
Ãëàâà 6

Òåîðåòèêî-÷èñëîâè ïðåîáðàçîâàíèÿ

6.1 Äèñêðåòíî ïðåîáðàçîâàíèå íà Ôóðèå.

Äåôèíèöèÿ 6.1.1 Íåêà X = {xn} è Y = {yn} ñà äâå ðåäèöè îò êîìïëåêñíè ÷èñëà.
Âçàèìíà êîðåëàöèÿ íà ðåäèöèòå X è Y íàðè÷àìå ðåäèöàòà RXY = {ρt}∞t=0, êúäåòî

ρt = RXY (t) def=
∞∑

n=−∞
xnȳn+t, (6.1)

êúäåòî ñ z̄ îçíà÷àâàìå êîìïëåêñíî ñïðåãíàòîòî íà z ∈ C.
Âçàèìíàòà êîðåëàöèÿ íà X ñúñ ñåáå ñè ñå íàðè÷à àâòîêîðåëàöèÿ íà X è áåëåæèì

RX(t) def= RXX(t) =
∞∑

n=−∞
xnx̄n+t (6.2)

Î÷åâèäíî, ÷å àêî X å ïåðèîäè÷íà ñ ïåðèîä N (ò.å. xj = xj+N çà âñÿêî j), òî è
àâòîêîðåëàöèîííàòà ðåäèöà RX å ïåðèîäè÷íà ñ ïåðèîä N .

Íåêà ξ å N -òè ïðèìèòèâåí êîðåí íà åäèíèöàòà, ò.å.

ξ = e−
2πi
N = cos(

2π

N
) + i sin(

2π

N
),

êúäåòî i =
√−1 å èìàãèíåðíàòà åäèíèöà.

Äåôèíèöèÿ 6.1.2 Äèñêðåòíî ïðåîáðàçîâàíèå íà Ôóðèå (DFT) íà ðåäèöàòà X = {xn}
ñ ïåðèîä N íàðè÷àìå ïðåîáðàçóâàíåòî �è â ðåäèöàòà F(X) = {Xk}N−1

k=0 , êúäåòî

Xk
def=

N−1∑

n=0

xnξnk. (6.3)

Î÷åâèäíî ðåäèöàòà {Xn} å ñúùî ñ ïåðèîä N è ñå íàðè÷à ñïåêòðàëíà ðåäèöà èëè
ïðîñòî (ôóðèåðîâ) ñïåêòúð íà {xn}.
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Ëåìà 6.1.3 Îáðàòíîòî ïðåîáðàçîâàíèå íà Ôóðèå ñå çàäàâà ñ ôîðìóëàòà

xk =
1
N

N−1∑

j=0

Xjξ
−jk, (6.4)

à âðúçêàòà ìåæäó DFT è àâòîêîðåëàöèÿòà ñ

|Xk|2 =
N−1∑

t=0

RX(t)ξ−kt. (6.5)

Äîêàçàòåëñòâî. Çàìåñòâàéêè Xj îïðåäåëåíî îò (6.3) â äÿñíàòà ñòðàíà íà
(6.4) ïîëó÷àâàìå

1
N

N−1∑

j=0

Xjξ
−jk =

1
N

N−1∑

j=0

(
N−1∑

n=0

xnξnj)ξ−jk =
1
N

N−1∑

j=0

N−1∑

n=0

xnξ(n−k)j

=
1
N

N−1∑

n=0

(xn

N−1∑

j=0

(ξn−k)j) =
1
N

xkN = xk,

òúé êàòî
N−1∑

j=0

(ξn−k)j =
{

0, çà n− k 6= 0,
N, çà n− k = 0.

Çà ðåäèöàòà îò êâàäðàòèòå îò ìîäóëèòå {|Xk|2} å èçïúëíåíî:

|Xk|2 = XkX̄k =

(
N−1∑

n=0

xnξnk

)(
N−1∑

n=0

x̄nξ̄nk

)
=

N−1∑

t=0

(
N−1∑

n=0

xnx̄n+tξ
nkξ̄(n+t)k

)

=
N−1∑

t=0

ξ−kt

(
N−1∑

n=0

xnx̄n+t

)
=

N−1∑

t=0

RX(t)ξ−kt,

òúé êàòî ξ̄ = ξ−1.

Äåôèíèöèÿ 6.1.4 Íåêà X = {xn} è Y = {yn} ñà äâå ðåäèöè. Ïîä êîíâîëþöèÿ íà
äâåòå ðåäèöè ðàçáèðàìå ðåäèöàòà

C = X ∗ Y
def= {xnyn}.

Äåôèíèöèÿ 6.1.5 Íåêà X = {xn} è Y = {yn} ñà äâå ðåäèöè ñ ïåðèîä N . Ïîä ïðîèçâå-
äåíèå íà äâåòå ðåäèöè ðàçáèðàìå ðåäèöàòà C = X ◦ Y = {cn} ñ îáù ÷ëåí

cn
def=

N−1∑

j=0

xjy[n−j], (6.6)

êúäåòî [a] îçíà÷àâà îñòàòúêà íà a ïî ìîäóë N .



6.1. Äèñêðåòíî ïðåîáðàçîâàíèå íà Ôóðèå. 91

Ñ âñÿêà ðåäèöà X = {xn} ñ äúëæèíà N ïî åñòåñòâåí íà÷èí ìîæåì äà ñâúðæåì
ïîëèíîì X(z) = x0 + x1z + · · · + xN−1z

N−1, ñ êîåòî ïîëó÷àâàìå âçàèìíî-åäíîçíà÷íî
ñúîòâåòñòâèå ìåæäó ðåäèöèòå ñ äúëæèíà N è ïîëèíîìèòå îò ñòåïåí íåíàäìèíàâàùà
N − 1.

Óïðàæíåíèå 6.1.1 Ïîêàæåòå, ÷å àêî C = X ◦ Y = {cn}, òî

C(z) ≡ X(z)Y (z) (mod zN − 1).

Òåîðåìà 6.1.6 Àêî X = {xn} è Y = {yn} ñà äâå ðåäèöè ñ ïåðèîä N , òî

F(X) ∗ F(Y ) = F(X ◦ Y ) (6.7)

è
F(X) ◦ F(Y ) =

1
N
F(X ∗ Y ). (6.8)

Äîêàçàòåëñòâî.

XnYn =

(
N−1∑

k=0

xkξ
nk

)(
N−1∑

l=0

ylξ
nl

)
=

N−1∑

k=0

N−1∑

l=0

xkylξ
(k+l)n

=
N−1∑

s=0




N−1∑

j=0

xjy[s−j]


 ξsn =

N−1∑

s=0

csξ
sn = F({xn} ◦ {yn})

Òúé êàòî jk+l[n−k] ≡ ln+(j−l)k (mod N), òî çà n-òèÿò ÷ëåí íà ðåäèöàòà
F(X) ◦ F(Y ) å èçïúëíåíî

N−1∑

k=0

XkY[n−k] =
N−1∑

k=0




N−1∑

j=0

xjξ
jk




(
N−1∑

l=0

ylξ
l[n−k]

)
=

N−1∑

k=0




N−1∑

j=0

N−1∑

l=0

xjylξ
(j−l)k+ln




=
N−1∑

j=0

N−1∑

l=0

(
xjylξ

ln
N−1∑

k=0

ξ(j−l)k

)
=

N−1∑

l=0

xlylξ
lnN = NDn,

êúäåòî Dn å n-òèÿ ÷ëåí íà F({xn} ∗ {yn}).

Óïðàæíåíèå 6.1.2 Ïîêàæåòå, ÷å

F−1(X) ◦ F−1(Y ) = F−1(X ∗ Y ) è F−1(X) ∗ F−1(Y ) = NF−1(X ◦ Y ). (6.9)

Íåêà p å ïðîñòî ÷èñëî è g å ïðèìèòèâåí êîðåí ïî ìîäóë p. Äà ðàçãëåäàìå ðåäèöàòà
A = {an}, êúäåòî

an = e
2πi
p

gn

, n = 0, 1, 2, . . . . (6.10)

Î÷åâèäíî, ðåäèöàòà å ïåðèîäè÷íà ñ ïåðèîä N = p− 1. Â ñèëà å:
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Òâúðäåíèå 6.1.7 Çà ðåäèöàòà A{an} å â ñèëà

RA(t) =
{ −1, t 6≡ 0 (mod p− 1),

p− 1, t ≡ 0 (mod p− 1).

è
|Ak|2 =

{
1, k ≡ 0 (mod p− 1),
p, k 6≡ 0 (mod p− 1).

Äîêàçàòåëñòâî.

RA(t) =
p−2∑

n=0

anān+t =
p−2∑

n=0

e
2πign

p
− 2πign+t

p =
p−2∑

n=0

e
2πign(1−gt)

p .

Íî òúé êàòî 1− gt 6≡ 0 (mod p) ïðè t 6≡ 0 (mod p− 1), òî k = gn(1− gt) îïèñâà
ïúëíà ñèñòåìà îò íåíóëåâè îñòàòúöè ïî ìîäóë p. Ñëåäîâàòåëíî

RA(t) =
p−1∑

k=1

e
2πik

p =
p−1∑

k=1

ξk = −1.

Ïðè t ≡ 0 (mod p− 1), 1− gt ≡ 0 (mod p), êîåòî âëå÷å

RA(0) = RA(p− 1) = RA(2p− 2) = . . . = p− 1.

Äà ðàçãëåäàìå ïðåîáðàçîâàíèå íà Ôóðèå F(A) = {Ak} íà A. Ñúãëàñíî äåôèíèöèÿòà

Ak =
p−2∑

n=0

anξnk.

Ðàâåíñòâî(6.5) è ïðåñìåòíàòàòà ïî-ãîðå êîðåëàöèÿ íè äàâàò

|A0|2 =
p−2∑

t=0

RX(t) = (p− 1) + (p− 2)(−1) = 1.

|Ak|2 = (p− 1) +
p−2∑

t=1

(−1)ξ−kt = p− 1− (−1) = p.

Òâúðäåíèå 6.1.8 Ðåäèöàòà B = {bn}, äåôèíèðàíà ñ

bn
def=

{ (
n
p

)
, n 6≡ 0 (mod p),

0, n ≡ 0 (mod p).
(6.11)

å ïåðèîäè÷íà ñ ïåðèîä p è

(1) B0 = 0, Bk = bkB1;
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(2) |Bk|2 = |B1|2 = const, çà âñÿêî k = 1, 2, . . . , p− 1.

Äîêàçàòåëñòâî.

Ïåðèîäè÷íîñòòà å î÷åâèäíà. Çà ôóðèåðîâèÿ �è ñïåêòúð ïîëó÷àâàìå

B0 =
p−1∑

j=0

bj = 0,

òúé êàòî bj = 1 çà (p− 1)/2 ñòîéíîñòè íà j è çà îùå òîëêîâà å bj = −1. Îò ìóëòèïëèêà-
òèâíîñòòà íà ñèìâîëà íà Ëüîæàíäð ñëåäâà, ÷å

bn = bnb2
k = bnkbk,

îòêúäåòî ïîëó÷àâàìå

Bk =
p−1∑

n=0

bnξkn =
p−1∑

n=0

bkbnkξ
kn = bk

p−1∑

l=0

blξ
l = bkB1.

Ñëåäîâàòåëíî

|Bk|2 = b2
k|B1|2 = |B1|2 = const, çà âñÿêî k = 1, 2, . . . , p− 1.

6.2 Äîïúëíèòåëíè çàäà÷è êúì Ãëàâà 6.

Çàäà÷à 6.1 Íåêà r
(k)
n = e

2πikn2

p , êúäåòî p å ïðîñòî ÷èñëî, k = 1, 2, . . . , p− 1. Äîêàæåòå,
÷å âñÿêà îò ðåäèöèòå {r(k)

n }∞n=0 å ïåðèîäè÷íà ñ ïåðèîä p è ñà â ñèëà

R(t) =
{

0, t 6≡ 0 (mod p),
p, t ≡ 0 (mod p).

|R(k)
n |2 = p, n = 0, 1, . . . , p− 1,

êúäåòî {R(k)
n } = F({r(k)

n }).

Çàäà÷à 6.2 Ïðè óñëîâèåòî íà ïðåäèøíàòà çàäà÷à, ïîêàæåòå, ÷å ïðè k 6= l

Rkl(t) =
p−1∑

n=0

r(k)
n r̄

(l)
n+t = 0

çà âñÿêî t .


