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|_|pl/l ABABaHE Ha ObpXXaBeH U3NUT BCEKN CTYAEHT € ANTbXEeH a HOCU CTyOeHTCKaTa CU KHWXKKa, Oa Cce ABU
HaBpeme npen npeaBapuTesiHoO onoBecTteHaTta 3ana n fia cna3u yka3aHuAaTa Ha KBeCToOpUTe 3a
HaCTaHABaHe B 3alnarta.

[ObpxxaBHUAT U3NUT Mo cneunanHocT ,Mamemamuka” e B ABe YacTu, KOUTO ce npoBexaaT B ABa AHW. [Npe3s
NMbpBUS AeH N3NUTBLT € NpakTU4ecKn (pellaBaHe Ha 3agadn) ¢ NPOaBbIMKUTENHOCT 3 aCTPOHOMUYECKN Yaca.
Kbm Bbnpocu ¢ Homepa oT 1 go 8 n ot 10 go 18, moraT ga 6baart aageHu 3agadn. Bropusa geH usanuteT e
TEOpeTHYeH. M3Terns ce eanH BbMNPOC U ce pa3BMBa 3a 2 acTpOHOMMUYeckn Yaca. PaboTtuTe ce npenaeart u
ce npaBu KpaTka no4ymeka. Ternu ce BTOpU BLNPOC, KOMTO CbLLO Ce pa3BuBa 3a 2 vaca.

Mo BpeMe Ha BCdKa ejHa 4acCT OT U3nnTa nncrtarta 3a nnucaHe ca oCUrypeHu n nognedartaHu ot OMU, apyru
He ce BHacAT. lNuwe ce camo ¢ XMmuKan - 3aQbiMKUTENHO CUH Ui YepeH UBAT. Monus moxe ga ce
n3non3Ba CaMo 3a YepTexu.

Mo Bpeme Ha n3nMTa Moxe Aa ce u3nonssa omumnanHo nsgaaeHo Konme Ha KoHcnekTa (nonyyasa ce oT
kBecTopuTe). Benuku apyrn nocobust ca 3abpaHeHw.

3abpaHeHo e M3MonN3BaHeTo Ha eNeKTPOHHM YCTPOMCTBA OT BCAKakbB BUA. Heo6XoaMMo e BCUYKN BHECEHW
MOGMIHM YCTPOWCTBA 1 KOMMIOTbPHA TeXHMKA Aa 6baaT U3KMHYEeHM Npean 3ano4esaHe Ha usnuta u ga
ObAaT ocTaBeHu Ha onpedeneHnTe 3a LenTta Mecta. HamvpaHeTo npu cTyaeHTUTe Ha HepernameHTUpaHu
NMOMOLLIHW CpeAcTBa Ce cyMTa 3a onuT 3a npenuceaxe. Mo Bpeme Ha M3nuTa He ce BOAAT pasroBopu, He ce
nyLn 1 He ce U3nusa ot 3anaTa.

PaboTtuTe ce oueHsaABaT OT KoMUCUS. MPaKTUYECKUAT U TEOPETUYHUSAT U3MUT CE OLIeHSABAT NOOTAENHO. [pn
nonoxeHue, 4e U Ha ABaTa MU3nuTa oLeHKaTta e no-ronsima unu pasHa Ha 3.00, To KpanHaTa oueHka oT
ObpXXaBHUA U3NUT € 3aKkpbriieHara No npasunaTa cpeaHo apuTMeTUYHa OLeHKa OT ABaTta uanuta. B
nNpoTMBEH criydan oueHkata e cnab (2.00). OueHkaTa ce 3aKpbrns 40 BTOPY 3HAK cnef gecetudHarta
3aneTtas. OueHKMTe ca OKOHYaTENHW 1 He Noanexart Ha npepasrnexaaHe.

Cnopep, npaBunHuka Ha CY cTyaeHTUTEe HAMaT NpaBo Ha siBsiBaHe 3a NnoBuLLaBaHe Ha oueHka oT N, ako
TOon e 6un ycnewHo nonoxeH. HanomHamMe Ha cTyaeHTuTe, Yye cnopeq 3BO 3a npogbrkaBaHe Ha
obpasoBaHueTo B OKC ,Marnctbp” (cpewy 3annawiaHe) e Heobxoanma oueHka Han-manko ,006bp” oT
avnnomara 3a OKC ,bakanaesbp”.
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KOHCINEKT 3A ObPXABEH WU3MUT
3A CMNEUUANIHOCT “MATEMATUKA”

YpaBHeHMs Ha nNpaBa 1 paBHUHa. PoOpMynu 3a pa3cToSHUSA U bITW.

CumeTpnyHn onepaTopy B KparWHOMEpPHW eBKNuAoBM npocTpaHcTBa. OCHOBHWM CBOWCTBa. Teopema 3a
AnaroHanmaaumsi.

Anrebpuyecka 3aTBOPEHOCT Ha NOMNETO Ha KoMnnekcHuTe uicna. Cnegcreus. ®opmynu Ha Buer.

Teopemu 3a cpegHuTe ctonHocTu (Pon, NarpaHx n Kown). Popmyna Ha Tennbp.

OnpepeneH mHTerpan. JeduHnumnsa n ceorcTBa. NHTErpyeMocT Ha HenpekbcHaTute dyHkuMM. Teopema Ha
HtoToH — NTanbHuu.

CreneHHu pegose. Pagnyc Ha cxogumocT. Pa3BuTne Ha enemeHTapHuUTe (DyHKLMKW B CTENEHEH pes.
HenpekbcHaToCT M audepeHLMpyeMocT Ha OYHKLUUM HA MHOro npomeHnveu. Teopema 3a gudpepeHumpaHe Ha
CbCTaBHa U HesiBHA DYHKLMS.

KpMBOMMHENHN MHTErpanu BbpXy paBHUHHK KpuBn. Gopmyna Ha [TpuiiH.

XonomopdHu pyHkuun. OcHoBHa Teopema Ha Kowwn. dopmyna Ha Kowuum.

Pen Ha JlopaH. Teopema 3a pesngyymure.

ObmkuHa Ha abra. EctectBeHa napameTtpusaumns Ha kpusa. KpusuHa u topans. dopmynu Ha Ppene.

JInHelHn obrkHOBEHU AndoepeHunanin ypaBHEHUS. YpaBHEHUS C MOCTOSIHHN KOEMULIMEHTMW.

YpaBHeHue Ha cTpyHaTa. 3agada Ha Kowwn. MeTog Ha xapakTepucTukmTe.

Teopema 3a NbfiHOTa Ha NPEAMKATHOTO CMSITAHE OT MbPBU pes.

MvHuMH3aLmnsa Ha geTepMUHMpPaHn KpanHu aBTomaTy.

VTepaumoHHM MeTOaM 3a pellaBaHe Ha HEMNMHENHN YPaBHEHUS.

3apava Ha nuHerHoTo onTumMupaHe. OCHOBHU TEOPEMMU.

CnyyaHn  BenWYMHU C OUCKPETHW pasnpefeneHuss — OUCKPETHO PaBHOMEPHO, OMHOMHO, reoMeTpUYHO,
NnoacoHOBO pa3npegeneHus. 3agayv, B KOUTO Bb3HMKBAT.

3apava 3a OpaxuctoxpoHata. MexaHW4HO ThIKyBaHe.



AHOTALUUUN HA BBLINPOCUTE

1. YpaBHeHus Ha npaBa M paBHWHA. PopMynu 3a pa3CTOSIHUA U bINM.

BekTtopHM u napameTpuyHu (CKanapHu) ypaBHEHUS Ha npaBa M paBHUHA. OOLWO ypaBHEHME Ha npaBa B
paBHMHaTa. [lekapToBO ypaBHeHue. B3avMMHO nonoxeHne Ha ABe npasBu. HopmanHo ypaBHeHue Ha npaBsa. PasctosaHue
OT TOYKa [0 NpaBa. brbn mexay npasu.

OO6LWWo ypaBHeHWEe Ha paBHUHA. B3ammHO nonoxeHwe Ha OBe paBHWHW. HOpmanHO ypaBHEHWE Ha paBHMHA.
PascTosHue OoT Touka 40 paBHMHA.

Jlumepamypa: [24].

2. CumeTpuyHM onepaTopu B KpalnHOMEpHU eBKNuOoBU npocTpaHcTBa. OCHOBHM cBoucTBa. Teopema 3a
AunaroHanusaums.

CumeTpuyeH onepaTtop — onpeaenieHne, MaTpvua Ha CUMETPUYEH onpeaTop CnpsiMO OpTOHOpMUpaH Gasuc.
Bcuukn xapakTepucTUYHM KOpEHM Ha CUMETPUYEH OonepaTtop Ca peanHW 4ucrna; BCekM ABa CODOCTBEHM BeKTOpa,
CbOTBETCTBALUM Ha pPasnnyHM COBCTBEHM CTOMHOCTM, Ca OPTOrOHANHN MOMEXAY CU; CbLLEeCTBYBa OPTOHOpMMpaH 6asnc
Ha NPOCTPaHCTBOTO, B KOWTO MaTpuuata Ha CUMETPUYEH onepaTop e AnaroHarHa.

lMpumepHa 3adava: 3a pageH CUMETPUYEH onepatop Ada Cce HaMepsaT OpToHOpMupaH ©asuc Ha
NPOCTPaHCTBOTO, B KOWTO Matpuuiata My e AMaroHasnHa, Kakto 1 camara maTpuua.

Jlumepamypa: [22].

3. Anre6puyecka 3aTBOPEeHOCT Ha NMoJieTo Ha KoMnyiekcHUTe Yncna. Cnegcreusa. Popmynu Ha Buer.

MoneTo Ha komnnekcHWTe 4ucna e anrebpudeckn 3aTBopeHO. CneacTBusi - BCEKU MOMMHOM C KOMMEKCHU
KoepmuMeHTN ce pasnara B Npov3BedeHWEe Ha NMHEeNHW MHOXUTENW; BCEKM MOSIMHOM C peariHu KoeguUMEeHTU ce
pasnara B Npon3BeAeHne Ha NMMHENHW 1 KBagpaTHU MHOXUTENW; dopmynu Ha Buer.

lpumepHa 3adava: MNpunaraHe Ha bopmynuTe Ha BueT 3a NONMHOM C YMCMOBU KOEULIMEHTH.

Jlumepamypa: [23].

4. Teopemu 3a cpegHuTe cTonHocTu (Pon, Jlarparx n Kowwu). ®opmyna Ha Tennbp.
Heobxogumo e ga ce gokaxar criegHuTe Teopemu, hopMynmpaHmn obLo 3a no-KpaTko.
Heka f e HenpekbcHaTa B 3aTBOPeEHMS MHTEpBan [a,b] n npuTexaBa Npon3BogHa NoHe B OTBOPEHMSA MHTEpPBar
(a,b). Oa ce pokaxe, ye:
a) ako f (a) =f (b), To cblwecTBYBa C € (a, b), Taka ye f' (c) = 0 (Pon);
0) cbLuecTByBa C € (a, b), Taka ye f (b) — f (&) = f' (c)(b — a) (Jlarpanx);
B) akO g € HenpekbCHaTa B 3aTBOPeHUs MHTepBan [a, b] n nputexxaBa nNpou3BogHa MOHE B OTBOPEHUSI
uHTepBan (a, b), g' (x) # 0, x € (a, b), To cbLecTBYBa C € (a, b), Taka 4e
f(b)-f(a)_ f'(c)
g(b)-g(a) g'c)
3a [pokasaTencrBoTo Ha TeopemaTa Ha Pon (a) ga ce usnonsea (6e3 pgokasartencreo!) Teopemarta Ha
BaviepLypac, cnopep KosiTO BCsika HenpekbcHaTa (OYHKUUSA B KpaeH M 3aTBOPEH MHTepBan AOCTUra CBOS MakCUMyMm U

MUHUMYM.
Heobxogoumo e owe aa ce u3Bege dopmynaTta Ha Telnbp C ocTaTbyeH 4neH BbLB dopmaTa Ha JlarpaHx u

(Kowmn).

Kowumn.

lNMpumepHu 3adayu. Heka f (t) = a (1 —t) cosat —sinat, KbAeTo a € NPon3BONTHO HNKCUPAHO pPeariHO YUCIIO:
X

a) Ja ce npecmeTHe I f (t)dt;
0
0) kaTo ce u3nonsea Teopemara Ha Pon, aa ce gokaxe, 4ye ypasHeHueTo f () = 0 nma
noHe eavH kopeH B uHTepsana (0,1).
Jlumepamypa: [14], [16], [17], [26], [27].



5. OnpegeneH unHTerpan. flecomHuuma n ceomcrBa. MHTerpyemoct Ha HenpekbcHaTute ¢hyHKuuun. Teopema
Ha HoToH - JTanbHuu.

Ha ce gedwmHupat nocrnegoBaTenHo: pa3bvBaHe Ha MHTepBarn, QuaMeTbp Ha pa3buBaHe, pyMaHoOBa cyma U
pumaHoB uHTerpan. [la ce nokaxe, Yye BCska MHTerpyema no PumaH yHkuus e orpaHudeHa. [la ce gecmHupat ronemum
n manku cymu Ha [dapOy. [la ce yctaHoBu, Yye npu gobaBsiHe Ha HOBU TOYKM B pa3bMBaHETO Ha MHTepBana ronemuTe
cymn Ha [lapBy He HapacTBaT, a MankiTe He HamansaeaT ()KenaTernHo e Aa ce Hanpasu YepTex).

[a ce pokaxe, ye aageHa yHKuua e nHTerpyema no PumaH ToraBa n camo Toraea, koraTto 3a BCHAko € > 0
cbllecTByBaT ronsma cyma Ha Hapfy S v manka cyma Ha Japby s TakuBa, ye S — s < &. Kato ce v3nonsea Tasu
TeopeMa n Teopemarta Ha KaHTop, cnopef KOATO BCsika HenpekbCHaTa (PyHKUMS B KpPaeH U 3aTBOPEH MHTepBan €
paBHOMEPHO HernpekbCHaTa, [Ja Ce AoKaxe, Ye BCsKa HenpekbcHaTa (PyHKUMSA B KpaeH M 3aTBOPEH uHTepsBan e
nHterpyema no PumaH. [Ja ce n3bpoaTt (6e3 gokasaTencrBo) OCHOBHWUTE CBOWCTBA Ha PumaHoBus nHTerpan. Kato ce
NPUNoXn CBOMCTBOTO 3a MHTErpMpaHe Ha HepaBEeHCTBa 1 TeopemaTa, Ye BCAKa HenpekbcHaTa (OYHKLNS npuema BCUYKN
CTOMHOCTU MEXAy Makcumyma n MMHMMyMa Cu, fa ce Jokaxe, ye ako f e HenpekbcHaTa B [a, b], To cbLlecTByBa C € [a,
b], Taka ve

f(x)dx=f(c)(b—a).

D C—— T

KaTo ce usnonsea 1031 oakT, Aa ce Aokaxe Teopemara Ha HioToH — JlanbHuy, T.e. vye ako f e HenpekbcHaTa B [a, b], To
3a BCSKO X € [a, b]

1 Ja ce nokaxke Kak T Ce U3nonsea 3a M3uncrnsiBaHe Ha onpegeneH nHrerparn.
lpumepHu 3adayu. CMsHa Ha NPOMEHNUBUTE U MWHTErpUpaHe MO YacTWu; WMHTErpupaHe Ha paumoHanHu
YHKLUUK; MHTerpanu oT Buaa
[ dx
E': (XZ + y2)2 !
CyOCTMTYUMM 3a MHTErpupaHe Ha pauMoHanHu yHKLUMKU OT Sin X 1 COS X; cyBcTuTyumm Ha Onnep.
Jlumepamypa: [14], [16], [17], [26], [27].

6. CreneHHu pepoBe. Paguyc Ha cxoaumocT. PazBuTue Ha enemeHTapHUTe (PyHKLUUM B CTENEHEH pea.
[a ce peduHypa cTeneHeH ped Ha KOMMMEKCHa NpPoMeHnMBa M obnacT Ha CxOOUMOCT Ha TakbB ped. [Ja ce
[IOKake, Ye ako efuH CTENeHeH pef e CXOASL 3a HsKoe KoMMmekcHo uncno zo € C, To Toit e abconoTHo cxoasy 3a

1

limsup,_,. f{/m '

KaTto ce u3nonsesa ¢opmynata Ha Tennbp C OCTaTbyeH 4rneH BbB popmaTa Ha JlarpaHx, Aa ce pasBusaT B
cTeneHeH pef Npv peanHu CTOMHOCTM Ha X (yHKUMUTe €, sin X, cos X. 3a uenTa [a ce HamepsiT CTOMHOCTUTE Ha
BCUYKMN MPOU3BOAHMU Ha Te3n oyHKUmM npu X = 0.

Jlumepamypa: [14], [16], [17], [26], [27].

BCAKO ApYro z npw |z| < | zo|. [da ce pokaxe, ye obrnacTTa Ha CXOAMMOCT e Kpbr ¢ paguyc R =

KbAeTo a, ca koeULMEHTUTE Ha CTENeHHNs pea.

7. HenpekbcHatocT UM AudcdepeHUuMpyemocT Ha YHKUMM HA MHOro npomeHnuBu. Teopema 3a
andpepeHumpaHe Ha CbCTaBHa U HesiBHA (PYHKLMA.
dedunHnuma Ha HenpekbCHaATOCT B To4kaTa (XO, yo) Ha QoyHKUuATa f(X, y), JedunHMpaHa B OKOSTHOCT Ha

(X1 Yo); Aedburnumst Ha vacTHM mpoussopmm. MasectHo e, ye f(X,y) ce Hapwya mvdepeHuvpyema B ToukaTa
(X5, Y,), ako e B cuna npencrassiero (X, y)= f(X,,Y,)+a(x—x,)+b(y—y,)+a(x,y), keaeto a n b ca

peantu uncra, a (X, y)= o[\/(x %) +(y—-v,) )  Te.



. X,
jim Yo
0 J(x =)+ (y = ¥o)
of of
Ha ce nokaxe, 4ye ako f e AudpepeHurpyema B (XO, yo), T0o a= &(XO, Yo ), b= E(XO’ Yo )

[la ce gokaxe cnegHarta
Teopema. Heka f(X, y) e gedumHupaHa 1 npuTexasa YaCTHM MPOU3BOAHM MO X M Y B OKOMHOCT Ha TOYKaTta

(XO, Yo ) KaTo Te3M YaCTHM NPOU3BOAHN Ca HEMPEKbCHATK B ToYKaTa (XO, Yo ) ToraBa f(x, y) e andepeHumpyema B
Toukata (X,, Y, ).

3a pokasaTencTBOTO Ha TeopeMaTta fa ce uanonsea (6e3 goka3aTtencrTBo) TeopemaTa Ha JlarpaHx 3a cpegHute
CTOMHOCTH.

dopmynmpoBKa 1 [OKA3aTENCTBO NPY KakBu NPEANONOKEHNs € B Cuia paBeHCTBOTO

dt ox dt oy dt’

kepeto F(t)= f(p(t), w(t))

MoHATMe 3a HesABHa yHKUMS Y = Y (X), onpegeneHa Ypes ypaBHEHNETo f(X, y) = 0. Ako HesiBHaTa oyHKLMA

of
y(x) CblLECTBYBA B OKOMHOCT Ha To4kaTa (XO, yo), [a ce Hamepu y'(x0 ) npu ycrnoBue Yye Pl 5 ca HemnpekbcHaTH

B OKONHOCT Ha ToukaTa (Xo, Yo ), — (Xo, Yo ) # 0.

3apaum 3a ekcTpeMyMmn Ha hyHKLMM Ha ABe 1 NoBeYe NPOMEHNMBU. [IBOVIHN 1 TPOWHW UHTErpanu.
Jlumepamypa: [14], [16], [17], [26], [27].

8. KpuBonuHenHu uHTerpanu BbpXy paBHUHHU KpuBu. Popmyna Ha MpuinH.
HedvHnumna Ha rmagka kpvBa B paBHMHATa, 3adajeHa napamMeTpuyHo; dopmMyna 3a gbimkuHata n. PumaHosu
CYMU 3a KPUBOSIMHEWHW WHTEerpanu oT MbpBM W BTOpUM poAd W cBoncTBata uMm. PopMynu 3a cBexaaHe Ha
KPVBONWHENHUTE UHTErpann KkbM pumaHoBu. [lokasaTterncTso Ha opmyrnaTa Ha [puiH

! de+Qdy:g{%—%j dx dy.

Na ce pasrmega mbpeo crydasaT, korato D moxe pa ce npeacraev BbB Buga D = {(x, y) e R?

X SXS<X, Y (X) <y<y, (X) } a yHkumsTa Q (X, Y) € ThXOECTBEHO Hyma, U la Ce MoKaxe, Ye ropHaTa cdhopmMyna

cnegBa ot dopmynaTa Ha JlanbHuy — HioToH. [1a ce 0651ICHM HakpaTKO Kak OT TO3M YaCTeH Crydan ce ussexaga oowmar
cnyyan.
Jlumepamypa: [14], [16], [17], [26], [27].

9. XonomopdHu pyHkuun. OcHoBHa Teopema Ha Kowum. ®opmyna Ha Kowun.

Oa ce pedunupat: R - andepeHumpyemoct, C - audpepeHUMpyeMocT 1 XONOMOPGHOCT Ha (yHKUMA Ha
KOMMNeKkcHa npomeHnuea. [a ce pOokaxe, 4Ye ypaBHeHuneTo Ha Kowm-Puman u R - gudepeHumpyemocTtta ca
Heobxoaumu n noctatbuHn 3a C - audpeperumpyemoct. [la ce aedmHUpa KOHMOPMHO M306paXeHne 1 [a ce JoKaxe,
ye ako f(z)e xomomopipra B Z, u f'(zy) #0, To nsobpaxerneto W= f(z) e koHdopmHo B Z,. [a ce

dopmMmynmpa ocHoBHaTa Teopema Ha Kowwm 3a egHocBbp3aHa obnacT u Aa ce AoKaxe camo 3a TPUbIbIeH KOHTYp. [a
ce pokaxe dopmynarta Ha Kowmn. 3a [okasaTencTBoTo M Ja ce M3no3Ba HarotoBo (6e3 gokasaTencrBo) Teopemara Ha
KoLum 3a crnioxeH KOHTYp.

3adayu: BracTtaHoBsiBaHe Ha xornoMopdHa yHKUUA No fafeHa peanHa (MmarnHepHa) YacrT.

MpumepHu 3adayu: 1. Oa ce Hamepu xonomopdHa dyHkumna f(z) =u +1iv, 3a kosTo



a) u(x,y) = x* —y? —e¥sinx;

6) U(X,y) = p(x* —y?), kegeto @: R — R e asykpatHO rmagka dyHKuMS.
Jlumepamypa: [3], [4], [6].

10. Pepn Ha JlopaH. Teopema 3a pe3umayymure.
Hda ce pokaxe TeopemaTa Ha JlopaH 3a pas3BuTue B ped Ha (yHKUMSA XornomopdHa BbB BeHel. [a ce
aecvHupat TpuTe Buaa mM3onupaHm OCoBeHM TOUKWU: OTCTpaHWma, MONC U CblLiecTBEHa ocobeHa TOYka U ada ce
Jokaxart: Teopemarta Ha PumaH (3a oTcTpaHuma ocobeHa Tovka) u Teopemata Ha Kasopatu-Bavepuipac — Coxouku. [a

ce gedwmHMpa pe3vayym Ha XxonoMopdHa (yHKUMS B M3onupaHa ocobeHa TOYKa M Aa ce JOoKaxe Teopemara 3a
pesuayymure.

3adayu: OnpenensiHe BMaa Ha M30NMpPaHUTE OCOGEHM TOYKM Ha XOnoMopdHa (YHKUMS M MpecMmsiTaHe Ha

peanayymute B TaX. MNpecmsTaHe Ypes TeopemMaTta 3a pe3nayymnTe Ha KOHTYPHM UHTErpanm u Ha peanHu HecoGCTBEHM
WHTerpanm.
lMpumepHu 3adayu:

1. [la ce onpepenu BUABT Ha 3onupanute ocobern Toukn B C Ha dyHkumsTa
.1
z3sin=
f(z) = l—z  Ja ce npecMeTHaT pe3nayymuTe B TAX.
—-Z

2. [la ce npecmeTHaT:

J~zez T J- Xsin zx T In x
a2+l + (X +1) (x +4) T X +2x+5 8 (X+D)(¢ +x+1)

Jlumepamypa: [3], [4], [6].

11. OwvmkuHa Ha abra. EctecTBeHa napameTpusauus Ha kKpuBa. KpuBuHa v Top3us. Popmynu Ha PpeHe.
BekTopHa byHKUMS Ha cKanapeH aprymeHT — gedwuHuuua U cBoucCTBa. JIMHUM - OeduHULMS 1 CBOWCTBA.

OvmkuHa Ha abra. EctectBeH napametbp Ha nuHuA. Tpueabp u dopMmynu Ha PpeHe Ha NUHUS B NPOCTPaHCTBOTO.
KpuBuHa n Top3us. iHBapuaHTn Ha NuHKS.

MpumepHa 3adaya: Heka C:X=X(S),s€J e noHe I'IeTKpaTHO rna,uKa npaBunHa KpvBa, 3a KoATO S e

ecTecTBeH napameTsbp. Pasrnexaame kpusute C, @ X, =J-bds me:X= \/_ \/_ X,, kbaeTo b e 6uHopmanara Ha

kpuBaTta C.

a) [a ce pokaxe, 4Ye ako KpmBaTta C MMa NOCTOAHHA KpUBUHA K , TO KpuBaTta CO MMa NOoCTOsAHHa TOP3UA 7 ;

6) [a ce gokaxe, Ye ako kpusata C MMa MOCTOSIHHA KPUBMHA K, TO KpUBMHATa K W TOp3uATa 7 Ha KpvBaTa

_ - - K—T
C yooBneTBopsiBaT paBeHCTBOTO £K + T — \/EK' =0, kbageTo & =5sgn(

N

x' = cos(q)
B) B cnyuasi, korato C:4{ X =sin(q),qeR
X} =
Aa ce NpecMeTHaT Top3usiTa 7, Ha kpuBaTa C, 1 KpuBMHaTa K Ha KpvBaTa C.
Jlumepamypa: [24], [25].

12. INuHenHn oBuKHOBEHU AndepeHUManNHM ypaBHEHUA. YPaBHEHUS C MOCTOSIHHU KoeduLumeHTH.
Pasrnexpaa ce ,u,mcpepeHu,manHOTo ypaBHeHme OT N-Tu peq

x4 a, (O + . +a,t)x= ) te(ap)



kboeto a(t) ca HenpekbcHath dyHkumMKU. Popmynupa ce (6e3 gokasaTenicTBo) Teopema 3a CbLUecTByBaHe W
€OMHCTBEHOCT Ha pelleHMeTo Ha 3adadaTa Ha Koww. [1aBa ce kpuTepuid 3a NMHENHa HE3aBUCMMOCT Ha cucTema oT n
PELLUEHNST HA XOMOFeHHOTO YpaBHEHMWE Ype3 AeTepMUHaHTaTa Ha BpoHcku. [lecbuHupa ce noHATMETO (PyHOAMEHTanHa
cuMcTeMa OT pelleHust U Ce AOKa3Ba, Ye pelleHusiTa Ha XOMOreHHOTO ypaBHeHue (T.e. f(t) = 0) obpasyBaTt n -MepHO
FIMHEHO NpocTpaHcTBO. ONMcBa ce CTPyKTypaTa Ha peLleHnsiTa Ha HEXOMOTEHHOTO YpaBHEHNE.

dopmynumpa ce anropuTbM 3@ HamupaHe Ha OOLLOTO pelleHVe Ha YpaBHEHMETO C MOCTOSAHHU KOe(ULMNEHTU

ajeR

x" +a,x" 4+ +a x=0.
lMpumepHu 3adayu:
[. JInnenHn 1Y ¢ npoMeHnmBu KoeuLNEeHTH:
1. [Oa ce Hamepu OOLWOTO peLleHMe Ha ypaBHEHMETO, KaTO Ce HaMepwu HEeroBO YacTHO peLleHVe BbB Buaa
y,=e”um y, =x" +bx"" +..+b :
a) X(x-1)y"—xy'+y=0, x>1;
6) Xy" —(x+1)y'—2(x-1)y =0, x>0.
[I. JInHenHn 1Y ¢ NOCTOSIHHN kKoedUNEHTU. YpaBHeHUst Ha Onnep:
1. [a ce HamepT peanHuTe peLleHust Ha ypaBHEHMETO:
a) y" +y” =7x-3cos x;

6) Y +4y=2tgx, |x|<%;

B) Y'+2y' +y=xe" +ix, x> 0.
xe

2. [a ce pelwu 3agadyata Ha Kowu:
a) y"+y'=xy(0)=3 y(0)=-1 y"(0)
6) y'+2y' +2y=xe ", y(0)=y'(0)=0.
3. [Ha ce pewwm ypaBHeHneTo Ha Onnep:
a) X’y"—2xy =6Inx;

1

6) X°y"+xy'+4y =10x, x>0.

1
4. [a ce nokaxe, 4Ye YypaBHEHWETO y'+y:X— MMa €eOUHCTBEHO pelleHue, OrpaHU4YeHo B

e’ +e”
—00 < X < 400, [la ce Hamepwn ToBa peLleHue.
Jlumepamypa: [10], [20], [29].

13. YpaBHeHue Ha cTpyHaTa. 3agaya Ha Kowu. MeToa Ha xapakTepucTUKUTE.
dopmynupa ce 3agadaTa Ha Kowwm 3a ypaBHEHMETO Ha CTpyHaTa

u, =a’u,, u(x0)="f(x)  u(x0)=g(x)
HeduHurpa ce noHATUETO “xapaktepuctuka’. N3sexaa ce popmynarta Ha Janambep.
lpumepHa 3adava. Oa ce onpefenu Haii-ronsmata obnacTt, B KOSiITO NocTaBeHaTa 3ajada Ha Kowwu unma
eOMHCTBEHO peLleHue. [la ce Hamepu ToBa peLLeHme.

L XUy + (XYl + Uy, =0, Ul 1= u,] 1 =2x% x>0
X

X

2. X%, —y®u, —2yu, =0, u =y, ul_ =Yy’ y<o

3. 4y’u, +4yu,, +u, +2u, =0, ul =9sinx, u —e*, —o<X<ow,

y=0 y ‘ y=0

Jlumepamypa: [9], [22], [29].



14. Teopema 3a NbJIHOTA HA NPeAUKATHOTO CMsiTaHe OT NbLPBU pea.

[edunHupa ce noHATMETO CTaHOapTHa CTPyKTypa 3a Teopud OT nbpBU ped. [JeduHupa ce NOHATMETO
XeHKMHoBa Teopud. [lokasBa ce, 4e BCsKa TeOpus MMa KOHCEPBATMBHO XEHKUMHOBO paswiupeHve. dopmynvpa ce
TeopemaTa Ha JlnHgeHGaym (6e3 gokasatencTtBo). [JokasBa ce, 4e BCsika HENPOTMBOPEYMBA TEOPUSA MMa Mogen.
dopmynupa ce u ce fokasBa TeopemMarTa 3a NbIHoTa.

lpumepHa 3adava:

Heka T e Teopusi OT mbpBU pen Haa e3vka € Henorudeckn cumonn 0, 1, + U ., KOSATO MUMa HENOrNYEecKu
aKkcMomm
. 0 e pasnuyHo ot 1
- XH(y+z)=(x+y)+z
. X+0=x
. X+y=y+X
- X(yz)=(xy)z
X.1=x
- Xy=yX
. X(y+2)=xy+xz

0N U WN

BapwuaHT 1: Onpegenerte craHgapTHaTa CTpykTypa 3a T.
BapuaHT 2: [lokaxeTe, Ye cTaHaapTHaTa CTpykTypa 3a T e nsomopdgHa Ha N.
Jlumepamypa: [19].

15. MMHMMM3aLMA Ha AeTEePMUHUPAHU KpaHU aBTOMaTW.

OedvHnumn 3a kpaeH aBTOoMaTt M aBTOMaTeH e3uk. EkBuBaneHTHW aBTomatu. [eTepMuHMpaHu u TOTarHu
aBTomMaTW. HepocTwxkumu n HepasnuuuMKU (€KBMBANEHTHM) CbCTOsAHUA. [deduHnums 3a MuUHMManeH asTomar.
HamupaHe Ha MuHMManeH aBTOMAaT, €KBUBANEHTEH Ha [JafeH TOoTaneH JdeTepMuHupaH aBTomart. [scHa
MOMNYKOHIPYEHTHOCT OTHOCHO AafdeH €3UK U HEeNHOTO MNPUMoXeHue KbM BbMpoca 3a eAMHCTBEHOCT (C TOYHOCT A0
n3oMopM3bM) HA MUHUMAIHUSA aBTOMAT, EKBUBANEHTEH Ha AafeH ToTaneH AeTepMUMHUpaH aBTomar.

OnucaHue Ha 3a0a4yume. 3agayn 3a MMHAMN3aLMA Ha KOHKPETHO JafieH ToTaneH AeTepMuHUpaH asTomar (T.e.
3a HamMupaHe Ha MMHUMAreH aBToOMaT, EKBUBANIEHTEH HA AadeHus).

lpumepHa 3adaya. [Ja ce MUHUMM3MPA TOTANHUAT OETeEpPMUHMpaH aBTomaTt Hag asbykata {0, 1}, umawy
cecToaHmna A, B, C, D, E, F, G, kbgeTo A e HayanHoTto cbCcTosiHMe, C u E ca 3aknouuTenHuTe, a npexogure ce
onpegenart ¢ NoMoLTa Ha cnegHarta Tabnuvua:

A B CDEFG
O |[BBDDUBTCF
D CETETCGE

Jlumepamypa: [28], [11], [12], [18].

16. UTepauvoHHU MeTOAM 3a pellaBaHe Ha HeNMHEeWHU ypaBHEeHuUs.
Ja ce peduHypa NOHSTMETO HernodsuxHa Moyka Ha W30OpaXeHMeTo ¢ W fda ce JoKaxe, Ye ako ¢ e

HenpekbCcHaTO M3obpaxeHne Ha nHTepsana [a, b] B cebe cu, To @ “Ma NoHe eAHa HenoABWXHa Toyka B [a, b]. [a ce

NnoKaxe, 4e pellaBaHeTo Ha ypaBHEHNETO f (X) = 0 Mmoxe ga ce cBefe KbM HaMupaHe Ha HenoaBu>XKHa TO4Ka.
[a ce ,D,ed)l/IHMpa NOHATMETO ceusauwo u306pa)KeHue M [a ce OOoKaxe, Ye ako @ e HenpekbcHaTo M306pa)KeHMe

Ha nHTepsana [a, b] B cebe cn n e cBMBawo C KOHCTaHTa Ha Jlunwuy g < 1, To: a) ypaBHEHMETO X = @ (X) uma
eanHctBeH kopeH & B [a, b]; 6) peauuata {X,} OT mocrnegosaTerniHu NPUGMIKEHUS (MPU NPOM3BOIHO X, € [a,b] u

X1 =¢(Xn ), n=0,1,..) «knonn kbm & npu N —> o0, Kkato |Xn —§| s(b—a)q" 3a Bcsiko n. [la ce nomnyyn kaTo

cnepncrteue, 4e ako (f € KOpeH Ha ypaBHEeHMeTo X = ¢(X) M @ nMa HenpekbCcHaTa Npon3BogHa B OKOJTHOCT U Ha f, 3a
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KOATO |(D’(§) <1, TO Npn AOCTaTb4HO ,Cl06p0 Ha4vaJlHO I'IpVI6]'IVI)KeHVIe Xp UTEpPaUNOHHUAT npouec, nopoaeH ot @, e

CXO0AsLL, CbC CKOPOCTTa Ha reomeTpuyHa nporpecus. [la ce gedvHnpa NoHATUETO ped Ha cxodumMocm.

[a ce pagaT reomeTpuyHa unocTpaums, copmyna 3a nocnefoBatenHuTe NpubnwkeHnsa u pea Ha CXOAMMOCT
npu: MEeToA Ha XopauTe, MeTod Ha cekywuTte u MeTtod Ha HiotoH. [la ce gokaxe, ye npu MeToda Ha XopauTe
CXOAMMOCTTa € CbC CKOPOCTTa Ha reomeTpuyHaTa nporpecus (Npu ycrnosue, Ye KOpeHbT € OTAerneH B JOCTaTb4HO
ManbK MHTEpBsan).

Jlumepamypa: [1], [7], [21] .

17. 3apava Ha NnMHeNHOTO onTUMMpaHe. OCHOBHM TeopemMMm.
3agaya Ha NVMHENHOTO onmTuMupaHe B 06w, Bug. KaHoHwvHa dopma. KaHOHMYHO MHOrOCTEHHO MHOXECTBO.
BbpxoBe n nocokun. AnrebpunyHn xapakrepmsaunm Ha BbPXOBETE U MOCOKUTE Ha KAHOHWYHO MHOFOCTEHHO MHOXECTBO
(6e3 pokasatencteo). Teopema 3a NpeAcTaBAHE Ha €NEeMeHTUTE Ha KaHOHWYHO MHOFOCTEHHO MHOXecTBO (6e3
AokasaTtenctso). OCHOBHM TeOpeMn Ha NMMHENHOTO ONTUMKPaHEe 3a KaHOHUYHa NHenHa 3ajava.

I'IpumepHu 3adayu: [a ce pewn CbC CMMNIieKC MeToaa gageHarta 3agada. Ako 3agavata e paspewinmva ga ce
HamMepu ontumManHata CTOWMHOCT Ha LeneBata d)yHKLI,VIﬂ N MHOXXECTBOTO OT onTuMaliHun peLieHnA.

max z(X) = 3x, — X, + 2X, min z(X) = -3x, — X,
2%, — X, = =3, —2X, + X, <4,
X, — X, <1, =X+ X, 22,
X, +4x, <4, 33X, +X, <22,
X, 20,%; 20. X, 2 0.
min z(X) = 2x, + 3X, —3X, max z(X) = —2%, —6X,
—2%X, =X, + X, =3,

4x, +2X, 2 -9,
X, +3X, =6,
—3%, +7X, <61

X, — Xy =1,
3X, + Xy + X =4,
X, 20,%, 20,X; 20,x, 20,X; 2 0.

Jlumepamypa: [5, cmp. 65 — 77], [30, Sanucku no Mamemamudecko onmumupaHe-1].

18. Cny4YyalHuU BeJNIMYMHU C OUCKPETHU pasnpenerieHUs — AUCKPETHO paBHOMEPHO, GUHOMHO, FreOMeTPUYHO,
NoacoHOBO pasnpegeneHus. 3agayun, B KOUTO Bb3HUKBAT.

Ha wusnuta komucusiTa faBa ABe pasnpedeneHus, BbpXy KOUTO ce pasBuBa BbNpocbT. [deduHuuna Ha
ONCKPETHO pasnpegeneHve Ha cryydyanHa BenudmHa. CBOMCTBA Ha BEPOSATHOCTUTE (HEOTPULATENHOCT U HOPMUPAHOCT).
OdeduHuuma Ha MOMeHTUTe Ha pasnpedeneHUeTo U Bpb3kaTa UM C MaTeMaTUyeckoTO O4vakBaHe W Ancrnepcus.
OeduHnuma Ha nopaxgawa ¢yHkuus (unu no m3bop Ha CTygeHTa — Ha nopaxgawa yHKUMS Ha MOMEHTUTE,
xapaktepuctnyHa dyHkums). CsorcTBa Ha nopaxpgalwiata @yHkuMa (nopaxgawarta ¢-9 Ha MOMEHTUTe,
XapakTepucTnyHata yHkuus) — 6e3 gokasartencrea. 3a [afeHuTe ABe pasnpeneneHvns ga ce nocoyu npumep
(3apaya), Nnpy KOMTO TO Bb3HUKBA, a Ce M3Bede nopaxaalliata yHKUMS (Mopaxaawara (PyHKUNS Ha MOMEHTUTE Unn
XapakTepucTuyHata QYHKUMSA) M Oa ce NpecMeTHaT MaTemMaTMyeckoTo o4vakBaHe (CbC M 6e3 nopaxpawa -9,
nopaxpaaiia yHKUNS Ha MOMEHTUTE NN XapakTepucTudHa pyHKUnS) 1 gucnepcusara um (MeToabT Ha NpecMmsaTaHe ce
n3bupa oT CTygeHTa).

Jlumepamypa: [13], maeu 2.3 (ctp. 54 — 56), 3.2 (cTp. 71 — 74), 6.1 (npumepn 1 — 4); [8], Tema: AnckpeTHU
pasnpeneneHus.

19. 3apauva 3a 6paxucrtoxpoHara. MexaHU4HO ThIKyBaHe.

MocTaHoBKa Ha 3agadvata 3a OpaxuMcTOXpoHaTa kaTo 3agada 3a Hal-Obp3o MpemecTBaHe Ha HecBoboAHa
mMaTepuanHa Tovka B MOTeHUMariHoO CUMoBO Mofie (XOMOreHHOTO More Ha cunata Ha TexecTTa) No npeaBapuUTeriHO
HeusBecTHa KpuBa. MIHTerpan Ha eHepruaTta. VIHTepnpeTauus Ha 3agadata kaTo BapuauMoHHa 3afaya 3a eKkcTpeMym
Ha dyHKumMoHan. M3Boag Ha ypaBHeHWeTo Ha Ovinep kaTo HeobXxoauMO ycroBMe 3a eKCTpPeMyM Ha dyHKLMoHana.
OcHoBHa nemMa Ha BapvaLUMOHHOTO cMsiTaHe. LiuknonaaTta kato pelleHve Ha 3agayaTa 3a bpaxvcToxpoHara.

Jlumepamypa: [15], [9], [2].
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