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I'Ipvl ABABaHE Ha ObpXXaBEH U3MNMUT BCEKU CTYLOEHT € AJTbXEeH Aa HOCU CTyAeHTCKaTa
CUN KHWXXKa, Oa Ce ABU HaBpeMe npen rnpeaBaputeriHo ornoBecteHarta 3ana 1 ga
cnasu ykasaHuAaTa Ha KBeCTOpUTE 3a HaCTaHABaHE B 3ararta.

ObpXaBHUAT M3NUT No cneuunanHocTt ,Cmamucmuka“ e B ABe 4acTu, KOUTO ce
npoBexaar B ABa AHW. [1pe3 nbpBusa AEH U3NUTBT € NPaKTUYECKN (peLuaBaHe Ha
3a4a4u) C NPOABIMKUTENHOCT 3 aCTPOHOMMYECKN Yaca. KbM BbNpoOCcK C HoMepa OT
1 00 8, ot 10 oo 16 1 20, moraT aa 6baat gageHn 3agayun. Bropus AeH n3nuTbT €
TEOpeTUYeH. M3terns ce eauH BbNPOC, KOWTO Ce pa3BMBa 3a 2 aCTPOHOMUYECKN
yaca. PaboTtuTe ce npegaear v ce NpaBu KpaTka novmBka. Ternm ce BTOpu BbNpPOC,
KOMTO CbLLO Ce pa3BMBa 3a 2 vaca.

Mo Bpeme Ha Bcsika efHa 4acT OT M3nuTa fucTaTa 3a nucaHe ca OCUTypeHwu
n noanedyataHn ot ®MW, gpyrm He ce BHacaT. lNuwe ce camo ¢ XxuMuKan
- 3a0bIDKUTENHO CUH UIK YepeH uBAT. MonuB MoXe Oa ce M3nonsea camo 3a
yepTexu.

Mo BpeEME Ha MU3NnUTa MOXe Oa Ce MU3Nosi3Ba O(*)I/ILI,I/IaJ'IHO n3gageHo Kornme Ha
KOHCIEKTa (nonyana ce oT KBeCTOpVITe). Bcnukun apyru nocobus ca 3a6paHeHV|.

3a6paHeHo € Kn3noJsi3BaHeToO Ha eNieKTpPOHHU yCTpOI7ICTBa OT BCdAKaKbB BWUA.
HeO6XOD,I/1MO € BCUYKM BHECEHW MOOWUITHU yCTpOI7ICTBa M KOMMKOTbPHAa
TEXHUKa Oa 6'bD,aT U3KJTIOYEeHN npean 3anodvBaHe Ha wu3nnta 1 ga 6'bD,aT
OCTaBEeHU Ha ornpeaerneHnTe 3a uerta MecTta. HaMI/IpaHeTO npn CTyoeHTuTe Ha
HepermamMmeHTnpaHin noMoLHN cpeactea Ce CHUTa 3a ONnnUT 3a npennceBaHe. Mo
BpeMe Ha nanuta He ce BOOAAT pa3roBopu, He ce nywn n He ce n3nnaa OT 3ararta.

Pabotnte ce oueHsiBaT OT KoMUCUS. [1paKTUYECKUSIT U TEOPETUYHUAT M3MUT
ce oueHsiBaT nootaenHo. [Npu nonoxeHwe, Ye M Ha OBaTa U3nNuTa OLEHKaTa €
no-ronama unm pasHa Ha 3.00, TO KpalHaTa OueHKa OT AbpP)KaBHUS U3NUT €
3aKpblfieHata no npaeunarta CpedHO apuUTMETMYHa OLEeHKa OT ABaTta uanura.
B npotuBeH cnyyan oueHkata e cnab (2.00). OueHkaTa ce 3aKkpbrns 4O BTOpU
3HaK cnep gecetndHaTa 3anetas. OLUEHKUTe ca OKOHYaTeNHU U He noaniexaT Ha
npepasrnexgaHe.

Cnopepg npasunHuka Ha CY CTyaeHTUTe HAMAT NpaBo Ha ABsIBaHe 3a NoByMLIaBaHe
Ha oueHka ot [1U, ako Ton e 6un ycnewHo nonoxeH. HanomHsaMe Ha cTyaeHTuTe,
ye cnopen 3BO 3a npoabmkaBaHe Ha ob6pasoBaHmeTo B OKC ,Maructep” (cpewy
3annawaHe) e Heobxoguma oueHka Han-manko ,006bp“ oT aunnomara 3a OKC
.bakanaebp".



10.
11.

12.
13.
14.

15.

KOHCHMEKT 3A AbPXXABEH U3MNUT
3A CMNEUMANTHOCT “CTATUCTUKA”

YpaBHeHUs Ha npaBa u paBHMHa. PopmMynn 3a PasCTOAHUA U BIAW.
KpuBu oT BTOpa CTENeH.

C/METPUYHN onepaTopu B KpaWHOMEPHU EBKNULOBM MPOCTPaHCTBA.
OcHoBHM cBoicTBa. Teopema 3a AvaroHanmsaums.

MonuHomMu Ha egHa npomeHnuBa. Teopema 3a AeneHne C OCTaTbk.
Han-ronam obw, genuten Ha nNonMHOMWU — TbXAecTBO Ha besy un
anropuTbM Ha EBknng. 3aBMCMMOCT MeXay KOPEHU N KOEDULIMEHTUN Ha
nonvHomu (oopmynu Ha Buer).

paHuua, HENpPeKbCHATOCT, NPOM3BOAHA U MPUMUTUBHA Ha (PYHKLMS
Ha egHa NpPOMeHNBa. F[eoMeTPUYHN UHTEPNPETaLMN.

Teopemu 3a cpegHute ctonHocTn (Pon, Jlarpanx n Kowwn). dopmyna
Ha Tennbp.

OnpegeneH wuHTerpan. deduHuuma n ceonctea. NHTerpyemocTt Ha
HenpekbcHaTuTe yHKUMKN. Teopema Ha HioToH — JlanbHuy,

CteneHHn pepoBe. Paguyc Ha cxogumocT. PasButue Ha
enemMeHTapHuTe YHKLUUN B CTEMEHEH pea.

KpuBONUHENHN wHTErpann BbpXY paBHUHHW KpumBu. Popmyna Ha
pwyiAH.

XonomopdHu dyHKumn. OcHoBHa Teopema Ha Kowun.
Pepn Ha llopaH. Teopema 3a pesngyymure.

JInHenHn o6MKHOBEHM [puUdEepeHLUManHn ypaBHEHUs. YpaBHEHus ¢
NMOCTOSIHHWN KOEOULIMEHTMI.

WTepaunoHHm meToam 3a pellaBaHe Ha HENMMHENHN YpaBHEHNS.
3apgaya Ha nuHenHoTo onTuMupaHe. OCHOBHU TEOpPEMMU.

JoctaTbyHO ycrnoBume 3a ontumanHocT. JudepeHuuanHa cdopma Ha
TeopemaTta Ha KyH n Takbp.

CnyyalHn BENUYUHM C OUCKPETHU pasnpeneneHns — OUCKPETHO
paBHOMEpPHO, OGMHOMHO, FeOMETPUYHO, MOACOHOBO pPasnpenerneHns.
3apauu, B KOMTO Bb3HUKBAT.

. CnyvyaiHn BenuuuMHM C HenpekbcHaTu pasnpepeneHus. HopmanHo

pasnpepeneHve. PaBHOMepHO pasnpefeneHne, eKCnoHeHUManHo
pasnpedeneHve unu rama pasnpegeneHve.  3agadn, B KOUTO
Bb3HWKBAT.



17. MapkoBckn Bepurn ¢ pguckpetHo Bpeme. Knacudumkaums Ha
cbcTosHMATa. EprognyHa teopema. MNMpunoxeHus.

18. NoacoHoB npouec. XapakTepnsaunoHHU cBONCTBA. [1pnnoxeHns.
19. TpoBepka Ha XMNoTe3u.

20. TOYKOBM W WHTEPBANHW OLEHKW 3a MnapameTpuTe Ha HOPMarHoTO
pasnpeneneHue.

21. JlnHeeH perpecnoHeH mopen. MeTton Ha Han-mankute KeagpaTu.
Teopema Ha Nayc — Mapkos.

22. JINHEEH ANCKPUMWHAHTEH aHanus.
23. MeTop Ha rmaBHUTE KOMNOHEHTUN. PaKkTOpeH aHanms.
24. MnHumMmnsauunsa Ha geTepMUHNPaHN KpamH aBToMaTu.

25. lNoBeaeHue Ha noTpebutens. YpasHeHue Ha Cnyukn. Bugose cToku.

AHOTALMUN HA BBINPOCUTE

1. YpaBHeHMs Ha npaBa U paBHUHA. PopMynu 3a pa3CTOAHUA U
brnuv. Kpueu ot BTOpa CTEMNEH.

BekTopHn © napamMeTpuuHM (CKanapHW) YypaBHEHUS Ha npasa U
paBHnHa. OGO ypaBHEHME Ha MpaBa B paBHMHaTa. [JekapToBO ypaBHEHME.
BsaumHO nonoxeHue Ha pABe npasu. HopmanHo ypaBHeHWe Ha npasa.
PascTosHMe oT Touka Ao npasa. brn Mexay npasu.

O6Lwo ypaBHEHME Ha paBHMHA. B3anMHO nonoxeHne Ha ABE paBHUHN.
HopmanHo ypaBHeHME Ha paBHUHA. Pa3cTosHMe OT Touka 40 paBHMHA.

YpaBHeHNEe Ha OKPBXHOCT. KaHOHWYHM ypaBHeHWs Ha enunca,
xunepbona wun napabona. dokanHM CBOWCTBaA Ha enunca, xunepbona wu
napabona.

Jlumepamypa: [26].

2. CumeTpuUUHM onepaTopu B KpanHOMEPHU €BKITUOO0BHU
npocTtpaHcTBa. OCHOBHU cBoMcTBaA. Teopema 3a
AunaroHanusaums.
CumeTpunyeH onepaTtop — OnpegeneHne, matpuua Ha CUMETPUYEH
onepaTop CnpsiMO OpTOHOPMUpaH 6asunc. Benukn xapakTepnctuiHn KopeHn Ha
CUMETPUYEH OMepaTop ca peanHu 4yucna;, BCeku ABa COOCTBEHU BeKTOpa,
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CbOTBETCTBALUM Ha pPas3nUYHN COOCTBEHM CTOMHOCTW, Ca OPTOrOHanHM
NOMEXAY CU; CbLUEeCTBYBa OPTOHOPMUpPaH 6a3nc Ha NPOCTPAHCTBOTO, B KOWTO
MaTpuuaTa Ha CMMETPUYEH onepaTop e AuaroHanHa.

lpumepHa 3adava: 3a fafeH CMMETPUYEH OnepaTop Aa Ce HaMmepsiT
OpTOHOpMUMpaH 6asnc Ha MpPOCTPaHCTBOTO, B KOWTO MaTpuuyata My e
AunaroHarnHa, KakTo n camarta matpuua.

Jlumepamypa: [24].

3. MonuHomMu Ha eaHa npomeHnuBa. Teopema 3a AerneHue ¢ ocTaTbk.
Han-ronam o6w, aenuten Ha NOJIMHOMU — ThbXAecTBO Ha Be3y u
anroputbM Ha EBknua. 3aBMCUMOCT Mexay KOPeHU U KoedpuumneHTH
Ha nonuHomu (hopmynu Ha Buer).

BbB BbNpoca ce BkNOYBA OnpefeneHne Ha nofiMHOM ¢ KoedbuuneHTur
Hapg nore, CTEMEH Ha NOSIMHOM U KOPEHW Ha nonuHomu. Teopema 3a geneHune
c octatbk. Cxema Ha XopHep. Bcekn mgean B F[x] e rnaeeH. MpuHuun 3a
CcpaBHABaHe Ha koedumumeHTn. OnpeneneHne Ha Haw - ronam obuw, genuTen
Ha gea nonunHoma HOL (h(x), g(x)) = (h(x),9(x)), Teopema 3a CbLUEeCTBYBaHE
Ha Hawn-ronam obL, genvTten Ha ABa NorvHoOMa ¢ KoedUUMEHTU Hag none,
nspasssaHe Ha (h(x),g(x)) upes nonmHomuTe h(x) n g(x) (TeXxpecTso Ha beay),
anroputbm Ha EBknuna. KopeHn Ha nonnHomun. dopmynn Ha Burer.

lMpumepHu 3adayu: HamupaHe Ha HO[ Ha gBa nonvHoma —
anroputbM Ha EBknung, Texagectso Ha besy. NpunaraHe Ha cdopmynute Ha
BuveT 3a nonNMHOM € YncroBum KoepuLmMeHT!.

Jlumepamypa: [23].

4, [paHuua, HenpeKkbCHATOCT, NMPOM3BOAHA M MNPUMUTUBHA Ha
oyHKUMA HA eaHa NnpoMeHnuBa. [eOMeTpPUUYHU UHTepnpeTauuu.
OeduvHnunn Ha XanHe n Kowwn 3a epaHuuya Ha ¢yHKUusi (B KpanHa

Touka N B Oe3KpanHOCTTa); 4OKA3aTENCTBO Ha eKBMBANEHTHOCTTaA Ha ABeTe
gedvHnguun. Oa ce pgeduHupa HerpekbcHamocm Ha dyHKUMA B pageHa
Touyka oT geduHuumMoHHaTa obnacTt Ypes geduHuummntTe Ha XanHe n Koww.
OedunHnuma Ha npou3dsodHa Ha hyHKUMA B AafeHa TOYKa KaTo rpaHuua Ha
ougbepeHyHUmMe 4Yacmuu. [Ja ce 00siCHM dumsnyHata UHTepnpeTaumsa Ha
npomssogHata (MOMEHTHA CKOPOCT) W reomMeTpuyHaTta W WUHTepnpeTauus
(brnoB koeduUMEHT Ha OonupamesiHama KbM rpadukata Ha yHKUMATa B
CbOTBETHATa TO4YKa, NMPU KOETO AonupaTenHata npaBa Ce BbBexaa KaTo
rPaHNYHO MOMoOXeHne Ha cekywume npasu). Popmynn (C gokasaTencresaTa
MM) 3a NPOU3BOAHA Ha CyMma, NPOU3BEAEHNE, YaCTHO N cbemasHa QyHKUUS Ha
ABe AudepeHumpyemu yHkumMM. HamvpaHe Ha nNpou3BOOHUTE Ha HSKOU
eneMeHTapHn QYHKUMKM (cmerneHHa QyHKYUs, rnokasamesiHa @byHKUUs,
OCHOBHU mpu2oHOMempu4HU ¢yHKyuu). OT cdopmynarta 3a nNpousBofHa Ha
CbCTaBHa pyHKUMS ce ussexga (dpopmarnHo) opmynarta 3a npomssogHa Ha
obpamHa @byHKUUST W Cce npwunara 3a HamupaHe Ha MpoM3BOOHUTE Ha
DYHKUMUTE 102apumBbM W apKyccuHyc). OeduHuuma Ha npumMumusHa Ha
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AafeHa pyHKUMA 1 [oKa3aTencTBo, Ye ako AepUHMLMOHHAaTa obnacT Ha egHa
yHKUMSA € UHTepBan, To pasnukaTa Mexay BCEeKU ABEe HEWHU NPUMUTUBHMK e
KOHCTaHTa.

Jlumepamypa: [16], [17], [18], [19], [28], [29].

5. Teopemu 3a cpegHute ctoHocTtu (Pon, Jlarpanx u Kouum).

®dopmyna Ha Tennbp.

Heobxoaumo e fga ce gokaxar criefHUTE TEopEMN.

Heka f e HenpekbcHaTa B 3aTBOpPEHWUS MHTepBan [a,b] n nputexasa
npon3BoAHa NoHe B OTBOpeHNS uHTepBan (a,b). [la ce gokaxe, 4ve:

a) ako f (a) = f (b), To cbwiecTByBa ¢ € (a, b), Taka ye f (¢) = 0
(Teopema Ha Pon);

0) cbwecTByBa ¢ < (a, b), Taka ve f (b) — f(a) = f' (¢)(b — a) (Teopema
Ha Jlarpanx);

B) aKO g € HENpeKbCHaTa B 3aTBOPEHUSA MHTepBan [a, b] n nputexaea
npousBogHa NoHe B OTBOpeHUs WHTepBan (a, b), g' (x) # 0, x € (a, b), TO
cbllecTByBa C € (a, b), Taka vYe

G) fl)_ £ )
ey ey 6y (Teopewa va Kouwn.

3a pgokasaTenctBoTo Ha TeopemaTta Ha Pon ga ce wmsnonsea (0es
JokasaTtencteo!) Teopemata Ha Banmepwpac, cnopen KOSATO  BCsika
HenpekbcHaTa YHKUMS B KpaeH W 3aTBOPEH WHTepBan Aoctura CcBoA
MaKCUMyM 1 MUHUMYM.

Heobxogumo e owe pa ce usBege dopmynata Ha Tennbp C
OCTaTbY€eH UneH BbB hopmata Ha Jlarpanx n Kown.

lMpumepHu 3adayu. Heka f (f) = a (1 — t) cos at —sin af, kbgeTo a e
Npomn3BONHO UKCUPaHO peanHo 4Yucno. Kato ce manonsea Teopemara Ha
Pon, pna ce gokaxe, 4e ypaBHeHueTo f (t) = 0 uma
noHe eauH kopeH B nHtepsana (0,1).

Jlumepamypa: [16], [17], [18], [19], [28], [29].

6. OnpepeneH uHterpan. fleouHuuma m ceonctea. MHTerpyemoct

Ha HenpekbcHaTuTe (pyHkuuu. Teopema Ha HOTOH — JlanGHUL,

Oa ce pedwuHnpaT nocneposaTenHo: pasbuBaHe Ha WHTepsan,
AnameTbp Ha pasbuBaHe, pumaHoBa cyma W puMaHoB MWHTerpan. [da ce
nokaxe, 4ye BCAka mHTerpyema no PumaH ¢yHKuua e orpaHudeHa. [da ce
neduHupat ronemm u manku cymum Ha [apby. [da ce ycrtaHoBu, 4e npwu
fobaBsiHe Ha HOBWU TOYKM B pasbuBaHETO Ha MHTeEpBana ronemMuTe Cymu Ha
[apby He HapacTBaT, a ManknTe He HamansasaT (kenaTernHo e fa ce Hanpasu
yepTex).

[a ce gokaxe, ye gageHa yHKUMA € uHTerpyema no Puman torasa u
camo ToraBa, koraTo 3a BCSKO € > 0 cbluecTByBaT rongama cyma Ha Japby S n
Manka cyma Ha [dapby s Takmea, ye S — s < ¢ Kato ce nsnonsesa Tasu
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Teopema u TeopemaTa Ha KaHTop, cnopen KOATO BCSAKa HEMpeKkbCcHaTa
PYHKLMS B KpaeH 1 3aTBOPEH MHTEpPBAN € PpaBHOMEPHO HEMpPeKbCHaTa, aa ce
OOKaxe, Ye BCsKa HenpekbCHaTa (pyHKUMA B KpaeH U 3aTBOPEH MHTepBan e
uHTerpyema no PumaH. [a ce wusbpoat (6e3 pokasaTencreo) OCHOBHUTE
ceBonctea Ha PumaHoBus wuHTerpan. Kato ce npunoXxu CBOMCTBOTO 3a
WHTErpupaHe Ha HepaBeHCTBa W TeopemaTa, 4Y4e BCska HenpekbcHaTa
hYHKUMS MpuemMa BCUYKM CTOMHOCTU MeXAy MakCuMyma U MUHUMyMa cu, Aa

ce Ookaxe, 4e ako f e HenpekbcHaTa B [a, b], TO CbLUECTBYBaA C < [a, b], Taka ye
b

| f(x)de=f(c)(b-a).

a
Kato ce usnonsea TO3M (pakT, Oa ce [oOKaxe Teopemarta Ha HwoToH —
JTanbHuny, T.e. ye ako f e HenpekbcHaTa B [a, b], TO 3a BCAKO X € [a, b]

Sl roa-re)

N Aa ce NnoKaxke Kak T4 ce U3nosidea 3a n34vncnasaHe Ha onpenernieH nHterparn.
MpumepHu 3adayu. CMsiHa Ha NPOMEHNNBUTE U MHTErpupaHe no 4acTu;
WHTerpupaHe Ha pauvoHanHn gyHKUMWU; UHTerpany oT Buaa
.
J‘ dx

. (x2+y2)2’

cybCcTUTYLUMN 32 UHTErpupaHe Ha pauuoHanHy yHKUMM OT Sin X UK COS X;
cybetutyuumn Ha Onnep.
Jlumepamypa: [16], [17], [18], [19], [28], [29].

7. CrteneHHu pepoBe. Paguyc Ha cxoaumocT. PasButue Ha
enieMeHTapHUTe (PYHKLMM B CTENEHeH pea.
[a ce pedmHUpa cTeneHeH pen Ha KOMMMEKCHa NpoMeHnnea 1u obnacT
Ha CXOAMMOCT Ha TakbB ped. [la ce AoKaxe, Ye ako eauH CTEMeHeH peq e

CXOASILY 32 HAKOE KOMMEKCHO uncno z, €Ll , To Toit @ aBcomoTHO CxoaALy 3a
BCSIKO ApYro Z mpu |z <|z|.

Ja ce pokaxe, 4e obBnactra Ha CXOAMMOCT € Kpbr C paauyc

1
R= , KbETO a, ca KOEPULMEHTUTE Ha CTEMNEHHWS pes.

limsup,,_,., M
Kato ce umsnonssa dopmynata Ha Tennbp C OCTaTbyeH YfeH BbB
dopmaTa Ha JlarpaHx, Aa ce pa3BUAT B CTENEHEH pen Npy pearnHn CTONHOCTN
Ha x dyHKuuMTe €*, sin x, cos x. 3a uUenTa fga ce HaMepsAT CTOMHOCTUTE Ha
BCUYKM MPOM3BOAHU Ha Te3n pyHKuum npm x = 0.
JTlumepamypa: [16], [17], [18], [19], [28], [29].




8. KpuBonuHenHu uUHTErpanu BbLPXYy paBHUHHU KpuBu. Popmyna
Ha punH.

OedunHnymna Ha rmagka KpvBa B paBHMHaTA, 3agafeHa napaMmeTpuyHo;
dopmyna 3a gbrxuHata . PMaHoBM CyMn 3a KPUBOSNMHEWHW MHTErpanu ot
nbPBU W BTOPU pon W cBoncteata uM. DPopmynu 3a cBeXpaHe Ha
KPUBOMMHENHNTE MHTErpanu KbM puymaHoBu. [lokasaTtencTso Ha dopmynaTa
Ha puiH

1 de+Qdy=[)j(‘Z—f—g—ijdxdy.

[a ce pasrnega nbpBO Cry4yasT, Korato D wmoxe ga ce npeacrasu
BbB Buga D = {(x, y) € [ 2 X, Sx<x, y (x)Syﬁyz(x)}, a yHkumsaTa Q

(X, ¥) € TBXXAECTBEHO HyNa, 1 Aa ce nokaxe, Ye ropHaTa opmyna cnegsa ot
dopmynaTta Ha JlanbHuy — HioToH. [Ja ce oBsCHM HakpaTKo Kak OT TO3u
YyacTeH cnyyan ce nssexga ooWmnsaT cnyyan.

Jlumepamypa: [16], [17], [18], [19], [28], [29].

9. Xonomopd¢gHu dpyHkuun. OcHoBHa TeopemMa Ha Kowwu.
[a ce pedmHupa KomnnekcHa gudepeHLmMpyemMocT U XonoMopdHOCT
Ha YHKUMA Ha KOMIIEKCHa npomeHnmBa. [Ja ce gokaxe, Yye ypaBHEHMETO Ha
Kowwun-PumaH e HeobxoAumo ycrnoBme 3a KOMMSIEKCHa AUdepeHLmpyeMocCT.
[a ce peduHupa KOH(pquHo nsobpaxeHue u ga ce gokaxe, ye ako f(z) e
xornomopcHa B Z0 n S (29)%20 | 10 nsobpaxeHneto w=f(z) e koHdOPMHO

B Z0. [a ce dopmynupa ocHoBHaTa Teopema Ha Kowwu 3a egHocBbp3aHa
obnact. [la ce gokaxe BapnaHTbT Ha Teopemara vpes opmynaTa Ha [puiH.
[a ce pokaxe copmynaTta Ha Kowwn. 3a gokasatencrsoTo 1 ga ce M3nossa
HaroToBO (6e3 foKa3aTencTBo) TeopemaTta Ha Ko 3a CroXKeH KOHTYp.

3adayvu: BbacTtaHoBsiBaHe Ha XxonomopdHa QYHKUMA Mo JapeHa
peanHa (MmarnHepHa) vacrT.

lMpumepHu 3adayu: 1. [da ce Hamepu xonomopdHa yHKUUA
f(z)=u+tiv | 3a«kosTo

a) u(xy)=x’-y’=e’sinx -
6) v(x.)) == .
X +y

Jlumepamypa: [2], [3], [6], [30].

10. Pep Ha JlopaH. Teopema 3a peanayymuTe.
[a ce dopmynupa Teopemarta Ha JlopaH 3a pasBuTME B pepn Ha
dyHKUMA xonomopdHa BbB BeHel,. [la ce geduHupaT Tpute BUga U3onmpaHu
8



0COBEHN TOYKU: OTCTpaHMMa, NOMC M CbllecTBeHa ocobeHa Touka. [a ce
Ookaxe: Teopemata Ha PumaH (3a oTcTpaHuma ocobeHa Touka). [a ce
dopmynupa Teopemata Ha Kasopatn-Bawmepwpac—Coxouku. [a ce
AeduHupa pesnayym Ha xoriomopdHa dyHKUMA B 3onmpaHa ocobeHa Touka
1 a ce fokaxe Teopemara 3a pesngyymuTe.

3adayu: OnpepensiHe BuAa Ha W30ONUPaHUTE OCOOEHM TOYKM Ha
XornomopdHa yHKUMS U nNpecMaTaHe Ha pesngyymute B Tax. [pecmaTaHe
ypes TeopemaTta 3a pe3uAyyMUTE Ha KOHTYPHU WHTErpann u Ha pearHu
HecoOCTBEHN NHTErpanu.

lMpumepHu 3adayu:

1. [la ce onpefenu BUABLT Ha W30NMPaHUTE OCOBEHM TOYKM B |  Ha
dyHKUMATA

23 sin—

f(z)= l—Z N ga ce npecMeTHaT pe3nayymniTe B TSX.
2. [la ce npecmeTHar:
1

ze? T dx -7 xsinzx
| ot e | Foms®
2 2t s (T +D) (" +4) S xT+2x+
Jlumepamypa: [2], [3], [6], [30].
11. JluHetHM  OOUKHOBEHM audepeHumnanHu  ypaBHEHMUS.

YpaBHeHuUs1 C NOCTOSIHHU KOe(PULIMEeHTH.
Pasrnexga ce audepeHumnanHoTo ypaBsHEHNE OT N-TU pea

x" +a, (t)x(”*l) tota,(x=f0). te(ap)

kbAeTo ajt) ca HenpekbcHaTN yHKUMKN. Popmynupa ce (6e3 goka3aTencrseo)
Teopema 3a CbLUECTBYBaHE N €AUHCTBEHOCT Ha peLUeHNEeTO Ha 3ajadarta Ha
Kowwn. [JaBa ce kpuTepui 3a NUHENHaA HE3aBUCMMOCT Ha cuctema oT n
pelleHnss Ha XOMOFeHHOTO YpaBHEHME uYpe3 AeTepMuHaHTaTa Ha BpoHcku.
JedvHnpa ce noHATMETO dyHAAMEHTanHa CcuUCcTeMa OT peLUeHus u ce
[0Ka3Ba, Ye peLleHnaTa Ha XOMOreHHOTO ypaBHeHue (T.e. f(t) = 0) obpasysat
n -MepHO NMHENHO NpocTpaHcTBO. OnNucea ce CTpyKTypaTa Ha peLleHnaTa Ha
HEXOMOIFeHHOTO YpaBHEHME.

dopmynmpa ce anropuTbM 3a HamupaHe Ha OOLOTO pelleHue Ha
YPaBHEHNETO C NOCTOAHHN KoeduUMeHTn a, € R

x4 a x4 +ax=0.
lMpumepHu 3adayu:



1. [la ce HAMepsT peanHnTe PeLLeHus Ha YPaBHEHNETO:
a) " +y" =7x-3cos x;

6) y"+4y=2tgx, |x‘<%;

B) y”+2y’+y=xe"+%, x> 0.
xe’

2. [a ce pewwn 3agavaTa Ha Kowu:
a) y"+y' =x,3(0)=3.y(0)=-1»"(0)=1
6) y"+2y +2y=xe ", (0)=»'(0)=0.
3. [a ce pelwn ypaBHeHNeTo Ha Onnep:
a) x’y"—2xy=6Inx;
6) x°y"+xy' +4y=10x, x>0.
4. [a ce Hamepn oBLOTO pELUEHME Ha YPaBHEHMETO, KaTo Ce HaMepu
HEeroBo  4acTHO peweHne BbB Buga Yy, =e“  unm

n n—1 .
y|=x +Cl|x +...+an.

a) x(x—l)y"—xy‘+y=0, x>1;
6) xp" —(x+1)y'=2(x—1)y =0, x>0.

Jlumepamypa: [11], [31].

12. WUtepaunoHHU MeTOAM 3a peluaBaHe Ha HeNIMHEWHU YpaBHEHMUS.

[a ce pedunHnpa NOHATUETO HErnod8UXXHa MoYKa Ha N300paxeHNETo @
N ga ce pokaxe, Ye ako @ € HenpekbcHaTo nsobpaxeHue Ha nHTepsana [a, b]
B cebe cu, TO ¢ MMa NnoHe efHa HenoABWXHa Touka B [a, b]. [la ce nokaxe, ye
pelaBaHeTo Ha ypaBHeHneTo f (x) = 0 MoXe fa ce cBefe KbM HamupaHe Ha
HEenoABUXHA TOYKa.

[a ce peduHnpa NOHATUETO ceuBaWO U30bpakeHUe N a ce foKaxe,
Ye aKo @ e HenpekbcHaTO n3obpaxeHne Ha nHtepsana [a, b] B cebe cn n e
CBMBALLO C KOHCTaHTa Ha Jlunwuy g < 1, To: a) ypaBHEHNETO X = ¢ (X) uma
eavHcTBeH kopeH & B [a, b]; 6) peauuata {x,} OT nocnepoBaTenHu
npubnuxeHnsa (Mpu NPou3BOIHO X € [a,b]l n X, =go(xn), n=0,1,...) KnoHu
KbM & mpu n—> 0, KaTo |x, —&| < (b—a)g” 3a Besko n. [la ce nonyun kato
crneacTeue, Ye ako & e KOpPEeH Ha ypaBHEHWETO X :(p(x) n @ wuma
HenpekbCHaTa nponssoaHa B okonHocT U Ha &, 3a kosio [p'(&)| <1, To npm
AOCTaTbyHO [006pO HayanHo npubnMXKeHUe X, WTEPaALMOHHUAT npoLec,
NMOPOAEH OT ¢, € CXOASALL CbC CKOPOCTTa Ha reoMeTpuyHa nporpecus. [a ce
aedurHnpa NoHATUETO ped Ha cxooumocm.
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[a ce usBene copmynaTa 3a nocrnefoBaTenHuTe NpUGNMKeHua 1 ga
ce fgagaTt reomeTpuyHaTa UnCTpauusa U peda Ha CXoAUMOCT npu: MeTod Ha
XOpAuTe, METOA Ha CeKyLuTe 1 MeTod Ha HIoToH.

Jlumepamypa: [1], [7], [22].

13. 3apava Ha nMHeWHOTO onTUuMUpaHe. OCHOBHU TEOPEMMU.
3agava Ha NMHEMHOTO onTuMMpaHe B obuw Bug. KaHoHudHa dhopma.
KaHOHWYHO MHOrOCTEHHO MHOXECTBO. BbpxoBe n nocokn. AnrebpuyHun
XapaKkTepnsaumm Ha BbPXOBETE M MOCOKATE Ha KaHOHWYHO MHOFOCTEHHO
MHOXeCTBO (6e3 gokasaTernicTBo). Teopema 3a NpeacTaBsHe Ha erneMeHTUTe
Ha KaHOHWYHO MHOFOCTEHHO MHOXecTBO (6e3 pokasatenctso). OCHOBHU
TEOPEMU Ha NIMHENHOTO ONTUMUpPaHE 3a KAaHOHWYHA NMHEHAa 3aaYa.

lMpumepHu 3adayqu: [la ce pelm cbC CUMNNeKC MeToaa aaaeHaTta
3agava. AKo 3aJavaTta e paspelunmMa 4a ce HaMepu onTumanHaTa CTOMHOCT
Ha uenesaTta yHKUUS U MHOXECTBOTO OT ONTUMANHN PELLEHUs.

max z(x)=3x,— x,+ 2X;
minz(x)=-3x,~ x,

2X,= x,= =3,
- x.<
x=x;s 1,
x+t4x,s 4,
x20,x20.
- <
2x, +x,s 4,
- S -
X, tx,2-2,
3x, +x,522,
x20.

min z(x)= 2x;+ 3x,~ 3X;
max z(x)=—2x,~ 6x,
= 2x,7 x,tx =3,
X~ x;= 1,
3X, tx;tx =4,
x20,x,2 0,x,20,x,20,x2 0.
4x *+ 2x,2-9,
x,+3x,2 6,
= 3x,*7x, = 61.

Jlumepamypa: [4, cmp. 65 — 77], [32, 3anucku no Mamemamuyecko
onmumupaHe-1].
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14. [Odoctatb4yHO YycnoBue 3a onTtumanHocT. [OudepeHumanHa
¢popma Ha TeopemaTta Ha KyH u Takbp.
OyHkuma Ha Jlarpanx. Cegnosa Touka. [ocTtaTbuyHO ycrnosue 3a
ontTumanHoct (6e3 pokasatenctso). Teopema Ha KyH wn Takep B
andepeHumnanHa dopma.

lMpumepHu 3adayu: KaTto ce manonssaT METOAUTE HA HENUHENHOTO
onTMMUpaHe Aa ce pelun 3afadara

min f(x,y)= 8x’+2y’=2X= ) npu orpaHnierns x+

max f(x,y)= 4x+ 8y=x"= 4y’  npn orpaHMueHms o s 2, x20
20

)

min f(x,y) =x+ npu orpaHmuenms 8y— 4x—2x"— y’=—-20 , x20

2y+1
20

Jlumepamypa: [4, ctp. 157 — 162], [32, 3anuckm no MatemaTnyecko
onTuMmupaHe-2].

15. CnyuvainHm BesIMYUHU C [AOUCKPEeTHU pasnpepeneHna -—
OUCKPETHO paBHOMEpPHO, OMHOMHO, reoMeTpPUM4YHO, NMOACOHOBO
pa3npepeneHua. 3agayum, B KOUTO Bb3HUKBAT.

Ha wusnuta komucumaTa fasa ABE pasnpedeneHus, Bbpxy KOUTO ce
pasBuBa BBLNPOCHT. [eduHULNA Ha OUCKPETHO pasnpenerneHne Ha cnydvanHa
BenuunHa. CBONCTBa Ha BEPOATHOCTUTE (HEOTPULATENHOCT U HOPMUPAHOCT).
JeduvHnuma Ha MOMEHTUTE Ha pasnpefeneHneTo UM Bpb3kata UM C
MaTeEMaTUYeCKoTO oO4vakBaHe W gucnepcusa. [deduHuumna Ha nopaxpalia
dyHKUMA (unm no m3bop Ha CcTydeHTa — Ha nopaxgawa QyHKuMs Ha
MOMEHTUTE, XxapaktepuctuuHa dyHkums). CBoncTBa Ha nopaxpalwaTa
dyHKUMA (nopaxgawarta -9 Ha MOMEHTUTE, XapakTepuctniHata yHKLuns) —
0e3 pokasaTtencrtBa. 3a fgadeHuTe OBe  pasnpepeneHns ga ce nocouu
npumep (3agadva), Npu KOWTO TO BB3HMKBA, A Ce M3BeOEe nopaxpallaTa
dyHKUMA (NopaxgawaTta yHKUMA Ha MOMEHTUTE WM XapakTepucTuiHata
yHKUMSA) M ga ce npecMeTHaT MaTeEMaTUYeCcKoTO o4vakBaHe (cbc n Oes
nopaxpawa g-g, nopaxgawa yHKUMS Ha MOMEHTUTE UM XapaKTEPUCTNYHA
dyHKUMA) 1 gucnepcumata um (METOABT Ha npecmsitaHe ce usbupa oT
CTYAEHTA).

Jlumepamypa: [9],[15], [21].

16. Cny4yalHW BeNIMMMHU C HeNpeKbCHaTU pasnpeneneHus.
HopmanHo pasnpepeneHue. PaBHOMepHO pasnpeaeneHue,
eKCMOHeHLManHo pasnpegerieHue UNu rama pasnpegernieHue.

3apauun, B KOUTO Bb3HUKBAT.
12



Ha n3nuta ocBeH HOpManHoTO pasnpefeneHne KomucusTa gasa owe
e4HO OT usbpoeHnTe TpU pasnpedeneHns, BbpPXy KOUTO Ce pas3BuBa
BbMPOCHLT. [JeduHnuma Ha HenpekbCHaTo pasnpeferieHne Ha cnydvanHa
BenuunHa. CBOMCTBA Ha BEPOATHOCTHATa MMABTHOCT (HEOTPMUATEMHOCT U
HopMUpaHocT). JednHnumna Ha MOMEHTUTE Ha pasnpeaerieHNeTo U Bpb3KaTta
UM C MaTeMaTMYeCcKoTO O4akBaHe u aucnepcusa. JeduHnums Ha nopaxgaia
MOMEHTUTE PyHKUMA (Mnn no un3bop Ha CTyAeHTa - Ha XapakTepucTuyHa
dyHKUumMs). CeonctBa Ha nopaxpawata QyHKUMA Ha MOMeHTuTe (Ha
XapaktepucTnyHata oyHkums) — 6e3 pokasarencrtsa. 3a HOPManHOTO U
OafeHoTo pasnpedeneHne ga ce nocodu npumep (3agada), npyu KOUTO e
YMECTHO M3Mon3BaHeTo My, Aa ce faje nopaxjawarta QyHKuMs Ha
MOMEHTUTE (U XapaktepuctudHata yHkums) (6es ussexgaHe) n ga ce
npecMeTHaT MaTeMaTM4YecKoTo o4YakBaHe (Cbe 1 6e3 nopaxaalia PyHKUMA Ha
MOMEHTUTE UM XapaKTepUCTUYHaA PYHKLUMSA) U gucnepcuaTa UM (MeToabT Ha
npecmsitaHe ce nsbupa ot CTyaeHTa).

Jlumepamypa: [9],[15],[21].

17. MapkoBCKM Bepurn ¢ guckpetHo Bpeme. Knacucpukauma Ha
cbeTosiHuATa. EproaunyHa teopema. lNMpunoxeHus.

OeduHnumna Ha Mapkoscka Bepura. [Ja ce nssegaT ypaBHEHUATa Ha
YenmeH-Konmoropos. Knacudumkauma Ha  CbCTOSHMATA - KpUTEpMM 3a
NPEXOAHOCT U  Bb3BPATHOCT, eprogudHocT. [paHWYHU BEPOATHOCTW.
CTaumoHapHu rpaHuyHU pasnpegeneHus. EproguyHa Teopema -— ¢
[0Ka3aTencTso.

Jlumepamypa: [5], [14].

18. TMoacoHoB npouec. XapakrepmM3aLuMOHHMU CBOUCTBA.

MpunoxeHus.
OeduHnuna Ha Oposw, npouec. dedumHnumn Ha [NoacoHoB npouec.
Bpb3ka C eKCMOHeHUManHoTo pasnpepeneHue. XapakTtepu1saunoHHn

CBOWCTBa — pasnpeeneHne Ha BpeMeTo Ha YakaHe, YCIoBHW pasnpeaeneHms
Ha BPEMETO Ha nosiBsBaHe M Ha MOMEHTUTe Ha nosiBsiBaHe. [a ce pape
npumep, npu KOWTO Bb3HMKBAT TakumBa npouecu, M [a ce nocoun
WHTepnpeTauusaTa Ha roOpecrnoMeHaTUTE CBOWCTBA B KOHKPETHUS Ccriyyain.
O60o0weHna Ha lMoacoHoBMS NPOLEC — HEXOMOFEHEeH U croXeH [loacoHos
npouec.

Jlumepamypa: [5], [27].

19. MMpoBepka Ha xunoTe3u.

OnpepensHe Ha MOHATMATa (CTaTUCTUYECKa) XunoTesa, npocta u
CNOXHa, rpeLlkn OT NbpBU W BTOPU pPOA, KPUTUYHA 0ONacT, MOLLHOCT,
3HAYMMOCT Ha TECT U 3HAYMMOCT Ha CcTaTUcTUkaTa Ha Tecta (p-value). Jlema
Ha HenmaH-lMnpcbH 3a onTuManHaTta KputuyHa obnacr.

Jlumepamypa: [8], [15].
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20. ToukOoBM M UHTEpPBaJIHU OLIEHKU 3a NapamMeTpuTe Ha
HOpPMasriHOTO pa3npeaerneHue.
OueHkn Ha napameTpu, CBOWCTBA (HEU3MECTEHOCT, CbCTOATENHOCT,
edbekTmBHOCT). HepaseHcTBO Ha Pao-Kpamep — ¢ gokasaTencrso.
[oBeputeneH uHTepsan 3a napameTpuTe Ha HOPMarHOTO pasnpeneneHne.

Jlumepamypa: [8], [15].

21. JluHeeH perpecuoHeH wmogen. MeTton Ha HaW-mankurte

KkBagpatu. Teopema Ha Nayc — MapkoB.

dopmynmpa ce 3agadaTta U Mofena Ha NMHENHa perpecus B obLyms
cnyyan (c MHoro npeaukTopu). [lokasBa ce, 4Ye npu HOpMarHo
pasnpegeneHne Ha rpewknTe B MoLena MakCUManHo npasgonogobHute
OLIEHKM CbBMagaT C peweHNeTo Ha HopMarnHaTa CUCTEMA ypaBHEHUS OT
,METO4 Ha Han-mankute kBagpatn‘. [lokasBa ce HEU3MECTEHOCT U ce
nusBexga pgucnepcmata Ha oueHkuTe. [JokasBa ce TeopemaTta Ha [ayc —
MapkoB, 4e oueHKaTa Ha napameTpuTe, MONYyYEHN KaTo peLleHne Ha
HOopMarnHaTa CUCTeEMa YpaBHEHMS, ca C MUHMManHa gucnepcus (OTHOCHO
BCUYKN IMHENHN HEN3MECTEHUN OLIEHKN).

Jlumepamypa: [10].

22. JIuHeeH AUCKPUMMUHAHTEH aHaNu3.

dopmynmpa ce 3agadata 3a AucKpumMuHauus (knacudukauua c
yuuten) u Mopena Ha nUHEWHUS [UCKPUMWHAHTEH aHanus. M3soa Ha
NUHENHUTE  AUCKPUMMHAHTHU  (PYHKUUMW MpM  MHOrOMEPHO  HOPMarHo
pasnpegerneHne Ha NpeaukTopuTe C pasnuyHn cpefHn CTOMHOCTU U eAHakBa
KoBaprnaumoHHa maTtpuua B rpynute. Knacudumkaumsa Ha HabntogeHuaTa u
anocTepUopHO pasnpeneneHue.

Jlumepamypa: [10].

23. MeToa Ha rnaBHUTE KOMMNOHEHTU. PaKkTOpeH aHanus.
dopmynnpa ce 3agadata Ha (aKTOpHMA aHanm3 — JaTEeHTHU
NPOMEHNMBK, MpuMepn 3a npunoxeHue. lNpeacraBsHe Ha maTpuuaTta Ha
OaHHUTE C MOMOLLTA Ha CUHTYMSPHN CTOMHOCTM 1 BeKkTopu (pasnaraHe SVD)
n meton Ha rnasHuTe komnoHeHTn (PCA), pegykumsa Ha pasMepHOCTTa,
MopobpsiBaHe Ha MHTepNpeTaunsaTa — METOS ,BapumMakc”.
Jlumepamypa: [10].

24. MuHuMHU3auusa Ha AeTepMUHUPAHU KpalHUM aBTOMaTH.

OedurHuuun 3a KpaeH aBTomMaT M aBTOMaTeH e€3uK. EkBMBaneHTHU
aBTomMaTtn. [eTepmuHMpaHm ©n ToTanHM asToMatu. Hepoctwxkymun un
HepasnuuuMun (EKBMBaNeHTHU) CbCToAHWA. [HeduHuums 3a MUHUManeH
aBTomaTt. HamupaHe Ha MuHMManeH aBTOMAaT, €eKBMBaNeHTEH Ha A[afeH
ToTaneH geTepMuHMpaH aBTomaT. [JacHa NonyKOHrPyeHTHOCT OTHOCHO AajeH
€3MK N HENHOTO MpPUIOXEeHNe KbM BbNpoca 3a €4UHCTBEHOCT (C TOYHOCT A0
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N30MOPU3BM) Ha MUHUMANHWUA aBTOMaT, eKBUBANIEHTEH Ha JafeH ToTaneH
AEeTEPMUHMPaH aBToMarT.

OnucaHue Ha 3ada4yume. 3apayn 3a MUHMMU3AUUA Ha KOHKPETHO

JafeH ToTaneH AeTepMuHMpaH aBToMaT (T.e. 3a HaMuWpaHe Ha MUHMMarneH
aBTOMAaT, EKBMBANEHTEH Ha fafeHns).

lMpumepHa 3adava. Oa ce MUHMMU3MPA TOTaANHUAT AETEPMUHUPAH

aBTomat Hapg asbykarta {0, 1}, umawy cbetosHua A, B, C, D, E, F, G, kbgeTo A
€ HavanHoto cbcTosiHne, C u E ca 3aknwouuTenHute, a npexogute ce
ONpenensT C NomoLlTa Ha cregHaTta Tabnuua:

A B CDEFG

25.

B BDDBCF
DCEETCGE

Jlumepamypa: [12], [13], [20].
NMoBegeHne Ha noTtpebuTtens. YpaBHeHue Ha Cnyuku. BupgoBe

CTOKM.
ﬂe(bMHVILl,VIFl Ha (byHKLl,Mﬂ Ha NONe3HOCT U npuHUMn Ha npeanovynTaHUeTo.

Makcumusaumss Ha mnonesHocTTa U (OYHKUMM Ha MoTPebUTENcKoTO TbPCEHE.
MUWHUMU3ALMSA Ha PaA3HOCKUTE U KOMMEHCUPaHU PYHKUMKM Ha TbpceHe. PyHKUMS Ha
pasHoCKUTE 1 ypaBHeHMe Ha Cnyuku. Bugose CTOkM 1 TpyAbT KaTo CToKa.

o o

~

Jlumepamypa: [25] cTp. 125-150.
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