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I'IpM ABABaHEe Ha OAbpXKaBeH U3NUT BCEKU CTYAEHT € ANMTbXXEeH Aa HOCU CTyAEeHTCKaTa C KHWXKKaA, a Ce ABU
HaBpemMe npen npenBaputesiHo onosecteHaTa 3aa U aa cna3n yka3daHmnaTa Ha KBeCTopute 3a HacTtaHsaBaHe
B 3anarta.

[ObpXXaBHUAT U3NUT Mo cneumanHocT ,[IpunoxHa Mmamemamuka” e B ABe YacTu, KOUTO ce npoBexaaT B ABa
OHW. MNpes MbpBUSa OeH U3NUTBT € NPaKTUYECKN (peLlaBaHe Ha 3agadn) ¢ NPOABIMKUTENHOCT 3
acTpoHommu4deckn Yaca. Kbm Bbnpocu ¢ Homepa ot 1 ao 8 n ot 10 go 19, morat aa 6baaT gageHu 3agayn.
BTopua aeH n3anntbT e TeopeTnyeH. M3terns ce eamH BbNpoC, KOWTO ce pa3BuBa 3a 2 aCTPOHOMUYECKN
yaca. Pabotute ce npegaeat 1 ce npaBu KpaTka novmBka. Ternu ce BTOPU BbMPOC, KOUTO CbLLO Ce pa3BuBa
3a 2 vyaca.

Mo BpeMe Ha BCsika eiHa YacT OT M3nuTa NnucTaTa 3a N1caHe ca ocurypeHun n nogneyartanu ot ®MW, gpyru
He ce BHacaT. [uwe ce caMo C XxMMuKan - 3aAbIPKUTENHO CUH UK YepeH UBAT. Monue Moxe fa ce
13Mon3Ba Camo 3a YEPTEXM.

Mo Bpeme Ha usnuTa MoXxe Aa ce M3non3sa ouumanHo n3gageHo Konme Ha KOHCMekTa (nony4vasa ce oT
kBecTopute). Beuukn gpyrn nocobusi ca 3abpaHeHu.

3abpaHeHo e U3non3BaHeTo Ha enekTPOHHN YCTPOMUCTBA OT BCsIKakbB BuA. HeobxoamMmo e BCUYKN BHECEHU
MOGMIHM YCTPOWCTBA M KOMNIOTbPHA TEXHMKA Aa 6baaT U3KIMYeHN Npeamn 3anoysaHe Ha usnuta un ga
ObaaT ocTaBeHM Ha onpedeneHuTe 3a Lenta mecta. HamvpaHeTo npy CTyAEHTUTE Ha HepernameHTMpaHu
MOMOLLIHM CpeacTBa Ce cumTa 3a onuT 3a npenvcaeaHe. o Bpeme Ha U3nuTa He ce BOASIT pasroBopu, He ce
nyLn 1 He ce U3nusa oT 3anara.

PaboTtuTe ce oueHsiBaT OT KoMUcKs. [NpakTUYECKUAT U TEOPETUYHUAT N3NUT Ce OLeHsABaT nooTtaenHo. Mpu
nornoXxeHue, Ye 1 Ha gBaTa u3nuTa oueHKaTta e no-ronsma unu pasHa Ha 3.00, To KpalHaTa OLeHKa oT
ObpXaBHUS N3MUT € 3aKpblfieHaTa No npasunarta cpegHo apuTMETMYHA OLEHKa OT ABaTta nanura. B
NpOTMBEH cny4yan oueHkaTta e cnab (2.00). OueHkaTa ce 3akpbrnsa 40 BTOPWU 3HAK cried AeceTnyHaTta
3anetas. OUueHKMTE ca OKOHYaTEeNTHM M HE nogsiexaT Ha npepasrnexnaHe.

Cnopep, npasunHuka Ha CY CTyaeHTMTe HAMAaT NpaBo Ha ABsIBaHe 3a NoBuLLAaBaHe Ha oueHka oT [IU, ako
TOM e 6un ycnewwHo nonoxeH. HanoMHsiMe Ha cTyaeHTuTe, Ye cnoped 3BO 3a npoabikaBaHe Ha
obpasoBaHueTo B OKC ,Marnctbp” (cpelly 3annawiaHe) e Heobxogmma oueHka Han-manko ,0o06bp” ot
avnnomara 3a OKC ,bakanasbp”.



KOHCNEKT 3A AbPXABEH WU3NUT
3A CMNEUWANIHOCT “NMPUNTIOXHA MATEMATUKA”

1. YpaBHeHus Ha npaBa 1 paBHMHA. POpMynK 3a pascTosiHMA 1 bran. Kpveu oT BTOpa CTENEH.

2. CwumeTpunyHu onepaTopy B KpanHOMEpPHW eBKNuAoBu npocTpaHcTBa. OCHOBHM CBOWCTBa. Teopema 3a
AvaroHanusauus.

3. Hepasnoxumun nonuvHomu Hag none. PasnaraHe Ha MNOMWMHOM Ha HepasnoXuMKM MHOXWUTENW Hag none.
Anrebpuyecka 3aTBOPEHOCT Ha MONeToO Ha KoMnnekcHuTe yucna. Cneacteus. Popmynu Ha Buer.

4. [paHuua, HenpekbCHATOCT, MPOM3BOAHA W MPUMWUTMBHA Ha (YHKUMS Ha efHa npomeHnuea. eoMeTpuyHU
WHTEepnpeTaummn.

5. Teopemu 3a cpegHuTte ctonHocTun (Pon, Narparx n Kowwu). dopmyna Ha Tennbp.

6. OnpegeneH uHTerpan. JeduHnunsa n ceonctea. VIHTerpyemMocT Ha HenpekbcHaTute dyHKUMW. Teopema Ha
HioToH — JTanbuHuu.

7. CrteneHHn pegoBe. Pagnyc Ha cxogumocT. Pa3BuTune Ha enemMeHTapHuTe (OYHKUWUM B CTENEHEH pes.

8. KpuBonuHenHun nHterpanu Bbpxy paBHUHHU KpuBu. Popmyna Ha [puiiH.

9. XonomopdHu dpyHkumn. OcHoBHa Teopema Ha Kown. ®opmyna Ha Kown.

10. Pep Ha JlopaH. Teopema 3a pesvayymuTe.

11. OvmkuHa Ha abra. EctectBeHa napameTtpusauus Ha kpua. KpmuHa u Topsusa. dopmynu Ha OpeHe.

12. JIMHerHn obnkHOBEHW AndepeHUNanim ypaBHeHNs. YpaBHEHUS C MOCTOSIHHW KoeuUneHTH.

13. Metoa Ha dypue 3a pellaBaHe Ha ypaBHEHUETO Ha CTpyHaTa.

14. [OndepeHyHn meToam 3a 3agadata Ha Kowwm 3a 0OrMKHOBEHO AndepeHUmnanHo ypaBHeHNE OT MbPBU pea.

15. NTepaunoHHU MeTOAM 3a peLlaBaHe Ha HEeNMHEHN ypaBHEHWS.

16. KsagpatypHu cpopmynm Ha HioToH — KoyTc n [Mayc.

17. 3apgaya Ha nUHenHoTo onTumMmpaHe. OCHOBHM Teopemu.

18. [HoctaTtb4HO ycnosue 3a ontumanHocT. dudepeHunanHa doopma Ha Teopemata Ha KyH n Takep.

19. Cny4aliHM BENUYMHW C HENPEeKbCHaTW pasnpegeneHus. HopmanHo pasnpegeneHue. PaBHOMepHO
pasnpeaeneHue, eKCroHeHUanHo pasnpeaeneHne unv rama pasnpegenenve. 3agayu, B KOUTO Bb3HUKBAT.

20. JlvHeeH perpecuoHeH mogen. Metog Ha Han-mankute kBagpaTtu. Teopema Ha Mayc — Mapkos.

21. MuHuMun3aums Ha AeTepMUHMPaHN KparlHu aBToMaTu.

22. lNoBepeHue Ha noTpebuTens. YpaBHeHne Ha Crniyuku. Bugose cToku.

23. 3apava 3a GpaxuctoxpoHaTa. MexaHW4YHO TbIKyBaHe.

24. OCHOBHU TeOpeEMW Ha AMHaMUKaTa Ha MaTepmarnHa Touka.

AHOTALWUUN HA BBINPOCUTE

1. YpaBHeHMA Ha NpaBa U paBHUHA. POpMy”nM 3a pa3cToAHUSA U bINU. KpuBn ot BTOpa cTeneH.

BekTopHM M napaMeTpuyHWM (CkanapHu) ypaBHeHMSI Ha npaBa M paBHuHA. OOWO ypaBHEHWe Ha npaBa B
paBHMHaTa. [lekapToBO ypaBHeHWe. B3anmHo nonoxeHue Ha ase npasu. HopmanHo ypaBHeHWe Ha npaa. Pa3cTosiHue
OT TOYKa A0 NpaBa. brbn Mexay npasw.

O6LWo ypaBHeHVe Ha paBHMHA. B3aMmHO nonoxeHue Ha ABe paBHUHM. HOopmamnHo ypaBHEHME Ha paBHUHA.
Pa3cTosiHue OoT To4ka 0O paBHUHA.

YpaBHeHME Ha OKPBXHOCT. KaHOHWYHM ypaBHEHWs Ha enwunca, xunepbona n napabona. ®okanHyu cBOMCTBa Ha
enunca, xunepbona u napabona.

Jlumepamypa: [27].

2. CuMeTpuYHM onepaTopu B KpalHOMEpPHU eBKNUAOBU npocTpaHcTBa. OCHOBHM cBoWcTBa. Teopema 3a

AunaroHanusauusi.

CumeTpuuyeH onepaTop — onpedenieHne, matpuua CnpsmMo opToHopMUpaH 6asuc. Bcuuky xapaKTepucTUYHM
KOPEHM Ha CYMEeTpUYEH onepaTop ca pearHW 4Yucna; Bceku ABa COOCTBEHM BEKTopa, CbOTBETCTBALUM Ha pasnuyHu
coGCTBEHM CTOMHOCTU, Ca OPTOroHasnHM NoMeXay Cu; CblLUECTBYBa OPTOHOPMMPAH 6a3nc Ha NPOCTPAHCTBOTO, B KOMTO
maTpuuaTta Ha CUMeTPUYEH onepaTtop e AuaroHanHa.



lMpumepHa 3adayva: 3a AageH CUMETPUYEH onepaTop Aa ce HaMepsiT OpTOHOpMMpPaH 6asuc Ha NPOCTPaHCTBOTO,
B KOMTO MaTpuuaTta My e guaroHanHa, Kakto n camarta matpuua.
Jlumepamypa: [25].

3. Hepasnoxumu nonvHomu Hapg none. PasnaraHe Ha NMONMMMHOM Ha HepasNOXWUMW MHOXWUTENU Hapg norne.
Anrebpuyecka 3aTBOPEHOCT Ha NONeToO Ha kKoMnnekcHuTe Yyucna. Cnegcreusa. ®opmynu Ha Buer.
Teopema 3a eAHO3HAYHO pasnaraHe Ha HepasnoXumu MHoOXuUTenu. Kputepuin Ha AnseHwanH. Noneto Ha
KOMMNIieKCHUTE ymucna e anredpudeckn 3aTBopeHo. CneacTBUSl - BCEKM MOMMHOM C KOMMIIEKCHU KoeduumeHTn ce
pasnara B MNpou3BedeHUEe Ha MNMHEWHW MHOXMWTENW; BCEKM MOMMHOM C peanHu KoeduuMeHTU ce pasnara B
npovsBeaeHne Ha NMHENHN U KBaapaTHU MHOXMTEeNK; hopmynu Ha Buer.

lMpumepHu 3adayu: HepasnoXxmnmocT Ha nonuHomu. MNpunaraHe Ha popmynuTe Ha BueT 3a NONMHOM C Yncnosu
KoeuumneHTu.

Jlumepamypa: [24].

4. TlpaHMua, HenpeKbCHaTOCT, Npou3Bo4HA M NPUMUTMBHA Ha QYHKUMA Ha edHa MPOMEHNUBa.

FeomeTpUYHU MHTEpNpeTauun.

HeduHnummn Ha XanHe n Kowu 3a epaHuya Ha ¢hyHKyuUs (B KpavHa TOYKa M B O6e3KpalHOCTTa); 4oKa3aTencTBo
Ha ekBMBaneHTHOCTTa Ha ABeTe aedwuHuumn. [a ce gedwvHupa HerpekbcHamocm Ha yHKUMA B JafeHa Toyka oT
AeduHnumMoHHaTa obnact ypes geduHuuynnte Ha XavHe n Kown. JeduHnumsa Ha npousdsodHa Ha (pyHKUMS B ageHa
TOYKa KaTo rpaHuua Ha JdugpepeHyHume dYacmHu. [a ce ob6sicHM dum3nmyHaTa mMHTEepnpeTaumsi Ha npomsBogHaTa
(MOMeHTHa CKOpOCT) M reomeTpuyHaTa n nHTepnpetTaums (brnos koeduuueHT Ha donupamesiHama KbM rpadukarta Ha
dyHKUMATA B CbOTBETHATa TOYKa, MpPUM KOETO gonupaTenHaTa npaBa Ce BbBexXAa KaTo IPaHUYHO MOJSIOXKEHME Ha
cekywume npasu). dopmynu (C [gokasatencrteata MM) 3a MNpPoOM3BOAHA HA CyMma, MPOM3BEAEHME, 4YacTHO MU
cyneprno3uyusi (CbcmaseHa QyHKUUs) Ha OBe AudepeHuupyemMn yHkuun. HamvpaHe Ha MpoOu3BOOHWUTE Ha HSAKOM
enemeHTapHu dyHKUMKN (cmerneHHa ¢byHKUUs, rnokasamesiHa hyHKYUS, OCHOBHU mpu2oHomempuyHu ¢yHkyuu). OT
dopmynara 3a NpomsBogHa Ha CbCTaBHa PyHKUMSA ce ussexaa (dopmanHo) hopmynarta 3a Nnpom3BogHa Ha obpamHa
yHKUUS U ce npunara 3a HammpaHe Ha Npou3BOOHUTE Ha PYHKUUUTE s102apUmbM U apKyccuHyc). DeduHnums Ha
npumMumueHa Ha gageHa (oyHKUMs U gokasaTesncTBo, Ye ako gedmHMUMoHHaTa obnact Ha egHa OYHKLMSA e HTepBarn,
TO pasnukarta Mexay BCekn ABe HEVHU NPUMUTUBHU € KOHCTaHTa.

Jlumepamypa: [16],[29], [30].

5. Teopemwu 3a cpeaHuTe ctonHocTu (Pon, Jlarpanx n Kowwu). ®opmyna Ha Tennbp.

Heobxogoumo e ga ce gokaxaT cnegHuTe Teopemu, oopmynmpaHm obLLo 3a No-KpaTko.

Heka f e HenpekbcHaTa B 3aTBOpeHWs nHTepsan [a,b] n nputexxaBa NpomM3BO4HA MOHE B OTBOPEHWUS UHTEpBar
(a,b). Oa ce pokaxe, ye:

a) ako f (a) = f (b), To cbLLecTBYBaA C € (a, b), Taka 4e f' (c) = 0 (Pon);

6) cbllecTByBa C € (a, b), Taka ve f (b) — f (a) = f (c)(b — a) (Jlarpanx);

B) @Ko g € HenpekbcHaTa B 3aTBOPEHMS MHTepBan [a, b] u nputexxasa Npon3BoAHa NOHe B OTBOPEHUS UHTEPBar
(a, b), g (x) #0, x € (a, b), To cbLlecTBYBa C € (a, b), Taka 4Ye

fo)rf@_fe)
gbrg@) gc) Ko
3a pokasaTencrBoTo Ha Teopemata Ha Pon (a) ga ce u3nonsea (6e3 gokasatencrteo!) Teopemarta Ha
Banepupac, cnopea KoATo BCska HenpekbcHaTa yHKUMA B KpaeH M 3aTBOPEH MHTepBan AOCTUra CBOSi MakCUMyM U
MUHUMYM.
Heobxogumo e owe fa ce n3Bege copmynaTta Ha Tennbp C ocTaTbyeH urneH BbB opmMaTta Ha Jlarpanx u

Kowumn.

lMpumepHu 3ada4qu. Heka f (t) = a (1 —t) cosat —sinat, kbAeTo a e NPOU3BOSTHO PUKCUPAHO peariHo YUCHO:
X

a) Oa ce npecMmeTHe I f (t) dt;
0
0) kaTo ce n3non3ea TeopemaTa Ha Pon, aa ce gokaxe, ye ypaBHeHueTo f (t) = 0 uma
noHe eavH KopeH B uHtepsana (0,1).
Jlumepamypa: [16], [18], [19], [29], [30].



6. OnpepeneH uHTerpan. JedvHuumna n cBomcTBa. MHTerpyemocT Ha HenpekbcHaTuTe cyHKLuMKn. Teopema

Ha HoToH — JlTanbHuu.

[a ce peduHupaT nocnegosatenHo: pasbvBaHe Ha VMHTepBarn, AMamMeTbp Ha pa3buBaHe, puMaHoBa Cyma U
puMaHoB mHTerpan. [la ce nokaxe, 4ye Bcska MHTerpyema no PumaH dyHkuusa e orpaHudeHa. [a ce gedwmHupar
ronemu n manku cymm Ha Hdap6y. [la ce yctaHoBu, 4ye npu gobassiHe Ha HOBM TOYKM B pa3buBaHeToO Ha MHTepBana
ronemuTe cymn Ha [lapby He HapacTBaT, a Manknute He HaMmansBsaT (>kenaTerHo e [Ja Ce HanpaBu YepTex).

Ha ce gokaxe, Yye gageHa dyHkumsi e nHTerpyema no PumaH ToraBa M camo ToraBsa, koraTto 3a BCsKo € > 0
CbllecTByBaT ronsima cyma Ha Oapby S u manka cyma Ha Japby s TakuBa, 4e S — s < €. Kato ce u3nonssa tasu
Teopema u Teopemarta Ha KaHTop, cnopef KOATO BCSKa HernpekbcHaTa (PyHKLMA B KpaeH M 3aTBOPEH MHTepBan e
paBHOMEpPHO HenpekbCcHaTa, Ja Ce AoKaXe, 4e BCsika HenpekbcHaTa (YHKLUUSA B KpaeH M 3aTBOPEH WHTepBan e
nHterpyema no PumaH. [la ce nsbposdTt (6e3 goka3aTencTtBo) OCHOBHWUTE cBOMCTBA Ha PumaHoBusa vHTerpan. Kato ce
MPUMOXN CBOWCTBOTO 3a MHTErpupaHe Ha HepaBeHCTBa M TeopemaTta, Ye BCsKa HenpekbcHaTa (yHKUMs npuema
BCUYKM CTOMHOCTM MEXAY MakCMMymMa U MUHMMyMa cu, Oa ce fokaxe, 4ye ako f e HenpekbcHaTta B [a, b], TO
cblUecTBYBa C € [a, b], Taka ue

f f(x)dx= f (c)(b—a).

KaTo ce uanonsea 1031 akT, Aa ce gokaxe TeopemaTa Ha HioToH — JlanbHuu, T.e. Yye ako f e HenpekbcHaTa B [a, b,
TO 3a BCAKO X € [a, b]
d X
dx

a

f(t)dt=f(x),

N [a ce NoKaxe Kak TA ce M3MNon3Ba 3a u3vncnsaBaHe Ha onpeaerneH ndHrerparn.
lMpumepHu 3adayu. CMsHA Ha NPOMEHNVNBUTE N UHTErpupaHe rno YacTu; MHTerpupaHe Ha paunoHanHn yHKUuuK,
WHTEerpanu ot Buaa
c
J- dx .
2 2y2 '
» (XC+y)

CYGCTUTYLIMN 3@ MHTErpMpaHe Ha paumoHanHu yHKUMM OT Sin X U €OS X; cybcTuTyumm Ha Onnep.
Jlumepamypa: [16], [18], [19], [29], [30].

7. CTeneHHun penosBe. Panwyc Ha cxogumocT. PasButue Ha erneMeHTapHuTe d’)yHKLI,VIVI B CTeneHeH pea.
[a ce D,e(*)l/IHMpa CTeneHeH peg Ha KomMmnriekCHa npomMeHnuea u obnacT Ha cxoOuMMOCT Ha TaKbB pea. Ha ce

AOKaxe, Ye ako eAuH CTeneHeH pef e CXOAsLLY 3a Hskoe KoMnnekcHo uucrno Z, €Ll , 1o Toi e abcontoTHo cxopsiy 3a
BCAKO Apyro Z npwu |Z| <|Zo|-
1

[a ce nokaxe, Ye obnacTTa Ha CXxoAMMOCT e Kpbr ¢ pagunyc R = — , KbETO a, ca koeduuueHTuTe
lim sup ., V/|a,|

Ha CTeneHHus pea.
KaTto ce mnsnonssa ¢popmynaTta Ha Tennbp C ocTaTbyeH 4YneH BbB dopmaTta Ha JlarpaHx, ga ce passudaT B
CTENEHEH pen Npu pearHu CTOMHOCTM Ha X pyHKUMMTE €%, sin X, cos X. 3a uenta pga ce HaMepsaT CTOMHOCTUTE Ha
BCUYKU NPOMU3BOAHUN Ha Te3un dyHKUMM npu X = 0.
Jlumepamypa: [16], [18], [19], [29], [30].

8. KpuBonuHenHu uHTerpanu BbpXy paBHUHHU KpUBU. Popmyna Ha puiH.
HeduHnuma Ha rmagka Kpvea B paBHMHATA, 3agajeHa napaMeTpuyHo; hopMyna 3a gbixuHata . PumaHoBu
CyMW 3a KPUBOSNMHEWHW WHTErpanM OT MbpBU W BTOpM pog M cBowcTBata uM. Popmynm 3a cBexgaHe Ha
KPUBOSMMHENHNTE UHTEerpann kbM puMaHoBu. [lokasaTenctso Ha hopmynaTta Ha ['puiH
oQ oP

j de+Qdy=ﬂ &—5 dx dy.



Ja ce pasrnega nbpBo crydaat, korato D wmoxe ga ce npeacraeu BbB Buga D = {(x, y) e 12

X XX, yl(x)g y< yz(x)}, a dyHkumATa Q (X, y) e ThXOECTBEHO Hyna, U Ja ce MNokaxe, 4e ropHara

¢dopmyna crniegsa oT copmynarta Ha JlanbHuy — HioToH. [a ce 06ACHM HakpaTKo Kak OT TO3U 4acTeH criyyan ce
nsBsexaa obLwmaT crnyyan.
Jlumepamypa: [16], [18], [19], [29], [30].

9. XonomopdHu cpyHkunu. OcHoBHa Teopema Ha Kowu. dopmyna Ha Kowu.

Ha ce pedounupar: [J - gucdbepeHumpyemoct, [ - audepeHunpyemMocT U XONOMOPGHOCT Ha (yHKUMA Ha
KOMIekcHa npomeHnuea. [a ce pokaxe, 4ye ypaBHeHneTo Ha Kowwu-Puman un [ - gudepeHumpyemocTTa ca
HeobxooMMKM 1 gocTtaTbyhn 3a [ - gudbepeHumpyemocT. [la ce aeduHmpa KOHOPMHO M3obpaxeHne 1 aa ce AoKaxe,
ye ako f(z) e xonomopdHa B Z, un f'(zy) #0, To msobpaxenmeto W= f(z) e koHdopmHo B Z;. [a ce

dopmMmynunpa ocHoBHaTa TeopeMa Ha Koww 3a egHocBbp3aHa obnact. [Ja ce gokaxke BapuaHTbT Ha Teopemarta ypes
¢dopmynarta Ha [puiH. [a ce pokaxe ¢popmynaTta Ha Kowwn. 3a gokasatenctBoTo M [a ce u3no3sa HarotoBo (6e3
AokasaTencTBo) TeopemaTa Ha KoLl 3a CroXeH KOHTYp.

3aldayu: BbacTaHoBsIBaHe Ha xonoMopdHa hyHKUMA NO AafdeHa peanHa (MMarMHepHa) vacT.

MpumepHu 3adayu: 1. fla ce Hamepm xonomopdHa dyHkumnsa T (z) =u+iv, sa kosaTo

a) u(x,y) =x*—y?—eVsin x;
6) U(X,y) = (x> —y?), kbaeto @: 1 — [ e ABYKpaTHO rMajKa dyHKLWS.
Jlumepamypa: [3], [4], [6], [31].

10. Pen Ha JlopaH. Teopema 3a pe3nagyymure.

[a ce pokaxe Teopemarta Ha JlopaH 3a pasBuTMe B pen Ha (yHKUMs xonomopdHa BbB BeHel. [la ce
AecuHupaT TpuTe Buaa usonupaHu ocobeHu TOUKWU: OTCTPaHWMa, MOMC U CblecTBeHa ocobeHa Touka U Aa ce
JoKaxaT: Teopemarta Ha PumaH (3a otcTpaHMma ocobeHa Touka) n TeopemaTa Ha Kasopatu-Banepwpac — Coxouku.
[a ce geduHnpa pesngyym Ha xonomopdHa dyHKLMSA B M3onupaHa ocobeHa Touka M Aa ce Jokake TeopemaTa 3a
pesavayymuTe.

Badauyu: OnpegensiHe Buaa Ha M30NMpaHUTE OCODEHW TOYKM Ha XOromMopdoHa (YHKUMA M npecmsaTaHe Ha
pesanayymnte B TaAX. [lpecmsATaHe upe3 TeopemaTta 3a pe3nayymMuUTe Ha KOHTYPHU MWHTErpanu M Ha pearHu
HecoBCTBEHU MHTErpanu.

lpumepHu 3adayu:

1. [a ce onpeaenu BUOBbT Ha U30NUpaHnTe 0cobeHN TOUKN B 0 Ha yHKUMATa
23sin ©
f(z)= 1—2 1 @ ce NPecMeTHaT Pe3nayymuTe B TsX.

2. [la ce npecmeTHarT:
1

| ze? Z'T dx T Xsin zx T In x .
a2+l RO HDA(XP+4) T X +2x+5 TS (X)X +x+D)

—o0 0
Jlumepamypa: [3], [4], [6], [31].

11. AwbmkuHa Ha abra. EctectBeHa napameTpusauus Ha Kpusa. KpuBuHa v Topaua. Popmynu Ha PpeHe.
BekTopHa dyHKUMA Ha ckanapeH apryMmeHT — AedUHUUMA 1 cBOWCTBa. JIMHUM -  JeduHUumMA U CBOWCTBA.
ObmkuHa Ha abra. EctectBeH napameTsbp Ha nuHUA. Tpuegbp v hopmynu Ha PpeHe Ha NUHMSA B MPOCTPAHCTBOTO.
KpvBuHa 1 Top3us. IHBapmaHTn Ha NUHUS.

lMpumepHa 3adava: Heka C:X:X(S),SEJ € MoHe NeTKpaTHO rnagka npasBuniHa KpuBa, 3a KOATO S €
1 1

ecTecTBeH napameTtbp. Pasrnexaame kpusute C; : X, = jbds mc:X= $X+—2 Xy, KbO€eTo be OvHopManata Ha

KpuBaTta C.



a) [a ce pokaxe, ye ako KpuBaTa C MmMa NOCTOSAHHA KpUBMHA K, TO KpuBaTa CO MMa NoCTOsAHHA TOp3usA T ;

6) [a ce pokaxe, Yye ako KpuBaTa C MMa NOCTOAHHA KpUBMHA K, TO KpUBMHaTa K W TOp3udta 7 Ha KpueaTta C

- _ K—T
yOOBMNETBOPSIBAT PAaBEHCTBOTO £K + 7 — \/EK =0, kvaeto & =5sgn( \/E );

x' = cos(q)
B) B cryyas, korato C:{ X* =sin(q),q R
x*=q

[a ce npecMeTHaT TopauaTa 7, Ha kpueaTta C, 1 KpMBUHaTa K Ha kpmsaTa C.
Jlumepamypa: [27], [28].

12. JlnHeHM o6GUKHOBEHU ancpepeHUnanHn ypaBHeHUs. YpaBHEeHUs C NOCTOSAAHHU KOePULIMEHTN.

Pasrnexga ce andepeHUManioTo ypaBHeHue OT N-TU pea

x® +a (" + . +a,(t)x=f(t) te(ap)

kbaeto a(t) ca HenpekbcHaT dyHkuun. Popmynupa ce (6e3 OokasaTenicTBO) Teopema 3a CblLUeCTBYBaHe U

€[VHCTBEHOCT Ha peLleHneTo Ha 3agadaTta Ha Koww. [laBa ce KpuTepun 3a NUHENHa HE3aBMCMMOCT Ha cuctema oT hn

peLUEHUs] Ha XOMOreHHOTO ypaBHEHWe Ype3 AeTepMUHaHTaTa Ha BpoHcku. [edurHupa ce noHATUeTO hyHaaMeHTarnHa

cucTema OT peLUeHUsl U ce [0oKa3Ba, Ye pelleHUsiTa Ha XOMOTreHHOTO ypaBHeHue (T.e. f(t) = 0) oGpa3yeat n -mMepHO

NMHerHo npocTpaHcTBo. OnNucBa ce CTPYKTypaTa Ha peLleHnaTa Ha HEXOMOTEHHOTO ypaBHEHME.

Cbopmynl/lpa ce anropuTtbM 3a HaMuUpaHe Ha obuwoTo peweHne Ha ypaBHEHMEeTO C MNMOCTOAHHU KOG(bVILI,VIeHTVI

ajeR

x" +a x4+ +ax=0.

lNpumepHu 3adayu:
1. [a ce HamepsT peanHuTe peLleHnst Ha ypaBHEHMWETO:

a) y" +y" = 7x—3cos x;

6) V' +4y=2tgx, |X|<%;

B) Y'+2y'+y=xe" +ix, x> 0.
xe

2. [a ce pelwwu 3agavarta Ha Kowwu:
a) y"+y =xy(0)=3 y(0)=-1 y"(0)=1
6) y'+2y +2y=xe", y(0)=y'(0)=0.
3. [Ha ce pewn ypaBHeHneTo Ha Onnep:
a) X’y"—2xy =6Inx;
6) X°y"+xy'+4y =10x, x>0.
4. [a ce Hamepu OOLLOTO pelleHMe Ha ypaBHEHMETO, KaTo Ce HaMepu HEroBo 4acTHO
yi=e¥um y, =x"+ax"" +..+a,:
a) X(x=1)y"—xy+y=0,  x>1;
6) xy"—(x+1)y' —=2(x-1)y =0, x>0.
Jlumepamypa: [10], [32].

peweHne BbB BMAa



13. MeTtoa Ha ®ypue 3a peluaBaHe Ha ypaBHEHUETO Ha CTpyHarTa.
®opmynupa ce cmeceHaTa 3ajava 3a ypaBHEHMETO Ha cTpyHata U, = azuXX B obnactta t >0, 0<x<I.
PasgensaT ce npomeHnueute. M3Bexaa ce opManHoOTO pelleHMe BbB BuO Ha GeskpaeH ped. Kora Tosu pen e
cxoasaw?

lMpumepHu 3adayu. Oa ce Hamepu pelleHue oT CZ(D) Ha ypaBHeHueto U, =U,,, yaoBneTBopsiBaLlo

ycnoBuATa:

u(x,0)=x*-2x>+x,  u(x0)=0 3a0<x<1
u(0,t)=0, u(L,t)=03a t>1

kwpeto D ={(x,t)e R*:0<x<1, t>0}

u(x,0)=0, u,(x,0)=sin 5x +sin x 3a0<x<%,

u(0,t)=0, u{%i}=0 sa t>0,

KbaeTo D:{(X,t)e R? :0<X<%, t>0}.

u(x,0)=0, u,(x,0)=sinx+(7-x)cosx 3a 0<x<uz,
"l u(0,t)=0, u/(7,t)=0 3a t>0,

kbaeto D = {(X,t)e R*:0<x<z, t> 0}.
Jlumepamypa: [11], [21], [32].

14. OmncpepeHYHn meToam 3a 3apayvaTta Ha Kowm 3a o6MkHOBeHO AudepeHuanHo ypaBHeHue oT NbpPBU pea.
1. TlloctaHoBka Ha 3aga4vaTta Ha Kowwu 3a OL1Y ot | peq. M'eomeTpuyHa nHTEpnpeTauus.
2. CwoblyHoCT Ha gudepeHyHuTe metoan. OCHOBHM MOHATUA.
3. MeTtogu Ha Onnep — siBeH, HesiBeH, NogobpeH. N3BexgaHe Ha TpuTe meToda. ANpPoKCMMauus, yCTOMYUBOCT, U
MOHOTOHHOCT 32 €iMH OT TpUTE MEeToAa.
4. {#BHn meTtoam Ha PyHre-Kyta 3a OLY oT | peg — eagHo- 1 AByeTanHu.

Jlumepamypa: [15], [23].

15. WUtepauvoHHM MeTOAM 3a peluaBaHe Ha HeNIMHEWHU ypaBHEHMUs.

[a ce pgeduvHuMpa MNOHATUETO HernodsuXHa MmMoyYyka Ha U3obpaxeHWeTo @ W Ja Cce [oKaxe, Ye ako @ e
HenpekbcHaToO n3obpaxkeHne Ha nHTepsana [a, b] B cebe cu, TO @ nMa nNoHe eaHa HenofBwkHa Todka B [a, b]. Oa ce
nokaxe, 4Ye peluaBaHeTo Ha ypaBHeHueTo f (x) = 0 MoxXe Aa ce cBeAe KbM HammMpaHe Ha HeNnoABWXKHA TouKa.

[a ce geduHnpa noHATUETO ceusauwo usobpaxeHue 1 fa ce JoKaxe, 4e ako ¢ e HenpekbCcHaTo nsobpaxeHune
Ha uHTepBana [a, b] B cebe cu 1 e cBMBaLLO C KOHCTaHTa Ha Jlunwuy q < 1, TO: a) ypaBHeHMeTo X = @ (X) Uma
eauHcTBeH KopeH & B [a, b]; 6) peauuarta {x»} OT nocregosaTtenHu NpUGIKEHUs (MPW MPOM3BOMHO Xo € [a,b]
Xy = (/)(Xn ), n=0,1,..) «knonn kem &£ npum N — oo, Kato |Xr1 —§| < (b—a)q“ 3a Bcsiko Nn. fla ce nonyun kaTo
crnegcTeue, 4Ye ako § € KOpeH Ha ypaBHeHneTo X = @\X) n ¢ uma HenpekbcHaTa NponsBoaHa B OKONMHOCT U Ha é‘
3a KOATO |(p'(§)| <1, To npu pocTaTbyHO AOGPO HaYanHo NPUGIKEHUE Xo UTEPALIMOHHUAT NPOLIEC, NOPOAEH OT @, €
CXOAsLL CbC CKOPOCTTa Ha reomeTpuyHa nporpecus. [la ce geduHmpa NoHATMETO ped Ha cxodumocm.

[a ce papat reomeTpuyHa uncTpaumsi, popmyna 3a nocnegoBatenHuTe NpuonNmkeHns u peg Ha cxogumocT
npu: MeToA Ha xopauTe, MeTod Ha cekywute u metog Ha HioToH. [Ja ce gokaxe, 4ye npv meToda Ha xopaute
CXOOMMOCTTa € CbC CKOpPOCTTa Ha reomeTpuyHaTa nporpecusi (Npu ycroBue, Ye KOPeHbT € oTAereH B AOCTaTbyHO
ManbK UHTepBarn).



Jlumepamypa: [1], [7], [22].

16. KBagpaTtypHu chopmynu Ha HroTtoH — KoyTc u lMayc.

HeduHnummn Ha noHATuATa: a) KkeadpamypHa ¢hopmMmyrna W epewka Ha KBagpaTypHa dopmyna; 6) eb3niu u
KoeguyueHmu Ha KBagpaTypHa dopmyna; B) uHmepronayuoHHa kBagpatypHa dopmyna. [Joka3aTtencrso, 4ye efHa
KBagpaTypHa c¢opmyna ¢ n+1 Bb3ena € WHTeprnonauMoHHa ToraBa M caMO ToraBa, KOrato € TOYHa 3a BCEKMU
anrebpuyeH NonMHoMm oT cteneH < N.

EnemeHmapHu kBagpatypHu hopMynu: Ha rpasobabHUyUme, Ha mpanyume n Ha CumMrnicbH 3aefHO C M3pas
3a rpewkata uMm. [eomeTpuyHa wuHTepnpeTauus. WM3Bog Ha rpewkata npu cbcmasHama ¢opMmyna Ha
rpasobebIHULUMme.

OedurHnumm Ha noHsTuaTa: a) aneebpuyHa cmeneH Ha moyHocm (ACT) Ha kBagpaTypHa dopmyna ¢ Terno; 6)
anrebpuyeH NonnHoM oT cTerneH N, opmozoHasieH B [a, b] ¢ Terno g Ha BCMYKM anrebpnyHm nosMHOMM OT CTeneH N —
1; B) kBagpaTypHa cdopmyna Ha [ayc (c Terno). [JokaszaTencreo, Ye 3a BCAKO €CTECTBEHO N CbLUECTBYBA eANHCTBEHA
kBagpaTtypHa dopmyna Ha layc, 3a koato ACT e 2n — 1, n HelHuTe BBL3NM ca HynMTe Ha MOMMHOMA OT CTEeneH N,
opTtoroHaneH B [a, b] ¢ Terno x Ha Bcuykn anrebpuyHy nonmHomu ot cteneH n — 1. OueHka 3a rpelukaTa Ha
KBagpaTypHa dopmyna Ha [rayc.

Jlumepamypa. [1], [7], [22].

17. 3apava Ha NnMHenHOTO onTumMupaHe. OCHOBHM TeopemMu.
3agada Ha NMHENHOTO onTumupaHe B 06w, BuA. KaHoHmyHa ¢opma. KaHOHMYHO MHOFOCTEHHO MHOXECTBO.
BbpxoBe 1 nocoku. AnrebpnyHn xapakrepmsaumm Ha BbpPXOBETE M MOCOKUTE Ha KAHOHWYHO MHOFOCTEHHO MHOXECTBO
(6e3 pokasaTtenctBo). Teopema 3a npeacTaBAHE Ha €feMeHTMTE Ha KaHOHWYHO MHOFOCTEHHO MHoxecTBo (6e3
Aokasatencteo). OCHOBHM TeOpeMy Ha NIMHEMHOTO ONTMMMPAaHE 3a KaHOHWYHA NMHeHa 3adava.

lpumepHu 3adayu: [a ce pelun cbC cUMNNEKC MeToda AadeHaTa 3agada. Ako 3agayarta e paspelumma ga ce
HamMmepu onTtuMmanHarta CTOMHOCT Ha LeneBsaTta beHKLI,I/IFl M MHOXEeCTBOTO OT OonTUMariHu peLleHuns.

max z(X)= 3X;— Xy+ 2X5 minz(x)=-3x;— X,
2X,= X,==3, = 2X,+ X< 4,
X~ XS 1, =Xt X2 2,
X+ 4X,< 4, 3X,+ X,< 22,
X,2 0,x,2 0. x,20.
min z(x)= 2x;+ 3X,— 3X3 max z(X)=—2x;— 6x,
= 2X;~ X, X,= 3,

4x,+ 2X,2 -9,
X+ 3X,2 6,
= 3X,+ 7X,< 61.

X, = X3= 1,
3X,* Xyt X.= 4,
X2 0,%,2 0,x,20,x,20,x.2 0.

Jlumepamypa: [5, cTp. 65 — 77], [33, 3anuckn no MaTeMaTU4eCcKo onTummupaHe-1].

18. JoctaTbyHO ycroBue 3a onTumanHocTt. AudepeHuynanHa popma Ha TeopemaTta Ha KyH u Takep.

®dyHkuma Ha Jarpanxk. CegnoBa Touka. [locTaTb4yHO ycrnoBue 3a onTMManHocT (6e3 [okasaTencTBo).
Teopema Ha KyH n Takep B audepeHunanHa opma.

HpUMepHu 3adayu: KaTo ce nsnonssat METOAUTE HA HENTMHEMHOTO onTMuMunpaHe ga ce pelun 3agadarta

<3 y=20

minf (x,y)=8x*+2y*~ 2x~y npu orpaHnyenns X+ v+ 1 , :

+y<2 x=20 y=0

max f (X, y)=4x+ 8y— x*~ 4y* npu OrpaHMueHns S
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minf(x,y)=x+ 1 My orpaknderis 8y— 4x— 2x*— y?=-20, x20 y=20

_1
2y+ ’
Jlumepamypa: [5, cTp. 157 — 162], [33, 3anucku no MaTtemaTtunyecko ontumumpaHe-2].

19. CnyuaiiHM BenM4YMHU C HenpeKbCHaTK pa3snpeaeneHus. HopmanHo pasnpeaeneHue. PaBHoMepHoO
pa3npegeneHne, eKCNOHEeHUManHo pasnpegeneHve unv rama pasnpegeneHme. 3agayvu, B KOUTO

BBb3HUKBAT.
Ha wu3snuta oceeH HOpMAarnHoTO pas3npegeneHne KomMucunmAatTa JdaBa oule eaHo oT I/I36pOGHI/ITe TPU

pasnpeaeneHnsi, Bbpxy KOUTO Ce passBuBa BbNPOCHT. [ednHuumMa Ha HENPeKbCHATO pasnpederieHne Ha crnyvanHa
BennymHa. CBONCTBa Ha BEPOATHOCTHATA MMBbTHOCT (HEOTPULIATENHOCT U HOPMUPAHOCT). [erHUumna Ha MOMEHTUTE
Ha pasnpegeneHveTo M Bpb3kata MM C MaTeMaTU4ecKoTo ouvakBaHe W gucnepcud. [deduHunuma Ha nopaxpgawa
MOMEHTUTE PYHKUMS (Unn no m3bop Ha CTydeHTa - Ha XxapaktepuctmyHa dyHkums). CBowcTBa Ha mopaxgaiiata
YHKUMA HaA MOMeHTUTe (Ha xapaktepucTuyHata yHkums) — 6e3 gokasatencrBa. 3a HOPManHOTO M JafeHOTo
pasnpegeneHue ga ce nocouun npumep (3agaya), Npu KOWTO € YMECTHO M3MOM3BaHeTo My, Aa ce Aade nopaxjaiwiata
hyHKLMA HA MOMEHTUTE (MM XapaKTepucTnyHata yHkums) (6e3 nssexagaHe) u ga ce npecMeTHaT MaTeMaTn4ecKkoTo
ovakBaHe (cbC M 6e3 nopaxgawa YHKUMA HA MOMEHTUTE WIU XapakTepucTuyHa (yHKUMA) 1 gucnepcmsaTta um
(meToabT Ha NpecMaTaHe ce usbupa ot CTyaeHTa).

Jlumepamypa. [8],[14].

20. JluHeeH perpecuoHeH mogen. Metoa Ha Han-mankuTe KkBagpaTtu. Teopema Ha Fayc — MapkoB.

dopmynupa ce 3agadata U Mogena Ha nuHeriHa perpecus B obma cnydan (¢ mHoro npeguktopm). lNMokasea ce,
Yye MNpyv HOpPMarHO pasnpeferieHne Ha rpellkMTe B MOoAena MakCMManHo npaBgonofobHUTE OueHKM cbBnagaTt C
peLleHnMeTo Ha HopMmarnHaTa cuctema ypaBHeEHUs! OT ,MeTOA Ha Han-mankiTe ksagpatu®. [loka3Ba ce HEM3MECTEHOCT U
ce u3Bexga pgucnepcuaTa Ha oueHkuTe. [lokassa ce TeopemaTta Ha [layc — MapkoB, 4e oueHkaTa Ha napameTpuTe,
nony4eHn KaTo peLleHne Ha HopMarHaTta cucTema ypaBHeEHUs, ca C MUHUMAarHa gucnepcus (OTHOCHO BCUYKM NIMHENHMN
HEM3MECTEHU OLLEHKMN).

Jlumepamypa: [9].

21. MuHMMM3auusa Ha AeTEPMUHUPAHU KpalHU aBTOMAaTH.

HeduHnummn 3a kpaeH aBTomart M aBTomaTeH e3uk. EkBvBaneHTHW asTomatun. [leTepMuHVMpaHn U ToTarHu
aBToMaTtu. Hegoctwxumn wn Hepasnuiummn (eKBMBaAMEHTHWM) CbCTOSHWUA. [JeduHuuusa 3a MuHUManeH asTomar.
HamupaHe Ha MuHUManeH asTOMaT, e€eKBMBanNeHTEH Ha [dafeH ToTaneH pAeTepMuHupaH astomat. [scHa
MOSMYKOHIPYEHTHOCT OTHOCHO AafeH €3WK U HEMHOTO MPUIoXEeHMe KbM BbMNpoca 3a €AMHCTBEHOCT (C TOYHOCT A0
N30MOPPU3BM) HA MUHMMAIHUSA aBTOMaT, eKBMBaNEHTEH Ha JageH ToTaneH AeTepMUHUpaH aBTomar.

OnucaHue Ha 3a0ayume. 3agayuv 3a MMHMMM3aUWa Ha KOHKPETHO AafdeH ToTaneH AeTepMuHMpaH asTomar (T.e.
3a HaMupaHe Ha MUHUMareH aBTomar, eKBMBaneHTEeH Ha AadeHus).

lpumepHa 3adava. [Oa ce MuHUMU3Mpa TOTaNHWMAT AeTepMuHMpaH aBTomaTt Hag asbykata {0, 1}, vmauy
cbcToaHMa A, B, C, D, E, F, G, kbageto A e HayanHoTo cbCcTosiHMe, C 1 E ca 3aknwouutenHute, a npexogute ce
onpegensaT ¢ nomoLiTa Ha cnegHaTa Tabnuua:

A B CDEFG
0O BB DDWUBTCF
D CEETCGE

Jlumepamypa: [12], [13], [20].
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22. MNMoBepeHue Ha noTpebuTens. YpaBHeHue Ha Cnyuku. Bugose ctokm.

JeduHnums Ha yHKUUA Ha MONIe3HOCT M MPUHLMM Ha npeanovnTaHueTo. Makcummsauusi Ha nonesHocTTa U
(PYHKUMM Ha NOTPeOWUTENCKOTO TbpceHe. MUHMMM3auMsi Ha PasHOCKUTE M KOMMEHCUMpaHW (OYHKLUM Ha TbpCeHe.
®YHKUMS Ha pa3HOCKUTE U ypaBHeHWe Ha Crnyuku. Bugose CToku 1 TpyabT KaTo CTOKa.

Jlumepamypa. [26] cTp. 125-150.

23. 3apauva 3a 6paxucroxpoHarta. MexaHM4YHO ThIIKyBaHe.

MocTaHoBKa Ha 3agadaTa 3a GpaxucToxpoHaTa kaTo 3adaya 3a Hal-0bp3o NpemecTBaHe Ha HecBoboAHa
mMaTepuanHa Touyka B MOTEHLUMANHO CUIIOBO Mofe (XOMOreHHOTO Mofie Ha cunata Ha TexecTTa) No npeaBapuTeriHO
Hen3BecTHa kpuBa. MIHTerpan Ha eHeprusita. IHTepnpeTauus Ha 3agjadaTa kaTo BapMaumMOHHa 3ajadva 3a eKCTpeMyM
Ha dyHKuMoHan. M3eoa Ha ypaBHeHWeTo Ha Onnep kaTo HEOOXOAMMO YCINOBME 3a eKCTpeMyM Ha dyHKUMoHana.
OcHoBHa nema Ha Bap1aLUMOHHOTO cMsaTaHe. LinknonaaTta kaTto pelleHne Ha 3agadarta 3a 6paxuctoxpoHaTa.

Jlumepamypa: [2], [10], [17].

24. OCHOBHM TeopeMMu Ha AMHaMMKaTa Ha MaTepuariHa To4ka.
1. 3a ceobogHa maTepmanHa Toudka:
Teopema 3a U3BMEeHeHNe Ha KONMYECTBOTO ABWMXEHME.
Teopema 3a U3MEHEHWEe Ha MOMEHTa Ha KONMMYeCTBOTO Ha ABWKEHME U CBOWCTBA Ha OBWXEHUETO Ha Touka
noa OencTBue Ha LeHTpanHa cuna. Teopema 3a U3MeHeHMe Ha KMHeTUYHaTa eHeprus. [oTeHunanHo cunoBso
norne — CUMNoBW JINHUK, EKBUMOTEH-LNAMHN NOBBbPXHWHU, NOTEHUMAanHa eHeprusi. Teopema 3a CbXxpaHeHue Ha
MbriHaTa eHeprusa (UHTerpan Ha eHeprusita).
2. 3a HecBobogHa MaTepumarnHa Todka npu naeanHu Bpb3ku (6e3 TpueHe):
M3meHeHVe (CbxpaHeHMe) Ha eHeprusita npu ABWXKEHME Ha TOoYka Mo nogBuxHa (HenoaBWXKHA) KpuBa B
XOMOreHHOTO MOoJie Ha cunaTa Ha TexecTTa.

Jlumepamypa: [2], [17].
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