
nukceaute (X1 +x, Yl +y), X1 +x+1,Yl+y),.. (X1+c, Y1 +y)
KbpM 11.

10. Ako rev = 1 nzdyepraBaHe Ha nukceaute (Y1 +y, X1 + x),

(Y1 +y, X1 +x+1),..., (Y]l +y, X1 + H), unHadye usdyepraBaHe Ha
nukceaute (X1 +x, Yl +y), X1 +x+1,Yl+y),.. (X1+H,Y1+y)
KbM 14.

ll.x=c+ 1; kp™m 12.

12. Ako mody + r1 >V + V, mody+1 = (mody + r1) - (V+V),c=c+c1+ 1,
nHade mody+1 = mody + r1, ¢ = c + ¢c1; KbM 13.

13. y =y +incY; kM 8.

14. Kpaii.

[To-HaTaTEK II1e pasraeiaMe aATOPUTMH 3a pacTepU3upaHe Ha
OKpPBXKHOCT. HaBcakbae 111e mpearioaaraMe, Y€ OKpPbKHOCTTA UMa
neHTHp (0, O) u panuyc 11sA0 HeoTpULlaTeAHO yucao R. EcrectBeHo,
4ypes3 HOAXOASIIA TPAaHCAALHS MoraT a Ce pacTepPU3UpPaT OKPBXKHOCTHU
C IPOU3BOAEH LEHTHP. lleaTa HA aATOPUTMHUTE € Ja CE OLIBETST I10
TaKbB Ha4UH ITHKCEAUTE, Y€ A Ce Chb3Aa[€ UAIO3UATA, Y€ Ha eKpaHa
OKPBXKHOCTTA C IeHTHP B nmukceaa (0, O) u panuyc R.

EcrecTBeHO, ITpU TE3U IIPEAIIOAOKEHUSI, OKPBKHOCTTA UMa YpaBHEHUE
F (x,y) =x2+y2-R2=0. Ta pazgeasd paBHHHaATa Ha TPHU YaCTH —
BBTPENIHOCTTA Ha Kpbra (re3u ¢ F (x, y) < 0), camaTa OKpBKHOCT
(koHTYypa Ha Kp®ra, Te3u ¢ F (x, y) = 0) 1 ToukuTe, U3BBH Kpbra

(resu c F (x,y) > 0).

[I'epBO pasraexxgaMe aArTOPHTHEM'BT Ha BpeseHxeMm 3a pacTepusupaHe
Ha OKpPBXKHOCT. [Ipu aaroputrbMa ce pacTrepusnpa camo abrara ot
OKPBXKHOCTTA, KOSITO CE HaMHpa B I'bPBU KBaAPaHT U C€ U3IIOA3BA, Ue
OKPBXKHOCTTA € CHMETPHUYHA CIIPIMO KOOPAUHATHUTE OCHU U CIPSIMO
HeHTBhpa. [I'bpBUAT THUKCEA, KOUTO oliBeTIBaMe € (Xo, yo) = (0, R).
Heka e u3uepTaH i-TUAT IIHUKCEA (Xi, Vi).

Ha o3nauum Hi = (xi+ 1, yi), Di=(xi + 1, yi— 1), Vi = (xi, yi — 1).
CaenBamuaT MHUKCEA 3a yepTaHe 11e € equH oT H;, Dy, Vi. 3a na
OIIpeNeAUM TOYHO KOM H3YHUCASIBaMe
di=FD)=F(xi+1l,yi-1)=(xi+ 12+ (yi— 1)2-R=2.

Axo d; > 0 okpBbKHOCTTA MUHaBa 1o Di, HO He u oA Vi U 3aToBa IIle
n3dbupame enquH OT ABaTa Imukceaa Di u Vi. 3a 11eaTa u3yucasaBame

pi = F (Dj) + F (Vi). Tpit kato F (Di) > 0, To F (Di) e Ha#i-6AU3KOTO
pa3crogHue oT Di 1o okpexkHOcTTa. Thit Kato F (Vi) <0, T0 F (Vi) €



HaM-0AHM3KOTO pa3cTosHUE OT Vi 10 OKPBKHOCTTA, HO B3€TO C 00paTeH
3Hak. Taka, ako p; > 0, TpssOBa ga uzdepem Vi, a Kkorato p; < 0 TpabBa
na uzdepem Di. Umame pi =F (D)) + F (Vi) =di + x2 + (yi— 1)2-R2 =
=2di+x2-(x+1)2=2di-2xi— 1. Tagka p; >0 < 2.di-2.x-12>0

1 .
&dizx+ 5 & di > xi, THH KaTo X; ¥ dj ca 11eau yucaa. CpIIo,

1 .
Ppi<0 & di<x+ 3 & di £ xi, ThH KaTo X; U d; ca IIeAn YHUCAA.

Taka B caydada O < d; < x; uzbupame Dj, a B caydadg d; > x; uzdbupame Vi.
Bropusart cay4daii e di < O 1 ToraBa OKpBKHOCTTA MUHaBa Hazx Di, HO He
u Hazx H; 1 3aToBa 111e nu3dbupame enquH ot ABata nukceaa D; u Hi. 3a
eata usgyucagsame pi = F (Dj) + F (Hj). Twit kato F (Di) < 0, To F (Dj) €
HaM-0AN3KOTO pa3cTosHuEe OT Dj 40 OKPBKHOCTTA, B3€TO C obpaTeH
3Hak. Twit Kato F (Hj) > 0, 1o F (Hj) e Hali-0Au3K0TO pa3crogHue oT H;j
o OKpBXKHOCTTa. Taka, ako p; > 0, TpabBa ga uszbepem D;, a Korato

pi < O TpsabBa ma nu3depem H;. Umawme p; = F (Dj) + F (Hj) =

=di+(x+ 12 +y2-R2=2.di+y?—-(yi—1)2=2.di + 2.yi - 1.

TaKaijO¢>2.di+2.Yj—120¢>de-§71+%¢>di>—Yj,T'BI>'IKaTO

1
yi 1 d; ca 1iean yucaa. Cpuio, pi < 0 & di < -y + 3 & di £ - yi, TBH KaTO

yi 1 d; ca 11ean yncaa. Taka B caydas - yi < di < O uzdbupawme D, a B
caydada d; < - yi uddbupame Hi.

KaTo koMOuHHpaMe ABaTa cAydas IIoAydaBaMe:

ako d; < - y; u3bupame (xi+1, yi+1) = Hi, ako — yi < di < x; n3bupame
(xi+1, yi+1) = Di, ako x; < d; u3dbupame (Xi+1, yi+1) = Vi.

3a 11o-e(peKTUBHO U3YHCACHHE Ja Cho0pa3uM, 4ye
do=F(do)=F (xo+ 1,y0-1)=F(1,R-1) =12+ (R-1)2-R2 =
=2-2.R.

OcBeH T0Ba, di+1 = F (Di+1) = F (xi+1 + 1, yis1 — 1) =

=xi+1+ 1)2+ (yir1 - 1)2-R2=di—(xi + 1)2 - (yi— 1)2 + (xi+1 + 1)2 +
+ (yie1 — 1)2 = di + (Xi+1 — Xi). (Xi+1 + Xi + 2) + (Vir1 — Vi) (Vie1 + ¥i — 2).
Taka, npu (xi+1, yi+1) = Hi = (xi + 1, yi) umame

dis1 = di + 2.x; + 3, IpH (Xi+1, yir1) = Di = (xi + 1, yi — 1) umame
dis1=di+2x+3-(yi-1+yi—-2)=di+2.x-2.yi+ 6,

OpH (Xi+1, yir1) = Vi = (Xi, yi — 1) umame
diti=di-(yi-1+yi—-2)=di—-2.yi + 3.

Taka mocTurame 10 CA€THUS aATOPUTHM:

Bxona: R.

1.x0=0,y0=R,do=2-2.R,i=0; kpm 2.

2. N3uepTaBaHe Ha IIHKCeAA (Xi, Vi) U TPUTE My CUMETPHUYHU TOUKU
OTHOCHO KOOPAWHATHUTE OCU U OTHOCHO LIEHTHPA; KbM 3.

3. Ako yi = 0 kbM 7., UHa4e KbM 4.

4. Ako di > - yi, di+1 = di - 2.yi + 3, yi+1 = yi — 1, HHa4e yi+1 = yi, di+1 = dj;
KBM 5.

5. Ako di £ xi, di+1 = di+1 + 2.x53 + 3, Xi+1 = Xi + 1, UHAYE Xi+1 = Xi; KbM 0.



6.i=1+ 1, KpM 2.
7. Kpaii.

Cera 111e pasraegaMe aAropHT'bMa Ha MHXeHep 3a pacTepusupaHe Ha
OKPBXKHOCT. [IpHU TO3U aATOPUTHM C€ PaCTEPU3HPA CAMO TOPHUS
OKTaHT B I'bPBU KBaAPAaHT U CE€ U3IIOA3BA, Y€ OKPBXKHOCTTA €
CUMETPHUYHA OTHOCHO KOOPAHWHATHUTE OCH, IIEHTHhPA U
BTAOTIOAOBAIITUTE HAa KBaApPaHTUTE.

[IB5pBUAT IUKCEA, KOUTO OILIBETABAME € (Xo, Vo) = (0, R).

Heka cme oniBeTHAU i-TUAT ITHUKCEA (Xi, Vi).

OtHOBO na o3HauuM H; = (xi+ 1, yi), Di= (xi + 1, yi — 1).

Torama (i+1)-uat nukcea 111e e equs ot Hi, Di. C gpyru agymu, B
O3HAQYEeHUsTAa OT aATOPUTHMAa Ha Bpe3zeHxeMm, mpu u3depraBaHe Ha
BBIIPOCHUS OKTAHT HUKOTA HAMA [a ce IpaBu u360p Ha Vi.

3a ma ompemeAnuM Ko OT ABaTa ITMKCeAA /1A OIIBETUM, H3YHCAIBaAME
di = F (Hj) + F (Di). Tpit kaTO ce HaMmUpaMe BbB BBIIPOCHUS OKTAHT,
BuHaru umame F (Hi) > 0 u F (Dj) < 0. Taka F (Hi) e Ha#i-6Au3K0TO
pascrossHue oT H; mo okpbxkHocTTa U F (D)) e Hati-0An3KOTO
pascTossHue OT Dj 10 OKPBKHOCTTA, HO B3€TO C O0OpaTeH 3HaK.

U caemoBateaHo npu d; > 0 TpabBa ma B3eMeM (Xi+1, Vi+1) = Di, a Ipu
di < O TpsabBa ma B3emeM (Xi+1, yi+1) = Hi.

3a no-e(peKTUBHO U3YHUCAEHHE Aa ChoOpa3uM, ue

do=F (Ho) +F(Dog)=F(1,R)+F(1,R-1)=12+R2-R2+ 12+
+(R-1)2-R2=3-2.R.

Ocsen TOBA, dis1 = F (Hi+1) +F (Di+1) = (Xi+1 + 1)2 + yi+12 -R2+

+ (X1 +1)2+ (yis1— 1)2-R2=di+ (Xiv1 + 1)2 + yir12 - (xi + 1)2 —yi2 +
txist 12 H (- 1)2 - (it 12— (yi—-1)2=di +

+ 2. (X1 — Xi). (Xi+1 + X+ 2) + (Vie1 — Yi).(Vier Vi) + (Vier —Yi).(Vier T yi— 2) =
=di + 2.(Xi+1 — Xi). (Xi+1 T Xi + 2) + 2.(Vie1 — Vi) (Vie1 +yi— 1).

Taka, npu (xi+1, yi+1) = Hi= (xi+ 1, yi), dis1 = di + 4.1 + 6, a

npu (Xi+1, yi+1) = Di= (xi+ 1,yi— 1), dis1 =di + 4.x+ 6 - 2.(2.yi — 2) =
=di + 4.x - 4.yi + 10.

Taka gocTurame CAeTHUS aATOPUTHM:

Bxona: R.

1.x0=0,y0=R,do=3-2.R,i=0; kpm 2.

2. N3uepTaBaHe Ha ITHUKCEAUTE (X, Vi) U (Vi, Xi) ¥ ILIECTTE UM
CUMETPUYHHU TOYKU OTHOCHO [IBEeTE€ KOOPAUHATHU OCH U ILIEHThpa Ha
KOoOpAWHaTHaTa CUCTeEMa; KbM 3.

3. AKO X; 2 yi KbM 6., HHa4Ye KbM 4.

4.Ak0d;i 20, di+1 =di + 4.x—4.yi + 10, yi+1 = yi — 1, uHaue
di+1 = di + 4.Xi + 6, yi+1 = yi; KbM O.

S.x+1 =X+ 1,i=1i+ 1, kp™m 2.

6. Kpaii.

CaenBaIiidaT aATOPHUTHM 3a pacTepU3upaHe Ha OKPBXKHOCT €
aAropHT’hbMa Ha cpeAHaTa TO4Ka. [Ip1 TO3M aATOPHUTHM CHIIO Ce
pacTepu3npa caMo FOPHUSA OKTAHT B I'bPBU KBaApPaHT.

[IB5pBUAT IUKCEA, KOUTO OILIBETABaAME € (Xo, Vo) = (0, R).



Heka cme oniBeTHAU i-TUAT ITUKCEA (Xi, Vi).

OtHOBO na o3HauuM H; = (xi+ 1, yi), Di= (xi + 1, yi — 1).

KakTo nnpu aaropurbma Ha MuxeHep, ThH KaTo U34epTaBaMe
BBIIPOCHUSAT OKTAHT, (i+1)-uat nukcea mie e exuH ot Hi, D; (Hama na ce
npaBu n36op Ha Vj). 3a na onpemeAnM KoM OT ABaTa ITMKCeAa IIe Ce

1
onBeTH, BbBexaame M; = (x; + 1, yi - 5) — cpemara Ha HiD; u

nsurncaaBame di = F (Mj) = F (xi + 1, yi - %) = (xi+ 1)2 - (yi - %)2 - R2.

Axo d; > 0, T.e. OKpBXKXHOCTTA MUHAaBa 11011 M;, TOoraBa € siCHO, 4e
TpabBa na uszbepem Dj, ako d; < O, T.e. OKpBKHOCTTA MUHaBa Hag M;,
TO € SICHO, 4e TpabBa aa usdepem Hi.

3a ma yAeCHHM HM34YHCAEHUATA 3abeAas3BaMe CA€THOTO:

dirx1 = F (Mi+1) = (Xi+1 + 1)2 + (yi+1 - %)2 -RZ=d;i+ (xi+1 + 1)2 - (xi + 1)2 +

+ (yis1 - %)2 - (vi - %)2 =di + (xi+1 — Xi). (Xi+1 + X5 + 2) +

+ (yi+1 — ¥i)-(vi+1 + yi — 1). Taka, axko (Xi+1, yi+1) = Di= (xi + 1, yi — 1),
dis1=di+2x+3-(2yi—-2)=di+2.x—-2.yi + 5, a ako
(xi+1, yi+1) = Hi = (xi + 1, i), di+1 = di + 2.x; + 3. OcBeH TOBa,
1 1 S
do=F(Mo)=F(I,R- =)=12+(R- =)2—R2= 2 _R.
0 (Mo) ( 2) ( 2) 2

" 5
Tyk mocTurame oo HEZOCTATBHK, ThU KaTo 2 HE € IIIAO0 YHCAO.
ToBa, obaye, AECHO MO3KE [a Ce IIPEOJOAEE TI0 CACTHUSI HAYUH:
1 .
moaaraMe e;j = dj - 7 3a BCAIKO i. EcTecTBeHO, TOpHUTE 3aBHCUMOCTHU

Mexknay di+1 1 di aBTOMaTHYHO ce IIPeHacdT U 3a €i+1 U €j, ChIII0

eo = 1 — R. OTTyK ce BUXKa, 4e 3a BCAKO i, € € IISIA0 YHCAO

ei>0 & di>0, e <0 < dj <0. Taka npu orpeaeAsHETO HA TOBa KOH
IITHUKCEA [a ce n3bepe MOKEM a U3II0A3BaMe 3HakKa Ha €; BMECTO 3HaKa
Ha di.

Taka mocTurame 10 CA€THUS aATOPUTHM:

Bxonm : R.

1.x0=0,y0=R,e0=1-R,1=0; koM 2.

2. M3yepTaBaHe Ha IMHUKCEAUTE (Xi, Vi) U (Vi, Xi) ¥ CUMETPUYHHU UM TOYKHU
OTHOCHO [BE€T€ KOOPAWHATHU OCH U ILIEHTHhPa Ha KOOpAWHAaTHATa
cucreMa; KbpM 3.

3. AKO Xi 2 yi KbM 0., HHa4e KbM 4.

4. Akoe;i >0, e+1 =€ + 2.X— 2.yi + 5, yi+1 =yi — 1, nHade

ei+1 = € + 2.X; + 3, yi+1 = yi; KBM O.

S.xi+1 =X+ 1,i=1i+ 1, kp™m 2.

6. Kpaii.



[TocAeHUAT aATOPUTHM 34 pacTepu3UpaHe Ha OKPBXKHOCT, KOUTO IIe
pasraeiaMe € aATOPHT’hMa Ha BTOPHTE KpaHHH pa3AHKH. OTHOBO
OKPBXKHOCTTa pacTepHU3upaMe caMO B TOPHHUS OKTAHT Ha II'bPBU
KBapaHT U HU3TI0A3BaMe HelHaTa borata CUMeTPHU.

[I5pBUAT OLIBETEH ITUKCEA € (X0, Vo) = (0, R). Heka cme oiuiBeTnau i-tugar
IUKCEA (Xi, yi). ToraBa, KakKTo B aArTOpUTHMa Ha CpeaHaTa TodKa, 3a
(i+1)-Bu mukcea nzdupame D; mam Hj, B 3aBUCHMOCT OT 3HaKa Ha

di=F (M) = (xi + 1)%2 + (vi - %)2 — R2. XuTpoTo TyK € Ha4uHBT Ha

n3uncagBane Ha di. [Jecdpuaupame d;H kaTo namenenuero Ha d;, aKO Ha
i-TraTa cTpoka e u3bpau nukceaa Hi, t.e. di! = di+1 — di, ako

(xi+1, yi+1) = Hi. Jedpunupame diP kaTo nuzmeHenuero Ha di, aKo Ha i-TaTa
cThIKa e u3bpan nmukceaa Di, T.e. diP = di+1 — di, ako (Xi+1, yi+1) = Di.

Axo Ha i-TaTa cTbhIka cMe u3bpaau Hi, To oT mo-rope

di+1 =di + 2.x; + 3 2 diff = 2.x; + 3. AKo Ha i-TaTa cTBIKa cMe u3bpaau
Di, To ot mmo-rope di+1 =di + 2.x—- 2.yi + 5 > diP = 2.x; — 2.y; + 5.

Heka Ha i-TaTa crbnka e u3dbpana Hj, t.e. (Xi+1, yi+1) = Hi.

ToraBa di+1" = di+2 — di+1, ako Ha (i+1)-Ta cTbrKa e uzdpana Hi+i.

Taka disiH = F (Mis2) = F (Mis1) = (xi + 3)2 + (vi - %)2 ~R2- (x +2)2 -

(vi - %)2+R2=2.Xi+5=diH+2.
Coimo, di+1P = di+2 — di+1, ako Ha (i+1)-Ta cTpoka e uzbpana Di+1.

Taka di+1P = F (Mis2) = F (Mis1) = (xi + 3)2 + (vi - 3)2 ~R2- (x +2)2—

(vi - %)2 +R2=2x+5-2yi-2)=2x-2.yi+7=dP + 2.

Heka Ha i-TaTta crboka e uzbpana Dj, T.e. (Xi+1, y+1) = Di.
Torama di+1H = di+2 — di+1, ako Ha (i+1)-Ta cTbrKa e uzdpana Hi+i.

Taka disiH = F (Mis2) = F (Mis1) = (xi + 3)2 + (vi - 3)2 ~R2- (x +2)2 -

(vi - §)2+R2=2.Xi+5=diH+2.
Coimo, di+1P = di+2 — di+1, ako Ha (i+1)-Ta cTpoka e uzbpana Di+1.

Taka di+1D = F (Mis2) = F (Mis1) = (xi + 3)2 + (vi - 3)2 ~R2- (x +2)2 -

(vi - §)2+R2=2-Xi+ S-(Ryi-4)=2x-2yi+9=dP + 4.
OcBeH TOBa, doH = d1 — do, ako Ha O-Ta crbIIKa e u3bpano Hi, T.e.
do =F (M1) - F (Mo) =22 + (R- %)Q—RQ— 12-(R- %)2+R2=3.
Coimo, doP = di — do, ako Ha O-Ta crbrka e uzbpano Dj, T.e.

doP =F (M)) - F (Mo) = 22 + R - %)2—1%2— 12— (R - %)2+R2=
=3-(2.R-2)=5-2.R

5 1 )
HUmawme do = Z - R 1 3aToBa 0THOBO BBBEXRIaAME €; = d; - — 34 BCIKO i.



ToraBa ep = 1 — R 1 ocBeH ToBa B IIpolieca Ha U3UYHNCAEHHE €j CE
M3MEHSAT II0 CBIIMS HAa4YHH, KAaKTO di — aKO 3aMEHHUM HABCSIKBIIE
ro-rope di C e; I1e ITOAYYMM KOPEeKTHU pedyatraTH. Ho e; ca 1ieau =
>0 di>0,e <0 < di <0 u caemoBaTEAHO MOZKEM 1A U3IIOA3ZBAME
3HaAKBT HAa €; 3a [la OIpeaeAsMe KOM ITHKCeA a u3bepeM Ha i-TaTta
cTbiika. Cera e SICHO CA€THOTO: aKO Ha i-TaTa CThIIKa CMe U30pasu
Hi, T.e. (xi+1, yi+1) = Hi = ei+1 = e; + difl, a ako Ha i-TraTa cTpIKa CMe
n3bpaau Dj, T.€. (Xi+1, yi+1) = Di = ei+1 = €; + d;°. Taka KaTo 3HaeM eo "
diH, diP 3a Bcagko i HMe MOXKEM [Ja U3YHCASIBAME €; 34 BCSIKO i.

Taka cTurame 10 CA€OHUS aATOPUTHM:

Bxona: R.
l.eo=1-R,do"=3,doP=5-2.R,%0=0,y0=R,1i=0; kpm 2.

2. N3uepTaBaHe Ha ITHUKCEAUTE (Xi, Vi) U (Vi, Xi) ¥ ILIECTTE UM
CHUMETPUYHU TOYKH OTHOCHO ABETE KOOPAWUHATHU OCH U IIEHTHhpa Ha
KOoOpAHWHaTHaTa CUCTeEMA; KbM 3.

3. AKO X; 2 yi KbM 6., HHa4Ye KbM 4.

4. Akoei >0, ei+1 =€ + diP, disitH =diH + 2, disiP=diP + 4, yir1 = yi — 1,
nHade ej+1 = € + difl, di+1H = diH + 2, di+1P = diP + 2, yi+1 = yi; KBM 5.
S.x+1 =X+ 1,i=1i+ 1, kp™m 2.

6. Kpaii.

Bcuuku pasraegaH{ aATOPUTMHU MoraT [1a Ce U3II0A3BaT 3a
pacTepu3upaHe Ha Ibra 0T OKPBXKHOCT II0 CAEIHATA CXeMa:

[la IIPEAIIOAOKHM, Ye TpAbBa [a ce u3deprae AbraTta Ha OKPBXKHOCTTA
F (x,y) =x2+y2-R2=0, oT bI'bA 0. 10 BI'bA } (CIIpsIMO abclyicaTa).
ToraBa TpsbBa na aeicTBaMe II0 caAeqHATA CXeEMa: I'bPBO U3YHCASIBaAME
StartX = R.cosa, StartY = R.sina, EndX = R.cos 3, EndY = R.sinf3

U CAEIl TOBa YepTaeM IgAaTa OKPBKHOCT I10 HIKOU OT aATOPUTMUTE,
KaTo OIIBETIBaMe caMoO Te€3U ITHUKCEAH, YHHTO HOMep Ha CTBhAD € MexKay
StartX u EndX u uyuiito HOMep Ha pen e mexay StartY u EndY.
EctecTBeHo, TyK nIpubarsamMe [0 M3YHUCAIBAHE HA TPUTOHOMETPUYHUTE
PYHKIINH, HO HIMAa KakK.

Hakpas 1m1e pasraegame eqHo 0000IIIeHHEe Ha aATOpUThMAa Ha cpeaHaTa
TOYKAa, KOETO HU IT03BOASIBA [Ia pa3CTepU3upaMe eAUuIIica.
[Ipenmoaarame, 4ye eAanricaTa uMa AaBHU HallpaBA€HUd, YCIIOPEIHU Ha
KOOPAWHATHUTE OCH U, Y€ HEMHUAT IIEHTHP € B HadyaaoTo. ToBa He e
TOASIMO OTPaHUYEHHE, ThH KaTo C IOAXO/AAIa POTAITHSI U TPAHCAAITHUS

BCdKa €AHIICa MOZKE [1a CE I/I306pa3I/I B TO3HU BH/. Taka eaurnicara uma
2 2

ypaBHeHue F (x,y) = ;+%— =0, a >0, b > 0. EkBuUBaaseHTeH 3aIuc
e F (x,y) = b2.x2 + a2.y2 — a2.b2 = 0. Eaunicara mie pacrepusupame B
I'bPBU KBaIPAHT U II1€ U3II0A3BaMe, Y€ T € CUMETPUYHAa OTHOCHO
KOOpPAUHATHUTE OCU. [I'BFPBUSAT OIIBETEH ITUKCEA € (Xo, yo) = (0, b).
Heka cme onBeTHAHu i-TUAT ITHKCEA (Xi, yi). ToraBa (i+1)-9T nukcea ce
n3bupa mexay nukceante Hi = (xi+ 1, yi), Di= (xi+ 1,yi— 1) u

Vi = (xi, yi — 1). I[Ipu ToBa pacrepusalysTa ce pa3zieAs Ha ABa eTala:



IIpe3 I'bPBUS eTall 'paueHTa Ha eAnulicaTa B U3YepTaBaHaTa TOYKa
CKAIOYBA ‘bI'bA IIO-TOASIM OT 45 rpaayca c abcipcHarta oc, a IIpe3
BTOPH4 €Tall rpaJreHTa Ha eAuricaTa B u3depTaBaHaTa ToYKa
CKAIOYBA ‘bI'bA IIO-MaABK OT 45 rpamyca ¢ abciicHaTa oc. YIcHo e, 4e
IIpe3 I'bPBHS eTall HaMa aa uMa u36op Ha Vi, a IIpe3 BTOpUS eTarl
HsMa na uMma u3bop Ha Hi. 'panunara mexxay gBaTa erana € II'bpPBUAT
MOMEHTAa, B KOUTO BI'bABT MEKAY I'paJueHTa Ha eAruricaTa B
n3dyepTaBaHaTa ToOuKa U abCIpcHaTa OC CTaHe II0-MaAbK UAU paBeH Ha
45 rpaayca (B HA4aA0TO, ECTECTBEHO, TO3U bI'bA € 90 rpagyca).

3a rpazmenta mvase grad F (x, ¥) = (S{x, y,), T(x,,3,)) -
X

y
= (2.b2%.x;, 2.a2.yj). ToraBa bPBUSIT €TAII CE OIIPEIEAT OT
HepaBEeHCTBOTO b2.X; < a2.y;. B mbpBua MOMEHT, B KOHTO b2.x; > a2.y;
TpsOBa ma 3arI04YHe BTOPUAT eTall.
Heka cme B rbpBUHS eTall. 3a [a OIIpeaeAuM KOU IIHUKCEA IIIE Ce

1
onseTaBa — H; uau Dj, moaarame M; = (xi + 1, yi - 5) U U34YHUCAIBaMe

di = F (Mj) = b2.(xi + 1)2 + a2.(yi - %)2 —a2.b2. Ako d; > O, T.e. M; He

II0IIaja BbB BBTPELUIHOCTTA Ha €AHIIcaTa, TO ECTECTBEHO TpsabBa na
nsbepeM (Xi+1, yi+1) = Di, ako di < 0, T.e. M; € BbB BBTPEIIHOCTTA Ha
eanricaTa, Tpsa6Ba ma uzdbepeMm Hi. Ako cme u3bpaau Di, ToraBa

dirx1 = F (Mi+1) = b2.(x; + 2)2 + a2.(yi — g) —a2.b?2=d;+ b2 (x;+2)2 +

+a2.(yi — g) - b2 (xi + 1)2 - a2.(yi - %) =d;+b2.2.x+3)-a2(2yi—-2) =
=d; + 2.b2.x; — 2.a22.y; + 3.b?% + 2.a2. Ako cme u3bpaau Hj, ToraBa

dirx1 = F (Mi+1) = b2.(x; + 2)2 + a2.(yi — %) —a2.b?2=d;+ b2 (x;+2)2 +

+ a2.(yi - %) - b2 (xi + 1)2 - a2.(yi - %) =d; + b2.(2.x+ 3) =

=d; + 2.b%2.x; + 3.b2.
Heka cMme BBB BTOpUA eTarl. 3a Aa OINIPEeaeAuM KOU IIMKCEA IIIE Ce

1
onBeTaBa — Vi uau Dj, moaarame M; = (x; + 3 yi - 1) 1 u3yucagBame

di = F (Mj) = b2.(x; + %)2 +a2(yi - 1)2-a2b2 Ako d; > 0, T.e. M; He

II0IIaja BbB BBTPEUTHOCTTA Ha €AHIIcaTa, TO ECTECTBEHO TpsabBa na
nzbepeM (Xi+1, yi+1) = Vi, ako di < 0, T.e. M; e BbB BBTPEIIHOCTTA Ha
eanricaTa, TpsabBa ma uzdbepeMm Di. AKo cme u3bpaau Vi, ToraBa

diet = F (Mie1) = b2.(x; + %)2 +aZ(yi—2) —a2.b2=d; + b2.(xi + %)2 i

+a2.(yi— 2) — b2.(x; + %)2 Cal(yi— 1) =di- a2 (2.yi - 3) =

= d; — 2.a2.y; + 3.a2. Ako cme u3bpaau Dj, ToraBa



diet = F (Mie1) = b2.(x; + 3)2 +aZ(yi—2) —a2.b2=di + b2.(xi + 3)2 i

+a2.(yi—2) - b2 (x; + %)2 —aZ(yi—-1)=di+ b2 (2.x +2)-a2(2.yi-3) =
=d; + 2.b%2.x; - 2.a2.y; + 2.b2 + 3.a2%.
OcBeH TOBa, do = F (Mo) = b2.12 + a2.(b - %)2 —a2.b2=>b2+a2b2-b.a2

1 1
+ 7 .a2—-a2b2=>b2-b.az+ 2 .a2. CpI1I0, IpU Ipexoaa MeXKAy eTaItuTe,
€CTECTBEHO, TPsAOBa B HAYAAOTO A U3YUCAUM d; AUPEKTHO.
. 1
Tyk npUBUIOHO UMa HEOOCTATHK, Thi KaTo 2 He € II9A0 YucAao. ToBa

A€CHO MOXKe aa ce n3ber’e, ako BMecTo ypaBHeHUeTo F (%, y) = 0 3a
€AuIIcaTa U3II0A3BaMe €KBUBAaA€HTHOTO ypaBHeHUe 4.F (x, y) = O.

Taka mocTurame 40 CA€IHUS aATOPUTHM:

Bxox: a, b.

1.x0=0,y0=Db,do=4.b%2-4.b.a?2 + a2 i=0; kpM 2.

2. N3uepTBaBaMe IMHUKCEABT (Xi, yi) U TPUTE My CUMETPUYHHU OTHOCHO
KOOPAUHATHUTE OCHU U IIEHTHPA Ha KOOPAWHATHATAa CUCTEMA; KbM 3.
3. Ako a?.y; < b2.x; KpM 6., UHa4Ye KbM 4.

4. Ako di >0, di+1 = d; + 8.b2.x;— 8.a2yi + 12.b2+ 8.a2, yir1 =yi— 1,
nHade di+1 = di + 8.b%2.x; + 12.b?, yir1 = yi; KBM .

S.xi+1 =X+ 1,i=1+ 1; kp™m 2.

6. di = b2.(2.x + 1)2 + a2.(2.yi - 2)2-4.a2.b%; kpM 7.

7. Ako d; > 0, di+1 = d; — 8.a2.y; + 12.a2, xj+1 = Xj, UHa4e

di+1 = di + 8.b2.x; — 8.a2.yi + 8.b% + 12.a2, xi+1 = X;i + 1; KbM 8.

8. yir1=yi—1,i=i1+ 1; kpMm 9.

9. M3uepTBaBaMe IMHUKCEABT (Xi, yi) U TPUTE My CUMETPUYHHU OTHOCHO
KOOPAUHATHUTE OCHU U IIEHTHhPA Ha KOOpAMHATHaTa cucreMa; KoM 10.
10. Akoy > O kM 7., UHa4e KbM 11.

11. Kpaii.

10. ITpouedypHo npozpamupaHe — OCHOBHU
UHPOPMAUUOHHU U anzopummuuHUu cmpyrkmypu (C++).

OCHOBHUTE IIPUHIINIIN Ha CTPYKTYPHOTO IIpOorpaMUupaHe ca IPUHIUIIA
3a MOAYAHOCT U IIPHUHITUIIA 32 a0CTpaKUHus Ha JAaHHHUTE.

CopraacHo IIpUHITHIIA 32 MOAYAHOCT, IIporpaMaTa Ce pasziead Ha
MIOAXOASIIIIN B3aUMOCBBP3aHU YacCTH, BCSIKa OT KOUTO Ce€ peaAu3upa
4pe3 OIIpelleAeHH cpeacTBa. lleaTa e IpoMeHUTe B IIPEACTABIHETO Ha
JaHHHUTE 1a He IIPOMEHST T'OAIM Opo#l OT MOAyAUTE Ha IIporpaMara.
DPYHKIHATA € CAMOCTOATEAEH (pparMeHT Ha IIporpaMara — OTAeAHa
IIporpaMHa eqUuHUIA, ChabpIKallla OITHMcaHNe Ha IIPOMEHANBU 1 HAOOP
OT oIlepaTopHu Ha e3uKa. Te ce 3aTBaApPAT MeXAy (PUTYPHHU CKOOU U ce
HapuyaTt TIA0 Ha pyHKIMgTa. PyHKIMATa HTMa BE3MOXKHOCT 1A
IIpeaaBa U rmoAydaBa HH(oOpMaIusa KbM U OT APyrd PyHKIHUU. 3a aa ce
npemane B U3BHKaHaTa (PYHKIHMS CTOMHOCT Ha e€qHa IIPOMEHANBA,



nedprHUpaHa B U3BUKBaIaTa (OyHKINS, € HEOOXOUMO Ta3Hu
IIPOMEHAVBA A Ce BKAIOYHM B CIIUCHKA Ha IpeJaBaHUTE CTOHHOCTH.
To3u cnuCBHK ce Hapu4a CIHUCHK Ha apryMeHTHTe. OOMKHOBEHO CAEL
H3I'bAHEHME Ha AafieHa (PyHKIHsS B U3BHKBaIllaTa (PyHKIHI Ce
BPBILAT PE3YATATHUTE OT HIKAKBU HU3YHUCAEHUS. Te3u pe3yaTaTu uMat
orpeneAeH THUI. Bb3MOXKHO e eqHa (PYHKIHS A He BPbhIIla Pe3yATaT U
TOraBa Td Ce Hapuya Hmpoleaypa.
BBB (pyHKIIMOHAAHO OTHOILIEHHE (PYHKIIULATA € 4acT OT IIporpamMara, C
U3I'bAHEHHETO Ha KOATO CE ITOAyYaBaT OIPEIAEACHH pe3yATaTH. Ypes
HM3II0A3BaHETO Ha (PYHKIIMU eHa IIporpamMa MOXKe [Ja Ce pas3aeAu Ha
oTaeAHU MoayAH. [IpenmuMcTBaTa Ha MOAYAHUS IIOAXO/ Ca CAEIHUTE:
-  MOAYAUTE MOTaT [a Ce IporpaMupar He3aBHCHMO €IUH OT APYT;
-  MOAYAWUTE MOTaT MHOTO AECHO [Ia C€ TeCTBAT 3a I'PEILKH U [a Ce
MOAN(PUIIIPAT;
- MorarT [a ce U3IM0A3BaT Bede T'OTOBU IIPOorpamMu, o(popMeHU KaTo
MOIYAU;
- AOTHKAaTa Ha IigAaTta IIporpaMara craBa Io-pa3bupaema.

ChbraacHoO IIPHHIHIIA 32 a0CTPaKIUd Ha JaHHUTE, METOLUTE 3a
M3II0A3BaHe Ha JaHHUTE C€ OTAEAST OT METOOUTE 3a TAXHOTO
KOHKPETHO ITpefcraBsaHe. [[porpaMuTte ce KOHCTPyHUpaT TakKa, de aa
paboTaT ¢ abCTpaKTHHU OJaHHU — JAaHHHU C HEYTOYHEHO IIpeACTaBsIHE.
Caen ToBa IIpeACTaBSIHETO Ce KOHKPETHU3HUpa C IIOMOIIITa Ha
MHOKECTBO (PYHKIINH, HapedyeHHU KOHCTPYKTOPHU, MyTaTOPU U (PYHKIINH
3a OOCTBII (CEAEKTOPH), KOUTO Peasru3upaT abCTpaKTHUTE JaHHU II0
KOHKpeTeH Ha4yuH. Taka IIpHu peliaBaHeTo Ha JafleH IIpobAeM ce
0OpPMAT CAETHUTE HUBA Ha aOCTPaKITHLA:

1. IlpuaoxkeHus B mpobaeMHaTa 00AaCT.

2. Monyau, peaan3upallld OCHOBHUTE OIlepalluy Hall JaHHUTE.

3. IIpuMHUTHUBHHU ollepaliii — KOHCTPYKTOPH, MyTaTOPH, CEACKTOPH.

4. VM300p Ha IIpeacTaBsaHETO Ha JaHHUTE.
Peaanzamnusara Ha nmoaxona TpsabBa na e TakaBa, de BCIKO HUBO
HM3II10A3Ba €IUHCTBEHO Cpe/CcTBaTa Ha HEIIOCPEACTBEHO CAEABAIIIOTO 'O
HUBoO. [lo TO3u Ha4YWH, ITPOMEHUTE, KOUTO Bb3HUKBAT Ha €IHO HUBO IIe
Cce oTpa3sT caMo Ha IIPEIXOTHOTO HUBO.

[Tpu u3mrpAHEHHE Ha KOMIIOThPHA IIporpamMa ce Uu3BbPIIBaT
olpeneAeHH MEeHCTBUL HA NaHHUTE, nedUHHUPAHU B ITporpamMara.
Te3u naHHU ce chxXpaHABaAT B HHPOPMAaIlHOHHHTE CTPYKTYPH,
JOIIyCTUMHU B CHOTBETHHS €3UK 3a IIporpamupane. Haii-ob1io Tunosere
HHPOPMAITMOHHU CTPYKTYPH MoratT Aa 0bpaat pa3aeAeHU Ha aABa BUaA:
BrpaJieHu U abCcTpakKTHU. BrpaseHuTe TUIIOBE ca IPeaBaAPUTEAHO
nedoUHUPAHU U Ce ITOMIbPKAT OT CAMHUS €3HUK, a aOCTpaKTHHUTE TUIIOBE
ce gepuHUpPAT OT ITporpamucta. [Ipyra KaacuuKaliig Ha TUIIOBETE €
cAegHaTa: CKaAapHHU U CbCTaBHU TUIIOBe. CKasapHUTE THUIIOBE
IpeACTaBAT JAaHHU, KOUTO CE ChCTOST CaMO OT e€aAHa KOMIIOHEHTA.

[Ipu cbcTaBHUTE TUIIOBE MJAaHHU, JAaHHUTE IIPEACTABASIBAT peaulla oT
KOMIIOHEeHTH. CKaaapHUTE THUIIOBE, HoAabPKaHU B C++ ca CA€QHUTE:
OyAeB, 1A, peaseH, CHMBOAEH, U30pOeH, yKa3aTeA, IICEBIOHUM.



CwcTaBHUTE THIIOBE, HoAabpKaHU B C++ ca cAefHUTE: MacuB, BEKTOD,
3ariuc.

Heka T e ume uau mecpunuiiua Ha tun. 3a tuna T, T* e Tu, HapedeH
ykasaTteA KbM T. MHOXKeCTBOTO OT CTOMHOCTHUTE Ha Tuna T* ce chCcToUu
OT apecuTe Ha IIPOMEHAUBUTE OT TUII T, 3a€AHO ChC CIellasHaTa
koHcTaHTa NULL (HyAeB yKazatea), KOsITO MOKe [1a Oblle CBhp3aHa C
BCEKH yKas3aTeA, He3aBUCUMO OT Tuna T. 3a IpOMeHAUBUTE OT THUII
yKasaTeA ce pasnpenesdat 4 6atita mamer.

Heka T e ume uau necpununua Ha tun. 3a tuna T, T& e Tur, HapedyeH
nceBaoHHM Ha T. MHOXXeCTBOTO OT CTOMHOCTUTE Ha Tuna T& ce
CBCTOH OT BCUYKU Bede AepUHUPAHU IPOMEHAUBU OT TUll T.
[eduHnupaHeTo Ha IPOMEHAUBA OT THUII T& 3aIBAKUTEAHO € C
WHUIHaAU3alus — AepuHIpaHa npoMeHAnBa oT TuI T. Caex ToBa He e
BB3MOKHO IIPOMEHAMBATA-IICEBIOHHUM [a CTaHe IICEBIOHUM Ha Apyra
IIPOMEHAHNBA.

IIpomeHAHBA, TOBa € MSICTO 3a ChbXpPaHEHHE Ha JaHHU, KOETO MOXKe /a
ChABPKA PA3ANYHU CTOMHOCTU OT HAKAKBB OIPENEAEH THII.
Npentuduimpa ce cbC 3a0a4eH0 OT notTpeburead ume. Eqna
IIPOMEHAWBA ce AeprHHpPa KaTo Ce 3aaa1aT HeHHOTO UMe U THUIIa Ha
CTOMHOCTHTE, KOUTO MOXKe [a IIpueMa. TUIIBT onpeaeas 6pos Ha
OaiiToBeTe, B KOUTO IIle Ce€ ChXpaHdBa IpoMeHANBaTa. MscToTo B
naMeTTa, KbAETO € 3allcaHa CTOMHOCTTa Ha IIPpOMEHAUBAaTa Ce Hapuda
axmpec Ha Ta3u IIpoMeHAuBA. [l0-TOYHO afpechT HA IPOMEHAUBATA €
aIpechT Ha IIbPBUA 0AUT OT MHOXKECTBOTO 0DAHTOBE, OTAEACHH 3a
IpoMeHANBaTa. HaMmupaneTo Ha agpeca Ha eqHa IPOMEHANBA CTaBa
uype3 yHapHUS ITpedUuKceH onepaTop & (aMmmnepcaHma) CbC CAEOHUS
CHUHTaKCHUC: &<IIPOMEHAUBA>, KBAETO <IIPOMEHANBA> € M€ Ha Beue
nedprHUpaHa B IIporpamMaTra IpoMeHANBA.

AnpecuTe Ha IPOMEHAUBHUTE OT €AUH TUII T MoraT ga ce IIpUCBOSIBAT
Ha IIPOMEHAUBHTE OT THUII T* - yKasaTea KbpM T.

H3BAnyaHeTO Ha ChABPKAHUETO HA €AUH yYKa3aTeA cTaBa dpe3
YHapHUS IIpeUKCEH OIepaTop * ¢hC CAeIHUS CHHTAKCHC!
*<IIpoOMEHAWBa_OT_THUII_yKazaTrea>. C aApyru nyMu, TO3H oIlepaTop
M3BAMYA CTOMHOCTTA Ha ajJpeca, 3aIllicaH B IPOMEHAUBATA OT THUII
yKaszaTeA C UMe <IIPOMEHAMBAa_OT_THUII_yKa3aTeA>. AKO IpOMeHAUBaTAa-
yKaszaTeA € OT TUI T*, To pe3yATaThT OT IIpHAAraHEeTO Ha ollepaTopa * €
gaHHa oT TUll T — BCUYKHU oIlepaliuy OOIIyCTUMHU 3a Tuma T ca
JOIIYCTUMHU U 3a Hed.

[IpoMmeHAUBHTE OT THII YKa3aTeA MOTaT a4 y4acTBaT KaTo OIlepaHIu B
CAEOHUTE apPUTMETHUYHHU U AOTUYECKHU OIlepalluiu +, -, ++, --, == 1=/ < >,
<=, >=. I3II'bAHEHNETO HAa aPUTMETUYHHU OIl€pallii BbPXY YKa3aTEAH €
CBBP3aHO C HIKOU OCOOEHOCTH, 3apaikd KOETO apuTMETUKATa C
yKas3aTeAHu Ce Hapudya ollle aapecHa apuTMeTHKa. OcobeHocTTa Cce
uspasgBa B T.H. Marabupase. Ille ro u3gacCHUM C ITpuUMeEp.

[a pasraemame caegHUS (pparMeHT.

int *p;

double *q;



p=p+t1;

q=q+1;

OmnepaTopsT p = p+1; CBBP3Ba p HE C IIpeguIlIHaTa CTOMHOCT Ha P,
yBeAWdeHa C 1, a ¢ mpeguIirHaTa CTOMHOCT Ha p, yBeAndeHa ¢ 1%4,
KbIeTo 4 e OpodaTt Ha OaliToBeTe, HEOOXOAUMH 3a 3aIllTMCBAHETO Ha
[JaHHa OT THUII int (p € yKasaTrea KbM int). AHAAOTUYHO, q = q+1;
yBeAndaBa CTOMHOCTTA Ha q ¢ 1*8, a He ¢ 1, TBH KaTo q € yKasaTeAa
KbM TUn double (8 GaiiTa ca HEOOXOAMMHU 3a 3allUCBaHe Ha JaHHA OT
T03u TUIM). OBIIOTO ITPABHUAO € CAEJHOTO: aKO P € yKasaTeA OT THII T*,
cToiHOCTTA Ha p+i e p+i*sizeof(T), kpueto sizeof (T) e pyHKIIMA, KOATO
HaMmupa Opost Ha OalfiToBeTe, HEOOXOAMMHU 3a 3aIliCBaHe Ha JaHHA OT
Tun T. [Ipu u3BazkgaHeTo HellaTa CTOST 10 aHAAOTHYEeH Ha4dlH.

B C++ e BB3MOKHO fa ce nepUHHpPAT yKa3aTeAl, KOUTO ca KOHCTAaHTH,
a CBILO U yKa3aTeAUu, KOUTO coYaT KbM KOHCTaHTU. U B naBata caydad
Ce M3II0A3Ba 3alla3deHara ayma const, KosgTo ce IoctaBd Ipen
CBHOTBETHHUTE €AEMEHTHU OT Ae(PUHHUIINNTE Ha yKa3zareaute. CTolHOCTTA
Ha eAeMeHTa AepuHHpaH KaTo const (yKazateas vAu ob6eKTa, KbM
KOMTO CO4YH) He MoxKe na ce nmpomeHs. llle pasraemame mpumep.

int i, j, k;

int * const b = &i;

b e KOHCTaHTeH yKa3aTeAa KbM THII int 1 To# He MOXKe Ja ITPOMEHS
CTOHMHOCTTA CH, HO YpPe3 Hero MoxKe /ia Ce ITPOMeHsd CTOMHOCTTAa Ha i
const int *c = &;j;

C € yKa3aTeA KbM KOHCTaHTAa OT THII int ¥ ToH MoxXKe aa IIpoMeHs
CTOMHOCTTA CH, HO Ype3 Hero He MozKe [1a Ce IIPOMEeHs CTOMHOCTTA Ha j;
const int * const d = &k;

d e KOHCTaHTEH yKa3aTeA KbM KOHCTAHTa OT THUII int — ToM He MOXKe aa
IIPOMEHSI CTOMHOCTTA CH U Ype3 HEro He MOXKe [1a Ce IIPOMeEHs
cTorHOCTTA Ha Kk, MOXKe [1a CAY?KH €IUHCTBEHO 3a M3BAMYaHE Ha
CTOHHOCTTa Ha K.

B C++ nma uHTEpeCcHAa U II0AE€3HA BPb3Ka MEXKY yKa3aTeAUTe U
MacuBHuTe. Ta ce cbCTOU B TOBAa, Ye UMeHaTa Ha MaCUBUTE ca
yKaszaTeAn KbM TeXHUTE “I'bPBU” eAeMeHTH. ToBa I103BoAsIBa
yKazaTeAuTe [la Ce pas3raexkaT KaTo aATepHATHBEH Ha4YUH 3a
obxoxknaHe Ha eAeMEHTUTe Ha naaeH macuB. llle pasraegame nmpuMep.
Heka a e macuB, nepuHUpPAH 10 CA€THUS HAYUH:

int a[100];

Tw# KaTo a € ykazateAa KbM a[0], To *a e croiiHocTTa Ha a[0], T.e. *a u
a[0] ca nBa pa3AMYHU 3amuca Ha CTOMHOCTTA Ha II'bPBUS EAEMEHT Ha
MacuBa. Thl KaTo eAeMEHTUTE Ha MacuBa ca pas3llOAOKEHHU
IIOCA€JOBATEAHO B IIaMeTTa, a+1l e aapecsT Ha afl],

at+2 e agpecshT Ha a[2] u T.H. a+99 e anpecrwT Ha a[99]. Torasa *(ati) e
apyr 3anuc Ha afi] (i =0, 1, ..., 99). Uma obadye egHa 0COGEHOCT.
HMMmeHaTa Ha MacHUBHUTe ca KOHCTAHTHH yKasaTeAl. 3apaly TOBa,
HSIKOU OT apUTMETHUYHHUTE OIlepPalllH, ITPUAOKUMU HAJl YKa3aTeAn He
MorarT [ia ce IIPUAOXKAT 3a MacuBH. TakuBa ca ++, -- U IIPUCBOSIBAHETO
Ha CTOMHOCT. V3110A3BaHeTO Ha yKa3aTeAU € I10-0bp3 HadylH 3a JOCTBII



[0 eAEMEHTHTE Ha MacHBa U 3apajyl ToBa Ce MPeaIIodnuTa.
NHpaexkcupaHnuTe IPOMEHAUBH IIPaBsIT KOJa MI0-gCeH U pa3bupaem. B
IIpolleca Ha KOMIIMAAIIMS BCHYKH KOHCTPYKIIMU OT BUAA a[i| ce
npeobpas3yBat B *(a+ti), T.e. olepaTopbT 3a HHAEKCHpaHe ce obpadboTBa
OT KOMITHAATOPA Ype3 aApecHa apUTMETHKA.

HmeTo Ha AByMeEpeH MacHUB € KOHCTaHTEH yKa3aTeA KbM IIbPBUS
eAeMEeHT Ha €JHOMEpPEH MaCUB OT KOHCTAHTHHU yKazateau. llle nascHuM
c mpuMep KazaHoTo. Heka a e 1ByMepHUS MacUB, AePUHUPAH TaKa:
int a[10][20];

ToraBa a e KOHCTaHTEH yKa3aTeA KbM I'bPBHS €AEMEHT Ha €IHOMEPHUI
MmacuB a[0], a[1], ..., a[9], kaTo Bcako afi] (i =0, 1, ..., 9) e KOHCTaHTEH
ykazateA KbpM a[i][0]. [Ipu ToBa rmoaroxkeHNe UMaMe CAEIHUTE
€KBUBaA€HTHHU 3anucu: **a & a[0][0], *a & a[0], *(a+1) < a[1], ...,
*(@+9) & al9], mo-ob6mo afi] & *(a+1i) (i=0,1, ..., 9),

aliljl @ ((a + D[] @ *(*a + i) +j).

OCHOBHHTE aATOPUTMUYHHU CTPYKTypHU B C++ ca ommepaTopsT 3a
IIPUCBOSIBaHE, PA3KAOHEHUTE aATOPUTMUYHHU CTPYKTYPH — OIIEPATOPUTE
3a ycaoBeH Ipexof if B KpaTka opwma, if-else B apara popma u switch,
oriepaTop 3a 6e3yCAOBEH ITPexof Zoto U oIlepaToOpUTe 3a IIUKAU, Ypes3
KOUTO C€ MOPazKIaT IIUKAUYHU U3YHUCAUTEAHU ITpollecu — for, while u
do-while. ma u orie e1uH BU OIlepaTOpPU — OIlepaTopsT break, KOUTO
Ce M3II0A3BAa 3a U3AM3aHe OT IIUKBA UAU OT switch u omepartop
continue, ype3 KouTo 6€3yCAOBHO Ce ITpecKada KbM CAeABaIaTa
uTepanys Ha IIUKBDA.

JlobaBsaHeTO Ha HOBU OIIEPATOPHU B ITPHUAOKEHHUATA, PEAAU3UPAHU Ha
e3nka C++, ce ocrpliecTBaBaT upe3 pyHKuIuHTE. Te ca OCHOBHH
CTPYKTYPHH €IUHUIM, OT KOUTO C€ U3rpaskaaT IporpamMuTe Ha e3uKa.
Bcaka yHKIINEG ce CBhCTOM OT MHOKECTBO OT OIIEpaTOpPH, 0POPMEHHU
IIOAXOMISINO 34 Ja CE U3IIOA3BAT KATO 0000IIEHO NeHCTBUE UAU
oneparusa. Caen kaTo exHa (PyHKIMS Obae gedpruHUpaHa, Td MOXKe 1a
ObIe U3ITbAHABAaHA MHOTOKPATHO 3a Pa3AMYHU BXOIHU MAaHHHU.

[Tporpamute Ha C++ ce CBCTOAT OT €AHA UAU TToBede pyHKImU. Cpen
TIX 3aIBAKUTEAHO TPAOBa Oa MMa TOYHO €JHa C UMe main, KosTo ce
Hapuya raaBHa ¢pyHKuHusA. Ta e mbpBaTa QYHKINS, KOATO CE
U3II'bAHSIBA [IPU CTapTUpPaHe Ha IIporpaMara. ['aaBHaTa (QPyHKIHS, OT
CBOSI CTpaHa, MOXKe [1a ce 00pbIa KbM Apyru (pyHKIuU. HopMaaHoTO
HU3II'bAHEHHE Ha IIporpaMara 3aBbpliBa C U3II'bAHEHHETO Ha rAaBHATA
PYyHKIME (BB3MOKHO € U3II'bAHEHHUETO A 3aBBbPIIN IPUHYIUTEAHO 110
BpeMe Ha U3I'bAHEHNE Ha (PYHKIUS, pa3AndHa OT TAaBHATA).

[Ile pa3raemamMe Hai-oOIIOTO paslpeneAeHHE Ha ollepaTUBHATA I[IaMeT
3a U3IrbAHUMA IporpaMa Ha C++. ToBa pasnpeaeseHHe 3aBUCH OT
H34YHCAUTEAHATA CHCTEMA, OT THIIA Ha OllepallMOHHAaTa CUCTeEMa, a
CBIILIO OT MofeAa HaMmeT. Haii-o01110 ce cbCTOM OT: IIporpaMeH KO/,
obaacT Ha CTaTUYHUTE JAaHHU, 0OAACT Ha AUHAMHYHUTE JaHHU U
IIPOrPaMe€eH CTEK.



B yacTTa mporpamMeH KoOZ € 3aIlliCaH U3I'bAHUMUST KO Ha BCUYKHU
PYHKIIMH, H3TpazKaly roTpeduTesckara rmporpamMa. B obaacrra Ha
CTaTHYHHTE OJAaHHH Ca 3allMCaHU 'A00aAHUTE O0EKTU Ha IIporpamara.
3a peaansupaHe Ha AUHAMUYHU CTPYKTYPHU OT JaHHU CE HU3II0A3BAT
CpencTBa 3a AUHAMUYHO pa3lIpeAeAsdHe Ha I1aMeTrTa. dpes3 Tdx ce
3a/1eAs U ce 0OCBOOOXKIaBa ITaMeT B ITpoIleca Ha U3II'bAHEHUE Ha
Iporpamara, a He IIpegyu ToBa (IpHU HEHHOTO KoMIIuAHUpaHe). Ta3u
rmaMer € obaacTTa Ha AHHAMHYHHTE AaHHH. IIporpaMHHAT CTeK
ChXpaHsaBa JaHHUTE Ha (PYHKIIMUTE Ha Iporpamara. HeroBure
eAeMeHTH ca OAOKOBe OT IIaMeT, ChbXpaHaBalllu JaHHU, HedUHUPAHU B
HsSIKaKBa (PyHKIIH, KOUTO C€ HapUYaT CTEKOBH PaMKH.
[[le pasraegame rmpuMepeH pPparMeHT, KOUTO U3YHUCASIBA HAH-TOAEMUST
00111 TeAnTeA Ha JBE €CTECTBEHU YHcAa. 3a IeATa AepuHupaMe IBe
dyHkImu: gcd (X, y), KOITO HaMUpa Hal-TOAEMHUAT OOII IEAUTEA Ha X U
y ¥ main, KosTo ce oOpbIia KM ged
int ged (int x, int y)
{int h ;

while (y != 0)

{h=x;

return x;
}
int main ()

{ inta=14,b=21;

int r = ged (a, b);

return O;

}
Onwucanuero Ha PyHKIUATA gcd IprUANYa Ha TOBa Ha (PYHKIIUATA
main. 3araaBUeTO onpeneasi, ye gcd e AByapryMeHTHA IIEAOYHCAEHA
PYHKIIML C IIEAH apTyMeHTH. VIMeTo e IIpOu3BOAEH UAECHTU(DPUKATOD, B
cAydad e HallpaBeH MHEMOHHYeH. 3ama3eHara gyMa int mpen uMeTo Ha
PyHKIIMITA € HEHHUAT TUII (IO-TOYHO € THUITHT Ha pe3yATaTa Ha
dbyHKIIHATA). B Kpbrau ckobu 1 OTAEAEHH ChC 3alleTasl ca OIIMCaHU
napaMmeTrpute X U y Ha gcd. Te ca pa3sanyHU UAEHTU(PUKATOPH U CE
IIpeaInecTBaT oT TUIoBete cu. Hapuyart ce popmMasHH mapamMeTpH 3a
dyukumgara. TaaoTo Ha PyHKIHATA € OAOK, peaAu3upall] aATopuTbMa
Ha EBKAN 3a HAMUpaHe Ha Hal-ToAeMUd 00T JeAUTeA Ha
€CTEeCTBEHHTE YHcAa X U Y. 3aBBpIIIBa C oIlepaTopa
return Xx;
4ype3 KOUTO ce IIpeKpaTsaBa U3IIbAHEHHETO Ha (PYHKIIUSITA KaTo
CTOMHOCTTA Ha H3pasa cAeq return ce BpbIlla KATO CTOMHOCT Ha gcd B
MSICTOTO, B KOETO € HallpaBeHO OOPBIIEHUETO KbM Hesl.
[ITe onumieM Kak ce U3II'bAHSIBA (PparMeHTHT.
Hedunuinure Ha PyHKIIMUTE main u gcd ce 3amucBaTt B obAacTTa HA
raMeTTa, oIpeaeAeHa 3a IIporpamMHusa Koa. U3mbaAHeHHeTo Ha
IIporpamMara 3arodBa C U3II'bAHEHHETO Ha (pyHKIUsSTa main. Ypes
I'bPBUL pe OT TSIAOTO Ha main ce AepUHUpAT [EeAuTe IPOMEHANBU



a 1 b, KaTo Ha a ce NpHUcBosgBa cToHOCT 14 1 Ha b croitHOCT 21.

B Ta3u mmocaegoBaTEAHOCT Te Ce 3aIMCBaT B /BHOTO HA MIPOrPaMHHULI
CTeK B CTEKOBaTa paMKa Ha main. Upes3 caegBaliys ornepaTop ce
neprHUpa [sAaTa IPOMEHAUBA I, KaTO B CTEKOBaTa paMKa Ha main,
BeHara CAel IIpoMeHAUBaTa b ce oTaeAdT yeTupu 0aiita, B KOUTO IIIe
ce 3artyiine pe3yATaThT oT obprhIneHueTo ged (a, b) KM (pyHKIUSITA
gcd. I[IpomeHAuBHuTE a U b ce HapyuyaT paKTHYECKH NMapaMeTpH 3a
TOBa O0OpBIIeHue. 3abeadg3BaMe, Ue TUITHT UM € CBhIIHUS KaTo Ha
CBHOTBETHHUTE (DOPMaAHHU HapaMeTpPU X U .

Cera 111e onMIIIeM Kak ce U3IIbAHsSIBa obpbIrieHHeTo ged (a, b).

B nporpamMHug cTek ce reHepupa HOB OAOK ITaMeT — CTeKOBa paMKa 3a
dyukumgara gcd. OOpPBILEHUETO Ce OCBHIIIECTBIBA Ha ABa eTalia.
[IHpBUAT eTall € CBhbpP3BaHETO Ha (popMaAHUTE C (PAKTUIECKUTE
napaMeTpu. B crekoBata pamMka Ha gcd ce OTaeAdT 110 YeTHupHu Oaiita
3a (popMasHUTE ITapaMeTpPU X U y B o0OpaTeH pen Ha pena, B KOUTO ca
3alrcaHU B 3arAaBHETO. B Ta3u rmaMeT ce OTKOIHPBAT CTOMHOCTUTE Ha
CBHOTBETHHTE UM (pakTUUeCKH ItapaMmeTpu. OTOEAAT Ce CBhIII0 YeTHPU
baiita 3a T.H. return-azgpec, agpeca Ha MICTOTO B main, KBAETO II1e Ce
BBPHE PE3YATATHT, & CHIIIO CE OTHAEAd [TaMET, B KOSITO C€ 3allHcBa
aIpechT Ha CTeKoBaTa paMKa Ha U3BUKBaIlaTa PyHKIUS (B cAydas
main). M Taka Ha T03u eTan (popMasHUTE ITapaMeTPH X U Y ce
CBBP3BaT CBOTBETHO CBhC CTOMHOCTUTE 14 (cTOMHOCTTA Ha a) u 21
(croitHOCTTA Ha b). Bropuar eran e U3IrbAHEHUETO Ha TIAOTO Ha
dyukugara gcd. Ha mbpBaTa cThIIKa Ce 3a/1eAd TaMeT YeTUpH OaiTa
3a nedpruHUpaHaTa IPOMEeHANBAa h BBB BbpXa Ha CTeKOoBaTa paMKa 3a
gcd. Twit KaTo € B cruaa y != 0, crofiHocTTa Ha h craBa 14, caen ToBa
CTOMHOCTTA Ha X cTaBa 21 U caef ToBa CTOMHOCTTA Ha y cTaBa

14 % 21 = 14. C opyru AyMH, TyK X U y pa3MeHHUXa CTOMHOCTUTE CH.
Ha caeppammara urepanuda Ha IIHKbAA OTHOBO ¥ != 0, Taka 4e
cToiiHOoCTTa Ha h craBa 21, cTroiiHocTTa Ha X cTaBa 14 u caen ToBa
cToiHOCTTA Hay craBa 21 % 14 = 7. OtHOBO y != 0, Taka 4e OTHOBO C€
H3IIbAHABA TIAOTO Ha IIUKbAA — CTOMHOCTTA Ha h craBa 14,
CTOMHOCTTA Ha X cTaBa 7/, CTOHHOCTTa Ha y ctaBa 14 % 7 = 0. ToBa e
IIOCA€HAaTa UTEepalld Ha MUKbAA U TOH IIPHUKAIOYBA. M3IIbAHEHHETO
Ha oIlepartopa return X; IrpeycraHOBsaBa U3II'bAHEHHETO Ha gcd KaTo
Bpbhlla B main B MACTOTO Ha IIpeKbCBaHETO (return-agpeca)
cToiHOCTTA 7 Ha oOpbIeHueTo ged (a, b). OTmeaeHnara 3a gecd crekoBa
paMKa ce ocBobOKIaBa. YKa3zaTeAdT KbM BbpXa Ha CTeKa COYM Kpas
Ha CTeKoBaTa paMKa Ha main. M3mbAHEeHMeTo Ha IIporpaMara
IIpoabAXKaBa C MHUITMAAN3AIIUATA Ha IPOMEeHAUBaTa 1. Pe3yAaTaTsT oT
obpmruIeHmeTo ged (a, b) ce 3anucBa B oTaeaeHaTa 3a r mameT. Caexn
TOBa Ce MU3II'bAHABA oneparopa return 0; caes KoeTo ce 0CBOOOXKAaBa U
CTeKoBaTa paMKa Ha main.

dyuknuara gcd peasnsupa HAU-IIPOCTOTO U YHUCTO Ae(pUHUPaAHE U
HM3II0A3BaHe Ha (PYHKIIMH — ITI0AyYaBa BXOOHUTE CH CTOMHOCTH
€IUHCTBEHO 4Ype3 POPMaAHHUTE CH ITapaMeTPH U BpPbIIla pe3yAaTaTa CU
upe3 orepartopa return. 3abeag3Bame, e oOpsbIieHueTo ged (a, b)
paboTH ¢ KOIMda Ha CTOMHOCTUTE Ha a U b, 3aIIOMHEHHU B X U y, a He
chC caMuTe a u b. B miponieca Ha U3mrbAHEHHE Ha TIAOTO Ha ged,



CTOMHOCTHUTE Ha X U Y CE IIPOMEHHAT, HO TOBa He OKa3Ba BAUSHUE HA
CTOMHOCTHTE Ha (paKTHYECKUTE mapaMeTpu a u b. TakoBa cBbp3BaHe
Ha (popMarHUTE C PAKTUIECKUTE ITapaMeTpPU Ce Hapuya CBbp3BaHe
IO CTOHHOCT UAHM OIlle IpeAaBaHe Ha MapaMeTPHTeE II0 CTOHHOCT.
[Ipu Hero (pakTUYECKUTE ITapaMeTPH MoTraT aa ObaaT He caMo
IIPOMEHAUBH, HO U U3Pa3HU OT TUIIOBE, ChBMECTHUMH C TUIIOBETE Ha
CBOTBETHUTE (POPMAaAHU ITIapaMETPH.

B penuiia caydau ce Hasara PyHKIIUSTA [1a IIOAYYU BXOJA CH Upe3
HSIKOH OT (pOPMAaAHUTE CU IIapaMeTpPHU U [a BbPHE PE3yATAT HeE I10
obuyaiiHuga Ha4uH (Ype3 omepartop return), a Ype3 CHIIUTE UAU OPYTU
napamerpu. llle pasraemame npumepeH pparMeHT, KOHTO pa3MeHs
CTOMHOCTHTE Ha IBE€ PEaAHU IPOMEHAUBHU. MmesaTa e caegHaTa — ako
nedpunupame pyHkmsa swap (double *x, double *y), KogTo pazmeHda
CTOMHOCTHUTE HA PEAAHUTE ITPOMEHANBH, KbM KOHUTO COYAT yKa3aTEAUTE
X Uy, TO oOpplIeHreTo swap (&a, &b) 6u pasMeHHAO CTOMHOCTUTE

Ha aub.

void swap (double *x, double *y)

{ double work = *x;

*x = *y;
*y = work;
return;

}

int main () {

double a = 1.5, b = 2.75;

swap (&a, &b);

return O;
}
dyHKIIMATA SwWap uMa 1ogobHa cTpykrypa KaTo Ha gcd. Ho u
3arAaBHETO U TIAOTO U Ca MO-pPa3AWYHHU. TUIBT HA Swap e yKa3aH 4dpes
3anaseHara ayma void. ToBa o3Ha4yaBa, 4ye (PyHKIIHSATA HE BPbIa
CTOMHOCT 4ype3 orneparopa return. 3aToBa B TIAOTO Ha Swap €
IIPOIyCHAT u3pasa caeq return. dopMasHUTE HapaMeTPH Ca YKa3aTEAU
KbM double, a B TIAOTO ce paboTH ChC CHABPKAHUETO Ha TE3HU
yKaszaTrean. 3abeasg3BaMe ChIIO, Y€ OOPBIIEHHUETO KbM SWap BbB
pyHKIHATA main He ydacTBa KaTo apryMeHT Ha OIlepallysd, a €
oriepaTop. M3mbaAHEHHUETO Ce OCHIIECTBABA TOA00HO Ha U3ITPAHEHHETO
Ha [IO-TOPHUS (PparMeHT C MaAKU PA3AHKH — IIPU IIbPBUS €Tall Ha
U3ITbAHEHHETO Ha OOPBILEHHUETO KbM SWap B OTAEeAeHATAa IIaMeT 3a
dopMarHUTE ITApaMeTPH X U Y Ce 3alliCBaT aApPpeCcHTe Ha CHbOTBETHUTE
UM PaKTHUYIECKU apaMeTpu. [lopaau Ta3zu npudnHa, mpoMaHaTa Ha
CTOMHOCTHUTE, KBM KOUTO codyaT OPMaAHUTE ITapaMeTPU X U Y BOOH 0
IIPOMsIHA Ha caMuTe (PaKTUYEeCKHU ITapamMeTpu. PyHKIUATA Swap
II0OAyYaBa BXOMHUTE CU CTOMHOCTH upe3 (POPMaAHHUTE CH IapaMeTpPH U
BpBIIIA pe3yATaTa CH 4Ype3 TaX. 3abead3Bame, ye oOPBIIEHHUETO Swap
(&a, &b) paboTu He C KOIUd Ha CTOMHOCTHTE Ha a U b, a C TEXHUTE
anpecu. B mipolieca Ha U3IITbAHEHHE Ha TSIAOTO Ha SwWap Ce IIPOMEHST
CTOMHOCTHTE Ha (paKTHYECKUTEe mapamMeTpu a u b. TakoBa cBBbp3BaHe
Ha (popMarHUTE C PAKTUIECKUTE ITapaMeTpPU Ce Hapuya CBbp3BaHe
IO YKa3aTeA UAU NMpeZaBaHe Ha MapaMeTpPHTE IO YKa3aTeA MAU



CB’BpP3BaHe no azpec. [Ipu To3u BUA IpenaBaHe Ha IapaMeTPUTE,
daKTUYEeCKUTE ITapaMeTPH 3aIbAKUTEAHO Ca IPOMEHANBH YKa3aTeAH
UAU a/IpeCH Ha IIPOMEHAUBH.

OcBeH Te3U aABa HaYMHAa Ha [IpeaaBaHe Ha IIapaMeTpH, B €3UKa C++
uMa OIlle eIUH — IpeAaBaHe Ha NMapaMeTpPH IO IICEBAOHHM. 10ii e
CPaBHHUTEAHO I10-yA00EH OT IIpegaBaHeTOo 110 yKa3aTeA U ce
npeamnoyuTa ot nporpamuctute. llle ro narocrpupame ¢ pparMeHT,
€KBUBAAEHTEH Ha F'OPHUA (T.€. U3II'bAHABAIIL CBIIUTE AEHCTBHUS), HO
peaausuparll QPyHKIIMLTA SwWap, B KOSATO IIpefaBaHeTo Ha [TapaMeTpuTe
€ IIO TICEBIOHUM.

void swap (double &x, double &y)

{ double work = x;

X =Y;
y = work;
return;

}

int main () {

double a = 1.5, b = 2.75;

swap (a, b);

return O;
}
CrienmpUYHOTO IIPU U3IIbAHEHHETO Ha (pparMeHTa € CAEHOTO — IIPU
I'bPBUSL €Tall OT U3II'bAHEHHUETO Ha OOPBIIEHHUETO KbM Swap, ThH KaTo
dopMasHUTE HapaMeTpPU X U y ca IICEBIOHUMH Ha ITPOMEHAHUBUTE
a u b, 3a TIX ITaMeT He ce OTAeAsd B CTeKoBaTa paMKa Ha swap. ToBa
KOETO Ce IIPaBH € ITapaMeThbPhT X /A Ce 3aKadl 3a (PaKTHIECKUI
rmapaMeThp a ¥ aHAAOTHYHO ITapaMeThbphT ¥ Ce 3aKada 3a
dakTryeckud rnapamersp b. Taka BCUYKU AeHCTBUS C X B Y B swap
BCBIIHOCT C€ HU3IIbAHABAT C (paKTHUYECKHTE IIapaMeTpH a U b oT main
CBHOTBeTHO. [la 3abeaekuM, de (paKTUIECKHUTE I1apaMeTpH,
CBHOTBETCTBAIIU Ha POPMaAHU ITapaMeTPU-IICEBAOHUMU IIPU BCUYKH
cAyYau ca IPOMeHAWBHU. Ta3m peasnsalriyia Ha swap € I0-siCHa OT
CBHOTBETHATa C yKa3aTeau. TIAOTO U peaan3upa pa3MsgHa Ha
CTOMHOCTHTE Ha ABE PeasHU IIPOMEHAUBHU 0e3 [a ce Hasara
HM3II0A3BaHETO Ha apPecH.

BB3MOKHO € HIKOU ITapaMeTpH [1a Ce IIpeaaBaT I10 CTOMHOCT, APYTU I10
IICEBAOHUM HAU YKa3aTeA, a ChIIO (PYHKIHATA A [IOAYYH PE3YATAT U C
ommeparopa return.

BB3MO0KHO € B eqHAa IIporpamMa, KbM eqHa (PyHKIHS [a Ce U3BbPIIBAT
o0OpBIlleHHE HAa MSICTO, KOETO ITpeInecTBa HeHHaTa AepuHUIug. B
TO3U cAydad AepUHUIINATA Ha (PYHKIHATA, KOSTO U3BBPIIBA TOBA
oOpBbIlleHHE TPsIOBa /1a ce MpealllecTBa OT AeKAapalHsaTa Ha
n3mnoA3BaHaTa PyHKIM. [lekaapanmgara Ha egHa (PyHKIUS Ce ChbCTOU
OT HEHMHOTO 3araaBue, ITIOCAEABAHO OT ;’. B Hero umeHara Ha
dopMasHUTE HapaMeTpyu MoTaT Aa Ce IIPOIIyCHAT.

TumrsT Ha eqHAa PYHKIINA € IPOU3BOAEH 0e3 MacHB, HO Ce [IOIyCcKa [a €
yKaszaTeA. AKO e IIPOIIyCcHAaT, ce roapasdupa int.



CHUCBHKBT OT (POPMaAHHUTE ITapaMeTpPH Ha eqHa (OYHKIHS (OIlle ce
HapHuya CHrHaTypa) Moxe aa e rmpaseH uam void. B cayuaii, ge e
HeIIpa3eH, UMeHaTa Ha IapaMeTpuTe TpabBa aa ca pasangyHu. Te
3aeHO C UMETO OIIPENEASIT €THO3HAYHO (PYHKIHATA. BB3MOXKHO €
CBIIIO earH POPMaAeH ImapaMeThbp Aa Ce CIeruuImpa cbC
3araseHara agyMma const, KOeTo o3HadyaBa Y€ HeroBaTa CTOMHOCT HAMAa
na Oboe IpoMeHsdHa B PAMKUTE Ha TSIAOTO Ha (PYHKIIUATA.
OmnepaTopbT return Bpbllla pe3yATaTa Ha PYHKIUSTA B MACTOTO HA
n3BUKBaHeTO. CHHTAKCUCHT € CAenHUd: return [<u3pas>];. Tyk return e
3arnaseHa ayma, <ui3pas> € IIPOU3BOAEH H3pa3 OT THII, CbBMECTUM C
THUIla Ha (pyHKIMaTa. AKO TUIIBT Ha (PYHKIIMATA € void, <u3pas> ce
nporycka. CeMaHTHUKATa € CAeQHATAa: [IpecMsiTa Ce CTOMHOCTTAa Ha
<u3pas>, KOHBEPTHUpPA Ce A0 TUIla Ha (PYHKIHATA U BpbIIaifiKu
IIOAyYeHaTa CTOHHOCT B MSCTOTO Ha U3BHKBAaHETO Ha (PYHKIIHUATA,
IIpeKpaTsaBa HEHHOTO HU3I'bAHEHUE. [la orheaekrM, 4ye ako PYHKIUATA
He e void, T9 3aabAKUTEAHO TpsAbBa na BppHe croiiHocT. ToBa
o3HAYaBa, de OIepaTophT return TpssOBa ma ce HaMupa BbB BCUYKU
KAOHOBE Ha THAOTO.

OYHKIIMHUTE MOTAT Ja ce AePpUHUPAT B IMIPOU3BOAHO MSICTO Ha
IporpamMaTta, HO He U B APYyTH (pyHKIMH. Taka 3a pa3AuKa OT APYyTU
€3UIIU 3a IIPOILleAyPHO ITporpaMmupane, B C++ He ce JOIIyCKa BAaraHe
Ha (PYHKIIUU.

[Ipu crapTUpaHeTo Ha eqHAa IIporpaMa ce ch3aBa cCTeKoBaTa paMKa
Ha raaBHaTa (PYHKIHS, KOSITO CE IIOCTaBd B JBHOTO Ha IIPOTPaMHUSI
cTeK. BBB BCEKHM MOMEHT OT U3I'bAHEHHETO Ha IIporpamMara, BbB BbpXa
Ha CTeKa € CTeKoBaTa paMKa Ha (PyHKIIMATa, KOSITO ce 00paboTBa B
MoMeHTa. HermmocpeacTBeHa 1o Hesl B CT€Ka CTOU CTeKOoBaTa paMKa Ha
PyHKIIMATA, U3BBPIINAA OOPBIIEHUETO KbM (PYHKIUATA, KOATO CE
obpaboTBa B MoMeHTa. KoraTo U3mrbAHEHHETO HaA enHa PYHKIIUS
3aBBPIIIH, CTEKOBaTa paMKa Ha (DYHKIIUSTA, CHOTBETHA Ha TOBA
OOpBIIEHNE Ce OTCTPaHIBA OT CTEKa.

NnentTudukaropure B C++ 0o3HaYaBaT UMEHa HA KOHCTAHTH,
IIPOMEHAWUBHU, (POPMaAHU ITapaMeTpH, (PYHKIUU, KaacoBe. Hait-ob1110
Ka3aHo uMa TPU BHUIa 00AACTH Ha UAEHTUPHUKATOPUTE — TAODAAHA,
AOKaAHa U obaacT Ha KAaac. O6pracTuTe ce 3a/1aBaT HESIBHO — Upe3
MIO3UIMSATa Ha nepUHHUIUSATA Ha UAeHTH(PUKATOPa B IIporpamMara.
ObaacT Ha KAaC HIMA Oa pasraekiaaMe.

'aobasrHUTE NOAEHTU(PUKATOPHU ca Ae(pUHUPAHUTE U3BBH Ae(PUHHUIIIHTE
Ha (PYHKIIMU ITPOMEHAUBH U KOHCTAHTU M MOTAaT [a Ce U3II0A3BAT BBHB
BCHUYKHU (PYHKIIUMU HA IIporpamMara, YUITO Ae(PUHUIINS CAeIBa TIXHaTa
TakaBa.

[ToBeyeTO KOHCTAHTH U IPOMEHAUBU Ca AOKAAHH UAEHTHU(PUKATOPU U
uMaT AOKaAHa obaact Ha getictBue. Te ca nedpruHUpPaHU BHTPE BBHB
PYHKIIMHTE U HE ca JOCTHIIHU 3a KoAa B APYTUTe (PYHKIIUU HA MOAYyAA.
ObaacTTa UM Ce oIIpeneAs CIIOPen CA€IHOTO ODII0 IIPaBUAO — 3aII04YBa
OT MSICTOTO Ha Ae(pUHUPAHETO U 3aBbpPIIIBa B Kpad Ha oleparopa
(6baoka), B KoliTO € medpuHUpaH uaeHTUpUKaTopa. PopmasrHuTe
rnapaMeTpu Ha PYHKIIUATA CBIIO UMaT AOKaaHa Buaumoct. Obaactra



UM Ha JeHCTBHE € ISAO0TO TSIAO Ha (PYHKIUATA. B pasanyauTte obaractTu
MOraT [1a ce U3M0A3BaT eIHAKBU UAEHTU(PUKATOPU. AKO obAacTTa HA
eIUH NAeHTU(PUKATOP Ce ChAbp:Ka B o0AaacTTa Ha APYyT
UIEHTU(PUKATOP, I'TbPBUAT Ce Hapuda HEAOKAAEH 3a IIoCAeqHUusd. B To3u
cAydaidl € B cHAa IIPaBUAOTO: AOKAAHUAT UAEHTH(PUKATOP CKpUBa
HEAOKaAHUS B 00AacTTa CH.
OcBeH upe3 MexXaHHu3Ma 3a CBbP3BaHe Ha (POPMaAHUTE [TapaMeTPH C
dakTHYEeCKHU U Ypes IIpefaBaHe Ha pe3yATaT dpe3 oleparopa return,
PyHKIIMHUTE MOTraT Aa OOMEHST IIOMEXKAY CU JaHHU 4Ype3 TA0DaAHU
IpoMeHAUBHU. [IbpBUTE ABa HAYMHA Ca OCHOBHH U ca 3a
IIpearioynuTaHe, Thil KaTo C TAX Ce IIOCTUTraT MO-9CHU U pasdupaeMu
nporpamu. OT aApyra cTpaHa, U3II0A3BAaHETO Ha FA00aAHU ITPOMEHANUBHU
€ 110-e(peKTUBHO, T KaTO He N3HUCKBa 3aMeCTBaHe.
H3moa3BaHeTO HA TAODAAHU ITPOMEHAMBH OOMKHOBEHO C€ CUHTa 3a
AOIIIA ITPAKTHUKA ITOPAaH TAXHATA HEAOKAAHOCT: eIHa TAobasHa
IIPOMEHAWBA IIOTEHIIHAAHO MOXKE /a Ce MOAN(HUIIPA OT BCIKO MSICTO B
IIporpamMara U BCsKa 4acT OT IporpaMarta MOXKe Ja 3aBHUCHU OT Hes.
Bbrpeku ToBa, B HIKOU CAy4Yal, TAODAAHUTE IIPOMEHAUBU ca
MIOAXOASIIN 3a yroTpeba, Thil KaTo Te MoraT /a Ce M3II0A3BaT 3a
n30srBaHe Ha ITpeaaBaHeTO Ha YeCTO U3II0A3BaHU IIPOMEHANBHU B
paMKHuTe Ha HIKOAKO (pyHKINHU. [lle pasraemame rmpuMep ¢ egHa
IIpocTta ImporpaMa.
#include <iostream.h>
int global = 3;
void ChangeGlobal ()
{ global = 5; }
int main ()
{ cout << global << end]l;

ChangeGlobal|();

cout << global << end];

return O;

}
Twit kaTo TpoMeHAUBaTa global e raobasHa, HIMa HyKaa T Oa Ce
IIpesaBa KaTo apaMeThp 3a Oa MOKE [1a Ce M3I0A3Ba OT (PYHKIIHH,
Pa3AMYHU OT rAaBHaTa (PyHKIWMA. [A0DarHaATa IPOMEHANUBA MOXKE /1A Ce
M3II10A3Ba BBB BCcaKa (PYHKIIUA Ha IIporpaMara.
N3xXoobpT OT U3I’TBAHEHHETO Ha IIporpaMara:
3
5
H3moA3BaHeTO HA TAODAAHU ITPOMEHAUBH IIPABU COPTYEPHT IIO-TPYAEH
3a yeTeHe U 3a pasdbupane. Tril KaTo BCIKa 4acT OT KOoJa Ha
IIporpamMaTra MOKe /a Ce U3II0A3Ba 3a IIPOMsIHa Ha CTOMHOCTTA Ha
rao0asHa ITPOMEHANBA, Pa3bUpaHeTo Ha U3II0A3BAaHETO Ha
IIPOMEHAMBAaTa MO3Ke [a BKAIOYBA pa30HpaHeTo Ha roagMa 4acT OT
camarta mporpamMma.

Hati-06110 eqmH 00EKT € peKypCHBEH, aKO Ce ChbabpzKa B ceOe HAU €
nedouHUpPaH ypes3 cebe cu. B MaTeMaTHKaTa UMa MHOTO IIPUMEPH 3a



PEKYPCUBHU 00EKTH, HanlpuMep PyHKIHITA n!, KodaTo ce aepuHupa
Taka: 0! = 1, (n+1)! = n * n!.

EsukpT C++ nnogabppska ABE KOHCTPYKIIMH, KOUTO I103BOASIBAT [1a Ce
peaan3upaTr PeKypCUBHU aATOPUTMH — TOBA Ca CTPYKTYPH C PEKYypPCHUS
U PEKyPCUBHU (PYHKIINH.

EnHo nHTEpPECHO CBOMCTBO Ha CTPYKTypaTa € ToBa, 4Ye HEUHUTE
€AEMEHTH MOoTaT Ja UMaT THUII yKa3aTeA U CA€JOBATEAHO THII YKa3aTeA
KBM CcTpyKTypa. llle orbeaeskuM U3PUYHO, Ye He Ce AOIIyCKa eAeMEeHT
Ha CTPYKTypa Aa 0bae CTPYKTypa OT CBhUIMS THI. ThH KaTo yKa3aTeAsT
He aepuHUpPA IIPOMEHANBA, a CAaMO COYU KHhM TaKaBa, 3a HETO
OTpaHUYEHHETO HE € B cHAA. Taka eAeMeHTH Ha e€qHa CTPYKTypa Moratr
na OpaaT ykazaTeAu KbM CTPYKTypa OT Chlaud TUll. [Io To3u Ha4YuH ce
IIOAyYaBa PEKYPCHUBHO HU3II0A3BaHE Ha CTPYKTypU. Upe3 Hero morat ga
Ce ChCTaBLAT CAOXKHHU OIIHMCAHUA Ha JAaHHU KAaTO AMHEMHU CIIHUCHIU U
OBPBOBHUIAHU CTPYKTypH. Hanpumep, B C++ € BaaugHa caegHaTta
AepbUHUINS Ha CTPYKTypa:
struct list {

int value;

list *next;
5
YKazaTeAdaT next, omucaH B TIAOTO Ha CTpyKTyparta list coun KpMm
IIPOMEHAWBA — CTPYyKTypa oT Tul list. Ta3u cTpykTypa Moke ma ce
M3II0A3Ba 3a peaaus3alvd Ha €JHOCBHP3aH CIIHUCHK.

H3BecTHO €, 4e B TAAOTO Ha BCIKa (PYHKIIHA MOXKe aa 0be n3BUKaHa
apyra (oyHKIMS, KOATO € nedpuHUupaHa UAU JeKAapupaHa 0 MOMEHTA,
B KOMTO ce u3BukBa. OcBeH ToBa, B C++ e paspellieHo egHa (PyHKITUS
[a U3BHKBA B TAAOTO CH caMaTa cebe cu. PyHKIHsA, KOSITO IIPSIKO UAU
KOCBEHO ce o0pbIlla KbM cebe cH, ce Hapruia peKypCHBHA.
[Toq KocBeHO O0OpBIIeHME pa3dupaMe CAeTHOTO — (PyHKIUATA Fy
n3BUKBa pyHKIMATa Fo, dynknuara Fo n3BukBa dyuknusara Fg, ...,
dyukumgara Fn.1 u3BuKBa pyHknuaTa Fn u caen ToBa pyukmuara Fn
M3BUKBa pyHKIMATA Fi.
Cera 111e pa3raegame npuMepeH oparMeHT, KOHTO ChabpKa
PEKypPCUBHA (PYHKIIHS U IIIe IPOCAEIUM KaK TOH ce U3II'bAHSIBA.
dparMeHTHT 111e ITpecMsaTa m! 3a 11940 9yucao m, m > 0.
int fact (int n)
{if (n == 0) return 1;

else return n * fact (n-1);
}
int main ()
{int m = 4;

int n = fact (m);

return O;
}
B ta3u dpparmeHT e onrcaHa peKypcuBHa (pyHKIUS fact, KosaTo
IIPUAOKEHA KBM ISIA0 HEOTPHUIIATEAHO YHUCAO BPBIIA (pakTopresa HA
qucA0TO. [Ipy U3IIbAHEHHETO Ha IIporpaMaTa MHTEPECHO €



U3BBPIIBAaHETO Ha oOprIleHue KbM fact ¢ pakTuyecku nmapameTsp m,
KOMNTO UMa CTOHMHOCT 4.

[ITe mpocaequM Kak ce U3BBPIIIBA TOoBa oOpEIeHue. ['eHepupa ce
CTEeKOBa paMKa 3a oOpbIlleHueTo KM fact. B Hes ce oTaeAsaT yeTupu
OaiiTa 3a opMasrHUL ITapaMeThbp N, B KOATO [IaMeT Ce OTKOITHUpPBa
CTOMHOCTTA Ha (paKTUYECKHs HapaMeThp m (4) U caen ToBa 3aroyBa
HU3ITbAHEHHME Ha TIAOTO Ha pyHKIHATa. Thi KaTo n e pasanyHo ot O,

Ce U3IIbAHABA OIIePaTOPHT B else-dyacTra, IIPU KOETO Ce U3BHPIIIBaA
oOpnbInieHHe KM fact ¢ pakTuuecku mapamersp n-1, T.e. fact (3). o
TaK'bB HA4YUH IIpPeaU 3aBbPIIBAHETO Ha I'FPBOTO O0pBIIeHNEe KbM fact
ce IIpaBU BTOPO OOpBIlEHHE KBM Ta3u (PYHKIIHLA. 3a IleATa ce
reHepHUpa HOBAa CTEKOBA paMKa 3a HOBOTO OOPBIIEHHE KbM (PYHKIIHATA
fact, B KoaTo 3a popMasHUS TapaMeThpP N Ceé OTKOIUpa CToHHOCT 3.
Taaoro Ha pyHKIUATA fact 3armouBa 1a ce U3IIbAHSIBA BTOPH IIBT
(BpeMeHHO crrpa H3I'PAHEHHETO Ha TIAOTO Ha (pyHKIUATA fact,
IIPEeIU3BHUKAHO OT I'bPBOTO OOpBIleHNe KbM Hed). [Io aHarornyeH
Ha4YWH BB3HUKBAT OIlle o0pbIleHnd KbM pyHKImgara fact. [Ipu
IIOCA€THOTO OT TIX, CTOHHOCTTa Ha (popMaArHUS ITapaMeThbp N € paBHA
Ha O u TaaoTo Ha fact ce usanmpaHgBa HanrbAHO. B pesyarar,
U3I'bAHEHHETO Ha ToBa OOpPBIIEHUE 3aBBbPIIBA U 3a CTOHMHOCT Ha fact ce
BpbIa 1. Ta3u cTOMHOCT ce Bphllla B HETIOCPEACTBEHO IIPEAUITHOTO
n3BUKBaHe Ha fact, koeTo n3uucagBa 1*1 = 1 ¥ aHAAOTHYHO ce
U3BBPIIBa BpbIlaHe Ha3a/ 10 Bepurara oT U3BHKBaHUdATa Ha fact,
JOKaTO CE€ CTUTHE [0 I'bPBOTO U3BUKBAHE, KOETO U34YUcCAgBa 4*6 = 24 u
BpbIllA Ta3u CTOMHOCT B raaBHaTa (PyHKIUs. EcTecTBeHO, caen
3aBBPIIBAHETO Ha BCIKO U3II'bAHEHHE Ha fact, crekoBaTa pamMKa, KOATO
OTTOBap4 3a TOBa U3II'PAHEHHE CE OCBOOOXKIaBa.

B T03u KOHKpETEeH cAydail, peKypCUBHOTO AepHUHUpPaHe Ha PYHKIIUATA
dakTOpHEA HE € ITOAXOALAIN0, ThH KaTo ChIIECTBYBa AECHO UTEPATHBHO
peurenue. [lle orOeaexxuM, dye THH KaTo B TAAOTO HA PEKypCHUBHAaTa
dyukmg fact mma camo eqHO oOpbIleHNE KBM fact, To ToraBa BCSIKO
u3BUKBaHe Ha fact mopaxkna Hali-mMHOro eqHO M3BUKBaHe Ha fact.
3arToBa gyukusaTa fact oile ce Haprnya AHHEHHO peKypCHBHA.
KoraTo B TSA0TO Ha eqHAa peKypCHUBHA (PYHKIHUS UMa IT0BeYe OT €THO
oOpBIIeHNE KbM caMaTa Hes U IIPU TOBa CHIIECTBYBa N3BUKBaHE HA
PyHKIIMITA, KOETO IIopaskKaa I[IoBede OT €IHO U3BUKBaHe KBbM ChIIlaTa
PYyHKHUIINSA, TO PEKypCUBHAaTa (PYHKIHUS Ce Hapuia pa3KAOHEHO
pekypcHBHA. [I[puMep e peKypcruBHaTa (PyHKIHUS 3a U3YUCASIBaHE Ha
n-ToTo Yyucao Ha PuboHayu (n €CTECTBEHO), KOSITO ce AepuHHpa Taka:
int fib (int n);
{if n==0 || n==1) return 1;

else return fib (n-2) + fib (n-1);
}
B cayuasa Bcako n3BukBaHe Ha fib mopaskna nBe He3aBUCUMU
n3BUKBaHU4 Ha fib, KoeTo BOAM M0 €KCIIOHEHITMAaAHA CAOXKHOCT Ha
peKypcuBHUs aaropuTbM. OT Apyra cCTpaHa, ChIIECTBYBa €AEMEHTApPEH
UTEPaATUBEH aATOPUTHM, KOUTO perraBa 3aadaTa ¢ AMHeHHa
CAOKHOCT.



Taka cTurame 40 cAegHATA IIPENIOPHKA: aKO 3a pelllaBaHEeTO Ha eqHa
3a/1ada MOXKe J1a Ce U3I0A3BA UTEPATUBEH aATOPUTHM, Tol TpsOBa na
Cce peaau3mupa, He Ce IIPeropbuBa OE3MPUHITUITHOTO U3II0OA3BAaHE Ha
pPeKypcCHUsi, Thi KaTO TOBa BOAU M0 3aryba Ha BpeMe U IaMeT.
CrlrecTByBaT obade 3aa4ui, KOUTO CE peliaBaT TPYAHO aKo He ce
HM3II0A3Ba PEKYPCHUS.

[IpocToTaTa U KOMIIAKTHOCTTA HA PEKYPCUBHUTE (PYHKIIMHU ITPOAHYABA
ocobeHo 1Tpu paboTa ¢ AMHAMHUYHUTE PEKYPCUBHU CTPYKTYPH OJAaHHU
(kouTO ce mepUHUPAT Ype3 PEKYPCUBHU CTPYKTYPH): CBBbP3aH CIIUCHK,
CTEK, orallka, IbpBo. OCHOBEH HEIOCTATHK Ha PEKYPCUBHUTE
IIpoTrpaMH € HaMaAdBaHeTO Ha Obp30AeHCcTBHETO ITopaau 3aryba Ha
BpeMe 3a KOIIMpaHe Ha mapaMeTpure B creka. OCBeH ToBa ce
H3pa3xo/IBa IIoBeYe IIaMeT, 0OCOOEeHO IIPH I10-IbAOOKA CTeIleH Ha
BAOKEHOCT Ha PEKypPCHUATA.

EnHo 061110 ITpaBUAO IIPU Ch3JaBaHETO HA PEKYPCUBHU (DYHKITUU €
CA€THOTO: KOTaTO peasru3rupaMe peKypcHusi, BbB PYHKIIUATA TpsabBa na
MMa rPaHUYHHU YCAOBHS 32 U3AU3AHE OT PEKYPCHUATA, KOUTO
3aBAXKUTEAHO CE IOCTUTAT CAel KpaeH Opoil BAOKEHU U3BHUKBaHUS Ha
peKypcuBHaTa (PyHKIHsI. B mpoTuBeH caydail ce moaydaBa 6e3KpaiiHO
3allUKASIHE 1 OOMKHOBEHO ITporpamMarta IIPUKAIOYBa aBapUHHO [Opaau
IIpEeIrbABaHe Ha IIPOTPAMHHUS CTeK. 3a ITOBHUIlIaBaHe HAa e(PEKTUBHOCTTA
Ha PEKYyPCUBHUTE (PYHKIINH, BCUYKHU AOKAAHU IIPOMEHAUBH U
rmapaMeTpu BbB (PYHKIIHATA, KOUTO CE U3I0A3BAT CaMO IIPeAU IIbPBOTO
PEKYPCUBHO OOpBIIIeHUE MOTAT /A Ce U3HecaT U3BBbH (PYHKIUATA KATO
rao0aAHHU.

[To T03u Ha4YMH ce U30ArBa U3AHUIIIHOTO UM [IOBTOPHO Ch3/aBaHe B
HOBaTa CTEKOBa paMKa IPH U3IIbAHEHHE Ha PEKyPCHUBHOTO
OOpBIlIEHHE.

[ITle oTOeAexkuM, Ue 3a BCEKU UTEPATUBEH aATOPUTHM A€CHO MOIKE 1A Ce
IIOCTPOU PEKYPCUBEH aATOPUTHM, KOMTO pelllaBa chllaTa 3aaada.
O6paTHOTO CHIIO € BAPHO, ThH KATO € Bb3MOXKHO PEeKypcHusaTa [a ce
MOJEANPA UTEPATUBHO, HO CaMO Ype3 U3I0A3BaHe Ha JOCTATHYHO
TFOASIM TIOTPEOUTEACKHU CTEK.

11. O6exxmHo-OopueHmMupaHo npozpamupare (C++):
OcHoeHu npuHuyunu. Knacoee u o6exxmu. Onepamopu.
Illabnonu Ha pyHKUUU U Kacoee.

[Tpu mmoaxoma abCTPAKIUS C’BHC CTPYKTYPH AaHHH METOIUTE 34
HM3II0A3BaHe Ha JaHHUTE Ca Pa3/ieA€HH OT METOAUTE 34 TAXHOTO
npencraBgHe. [IporpamMuTte ce KOHCTpyupaT Taka, de fa paboTdarT ¢
abCTpaKTHU OaHHU — JaHHU C HEYTOYHEHO npeacraBgHe. Caen ToBa
MIPEeACTaBIHETO Ce KOHKPETHU3HPa C IIOMOIIITa Ha MHOXKECTBO
PYHKIMH: KOHCTPYKTOPH, CEAEKTOPH 1 MyTaTOPH, KOUTO
peaansupatr abCTpaKTHHUTE JaHHU 10 KOHKPETEeH HAYHH.

3a ma umalocTpupaMme Ioaxoja Ie ch3aafieM IIporpaMa 3a
palloHaAHO-YHCAOBA apUTMeTUKa. B nmporpamara ce gepuHUpaT
dpyHKIIMHM 3a cEOUpaHe, U3BasKaaHe, YMHOXKEHHE U leAeHue Ha
palloHaAHHM YHCAA 110 OOIIOM3BECTHHUTE IIpaBuAa. Te3u omepaliiuu



A€CHO MOTaT [a Ce peaAnu3upar, ako UMa Ha4YuH 3a KOHCTPYHUpPaHe Ha
PaIOHAAHO YHCAO II0 33Ja/IeHHU OBE IIEAU YHCAQ, ITPEACTAaBIIIHN
CBHOTBETHO HETOBHUS YHUCAUTEA U 3HAMEHATEA U aKO UMa HadYWHU 3a
W3BAWYAHE HA YUCAUTEAS U 3HAMEHAaTeAs Ha PaIlOHAAHO YUCAO.
3aToBa B IIporpamara ce AepUHHUPAT CAEIHUTE (PYHKITHUU:
void makerat(rat &r, int a, int b) — KoHCTpyHpa palloHAaAHO YHUCAO T II0
3a/1a/IeHU YUCAUTEA a U 3HaMeHaTeA b;
int numer (rat &r) — U3BANYA YHCAUTEASIT Ha PAIIMOHAAHOTO YHCAO T;
int denom (rat &r) — u3BANMYa 3HaMEHATEAST Ha PAIlMOHAAHOTO YHCAO T.
B Te3u mekaapaimu rat € UMeTO Ha THIIa palloOHAAHO YUCAO. Bee ormre
He 3HaeM Kak ca Ae(pUHUpPaHU TPpUTe (PYHKIIUH, HO aKO IIPEAIIOAOKHUM,
4e Te ca Peasnu3upaHu, TO (PYHKIIUUTE 3a PAalliOHAAHO-YHCAOBA
apUTMETHKA U IIpolleaypaTta 3a u3BexkJaHe Ha PallMoOHAAHO YHUCAO
MOTaT AECHO [1a ce peaansupar. Hanpumep, pyHKImaTa 32 CHOUpaHe
ce peaan3upa Taka:
rat sumrat (rat &rl, rat &r2)
{ratr;

makerat (r, numer (rl) * denom (r2) + numer (r2) * denom (rl),

denom (rl) * denom (r2));

return r;
}
OcranaauTe oreparinu subrat, multrat, quotrat 3a u3Baxkmasne,
YMHOXKEHHE U JEeA€HHEe Ha palOHaAHU YHCAA CE€ PeaAu3upat
a"HarornyHO. PyHKIUSATA 3a U3BEKIaHe ce Ae(puHupa Taka:
void printrat (rat &r)
{ cout << numer (r) << ‘/’ << denom (r) << endl; }
Cera 111€ ce BbPHEM KBM IIPEACTABIHETO Ha PAIIMOHAAHHUTE YHCAQ, a
CBII0 KbM peaAu3alnys Ha IIPUMUTHUBHUTE OIlepalu: KOHCTPYKTOpa
makerat u ceaekTopuTe numer u denom. Thil KaTo palliOHAAHUTE
qHcAa Ce IPEeACTaBAT Upe3 HapeaeHa ABOHKaA OT IIEAU YHCAd, YA0OHO e
HM3II0A3BaHETO Ha CTPYKTypa:
struct rat {

int num;

int den;
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ToraBa mpUMHUTHUBHUTE (PYHKIIUU, KOUTO PeaAHu3upaT KOHCTPYKTOPA U
CEeAEKTOpUTE UMaT BUAA:
void makerat (rat &r, int a, int b)
{r.num = g;

r.den = b;
}
int numer (rat &)
{ return r.num,; }
int denom (rat &)
{ return r.den; }
Caen xkaTo ca nedpuHUPAHU BCUYKH (PYHKIIMH MOIKEM [1a ©MaMe
CA€THUST IIporpaMeH (pparMeHT B HAKOsS (PYHKIIVH:

ratrl, r2, r3;



makerat (r1, 1, 2);
makerat (r2, 3, 4);
r3 = sumrat (rl, r2);
printrat (r3);

Caen U3IrbAHEHHETO Ha TO3U (pparMeHT e ce usBene 10/8.
B npumMmepa ce BuxKaa, Y€ peaAu3UupPaHeTo Ha MoAXoaa abCTPaKIUd ChC
CTPYKTYPH JaHHU UMa YEeTUPHU HUBA HA aOCTPAKITUS:

- HW3M0A3BaHE Ha pallMOHAAHHUTE YHCAA B ITpoOAeMHAaTa obaact
(Hamupane Ha cymara Ha 1/2 u 3/4);

- peasu3upaHe Ha IIpaBHUAATA 34 PAILIMOHAAHO-YHCAOBA
apuTMeTuka (sumrat, subrat, multrat, quotrat, printrat);

- u300p Ha mpeacTaBsaHE 32 PAIlMOHAAHUTE YHCAA U PEAAHU3HPAHE
Ha IPUMHTHUBHU KOHCTPYKTOPHU U ceaeKTopu (makerat, numer,
denom);

- paboTa Ha HUBO CTPYKTypa.

H3moa3BaHeTo Ha 1mmoaxoaa abcTpakiivs CbC CTPYKTYPH JaHHU IIPAaBU
IIpOrpaMuTe II0-AECHHU 3a OIHCAaHUE U Moaudukaiuda. HegocTaTsK Ha
ropHaTa peasu3alyd €, 4e (PyHKIIMHUTE He ChKpalllaBaT PalliOHAAHUTE
yncaa. 3a ga ce IOIIPaBU TO3H HEOOCTATHK, obade, TpAOBa aa ce
IIPOMEHU eIUHCTBEHO (pyHKIUATa makerat. /la IIpearoAOKuM, de
dyHKIIMgaTa gcd HaMUpa Had-roaeMHud OOLI JeAUTeA Ha ABE €eCTeCTBEHH
yucaa. ToraBa HoBaTa makerat uma Buaa:
void makerat (rat &r, int a, int b)
{if(@==0) {r.num = 0; r.den = 1;}
else {intaa=(a>0)?a: -a;

intab=(b>0)?b:-b;

int g = ged (aa, ab);

if(@a>0&&b>0)|] (a<0 &&Db <0))

{rnum = aa/g; r.den = ab/g; }

else {r.num = - aa/g; r.den = ab/g; }
}
C ToBa mpobAEMBT ChC ChKpAaIllaBaHETO Ha PAIlMOHAAHU YHCAA €
pelleH. 3a HETOBOTO pelllaBaHe Cce HAAOXKHU MaAKa MOAU(DUKAIIHS,
KOSTO 3acerHa camMo KOHCTpyKTopa makerat. Taka narocTpupaxme
AecHaTa MOAUMPHUIIMPYEMOCT Ha IIPOTPAMUTE, PEAAHU3HPAIIIH T0AX01a
abCTpakIys ChC CTPYKTYPU OJaHHHU.
N3puyHo 11e oTOeAekuM, de nepuHUpaHaTa CTPYKTypa rat, KoaTo
IIPEeACTaBs PAIMOHAAHO YHCAO HE MOXKE [la Ce U3IO0A3Ba KaTO THUII
JaHHU palloHaAHO yucAo. ToBa e Taka, 3aIll0oTO IIPU TUIIOBETE JaHHU
IIPEeACTaBAHETO Ha JaHHUTE € CKPUTO 3a IOTPEOUTEAS.
3a BCEeKU THUII JaHHU € U3BECTHO MHOKECTBO OT JOITYCTHUMHUTE
CTOMHOCTH U MHOXKECTBO OT BrpaieHUuTe (DYHKIIUHU U OIlepPallui,
JOITyCTHMH 3a TO3U THUIl. Taka Bb3HUKBA yCEIlaHEeTO, Ye
IIPEeACTaBIHETO HAa PAIIMOHAAHO YHCAO KaTO 3aIlHC C IBE II0OAETA
TpabBa na ce obeUHU C IPUMUTHUBHUTE ollepanuu (makerat, numer,
denom). ITocaegHOTO € BB3MOXKHO, Thil KaTo B C++ ce momycka
IIoAeTaTa Ha CTPyKTypa Aa 0paaT (oyHKIUU. 3a 1a HallpaBUM TOBa B
HAIIIUA IPUMEP U3BBPIIBAME CACTHUTE CTHIIKH:



1. BrarouBame nekaapaimumute Ha makerat, numer u denom B
OepuHUIUATA Ha CTPYKTypaTa rat, KaTo eAUMHUHHpPaMe
dOpMaAHHUAT ITapaMeThbp I U B TPUTe PYHKIINH.

ToBa Boau [0 cAaegHaTa AePUHUIIHS HA CTPYKTyparta rat:
struct rat {

int num;

int den;

void makerat (int a, int b);

int numer|();

int denomy();
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2. OTpaszsBaMe NPOMEHHUTE B Ae(PUHUINUTE Ha (PYHKIIUUTE
makerat, numer u denom — mpemaxBamMme (POPMaAAHUSIT
rmapaMeThp I' ¥ Ipes UMETO Ha BCAKA OT Te3U (PYHKITUU
IIOCTaBsIMe UMETO Ha CTPyKTyparta rat U omeparusaTa 3a
paspeliaBaHe Ha JOCTHII ::.

Taka moaygaBaMe CAeOHUTE OePUHUIUU:
void rat::makerat (int a, int b)
{if (@ ==0) {num = 0; den = 1; }
else {intaa=(a>0)?a: -a;
intab=(b>0)?Db:-b;
int g = gcd (aa, ab);
if(a>0&&Db>0) || (a<0&&b < 0))
{num = aa/g; den = ab/g; }
else {num = -aa/g; den = ab/g; }
}
int rat::numer ()
{ return num,; }
int rat::denom (rat r)
{ return den; }
dyuknuuTe makerat, numer, denom 1mpu Ta3u MoaMUKAIINA Ce
HapuyaT YAeH-PYHKIHH Ha CTPyKTyparta rat. U3BUKBaHeTO UM ce
OCBILIECTBABA KATO IIOAETA Ha CTPYKTypa, HAIIPUMED (I € IPpOMEHAUBA
ot Tun rat) r.makerat(1, 5), r.denom(), r.numer().
Cera 3abeas3Bame, 4ye BbB PyHKIIMHUTe sumrat, subrat, multrat,
quotrat u printrat He ce M3II0A3BAT IIoA€TATA Ha 3amuca num u den, HO
aKO HaIlpaBHUM OIIUT 3a U3II0A3BAHETO UM [aXKe Ha HUBO main, TOH I11e
O6bpae ycrnemieH. [locaeHOTO MOXKe fa ce 3a0paHH, aKO ce U3II0A3Ba
eTUKETUTE private: mpen nepUHUITUSTA Ha IToAeTaTa num U den u
public: mpen nekaapanuute Ha YaeH-PyHKIuHUTe. CTpyKTypaTta rat
IIpHUeMa BHUIA:
struct rat {
private:
int num;
int den;
public:
void makerat (int a, int b);
int numer|();
int denomy();
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OnuThT 3a U3MO0A3BAHE HAa IToAeTaTa num u den Ha CTpyKTypara rat
U3BBbH HEWHUTE YAeH-(PYHKIIMU BOOU [0 I'PEIKA.

Cera ako 3aMeHUM 3ariazeHara ayma struct cbc 3anazeHara gyma class
U 3al1a3uM BCHYKU OCTaHaAU Ae(PUHUIIUU [I0AyYaBaMe eKBUBaA€HTHA
nmporpama. EnvHCTBEHATa pa3AHKa €, Ue JOCTHIIBT IO Ioapa3dupaHe
BBTpPE B Ae(pUHUIIHATA B TO3U cAydail e private, a He public.

Taka ecTecTBEHO JOCTUTHAXMe [0 IIOHSTHETO KAAC.

KaacoBere ca TunoBe maHHU, Ae(PUHUPAHU OT HoTpeduTead. Te morat
[a oboraTgBaT BBb3MOKHOCTHTE Ha Bede ChIIEeCTBYBAIll IIOTPeOUTEACKHU
TUII VAU [1a TIPEACTaBSAT HOB TUII JaHHU. KakTo Beue BUASIXME,
KAacoBeTe ca MONOOHM Ha CTPYKTYPUTE U B IIOBEYETO OTHOIIIEHUS ca
UIEHTUYHU — BCEKH KAAC MOXKeE [a Ce pasraea KaTo CTPyKTypa, Ha
KOSITO Ca HAAOXKEHU HIKOM OTPaHHUYEHUd 10 OTHOLIEHHE Ha IIpaBaTa
Ha OOCTHII. Bceku Kaac cpabpka JaHHU, HapedyeH! JaHHH-€eA€MEHTH
(4AeH-ZDaHHH) Ha KAaca ¥ HaOOp oT (PYHKIINHU, HapedeHU (PyHKITHH-
€Ae€MEeHTH (YAeH-PYHKIHH), KOUTO 00paboTBaT JaHHUTE-EAEMEHTHU
Ha Kaaca. [loHgkora (pyHKIIMUTE-EAEMEHTH B 00EKTHO-OPHUEHTHUPAHOTO
IIporpaMHupaHe ce HapuiyaT MeTOLH.

[edpunupanero Ha eIUH KAAC CE CbCTOU OT BE YACTH:

- OeKAapallus Ha KAaca,

-  pedUHUIUS HA HETOBUTE YACH-(PYHKIIUU (METOIH).
[exkaapaliusiTa Ha KAAQC Ce ChbCTOHU OT 3aTAaBHE U TSIAO. 3aTAQBUETO
3aro4yBa ChC 3arazeHara ayma class, mocaeBaHa OT UMETO Ha Kaaca.
TaaoTo e 3arpageHo BbB (purypHu ckobu. Caen Te3u CKOOU CTOU
CIIMCBHK OT UM€HAa Ha 00eKTH (MOXKe /Ja € IIpa3eH), pa3aeAeHH ChbC
3aleTau U Hakpas ce 3arucia ;. B TIA0TO Ha Kaaca ca JeKAapupaHu
YAEHOBETE Ha KAaaca (YA€H-IaHHHU U YAeH-PYyHKIMH). ViMeHaTa Ha
YAEHOBETE Ha KAaca ca AOKaAHH 3a TO3HU KAAC, T.€. B PA3AUYHUTE
KAaCOBE B paMKHUTE Ha eqHa IIporpaMa Morart aa ce nedpuHupaT
YAEHOBE C eMHAKBU UMeHa. YAeH-OaHHU OT €IUH U CBIIH THII MOTaT [aa
Ce U3PENdaT, Pa3IeAeHH ChC 3alleTau U IIPeAIIeCTBAHU OT ChbOTBETHHUS
Tum. U3pudHo 111e oTbeAekuM, e TUITHT Ha YA€H-IaHHA Ha €QUH KAac
He MOXKE [Ia ChbBIIaJa C UMETO Ha TO3H KAaC, HO TOBa He BaxKU 3a THUIIA
Ha YA€H-(PYHKIIMUTE U TUIIOBETE Ha TEXHUTE IapaMeTpHu. B Tga0TO
HSIKOHU JAeKAapallii MoratT Aa ObaaT IpeaiecTBaHu OT
cnenudHuKaTOopHTE 3a AOCTHI public, private, protected. O6aacrra
Ha eIUH CIIelTuUKATOP 3a JOCTHII 3aI109Ba OT CAMUS HETO U
IIPOIbAXKABA IO CAEABAIIMS CIIEITU(PUKATOP UAH M0 Kpas Ha
JeKAapaldsTa Ha KAaca, aKo HaMa CAEIBAIIL CIIEIU(PUKATOP.
[Tompa3zbuparir ce crieltupuKaTOp 3a AOCTHII € private. EquH U cbIln
crienmuUKATOP 3a JOCTHII MOXKE [a CE U3IIOA3BA IIOBEYE OT €IUH IIBT B
AeKAapanusaTa Ha Kaac.
JIOCTBITBT OO0 YAEHOBETE HA KAACOBETE MOXKE /A CE Pa3TAEXIa Ha
CA€MHUTE OBE HUBA:

- HHBO 4YA€H-(QYHKIIHH;

- HHBO BBHIIHU (PYHKIIUU.



YaeH-(pyHKIIMHUTE HA €OUH KAAC UMAaT JOCT'BII [0 BCUYKU YAEHOBE Ha
TO3U KAac. [Ipu ToBa He € He0OX0IUMO Te3U KOMIIOHEHTHU Oa Ce
pegaBaT KaTo napaMmeTpu. To3u pekuM Ha JOCTHII CE Hapuda PeXRKHM
Ha NPAK AOCT'BI. PeXXUMBT Ha JOCTBII 10 YAEHOBETE Ha KAaca 3a
BBHITHUTE (PYHKIINMU C€ OIIpeeAs OT HauyruHa Ha Ae(pUHUpPaHe HA
yaeHOBeTe. YAeHOBeTe Ha eIUH KAac, JeKAapUPaHU KaTo private ca
BHAVMHU CaMO B PaMKUTe Ha KAaca U BRHUIHUTE (PYHKIIMH HIMAT
JOOCTBII 10 TIX. Upe3 U3roa3BaHe Ha YAEHOBE Ha Kaaca, JeKAapPUPaHU
KaTo private, ce mocTura CKpuBaHETO Ha Te3U YAEHOBE 3a BBHIIIHATA
3a KAaaca cpena. To3u 1mmporiec Ha CKpHUBaHe ce Hapuda OIlle
KallcyAHpaHe Ha HH¢opmamuaTa. YaeHOBeTe Ha KAac, KOUTO TPsOBa
na ObpaaT BUOUMU U3BBH KAaca (T.e. JOCT'BITHU 32 BBHIITHU (PYHKIINH)
TpabOBa ma OpaaT AekaapupaHu Kato public. OcBeH kaTo private u
public, yAeHOBeTe Ha KAaca Morart Aa ObaaT AeKAapupaHUu KaTo
protected — ToraBa Te UMAaT CHIIIOTO ITOBEAEHUE KaTO private, HO
pasauKaTta e, 4e Te Morat aa ObIaT AJOCTBHIIHHU OT IMPOU3BOIHUTE
KAaCOBe Ha OafleHUsd KAac.

Caen KaTo €IUH KAAC € AeKAapupaH, TpsabBa aa ce gepuHUpaT
HETOBUTE MeToau. YAeH-TaHHUTE Ha eIUH KAac ce nepUHUpPAaT B
paMKHTe Ha TAAOTO Ha KAaca. 3a YyaeH-(PYHKIIMHUTE UMa [Ba BapUaHTa:
nedoHHUPAT Ce B TAAOTO Ha KAaca UAU U3BBH TAAOTO Ha KAaca, KaTo
BBB BTOPHUL CAy4Yal B TIAOTO HA KAaca Ce II0COYBAT CaAMO TEXHUTE
nporoturniu. Koraro egHa yaeH-QPYHKIIUA ce AepUHUPA U3BBH TAAOTO
Ha ChOTBETHHS KAacC, HEHHOTO UMe TpsiOBa ma ce mpeamiecTsa oT
MMEeTO Ha KAaca, KbM KOWUTO ITPUHAIAEKH YAEH-(PYHKIUATA,
II0CA€IBAHO OT OMHapHaTa ollepallys 3a paspellraBaHe Ha JOCTBII.

B cayuaii, ye eqHa YAeH-(PYHKIIHUS Ha KAac € AepuHUpaHa BBTPE B
TSIAOTO Ha KAaca, Td Ce pasraekaa KaTo BrpageHa ¢pyHkuusa (inline).
[ITe orbeaekuM, Ye B TIAOTO Ha Ae(PUHHUIMATA Ha YA€H-(PYHKIHS SBHO
He Ce M3II0A3Ba O0EKTHT, BbPXY KOHUTO T IIle ce ITPUAOXKHU. Tol yuyacTBa
HEABHO — Ype3 YAE€H-OJaHHUTE Ha Kaaca. [lopaau ToBa To# ce Hapu4da
HefABEH I1apaMeThp Ha YaeH-pyHKImara. OcTaHaAuTe ImapaMeTpH,
KOUTO y4acTBaT SIBHO B Ae(PUHUIINATA Ha YACH-(PYHKIHUSITA Ce
HapuyaT ABHH. Bcaka yaeH-QyHKIINA UMa TOYHO €IWH HesIBeH
rmapaMeThbp U HyAa UAU ITIOBeYe IBHHU.

YaeH-TaHHUTE U YAEH-PYHKIIUHUTE Ha Kaaca UMaT 00AacT Ha
AeHCTBHEe KAac. BrHITHUTE (DYHKIIMY, KOUTO HE CA EAEMEHTH Ha KAac
uMar obaact Ha mericrBue paiia. B obaacTTa Ha AelicTBHUe KAaac,
€AeMEHTHTE Ha KAaca ca HEIlOCPEACTBEHO JOCT'BITHU 32 BCUYKU
PYHKIIMH-€AEMEHTH Ha TO3M KAAaC U T€ MorarT [a Ce M3II0A3BaT IIPOCTO
o ume. M3BBH obaacTTa Ha OEHCTBHE KAAC, EAEMEHTHUTE Ha KAaca,
KOUTO ca JIeKAapUpPaHu KaTo public, MoraT ma ce U3I110A3BaT UAH C
IIOMOIITa Ha 0OEKT OT TO3U KAAC, UAM Ype3 IICEBAOHUM Ha OOEKT OT
TO3U KAAC, AU Ype3 yKasaTeA KbM OOEKT OT TO3U KAaac. KoMmmoHeHTHTe
Ha (PYHKIUUTE-EAEMEHTH UMaT 00AaCT HA AeHCTBUS (PYHKITHUS —
IIPOMEHAVWBUTE, KOUTO ca AePUHUPAHU B TIAOTO Ha (PYHKIUSTA-
€AEMEHT ca M3BECTHU caMo Ha Ta3u (PyHKIUsS. AKO BbB (PYHKIIHSI-
eAeMeHT ce nedpuHUpa IPOMEHAUBA C UMe, ChBIIAAAI0 C UMETO Ha



YAeH-ZIaHHa OT obAacT Ha AeficTBHE Kaac, TO I'bpBaTa CKpUBa BTOpaTa.
TaknBa CKPUTH IIPOMEHAMBHU MOraT [a CTaHaT AOCTBITHU C IIOMOIIITa
Ha OMHapHAaTa olepalyd 3a pa3peniaBaHe Ha JOCTHII C A9B OllepaH/
MMEeTO Ha KAaca U JIeCeH OIlepaH/l UMeTO Ha ChbOTBETHATA YAEH-IaHHA.
3a pa3auka oT PYHKIIMUTE, KAACOBETE MOTaT Aa ce AepruHUpaT Ha
pPa3AMYHU HUBA B IIporpaMara: TA00aAHoO (B obaacT Ha maeicTBUE
daiia) 1 AOKAAHO (BBTPE B TAAOTO HA (PYHKIINSA UAU B TAAOTO Ha KAAC).
ObAacTTa Ha TA0DAAHO MEKAAPUPAH KAAC 3aII0YBa OT AeKAapaliudara Ha
KAaca ¥ IpoabAXKaBa 10 Kpas Ha IIporpaMarta. AKO Kaac € JepuHUpaH
B pPaMKHUTEe Ha TIAOTO Ha (PYHKIIHsS, BCUYKHU HETOBH YAEH-(PYHKIIUH
TpabBa a ca BrpaleHu, Thi KaTo B IPOTHUBEH CAydYal OM Ce IIOAYYHAO
HenomycTuMoTo 3a C++ Baarane Ha pyHKIH. ObGaacTTa Ha KAac,
neprHUpPaH BBB (PYHKIIH 3aII04Ba OT MSICTOTO, KBIETO TOU €
JeKAapUpaH U 3aBbpPIIBa B Kpad Ha 0AOKa, OT KOHUTO € YacT Ta3u
nexkaapanus. O6eKTH Ha TaKbB KAAC MOTaT aa ce AepruHUpaT U
M3II0A3BaT CaMO BBB BBIIPOCHUA OAOK B TIAOTO Ha (PYHKIIHATA.

Caenm KaTo eUH KAac € nepuHUpPaH, MOTraT [Aa Ce Ch31aBaT HETOBU
€K3EMIIASIPU, HapedeHH 00eRTH. Bph3kara Mexkay Kaac u obekt B C++
e rronobHa Ha Bpb3KaTa MeXK/Ay THUII JaHHU U IIPOMEHAHBA, HO 3a
pasAuKa OT OOMKHOBEHHUTE ITPOMEHAUBHU, OOEKTUTE CE€ ChCTOSIT OT
MHOKECTBO KOMIIOHEHTH (YA€H-TaHHU U YaeH-(PYHKIMH). [Ipu Bcsako
nedouHUpPaHe Ha 00EKT Ha KAaca aBTOMATUYHO Ce€ U3BUKBA TOYHO €IHUH
OT KOHCTPYKTOPUTE Ha KAaca C LIeA Ja Ce HHUImasu3upa odoekra. AKo
nepuHUIUATA € 0e3 aBHA WHHUITMAAU3AlIUd, Je(PUHUPAHUIT 00EKT ce
WHUIHaAU3UPA Ype3 KOHCTPYKTOpa II0 roapa3doupane. IBHaA
WUHUIIMAAHU3AIINA MOKeE /1a Ce U3BBPIIH 110 1Ba HAYUHA:

-  HUMeTo Ha obeKTa B NepUHHUIHSTA € [TIOCAEIBAHO OT CKOOH, B
KOHUTO € IIOMECTEH CIIMCBHK OT HaYaAHU CTOMHOCTH — TE€3U
CTOMHOCTH Ce IIpeaBaT KaTo IIapaMeTPU B IMOAXOISII
KOHCTPYKTOP Ha KAaca,

-  HMeTO Ha Oo0eKTa e IIOCA€IBAaHO OT 3HaK 3a PaBEHCTBO U APYT,
Beue nepuHUpaH 0o0EeKT OT KAaca.

[Tpu KoMIIuAMpPaHe Ha Ae(PUHUIIHATA Ha KAAC HE Ce 3a/leAd HUKaKBa
nameT. [lameT ce 3ameada engBa Npu AepUHUPaAHE HA KOHKPETHH 00EKTH
OT TO3HU KAac. [IoCTHIIBT OO0 KOMIIOHEHTHTE Ha obeKTa (ako e
BB3MOIKEH), C€ OCBIIECTBSIBA I10 ABa HAUYWHA — ITPAKO B KOCBEHO.

[Tpu npekusa AOCTHII Ce U3II0A3BAa UMETO Ha 0OEeKTa U UMETO Ha
JaHHaTa AU MeToaa, paszaeseHUu c ‘.. [Ipu KocBeHUS OOCTHII Ce
M3II0A3Ba UMETO Ha yKa3aTeA KbM 00eKTa U UMEeTO Ha JaHHaTa UAU
MeTo/ia, pa3AeAeHu ¢ ->’. [IBaTa MeToda 3a AOCTBII ca
B3anMHO3aMeHdeMu: x.a & (&x) -> a, px -> a & (*px).a.

[Tpu ch3maBaHeTo HAa OOEKTU HA €IUH KAAC, KOIBT HAa METOAUTE Ha
TO3U KAAC He ce KOIMHpa 3a BCEKH O0EKT, a Ce HaMupa caMo Ha eIHO
MSCTO B ITaMeTTa. EcTecTBEeHO, Bb3HUKBA BBIIPOCHT 110 KAKHB HAYHH
METOOUTE Ha €IUH KAaC pa3dbupart 3a Kol 0O0eKT Ha TO3H KAac ca OUAH
n3BuKaHu. OTTOBOPHT Ha TO3U BBIIPOC AaBa yKa3aTeaaT this. Bcaka
yAeH-(PYHKIIUS Ha KAAC NOAAbpP3Ka OJOI'BAHUTEAEH HessBeH (popMaseH
napaMmeTsp ykazatrea this or Tun <ume_Ha_kaac>*. ToBa cTaBa 1o



CAeqHUS HAYWH: KOMIIMAAQTOPBT IIpeobpa3yBa BCsaKa YACH-(PYHKIIHSI Ha
KAac 10 oOMKHOBeHa (PYHKIIHUS C YHUKAAHO M€ U JOI'bAHUTEAEH
ImapaMeThp yKasaTeAadT this 1 BpTpe B TIAOTO Ha Ta3u (PyHKIIUS
IIpeKHuTe OOPBILEHNS KbM YAEHOBE Ha KAaca ce IIpeodpa3yBaT KbM
KOCBEHU OOprblIeHHus upe3 this, choTBeTHO, cAen TOBa, KOMITUAATOPHT
mpeoOpa3yBa BCIKO OOpbBIlleHNE KbM YA€H-(PYHKIIMSA Ha KAaaca B
Imporpamara 10 OOpbIIeHNEe KbM ChOTBETHATa OOMKHOBeHA (DYHKIIUS,
KaTo 3a (paKTHYECKHU IIapaMeThbp, OTTOBapPLAIl Ha (popMaAHUS
napameTsp this ce n3noazBa aapechT Ha 00eKTa, 3a KOUTO € OuAa
W3BUKaHA YAECH-(PYHKIIHUITA.

Cp3gaBaHeTo Ha O0EKTU € CBBhP3aHO ChC 3aeAsdHe Ha I[IaMeT,
3alIOMHSHE Ha TEKYyI0 ChCTOsSHUE, 3a/aBaHe Ha Ha4aAHU CTOHHOCTH U
APYTH OEeHHOCTHU, KOUTO Ce HapudyaT HHHIITHAAH3alHa Ha oOekTa. B
e3nka C++ Te3u nercTBUL Ce U3ITbAHABAT OT CIIeIlMaAeH BU YAEH-
PYHKIIMN Ha KAQCOBETE — KOHCTPYKTOPHTE. KOHCTPYKTOPHT € YAEH-
PYHKIIMH, KOSTO CE OTAMYABA OT OCTAHAAUTE YAECH-(PYHKIIHH I10
CA€THUTE XapaKTEePUCTHUKHU:

-  HMeTO Ha KOHCTPYKTOpa CHBIIa[a C UMETO Ha KAaca;

- THIIBT Ha pe3yATaTa Ha KOHCTPYKTOpPa He Ce YKa3Ba sIBHO B
HeroBaTa JAeKAapaludaTa — BUHATH ce rogpa3dupa, 4e € TUITHT Ha
ykazaread this;

-  KOHCTPYKTOPBT C€ U3II'bAHSABA aBTOMAaTUYHO IIPU Ch3laBaHe Ha
00eKTH;

- KOHCTPYKTOPBHT HE MOIKeE [1a C€ M3BHKBA SIBHO UpPe3 00EKT UAU
KOCBEHO 4Ype3 yKaszaTeA KbM 00eKT.

OcBeH TOBa B €4UH KAAC MO3Ke SIBHO J1a He € Ae(prHUpPaH KOHCTPYKTOP,
HO MOXKe [a ca Ae(pUHHUPaAHU U HIKOAKO KOHCTPYKTOPA.

B 3araaBueTo Ha eqUH KOHCTPYKTOP IIPU HeroBaTta AePUHUIIN,
HETIOCPEICTBEHO CAEI CITMCHKA C (POPMaAHHUTE IIapaMeTpPU MOXKe aa
MMa WHUIIMAAH3UpAalll CIIUCHK. Ype3 TO3U CIIUCHK YAE€H-JaHHU Ha
KAaca MoraT [ia ceé CBBP3KAaT C HaYaAHU CTOWHOCTH.
NHUIIMaAn3upalyusaT CIINCHK € ChCTaBeH OT MMeHa Ha YA€H-JaHHU Ha
KAaca, IOCAeABaHU OT CKOOHM, B KOUTO € 3allucaHa HadasHaTa
CTOMHOCT Ha ChOTBETHATA YAEH-IaHHA, KaTO OTAEAHUTE €EAEMEHTH Ha
CIIMCBHKA CE pas3eAsT ChbC 3alleTad U B HAYaAOTO MY Ce 3aIlicBa
CUMBOABT ’. B KOHCTpyKTOpa €nHa YA€H-JaHHa MOXKE [a Ce
WHUITHAAU3UPA UAM Ype3 UHUITHAAU3UPAIIIUS CIIUCHK UAU BBETPE B
TSIAOTO Ha KOHCTpyKTOpa. [To 00ssCHMMY NPUYUHU 38 KOHCTAHTHUTE
YAEH-IAHHU € BB3MOXKEH CaMO IIbPBUAT HAYHWH 3a MHUIINAAN3AIINL.

B pamkuTe Ha eqHa IIporpamMa MOXKe /a Cce U3BBbPIIBa
npeaedHHHpaHe Ha (PYHKIIMH, KOETO O3HAYaBa HM3II0A3BaHE Ha
PYHKIIMHN C eJHAKBU UMEHAa B €Ha U ChIla 00AacT Ha BUAUMOCT. [Ipu
OCBIIIECTBSIBaHE Ha U3BHKBaHe KbM NpeaedprHUpaHa PyHKIIH,
KOMITHAQTOPBHT THPCU BapHaHTa Ha (PyHKIHUATA C BB3MOXKHO Hal-
nobpo chBIIaeHue. KaTo KpuTepuu 3a Jo0po ChBIIAIaHE UMaMe
CA€HUTE HUBa Ha CHOTBETCTBHE: TOYHO CHOTBETCTBUE (110 Opo# U TUII
Ha popMarHUTE U PAKTUIECKUTE ITapaMeTpPH) U CbOTBETCTBHE Upe3
pasmupsgaBaHe Ha TUIIA Ha HIKOU OT ImapamMeTpuTe. B equH Kaac Mozke
[a ce Ae(puHUpPAT HAKOAKO KOHCTPYKTOpa. BCcUYKu Te uMaT eqHo U



CBIIO UMe (MMEeTO Ha KAaca), Taka de TpdOBa a ce pa3zandaBar IIo
Opog u/uAu THIIA HA CBOUTEe napaMmeTpu. [Ipu cb3gaBaHeTo HA €OUH
00EeKT ce U3IIbAHSABA TOYHO €IUH OT NpeaepUHUPAHUTE KOHCTPYKTOPH.
Koi#i KOHKpeTeH KOHCTPYKTOP Aa Ce U3IIbAHU CE OIIPENeAsd ChrAaCHO
KpuTepusa 3a Hal-1oO6po chBOAgEHUE.

B enuH KAac MOXKe IBHO Ja € nAepuHUpaH, HO MOXKE U [a He €
aepuHUpPaH KOHCTPYKTOP. BBB BTOpHd cAydaii aBTOMATHUYHO CE
Cchb3aBa T.H. KOHCTPYKTOP IO nmoapa3doupaHe. To3u KOHCTPYKTOP
peaau3upa MHOXKECTBO OT AeHCTBUS KaTo: 3ajeAsHe Ha IIaMeT 3a
JaHHUTE Ha 00eKT, MHUITHAAU3UpaHe Ha HAKOU CHUCTEMHU IPOMEHAUBU
u ap. B mepBuga caydaii, T.e. KoraTo 3a Kaaca uMa gepruHUpPaH II0He
€IH KOHCTPYKTOpP, ToraBa KOHCTPYKTOP II0 IToAgpa3dupaHe He ce
Cch3aaBa aBTOMATUYHO M 3a Ja MOKe aa ce nedpuHupaT obekTu 6e3 ma
Ce MHUIIMAAU3HupAaT, ITIOTPEOUTEAIT caM TpsaOBa ga aepruHupa
roapa3oupalll ce KOHCTPYKTOP — TOM HIMa ITapaMeTPU UAU BCHUKHUTE
My IIapaMeTpH ca Ioapas0ouparru ce.

NHuinmaan3anydara Ha HOBOCh34aleH O0EKT OT AalleH KAac MOKe J1a
3aBHCH OT APYT OOEKT Ha CBIIUS KAac. 3a [1a ce yKaxKe TakaBa
3aBHCHMOCT C€ M3II0A3Ba 3HAKBT 3a IIPHUCBOSIBAHE UAW CKOOH, B KOUTO
ce 3aIIicBa UMeTO Ha obekra-mHunmasnizarop. Camara
WHUIIMAAU3AIUdg B TO3U CAy4ail ce U3BBPIIBA OT CHEIHaAeH
KOHCTPYKTOP, HApeYeH KOHCTPYKTOP 3a MIPHCBOSIBaHEe
(KkOHCTPYKTOP 3a KomHe). To31 KOHCTPYKTOP IOAXBP3KA TOYHO €OUH
mapaMeTbp OT THUII const <ume_Ha_Kaac> &. AKO B €IUH KAaC IBHO HE
e nepuHUpPaH KOHCTPYKTOP 3a IIPHUCBOsSIBAHE, KOMITUAATOPBT
aBTOMATHYHO Ch3JaBa TaKbB, B I'bPBHSI MOMEHT KOTATO C€ HAAOXKH
HOBOCH34a/l€H O0EKT OT KAaaca [a Ce MHUIIMAANu3UpPa C 00EKT OT ChIIUSI
Kaac. OCBeH IIpU MHHUIIMAAN3AIIMA Ype3 00eKT, KOHCTPYKTOPHT 3a
IIPUCBOSIBaHE Ce U3II0A3Ba U IIPHU IIpegaBaHe II0 CTOHHOCT Ha 00eKT
KaTo apryMeHT Ha (DYHKIIHS, a CBII0 U IPH BpbllaHe Ha 06EKT KaTo
pe3yATaT OT U3II'bAHEHHE Ha (PYyHKIMA. VI3pUYHO I1Ie OTOEeAEKUM, de
KOHCTPYKTOPHT 3a IIPHUCBOSBAHE Ce U3II0A3BAa CaMO B OITHCAHUTE
CAydau, HO HE U IIPU IIPUCBOsSIBAHE Ha €IUH 00EKT Ha APYT U3BBH
WHUIIMaAU3alvdg. B rocaeqHUS caydail ce U3II0A3Ba IIpeaepuHupaHaTa
orepariys 3a IIPHUCBOsIBaHE.

YKa3zaTeAHTe K'bM OOEKTH ce Me(pUHUPAT [0 CHIIMSI HaYHUH KAKTO
yKazaTeA KbM CTaHAAPTEH TUII AaHHU. Hanpumep, ako B rporpamara
e nedpuHupaH KaackT MyClass, To ca BaAuHU cAeqHUTE OePUHUITHIU:
MyClass obj;

MyClass *ref = &obj;

Bpb3kaTa MeXay MacHBU U YKAa3aTEAH € B CHAA U B CAydasi, KOTaTo
eAeMEeHTHUTE Ha MacuBa ca O0eKTH.

EAeMmeHTHTE Ha €MUH MacCUB MOTAT fla ca 00eKTH, HO pa3bupa ce oT
equH 1 ChIU Kaac. Heka Hanmpumep e nedpunupan kaacsT MyClass,
KOHUTO MMa OTKPHUTA YAEH-JaHHA X U OTKpHUTA YAaeH-pyHKImd f 6e3
rmapaMeTpH.

CaemHaTa nepuHUIUS € BaAUIHA:

MyClass obj[20];



JOCTBIIBT OO EAEMEHTHTE Ha MacHBa € IIPSIK U Ce OCBHIIECTBABA 110
CTaHAAPTHUA HAYWH 4ype3 uHAeKcupaxe: obj[0], obj[1], ..., obj[19].

Twit kaTo obj[i],i=0, 1, ..., 19, e 00eKkT, KbM HETO Ca BH3MOXKHHU
obpmrIeHUaTa obj[i].x u objli].f().

YaeH-maHHa HA €OUH KAAaC MOXKe fa e macuB. Hanpumep, na
npearoroxkum, 4ye MyClass uma DombaAHUTEAHA OTKPUTA YAEH-TaHHA
y[5]. Heka obj e o6ekT ot kKaac MyClass. ToraBa 4OCTBIIBT 40
eAeMEeHTHUTE Ha MacHhBa y B 00eKTa obj Ille ce OCBHIIECTBU 110 CAE€IHUS
Ha4duH: 0bj.y[0], obj.y[1], ..., obj.y[4]. KoHCTpyKTOPBT 110 moxpa3bupane
Urpae BaxkHa poAd NPHU Ae(PUHHUPAHETO U UHUIIHAAU3UPAHETO HAa
MacCHBHU OT 00eKTU. MacuB oT 00eKkTH, AepUHUPAH B IIporpaMmara ce
WMHUIHAAU3UPA 110 ABa Ha4YWHA: IBHO (Ype3 HHUIIHAAU3UPAll] CITUCHK)
WAM HESIBHO (Upe3 M3BHUKBaHe Ha KOHCTPYKTOpPA II0 Imoapa3dupaHe 3a
BCEKHU OOEKT — €eAEMEHT Ha MacHuBa).

Bcaka nporpama mMa HIKOAKO MeCTa 3a CbXpaHdBaHE Ha JaHHU, €THO
OT T4dX € obaacTTa 3a fuHaMu4yHU naHHu (heap). JuHaMUYHUTE JaHHU
ca TaKWBa, 4Ye TeXHUST Opol U pa3Mep He € U3BEeCTEeH B MOMEHTa Ha
IIpOeKTHPaHe Ha IIporpamara. Te ce cb3gaBaT U paspyliaBaT II0 BpeMe
Ha U3II'bAHEHUE Ha ITporpamarta. Caex pa3pylniaBaHeTo UM, 3aeTaTa OT
TSX IIaMET Ce OCBOOOXKIaBa M MOKE Jla Cce M3II0A3Ba HAHOBO. Taka
IIaMeTTa Ce M3II0A3Ba M0-e(PeKTUBHO.

Cp3maBaHeTO U paspylllaBaHETO Ha AUHAMUWYHU JaHHU B e3ukKa C++ ce
U3BBPIIIBA Ype3 oleparudara new 1 orneparopa delete. I3BukBaHeTo
Ha new 3a/eAs HeoOxoauMarta rmamMet B heap-a 1 BpbIlla yKazaTeA KbM
Hesd. M3BukBaHeTo Ha delete ocBobokaBa rramerTa B heap-a, coueHna
OT yKa3atrea. Ha BCcIKo H3BUKBaHe Ha new TpsbBa na ChbOTBETCTBA
n3BUKBaHe Ha delete, Tpl KaTo heap-bT He ce YMCTH aBTOMATHYHO U B
IIPOTUBEH CAyYal ImaMeTTa PaHO MAU KBCHO IIie CBbpIIH. CUHTAKCUCHT
Ha oIlepanusTa New € CAeIHUS:

new <HMe_Ha_THII> [[<pa3Mep>]|| uau

new <uMe_Ha_TUIl>(<HHULIMaAsu3anuga>). Tyk <uMe_Ha_TUII> € UMe Ha
HSIKOM OT CTaHOApPTHUTE TUIIOBE MAU € MMe Ha KAac, <pa3Mep> €
IIPOMU3BOAEH M3pa3, KOUTO MOXKe [a Cce IpeodpasyBa [0 IIFA U IT0Ka3Ba
Opod Ha KOMIIOHEHTUTE OT TUII <MMe€_Ha_THUII>, 3a KOUTO [1a Ce 3alIeAU
rnaMeT B heap-a, <uHHIIHaAWU3AlUsI> € U3pas3 OT THUII <UMe_Ha_THUII> UAU
WHUIHaAU3alHs Ha O0EKT CIIOpe] CHHTAKTHCA Ha KOHCTPYKTOP Ha
KAaca, ako <uMe_Ha_THUII> € uMe Ha Kaac. [Ipu ToBa,
<HHUIHaAHU3alUs> He MOXKe [a IIPUCHCTBA, aKO0 € 330aeH <pa3Mep>.
CemaHTHKaTa Ha oIlepanusaTa new e caenHara: B heap-a ce 3ageadaT
sizeof (<ume_Ha_Ttuir>) uam sizeof (<ume_na_tuir>) * <pasmep> 6aiita B
3aBHCHMOCT OT TOBa JaAU HE € YKa3aH HAU € YKa3aH <pa3Mep> U ce
WMHUIIHAAU3UPAT Ype3 <HHUIHaAU3alluda>, aKo TaKaBa huMa.
Onepalygara Bpbllla KaTo pe3yATaT yKa3aTea KbM (I'bPBUA €AEMEHT OT)
3aeAeHaTa namer. Ako B heap-a HaMa OOCTATHYHO IIaMET, NEW BPBIIA
NULL. CuntrakcuchT Ha onepatopa delete e caegHus:

delete <ykazaTeA_KbM_auHaMU4YeH_o0ekT>. Tyk
<yKaszaTeAa_KbM_AHHaMH4YeH_OOEKT> e yKa3aTeA KbM AUHAMUYHA
[JaHHa, ch3aaaeHa upe3 new. CemaHTukara Ha delete e caemHaTa:
paspylniaBa gaHHaTa, apecupaHa OT yKa3aTeAs U [IaMeTTa, 3aeMaHa



OT Ta3u JaHHa ce ocBoboxkmaBa. AKO JaHHATa, aJpecupaHa OT
yKazaTeAd € 00eKT Ha KAac IIpeau [a Ce paspyllu ce U3BUKBa
JEeCTPYKTOpa Ha Kaaca. AKO fTUHaAMHUYHAaTAa JaHHA € MacUB

(B 3aeAgHETO Ha ITaMeT 3a Hed C new e OMA yKa3aH <pa3Mep>
mo-roagM ot 1), To delete TpabBa ma ce u3noa3Ba B caeaHaTa opMa:
delete [| <ykazatea>.

PaspyiaBaneTo Ha 06EKTU Ha KAACOBETE B HAKOHU CAydYaHl € CBhP3aHO C
U3BBPIIIBAHETO Ha OIIPENEAEHHU MAEeHCTBUSI, KOUTO CE HapudaT
3aKAIOYUTEAHH. Hali-yecTo Te3u AelCTBUS ca CBBbP3aHU C
0oCBOOOXKIaBaHe Ha 3aeAeHaTa Mpead ToBa JUHAMUYHA IIaMET,
BB3CTaHOBSIBAHEe Ha CHCTOSHUE Ha ITporpaMarta u ap. EQekTsT ot
3aKAIOYUTEAHUTE EHCTBUS € IIPOTUBOIIOAOXKEH Ha e(peKTa Ha
WHUITHaAu3ausaTa. EcTecTBEeHO € ma ce maae Bb3MOXKHOCT Te3HU
OefCTBUA [1a Ce U3BBPIIAT aBTOMAaTUYHO IPHU pa3pylllaBaHe Ha o0eKTa.
ToBa ce oChIlleCTBIBA Ype3 AECTPYKTOPHTE HA KAACOBETE.
JecTpyKTOPHT € YAeH-(PYHKIINSA, KOATO Ce U3BHUKBA IIPU pa3pylllaBaHe
Ha quHaMu4deH oOeKT ¢ orneparopa delete mau mpu m3an3aHe oT OAOKA,
B KOHTO € OHA Ch3maeH obeKTa Ha Kaaca. EAuH Kaac MoKe ga UMa
ABHO AePUHUPAH TOYHO €OUH AeCTPYKTOp. MiMeTo My ChBIIaga C UMETO
Ha KAaca, IIPeaIIecTBaHoO OT cuMBoAa ‘“~’. TUIrbT My e void 1 To# SBHO
He ce yka3Ba. OCBEH TOBa, AECTPYKTOPHT HE MOXKeE Ja uMa (pOpMaArHU
rmapamMeTpu. AKO KOHCTPYKTOPHT UAH HIKOS YAEH-(PYHKIINUA Ha €IHUH
KAaC peaAn3upa IUHaMHUYHO 3aeAsdHE Ha IIaMeT 3a HIKOS YA€H-IaHHa,
HM3II0A3BAaHETO Ha JECTPYKTOP € 3abAXKHUTEAHO, Thi KaTo TpabBa na ce
0oCBOOOIM 3aeTaTa MUHAMHUYHA IIaMET.

CrurecTByBaT ABa HAYWHA 3a Ch3AaBaHe Ha O0EKTH: upe3 Ae(pUHUIINI
UAY upe3 PYHKIIUMUTE 32 AUHAMUYHO yIIpaBA€HUE HA IaMeTTa.

B mbpBUs caydaii 06eKTHT Ce Ch3aaBa IPU JOCTUTAHE HA HeroBaTa
OepUHUINS U Ce pa3pyllaBa IpU U3AU3aHe OT 0AOKa, B KOHUTO €
IoMecTeHa AepUHHUIIHUATA (MAU KOTaTO IPUKAIYH U3ITPAHEHHETO Ha
Imporpamara, ako o0eKTHT e raobaseH). [JepuHUIIATA, Ype3 KOATO Ce
chb3gaBa 00EKT, MOXKe fa ObAe JOIIbAHEHA C HHUIIMAAU3AIIULI, KOSITO
MOJKE [Ja Ce pPeasnu3upa upe3 U3BUKBaHe Ha OOMKHOBEH KOHCTPYKTOP
MAMW Ha KOHCTPYKTOpA 3a IIpUCBOsABaHe. PazpymiaBaHeTo Ha 06eKTa €
CBBP3aHO C U3BUKBAHETO HA JIECTPYKTOpPA Ha KAaaca, aKO TaKbB € SIBHO
nepruHUpPaH.

BBB BTOpUS cAydail ch3oaBaHETO U pa3pylllaBaHeTo Ha obeKTa ce
ynpaBasgBa oT nporpaMmucra. Che3maBaHeTo cTaBa Ypes3 olepaluara
new, a paspyiiaBaHeTo upe3 onepartopa delete. Onepaiusara new
M3II0A3Ba KOHCTPYKTOPHUTE Ha KAaca, a orneparopa delete mecTpykropa
Ha KAaca.

Cb3maBaHeToO Ha MaCUBH OT OOEKTH CTaBa IO ABa HAYHUHA.

[TbpBUAT HAYUH € Ype3 OOMKHOBeHa nedpuHUIUs. [Ipy HETO MACHUBBHT
ce ch3/IaBa IPU JOCTHUTAHETO Ha Ta3u Ae(pUHUIIUS U Ce pa3pyllaBa
IIPU U3AHU3aHE OT OAOKA, B KOMTO € IToMecTeHa Ae(pUHUIUATA (UAH TIPU
IIPUKAIOYBAHE Ha U3ITbAHEHHETO Ha IIporpaMara, ako MaCUBBT €
raobaaeH). [Ipu ch3maBaHETO HA MacHUBa OT O0EKTH 3a BCEKU €AEMEHT
Ha MacCHBa Ce U3BHKBa KOHCTPYKTOPHT IO IIpeMbAUYABAHE, OCBEH aKO
He € 3a/a/ieHa SBHA WHUITHaAU3alds Ha MacUuBa, KOSTO IIPEeACTaBASIBa



CIIMCBHK OT OOPBIIEHUS KBbM KOHCTPYKTOPHU Ha Kaaca. [Ipu
paspyniaBaBaHETO HAa MacHUBa OT O0EKTHU 3a BCEKH eAeMEHT Ha MacHBa
ce U3BUKBa AECTPYKTOpa Ha Kaaca.

BropusaT HayuH e ype3 PYyHKIIMUTE 32 AUHAMHUYHO yIIpaBA€HHE Ha
namerTa. OTHOBO Ch3JaBaHETO CTaBa Ype3 New, IIpU ToBa Ce YKa3Ba
pasMephT Ha MacHBa U YHHIIIOXKaBaHeTo ctaBa uped delete []|. [Ipu
TOBAa, IIPU U3II'bAHEHUETO Ha OIlepallusdTa New 3a BCEKU O0EKT OT
HOBOCH34aJ€H1 MAaCHUB Ce N3BHKBa KOHCTPYKTOpPA 10 IIpeMbAUYaBaHE
Ha KAaca, a Ipu U3I'bAHEHHETO Ha oneparopa delete[] ce m3BukBa
JEeCTPYKTOpa Ha KAaca 3a BCEKU €IUH OT eAeMEHTHUTE Ha MacuBa.
KakTo Bede criomeHaxme, 3a MaCUBUTE, PEAAN3UPAHN B AHHAMHUYHATA
IIaMeT He MOJKe SIBHO [Ia Ce 3a/aBa MHUIIHAAU3aIlUs.

Bceku onepaTop ce xapakTepHu3upa C II03UIHI Ha ollepaTopa, CIPsIMO
apryMEHTHUTE MYy, IPUOPUTET U acollMaTUBHOCT. [lo3uiuara Ha
oriepaTopa CIIpPIMO apryMEeHTUTE My I'O OIIpeaeAss KaTo IIpepuKCceH
(mocTaB4g ce Ipen apryMeHTHUTe), HHPUKCEH (IIOCTaBd Ce€ MEXKIY
apTyYMEHTHUTE) UAU ITOCT(PUKCEH ([IOCTaBSI CE€ CAEl apTyMEHTHUTE).
[IpuopUTETHT OIIpeAeAs pena Ha U3II'bAHEHHE Ha OllepaTOPUTE B
oriepaTopeH TepM. OmepaTopuUTe C IIO-BUCOK ITPHUOPUTET CE
U3II'bAHSBAT IIPEIU T€3U C IO-HUCHK. ACOIIMATHBHOCTTA OIIPeNeAs peaa
Ha U3II'bAHEHHE Ha OIlepaTopH C €AHaKbB IIPUOPUTET B OIIEPATOPEH
TepMm. B C++ nma A9BO U ASICHO aCOILMATUBHU OII€PaATOPH.
AgBoaconmaTUBHUTE OIIEPATOPHU Ce U3ITbAHSIBAT OTASIBO HASICHO, a
[SICHOACOIIMATUBHUTE CE HU3II'PAHIBAT OTAACHO HAAIBO.

B C++ He morart na ce gedpmHUpPAT HOBU OIIEPATOPH, HO BCEKU
CBIIECTBYBAIIl OIlepaTop, C U3KAIOYEHHEe Ha ::, ?:, ., .*, sizeof, MmoxKe na
O0bpae npenepHUPAH OT IIPOTPAMUCTA, CTUTA IIOHE eOUH OIlepaH Ha
orepaTopa ga e obeKT Ha HAIKaKbB Kaac. [IpeneduHEpaneTo ce
U3BBPIIBA Upe3 nepuHUpPaHe Ha ClIelaseH BUL (PYHKIIMH, HapedeH!U
onepaTopHH ¢byHKuHH. [locreHUTE UMAT CHHTAKCHCA Ha
OOMKHOBEHHU (PYHKIINMH, HO UMETO UM CE CbCTOHU OT 3aria3eHaTra ayMa
operator, rrocaegBaHa OT MHEMOHUYHOTO O3HAYEHHE Ha
npenedprHUpaHaTa ornepamnus. Korato npenedrHrpaHaTa orneparus
M3UCKBAa JOCTBHII 10 KOMIIOHEHTHUTE HA KAACOBe, JeKAapUpPaHU KaTo
private mau protected, onepaTopHaTa meouHUINS TPsAOBa Oa € YAeH-
PyHKIIMG UAU (PYHKIIUG-TIPUSTEA HA TE€3H KAaacoBe. B mpoTuBeH
cAydai, T.e. KOraTo olepaTopHaTa AeoUHUINUS € BhHIITHA (PYHKITHS
HETIPUSITEeA Ha Te€3U KAACOBEe Ts HIMa AOCTHII 10 BBIIPOCHUTE
KOMITOHEHTHU. [To3unmara CripssMo apryMeHTHUTE, IIPUOPUTETA U
aCoOIIMATUBHOCTTA Ha eIHAa ollepallysd He MOXKe /1a Ce IIPOMEHST IIPHU
HefiHOTO TpenedpuHupane. ChIIlO Taka, OposST HAa HEHHUTE apryMeHTU
He MOXKe fa Ob/ie IIPOMEHEH U OIlepaTOpPHUTE (PYHKIIMYU HEe MoTaT aa
HMaT apryMEeHTH 10 IIpeMbAUYaBaHE.

B pazanyHU caydau ornepaTopHUTe (PYHKIIMH € Hali-nobpe na opaat
IPUATEACKHN (PYHKIIUU UAW (PYHKIINH-EAEMEHTH.

AKO AeBHSAT oIlepaH Ha IpenedpuHUpaHaTa orepamnud TpaoBa
3a’bAYKUTEAHO ga Obae 00EKT Ha KAAC UAU IICEBIOHHUM Ha OOEKT Ha
KAac, ToraBa Td ce IIpeneduHupa ¢ (PyHKIUS eaeMeHT. Hanpumep
orepanmuTe 3a U3BUKBaHe Ha (PYHKIHUA ()’, 32 JOCTBII 10 EAEMEHT Ha



MacHuB ], ykaszaTeaHaTa olepanuda ->’ U ollepalydara 3a IPHCBOIBaHe
‘=’ BUHaAru ce npeaeUuHUpPAT ¢ (PYHKIHSI €eAeMEHT Ha KAac.

Axo AeBHAT oriepaH TpsibBa ga Obae 00EKT OT APYT KAAC UAH OT
BTpaleH THII, ToraBa OllepanudaTra He MoXKe aa 0pae rmpemeduHupaHa
PYHKIIMS-eAEMEHT U T4 ce IpeneuHupa ¢ BbHIITHA (PYHKIINLA, KOATO €
IIpULTEA Ha KAaca.

YHapHa orepanus MOXKe [Ja ce npeaerHupa C IIOMOIIITa Ha
HecTaTUYHa (PYHKIHSI eAeMEeHT 0e3 apryMeHTH UAU C BBHIIIHA
PYHKIMI-IPULTEA C EOUH apTyMeHT. To3u apryMeHT TpaOBa aa O0bae
MAU OOEKT Ha KAaca HMAM IICEBIOHUM Ha O0EKT Ha Kaaca.

BunapHa onepaliisg MozKe aa ce rpenedruHupa ¢ IIoMolITa Ha
HeCTaTU4YHa (PYHKIIHS €A€MEHT C eIUH apryMeHT UAU C BBbHIIIHA
PYHKIUA-TIPUATEA C IBA apryMeHTa. EAUHUAT OT T€3U apryMeHTHU
TpsaOBa ma O0b/Ie UAU OOEKT OT KAaca HUAM IICEBIOHUM Ha OOEKT OT
KAaca.

Oneparnure = U yHapHaTa & MOraT [1a ce M3I0A3BAT C 00EKTU OT
BCEKHU KAac 0e3 Te aa ca npeaedpurHupanu. [lo npembadyaBaHe,
yHapHaTa ornepanus &, IpUAOKEeHa KM 00EKT OT KOH [a € KAac,
BpBIlA aapeca Ha obekTa B mamerTa. [lo mpembayaBaHe, IPHCBOSBAHE
(=) mo3ke ma ce U3BBPIIBA MEXKAY OOEKTH OT €IUH U CBII KAAC U TO CE
CBeXKa 10 IOOUTOBO KONIHpaHe Ha JaHHUTEe-eAEMEHTH Ha KAaca.
TakoBa KomMpaHe e OITacHO 3a KAACOBE C JAaHHU-EAEMEHTH, KOUTO
coyaT KbM AUHAMUYHO pasnpeneseHa namer. Caeq U3BBPIIBaHE HA
TaKOBa MIPHUCBOSBAHE 3a ABa Pa3AHYHHU 00eKTa OT TaKbB KAAC, TE€3U
[aBa o0eKTa IIle coYaT KbM elHa U ChIlla 00AacT OT maMeTTa.
HN3mbAHEHHETO Ha AeCTPYKTopa Ha KOU [a € OT Te3U OOEKTH IIe JOBee
10 ocBOOOZKIaBaHETO Ha Ta3u I1aMeT. AKO Itocae, obade, dpe3 Apyrus
00€eKT ce U3BBPIIN OOpPBIIeHNEe KbM COYeHaTa OT Hero Bede
ocBODOOZIEHA TTAMET, PE3YATATHT Ile O'b/le HEOIIPEIEAEH.

[Topamu Ta3u NpUYUHA, OIlepalUsaTa = 32 TAKHBA KAACOBE
3aIbATKUTEAHO Ce IIpeaepuHupa.

BB3HUKBaA HEOOXOIMMOCTTA OT CPEACTBA, KOUTO pearu3upat PyHKIIUHU
U KAACOBE, 3aBHCEIIH OT IIapaMeTpPH, KOUTO 33aJaBaT TUIIOBE JAaHHU U
IIPU KOHKPETHU ITPUAOXKEHUS [apaMeTpPUTE Ja C€ KOHKPETU3UparT.
TakuBa cpeacTBa ca WAOAOHHTe. Te IT03BOASBAT CH3/IaBAHETO HA
PYHKIIMH ¥ KAACOBE, U3IIOA3BAIIU HEOIIPEIEACHU TUIIOBE JAaHHU 3a
CBOUTE apryMeHTH. Taka mabAoOHUTEe Ha KAACOBE I103BOAIBAT Aa Obaat
OIIMCBaHU 000OIIEHH TUIIOBE AaHHU. [IlabaoHUTE HA KAACOBE
HaM-4eCTO Ce U3II0A3BAT 3a U3rpazkaaHe Ha OOII0IIeAeBU KAAaCOBe-
KOHTeHHEepH (CTEKOBE, OITAIIIKH, CIIUCHIU U IP.).

[ITabaoH Ha PyHKIMA ce nedpuHUpPa KaTo OOMKHOBEHA (PYHKITHS, HO
CBC CAEIHUTE PA3AUKHU: 3aTAABHETO Ha (PYHKIUATA CE IPEAIIECTBA OT
3ama3zeHaTa ayma template, mocaegBaHa OT CIIHCHKA OT (popMasHUTE
rmapaMeTpu Ha IabAoHa, 3arpafeH B ‘<’, >’ — CIUCBHK OT
UAeHTU(PUKATOPH, IPEAIIECTBAHU OT 3ana3eHaTa AyMa class u
pasmeaeHU cbe 3aneTran. PopmMasrHUTE ITapaMeTpPH Ha I1abAoHa
O3HAYaBaT BCEKH Brpa/IeH UAU ITIOTPEOUTEACKH THII U MOTraT Ja Ce
M3II0A3BaT IIPH yYKa3BAHETO HA THUIIOBE HA IIapaMeTpPUTe Ha
dpyHKIMGTa, IIPU YKa3BaHETO Ha TUIIA HA pe3yATaTa Ha (PyHKIUsSITa



HWAM IIPU YKa3BaHETO Ha THUII BBTPE B TIAOTO Ha (PYyHKIIHATA
(Hanpumep, Tpu AePUHUPAHN Ha AOKAAHHU ITPOMEHANBH).
H3moa3BaHeTO Ha AepUHUPAaH I1abAOH Ha (PYHKIHS cTaBa dpe3
oOppBIIeHNEe KbM 0000IIeHaTa (PyHKIINA, KOSTO IIabAOHBT AepuHHUpPA, C
rmapaMeTpu oT KOHKpeTeH Tull. [Ipu TakoBa o0pbIlleHeE,
KOMITHAQTOPHT TeHepupa 1mabaoHHa (PyHKIHI, KaTO 3aMeCcTBa
rnapaMeTpuTe Ha nrabaoHa C THIIOBETE Ha ChbOTBETHUTE (PAKTUIECKH
rmapaMeTpH.

[exkarapanusaTa Ha M1abAOH Ha KAAC HM3TAEXKAA KAaTO TPAIUITMOHHO
OITHCaHNE Ha KAAC ChbC CA€IHATA pa3AuKa: IMpeIIecTBa Ce OT 3araaBue,
KOETO 3aIloyBa C KalogoBaTa ayma template, mocaegBaHa oT cIUCBHKaA
Ha opMaAHHUTE mapaMeTpH Ha I1abAoHa, orpaneH B <’ u >’. To3u
CIIMCBHK UMa aHAAOTHYEH BU KAaKTO IIPU NIabAOHUTE Ha (PYHKIUU.
dopmasHUTE ITapaMeTpPU Ha I1abAOHa Ha KAaca 03Ha4YaBaT THUIIOBE
(BrpazmeHu MAU MOTPEOUTEACKH) U MOraT [a Ce M3II0A3BaT HABCAKbB/E B
JeKAapalysTa Ha Kaaca — KaTo TUIIOBE 3a YA€H-OaHHH, KaTo TUIIOBE
Ha ITapaMeTpH UAM THII Ha Pe3yATaT Ha YAeH-(PYHKIUH, KaTO TUIIOBE
Ha AOKAAHH ITPOMEHAWBH Ha YA€H-(PYHKIUU U T.H. Becaka neduHUIINS
Ha (PYHKIHSI-eA€MEHT U3BBH AeKAapalisaTa Ha Kaaca TpsaOBa ga ce
IIpeaIlecTBa OT 3arAaBHETO Ha I1abAaoHa Ha Kaaca. [leduHUnuaTa e
CTaHAAPTHA C Ta3Uu pa3AUKa, Ye BUHATH KOTaTO B Hesl Ce M3II0A3Ba
MMeTO Ha KAaca (C U3KAIOYEHHE Ha cAydasi, KOraTo TO € UMe Ha
KOHCTPYKTOP), TO TPAOBAa [1a ce 3a/1aBa CA€O HETO CIHUCHKa OT UMeHaTa
Ha popMasHUTE ITapaMeTpH Ha I1abAOHAa, orpazieH B <’ u >’

3a pa3auka oT mabaoHUTE Ha (PYHKIIUU, IIPU Ch3/IaBaHe Ha O0EKT Ha
1abAOHEH KAaC U3PUYHO TPAOBa a ce 3a1a1aT KOHKPETHUTE THIIOBE,
3a KOUTO IIle Ce Ch31aBa TO3U O0EKT, KaTO UMeHaTa Ha KOHKPETHHUTE
THUIIOBE ca IOoJApeaeHHU B CIIMCHK, OTpasieH ¢ <’ u >’ caeq uMeTo Ha
KAaca B AedpuHHIMATA Ha obekTa. HarmpuMmep, HekKa uMmaMe cAaemHaTa
oeKAapalys Ha 11abAoH Ha KAAC:

template <class T, class S>

class Stack {
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ToraBa ca BaAUHU CAETHUTE MEPUHUITUH HA OOEKTH:

Stack <int, double> obj1;

Stack <double, int> obj2;

U T.H.

B nr1abaonuTe Ha (PYHKIIMH B KAQCOBE MMa BB3MOKHOCT A Ce
M3II0A3BaT U HETUIIOBU IIapaMeTPH — T€ Ce 3aaBaT 3a€IHO C TUIIOBUTE
rIapaMeTpHy B CITHCHhKA Ha popMaAHUTE ITapaMeTPH Ha I1abAoHA.
daKTUIECKHUTE CTOMHOCTH Ha HETUIIOBUTE IIapaMeTpu TpAbBa ma ca
KOHCTAHTHHU HU3pa3u, Thi KaTo Te ce obpaboTBaT 110 BpemMe Ha
KOMITHAAQLIHS.

12. O6exmHo-OopueHmMupaHo npozpamupare (C++):
HacneosteanHe u nonumopgpusom.



[Ipou3BogHUTE KAACOBE U HACAEASIBAHETO Ca €aHAa OT Hali-BaKHUTE
XapaKTEePUCTUKH Ha 00EKTHO-OPHUEHTHPAHOTO HmporpaMmupane. Kato ce
HM3II0A3Ba MEXaHU3MBT Ha HACAEQSIBAHETO OT CHIIECTBYBAIIl KAAC MOXKeE
[a ce ch3maze HOB Kaac. KaackT, oT KOHTO ce ch3maBa, ce Hapuda
0a30B KAac, KAQCHT, KOUTO Ce Ch3aBa Cce Hapuia MPOH3BOAEH KAAC.
[Ipou3BOOHUSAT KAAC MOIKE Ja HACAEOU KOMIIOHEHTHUTE Ha €IUH HAU Ha
HSIKOAKO 0a30BH Kaaca. B mbpBuda caydail HacAeOssBaHETO Ce Hapuda
IPOCTO, BHB BTOPUS CAydall ce Hapuia MHOXKECTBEHO.
[ecrHupaHeTo HA IPOU3BOIHU KAACOBE € EKBUBAAEHTHO Ha
KOHCTPYHUPAaHETO Ha HepapxXxuu OT KAacoBe. Bceku mpous3BoaeH Kaac
MOJK€ OT CBOsI CTpaHa aa e 6a30B HpH Ch3aaBaHe Ha HOBU IPOU3BOIHU
KAacoBe. AKO MHOKECTBO OT KAACOBE UMAaT OOIIM JaHHU U METOIH,
Te3U OOIIM YacTH MoraT Ja ce 000co0aT KaTo 6a30BH KAACOBE, a BCIKa
OT OCTaHAAUTE YaCTHU [a ce AepUHUpPa KaTo IIPOU3BOAEH KAAC HA Te3U
6a3oBU KaacoBe. Taka ce mpaBu UKOHOMHUS Ha IIaMET, Thil KaTo Ce
n309rBa MHOTOKPATHOTO ONKMCAaHUE HAa €qHU U CBIIU IIPOrPaMHHU
dpparMeHTH.

[Ipou3BogHUTE KAACOBE ce nAepruHUpPAT KaTo OOMKHOBEHU KAACOBE C
€IUHCTBEHAaTAa Pa3AHKa, Y€ CAEl UMETO Ha IPOU3BOIHUS KAAC B
3arAaBHETO C€ IIOCTaBs CUMBOABT ‘’, TIOCAE€IBAH OT CIIMCHK OT ABOMKHU
[<aTpubyT_3a_obaacT>| <ume_Ha_0a30B_KAac>, pa3ieA€HH ChC
zaneTrau. To3u CIIUCHK omnpeneas Kou ca 6a3oBUTe KaacoBe. ATPpUOYTHT
3a 00AaCT € He3aabAKUTEAEH U MOKe na O0pae public, private mam
protected. Toit onpeneasda obaacTTa Ha HACAEIEHUTE KOMIIOHEHTH B
IIPOU3BOAHUA KAaac. AKO aTpUOyTHT 3a 00AaCT € IIPOITyCHAT,
roapasbupa ce private. MHOKECTBOTO OT KOMIIOHEHTHUTE Ha
IIPOU3BOHUA KAAC CE ChCTOU OT KOMIIOHEHTHUTE Ha BCHYKU HETOBU
0a30BH KAACOBE, 3a€IHO CHC COOCTBEHUTE KOMIIOHEHTH Ha
IIPOU3BOIHUA KAAC.

ATpubyThT 3a 06AacT Ha 6a30B KAaC B AeKAapalludaTa Ha IIPOU3BOMHUS
KAAaC yIIpaBASBa MeXaHU3Ma Ha HAaCAEAsdBaHE U OIIpeaeAs KaKbB aa
Obae PeXXUMBT Ha JOCTHII [0 HACAEAEHUTE YACHOBE.

[Tpu aTpubyT 3a obaact public, eaemenTuTe oT THUII public Ha 6a30BUA
KAaC ce HacAendaBaT KaTo EeAEMEHTH OT THI public Ha mpou3BogHUS
KAQC U eAeMEHTHUTE OT TUIl protected Ha 0a30BUA Kaac ce HacAeasIBaT
KaTo eAEMEHTH OT THI protected Ha IPOU3BOAHUS KAAC.

[Tpu aTpudbyT 3a obaact protected, eaemenTHTE OT TUII public 1
protected Ha 0a30BUA KAaC ce HACAeASIBAT KaTO EAEMEHTHU OT THII
protected Ha ITPOU3BOMHUS KAAC.

[Tpu aTpubyT 3a obaact private, eaemeHTHTE OT THUI public 1 protected
Ha 0a30BHUs KAAC Ce HAaCAeAIBaT KaTO EAEMEHTH OT THII private Ha
IIPOU3BOTHUA KAAC.

U nipu TpuTe BUOA HACAEAABAHUS, IIPOU3BOAHUAT KAAC HIMA JOCTHII
10 EAEMEHTHTE OT THUII private Ha 6a30BHUs KAaC.

BrHITHA (DYHKITHS, KOSATO HE € IIPUITEA Ha IMIPOU3BOMHUS KAAC Upe3
00EKT OT MPOU3BOMHUS KAAC UMa JOCTHII CAMO 10 KOMIIOHEHTUTE OT
TUn public Ha TPOU3BOAHUS KAAC — TOBA O3HAYaBa, Ye TaKaBa
dpyHKIIMEG dpe3 00eKT Ha IMIPOU3BOAHUS KAAC MOXKE [Ja UMa JOCTHII 10



HaCA€IeHU KOMITOHEHTH OT 0a30BHd KAAC CaMO ako Te ca OoT TUl public
B 6a30BU4 KAaac U aTPUOYyTHT 3a obaact e public.

[a orbeaekmm, ye YAeH-(PYHKIIUUTE Ha 0a30B KAAC HIMAT AOCTHII 10
KaKBHUTO U [a € KOMIIOHEHTH Ha ITPOU3BOAHUA Kaac. [IpuynHara e, dye
KoraTo 6a30BUAT KAac ce nedpUHUPA, HE € ICHO KaKBU ITPOU3BOIHHU
KAQCOBE IIle ITPOU3X0K AT OT HETO.

OYHKIIMUTE IIPUSITEAN HA IPOU3BOAHUS KAAC UMAT CHIIUTE IIpaBa 3a
JOCTHII KaKTO YACH-(PYHKIIUUTE Ha ITPOU3BOAHUS KAAC — TOBa ca
JOOCTBIT 10 BCUYKU COOCTBEHH KOMIIOHEHTH Ha IIPOU3BOMHUS KAAC U
JOOCTBII 10 HACAEIEHUTEe KOMIIOHEHTH OT THUII public u protected Ha
0a3oBud Kaac. [ekaapalgara 3a IIPUSTEACTBO He Ce HaCAe/IsIBa —
PYyHKIIMEI IPUATEA HAa 0A30B KAAC HE € aBTOMATHUYHO IIPUSITEA Ha
IIPOU3BOAHUSA KAAC (OCBEH aKO He € U3PUYHO JeKAapHupaHa KaTo
TakaBa B IIPON3BOMHUS KAAC).

Ba3oBUAT U TPOU3BOAHUAT KAAC MOTAT [ia IPUTERABAT KOMIIOHEHTH C
eIHaKBH NMeHa. B To3u cay4ail, IpON3BOAHUSAT KAAC IIle IIpUTEKaBa
KOMITOHEHTH C eqJHakKBU uMeHa. OOpPhBIIIEHHETO KbM TaKaBa
KOMIIOHEHTA Ype3 00EKT OT IPOU3BOIHUS KAAC UAH OT YAEH-(PYHKITUS
Ha IIPOU3BOMHUSA KAAC U3BUKBA JeKAapHUpaHaTa B ITPOU3BOAHUSA KAAC
KOMIIOHEHTa, T.€. UMETO Ha coOCTBeHaTa KOMIIOHEHTA CKPpUBa UMETO
Ha HacAe/eHaTa KOMIIOHEHTA. 3a [1a ce U3II0A3Ba IIOKpUTaTa
KOMIIOHEHTA, TpsAbBa aa ce yKayke HEHHOTO ITbAHO HME:
<UMe_Ha_KAac>::<HUMe_Ha_KOMIIOHEHTa>, Kb/IETO <UMeE_Ha_KAac> €
MMeTO Ha 0a30BUS KAAC.

[To-HaTaTHK 1071 OOMKHOBEH KOHCTPYKTOP IIle pasdupame
KOHCTPYKTOP, Pa3ANY€EH OT KOHCTPYKTOpPA 3a IIPUCBOSIBAHE.
OOUKHOBEHHUTE KOHCTPYKTOPHU, KOHCTPYKTOPHT 3a MIPUCBOsIBAHE,
orepaTopHaTa (PYHKIHS 3a IPUCBOSIBAHE U JEeCTPYKTOPHT Ca METOAU
3a KOUTO He BazkaT OOIIUTe ITpaBHAA 3a HacAeAsgBaHe. Te3u MeTonu

(c HIKOM MaAKHU U3KAIOYEHHSI) HE C€ HaCAeAsBaT OT IIPOU3BOAHHUS KAacC.
[TpuuynHaTa €, 4e ako ce HacAedsT, Te OuxXa ce TPUKHUAN caMo 3a
HacAeIeHUTe KOMIIOHEHTH Ha MPOU3BOIHUS KAAC, HO HE U 32 HETOBUTE
COOCTBEHU KOMIIOHEHTH.

OCHOBEH BBIIPOC € KaK fla Ce peasu3upa UHUITHAAU3HUPAHETO Ha
HacAe/eHaTa 9acT Ha ITPOU3BOAHUS Kaac. Haii-ecTecTBEHO € ToBa 11a
Ce HaIIpaBU OT KOHCTPYKTOpa Ha IIPOU3BOAHUS KAAC, HO OT ApyTra
CTpaHa TO3W KOHCTPYKTOP HAMA JOCTHII 10 private KOMIIOHEHTHTE Ha
6a3oBud Kaac. 3aToBa KOHCTPYKTOPHUTE Ha ITPOMU3BOAHUA KAAC
UHUIIMAAU3UPAT cCaMO COOCTBeHATa 4acT Ha TO3H KAAac, a HacAeaeHaTa
4acT ce MHHUIMaAU3Uupa OT KOHCTPYKTOP Ha 6a30BHA KAac — TOBA Ce
OCBIIECTBSIBA KaTO B Ae(PUHUIIMATA Ha KOHCTPYKTOpa Ha
IIPOU3BOAHHUSA KAAC CE YKake OOpBIleHHEe KbM ChOTBETEH KOHCTPYKTOP
Ha 0a3oBua Kaac. OCHOBEH MOMEHT €, UYe OOpPBIIEHUITa KbM
KOHCTPYKTOP Ha 0230BU KAACOBE CE OCBIIIECTBABA IIOCPEACTBOM
UHUIITMAAU3UPAI] CIHUCHK. TO3HW CITUCHK Ce 3aITUCBa B Ae(PUHUITUITA Ha
KOHCTPYKTOpPA Ha ITPOU3BOAHUSA KAAC CAE UMETO Ha TO3U KOHCTPYKTOP
U 3HaK “’. CIINCBKBT C€ CBCTOU OT OOPBILEHUS KbM KOHCTPYKTOPH Ha
0a30BHUTE KAACOBE, paseAeHU ChC 3arieTau. [Ipu ImpocTo HacAeaaBaHe
B TO3U CITHCBHK IIPUCHCTBA HAM-MHOIO €IHO OOPBIIIEHHE KbM



KOHCTPYKTOP Ha eIUHCTBeHUd 0a30B Kaac. [Ipr MHOXKeCTBEHO
HacAeIgBaHe B CIIHCHKA Ca YKa3aHU HIKOAKO OOPBIIEHHUS KbM
KOHCTPYKTOPH Ha 0a30BH KAACOBE, HAM-MHOTO 10 €IHO O0pPBIIEHUE
KBbM KOHCTPYKTOP 3a AazieH 6a30B Kaac. ViMeHaTa Ha rapaMeTpUuTe Ha
KOHCTPYKTOpPAa Ha ITPOU3BOAHUS KAAC MOTaT [a Ce HU3II0A3BAT KaTo
pakTUYECKU ITapaMeTPU B OOPBIIIEHUATA KbM KOHCTPYKTOPUTE Ha
0a30BHTE KAACOBE B MHUITMAAUZHPAIIIUA CIIUCHK.

[eduHrupaHeTo Ha 00EKT OT IPOU3BOAEH KAAC IPEIU3BHUKBA
Ch3JaBaHe HA HEIBHU 00EKTH OT 0Aa30BUTE KAACOBE U M00ABAHE KBM
TAX Ha OJeKAAPUPAHUTE B IIPOU3BOMHUS KAAC KOMIIOHEHTH. ToBa
O3Ha4aBa, 4Ye II'bPBO Ce M3BUKBAT KOHCTPYKTOPHUTE Ha 6a30BUTE
KAAQCOBe, a CA€Jl TOBa Ce U3BUKBa KOHCTPYKTOPHT HA IIPOU3BOIHUS
KAaac. PeqbT, B KOHTO Ce M3BUKBAT KOHCTPYKTOPUTE HA 6A30BUTE
KAaCOBe, € PeaIbT, B KOUTO Te€3HU KAACOBE ca IIOCOYEHU B 3arAaBHETO HA
IPOU3BOAHUA Kaac. Ha To3u pen He BAMSE IIOCA€IOBATEAHOCTTA, B
KOSITO Ca ITIOCOYEHU KOHCTPYKTOPHUTE Ha 0a30BUTE KAACOBE B
WHUIIMAaAU3UPAIINS CIIUCHK B Je(PUHHUIIUSITA Ha KOHCTPYKTOpPAa Ha
IIPOU3BOIHUA KAAaC. AKO IPOU3BOAHUAT KAAC UMAa YAEH-TaHHHU, KOUTO
ca 00eKTU, TEXHUTE KOHCTPYKTOPH CE U3BUKBAT CAE U3I'BAHEHUETO Ha
KOHCTPYKTOPHUTE Ha 6a30BUTEe KAACOBE U IIPEAN U3II'bAHEHHUETO Ha
TAAOTO Ha KOHCTPYKTOpPAa Ha IIPOU3BOAHUY Kaac. PenpT, B KOUTO ce
U3ITbAHSIBAT KOHCTPYKTOPUTE Ha OOEKTUTE-EAEMEHTHU € PEebT, B KOUTO
Te ca JeKAapPUPaHU B TIAOTO Ha ITPOU3BOAHUS KAAC.

Axo 3a 6a30BHd KAac He e AeprHUpPaH KOHCTPYKTOP, TO 3a HETrO ce
Ch3/1aBa CAyKeOeH KOHCTPYKTOP II0 IIpeMbAdaBaHe, HO He3aBHUCHUMO OT
TOBa HacAeleHaTa 4acT Ha ITPOU3BOAHUS KAaC OocTaBa
HEWHUIMaAu3upaHa. B To3u caydyaii, B HHUIIMAAU3HUPAIIUS CITHCHK B
AepUHUINATA Ha KOHCTPYKTOPa Ha ITPOU3BOAHUS KAaC HeE ce
U3BBPIIBA OOPBIIEHNE KbM KOHCTPYKTOpa Ha To3u 6a30B KAac.

Axo 3a 6a30BHud KAacC € Ae(pUHUPaH II0OHE eIUH KOHCTPYKTOP C
rmapaMeTpu U 3a TO3HU KAaac He e nedpuHupPaH KOHCTPYKTOP 10
IIpeMbAdYaBaHe, TO 3a IIPOU3BOAHUA KAAC 33 TbAXKHUTEAHO TPsiOBa 1a e
nepuHUpPaH KOHCTPYKTOP, KOMTO B CBOS MHHUITMAAHU3HUPAIL CIIUCHK
U3BBPIIBA OOPBIIEHHE KbM €IUH OT Ae(PUHUPAHUTE KOHCTPYKTOPH Ha
BBIIPOCHHUS 6a30B KAac. AKO TOBa HE € U3II'bAHEHO, KOMITUAATOPBT
cBhoOIlIaBa 3a rpelmka.

[TocaemHUAT cAydail e KoraTo 3a 0a30BUs KAaac € JepUHUPaH II0OHEe
€IUH KOHCTPYKTOP, BKAIOUUTEAHO KOHCTPYKTOP IIO IIpeMbAYaBaHE.
ToraBa, ako B IIPOU3BOAHUA KAAC € Ae(PUHUPAH KOHCTPYKTOP, TO B
HETrOBHS MHUIIHAANU3HUPAIL] CIUCHK MOXKe A MIPUCHCTBA O0pPBIIeHUE
KBM KOHCTPYKTOpPa Ha 0a30BUd KAAC HAU [1a He IIPUCHCTBAa. BBB
BTOPHUSI CAy4dail ce U3BUKBA KOHCTPYKTOPHT I10 IIpeMbAdaBaHe Ha
b6azoBud Kaac. AKO B IIPOU3BOAHUS KAac He e nedpuHupaH
KOHCTPYKTOP, TOTaBa 3a HEro Ce Ch3AaBa CAYKe0eH KOHCTPYKTOP II0
IIpeMbAdaBaHe, KOMTO OT CBOS CTpaHa M3BUKBA KOHCTPYKTOPHT IO
IpeMbAdaBaHe Ha 0a30BUS KAaac. B mocaemuusa caydaii, coOCTBEeHUTE
YAE€HOBE Ha ITPOU3BOIHUS KAAC OCTABAT HEMHUITUAAHU3UPAHH.
[ecTpyKTopuTe Ha €IUH IIPOU3BOIEH KAAC U HA HETOBUTE 0A30BH
KAaCOBe Ce U3II'bAHSBAT B pej], obpaTeH Ha pena Ha U3II'bAHEHHE Ha



CBHOTBETHHTE KOHCTPYKTOpHU. Hati-Hamnpen ce u3rbAHSIBA JECTPYKTOPHT
Ha ITPOU3BOAHUS KAAC, CAE TOBA JAECTPYKTOPUTE HA OOEKTUTE-
€AeMEeHTHU Ha ITPOM3BOAHUA KAAC U Hal-HaKpas OJeCTPYKTOPHUTE Ha
6a30BUTE KAACOBE.

C HIKOU MaAKU U3KAIOYEHUS, IIPOU3BOAHUAT KAAC He HacAendaBa OT
0a30BUA KAAQC KOHCTPYKTOpA 3a IIPUCBOsSIBAHE U ollepaTopHaTa
PYHKIIME 32 IPUCBOSBAHE.

[Ipu KOHCTPYKTOPHUTE 32 IPUCBOSIBAHE CE CIIa3Ba CBHUIUST IIPUHITUII
KaKTO ITPH OOMKHOBEHHUTE KOHCTPYKTOPU Ha MPOU3BOAHULA 1 0A30BUA
Kaac. KOHCTPYKTOPBT 3a IIPUCBOsIBAHE Ha ITPOU3BOAHUS KAAC
WHUIHaAU3UpPa COOCTBEHUTE YAEH-TaHHU Ha ITPOU3BOAHUA KAAC, a
KOHCTPYKTOPHT 3a IIPHUCBOIBaHe Ha 0a30BUS KAAC MHUITHAAU3HUPA
HaCAeOeHUTe YAeH-TaHHU.

Heka B mpou3BogHUS KAAC He € nepuHUpPaH KOHCTPYKTOP 3a
IIPUCBOBaHe, HO B 0a30BUS KAAaC UMa TakbB. Torasa, 3a IIPOU3BOIHUSA
KAaC ce Ch3/1aBa CAYKeOeH KOHCTPYKTOpP 3a IPUCBOSIBaHE, KOUTO OT
CBOSI CTpaHa M3BUKBa KOHCTPYKTOpA 3a IMIPUCBOsiBaHe Ha 6a30BUd
Kaac. [la orOeaekum, dye IIpu OOMKHOBEHUTE KOHCTPYKTOPH TO3U
cAydaii 11e IIpeau3BHUKAa IPelika, ako 3a 06a30BUdI KAac HE €
neprHUpPaH KOHCTPYKTOP I10 IpeMbadaBaHe. 3aToBa B cAydad ce
Ka3Ba, 4e IPOU3BOJIHUAT KAAC HACAEASIBA KOHCTPYKTOPHT 3a
IIpUCBOBaHe OT 6a30BUA KAAC.

Heka B mpou3BogHUS KAaC U B 0a30BUsI KAaC HIMA Ae(PUHUPAHU
KOHCTPYKTOPH 3a IIpucBosiBaHe. ToraBa M 3a ABaTa KAaca ce Chb31aBaT
CAy’KeOHU KOHCTPYKTOPH 3a IIPUCBOsSIBaHE, KaTO TO3U Ha MPOU3BOIHUS
KAaC U3BHUKBa TO3U Ha 6a30BHs KAacC.

Heka B mpou3BogHUS KAac € nedpuHUPaAH KOHCTPYKTOP 3a
IIpUCcBogBaHe. B HEeroBust MHUITHAAN3UPAILL CIUCHK MOXKe Ja UMa, HO
MOKE U [Oa HIMa OOpBIIeHHEe KbM KOHCTPYKTOP (0OOMKHOBEH HMAH 3a
IIpUCBOgBaHe) Ha 0a30BUs KAaac. [IpermopruBa ce B HHUIIMAAU3UPALITHAL
CIIMCBHK Ha KOHCTPYKTOpPA 3a IIPHUCBOABAaHE Ha IIPOU3BOAHUA KAAC Aa
nMa obphIlleHre KbM KOHCTPYKTOpa 3a IMPUCBOsIBaHe Ha 6a30BUA KAAC,
aKo TaKbB e necuHupas. [Ipu ToBa, PaKTUIECKHUAT ITapaMeThp Ha
TOBa OOPBIIEHNE MOXKE 1a ChBIIaAa ¢ PaKTUIECKUS ITapaMeThbp Ha
OOPBIIEHHETO KBbM KOHCTPYKTOpPA 3a IPUCBOSBaHE Ha ITPOU3BOIHUS
Kaac. ToBa e 103BoA€HO, ThH KaTo B caAydasi oO0eKTa Ha ITPON3BOLHUS
KAAC MOXKeE Jla Ce pa3rAeka KaTo 00eKT Ha 0a30BUd Kaac (IIpu padora
c 00eKTH BBB BHHITHU (PYHKIIUU, TOBA MOXKE [a Ce CUMTa CaMo IIPHU
HacAegsgBaHe oT TUII public). AKO B HHHIIMAaAU3UpAIUdg CIINCHK Ha
KOHCTPYKTOpPA 3a IIPHUCBOABAaHE HAa IIPOU3BOAHUS KAAC HE € YKa3aHO
oOpBIIeHNE KbM KOHCTPYKTOP Ha 0a30BUS KAaC, TO Ce U3BHUKBA
KOHCTPYKTOPHT 10 ITpeMbAdaBaHe Ha 6a30BUdA Kaac. AKO 0a30BUs KAac
HsSIMa TaKbB KOHCTPYKTOP, KOMITMAATOPBT I11€ CHOOIIH 3a Tperika.
OnepaTopHaTta (PyHKIIHUS 3a IIPHUCBOsIBAHE Ha ITPOMU3BOZIEH KAAC TPpsbBa
[a yKa3Ba KakK [a cTaBa [IPUCBOSBAHETO KAKTO Ha COOCTBEHHUTE, TaKa
U Ha HaCA€OEHUTE CU YA€H-JaHHHU. 3a pas3AnKa OT KOHCTPYKTOPHUTE Ha
IIPOU3BOAHN KAACOBE, Td IIPaBU TOBAa B CBOETO THAO (He IMOAIbpPIKA
HMHUIIMAANU3HUPAll] CIIUCHK).



Heka B mpou3BogHUS KAaC He e nedpuHUupaHa orepaTopHa (PyHKIHML 3a
IIpUCBogBaHe. ToraBa KOMIHAATOPHT Ch3/1aBa CAy>KeOHa TakaBa. Ts ce
oOppBlla KbM ollepaTopHaTta (PyHKIHS 3a IIPUCBOsIBaHe Ha 6a30BUd
KAaC, Ype3 KOSATO MHUIIMAaAU3HUpa HacAeeHaTa 4acT, CAEL TOBa
WHUIHAAU3UPA Ype3 OOMKHOBEHO IIPHUCBOIBaHe U COOCTBEHATA YacT Ha
IIPOU3BOAHHUS KAac. 3aToBa B TO3U CAydail ce Ka3Ba, de OIlepaTopbhT 3a
IIPHUCBOsIBaHE Ha 0a30BUSA KAAC CE HACAEAABA, T.€. 32 HACAEIEHUTE
YAEH-IAHHU Ce U3II0A3BA CAYKEOHUAT UAU IpeaeUHUPAHUAT
oriepaTop 3a IIPHUCBOsIBaHe Ha 0a30BUA KAAC.
Heka B mpon3BogHUS KAac € nAedpuHUpaHa onepaTopHa (PyHKIHUS 3a
npucBogBaHe. ToraBa Tas3u PyHKINS TPSIOBA A ce IIOTPUKU 3a
IIPUCBOSBAHETO HA HACAENEHUTE YA€H-AaHHU. Haaara ce B HEHHOTO
TSIAO Ja UMa OOpbBIIeHNe KbM ollepaTopHara (OYHKIUS 3a
IIpUCBOsBaHe Ha 0a30BUA KAAC, aKO MMa TakKaBa. AKO TOBa OOpbIlleHUe
HE € HaIlpaBEHO $BHO, TO CTAHAAPTHT Ha €3MKa He YyTOYHsSIBaA Kak IIe
CTaHe IPUCBOSIBAHETO Ha HACAEIEHUTE KOMIIOHEHTH.
B caygaunTe KoraTo IpOM3BOAHUST KAAC HACAEAABA I[IOBEYE OT €qUH
0a30B Kaac ce Ka3Ba, 4ye KAaChT € C MHOXKECTBEHO HacAensaBaHe. To3u
BH/ HaCA€IBaHe € MOIIIEH HHCTPYMEHT Ha 00€KTHO-OPHUEHTUPAHOTO
IIporpaMupaHe, ThH KaTo Ype3 HEero ce U3rpaxkaat rpadoBUIHU
HepapxudHU CTPYKTypu. UMeHaTa Ha 0a30BUTE KAACOBE Ce 3a1aBaT B
3arAaBUETO Ha IPOU3BOAHHUS KAAC CAE€N UMETO My U CUMBOABT
pa3geAdaT ce ChC 3arleTau, IIPHU TOBa BCEKU OT TAX CE IIPEAIIeCcTBa AU
HEe OT ChOTBETEH aTpPUOyT 3a obaacT. 3a YaeH-PYHKIIMHUTE OT roagMaTta
4yeTBOPKAa Ha IIPOU3BOJEH KAAC C MHOKECTBEHO HacAeQsgBaHE ca B CUAA
CBHIIUTE IIpaBUAa, KAKTO IIPU IIPOU3BOAEH KAAC C IIPOCTO HACAEAIBAHE
— Te3W IIpaBHAA Ce IIpHAaraT He3aBHCHUMO KbM BCEKH €IUH 0a30B KAac.
N3mbAHEHUETO HA KOHCTPYKTOP Ha IIPOU3BOLAEH KAAC C MHOXKECTBEHO
HaCA€sIBaHE CTaBa TakKa: I'bPBO CE U3BUKBAT KOHCTPYKTOPUTE Ha
BCHUYKU 0230BU KAACOBE, B pe/a, yKa3aH B 3aTAaBHETO HA
IIPOU3BOAHHUS KAAC — KOM KOHCTPYKTOP IIe CE U3BHKA 3aBHCH OT TOBa
[aAy IPUCHCTBA UAU He OOpPBIIeHNE B MHUIIHAAU3UPAIINS CITUCHK Ha
KOHCTPYKTOpa Ha IIPOU3BOAHUS KAAC, BTOPO CE€ U3BUKBAT
KOHCTPYKTOPHUTE Ha COOCTBEHUTE OOEKTH-EAEMEHTU Ha IIPOU3BOIHULI
KAaC, B pezia, B KOMTO Te ca OIIMCAHU B TAAOTO Ha KAaca U Hal-HaKkpad
Ceé U3II'bAHABA TIAOTO Ha KOHCTPYKTOpa Ha IIPOU3BOAHUS KAAC.
H3BUKBaHeTO Ha JECTPYKTOPHUTE CTaBa B peld, oOpaTeH Ha peaa Ha
CBHOTBETHHTE KOHCTPYKTOPHU. [IpernopryBa ce KOHCTPYKTOPHT 3a
IIPHUCBOgIBaHe (aKo e nedpuHUpPaH) Ha IPOU3BOAHUS KAAC A U3BBPIIBA
OOPBIIEHU Ype3 HHUIIMAAU3UPAIIUI CU CIIUCHK KBM KOHCTPYKTOPHUTE
3a IIPUCBOsIBaHE Ha BCUYKHU 0a30BU KaacoBe. OmnepatopHaTa PyHKIINS
3a IPUCBOSBaHE Ha IIPOU3BOAEH KAAC C MHOXKECTBEHO HACAE€AIBAHE
OOMKHOBEHO UMa CA€IHUS BUI:
<IPOU3BOLAEH_KAaC>& <IIPOU3BOAEH_KAac>::operator= (const
<mpousBomeH_kaac>&r) {
if (this != &)
{ <6azoB_kaac_1l>::operator= (r);
<6a30B_Kaac_2>::operator= (r);



<6azoB_kaac_N>::operator= (r);

Del();

Copy (r);

}
return *this;

}
Tyk dyuknuara Del nuarpruBa cobcTBeHUTE KOMIIOHEHTH Ha
nonpasbupamnius ce obekT, a pyHkruaTa Copy (r) Kormupa B
roxpasbupariys ce o0eKT KOMIIOHEHTHTe Ha obeKTa r, ChOTBETHH Ha
COOCTBEHHUTE YAEH-TAHHU Ha IIPOU3BOAHUA Kaac. M3BbpiiBa ce
IIPOBEpPKa 3a CaMOIIPUCBOIBaHE U (PYHKIIMATA BPbIlla IICEBAOHUM Ha
obeKTa OT AgBaTa CTpaHa Ha IIPUCBOSIBAHETO, KOETO I[TI03BOASIBA
CAETIBaHEe Ha HIKOAKO ITPHUCBOSBaHUL.
BupTyaAHHTe 0a30BH KAACOBE Ca MEXAHHU3BM 3a OTMSHA HA
CTaHOAPTHHUYI HACAE€ACTBEH MexXaHU3bM. [Ipu peaansupane Ha
Hepapxyuy OT KAACOBE C MHOXKECTBEHO HAaCAE€/ASIBaHE € Bb3MOXKHO €IUH
IIPOU3BOZIEH KAAC [1a HaCAeIH II0BeYe OT eOVH IThT Aa/ieH 6a30B KAac.
Hampumep, Bp3MOKHO € A na e 6a30B kaac 3a B u C, KouTo ot cBod
cTpaHa ca 6a30BU KaacoBe 3a Kaaca D. Karo mpousBogHu Ha Kaaca A,
kaacoBetre B u C HacaeggBaT HeroBuTe KOMIIoOHEHTH. OT gpyra cTpaHa,
KaacoBeTe B u C ca 6a3oBu 3a Kaaca D, caegoBaTeaHO KAachkT D 111e
HacCA€OU ABa ITbTH KOMIIOHEHTUTE Ha A — BEAHBK 4pe3 Kaaca B u
BeIHBXK upe3 Kaaca C. 3a yareH-PyHKIIMUTE OBOMHOTO HacAeOsIBaHE He
€ OT 3Ha4YeHHe, ThH KaTo 32 BCSIKa YAEH-(PYHKIIUS Ce ChbXpaHsaBa caMo
eqHo kKonue. YaeH-gaHHUTE, 0bade, ce nyoamupat u obekT Ha D 111e
HacAeoU OABYKPATHO BCsSKa YA€H-IaHHA, AepUHHpaHa B Kaaca A.
MHOroKpaTHOTO HacA€AdBaHe Ha KAaC BOAU OT €HAa CTpaHa [0
3aTPyAHEH OOCTHII 40 MHOTOKPATHO HACAEOEHUTE YAEHOBE, a OT Apyra
CTpaHa [0 IoAabpP3KaHe Ha MHOXKECTBO KOIIHS Ha YA€H-TaHHUTE Ha
MHOTOKPAaTHO HACAEIEHHUs KAAaC, KOETO € Hee(DEKTUBHO.
[IpeomoagBaHeTO Ha T€3U HEAOCTATBIU CE OCHIIECTBABA YPE3
HM3II0A3BaHETO Ha BUPTYaAHU 0a30BU KaacoBe. Upes TdIX ce gaBa
BB3MOXKHOCT [Ia Ce IToAeAdT 6a30BU KaacoBe. KoraTo enuH Kaac e
BUPTYaA€H, HE3aBUCHMO OT MHOTOKPATHOTO My y4JacTHue KaTo 6a30B
KAac (IpsK MAU KOCBEH), Ceé Ch3JaBa CaMO €4HO HETOBO KOIIHE.
B Hamug npuMep, ako KaachT A Ce OIIPEAEAN KaTO BUPTYaA€H 3a
KaacoBetre B u C, kaachkT D 111e chabpka caMo €auH I10/IeA€H 0a30B
Kaac A. [lekaapaumgara Ha 6a30B KAaC KaTo BUPTYaA€H ce
OCBIIIECTBSBA KaTo B AeKAapalludTa Ha IIPOU3BOAHUA KAAC 3a€4HO C
HMeTO U aTpubyTa 3a odaacT Ha 06a30BUS KAAC Ce YKazKe U 3ara3eHara
ayMa virtual. BuptyaaHoTo HacaeasgBaHe Ha eIMH KAac yKa3Ba
BAUSIHHE CaMO Ha HAaCA€IHHUIIUTE Ha HETOBUTE HEIIOCPEACTBEHU
IIPOU3BOAHHU KAacoBe. To He yKa3Ba BAUFHUE Ha T€3HU HEIIOCPENCTBEHU
HacAegHUIH. [JepUHUPAHETO U U3II0A3BAHETO HAa BUPTYaAHU KAACOBE
nMa penuila ocobeHoctu. EnqHa ot Tax Kacae nepuHUPAHETO U
HM3II0A3BAHETO HAa KOHCTPYKTOPHUTE Ha HaCAeIeHUTe KaacoBe. Heka A e
BHPTyaAeH 0a30B Kaac 3a kaaca B, kaacwsT B e 6a30B 3a kaaca D,
KOHTO ITBK OT CBOA CTpaHa e 0a30B 3a Kaaca E. Ako kaacheT A nma
KOHCTPYKTOP C IapaMeTpUu U HIMa KOHCTPYKTOP II0 IIpEMbAYABAHE, TO



TO3U KOHCTPYKTOP TpsibBa ma ce M3BHKA B HHUIIMAAU3UPAIINS CITUCHK
He caMo Ha Kaaca B, Ho u Ha KoHcTpyKTOopUTe D 1 E. C npyru nymu,
KOHCTPYKTOPHUTE C IIapaMeTpUu Ha BUPTYaAHH KAacoBe TpsabBa ga ce
M3BUKBAT OT KOHCTPYKTOPUTE HAa BCUYKH KAACOBE, KOUTO Ca TEXHU
HaCAEOHUIIHM, & HE CaMO OT KOHCTPYKTOPUTE Ha HEIIOCPEACTBEHUTE UM
HacAegHUIH. [[pyra ocoGeHOCT € IpoMaHaTa Ha peaa Ha
WHUIHaAu3upaHe. UHUIIMaAn3upaHeTo Ha BUPTYaAHUTE 0a30BU
KAACOBe ITpeaxoxKaa MHUITHAAU3UPAHETO Ha HEBUPTYaAHUTE 0A30BU
KaacoBe. ma u o1rie eqHo yrouHeHue. Heka KaachsT A e 6a30B
BHPTYaAeH Kaac 3a KaacoBeTe B u C, KouTo oT cBod cTpaHa ca 6a30BH
3a kaaca D. Bp3MmoxkHO e aTpubyThT 3a obaacT Ha Kaaca A ga e public
3a Kaaca B u private 3a kaaca C. OueBHUAHO cUTyallgTa €
HeeIHO3HAYHAa — BBHIITHA (PYHKIHS Ype3 o0eKT Ha D HaMa JOoCTBII 40
KOMITIOHEeHTHUTe Ha A 110 weTd A-C-D, HO uMa JoCThII 1o IIbTd A-B-D.
Ta3u HeemqHO3HAYHOCT Ce IIPeoJoAdBa C U300opa, Y€ aKO B HAKOS
JeKAapalys BUPTYaAHUST KAac € HacAenaeH KaTo public, caura ce, de
TO3HU KAAC Ce HacAedgBa KaTo public HaBcakbe.

BB3MO0OKHO € 1a ce u3moA3BaT (PYHKIIMU C eAHAKBU UMeHa, B TOBa
YHCAO U METOAM Ha KAACOBE — TaKa HapedeHeTo npeaedHHHpaHe Ha
dbyHKIINH. B cayuasa Ha oOuKHOBEHH (QYHKIIMH U COOCTBEHU YAEH-
PYHKIIMN Ha €IVH U CBII KAAC IIPU U3BUKBaHe Ha NpenepruHUpaHa
PyHKIML, KOH OT HEHHUTE BapHUaHTU Ce U3BUKBA C€ OIIPENeAd I10
CAeTHUS MEeXaHU3BbM: I10 BpeMe Ha KOMITHAAQIUS Ce CpaBHSIBAT
dopMasHuTE C PAKTUIECKUTE ITapaMeTPH B OOPBILEHUETO U 110
IIPaBHUAOTO 3a Hal-moOpPoTO ChBIIa/IaHE ce u3bupa HeoOXoagumaTa
dyukmg. [Ipu yaeH-PyHKIIMHTE Ha HepapXud OT KAACOBe,
KOH(MAUKTHT MEXK/Iy UMeHaTa Ha HaCA€JeHUTE U COOCTBEHUTE METOIU
ce paspelaBa ChIIO 10 BpeMe Ha KOMITHAAITUS Ype3 IPaBHUAOTO Ha
AOKaAHHUS IIPUOPUTET UAU UpPe3 IBHO IIOCOYBaHE Ha KAaca, KbM KOUTO
IIPUHAOAEKU METoa.

B Te3u nBa caydas ThH KaTo IIPOLECHT Ha OIIpeNeAsHe Ha peasru3upaHe
Ha OOpPBIIEHNETO KBbM (PYHKIHSTA ITPUKAIOYBA 110 BpeMe Ha
KOMITHAAIIVA U He MO3Ke [1a 0be IPOMEHSH 10 BpeMe Ha U3II'bAHEHUE
Ha IIporpaMara ce Ka3Ba, 4Ye UMa CTaTHYHO pa3pellaBaHe Ha
Bp’h3KaTa HAU CTaTHYHO CBBp3BaHe. llle pasraegame npumep, ¢
OBPBOBHUHA Hepapxud OT TpU Kaaca — Kaac Point2 3a Touka B
paBHHHaTa, Kaac Point3 3a Toyka B IIpOCTPaHCTBOTO, KOHUTO
HacaeasBa IpdkKo Point2 u kaac ColPoint3 3a orBeTeHa To4yKa B
IIPOCTPaHCTBOTO, KOUTO HacaeAsBa IpdkKo Point3.

#include <iostream.h>

class Point2 {

public:
Point2 (int a = 0, int b = 0)
{x=a;y=b;j}
void Print() const
{cout << X << “, “ << y; }
private:

int x, y;

I3



class Point3 : public Point2 {
public:
Point3 (int a = 0, int b = 0, int ¢ = 0) : Point2 (a, b)
{z=c;}
void Print () const
{ Point2::Print();
cout << 4, “ << z;
}
private:
int z;
I3
class ColPoint3 : public Point3 {

public:
ColPoint3 (int a = 0, int b = 0, int ¢ = 0, int o0 = 0)
: Point3 (a, b, ¢)
{col=o0;}

void Print() const
{ Point3::Print();
cout << “colour: “ << col;
}
private:
int col;
5
Cera 11e gepuHUpaMe IIpuMepHa PYHKIIUG main.
void main ()
{ Point2 p2(5, 10);
Point3 p3(2, 4, 6);
ColPoint3 p4 (12, 24, 36, 11);
Point2 *ptrl = &p3;
ptrl -> Print();
cout << end]l;
Point2 *ptr2 = &p4;
ptr2 -> Print();
cout << endl,;

}

Pe3yaTaThT OT HU3II'bAHEHHETO Ha Ta3u (PYHKIIUA €:

24

12 24

N3pu4HO 11e 0TOeAEKMM, Ye MHUITNAAU3HUPAHETO Ha YKa3aTeAuTe,
KOHMTO ca OT THIIa Ha 0a30BHs KAAC Ype3 aapecu Ha 06eKTH OT
IIPOU3BOMHUTE KAACOBE € BBb3MOKHO, Th KaTo HAaCAEAIBAHETO U IIPHU
[aBaTa IIPOU3BOMHU KAaca e oT THII public.

U B Tpute Kaaca e nepuHmpana pyHKmdg Print 6e3 mapamerpu

ot tun void. O6pwuIeHmeTo ptrl -> Print(); n3Bexkaa mbpBUTE ABE
KOOpAUHATH Ha TodyKaTa p3, a obprineHueTro ptr2 -> Print(); u3Bexna
I'bPBUTE ABE KOOPAUHATU Ha TodyKaTa p4, T.e. U3II'bAHIBA CE€ METoa
Print() Ha kaaca Point2 u B aBaTa caydas. Oile 1o BpeMe Ha
KOMITHAAIIME, YAeH-(pyHKIUsSATa Print() Ha Point2 e onrpeneaeHa karto



dpyHKIIMG Ha aABeTe o0pbiieHNd. OnpeaeAsHeTo cTaBa OT THUIIAa Ha
[BaTa ykazaTtead — Tod e Point2. Bpb3kata e onpegeseHa cCTaTUYHO U
He MOXKe /1a Ce IIPOMEHH I10 BpeMe Ha HU3I'bAHEHHE Ha IIporpaMara.
AKO HCKaMe caell CBbpBaHeTo Ha ptrl ¢ aapeca Ha p3 ga ce U3II'bAHU
uyaeH-pyHKIIMATa Print() Ha Point3, a cbIo caen cBpp3BaHeTo Ha ptr2
c agpeca Ha p4 ga ce U3'bAHHU YAeH-(pyHKIMSTa Print() Ha ColPoint3,
ca HeOXOOUMHU IBHU IIpeo0pa3yBaHUsd OT CAEOHUS BUI!

(Point3 *)ptrl) -> Print();

((ColPoint3 *)ptr2) -> Print();

B T03u caydaii BpB3KHUTE OTHOBO Ca pa3pelieHu CTaTHYHO.

[Ipu cTaTUYHOTO CBBP3BaHe 10 BpeMe Ha Ch3IaBaHEeTO Ha Kaaca
TpsaOBa ma ce MpeaBUAAT Bb3MOXKHUTE O0EKTHU, UYpe3 KOUTO IIIe Ce
BHKAT HETOBUTE YA€H-PYHKIUU. [IpU CAOKHU HepapXuHu OT KAACOBE
TOBa € HE caMO TPYAHO, HO IIOHAKOTa U HEBB3MOXKHO. E3ukbeT C++

IO IbP3KAa OIIe €AUH MEXaHU3bM, IIPHUAATaH BBPXY CIIEIIHaAeH BH[
4yAeH-(PYHKIINH, HapedyeH AHHAMHYHO CBbp3BaHe. [Ipu Hero u300psT
Ha (PYHKIUSITA, KOITO TpsaAbBa aa ce U3IIbAHHU, CTaBa 110 BpeMe Ha
H3I'bAHEHHME Ha IIporpamMara. [JJMHaAaMUYHOTO CBBbP3BaHe KallCyAupa
OeTallAuTe B peasusaliysTa Ha vepapxusaTa. [Ipu Hero He ce Haaara
IIpoBepPKa Ha THlla. PasmpsaBaHeTo Ha HepapxuaTa He Ch3aaBa
npobaemu. ToBa obade e c meHaTa Ha 3abaBgHe Ha MpoIlleca Ha
U3I'bAHEHME Ha IIporpamara. [IpuaaraHeTo Ha MexaHHU3Ma Ha
AUHaMHYHOTO CBBP3BaHE CE OCBIIECTBABA BbPXY CIEIIMAAHHN YACH-
PYHKIIMH Ha KAACOBE, HapeYeH! BHPTYAAHH YA€H-PYHKIIHH VAU
caMo BHPTyaAHH pyHRUHH. BupTyasHuTe MeToaUu ce OeKAapupat
ype3 IocTaBdgHeE Ha 3ariasdeHaTta ayma virtual rmpen mekaapainmara uM,
T.e. virtual <TuUI_Ha_pe3yATaTa> <uMe_Ha_MeTOon> (lapaMeTpH);

[a mIpearoAoKuM, e € B TOPHUS IIpuMep YAaeH-pyHKImaTa Print() u B
TPUTE KAaca e JeKAapupaHa KaTo BUpTyasHa. ToraBa pu
obpwuIeHuaTa ptrl -> Print(); u ptr2 -> Print(); kos dpyHKIMa 11e Obae
M3BUKAaHAa Ce OIIpeneAs 110 BpeMe Ha U3IIbAHEHHE Ha IIporpaMara.
OnpeneasiHETO € B 3aBUCHUMOCT OT THIIA Ha 00eKTa, KbM KOUTO COYU
yKa3zaTeas, a He OT Kaaca KbM KOMTO € ykazaTead. B caydaqa,
ykKaszaTreadar ptrl e KkpMm Kaaca Point2, HO coun obekTa p3, KOUTO € OT
Kaaca Point3 u 3aToBa obpwiienuero ptrl -> Print(); Boou mo
u3mnrbAHeHre Ha pyHKImTa Print() o kaaca Point3. AHaaoru4HoO,
yKaszaTeAdaT ptr2 e KkpM Kaaca Point2, Ho coun obekTa p4, KOUTO € OT
Kaaca ColPoint3 u 3aToBa o0psbItieHHeTO ptr2 -> Print(); Bomgu mo
n3mrbAHeHre Ha pyHKIuaTa Print() ot kaaca ColPoint3.

[ITe oTOeAexkM HIKOU BasKHHU OCOOEHOCTH Ha BUPTYaAHUTE (PYHKIIHUH:

1. Camo uyaeH-(PYHKIIMNTE Ha KAACOBE MOraT [a Ce JAeKAapupar
KaTo BUPTYaAHH. [Io TEXHUYECKH ITPUYNHN KOHCTPYKTOPUTE HE
Morart fa ce nedpuHHUpAT KaTo BUPTYAaAHU, HO € BB3MOXKHO J1a
MMa BUPTYaAHHU IEeCTPYKTOPH.

2. AKO B afieH KAacC € AJeKAapupaHa BUPTyasHa (PYHKIINS,
JEeKAaPUPaAHUTE YA€H-(PYHKIIMH ChC CBIIHSI ITPOTOTHII (UME,
IIapaMeTpy U THII) B IIPOU3BOAHUTE Ha KAaca KAacoBe
aBTOMAaTUYHO CTaBaT BUPTYaAHH, OPH aKO 3ara3eHaTra ayMa
virtual He mpHUCHCTBA B TAXHUTE AEeKAAPAIIHH.



3. AKO B IPOU3BOMIEH KAacC € aepruHHpaHa (PYyHKIHSI ChC CBIIOTO
HMe KaTo oIlpefieAeHa Bede B 0a30B KAaC KaTO BUPTyaAHA YAEH-
PyHKIIML, HO C APYTU ITapaMeTpH UAHM THII, TOBa Ie Obae apyra
pyHKIIML, KOSITO MOXKe f1a Oble MAU [a He Oble AeKAapupaHa
KaTo BUPTyaAHA.

4. BB3MOKHO € BUpPTyaaHa (PYHKIHS [a ce AepUHUpPa U3BBH KAAC.
Bana3eHara agyMma virtual obadye nmpuchrcTBa caMo B
JeKkAapanusTa Ha PYHKIHUATA B TIAOTO Ha KAaca, HO HE U B
HelHaTa Ie(pUHUITNS.

5. BuprtyasHuTe QPyHKIIMH Ce HACAEASIBAT KATO OCTAHAAUTE
KOMITOHEHTHU Ha KAACOBETE.

6. BuptyasHara yHKIINS, KOATO B AEHCTBUTEAHOCT Ce€ U3II'bAHSIBA
3aBHCH OT THIIA Ha apTyMeHTa.

7. BuptyaaHuTe OyHKIIMU He Morat Aa 0bpaaT geKAapupaHUu KaTo
IIPULATEAN Ha OPYTH KAACOBE.

Bcaka uaeH-yHKIIMS Ha KAac, B KOUTO e nedpuHUpaHa BUPTyaAHaA
PYyHKIIMEG UMa IPIK OJOCTHI A0 BUpPTyasHaTa PYHKIIUS, T.€. Ha
AOKAAHO HUBO JOCTBITBT C€ OIIPENEAd I10 TPAIUIIMOHHUTE IIpaBHAA.
Ha raob6aaHO HUBO JOCTBITHT C€ OIPEEAsd OT BUAA Ha CEKIINATa, B
KOSATO € Ae(prHHpaHa BUPTyasHaTa (PYHKIHUS Ha KAaca KbM KOMUTO
COYH yKa3aTeAsT, Ype3 KOUTO ce akTUBHUpPa (PYyHKIIHATA, a He OT BHUAA
Ha CEKIIMATa, B KOSTO € npenedruHupaHa BUPTyasHaTa (PyHKIIHS Ha
KAaca, KbM KOWTO ITPUHAIAEKH 00€KTa, COYeH OT BBIIPOCHUSI
yKas3aTeA.

ChiecTByBaT TPU cAydasi IIPH KOUTO OOPBILEHUETO KbM BUPTyasHA
PYHKIIME ce pa3peniaBa CTATUYHO (10 BpeMe Ha KOMITHAAIINS):

1. BuptyaaHaTa (pyHKIIMS ce U3BUKBa 4Ype3 00eKT Ha Kaaca, B
KOHTO e nmedpuHUpaHa.

2. Buptyaanarta (pyHKIMSI ce U3BHUKBA 4Ype3 yKa3aTeA KbM OOEKT,
HO sIBHO, Ype3 OMHapHaTa olepalys 3a paspellaBaHe Ha JOCTbII
.. € TIocoYeHa KOHKpeTHaTa (PYHKIIHS.

3. Buptyaanara (pyHKIUSI ce aKTUBHUpPA C TSIAOTO Ha KOHCTPYKTOP
WA JECTPYKTOP Ha 6a30B Kaac.

OCHOBHO ITPEAMMCTBO Ha BUPTYaAHUTE (PYHKIIHH €, Ye Ype3 TAX Morat
[a ce peaanusupat noauMopgHu neicteud. IloaAumoppH3IMBT €
BasKHa XapaKTePUCTHKA Ha 00EKTHO-OPUEHTUPAHOTO IIporpaMHupaHe U
TSI Ce U3pas3dBa B TOBA, Y€ eIHHU U CBHIIU AeHCTBUS Ce Peasru3uparT I1o
Pa3AMYHU HAYWHU B 3aBHCHMOCT OT O0E€KTUTE, KbM KOHUTO Ce IIpHAarar,
T.e. HericTBUATa ca IToAuMopdHHU (¢ MHOTO popmu). [ToammMopdpusmMsbT €
CBOMCTBO Ha YAeH-(pyHKIUUTE Ha o0ekTutre 1 B C++ ce peaansupa
4ype3 BUPTYaAHHU (PYHKIINH. 3a [1a ce peasn3upa HoANMOPEHO
[eficTBHe, KAACOBeTe BBPXY KOHUTO TO IIle ce IIpuAara TpssbBa ga uMmart
001 pOOAUTEA UAU IPAPOOUTEA, T.€. Aa OBAAT IIPOU3BOAHN Ha €IUH U
cply 0a30B Kaac. B To3u Kaac TpabBa na 0bae nepuHUPaAH BUPTYaA€H
METO/I, ChOTBETCTBAII] Ha IIOAUMOP(HOTO AeiicTBHe. BbB BceKu oT
IIPOU3BOMHUTE KAACOBE TO3U METO/ MOXKe fa Obae nmpenepuHupaH
CHOOpPa3HO OCOOEHOCTUTE HA TO3U KAacC. AKTUBUPAHETO Ha
IIOAUMOPQHOTO AeHCTBHUE CTaBa Ype3 yKaszaTeA KbM 0a30BUs KAaac, HA
KOHUTO MOraT [1a ce IPUCBOLAT aJpecuTe Ha 00EeKTH Ha KOUTO U A € OT



IIPOU3BOAHUTE KAaacoBe oT Hepapxudra. llle 0bae U3IrbAHEH METOIBT
Ha CBOTBETHUS OOEKT, T.€. B 3aBHCUMOCT OT 00eKTa, KbM KOUTO COYU
yKas3aTeAdT Ie Obfie U3IIbAHIBAH €IUH HUAU APYT MeTod. AKO
KAacoBeTe, B KOUTO TpsOBa fa ce mepuHUpPAT BUPTYaAHU METOIU
HsSMaT O0IIl POAUTEA, TAKBB MOXKe na 0bae Ch3AaZleH N3KYCTBEHO Ypes3
nedprHUpaHe Ha TaKa HapedeH abCTpakTeH KAac.

BB3M0KHO € BUpTyasHUTe (OYHKIIUHU [1a UMAaT caMo AeKAapanus 6e3 ma
uMat aecprHUIMAg. TaKuBa BUPTYAAHH YA€H-(PYHKIIUMU Ce HapudaT
YHCTH. 3a [1a ce OIIpeeAr eqHa BUPTyasHa (PYHKIUS KaToO YUCTA Ce
M3I10A3Ba CAEIHUS CUHTAKCHC!

virtual <Tun><ume_Ha_¢yHKIUS>(<napamerpu>) = 0;

Kaac, Ko#iTo chapp:Ka I[IOHE eHa YHCTO BUPTYaAHA (PYHKIHUS Ce
Hapuya abcTpakTeH Kaac. OCHOBHOTO CBOMCTBO Ha abCTPaKTHUTE
KAaCOBe €, Ye He € Bb3MOXKHO OT TSIX [a Ce Ch3aaBaT 00eKTHU. Yucture
BUPTYaAHU (PYHKIIMYU MOTaT [a Ce IpeaepruHUpPaT B IIPOU3BOOHUTE
KAQCOBE ChbC CBIIMTE IIPOTOTUIIH, & MOZKe U [1a He ce IpeneuHupar.
KoraTo rmpou3BoaHUA KAAC HACAEIU YHUCTO BUPTyasHa PYHKINL O0e3 ga
4 npenepuHUpPAa, TOU CBIIIO cTaBa abcTpakTeH. B cay4daii, ye
IIPOU3BOAHUSA KAAC ITpeaedUHUPa BCHYKHU YUCTO BUPTYaAHU (DYHKIINH
Ha cBod 0a30B KAAC, TOU cTaBa KOHKPETEH I OT HETO Morart Ja ce
CcB34aBaT O0EKTH.

AGCTpakTHUTE KAACOBE ca MpeaHa3HAYeHH Oa CAyKaT KaTo 0a30BHU Ha
APYTH KaacoBe. Upes Tax ce o0equHSBAT B 00Ila CTPYKTypa pPa3sAudHU
tepapxunr. OOMKHOBEHO, aOCTPAKTHHUTE 0A30BH KAACOBE OIIPEIEAST
nHTepderica 3a pa3ANYHU THUIIOBE OOEKTH B Hepapxusra Ha KAACOBETE.
Bcuuku 060paboTKu B HepapxusaTa MOTaT [a IIPHUAaraT €IuH U ChIIL
uHTepdeic, N3M0A3BaKU TOAUMOP(PU3IBM — Ae(PUHUPAT Ce yKa3aTeAn
OT aOCTpaKTHHA 0a30B KAAC U CAEI TOBA T€ C€ M3II0A3BAT 3a
IIOAUMOP(QHO oIlepupaHe ¢ 0OEKTHUTE Ha IIPOU3BOAHUTE KOHKPETHU
KAaCOBe.

13. Cmpyxmypu om oarnHu. Cmek, onaulka, CLUcCvK,
Obpeo. OcHoeHU onepauuu evpxy msx. Peanusayusi.

[Tong cTpykTypa OT HAaHHH ce pa3dupa opraHu3npaHa HHpopMalIlus,
KOSITO MOXKe na Ob/le OMucaHa, Ch3/iaieHa U 00paboTeHa ¢ moMoIlTa Ha
mporpaMa. 3a aa ce OoIpeneAd eqHa CTPYKTypa OT JaHHU €
HeoOXOUMO [a ce HallpaBH:

- AOTHYECKO OIIHCAHHE Ha CTPYKTypaTa, KOeTo s OITHCBa Ha Oa3ata
Ha JEKOMITO3UIIUATA U Ha IIO-TIPOCTU CTPYKTYPH, a CHIIO Ha
JEKOMIIO3HUIIHMS Ha OlepalUTe Hall CTPYKTypaTa Ha II0-IIPOCTHU
oIeparivy;

- (pusHUeCcKOo mpeacTaBgHe Ha CTPYKTypaTa, KOETO JaBa MeToaa
3a MpeACTaBsaHE Ha CTPYKTypaTa B IIaMeTTa Ha KOMITIOThPA.

CTexk’BT € AUHENMHa AUHAMHU4YHA CTPYKTypa OT HaHHU. CTEKBT €
KpalHa peaulia OT EAEMEHTH OT €AUH U ChbILIU TUIl. Onnepanuure
BKAIOYBAaHE U U3KAIOYBAaHE HA €AEMEHT ca JOILyCTHUMHU CaMoO 3a €AHUHUS
Kpal Ha peauliaTra, KOMTo ce HapHu4a Bp'bX Ha CTeKa. Bp3MoxkeH e



IPSK JOCT'BII CaMO 10 eAEMEHTa, KOUTO ce HaMUpa BB Bhpxa Ha
creka. [Ipu Ta3u opraHu3anusa Ha AOTUYECKHUTE OIIePAIUU, [TOCAETHUSIT
BKAIOYEH €AEMEHT Ce U3KAIOYBA ITPBB. 3aTOBA CTEKBT CE OIPEIEAS OIIE
KaTo CTPYKTypa “IIoCAeleH BAI3BA — IPBB U3AI3BA”
(last in — first out, LIFO).
[ITrpoko ce U3MOA3BAT ABAa OCHOBHU HAYHMHA 3a IIPECTaBsIHE Ha CTEK:
IIOCAEAOBATEAHO 1 CBBP3BaHO. [Ipu mocaeJOBATEAHOTO
peacTaBgHe, IIPeIBAPUTEAHO B [TAMETTa Ce 3amna3Ba OAOK, BETPE B
KOMTO ce IMoMeCTBa CTEKBT U TOH TaM pacTe u ce chKpamiana. [Ipu
BKAIOYBaHE Ha €A€MEHTH B CTE€Ka, T€ Ce IIOMECTBAT B ITOCAEIOBATEAHHU
aJpecu B HEU3IIOA3BAaHATA YaCT BeaHAara CAe/ BbpXa Ha CTeKa.
[Tpu CBBP3aHOTO IIPEACTABIHE ITIOCAEIOBATEAHUTE EAEMEHTH CE
ChbXpaHdBaT Ha Pa3AMYHU MeCTa B ollepaTUBHATA IIaMeET, a He B
IIOCA€JOBATEAHO PA3IIOAOKEHU IToAeTa. Bpb3kaTa MeXKAy OTAEAHUTE
€AeMEHTH Ce OCBHIIECTBIBA Ype3 YKa3aTeA KbM CA€ABAIIS €AEMEHT.
AKO €AEMEHTBHT € IIOCAEIEH B CTEKA, CTOMHOCTTA Ha TO3U yKa3aTeA
TpabBa na 0pae HIKakBa pazanduMa cTrodHocT (Hanpumep NULL).
3a 3azmaBaHe Ha CTeKa € JoCTAaThueH yKa3aTeA KbM BbpxXa Ha CTeKa.
B o0mius caygaii eAeMEeHTHTE Ha CTeKa IIPU CBBbP3aHOTO ITPEeACTaBsIHE
Ce CBCTOSAT OT ABe moaeTa — inf (maHHMTEe, 3aTucaHu B eaeMeHTa) U link
(yKa3zaTea KbM CAEABAIIMS €AEMEHT).
Cera mnie nedpuHHpPamMe KAac, KOUTO peaAu3upa CBbP3aHOTO
IpeacTaBgHe Ha CTEK.
[TspBO 11e mecprHHpPaMe MOMOIIEeH Kaac [tem, KolTo peaansupa
ABoMHAaTa KyTHUsl, Ype3 KOSITO Ce IPEACTaBAT EAEMEHTUTE Ha CTeKa.
3a no-roasgMa OOIITHOCT, AepUHHUPaMe KAaCOBETe KaTo ITaOAOHH.
template <class T> class Stack;
template <class T>
class Item {
friend class Stack <T>;
private:
Item (const T& x = 0)
{inf = x;
link = NULL;
}
T inf;
Item *link;
13
Tw#t KaTo KaachT [tem m31moa3Ba KaachkT Stack B mekaapamnugara CH,
3aToBa IIPOTOTHUITHT HA KAaaca Stack mpemniecTBa AeKaapanudara Ha
Kaaca [tem. Bcuuky yaeHOBe Ha Item ca karnicyaupanu. Upes
OeKAapalysTa 3a IPUSITEACTBO, KAACHT [tem mo3BoadgBa caMo Ha Kaaca
Stack na cp3gaBa u o6paborBa HeroBu obekTH. Cera Beue CMe rOTOBHU
na necpuHupame KaachbT Stack. T KaTo CTEKBT CE peasusupa B
OUHaAMUYHATaA IIaMeT, 3a TO3U KAacC TPA0Ba U3PUYHO /A CE pPeasu3upa
KaHOHUYHOTO ITPeACTaBsHE — IeCTPYKTOP, OOMKHOBEHU KOHCTPYKTOPH,
KOHCTPYKTOP 3a IIPUCBOsIBaHE U oIlepaTopHa (PYHKIIHA 3a
IIPUCBOsIBAHE.
template <class T>



class Stack {

public:

Stack (const T&);

Stack ();

~Stack ();

Stack (const Stack &j);

Stack& operator= (const Stack &);

void push (const T&);

bool pop (T&);

bool top(T&) const;

bool empty () const;
private:

Item<T> *start;

void delStack();

void copyStack (const Stack &);
13
template <class T>
Stack<T>::Stack (const T& x)
{ start = new Item<T> (x); }
template <class T>
Stack<T>::Stack ()
{ start = NULL; }
template <class T>
Stack<T>::~Stack ()
{ delStack(); }
template <class T>
Stack<T>::Stack (const Stack<T> &r)
{ copyStack(r); }
template <class T>
Stack<T>& operator= (const Stack<T> &)
{if (this != &)

{ delStack ();

copyStack (r);
}

return *this;
}
template <class T>
void Stack<T>::delStack ()
{ Item<T> *p;
while (start)
{ p = start;
start = start -> link;
delete p;

j
b

template <class T>
void Stack<T>::copyStack (const Stack<T> &)
{if (Ir.start) start = NULL;

else {



Item<T> *p = r.start, *q, *s;
start = new Item<T>(p -> inf);

q = start;
p = p -> link;
while (p)
{s = new Item<T> (p -> inf);
q -> link = s;
q=s;
p = p -> link;
}

b
j

template <class T>
void Stack<T>::push (const T& x)
{ Item<T> *p = new Item<T>(x);
p -> link = start;
start = p;
}
template <class T>
bool Stack<T>::pop (T& x)
{ if (Istart) return false;
[tem<T> *p = start;
x = start -> inf;
start = start -> link;
delete p;
return true;
}
template <class T>
bool Stack<T>::top (T& x) const
{ if (Istart) return false;
x = start -> inf;
return true;
}
template <class T>
bool Stack<T>::empty () const
{ return start == NULL; }

OmnmamkaTa € KpaliHa pegulia OT EAEMEHTU OT €OUH U CHIIH TUIIL.
Omneparnugara BKAIOYBaAHE € JOIIYCTUMA 32 EAEMEHTHUTE OT €AUHHUS Kpal
Ha peauilaTa, KOUTO ce Hapuya KpaH Ha OolalllKaTa, a omeparusaTa
H3KAIOUYBaHE Ha €EAEMEHT — CaMO 3a €EAEMEHTUTE OT APYyTryus Kpal Ha
penuiiaTa, KOUTO Ce Hapuya HadaAo0 Ha olallkata. Bp3MoXKeH € IpsaK
JOCTBII CaMO 10 EAEMEHTa, HaMHUpalll C€ B Ha4aAOTO Ha olallkara.
[Tpu Ta3u opraHu3anysg Ha AOTHYECKHUTE OIlepallli, IIPbB C€ U3KAIOUBA
Hal-0TZaBHA BKAIOYEHHUSIT €EAEMEHT. 3aTOBa OlalllKaTa Ce OIPEIEAs
ollle KaTO CTPYKTypa OT JaHHU “IIPBB BAA3BA — IPBB U3AI3BA”

(first in — first out, FIFO).

[ITupoKo ce U3MOA3BAT ABa OCHOBHU HadyMWHAa 33 (PU3UYECKO
IIpencTaBdHE Ha OllalllKa: MOCAEZO0BATEAHO 11 CBBP3aHO.



[Tpu mmocAemoBaTEAHOTO HPEACTABSHE I'TbPBOHAYAAHO B [IaMETTa Ce
3arrasBa OAOK, BBTPE B KOUTO oIlalllKaTa fa pacTe U a ce ChKpaliasa.
BkaArouBaHeTO Ha €eAEMEHT B OITalllKaTa Ce OCHIIIECTBABA Ype3
IIOMECTBaHETO MYy B IIOCAENOBATEAHHU apPEeCH B HEH3IIOA3BaHATA YaCT
Be/THara cAej Kpas Ha onarikara. OOMKHOBEHO ce cuuTa, 4e OAOKBT OT
TIaMeT € IIUKAWYEH — KOTaTo KpasT Ha ollalllkaTa JOCTUTHE Kpas Ha
pasnpeneseHud OAOK ITaMeT, HO UMa 0CBoOOeHa TaMeT B HETOBOTO
Ha4daA0, TaM MOXKE [a Ce€ U3BBPIIN BKAIOYBaHE HAa €A€MEHTH.
[Ipu CBBP3aHOTO IPEACTABSIHE IIOCAEJOBATEAHUTE EAEMEHTH Ha
orlalikaTa Cce ChbXpaHsBaT Ha Pa3AMYHH MECTa B OllepaTUBHATA IIaMeT,
a He B IIOCAEIOBATEAHO Pa3IIOAOKEHH IToAeTa. Bpp3Kkara Mexmy
OTIEAHUTE €eA€MEHTH Ce€ OCBHIIECTBABA Ype3 yKa3aTeA KbM CAEIBAIIIHI
eaeMeHT. AKO eAeMEHTET € IIOCAE/IeH B ollalllkaTa, CTOMHOCTTa Ha TO3U
yKazaTeA TpAOBa na Oble HIKaKBa pa3sAHdHMa CTOMHOCT (HAIIpuMep
NULL). 3a 3agaBaHe Ha oIamikaTa ca JOCTaThYHU yKa3aTeAu KbM
HaA4YaAOTO M Kpas Ha orarmnkara. B obimsa caydail eAeMeHTHUTe Ha
omalkara IIpu CBbP3aHOTO IIPEACTAaBIHE CE ChCTOAT OT ABE IIOAETA —
inf (zapHUTE, 3amIICaHU B eaeMeHTa) U link (yKa3aTeA KbM CA€IBAIIIHA
eaemeHT). Cera 11e nedpuHUpaMe Kaac, KOUTO peasnu3upa CBbP3aHOTO
IpeacTaBgHe Ha onallka.
[TepBO 11e mecprHMpPaMe IOMOIIEeH Kaac [tem, KolTo peaansupa
JABOMHATAa KyTHUS, Ype3 KOATO CE NPEACTABAT EAEMEHTUTE Ha
oralkara.
3a no-roasgMa OOIITHOCT, AepUHHUPaMe KAaCOBETe KaTo IITaOAOHH.
template <class T> class Queue;
template <class T>
class Item {
friend class Queue <T>;
private:
Item (const T& x = 0)
{inf = x;
link = NULL;
}
T inf;
Item *link;
5
Twsi KaTo KAachT Item m3moa3Ba KaachkT Queue B AeKaapalysiTa CH,
3aToBa IIPOTOTHITHT Ha Kaaca Queue mpenriecTBa AeKaapanudara Ha
Kaaca Item. Bcuuky yaeHOBe Ha Item ca karnicyaupanu. Upes
OeKAapalysTa 3a IPUSITEACTBO, KAACHT [tem mo3BoadgBa caMo Ha Kaaca
Queue na cr3maBa u obpaboTBa HeroBU 00ekTU. Cera Bede cMe TOTOBH
na necpuHupame kKaachbT Queue. Thif KaTo onalkara ce peasu3upa B
OUHaAMUYHATA IIaMeT, 3a TO3U KAacC TPA0Ba U3PUYHO /1A CE peasu3upa
KAQHOHHUYHOTO MPEACTaBAHE — IECTPYKTOP, OOMKHOBEHU KOHCTPYKTOPH,
KOHCTPYKTOP 3a IIPUCBOsSIBAHE U OllepaTopHa (PYHKIUA 32
IIPHUCBOSIBAHE.
template <class T>
class Queue {
public:



Queue(const T&);
Queue();
~Queue();
Queue (const Queue &);
Queue& operator= (const Queue &) ;
void InsertElem (const T&);
bool DeleteElem (T &);
bool ViewElem(T &) const;
bool empty() const;
private:
Item<T> *front, *rear;
void delQueue();
void copyQueue (const Queue &);
)5
template <class T>
Queue<T>::Queue(const T& x)
{ front = new Item<T>(x);
rear = front;
J
template <class T>
Queue<T>::Queue() {
front = rear = NULL;
J
template <class T>
Queue<T>::~Queue() {
delQueue();
J
template <class T>
Queue<T>::Queue (const Queue<T> &r)
{ copyQueue (r); }
template <class T>
Queue<T>& Queue<T>::operator= (const Queue<T> &)
{if (this != &)
{ delQueue();
copyQueue(r);
§
return *this;
J
template <class T>
void Queue<T>::delQueue|()
{Tx;
while (DeleteElem(x));
h
template <class T>
void Queue<T>::copyQueue(const Queue<T> &)
{ front = rear = NULL;
if (r.front) {
Item <T> *p = r.front;
while (p)



{ InsertElem (p -> inf);
p = p -> link;
}
}
}

template <class T>
void Queue<T>::InsertElem (const T& x)
{Item <T> *p = new Item<T>(x);
if (front) { rear->link = p; rear = p; }
else front = rear = p;
J
template <class T>
bool Queue<T>::DeleteElem (T &x)
{ if ({front) return false;
Item <T> *p = front;
X = p -> inf;
if (front == rear) front = rear = NULL;
else front = front -> link;
delete p;
return true;
J
template <class T>
bool Queue<T>::ViewElem(T &x) const
{if (front) return false;
x = front -> inf;
return true;
J
template <class T>
bool Queue<T>::empty() const
{ return front == NULL; }

CnuCBKBT € KpaiiHa peaulla OT EAEMEHTH OT €IUH U ChIIL THII.
Omnepalnyure BKAIOYUBaHE U U3KAIOYBAHE HA EAEMEHT ca AOIYCTHMH Ha
IIPOU3BOAHO MSACTO B peauIiatTa. Bb3MOoKeH € MOCTHBIT 0 BCEKU €eAEMEHT
Ha peaunata (IpsgaK UAU HENPSK B 3aBUCUMOCT OT peasru3arudara Ha
CIIUCBHKA).

HMMa nBa OCHOBHHM HadyMWHa 3a peacTaBdHEe Ha CITUCHK B [TaMeTTa Ha
KOMITIOThPA: CB’BP3aHO IIPEACTaBIHE C €eAHA Bp’b3Ka, CBbP3aHO
IpeacTaBgHE C ABe BP’b3KH U NMOCAEAOBATEAHO [IpEICTaBIHE.

[Tpu mocAemoBaTEAHOTO ITPEACTABIHE CIUCHKBT CE MTPENCTABS Ype3
MacCHB, T.€. EAEMEHTHTE Ha CIIHUCBHKA Ca IIOCAEJ0BATEAHO PA3IIOAOKEHU
B IIaMeTTa, HO TOBa MNpeacTaBdHE HEe Ce U3II0A3Ba, ThH KaTo
BKAIOYBAHETO U U3KAIOYBAHETO HAa €EAEMEHT € Hee(PEKTUBHO U OCBEH
TOBAa 3apaau go06pe pa3sBUTHTE CPEACTBA 3a JUHAMUYHO
pasnpeneAeHue Ha I1aMeTTa.

[Tpu CcBBP3aHOTO IIPEACTABIHE C eIHAa BPb3Ka IIOCAEIOBATEAHUTE
€AeMEHTH Ha CITUCBhKa Ce ChXpPaHdBaT Ha PA3AUYHHU MECTa B
olepaTUBHATA ITaMET, a HE B IIOCAEIOBATEAHO PA3IIOAOKEHH IIOAETA.
BpB3kaTa MexXay OTOAEAHUTE EAEMEHTH Ce OCHIIECTBSIBA YpPe3 yKas3aTeA



KBbM CAE€ABAIIHS €A€MEHT. AKO EAEMEHTHT € IIOCAENEH B CIIUCHKA,
CTOMHOCTTA Ha TO3U yKas3aTeA TpsOBa fa O0ble HIKaKBa pasAnduMa
crotiHocT (HanmpuMmep NULL). 3a 3amaBaHe Ha CIIHCBHKA € JOCTAaThUEH
yKaszaTeA KbM HEroBOTO Hadaao. 3a yrnoOCTBO IIPU peasn3upaHeTo Ha
oIepaluTe BKAIOYBAHE, N3KAIOYBAHE M 00X0K/IaHe Ce BBbBEXKIAT OILE
yKasaTeAn KbM Kpas U KbM TEKYIIl EeAEMEHT Ha CIHUCHhKa. B o0iua
cAy4dal eAeMeHTUTE Ha CIUCHKA IIPU CBBP3aHOTO IIPEACTaBIHE C €AHA
BpPB3Ka Ce ChCTOLAT OT ABeE IoAeTa — inf (manHuTeE, 3ar1ucalu B
eaeMeHTa) U link (ykKazaTea KbM cAeIBallUs EAEMEHT).

[Tpu cBBP3aHOTO IIPEACTABIHE C IBE BPB3KHU IIOCAEIOBATEAHUTE
€AEMEHTH Ha CIIUCBhKa Ce ChXpaHdBaT Ha Pa3AUYHU MECTa B
olepaTHBHAaTAa IIaMET, a HE B IIOCA€IOBATEAHO PA3IIOAOXKEHU II0AETA.
BpB3kuTe MEXKAY OTAEAHHUTE EAEMEHTH CE OCBIIECTBABAT YPE3 ABA
yKaszaTeAsd KbM CA€ABAIINS U KbM IIPEAX0KAAITUSI €EAEMEHT. AKO
€AEMEHTHT € IIOCAEEH B CIIHCHKA, CTOMHOCTTA Ha yKa3aTeAsd KbM
CAeIBaIllUda eAeMEHT TpsiObBa ma Obae HIKakKBa pa3daAudruMa CTOHHOCT
(Hanpumep NULL), aHaaoTrHYHO 3a yKa3aTeAd KbM IIPEAX0K AT
€AEMEHT 3a €eAEMEHTAa B HAa4YaAOTO Ha CIIHCHKa. 3a 3aaBaHe Ha
CIIMCBHKA € NOCTaThueH yKa3aTeA KbM HEroBOTO Hadaao. 3a yamo0CTBO
IIPU PEaAN3UPAHETO Ha OIlEepalliiuTe BKAIOYBAHE, U3KAIOUBAHE U
0o0x0o3K/aHe ce BBbBEXKIAT OIlle YKa3aTeAr KbM Kpad U yKazaTeA KbM
TEKYIl EAEMEHT Ha CIIMCHKAa. B o0I1ma caydaii eAeMeHTUTe Ha CITHCHKAa
IIPU CBBP3aHOTO IIPEACTABAHE C ABE BPB3KHU CE CHCTOAT OT TPHU IIOAETA
— inf (aHHUTE, 3aIIMCaHU B €EAEMEHTA), next (yKasaTeA KbM CA€IBAIIIHS
€AEMEHT) U prev (yKaszaTeA KbM IIPEeaXOXKAAINT EAEMEHT).

Cera m1e mepuHHpPaMe KAac, KOUTO peasnu3upa CBbP3aHOTO
IIpe/ICTaBsHEe Ha CIIUCHK C eHa BPbH3Ka.
[TepBoO 111e HedpuHUpaMe IIOMOIIHA CTPYKTypa Item, KosaTo peaansupa
JABOMHATAa KyTHS, Ype3 KOSTO Ce MPEACTABIT EAEMEHTUTE Ha CIIUCHKA.
3a 1mo-roasgMa oOIIHOCT, AepUHHpaMe CTpyKTypaTa Item u Kaaca LList
KaTo ITIabAOHH.
template <class T>
struct Item {

T inf;

[tem *link;
I
Cera Bede cMe roToBHU Aa necduHupame kaackT LList. Thit kaTo
€IHOCBBP3aHUAT CIINCHK CE pearru3upa B AUHAMUYHATA IIaMeT, 3a TO3HU
KAaC TpsOBa U3PUYHO Ja CE PeaAru3upa KaHOHHUYHOTO IIPEACTABIHE —
[AECTPYKTOP, OOMKHOBEHH KOHCTPYKTOPH, KOHCTPYKTOP 3a
IIPUCBOSBAaHE U OllepaTopHa (PYHKIHS 3a IPHUCBOSBAHE.
template <class T>
class LList {
public:

LList(const T&);

LList();

~LList();

LList(const LList &);



LList& operator= (const LList &);
void IterStart (Item <T>* = NULL);
Item <T>* Iter();
bool IterView(T &) const;
void InsertToEnd (const T&);
void InsertToBegin (const T&);
void InsertAfter (Item <T>*, const T&);
void InsertBefore (Item <T>*, const T&);
void DeleteAfter (Item <T>*, T &);
void DeleteBefore (Item <T>*, T &);
void DeleteElement (Item <T>*, T &);
int length() const;
void print() const;
void concat (const LList &);
void reverse();
bool empty() const;
private:
Item<T> *start, *end, *current;
void delLList();
void copyLList(const LList &);
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template <class T>
LList<T>::LList (const T& x)
{ start = new Item<T> ;
start -> inf = x;
start -> link = NULL;
end = start;
}
template <class T>
LList<T>::LList()
{ start = end = NULL; }
template <class T>
LList<T>::~LList()
{ delLList(); }
template <class T>
LList<T>::LList (const LList<T> &)
{ copyLList (r); }
template <class T>
LList<T>& LList<T>::operator= (const LList<T> &r)
{if (this != &r)
{ delLList();
copyLList(r);
}
return *this;
}
template <class T>
void LList<T>::delLList()
{ Item <T> *p;
while (start)



{ p = start;
start = start -> link;
delete p;
h
end = NULL;
h
template <class T>
void LList<T>::copyLList(const LList<T> &)
{ start = end = NULL;
Item <T> *p = r.start;
while (p)
{ InsertToEnd (p -> inf);
p = p -> link;
h
§

template <class T>
void LList<T>::IterStart (Item <T> *p)
{if (p) current = p;
else current = start;
}
template <class T>
Item <T>* LList<T>::Iter()
{ Item <T> *p = current;
if (current) current = current -> link;
return p;
}
template <class T>
bool LList<T>::IterView(T &x)
{ if (lcurrent) return false;
X = current -> inf;
return true;
}
template <class T>
void LList<T>::InsertToEnd(const T& x)
{ Item <T> *p = new Item<T>;
p -> inf = x;
p -> link = NULL;
if (Istart) start = end = p;
else { end -> link = p; end = p; }
}
template <class T>
void LList<T>::InsertToBegin(const T& x)
{ Item <T> *p = new Item<T>;
p -> inf = x;
p -> link = start;
start = p;
if (lend) end = p;
}

template <class T>



void LList<T>::InsertAfter (Item <T> *p, const T& x)
{Item <T> *q = new Item<T>;

q -> inf = x;

q -> link = p -> link;

p -> link = q;

if (p == end) end = q;
}
template <class T>
void LList<T>::InsertBefore (Item <T> *p, const T& x)
{Item <T> *q = new Item<T>;

*q = "p;

p -> inf = x;

p -> link = q;

if (end == p) end = q;
}

template <class T>
void LList<T>::DeleteBefore (Item <T> *p, T &x)
{ Item <T> *q = start;
if (g -> link == p)
{x =q -> inf;
start = start -> link;
delete q;
h
else {
while (q -> link -> link != p) q = q -> link;
DeleteAfter (q, x);
}
}

template <class T>
void LList<T>::DeleteAfter (Item <T> *p, T &x)
{Item <T> *q = p -> link;
X = q -> inf;
p -> link = q -> link;
if (end == q) end = p;
delete q;
h
template <class T>
void LList<T>::DeleteElement (Item <T> *p, T &x)
{if (p == start)
{x =p ->inf;
if (start == end) start = end = NULL;
else start = start -> link;
delete p;
J
else if (p == end) {
Item <T> *q = start;
while (q -> link != end) q = q -> link;
q -> link = NULL;
delete end;



end = q;
h
else DeleteBefore(p -> link, x);
}
template <class T>
void LList<T>::print () const
{ Item <T> *p = start;
while (p)
{ cout << p -> inf << “§
p = p -> link;
}
cout << end]l;
}
template <class T>
int LList<T>::length () const
{ Item <T> *p = start;
int n = 0;
while (p)
{n++; p =p ->link; }
return n;
}
template <class T>
void LList<T>::concat (const LList<T> &)
{ Item <T> *p = r.start;
while (p)
{ InsertToEnd (p -> inf);
p = p -> link;
h
}

template <class T>
void LList<T>::reverse ()
{ Item <T> *p, *q, *temp;
if (start == end) return;
p = start;
q = NULL;
start = end;
end = p;
while (p)
{temp = p -> link;
p -> link = q;
q=p;
p = temp;
}
}

template <class T>

bool LList<T>::empty () const

{ return start == NULL; }

dyukiuure Iter, [terStart u IterView peaausupat T.H. HTEpaTOp.
HrepaTopdT € yKazaTeA KbM TEKYII eAeMeHT Ha peaulia. OOIioTo Ha



BCUYKU UTEPATOPHU € TAXHaTa CEMaHTHKAa U UMeHaTa Ha TeXHUTE
oneparu. OGMKHOBEHO OIlEpaIlUUTE Ca:
++ - IpHUAOXKEHA KBbM HUTEPATOP, IIPEMECTBA TO3H UTEPATOP Aa COIH
KBbM CA€IBAIlNs EAEMEHT Ha peaulaTa;
-- - IPUAOKEHA KbM UTEPATOpP, IIPEMECTBA TO3U UTEPATOP Aa COYU KBM
IIPEIUIITHUS €AEMEHT Ha peaularta;
* - IIpUAOKEHA KbM UTEPaTop, JaBa eAeMeHTa, KbM KOHUTO COYH
ureparopa.
B mrabaona LList, urepatopsT € current. @yukmnuara IterStart
WMHUIHAAU3HUPA UTepaTopa Aa COYH KbM HAa4yaA0TO Ha CIIMCHKA, aKo 3a
Hed He € yKa3aH apryMeHT HUAU € yKasaH apryMeHT NULL. Ako 3a Hed e
yKas3aH ApPYyTr apryMeHT, TOH € HadaaHaTa CTOMHOCT Ha uTepaTopa.
Oneparudara ++ ce peasnusupa oT PyHKIUsSTA [ter, KoaTo MexR Iy
APYyToTO BpbIla crapud ureparop. Oneparudgara -- He € peasusupaHa,
TBHH KaToO CIIUCHKEBT € CaMO C eqHa Bpb3Ka U T 60U Ouaa Hee(peKTHBHA.
Oneparudara * ce peaausupa oT (pyHKIusTa [terView.
Cera 11e nepuHIpaMe KAac, KOUTO peasu3upa CBHP3aHOTO
IIpecTaBgHe Ha CIIUCHK C IBE€ BPB3KH.
[TspBO 11e medprHMpPaMe IOMOIIHA CTPYKTypa [tem, KosTo peaansupa
TpoHHaTa KyTHsl, Ype3 KOSITO Ce IPEACTaBAT EAEMEHTUTE Ha CIIHUCHKA.
3a mo-roasgMa oOLIHOCT, AepUHHpPaMe CTpyKTypaTa Item u Kaaca
DLList kaTo 11abAoHH.
template <class T>
struct Item {

T inf;

Item *pred,;

Item *succ;
5
Cera Bede cMe roToBHU Aa necdpunupame kaackT DLList. Trit KaTo
OBYCBBP3aHUAT CIINCHK CE Peasru3rpa B AUHaAMHUYHATA [1aMeT, 3a TO3U
KAac TpAOBa U3PHUYHO A Ce peasru3rpa KaHOHHUYHOTO IIPECTaBAHE —
JECTPYKTOP, OOMKHOBEHHU KOHCTPYKTOPH, KOHCTPYKTOP 3a
IIPUCBOSIBAaHE U ollepaTopHa (PYHKIHS 3a IPUCBOsSBaHE.
template <class T>
class DLList {
public:

DLList(const T&);

DLList();

~DLList();

DLList(const DLList &);

DLList& operator= (const DLList &);

void IterStart (Item <T>* = NULL);

void IterEnd (Item <T>* = NULL);

Item <T>* IterPred();

Item <T>* IterSucc|();

bool IterView(T &) const;

void InsertToEnd (const T&);

void InsertToBegin (const T&);

void InsertAfter (Item <T>*, const T&);



void InsertBefore (Item <T>*, const T&);
void DeleteAfter (Item <T>*, T &);
void DeleteBefore (Item <T>*, T &);
void DeleteElement (Item <T>*, T &);
int length() const;
void print() const;
void concat (const DLList &);
void reverse();
bool empty () const;
private:
Item<T> *start, *end, *current;
void delDLList();
void copyDLList(const DLList &);
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template <class T>
DLList<T>::DLList (const T &x)
{ start = new Item <T>;
start -> inf = x;
start -> pred = start -> succ = NULL;
end = start;
}
template <class T>
DLList<T>::DLList()
{ start = end = NULL; }
template <class T>
DLList<T>::~DLList()
{ delDLList(); }
template <class T>
DLList<T>::DLList (const DLList <T> &r)
{ copyDLList(r); }
template <class T>
DLList<T>& DLList<T>::operator= (const DLList<T> &)
{if (this != &r)
{ delDLList();
copyDLList(r);
}
return *this;
}
template <class T>
void DLList<T>::delDLList()
{ Item <T> *p;
while (start)
{ p = start;
start = start -> succ;
delete p;
}
end = NULL,;
}

template <class T>



void DLList<T>::copyDLList (const DLList<T> &)
{ start = end = NULL;

Item <T> *p = r.start;

while (p)

{ InsertToBegin(p -> inf);

p = p -> link;

}

}

template <class T>
void DLList<T>::IterStart (Item <T> *p)
{if (p) current = p;
else current = start;
}
template <class T>
void DLList<T>::IterEnd (Item <T> *p)
{if (p) current = p;
else current = end;
}
template <class T>
Item <T> * DLList<T>::IterPred ()
{ Item <T> *p = current;
if (current) current = current -> pred,;
return p;
}
template <class T>
Item <T> * DLList<T>::IterSucc ()
{ Item <T> *p = current;
if (current) current = current -> succ;
return p;
}
template <class T>
bool DLList<T>::IterView (T &x) const
{if (current) return false;
X = current -> inf;
return true;
}
template <class T>
void DLList<T>::InsertToEnd (const T x)
{Item <T> *p = new Item <T>;
p -> inf = x;
p -> pred = end,;
p -> succ = NULL;
if (Istart) { start = end = p; }
else { end -> succ = p; end = p; }
}
template <class T>
void DLList<T>::InsertToBegin (const T x)
{Item <T> *p = new Item <T>;
p -> inf = x;



p -> pred = NULL;
p -> succ = start;
if (lend) { start = end = p; }
else { start -> pred = p; start = p; }
}
template <class T>
void DLList<T>::InsertAfter (Item <T> *p, const T x)
{Item <T> *q = new Item <T>;
q -> inf = x;
q -> pred = p;
g -> succ = p -> SUcc;
p -> succ = q;
if (q -> succ) q -> succ -> pred = q;
else end = q;
}
template <class T>
void DLList<T>::InsertBefore (Item <T> *p, const T x)
{Item <T> *q = new Item <T>;
q -> inf = x;
q -> succ = p;
q -> pred = p -> pred;
p -> pred = q;
if (q -> pred) q -> pred -> succ = q;
else start = q;
}
template <class T>
void DLList<T>::DeleteAfter (Item <T> *p, T &x)
{Item <T> *q = p -> succ;
X = q -> inf;
p -> succ = q -> Succ;
if (q -> succ) q -> succ -> pred = p;
else end = p;
delete q;
}
template <class T>
void DLList<T>::DeleteBefore (Item <T> *p, T &x)
{Item <T> *q = p -> pred;
X = q -> inf;
p -> pred = q -> pred;
if (q -> pred) q -> pred -> succ = p;
else start = p;
delete q;
}
template <class T>
void DLList<T>::DeleteElement (Item <T> *p, T &x)
{x =p ->inf;
if (start == end) { start = end = NULL; }
else if (p == start)
{ start = start -> succ;



start -> pred = NULL;
}
else if (p == end)
{end = end -> pred;
end -> succ = NULL;
}
else {
p -> pred -> succ = p -> sucg;
p -> succ -> pred = p -> pred;
}
delete p;
}
template <class T>
int DLList<T>::length () const
{ Item <T> *p = start;
intn = 0;
while (p)
{n++; p = p -> succ; }
return n;
}
template <class T>
void DLList<T>::print () const
{ Item <T> *p = start;
while (p)
{cout << p ->inf << %
P = p -> succ;
}
cout << end]l,;
}
template <class T>
void DLList<T>::concat (const DLList<T> &r)
{Item <T> *p = r.start;
while (p)
{ InsertToEnd (p -> inf);
p = p -> succ;
}
}

template <class T>
void DLList<T>::reverse )
{ Item <T> *p, *temp;
if (start == end) return;
p = start;
start = end;
end = p;
while (p)
{ temp = p -> succ;
p -> succ = p -> pred;
p -> pred = temp;
p = temp;



b
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template <class T>
bool DLList<T>::empty() const
{ return start == NULL; }
dyuknunte IterPred, IterSucc, IterStart, IterEnd u IterView
peasusupar T.H. HTepaTop. TepaTopbT € yKasaTeA KbM TEKYII]
ereMeHT Ha peauiia. OOmMIOTO Ha BCUYKU UTEPATOPH € TaXHaTa
CeEMaHTHUKa U UMeHaTa Ha TeXHuTe oneparmi. OGMKHOBEHO
oIepaluuTe ca:
++ - IpHUAOXKEHA KBbM HUTEPATOpP, IIPEMECTBA TO3H UTEPATOP Aa COIH
KBbM CAE€ABAIIHS EAEMEHT Ha PeauIlaTa;
-- - IIPHAOKEHA KBbM HUTEPATOpP, IIPEMECTBA TO3U UTEPATOP Aa COYU KBM
IpeqUITHUS €AeMEHT Ha pPeaulaTa;
* - IpUAOKEHA K'BM UTEPATOP, JaBa €eAeMeHTa, KbM KOHWTO CO4YHu
ureparopa.
B mrabaona DLList, urepaTopsT e current. dyakiusara IterStart
HMHUIIMaANU3HUpa UTepaTopa ga Couu KbM HadaAOTO Ha CIUCHKA, aKo 3a
Hed He € yKa3aH apryMeEHT HUAU € yKasaH apryMeHT NULL. Ako 3a Hed e
yKaszaH ApPYyTr apTyMeHT, TOM € HadaaHaTa CTOMHOCT Ha uTepaTopa.
AnasoruuHo, (pyHkmusTa IterEnd mHHIIMarn3upa ureparopa ga cCouu
KBbM Kpasl Ha CIIUCBhKa, aKO 3a Hed He € YKa3aH apTyYMEHT AU € yKa3aH
aprymeHT NULL. AKO 3a Hed € yKa3aH ApPYyr apTyMEHT, TOM € HadaaHaTa
CTOMHOCT 3a ureparopa. Onepanudara ++ 3a uTepaTropa Ce peasusnpa
oT pyHKIMATa [terSucc, KosaTo MexKay APYyroTo BphlIa CTapud
ureparop. Onepanusara -- ce peaausupa ot pyHkruara IlterPred, kogato
MEXIY APYroTo Bpbllla crapud ureparop. Onepanudara * ce peaausupa
oT pyHKIIATA [terView.
JABOHYHO A'BPBO OT TUII T € peKypCUBHA CTPYKTypa OT JaHHU, KOATO
€ UAM IIpa3Ha MAU € o0pasyBaHa OT:

- [aaHHa oT TUll T, HapeyeHa KOPEeH Ha JBOUYHOTO IHPBO;

- [IBOUWYHO OBPBO OT TUI T, HApe4YeHO AABO NMOAA’BPBO Ha

JABOUYHOTO ABPBO;
- JIBOWYHO OBPBO OT TUI T, HAPEUYEHO AACHO MOALBPBO HA
JABOUYHOTO ABPBO.

MHOKeCTBOTO Ha BbPXOBeTe (Bb3AHTE) Ha €IHO ABOUYHO AHPBO CE
olpeneAd PEKYPCHUBHO: IIPA3HOTO ABOUYHO ABPBO HIMAa BBPXOBE, a
BBPXOBETE HA HENPA3HO ABPBO Ca HETOBUAT KOPEH U BHPXOBETE Ha
[ABeTe My OAIBbPBETA.
[ITe pasraegame npuMmepu. Heka a, b, c, d, e, f u g ca manuu ot tun T.
ToraBa caegHHTE rpadUYHU IIPEACTABIHUSA ONPEAEATIT JBOUYHU
nepBeta oT Tum T.
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[TocokaTa Ha AMHUUTE, CBBP3BaIlll BhPXOBETE C HOAIbPBETA
II03BOASBA [a Ce PA3AUYH ABO OT ASCHO ImomabpBo. CAeqHUTE ABE
OBOUYHU IbPBETA Ca PA3AUYHHU:

a a

/N

B repBHug cay4daili ASCHOTO NOALBPBO € IIPa3Ho, a B APyrud caAy4dau
[SICHOTO IIOBPBO HE € IIPasHo.
AucTaTa Ha JBOUYHOTO IBHPBO Ca BBPXOBETE C ABE ITPa3HU
nonabpBeTa. Harrpumep, Ha mbpBaTa pUCyHKa AUCTATa HA TPUTE
aepBeTa ca a; d, f, g, c; d crorBeTHO.
BBTpelIHH BBPXOBE HA JJBOUYHOTO IHPBO Ca BHPXOBETE, PA3AUYHU
OT KOpeHa U auctaTta. Hanpumep, Ha IrbpBaTa pUCyHKa I'bPBOTO ABPBO
HsIMa BBTPENIHH BhPXOBE, BETPEIITHUTE BHPXOBE Ha BTOPOTO ABPBO ca
b, e 1 Ha TpeToTO ABPBO ca b, c.
AsIB HaCA€AHHK Ha €I1H BPBHX € KOPEHBT Ha AGBOTO MY IIOAIBPBO
(ako To e Henpa3HO). [leceH HACAEAHHK Ha €qUH BPBHX € KOPEHHT Ha
JSCHOTO My IIOAXBPBO (AKO TO € HENIPAa3HO). YICHO €, ye aucrara Ha
€IHO IbPBO Ca TOYHO OHE3U BHPXOBE, KOUTO HAMAT HUTO ASB, HUTO
[leCeH HacCAeIHUK. AKO a € HaCAeIHUK Ha b (A9B MAHM JeceH), Ka3BaMe,
4ye b e poauTeA (0ama) Ha a. YICHO €, Ye BCEKHU BPBX OCBEH KOPeHA
“Ma TOYHO eQuH Darlra.
Ha Bceku BpBX B ABPBOTO MOXKE A C€ ChIIOCTABHU HHBO. KOpeHBT Ha
OBbpBOTO UMa HUBO 1 (Mau 0). AKO e1UH BpbX UMa HUBO I, TO HETOBUTE
HaCAeOHUIM UMaT HUBo i+1. C apyru gyMu, HUBOTO Ha €IUH BPBX €
OposST Ha BBPXOBETE, KOUTO TPpsAbBa Aa ObaaT o0XOomeHHU 3a /1a ce
CTHTHE 10 TO3H BPBHX OT KOpeHa. MakKCHMaAHOTO HUBO Ha €IHO JHPBO
ce Hapu4ya HeroBa BHCOYHHA. Hasz cTpyKTypaTa OT JaHHU JBOUYHO
IBPBO Ca BB3MOXKHHU CAETHUTE OIEPAIIUU:
- JIOCTBII A0 BPBX — BB3MOXKEH € MPSK AOCTBII 10 KOpeHa U HEeIIPIK
JOOCTBII IO OCTAHAAUTE BHPXOBE;
- BKAIOYBaHE U U3KAIOYBaHE Ha BPBhX — BB3MOXKHU ca Ha
IIPOU3BOAHO MSICTO B JIBOMYHOTO ABPBO, PE3YATATHT TPsiOBa
OTHOBO [Ia € IBOUYHO IBbPBO OT CHIIIHULA THII,

b



- 0b0xo3kmaHe — TOBa € METO, IT03BOASBAII] /Ia C€ OCHIIECTBU
JOCTBHII 10 BCEKH BPBX Ha IBPBOTO €AUH €QUHCTBEH ITBT.
OOxoKOaHeTo € PeKypCHUBHA IIPOILIEeAyPa, KOSTO Ce€ OCHIIECTBIBA Ypes3

U3ITbAHEHHE Ha CA€OHUTE TPU AEHUCTBUS, B HIKAKBB (PUKCHUPAH PEI:
- 00XoXK/IaHe Ha KOpPeHa;
- 0bxozkmaHe Ha ASBOTO IIOAIBPBO;
- 00xoxKmIaHe Ha JASCHOTO ITOIAbPBO.
Haii-pasmpocTpaHeH ca CMECEHOTO OOXOXXAAaHE (I'bPBO ASIBOTO
HOALBPBO, IIOCAE€ KOPEHA U Hali-Hakpas AACHOTO IOAIBPBO),
HH3XOASIIIOTO O0XoXKAaHe ('bPBO KOPEHA, [TOCAE AIBOTO MOAIBPBO U
Hali-HaKpas ASCHOTO MOIIHPBO) U Bb3XOASIIO0 00X0XAaHE (I'bPBO
ASIBOTO TIOAABPBO, IIOCAE AACHOTO NOAABPBO U Hali-HaKpas KOPEHA).
OCHOBHO Ce€ H3II0A3BaT TPU HadyUHa 3a IpeacTaBdHE Ha JBOUYHO
’bPBO — CB'BP3aHO, BEPHIKHO U Ype3 CIIHC’BK Ha Oalrure.
CBBp3aHOTO IpEACTABAHE CE€ peasnu3nupa 4pe3 yKkazaTeA KbM KyTHd C
TPHU HoAeTa — HH(POPMAIIMOHHO, ChABPIKAIII0 CTOMHOCTTA Ha KOpeHa U
[B€ aJpeCHU, ChIbPKAIIN IpeACTaBIHUATA Ha AIBOTO U AACHOTO
HOAIBPBO.
[Tpu BepUKHOTO IIpeAcTaBsHe ce U3MoA3BaT Tpu MacuBa — a[N]|, b[N]| u
c[N]. Tyk N e 6poaT Ha BBPXOBETE B I'BPBOTO, BHPXOBETE Ca
HoMepupasu oT O o N-1. EaeMeHTHT a[i] Ha MacuBa a ChABPKA
CTOMHOCTTA Ha i-THd BPBX Ha ObPBOTO. EAeMeHTHT b[i] Ha macuBa b
ChIObp3Ka UHEKCa Ha A€BUS HACA€IHUK Ha i-TUd BpPHX (-1, ako ToH
HsMa ASIB HAaCAE€IHHUK), EAEMEHTHT C[i] Ha MacuBa C ChAbpPKa UHAEKCA
Ha JIECHUS HaCA€QHUK Ha i-THS BPBX (-1, ako ToM HaMa AeceH
HacAegHUK). OTOEAHO ce a3y U UHEKCa Ha KOpeHa Ha ABOUYHOTO
BPBO.
[Ipu nmpencraBsHETO Ype3 CIIMCHK Ha OalmTe ce M3II0A3Ba €IHH MacHUB
p[N]. Tyk N e OposT Ha BBPXOBETe B IbPBOTO, BEPXOBETE ca
HoMmepupanu ot 0 1o N-1. EaemeHTHT p|i] € enuHCcTBeHNd Oalia Ha
i-TUg BpbX Ha ABPBOTO (-1, aKO TO3U BPBHX € KOPEHBT).
Cera 11e gepuHIpPaMe KAac, KOUTO peasu3upa CBbP3aHOTO
IIpeAcTaBIHe Ha JBOUYHO ABHPBO.
[IspBo 11 mecprHMpame nmoMmomiHa cTpykrypa Node, KosTo peaansupa
TpoHHaTa KyTUsl, Ype3 KOSATO Ce IPEACTaBAT BbPXOBETE HA ABPBOTO.
3a mo-roasgma oburHocT, nepuHupame cTpykrypaTta Node u kaaca Tree
KaTo ITIabAOHH.
template <class T>
struct Node {
T inf;
Node *left;
Node *right;
5
Cera Bede cMe roTOBH Aa neuHUpaMe KaachkT Tree. Thil KaTo
ABOUYHOTO ABPBO CE€ peasn3Hpa B AUHAMHUYHATA [TIaMeET, 3a TO3U KAaac
TpabBa U3PUYHO A Ce Peasru3upa KaHOHUYHOTO IIpeACTaBIHE —
JECTPYKTOP, OOMKHOBEHH KOHCTPYKTOPH, KOHCTPYKTOP 3a
IIPUCBOIBAaHE U ollepaTopHa (PYHKIHS 3a IPUCBOsSBaHE.
template <class T>



class Tree {
public:
Tree(const T&);
Tree();
~Tree();
Tree(const Tree &);
Tree& operator= (const Tree &);
bool empty () const;
bool RootTree (T&) const;
bool LeftTree (Tree &) const;
bool RightTree (Tree &) const;
void Create();
void Create3(const T&, const Tree &, const Tree &);
void PreOrder() const;
void InOrder() const;
void PostOrder() const;
private:
Node <T> *root;
void DeleteTree (Node<T> *&);
void CopyTree (Node <T> * &, const Node<T> *);
void Preord (const Node <T> *);
void Inord (const Node <T> *);
void Postord (const Node <T> *);
void CreateTree (Node <T> *&);
I3
template <class T>
Tree<T>::Tree (const T& x)
{ root = new Node <T>;
root -> inf = x;
root -> left = root -> right = NULL;
}
template <class T>
Tree<T>::Tree ()
{root = NULL; }
template <class T>
Tree<T>::~Tree ()
{ DeleteTree (root); }
template <class T>
Tree<T>::Tree (const Tree<T> &t)
{ CopyTree (root, t.root); }
template <class T>
Tree<T>& Tree<T>::operator= (const Tree<T> &t)
{if (this != &t)
{ DeleteTree (root);
CopyTree (root, t.root);
}

return *this;

}

template <class T>



void Tree<T>::DeleteTree (Node <T> * &t)
{if (1) {
DeleteTree (t -> left);
DeleteTree (t -> right);
delete t;
t = NULL;
}
}

template <class T>
void Tree<T>::CopyTree (Node <T> * &p, const Node <T> *t)
{if (1)
{p = new Node <T>;
p -> inf = t -> inf;
if (t -> left) CopyTree (p -> left, t -> left);
else p -> left = NULL;
if (t -> right) CopyTree (p -> right, t -> right);
else p -> right = NULL;
}
}

template <class T>
bool Tree<T>::empty () const
{ return root == NULL; }
template <class T>
bool Tree<T>::RootTree (T &x) const
{ if (root) return false;
X = root -> inf;
return true;
h
template <class T>
bool Tree<T>::LeftTree (Tree <T> &t) const
{ if (root) return false;
DeleteTree (t.root);
CopyTree (t.root, root -> left);
return true;
h
template <class T>
bool Tree<T>::RightTree (Tree <T> &t) const
{if ('root) return false;
DeleteTree (t.root);
CopyTree (t.root, root -> right);
return true;
h
template <class T>
void Tree<T>::PreOrder () const
{ Preord (root);
cout << end]l,;
h
template <class T>
void Tree<T>::InOrder () const



{ Inord (root);
cout << end]l;
}
template <class T>
void Tree<T>::PostOrder () const
{ Postord (root);
cout << end]l,;
}
template <class T>
void Tree<T>::Preord (const Node <T> *t)
{if (t)
{cout <<t ->inf << ‘
Preord (t -> left);
Preord (t -> right);
}
}

template <class T>
void Tree<T>::Inord (const Node <T> *t)
{if (t)
{ Inord (t -> left);
cout << t -> inf <<
Inord (t -> right);
}
}

template <class T>
void Tree<T>::Postord (const Node <T> *t)
{if (t)
{ Postord (t -> left);
Postord (t -> right);
cout << t ->inf << ‘%
}
}

template <class T>
void Tree<T>::Create3(const T&rt, const Tree<T> &l, const Tree<T> &)
{ DeleteTree (root);
root = new Tree<T>;
root -> inf = rt;
CopyTree (root -> left, l.root);
CopyTree (root -> right, r.root);
}
template <class T>
void Tree<T>::Create()
{ DeleteTree (root);
CreateTree (root);
}
template <class T>
void Tree<T>::CreateTree (Node <T> * &t)
{ T x; char c;
cout << “root:



cin >> x;

t = new Node <T>;

t -> inf = x;

cout << “Left tree of: “ << x << “ (y/n)? %

cin >> c;

if (c ==%" || c ==%Y’) CreateTree (t -> left); else t -> left = NULL;
cout << “Right tree of: “ << x << “ (y/n)? %

cin >> c;

if (c ==%" || c == %Y’) CreateTree (t -> right); else t -> right = NULL;

[Ipenroaarame, dye 3a eAEMEHTHUTE Ha TUNa T € ycTaHOBEHA AUHEWHAa
Hapemba.

JIBOHYHO HapeAeHO ABPBO oT THN T ce necpuHUpa PEKyPCHUBHO 110
CA€IHUS HA4YWH: IIPA3HOTO ABOUYHO AHPBO OT TUII T € HapeneHo U
HEeIIpa3HO ABOUYHO AHPBO OT THUII T € HapeneHo ToraBa U caMo TOraBa,
KOTraTO BCUYKU BBPXOBE HA AABOTO MY IIOAIBPBO Ca I10-MaAKH OT
KOpPEHAa U BCUYKHU BBPXOBE Ha AACHOTO MYy IOAABPBO Ca II0-MaAKH OT
KOPEHA U OCBEH TOBAa, AIBOTO U AACHOTO MYy IIOAIBPBO Ca ABOUYHU
HapeneHU abpBeTa oT THll T.

Heka t e nBonyHO HapeneHo AbPBO oT Tull T. BkArouBaHeTO Ha
eaeMeHTa a oT TUll T B t ce ochlIlecTBABA 110 CA€THUS HAYUH:

- akKo t € Ipa3HOTO ABPBO, HOBOTO ABOMYHO HAPEAEHO ABPBO € C
KOPEH EAEMEHTA a U IIPA3HU A9BO U [FACHO IIOALBPBETA;

- aKoO t € HEIIpas3HO U a € I[10-MaAKO OT KOpPeHa My, a CE BKAIOYBA B
ASIBOTO IIOAOBPBO HA t;

- aKoO t € HEIIpas3HO U a € I10-TOASIM OT KOPE€Ha My, a CE BKAIOYBA B
OACHOTO IIOAOBPBO HA t.

[Ile n3rioa3BaMe TO3M HAYMH 3a BKAIOYBAHE Ha €AEMEHTH 3a [1a
Cch3laBaMe NBOMYHHUTE HAPEAEHU abpBeTa. B To3u cayual, e
IIpUTERKaBaT CAEQHOTO CBOHMCTBO: CMECEHOTO 00XO0K/JaHEe COPTUPA BBHB
BB3XOLLII] PEM EAEMEHTUTE OT BBPXOBETE HA ABbPBOTO.

H3TpHBaHeTO Ha BPBX EAEMEHT a OT ABOUYHOTO HAPEILEHO ABPBO t ce
HU3BBPIIBA II0 CAEHATA CXEMA:

- AKO KOPEHBT Ha t € [10-ToAIM OT a, U3TPHUBaAME a OT AABOTO
IIOAABPBO HAa t;

- aKO KOPEHBT Ha t € [I0-MaAbK OT a, U3TPUBaAME a OT AICHOTO
IIOAABPBO HAa t;

- aKO KOPEHBT Ha t chBIIaJa C a U t ©UMa IIpa3HO A9BO IIOAALPBO,
TO t ce 3aM€eHd C AACHOTO CHU IIOAIBPBO;

- aKO KOpPEHBT Ha t ChBIIaJa C a U t UMa Ipa3Ho AACHO IIOAABPBO,
TO t ce 3aM€eHd C A9BOTO CH IIOAIBPBO;

- aKO KOPEHBT Ha t ChBIIaJA C a U t UMa HEIPa3HU AIBO U JACHO
IIOAIBPBO, TO CE HAMHpPA HANU-TOAEMHUAT EAEMEHT B AABOTO
HOAABPBO (TOBa cTaBa KaTO CE€ CIIyCHEM II0 Hal-IeCHUA KAOH 10
JOCTHUTraHe Ha BPBX C IPa3HO ASCHO IOAIBPBO), PA3MEHS Ce
HeroBaTa CTOMHOCT ChC CTOMHOCTTA Ha KOpeHa (KOSTOo € a) U
BBIIPOCHUST BPBX C€ U3TPUBA (TOH MMa Ipas3Ho ASICHO
HOAABPBO, TaKa Ye BAM3aMe B IpeOHUI CAydai).



Cera 11e mepuHHpPaMe KAac, KOUTO peasnu3upa CBbP3aHOTO
IIpeacTaBgHe HA ABOUYHO HAPEOEHO IBPBO, B KOMTO Ca BKAIOUEHU
ropeonrcanuTe ornepaiyu. llle orbeaexxuMm, ye He HOIIyCKaMe B
’bPBOTO [1a UMa BBPXOBE C €eMHAKBU CTOMHOCTH (TOBa OrpaHUYeHUe,
obaye, AECHO MOIKE [a Ce IIPEMaxHe).
[TepBo 111e HedpuHUpaMe moMoIlHa cTpykrypa Node, KosaTo peasnusupa
TpoOMHAaTa KyTHS, Ype3 KOSITO Ce MPEACTABIT BHhPXOBETE HA IBPBOTO.
3a mo-roagMma obmrHocT, neprHupame crpykrypara Node 1 Kaaca
BinOrdTree kaTo mabAoHH.
template <class T>
struct Node {

T inf;

Node *left;

Node *right;
5
Cera Bede cMe roToBHU Aa necdunupame kaachkT BinOrdTree. Trit KaTo
JABOUYHOTO HAPEIEHO IBbPBO CE peaAru3upa B AHUHAMUYHATA [IaMeET, 3a
TO3U KAAC TPsIOBa U3PUYHO [a Ce Peasru3upa KAHOHHUIHOTO
IIpeaCcTaBAgHE — IECTPYKTOP, OOMKHOBEHH KOHCTPYKTOPH, KOHCTPYKTOP
3a IPUCBOsIBAHE U oIlepaTopHa (PYHKITUS 3a IIPHUCBOSBAaHE.
template <class T>
class BinOrdTree {
public:

BinOrdTree (const T&);

BinOrdTree ();

~BinOrdTree ();

BinOrdTree (const BinOrdTree &);

BinOrdTree& operator= (const BinOrdTree &);

bool empty () const;

bool RootTree (T&) const;

bool LeftTree (BinOrdTree &) const;

bool RightTree (BinOrdTree &) const;

void PrintSorted () const;

void AddNode (const T&);

void DeleteNode (const T&);

void Create();
private:

Node<T> *root;

void DeleteTree (Node <T> *&j);

void Del (Node <T> *&, const T&);

void CopyTree (Node <T> *&, const Node <T>%*);

void Print (const Node <T> *);

void Add (Node <T> *&, const T&);
15
template <class T>
BinOrdTree<T>::BinOrdTree (const T& x)
{ root = new Node <T>;

root -> inf = x;

root -> left = root -> right = NULL;



}

template <class T>
BinOrdTree<T>::BinOrdTree ()
{root = NULL; }
template <class T>
BinOrdTree<T>::~BinOrdTree ()
{ DeleteTree (root); }
template <class T>
BinOrdTree<T>::BinOrdTree (const BinOrdTree &t)
{ CopyTree (root, t.root); }
template <class T>
BinOrdTree<T>& BinOrdTree<T>::operator= (const BinOrdTree &t)
{if (this = &t)

{ DeleteTree (root);

CopyTree (root, t.root);
}

return *this;
}
template <class T>
void BinOrdTree<T>::DeleteTree (Node <T> * &t)
{if (t) {
DeleteTree (t -> left);
DeleteTree (t -> right);
delete t;
t = NULL;
h
}

template <class T>
void BinOrdTree<T>::CopyTree (Node <T> *&p, const Node <T> *t)
{if (1)
{p = new Node <T>;
p -> inf = t -> inf;
if (t -> left) CopyTree (p -> left, t -> left);
else p -> left = NULL;
if (t -> right) CopyTree (p -> right, t -> right);
else p -> right = NULL;
}
}

template <class T>
bool BinOrdTree<T>::empty () const
{ return root == NULL; }
template <class T>
bool BinOrdTree<T>::RootTree (T &x) const
{ if (root) return false;
X = root -> inf;
return true;
}
template <class T>
bool BinOrdTree<T>::LeftTree (BinOrdTree <T> &t) const



{if ('root) return false;

DeleteTree (t.root);

CopyTree(t.root, root -> left);

return true;
}
template <class T>
bool BinOrdTree<T>::RightTree (BinOrdTree <T> &t) const
{if ('root) return false;

DeleteTree (t.root);

CopyTree(t.root, root -> right);

return true;
}
template <class T>
void BinOrdTree<T>::PrintSorted () const
{ Print (root);

cout << end]l;
}
template <class T>
void BinOrdTree<T>::Print (const Node <T> *t)
{if (t)

{ Print (t -> left);

cout << t ->inf << ‘¥
Print (t -> right);

}

}

template <class T>
void BinOrdTree<T>::AddNode (const T& x)
{ Add (root, x); }
template <class T>
void BinOrdTree<T>::Add (Node <T> * &t, const T& x)
{if (1)
{t = new Node <T>;
t -> inf = x;
t -> left = t -> right = NULL;
}
else if (x < t -> inf) Add (t -> left, x);
else if (x > t -> inf) Add (t -> right, x);
else cout << “Duplicate cannot be inserted!” << endl;
}
template <class T>
void BinOrdTree<T>::DeleteNode (const T x)
{ Del (root, x); }
template <class T>
void BinOrdTree<T>::Del (Node <T> * &t, const T& x)
{if ('t) return;
if (x < t -> inf) Del (t -> left, x);
else if (x > t -> inf) Del (t -> right, x);
else {
Node <T> *p;



if (I(t -> left)) { p = t; t = t -> right; delete p; }
else if (!(t -> right)) {p = t; t = t -> left; delete p; }
else { p =t -> left;
while (p -> right) p = p -> right;
t -> inf = p -> inf;
Del (t -> left, p -> inf);
}
}
}

template <class T>
void BinOrdTree<T>::Create ()
{ DeleteTree (root);
T x; char c;
do {
cout << “Enter element:
cin >> x;
AddNode (x);
cout << “Enter more (y/n)? “
cin >> c;
} while (c == %Y’ || c == Y");
}

14. OcHOBHU KOHCMPYKUUU 6 e3uyume 3a
dyHKyuoHanHo npozpamupare. Jecdpurupane u
u3nonseare Ha pyHryuu. Cnucvuu. PyHrxuuu om
no-eucox peo 3a paboma cwvc cnucvuyu. Ilomouu.

BBB (hyHKIIMOHAAHOTO ITporpaMupaHe IrporpaMara ce usrpaxaa B
JECKPUIITUBEH CTHA — OIIMCBAT Ce€ CBOMCTBATAa HAa JKEeAaHUd PE3yATarT,
JOKATO aATOPUTHMBT 32 HETOBOTO HaMHpaHe He € ChlIecTBeH. Haii-
4ecTo IIporpamMara e nopeaulia oT AepUHUIINN Ha (PYHKIIUH, KOUTO
HMaT 3a eA Ja IIpecMaTaT HIKaKbB pe3yaTaT. Te3u pyHKIINN He
IPEeIU3BUKBAT CTPAHUYHU ePEeKTU IT000HO Ha IIPOTPaMHUTE IIPHU
IIPOLIEAYPHOTO IIporpaMmupatne. ToBa Boau [0 110 AECHO HAMHPaHE U
OTCTpaHgBaHe Ha IpellIKku. B mporpaMmuTre HaIMa onepaliiy 3a [TUKAHU,
3a YCAOBEH HAHM 0€3yCAOBEH ITPEXOJ, OIIEPAIlU 34 IIPHUCBOSIBAHE.
HUreparmure ce peaan3upar ypes3 peKypcud. [Ipu pyHKIITMOHAAHOTO
IIporpaMHpaHe UMa ABe OCHOBHU AEHHOCTH — Ae(PUHUIINN Ha
PYHKIIMHY U IIpuAaraHe Ha (OYHKIIUU 32 U3BAWYAHE Ha pe3yATarT.

Tyk 111e pasraexknamMe e3nka Scheme, KOUTO € IpUMep 3a HECTPOT
PYHKIIMOHAAEH €3UK U € JUAaAEKT Ha e3uKa Lisp.

MaremMaTuieCcKH OCHOBHM Ha e3uKa Lisp ce ocHoBaBa Ha A-CMSATaHETO
Ha Yppu. OCHOBHAaTa CTPYKTypa B TO3U €3HK Ca CIUCBHIIUTE U YpPe3 TIX
ce MoJeAupaT O0EKTU OT PeaAHUs CBST.

E3ukbT Scheme npurekaBa Tpu MexXaHH3Ma 3a U3pa3sBaHe:
- [OPUMHTUBHU U3Pa3y;
- cpeacTBa 3a KOMOMHAIIUS,



CpeEOCTBaA 3a a6CTpaKI_II/IH .

OcHOBHa CHHTaKTHYHa €IUHUIlA B e3UKa Scheme e H3pa3bT.
HedopmaaHo paboTHHAT HUKBA Ha UHTEpPIIpeTaTopa Ha Scheme e
CAETHUS:

yeTe u3pas (read);
olleHsIBa u3pas (evaluate);
u3Bexaa olleHKaTa (print).

N3pasuTe Morart ma 6baaT NPHMHTHBHH HAU ChCTaBHH.
[TpUMUTHUBHHUTE U3PA3U OIle CE HAPUYIAT aTOMapHH H3pa3H HAU
aTOMH, a CbCTABHUTE CE€ HAPUYAT KOMOHHAIIHH.

[TpuMUTUBHUTE U3pa3U Ce AEAdT Ha:

4YHCAa — ¢ (PUKCHUpPaHa UAU ITAABallla TOYKa — Ha IIPaKTHUKAa C
HeorpaHU4YeH pasMep;

CHMBOAHH HH30Be€ — [I0PEeaUIla OT 3HAIH, 3arPaeH! B KAaBUYKH
(“ %)

BrpazeHH yHKIHH — HaIIpuMmep +, -, *, / u ap.;

CHMBOAHH aTOMH — B ITPOLIEAYPHUTE €3UIIN Ca U3BECTHU KaTO
UAEHTU(PUKATOPU — IOPeanlia OT OYKBH UAU IIU(PPU, KOITO
TpabBa a 3arroyBa c OyKBa.

OneHkaTa Ha IIPUMHTHUBEH H3pa3 AUPEKTHO Ce€ CBHP3Ba C HETOBOTO

HnMe:

olleHKaTa Ha YHCAO € CAMOTO YHCAO;
OlleHKaTa Ha CUMBOAEH HU3 € CaMUs HU3;

OlleHKaTa Ha BrpaJeHa (PyHKIUS € TaKa HapedeHUs
dbyHRIHOHaAEH (MpoLeAyPEH) OOEKT — ABOMKA ChIbpIKallla
yKasaTeA KbM Cpeia ¥ IIopeauila OT MAaIllMHHU UHCTPYKIIUHU,
KOUTO PeaAu3upaT ChOTBEeTHATA (PYHKIIHS;

3a Ja uMa OlleHKa eIUH CUMBOAEH aToM, Tol TpsbBa ma
Oo3HayaBa UMe Ha ITPOMEHAHBA UAU (PYHKIIUS, T.€.
IIpeaBapUTEAHO TPsaAbBa na e nedpuHUpPaH, ako He € nAepuHUupaH
olleHKaTa Ha CHUMBOAHHS aTOM € HeollpeleAeHa.

Cnucek B Scheme e peguiia or o6eKTH, OrpaieHd B KPbI'AU CKOOH U
pas3meAeHu C eAUH UAM II0BeYe MHTEPBaAH, NOIyCKa Ce BAaraHe Ha
CIIMCBIIN U IIpa3€eH CIUCHK, KOUTO ce 03HadaBa C ).

CeMaHTHUYHO CIIMCBHIIMTE OMBAT HIKOAKO BHAA U OIlEHKATa UM 3aBHCHU
OT TeXHUs B/, aKO UCKaMe He3aBHCHMO OT BHUa Ha CIIMCHKA
OlleHKaTa My na Obae caMus CIIUCHK, U3II0A3BaMe I[IUTAT 10 CACTHUSI
Ha4uH: (Quote <CIIHUCBHK>) UAU ‘<CIIUCBHK>.

CocraBHUTE N3pa3u (KOMOMHAIIMHUTE) ca OOPBIIIEHUT KbM (DYHKIIUH.
dyHKIIHHUTE MoraT ga ObpaaT BrpaeHu AU Ae(pUHUPAHU OT
notrpedutread. CbCTaBHUTE U3Pa3U CHHTAKTUYHO Ce€ O3HAYaBaT 4pe3
CIIMCBK I10 CAEIHUI HAYHH:

(<pyrrIMa> <Partll 1> <Pakrll 2> ... <dakTll n>).

YucaoTo n € 6poAT Ha AOIIYCTUMHUTE apryMEeHTH Ha (pyHKIUSTa. YecTo
II'bPBULT apTYMEHT B ChCTaBEH U3pa3 Ce HapHuda omepaTop, a
dakTUUECKUTE IapaMeTPH Ce HapudaT ONepPaHaH.



OneHgaBaHETO Ha KOMOUHAIINSA CE U3BBPIIBA 10 CAEIHOTO 00III0
IIPaBHAO:

- OTASIBO HaIACHO Ce OIIEHABAaT OTAEAHUTE MOANU3Pa3H Ha
KOMOMHAIHLTA,;

- OILleHKaTa Ha oIlepaTopa, KOSTO 3abAXKUTEAHO € (PYHKIIH, ce
IIpuAara BbPXy OLIEHKHUTE Ha OlepaHauTe, KOUTO TPsOBa na
ObIaT KOPEKTHHU 110 OPO¥ U THII.

HMma u3karodeHue oT 0BIIIOTO IIPAaBHUAO IIPHU TaKa HapeueHUTE
cnennaAHH ¢popmHu. Beaka criertnassHa popmMa Cu ©Ma CoOOCTBEHO
IIPaBHAO 32 OlICHSBAaHE.

Upes cpeacrBaTta 3a abCTpakIiys, OOEKTUTE Ha e3UKa MoTraT Jaa ce
MMEeHyBaT U o0paboTBaT KaTo enHo 11s9A0. OCHOBHO TaKoOBa CPECTBO €
criertnasHata popma define. Ta uma nBe Pa3HOBUIHOCTH: 3a
neprHUpaHe Ha IPOMEHAWBH U 3a AepUHUpPaHe Ha [IPOLeayPH.
CUHTaKCHUCHT 3a AepUHUPaHe Ha IPOMEHAUBH € CAETHUS:

(define <ume_Ha_IrpoMeHAHBa> <u3pas>).

Tyk <umMme_Ha_ITpoOMeHANBAa> € IIPOU3BOAEH CUMBOAEH aTOM, <H3pas3> €
Ipou3BoAeH n3pai3. OneHkaTa Ha u3pasa € <uMe_Ha_IIPOMEeHAUBa>, HO
KaTo CTpaHU4YeH e(eKT ce IoAydaBa CBbP3BaHe Ha CUMBOAHUS aTOM
<HMe_Ha_IIPOMEHAWBa> C OlLleHKaTa Ha <u3pas> B CIlellasHa paboTHa
rnaMer, HapedeHa cpeza. Caell KaTo TO3U U3pa3 € OLIEHEH, OTTaM
HaTaThK OIleHKAaTa Ha <uMe_Ha_ITpOMeHAuBa> Ie Ob/ie OlleHKaTa Ha
<u3pas>.

OcobenoctTra Ha define e, ye HEUHUAT BTOPHU apryMEHT He Ce OLIeHABA,
3aToBa T4 € CIlellasHa popMa.

CUHTaKCHUCHT 3a AepUHUpPaHe Ha IPOLEAYPH € CAETHUS:

(define (<ume_na_mpouenypa> <dopmIll> ...<PopmlIin>) <Taa0>).

Tyk <ume_nHa_npouenypa> u <®opmlli>, i =1, ..., n ca CHMBOAHU
aToOMH, <TIAO> € PeauIla OT U3pasu, Pa3leAeHU C eIUH UAU II0BeYe
nHTepBaau. OlleHKaTa Ha u3pasa € <uMe_Ha_Ipoleaypa>, HO KaTo
cTpaHU4YeH epeKT B CpefiaTa, B KOSTO Ce€ U3BBbPIIBA CBbP3BAHETO Ce
Ch3/1aBa HOB IIPOILIEAYPEH O0EKT — TOH ChabpiKa yKa3aTeA KbM
TeKylaTa cpena u koa. KoobT ce CbCTOM OT ITapaMeTpUTe
(<PopMmIll>, ..., <dopmIIn>) u TA0 (M3pa3uTe B peauliaTa <TIA0>).

3a ma MoKe Ja ce peasnu3upa UMEHyBaHETO € HyKHO [1a Ce IoaabpKa
IIaMeT, KbAETO Ja Ce CbXpaHdBaT ABOWKU OT BHUAA (MMe, 00EKT).

B e3uka Scheme mpu olleHIBAaHETO Ce€ HU3IIOA3BA T.H. MOJAEA HA
cpeaunTe. [Ipu Hero, mameTTa, KOSITO CAYKH 3a ChbXpaHdBaHE Ha
IBOMKHUTE (MMe, 00EKT) ce Hapuia cpeaa. B Hayaa0To Ha OIleHABaAHETO
uMame nepuHUpaHa caMo eHa Cpefla — HapudyaMme s rAobaaHa. B
IIpolieca Ha OlleHdBaHe MoraT aa Bb3HUKHAT U Apyru cpenu. Koraro ce
Ch3aBa HOBa cpefa Ts BUHATHU Ce BsIBa pas3lINpeHUEe Ha Bede
CBIIECTByBallla cpefa. Korato ce u3BbpIlIBa OlleHSIBaHE, TO BUHATU Ce
IIpaBH B KOHTEKCTa Ha HIKOs cpeaa. Hanpumep, Heka uMmaMe CpeauTe
Eo, E1, ..., En, kaT0 Eo € rn0banHaTa cpena u cpenara E; e pazmiupenue
Ha cpenmata Ei1,i=1, ..., n.



[la npeamnoAokum, de ThPCUM OlleHKaTa Ha umeTo A B E,. B moneaa Ha
CpenuTe TOBa ThPCEHE CE U3BBbPIIBA II0 CAEAHUS HAYUH: 3all0UYBaliKu
ot En, mocaemoBaTeAHO 00XOKAaMe cpenuTe B obpaTeH pen Ha
pasmupaBaHeTo (oT E; keM Ei 1), 10 IbpBUS MOMEHT B KOHUTO
nocturHeM 1o cpena Eix, B KosaTo e nedpuHUpaHa ABoHKa (A, 00eKT).
ToraBa 1pollechT Ha ThPCEHE CIIHpa U OllEHKaTa Ha A € ChbOTBETHUAT
obekT. [Ipu TOBa € BBE3MOXKHO fa e nedpuHUpaHa ABoHKa (A, o0ekTl) B
cpena E;j npu j < k, HO TOBa He IPOMEHH HUIIO (AOKAAHUTE UMeHa
CKpPHUBAT rAODaAHUTE).

KakTo Bedye Kazaxme, OLIEeHIBAHETO Ha €IUH ChCTaBE€H U3pas3
(koMOMHaIINE) ITpeacTaBAgBa OOPBIIEHN KBM IIPOLleaypa.

Heka mmame caemHaTa KOMOMHAITHS:

(<mpouenypa> <daktlll> ...<PakrtlIn>).

[ITe onmmieM Kak ce U3BHPIIIBA HEHHOTO OIleHIBAaHE B MOJeAa Ha
cpenute. Heka olieHaBaHeTo Ha KOMOMHAIIMATA Ce U3BHPIIIBA B
cpenara E. <mpouienypa> e uspas, KOUTO oIIpesiead Ipoleaypara, KbM

KosiTO ce obpbitame, <®Pakrlli>, i = 1, ..., n ca PakKTUIECKUTE
rmapaMeTpu Ha oOpblIeHueTo. [I'bpBOTO KOETO ce mpaBH € B cpenarta E
[a ce oleHAT <npoueaypa> u <dakrtlli>, i =1, ..., n. 3a ga € KOPEeKTHO

OLIEHABAHETO, OIlEHKAaTa Ha <IIpoleaypa> 3albAKUTEAHO TpsibBa na e
IIPOLleAyPEeH O0EeKT 1 (PaKTUYECKUTE [TapaMeTpH TpsaOBa aa
CBHOTBETCTBAT Ha (pOpPMasHHUTE IapaMeTpu I10 OPO, TUII U CMHUCBHA.
Heka ykazaTeasaT B mpolenypHUA 00eKT, KOHUTO € OIleHKa Ha
<mpouenypa> couu KpM cpenara E'. ToraBa ce cp3naBa HoBa cpena E',
KodATO € pasmupenre Ha E' u B E” Bcuuku popMasHUTE HapaMeTpyu Ha
MIPOLIEAYPHUS O0EKT Ce CBBP3Ba C OLIEHKHUTE Ha CHbOTBETHUTE UM
dakTryecku napamerpu. Caex ToBa B KOHTEKCTa Ha cpenata E'' ce
U3BBPIIIBA IIOCAEIOBATEAHO OLIEHKA Ha U3pas3uTe OT TAAOTO Ha
npoleaypHus obekT. OneHKaTa Ha IIOCAEIHUS U3pa3 OT TAAOTO €
OlleHKAa Ha I'bpBOHa4YaAsHaTa KoMOuHaIudg B cpenata E.

OnucaHuaT MOZEA HA CPEAUTE pPeasu3rpa T.H. alAHKATHBEH MOIEA
Ha OlleHsIBaHe (HeroBaTa CBIIHOCT €, Y€ II'bPBO CE OLIEHABAT
OII€paHNTE U CAE€M TOBa KBbM IIOAYYEHHUTE OLIEHKHU Ce IIpuAara
olleHKaTa Ha oreparopa). ChIlllecTByBa U APYT MOJEA Ha OLIEHABAHE —
T.H. HOpMaAeH mozeA. [Ipu Hero, Ipy U3BBPIIBAHE HA IPOLEAYPHO
oOpBIIEHME Ce OLIeHIBAa CaMO OIlepaTopa, HO He U OIlepaHINUTe — T€ Ce
3aMeCTBaT B TAAOTO Ha OIlEHKaTa Ha ollepaTopa Ha MACTOTO Ha
CBOTBETHHUTE UM (popMaArHU ImapameTpu 6e3 na ce olleHsSBaT
IpeaBapHUTEAHO U CAEJ] TOBa CE OLIEHABA TSIAOTO Ha OlLlEHKaTa Ha
orreparopa.

Mozke nma ce mokazke, 4e akKo IIPOILIECHT Ha OIIeHSIBaHE I10
allAMKaTUBHHUS MOJIEA 3aBBbPIIBA, TO IIPOLIECHT Ha OLIEHSIBAaHE I10
HOPMaAHUS MOJEA CBIIO 3aBBPIIBA U B PE3yATAT CE IToAydYaBa €gHa U
chpla oieHKa. CrlrecTByBaT, obade, MHOTO IIPOrpaMu, KOUTO
3aBBPIIBAT U3I'PAHEHHUETO CU 110 HOPMAAHUYI MOJEA Ha OIlEHsIBaHe, HO
He 3aBBpIIBAT 10 allANKATHBHHUL. 3aTOBa Ka3BaMe, Y€ HOPMaAHUAT
MOJIEA € II0-00IIl OT allAMKATUBHNL. E3UKEBT Scheme M3110A3Ba MOIEABT
Ha CpeauTe, B OCHOBaTa Ha KOWTO CTOU alIAMKATUBHUST MOJIEA.



B Hakowu caydau, obade, HaIpuMep IIpU padoTa C OTAOKEHHU
Oe3kpaiiHu 06eKTH Scheme HM3moA3Ba HOPMAAHHUSIT MOIEA.

Ha Bcsaka medpuHUpaHa nporeaypa MOXKe [a Ce raefia KaKTo
JEeKAapaTUBHO, TaKa U UMIIEPATHUBHO (KaTo IIpoIlec, KOUTO IIe JOBee
10 TIoAy4YaBaHe Ha ThpceHud pe3yaTart). [Ipomec — ToBa € aOCTPaKTHO
IIOHSTHE, OIIMCBAIII0 PA3BUTHETO Ha IIPECMATAHETO BBB BPEMETO, T.€.
mpeoOpa3yBaHeTO Ha BXOJAHUTE JAaHHU CTHIIKA I10 CTHIIKA 10
IIoAydaBaHe Ha pe3yaTaTa. MoxkeM aa KaacuHuilmpaMe IIPOIeCUuTe B
[Ba OCHOBHHU KAaca — PEKyPCHBHH I HTepaTHBHH. PeKypcuBHUTE
IIPOLIECH C€ JEASIT HA AHHEHHO PEKYPCHBHH U ABPBOBHIAHO
PEeKypPCHBHH. [ITepaTUBHUTE Ce IEAIT HAa AHHEHHH HTE€PaTHBHH U
HEAHHEHHH HTEPATHBHH (AOTApHTMHYHH U [Ip.).
3a ga cpaBHUM AMHEWHO PEKYPCHBHHUTE U ANHEWHO UTEPATUBHUTE
IIPOIIECH IIIe peasn3upaMe I10 ABa HaunHa PYHKIMGTA (PaKTOPHEA.
(define (fact n)

(if(=n0) 1 (*n (fact (- n 1))
(define (fact n)

(define (iterfact result m)

(if (> m n) result (iterfact (* result m) (+ m 1))))

(iterfact 1 1)
)
OuensaBaneTo Ha (fact 3) mopaxkga caegHUTE IIPOIIECH:
(fact3) > (*3 (fact2)) 2> (*3 (* 2 (fact 1))) 2> (* 3 (* 2 (* 1 (fact 0)))) =
2>20F3F2F11)2>(*3(*21)>((*32)>6,
(fact 3) = (iterfact 1 1) - (iterfact 1 2) - (iterfact 2 3) > 6.
3abeasa3Bame, Ye B I'bPBUA CAydYall MaMe pa3IINpsiBaHe U CA€ TOBa
CBUBaHe Ha U3YHCAUTEAHHS IIPOIlEC, KATO IIPU TOBa UMaMe peauliia
OTAOXKEHU orepalui. [lopgabKa Ha OTAOKEHUTE OIlepalluy € AMHeHHa
dpyHKIIMEG Ha padMepa Ha BXOAa U 3aTOBa IIPOLECHT B TO3U CAyYaH
IIPOILIECHT C€ Hapuya AMHEHHO PeKypPCUBEH.
[Ipu BTOpHS cAyYail HIMaMe paslInpsBaHe U CBUBaHE.
N39HUCAUTEAHUSAT IPOIIEC HAITHAHO C€ OITHCBAa OT KpaeH Opoit
IIPOMEHAVWBU Ha CHCTOSHUETO, ITPaBUAA KOUTO OITHCBAT KaK TE3H
IIPOMEHAWBHU Ce IIPOMEHST IIPU IIPpEMUHAaBaHe Ha €JHO ChCTOSIHHUE B
APYTO U yCcAOBHe 3a Kpal. [Topgaarka Ha Opod Ha CMEHUTe Ha
CBCTOSTHUS € AMHeHHa (PyHKIIMd Ha pa3Mepa Ha BXo[a U 3aToBa
IIPOLIECHT B TO3U CAy4Yal ce Hapu4a AMHEMHO UTEPaATUBEH.
Koraro B cBogTa mepuHUIINE eqHa IIpolleypa U3BUKBa cebe cU
II0BeYe OT BEAHBIK, TO 3abeasa3BaMe 4e OPOsAT Ha OTAOKEHUTE
oIepally cTaBa €eKCIIOHEeHIINaAeH. [Ipollecure, KOUTO ITopazkaaT
TaKWBa IIPOLEAyPH HapruiyaMe IbPBOBUIHO PeKYPCHUBHU. [100Bp
IIpUMeEpP € ImpolieaypaTa 3a HaMupaHe Ha N-TOTO YUCAO Ha PuboHayn:
(define (fib n)

(if(=n0)1

if(=n1l)1
(+ (fib (- n 1)) (fib (- n 2)))))

OrnengaBaneTo Ha (fib 4) mopaxkga caemHUS TPOIIEC:



(fib 4)

/\

(fib 3) (fib 2)
(fib2)  (fib 1) (fib 1)  (fib O)
(fib 1)  (fib O)

Buxkna ce, 4e ToBa € TBBPAE Hee(peKTHBHA peasr3aliys, Thbi KaTo ce
IpaBAaT U3AHUNIHYU n3uucaeHusd — (fib 2) ce onenasa 2 oerH, (fib 1) ce
oneHgaBa 3 nbTH, (fib 0) ce onlenaBa 2 eTH.
MHoro no-epeKTUBHO € CA€JHOTO PELIeHUE:
(define (fib n)

(define (iterfib a b counter)

(if (= counter n) a
(iterfib b (+ a b) (+ counter 1))))

(iterfib 1 1 0))
OnensBaHeTo Ha KoMOuHanusTa (fib 4) ce u3BBpUIBA 10 CAEITHUSA
HauwuH: (fib 4) 2 (iterfib 1 1 0) - (iterfib 1 2 1) > (iterfib 2 3 2) >
(iterfib 3 5 3) = (iterfib 5 8 4) & 5. [IponiechbT € AMHEHHO UTEPATHUBEH.

Bceska mpoilenypa, KOsSTo MaHUIIYAUPA C IPOLIEAYPHU 00EKTH ce
Hapu4ia mpoueaypa OT IIO-BHCOK pea. [lo-crierasHo IpoleaypuTe
OT IIO-BUCOK PE[I IIOAyYaBaT IIPOLEAYPHU 0OEKTU KATO ITapaMeTPU UAU
BPBILIAT IIPOLEAYPHU OOEKTH KaTO PE3YATAT.
[IpemaBaHeTO Ha IIPOLIEAYPUTE KATO IIApaMeTPH AaBa BH3MOXKHOCT 3a
OCBIIECTBSIBAHE Ha IT0-TOAIMO HUBO Ha abCTpaKIlus B IIPOTPaMHUTE Ha
Scheme. CHUHTAKTHUYHO, TO CE€ OCBIIECTBABA [10 HAa4YMHAa, II0 KOMTO ce
rIpeaaBaT OOMKHOBEHHU ITapaMeTpH. KaTo mpuMep Iile peasu3upame
abcrpakuusara f (a) + f (next (a)) ... + f (b). Tyk upe3 next ce moayuasa
cAemBalaTa CT'bIIKa, CyMHPAHETO 3allovBa OT a U IIPobAXKaBa 110 b.
(define (sum a b next f)

(if (>ab)O

(+ (fa) (sum (next a) b next f))))

[To-e(peKTHUBEH € CAETHUSAT AMHENHO UTepaTUBEH BapUaHT:
(define (sum a b next f)

(define (itersum i result)

(if (> i b) result
(itersum (next i) (+ result (f i)))))

(itersum a 0)
)
[TpumepHOo u3noa3BaHe: (sum 1 5 (lambda (x) (+ x 1)) (lambda (x) x)) ce
onleHdBa mo 1+2+3+4+5 = 15.
OneHkaTa Ha egHa KOMOMHAaIMA MOXKe fa 0b/ie ITPoLeaypeH O00eKT.
ToBa e ChBCEM AECHO 3a peasu3alius — OIleHKaTa Ha IMOCAEIHUIT U3pa3



B TSIAOTO Tpdaba na e mporuenypeH obekr. Karo mpumep 1ie
nepuHUpPaMe Ipolleaypa, KOSTo UMa eIUH apryMeHT HIpolleaypa u
BpblIa HefiHaTa n-Ta eKCIIoOHeHTa ((PYHKIUSTA, ITPUAOKEHA N-II'BTU
BBPXY apryMeHTa CH):
(define (exponent f n)

(if (= n 0) (lambda (x) x)

(lambda (x) (f ((exponent f (- n 1)) x)))))
B cayuag e u3noa3BaHa crenmasHaTta popma lambda, KogTo He onieHd
apTYMEHTHUTE CH U CE M3M0A3BA 3a Ch3AaBaHe Ha aHOHHUMEH
IIpOILleAyPEH OOEKT B TEKylllaTa cpeaa.
[IprMepHO U3II0A3BAHE:
((exponent (lambda (x) (* x x)) 2) 3) ce oreHaBa mo (3%)2 = 81.

OCHOBHOTO IIpegHa3HAYEHNE HA e3UKa 32 (PYHKIIMOHAAHO
nporpamMmupate Scheme e pabota ¢’b¢c cnHCBHIH. CITUCBHIUTE Ce
peasu3upar Ype3 TOYKOBH ABOHKH. TouKoBaTa ABOMKA € ChbCTaBEH
TUI JaHHU B Scheme u T9 nIpeacraBagBa yKa3aTeAa KbM OBOMHA
KAETKAa, ChCTOSIIIA CE OT ASBa U [AsICHA 4JacT. Te3u yacTu camMu 1o cede
CH MOTAaT /Ia ca TOYKOBHU ABOMKH HAYW aTOMHU. 3a Ia MOXKEM Aa PaboTum
C TOYKOBHU [ABOPKHU ca HEOOXOAWMH Ollepallid 3a KOHCTPYHpPaHe Ha
TOYKOBA IBOMKA, OIlepallys 3a U3BAHYAHE Ha ASBaTa Y4acT Ha TOYKOBA
OBOMKA U Ollepallud 3a U3BAWYAHE Ha AdCHATA YacT Ha TOYKOBA
OBOMKa. BeIpeku, ye NporpaMHUuCTUTE MOraT caMU aa CU AepuHUupaT
TaKHUBa OIlepallui, 3a Io-ToAdMa e(PeKTUBHOCT Te OOMKHOBEHO ca
BrpazeHu. B Scheme nmawme:

(cons a b) — KOoHCTpyHpa TOYKOBA ABOMKA C AdBa YacT OlleHKaTa Ha a U
IISICHA YacT oIleHKaTa Ha b;

(car x) — U3BAMYA AIBaTa 4YaCT Ha OIleHKAaTa Ha X, KOATO TPIOBa

33 TBASKUTEAHO 1a € TOYKOBA IBOMKA,

(cdr x) — u3BAMYA AsSCHATA JYacT Ha OlleHKaTa Ha X, KOATO TPa0Ba

33 TBASKUTEAHO A € TOYKOBAa IBOHKA.

CnuCBKBT € KpaliHa peaulia oT 00EKTH OT ITPOU3BOAEH THII,
BB3MOXKHO IIpasHa. B Scheme cnuchkiiute ce nedoumHUpPAT IIOCPEACTBOM
TOYKOBU ABOUKM 110 CAEIHUA HAYUH: ITPA3HUAT CIIHCHK () € CIIUCHK U
aKo L e CITUCHK U a € TIPOU3BOAEH 00EKT, TO TOYKOBAaTa MBOHKA C ASBa
yacT a U adacHa 4act L e cnuchk. C BrpageHuTe onepamnuu Ha Scheme
CIIUCBKBT <ai>, <az>, ..., <an> MOXKeE Jla C€ KOHCTpyHpa TakKa:

(cons <ai> (cons <az> ...(cons <an> ())...)). [longkora He e ymobHO na ce
KOHCTPYHpa CIIUCHK I10 TO3U HAYMH U TOraBa MOXKe Ja Ce M3II0A3Ba
npuMuTHBHaATA Hpouenypa list: (list <a;> <az> ...<an>). Cpi10 MoxKe na
Ce M3II0A3Ba U crelpasHata oopMma quote:

(quote (<ai> <az> ... <an>)) UAH B ChKpPaTeH BapUaHT

‘(<a1> <ag> ... <an>).

OTmeAHUTE eAEMEHTHU Ha CIIUCBHIIUTE CE U3BAMYAT C ITOMOIIITA Ha
IIOAXOASII0 KOMOMHUpPaHe Ha car u cdr. [Ipumepu: (mpenarorarame, de
OlleHKaTa Ha <CIHUCBHK> € HIKaKbB CIIUCHK)

(car <cnuchK>) — Bphllla I'bPBHUSI €A€MEHT Ha CIIUCHKA;

(cdr <crtuchK>) — Bp’bIIlA CITUCHKA C IpeMaxHaT I'bPBU €AEMEHT.



U B aBaTa caydad, ako OlleHKaTa Ha <CIIHCBHK> € (), TO olleHKaTa Ha
KOMOUWHaIUsITa € HeonpeaeAeHa. [Ipyru IpuMepH:
(car (cdr <cmuchK>)) — BpbIlla BTOPUSI €AEMEHT Ha CIIHNCHKA,;
(car (cdr (cdr <crmuchpK>))) — BpbIlla TPETHUS €AeMEHT Ha CIIMCHKA.
3a CHHTAKTHYHO yI0OCTBO Ce MOITyCKaT CIIeIMaAHU (DOpPMU OT BUAA
CXXXXT, KbAETO X € eqHa oT OykBuTe a nau d. Harrpumep:
(cadr <cnucwbk>) <> (car (cdr <crmuceK>));
(caddr <cnucbk>) < (car (cdr (cdr <cmucwK>))).
B e3uka Scheme mma MHOKECTBO Brpa/ileHU OIlepallii 3a paboTra ChbC
CIIMCBIIH, HO 3a IThAHOTA Il Pa3TAeJaMe PeaAnu3alliuTe Ha HIKOU
oIleparyu.
Hamupane Ha abAKUHAaTa Ha CIIUCHK:
(define (length 1)
(if (null? 1) O (+ 1 (length (cdr 1))
Brpagenuar npegukat null? mpuema eguH apryMeHT U Bpblla #t, ako
TO3U apryMEHT € IIPa3HUAT CIIHCHK U #{, B IpoTHBEH caydal.
Hamupane Ha k-THg eAeMeHT Ha CIIUCHK, KATO HOMepalUsTa 3aro4Ba
oT 1 (omeparsaTa mMa CMHUCHA KoraTo k He HaABHUINIaBa AbAKUHATA HA
CIIMCBHKAa, B YACTHOCT OIlepalusTa HIMa CMUCHA 3a IIPa3eH CIHUCHK):
(define (kth_el 1 k)
(if (=k 1) (car]) (kth_el (cdr]) (- k 1))))
KoukareHaliyg Ha CIIUCBIIH:
(define (append 11 12)
(if (null? 11) 12 (cons (car 11) (append (cdr 11) 12))))
OOpplilaHe Ha COHCHK (BapuaHT ¢ append):
(define (reverse 1)
(if (null? 1)1
(append (reverse (cdr 1)) (list (car 1)))))
OOpmIllaHe HA CIIUCHK (UTEpaTUBEH BapHaHT 0e3 append):
(define (reverse 1)
(define (helprev 11 result)
(if (null? 11) result (helprev (cdr 11) (cons (car 11) result))))
(helprev 1 ()))
[IpoBepka 3a IPUHAIAEIKHOCT KBM CIIHUCHK:
(define (member x 1)
(cond ((null? 1) #{)
((equal? x (car 1)) #t)
(else (member x (cdr 1)))))
Brpagenuar npenukat equal? mpueMa aBa apryMeHTa U BpbIla
CTOMHOCT #t, aKO Te3H Ba apryMeHTa UMaT €IHaKBO I[IPEACTaBAHE U
#f, B mpoTHBEH cay4daii.
[Ton cUCHK C BAOXKEHUS pa3bupame CIIUCHK, EAEMEHTHTE Ha KOUTO
MoOxKe na ca cnuchim. Olle Ka3BaMme, 4ye paboTHM ChC CIIUCHIIH Ha
IIPOU3BOAHO HUBO.
Hamupane Ha Oposd Ha aTOMUTE B CIIHCBHK Ha IIPOHU3BOAHO HUBO:
(BapuaHT, B KOUTO IIPa3HUAT CIIHUCBHK He ce Opou 3a aToMm):
(define (deep_count_atoms 1)
(cond ((null? 1) 0)
(atom? 1) 1)



(else (+ (deep_count_atoms (car 1)) (deep_count_atoms (cdr 1))))))
(BapuaHT, B KOUTO IIPa3HUSAT CIIHUCHK ce Opou 3a aToM):

(define (deep_count_atoms 1)
(cond ((null? 1) 0)

((atom? (car 1)) (+ 1 (deep_count_atoms (cdr 1))))

(else (+ (deep_count_atoms (car 1)) (deep_count_atoms (cdr 1))))))
Pazaukara e caeqgHaTta: Hanpumep, (deep_count_atoms (()()())) B
II'bPBUS BapuaHT ce orleHaBa ¢ 0, a BbB BTOPUSA BapHaHT C 3.
Brpanenuar nnpenukat atom? npueMa equH apryMEeHT U BpbIla
CTOMHOCT #t, aKO TO3W apryMeHT HE € TOYKOBa ABOMHKA (T.e. € aToM) U
#f, B IpoTHUBEH cAy4all (AaKO He € aToM).

OOpwpIllaHe Ha CIIUCHK Ha IIPOU3BOAHO HHUBO:
(define (deep_reverse 1)

(if (atom? 1) 1

(append (deep_reverse (cdr 1)) (list (deep_reverse (car 1))))))

[ITe pasraegame HIKOU MPOLEeAYPH OT IIO-BHUCOK peJ 3a padora cbC
CITUCBIIH.
[IspBaTa mmporenypa U3BbPLUIBA KOMOMHUpPAaHE (AKyMyAUpaHe) Ha
€AEMEHTUTE Ha CIIHUCHK:
(define (accum 1 combiner init_value)

(if (null? 1) init_value

(combiner (car 1) (accum (cdr 1) combiner init_value))))

C mowmolrra Ha Ta3u Opoleaypa MOXKEM Ja HaMepUM cyMaTta Ha
€AeMEHTHUTE Ha CIIHUCHK I10 CAeOHUA Ha4YuH: (accum 1 + 0),
IIPOU3BENEHHUETO HA EAEMEHTHUTE Ha CIIUCHK I10 CACTHUS HAYUH:
(accum 1 * 1), moxkeM ma ch3mameM KOITHE Ha CITUCHK IO CAEIHUS
Ha4yuH: (accum 1 cons ()) ¥ oCBEH ToBa MOXKEM [a peasru3upame
dyHK1mgaTa append ¢ IPOMEHAUB OPOH apTyMeHTH:
(accum ‘(<11> <l2> ...<ly>) append ().
Broparta npouenypa e 3a TpaHcopMupaHe Ha CIIUCHK UYpe3 IIpuAaraHe
Ha eHa U ChIa Ipoleaypa BbPXy €eAEMEHTUTE MY.
(define (map f1)

(if (null? 1) 1 (cons (f (car 1)) (map f (cdr 1)))))
Tperara nporenypa e 3a puUATpUpPaHE HA EAEMEHTUTE Ha CIIUCHK, T.€.
3a obpa3yBaHe Ha IIOACIIHCHK OT EeAEMEHTHUTE Ha CITUCHKA, KOUTO
VIOBOAETBOPSIBAT HAKAKBO YCAOBHE ((DHUATED).
[ITe 1 peaan3upamMe B ABa BapHaHTa — Ype3 PEKyPCHUBEH IIPOIIeC U Ype3
M3II0A3BaHe Ha Bede nepUHUPAHUTE (PYHKIIUH 33 aKyMyAUpPaHE U 3a
TpaHncdopmallys.
PekypcuBeH BapHuaHT:
(define (filter 1 pred)

(cond ((null? 1) 1)

((pred (car 1)) (cons (car 1) (filter (cdr 1) pred)))
(else (filter (cdr 1) pred))))

Pemrenue upe3 TpancdopMallys:
(define (filter 1 pred)

(accum (map (lambda (x) (if (pred x) (list x) ())) 1) append ()))
AKO eUH eAeMEHT MHUHaBa ITpe3 PUATHPA, TOH Ce 3aMeCTBa ChC
CIIMCBHK OT cebe CH, B IPOTHUBEH CAyYall ce 3aMeCcTBa C IIpa3eH CITUCHK.



Caen TOBa BBPXY EAEMEHTHUTE Ha ITOAYUEHHUS CIIUCHK Ce U3II'bAHSIBA
append c IpoMeHAUB OPOH apTyMEeHTH.

IIOTOK’BT € ChCTaBHA CTPYKTypa OT JaHHU, KOSITO CE ABIBa
0000IIIeHre Ha CTPYKTypaTa COHUCHK. [I0OTOKBT IIpeacraBagBa KpaiHa
vAHu Oe3KpaiiHa peaurila OT EAEMEHTH OT IIPOU3BOAEH THUII. BB3MOXKEH €
IIPSIK JOCT'BII CaMO [I0 I'bPBHS €AEMEHT Ha IIOToKa. [0 ocTaHaAuTe
€AEMEHTHU OCTBIIBT € IIOCAEIOBATEAEH U CE OCBIIIECTBABA Ype3
dopcupasne.

Heka pemgunara ai, ao, ..., an, ... € IOTOK. B Scheme Ta3u peguiia ce
IIpeCcTaBd KaTo TOYKOBA ABOMKA, KOSATO MMa 3a ASBa 4acT
IpeacTaBAHETO Ha a; — FAaBa Ha II0TOKA U 3a [IgCHA YacT T.H.
OTAOXEH O0€EKT, Chabpkalll uH(opMallus, HeoOxoauMa 3a HaMHUPaHe
Ha omaumikKaTta Ha II0ToKa — ag, as, ..., an, .... |10 TO3U HA4YHUH B
HaA4YaAOTO € BUAUM CaMoO ITbPBULAT €A€MEHT Ha IIOTOKAa, 8 OCTAHAAUTE
€AeMEHTH Ca OTAOKEHH (HEKOHCTPyUpaHHU). AKO € HeobXoaumo,
OTAOXKEHaTa 4acT Ha IToToKa ce popcupa. UYpes eqHOKPaTHO
dopcupaHe BTOPUAT EAEMEHT CTaBa BHAUM, a OcTaHaAaTa 4acT OT
II0TOKAa OCTaBa HEBHANMA, T.€. OTAOKeHAa. [1o To3u HAYUH efHa 4acT OT
IIOTOKA € OTAOXKEHAa M OCTaBa TaKaBa 0KAaTO He Bb3HUKHE
HeOOXOIUMOCT T [1a C€ KOHCTpyHUpa.

B Scheme moTomnuTe ce orrpeneadaT ¢ IIOMOIITa Ha AByapryMeHTeH
KOHCTPYKTOpP cons-stream u egHoaprymeHTHHU ceaekTopu head u tail.
3a Tax e usmrbaAHeHO caemHOoTO: (head (cons-stream a b)) ce orleHdgBa ¢
olleHKaTa Ha a, (tail (cons-stream a b)) ce orieHsaBa c orneHkara Ha b.
KoHCcTpyKTOPBT cons-stream ch3gaBa [IOTOK C I'bPBU €A€MEHT
OlLleHKAaTa Ha I'bPBUS apTyYMEHT U OIlalllka — OTAOXKEH O0EKT, CBbP3aH C
BTOPHA apryMEHT, OlleHKaTa Ha KOUTO TpsaAbBa aa € IOTOK.
CeaekTopbT head n3BAnYa IBPBUAT €A€MEHT Ha IIOTOKA, CEAEKTOPHT
tail u3BAMYa ormamikaTa Ha IIoToKa. [Ipa3HUSaT IIOTOK ce 03HadYaBa C
aroma the-empty-stream. [IpenukaTsT empty-stream? ce n3mnoasBa
3a IIpoBepKa 3a Ipas3eH IOTOK.

[Ipumep (medpmHUpPaHe Ha IIOTOK C eAeMEeHTHU 1 U’ 2):

(define stream (cons-stream 1 (cons-stream 2 the-empty-stream))).
JIOTYK CBhIIECTBYBa U3BECTHA ITPUAVMKA MEXKAY ITOTOIIUTE U CITUCHIIUTE,
HO KaKTO IIle BUUM [I0-HaTaThbK pa3AHuKaTa € IPUHIUITHA. BB3MOXKHO
e, HaIIpuMep, [1a Ch3aaBaMe IIOTOIH C 0e3KpaiiHO MHOT'O EeAEMEHTH.

OcHOBHAaTa Hed B peasru3alyisTa Ha IIOTOIUTE € Te 1a He Ce
KOHCTpyHUpaT uasgao. C Apyru AyMHu, IIPpU KOHCTPyHUpPaHe Ha [IOTOK Ce
IIPECMSITa CaMO II'bPBUSI EAEMEHT Ha IIOTOKA, & KOHCTPYUPAHETO HAa
ocTaHaAaTa 4acT OT IIOTOKA CE OTAara JOKaTo He Ce ITOMCKAa JOCTHII O0
Hes. ToBa ce IocTHra C IOMOIIITa HA TaKa HAPEeYEHETO OTAOKEHO
OLleHsIBaHe, KOETO Ce OCUTYypsIBa 4Ype3 crieruasHarta opma delay u
BrpazeHara pyukiusa force.

CrnienmaanHata popma delay nma caenHug cuHTakcuc: (delay <uzpas>).
Ta He olleHsIBa aprymMeHTa CH. B pe3yATaT Ha olleHsIBaHe Ha
obpriIeHMEe KbM delay B TeKyiiaTa cpena ce cb3gaBa “rlakeTupaHa’”



dopma Ha u3pasa, KOSITO IT03BOASIBA TOH [1a Ce OILIEHH YaK KOTraTo €
HeOoOXOIMMO.

Moske nma ce cuuta, 4ye delay e TakaBa crerraaHa opMma, de
n3BUKBaHeTo (delay <n3pa3>) e eKBUBAA€HTHO Ha U3BUKBaHETO
(lambda () <uzpas>).

Brpanenara ¢gyukiusa force uma caeTHUS CHHTAKCHUC:

(force <oTaoxkeH_u3pas>). Ta BpbIlla OlleHKaTa Ha u3pasa, YhueTo
OolLlIeHABaHe ITpeau ToBa e 01Ao oTaoxkKeHo ¢ delay. KazBame o1ie, de
OTAOKEHUST u3pa3s ce popcHpa. B choTBeTCTBHE C TOPHOTO
cpoOpazkenue 3a delay, n3aBukBaHeTto (force <oTaokeH_uzpas>) e
€KBUBAAECHTHO Ha U3BUKBAHETO (<OTAOKEH_H3pas3>).

[Tpu Te3u mecpuHuMM olleHKaTa Ha (force (delay x)) BuHaru cpBoaga c
OlLIEHKaTa Ha X.

KoHCTPYKTOPHT cons-stream MoOKe [1a Ce peasu3upa KaTo CIIel[HasHa
dopma, KosATO He OlleHsIBAa BTOPHULA CH apPTyMEHT U OOPBIIEHUETO
(cons-stream a b) e eKBUBaAe€HTHO Ha oOprblIeHHeTO (cons a (delay b)).
[Tpu ToBa moaoskeHue ceaekropute head u tail ce mecdomrmparT o
CA€THUS HAYUH:

(define (head stream) (car stream))

(define (tail stream) (force (cdr stream)))

Karo mpumep 1ie nedpuHEpaMe HIKOU IOAE3HU ITPOLIeyPU 3a padboTta C
IIOTOIIN, BKAIOUUTEAHO U TAKHWBa OT II0-BHCOK PELl.

KounkareHupase Ha ABa IIOTOKA:
(define (append-streams s1 s2)
(if (empty-stream? s1) s2
(cons-stream (head s1) (append-streams (tail s1) s2))))
Tasu npolleaypa e IIPUAOKHMAa caMo KoraTo sl e KpaeH II0TOK, S2
MOXKe na € 6e3KpaeH ITOTOK.

H3BexkmaHe Ha IIOTOK:
(define (print-stream s)
(if (empty-stream? s) (newline)
(begin
(print (head s))
(display “ )
(print-stream (tail s)))))
Ta3u mporenypa e IIpruAoKuMa caMo KoTraTo S € KpaeH IIOTOK.

dUATPUpPaAHE HA EAEMEHTUTE Ha IIOTOK
(meticTBa momobHO Ha filter mpu criucwIy):
(define (filter-stream s pred)
(cond ((empty-stream? s) s)
((pred (head s)) (cons-stream (head s)
(filter-stream (tail s) pred)))
(else (filter-stream (tail s) pred))))
Tasu npoileaypa € IPUAOKHMA JOPU KOrato s € 6e3KpaeH II0TOK.



CyMmupane Ha [ABa IIEAOYHUCAEHHU ITOTOKA (HOI'bAHEHU C HYAH, aKO €
HeoOX0/TUMO):
(define (add-streams s1 s2)
(cond ((empty-stream? s1) s2)
((empty-stream? s2) s1)
(else (cons-stream (+ (head s1) (head s2))
(add-streams (tail s1) (tail s2)))))
[Iponienypata € mpuAoOKHMa OOPH KOTATO U ABaTa IoTokKa sl u s2 ca
Oe3kpaiiHu.
OYHKIINA 32 CbCTaBsIHE HAa KPaeH IIOTOK OT €CTECTBEHUTE YUCAA B
[aJieH UHTEPBaA:
(define (enum-stream a b)
(if (> a b) the-empty-stream
(cons-stream a (enum-stream (+ a 1) b))))
[ToTornTe ce U3MOA3BAT TOraBa, KOTaTo € Hy>KHa CTPYKTYpPa, OT KOATO
TpsAbBa A ce U3I0A3Ba HAKaKBa IIPeABapUTEAHO HEM3BECTHA YacCT.
dopmMHupaHeTo Ha IIgAaTa CTPYKTypa 60U 0MA0 Hee(peKTHBHO, aKO Ta3u
CTPYKTypa UMa roadaM Opoil eAeMEHTH U JOPU HEBB3MOKHO, aKO
CTPYyKTypaTta e ¢ 6e30poii MHOTO eAeMEHTH.

[Tpu KOHCTpyHpaHe Ha 0e3KpaHU IIOTOIHM CE U3IIOA3BAT ABa OCHOBHH
I0AXO0Nla — HEABEH (HHAHPEKTEH) [10/IX0 U ABEH (AHPEKTEH)
ITOXOL.
[Tpu ppBUS ITOAXO IOTOKBT Ce TeHEPHpa Ype3 peKypCHUBHA
IIpolleaypa, IPU BTOPHUS IIOAXO/ IIOTOKBT Ce TeHepHpa Ype3 pPeKypcrud
II0 OTHOIIIEHNE Ha I'eHepHpaHaTa HeroBa 4acT.
[ITe pasraemame aBa IIpuMepa 3a HEIBHO I'eHepHUpaHe Ha 6e3KpaeH
IIOTOK.
l'enepupane Ha 6e3KpaeH IIOTOK OT €CTECTBEHUTE YHUCAA!
(define (ints_from_n n)

(cons-stream n (ints_from_n (+ n 1))))
(define integers (ints_from 0))
F'enepupane Ha 6e3KpaeH IIOTOK OT yHucaaTa Ha PuboHayu:
(define (fibgen a b)

(cons-stream a (fibgen b (+ a b))))
(define fibs (fibgen 1 1))
W B nBaTa caydasa He ce JocTUra a0 6e3KkpaiiHa peKypcHs, IIopaau
peaamnsanusaTa Ha IIOTOLIUTE Ype3 OTAOKEHO OIleHIBaHe.
Haxkpag mie pasraezmame IpuMepH 3a SsBHO TeHepHUpaHe Ha 0e3KpaeH
IIOTOK.
l'enepupate Ha 6e3KpaeH II0OTOK OT €IUHUIIU:
(define ones (cons-stream 1 ones))
l'enepupane Ha 6e3KpaeH IIOTOK OT €CTECTBEHUTE YHUCAA!
(define ints (cons-stream O (add-streams ones ints)))
Tyk uneara e, ye IoTOKBT (tail ints) ce moaydaBa KaTo KbM BCEKHU
€AEeMEHT Ha ints ce nmobaBU eguHUIIA.
F'enepupane Ha 6e3KpaeH IIOTOK OT yHucaaTa Ha PuboHayu:
(define fibs (cons-stream 1

(cons-stream 1



(add-streams (tail fibs) fibs))))
Tyk ngesara e, ue moToksT (tail (tail fibs)) ce moaygaBa kaTo ce crbepar
rmoeaeMeHTHO otorute fibs u (tail fibs).

15. CemanmuuHa xapaKxmepu3ayust Ha 1o2uuecKume
dopmynu u npozpamu.

[aneHa e eqHa a30yka, HapedeHa 0a3ucHa, KOSTO ChIbPKA U3MEXKIY
CBOUTE CUMBOAU OTBap4dIllaTa Kpbraa ckoba (A9B orpaHugutes) (,
3aTBapsIaTa Kpbraa ckoba (IeceH orpaHuduTel) ) U 3arerasiTa
(paszmeaunTes) ,. Pukcupame MHOKECTBO Q OT AyMHU Ha Ta3u a30ykKa,
KOeTo € o0enMHEeHUEe Ha CAETHUTE MHOXKEeCTBA!
- E (MHOXKE€CTBO Ha IPOMEHAHBHTE) — U30pouMoO 6e3KpatHO
MHOXKECTBO OT AyMU;
- 3a BCLKO 1L19A0 1 > 0, MHOXKEeCTBO ®Pn OT AYMU — MHOZKECTBO Ha
n-MecTHHTe (PYyHKIIHOHAAHH CHMBOAH;
- 3a BCAKO 119A0 h > 0, MmHOXKecTBO IIh OT AyMH — MHOXKECTBO Ha
N-MeCTHHTE NpPEeAHKATHH CHMBOAH,
- HENpa3HO MHOXKECTBO A Ha AOTHYECKHTE CHMBOAH.
Haaune ca caegHHUTE OTPaHUYEHUS:
- MHOXKECTBOTO A ce€ CbCTOU TOYHO OT 7 Pa3AWYHU AYMH, KOUTO III€
o3HauyaBaMe C not, true, fail, and, or, for_all, for_some;
- ANE=0;
- AN, = 3aBcgko n > 0;
- ANnII,=J 3aBcako n > 0;
= J 3a Bcgko n > 0;
- EnNIlh=J 3aBcgko n > 0;
- @D, NIy = J 3a Bcagro n > 0;
- OyMHTE OT BCUYKHU MHOXKECTBa A, E, P, (n > 0) I, (n > 0) He
CBhOBPIKAT CKOOU U 3arieTau, OTKBIAETO CAEABA, Ye NPePUKCHUTE
n3pasu Hag (2 UMaT €JHO3HAYEH CUHTAKTUYEH aHaAUS3.

1
D)
il
-]

I

O-mecTHUTE (PYHKIIMOHAAHH CUMBOAHU OIlle HapuyaMe KOHCTAHTH.

Heka D e nameno Henmpa3HO MHOXKECTBO.

HHTepnpeTanHusa Ha CUMBOAUTE OT @, B D HapryaMme ChOTBETCTBHE,
KOETO Ha BCdKa AyMa OT P, ChIIOCTaBS N-MECTHA Ollepallis B
MHOXKecTBOTO D, T.e. ToTaaAHO U300pakeHne Ha JeKapToBaTa CTeleH
Dn B D. Ilpu ToBa, o O-mecTHAa omnepanusa pazbupame eaemeHT Ha D.
HuTepnpetranusa Ha cuMBoauTe oT IlIn B D Hapuyame CbOTBETCTBHE,
KoeTo Ha Bcgka nyMa ot Iln cbriocraBd n-MECTEH IPEAUKAT B
MHOKeCcTBOTO D, T.e. ToTaaAHO H300pakeHne Ha JeKapToBaTta

crerteH Dm B { O, 1}. IIpu ToBa, mox O-mecTeH npeaukar pazdbupame
eaemMeHT Ha { 0, 1}.

[Ton cTpykTypa pazdbupamMe HapeaeHa TPOHKa OT HEIpasHOo
MHOXKECTBO D, KoeTo HapruyaMe HOCHTEA Ha CTPyKTypara,



penuna { @a }, KbAETO 3a BCAKO I19A0 h > 0 ¢n € HHTEPLIpETALIUI HA
CUMBOAUTE OT P B D U peauna { ma}, KbAETO 3a BCAKO IIIA0 N > 0 Tn €
nHTepnperanysa Ha cumBoauTe oT IIn B D.

Heka S = < D, {@n }, { mn} > € CTPyKTYyDA.

Axo f € @n, TO BMECTO @n (f) 111e TTHIIIEM f S.

Axo p € IIa, TO BMECTO Tia (p) ITHIIIEM PS.

BbBeneHOTO 03HAaYEHUE HE € ChbBCEM TOYHO — HAIIPUMEDP €AHa AyMa
MOKeE [1a € eTHOBPEMEHHO (PYHKIIMOHAAEH U IIpeArKaTeH CHMBOA (Ha
paszanydeH Opoit aprymeHTH). 3aToBa IIOHIKOTA € yA00HO aa ce BbBee
JOOITBAHHUTEAHO OTPaHUYEHHE - BCIKa AyMa oT (Q fa rornaga Ha-MHOTrO
B eIHO oT MHOxKecTBaTa ®Pn 1 Iln, n = 0, 1, ..., HO HUe 3acera HIMa Ja
BBbBEXKIaMe TaKOBa OTPaHUYEHHE — IIIe CHUTAaMeE, Y€ HHTepIIpeTalusaTa
ce rogpa3dupa oT KOHTEKCTA.

[IpoBexxgame MHAYKTUBHA OePUHUIUS 3a [IOHATHETO TE€PM.
Ba3za: Bcaka koHcTaHTa € TepM. Bcgka mpoMeHANBa € TepM.
[Tpenmoaoxkenue: Heka f € ®@n, n > 0 u T1, To, ..., Tn ca TepMOBE.
Crpnka: ToraBa nymara f (T1, To, ..., Tn) € TEPM.

SlcHO e, Ye BCEKU TepM e IpepUuKceH u3pas Hamg {2, KOETO OCUTypsBa
€IHO3HAYHUS CUHTAKTUYEH aHaAN3 Ha TepMoBeTe. ToBa € ChIIECTBEHO
3a KOPEKTHOCTTA Ha BCUYKHU CA€IBAIIN AEPUHHUIIUU C PEKYPCUS TI0
TIOCTPOEHUETO Ha TepMa.

3a Bceku tepMm T onpeneasme VAR (T) - mHOKecTBOTO Ha
NPOMEHAHBHTE Ha T C HHAYKIHS 10 ITIocTpoeHueTo Ha T.

Baza: Ako T e koHcranta, onnpeneagme VAR (T) = J. Ako T e
npoMeHAuBa, onpeneasme VAR (T) = { T}.

[Tpenmoaoxkenue: Heka T = f (T1, To, ..., Tn), kbaeto T1, To, ..., Tn ca
TepmoBe U VAR (T1), VAR (T2), ..., VAR (Thn) ca nedpuHMpaHH.
Crpnka: ToraBa neouHupame

VAR (T) = VAR (T1) u VAR (T2) U ... U VAR (Th).

Tebpaenue: 3a Bceku TepMm T, VAR (T) e kpaliHO MHOXKECTBO.
Joka3zareacTBO: TpuBHasHA UHAYKIUA 10 ITocTpoeHueTo Ha T.

KaszBawme, ue TepmbT T € 3aTBOpeH Tepm, ako VAR (T) = .
[ITe mamem ollle eqHa UHAYKTUBHA AePUHUINS 34 3aTBOPEH TE€PM.
Ba3za: Bcuyku KOHCTAHTH ca 3aTBOPEHH TEPMOBE.

[Tpenmoaoxkenue: Heka f € ®@n, n > 0 u Ty, ..., Th ca 3aTBOpPEHU
TEPMOBE.
Crpnka: ToraBa f (T, ..., Tn) € 3aTBOpeH TEpM.

TBBpAaeHHue: [[BeTe NepUHUIINHN 34 3aTBOPEH T€PM Ca €EKBUBAACHTHHU.
JlokasareacTBO: 3a eqHaTa IIOCOKA C UHAYKIINS Ce II0Ka3Ba, Y€ BCEKU
3aTBOPEH B CMHCHA HAa UHAYKTUBHAaTA Ae(PUHUIINSE TepM UMa [IPa3Ho

MHOXKECTBO OT IIPOMEHAUBH, 3a ApyraTa IocoKa C UHAYKIUI Ce



II0Ka3Ba, Y€ BCEKU TEPM € HAU C HEIIPA3HO MHOKECTBO OT IIPOMEHANUBU
HAM € 3aTBOPEH B CMHCHAA HA UHAYKTUBHATA Ne(PUHUIIHS.

dukcupame CTpyKTypa S ¢ HocuTea D 1 mHTEpIIpeTanuu Qo, Q1, -..;
7o, M1, ...; CBOTBETHO Ha (PYHKIIMOHAAHUTE U HA IIPEIUKATHUTE
CHMBOAH.

Ha Bceku 3aTBopeH TepM T crrocraBaMme eaeMeHT oT D, KoHTO
HapuiyaMe CTOHHOCT Ha 3aTBopeHus TepMm T B S.

OsnagyaBame croriHOocTTa HA TB S c T S.

[eduHuiysara e ¢ MHAYKIM 110 TTocTpoeHueTo Ha T.

Baza: Ako T e koHcTanTa, T0 T 8 = @0 (T).

[Tpenmoaoxkenue: Heka T = f (T1, To, ..., Tn), kbaero Ty, ..., Tn ca
3aTBOopeHHU TepMmoBe U T8, ..., Ty® ca nedouHMpanHU.
Cronka: ToraBa T 8 =8 (TS, ..., TnS).

[Ton omeHKa Ha MPOMEHAHBHTE B S pazOupame TOTAAHO
n300paskeHre Ha MHOXKECTBOTO Ha ITPOMEHAUBHUTE E B D.

Heka v e orienka Ha npomeHAauBuTe B S. Ha Bceku tepm T
CBIIOCTaBsIMe eAeMeHT oT D, KoiiTo HapuyaMe CTOHHOCT Ha Tepma T B
S npu oneHKaTa Vv.

OsnayaBaMme croiHOcTTa HAa T B S 11pu orteHkata vc T S v,
[eduHuiysara e ¢ MHAYKIM 110 ITocTpoeHueTo Ha T.

Baza: Ako T e korcrauTa, T 8V = @o (T) = T 8. Ako T e mpomeHAHBa,
TS v=v(T).

[Tpenmoaoxkenune: Heka T = f (T1, Tz, ..., Tn) u T15 v, ToS:v, ..., Ta$ vV ca
neprHUPAHH.
Cronka: ToraBa T SV =S (T;S: v, TS v, ... TyS V).

TBBpaeHHe: Ako T e 3arBopeH TepMm, To T SV = T 8§ 33 Bcaka oIlleHKa V.
Hoka3zareacTBOo: TpuBHasHa MHAYKIUA 110 T.

Tebpaenue: Ako T e TepM, V U U ca OLIEHKH, KOUTO C€ ChrAacyBaT II0
npomeHanBute oT VAR (T), To T S:v =T S, u;
Hoka3zareacTBO: TpuBHasHa MHAYKIUA 110 T.

[eduHrupame IoHATHETO aToMapHa ¢bopmyaa.
Akop € lIn, n > 0 u Ty, To, ..., Tn ca TepmoBe, T0 p (T1, T2, ..., Tn) €
aromapHa ¢popmyaa. Ako p € Io, To p € aromapHa popmyaa.

9lcHoO e, ye Bcsgka aTroMapHa opMyaa e IIpepuKceH uspas Ham Q,
KOETO OCUTYpPsiBa €qHO3HAYEH CHHTAKTHUYEH aHAAU3 Ha aTOMapHUTE
dopmyan. OcBeH TOBa, aTOMapHUTE (POPMYAU U TEPMOBE CHIIIECTBEHO
ce pasandaBart, Tbi KaTo Pn N Iy = & 3a Bcako n > 0.

3a Bcgka aromapHa opmyaa A onpenessme VAR (A) - MHOXKECTBOTO
Ha npoMmeHAHBHTEe Ha A. Ako A = p (T1, To, ..., Th),

VAR (A) = VAR (T1) U VAR (T2) U ...u VAR (Ty).

Axo A € IIo, VAR (A) = O.



OueBugHO, VAR (A) € KpaliHO MHOXKECTBO.

Enna aromapHa popMmyasa HapudaMme 3aTBOpeHa, ako VAR (A) = J.
OueBUOHO €, Ye aToMapHaTa popMmyaa A e 3aTBopeHa &

A € o au A = p (T4, To, ..., Tn), kbOero Ti, To, ..., Tn ca 3aTBOPEHU
TEPMOBE.

dukcupame CTpyKTypa S ¢ HocuTea D 1 mHTEpIIpeTanuu Qo, Q1, -..;
7o, M1, ...; CBOTBETHO Ha (PYHKIIMOHAAHUTE U HA IIPEIUKATHUTE
CHMBOAH.

Ha Bcska 3aTBopeHa aToMapHa (popmyaa A ChIIOCTaBIME €AEMEHT
ot { 0, 1}, HapedyeH cTOHHOCT Ha A B S.

CroiiHOCTTa Ha A GeaexuM c AS.

[To medpununus, ako A = p (Ti, ..., Tn), To AS = pS (TS, ..., TuS).

Axo A € Ilp, TO AS = 7o (A).

Axko AS = 1, kazBaMme 4e A € BApPHA B S,

ako AS = 0, kazBame 4Ye A He e BApHaA B S.

Heka v e onnenka Ha rmpomeHauBHUTe. Ha Bcagka aromapHa popmyaa A
ceriocraBsMe eaeMeHT ot { 0, 1}, HapedyeH cTOHHOCT Ha A B S 11pu
oneHKaTta v. beaexxuMm croiHOCTTA HA A B S 1IpU olleHKaTa v ¢ AS: v,
[To nedpununmd, ako A = p (T1, To, ..., Tn),

TO AS:V = pS (TS v, ToS v, ..., TS V). AKo A € Io, TO AS:V = 19 (A) = AS.

TBBpAeHHE: AKO A e 3aTBopeHa aroMapHa opMmyaa, To AS: vV = AS 33
BCAKAa OLIEHKA V.
[oka3zareAcTBO: [IpraaramMe CHOTBETHOTO TBBPAEHUE OT TEPMOBE.

TBBpAeHHE: AKO A e aToMapHa PopMyAa, a V 1 U ca OLIEHKH, KOUTO
ce chraacyBaT BBPXy HpoMeHAUBHUTE OT VAR (A), To AS;V = AS, u,
[okaszareacTBo: IIpraarame CbOTBETHOTO TBBPAEHUE OT TEPMOBE.

[edunnpame MTHOYKTUBHO AOrHYecKa opmyaa.

Baza: Bcaka aromapHa popMyaa e AorTudecKa popmyaa.

Hymurte true, fail ca aormuecku popmyan.

[Ipenmoaoxkenue: Heka F e anoruyecka popmyaa, n > 1 u

F1, Fo, ..., Fn ca aorudecku popMyAH.

Crrenka: [ymara not(F) e aormuecka popMmyasa — HaprUda ce OTPHILAHHE
Ha F. [lymara and(F1, Fo, ..., Fun) e aAormuecka ¢popmyaa — Hapuyda ce
KOHIOHKIHA Ha popmyaute F1, Fo, ..., Fn. [lymara

or(F1, Fa, ..., Fun) e noruuecka popMmyasa — Hapu4da ce AH3IOHKIHA Ha
dopmyaute F1, Fo, ..., Fn. AKO x € mpoMeHAUBaA, AyMaTa

for_all(x, F) e noruyecka popmyaa — Hapuda ce reHepasH3anusa Ha F
o x. AKo x e IpoMeHAuBa, nyMaTa for_some(x, F) e noruuecka
dopMyra — HapuUya ce eK3HCTEeHIITHaAH3alHuda Ha F 110 x.

[Ile Bp3IpHEMEM U OAPYTH O3HAYECHUL:
aoruyeckata popmyaa not(F) me ozHauaBame ¢ —F,
aorudeckata popmyaa and(Fi, Fo, ..., Fn) m1e o3nagaBame ¢



F1&F2 & ... & Fu,

aormdeckarta popmyaa or(Fi, Fo, ..., Fq) mm1e o3HayaBame ¢
FivFav...vFqy,

aorudeckata popmyaa for_all(x, F) e o3nagaBame ¢ Vx F,
aorudyeckata popmyaa for_some(x, F) nre oznauaBame ¢ Ix F.

BBrpochT 3a €JHO3HAYHOCT HA CUHTAKTUYHUS aHaAW3 OTHOBO Ce
pemiaBa oT (pakTa, ue AOTHYEeCKHuTe (POPMYAHU ca IMPePUKCHU HU3Pa3Hu
Haxa Q. ATtomapHUTE (popMyAaa ce IPOYUTAT €AHO3HAYHO, THhH KaTo
IIPEeIUKATHUTE CHMBOAU Ca PA3AMYHHU OT AOTHYecKHuTe 3Halm. ChIo He
€ BB3MOXKHO AorHdecKa popMyAa oa € TepM, ThH KaTo
PYHKIIMOHAAHUTE CHMBOAHU U IIPOMEHAUBUTE Ca PA3AHYHU OT
AOTHYECKUTE 3HAITH.

Heka S e cTrpykrypa. 3a Bcagka opmyaa F nedpruHrpame MHOMXKECTBO
Ha npomeHAHBHTe Ha F — VAR (F) c mHAyKIIMg 1O IOCTPOEHUETO.
Baza: Ako F e aromapua ¢popmyaa, To VAR (F) e Beue nepuHmrpaHo.
Axo F = true uau F = fail, nedpuaupame VAR (F) = .
[Ipenmoaoxkenue: Heka F, Fi, ..., Fn (n > 1) ca dpopmyau u VAR (F),
VAR (F1), ..., VAR (Fu) ca Beue necpuHUpaHU.

Crenka: decpunupame VAR (—F) = VAR (F),

VAR (F;1 & F2 & ...& Fn) = VAR (F1) U VAR (F2) U ...u VAR (Fy),

VAR (F1 v F2 v ... v Fy) = VAR (F1) U VAR (F2) U ...u VAR (Fu),

VAR (Vx F) = VAR (F) u { x4, VAR (3x F) = VAR (F) u { 1.

C uHAYKIUS 10 IIOCTPOEHUETO TPUBHUAAHO Ce IIPOBEPABA, Ye 3a BCAKa
dopmyaa F, VAR (F) e kpatiHO MHOKECTBO.

Heka S e cTpykrypa, F e popmyaa.

3a dpopmyaara F nedpruHrupaMme MHOXKECTBO Ha CBOOOAHHUTE
npomeHaHBHTe Ha F — FVAR (F) c uHAyKIMS 110 TIOCTPOEHUETO.
Baza: Ako F e aromapua ¢opmyaa, To FVAR (F) = VAR (F).

Axo F = true uam F = fail, nedpunupame FVAR (F) = &.
[Ipenmoaoxkenue: Heka F, Fi, ..., Fn (n > 1) ca popmyau u FVAR (F),
FVAR (Fi), ..., FVAR (Fu) ca Beue nepuHUpaHu.

Crrenka: dedpunupame FVAR (—F) = FVAR (F),

FVAR (F1 & F2 & ... Fn) = FVAR (F1) U FVAR (F2) U ...uU FVAR (Fy),
FVAR (F1 v Fa v ... v F) = FVAR (F1) U FVAR (F2) U ...u FVAR (Fy),
FVAR (Vx F) = FVAR (F)\{ 4, FVAR (3x F) = FVAR (F)\{ x.

KaszBawme, uye egHa ¢popmyaa e 3aTBOopeHa, ako FVAR (F) = J.
Axo A e aromapHa popmyaa, To FVAR (A) = VAR (A), Taka 4de 3a
aToMapHU POPMYAH Ta3u Ae(PUHUNMS CHBIIAAA C IIPEaUIIIHATA
nedpUHUIHUS 32 3aTBOPEHOCT.

[le mamemM MHAYKTUBHA Ie(PUHUIMS 32 0€3KBAHTOPHH (POpPMYyAH.
Baza: Bcaka aromapHa popmyaa e 6e3KBaHTOPHA (PopMyAa.
ymurte true, fail ca 6e3kBaHTOPHU (POPMYAH.



[Tpenmoaoxkenue: Heka F e 6e3kBanTOpHA (hopmyaa, n > 1 u
F1, Fo, ..., Fn ca 6e3KkBaHTOPHU (POPMYAH.

Crpnka: ToraBa —F, F1 & F2 & ...& Fn, F1 v Fa v ...v Fy ca
0e3KBAHTOPHHU (POPMYAH.

TBBpAeHHe: Ako F e Ge3skBanTOpHA popmyaa, To FVAR (F) = VAR (F).
Hoka3zateacTBOo: TpuBHasHa UHAYKIUA 110 F.

dukcupame CTpyKTypa S ¢ HocuTea D u mHTEpHIperanuu Qo, @1, -..;
7o, M1, ...; CBOTBETHO Ha (PYHKIIMOHAAHUTE U HA IIPEIUKATHUTE
CHMBOAH.

Heka v e orieHKa, x e npomeHanBa u d € D.

[eduHrpame olleHKA U 10 CACTHUS HAYUH:
u(y=d,akoy=x,u (y) =v (y) opu y # x.

Onenkara u HapudaMe MOAH(PHKALHSA Ha V BbPXY X Upes d.
Moaudukarnusara 6eAeKUM 10 CA€THUS HAa4YUH: V[x : d].

Heka v e mpou3BoaHa orieHKa. Ha Bcsgka aorudyecka popmyaa F
ceIocTaBsMe eaeMeHT oT { O, 1}, HapedeH cToHHOCT Ha F B S mipu
oneHkarta v. CroiHocTTa Ha F B S 1mpu orieHKa v o3HayaBame c F S v,
[eduHrpame MTHOYKTUBHO CTOHHOCT Ha (popmyaara F npu nponsBoaHa
OILI€HKA V.

Baza: Ako F e aromapHa ¢popMmyaa, TO IIpU IIPOU3BOAHA OLIEHKA V

F 8. v e Beue nedouHUPAHO.

Axo F = true, To ipu rmpou3BoAHa olleHKa v, F 8 v = 1.

Axo F = fail, To mpu npomn3BoaHa oneHka v, F $;v = Q.
[Tpenmoaoxkenue: Heka FS: v, FS: v FoS: v  F,$Vca nedpuHUpanHu 3a
IIPOU3BOAHA OIIEHKA V.

Crrenka: ToraBa 3a IIpon3BOAHA OIlEHKA V Ae(pHUHHpaMe:
(—F)$v=1-F8v,

(F1 & F2 & ...& Fu)% v =min { FiS: v, FoS v, ... FS v}
(FivF2v..vFn)$v=max{F$v FSv . . F;Sv}

(Vx F)$v=min {F S vix:d |d € D},

(@x F)S:v=max {F 8 vix:d |d e D}.

KaszBawme, ue F e BapHa B S 1pu onieHkara v, ako F S v = 1,
ToBa 3ammucBamMe oIle 10 CA€IHUS HadyuH: S, v F F.
KasBawme, uye F e HeBapHa B S 11pu orieHKara v, ako F $: v = 0.

ToBa 3ammucBamMe OIIIe IO CA€IHHS HaduH: S, v £ F.

Tewpaenue: Heka S e cTpykrypa ¢ Hocutea D. 3a npou3BoaHa
dopmyara F, ako aBe OIIEHKU V U U C€ ChrAacyBaT I10 IIPOMEHAUBHUTE OT
FVAR (F), o F 8:v=F S u,

[okaszareacTBo: IIpoBexknamMme HHAYKIUA I10 IIOCTPOEeHHETO Ha F.

Baza: Ako F e aromapua ¢opmyaa, To FVAR (F) = VAR (F) u
TBBPAEHUETO € BAPHO (ro-rope). Ako F = true, To F $:v=F S, u = 1,

Ako F =fail, o F $;v=F S,u =,



[Ipenmoaoxkenure: Heka TBBPAEHUETO € U3II'bAHEHO 3a popmyante G,
Fi, Fo, ..., Fn, n > 1 3a IpON3BOAHHU OLIEHKH V, U, CbBIIAAAIll BbPXY
BBPXY CHbOTBETHHUTE MHOXKECTBA.

Crpnka: Heka v 1 u ca IpoOU3BOAHHU OLIEHKH, KOUTO ChBIAAAT BbPXY
FVAR (F). Cayuaute F= -G, F=F; & F2 & ... & Fn u
F=F;vFyv..vFycaegBar IUPEKTHO OT HHAYKIIMOHHOTO
IPEeIIOAOKEHUE.

Heka F = Vx G. v 1 u ceBrnazgar vpxy FVAR (F) = FVAR (G)\{ 1.
Nmame F 8 v =min {G S Vvix:d|d e D}, F $v=min {G S:ulx:d|d € D }.
SlcHo e, ye 3a Bcako d € D umawme, ge v[x : d], u[x : d] ceBriagat Bepxy
FVAR (G). Taka 110 UHOAYKIIMOHHOTO IIPEAIIOAOKEHHUE

GS)vix:dl = GS ulx:dl 33 Bcakod €e D = FS v =F S u,

AHaaOrMYHO ce pa3cexkaaBa npu F = 3x G.

CaenctBHe: Ako F e 3aTBopeHa popmyaa, TO 3a IIPOU3BOAHH OILIEHKU
uuvumame FSv=FSu

Joka3zareacTBO: [IpOM3BOAHM OLIEHKH V U U CE€ ChraacyBarT IIO
npomeHauBute oT FVAR (F) = &.

Axo F e 3arBopeHa opmyaa, o gedpunuiysg F § = FS: v 33 xoa na e
oneHka v. Ille kazBame, ye F e BApHA B S, ako F$= 1.
Os3unauaBame S F F. llle kazBame, 4ye F He e BapHa B S, ako F$= 0.

O3umauaBame S E F.

Heka S e cTrpykrypa ¢ HOCcuTea D.

KaszBawme, uye popmyaara F e ThxaAecTBeHO BApPHA B S, ako F e BapHa
B S Ipu BCdKa OLIEHKA Ha IIPOMEHAUBHUTE.

KaszBawme, uye popmyaara F e H3mbAHHMaA B S, aKO CHIIECTByBa
OlleHKa Vv, TakaBa ye F v =1,

dcHo e, ye ako F e 3aTBopeHa popmyaa, TO
F e TpxnecrBeHo BAapHa B S & F e BapHa B S < F e usmbanuma B S.

Heka S e crpykrypa c Hocutea D, F e popmyaa, x € E.

Tebpaenue: F e TbxkaecTBEHO BApHa B S & Vx F e TbXaecTBeHO
BdapHa B S. F e usneanuMa B S < dx F e usnbaHnMa B S.
JlokazaTeACTBO:

Heka F e TpxgectBeHO BapHa B S. Heka v e mpou3BoOAHA OLIEHKA.
ToraBa Vx F 8 v =min { F 8 vix:dl|d € D}. Tpi1 kaTo F e Tp:knecTBeHO
BapHa B S, To F 8:vix:dl = 1 3a Bcakod € D =

min { F $:vix:dl|d € D} = 1 = VxF e TpXgecTBeHO BIpHa B S.

Heka Vx F e Tb2kecTBeHO BIpHa B S. Heka v e mpou3BoAHA OLIEHKA.
ToraBa 3a Bcako d € D umame F 8:vix:dl = 1 ipu d = v (x) moayuaBame
F 8 vix:vi¥] = FS,v=1 = F e ThXKIECTBEHO BIpHA B S.

Heka F e usnmbanumMa B S. Heka v e o1ieHKa, TakaBa ye F $:v =1,
ToraBa Ix F 8 v=max { F 8 vix:d|d € D} = 1, Tp#1 KaTo



FSvix:vy] = F S,v=1=»3x F e usrbaAHuUMAa B S.

Heka 3x F e nusaneanumMa B S. ToraBa chbllleCTByBa OlleHKA V, TaKaBa 4e
AxFS$v=1=>max {FSvix:dl|d € D} = 1 = cpatectrByBa d € D, Taka
ye FSvix:dl = ] = F e u3mrpAHUMA B S.

CaenctBHe: Heka F e popmyaa u FVAR (F) = { x1, x2, ..., Xa}.

Torasa F e ThxknmecTBeHO BdApHA B S & Vx1Vx2...Vxn F e ThKaecTBeHO
BIpHaA B S, T.e. VX1VXx2...VXxn F € BapHa B S, Thil KaTO TS € 3aTBOPEHA
dopmyara. Popmyaara VxiVxe...Vxn F Hapuuame yHHBepcaAHO
3aTBapsiHe Ha F, To e orrpeneaeHO ¢ TOYHOCT A0 IoapendaTa Ha
KBaHTOPUTE.

CaencrBHe: Heka F e popmyaa u FVAR (F) = { x1, x2, ..., Xa}.

Torasa F e nuanbanuMa B S & dxidxe...dxn F e u3neanuMma B S, T.€.
dx13x2...3xx F € BapHAa B S, THH KaTo TS € 3aTBOPeHa popMyAa.
dopmyaara Ix1Ixe...dxn F Haprnyame eK3HCTEHILTHAAHO 3aTBapsaHe Ha
F, To e ontpemeaeHO C TOYHOCT [0 moxpendaTa Ha KBAHTOPUTE.

Heka S e cTrpykrypa, F e mpousBoaHa popmyaa. B cuaa e:
F e TpknecTBeHO BdApHA B S < —F He e u3nr'bAHNMA B S,
F e usmpbaauMa B S <& —F He € ThXKIeCTBEHO BIPHA B S.

KaszBawme, uye egna ¢popmyaa F e ThkAecTBEHO BSIpHaA, ako F e
TBHXKIECTBEHO BApPHAa BBB BCIKa CTPYKTypa S.

KaszBawme, uye egna ¢popmyaa F e H3nmbAHHMA, ako F e nuanbaHUMa B
HAKOS CTPYKTypa S.

dcHo e, ye F e TbxkaecTBeHO BIpHa <~ —F He e u3nbAHUMA,
F e nambaruMa < —F He € ThXIeCTBEHO BApPHA.

[ITe oTbeaeskuM, Ye He CBHIIECTBYBa aATOPHUTHM, KOUTO pa3ro3HaBa
[aAu TIPOU3BOAHA (popMyAa € TBXKAECTBEHO BIpHA (TOBa HETPHUBHUAAHO
TBBPJAEHHE € U3BECTHO KaTo TeopeMa Ha UYbpd 3a HEPA3PELUIUMOCT).

CyOocTHTYyuHs HapuyaMe H300parkeHre ¢ Ha MHOXKECTBOTO Ha
IIPOMEHAWBUTE E B MHOXKECTBOTO Ha TEPMOBETE, TAKOBA Ye
o (X) # x Hall-MHOTO 3a KpaeH Opoil IPOMEHAUBH.

AKo x1, X2, ..., Xn Ca IBE TI0 ABE PA3AUYHU IPOMEHAUBH U U1, U2, ..., Un
ca TepMOBe, TO CBC [x1/U1, X2/U2, ..., Xn/Un| O3HAYABaMeE
CyOCTHUTYyLIUSITA G, OIIPEEAEHA 10 CAEIHUS HAa4YUH: © (X) = Ui,
i=1,2,...,n,0(x) =x3ax¢{x, X2, ..., Xa}. Bcaka cybcTutynus Moxe

[a ce 3a1a/1e ¢ KpaeH u3pas I1o To3u Ha4yuH. ThkKAecTBeHaTa
cybcTHTyHHa GeAeskUM C 1, 1 (X) = X 3a BCIKO X € E, 1 = [x/x] 3a
IIPOU3BOAHA IIPOMEHAUBA X.

Heka T e TepMm, ¢ e cyocTutylus. JedpuHupaMe HHAYKTUBHO TEPMBT
To, KOUTO I1le HapyuyaMe pe3yATaT OT NMpHAAraHeTo Ha G KbM T.
Baza: Ako T € @0, T0 To =T. Ako T € E, To = o (T).



[Tpenmoaoxkenue: Heka T = f (T1, To, ..., Tn) u Tio, Tao, ..., Tho ca
neprHUPAHH.
Crpnka: ToraBa To = f (Tio, Tao, ..., Tho).

TBBpaeHHe: Heka T e TepM. AKO 6 U T ca CyOCTUTYIINH, KOUTO C€
cpraacyBart o mpomeHauBute ot VAR (T), To To = Tr.
Hoka3zareacTBo: UHAYKINA 110 TOCTpoeHHeTO Ha T.

Tewpaenue: Heka T e Tepm. Torasa Ti = T.
Joka3zateacTBO: TpuBUaAHA UHAYKITHS.

Tebpaenue: Ako T e 3aTBopeH TepM, To To = T 3a Bcaka
CyOCTHTYIIHS G.

Joka3areacTBo: Heka ¢ e mponsBoaHa cybcTuTy1ud. ToraBa ¢ U 1
ceBriagat Bepxy VAR (T) = = To = Ti = T.

TBBpaAeHHe: Heka T e TepM, ¢ € CyOCTUTYIIHS.
Torasa VAR (Ts) = | VAR (o (x)).
xeVAR(T)

Hoka3zateacTBo: UHAYKINA 110 TOCTpoeHHeTO Ha T.

Heka F e 6e3kBanTOpHA popmyaa, ¢ e cydcTurynud. depuHupame
WMHAYKTHUBHO Oe3KBaHTopHaTa popMmyaa Fo, KosaTo 111e Hapuiyame
pPe3yATaT OT MpPHAATaHETO Ha G KbM F.

Baza: Ako F e aromapua ¢opmyaa, F = p (Ty, ..., Tn) necdouaupame
Fo = p (Tio, ..., Tho), ako F € Ilp, TO Fo = F.

Axo F = true uau F = fail, nedpunupame Fo = F.

[Ipenmnoaoxkenue: Heka G, Fi, ..., Fu (n > 1) ca 6e3kBaHTOPHU (POPMYAH
u Go, Fio, ..., Fno ca nedounupanu.

Crpnka: Ako F = -G, nedpunupame Fo = —(Go).

Axo F =F; & F2 & ... & Fn, nedpunupame Fo = Fi6 & F20 & ...& Fno.
Axo F =F1 v Fa v ... v Fn, nepunupame Fo = Fio v Fao v ...v Fro.

TBBpaeHHe: Heka F e Oe3skBanTOpHA hopMyaa. AKO ¢ U T ca
CcyOCTHUTYLINH, KOUTO chbBIIanaT Bbpxy VAR (F), To Fo = Fr.
J[okaszareacTBo: UHAYyKIMA 110 ITOCTpoeHHeTO Ha F, n3nmoassame u
CBOTBETHOTO TBBPAEHUE 3a TEPMOBE.

TBBpaeHHe: Heka F e OeskBanTopHa popmyaa. ToraBa Fu = F.
Joka3zateacTBO: TpuBHasHa MHAYKIUA 10 F, n3noa3zBaMme u
CBHOTBETHOTO TBBP/EHHE 32 TEPMOBE.

TBBpAeHHEe: AKO F e Oe3kBaHTOpHA POPMyAa U G € CYOCTHUTYIIHS, TO
VAR (Fo) = (] VAR (c(x)).

XeVAR(F)
[okaszareacTBo: UHAyKIM4A 110 TOCTpoeHKeTO Ha F, n3nmoassame u
CBOTBETHOTO TBBPAEHUE 3a TEPMOBE.



Heka S e cTpykrypa, ¢ e cyoctutylus. JedpuHupame ¢S — onmepaTop
3a MPHCBOSIBaHE, CHOTBETEH HA ¢ B S, KOUTO CHIIOCTABS Ha BCAKA
OLIEHKA V Ha IPOMEHAUBUTE B S Apyra oleHKa ¢S (V) Ha IPOMEHAUBUTE
B S, Taka 4e (68 (v)) (x) = o (x) S V.

Teopema: Heka S e cTpykTypa, ¢ € CyOCTUTYIINS, V € OLIeHKa Ha
npomeHAUBUTE B S. Ako E e Tepm nau 6e3kBaHTOpPHA POpMyAa, TO
(Ec)S:v = E S u gpaero u = ¢S (v).

[okaszareactBo: C oToEAHU caydaH, I'bPBO Korato E e TepMm u caen
ToBa Korato E e 6e3kBaHTOpHA popMyAa.

Heka F e mpou3BoaHa 6e3kBaHTOpHA popmyra. HaCTHH CAy4YaH HA
dopmyaata F Hapuyame Bcuuku popmyau ot Buaa Fo, KpaeTo o e
IIPOU3BOAHA CYOCTUTYIIHS.

Hammpumep, Bcaka 6e3kBaHTOpHA popMmyaa F e yacteH caygaii Ha cebe
cu, Tt Kato F = Fi. Ako F e 3aTrBopeHa 0e3kBaHTOpHA (pOopMyAa, TO

F e envHcTBEHUAT YacTeH cay4dai Ha F, el kato Fo = F 3a Bcaka
cyocrutynusa o. Hamrporus, ako F He e 3aTBopeHa, To e cHO, ye F uma
U APYTH YaCTHU CAyYaH, JOPH 6e30poil MHOTO.

TBBpAaeHHe: Heka S e crpykTypa u F e 6e3kBaHTOpHA hopMyAa.
B cuaa e:
1. Ako F e TpxXKecTBEeHO BAPHA B S, TO BCHYKM YaCTHU caydau Ha F
ca ThXKIECTBEHO BAPHU B S.
2. AkKO HAKOI JyacTeH cay4dald Ha F e usmreanuMm B S, o F e
U3II'bAHMMA B S.
JlokazaTeACTBO:
Heka F e TpxknecTBeHo BsapHa B S. Heka ¢ € Tpou3BoAHA CYOCTUTYIIUS.
ToraBa 3a rmpou3BoaHa o1leHKa V B S umawme: (Fo)$: v = F 8:u xpnero
u=o08(v). imame FSu =1 = (Fo)S:v = 1. Taka Fo e TbXK1ecTBEHO
BApPHA B S, T.€. BCEKH 4YaCTeH cay4dai Ha F e ThKIeCTBEHO BEPEH B S.
Heka Fo e yacTen cayuait Ha F, KOlTO € U3I'bAHUM B S (0 € HIKaKBa
cyocrutyius). Heka v e orieHka, TakaBa 4e (Fo)S: v = 1. Imame
1= (Fo)$:v=FSu gpnerou = o 8 (v). Taka F e usanmreanuma B S.

O6paTHOTO TBBPAEHHE CBIIO € BIPHO, ThH KaTo Bcaka opmyaa F e
JacTeH cay4dail Ha cebe cH.

9lcHo e, 4e Fo e 3aTBOpeH yacTeH caydai Ha F &

o (x) e 3aTBOpeH TepM 3a Bcsako x € VAR (F).

CaenctBHe: Heka S e cTpykTypa, F e 6e3kBaHTOpHA hopMmyaa.
B cuaa e:
1. Ako F e TpXIecTBeHO BAPHA B S, TO BCHYKH 3aTBOPEHH YACTHU
cay4dau Ha F ca BapHU B S.
2. AKO HAIKOH 3aTBOPEH 4YacTeH cay4daii Ha F e BepeH B S, TO0 F e
H3II'bAHMMA B S.
JokazateacTBOo: CAE€ICTBHETO € HEIIOCPEACTBEHO.



OOpaTHOTO TBBPAEHHE HA CAEICTBHUETO HE € BAPHO B OOIIUA CAydal.
Heka S e crpykrypa. KazBame, 4e S HMa TepMaAHO IIOPOAEH
HOCHTEA, aKO BCEKH €AEMEHT Ha HOCHUTEAd Ha S e CTOMHOCT B S Ha
HAKOU 3aTBOPEH TEPM.

Tebpaenue: Heka S e cTpykTypa C TEPMaAAHO IIOPOZIEH HOCHUTEA.
Heka F e 6e3kBanTOpHa popmyaa. B cuaa e:

1. AKO BCHYKHU 3aTBOPEHHU YacCTHU cay4dau Ha F ca Bapuu B S, 0 F

€ ThXKIECTBEHO BIpPHA B S.
2. Ako F e usmreaAHMMA B S, TO CBILECTBYBA 3aTBOPEH 4YaCTEH
cay4dal Ha F, KolTo € BepeH B S.

JlokazaTeACTBO:
Heka Bceku 3aTBOpEH 4acTeH caAy4daid Ha F e BepeH B S.
Heka v e nmpou3sBoaHa o1reHka. llle mokaxkem, gye F$:v =1,
Axo F e 3aTrBopeHa popMmyaa, TO TS € 3aTBOPEH YacTeH cAydail Ha cebe
cu = F e Bapua B S, T.e. F e TpXknecTBeHO BIpHA B S.
Heka VAR (F) = {x1, x2, ..., xn}, n>1.3ai=1,2, ..., n
Vv (Xx) € eAeMeHT Ha HOCHUTEAS Ha S, Taka 4e ChIIECTBYBa 3aTBOPEH
TepMm T, Tak®B de Ti® = v (x). Pasraexxmame caeqHata CyOCTUTYIINSA
o = [x1/T1, x2/Ta2, ..., Xxa/Tn]. FIcHO €, 4e Fc e 3aTBOpeH yacTeH caAydai
Ha F, Tp#t KaTo o (X) € 3aTBOpeH TepM 3a BcaKo x € VAR (F).
Taka (Fo)S =1 = (Fo)S:v=1=> F S;u = 1, gpaero
u =S (v). OcraBa na ce crobpaszu, ye u = v. Taka F$:v=FSu= 1,
Heka F e usnmbanuma B S. Heka v e olleHKa B S, TaKkaBa 4e
F 8:v = 1. Ako F e 3aTBOopeHa (popmyaa, TO TS € 3aTBOPEH YaCTeH
caydait Ha cebe CH U T4 € ThPCEeHUs BEPEH 3aTBOPEH YacCTeH CAydal.
Heka VAR (F) = { x1, x2, ..., Xa}, n > 1. v (x3) € eAEMEHT Ha HOCUTEAD
Ha S, Taka 4e ChIIeCTByBa 3aTBopeH TepM Ti, Taka de v (x) = TiS,
i=1,2,...,n. Hekaoc = [x1/Ti, x2/ T2, ..., xa/Ta]. Twit kaTo T1, T2, ..., Tn
ca 3aTBOpPEHU TePMOBe, TO Fo € 3aTBopeH yacTeH cay4daii Ha F.
[Ile mokaxkewm, 4e (Fo)S:v = 1. Umame (Fo)S:v=F $u gpmerou = o S (v).
KakTo mo-rope u = v. Taka (Fo)S = (Fg)$v=F Su=FS8v=]1pyFoce
THPCEHUSAT BEPEH 3aTBOPEH YaCTeH caydaii Ha F.

OTTYyK HaTaThK IpearosaraMe JOII'bAHUTEAHO U3HCKBaHe Po # J.
MHOXXECTBOTO OT BCUYKH 3aTBOPEHH TEPMOBE HapHudyaMe epOpaHOB
yHHBepcyM — GeaexkuM ro ¢ H. [Ipu HantpaBeHOTO M3UCKBaHe, H # J,
Taka 4ye H Moxke na e HocuTea Ha CTPyKTypa.
KasBawme, ue enHa CTPyKTypa S € epOpaHOBa, aKO € U3II'bAHEHO:

1. Hocureaar na S e H.

2. Ako c € ¥y, TO CS = C.

3. Akof € @4, n >0, T0 fS (Ty, To, ..., Tn) = (T1, To, ..., Tn) ca

BcdKa HapeaeHa n-topka T1, Ta, ..., Tn oT eaemenTu Ha H.

TBBpAeHHE: AKO S e epOpaHOBa CTPYKTypa, TO 32 BCEKU 3aTBOPEH
TepMm T umame T S = T.
Hoka3zateacTBo: UHAYKINA 110 TOCTpoeHHeTO Ha T.



CaeactBHe: Bcaka epbpaHoBa CTPYKTypa S uMa TepMaAHO IIOPOAEH
HOCHUTEA.

Joka3zateacTBO: [Je¥iCTBUTEAHO, BCEKU 3aTBOpPeH TepM oT H e cToiiHOCT
Ha CBIUS 3aTBOPEH TEPM B S.

Herro roBeue, BCEKM eAEMEHT Ha HOCHUTEASI Ha epOpaHoBa CTPYKTypa €
CTOMHOCT Ha TOYHO €QUH 3aTBOPEH TEPM.

TBBpAeHHe: Heka M e MHOXKECTBO OT 3aTBOPEHU aTOMapHU (POPMYAH.
ToraBa crhlIecTByBa eqUHCTBeHA epOpaHoOBa CTPYKTypa S, TakaBa 4e
M3MEKy BCUYKH 3aTBOPEHU aTOMapHU (pOPMYyAH B S ca BIPHU TOYHO
OHE3H, KOUTO IIpuHanaexatT Ha M.

[oxkazateactBo: Ille mocTpouM epbpaHoBara cTpykTypa S. Ta nma
HocuTeA H 1 (OyHKIIMOHAAHUTE CUMBOAM Ca UHTEPIIPETUPAHU I10
nedprHUIUATA 32 epOpaHoBa CTpyKTypa. Heka p e n-mecreH
OpeauKaTeH CUMBOA.

Axo n > O onpeneasme pS (T1, To, ..., Tn) =1 & p (T1, To, ..., Tn) € M 32
BcdKa HapeaeHa n-topka T1, Ta, ..., Tn oT eaemenTu Ha H.

I[Ipu n = O ontpeneasgme pS =1 & p € M.

[ITe mokakeM, 4e OIIHCAaHOTO CBOMCTBO € B CHAA.

Heka A e 3aTBopeHa aromapHa popMmyaa.

Axo A = p (T4, To, ..., Tn), TO

AS = pS (T18, T2S, ..., TuS) = pS (T1, To, ..., Tn) = 1 &

p (T1, T2, ..., Tn) e M, T.e. AS=1 <= A € M.

AkKOA=pecIlp, TOAS=pS=1& pecM,Te. AS=1AecM.
OueBUOHO €, Ye epbpaHoOBaTa CTPYKTypa C OIIHMCAHOTO CBOMCTBO €
eIUHCTBEHA.

[To To3u Ha4YMH enHAa epOpaHOBa CTPYKTYypa Ce OIIPEeaeAss eIHO3HAYHO,
aKo ce 3a1a1aT aToMapHUTE (POPMYAU, KOUTO Ca BIPHU B Hed.

Heka M e mHOkecTBO oT popmyan. Moamea Ha M HapuiyaMme BCIKa
CTPYKTypa S, B KOSTO BCUYKHU (popMyar oT M ca ThKIAECTBEHO BIAPHHU.

Enno mHOKecTBO M oT hopMyAU ce Hapuia H3MbAHHMO, aKO
CBIIECTBYBa CTPYKTypa S U OlleHKAa V, TAaKWBa 4Ye Bcsaka popmyaa oT M
BApHA B S IIpH OILleHKaTa V.

Enno mHOKecTBO M oT hopMyAH ce Hapuya CHAHO H3I'bAHHMO, aKO
CBIIIECTBYBAa CTPYKTypa S, KOoaTO € Mozaea Ha M.

SlcHO e, 4e 3a MHOKECTBa OT 3aTBOPEHU (POPMYAU ITOHATHUATA
U3I’BAHUMOCT U CHAHA U3IT'BAHUMOCT Ca €KBHBAACHTHH.

TBBpaeHHe: Heka M e MHOXKECTBO OT 0€3KBAaHTOPHU (POPMYAH.
Heka M' e MHOXKECTBOTO Ha BCHUYKH 3aTBOPEHU YAaCTHU CAy4Yau Ha
dopmyaute o M. ToraBa caeiHHUTE YCAOBHS Ca €EKBUBAACHTHU:

1. M e cuAHO HU3II'BAHHUMO.

2. M' e ©U3I'’bAHUMO.



3. CnilecTByBa epbpaHoBa CTPYKTypa, KodATo € Mozea Ha M.
JlokazaTeAcTBO: M3BBpPIIBaAME I'O 10 CA€IHATA CXeMa OT UMIIAUKAIIUU:
1=2>2=>3=>1.

1 = 2 Twiit KaTo M € CUAHO HU3II'BAHHUMO, TO M MMa MOEA, T.€.
CTPYKTypa S, B KOSITO BCUYKHU (popMyar oT M ca ThKIAECTBEHO BIPHHU.
[Ipu TOBa MOAOKEHME, BCEKU 3aTBOPEH YaCTeH cAydal Ha popmyaa OT
M e BepeH B S 2 S e moziea Ha M’ = M’ € U3II'BAHUMO.

2 = 3 Tt KaTo M' € H3II'BAHMMO, CBHIIIECTBYBa CTPYKTypa S, B KOATO
Bcsgka popmyaa ot M’ e Bapua. Heka Mo € MHOKECTBOTO OT
3aTBOPEHUTE aTOMapHU (pOpPMyAH, KOUTO ca BAPHHU B CTPYKTyparta S.
CrurecTByBa epOpaHoOBa CTPYKTypa So, B KOSATO BAPHUTE aTOMapPHU
dopmyau ca TodHO popMmyanTe OoT Mo. C HHAYKIMSA 10 TIOCTPOEHUETO
ce mokasBa, ue F S = F % 3a Bcaka 6e3kBanTopHa chopmyaa F.

B yacTHOCT, Thi1 KaTo F 8 = 1 3a Bcaka F € M’ & F % = 1 3a Bcaka

F e M'. C npyru gymu, BCUYKH 3aTBOPEHU YaCTHU CAydau Ha
dopmyaute oT M ca BApHU B So U THH KaTo So € C TEPMaAHO IOPOAEH
HOCHUTEA, BCsIKa popmyaa oT M e ThKIeCTBEHO BApHA B So, T.€. So €
epOpaHoOBa CTPYKTypa, KOSITO € MoaeA Ha M.

3 = 1 TpuBmaaHO.

CaenctTBHe: AKO €THO MHOKECTBO OT YHUBEPCAAHH 3aTBapsaHUd HA
0e3KBaHTOPHHU (POPMYAHU € U3I'BAHUMO, TO CBIIIECTBYBa epOpaHoBa
CTPYKTypa, KOSATO € HETOB MOJEA.

Hoka3zareAcTBO: [la pasraemaMe MHOKECTBOTO M OT 6€3KBaHTOPHHUTE
4acTU Ha (POPMYAHTE OT OAaAEHOTO MHOXKeCTBO. O4eBUIHO MOAEAUTE
Ha M ¥ Ha JaaeHoTO MHOXKECTBO Cca €IHU U CcbIU. ToraBa M e cUAHO
U3I'BAHUMO U OT TBBPAECHHUETO CHIIECTBYBa epOpaHoBa CTPYKTYpPa,
KodATO € MozeA 3a M. Tasu epOpaHoBa CTPYKTypa € MOJEA U 3a
II'bPBOHAYAaAHOTO MHOXKECTBO.

16. OnepayuoHHA cemaHMuUKa HA o2uuecKume
npozpamu.

CyOocTHTYyuHs HapuyaMe H300parkeHre ¢ Ha MHOXKECTBOTO Ha
IIPOMEHAWBUTE E B MHOXKECTBOTO Ha TEPMOBETE, TAKOBA Y€

o (X) # x Hall-MHOTO 3a KpaeH Opoif IPOMEHAUBH.

Axo x1, X2, ..., Xn Ca ABE II0 ABE PA3ANYHU IPOMEHAUBH U U1, U2, ..., Un
ca TepMOBe, TO CBC [x1/U1, X2/U2, ..., Xn/Un| O3HAUYABaMeE
CyOCTHUTYyLIUSITA G, OIIPEEAEHA 10 CAEIHUS HAa4YUH: © (X) = Ui,
i=1,2,...,n,0 (9 =x3ax¢{x, X2, ..., Xn}.

OueBUOHO, BCSIKa CYOCTHTYIIHSA Ce IIPEeACTaBd Ype3 TaKbB KpaeH u3pa3s
U TO 110 6€30poif MHOTO HAYUHH.

T'BbRAEeCTBEHATa CYOCTHTYIHS OEAEKUM C 1, 1 (X) = X 32 BCIKO X € E.
Harmpumep, 1 = [x/X], KbAETO X € IPON3BOAHA ITPOMEHAHUBA.

Heka T e TepMm, ¢ e cyocTutylus. JedpuHupaMme HHAYKTUBHO TEPMBT
To, KOUTO I1le HapyuyaMe pe3yATaT OT NMpHAAraHeTo Ha ¢ KbM T.
Baza: Ako T € @0, T0 To =T. Ako T € E, To = o (T).



[Tpenmoaoxkenue: Heka T = f (T1, To, ..., Tn) u Tio, T2o, ..., Tho ca
neprHUPAHH.
Crpnka: ToraBa To = f (Tio, Tao, ..., Tho).

TBBpAeHHe: Heka T e TepM. AKO G U T ca CyOCTHUTYILINH, KOUTO
cbBragat Bbpxy VAR (T), To To = Tr.
Hoka3zareacTBo: UHAYKINA 110 TOoCTpoeHHeTO Ha T.

Tebpaenue: Heka T e Tepm. Torasa Ti = T.
Hoka3zateacTBo: UHAYKINA 110 TOCTpoeHHeTO Ha T.

Tebpaenue: Ako T e 3aTBopeH TepM, To To = T 3a Bcaka
CyOCTHTYIIHS G.

[oka3areacTBo: Heka ¢ e mponsBoaHa cybcTuTylud. ToraBa ¢ U 1
ceBriagat Bepxy VAR (T) = = To = Ti = T.

TBBpAeHHe: Heka T e TepM, ¢ € CyOCTUTYIIHS.
Torasa VAR (Ts) = | VAR (o (x)).
xeVAR(T)

Hoka3zareacTBo: UHAYKINA 110 TOCTpoeHHeTO Ha T.

CaeactBHe: Heka T e TepMm, 6 e cybctutyrug. ToraBa TepMbT To €
3aTBOPEH & TEPMBT G (X) € 3aTBOpPEH TepM 3a BCcIKo x € VAR (T).
J[okaszareAcTBO: [JUPEKTHO OT TBHPAECHHUETO.

Heka F e 6e3kBanTOpHA popmyaa, ¢ e cydcturynud. [deprHupame
WMHAYKTUBHO Oe3KBaHTOopHaTa popMmyaa Fo, KosaTo 111e Hapuiyame
pPe3yATaT OT MpPHAATaHETO Ha G KbM F.

Baza: Ako F e aromapua ¢opmyaa, F = p (Ty, ..., Tn) necdouaupame
Fo = p (Tio, ..., Tho). Ako F € Ilp, To Fo = F.

Axo F = true uau F = fail, nedpunupame Fo = F.

[Ipenmnoaoxkenue: Heka G, Fi, ..., Fu (n > 1) ca 6e3kBaHTOPHU (POPMYAH
u Go, Fio, ..., Fno ca neounupanmu.

Crpnka: Ako F = -G, nedpunupame Fo = —(Go).

Axo F =F; & F2 & ... & Fn, nedpunupame Fo = Fi6 & F20 & ...& Fno.
Axo F =Fi v Fa v ... v Fn, nedpunupame Fo = Fio v Fao v ...v Fro.

TBBpaeHHe: Heka F e OeskBanTOpHA popMyaa. AKO ¢ U T ca
CcyOCTHUTYLINH, KOUTO chbBIIanaT Bbpxy VAR (F), To Fo = Fr.
[okaszareacTBo: UHAyKIM4a 110 TocTpoeHueTo Ha F.

TBBpaeHHe: Heka F e OeskBanTopHa popmyaa. ToraBa Fu = F.
[okaszareacTBo: UHAyKIM4a 110 TocTpoeHneTo Ha F.

TBBpAeHHe: AKO F e Oe3kBaHTOpHA POPMyAa U G € CYOCTHUTYIIHS, TO
VAR (Fo) = (] VAR (c(x)).

XeVAR(F)
[okaszareacTBo: UHAyKIM4a 110 TocTpoeHneTo Ha F.



CaenctBHe: Heka F e 6Ge3kBaHTOpHA POpPMyAa, G € CYOCTHUTYIIHS.
ToraBa popmyaaTta Fo e 3aTBopeHa & TEPMBT G (X) € 3aTBOPEH TepM 3a
Bcako x € VAR (T).

JokazaTeAcTBO: [IUPEKTHO OT TBBPAECHUETO.

TBBpaeHHe: Heka E e Tepm mau 0e3kBaHTOpHA popMyaa. AKO ¢ U T ca
TaKuBa cyocTuTyluu, 4ye Ec = Et, To 6 1 1 cpBranar Bepxy VAR (E).
HokaszareactBo: llle pasraegame camo caydada korato E e repMm. 3a
0e3KBaHTOPHUTE (POPMYAU PaA3CHKIAEHUATA ca aOCOAIOTHO aHAAOTUYHH.
[TpoBexxmame MHAYKIUA 10 IIOCTPOHUETO Ha E.

Baza: Heka o u 1 ca TakuBa cyocTuTyluu, ye Ec = Er.

Ako E e KOHCTaHTa, TO OYEBUIHO G U T ChbBIIAAAT BBPXY

VAR E)=J. AkoE e E,T0Ec=0c (E), Et=1(E) 2 o (E) =1 (E) &

o u 1 ceBriagat Bepxy VAR (E) = { E}.

[Tpenmoaoxkenue: Heka E = f (T, To, ..., Tn) u TBBpAEHUETO €
U3IrbAHEHO 3a TepmoBete Ti1, To, ..., Th.

Crenka: Heka 6 u 1 ca cybcTutynnu, Takubpa dye Ec = Ert.

NUmame Ec = f (Tio, Tao, ..., Tno), Et = f (Tit, Tor, ..., Tat). OT
€qHO3HAYHHS CUHTAKTHYE€H aHaANU3 Ha TEPMOBETE II0AydaBaMe

Tio = Tit, Toc = Tot, ..., Taho = Tut. U310AZBaME UHAYKIITMOHHOTO
npenmnoaoxkeHue 3a repmoBete Ti, To, ..., Tnh ¥ moaAydyaBame, ye

o u t ceBriagat BbpxXy VAR (T1), VAR (T2), ..., VAR (Tn). Toraa

o u 1 ceBriagat BbpXy VAR (T1) U VAR (Tz) U ... U VAR (Ty) = VAR (E).

Heka o1 1 62 ca cybcturynmu. JepuHupame PyHKIINL G (X) OT
MHOKECTBOTO E Ha IIPOMEHAHMBHUTE B MHOXKECTBOTO OT BCHYKU T€PMOBE
10 CA€OHUL HA4YUH: O (X) = (X01)02 3a BCIKO X € E.

[ITe mokakeM, 4e G (x) € CyOCTUTYIIUS, T.€. G (X) # X Hali-MHOTO 3a
KpaeH Opoil IIpOMEHANBH X. 3a IleATa e ITOKaXKeM, de 3a BCAKO X € &
aKo o (x) # x, To o1 (X) # X UAH G2 (X) # x. [la IOIIyCHEM IIPOTUBHOTO —
o () #xu o1 ()= Xx, o2 (¥ = x3a HIKOsI IpoMeHAUBA x € E. ToraBa

G () = (xo1)o2 = X02 = X, KOETO € IIPOTUBOpPeYHe. JICHO €, ue

o1 (X) # X UAH G2 (X) # X € U3ITbAHEHO caMo 3a KpaeH Opoit
IIPOMEHAWBHU X, TbH KaTO G1 U G2 ca CyocTHUTyIIMU. Taka ¢ (Xx) # x camo
3a KpaeH Opoil IPOMEHAUBH X, T.€. G (X) € cyocTutryus. Tazu
CyOCTHTYyIIUS HapUdyaMe MPOH3BeAEeHHE Ha CyOCTUTYIIMHUTE G1 U G2,
oO3HaYaBaMe G = ¢162. Taka 1o gedpuHHUIMA X(0102) = (Xo1)02.

[ITe mokakeM, 4Ye Gl = 16 = G 3a BCAKA CYOCTUTYIIUS G.
JeficTBUTEAHO, 3a BCIKO X € E uMaMe x(c1) = (xo)1 = xc (oT
CBOTBETHOTO TBBPAEHUE 3a TepMOBe) =@ o1 = 6. ChIIo, 3a BCAKO X € B
umame x(1o) = (x1)c = xo = 10 = G.

SlcHO e, Ye YMHOKEHHETO Ha CYOCTHUTYILIUH He € KOMyTaTUBHO.

TBBpAeHHEe: Ako E e TepMm nau 0e3kBaHTOpHA POpPMyAa U G1, G2 Ca
cyocrutyuu, To E(c162) = (Eci)oo.



JlokaszaTeacTBO: Pasraexxnmat ce OTAEAHO CAy4dau II'bPBO 3a TEPM U CAEL
TOoBa 3a 6e3KBaHTOpPHA (popMyAa, KaTo U B IBaTa CAydasl ce IIpOBeXIa
TpHUBHAaAHA UHAYKIULI.

TBBpAECHHE (ACOIITHATHBHOCT Ha YMHOXEHHETO Ha CyOCTHTYLHH):
3a BCEKU TPHU CYOCTUTYILIUHU G1, G2, 63 € U3II'BAHEHO: (6162)03 = G1(6203).
HokazareacTBOo: Heka x € E.

ToraBa x ((0102)03) = (x(0102))03 = ((x01)02)03.

Ca1110 X (01(0203)) = (x01)(0203) = ((x01)02)03. TyK M3m1oA3BamMe FrOPHOTO
TBBPAEHUE 3a TepMa (xo1).

Taka x ((c102)03) = x (061(0203)) 3a BCIKO x € E = (0102)03 = 61(0203).

Heka F e mpou3BoaHa 6e3kBaHTOpHA popmyra. HaCTHH CAy4YaH HA
dopmyaata F Hapuyame Bcuuku popmyau ot Buaa Fo, KpaeTo o e
IIPOU3BOAHA CYOCTUTYIIHS.

Hampumep, Bcaka 0e3kBaHTOpHA popMmyaa F e yacteH caydaii Ha cebe
cu, Tt Kato F = Fi. Ako F e 3aTBopeHa 0e3kBaHTOpPHA (popMyAa, TO

F e envHcTBEHUAT 4acTeH cay4dai Ha F, el kato Fo = F 3a Bcaka
cyocrutynusa o. Hamrporus, ako F He e 3aTBopeHa, To e cHO, ye F uma
U APYTH YaCTHHU CAydau, JOPH 6e30poil MHOTO.

Peaanusara “e gacteHn caydali Ha” e TpaH3uTHBHA: AKO G e yacTteH
caydyay Ha F u H e gyacren cay4yaii Ha G, To H e yacreHn cay4ait Ha F.
[eticrButeaHo 1o ycaoBue G = Fo1, H = Go2 =2 H = (Fo1)o2 = F (o102),
T.€. H e yacreH cay4aii Ha F.

Heka F e 6e3kBanTOpHa popmyaa. BapuaHT Ha F Hapnyame TakbB
gacteH caydad G Ha F, TakeB 4e F e gyacreH cay4dait Ha G.

C npyru nymu, peaandgara “e BapuaHT Ha” € CHMETPHUYHOTO 3aTBapsiHe
Ha peaanmdra “e gyacTeH caydail Ha”. B TakbB caAydall € O4eBUIHO, de
peaarudgTa “e BapuaHT HA” B MHOXKECTBOTO OT BCHYKHU O0€3KBAHTOPHU
dopMyAH e pesaririss Ha €eKBUBAACHTHOCT.

Axo F e 3arBopeHa ¢opmyaa, To F e equHcTBEeHUAT BapuaHT Ha F, Thi
Kato F e enuHCTBEHUAT 4acTeH cay4dad Ha F.

Hamporus, ako F e 6e3kBaHTOpHA hopMyaa, KOITO He € 3aTBOpeHa, TO
Ts1 UMa 6e30poii MHOTO BapHUaHTH, KAKTO Ce€ BHIKA OT CAEIHOTO

TBBpaeHHe: Heka F e OeskBanTOpHA popMyaa, KOATO HE € 3aTBOpEHa.

Heka VAR (F) = {x1, x2, ..., xa}, n 2 1, x#xupui=je{l, 2, .., n}.
Heka yi, yo, ..., Yn Ca ABE I10 ABE PA3AUYHU ITPOMEHAUBH.

Axo ¢ = [x1/ Y1, X2/ Y2, ..., Xn/Yn], TO G = Fo e BapuanT Ha F.
JlokazaTeACTBO:

OueBunHo G e yacreH cay4yaii Ha F. llle nokaxkewMm, 4ye F e wacren
caydait Ha G. [la pasraegamMe CyOCTUTYIIIATA

o' = [y1/x1, Y2/ x2, ..., Yn/Xn] — TS € KOPEKTHO 33a3/4€HA, THH KaTO
yzyjopui=je{l, 2, .., n} llle nokaxewm, 4ye F = Go'.

Nmame Go' = (Fo)o' = F (cd).

Bai=1, 2, ..., n umame: x (00’) = (x0)0’ = Yo' = x.



Taka oo’ u 1 ceBrnagat Bbpxy VAR (F) =2 F (co’) = Fut = F.
Taka Go' = F u G e BapuanT Ha F.

TB#t KaTO MHOXKECTBOTO E € 0e3KpaifHo, 110 ITOCOYEeHUsT HAYUH MOXKEM
[a rocTpouM 0e36poit MHOro BapuaHuTH Ha F. [lopu MoxkeM aa
IIOCTPOUM BapuaHT Ha F, KOIUTO He chabpzKa IIPOMEHAUBH OT AALEHO
KpaWuHO IIOAMHOXKECTBO Ha E.

TBBpaeHHe: Heka F e OeskBanTOpHA popMyAa, KOATO He € 3aTBOpEHA.

Heka VAR (F) = {x1, x2, ..., xa}, n 2 1, x#xupui=je{l, 2, .., n}.
Heka G e nmpou3sBoaeH BapuaHT Ha F. Torasa
G = F[x1/y1, x2/y2, ..., Xn/Yn], 32 HIKOU IPOMEHAUBH Y1, Y2, ..., Yn,

KOHUTO Ca [IBE 10 [ABE Pa3AUYHH IIOMEXKAY CH.

HokazareacTBo: Thit KaTo G e Bapuaut Ha F, To G = Fo, F = Go' 3a
HsKoU cyoctutynuu ¢ 1 ¢'. ToraBa F = Go' = (Fo)o’' = F (co’) =2

1 1 60’ ceBranat BepXy VAR (F), t.e. xi(o0') = x,1=1, 2, ..., n.

[a momycHeM, 4e Xio € CbCTaBeH TepM. ToraBa X; (60') = (x0)c’ chIIo €
CBhCTaBEH TEPM, THhU KaTO CAEM IIPHUAAraHeTo Ha CyOCTUTYyIHATA G,
(xi0)c’ oTHOBO 1Ie ChABPKA (PYHKIIMOHAAHU CUMBOAU. Taka

X = (x0)c’ e chcTaBeH TEPM, KOETO € IPOTUBOPEYHE Thi KATO
CBhCTaBHUTE TEPMOBE Ca PA3AUYHU OT ITPOMEHAUBUTE.

[a momycHeM, 4e Xio € KOHCTaHTa. ToraBa X = (x40)c’ = xiG, KOETO €
IIPOTUBOPEYNE, ThHl KaTO MHOXecTBaTa ®o U E He ce IIpecruyar.
Taka x;c € IpoMeHAUBa, HEKA X0 = Yyi € 2. ToraBa

o4 [x1/y1, x2/Y2, ..., Xa/Yn] CBBHAOAT BbPXy VAR (F) =2

G =Fo =F [x1/y1, x2/ Y2, ..., Xn/Yn]. AKO DOIIyCHEM, Ue 32 HIKOHU
izje{l, 2, .., n umame yi = yj = X0 = Xjc >
(x0)o’ = (x0)0’" =2 x5 = xj, KoeTo e mpoTuBopedne. Taka yi, Yo, ..., Yn Ca

ABE I10 ABE€ Pa3AU9IHU IIOMEXKAY CH.

Heka A u B ca npou3BoaHU aToMapHU POPMYAU. BBIpOCHT, KOUTO II1€e
pasraexgaMe € ChIIleCTBYBa AU aToMapHa (popMyAaa, KOSTO € YacTeH
caydya¥t KakTo Ha A, Taka U Ha B, T.e. chllecTByBaT AU CyOCTUTYIIMU
o, B, TakuBa 4e Aa = Bf3.

Yaudukarop Ha aromapHute popmyau A u B Hapuuame
cyocTuTylus o, TakaBa 4e Ac = Bo. Ako A u B nipurtexxkaBart
yHU(PUKATOP, Ka3BaMme 4ye A 1 B ca yHHPHIHpyeMH.

Axo A u B ca yEuunmepyeMu, o4eBUIHO CHIIECTBYBa aToMapHa
dopmyaa, KOATO € HacTeH caydait Ha A u Ha B. O6paTHOoTO B 0011114
caydait He e BIpHO. BapHo e, obade, caeHOTO

TBBpaeHHe: Heka A u B ca aromapHHu popMyAH, TaKUBA de

VAR (A) n VAR (B) = J. Ako crIllecTBYyBa aroMmapHa opMyAa, KOSTO €
JacTeH cay4dai Ha A 1 Ha B, To A u B ca yHudpuupyemu.
Joka3zareacTBo: [Io ycaoBHE ChIIECTBYBAT CyOCTUTYIINH o, B TaKHUBa 4e



Ao = Bf. Pasraexxgame n3006paskeHHETO G OT E B MHOXKECTBOTO Ha
BCHUYKH T€PMOBE, G (x) = a (1), ako x € VAR (A), 6 () = B (»), ako

x € E\VAR (A). YIcHo e, 4e ¢ e cyOCTUTYILINS, THH KaTO © (X # X
Hali-MHoro 3a npoMmeHauBute ot VAR (A) U VAR (B), kouto ca KpaeH
6poii. Trit KaTo ¢ 1 a chBHanatT BEpPXy VAR (A), To Aa = Ac.

Coiro, Tt kKaTo VAR (A) N VAR (B) = = VAR (B) c E\VAR (A) 2
c u B ceBagat Bepxy VAR (B) = Bp = Bo.

Taka o e yHudukarop Ha A u B.

Heka A u B ca npousBoaHu aToMapHu opmyau. Kakro 3HaewMm,
cpliecTByBa BapuaHT B’ Ha B, TaksB ye VAR (A) N VAR (B') = &.
9lcHo e, ye B' u B umaT enHu U ChIIM YacTHU caAydau. ToraBa eqHa
aToMapHa (popMyaa e JacTeH caydail Ha A u Ha B & 149 e yacreH
caydyali Ha A 1 Ha B'. OT ropHOTO TBBPAEHUE, ThU KaTO

VAR (A) n VAR (B') = g, To cplrecTByBa aroMapHa (popMyaa, KOSITO €
yacTeH cay4daii Ha A u Ha B & A u B’ ca yHucpumpyemu.

OT moKa3aTeACTBOTO Ha TBBPACHUETO 3aKAloYaBaMe, Ye OOIIUAT BU
Ha aToMapHHuTe POPMYAH, KOUTO Ca YaCTHHU caAydau Ha A u Ha B

e Ac, KbpIeTo G € YHu(puKaTop Ha A 1 Ha B'.

Heka A u B ca aromapHu (popMyaH.

AKO A 1 B umaT pasan4yHU HNpPEeaKaTHU CUMBOAU HAHW ITPEAUKATHHU
CHUMBOAM C pa3AandeH Opoil aprymMeHTH, TO oueBUAHO A 1 B He ca
VHUDHUIIIPYEMH.

YpaBHeHHe MeXIy TepMOBe HapudyaMe (popMasHO PaBEHCTBO
orBuga T = U, kpaetro T u U ca TepmoBe. Pemrenne Ha ToBa
ypaBHEHHE HapudaMe CyOCTHTYLHd o, TakaBa 4e To = Uo.

[Tong cucTeMa OT ypaBHEHUS MEXKAY TepMOBe pazbupame KpariHO
MHOXKeCTBO OoT ypaBHeHUs:: T1 = Uy, To = Uy, ..., Tn = Uy, Tj, Ui ca
TepMmoBe. EnqHa cyOCcTHUTYyIUS ¢ HapHUdyaMe pellleHHe Ha CHCTeMaTa,
aKO T € PEILIEHNEe Ha BCIKO €IHO OT YPaBHEHUATA, T.€.

Tio = Uio, Tec = Ugo, ..., Tho = Uno.

[Ipa3HOTO MHOZXKECTBO OT YPaBHEHHS CBIIO € CUCTEMA U HEHHUTE
pelIeHns ca BCUYKH CYOCTUTYIINH.

TeBpaenue: Heka A = p (T1, Te, ..., Tn) u B =p (U1, Uy, ..., Uy ca
aToMapHU POPMYAHU C €IHH U CBIIL IIPEIUKATEH CUMBOA C €IHUH U CBHIIL
6poit aprymenTu. Eqna cybetutyiuda ¢ e yauudpukarop Ha Au B &

o e pemnteHue Ha cucremarta T1 = Ui, To = Uy, ..., Tn = Up.
Jloka3aTeacTBo: Heka ¢ € mpou3BoAHA CyOCTUTYIIHS.

Nmame Ac = p (Tio, Tao, ..., Tno), Bo = p (Uio, Ugo, ..., Uno).

OT enHO3HAYHUS CUHTAKTHYEH aHaAU3 UMaMe:

Ac = Bo & Tio = Ujo, Teoc = Ugo, ..., Tno = Uno, T.€. 6 € yHUPHUKATOP
Ha A u B <& o e pemenune Ha cucremara Ti1 = Ui, To = Uy, ..., Tn = Un.



TeBpaeHHeTO € BApHO AopHU npu n = O (mo-ToyHOo npu A = p = B,
KbaeTo p € O-MecTeH IpearKaTeH CHMBOA) — ToTaBa YHU(PUKATOPUTE
Ha A 1 B ca BCHYKHU CyOCTHUTYIIHNH, a PEllleHHdTa Ha [Ipa3dHaTa cucTeMa
CBIIIO Ca BCUYKU CyOCTUTYIIVH.

Heka o1 u 62 ca cybcTutyniuu. KasBame, 4e 62 € 9aCTe€H cAydaH Ha o1,
aKoO CBIIIECTBYBa CyOCTUTYIIHS O, TaKaBa Y€ G2 = G10.

SlcHO e, ye peaanusaTa “€ YaCTeH cAydai Ha” BBPXY CyOCTUTYIIMHTE €
pedaeKCHBHA U TPAaH3UTHBHA.

Heka o1 1 62 ca cybcTutyninu. KazBame, ye 62 € BApHAHT Ha G1, aKO
G2 € YacCTeH cAydYail Ha 01, TAKBB Y€ 0] € YaCTeH CAydail Ha oo.

C npyru gyMu, KakTo IpU 0e3KBAaHTOPHU (POPMYAH, PEAAIIHATA

“e BapuaHT HA” € CHUMETPUYHO 3aTBapsHe Ha peAanusTa “e 4acTeH
caydalt Ha” 3a cyocTutynuu. EcrecTBeHO, B TaKbB caydall peaalysara
“e BapuaHT HA” 3a CyOCTUTYIIUNTE € peAalus Ha eKBUBAA€HTHOCT.

M3uckBa ce MaAKoO TPYZ 3a [a ce IIoKaxKe, Y& BapHaHTUTE Ha elHa
CYOCTHUTYIIHS G C€ U3YepPIIBAT ChC GO, KBAETO O € CYOCTUTYIIHSI, KOSATO €
b6rekIiya Ha E BBPXY E.

[Ile kazBaMe, Ye eIHA CUCTEMA € B pellleH BHA, aKO Td UMa BUIA

x1 = Ui, xo = Ug, ..., xn = Up, KBAETO X1, X2, ..., Xn CA JBE IIO IBE
pasAuYHU IIOMEXAY CU IIpoMeHAuBH, Ui, Uy, ..., Uy ca TepmMoBe 1

xi ¢ VAR (Uj) 3aBceku i, je {1, 2, ..., n}.

Ot Ta3u gedpuHUIUS, 10 TPUBHUAAHU CHOOpazKeHUs, [Ipa3HaTa CUcTeMa
€ B pellleH BUI.

Twit KaTO X1, X2, ..., Xn CA ABE II0 JABE PA3AWYHU ITOMEKIY CH MOXKEM [a
rocTpouM cybcruryuaTa oo = [x1/U1, x2/Us, ..., Xn/Ux]

(co =1mpu n = 0).

TeBpaenne: CyOCTUTYLIHATA Go € pellleHHe Ha ropHaTa CUCTeMa B
PEIIeH BUM U aKO G € IIPOU3BOAHO PEILIEHHE Ha Ta3u CUCTEMA, G = GoC.

IokazareacTBO: 3ai=1, 2, ..., n umame xco = U;, Uico = Ui = Uj, TpH
KaTo oo U 1 ceBHanat BbpxXy VAR (Uj). Taka xco = Ui = Ujoo,
i=1,2,...,n = co e pelleHue Ha CUCTeMaTa.

Heka ¢ e mpou3BOAHO pellleHue Ha cucreMara, T.e. xio = Ujo,

i=1, 2, ..., n. ToraBa xi(coo) = (xico)o = Uic = x50,1i=1, 2, ..., n.

Cp110 3a BcIko x € E\{ X1, X2, ..., Xn}, X(006) = (xco)o = xo. Taka 6 = Go0.
Heka Ti = U, T2 = Uy, ..., Tn = Uy € cucTeMa OT ypaBHEHUS MEXKIY

TepMoBe. Heka ¢ e peireHre Ha cucreMaTa. ToraBa BCUYKHU YaCTHU
CAy4dau Ha G CBIIO ca pelleHud. [[eCTBUTEAHO, HEKA O € IIPONU3BOAHA
cyocrutynusa. 3ai= 1, 2, ..., n umame Ti(cd) = (Tic)d = (Uic)d = Ui(cd) =
o0 e pellleHue Ha cUcTeMarTa.

[Tox Hal-o06mI0 pemenue Ha cucremara T1 = Uy, To = Uy, ..., Tn = Uy
paszbupamMe pelreHHe ¢, TaKOBa Ye BCAKO APYro PelleHre Ha



cucTeMarta e 4acTeH cAy4dail Ha o. [lo-moAy 11ie rmokaskeM, 4e ako egHa
cucTeMa uMa pelleHHre, TO TS UMa Hai-00III0 pellleHHe G U ToraBa
BCUYKH PEILIEHUd Ha CHUCTeMaTa Ce U34YepIIBaT C YaCTHUTE CAydIaU

Ha 6. B cayyas koraTo cucremara € B pellleH BHI, T.€. UMa BHA

x1 = Ui, x2 = Uy, ..., Xxa = Un, KBIAETO X1, X2, ..., Xn Ca JABE II0 ABE
Pa3AMYHU IOMEXKIY CH ITPOMEHAWBH, KOUTO He ydacTBaT B HuKoe Uj,
OT TOPHOTO TBBpPAeHUEe cyocTurynusTa co = [x1/ Ui, x2/Uo, ..., xn/Ux]

(0o = 1 mpu n = 0) e HaI-00IIIO pellleHHe Ha Ta3u CUCTEMA, TaKa 4e
peUIeHusaTa Ha Ta3u CHCTeEMAa CE U3YEPIIBAT ChC God, KBIAETO O €
IIPOU3BOAHA CYOCTUTYIIHS.

[a pasraename ypaBHeHHe oT BUa T = U, kpaeto T ¢ E, U ¢ EuTu U
UMAaT pasAuYHU (PYHKIIMOHAAHU CUMBOAW UAW (PYHKIITMOHAAHU CHMBOAU
C pazanydeH Opoil aprymMeHTH. JICHO e, Ye 3a BCIKa CyOCTUTYIIVL G
umame To # Uo, T.e. ToBa ypaBHEHHE HIMa PEILIEHUE.

[a pazraenmame ypaBHeHUe oT BUaa x = U, kpraetro x € E, U e Tepwm,
U # xu x € VAR (U).

TBBpAeHHEe: [[py rOpHUTE IPEAIIOAOKEHUS 32 BCIKA CYyOCTUTYIIUS G
umame xo # Uo, T.e. ypaBHeHHeTO x = U HAMa pelIeHue.
Hoka3zareacTBo: C MHAYKIINL 10 IIOCTPOEHUETO III€ TTOKAYKEM CAE€THOTO
cBoiicTBO: 3a Bceku TepM W, ako x € VAR (W) u x # W, To 3a Bcgka
cyocrurynus o, |Wo| > | xo|.

Ba3za: Ako W e KOHCTaHTa, CBOMCTBOTO € TPUBHUAAHO U3II'bAHEHO, ThH
KaTo efgHa oT npearnoctaBkute (x € VAR (W)) He e yaoBoaeTBOpeHa.
Axo W e mpoMeHANBa, CBOMCTBOTO OTHOBO € TPUBHAAHO HU3II'bAHEHO,
TBH KaTo aBete npernoctaBku (x € VAR (W), W # x) He moraT ga ca
U3II'bAHEHU €THOBPEMEHHO.

[Tpenmoaoxkenue: Heka W = f (W1, Wo, ..., Wx) u cBoMicTBOTO €
U3I’bAHEHO 3a TepMmoBeTe Wi, Wo, ..., Wi.

Crenka: Heka ¢ e mpou3BoaHa cybcrurynus. Mmame

Wo =f (Wic, Wao, ..., Wko). dcHo e, ue |Wo| > |Wic| 3a Bcako

i=1, 2, ..., n. Tt KaTo x € VAR (W), To x € VAR (W)

daHgroeie {1, 2, ..., k}. Ako W; # x, TO 110 UHAYKIIIOHHOTO
npeamnosoxkenue | Wic| > |xo| =2 |Wo| > |Wic| > |xo].

Ako W; = x, To |Wo| > |Wic| = | xo|.

Taka u B gBata cay4dad |Wo| > | xo].

Cera, ako HOIIyCHEM, Y€ G € pelleHre Ha cucreMara x = U e
rmoayduM, 4e |xc|= |Uc|, KoeTo e mpoTuBopeydue.

YpaBHEHUS OT FOPHHUTE ABa BUA HapUdaMe ABHO HEPEIIHMH.
KaszBame, uye egHa cucreMa € ABHO HEpeUIHMa, aKo T ChAbpPKa IBHO
HEPEeIINMO ypaBHEHUE. SICHO e, 4e TakaBa CUCTeMa HaMa PeIlleHHe.

ﬂBe CHUCTEMHU OT YPaBHCHHA MEXKAY TEPMOBE Hapu4dIaMe
€KBHBAACHTHH, aKO MHOXKECTBaTa OT PCIICHUATAa UM CbBIIaAaT.



[ITe mocoYynM YeTHPU €EKBUBAAEHTHH ITpeobpa3yBaHUs Ha CUCTEMHU, T.€.
rpeobpasyBaHUs Ype3 KOUTO eHa CUCTeMa IIpeMHHaBa B
€KBHUBAaACHTHA Ha Hes CHCTEMA.

Heka T1 = U, T2 = Uy, ..., Tn = Uy € cucTeMa OoT ypaBHEHUS MEXKIY
TEPMOBE.
1. IIpemaxBaHe Ha T'hXAECTBO — aKO0 3a Hakoe i € {1, 2, ..., n}

nMmame T; = U; mpemMaxBaMe ToBa ypaBHEHHE OT cucreMara. Cucremara
O4YEeBH/HO IIpeMHHaBa B €EKBUBAA€HTHA Ha Hesl, Thil KaTo
IIPEMaXHATOTO YPaBHEHUE CE YIOBOAETBOPSBA OT BCAKA CYOCTUTYIIHS.
2. PazmamaHe — ako 3a HAdKoe i € { 1, 2, ..., n} umamMme

Ti=1f (Vi, Vo, ..., Vi), Ui = f (W1, Wo, ..., Wn), m > 0 u T # Ui, 3ameHsame
ypaBHeHueto Ti = U; c ypaBHeHudra Vi = Wi, Vo = Wy, ..., Vi = W
Cucremara npeMHHaBa B €EKBUBAaA€HTHA Ha Hesl, Thil KATO G €
pemiernue Ha T; = Uj, T.e. Tic = Uijoc &

& f (Vio, Voo, ..., Vo) = f (Wic, Wag, ..., Wno) & (0T egHO3HAYHUS
CUHTaKTHU4eH aHaaui) Vic = Wic, Voo = Woo, ..., Vo = Uno.

Usucksa ce T # Uj, b1 KaTo nipu Ti = Uj e ynadyHo ga ce U3BBbPIIN
IIpeMaxBaHe Ha THKIECTBO.

3. Obprmane — ako 3a HaKoe i€ { 1,2, ..., nfumame Ti ¢ E, U; € &,

To 3aMmeHaMe ypaBHeHHUeTo Ti = Ui ¢ U; = Ti. OueBuaHO cucremara
IIpeMUHaBa B eKBUBaA€HTHA Ha Hes.

4. BamecTBaHe — ako 3a Hakoe i€ {1, 2, ..., n} umame T; € E,
Ti ¢ VAR (Uj) u T; € VAR (Uj) U VAR (Tj) 3a Hagkoe j =1, 2, ..., n, TO
3aMeHsIMe cucTeMaTa ChbC CAeIHaTa:

T1[Ti/Ui] = U1[Ti/ U, ..., Ti-1[Ti/Uj] = Ui1[Ti/ Ui,

Ti = Ui, Ti+1[Ti/ Ui} = Ui1[Ti/ Ui, ..., Ta[Ti/Ui] = Un[Ti/Uj].

[ITe mokakeM, Ye ABETE CUCTEMU Ca €KBUBAACHTHH.

[a oznauum oo = [Ti/Uj]. Heka ¢ € mpon3BOAHO pellleHre Ha U3XoaHaTa
cucrema. Tt KaTo ¢ € peuieHue Ha ypaBHeHUeTo Ti = U;, i e En

Ti ¢ VAR (Uj), TO OT mO-IIpeAHOTO TBBPAEHUE, G = GOO.
Bajz#ie{l,?2,...,n} Tjo= Tjcoo) = (Tjco)c u Ujc = Uj(coo) = (Ujco)c =>
(Tyjoo)o = (Ujoo)o. Taka o e perieHne 1 Ha npeobpasyBaHaTa CUCTEMA.
Heka ¢ e mpon3BoAHO pellleHne Ha IIpeobpalsyBaHaTa cucrema. OTHOBO
o e perreHue Ha ypaBHeHueTo Ti = Uj, Taka 4e 6 = Go0.

Baj#ie{l, 2, ..., n} Tjo = Tj(coo) = (Tjoo)oc u

Ujo = Uj(coo) = (Ujoo)o = Tjo = Ujo, T.e. ¢ € pelieHne Ha U3XoqHAaTa
cucrema.

Teopema: Bcaka cucreMa OT ypaBHEHHS MEXKAY TEPMOBE MOXKE /1a CE
IIPUBeEE Upe3 YeTUPUTE EKBUBAACHTHHU IIpeobpa3yBaHUs [0 CUCTEMA B
pellleH BUO UAU 00 IBHO HepellrMa CHCTeMa.
JlokazaTeACTBO:
[ITe mocoYymM aATOPUTHM 3a IpeobpaszyBaHe Ha IIPOU3BOAHA CHCTEMA
4ype3 eKBUBAAECHTHHUTE IIpeodpa3yBaHUd 10 CUCTeEMa B PeIlleH BU UAU
[0 IBHO HeEpelInMa cucteMa. AATOPUTHMBT C€ ChbCTOU OT CAEIHUTE
CT'BIIKHU:

1. Ako cucremarTa HE € B PEIl€H BHU/ HAU HE € IBHO

HepelnuMa KbM 2., HHa4Ye Kpau.



2. KbBM cucremara npuaaraMe HSIKOE€ OT YETUPUTE €EKBUBAACHTHU
npeobpa3yBaHUd (KOETO € Bb3MOXKHO) U OTUBaMe KbM 1.

[Ile mokazkeM, 4e aATOPUTHMBT € KOPEKTEH.
3a 1eaTa TpabBa ga MOKaXkKeM JIBe Hella:
1. Ako egHa cucreMa He € B PEIIEH BU U HE € IBHO HEpPELINMa, TO €
BB3MOXKHO [a C€ U3BBPIIN HIKOE OT YEeTHPUTE ITpeodbpasyBaHUsl.
2. AATOPUTHMBT ITPUKAIOYBA CA€M KPaeH OpPO#l CTBIIKH.
Heka T1 = U, T2 = Uy, ..., Tn = Uy € cucTeMa OT ypaBHEHUS MEXKIY
TEPMOBE, KOSITO HE € B PEIIeH BU/ U He € IBHO HepellinMa.
[a nomycHeM, 4e He € Bb3MOXKHO Ja U3BBPIINM HUKOE OT YETUPHUTE
npeobpasyBanud. [Ipeau Bcuuko, Ti # Ui 3aie {1, 2, ..., n}, ThH KaTo B
IIPOTUBEH CAydal OMXMe MOTAU [a U3BBPIINM IIpeMaxBaHe Ha
TBXKaecTBo. [IbpBo 111e mokaxkeM, de Ti, To, ..., Tn ca mpoMeHAUBH.
[a nomycHewMm, 4ye 3a HaGKoe i € { 1, 2, ..., n} T} He e mpoMeHAUBA.
Axo U; e mpoMeHAUBA, TOTaBa MOXKEM 1a U3BBPIIUM OOpBIIIaHe —
npotuBopeudne. Ako U; e KoHCcTaHTa, TO ypaBHeHUeTo Ti = U; € 9aBHO
Hepennmo, Thi Kato T # U; = cucremara e SBHO HepelruMa —
npotuBopeune. Ako U; e cberaBeH TepM U Ti, Ui umaT eqHaKBU
(PYHKIIMOHAAHU CUMBOAU C €IMH U CBIIL OPOM apryMeHTH, TO MOXKEM aa
U3BBPIINM pasnagaHe — npotuBopedue. AkKo U; € CbCTaBEH TEPM U
Ti, Ui umat pa3danyHu (PyHKIIMOHAAHU CUMBOAHW UAM (DYHKIIMOHAAHU
CHUMBOAM C pa3anudeH Opoil aprymeHTH, To ypaBHeHUueTo Ti = U; e aBHO
HEPENINMO = CHUCTeMAaTa € SBHO HepelluMa — IIPOTUBOPEYHE.
BBB BCUYKM cAy4dau MIOAYIYHXME IIPOTUBOPEYHE C JOIIyCKAHETO,
ye Ti He e mpoMmeHauBa = Ti, Ta, ..., Tn ca IPOMEHAHBH.
[To mpenmoAoxkeHre cUCTEMAaTa HE € SBHO HepellluMa U ThU KaTo
Ti= U, 0o Ti ¢ VAR (Uy,i=1, 2, ..., n.
Axo momycHeM, ye 3a HGRou i#j € {1, 2, ..., n} T} € VAR (Uj) u { T}}
IIIe TIOAYYHM IIPOTHUBOpPEYHe, ThH KaTo OMXMe MOTAHU [a U3BBPILIUM
3amecTBaHe. Taka mpomenauBute T1, To, ..., Tn ca aBe 110 ABeE
pa3anynHu u T; ¢ VAR (Uj) 3a Bceku i, j € { 1, 2, ..., n}, T.e. cucremara €
B PEIIeH BUM, KOETO € IPOTUBOPEYUE C AOIIyCKAHETO, Y€ CUCTeEMAaTa He
€ B pellleH BHA. Taka KbM BCIKa CUCTEMA OT YPaBHEHUS MEXKIY
TEPMOBE, KOSITO HE € B PEIlleH BU/ U He € IBHO HepelllMa MOXKe aa ce
IIPHUAOKH HAKOE OT YeTHPUTE EKBUBAACHTHH IIpeo0pa3yBaHU.
[Ile mokakem, 4e aATOPUTHMBT 3aBBbPIIBA CAeO KpaeH Opoi CTBIIKH.
Heka T e TepMm. [edpuHupame BucodnHa Ha Tepma h (T) ¢ uuayKiug 1o
IIOCTPOEHUETO.
Baza: Ako T e npomeHauBa, nepuaupame h (T) = 1.
Axo T e koHCcTaHTa, nepunupame h (T) = 2.
[MTpenmoaoxkenune: Heka T = f (T1, Tz, ..., Tn) u h (T1), h (T2), ..., h (Txn) ca
nepruHUPaHH.
Crenka: decdpunupame h (T) =h (T1) + h (Te) + ... + h (Tn) + 1.
CBbBCEM AECHO C HHAYKIINA I10 IOCTPOEHUETO CE IIPOBEPLABA, Y€
BHCOYHMHAaTa HAa BCEKU TEPM € ITOAOKHUTEAHO IISIAO UHCAO. [Ipu ToBa
TEPMOBETE, KOUTO HE ca IPOMEHAUBU UMaT BHUCOYHHA
mo-roagMma ot 1.
[Tom BUCOYMHA Ha cucTeMaTa OT ypaBHEHHUST MEXKIY TEPMOBE
T1 = Ui, T2 = Uy, ..., Ta = Uy 111e pazdupame 9HUCAOTO



h (T1) + h (T2) + ... + h (Ty). Ille n3caegBaMe Kak ce IpPOMEHS
BHCOYMHAaTa Ha CHCTeMaTa IIpHU U3BbPIIBaHE HAa €EKBUBAACHTHUTE
peodpa3yBaHU4:

1. Ilpu npemaxBaHe Ha THKAECTBO BHCOYMHATA HaMaAdBa, ThU KaTo
OT ASIBaTa CTpaHa IIpeMaxBaMe TEPM U BHCOYHHAaTa Ha BCEKHU TEPM €
IIOAOKHUTEAHA.

2. Ilpu pasnagaHe OT AdBaTa CTpaHa IIpeMaxBaMe ChCTaBEH TEPM

f (V1, Vo, ..., V) u npubaBame TepmoBete Vi, Vo, ..., V.

Ot mecpuHUIIMATA 32 BUCOYMHA Ha TEPM BHCOYHHAaTa Ha CUCTeMaTa
HaMaadgBa C 1.

3. IIpu oOprlraHe OT A9BaTa CTpaHa IIpeMaxBaMe TepM, KOUTO He €
IIPOMEHAMBA U I'0O 3aMEHIME C IIPOMEHAUBA. Bl KATO BCEKU TEPM,
KOUTO HE € IPOMEHANBA UMa BHCOYHUHA [I0-roAdgMa oT 1, a
IIPOMEHAMBUTE UMAaT BUCOYHUHA 1, TO BUCOYHHATAa Ha cUcTeMaTa
HaMaAgBa.

4. [Ipu 3amecTBaHE AdBaTa CTpaHa UAHW HE Ce€ IIPOMEHSI UAU
IIPOMEHAUBHU CE€ 3aMECTBaT C TEPMOBE, TaKa de BUCOUYHHAaTa Ha
CHCTeMaTa UAU He Ce IIPOMEHd UAU HapacTBa.

Taka npu mepBUTE TPU IIpeobpa3zyBaHUs BUCOYMHATA HA CHUCTEMAaTa
HaMaAsiBa, TakKa Ye aATOPUTBMBT MOXKe Ja U3BBPIIN caMo KpaeH Opoit
II'bTHU TE€3U IIpeobpas3yBaHUs €IHO CAEN APYTOo, T.e. 6e3 U3BBbPIIBaHe HA
3aMeCTBaHe.

[ITe kazBaMe, Yye cucTemMaTa OT YpaBHEHUA MEXKAY TEPMOBE

Tq1 = Ui, T2 = Uy, ..., Ta = Un e pellieHa OTHOCHO ITPpOMEHAUBATA X,

ako x=Ti3aHakoei e {1, 2, ..., n}, x ¢ VAR (T}) u VAR (Uj),
j#ie{l,2,...,nuxe¢ VAR (Ui, T.e. X HE ce cpellla HUKBIE ApPyraae
B CHCTEMaTa OCBEH KaTO ASBa YacT Ha TOYHO €IHO YpaBHEHUE.
Hamnpuwmep, ako cucremara € B PEILIEH BU, TO TS € PEeIIeHa OTHOCHO
npomenauBuTte T1, To, ..., Th.

Heka cucremara e pellleHa OTHOCHO IIpoMeHAMBaTa X, X = Ti.

[ITe mokakeM, 4Ye IIPHU BCAKO OT EKBUBAaAECHTHHUTE IIpeodpasyBaHUd
CHCTeMaTa OCTaBa pellleHa OTHOCHO X:

1. Ilpu npemaxBaHe Ha THKIECTBO HE MOXKEM A [IPEMAaxXHEM

Ti = Uj, ¥ KaTo x ¢ VAR (Uj) = T # U;. Taka cucremara ocraBa
pelieHa OTHOCHO X.

2. Ilpu pasnagane ypaBHeHueto Ti = U; He ce mpoMeHs, ThH KaTo Ti He
€ ChCTaBeH TepPM. JICHO e, Ye B HOBOJOOaBEHUTE YPaBHEHUS X HE
IPUCHCTBA, ThY KaTO X HE IIPUCHCTBA B YPaBHEHUETO, KOETO CE
pasnana. Taka cucremara ocrTaBa pellleHa OTHOCHO X.

3. Ilpu obprwuiane ypaBHenueTo Ti = U; He ce mpoMeHs, Thit KaTo T e
npoMeHAuBa. CucTeMaTa O4eBHIHO OCTaBa pellleHa OTHOCHO X.

4. Ilpu 3amecTBaHe He MOXKeM Jia u3rnoa3dBaMe ypaBHeHueTo Ti = Uj,
THH KaTo IIPOMEHAMBATA X HE CE Cpellla Ha HUKOE APYTo MACTO B
cucreMaTa. Taka 3amecTBaMe IIPOMEHANBA, Pa3AlnYHAa OT X (C TEPMOBE,
KOUTO HE ChABPXKAT X) U IIOAyUYEeHaTa CUCTEMATA III€ OCTAaHE pelIeHa
OTHOCHO X.

Heka Eo € MHOXKECTBOTO OT BCUYKH IIPOMEHAUBHU, KOUTO CE€ CpPENIaT B
II’bpBOHa4YasHaTa cucreMa. O4eBUOHO, Eo € KpaliHO MHOXKECTBO.



Pasraexxmame 6posT Ha IPOMEHAUBUTE OT Eo, OTHOCHO KOUTO
cucremaTta He e perreHa. CbraacHO TOPHUTE Pa3ChKAEHUS ITPU
U3BBPIIBaHE HA KOe [a € OT YeTHPUTE eKBUBAACHTHHU IIpeoOpa3yBaHUd
TO3U Opoii He MoxKe na HapacTHe. OCBeH TOBa, IIPU 3aMeCTBaHe TO3HU
Opoit HamansBa ¢ 1. [[eiCTBUTEAHO, aKO 3aMecTBaMe IIpoMeHAuBaTa Ti,
TO Ta3U CHUCTeEMa He e pelieHa oTHocHO Ti, et KaTo Ti ce cpelia rmoHe
Ha o1ie eqHo MmsicTo B cucteMaTa. Coino Ti ¢ VAR (Ui) u caen
3amectBaHe Ha T ¢ Uj B ApyruTe ypaBHEHHUS III€ TIOAYIHUM CHUCTEMA,
KOSTO € perieHa oTHocHO Ti.

OT HanIpaBeHHUTE PA3CHKIAECHUI [IOAyYaBaMe, Y€ aATOPUTHBMBT MOXKE Oa
U3BBPIIN CaMO KpaeH OpoH IbTH 3aMeCTBaHe, Thil KaTo Eo € KpaHo
MHOZKECTBO.

Taka aATOpUTHMBT U3BBPIIBA CaMO KpaeH Opoii I'bTH 3aMeCTBaHe U
caMo KpaeH Opoi ITbTU ITOCAETOBATEAHO OCTaHAAUTE TPH
rnpeoOpa3yBaHtd, TaKa Ye TOU ITPUKAIOYBA CA€ KpaeH OpPoil CTBIIKH.

Caen IIpUKAIOYBAHE HA aATOPUTHMA IIOAyYeHATa CHCTEMAa OYEBUIHO €
€KBHUBaA€HTHA Ha U3XOaHATa CHcTeMa. AKO IToAydYeHaTa CUCTeEMaA €
SBHO HepeIlInMa, TO U3XOoAHaTa CUCTeMa HIMa pelleHue. AKO
IIOAy4YeHaTa CUCTEMa € B pellleH BHU/, Hali-00II0TO pelIeHne Ha
U3X0HATA CUCTEMA Ce JaBa C Hal-00II0TO pelleHre Ha [oAydeHaTa
cucTeMa B pelleH Bu. B yacTHOCT, BCcsKa CHCTeMa KOATO UMa II0HEe
€HO pellleHre nMa Hal-o0I110 pellleHre U pellleHndaTa Ha CUcTeMarTa
ca 4aCTHUTE CAydaH Ha Haf-00II0TO pelleHue.

TBBpAeHHe: Ako A 1 B ca aBe yHUHUIIIPYyEMH aTOMapHU (POPMYAH,
TO U3MEXK/IY TeXHUTEe YHU(PUKATOPU UMa Hai-00I1, T.€. ChIIEeCTBYBa
yHuU(pUKaTOp 6 Ha A 1 B, Taka ye Bcuyku yHU(PUKaATOPH HAa A 1 B

ca 60, KbZIETO O € IIPOU3BOAHA CyOCTUTYIIHS.

[loka3zareacTBo: ThH KaTo A u B ca yHUDHUIIIpyEMH,

T0 A=7p (T1, T2, ..., Tn), B=p (U1, Uy, ..., Un), n > 1 (p € n-mecTeH
IpequKaTeH CUMBOA) UAU A = p = B (p € n-MecTeH npeguKaTeH CUMBOA
3a n = 0). ToraBa yaHucpukaropure Ha A u B (1 B gBarta caydas) ca
peireHuara Ha cucremarta Ti1 = Uj, ..., Tn = Un. Ta3u cucrema numa
pelureHue, Thit KaTo A 1 B ca yHuHunmpyemu, Taka de Td IpHUTeRaBa
Hal-00I110 pellleHNe ¢ U BCUYKH APYTH PElleHHd Ha cucTeMara ca Go,
KBZIETO O € IIPOM3BOAHA cyOcTuTyIIMd. Taka ¢ e Hai-o011 yHH(pHUKaTOP
Ha A u Ha B.

[ITe oTbeaekuM, ye HAM-0OIIMAT YHU(PUKATOP Ha ABE YHUPHUIIUPYEMHU
aToMapHU POPMYAH € OIIPEeNEA€H C TOYHOCT A0 BapHaHT, T.e. Hal-
ob1Te YHU(PUKATOPH Ha ABEe YHUPUIIUPYEMH aTOMapHHU (POPMYAHU ca
BapUaHTUTE Ha KOU [a € OT TEeXHUTe Hal-00II1 YHU(PUKATOPH.

17. IIpocmpancmeo Ha CbCMOSTHUSLMA — OCHOBHU
noHsamus u 3adauu. Cmpameauu u anzopummu 3a
HeuH@opMUPaAHO U UHPOPMUPAHO MbPCEHe HA N'bm 00



onpedenena uyen. IlpedocmaesHe u uznonseaHe HA
3HAHUSL — OCHOBHU NOHAAMUSL U hopmanusmu.

PenrtaBaneTo Ha MHOTrO 3324y, TPAAUIIMOHHO CMSITaHU 3a
HHTEAEKTYaAHU, MOXKe J1a Oblle CBEIEeHO 0 ITOCAEI0BATEAHO
IIpeMHuHaBaHe OT €QHO OIHCaHue ((popMyaHpPOBKa) Ha 3azadaTa KbM
APyro, EKBUBAA€HTHO Ha I'bPBOTO HAHU IIO-IIPOCTO OT HETO, JOKATO Ce
CTUTHE [I0 TOBA, KOETO CE CMATAa 3a PelIeHHe Ha 3aaadarTa.
ChacTOsAHHE € eqHO onrcaHue (popMyAHpPOBKa) Ha 3amadaTa B
IIpolieca Ha HEUHOTO pelraBaHe. BugoBeTe CbCTOSHUS ca HAYaAHO,
MEXIUHHO U KparHO (11eA€BO).

OmnepaTop € HauuH (IPaBHUAO, aATOPUTHM, PYHKINS, Bpb3Ka U T.H.) I10
KOUTO OT €4HO CBCTOSIHUE CE ITOAy4YaBa ApPYTO.

IIpocTpaHCTBO Ha CBCTOSTHHATA € CbBKYIIHOCTTA OT BCUYKHU
BB3MOKHU CHCTOSHUSA, KOUTO MOTAT [1a CE [IOAy4YaT OT HAYaAHUTE
CBCTOSIHUL IIOCPEACTBOM OIIEPATOPHUTE.

Haii-ecTrecTBEeHUAT HAYUH 3a IIPEACTaBIHE Ha ITPOCTPAHCTBOTO Ha
CBCTOSTHUATA € Ype3 OPUEHTHUPAH I'pad C BB3AH — CbCTOSHUSITA U
OPHUEHTHUPAHU IBIU — OIIEPATOPUTE.

OcHOBHUTE AEHCTBUL CBBP3aHHU C IPOCTPAHCTBOTO HA ChCTOSHUSTA ca
CA€THUTE:

1. Tenepupane Ha CBCTOIHUA — T€EHEPUPAHE HA €AUH OT
HaCAEOHUIINTE UAW Ha BCUYKH HAaCA€OHUIIM Ha JAa/I€HO
CBCTOSIHHE.

2. OneHgBaHe Ha ChCTOSHHS — OIIEHKUTE MO3Ke [a ca ABOUYHU
(manpumep, true/false 3a meaeBo/HeeA€BO CbCTOSHUE) HAU
YHUCAOBHU B OIIPENEAEH MHTEPBAA (OIlEHKAaTa Ha IIEAEBUTE
CBCTOSIHUE ChBIIQ[a C €AUHHS Kpall Ha UHTepBaAa).

OcCHOBHUTE THUIIOBE 334a4H CBBP3aHHU C IPOCTPAHCTBOTO HA
CBCTOSIHHATA ca:

1. 'emepupaHe Ha UFAOTO IPOCTPAHCTBO HA CHCTOSHUATA.

2. PemaBaHe Ha 3a/1a4y BbPXYy M€HEPHUPAHO IIPOCTPAHCTBO.

3. Kombunupana 3agada — efTHOBPEMEHHO IIOCTETIEHHO T'eHepupaHe
U OlleHdBaHE Ha F'€eHEPUPAHUTE N0 MOMEHTA ChCTOSHUA.

Crpareruute 3a pelllaBaHe Ha TE€3U 3aJa4d ca CXOOHHU U 3aToBa
OOMKHOBEHO Ce TOBOPH CaMo 3a ThPCeHe (a ce moapa3dupa u/uAu
reHepupaHe).

Tpu ca OCHOBHHUTE THIIOBE 3a/layH 3a ThPCE€HE B IIPOCTPAHCTBOTO HA
CBCTOSTHUATA:

1. TepceHe Ha II'BT OO0 ONIPENEAEHA IIEA — T'BPCH CE€ ITBT OT HIKAKBO
Ha4yaAHO CBhCTOSHUE [I0 OIIPEIEAEHO IIEAEBO ChCTOSIHUE (AU KO€E
[a € CbCTOSIHHE OT OIIPELEAECHO MHOKECTBO OT IIEA€BU
CBCTOSIHHS), BapHaHT Ha TOBa € ThbpPCeHE Ha OIITHMAaA€eH (110
HSIKaKbB KPUTEPHUH) ITBT, IIPUMEDP € 33Ja4aTta 3a ThPTOBCKUSI
II'bTHUK.

2. TepceHe Ha IIeYeAUBIIa CTPATErud (IIPU Urpa 3a ABamMa urpadu)
— IpUMEPHU ca IIaxMaT, KPpbCTYeTa U HYAUYKH U [Ip.

3. TwrpceHe Ha IleA IPU OTPAHUYUTEAHH YCAOBUS — IIPUMEPH ca
3aa4yaTa 3a OCEMTE LIapHUIH, pellaBaHe Ha KPUIITOTPaMU U [p.



3a pemniaBaHe Ha 3aga4daTa TbpPCE€HE Ha IIBT O0 I1eA (AU IIO-TOYHO 3a
reHepupaHe U oOXoxKaaHe Ha HeoOxoauMaTa dacT OT IIPOCTPaHCTBOTO
Ha CBCTOSHHUSITA) C€ U3IIOA3BAT ABa OCHOBHU THIIA METOIU:

1. HenHdopMHpPAHO, CASINIO T'bPCEHE — U3BHPIIIBA CE IIPU AUIICA
Ha OOI'bAHUTEAHA MH(OpMAaIud 3a crienudukKata Ha
pelllaBaHaTa 3a7a4da, OOMKHOBEHO CE€ OCBIIECTBABA YPe3 II'bAHO
H3depIrBaHe 1o (puKcupaHa crpaTerud, KpaiiHoO Hee(peKTUBHO €
YeCTO OOPH IIPAKTUYECKU HEBB3MOXKHO IIOPAIH IToAydaBaHe Ha
KOMOUWHATOPEH B3PUB U U3YepIIBaHE Ha KOMIIOTHPHUTE
pecypcH.

2. HHdopMHpPaAHO, EBPHCTHYHO THPCEHE — U3BBPIIBA CE IIPHU
HaAW4Me Ha OOI'bAHUTEAHA HH(OpMaIud 3a 3a1a4daTa,
OCBIIIECTBSIBA C€ Upe3 I'bAHO M34YepIIBaHe I10 'bBKaBa CTPATErHus
HAU 4Ype3 ThPCEHE C OTCHUYaHe Ha 4acT OT I'pada Ha
CBCTOSTHUATA, KOETO BOAU [I0 IIOBHUIIABaHE HA €(PEKTUBHOCTTA
Ha T'BPCEHETO, C IleHaTa Ha U3BECTEH PHUCK — IIpeHeOpernar ce
YaCTH OT IIPOCTPAHCTBOTO Ha CHCTOSTHUATA U HEe BUHAru ce
JOCTHTA 10 OIITHMAaAEH ITBT, a IIOHSIKOra BBHOOIIlE HEe Ce JOCTHUTa
10 pelIeHue.

OOHMKHOBEHO B 3a71adyaTa 3a ThpPCEHE Ha II€YEeAUBIIa CTPATETH Ce
pasraexkaaT UHTEAEKTYaAHU UTPU C I'bAHA HHPOPMAIIUs, KOUTO Ce
UTrpadT OT ABaMa AYIIN U BbPXY XO[a Ha KOUTO HE OKa3BaT BAHSHUIE
caAydadHU pakTopU. [IBaMaTa Urpadr UrpadT [IOCAEOOBATEAHO U BCEKHU
OT TAX MMa I'bAHA MHQOPMAIIHA 3a UrpoBarta curyals. B onpenesex
MOMEHT OT Pa3BUTHETO HA UrpaTa CTaBa SCHO, Y€ HIKOH OT UrpaduTe
IIeYeAr UAU UrpaTa € paBHa. O4eBUAHO €, Ue 3a/1adaTa Ce CBexX/aa 110
HaMHpaHe Ha MeTOAH 3a ThPCeHe Ha Hal-Ao0bp IIPHB X04 Ha Urpaya,
KOHTO TpsibBa Aa HampaBH TeKyws xon. [IpocTpaHcTBOTO Ha
CBCTOSTHUATA IIPHU Tas3a 3a/a4a € CbBKYIIHOCTTA OT BCHYKH BBH3MOXKHU
IIO3UIIUU B PE3yATAT OT BB3MOXKHHUTE XO/I0BE Ha ABaMaTa UTrpadH.
M3BecTHU ca pa3aMyHU METOAH 3a pelllaBaHe Ha 3azadara, KaTo
HaM-TIONyASIPHY Ca MHHHMAaKCHaTa U aada-0era mmpoliieaypure.
MuHnMakKcHaTa IIpoleaypa N3UCKBa IIOCTPOIBaHE Ha IIFIAOTO
IIPOCTPAHCTBO Ha CbCTOSHUSTA U HaMHpPaHe Ha OLIEHKUTE Ha
cbcTOogHUATA 6€3 HacaenHuIu. Caes ToBa OIIEHKUTE Ce
Pas3MIpoCTpaHdgBaT OTA0AY HArope, KaTo BCEKU OT BB3AUTE, CbOTBETHU
Ha X0 Ha MaKCHMH3UpPAIIlUs Urpad roAydaBa olleHKa, paBHa Ha
MaKCHUMaAHaTa OT OLIEHKUTE Ha HErOBUTE ITPEKU HACAEOHUIIN, a BCEKU
OT BB3AUTE, CHOTBETHH Ha X0/ Ha MUHUMHU3HUPAIIMI Urpad IIoAydaBa
OlLIEHKAa, paBHA Ha MUHUMaAHaTa OT OLIEHKHUTE Ha HErOBUTE IIPEKU
HaCAETHUITH.

[Tpu aada-6eTa mmpolieaypara CbCTOIHUSITA 0€3 HACAETHUITH Ce
OLIeHABAT BeqHAara cAe/l TeHepUupaHeTO UM U IIPHU II'bPBa BH3MOKHOCT
ce IIpecMsaTaT CbOTBETHUTE OILIEHKU Ha BB3ANUTE OT IIO-TOPHUTE HUBA
HWAM IIOHE Ce HaMHUpPaT IOAXOMAIIM F'OPHHU I'PaHUIIM Ha OLIEHKUTE Ha
BB3AUTE OT MHUHUMH3UPAIIUTE HUBA U JOAHU T'PAaHUIM Ha OLEHKHTE Ha
BB3AUTE OT MaKCUMHU3UpAaIlTe HUBa. Ta3u mmpoleaypa U3NCKBa
reHepHUpaHe Ha IPOCTPAHCTBOTO HA ChCTOAHUSATA B ABAOOYHHA, IIPU



KOETO Ce IIpeleHsIBa 0e3[10Ae3HOCTTAa OT T€eHEPHUPAHETO U OIEHIBAHETO
Ha HSIKOU KAOHOBE, KOUTO HE OKa3BaT BAUSHHE BBPXY pe3yAaTaTa.

[Tpu TbpCceHEeTO Ha 1IEA IIPU OTPAHUYUTEAHU YCAOBHU4 ca AaleHU
MHOKECTBO OT IIPOMEHAWBU CHC CHOTBETHU Ae(PUHUIIMOHHU 00AACTH U
MHOKECTBO OT OTPaHUYEHUS (OOIIYCTUMH /HEIOIIYCTUMH) 32 Te3H
IpoMeHAUBHU. lleaeBUTE CHCTOSHHS ca MHOXKECTBaTa OT CTOMHOCTU Ha
IIPOMEHAUBUTE, KOUTO HE HapyliaBaT orpanndeHusTa. OCHOBHUST
aATOPHUTHM TYK € pas3lIpoCTpaHsBaHe Ha OrpaHUYEHUATA.
[IbpBOHAYAAHUTE OTPAHUYEHHUI CE€ pa3lINpaBaT, KaTO B TAX CE
BKAIOYBAT U OTPaHUYEHUSATA, KOUTO Ca AOTUYECKHU CAEACTBUS OT
BXooHUTE. TO3U IIpOIleC ce HapHUya pas3lpoCTpaHsIBaHE Ha
orpanudeHusaTa. Caen ToBa, aKo HE € HAMEPEHO pellleHHe, Ce IIpaBU
IIPeaIIOAOKEHHE 3a HIKOM OT HeyTouHeHUuTe nnapameTpH. [lo TakbB
Ha4yUH OTPaHUYEHUATA CE€ 3aCHUABAT, CA€ KOETO HOBOIIOAYYEHUTE
OrpaHHYEHHS OTHOBO Ce€ pa3lpocTpaHdBarT U T.H. lleata e na ce
JOCTHUTHE 10 IIPOTHUBOPEYHE (ToraBa Ce OCBIIIECTBSIBA BpbIllaHe Ha3ad U
Ce IIpaBU HOBO IIPEAIIOAOKEHUE 3a CHOTBETHHUA ITapaMeThp, aKO TOBa €
BB3MOZKHO U T.H.) HAHU 10 LIEAEBO CHCTOSIHUE.

PopmMyAnpPOBKA Ha 3a/1adaTa 3a ThPCEHE 0 OIIpedeAeHa IIeA:

[aneH e rpad U 9acT OT BHPXOBeTe My ca oO0gBEeHU 3a Ha4YaAHH
BBPXOBE U 4YaCT 3a IIeA€BH BBPX0Be. PelleHre Ha 3amadaTra € IbT OT
Ha4YaAHO OO0 KpaWHO cbCeTogHUE. [IBTIT MOXKe 1a ce THPCH I10/
dopMaTa Ha CIIHCHK OT BB3AH HAU CIIUCHK OT IABTH B rpada Ha
cbcrosgHUATa. OOMIUAT aATOPUTHM 3a pelllaBaHe Ha Tas3u 3a7ada e
caeqaus: [locaegoBaTeAHO Ce M3CAEABAT II'BTHIIIATA OT HAYAAHOTO
cecrossHue. [logappska ce PPOHT OT IIBTHIIATA, KOUTO ca OHAH
n3caenBaHu. [1o Bpeme Ha 1mpoiieca Ha ThbpceHe PPOHTHT Ce
pasmupgaBa B IIOCOKa KbM HEU3CAEIBAHUTE BBH3AU, JOKATO CE€ JOCTHUTHE
[0 1IeA€BHU Bb3eA. HauuHBT, 10 KOUTO (DPOHTHT Ce pas3IiIupaBa
nedpuHUpa cTparterusaTa Ha TepceHe. ObIiaTa cxeMa Ha aATOpPUTHMA €
caemHaTA:

1. Manmmaaunsanus. OnpeneadaT ce Ha4aAHO ChbCTOSHUE S, IIEAEBO
CBCTOSTHHE g U reHepupalia OyHKIUG gen, KOsTO TeHepupa
CIIMCBHK OT IIPEKHUTE HACAEIHUIIM Ha Ja/€HO ChCTOSHUE,
Ch3/1aBaT Ce CIIUCHIU unexplored (Ha HeU3CAeIBAHUTE
cbcTosTHUS) U explored (Ha Bedye M3cAeqBAHUTE CHCTOSHUS), KATO
Cce IIPUCBOSIBAT Ha4YaAHU CTOMHOCTH Ha [ABaTa CIIUCHKA:
unexplored = (s) u explored = ().

2. IlocaemoBaTeAHO M3ITbAHEHUE Ha IIporeaypara search:

Axko unexplored == (), KbM cTBIKA 3.

CS = I'BPPBUST €AEMEHT Ha CITHCHKa unexplored.
H3TpuBaHe Ha cs OT criucbKa unexplored.

AKO CSs == g, KbM CTBIIKA 3.

HNampaHIBaHE Ha gen 3a Cs.

Hacaeguuinure Ha €S, KOUTO He Ce ChbObPKAT B CIHCHKA
explored ce mobaBar B ciuchbka unexplored.

[obaBsaHe Ha cS KbM CITUCBHKa explored.

OO6paTHO KbM Aa.
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3. U3BexnaHe Ha pe3yaTara. AKO CS == g C€ HU3II0A3Ba CIIUCHKBT
explored 3a ma ce u3BeAe II'bTS 00 LleATa g, B IIPOTUBEH cAydahl
AATOPUTBMBT 3aBBPILIBA C HEyCIIeX (I'bT He € HaMepPeH).

CrincbkbT explored chabppska 06XooeHHUTE Beue BHPXOBE B pena, B
KOHTO ca O0uam o6xoneHU (MAU B oOpatHud pen). Toit ce n3moa3nBa 3a
IIOAyYaBaHe Ha IIbTS [0 LIEATA, a ChIIIO U 3a IIPOBEpPsBaHe TaAHd
TEKYyIIIOTO ChCTOSTHHE Bede He € OMAO M3CAeIBAHO.

[IHpBUAT BUL CTPATETUH 34 THPCEHE Ca CTpaTETHHUTE 3a
HEWH(OPMHUPAHO (CALIIO) THPCEHE.

[Ipu T'bpCceHeTO B LIHPOYHHA CE€ 3aII0YBa OT HYA€BOTO HUBO, KOETO Ce
CBCTOU OT HAYAAHUTE ChCTOSHUA U CAEIl TOBA Ce IIpeMUHaBa
TIOCAEIOBATEAHO ITPE3 BCUYKH BB3AU OT CAEIBAIIIOTO HUBO, KOETO C€
CBhCTOH OT ITPEKUTE HACAEIHHUIIN Ha BH3AUTE OT IIPEIUIITHOTO HUBO.
ToBa ce mpaBu AOKATO HE CE U3YEPISAT BCUYKH Bb3AH Ha
IIPOCTPAHCTBOTO Ha ChCTOSHUATA. ThbpPCEHETO B IITUPOYUHA € ITbAHO,
HO € CKBIIO (eKCIIOHEeHIIMaAHO). CxeMaTa Ha ThPCEHETO B IIMPOYUHA Ce
IIoAydaBa 4pe3 cAeqHaTa Moau(HuKaIus Ha obIiaTa cxeMa: B CThIIKa
2.f. reHepupaHuTEe HEOOXOAEHU HACAEIHUIIU HaA CS Ce M00aBAT B Kpasd
Ha CITMCHhKa unexplored.

[Ipu TbpceHeTO B A'bADOYHHA ce 00X0XK A HU3IILIAO AAIEH KAOH U CE
IpeMHUHaBa KbM CA€IBAIITUSI, KATO Ce 3aIll0YHe OT Hal-CKOPO 00XomeH
BPBX, KOUTO UMa ITOHE eaHUH HeoOXO0/1eH HacAeTHUK. ThpCEHETO B TO3HU
caydyall e eBTHHO (AMHEHHO), HO He € II'bAHO (IIPU KpaeH rpad € II'bAHO).
CxemaTa Ha THPCEHETO B AbAOOYMHA Ce IToAydaBa Ype3 CAeqHaTa
MoauduKalisg Ha obIarta cxema: B cThlKa 2.f. reHepupaHute
HeOOXOMEHU HACAEMHUITY HA CS Ce 100aBaT

B HAYaAOTO Ha CIIUCBHKAa unexplored.

CrpurecTByBaT HIKOU MOAM(MPUKAIIMU Ha aABaTa Merona. [Ipu metona
ThPCEHE B OrpaHHYEHA A'BAOOYHHA, KOUTO € MomudHUKaIlkuag Ha
MeToa 3a ThPCeHE B AbAOOYMHA, C€ U3CAEIBAT CAMO BBPXOBE 10
onpeneAeHa, IIpeBapPUTEAHO 3amaneHa abAbournHa. Cxemara Ha TO3H
METO/ € aHAAOTHYHA ChC CXeMaTa Ha ThbPCEHETO B IbAOOYMHA C egHa
MoauduKalyd: B cTblika 2.f. reHepupaHuTe HEOOXOAEHU HACAEIHUITA
Ha Cs He ce nobaB4aT B cnuchbKa unexplored, ako mpAbodnHaTa Ha
Bb3€Aa CS € IT0-ToAIMAa UAU paBHA Ha olpeaeseHaTa MakKCUMaAHa
BB3MOXKHA abAbGounHa. [Ipy MeToma HTEePAaTHBHO T'hPCEHE II0 HHBA
Cce U3II'bAHABA ITOCAEIOBATEAHO ThPCEHE B OTpaHUYeHa JbAOOYHNHA,
KaTo ce 3aIll0vyHe OT MaKCHUMaAHa abAOOYMHA 1 ¥ Ha BCIKa UTepalivus
MaKCHUMaAHaTa JbADOYMHA Ce yBeAndaBa ¢ 1 [0 JOCTHUTaHe 40 HAIKaKBa
ropHa rpaHulia (Hampumep, 6podaT Ha AbruTe B rpada).

[Ile ortunieM peasu3alysa Ha YETUPUTE METOIa 32 HEMH(POPMUPAHO
TbpceHe Ha Prolog.

I'padbT IpeacraBsaMe Ype3 MHOKECTBO OT (PaKTH OT BHAA

arc (Nodel, Node2, Cost) — o3HauyaBa, 4e ChIIeCTByBa peOpo OoT Bbpxa
Nodel mo Bbpxa Node2 c nmeHa Cost.

breadth_first ([[Goal | Path]|_|, Goal, FinalPath) :—
reverse ([Goal | Path], FinalPath).



breadth_first ([Path|List|, Goal, FinalPath) :-
extend (Path, NewPaths),
append (List, NewPaths, NewList),
breadth_first (NewList, Goal, FinalPath).
extend ([Node | Path], NewPaths) :-
findall ((NewNode, Node | Path], (arc (Node, NewNode, _),
\+ member (NewNode, [Node | Path])), NewPaths).

[IpemukatsT breadth_first peaansupa TbpceHe B IupoyuHa.
[IepBUaT aprymenT Ha breadth_first e crimcek oT mbTHUIIIA, KOUTO
3ar04YBaT B HAYaAHUS BPBX U 3aBBPIIBAT B HAKAKHB MEXKIUHEH BPBHX
(To3m crinCchK ce 00paboTBa KaTo oIallka), BTOPULT apryMeHT Ha
breadth_first e meaeBuaT BB3€A, B TPETUS apTyMEHT Ce IIoAydaBa
TBPCEHUAT ITBT.

[TpemukatsT depth_first, KoiiTo peaansupa ThpceHe B AbAOOYHUHA Ce
peaau3upa abCOAIOTHO aHAAOTHYHO Ha rpenukarta breadth_first c egua
eqUHCTBeHa paszauka: peabT append (List, NewPaths, NewList) ce
zameHda c append (NewPaths, List, NewList), T.e. CHUCBKBT ITbPBHU
aprymeHT Ha depth_first ce oOpaborBa KaTo crek.

[TpenukarsT depth_bound, Ko#iTo peasn3upa ThpPCEHE B OTpaHUYEHA
obAOOYHHA ce peasn3upa nmomobHo Ha npeaukata depth_first cbsc
CAETHUTE PA3AUKU: NOOaBd Ce NOITbAHUTEAEH apryMeHT Depth, KoiiTo
He ce IIPOMeEHs B ITpolleca Ha U3II'bAHEHUE (TO# 3aiaBa MakCHMaAHaTa
[OIIyCTHMa IbAOOYNHA) U ocBeH ToBa peabT extend (Path, NewPaths)
ce 3ameHd c pena extendl (Depth, Path, NewPaths), kato npenukara
extendl ce nedouHUpa TaKa:
extendl (Depth, Path, NewPaths) :—

length (Path, Len),

Len < Depth, !,

extend (Path, NewPaths).
extendl (_, _, [])-

iterative_deepening (List, Goal, FinalPath) :-
findall (arc (X, Y, Z), arc (X, Y, Z), Graph),
length (Graph, N),
iterative_deepeningl (1, List, Goal, FinalPath, N).

iterative_deepeningl (Depth, List, Goal, FinalPath, N) :—
depth_bound (Depth, List, Goal, FinalPath).
iterative_deepeningl (Depth, List, Goal, FinalPath, N) :—
Depthl is Depth+1,
Depthl <= N, !,
iterative_deepeningl (Depthl, List, Goal, FinalPath, N).

[IpenqukatsT iterative_deepening peasnsupa UTepaTUBHO T'bPCEHE 10
HuBa. [IBpBUAT apTyMeEHT € CIIHUCHK OT II'BTHUIIlA, 3alI04YBAallll B
HadyaAHUS BPBX U 3aBBPIIBAIY B HIKAKBB MEXIWHEH BPbX, BTOPUAT



apTYMEHT € IIEAEBUSAT BPBX, 4 B TPETUS apTYMEHT Ce IIoAy4YaBa
pe3yATara.

BTopuar BU cTpaTeruu 3a ThPCeHE ca CTPATETHUTe 3a HHPOPMHUPAHO
(eBpucTHYHO) TbpceHe. KakTo Beye cmoMeHaxMe, Te ca MIPUAOKHUMHU
IPU HAAWYHUE Ha JOIbAHUTEAHA clielTuUIHa HH(OPMAITUI 3a
npeaMmerHaTta obaact. Tasu nHpopManua TpaOBa aa € AocTaThbyHa, 3a
[la Cce IIOCTPOU OolleHABaIla (PYHKIHSA (EBPHCTHKA), KOSATO
IIpeacTaBAsIBa YHCAOBA OLIEHKA (B HIKAKBB UHTEPBaA) Ha BB3AUTE.
Ta3u olleHKa MO3Ke [1a CAYKH, HallpuMep, 3a MapKa Ha 6Au30cTTa Ha
OIIEHSIBAHOTO CBHCTOSHHE 0 ITIEAEBOTO CHCTOSHHE AU Ha HEOOXOMIUMUS
Pecypc 3a JOCTUTaHE OT OLIEHIBAHOTO CHCTOSHHE /10 IIEAEBOTO
CBCTOSHHE (B LIEA€BOTO ChCTOSAHHE eBpUcTHKaTa € 0).

[Ipu MmeTOoZa Ha Hal-moOpoTo cnyckaHe (best-first search)
€BPHCTHUKATAa Ce M3II0A3Ba HE 33 OTCHYaHe, a 3a OCUTypsIBaHe Ha
I'bBKABOCT IIPU ThpPceHeTo. [Ipu Hero, Ha BcKa CT'BIIKA OT
U3II'PAHEHHETO OT CITUCHhKAa Ha HEOOXO/EHUTE BB3AU Ce U30upa Hail-
no0pud (TYK ce HaMecBa eBpucTuKata). Caen ToBa ce reHepupart
HaCAEHUIIUTE Ha U30paHUus BPHbX, HEOOXOAEHUTE OT TAX Ce mo0aBdAT
KBbM CIIUCHKa Ha HEOOXO/IeHUTE BhPXOBE, OTHOBO ce u3bupa Hali-
no0pua Bb3€A U T.H. [0 JOCTUTAHE Ha IIEA€BU BB3€A. MeTOIBT €
e(peKTHUBEH, HO HUTO € ITbA€H (IPU KpaeH rpad e IrbA€H), HUTO
orntTuMaseH. CxemaTa Ha TO3U METOL 3a ThPCEHE Ce IIoAydYaBa OT
obmraTa cxema ChC CAeIHATA MOAU(UKAIINA: 1o0aBd ce HOBa CThIIKA
Mmexknay 2.f. u 2.g., B KOITO ce copTupa crmceka unexplored mo
HapacTBaHe Ha €eBPUCTHUKHUTE HA Bb3AHUTE B HETO.

TrpceHeTO B OrpaHHYeHa MIHpodYHHa (beam search) e aHarorHYHO
Ha MeTo[a Ha Hal-IoOpoTo CIIyCKaHe, HO cael Jo0aBdgHe Ha
HeoOXO/IeHUTEe HAaCAEIHUITUTE Ha u30paHud BPbX KbM CIIUCHKa Ha
HeOoOXO/JeHUTE BB3AU OT TO3U CIIUCHK Ce ITpeMaxBaT BCUYKH BB3AU, C
H3KAIOUEHHE Ha II'bPBUTE N Hall-7o0pH Bb3esa (B ChOTBETCTBUE C
€BPHUCTHUKATA), KBAETO N € IapaMeTsbp. To31u MeTo He € I'bA€H TOPH
IIpU KpaeH rpad U He e onTuMaseH. CxemaTa Ha MeTo[a Ce IoAydaBa
OT of0IIlaTa cxeMa ChC CAeHaTa MOAUGUKAIIHLI: JOOABIT Ce ABE HOBU
cTplKU Mexay 2.f. 1 2.g., B KOUTO I'bPBO CE COPTHpPA CIIHCHKA
unexplored 1Mo HapacTBaHe HA EBPUCTUKUTE HA BB3AUTE U CAEI TOBa
OT HEro ce ITpeMaxBaT BCUYKH BB3AH, OCBEH ITbPBUTE N BH3€EAA.
MeToa’pT Ha Hal-0'bp30T0 H3KauBaHe (hill climbing) moxe na ce
pasraexka KaTo 4acTeH CAy4dall Ha ThPCEHETO B OrpaHuYeHa
IIUPOYMHA IIPU N = 1, C Ta3u pa3AruKa, Y€ HOBUSAT BPBX 3aIbAKUTEAHO
TpsOBa ma € Mo-I00bp OT MPEIUIITHUS (B CbOTBETCTBHE C
eBpHCcTHUKAaTa). [Ipy TO3U MeToq ThPCEHETO € €qHOIIOCOYHO, 6e3
BB3MOKHOCT 3a Bb3Bpar. ToBa € Ha-UKOHOMUYHHUST METO] OTHOCHO
nameT. MeToabT HE € ITbACH JIOPU IPHU KpaeH rpad, HUTO ITbK €
oIITHMaAeH. B HIKOU caydyau MeTObT Ie IPUKAIOYHN 0e3 1a HaMepH
pelIeHne, JOPH TaKoBa Ja ChIIECTByBa. ToBa HaIIpuMmep Ie CTaHe,
aKO aATOPUTHMBT JOCTUTHE [0 AOKAAEH €KCTPEMYM — HEIIEA€BU BB3EA,
KOMUTO € IT0-A00bP OT BCUYKHUTE CU HEOOXOAEHU HACAEIHUIIU UAU
JOCTHUTHE [I0 IAAQTO — TEKYIIUIT BPbX 1 HEOOXOAEHUTE My HACAETHUIIH



MMAaT eIHAKBU OlleHKH. CxeMaTa Ha MeTo/ia Ce IoAydaBa OT obIara
cxeMa ChC CAeHaTa MOAUMUKAIIUL: JO00ABAT Ce€ ABE HOBU CTHIIKHU
Mexnay 2.f. u 2.g., KaTo B IrbpBaTa CTBIIKA C€ COPTHPA CIIHCHhKAa
unexplored 1o HapacTBaHe Ha €EBPUCTHYHHUTE OIIEHKH Ha BB3AUTE, a
BBB BTOpATa Ce OTPSA3BAT BCHYKU BBHPXOBE OT CIIMCHKA unexplored
OCBEH I'bPBUS U aKO OCTAHAAHS €IUHCTBEH BB3€A HIMa I10-000pa
€BPUCTUYHA OIIEHKA OT CS, aATOPUTHMBT IIPUKAIOYBA.

[TocaegHUAT MeTOL 32 EBPUCTUYHO THPCEHE € T'bPCEeHE C
MHHHMH3HpaHe Ha obmaTa nmeHa Ha nm'sTea (A*). Toit Moxke f1a ce
pasraekga KaTo YacTeH CAydad Ha MeToJa Ha Hai-qoO0poTo CIIyCKaHe,
IIPU KOMUTO Ce U3II0A3BA CIIellaAHa olleHaBala QyHKIud. Taszu
pYHKIHS ce TToAydaBa KaTo CyMa Ha ABa KOMIIOHEHTA — TOUYeH
KOMIIOHEHT, KOMTO JaBa IleHaTa Ha U3MHUHATHUS II'bT OT HAYaAHUSI
BB3€A [0 OlLIEHIBaHUS BPBbX U €BPUCTUYEH KOMIIOHEHT, KOHTO HaBa
IPUOANU3UTEAHA CTOMHOCT Ha IleHATa Ha ocTaBalllaTa 4acT OT IIbTd OT
OLIEHSIBAHUS BPBHX [0 LIEA€BUS BPBbX. METOIBT € I'bA€H OOPHU IIPHU
Oe3kpaiiHu rpadu (ecTeCTBEHO, C KpaiiHa pa3KAOHEHOCT), CTUTa
TeraaTa Ha peOparta B rpada aa ca IOAOKUTEAHU U € OIITUMAaAeH, aKo
eBpPUCTUYHATA KOMIIOHEHTA B OlleHaBaIllaTa (PyHKIIUS € IIPUEMAUBA,
T.e. HUKOTA He Ha[lleHsaBa JeHCTBUTEAHATA OIITUMAaAHA IleHa Ha
ocTaBalllaTa 4acT OT ITbTd OT OLIEHSBAHUSA BPBX OO0 ILIEAEBUS BPBX.

B yacTHHda cAydaif KoraTo eBpUCTHYHATA KOMIIOHeHTa € O roAydaBame
HenH(POPMHPAH METOM 3a ThPCEeHE, KOUTO ce Hapuia T'hbpCeHe C
paBHOMepHA LleHa Ha n'bTA (uniform cost search). Toit BuHaru e
OIITUMAaAEH U € I'bAEH 3a 0e3kpaliHu rpadu, ako Teraara Ha pebpara
ca IOAOXKHUTEAHH.

Cera 111€ OIIHIIIEM peaAn3allvs Ha BCUYKHU OIMCAHU MeTonu Ha Prolog.
'padbT OTHOBO IIpeAcTaBsIMe KaKTO o-rope. EBpuctuayHaTa PyHKIIUA
ce ortucBa ¢ (paktu ot Buza distance (Node, Goal, D) — o3Ha4aBa, 4de
eBpUCTUYHATA OIleHKAa Ha Bb3eaa Node Ha ocraBaliaTa 4acTt OT ITbTS
1o Bb3eaa Goal e D.

best_first ([[Goal|Path],_], Goal, FinalPath) :—
reverse ([Goal | Path], FinalPath).
best_first ([Path|List|, Goal, FinalPath) :-
extend (Path, NewPaths),
append (NewPaths, List, NewList),
sort (NewList, Goal, SortedList),
best_first (SortedList, Goal, FinalPath).
sort ([], _, [I)-
sort (L, Goal, [MinPath | SortedL]) :—
min (L, MinPath, Goal, LeftL),
sort (LeftL, Goal, SortedL).
min ([P|List], Q, Goal, [P|List1]) :—
min (List, Q, Goal, List1),
h (P, Goal, HP), h (Q, Goal, HQ),
HP > HQ, .
min ([P|List], P, _, List).
h ([Node | Path], Goal, H) :— distance (Node, Goal, H).



[IpenukatsT best_first peaansupa merona Ha Hati-1oOPOTO CIIyCKaHE.
Peaanszanusara Ha extend e kakTo no-rope. IlpeaukarsT sort copTupa
CIIMCBHKAa OT ITBTUIIA, IPefasieH KaTo I'FPBU apryMeHT I10 MeToAa Ha
pgaKaTa ceAeKIys. Toll nMa OOIbAHUTEAEH apTyMEHT IIEAEBUSAT BB3EA
Goal, Tpi KaTo TOH y4JacTBa IIPU U3YHCAIBAHE HA €eBPUCTUYHUTE
oLleHKH (pyHKImaTAa h).

[IpequkaTsT beam_search, KoHToO peasn3npa ThPCEHE B OTpaHUYEeHA
IIIUPOYHHA CEe PEaAH3Hpa MOYTH 110 ChIIHI HAYUH KAaKTO IpearuKaTa
best_first cbc caemuuTe MogudHUKAaIIUU: 100aBda Ce AOIIbAHUTEAEH
aprymMeHT Beam, Ko#iTO He ce MPOMEHS 10 BpeMe Ha U3I'bAHEHHETO
(3amaBa mapaMeThpPBT N, KOUTO OIIpeJeANXMe B OITMCAHUETO Ha MeToaa
— MAKCUMaAHUAT OpPOH ITBTHIIA B CIUCHKA OT I'HTHINA), MEXKIY
penoBeTte sort(...) u best_first (...) ce mobaBa caenHud pe:

trim (Beam, SortedList, SortedList1)
U I'BPBUSAT apryMeHT Ha IIOCA€ABAIIOTO U3BHKBaHe Ha best_first ce
npomMmeHs ot SortedList Ha SortedListl. [IpenukatsT trim ce peaausupa
110 CA€THUA HAYHUH:
trim (N, [X|L], [X|L1]) :=N >0, !, N1 is N-1, trim (N1, L, L1).
trim (_, _, [])-

[IpequkaThT a_star, KOMTO peasusupa TbpPCEHE C MUHUMU3UPAHE Ha
ob1l1aTa IleHa Ha IIbTd CE peasu3upa aHAAOTHYHO Ha IpPearuKaTa
best_first c eqHa pasauka: B JepuHUIIHATA HA [IpeauKaTa min, peabT
h (P, Goal, HP), h (Q, Goal, HQ),
ce 3aMeHd C peaa
f (P, Goal, FP), f (Q, Goal, FQ).
[IpemukatsT f ce medpuHUpa TaKa:
f ((Node | Path], Goal, F) :-
reverse_path_cost ([Node | Path], G),
distance (Node, Goal, H),
F is G+H.
reverse_path_cost ([A, B], Cost) :— arc (B, A, Cost), !.
reverse_path_cost ([A, B|Path], Cost) :—
arc (B, A, Costl),
reverse_path_cost ([B|Path], Cost2),
Cost is Cost1+Cost2.
3a 1a moAyYuM HEMH(POPMHUPAHUST METOL 3a ThPCEHE C paBHOMEpPHA
IleHa Ha ITbTs, IPOMEHsIME caMo peasusalriusaTa Ha f:
f ((Node | Path], Goal, F) :-
reverse_path_cost ([Node | Path], F).

U makpag onucBame nmpenukatsT hill_climbing, ko#iTo peaansupa
MeTOABT Ha Hal-ObP30TO N3KaYBaHE.

hill_climbing ([Goal | Path], Goal, FinalPath) :-
reverse ([Goal | Path], FinalPath).

hill_climbing (Path, Goal, FinalPath) :-
extend (Path, NewPaths),



bestpath (NewPaths, Goal, BestPath),
betterpath (BestPath, Path, Goal, BestPath),
hill_climbing (BestPath, Goal, FinalPath).

bestpath ([P], _, P) :- I.

bestpath ([P|Rest], Goal, Q) :—
bestpath (Rest, Goal, P1),
betterpath (P, P1, Goal, Q).

betterpath ([Nodel |P1], [Node2 |P2], Goal, [Nodel | P1]) :—-
h (Nodel, Goal, H1), h (Node2, Goal, H2),
H1 < H2, !.

betterpath (_, P, _, P).

3HaHHATA 1 ZaHHHTE M3Ppa3dBaT ABEe CTPAHU Ha KaTeropudaTa
nHpopMalys. 3HaHHUATA ca o01iaTa, OTHOCUTEAHO IIOCTOsTHHATA U
Hen3MeHsieMa 4acT oT uHopManusaTa. [JaHHuTe ca mo-AuHaMHudIHaTa
4acT ¥ MOraT [ia Ce pas3raexkaT KaTo JAOITbAHEHHE Ha 3HaHUsTa, ThbH
KaTo HOCHAT KOHKpeTHa MH(opMAallHd 3a BCeKH 00eKT. Psa3ka rpanuia
MEKAYy OaHHHU U 3HAaHUA He CBIIECTBYBa — He CHIIECTBYBAaT YHUCTU
3HaHUSA U YUCTU JaHHU. ToBa, KOETO € 3HAaHUA B €IMH MOMEHT OT
paboraTa Ha cucreMara, MO¥XKe Ja € JaHHU B APYT MOMEHT, KaKTO U
JaHHHUTE MOraT [a Ce UHTEeNpeTUupaT KaTo 3HaHUs B OIIPeeACHU
caygyar. OCHOBHHUTE pPa3AUYHsd MEXKAYy JaHHHUTE U 3HAHUATA B
CHUCTEMHTE C U3KYyCTBEH UHTEAEKT ca:

- pa3anyHe B CTEIEeHTa Ha OOIIHOCT U ITOCTOSHHOCT/ U3MEHSIEMOCT;

- pa3apuyre B HAYMHa Ha II0A3BaHE;

-  HaAW4YHe Ha KAACHU(PUKAIIMOHHO-HepapXudHa CTPYKTypa Ha
3HaHUATA, OCHOBaHAa Ha POAOBO-BUAOBU OTHOIIEHUS OT THUII
00€eKT-KAaC, KAac-CyIllepKAaC, TUMI-TIOATHII, CUTyallHd-
MIOLICUTYalIlUS U T.H.

Cuurame, 4e 3HaHHUsSTA ca [I0-O0IIU U Ce IIpearoAara, 4e ce IIpoMeHsIT
panko. [lagnHuTe, OT Apyra cTpaHa, MoraT [a Ce U3MEeHST ObP30 U KaTo
IpaBHAO AePUHHPAT KOHKPETHO pelIaBaHaTta 3aaada.

ChillecTBYyBaT TPHU TUIIA 3HAHHS B CUCTEMHUTE C U3KYCTBEH UHTEAEKT:

1. 3Hanuga 3a 00ekTHUTEe U PAKTUTE B IpeaMeTHaTa obaacT
(pakTOAOTHUECKU 3HAHUA OT HAHM-HUCKO PaBHUILIE).

2. 3HaHU4 32 BPB3KUTE (OTHOIIEHUATA, PEAALIMUTE) MEXKIY
obekTHuTe U (PaKTHUTE B IIpeaMeTHaTa 0OAACT.

3. Mera3zHaHus Ha MHOTO paBHHIIA (3HAHUL 3a CaMHUTE 3HAHU4, 34
CTPyKTypaTa UM, 3a BPB3KHUTE MEXKAY TIX, 32 HAUUHUTE Ha
HM3II0A3BAHETO UM U T.H.).

Bceku popMaruzbM 3a IIpeacTaBsHe Ha 3HAHUSG MOXKe Aa Obae
pasraenaH B Ba aclleKTa: CHHTAKTHYEeH U AOTUYEeCKU. CHHTAKTUIHUST
aCIIeKT Ce OTHAaCd A0 HadyWHa, 10 KOUTO IBHO 3a1a/leHUTE 3HAHUS CE
ChbXpaHdBaT B CUCTEMAaTa, a AOTHYECKHUSIT acCIIeKT A0 Ha4uuHa, 10 KOHUTO
ABHO 3alaflcHUTe 3HAHUS MOTaT [a Ce U3II0A3BAaT, 3a Aa Opaat
U3BAEYEHU MOITbAHHUTEAHU 3HAHHUS, KOUTO HEABHO C€ ChIABPXKAT B TIX.



CourecTByBaT ABa OCHOBHH THIIA (DOPMAaAN3MH 34 IIPEACTABIHE U
M3II0A3BaHe Ha 3HaHUs: (popMarn3MU OT NPOUEAYPEH (AATOPUTMHUYEH)
TUI 1 (POPMAAH3MHU OT AeKAapaTHBeH Tull. OCHOBHaTa pa3AHKa
MEKIy ABaTa THUIla (popMasu3MU Ce CBeXKaa [0 TOBa OaAU 3HAHHULATA ca
IIpeICTaBeHU BBB BUI, KOUTO IT03BOASIBA AECEH U €CTECTBEH OTTOBOP
Ha BBIIPOCA KaKBO? (OeKAapaTUBHU (pOpMaAM3MU) HAU Cca BBB BUL,
KOHTO IT03BOASIBA A€CE€H U €CTECTBEH OTTOBOP Ha BBIIPOCca KakK?
(mpouenypHu popmaan3mu). [Ipu gekaapaTuBHUTE (POPMaAAU3MU
OCHOBHA TEXKECT I1aJla BbPXY IIPeACTaBsaHeTO Ha 3HaHusATa. [Ipu
IIpoLeAyPHUTE (POPMAAN3MHU CHIIECTBEH € HAYHMHBT Ha M3II0A3BaHe Ha
3HaHugaTa. [Ipu nekaapaTuBHUTE (POPMAAN3MH 3HAHUSTA CE
IIPEACTaBAT SIBHO, B JeKAAPATHUBEH (PopMaT, a IIPHU IIPOLIEAYPHUTE T€
ce ChObpPIKaT B IPOLIEAYPUTE HA HIKAKBa IporpaMHa cucreMa. [1pu
MIPOLIEAYPHOTO IpeACTaBsIHE HE ChIIECTBYBaT TOAKOBA 000cobeHN 6asza
3HaAHUS U UHTEPIPETATOP, KAKTO € IIPU AEKAAPaATUBHOTO IIPEACTaBsIHE.
[TponenypHuTe popMarn3Mu gaBaT BE3MOKHOCT 3a II0-ToAIMa
€(peKTUBHOCT ITPpU HU3II0A3BAHETO HA 3HAHUATA, HO IIPU TE3H
dopMasn3MU U3MEHEHUITa Ha 3HAHUATA Ce IIPaBsT IIO-TPYIHO.

[IepBUAT (popMarn3bM 3a IIPEACTaBIHE U U3II0A3BaHe Ha 3HaAHUS,
KOHTO IIle pa3raeaMe € mpeAcTaBAHE H H3NIOA3BaHe Ha 3HaHHA
4ypes3 nmpoueaypH. ToBa e eIUH TUIITNYEH IIPOLeAyPeH (POPMaAN3BM.
3HaHUATA Ce MIPEACTaBAT Ype3 CUCTEMHU OT MAAKHU 110 06eM ITPOIle ypPH-
JEMOHH, B KOUTO Ca KOAWPAHU 3HAHUS 3a OIPEeNEACHU XapaKTepHU
CUTyallMH U BCSIKa OT KOUTO Ce aKTHBHpA caMa IIpU HacThIIBaHE Ha
choTBeTHaTa cutyarus. OOMKHOBEHO JEMOHUTE Ca OT U3YHNCAUTEAEH
XapakTep U HalpHUMep IpecMsaTaT pesanuu. 3a 6a3uTe OT BBIIPOCHUTE
MIPOLIEAYPU-AEMOHH € TUIIMYHA XeTepapXudHa CTPYKTypa, 3a pa3dauka
OT MPOLIEAYPUTE B CTAHAAPTHUTE IIPOTPAMHU CUCTEMHU.

[Ipu cp3maBaHeTO Ha enHa Ipoleaypa, B Hed TpsOBa 1a ce BAOXKAT
3HaHUATA 32 KOHKPEeTHA CUTyallud U a Ce Ch3aaaaT HeOOXOANMUTE
BPB3KH C OCTaHAAUTE IIPOLEAYPHU OT Da3zara 3HaHHs. 3a pa3aruKa OT
JEeKAaPaATUBHUTE IIPEACTABIHNL, KbAETO 3HAHUATA U BPB3KUTE MEXKIY
TIX ca pa3fleAeHH, TYK KaKTO CaMUTe 3HAHUS, TaKa U BPB3KUTE ca
3aA0KEHH B IIpolleaypuTe. 3HaHHUATA Ce U3pa3dBaT Ype3 CEMaHTUKaTa
Ha IIPOLIEAYPHUTE, & BPB3KUTE MEXK/Y TIX, Ype3 BPB3KU MEKIY
OTIAEAHUTE IIPOIIEAYPHU, T.€. Ype3 OOPBILIEeHUSI MEXAY ITPOUeaypPH U
IpemaBaHe Ha napaMmerpu. M3aMeHeHNeTo Ha 3HaHUSITA € OCHOBEH
npobaeM Ipu TO3U (popMasn3bM. Mi3amMeHeHHeTo caMo Ha emgHa
IIpolleypa MOKe [1a J0Befle cAaenl cede CH 10 HeoOXOOQUMOCT OT
H3MEHEHHEe Ha roAsMa 4acT OT IIPOLeAyPUTe Ha cUcTeMaTa (HalpuMmep,
Ipu nobaBsHe Ha AOITbAHHUTEAEH IIapaMeThp Ha IIPOIeaypa).
[lobaBgHETO Ha HOBHU MIPOLIEAYPH OT CBOS CTpaHa He ce U3dYepIiBa C
MEXaHUYHOTO UM JOAEIMsHe KbM 0a3aTra OT 3HaHUs, a BOOU 10
M3MEHEHHETO Ha PeauIla OT ChIIECTBYBAIlUTe IIPOLIEAYPH, 32 Oa Ce
ch3aaaaT HeOOXOIUMUTE BPB3KHU.

OCHOBHUTE ITPEANMCTBA Ha TO3H (POPMAAUIBM Ca HETOBUTE
OTHOCHUTEAHO I0-BUCOKU €(PEKTUBHOCT U ObP30aeiCTBHE, KOETO Ce
UBAZKH Ha (pakTa, dye yIIpaBAEHHUETO Ce IIpeaaBa AUPEKTHO OT



IIpolleaypa Ha IIporeaypa B 3aBUCUMOCT OT TEKYIIIHTEe JaHHU.
JUpeKTHHUTE BPB3KH, KOUTO Ca OOPBIIEHUS KbM APYTH IIPOLIEAYPHU Ca
3aA0KE€HHU B CAMHUTE IIPOLEeAyPH, KOETO BOAHU N0 AUPEKTEH U3BOI.
PopMaAu3MBT Upe3 NPOoLEeAyPH IIPELOCTaBs peaulla ya1o0cTBa IpHU
MOZIEAUPAHETO Ha IIPOIIeCH, Thi KaTo AaaeHa CUTyalud ce oopaborBa
OT KOHKpPETHA ITPollelypa U yIIPaBAEHUETO Ce IpeaaBa JUPEKTHO
TOYHO Ha Ta3M IPOolleaypa, KOSTO MpUTeRKaBa 3HAHUS 3a CbOTBETHATA
cutyanus. To3u popMasu3bsM € MHOTO yA00eH U IIPHU IpeacTaBIHe Ha
eBpUCTUYHU 3HaHUs. OT Apyra cTpaHa, BPb3KUTE Ca OTHOCUTEAHO
IIPUHYAUTEAHH, KOETO BOOH /10 AHIICA HA MOAYAHOCT B CHCTEMATA U [0
TPYAHOCTH B VIIPABAEHHETO Ha IIpoIleca OTBBH. [IpyT HEIOCTATHK €, 4ye
TPYAHO Ce pearnu3uparT CUCTEMH 3a OOICHEHHE Ha pe3yATaTa.
[IpencraBsaHETO U U3MIOA3BAHETO Ha 3HAHUS Ype3 IMPOLIEAYPH UMa
TOASIMO TIPHUAOXKEHHE IIPU yIIpaBA€HUE Ha POOOTH, yIIpaBA€HHE HA
IIPOIIECH U ApP., KBAETO ITpeobrasaBaT aATOPUTMUYHUTE 3HAHUS.

Bropusar dpopmMaru3zbM, KOUTO pasraekaaMe € MpeAcTaBIHe U
U3IIOA3BaHE HA 3HAHUS Ype3 CpeAcTBaTa Ha MaTeMaTH4YeCcKaTa
Aoruka. ToBa e eqWH OT Hal-paHO Bb3HUKHAAUTE (POPMAAU3MHU C SICHO
U3pas3eH AeKAapaTUBEH XapakTep. [IpeacraBaHeTo HA 3HAHULATA B
TEPMHUHUTE Ha AageHa dpopMasHa AOTHYECKA CHCTeEMAa Ce U3BBPIIBA C
IIOMOIIITA Ha IIPABHAHO ITIOCTPOEHUTE (DOPMYAH B Ta3H CUCTEMA, a
M3II0A3BAHETO Ha 3HAHUSITA CE OCBIIECTBIBA ITOCPEACTBOM BAAUIHUTE
3a AOTHYEecKaTa CUCTeMa IIpaBuAa U METOIHU 3a u3Boj. Hati-yecto
M3M0A3BaHaTa hopMasHa AOTHYECKA CUCTEMA € IPEAUKATHOTO
cMsTaHe OT IIbPBU pen. ChIIEeCTBEHUTE My HEQOCTATHIIU ca HeroBaTa
IIOAYPa3PEIIUMOCT U HeOCTaThYHATA MY U3Pa3UTEAHA CHAA.
[ToAypa3pemnMocTTa 03HadaBa, de ChIIIEeCTBYBa aATOPUTHM, KOUTO C
IIOMOIIITa Ha KpaeH Opol CTHIIKHU OIpeneAd Jasu eqHa popMyaa e
AOTHYECKO CAEACTBHUE Ha KpaeH Opoii Apyru popMyAH, aKO BBIIPOCHATA
dopmyasa nefiCTBUTEAHO € CA€ICTBHUE, HO HE ChILECTBYBA IT0OIXOISIIT
KpaeH aATOPUTHM 3a [MOAydaBaHe Ha OTPUIIATEAHUS OTTOBOD.
H3pasureaHaTa cuAa € HEAOCTAThYHA, Thi KATO B CUCTEMHUTE OT II'bPBU
PEN KBaHTOPHUTE CE OTHACAT CaMo 3a IIPOMEHAHBH (IpobSTrBaT caMo
€AeMEHTUTE Ha YHUBEPCyMa), HO He U 3a (PYHKIIUHU (MAH ITIPOU3BOAHU
peaarinu). 3a npeogoAsBaHE Ha TO3U MPOOAEM MOTAT MIa Ce U3II0A3BAT
AOTHKH OT II0-BHCOK pef. [Ipyra oco0eHOCT Ha NPEaAUKATHOTO CMATaHE
OT IIbPBU PEJ € HEroBaTa MOHOTOHHOCT — B IIPOIleca Ha AOTUYECKU
M3BOJ MOTaT CaMo [1a ce O00aBsIT (pOPMyAH KBM HAYAAHOTO
MHOXKECTBO, HO HE U /Ia Ce U3KAIOYBAT. ToBa CBOMCTBO IIpeYH aa ce
3a/1aBaT 3HAHUS UAU CBOMCTBa, KOUTO CE CMATAaT 3a BEPHHU I10
IIpeMbAYaBaHE, T.€. 3HAHHS, KOUTO CE CMSITAT 3a BEPHH, JOKATO HE
CTaHe U3BECTHO MPOTHUBHOTO. 3a MpeACTaBIHE U U3IIOA3BAHE HA
3HaHUs, KOUTO CE CMATAT 3a BEPHHU 10 IIPEMbAUYBAHE, CE U3II0A3BAT
CIIeIIMaAeH THII AOTHKH, HapedeHU HEMOHOTOHHH AOTHKHU. B cayuauTe
Ha IIPeACTaBsHe Ha 3HaHHs, KOUTO C€ IIPOMEHSIT BbB BPEMETO MOTAT
[a Ce U3IOA3BAT TEMIIOPAAHHU AOTUKHU. OOLIUST BUI HA ITPABUAHO
IIOCTPOEHUTE (POPMYAU OT HPEAUKATHOTO CMATAHE OT IIbPBU PEI
3aTpyaHSIBA HPEACTABIHETO C TAXHA [IOMOIIL Ha TBBPACHUSI, KOUTO



CBHOABPIKAT MOJAAHOCTH OT THUIIA HEOOXOIUMO, BH3MOKHO, CAyYaHHO,
HEBB3MOIKHO U [IP. 3a IIPeACTaBIHEeTO HAa TaKUBa TBHPIAEHUS Ce
M3IIOA3BAT MOJAAHU AOTUKH. YeCcTo B IpakKTHUKaTa ce paboTH C
TBBPIAECHUS, KOUTO ChIBP3KAT HETOYHH OIPEIEACHHUS KaTO MHOTO,
MaAKoO, IIoBe4eTo U Ap. HeTouHu 3HaHUS OT TO3H THUII OOMKHOBEHO Ce
PEeaCTaBAT C IIOMOIIITA Ha pa3MUTa AOTHKA. Hal-ChIIIecCTBEHOTO
IPEeIUMCTBO Ha AOTUYECKHTE CUCTEMH € sicCHaTa CEMaHTHUKA.

Tperuat dopMasusbM, KOHTO pasraekaame € IIpeacTaBIHe U
HM3II0A3BaHE Ha 3HAHUS Ype3 CHCTEMH OT NPOAYKIHOHHH IIpaBHAA.
ToBa e equH gekAapaTUBEH (POPMAAU3IBM C EAEMEHTH Ha
IIPOLIEAYPHOCT Ha II0-HUCKO paBHUIIlE. HeroBata ocCHOBHa
XapaKTePHUCTHUKA € JEKOMIIO3UPAHEeTO Ha 3HAaHUATa Ha MAaAKU 4acTH
(mpaBHAQ) OT THUII YCAOBHE-CAECTBHE (CUTyallUd-AeHCTBHE).

Bcaka cucrema ¢ H3KyCTBEH MHTEAEKT, OCHOBaHa Ha IIpaBHAA UMa TPH
OCHOBHHU KOMIIOHEeHTa: paboTHa mamer, 6a3a oT IpaBUAa U
HHTEPIIPETATOP Ha IIpaBHAaTA.

PabotHaTa rmameT (KOHTEKCT) ChIbpKa JaHHHUTE 3a pelllaBaHaTa
3aziaya, yCTAaHOBEHU KBbM TEKYIIHs MOMEHT. Te3n maHHU ce dhopMupaT
OT ABa U3TOYHUKA. [I'bpPBUAT U3TOYHUK € HOTPedbUTeAd — TOM BMBKBA
II’bPBOHAYAAHUTE JAaHHU B CHCTEMAaTa UAW BMBbKBA NOITBAHUTEAHU
JaHHHU KaTO OTTOBOP Ha AOII'BAHHTEAEH BBIIPOC Ha cucreMara. Bropuar
H3TOYHUK € UHTEepIIpeTaTopa Ha IIpaBHAaTa — B 3aBUCHMOCT OT
HeroBaTa peasu3alldsd MoraT KaKTo Ja ce BMBKBAT MEXIUHHU
PE3YATATHU OT AOTHYECKHS U3BOJ, TaKa U Ja Ce U3KAIOYBAT UAU
MOAN(UIINPAT CHILIECTBYBAIIU JaHHU OT paboTHAaTa I1aMeT.
[IpencraBsaHeTo Ha JaHHUTE B paboTHaTa IIaMeT 3aBUCH OT
CHHTaKCHCa Ha IIpaBHAAaTa U Hali-4ecTo TO € Ype3 TPOHMKM OT BHAA
00eKT-aTpubyT-CTOHHOCT (Harmpumep, Tpoiikara (A, B, C) o3HauaBa, de
006ekTHT A uma arpudyt B cbe crotiHocT C) MAM Ype3 TPOHKU OT BUAA
aTpulyT-pesaliusa-cTOUHOCT (HanpuMep, Tpoiikara (A, R, B) o3Hauaga,
4e cTOMHOCTTA Ha aTpubyTa A e B peaanus R cbc croiiHocTTa B).
Baszara oT mpaBHaa € CBBKYIIHOCT OT IIpaBHAa 3a AaZeHa [IpeaMeTHa
obaacT, KOUTO ca HapeleHH I10 ollpeneAeH HayuH. Ob1uaT BUA Ha
IIpaBHAaTa € caegHuda: (if <ycaoBuel> <ycaoBue2> ...<ycaoBueN> then
<caenctBuel> <caenctBue2> ... <caeacrBueM>). CemaHnTuKaTa Ha
IIpaBHAaTa € CAeHATa: aKO YCAOBHATA Ca BAPHHU, TO Ca BAPHU U
CA€CTBHATA.

HNuTenperaTophT € MalllMHAaTa 3a U3BOJ Ha ChOTBETHATA CHCTEMA.
ToBa e mporpamMHa CHCTeMa, YUATO OCHOBHO IIpeiHA3HAYEHUE € 1a
IIPUAOKU BAOXKEHUTE B IIpaBUAATa 3HAHUA B CUCTEMAaTa BBPXY
JaHHHUTE 3a KOHKpeTHaTa 3a7a4da. YecTo HHTEPIIPETaTOPHT Ce
HM3II0A3Ba 3a Ja HallpaBU OIUT Ja YIO0BOAETBOPH HAKaKBa 3a7a/eHa OT
IIoTpeduTeAd 11eA. YCAOBHO paboTaTa My MOKe [a Cce pa3leAd Ha ABe
cdaszu: n300p Ha NIpaBUAO U U3ITbAHEHHE Ha IIpaBHAOTO. 1o chlecTBO
3aziayaTta B I'bpBaTta pasa ce CBexX/a 10 ThpceHe B 6a3aTa oT IIpaBHAa
110 HIKaKbB obOpaszell. Criopes oOpa3selia Ha ThPCEHE Ce pasandaBaT
[Ba THUIIa CUCTEMHU OT IIPOAYKIIMOHHU IIpaBHAa — [IPAaBU U OOpaTHH.



B 3aBucHMOCT OT TOBa CBIIIO C€ TOBOPH 3a ABa THUIIA aATOPUTMH 3a
JeHCTBHE Ha HHTEPIIpeTaTopa — IIpaB U3BOM (M3BOJ, yIIPaBAIBAaH OT
JaHHHTE) U oOpaTeH U3BO/ (M3BO/, YIIPABASIBAH OT LIEAUTE).

[Ipu bpBUS TUII CUCTEMH, HHTEPIIPETATOPHT B II'bpBaTa (paza oT
paboTraTa cu ThPCH IIPAaBHAO, YHHUTO YCAOBHUSI C€ YIOBOAETBOPSBAT OT
HaAMYHUTE JaHHU B KOHTEKCTAa, CAel KOETO BB BTOpaTa dasa
HU3II'bAHSBA CACICTBUATA HA HAMEPEHOTO IPaBHUAO. AKO CBIIIECTBYBa
II0BE€YE OT €IHO IIPABHAO, YUHUTO YCAOBHS CE YIOBOAETBOPABAT OT
KOHTEKCTa (T.e. TpabBa fa ce U3BBPIIN KOH(MAUKTHA PE30AIOIHs), ce
HM3II0A3BaT Pa3AMYHU METOAHU 3a M300p Ha IIpaBHAO (HAIIpUMep:
II'bPBOTO CPEIIHATO IPAaBHAO; IIPABUAO, KOETO HE € ITpHUAAraHo A0
MOMEHTA; IPaBHUAO, KOETO H3II0A3BA Hali-CKOPO 3aIllMCaHU B KOHTEKCTa
JaHHM). 3rbAHEHHETO Ha CAEACTBUATA Ha IIPaBUAOTO BOAU 10
H3MEHEHHE Ha KOHTEKCTa, KOETO OT CBOd CTpaHa IIPaBH BB3MOXKHO
H3II'BAHEHHETO Ha APYro IIPaBHAO, aKO HE € NOCTUTHAaTa ChOTBETHATA
IIeA U T.H.

[Ipu BTOpPUS TUII CHCTEMHU, THPCEHETO CE U3BBPIIBA BHPXY
CAEICTBUSTA Ha IIpaBHAaTa, KaTo 3a obpasel] CAy>KHU HIKaKBa
3aganeHa 1ea. Caen ToBa ce aHaAHU3HUpa A9BaTa 4acT Ha HAMEPEHOTO
IIpaBHAO, KATO HEU3BECTHUTE BCE OIIlE ITapaMeTPH Ce 3a1aBaT KaTo
HOBHU IieaH. Caeql ToBa ce IpaBU OIIUT [a CE€ YIOBOAETBOPST 10
aHaAOTHYEH Ha4YHWH HOBUTE II€AH U T.H. TO3HU Ipoliec IpoabAXKaBa,
JOKATO TEKYILHTE IIEAN CE YIOBOAETBOPST OT JAHHUTE B KOHTEKCTA
HAU JOKaTO CTaHe SICHO, Ye Te He Morart [a 6baaT yA0BOAETBOPEHHU.
[Ipy HEOOXOMUMOCT Cce U3BBbPIIIBa BPbIlaHe Has3ald, JOKaTO Ce
YAOBOAETBOPAT LIEAUTE UAH C€ U3CA€ABAT BCUYKH HEHU3CAEIBAHU
BB3MOXKHOCTH.

OCHOBHUTE IIPEAUMCTBA HA CUCTEMHUTE C IIPOAYKIIMH Ca HIKOAKO.
[I'5pBOTO IPEAUMCTBO € €ECTECTBEHOCT Ha IIPEACTABAHETO HA
€KCIIEPTHHU 3HAHUH, KOETO ' IpaBU IIHUPOKO IIPHUAOKHUMU IIPU
HU3rpazk/laHeTO Ha €KCIIEPTHH CUCTEMH.

BTopoTo NpeauMCTBO € € MOAYAHOCT, KOATO CE u3pa3dBa B HAKOAKO
acIieKTa — IIOCTOSHHUTE 3HAaHU4 Ca OTAEACHU OT BPEMEHHHUTE (II'bPBUTE
ca B 0a3aTa OT IpaBUAa, BTOPUTE ca B paboTHaTa IIaMeT), pa3AUYHUTE
IIpaBHAA Ca CEMaHTHYHO HE3aBHCUMH, €ANHCTBEHHUAT HAYUH 110 KOHTO
IIpaBHAaTa OOIIyBaT € CBbP3aH C IpoMdaHaTa Ha ChAbPKAHUETO Ha
paboTHaTa IIaMeT, HHTEPIIPETATOPHT Pa00TH HE3aBHCUMO OT CMHUCHAA
Ha 3HaHUATA U JaHHUTe, KOUTO ca KoAupaHU B 6a3aTa oT IIpaBHAa U B
paboTHaTa mamer.

TpeToTo MIPearMCTBO Ha CHCTEMHUTE C IIPOAYKIIMU € OTPaHUYEHUAT
CHUHTaKCHC, BBIIPEKH 4e I10-HaTaThK IIle [IOCOYUM U HIKOU
HEIOCTaThIH, KOUTO IPOU3THYAT OT Hero. OrpaHUYeHUAT CUHTAKCUC
II03BOASIBA A€CHO [a C€ U3rpazkaaT IporpaMHu-peaakKTOPH Ha CUCTEMHU
OT IPOAYKIIMH U A€CHO Ja CE€ peasusupart CpeAcTBa 3a FreHepupaHe U
obgcHeHME Ha pe3yATaTa Ha eCTeCTBEH €3UK.

CrpuiecTByBaT U HEAOCTATHIU HA CUCTEMUTE C IIPOAYKIIHH.

BcepImHOCT, BBIIPEKH Y€ CUCTEMHUTE C IPOAYKIUH AaBaT Bb3MOXKHOCT
3a oDsicHABaHe Ha pe3yATaTHTE OT U3BO/a, B TAXHUA KAACUYECKU BHU[
MMa BHI0BE 3HAHUI KaTO CTPATETHYECKUTE U IOALbPKAIINTE 3HAHUA,



KOHTO He MorarT [ia ce IIPeACTaBAT B IBE€H BHJ B 0a3aTa OT IIpaBUAQ,
KOETO ITOHgKOra [IpaBU I'eHEepUpPaHUTE 00SCHEHNI HEeLOCTAThIHO
CBHIbP3KATEAHH.

Jpyr HegoCcTaThK, KOUTO IPOU3THYA OT OTPAHUYEHUS CUHTAKCHUC €
HEBB3MOXKHOCTTA 3a IIPEe/ICTaBsIHe Ha AU3IOHKTHUBHU 3HAHUS B
CAEICTBUSATA U Ha OTPHUIIATEAHU 3HAHHS BBHOOIIE (OCBEH B HAKOU
CIIEIIMaAHH YaCTHHU CAy4daH).

[TocaemHUAT HEAOCTATHK €, Y€ ChIIECTBYBa [IOTEHIHAaAHA
Hee(peKTUBHOCT Ha paboTaTa Ha MHTepIIpeTaTopa, H3TOYHUKET Ha
KOSTO Ca OIPEAEATHETO Ha KOH(PANKTHOTO MHOXKECTBO OT IIpaBHAa U
H3060PBT HA IIPABHAO OT HETO (KOH(AUKTHA PE30AIOIIHL).

3a npeonmoasgBaHe Ha TO3M HEAOCTATHK UMa PA3AUYHU IMOAXOAU —
yTOYHSIBaHE Ha YCAOBUSATA B IIpaBHAAaTa, IIpeHapexaaHe U
orpaHu4YaBaHe Ha KOH(MAUKTHOTO MHOXKECTBO U U3II0A3BaHE Ha
apXUTEeKTypa OT TUIIl “depHa abCcKa”.

YeTBbPTHUAT POPMaAU3bM, KOUTO pasraekiaMe € IIpefcTaBsIHe U
HM3II0A3BaHE Ha 3HAHUS Ype3 CEMaHTHYHH MpexkH. ToBa €
[eKaapaTUBeH (popMaAsu3bM U Cllafa KbM Kaaca Ha CTPYKTYPHUTE
dopmMarn3Mu, IIPU KOUTO 3HAHUATA Ce IIPEACTABAT Ype3 MHOXKECTBO OT
CTPYKTYPHU €IUHHUIY, CBBP3aHU IIOMEXK/IY CH Ype3 IBHO 3aaeHU
BPB3KH, I0100HO Ha opraHu3alygaTa Ha 3HaHUATA B YOBEUIKHS MO3BK.
B cemMaHTHYHHTE MPEXKHU 3HAHUATA C€ IIPEACTABAT C IIOMOIITA Ha
MpexKa OT BB3AHU U IBI'H, KOUTO I'M CBBP3BAT (C APYTH AyMHU
ceMaHTHYHaTa MpexKa € opueHTUpaH rpad). Bu3anure oboznagasar
obekTUTE (IOHATUSATA, KAACOBE U T.H.) OT IIpeaMeTHaTa obaact. [Abrute
IIpEeACTaBASIBAT BPb3KUTE (OTHOLIEHUATA, PEAALIUNTE) MEXKIY
obekTuTe. BB3auTE ca nABa BUA — PEAAITMOHHU KOHCTAHTH, KOUTO
IIpeACTaBASIBAT TAKCOHOMHYHHU KATETOPHUH UAM CTOMHOCTH Ha
CcBoHMCTBa U OOEKTHH KOHCTAHTH, KOUTO IIPEACTABAT IPEAMETH HAU
obekTH OT IpeaMeTHaTa obaacT. Bpb3kuTe ca Tpu BHAA — BPB3KU OT
TUN “IIOAMHOIKECTBO”, KOUTO OITHUCBAT PEAAIIUH OT THUII KAAC-
CymepKAac, BPb3KH OT THUII “€AEMEHT”, KOUTO OITUCBAT PeAaIlH OT THII
obeKT-KAaaC U BPB3KU TUII “OyHKIMA”, KOUTO OIIUCBAT CBOHCTBa Ha
006EeKTUTE U KAACOBETE.

N3pu4HO 11e 0TOeAEKHM, 4Ye IBIUTE U3pa3saBaT OMHAPHU OTHOIIEHUS
MEKIY BB3AUTE.

H3noA3BaHETO HaA 3HAHUA, IPEACTABEHH YPe3 CEMaHTHUYHH MPEXKU
0OMKHOBEHO € CBBhP3aHO C U3BBbPIIBaHE Ha U3BOAU 3a O0EKTHUTE U
HaMHpaHe Ha TeXHH CBOMCTBAa, KOUTO HE ca IIPEACTABEHU B IBE€H BU/I.
OCHOBHHAT MEXAaHU3BM 3a U3BOJ BbPXy CEMaHTHYHA MpeXKa € CBbP3aH
C IIPOCAEABAHE Ha BPB3KUTE MEXKAY OTAECAHUTE BB3AH B MpexKaTa.
Hati-gyecTo ce u3moa3BaT ABE CTPATETHH 3a U3BOJ: pa3lIpocTpaHaBalla
Ceé aKTHUBHOCT U HacCA€sBaHe.

Hali-cplecTBeHUTE IPEAUMCTBA HA CEMaHTHYHUTE MPEXKU ca
IIPOCTOTA, ECTECTBEHOCT, HArA€JHOCT U SICHOTA Ha IIPEACTaBAHETO.
CeMaHTHYHHUTE MPEXH UMAaT JOCTA HEAOCTATBIIH.

[IB5pBUAT HEAOCTATBK € TPYAHOCTH IIPU IIPEACTABAHETO Ha
IIPOMU3BOAHHM N-apHU pesalyiu. To3W HEIOCTAThK MOXKE YaCTUYHO



(c meHaTa Ha HapylIaBaHe Ha IIpeauMcTBaTa) ga ce u3berHe,
HanpuMep 4ype3 metona Ha CatimbHC. [Ipu Hero 3a n-apHaTta pesarus
ce BbBEXKIA OTAEAEH BB3€A U OOEKTUTEe-apryMEeHTH Ha peAalrusaTa ce
CBBP3BaT K'bM HOBHUS Bb3€A C OMHAPHHU BPB3KHU.

[pyr HeOOCTaTBK € TPYAHOCTHU IIPHU IPEACTAaBIHETO HA 3HAHULA, KOUTO
CBhOBPIKAT KBaHTOPU. U TYK MMa penieHusd, HallpuMep HU3II0A3BAHETO
Ha pa3geAeHH CEMaHTUYHH MpPEKH, HO OTHOBO Ce HapyliaBa
IIpocTOTaTa U €CTECTBEHOCTTA Ha IIpeAcTaBsIHeTo. PazmeaeHara
CEMaHTHUYHA MpexKa € HepapXudHa CbBKYIIHOCT OT IIOAMPEIKHU, BCIKA
OT KOUTO ChOTBETCTBA Ha oOAaCTTa Ha AeHCTBUE HA €IHAa AU HIKOAKO
IIPOMEHAUBH. HIKOM CrierinasHu JbTH B MpeskaTa codaT He KbM BBb3AH,
a K’bM IIEAH ITIOIMPEZKU.

TpeTu HegoCTATBHK € HessCcHaTa CEMaHTHKAa — elHA CEMaHTHYHA MpexKa
4ecTo MOXKe fa 0bae ThAKyBaHa 10 Pa3AUYHHU HAYHHH.

YeTBBPTH HEOOCTATHK ca ITPoOAEMUTE, KOUTO BE3HHUKBAT IIPH
U3BBPIIBAHETO HA PA3AMYHU OIlE€PaIllH BbPXY CEMaHTUYHUTE MPEKU —
HanpuMep, AyoArpaHe Ha HHPOpMAIHs 3a ChbBIAAAIN O0EKTU ITPU
obenuHsABaHE HA JIBE CEMaHTHYHU MPEXKU.

U mocaeneH HeqoCTaTHK ca IpobAeMUTe IIPU yIIpaBASBaHe Ha
HaCAeOsIBaHETO — He BUHArU € 1IeAeChOoOpas3Ho aa Ce U3BbPIIBa
HacAeOsBaHe Ha CBOMCTBA, a TPYAHO Ce 3a/laBa YacTUYHa 3a0paHa 3a
HacAeOsgBaHe.

[TocaenuuaT popMasnu3bM, KOHUTO IIle pasrAegaMe € IpeacTaBIHe U
M3II0A3BaHe Ha 3HaHUs 4ype3 ¢ppermoBe. PpeiimoBeTe ca €IHO OT
CTPYKTYPHUTE IIPEACTABAHUS HA 3HAHUdA. [Ipu TIX ca chYyeTaHU
JEeKAapPaATUBHU U IIPOLIEAYPHU 3HAHULA. acT OT 3HAHUATA Ca BKAIOUEHU
B CTaTUYHA eKAapaTUBHA CTPYKTypa dppeiim. OCBeH ToBa, UMa U
JOOITbAHUTEAHU IIPOLIEAYPHH 3HAHUS 3a TOBa KakK [1a Ce M3II0A3BaT
JeKAapaTUBHUTE 3HAHUS OT (ppeiiMa, Kak [a Ce CBbP3BaT Te3U 3HAHUI
CBC 3HAHUATA OT APYTU (ppeliMoBe U Op.

Ot uH(pOpMAaIIMOHHA TAeHA TOYKa, PPEHMBT IIPEeacTaBASIBa
MepapxuyHa CTPyYKTypa OT JaHHHU C TpHU paBHUIlA. Ha Hali-BHCOKO
PaBHUIIE CTOU HIAEeHTHU(UIIUPAaIIaTa HH(popMAaIHus, KOITO OOMKHOBEHO
BKAIOYBa UMeTO Ha (ppetima. Ha caegBaioro paBHUIIE Ce ChABPKAT
II0AETA C OIIMCAHUS Ha PAa3AUYHU XapaKTEePUCTHUKU, Ka4eCcTBa AU
CBOMCTBa Ha 00€KTa MAU KAaaca O0EKTH, IIPeACTaBsIH OT pperma
(caoToBe mam aTpubyTH). Ha Hali-HUCKO paBHUIIE CE HAMUPAT
dacerure. Becaka dpacera ce mpUKpers KbM HIKOM CAOT B Ce U3II0A3Ba
3a 3alIMCBaHe Ha OOI'BAHUTEAHU JAaHHU 3a OIHCBaHaTa B CAOTA
xXapakTepucTuka. Hafi-uecTo n3rnoa3BaHUTe UMeHa Ha (paceTH ca:

- value - cpaBp3Ka CTOMHOCTTA HAa XapaKTEPHUCTHUKAaTa, OIIHCBaHa
OT CHOTBETHHS CAOT;

- default — cpappzxka cTOHHOCTTA 10 IIpeMbAYaBaHe (KOSTO Ce
M3II0A3Ba, aKO BBHB value He e 3azameHa KOHKpeTHa CTOHHOCT) Ha
XapakKTepUCTUKATa, OIIMCBaHAa OT CHOTBETHHS CAOT,

- if-needed — chraBpIKa MMeE HAHM TSIAO HA IPOLEAyPa, KOSITO Oa Ce
U3I'bAHU IIPU U3YUCASIBaHE Ha CTOMHOCTTA Ha



XapaKTepUCTHUKATA, OIIMCBaHa OT ChbOTBETHUS CAOT, aKO Ta3Uu
CTOMHOCT He € faJeHa B IB€H BHU/ U He ce moapa3oupa;

- if-added (if-removed) — cbabpKAT UMEeHA UAU TeAd HA
IIPOLIEeAyPHU, KOUTO CE aKTUBHpPAT, aKo ObAe mobaBeHa (U3TpUTA)
CTOMHOCT Ha ChOTBETHATA XapaKTEPUCTHKA.

HNMmeHnaTta Ha cAOTOBeTe OOMKHOBEHO Ce M30upaT Taka, 4e aa
CBHOTBETCTBAT HA YCTAHOBEHUTE TEPMHHHU 3a OITUCBAHUTE OT TAX
xapakTepucTuku. OT raeiHa TOYKa Ha IIpolleca Ha HacCAeasdBaHe,
Hal-BaskHa POASI UT'Pae CAOTHT C IpUMepHO uMme a-k-o (a kind of).
dacerarta value KbM TO3U CAOT ChIbP3KAa CIIUCHK OT UMEHa Ha
dpperiMoBe, OIUCBAIIU KAACOBETE (CyIIepKAACOBeETe), KbM KOUTO Ce
IIPUYHCASIBA O0EKTHT (KAACHT), OIIUCBAH OT AaAeHUs ppeim.
H3noa3BaHeTO Ha 3HAHUATA, IpeicTaBeHH upe3 PpeiiMoBe, ce CBeXaa
Hali-Bede OO0 AB€ OCHOBHU JEHHOCTH: CBIIOCTABSHE C Ja/I€HO OITNCAHUEe
U AOTHYECKHU U3BO/I.

[Ipu mbpBaTa AEHHOCT, IIEATA € 10 JaeHO OIIHMCAHUE Ha HIKaKBa
CUTyallud a Ce HaMepsT CBIIECTBYBAIlld B 6a3aTa OT 3HAHUSI
dppeiiMoBe, KOUTO CHOTBETCTBAT B 3aJ0BOAUTEAHA CTEIIEH Ha TOBA
OITHCaHUE.

Bropata geffHOCT ce cBexKaa 10 HacAendBaHe Ha CBOMCTBA OT
KAaCOBeTe, KbM KOUTO IIPUHAZIAEKU Aa/leH 00eKT (Kaac).

Ako HU HHTEpecyBa CTOMHOCTTA, CBbpP3aHa C JaZleH CAOT Ha JafieH
dpeiim, MoxKeM Hal-Hanpe Aa IMIOThPCUM Ta3u CTOMHOCT
rIocAe1oBaTeAHO BBB pacetute value, default u if-needed va mamenusa
CcAOT. AKO ¥ Ha TPUTE MeCTa HE OTKPUEM HHUIIO ITOAXOMSI0, MOXKEM A
H3II0A3BaMe HepapxusaTra Mexay pperiMoBere, nepUHHUpPaHa Ypes
caoToBeTe a-k-o. B caora a-k-o Ha mageHua gppedim e 3arrcaHO UMETO
Ha CBOTBETHUS CyleppeiM U ThPCEHETO MOXKE A IIPOIABAXKHU B
CBOTBETHUTE (paceTH Ha cynepdpeiiMma, caeql ToBa — IIpU cynepdpeiima
Ha cynepdperima u T.H. BE3MOXKHO € caoToBeTe a-k-0 Ha HIKOU
dperiMoBe na ca 3arrcaHu UMeHaTa Ha [IOBeYe OT €IUH CyIlepperm.
Taka B o0LIUS CAyYal, IpeaXOAHUIINTE HA eauH (pperim oOpa3yBaT
'bPBO U IIPU T'bPCEHE TPAOBa A ce BB3IpPHEMeE HIKaKBa CTPaTerus 3a
06X0oxKaaHe Ha TOBa ABPBO (HAIIPUMED, B IIIUPOYHHA UAU B
abAbouMHA). He3aBUCHUMO OT Ta3u cTpaTerus, ThPCEHETO Ha
HeoOxoauMaTa CTOMHOCT MOXKe [1a Ce U3BbPIIBA I10 ABa HAaYHHA:
Z-TppceHe U N-TbpCEHE.

[Ipu Z-TppceHeTo, HaMi-Hanpe ce obxoxkaat dacerure value, default,
if-needed Ha pasraexxgaHUsa CAOT Ha HalieHUd (PperM, caed ToBa ce
IIpeMHUHaBa KbM I'bPBHUA HPEAXOAHUK Ha (ppeiiMa (ChraacHoO
cTpaTerusTa 3a 00XoxKaaHe Ha IIPEAXOMHUIINTE) U 3a CHIIHUS CAOT Ha
TO3U (PPEUM Ce IIPEeTAEKIAT OTHOBO TPUTE BBIIPOCHHU (paceTHu U T.H.
[Tpu N-TBpceHeTo Hafi-HANIPE Ce IIperaexkaat aceTure value Ha
OaneHusd (opelM U Ha BCUYKH HETOBU MPEAXOIHUIIH, CAE TOBA Ce
nperaexxaat pacerure default Ha ppetima u Ha BCHYKH HETOBU
IPEeaXOOHUIN U Hali-Hakpas ce nmperaexkaat pacerure if-needed Ha
dppeiiMa U Ha BCUYKU HETOBU PEAXOIHUIIH.

OCHOBHUTE NpeauMCTBa Ha (pperMOBETE ca eCTECTBEHOCT Ha
IIPEeACTaBIHETO, MOAYAHOCT U MepapXudHa CTPyKTypa Ha 6azara oT



3HaHUA U J00PH BB3MOXKHOCTH 3a U3MI0A3BaHE Ha CBOMCTBA, KOUTO ca
BaAUHU 110 IpeMbAYaBaHe.

[Tpu m3noa3BaHeTO HA PperiMoBe BE3HUKBAT HIKOU ITpodaemu. Enmu
OT TdX € HesCHaTa ceMaHTHKa Ha (ppeliMoBeTe — 3HAHUSATA,
IIpeAcTaBeHU Ypes3 aajeHa cucreMa ot (ppefiMoBe, 4ecTo Morat aa
OBOaT ThAKYBaHHU 110 PA3AMYHU HAYUHU. [[pyT IpobaeM e
YIpaBAEHHUETO Ha HAaCAE€QsIBaHETO Ha CBOMCTBA — B CAy4JauTe, KOTaTo ce
[OIIyCKa 3a/laBaHe Ha II0BeYe OT €IUH KAaC, JUPEKTEH ITPEeaXOJHUK Ha
naneH obeKT UAU Kaac. M TpeTudaT npobaeM e HemocTaThbyHaTa
n3pasuTeAHa cuAa Ha pperiMoBeTe B CpaBHEHHUE C IIPEAUKATHOTO
cMgaTaHe — TPYAHO Ce U3passaBaT TBBPAECHUS, YUATO (POPMYAUPOBKA
CBhOBPIKA KBAaHTOPH, & CHIIO U HEIT'bAHU 3HAHUH, KOUTO ChIbPKAT
OU3IOHKIUS OT CBOMCTBA Ha PA3ANYHU OOEKTH.

18. CumempuuHu onepamopu é KpauHOMepPHU
eexnudoeu npocmpancmea. OCHO8HU ceolicmea.
Teopema 3a ouazoHaANU3AUUSL.

Heka A = (0j) € Rnxn. A € cHMeTpHYHA MaTpHlla &
At=A & aj=05i3aBcekui,je{l, 2, .., n}

A € Rnxn € opTOroHaAHa MaTpHlia < € U3II'bAHEHO PABEHCTBOTO:
AAt=E < A e obparuma u Al = At.

TeBpAeHHE: AKO A e OpTOroHaAHa MaTpuiia, To Al chilo e
OpTOroOHaAHa MaTpHUIlA.

[okazateacTBo: MMmame AL (Al)t = AL (A )t = (A-LA)t=Et=E =
A-l e opToroHaanHa MaTpHuiia.

TeBpaeHHe: Ako A, B ca oproroHasaHu matTpuiu, To A.B cbIio e
OpTOTOHaAHaA MaTpHlia.

Hoka3zareacTBo: UMmame (A.B).(A.B)t = A.B.BLAt=AEAt=AAt=E =
A.B e opToroHasHa MaTtpuiia.

TeBpaeHHe: A € Rnxn € OpTOrOHaAHA MaTpUlla <& BEKTOPUTE-PEIOBE
(BekTOpHTE-CTHAOOBE) HA A Ca OPTOHOPMHpPAHA CHCTEMAa BEKTOPHU B R=,

Hoka3zateacTBo: Heka A = (o) € Rnxn.

AAt=E & ai1.051 + di2.042 + ... + Qin.On = Oj

3aBcekni,je{l,2,...,n}

Axko a; = (a11, ®12, ..., O1n), a2 = (021, O22, ..., O2n), ...,

an = (On1, On2, ..., Onn) CA BEKTOPUTE-PEAOBE Ha MaTpuliata A, Te3u
paBeHCTBa IIOKa3BarT, 4e (aj, aj) = §;j3aBceku i, je {1, 2,...,n}, T.€.
cucreMaTa BEKTOpPH ai, az, ..., an € OPTOHOPMUpPAHA.

AHaAOTHMYHO KaTo H3II0A3BaMe, de
AAt=E & At (AYt = E, moayuyaBame, 4ye BEeKTOpUTe-CThAOOBe Ha A ca
OPTOHOPMHUpPAaHAa CHCTEMAa BEKTOPH.



TBBpAeHHE: AKO A e OpTOroHaAHA MaTpuiia, To detA = +1.
[okazateacTBO: A.At = E = detA.detAt = detE = (detA)2 =1 =>
detA = £1.

Heka V e kpalilHOMEepPHO €BKAUZOBO IIPOCTPAHCTBO, n = dimV.
Heka E = (ey, ez, ..., en) e enun 0a3uc Ha Vu F = (f1, fo, ..., fn) e opyr
b6asuc Ha V. Heka T = (13) € Rnxn e maTpuniata Ha npexoga ot E keMm F,

n
T.€. fi = t15.€1 + T21.€2 + ... + Tni.€n = Z‘cki.ek .
k=1

n n n n
Pasraexzaame (fi, i) = (D 14.€,, ) T €)= D D T Ty €1, €1m)
k=1 m=1

k=1 m=1
i,je{l,2,..,n}.
Heka 6a3ucswT E e oproHOpMUpPaH = (€k, €m) = Okm 32 BCEKH
k,me{l,?2,...,n}.

Torasa (fi, fj) = ZZtki.ij.Skm =21ki.rkj zgai,je{l,2,...,n}
k=1

k=1 m=1
1. Ako 6asucswt F e oproHOpMUpaH, Torasa (fi, fj)= d; 3a

i,je{l,2,..,n} -)ZTki.tkj =5, Tt.T = E = T e oproronasna
k=1

MaTtpuila. M Taka matpuilata Ha IIpexona MeKay aBa
OPTOHOPMHUPAHH Oa3urca € OpTOroHaAHA.

n
2. Ako mMarpunara T e OpTOrOHAAHA, TOTAaBa ) Ty;.T, =0,
k=1

dai,je{l,2,..,n}=>(fi f) =0; = F e cucrema ot n Ha Opoit
HEHYA€BU OPTOTOHAAHU BEKTOPH C IbAXKHUHA 1 =D Fe
opToHOpMUpaH Oa3uc. U Taka Bcska OpTOroHaAHA MaTpHUIlA €
MaTpHIla Ha IIpexosa OT eIuH OPTOHOPMHUpPAaH 6a3uc KbM APYT
OpTOHOPMHUpPAH Has3uc.

Heka V e kpaiiHOMepPHO €BKAUJOBO IIPOCTPaHCTBO U ¢ € Hom (V).
KaszBawme, 4ye ¢ € cCHMeTpHYEH AHHEEH OIlepaTop, ako

3a BCEKH [Ba BeKTopa X, y € V umame (¢ (X), y) = (X, ¢ (v)).

SlcHo e, ye aKo €1, €2, ..., €n € 0a3uc Ha V JoCcTaThYHO €

(@ (ei), €) = (ei, ¢ (ej)) 3aBceru i, j € { 1, 2, ..., n} mopagu AMHEHHOCTTA
Ha ¢ U AMHEMHOCTTA Ha CKaAapHOTO IIPOU3BEAEHUE I10 ABATA CHU
apryMeHTa.

TeBpaenue: Heka V e kpaliHOMEPHO €BKAUJO0BO IIPOCTPAHCTBO,
dimV =n € N. Heka ey, ez, ..., en € opToOHOpMUpaH 6a3uc Ha V.

Heka ¢ € Hom (V) 1 ¢ nma MmaTpuiia A crapssmo To3u 6a3uc. ToraBa
¢ € CHMETPHUYEH AMHEEH OIlepaTop < A € CHMeTpHUYHa MaTpHlia.

Hoka3zareacTBo: Heka A = (o) € Rnxn.



ToraBa ¢ (ej) = ai.€1 + 02i.€2 + ... + Oni.€n. OIEPATOPHT ¢ € CUMETPHUYUEH
< (@ (e), &) = (e, ¢ (e))) 3aBCcekn i, je{1,2,..,n}

n n n n
¢>(;aki'ek?ej)= (ei’;akj'ek) & ;aki(ek’ej)= ;akj(ei?ek)

n n

<i>20cki.8kj =2akj.8ik® oji =oj3aBCceKH 1,je{l1,2,..,n} &
k=1 k=1

A e cuMeTpUYHaA MaTpHUlia.

TeBpaeHHe: AKO A € peaanHa cuMeTpudHa Matpulia (A € Rnxn, At = A),

TO BCUYKH XapaKTEePUCTUYHH KOPEHU Ha A ca peasHU YHucAa.
[okaszareacTBo: Heka xapakKTepHUCTUYHHUTE KOPEHU Ha A ca

A1, A2, ..., An, Ai € C, 1 HEKa A e KOH ga € OT TIX.
Heka A = (oj), oij € R oy = aji 3a Bcako i, j € {1, 2, ..., n }.
Pazraexxmame cucremara:

(11 - A).X1 + a12.X2 + ... + Q1n.Xn = 0

021.X1 + (022 - A).X2 + ... + 02n.Xn = O
(*)
On1.X1 + On2.X2 + ... + (Onn - A).Xn = 0
HerepmuuanTtara Ha (*) e fa (A) = O = (*) uMa HeHyA€BO pelIeHue
&1, &2, ..., En) # (0, 0, ..., 0), & € C3a Bcako i =1, 2, ..., n, Thil KaTO
Koe(puieHTHUTE Ha (¥) ca KOMIIA€KCHH.
3aBcgkoi=1, 2, ..., n UMaMe:
oi1.§1 + 2.2 + ...+ (- A).Ei + ...+ din.&n = 0 D>
ai1.&1 + 2.2 + ...+ Qin.&n = A.Ei. YMHOXKaBaMe ABETE CTPAHU I10 g_l u

2
, T.€.

noayaasame: oi1.61. & + 0i2.82.& + ...F Gin.En. & =
n J—

> o, && = AJg|”. ocaennoro pasencTBo cymupame 1o
=1

n —_—

i=1, 2, ..., n 4 moaAydaBame: iz &G

i=1 j=1

Heka v = iiaij.ij-i_i, u = i gl

=1
(mopu u > 0), it Kato (&1, &2, ..., &) # (0, O, ..., 0). OcBeH TOBa,
fa=3 3k -

i=1j=1 i=1 j=1 i=1 j=1 i=1j=1

=2 v=Au HUmameue R,u=0

n n _
=> > ;& =v. UsnoasBaau cMe o;j € R, aj = oji 38 BCEKH

i=1 j=1
i,je{1l,2,..,n}, a B OPEeAIIOCAETHOTO PABEHCTBO Pa3MEHUXME

HHAECKCHUTE, KOCTO € IIO3BOACHO, ThHU KaTO T€ C€E MEHSIT B €MHAKBU
MHOZK€ECTBA.

HOqumee,qe\_I=v-)veR.TaKau,veR-)k=XeR.
u



TeBpaeHue: Heka V e kpalilHOMEPHO €BKAUAO0BO IIPOCTPAHCTBO,
dimV =n € N u ¢ e cumerpudeH anHeeH ornepatop Ha V. Torasa

BCHUYKHTE N XapaKTEPHUCTUYHU KOPEHU Ha (p Ca pPeaAHHU YHCAQ,

T.€. @ UMa N (He HEIIPEMEHHO Pa3ANYHH) COOCTBEHU CTOMHOCTH.
[okazareacTBO: Heka e, €o, ..., en € opToHOPpMHUpPaH 6a3zuc HAa VU A e
MaTpuilaTa Ha ¢ cupsaMo To3u 6asuc. ChraacHO MO-IIPeaHOTO
TBBPAEHNE A e cuMeTpuyHa maTpuiia. OT IIpeagHOTO TBbPAEHNE
BCHYKHUTE XapPaKTEPUCTUYHU KOPEHU A1, A2, ..., An HA A ca peaaHU =
BCUYKUTE Ca COOCTBEHH CTOHMHOCTH Ha oreparopa ¢.

TeBpaeHue: Heka V e KpallHOMEPHO €BKAUIOBO IIPOCTPAHCTBO,
dimV =n € N u ¢ e cumerpudeH AuHeeH orepatop Ha V.

Axo X, y ca cOOCTBEHU BEKTOPH, OTTOBAPSIIY Ha PA3AHYHU COOCTBEHU
CTOMHOCTH A, |l HA (¢, TO X U y Ca OPTOTOHAAHH.

Hoka3zatreacTBo: UMame ¢ (X) = A.X, ¢ (y) = L.Y. ¢ € CUMETPHUYUEH
orrepaTop P (¢ (x),y) = (X, ¢ (v) 2> A.x,¥) = (X, p.y) D L.(X, ¥) = p.(x, y)
2> A-p. Xy =OursikaTo A #u =2 (X,y) =0, T.e. xmyca
OPTOTOHAAHU BEKTOPH.

Teopema: Heka V e kpallHOMEPHO (HEHYAEBO) €EBKAUIOBO
IIPOCTPAHCTBO U (¢ € CHMETPHUYEH ANHeeH oltepaTop Ha V. ToraBa
CBIIECTBYBa OpTOHOpMUpaH 0a3uc fi, s, ..., f, Ha V B KoiiTO

M 0
MaTpullaTa Ha ¢ € AuaroHaAHa, T.€. OT BUAA '

0] A

HokaszareacTBo: Hekan = dimV, n e N, n > 1.

[IpoBexname HHAYKIINA I10 N.

Baza: I[Ipu n = 1 B Ko#i na e 6a3uc marpunara Ha @ € (A)ix1, T.€. Td €
[AuaroHaAHa.

Crpnka: Heka TBBpaeHHeTO € BApHO 3a n-1 (n > 2). Heka A1 e
coOCTBeHA CTOMHOCT Ha (@ U €] € COOCTBEH BEKTOP, OTTOBAPHII] HA Ta3Uu

cobcrBeHa croiiHocT. Heka i = W .e1. Torasa
e1
1 1 1
¢ (fi) =¢ (.€1) = — .0 (e1) = — .A.e1 = A.f1, T.e. f1 cBIIO € cobcTBEH
e 7 el |

BEKTOpP, OTTOBapPLII] Ha cOOCTBEHATA CTOHHOCT A1.

Heka U = { (f1). ToraBa U <V u dimU = 1. Pasraexxgame opTOTOHAAHOTO
nomrbaHenue Ut Umave U< Vu V=U & U & dimU + dimU* = dimV
2 dimU* = n - 1. Ile nokaxeMm, uye U’ e ¢-MHBapHUAHTHO
nommnpocrpancTso Ha V. [lefCTBUTEAHO, 3a BCIKO X € Ut umame

(p e cumerpuuen) (¢ (%), f1) = (%, ¢ (f1) = (X, A1.f1) = A1.(x, f1) =0 =>

¢ (x) € UT. PasraexxmaMe ¢ KaTo AMHEEH OIePaTop Ha €BKAHOBOTO
npoctpancTso U' (pasraexkmaMe orpaHUYeHHeTo Ha ¢ BBpXy U).
O4eBHIHO @ € CHMETPHUYEH OIIepaTop B UL Ilo HUHOYKIIMOHHOTO



IIPEIIIOAOKEHHE TRHPAECHUETO € BIPHO 3a orepaTtopa ¢: Ut > Ut T.e.
CBIIECTBYBa OPTOHOpMUpaH 0a3uc fo, f3, ..., f, Ha U', B KOHTO

Ao 0]
OIIEPaTOPHT ¢ UMa MaTpPUIIA -
0 A,
Pasraexxnmame BekTopure f1, fo, ..., fn. Umawme fo, ..., fn € Ut
= fo, ..., fn ca oproronaanm nHa f1 =2 fi, f7, ..., fn ca oproHOpMHpaHa
cucTeMa OT N BEKTOpa C IbAXKHHA 1 = Te o0pas3yBaT OPTOHOPMHUPAH
b6asuc Ha V. 3a Bcako i =1, 2, ..., n umame ¢ (fi) = Ai.fi 9

Ay 0]

MaTpHUllaTa Ha ¢ B TO3U 6a3HC € TOYHO
0 A,

CaenctTBHe: 3a Bcaka cuMeTpuyHa Matpulia A € Rnxn chliecTByBa

M 0

optroroHasHa Matpuna Te Rngn, TakaBa ye T-1.A.T = ,

0] A

n
KBIETO Al, ..., An CA TOYHO XapaKTEPUCTUYHUTE KOPEHU Ha A.
[okaszareactBo: Heka V e KpaliHOMEPHO €BKAWJOBO IIPOCTPAHCTBO C
pasMmepHocT n (Harrpumep V = Rn). Heka E = (e, €2, ..., en) €
opToHOpMUpaH 0a3uc Ha V. ToraBa ChIIeCTByBa €AUHCTBEH ANHEEH
ortepaTop @ € Hom (V), TaksB ue B 6a3uca E marpuiiara Ha ¢ € A.
Twit kaTo A e cuMeTpHUYHAa MaTpHUlla U 6a3uckT E e oproHOpMEpaH,
¢ € CHMETPHUYEH AHHeeH orepartop Ha V. OT TeopeMara ChIIECTByBa

oproHopMupaH 6asuc F = (fi, f, ..., fn) Ha V, cripgamo kKoiiTo marpuiiata
Ay 0]

HapeD= . Heka T e maTpuilata Ha IIpexoja oT ba3uca
0] A

n
E kbM 6aszuca F. ToraBa ot mo-rope T e opToroHaaHa MaTpulilia U OT
dopMmyaaTta 3a cMsgHa Ha 6a3uca umame, ye D = T-1.A.T. Twit KaTo
Matpunute A u D ca momobHu, Te UMaT €AHU U ChIIHU
XapaKTEPHUCTUYHU KOPEHHU, T.€. XapaKTEPUCTUYHUTE KOPEHU A1, ..., An
Ha D ca TOYHO XapaKTEepPHUCTUYHHUTE KOPEHU Ha A.

19. Anzebpuueckka 3ameopeHoCcm HA Noiemo Ha
KomnnexcHume uucaa. Credcmeus.

Teopema: Heka F e nioae, f € F[x], deg f > 1. ToraBa crliecTByBaT
pasmmpenue K > F u o € K, TrakuBa ye f (o) = 0.

CaeactBHe: Heka F e noae, f € F[x], n =degf> 1, ap € F e crapmiuar
koecpuieHT Ha f. ToraBa chiecTByBaT pasmupenue L > F u
a1, a2, ..., an € L, TakuBa 4e f (X) = ao.(X - a1).(X - a2). ....(X - on).



B o3mauenusTa Ha caeAcTBUEeTO, HeKa M e ceueHHeTO Ha BCUYKHU
noarioaeta Ha roaeto L, kouro cpawpxkat F 1 a1, a2, ..., on € L.

dcHo e, ye M e ntonmoae Ha L u M e Hafi-MaAKOTO TaKoBa IIOIIIOAE,
KoeTo cpabppxka F u a1, ao, ..., an. M ce Hapuya moae Ha pasaaraHe Ha
f maxg moaetro F.

Mozke ga ce IIoKaXke, 4Ye BCEKH [BeE IIOAETa Ha pa3saraHe Ha [IOAHHOM
Ha €THO U CHILO II0AE Ca U30MOP(QHH, T.€. He(pOPMAAHO, TIOAETO HA
pa3saraHe € He3aBHCHUMO OT PaA3UIUPEHUETO, KOETO ChIbP:Ka KOPEHUTE
Ha IIOAMHOMA.

Heka f € F[x], f (x) = ao.x® + a;.x™1 + ... + an.1.Xx + an, n € N, ap € F*.

B noaxopgamio pazmupenue L > F umawme:

f (x) = ao.(X - a1).(X - 02). ....(X - On).
Kato mpupaBHUM KoepUultmeHTUTE mipea X1, xn2 . x1 x0B
PaBEeHCTBOTO IoaAydyaBaMe ¢popmyanTe Ha Buert:
a'1
o1 + ...+ Op = ——,
=)
a2
ai.oe t+ + Op-1.0n = —,
=)
— k ak
01.02. ....0k + ... + Oln-k+1.0n-k+2. ....0n = (-1)k. —,
=)

Tyk asgBata crpaHa Ha k-tara popmyaa (1 < k < n) cpabpxka cymara ot
BCEBB3MOKHUTE ITPOU3BEAEHUA Ha k eaemMeHTa OT a1, 02, ..., On, T.€.

n
ChabPIKA (kj crOupaeMH.

Heka A e kOMyTaTUBEH IIPBCTEH C €AMHUIIA.

Heka f = f (x1, X2, ..., Xn) € A[X1, ..., Xn]. Ka3Bame, ye f € cumeTpHUeH
IIOAHHOM, aKof (xil,xiz,...,xin) ={ (X1, X2, ..., Xn) (paBEHCTBO Ha
IIOAMHOMH) 3a IIPOU3BOAHA IlepMyTallud i1, i2, ..., in HA YUCAQTA

1,2, ..., n.

CaemHuTE CUMETPHUYHU [TIOAUHOMHU
61 =X1 +Xo+ ...+ Xp
02 = X1.X2 + X1.X3 + ... + Xp-1.Xn

On = X1.X2. ....Xn
C€ HapHu4daT €A€EMEHTAPpHH CHMETPHYHH IIOAHHOMH.

Teopema: Heka A e oGaacr, f = f (X1, Xo, ..., Xn) € A[X1, X2, ..., Xn] €
CUMETPHUYIEH ITOANHOM. ToraBa C’bH_IeCTBYBa €IANHCTBEH IIOAMHOM g Ha
N IIPOMEHAUBH C KOePUIIMEHTH OT A, TaKbB 4e

g (o1, 02, ..., on) = f (X1, X2, ..., Xn).



CaeactBHe: Heka F e noae, f (x) € F[x], n = deg f > 1 u Heka

a1, 02, ..., 0n ca KopeHute Ha f (x), o € K> F. Ako h (x1, X2, ..., Xn) €
CUMETPHYEH [TOAMHOM C KOe(PUITMEHTHU OT 1oAeTo F,
TO h (a1, a2, ..., 0n) € F.

HokazareactBo: Heka f (x) = ap.x™ + a1.x™1 + ... + an, ai € F, ap € F*.
Ot TeopeMaTa CBIIECTBYBa [IOAMHOM g HA N IIPOMEHAUBH C
Koe(pUIIHEHTH OT roaeTo F, TakbB ue

h (x1, X2, ..., Xn) = g (01, O2, ..., on). 3a k=1, 2, ..., n umame:
ok (o1, a2, ..., On) = (—l)k.a—k € F (ot popmyante Ha Buer). ToraBa
2h)
h (a1, a2, ..., 0n) = g (—&,&, oo (—l)n.&) e F, st KaTOo g e c
ap Qo 2h)

KoepHuIeHTH OT moaeTo F.

KaszBawme, ue equo 1ose F e aAreOpHYeCKH 3aTBOPEHO, aKO BCEKHU
roanHoM f € F[x], deg f > 1 nma none enun KopeH B F.
ExBuBasenTHa neduHuImda e: 3a Bceku noanHoM f € F[x],

deg f (x) = n > 1, cpmiecTByBar a1, do, ..., dn € F, TakUBa ye

f (x) = ao.(xX - a1).(X - a2). ....(X - an), KBOETO ao € F* e crapmiuar
KoecuieHT Ha f.

[eticTBuTEAHO, ako a1 € F e kopeH Ha f (x), To f (X) = (X - a1).g (X),

g (x) € F[x]. ITo cpua HayuH, ako a2 € F e KopeH Ha g (X),

T0 g (X) = (X-0a2).h (x),h (x) e F[Ix] u f (X) = (X - a1).(X - a2).h (X) ...
T.H. CA€J] TOYHO N CTHIIKHU f Ille ce pa3sroKy B AMHEMHN MHOXKHUTEAH.

Teopema: [ToreTo C e aareOpuYeCKU 3aTBOPEHO.

JlokazaTeACTBO:
[ITe oTbeaeskuM, Yye HIMa YHUCTO aATeOpPUYHO JOKa3aTEACTBO Ha Ta3u
TeopeMa, T.€. KOeTO He U3II0A3Ba IIOHE MaAKa 4acT OT aHaAu3a —

HanpuMep BceKu noarHoM f (x) € R[x] e HenpekbcHaTa PyHKIINSA

or R B R.
Crphka 1:
Axo f (x) € R[x], deg f e HedeTHO uncCA0, f (X) UMa ITOHE enqUH peaseH

KopeH. [etictBuTeaHo, Hekan =deg f € N, n > 1, ap # O e crapmudar

KoeduieHT Ha f. M3annoazBame, 4e n € HEYETHO YHCAO:
Akoap>0,T0 limf (x)=+c, limf (x)=-o.
X—>- 0

X—>+ 0

Ako ap < 0, To lim f (x)=-00, limf (x)=+ .

X—>+ 0
U B nBaTta cay4das ChIIECTByBarT a, b € R, a < b, TakuBa 4e

f (a).f (b) < 0. ToraBa ot TeopeMmara Ha Boanano-Komru, Tei kato f (X) €
HeITpeKbCcHaTa (PYHKIINd, CBIIECTBYBa C € [a, b], TakoBa ue f (c) = 0.
Crprnka 2:

Axo f (x) € R[x] u deg f > 1, To f (x) uma nmoHe enuH KopeH B C.
Hekan=degf,n>1,n=2km,k>0, m> 1, m e He4eTHO.



[TpoBexxmame HHAYKIUS 110 K.

Baza: k = 0. ToraBa n = m e He4eTHO U OT cThlKa 1 f uma mopu peaseH

KOpPEH.

Crpnka: Heka TBBpaeHHETO € U3bAHEHO 3a K — 1, k> 1.

Heka ai, a2, ..., an ca KopeHute Ha f (x), a; € K — moae Ha pasaaraHe Ha

f (x) max C. Heka r € R. O3nagaBame B = ai.0 + I.(0i + o)

3a BCEKH 1, j, 1 <i < j<n. EcrecrBeHo, Bi € K.

n.(n-1) _ 2m.(2“m-1)
2 2

kKpaero m' € N u m' e HedeTHO. Pasraesxxmame roAMHOMBT

gx) = J] x-B;,g(x € K[x]. Hera g (x) = x™ +b,.x"" +...+Db

1<i<j<n

Bpogar Ha Bij e n1 = =2 m.(25m-1) = 2k1.m/,

n; ?

3acera e gcHo, 4e bt € K. 3a Bcgrko t = 1, 2, ..., n1 UMaMe:

b = (-1)t.c¢ (..., By, -..). [Ipu mponsBoaHa mepMyranus o, , o ,0_ Ha

by e Oy
a1, 02, ..., On IMame, 4e Bij = ai.a4 + r.(oq + o) IpeMuHaBa B

O, - O F r.(o, +ocpj) = Bpipj . C npyru nymu, IIpoOU3BOAHA IIEPMyTallUs
Ha a1, 02, ..., On BOAU A0 nepmyTanusa Ha Pi. Ho ot (..., By, ...) €
CUMEeTpPHYEH IIOAMHOM Ha [jj, TaKa 4ye TOH He ce ITPOMEeHS ITpU
nepmyrtanuda Ha Bi. M Taka by = (-1)t.ot (..., By, ...) € cuMeTpUYeH
TIOAMHOM C PeaAHU KOoe(PUIIMEHTH Ha o1, 02, ..., On ¥ OT CAEICTBHETO

mo-rope = bt € R3a Bcako t = 1, 2, ..., ni. Taka umame:

g (x) € R[x], deg g = 2k'1.m', kbaeTo m’' e HedeTHO. [1o HHAYKIIMOHHOTO
IIPEeNIIOAOKEHUE IIOAMHOMBT g (X) MMa KOMIIAEKCEH KOPEH.

Tw#t kaTo C < K, TOBa 03Ha4aBa, 4e 3a BCAKO r € R chIiecTByBaT
UHIEKCH 1, j, 1 <i < j<n, TakuBa 4de Bi = oi.o + r.(o + o) € C.

Ho gBoiikuTe i, j, 1 <i < j < n ca kKpaeH O6poli, peasHHUTE YHCcAa ca
6e306poii MHOTO = CBHIIECTBYBAT PEaAHHM YHCAA I'1, I'2, I'1 # I'2, TAKUBA Y€
oi.0f + r1.(ai + oy) =c € C,

ai.0 + ra.(ai + o) = d € C 3a emHa u cpa ABoMKaA i, a4, 1 <1< j<n.
c-d d.r, -c.1,

=aeC, ooy =
L-1 L-1

B TakbB cayuait, ai + 0 = =b e C.

Taka o, 0j ca KOpeHUTe Ha [IoAMHoMa X% —a.x + b =0, T.e.

ata’-4.b

i, O = — 5 e C, mpit kKaTo C e 3aTBOpPEHO OTHOCHO

KOpeHyBaHe (KOeTO Ce BUIK/a A€CHO C popMyaaTa Ha MoaBbp).
U raka ai, 0 € C, T.e. f HaucTHA UMa KOMIIA€KCEH KOPEH.
Crpeika 3:

Axo f (x) € C[x], deg f > 1, To { (X) uma nToHe enuH KopeH B C.

Heka f (x) = ap.x2 + a1.x21 + ... +an,ai € C, a0 € C*, n > 1.

Heka f (x)= a,.xn+ a, .x*1+ ...+ a_, .x+ a_ e C[x].



3a Bcako o € C umame: f (a )= f (o). JeiicTBUTEAHO,

f(a)=a,.0%+a,.o™+...+a 6 .0 +ta,=

n

=a,.0"+a,.0" +...+a_jo+a, = f(a).
Pasraexxgame h (x) = f (x). f (x) € C[x],
h (x) = co.x22 + c1.x221 + || + Ccon-1.X + Con, Ct € C.

BaBcakot=0,1,2,..,2.n,c= ) a.a,. Umame

itj=t
c, = Y a.a; =) a,.a; = a.a=, a.a; =Ct(BIPEAIOCACTHOTO
i+j=t i+j=t i+j=t i+j=t
PaBEHCTBO CMEHHXME POAHTE Ha MHIEKCHUTE, KOETO € II03BOAEHO, ThH
KaTo T€ y4acTBaT CUMETPUYHO). [loayunxme, 9e c, = ¢t < ¢t € R u Taka
rnmokazaxme, 4e h (x) € R[x]. ToraBa ot cTbnka 2 crpirecrByBa a € C,
rakoBa 4e h (o) = 0, T.e. f (o). f (o) = 0. Trit kaTo C e mmoae, TO

fla) =0 aexopernnafuru f ()=0> f (a)=0> f[@=0>

f(a)=0=>a exopeH Ha f (x).

U Taka 3a Bceku nmoauHoM f (x) € C[x], n = deg f > 1, cpiecTByBaT
a1, 02, ..., an € C, TakuBa de f (x) = ao.(X - a1).(X - a2). ....(X - On), KBAETO
ap € C* e crapmuar koedpunueHT Ha f.

Taka Hepazaoxxumu Han C moanHoMmu ¢ KoedpurmeHTu ot C ca camo

IIOAMHOMUYTE OT cTelleH 1.

Tewpaenune: Heka f (x) € R[x]. Ako o € C e kopeH Ha f (x), To o € C
CBIIO € KopeH Ha f (X), mpu ToBa ChC ChIIaTa KPaTHOCT.
[oka3zareacTBo: AKo f (x) € C[x], To

f(x)=a,.x+ a, .xl+...+ a_, .x+ a_ e C[x] uno-rope
IIpoBepHuxMe, de 3a Bcako o € C umame: f (a) = f (o).

B gacrHocT, ako f (x) € R[x], To0 f (x) =f(X)uorf(a) =0 =>

D> f(a)=f(a)=f(@) = 0 =0=> o cobo e KopeH Ha f ().

Ako o € R 1 o € KopeH Ha f (X), TO 0. = oL ¥ O4EBUIHO 0. U 0L UMAT €IHA
1 cbla kpaTtHocT. Heka a € C\R, T.e. oo # o. UMame (x - o, X -a ) = 1,
x-o|f(x),x-o [fX D xE-a).x-a)|fx.

Heka ¢ (X) = (X -0).(X-a ), T.e. 9 (X) =x2- (o + a).x + a. a € R[x].



Heka k e Hali-roAsMOTO €CTECTBEHO YUCAO, TakoBa 4de (¢ (x))¥|f (x),
k>1,f(x) = (¢ (x)g[x),gx) < Rx].

Akog () =02 g(a)=0Do9 (X)=x-a).x+a) | gx >
(0 x))k*1|f (x), koeTo e mpoTHBOpedHre c n3bopa Ha k = g (a) = O.

Ananrorugso g (o) # 0. ToraBax-at+g(x),Xx-a +g((xX) P auaca
KopeHHU Ha f (X) c egHA U ChIIA KPATHOCT K.

OT ropHOTO TBBPAEHUE ITIOAyYaBaMe, de€ BCEKU ITOAMHOM f (x) € R[x] ce
3arycBa €JHO3HAYHO BHB BUA:

f (x) = ao.(x - o)k, ... (X - o)k (x2 + p1.x + qi)h. ... (X% + ps.X + Qs)ls,
KBbAETO ao € R* e crapmmar KoeduimeHT Ha f (x), ai € R, pj, qj € R,

Pit—-4.q5<0,t,s e N, ki, j e Ny ki> 1,1 > 1.
M Taka HEPA3AOXKHMMH IIOAMHOMH Ha R MOAMHOMH C KOeDHUIIUEHTH OT

R ca IOAMHOMMUTE OT CTEIIeH 1 ¥ IIOAMHOMMUTE OT CTEIIEH 2 C
OTpHUIIATEAHA JUCKPUMHWHAHTA.

20. Teopemu 3a cpeoHume cmoiiHocmu (Pon, Aazpatroxk,
Kowu). Popmyna na Teinop.

HaBcakbae pasraexxgaMe peasHO3HAYHH (QYHKIIHMH Ha peaseH
apTyMEHT.

Heka f (x) e medpuHHpana B okoAHOCT M Ha ToukaTa Xo € R.

KaszBawme, de f (x) uMa AOKaA€H MaKCHMYM B TO4dKaTa Xo, aKO
cpiecTByBa okKoaHOCT U ¢ M Ha Xo, TaKaBa 4e

f (x0) > f (x) 3a Bcako x € U.

Heka f (x) e nedpuHUpana B okoaAHOCT M Ha ToukaTa Xo € R.

KasBawme, de f (x) uMa AOKaA€H MHHHMYM B To4YKaTa Xo, aKO
cpiecTByBa okoaHOCT U ¢ M Ha Xo, TaKaBa 4e
f (x0) < f (x) 3a Bcako x € U.

AoKaaHUTE MUHUMYMH U MaKCHUMYMH Ce HapHu4daT ChOHUPATEAHO
AOKaAHH €KCTPEMYMH.

Teopema (Pepma): Heka f (X) e necpuHHEpaHa B OKOAHOCT Ha ToYKaTa
xo U f (X) e mudepeHIpyeMa B ToUKaTa Xo. AKO f (X) Ma A0KaseH
€KCTPEMYM B ToUYKaTa Xo, To { '(xo) = O.
Hoka3zateacTBo: Heka 3a onpeneaeHocT f (Xo) € AOKaaeH
MakcuMyM 3a f (X) (pa3chKaOeHHeTo 3a AOKaAeH MUHUMYM € abCOAIOTHO
aHaaoruyHo). CraiecTByBa 0KoAHOCT U Ha Xo, B KogaTo f (x) e
nedpuHupana u f (x) < f (xo) 3a Bcako x € U.
f(xo +h)-1(x,)

o .
Heka h 2 0 c moAOKUTEAHH CTOMHOCTH, TakKa 4ye Xo + h ocraBa B U.

Pasraexxmame nudpepeHIHOTO YaCTHO




Torasa f (xo + h) - f (X0) <0, h >0 =

f (x, +h)-1 (%) <0 caen
o <

rpaHuydeH npexorn f '(xo) < 0.
Heka h - O c orpunareaHn CTOMHOCTH, Taka 4e Xo + h ocraBa B U.

ToraBa f (xo + h) —f (X0) <0, h <0 = f(x,+h)-1(x,)

>0 = caenq

rpaHuydeH npexorn f '(xo) > O.
Ot nBeTe HepaBeHCTBa noaydaBaMme f '(xo) = O.

Teopema (Bakepmipac): Heka f (x) e nedprHMpaHa U HEIIpeKbCHATA B
KpaliHu4 3aTBOPEH MHTepBaa [a, b]. ToraBa Ta npurexkaBa Hali-roaaMa
U Hali-MaaKa CTOMHOCT cpel CTOMHOCTUTE CH 3a X € [a, b].

Teopema (Poa): Heka f (X) e nedomHUpaHa 1 HenmpeKbCHATA B KpaiHU
3aTBOpPEH UHTEpBaa [a, b]. OcBeH ToBa, Heka f (X) e udepeHIIIpyeMa B
OTBOpeHUs UHTEpBaa (a, b) u f (a) = f (b). B Tak®sB cay4aii, chiiecTByBa
IIOHe emHa Todka § € (a, b), 3a koaro f'(§) = 0.

[oxka3zateacTBo: PyHKIMATA f (X) € HelIpekbCcHATa B [a, b] = oT
Teopemara Ha Balepuipac f (x) mpurexxkaBa Hali-roAeMHU U

HaM-MaAKH CTOMHOCTH B [a, b]. Heka m = f (x1) e Hali-maakaTa
crotiHocT Ha f (X), X1 € [a, b] u M = f (X2) e Hati-roagmaTa

crotiHoct Ha f (%), X2 € [a, b].

Akom =M,orm<f(x) <M3ax e [a, b] 2 f(x) e koHCTaHTa B [a, b] =&
f'(x) = 0 3a Bcgko X € (a, b) 1 Teopemara e mokasaHa.

Heka m < M. IloHe eqHa OoT ABeTe TOYKH X1 U X2 € BBTPEIIHA 3a
WHTEpBaaa [a, b] — B IPOTUBEH cAydal IIle IOAYIHUM, Ye

m =M =f (a) =f (b). Ako x1 € (a, b), ToraBa X1 € AOKaA€H eKCTPEMyM =>
f'(x1) = O 1o Teopemara Ha Pepma. AKO X1 = a HAU

x1 = b, ToraBa x2 € (a, b) e ArokaaeH ekcrpemyM u f '(x2) = O 110
TeopeMara Ha Pepma.

Teopema (Aarpanxk): Heka f (x) e nedpuHUpaHa U HEIpeKbCHATa B
KpaliHug 3aTBOPEH MHTepBaa [a, b] u nudepeHnmpyemMa B OTBOPEHUS
uHTEepBaa (a, b). ToraBa crwiecTByBa § € (a, b), TakoBa ue
f(b)-=f(a)=1f'().(b-a).
JlokazaTeACTBO:
[a orbeaexxum, de 1ipu f (a) = f (b) moayuaBame Teopemara Ha Poa,
KOSTO € YacTeH CcAy4dall Ha TeopeMaTa Ha AarpaHixk.
Pasraexxmame pynkumara g (x) = f (x) — k.x, kpaero
k= w. B Tak®B cayuai, g (a) = g (b). Je#icTBuTEAHO,

-a
g@a=gb) & fa-ka=f(b)-k.b < f(b)-f(a) =k.(b-a), koero e
n3nbaHeHO. OCBEH TOBa, g (X) € nedpuHHpaHa U HEITpeKbCcHATa B
3aTBOPEHUd HHTepPBaa [a, b] u g (X) e nudepeHIEPyEMa B OTBOPEHUS
uHTEepBaa (a, b). Haaue ca ycaoBusTa B TeopeMmarta Ha Poa =



cplecTByBa § € (a, b), TakoBa 4ye g’ (§) = 0. Ho g’ (x) = f'(x) — k, Taka ue

0=g (§ =) -k=1g- 2> rp)-f@=1Eb-a

CaencrBHe: Heka pyuknuara f (x) e nedpuHupana u gudepeHnupyeMa
B nHTepBaa A. Ako f'(x) = 0 3a Bcgko X € A = f (X) e KoHCTaHTa B A.
[okazareacTBo: PUKcCUpaMe ABe TOYKU X1 < X2 € A. B 3aTBOpeHUa
HHTEPBaA [X1, X2] 0O4€BUAHO ca U3II'PAHEHH YCAOBHATA Ha TeopeMaTa Ha
AarpaH =» chIIeCTBYBa To4Ka § € (X1, X2), TaKaBa 4de

f(x2) —f(x1) =f'(§).(x2 —x1), HO £ '(§) = 0 3a Bcako § € A = f (x1) = f (x2).
ToukuTe X1 ¥ X2 ca n30paHu IMPou3BoAHO =P f (X) € KOHCTaHTAa B A.

CaenctBHe: Heka f (x) e nedpunupana u qudepeHIupyeMa B
naTepBaa A. Ako f'(x) >0 (f'(x) <0) 3a Bcako x € A, To f (x) e
MOHOTOHHO pactduia (HamaagBaina) B A. Ako f'(x) > 0 (f'(x) < 0) 3a
BCAKO X € A, To f (X) € CTpOoro MOHOTOHHO pacTdlla (HaMaasgBaiia) B A.
[okazareacTBo: PUKcCHUpamMe ABe TOYKU X1 < X2 € A. B 3aTBOpeHUa
HHTEPBaA [X1, X2] 0O4€EBUAHO ca U3II'PAHEHH YCAOBHATA Ha TeopeMaTa Ha
AarpaHk =» CchIIeCTBYBa To4Ka § € (X1, X2), TaKaBa 4e

f(xo) —f(x1) =f'(§).(x2—x1), HOf'(§) 20 (f'(§) < 0) 3a Bcako § € A =

f (x1) <1 (x2) (f (x1) > (x2)). ToukuTe X1 < X2 ca U30paHU ITPOU3BOAHO
f (x) € MOHOTOHHO pacTdIlla (HaMaasgBaiia) B A.

Axko HepaBeHCTBOTO € cTporo, T.e. f'(§) > 0 (f'(§) < 0) = f (x1) < f (x2)

(f (x1) > f (x2)) 1 pyHKIUATA  (X) € CTPOrO0 MOHOTOHHO pacTdIra
(HamasagBaiia).

CaencrBHe: Heka pyuknuara f (x) e nedpuHupana u gudepeHnupyeMa
B uHTepBaa A. Ako f '(x) e orpa"nudeHa B A, To f (X) e paBHOMEpPHO
HEIpeKbCHaTAa B A.

[okazateacTBo: Tt KaTo f'(X) e orpaHruyeHa B A = ChIIIECTBYBa

C € R*, rakoBa ue |f'(x)| < C 3a Bcgko X € A.

dukcupaMe ABe TOUYKHU X1 < X2 € A. B 3aTBopeHNd UHTEPBaA [X1, X2]
OYEeBH/HO Ca U3II'bAHEHU YCAOBHUATA HA TeopeMaTra Ha /\arpaHxk =
CBIIECTBYBA & € (X1, X2), TakoBa ue f (x2) — f (x1) = {'(§).(x2 — x1),

HO [f'(§)]| <C =2 |f(x2) —f(x1)] <C.|x2—-x1].

dukcupame ¢ > 0. 3dupame § = ¢/C. ToraBa 3a BCEKH X, V € A,
TakuBa 4Ye |Xx—y| < dumame |f(x)-f(y)| <C.|x-y| <C.g/C=¢c=>
f (x) e paBHOMEPHO HENIpPEKBCHATA B A.

Teopema (Komn): Heka ¢dyukinure f (X) u g (x) ca mnedpuHUpaHu U
HEeIIPeKbCHATH B 3aTBOPEHUS UHTEPBaA [a, b] u gudepeHInpyeMu B
OTBOpPEHUs UHTEPBaa (a, b). Heka ocBen ToBa g '(x) # 0

3a BCAKO X € (a, b). B TakbB cayuaii, chlllecTByBa
f(b)-f@) _f(E)
g(b)-gla) g

¢ € (a, b), TakoBa ue



JokaszateacTBo: TeopeMaTta Ha AarpaHXK € 4acTeH caAy4al Ha
Teopemara Ha Komiu, mpu Heda g (X) = X. [Ipeagu BCUYKO, YCAOBHETO €
KOPEKTHO, T.e. g (a) # g (b). de#icTtBuTEeAaHO, aKo gomycHeM g (a) = g (b),
ToraBa 3a (PyHKIIMATA g (X) IIe ca U3II'bAHEHU YCAOBHUATA Ha TeopeMara
Ha Poa =» cpiectrByBa § € (a, b), TakoBa de g '(§) = 0, Koeto €
IIPOTHUBOPEYHE C YCAOBHETO.

Pasraexxmame dpynkimgara ¢ (x) = f (x) — k.g (X), kpaeto
_ fb)-f(a)

g (b)-g(a)

¢ (a)=¢ (b) ® f(a)-k.g(a) =f(b) -k.g(b) =

& f(b)-f(a) = k.(g (b) — g (a)), KoeTo € U3I'BAHEHO.

OcBeH TOBa, ¢ (X) € mepuHUpPaHa U HETpeKbCHATa B 3aTBOPEHUS

HHTEpPBaA [a, b] u e gudepeHIIpyeMa B OTBOPEHUI HHTepBaa (a, b).

Haawurne ca ycaoBugaTa B Teopemara Ha Poa = cwiriecTByBa & € (a, b),

TakoBa 4e ¢ '(§) =0. Hoo'(x) =f'(x) -~ k.g'(x) 2 0 =0 '(§) =

_ ‘(EY = f(b)-f(a) . f (b)-f(a) _f'(§)

=f'(€) - k. =f'E) - ——. > = .
Bk et Y chre 2@

. B Tak®bB cayuaii, ¢ (a) = ¢ (b). JeicTBUTEAHO,

Teopema (bpopmyaa Ha Tenanp): Heka f (X) e nepuHupana u

n+1 meTH gudepeHIIpyeMa B OKoaHOCT U Ha TodykaTa Xo, n € N.

Torasa 3a Bcgka Touka X oT U u Bcako p € N, p # O umame, gye
CBIIIECTBYBA to MEXIAY X U X0, TAKOBA 4e

3 a 2 B n
f(x) = f (Xo) + ~—0 f’(xo) + M.f”(xo) b EX) f(7)(x0) + R,
1 21 n!

(x-%,)°.(x-t, )ml_p-f(ml)(to )

KBIETO Ry =
p.n!

HokaszareactBo: Pukcupame x € U, p € N, p # 0. AKo X = Xo

BBIIPOCHOTO PABEHCTBO OYEBHUIHO € U3II'BAHEHO IIPHU to = X = Xo.

Heka 3a onpeneaeHoCT Xo < X. Pa3zraexxname pyHkousaTa: ¢ (t) =

~ e -+ g+ 0

nedpuHupana 3a t € U (A e mapaMeTsp, KOUTO II1e YTOUHUM).

() + .+ -1 S@(t) = A (x — t)P,
n!

ScHo e, ge ¢ (x) = f (X) — f (x) = 0. U3bupame A Taka, de ¢ (xo) = O, T.e.

X (X—XO)2

£7(x0) + .. M_f(n)(xo)) -

f(x) - (f (xo) +
n!

_XO ’
1 1 '(xo0) +

—A(X—X)P=0=>

X-X

f(X)-(f (%) *

() + % ya BEXO) gy )]
. 2!

n!

(x-%,)°



Trwit kaTo f e n+1 obpTH AUdeperHnmpyema B U, To ¢ e nudepeHImpyemMma
B U. HenmocpencrBeHo npecmdaTame,

0 (0= = (1) + (110 + =t ¢ (). + %.f'”(t) +
o (0 B ey B peng) - 1) — et =
(n-1)! n!

-t n

= L.p.(x - t)p-1 - Q fm+1)(t). dynkumara ¢ (t) e gudepeHIIIpyeMa,
n!

a CAeI0OBATEAHO M HENIPEKbCHATAa B HHTEpPBaAa [Xo, X|. Cera 3a Heda

MOXKEM Ja IIPHAOKUM TeopeMaTta Ha Poa B uHTEpBaaa [Xo, X| =2
CBIIECTBYBA to € (Xo, X), TakoBa 4e ¢ '(to) = O, T.e.

A.p.(x — to)P! — %.f(nﬂ)(to) =0DA(X-X0)P =Rnm
n!
OT 'OpHHU4A BHO HA A HOAy‘{aBaMe OKOHYAaTEAHO
- _x 2 IR
f(X) = f(Xo) + %f’(xo) + %.fu(xo) + ...+ & f(n)(XO) + Rn.
: : n!

Rn ce Hapuua ocTaTh4€H YA€H BBEB popmyaaTa Ha TeHasp.

[Ipu p = n+1 noayuaBame ¢popma Ha AarpaHiK 3a OCTATHbYHUS YAEH U

T €e:Rn= (x- %)™ £ (1)
(n+1)!

[Tpu p = 1 moayuyaBame ¢popma Ha Komn 3a ocTaThuHUS YAEH U

T e Ry = (X'Xo)'(X'to)n-f(nH)(to) .
n!

21. Onpedenen unmezpan. JepuHuyus u ceolicmea.
Hnmezpyemocm Ha HenpeKkbcHamume pyHKyuu.
Teopema nHa HromoH-AaluibHuy.

dukcupane e pyukimara f : [a, b] 2 R.

[Tox pa3buBaHe Ha HHTEPBaAa [a, b] paszbupame peauia OT TOYKH

Xo = a, X1, X2, ..., Xn = b, TAKHUBA 4e X0 < X1 < X2 ... < Xn. [log AHaAMETBP
Ha pa3buBaHeTo paszbupame yucaoto d ({ xi}) = max (x,-x,,), T.€.

bAXKHUHATa Ha Hali-TOAEMUSI IIOAUHTEPBAA, OIIPELEAEH OT
paszdouBaHeToO.

Cymaraoc ({xi, {ti}) = Zf (t))-(x;-%,,), KpOETO { Xi} € HIKAKBO
i=1

pas3buBaHe Ha UHTEpPBaaa [a, b], a ti ca MEXXKAHHHH TOYKH,



ti € [xi1, x4/ 3ai=1, 2, ..., n, ce Hapuya PHmMaHOBa HHTerpaaHa cyMa
Ha pyHKIUudTa f, onpeneseHa oT pazdUBAHETO { Xi} 1 MEXKAUHHUTE
TOYKH { ti}.

l'eomeTpHu4HO € 4CHO €, 4ye PuUMaHoBaTa HHTErpasHa cymMa
IIpencTaBAsBa CyMa OT AMIlA Ha IPAaBOBI'BAHUIIN, KOATO allpOKCUMHUPA
AHUIIETO HAa KPUBOAMHEWHUSA TpaIlell, onpeaeAseH oT rpadgukara Ha f.

KaszBawme, uye pyHknusTa f e HHTerpyema B PHMaHOB CMHCBA B
HHTEpBaaa [a, b], ako crelecTByBa 9YHuCAO I, TakoBa ye PumaHoBuTte
WHTETrPaAHU CYMH KAOHAT PaBHOMEPHO KBM I, Ipu ycaoBHe, ye
AUaMeThPBbT Ha U3II0A3BaHUTE pa3dbuBaHusa KAOHU KbM O, T.€. 3a BCSIKO
e > 0, cpirecTByBa 0 > 0, TaKOBa 4e 3a BCIKO paszbmuBane { xi} ¢ d ({ xi}) <
d 1 BcekH M300p Ha MEeXKAUHHUTE TOYKH ti, |o ({ xi, { ti}) — 1| <.

Axo f e uHTErpyema B PumMmaHoOB CMUCHA, AECHO Ce€ BHKIA (KaKTO
€OIUHCTBEHOCTTA Ha I'paHUllaTa Ha €JHa CXOAdIla Peanlla), Y€ YUCAOTO
[ e e;HO3HAYHO OIIPENEAECHO U TO ce Hapuya PHMaHOB (onmpeneaseH)

b
HHTerpaa Ha f or a mo b u ce ozHayaBa I = jf (x)dx .

a
TeBpaeHue: Axko f e nuTerpyema B PuMaHOB CMUCHA B UHTEPBaAa
[a, b], To f e orpanuyena B [a, b].

JokazaTeacTBO: Heka € € IpOU3BOAHO ITOAOXKUTEAHO YHCAO,

b
I= j f (x)dx . Obpa3yBame pazdbuBaHe { xi} Ha [a, b], TakoBa 4e na

uMmame |o ({xi}, { ti}) — | < € mpu Bceku u300p HA MEKIAMHHUTE
TOYKY ti. 3a BCEKM [ABE YHCAA X, Y € B CHAA HEPABEHCTBOTO

|x-y]| > |x| — |y|, KOeTo AecHO caeqBa OT HEPABEHCTBOTO HA
TPUWBIBbAHUKA (|X +y| £ |X| + |y| 32 Bceku aBe ymucaa X, y).

B rak®B cay4ah, ¢ > [o ({xi}, { t}) — 1| = | zf(ti)‘(xi_xi—l) -1If =
=

| (t). (Xx — Xk-1) + if(ti)‘(xi_xi—l) + i f(t).x;-%x,) -1 =

i=k+1

| (ti). (Xk — X-1) — (I _Zf(ti)'(xi_xi—l) - i f(t) x;-%x,))| 2

i=1 i=k+1

\%

| (t). (XK — Xk-1) | — |I_Zf(ti)'(xi_xi—l) - i f(t) x-%x,) | 2

i=k+1

et I'l_{zl‘,f (t;)-(x; 'Xi_1)‘l§,f (t:)-(x; - %4)

Xy =Xy

[f(td] <

Cera pukcupame t; ipu i # k 1 ocraBsme tk 1a ce MEHHU B [Xk-1, Xk].



[ToAyuyeHOTO HEpPaBEHCTBO HU y4H, 4e PyHKIIMATA f € orpaHnyeHa B
IIOAVHTEpPBaAA [Xk-1, Xk|, OIpeaeAeH OT padduBaHeTo { Xi}. TbH KaTo
MO3KEM [a maBaMe Ha K croiinoctu 1, 2, ..., n 3akAaogyaBame, 4de f e
orpaHHUYeHa B IIeAus UHTeEpBaa [a, b].

[Ipenmoaarame, 4ye e pukcupana pyuknus f : [a, b] 2 R, kogaro e
orpaHHYeHa B IIeAus UHTEpPBaa [a, b].
Heka mmame paszbuBaHne { X} Ha HHTEpBaaa |[a, b].

[Torarame m; = inf f(x),i=1, 2, ..., n.

X €[x, %]

[Toaarame M = sup f(x), i

X €[x1, Xi]

1,2, ..., n.

IITle oTbeaeskuM, de yucaaTa mi ¥ Mj ca modope nebuHHUpPaHU, ThbH KaTo
b b

f e orpannyena B [a, b|, a caegoBaTeAHO U BbB BCEKU IIOAMHTEPBaA Ha
[a, b], onpenesen ot pazduBaHETO { Xi}.

Cymara s ({ xi}) = Z:mi.(xi -X,,) Hapu4yaMe MaAKa cyMa Ha
i=1

HapOy Ha pyukimarTa f, onnpemesena ot pa3dbuBaHeTo { Xi}.
Cymara s = ZMi.(xi -X,,) HapU4YaMe roassMa cyma Ha

i=1
HapOy Ha pyukimarTa f, onnpemesena ot pa3dbuBaHeTo { Xi}.
OueBHUOHA € CAeHATA BepHUra OT HepaBeHCTBA:!
s ({xi}) <o ({xi}, ti)) <S ({xi}), KogTo caenBa oT m; < f (t)) < M; 3a Bcgko
tie [xi1, x,1=1, 2, ..., n.

['eomeTpHYHO € SCHO €, Ue roaaMmata cyma Ha [Japby mpencraBasBa
AWIe Ha (pUTrypa cCbCTaBeHAa OT IIPAaBOBI'bAHUIIM, KOSTO € OIIHCcaHa
OKOAO KPUBOAWHEHHUS Tparlell, olIpefeAeH oT rpadukara Ha f,

a MaakaTa cyMa Ha [lapOy IpencraBasiBa AHIle Ha (purypa cbcraBeHa
OT IIPaBOBI'BAHUIIN, KOSTO € BIIMCAaHa B KPUBOAMHEHHHUS Tparlell,
oIpeneAeH oT rpacdukara Ha f.

TBBpAeHHe: Heka pynkimara f e nedouHupaHa 1 orpaHnyeHa B
HHTEepBaaa [a, b]. Heka t e pazdbuBaHe, OIpeieA€HO OT TOUYKHTE { Xi} U

X' eTouka #x;3ai=1, 2, ..., n. Heka t* = 1 U { x'}. ToraBa

1. s (t%) > s (7).

2.S (t*) < S (7).

3.Ako M = sup f(x), T0 S (1) - S(t*) £ 2.M.d (1), s (t*) — s (1) £ 2.M.d (7).
xela, b

Hoka3zateacTBo: Heka x' € (xi-1, Xi) (TakKoBa i ©UMa €IUHCTBEHO).
Hekam' = inf f(x), m"” = inf f(x). YcHo e, ye m' > m;, m" > m;.

X €[X;, X x e[x, %]
[ToayuyaBawme:
s(t™)—s (1) =m'.(X - Xi1) + m".(Xi - X') — mi.(Xi — Xi-1) =



= (m' - my).(X' - xi-1) + (M"” - mj).(x; - X') > 0.

Toit KaTrom' - m; < 2.M, m"” - m; < 2.M, X' - Xi-1 < Xi — Xi-1 < d (1),
Xi-X <Xi—Xi-1<d (1) s (t*) —s (1) £ 2.M.d (7).

Ananoruyno, Heka M' = sup f(x), M" = sup f (x).

X €[xi, X] x e[x, x;]
glcno e, ve M' < M;, M" < M;. IloayuyaBame:
S (1) - S (t*) = Mi.(xi — Xi-1) — M. (X' - Xi-1) - M".(xi - X) =
= (Mi - M').(x" - xi.1) + (Mi - M").(xi - X') > 0.
Te#t kKaTo Mj - M' <2.M, M;- M" <2.M, X' - X1 <X —Xi-1 £d (1),
Xi-X <Xi—Xi-1<d (1) 2 S (1) - S (t*) < 2.M.d (7).

[To-061110, aKO T* ce moAy4aBa OT T Ype3 JobaBdgHe Ha Kk HOBU TOYKH, TO
0<S(t)-S(t*) <2.k.Md (f) u 0 <s (t¥) — s (1) < 2.k.M.d (1), KOETO
A€CHO CAeIBa OT TBBPIAEHUETO KaTo Ce U3M03Ba (pakTa, de IIpu
nobaBsHe Ha HOBU TOYKH B pa30MBaHETO, HETOBUST AUaMETHP He
HapacTBa.

TBBpAeHHe: Becaka maska cyma Ha [lapOy He HaAMUHAaBa KOs 1A €
roaaMa cyMa Ha [Jap0Oy.

[oka3zateacTBo: Heka s ({ xi}) e Mmaaka cyma Ha JapOy, orrpeneaeHa oT
paszbuBaneTo { xi}. Heka S ({ yj}) € roaasma cyma Ha [JapOy, orrpeneseHa
oT pazbuBaHeTo { y;}. Heka 1 e o6equHeHNeTO Ha ABeTe pa3duBaHUA
{xi} u {yj}. ToraBa 1t ce moaydaBa oT { Xi} ¢ foOaBsgHEe HA TOYKU >

s ({xi}) £ s (7). CrIm10, T Ce moAaydaBa OT { yj} ¢ moOaBsHE Ha TOYKHU =P

S (1) £S ({yj}).- Ot gpyra cTpaHa € U3II'bAHEHO HEPABEHCTBOTO
SO<ST)Ps{xy))<s(t)<S (1) <S {y3})-

OT ropHOTO TBBPAEHHUE I[ToAydaBaMe, Y€ MHOXKECTBOTO OT BCUYKHU
roaneMu cyMHu Ha [Jap0Oy 3a f e orpaHr4YeHo OT0AY (OT KOd [a € MaAKa
cyMma Ha [lap0Oy 3a f), ocBeH ToBa € Hellpa3Ho, TaKa 4Ye TO UMa ToYHa
[0AHA rpaHuna. ToyHaTa JoAHA TpaHUIa Ha roAeMuTe CyMH Ha [lapOy
3a f ce Hapuya ropeH HHTerpaa Ha pyHKIM4gTa f B HHTEpBaaa [a, b] u
ce o3HayaBa C 1.

AHaAOTHYHO, OT TOPHOTO TBBPAEHHE II0AyIaBaMe, Y€ MHOXKECTBOTO OT
BCHUYKH MaAKHU cyMH Ha [lapOy 3a f e orpanudeHo oTrope (0T Kos 1a €
roasMa cyMa Ha [lapOy 3a f), ocBeH ToBa e HelpasHo, TaKa de ToO UMa
TOYHa ropHa rpaHuna. TouHaTa ropHa rpaHulla Ha MaAKUTE CyMU Ha
[ap0by 3a f ce Hapuya MOAe€H HHTerpaa Ha pyHKIUATA f B mHTEpBasa
[a, b] u ce o3HauaBa c I.

KaszBawme, ue f e HHTerpyema B CMHCBA Ha [lapOy, aKO rOPHUST
uHTerpas Ha f e paBeH Ha moaHug, T.e. 1 = 1.

[ITe oTbeaekuM, ye 3a IPOU3BOAHA orpaHudeHa (pyHKIud f e B cuaa
HepaBeHCTBOTO | < 1. [leiCTBHTEAHO, HEKA S € MAaAKa cyMa Ha
[ap0by 3a f. ToraBa s € moAHa rpaHUIla Ha ToAeMUTe cyMU Ha [Japby
3af= s < I uToBa e 3a Bcaka Maaka cyma Ha [lapby s 3a f, T.e. I e
ropHa TpaHMIlA Ha MaAKuTe cyMH Ha Japby 3af =21 < 1.



TBBpaeHHe: Heka f e nedpuHupana u orpaHndeHa B HHTeEpBaaa [a, b].
ToraBa ropHHMAT MHTerpas 1 Ha f B mHTepBasa [a, b] e paBeH Ha
rpaHHIIaTa Ha ToAeMUTe cymMu Ha [Japby, Korato [uaMeThpPbT Ha
pa3buBaHeTO Ha MHTEpPBaaa [a, b] kKaoHu KbM 0, T.€. 3a BCIKO € > 0,
chirecTByBa & > 0, TaKOBa 4e 3a BCAKO pas0uBaHe T Ha HHTepBaAa
[a,b]cd (1) <dumame S (1) - I <.

- . €
HokazareacTBo: Pukcupame € > 0. Toraa I +§ BedYe HE € TOYHa
[IOAHA T'paHHIla Ha TOAEMHUTE CyMHU Ha [lapOy = ChIIlECTByBa

- . €
pas3buBaHe 1o Ha [a, b], TakoBa ue S (t0) < I +—.

2
Heka 10 uma k measiiu Touku. [la u3bepeM 4YUCAOTO & Taka, 4e
€
0<d< ——— kpuero M = sup f(x). Heka t e pazduBaue, TakoBa 4de
2
4 Mk’

x €[a, b]

d (1) < 6. KaTo usnoa3zBame H6eAesKKaTa CAEM IIO-IIPEIHOTO TBHPIAECHHUE
roaydaBame: S (1) - S (t U 10) £ 2.M.k.d (1) < 2.M.k.5 < %

OcgeH T0Ba, S (1 U T0) < S (t0) < T +% SS(tut)-1< %
KaTo crbepem nBeTe HEpABEHCTBA IIOAyYaBaMe:
S-T<2+L8=¢

2 2

TBBpaeHHe: Heka f e nedpuHupana u orpaHndeHa B HHTepBaaa [a, b].
ToraBa nmoarHuaT nHTerpas 1 Ha f B mHTEpBaaa [a, b] e paBeH Ha
rpaHullaTa Ha MaAKuTe cyMH Ha [apOy, KoraTo AuaMeThbpbT Ha
pa3buBaHeTo Ha MHTEpPBaaa [a, b] kKaoHu KkbM 0, T.€. 3a BCIKO € > 0,
chpIlleCTBYBa & > 0, TakoBa ue 3a BCAKO pa3duBaHe T Ha HHTEpPBaaa
[a,b] cd (1) < dumame I —s (1) <e.

JlokazaTeAacTBO: AHAAOTMYHO Ha F'OPHOTO TBBPIACHUE.

TBBpaeHHe: Heka f e nedpuHupana u orpaHndeHa B HHTeEpPBaaa [a, b].
ToraBa f e nHTErpyemMa B cMuchA Ha [Japly < 3a Bcako € > 0
CBIIECTBYBa pa3buBaHe T, TakoBa 4e S (1) — s (1) < &.
[oka3areacTBo: =. Heka f e nunTerpyema B cMmucha Ha Japby u
I1=1 =1. U3bupame ¢ > 0. OT gepUHUITHATA 32 TOPEH U JOAEH
WHTerpaa ChIIeCTBYyBa pa3buBane t', TakoBa de S (t') —[<¢g/2 u
pasouBaHe 1, TakoBa 4e [ — s (t"') < ¢/2. Heka t = 17" U 1"". Torasa:
ST<SET)=2S(1)-1<¢/2m
s(t)2s(t")=>I-s(1)<e/2=>S(1)-s (1) <e.

<. Heka ¢ > O u na B3emeM pa3dbuBaHe 1, TaKoBa 4e S (1) — S (1) < €.
M3meAHEHH ca HepaBeHcTBaTa: s (1)< I < 1 <S (1) D

> 1 -1<S(1)-s (1) <e. [TocAeTHOTO HEPABEHCTBO € U3ITHAHEHO 32
Bcako e > 0 1 = T = f e unrerpyema B cMuchA Ha Japby.



Teopema: Heka f e nedpruHupana B uHTEpBaaa [a, b].

Torasa f e uaTerpyema B PumanoB cmucea < f e orpannyena u

f e uHTErpyemMa B cMucha Ha [lap0Oy.

JlokazaTeACTBO:

<.Heka f e orpannyeHa u nHTETpyeMa B CMHUCHA Ha [JapOy.

Heka I =1=1. B cuaa ca HepaBeHCTBATA:

s ({xi}) £ o ({xi}, ti) <S ({ xi}) 32 Bcako pazdbuBane { xi}. B Tax
u3BbpIIBaMe rpanudeH npexon rnpu d ({ xi) 2 0, u3rmoar3BaMme aBeTe
OyaAHU TBBPAEHHUSI OT II0-TOPE U IToAydaBaMe, de

s{x}) 2L S({xi}) 21> oc({xi}, t) > I=> fe unrerpyema no Pumas.
=. Heka f e unrerpyema B PumanoB cmucea. ToraBa oT mspBOTO
TBBpAeHUE, f e orpannyeHa B [a, b]. Pukcupame ¢ > 0.

N3bupame 6 > 0, TakoBa 4e 3a BCAKO pa3buBaHe { xi} c d ({ xi}) < 6 ma

nMmame |o ({xi}, ti) -I| <eg/6 & 1- % <o ({xi, ty) <1 +% 3a BCEKU n300p
Ha MEeXXIUHHUTE TOYKH t;.

Heka o= —— > 0. Trit Kato M; e cynpemymbT Ha f (X) B uHTEpBasa
3.(b-a)

[Xi-1, Xi|], ToraBa M; - o0 HE € CyIIpeMyM =» CBIIECTBYBAT MEXINHHHU

TOo4KU ti’, TakuBa ue f (ti') > M; - o 3a Bcgko i. O6pa3zyBaMme ChLOTBETHATA

pHUMaHOBa CyMa ChC CBIIOTO pa3dbuBaHe { X} 1 MEKIANHHUTE TOYKU t;i'.

Vmame: 6 ({xi}, t) > S ({x3) - o.(b—a) = S ({ x3) - % e

S ({xi}) - S F (=) <T+ £, AHanoru4Ho, ThH KaTo mj €

3 6 2
nHUMyM Ha f (X) B UHTEpBasa [Xi-1, Xi|, ToraBa m; + o He € HHPHUMYM
=> CBIIIECTBYBAT MEKAMHHU TOYKH ti’, TakuBa e f (ti') < m; + a 3a
Bcgko i. O6pa3yBaMe ChOTBeTHATA pUMaHOBa CyMa ChC CBHIIOTO
paszbuBane { Xi} 1 MEXKAUHHUTE TOYKH ti'".Umawme:

G ({xi ") <s ((xi) +a(b-a)=s ({x)+ % D> s ((x) + % >1—% e

2> s ({xy)) >1 —% 2> —-s ({xi}) < %— I. KaTo crbepem ToBa HEPABEHCTBO C

IIOAYY€HOTO HEPABEHCTBO I10-TOPE II0AydYaBaMe
S({xi}) —s({xi}) <I+ % + % — I =¢&. Or ropHOTO TBBPLAECHUE D

f e uHTErpyemMa B cMucha Ha lap0Oy.

OT ropHHUTE TeopeMa U TBbPACHHE I[ToAydaBaMe, Y€ CACTHHUTE YCAOBHI
3a enHa pyukimd f, nedonHrpana B [a, b] ca eKBUBaA€HTHU:
1. f e uaTerpyemMa B PuMmaHoB cMHUCHA.
2. f e orpaHnyeHa U € UHTETrpyeMa B CMUCHA Ha [ap0y.
3. f e orpannyeHa u 3a Bcako € > 0 cpllecTByBa pa3dbuBaHe T,
TakoBa 4e S (1) — s (1) < &.



Teopema (KanTop): AKo f (X) e nedpruHHpPaHa U HEIpPEeKbCHATa B
KpaliHug 3aTBOPEH MHTepBaa [a, b], To f (X) e paBHOMEpHO
HeTIpeKbCcHaTa B [a, b].

Teopema: Heka f (x) e nedomHUpaHa 1 HENIPeKbCHATA B KpalHUSI
3aTBOpEeH UHTEepBaa [a, b]. Torasa f (x) e uHTerpyema B PumanoB
CMHUCBA.

Hoxka3zateactBo: [Ipegu Bcryuko oT TeopeMaTa Ha Batiepuipac f e
orpaHHY€Ha, TaKa Y€ € JOCTATBhYHO [a IIOKaxXKeM, de 3a BCIKO € > 0
CBIIIECTBYBa pa3buBaHe T, TakoBa 4e S (1) — s (1) < &.

Ot Teopema Ha Kantop = f (X) e paBHOMEPHO HellpeKbCcHATA B [a, b].
dukcupame € > 0. [la uzbepem 6 > 0, Taka 4ye

€

(b-a)

orx,X" e[a,blu |X' -X"|<dnmacaenBa |f(X)-f(x")| <

ObOpasyBame paszbuBane { xi} Ha [a, b]|, Taka ge d ({ xi]) < d.
Pasraexxnmame mHTEPBAABT [Xi-1, Xi|. OT TeopemaTta Ha Baiiepiipac,
M; =f (x'), m; = { (x"') 3a HgKOHU X', X" € [Xi-1, Xi].

Trwit kaTo X', X' € [Xi1, Xi], TO |X' -X'"| <d=2> f(X)-f(X") <

t >
(b-a)
= M; —m; <

. B Tak®B cayuaii, S ({xi}) — s ({ xi}) =
(b-a)

n

-3 - - < & - =
= ;(Ml m;).(X; - X;,) z(b—a).(Xi X;,) =&

i=1

Taka f e nuHTErpyemMa B PUMaHOB CMHCHA.

[Ile n30poumM 6e3 MOKa3aTEACTBO OCHOBHUTE CBOMCTBa Ha PuMmaHoBHS
UHTETPAA.

b
CsotictBO 1.: jC dx = C.(b-a).

b ¢
CsoticTBO 2.: AKO j f (x)dxu j f (x)dx cpIIECTBYBAT, TO CBHIIIECTBYBA
a b

jf (x)dx ¥ e u3IrbAHEHO: jf (x)dx = Ff (x)dx + jf (x)dx .

a a

b b
CsotictBo 3: AKO j f (x)dxu j g (X)dx chIIecTByBaT, TO CHIIECTBYBa

a a

T(f (X)+ g (X))dx 1 e U3IIrbAHEHO: T(f (xX)+g (x))dx = Ff (x)dx + Tg (x)dx .

b b
CsoiicTBO 4: AKO j f (x)dx chIIlECTBYBA, TO CHIIIECTBYBA j Af(x)dxue

a a

b b
U3ITHAHEHO: jk.f (x)dx = k.jf (x)dx .



CnoticTBo 5: Heka f u g ca nnrerpyemu ¢yakimu. Ako f (x) < g (x) 3a

b b
BCSIKO X € [a, b], TO € U3II'bAHEHO: jf (x)dx < jg (x)dx .

a a
Teopema: Heka f e nedouHHpaHa ¥ HelIpeKbCHATA B 3aTBOPEHUST
HHTEpBaa [a, b]. ToraBa criecTByBa t € [a, b], TakoBa 4e

jbf (®)dx = f (t).(b - ).

[okazateacTBo: 1o Teopemara Ha Baitepmipac = f e orpanuydeHa.
Heka m = inf f(x), M = sup f(x). 3a Bcako x € [a, b] umawme:

x €[a, b] xela, b

b b b
m<f(x) <M [mdx < [f(x)dx < [Mdx>

jlf (x)dx

b
> m.(b-a) < [f(x)dx <M.(b-a)Pms i —— <M.
5 -a

ITo Teopemara Ha Batiepuipac m = f (x1), M = { (x2) 3a HIKOU
X1, X2 € [a, b] u Io TeopemaTa 3a MEXKAUHHHUTE CTOMHOCTH CHIIECTBYBa

jif(x)dx b
t € [x1, %], Taxosa we f (t) = £—— 3 [f(x)dx =1 (1).(b - a).

Teopema (Aaiiouun — HroToH): Heka f: [a, b] 2 R e HenpekbcHaTa
dyukumg. ToraBa pyHKIuaTa F (X) = j f (t)dt e mudpepenmpyema u

HelHaTa mpousBoaHa e f (X) 3a Bcako x € [a, b].
[oka3zateacTBo: Heka x € [a, b]. 3anucBame audepeHIHOTO YaCcTHO Ha

x+h x+h

J‘f(t)dt—]if(t)dt [ foat

F (x): (x+h e [a, b)) T FE _ 4 = =

h h h
CrpraacHo ropHarta TeoOpeMa ChIIeCTBYBa TOYKa

x+h

[ foat
un € [X, x+h], TakaBa ue XT ={ (un).

Cera KaTo U3BBPIINM IpaHudeH npexoa npu h 2 0, moayuaBame ye
un 2 X =2 f (un) 2 f (x), TBH KaTo pyHKIUATA f € HEIpeKbcHaTa =2
> F (x+h)-F (x)

-2 f (x) 2 F e nudepenrupyema u F '(x) = f (x) 3a
BCSIKO X € [a, b].

b
[a mIpearoAoxkum, dye TpsaOBa ga IIPecCMeTHEM HHTEerpPasbT j f (x)dx,

a

KkbaeTo f (X) e HenIpekbcHaTa pyHKIMS. O0pasyBaMe PYHKIIUATA



F (x) = j f (t)dt. ToraBa oueBHAHO THPCceHOTO YuCAO € F (b).

Heka ® (x) e npumuTuBHa Ha f (X) B [a, b]. OT TeopemarTa Ha
Aatibuui-HrotoH F (X) cpuio e npumutuBHA Ha f (X) B [a, b] =
crplecTByBa KoHctaHTa C, Taka 4e F (x) = & (x) + C 3a Bcako X B [a, b].
[Ipu x = a moayyaBame F (a) =P (a) + C, Tr.e. 0 =D (a) + C >

2> C=-®(a). Taka F (x) = D (x) - P (a) 3a Bcako x B [a, b] =

b
= F (b) = ® (b) - ® (a). OkoHUaTEAHO, jf (x)dx = @ (X)‘Z , Kbaeto ® e

IIPOMU3BOAHA IPUMUTHBHA Ha f B [a, b].

22. Juigpepernyupyemu pyHKuuu Ha MHO20 NPOMEHUBU.
Hdudpepenyupare Ha cbcmaeHu PYHKUUU.

Heka e nagena dpyukuuara f (x, y) ¢ aepuHuimmionsa obaact M c R? u

HeKa (Xo, yo) € BbTpPEIIIHA To4YKa 3a M, T.e. CBhIIECTBYyBa YHCAO O, TAKOBa
4e OKOAHOCTTA { (X, y) | |X—X0|<9d, |y —Yyo|<d}c M.

3a cToMHOCTH Ha X, TAKHUBA Y€ |X — Xo|< 0, TOUYKUTE (X, Yo)

nonaznat B M. Heka pasraexxmame pyHkimdgra f (X, y) 3a TaKuBa TOYKHU
— moAydYaBaMe HIKaKBa (PYHKIHS ¢ (X) 3aBHCeIIa caMo OT X, T.€.

o (x) =f (X, yo), |Xx —Xo|< 8. AKO chIlIECTBYyBa ITpOU3BOAHATA Ha ¢ (X) B
TOYKaTa Xo, KadBame 4ye pyHKIudgTa f (X, y) e aucdepeHmHpyema
4YacTHO OTHOCHO X B TO4YKaTa (Xo, yo), a caMaTa IIpou3BoAHA ¢ '(Xo) ce
Hapuia YacTHa IMPOH3BOAHA Ha f OTHOCHO X B To4yKaTa (Xo, yo) U Cce

of
O3Ha4aBa C a—(xo,yo) uau fx (Xo, yo). AHAAOTHYHO, IIPU (PUKCHUpPAHE Ha
X

BTOpaTa NIPOMEHAUBA, T.€. U3XO0XKIaUKN oT pyHKImaTa vy (y) = f (Xo, y),
|y — yo| < 8, moaygyaBame mepuHHUIIMA Ha YacTHA Npou3BogHa Ha f
OTHOCHO y B TOYKaTa (Xo, Yo) — TOBa € YHUCAOTO V '(Yo), aKO TO

of
CBILIECTBYBA U ce OeAeKU C a—(xo,yo) U fy (xo, yo).
y

[edunuisara Moxke aa ce rmpedppasupa U 10 CAeIHUS HAYHH:
f(xo+h,y0)-f(X5,¥0) -
h

f (0,50 +h)-f (%,¥)
fy (x = lim —220 92202,
y ( 0, YO) h50 h
9lcHO e Kak ce 00001IaBa HepUHUITHATA 34 YacTHA ITPOU3BOAHA Ha
nnpousBoaHa PyHKIMA f (X1, X2, ..., Xn) HA N IpoMeHAUBU. IMeHHO,

JyacTHaTa IIPOu3BoaHA Ha f OTHOCHO MpoMeHAWBAaTA Xi B ToYKaTa
(0] 0 0] 0 0
f(x,,...,x; +h,....x )-f (x;,...,X.)

n

fx (%0, yo) = lim

(X7,..,%7) e f (x7,...,x}) =1lim

, aKO Ta3!
h—0 h

rpaHulla ChIIIECTBYBA.

Heka f (x, y) e medpuHHpaHa B HIKaKBa OKOAHOCT Ha TO4YKaTa (Xo, Yo).
KaszBawme, ude f e aucdepeHmmHpyema B ToukaTa (Xo, yo), aKO IIpHU



(X, ¥) 2 (%o, yo) € B cHAa IIpenCcTaBIHETO

f (x,y) = f (%o, Yo) + a.(x = Xo) + b.(y = yo) + 0 (\/x-%,) +(y-¥,)? ), KaETO

a, b € R ca yncaa, KouTo He 3aBUCSIT OT X U V. EKBUBaAeHTeH 3amuc e
lim f(x,y)-f (%0,¥0)-2.(x-%,)-b.(y-¥,) -0.

(%,3) = (%0,30) \/(X X P (Y- Y, )

Teopema: Heka f (X, y) e nedomHHpaHa B OKOAHOCT Ha ToYKaTa (Xo, Yo)
U e gudpepeHIpyeMa B Ta3u To4Ka, T.€. IPH (X, y) =2 (Xo, Yo) € B cuaa
TOPHOTO IIpencraBsaHe. ToraBa f mpurexaBa 4acTHU NPOU3BOIHU

of of
OTHOCHO XU Y H a = —(X,,¥,), b = —(X,,¥,)-

0X oy
Jloka3areAcTBO: B nipeacTaBgaHEeTO 3aMeCTBaMe y = yo U II0AydaBaMe
f (x, yo) = f (X0, yo) + a.(x — Xo0) + 0 (|x—x0|) npu X =2 Xo. C apyru nymu,

lim £ (% ¥o)=f (%o, ¥o)-2-(xXo) _ 0. ITpu x 2 xo + 0 umame

Hm x-x|

lim f(%,50)-1 (Xo,¥0)-2a.(X-%) =0, r.e. lim f(%,¥0)-f (X0,¥0) - a
X > Xo+0 X_XO X —>Xo+0 X_XO
[Ipu x 2 xo0 — 0 umame

im f(X:YO)'f(Xo’YO)'a-(X'Xo): lim a.(x-X,)-(f (%,¥0)-f (X0,¥0)) =0,
X = X-0 XO_X X —>Xq-0 X_XO
T.€. a= limof (%, ¥o)-f (%o, o) . C gpyra oymu, AdBaTa U AgcHATa

X = Xo- X-X,

f(x,50)-f(X4,¥0)

X-X,

rpaHulla Ha AUQPEepPeHIHOTO YaCTHO IIPU X 2 X0

CBIIECTBYBAT U ca paBHHU Ha a =@ f e nudepeHIpyeMa 4acTHO

of
OTHOCHO X B TO4KaTa (Xo, yo) a—(xo,yo) = a. CbBCEM aHAAOTHUYHO Ce
X

of of
II0Ka3Ba, Y& — (X,,Yy,) ChIIeCTBYBa U — (X,,Y,) = b.
oy oy

Teopema: Heka f (x, y) e necomHHpaHa 1 npuTekaBa YacTHHU
IIPOM3BOAHN OTHOCHO X U Y B HAKOH OKOAHOCT Ha To4YKaTa (Xo, Yo),
KOMTO ca HEeIIpeKbCHATH B Ta3u Touka. Torasa f e nudepeniupyema B
TOoYKaTa (Xo, yo).

HoxkazateacTBo: Mmawme f (X, y) — f (%o, yo) - g—f(xo,yo) J(x — xo) -
X
of
- E(XO’YO)'(Y_YO) = f(X, Y) - f(X07 Y) + f(X07 Y) - f(X07 YO) -

of of
- a_X(Xo:YO)-(X_XO) - g(xo,yo)-(y—yo)- dynkuuure ¢ (x) = (x,y) u

v (y) = f (X0, ¥) ca HEIpeKbCHATH U JUPEPEHIIUPYEMU MEXKIY X U Xo U



V ¥ Yo, CbOTBETHO, ThH KaTo f mpurexkaBa 4acTHH IIPOU3BOIHHU
OTHOCHO X U y. Ilo Teopemara 3a KpallHUTE HapacTBaHU4d Ha AarpaHxk
CBILIECTBYBAT 4HcAad X MEXKAY X U Xo U Yy MEXKAY Y U yo, TAaKHBa 4e

¢ (%) - 9 (%0) = ¢ '(x).(x = x0), Te. f (X, y) = f (%0, y) = g—i(X’,Y)-(X — Xo) 1

! of ,
v (¥) - v (o) = v '(¥).(y - yo), T-e. f (x0, ¥) - (X0, y0) = E(XO’Y)'(Y = yo).
Taka ropHoTO paBeHCTBO ITpueMa Buaa f (x, y) — f (Xo, yo) —

- aa—f<xo,yo).(x—xo> - o)y - vo) = L, ). x — x0) +
X 0y 0x
+ g—f(xo,y').(y—yw O o)z —x0) - 2k, o)ty - vo) =
y 0x oy
f f
= (0030 = 2l Yol =0+ (2050, ¥) - 2, o)y o)

Y (50 Yol 0 (o Yo 66 a) 2 (50, ¥o) 07 -Yo)

Taka = = =
V=%, +(7-¥,)
of |, of of . Of
(aX(X,Y)‘aX(Xo,Yo)]-(X‘Xo)’L(ay(Xo,}’)‘ay(Xo,}’o)]-(}"}%)
Jx-%, P +(y-y,)?
. of of
[Ipu (X, y) 2 (X0, yo) uMaMe X' = Xo, Y = Yo U THH KaTo x U v ca
X y

HEMIPEKBCHATH B (X0, Y0), TO a—f(x’,y)—a—f(xo,yo) ->0n
0xX 0xX

X-X

Jx-% P +(y-yo )

ca OrpaHU4I€HHU -> IIOCACMHUAT 1U3Pa3 KAOHHU KbM O,

(a—f(xo,y’)-a—f(xo,yo)] - 0, ocBeH ToBa
oy oy

Y-Yo
J&-%,)? + (- ¥,)

of of
f(x,y)-f(X0,¥0)- (X05¥0)-(X-%,)- (X0,¥0)-(Y-¥o)
. 0X oy _
T.€. lim =0,
1> o o) Vo + (-

KOeTo JoKa3Ba nudepeHmpyemoct Ha f B Toukara (Xo, yo).

Teopema: Heka f (x, y) e necdomHHpaHa 1 npuTekaBa I'bPBU YaCTHHU

of of
IIPOU3BOAHH B OKOAHOCT Ha TodKaTa (Xo, yo). Heka —u — ca

0x 0y
HEeIIpeKbCHATH B Ta3u To4yKa. Heka dyHkiugara ¢ (t) e nedomHupaHa B
OKOAHOCT Ha to u qudepeHnupyema B to, ChIIO Taka ¢ (to) = Xo. Heka
dyukumgara vy (t) e nedouHUpPaHa B OKOAHOCT Ha to B AudepeHnmpyemMma
B to, 110 Taka y (to) = yo. [Ipu Te3u ycaoBus, (pyHKIIUSITA



g (t) =1 (o (t), v (t) e neonHMpPaHa B OKOAHOCT Ha to, AUdepeHIIupyeMa

AR, o of ,
B To4Kara to 1 g'(t,) = a_X(Xo,YO)-(P (t0)+E(XO7YO)'W (to).

[okazateacTBo: [Ipeau Bcuuko, g e nepuHUpaHa B OKOAHOCT Ha to, ThH

KaTo PYHKIIMUTE ¢ U Y ca AudepeHIUupPyeMU = HEeIIpeKbCHATH B to U

IIPU CTOMHOCTHU Ha t 6AM3KH 110 to, ¢ (t) € 6AH3KO0 M0 Xo U y (t) € 0AU3KO

1o yo. Pasraename qudepeHYHOTO YacTHO Ha g (t) B ToOuKaTa to, mmame:

gty th)-gl(ty) _ f((p (to +h),y(t, + h)) - f((p (to), v (to)) -

h h
f(¢(to+h), v (t, +h))-f(e(t, +h), v (t,))+f (@ (t, +h), v (t)) - f (o (to), W (t,))

h .

dyuknuara p (y) = f (¢ (to + h), y) e nudepernmpyema (1 caegoBaTeAHO

HeIIpeKbCHATa) B OKOAHOCT Ha Vo, Thi Kato f (X, y) e nudepeHIIIpyeMa

4aCTHO OTHOCHO y B OKOAHOCT Ha TodKaTa (Xo, yo). [Ipraarame

TeopeMaTa 3a KpalHUTe HapacTBaHUsS Ha AarpaHK U IIOAyJaBaMe:

f(o(t, +h), v (t +h))- (¢ (to +h), v ()=

= (v (t, +h)-y (t, )) ((p(t +h),&), KBOETo § e YHCAO MexKAY ¥ (to) 1
oy

Vv (to + h)]. ArHasoruyno pyHknuaTa q (x) = f (x, y (to)) e
audepeHIUpyeMa (U CAEOBATEAHO HEIIPEeK'bCHATA) B OKOAHOCT Ha Xo,
Th# Kato f (X, y) e gudepeHImpyeMa 4aCTHO OTHOCHO X B OKOAHOCT Ha
TOYKaTa (Xo, yo). [I[pmaarame TeopeMara 3a KpalfHUTEe HapacTBaHHUS Ha

Aarpamsx u moaydasame: f(¢(t, +h),y (t,))- (o (t,), v (t,))=
= (¢ (t, +h)-o(t, )) of (n v (t,)), KBAETO N € YrcA0 MeXAY ¢ (to) U

¢ (to + h). Taka I.LI/ICli)epeH‘{HOTO 4acTHO Ha g B to aneMa BUIA:

(9t +1)-0 (t))- 2= (1w lt,)) (v (6 +h)- v (t5). y( olt, +h),2)

+
h h

H3BbpmiBaMme rpanudeH npexon npu h 2 0. Trit kaTo pyHKIHUTE
¢ (t) 1 y (t) ca nudepeHIIIPyEMH U CAEIOBATEAHO HEITPEKbCHATH B to,
T0 @ (to + h) > ¢ (to), ¥ (to + h) > y (to), Taka ve 1 > ¢ (to), & 2 v (to).
+h)- +h)-
¢ (t }}11) Olto) 5 o (ty), Yo }}11) Vit 5\ (tg).

CrII10 TaKka

of of
W Hakpad, 4aCTHUTE IPOU3BOIHU x U v ca HENIPEKbCHATH B
X y

ToukaTa (Xo, yo) = (¢ (to), v (to)) = g—f(n,\v(to)) > g—f((P(to)aW(to)) =

_of of of _ of
= 2 (o) 1 2 (0l +h)E) > 2 ( (toh (%)) = 5= (%0:¥0)-

B Tak®B cay4aii, rpaHullaTa Ha /:[chepquHOTo yacTtHO ntpu h 2 0
CBIIECTBYBA, T.€. g (t) e nudepeHmpyema B Toukara to u



T L of ,
g (ty) = a_X(Xo’YO)-(P (to)"'E(XO’YO)-W (to) -

23. YpaeHeHus Ha npaea u pasHuHa. Popmynu 3a
PaA3CMOAHUSL U b2U.

Heka B paBHMHAaTa pasraexkaaMe IIpaBa g U HeKa Mo e mageHa Todka
oT g. Heka p e HeHyAeB BEKTOpP, KOAMHeapeH ¢ g. AKO HIKaKBa

TOYKa M A€M Ha nmpasara g, To BeKTopure MM u p ca KoAMHeapHU
U ToraBa CBILECTBYBa €AUHCTBEHO PEAAHO YHCAO A, TAKOBA Y€
M,M = A.p. ObpaTHO, aKo 3a To4ykKaTta M B paBHHHAaTa € U3II'bAHEHO,

4e M,M = A.p 3a HAKOE peasHO 4YUCAO A, To M Aexu Ha g. Heka

K = Oe,e, e adpuraHa KOOpAWHATHA CUCTEMA B paBHUHAaTa. lMiMame

M,M = OM - OM, u ToraBa rOpHOTO PABEHCTBO CE 3allMCBa BLB BUIA
OM = OM, +A.p Au I = 1, + A.pP, KBAETO CME ITOAOKHUAU OM =1 u
OM, =r1,.

[TocaemHOTO PaBEHCTBO CE HApU4Ya BEKTOPHO IIapaMeTPHYHO

YpPaBHEHHe Ha IIpaBaTa g, olIpeeAeHa OT TouKaTta Mo U BeKTopa p.

Heka cera ciipamo K mmame Mo (Xo, yo), M (X, y) 1 p(a, b). ToraBa
X=X,tA.a

PaBEHCTBOTO 3allliCBaMe BbB BHaA U HapH4yaMe CKaAapHH
y=Yot+\b

nmapaMeTpHYHH ypaBHEHHSA Ha IIpaBaTa g, OlIpefeAeHa OT TodyKaTa

Mo u BekTOpa p. AKO IIpaBaTa g € 3a7a/eHa C AB€ Pa3AUYHH TOYKU

M; (x1, y1) 1 M2 (X2, y2), CKarnapHUTE ITapaMeTPHUYHU yPaBHEHUd HA g

X=X1+7\"(X2'X1) .
UMaT BUOA , ThH KaTO g MOJKe [1a Ce 3a/1a/ie C ToUYKaTa
Y=Y, *A(y,-1)

M1 (x1, Y1) ¥ HEHyA€BHUAT BeKTop MM, (X2 — X1, y2 — ¥1).

Heka B mpocTpaHCTBOTO € fazeHa paBHHUHA o. Tda MoxKe 1a ce
OIIpEeIeAN €QHO3HAYHO C ToYKa Mo, KOATO A€XKH B Hesl U 1Ba HEHYAEBH,

HEKOAMHEapHHU BEKTOpa P, U P, , KOMIAAHAPHU C Hed. IIpon3BoaHa

TO4YKa M B IIPOCTPaHCTBOTO AEXKH B 0. TOYHO KOraTto BeKTopsT M M e

KOMITAAHApPEH C O, KOETO € U3ITTBAHEHO TOoraBa M caMO ToraBa, KoraTto

BEKTOPBT MM e anHelHa KoMOMHalMa Ha P, U P, , T.€. ChIIECTBYBaT
peasHU 4yHcaa A, | TaKuBa, e MM = A.p, + u.p, . AKo dbUKCcHupame

acduHHa KoopauHaTHa cucteMa K = Oe,e,e, B IPOCTPaHCTBOTO, TO

M,M = OM - OM, u ropHOTO PaBE€HCTBO MOXKEM [a 3allHIIIEM BbB
Buma OM = O—Mo + k.p—l + u.p—2 VAH T = g + k.p—l + u.p—z. ITocaemuOTO
PaBEHCTBO C€ HapHia BEKTOPHO NMapaMeTPHYHO YpaBHEHHE Ha
paBHHHATA 0, 3aaJieHa C TouKata Mo B BEKTOPUTE P, U D, .



Axo cupamo K umame Mo (Xo, yo, 2o), M (X, y, X), p—l(al, bi,c1) u
p—2 (a2, b2, c2) TOPHOTO PAaBEHCTBO MOXKEM [a 3allHUIleM BHB BHUIA
X=X,+tAa, tpa,

y=Yy,tAb,+u.b, - CKaAApHH MapaMeTPHYHH YPAaBHEHHS HA
z=2z,+A\.cC, t.C,

paBHHHaTAa o, 3a7a/1eHa C TogyKaTta Mo 1 BEKTOPUTE p—1 u p—2 .
Axko paBHUHAaTAa o € 334a7eHa C TPU HEKOANHEapHU TOYKU

M (x1, y1, 21), M2 (X2, Y2, z2) 1 M3 (X3, V3, 23), CKAaAaQpHUTE
rIapaMeTpUYHH YpaBHEHHU Ha o UMaT BUA

X=X+ (%) - X ) F (X5 - X))

y=y,tA(Y,-¥,) T (Y5 -Y,), ThH KaTo o MOXKe Ja ce 3a7a/e C To9KaTa
z=2z,%\(2,-2))+.(25-2)

M; (x1, Y1, Z1) 1 HEHyA€BUTE, HEKOANHEAPHU BEKTOPHU

MM, (x2 - X1, y2 = y1, 22 — 21) 1 M;M; (X3 — X1, Y3 — ¥1, 23 — 21).

OTHOBO pa3raexaaMe paBHHUHaTa U (PUKCHUpaHa B Hes adpuHHA
koopauHaTHa cucreMa K = Oe e, .

Teopema: Heka e naneHa nmpaBata g. ChlIleCTBYyBaT peaAHU YHucCAa

A, B, C, takuBa ue (A, B) # (0, 0) u Toukara M (x, y) aeku Ha g &
Ax+By+C=0.

[okazateacTBO: Bppxy nmpaBata g nuddbupame Touka Mo (Xo, yo) 1
HEHYAEB BEKTOP f) (a, b), koanHeapeH c g. Toukata M (X, y) Aexu HA g

< Bekropute p U M)M ca KoanHeapnu, T.e. MM = A.p 3a HAKOE

peaaHo yncAo A. [TocaeTHOTO paBEHCTBO CKAAapHO Ce 3allkCBa Taka:
X=X0+A.a,y=yo+Ab=bx=b.xo+Aab,ay=ayo+Arab=>

= b.x-a.y-b.xo + a.yo = 0. Cera mornarame A = b, B = -a,

C = - b.xo + a.yo. EcrectBeno, (A, B) # (0, 0), Thif KATo p € HEHyAEB
BeKTOp. [loTyK, ako M (X, y) aesku Ha g, To A.x + B.y + C = 0.

Heka M (x, y) e TakaBa, ye A.x + By + C =0, T.e.

b.x —a.y — b.xo + a.yo = 0. Heka 3a onpeneaeHoct b # 0 = x — xo =

= %.(y —yo). ToraBa umame MM (x — Xo, Yy — yo) =

= (%.(y—yo),y—yo) = _Y:bYo (a,b)=A.p 3ah= _Y:bYo X

Taka M aexwu Ha g.

Teopema: Heka A, B, C ca Tpu peasHH 4yHcAa, TaKUBa 4e

(A, B) # (0, 0). CruiecTByBa €IMHCTBEHA IIpaBa g, TakKaBa 4de To4yKaTa
M(x,y)aexxkuHa g & Ax+By+C=0.

Hoxka3zateacTBo: Twit Kato (A, B) # (0, 0), To ypaBHEHHETO

A.x + B.y + C = 0 uma pelieHud, HeKa (Xo, yo) € €IHO TaKOBa PEIIEHUE,
T.€. A.x0 + B.yo + C = 0. [la o3HauyuM To4Kata Mo (X0, yo) ¥ BEKTOPBT



p (- B, A), koliTo € HeHyAeB. Te onrpeneAdaT eqfUHCTBEHA IIpaBa g, 3a

KOSITO OT IIpeauIltHaTa TeopeMa uMmame M (X, y) AeXKu Ha g &
Ax+By-Axo-Byo=0® Ax+ B.y+ C=0. [la norycHeM, 4e
npaBaTa h e TakaBa, ye M (X, y) aesku Ha h & A.x+ B.y + C = 0.
ToraBa M (X, y) aAexku Ha h & M (%, y) aexku Ha g > h=g.

Taka oT ABETE TEOPEMHU IIoAyUaBaMe, Y€ B paBHHUHATA, CIIPSIMO
dpuKcupaHa KOOpAWHATHA CUCTEMAa, BCAKA IIpaBa g ce 3a1aBa
€IHO3HA4YHO C AMHEWHO ypaBHeHue oT Buga A.x + B.y + C = O, kpaeto
(A, B) # (0, O) u BEKTOPBT f) (- B, A) e koauHeapeH c g. ToBa ypaBHeHUE
ce HapUYa OOIIO ypaBHEHHE Ha IIpaBaTa g B paBHUHATA.

Heka cera npaBaTa g npecuda opAuHaTHaTa OC, T.€. BEKTOPBT €, HE €
KoAmHeapeH c g. Heka p(a, b) e HeHyAeB BEeKTOp, KOAUHEapeH C g.

Tepl KaTO p U €, He ca KoOAuHeapHH, To a # 0. CaetoBaTeAHO, MOXKEM
b

na obpasyBame k = —. ToBa umncao k He 3aBuCcH OT u30opa HA
a

BekTopa p. [lecTBUTEAHO, aKo P, (a1, b1) € HEHyAeB 1 KOAUHEapeEH C g,

TO P € KOAWHeapeH ¢ p, = P, = A.p, Ipu ToBa A # 0, Tt KaTo P, €

HeHyAeB. OT IIOCAEITHOTO PaBEHCTBO IIoAydaBaMe a1 = A.a, b1 = A.b =
b, Ab b

> 1 :k_ =—. Yucaoro k ce Haprya braoB KOe(pHIHEHT Ha
a, la a

npasaTa g. Korato KoopguHaTHaTa CUCTEMA € OPTOHOPMHPAHA,

k = tg o, KBAETO 00 € MIpPKaTa HAa OPUEHTUPAHUS BI'bA MEXKIY
abcrucHaTa oc ¥ ntpaBaTa g. Heka cera g nmpecuda opguHaTHaTa OC B
Toukata P (0, n). [IpousBoaHa Touka M (X, y) A€KH Ha g <& BEKTOPBHT

W(X,y—n)eKOAHHeapeHcg® y-n =k ®y=kx+n.
X

[TocaegHOTO YypaBHEHHE Ce HapHya AeKapTOBO YpPaBHEHHE Ha
mpaBaTa g C ‘bI'AOB KOe(PUIIMEHT K U BEpPTHKaAEH OTpPe3 N.

Axo g e 3amazneHa c obiioro cu ypaBHeHue A.x + B.y + C =0, To B # 0,
TBHH KaTo g Ipecuda opAuHaTHATa OC =9 yPaBHEHHUETO MOXKe aa Ce

A C
3anuile BbB BUAA Y = B X B T.€. g UMa bI'AOB KOE(PUITUEHT
A C
k= B U BEPTHUKAAEH OTpe3 n = B

Teopema: Heka nBete 1mpaBu g1 U g2 ca 3a0aJ€HHU C OOLIHUTE CU
ypaBHeHHUd g1 : A1. X+ B1.y+Ci=0mgo: Ap.x+ Bo.y + C2 =0.
Al Bl Al Bl Cl
ﬂaOSHa‘{I/IMA=( B]’Bz(A B C].ToraBa

2 2 2 2 2
1. g1 1 g2 ce npecuyar < r (A) =1 (B) = 2.
2. giugecaycnopeaau < r (A)=1wur (B) =2.
3. giugeceBnanar < r (A)=r (B) = 1.



[oka3zateacTBo: OnpeneAsHeTo Ha OOIIIMTE TOYKH g1 Ha g2 €

A .x+B,.y+C, =0
A,x+B,y+C,=0"
[TpaBuTe g1 U g2 Ce mpecHuyar < CHCTeMaTa uUMa €IUHCTBEHO pellleHHe
@rA)=r(B)=2 < detA =A1.Bo—-A2.B1 #0.

[IpaBuTe g1 U go ca yCIIOPEAHU <~ CHUCTEMaTa HIMa PEILIEHUE &
SrA)=1ur(B)=2.

[IpaBuTe g1 U g2 CHBIIAAAT & cUCTeMaTa uMa 0e30poil MHOTO perleHus
&1 (A) =1 (B) =1 < cpulecTByBa peaaHo 4ucao A # 0, TakoBa 4de

A1 = A.A2, B1 = A.Bg, C; = A.Ca.

€KBHUBAACHTHO C pE€IIIaBaHETO Ha CHUCTEMATAa

CaeacrTBHe: AKO ITpaBaTta g uMa o010 ypaBHeHue A.x + B.y + C =0,
(A, B) # (0, 0), To BcHUKHTe HEHHH OOIIM ypaBHEHUA UMAaT BUOA
LAX+ ABy+A.C=0, KbAETO A € PEAAHO HEHYAE€BO YHCAO.

Heka B paBHMHAaTa € pUKCHpaHa OPTOHOPMHUPAHA KOOPAWHATHA
cucrema K = Oe, e, . Heka g e mpaBa B paBHHHAaTa C 001110 ypaBHEHUE

Ax+By+C=0, (A, B) # (0, 0). BekropsT f) (- B, A) e KoaAuHeapeH c g.
Pasraexxnmame BEKTOPBT E(A, B). Umawme f)ﬁ =-B.A+ AB=0wuT1pi

KaTo f) ¥ n ca HEHYAEBH, f) Iln=2>nl g. HenyaeBure BEKTOPH,
KOHTO ca NEePHEHAUKYAIPHU Ha g HapUdyaMe HOPMAaAHH BEKTOPH Ha
npaBaTa g. Taka Koe(pUIIMEeHTUTe IIPE X U ¥ BB BCAKO 00110
ypaBHEHHE Ha IIpaBaTa g ca KOOpAWHATH Ha HOPMaA€H BEKTOp Ha g.
OHoBa 001110 ypaBHEHUE Ha IIpaBaTa g, B KOETO KOe(PHUIIMEHTUTE IIpes,
X Uy ca KOOpAWHATH Ha €AUHUYEH HOPMaA€H BEKTOP Ha g, Ce HapHh4a
HOPMAaAHO ypaBHeHHe Ha npasata g C napyru AyMu, ypaBHEHHETO
Ax + B.y + C = 0 Ha n1paBaTa g € HopMaAHO < A2 + B2 = 1.

Heka L.A.x+ A.B.y + ..C =0, A # O € IpON3BOAHO YPaBHEHHE HaA

npaBaTa g. ToraBa To € HOpMaaHO < (A.A)2 + (A.B)2=1 & A2 = e 1B2
&A= i; . Taka mpaBaTa g ©UMa TOYHO ABE HOPMAaAHU
VA? +B?
YpPaBHEHHUS: Lx+ Ly+ < =0mu
JAT+B2 JA+B? T JA?+B?
A B C

= 0.

- X = y -
Jare . JaeB . JALB

Heka IIpaBaTa g € 3agaacHa C HOPMaAHOTO CHU YpaBHEHHUC

A B C

—— X+ —=.y + ——= = 0, BEKTOPBT
VA% +B? JA? +B? JA?Z +B?

— A

n ( —, — ) € eqMHUYEH HOPMAaA€H BEKTOp Ha g.
JA?+B®  JA’+B



Heka P (xo, yo) € mpou3BoaHa Toyka. Heka P; (X1, y1) € opToroHaaHaTa
npoekiudg Ha P Bppxy npaBata g. ToraBa pascrosHueTo 6 oTr P o ge

TouHO uucaoTO | PP |.
Umame n.PP = |n|.| PP |.cos¥(n, PP)= +| PP |.

A B
oS I (yo = y1)-
A B __C 5

X1 — .
Jae L Jaem Jaem
L.XO + LyO + L
JA? +B? VA% +B? JA?Z +B?

Taka pazcrogHueTo oT ToykaTa P 1o mpaBaTa g e
|A.x,+B.y, +C|

JA?+B?
Pasraexxnmame Ipou3BOAHU IIPaBU g1 U g2, 38Jal€HU Ype3 IIPOU3BOAHU

TeXHHU o0IM ypaBHeHUd g1 : A1.x + B1.y+C1=0wu

Al Bl
\/A12 +B12 ’ \/A12 +B12
eIUHUYEeH HOpMaA€H BEKTOp Ha g1. BeKTopsT
a A, B,

n, ( R
* /A +B? A2 +B)
dlcHo e, ye ¥(g1, g2) = <)E(;l, H—g) => cos<¥(g1, g2) =
m, _— — _ AA+BB,
T2 2 2 2 2’
JAZ+B?2\[A2+B,

Or gpyra crpana, n.PP = (X0 —x1) +

[Ipu ToBa, P; Aexkxu Ha g =D —

2 n.PP =

5=|n.PP| =

g2 : Aa.x + Ba.y + C2 = 0. BekTopbT ;1( ) e

) € eqMHUYEH HOPMAaA€H BEKTOP Ha go.

e n
=cos<¥(n,, n,) =

[Ipenacsame ce B mpocTpaHcTBoTO. Heka e pukcupana apmuHHA
kKoopauHaTHa cucreMa K = Oe e e, .

Teopema: Heka o e Iporu3BOoAHA paBHUHA B IIPOCTPAHCTBOTO.
CritecTByBaT peasHu uncaa A, B, C, D, rakuBa 4e (A, B, C) = (0, 0, 0)
U enHa Todka M (X, y, z) aAexxuBa < Ax+By+ C.z+D =0.
[oka3zateacTBo: Heka ma n3bepem emHa Touka Mo (Xo, Yo, Zo) B o0 ¥ ABa

HEHYA€BH, HEKOAMHEapHU BeKTopa p, (a1, b1, c1) u p, (az, ba, c2),

KOMIIAQHApHHU C o. Toukata M (X, y, z) AeXu B o <& BekTopute M M,

p, u P, Ca KOMIIAaQHapHHU < CMECEHOTO IIpousBeaeHue M M D, p, =0
X-Xg Y¥-Yo Z-2
| a b, c, | =0& Ax+B.y+Cz+D=0, kpaero
a‘2 b2 C2

A =Dbi.co—bo.c;, B=as.ci—ai.co, C=ai.bo—azx.bi u



Xo Yo Zo
D=-la, b, c,|.IlpuToBa, (A, B, C) = (0, O, 0), Tpit KaTO P, U p, HE
a‘2 b2 C2

ca KOAMHEApPHH, T.€. KOOPANHATHUTE UM HE Ca IIPOIIOPIIMOHAAHHA.

Teopema: Heka A, B, C, D ca yeTupu peasHU 4yHcAa, TaKUBa 4e

(A, B, C) # (0, O, 0). CplrecTByBa €AUHCTBEHA paBHHHA 0, TaKaBa 4e
Toukata M (X, y, z) aeexxuBa < Ax+By+ C.z+D =0.
Hoxka3zatreacTBo: Twit Kato (A, B, C) # (0, O, 0), ypaBHEeHHETO

A.x + B.y + C.z + D = 0 uma noHe €1HO pelIeHue (Xo, Yo, Z0).

[a B3emeM TouKata Mo (Xo, Yo, Zo). Be3 orpanuyenue Ha obIIHOCTTA

MOXKEM Ja cuuTame, dye B # 0. Pasraexname Bektopute p, (-B, A, O) u
— C
p, (0, B’ 1), KOUTO OYEBUIHO Ca HEHYAEBU U HEKOAWHEAPHHU.

CrurecTByBa eqUHCTBEHA PaBHHUHA 0, B KOATO A€XKHU TodKaTa Mo u
KOATO € KOMIIAQHapHa ¢ p, U p, . OT IpegHara TeopeMa, TouKaTta

X-Xy Y-Yo 2-2,

M(EX,v,z)aexxkuBa < | -B A 0O |=0®
o £
B

P AX-%0)+B.(y-yo)+C.(z—20) =0«

P Ax+By+Cz-Ax-Byo-Czo=0~ Ax+B.y+Cz+D-=0,
TBH KaTo (Xo, Yo, Zo) € PELIIEHUE HAa TOPHOTO ypaBHEeHUE. [la [OIIyCHEM,
4e } e paBHUHA, TakaBa 4e M (X, y, Z) A€XKU B § &

S Ax+By+Cz+D=0.ToraBa M (X,y, z) aexku B & M (X, y, 2)
AEXKU B oL D o = f.

Taka oT ABETE TEOPEMHU IIoAyUaBaMe, Y€ B IIPOCTPAHCTBOTO, CIIPSIMO
duKcupaHa KOOpAMHATHA CUCTEMAa, BCIKa PaBHHUHA o Ce 3aaaBa
€IHO3HA4YHO C AMHEWHO ypaBHeHUe oT BUga A.x + By + C.z+ D =0,
KbaeTo (A, B, C) # (0, 0, 0). ToBa ypaBHEeHHE Ce HApPHUYa OOLIO
YPaBHEHHE Ha paBHHUHATA O B IIPOCTPAHCTBOTO.

Teopema: Heka o1 1 o2 ca ABe paBHUHH, 330aJ€HHU C OOILIHUTE CU
ypaBHeHHd a1 : A1.X+ B1.y+C1.z+D1=0mn

A2.x + Bo.y + C2.z+ D2 =0. [T a=|® B G
a2 : Ax.x . .z = 0. [Ja o3HauyuM A = ,
2! Ao 2.y 2 2 A, B, C,
B — Al Bl Cl Dl
A2 B2 CQ D2
1. o1 1 a2 ce mpecuyar < r (A) =r (B) = 2.
2. 011 02 caycnopenHu < r (A)=1ur (B) = 2.
3. a1 U op ceBOamatT & r (A) =r (B) = 1.

] . ToraBa



oka3zareacTBO: OTIpeeATHEeTO Ha OOIIUTE TOYKHU Ha o1 U 02 €

A x+B,.y+C,.z+D, =0
A,x+B,y+C,.z+D,=0"
PaBHUHUTE i1 U 02 CE ITpecHYaT (MMaT eIUHCTBEHAa o0Ila IrpaBsa) <
IIPOCTPAHCTBOTO Ha PEIIEHUATa Ha CHUCTEMAaTa € €JHOMEPHO <

r (A)=r (B) = 2.

PaBHUHHTE 01 U 02 Ca YCIIOPEAHHU <> CHUCTEMAaTa HdAMa PELIeHUd &
r(A)=1wur (B)=2.

PaBHuHUTE 01 U 02 CBBHAAAT <& IIPOCTPAHCTBOTO OT PEIIEHUSTA Ha
cucreMaTa € AByMepHO < 1 (A) =1 (B) = 1.

€KBHUBAaACHTHO Ha pE€IiaBaHETO Ha CcUcTEMaTa

CaencTBHEe: AKO paBHUHAaTa o UMa o0IIl0 ypaBHEHUE

Ax + B.y+ C.z+ D = 0, To BcuukuTe HeliHU OOl ypaBHEHHUT UMaT
Buna A.A.x + A.B.y + L.C.z + A.D = O, kpzieTo A € peaaHO, HEHYAEBO
YHCAO.

TebpaeHue: Heka e mageHa paBHHUHATA o C O0ILO0 YpaBHEHHE

Ax+ B.y+C.z +D = 0. BekropsT f) (a, b, c) e KOMIIAaHAPEH C O <&
< A.a+B.b+C.c=0.

[okazateacTBo: [la pukcupame Touka Mo (Xo, Yo, Zo) BBPXY O.
ChILECTBYBA €MHCTBEH [IPEICTABHTEA Ha BEKTOpA p € Hadaao Mo —
HeKa TOH e m, M; (x1, y1, z1). Tbit KaTO p = m =2 X1 —-Xo = a,
yi-yYo=b,z1-2z0=c=2X0=X1-a,yo=y1—-b, z20 =21 —C.

Tvi#t KaTo Mo aexku B o, To A.Xo + B.yo+ C.z0+ D=0 =

2 A(xi1-a)+B.(yi-b)+C.(z1i-¢)+D=0=2>Ax1+By1+Cz1+D =
=A.a+B.b+ C.c. Taka p e KOMIIAQHAPEH C o <> M A€xKH B o &

@ Ax1+Byi1+Cz1+D=0& Aa+Bb+C.c=0.

Heka B mpocTpaHCTBOTO € (pUKCHUpaHa OPTOHOPMHpPaHa KOOpPAMHATHA
cucrema K = Oe—lgg . Heka o e paBHHHaA B IIPOCTPAHCTBOTO C OOIIIO
ypaBHeHue A.x + By+C.z+ D =0, (A, B, C) # (0, 0, 0). Pazraexxname
BEKTOPBT E(A, B, C). Ot ropHOTO TBBPAEHUE, 32 BCEKU BEKTOP

f) (a, b, c), ko#iTo € KOoMIIAaHapeH ¢ oo uMame A.a + B.b + C.c = 0, T.e.

n.p =0=> n | p 3a BCEKU BEKTOP P, KOMIIAQHAPEH C o ¥ ThH KaTo n

e HeuyaeB & n L o. HeHyAeBHTe BEKTOPU, KOHTO Ca
IIEPIIEHANKYAIPHU Ha o HapuiaMe HOPMAAHH BEKTOPH Ha
paBHHHaTa o. Taka Koe(pHUIIMEeHTUTE IIPe X, Y U Z BB BCAKO 00II0
ypaBHEHUHE Ha paBHHHATAa 0 ca KOOpAUHATH Ha HOPMaAeH

BeKTOop Ha o. OHOBa 00110 ypaBHEHHE Ha paBHHHATAa O, B KOETO
KoepUIIHEHTHTE IIpe X, Y U Z ca KOOPAUHATHU Ha eAUHUYEH HOpMaAeH
BEKTOP Ha 0, C€E HapHuia HOPpMaAHO ypaBHEHHE Ha paBHHUHaTa O.

C ppyru nymu, ypaBHeHueto A.x + B.y + C.z + D = O Ha paBHUHaTa a €
HOpMaAHO <& A2+ B2+ C2=1.



Heka L.A.x+ A.B.y+A.C.z+ A.D =0, A # O € IpON3BOAHO yPaBHEHHE Ha
paBHHHaTa a. ToraBa To € HopMaaHO < (A.A)2 + (A.B)2+ (A.C)2=1 =

1 1
PN=—— A=+ . Taka paBHHHaTa o UMa

AR O JA?+B*+C?
TOYIHO ABE€ HOPMAaAHU YPaBHCHHUA:
A B C D

X+ y+ z+
JAZ+B2+C? JAZ+B2+C? T JAZ+B2+C? JAZ+B%+CP
A B C D
- X — y - Z -
\/AQ +B2 +C2 \/AQ +B2 +C2 \/AQ +B2 +C2 \/AQ +B2 +C2

=0mu

= 0.

Heka paBHMHAaTa o € 3a7a1eHa C HODMAAHOTO CH YPaBHEHHE
A B C D

X+ Y+ z+
JAZ+B2+C? JAZ+B2+C? T JAZ+B2+C? JAZ+B%+CP
A B C
JAZ+B2+C? JA2+B2+C? JAZ+B2+C2
HOPMAaA€H BEKTOP HaA .
Heka P (xo, yo, Zo) € mpousBoaHa Touka. Heka Pi (x1, y1, z1) €
OpTOTOHaAHATAa IIpoeKIms Ha P Bbpxy paBHuHaTa o. ToraBa

=O’

BEKTOPBHT N ( ) € equHUYEeH

pa3crosgHueTo d oT P o a e Touno uncaotro | PP |.

Vmame n.PP = |n|.|PP |.cos¥(n, PP) = +| PP |. Or apyra crpasa,

- = A
n.PP = (X0 — x1) + (yo—y1) +
b AR+ JA?+B2 +C2 oy
+ T C2 = .(zo — z1). [Ipu ToOBa, P1 Aexxu B o0 =
A*+B°+C
A . B y C 71 = D >
- Al T Y1 — L1 T
\/AQ +B2+CQ \/AQ +B2+CQ \/AQ +B2+CQ \/AQ +B2+CQ
2 n.PP = A Xo + B Yo + ¢ Zo +
JAZ+B?+C? JAZ+B?+C? JAZ+B?+C?
D
+ .
JAZ+B?+C?

Taka paszcTosHUeTO OT ToukKaTa P mo paBHUHaTa o €
|Axy+B.y,+C.zy, +D|

JA?+B%+(C?

24. AuneliHu obuKxHOBeHU JudepeHUUANHU YPABHEHUSL.
YpaeHeHust ¢ nocCMOsAHHU KoedpuyueHmu.

5=|n.PP| =

Pasraexname ypaBHEHHE OT BUAA

y +a,x).y e, ®)y e, Xy =f (%),

KbAeTOo PyHKIHUTE a1 (X), ..., an (X), f (X) ca necdpuHupanu; u
HENIpeKbCHATHU B HHTEepBaA [ ¢ R 1 mpueMaT KOMIIAEKCHU CTOMHOCTH.



ToBa ypaBHeHUE HapuiaMe AHHEHHO OOHMKHOBEHO AH(pepEeHIIHAAHO
YPaBHEHHE OT N-TH pPEexn.

[Ton pemreHHne Ha ypaBHEHHETO pa3dbupamMe KOMIIAEKCHO3HAYHA
dyHKIME ¢ (X), nepruHIpaHa B IleAus MHTepBaa | u nmpurexkaBalia
HEIIPeKbCHATH IPOU3BOAHU N0 N-TU PEI BKAIOYHUTEAHO U TaKaBa, de
0" (x)+a,(x).0" V(%) +...+a_,(x).9 (x)+a,(x).¢0(x)=f(x) 3a Bcako x € L.
YpaBHEHHETO ce Hapuia XOMOTreHHO, ako f (x) =0 3aBcakox € [ u
HEXOMOT€HHO, B IIPOTUBEH CAyYau.

Hexka xo € [. AKO 0CBeH ypaBHEHHETO ca 3a4a€HU U N Ha4aAHU

Y (X0) =¥o
Y %)=y,
YCAOBH4 (N € peabT Ha YPaBHEHUETO): , KbIETO yi Ca
¥ (%) = Vo

KOMIIA€KCHHU YHCAa, Ka3BaMe de € 3a/1aieHa 3azada Ha Komn.
[Tox pemenue Ha 3amadata Ha Komu mie pasdbupamMe pelleHue Ha
YpPaBHEHHETO, KOETO YIOBOAETBOPSIBA HAYaAHUTE YCAOBUS.

Teopema (3a c’hLUIECTBYBaHE H €eAHHCTBEHOCT): [Ipu HanpaBeHuTe
IIPEAIIOAOXKEHHS ChIIECTBYBa €AUHCTBEHO PEIICHHE HA 3aa49aTa Ha
Koirn, koeto e nedouHUPAHO B IleANs UHTEpBaa .

Teopema: AKo y1 (X) U y2 (X) ca ABe pelIieHus Ha XOMOT€HHOTO
ypaBHEHUE, TO BCIKA TIXHA AMHEHHa KOMOUHAaIHU

¥ (X) =A.y1 (X) + p. y2 (x), A, u € C cplI0 € penieHre Ha ToBa YpaBHEHUE.
JokazareAacTBO: 3a BCIKO X € [ mmawme:

ey, + 1) (%) +a, (®). Ay, + y,) ) e, (%) (L) (%) +

+a, %)My, +ry,)x) = (hy)? (%) +a, (%) .0y x) F e+ a,, (X)) (x) +

+a, (%)) (%) + (1y,) " (%) + 2, () (y,) @)+ e (%)(y,) (%) +

+a, (%) (1y,)(x) = A, (Y () +a, ).y, " (x) e, ())y) (%) ¢

2, 0., 0) b (200 + 2, (03,0 e ()9 () 2, (0.9, () =

=A.0 + pn.0=0. U Taka L.y1 + H.y2 € pelreHue Ha XOMOI'€HHOTO
ypaBHEHHE.

Tazu TE€OpPEMAa HHU I103BOAdBAa Aa TBBPAUM, 9€ CBBKYIIHOCTTA OT
peaieHudTa Ha XOMOT€HHOTO YpaBHEHHUE € AMHENWHO IIPOCTPAHCTBO

uang C.

Heka y1 (%), y2 (X), ..., ¥n (X) ca Ipou3BOAHH (PYHKIHH, HePUHUPAHU U
IpUTeXKaBallly HENPEKbCHATU IIPOU3BOAHU 110 pen (n-1),
BKAIOYUTEAHO, B HHTepBaasa | u mpuemariyi KOMIIA€KCHU CTOWHOCTH.
[edunrupamve meTepMHHaHTa Ha BpOHCKH 3a Te3u (PyHKIIHU:



¥1(%) vo(x) o y.(x)
We=|V® v Y

yi"®) yv,"x®) ... y,."V(x)

Teopema: Heka y1 (X), y2 (X), ..., ¥n (X) Ca IPpOU3BOAHHU pEIIEHUS Ha
XOMOTEHHOTO ypaBHeHHe. CAeTHUTE TPH YCAOBUS Ca €eKBUBaA€HTHU:
1. dysruuure y1 (x), y2 (%), ..., yn (X) ca AMHEHHO He3aBUCUMH B .
2. W (x0) # 0 3a HIKOE X0 € .
3. W (x) # 0 3a Bcako x € I.
[oxkazateacTBo: Ille mpoBegeM H0Ka3aTEACTBOTO 10 CA€HATA CXeMa OT
UMIIAMKAIIUU: 3 = 2 = 1 = 3.
NmMmnaukalmgara 3 = 2 e odueBHAHA.
IIle mokazkeM, 4e e B cuaa 2 = 1.
[a momycHeMm, dye (pyHKIUUTE V1 (X), V2 (X), ..., Yn (X) ca AMHEHHO
3aBucHMH B . ToraBa chIllecTByBa HEHyA€Ba N-TOPKAa OT KOMIIAEKCHU

n
KOHCTAHTH C1, C2, ..., Cn, TAKMBA Y€ Y C,.y,(x)=0 3a BcgKo X € I.
k=1

Karo mudpepeHirpame ToBa ThXIECTBO N-1 IIBTHU IIOCAEIOBATEAHO
TIOAydYaBaME:

c1.y1 (X) + c2.y2 (X) + ... + Ca.yn (X) = O

c1.yi' (X) + c2.y2' (X) + ... + cnyn' (X) =0

c1.y1®D (x) + c2.y2® D (x) + ... + c1.yn™ D (X) = O

[Ipu X = Xo TTOAyYaBaMe AMHEHHa XOMOTeHHAa CHCTeMa C N YpaBHEHUS U
N HEU3BECTHH U TS UMa HEHYAEBO pellleHue (Ci, ..., Ca). [Ipu TOBa
IIOAOXKEHUE NeTepPMUHaHTaTa Ha cUcTeMara, KosaTo € TouHo W (xo) = O,
KOETO € IIPOTUBOpPEYUE.

Cera 111e TTOKazKeM, 4de e B cuaa 1 = 3.

[a momycHeM HPOTHBHOTO, T.€. HEKA CBIIECTBYBA Xo € I, TakoBa ue

W (x0) = 0. ToraBa ropHaTa AMHeHHa XOMOI'€HHA CUCTEMAa UMa
HEHYA€BO peIlleHue Ci, Co, ..., Cn. [la pasraename pyHKIIHATA

n
y (x) = ch.yk(x). Ta o4eBHAHO € pelIeHNe Ha XOMOT€HHOTO
k=1

ypaBHEHUE, ThH KaTo € ANHeliHa KOMOMHAaIuda Ha pelIeHtd.

Cai1110 Taka, OT TOPHUTE PaBEHCTBA II0AyYaBaMe

V (X0) =¥ (X0) = ... = y®™1 (x0) = 0. Taka y (X) e pemnieHue Ha 3amadaTa Ha
Komiu 3a xomoreHHOTO ypaBHEHMNE ¢ Ha4yaaHU ycaoBud O, O, ..., O.

Ot gpyra crpaHa, KoHcTaHTaTa 0 0O4€eBUIHO CBHIIO € PENIEHHE Ha Ta3!u
3aga4da Ha Komru. Cera oT TeopeMarTa 3a €IUHCTBEHOCT IIOAyYaBaMe, de
y (x) = 0 3a Bcako x € | u ToraBa ¢pyHrmuure yi (X), ..., yn (X) ca
AUHENWHO 3aBHCHUMH B [, KOeTO € IIpOTUBOpEYHE.

Cucremara oT peuieHud yi (X), y2 (X), ..., Yn (X) HA XOMOT€HHOTO
ypaBHeHUe ce Hapuia pyHAZaMeHTaAHa CHCTEMA pEelIeHHs, aKO
dpyHKIIIHTE V1 (X), y2 (X), ..., ¥n (X) cCA AMHEHHO HE3aBUCHUMHU B [.



Teopema: CrIillecTBYyBaT 0e30poii MHOTO (pyHIAMEHTAaAHU CUCTEMHU
PEellIeHUsT Ha XOMOT€HHOTO ypaBHEHUE.

Jloka3aTeACTBO:
a'11 a12 aln

H a21 a22 a2n

eKa € IIPOU3BOAHA HEHYAEBA AeTEePMUHAHTA,

a'nl an2 ann

KBIETO ajj ca KOMIIAEKCHH 4Hcaa. Pukcupame Xo € I.

Heka ¢dyukmuure yj (x), j = 1, 2, ..., n ca pelreHud Ha 3a7adaTa Ha

Komu ¢ Hawaanm ycaoBus: vkl (xo) = ax, k =1, 2, ..., n. TakuBa

pellleHts UMa I10 TeopeMaTa 3a ChIIecTByBaHe. [Ipu ToBa
aeTepMuHaHTaTa Ha BpoHcku W (X) 3a Ta3u cucTemMa pelieHus,
M34YHUCAEHA B TOYKATa X0, € TOYHO JafieHaTa JeTepPMUHAHTaTa, KOSITO €
pa3anyHa oT 0. OT ropHaTa TeopeMa cucremara {yj (xX)} € AuHeHHO
He3aBucuMa B I, T.e. y1 (X), y2 (X), ..., ¥n (X) 0OpasyBat pyHmamMmeHTasAHA
cucTeMa pelIeHHs Ha XOMOTE€HHOTO ypaBHeHHe. Thi KaTo yucaata aj
Morart fa ce usdepar 1o 6e36poil MHOTO HAUYWHH, CHIIIECTBYBaT 6€30poit
MHOTO (PyHIaMEHTAaAHU CUCTEMH PELICHUS Ha XOMOTE€HHOTO
ypaBHEHHE.

Teopema: A\MHEHHOTO IPOCTPAHCTBO OT PELIEHUATA HA XOMOI€HHOTO
ypaBHEHHE UMa pPa3MepPHOCT N U BcIKa PyHIaMeHTaAHa CHcTeMa
pelIeHusd IIpeacTaBagBa 0a3uc Ha ToBa IIPOCTPAHCTBO.
[HoxkazateacTBo: Heka y1 (X), y2 (X), ..., ¥n (X) € pyHOZAMEHTarHA
CHCTeMa PeIIeHNd Ha XOMOI€eHHOTO ypaBHeHHe. Heka y (x) e
IIPOU3BOAHO PEIIEHNE HAa XOMOT€HHOTO ypaBHeHHe. PUKcupame xo € I.
Pasraexxname caegHaTa AMHEHHa cUCTeEMa OT YpaBHEHUS:

C1.y1 (Xo) + €2.y2 (X0) + ... + Cn.¥n (X0) =¥ (X0)

c1.y1' (Xo) + c2.y2' (X0) + ... + Cn.yn' (X0) =¥ (X0)

c1.y11 (x0) + c2.y2 1 (X0) + ... + c1.yn™ D (X0) = y-1) (x0).
erepMmuHaHTaTa Ha Ta3u cucrema € W (xo), ipu ToBa W (Xo) # 0, TpH
KaTto {yj (x)} ca aunetiHo He3aBucuMH B |. Taka cucremara uma
(eIMHCTBEHO) pelleHue Ci, C2, ..., Cn. PasraexxnamMe PyHKIIHATA

n
z (x) = ZCk.yk(x) , OYEBHUIHO Z (X) € penieHrue Ha XOMOT€HHOTO
k=1

ypaBHeHUe. [opHUTE paBEeHCTBA HU aBaT, Y€ Z (Xo) = ¥ (Xo),
Z' (X0) =Y (Xo), ..., 201 (X0) = y(-1) (x0). Taka z (X) 1 y (X) ca pemieHus Ha
eHa U Chlla 3ana4a Ha Ko u oT Teopemara 3a €IHHCTBEHOCT

n
roAy4aBaMe, 4e z (X) =y (x) 3a Bcako x € I, T.e. y (X) = ZCk.yk(x) 3a

k=1
BcgKo X € [. Taka oyraRIuuTe {y; (X)} mopazxkagaT IpoCTPaHCTBOTO OT
pPEILIeHHATa Ha XOMOT€HHOTO YPaBHEHHE U OCBEH TOBa Ca AMHEHHO
He3aBuCUMU B | 2 {yj (X)} e 6a3uc Ha IIPOCTPAHCTBOTO OT PELIEHUATA
Ha XOMOI'€HHOTO YpaBHEHUE = TOBa IIPOCTPAHCTBO MMa pa3MepHOCT n.



CaenmoBaTeAHO, ako y1 (X), V2 (X), ..., Yn (X) € PyHOaMeHTaAHA cUCTEMA
pelIeHns Ha XOMOT€HHOTO YpaBHEHHE, TO BCUYKHU PEIeHUs Ce JaBaT C

n
dopmyasaTa ZCk.yk(x) , KBIETO Cj Ca IPOU3BOAHH KOMIIAEKCHHU
k=1

KOHCTAaHTH.

OTHOBO pasraexkgaMe HEXOMOTE€HHOTO ypaBHEHUE
y"+a,(x).y"V+...+a_,(x).y +a, (x).y=f (%),
CBhC CBOTBETHHUTE IIPEAIIOAOKEHUS 3a aj (X), f (X).

Teopema: Heka yo (X) € e4HO pelIeHre Ha HEXOMOT'€HHOTO ypaBHEHHUE.
Heka y1 (%), y2 (X), ..., ¥n (X) € pyHOaAMEHTaAHA cCHCTEMA pPELIeHUd Ha
XOMOTEHHOTO ypaBHEHHE, [IOAYIEHO OT HEXOMOT€HHOTO ChC 3aMsHa Ha
f (x) ¢ 0. ToraBa BCUYKHU pPELIEHUI HA HEXOMOTE€HHOTO YPaBHEHUH Ce

n
nasar ¢ popMyaaTa yo (X) + Y ¢, .y, (X), KBIAETO Cj ca IPOU3BOAHH

k=1
KOMIIAEKCHU KOHCTaHTH.
Joka3zateacTBOo: Heka y (X) € IIPOM3BOAHO pENIeHHE HA HEXOMOI€HHOTO
ypaBHeHHe. [la pasraegame PyHKIMGTA Z (X) =V (X) — Yo (X), x € L.

(n) (0-1) ' =

Nmame z™(x)+a,(x).z2" ' (x)+...ta_,(x).2' (x)+a,(x).z (x)=

=y )+ a, ).y @)+ e, (X)y (%) e, x).y (%)
(760 2, (.30 0+ 2, (09 ()% 2,09 () = £ — £ () = .
Taka z (x) e pelIeHHe Ha XOMOT€HHOTO YpaBHEHHE =@ CBIIIECTBYBaT

n
KOHCTAHTH C1, C2, ..., Cn, TAKMBA U€ Z (X) = Y C,.y,(X)
k=1

2y (X =yo(x) + ch.yk(x). O6paTHO, O4eBUAHO BCIKa (PYHKITUS OT

k=1
TO3U BU € PEINICHHUE HAa HEXOMOT'€HHOTO YPaBHECHHCE.

Cera pasraexaMe XOMOI'€eHHOTO YypaBHEHHE OT N-TH Pex C
INOCTOSAHHH Koe(HIIHEHTH

y"+a, y"+.. +a_,.y'+a_y=0, kbaero B oM cAydaii aj ca
KOMIIAEKCHH YHCAAQ.
[ToAMHOMBT OT N-Ta CTENeH A" + a;.A™1 + ...+ an.1.A + an ce Hapu4ya
XapaKTEepPHCTHYEH IOAHHOM Ha F'OPHOTO YpaBHEHUE.
Heka Ao € HeroB KopeH. [la pazraemame PyHKIIHITA eho*
Ao X \(n) Ao-X\(n-1) Ao-X\! Ao XYy —

Nmame (e™*)™ +a .(e™™)" ' +...+a_,(e"”") +a_(e™")=

n Ay -X n-1 Ao -X Ao -X Ag-X\
=Ly (e F)ra A (e ) ra A (eT) ra . (e) =

Ao -X n n-1
= (€"™). (A" +a, A"+ ta, Ay +a, ) =0.

Taka e°* e pellleHHe Ha ypaBHEHUETO.

OT ocHOBHAaTa TeopeMa Ha asrebpara, XapaKTePUCTUIHUAT ITOAHMHOM
uMa n KOMIAEKCHHU KOpeHa A1, A2, ..., An.



[la TIpeAIoACKHM, Y& BCHYKH Te3H KOPEHU ca IIPOCTH, T.€.
Ai # )\ ipu i # j. ToraBa pyHKIIMUTE "™, ™2™, ..., "™ obpasyBaT
cdbyHIaMEeHTaAHA cHCcTeMa pellleHUs Ha ypaBHeHHeTo. [leficTBUTEAHO,

B€YE€ IIOKa3XMe€, 9€ T€ Ca pEUICHUI. OcraBa na IIOKa2KEM, 4Y€ Cca

Ap X

auHerHO He3aBucuMu B C. OOpa3yBame gerepMuHaHTaTa Ha BpoHCckH

A X Ay X A, X

e e e’
ret Al L A e
W (x) 3a Te3u perrenns, W (x) = | 2 n =
n-1 A .x n-1 _ky.X n-1 _A,.x
ATenT ATet L AT e

1 1 ... 1

n

# 0, TpH KaTo AeTepMHUHaHTaTa
n-1 n-1 n-1
Ay A, e A
Ha BangepmoHz e paBHa Ha O ToraBa U caMoO ToraBa, KOTaTo Ai = A 32

HaKou i #j € { 1, 2, ..., n}. Taka 0ob0IIOTO pelIeHNe HA XOMOT€HHOTO
ypaBHEHUE C IOCTOSTHHU KOe(PUIIMEHTH Ce JaBa ¢ popMyasaTa

Ci. "™ + Ca. €™ + ...+ Cp. e*, kpaero C1, Ca, ..., Cn ca IPOU3BOAHU
KOMIIAEKCHU KOHCTAHTH.

Cera ma pasraemaMe OOIIUAT CAydai, IPHU KOUTO € Bh3MOXKHO HIKOH OT
KOPEHUTE Ha XapaKTEPUCTUYHULI IIOAMHOM Ja ca KpaTHH.

Heka A" + ai.Anl + ..+ an1d +an= [J(A-1)7, T.e.
=1

Pa3AUYHUTE KOPEHU Ha XapaKTEPUCTUYHHUS [IOAUHOM ca A1, A2, ..., Am U
TEXHUTE KPATHOCTU Ca ChOTBETHO I'1, I2, ..., Im, 1 + 2+ ... + 'm = N.
Teopema: Heka P; (x), P2 (x), ..., Pk (X) ca moauHOMU, A1, A2, ..., Ak CA

pPa3AMYHU KOMIIAEKCHU 4ynucaa, I ¢ R e naTepBaa. ToraBa paBeHCTBOTO

P, (x).e"™* + P,(x).e™* +...+ P (x).e"™ = 0 3a Bcgko X € | € BB3MOXKHO camo

ToraBa, Korato Pi1 (x) = P2 (X) = ... = Px (x) = 0 3a Bcako x € L.
[oxka3zateacTBOo: [IpoBexkmame MHAYKIUS 10 K.
Basza: Ilpu k = 1 umawme: P,(x).e”™ = 0 u Tbii kaTto e™

X

# 0 3a BCIKO
x € R, T0 P; (X) = 0 3a Bcako x € L.

[Tpenmoaozkenue: Heka TBBHpAEHHUETO € U3II'BAHEHO 3a YucA0TO K, k > 1.
Crprnka: Heka 3a Bcako x € | umame paBeHCTBOTO

P,(x).e"™* + P,(x).e"** +...+ P (x).e’™ + P, (x).€"'™ = 0. ToraBa 3a BCAKO
x € I, P,(x).e"")* + P (x).e™ ™)+ + P (x).e® )% + P (x) = 0.

3a npousBoaeH 1moanHoM P (x) u A € C, A # 0, umawme:

(P (x).€**) = (P'(x)+ 1P (x)).e™ = Q (x).e”*, kpaero

deg Q (x) = deg P (x), Tpi1t kaTo deg P’ (x) <deg P (x) mu A # O.
dudepeHnupame paBeHCTBOTO OT ro-rope deg Py+1 (X)+1 bTH.



dlcHO €, 4e moay4aBame:

Q,(x).e™™ ) +Q,(x).e™ ) + | +Q, (x).e™ 1) * = 0, kpIETO

deg Q; (x) =deg Pj (x) 3aj =1, 2, ..., k, THH KaTO Aj # Ak+1.

H3moa3BaMe MHAYKIIMOHHOTO IPEAIIOAOKEHUE U IIOAydaBaMe, de

Q1 (x) = Q2 (x) =... = Qk (X) = 0 3a Bcako x € I, Ho deg Q; (X) = deg P;j (x)
daj=1,2,..,k=2>P;(x) =P2(x) =... =Pk (x) = 03a Bcako x € L.

Caen 3aMecTBaHe B I'bPBOHAYAAHOTO PABEHCTBO ITOAydYaBaMe

Py, (x).€"™

hiea1 X

= 0 3a BcgIKO X € | u bl KaTo e # 0 3a BcIko X € R,

TO Pk+1 (X) = 0 32 Bcsgko X € L.

Teopema: Heka A1 € KOpeH C KpaTHOCT r; > 1 Ha XapaKTEepUCTUIHUI
IIOAMHOM Ha ypaBHeHueto. Torasa e"™, x.e"*, ..., x"".e"* ca
penieHnd Ha YPaBHEHUETO.

. _ -1
HokaszareactBo: [a osHauuMm L (y) = y” +a,.y" +...+a_,y +a_y,
P (A\) = An + a1.Anl + ... + an.1.A + an. Beue 3Haem, ue L (e**) = P (A).e"™
3a Bcako A € C. [IudepeHiiupaMme IOCA€THOTO PABEHCTRBO I10 A U

roAy4aBaMme: (L (e“‘))’X = (P (k)_em)'x > L(x.e"¥)= (P (1).e" )’k.
N3noazBaau cMme, 4e

(L), = () +a ()" +...+a, () +a,.(") =

_ ((ex.x )(n) )’k + al.((ex.X)(n-n)’

_ (ek.x )’}»(n) + al.((ek.X)’x(n-l)) +...+ an-l'(ex'x)’x' + an'(e}hx)'}» _

!
e +a,,.(e)) *a,. (™), =

=L ((e""),) = L (x."*). BbB BTOparta CTHIIKA U3IIOA3BAXME, Y€

Koe(pUIIMEeHTHUTEe Ha YPaBHEHHETO HE 3aBUCHAT OT A, a B TpeTaTra CThIIKa
HM3II0A3BaxXMe, Ye € B CHAa TeopeMaTa 3a CMECEHUTE IIPOU3BOAHU
(HE3aBHCHMOCT OT IIOCAEOBATEAHOCTTA, B KOSTO C€ AUMDEPEHITNPA).
Caen k nudepeHIIpPaHUs 110 A ITIoAydaBaMe:

L (x*.e"*) = (P (n).e*™ )S{) . Cera usnoassame popmyasaTa Ha AaiibHUIL 3a

audepeHIUpaHe Ha ITPOU3BEEHUE U IIoAydaBaMe:
k k
X (m) x \Em) m M) _km _hx
L(x“e™)=> (P (), =2 N (P ()" x*"e
m=0

m=0 k

Umame (P (k));rn) (A)=03am=0,1, ..., r1— 1, T KaTo A1 € r1-KpaTeH
kopeH Ha P (A). Taka B ropHoTo paBeHCcTBO Ipu K =0, 1, ..., r1— 1 m

A = A1 moaydaBaMme L (x*.€"*)=0, t.e. e"*, x.eM*, ..., x".e"* ca

peleHnd Ha YPaBHEHHETO.

U Taka B cAydad Ha KpaTHH KOPE€HH MOZXKEM [a IIOCTPOHM Il PEIICHUA!

3a KopeHa A1 - e, x.eh* ..., xi.eM*,
3a KopeHa Az - €2 x.e™™, ..., x2 ¥,
3a KOpeHa Am - €%, x.eM* . . xWlehm*,



[ITe mokazkeM, Ye Te3U pelleHus obpalyBaTr PyHIaMeHTarHa CUCTeEMa
OT pellleHUs Ha YPaBHEHUETO.
[a morrycHeM, 4Ye ChIIECTBYBAT KOHCTAHTU

1 1 1 2 2 2 m m m
O,Cl,...,Crl_l,Co,Cl,...,Crz_l,..., 0,Crse, G € C, TakuBa e

m
i A i A i -1 A
D Cle"" +Clxe ™ +..+Cl X" .e"" = 03aBcaro x € R.
i1 J
ToraBa OT Io-TIpeHATA TEOpEMa AUPEKTHO IIOAydaBaMe, Y€ 3a BCAKO
. SR A
j=1,2, .., mumame: C) +C)x+...+C}  x"" = 03a BCcako x € R, T.e.
J

BCUYKU KOHCTAHTHU Ce€ aHYAHWPAT U TaKa pelIeHUudTa JeHCTBUTEAHO ca
AWHEMHO He3aBUCHUMHU. Hakpad obIIoTo perreHre Ha XOMOT€HHOTO
ypaBHEHUE C IOCTOSTHHHU KOe(PUIIMEHTH Ce 3allicBa BbB BHA

m

. —_— —— .

D> Cle" +Clxe ™ +..+Cl X" .e"", xpaero C| ca IpoM3BOAHH
]

j=1

KOMIIA€KCHH KOHCTAHTH.

Cera ma DpearioAoKuM, 4e KOe(pUIIUEeHTUTE B YPAaBHEHHETO Ca PearHU
gncaa. llle mokaxkeM, 4e B TO3U CAydall MOXKeEM Ja n3dbepem
dyHOaMeHTasHa CHUCTeMAa PEeIIeHUs OT PEaAHO3HAYHH (PYHKIIHH.

TBi1 KaTO KOE(PUITMEHTHTE Ha XapaKTePUCTHYHUS IIOAMHOM Ca PEaAHH,
aKO A € KOPeH Ha XapaKTePUCTUUYHHUS [TOAUHOM,

TO A CBIIO € HETOB KOPEH, IIPHU TOBA CHC ChIllaTa KPaTHOCT.
OTTYyK OUPEKTHO IIOAydYaBaMe, de 3a BCIKO j = 1, 2, ..., m ako

AiX A X r-1 A.x
e’ ,xe’, .., X! e’ capenieHud, KOUTO IPUCHLCTBAT BHB
dyHOaMeHTasHATa CHUCTeMAa OT II0-TOPe, TO B Hesl 3abATKUTEAHO

rj—l

AiX X X
IIPHUCBCTBAT U pelleHudaTa e’ , xe’' , ..., X' .e’ .
Twit KaTo perleHHgTa 00pa3yBaT AMHEHHO IPOCTPAHCTBO, TO 32 BCEKH

. 1 A A i
j=1,2,...,,mk=0,1,..,1-1, E(xk.e Fxfe)=x" e " .cosbx u

1 A
—.(Xk.e " ox
2.1

Ha YPaBHEHHETO, HO T€ BE€YIE€ Ca PCaAHO3HAYIHHU.

CerazaBcekuj=1,2,...,m, k=0, 1, .., 15— 1 3aMeHaMe pemieHUdaTa

x. x . .
“e"™)=x".e"" sin bx, kbpreTo Aj = aj + i.bj, ca pereHusa

A 2. ;- X
x“.e"™, x“.e"" ¢ pemenusara x“.e”".cos bx, x“.e".sinbx. (Tyx ce
obxBallla U cAydaaT Korato Aj € R, T.e. Aj = a; 1 bj = O — ToraBa 1IpocTo

HUIIO He 3aMeHsMe). YICHO e, Ye OTHOBO IoAydaBaMe (pyHIaMeHTarHa
cucTeMa pelleHus, T KaTo IToAyYeHaTa CHUCTeMa PeIleHUs € AMHEHHO
€KBHUBaA€HTHA Ha II'bpBOHAYaAHaTa (pyHZaAMEHTaAHa CUCTEMa U Ce
CBCTOH OT N Ha Opoi#l pernreHnsd, KOAKOTO € Pa3MePHOCTTa Ha
IIPOCTPAHCTBOTO OT pelleHudTa. Taka obIIoTO peaaHO pellleHne Ha
XOMOTEHHOTO AMHEWHO ypaBHEHUE C IIOCTOSIHHHU pPeasHU KOe(PUIIHEHTH

S
i A i A i i Y
mMa Buaa p Cle’”™ +Clxe"™ +..+Cl . x" e +
=



m+s

2
. ) . -~ : 1 y
+> Cl.e¥ .cosb,x+Cl.xe" .cosb.x+...+Cl .x"".e" .cos b, x+
i i 1] i
j=s+l

m+s

2
i i . i i . i -1 i .
+> . Dj.e”".sinb,x+Dj.x.e” sinb . x+...+D! . x" " .sinb, x,
j j 1 j
j=s+l
KBIETO A1, A2, ..., Am CA PA3ANYHHUTE KOPEHU Ha XapaKTEPHUCTUYHUS
IIOAMHOM C KPaTHOCTHU CBOTBETHO I1, I2, ..., I'm, KATO I'BPBUTE S OT TIX
A1, A2, ..., As CA PEAAHH, & OCTAHAAUTE Ca KOMIIAEKCHU U HEPEAAHU

Ny NP WY N ¥ ks A =, i=1,2, ., 228

m+ > 7Y m+ 22" m > m+:
S s+2 Sy 3
2 2 2

s+1? ’

m+s

AMi=a +ib,j=s+1, s+2, ... u C', D) ca Ipou3BoOAHM pearHU
] ) B ’ ’ ’ Lo ™

KOHCTAaHTH.

25. Qugpepernunu memoou 3a 3adauama Ha Kowu 3a
oburxHoeeHO JugepeHUUANHO YpasHeHUe Om NbPEeU peo.

Otnana.

26. HmepauuoHHU memoou 3a peuiaéaHe HA HeTUHeUHU
ypaeHeHUsL.

['oagMa 9acT OT MeTOAUTE 32 MPUOAMIKEHO IIpecMsTaHe Ha KOPEHUTE
Ha ypaBHEHHE ca HTE€pPAUHOHHH. [[pu TaX ce TphrBa OT HAKAKBO
Ha4YaAHO ITPUOAMIKEHHNE X0 U CA€/] TOBa C U3BBPIIBAHETO Ha
oIIpezieAeHa IIpolleaypa (UTepalus) ce HaMHupa CAeIBAIIIOTO
npubamkeHue X1. Bb3 0CHOBa Ha Xo U X1 Ce€ OIlpeeAs X2 U T.H. [1o To3mu
HaA4YWH Ce IIOCTPOodaBa €IHa penulla Xo, Xi, ..., Xn, ..., KOSITO KAOHH KBM
KopeHa ¢ Ha ypaBHeHUeTO f (x) = O.

Heka f (x) e pyHKIINA, orTpesieaeHa B MHTepBaaa [a, b|. U3caegBame
ypaBHeHueTO f (x) = 0. YonobOHO e ma 3amuiieM ToBa ypaBHEHHE BHB
BHJAa X = ¢ (x). ToBa MoxKe ma craHe, HaIpuMep, KaTo J00aBUM X KbM
aBeTe crpaHu Ha f (x) = O A HarTpaBUM APYTrO €EKBUBAAECHTHO
npeobpasyBanue. Taka § e kopeH Ha ypaBHeHUeTo f (x) = 0, T.e.

f (§) = O ToraBa u camo Torama, Korato & = ¢ (§), T.e. £ € HEIOABHIKHA
TOo4YKa Ha ¢. [la n3bepem To4yKa Xo € [a, b] 1 ma mocTpouM pemgumraTa
X0, X1, +.+5 Xn, ... [I0 IPABUAOTO Xn+1 = @ (Xn), n =0, 1, ....

[leaTa e peguniata { Xn} Ja KAOHH K'bM KOpPEHA £ Ha YPaBHEHUETO

X = ¢ (X). YlcHO €, 4ye mocTpoeHaTa peaunlia HaMa TakKoBa CBOMCTBO 3a
rmpousBoaHa PyHKIMA ¢. Cera Iie BUAUM KaKBU YCAOBHU4 3a ¢ Ouxa
rapaHTHpasu TaKaBa CXOIUMOCT.

TBBpAeHHE: AKO ¢ € n300paskeHre Ha UHTepBaaa [a, b] B cebe cu, To
IIPU IIPOU3BOAHO Ha4YaAHO NPUOAMIKEHUE Xo € [a, b], BCMYKHU TOYKH OT
penuliaTa { Xn} IpUHaIAEKAT CHIIO Ha [a, b].

[oxka3zateacTBo: TpuBuasHa nHayKmd o n. [Ipu n = 0, xo € [a, b].



Axo X € [a, b], TO Xn+1 = @ (Xn) € [a, b].

Hue TbpcuM KopeHa Ha YPaBHEHHUETO X = ¢ (X), T.€. HEIIOABUKHA TOYKAa
¢ € [a, b] Ha @. CaegBaIIOTO IPOCTO YCAOBHE BBHPXY (@ TapaHTHUPA IIOHE
eqHa HEIIOABUXKHA TOYKA.

TBBpAEeHHE: AKO (¢ € HEIIPeKbCHATO N300pazkeHne Ha HHTepBaaa [a, b]
B cebe cu, TO ¢ UMa MOHE eHa HEIIOABUXKHA TOYKA.

[oxka3zateacTBO: AKO ¢ (a) = a uau ¢ (b) = b, To ¢ UMa HemoOABUKHA
TouKa. Heka cera ¢ (a) # au ¢ (b) # b. Tt Kato ¢ : [a, b] 2 [a, b],
nMame a < ¢ (a) u ¢ (b) < b. Pazraexxname pyHKImgaTa 1 (X) = X - ¢ (X).
OueBUOHO T € AepUHHPaHa U HellpeKbCcHaTa B [a, b].

Nmamer (a)=a-¢(a)<Our(b)=b-o (b) >0. Or Teopemara Ha
Boamano-Kommu criecrByBa To4ka & € (a, b), takaBa uer (§) = 0 =

2> E=0 (§), T.e. { e HEHNOABUKHA TOYKA HA (.

OcTaBa ma BUAUM KaKBU YCAOBHUS 3a ¢ Ille TapaHTUPAT CXOAUMOCT Ha
penunara { Xn} KbM HEIIOABUIXKHATA TOYKA &.

Ka3Bawme, ue (pyHKIIHSATA g VIOBOAETBOPSIBA YCAOBHETO Ha AHIIIHIL C
KOHCTaHTa B UHTepBaaa [a, b], ako |g (X) - g (y)| £q.|x—-y]| 3a Bceku
X,y € [a, b].

Teopema: Heka ¢ e HenmpeKbCHATO N300pazkeHue Ha [a, b] B cebe cu,
KOETO YIOBOAETBOPSBA YCAOBHETO HA /AUIIIINI] C KOHCTaHTa q < 1.
ToraBa ypaBHEeHHETO X = ¢ (X) UMa eQUHCTBEH KOpeH & B [a, b] u
penuiata { X»} (Xo € [a, b] € IPOU3BOAHO, Xn+1 = @ (Xn), n =0, 1, ...)
KAOHHU KBM & Ipu n > . [Ipu ToBa, |Xn - | < (b — a).q™ 3a BCIKO
n=0,1, ...

[okaszareacTBo: OT IpegHOTO TBBPACHUE, (¢ UMa IIOHE eaHAa
HEeTIOABWXKHA TO4YKa B [a, b]. [la gomycHeM, 4e & U &2 ca ABE Pa3AHYHU
HETIOABUXKHHU TOYKHU Ha ¢ B [a, b], T.e. &1 = ¢ (&1), &2 = ¢ (§2) 1

&1, &2 € [a, b], &1 # &2. Umame [&1 - &2f = [ (&1) -9 (&) | <q.[&1 - & <
< | &1 - &2| - mpoTuBOopeune. M3moa3zBasu cMe, 4e ¢ yA0BOAETBOPSIBa
YCAOBHETO Ha AWIININIL C KOHCTaHTaTa q < 1 U, 4ue &1 # &2. Taka ¢ uma
eIUHCTBEHAa HeIoABUXKHA To4YKa § B [a, b|. C HMHAYKIIMA 110 n II1e
MOKaxkeM ropHarta oreHka. [Ipun =0, |Xo - | < (b-4a).q° =b - a, T
KaTo Xo € [a, b]u § € [a, b]. Heka |x, - £| < (b — a).q". ToraBa

|Xn+1 - &| = |@ (Xn) - ¢ (§)] £q.|xn-E|<q.(b-a).q" = (b—a).gn*l.

Taka |xn-§| <(b—-a).qr3aBcakon =0, 1, ... > Xy 2 { IpU N > .

HN3ob6pazkeHne ¢, KOETO YIOBOAETBOPABA YCAOBHETO Ha AUIIIITHIL C
KOHCTaHTa d < 1 ce HapHW4ya CBHBAIIO H300pakeHue. [Ipu Hero
Pa3CTOSTHUETO MEXIy obpas3ute ¢ (X) 1 ¢ (y) € CTPOro mo-MaAKo OT
Pa3CTOSSHUETO MeXay Irpaobpa3ure X Uy, T.e. ¢ “cBuBa”
Pa3CTOSHUATA.

TBBpAeHHe: Heka ¢ e nudeperHnmpyema PyHKIIML B [a, b] 1 Heka



|o '(x)| £q < 13aBcgako x € [a, b]. ToraBa ¢ e cBUBAaIIO N300pasKeHUE.
[oxkazateacTBo: Heka x, y € [a, b]. ToraBa ot Teopemara 3a KpailHUTE
HapacTBaHUd Ha Aarpadx, ¢ (X) - ¢ (y) =¢ '(M).(x-y), n € [a, b] =
Plo®-el =le'M|.Ix-yl <q.|x-y|lug<1.

Heka ypaBHeHHeTO X = ¢ (X) Ma KOpeH & B uHTepBaaa [a, b]. KazBawme,
4ye HTepPallHOHHHST IIPOILeC, [IOPOAEH OT () € CXOAAIl B [a, b], ako 3a
BCSIKO Ha4YaAHO IIPUOAMIKEHUE Xo € [a, b], peauiiara { Xn}, IOCTpoeHAa 10
dopMmyaata Xn+1 = @ (Xn), n = 0, 1, ...e cxoxdia KeM KopeHa &. 'opHaTa
TeopeMa, II0Ka3Ba CXOAUMOCTTA Ha UTEPAlMOHHUTE IIPOIIECH,
IIOPOAEHHU OT CBUBAIM N300paskeHud. Cera Iie IpUBEIEM eaHa
mo-caaba popma Ha TeopeMara.

CaexnctTBHe: Heka £ € KOpeH Ha ypaBHEHHETO X = ¢ (x). Ha
IIPEAIIOAOKHNM, Ye ¢ UMa HellpeKbCHATa IPOU3BOHA B OKOAHOCT
Uunaéu |o'(§)]| < 1. ToraBa npu moctaTbiHO HJOOPO HAYAAHO
IPUOAMIKEHNE X0, UTEPAITMOHHUSAT ITPOIIEC, IIOPOAEH OT ¢, € CXOISIII.
Heio nnoBeue, criectByBaT KOHCTAaHTH C > 0 u 0 < q < 1, TakuBa 4e
|xn-&| <C.gp3aBcgrkon =0, 1, ....

[oxkazateacTBo: Tt KaTo ¢ '(X) € HenpeKbcHaTa (pyHKIMI B U 1
lo'(§)] <1, To chimecTBYyBatr q < 1 1 ¢ > 0, TakuBa 4e |¢ '(x)| < q3a
BCAKO X € [€ - g, £ + ¢]. OcBeH TOBa, 3a BCIKO X € [§ - €, § + ¢] uMamMme
lo ) -El=leXx)-¢0@E)]=|e¢'M|.|x-&| <qge<e nemexnyxug,
Taka 4e ¢ (x) € [§ - ¢, § + ¢]. CaemoBaTeAHO, ¢ € CBUBAIIO N300pasKeHre
Ha UHTepBaaa [§ - €, £ + €] B cebe CM U BCUYKHU TBBPACHHUS Ha
CA€CTBHUETO CAEIBAT OT TeopeMarta.

ETo u reomeTpuyHa HAIOCTpAIlUs Ha UTEPAIIMOHHUAT IIPOIIEC, ITIOPOAEH
OT CBUBAIIIO U300paskeHue (.

YA
y=X

y=o(x)

Ny
>

};X3 X9 X1 X0 X

CkopocTTa Ha CXOAUMOCT B pPa3rAefaHud UTEePallOHEH IIPOIIEC Ce
ompeneAsd OT OOIIUS YA€H " Ha eqHa reoMeTpHUYHa IIporpecus. 3aToBa
Ka3BaMe, 4e UTEPAIMOHHULT IIPOIIEC € CXOAAI C’bC CKOPOCTTAa Ha
reoMeTpH4YHa nporpecHus. lima u mo-66p30 CXOAAINTH UTEPAITMOHHU



polecHu. 3a ga XxapakTepu3nupaMme TdxHaTa CKOPOCT BbBeEXKIaMe
IIOHATHUETO pes Ha CXOAHMOCT.

Ka3Bawme, ye uTepaliioHHUAT IIPOLIEC { Xn} UMa Pe Ha CXOOUMOCT D,
ako cplrectByBaT KOHCTaHTH C > 0 u 0 < q < 1, TakuBa 4e

|xn - E|<C.q° 3aBCakon =0, 1, ....
[Ile rocoynm 6e3 JOKa3aTEACTBO €/HA TeopeMa, KOSITO HU IT03BOASIBA

[a oIIpeaeAsMe pefa Ha CXOAUMOCT Ha HTepaIlloHeH ITPOIIeC, II0poaeH
OT U300pazkeHUeTOo O.

Teopema: Heka n3o06paskeHHUETO () Ma HEIPEeKbCHATU ITPOU3BOIHHU 10
P-TH pel BKAIOUHTEAHO B OKOAHOCT Ha ToukaTta &. Heka ¢ (§) = &,
0'(E)=0"E =...=0 PHE) =0, ¢ PE = 0. ToraBa IIpu JOCTATHIHO
[O00po HavaAaHO IPUOAUIKEHNE X0, UTEPAITMOHHUST IIPOIEC, TOPOAEH
OT (@ UMa pel Ha CXOOUMOCT P.

Cera 1m1e pasraeziaMe TpU KAACHYECKH UTEPAILlMOHHU MeToaa 3a
NPUOAMIKEHO pelllaBaHe Ha ypaBHEHHUd. [Ip1 BCHUKU TIX
npenrosaraMe, 4e ce TbpCHU KOpeH Ha ypaBHeHHUeTO f (x) = 0, kpaeTo
f e PyHKIMSA, KOSTO YIOBOAETBOPSIBA CAECTHUTE YCAOBUL:

1. f e nedomHUpaHa B HHTEepBaaa [a, b|.

2. f npuTexkaBa HenpeKbCHaTa BTOPAa IPOMU3BOAHA B [a, b].

3.f(a).f(b) <O.

4. f'(x) # 0 3a Bcgko X € [a, b].

5. f"(x) # 0 3a Bcako X € [a, b].
Te3u ycaoBHA rapaHTHUpPAT CHIIECTBYBAHETO HA €IMHCTBEH KOpeH & Ha
ypaBHeHueTo f (x) = O B mHTEepBaaa [a, b|. [e#icTBuTEAHO,
YCAOBHETO 2. OCUTYpsSBa HeIlpeKbCcHATOCT Ha f, ycaoBueTo 3. mmokasBa,
4ye f mpueMa ITPOTUBOIIOAOKHU 3HAIM B KpaulllaTa Ha UHTepBaaa [a, b]
=> f uma noHe equH KopeH. OT ycaoBUe 4. caeBa, de IrbpBaTa
npousBoaHa Ha f MMa nmocrogHeH 3HaK =@ f € cTporo MOHOTOHHA
dyHKIIMg =@ rpadukara Ha f Moxke 1a nmpecuya Hali-MHOTO €IUH ITbT
octa Ox, T.e. f (x) = 0 Mmoxke Ja uMa Hal-MHOTO €IHO peIlleHUeE.
Cp110, OT ycAOBHE 5. U HellpeKbcHaTocTTa Ha f' = f' nma nmocrogHeH
3HaK B [a, b] = f e uau usnrpkHasa (npu f (x) > 0 3a Bcgko X € [a, b))
nau BaapOHaTa (pu f''(x) < O 3a Bcgko X € [a, b]).

MeToAa’sT Ha XOpAHTE € UTEPALMOHEH METOL, IIPU KOHUTO CE
TIOCTPOSABA PEeaUIla OT ITOCAEIOBATEAHU ITPUOAUKEHUS X0, X1, ..., Xn, ...
Ha KopeHa & Ha ypaBHeHUeTO f (X) = 0 mo caegHUA HAYUH: n3bupame

X0 = a AU Xo = b, Taka 4e na umame f (Xo).f ""(xo0) < 0. Heka 3a
ompeneAeHoCT cMe u3bpaau xo = a. ToraBa 3an =0, 1, ..., ako cme
n30paAu Xn, TO Xn+1 U30HUpPaAMe IO CAETHUS HAYWH: ITPEKapBaMe mpaBa
pes (Xn, f (Xn)) 1 (b, f (b)) (mpe3 (xn, f (Xn)) u (a, f (a)), aK0 X0 = b) 1 Xn+1 €
IIpeceyHaTa To4YKa Ha Tas3u mnpasa c ocra Ox. 3a ro-roagma
HarA€qHOCT IIPUBEXKIAME T'€OMETPUYHA UAIOCTPAIINS:



Ta orroBapsa Ha cay4yad Xo = a, f () < O u f"'(x) > 0 3a Bcgko X € [a, b].
Cera 11e u3BeneM popMyAa 3a Xn+1 UPe3 Xn. [IpaBaTta npes (Xn, f (Xn)) 1
(b, f (b)) ma ypaBHeHUE y = { (Xn) + (X — Xn).f [Xn; D], TaKa 4€ Xn+1 €
peurenueTo Ha ypaBHeHueTo 0 = f (Xn) + (X — Xn).f [Xn; D], T.€.
fx,) _ . f(x)
flxibl  f(0)-f(x,)
f(a) < O u f e usrpkHAaAA B [a, b] (mau f (a) > O u f e BmavOHaTa B [a, b))
MOZKeE [a Ce IIoKaXKe, 4e peauliaTta { Xn} € MOHOTOHHO pacTdlla U
orpaHudeHa oTrope = { Xn} € cxoadaina. Heka x, = o IIpu n > oo.
f(x,)
f(b)-f (x,)
IIPEeXOo/1 IIPU N - o, KaTO U3II0A3BaMe HellpeKbCcHaTocTTa Ha f 1
f(a)
f (b)-f (o)
Ha penunara { Xn} KbM § € nmoKasaHa. JIcHO €, 4e Ipu MEeTOABT Ha
XOPAUTE UTEPALIMOHHUSAT ITPOIIEC € TIOPOAEH OT CAeaHaTa (PYHKIHS ¢:
f (%)
f (b)-f (x)
ypaBHEHUETO X = ¢ (X). lIle mIpHAOKHM CAEICTBHUETO OT IIO-TOPE 3a
[OafeM OlleHKa 3a CXOAUMOCTTAa Ha UTEPAIllMOHHUMA ITPOIIEC.
3a 1ieata usgucasaBame ¢ '(§).

Xn+1 = Xn — (b-x_). KaTo ce usmnoasBsa, ue

B paBeHCTBOTO Xn+1 = Xn (b-x_) u3BBpPIIBaAME I'paHUYEH

IIoAyd4aBaMe o = o — (b-a) 2 f(a) =0 =2 a = £ 1 cxoguMoOCTTa

(b-x). YpaBaeHuerto f (x) = 0 € eEKBUBaA€HTHO Ha

¢ (x)=x -

!

Hmame ¢ (&) = 1 —— & _(b-g) (&){M]

f (b)-f (§) f(b)-f (X)) |x-=¢
-1 —%.(b—é) - LO=T @09 popopsmanu cMme, qe f (€) = 0.
f (b) f (b)

Cera usnoasBame popmyasaTa Ha TeHAABp: ChHIIECTBYBAT N1, N2 € [a, b,

TakuBa 4de f (b) =f(§) + f (§).(b - &) + %.(b -&)2m

£(b) = (&) +f (n2).(b - ). Taxa ¢ '(£) = %(23)@

Heka M = max|f" (n) ,m > 0.

nela, b

= min|f’
,m = min |{'(n)

Torama |o '(§)| < 2£ .(b - §). Taka cTura uHTEPBaABT [a, b] na e
.m

JOCTaTBhYHO MaAbBK, |¢ '(§)| MOKe ma cTaHe IT0-MaAKO OT IIPOU3BOAHO



oTHarpen u3dbpaHo q < 1. OTTyK IO CAEICTBUETO OT II0-TOPe
IIoAy4YaBaMe, e IpH A0CTAaThYHO MaAbK UHTEPBaA, ChAbpPKalll KOPEHA,
METOABT Ha XOPAUTE € CXOASAI] CbC CKOPOCTTA Ha FeOMETPHUYHA
IIPOTPECHH.

MeToA’hT Ha CEKYUIHTE € UTEPAILIMOHEH METO, ITPU KOUTO ce
IIOCTPOSBA peaulia OT IIOCAE€JOBATEAHU ITPUOANIKEHUS X0, X1, ..., Xn, ...
Ha KopeHa & Ha ypaBHeHUeTO f (X) = 0 mo caegHUA HAYUH: N30upame
X0 = a AU Xo = b, Taka 4de ma umawme f (xo).f "'(xo0) > 0. Caem ToBa
n3bupamMe TodyKa X1 # Xo, X1 € [a, b], TakaBa ue f (x1).f "'(x1) > O.
[To-HaTaTHK, ako 3a n = 1, 2, ... cMe u30paru Xn-1 ¥ Xn, TO Xn+1
n3dupamMe 1o CAeOIHUA HAYHH: ITpeKapBaMe paBa IIpes3 (Xn-1, f (Xn-1)) 1
(Xn, f (Xn)) ¥ Xn+1 € IIpECEYHATA TOUKA Ha Ta3u npana c octa Ox. 3a mo-
roassMa HarAe€THOCT IIpUBEXAaMe TeOMeTPUYHA HAIOCTPAaIlN:

Ta orroBapsa Ha caydadg Xo = b, f (b) > 0 u f"'(x) > 0 3a Bcagko x € [a, b].
Cera m1e usBenemM opMyaa 3a Xn+1 IPE3 Xn U Xn-1. [IpaBaTa npes

(Xn, f (Xn)) ¥ (Xn-1, f (Xn-1)) EMa ypaBHeHUE ¥ = { (Xn) + (X — Xn).f [Xn-1; Xn],
TakKa Xp+1 € peleHneTo Ha ypaBHeHHETO O = f (Xq) + (X — Xn).f [Xn-1; Xn],

f(x,) _ f(x,)

— 2 — =X — (X, - X,)-

f [Xn—l;Xn] f (Xn—l)_ f (Xn)
Moxke fa ce IoKaxke, 4ye ako HHTEPBaAbT [a, b] € mocTaThyHO MaAbK,

1++/5
—

T.€. Xn+1 = Xn —

MEeTOABT Ha CEKYIINTE € CXOASIIl U UMa pel Ha CXOAUMOCT

MeToa’sT Ha ZONMHPATEAHHTE (OIIle U3BECTEH KaTO MeTOH Ha
HroTOH) € uTepallioHeH METOI, IIPU KONUTO Ce IIOCTPosBa peauiia oT
IIOCA€JOBATEAHH ITPUOAMIKEHUd Xo, X1, ..., Xn, ... HA KOpeHa & Ha
ypaBHeHueTo f (x) = 0 110 cAegHUS HAYMH: U30upamMe

X0 = a AU Xo = b, Taka 4de na umawme f (xo).f "'(xo0) > 0. Torasa 3a

n=0, 1, ..., ako cMe U30paru Xn, TO Xn+1 U30HUPaAMe 110 CACATHUSA HAYUH:
IIpeKapBaMme JoIupaTeAHaTa KM rpacgukara Ha f B ToukaTa

(Xn, f (Xn)) ¥ Xn+1 € IIpECEYHATA TOUKA HA Ta3u AonupaTesHa c ocra Ox.
3a mo-roagMa SCHOTa IIPUBEXKAa FreOMEeTpPUYHA HAIOCTPAIUL:



Ta orroBapsa Ha caydadg Xo = b, f (b) > 0 u f"'(x) > 0 3a Bcgko x € [a, b].

Cera 11e u3BeneM popMyAa 3a Xn+1 UPe3 Xn. JloIUpaTeaHaTa KbM

rpacdukara Ha f B Toukara (X, f (Xn)) IMa ypaBHEHHE

y =1 (Xn) + {' (Xn).(X — Xn), TaKa Xn+1 € PEILIEHUETO HA YPABHEHHUETO

O =1f(xXn) +f (Xn).(X — Xn), T.€. Xn+1 = Xn —%. dlcHO €, 4e mpu MeTOOBT
Xn

Ha JOIIHpaTEeAHUTE, UTEPAILIMOHHUST IIPOIIEC € IIOPOLEH OT CAEAHATA

f (%) _
PpyHKIIML @: ¢ (X) = X —m. YpaBHeHuUeTO f (X) = 0 € EKBUBAA€HTHO Ha
YpaBHEHUETO X = ¢ (X). AecHO ce Buxkna, 4e ¢ '(§) = 0. Cpuro Mmoxke na
ce Tokaxe, 4ye B obmus caydait ¢ (§) # 0. Taka oT Teopemara 1o-rope,
aKO MHTEPBaABT [a, b] e mocTaThbYHO MaAbK, METOABT Ha
JOIIUpPATEAHUTE € CXOOMII U UMa pell Ha CXOIUMOCT 2.

27. JuckpemHu pa3npeoeieHusi.

B Teopus Ha BEPOATHOCTUTE ITBPBUYHO IOHATHE € EA€EMEHTapHO
c’BOHTHE. MHOXKECTBOTO OT BCHYKHU EAEMEHTAPHU CHOUTHS HApUYaMe
CHT'ypHO cBOHTHE 1 GerexxuM c Q. [ToammHOKecTBaTa Ha  ce
HapudaT ¢bBOHTHSA. [IpasHOTO ITOAMHOXKECTBO & Hapudyame
HEB'B3MOXHO CbOHTHE. MOXEM /a CH MUCAHUM, Y€ EAEMEHTAPHUTE
CBOUTHSA ca BCEBB3MOKHUTE U3XOAH OT HAKAKBB €KCIIEPUMEHT.

AKO eaeMeHTaApPHOTO CEOUTHE W € Q ce cObaHe U W € A C Q, 1118
Ka3BaMe 4e ce e cOpaHaAo croutTrero A. Thi1 KaTO 3a BCAKO W UMaMe
w € Q, To Q ce cOBpABa ITPU BCEKU €KCIIEPUMEHT. Thil KaTo 3a BCSIKO
w uMaMme w ¢ &, To chouTHeTo & He MOXKe /1a ce COBIHE ITPU HUKOH
€KCIIEPUMEHT.

Heka A e pamuausa ot mogMHoOzKecTBa Ha Q, T.e. A € MHOXKECTBO OT

crbutuda. [lle kazBame, de A e ByaoBa aaredpa, ako ca B cHuAa
CA€IHUTE CBOMCTBA:

1. Qe A;
2. ako A e A, 0 A € A;
3. ak0oA,Be A, ToAnB e A.



[Ile ka3BaMme, ye OyroBaTa asrebpa .4 e OyaoBa c-aaredbpa, ako T4 €
3aTBOpEHA OTHOCHO U30POMMHUTE CEYeHUS U O0eIMHEHUSs, T.€.
AieAi=1,2,..2>(JAcAunAicAdi=1,2 .= )AcA

i=1 i=1
3a KpaTKoCcT OyAOBUTE G-aATeOpH IIle HapudaMe IIPOCTO G-aATredopH.

[Botikara (2, A), kpaeto A e OyaoBa asredbpa oT IMOAMHOKeCTBa Ha ()

ce HapHUya H3MEPHMO NPOCTpPaHCTBO. EaemeHTHTE HaA A ce HapHudaT
CAy4YaHHH CHOHTHA.
Heka (Q2, A) e u3mepumMo npocTpaHcTBo. BepossiTHOCT P B NU3MEepPHUMOTO
IIPOCTPAHCTBO HapHU4yaMe BCsIKa peasHa (PYHKIUS, AepUHUPaHa BbPXY
cAydalHHUTE ChOUTHATA OT A, KOATO YAOBOAETBOPSIBA CACIHUTE
AKCHOMH:

1. B3aBcako A € A, P (A) > 0. (HeOTPHIIATEAHOCT)

2. P(Q) =1. (HopmupaHOCT)

3. P(A+B)=P(A) + P (B), ako AN B =J. (azaHTHBHOCT)

4. 3a Bcgka pemunia { An}, TakaBa ue An | G, T.€. Anv1 C An 1

(A, = @, umame limP (A,) = 0. (HempeKBCHATOCT B J)

n=1

[Ipu ToBa moaoskeHue Tpoiikara (QQ, A, P) HappuaMme BepOATHOCTHO
IPOCTPAHCTEO.
Ot akcuOMHUTE IIOAyYaBaMe€ CAEIHHUTE CBONMCTBA:

1. P (D) =0.
. AkoAc B, TP (A) <P (B). (MOHOTOHHOCT)
. 3aBcako A e 4, 0<P(A)<1.
. BaBcako A € A, P (A)=1-P (A).
. 3aBceku A, Be A,P(AUB)=P(A) +P (B)-P (AB).

. 3a Bceku A, Ag, ..., An € A, TakuBa ye Ai N Aj=J upu i # j,

o U WIN

P (iAi) = ZH:P (A,). (kpaliHa aAHTHBHOCT)

i=1 i=1

7.3aBceku An e A,n=1,2, ..., TakuBadye Ain Aj=Jnpui#ju

iAn e A umame P (iAn) = iP (A,). (c-amuTHBHOCT)
n=1 n=1 n=1

Teopema (KapaTeomopH): Bcsaka BepodaTHOCT, AepUHUPaHA BHPXY
OyaoBaTa aaredpa A MozKe [1a ce IIPOIBAKHU 110 €IUHCTBEH HAYUH

BBPXy Hali-MaaKaTa c-aarebpa, KosiTo cpabppka A.

[To-ToyHO Teopemara Ka3Ba, 4ye ako (Q, A, P) e BepOITHOCTHO
IIPOCTPAHCTBO, KbAeTo A e OyaoBa aaredpa, TO MOKe /A Ce IIOCTPOU 10

€IMHCTBEH HAaYUH BEPOSITHOCTHO IIpocTpaHcTBo (Q, A', P'), kpneto A’ e



Hali-MaAKaTta c-aare0dpa, KodaTo cpabpxka A, Taka de P (A) = P’ (A) 3a
BCcaKO A € A. Taka OTTYK HaTaThK MOXKEM [a CYHUTAMeE, Y€ BbB BCIKO

BEPOATHOCTHO IIPOCTPAHCTBO (2, A, P) umame, uye A e c-aaredpa.

Heka (2, A, P) e BEepOITHOCTHO IPOCTPAHCTBO.
[ITe ka3Bame, ye pyHkrugara § : Q > R e cAyyaliHa BEAHYHHA, aKO 32
BCIKO X € R numame, ue Lt (x) = {w | § (W) < X} e cayuaiiHo chOUTHE,

T.e. Lt (x) € A.

3a Bcgka cay4daiiHa BeandnHa &, nepuHupaMe PyHKIIIATA

F: (x) =P ({w | § (W) < x}), KoaTo Hapr4yaMe (PyHKIIHS Ha
pasnpenmeAeHHe Ha cAydaiiHaTa BeAndHHa &.

C npyru ngymu F: (X) € BepodaTHOCTTaA caAydaliHaTa BeAW4dHnHa & na
IIpHueMe CTOMHOCT I0-MaaKa oT X. beaexum omte F: (x) = P (§ < x).
[To-HaTaTHK 1€ U3IIyCKaMe HUHeKca § U II1e cuuTaMe, 4e TOU ce
oapasoupa.

CBoiicTBa Ha PYHKIIMATA Ha paslpeneAeHue:

1. BaBcakox € R, 0<F (x) < 1.
2. 3a BcekHu X1, X2 € R, x1 <x2 = F (x1) < F (X2). (MOHOTOHHOCT)
3. 3a BcgKa MOHOTOHHO pacTdIlia peauna { Xn}, Xn € R, Xn =2 Xo IpPHU

n 2> o umame, 4e F (Xn) 2 F (X0). (HEIpeKbCHATOCT OTASIBO)
4. limF (x)=0, lim F (x)=1.

X —>—0
He e 3ampaxkuTesaHo, pyHKIMATA HA pasnpeneseHue F (x) na obae
HEIIPEeKbCHATA, BBIIPEKHU Ue Td € HEelIPeKbCHATa OTASIBO. B o0musa
caydaii, F (X) uma TOUYKHM Ha HpeKbCBaHE ChC CKOK. /A€CHO Ce BUXKA, Y€
T€ ca He IIoBedYe OT U30POUMO MHOTO.
Ha Bcsaka caygyaiiHa BeAHYMHA Ce ChIIOCTaBd (PYHKIUS Ha
pasnpeneaeHre. AeCHO Ce BUXKIa, Y€ TOBa ChIIOCTABAHE HE €
€IHO3Ha4YHO. B TeopuaTa Ha BEPOATHOCTUTE, obade, YeCTO CAyIaHUTE
BEAUYHHH C €THAKBU Pa3NpPEEACHUS Ce CIUTAT 32 HEPA3AUYHMH, T.€.
IpeHebpersaT ce BEPOSTHOCTHUTE ITPOCTPAHCTBA, B KOUTO CAYJaHHUTE
BEAUYHHHU Ca PEAAU3HUPAHU.

Ka3Bawme, de caydaiiHUTE BEAUYHHHU & U 1| Ca HE3aBHCHMH,

ako3a BCeKU X,y € Rumame P <xnn<y)=P((E <x).P((n<y)),
beaexxuMm & L 1.

KasBame, 4ye caygyallHUTE BEAUYHHH &1, &2, ..., En CA HE3aBHCHMH B
C’BBKYIHOCT, aKO 3a BCEKHU X1, X2, ..., Xn € R UMaMe, 4de
PEi<xin&<xoNn..N& <Xy =

=P (&1 < x1). P (§2 < x2). .... P (En < Xn).

Axko &1, &2, ..., &a Ca HE3aBHUCHMH B CBBKYIIHOCT, TO &i L & npu i # j, T.e.

T€ ca He3aBUCHUMH IT10 ABOMKN. OOpaTHOTO HE € BAPHO, KAKTO AECHO Ce
IIoKa3Ba C IpuMep.



KasBawme, uye cayuyaliHaTa BeAU4YHHA § € AHCKpPETHA, aKo Td IIpHueMa
M30pPONMO MHOTO CTOMHOCTH X1, X2, ..., Xn, ...BBPXy CAy4aliHU

cvbOuTHua ot A. AecHO ce TpoBepdBa, e nepUHHUIUSITA € KOPEKTHA, T.€.

AeduHUpaTa 110 TO3U HAYUH (PYHKIHG AeHCTBUTEAHO € caAydatiHa
BEAMYMHA.

Heka P (£ =xi) = pi,i=1, 2, .... EcrectBeHo, pi20u ) p, = 1.
i=1

3a dyHKIMATA Ha pa3lpeiescHHe ITIoAydaBaMe
F(x)=P@E<x)=P(2&=x,)= > PE=%])= D py.

Xy <X Xy <X Xy <X
B cay4dasg xkoraTo X1 < X2 < ...< Xp < ... 32 X € (Xm, Xm+1| ©IMaMe
F(X)=p1+p2+...+pm,m=1, 2, ..uTtaka F (X) uMma CKokoBe B
TOYKHUTE X1, X2, ... C BHCOYHHA CHOTBETHO P1, P2, -.-.

Heka § e nuckpeTHa caydaiiHa BeAMYHHaA, KOSTO IIpHeMa CTOMHOCTU

X1, X2, ... laosHaunM pi=P (§ =xi),i=1,2,...,pi20n ) p,= 1.

i=1

dynkumonaasT EE = Zxkpk Hapu4yaM€e MaTeMaTH4YECKO O4YaKBaHe
k=1

Ha AUCKpeTHaTa caydaiiHa BeandunHa §. EcTecTBEHO, Bb3MOKHO €

®
peasT Zkak [la HE € CXOOdIIl U Torasa § HaMa MaTeMaTH4eCKO
k=1

ouyakBaHe. PyukimonassT DE = E(§ - E£)2 HapuyamMe AHCIEPCHA HA
OUCKpeTHaTa caydaiiHa BeanudnHa §. EcTecTBeHO, HE BCUYKU
OUCKPETHU CAydYaliHU BEAMYUHU UMaT OUCIIEPCUHU.
CBoiicTBa Ha MaTeMaTHYECKOTO OUYaKBaHE U AUCIIEPCHUSITA:

1. EC = C. (3ama3BaHe Ha KOHCTaHTHT®E€)

2. E(a.§ + B.n) = o.EE + .En. (AMHEeHHOCT)

3. Ako & <n, To E§ < En. (MOHOTOHHOCT)

4. Ako & L n, To E§.n = EE.En. [To-061110, ako &1, &2, ..., &n ca
HE3aBUCHUMHU B CBBKYIIHOCT, TO E&1.€2. ....En = E€1.Ea..... Eén.

5. D¢ >0.

6. D = EE&2 - (E§)2.

7. Dog = a2DE.

8. D + C) = DE.

9. Ako & L n, To D(§+n) = DE + Dn. [lo-061110, ako &1, &2, ..., En ca

HE€3aBHUCHUMHU B CBBKYIIHOCT, TO
DE1+ &2+ ...+ Ea) = DE1 + DE2 + ... + Dén.

Enna caygyaiina BeanduHa § HapuiyaMe IEAOYHCAEHA, aKO Td IIpHeMa
3a CTOMHOCTHU €CTECTBEHU 4YHCAQ, T.€. eaeMeHTH HaA N = {0, 1, 2, ...}.
EctrecTBeHO, BCSIKa IIEAOYHCAEHA CAydaliHa BEAWYHHA € JUCKPETHA.

Heka n € mpon3BOAHO €CTECTBEHO YHUCAO, N > 1. Pasraexxgame
IIEAOYHCACHA CAydaiiHa BeandynHa & ¢ 00AacCT OT CTOHHOCTH



MHOXKecTBOTO { 1, 2, ..., n }, KaTo § mpreMa BCsSIKa OT T€3HU CTOUHOCTHU C
. 1 .
paBHa BepodTHOCT. Taka B cayyad, Xi =1, pi= —,1=1,2, ..., n.
n

3a MaTeMaTU4eCKOTO O4aKBaHe Ha § UMaMe
E: = Zk.lzl.Zk:l.n'(n-'_l):n-'_l.

k=1 N 1o n 2 2
3a nucnepcudra Ha § umame

n .1 (n+1)® 1 n.(n+1).(2.n+1) (n+1j2

D = EE2 - (EE)2= Y kK*>.——| — | =—. - =
6= B (Bge = Yicto(224) 2 .
_n+l (2.n+1_n+1j_n+1 4n+2-3.n-3 n+ln-1 n®-1
2 . - - - .

3 2 2 6 2 6 12

B cayyasa ka3Bame, ye caydaiiHaTa BeaAM4YHHa { UMa paBHOMEPHO
pa3npeneAeHHe.

[IpumMep 3a 3amada, B KOATO Bh3HUKBA PABHOMEPHO pa3IIpefeAcHUe
Ipu n = 6 e 3aHa4arta 3a XBbpPASHE Ha IIpaBUAEH 3ap. BeanyuHara
“QUCAOTO, KOETO Ce € MaaHaA0” € paBHOMEPHO pa3IpeaeAeHa —

., 1
Td rIpueMa croiiHocturte 1, 2, 3, 4, 5, 6 Cc e1HA U ChIlla BEPOSITHOCT g

Heka p e peaano unicao, 0<p<1l,q=1-p.

Pasraexxmame 0e3kpaiiHa rocaegoBaTeaHocT &1, &2, ..., &n, ... OT
CAyYalHU BEAMYHNHH, KaTO BCEKH KpaeH Opoi OT TIX ca He3aBHCUMHU B
CBHBKYIIHOCT U BCdKa OT KOUTO ITpueMa ase croriHoctu 1 1 0 ¢
BEPOSITHOCTU CHOTBETHO P U . TakaBa IIOCAEZ0BATEAHOCT HapuiyaMme
cxema Ha BepHyaHn. Bcaka oT Te3u cAydallHU BEAUYHHU IIPENCTABH
HAKaKbB OIIUT, KaTO CAydailHaTa BeAM4YHHa IIpUeMa CTOMHOCT 1, ako
OIIUTHT € yCHelleH U cTOMHOCT O, aKO OIIUTHT € HEYCIIEIIIEH.
BepogaTHocTTa 3a yCcIiex Ipyu BCEKH OT OIIUTUTE € P, a 3a HEYCIIEX € (.
OcBeH TOBa, OIIUTUTE Ca HE3aBUCHUMH, T.€. PE3YATATHT OT KOU 11a €
OIIUT HE BAHWdE HA PE3yATaTa OT OCTAHAAUTE OIIHUTH.

Hexka cera n e ectrecTBeHO 4ucAO, n > 1.

Pasraexxname cayyariHaTa BeAMYUHA Nn = E1 + &2 + ... + &n.

9lcHO €, 4e Mn € IIeAOYHCAEHA CAyYaliHa BEeAMYHHA, KOATO [IpHueMa
crotiHocTH oT O mo n. UHTepnperasaTa Ha Na € caegHaTa: 6posaT Ha
YCIIEIIIHUTE OIIUTH OT I'bPBUTE N OIIUTA B cxeMmarta Ha bepHyau.
KaszBame, ue caydaiiHaTa BEAUYHUHA Nn UMa OHHOMHO
pa3mnpeneAeHHe.

k

n
Teopema: P (N, = k) = p“.q"* saBcako k=0, 1, ..., n.

k
Hoka3zareacTBo: [Ja o3uauuMm c W (g1, €2, ..., €&n) CBOUTHETO
(&1 =¢€1, &2 = €2, ..., &n = &n). TBH KaTO CAYy4YaHHUTE BEAUYNHU
€1, &2, ..., En Ca HE3aBUCHUMHU B CBHBKYIIHOCT, TO
P(W(e1, €, ...,en) =P (E1=¢1). P (2 =¢€2). .... P (En = €n) =



_Zi
=p® .q @ .ToraBa P (nan=Kk) = P[ > W(SI,SQ,...,Sn)]:

g teyt. e =k

= z P (W(e,,&5,...,€,))= 2 pr i.q == 2 p*.q" =

61+ 6y borte, =k 61+ 6y borte, =k 61+ 6y brorte, =k
=pk.qn—k. z 1 :(E].pk.qn—k

61+ 6y boten =k
Cera 11€e IIpecMeTHEM MaTeMaTHYIECKOTO OYaKBaHe U JUCIIEPCUATA Ha
OMHOMHO paslpeleAeHaTa cAydaiiHa BeAUYUHA Na.
Nmamve ENn =E(E1 + €2+ ...+ &€n) = EE1 + E€2 + ...+ E&pn =
=(l.p+0.q+(l.p+0.q +...+ (1L.p+0.q) =n.p.
Cpuio DNn=D(E1 + &2+ ...+ &) = DE1 + DE2 + ...+ DEn =
= EC1? — (E€1)? + E&2” — (EG2)* + ...+ E&s® — (E&n)° =
=(12p+02.q)-(1.p+0.q)2+ (12.p+ 02.q) - (1.p + 0.q)%2 + ...
+(12p+ 029 - (1.p +0.9*=n.(p-p? =n.p.(1 -p) =n.p.q.
[Ipu u3YuCAIBAHETO HA AUCIIEPCUSTA U3IIOA3BAXMeE, Ye CAyJaHUTe

BEAWYHHH &1, €2, ..., En CA HE3aBHCHUMU B CbBKYIIHOCT.

[Ipumep 3a 3aa4da, B KOSTO Bb3HUKBA OMHOMHO pas3lpeieACHHE €
3aziayaTta 3a XBbPASHE Ha [IpaBUAHA MoHeTa. BeanunHara

“OposAT Ha XBBPAEHHUTE €31 OT N XBBPASHUS € OMHOMHO

pasnpeneseHa — IIpU Hesd p = q = 3"

Heka p e peaarno unicao, 0<p<1,q=1-p,0<qg<1.

KasBawme, uye eqHa 1ieaodrcaeHa caydaiiHa BeAndnHa § uMma
reOMEeTPHYHO pa3npeseaeHHe, ako P (§=m)=pm.q, m=0,1, 2, ....
CayuaiiHaTa BeandrHa § MOXKe [a Ce HHTeIpeTHupa KaTo OpoH ycrexu
[0 I'bPBU Heyclex B cxeMaTa Ha Bepuyau. [locoueHoTo pasnpeneseHue

e KopeKTHO: P (§ =m)>03aBcakom € Nu
Z P(E=m)= Z p".q=——=1. 3a ga mpecMeTHEM MaTEMaTUIECKO
P

oyakBaHe U AHCIIepcUsTa Ha § pasraexgaMe PyHKIHATA

f(s)= Z (p-s)™.q, nedpuHUpPaHa IIpH || <l HWAM 32 BCIKO S € R
m=0 p

ako p = 0. f (s) ce Hapuya mopaxkmama GyHKIHS Ha I[eAOYHCAEHATA

caydaitHa BeanmunHa &. Umawme f (s) = Z (p-s)™.q=q. Z (s.p)™ =1
S. p

Crmio Taxa, f (s) = (Z(p.s)m.q] =Y m.s™.p".q mpu |s|<—.
m=0 = p



H3moA3BaxMe, 4e BbB BBTPEIIHOCTTA Ha 00AacTTa Ha CXOAUMOCT Ha
pena f (s) e B cuaa Teopemara 3a nmodaeHHO audepeHimpane. OT gpyra

cTpaHa, ' (s) = (L] =— q.(—p)2 -_Pd 5 Opu |s|<l.
l-s.p (1-s.p)” (1-s.p)
Cpmro Taka, f' (s) = (Z(p.s) ] Zm (m-1). ".q opu |s|<l
m=0 p

OTHOBO HM3IIOA3BaxXMe TeopeMaTa 3a IIOYAEHHO AU epeHIIUupaHe.

q ]:{ p.q ]’_2-p-q-(-p) 2.p°.q

Ot gpyra cTpaHa, '’ (s) = (

l-s.p (1-s.p)’ (1-s.p)’ _(l-s.p)s
Ipu |s|<l. Cera npecmarame E§ = im.pm.q =f (1) =
p m=0

_ (1_p1cllo)2 - 1:;1 :g. Cpro, DE = E€.(§ - 1) + EE — (EE)® =

L) 2 2
=Y m.(m-1).p" q+2 P —pr(q)R_P_ -
= q q q q
_2p’q p p°_2pq.p p°_P P _pPatp’_p
(1-1p) @ ¢ 4 g9 ¢ q ¢ g g

[IpuMep 3a 3amada, B KOATO Bb3HUKBA I'€OMETPUYHO Pa3IIPEAEACHUE €
3aziayara 3a crpeaba o munieHa. Beanunnara “6poi#t yaAyuBaHUSA
IIpeay I'bPBU IIPOIIYCK” MMa '€OMETPHUYHO pasIIpefeAcHUE.

Heka A € peaano uucao, A > 0. KazBame, 4ye egHa IeAOYUCAEHA
cAydaliHa BeAHYHHa § Ma MOaCOHOBO pa3IpelneAeHHE,

L AS
akoP (£ =k)=e A.E, k=0,1, 2, .... [TocoueHOTO pa3npenescHUE e
kopekTHO: P (§ = k) > 0 3a Bcako k € N u ocBeH ToBa
k 0 k
Ze*.—' =e ™" P e .e" =1. 3a ma mpecMeTHEM MaTEMATHYECKO
k=0 >

oYakBaHe U JUCIIepcHUsTa Ha § pasrAeX(/:[aMe HelfHaTa ropaxkaala
k

A _ .
dyskuus f (s) = D e ".——s"= e z( = " necdunmpana 3a
k=0 k! k=0
BcdakO s € R. Ot eqHa cTpaHa, KaTo U3II0A3BaMe TeopeMaTa 3a
IIOYAE€HHO audepeHpane, noaydaBame f (s) = Ze . k s,
apyra crpasa f (s) = e**.\. CpIo ¢ Teopemara 3a IOYAEHHO

k
nudepenimpasne, ' (s) = Ze'x.k k.(k-1).s*?, a or gpyra crpaHa,

frr (S) = (e}».(s—l) 7\4)’ = e}».(s—l) '7\‘2.
Cera Beue MO3KeEM Aa IIPECMETHEM MATEMATHUICECKOTO O9aKBaHE U
aucnepcudara Ha &.



H»k

E¢ = Zk —f(1)—ex A.

Dt = E&.(¢ - 1) + EE — (EE)2 = Zk.(k-l) -”1‘{—1{ FA-AZ=0 (1) + - A2 =

= e’ AP +Ah-A2=).

Moxke fa ce Iokake, 4e II0aCOHOBOTO pas3lIpe/ieA€HUE € TpaHHtIla Ha
OMHOMHU pa3IIPEeIeAeHUs IIPU n > o, Taka 4e np »> A > 0.
Paznpeneaennero Ha [ToacoH e ocobeHO MOAXOMAAINO 3a MOAEAUPAHE Ha
Opod Ha cAyYalHU penKHu CbOUTHS — HAIIpuMep, Opoil 3acedeHu

PamMOaKTUBHU YaCTHIM HaA eIUHUIIA 00eM, Opol Ha paauOoaKTUBHUTE
pasrnagaHus 3a eAUHNIla BpeMe U T.H.

Heka ca dpukcupanu N, M, n € N, mpu ToBan < N, M <N.

KasBawme, 4ye eqHa 11eaodncA€HAa caydaiiHa BeAndnHa § uMma
XHIIEPreOMEeTPHYHO pa3IpeaeAeHHE,

N

]
Cuurawme, 4ye (k] = 0 npu s < k. [TocoueHOTO pasmpenescHUe e

ako P (§ =m) = ., 1L

KopekTHO: P (§ =m)>03aBcakom € {0, 1, ..., n} u

I 1 (i R
om0

HM3moA3Basu cMe U3BECTHOTO ThKaecTBO Ha KoIu.

Cera 111€ IpeCMETHEM MaTEMaTHYIECKOTO OYaKBaHE U AUCIIEPCUSITA HA
XUIIEPreoOMEeTPHUYHO paslIpeaeAcHaTa IIEAOYHUCAEHA CAydaliHa
BeAWYHHA &.

g gl G

n

S s-1
HN3noa3Baxme U3BECTHOTO PABEHCTBO k'{k] = s.( ], a Ha

JyeTBbpPTaATa CT'hIIKA B CyMaTa HallpaBuUxXMe cMgHaTta i = m-1.



-1 {ln-m

%E(Mn@ia@m] M((l:{j 1)§(Ml QJ(SQMI]:

_ M.(M-1)(N-M-(M-2) M.M-1) (N-2) M.(M-1).n.(n-1)
-~ (N n-2 T N.(N-1)(N-2)|n-2 N.(N-1)
n n.(n-1){ n-2

Ha gerBbpTaTta cTBIIKA B cyMaTa HallpaBHXMe cMdHaTa i = m-2.

D¢ = EE.(§ - 1) + E§ — (E§)2 =

_M(M-1)n.(n-1) Mn _(M.n]z _Mn ((M—l).(n—l) 1 M.n] ~
N -

EE (5 - Zm(m 1). (MJ(NZJ z(m o[ MM
g

N.(N-1) N N (N-1) N
_M.(M—l).n.(n—1)+M.n_(M.nT_M.n (M-1).(n-1) , M.n)_
~ N.(N-1) N N ) N | (N-1) N |
~ Mn ) ) L R M.n _ -
_—NQ.(N_l).(N.(M 1).(n-1)+N.(N-1)-M.n.(N-1)) —NQ.(N_l).(N.M.n N.M
‘N.n+N+N?-N-M.n.N.+Mn)=— =2 (-N.M-N.n+N +M.n)-
N2.(N-1)
__Mn _(N.(N—n)—M.(N—n)):M'n'(l\j_M)'(N_n):M'n.(l—Mj.E.
N2.(N-1) N2.(N-1) N N ) N-1
AKoosﬂaqHMp—%,q—1—p,HmaMeE§‘; n.p u DE = npq%

OTTyK ce BUXKA, 4e Ipu N = o0 MAaTEMaTUYECKOTO OYaKBaHe U
OUCIIEPCUATA Ha XUIIEPTEOMETPUUHOTO Pa3IIpefeAeHe KAOHSIT KbM
Te3u Ha OMHOMHOTO pa3lpeleAeHHeE.

3a ma gageM MHTepHpeTalys Ha XUIIEePTreOMEeTPUYHO pasnpeneseHaTa
cAydyaiiHa BeAMYHHA, HEKa pasraegaMe rnaptuaa oT N U3aeAus, OT
kouto M ca nedpekTHH. C I1eA /1a ce peaau3upa CTaTUCTUIECKHU
KadeCTBEH KOHTPOA Ce IIpaBH CAyYaiiHa M3BagKa 0e3 BpblIlaHe C 00eM
n ot naprtunara. ToraBa BeAndnHaTa “Opoil u3BageHu aePeKTHHU
U3JIeAUs” UMa XUIIEPTEOMETPUYHO pasiipeneseHue. [1efiCTBUTEAHO,
OpoST Ha BCEBB3MOXKHUTE U3BAKU C 00eM n oT maprumgaTta ¢ N

N
HU30EAUA € ( . “BaaronpugaTHUTE”, T.€. T€3U KOUTO CHIBPKAT TOYHO
n

m AepeKTHU U3EANSd MoTraT [a Ce IIoAydaT Ype3 KOMOMHUpaHe Ha
n3BagKa oT M Ha m meeKTHU u3neAus U u3Bagaka ot N-M Ha n-m
u3npaBHU. Thil KaTo Te3W U3BAJIKU C€ KOMOMHUPAT HE3aBUCHUMO U 0e3



OrpaHUYEHUS, OOIHMAT Opoi Ha OAATOIIPUATHUTE U3BAKU €

=» BEpOATHOCTTA B M3BaJKaTa OT N U3IEAUs Ja UMa TOYHO
m){n-m
M)\(N-M
m){n-m

y

m AepeKTHU € TOYHO



	1. Булеви функции. Теорема на Пост-Яблонски за пълнота.
	2. Крайни автомати. Регулярни изрази. Теорема на Клини.
	3. Графи. Дървета. Обхождане на графи.Минимално покриващо дърво.
	4. Семантика на рекурсивните програми с предаване на параметрите по стойност.
	5. Релационна алгебра. Релационно смятане. Нормални форми.
	6. Компютърни архитектури – Формати наданните. Вътрешна структура на централенпроцесор – блокове и конвейерна обработка,инструкции. Структура и йерархия на паметта. Сегментна и странична преадресация. Система за прекъсване – приоритети и обслужване.
	7. Файлова система. Логическа организация и физическо представяне. Основни системни примитиви.
	8. Компютърни мрежи и протоколи – OSI модел. Канално ниво. Маршрутизация. IP, TCP, HTTP.
	9. Растеризиране на отсечка, окръжност и елипса.
	10. Процедурно програмиране – основни информационни и алгоритмични структури (C++).
	11. Обектно-ориентирано програмиране (C++): Основни принципи. Класове и обекти. Оператори. Шаблони на функции и класове.
	12. Обектно-ориентирано програмиране (C++): Наследяване и полиморфизъм.
	13. Структури от данни. Стек, опашка, списък, дърво. Основни операции върху тях. Реализация.
	14. Основни конструкции в езиците за функционално програмиране. Дефиниране и използване на функции. Списъци. Функции от по-висок ред за работа със списъци. Потоци.
	15. Семантична характеризация на логическите формули и програми.
	16. Операционна семантика на логическите програми.
	17. Пространство на състоянията – основни понятия и задачи. Стратегии и алгоритми за неинформирано и информирано търсене на път до определена цел. Представяне и използване на знания – основни понятия и формализми.
	18. Симетрични оператори в крайномерни евклидови пространства. Основни свойства. Теорема за диагонализация.
	19. Алгебрическа затвореност на полето на комплексните числа. Следствия.
	20. Теореми за средните стойности (Рол, Лагранж, Коши). Формула на Тейлър.
	21. Определен интеграл. Дефиниция и свойства. Интегруемост на непрекъснатите функции. Теорема на Нютон-Лайбниц.
	22. Диференцируеми функции на много променливи. Диференциране на съставни функции.
	23. Уравнения на права и равнина. Формули за разстояния и ъгли.
	24. Линейни обикновени диференциални уравнения. Уравнения с постоянни коефициенти.
	25. Диференчни методи за задачата на Коши за обикновено диференциално уравнение от първи ред.
	26. Итерационни методи за решаване на нелинейни уравнения.
	27. Дискретни разпределения.

