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4. CAUCHY — KOVALEVSKAYA THEOREM

As a warm up we will start with the corresponding result for ordinary differential
equations.

Theorem 4.1 (ODE Version of Cauchy — Kovalevskaya, 1.). Suppose a > 0 and
f:(—=a,a)— R is real analytic near 0 and u(t) is the unique solution to the ODE

(4.1) w(t) = f(u(t)) with u(0) = 0.
Then w is also real analytic near 0.

We will give four proofs. However it is the last proof that the reader should focus
on for understanding the PDE version of Theorem 4.1.

Proof. (First Proof.)If f(0) = 0, then u(t) = 0 for all ¢ is the unique solution
to Eq. (4.1) which is clearly analytic. So we may now assume that f(0) # 0. Let
G(z) = foz ﬁdu, another real analytic function near 0. Then as usual we have

d 1
4% = )

at) =1

and hence G(u(t)) = t. We then have u(t) = G~1(t) which is real analytic near
t = 0 since G'(0) = ﬁ #£0. m
Proof. (Second Proof.) For z € C let u,(¢) denote the solution to the ODE

(4.2) U, (t) = zf(uy(t)) with u,(0) = 0.

Notice that if w(¢) is analytic, then ¢ — u(tz) satisfies the same equation as w,.
Since G(z,u) = zf(u) is holomorphic in z and w, it follows that u, in Eq. (4.2)
depends holomorphically on z as can be seen by showing 0,u, = 0, i.e. showing
z — u, satisfies the Cauchy Riemann equations. Therefore if € > 0 is chosen small
enough such that Eq. (4.2) has a solution for |t| < € and |z| < 2, then

(4.3) () =w() = %aguz(mz:o.
n=0

Now when z € R, u,(t) = u(tz) and therefore
MU (t)] 2—0 = OMu(t2)] 1= = u™ (0)2".

Putting this back in Eq. (4.3) shows
— 1
u(t) = Z mu(”)(O)t"
n=0

which shows w(¢) is analytic for ¢ near 0. m

Proof. (Third Proof.) Go back to the original proof of existence of solutions,
but now replace t by z € C and fot fu(r))dr by [ f(u(€))dé = f01 f(u(tz))zdt.
Then the usual Picard iterates proof work in the class of holomorphic functions to
give a holomorphic function u(z) solving Eq. (4.1). m

Proof. (Fourth Proof: Method of Majorants) Suppose for the moment we have
an analytic solution to Eq. (4.1). Then by repeatedly differentiating Eq. (4.1) we
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learn
i(t) = f/(u(t))a(t) = f (u(t)) f(ult))
u®(t) = £ () f2(ult) + [f (u(t)]® flu(t))

(1) = pu (F®), .. SOV ()

where p,, is a polynomial in n variables with all non-negative integer coefficients.
The first few polynomials are p;(z) = z, p2(x,y) = 2y, p3(x,y,2) = 222 + 29>
Notice that these polynomials are universal, i.e. are independent of the function f
and

’u(n)(o)’ -

P (J00),, FD(0))
<pa (17O, |[£700)) < pa (900),-..9"71(0))

where ¢ is any analytic function such that }f(k) (0)] < g™ (0) for all k € Z,. (We
will abbreviate this last condition as f < g¢.) Now suppose that v(t) is a solution
to

(4.4) 0(t) = g(v(t)) with v(0) =0,
then we know from above that

0™ (0) = pn, (g(O), e ,g("_l)(0)> > ‘u(")(O)) for all n.

Hence if knew that v were analytic with radius of convergence larger that some
p > 0, then by comparison we would find

n=0

=1
p" < Z Ev(”)(O)p” < o0
n=0

and this would show
. 1 n— n
u(t) =" —pn (F(0),-.. F70(0)) 8
n=0
is a well defined analytic function for |t| < p.

I now claim that u(t) solves Eq. (4.1). Indeed, both sides of Eq. (4.1) are
analytic in ¢, so it suffices to show the derivatives of each side of Eq. (4.1) agree at
t = 0. For example 0(0) = f(0), i(0) = 2|of(u(t)), etc. However this is the case
by the very definition of u(™(0) for all n.

So to finish the proof, it suffices to find an analytic function g such that
’f(k) (O)’ < g™ (0) for all k& € Z, and for which we know the solution to Eq.
(4.4) is analytic about ¢ = 0. To this end, suppose that the power series expansion
for f(t) at t = 0 has radius of convergence larger than r > 0, then >~ , %f(") (0)r™
is convergent and in particular,

1
— r(n) n
Lo

C := max < 00
n

from which we conclude

]' n —n
Hf( >(0)' <Cr .

max
n



50 BRUCE K. DRIVER'

Let

Zcr—" oot __o L

1—u/r r—u

Then clearly f < g. To conclude the proof, we will explicitly solve Eq. (4.4) with
this function ¢(t),

o(t) = C’T —0 with v(0) = 0.

By the usual separation of variables methods we find rv(t) — $v%(t) = Crt, i.e.
2CTt — 2rv(t) +v*(t) =0

which has solutions, v(t) = r + v/r? — 2Crt. We must take the negative sign to get
the correct initial condition, so that

(4.5) v(t)=r—+1r2=2Crt=r—ry/1-2Ct/r

which is real analytic for [t| < p:=7/C. =
Let us now Jazz up this theorem to that case of a system of ordinary differential
equations. For this we will need the following lemma.

Lemma 4.2. Suppose h : (—a,a)?— R? is real analytic near 0 € (—a,a)?, then
Cr

hl ——————
rT—2 — - —2q

for some constants C and r.

Proof. By definition, there exists p > 0 such that

z) = Zhaz“ for |z| < p

where h, = 20%h(0). Taking z = r(1,1,...,1) with 7 < p implies there exists
C < oo such that |h,|rl®l < C for all o, i.e.

|ho| < Crlel <C| | rled,
This completes the proof since

ZC r ~lal, CZ Z Jex! ( ) _CZ< +zd>

n=0 |a|=n
1 Cr

:Cl_(LT-Jer) T —z— o —2g

all of which is valid provided |z| := |21 + -+ |z4| < 7. ®

Theorem 4.3 (ODE Version of Cauchy — Kovalevskaya, II.). Suppose a > 0 and
f:(—a,a)— R? be real analytic near 0 € (—a,a)® and u(t) is the unique solution
to the ODE

(4.6) a(t) = fu(t)) with u(0) = 0.

Then w is also real analytic near 0.
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Proof. All but the first proof of Theorem 4.1 may be adapted to the cover
this case. The only proof which perhaps needs a little more comment is the fourth
proof. By Lemma 4.2, we can find C,r > 0 such that

Cr
1i(z) € g;(2) = o ————
for all j. Let v(t) denote the solution to the ODE,
Cr

47 o(t) = g(u(t)) = 1L,1,...,1
(4.7 (0 = 8(0(0) = o )
with v(0) = 0. By symmetry, v;(t) = v1(t) =: w(t) for each j so Eq. (4.7) implies

w(t) = — 7 Cr/d)_ itn w(o) = 0.

r—dw(t)  (r/d) —w(t)

We have already solved this equation (see Eq. (4.5) with r replaced by r/d) to find

(4.8) = r/d— /2] —2Crt/d=r/d (1 /1o QCdt/r) .

Thus v(t) = w(t)(1,1,...,1) is a real analytic function which is convergent for
[t] < r/(2Cd).

Now suppose that u is a real analytic solution to Eq. (4.6). Then by repeatedly
differentiating Eq. (4.6) we learn

ity (1) = 0 f (u(t) )i (t) = 033 (u()) fiu(t))
ulP () = 0pd: f; (ult) i ()0 (1) + 05 £ (ult)) i (t)

(49) W0 = (0500 1 {0}

where p,, is a polynomial with all non-negative integer coefficients. We now define
ugn)(O) inductively so that

k<n,1<i<d)

" (0) = pa ({0% (WO} oy {7 (O]

for all n and j and we will attempt to define

k<n,1<i<d)

oo

(4.10) u(t) = Z — u™ (0)t™.

n=0

To see this sum is convergent we make use of the fact that the polynomials p,, are
universal i.e. are independent of the function f;) and have non-negative coefficients
so that by induction

70| <o (110" 5Oy
<o ({000} o1 {01}

u?(0)|}

k<n,1§i§d)

k<n,1<i<d> J
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Notice the when n = 0 that |u;(0)] = 0 = v;(0).! Thus we have shown u < v
and so by comparison the sum in Eq. (4.10) is convergent for ¢ near 0. As before
u(t) solves Eq. (4.6) since both functions u(¢) and f(u(t)) are analytic functions of
t which have common values for all derivatives in t at t =0. =

4.1. PDE Cauchy Kovalevskaya Theorem. In this section we will consider the
following general quasi-linear system of partial differential equations

(4.11) Z ao(z, J* 7 u)0%u(z) + c(z, JFlu) =0
|a|=k

where
Ju(z) = (u(x), Du(z), D*u(z), ..., D'u(z))

is the “I — jet” of u. Here u : R” — R™ and a,(J* 'u,x) is an m x m matrix.
As usual we will want to give boundary data on some hypersurface > C R". Let
v denote a smooth vector field along ¥ such that v(z) ¢ T, X (T2 is the tangent
space to ¥ at x) for z € X. For example we might take v(z) to be orthogonal to
T,% for all z € . To hope to get a unique solution to Eq. (4.11) we will further
assume there are smooth functions g; on X for [ =0, ...,k — 1 and we will require

(4.12) Dhu(z)(v(z),...,v(z)) = gi(z) for x € S and [ =0,...,k — 1.

Proposition 4.4. Given a smooth function u on a neighborhood of ¥ satisfying
Eq. (4.12), we may calculate D'u(z) for x € ¥ and [ < k in terms of the functions
g1 and there tangential derivatives.

Proof. Let us begin by choosing a coordinate system y on R™ such that ¥ N
D(y) = {yn = 0} and let us extend v to a neighborhood of ¥ by requiring ‘9” =0.
To complete the proof, we are going to show by induction on k that we may compute

(%) u(z) for all z € ¥ and |a| < k

from Eq. (4.12).
The claim is clear when k£ = 1, since u = gg on . Now suppose that k = 2 and
let v; = v;(y1,...,Yn—1) such that

= 0
:5 = 1 ighborhood of .
v ‘ 1Va in a neighborhood o

i

Then

- 890 ou
= (Du) I/—Z/’U,—lelayl 8 ayn.

i=1 <n

Since v is not tangential to ¥ = {y,, = 0}, it follows that v,, # 0 and hence

ou 1 dgo
(4.13) B = o <91 Ew )

<n

LThe argument shows that v§n)(0) > 0 for all n. This is also easily seen directly by induction
using Eq. (4.9) with f replaced by g and the fact that 9%g;(0) > 0 for all a.
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For k = 3, first observe from the equality u = gg on ¥ and Eq. (4.13) we may
compute all derivatives of u of the form gsz on Y provided a, < 1. From Eq.

(4.12) for | = 2, we have

2
= (D*u ) (v, v) = v2u + Lo.ts. —Zujay (mgy)-i—lots —Vn%—i-lots

where l.o.ts. denotes terms involving ay;‘ with «, < 1. From this result, it follows

that we may compute —;‘ in terms of derivatives of gy, g1 and g2. The reader is

asked to finish the full 1nduct1ve argument of the proof. m
Remark 4.5. The above argument shows that from Eq. (4.12) we may compute

g;;‘ for any « such that o, < k.

To study Eq. (4.11) in more detail, let us rewrite Eq. (4.11) in the y — coordi-
nates. Using the product and the chain rule repeatedly Eq. (4.11) may be written
as

(4.14) Z ba (Y, Jk_lu)(?;‘u(y) +c(y, J*tu) =0
la|=k
where
Ju(y) = (u(y), Du(y), D*u(y), . .., D'u(y)).
We will be especially concerned with the b(g,....0,x) coefficient which can be deter-

mined as follows:

(6%

2\" 0 Oyn 0 \"
Yo (i) = T Zay:cjayj - o (Geay) wlon

o=k o=k la|=F
oun\ [ 9 \*
= Z Qg L - —‘rLO.tS.
Ox OYn
|a|=k
where l.o.ts. now denotes terms involving g:ij with «,, < k. From this equation we
learn that
Ayn \ o\\*
k—1 _ n .
b(0707~-70,k)(y7=] u) = Z Qo (%) = Z Qo (dyn (%)) .

|a|=k |a|=k

Definition 4.6. We will say that boundary data (X,go,...,gk—1) is non-
characteristic for Eq. (4.11) at x € X if

a «
k—1 _ k—1
o050 = 3 ool ate) (a0 ()
is invertible at x.

Notice that this condition is independent of the choice of coordinate system y.
To see this, for £ € (R™)" let

o6 = 3 ante o) (5 (52 )

la|=k
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which is k — linear form on (R™)". This form is coordinate independent since if f
is a smooth function such that f(z) = 0 and df, = &, then

£ Y e i) (£) e

|| =k
Noting that
b0,0,....0,k) (Y, JF ) = o(dyy)

our non-characteristic condition becomes, o(dy,,) is invertible. Finally dy,, is the
unique element & of (R™)" \ {0} up to scaling such that &|r,» = 0. So the non-
characteristic condition may be written invariantly as o(¢) is invertible for all (or
any) £ € (R™)"\ {0} such that &|7,x = 0.

Assuming the given boundary data is non-characteristic, Eq. (4.11) may be put
into “standard form,”

(4.15) Z ba (y, kalu)ﬁgu(y) + c(y, J*7tu) = 0
|a|=k

with
o
At
where b.o,....0,6) (¥, JF=1u) = Id - matrix and

Jhu(y) = (u(y), Du(y), D?u(y),.. ., D'u(y)).

By adding new dependent variables and possible a new independent variable for
yn one may reduce the problem to solving the system in Eq. (4.20) below. The
resulting theorem may be stated as follows.

=gony,=0forl <k

Theorem 4.7 (Cauchy Kovalevskaya). Suppose all the coefficients in Eq. (4.11)
are real analytic and the boundary data in Eq. (4.12) are also real analytic and
non-characteristic near some point a € X. Then there is a unique real analytic
solution to Eqs. (4.11) and (4.12). (The boundary data in Eq. (4.12) is said to
be real analytic if there exists coordinates y as above which are real analytic and
the functions v and g; for 1 = 0,...,k — 1 are real analytic functions in the y —
coordinate system.)

Example 4.8. Suppose a,b,C,r are positive constants. We wish to show the
solution to the quasi-linear PDE

Cr .

is real analytic near (¢,y) = (0,0). To do this we will solve the equation using the

method of characteristics. Let g(y, z) := —S2— then the characteristic equations

r—y—az’
are

t' = 0 with ¢(0) = 0
y' = —bg(y, z) with y(0) = yo and
2" = g(y, z) with z(0) = 0.
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From these equations we see that we may identify ¢ with s and that y + bz = yq.
Thus z(t) = w(t,y(t)) satisfies

Cr
2= 9(yo = bz,2) r—yo+bz—az
= Cr with z(0) = 0.

r—yo+(b—a)z
Integrating this equation gives
t
1
Crt :/ (r—yo+ (b—a)z(1))2(r)dr = (r —yo) z — 3 (a—1b)z?
0

:(r—y—bz)z—%(a—b)z2=(T—y)z—%(a+b)z2v

i.e.

%(a+b)z2—(r—y)z+Crt:0.

The quadratic formula gives

wit.y) = — [ =) £ VI —y? -2+ ) Cre]

and using w(0,y) = 0 we conclude

%M ((r =) = V=) —2(a+b)Crt].

Notice the w is real analytic for (¢,y) near (0,0).

(4.17) w(t,y) =

In general we could use the method of characteristics and ODE properties (as in
Example 4.8) to show

u = a(x, u)uy + b(z,u) with w(0,z) = g(z)

has local real analytic solutions if a,b and g are real analytic. The method would
also work for the fully non-linear case as well. However, the method of characteris-
tics fails for systems while the method we will present here works in this generality.

Exercise 4.1. Verify w in Eq. (4.17) solves Eq. (4.16).

Solution 1 (4.1). Let p:=+/(r —y)? — 2 (a + b) Crt, then
r—y 1
a+b atb atb
we=Cr/p, p=7r—y—(a+bw and

w(t,y) = [r—y—pl=

by +1= — -1+ (=) ol + 1= — a+ bl =) /o],
Hence
bwy, +1 1
wy _(a+b)C’r[pa+b(r_y)]
1
- e v @t —y)
1
:E[r—y—aw]

as desired.
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Example 4.9. Now let us solve for
v(t,z) = (vl, ... ,vm) (t, 1, ., 2p)

where v satisfies

Cr
v] = O

T—Xp— =Ty — ) U

1+ Z Z @vkl with v(0,2) = 0.
i=1 k=1
By symmetry, v/ = v! =: w(t,y) for all j where y = z1 + - - - + z,,. Since 9;v7 = w,,
the above equations all may be written as
C
wy = — [mnwy, + 1] with w(0,y) = 0.
r— 1y —muw

Therefore from Example 4.8 with a = m and b = mn, we find

(4.18) wt,y) = m [(r—y) —/r— )2 —2m(n + 1)Crt| .
and hence that
(4.19) v(t,z) =w(t,z1+ - +z,) (1,1,1,...,1) e R™.

4.2. Proof of Theorem 4.7. Asis outlined in Evans, Theorem 4.7 may be reduced
to the following theorem.

Theorem 4.10. Let (t,z,z) = (t,Z1,...,Tn,21,---,2m) € RXR" x R™ and
assume (t,z,z) — Bj(t,z,z) € {m xm - matrices} (for j = 1,...,n) and
(t,z,z) — c(t,x,2) € R™ are real analytic functions near (0,0,0) € R x R" x R™
and x — f(x) € R™ is real analytic near 0 € R™. Then there exists, in a neighbor-
hood of (t,x) = (0,0) € R x R™, a unique real analytic solution u(t,z) € R™ to the
quasi-linear system
(4.20) we(t,x) = ZBj (t, z, u(t, x))0ju(t, z) + c(t, x, u(t, x)) with u(0,z) = f(z).
j=1

Proof. (Sketch.)

Step 0. By replacing u(t, z) by u(t,x) — f(x), we may assume f = 0. By letting
u™t(t,x) = t if necessary, we may assume B; and ¢ do not depend on ¢. With
these reductions we are left to solve

(4.21) ug(t,x) = ZBj(x,u(t,x))ﬁju(t,x) + c(z,u(t, z)) with u(0,z) = 0.
j=1
Step 1. Let
Cr

r—x1 — =Ty — R — " — Zm

g(x, z) =
where C' and r are positive constants such that
(Bj)y < gand ¢ < g

for all k,[,j. For this choice of C and r, let v denote the solution constructed in
Example 4.9 above.
Step 2. By repeatedly differentiating Eq. (4.20), show that if u solves Eq.

(4.20) then 99w’ (0,0) is a universal polynomial in the derivatives {8{9 } <k
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of the entries of B; and ¢ and u with all coefficients being non-negative. Use this
fact and induction to conclude

|8§‘8§uj(0,0)| < 9%0%7(0,0) for all o, k and 1.
Step 3. Use the computation in Step 2. to define 929Fu’(0,0) for all a and k
and then defined

0%0Fu(0,0) ,
(4.22) u(t,x) = Z %th .

a7

Because of step 2. and Example 4.9, this series is convergent for (¢, x) sufficiently
close to zero.
Step 4. The function u defined in Step 3. solves Eq. (4.20) because both

u(t, ) and Z Bj(z,u(t,z))0ju(t, z) + c(z, u(t, x))

are both real analytic functions in (¢,z) each having, by construction, the same
derivatives at (0,0). m

4.3. Examples.

Corollary 4.11 (Isothermal Coordinates). Suppose that we are given a metric
ds? = Edz? +2Fdzdy + Gdy? on R? such that G/E and F/E are real analytic near
(0,0). Then there exists a complex function uw and a positive function p such that
Du(0,0) is invertible and ds® = p|du|® where du = uyda + Uy dy.
Proof. Working out |du|? gives

ldul? = |up|? da? + 2 Re(ugty)dzdy + \uy|2 dy?.
Writing u, = Aug, the previous equation becomes

ldul® = |us|? (d:c2 + 2Re(\)dzdy + |\ dy2) .
Hence we must have

E=plu.*, F=plus[*ReX and G = plu|* [A]”

or equivalently
F/E =Re) and G/E = |\]*.
Writing A = a + ib, we find @ = F/FE and a® + b* = G/F so that

A= % +i\/G/E — (F/E)? = % (Fii\/GE— F2) .

We make a choice of the sign above, then we are looking for u(x,y) € C such that
Uy = Aug. Letting u = a+ 10, the equation u, = Au, may be written as the system
of real equations

ay = Re[(a +1b) (ag +1i0;)] = acy — b, and
By =Im[(a+ib) (ap + 18s)] = afz + bay

which is equivalent to
o _(a b o
5), \b o )s),
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So we may apply the Cauchy Kovalevskaya theorem 4.10 with ¢ = y to find a real
analytic solution to this equation with (say) w(z,0) = z, i.e. «a(z,0) = z and
B(x,0) = 0. (We could take u(z,0) = f(x) for any real analytic function f such
that f'(0) # 0.) The only thing that remains to check is that Du(0,0) is invertible.

But
([ Reup, Reuy \ ([ ax ay \ [ ar acy—0b6;
Du(0,0) = < Imu, Imu, ) o < Bz By ) o ( Bz afs + bay
so that
det [Du] = b (a2 + B2) =Im A ug|® .

det [Du(0,0)] = Im A(0,0) = +1/G/E — (F/E)?|(0.0) # 0

Example 4.12. Consider the linear PDE,
(4.23) Uy = Uy with u(z,0) = f(x)

where f(z) = Yo _jama™ as real analytic function near = 0 with radius of
convergence p. (So for any r < p, |a;,| < Cr~™.) Formally the solution to Eq.
(4.23) should be given by

Thus

— 1
x,y) = Z m@;u(x, Y)|y=0y"-
n=0 "
Now using the PDE (4.23),
Oy ul,y)ly=0 = Ofu(,0) = f™) ().

Thus we get
1
(4.24) u(z,y) =Y Ef(")(w)y”
n=0
By the Cauchy estimates,
nlp
‘f(n) (a:)‘ <—
(p— =)™
and so
YIRS o

n= 0
which is finite provided |y| < p — |z|, i.e. \x| + |y| < p. This of course makes sense
because we know the solution to Eq. (4.23) is given by

w(@,y) = f(z +y).
Now we can expand Eq. (4.24) out to find

oo

Zni Z m—1)...(m—n+ Daypz™ " | y"

n=0

w25) s )
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Since
m
amx™ "My < C < ) *mm""—C r=™ (o] + ly)™ < o
m;:ZO <n) i | m>2'n:>0 | 'rnz>:()

provided |z| 4+ |y| < r. Since r < p was arbitrary, it follows that Eq. (4.25) is
convergent for |z| + |y| < p.

Let us redo this example. By the PDE in Eq. (4.23), 0;0yu(z,y) = 0yt u(x,y)
and hence
o amu(0,0) = fmrm(0).
Written another way
D*u(0,0) = f1°D(0)
and so the power series expansion for u must be given by

(el (0
(4.26) u(z,y) = Z f

Using f(™(0)/m! < Cr~™ we learn

(D (o |ox | lee]) !
> 1 <cz|f Lo yie= = cz ZROL 5 o

(,y)"
« |a‘:m

r
<03 T el + )" = iy <
if |z| + |y| < r. Since r < p was arbitrary, it follows that the series in Eq. (4.26)
converges for |z| + |y| < p.

Now it is easy to check directly that Eq. (4.26) solves the PDE. However this
is necessary since by construction D%u,(0,0) = D%u,(0,0) for all a. This implies,
because u, and u, are both real analytic, that u, = u,.

m=0



