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|_|pl/l ABABaHE Ha ObpXaBeH U3NUT BCEKN CTYAEHT € ANTbXEH Aa HOCU CTyAEeHTCKaTa C/ KH/XKa, Oa Ce ABU
HaBpeme npen npeaBapuTesiHo onoBecTteHaTta 3ana 1 Aa cna3n ykadaHudaTa Ha KBeECTOpUTe 3a
HaCTaHABaHe B 3anarta.

[ObpxxaBHUAT M3NUT NO crneunanHocT ,Cmamucmuka”e B ABe YacTu, KOUTO ce npoBexadaT B ABa AHW. [Npes
NMbpBUS AEH U3NUTBT € NpakTU4ecKn (peLlaBaHe Ha 3af4a4un) ¢ NPOABLIMKUTENHOCT 3 aCTPOHOMUYECKM Yaca.
Kbm Bbnpocu ¢ Homepa oT 1 ao 8, ot 10 go 16 1 20, moraT Aa 6baaTt gaaeHn 3agaydn. Bropusa geH msanutsT
e TeopeTudeH. N3Terna ce eanH BbLNPOC, KOWTO Ce pa3BuBa 3a 2 aCTPOHOMMUYECKM Yaca. PaboTtute ce
npegaesaTt U ce NpaBu KpaTka no4vmBka. Ternu ce BTOPU BLMNPOC, KOWTO CbLLO Ce pa3BMBa 3a 2 4aca.

Mo BpeMe Ha BCdKa ejHa 4acCT OT U3nnta nncrtata 3a nnmcaHe ca ocurypeHun n nognedyataHun ot OMU, apyru
He ce BHacAT. [Nnwe ce camo ¢ XxMMmuKkan - 3aabiMKUTENHO CUH U YepeH UBAT. Monue moxe ga ce
n3non3Ba CaMo 3a YepTexu.

Mo Bpeme Ha n3nuMTa Moxe Aa ce M3non3sa oumumanHo n3gageHo Konme Ha KOHcnekTa (nonyvasa ce oT
kBecTopuTe). Benuku apyrn nocobust ca 3abpaHeHu.

3abpaHeHo e M3Mon3BaHeTo Ha efeKTPOHHM YCTPOMCTBA OT BCAKakbB BUA. Heo6XoaAMMo e BCUYKM BHECEHU
MOOGMITHM YCTPOWCTBA N KOMMIOTbPHA TEXHWKA Aa ObAaT U3KMYeHN Npeaun 3anoysaHe Ha M3nuTa u aa
ObaaT ocTaBeHu Ha onpeaeneHnTe 3a LuenTta mecta. HamvpaHeTo npu CTyAeHTUTe Ha HepernamMmeHTUpaHu
NMOMOLLIHW cpeacTBa Ce cuMTa 3a OnuT 3a npenuceBaHe. 1o Bpeme Ha 13nuTa He ce BOAAT pas3roBopw, He ce
nyLn 1 He ce U3nusa oT 3anaTa.

PaboTtuTe ce oueHsABaT OT KoMUCUS. MPaKTUYECKUAT U TEOPETUYHUAT U3MUT CE OLIeHSABAT NOOTAENHO. [pn
nonoxeHue, Ye U Ha ABaTa MU3nuTa oueHKaTta e no-ronsima unu pasHa Ha 3.00, To KpanHaTa oueHka oT
ObpXXaBHUA U3NUT € 3aKkpbriieHata Nno npasunaTa cpegHo apuTMeTUYHa OLeHKa OT ABaTta uanuta. B
NPOTMBEH cny4yan oueHkaTa e cnab (2.00). OueHkaTta ce 3akpbrnsi 40 BTOPY 3HAK crief AeceTnyHarta
3aneTtas. OueHKUTe ca OKOHYaTenNHW 1 He noanexart Ha npepasrnexaaHe.

Cnopep npaBunHuka Ha CY CTyaeHTUTe HAMAT NPaBo Ha ABsiIBaHe 3a NoBuULLIaBaHe Ha oueHka ot [N, ako
TOM e 6un ycnewHo nonoxeH. HanomHamMe Ha cTyaeHTuTe, Ye cnopeq 3BO 3a npoabikaBaHe Ha
obpasoBaHueTo B OKC ,Marnctbp” (cpewy 3annawiaHe) e Heobxoanma oueHka Han-manko ,006bp” oT
avnnomara 3a OKC ,bakanaBbp’.
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KOHCNEKT 3A AbPXABEH U3MNUT
3A CNELUMAJIHOCT “CTATUCTUKA”

ypaBHeHI/IFI Ha npasa 1 paBHUHA. q)OpMyJ'II/I 3a Pa3CToAHNA U BITN. KpI/IBVI OT BTOpa CTeneH.

CuUMETpMYHK onepaTopu B KpaHOMEPHU eBKNUAoBM npoctpaHcTea. OCHOBHM CBOWCTBA. Teopema
3a guaroHanusauus.

MNMonuHomu Ha egHa nNpomeHnuBa. Teopema 3a AeneHuwe ¢ octaTbK. Haw-ronam obuw, genuten Ha
nonuHOMM — TbXAecTBO Ha besy u anropytbm Ha EBknung. 3aBUCUMOCT MexXOy KOpPEeHU W
KoedUUUEHTU Ha NoNuHOMK (bopmynu Ha Buer).

paHuua, HenpekbCHATOCT, MPOM3BOAHA M MPUMUTUBHA HA (PYHKUMS Ha efHa MpOMeHNMBa.
FeoMeTpUYHN HTEepMpeTaLun.

Teopemu 3a cpegHuTe ctomnHocTu (Pon, JlarpaHx n Kowwn). ®opmyna Ha Tennsp.

OnpegeneH wuHTerpan. HdedwuHnumna mn ceonctea. VIHTErpyeMOCT Ha HenpekbCcHaTUTE yHKUUN.
Teopema Ha HioToH — JlanbHuu,

CteneHHn pegose. Pagnyc Ha cxoguMmocT. PassuTtue Ha enemMeHTapHuTe oyHKUUKM B CTENEHEH pea.
KpuBONMHENHW MHTErpanu BbpXy paBHUHHM KpuBu. Popmyna Ha [puiH.

XonomopdHu cyHkumn. OcHoBHa Teopema Ha Kowu.

Pen Ha JlopaH. Teopema 3a pe3ngyymuTe.

JInHenHn obnkHOBEHM AMdepeHLMNanHn ypaBHEHNS. YpaBHEHUSA C NOCTOSHHU KOEDULMEHTH.
NTepaunoHHn MeToam 3a pellaBaHe Ha HENIMHENHN ypaBHEHWS.

3apayda Ha nMHenHoTo onTuMmpaHe. OCHOBHU TEOpPEMN.

JocTtatbyHO ycnosue 3a ontumarnHoct. AudepeHuunanHa oopma Ha TeopemaTa Ha KyH 1 Takbp.

CnyyaiiHn  BENUYMHU C [OUCKPETHU pasnpefeneHvss — [OUCKPETHO pPaBHOMEPHO, GUHOMHO,
reoMeTpuU4HO, NoacoHOBO pasnpeneneHus. 3aaayn, B KOUTO Bb3HUKBAT.

Cny4yariHu BeNUUMHU C HenpekbCcHaTW pasnpegeneHunsa. HopmanHo pasnpegeneHue. PaBHOMepHO
pasnpegeneHne, eKCrnoHeHUmManHo pasnpegeneHve unu rama pasnpegeneHve. 3agayn, B KOUTO
Bb3HUKBAT.

MapkoBckn Bepurn ¢ guckpeTHo Bpeme. Knacudpumkaums Ha cbeTosiHusaTa. EprogmyHa Teopema.
MpunoxeHus.

MoacoHoB npouec. XapakTepn3aunoHHM cBoncTBa. MNpunoxeHus.

lMpoBepka Ha xnnoTesun.

TO4YKOBM M MHTEPBANHM OLEHKM 32 NnapameTpuTe Ha HOPMAarnHoOTO pa3npeaeneHuve.

IvHeeH perpecnoHeH mogern. MeToa Ha Han-mankute kBagpatu. Teopema Ha ["ayc — Mapkos.
JInHeeH aucKkpuUMMHaAHTEH aHanms.

MeTog Ha rmaBHMTE KOMMOHEHTU. PaKTOpPEH aHanms.

MuHMMK3aLMA Ha AeTEPMUHMPAHN KparHU aBToOMaTu.

lMoBeaeHne Ha noTpebutens. YpasHeHne Ha Cnyuku. Bugose CToKu.



AHOTALUUUN HA BBINPOCUTE

1. YpaBHeHuss Ha npaBa M paBHUHA. PopMynu 3a pa3cTossHMA U brnu. KpuBu ot BTOpa
cTeneH.

BekTopHM ¥ napameTpuyHM (CKanapHW) ypaBHEHMS1 Ha npaBa M paBHWHA. O6LO ypaBHeHME Ha
npaBa B paBHMHaTa. [JekapToBO ypaBHeHue. B3anmHo nonoxeHue Ha ABe npasu. HopmanHo ypaBHeHMe Ha
npaa. Pa3cTosiHne OT To4Ka 40 NpaBa. brbn Mexay npasu.

O6wWo ypaBHeHWe Ha paBHWHA. B3auMHO nonoxeHwe Ha OBe paBHWHW. HopmanHo ypaBHeHMe Ha
paBHMHA. Pa3cTosiHMe OT Touka A0 paBHMHA.

YpaBHEHME Ha OKPBXKHOCT. KaHOHMYHM ypaBHEHUS Ha enunca, xunepbona u napabona. dokanHu
CBOWCTBA Ha enunca, xunepbona n napabona.

Jlumepamypa: [26].

2. CuMeTpu4YHM onepaTopu B KpaMHOMEpPHU eBKNMAOBU npocTtpaHcTBa. OCHOBHM CBOWMCTBA.

Teopema 3a gnaroHanusauus.

CumeTpunyeH onepaTop — onpeaeneHve, MaTpuua Ha CUMMETPUYEH onepaTop CnpsiMO OPTOHOPMUPaH
6a3nc. BcuukM XxapakTepuCTU4HM KOPEHU Ha CUMETpPUYEH onepaTtop ca pearnHu 4Yucna; BCEekM [ABa
coBCTBEHN BeKTOpa, CbOTBETCTBALLM Ha pasnMyHN cOBCTBEHUM CTOMHOCTWU, Ca OPTOrOHanHW NOMEXAy Cwu;
CbllecTByBa OpTOHOPMMpPaH 6a3nc Ha NPOCTPAHCTBOTO, B KOWTO MaTtpuuaTta Ha CUMETPUYEH onepaTtop e
AnaroHarnHa.

lMpumepHa 3adava: 3a [ageH CMMETpUYEH onepaTtop Aa ce HaMepsaT OpTOHopMmupaH 6asuc Ha
NPOCTPaHCTBOTO, B KOWTO MaTpuLaTa My € AMaroHanHa, Kakto u camata matpuua.

Jlumepamypa: [24].

3. MonuHomMM Ha egHa npomeHnuBa. Teopema 3a geneHue ¢ octarbk. Han-ronam obw genuten Ha
NOJIMHOMU — TbXAECTBO Ha be3y m anroputbm Ha EBkNua. 3aBUCMMOCT MexXxay KOPEeHU U
koecpuumeHTH Ha nonuHomu (popmynu Ha BuerT).

BbB Bbnpoca ce BkMw4Ba oOnpedeneHne Ha MofiMHOM C KoedWUWEHTUM Hapg nose, CTeneH Ha
NOSIMHOM N KOPEHW Ha NonMHOMU. Teopema 3a geneHne ¢ octaTbk. Cxema Ha XopHep. Bcekn ngean B F[X]
e rnaeeH. [puHUMN 3a cpaBHABaHe Ha koeduumeHTn. OnpegeneHne Ha Haw - ronam oo, AenvTen Ha ABa
nonuHoma HOL (h(x), g(x)) = (h(x), g(x)), Teopema 3a cbLLeCTByBaHe Ha Hau-ronam obLl AenvuTten Ha ABa
nonuHomMma c koeduuneHTn Hag none, napassasaHe Ha (h(x), g(x)) ypes nonnHomute h(x) n g(x) (TeXOecTBo
Ha besy), anroputem Ha EBknung. KopeHu Ha nonuHomu. ®opmynu Ha Buer.

lNpumepHu 3ada4qu: Hamnpane Ha HOJ] Ha aBa nonvHoma — anroputbm Ha EBkNMA, ThXOeCcTBO Ha
Beasy. lNpunaraHe Ha opmynuTe Ha BmueT 3a NOANMHOM C YMCNOBU KOEMULINEHTN.

Jlumepamypa: [23].

4. TpaHmua, HenpeKbCHATOCT, NpPOU3BOAHA W MNPUMUTMBHA Ha ¢YHKUMA Ha efHa
npomMmeHnuea. FleoMeTpnyYHM MHTEepnpeTauum.

OedunHnumm Ha XanHe n Kowwn 3a epaHuuya Ha ¢byHKUus (B KpanHa Toyka M B GeskpamHocTTa);
AOKa3aTeNncTBO Ha eKBMBANeHTHOCTTa Ha ABeTe AeduHuumun. [a ce geduHupa HerpekbcHamocm Ha
yHKUMS B adeHa Tovka oT gedouHuLmMoHHaTa obnact vpes geduHuummte Ha XanHe n Kowwn. JedunHmums
Ha npou3godHa Ha (PyHKUMA B dadeHa Touvka KaTo rpaHuua Ha dugepeHyHume dacmHu. [a ce obsacHu
du3nyHaTa nHTEpnpetTaums Ha npomssBogHaTa (MOMEHTHa CKOPOCT) U reoMeTpudHaTa W uHTepnpeTaums
(brnoB koeduUMEHT Ha donupamesiHama KbM rpadukata Ha yHKUMATa B CbOTBETHATA TOYKa, NPU KOETO
JonupaTenHaTta npaBa Cce BbBexga KaTto rpaHW4yHO MOMoXeHue Ha cekywume npasun). dopmynun (c
JokasaTencrearta uUMm) 3a Npou3BOAHA Ha Cyma, NpousBedeHne, YacTHO U cbecmasHa QyHKUUsS Ha ABe
andepeHumpyemn yHKUMKM. HammpaHe Ha MpOM3BOLAHUTE Ha HSKOW erleMeHTapHW (PyHKUMKM (cmeneHHa



yHKUUS, NoKkaszamesiHa ¢hyHKUUS, OCHOBHU mpuaoHomMempuyHU ¢yHkyuu). OT doopmynaTta 3a NnpomsBoaHa
Ha CcbCTaBHa YHKUMS ce m3Bexda (dopmanHo) opmynata 3a npom3BogHa Ha obpamHa byHKUUS W ce
npunara 3a HammpaHe Ha MPOM3BOAHUTE Ha (PYHKUMUTE s102apumbM W apKyccuHyc). OedwHuums Ha
npumMumueHa Ha fgageHa (PyHKUMA 1 gokasaTencTso, Ye ako AeMHULMOHHATa obnacT Ha egHa OyHKUMS e
WHTepBan, To pasnukaTa Mexay BCekn ABe HeHU NPUMUTUBHU € KOHCTaHTa.

Jlumepamypa: [16], [17], [18], [19], [28], [29].

5. Teopemu 3a cpegHute ctonHoctu (Pon, Nlarpanx u Kowu). ®opmyna Ha Tennbp.

HeobxoamMmo e aa ce gokaxar cnegHute Teopemu.

Heka f e HenpekbCcHaTa B 3aTBOpeHUst MHTepBan [a,b] u nputexaBa Npon3BogHa NOHE B OTBOPEHUS
nHTepean (a,b). [la ce gokaxe, ve:

a) ako f (a) =f (b), To cbwecTBYBa C € (a4, b), Taka ye f' (c) = 0 (Teopema Ha Pon);

0) cbwectByBa C € (a, b), Taka ve f (b) — f (a) = f' (c)(b — a) (Teopema Ha JlarpaHx);

B) aKkoO g € HenpekbCHaTa B 3aTBOpeHWsa uWHTepBan [a, b] n nputexasa npousBogHa MOHE B
oTBOpeHus nutepean (a, b), g' (x) # 0, x € (a, b), To cbwiecTByBa C € (a, b), Taka ye

fo)f@)_ )
g0) g@) g' ©) (Teopema Ha Kowun).

3a pokasaTenctBoTo Ha Teopemarta Ha Pon ga ce msnonssa (6e3 gokasaTencrtso!) TeopemaTa Ha
Banepuypac, cnopen KOATO BCsika HenpekbcHaTa (PyHKUMS B KpaeH W 3aTBOPEH MHTepBan LOCTUra CBOS
MaKCUMYM Y MUHUMYM.

Heobxoammo e owe ga ce nsBege dopmynata Ha Tennbp C OCTaTbyeH YneH BbB opmMaTa Ha
JTarparx n Kowwun.

lNpumepHu 3ada4qu. Heka f (t) = a (1 —t) cos at —sin at, KbA4eTo a € NPOU3BONHO PMKCMPaHO peasiHoO
yncno. Kato ce nsnonssa teopemarta Ha Pon, aa ce gokaxe, 4ye ypasHeHueTo f (t) = 0 nma
noHe eauH KopeH B uHTepeana (0,1).

Jlumepamypa: [16], [17], [18], [19], [28], [29].

6. OnpepeneH wuHterpan. [decduHunuma n cBouctBa. UHTErpyeMoCT Ha HenpeKbCHaTUTe
¢pyHKUMKN. Teopema Ha HoTOH — JlanGHuu.

[a ce pedmHupaTt nocnegosartenHo: pa3bvBaHe Ha UHTepBan, AMaMeTbp Ha pa3buBaHe, puMaHoBa
cymMa u pumaHoB WHTerparn. [Ja ce nokaxe, ye Bcska MHTerpyema no PumaH yHKUMS e orpaHuyeHa. [la ce
AedvHupat ronemm n mMankm cymm Ha [ap6by. [la ce ycTaHoBM, 4Ye npu gobaBsiHE Ha HOBWU TOYKU B
pa3bvBaHeTO Ha WHTepBana ronemute cymu Ha [apOy He HapacTBaT, a MankuTe He Hamanssar
(>kenaTenHo € fa ce HanpaBu YepTeX).

[a ce pokaxe, Yye JageHa yHKUMA e uMHTerpyema no PumaH ToraBa v camo Toraea, KoraTo 3a
BCSKO € > 0 cbulecTByBaT roniiMa cyma Ha [dapby S n manka cyma Ha Japby s Takuea, ye S — s < €. Kato
ce n3nonasBsa Tasn TeopemMa n Teopemarta Ha KaHTop, cnopea KOSITO BCsKa HenpekbCcHaTa (PyHKLMSA B KpaeH
N 3aTBOpPEH MHTepBan e paBHOMEPHO HeMnpekbCcHaTa, Aa ce AoKaxe, Ye BCAKa HenpekbcHaTa yHKUMsS B
KpaeH n 3aTBOpeH MHTepBan e uHterpyema no PumaH. [la ce n3bpoat (6e3 gokasaTencrtBo) OCHOBHUTE
cBolicTBa Ha PumaHoBusi nHTerpan. Kato ce npunoxu CBOWCTBOTO 3a MHTErpvpaHe Ha HepaBeHCTBa U
TeopemaTa, Ye BCsika HenpekbcHaTa (PyHKLMSA npMeMa BCUYKU CTOMHOCTU MEXAY MakCMMyma U MUHUMyMa
cu, foa ce gokaxe, 4ye ako f e HenpekbcHaTa B [a, b], TO cbulecTByBa ¢ € [a, b], Taka ye

b

[ f(x)dx=1(c)(b-a).
a
Kato ce wusnon3ea T103n pakT, ga ce Ookaxe Teopemata Ha HwToH — JlaibHuu, T.e. 4e ako f e
HenpekbcHaTa B [a, b], To 3a BCAKO x € [a, b]
d X
— | f(t)dt="f(x),
sl 1Oa=1(x)

N a ce NnokKaxe Kak T4 Cce n3nosns3ea 3a n34dmncridaBaHe Ha onpenernieH nHrerparn.



lNpumepHu 3adaqyu. CMsHaA Ha NPOMEHAMBUTE W WHTErpupaHe Mo 4acTW; WHTerpupaHe Ha
paunoHanHu (byHKLl,I/IVI; MHTEerpanum ot suga

j~ dx

2 2\2 !

. (X +Y%)

cybCcTUTYUUN 3a MHTErpmpaHe Ha paunoHanHn yHKUUKM OT Sin X 1 cos X; cybctutyumm Ha Onnep.
Jlumepamypa: [16], [17], [18], [19], [28], [29].

7. CrteneHHu pepoBe. Paguyc Ha cxogumocTt. Pa3BuTue Ha enemeHTapHuTe (yHKUUM B
cTerneHeH pea.
[a ce gedvHmpa cTeneHeH pen Ha KOMMIEKCHa NPOMeHnMBa 1 06nacT Ha CXoAMMOCT Ha TakbB pe.
Ja ce pokaxe, Ye ako edWH CTeNeHeH ped € CXoAsill 3a HsIKoe KOMMMEKCHO uucrno Z, €Ll , 1o Toi e

aGCOMIOTHO CXOAsILL 3a BCSIKO ApYyro Z npu |z| < |[z|.
1

lim sup ,_,., r{/m ’
KOedUUNEHTUTE Ha CTEeNeHHUS pes.

KaTo ce uanonssa copmynarta Ha Tennbp C ocTaTbyeH yneH BbB dopmarta Ha [JlarpaHx, ga ce
pasBUAT B CTENEHEH pea Npu peanHu CTOMHOCTM Ha X oyHKuMuTe €%, sin X, cos X. 3a uenta pJa ce
HaMepsT CTOMHOCTUTE Ha BCUMYKM MPOU3BOAHU Ha Te3n pyHKumm npm X = 0.

Jlumepamypa: [16], [17], [18], [19], [28], [29].

Ja ce pokaxe, 4ye obrnacTra Ha CXOAUMOCT € Kpbr ¢ pagumyc R = kbOeTo a, ca

8. KpuBOnuHenHU nHTErpanu BbLpPXy paBHUHHU KpUBU. Popmyna Ha TpuUiH.
OedunHnuma Ha rmagka KpyvBa B paBHWHATA, 3afjajeHa napamMeTpuyHo; doopmyrna 3a gbikuHata 1.
PumaHOBM CymMu 3a KPUBOMMHEWHW MHTErpanu OT MbpBW M BTOPU poa M cBowcTtBaTa uMm. dopmynu 3a
cBeXJaHe Ha KPUBOMUHENHUTE MHTEerpanu KbM puMmaHoBu. [lokazaTenctso Ha dpopmynaTa Ha [puinH

i de+Qdy=g[2—3—%j dx dy.

[la ce pasrnefa MbpBO CRy4yasT, korato D Moxe [a ce npeactaBu BbB Buga D = {(x, y) € [ 2
X SX<X, yl(x)s y < yz(x)}, a yHkumaTa Q (X, y) € TbXKOeCTBEHO Hyna, U Aa ce nokaxe, Ye ropHaTta

dopmyna crnegea ot dpopmynata Ha JlanbHuy — HioToH. [Ja ce 06ACHM HaKpaTKo Kak OT TO3U YacTeH
cny4yam ce u3sexga obLmaT crnyyvan.
Jlumepamypa: [16], [17], [18], [19], [28], [29].

9. XonomopdHu cpyHKkunn. OcHoBHa Teopema Ha Kowun.

[a ce peduHnpa komnnekcHa audepeHUnpyeMoCcT U XONTOMOPMHOCT Ha (PYHKUUSA Ha KOMIEKCHa
npomeHnuea. [la ce gokaxe, 4ye ypaBHeHneTo Ha Kowwu-PyvmaH e Heobxoammo ycrnoBue 3a KOMMIEeKCHa
AvpepeHuypyemocT. [la ce AeduHMpa KOHPOPMHO M30OpaxeHue M fa ce Aokaxe, 4e ako f(z) e
xonomopdpHa B 20 u f (Z9)#0 | 10 nso6paxennetro W=f(z) e koHcopmHo B Zo . [la ce chopmynupa
ocHoBHaTa Teopema Ha Kowwu 3a egHocBbp3aHa obnact. [la ce Jokaxe BapuvaHTbT Ha TeopemaTa ypes
dopmynata Ha punH. [a ce pokaxe cdopmynata Ha Kowwu. 3a gokasaTencrtBoto W ga ce mM3no3ea
HaroToBo (6e3 gokasaTencreo) TeopemaTa Ha KoL 3a CNoXeH KOHTYP.

3adayu: Bb3cTtaHoBsIBaHe Ha xonomopdHa yHKUNA NO AadeHa pearnHa (MMmarMHepHa) yacrT.

MpumepHu 3adayu: 1. [a ce Hamepu xonomopdHa dyHkuma f (Z)=u+iv | 3a kosTo

a) u(xy)=x*-y*-e’sinx



6) v(X,Y) Zwyyz-

Jlumepamypa: [2], [3], [6], [30].

10. Pep Ha JlopaH. Teopema 3a peanayymure.

[a ce cdbopmynupa TeopemaTta Ha JlopaH 3a passuTue B pef Ha pyHKUMSA XonoMopdHa BbB BEHELL.
[a ce pedwuHupaT Tpute BMaa M3onmMpaHn OCOBEHM TOYKW: OTCTPaHUMAa, MOSIC U CbluiecTBeHa ocobeHa
Touka. [la ce pokaxe: Teopemata Ha PumaH (3a oTcTpaHuma ocobeHa Touka). [a ce dopmynupa
TeopemaTta Ha Kasopatn-Banepwpac—Coxoukn. [la ce gedmHmpa pesngyym Ha xonomopdHa pyHKUuS B
nsonunpaHa ocobeHa Touka 1 Aa ce JoKaxe TeopemMaTa 3a pesvagyymuTte.

3adayu: OnpepgensiHe BuMga Ha W30NMPaAHUTE OCODEHM TOYKM Ha XOornomopdHa QYHKUMA ©
npecmsaTaHe Ha pesvayymute B Tax. [lpecmsitaHe upe3 TeopemaTa 3a pe3nayymMuTe Ha KOHTYpPHU
WHTEerpanu u Ha peasnHu HecoOCTBEHN MHTErpanu.

lMpumepHu 3ada4u:

1. la ce onpegeny BUABT Ha U30NMPaHUTE 0coBeHn Touku B 1 Ha pyHKUMSTa
.1
z3sin =
f(2) = 1—2 M fa ce npecMeTHaT pe3nayyMmuTe B TSX.
—-z

2. [1a ce npecmeTHar:

=

ze? T dx ]‘i Xsin zx

Z ;
z+1 I+ +4) X* +2X+5

|z|=2
Jlumepamypa: [2], [3], [6], [30].

11. JiIuHeMHn OOGUKHOBEHMU andepeHumanHu ypaBHeHUA. YpaBHEHUS C€ MNOCTOSAHHU
KoethnumneHTu.

Pasrnexaa ce andepeHumnanHoTo ypaBHeHME OT N-TU pes
x® +a, (X" + +a (tx=ft) te(ap)

KbaeTo aj(t) ca HenpekbcHaTU dyHKUMK. Dopmynupa ce (6e3 gokasaTencTBo) TeopemMa 3a CblLUeCTByBaHe U
€0MHCTBEHOCT Ha pelleHMeTo Ha 3agadvata Ha Koww. [laBa ce KpuTepui 3a NMHENHa He3aBUCUMOCT Ha
cucteMa OT N peLleHus Ha XOMOreHHOTO ypaBHeHWe 4pes3 AeTepMuHaHTaTa Ha BpoHcku. OdeduHupa ce
NMOHATMETO yHOAMEHTanHa cucTema OT pPELUEeHUs U ce [oKasBa, 4Ye pelleHuMsiTa Ha XOMOreHHOTO
ypaBHeHue (T.e. f(f) = 0) obpasyBatr n -mMepHO NMHEMHO NpPOCTpaHCTBO. OnucBa ce CTpyKTypaTa Ha
peLLeHnsaATa Ha HEXOMOIreHHOTO YpaBHEHME.

dopmynupa ce anroputbMm 3a HaMMpaHe Ha OOLOTO pEeLIeHME Ha YPaBHEHWETO C MOCTOSIHHU
koecuumeHtn a; € R

x" +a,x"V 4+ . +a x=0.
lNpumepHu 3adayu:
1. [la ce HaMepsIT peanHWUTe peLLeHWst Ha YPaBHEHNETO:
a) y"“ +y” = 7x—3cos x;

6) V" +4y = 21tg x, |x|<%;

x> 0.

B) Y'+2y'+y=xe" +—,

xe



2. [a ce pewwu 3agayarta Ha Kowuu:
a) y"+y' =x y(0)=3,y(0)=-1 y'(0)=%
6) y"+2y' +2y=xe ", y(0)=y'(0)=0.
3. [a ce pewwu ypaBHeHneTo Ha Onnep:
a) xX}y"—2xy=6Inx;
6) X’y +xy'+4y =10x, x>0.
4. [la ce Hamepw 0BLLOTO pelleHne Ha YpaBHEHUETO, KaTO Ce HaMepPW HErOBO YaCTHO peLLeHne BbB
Buga ¥, =e™ um y, =x"+ax"" +..+a :
a) x(x=1)y"—xy+y=0, x>1;
6) xy" —(x+1)y'=2(x-1)y=0, x>0.

Jlumepamypa: [11], [31].

12. WUTepauMoHHM MeTOAM 3a peluaBaHe Ha HEeNIMHENHU YpaBHEeHUS.

[a ce geduHMpa NOHATNETO Henod8UXHa MoYKa Ha N30OpaKeHNETO @ 1 [a ce AOoKaxe, 4Ye ako ¢ e
HenpekbCcHaTo nsobpaxxeHne Ha uHTepBana [a, b] B cebe cn, To @ uma noHe egHa HenoaBWXHA To4Ka B [a,
b]. 0a ce nokaxe, 4ye pewaBaHeTo Ha ypaBHeHumeTo f (X) = 0 moxe ga ce cBede KbM HamMuMpaHe Ha
HEeNoABMXHA ToYKa.

[a ce gedvHunpa NoHATMETO ceusawo u3obpaxeHue N Ja ce OOoKaxe, Ye ako ¢ e HenpeKkbCHaTo
n3obpaxeHme Ha wuHTepBana [a, b] B cebe cn n e cBMBaLLO C KOHCTaHTa Ha Jlunwwuy q < 1, TO: Q)
ypaBHEHMETO X = ¢ (X) uma eguHcTBeH kopeH & B [a, b]; 6) peavuata {x,} OT mocnegoBaTenHu
nNpubnuxkeHns (Npy NPOU3BOMHO Xo € [a,b]l n X, =(p(xn ), n=0,1,..) «knoHn kbM & npu N — o, KaTo
|xn —§| < (b—a)q” 3a Bcsiko N. [la ce nonyyu KaTo crneacteume, Ye ako & e KOPeH Ha YpaBHEHUETO X = go(x)
M @ MMa HenpekbCcHaTa nNpom3sBoaHa B okonHocT U Ha &, 3a KosATo |¢’((§)| <1, To npu goctaTbyHO JO6PO
HayanHo npubnKeHne Xo WTEPauUMOHHMAT Mpouec, MopodeH OT @, € CXOAsl, CbC CKOpOCTTa Ha

reomeTpuyHa nporpecus. [la ce gedmHupa NoHATUETO ped Ha cxooumocm.
[a ce n3Bege dopmynarta 3a nocrnegoBaTenHuTe NpubnmxeHus n ga ce gagaT reomeTpuyHaTa
WMCTPaLMS U pefa Ha CXoAMMOCT MpU: METOA Ha XOpAWTe, METOA Ha CekylumTe 1 meTo Ha HIoToH.
Jlumepamypa: [1], [7], [22].

13. 3apaya Ha nUHenHOTO onTuMMpaHe. OCHOBHU TeOpPEMMU.
3apaya Ha NUHENHOTO onTumupaHe B 06w Buag. KaHoHwyHa ¢opma. KaHOHMYHO MHOrOCTEHHO
MHOXecTBO. BbpxoBe n nocokun. AnrebpnyHn xapaktepmsaumm Ha BbPXOBETE U MOCOKUTE Ha KaHOHUYHO
MHOrOCTEHHO MHOXecTBO (6e3 gokasaTencreo). Teopema 3a npencraBsHe Ha eNeMeHTUTE Ha KaHOHUYHO
MHOrFOCTEHHO MHOXecTBO (6e3 pokasatenctso). OCHOBHW TeopeMuM Ha JIMHEWHOTO ONTUMUpaHe 3a
KaHOHW4YHa NMHEeNHa 3ajaya.

lMpumepHu 3adayu: [a ce pewwm cbC CMMNNEKC MeToAa AadeHaTa 3agada. Ako 3agavarta e
paspelnma ga ce Hamepu onTMManHaTta CTOMHOCT Ha uenesaTta yHKUNUS 1 MHOXECTBOTO OT ONTUMAITHU
peLLeHus.

max z(X)= 3X;— Xyt 2X;3 minz(x)=-3X;— X,
2X,= X,= =3, = 2X, +X,< 4,
X~ X< 1, =X, HX,2 -2,
X+ 4X,< 4, 3X, +X,< 22,
X,z 0,%x,2 0. x,2 0.

min z(X)= 2x;+ 3X,— 3X3 max z(x)=—2X;— 6X,



= 2X;= X, +X,= 3,

X~ X5=1,

3X, X +X = 4,

X2 0,%x,2 0,x,20,x,20,x.2 0.

4x,+ 2X,2 -9,
X+ 3X,2 6,
- 3X,+ 7X,< 61.

Jlumepamypa: [4, cmp. 65 — 77], [32, 3anucku no Mamemamuyecko onmumupaHe-1].

14. [OocTtaTtb4yHO ycnoBue 3a onTumanHocT. ludepeHumnanHa opma Ha Teopemarta Ha KyH u
Takbp.
dyHKuMA Ha Jlarpanx. Cegnoea To4ka. [locTaTb4yHO yCroBME 3a onTUManHocT (6e3 goka3aTencreo).
Teopema Ha KyH 1 Takep B gudepeHuunanHa gpopma.

lNpumepHu 3adayu: Kato ce usnonssat MeToauMTe Ha HEMWHEWHOTO OMTMMUPaHe fa ce peLuu
3agavaTta

<3 y= 0

: a2t 2 Dy < .
minf (x,y)=8x"+2y“=2X=Y npu orpaHnyeHus X+2y+1 , :

1
max f (x,y)= 4x+8y= X*= 4y’ npu orpaHmueHms wih=2, x20 | yz0

min f (x,y)=x+ Npyu orpaHudennsa 8y— 4x—2x°— y?=—-20 , x20 y=0

1
2y+1
Jlumepamypa: [4, cTp. 157 — 162], [32, 3anuckmn no MaTtemaTtnyecko ontummnpaHe-2].

15. Cny4yanHu BenWYMHU C OUCKPETHU pasnpenerieHus — AUCKPeTHO paBHOMEPHO, GUHOMHO,

reoMeTpM4yHO, NOACOHOBO pa3snpeaeneHus. 3agayum, B KOMTO Bb3HUKBAT.

Ha u3nuta komncusta gaea ABe pasnpeneneHuns, Bbpxy KOMTO ce pa3BuBa BbNPOCHT. [edunHnums
Ha OUCKPETHO pasnpegeneHve Ha crydanHa BenvyuHa. CBOMCTBA Ha BEPOSATHOCTUTE (HEOTPULATENHOCT U
HopMMpaHocT). JeduHnunss Ha MOMEHTUTE Ha pasnpeneneHMeTo M Bpb3kaTa UM C MaTeEMaTUYECKOTO
ovakBaHe W pgucnepcus. OdedumHuuma Ha nopaxgawa dyHkuma (unu no m3bop Ha CTydeHTa — Ha
nopaxgaiia (pyHKUMS Ha MOMEHTUTE, XapakTepuctudHa dyHkums). CBoncTBa Ha nopaxgawaTa yHKUMs
(nopaxpawaTa -9 Ha MOMEHTUTE, XapakTepuctuyHaTa (pyHKumna) — 6e3 gokasaTencrBa. 3a gageHuTe
OBe pasnpegeneHns ga ce nocouu npumep (3agaya), Npy KOWTO TO Bb3HUKBA, Aa Ce U3Befe nopaxjalwiaTa
dyHKUMs (NnopaxaawaTta PyHKLMA Ha MOMEHTUTE UNN XapakTepucTuyHaTa yHKUUSA) U aa ce npecMeTHaT
MaTeMaTn4eckoTo o4vakBaHe (CbC M 6e3 nopaxgawa -4, nopaxjawa (QyHKUNA Ha MOMEHTUTE WUnu
XapakTepucTmnyHa yHKLMSA) 1 gncnepcnsita um (MeToabT Ha npecmMaTaHe ce n3bupa oT CTyaeHTa).

Jlumepamypa: [9],[15], [21].

16. Cny4yaHu BeNnWYMHM C HenpekbCHaTM pasnpegeneHusa. HopmanHo pasnpegeneHue.
PaBHOMepHO  pa3npeaeneHue, eKCNOHEeHUuManHo  pasnpegeneHue unm rama
pasnpegeneHue. 3agayu, B KOUTO Bb3HMKBAT.

Ha n3nuta ocBeH HOpManHOTO pasnpefernieHne Kommcuata gasBa owe eaHo OT n3bpoeHute Tpu
pasnpefeneHus, Bbpxy KOUTO Ce pa3BuBa BbMpocbT. [dedmHnuna Ha HenpekbCHaTo pasnpeferneHue Ha
cnydyarHa BenunyuHa. CBOWCTBAa Ha BEPOSITHOCTHATA MMABTHOCT (HEOTPUUATENHOCT W HOPMUPAHOCT).
HdedurHnuma Ha MOMEHTUTE Ha pasnpefeneHneTo M Bpb3kata MM C MaTeMaTUYecKOTO OYaKkBaHe U
avcnepcus. [deduHuumsa Ha nopaxpawia MOMeHTUTe yHKkums (unu no wm3bop Ha CTydeHTa - Ha
XapaktepucTnyHa gyHkums). CBoncTBa Ha nopaxgalwiara pyHKUMS Ha MOMEHTUTE (Ha XapakTepuctuyHaTa
dyHKuMs) — 6e3 gokasartencrtea. 3a HOpManHOTO M OaOeHOTO pasnpefeneHve ga ce nocouv npumep



(3apgava), Npu KOMTO € yMEeCTHO M3MNON3BaHETO My, Aa ce Aage nopaxgaiiaTta PyHKUUS Ha MOMEHTUTE (Unu
xapakrepuctuyHaTa yHKums) (6e3 nssexagaHe) n ga ce npecMeTHaT MaTeMaTU4ecKoTO O4akBaHe (CbC U
6e3 nopaxagaiia yHKUMS Ha MOMEHTUTE UNN XapakTepucTnyHa PyHKUMS) u gucnepcuata UM (MeToabT Ha
npecmsiTaHe ce n3bupa ot cTygeHTa).

Jlumepamypa: [9],[15],[21].

17. MapkoBCKM Bepurun ¢ auckpetHo Bpeme. Knacudukauma Ha cbetosiHusita. EprogmyHa

Teopema. lNMpunoxeHus.

HedvHnuma Ha Mapkoscka Bepura. [a ce usBepaT ypasBHeHudTa Ha YenmeH-Kosimoropos.
Knacmgpukauma Ha CbCTOSIHMATA - KPUTEPUW 3@ NPEXOOHOCT U Bb3BPATHOCT, eprogumyHocT. [paHn4yHun
BepoATHOCTU. CTaunoHapHU rpaHnYHK pasnpeaeneHus. EproguyHa Teopema — ¢ JokasaTerncTso.

Jlumepamypa: [5], [14].

18. MoacoHoB npouec. XapaktepusaumoHHU cBorcTBa. NpunoxeHus.

HedvHnuma Ha G6posw npouec. OedmHmumm Ha MNMoacoHoB npouec. Bpb3ka ¢ eKCNOHEeHUNanHoTo
pasnpegerneHne. XapakTepusauMoHHW CBOWCTBa — pasnpeferieHne Ha BPeMeTO Ha YakaHe, YCNOBHU
pasnpegeneHns Ha BpeMeTo Ha nosiBABaHe M Ha MOMEHTUTE Ha nosBsiBaHe. [la ce gage npumep, npu
KOWTO BBb3HMKBAT TakuBa NpoLecu, 1 ga ce NocouYn MHTeprnpeTaumsita Ha ropecnomMeHaTuTe CBOWCTBa B
KOHKpeTHus criyqan. O6o6LweHmns Ha [oacoHoBMSA Npouec — HeXOMOreHeH U cnoxeH MoacoHoB npolec.

Jlumepamypa: [5], [27].

19. lpoBepka Ha Xxunotesu.
OnpepgensHe Ha NoOHATUATa (CTaTUCTUYECKA) XMMNOTEe3a, MPOCTa U COXHA, FPEeLUKM OT MbPBU U BTOPU
pon, KpUTMYHa 0bnacT, MOLLHOCT, 3HaYMMOCT Ha TEeCT M 3HA4YMMOCT Ha cTaTUcTMKaTa Ha Tecta (p-value).
Jlema Ha HenmaH-IMnpcbH 3a onTnmanHarta KpuTudHa obnacT.

Jlumepamypa: [8], [15].

20. To4YKOBM U MHTEpBariHW OL,EHKU 3a NapamMeTpuTe Ha HOPMAaJiHOTO pa3snpeaeneHue.
OueHKn Ha napameTpu, CBOMWCTBa (HEM3MECTEHOCT, CbCTOATESNTHOCT, edheKTUBHOCT). HepaBeHCTBO
Ha Pao-Kpamep — ¢ pgokasatenctBo. [loBepuTeneH WHTepBan 3a napamMeTpute Ha HOpManHoTo
pasnpegeneHue.

Jlumepamypa. [8], [15].

21. JluHeeH perpecuoHeH mopen. Mertoa Ha Hau-mankuTe KBapgpatu. Teopema Ha layc —
MapkosB.
dopmynupa ce 3agayaTta U Moferna Ha NnMHenHa perpecusa B obwmsa cnyyam (C MHOro NpeauKTopu).
lMokasBa ce, 4Ye Npu HOpPMAariHO pasnpedeneHne Ha rpelknuTe B MOoAena MakCMMarnHo npaBaonogobHuTe
OLEHKM CbBMagaT C pPELIEHMETO Ha HOpManHaTa CUCTEMA YypaBHEHWd OT ,METO4 Ha HaWh-Mankute
kBagpatn®. NokasBa ce HEM3MECTEHOCT U Ce n3Bexaga Aucrnepcusita Ha oueHkute. [Jokasea ce Teopemara
Ha [ayc — MapkoB, 4e oueHkaTa Ha napameTpuTe, MOMYyYEeHU KaToO peELUeHWe Ha HopmanHarta cuctema
YypaBHEHMs!, Ca C MUHUMarHa gucnepcus (OTHOCHO BCUYKU JIMHENHW HEN3MECTEHWN OLLEHKM).

Jlumepamypa: [10].

22. JInHeeH QUCKPUMMUHAHTEH aHanus.
dopmynupa ce 3agayaTa 3a OUCKpUMMHAUMA (Knacudoukauusa ¢ yuuTen) u Mogena Ha JIMHenHus
OVCKPUMMHAHTEH aHanui. MI3Bo4 Ha JNIMHENWHUTE AUCKPUMUHAHTHU OYHKLMK MPU MHOFOMEPHO HOPMAasHO
pasnpegeneHne Ha npeaukTopuTe C pasnuyHu CpegHyM CTOMHOCTU U edHaKBa KOBapwauMoHHa maTpuua B
rpynute. Knacudumkaumsa Ha HabnogeHmsaTa u anocTepMOpPHO pasnpeaeneHue.
Jlumepamypa: [10].

23. MeToa Ha rmaBHUTE KOMMNOHEHTU. ®aKTopeH aHanus.
dopmynupa ce 3agayata Ha (QaKTOpPHUS aHanu3 — faTeHTHU MPOMEHMMBM,  NpUMeEpU 3a
npunoxexuve. NpeactaBsHe Ha MaTpuuaTta Ha AaHHWTE C MOMOLLTA Ha CUHTYNSIPHU CTOMHOCTM U BEKTOPW



(pasnaraHe SVD) n meTtog Ha rmaBHuUTe koMnoHeHTH (PCA), peaykumusa Ha pasmepHocTTa, lNogobpssaHe Ha
WHTepnpeTauuaTa — MeTOA ,BapuMakc.

Jlumepamypa: [10].

24. MunHUMM3aUMA HA AeTepPMUHUPAHU KpaHU aBTOMaTW.

JedvHnumm 3a kpaeH aBTOMaT M aBTOMaTeH e3uK. EkBMBaNEeHTHM aBTomaTu. [JeTepMuHUpaHu u
TOTanHM aBToMaTtu. HeOocTMXMMM U HepasnMuuMu  (EKBUBANEHTHW) CbCTOAHMA. [eduHuums 3a
MUHUManeH asTomMar. HamupaHe Ha MuWHMManeH aBTOMaT, eKBMBaANeHTEeH Ha p[ageH ToTaneH
JeTepMuHMpaH aBTtomart. [scHa NOMYyKOHrPYEHTHOCT OTHOCHO AdafeH €3MK U HEWMHOTO NPUoXeHue KbM
BbMpoca 3a eQUHCTBEHOCT (C TOYHOCT A0 M30OMOP(M3bLM) HA MWHUMANHWUS aBTOMAaT, €KBUBANEeHTEeH Ha
JafeH ToTaneH geTepMUHUpaH aBTomMar.

OnucaHue Ha 3adaqume. 3agayn 3a MMHMMU3AUNSA Ha KOHKPETHO AadeH ToTaneH AeTepMUHUpaH
aBToMarT (T.e. 3a HaMMpaHe Ha MUHUMAarleH aBToMaT, EKBMBANEHTEH Ha dafeHuns).

lMpumepHa 3adayva. [a ce MMHMMM3MPpA TOTANHUAT AeTepMUHMpaH aBTomaT Hag asbykata {0, 1},
mMau, cbctosaHusa A, B, C, D, E, F, G, kbaeto A e Ha4anHoto cbeTosiHne, C u E ca 3akniountenHuTe, a
npexoauTe ce onpeaensT ¢ NoMoLlTa Ha cneagHaTta Tabnuua:

A B CDEFG
0 B B DDUBCF
1 D CEETCGE

Jlumepamypa: [12], [13], [20].

25. lNMoBepgeHue Ha noTpebuTens. YpaBHeHue Ha Cnyukn. BugoBe cToku.
HdedunHnuma Ha yHKLMA Ha NOMEe3HOCT M NPUHUMNA Ha npegnodvTaHveTo. MakcuMmmsaumus Ha nonesHocTTa u
dyHKUMM Ha noTpebuTenckoTo TbpceHe. MUHMMM3aUMs Ha pasHOCKUTE M KOMMNEHCMPaHW (yHKUMM Ha TbpceHe.
PyHKLMA Ha pa3HOCKMTe 1 ypaBHeHue Ha Cnyuku. Bugose CTOkM 1 TPyAbT KaTo CTOKA.

Jlumepamypa: [25] cTp. 125-150.
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