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1 Introduction

Recall the Cauchy-Kovalevskaya warm-up exercise from last week. There you
showed that the transport equation dyu+ cu, = 0 admits an analytic solution in
a neighborhood of (0,0) provided data h (x) which are analytic near x = 0 are
prescribed at t = 0. We also saw that for non-analytic data the series did not
have to converge to a solution. Finally, we observed that if data were prescribed
on a characteristic curve, we could not determine all partial derivatives of the
solution on the curve, which was a necessary requirement to construct the local
power series.

This week we will look at this circle of ideas from a more general perspective.
We will state and prove the Cauchy-Kovalevskaya (CK) theorem, which provides
the general setting when analytic Cauchy data yield an analytic solution.

A beautiful application of the CK-theorem is Holmgren’s uniqueness theo-
rem, which — quite surprisingly — will allow us to make a uniqueness assertion
for linear equations with analytic coefficients in the smooth category. A typical
setting where this becomes useful is the following. Consider a region 2 = Q; U,
separated by a curve I". Suppose u satisfies a linear PDE Pu = 0 in 2, and
suppose also that you know that v = 0 in ;. Does this mean that v = 0
in all of Q7 In the analytical class, this is the well-known unique-continuation
principle. But this does not prevent smooth non-zero solutions to exist! You
will see examples in the exercises.

2 The Cauchy-Kovalevskaya theorem

Recall the index notation of Laurent Schwartz:

a=(a,...,aq) € N?
0% = (02,)™ -+ (0x,)"
=t . an
al =ay! .o ay!

ol =a1+ - ap



Hence the most general linear partial differential operator can be written

Plin = Z Qe (1'> 0.

la|<m

We first investigate the CK theorem in the simple setting where data are pre-
scribed on ¢ = 0 and where the PDE is already solved for the highest ¢ derivative:

o' =G (t,:c, 8g8;‘u;j <m-— 1) )

07w (0,2) = g, (x) v=0,...,m—1 near z =0

and with G and g, smooth functions. (Examples: u; = Au + u? (amu)2 or
us = Au.) To even construct a formal power series for the solution, we should
be able to determine all partial derivatives:

Proposition 2.1. Ifu is a smooth solution of (1), then all derivatives of u (t, x)
are determined at (0,0).

Proof. We can compute 90207 (0,0) = 9%g, (0) from the data forv =0,1,...,m—
1. For the higher t-derivatives, suppose that k& > m and that 0y 0%u (0,z) are
known for v < k — 1 and all a. Then, differentiating the PDE we have

99y = PE—m e [G (t, 2,3 0%u; § < m — 1)}

After applying the chain rule, the function on the right hand side only involves
terms with at most & — 1 t-derivatives, which are known by the induction as-
sumption. |

Hence the basic requirement that all partial derivatives are determined is
met for (1). We also know that we will have to assume g, and G in (1) to be
analytic functions to have a chance of finding an analytic solution.

The crucial issue is of course the convergence. The following exercise shows
that there is an obstruction for the associated Taylor series to converge, i.e. that
the class (1) is still “too general”:

Exercise 2.2. Consider the one-dimensional heat equation uy = U, with data
u(0,2) = ﬁ (analytic near x = 0) prescribed at t = 0. Show that while all
partial derivatives are determined from the data, the associated Taylor series at
the origin does not converge for any (t,z) with t # 0.

It is likely that the problem is caused by the fact that the one-dimensional
heat equation is actually not highest order in ¢t. Hence we are lead to consider
the class of PDEs

Ou =G (tw, 0000w j <m —1, j+a] <m) )

Ofu (0,2) = g, () v=0,....m—1 nearz =7

with G and g, analytic functions.



Theorem 2.3. Suppose g; is real analytic on a neighborhood of T € R? and that
G is real analytic on a neighborhood of (0,%,05g; (Z); j <m—1,7+ |a] <m).
Then, there exists a real analytic solution of (2) defined on a neighborhood of
(0,Z) C Ry x RL. The solution is unique is the class of analytic solutions,
i.e. two analytic solutions u and v of (2) defined on a neighborhood of (0,T)
have to agree.

This is a basic version of the Cauchy-Kovalevskaya theorem for the class of
PDEs given by (2) and with Cauchy data prescribed at t = 0. We will later
generalize to fully non-linear equations and arbitrary initial data hypersurfaces.

The uniqueness part of Theorem 2.3 is easy to prove: By Proposition 2.1,
two functions which satisfy (2) must have the same Taylor series at (0,Z) and
hence must agree on an entire neighborhood if they are assumed to be analytic.

For the existence part we have to work harder, namely we need to establish
that the Taylor series which we can compute formally, actually converges. In
the following sections, I will give at least a sketch of the proof.

2.1 Preliminaries

Definition 2.4. A function f : R® — R is called real analytic near xq if there
exists an r > 0 and constants fo such that

f(x):Zfoz(x_-TO)a fOT’ |.T—$Q|<T.

Note that for a real analytic function one has f, = Daﬁz“).
The following example is key:
Example 2.5. Forr >0 set
r r
x) = or |z] < —
f() 7’7(1‘1+...+:L'd) f || \/E
Then
00 k e}
1 T+ ...+ x4 1
f ('T) = ] _ mittag = Z ( , ) = Z T_k (-Tl + + .Td)
T k=0 k=0
21 o, 1 o]
=D E g ®
k=0 || =k e}

where we have used the multinomial identity (cf. Exercise 1 below).

Definition 2.6. Let f =" fox® and g =73, gax® be two power series. We
say that g majorizes f, written g > f, provided go > |fol| for all a.

Lemma 2.7. If g > f and g converges for |x| < r, then f also converges for
|z < r.



Proof. Exercise. O

Lemma 2.8. Let f = > fax® converge for |xz| < r. Then, for s satisfying
0 < sv/d < r, the function f can be majorized by (4) for |z| < ﬁ.

Remark 2.9. The main point of this Lemma is that there is a simple, explicit
majorant which will be constructed in the proof.

Proof. Let 0 < sv/d < r. Set y = s(1,...,1) so that |y| = sv/d < r. This
implies that > foy® converges which is only possible if |foy®| < C for all «

and a uniform C. Hence |f,| < % < C% But on the other hand, by
Example 2.5 above, we have

g(z) = Cs — ool e (4)

s— (14 ...+ xq) slalal
and so g indeed majorizes f for |z| < ﬁ as claimed. O
Finally, note that we can generalize all this to vector valued f = (f1,..., fn)
and g = (g1,...,9n) with each component f;, g; given by a power series. We

will say g majorizes f and write g > f if g; > f; holds for all i from 0 to n.

2.2 Sketch of the proof of the CK-theorem

To get the idea, we will do the proof for a second oder quasi-linear equation of
the form (with a = (au, ..., ag, ¢), G, G analytic)

DPu = Z Go (t,x,u, Opu, Op, 1,y ...y Oy, u) O%u + G (t, 2, u, du)
la]=2,0: <1
u (SC, 0) =90 (:C)
Opu (2,0) = ¢1 ()

(5)

and attempt to find a solution near (0,0) (note we can always reduce to z = 0

by a translation).

Step 0. Transformation to zero Cauchy data, formulation as first order system

Let us subtract the (analytic) Cauchy data and state the PDE satisfied by

u—go (z)—tg1 (x). This allows us to wlog consider the problem (5) for vanishing

Cauchy data (and, of course now different analytic functions G, and G).
Next, we want to write the system (5) as a first order system. We set

U= (UyUsgyy ooy Ugy, Ut)

to be the vector containing u and all its partial derivatives. It has m = d +
2 components and satisfies v = 0 at ¢ = 0 by the previous considerations.
Considering the vector uy, it is clear that its components u] for j = 1,2,...,m—1

are determined by the vectors (in)jﬂ (and w itself). The missing component,



u” = uy is determined by the same quantities in view of the PDE (5). Given
the quasi-linear structure, we hence obtain the first order system

j=1
u=0 for || <ratt=0 (6)
Here
Ej:Rmed%Mat(mxm) forj=1,...,d
c¢:R™ x RT - R™ (7)
are a matrix with components B (b”l) and a vector with components ¢ =
(cl, ...,C ), both depending on g and x.

Remark 2.10. Without loss of generality we have assumed B; and c not to
depend on t. We can always achieve this, by adding an additional component
u™Tt to the vector u and demand the equation d,u™*! =1 (hence u™ ! =1t).

In components, our PDE reads

ZZ;‘ u, ) Uy, + " (u, ) (8)

for n =1,...m with zero data imposed for each u".

Step 1: Compute the Taylor series.
We expect that we locally have

t) = zaj urx® = za: {% (0, 0)] 2t (9)

with x = (2,t) and a = (o/, ) = (o, ..., a4, ) and that this power series
converges. In view of the analyticity assumption on B, and ¢, we have that

ZB,MZ%U‘S forj=1,...,d
ch s27x0 (10)

are convergent power series for |z| + |z| < s for some small s where

8736 awaéc
z fl/‘—] o 2 UzC
Bj. 5= 1o (0,0) I Y] (0,0) . (11)

To compute the ul, = BC;T (0,0) we note that for « of the form a = (¢/,0)
we have u? = 0 for all n = 1,...,m (why?). For « of the form (a/,1) we have,



from equation (8), u” = 8% ¢ (0,0) (why?). For a = (o/,2) we obtain (differ-
entiating (8), using the chain rule and the fact that we evaluate at (0,0)) that
up = 0 (S5 By () gy + Sy ) |
tive through and evaluating at (0,0) it is clear that for any fixed o’ we are going
to see an expression polynomial in the (components of finitely many) Taylor
“coefficients” B, _ 5, ¢, s and the Taylor “coefficients” ug where 8 = (8, )
with 8; < 1 and |ﬂ | < |o’| + 1. Moreover, the polynomial has only positive
integer coefficients, as this is all the chain and product rule can produce.

Continuing in this way it is easy to see that for general o = (o/, ;) one will
obtain

Pushing the deriva-

uk =gk (---,Ej,ws,---72%5,----,2,3,---) (12)

where ¢ is a polynomial with non-negative coefficients and £; < ay — 1,
18] < la’| + 1.

Step 2: Use the method of majorants to establish convergence.
Now that we have computed the formal Taylor series (i.e. the u¥), we would
like to show that it converges for |z| 4 |t| < r with r sufficiently small. Suppose
that we had majorizing B} > B; and ¢* > ¢, i.e.
0<|B

j'y§|<Bj’y§ ’ 0§|C §|SC*§ (13)

(in the sense that it holds for all components and j = 1, ..., d) for power series
Z—J ettt = 29;7627“@6 : (14)
v,6

Given these majorants, we can consider the PDE system

ul = Zﬁ; (W 2)uy, +c" (U ) for |z| + [t| < r

1 (15)

u* =0 for || <ront=0.

If we can find a convergent power series (for sufficiently small r) for u* which
solves (15), then we have in particular that u* > u. This follows from

luk| = |g* (""Ejmz?’ ceey Cop gy ey U, L)) < q* (... B o sl ley sl oo gl )
<¢* (...,ﬁjmé,...,gmé,....,gg,...) = (ufi)* .

But this implies (cf. Lemma 2.7) that our power series for u also converges.
Therefore, once we have proven the existence of a majorizing u*, we are done:
Indeed, the power series of the left hand side and the right hand side of the
PDE (6) agree by construction at (0,0) and they also converge. Hence the left
hand side and the right hand side of the PDE have to agree on a neighborhood
of (0,0).



The missing bit is to find the majorizing u*. Note that by Lemma 2.8 we
have a simple majorant for both B; and ¢: The expressions

o 1 1
x r 1 1
B* = , 16
7 or—(r1+...xq)— (214 2Zm) (16)
= cr (1,...,1) (17)

r—(x1+...2q) — (21 +...2m)

will majorize B; and ¢ respectively in |z| + |z| < r provided C is chosen suffi-
ciently large and r sufficiently small.

The point is that we can solve explicitly the resulting PDE (15) for u*.
Indeed, one easily sees that each component satisfies

*\k _ Cr *
() = r—(x1+...xq) — () + ... (u)™) Z(Q )iﬁy t1], (18)

Jl

the right hand side being independent of the particular components k considered.
This suggests setting u* (z,¢) = v* (1,...,1) with v* satisfying

d

mZv;i +1

i=1

Cr

r—(x1+...xq) —m-v*

* _
v =

(19)

The ansatz v* (t,z1,...24) = 0" (t,s =21 + ... + 24), i.e. v* a function of ¢ and
the sum of the z; only, leads to

Cr

=—[md-vi+1 20
o = [md- v} +1] (20)
for a function v* (¢, s) with v* (0,s) = 0 initially. This can be solved using the
method of characteristics (Exercise) to find

r—(xl—i-...xd)—\/(r—(xl+...xd))2—2m(d+1).0.r.t
m(d+1) '

v* (z,t) =
(21)

This is analytic for |z| 4 |t| < 7 provided 7 < r is chosen sufficiently small.

2.3 CK-theorem for non-linear equations and data at t = 0

We would like to generalize our result to fully non-linear equations and arbitrary
surfaces. If you recall our discussion of first order fully non-linear PDE, you will
remember that it did not suffice to specify data along a curve I' but that one
has to specify the highest derivatives at one point of I', consistent with the PDE
and the geometry of I'. A “non-degeneracy” condition allowed one to apply the



implicit function theorem to complete the data on I' and to make the Cauchy
problem well-posed.
Consider the fully non-linear PDE

F(t,x,@{"u,@ﬁ@ﬁu; jgm—l,j+|a|§m):0 (22)
with prescribed data
o (0,2) = g; (x) 0<j<m-1. (23)

Then, we can locally solve (22) uniquely for 9;"u provided that we have a
solution at a point and the non-degeneracy condition, i.e. if for some v € R the
conditions

F(0,2,7, 0%; (7)) =0
B) (24)

%F 0,z,s,059; (%)) o #0

hold, then we locally have
O u =G (e, 000%us j<m—1,j+ o] <m)

with G real analytic if F' is.! This reduces (22) to our previously studied case
and we immediately obtain

Theorem 2.11. Consider the non-linear PDE (22) with data (23) imposed at
t =0 and with F real analytic near (0,Z,v,0%9; (T)) and g; analytic near T for
some v € R such that also (24) holds. Then, there exists an analytic solution u
of (22) realizing the given data att = 0. The solution is unique within the class
of analytic solutions.

Let us investigate the non-degeneracy condition (24) a bit more.

Definition 2.12. Consider the PDE (22). We will say that the surface t = 0
is non-characteristic at (0,2) on the solution u of the PDE (22) provided that

oOF m jna
W (Ov'rvat u(Ov'r)vatazu(Ov'r)) %0

holds at t = 0.

Example 2.13. For a linear partial differential operator

= Z aja (t, ) 8;‘8}5%7 f(t,x)

la|+ji<m

we need am.o(0,2) # 0. For a linear operator the non-characteristic condition
does not depend on the solution. No implicit function theorem is needed.

IThere is an analytic version of the implicit function theorem. See for instance, Exercise 6
of Section 3.3b) in Fritz John’s book.



We can carry the idea of being non-characteristic further by relating it to
the linearization of a PDE. Suppose we have a solution u of a PDE

F(2,0°u) =0 (25)

Suppose further that we want to consider small perturbations of u, i.e. we think
about

F(2,0° (u+e-v))=0 (26)
Then, to linear order in € we can obtain v by solving the linear equation

ao () 0% =0 where aq () == a(%zu) (2,0%u) . (27)

This suggests:
Definition 2.14. IfF(:c,aﬁu ;8] < m) = 0, the linearization of F' at u is

the linear partial differential operator

P(2,0) = o (x)0° where an(z):= 5705 (z,0%) . (28)

Exercise 2.15. Show that the linearization of Burger’s equation at a solution u
is giwen by vy + uvy + vu, = 0. Note that linearization at the constant solution
u = ¢ yields the transport equation!

Theorem 2.16. The following are equivalent

1. t =0 is non-characteristic at (0,Z) for the solution u to

F(x,@ﬂu ;18] < m) =0.
2. t = 0 is non-characteristic at (0,) for the linearization of F at u.

3. For any smooth function 1 (t,x) with ¢ (0,2) = 0 for x near T and
¥4 (0,Z) # 0, the linearization P (x,0) satisfies P (™) # 0 at (0, ).
Proof. By Definition 2.12, Statement (1) means % (u(0,2),0%u(0,7)) #0
for a being the multi-index (0,0, ...,m). Statement (2) means a (g, 7 0 holds
for the linearization with a, defined in (28). The two expressions are equivalent
by definition of the linearization. To show the equivalence of (2) and (3) note

that

P (™) =m! agm,o0) (¢ (0,2))™

x=x,t=0

is the only term surviving the evaluation at (0, Z). O

Observe that if (3) holds for one such ¢ it holds for any such (Exercise). The
point of including the statement (3) is that we will be able to give a coordinate
independent formulation of it in the next section, which will be useful to define
the notion of being non-characteristic for arbitrary surfaces.



2.4 The CK theorem for arbitrary (analytic) surfaces

We now tackle the most general case. We’ll assume that X is an analytic hy-
persurface in R4*! given locally as the graph of an analytic function.

The first problem we face is how to formulate the Cauchy problem. It would
seem that we are free to describe all m —1 partial derivatives on ¥. Then all but
one m!" derivatives will also be determined by differentiating along 3, while the
PDE should allow us to solve for the missing m!" order “normal” derivative.?
However, when specifying the m — 1 partial derivatives on X, there are clearly
compatibility conditions between the various partial derivatives, and it is a-priori
not clear what is “free” to be prescribed and what can be determined.

An easy way around this is to formulate the problem as follows. For u :
R 5 Q — R consider the PDE

F(z,0% ; |af <m)=0
0% = 0% on X for all o] <m —1 (29)

for a given smooth function v defined on a neighborhood of X.
For instance, for our old ¢ = const problem we could choose v (t,z) =

m—1 1 ,4

>0 git’ - g5 (@)

The general idea will be to introduce an analytic diffeomorphism ® mapping
a neighborhood in RE*! of Z € X to neighborhood of the origin in R¢™! such
that ® (UNX) C {yap1 = 0} C RET!, ie. such that ¥ becomes ygq1 = 0 in the
new coordinates. Then the problem reduces to the problem studied previously.

All we need to achieve this is a notion of non-characteristic which does not
depend on any choice of coordinates and moreover reduces to the old definition
in appropriate coordinates.

Definition 2.17. If F (f,@ﬁu () 5 18] < m) = 0, then the hypersurface 3. is
non-characteristic for F' on u at T, if for any real-valued C'>° function v defined
on a neighborhood of T with

ol =0 awl_#o0 (30)
we have P (yp™) (Z) # 0.
Note that
e this definition is coordinate invariant (check!)

e it reduces to the old definition if ¥ is given by ¢t =0

e if the condition holds for one ¢ satisfying (30), it holds for any such .

2Formulating the problem purely geometrically in terms of normal- and tangential deriva-
tives is tricky, however, because it will generally involve taking normal derivatives of the
normal, which requires (and depends) on the extension of the normal of the surface. See the
discussion in Rauch’s book.

10



Example 2.18. Let H (t,x,y,z) := t — ¢ (x,y,2z) = 0 define a smooth hy-
persurface in R*. The differential of H is non-vanishing (it has components
(1,V.0) with V, being the spatial gradient). For the linear wave equation, the
hypersurface H is non-characteristic at points p € H, for which

(02 — 2 — 02 — ) HQ‘E —2(1—|Vo]2) £0

holds. Hence we recover the eikonal equation as the equation for characteris-
tic surfaces of the wave equation. As an exercise, you may want to find all
characteristic hyperplanes.

Exercise 2.19. Repeat the previous example with the Laplace equation Au = 0.
Show that all surfaces are non-characteristic.

Remark 2.20. A linear PDE Lu = 0 s called elliptic if no hypersurfaces are
characteristic for L.

Exercise 2.21. Some of you mentioned a “simple” criterion for ellipticity for
equations of the form

Pu = augy + 2bugy + cuyy + 2duy, + 2euy + fu =0, (31)
with a,b,¢,d, e, [ function of x and y. Show that P is elliptic at (x,y) if
b? < ac

holds at (x,y). [Hint: Let H (z,y) = y — f(x) = 0 describe a curve in the
xy-plane....J

With the above, we finally obtain the (so far) most general version of the
Cauchy-Kovalevskaya theorem (see the book of Rauch).

Theorem 2.22. Suppose that
1. € X C R and ¥ is a real analytic hypersurface

2. v : R 5 R is real analytic in a neighborhood of T and F (m, 2Pv (J:)) =0
for x in X.

8. X 1s non-characteristic for F on v at T.
4. F is real analytic on a neighborhood € of (50, 0Pv (5:))

Then, there is a neighborhood Q of & and a v : Rt 5 Q — R, real analytic on
Q such that

o F(z,0%(x))=0 inQ

o 0%

— Ot,U

N0

for all |a) <m —1

e 0% (Z) = 0% (z) for all o] =m

Moreover, the solution is unique in the class of analytic solutions.

11



3 Holmgren’s uniqueness theorem

The setting of Holmgren’s theorem is the following. You have an m"-order,
linear partial differential operator, whose coefficients are analytic functions:

P= Z aq () 0%. (32)

loe|<m
You pose the Cauchy-problem on a non-characteristic analytic surface X:

Pu=f ()
0%u = 0% on ¥ for all |a] <m —1 (33)

for v a given smooth function near ¥ (the data). We know that if the data (and
f) are analytic near a point of X, then there exists a unique analytic solution of
(33) near that point. However, this does not prevent other (smooth) solutions
to exist. Also, at the moment we cannot say anything about existence and
uniqueness if the data are merely assumed to be smooth.

Holmgren’s theorem makes a statement about the uniqueness of solutions to
the problem (33) in the class of C™ functions. Suppose you have two classical
(i.e. m times continuously differentiable) solutions uy, uz of (33) near a point of
3. Then their difference u = u; — uo satisfies the homogeneous PDE

Pu=20
0%u =0 on X for all ja] <m—1 (34)

Holmgren’s theorem states that the only solution to the above which is m times
continuously differentiable is identically zero and hence u; = us.

Theorem 3.1. [Holmgren] Let P (x,0) be a linear partial differential operator
of order m whose coefficients are analytic in a neighborhood of a point T € RY.
Let ¥ be an analytic hypersurface which is non-characteristic at . Then the
following statement holds. If u is a C™ solution of (34) in a neighborhood of T,
then u vanishes on a neighborhood of T € RZ.

You should convince yourself immediately why non-characteristic is an es-
sential requirement, by revisiting the example of the transport equation, for
instance. The necessity of the coefficients being analytic is harder to see (but
true: there are linear equations with C'* coefficients exhibiting non-uniqueness).
Finally, you will relax the assumption of the hypersurface being analytic (to be-
ing C? N C™) in one of the Exercises below.

3.1 The idea of the proof and preliminaries

A priori it may seem strange that the CK Theorem (which is a statement in the
analytic world) can be used to prove Holmgren’s theorem. The idea is following.
Let X,Y be normed linear spaces and 7' : X — Y be a continuous linear map.
The transpose of T is defined as a map T? : Y’ — X’ by

(T',x) = (y/,Tz) forally €Y andallz € X.

12



Proposition 3.2. If the range of T is dense in X', then ker T' = {0}, i.e. Tu =
0 wmplies u = 0.

Proof. Assume u € X satisfies Tu = 0. Then (y,Tu) = 0 for all y’, which
is equivalent to (T%y’,u) = 0 for all y/. Since T has dense range we obtain
(’,u) =0 for all 2/ € X'. The Hahn-Banach theorem implies u = 0. O

Therefore, the strategy to show that Pu = 0 has trivial kernel, will be to
solve the “transpose” equation Pfv = g for a dense set of right hand sides. In
particular, by the Weierstrass approximation theorem, it suffices to solve this
for polynomial (=analytic!) ¢’s and this is how the CK theorem will come into

play.

To see how Proposition 3.2 is useful, we need to define a notion of the
transpose of P. Let Q be a connected, open set of R” and let u € C™ ()
satisfy Pu = 0 in §2. Clearly, then, for any test-function v € C§° (£2) we have

/Q (Pu) vdz = 0

The idea is to pass all the derivatives onto the v. In view of the identity

/Qaa (x)aau-vz(—n'a‘/u-aa (0o (2) v)

Q

which holds for all @ with || < m, we obtain the identity

/Pu-vdac:/Ptv-udac,
Q Q

provided we define the transpose of P, denoted P!, by

P (z,0)v:=>_ (-1)!* 0 (a0 (z) v) (35)

(03

Note that if ¥ is non-characteristic for P at z, then it is also non-characteristic
for P* at x. Now do the same computation with u,v € C™ (Q) and the boundary
09} sufficiently regular such that Stokes’ theorem holds to establish the identity:

/ [Pu-v— P'v-ulde = Z ag (1) Pud vdo . (36)
Q
[Bl+lv[<m—1

Lemma 3.3. Let u,v € C™ () and for each x € 02 and any v with || < m—1
either 0w (x) =0 OR 9v (x) =0 holds. Then

/[PumfPtzwu}d:c:O. (37)
Q

13



Now the idea becomes more clear: Given the analytic, non-characteristic hy-
persurface X, we will find a hypersurface ¥’ nearby, which is also non-characteristic
and together with ¥ encloses a “lens-shaped” region €.

s/

e

=

We know that Pu = 0in 2 and 0% = 0 on ¥ for all |a| < m—1 by assumption.
Now, if we can solve the transpose problem _Ptv = g in Q with 9% = 0 on ¥’
for all [a| < m — 1 (such that, say, v € C™ (Q)), then for this g we have

/g~udz:0.
Q

If we could obtain such a solution v of the transpose problem in Q for any
polynomial (anzﬂytic!) g, we would be done because then we would approximate
u uniformly in €2 by polynomials g,, g, — u, and use

0= lim [ g,-udr= [ |u®de

to conclude v = 0 in Q.

3.2 The proof of Theorem 3.1

Choose analytic coordinates so that ¥ = {z; = 0}, = (0,0,...,0). Introduce
(t,y = (y1,...ya)) coordinates via

t=x +22+...23 Yo = To,...,Yd = Tq. (38)

In (t,y) coordinates, ¥ = {t = |y|?}. For e > 0, define X, = {t = €} and
we ={|y|* <t < e} _
% is non-characteristic for P at the origin, sowith P =", 5 -, a;5 () o)op
we have a0 (0,...0) # 0 (note 9; is normal to X; at the origin). We choose
r1 > 0 such that am, o (t,y) # 0 holds for all (¢,y) with [¢t| + |y| < r; and such
that the coefficients of P are real analytic for [¢| + |y| < 2r.
It follows that there are constants C, B such that the coefficients of the
transpose P! satisfy
oY, a;
P35l < oplal i oy 4yl <
a!
see Exercise 1. We choose ¢y > 0 so that we, C {|t| + |y| < r1}. Note that
with this choice, for any € € (0, €g) the slice . N {t > |y|?} is non-characteristic
and that we have uniform estimates for the coefficients in the associated set w,
depending only on B and C', which we regard now as having been fixed.
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For any t = € < ¢y we consider the following Cauchy problem

Pty = g(t,
v=yg(ty) (39)
0%li=e =0 forall |of <m —1

with ¢ (¢,y) real analytic at (e,0). In particular, for any g we have an estimate

(6%
|at,;ig| < QM\ (40)
a!

in a small ball around (e,0). By the CK-Theorem, (39) has a unique analytic
solution around (e,0). The domain of convergence of this solution depends
on B,C' (which were fized above) and on C, B. This is a consequence of the
methods of majorants used in the proof of the CK theorem. We would like to
make sure that — at least for g a polynomial — the domain of convergence does
not depend on the particular g. To see this note first that (39) it linear. This
implies that the domain of convergence for the solution does not change if we
multiply g by a constant. This in turn means that the size of the domain of
convergence does not depend on C'. On the other hand, for g a polynomial,
the estimate (40) holds for any B < oo (related to the fact that the radius of
convergence in infinite). Therefore, we obtain a uniform domain of convergence
for any € € [0, €g]. In other words, for any € € [0, ¢9] and for polynomial g, there
exists an analytic solution of (39) in |t — €| + |y| < p, with p independent of the
polynomial g chosen.

\ |/

e

W

NN B

Bp (e1,0)

wey CCA{lt —e1l+ |yl < p}

Seg

lyl
Bry

weg C {1t + Iyl < r1}

Finally, we want to choose € (0, €g] such that w,, CC {|t — e1| + |y| < p}.
Now we can apply Lemma 3.3 in w.,: We find a sequence of polynomials g,
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which approximates u uniformly on @we;, apply the Lemma for each g,, and take
the limit to conclude u = 0 in w, .

The argument show that « = 0 to one side of 3. The argument for the other
side is of course identical (replace z; by —z in the definition of the coordinate

).

3.3 A Global Holmgren Theorem (F. John, 1948)

It is of course natural to ask: How large is the neighborhood on which w is forced
to vanish, if the Cauchy for u on a (piece of) non-characteristic hypersurface ¥
vanish and u satisfies Pu = 0.

Let Q be an open region of R%. Let P be a linear partial differential oper-
ator of order m with analytic coefficients and ¥ C €2 be an embedded non-
characteristic hypersurface. Moreover, suppose we know that v € C™ (Q),
Pu=0in Q with 0% =0 on X for all |a]| < m — 1.

Under these conditions, we already know that the solution has to vanish in
a neighborhood of . The idea is to sweep out a region by a one-parameter
family oy of (sufficiently) smooth embedded non-characteristic hypersurfaces.

Suppose O is a bounded open set of R¥~! (in many applications: a disc) and
that

1. 0:[0,1] x ¢l (O) = Q C R? is continuous

2. For each A € [0,1], o) : O — Q C R? is a C™ embedding of a non-
characteristic hypersurface X.

3. CX
4. 0([0,1] x 9O) C ¥ (edge remains in X)

Theorem 3.4. Let Q be an open region of R:. Let P be a linear partial dif-
ferential operator of order m with analytic coefficients and X C € an embedded
non-characteristic hypersurface for P. Suppose that u € C™ (Q) satifies Pu =0
in Q and 0% = 0 on X for all |o| < m — 1. Then, we have 9%u = 0 for
la] <m —1 on all of o ([0,1] x ¢l (0)).

We will not prove this theorem in detail but it is fairly clear how the proof
is going to go. One defines a subset of [0, 1]:

A={X€[0,1] | 0% =0 forall |o] <m —11in o ([0,\] x cl (O))} (41)

It is a closed set by the continuity of 9%u, it is non-empty by our local theorem
and it is also open (hardest part) because we can redo the local statement on
each X, for \ € A.

3.4 Applications

We give two main applications: One is the unique continuation for (linear)
elliptic PDEs with analytic coefficients. The other is to determine the domain
of dependence and domain of influence for the linear wave equation.

16



3.4.1 Unique Continuation for elliptic PDEs

Theorem 3.5. Let P (z,0) be a linear, m*" order, elliptic partial differential
operator with analytic coefficients in an open connected set Q@ C R™ and let X
be a piece of C™ hypersurface in 2. Then, the following statement holds: If

e u € C™(Q) satisfies P(x,0)u =0 in Q and
e for all a with || < m —1 we have %u =0 on 3
then v =0 in all of ).

Note that we only have to assume that the hypersurface is C™ in view of
Exercise 3 below.

The theorem states that for linear elliptic PDEs with analytic coefficients,
vanishing Cauchy data on (however small!) a piece of hypersurface in € already
implies vanishing of u in all of 2. This is a very strong statement, reminiscent
of analyticity! Indeed, one can actually prove that for a P (x,9) as in Theorem
3.5, all solutions of Pu = 0 have to be real analytic. We’ll get back to this once
we discuss regularity theory for elliptic equations.

+ by
x

To prove this theorem we are only going to draw a picture (leaving the
details to you). To show that the solution vanishes in a neighborhood of an
arbitrary point y € (), pick a smooth embedded curve v connecting a point
x € ¥ with y. Choose a small tubular neighborhood 7 around 7. Then choose
a one-parameter family of hypersurfaces contained in 7 with edges ending on
> which foliate 7. They are all non-characteristic by the definition of elliptic,
so applying global Holmgren yields u = 0 in 7.

3.4.2 The wave equation: Domain of dependence and influence
Consider the linear wave equation, Ou = [—07 4 ¢* (92 + 97 + 92)] u = 0.
Theorem 3.6. If u € C? (Rt X R‘i) satisfies

Ou=0 and uli=o=utlt=0=01in|z| <R (42)
then u =0 in {(t,z) | |[x] < R — c|t|}.

17



The set in which w is claimed to vanish is a double-cone of revolution. To
prove the theorem (exercise) one sweeps out the cone out by a one parameter
family of hyperboloids (which are seen to be non-characteristic) and applies
global Holmgren.

We also have

Corollary 3.7. Suppose that u € C? (RH‘d) 1s a solution of Ou =0 and
K = supp u|i—o U supp uli—o C Ri

1s the support of the Cauchy data on the hypersurface t = 0. Then,
supp v C {(t,z) | dist (x,K) < c|t|}.

Proof. Pick a point (7,t) € R4 for which dist (z, K) > c|[t|. We want to show
u vanishes there. Choose R such that dist (z, K) > R > c|t|. Then u vanishes
inside the double-cone of all (t,z) with |z — Z| < R — ¢|t| by Theorem 3.6.
Clearly, (Z,t) lies inside that cone as 0 < R — c|t| by our choice of R. O

(%)

domain of influence of

3.4.3 d’Alembert’s formula

Finally, we would like to derive a general formula for solutions to the wave
equation in 1+ 1 dimensions, the famous d’Alembert’s formula. This will reveal
that the estimates obtained for the domain of dependence and the domain of
influence are in fact sharp (in the sense that it can happen that the solution
is supported everywhere on the domain of influence). While the formula is
restricted to 1 + 1 dimensions; we’ll show later that the result is true in all
dimensions.
We consider the Cauchy problem

Ugt — gy =0 with data w(0,2) = f(z) wu(0,2) =g(z)  (43)

18



It is easily checked that u = ¢ (x + ct) + 1 (x — ct) solves uy — Uy, = 0 for

any C? functions ¢ and 1. To realize the given data we need
P () +o(x) = f(z)
—a)’ (z) + ¢’ () = g (x)

Differentiating (44) and inverting the linear system we obtain

/ I
g )
V=g g, md =gty
Choosing a G with G’ = g we obtain the expressions
f G f G
V=5 g te ad e=gaant

On the other hand, we have a + b = 0 by (44) such that

w (1) = f(x_Ct);f($+Ct)+%(G(x+ct)7G(xfct))

which we can write as

u(x,t) =

flx—=ct)+ f(z+ct) +i/z+6tg(8)d8

2 2c

—ct

(48)

From this formula one easily reads off what we obtained for the domain of
dependence and the domain of influence. In particular, choosing f = 0 and g
to be non-positive and compactly supported one sees that u will be supported

in the entire domain of influence.

At

(X,T)

=T

(X — ¢T,0) (X +cT,0)

We also obtain that for any given f € C? (R) and g € C! (R), there is a unique
solution u € C? (R; x R,) of the Cauchy problem (43). Indeed, a solution is

given by (48) and it is unique by global Holmgren.

4 Exercises

1. In this question you will prove some useful identities and estimates which

have been used (explicitly or implicitly) in the text.
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a) The multinomial ldentlty For any integer m and x = T1yeeey Ty ) WE
g
llEL € (1"1 e zn)m Zla‘f—m a!! x.

(b) For o, 3 € N¢ x € R™, |z;] < 1 for all i we have

!
S8 _ po oot 1
a>6(afﬂ)! 1—21 1—29 1—a,
> p

= (1 _ .T1)1+Bl R (1 - x")l-i-,@n (49)

Here a >  means that o; > ; for alli =1,...,n.

(c) Let f be a function which is real analytic at zp € R"™. Show that
there exists a neighborhood N around zg and positive numbers M,
r such that for all z € A we have

|IDPf(z)|<M-Bl-r=F forall g cN"

Hint: Differentiate the power series for f term-wise and prove con-
vergence using b).

2. (Rauch, 1.8, Problem 3) Show by explicit computation that

u(t,z) = (4rt) "% exp <Z_j)

is a smooth solution of the one-dimensional heat equation u; = g, in
t > 0. Extend u to vanish for ¢ < 0. Prove that the resulting function
is C* (R?\ {0}) and satisfies the heat equation in R?\ {0}. In addition,
show that u does not vanish in a neighborhood of any point (0,Z) with
T # 0. Why does this not violate Holmgren’s theorem?

3. State and prove Holmgren’s theorem for surfaces which have only regular-
ity O™ N C2.

4. (Evans, Chapter 4, Problem 2) Consider Laplace’s equation Au = 0 in
R?, taken with the Cauchy data

1
u=0 and wu,, = —sin(nw) on {xe =0} (50)
n
Use separation of variable to derive the solution
u (71, 79) = — sin (nr1) sinh (nrz) .
n

Discuss whether the Cauchy problem for Laplace’s equation is well-posed.
[Hint: Does the solution depend continuously on the data?]

5. Do Exercises 2.2 and 2.19 if you haven’t already done so.
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