CODPUNCKN YHUBEPCUTET "CB. KI. OXPUOCKW”
SAKYNTET MO MATEMATUKA N UHPOPMATUKA

KOHCIEKT

3A
ABP>XABEH UIINMNT 3A 3ABbPLUBAHE HA
OBPA3OBATEJIHO — KBAJIM®OUKALMOHHA
CTEMNEH “BAKAJTABBP”

CMNEUMNATTIHOCT
“TIPUNOXHA MATEMATUKA”

npuet Ha ®C Ne 3/16.03.2015 .

CO®UNA - 2015



Mpu siBSIBaHe Ha Abp)KaBEH M3MNUT BCEKN CTYAEHT € AMbXXEH [a HOCWU CTyAeHTCcKaTa CU KHUXKKa, Aa ce siBU
HaBpeMme npef npeaBapuTENHO ONOBECTEHaTa 3ana 1 Aa cnasu ykasaHusiTa Ha KBecTopuTe 3a HacTaHsiBaHe
B 3anara.

[bpxaBHUAT N3NUT Mo cneumanHocT ,[IpunoxHa Mamemamuka” e B ABe YacTu, KOUTO ce npoBexaaT B ABa
OHW. Mpes3 MbpBUSA OeH U3NUTBT € NPaKTUYEeCKN (peLlaBaHe Ha 3agadun) ¢ NPOAbIMKUTENHOCT 3
acTpoHomu4yeckn vaca. Kbm Bbnpocu ¢ Homepa ot 1 go 8 n ot 10 go 19, morat ga 6vaaT gageHu 3agayn.
BTopua geH n3anntsT e TeopeTnyeH. M3Terns ce eguH BbNPOC, KOUTO Ce pa3BuBa 3a 2 aCTPOHOMUYECKN
yaca. Pabotute ce npenaeat 1 ce NpaBu KpaTka NnodmBka. Ternu ce BTOPU BbMNPOC, KOUTO CbLLO Ce pa3BuBa
3a 2 vaca.

Mo BpeMe Ha BCsAKa eiHa 4acT OT U3nnuta JInCtata 3a NnnucaHe ca ocurypeHn un nognevyataHn ot OMU, apyru
He ce BHacaT. [uwe ce caMo C XMMUKan - 3aQbiMKUTENHO CUH UK YepeH UBAT. MonuB moxe ga ce
Mn3nosi3aBea cCamMo 3a HepTexu.

Mo BpeMe Ha usnNuTa MoXxe Aa ce U3nonssa ouumManHo U3aageHo Konme Ha KoHcrekTa (nony4yasa ce oT
kBecTopuTe). Benuku apyrn nocobusi ca 3abpaHeHu.

3abpaHeHo e U3Non3BaHeTo Ha eNeKTPOHHN YCTPOMUCTBA OT BCSIKakbB BUA. HeobXoaMMo e BCUYKN BHECEHU
MOOGMITHM YCTPOWCTBA 1 KOMMIOTbPHA TEXHMKA Aa 6bAaT U3KIMIOYEHN Npeaun 3anoysaHe Ha usnuta un ga
GbAaaT ocTaBeHu Ha onpeaeneHuTe 3a LenTta mecrta. HammpaHeTo npu CTyaeHTUTe Ha HepernameHTupaHu
MOMOLLHM CpeacTBa ce cyMTa 3a onuT 3a npenuceaHe. o BpeMe Ha u3nuTa He ce BOAAT pa3roBopu, He ce
nyLn 1 He ce U3nu3a oT 3anara.

PaboTute ce oueHaBaT OT KOMUCKS. MPaKTUYECKUAT N TEOPETUYHUAT U3NUT CEe OLEeHsIBAT NOOTAENHO. [pn
nosnoXeHue, 4Ye 1 Ha gBaTta u3nuTa oueHkaTta e no-ronsama unu paesHa Ha 3.00, To kpanHaTa oueHKa oT
ObPXXaBHUS M3NUT € 3aKpbriieHaTa no npasunaTa cpegHo apMTMEeTUYHA OLEeHKa OT ABaTta m3nuta. B
NPOTUBEH criy4yan oueHkaTa e cnab (2.00). OueHkaTa ce 3aKkpbInia 4O BTOPU 3HaAK cried AeceTudHarta
3aneTtasi. OUeHKUTe ca OKOHYaTENHN N He nognexaT Ha npepasrnexaaHe.

Cnopepg npaBunHuka Ha CY cTygeHTUTe HAMaT NpaBo Ha siBiBaHe 3a MoBuLLaBaHe Ha oueHka oT [N, ako
TOM e 6un ycnewHo nonoxeH. HanomHaMe Ha ctyaeHTuTe, Ye cnopeq 3BO 3a npogbikaBaHe Ha
obpasoBaHueTo B OKC ,Marnctbp” (cpelly 3annaiwiaHe) e Heobxogmma oueHka Han-manko ,0o06bp” ot
aunnomara 3a OKC ,bakanasbp’.



KOHCNEKT 3A AbPXABEH W3NUT
3A CMNEUWANIHOCT “NMPUNTIOXHA MATEMATUKA”

1. YpaBHeHus Ha npaBa 1 paBHMHA. POpMynK 3a pascTosiHMA 1 bran. Kpveu oT BTOpa CTENEH.

2. AnreGpu4yecka 3aTBOPEHOCT Ha NONeTo Ha koMnnekcHuTe yicna. Cneacrteus. dopmynn Ha Buer.

3. CumeTpuyHM onepaTopu B KpanlHOMEpPHW eBKNuaoBu npocTpaHcTBa. OCHOBHM CBOWCTBa. Teopema 3a
AnaroHanusauus.

4. TpaHuua, HENpekbCHATOCT, MPOM3BOAHA M MPUMUTUBHA Ha (PYHKUMS Ha efHa npomeHnuea. [eomMeTpuyHu
WHTepnpeTaunm.

5. Teopemu 3a cpegHute ctonHocTu (Pon, Narparx n Kowu). dopmyna Ha Tennbp.

6. OnpegeneH wHTerpan. JeduHuunsa n ceonctea. VIHTerpyemMocT Ha HenpekbcHaTutTe dyHKUMW. Teopema Ha
HtoToH — NTanbHuu.

7. CrteneHHn pegose. Pagnyc Ha cxogumocT. Pa3BuTrne Ha enemMeHTapHuTe OYHKUUM B CTENEHEH pes.

8. KpuBonuHenHun nHterpanu Bbpxy paBHUHHU KpuBu. dopmyna Ha [puiiH.

9. XonomopdHu dyHKkumnn. OcHoBHa TeopeMa Ha Kown. ®opmyna Ha Kown.

10. Pep Ha JlopaH. Teopema 3a pesvayymuTe.

11. OvmkuHa Ha abra. EctectBeHa napameTtpusauus Ha kpua. KpuuHa u Topsusa. dopmynu Ha OpeHe.

12. JlnHeriHn obrkHOBEHW AndepeHUnanim ypaBHeHNs. YpaBHEHUS C NOCTOSIHHN KoeuumneHTn.

13. Metoa Ha ®ypue 3a peluaBaHe Ha ypaBHEHMETO Ha CTpyHaTa.

14. [OndepeHyHn meToam 3a 3agadata Ha Kowwm 3a 0OrMKHOBEHO AndepeHUnanHo ypaBHeEHNE OT MbPBU pea.

15. NTepaunoHHn MeToaM 3a pellaBaHe Ha HENTMHEWHN ypaBHEHNS.

16. KsagpatypHu cpopmynm Ha HioToH — KoyTc n [Nayc.

17. 3apgaya Ha nuHenHoTo onTumMmpaHe. OCHOBHM Teopemu.

18. [ocTtaTb4HO ycrnoBue 3a onTumanHoct. udepeHumanHa coopma Ha TeopemaTa Ha KyH n Takep.

19. CnydyaliHM BENUYMHW C HENPeKbCHaTWU pasnpegeneHus. HopmanHo pasnpegeneHue. PaBHOMepHO
pasnpeaeneHue, eKCroHeHUanHo pasnpeaeneHne unv rama pasnpegenenve. 3agayum, B KOUTO Bb3HUKBAT.

20. JlnHeeH perpecnoHeH mogen. MeTtoa Ha Han-mankuTe kBagpaTtu. Teopema Ha Mayc — Mapkos.

21. MuHuMmnzaumsa Ha geTepMUHUPaHU KpanHu aBToMaTw.

22. lNoBepeHue Ha noTpebuTens. YpaBHeHne Ha Crniyuku. Bugose cToku.

23. 3apava 3a 6paxuctoxpoHaTa. MexaHW4YHO TbIKyBaHe.

24. OCHOBHM TEOPEMU HA OMHaMKKaTa Ha MaTepuarnHa Touka.

AHOTALWUUN HA BBINPOCUTE

1. YpaBHeHMA Ha NpaBa M paBHUHA. POpMy”nu 3a pa3cToAHUSA U brNu. Kpuen ot BTOpa cTeneH.

BekTopHM M napaMeTpuyHWM (CkanapHu) ypaBHeHMsI Ha npaBa M paBHuHA. OOWO ypaBHEHWe Ha npaBa B
paBHMHaTa. [lekapToBO ypaBHeHWe. B3anmHo nonoxeHue Ha ase npasu. HopmanHo ypaBHeHWe Ha npaa. Pa3cTosiHue
OT TOYKa [0 NpaBa. brbn mexay npasw.

O6LWo ypaBHeHVe Ha paBHMHA. B3aMmHO nonoxeHue Ha ABe paBHUHM. HopmamnHo ypaBHEHME Ha paBHUHA.
Pa3cTosiHue OoT To4ka 0O paBHUHA.

YpaBHeHVe Ha OKPBbXHOCT. KaHOHWMYHKM ypaBHeEHUst Ha enunca, xunepbona u napabona. PokanHu cBONCTBa Ha
enunca, xunepbona u napabona.

Jlumepamypa: [27].

2. Anre6puyecka 3aTBOPEHOCT Ha NofieTo Ha KoMmnieKkcHUTe Yucna. Cneacteusa. Popmynu Ha Buer.
lMoneTo Ha koMMnekcHMTe 4Ynucna e anrebpudeckn 3aTBopeHo. CneacTBusA - BCEKM MOMMHOM C KOMMIIEKCHU
KoeMUMEHTM ce pasnara B NpousBedeHWe Ha NMHENHW MHOXWUTENW; BCEKU MOMMHOM C pearmHu KoeduuMeHTn ce
pasnara B Npou3BeAeHNE Ha NIMHENHN U KBaApaTHU MHOXUTENW; hopMynu Ha Burer.
lMpumepHa 3adaya: NpunaraHe Ha opMynuTe Ha BueT 3a NONNMHOM C YNCIIOBU KOEDULIMEHTW.
Jlumepamypa: [24].



3. CumeTpu4HM onepaTopu B KpaHOMEpPHU eBKNMAOBU npocTpaHcTBa. OCHOBHM cBoucTBa. Teopema 3a

AunaroHanun3auyus.

CvmeTpuyeH onepatop — OnpegerneHne, matpuua cnpsiMo OopToHopMupaH 6asuc. Bcuykn xapakTepucTuydHu
KOpPEHM Ha CMMETpPUYEH onepaTop ca pearlHu 4Yucra; Bceku OBa coOCTBEHW BEKTOpa, CbOTBETCTBALUM Ha pPasfUYHK
COBGCTBEHU CTOMHOCTM, Ca OPTOroOHaNHW NOMeXady CU; CbLeCTBYBa OPTOHOPMUPaH 6asnc Ha NPOCTPaHCTBOTO, B KOWTO
mMaTpuuaTa Ha CUMEeTpPUYEH ornepaTop e AnaroHarnHa.

lNpumepHa 3adayva: 3a ganeH CUMETPUYEH OnepaTop Aa Ce HaMepsT OPTOHOPMUpaH 6a3nc Ha NPOCTPaHCTBOTO,
B KOUTO MaTpuiata My € amaroHarnHa, Kakto 1 camarta matpuua.

Jlumepamypa: [25].

4. TpaHMua, HenpeKbCHaTOCT, NpPou3BO4HA W NPUMUTMBHA Ha QYHKUMA Ha egHa MNPOMEHNUBA.

FeomeTpUYHM MHTEpPNpEeTaLUN.

OedurHmumm Ha XanHe n Koww 3a epaHuya Ha yHKUyus (B KpanHa ToYka M B 6e3kpanHOCTTa); 4oKa3aTencTBo
Ha eKkBMBarneHTHOCTTa Ha ABeTe aeduHuumn. [Ja ce gedumHupa HernpekbcHamocm Ha (OyHKUMS B JafeHa Touka OT
AedvH1umMoHHaTa obnact ypes3 aeduHuuunTe Ha XanHe n Kowwn. JeduHnumnsa Ha npoussodHa Ha OyHKUMSA B gafeHa
TOYka KaTo rpaHuua Ha dOughepeHyHume yvacmHu. Oa ce obsacHM duanyHaTa MHTepnpeTauus Ha npousBogHaTa
(MOMeHTHa CKOpOCT) 1 reomeTpuyHaTa 1 nHTepnpetaums (brnos koeuuneHT Ha donupamesiHama KbM rpadukarta Ha
dyHKUMATa B CbOTBETHATa TOYKa, MpUM KOETO AonupartenHarta npaBa Ce BbBeXAa KaTo rpaHWYHO MOMOXEeHMEe Ha
cekywume npasu). dopmynu (C gokasaTencreata uM) 3a MpoOM3BOAHA Ha Cyma, MPOU3BEAEHME, YHaCcTHO W
cyneprno3uyusi (CbcmasHa yHKUUs)) Ha ABe AudepeHuupyemn yHkuun. HamvmpaHe Ha Mpou3BOOHWUTE Ha HSAKOM
enemMeHTapHn yHKUMK (cmerneHHa QyHKUUS, roka3amesiHa QyHKUUS, OCHOBHU Mmpu2oHOMempuyHu gyHkyuu). OT
cdopmMynarta 3a NpoM3BoAHAa Ha CbCTaBHa PyHKUMA ce n3Bexaa (popmanHo) chopmynarta 3a nponsBogHa Ha obpamHa
yHKYUS U ce Mpunara 3a HamyMpaHe Ha MPOU3BOOHWUTE Ha PYHKUMUTE J102apumbM N apKyccuHyc). OedunHnuma Ha
npumumueHa Ha fageHa yHKUMA U gokasaTerncTBo, Ye ako AedUHULMOHHaTa obnacT Ha eaHa pyHKUMA e nHTepsan,
TO pasnukarta Mexay BCEeKMN ABE HENHWN NPUMUTUBHU € KOHCTaHTa.

Jlumepamypa: [16],[29], [30].

5. Teopemwu 3a cpeaHuTte ctonHocTu (Pon, Jlarpanx n Kowwu). ®opmyna Ha Tennbp.

Heobxogumo e ga ce gokaxaT cnegHute Teopemn, opmynmpaHm obLLo 3a No-KpaTko.

Heka f e HenpekbcHaTa B 3aTBOpeHWs nHTepsan [a,b] n nputexxaBa NpoM3BOAHA MOHE B OTBOPEHWUS UHTEpBarn
(a,b). Oa ce pokaxe, ye:

a) ako f (a) = f (b), To cbLLecTBYBa C € (a, b), Taka 4e f' (c) = 0 (Pon);

6) cbliecTByBa C € (a, b), Taka ve f (b) — f (a) = f (c)(b — a) (Jlarpanx);

B) @Ko g € HenpekbcHaTa B 3aTBOPEHMS MHTepBan [a, b] u nputexxasa Npom3BoAHa NOHe B OTBOPEHUS UHTEPBar
(a, b), g (x) #0, x € (a, b), To cbLlecTBYBa C € (a, b), Taka Ye

fo)yrf@)_fe)
gbrg@ gc) Koun
3a pokasaTencrBoTo Ha Teopemata Ha Pon (a) ga ce u3nonsea (6e3 gokasatencrteo!) Teopemarta Ha
Baviepwipac, cnopef KOSTO BCSKa HenpekbcHaTa yHKLUMSA B KpaeH M 3aTBOPEH MHTepBarn JOCTUra CBOSi MakCUMyM U
MUHUMYM.
Heobxogumo e owe ga ce nssede dopmynata Ha Tennbp C OCTaTbyeH 4YneH BbB dhopmaTa Ha JlarpaHx m

Kowuw.

lMpumepHu 3ada4qu. Heka f (t) = a (1 —t) cosat —sinat, KbAeTo a € NPOUN3BOSTHO PUKCUPAHO PeasiHO YUCIO:
X

a) Ja ce npecmeTHe J. f (t) dt;
0
0) kaTo ce n3non3esa TeopemaTa Ha Pon, aa ce gokaxe, ye ypaBHeHueTo f (t) = 0 uma
noHe eauH KopeH B uHTepsana (0,1).
Jlumepamypa: [16], [18], [19], [29], [30].

6. OnpepeneH unterpan. JecduHuuua n ceonctea. UHTerpyemocTt Ha HenpekbcHaTute pyHkuun. Teopema
Ha HoToH — JlanbHuu.

Ha ce peduHmnpaT nocrnepoBaTenHo: pa3bvBaHe Ha WHTepBar, guameTbp Ha pas3buBaHe, pyumaHoBa cyma U

pumaHoB uHTerpan. [la ce nokaxe, ye Bcska MHTerpyema no PumaH dyHKkuua e orpaHudena. [la ce pgeduHupaTt



ronemun n mankm cymu Ha Oap6y. [la ce yctaHoBM, Ye npu gobaBsiHe Ha HOBWM TOYKM B pa3buBaHeTO Ha UHTepBana
ronemuTe cymu Ha [lapOy He HapacTBaT, a Mankute He HaMmarnsaBaT (kenaTerHo € Aa ce HanpaBu YepTeX).

[a ce pokaxe, 4ye gageHa byHKUMA e uHTerpyema no PumaH Toraea n camo Toraea, KoraTo 3a BCsiko € > 0
CblliecTByBaT ronsima cyma Ha Oapby S u manka cyma Ha Japby s TakuBa, 4e S — s < €. Kato ce u3nonssa Tasu
Teopema u Teopemarta Ha KaHTop, cnopea KOSITO BCsika HemnpekbcHaTa (PYHKUMS B KpaeH M 3aTBOPEH WHTEpBan e
paBHOMEpPHO HernpekbCcHaTa, Ja Ce AoKaXe, 4e BCsika HenpekbcHaTa (YHKLUUSA B KpaeH M 3aTBOPEH WHTepBan e
uHterpyema no PumaH. [1a ce u3sbposat (6e3 gokasatencrso) OCHOBHUTE cBolcTBa Ha PumaHoBus mHTerpan. Kato ce
MPUIOXN CBOWCTBOTO 3a MHTErpMpaHe Ha HepaBeHCTBa M Teopemarta, Ye BCsKa HenpekbcHata (yHKUWMs npuema
BCUYKM CTOMHOCTM MeXAdy MakCMMymMa W MUHMMyMa cu, Aa ce fokaxe, 4ye ako f e HenpekbcHaTta B [a, b], TO
cblUecTBYBa C € [a, b], Taka ue

f(x)dx=f(c)(b-a).

D —— T

KaTo ce nanonsea 1031 akT, Aa ce gokaxe Teopemata Ha HioToH — JlanbHuu, T.e. Yye ako f e HenpekbcHaTa B [a, b,
TO 3a BCAKO X € [a, b]
d X
dx ¢
M [a ce NOoKaxe Kak TS Ce M3MNon3Ba 3a M34ncnsaBaHe Ha onpeaeneH nHrerpan.
lMpumepHu 3adayu. CMsiHa Ha NPOMEHNUBUTE U MHTErpMpaHe No YacTu; MHTErpupaHe Ha paumoHanHu yHKUNK;
WHTEerpanu ot Buaa
C
J~ dx .
2 2y2°
» (XT+Y7)

CyOCTUTYLIMKN 3@ MHTErpupaHe Ha paumoHanHun OyHKUKMKM OT Sin X K €os X; cybectutyunn Ha Onnep.
Jlumepamypa: [16], [18], [19], [29], [30].

7. CreneHHu pegoBe. Paguyc Ha cxoaMMocT. Pa3Butue Ha enneMeHTapHuUTe (PyHKLUM B CTENEHEH pen.
Ha ce pedwmHupa cteneHeH ped Ha KOMMNMEKCHa NpPoMeHnvBa U obnact Ha CxOAUMMOCT Ha TakbB pea. [a ce

AOKaXe, Ye ako efUH CTerneHeH pef e CXOoAsL 3a Hakoe komnnekcHo uucno Z, € C, To Toit e abcontoTHo cxopsy 3a
BCAKO Apyro Z npwu |Z| <|Zo|-
1

limsup,, .. V|a,|
Ha CTeneHHua pen.

KaTto ce mnsnonssa ¢popmynaTta Ha Tennbp C ocTaTbyeH 4YneH BbB dopmaTta Ha JlarpaHx, ga ce passudaTt B
cTeneHeH pef Npu peanHu CTOMHOCTU Ha X yHKUMUTE €7, Sin X, cos X. 3a uenta aa ce HamMepsaT CTOMHOCTUTE Ha
BCUYKM NPOU3BOAHN Ha Te3n yHKUMn rpu X = 0.

Jlumepamypa: [16], [18], [19], [29], [30].

[a ce pokaxe, Ye obnacTTa Ha CXOOMMOCT e Kpbr ¢ paguyc R = , KbAeTo a, ca KoeduLneHTUTe

8. KpuBonuHenHu nHTerpanu BbLpXy paBHMHHU KpuBU. ®opmyna Ha punH.
HeduHnuma Ha rnagka Kpvea B paBHMHATA, 3agajeHa napaMeTpuyHo; hopMyna 3a gbixuHata . PumaHoBu
CyMW 3a KPUBOSNMHEWHM WHTErpanM OT MbpBU W BTOpM pog M cBowcTBata uMM. Popmynm 3a cBexgaHe Ha
KPUBOIMUHENHUTE UHTEerpann kbM puMaHoBu. [lokasaTenctso Ha oopmynaTta Ha ['puiH

_[ de+Qdy=” xQ_o dx dy.
= S\ OX oy
[a ce pasrnega nbpBO Cny4aaT, Korato D wmoxe Aa ce npeacrasn BbB BuAa D = <{(x, y) e R?

X S X=Xy yl(x)s y< yz(x)}, a dyHkumaTa Q (X, y) € ThXKOECTBEHO Hyna, U ga ce MNokaxe, 4e ropHara



¢dopmyna crieasa oT copmynarta Ha JlanbHuy, — HioToH. [a ce 06ACHM HakpaTKo Kak OT TO3U 4acTeH criyyanm ce
n3Bexaga oowmaT criyyan.
Jlumepamypa: [16], [18], [19], [29], [30].

9. XonomopdHu ¢pyHKuMU. OcHoBHa Teopema Ha Kowu. ®opmyna Ha Kowm.

Ja ce pedunupat: R - audeperumpyemoct, C - amdepeHUMpyeMOCT U XONMOMOPMHOCT Ha (YHKLUS Ha
KOMMeKkcHa npomeHnuea. [a ce [Jokaxe, 4e ypaBHeHueTo Ha Kowwm-Puman u R - gudepeHumpyemoctta ca
Heobxoaumu n aoctatbunn 3a C - audpepeHumpyemocrt. [la ce aeduHnpa KOHPOPMHO 130BpaxKeHUe 1 aa ce OoKaxe,
ye ako f(z) e xoromopira B Z; u f'(z5) #0, To usobpaxeqneto W= f(z) e kondopmHo B Z,. fa ce

dopmynunpa ocHoBHaTa TeopeMa Ha Koww 3a egHocBbp3aHa obrnacT. [la ce gokaxe BapyMaHTBbT Ha Teopemarta 4ypes3
dopmynarta Ha [puiiH. [la ce pokaxe copmynaTta Ha Kowwn. 3a gokasaTtencrBoTO M Aa ce u3no3ea HarotoBo (06es
AokasaTtencTeo) Teopemarta Ha KoLy 3a CroxeH KOHTYp.

3adayu: Bv3cTtaHoBsABaHe Ha xornoMopdHa (pyHKLMA No AageHa peanHa (MMarmHepHa) 4acT.

MpumepHu 3adayu: 1. a ce Hamepu xonomopdHa dyHkumna f (z2) =u+iv, sa koato

a) u(x,y) =x*>—-y?—eVsinx;
6) U(X,y) = o(x> —y?), kbaeto @: R — R e asykpaTHO rmazka yHKUMSI.
Jlumepamypa: [3], [4], [6], [31].

10. Pen Ha JlopaH. Teopema 3a pe3nagyymure.

[a ce pokaxe Teopemarta Ha JlopaH 3a pasBuTMe B pen Ha (yHKUMs xonomopdHa BbB BeHel. [la ce
AecuHupaT TpuTe BuAa U30MMpaHM OCOBEHM TOYKW: OTCTPaHWMa, MOSC U CblUeCcTBeHa ocobeHa Tovka M Oa ce
JokaxaT: TeopemaTa Ha PumaH (3a oTcTpaHMma ocobeHa Toyka) u TeopemaTa Ha Kasopatu-Baiieplupac — CoxoLku.
[a ce geduHnpa pesnayym Ha xonomopdHa dyHKLMA B n3onupaHa ocobeHa Touka M Aa ce Aokaxe Teopemarta 3a
pesavayymuTe.

Badayu: OnpegensiHe Buaa Ha M30MNMpaHUTE OCODEHW TOYKM Ha XONomMopdoHa (YHKUMSA M npecmaTaHe Ha
pesanayymute B TaAX. [lpecmsATaHe upe3 TeopemaTta 3a pe3nayymMuTe Ha KOHTYPHU MHTErpanu M Ha pearHu
HecoBCTBEHU MHTErpanu.

lpumepHu 3adayu:

1. [a ce onpeaenu BUOBT Ha U30NUpaHnTe 0cobeHN TOUKN B C wa dyHKUMATa

.1
z3sin =
f(z) = —Z 4 pa ce npecMeTHaT peanayyMUTe B TAX.

2. [la ce npecmeTHar:
1

| zezd T dx T Xsin 77X dx-T In x
a2+l L)X +4) T P e2x+5 T (X+D(XP +x+1D)

—0 0
Jlumepamypa: [3], [4], [6], [31].

0

11. OwvmkuHa Ha obra. EctecTtBeHa napameTpu3sauusa Ha KpuBa. KpuBuHa u Top3usi. PopmMmynu Ha DpeHe.
BekTopHa d¢yHKUMA Ha ckanapeH aprymeHT — geduHuums u ceorctea. JluHuM - ageduHUUMA 1M CBOWCTBA.
ObmkuHa Ha abra. EctectBeH napameTbp Ha nuHUA. Tpueabp v hopmynu Ha PpeHe Ha NUHMSA B MPOCTPAHCTBOTO.
KpusurHa n Top3ns. IHBapraHTu Ha NuHUS.

MpumepHa 3adava: Heka C:X=X(S),S€J e noHe neTkpaTHO rnagka npaBWUrHa KpuBa, 3a KOATO S e

- = 1
ecTecTBeH napameTbp. Pasrnexaame kpusute C, : X, =_[bds me:X= $X+$XO, kbaeto b e GBuHopmanata Ha

KpuBata C.
a) [a ce pokaxe, 4e ako KpuBata C MmMma NOCTOSAHHA KpUBMHA K, TO KpuBaTta CO MMa NOCTOsAHHa TOP3nA 7 ;



6) [a ce pokaxe, ye ako KpuBata C MMa NOCTOSAHHA KpUBUHA K , TO KpUBMHATa K U Top3udata 7 Ha KpusaTta C
K—7T

N

YAOBIIETBOPSABAT PaBEHCTBOTO EK + 7 — x/zl(' =0, kbgeto €= sgn(

x' = cos(q)
B) B cnyyuasi, korato C:<{ X* =sin(q),q e R
x® =

fa ce npecMmeTHaT Top3naTa 7, Ha KpuBaTa C, 1 KpMBMHaTa K Ha kpueaTta C.
Jlumepamypa: [27], [28].

12. JlnHeHM o6GUKHOBEHU ancpepeHUnanHn ypaBHeHUs. YpaBHEeHUs C NOCTOSAAHHU KOePULIMEHTN.
Pasrnexaa ce gndepeHumanHoTo ypaBHeHME OT N-TU peq

x® +a (X" + . +a,(t)x=ft), te(ap)

kbaeto a(t) ca HenpekbcHaT dyHKUMM. Popmynupa ce (6e3 [OokasaTencTso) Teopema 3a CbllecTByBaHe U
€[MHCTBEHOCT Ha peLleHneTo Ha 3agavarta Ha Kowwu. [laBa ce kputepuin 3a nMHerHa He3aBUCUMOCT Ha CMCTeMa OT N
peLleHns Ha XOMOIreHHOTO ypaBHeHWe Ype3 geTepMuHaHTata Ha BpoHckn. [ledumHupa ce noHATUETO chyHOAMEHTanNHa
cMcTeMa OT peLleHus U ce A0Ka3Ba, Ye pelleHnaTa Ha XOMOreHHoTo ypaBHeHue (T.e. f(t) = 0) obpasyBaT n -mepHO
nMHerHo npocTpaHcTBo. Onucea ce CTPYKTypaTa Ha peLleHnaTa Ha HEXOMOIeHHOTO ypaBHEHME.

dopmynupa ce anroputTbM 3a HamupaHe Ha OBLIOTO pelleHne Ha ypaBHEHMETO C MOCTOSIHHU KoedUUMEHTU

ajeR

x +a,x" 4+ +a x=0.

MpumepHu 3adayqu:
1. [a ce HamepsT peanH1Te peLleHnst Ha ypaBHEHNETO:
\Y
a) y' +Yy" =7x-3cosx;

6) Y +4y = 2tgx, |x|<%;

B) Y'+2y +y=xe" +ix, x> 0.
xe

2. [a ce pewwu 3agadarta Ha Kowwu:
a) y"+y'=xy(0)=3 y(0)=-1y"(0)=%
6) y'+2y +2y=xe ™, y(0)=y'(0)=0.
3. [Ha ce pewn ypaBHeHneTo Ha Onnep:
a) X®y"—2xy =6Inx;
6) X°y"+Xxy' +4y =10x, x>0.
4. [a ce Hamepu OOLLOTO pelLleHNe Ha ypaBHEHWETO, KaTO Ce HaMepu HeroBO YacTHO peLleHWe BbB Buaa
y,=e¥um y, =x"+ax""+..+a,:
a) X(x-1y"—xy'+y=0,  x>1;
6) xy" —(x+1)y'—2(x-1)y =0, x>0.
Jlumepamypa: [10], [32].



13. MeTopa Ha ®ypue 3a pelnaBaHe Ha ypaBHEHUETO Ha CTpyHaTa.
dopmynupa ce cMeceHaTta 3ajaqa 3a ypaBHEHMETO Ha cTpyHata U, = azuxx B obnactta t>0, 0<x<I.

Paspenat ce npomennueute. MN3Bexaga ce ¢dopManHOTO pelleHvMe BbB BuA Ha 6eskpaeH ped. Kora T1o3m pep e
cxoasaw?

lNpumepHu 3adayu. [Oa ce Hamepu pelueHne oT CZ(D) Ha ypaBHeHuneto U, =U,, yAooBneTsBopsBaLlo

ycnosusiTa:

u(x,0)=x*-2x*+x, 1, (x0)=0 3a0<x<1,
u(0,t)=0, u(L,t)=0 3a t>1

KbOeTo D:{(X,t)eRz:O<X<l, t>0}.
u(x,0)=0, u,(x,0)=sin5x+sinx 3a0<x<%,

u(0,t)=0, u{%mj:o 3a t>0,

KbOeTo D:{(X,t)e R? :0<X<%, t>0}.

u(x,0)=0, u,(x,0)=sinx+(z—-x)cosx 3a 0<x<z,
"l u(0,t)=0, u(7,t)=0 3a t>0,

kbaeto D = {(X,t)e R®:0<x< 7w, t> O}.
Jlumepamypa: [11], [21], [32].

14. OmncpepeHUYHN meToaM 3a 3apayvaTa Ha Kowmn 3a o6MkHOBeHO AudepeHUManHo ypaBHeHue oT NbpBU pea.
1. TloctaHoBka Ha 3agayaTta Ha Kowwu 3a O[1Y ot | pea. MleomeTpuyHa nHTepnpeTaums.
2. CoblHocT Ha gudepeHyHuTe Metoan. OCHOBHU NOHATUS.
3. Metoau Ha Onnep — ABeH, HesBeH, NogobpeH. M3sexaaHe, anpokcumaums, yCTOM4MBOCT, MOHOTOHHOCT.
4. {#BHn meToau Ha PyHre-Kyta 3a O[1Y ot | peg — egHo- n gpyetanHu. MeToq Ha PyHre 3a npakTudecka oLeHka

Ha rpeLukarta.
Jlumepamypa: [15], [23].

15. UTepaumMoHHU MeToAM 3a peluaBaHe Ha HeNIMHeMHU ypaBHEHUS.

[a ce pedwuHUpa MNOHATUETO Hernod8UXHa MoYyka Ha M300paxeHWeTo @ W fa Cce [oKaxe, Ye ako ¢ e
HenpekbCcHaTO M3obpaxkeHne Ha nHTepBana [a, b] B cebe cu, TO @ 1ma noHe efgHa HenofBwkHa Touka B [a, b]. Oa ce
nokaxxe, 4Ye pellaBaHeTo Ha ypaBHeHueTo f (X) = 0 Moxe ga ce cBeale KbM HaAMUPaHe Ha HENOABWXKHA TOYKaA.

[a ce gedurHmpa NOHATUETO ceusawo ulobpaxeHue 1 fa ce JoKaxe, 4e ako ( e HenpekbCHaTo nsobpaxeHune
Ha nHTepBana [a, b] B cebe cu 1 e cBMBALLO C KOHCTaHTa Ha Jlunwwuy g < 1, To: @) ypaBHEeHMETO X = @ (X) uma
eavHcTBeH kopeH & B [a, b]; 6) peauuata {X,} oT nocnegoBaTenHu NPUGIKEHWs (MPW NPOU3BOIHO X, € [a,b] w
Xny = (p(Xn ), n=0,1,..) knoun kbM & npu N —> 00, KaTo |Xn —§| < (b—a)q”
crneacTsue, ye ako & e KOpeH Ha ypaBHeHneTo X = @(X) u @ uma HenpekbcHaTta npoussogHa B okonHocT U Ha &,
3a KOSATO |¢’(§)| <1, To npu goctaTbyHO 4OGPO HayanHO NPUGTIMKEHUE Xo UTEPALIMOHHMAT NPOLEC, MOPOAEH OT @, €
CXOfsLL CbC CKOPOCTTa Ha reoMeTpuyHa nporpecus. [la ce geduHmpa noHATMETO ped Ha cxodumocm.

[a ce papat reomeTpuyHa uncTpaums, opmyrna 3a nocnegoBatenHuTe NpuonNmkeHns u peg Ha cxogumocT
npu: METOA Ha XOopawuTe, METOL Ha cekywuTe M MeTogd Ha HiwoToH. [a ce gokaxe, Ye nMpyv MeToda Ha xopaute
CXOAMMOCTTa € CbC CKOpPOCTTa Ha reomeTpuyHaTa nporpecus (npu ycrnosue, Ye KOpPeHbT € OTAENeH B AOCTaTbyHO
ManbK UHTepBarn).

Jlumepamypa: [1], [7], [22].

3a Bcako n. [la ce nony4n kaTto



16. KBagpatypHu chopmynu Ha HroToH — KoyTc u lMayc.

OeduHnumm Ha noHaTusTa: a) keadpamypHa popMyna W egpewka Ha KBagpaTtypHa copmyna; 6) en3nu u
KoeguyueHmu Ha KBagpaTypHa dopmyna; B) uHmepronayuoHHa kBagpatypHa dopmyna. [JokasaTtencrso, 4ye efHa
KBagpaTypHa dopmMmyna ¢ n+1 Bb3ena € WHTeprnofiauMoHHa ToraBa M camoO Toraea, KoraTo € TO4Ha 3a BCeKu
anrebpuyeH NonmMHOM oT cteneH < N.

EnemeHmapHu kBagpaTypHu hopMynu: Ha npasobebiHuyume, Ha mpanyume n Ha CuMricbH 3aedHo C u3pas
3a rpewkata wMm. [eomeTpuyHa uwHTepnpeTauusa. M3Bog Ha rpewkarta npu cbcmasHama GopMyna Ha
rpasobebHUyUMme.

OedunHnumm Ha noHsaTuaTa: a) aneebpuyHa cmeneH Ha moyHocm (ACT) Ha kBagpaTypHa dopmyna ¢ Terno; 6)
anrebpuyeH NonMHOM OT CTeneH N, opmozoHasieH B [a, b] ¢ Terno 4 Ha BCUYKM anrebpuyHN NONMHOMK OT CTeneH N —
1; B) kBagpaTypHa copmyna Ha [ayc (¢ Terno). [JokasaTtencTtso, 4Ye 3a BCAKO €CTECTBEHO N CbLUECTBYBA eAUHCTBEHA
kBagpaTtypHa dopmyna Ha layc, 3a koato ACT e 2n — 1, n HelHuTe BBb3NM ca HynuMTe Ha MOMMHOMA OT CTEeneH N,
opTtoroHaneH B [a, b] ¢ Terno x Ha Bcuykm anrebpuyHy nonmHomm OT cTeneH n — 1. OueHka 3a rpelwkara Ha
KBagpaTypHa dopmyrna Ha layc.

Jlumepamypa. [1], [7], [22].

17. 3apgava Ha NUHenHOTO onTuMupaHe. OCHOBHU TeopeMu.
3agaya Ha NUHENHOTO onTuMMpaHe B 06w, Bua. KaHoHuyHa cdopma. KaHOHMYHO MHOrOCTEHHO MHOXECTBO.
BbpxoBe 1 nocoku. Anre6pnyHn xapaktepmsaumm Ha BbPXOBETE M NMOCOKUTE HA KAHOHWMYHO MHOFOCTEHHO MHOXECTBO
(6e3 pokasatencTtso). Teopema 3a npeacTaBsHE Ha €NeMEeHTUTE Ha KaHOHUYHO MHOFOCTEHHO MHOXecTBO (6e3
fokasatencrtso). OCHOBHM TEOPEMM Ha NIMHENMHOTO ONTUMMpPAHE 3a KAHOHUYHA NMHENHA 3adava.

I'IpumepHu 3adayu: [a ce pewn cbC cnMmniiekec MeToda gageHarta 3agada. Ako 3agadyaTa e paspewinma aa ce
HamMmepu onTtuMmanHarta CTOWMHOCT Ha ueneearta (byHKLI,I/IFl M MHOXEeCTBOTO OT OnNTUMariHu peLleHuns.

max z (X)= 3X;— X,+ 2X3 minz(Xx)=-3X;— X,
2X,= X,= =3, = 2X;+ X,< 4,
X~ XS 1, =X+ X2 2,
X,+ 4x,< 4, 3X,+ X,< 22,
X,;2 0,x,2 0. X2 0.
min z(X)= 2x;+ 3X,— 3X3 max z (X)= — 2X;— 6X,
= 2X,= X,* X,= 3,

4+ 2x,2 = 9,
X, +3X,2 6,
= 3X,+ 7X,< 61.

X, = X3= 1,
3%+ Xg+ X= 4,
X2 0,x,2 0,%,20,x,20,x.20.

Jlumepamypa: [5, cTp. 65 — 77], [33, 3anuckn no MaTeMaTU4eCKo onTumMmupaHe-1].

18. JoctaTbyHO ycroBue 3a onTumanHocTt. AudepeHuynanHa popma Ha TeopemaTta Ha KyH u Takep.

®PyHkuma Ha Jlarpanxk. CegnoBa Touka. [locTaTbyHO ycroBuMe 3a onTumanHoct (6e3 gokasaTencrso).
Teopema Ha KyH n Takep B audepeHunanHa opma.

lMpumepHu 3adaqu: Kato ce nsnonsear MeToauTe Ha HENMMHENHOTO ONTMMMpPAaHe fa ce peln 3agayaTta

. 1
minf (x,y)=8x*+2y*~ 2x-y npu orpaHnyeHna X+ WS 3. y20

+y<2 x20 y=0

max f (x, y)=4x+ 8y— x*~ 4y* npu orpaxnyeHns §
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minf(x,y)=x+ npu orpaHnuenns 8y— 4x— 2x°— y?=-20 , x20  y20

_1
2y+1
Jlumepamypa: [5, cTp. 157 — 162], [33, 3anucku no MaTtemaTtmyecko ontummpaHe-2].

19. CnyuaiiHM BenM4YMHU C HenpeKbCHaTK pa3snpeaeneHus. HopmanHo pasnpeaeneHue. PaBHoMepHoO
pa3npegeneHne, eKCNOHEeHUManHo pasnpegeneHve unv rama pasnpegeneHme. 3agayvu, B KOUTO

BBb3HUKBAT.
Ha wusnuta ocBeH HOpMarHoOTO pasnpegerneHne KoMucunAaTa [daBa ouwe eaHo oT I/I36pOGHVITe TPpU

pasnpefeneHus, BbpXy KOMTO Ce pasBuBa BbMPOCHT. JeduHnUns Ha HenpekbCcHATO pasnpeeneHne Ha cnydvariHa
BennymHa. CBONCTBa Ha BEPOATHOCTHATA MMBbTHOCT (HEOTPULLATENHOCT U HOPMMPAHOCT). [erHUUna Ha MOMEHTUTE
Ha pasnpefeneHMeTo U Bpb3kaTa UM C MaTeMaTU4eCcKOTO OvakBaHe u gucnepcus. [deduHuuua Ha nopaxaaila
MOMeHTUTEe pyHKLMA (MM No M3bop Ha CTydeHTa - Ha xapakTepucTudHa dyHkums). CBoncTBa Ha nopaxaallarta
dyHKUMA Ha MOMeHTUTEe (Ha XapakTepucTuyHata dyHKums) — 6e3 gokasatencrBa. 3a HOpManHOTO M JAaOeHOoTo
pasnpegeneHne ga ce nocouun npumep (3agaya), npu KOWTO € YMECTHO M3MOM3BaHeTo My, Aa ce Aade nopaxjailiata
byHKLMSA HA MOMEHTUTE (MM XapaKTepucTnyHata gyHkums) (6e3 ussexaaHe) u ga ce npecMeTHaT MaTeMaTn4ecKkoTo
ovakBaHe (CbC U 6e3 nopaxgawa YHKUMS HA MOMEHTUTE WIU XapakTepucTudHa (yHKUMA) 1 gucnepcmsaTa um
(meTogobT Ha NpecMaATaHe ce u3bupa oT cTyaeHTa).

Jlumepamypa. [8],[14].

20. JluHeeH perpecuoHeH mogen. Metoa Ha Han-mankuTe KkBagpaTtu. Teopema Ha Fayc — MapkoB.

dopmynupa ce 3agadaTta n MoAena Ha NMHENHa perpecus B o0LWwms cnyyanm (¢ MHoro npeguktopw). MNMokasea ce,
Yye NpU HOpMAarnHO pasnpefeNieHVe Ha rpelknTe B MOAena MakcumarHo npaBgonofobHWTE OueHKU cbBnagaT C
peLLUEeHNEeTO Ha HopMarnHaTa cuctTema ypaBHEHUs OT ,METOA Ha Han-mankute keagpatu®. [lokasea ce HeM3MeCcTEeHOCT 1
ce u3Bexga pgucnepcuaTa Ha oueHkuTe. [lokasBa ce TeopemaTta Ha 'ayc — MapkoB, 4ye oueHkaTa Ha napameTpuTe,
Mony4YeHn KaTo peLleHne Ha HopMarnHaTa CMCTeMa ypaBHEHWS!, ca C MUHUMarHa gucnepcnst (OTHOCHO BCUYKU NIMHENHN
HEeM3MeCTEHU OLEHKN).

Jlumepamypa: [9].

21. MnHMMM3aumsa Ha geTepMUHUPAHU KpanHU aBTOMaTHU.

OeduHuummn 3a kpaeH aBTomMaT M aBTOMaTeH e3uk. ExkBuBaneHTHW asTomMaTtu. [eTepMuvHUpaHW u ToTanHu
aBToMaTW. HegocTwkumum WM HepasnuuuMu (eKBMBANEHTHU) CbCTOosHUA. [JeduHuumns 3a MUHUManeH asTomar.
HamunpaHe Ha MuHMManeH aBTOMaT, eKBMBanNeHTeH Ha [JajeH ToTaneH [JdeTepMuHupaH asTomaTt. [scHa
MOMYKOHIPYEHTHOCT OTHOCHO AafeH €3WK M HEWHOTO MPUIIoXeHWe KbM BbNpoca 3a €4MHCTBEHOCT (C TOYHOCT A0
N30MOpP(U3BLM) Ha MUHUMANHUA aBToMaT, eKBUBANEeHTEeH Ha JafieH ToTaneH geTepMuHUpaH aBTomar.

OnucaHue Ha 3a0ayume. 3agayuv 3a MMHMMM3aUWA Ha KOHKPETHO AafdeH ToTaneH AeTepMuHMpaH asTomar (T.e.
3a HaMMpaHe Ha MUHMMarneH aBTomarT, eKBMBaNeHTEH Ha AadeHus).

lpumepHa 3adava. [Oa ce MuHUMU3Mpa TOTaNHWMAT AeTepMuHMpaH aBTomaTt Hag asbykata {0, 1}, vumauy
cbcToaHMa A, B, C, D, E, F, G, kbaeto A e HayanHoTo cbCcTosiHMe, C 1 E ca 3aknwouutenHute, a npexogute ce
onpegensaT ¢ NoOMoLLUTa Ha cnegHata tTabnuua:

A B CDEFG
B B DDBCF
D CEETCGE

Jlumepamypa: [12], [13], [20].
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22. MoBepeHue Ha NnoTpebuTens. YpaBHeHue Ha Cnyuku. BugoBe cTokm.

JeduHnums Ha yHKUUA Ha MONIe3HOCT M MPUHLMM Ha npeanoymTaHueTo. Makcummsauusi Ha nonesHocTTa U
(PYHKUMM Ha NOTPeOWUTENCKOTO TbpceHe. MUHMMM3auMsi Ha PasHOCKUTE M KOMMEHCUMpaHW (OYHKLUM Ha TbpCeHe.
®YHKUMS Ha pa3HOCKUTE U ypaBHeHWe Ha Crnyuku. Bugose CToku 1 TpyabT KaTo CTOKa.

Jlumepamypa. [26] cTp. 125-150.

23. 3apauva 3a 6paxucroxpoHata. MexaHM4YHO ThIIKyBaHe.
lNocTtaHoBKa Ha 3agayaTa 3a GpaxucToxpoHaTa kaTo 3adada 3a Han-6bp30 npemecTBaHe Ha HecBoOoAHa
MaTepuarnHa To4Yka B MOTEHUMAanHO CUITOBO Mosie (XOMOreHHOTO MoJie Ha cunaTta Ha TexecTTa) no npeaBapuTerHo
HensBecTHa KpuBa. VIHTerpan Ha eHeprusaTta. VIHTepnpeTaumusa Ha 3agadarta KaTto BapuMauMoHHa 3ajadva 3a eKCTPeMyMm
Ha dyHKumoHan. U3sog Ha ypaBHeHueTo Ha Ownnep kato Heob6Xo4MMO YCroBME 3@ €KCTPEMYM Ha (hyHKUMOHana.
OcHoBHa nema Ha BapuaLMOHHOTO cMsiTaHe. LlnknomaaTa kaTo pelweHne Ha 3agadarta 3a 6paxmcToxpoHara.
Jlumepamypa: [2], [10], [17].

24. OCHOBHM TeOpeMMu Ha AMHaMMKaTa Ha MaTepuariHa To4ka.
1. 3a ceobogHa maTepmanHa Toudka:
Teopema 3a M3MEHEHUE Ha KONMYECTBOTO ABUXKEHME.
Teopema 3a U3MEHEHWE Ha MOMEHTa Ha KONMMYEeCTBOTO Ha ABWXEHME U CBOWCTBA Ha ABWXEHMETO Ha Touka
noa OencTBue Ha LeHTpanHa cuna. Teopema 3a U3MeHeHMe Ha KMHeTUYHaTa eHeprus. [oTeHunanHo cunoBso
none — CUMoBU fNIMHUK, EKBUMOTEH-LIMAIHN NOBbPXHMHM, MOTEHUMANHa eHeprms. Teopema 3a CbXxpaHeHUe Ha
MbriHaTa eHeprusa (UHTerpan Ha eHeprusTa).
2. 3a HecBobogHa MaTepumarnHa Todka npu naeanHu Bpb3ku (6e3 TpueHe):
MaMeHeHVe (CbxpaHeHMe) Ha eHeprusita npu ABWKEHME Ha TOoYka Mo MoABWMXKHA (HEMoABWXHA) KpuBa B
XOMOreHHOTO MOofie Ha cunaTta Ha TexecTTa.

Jlumepamypa: [2], [17].
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