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In memory of Sergei SOBOLEV, 1908-1989

He pioneered the study of some functional spaces which are crucial in the study
of the partial differential equations of continuum mechanics and physics, and
the first part of these lecture notes is about these spaces, named after him.

In memory of Jacques-Louis LIONS, 1928-2001

He participated in the development of Sobolev spaces, in part with Enrico
MAGENES, applying the general theory of interpolation spaces which he had
developed with Jaak PEETRE, who further simplified the theory so that it
became more easy to use, and the second part of these lecture notes is about
these interpolation spaces.

To Lucia

To my children
Laure, Michaél, André, Marta



Preface

After publishing an introduction to the Navier!-Stokes?:® equation and
oceanography [18], the revised version of my lecture notes for a graduate
course that I had taught in the spring of 1999, I want to follow with another
set of lecture notes for a graduate course that I had taught in the spring of
2000; that course was divided into two parts, the first part on Sobolev* spaces,
and the second part on interpolation spaces. The first version had been avail-
able on the Internet, and after a few years, I find it useful to make the text
available to a larger audience by publishing a revised version.

When I was a student at Ecole Polytechnique, which was still in Paris,
France, on the “Montagne Sainte Genevieve’,> I had the chance to have

! Claude Louis Marie Henri NAVIER, French mathematician, 1785-1836. He worked
in Paris, France.

2 Sir George Gabriel STOKES, Irish-born mathematician, 1819-1903. He worked in
London, and in Cambridge, England, holding the Lucasian chair (1849-1903).

3 Reverend Henry LUCAS, English clergyman and philanthropist, 1610-1663.

4 Sergei L’'vovich SOBOLEV, Russian mathematician, 1908-1989. He worked in
Leningrad, in Moscow, and in Novosibirsk, Russia. I first met him when I was a
student, in Paris in 1969, then at the International Congress of Mathematicians
in Nice in 1970, and conversed with him in French, which he spoke perfectly (all
educated Europeans did learn French in the beginning of the 20th century). I only
met him once more, when I traveled with a French group from INRIA (Institut
National de la Recherche en Informatique et Automatique) in 1976 to Akadem-
gorodok near Novosibirsk, Russia, where he worked. There is now a Sobolev Insti-
tute of Mathematics of the Siberian branch of the Russian Academy of Sciences,
Novosibirsk, Russia.

5 Genevieve, patroness of Paris, ¢ 419 or 422-512.
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Laurent SCHWARTZ® ® as my main teacher in mathematics in the first year
(1965-1966), and the course contained an introduction? to his theory of dis-
tributions,'® but I only heard about Sobolev spaces in my second year (1966—
1967), in a seminar organized by Jacques-Louis LIONS!' ™13 for interested stu-
dents, in addition to his course on numerical analysis. I learnt a little more in
his courses at the university in the following years, and I read a course [13]
that he had taught in 1962 in Montréal, Québec (Canada), and I also read a
book [1] by Shmuel AGMON,* corresponding to a course that he had taught
at Rice'® University, Houston, TX.

5 Laurent SCHWARTZ, French mathematician, 1915-2002. He received the Fields
Medal in 1950. He worked in Nancy, in Paris, France, at Ecole Polytechnique,
which was first in Paris (when I had him as a teacher in 1965-1966), and then in
Palaiseau, France, and at Université Paris VII (Denis Diderot), Paris, France.

" John Charles FIELDS, Canadian mathematician, 1863-1932. He worked in
Meadpville, PA, and in Toronto, Ontario (Canada).

8 Denis DIDEROT, French philosopher and writer, 1713-1784. He worked in Paris,
France, and he was the editor-in-chief of the Encyclopédie. Université Paris 7,
Paris, France, is named after him.

9 Which means that he only considered questions of convergence for sequences, and
he did not teach anything about the topologies of D or D’, which I first learnt in
his book [15].

10 Laurent SCHWARTZ has described something about his discovery of the concept

of distributions in his biography [16].

Jacques-Louis LIONS, French mathematician, 1928-2001. He received the Japan

Prize in 1991. He worked in Nancy and in Paris, France, holding a chair (analyse

mathématique des systémes et de leur controle, 1973-1998) at College de France,

Paris, France. I first had him as a teacher at Ecole Polytechnique in 1966-1967,

and I did research under his direction, until my thesis in 1971. The laboratory

dedicated to functional analysis and numerical analysis which he initiated, funded

by CNRS (Centre National de la Recherche Scientifique) and Université Paris VI

(Pierre et Marie Curie), is now named after him, the Laboratoire Jacques-Louis

Lions.

2 Pierre CURIE, French physicist, 1859-1906, and his wife Marie SKLODOWSKA-
CURIE, Polish-born physicist, 1867—-1934, jointly received the Nobel Prize in
Physics in 1903, and she also received the Nobel Prize in Chemistry in 1911.
They worked in Paris, France. Université Paris 6, Paris, France, is named after
them.

13 Alfred NOBEL, Swedish industrialist and philanthropist, 1833-1896. He created
a fund to be used as awards for people whose work most benefited humanity.

14 Shmuel AGMON, Israeli mathematician, born in 1922. He worked at The Hebrew
University, Jerusalem, Israel.

15 William Marsh RICE, American financier and philanthropist, 1816-1900.

11



Preface X
I first read about interpolation spaces (in a Hilbert'®:17 setting) in a book
that Jacques-Louis LIONS had written with Enrico MAGENES'® [14], and
then he gave me his article with Jaak PEETRE'® to read for the theory in
a Banach?:2! setting, and later he asked me to solve some problems about
interpolation for my thesis in 1971, and around that time I did read a few
articles on interpolation, although I can hardly remember in which of the
many articles of Jaak PEETRE I may have read about some of his results.
For the purpose of this course, I also consulted a book by BERGH?%:%% &
LOFSTROM?* [2].

I also learnt in other courses, by Jacques-Louis LIONS or others, in sem-
inars, and the usual process went on, learning, forgetting, inventing a new
proof or reinventing one, when asked a question by a fellow researcher or a
student, so that for many results in this course I can hardly say if I have read
them or filled the gaps in statements that I had heard, and my memory may
be inaccurate on some of these details. Some of the results may have been
obtained in my own research work, which is concerned with partial differen-
tial equations from continuum mechanics or physics, and my personal reason
for being interested in the subject of this course is that some of the ques-
tions studied have appeared in a natural way in a few practical problems. Of
course, although a few problems of continuum mechanics or physics have led
to some of the mathematical questions described in this course, many have
been added for the usual reason that mathematicians are supposed to discover
general structures hidden behind particular results, and describe something

16 David HILBERT, German mathematician, 1862-1943. He worked in Koénigsberg
(then in Germany, now Kaliningrad, Russia) and in Gottingen, Germany. The
term Hilbert space was coined by his student VON NEUMANN, when he worked
on his mathematical foundation of quantum mechanics.

17 Janos (John) VON NEUMANN, Hungarian-born mathematician, 1903-1957. He
worked in Berlin, in Hamburg, Germany, and at IAS (Institute for Advanced
Study), Princeton, NJ.

'8 Enrico MAGENES, Italian mathematician, born in 1923. He worked in Pavia,
Ttaly.

19 Jaak PEETRE, Estonian-born mathematician, born in 1935. He worked in Lund,
Sweden.

20 Stefan BANACH, Polish mathematician, 1892-1945. He worked in Lwéw (then
in Poland, now Lvov, Ukraine). There is a Stefan Banach International Mathe-
matical Center in Warsaw, Poland. The term Banach space was introduced by
FRECHET.

21 Maurice René FRECHET, French mathematician, 1878-1973. He worked in
Poitiers, in Strasbourg and in Paris, France. I do not know who introduced the
term Fréchet space.

22 Jsran BERGH, Swedish mathematician, born in 1941. He has worked in Lund,
and at Chalmers University of Technology, Goteborg, Sweden.

23 William CHALMERS Jr., Swedish merchant, 1748-1811.

24 Jorgen LOFSTROM, Swedish mathematician, born in 1937. He worked at
Chalmers University of Technology, Goteborg, Sweden.
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more general after having done a systematic study, akin to a cleaning process.
For those who do not yet know much about continuum mechanics or physics,
I recommend looking first at more classical descriptions of the problems, for
example by consulting the books which have been prepared under the direc-
tion of Robert DAUTRAY?® and Jacques-Louis LIONS [4-12]. For those who
already know something about continuum mechanics or physics, I recommend
looking at my other lecture notes for reading about the defects which I know
about classical models, because other authors rarely mention these defects
even when they have heard about them: I suppose that it is the result of hav-
ing been raised as the son of a (Calvinist) Protestant minister that I learnt
and practiced the point of view that one should not follow the path of the
majority when reason clearly points to a different direction. However, although
I advocate using reason for criticizing without concessions the points of view
that are taught in order to find better “truths”, one should observe that this
approach is more suited to mathematicians than to engineers or physicists;
actually, not all “mathematicians” have been trained well enough for following
that path, and that might explain why some people initially trained as mathe-
maticians write inexact statements, which they often do not change even after
being told about their mistakes, which others repeat then without knowing
that they propagate errors; if their goal had not been to mislead others, a
better strategy would have been to point out that some statements were only
conjectures.

I have decided to write my lecture notes with some information given
in footnotes about the people who have participated in the creation of the
knowledge related to the subject of the course, and I have mentioned in [18] a
few reasons for doing that: I had great teachers?® like Laurent SCHWARTZ and
Jacques-Louis LIONS, and I have met many mathematicians, for whom I use
their first names in the text, but I have tried to give some simple biographical
data for all people quoted in the text in order to situate them both in time
and in space, the famous ones as well as the almost unknown ones; I have
seen so many ideas badly attributed and I have tried to learn more about the
mathematicians who have introduced some of the ideas which I was taught
when I was a student, and to be as accurate as possible concerning the work of
all.2” Another reason is that I enjoy searching for clues, even about questions
that might be thought irrelevant for my goals; I might be stopped by a word,

2% Ignace Robert DAUTRAY (KOUCHELEVITZ), French physicist, born in 1928.

26 Although I immediately admired their qualities, like pedagogical skill, I later
became aware of some of their defects, the discussion of which I shall postpone
until I decide to publish all the letters that I wrote to them.

27 Although I have never read much, it would be quite inefficient for me to change
my method of work for the moment, because too many people have recently shown
a tendency to badly quote their sources. In some cases, information that I had
proven something in the 1970s has been ignored, for the apparent reason that I
had told that to people who wanted to avoid mentioning my name, the strange
thing being that instead of trying to find someone who would have done similar
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wondering about its etymology, or by a new name, wondering about who this
person was, or even by a name which has been attached to a well-known
institution and I want to discover who was that forgotten person in honor of
whom the institution is named; the Internet has given me the possibility to
find such answers, sometimes as the result of many searches which had only
given small hints, and I hope that I shall be told about all the inaccuracies
that are found in my text.

I was glad to learn a few years ago the motto of Hugo of Saint Victor?®
“Learn everything, and you will see afterward that nothing is useless”, and
to compare it with what I had already understood in my quest about how
creation of knowledge occurs. I have often heard people say about a famous
physicist from the past, that luck played an important role in his discovery,
but the truth must be that if he had not known beforehand all the aspects of
his problem he would have missed the importance of the new hint that had
occurred, and so this instance of “luck” reminds me of the saying “aide toi,
le ciel t’aidera” (God helps those who help themselves). Those who present
chance as an important factor in discovery probably wish that every esoteric
subject that they like be considered important and funded, but that is not at
all what the quoted motto is about. My reasons for publishing lecture notes is
to tell the readers some of what I have understood; the technical mathematical
aspects of the course are one thing, the scientific questions behind the theories
are another, but there is more than that, a little difficult to express in words:
I will have succeeded if many become aware, and go forward on the path of
discovery, not mistaking research and development, knowing when and why
they do one or the other, and keeping a higher goal in mind when for practical
reasons they decide to obey the motto of the age for a while, “publish or
perish”.

When I was a graduate student in Paris, my advisor invited me a few
times to join a dinner held for a visitor, who had usually talked in the Lions—
Schwartz seminar, which met every Friday at IHP (Institut Henri Poincaré??).
It was before Université de Paris split into many smaller universities, which
happened in 1970 or 1971, and I had heard my advisor mention a special
fund from ZAMANSKI3? the dean of “Faculté des Sciences”. The buildings
for sciences were then known as “Halle aux Vins”, because they were being
built on a place previously used for the wine market, and it was only after
all the wine merchants had moved to Bercy, on the other bank of the river

work before me they sometimes preferred to quote one of their friends who had
used the result in the 1990s, without any mention of an author for it.

28 Hugo VON BLANKENBURG, German-born theologian, 1096-1141. He worked at
the monastery of Saint Victor in Paris, France.

29 Jules Henri POINCARE, French mathematician, 1854-1912. He worked in Paris,
France. There is an Institut Henri Poincaré (IHP), dedicated to mathematics and
theoretical physics, part of Université Paris VI (Pierre et Marie Curie), Paris,
France.

39 Marc ZAMANSKI, French mathematician, 1915-1996. He worked in Paris, France.
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Seine, that the complex of buildings became known as “Jussieu”,®' and I
wonder if part of the plan was not to support the local restaurants, who were
losing a lot of their customers because of the transfer of the wine market to
Bercy. It was at one of these dinners, which all took place in the restaurant
“Chez Moissonnier”, rue des fossés Saint Bernard,323* that I first met Sergei
SOBOLEV, probably in 1969, but I had not been aware that he had given a
talk; my understanding of English was too poor at the time for conversing
with visitors, but fortunately Sergei SOBOLEV spoke French, perfectly.?®

I met Sergei SOBOLEV a second time, at the International Congress of
Mathematicians in Nice in 1970, and as he was waiting in front of me in a
line at a cafeteria, I took the occasion to ask him a question, about what
he thought were interesting mathematical areas to study, and I must have
mentioned applications, because his answer was that it was difficult to know
what could become useful, as even questions in number theory had found
applications.

I met Sergei SOBOLEV a third time in 1976, when I traveled to Novosibirsk
with a group from INRIA (Institut National de Recherche en Informa-
tique®®:37 et Automatique®®), and he was working then on cubature formu-
las [17], i.e., quadrature formulas in three dimensions, a subject which I did
not find interesting enough to enquire about it. Apart from the fact that he
seemed eager not to be too involved with the political establishment, which
may explain why he worked alone, the subject may have actually been more
important in the Soviet Union than in the West, as I learnt during the same

31 Antoine Laurent DE JUSSIEU, French botanist, 1748-1836. He worked in Paris,
France.

32 Bernard DE FONTAINES, French monk, 1090-1153. He founded the monastery of
Clairvaux, France, and is known as Saint Bernard de Clairvaux. He was canonized
in 1174 by ALEXANDER III, and PIUS VIII bestowed on him the title of Doctor
of the Church in 1830.

33 Orlando BANDINELLI, Italian Pope, 1105-1181. Elected Pope in 1159, he took
the name ALEXANDER III.

34 Francesco Xaverio CASTIGLIONE, Italian Pope, 1761-1830. Elected Pope in 1829,

he took the name PIUS VIII.

Until the beginning of the 20th century, every educated person in Europe learnt

French. I was told that Sergei SOBOLEV was born into an aristocratic family,

and that without the 1917 revolution in Russia he would have become a duke.

Informatique is the French word for computer science, and ordinateur is the

French word for computer, but these words were in use much before DE GAULLE

created a special committee for coining French words that had to be used in

replacement of the American words invented in technology.

37 Charles DE GAULLE, French general and statesman, 1890-1970. Elected Presi-
dent of the Republic in 1959 (by the two legislative chambers), he had then a new
constitution for France accepted (5th republic), and he was reelected by direct
election in 1965; he resigned in 1969.

38 Automatique is the French word for control theory.

35

36
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trip, when my good friend Roland GLOWINSKI®® told me about some dis-
cussions with Nicolai YANENKO,*® who had said that a numerical scheme
mentioned by the French team did not work; together with Jean CEA,*! he
was trying to understand why the scheme did not work on Russian computers,
while it worked well in France (although it was not a very efficient scheme),
and after a few days, the explanation was found, which was that the Russian
computers did not have double precision, a feature which had existed for some
time on the American computers used in France, but such computers could
not be imported into the Soviet Union, because of the embargo decided by
United States, a consequence of the Cold War; it could have been precisely the
limitations of the computers which made the study of good cubature formulas
useful.

In his description of lives of great men, PLUTARCH*? told a story about
ARCHIMEDES*3%* and Cicero.*®> At the time when Cicero became governor of
Sicily, he wanted to visit the tomb of ARCHIMEDES, and the people of Syracuse
had no idea where it was, but Cicero knew something about the tomb, which
permitted him to discover it: ARCHIMEDES had wanted to have on his tomb a
reminder of what he thought was his best result, that the surface of a sphere
of radius R is equal to the lateral surface of a tangent cylinder of same height
(i.e., with a circular base of radius R and height 2R), which is then 47 R?, so
Cicero’s aides just had to go around the cemeteries of Syracuse and look for
a tomb with a sphere and a cylinder on it.

Apparently, there was no mathematical result that Jacques-Louis LIONS
was really proud of having proven, because after his death people who had
been in contact with him insisted that what he had been most proud of was
one of his successes in manipulating people. In 1984, in a discussion with
Laurent SCHWARTZ, I had said that I was not good at following complicated
proofs and he had said that one cannot follow another person’s mind and
that only Jacques-Louis LIONS was capable of following every proof. Roger

3% Roland GLOWINSKI, French-born mathematician, born in 1937. He worked at
Université Paris VI (Pierre et Marie Curie), Paris, France, and he works now in
Houston, TX.

49 Nikolai Nikolaevich YANENKO, Russian mathematician, 1921-1984. He worked
in Novosibirsk, Russia.

41 Jean CEA, French mathematician, born in 1932. He worked in Rennes, and in
Nice, France.

42 Mestrius PLUTARCHUS, Greek biographer, 46-120.

43 ARCHIMEDES, Greek mathematician, 287 BCE-212 BCE. He worked in Siracusa
(Syracuse), then a Greek colony, now in Italy.

44 BCE = before common era; those who insist in linking questions of date with
questions of religion may consider that it means “before Christian era”.

45 Marcus TULLIUS Cicero, Roman orator and politician, 106 BCE-43 BCE.
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PENROSE*6 48 expresses the same fact that in listening to someone he actually
tries to guess what the other person says, because he cannot in general follow
the details of the other person’s reasoning, which is the way I feel; however,
he wrote that in a book whose whole argument looked quite silly to me (and
Jacques-Louis LIONS also made the same comment about the book), but I
read it entirely because my good friend Constantine DAFERMOS*?®! had
offered it to me, which I interpreted as meaning that I should have a critical
opinion about “artificial intelligence”. What had prompted that information
from Laurent SCHWARTZ about Jacques-Louis LIONS was that I always insist
that my proofs are not difficult (and that the importance is more in the
analysis about what kind of result to look for), because I always try to simplify
what I have done, so that it can be easily understood; Jacques-Louis LIONS
had this quality of looking for simplifying proofs, and he sometimes asked me
to find a general proof after he had obtained a particular result whose proof
looked much too complicated to him to be the “right one”.

I recall a remark of Jacques-Louis LIONS that a framework which is too
general cannot be very deep, and he had made this comment about semi-
group theory; he did not deny that the theory is useful, and the proof of the
Hille®2:53~Yosida®* theorem is certainly more easy to perform in the abstract
setting of a Banach space than in each particular situation, but the result
applies to equations with very different properties that the theory cannot

16 Sir Roger PENROSE, English mathematician, born in 1931. He received the Wolf
Prize (in Physics!) in 1988. He has worked in London and in Oxford, England,
where he held the Rouse Ball professorship.

4T Ricardo WOLF, German-born diplomat and philanthropist, 1887-1981. He emi-
grated to Cuba before World War I; from 1961 to 1973 he was Cuban Ambassador
to Israel, where he stayed afterwards. The Wolf foundation was established in 1976
with his wife, Francisca SUBIRANA-WOLF, 1900-1981, “to promote science and
art for the benefit of mankind”.

48 Walter William Rouse BALL, English mathematician, 1850-1925. He worked in
Cambridge, England.

19 Constantine M. DAFERMOS, Greek-born mathematician, born in 1941. He
worked at Cornell University, Ithaca, NY, and he works now at Brown University,
Providence, RI.

50 Ezra CORNELL, American philanthropist, 1807-1974.

51 Nicholas BROWN Jr., American merchant, 1769-1841.

2 Finar Carl HILLE (HEUMAN), Swedish-born mathematician, 1894-1980. He
worked in Princeton, NJ, and at Yale University, New Haven, CT.

53 Elihu YALE, American-born English philanthropist, Governor of Fort St George,
Madras, India, 1649-1721.

54 Késaku YOSIDA, Japanese mathematician, 1909-1990. He worked in Tokyo,
Japan, where I met him during my first trip to Japan, in the fall of 1976.
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distinguish. After having written an article with Jean LERAY,%®:56 who had
wanted to use the generalization of the Brouwer®” topological degree that he
had obtained with SCHAUDER,® Jacques-Louis LIONS had observed that the
regularity hypotheses for applying the Leray—Schauder theory are too strong
and that a better approach is to use the Brouwer topological degree for finite-
dimensional approximations, and then pass to the limit, taking advantage of
the particular properties of the problem for performing that limiting process.
Maybe Jacques-Louis LIONS also thought that the theory of interpolation
spaces lacks depth because it is a general framework based on two arbitrary
Banach spaces, but certainly the theory is worth studying, and I decided to
teach it after the first part on Sobolev spaces for that reason.

In an issue of the Notices of the American Mathematical Society, Enrico
MAGENES had recalled the extreme efficiency of Jacques-Louis LIONS when
they worked together, in particular for the study of their famous interpolation

space Hol?(£2), but Peter LAX%*% had recalled an interesting encounter,
showing that early in his career Jacques-Louis LIONS was already playing
the functional analysis card against continuum mechanics. I had opposed my
former advisor on this question, because I wanted to understand more about
continuum mechanics and physics, and to develop new tools for going further
in the study of the partial differential equations of continuum mechanics or
physics, and in particular to show the limitations of the classical tools from
functional analysis, but despite our opposition on these important questions,
I have chosen to dedicate these lecture notes to Jacques-Louis LIONS, because
he played an important role in the development of the theory of interpolation
spaces, although the theory would have been quite difficult to use without the
simplifying work of Jaak PEETRE.

Jaak PEETRE wrote to me a few years ago that he had obtained the same
results on interpolation as Jacques-Louis LIONS, who had kindly proposed
that they publish an article together. It seems to me that Jaak PEETRE was

% Jean LERAY, French mathematician, 1906-1998. He shared the Wolf Prize in
1979 with WEIL. He worked in Nancy, France, in a prisoner of war camp in
Austria (1940-1945), and in Paris, France; he held a chair (théorie des équations
différentielles et fonctionnelles, 1947-1978) at College de France, Paris, France.

56 André WEIL, French-born mathematician, 1906-1998. He received the Wolf Prize
in 1979 (shared with Jean LERAY). He worked in Aligarh, India, in Haverford,
PA, in Swarthmore, PA, in Sao Paulo, Brazil, in Chicago, IL, and at IAS (Institute
for Advanced Study), Princeton, NJ.

57 Luitzen Egbertus Jan BROUWER, Dutch mathematician, 1881-1966. He worked
in Amsterdam, The Netherlands.

58 Juliusz Pawel SCHAUDER, Polish mathematician, 1899-1943. He worked in Lwéw
(then in Poland, now Lvov, Ukraine).

59 Peter David LAX, Hungarian-born mathematician, born in 1926. He received the
Wolf Prize in 1987, and the Abel Prize in 2005. He works at NYU (New York
University), New York, NY.

50 Niels Henrik ABEL, Norwegian mathematician, 1802-1829.
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following the influence of M. RIESZ%! 5 in Lund, Sweden, while Jacques-Louis
LIONS was following the path opened by the characterization of traces of func-
tions in WP by Emilio GAGLIARDO,% who had also worked with Nachman
ARONSZAJN.57 The interpolation spaces studied in the joint article of Jacques-
Louis LIONS and Jaak PEETRE seem to depend upon three parameters, and
it is an important simplification of Jaak PEETRE to have shown that they
actually only depend upon two parameters, one parameter 6 € (0,1) which
they had already introduced, and a single parameter®® p € [1, 00]. The theory
of interpolation spaces as it can be taught now thus owes much more to Jaak
PEETRE than to Jacques-Louis LIONS, a point which I had not emphasized
enough before. In some instances, the name of Jacques-Louis LIONS appears
for questions of interpolation related to his joint works with Enrico MAGENES,
and that corresponds to applying the already developed theory of interpola-
tion spaces to questions of partial differential equations.

A few years ago, I had needed the support of a few friends to find the
strength to decide to revise the lecture notes which I had already written,
and to complete the writing of some unfinished ones, in view of publishing
them to attain a wider audience. I carried out the first revision of this course
in August 2002, and I want to thank Thérese BRIFFOD for her hospitality at
that time.

I would not have been able to complete the publication of my first lecture
notes and to feel able to start revising again this second set of lecture notes
without the support of Lucia OSTONI, and I want to thank her for that and
for much more, giving me the stability that I had lacked so much in the last

61 Marcel RIESZ, Hungarian-born mathematician, 1886-1969 (the younger brother
of Frederic RIESZ). He worked in Stockholm and in Lund, Sweden.

52 Frigyes (Frederic) RIESZ, Hungarian mathematician, 1880-1956. He worked in
Kolozsvéar (then in Hungary, now Cluj-Napoca, Romania), in Szeged and in
Budapest, Hungary. He introduced the spaces LP in honor of LEBESGUE and
the spaces H” in honor of HARDY, but no spaces are named after him, and the
Riesz operators have been introduced by his younger brother Marcel RIESZ.

63 Henri Léon LEBESGUE, French mathematician, 1875-1941. He worked in Rennes,
in Poitiers, and in Paris, France; he held a chair (mathématiques, 1921-1941) at
College de France, Paris, France.

64 Godfrey Harold HARDY, English mathematician, 1877-1947. He worked in Cam-
bridge, in Oxford, England, holding the Savilian chair of geometry in 1920-
1931, and in Cambridge again, holding the Sadleirian chair of pure mathematics
(established in 1701 by Lady SADLEIR) in 1931-1942.

55 Sir Henry SAVILE, English mathematician, 1549-1622. He founded professorships
of geometry and astronomy at Oxford.

66 Emilio GAGLIARDO, Ttalian mathematician, born in 1930. He worked in Pavia,
ITtaly.

67 Nachman ARONSZAJN, Polish-born mathematician, 1907-1980. He worked in

Lawrence, KS, where I visited him during my first visit to United States, in 1971.

Jaak PEETRE has even observed that one can use p € (0, 00], and he developed

the theory of interpolation for quasi-normed spaces.
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twenty-five years, so that I could feel safer in resuming my research of giving a
sounder mathematical foundation to 20th century continuum mechanics and
physics.

I want to thank my good friends Carlo SBORDONE and Franco BREZZI for
having proposed to publish my lecture notes in a series of Unione Matematica
Italiana.

Milano,% July 2006 Luc TARTAR
Correspondant de I’Académie des Sciences, Paris

University Professor of Mathematics

Department of Mathematical Sciences

Carnegie Mellon University

Pittsburgh, PA 15213-3890

United States of America

59 Two months after writing this preface, I was elected a foreign member of Istituto
Lombardo Accademia di Scienze e Lettere, Milano.
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Detailed Description of Lectures

a.b refers to definition, lemma or theorem # b in lecture # a, while (a.b)
refers to equation # b in lecture # a.

Lecture 1, Historical background: Dirichlet principle: (1.1) and (1.2); Radon
measures: (1.3).

Lecture 2, The Lebesgue measure, convolution: Convolution: 2.1 and (2.1)—
(2.3); condition on supports: (2.4); operators 7,: 2.2 and (2.5); commutation
of 7, with convolution: 2.3 and (2.6) and (2.7); an example of a C*° function:
2.4 and (2.8).

Lecture 3, Smoothing by convolution: Smoothing sequences: 3.1 and (3.1);
convergence of smoothing sequences: 3.2; density of C2°(RY): 3.3.

Lecture 4, Truncation; Radon measures; distributions: Truncating sequences:
4.1; smoothing characteristic functions: 4.2 and (4.1); Radon measures and
distributions: 4.3 and (4.2)—(4.5); derivation of distributions: 4.4 and (4.6)—
(4.8).

Lecture 5, Sobolev spaces; multiplication by smooth functions: W™P({2): 5.1
and (5.1); WP ({2) is a Banach space and H™({2) is a Hilbert space: 5.2 and
(5.2) and (5.3); convergences in C2° and in D’: (5.4) and (5.5); principal value
of L: (5.6)~(5.9); multiplication by smooth functions: 5.3 and (5.10); Leibniz’s
formula for functions: 5.4 and (5.11) and (5.12), and for distributions: 5.5 and
(5.13).

Lecture 6, Density of tensor products; consequences: Tensor product of func-
tions: (6.1); density of tensor products: 6.2 and (6.1)—(6.4); ;7 = 0 for all j
means T = C dg: 6.3 and (6.5) and (6.6); {2 connected and 8877,; =0 for all j

means T constant: 6.4 and (6.7)—(6.12); C>°(RY) is dense in W™P?(RY) for
1 < p < o0: 6.5 and (6.13) and (6.14); WP (£2): 6.6; Sobolev’s embedding
theorem: 6.7.

Lecture 7, Extending the notion of support: Being 0 on an open subset: 7.1 and
(7.1) and (7.2); partitions of unity: 7.2; being 0 on a union of open subsets: 7.3;
support of Radon measures or of distributions: 7.4; W,"?(§2): 7.5; product of
functions in W1P(§2) and W14(£2): 7.6; Lipschitz functions and W1°°(£2):
7.7 and 7.8.

Lecture 8, Sobolev’s embedding theorem, 1 < p < N: A domain with a cusp,
where Sobolev’s embedding does not hold: 8.1; interpolation inequality for
LP: 8.2 and (8.1); WHP(RN) c LI(RY) implies p < ¢ < p,: 8.3 and (8.2)—
(8.6); elementary solutions: 8.4; the Laplacian and its elementary solution:
(8.7) and (8.8); the formula used by SOBOLEV: (8.9); WL (R) C Co(R): 8.5
and (8.10)—(8.12); a lemma used by GAGLIARDO and by NIRENBERG: 8.6 and
(8.13)—(8.16); estimates in various L?(R") spaces by the Gagliardo-Nirenberg
method: 8.7 and (8.17)—(8.20).

Lecture 9, Sobolev’s embedding theorem, N < p < oo: Sobolev’s embedding
theorem estimates for the case p = N: 9.1 and (9.1)—(9.5), and for the case
p > N: (9.6); estimates using a parametrix of the Laplacian: (9.7)—(9.9);
WhP(RN) c C%Y(RYN) for p > N: 9.2 and (9.10)—(9.13).
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Lecture 10, Poincaré’s inequality: Questions of units: (10.1)—(10.4); Poincaré’s
inequality: 10.1; when Poincaré’s inequality holds, or does not hold: 10.2.
Lecture 11, The equivalence lemma; compact embeddings: Equivalence lemma:
11.1; when compactness holds, or does not hold: 11.2.

Lecture 12, Regularity of the boundary; consequences: D(§2): 12.1; continuous
or Lipschitz boundary: 12.2; D(£2) is dense in W1P(£2): 12.3 and (12.1)—(12.5);
linear continuous extension from WP (£2) into WP(RM): 12.4 and (12.6) and
(12.7); linear continuous extension from W™ (RY) into W™P(RN): 12.5 and
(12.8) and (12.9).

Lecture 13, Traces on the boundary: Traces for smooth functions in one chart:
13.1 and (13.1) and (13.2); the trace operator 7o: 13.2; trace of a product:
13.3; Hardy’s inequality: 13.4 and (13.3)(13.6); trace 0 and W, P (2x) in one
chart: 13.5, 13.6 and (13.7)—(13.9); trace 0 and W"P(£2): 13.7.

Lecture 14, Green’s formula: The exterior normal: 14.1 and (14.1); Green’s
formula in one chart: 14.2, 14.3 and (14.2) and (14.3); Green’s formula: 14.4;
the injection of W1P(£2) into LP(§2) is compact: 14.5.

Lecture 15, The Fourier transform: Fourier series: (15.1); Fourier integral: 15.1
and (15.2)—(15.4); basic properties of the Fourier transform: (15.5)-(15.7);
Fourier transform of a Radon measure: (15.8) and (15.9); S(RY): 15.2 and
(15.10); Plancherel’s formula: (15.11); Fourier transform on S’(RY): 15.3 and
(15.12); basic properties of the extended Fourier transform: (15.13); F1 = d:
15.4 and (15.14); F is an isomorphism on S(RY), on &'(RY), and on L?(RY):
15.5 and (15.15)~(15.17); F on H'(RM): 15.6 and (15.18); H*(RN): 15.7;
HP' () and H~™(2): 15.8; characterization of H~1(£2): 15.9; C>°(R") is
dense in H*(RN): 15.10; F(you): 15.11 and (15.19) and (15.20).

Lecture 16, Traces of H*(RN): ~o(H*(RY)) = H*=W/2(RN-1) for s > L
16.1 and (16.1)—(16.5); traces of derivatives: 16.2 and (16.6)—(16.9); H*(R")
for 0 < s < 1: 16.3 and (16.10)—(16.14); extension of Lipschitz functions:
(16.15).

Lecture 17, Proving that a point is too small: * € L*(RN) for u € H'(RN)
and N > 3: 17.1 and (17.1) and (17.2); functions in C°(RY) vanishing near
0 are dense in H'(RY) for N > 3: 17.2 and (17.3), and for N = 2: 17.3;
estimating the norm of in L2(02) for u € H}(2) and 2 C R%: 17.4
and (17.4)—(17.6).

Lecture 18, Compact embeddings: (T, ) = 0 if derivatives of ¢ vanish on
the compact support of T up to the order of T: 18.1 and (18.1) and (18.2);
distributions with support a point: 18.2 and (18.3); a criterion for compactness
in LP(£2): 18.3; compact injection from WP (£2) into LP(§2): 18.4 and (18.4);
Poincaré’s inequality for H}($2) if meas(£2) < oo: 18.5.

Lecture 19, Laz—Milgram lemma: Elliptic, parabolic, hyperbolic models using
A: (19.1)—(19.3); second-order elliptic equations with variable coefficients:
(19.4) and (19.5); conservation of charge: (19.6); Lax—Milgram lemma: 19.1
and (19.7)—(19.9); variational formulations: (19.10)—(19.14); Neumann condi-
tion: (19.15); Lagrange multiplier for [, udz = 0: (19.16) and (19.17), and
for [, udHN"! = 0: (19.18) and (19.19).
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Lecture 20, The space H(div; £2): Interpretation of the Neumann condition in
the smooth case: (20.1)—(20.5); H(div; 2): 20.1; change of variables: (20.6)—
(20.8); the normal trace on H(div; £2): 20.2 and (20.9); H(curl; £2): (20.10).
Lecture 21, Background on interpolation; the complexr method: Holomorphic
functions: (21.1)—(21.4); the Hilbert transform: (21.5) and (21.6); the L%(R)
estimate: 21.1 and (21.7) and (21.8); M. Riesz’s convexity theorem: 21.2 and
(21.9) and (21.10); the L'(R) estimate: (21.11); Marcinkiewicz spaces: (21.12);
a more general convexity theorem: 21.3; intermediate spaces and interpolation
spaces: 21.4 and (21.13); the complex method: 21.5 and (21.14) and (21.15);
the interpolation property: 21.6 and (21.16); the trace method: (21.17) and
(21.18).

Lecture 22, Real interpolation; K-method: The K-method: 22.1 and (22.1)-
(22.3); the Gagliardo set of an element of Ey + FEi: (22.4); the discrete
definition for the K-method: (22.5); (Ey, E1)g, increases with p: 22.2 and
(22.6) and (22.7); the interpolation property: 22.3 and (22.8)—(22.11); Lorentz
spaces: (22.12); nonincreasing rearrangements: (22.13)—(22.15); K(t; f) for
f € LY(2)+ L>(£2): 22.4 and (22.17); Hardy’s inequality: 22.5 and (22.18)—
(22.21); Lorentz spaces as interpolation spaces: 22.6.

Lecture 23, Interpolation of L? spaces with weights: F(H®(RN)): (23.1);
interpolation of L? spaces with weights: 23.1 and (23.2)—(23.11); F(LP%(R"))
for 1 < p < 2: (23.12) and (23.13); PEETRE’s improvement of Sobolev’s em-
bedding theorem: (23.14)—(23.17); the scaling argument for Lorentz spaces:
(23.18).

Lecture 24, Real interpolation; J-method: The J-norm: 24.1 and (24.1); the
J-method: 24.2 and (24.2); the discrete definition for the J-method: (24.3); the
J-method and the K-method give the “same” spaces: 24.3 and (24.4)—(24.9);
a more general framework: 24.4 and (24.10)—(24.13).

Lecture 25, Interpolation inequalities; the spaces (Ey, E1)g1: Class KC(0) or
J(0) or H(#): 25.1 and (25.1); characterization of classes KC(0) and J(0):
25.2 and (25.2)—(25.6); characterization of linear continuous maps defined on
(Eo, E1)p.1: 25.3 and (25.7) and (25.8); (Hl(R),LQ(R))l/m C Co(R): (25.9)

and (25.10); H*(R) C LP(*):3(R) for 0 < s < %: (25.11); exchanging Ej and
Eq: 25.4 and (25.12).

Lecture 26, The reiteration theorem: Interpolation of the (Eg, F1)a,00: 26.1 and
(26.1)—(26.6); interpolation of the (Ey, E1)q,1: 26.2 and (26.7)—(26.11); the
reiteration theorem: 26.3; (H?(R?),L*(R)) C FLY(R?) and H*(R?) C
L1G)2(R?) for 0 < s < 1: (26.12)(26.16).

Lecture 27, Mazimal functions: Maximal functions: 27.1 and (27.1); || M f||, <
C()||fl|p for 1 < p < oo: 27.2 and (27.2), and not for p = 1: (27.3); a covering
lemma: 27.3; M f in a weak L! space for f € L'(RN): 27.4 and (27.4)—(27.8);
the quasi-norm || - ||«1 and its properties: 27.5 and (27.9)-(27.14); a variant
K. (t; f): 27.6 and (27.15) and (27.16), its use for the weak L! property: 27.7,
and what it implies for K (t; f): 27.8; maximal functions on Lorentz spaces:
97.9 and (27.17)-(27.22).
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Lecture 28, Bilinear and monlinear interpolation: A nonlinear interpolation
result: 28.1 and (28.1) and (28.2); a bilinear interpolation theorem of J.-L.
LIONS: 28.2 and (28.3) and (28.4), and one of J.-L. LIONS & PEETRE: 28.3
and (28.5) and (28.6).

Lecture 29, Obtaining LP by interpolation, with the exact norm: A variant of
K(t; f): 29.1 and (29.1), from which the L” norm can be computed: 29.2 and
(29.2)—(29.4); a generalization for Orlicz spaces: (29.5) and (29.6); a precise
interpolation property: 29.3 and (29.7) and (29.8); using the nonincreasing re-
arrangement for evaluating norms in Lorentz spaces: 29.4 and (29.9)—(29.13).
Lecture 30, My approach to Sobolev’s embedding theorem: A simple decompo-
sition for obtaining a weak embedding theorem: (30.1)—(30.6), which one first
improves by rescaling: (30.7)—(30.9), and then by applying to ¢, (u): (30.10)—
(30.19).

Lecture 31, My generalization of Sobolev’s embedding theorem: The original
method of SOBOLEV: (31.1), is not adapted to the case of derivatives in dif-
ferent LP(RYN) spaces: (31.2), but may be used if all derivatives belong to
the same Lorentz space: (31.3); the case p = 1 is related to the isoperimetric
inequality: (31.4)—(31.6), for which there is an additive and a multiplicative
version: 31.1 and (31.7)—(31.12); the case of derivatives in different Lorentz
spaces: 31.2 and (31.13)—(31.18), can be interpreted under a natural condition:
(31.19); a case with information on various orders of derivatives in different
directions: (31.20)—(31.23).

Lecture 32, Sobolev’s embedding theorem for Besov spaces: Sobolev’s embed-
ding theorem for H*(RY): 32.1; Sobolev space W*P(RYN) and Besov space
BsP(RN): 32.2 and (32.2); WEP(RN) is of class H(ZE) for Eg = W™P(RY)
and E; = LP(RM): (32.3)(32.5); Sobolev’s embedding theorem for W*?(RY)
and BSP(RN): (32.6) and (32.7); o ((H'(RYN), L*(RY)) = L%(RN-1):
(32.8); o (WHH(RN)) = LY(RN™1): (32.9).

Lecture 33, The Lions—Magenes space Héf(()): H'/2(R) has a kind of conti-
nuity: 33.1; Hy/?(R,): 33.2 and (33.1).

Lecture 34, Defining Sobolev spaces and Besov spaces for §2: Zygmund space:
(34.1); two definitions of W*P(£2): (34.2)—(34.4).

Lecture 35, Characterization of W*P(RN): BSP(RY): 35.1 and (35.1)—(35.5);
WeP(RN): 35.2 and (35.6)(35.12).

Lecture 36, Characterization of W*P(£2): W*P(£2): 36.1 and (36.1)—(36.3); a
bounded open set for which W1°°(£2) is not dense in WP(£2) for p < oo:
36.2.

Lecture 37, Variants with BV spaces: Functions in W*P(£2) with extension
by 0 belonging to W*P(RY): 37.1; nonnegative distributions are Radon mea-
sures: 37.2; BV(): 37.3; BV(RY) ¢ L' (RN): 37.4 and (37.1) and (37.2);
some interpolations spaces with My(R"Y) and with BV (R™): 37.5 and (37.3)~
(37.5).
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Lecture 38, Replacing BV by interpolation spaces: Béc/)p’p(R): (38.1); the linear

wave equation: (38.2); comparing BYPP (RN) to interpolation spaces between
BV(RM) and L>®(R"): 38.1 and (38.3) and (38.4).

Lecture 39, Shocks for quasi-linear hyperbolic systems: Linear or semi-linear
or quasi-linear wave equations: (39.1)-(39.3); appearance of shocks for the
Burgers equation: 39.1; a family of weak solutions for the initial data 0: (39.4);
Oleinik condition: (39.5) and (39.6); Hopf condition (39.7); the case of systems:
(39.8) and (39.9); the Lax—Friedrichs scheme: (39.10); the Courant—Friedrichs—
Lewy condition: (39.11).

Lecture 40, Interpolation spaces as trace spaces: (Eg, E1)g,p is a trace space:
40.1 and (40.1)-(40.6); a variant L, ,, (t;a) leads to the same interpolation
spaces: 40.2 and (40.7) and (40.8); traces of W1P(RN): 40.3 and (40.9).
Lecture 41, Duality and compactness for interpolation spaces: Dual of Ey N
E; with norm J(¢;a): 41.1 and (41.1); dual of Ey + E; with norm K (¢;a):
41.2 and (41.2); dual of (Ey, E1)gq: 41.3 and (41.3) and (41.4); interpolating
compactness: 41.4.

Lecture 42, Miscellaneous questions: Interpolating Lipschitz and monotone:
42.1; interpolation of spectral radius: 42.2; a characterization of the Radon
measures satisfying p([k, k+1]) < C for all k € Z: 42.3 and (42.1) and (42.2),
and a second one: 42.4 and (42.3); an interpolation space: (42.4); bounding
> ez SUPk<a<k+1|u(z)|*: 42.5 and (42.5)-(42.7).

Biographical data: Basic biographical information for people whose name is
associated with something mentioned in the lecture notes.
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1

Historical Background

In the mid 1930s, Sergei SOBOLEV introduced some functional spaces which
have been very important in the development of partial differential equations,
mostly those related to continuum mechanics or physics. They are known as
Sobolev spaces, but others have mentioned having defined similar spaces, like
FICHERA! and FRIEDRICHS.? A similar idea was used a little after by Jean
LERAY in his study of weak solutions of the Navier-Stokes equation,® and he
thought that the lack of regularity is related to turbulent flows, but although
nobody really understands at a mathematical level what turbulence is, it is
quite clear from a continuum mechanics point of view that Jean LERAY’s
ideas do not correspond to it; the ideas introduced later by KOLMOGOROV*
have received more attention, but have some defects which are not emphasized
enough.

The basic idea for defining a Sobolev space consists in using weak deriva-
tives, as Sergei SOBOLEV or Jean LERAY did in the mid 1930s; it consists in
giving a precise meaning to the statement that a function u from the Lebesgue
space LP(§2)® (for a nonempty open set §2 in RY) has all its partial derivatives

% also in LP(S2). However, they did not define partial derivatives for every
J

function in LP({2), but only said that some of these functions have partial
derivatives belonging also to LP({2), and the important step of defining more
general mathematical objects, which permit one to define as many derivatives

! Gaetano FICHERA, Italian mathematician, 1922-1996. He worked in Trieste and
in Roma (Rome), Italy.

2 Kurt Otto FRIEDRICHS, German-born mathematician, 1901-1982. He worked in
Aachen, in Braunschweig, Germany, and at NYU (New York University), New
York, NY.

3 NAVIER introduced the equation in 1821, while STOKES introduced later the lin-
earized version now known as the Stokes equation, which neglects inertial effects.

4 Andrey Nikolaevich KOLMOGOROV, Russian mathematician, 1903-1987. He
received the Wolf Prize in 1980. He worked in Moscow, Russia.

® It was F. RIESZ who introduced the L?(£2) spaces for 1 < p < co.
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as one may want for any locally integrable function, was performed by Laurent
SCHWARTZ, who called his objects distributions. Laurent SCHWARTZ went fur-
ther than the theory developed by Sergei SOBOLEV, which he did not know
about, and he points out that BOCHNER®:” had also obtained some partial
results, which he also only learnt about later. Laurent SCHWARTZ told me
that some people quote GEL’FAND®? for developing the theory of distrib-
utions, but that what GEL’FAND did was mostly to popularize the theory.
Someone pointed out to me that WEYL!? should be quoted for the theory
too, but I have not checked that, and Laurent SCHWARTZ was not aware of
his work when I last saw him.

Once distributions are defined and their basic properties obtained, one
defines the Sobolev space WP ({2) for a nonnegative integer m, for 1 < p < oo
and for an open set {2 of RV, as the space of functions u € LP(§2) such that

D>y € LP(12) for each multi-index @ = (aq,...,an) with |a| = a1 + ... +
ay <m, a; >0forj =1,...,N, and D% = aawall ...%u; one also
1 N

denotes a! = a1!...ay!, 2% =27 ... 2}, and Laurent SCHWARTZ told me
that these simplifying notations have been introduced by WHITNEY!! 13, One
should be aware of the fact that some authors, like Lars HORMANDER,#:1?
use D for denoting %% instead; one should not be surprised then if two books

6 Salomon BOCHNER, Polish-born mathematician, 1899-1982. He worked in
Miinchen (Munich), Germany, and in Princeton, NJ. He used “Zorn’s lemma”
seven years before ZORN.

" Max August ZORN, German-born mathematician, 1906-1993. He worked at
UCLA (University of California at Los Angeles), Los Angeles, CA, and at Uni-
versity of Indiana, Bloomington, IN, where I met him in 1980.

8 Izrail Moiseevic GEL’FAND, Russian-born mathematician, born in 1913. He
received the Wolf Prize in 1978. He worked in Moscow, Russia, and at Rutgers
University, Piscataway, NJ.

9 Henry RUTGERS, American colonel, 1745-1830.

10 Hermann Klaus Hugo WEYL, German-born mathematician, 1885-1955. He
worked in Gottingen, Germany, at ETH (Eidgenossische Technische Hochschule),
Ziirich, Switzerland, and at IAS (Institute for Advanced Study), Princeton, NJ.

1 Hassler WHITNEY, American mathematician, 1907-1989. He shared the Wolf
Prize in 1982 with KREIN. He worked at Harvard University, Cambridge, MA,
and at TAS (Institute for Advanced Study), Princeton, NJ.

12 Mark Grigorievich KREIN, Ukrainian mathematician, 1907-1989. He shared the
Wolf Prize in 1982 with WHITNEY. He worked in Moscow, in Kazan, Russia, in
Odessa and in Kiev, Ukraine.

13 John HARVARD, English clergyman, 1607-1638.

14 Lars HORMANDER, Swedish mathematician, born in 1931. He received the Fields
Medal in 1962, and the Wolf Prize in 1988. He worked in Stockholm, Sweden,
at Stanford University, Stanford, CA, at IAS (Institute for Advanced Study),
Princeton, NJ, and in Lund, Sweden.

5 Leland STANFORD, American businessman, 1824-1893.
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contain similar formulas with different constants, and one should check what is
the definition of symbols like D, or how the Fourier transform'®'7 is defined.

The reason that Sergei SOBOLEV introduced the space W12({2), which
is also denoted H'(£2) (but should not be confused with the Hardy space,!®
which I shall denote H?), is that it is a natural space for solving the Laplace
equation,'?-20 also called the Poisson equation,?! of the form —Aw = f with
boundary conditions. It was probably in relation to the Dirichlet principle,??
which consists in noticing that if a function u of class C? minimizes the func-
tional J defined by

J)= [ |grad()?dz -2 [ fuvdx (1.1)
o) Q

among all functions having a given boundary value, then u satisfies
—Au=fin 0. (1.2)

The name for the principle was chosen by RIEMANN,?3 who had heard it
from DIRICHLET, but it had been used before by GAUSS?* and by GREEN.??

16 Jean-Baptiste Joseph FOURIER, French mathematician, 1768-1830. He worked
in Auxerre, and in Paris, France; he accompanied BONAPARTE in Egypt, he was
prefect in Grenoble, France, until the fall of NAPOLEON, and he worked in Paris
again afterward. The first of three universities in Grenoble, France, Université
de Grenoble I, is named after him, and the Institut Fourier is its department of
mathematics.

17 Napoléon BONAPARTE, French general, 1769-1821. He became Premier Consul
after his coup d’état in 1799, was elected Consul for life in 1802, and he proclaimed
himself Emperor in 1804, under the name NAPOLEON I (1804-1814, and 100 days
in 1815).

18 The term has been introduced by F. RIESZ.

19 Pierre-Simon LAPLACE, French mathematician, 1749-1827. He worked in Paris,

France. He was made count in 1806 by NAPOLEON and marquis in 1817 by

LOUIS XVIIIL In his memoirs written during his exile in St Helena, BONAPARTE

wrote that he had removed LAPLACE from the office of Minister of the Interior,

which he held in 1799, after only six weeks, “because he brought the spirit of the
infinitely small into the government”.

Louis Stanislas Xavier de France, 1755-1824, comte de Provence, duc d’Anjou,

was King of France from 1814 to 1824, under the name of LOUIS XVIII.

21 Siméon Denis POISSON, French mathematician, 1781-1840. He worked in Paris,
France.

22 Johann Peter Gustav LEJEUNE DIRICHLET, German mathematician, 1805
1859. He worked in Breslau (then in Germany, now Wroclaw, Poland), in Berlin
and in Gottingen, Germany.

23 Georg Friedrich Bernhard RIEMANN, German mathematician, 1826-1866. He
worked in Gottingen, Germany.

24 Johann Carl Friedrich GAUSS, German mathematician, 1777-1855. He worked in
Gottingen, Germany.

25 George GREEN, English mathematician, 1793-1841. He was a miller and never
held any academic position.

20
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WEIERSTRASS?® had pointed out later that the functional might not attain
its minimum, and I think that the complete solution of the Dirichlet principle
was one in the famous list of problems which HILBERT proposed in 1900 at the
International Congress of Mathematicians in Paris, France; the introduction
of Sobolev spaces, which are Hilbert spaces, together with some developments
in functional analysis, by FRECHET, F. RIESZ, and BANACH is one way to
attack the problem, which I think was first solved by POINCARE. As the
principle is also named after THOMSON,? it is possible that Sergei SOBOLEV
had considered the question of electrostatics, a simplification of the Mazwell
equation.?8:29

HADAMARD?® introduced the notion of well-posed problems and he proved
that there are continuous functions f for which the solution u is not of class C?.
One way to avoid this difficulty is to work with the family of Holder spaces
C** where k is a nonnegative integer and 0 < a < 1, named after Ernst
HOLDER?'32 or LIPSCHITZ3; questions like f € C*® implies u € CF+2
for 0 < a < 1 were investigated by GIRAUD?* and for Hélder continuous
coefficients by SCHAUDER, but the similar statement is false for a = 1,
and an adapted space was introduced by Antoni ZYGMUND.?® An under-
lying question is related to singular integrals acting on Hélder spaces C% for
0 < a < 1, and the work of GIRAUD was extended to LP spaces for 1 < p < oo

26 Karl Theodor Wilhelm WEIERSTRASS, German mathematician, 1815-1897. He
first taught in high schools in Miinster, in Braunsberg, Germany, and then he
worked in Berlin, Germany.

27 William THOMSON, Irish-born physicist, 1824-1907. He was made baron Kelvin
of Largs in 1892, and thereafter known as Lord Kelvin. He worked in Glasgow,
Scotland.

28 James CLERK MAXWELL, Scottish physicist, 1831-1879. He worked in
Aberdeen, Scotland, in London, in Cambridge, England, holding the first
Cavendish professorship of physics (1871-1879).

2% Henry CAVENDISH, English physicist and chemist (born in Nice, not yet in France
then), 1731-1810. He was wealthy and lived in London, England.

30 Jacques Salomon HADAMARD, French mathematician, 1865-1963. He worked in
Bordeaux, in Paris, France; he held a chair (mécanique analytique et mécanique
céleste, 1909-1937) at College de France, Paris, France.

31 Ernst HOLDER, German mathematician, 1901-1990. He worked in Leipzig, and at
Johannes Gutenberg-Universitdt, Mainz, Germany. I once saw him at a meeting
at the Mathematisches Forschungsinstitut in Oberwolfach, Germany.

32 Johannes GUTENBERG, German inventor and printer, 1397-1468. He worked in
Mainz, Germany, where the university is named after him.

33 Rudolf Otto Sigismund LIPSHITZ, German mathematician, 1832-1903. He
worked in Breslau (then in Germany, now Wroctaw, Poland) and in Bonn,
Germany.

34 Georges GIRAUD, French mathematician, 1889-19437.

35 Antoni Szczepan ZYGMUND, Polish-born mathematician, 1900-1992. He worked
in Warsaw, Poland, in Wilno (then in Poland, now Vilnius, Lithuania), and at
the University of Chicago, Chicago IL.
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by Alberto CALDERON3® and Antoni ZYGMUND, so that for 1 < p < oo,
f € LP(£2) implies u € Wfo’f (£2); the question for adapted boundary con-
ditions was investigated by Shmuel AGMON, Avron DOUGLIS?? and Louis
NIRENBERG,®3? but the case p = 2 had been understood earlier, because
one can use the Fourier transform, and there were simpler methods for prov-
ing regularity results in this case, by Louis NIRENBERG, or by Jaak PEETRE.
In the late 1950s and early 1960s, Sobolev spaces were used in a more sys-
tematic way for solving linear partial differential equations from continuum
mechanics or physics, with suitable boundary conditions, the Laz—Milgram
lemma*® being the cornerstone for the elliptic cases, but others had obtained
the same result, like Mark VISHIK*'; a generalization to evolution problems
was worked out by Jacques-Louis LIONS, and after his development of the real
methods for interpolation of Banach spaces with Jaak PEETRE, he studied the
application to Sobolev spaces of noninteger order with Enrico MAGENES; the
late 1960s saw the generalization to nonlinear partial differential equations,
but using the same tools used for the linear cases.

The use of Sobolev spaces and the study of their properties was facili-
tated by the theory of distributions, which used some results of functional
analysis developed for that purpose, and which is a natural generalization of
the previously developed theory of Radon measures.*? Laurent SCHWARTZ
insisted that it had been good for the invention of the theory of distributions

36 Alberto Pedro CALDERON, Argentine-born mathematician, 1920-1998. He
received the Wolf Prize in 1989. He worked at Buenos Aires, Argentina, at OSU
(Ohio State University), Columbus, OH, at MIT (Massachusetts Institute of Tech-
nology), Cambridge, MA, and at the University of Chicago, Chicago, IL. He kept
strong ties with Argentina, as can be witnessed from the large number of math-
ematicians from Argentina having studied harmonic analysis, and often working
now in United States.

37 Avron DOUGLIS, American mathematician, 1918-1995. He worked at University
of Maryland, College Park, MD.

38 Louis NIRENBERG, Canadian-born mathematician, born in 1925. He received
the Crafoord Prize in 1982. He works at NYU (New York University), New York,
NY.

39 Holger CRAFOORD, Swedish industrialist and philanthropist, 1908-1982. He
invented the artificial kidney, and he and his wife Anna-Greta CRAFOORD, 1914—
1994, established the Crafoord Prize in 1980 by a donation to the Royal Swedish
Academy of Sciences, to reward and promote basic research in scientific disci-
plines that fall outside the categories of the Nobel Prize (which have included
mathematics, geoscience, bioscience, astronomy, and polyarthritis).

40 Arthur Norton MILGRAM, American mathematician, 1912-1960. He worked in
Syracuse, NY, and in Minneapolis, MN.

41 Mark Tosipovich VISHIK, Russian mathematician, born in 1921. He worked at the
Russian Academy of Sciences, Moscow, Russia.

42 Johann RADON, Czech-born mathematician, 1887-1956. He worked in Hamburg,
in Greifswald, in Erlangen, Germany, in Breslau (then in Germany, now Wroctaw,
Poland) before World War II, and in Vienna, Austria, after 1947.
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that Bourbaki*3:44 had chosen to define integration by the approach of Radon
measures, probably following ideas from WEIL, because it would have been
much more difficult for him to think of that generalization if Bourbaki had
chosen the abstract measure theory?® 47 and started with Borel measures*®
instead, like probabilists do. Of course nothing could have been done with-
out the development of a good theory of integration by LEBESCUE (actually
first done two years earlier by W.H. YOUNG*® 52+), and although integra-
tion is more easy to understand than differentiation if one considers that
ARCHIMEDES had computed the area below a parabola (without even having
at his disposal a Cartesian equation of the parabola as analytical geometry
was only invented by DESCARTES®?), while one had to wait almost two thou-
sand years to see the invention of differential calculus by NEWTON®* (and

43 Nicolas Bourbaki is the pseudonym of a group of mathematicians, mostly
French; those who chose the name certainly knew about a French general named
BOURBAKI.

44 Charles Denis Sauter BOURBAKI, French general, 1816-1897. Of Greek ancestry,
he declined an offer of the throne of Greece in 1862.

45 René DE POSSEL had left the Bourbaki group on this occasion, because he
advocated the abstract measure theory.

46 Tucien Alexandre Charles René DE POSSEL, French mathematician, 1905-1974.
He worked in Marseille, in Clermont-Ferrand, in Besangon, France, in Alger
(Algiers) (then in France, now the capital of Algeria), and in Paris, France. I
had him as a teacher for my DEA (diplome d’études approfondies) in numerical
analysis, at Institut Blaise Pascal in Paris, in 1967-1968.

47 Blaise PASCAL, French mathematician and philosopher, 1623-1662. The Univer-
sité de Clermont-Ferrand II, Aubiere, France, is named after him.

48 Pélix Edouard Justin Emile BOREL, French mathematician, 1871-1956. He

worked in Lille and in Paris, France.

William Henry YOUNG, English mathematician, 1863-1942. He worked in Liv-

erpool, England, in Calcutta, India, holding the first Hardinge professorship

(1913-1917), in Aberystwyth, Wales, and in Lausanne, Switzerland. There are

many results attributed to him which may be joint work with his wife, Grace

CHISHOLM, as they collaborated extensively; their son, Laurence, is known for

his own mathematical results, and among them the introduction of Young mea-

sures in the Calculus of Variations, whose use in partial differential equations 1

pioneered in the late 1970s, not knowing at the time that he had introduced them

(although I had first met him in 1971 in Madison WI), as I had heard about them

as parametrized measures in seminars on control theory.

50 Sir Charles HARDINGE, 1st Baron HARDINGE of Penshurst, English diplomat,
1858-1944. He was Viceroy and Governor-General of India (1910-1916).

5! Grace Emily CHISHOLM-YOUNG, English mathematician, 1868-1944.

52 Laurence Chisholm YOUNG, English-born mathematician, 1905-2000. He worked
in Cape Town, South Africa, and at University of Wisconsin, Madison, WI.

53 René DESCARTES, French mathematician and philosopher, 1596-1650. Univer-
sité de Paris 5 is named after him.

54 Sir Isaac NEWTON, English mathematician, 1643-1727. He held the Lucasian
chair (1669-1701) at Cambridge, England.

4
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LEIBNIZ% who made it more efficient), it is useful to observe that the pre-
vious understanding of integration was not good enough. Although one usu-
ally teaches first the Riemann integral, with Darboux®® sums, there are not
enough Riemann-integrable” functions in order to make some natural spaces
complete, and this can be done by using the Lebesgue integral. Although the
space L'(R) of Lebesgue-integrable®® functions of a real variable is complete,
it is not a dual, but one can consider L'(R) as a subset of the dual of C.(R),
the space of continuous functions with compact support,®® so that bounded
sequences in L'(R) may approach a Radon measure (in the weak x topology);
for example the sequence u,, defined by u,(x) =n on (0,1/n) and w,(x) =0
elsewhere converges to the Dirac®® mass®! at 0, and as one checks that for
every ¢ € C¢(R) one has [}, u,(2)@(x) dz — ¢(0), the Dirac mass at 0 corre-
sponds to the linear functional ¢ — ¢(0). More generally, a Radon measure p
on an open subset {2 of RV is a linear form ¢ +— (u, ) on C.(£2), the space of
continuous functions with compact support in {2, such that for every compact
K C 2, there exists a constant C'(K) such that

[{u, )| < C(K) max |po(2)] for all ¢ € C.(£2) with support C K.  (1.3)
x

[Taught on Monday January 17, 2000. The course met on Mondays,
Wednesdays, and Fridays.]

55 Gottfried Wilhelm VON LEIBNIZ, German mathematician, 1646-1716. He worked
in Frankfurt, in Mainz, Germany, in Paris, France and in Hanover, Germany, but
never in an academic position.

56 Jean Gaston DARBOUX, French mathematician, 1842-1917. He worked in Paris,

France.

The starting point of LEBESGUE may have been his characterization of the

Riemann-integrable functions, as those functions whose points of discontinuity

form a set of (Lebesgue) measure zero, i.e. a set which for every £ > 0 can be

covered by intervals whose sums of lengths is less than e.

They are actually equivalence classes, as one identifies two functions which are

equal almost everywhere (abbreviated a.e.), i.e. which only differ on a set of

(Lebesgue) measure 0.

For a continuous function f defined on a topological space and taking values in

a vector space, the support is the closure of the set of x such that f(z) # 0.

50 Paul Adrien Maurice DIRAC, English physicist, 1902-1984. He received the Nobel

Prize in Physics in 1933. He worked in Cambridge, England, holding the Lucasian

chair (1932-1969).

The intuition of a point mass (or charge) is obvious for anyone interested in

physics, but DIRAC went much further than dealing with these objects, as he was

not afraid of taking derivatives of his strangely defined “function”, a quite bold
move which was given a precise mathematical meaning by Laurent SCHWARTZ
in his theory of distributions.

57

58

59

61



2

The Lebesgue Measure, Convolution

The Lebesgue measure on RY is invariant by translation, by rotation and by
mirror symmetry, i.e., if a € RN and M € L(RY; RV) belongs to the orthog-
onal group O(N) (i.e., satisfies MTM = I), then for a Lebesgue-measurable
set A its image B by the isometry x — a + M x is also Lebesgue-measurable
and has the same measure as A. A rigid displacement is the particular case
where M is a rotation, i.e., belongs to the special orthogonal group SO(N),
which is the subgroup of O(N) for which the determinant of M is +1.

One can “construct” nonmeasurable sets by using the axiom of choice,
the classical example being to start with the unit circle S, and to define
equivalence classes, so that two points are equivalent if one can be obtained
from the other by applying a rotation of an integer angle n € Z; then one
uses the axiom of choice in order to assert that there exists a subset A which
contains exactly one element in each equivalence class, and denoting A, =
n + A the subset obtained from A by a rotation of n, one finds that S! is
partitioned into the A,,n € Z, so that if A was Lebesgue-measurable, all
the A,, would have the same measure and this measure could not be > 0
because the measure of S! is finite, but if the measure was 0, S' would be a
countable union of subsets of measure 0 and would have measure 0, and as
A can have neither a positive measure nor a zero measure there only remains
the possibility that it is not measurable (so that there is no paradoz).

A more subtle construction was carried out in R? by HAUSDORFF,! and
then used and simplified by BANACH and TARSKIZ, giving the Hausdorff-
Banach—Tarski “paradox”: if N > 3, if A and B are two closed bounded sets of
RY with nonempty interior, then there exists a positive integer m, a partition

! Felix HAUSDORFF, German mathematician, 1869-1942. He worked in Leipzig,
in Greifswalf and in Bonn, Germany. He wrote literary and philosophical work
under the pseudonym of Paul MONGRE.

2 Alfred TARSKI (TEITELBAUM), Polish-born mathematician, 1902-1983. He
worked in Warsaw, Poland, and at UCB (University of California at Berkeley),
Berkeley, CA.
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of A into (disjoint) subsets A1, ..., A, a partition of B into (disjoint) subsets
By,..., By, such that for i = 1,...,m the subset B; is the image of A; by
a rigid displacement; of course some of the subsets are not measurable if A
and B have different measures [I have read the statement (but not seen the
proof) that for N = 2 there does exist a finitely additive measure defined for
all subsets and invariant by translation and rotation, so such a paradoxical
decomposition cannot be performed in R?].

Up to a multiplication by a constant, the Lebesgue measure is the only
nonzero Radon measure which is invariant by translation, so that it is uniquely
defined if we add the requirement that the volume of the unit cube be 1.
For any locally compact® commutative* group there exists a nonzero Radon
measure which is invariant by translation, unique up to multiplication by a
constant, a Haar measure® of the group. For the additive group Z, a Haar
measure is the counting measure; for the additive group R", a Haar measure
is the Lebesgue measure dz, and % is a Haar measure for the multiplicative
group (0,00) (which is isomorphic to the additive group R by the logarithm,
whose inverse is the exponential).

The convolution product can be defined for any locally compact group for
which one has chosen a Haar measure, but we shall only use it for the additive
group RV . For f,g € C.(RY), the convolution product h = f % g is defined by

h(x) = . fW)g(x —y)dy = . flxz—y)g(y) dy, (2.1)

showing that the convolution product is commutative. One has fxg € C.(RY)
and a localization of support,

support(f * g) C support(f) + support(g). (2.2)

The convolution product is associative, i.e., for a,b,c € C.(RM) one has
(a*b) *c = ax(bxc); one has to be careful that associativity may be lost
for some generalizations with functions (or distributions) with noncompact
support.

For convolution of continuous functions with compact support, Young’s
inequality® holds, which asserts that for f,g € C.(R") one has

3 T have heard Laurent SCHWARTZ say that the result is not true for some groups
which are not locally compact.

4 In the noncommutative case one distinguishes between invariance by action of
the group on the left and invariance by action of the group on the right.

5 Alfréd HAAR, Hungarian mathematician, 1885-1933. He worked in Gottingen,
Germany, in Kolozsvar (then in Hungary, now Cluj-Napoca, Romania), in
Budapest and in Szeged, Hungary.

5 William Henry YOUNG worked on so many problems with his wife, Grace
CHISHOLM-YOUNG, that it is not clear if a result attributed to him was obtained
jointly with his wife or not.
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. 1 1 1
||f*g||r < Hf”;l?”g”q if 1 <pgr <00 and ; = 2; + 5 - 17 (2'3)

where for 1 < s < oo, [|h||s means ||h|[y:g~). If p or g or 7 is 1, it is just
an application of Hélder’s inequality” and it is optimal, while for other cases
one may prove it by applying Holder’s inequality, or Jensen’s inequality,® a
few times, but the constant is not optimal and the best constant C(p,q) for
which one has ||f x g||» < C(p,q)||f|lpllg|l; has been found independently by
William BECKNER,? who used probabilistic methods, and by Elliot LIEB'® and
BRASCAMP,!! who used nonprobabilistic methods (equality holds for some
particular Gaussians). Of course, under the preceding relation between p, ¢, 7,
the convolution product extends from LP(RM) x L4(RY) into L"(RYN) with
the same inequality (2.3), and this can be proven either directly or by using
the density'? of C.(RY) in LP(RY) for 1 < p < oo, and the (sequential) weak
* density of C.(RY) in L>=(RY).

Lemma 2.1. (i) If 1 < p < oo, f € LP(RN) and g € LY (RN) (where
p' denotes the conjugate exponent of p, defined by % + % = 1), then
f*g € Co(RYN), the space of continuous (bounded) functions converging to 0
at infinity.

(ii) If f € LY(RN) and g € L>®(RY), then f x g belongs to BUC(RYN), the

space of bounded uniformly continuous functions.

Proof: In that case Young’s inequality (2.3) follows from Holder’s inequal-
ity, which gives | [on f(¥)g(z — y) dy| < ||f]lp|l9ll for all . There exists a
sequence f, € C.(RY) converging to f in LP(R™) strong, and a sequence
gn € C.(RN) converging to g in Lp/(RN) strong, and as fxg — fn *xgn =
fx(9 = gn) + (f — fn) * gn, one deduces that [[f x g — fn * gnllec <
Nfllpllg = gnlly + IIf = fallpllgnllpr — 0, so that f x ¢ is the uniform limit

" Otto Ludwig HOLDER, German mathematician, 1859-1937. He worked in
Leipzig, Germany. He was the father of Ernst HOLDER.

8 Johan Ludwig William Valdemar JENSEN, Danish mathematician, 1859-1925.
He never held any academic position, and worked for a telephone company.

9 William Eugene BECKNER, American mathematician. He works at University of
Texas, Austin, TX.

10 Elliott H. LIEB, American mathematician. He worked at IBM (International Busi-
ness Machines), at Yeshiva University, New York, NY, at Northeastern University,
Boston, MA, at MIT (Massachusetts Institute of Technology), Cambridge, MA,
and in Princeton, NJ.

' Herm Jan BRASCAMP, Dutch mathematical physicist. He works in Groningen,
The Netherlands.

2 Notice that I admit that this density has been proven when constructing the
Lebesgue measure. Although we shall study later an explicit way of approaching
functions in L”(RY) by functions in CS°(R™), the proof will use the fact that
C’C(RN ) is dense, and will not be an independent proof of that result.
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of the sequence f, x g, € C.(RY), and it belongs to the closure of C.(R") in
L>(RY), which is'?14 Cy(RY).

Using a sequence f, € C.(RY) converging to f in L'(RY) strong, one
has ||f x g — fu * Gllooc < ||f — frll1llgllco, sO that f % g is the uniform limit
of the sequence f, x g, and it is enough to show that each f, x g is bounded
uniformly continuous, as a uniform limit of such functions also belongs to the
same space BUC(R™).1® As the function f,, belongs to C.(RY) it is uniformly
continuous, so that |f,(a) — fn(0)| < wy(Ja — b]) with lim;—.ow, () = 0. One
has (o 9)(2) — (fu 2 0) (') = fo (& — 1) — (e —4))g(y) dy, but if the
support of f, is included in the closed ball centered at 0 with radius R,, the
integral may be restricted to the set of y such that |y — x| < R,, and |y — 2’| <

Ry, so that |(fn * g)(z) — (fu x 9)(@')] < f\yfmlan,lyfw’lgR" |fulz —y) —

fala" =yl g dy < wallz — 2'])||g|lcmeas(B(0, Ry)), showing that f,, x g
is uniformly continuous, and it is bounded by (2.3). O

Of course, the property of commutativity of the convolution product
extends to the case where it is defined on LP(RN)x LY(RY) (i.e., if p,q > 1 and
%—i—% > 1), and similarly the property of associativity of the convolution prod-

uct extends to the case of functions belonging to L*(RY), L*(RYN), L¢(RYN),
with a,b,c > 1, %4—%21, %—F%Zl, and%—«—%—«—% > 2, and can be proven
directly using Fubini’s theorem.'©

However, one must be careful that there are other cases where the convo-
lution products f1x fa, fo* f3, (f1* f2) * f3 and f1 x (f2 * f3) are all defined,
for example if in each convolution product considered at least one of the func-
tions has compact support,'” but with (f1* fo) x f3 # fix (fa* f3): let fi =1,

13 Using the Aleksandrov one point compactification of RY with a point co, C.(R™)
is the subset of functions which are 0 in a neighborhood of co and Co(R") is the
subset of functions which are 0 at oco.

14 Pavel Sergeevich ALEKSANDROV, Russian mathematician, 1896-1982. He work-
ed in Smolensk, and in Moscow, Russia.

Y5 If h, € BUC(RY) then ||hn||oc = My < 00 and |hn(x) —ha(y)| < wn(Jz—y|) with
limy—own (o) = 0; if [|hn — Allec = en — 0, then ||h]|e < infn(Mn +€n) < o0,
and because |h(z) — h(y)| < [h(z) = hn(z)| + [hn(2) = hn(y)] + [hn(y) — A(y)| <
2en+wn(|x—y|), one has |h(z) —h(y)| < w(|lz—y|) with w(c) = inf, (2€n—|—wn(a)),
so that lim,—ow(o) = 0 and w is a modulus of uniform continuity for h.

16 Guido FUBINI, Italian-born mathematician, 1879-1943. He worked in Catania,

in Genova (Genoa), in Torino (Turin), Italy, and after 1939 in New York, NY.

For a measurable function f, the definition of support must be different than

the one for continuous functions, because a function is an equivalence class of

functions equal almost everywhere, and the definition of the support of f must
not change if one changes f on a set of measure 0. For an open set w one says

that f = 0 on w if f is equal to 0 almost everywhere in w; if for a family w;,i € I,

of open sets such that one has f = 0 on w; for each ¢ € I, then f = 0 on

w = Uief""“ and in the case where I is not countable one may use a partition

of unity for showing that the support of f is the closed set whose complement is

the largest open set on which f = 0.

17
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f2 € Ce(R) with [, fa(z)dz = 0, and let fs3 be the Heaviside'® function,
defined by f3(z) =0 for z < 0 and f3(z) = 1 for = > 0; one sees immediately
that f1 * fo =0 and fy = fox f3 € C.(R), and one has to check that fo can
be chosen in such a way that | g fa(x) dx # 0; if one chooses fy with support

in [—1,+1], with fjll fo(y)dy = 0 and fjll(l —y)f2(y) dy # 0, then one has
fa(x) = [7] fa(y) dy, and [, fa(z)dz = [T (1 —y) fa(y) dy # 0.

If one uses locally integrable functions, i.e., measurable functions which are
integrable on every compact, denoted by L}, (RY), then for f,g € L} (RY)
one can define the convolution product f * g if the following condition is

satisfied:

for every compact C C RN there exist compact sets A, B C RN such that
x € support(f),y € support(g) and x +y € C imply x € A,y € B.
(2.4)
For example, if f,g € L}, .(R) vanish on (—00,0), then f * g is well defined

and (f * g)(z) = [, f(y)g(z — y) dy shows that f+g € L}, (R) and vanishes
on (—o0,0); TITCHMARSH'? has proven that if the support of f starts at a
and the support of g starts at b, then the support of f x g starts at a + b,
and Jacques-Louis LIONS has generalized this result to similar situations in
RN, proving that the closed convex hull of the support of f x g is equal to
the (vector) sum of the closed convex hull of the support of f and the closed
convex hull of the support of g.

Definition 2.2. For a vector a € RY, and f € L} (RY), 7,f denotes the

loc

function defined by (1.f)(z) = f(x — a) for almost every x € RN . O

This means that the graph of 7, f is obtained from that of f by a translation
of vector (a,0). Of course, one has

75(Taf) = Taypf for all a,b € RN, f € L} (RY). (2.5)

An important property of convolution is that it commutes with translation;
this is of course related to the fact that the Lebesgue measure is invariant by
translation.

18 Oliver HEAVISIDE, English engineer, 1850-1925. He worked as a telegrapher, in
Denmark, and in Newcastle upon Tyne, England, and then he did research on his
own, living in the south of England. He developed an operational calculus, which
was given a precise mathematical explanation by Laurent SCHWARTZ using his
theory of distributions, but we also owe him the simplified version of Mazwell’s
equation using vector calculus, which should be called the Mazwell-Heaviside
equation (he replaced a set of 20 equations in 20 variables written by MAXWELL
by a set of 4 equations in 2 variables).

19 Edward Charles TITCHMARSH, English mathematician, 1899-1963. He worked
in London, in Liverpool, and in Oxford, England, where he held the Savilian chair
of geometry.
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Lemma 2.3. (i) If the convolution product of f and g is defined (i.e., if f,g €
L} (RN) and (2.4) holds), then

Ta(f % 9) = (Taf) * g = f * (Tag) for every a € RY. (2.6)

(i) If k > 0, f € C*(RN), the space of functions of class C* with compact
support and g € L}, (RN), then fxg € C*(RN) and if |a| < k one has

loc

D*(fxg) = (Df) % g almost everywhere. (2.7)

Proof: One has ((1af) x9)(x) = [pn (Taf)(W)g(z —y) dy = [pon f(y —a)g(z -
y) dy, which by a change of variable in the integral is fRN fglz—a—y)dy =

(fxg)(x—a)= (Ta(f *g))(:c), showing that (7,f) * g = 7.(f x g), and it is
also f * (7,9) by commutativity of the convolution product.

If eq,...,ex is the canonical basis of RY, then a function h has a partial

derivative 88;_ at z if and only if %(h — Tee; h) has a limit at z when & tends
J

to 0 (with € # 0, of course). If f € C}(RY), then L(f — 7., f) converges

uniformly to % so that if one takes the convolution product with a function
J

g € Li,.(RY), one finds that 1(f — 7., f) xg converges uniformly on compact

sets to g—f*g; if one defines h = fxg, one has 2(f — 7z, f) xg = L(h—7c¢,h)

by (2.6), so that the limit must be E?TZ and it is equal to aan,» *g. A reiteration
of this argument then gives D*(f  g) = (D*f) % g if |a| < k. O

If f € C®(RY) (which in Laurent SCHWARTZ’s notation is D(RY)), then
f * g belongs to C*(RY) for all k, i.e., fxg € C>®°(RY) (which in Laurent
SCHWARTZ’s notation is £(RY)). We shall see that there are enough functions
in C2°(RYN) for approaching any function in LP(RY) for 1 < p < oo, but just
one particular function in C2°(R™) has to be constructed explicitly, and the
properties of convolution will help for the rest of the argument.

Lemma 2.4. The function o defined on RN by

B exp(%;z) if |[x] <1
- oot o

belongs to C°(RY).

Proof: Tt is nonnegative, and continuous because if || — 1 with || < 1,
then ﬁ — —oo and g(z) — 0; obviously p has for support the closed unit

ball. One has aa—ng = u:f%g, and by induction D%p = %g for a
polynomial Py ; when |z| — 1 with |z| < 1, the exponential wins over the term
WB)QM so that D*p — 0, showing that all derivatives of p are continuous,

and therefore o € C°(RY). O
[Taught on Wednesday January 19, 2000.]
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Smoothing by Convolution

Once one knows a nonzero function from C2°(R"), like (2.8), convolution and
scaling help create automatically a lot of such functions, enough for approach-
ing all functions in LP(RY) for 1 < p < oo. For doing this, the concept of a
smoothing sequence is used.

Definition 3.1. (i) A smoothing sequence is a sequence o, € C°(RY) such
that support(on) — {0}, with [px |on(2)| dz bounded and [x 0n(z)dr — 1
as n — oo.

(ii) A special smoothing sequence is defined by

on(z) = nV o1 (nx), (3.1)

where o1 € C°(RN) is nonnegative, has integral 1 and has support in the
closed unit ball centered at 0. O

Starting from an arbitrary nonzero function ¢ € C2°(R"), one may assume
that it is nonnegative by replacing it by ©?, that it has its support in the closed
unit ball centered at 0 by replacing it by ¢(k x) for k large enough, and that it
has integral 1 by multiplying it by a suitable constant. This gives a function
01, which is then rescaled by (3.1), so that the integral of g, is 1, and its
support is in the closed ball centered at 0 with radius %

Lemma 3.2. (i) If 1 <p < oo, f € LP(RN) and o, is a smoothing sequence,
then f x 0, — f in LP(RYN) strong as n — oo.

(ii) If f € L=¥(R"N) and o, is a smoothing sequence, then f * 0, — f in
L>®(RN) weak  and in L} (RN) strong for 1 < ¢ < 0o as n — oo, i.e., for
every compact K one has [, |f % 0n — f|?dz — 0 as n — oc.

Proof: (i) There exists a sequence f,, € C.(RY) which converges to f in
LP(RN) strong as m — oo. One writes fx0,—f = (f—fm)%0n+(fm*0n—fm )+
(fm—f), so that if one chooses m such that || f — ||, < &, and if C is a bound



16 3 Smoothing by Convolution

for all the L} (R™) norms of oy, one has ||(f = fun)*nlly < 1f — funllpllnlls <
Ce, so that ||f x 0n — fllp < Ce+||fm * 0n — fmllp + €, and it remains to
show that for m fixed f,, x 0, converges to f,, in LP(RY) strong as n — oo. If
S 0n(2) de = Ky, one writes frx0n—fim = (fm*0n—Fnfm)+(kn—1) fm, and
because k, — 1 the second part tends to 0 in LP(R") strong, and the first part
is [rn 0n(Y) (fm(z—y)— fm(x)) dy, which tends to 0 uniformly (and in LP(R")
strong because its support stays bounded), because of the uniform continuity
of fm, and because the support of g, tends to {0}; indeed, if support(o,)
is included in the ball centered at 0 with radius r,, and n,, is the modulus
of uniform continuity of f,,, one has URN (fm(z = y) = fu(®)) 0n(v) dy’ <
Jan lon (@) dy(maxiy <, [fm(z = y) = fu(2)]) < Cim(rn).

(ii) For f € L>=(RY), one wants to show that f % g, converges to f in
L>(RN) weak x as n — oo, and this means that for every g € L*(R"Y) one
has [pn (f * 0n)(2)g(2) de — [px f(2)g(x) dz. One notices that, by Fubini’s
theorem, one has [, (fxon)(2)9(z) dz = [ [, gy f(Y)on(z—y)g(x) dx dy =
IRN f(W)(g * 0n)(y) dy, where g, (y) = on(—y) for all y € RN, so that g, is
a smoothing sequence and by the first part g x g,, converges to g in L*(RY)
strong as n — 00, so that [pn f(y)(9*dn(y) dy — [pn f(y)g(y) dy as n — oco.
In order to show that [} |f 0, — f|¢dx — 0 for a compact K and 1 < ¢ < oo,
one notices that the integral only uses values of f in a ball centered at 0 with
radius Ry large enough (for the ball to contain K and K + support(gy,)), so
that if ]?coincides with f inside the ball centered at 0 with radius Ry and is 0
outside it, then the integral is fK | f * on — f]? dz, which does converge to 0 as

n — oo because f x g, converges to fin Li(RN) as n — oo, as a consequence
of the first part and of the fact that f belongs to LI(RY). O

Of course, because g, € C°(RY), one has f x g, € C°(RN) and D*(f »
on) = [ *(D%g,) for all multi-indices ¢, but the support of f x g, is not
compact in general.

Lemma 3.3. (i) For 1 < p < oo, the space C>°(RY) is dense in LP(RY).
(ii) C°(RN) is (sequentially) weak x dense in L>°(RN).

Proof: (1) If 1 < p < 00, frxon € C°(RYN) because f,, has compact support.
Because f — fi *x 0n = (f — fin) + (fmn — fin * 0n), the argument used in the
first part of the Lemma 3.2 shows that there are sequences my and ny such
that f,, * 0n, converges to f in LP(RY) strong as k — oo.

(ii) For f € L>®(RY), one defines g,, by gm(z) = f(z) if |z| < m and
gm(x) = 0 if |z| > m; then, as m — oo, g,, converges to f in L>=(RYN) weak
x and L] (RY) strong for 1 < ¢ < oo; one concludes by noticing that for m
fixed g, * 0, converges to g, in L>®(R"N) weak % and L} (RY) strong for
1 < ¢ < 00, and this argument uses the fact that on bounded sets of L>°(R")
the weak % topology is metrizable. O
[Taught on Friday January 21, 2000.]
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Truncation; Radon Measures; Distributions

For reasons which will become clear later, it is useful to define in a more
general setting the truncation step used previously.

Definition 4.1. (i) A truncating sequence is a sequence 0,, € C>°(RN) which
is bounded in L>°(RY), and such that 0, (x) — 1 for almost every x and
D2, — 0 in L>=(RY) strong for each multi-index o with || > 1, as n — oo.
(ii) A special truncating sequence is defined by 6,(x) = 91(%) with 01 €
CX(RN), 0 < 61(x) <1 for all z, and 01(z) = 1 for |z| <1 (and usually with
01(y) = 0 for |y| = 2). o

That such a 0, exists follows easily from the smoothing by convolution,
and more precisely one has the following result.

Lemma 4.2. Let 0 < a < b < ¢, then there exists § € C°(RYN) with 0 <
0(z) < 1 for all x, with 0(z) = 1 if |x|] < a, O(x) = 0 if |x| > ¢, and
S 0(z) de = flwléb dx.

Proof: Let f be the characteristic function of the ball centered at 0 with radius
b; let € satisfy 0 < ¢ < min{b—a,c—b}, and let o. € C>°(R") be nonnegative,
with support in the ball centered at 0 with radius e, and fRN oc(x)dx = 1.
Then 6 = f x p. satisfies all the desired properties, the last one coming from
the fact that for two functions f,g € L'(R"), one has

| o) i - ( [ 1) dz) (/RN 9() dx) o @

Of course, if h € LP(RY) and 6, is a truncating sequence, h 6, converges
almost everywhere to h and is bounded by C'|h|, and h6, — h in LP(RY)
strong if 1 < p < oo, by the Lebesgue dominated convergence theorem, and
in L°(RY) weak x and L] (R") strong for 1 < ¢ < oo in the case p = cc.
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After these preliminaries, one defines Radon measures and distributions
on an open set £2 of RV in the following way.

Definition 4.3. (i) A Radon measure u in (2 is a linear form defined on
C.(£2) (the space of continuous functions with compact support in §2), ¢ +—
(i, @), such that for every compact K C (2 there exists a constant C(K) such
that

{1, )| < C(K)||¢lloo for all ¢ € C.(£2) with support(p) C K. (4.2)

One writes p € M(£2), and the elements of C.(£2) are called test functions.
(ii) A distribution S in §2 is a linear form defined on C°(£2) (the space of
C™ functions with compact support in §2), ¢ — (S, ), such that for every
compact K C {2 there exists a constant C(K) and a nonnegative integer m(K)
such that

[(S, )| < C(K) max [|[D%p|leo for all ¢ € C°(82) with support(y) C K.

e[ <m (k)

(4.3)
One writes S € D'(12), and the elements of C2°(§2) are called test functions.
(iii) If one can take m(K) = mg for all compact K C (2, then the distribution
is said to have order! < my. O

Radon measures are distributions of order < 0, and actually every dis-
tribution of order < 0 is a Radon measure.? L} (2) denotes the space of
locally integrable functions in {2, i.e., the (equivalence classes of) Lebesgue-
measurable functions which are integrable on every compact K C §2; it is not
a Banach space but it is a Fréchet space (i.e., it is locally convex, metrizable
and complete), and a sequence f, converges to 0 in L}, (£2) if and only if for

LIf T € D'(2) has a finite order, Laurent SCHWARTZ defined its order as the

smallest nonnegative integer m such that T is of order < m, but I do not like his
definition. The distribution pvi, the principal value of %, which will be defined
in (5.7), is a distribution of order < 1 but it is not a Radon measure; however,
one sees easily that (5.7) makes sense (with natural bounds) if one uses test
functions ¢ € C2*(R), the space of Hélder continuous functions of order a which
have compact support, so that I find natural to say that pv% is a distribution
of order < a, for every a > 0, while with the definition of Laurent SCHWARTZ
it is called a distribution of order 1. The discrepancy comes from the fact that
Laurent SCHWARTZ limited himself to taking test functions in spaces C¥ of
functions of class C* with compact support, while he could as well have used
spaces C®@ of functions with compact support whose derivatives of order k are
Hoélder continuous of order «, and define distributions of order < k + «.
For showing this, one must observe that if T' is a distribution of order 0, then
one can extend the definition of (T, ¢) to test functions ¢ € C.({2) instead of
@ € C°(£2), by choosing a special smoothing sequence g. and then defining
(T, ¢) = lim..o(T, p* <), with € > 0 small enough in order to have support(y)+
support(ge) C 2.

N
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every compact K C £2 one has [} |fn(2)|dz — 0. One identifies any function
f € L} (£2) with a Radon measure (and therefore with a distribution), which

loc
one usually also writes f, defined by the formula

(0) = [ el do tor al g € C(2). (1.4)

It is not really such a good notation, because it relies upon having selected
the Lebesgue measure dz and it would be better to call this measure (or
distribution) f dz; this abuse of notation is of no consequence for open sets of
RY | and corresponds to the usual identification of L?(£2) with its dual, but
when one deals with a differentiable manifold one should remember that there
is no preferred volume form like dzx.

If a € (2, the Dirac mass at a, which is denoted by 4, is defined by

(04, ¢) = @(a) for all ¢ € C.(£2), (4.5)

and it is a Radon measure (and therefore a distribution). If a sequence a,, € {2
converges to the boundary 92 of 2 and ¢, is an arbitrary sequence, then
i = >, Cnlq, is a Radon measure in {2 because in the formula (u,p) =
> Cnplay), only a finite number of a, belong to the compact support K
of .

Physicists use the notation é(xz — a) instead of J,, and they define §(z)
as the “function” which is 0 for x # 0 and has integral 1; of course there
is no such function and it is actually a measure, but after studying Radon
measures and distributions one learns which formulas are right, and one can
then decide quickly if a formula used by physicists can be proven easily, or
if it is a questionable one, either by showing that it is false or by noticing
that mathematicians do not know yet how to make sense out of the formal
computations used by physicists in that particular case.

One can create a lot of distributions by taking derivatives, and it is one of
the important properties of distributions that they have as many derivatives
as one wants, and as locally integrable functions are measures and therefore
distributions, one then has a way to define their derivatives.

Definition 4.4. If a = (aq,...,an) is a multi-index with a; > 0 for j =
1,...,N, then for any distribution T € D'(§2) one defines the distribution
DT by the formula

(DT, ) = (=1)I*NT, D*¢) for all ¢ € C(2). O (4.6)

One must first check that DT is a distribution, i.e., for any compact
K C 2 one must bound [(D*T, )| for ¢ € C(£2) with support(y) C K,
and the bound should only involve the sup norm of a fixed finite number
of derivatives of . As |[(DT, )| = |(—=1)I*NT, D*y)| < C(K) mMax|g|<m(K)
[|DP(D*@)||s, and as D**P is a derivation of order < m(K) + |, this is
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bounded by C(K) max|y|<m(i)+|a| [[DY¢l|cc; 50 D¥T' is a distribution. One
deduces that if T is a distribution of order < mg then DT is a distribution
of order < mg + |e|.

One must then check that the formula is compatible with the notion of

derivative for smooth functions, i.e., if f € C1(§2), then 5}7]; € C°(02), and as

both f and % are locally integrable they are distributions and one must check
J

that the derivative of the distribution associated to f (which should have been

denoted by fdx) is the distribution associated to %fj, and this means that

one should check that for every ¢ € C2°({2) one has fn(%w—i—f g—i) dr =0,

but this is |, o %xf) dx, and because f ¢ has compact support, one can invoke
Fubini’s theorem and one may start by integrating in x;, and then in the
other variables; one has to integrate on an open set O of R a function with
compact support, and O could be made of a countably infinite number of open
intervals, but only a finite number of intervals have to be taken into account,
and for each of these intervals one integrates the derivative of a C' function
vanishing near the ends of the interval and the integral is then 0.

The Heaviside function H is defined by

0forx <O
H(z) = { 1 for z > 0, (4.7)
and one has (2 o) = —(H, 92} = — [ 92 dy = ©(0) for all p € CX(R),
so that JH
— = do. 4.8
s (48)
Let u = —1 + 2H, which is the sign function, and let D be %, so that

Du = 26p; noticing that u® = uw and u?> = 1, one discovers the following
“paradox”, that D(u3) = 2§y but 3u?Du = 68y. Of course one would have
been in trouble with checking if D(u?), which is 0, coincides with 2u D u,
because the multiplication of w by g is not defined; one can actually multiply
any Radon measure by a continuous function, but u is not continuous. At this
point one should remember that products are not always defined, and this
question will be considered in the next lecture.

[Taught on Monday January 24, 2000.]
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Sobolev Spaces; Multiplication by Smooth
Functions

With the notion of distributions, it is now easy to give the definition of what
Sobolev spaces are.

Definition 5.1. For a nonnegative integer m, for 1 < p < oo and for an
open set 2 C RN, the Sobolev space W™ P({2) is the space of (equivalence
classes of ) functions u € LP(§2) such that D*u € LP(£2) for all derivations
D* of length || < m. It is a normed space equipped with the norm ||u|| =
2 laj<m D%ullp, or the equivalent norm

« 1/p .
|[ullmp = (fQ(Z\a\gm 2 u‘p) dx) ? ifl1<p<oo (5.1)
1] [1,00 = MaX|q|<im [|D¥ul|oo if p = 00. O

Lemma 5.2. (i) For 1 < p < oo and m > 0 the Sobolev space W™P({2) is a
Banach space.
(ii) For p =2, W™2(£2) is denoted* by H™(£2) and is a Hilbert space, for the
scalar product

((u,v))z/Q Z D%u Dy | dz. (5.2)

|| <m

Proof: (i) Let u, be a Cauchy®* sequence in W™P({2), i.e., for every ¢ > 0
there exists n(e) such that for n,n’ > n(e) one has ||u, — Up/||m,p < €.

! The specialists of harmonic analysis use the same notation for Hardy spaces,
which I shall denote by H? when using them (for 0 < ¢ < 00).

2 Augustin Louis CAUCHY, French mathematician, 1789-1857. He was made baron
by CHARLES X. He worked in Paris, France, went into exile after the 1830 revo-
lution and worked in Torino, Italy, returned from exile after the 1848 revolution,
and worked in Paris again. The concept of a Cauchy sequence was first introduced
a few years before him by BOLZANO.

3 Charles-Philippe de France, 1757-1836, comte d’Artois, duc d’Angouléme, pair
de France, was King of France from 1824 to 1830 under the name CHARLES X.

4 Bernhard Placidus Johann Nepomuk BOLZANO, Czech mathematician and
philosopher, 1781-1848. He worked in Prague (then in Austria, now capital of
the Czech Republic).
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This implies that for each multi-index o with || < m one has ||[D%u,, —
D%uy|lp < g, ie., D®u, is a Cauchy sequence in LP(2), and as LP({2) is
complete (because one uses the Lebesgue measure, for which the Riesz—Fischer
theorem® applies), one deduces that D%u,, — fo, in LP(§2) strong as n — oo.
One must then prove that fo = D* fy and that u,, tends to fo in W™P(£2). For
this one uses the derivative in the sense of distributions, and for all ¢ € C$°(£2)
and all multi-indices @ with || < m one has

(D fo, 0) = (=)@ (fo, D¥@) = (1)1 limy, e (fn, D¥) = 5.3)
limy, oo (D% fr, ) = (fa, ¢), )

showing that D* fo = fa, so that fo € W™P?(£2) and D*u,, — D fy in LP({2)
for |a| < m; by taking the limit n’ — oo, one finds that ||u, — fo||m,p < € for
n > n(e), i.e., up — fo in W™P((2).

(ii) The proposed formula for the scalar product is indeed linear in u and
anti-linear in v, and for v = u it gives the square of the norm. a

In the proof, one has shown some kind of continuity for the derivations
on D'(£2). Indeed, there exists a topology on C°(§2) for which the dual is
D'(2), on which one uses the weak * topology (which coincides with the weak
topology); these topologies are not metrizable, but it is rarely necessary to
know what they are; nevertheless, it is useful to know that a sequence T,
converges to T, in D'(12) if and only if

(Tn, ) = (Too, ) for all o € C(£2), (5-4)

but as the topology is not metrizable, one should remember that the knowl-
edge of converging sequences does not characterize what the topology is. Any
derivation D® is indeed linear continuous from D’({2) into itself, but the
argument in (5.3) has only shown that it is sequentially continuous. Although
it is rarely necessary to use the precise topology on C2°(£2) or on D'(§2), it
is useful to check that all the operations which one defines are sequentially
continuous, and for that one should know what the convergence of a sequence
in C°(£2) means, i.e.,

©n, converges to Yoo in C°(2) if and only if there exists
a compact K C {2 such that support(v,) C K for all n and
for all multi-indices a one has ||D%¢, — D*¢s||cc — 0. (5.5)

The next step is to define multiplication of distributions by smooth
functions.

Laurent SCHWARTZ has shown that it is not possible to define a product
for distributions in an associative way, and more precisely he noticed that

(pvl w) Go = 1+ 89 = 8o, while pu— - (z-dg) =pv—-0=0,  (5.)
T T z

® Ernst Sigismund FISCHER, Austrian-born mathematician, 1875-1954. He worked
in Briinn (then in Austria-Hungary, now Brno, Czech Republic), in Erlangen, and
in K6ln (Cologne), Germany.
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where the principal value of % is the distribution denoted by pv%, defined by

1
<pv,<p> = lim / #lz) dzx for all ¢ € C°(R). (5.7)
T n|z|>1

n—00 X

CAUCHY had already defined the notion of principal value, so formulas like
(5.7) were usual and Laurent SCHWARTZ proved that it defines a distribution
of order < 1, because if support(¢) C [—a,+a], then

M dr = M dx — M dx 5.8
/|:v>71l /1<w<a /|I|<a , (5.8)

T T €T

n —

which exists because |¢(z) — ¢(0)| < |z|||D ¢||so- This distribution satisfies
x pv% = 1 (and it is odd and homogeneous of degree —1); that it is not a Radon
measure can be seen by constructing a sequence of functions ¢, € C°(RY)
which stay uniformly bounded, keep their support in a fixed compact set and
for which (pvi, ) — +oo; taking @) nonnegative with support in [0, 1] and

1
or(z) =1 for % <z<1l-— %, one has <pv%,gpk> > f%l k %’”. Some physicists
write formulas where

wo(x) 7wd(x) — é . % could be equal to (5.9)

ﬁv
and we know that (x) should be dp and is a Radon measure but not a function,
and as % and m% are not locally integrable functions because of the singularities
at 0, making distributions out of them requires some care, and the case of
1 leads to (5.7), and similarly HADAMARD had defined the finite part of
#, and Laurent SCHWARTZ defined by analogy a distribution fpzik. Neither
dg + dp nor pv% . pv% can be defined, but physicists do not pretend to define
these products and they notice that the same “infinities” appear in trying
to define them, so that the difference seems to make sense; it is not entirely
clear what such a formula could mean, and one should check why physicists
play with such quantities in order to discover what mathematical statements
explain their observations, but one guess is that they need results of what I
call compensated integrability or compensated reqularity.’>” Another possibility

5 What I call compensated integrability or compensated regularity is a different
notion than compensated compactness, a term which I have introduced with
Frangois MURAT, but which some authors have used out of the correct con-
text, for designing a result of compensated regularity. For example, in RZ
9799 4nd ﬂa—;’ are not defined if f,g € WH"P(R?) with 1 < p < 2, but

oz Oy dy O
2]

a= 2% _ % 94 can be defined by preferring to write b = %(f g—g) - 6%(]‘ %)

orc= 6% (g—i g) - a% (% g), because b and ¢ are defined for f, g € WP (R?) with

% < p < 2, by using Sobolev’s embedding theorem.

" Francois MURAT, French mathematician, born in 1947. He works at CNRS
(Centre National de la Recherche Scientifique) at Université de Paris VI (Pierre
et Marie Curie).
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is to take ¢ > 0 and to observe that as € tends to 0, z% converges in
the sense of distributions to pv%, and that %ﬁz converges in the sense of
distributions to 7 dp; then S. = ﬁ converges in the sense of distributions
to Sp = pv% —7do, and T, = ;ﬁi converges in the sense of distributions to

+e?

Ty = pv% + 7 dg, but S T, = % is the derivative of ﬁ and converges
in the sense of distributions to Uy = —% (pv%) (which is fpz%, the finite part
of 3712)7 it is tempting to say that SoTy is Uy, which is formally what (5.9) says.
Lars HORMANDER has actually shown that some products of distributions are
defined, using his notion of wave front set, and indeed SyTy is defined, but I

have not checked what his definition gives for that product.

Definition 5.3. If T € D'(2) and ¢ € C(2), then YT (or T1)) is the
distribution defined by

(T, o) = (T, ) for all p € CX(2). O (5.10)

Notice that one only defines the product of a distribution by a function
in C*°({2) (or more generally of a distribution of order < m by a function in
C™(92)), but first one must check that ¥ T is a distribution, and this follows
from Leibniz’s formula. Leibniz’s formula in one dimension states that

d"(fg) _ zn: (”)dmfd"mg (5.11)
m=0

dzn m ) dx™ dgn—m’

where the binomial coefficient (7’;) is Wlm)" it is easily proven by induction,
starting from (f g)' = f'g+ f ¢’. Writing a generalization of Leibniz’s formula
to the N-dimensional case is simplified by using a notation for multi-indices.

Definition 5.4. If a = (aq,...,an), then |a] means |aq| + ... + |ag|, B <
a means B; < «; for j =1,...,N, ol means a1!...an!, and (g) means
(0’1) (ouv) — ol 0
B/ T \BN Bl(a—p)!"

Then, Leibniz’s formula has the same form

D(fg)="> (g) DPf D Py, (5.12)

Ba

and it is easily proven by induction on N.

One has || D(4 ¢)l oo < S (3D |1 (16| D* Pl if support ()
is contained in a compact K C §2, so that one has max|qj<m |[D* (¢ ¢)|[oc <
C(K) max|q|<m |[D¥¢||oo; one also deduces that if T' is a distribution of order
< m, then ¢ T is also a distribution of order < m.

One must also check that the notation is compatible with the classical
multiplication, i.e., if f € L}, .(£2) and T is the corresponding distribution

(which should be written fdz), then the distribution S associated to ¢ f is
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indeed ¥ T as was just defined. This follows from the definition, as (S, ) =
JoW Hede = [, f(W@)de = (T, o) = () T,¢p) for all p € C(N2).

The mapping (¢, T) — ¢ T from C°(2) x D'(12) into D’'({2) is sequen-
tially continuous. The space C°°({2) is a Fréchet space and ¢, — s in
C™®(2) as n — oo means that for every compact K C {2 and for every
multi-index a, D*Y,, — D%y uniformly on K as n — oo. The topol-
ogy of D'(£2) is more technical to describe but a sequence T, converges
to T in D'(2) if and only if (T, ¢) — (Te,p) as n — oo, for all
@ € C2°(£2). Because the subspace C72(£2) of the functions in CS°(£2) which
have their support in K is a Fréchet space, it has Baire’s property,® from
which Banach-Steinhaus theorem?® follows, so that if T, — Tso as n — 00,
then there exists a constant C'(K') and an integer m(K) independent of n such
that |[(Th, x)| < C(K)max|q<m(k) |[D¥X||e for all x € CE(£2). Therefore
(6T — oo Toe), #) = (Y — ) Tns @) + {0 (T — Toc), 9}, 50 that one has
{(onTh =Yoo Too)s )| < (T, (Y — Yoo) )|+ [(Th — Toos Yootp)|, and the first
term tends to 0 because for each multi-index o, D*((¢, — ¥ )¢) converges
uniformly to 0 by using Leibniz’s formula, and the second term tends to 0 by
definition.

Proposition 5.5. For ¢ € C*(2), T € D'(£2) and any multi-index o, one

has
D)=y <a> (DPy)(D*PT). (5.13)
BLa B
Proof: One proves that (w T) =74y aT for j = 1,..., N, because
for every ¢ € C°°( ) one has ({ (ﬁT),@ — (T, gf) = *<Tv1/’§%> =
(T, =258l 4 o0y = (8L ) + <§7ﬁT,so> = (52T + ¢ 45, ¢). Then
(5.13) follows by 1nduct10n O

If v € C®°(2) and a € 2, then ¥, = ¥(a)d,, because (Y4, p) =
(00, V@) = (W )(a) = ¥(a)(baq, ) for all ¢ € C°(£2). In particular z;00 = 0
forj=1,...,N.

As (xpv%,cp) = (pv%,:c@ = lim,, 0o flw\Z% = ngo(x) dr =
(1,¢) for all ¢ € C°(R), one has zpvl = 1. Notice that z(pvi + Cdp) =1
for all C', but pv% can be shown to be the only solution 7" of T = 1 which
is odd.

[Taught on Wednesday January 26, 2000.]

o) g0

8 René-Louis BAIRE, French mathematician, 1874-1932. He worked in Montpellier
and in Dijon, France.

9 Hugo Dyonizy STEINHAUS, Polish mathematician, 1887-1972. He worked in
Lwéw (then in Poland, now Lvov, Ukraine) until 1941, and after 1945 in Wroclaw,
Poland.
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Density of Tensor Products; Consequences

Having enlarged the class of functions by introducing distributions, some par-
tial differential equations that had been studied before may have gained new
solutions which could not be considered before, and some other partial differ-
ential equations do not get new solutions. For example, the equation = f =0
a.e. in R for f € Lj,.(R) only has 0 as a solution, but for distributions
f € D(R), f = cdo is a solution which is a Radon measure and not a (locally
integrable) function (although physicists do call the Dirac measure a “func-
tion”); it is useful to know that one has found all the distributions T' € D'(R)
solutions of T = 0.

Definition 6.1. The tensor product f; ® fo of a real (or complex) function
f1 defined on a set X1 and a real (or complex) function fo defined on a
set Xy is the real (or complex) function defined on X1 X Xo by the formula
(fl X fg)(xl,l‘Q) = f1($1)f2(x2) fO’f’ all (331,332) € X1 X Xo. O

For defining convolution of distributions, Laurent SCHWARTZ used tensor
products of distributions, and the uniqueness of tensor products requires that
one shows the density of finite combinations of tensor products in a suitable
topology, which is what Lemma 6.2 is about.

Lemma 6.2. If T € D'(RM x RN2) and
(T, 01 @ @3) =0 for all o1 € C°(RNY), py € C°(RM2), (6.1)
then T = 0.

Proof: First one assumes that 7" is a Radon measure p and let ¢ € C.(R™M x
RM2) with support in K. One chooses 11 € C.(R™) equal to 1 on B(0, Ry)
and g € C.(RN?) equal to 1 on B(0, Rz), so that K C B(0, Ry) x B(0, Ry), in
order to have ¢ = (1 ® 2)w. One uses Weierstrass’s theorem for approaching
v uniformly by a sequence of polynomials P, on a compact K’ containing
support(n) X support(ns), and because every polynomial is a finite combina-
tion of tensor products, one obtains
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{1, 90) = (s (m @ m2)) = T (i, (0 @ 12) Po) = 0. (6.2)

Then, if T is a distribution satisfying (6.1), one chooses two smoothing
sequences g1 € O (RN), 05c € C°(RN?) and one defines y. € D'(RM x
R™2) by

(per ) = (T, 0 x (012 ® 02c)) for all o € C°(RM x RN?). (6.3)

Of course, u. is a Radon measure, because the sup norm of any derivative of
@ * (01 ® p2¢) can be obtained from the sup norm of ¢; u. satisfies condition
(6.1) because if ¢ = ¥ ® 19 then ¢ x (01 ® p2c) is a tensor product, namely
(1 * 012) ® (2 % 02¢), and by the first part p. = 0, and then

(T, ¢) = I (T, o x (010 @ 022)) = 0. O (6.4)

Lemma 6.3. If T € D'(RN) and ;T =0 for j = 1,...,N, then there exists
C € R such that T = C dg.

Proof: For N = 1, let ¢ € C°(R) satisfies p(0) = 0, then ¢(z) = z¢(z)
and ¢ € CX(R); indeed, Taylor’s! expansion formula for ¢ near 0 is

o) = ¢'(0)x + ... + 20O o(z™), so that ¥(x) = ¢'(0) + ... +

n!
(n
‘PT:(O)xn_l + o(z™~!) shows that one must take ¢(0) = ¢(0), and more

generally =D (0) = w for n > 1, and as Leibniz’s formula gives
M (2) = zp™(x) + np™V(z), the derivatives of ¢ are continuous at
0. One deduces that (T, ) = (T,z¢) = (xT,) = 0. Let § € C*(R) with
0(0) = 1, then every function ¢ € C2°(R) may be written in the form

o(x) = p(0)0(x) + x (x) for a function ¢ € C°(R), (6.5)
because ¢ — ¢(0)6 vanishes at 0, so that

(T, ) = (T, 0(0)0 + x¢) = p(0)(T,0), (6.6)

ie, T =Cdy with C = (T,0).

One uses an induction on the dimension N. For ¢» € C°(RN™1), the
mapping ¢ — (T, ® ¢) for ¢ € C°(R) defines an element of D'(R) that
one denotes by Uy, and because (x1Uy, ) = (Uy,z19) = (T, 210 @ ¥) =
(1T, ® ¢) = 0, one deduces that x;Uy = 0, so that Uy = C(¢)dp. One
checks that ¢ — C(1)) defines a distribution V € D'(RVN~1). Forj =2,..., N,
one has (T, ¢ @ z;v) = (x;T, ¢ @ ¢) = 0, ie., C(z;9) = 0, which means
(V,z;9) = 0 or ;V = 0, so that by induction V' = C.dy, and therefore
(T, p@1) = p(0)C(¥) = Cip(0)1h(0). One deduces that T = Cdp by Lemma
6.2, because T — C,§p vanishes on tensor products. O

! Brook TAYLOR, English mathematician, 1685-1731. He worked in London,
England.
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Lemma 6.4. Let {2 be a connected open set of RN. If T € D'(12) satisfies
% =0 forj=1,...,N, then T is a constant, i.e., there exists C such that
J

(T, ) =C [, o(x)dx for all ¢ € CZ(12).
Proof: By a connectedness argument it is enough to show the result with (2

replaced by any open cube 2y C {2. One uses an induction on the dimension
N, and one starts with the case N = 1, {2y being an interval (a,b). One

notices that if ¢ € C°(a,b) satisfies fbcp dx = 0, then = w for a
function ¢ € C°(a,b), and ¥ is glven expllcltly by ¥(x f o(t dt One
chooses n € C¢°(a,b) such that f n(x dac =1, and then every ¢ € Cé’o(a7 b)
can be written as ¢ = (f o(t) dt)n + for a function ¢ € C2°(a,b), because
the integral of ¢ — (f o(t)dt)n is 0, so for all p € C°(a,b) one has

(Ty0) = (T, (f; ety dt) n+ 42 ) = (J7 olt) dt) (T.n) = (4, ) =
b
C (J2olt)at
with C' = (T, n), and that means T = C.
Writing 2y = w x (a,b) where w is a cube in R¥~! then for p € C°(w)
one defines Ty, € D’'(a,b) by
(T, ) = (T, @) for Y € C(a,b), (6.8)

and one checks immediately that this indeed defines a distribution Ty, on (a, b)
because the bounds on derivatives of ¢ ® 1 only involve a finite number of
derivatives of ¥ and the support of ¢ ® v is the product of the supports of ¢
and of 1, so that it stays in a fixed compact set when the support of 1 stays
in a fixed compact set, ¢ being kept fixed. Then

dT, d _ ®
<drN’¢> <T‘P’ d"c1/jv> <T 90® drN> - <T’ ({;per)>
MN,M@

(6.7)

(6.9)

so that Ty, is a constant Cy, ie., (T,p ® ¥) = C, f t)dt for every ¢ €
C®(w) and 9 € C(a,b). One then uses this formula to show that ¢ — Cy,
defines a distribution S on w, as it is obviously linear and in order to obtain

the desired bounds one chooses a function ¢ € C2°(a,b) with f t)ydt #0
and the bounds for S follow easily from the bounds for T, so that one can
write

b
(T, ® ) = (5,9) / (1) dt for all g € C(w), b € CX(ab).  (6.10)
Then for j =1,...,N — 1 one has

0= (# pov) =~ (1.8520) - (1. 22 oy) -

—(s,22) Vot dt

6.11
ity de=(25,0) | o
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so that % = 0, and by the induction hypothesis S is a constant C,, so that
J
one has shown

(T,p©9) =C, ( [ o) dy) ( / o) dt) -c. | (povE)dr, 612

which implies 7' = C, by Lemma 6.2, because T' — C, vanishes on tensor
products. O

Once multiplication has been defined, and Leibniz’s formula has been
extended, one can prove density results.

Lemma 6.5. For 1 < p < 0o, and any integer m > 0, the space C°(RN) is
dense in W™P(RN).

Proof: Let 0,, be a special truncating sequence, i.e., 6,,(z) = 6, (%), with 6; €
Cx(RMN),0<6(x) <1on RN and 0(z) =1 for |z| < 1. For u € W™P(RN),
one defines u,, = 6, u, and one notices that u, — u in W™P?(RY) strong as
n — oo. Indeed, one has |u,(z)| < |u(z)| almost everywhere, and u,(z) —
u(x) as n — oo, and by the Lebesgue dominated convergence theorem one
deduces that u, — u in LP(R") strong as n — oo. Then for || < m one has
D%up =3 5.4 (g) DB, DBy, and the term for B = 0 converges to D®u
again by the Lebesgue dominated convergence theorem, while the terms for
|3| > 0 contains derivatives of #,, which converge uniformly to 0, so that one
has D®u,, — D%u in LP(RY) strong as n — oo.

Then one approaches u, by functions in C°(RY™) by convolution with
a smoothing sequence p. for a sequence of £ converging to 0, and using a
diagonal argument there is a sequence u, * 0-(n) € C° (RN ) which converges
to u in W™P(RN) strong as n — oo. The crucial point is to notice that for
|| < m one has

Da(@e *un) = 0c * D%up,

which converges to D%*u,, in LP(RY) strong as ¢ — 0. (6.13)
Indeed, for any test function ¢ € C°(RY), one has
(D*(0e % un), ) = (*1)|a|<96 * U, D¥p) = (71)|a|<unv 0= % D¥p) =
(=1)1*Hun, D¥(ge % ) = (D%un, 6 * 9) = (0= * D*tn, 9),
] ) (6.14)
where f is defined by f(z) = f(—=x). O

For p = oo, the same method shows that one can approach any u €
W (RN by a sequence v, € C2°(RY) such that for every || < m, D%,
converges to D®u in L (RY) weak x and L} (RY) strong for every finite ¢
as n — oo.

If 2 is an open set of RV, it is not true in general that C2°({2) is dense
in W™P((2), and one is led to the following definition.

Definition 6.6. W[""(2) is the closure of C2°(£2) in W™P(2). O
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If the boundary 92 is Lipschitz, then the functions of W™ (£2) are 0 on
the boundary, as will be seen later. If 2 is too small, then it may happen
that Wy""(£2) = W™P(£2); this is related to the fact that the functions in
W™P({2) are not necessarily continuous, and Sobolev’s embedding theorem,
given now and proven later, tells for what values of m and p functions in
WP ({2) are automatically continuous.

Theorem 6.7. (Sobolev’s embedding theorem®3) (i) If 1 < p < X then
WmP(RN) C L"(RN) with * = % — . but W™P(RYN) is not a subspace
of L*(RN) for s > r.

(ii) If p = & then W™P(RN) C LY(RN) for every q € [p,00), but W™N(RN)
is not a subspace of L= (RY) if p > 1; however, WN-1(RN) C Cy(RY).

(iii) If & < p < oo then W™P(RN) C Co(RYN), the space of continu-
ous functions tending to 0 at co. If % <p< TJL for an integer k, then
WkP(RN) C COV(RN), the space of Hélder continuous functions of order v,
with v =k — %. ad

For example if 2 = RN \ F, where F is a finite number of points and
p < X then WP (£2) = W™P(£2) and coincides with W™P(RY), as will be
shown later.

It is useful to recall that any closed set K of R can be the zero set of a C>
function, because RY \ K can be written as the countable union of open balls
B(2pn,rn), and if ¢ € C2°(RY) has its support equal to the closed unit ball and
is positive in the open unit ball, then one considers the series ) cngp("”;ﬂ)
and one can choose the sequence ¢, such that the series converges uniformly,
as well as any of its derivatives. Therefore the zero set of a smooth function
can be as irregular as one may wish (among closed sets, of course).

It is useful to recall that there are open sets with thick boundary, for
example if one has an enumeration of the points with rational coordinates of
RN, 21,...,2n,..., and for € > 0 one considers A, = |J,, B(z,,£27"), then
A, is open, has Lebesgue measure < ¢ and its boundary is its complement
RY \ A, which has infinite Lebesgue measure.

[Taught on Friday January 28, 2000.]

2 The part of (iii) concerning Hélder continuity seems to be an improvement due
to MORREY.

3 Charles Bradfield Jr. MORREY, American mathematician, 1907-1980. He worked
at UCB (University of California at Berkeley), Berkeley, CA.
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Extending the Notion of Support

As T recalled in footnote 59 of Lecture 1, for a continuous function u from
a topological space X into a vector space, the support of u, denoted by
support(u), is the closure of the set of points € X such that u(xz) # 0.
As mentioned in footnote 17 of Lecture 2, one needs a different definition for
locally integrable functions, and one can actually define the support of any
Radon measure or any distribution in a similar way, by characterizing the
complement of the support as the largest open set on which u is 0; this leads
to the following definition.

Definition 7.1. A Radon measure pn € M(£2) is said to be 0 on an open
subset w C §2 if

(i, @) =0 for all p € Ce(w). (7.1)
A distribution T € D'(§2) is said to be 0 on an open subset w C 2 if

(T,p) =0 for all p € C(w). O (7.2)

For a Radon measure, being 0 on w as in (7.1) or considering it as a distri-
bution and being 0 on w as in (7.2) coincide (by smoothing by convolution, as
in the second part of the proof of Lemma 7.3). In order to define the support
of a Radon measure or a distribution, one must deduce that being 0 on a
family of open sets implies being 0 on its union, and this is done by using a
partition of unity.

Lemma 7.2. Let F be a closed set of R™ and let U;, i € I, be an open covering
of F. Then for each i € I there exists 0; € C°(U;) with 0 < 0; < 1 on RN
and ), 0; =1 on an open set V containing F, the sum being locally finite,
i.e., for each x € |J;c; Us there exists an open set W, containing x such that
only a finite number of 0; are not identically 0 on W.

Proof: Let 9, € C®(RYN), with support(o1) C B(0,1), such that o1 > 0
and [py 01(z)dz = 1, and for € > 0 let g.(z) = e Np1(£). For each z €
F there exists i(x) € I such that 2 € U,y and 0 < r(x) < 1 such that
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B(z,4r(z)) C Uy Forn > 1, let F,, = {zx € F | n—1 < |z| < n}, and
as F), is compact and covered by the open balls B(z,r(z)) for z € F,, it is
covered by a finite number of them, with centers y € G,,, G, being a finite
subset of F},. One chooses ¢,, = minycq, 7(y) > 0, and for y € G,, one denotes
by x¥ the characteristic function of B(y7 2r(y)) and a¥ = g, x xY, so that
o¥ € C(B(y,3r(y))) C C(Uyy)) and a¥, = 1 on B(y,7(y)), and therefore
Bn =2 yeq, &4 = 1 on the open set V, =, cq, B(y,r(y)) which contains
F, (and 3, > 0 elsewhere).

For j € I, let n; be the sum of all o for which i(y) = j; there might be
an infinite number of such y, but the sum is locally finite and n; € C*°(U;)
because when n — 1 < |y| < n the function o is 0 outside B(y, 3), because of
the choice r(y) < 1; if F' is compact, there are only a finite number of terms,
so that 7; € C2°(Uj) in this case. Similarly, let ¢ = >, n;, the sum being
also locally finite and equal to ), By, so that ¢ > 1 on V = |J,, V,,. Choose
Y € C®(RN) such that ¢y = 0 on V and ¢ > 0 on RN \ V. For j € I, let

0; = Ct]Tjw’ which is C*° because ¢+ does not vanish (as ¢ > 1 and ¢» =0 on
V and 9 > 0 and ¢ > 0 outside V'), so that support(6;) C support(n;) C U;.
One has Zjelﬁjzc%w,which islonVast¢y=0onV. O

Lemma 7.3. If a Radon measure y € M(£2) or a distribution T € D'(12) is
0 on w; C 82 foric I, then it is 0 on | J;cp wi.

Proof: Let w = J;c;wi and ¢ € C2°(w) with support K. There is a finite
number of functions 0; € C2°(w;) with >, 0; = 1 on K, so that ¢ = > . _; 0;¢p,
and as 6;¢ € C°(w;) one has (T,0;0) = 0 and by summing in ¢ one deduces
that (T, ¢) = 0.

If ¢ € C.(w), then for a smoothing sequence g,, one defines ¢,, = ¥ x @,
and for n large enough the support of all the ¢, stays in a fixed compact
set K’ of £2; considering p as a distribution, the preceding result shows that
{1, 0n) = 0 for n large enough, but as ¢, — ¢ uniformly on K’ one has

(b ¢0) = limp— oo (11, on) = 0. U

Definition 7.4. For a Radon measure p € M({2), the support, denoted by
support(u), is the closed set which is the complement of the largest open
set where p is 0. For a distribution T € D'(§2), the support, denoted by
support(T), is the closed set which is the complement of the largest open set
where T is 0. ad

The definitions make sense because the largest open set is the union of all
open sets where p is 0, or where T is 0 (it is empty if no such open set exists).
The second part of the proof of Lemma 7.3 shows that for u € M(2), the
two definitions of being 0 coincide, so the two definitions of support coincide.

Partitions of unity will be useful for studying how functions in Sobolev
spaces behave near the boundary of an open set. There are properties of
Sobolev spaces which do depend upon the smoothness of the boundary 92,
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but for some other properties the boundary plays no role, and these properties
are said to be local, and they may be expressed for larger spaces.

Definition 7.5. For an open set 2 C RN, an integer m >0 and 1 < p < oo,
the space W,"P(82) is the space of distributions T € D’ (£2) such that for every
p € CX(£2) one has pT € W™P((2). O

One checks immediately that the space L}OC(Q), described previously as

the set of (equivalence classes of) Lebesgue-measurable functions 7" such that
for any compact K C §2 one has xxT € L*(w), where yx is the characteristic
function of K, is identical with the space described in Definition 7.5 for m = 0
and p = 1, which is the space of distributions T" such that o T € L(£2) for
every ¢ € C°(£2).

Of course, W;""P(§2) is a Fréchet space, but (assuming 2 # () it is not a
Banach space.

Sobolev’s embedding theorem implies that for 1 < p < N one has

WLP(RN) ¢ LP"(RN) with p% = % — %, and one deduces that for any

open set 2 C RN one has W1P(02) C Lﬁ;(()). Indeed, for ¢ € C°(£2) and
u € WHP(£2), the function pu also belongs to WP(£2) and is 0 outside the
support of ¢, and by extending it by being 0 outside {2, one finds a function
pu € WHP(RN) c LP"(RN), showing that one has pu € LP" (£2). Without a
Lipschitz boundary, W"?(£2) may not be a subspace of LP"(£2).

Lemma 7.6. (i) If 1 < p,q,r < oo and % = %Jr é, then for u € WHP(02) and
v € WH4(02) one has uv € WHT(2) (and ||[uv||1, < Cllull1 pl[v]]1,q)-

(i) If 1 < p,g,s < N and% = %—l— % — %, then for v € WYP(§2) and
v e Wh4(2) one has uv € W2 (12).

loc
Proof: The first part is a consequence of applying Holder’s inequality to the

formula 6;’;?) = % v+ u %. To prove the formula, one must show that
bt} bt} °J

— [ouv 597“0]_ dx = fn(aaTuj v+ u(%j)gpdm for every ¢ € C2°(£2). One chooses
0 € C°(§2) with 0 = 1 on the support K of ¢, and the formula to be proven
does not change if one replaces u by 6 u (as the derivative of 6 vanishes on the
support of ), but as 6 u extended by 0 outside {2 is a function of W1P(RYN),
one may approach it by a sequence w,, € C°(RY), and as the formula is true
for u replaced by w, one just lets n tend to co and each term converges to
the right quantity.

The second part is similar and consists in using the fact that on the support
K of p one hasu € LP" (K) and v € L% (K) (by the remark preceding Lemma
7.6, which relies on Sobolev’s embedding theorem). O

Definition 7.7. For a nonempty set A C RN, the space of Lipschitz contin-
uous functions on A, denoted by Lip(A), is the space of bounded (continuous)
functions u on A such that there exists M with |u(a)—u(b)] < M |b—al for all
a,b € A; the space of locally Lipschitz continuous functions on A, denoted by
Lipioc(A), is the space of (continuous) functions u on A such that for every
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compact K C A there exists M (K) with |u(a) — u(b)| < M(K)|b — a| for all
a,b € K, i.e., the restriction of u to K belongs to Lip(K). a

Of course, Lip;,.(A) is a Fréchet space, and it is only a Banach space when
A is compact, in which case it coincides with Lip(A).

Lemma 7.8. (i) W1 >°(RN) = Lip(RY).

(ii) If 2 is an open subset of RY, then Lip(2) C Wh*°(02), and WH>(2) C
L>(02) N Lipioe(£2).

(iii) If u € WHo°(Q2) and ||grad(u)|| < K, then one has |u(z) — u(y)| <
K dg(x,y), where dg is the geodesic distance from x to y in (2, the shortest
length of a smooth path connecting x to y in (2.

Proof: (i) If u € WH(RY), and g, is a special smoothing sequence, then
Up = Op * U € COO(RN)7 HunHOO S HUHOO and ||g%: |oo S H%Hoo S
[lgrad(u)||eo for 7 = 1,..., N, and as this inequality applies to any direction
(not only the N directions of the canonical basis) it implies that |grad(u, )| <
llgrad(u)||ss in RN, so that |u,(x) — u,(y)| < |z — y|||grad(u)||s for all
x,y € RV; as a subsequence u,, of u, converges almost everywhere to u as
m — oo, one deduces that |u(xz) — u(y)| < |z — y||lgrad(u)||s for almost
every =,y € RY, ie., u is Lipschitz continuous with Lipschitz constant
llgrad(u)||s. Conversely, if u € Lip(RN) and u, = u % 0, € C®(RY),
then for any h € RY one has u, — Tsptn = (u — Tspu) * 0,, iMplying
[lun, — Tshtnlloo < ||t — Tshulloo < K s|h|, where K is the Lipschitz con-
stant of u, so that after dividing by s and letting s tend to 0 one deduces that
[lgrad(un)||e < K and then letting n tend to oo gives ||grad(u)||e < K.

(ii) The preceding argument is valid if u € Lip({2), as ux* g, is well defined
at a short distance from the boundary.

(iii) The passage from a bound on ||grad(u)||~ to a bound on |u(z) —u(y)]
for u € C°°(£2) relies on the fact that the segment [zy] is included in 2, and
it can be replaced by the sum of the lengths of segments for a polygonal path
joining z to y and staying inside {2, and the infimum of these quantities is the

geodesic distance dgp(x,y). a
If (2 is the open subset of R? defined in polar coordinates by —7 < 0 < 7
and » > 1, then the function u = 0 satisfies %Z = —% and g—; = 5, 80

that u € W1°°(£2), but for € > 0 small the points with Cartesian coordinates
(—2,—¢) and (—2,+¢) are at Euclidean!':? distance 2e while the difference
in values of 6 is converging to 27 as € — 0 (the geodesic distance tends to
2v3+ 4.

[Taught on Monday January 31, 2000.]

1 EUCLID of Alexandria, “Egyptian” mathematician, about 325 BCE-265 BCE. It
is not known where he was born, but he worked in Alexandria, Egypt, shortly
after it was founded by ALEXANDER the Great, in 331 BCE.

2 Alexandros Philippou Makedonon, 356 BCE-323 BCE, was King of Macedon as
ALEXANDER III, and is referred to as ALEXANDER the Great, in relation with
the large empire that he conquered.
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Sobolev’s Embedding Theorem, 1 < p < N

One has H'(R?) = W12(R?) C LP(R?) for every p € [2,00) by Sobolev’s
embedding theorem, but the similar property does not hold for all open sets
{2, and a Lipschitz boundary will be assumed.

Lemma 8.1. Let 2 = {(z,y) |0 <z < 1,0 <y < 2%} C R%. Then H*(2) ¢
L?($2) forp > 6.

Proof: One checks for which value o € R the function u(z) = x* belongs
to L9(§2) and as fol 2292 dy = [, x*7dx dy, one finds that the condition is
aq+ 2 > —1. Applying this remark to u and % and ¢ = 2, one finds that
u € H'(2) if and only if 2(a — 1) +2 > —1,ie, a > —1, and u € LP(12) if
and only if a £ > —1 i, H'(£2) is not a subset of L?(£2) for p > 6. O

Of course, the same limitations occur for other cusps on the boundary,
like for 2 = {(z,y) |0 <z < 1,0 <y <z}, with y > 1.

A part of Sobolev’s embedding theorem asserts that for 1 < p < N one has
WhP(RN) ¢ LP" (RN) with pi = ]% — &, orp* = ]f,v—_pp, and one deduces then
that W1P(RN) c LY(RN) for every q € [p,p*] by the following application of

Hoélder’s inequality.
Lemma 8.2. If 1 < py < pg < p1 < o0, then
lullpy < [[ullps®llully, for all u € LPo(2) N LP(£2)
with 6 € (0,1) defined by L =10 4 &

Po p1’

(8.1)

Proof: One applies Holder’s inequality |[fglli < ||fllqllglly with f =
|u|=9Pe and g = |u|?P¢, with ¢ = (1_1’% and ¢" = -, which are conjugate
exponents. O

The preceding result is not restricted to the Lebesgue measure, and the
restriction that pg > 1 is not necessary (although the notation ||v||, is not a
norm for 0 < r < 1).

Sobolev’s embedding theorem is natural if one considers the question of
scaling.
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Lemma 8.3. If1<g<porl<p<N and q> p*, deﬁnedbyp%:%—%,

there is no finite constant C such that ||ul|, < C'||ul|1, for all u € C°(RN).
Proof: For X\ > 0, one applies the inequality
lully < Cllully + Cllgrad(u)|l, for u € C(RY) (8.2)
to the function v defined by
z N
v(z) =u (X) for x € RY, (8.3)
and one notices that for 1 < r < co one has

ol = (fan [0 (2)]7 da)'"™ = (J )" AN dy)" = AN/ [u]l,
llgrad(v)|l, = AN/ |grad(u)|l,,

1/r
(8.4)

so that, if (8.2) is true one deduces
ANl < CANP|u)|, + C/\_1+N/p\|g7“ad(u)||p for u € C°(RY), (8.5)
i.e., an inequality of the form

llullg < CAX¥|ullp —l—C)\Bngad(u)Hp forall A >0

witha=Y N g N _ N
P q P q

(8.6)

If one had @ < 0 and 8 < 0, then by letting A tend to co one would deduce
the contradiction ||u||, = 0 for all u € C°(RY); this corresponds to the case
q < p. Similarly, if one had @ > 0 and S > 0 one would deduce the same
contradiction by letting A tend to 0; this corresponds to the case p < N and
q > p*. O

If the inequality is true for ¢ = p*, then the same argument shows that
one has ||u|[,» < C||grad(u)||, for all u € C°(RY). However, this is not
a proof that the inequality is true, as for example the inequality ||u|loc <
C'|lgrad(u)||y implies no contradiction by the preceding scaling argument,
but it is not true for N > 1.

One reason why one cannot deduce by a scaling argument that the limiting
case of the Sobolev’s embedding theorem does not hold for p = N, is that in
the larger context of the Lorentz!'? spaces all the spaces LP4(RY) scale in
the same way for different values of ¢ € [1,00]. If all the partial derivatives
of u are estimated in L™1(RY) it does provide a bound for the sup norm

! George Gunther LORENTZ, Russian-born mathematician, born in 1910. He
worked in Toronto, Ontario (Canada), at Wayne State University, Detroit, MI,
in Syracuse, NY, and at University of Texas, Austin, TX.

2 Anthony WAYNE, American general, 1745-1796.
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of u, while for any ¢ > 1 there exist unbounded functions v with all partial
derivatives in LY4(RN).

The method of Sergei SOBOLEV for proving his famous embedding theorem
for Wl’p(RN) in the case 1 < p < N was based on properties of an elementary

solution of the Laplacian
A= —. 8.7
; p (8.7)

Definition 8.4. If P(§) = Y. aal® is a polynomial in & € RN (with
constant coefficients), and P(D) denotes the differential operator P(D) =
Y o @aD®, an elementary solution of P(D) is any distribution E such that
P(D)E = 6. 0

S0

Elementary solutions are not unique, but a particular elementary solution
may often be selected by using symmetry arguments, and in the case of A,
one finds a radial function of the form

Cnr?=N for N >3
E =< Cylogr for N =2 (8.8)
5 for N =1,

with r? = Zfil x2. Anticipating the properties of convolution with distribu-
tions, one has

N
ou OF
u_u*AE_;8xi*6xi’ (8.9)

and Sobolev’s embedding theorem would be a consequence of Young’s inequal-
ity (2.3) if one had g—ﬁ_ e LN'(RYN), but as these derivatives are of the order of
r1=N this fails to be the case; however, Sergei SOBOLEV proved that Young’s
inequality (2.3) still holds if instead of a function in LI(R"Y) one uses the
function 7~/4. This line of argument does not work for p = 1, and that case
was proven by Louis NIRENBERG, but a more important generalization was
noticed later by Jaak PEETRE, using the theory of interpolation that he had
developed in parallel with Jacques-Louis LIONS; actually, the particular result
of interpolation in Lorentz spaces is also a consequence of a result obtained
by O’NEIL?, who was extending a result of HARDY and LITTLEWOOD? about
nonincreasing rearrangements.

A second method for proving Sobolev’s embedding theorem was developed
independently by Emilio GAGLIARDO and by Louis NIRENBERG, but the same

3 Richard Charles O’NEIL, American mathematician. He has worked at Rice
University, Houston, TX, and in Albany, NY.

4 John Edensor LITTLEWOOD, English mathematician, 1885-1977. He worked in
Manchester and in Cambridge, England, where he held the newly founded Rouse
Ball professorship (1928-1950).
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idea has also been used by Olga LADYZHENSKAYA.%% Of course, one always
proves inequalities for smooth functions with compact support, and then one
extends the results to Sobolev spaces by density.

Lemma 8.5. Wh1(R) C Cy(R) and

L] df 1,1
< —||—= ’ . 1
Il < 5 || for ot € w22y (5.10)
Proof: One takes f € C>°(R) and by density (8.10) holds for f € Wh1(R).
From v g ~ gf
f@ = [ Fwa=-[ Lwa. (811)

one deduces |f(z)] < f;‘%‘ dy and |f(z)] < f;o‘%‘ dy, and adding gives

2|f(zx)] < fR|%|dx; varying z gives (8.10). The constant i cannot be

improved by taking f increasing and then decreasing. Every element f €
WL(R) is a limit of a sequence f, € C°(R) and f, converges uniformly,
because

Llldfn  dfm
n— fm =|lfo—foullo < = ||—— — — 0.0 8.12
1= Fnllewim = 1= Full < 5|82 = 52| = (5.12)
Lemma 8.6. For N > 2, andi = 1,...,N, let f; be a measurable function
independent of x;, and assume that f; € LN~1 in its N — 1 variables, i.e.,
afi -
Lo pmg) e @y, (8.13)
axi Ii:O
then
N N
F=]]fer"(RY) and |[F|ls < T]IIf lIn-1. (8.14)
i=1 i=1

Proof: For N = 2 one has F(xz1,22) = f'(x2)f*(z1) and [|F[|1 = [|f*[[1][/2[]1-
For N > 3, let

1/(N-2) N-1
gi = (/ |fiN_1dJ}N> ,izl,...,N—l; G: H gi, (815)
R =1

so g; is independent of z; and zy, ¢* € LY ~2 in its N — 2 arguments, and

gt lIn—2 < |1FF IS0/ N2 by induction one has G € L' in the arguments
Z1,...,TN—1. By Holder’s inequality, one has

5 Olga Aleksandrovna LADYZHENSKAYA, Russian mathematician, 1922-2004. She
worked at the Steklov Mathematical Institute, in Leningrad, USSR, then St
Petersburg, Russia.

5 Vladimir Andreevich STEKLOV, Russian mathematician, 1864-1926. He worked
in Kharkov, and in St Petersburg (then Petrograd, USSR), Russia.
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Je|Fldoy < [IN g2/ N D gy = GO/ (NN,

S |Flde < (fRN,I Glder ... den—1) ¥ (1N Ino < T 1 Fllvos. O
(8.16)

Lemma 8.7. Fora > 1 and 1 < p < oo, one has

1/N 1/ ’
a — (N=1)/N a U a—1)p’ P
(Jon [N &/ N =1 ) <3 <va_1 ‘ o p) (fRN|u|( Dp dx)
for all u € C*(RN).
(8.17)
For p=1 one has
1/N
1
5 ( 8x1 ) for all u € C°(RY). (8.18)

Proof: Applying Lemma 8.5 with f = |u|* for u € C(RY) (because |u|® is
of class C! and Lemma 8.5 only requlres the function to belong to W1(R)),
one obtains |u(z)|* < & [, u|*” 1| |d:zZ = fN=1, where one has chosen

</|a1

and then Lemma 8.6 implies

1/N—-1
dmz) fori=1,...,N, (8.19)

S (@I /=0 do < || £ |, < TEL 1 v =
1/(N-1)

()™ I (Sl ‘5’7“( dz) < (8.20)
(a)N/uvfl) " ‘ /(N-1) N/(N-1)p’
2 i=1

(fRN | (=D’ dx) 7

and taking the power (N —1)/N gives (8.17). For p = 1, one takes a = 1 and
one uses the first line of (8.20). O

Sobolev’s embedding theorem W'?(RN) c LP"(RN) follows in the case
= (a — 1)p/, and this common value
appears to be p*. This proof does not give the best constants.

[Taught on Wednesday February 2, 2000.]

ou
8:81
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Sobolev’s Embedding Theorem, N < p < oo

If one writes A = (Hfing;‘ p) 1/N, and one defines @ by
&(a) = / luN /N1 gy, (9.1)
RN

then the case p = N of (8.17) is

ou
3:52-

a A\ N/ (N=1) N 1/N
P(a) < <2> P(a—1) for all @ > 1, where A = <H ) )
i=1 N
(9.2)
One deduces that a bound on [|ul|1,n, which gives a bound on $(N — 1) =
||ul|¥ and a bound on A, implies a bound for ||u||, for all ¢ > N, and more

precisely

al N/(N=1) / 4\ (a+1=N)N/(N-1)
)! 2

P(a) < ((N—l |[u||¥ for all integers a > N.

(9.3)

After taking the logarithm by using Stirling’s formula,'> a! =~ (%)a 2ma,
one finds

1 — A N-1A
limsupf(sﬁ(a))(N D/ (N a) < —, or limsup [y < ( ) . (9.4)

a—oco @ e g—o0 q ~— 2Ne

Lemma 9.1. For v € WUN(RN), there exists ¢ > 0 depending on
|lgrad(u)||x such that e51*! is locally integrable.

! Tt is an improvement by STIRLING of a formula obtained by DE MOIVRE.

2 James STIRLING, Scottish-born mathematician, 1692-1770. He worked in Lon-
don, England, and then as a manager in a mining company in Scotland.

3 Abraham DE MOIVRE, French-born mathematician, 1667-1754. He moved to
London, England, but could not obtain an academic position.
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Proof: One chooses k > (A;FEM and € > 0 such that exe < 1. By (9.4) one

has ||ul|; < k¢ for ¢ > g. with g, large enough > N, so that

-~ (elul)? = ul)? — (erq)!
/RN(Z_Z% E|q') dxzq_zqc/RN(@| |) dISZ ERQ < oo, (9.5)

| |
T =z 7

For a compact K, estimating fK ec1“l dz: requires also a bound of fK |u|" dx
for 0 < r < g, which by Holder’s inequality and (9.3) can be estimated in
terms of ||ul|x and meas(K). O

Lemma 9.1 was obtained in a different way by Louis NIRENBERG and Fritz
JOHN? as a property of the space BMO(RY) (bounded mean oscillation®),
which they had introduced in part for studying the limiting case p = N of
Sobolev’s embedding theorem.

For the case p > N, one notices that when (a—1)p’ and ]f,vfl are equal they
take the negative value —ﬁ—ﬁ,, so that if one writes g = —}ﬁ—% + o BF with

0= ;\25\7:3 > 1, then the choice of a giving (a — 1)p’ = g gives % = Qit1;

2
one chooses a = p’i—N so that gg = p. Using a < % < %ﬂk, one finds that

gy VN o
/ |u|%+1dxg<“ 5) (/ u|%dx> . (9.6)
RN 2p RN

This gives an estimate of ||ul|q, for all £ in terms of ||u||1,, (which gives a
bound on ||u||, and on A) and k; as ||ullcc = lim, oo ||u||, one must show
that ||ul|g, is bounded independently of k. By homogeneity of the formula, one

has gxy1 = % + qi.3, so that if one puts |u| = g‘pﬂv\, the formula becomes

S (0|91 da < BEN/N=D ([ o] dw)ﬁ. Writing f(k) = log( [px |v]% dz),
one deduces f(k+1) < Ak + 3 f(k) with A = 288 "and by induction this
gives f(k) < A((k—1)+ (k—2)B+ ...+ 283 4 p~2) + g f(0) for k > 2,

and as qp = fpli—fv + a #* one finds that k), l(f(O) + ﬁ), giving a

k @

bound for ||u||« in terms of ||ul|1 p.

A different way to obtain a bound in L>(RY), following Sergei SOBOLEV
method is to replace the elementary solution E of A by a parametriz,® which
instead of solving A E' = g satisfies

AF =g+ with o € C°(RN), (9.7)

4 Fritz JOHN, German-born mathematician, 1910-1994. He worked at University
of Kentucky, Lexington, KY, and at NYU (New York University), New York, NY.

® BMO(RY) is the space of locally integrable function for which there exists C
such that fQ lu — ug|dz < Cmeas(Q) for every cube @, denoting by ug the
average of u on Q, i.e., meas(Q)ug = fQ u(x) dz.

% The word has been coined by HADAMARD.
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and it is natural to take

F =0 E with § € C>°(R") equal to 1 in a small ball around 0. (9.8)

The derivatives % are O(r
J

F has compact suf)port7 so that grad(F) € LY(RN) for 1 < ¢ < %, and in
particular for ¢ = p’ if p > N, so one deduces

1=N) near 0 as the partial derivatives of E, but

u=ux(AF —1p) =N 2u  OF _ 4y

i=1 dz; . Ox;
so that [[uf]oe < Y1, |]2% o T [l lpl 1]

6111'

NIk

I suppose that it is the way Sergei SOBOLEV had proven that WP (RN) c
L>(RN) for N < p < oo; he might have known that by density of C>°(R") in
WLP(RN) one has actually WHP(RN) c Cy(RY), and he must have known
the argument of scaling that leads to (9.10), but probably not the argument for
obtaining (9.11), as the Holder continuity property is attributed to MORREY.

Lemma 9.2. For p > N, one has WYP(RN) c C%(RN) with v = 1 — %,
and

N
l|ulloo < C ||u\|1_9||grad(u)\|g with 6 = " for allu € WHP(RY),  (9.10)

and
lu(z) — u(y)| < Clz —y|"||lgrad(u)||, for all u € WHP(RY), (9.11)

Proof: Whatever the way one has obtained a bound ||ullcc < Allull, +
B|grad(u)||, when p > N, the scaling argument implies (9.10): one ap-
plies the inequality to v(z) = u(%), and that gives ||u||oc < A [AN/Pul], +
B|A\~'*N/P||grad(u)||,, and then one chooses the best A > 0, and that gives
(9.10).

Integrating £u(z — th) from 0 to 1 one obtains
1
|u(z —h) —u(z)| < |h] / lgrad(u)|(z + t h) dt, (9.12)
0

and taking the norm in LP(R") of both sides (and using the triangle inequal-
ity) one obtains
IThu —ullp < |h] [lgrad(u)|lp, (9.13)

and as ||grad(thu — u)||, < 2||grad(w)||,, applying (9.10) to Tpu — u gives
(9.11). O

That Sobolev’s embedding theorem cannot be improved is shown by con-
structing counter-examples. For instance, if ¢ € C2°(RY) is equal to 1 in a
small ball around 0, then 7*¢ € LP(R") is equivalent to pa + N —1 > —1,

ie., a> —% and %@ € WHP(RN) is equivalent to o — 1 > —%; if1<p<N
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and ¢ > p* one can choose « such that a« — 1 > f% but a < f%, giving a

function in W?(RN) which does not belong to LI(RY).

For the case p = N, one considers functions |log r|%p, and one finds that
|log 7| € WEN(RN) if and only if |log r[#~1r=1p € LV (RN), i.e., if and
only if N(8 — 1) < —1, and there exists 8 > 0 satisfying this inequality if
N > 1 (for N =1, Lemma 8.5 has shown that W(R) C Cy(R)).

As mentioned before, Sobolev’s embedding theorem can be made more pre-
cise by using Lorentz spaces, LP'?, which increase with ¢, with LPP = LP and
LP*° a space introduced by MARCINKIEWICZ,” which is the space of (equiv-
alence classes of) measurable functions satisfying [ |f|dz < Cmeas(w)'/ v
for every measurable set w. Jaak PEETRE has proven that for 1 < p < N
one has W?(RN) ¢ L (RN), and I proved the case p = 1, extending the
result of Louis NIRENBEG that W' (RN) ¢ L' (RN). For p = N, the result
of Fritz JOHN and Louis NIRENBEG using BMO(R") was improved by Neil
TRUDINGER,® who proved that if u € WY (RN), then for every C' > 0 one has

eClul™ ™Y ¢ L} (RN), but that is not true for all functions in BMO(RY)

(because C'log r belongs to BMO(RY)). The result was extended by Haim
BRrEZIS? and Stephen WAINGER!® who proved that if u has a/ull its partial
derivatives in the space L'4(RN), with 1 < ¢ < oo, then e 1"I" € L} (RN)
for every C' > 0.

Questions about the best constants in Sobolev’s embedding theorems have
been investigated by Thierry AUBIN'! and by Giorgio TALENTI'?; a good class
of functions for finding the optimal constants are those of the form m
The preceding results can be extended to functions having derivatives

9u < pi(RN), not all p; being equal (it occurs naturally if one coordi-

9z
nate denotes time and the others denote space, for example). In 1978, I vis-
ited Trento, Italy, and heard a talk on this subject by Alois KUFNER,!® who

followed the natural approach of Emilio GAGLIARDO'* or Louis NIRENBERG,

" J6zef MARCINKIEWICZ, Polish mathematician, 1910-1940. He worked in Wilno,
then in Poland, now Vilnius, Lithuania. He died during World War II, presumably
executed by the Soviets with thousands of other Polish officers.

8 Neil Sidney TRUDINGER, Australian mathematician, born in 1942. He works at
Australian National University, Canberra, Australia.

9 Haim R. BREZIS, French mathematician, born in 1944. He works at Université
Paris VI (Pierre et Marie Curie), Paris (and it seems at Rutgers University, Pis-
cataway, NJ.).

10 Stephen WAINGER, American mathematician, born in 1936. He works at Uni-
versity of Wisconsin, Madison, WI.

1 Thierry AUBIN, French mathematician, born in 1942. He worked in Lille, and at
Université Paris VI (Pierre et Marie Curie), Paris, France.

12 Giorgio G. TALENTI, Italian mathematician, born in 1940. He works in Firenze
(Florence), Italy.

13 Alois KUFNER, Czech mathematician. He works in Prague, Czech Republic.

14 Just after the talk, I met Emilio GAGLIARDO, whom I had first met the week
before in Pavia, and learnt that he was also teaching in Trento; he was no longer
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as the method of Sergei SOBOLEV cannot be used in this case (at least, I do
not see how one could use it), but I learnt afterwards that it had been obtained
earlier by TROISL.'® I have obtained a generalization of all these methods for
the case where the partial derivatives belong to different Lorentz spaces, by
a different method (the methods that have been described do not seem to be
sufficient for proving such a general result).

[Taught on Friday February 4, 2000.]

interested in the ideas that he had introduced in the past, and he continued the
explanations that he had given me a few days before on his favorite subject,
applying mathematics to music.

15 Mario TROISI, Italian mathematician, born in 1934. He worked in Salerno, Italy.
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Poincaré’s Inequality

For 1 < p < 0o, one usually takes the norm of the space W?(RY) to be

1/p
(/ |u|p|dx+/ |grad(u)|pdx) , (10.1)
RN RN

but one should notice that adding [,y [ul?dz and [,y [grad(u)|? dz is a
strange practice, which mathematicians follow almost all the time, and which
makes physicists wonder if mathematicians know what they are talking about,
because they ignore the question of units. In real problems x usually denotes
the space variables, which are measured in units of length (L), while ¢ denotes
the time variable, measured in units of time (7), and if one considers the wave

equation
N

0%u 0u
ﬁ 7022@ = 0, (102)
i=1 7

c is a characteristic velocity, measured in units L7 ~!, and the equation is
consistent as each of the terms of the equation is measured in units U T2,
whatever the unit U for u is (u could be a vertical displacement if one looks
at small waves on the surface of a lake or a swimming pool and N = 2 in that
case, or a pressure if one looks at propagation of sound in the atmosphere,
or in the ocean, or in the ground, and N = 3 in that case). For nonlinear
equations, like the Burgers equation’

ou ou
— +u—=0, 10.3
ot * ox (103)
the dimension of v must be that of a velocity LT ~', but some physicists
prefer to introduce a characteristic velocity ¢ and write it %1; +cu g—;‘ =0 and
in that case v has no dimension.

! Johannes Martinus BURGERS, Dutch-born mathematician, 1895-1981. He
worked at University of Maryland, College Park, MD.
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Mathematicians studying equations from continuum mechanics or physics
should be careful about the question of units, and as Sobolev spaces were orig-
inally introduced for studying solutions of partial differential equations from
continuum mechanics or physics, this question does occur naturally in study-
ing them. The quantities [,y |u[P dz and [,y |grad(u)[P dz are not measured
in the same units, the first term having dimension UPL" and the second one
having dimension UP LY P, and it would be more natural when dealing with
physical problems to use a norm like

P
(/RN |ulP dz + L /RN |grad(u)|? dx) , (10.4)

where Ly is a characteristic length, but as was already noticed when the
argument of scaling was used in relation with Sobolev’s embedding theorem,
one can start from an inequality written without paying attention to units and
then deduce from it a better one which does take into account this question.

An important remark is that for some open sets {2 and some particular
subspaces of WP(£2) one can avoid adding the terms [, |u|P dz, because
Poincaré’s inequality® holds.

Definition 10.1. If 1 < p < oo and £2 is a nonempty open subset of RV,
one says that Poincaré’s inequality holds for a subspace V. of W1P(2) if there
exists a constant C' such that one has ||u||, < C'||grad(u)||, forallu € V. O

Of course, C' then has the dimension of a length, and if there is no char-
acteristic length that one can attach to {2, then one expects that Poincaré’s
inequality does not hold.

Lemma 10.2. (i) If meas(£2) < co and if the constant function 1 belongs to
a subspace V' of WLP(§2), then Poincaré’s inequality does not hold on V.

(it) Poincaré’s inequality does not hold on W *(£2) if 2 contains arbitrarily
large balls, i.e., if there exists a sequence r, — oo and points x,, € {2 such
that B(zy,r,) C £2.

(iii) If €2 is included in a strip of width d, i.e., there exists & € RN with
€l =1 and 2 C {z € RN | a < (£&x) < B} and d = B — «, then |Jul], <
Cod||grad(u)||, for all u € Wy (£2), where Cy is a universal constant, i.e.,
independent of which (2 is used.

() If p = oo, Poincaré’s inequality holds on Wol’oo(.Q) if and only if there
exists C' < oo such that for all x € £2 one has dist(x,082) < C, where dist is
the Euclidean distance.

(v) If meas(£2) < oo, then Poincaré’s inequality holds for Wy P (£2) for1 < p <
0o, and one has |[ul|, < C(p)meas(2)'/N ||grad(u)||, for all u € W, P(£2).
(vi) If the injection of V into LP({2) is compact, then Poincaré’s inequality
holds on a subspace V of WYP(£2) if and only if the constant function 1 does
not belong to V.

2 T have been told that this kind of inequality was introduced by POINCARE in his
work on tides.
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Proof: (i) If meas(£2) < oo, then 1 € WP(£2), but as grad(1) = 0 one must
have C' = 0, which is incompatible with 1 € V.

(ii) Let ¢ € C.(RY) with ¢ # 0 and support(¢) C B(0,1), then one defines
Up by up(z) = @(%), which belongs to C°(2), and one has ||u,||, =

N/pHLpHp and ||grad(u,)||p = Tn +N/p||grad( )||p; if the inequality was true
one would have 1 < £, so that if Poincaré’s inequality holds on WyP(92) it
gives an upper bound for the size of balls included in {2.

(111) One starts from the case N = 1, where one has maxgzer |[v(z)| <
3 Jpl 2| da for all v € C°(R), so if for an interval I = (a, 3) one has u €
Cg2(I), one deduces that ||ul|, < [|ullsod™/? and as [;| 94| dx < H%dei, one
deduces that ||u||, < ¢ H H for all uw € C2°(I) (this argument does not give
the best constant C(p ) for 1 < p < 00). One deduces the case of the strip by
applying the preceding inequality in an orthogonal basis whose last vector is
en = &, so that the strip is defined by a < zy < 3, and for each choice of x’ =
(z1,...,2Nn—1) one has ff lu(z’,xn)Pday < 27PdP ff|%(z’,zN)\p dzy,
and one integrates then this inequality in z’ in order to obtain Poincaré’s
inequality in the case 1 < p < oo.

(iv) In the case p = oo, the condition is necessary because of (ii), and it is
sufficient because for each x € (2 there exists z € 92 with |x — z| < C, and
if u € C2°(£2) there exists y on the segment [z, z] and outside the support of
u such that |u(x)| = |u(x) —u(y)| < C||grad(u)||; then the same inequality
extends to Wy ™ (£2).

(v) If p = o0, it follows from (iv). If 1 < p < oo, one chooses ¢ < N
such that 1 < ¢ < p < ¢*, and one uses Sobolev’s embedding theorem
o < Cllgrad(u)||, for all u € C°(RY), and Hélder’s inequality: ||u||, <
o-meas(£2)* with o = 1% — q% and ||grad(u)||, < |lgrad(u)||,meas(£2)P
with g = % — %, so that a + 8 = % Without the precise estimate for the
constant it can also be proven by the compactness argument used in (vi).
There is a different proof for the case p = 2 based on Fourier transform, and
also a proof of the compactness property using Fourier transform, and they
will be shown later.

(vi) The necessity that 1 should not belong to V follows from (i). That
this condition is sufficient is the consequence of what I call the equivalence
lemma (Lemma 11.1), by taking By =V, A = grad and Ey = (LP(Q))N and
B the injection into E3 = LP({2). O

Of course, if £2y C 25 and Poincaré’s inequality hOldb for W Lp (£2), then
it holds for W, *(£2;), because each function of u € W,*(£2;) can be extended
by 0 and gives a function & € Wy?(£2).

[Taught on Monday February 7, 2000.]

||l
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The Equivalence Lemma; Compact
Embeddings

Questions of equivalence of norms play an important role in the theoreti-
cal part of numerical analysis, because interpolation formulas or quadrature
formulas are used on a triangulation made with small elements and it is
important to know how the errors behave in terms of the size of these elements.
In 1974, T was told about a classical result named after James BRAMBLE!
and one of his students named HILBERT?; I discovered later that it is based
on results by Jacques DENY® and Jacques-Louis LIONS. I developed a more
general framework, which also generalizes a different type of result by Jaak
PEETRE, which I had seen mentioned in a footnote, in a book by Jacques-Louis
LIONS and Enrico MAGENES in order to prove the Fredholm alternative* for
elliptic boundary value problems. I call my framework (Lemma 11.1) the equiv-
alence lemma, and at a theoretical level it is useful in order to obtain many
variants of Poincaré inequalities in various subspaces of Sobolev spaces, but it
requires enough regularity of the boundary in order to satisfy the hypothesis
of compactness.

Lemma 11.1. (equivalence lemma) Let Ey be a Banach space, Eo, E3 normed
spaces (with || - ||; denoting the norm of E;), and let A € L(E1,Es), B €
L(E4, E3) such that one has:

(@) lully ~ [[Aullz + || Bulls

(b) B is compact.
Then one has the following properties:

(i) The kernel of A is finite dimensional.

! James H. BRAMBLE, American mathematician. He has worked at University of
Maryland, College Park, MD, at Cornell University, Ithaca, NY, and at Texas
A&M University, College Station TX.

2 Stephen R. HILBERT, American mathematician. He works in Ithaca, NY.

3 Jacques DENY, French mathematician, born in 1918. He worked at Université
Paris-Sud XI, Orsay, France, where he was my colleague from 1975 to 1982.

4 Erik Ivar FREDHOLM, Swedish mathematician, 1866-1927. He worked in Stock-
holm, Sweden.
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(ii) The range of A is closed.

(iii) There exists a constant Cy such that if F is a normed space and
L € L(E1,F) satisfies Lu = 0 whenever Au = 0, then one has ||[Lullp <
CollL|| [|Aull2 for all u € Ey.

() If G is a normed space and M € L(E1,G) satisfies M u # 0 whenever
Au=0 and u#0, then ||ull1 = [|[Au|ls + ||M ul|c.

Proof: (i) On X = ker(A), the closed unit ball for || - ||; is compact. Indeed
if [lun|l1 < 1, then Bu, stays in a compact of E3 by (b) so a subsequence
B u,, converges in Fs, so that it is a Cauchy sequence in F3, and as Au,,, =0
it is a Cauchy sequence in F5 and therefore (a) implies that u,, is a Cauchy
sequence in F7, which converges as F; is a Banach space. By a theorem of F.
RIESZ, X must be finite dimensional.

(ii) As a consequence of the Hahn®~Banach theorem, X being finite di-
mensional has a topological supplement Y, i.e., X NY = {0} and there exist
mx € L(E1, X) and 1y € L(E1,Y) such that e = mx(e)+ 7y (e) for all e € Ey,
and in particular Y is closed as it is the kernel of wx, so that Y is a Banach
space.

One shows then that there exists o > 0 such that ||Aulla > «||ul|; for
all u € Y. Indeed, if it was not true there would exist a sequence y, € Y
with |lyn|ls = 1 and Ay, — 0, and again taking a subsequence such that
By, converges in E3 one finds that y,, would be a Cauchy sequence in Y
and its limit yo, € Y would satisfy Ay, = 0, i.e., Yoo € X, so that yo, = 0,
contradicting the fact that ||yeo||1 = limmy, ||ym|l2 = 1.

Then if f,, € R(A) satisfies f,, — foo in Eo, one has f,, = Ae, = A(rxe,+
Tyen) = Amye,. If one writes y,, = mye,, one has al|lyn — ym|l1 < ||Ayn —
Aymllz = ||fn — fiml|2 so that y, is a Cauchy sequence in Y and its limit yoo
satisfies A Yoo = foo, showing that R(A) is closed.

(iii) As A is a bijection from Y onto R(A) it has an inverse D, and as one
considers R(A) equipped with the norm of E;, D € L(R(A),Y) with ||D|| < 1
by the previously obtained inequality (it shows that R(A) is a Banach space,
although one has not assumed that F5 is a Banach space, and the closed graph
theorem has not been used). With this definition of D one has y = D Ay for
all y € Y, and in particular D Ae = wye for all e € F; because Ae = Anye.
From the hypothesis Lu = 0 for u € X, one has Le = Lwye = L D Ae for
all e € By, so that ||Le||lp < ||L||||D||]|Ae]|2, and therefore Cy may be taken
to be the norm of D in L(R(A),Y).

(iv) One has [|4e|l2 + [|Mellc < (||A]| + |M]])|lell1, and if the norms
were not equivalent one could find a sequence e, € F; with ||e,||; = 1 and
[|lAenllz + ||M en||lc — 0. As before, a subsequence e,, would be such that
Be,, is a Cauchy sequence in E3, and as Ae,, — 0 in Fs, e, would be a
Cauchy sequence in Fj, converging to a limit e,,, which would satisfy the
contradictory properties |leso||1 =1, Aeso =0 and M es = 0. O

® Hans HAHN, Austrian mathematician, 1879-1934. He worked in Vienna, Austria.



11 The Equivalence Lemma; Compact Embeddings 55

Other applications of the equivalence lemma 11.1 will be encountered later,
but a crucial hypothesis is the compact injection assumption without which
the result may be false (but it is not always false); for example, taking 1 <
p<ooand By = WP(R), A= 4L E, = F3 = LP(R) and B the injection of
WLP(R) into LP(R) (which is not compact), then the range of A is not closed,
and its closure is LP(R) if p > 1, and the subspace of functions in L'(R) with
integral 0 if p = 1.

A compactness result, attributed to RELLICH®” and to KONDRASOV,®
asserts that if 2 is a bounded open set of RY with a continuous bound-
ary 9{2, then the injection of W1P(§2) into LP(£2) is compact, and it can
be deduced from a result associated with the names of M. RIESZ, FRECHET
and KOLMOGOROV, but it can be proven easily from the result for WO1 P2
proven below, once extension properties have been studied (Lemma 12.4 and
12.5). For unbounded open sets, or for bounded sets with nonsmooth bound-
aries, the situation is not as simple, but for the case of WO1 P(£2) the smoothness
of the boundary is not important.

Most compactness theorems use in some way the basic results of ARZELA®
and ASCOLI'?: if u,, is a bounded sequence of real continuous functions on
a separable compact metric space X, then for each x € X one can extract
a subsequence u,, such that u,,(z) converges, and by a diagonal argument
this can be achieved for all z in a countable dense subspace; this is extended
to other points if one assumes that the sequence is equicontinuous at every
point, a way to say that at any point y the functions are continuous in the
same way, i.e., for every ¢ > 0 there exists § > 0, depending upon y and ¢
but not upon n, such that d(y, z) < ¢ implies |u,(y) — un(z)| < € for all n. In
order to cover many applications to weak convergence or weak * convergence
like the Banach-Alaoglu!'! theorem, one also uses a maximality argument like
Zorn’s lemma, hidden in the proof of Tikhonov’s'? theorem, that any product
of compact spaces is compact.

For functions in Sobolev spaces, which are not necessarily continuous but
can be approached by smooth functions, one needs to control precisely the
error, and some smoothness properties of the boundary will be needed if one
works with W1 (£2), but the following result is only concerned with W, (£2).

5 Franz RELLICH, German mathematician, 1906-1955. He worked at Georg-
August-Universitat, Gottingen, Germany.

" Georg Augustus, 1683-1760. Duke of Brunswick-Liineburg (Hanover), he became
King of Great Britain and Ireland in 1727, under the name of GEORGE II.

8 Vladimir Tosifovich KONDRASOV, Russian mathematician, 1909-1971.

9 Cesare ARZELA, Italian mathematician, 1847-1912. He worked in Palermo, and
in Bologna, Italy.

10 Giulio ASCOLI, Ttalian mathematician, 1843-1896. He worked in Milano (Milan),
ITtaly.

1 Leonidas ALAOGLU, Canadian-born mathematician.

12° Andrei Nikolaevich TIKHONOV, Russian mathematician, 1906-1993. He worked
in Moscow, Russia.
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Lemma 11.2. (i) If 2 is an unbounded open subset of R such that there
exists ro > 0 and a sequence x,, € {2 converging to infinity with B(x,, 1) C 12,
then the injection of Wy (£2) into LP(£2) is not compact.

(i) If 1 < p < oo and £2 is an open set with meas(£2) < oo, then the injection
of Wy (£2) into LP(£2) is compact.

Proof: (i) Let ¢ € C.(RY), with support(¢) C B(0,7¢), and ¢ # 0, then
Up = Ty, € VVO1 P(£2), |lunlli,p is constant, but no subsequence converges
strongly in L”({2) because u,, converges to 0 in L?(§2) weak (weak * if p = 00)
and it cannot converge strongly to 0 as its norm stays constant, and not 0.

(ii) One starts with the case where {2 is bounded. For a bounded sequence
u, € WyP(£2) one wants to show that it belongs to a compact set of LP(£2),
i.e., there is a subsequence which converges strongly in L”({2). To prove that
property it is enough to show that for every € > 0 one can find a compact set
K. of L”(§2) such that each u,, is at a distance at most C'¢ of K., i.e., one can
decompose u,, = Up s + Wy o, With ||wy ||, < Ce and v, € K; indeed for a
subsequence one has limsup,,, ./ oo [[Um — U/ ||, < 2C€, so that a diagonal
subsequence is a Cauchy sequence.

To do this, one extends the functions u, by 0 outside 2 (still calling
them wu,, instead of u,), so that one has a bounded sequence u,, € WP (RY)
with support in a fixed bounded set of R"V. For a special smoothing sequence
0-(x) = zv 01(2) (with o1 € CZ(RYN), support(e1) € B(0,1), o1 > 0 and

gy 01dr = 1), one takes v, . = u, x g-. This gives ||vnclloo < [[unllplloc|lp

and || =], <[5

set of Lipschitz functions, and keeps its support in a fixed compact set of
RN, and a subsequence converges uniformly on R", so that the sequence of
restrictions to {2 converges strongly in L°°(f2), and therefore in LP({2), by
Arzeld—Ascoli theorem. In order to estimate ||u, — vp ¢||p, One notices that
(U, — up * 02)(x) = fRN Qg(y)(un(m) — Up(x — y)) dy, 1.e., Uy — Up *x 0z =
fRN 0=(y)(up — Tyun) dy, so that |[us —wn * 0c|]p < fRN 0= (y)||[un — Tyunllp dy,
but as one has |[u, —7yun||, < |y|||grad(un)||, and [,x |ylo(y) dy = Ae, one
deduces ||un —un* 0c||p < A Be, where B is an upper bound for ||grad(u,)||,
for all n.

If (2 is unbounded but has finite measure, one chooses rg < r1 < oo such
that the measure of 2\ B(0,7¢) is < 1, and one chooses § € C>°(RY) such
that 6 = 1 on B(0,79) and support(d) C B(0,r1). The sequence u, — 0 u,, is
bounded in W1P(RY) and is 0 outside 2\ B(0,7() (one should avoid using
its support, which is closed and could be very big if 92 is thick).

For p = oo, the maximum distance from a point of 2\ B(0,7g) to its
boundary is at most C'(N)n*/V, and as one can take a common Lipschitz
constant for all the functions w,, — 6 u,, one deduces that they are uniformly
small in L*°(£2), and as 6 u,, stays in a bounded set of Wol’p(.Q NB(0,r1)), it
remains in a compact of LP (.Q N B(0, rl)) by applying the result for the case
of bounded open sets.

pHgSHp/, ie., for € > 0 fixed v, stays in a bounded
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For 1 < p < 00, one bounds the norm of ||u, — 6 u,||, by using Sobolev’s
embedding theorem, choosing ¢ < N such that 1 < ¢ < p < ¢* < o0, and
as u, — Ou, is bounded in WH4(RN) and therefore in L4 (RM), one has
[tn, — Ounllp < [|un — Oup||g=meas(£2°\ B(O,ro))a with o = % - q% > 0,
proving the desired uniform small bound for ||u, — 8 u,||p.

For p = 2, one can give a different proof, using the Fourier transform. 0O

It is now time to start studying the many questions where the regularity of
the boundary plays a role: approximation by smooth functions, compactness,

extension to the whole space, traces on the boundary.
[Taught on Wednesday February 9, 2000.]
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Regularity of the Boundary; Consequences

For approaching functions in W?(£2) but not in Wy (£2), one needs smooth
functions whose support intersects the boundary 0f2.

Definition 12.1. D({2) denotes the space of functions which are the restric-
tions to §2 of functions in C°(RY). O

For some nice open sets §2, D(£2) is dense in WP (§2) for 1 < p < oo, but
this is not true for some open sets, like a disc in the plane from which one
removes a closed segment [a, b], the intuitive reason being that functions in
D(£2) are continuous across the segment, while there are functions in WP (£2)
which are discontinuous across it (and for giving a mathematical meaning to
this idea, one will have to define a notion of trace on the boundary). The
preceding example is one where the open set is not locally on one side of the
boundary, and will be ruled out for the moment, but one should remember
that there are applications where one must consider open sets of this type, in
the study of crack propagation, or in the scattering of waves by a thin plate,
for example.

Definition 12.2. (i) An open set 2 of RN is said to have a continuous
boundary, if for every z € OS2, there exists r, > 0, an orthonormal basis
€1,...,en, and a continuous function F of ' = (x1,...,xn—_1) such that
{re||lz—z2<r.}={z RN ||z -2 <r,zy > F(2)}.

(ii) An open set §2 of RN is said to have a Lipschitz boundary, if the same
property holds with F being a Lipschitz continuous function. O

These conditions are usually referred to as {2 having the segment property
or the cone property, and more precise notions are used. Notice that ey, ..., en
and F' vary with the point z, that the origin of the coordinate system may
also change with z, and that (2 is locally on only one side of the boundary.

With the preceding definition, assuming a < b, the open set {(z,y) € R? |
x> 0,a2? <y < ba?} is an open set with continuous boundary if ab < 0,
but not if ab > 0.
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Lemma 12.3. Let {2 be a bounded open set with continuous boundary. If 1 <
p < 00, then D(R2) is dense in WLP((2).

If u € WHo°(92), there exists a sequence u, € D(2) such that u, — u
in L*°(82) weak x and Li(82) strong for 1 < ¢ < oo, and for j = 1,...,N,

g%:j — 687“]_ in L (02) weak x and Li(§2) strong for 1 < g < 0.

Proof: {2 being bounded, 942 is compact, and as it is covered by the open
balls B(z,r,) for z € 02, it is covered by a finite number of them, with
centers z1,...,%n. There exists & > 0 such that (J!, B(z;,r,,) contains
all the points at distance < e from 0f2, so that (2 is covered by the open
sets B(21,72,),---yB(2m,72,) and U = {z € 2 | dist(z,092) > c}. Let
01,...,0,,C be a partition of unity associated to this covering, so that
0; € C°(B(zi,72,)),i = 1,....,m, ¢ € C*(U) and >;",6; + ¢ = 1 on £2,
so that every u € WP(£2) can be decomposed as Y., 0;u + (u. As Cu has
support in U, it can be approached by functions in C¢°(§2) by smoothing
by convolution. For each i, in order to approximate v; = 6;u by functions in
D(R2), one chooses the set of orthogonal directions which gives a continuous
equation for the boundary, and one uses the fact that for a rigid displacement
f (.e., f(x) = Az + a for a special orthogonal matrix A and a vector a), and
fw) =, if p € WHP(W') and ¢ is defined by ¥(z) = ¢(f(z)) then one
has ¢ € W'P(w). One studies the case of a special domain §2r defined by
Qp ={zx € RN | zxy > F(2')} with F (uniformly) continuous (as one actu-
ally only uses functions which have their support in a fixed compact set, one
only needs F' continuous, and because it is uniformly continuous on compact
sets, one may change F' far away in order to make it uniformly continuous).
If v € WYP(2r) and v has compact support, one wants to approach it by
functions from D(2r), and for this one translates it down, i.e., for b > 0 one
defines

(2, on) = v(@',xn + h), (12.1)

and then one truncates vy, and one regularizes the result by convolution.

In doing the truncation, one regularizes F' by convolution, and because F'
is uniformly continuous one can obtain in this way a function G € C*°(RN 1)
such that

h h
F—ggGgF+gonRN*1; (12.2)

one chooses 7 € C*°(R) such that
-2 —1
n(t) =0 for t < 3 n(t)=1for t > 3 (12.3)

and one truncates vy by defining

wn(e) = n(ayy (2, (12.4)

so that wy(z) = vp(x) if ay > F(2') — % because zn > G(a') — % and

wp(z) = 0 if zy < F(2) — % because zy < G(z) — % Because of the
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truncation one has

G (of ) = 22 (! o + by (2D

29 (a')

v(z',zn + h)ny ('x”_,?(x/)) ax"h forj < N
dwy, (CCI,.TN> _ Ov (33/7.');‘]\] + h)77<xN_}?(x,))+

orn ~ Ozn

(@ oy + hyy (=) L (12.5)

because the partial derivatives of v, might have another part which is sup-
ported on xy = F(z') — h but this part is killed by the term n(m%c(m))

Therefore if Wj, is the restriction of wy, to 2F, one has %V;/_h (o', xn) =
J

%’j(wﬂx;v + h) in 2F for j < N, so that W}, converges to v in WP(£2)

strong if p < oo. In order to approach Wj, by functions in D(2r), one ap-
proaches wy, by convolutions by smooth functions and one restricts them to
Q. O

There is another way to do the preceding two steps of truncation and
regularization in one single step, and the idea is to do a convolution of v with
a sequence of nonnegative smoothing functions g, € C®(RY) with integral
1 whose support shrinks to {0}. However, unless F is Lipschitz continuous,
one must not use a special smoothing sequence, and one lets the support
of g, shrink to {0} in a special way. If K = support(o), the convolution
(vx0)(x) = [pn v(z—y)o(y) dy is only defined if z — K C £2p, and one wants
this set of x to contain {2, or better to contain {2rp_, for some n > 0; in
doing this, one assumes that |y'| < e for y € K, so that |F(z') — F(y')| < w(e)
where w is the modulus of uniform continuity of F', and one asks that y € K
implies yy < —n — w(e).

This method also applies in some different situations, like for 2 = {(z,y) |
x> 0,0 <y < 2}, which is not an open set with continuous boundary with
our definition, but D({2) is dense, and in order to show that the cusp at 0 is
not a problem one notices that if one translates {2 by a vector (—a, —b) with
a > 0 and b > a2, then one obtains an open set 2’ which contains {2, giving
room for translating (by small amounts) and smoothing by convolution.

Lemma 12.4. Let {2 be a bounded open set with Lipschitz boundary. Then
there exists a linear continuous extension P from WP(§2) into WP(RN)
for 1 <p < oo (an extension is characterized by the property that Pu|Q: U
for every u € WHP(£2)).

Proof: One constructs the extension for the dense subspace D({2), and using
a partition of unity, it is enough to construct the extension for 2z, where F'
is Lipschitz continuous. One defines P u by

/ _Ju(@,xn) it xy > F(z')
Pula’,zn) = {u(x’,Zg(x’) —NxN) if xy < F(2'). (12.6)
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In that way P wu is continuous at the interface 9{2r and one has

OPu(y! gn) = 2% (2, xy) if zy > F(2') and j < N

Bwj - 8xj
%Z;‘(x’, TN) = %(1‘/7 2F(2) —an) + 2%(1") 8‘17; (', 2F(z') — xn)
ifey < F(2') and j < N
gi;(x’,xjv) = —%(m’ﬂF(x’) —zn) ifay < F(2'),
(12.7)
and one verifies on these formulas that P is indeed linear continuous. O

The extension constructed in Lemma 12.4 is the same whatever p is, but
this method does not apply for showing that there exists a continuous exten-
sion from W™P(§2) into W™P(RY) for m > 2 because higher-order deriva-
tives of F might not exist. STEIN! has constructed a different extension which
maps WP (£2) into W™P(RN) for all m > 0 and all p € [1, oc], but we shall
only consider a simpler one which can be used for open sets with smooth
boundary, and the idea is shown for 2 = RY = {z € RV | zy > 0}.

Lemma 12.5. There is a linear continuous extension from W™P (Rf ) into
WmP(RN), defined by

u(z',zn) if zny >0

Yy agua’, —jan) if an <0, (12.8)

Pu(z',zy) = {
with suitable coefficients o,j =1,...,m.

Proof: Using the techniques already presented, one shows that D(RY) is dense
into W™P(RY). In order to check that the definition defines a continuous
operator, one must show that derivatives up to order m — 1 are continuous
on zy = 0. As for smooth functions taking tangential derivatives (i.e., not
involving %) commutes with restricting to zn = 0, it is enough to check

that a;f;“ is continuous for £k = 0,...,m — 1. One finds the condition to be
N
> aj(=j)f=1fork=0,...,m—-1, (12.9)
j=1

and as this linear system has a Vandermonde? matrix, it is invertible and the
coefficients «;,j = 1,...,m are defined in a unique way. a

The extension property of Lemma 12.4 does not necessarily hold for open
sets which only have a Holder continuous boundary of order # < 1. This can
be checked in the plane for the open set 2 = {(z,y) | 0 < z,—z'/? <y <

! Elias M. STEIN, Belgian-born mathematician, born in 1931. He received the Wolf
Prize in 1999. He worked at The University of Chicago, Chicago, IL, and in
Princeton, NJ.

2 Alexandre-Théophile VANDERMONDE, French mathematician, 1735-1796.
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x'/9}, by showing that H'(2) is not (continuously) embedded in all LP(£2)
for 2 < p < oo, which would be the case if a continuous extension existed,
because Sobolev’s embedding theorem asserts that H'(R?) is (continuously)
embedded in all LP(R?) for 2 < p < oo.

For ¢ € C°(R?) with ¢(0) = 1 one defines 9 by ¥(z) = 2%¢(z), and one
checks for what values of o the function v belongs to LP(£2) or to H'(£2).
The function 1 belongs to LP(£2) if and only if fol aPot/0dy < oo, ie.,
pa+ 3 > —1, and ¢ belongs to H'(£2) if and only 2(ow — 1) + > —1; the

(excluded) critical value ac = % — % = % (which is < 0) corresponds to
the (excluded) critical value pc = f% — ﬁ = 2(11_+99), so that H'(£2) is not

embedded in LP({2) for p > pc.
[Taught on Friday February 11, 2000.]
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Traces on the Boundary

For an open set with a continuous boundary, there is a notion of restriction to
the boundary (called a trace) for functions of WP (2), which is easily derived
for the case of 2r, with F' continuous.

Lemma 13.1. For u € D(2r) and 1 < p < oo, one has
ou ||V
BxN

1/p _
(@, F@) || o vy < (5) IR a3

Lr(Q2p Le(a2r)

Proof: If v € C°(R) one has

0 oo
d(|v|P d(|v|P _ _
o= [ e [T sy [ an<p ol 1

Ceo Al
(13.2)
One applies this inequality to v(t) = u(a’,¢+ F(2')) and then one integrates
in 2, using Holder’s inequality. O

For p = oo, the functions of W>°(2r) are locally uniformly continuous
(each function is an equivalence class and one element of the equivalence class
is continuous), and the trace is just the restriction to the boundary.

Definition 13.2. The linear continuous operator of trace on the boundary,
defined by extension by (uniform) continuity of the operator of restriction

defined for D(£2) will be denoted by . O

Notice that g is not defined as the restriction to the boundary, because
the boundary has measure 0, and the restriction to a set of measure 0 is not
defined for functions which are not smooth enough.

Lemma 13.3. If 1 < p,q,r < oo and % = %—i— %, then for u € WHP(2p) and
v € WH(02p) one has uv € WH(2p) and vo(uv) = youyov.
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Proof: The formula is true if u,v € D(£2r) and as both sides of the equality
use continuous mappings on W1P(Q2g) x WH9(02p), the formula is true by
density. (]

Using a partition of unity one can then define a notion of trace on the
boundary for u € W1P(£2) if §2 has a continuous boundary, but one should be
careful that the definition depends upon the choice of the partition of unity
and the choice of local orthonormal bases. One should be aware that the
usual area measure on the boundary, i.e., the (N — 1)-dimensional Hausdorff
measure, is not defined for F' continuous; for F' Lipschitz continuous it is
V1+|V F(2')|?ds’, and it has the important property of being invariant
by rigid displacements (rotations and translations). Using the invariance by
rotation of the (N — 1)-dimensional Hausdorff measure, one can show that
for a bounded open set with a Lipschitz boundary the trace does not depend
upon the choice of the partition of unity or the choice of local orthonormal
bases.

Some notion of trace can be defined for other open sets, for example some
which are not even locally on one side of their boundary. For example, let {2 be
the open set of R? defined in polar coordinates by 0 < r < 1 and 0 < # < 27,
i.e., the open unit disc slit on the nonnegative x axis. One can apply Lemma
13.1 to the open subsets {2, defined by 0 < r < 1and 0 < § < 7 and {2_
defined by 0 < r < 1 and m < 0 < 27, so that one can define two traces on the
piece of the boundary corresponding to y = 0, 0 < = < 1, one from the side
of 2, and one from the side of {2_; these two traces are not necessarily the
same for u € WHP(§2), although they are the same for functions in D(£2) (and
D(L2) is not dense in W1P(£2) in this case); there is actually a compatibility
condition at 0 between the traces on the two sides if p > 2.

An important result is to identify I/VO1 P(£2), which is by definition the
closure of C°(£2) in W1P(£2), as the kernel of g, and this makes use of the
simple form! of Hardy’s inequality (13.3).

Lemma 13.4. (Hardy’s inequality) For p > 1,
if f € LP(Ry) and g(t) = * fg f(s)ds fort >0, then

=1
g € LP(Ry) and ||g[l, < ;5|1 f1]p-

Proof : By density, it is enough to prove the result for f € C2°(R;.), for which
¢ is 0 near 0 and decays in % for large t (so that g does not belong to L*(R,)
when f € L'(Ry) and [, f(t) dt # 0). One has

tg'(t) +g(t) = f(1), (13.4)

and one multiplies by p|g|[P~!sign(g) and integrates on (0, 00), and obtains

(13.3)

p/ flglp’lsign(g)dﬁ/ t(\glp)’dt+p/ Iglpdt=(p—1)/ lg|” dt
0 0 0 0
(13.5)

1 A more general form of Hardy’s inequality will be seen at Lemma 22.5.
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observing that [ t(|g|P)"dt = — [; |g|P dt because t|g(t)|P — 0 as t — oo

(because p > 1); one concludes by using Holder’s inequality. ]

One shows that the constant is optimal, although no nonzero function

gives an equality in (13.3) (because equality in Holder’s inequality requires

f = Ag for some A > 0, and then (13.4) implies g(t) = C t*~! for t > 0, which
does not belong to LP(R)), by considering the case

at*Lfor0<t<T t*tfor0<t<T

= {gt s {5 0T

for @ < a < 1 and letting T tend to oo shows that the constant cannot be

replaced by ( )l/p (and that no such inequality is true for p = 1 by letting «
tend to 0).
Another proof of Hardy’s inequality (13.3) uses Young’s inequality (2.3) for

convolution noticing that (0 00) is a multiplicative group with Haar measure
2L then one has g(t fo 5)% ‘1;7 i.e., g is the convolution product of f with
the function h deﬁned by h(t) =0for 0 <t <1andh(t) =1 for 1 <t < oo

(so that h € L' (Ry; 4)).
Lemma 13.5. For F' continuous, and 1 < p < oo, one has

u(z',xn) — youl(a')

Lp
pra— for all w e WHP(02p).

L (Qp) H%N Lp(92r)

(13.7)

Pmof For u € C*(2F), one applies Hardy’s inequality (13.3) to f(t) =
6zN (o', F(2') 4+ t), one takes the power p and then integrates in z’. Then

one extends the inequality to u € WHP(2r) by a density argument, valid for
p < 0. O
For p = +o00, (13.7) is true if one replaces % by 1.

Lemma 13.6. If F' is Lipschitz continuous and p > 1, then W()Lp(.QF) is the
subspace of u € WHP(02F) satisfying you = 0.

Proof: If u € W, P(£2r) then there exists a sequence @, € C2°(£2x) such that
©n — uin WHP(02F); as 7 is continuous from WP (02x) to LP(RN~1), you
is the limit of ~vy¢,, and is 0 because each ¢, is 0 near 0f2r and 7y is the
restriction to the boundary for functions in D(£2F).

Conversely, for u € W1P(02F) satisfying you = 0, one must approach
u by a sequence from C2°(2r). First one truncates at oo, i.e., one chooses
0 € C(RYN) such that §(z) = 1 for |z| < 1 and one approaches u by u,
defined by u,(z) = u(z)f(£), and one has yyu, = 0 by Lemma 13.3, and u,,
converges to u (using Lebesgue dominated convergence theorem). One may
then assume that the support of u is bounded.
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Then one wants to truncate near the boundary, and for this one uses
Lemma 13.5, which implies

—— € LP(2F). 13.8
Let n € C*°(R) with n(t) = 0 for t < 1 and n(t) = 1 for t > 2. One approaches
u by u, defined by

un(z) = u(z)n (n(zy — F(z'))) . (13.9)

The sequence u,, converges to u in LP({2F) strong by the Lebesgue dominated

convergence theorem (if p = oo the convergence is in L*°(£2p) weak * and L} .

strong for all ¢ < oo, of course). Similarly ?’)Z: has a term %n(n(z‘N—F(m’)))

which converges to %, but also another term nun'(n(zy — F(2')))w; with
w; € L®(2p), as it is —% if j < N and 1if j = N. This last term tends
to 0 by the Lebesgue dominated convergence theorem because one may write
it ——Fyln (xn — F(2'))w; with (,(t) = ntn'(nt), and ¢, is bounded by
SUpye(1,2) t ' (t)] and ¢, (t) tends to 0 for every ¢ > 0. One may then assume

that v has its support bounded and bounded away from the boundary.
The last part is to regularize by convolution. (]

Lemma 13.7. If 2 is bounded with Lipschitz boundary and p > 1, then
WoP(92) is the subspace of u € WhP(£) satisfying You = 0.

Proof: One uses a partition of unity and a local change of orthonormal basis
and one applies the preceding result. O

[Taught on Monday February 14, 2000.]
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Green’s Formula

An important result is Green’s formula, or simply integration by parts, for
which one needs the boundary to be smooth enough so that a mormal is
defined almost everywhere (for the (N — 1)-dimensional Hausdorff measure).

Definition 14.1. If {2 is an open set with Lipschitz boundary, v denotes the
unit exterior normal. O

For the case of 25 defined as 2p = {(2/,zn) | zx > F(2')} for a Lipschitz
function F', one has

gE @) !
/ / _81]— or ] c U J;/ Jj, =
i )= e N )= e

(14.1)

Lemma 14.2. If F is Lipschitz continuous, u € WHP(2p), v € Wl’p/(QF),
then one has

1o} 19} _
/ (u v + v U) dx:/ YoU YoU UN dgN 1, i.e., —/ Wou'yovdx/.
Qr drn  dxn 00p RN-1

(14.2)

Proof: For u,v € D(2F) and each 2’ € RV~1, one has

> v du * d(uwv)
/F(z')(u Oz N DN ’U) TN ) TN TN u(x (J; ))U(I (.’L‘ ))
(14.3)

Integrating this equality in 2’ shows that the formula is true for u,v € D(Q2F),
and as both sides of the equality are continuous functionals if one uses the
topologies of W1?(£25) and W' (£2p), the lemma is proven (in the case
where p = 1 or p = 00, one first approaches the function in W1 (25) and
its partial derivatives in L°°(§2r) weak  and the other function in W1 (£2r)
strong). O
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Lemma 14.3. If F is Lipschitz continuous, u € WYP(Qp), v € Wl’p/(QF),
then for every j=1,...,N one has

U=—+—v d:c:/ Youyov v; dHN 7L, (14.4)
/QF< dz; Oz > a02p !

Proof: The case j = N has been proven. If j < N and if one makes only z;
vary, the intersection with (2p can be an arbitrary open subset of R, i.e., a
countable union of open intervals, so in order to avoid this technical difficulty

. . 1
one uses a new orthogonal basis, with last vector ey = W@N + cey)
(where e, ..., ey is the initial basis). Of course € > 0 is taken small enough,

so that using y to denote coordinates in the new basis, the open set can be
written as yy > G(y') With G Lipschitz continuous. Therefore the preceding

lemma shows that fﬂc( g T 8yN v)dy =[50, Yourov (v.ey) dHYN 1. One

Biu _ 1 u e du 1
observes that = = ven T/ 0 and similarly (v.efy) = VNt

muj, SO that after multiplication by v/1 + €2, one obtains a relation of

order 1 in g; the equality for ¢ = 0 is true as it is the preceding lemma, so
that the equality of the coefficients of € gives the desired relation. O

Lemma 14 4. For any bounded open set {2 with Lipschitz boundary one has
Jo(wde + 2% v)de = Joo Youyovv; dHN =Y for j = 1,...,N, for all u €

WLP(Q), ve W' ().

Proof: One uses a partition of unity and the fact that one has a formu-
lation invariant by rigid displacements, for example by writing the formula
Jo(u(Vv.e) + (Vue)v)de = [,,v0uyov (v.e)dHN =1 for all vectors e (of
course, the fact that the Lebesgue measure dz is also invariant by rigid dis-
placements is also used). O

It should be noticed that even for a C*> function F, the set of 2’ such that
F(z') = X can be a general closed set; actually, for any closed set K ¢ RV~1,
there exists G € C*°, with G > 0 and {2’ | G(2’) = 0} = K. In constructing
G, one notices that the complement of K is a countable union of open balls
RN\ K =J,, B(M,,ry) (for example for each point M ¢ K and M with
rational coordinates, one keeps the largest open ball centered at M which
does not intersect K). One chooses a function ¢ € C(RN~1) such that
{z | p(x) # 0} = B(0,1), and one may assume ¢ > 0. One defines G by
G(xz)=>3, cn@(m%i/f") with all ¢, > 0, and G satisfies the desired property
if one chooses the ¢, converging to 0 fast enough so that the series converges
uniformly, as well as any of its derivatives (so that D*G € Co(RN 1) for any
multi-index ).

However, there is a result of SARD! which says that for most A the set
is not that bad; for example, if I € C*(R), then except for a set of A\ with

1 Arthur SARD, American mathematician, 1909-1980. He worked in New York,
NY.
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measure 0, at any point « with F(x) = A one has F’'(x) # 0, so these points
are isolated.

The next question is to identify the range of 7o, for a bounded open set {2
with Lipschitz boundary for example. This was done by Emilio GAGLIARDO,
but although 7 is surjective from Wt(£2) onto L' (9£2), it is not so for p > 1,
and the image of WP (£2) by g is not LP(9£2) for p > 1. Actually for p = oo
it is W1°°(942), the space of Lipschitz continuous functions on the boundary,
and as p varies from 1 to co one goes from traces having no derivatives in L'
to traces having one derivative in L°°, and one can guess that for 1 < p < oo
the traces have 1 — % derivatives in LP, if one finds a way to express what this
means. The characterization of the traces is simpler in the case p = 2 because
one can use the Fourier transform, which will be studied for that reason.

Before doing that, one now has a simple way to prove that the injection
of WLP(2) into LP(£2) is compact in the case of bounded open sets with
Lipschitz boundary, the case of continuous boundary being left for later.

Lemma 14.5. If 2 is bounded with Lipschitz boundary, then the injection of
WLP(0) into LP(£2) is compact.

Proof: One uses a continuous extension P from W1P(§2) to WLP(RN), as
constructed in Lemma 12.4. Let n € C2°(RY) such that n(z) = 1 for z € 2,
and let {2’ be a bounded open set containing support(n). Then if a sequence
up, is bounded in WP(£2), the sequence of extensions Pu,, is bounded in
WLP(RN), and the sequence of truncated functions 7(Pwu,) is bounded in
WyP(£2'), so that a subsequence 7(P u,,) belongs to a compact of LP(£2'),
and the sequence of restrictions to {2, which is u,,, belongs to a compact of
LP(02). O
[Taught on Wednesday February 16, 2000.]
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The Fourier Transform

A decomposition in Fourier series of a scalar function f in one variable con-
sists in writing

flx) = Z cn€® ™/ T for some (complex) coefficients ¢,,n € Z.  (15.1)
nez

If the series converges the function f must be periodic with period T
A decomposition in Fourier integral of a scalar function f in one variable
consists in writing

f(z) = /Rf(g)e%”ﬁ d¢ for some function f. (15.2)

The generalization to functions of N variables leads to the following definition.
Having learnt the theory from Laurent SCHWARTZ, I use his notation, but
most mathematicians do not put the coefficient 27 in the integral, and some
different powers of m occur then in their formulas, in the argument of the
exponentials or multiplying some integrals, and one should be aware of the
fact that different books may use different constants.

Definition 15.1. For f € L*(RY), the Fourier transform of f is the function
Ff (or f) defined on (the dual of) RN by

FHO = [ fa)e 9 (15.3)
RN
One also defines F by
Ffn) =/ fly)et> 7@ dy. 0 (15.4)
RN

Of course, F is defined so that Ff = F f.
From a scaling point of view, one should remember that, if using L to
denote a length unit for measuring « and U to denote a unit for measuring wu,
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then ¢ scales as L~! (because the exponential must be computed on a number,
i.e., with no dimension), and Fu scales as U L.

The Fourier transform F maps L'(RY) into Co(RY), but one impor-
tant property is that it extends as an isometry from L2(RY) to itself, with
inverse F.

Another important property is that it transforms derivation into multipli-
cation, or more generally! it transforms convolution into product, and one can
check easily the following properties:

if f,g € L*(RY), one has fxg € LY(RYN) and F(f xg) = Ff Fg, (15.5)

if fe LY(RY) and z;f € L*(RY), one has 8(a§f) =F(—2imx;f), (15.6)
j
: 1 pN Of _ r1/pN of _o.
if fe L' (R )and87j€L (RY), onehas]:%j—%wf]}'f. (15.7)

The definition of Fourier transform extends immediately to Radon mea-
sures with finite total mass, i.e., those for which

there exists C such that |{u, ¢)| < C'||¢||eo for all o € C.(RY),  (15.8)

(and the total mass of y is the smallest value of C). If (15.8) holds, the linear
mapping ¢ — (i, ) extends in a unique way to the Banach space Cy,(R™) of
continuous bounded functions on RY equipped with the sup norm |- ||, with
the same inequality (15.8) being true for all ¢ € C,(R"Y). Then one defines
p by ,

(&) = (u, e 2708 for all € € RV, (15.9)

and the Lebesgue dominated convergence theorem shows that p is continuous,
so that one has u € Cy(RY). It may be useful to recall that C,(R") is not
separable.?

In order to define the Fourier transform for some distributions, Laurent
SCHWARTZ introduced a particular (Fréchet) space of rapidly decaying C*°
functions.

! Laurent SCHWARTZ has generalized the definition of convolution product to pairs
of distributions if the condition (2.4) holds for their supports, and % appears
J

then to be the convolution of T' with %‘;, so derivations are indeed particular
cases of convolutions.

One way to show that a normed space E is not separable is to exhibit an
uncountable collection of elements e; € E, i € I, such that there exists a > 0
with ||e; — e;||z > a whenever 4,7 € I with i # j. For E = Cy(R"), one chooses
o € Ce(R) with 0 < g < 1, vo(0) = 1 and support(po) C B(O, %), and one con-
siders the collection of functions f, defined by f,(z) =" _ ~ n(m)po(z —m),
where 7 is any mapping from ZV into {—1,+1}, so for 71 # 72 one has
[|f1 — fuall2 = 2, and the cardinal of the collection is 280,
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Definition 15.2. The space of rapidly decaying C* functions S(RY) is

S(RN) = {u € C=(RN) | P D*u € L®(RN)

for all polynomials P and all multi-indices a}. O (15.10)

By repeated use of (15.6) and (15.7), one checks easily that F maps S(R™Y)
into itself, and that Plancherel’s formula®

/ (ff)gdxz/ f(Fg)dx for all f,g € S(RY) (15.11)
RN RN

holds.* Laurent SCHWARTZ used (15.11) for choosing the definition of Fourier
transform on the dual S'(RY) of S(R"), which he called the space of tempered
distributions.

Definition 15.3. A tempered distribution is an element T € S'(RYN); one
defines FT € S'(RN) by

(FT,¢) = (T, Fp) for all p € S(RY). O (15.12)

One finds easily that the analog of (15.6) and (15.7) holds, i.e., that for
T € 8'(RN) one has

ag;;? = F(=2imx;T) for j=1,..., N,

(15.13)

Lemma 15.4. (i) If oo € S(RY) is defined by po(z) = e~ ™11 then Fipo =

$0-
(ZZ) f50 = ]., and F1 = 50.

Proof: (i) One notices that g—i? = —27mx; o, so that by (15.6) and (15.7)
one has aaf—gfo = 2 Fpo for j =1,...,N, so that Fyo(§) = Ce Il
One finds that C = 1 by using the definition (15.3) for £ = 0 and using
Jr e dp = 1.

(ii) One may deduce that Fdy = 1 by using (15.9), if one notices that
this definition coincides with that of (15.12). One has §y € S’(R"Y) because
S(RN) C Co(RN), and noticing that z;6p = 0 gives 8(530) = 0, one deduces
that Fdg is a constant C' by Lemma 6.4, which is 1 by Jusing o in (15.12).
Similarly, 1 € S'(RY) because S(RY) C L'(R"), and noticing that 8‘% =0

3 Michel PLANCHEREL, Swiss mathematician, 1885-1967. He worked in Genéve
(Geneva), in Fribourg, and at ETH (Eidgenossische Technische Hochschule),
Ziirich, Switzerland.

* The left side of (15.11) is fRN (fRN e 2 (@8) f(g) dx)g(f) d¢, and Fubini’s theo-
rem applies because ffRN v [F(@)]19(§)] dz d€ < oo, so that one may exchange
the order of integrations; after that, one exchanges the names of x and €.
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gives £;F1 = 0, one deduces that 1 = C 6y by Lemma 6.3, and the constant
C'is 1 by using ¢p in (15.12). O

There are other classical methods for computing Fourier transforms, like
changing paths of integration in the complex plane, but the observations of
Laurent SCHWARTZ used in the proof of Lemma 15.3 are often more easy to
apply.

Following the example of DIRAC, physicists write fe’z“r(“f) dx = (),
but Laurent SCHWARTZ’s extension of Fourier transform has shown that this
is a loose way of saying F1 = &g, which means

/ (/ e 2T (@8) () dm) d¢ = ¢(0) for all € S(RY), (15.14)
RN RN

but Fubini’s theorem does not apply to the integral on the left.

Lemma 15.5. (i) F is an isomorphism from S(RN) onto itself, with inverse
F.

(it) F is an isomorphism from S'(RN) onto itself, with inverse F.

(iii) F is an isometry from L2(RN) onto itself, with inverse F.

Proof: (i) For ¢ € S(RY), one uses (15.14) for 7_, ¢, which gives

(W)= Jpn([pw €2 T D p(aty) da) dE= [n(fpx €7 TV p(2) dz) dE

= [av WO Fp(€) dE = F(Fo)(y),
- - (15.15)
ie., F(Fp) = ¢, showing that F is a left inverse of F, but taking the complex

conjugate gives FFp = F(Fp) = P, showing that F is a right inverse of F.
(ii) By (15.12), for T € S’(RV) and ¢ € S(R"N)

(FFT, @) = (FT,Fp) = (T, FFp) = (T, ), (15.16)

showing that FFT = T, and similarly FFT = T. L
__(iii) One uses Plancherel’s formula (15.11) with f € S(RY) and g = Ff =
F f, and because Fg = FF f = f, one obtains

/ | FfI? d¢ :/ |f|? da for all f € S(RN) (15.17)
RN RN

and because S(RY) is dense in L?(RY) (as it contains C°(RY) which is
dense) (15.17) is true for all f € L%(RY). O

Of course, one cannot define the Fourier transform of an arbitrary distrib-
ution on RYN, as one cannot even define the Fourier transform for all smooth
functions independently of what their growth at co is, and keep all the known
properties. For example, in one dimension the function exp(xz) = e® satisfies
% = exp and if Fexp was defined with the property (15.7) one would have
2im €& Fexp = Feaxp, so that the support of Fexp would be included in the
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zero set of 2i7& — 1, which is empty® 7, so that one would have Fexp = 0, a
useless extension, incompatible with keeping F an isomorphism.

Lemma 15.6. For u € H'(RY) one has

fRN |u|? do = fRN | Ful|? d¢
(15.18)
fRN lgrad(u)|? dox = fRN 472 (€| | Ful? dE.

Proof: The first part is (15.17), and the second follows from .7:% =2imw§; Fu,
and again (15.17) and then summing in j. O

Lemma 15.6 suggests a natural extension for defining Sobolev spaces with
noninteger order.

Definition 15.7. For a real s > 0, H*(RN) = {u € L*(RN) | [¢|*Fu €
L?(RM)}.
For a real s < 0, H*(RN) = {u € S'"(RY) | (1 + |¢]?)*/?Fu € L*(RN)}.
O

The Fourier transform is an isometry on L?(RY), and because it satisfies
FD%u = (2im)l*l¢xFuy for all u € S'(RN) and all multi-indices o, one sees
that if s is a nonnegative integer m, Definition (15.15) for H*(R") gives the
same space as W™2(RN).

For s < 0, the space H*(R") is not a subset of L2(R"), and in order to
use JF one starts from an element of S'(RY), but one cannot use (1 + |¢|)*Fu
because (1 + |£|)® is not a C°° function.

Of course, H~*(R") is the dual of H*(RY), but the notation for an open
set (2 is different.

Definition 15.8. For an open set 2 C RN, and a positive integer m, one
denotes by HJ(£2) the closure of C°(£2) in H™(£2), and H~"™(2) the dual
of HJ*(12). O

5 GELFAND has extended the Fourier transform, with values into a much larger
space than D'(RN)7 a space of analytic functionals A'(C’N)7 the dual space of a
space of analytic functions A(C™). For T € D', the expected relation (FT, @) =
(T, Fp) shows that one must take test functions ¢ such that Fp € C°(RY), i.e.,
@ = Fip with ¢ € C°(RY); it is easy to see that if 1 € C°(RY) then Fi) and
F1p extend to an analytic function on CV satisfying a special growth condition
|Fo(E+in)| < ||| 1€ ¢! if the support of ¥ is included in B(0, g); the Paley—
Wiener theorem, extended by Laurent SCHWARTZ to the case of distributions,
gives a more precise characterization of what F can be. One should pay attention
that because a nonzero analytic function cannot have compact support, there is
no notion of support for analytic functionals. With this extension of the Fourier
transform, one then has Fexp = C d,, with z0 = 5—.

5 Raymond Edward Alan Christopher PALEY, English mathematician, 1907-1933.

" Norbert G. WIENER, American mathematician, 1894-1964. He worked at MIT
(Massachusetts Institute of Technology), Cambridge, MA.
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Lemma 15.9. H~'(2) = {T € D'(2) | T = fo — X301 52, fo,- v €
L2(02)}. If Poincaré’s inequality holds for HE(£2), then every go € L?(£2) can

be written as Zévzl ngj, with g1,...,gn € L*(£2).

ou
a closed subspace of L2(2)N+1 so a lirfeai; continuous form L on H}(§2) is
transported onto this subspace and extended to a linear continuous form on
L2(2)NF1, so that there exist fo, ..., fx € L?(£2) such that L(¢) = [, (for+
Z;V:l fjf%i) dx for all ¢ € H($2), or equivalently for all p € C°(£2), but
this means that L(p) = (T, ¢) with T = fy — Z;\Ll g—ﬁ_, and because C°(£2)
is dense in H}(§2), one has L ="T.

If Poincaré’s inequality holds for Hg (£2), the mapping u +— (%, ceey a‘z‘;)
is an isometry of H}({2) onto a closed subspace of L2(£2)" and every linear
continuous form L on Hg(£2) has the form L(p) = Zjvzl ng?T‘Pj dx for all
o € HY(R), with gy,...,gn € L?(£2), and in particular if gy € L?(2) one can
write [, gow dx in this way. 0

Proof: The mapping u +— (u, %’ . ) is an isometry of Hg(£2) onto

Lemma 15.10. For any s € R, C>°(RY) is dense in H*(RY).

Proof: Consider the space FH? of functions in L? with the weight (1+ [£]?)?,
Le., [an (L+[€*)%u(€)]? d€ < co. One can approach any function in FH* by
functions with compact support by truncation, defining u,, by u,(§) = u(§) if
€] < n and u,(§) =0 if || > n, and by the Lebesgue dominated convergence
theorem, u,, converges to u in FH?®. Any u € FH?® having compact support
can be approached by functions in C2°(R™) because for a smoothing sequence
0m one has o, xu — v in L2(RY), and because the supports stay in a bounded
set one has g, xu — u in FH?*. Therefore C2°(RY) is dense in FH*, so that
S(RY) is dense in FH*. Using the Fourier transform one deduces that S(R™)
is dense in H*(RY). Let m > s be a nonnegative integer then one can approach
any function v € S(RY) by a sequence in C2°(RY), the convergence being
in H™(RY) strong, and therefore also in H*(RY) strong, and this is done by
approaching v by v(z)6 (%) with § € C2°(RY) with §(z) =1 for [z| < 1. O

In the characterization of the traces of functions from H*(R") (for s > 1),
one will use the following result.

Lemma 15.11. Ifu € S(RY) and v € S(RN 1) is the restriction of u on the
hyperplane xny = 0, 1.e.,

v(z') = u(z’,0) for z' € RN, (15.19)

then one has

Fu(¢) =/RfU(§’,£N)d£N for ¢ € RN, (15.20)
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Proof: Because Fdy = 1, one has (15.14), i.e., ¢(0) = [, Fp(£) dé. One uses
this relation for the function xy — wu(z’,zy), and then one takes the Fourier
transform in x’ of both sides of the equality. a

Notice that in (15.20), the same symbol F is used for the Fourier transform
in N or N — 1 variables, and even 1 variable in the proof.

[Taught on Friday February 18, 2000.]
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Traces of H*(RY)

Lemma 16.1. For s > %, functions of H*(RN) have a trace on the hyperplane
xy = 0, belonging to HS’%(RNfl). The mapping Yo is surjective from
H*(RN) onto H~2(RN-1).

Proof: To prove the first part, it is enough to show that there exists C' such
that for all v € S(RY) and v defined by v(z') = u(z’,0) for 2/ € RN-!
one has |[v||gs-a/2ryv-1y < Cl[ul[gs(ry). By (15.20) one has Fu(§') =
fR Fu(€',En) dén, and Cauchy—(Bunyakovsky)-Schwarz inequality®? implies

Fo(@)? < ( [a+ f|2>8|fu<f',gN>2dfsN) ( / ufﬁg)) (16.1)

Using the change of variable £ = t4/1 + |£’|?, one has

/ dgiNs = (W)”S/ _dt —C(s)(1+ [¢) P,
r (141 "

1+ [€]? 1+1t2)s
(16.2)
giving
(1+1¢P)° Y2 FuE)? < o(s) /R (1+[€)°|Fule en) P den,  (16.3)

which gives the desired result by integrating in &', because C(s) < oo if and
only if s > %

! Viktor Yakovlevich BUNYAKOVSKY, Ukrainian-born mathematician, 1804-1889.
He worked in St Petersburg, Russia. He studied with CAUCHY in Paris (1825),
and he proved the “Cauchy—Schwarz” inequality in 1859, 25 years before
SCHWARZ.

2 Hermann Amandus SCHWARZ, German mathematician, 1843-1921. He worked at
ETH (Eidgendssische Technische Hochschule), Ziirich, Switzerland, and in Berlin,
Germany.
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In order to prove the surjectivity, one shows that for v € H*~(1/2)(RN-1)
the function u defined by

Fu(€',&n) = Fo(€)p (\/lil\lfg/z) \/14i\£’|2’ (16.4)
with ¢ € C°(R) and [ ¢(t)dt =1,

is such that u € H*(R"); because (16.4) implies [, Fu(¢',En) dén = Fo(€),
it implies v = you because of (15.20). Indeed, for all ¢’ € RN~!, one has

v <\/1illvé/|2>
(16.5)

where C' = [,(14t2)%¢(t)? dt, and one has used the change of variable £y =
t /1 + [&')%2. One obtains the desired result by integrating (16.5) in &’. O

There cannot be a good notion of trace (i.e., different from 0) in the case
s < % because in that case the subspace of functions of the form ¢ = ¢ +¢_
with ¢ € C2(RY) (ie., ¥ € C(RYN) equal to 0 in a neighbourhood of
zxn = 0) is dense in H*(RY).

The condition s > % has not appeared in proving the surjectivity, but one
should notice that the function u constructed is not only in H*(R") but has
other properties, so it belongs to a smaller subspace, where traces may exist
and belong to H*~(1/2)(RN-1),

For a function u € H?(R") for example, one can define the trace you €
H3/2(RN=1) but also the normal derivative y,u = 70% € H'2(RN=1) (in
general one takes «y;u to be the normal derivative, with the normal pointing
to the outside), and a more precise result is that u — (you,y1u) is surjective
from H?(RN) onto H3/2(RN=1) x H'/2(RN~1), and more generally one has
the following surjectivity result.

2
fR(1+|£‘2)s|]:u(£/a§N)|2 dgN:fR(l'HﬂQ)s 1+|é/|2 dEN:

C(L+[g'?) =0/,

Lemma 16.2. Ifm+%<s<m+1+%, and for k=0,...,m, one writes

8ku>
VKU = Y0 ( ; (16.6)
oxk;

then w v (you, . .., ymu) is surjective from H*(RN) onto H3~(1/2)(RN=1) x

X HemmeA/2)(RN-L),

Proof: If u € S(RY) and vj, = u, then ka(f’):fR(QiﬂgN)kfu(g’,ﬁN) dén,
so if vy, € H*~F=(1/2(RN=1) then one defines uy by

Fur(€,€n) = For(€)or (%) (14 €7~ *+D/2, (16.7)
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with

or € C(R) and /(Ziﬂ't)jgok(t) dt =6y for j=0,....m,  (16.8)
R

so that one has

U, GHS(RN) with ypup = vy and yjup =0for 5 =0,...,k—=1,k+1,...,m
(16.9)

and surjectivity is proven by using u = Y ;- u. O
In order to define H*(£2) for 2 # RY | it is useful to find a characterization
of H*(R™) which does not use the Fourier transform explicitly.

Lemma 16.3. For 0 < s < 1, u € H*(RY) is equivalent to

2
L*(RN) and // 7()|d d . 16.10
u € an vy o= g x dy < oo ( )

Proof: For h € RN, and m,u(x) = u(x — h), one has

Frpu(€) = 2™ Fu(g), (16.11)
so that
[ meaPda= [ et OR R ds= [ asint r(ho)lFuCe) e,

(16.12)

which implies

I an s pn % dzdy = [pn g (Jan [T — uf? dz) dh =
(16.13)
S 1Fu©F (Jrw e dh) de = C [ 16121 Fu(€) 2 de,

2

where one has used the change of variable h = and using invariance by

1€1°
rotation one finds
4 sin? T2
C = dz, 16.14
/] e (1614
which is finite because | sin 7 21| < 7 |z| for z near 0 and s < 1, and |sin 7 21| <
1 for z near oo and s > 0. O

For an open set {2, one could define H*({2) for 0 < s < 1 in (at least)
three different ways:

(i) one may use u € H®(£2) for u € L*(2) and [ [, %
dx dy < oo,

(ii) one may use u € H*(2) for u = U|Q with U € H*(RY),

(iii) one may define H*({2) by interpolation.
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For a bounded open set with Lipschitz boundary, the three definitions give
the same space with equivalent norms.

If u e Wh(RN) = Lip(RY), then the restriction of u to zx = 0 is a
Lipschitz continuous function, and conversely, if v is a Lipschitz continuous
function defined on a closed set A with Lipschitz constant M, then one can
extend it to RY into a Lipschitz continuous function u defined on R and
having the same Lipschitz constant M by

u(x) = supgea(v(a) — M |a — z|). (16.15)

If u e H'(RN) = WH2(RYN), the space of traces v is H'/2(RN~1) (Lemma
2
16.1), which by Lemma 16.3 means [ [pn 1 v %dz dy < oo and
ve L2(RNY).
If ue WHP(RN) and 1 < p < oo, Emilio GAGLIARDO has shown that the

dedy<oo and

space of traces v is characterized by ffRNflxRNfl FeTRE=:

v e LP(RNTL),

If u € WH(RY), Emilio GAGLIARDO has characterized the space of traces
as v € LY(RN~1). However, Jaak PEETRE has shown that there is no linear
continuous lifting from L'(RN~1) to W(RM); I have not yet read the detail
of the proof.

[Taught on Monday February 21, 2000.]
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Proving that a Point is too Small

Lemma 17.1. Ifu € H'(RY) and N > 3, then * € L*(R") and

U 2
- < — d 17.1
12, < 7= llgradtllz (17.1)
Proof: One proves (17.1) for all u € C2°(RY), and then it extends to H'(RY)
by density. For any a € R one has

2
N o’ .o N €T
0 frw X2 | B+ 2582 | do= [y lgrad(w)|? da+ 33, [ 2u 22 537

+ Jan %dx:fRN lgrad(u)|? dac—((N—2)a—a2) S :f—jdx,

(17.2)

where one has performed an integration by parts, allowed because f—; €

W (RN) for all j (for N > 3), and E;\Ll 6%1(:—;) = &22: one then chooses
N—2

the best value of o, i.e., a = =5 O
The result is obviously false for N = 2, even for u smooth with «(0) # 0

as ¢ ¢ L, (R?).

Lemma 17.2. The space of functions in C°(RN) which are 0 in a small ball

around 0 is dense in H'(RN) for N > 3.

Proof: As C°(RY) is dense in H'(RY) for all N, one must approach any
u € C(RY) by a sequence of functions which are 0 in a small ball around 0,
and this is done by taking

Uy () = u(z)f0(nx) with € C°(RN),0(r) = 0 for r < 1,0(r) = 1 for r > 2.
(17.3)

One has u,, — u in L2(R") by the Lebesgue dominated convergence theorem,
and similarly % (nz) — % in L2(RY), and in order to show that
J J

una%(n x) — 0 in L2(R"), one also applies the Lebesgue dominated conver-
96
O

gence theorem to %f(n x) with f(z) =r £,
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Lemma 17.2 is actually also true for N = 2, and one may use a variant
for Lemma 17.1 given at Lemma 17.4, and then a variant for the truncation
formula (17.3), but Lemma 17.3 gives a different proof.

Lemma 17.3. The space of functions in C°(R?) which are 0 in a small ball
around 0 is dense in H'(R?).

Proof: One uses the Hahn—-Banach theorem, and one shows that if T' €
H Y(R?) = (Hl(R2))/, and (T,p) = 0 for all p € C°(R?) which are 0
in a small ball around 0, then T' = 0. Because (T, ¢) = 0 for all ¢ € C°(w)
for any open set w such that 0 ¢ @, one finds that the support of T’ can only be
{0} (if T is not 0, in which case the support of T is empty). As will be seen in
Lemma 18.2, if a distribution 7" has support {0}, then T' = ) | co D*Jy (finite
sum), but if some cq # 0 then T' ¢ H~1(R?), because FT =), ca(2imE)™

2
and no nonzero polynomial P satisfies || R2 % dé < oo. O

One deduces that if 2 = RN \ F, where F is a finite number of points
and N > 2 then H}(2) = H'(2) = H'(RY). This is not true for N = 1
as the functions in H'(R) are continuous. With some technical changes the
same proofs adapt to W1P(RY) if 1 < p < N. Similar ideas show that one
can approach every function of H1(RY) for N > 3 by functions in C>°(RY)
which vanish in a neighbourhood of a given segment, but that is not true for
N = 2 as the functions in H'(R?) have traces on the segment.

Like for the limiting case of Sobolev’s embedding theorem, there are norms
which scale in the same way, but which are not comparable; for example if
N = 2 then |[grad(u)||z and ||u||« scale in the same way but functions in
H*'(R?) are not necessarily bounded, and ||%||, also scales in the same way
but v € H'(R?) does not imply % € L?*(R?). However, one has the following
result.

Lemma 17.4. If 2 C B(0, Ry) C R?, then there exists C' such that

u

Tog(r/ R) < C|grad(u)||2 for all u € Hy (). (17.4)

2

Proof: One proves the inequality for v € C2° (B(O, RO)) so that it is true for
u € C2°(£2) and it then extends to Hg(£2). For f smooth, one develops

N

/B(O,Ro) Z dx;

j=1

dz >0, (17.5)

and one uses the integration by parts

/ 2u %xjf(r) de = —/ |ul? (f(r) + @5 ! ) dz, (17.6)
B(O,Ry) 0T B(0,Ro) "
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which is valid if 7 f(r) and 72 f’(r) belong to L'(0, Ry — €) for every € > 0,
and one deduces

/ lgrad(u)|? dz > / lul>(2f +r f — 12 f?) du. (17.7)
B(0,Ro)

B(0,Rop)

If one takes f = %, one has 2f+r f'—r? f2 = 97/ - f—z, and one then approaches
g= m, which corresponds to multiplying |u|? by m. a
Because the logarithm vanishes for » = Ry, it is important to have
{2 bounded; however, the same argument works if (2 is unbounded and is
outside a ball B(0, Ry), but there is a problem with the entire space; actually,
Jacques-Louis LIONS and Jacques DENY have shown that the completion of
C°(R?) for the norm ||grad(u)||2 is not a space of distributions on R2.

[Taught on Wednesday February 23, 2000.]
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Compact Embeddings

In order to identify distributions with support at a point, one uses the
following result.

Lemma 18.1. Let T € D'(2) have its support in a compact Ky C 2, and
assume that T is a distribution of order m. Then if g € C(£2) satisfies
D*po(x) =0 for all x € Ko and all multi-indices o such that || < m, one
has (T, o) = 0.

Proof: As T is assumed to be of order m, for every compact K C {2 there exists
C(K) such that [(T, )| < C(K)sup,er jaj<m [Dp(z)| for all p € CZ(£2)
such that support(¢) C K. Let g9 > 0 be such that {z € RN | d(z, Ky) <
g0} C 2. For 0 < e <ep,let K. ={z € RY | d(x, Ko) < e}, and let x. be the
characteristic function of K.. Let o; € C°(RY) with support(o;) C B(0,1)
and [y 01(2)dz =1, and as usual gs5(z) = sk 01(%) for § > 0.

If 30 < o, let 05 = xa25 % 05, SO that 05 € CX(02), Os5(x) = 1if x € K;
and support(8s) C Kss C K. One has (T,¢o) = (T,05 o), because the
difference is (T, (1 — 6s5)¢po) and the support of 1 — 65 is included in 2\ Ky,
i.e., the largest open set where T is 0. One proves that (T,0spo) — 0 as
d — 0 by showing that for any multi-index « such that || < m one has
sub,cic., |D® (Bi0)(x)] — 0 as 6 — 0.

One has

|DP05(x)| < €618 for all & and |B| < m. (18.1)

Because of Taylor’s expansion formula and the vanishing of the derivatives of
o on K up to order m, one has

|DYpo(z)] < d(;v,Ko)m_l"Yln(d(x, Ko)) for |y| < m and n(t) — 0 as t — 0.
(18.2)

By Leibniz’s formula, using d(x, Ko) < 3§ for & € support(s), one deduces
|D¥(0s0)(2)| < Cn(d(w, Ko)). 0
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Lemma 18.2. If T has support at a point a € {2, then T is a finite combina-
tion of derivatives of the Dirac mass at a.

Proof: If K = B(a,r) C {2, then T has finite order m on K, and by the
preceding result, D®¢q(a) = 0 for all |a| < m implies (T, o) = 0. A result
of linear algebra says that on any vector space if for linear forms Ly, ..., L,
every u satisfying Liu = ... = Lyu = 0 also satisfies Lou = 0 then there are
scalars Aq,...,Ap such that Ly = Z§:1 A;L;. Therefore there are scalars Aq
for |a| < m such that

(T, p) = Z AaD%p(a) for all p € C°(2) with support(¢) C K, (18.3)

lef<m

e, T =3 a1<m (=D Aa D6, O

Most compactness results rely on the theorems of ARZELA and ASCOLI,
and the basic result of interest here is that if one works on a compact set K
of RY and if one has a sequence u,, € C(K) of functions which have the same
modulus of uniform continuity, i.e., |u, () —un(y)| < w(jxz—y|) forallz,y € K
and all n, with w(t) — 0 as t — 0, then there exists a subsequence u,, which
converges uniformly on K, to us € C(K) (using a diagonal argument one
extracts a subsequence which converges on a countable dense set of K, and
the subsequence also converges at the other points by equicontinuity, and the
limit is continuous for the same reason).

To prove compactness in LP(£2) for 1 < p < 0o, one extends the functions
by 0 and one applies a compactness result in LP(R"), usually attributed to
KOLMOGOROV, but I have seen the names FRECHET and M. RIESZ mentioned
too.

Lemma 18.3. If a sequence u,, is bounded in LP(RY) and satisfies:
(i) For every € > 0, there exists R(e) such that flw\>R(5) |un|P dx < € for alln.

(i) For every e > 0 there exists § > 0 such that if || < & then [py |un(z +
h) —up(z)Pde < e.
Then there exists a subsequence u.,, which converges strongly to us, €

LP(RN).

Proof: It is enough to show that for every @ > 0 one can write u, = v, +
wy, such that |jw,|l, < a and that from v, one can extract a converging
subsequence vy,,; for the subsequence u,, one then has limsup,, ,,./_ oo ||ttm —
Um|lp < 2a. Starting from the selected subsequence, one then repeats the
argument with « replaced by &, and so on, and a diagonal subsequence is a
Cauchy sequence.

Using § € C2°(RY) such that 0 < § < 1 and §(x) = 1 for |z| < R(e), one
chooses v, = fu,, and w,, = (1 —0)u,, and one notices that ||w,||, < e by (i),
and because 1,0, — U, = (Th0 —0)Thn +0(Thtn —uy) and |70 —0|| 0 < M |A],
one finds that v, is bounded in LP(R™), has its support in a fixed bounded
set, and satisfies (ii).
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Assuming that the functions w,, satisfy (ii) and have their support in a fixed
bounded set, one uses v, = u, * 05 for a special smoothing sequence og, and
Wy = Uy — Up * 05; One can apply the Arzeld—Ascoli theorem to the sequence
Up, as they form a bounded sequence of Lipschitz continuous functions having
their support in a fixed compact set; because wn(z) = [px 05(y) (un(z) —
= ) dy, one has [|wallp < [ 050l — 7001y dy < <. 0

If (2 is a bounded open set with Lipschitz boundary, then there exists a
continuous extension P from WP(£2) to WHP(RY) (Lemma 12.4), and this
was used in Lemma 14.5 for showing that the injection of W (£2) into LP(£2)
is compact. The continuous extension may not exist if the boundary is not
Lipschitz, but Lemma 18.4 shows that the compactness property does not
require as much smoothness of the boundary.

Lemma 18.4. If 2 is a bounded open set with a continuous boundary, then
the injection of WYP(£2) into LP(§2) is compact.

Proof: The preceding argument does not apply, and one must find a different
proof. Using a partition of unity one has to consider the case of 2p with F
uniformly continuous, for a subsequence having support in a bounded set. One
notices that in dimension 1 one has W1?(0,00) C C(0,0), so that one has

p
) dea

(18.4)

F(z')+3¢ S ou
/ o) de < C'e / <|u(x/,x1\/)|p + ‘(x’,mN)
F(ac’) F(:L‘/) axN

which one may then integrate in z’. Using the uniform continuity of F one
can construct § € C®(RN) with 0 <0 <1, §(z) = 0if zy < F(z') + ¢ and
O(z) =1if xy > F(2')+2¢. One uses then v, = 0 u,, and w,, = (1 —0)u,,. O

It is often useful to know different proofs of the same result. If {2 is an
open set with finite measure, then for p € [1, 00] Poincaré’s inequality holds
for Wy(£2), as was shown in Lemma 10.2. The use of the Fourier transform
is restricted to the case p = 2, so Lemma 18.5 is more restrictive than Lemma,
10.2 concerning Poincaré’s inequality, but it also shows that the injection of
H}(£) into L?(2) is compact (which by the equivalence lemma 11.1 implies
Poincaré’s inequality).

Lemma 18.5. If 2 C RN is an open set with finite measure, then Poincaré’s
inequality holds for H}(£2), and the injection of H}(§2) into L*(£2) is compact.

Proof: Let u € HE($2), extended by 0 outside 2, and let A = ||u||2 and
B = ||grad(u)||2. Because Fu(§) = [,u(z)e %@ dz one has |Fu(&)| <
Ameas(2)/? for all £ € RN, so that fl&lé@ | Fu(€)|?d¢ < A’meas(2)wno”,
where wy is the volume of the unit ball. Because flélZ@ | Fu(€)|? d¢ is bounded

2 2
by f|£|>9 %N:u(ﬁﬂ2 d¢ < %, one deduces by adding these two inequal-

ities that A? =[x [Fu(&)]? d€ < A%meas(2)wn o™ + % for every o > 0,
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which explains the choice meas(2)wn o™ = 3 gives A < exymeas(2)/N B for
a universal constant ¢y (i.e., independent of the open set).

In order to prove that the injection of HE(£2) into L?(§2) is compact, one
assumes that u, — 0 in H}(£2) weak, and one wants to prove that u, — 0 in
L?(02) strong. Indeed one may take ||u,||2 < A and ||grad(u,)|]2 < B, and
because Fu, (£) is the L? scalar product of u, by a fixed function in L?(£2),
one has Fu,(¢) — 0 for every & € RN, Because |Fu(¢)| < Ameas(£2)1/? for
all ¢ € RY one deduces by the Lebesgue dominated convergence theorem tl;at
f\E\SQ|fu”(€)‘2d§ — 0 for any ¢ > 0. Because ﬁg\zg “Fun(f)P d§ < 45@7

one deduces that limsup,,_, o ||un||2 < %, and then letting ¢ — oo one has

[lunll2 — 0. o
[Taught on Friday February 25, 2000.]
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Lax—Milgram Lemma

The main reason why Sobolev spaces are important is that they are the natu-
ral functional spaces for solving the boundary value problems of continuum
mechanics and physics (at least up to now); they may be elliptic equations
like

Au = f, (19.1)

for which one invokes the names LAPLACE or POISSON, parabolic equations

like the heat equation

Ou
E—HAu—f, (19.2)

for which one invokes the name FOURIER, or hyperbolic equations like the
wave equation

2
ZT;L —c?Au=f, (19.3)

for which one invokes the names D’ALEMBERT! or D. BERNOULLI.?
The Sobolev space H'(§2) is adapted to problems of the form

0 ou _ .
_izj oz (A”ax]> = f, written — dw(Agrad(u)) =7, (19.4)

when the matrix A (which is usually symmetric in applications) has bounded
measurable coefficients and satisfies the ellipticity condition that there exists
a > 0 such that

ZAij(z)ﬁiﬁj > «a||? for all € € RN, for a.e. z € 0. (19.5)
j

! Jean LE ROND, known as D’ALEMBERT, French mathematician, 1717-1783. He
worked in Paris, France.

2 Daniel BERNOULLI, Swiss mathematician, 1700-1782. He worked in St Peters-
burg, Russia, and in Basel, Switzerland.
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There are various physical interpretations possible.

(i) One may consider the stationary heat equation, so that u is the tem-
perature and A grad(u) is the heat fluz.

(ii) One may consider electrostatics, which is a simplification of Mazwell’s
equation where there is no magnetic field and no time dependence, so that w is
the electrostatic potential, E = —grad(u) is the electric field, D = A grad(u) is
the polarization field, and f is the density of electric charge (usually denoted
by 0); A is called the permittivity tensor in this case. The density of electric
energy is e = £(E.D), so using the Sobolev space H'({2) for u corresponds
to having a finite electric energy stored in 2.

(iii) One may consider a different simplification of Maxwell’s equation with
no magnetic field and no time dependence either, but where one considers
that the electric current j (which must satisfy the equation of conservation
of electric charge 5

a—f + div(j) = 0, (19.6)
is related to the electric field by Ohm’s law3 j = o E (so A is the conductivity
tensor o in this case, whose inverse is the resistivity tensor).

Whatever the physical intuition is, it only gives hints about the properties
of the solution of the equation, and one must prove its existence by precise
mathematical arguments. Garrett BIRKHOFF? mentioned in [3] that there is
a shocking statement by POINCARE, who had written in an article that the
solution of an equation existed because it was a physical problem; however,
he added that POINCARE had immediately corrected his mistake and had
given a mathematical proof of existence in his next article. Laurence YOUNG
mentioned in [19] that even HILBERT had overlooked the question of existence
for problems of minimization; he justly pointed out that if one proves that
every minimizer of a functional must satisfy some necessary conditions of
optimality, it is not enough to check among the functions satisfying all these
already known necessary conditions of optimality, which of these gives the
lowest value to the functional that one seeks to minimize, unless one has
proven first that there exists a minimizer, and that remark is of course valid
in the classical situations where one had found only one function satisfying a
condition of optimality. Nonexistence may come from the fact that minimizing
sequences are unbounded and that the minimum is “attained” at infinity,” but

3 Georg Simon OHM, German mathematician, 1789-1854. He worked in Miinchen
(Munich), Germany.

4 Garrett BIRKHOFF, American mathematician, 1911-1996. He worked at Harvard
University, Cambridge MA.

® In a national undergraduate mathematical contest in the late 1960s, students were
asked to characterize the range of values of polynomials with real coefficients in
two real variables, and some students found a case that the organizers of the
competition had overlooked, that of polynomials whose range is (0, +o0) and do
not attain their minimum because minimizing sequences tend to oo, an example
of such a polynomial being (zy — 1)* + 2.
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in infinite-dimensional situations the minimizing sequences may stay bounded
and show oscillations (and converge only in a weak topology). It was for such
problems without solutions that Laurence YOUNG had introduced what we
now call Young measures, whose use I pioneered in the late 1970s in partial
differential equations (motivated by questions of continuum mechanics and
physics), although I called them parametrized measures, which is the name
that I had heard in seminars of control theory, as I only learnt later that they
had been introduced by Laurence YOUNG, whom I had first met in 1971.5

Equation (19.4), completed with adequate boundary conditions, is dealt in
a mathematical way by using the Laz—Milgram lemma 19.1, or some variant,
and (19.5) plays a crucial role.

Lemma 19.1. (Laz—Milgram lemma) Let V be a real Hilbert space, with norm
|||, and let V' be its dual, with dual norm™ ||-||.; let A € L(V, V") be V-elliptic,
i.e.,

there exists a > 0 such that (Av,v) > a||v||? for allv € V. (19.7)
Then A is an isomorphism from V onto V'.
Proof: From |[(Av,v)| < ||Av||.||v|| one deduces
[|Av||. > a||v]| for all v € V, (19.8)

which is called an a priori inequality. (19.8) implies that all solutions of Au = f
must satisfy |[u|| < L||f]|., but by itself this inequality does not prove the
existence of a solution, as it only says that A is injective and has closed
range.® Because the transposed operator A7 also satisfies (19.7), one deduces
that V-ellipticity also implies

[|[ATv||, > a||v|| for all v € V, (19.9)

5 It was my first visit to United States, and my command of English was very poor,
so I was glad to meet people who spoke French, and Laurence YOUNG spoke it
without even a Swiss accent, for he had been in school in Lausanne, Switzerland,
when his father taught there.

Although every Hilbert space is isometric to its dual, one should be careful
about identifying V and V' because that identification may be incompatible with
another identification which has already been done for considering functions as
distributions, i.e., identifying a locally integrable function f with the Radon mea-
sure f dx, and that corresponds to having identified L?(£2) with its dual. DIRAC’s
famous notation used in quantum mechanics shows that he had understood the
importance of distinguishing elements of L? from elements of its dual: a “bra”
(a| is an element of H' and a “ket” |b) is an element of H, so that the bracket
(a|b) is a complex number, while | b)(a | is a linear operator, i.e., an element of
L(H, H); one should be aware that mathematicians have a different notation a(b)
or the tensor product b ® a, and use the notations (b1, b2) for two elements of H
so that the scalar product is linear in b; and antilinear in b2 while for physicists
(a|b) is linear in b and antilinear in a.

If F is a Banach space and F is a normed space, and there exists 8 > 0 such
that M € L(E, F) satisfies ||e||z < B||M e||r for all e € E, then M is injective

1
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so that AT is injective, and that is equivalent to A having a dense range, so
that the range of A being closed and dense must coincide with V’; of course,
a bound for the norm of A~ is é O

In practice, one has a real Hilbert space V and A € L(V,V’) is defined
implicitly by a bilinear continuous form a¢ on V' x V' by

a(u,v) = (Au,v) for all u,v €V, (19.10)

and f € V' is given by a linear continuous form L on V, so that one does
not need to characterize what V' is, and solving Au = f is equivalent to the
variational formulation

find u € V such that a(u,v) = L(v) for all v € V. (19.11)

For (19.4), the Hilbert space V is a closed subset of H'(2) containing H (£2),
adapted to the boundary conditions that must be added to (19.4); the bilinear
continuous form a is the restriction to V- x V of

a(u,v) = /Q(A grad(v), grad(v)) dz for u,v € H'(£2); (19.12)

the linear continuous form L is the restriction to V of
N ov
L(v) = / fov+ ij— dx + (G, yov) for v € H'(2), (19.13)
0 =1 8$j

where fo,..., fxv € L?(£2) and G belongs to the dual of the space of traces on
912 of functions in H'(£2) (a simple example is (G,yov) = [, 9v0vdHY 1
for a suitable function g defined on 02, but if {2 is bounded with Lipschitz
boundary then the space of traces is H'/2(942) and G must be taken in the
dual H~1/2(00)).

From (19.5), one deduces that

(Av,v) = a(v,v) > « / lgrad(v)|* dz for all v € H'(R2), (19.14)
o)

so that V-ellipticity holds if (and only if) Poincaré’s inequality holds for V.
The case of a homogeneous Dirichlet condition corresponds to V = H}($2),
defined as the closure in H!(§2) of C2°(£2) (and characterized by you = 0 on

(as M e = 0 implies |le|] < 0) and if f,, — foo with f, € Range(M) for all n,
then f, = Me, and |len — en||E < B||fn — fm||F shows that e, is a Cauchy
sequence, which converges then to ew € E, and foo = Mes € Range(M),
showing that the range of M is closed. Conversely, if F' is also a Banach space
and M € L(E, F) is injective with closed range, then there must exist 3 > 0 such
that the previous inequality holds, because Range(M) is a Banach space and the
closed graph theorem implies that M is an isomorphism from E onto Range(M),
and § can be chosen the norm of the inverse.
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082 if 2 is bounded with Lipschitz boundary); Poincaré’s inequality certainly
holds for Hg(£2) when (2 has finite measure or when (2 is included in a strip
with finite width; if Poincaré’s inequality holds, then for every f € H~1(£2)
there exists a unique solution v € V of a(u,v) = L(v) for every v € V, or
equivalently for every v € C2°(£2) by density, and that is exactly (19.4).

For the case of a nonhomogeneous Dirichlet condition, i.e., you = g on 02,
one asks that g belongs to yoH'(£2) (which is H/2(9£2) if £ is bounded with
Lipschitz boundary), so that there exists u; € H'(£2) with you; = g; one then
looks for a solution u = u; + U with U € H}(£2) satisfying the equation with
f replaced by f + div(Agrad(ul)) € H™1(£2), so that there exists a unique
solution for f € H1(§2) and g € voH'(02).

If V = H'(£2) then Poincaré’s inequality never holds.” If there is a solution
u € HY () of a(u,v) = L(v) for every v € H'(£2) and L has the simple
form L(v) = [, fvde+ [5,97vvdHN ™! with f € L?(2) and g € L*(812),
it is useful to characterize what a solution can be in this case. Taking all
v € C°(£2) gives the equation (19.4) in §2. Then assuming that the coefficients
a;; are Lipschitz continuous and that the boundary of {2 is smooth, one can
show that u € H?({2) and then an integration by parts shows that one has
the Neumann condition'®

(Avograd(u).n) = g on 912. (19.15)

If the boundary is not smooth enough the solution may not belong to H?(12),
and the coefficients may not be smooth either, and an interpretation of the
boundary condition will be studied later, but there is another important point
to discuss, concerning existence.

If 2 has finite measure, 1 € H'(£2) and, because a(u,1) = 0 for every
u €V = HY(£2), a necessary condition for the existence of a solution is that
L(1) = 0. With the physical interpretation of a stationary heat equation it
means that the total amount of heat is 0, adding the source of heat inside

9 When 1 € V, i.e., if meas(2) < oo, Poincaré’s inequality cannot hold; if 2 = RN
or simply if {2 contains balls of arbitrarily large radius, a scaling argument shows
that Poincaré’s inequality does not hold. For an arbitrary (nonempty) connected
open set {2, one may assume that meas(§2) = co and that (2 contains the origin;
let vo = meas({x € 22| |z| < 1}) > 0, and for n > 1 let v, = meas({z €
Q] 27" < |z| < 2"}) > 0; one assumes that there exists x > 0 such that
[lv]|2 < &||grad(v)||2 for all v € H*(£2), and one chooses v = h(r) with h(r) = 1
for 7 < 2™, h(r) = 0 for 7 > 2"™! and h affine on [2",2" "], i.e., h(r) =2 — 27"
for 2" < r < 2"%1: one has ||grad(v)||3 = Yn+1272" and ||v]|3 > Yo + ... + Yn,
so that one obtains in particular v, < 272"k2v,.1 for all n > 1; if there exists
X such that v, < C'2*" for all n > 1 one deduces that v, < C 2 k222" for
all n > 1, and by repeating the argument m times one has v, < Cy,, 22 72™" for
all n > 1, which implies meas(2) = Zn>0 Yn < 00, a contradiction; that one A

exists follows from the upper bound of the measure of the ball, v, < C 2V ™,
10 Franz Ernst NEUMANN, German mathematician, 1798-1895. He worked in
Konigsberg, then in Germany, now Kaliningrad, Russia.
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{2 which is f o J dr and the heat flux imposed on the boundary 02, which is
/. o0 9dH N—1. if this condition is not satisfied then the solution of the evolution
heat equation will not converge to a limit, and it actually tends to infinity
(with a sign depending upon the sign of the total heat imposed; of course,
when the temperature becomes too large, the modeling by a linear equation
is not very good, and in a real problem the absolute temperature cannot
become negative anyway).

If the necessary condition L(1) = 0 is satisfied and if the injection of H({2)
into L%(£2) is compact then a solution exists, but it is not unique as one may
add an arbitrary constant to the solution (an example of a Fredholm alterna-
tive). If one denotes by uy, the average of uw on 2, and by usg, the average of
~You on A2, then the compactness assumption implies that Poincaré’s inequa-
lity ||ul|2 < C||grad(u)||z holds for all u € H'(£2) satisfying ug = 0, and that
it also holds for all u € H'({2) satisfying uggp = 0. Even if the compactness
condition does not hold but one of these Poincaré’s inequalities is true, then
there exists a solution.

Using Poincaré’s inequality for all u € H'(f2) satisfying ugp = 0, one
changes V to

V ={ue€ H (2)|ug =0}, (19.16)

and the bilinear form is then V-elliptic and a solution exists. One only has
a(u,v) = L(v) for v € C(12) satisfying [,vdz =0 (and C®(2) ¢ V), and
there exists a Lagrange multiplier'™ X such that

a(u,v) = L(v) + A [,vdx for all v € CF(£2), ie.,

—div(Agrad(u)) = f+ X in £2, (19.17)

and then one obtains the boundary condition and A is such that the necessary
condition must hold; if the necessary condition holds from the start, then
A = 0 and one has found a solution of the problem.
Using Poincaré’s inequality for all u € H'(§2) satisfying ugn = 0, one
changes V to
V ={ue€ H ()| upn =0}, (19.18)
and the bilinear form is then V-elliptic and a solution exists. One now has

C(2) C V, so that (19.4) holds; then one obtains the boundary condition
with a Lagrange multiplier p appearing in the boundary condition, i.e.,

a(u,v) = L(v) + / Yov dHN 1 for all v € H'(02), (19.19)
an

and g is such that the necessary condition must hold; if the necessary condition

holds from the start, then u = 0 and one has found a solution of the problem.

[Taught on Monday February 28, 2000.]
' Giuseppe Lodovico LAGRANGIA (Joseph Louis LAGRANGE), Italian-born

mathematician, 1736-1813. He worked in Torino (Turin) Italy, in Berlin,
Germany, and in Paris, France. He was made a count in 1808 by NAPOLEON.
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The Space H (div; 12)

Let 2 be a bounded open set of RV with Lipschitz boundary, and for f €
L?($2) and g € L%(092), let u € H'(12) satisfy

a(u, v) = L(v) for all v € H'(£2), where

frz ( i Aj ,;f’;" 3;") dx for all ¢, € H'(02) (20.1)
= [ [ do+ fangvowdHN‘l for all 4 € H'(2).

Using all v € C2°(£2) one deduces that

_Za (”a ):finQ, (20.2)

and the question is to understand what boundary condition u satisfies.
If one assumes that

Ajj e Who(Q) fori,j =1,...,N, and u € H*(2), (20.3)

then A;; 88“ € H'() foralli,j = 1,..., N, and an integration by parts gives

/ fvdx:a(u,v)—/ Z'YO (Aij 8u> yovvi | dHN! for all v € HY(12),
Q o2 \ 7 Oz
(20.4)

so that one has

Z%( 5 g ) i = g om 02 (205

which can only happen if g € H'/2(912), of course.

In applications, one does not always have Lipschitz coefficients A;;,
because one often mixes different materials and there are interfaces of discon-
tinuity for the coefficients. In applications, one does not always have smooth
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boundaries, and corners in the boundary put a limit on the regularity of
the solution. For a convex domain 2, u € H}(£2) and Au € L?(2) imply
u € H?($2); the following example shows that it is not true for plane domains
with corners with angles > 7.

Let 2 be the sector 0 < 6 < 0y with 7 < 0y < 27, and let u = r* cos(a 8)¢
with ¢ € C°(R?) with ¢ = 1 near the origin. Because ug = 7% cos(a6) is
harmonic,! i.e., satisfies Aug = 0, one sees that Aw is 0 near the origin; the
normal derivative of u on the side # = 0 is 0, and it is also 0 on the side 8 = 6,
if @6y = m, which gives % < a < 1, so that one does not have u € H?(£2),
which requires o > 1.

Another way to treat the problem of giving a meaning to the Neumann
condition, without having u € H?({2), is the following argument of Jacques-
Louis LIONS.?

Definition 20.1. H(div; 2) = {u € L*(£2; RY) | div(u) € L*(2)}. O

Of course, H(div; £2) is a Hilbert space.

One localizes by multiplying all the components of w by the same function
6, noticing that if v; = fu; for j = 1,..., N, then one has div(v) = 6 div(u)+
(u.grad(9)).

If P is an invertible matrix and 2 = P {2, one transports a scalar function
¢ defined on {2 to the scalar function 1 defined on 2’ by

Y(Pzx) = p(z) for z € 02, (20.6)

and one wants to transport u € H(div; 2) to v € H(div; ') in such a way
that one has

/ (u.grad(p)) dz :/ (v.grad(y)) da’, (20.7)

0 ’

but (grad(y)(Pz).Py)=(grad(p)(z).y) gives grad(y)(P v)=P T grad(p)(z)
(writing P~T = (P ) and one asks that

ol
( (x).grad(e ) ( (Px).grad(y)(P x))|det(P)|, ie., (208)
v(Pz) = \det( )P (). '
If P is an orthogonal® matrix then v(Px) = Pu(z).
Once one works on 2p for a Lipschitz continuous function F', one proves

easily that (D(ﬁp))N is dense in H (div; 2p).

1 It is the real part of z%, and every holomorphic function has its real part and its
imaginary part harmonic.

2 1 believe that he proved it while I was a student, because in the first courses that
I followed he used the argument with the H 2((2) hypothesis, and later he started
teaching the new argument with the space H (div; 2).

3 This is the case used most of the time, but it is misleadingly simple. The gen-
eral linear case considered is of course just a simplified version for the case of
diffeomorphisms, and is related to the fact that elements of H(div; £2) should be
considered as (N — 1)-differential forms.
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All this analysis serves for proving that (D(ﬁ))N is dense in H(div; £2).
The next step is to prove that one can define the normal trace (u.v); for
smooth functions it means ) you;v;, but for H(div; £2) the definition uses a
completion argument.

Lemma 20.2. The mapping u— (u.v) = >_, you;v;, defined from (D(ﬁ))N

into L*>°(012), extends into a linear continuous map from H(div;{2) into
(WOHl(Q))/, the dual of the space of traces of functions of H(2), i.e.,

H=Y2(00) (as 092 has no boundary, H5/2(8Q) = HY?(00)). Moreover,
the mapping is surjective.

Proof: For u € (D(ﬁ))N and v € H'({2) one has

/ E Uj 9 + div(u)v | de = / E You; vi | yovdHN ", (20.9)
N - 8$ 90 -
J J 7

and as the left side of the identity is continuous on H (div; £2) x H'(£2), so is
the right side, on which one writes ((u.r),vov) as a linear continuous form on
0 H'(£2); notice that if one starts from an element of voH'(2) it does not
matter which v one chooses which has this element as its trace, as the left
side will give the same value whatever the choice is.

In order to show surjectivity, one takes g € (fyoH 1((2))/ and one solves
[ (grad(u,).grad(v))dz + [, uvdz = (g,~yov) for all v € H*(£2), which has
a unique solution u, € H!(§2), which satisfies —Awu, + u, = 0 in 2 and
therefore &, = grad(u,) belongs to H(div; 2) and satisfies div(€,) = u., and
the precise variational formulation says that (&..v) = g. ]

The example of R? with u; = f1(21)f2(22) and ug = g1(21)g2(22) shows
that one has u € H(div; R?) if f1,9o € H*(R) and f2,g1 € L*(R), so that u;
can be discontinuous along the line o = 0 while us must be continuous, and
(uv) = —uy if 2 = R7.

In a problem of electrostatics, the potential u is in H'(2) and has a trace
on the boundary; more generally, on any interface u takes the same value
on both sides of the interface. The polarization field D satisfies div(D) = p,
so that D € H(div;2) if o € L?(£2), and the normal component of D is
continuous at any interface (if it does not support a nonzero charge). For the
electric field F, it is the tangential component of E which is continuous, and
its value is the tangential derivative of the trace of u; one can actually define
the space H(curl; §2) by

0E; OE,
afﬂj 8131

H(curl; 2) = {E € (LQ(Q))N | € L*(0) foralli,j=1,.. .,N} ,
(20.10)

and prove an analogous theorem, that the tangential trace is defined.
[Taught on Wednesday March 1, 2000.]



21

Background on Interpolation; the Complex
Method

Although the term interpolation space only appeared much later, the subject
has its origin in questions studied by M. RIESZ, and then by THORIN', and
also by MARCINKIEWICZ; they might have been motivated by studying the
properties of the Hilbert transform.

A holomorphic function in an open set of the complex plane is a complex-
valued function which has a derivative in the complex sense, i.e.,

f(2) — £(z0)

4 7 21.1
o — f(20) as z — 2o (21.1)

and the Cauchy—-Riemann equation is satisfied, i.e.,

fx+iy) = P(z,y) + i Q(x,y) implies
P _ 9Q

9 = By (21.2)
oP _ _0Q
oy Oz’

so that both P and @ are harmonic, i.e., satisfy

AP=AQ =0, (21.3)
where the Laplacian is?
0? 0?
A= — + —. 21.4
0x? + 0y? (21.4)

If one works in the upper half plane y > 0, and one imposes the real part of
f on the boundary, then P is determined (if the given trace is nice enough)
and then the partial derivatives of () are known, so that @ is defined up to

1 G. Olof THORIN, Swedish mathematician. He was a student of Marcel RIESZ in
Lund, Sweden.

2 Geometers have a different notation, and their Laplacian is what analysts write
as —A.
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addition of an arbitrary real constant. In this way one is led to study the
following transform named after HILBERT,
1 1 1 u
Hu=—pv—*u, ie, Hu(xz) = lim — ﬁd
Y e=0m ly—z|>e L — Y

Y, (21.5)

which relates the real part to the imaginary part on the boundary. Using the
Fourier transform one can show that

H is a surjective isometry of L?(R) onto itself, and H*> = —I, (21.6)
and more precisely, one has the following result.
Lemma 21.1. For u € L?(R), one has
F(Hu)(§) = —isign(§)Fu(f) a.e & €R. (21.7)

Proof: One may use Laurent SCHWARTZ’s extension of the Fourier transform
to tempered distributions, because pv% € §'(R), as it is the sum of a distrib-
ution with compact support and a bounded function.

zpv+ =1 implies d% (F(pvl)) = —2im o

ie., F (pv%) (&) = —imsign(§) + C, ae. £ € R, (21.8)

and one deduces C' = 0 from the fact that pv% is real and odd so that its
Fourier transform must be odd (of course Laurent SCHWARTZ had defined in
a natural way what it means to be even or odd for a distribution). Then one
has F(H u)(§) = —isign(&)Fu(f) a.e. £ € R, so that ||H u|la = ||u|l2 and
H? =—1. o

M. RIESZ proved that the Hilbert transform is continuous from LP(R)
into itself for 1 < p < oo, but the result is not true for p = 1 or for p = c0.?
I suppose that it was in relation to the properties of the Hilbert transform
that M. RIESZ proved the following “interpolation” result in 1926, in the case
po < qp; this restriction was removed by THORIN, in 1938; it is often called
the convexity theorem.

Theorem 21.2. If 1 < pg,p1,90,q1 < 00, and a linear map A is continuous
from LPo(£2) into L% (£2") and from LP*(§2) into LY (£2') then for 0 < 0 < 1
it is continuous from LPe((2) into L% (§2"), where
1 1-66 6 1 1-6 6

= + =

— — + —, (21.9)
Do Po P1 Qe q0 q1

3 The Hilbert transform maps the Hardy space H'(R) into L'(R), but that is a
tautology, as it is defined as {u € L'(R) | Hu € L'(R)}. Tt is a deeper result
that the Hilbert transform actually maps H'(R) into itself, a deep result that
BMO(R) is the dual of H'(R), so that the Hilbert transform maps BMO(R)
into itself and therefore maps L*°(R) into BMO(R), and a deep result that
BMO(R) = {u=f+Hg|,f g € L*(R)}.
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and one has
HA||£(LP9(Q);LQB(Q’)) < |‘A||1L?L9po(9);qu(Q/))HAHHL(LM(Q);qu(Q/))- O (21~10)

If the Hilbert transform was mapping L!(R) into itself, then by this inter-
polation result it would map LP(R) into itself for 1 < p < 2, and by transpo-
sition for 2 < p < oo, but it does not map L!(R) into L*(R). However, there
exists a constant C' such that if u € L'(R) one has

meas{z | |Hu(zx)| >t} < for all ¢ > 0, (21.11)

Cllullx
t
and from that result, the continuity in L?(R) and the symmetry of the Hilbert

transform one can deduce that it maps LP(R) into itself for 1 < p < oo.

THORIN’s proof used a property of the modulus of holomorphic functions,
the three lines theorem (a variant of Hadamard’s three circles theorem), stating
that if f(z) is holomorphic in the strip 0 < Rz = = < 1, continuous on the
closed strip 0 < x < 1 and such that |f(iy)| < Mp and |f(1 +iy)| < M; for
all y € R, then one has |f(0+iy)| < M3~?M? for all 6 € (0,1) and all y € R.

After the idea of THORIN was used again by STEIN, a general complex
interpolation method was developed, by Alberto CALDERON, by Jacques-Louis
LI1ONS, and by M. KREIN.

If f € LP(£2), then Hélder’s inequality gives [, |f|dz < || f||,meas(E)"/*’
for all measurable subsets E of {2, and MARCINKIEWICZ introduced a space
sometimes called weak LP (which one should not confuse with LP equipped
with the weak topology), and denoted by L?**° in the scale of Lorentz spaces,
which is the space of (equivalence classes of ) measurable functions g for which
there exists C such that

/ g dz < C'meas(E)Y/? for all measurable subsets E C £2. (21.12)
E

It contains LP(§2) but if 2 € RN and 1 < p < oo it also contains functions
like W In 1939, MARCINKIEWICZ published the following result, as a note

without proof, and proofs were written later by Mischa COTLAR? and by
Antoni ZYGMUND.

Lemma 21.3. If 1 < pg,p1,90,q1 < 00, and a linear map A is continuous
from LPo(£2) into L1°°(2") and from LPL(§2) into L1°(£2') then for 0 <
0 < 1 it is continuous from LP°(§2) into L% (£2') under the condition that
po < qo, where pg and qp are given by (21.9). O

The results of M. RIESZ, THORIN, and MARCINKIEWICZ, were general-
ized as theories of interpolation, and the main contributors were Nachman

4 Mischa COTLAR, Ukrainian-born mathematician, born in 1913. He worked in
Buenos Aires and in La Plata, Argentina, at Rutgers University, Piscataway, NJ,
and in Caracas, Venezuela.
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ARONSZAJN, Alberto CALDERON, Emilio GAGLIARDO, KREIN, Jacques-Louis
LIONS and Jaak PEETRE, but similar techniques have been used by specialists
of harmonic analysis, like STEIN. I suppose that a part of the motivation of
Jacques-Louis LIONS was the question of identifying traces of Sobolev spaces
and their variants, following the characterization of traces of WP(RY) by
Emilio GAGLIARDO.

Definition 21.4. Let Ey and E; be normed spaces, continuously embedded
into a topological vector space £ so that Ey N E1 and Eg + Fy are defined.

An intermediate space between Eg and Ei is any normed space E such
that Eo N Ey C E C Ey + Ey (with continuous embeddings).

An interpolation space between Ey and Fy is any intermediate space E
such that every linear mapping from FEg + E71 into itself which is continuous
from Eqy into itself and from FEy into itself is automatically continuous from
E into itself. It is said to be of exponent 6 (with 0 < 6 < 1), if there exists a
constant C' such that one has

1Allz(z:8) < CANL B 1A% (51, Jor all A € L(Eo; Eo) N L(Ey; Ey). O
(21.13)

One is interested in general methods (or functors) which construct inter-
polation spaces from two arbitrary normed spaces (or Banach spaces, or
Hilbert spaces).

Definition 21.5. For two Banach spaces Egy, E1, the complex method con-
sists in looking at the space of real analytic functions f with values in Eo+FE1,
defined on the open strip 0 < x < 1, continuous on the closed strip 0 < x <1,
and such that

f(iy) is bounded in Ey and f(1+1iy) is bounded in F;

equipped with the norm || f|| = max{sup, ||/ (iy)[lo,sup, [[f (1 +iy)1},
(21.14)
and for 0 < 6 <1, one defines

[Eo, ErJo={a € Eq+E;1 | a=f(0)}, with the norm HaH[E"’El]e:f%g)f:aHf”' O
(21.15)

Of course such a space contains EgNE7, as one can take f to be a constant
function taking its value in Eq N Ej.

Lemma 21.6. The interpolation property holds for the spaces of Definition
21.5.

Proof: If A € L(Eo; Fo) N L(Ey; Fy), then g(x +iy) = A f(x + i y) satisfies a
property similar to f with the spaces Fy and Fi, so that one has

||Aa’||[F0,F1]0 < maX{HAHﬁ(Eo;Fo)a ||A||E(E1;F1)}Ha||[E07E1]9' (2116)
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One may replace max{||Al|z(gq;r0), 14/l e(1ir) } bY NANE Bosy AN (11
by considering instead g(x +iy) = e */T5@H VA f(x + iy), which makes
the quantity max{e=*?||A||z(g,;ro)> € || Al|£(5,:5,) } appear, and then one

. . A A
minimizes in s by taking e® = HAH“&. 0
Az (my )

At least for the case of Jacques-Louis LIONS, one motivation for intro-
ducing interpolation spaces was the question of traces for variants of Sobolev
spaces. For example, if 2 = RY = {z € RY | x5 > 0}, and one wants to
describe the trace on the boundary of a function u € W1P(§2), one notices
that

u € WHP(RY) is equivalent to

e pN—1 du . N_1 (21.17)
uELP(R+,W P(R )) and meL”(Zﬁ,L”(R ))7

and he introduced a more general framework, which Jaak PEETRE also did
independently so that it gave a joint article, where they considered (strongly
measurable) functions defined on (0, 00) with values in Ey+ Ey and such that

d
t*0y € LP (R, ; Ey) and tmdit‘ € L™ (Ry; Ey), (21.18)

and looked for the space spanned by «(0) for a special range of parameters
where u(0) is automatically defined. It seems that this is a four-parameter
family of spaces, but changing ¢ into t° shows that three parameters are
enough; it was Jaak PEETRE who finally proved that the family actually
depends only upon two parameters, and after simplification it led to the
K-method and the J-method that we are going to study.

[Taught on Wednesday March 8, 2000.]
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Real Interpolation; K-Method

Definition 22.1. Let Ey and E; be two normed spaces, continuously embed-
ded into a topological vector space € so that

Ey N Ey is equipped with the norm ||a||g,nE, = max{||al|o,]|lal|1}

Ey + Ey is equipped with the norm ||al|gy+ B, = infa=ag+a; (|aollo + [la1]]1)-
(22.1)

Following Jaak PEETRE, for a € Eyg + Ey and t > 0 one defines

K(t;a) = (llaollo + tllaxll1), (22.2)

inf
a=ap+ai
and for 0 <0 <1 and 1 <p<oo (or for 8 =0,1 with p = 0), one writes

(E()aEl)O,p = {a S EO +E1 | tieK(t’a) c LP(R+’ %)}

, N (22.3)
with the norm ||aH(Eo,E1)g,p =t aK(t;a)”LP(O’oo;dt/t). O

An idea of Emilio GAGLIARDO is to consider a plane with coordinates
o, 1 and to associate to each a € Ey + F1 a set

G(a) = {(zg, 1) | there exists a decomposition a = ag + a3 (22.4)
with [[aollo < zo, [lar|[1 < @1} .

Each Gagliardo set G(a) is convex because if a = by + by with ||bg||o < yo and
[1b1]]1 < y1, then for 0 < n < 1 one has a = co+cq with g = (1—n)ag+n by and
¢1 = (1—n)a; + by and the triangle inequality gives ||collo < (1—n)zo+ 1Yo
and |lc1|]1 < (1 = n)xy + nyi. Using the function ¢ — K(¢;a) is one way of
describing the boundary of this convex set.

For t > 0, a — K(t;a) is a norm equivalent to the norm on Ey + E; given
in (22.1). K(t;a) is nondecreasing in ¢ and M is nonincreasing in ¢, and
moreover K (t; a) is concave in ¢, as an infimum of affine functions, so that it is
continuous. One can give a definition of the space involving a sum instead of an
integral: on an interval e" <t <e""! one has K(e";a) < K(t;a) <eK(e";a)
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for n € Z, and as the measure of (e”,e"t!) for the measure 4 is 1, one

t
sees that

a € (Eo, E1)g, is equivalent to e "9 K (e";a) € IP(Z), and

22.5
lle="?K(e"™;a)|[r(z) is an equivalent norm on (Eq, E1)gp. (22:5)

Lemma 22.2. If0 < § < 1 and 1 < p < g < oo, one has (Ey,E1)g,p C
(Eo, Ev)e,q (with continuous embedding).

Proof: Using the equivalent definition (22.5), one notices that [P is increasing
with p.

Another way to prove the same result is to notice that if 1 < p < oo, and
to > 0 one has K(t;a) > K(tg;a) for t > tg, so that

_ toP
all{ )y, = K(tosa)? [ t707 ¢ = K(to;a)P
implying t; " K (to; a) < Cllal|(my,m1) ,» 1-€-s (22.6)

[t K (t;a)[| Lo (0,00,at/6) < C llall(E0,1)s.,»

and by Holder’s inequality one obtains

all B, )0, =1t K (t;0)|| La(0,00,at/6) < C" |l (0,81, , for pS‘JSCXE- O :
22.7

Because for a € Ey + Ey one has K(t;a) > min{l,t}||a||g,+E,, one
sees that if (Ep, E1)p,p is not reduced to 0 one must have t~% min{1,t} €
Lp (R+; %), so that the space (Ey, E1)gp is reduced to 0 if # < 0 or if § > 1,
and also in the cases § =0 or § =1, if p < co.

Because for a € Ey N Ey one has the decompositions a = a + 0 and
a = 0+a, one finds that K (¢;a) < min{1,t}||a||g,nE, , so that for all the pairs
(8, p) which are considered one has Ey N Ey C (Ey, E1)g,p (with continuous
embedding).

It will be important to characterize as much as possible what these inter-
polation spaces are in each context, but the interpolation property comes
automatically.

Lemma 22.3. If A is linear from Ey+ Ey into Fy+ Fy and maps Ey into Fy
with ||Ax||p, < Mo||z||g, for allx € Ey, and maps Ey into Fy with ||Ax||m <

M||z||g, for all x € Ey, then A is linear continuous from (Ey, E1)ep into
(Fo, F1)gp for all 0,p, and for 0 < § <1 one has

||Aa||(FO7F1)9,p < M01_0M10||a||(E07E1)9,p fOT’ all a € (E()?El)e,p' (228)

Proof: For each decomposition a = ag + a1 with ag € Fy and a; € E;, one
has Aa=Aag+ Aay, and

K(t; Aa) <||Aaol|r, +t|[Aar||r, < Mollaol|s, +t Millai||s, =

(22.9)
Mo (Jlaollz, + a1z, )
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Taking the infimum on all decompositions of a, (22.9) implies

t M

K(t;Aa) < MoK (1; a) . (22.10)
My

Using s = tj\%l one deduces that t K (t; Aa) < M3~ M{s~"K(s;a) and as

% = % one finds that

1A all(zy, 2, < Mg~ MY |50 K (53.0) | o 0,00t /1) = Mo~ MY ||| (.21,
for all a € (Ey, E1)6.,p,
(22.11)
which is (22.8). O
An important example is the case Ey = L'(§2), E; = L>(§2), for which
the corresponding interpolation spaces are the Lorentz spaces:! for 1 < p < oo
and 1 < g < oo one writes

LP(2) = (L*(£2), L>(£2)) (22.12)

1/p'.q’

and one will find that LPP(£2) = LP({2) (with equivalent norms). For a func-
tion f € L1(£2)+ L>°(£2) one can calculate explicitly K (¢; f), and the formula
makes use of the nonincreasing rearrangement of f, a notion introduced by
HARDY and LITTLEWOOD. For a measurable scalar function f on {2 such that

for every A > 0,meas{z € 2| |f(x)| > A} < o0, (22.13)

one can define the nonincreasing rearrangement of f, denoted by f*. It is the
only (real) nonincreasing function defined on (0, meas(£2)) which is equimea-
surable to |f], and it can be defined by

A€ [f*(t+), f*(t—)] if and only if

meas{a € 2| |f(x)] > A} < t < meas{z € Q| |f@)| = A} Y

If necessary, one extends f*(t) to be 0 for t > meas({2). One basic property
is that for any (piecewise) continuous function ¢ defined on [0, c0) one has

meas(§2)
/¢(|f(x)|)da;:/ o(f* (1)) dt. (22.15)
2 0

Lemma 22.4. If Ey = LY(2) and E; = L>(£2) then for any function f €
LY(02) + L*(2) one has
t
K(t; f) = / 7 (s)ds for allt > 0, if one extends f* by 0 for t > meas((2).
0
(22.16)

! LORENTZ had introduced these spaces before the interpolation theories were
developed.
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Proof: If one decomposes f = fo + f1 with fo € L*(£2) and || f1]|p(0) < A
(and A > 0), then the infimum of || fo||1(02) is obtained by taking fi(z) = f(x)
whenever |f(z)| < A, and f1(z) = )\‘fggl whenever |f(z)| > A, and this shows
that

K(t; f)zf\r;g (t)\+/|f(x)|>k(|f< ) —A )dx)zi\rig (tA—i_/f*(s)»(f*(s)_)\)dS) .
(22.17)

The inﬁmum is attained for any A in the interval [f*(t+), f*(t—)] and is
fo s)ds (one extends f by 0 outside 2 and f* by 0 for ¢t > meas(£2)).
Indeed lethe such that A € [f*(7+), f*(7—)], then ff “(s) >/\ f (s) A)ds+

tA= [, f*(s)ds+ A(t—7), and it is enough to check that [, f*(s) ds+ A(t —
T) 20f0ra117'>0, this is a consequence of f*(s) > A for s <tandf (s) <A
for s > t. O
In order to compare two definitions of Lorentz spaces, we shall use the
general form of Hardy’s inequality, which extends (13.3).

Lemma 22.5. Let 1 < ¢ < o0 and a < 1, then

t% € LY(Ry; %) and ¢(t) = 1 fo ©(s) ds imply

tp € LY(Ry; %) and ||t wHLq(Ooodt/t) < 125187l Lo o,005at /1) -
(22.18)

Proof: The case ¢ = oo is obvious, because |p(t)] < Mt~ for all ¢ > 0 implies
|¢()|<Mt for all t > 0.

For 1 < ¢ < oo, one uses the fact that C.(R4) is dense in the space of ¢
such that t%p € Lq (R %), so that one may assume that ¢ € C.(Ry), in
which case ¢ vanishes near 0 and behaves as % for t large. As 1 is of class C!
and

' (t) + ¥ (t) = p(t), (22.19)

one multiplies by t*9|1|?2¢ and integrates agalnst €L one finds
e a1 [~ > dt
| v =2 [T e = —a / ol Y, (22.20)
0 t alJo 0 t
because t“1)(t) tends to 0 at co. This shows that
(-a) [ it = [ et S < el el 222)
0 0

by Holder’s inequality, where || - ||, denotes the norm of L9 (R, ; %). O
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Lemma 22.6. For 1 <p < oo and 1 < g < oo one has

Lra(2) = (LN(2),L%(2)), =
{f € LY(2)+ L=(02) | tV/Pf*(t) € LY(Ry; %)} and (22.22)

|‘t1/pf*||Lq(07w7dt/t) s an equivalent norm,

showing that LPP(£2) = LP(£2) with an equivalent norm. LP>>°(£2) is the weak
LP space of MARCINKIEWICZ, with an equivalent norm.

Proof: The definition of the interpolation bpace Would have t 9K (t; f) €
L9(Ry; %), with § = ,, and as K(¢; f) fo s)ds > t f*(t) because
f* is nonincreasing, it 1mphes tOK(t; f) > t'~ ef ( ) = t/Pf*(t). Con-
versely, if t/Pf* e L4 (RJr7 ;)7 then Hardy’s inequality (13.3) implies
tl/plf f*(s)ds € LI(Ry; %), becauseoz—f < 1, and tl/Plf f*(s)ds =
t=0K(t; f).

The definition of the weak LP space of MARCINKIEWICZ is that there
exists M such that for every measurable subset w of {2 one has [ |f|dz <
M meas(w)/ ?'. The statement is then the consequence of the fact that for
t > 0 one has sup,,cqs(w) J,, |1 dz = fo [*(s) ds, and this is seen by choosmg
A € [f*(t+), f*(t—)] and defining wy = {x | |f( )] > A} and wy = {z |
|f(z)| > A, so that meas(wp) <t < meas(wy) (and |f(z)| =t on wy \wp). Hw
is not a subset of wy, one increases the integral of |f| by replacing the part of
w which is not in wy by a part of the same measure in w;y \ w; if w is a subset
of wy but does not contain wy, one increases the integral of |f| by replacing a
part of w which is not in wg by a corresponding part of the same measure in
wp \ w, so that finally the subsets of measure ¢ for which the integral of |f] is
maximum must contain wy and be contained in w;.

[Taught on Friday March 10, 2000.]
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Interpolation of L? Spaces with Weights

We want to consider now Sobolev spaces H®({2) when s is not an integer,
which were defined for 2 = RY using the Fourier transform at Definition
15.7, and discussed for more general open sets 2 C RY after Lemma 16.3.
They are indeed interpolation spaces with the particular choice p = 2, and
for p # 2 the interpolation spaces belong to the larger family of spaces named
after Oleg BESOV!, the Besov spaces.

For s € R, if

F,={velL? (RV)|(1+4x%|¢]?))*%v € L*(RN)}, (23.1)

loc

then the Fourier transform F is an isometry from H*(RY) onto F, and the
inverse Fourier transform F is an isometry from F, onto H*(R"). The interpo-
lation property implies then that F maps continuously (H (RN, H?(RN )) o
into (Fy, F3)g and F maps (F,, Fj)s,p into (H“(RN),Hﬁ(RN))e’p, so that
(HQ(RN),HB(RN))GP coincides with the tempered distributions whose
Fourier transform beiongs to (Fu, Fp)e,p (and one deduces in the same way
that it is an isometry if one uses the corresponding norms).

Identifying interpolation spaces between Sobolev spaces H*(RY) is then
the same question as interpolating between some L? spaces with weights, and
this new question can be settled easily in a more general setting.

Lemma 23.1. For a (measurable) positive function w on 2, let

Bt ={ul [ juwlute)ds < oo} it full, = [ u<x>|2w<x>dx)1/2.

(23.2)
If wo, w1 are two such functions, then for 0 < 6 <1 one has
(E(wo), E(U/1))9 ,=E(wy) with equivalent norms, where wy =wiwl.
(23.3)

! Oleg Vladimirovich BESOV, Russian mathematician, born in 1933. He works at
the Steklov Institute of Mathematics, Moscow, Russia.
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Proof: One uses a variant of the K functional adapted to L? spaces, namely

. 1/2
Ka(tia) = _inf (llaoll} +#*lar] )", (23.4)
and one checks immediately that Ky(t;a) < K(t;a) < v2Ky(t;a) for all
a € Eg + F, whatever the normed spaces Ey, F1 of the abstract theory are.
For By = E(wg) and Ey = E(wy), for any a € Ey + F1 and ¢ > 0 one can
calculate explicitly K (¢;a):

Ky(t;a)> =  inf </Q(|a0(x)|2w0(x) +t2|a1(x)|2w1(x)) d:c> ,  (23.5)

a=ap+ay

and one is led to choose for ag(x) the value A which minimizes |\|?wq(x) +
t?|a(x)—A|?wq (z), and as X is characterized by A wg(x)—t2(a(z)—\)w;(z) = 0,
one finds

a0(x) = it a(@)

(23.6)
a1(#) = ot 4()
(which are measurable), and this optimal choice gives
t2wo (x)wy ()
2 t2 2 — —0 2 23.

|(10(£C)| ’U.)o(l‘)+ |a1(x)| wl(x) wo(x)+t2w1(x) |a(x)| ) ( 37)

so that 1o

t*wo (z)wi (x) 2 )

Ky(t;a) = — R d . 23.8
attia) = ([ ZIIE o) e (255)

For 0 < 6 < 1 one has

1677 K2t )l 22 0,00.0/1 —/ / _QQMM(M%?,
(23.9)

which one computes by integrating in ¢ first, by Fubini’s theorem, and after

making the change of variable t = s wi’gwg so that dt = ds , one finds

Ly tPwo(z)wy(x) dt _ oo 120
T L GRS 1-0 9/ dt,  (23.10
/0 s T = (@) we) [ g (2310)

which gives

=K (t; = d ith
I h 2( ,Oéi)tugzgo,oo,dt/t) - C ([, la(x (x) :17) wi (23.11)
== 1+¢2 dt = 2sin(n ) O

Using the theory of interpolation, one can improve the Hausdorff-Young
inequality,> which asserts that the Fourier transform maps LP(RY) into

2 YOUNG had proven the result when p’ is an even integer, and HAUSDORFF had
proven the general case.
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LPI(RN ) if 1 < p < 2, and this improvement uses Lorentz spaces. Indeed
Ff&) = [pn f(2)e=2 @) dz gives immediately ||Ff|leo < ||f]]1, where
|| - ||, denotes the LP(RY) norm; on the other hand ||Ff||2 = ||f||2, so that
the interpolation property asserts that

Fourier transform maps (L'(RY), L*(RY)) 5. IO (L=(RN), L*(RM)) o
(23.12)

The important reiteration theorem 26.3 (of Jacques-Louis LIONS and Jaak
PEETRE) will show that these spaces are in the family of Lorentz spaces, and
the result will then be that for l <p<2and1<¢g< o0

Fourier transform maps L”?(R") into L' (RN), for 1<p<2,1<g< 00,
(23.13)

and in particular, because p < p/, it maps L?(R"N) into L ?(RN) ¢ L¥' (RN).

Results concerning convolution can also be improved using the theory of
interpolation and Lorentz spaces, and in particular the Sobolev’s embedding
theorem can be improved, as noticed by Jaak PEETRE. The classical result is
that

for 1 <p < N one has W'?(RN) c LP" (RY), with

. N . 1 1 1 (23.14)
p :ﬁa Le, ov = p — N
and this will be improved into
for 1 < p < N one has W'P(RN) c P P(RN) c LP" (RM). (23.15)
In his original proof, Sergei SOBOLEV used a convolution formula
E
u= ; 86:] * ng for an elementary solution E of A, (23.16)
and
— COn > B ,
{E e for N2 3 es OE e v (RN, (23.17)
E = Cylog(|z|) for N =2 Oz,

Together with the reiteration theorem 26.3 and a duality theorem of Jacques-
Louis LIONS and Jaak PEETRE, which asserts® that LN >°(RN) is the dual
of LN:1(RY), one finds that for 1 < p < N and 1 < ¢ < oo, convolution of
LP9(RN) by LN>(RN) gives a result in L™ 2(RN).

However, this argument does not give Sobolev’s embedding theorem for
p = 1, which was proven by Louis NIRENBERG by a different method (also
introduced by Emilio GAGLIARDO), or the improvement that W1 1(RY) is

3 The result of Jacques-Louis LIONS and Jaak PEETRE is valid for general Banach
spaces, and the particular result for Lorentz spaces may have been known before.
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continuously embedded in L' '(RM), which I proved. The reason is that
convolution of L'(RN) by any Lorentz space L»*(RY) gives a result in
L**(RM) and not better, because one can approach the Dirac mass &y by
a bounded sequence in L'(RYN).

This is something that one should be aware of, that different ways of using
the theory of interpolation may lead to results in different interpolation spaces,
usually differing only in the second parameter.

The usual scaling arguments, for example, are insensitive to the second
parameter for the Lorentz spaces, and cannot be used to check that a given
result is optimal. For example, if u € L'(RY) 4+ L>°(RYN) and for A # 0
let U be defined by U(x) = u(Ax) for x € R™, then any decomposition of
u = ap + a; with ap € L'(RY) and a; € L>®(RY) gives a decomposition
U = Ay + A with A;(x) = a;j(Az) for z € RN and j = 1,2. Then one has
140122 ey = I\ lfaol ey and [|As]|goe () = || o= ). so that

U(z) =u(Az) for z € RY implies K(t;U) = [A\|"VNK (¢ |A|V;u), so

B (23.18)
||U||LP=Q(RN) = [\l N/p||u||LP~<1(RN)v

and the parameter ¢ does not appear in the way the norm changes.
[Taught on Monday March 13, 2000.]
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Real Interpolation; J-Method

Jaak PEETRE developed another interpolation method, the J-method, which
is a dual method compared to the K-method.

The K-method is the natural result of investigations which originated
in questions of traces: if u € LP(Ri;Ep) and v/ € LP(R4;E;) with
1 < po,p1 < oo, then u € C°([0,1]; By + E1), so that u(0) exists and the
question is to characterize the space of such values at 0 (traces). As one can
change u(t) in u(#*) with A > 0 and not change u(0), one then discovers natu-
rally that one can consider spaces of functions such that t*°u € LP°(R,; Ep)
and t**u’ € LP1(Ry; Eq), and for some set of parameters u(0) exists. These
ideas may have started with Emilio GAGLIARDO, and I do not know if he
had first identified the traces of functions from W'?(R™) on an hyperplane
before or after thinking of the general framework, but certainly Jacques-Louis
LIONS and Jaak PEETRE perfected the framework, and the K-method is Jaak
PEETRE’s further simplification, which shows that the family of interpolations
spaces that they had introduced only depends upon two parameters.

If one wants to characterize the duals of the spaces obtained, then one
finds easily that these dual spaces are naturally defined as integrals, and
one considers then questions like that of identifying which are the elements
a € Ey+ E; which can be written as fooo v(t) dt where t%ov € L% (R, ; Ey) and
thy € L4 (R, ; Ey), for the range of parameters where the integral is defined.
Again, looking at v(t*) shows that there are not really four parameters, but
one important observation is that these spaces are (almost) the same as the
ones defined by traces, and I do not know if Emilio GAGLIARDO had investi-
gated such questions before the basic work of Jacques-Louis LIONS and Jaak
PEETRE. The J-method is then the simplification by Jaak PEETRE of the
preceding framework.

Definition 24.1. For v € Eg N E1 and t > 0, one writes

J(t;v) = max{||v]|o, t||v]]1}. O (24.1)
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The case t = 1 corresponds to the usual norm on Ey N Fq, which makes
both injections into Ey or E; continuous and with norms at most 1; J(¢;v)
then gives a family of equivalent norms on Eg N Ej.

Definition 24.2. For 0 <0 <1 and 1 <p < oo, or for 8 =0,1, andp =1,
one defines

(Eo, E1)opig ={a= ["v(t) L € Eg+ E1 | v(t) € EgN Ey a.e. t >0,
and t=9J (t;v(t)) € LP(Ry; %)} with
llallg,pss = infy, [[E70T (& 0)|| Lo (0,005t /1), the infimum being taken on all
v with [[Zv(t) % =a. O
(24.2)

As every a € Eg N E; can be written as a = fooo ¢(t)a % with ¢ having

compact support in R, and satisfying fooo o(t) % = 1, one could consider
other values of 6, p, but the infimum of ||t =% (t;v)|| Lr(0,00:d¢/¢) Would be 0 in
these cases. Indeed one may replace ¢ by ¢(At) and let A tend to oo, and the
infimum tends to 0 if # < 0 or if # = 0 and p > 1; similarly letting A tend to
0 the infimum tends to 0 if # > 1 orif # =1 and p > 1.
As noted by Jaak PEETRE, one can avoid every question of measurability
by using a discrete description, based on defining
Tt
ap = / v(t)— € EgNEy and a = Z . (24.3)
n t
nez
The important property of this family of spaces is the following equivalence
result, which says that apart from the extreme cases # = 0,1, where the two
methods use different values of p anyway, the J-method gives the same spaces
as the K-method.

Lemma 24.3. For 0 < 8 <1 and 1 < p < oo, the J-method gives the same
spaces as the K-method, with equivalent norms.

Proof: Let a € (Ey, E1)gps, so that a = [;° u(s) % with s7%J(s;u(s)) €
Lr (0, 0, d—f) Using the decompositions v = u + 0 = 0 + u, one deduces that

for u € Ey N Ey one has K (t;u) < min{]||ullo, t]|ul|1}, (24.4)

and because a — K(t;a) is a norm, one deduces that

Koy < [T K(ue) < [Cwinflu@ o) T @i

and because for u € Ey N Ey one has ||ullp < J(s;u) and ||ul[1 < 1J(s;u),
one deduces that

min{||u(s)||o, ¢ ||u(s)]]1} < min {1, z} J(s3u(s)), (24.6)
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so that

t7 K (t;a) < /OOO min { (i) -’ , (i) 1_9} s70J(s;u(s)) %. (24.7)

This is a convolution product for the multiplicative group R, with Haar
measure %, of the function t_eJ(t;u(t)) which belongs to LP (R+; %) and
the function min{¢t=% ¢'=%} which belongs to L' (R+; %), so that one has

1t K (8 a)l| L 0,005t/0) < C ||t70T (i u (24.8)

(1))] ‘LP(O,oo;dt/t)’
proving that (Eo, E1)gp.0 C (Eo, E1),p with continuous embedding.

In order to prove the opposite continuous embedding, one must start from
a € (Eo, E1)gp and construct u(t) € Eg N Ey such that a = [~ u(t) % and
tfeJ(t;u(t)) e Lp (R+; %), and for that it is enough to ensure that one can
construct such a u satisfying J(¢;u(t)) < C K(t;a) for all ¢ > 0. This fact is
true in a slightly more general context, one chooses

oL dt =
u(t) = uy, for e” <t < "', so that a = / u(t) ~ means a = Zu”’
0 — 00

(24.9)

and the basic construction is shown in Lemma 24.4. Because a € (Ey, E1)97p C
(Eo, E1)p.00, one has K(t;a) < Ct? and the hypothesis of Lemma 24.4 is
indeed satisfied. O

Lemma 24.4. If a € Ey + F; satisfies

K(t;a) - 0 ast — 0 and

K(t;
(t’ D 0 a5t — oo, (24.10)

then, for a universal constant C,

form € Z there exists u,, € EygN E1 so that if
u is defined by u(t) = u, for e™ <t < el then (24.11)

a= [ u(t)% and J(t;u(t)) < CK(t;a) for all t > 0.

Proof: Let Cy > 1, and for each n € Z let a = ag,, + a1, wWith ag,, € Eop,
a1, € E1 and |lagn|lo + €"]|arnlls < CoK(e™;a). In particular [|agn|lo — 0
as n — —oo and ||aj »|]1 — 0 as n — +oo, and one chooses

Up = 041 — G0,n = G1,n — A1,n+1 € Eo N By, (24.12)

and for i < j one has u; + ... + Uj = Gp,j+1 — Ao = G — Q1541 — G0,is
which converges to a in Fg + E; as ¢ — —oo and j — 4o0. Because
K(t;a) is nondecreasing in t and % is nonincreasing in t, one has
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K(e";a) < K(t;a) < K(e"™5a) and 55 K(e"sa) < K(ta) < L K(e™;a)
for e” <t < e, and
[[unllo <[lao,nt1llo+laonllo < CoK(e"+; a)+CoK ("5 a) <
Co(l+€e)K(t;a)
tlunll <tllar |+t llarn|h <Cogr K (€™ a)+Com K (e a) <
Co(1+e)K(t;a),

(24.13)

so that J(t;u(t)) < Co(1+ e)K(t;a). O
[Taught on Wednesday March 15, 2000.]
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Interpolation Inequalities, the Spaces
(Eo, F1)o,1

Definition 25.1. Let E be a normed space; for 0 < 0 <1, one says that

E is of class K(0) if EoNEy C E C (Eo, E1)g.00:K
FE is of class J(G) if (Eo, El)@,l;] CFECFEy+ Eq (251)
E is of class H(0) if (Eo, E1)0,1.0 C E C (Fo, E1)9,00.k- O

Of course, for 0 < 6 < 1 the indices J and K may be dropped as the
two interpolation methods give the same spaces, but for the extreme values
6 = 0,1 the only interpolation spaces that we use correspond to p = 1 for the
J-method or p = oo for the K-method.

The reiteration theorem 26.3 will state that if Fy is of class H(6p) and
Fy is of class H(#;) with 6y # 61, then for 0 < § < 1 and 1 < p <
one has (Fy, F1)op = (Eo,E1)yp with n = (1 — )8y + n6:1. Therefore, if
Fo = (Eo, E1)0y.p, and F1 = (Ey, E1)e, p,, the interpolation space (Fo, F1)o,p
is the same, whatever the precise values py and p; are, if 0y # 6;. However,
the interpolation spaces do depend upon py and p; in the case 8y = 61, and
in that case they may be new spaces, i.e., not included in the family indexed
by 6, p.

Lemma 25.2. (i) For a normed space E,

E is of class K(0) if and only if Eg N E1 C E and there exists C' such that
K(t;a) < Ct0a||g for allt >0 and alla € E.
(25.2)

(i) For a Banach space E,

E is of class J(0) if and only if E C Ey + E; and there exists C' such that
lla||g < Ct=%J(t;a) for allt >0 and all a € Ey N By
or if and only if
there exists C such that ||a||g < C||a||3~all{ for all a € Ey N E;.
(25.3)
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Proof: (i) It means ||a||(g, 5. < Cllallp for all @ € E. Because
||a||(EO,E1)9m;K = ||t_9K(t;a/)||Loo(0’oo), the condition is K(t;a) < Ct%||a||p
for all t > 0.

(ii) It means ||a||r < Cllall(gy,E,).,, for all a € E, and the necessary

condition follows from the fact that

for a € Eg N Ey one has ||al|(z,,£,)y,., < t5J(to;a) for all tg > 0. (25.4)
Indeed, if ¢ € L' (Ry; %) and [, ¢(t) % = 1, then every a € EyN E; can be
written as a = [;° u(t) % with u(t) = ¢(t)a for ¢ > 0, and one has

dt

e (25.5)

wm%&mdsﬁt*wwum@

then for t5 > 0, one takes a sequence ¢,, converging to d;, (for example @, (t)
nifty <t < ¢, and ¢, (t) = 0 otherwise), and one obtains (25.4) by letting
n — oo. Having shown that ||a||g < Ct=9J(t;a) = C max{||al|o,t||al|:} for
all a € Eg N Ey and all ¢ > 0, one takes the minimum in ¢, which is attained

for t = 120 o that minysot=?J(t;a) = C \|al|57?|al|{ for all a € Ey N By,

= Tlall:>

and the condition ||a||z < Ct=YJ(t;a) for all @ € Ey N E; and all t > 0 is
then equivalent to [la||z < C|la||g™|al|{ for all a € Ey N E;. Conversely,
assume that there exists a constant C such that ||a||p < Ct=%J(t;a) for
all a € EgNEy and all ¢ > 0; for b € (Ey, E1)g,1,7 and a decomposition
b= [, u(t) % with u(t) € Eg N Ey for t > 0 and [;°t7%J(t;u(t)) £ < o,
one has

e dt Rl dt
blle < [ Iulle G < [ crtau)

) (25.6)
the integral converging in F because it is a Banach space; taking the infimum
on all decompositions of b gives [[b||z < C|[bl|(gy,E1), 4., O

Actually, Jacques-Louis LIONS and Jaak PEETRE had observed something
slightly more general, which is very useful, and often used with the reiteration
theorem 26.3.

Lemma 25.3. For a Banach space F, a linear mapping L from Ey N Ey into
F extends into a linear continuous mapping from (Eo, E1)g1,5 into F if and

only if
there exists C such that ||Lal|lr < C|lal|y™|a||{ for all a € ExNEy. (25.7)

Proof: The continuity from (Eo, E1)e,1,s into F'is ||Lal|lr < C|lall(zy,E1), 1.,
for all a € (Ey,E1)p1, or just for all a € Ep N Ey, which is dense in
(Eo, E1)p,1;s; then one uses (25.3) with E = (Ey, E1)g1,7. Conversely, for
b € (Eo,E\)on0, b = [ u(t)% with u(t) € Egn Ey for t > 0 and
Jo ot T (tu(t)) 4 < oo, one has

> dt e dt
izl < [ lLuelle < [ o) . (25.8)
0 0
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the integral converging in F' because it is a Banach space; taking the infimum
on all decompositions of b gives |[Lb||r < C||bl|(z,,5,)0.,.,- O

For example, Sobolev space H'/2(R) is not embedded in L>(R), but for
the slightly smaller interpolation space (Hl(R)7 L? (R))1/271 one has

(H'(R), I*(R)), ,,, C Co(R), (25.9)

1/2,1
the space of continuous functions tending to 0 at oo, because of the fact that
H(R) C Cy(R) with the precise estimate

1/2 1/2
lull ey < ul[}5% g 11|ty for all w € H'(R); (25.10)

then by using the reiteration theorem 26.3, one finds that

for 0 < s < E,HS(R) C LP®)2 | with BN (25.11)
2 p(s) 2
Therefore, one should be aware that some results which are not true for limit-
ing cases, like Sobolev’s embedding theorems, may be obtained by the theory
of interpolation because the limiting case is actually true if one uses a slightly
different space, and the difference does not really matter, because of the reit-
eration theorem 26.3.
Exchanging the two spaces is a special case of the reiteration theorem 26.3,
but it is seen easily directly.

Lemma 25.4. One has (E1,Ep)op = (Eo, E1)1—9p for 0 <0 <1 and 1 <
p < 00; the same result holds for 8 =0 or 1, and p =1 or p = co.

Proof: One uses Fy = F; and Fy = Fjy, and denoting by Kp(t;a) the K
functional using the spaces Fp, Fy, for any decomposition a = ag + a1 with
ag € Eg and a; € Fq, one has

. . 1 1
K (ti0) =l + ¢ laoll) = ¢ int (llaoll + 3 lar ) = ¢ (f5a).
(25.12)

so that the change of variable t = L1 gives |[t7OKp(t;a)||rr(0,00at/t) =
||81_9K(S;a)||Lp(07m;dt/t). For the limiting case § = 0 or 1, and p = 1,
one uses the J-method, and for a € Ey N E; one observes that Jgr(t;a) =
min{||a|| g, t||al|g,} = t min{||al|g,, + ||a]|g, } = tJ(+;a); with the change
of variable t = % and v(s) = u(t), one has Ht*QJF(t;u(t))||Lp(o7oo;dt/t) =
||51_0J(S;U(S))HLP(O’OO;dt/t). O
[Taught on Friday March 17, 2000.]
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The Lions—Peetre Reiteration Theorem

The reiteration theorem 26.3 is proven in two steps.

Lemma 26.1. If Gy C (Ey, E1)gy,00 and G1 C (Ep, E1)s, 0o with 0 < 6y #
01 < 1 (and continuous embeddings), then for 0 < 8 < 1 and 1 < p < oo,
or for § = 0 or 1 with p = oo, one has (Go,G1)op C (Eo, E1)y,p with n =
(1-0)0g+066,.

Proof: One uses the K-method and the continuous embeddings mean that

there exists Cy with K (¢; go) < Cot%||go||c, for all go € G and all t > 0,
there exists C with K (¢;91) < C1t%||g1||g, for all g; € Gy and all ¢ > 0.

(26.1)
For a € Gy + G, let
Ka(t;a) = inf  (llgolla, +tllgrlle,), (26.2)
a=go+g1
then
K(t;a) < K(t;go) + K(t:91) < Cot™||gollc, + C1t" ||g1]lc1 (26.3)
and minimizing among all decompositions of a one deduces that
C
t7K (t;a) < Cot "Kg (Clt"l—‘%;a> : (26.4)
0
Because 01 # 0y, one may use the change of variable
s =170, (26.5)
and as s=¢ = t=0(01=00) — t%o=n gne finds
C
t7"K(t;a) < s Kg (1s;a) , (26.6)
Co
and using 4 = [6; — 6p| %), one deduces that a € (Go,G1)s,, implies a €

(E07E1)771P' o
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Lemma 26.2. If (E(),El)gml C H() and (EO,El)Gl,l C H1 with 0 S 90 7&
01 < 1 (and continuous embeddings), then for 0 < 8 < 1 and 1 < p < oo,
or for 8 = 0 or 1 with p = 1, one has (Eop, Ev)np C (Ho, H1)op with n =
(1-60)0)+60;.

Proof: One uses the J-method and the fact that for ¢ > 0 one has

llulle, < Co ||UH(E0,E1)90,1 <} t=% J(t;u) for all u € Eg N E;

26.7
[|wllr, SCl”“H(Eo,El)el,1 <Ot % J(t;u) for all u € Eg N Ey. ( )

For a € (Ey,E1)yp one has a = [Cu(t)% with u(t) € Ey N E; and
t=1J(t;u(t)) € LP (Ry; %) One chooses

A=0, — 0y #0, (26.8)
and because u(t) € Ey N Ey C Hy N Hy, one can estimate
Ju (15 u(t)) = max{|[u(®)|| a,, t* |[u(t)||, }, and
[|u(®)|]m, < C’ét‘goJ(t;u(t)) and ||[u(t)||m, < C{t‘elJ(t;u(t)), so that
max{|[w(t)|| o, t* [Ju()|| g, } < Ct=%J(t;u(t)), with C = max{C{, C1}.

(26.9)
One has —\0 — 6y = —(01 — 09)0 — 6y = —n), so that
)T (P u(t)) < Ct T (Hult)), (26.10)
and then
v(t*) = u(t) implies a = [ u(t) % =X [T o(t) & (26.11)
and ¢t~ Jy (t;0(t)) € LP (R4 4),

showing that a € (Ho, H1)g,p- O
Then Lemma 26.1 and Lemma 26.2 imply the reiteration theorem of
Jacques-Louis LIONS and Jaak PEETRE.

Theorem 26.3. (reiteration theorem) If 0 < 61 # 6y < 1, (Ep, E1)p,1 C
Fy C (E07E1)90,oo and (EO,El)é)l,l C F1 C (E07E1)91,oo; then fOT 0<bd<1
and 1 < p < co one has (Fo, F1)o,p = (Eo, E1)yp with n = (1 —6)0 + 061,
with equivalent norms.

Proof: Both Lemma 26.1 and Lemma 26.2 apply, showing that (Fo, F1)g,p is
both included in and contains (Eo, E1)y,p- O

As an application, let us consider the limiting case of Sobolev’s embedding
theorem in R?, where H'(R?) is not embedded in L°°(R?) but nevertheless for

0 < s < 1 the space H*(R?) = (Hl(Rz),LQ(RQ))l_S , is actually embedded
into (L>(R?),L*(R?)),_, ,, which is L**)2(R?) with 15 = 15 by the
reiteration theorem 26.3. The result follows from the fact that

X = (H*(R?),L*(R?)) C FLY(R?*) c Co(R?) C L™(R?).  (26.12)

1/2,1



26 The Lions—Peetre Reiteration Theorem 129

Asboth X and H'(R?) are of class H(1/2) for Ey = H?(R?) and E; = L?(R?),
the reiteration theorem 26.3 implies

H*(R?) = (Hl(Rz),Lz(Rz))l_s2 = (X L?( Rz))l_s 5 C 96,13
(LR, LA (), = L2021, 2019

In proving (26.12), one notices that
for s > g one has H*(RY) ¢ FL'(RY) c Co(RY), (26.14)

because u € H*(RYN) implies (1 + |¢{|)*Fu € L*(RY) and as (1 + [¢])~
L%*(RY), one deduces that Fu € L'(RY). Because H%(R?) C L*°(R?), one
deduces that || Ful|p1(r2y < C ||D?ul|p2(r2) + C ||ul|L2(r2) for all u € H?*(R?),
and by rescaling, i.e., applying the inequality to uy defined by uy(z) = v(Az)
for all x € RN, one deduces that

c
Wl\ullmmz) for all A >0,  (26.15)

because ||Fux||r1(r2) = [[Fulr1(gey for all A > 0 (so that ||Ful|p:(ge) scales
1/2 1/2
L/2 R2) HU||L/2(R2)§

| Fullpr g2y < CIAD?ull L2 (r2) +

as ||ul| Lo (r2)); taking the best A gives ||u||£11(r2) <C” || D?ul|
this implies

||| 71 (R2) < C Hquf R2) Hu||1L/22R2) which is equivalent to

(26.16)
(HQ(RQ),LQ(RQ))l/z)l c FLY(R?)
by Lemma 25.2; of course, the same scaling argument works directly with
L*°(R?) in place of FL'(R?).

[Taught on Monday March 20, 2000.]
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Maximal Functions

Before a general theory of interpolation had been developed, for which the
interpolation property is proven for linear continuous mappings, some non-
linear interpolation method had already been used, for example for proving
that the maximal function maps LP(RY) into itself for 1 < p < co. Probably
because this classical proof is well known to specialists of harmonic analysis,
who are experts in the theory of singular integrals, they rarely mention the
theory of interpolation when they use this type of argument.

Definition 27.1. For f € L}, (RY), the maximal function M f is defined by
fB( ) |f(y)| dy
M f(z) =sup —22 — "=~

() =% = B

where B(xz,r) is the ball centered at x and with radius r > 0, and |B(x,r)| is
its volume. O

(27.1)

The concept was introduced by HARDY and LITTLEWOOD, who proved
the following result in dimension 1, the general case being due to WIENER.

Lemma 27.2. If 1 < p < oo, then f € LP(RYN) implies M f € LP(RY), with

1M fll, < CO)IIfllp for all f € LP(RY), and C(p) — oo as p — 1'(D )
27.2

This will be proven below, but the fact that the result is not true for p = 1
and that C'(p) must tend to co as p tends to 1 is seen easily by considering for f
the characteristic function of the unit ball, for which one has M f(z) > W
(with » = |z|, as usual), because for s = 1 4+ r one has fB(I 9 lf(y)|dy =
|B(0,1)|, as B(x,s) contains B(0,1), and |B(z,s)| = sV |B(0,1)|. Therefore
M f does not belong to L*(RY), and as ||M f||, — oo as p — 1, one must
have C(p) — oco. The same argument shows that

if fe LY(RY) and f # 0, then M f ¢ L*(RY), (27.3)
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as it is bounded below by T% for r large, and in this case one has a result
involving the weak L' space, which has a definition analogous to that of
the Marcinkiewicz spaces for p > 1, which coincides with the Lorentz spaces
LP> for p > 1; however, the weak L' space is not included in the family of
interpolation spaces between L!'(R™) and L>®(RY), as it is not a subset of
LY(RN) 4+ L>°(RY) (but it may have been included in the original definition
of Lorentz spaces). The proof of the result for p = 1 uses the classical covering
lemma 27.3, which was probably known to either VITALI' or BESICOVITCH,?

who have proven more refined covering results.

Lemma 27.3. Let A be a measurable subset of RN, covered by a family of
(closed) balls B; = B(Cy,1;),i € I, whose radii satisfy 0 < r; < Ry < oo for
all i € I. Then for each € > 0 there exists a subfamily J C I such that the
balls B, are disjoint for j € J, and |A] < (3 + &) > et 1Bl

Proof: For 0 < a < 1 one chooses a ball B;, with radius rj, > (1—«)sup;e; 73,
and one discards all the balls which intersect B;,, and one repeats the process
as long as there are any balls left. In that way, one has selected a finite or infi-
nite subfamily J such that the balls B; are disjoint for j € J by construction.
If 3°,c 7 |Bjl = +oc the result is proven. If } . ;[B;| < oo and if the family
is infinite one has |B;, | — 0, so that r;, — 0 as n — oo, and therefore all
the balls have been discarded at some time; indeed, if one has (1 —a)r; > rj,
then the ball B; must have been discarded before step n, or the ball B;, could
not have been selected at step n; if the family is finite then all the balls have
been either selected or discarded after a finite number of steps. Any ball B;
has been discarded because it intersects a selected ball B;, , so that one has
rj. > (1 — a)r;, which implies that B; C B(C},, ,kr;,) with k > 1+ 2;
therefore, A C ;¢ ; B(Cj, kr;), so that [A] < kN Y., [B;| and taking o
small one can choose k < 3 + ¢. O

Lemma 27.4. For f € L'(RY) one has

311

meas{z € RN | |M f(z)| >t} < "

for every t > 0. (27.4)
Proof: Let
Qs ={z € RN | M f(z)| > s}, (27.5)

! Giuseppe VITALI, Italian mathematician, 1875-1932. After teaching in high
school in Genova (Genoa), he worked in Modena, in Padova (Padua), and in
Bologna, Italy. The department of pure and applied mathematics of Universita
degli Studi di Modena e Reggio Emilia is named after him.

2 Abram Samoilovitch BESICOVITCH, Russian-born mathematician, 1891-1970.
He worked in Petrograd, Russia, in Liverpool and in Cambridge, England, where
he held the Rouse Ball professorship (1950-1958).
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so that for every = € (2, there exists r(z) > 0 with

| B, r(x))]

(27.6)

One uses the lemma for the covering of {25 by all the balls B(z,r(w)) with
x € (25, and the radii r(z) are bounded because

s|B(0,1)|r(x)™ = s|B(z,r(2))| < / lF)ldy <|Ifll. (27.7)

B(z,r(z))

One finds a disjoint family of balls with centers x € X C 2, such that

Lo iy, [F@)dy
(2 < B+e)Y Xoex|Ba,r(@)] < B+e)7 X,ex HHt—— <

N
G| £1l1,

S

(27.8)

and by letting ¢ tend to 0 gives |£2;] < %Hf”l and choosing s = t — n for
7 > 0 and letting 7 tend to 0 gives the desired bound. O

Definition 27.5. ||f||.1 denotes

C
the smallest constant C >0 such that meas{x | |f(z)| >t} < N for all t>0,
(27.9)

which is not a norm. O

Because for f € L'(£2) one has t meas{z | |f(z)| >t} < ||f||1, one deduces
that ||f|[1 < ||f|]«1 for all f € L'(£2). Despite the notation, || - |41 is not a
norm; one sees easily that

A Fll«1 = [A||f]]«1 for all scalars A, (27.10)

but the triangle inequality does not always hold. For example, if for 2 = (0,1)

one takes f(t) = 1 and g(t) = 145, and h = f +g, so that || f|[.1 = ||g[«1 = 1,

one has h(t) = ﬁ and by symmetry its nonincreasing rearrangement is

h*(t) = h(%) for 0 < ¢ < 1, and the supremum of th(L) = 5% is ||h|[.1 = 4.
Actually, one always has

VIl + F2lla < VI filla + VI fella for all fi, fo, (27.11)

because for 0 < s < t < oo one has

{z | fi(@) + fo(x)| 2t} C{z | [fi()| = st U{z | [f2(2)] = t — s}, (27.12)
so that

meas({x | [f(2) + fo(o)] = 1)) < 01y [zl (27.13)
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the minimum in s of the right side is attained with s = vy /|| f1||+«1 and t —s =
vV el so that ¢ = y(V/[[fillax + VI f2lls1), e, v = \/Hfl\\ui\/llfall*l’
and putting in (27.13) one obtains

meas({z | |fi(z) + f2(z)| > t}) < Hle*li (I fallx _
WSl /11 fl1)?
7 )

(27.14)

Definition 27.6. If f is a measurable function on {2 for which there exists C
such that meas{z € 2 | |f(z)| > s} < < for s > sy (and so > 0), then one
defines

K(t:f) = int (lglla+tlhlle) fort>0.0 (27.15)

Because ||g||«1 < ||g||1 for every g € L'(£2), one deduces that
K. (t; f) < K(t; f) for f € L*(2) + L>=(12). (27.16)

Lemma 27.7. If there exists C' such that meas{x € 2| |f(z)| > s} < % for
s> sg, then one has t f*(t) < K.(t;a) for all t > 0.

Proof: Because |fi| < |fo| a.e. in 2 implies ||f1]l«1 < ||f2||+1, one deduces
that among all the decompositions f = g + h with ||h||cc < A, the one for
which ||g||«1 is lowest corresponds to |g| = (|f] — A)+ (and |h| = min{|f], A}).
For € > 0 there exists A > 0 such that |[(]f| = A)+|[«1 +t A < (1 + &)K. (t; f);
if g = (|f] = A4+, then as the nonincreasing rearrangement of g is (f* — \)4,
one has t (f*(t) — Ay < ||glls1 < L+ &)K. (t; f) —t A If XA < f*(¢) it means
t(f ) = A) <|lglls1 < (A +e)Ki(t; f) — t A, while if A > f*(¢) it means 0 <
[lg]ls1 < (14¢€) K. (t; f)—t A, and in both cases one has ¢t f*(¢) < (1+¢) K. (¢; f),
and letting € tend to 0 gives the desired bound. O

For f € LY(£2) + L*(£2) one then has t f*(t) < K.(t; f) < K(t; f) for all
t>0.

Lemma 27.8. Let 0 < 0 < 1 and 1 < q < oo. If there exists C such that
meas{x € 2 | |f(z)] > s} < % for s > so and t 70K, (t; f) € Lq(R+;%)
then f € L*(2) + L°°(02) and t °K(t; f) € LY(Ry; %), i.e., f € LPU(82) for
p= ﬁ: and ||t76K(t;f)||L‘1(07oo;dt/t) < é‘|t76K*(ta f)HL’I(O,oo;dt/t)'

Proof: As K. (t; f) is nondecreasing in t, t 9K, (t; f) € L? (R+; #) implies
tOK.(t; f) € L®(Ry; &), ie., Ki(t; f) < Ct¥ for t > 0, so that f*(t) <
Ct9=1 for t > 0, and therefore f € L'(£2) + L>=(£2). One has t'=0f*(t) €
Lq(RJr;%), and by Hardy’s inequality (13.3) one deduces t~?K(t;f) €
L9 (R+; %) with the precise estimate shown. ]

One can now finish the proof of the Hardy-Littlewood/Wiener theorem
that the maximal function maps LP(RY) into itself for 1 < p < oo, and obtain
the same result for Lorentz spaces.
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Lemma 27.9. For 1 < p < oo and 1 < ¢ < oo, f € LPYI(RYN) implies

N/p
M f e LP%(RN) and ||M f||po.0(ryy < ?;,_1 I[fllLpa(rny-

Proof: For g,h € LY(RN) + L>(R") one has

T 19@W) + W)l dy < [, 5 19 dy + [, . M)l dy <

27.17
|B(z,7)|(M g(z) + M h(z)) a.e. z € RN for all 7 > 0, ( )

so that the maximal function is subadditive, i.e.,
M(g+h)< Mg+ Mh ae. in RV, (27.18)

For each decomposition f = g + h with g € L*(RY) and h € L>*(R"), one
then has M f < Mg+ Mh, i.e, M f = go+ hg with 0 < g9 < Mg and
0 < hy < M h, so that

t(M f)*(t) < K. (t; M f) <|lgolls1 + t[holloo < [[M g[lsr +[[M h[oc <

3 gl + t11hlloo,
(27.19)
so that

t(M f)*(t) < 3Y (dnf (I|g||1 + 3% |h|oo> =3"K (?jv;f) . (27.20)

It f e LP9(RN) then t=K(t; f) € LY(Ry; ) with 6 = 2, and one deduces
that

[t O (M f)*[|2a(0,005at/t) < N0 K (¢ I La(0,00:dt/t)5 (27.21)
and then Hardy’s inequality (Lemma 22.5) implies
N(1-6)
0
[Taught on Wednesday March 22, 2000.]

_ 3 _
[tOK (t; M f)]|2a(0,005at/2) < K (t; )l Le0,00at/0)- O (27.22)
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Bilinear and Nonlinear Interpolation

Another family of nonlinear interpolation results is based on the method of
traces of Jacques-Louis LIONS and Jaak PEETRE. One considers the space
of (weakly) differentiable functions from (0,00) to Eg + F; such that t*0u €
LPo(Ry; Fy) and t**u/ € LP* (R, ; E1) and for suitable values of «g,po, a1, p1
(namely ag + p% > 0 and ag + p% < 1) these functions are automatically
continuous on [0,1] with values in Ey + E; and the space spanned by u(0)
is an interpolation space. Using the change of function v(s) = u(s”) with
~ > 0 amounts to replacing «g,a;1 by (o, 51 defined by By = yag + 77_01

and 1 = yar — 24, or fo + 5o = y(ao + 5) and By + oo = (e +
;n%) + 1 —~, so that the family of interpolation spaces depends upon at most

three parameters. However, Jaak PEETRE proved that the corresponding space
is equal to (Eo, E1)e,p, and one can choose 7 such that (y + i = 6 and

61+ p— =6, and p is defined by 1 5= 1p 040 p . This will be shown later, but
assuming that the characterization has been obtained, one can deduce a few
properties.

The interpolation property for a linear operator A € L(Ey; Fo) NL(Ey; F1)
follows immediately, because v(t) = Au(t) gives t*v € LP(R,; Fy) and
t*10’ € LP1(Ry; FY). Actually, as was noticed by Jacques-Louis LIONS, one
can deduce a nonlinear interpolation theorem.

Lemma 28.1. If Ey C Ey, Fy C Fy, and A is a possibly nonlinear operator
from Eq into Fy which satisfies

1Aw) ~ AWl < Millu —vlls for all u,v € E;

28.1
A maps Ey into Fy with ||A(u)|lo < Mollu|lo for all u € Ey, (28.1)
then for0 <6 <1 and 1 <p < oo,
A maps (Ey, B into (Fy, F: , and
14 ( 0 1)917 ( 0 1)917 (282)

HA(U')H(FU,Fl)e p — CHuH(Eo E1)o,p fOT allu € (E07E1) 0,p-



138 28 Bilinear and Nonlinear Interpolation

Proof: Defining v(t) = A(u(t)), one has [[v(t + h) — v(t)||r, = [|A(u(t +
h)) — A(u(®))||r, < Mil|u(t + h) — u(t)||g,, and dividing by |h| and letting
h tend to 0 one deduces that |[v'(¢)||r, < Mi||u/(t)||g, for a.e. t € (0,00).
Therefore, as for the linear case, one deduces that t*v € LP°(R; Fy) and
t*rv’ € LP(Ry; Fy). O

In 1970, Jacques-Louis LIONS had asked me to consider the case where A
is only Holder continuous, where his idea does not work, and I noticed that his
result can be proven directly by the K-method in a way which can be extended
to the case of Holder continuous mappings as will be shown later, and this was
also noticed by Jaak PEETRE. One just notices that for every decomposition
a = ap+ay one has A(a) = bg+by with by = A(ag) and by = A(a)— A(ap) and
[[bollo < Mollaollo and [[b1[x = [[A(a) — A(ao)|lx < Milla —aollx = Millas]ls,
so that K (t; A(a)) < M()K(tl\l/\l/{)1 ;a).

There were other interpolation theorems, for example by Jaak PEETRE or
by Felix BROWDER! but under the assumption that the mapping is Lipschitz
continuous from FEy to Fy and from FE; to Fj. An application considered
by Jacques Louis LIONS was to interpolate the regularity of the solution of
some variational inequalities, as he had done for linear (elliptic or parabolic)
equations with Enrico MAGENES, but in his example the mapping considered
is not Lipschitz continuous from Ej to Fy, and I suppose that it was the reason
for his particular hypothesis.

The same idea of Jacques-Louis LIONS applies to a bilinear setting (and T
have generalized it to a nonlinear setting).

Lemma 28.2. Let B be bilinear from (Ey + E1) x (Fo + Fy) into Go + Gy,
satisfying
B maps EO X FO into Go, and ||B(€0,f0)”@0 < M0||€0||E0Hf0HFO
for all ey € Ey, fo € Fy,
B maps Eo x Fy into G1, and ||B(eo, f1)llc, < Milleo||r, || f1lF,

for all eq € Ey, f1 € F1, (28.3)
B maps Ey x Fy into Gy, and ||B(ex, fo)lla, < Milleil|s, [ follr
for all e; € Ey, fo € Fy.
Then
forO<O,n<lwith0+n<1landl <p,qr < oo with % :I%-&-%,
B maps (Eo, E1)e,p % (Fo, F1)n,q into (Go, G1)g4n,r and (28.4)

[1B(e, llGo,c1)osnr < Cllellmo,Bryop 1 F Ry, 0
for all e € (Ey, E1)op, [ € (Fo, F1)y,q-

! Felix Earl BROWDER, American mathematician, born in 1928. He worked at Yale
University, at The University of Chicago, Chicago, IL, and at Rutgers University,
Piscataway, NJ.
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Proof: Any e € (Eg, E1)g, can be written as e = u(0) with ¢°|ju(t)||s, €
LP(Ry; %) and ¢9(|u/(t)||p, € LP(Ry; %), and any f € (Fp,Fi)yq can
be written as f = v(0) with ¢"||v(¢ )||F0 E L(Ry; dt) and "' ()| €
L9(R4; ). One defines w(t) = B(u(t),v(t)), and B(e, f) = w(0); because
057w (t )||GO € L"(Ry; dt) and w'(t ) = B(u( ), V(¢ )) (u’(t) v(t)), one
has t/17||w'(t)||c, € L™ (Ry; %), so that Ble, f) € (Go, G1)g4n,r With corre-
sponding bounds. O

The same result was essentially obtained by O’NEIL, who derived precise
bounds for the convolution product analogous to those for the product.?

The product corresponds to the choice Ey = Fy = Gy = L*°({2) and
Ey = F = Gy = LY(2) (with My = M; = 1), and in this case the result
states that if 1 < p,q,r < oo with % = %—i—% and 1 < a,b,¢c < oo and
1 =142 then the product is continuous from LP*(£2) x L%*(£2) into L™(2)
(the limiting cases will be discussed when studying the duals of interpolation
spaces); as a particular case, the product is continuous from LP(£2) x L9(£2)
into L"(£2), a simple consequence of Holder’s inequality.

The convolution product corresponds to the choice £y = Fy = Gy =
Ll(RN) and E1 = Fl = G1 = LOO(RN) (Wlth MO = M1 = 1), and in
this case the result states that if 1 < p,q,s < oo with % = % + % — 1 and
1 <abc<ooand := % + 1, then the convolution product is continuous
from LP¢(RN) x L¥*(RN) into L™¢(RY). As a particular case, the convolution
product is continuous from LP(RN) x LY(RY) into L*(RY), an improvement
from Young’s inequality (2.3); one cannot take ¢ = p and b = ¢, which would
give % < ¢ < 1, but one may choose a > p and b > ¢ such that ¢ = 1
(Jaak PEETRE has actually defined interpolation spaces with 0 < § < 1 and
0 < p < o0, but for 0 < p < 1 they are only quasi-normed spaces).

There is another bilinear interpolation result, due to Jacques-Louis LIONS
and Jaak PEETRE, with quite different assumptions.

Lemma 28.3. Let B be bilinear from (Eg + E1) X (Fo + F1) into Go + G,
satisfying
B maps Eq x Fy into Go, and ||B(eo, fo)lla, < Molleol|s,llfollr7,
for all ey € Ey, fo € Fy,

B maps E; X Fy into Gy, and ||B(e1, f1)lla, < Milleil|g, || f1llF, (28.5)
for all ey € Ey, f € Fy.
Then
for0<O<1landl<p,qr<oo with%:}%—k%—l,
B maps (Eo, Ex)o,p X (Fo, F1)a,q into (Go, G1)e,r, and (28.6)

1B(e, Nl(co.c1)0.r < Cllellzo. 2110, 11l (Fo. P10
for alle € (Eo, E1)gp, f € (Fo,F1)o,q. O

2 HARDY and LITTLEWOOD have shown that fof(f g) ds < fot f*g" ds for all
t> 0.
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It should be noticed that there are situations where both theorems can
be used but give different results, in the second parameter (the first one is
usually the same, compatible with scaling properties). For example, applying
this last bilinear theorem to the product with Ey = Fy = Gg = L*°(£2), and
Ey = F; = L*(22) and G; = L'(£2), one only obtains that the product maps
LPo(£2) x LP?(§2) into LP/?¢(2) with 2 < p < oo and 1 < a,b,¢ < oo and
1 =14 11 while the first bilinear theorem gives the result in LP/%1(12)
(but it has used more general information, that the product of a function in
L'(2) and a function in L>(§2) is defined).

A similar situation arises for the so-called Riesz—Thorin theorem, which
states that if a linear mapping is continuous from LP°({2) into L% (") and
from LP1({2) into L9 ((2’), then for 0 < 6 < 1 it is continuous from LP? ({2) into
L% ("), where % = % + % and qie = % + (%. M. RIESZ had only proven
this result under the additional assumption that py < gy, and this condition
was removed by THORIN. The K-method follows the approach of M. RIESZ
and implies that the mapping is continuous from LPP(§2) into L¢P (()") for
any p € [1, 00], but if one chooses p = py, the space L%P¢ (") is only included
in L% (') if pg < gy. The complex method is the generalization of THORIN’s
idea, and an example of STEIN; although it is more precise in this example,
for other questions, it has a defect of having only one parameter.

[Taught on Friday March 24, 2000.]
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Obtaining L? by Interpolation, with the Exact
Norm

Talking about variants of interpolation methods, it is useful to obtain LP((2)
as an interpolation space between L!(£2) and L>°(£2), but with the exact L?
norm. I describe below the way I solved this question in 1970, in order to
answer a question of Haim BREZIS.

Definition 29.1. For a € Ey + E1, one defines

L*(s;a) = inf{||aollo | a = ap + a1 with ap € Ey,a1 € Ey and ||a1]]y < s}. O
(20.1)

In relation to the associated Gagliardo (convex) set G(a) introduced in
(22.4), i.e., the set of (zg,x1) € [0,00) X [0,00) such that there exists a de-
composition a = ag + a1 with ag € Fy,a1 € E; and ||agl|o < zo,]]a1|]1 < 1,
the boundary of this set has the equation xg = L*(z1; a).

Lemma 29.2. For Ey = L'(2) and E; = L*(£2), and 1 < p < oo one has

/°° p(p —1)sP"2L*(s;a) ds = / la(x)[P dx for all a € L'(2) + L>°(92).
0 Q
(29.2)

Proof: The optimal decomposition consists in taking a; (x) = a(x) if |a(z)]| < s

and a1(z) = ‘Saa(ggl if |a(z)| > s, so that

L*(s;0) = / (Ja(z)] - 5) da. (29.3)
la(z)[>s
Then, using Fubini’s theorem, one has

IS p(p—1)sP~ 2L*(s a)ds = [;° p(p—1)sP~2 (fa(£)|>s(|a(x)| —8) dac) ds =
fQ( @1 — 1)7~2(Ja(z )|—s) ds) dx = [, |a(z)|? dz. O
(20.4)
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The extension to @ convex of class C? on R with #(0) = &'(0) = 0 is
straightforward and was suggested by Haim BREZIS when I showed him my
construction:

/ & (s)L*(s;a)ds = / &(|a(x)]) dx for all a € L*(2) + L*°(82), (29.5)
0 0
and one uses Taylor’s expansion formula with remainder,
h
@(h) = &(0) + &' (0)h + / (h—s)®"(s)ds. (29.6)
0

If & is convex with ¢(0) = ¢'(0) = 0 then " is a nonnegative measure and
one must use a Stieltjes integral.

Therefore, the same approach can deal with Orlicz spaces.?

Lemma 29.3. If A is a linear mapping from L(£2) + L°°(82) into L*(£2') +
L (£2') which is continuous from L*(§2) into L*(§2") with norm M, and which
is continuous from L (§2) into L>°(§2") with norm My, then for 1 <p < oo
it is continuous from LP(§2) into LP(£2") with norm < Mll/pM;o/p .

Proof: For every decomposition a = ag + a; with ||a1]]1 < s one has a decom-
position Aa = Aag + Aa; with ||Aal||; < Mys and as ||Aallo < Mil|aollo
one deduces that

L*(Muxs; Aa) < MiL*(s;a), (29.7)

so that

Jor lAa(@)|P dz = [ p(p —1)sP~2L*(s; Aa) ds =
Mpt fooo p(p — 1)oP2L*(Myo; Aa) do <
MMESY [ p(p — 1)oP~2L*(05a) do = MyMES! [, |a(2)|P da. O
(29.8)

In order to describe some technical improvements concerning embedding
theorems of spaces of Sobolev type into Lorentz spaces, it is useful to derive
equivalent ways to check that a function belongs to a Lorentz space LP9({2),
with 1 < p < oo and 1 < ¢ < co. The definition used is that f € LP9({2) means
that til/”/K(t; f) € L4 (R+; %), and as K (t; f) can be expressed in terms
of the nonincreasing rearrangement f* of f (defined on (0, meas(ﬁ)) and
extended by 0 in order to have it defined on (0,00)) by K (¢; f) = f; f*(s)ds,
f e LP9(R) is equivalent to ¢~ /¥’ (fot f*(s)ds) € L(Ry; %), but because
tf*t) < fot f*(s)ds, f € LP9(£2) implies t'/?f*(t) € LI(Ry; %), or

! Thomas Jan STIELTJES, Dutch-born mathematician, 1856-1894. He worked in
Leiden, The Netherlands, and in Toulouse, France.

2 Wiadystaw Roman ORLICZ, Polish mathematician, 1903-1990. He worked in
Lwéw (then in Poland, now Lvov, Ukraine) and in Poznan, Poland.
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t(1/P)=(1/a) f(#) € LI(0,00), which was the definition used by LORENTZ. It
is indeed equivalent if 1 < p < oo by Hardy’s inequality (13.3), but this
definition can also be used for p = 1.

Lemma 29.4. Assume that

for every A > 0 one has meas{z | |f(z)| > A} < oo, (29.9)
and forn € Z,
one chooses a, € [f*(e"+), f*(e"—)], so that (20.10)
meas{z | |f(z)] > an} < €™ <meas{x | |f(z)| > an}.
Then one has
f e LPY(R) if and only if e"/Pa, € 19(Z). (29.11)
If moreover a, — 0 as n — 400, then
f € LPU(0) if and only if €/P(a, — any1) € 19(Z). (29.12)

Proof: For e™ < t < ™" one has f*(e"t!1—) < f*(t) < f*(e"+), so that
an+1 < f*(t) < ayp; this implies

allePanlliz) < 177 O)ll ooty < BllePanlliogzy,  (29.13)

for two positive constants «, 3, which is (29.11). Of course (29.11) implies
(29.12), and to prove the converse, one writes b, = a,, — apn41, S0 that a, =
by +bpi1+..., and e"a, = e"b, +e " te" b, 1 +..., so that e"a, is obtained
from e™b,, by a convolution with ¢, defined by ¢, = 0 for n > 0 and ¢, =
e for n < 0, and then an application of Young’s inequality (2.3) gives the
result. ]

[Taught on Monday April 3, 2000.]
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My Approach to Sobolev’s Embedding
Theorem

One can obtain a nonoptimal embedding theorem W'P(RN) c LY(RY) by
decomposing u € W1P(RN) as

u=(u—uxg:)+uxoe, (30.1)
where o, is a special smoothing sequence, using the estimates
[|Thu — ullp, < |hl||lgrad(u)||, for all h,

u—ux*p. = [(u—Tyu)o:(y)dy, so that (30.2)
[lu—uxeellp < [ lylles(y) dy llgrad(w)|l, = Ce|lgrad(u)]|,,

and ,
[[ux 0cl|oo < [[ullplloellp < CHUHP‘E_N/p . (30.3)

This means that using Ey = LP(RY) and E; = L=(RY), one has
K(t;u) <Ce+Cte NP forall e > 0, (30.4)
and taking the best ¢ gives
K(t;u) < Ct?/WN+) e WHP(RN) € (Eo, E1)g.oo = L9®°(RY), (30.5)

with 6 = ﬁ/p, > 0, so that ggp > p and choosing any ¢ € (p, gg) one has shown
that

one has ¢ > p and ||ul|, < A||u||, + B||grad(u)||, for all u € WP(R").
(30.6)

Notice that (30.5) and (30.6) are not as precise as Sobolev’s embedding the-
orem, so the precise value of ¢ obtained is not important (as long as ¢ > p),
but I have observed that from a nonoptimal embedding theorem like (30.6),
one can derive the best-known embeddings after using two different scaling
arguments.



146 30 My Approach to Sobolev’s Embedding Theorem

The first step is the usual scaling argument; one should not add ||u||, and
|lgrad(u)||, which are not measured in the same unit, and one applies the
inequality to uy defined by ux(z) = u(%), and (30.6) becomes

NP/l fully < ANl + BIAY/D - lgrad(u),

30.7
for all w € WHP(RYN) and all A > 0. (30.7)

Notice that in the case 1 < p < N one must have ¢ < p* = NN—_pp, or a

contradiction would be obtained by letting A tend to 0. One chooses the best
A in (30.7), and one finds that there exists n € (0, 1] such that

[lulls < C ||u|\]1f’7||g7’ad(u)\|g for all u € WHP(RN). (30.8)

This inequality is now scale invariant, and that requires that 7 satisfies

1 1-9 (1 1) 1
,:7_’_77 P - -
q P p N P

My second step is a different scaling argument, which consists in applying
the inequality to functions ¢ (u). When I looked for a good choice of v, T was
led to consider a sequence of functions ¢, (|u|) adapted to u, which involves
the levels a, used in Lemma 29.4, namely

(30.9)

2=

¢n, is defined by ¢,(0) =0,¢'(v) =11if a,, < v < ap—_1, and

P (w)y=0ifv<aporv>a,_, (30.10)
and defining
T = ||grad(pn(u))]| for n € Z, (30.11)
one notices that
lgrad(u)| € LP(R™) is equivalent to v, € IP(Z). (30.12)

For any r < oo one has

fRN lon(u)|" dz > |a, — an—1|"meas{z | [u(x)| > an_1} > |an — anfl|ren_1
Jan lon(u)|" dx < lap — an—1|"meas{z | lu(z)| > an} < |ay — an—1|"e",
(30.13)

and having comparable lower and upper bounds is the main reason for my
choice of the functions ¢,. Using (30.8) for ¢, (u) instead of u, one deduces
that

|an - anfl‘e(nil)/q < C(|an - anfl‘en/p)lin’yg,v i'e‘v

. 30.14
|an — @p_1]e™P" < (C e/, foralln € Z, ( )
where one has used (30.9), using 1% = %— % even for p > N. The second part

of (30.14) is |a, —a,_1|e™?" € IP(Z), and in the case 1 < p < N corresponding
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to p* = ]f,v—_pp < 00, Lemma 29.4 gives the improvement by Jaak PEETRE of

the original result of Sergei SOBOLEV, namely W'?(RYN) c LP"?(RN).
In the case p = N one has p* = oo, so that

for p = N one has |a, — a,_1| € IV (2). (30.15)

Let b, = ay, — any1 > 0, then as n tends to —oo one has a,, = b, + b1 +
oo+ b1+ apm, and by Holder’s inequality one has |a, — am| < (|ba|N +...+
bm—1")N|n —m|YN' and one deduces that

for every € > 0 there exists C(g) such that |an|N/ <e|n|+C(e) for all n < 0.
(30.16)

. N’
For £ > 0 one chooses ¢ < %, and one computes the integral of e®“I" on

the set where |u(z)| > ap; on the set where a,y1 < |u(z)] < an, which
has a measure < e"*!) one has |u(z)| < an, so that &|u|V < kl|a,|V <
keln| 4+ Kk C(e) for all n <0, and therefore

0
/ e ll™ gy < Z e enenHrCl) < o0, (30.17)
lu(z)| a0 n=—oo
Therefore u € WHN(RN) implies ex/4" ¢ L} (RN) for all K > 0, which
is the improvement by Neil TRUDINGER of a result of Fritz JOHN and Louis
NIRENBERG, who had improved the result of Sergei SOBOLEV for the limiting
case p = N by introducing the space BMO(RY) (containing W1V (RY)), and
they proved that for every function in BMO(RY) one has e°l“l € L} (RV)
for € small enough.

For p > N one has p* < 0, so that from |a, — a,_1]e"/?" € I’(Z), one
deduces that Eg:_w |an, — an—1] < 0o, and therefore that |a,| < M for all
n € Z. Having proven that WP (RYN) ¢ L>(R"), the scaling argument shows
that one must have

0 N

1
ulloe < C|ul|270|grad(w)]|?, and = — — =0, ie., 0 = —, 30.18
[l [ull, ™" [lgrad(u)|l, 2N ’ (30.18)

which must have been what Sergei SOBOLEV had proven, and in order to
find MORREY’s improvement of the Holder continuity, one applies (30.18) to
v = Tu — u, for which one has |[v]|, < |h|||grad(u)|], and [|grad(v)||, <

2||grad(u)||p, and one obtains the estimate

[|Thu — ullee < C |h|1_(N/”)ngad(u)Hp7 ie.,

30.19
WiP(RV) € CO%(RN) for a =1 - &, (30.19)

[Taught on Wednesday April 5, 2000.
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My Generalization of Sobolev’s Embedding
Theorem

The original method of proof of Sergei SOBOLEV consisted in writing

E
u = Z u O for an elementary solution E of A, (31.1)

and it is not adapted to the case where the derivatives are in different spaces.
A different proof, by Louis NIRENBERG, and also by Emilio GAGLIARDO,
can be used for the case where
%EL“(RN) forj=1,...,N; (31.2)
&rj
In the late 1970s, I had heard a talk about this question by Alois KUFNER,
then I was told that it had been noticed earlier by TROISI.
The case where the derivatives are in the same Lorentz space LP¢(RN)
with 1 < p < N can be treated with the theory of interpolation, as was done
by Jaak PEETRE, but the limiting case where

0
T e INP(RNY for j=1,..., N, (31.3)
(9.Z‘j

was treated by Haim BREZIS and Stephen WAINGER by analyzing a formula
of O’NEIL about the nonincreasing rearrangement of a convolution product.
The case p = 1 in (31.3) gives u € Co(RY), by noticing that C.(RY) is dense

in LN1(RN), whose dual is LN >°(RN), which contains the derivatives %.
J
1

The case p = oo in (31.3) gives e*l*l € L] (RN), and u actually belongs to
BMO(RN).

As far as I know, these classical methods do not permit one to treat the case
where the derivatives are in different Lorentz spaces; of course, this question
is quite academic, but serves as a training ground for situations which often
occur where one has different information in different directions, for example

because some coordinates represent space and another one represents time
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(and one has simplified the physical reality so that the model used has a fake
velocity of light equal to +00).

First, it is useful to observe that Sobolev’s embedding theorem for p = 1 is
related to the isoperimetric inequality. The classical isoperimetric inequality
says that among measurable sets A of RN with a given volume, the (N — 1)-
dimensional measure of the boundary 0 A is minimum when A is a sphere;
equivalently, for a given measure of the boundary, the volume is maximum for
a sphere. Analytically it means that

meas(A) < Cy (meas(aA))N/(Nil), (31.4)

and it tells what the best constant Cj is, while Sobolev’s embedding theorem
for WLL(RN) gives

/RN [u " dir < G [grad(u)[ly" Y (31.5)

but does not insist on identifying what the best constant C; is. The rela-
tion between the two inequalities is that one can apply the last inequality to
u = X4, the characteristic function of A, assuming that A has a finite perime-
ter; of course, x4 does not belong to W11 (RY), but as its partial derivatives
%XT? are Radon measures, one may apply the inequality to x4 *x - and then
let € tend to O; in this way one learns that Cy < C;. Conversely, knowing
the isoperimetric inequality, one can approach a function u by a sum of char-
acteristic functions, using A, = {z | ne < u(z) < (n + 1)e} and deduce
Sobolev’s embedding theorem, so that C; < Cp and the two inequalities are
then essentially the same. However, the proof of the last part involves the
technical study of functions of bounded variation (denoted by BV'), which is
classical in one dimension, but is indebted to the work of Ennio DE GIORGI',
FEDERER? and Wendell FLEMING? for the development of the N-dimensional
case.

As T observed, starting from Sobolev’s embedding theorem W11(RY) c
LY (RVN) (proven by Louis NIRENBERG), one can easily derive all the results
already obtained, except for the question of identifying the best constants.
For that, one uses the functions ¢,, adapted to u, writes

[[on(w)ll1+ < Coll@), (ugrad(u)ly < |l¢,, (w)grad(u)l,e"*', (31.6)

by Hélder’s inequality, and deduces the same inequality as before, |a,—1 —
anle™? € 1P(Z).

! Ennio DE GIORGI, Italian mathematician, 1928-1996. He received the Wolf Prize
in 1990. He worked at Scuola Normale Superiore, Pisa, Italy.

2 Herbert FEDERER, Austrian-born mathematician, born in 1920. He worked at
Brown University, Providence, RI.

3 Wendell Helms FLEMING, American mathematician, born in 1928. He works at
Brown University, Providence, RI.
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However, for the case of derivatives in (different) Lorentz spaces, I could
only prove it by using a multiplicative variant of the isoperimetric inequal-
ity /Sobolev’s embedding theorem.

Lemma 31.1. The Sobolev’s embedding theorem WHY(RN) ¢ LY (RN) in its
additive version

for all u € WHY(RN), (31.7)
1

|||

N
<A Z
j=1

s equivalent to the multiplicative version

ou
81‘]‘

1/N
N /

+~<NA H

j=1

ou

or; for all u € WHH(RY). (31.8)

|||

1

Proof: One rescales with a different scaling in different directions, i.e., one
applies the additive version to v defined by

v(xl,...,xN):u<§1,...,§Z), (31.9)

and one obtains

O )Y [l

1,0
< AN A Yl (31.10)
j J J

Then one notices that

if Ay...Ax = p >0, the minimum of Zj i‘—ﬂ is attained when
J

Aj = Baj for all j and the Lagrange multiplier 5 satisfies (31.11)
BNay...an =, so the minimum is %(al oan)YN,
One applies (31.11) to the case a; = H%Hl and one finds the multiplicative
J

version, as the powers of 11 are identical on both sides of the inequality (because
the inequality is already invariant when one rescales all the coordinates in the
same way). The multiplicative version implies the additive version by the
geometric-arithmetic inequality

1N < a1 +...+an

(ar...an) < N for all ai,...,any >0, (31.12)
which, putting a; = €%, is but the convexity property of the exponential
function. 0

Lemma 31.2. Let u satisfy

0
—uELpf’qf(RN), with 1 <pj <oo and1 < gq; < oo, forj=1,...,N.

(9$]'
(31.13)
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Let peyy, pisy and qegy be defined by

b =N Zih
ﬁ =5 "W (31.14)
e =Ny
Then one has
ap_1 — anle™/Pers € 1945 (Z), (31.15)

One may allow some p; to be 1 or oo, but using only g; = +oo in that case.

Proof: Let f; = 387“] for j = 1,..., N. One applies the multiplicative version
to ¢n(u), and one has to estimate ||¢], (u)f;|[1. A classical result of HARDY
and LITTLEWOOD states that for all f € L'(£2) + L°(£2) and all measurable
subsets w C {2 one has

meas(w)
JECE / £7(s) ds, (31.16)

and as the measure of the points where ¢/, (u) # 0 is at most e™, one deduces
that
|l (w) fillh < K(e™; f;) for j=1,...,N, (31.17)

and then, using Holder’s inequality,

e~ K (em; f;) €19 (Z) with 0; = ﬁ for j=1,..., N, imply
’ 1N (31.18)

efn/p::fngpn(u” < NA (HJ e i K (e f;)) € 1941 (Z),

which gives (31.14). In the case where p; = 1, one has (31.18) with 6; = 0

and ¢; = +o00, and in the case where p; = oo, one has (31.18) with 6; =1

and ¢; = +o0. ad
For interpreting Lemma 31.2, one assumes that

for all A > 0, one has meas{z | |u(z)| > A} < 400, (31.19)

which is a way to impose that u tends to 0 at co.

If pess < N then it means u € LPersr9eis (RN).

If peff = N and gegs = 1, which means that ¢; =1 for j =1,..., N,
then one has |a,_1 — a,| € I*(Z), so that one deduces a bound for a,, i.e.,
u € L®(RN); using the density of C>°(RY) in LPi-}(RY), one deduces that
(IS Co(RN)

If pegf = N and 1 < geff < 00, then for every x > 0 one has e
L}OC(RN)'

If peyf = N and geys = oo, which means that ¢g; = oo for j =1,..., N,
one deduces that |a,|<a|n| + B, so that there exists 9 >0 such that

’
K |u|fers

S
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eolule LI (RN). This is the case when all the derivatives belong to
LN-°°(RN), and because log(|z|) is such a function, it is not always true
that e*l“l € L} _(RN) for all K > 0. For that particular space of functions,
u belongs to BMO(RY), which Fritz JOHN and Louis NTRENBERG had in-
troduced for studying the case of W1~ (RY), and they proved that for every
function in BMO(RY) there exists g9 > 0, depending upon the semi-norm of
u in BMO(RY), such that e*oll ¢ L] (RN).

If peff > N then one has u € L*°(RY). By considering (u — a)4
or (u+ a)— for @« > 0 (and letting then « tend to 0), one may assume

that v € LY(RY), and in applying the usual rescaling argument one

starts from a bound |[ullc < C(lullrs + 32, [10jullp, q,), where || -],
denotes the norm in LP and || - ||, 4 denotes the norm in LP9. Applying
this inequality to u(%,...,f\—%), and writing 4 = A;--- Ay, one obtains

ulloo < C (17 ||ul]y,s + > ul/pf/\j_lﬂajquj,qj); the inequality between the
arithmetic mean and the geometric mean implies > pl/Pi )\;1|\8ju||pj7qj >

_ N . o S -
N p(/pess)=(A/N) (HJ 110jullp, q,) / , with equality if all Ml/m)\j 1||8ju||pj7qj
are equal, so that ||u||s <C(u/"||u|

_ 1/N
r,s+NM1/peffN 1/N (HJ Hajqujan) >;
because minimizing p® A 4+ p~°B for p > 0 gives au® A —bp 1B =0
and p = (bB/aA)Y(+Y) 5o that the minimum is C’A"B'"" with

(1-0)/N .
7. (IT; 195ullp, 0,) , with
3 Choosing r = p;, s = g;, and applying the preceding

n = #b, one deduces that ||ulloe < C”||u
9 = (1/N)_(1/peff)

. O/n+A/N)=(/pess ' .
inequality to the case where u is replaced by 7,4 — u, one deduces that v is

Holder-continuous of order ~; in its ith variable, with v; = /1541){51)/_1(\71)/—1261% ) Ik

Having different information on derivatives in different directions is usual
for parabolic equations like the heat equation. For example, letting {2 be an
open set of RV, given ug € L?(f2), one can show that there exists a unique
solution u of % —Awu = 0in 2x(0,T) satisfying the initial condition u(z,0) =
up(x) in 2 and the homogeneous Dirichlet boundary condition yyu = 0 on
902 x (0,T), in the sense that u € C([0,T]; L*(£2)), u € L*((0,T); H}(£2))
and 2% € L2((0,T); H~1(12)).

If ug € H{(£2) then the solution also satisfies u € C°([0,T]; Hg(£2)),
Au, % € L2((0,T); L2(£2)) = L?(£2 x (0,T)); if the boundary is of class C*
or if the open set {2 is convex (or if an inequality holds for the total curvature
of the boundary), then one has u € L*((0,T); H*(12)).

If uy belongs to an interpolation space between H{(2) and L?(§2) then
one has intermediate results, but this requires enough smoothness for the
boundary.

As an example, consider a function

0
u(z,t) defined on RN x R and satisfying u, 6—7:7 Au e L*(RMTY), (31.20)
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and this implies that 597’; € L>(RN*1) for j = 1,...,N (by using Fourier
transform, for example). Denoting the dual variables by (£, 7), the informa-
tion is equivalent to Fu,7 Fu, |{|*Fu € L*(RNT!) (and therefore &;Fu €
L?(RN*1) for j =1,...,N). One has

(1+ |7| + [£]*)Fu € L2(RN*1), and if one shows W € LP>o(RN+Y)
for some p € (2’00)’ then Fu € LQ,Q(RN+1) with % = % + % and
we LY2(RNTL), (31.21)

the last property being due to the fact that 1 < ¢ < 2 and F maps
LY (RN into L®(RN*1) and L?(RN*!) into itself, and by interpolation
it maps L7?(RNT) into L7?(RNT1). One has e € L°(RNT?), and
it is the behavior at oo that is interesting for obtaining the smallest value of
p, so that one checks for what value of p one has W € LP>°(RN*1) and

one obtains the same information for the smaller function One uses

1
LH|7[+[E?
the homogeneity properties of the function, and for A > 0 one computes

meas {(g,r) | W > )\} — O )\-1-(NV/2)

. (31.22)
with C = meas{(f,T) | W > 1},

by using the change of coordinates 7 = A\~'7" and & = A\~/2¢’. This corre-
sponds to p = 1 + % = N£2 which gives ¢ = 2%\7162) and ¢ = % if

2
N > 3, so one has

for N >3, one has u € L2N+2)/(N=2).2(RN+1) A [2(RN+1),
for N =2, one has u € L"(R?) for all r € [2,00), (31.23)
for N =1, one has u € L®(R?) N L*(R?).

[Taught on Friday April 7, 2000.]
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Sobolev’s Embedding Theorem for Besov
Spaces

Using the Fourier transform one can obtain an embedding result for spaces
H*(R") into Lorentz spaces.

Lemma 32.1. (i) For 0 < s < & one has H*(RN) C LP()2(RN) with
1 S

’ (g) For s > & one has H*(RN) C FL'(RN) C Co(RN).

Proof: (i) One has Fu(§) = (1 + |&|*)Fu(é )1+|§|3’ and as u € H*(RY)
means (1 + |[£]%)Fu(¢) € L?(RYN), one must check in which Lorentz space
the function 7z is. For 0 < s < & one has ﬁ < ﬁ € LN/:°(RN),
so that Fu € L)2(RN) with a(s) = 1+ £. Because F! = F maps
LY(RN) into L>*(RY) and L*(R") into itself, it maps (L’ (RN) LQ(RN))&2

1 _
p(s)

into (L‘X’(RN),L2(RN))0 ,; the first space is Lp(e) (RN) if (9) =10 48
and the last space is £406)2 (RN) with (9) e p(@)’ so that
q(0) = p(9). Therefore Fu € L)2(RN) 1mphes u € LY)2(RN) with

b(s) = a(s), i.e., b(s) =1- N'

(ii) For s > & one has 1+\E\ € L*(R"N), so that Fu € L'(RY), and one
uses the fact that F or F map L'(RY) into Co(RY). O

Of course, one can improve the result for s > %, and show that H*(RY)
is embedded into C¥*(RN) when § +k < s < ¥ +k+1witha=s—5 —k,
but for Sobolev spaces corresponding to p # 2, the Fourier transform is not a
good tool, and proofs must be obtained in a different way.

Definition 32.2. For 1 < p < co and 0 < s < 1, the Sobolev space W*P(RN)
is defined as

weP(RN) = (WhP(RN), LP(RY)) (32.1)

1-s,p°
For1<p,q <00, and 0 < s <1 one defines the Besov space B;’p(RN) as

ByP(RN) = (WHP(RY), LP(RY)) .0 (32.2)

1-s,q
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If k is a positive integer and k < s < k + 1, one may define the Sobolev
space W*P(RN) or the Besov space BiP(RY) in at least two ways; one
way is that v € WH*P(RN) and for all multi-indices o of length |a| = k
one has D*u € W*=FP(RN) or Bi~%P(RN); another way is to define it as
(Wm,P(RN),LP(RN))e’q, with ¢ = p or not, with an integer m > k + 1, and
with (1 — 6)m = s. Of course, there are a few technical questions to check in
order to show that these two definitions coincide.

Before using scaling arguments for W™ (RY), it is useful to remark that
an equivalent norm is [[ullp + 3=, [[D%ul[p; it means that for 0 <[] <m
one can bound ||DPul|, in terms of ||ul|, and all the norms ||D%u||, for the
multi-indices of length exactly equal to m.

One starts in one dimension, noticing that if ¢ € C°(R) is equal to 1 near
0, then (¢ H)" = dp + 1, where H is the Heaviside function, and ¢ € C°(R);
one deduces that (p H) x v’ = v’ 4+ ¢’ x u, from which one deduces that
W[, < |l H|[1]|u"]|, + [|¢'||1 |ul|p. Similarly, if 0 < k& < m, one replaces

t'm,fk— 1

the Heaviside function by the function K defined by K (t) = o (t) for
all ¢, so that (¢ K)™m=%) = §y + x with x € C°(R), and deriving k times
and taking the convolution with u one finds that [|u(®||, < ||¢ K||1]|u(™]], +
IIx®||1 ||u|,- In order to bound [|[DPul|,, one writes v = (0, B2,..., L N),
a=(m+p1—18l,Pe,...,0n) and v = DYu, so that for almost all za,...,zN
one can use the one-dimensional result in order to derive a bound for the norm
of DPy = Dflv in terms of v and D%u = D;nf‘ﬁlv; then one takes the power
p and integrates in xo,...,zy; one finishes by using an induction argument
on N.
By the usual scaling argument,

1-6 0 _ . B
for |8] < m one has ||DPull, < C'ljull,~( > |[D*u|l,)” with 6 = g
|a|=m

(32.3)
so that

(WmP(RN), LP(RN))(mfk)/m L CWHEP(RN)If0 < k < m. (32.4)

To use the reiteration theorem 26.3, one also needs to check that one has

the inclusion

whe(RNY ¢ (W™2(RN), LP(RY)) (32.5)

(m—k)/m,0c0"
To do this, one tries the usual decomposition v = g-xu+(u—g-xu), where g is
a special smoothing sequence; for || = m one writes D®(g.%xu) = DPo.xD7u
with @ = B8+ and |B| = m — k and |v| = k, so that [|oc * u|[yymrpy) <
Ce*™™; one has u(x) — (0 * u)(z) = [py 0:(y)(u(x) — u(z — y)) dy, and if
k =1 one just uses the fact that ||u — 7,ull, < C|y|||grad(u)||p, but if & > 1
one must be more careful, and besides the condition f RN 01 (y)dy = 1 one



32 Sobolev’s Embedding Theorem for Besov Spaces 157

also imposes the conditions [ v YY01(y)dy = 0 for all multi-indices v with
1 < |v] < k—1. One uses Taylor’s expansion formula with integral remainder

f(1) = fO)+ f(0)+...+ % + 01 %dt for the function f
defined by f(t) = u(x — ty), using the fact that for 1 < |y| < k — 1 one
has [px 02(y)DVu(z)y” dy = 0, and one deduces that ||u — g x ul|, < CeF,
and this decomposition is valid for all € € (0,1), which proves the assertion
(because W™P(RN) c LP(RYN)).

Repeated applications of Sobolev’s embedding theorem for W14(RN) show
that if p > & one has W™P?(RN) C L>(RY), and a scaling argument then

gives ||ulle < C’||u|\11)_9(2‘a‘:m||D°‘u||p)9 with § = -T=, and this means
that
if p> N one has (Wm™P(RN), LP(RN)),, € L®(RN) with 1 — 6 = N
m ’ 0,1 mp’
(32.6)
From this, using the reiteration theorem 26.3 one deduces that
for 0<s< % one has W*?(RN)c LP():»(RN) and BsP(RN)C Lr)a(RN)
with ﬁ = % -~
(32.7)
Another problem where an interpolation space with second parameter 1
is useful is the question of traces of H*(R") spaces. For s > %, functions in
H*(RM) have a trace on RVN~! which belongs to H*~(1/2)(RN=1) and one
can reiterate this argument, so that functions in H*(R"Y) have a trace on
RN=Fif s > £ and the trace belongs to H*~(*/2(RN=F); the continuity of
functions in H*(RY) for s > % then appears as a natural question related to
taking traces on subspaces.
Functions in H'/2(R"™) do not have traces on RN~! because the space of
functions in C2°(RYN) which vanish near RN ="' is dense in H/2(RY) (so that
the only continuous way to define traces is to have the traces of all functions

equal to 0), but the slightly smaller space (H'(R"), L? (RN))1/2 , does have

traces on RV 1 and the space of traces is exactly L2(RVN1), i.e.,
70 ((H'(BY), L2(RY))

an) = LARNY). (32.8)

That traces exist and belong to L?(RN~1) follows immediately from the stan-

dard estimate ||youll2 < C Hu||é/2|\8NuH%/2, but I had not heard about this
remark before a talk by Shmuel AGMON in 1975, where he discussed some
joint work! with Lars HORMANDER where they had proven surjectivity by an
argument of functional analysis, working explicitly on the transposed oper-

ator. I constructed an explicit lifting by adapting an argument which I had

! They were working on questions of scattering and they needed a space whose
Fourier transform has traces on spheres, with traces belonging to L?; they then
introduced the Fourier transform of the space described here.



158 32 Sobolev’s Embedding Theorem for Besov Spaces
used for proving?'3 the theorem of Emilio GAGLIARDO that
Yo (WHHRN)) = LY(RN ), (32.9)

and it is useful to describe that result first.

The idea is shown in the case of R?, and given a function f € L'(R)
one wants to construct u € WH(R?) whose trace on the x axis is f. One
uses a standard approximation argument used in numerical analysis, based
on continuous piecewise affine functions.

For a mesh size h > 0, one considers the space V}, of functions in L!(R)
which are affine on each interval (kh, (k+ 1)h) for k € Z, and continuous at
the nodes kh,k € Z; because there exists 0 < o < 8 such that «(]g(0)] +
lg(1)]) < fol lg(x)| dx < B(|g(0)] + |g(1)]) for all affine functions on (0, 1), one
deduces that for g € V3, one has 2ah ), lg(kh)| < ||g|li = [ |9(x)|dx <
26h> ez lg(kh)|; the important observation is that Vi, € W' (R) and for
5,8 Vi one s 1 = L o+ D) = ok < 2zl <
an 9l
o A function g € V}, is lifted to a function in W' (R?) by the explicit formula
G(x,y) = g(x)e”WI/" and one checks immediately that the trace of G is g
and that |Gl = 2h [lg]1. ||2 ||, = 2llgll, and |[92]], = 2h |lg|lx < 2{lgl].
Once one knows that the union of all V}, for h > 0 is dense one has a way
to lift f € L*(R) by writing it as a series > - | gn, choosing 0 < € < 1 and
choosing g; such that ||f —g1]]1 < €| f]]1, then g2 such that |[(f—g1) —g2]]1 <
£11f — g1lls < 2/|]l1, and so on, so that 32 [|galli] < 11 fllr-

The density is proven by approximating functions in C.(R), which is a
dense subspace of L'(R). For ¢ € C.(R) one constructs the interpolated?
function I which is the function of V}, such that ITpp(k h) = p(k h) for all
k € Z; one checks easily that |ITp¢(x) — ¢(z)| < w(h) for all z, where w is the
modulus of uniform continuity of ¢, so that when h,, — 0, the sequence 11}, ¢
converges uniformly to ¢ and as support(ITnp) C support(y) + [—h,+h] one
also has ||IT,, ¢ — ¢||1 — 0.

Jaak PEETRE has shown that there does not exist a linear continuous
lifting from L'(RY~1) into WhHL(RY).

[Taught on Monday April 10, 2000.]

2 When I was a student, I had tried to read Emilio GAGLIARDO’s article, but not
knowing much Italian at the time I had trouble understanding what he was doing
with all these cubes which appeared in his proof. Many years after, I constructed
my own proof, but I did not check if my understanding of Italian is good enough
now for reading his proof; I thought that my argument must have been identical
to his original idea, but Francoise DEMENGEL told me that it is different.

3 Francoise DEMENGEL, French mathematician. She works in Cergy-Pontoise,
France.

4 Here we encounter the other meaning of the word interpolation, going back to
LAGRANGE, a classical tool in numerical analysis.
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The Lions—Magenes Space H, (}({ 2 (£2)

Again the idea is shown in the case of R?, and given a function f € L?(R)
one wants to construct u € (Hl(RQ),L2(RQ))1/271 whose trace on the x
axis is f. For a (positive) mesh size h one considers the space V} of
functions in L?(R) which are affine on each interval (kh,(k + 1)h) for
k € Z, and continuous at the nodes kh, k € Z; because there exists
0 < a < B such that a(|g(0)]* + |g(1)?)/? (fo lg(x |20l910)1/2 <
B(1g(0)|?> + |g(1)|?)/? for all affine functions on (0, 1), one deduces that for

1/2 1/2
g € Vi one has V2avVh(X ez Lotk m)?)" < llglla = (fplo(2)? dz)'* <
V28 Vh(S ey la(k h)|2)1/2; the important observation is that V;, ¢ H'(R)
and for g € V}, one has ||¢'|]2 = ﬁ(ZkeZ lg((k + 1)h) — g(/fh)|2)1/2 <

1/2
%(Zkez lg(kR)[?) " < Sllglla-
A function g € V4, is lifted to a function in H'(R?) by the explicit formula

G(x,y) = g(x)e WI/" and one checks 1mmedlately that the trace of G is g and
that [|Gll2 = VAllgllz, || 5511, = 7 ll9ll2 and [[GE]], = VAllg'll2 < Zllgll2.
One then has ||G||12(r2y < VR||g||2 and ||G|| g1 g2y < g||g||2 for0 < h <1,

so that [|Gl|(sr1 (r2).L2(R2), ey < ClIGI 11 e \|G||;/5R2) < C"||gl|2. Then one
uses the fact that the union of all Vj, for h > 0 is dense, so that any f € L?(R)
can be written as a series Y~ | gn, with > 2 [[gnl|2] < C||f]|2-

Although functions in H'/ 2(R) are not continuous, as they are not even
bounded, piecewise smooth functions which are discontinuous at a point do
not belong to H'/?(R). For example, let ¢ € C>(R) with ¢ = 1 near 0 and let
u = ¢ H where H is the Heaviside function; then u’ = dg+1 with ¢ € C2°(R),
so that 2imFu(€) = 1+ Fip(€) so that |Fu| behaves like #Iﬁl near oo, so
that (14 |€]'/2)|Fu| ¢ L?(R), i.e., u ¢ H'/?(R).

As it secems that functions in H'/?(R) cannot have discontinuities at a
point, one expects some kind of continuity, but of a different nature as the
value at a point does not make sense. The following ideas have been introduced
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by Jacques-Louis LIONS and Enrico MAGENES, and some related work has
been done by Pierre GRISVARD.!

Lemma 33.1. If u € H'/?(R) then one has L\/lﬂlf‘r)‘ € L*(R).

Proof: By Hardy’s inequality (13.3) one has kuz < 2[[u||2 for u €

H'(R), and similarly | wm < 2||u|2, so that HWHQ <

4||[u/|]z for all uw € H'(R). One considers the mapping u — u — @ which

maps H!(R) into L? for the measure ‘fﬁ and L?(R) into L? for the measure
1/2,2

dz, so that it maps HY/2(R) = (H'(R), L*(R))
interpolation space, which is L? for the measure d?””l. ]

Similarly, Jacques-Louis LIONS and Enrico MAGENES noticed that when
considering the interpolation spaces (H&(Q), LQ(Q))G , for a bounded open

set with a Lipschitz boundary, it does give Hj~?(£2) for § # 1 (and one has
H§(2) = H*(2) for 0 < s < 1), but for § = 1 it gives a new space, which
they denoted by Ha)>(£2).

into the corresponding

1/2 u
Lemma 33.2. If u € Hoé (Ry) = (H&(R+),L2(R+))l/2’2, then = €
L2(R,).
Proof: As u € Hj(Ry) implies ¥ € L?(R) by Hardy’s inequality (13.3), one
has

. dx . —

(H&(R-‘r)? L2(R+))1/2,2 C (L2 (R+’ F)’Lz (R+’ dm))1/2,2 - (33.1)
L*(Ry;%2). 0

A related result is that if u € Hg(£2) the extension u of u by 0 outside {2

belongs to H'(RY) and similarly if u € H§(£2) (closure of C2°(§2) in H*(2))

then & € H5(RN) for 0 < s < 1if s # 1, but not for s = 1, because

1e Hé/Q(.Q) = H'Y?(§2) and the extension by 0 is piecewise smooth and

discontinuous, so that it is not in H'/2(RY). Actually, HééQ(Q) is character-
ized either as the space of functions in H'/2(£2) such that —%“— € L2(£2),

\Vd(z)

where d(z) is the distance of x to the boundary 92, or as the space of functions
u € HY/2(£2) such that u € HY?(RN).

A related difficulty is that any partial derivative % maps H'(£2) into
L?(2) and L%(£2) into H~1(£2), and it does map H'~*(£2) into H~*(2) =

(HS(Q))/ for 0 < s <1and s# 3, but not for s = %, because in this case it

maps H'/?(£2) into the dual of Holéz(Q).

This technical difficulty appears when one solves boundary value problems
like —Aw = f in 2 with the boundary 92 made of two disjoint pieces, I'p
where a Dirichlet condition is imposed, and I'y where a Neumann condition

! Pierre GRISVARD, French mathematician, 1940-1994. He worked in Nice, France.
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is imposed; in the case where the parts I'p and I'y have a common boundary,
the precise pairs of data allowed are a little technical to characterize. If all the
boundary is Iy then the precise space is H~'/2(92), the dual of H'/2(012)
(traces of functions of H'(§2)), but the important point is that one cannot
restrict an element of H~1/2(92) to a part I'y whose boundary is smooth
enough, because restriction is the transpose of the operator of extension by 0,
and this extension operation ~ does not act on H'Y/?(I'y) if the (N — 1)-
dimensional Hausdorff measure of I'p is positive.

These technical difficulties may seem quite academic, but some models
in continuum mechanics lead to using operations which are not defined in
an obvious way, and it is important to understand if one should reject some
laws as being nonphysical or if one should try to overcome the mathematical
difficulty that they represent. One such example is the static law of friction due
to COULOMB,? which involves a sign of a normal force at the boundary and
an inequality on the strength of a tangential force at the boundary; if one uses
linearized elasticity, the natural information coming from the finiteness of the
stored elastic energy gives the various forces as normal traces of functions in
H(div; £2), i.e., elements in H~'/2(9£2); unfortunately, one cannot define the
absolute value of an arbitrary element in H~1/2(942). However, one can define
what a nonnegative element is by stating that it is a nonnegative measure, so
the question is to find a way to express Coulomb’s law which makes sense from
a mathematical point of view, although there are indications that Coulomb’s
law is not exactly what real materials follow, because dynamics does play a
role.

[Taught on Wednesday April 12, 2000.]

2 Charles Augustin DE COULOMB, French engineer, 1736-1806.
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Defining Sobolev Spaces and Besov Spaces

for 1?2

One has proven that for all integers 0 < &k < m and all 1 < p < oo one
has (I/V””’(RJ\’),LP(RJ\’))@’1 c Wkr(RN) C (W"“p(RN),LP(RN))em with
m(1—60) = k. For s > 0 which is not an integer one defines the Sobolev space
WeP(RN) as (Wm’p(RN),LP(RN))mp with m > s and (1 — n)m = s, and
one deduces from the reiteration theorem 26.3 that one also has W*P?(RY) =
(Wmup(RN), WmQ’p(RN))Cm with equivalent norms if mj, my are nonnega-
tive integers such that s = (1 — ¢)m; + ( my for some ¢ € (0,1) (i.e., either
mp > 8 > mg or m < 8 < mg), and this is still true even if my,my are
nonnegative real numbers which are not necessarily integers, always under
the condition ¢ € (0, 1), of course.

Similarly, if for s > 0 and 1 < ¢ < oo one defines the Besov space
B;P(RN) as (Wm’p(RNLLP(RN))mq with m > s and (1 —n)m = s, one
deduces that for nonnegative reals s1, s such that s = (1 — )s; + ¢ s with
¢ € (0,1), one has Bs?(RN) = (W*xP(RN), WSz’p(RN))Cq and B3P (RN) =
(B;ll’p(RN%B;;’p(RN))C_g with equivalent norms, for all 1 < ¢, g2 < 0.

If s is not an integer, one has W*?(RN) = B5P(RN).

Although one has H'(RY) = (H?*(R"), LQ(RN))l/ZQ,
is different and the space W>°(R™) which is the space Lip(RY) of Lipschitz
continuous functions is a proper subspace of (VVQ’OO(RN),LO"(RN))I/2 o
which coincides with a space introduced by Antoni ZYGMUND and denoted
by Al(RN)7

the case for p = 00

A1 (RN) = {u € L°®(R") | there exists C such that (34.1)
|u(z — h) +u(x + h) — 2u(z)| < C|h| for all z,h € RV, ’
or equivalently u € L= (RYN) and ||7,u + 7_pu — 2ul|s < C|h| for all h € RY.

One deduces also that if s > k where k is a positive integer, then for
every multi-index a with |a| = k the derivation D is linear continuous from

WeP(RN) into W=I*?(RN) and also from B:?(R™) into B;f‘a"p(RN),
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if 1 < p,q < oo. This follows immediately from the fact that for any in-
teger m > k the derivation D® is linear continuous from W™P(RY) into
Wm_“"|’p(RN), and after choosing mi, mg such that £ < m; < s < mo and
computing ¢ € (0,1) such that s = (1 — {)mq + { ma, one applies the interpo-
lation property, and D maps continuously (W™ P(RY), WvaP(RN))C’q =
Bg’P(RN) into (Wmlf‘ahP(RN),Wm2*|a|7p(RN))C)q _ B;""‘"p(RN).

For (2 an open subset of RY, one may define the Sobolev WP ({2) for all
positive real s which are not integers in at least two different ways; the first
one will be denoted by X*®P for the discussion,

W*P(£2) = space of restrictions of functions from W*?(R"Y), (34.2)
with the quotient norm

|[ullwsr(2) = U‘igiu U lws.r(rN); (34.3)

the second one will be denoted by Y *? for the discussion,

WeP(02) = (Wml’p(Q),sz’p(Q))cp with0 < (<1
and mq, my nonnegative integers such that s = (1 =¢)mq + (ma.
(34.4)
Of course, one can also give two definitions for defining the Besov spaces
ByP(82).

Because the restriction to {2 is linear continuous from W™ P(RY) into
WmiP(£2) and also linear continuous from W™2P(RN) into W™2:P(2), it
is continuous from WP(RYN) = (Wmlvp(RN),Wm"’*p(RN))C,p into Y*P =
(W (@), W),
an element from W*P?(RY), one deduces that X*? C Y*P.

If the boundary of (2 is smooth enough so that there exists a continu-
ous extension P which maps W™1P(£2) into W™P(RN) and W™2P({2) into
Wm2P(RN), then it maps Y52 = (W™2((2), W’”Q’Z’(Q))C’p into WP (RN) =
(Wmap(RN), Wm2 ’p(RN))Cyp, so that every element of Y'*? is the restriction

to £2 of an element of W*P(RY), i.e., one has YP C X*P.

The extension property has been shown for W1?(£2) if 2 is bounded with
a Lipschitz boundary (Lemma 12.4), and an analogous situation has been
described for WHP(RY) and 0 < k < m (Lemma 12.5), and it extends to the
case of bounded open sets with smooth boundary. As was mentioned before,
STEIN has constructed an extension valid for all W™ P({2) if (2 is bounded
with a Lipschitz boundary.

[Taught on Monday April 17, 2000.

and as every element of X*®P is the restriction of
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Characterization of W*?(RY)

Before giving a characterization of W*P({2) in the case of a bounded open
set with a Lipschitz boundary, it is useful to begin with the case of RY. One
starts with a preliminary result.

Lemma 35.1. If 0 < s <1 and 1 < p < oo one has

B (RY)=(Whr(RN), LP(RY)), | ={ueLP(RY) | |lu=myull, <C[h[*
for all h € RN},
(35.1)

Proof: If w € WY (RN) one has |[u — mhull, < |h|||grad(v)||, and if
u € LP(RY) one has |lu — mhull, < 2|lul|p, and as the mapping u +—
u — Tpu is linear, one finds that for 6 € (0,1) one has [[u — Tpull, <
C |h|1_9‘|u||(W1,p(RN)’Lp(RN))91(X) fOI‘ all u e (Wl,p(RN%L;D(RN))g,OO.

Conversely, assume that v € LP(RY) and ||lu — 7pul[, < C|h|* for all
h € RN. One decomposes

u=0s*xu-+ (u— ge*xu), (35.2)

where . is a special smoothing sequence, i.e., o.(x) = Ei,\,gl(f), with o1 €
C*(RYN) and [,y 01(x)dx = 1, but one adds the hypothesis that 1 is an
even function. One has

u(z) — (0= xu)(x) = fRN 0:(y) (u(x) —u(z — y)) dy, so that |Ju — oc *ul|, <

fRN loc ()] |lu — Tyu”p dy < fRN Clo(y)||yl*dy = C"e.
(35.3)

One has ||oc * ullp < [|oe|l1]|ullp = C'||ul|p, and for any derivative 9; = 6%]-

one has 0;(g- xu) = (0;0:) *u, but one needs a better estimate than ||0; (0. *
Wllp < 10j0e)|1l|ullp = %Hqu, which has not used all the information on
u. Changing y into —y in the integral, one can write 9;(g. * u)(x) as either

Jrn (9500)(W)u(z — y) dy or [px(950:)(—y)u(z + y) dy or as the half sum of
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these two terms, and this is where having chosen for p; an even function is
useful, as J;¢0. is an odd function, so that

1

0 exn)@) =5 [ Oed)(ua—) —ule+n)dy (@54)

from which one deduces

||aj(95*u)||p S %fRN |(8]Q5)(y)‘ H’Tyu — T_yqudy S
C [pn [(3j00) ()| |h]* dy = C"e>~ 1.

For Ey = WYP(RN) and E; = LP(RY), this shows that K(t;u) < Cy(1 +

~1) + Cate®, and choosing € = 1 for t > 1, one obtains K (t;u) < Cst'~*,
and for 0 < ¢t < 1 one has K (t;u) < t||ul|, (because in the case Ey C E; one
always has the decomposition u = 0+u), so that t "9 K (¢;u) € L*°(0, 00) with
0=1-—s. O

(35.5)

Lemma 35.2. For 0 <s<1land 1 <p< o0,

p
WeP(RN) = {u e LP(RY) // u(y)| dedy < ., (35.6
() {u )| RN xRN |93*Z/|N+Sp TS (356)

or equivalently uw € LP(RN) and [, (Hu_lqji‘”"”p)p “(j% < 0.

Proof: Let Eg = WYP(RN) and By = LP(RN). Ifu € W*P(RN) = (Ey, E1)o,
with 6 = 1—s, one has a decomposition u = ug+u; with ug € EO, uy € By and
|lgrad(uo)||p +t||u1||p < 2K(t;u) and t =K (t;u) € LP(R;; %). For y € RN
one has

[lu = yullp < lluo — myuollp + [lur = myusllp < lylflgrad(uo)lly + 2jusllp <
C(lyl+ ) K (tw),
(35.7)
and the choice ¢t = ﬁ gives ||lu — myull, < Clyl K(Iy\’ u). Denoting by on_1
the (IV — 1)-Hausdorff measure of the unit sphere, this gives

1 L,
fRN( [u— Tyu||p)17|;7 < CfRN( lyl K (5 u))Pl:;i% _
1—

ly[® lyl*
CO’Nfl fO [|y| (‘;l,u)] yy CO’N 1 fO (t_eK(t u))p dt < o0.
(35.8)
Conversely, assume that u € L*(RY) and [ [n, pn % dzdy < 00, s0
that if one writes F'(z) = |lu—7,ul|, for z € RV, one has [,y ‘zﬁv% dz < 0.

Let

F(r) = the average of F on the sphere |y| = r, so that

Sy [F@)P dEN=1 < | (y)|P dEV 1 (35.9)

ylr
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by Holder’s inequality, so that

< [F(r)|P d 1 F r
/ [E(r)P dr / (2) dzg/ )4, < oo (35.10)
0 rsp r oN_1 JR~ |Z|N+sp RN ‘Z|N+sp

Then as for the preceding lemma one decomposes u = g * u + (u — gz * u)
for an even special smoothing sequence with support(g1) C B(0,1), and one
obtains

llu = 0: xullp < [ lo= W) [lu = myull, dy = [rn lo=(y)| F(y) dy <

_ _ 35.11)
Con— (
S < FWdy =5 [, <. Fly)dy = == [T F(r)dr,

and using the fact that d;0. is odd, one obtains

Haj(gs *u)Hp < %fRN ‘anS(y” ||Ty“ - Tfyqu dy <

_ Con_1 rem
5 Jan 105 (F(y) + F(=y) dy < 55 [, <. Fy) dy < SZ5=2 [§ F(r) dr.

- - (35.12)
One deduces that K(t;u) < C(1+ & [y F(r)dr) + <L [ F(r)dr, so that
for t > 1 one takes ¢ = 1 and one has K(t;u) < C + C't? fol/t F(r)dr (and
K(t;u) < t||ul|, fort < 1). Then with § = 1—s, one has t K (t;u) = Ct~%+
Ctt Ol/t F(r)dr, and as the desired condition t~?K(t;u) € LP(Ry; %) is
invariant by the change of t into %, one has to show that the function G defined

on (0,1) by G(e) = é € E) gy belongs to LP((0,1); %), as a consequence

0 e
of the hypothesis that @ e L? (R+; %), and this is like deriving Hardy’s
inequality (13.3). O
Of course, the proof also applies to the case p = oo, but is covered by the
previous lemma.

[Taught on Wednesday April 19, 2000.]
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Characterization of W*P({2)

One can now deduce a characterization of W*P(£2) in the case of a bounded
open set of RN with a Lipschitz boundary, with 0 < s <1 and 1 < p < 0.

Lemma 36.1. If 2 is a bounded open set of R with a Lipschitz boundary,
then for0 < s <1 and1<p< oo,

)— )P
(36.1)

Proof: If u € W#*P({2), defined as the restriction to {2 of a function U €
W#P(RN), then one has U € LP(RY) and therefore by restriction u € LP(2),
and

uweW?P(0) if and only if we LP(£2) and //
2x 802

ff()x() ?xwy‘gs—ys)z‘?p dx dy = foxQ %% drdy <

) (36.2)
ffRNXRN |[‘Jx(7$y|N£lS/)J dx dy < oo.

Let u € LP(12) satisty [ [, lu@—u)” 70 gy < oo. For a partition of

[x—y[NF=P
unity 6;,7 € I, each 6;u satisfies a similar property, because

|(Oiu)(2) = (Giu)(y)] < 10:(2)| [u(z) = uly)] + 10:(x) = :i(y)]| [u(y)] <

(36.3)
Clu(z) — u(y)| + C'lz -yl u(y)l,

using the assumption that each 6; is a Lipschitz continuous function. One
deduces that |(0;u)(x) — (fu)(y)|" < C' |u(z) —u(y)[’ + C" |z — y|? [u(y)]”,

and one must show that [ [, % dx dy < oo; this is a consequence

of [, % dr < M uniformly in y € 2, Which holds because if 2 has
diameter d, the integral is bounded by fl <d IINW = C |/, ¢ RS

as a =14+ sp—p < 1. Using a local change of ba81s one is led to con-
sider the case of 2p = {(2',2n) | zxy > F(2'} for F Lipschitz contin-
uous, and one extends u by symmetry, defining Pu(z’',zy) = u(a’,zn)
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if zy > F(2') and Pu(2',zny) = u(2’,2F(2') — zy) if zy < F(2). If

for + = (2/,zy) one defines T = (a/,2F(2') — xy), so that (T) = =,
then the integral [ [pn, pn %75&(3)'? dz dy can be cut into four parts,

one is I = [[, o %%dm dy, which is finite by hypothesis; two

parts have the form foFx(RN\QF) @ —u@I 7. dy, which is < KPI be-

lo—y[N+er
cause [t —y| < K|z —y| for all z € 2p,y € RN \ 2p, and the fourth part

is ff(RN\Qp)x(RN\Qp) %dmdy, which is < KPI because |7 — y| <

K |z —y| for z,y € RN\ 2p; indeed, the map z = (2/,zn) — (2/,2n — F(2'))
is Lipschitz continuous from {2z onto Rf , and its inverse is Lipschitz continu-
ous, as it is z = (2, zn) — (2, 2v+F(2’)), and one is reduced to studying the
same inequalities for RY, i.e., in the case F' = 0, where one has [z —7| < |z —y|
ifeny >0>yn, and [T —7g| = |z —y| for all x,y. O

Of course, the proof adapts to the case p = oo, the only difference coming
from the fact that the norm is not expressed by an integral. It is important to
notice that without any regularity hypothesis on a set A C R, any Lipschitz
continuous function defined on A can be extended to R, and the same
result is true for Holder continuous functions. To show this, one assumes
that C; < u(x) < Cy for all z € A, and that there exists a € (0,1] and
K > 0 such that |u(z) — u(y)] < K|z — y|* for all x,y € A, then one
defines v(z) = sup,cqu(y) — K|z — y|%, and this gives a Holder contin-
uous function which coincides with v on A, and then one truncates it by
w(z) = min{Cs, max{Cy,v(z)}}.

One should notice that W°°(§2) contains the space Lip(§2) of Lipschitz
continuous functions, but may be different if (2 is not a bounded open set with
a Lipschitz boundary, because u € W1:°°(£2) only implies that there exists K
such that |u(z) — u(y)| < K do(z,y) where dg(z,y) is the geodesic distance
from z to y, the infimum of the lengths of paths from x to y which stay in {2,
and the geodesic distance from x to y could be much larger than the Euclidean
distance from z to y.

As a way to ascertain the importance of the regularity of the boundary
in proving some properties of Sobolev spaces, I describe a counter-example
which I had constructed in order to answer (partially) a question that Sergei
VODOP'YANOV'! had asked a few years ago in a talk at Carnegie Mellon Uni-
versity; I mentioned my result to my good friend Edward FRAENKEL,? who
had studied domains with irregular boundaries, and he later mentioned it
to O’FARRELL,?> who gave a more general construction. After learning about

! Sergei Konstantinovitch VODOP’YANOV, Russian mathematician. He works in
the Sobolev Institute of Mathematics in Novosibirsk, Russia.

2 Ludwig Edward FRAENKEL, German-born mathematician, born in 1927. He
worked in London, in Cambridge, in Brighton, and in Bath, England.

3 Anthony G. O’FARRELL, Irish mathematician, born in 1947. He worked at UCLA
(University of California at Los Angeles), Los Angeles, CA, and at National Uni-
versity of Ireland, Maynooth, Ireland.
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O’FARRELL’s construction, I contacted Sergei VODOP’YANOV, who mentioned
that he had also solved the case p > 2.

Lemma 36.2. For N > 2, there exists a (bounded) connected open set {2 such
that W (§2) is not dense in WHP(§2) for 1 < p < oc.

Proof: T only give the proof for N = 2 and for the case 2 < p < oo; for the
case 1 < p < 2, O'FARRELL has introduced a more technical construction.
One defines 2 = (AU B)J,, Cn, where A is the open set {(z,y) |z > 0,y <
0,22 + y?> < 1}, B is the open set {(z,y) | * < 0,y < 0,22 + y? < 1},
and for n > 1 the passage C, is defined in polar coordinates by {(z,v) |
0<0<m2™—¢g, <r <2 "} and the sequence ¢, is chosen to satisfy
0 < g, < 277! so that the passages do not overlap, but also &, — 0
sufficiently rapidly so that ) e, 2"? < oo for every p € [1,00).

One checks immediately that the function u, defined by u, = 0 in A,
u, = 7 in B and u, = 0 in all C, belongs to W1P(§2) for 1 < p < oo.
This function u, cannot be approached in WP (£2) by functions in W1°°(£2).
Indeed, because A is a bounded open set with a Lipschitz boundary, functions
in WHP(A) have an extension in W?(R?) (Lemma 12.4), which is a con-
tinuous function as p > N = 2, so that u € WHP(£2) implies u € C°(A),
and the linear form L u = wu(0) is continuous, where u(0) is computed
from the side of A. The same argument applies for B, and the linear form
Lpu = u(0) is continuous, where u(0) is now computed from the side of B.
One has Lp(us) — La(us) = m, and u, cannot be approached by functions
from W12°(02) because Lp(u) = La(u) for all u € WH°(£2), so that any
function v belonging to the closure of W1°°(£2) must satisfy Lz (v) = La(v).
Indeed, if u € WH°(£2) one has |u(z) — u(y)| < ||grad(u)||sodn(x,y) where
do(x,y) is the shortest distance from x to y when one stays in {2, and letting
x tend to 0 from the side of A and y tend to 0 from the side of B, one has
do(x,y) — 0 because there are arbitrary short paths by using the passages
C, for large n. O

For the general case 1 < p < oo, O’FARRELL starts with a Cantor set
of positive measure* in a segment embedded in an open set of R?, and he
constructs passages through the complement of the Cantor set in such a way
that going from one side to the other by using the passages can be done
with do(z,y) < Cd(x,y) for all z,y € £2; then he defines a function taking
different values on both sides of the Cantor set, which cannot be approached
by functions in W1>°(£2) because they take the same value on both sides of
the Cantor set, and for functions in W11(£2) the restriction to any side of the
Cantor set is continuous.

The classical Cantor set has measure zero, and is used in the construction
of a nondecreasing function fo, on [0, 1], with f,o(0) = 0, foo(1) = 1, but is
constant on disjoint intervals I,,,n > 1 such that ) _length(l,) = 1; this

4 Georg Ferdinand Ludwig Philipp CANTOR, Russian-born mathematician, 1845
1918. He worked in Halle, Germany.
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construction is often called the “devil’s staircase”, as it has infinitely many
flat levels (steps) and it goes up from 0 to 1 without having any jump.

The particular function fo, constructed satisfies foo(1 — ) = 1 — foo(2)
for all z € [0,1], and foo(3z) = 2fso(x) for all 0 < z < %, and it is Holder
}Zgg; it is the unique fixed point of the mapping
T defined on functions ¢ which are continuous on [0, 1] with ¢(0) = 0 and
¢(1) =1, and T(p) = ¢ means ¥ (z) = 3p(3z) for 0 <z < 3, P(y) = 3 for
% <y< %, and ¥(z) =1 —¢(1 — 2) for % < z < 1; one usually starts from
fo(xz) = x for all  and one defines f, = T(f,—1) for n > 1 and f,, converges
to foo uniformly.

[Taught on Friday April 21, 2000.]

continuous of order o =
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Variants with BV Spaces

The characterizations of W*P?(£2) and W*P?(R"N) provide a characterization
of which functions u € W#P?({2) are such that the extension of u by 0 outside
12, denoted by 1, belong to W*?(RN).

Lemma 37.1. Let 2 be a bounded open set of RN with a Lipschitz boundary.
Then, for 0 < s < 1 and 1 < p < oo one has u € W*P(RY) if and only if
u € W9P(£2) and d~*u € LP({2), where d(x) denotes the distance from x to
the boundary 0f2.

Proof: One shows the case p < oo, the case p = oo being easier, using the
fact that the functions used are Holder continuous of order s. @ € LP(RY) is

equivalent to u € LP(2) and [ [pn, pw % drdy < oo is equivalent

to [[ovo %%dxdy <ooand [ [, pn o) %dwdy < o0, le.,
u € WP((2) and pu € LP(§2) where |p(z)|P = fRN\Q W dy for z € (2.
Because B(0,d(x)) C £2 one has |p(z)P < 21> d(z) IZ‘NlJrSp dz = g5, so
that |p(z)] < Cd(xz)~*. This shows that if u € W*P({2) and d~*u € LP({2)
then u € WP(RN).

In order to prove the other implication, one uses a partition of unity,
0;,i € I, and one notices that v; = 0;u € W*P(£2) and if u € W*P(R"Y) one
has 0; = 6;u € W*P(RYN), and as I is finite it is enough to show that for
each i one has d—%v; € LP({2). This corresponds to proving that |p| > C'd~*
in the case of 2p when F is Lipschitz continuous; by using the mapping
(z/,an) +— (2/,an — F(a')) whose inverse is (2/,zn) — (¢/,2n + F(2'))
which are both Lipschitz continuous, one has to consider the case F' = 0,
and in that case one has ny<0 Wdy = Kl|zn|™® if zxy > 0, by an
argument of homogeneity, and K is the value of the integral for xty = 1. O

The devil’s staircase is an example of a function which is not absolutely
continuous, a term equivalent to having the derivative in L', and the derivative
in the sense of distribution is actually a nonnegative measure whose support
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is the Cantor set, and it is useful to show Laurent SCHWARTZ’ proof that
nonnegative distributions are Radon measures.

Lemma 37.2. If a distribution T € D'(§2) is nonnegative in the sense that
(T, ) >0 for all p € CX(£2) such that ¢ > 0, then T is a nonnegative Radon
measure.

Proof: Let K be a compact in §2 and let § € C2°(£2) satisfy § > 0 everywhere
and § = 1 on K. Then for every ¢ € C(£2) with support(p) C K, one
has —[[¢lloct < ¢ < IIplloct 50 that —[[@lloc(T,0) < (T, ) < [IllooT, 6),
ie, (T,0)| < Ckl|¢]|oo, with Cx = (T, 6). Then one extends this inequality
to the case where ¢ € C.(£2) with support(p) C K, showing that T is a
Radon measure, by applying the preceding inequality to g. xp for a smoothing
sequence 9. (and using Ck+ for a larger compact set). Of course one also proves
in this way that (T, ) > 0 for all ¢ € C.(£2) such that ¢ > 0. O

In one dimension, one says that a function f has bounded variation if there
exists a constant C such that for all N and all increasing sequences x7 < xy <
... < zy one has Zf\[:_ll |f(zi) — f(zit1)] < C. One then proves that such a
function f has a limit on the left and a limit on the right at every point, with at
most a countable number of points of discontinuity, and that f = g — h where
g and h are nondecreasing, and as one checks easily by regularization that
the derivative of a nondecreasing function is a nonnegative Radon measure,
one finds that if f has bounded variation then f’ is a Radon measure with
finite total mass, and the converse is true, because any Radon measure u can
be written as pu4 — p— for nonnegative Radon measures py, p—, and every
nonnegative Radon measure is the derivative in the sense of distributions of
a nondecreasing function.

In order to define functions of bounded variation in more than one
space dimension, one needs to define the space My(RY) of bounded Radon
measures.

If K is a compact, then C(K) the space of continuous functions on
K equipped with the sup norm is a Banach space, whose dual M(K) is
the space of Radon measures on K, equipped with the dual norm [|u|| =
SUP|| (. <1 | (1 P) |- If M, are distinct points in K then pp= > ¢,du, belongs
to M(K) if and only if > |c,| < oo and one has ||u|| =3, |cnl.

If (2 is open, then C.(£2) and its dual M(£2) of all the Radon measures in
{2 are not Banach spaces (nor Fréchet spaces either), and if a sequence M,, of
points tends to the boundary 92 then p = )" ¢,dn, belongs to M(£2) for
all coefficients ¢, (as each compact K only contains a finite number of these
points).

The space M, ({2), the space of bounded Radon measures, also called the
space of measures with finite (total) mass or the space of measures with finite
total variation, is the space of u € M(£2) such that there exists C' with
i, )| < Cllplloo for all ¢ € C.(£2), and such a p can be extended to all
p € Cy(£2), the space of bounded continuous functions in 2 which tend to 0
at the boundary 02 of 2, which is a Banach space with the sup norm, so that
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M,y (£2) is the dual of Cy(£2) and is a Banach space. If M,, are distinct points
in £2 then pp =) c,dn, belongs to M;(2) if and only if ) |c,| < oo and
one has [[uf] = S lenl

The generalization to more than one space dimension has been studied by
Ennio DE GIORGI, FEDERER and Wendell FLEMING, but the earlier names
TONELLI' and Lamberto CESARI?*3 are often mentioned.

Definition 37.3. For an open set 2 C RN, a function u belongs to BV (£2),
the space of functions of bounded variation in 2 if u € L*(£2) and aaTuj €

My(2) forj=1,...,N. O

Lemma 37.4. BV(RY) is continuously embedded in L' (RN) for N > 2,
and in L= (R) for N = 1. If o. is a smoothing sequence and u € BV (RY)
then o *u is bounded in W11 (RN). Moreover

BV(RN) = {u e L*(RN) | ||rhu — ul|y < C|h| for allh € RN}, (37.1)
Proof: For j =1,...,N, and ¢ € C>°*(R") one has

9(0oe a . .0
(Heerd ) = —(0. xu, §2) = —(u, 0 % 52) =

. (37.2)
a(o. .
7<u7 (ngp)> = <38;; ) Os *50>a
and as g. * ¢ is continuous with compact support and has a sup norm <
19] B 9 e
Cllplloc one deduces that ’<7(§$j"),ga>’ < Cl¢lloo; as oeru) C>(£2),

Ba:j
it means that ||%||1 < C. By my improvement of Sobolev’s embedding
)

theorem for p = 1 (proven by Louis NIRENBERG), ¢ *u stays in a bounded set
of the Lorentz space L' "' (RN ) if N > 2 (or a bounded set of L®(R) if N = 1);
of course, p. * u converges to u in L'(RN) strong, and because L' ' (RY) is
a dual (as will be proven later), one has u € L' ' (RY). For u € BV(RY)
one has T,u —u € LY(RY), and o x (hu — u) — 7u — u in L}(RY) as
e — 0, but as it is also 75, (0 * u) — (0 * u) one has ||7 (0 xu) — (0 xu)|]1 <
|h| ||grad(o. * u)||1 < C |h|, which gives ||Tpu — ul|y < C'|h| for all h € RN.
Conversely if u € LY(RY) and ||7yu — u||y < C|h| for all h € RN, then for

h = te; one has i Cjtufu — gT“j in the sense of distributions as t — 0, but
as 2" is bounded in L'(RN) and L'(RN) C (Co(RN)) = My(RN), the
limit belongs to M,(RYN). 0

The fact that v € WHP(RYN) is equivalent to v € LP(RY) and ||mpu —
ull, < C|h| for all h € RN is true for 1 < p < oo, but not for p = 1.

! Leonida TONELLI, Italian mathematician, 1885-1946. He worked in Cagliari,
in Parma, in Bologna, and in Pisa, Italy. The department of mathematics of
Universita di Pisa, Pisa, Italy, is named after him.

2 Lamberto CESARI, Italian-born mathematician, 1910-1990. He worked in Pisa,
in Bologna, Italy, at Purdue University, West Lafayette, IN, and at University of
Michigan, Ann Arbor, MI.

3 John PURDUE, American industrialist, 1802-1876.
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However, the difference between W11(RY) and BV (RY) is not seen for some
interpolation spaces defined with these two spaces.

Lemma 37.5. For 0 <6 <1 and1 < q < oo one has

(My(RM), L=(BY)), . = (L'(RY), L¥(BY)), = LPU(RY) forp = ——

1—6’
(37.3)

and
(BV(RY), My(RY)), , = (BV(RY), L' (RY)), , = By~ (RY) (37.4)

(WHHRY), My (RY)),, = (WHH(RY), LY (RY)), = By~ " (RY).

Proof: One uses the fact that L'(RY) C M,(RY) and for u € LY(RYN)
the norm of u in L'(RM) and the norm of u in My(RY) coincide. Let

0 = My(RY), E; = L®(R"), and Fy = L*(R"), then F, C Ey, so that
(Fo,E1)0,q C (Eo, E1)o,q; conversely a € (Eo, E1)gq means a = [ u(t) at
with u() € EyNnEy ae t € (0,00) and ¢t~ max{||u(t)||z,,t ||u®)||e} €
L9(Ry; %), but as EgNEy = FyNEy and [|u(t)|| g, = |[u(t)||r,, one has u(t) €
FoNE; ae. t € (0,00) and ¢t~ max{||u(t)||r,,t ||u(t)||E,} € Lq(R+;%), S0
that a € (Fp, E1)g,q- The same argument gives

(BV(RY), My(RN)), = (BV(RN), L} (RY))

L1 pN N LipNy 71 N9,q (37.5)
(W ’ (R )’Mb(R ))97q = (W ’ (R )aL (R ))g,q'
One observes that (BV (RY), Ll(RN))e « C (WELHRN), Ll(RN))e > S0

that these two spaces are equal, and one then uses the reiteration theorem
26.3. Indeed, the linear map u — 7u —u € L*(RY) has a norm < C'|h| in
BV(RM) and a norm < 2 on L'(RY) and therefore a norm < C'|h|'=% on
(BV(RN),Ll(RN))G > 1-e., one has [[Tpu — ul[y < C |h|*=? on this space,
which is the characterization of elements of (W (RYN), L*(RY)), . O

[Taught on Monday April 24, 2000.]
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Replacing BV by Interpolation Spaces

Solving nonlinear partial differential equations sometimes requires a careful
use of adapted functional spaces, and knowing the theory of interpolation
spaces is helpful for creating a large family of such spaces, some of them quite
useful.

Many of the nonlinear partial differential equations which are studied have
their origin in continuum mechanics or physics, but very few mathematicians
take time to try to understand what the right equations and the right questions
should be, and many work for years on distorted equations without knowing
it; there are unfortunately many who know the defects of the models that they
use but prefer to hide them in order to pretend that they are working on some
useful realistic problem. It is wiser to be aware of the defects of the models,
but it happens that very honest mathematicians are unaware of some practical
limitations of the equations that they study, and when Jean LERAY told me
that he did not want the Germans to know that he had worked on questions of
fluid dynamics,! and that he had said that he was a topologist, I first thought
that it was for fear that his results on the Navier—Stokes equation could be
used by the enemy, which would have been very naive, as they were much too
theoretical to be of any practical use, but more likely he had meant that he
did not want to be forced to work on practical problems in fluid dynamics.
Many do not seem to realize that the equations that mathematicians work
with under the name of the Navier-Stokes equation are oversimplified and
therefore not so realistic, but the motivation of a mathematician for working

! In 1984, T had mentioned the political difficulties that I was encountering in the
French university system, and Jean LERAY had explained to me the origin of the
political difficulties that he had encountered himself almost forty years earlier.
As an officer in the French army, he had been taken prisoner and he had spent
most of World War II in a German camp, while a famous member of the Bourbaki
group had dodged the draft; inside the camp, he had continued to do research, and
he had even organized a university, of which he was the chancellor. He worked
on topology, and soon after introduced the basic ideas for sheaf theory, which
another member of the Bourbaki group plagiarized afterward.
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on these simplified equations is that Jean LERAY had not been able to solve
some particular questions about them; however, I have no good explanation for
the fact that a good mathematician who had to describe what the equations
are about could show such an appalling level of understanding of continuum
mechanics as to forget mentioning Galilean? invariance, or the isotropy of the
fluid involved, leading to an invariance of the equations under rotations. It
would be wiser to know about all these properties, and to mention them, of
course, but also to explain what one tries to achieve by working on simplified
or deficient models; indeed, if a technical difficulty has been identified on a
realistic model, it is easier to try to overcome it by working first on a simplified
model, even if it has lost some of the realistic features of the problem that
one would like to solve; having explained what one is trying to achieve should
help when coming back to more realistic questions afterward.

The space BV has been widely used in situations where solutions are
discontinuous, but there are reasons to think that this functional space is not
adapted to most nonlinear partial differential equations where discontinuous
solutions are found; indeed, outside cases where the maximum principle can
be used, or in one space dimension, spaces modeled on W' or BV are not
adapted to linear partial differential equations with constant coefficients, so
that it is unlikely that they could serve in a linearized version for studying
stability of solutions under perturbations.

Of course, there are problems where a space like BV is asked for, and
geometric measure theory is often the framework that one imposes to look for
a domain with finite perimeter (i.e., whose characteristic function belongs to
BYV), or to look for a set with finite (N —1)-dimensional Hausdorff measure. In
“applications” to minimal surfaces, one often hears about soap bubbles, but
hardly anyone working on problems of that type seems to know anything about
the chemistry involved in a soapy layer. In “applications” to image process-
ing, hardly anyone working on problems of that type seems to know anything
about the physical processes leading to the creation of the images, either opti-
cal devices, radar applications, or NMR (nuclear magnetic resonance), whose
name has been changed to MRI (medical resonance imaging) because of the
fear that the term “nuclear” generates in the grossly uninformed? public. How-
ever, it is worth repeating that for numerical applications, any nonphysical
approach may be used if it leads to an efficient algorithm, but why should one
be so interested in some part of mathematics which only leads to inefficient
algorithms?

The main class of partial differential equations where discontinuous
solutions appear for intrinsic reasons is that of hyperbolic conservation

2 Galileo GALILEIL ITtalian mathematician, 1564-1642. He worked in Siena, in Pisa,
in Padova (Padua), and again in Pisa, Italy.

3 Obviously, politicians like to keep everyone uninformed, to maintain control of the
population, but scientists could certainly do better when it comes to explaining
what the resonance of nuclei is, and why it has nothing to do with fission, or with
fusion.
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laws; this class covers important situations in continuum mechanics, but too
little is understood about it from a mathematical point of view. Because
of their practical importance, numerical simulations of these problems are
performed, for example in order to compute the flow of (compressible) air
around an airplane. The (Franco-British) Concorde was the only commer-
cial plane which flew over Mach*® 1, but most commercial planes fly fast
enough to require computations of transonic flows; indeed, the speed of sound
depends upon the temperature and the pressure, and the shape given to
the wings of the plane makes more air go below the wing and creates a
slight surpression below the wing and a high depression above the wing;
at the cruise velocity of large commercial jets, the speed of sound in that
depression (which sucks the plane upward) is then less than the velocity
of the plane. Numerical simulations have become much less expensive than
using small-scale planes in wind tunnels, and the shape of the plane can be
improved (mostly for diminishing the fuel consumption of the plane, rarely
for diminishing the noise that it makes), but the mathematical knowledge of
these questions, mostly due to the work of GARABEDIAN’ and of Cathleen
MORAWETZ,2 10 is still insufficient for corroborating the intuition of the
engineers.

4 Ernst MACH, Czech-born physicist, 1838-1916. He worked in Graz, Austria, at
Charles University in Prague (then in Austria, now capital of the Czech republic),
and in Vienna, Austria.

CHARLES IV of Luxembourg, 1316-1378. German king and King of Bohemia (in

1346) and Holy Roman Emperor (in 1355) as Karl IV; he founded the University

of Prague in 1348.

The Mach number is the ratio of the velocity of the plane to the speed of sound.

Paul Roesel GARABEDIAN, American mathematician. He works at NYU

(New York University), New York, NY.

8 Cathleen SYNGE MORAWETZ, Canadian-born mathematician, 1923. She works
at NYU (New York University), New York, NY. Her father was John Lighton
SYNGE, Irish mathematician, 1897-1995, who worked in Dublin, Ireland, but he
had also worked in Toronto, Ontario (Canada), at OSU (Ohio State University),
Columbus, Ohio, and at Carnegie Tech (Carnegie Institute ot Technology), now
CMU (Carnegie Mellon University), Pittsburgh, PA, where he was the head of
the mathematics department from 1946 to 1948.

9 Andrew CARNEGIE, Scottish-born businessman and philanthropist, 1835-1919.
Besides endowing the school that became Carnegie Institute ot Technology and
later Carnegie Mellon University when it merged with the Mellon Institute of
Industrial Research, he funded about three thousand public libraries, named
Carnegie libraries in United States.

10 Andrew William MELLON, American financier and philanthropist, 1855-1937.
He funded the Mellon Institute of Industrial Research in Pittsburgh, PA, which
merged in 1967 with the Carnegie Institute ot Technology to form Carnegie Mellon
University.

(3]

N O
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For 1 < p < oo, the Besov space

BYPP(R) = (W'P(R), L?(R))
for all h € R}

Uy oo = (€ LP(R) [ [miu — ull, < C 1] /7
(38.1)
contains discontinuous (piecewise smooth) functions (while for 1 < ¢ < oo, the

space B;/ PP(R) does not contain piecewise smooth discontinuous functions).
The excluded case p = 1 corresponds to BV (R), and p = oo corresponds to
L>*(R), so why think that the case 1 < p < oo is better?

Linear partial differential equations with constant coefficients can be solved
by using elementary solutions, and for elliptic equations this leads to singular
integrals which can be studied using the Calderén—Zygmund theorem, which
requires 1 < p < oo. For example, solving Au = f for f € LP(RN) gives

832872]_ € LP(RN) fori,5 =1,...,N,if 1 < p < oo, but the result is false for
ou

p=1orp=o0,and f € L*(RY) does not imply that the derivatives B
belong to BV (RY).

There are, however, other spaces which can be used for replacement, using
the Hardy space H!(RY) instead of L' (R"), and the space BMO(RY) instead
of L>®(RY), and indeed, operators defined by singular integrals act from
HY(RYN) into itself and from BMO(RY) into itself; actually, the interpola-
tion spaces between H!'(RY) and BMO(R") are the same as the already
studied interpolation spaces between L!(RY) and L>(RY), but these results
cannot be derived so easily. However, there is another obstacle, which suggests
that the choice p = 2 is the only right one.

The (scalar) wave equation in a general medium has the form

N

0%u 0 Ju
o) oz Z Ox; (aij(m)axj) - (382)
—

)=

where the coefficients ¢ and a;j, i, j = 1,..., N belong to L°°(R"), satisfy the
symmetry condition aj;(z) = a;;(x) a.e. v € RN for all4,j = 1,..., N, satisfy
the positivity property o(x) > o > 0a.e. x € RV, and also satisfy the elliptic-

ity property that for some o > 0 one has Zgj:l aij(2)&& > alé? for all € €

RN, a.e. 2 € RN. Under these conditions, the Cauchy problem is well posed

if one imposes ul;—g = ug € H'(R"N) and 2% —o=t1 € L*(R"), and one has

conservation of total energy, sum of the kinetic energy 3 [ ay 0(T) %}2 dz,
and of the potential energy 3 [n (Zf\g:l a;j (x)gT“ %) dz. It would seem
natural to expect that with smooth coefficients, like for the simplified wave
equation in a homogeneous isotropic material ‘Z,% — c2Au = 0, one could
take ug € WHP(R™) and u; = 0 for example and find the solution u(-,t) €

WLP(RN) for t > 0 (or for t < 0 as the wave equation is invariant through
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time reversal), but Walter LITTMAN!! has shown that this only happens for
p=2.

Could the space B% 2’2(RN ) then be used for quasi-linear hyperbolic equa-
tions, where one expects some discontinuities to occur?

It is useful to compare BV (RY) with the Besov space Biép’p(RN), which
is the space of u € LP(R") such that ||7,u — ul|, < C|h|}/? for all h € RN.

Lemma 38.1. One has BV(RY) N L>®(RY) C Béo/p’p(RN), and more
precisely

(BV(RN), L>(RM)) c BY/PP(RN). (38.3)

1/p',p
If x is a characteristic function, then x € B;ép’p(RN) implies x €
BV(RY) (and conversely).

Proof: The linear mapping v +— 7,u — u is continuous from BV (RY) into
LY(RY) with norm < C'|h|, and from L>(RY) into itself with norm < 2, so
that

u — Tpu — u is continuous from (BV(RYN),L>(RY)) into

1/p',p
(LY(RN), L>(RN)) LP(R"N) with norm < C'|h|'/?. (38.4)

1p'p

If x € BYPP(RN) one has [~ IX(—h)=x(2)[P dz < C|h| for all h € RV,
because x is a characteristic function, then x(x — h) — x(z) can only take the
values —1,0,1, so that |x(z — h) — x(2)[? = |x(z — h) — x(x)|, from which
one deduces that ||7,x — x|[1 < C || for every h € RV, and as one also has
IxIl1 = IIxI[3, one deduces that x € BV (R") (the first part implying the
converse). 0

[Taught on Wednesday April 26, 2000.]

11 Walter LITTMAN, American mathematician. He works at University of Minnesota
Twin Cities, Minneapolis, MN.
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Shocks for Quasi-Linear Hyperbolic Systems

Quasi-linear hyperbolic equations have properties quite different from semi-
linear hyperbolic equations, mostly because discontinuities may appear even
when initial data are very smooth. For second-order equations modeled on the
linear wave equation

2
% —PAu=0, (39.1)

semi-linear equations are of the form

Pu Ju Ou ou
W—CAU—F<U7at,ax1,...,axJV), (392)

where the higher-order part is linear with constant coefficients, while for quasi-
linear equations the higher-order part is still linear but with coefficients which
depend upon lower-order derivatives; in the case N = 1 one has for example

0%u ou\ 0%u

This equation was first studied by POISSON in 1807, as a model for a com-
pressible gas; the classical relation p = cp leads to an incorrect value of the
velocity of sound (which had been estimated by NEWTON), and LAPLACE
seems to have proposed the use of the relation p = ¢ ¢”; POISSON had found
some special solutions (which are called simple waves now), but he left them
in an implicit form, so that it took forty years before someone pointed out
that there was a problem, which STOKES explained in 1848 by the forma-
tion of discontinuities. STOKES computed the correct jump conditions to
impose for discontinuous solutions, by using the conservation of mass and
the conservation of momentum, and these conditions were rediscovered by
RIEMANN in 1860, but instead of being called the Stokes conditions or the
Stokes—Riemann conditions, they are now known as the Rankine-Hugoniot
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conditions.!*? The defects of these (isentropic) models were not obvious then,
as thermodynamics was barely in its infancy at the time, and even STOKES
was wrongly convinced later by THOMSON (who later became Lord Kelvin)
and by Rayleigh,® who told him that his discontinuous solutions were not
physical because they did not conserve energy.*

The appearance of discontinuities is more easily seen in first-order equa-
tions, for which a classical model® is the Burgers equation % +u % = 0.
Using the method of characteristic curves, one finds easily the critical time of
existence of a smooth solution.

Lemma 39.1. Let ug be a smooth bounded function on R. If uy is nonde-
creasing, there exists a unique smooth solution of % +u g—g =0 fort>0
satisfying u(x,0) = uo(x) for x € R. If inf,cp %(x) = —a < 0, there is a
unique smooth solution for 0 <t < T, = é, and there is no smooth solution
over an interval (0,T) with T > T,.

Proof: Assume that there exists a smooth solution for 0 < ¢t < T. For y € R

one defines the characteristic curve with initial point y by dz(tt) = u(z(t),t) and

2(0) = y, and one deduces that W = Zu(2(t),1) dzd(tt) + U (2(t),t) =0,
so that u(z(t),t) = u(2(0),0) = uo(y) for 0 < t < T’ this gives d’fi(tt) = up(y),
ie., z(t) = y + tup(y). This shows that on the line x = y + tup(y) for 0 <

t < T the smooth solution is given by u(x,t) = ug(y). If up is nondecreasing,

! William John Macquorn RANKINE, Scottish engineer, 1820-1872. He worked in
Glasgow, Scotland.

2 Pierre Henri HUGONIOT, French engineer, 1851-1887.

3 John William STRUTT, third baron Rayleigh, English physicist, 1842-1919. He
received the Nobel Prize in Physics in 1904. He held the Cavendish professorship
at Cambridge, England, 1879-1884.

Around 1880, STOKES was editing his works, but he did not reproduce his 1848
derivation of the jump condition, and he apologized for his “mistake”, because
he had been (wrongly) convinced by Rayleigh and THOMSON (who became Lord
Kelvin in 1892) that his solutions were not physical because they did not conserve
energy, so that one deduces that none of them understood well that mechanical en-
ergy can be transformed into heat. If one has learnt thermodynamics, one should
not disparage these great scientists of the 19th century for their curious mistake,
and one should recognize that there are things which take time to understand.
One learns now that thermodynamics is not about dynamics, and it is still not
so well understood a subject, and mathematicians should pay more attention to
it; ignoring thermodynamics, and publishing too much on isentropic equations,
for example, tends to make engineers and physicists believe that mathematicians
do not know what they are talking about, but believing all the rules of thermo-
dynamics shows that one is lacking critical judgment, as some of the rules are
obviously wrong and should be changed into a better theory, that one cannot yet
describe, as some parts still have to be discovered.

The function v has the dimension LT ™! of a velocity; some physicists prefer to
write % +cu g—’; = 0, where c is a characteristic velocity and « has no dimension.

I
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the mapping y — y + tug(y) is a global diffecomorphism from R onto R for
any t > 0 (it is increasing), so that there exists a unique global smooth
solution for all ¢ > 0. If there exist y1 < yo with ug(y1) > uo(y2), then the
characteristic line with initial point y; catches upon the characteristic line
with initial point yo and a smooth solution cannot exist up to the time of
encounter of the two characteristic lines as it would have to take two different
values at their intersection; one can easily check that for any 7" > T, one can
find two characteristic lines which intersect before T'.

One can check directly that the solution is well defined for 0 < t < T
because the mapping y — y + tug(y) is a global diffeomorphism from R
onto R for 0 < t < T,, and in order to show that there is no solution on

(0,T) with T > T, one defines v = % and one checks that W =

[v(z(t),1)]?, so that v(z(t),t) = %, so that the smooth solution satisfies

lim; .7, sup,cpr % = +o00. O
The analog of the implicit formula used by POISSON would be to say that
the solution must satisfy u(z,t) = ug (ac —tu(z, t)), and seeing the limitation
in time on this formula is less obvious.
After the critical time T,. one cannot have smooth solutions, and the
correctly defined solution will be discontinuous at some points, so that the

product of u by % is not defined, and it is important to write the equa-
2
tion in conservation form, %7; + 8(75730/2) = 0, and to consider the weak solu-

tions, i.e., the solutions in the sense of distributions. The jump conditions
which STOKES had computed correspond to saying that if % + % =0
and u,v are continuous on each side of a curve with equation =z = ¢(¢)
and s = ¢'(t) denotes the velocity of the (possible) discontinuity at time
t, then one has jump(v) = sjump(u), where jump(w) = w(go(t)—&—,t) -
w(p(t)—,t) = (w+) — (w—) (noticing that changing z into —z changes v into
—v, changes the sign of jump(u) and of jump(v), but changes also the sign
of s).

Unfortunately, there are too many weak solutions; for example, for ug =0
there is a global smooth solution which is v = 0, but there are infinitely
many weak solutions by taking xy arbitrary, a > 0 arbitrary, and defining
u by
0forx<zy—ta
u(z,t) = —2a for x —ta < xg
u(z,t)=2afor0<z<ta
u(z,t) =0 for ta < x.

u(z,t) = (39.4)

In order to reject all nonphysical weak solutions, one then decides to keep
only the discontinuities for which u_ > u. ; the method of characteristic curves
gives a local Lipschitz continuous solution when one starts from a nondecreas-
ing function and by continuity it gives such a Lipschitz continuous solution in
the other case u_ < uy, i.e., when one starts from the discontinuous function
jumping from u_ up to us (called a rarefaction wave). This selection rule,
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called an “entropy” condition,® and related to a more general Lax condition,
extends to the more general equation

Ou , 9f(u)

ot ox

=0 (39.5)

only if the nonlinearity f is a convex function; the case of a general (smooth)
f has been solved by Olga OLEINIK,” and the Oleinik condition is that one
accepts or rejects a discontinuity according to the position of the chord joining
(u—, f(u-)) and (u4, f(u)) with respect to the graph of the function f:

one accepts the discontinuity u_ > uy if and only if
the chord is above the graph,

one accepts the discontinuity u_ < u4 if and only if
the chord is below the graph.

(39.6)

Under the Oleinik condition there is a unique piecewise smooth solution,
but in order to study weak solutions without having to assume that they are
piecewise smooth, Eberhard HOPF® derived the equivalent Hopf condition

Op(u) | O(u)

5 + e < 0 in the sense of distributions for all convex ¢, (39.7)
x

and these ¢ are called “entropy” functions® and 1 the corresponding “en-
tropy flux”, defined by ¢’ = ¢’ f’. Peter LAX extended the idea to systems of
conservation laws,

oU  OF(U)

ot + ox
but not all functions ¢ on RP are entropies, because V oV F' = V ¢ implies
compatibility conditions that ¢ must satisfy, i.e., curl(V ¢ V F) = 0, and the
trivial entropies (U) = +U; for i« = 1,...,p just correspond to the given
system of equations.'”

=0, with U(z,t) € R?, (39.8)

5 By analogy with conditions imposed by thermodynamics for the system of com-
pressible gas dynamics.

" Olga Arsen’evna OLEINIK, Ukrainian-born mathematician, 1925-2001. She
worked in Moscow, Russia.

8 Eberhard Frederich Ferdinand HOPF, Austrian-born mathematician, 1902-
1983. He worked at MIT (Massachusetts Institute of Technology), Cambridge,
MA, in Leipzig, in Miinchen (Munich), Germany, and at Indiana University,
Bloomington, IN, where I met him in 1980.

9 Again, this is only by analogy with thermodynamics, and these “entropies” are
rarely related with the thermodynamic entropy.

10 1t is not clear if the right notion of solution has been found, but all the physical
examples seem to be endowed with a strictly convex “entropy”, which sometimes
is the total energy!
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One way to construct such admissible weak solutions is to consider a regu-
larization by artificial viscosity

oU. OF(U.)  9*U. _
5 + w2 0 for e > 0. (39.9)

u

The scalar case with f(u) = 72 (also called the Burgers—Hopf equation) was
first solved by Eberhard HOPF using a nonlinear change of function which
transforms the equation into the linear heat equation, and this transformation
was also found by Julian COLE,'"'? and is now known as the Hopf-Cole
transform. The scalar case with a general f was solved by Olga OLEINIK, and

. . N
the scalar case with more than one space variable,'3 9% + Y71 | 3}(;; W' _ 0
J

was obtained by KRUZHKOV.4

The important difference between the scalar case and the vectorial case
(regularized by artificial viscosity), is that there are simple BV estimates for
the scalar case, which are unknown for the vector case; the BV estimates
are used to prove convergence by a compactness argument, but any uniform
estimate in a Besov space (B5?)jo.(R") with s > 0 would be sufficient. Unfor-
tunately, the estimates for the scalar case are based on the maximum principle,
and the same argument cannot be extended to systems.

There is another method due to James GLIMM,'® which proves existence
for some systems if the total variation is small enough.

I have introduced another approach, based on the compensated compact-
ness method which I had partly developed with Francois MURAT, which does
not need estimates in Besov spaces, but which requires a special understanding
of how to use entropies to generate a kind of compactness; Ron DIPERNA'6:17
was the first to find a way to apply my method to systems.

11 Julian D. COLE, American mathematician, 1925-1999. He worked at Caltech
(California Institute of Technology), Pasadena, CA, at UCLA (University of Cal-
ifornia at Los Angeles), Los Angeles, CA, and at RPI (Rensselaer Polytechnic
Institute), Troy, NY.

12 Kjlean VAN RENSSELAER, Dutch diamond merchant, c. 1580-1644.

13 A scalar equation in N variables is not a good physical model for N > 1, because
it implies a very strong anisotropy of the space (due to a particular direction of
propagation).

14 Stanislav Nikolaevich KRUZHKOV, Russian mathematician, 1936-1997. He work-
ed in Moscow, Russia.

15 James G. GLIMM, American mathematician, born in 1934. He worked at MIT
(Massachusetts Institute of Technology), Cambridge, MA, at NYU (New York
University), New York, NY, and at SUNY (State University of New York), Stony
Brook, NY.

16 Ronald J. DIPERNA, American mathematician, 1947-1989. He worked at Brown
University, Providence, RI, at University of Michigan, Ann Arbor, MI, at Univer-
sity of Wisconsin, Madison, WI, at Duke University, Durham, NC, and at UCB
(University of California at Berkeley), Berkeley, CA.

17 Washington DUKE, American industrialist, 1820-1905.
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Of course, the preceding list of methods is not exhaustive, and there has
been other partially successful approaches.

The BV estimate in the scalar case can be linked to a L'(R) contraction
property, which was noticed by Barbara KEYFITZ'® in one dimension and by
KRUZHKOV in dimension N. This property is strongly related to the maximum
principle, and I have noticed with Michael CRANDALL'® that if a map S from
L'(£2) into itself satisfies [, S(f)dz = [, fdx for all f, then S is an L'
contraction if and only if S is order preserving; as order-preserving properties
do not occur for realistic systems, one cannot expect L' contraction properties
for systems; Michael CRANDALL and Andrew MAJDA?? later applied the same
idea for some discrete approximations, the simplest of which for %—i— % =0
being the Lax—Friedrichs scheme,

S (U = SR UR) + g (PO = SU2) =0, (39.10)

where U]” is expected to approximate U (i Az, n At); starting with a bounded
initial data ug, satisfying a < ug(xz) < § a.e. € R, one chooses for exam-
ple U? = ﬁ fi(jwlmmuo(y) dy for all ¢, and the explicit scheme generates
the numbers U for n > 0, but one must impose the Courant—Friedrichs—

Lewy?!22 condition (known as the CFL condition)
At ,
- sup [f'(v)] <1, (39.11)
A% yefog)

which imposes that the numerical velocity of propagation % is at least equal

to the real velocity of propagation; under this condition one has o < U* < 3
for all ¢ and all n > 0, and it is exactly the condition which imposes that

8 Barbara Lee KEYFITZ, Canadian-born mathematician, born in 1944. She worked
at Columbia University, New York, NY, in Princeton, NJ, at Arizona State Uni-
versity, Tempe, AZ, in Houston, TX, and at the FIELDS Institute for Research
in Mathematical Sciences, Toronto, Ontario (Canada).

19 Michael Grain CRANDALL, American mathematician, born in 1940. He worked
at Stanford University, Stanford, CA, at UCLA (University of California at Los
Angeles), Los Angeles, CA, at University of Wisconsin, Madison, WI, and he
works now at UCSB (University of California at Santa Barbara), Santa Barbara,
CA.

20 Andrew Joseph MAJDA, American mathematician, born in 1949. He worked at
UCB (University of California at Berkeley), Berkeley, CA, in Princeton, NJ, and
at NYU (New York University), New York, NY.

2! Richard COURANT, German-born mathematician, 1888-1972. He worked in
Gottingen, Germany, and at NYU (New York University), New York, NY. The
department of mathematics of NYU (New York University) is now named after
him, the Courant Institute of Mathematical Sciences.

22 Hans LEWY, German-born mathematician, 1904-1988. He received the Wolf Prize
in 1984. He worked in Gottingen, Germany, at Brown University, Providence, RI,
and at UCB (University of California at Berkeley), Berkeley, CA.
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U is a nondecreasing function of U, and of U}, and the I*(Z) con-
traction property follows. Of course this approach creates solutions such that
[lmpu(-, t)—u(-, t)||1 < ||Thuo—uol|1, which gives a BV estimate if ug € BV (R).
This scheme is only of order 1 and tends to smooth out the discontinuities
too much, but higher-order schemes are not order preserving; there is, how-
ever, a class of higher-order schemes, called TVD schemes (total variation
diminishing), for which the total variation is not increasing.

Obtaining BV estimates for general systems of conservation laws, or more
generally obtaining some estimates on fractional derivatives using interpola-
tion spaces is certainly a difficult open question, and some new ideas or some
new functional spaces may be needed for that important question.

[Taught on Friday April 28, 2000.]
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Interpolation Spaces as Trace Spaces

The possibility of defining the spaces (Ey, E1)gpfor0 < <land1<p< oo
as spaces of traces has been mentioned, and it is time to explain the proof. One
notices that if ¢~ K'(¢; a) is bounded then one can decompose a = ag(t) +a1(t)
with [|ag(t)||o + t||a1(t)|]1 < 2K (t;a) < Ct?, so that ai(t) — 0 in E; as
t — o0, and because the traces are taken as t — 0, there will be a change of ¢
into %

Lemma 40.1. Let 0 < § < 1 and 1 < p < o0. If v(t) € Ey and V'(t) €
Ey with t%||v(t)|lo € LP(Ry; %) and t°||v'(t)||y € LP(Ry; %), then v(0) €
(Eo, E1)e,p. Conversely, every element of (Eo, E1)e, can be written as v(0)
with v satisfying the preceding properties.

Proof: Let a € (Eo, E1)g,p, i.e., e "?K(e";a) € IP(Z). For n € Z one chooses
a decomposition a = ag,, + a1,n, With ag, € Ep, a1,, € E1 such that

llaonllo +€"[la1,n]l1 < 2K(e";a), (40.1)
and one notices that

l|ao,n+1 — aonllt = l|a1nr1 — a1l <

(40.2)
2e ("D K (e"t1a) 4+ 2e K (e";a) < 4e " K (e™;a).

One defines the function u with values in Ey by u(e”) = ag n, and extends u
to be affine in each interval (e™, e™*1); this gives

[lu(t)llo < max{[laonllo, |laon+1llo} < 2K (e""5a) < 2e K(e";a)  (40.3)

n n+1).

on the interval (e™, e ; in the case p = co, one deduces that t~||u(t)||o <
e "%2¢ K(e";a) on the interval (e",e"*1) and t~%[|u(t)|lo € L= (R4;4L),

n+1
while if 1 < p < oo one has [, t7P||u(t)|[h & < e 0P (2e)P K (e";a)P and
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t=0|u(®)]|o € LP(R+; %). On the interval (e”, e"*1) one has v/ = &g —20n

entl_en
and
de " K(e";a) 4

"W < = 2K (e": a). 40.4
L e K G0 (40.4)

In the case p = oo, one deduces that

t279\|ul(t)||1 < 6(270)(n+1) 4

e—1

46270
e "K(e";a) = 7167977'}((6”;&) (40.5)
e —
on the interval (e”, e"*!) and t279||u/(t)||; € L°(R4; %), while if 1 < p < 00
one has
et — —0)(n P —2n n
15 (2 e)pHU’(t)Hﬁ)% < (2-0)( +1)p(6f71)pe MPK (e a)P = (40.6)
Ce '"PK(e";a)P,
so that t>~%||u/(t)||1 € LP(Ry;%). Defining v(s) = u(2 ) gives v(s) — a as
s — 0, t|[v(t)]|o € LP(Ry; %) and t°||v'(t)||, € LP(Ry; %).

Conversely, assume that t?|[v(t)||o and 9|/ (¢)||; belong to LP(Ry;4t).
Then for ¢t > & > 0 one has ||v(t) — v(e)|]; < f; [[v/(s)|]1 ds < Ct'~% so that
v(t) tends to a limit in Fy + F; as s tends to 0. Then using the decomposi-
tion v(0) = v(t) + (v(0) — v(t)), one has t|[v(t)||o € LP(R4; %), and from
M 1 f [|v'(s)|]1 ds one deduces by Hardy’s mequahty (13.3) that

t(”lﬂv( ) — ( )||1 € LP(Ry;%); then one changes ¢ into 1, or one notices
that it says that v(0) € (El,Eo)l 0.p, which is (Eg, E1)g,p. O

The initial definition of trace spaces by Jacques-Louis LIONS and Jaak
PEETRE used four parameters and considered functions satisfying ¢*°u €
LPo(0, 00; Ep) with t*1u’ € LP1(0, oo; E1), for suitable parameters «g, a1, po, P1;
they had noticed that the family depended on at most three parameters by
changing ¢ into ¢*, but they had also introduced the important parameter ; it
was Jaak PEETRE who later! found that the family depended upon only two
parameters, and developed the simpler K-method and J-method that have
been followed in this course.

! Jacques-Louis LIONS’s interests had switched to other questions concerning the
use of functional analysis in linear and then nonlinear partial differential equa-
tions, in optimization and control problems and in their numerical approxima-
tions. After writing his books with Enrico MAGENES, his interest in interpolation
spaces became marginal, but he used the ideas when necessary; after finding a
nonlinear framework for interpolating regularity for variational inequalities, he
thought of a generalization and he probably found that it was a good problem for
a student instead of investigating the question himself. Developing this idea made
the first part of my thesis, and the second part answered another (slightly acad-
emic) question that he had thought of, and I characterized the traces of functions
satisfying u® € L? ((O,T); Hl(.Q)) and 2% € LQ((O,T); LZ(Q)).
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With the same arguments used in the preceding proposition, the charac-
terization of trace spaces is similar to studying the following variant, where
one defines Ly, ,, (t;a) as

Lo (tia) = _inf | (laoll§* +t[laa] ) (10.7)

a=ao+

and one defines the space (Eo, E1)g p;1, as

dt
(Eo, E1)o,p,1 = {a € Eg+ E | t_eLpo,pl (t;a) € LP (R+§ t> } . (40.8)

The lack of homogeneity may look strange, and if trace spaces had not been
defined before it would not even be obvious that (Eo, E1)e 1 is a vector
subspace, and it is actually a space already defined.

Lemma 40.2. For 0 < 0 <1 and 1 < pg,p1,p < 0o, one has (Ey, E1)op.1, =

(Eo, Ev) with O defined by 1%? = % g—?, and p = ((1 —0)po + Gpl)p.

0,p’
Proof: 1f one defines Ky(t;a) = [infa—qgta, (|Jaol§ + tq||a1|\({)]1/q and one
lets ¢ tend to oo, one obtains Ko (t;a) = inf,—qgg+a, (max{||aollo,t||a1][}),
and one has K (t;a) < K(t;a) < 2K (t;a) for all a € Ey + Ey. Geo-
metrically, for the Gagliardo set associated to a, i.e., {(zg,z1) | there ex-

ists a decomposition a = ag + a1 with [|agllo < zo,||a1]]l1 < z1}, the
line xy = tx; intersects it at zy = Koo(t;a),z1 = Keo(tia) Similarly
one defines Loo(s;a) = info—qota, (max{||aol|§’, s|la1|[{*}), and one has

Lo(s;a) < Lp,p(s;a) < 2Lo(s;a) for all @ € Ey + E4, and in order to
find the same point of the Gagliardo set one chooses s = 7' Ko (t; a)P0 71,

so that K (t;a)Pe = s%;a)m, and one deduces Loo(s;a) = Koo(t;a)Po;

then one notices that ¢ — s = tP* K (t;a)P°"P* is a good change of vari-
able, because ¢ +— K (t;a) is nondecreasing and ¢t — M is nonin-
creasing, and one deduces that % = C(t)% with min{py,p1} < C(t) <
max{po,p1} for all ¢ > 0, so that [ s /PLo(s;a)? £ < oo is equiva-
lent to [t OPPLK (s;a)PPo=fPPo=p) &b o0 This gives the condition
P=ppo—0ppo—p1)=(1—-0)pop+0p1p, and 0p =0 p1p=p— (1 —0)pop,
so that (1—6)p = (1—0)pgp and eliminating p between these last two formulas
gives the desired formula for 6. O

Lemma 40.3. If u € WYP(RN), then its trace you on xx = 0 satisfies

tou € WP (RNTY) = BUP P (RN = (WP (RN, 17 (RYT)

1/p,p’

(40.9)

Proof: Using z as the variable ¢ (and using only the fact that u € WP (RY)),
one finds that v € W!'P(RY) implies u € LP(0,00; W'P(RN1)) and
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u' € LP(0,00; LP(RN™1Y)), and this corresponds to § = % for By =
WLP(RN-1) and Ey = LP(RN-1). 0

In defining interpolation spaces, one has not really used the fact that Ey
and F; are normed vector spaces, and one can extend the theory to the case
of commutative (Abelian) groups, and moreover the norm can be replaced by
a quasi-norm, satisfying [a] > 0,[—a] = [a] for all a, [a] = 0 if and only if
a = 0, and the c-triangle inequality [a + b] < ¢([a] + [b]) for all a,b (one calls
then [-] a c-norm). One notices that if one defines ¢ by (2¢)? = 2 then there
is a 1-norm || - || such that ||a|| < [a]? < 2||a|| for all a, and such a norm is
defined by ||a|| = infazzn o, [@]¢; where the infimum is taken over all n and

=1

all decompositions of a.

One can define the space (Eo, E1)g,p if Eo, Fy are quasi-normed Abelian
groups, and with 0 < 6 < 1 as usual, but for a larger family of p, as one may
take 0 < p < oo, obtaining a quasi-normed space in the case 0 < p < 1, even
if £y and E; are normed spaces.

If || - |] is a 1-norm and for @ > 0 one defines [u] = ||ul|*, then [] is a
c-norm if one has (a + b)* < ¢(a® + b*) for all a,b > 0, and one checks easily
that one may take ¢ = 1 if « < 1 and ¢ = 20=1 if ¢ > 1. One may then
consider the variant L,, ,, (t;a) for 0 < po,p1 < 00, as a particular case of
using quasi-norms.

[Taught on Monday May 1, 2000.]
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Duality and Compactness for Interpolation
Spaces

To characterize the dual of (Ey, E1)g,p for 0 < § < 1and 1 < p < oo, one
needs a few technical results.

First of all there is a new hypothesis, that Ey N F; is dense in Ey and
dense in E7y; this implies that Ejj and E{ are subspaces of (EyN E1)’, because
if jo is the injection of EgN Ey into Eyp, then j¢ is a continuous mapping from
E} into (Ey N E1)" whose range is dense, while the hypothesis that the range
of jo is dense implies that jl is injective. Therefore EjN E} and E}, + Ef are
well defined. One denotes by || - ||r the norm on Ej and by || - ||« the norm
on Ej, for k=1,2.

Lemma 41.1. Assume that Ey N By is dense in Ey and dense in Eq. For
t > 0, the dual space of Eg N Ey equipped with the norm J(t;a; Ey, E1) =
max{||allo, t||al|1} is Ey + E{ equipped with the norm K(+;b;E), E}) =
infp, 15, =p ([[bo]«0 +  [[b1]]+1)-

Proof: If a € Eg N Ey and b € E) + E} with a decomposition b = by +
b1, by € Fp,by € Y, then one has | (b, a)l < |(bo,a)| + (b1, )| < |[boll.ollallo +
H|b1|[atlallr < (|bol[«0+Fb1]|+1) max{||allo, t||a||1}, so that by minimizing
among all the decompositions of b one deduces that

1
[{b,a)| < K (t,b; E{),E{) J(t;a; Ey, Ey) for all a € EgNEy,b € Ey+E7,t > 0.

(41.1)
Conversely, let L be a linear continuous form on Fy N E; equipped with the
norm J(¢; a; Eo, E1), and let M = ||L||, so that |L(a)| < M max{||a||o,||a|]1}
for all a € Eg N Eq; one uses the Hahn—Banach theorem in order to find a
linear continuous form L. on Ey x Ej, equipped with the norm ||(ag,a1)|| =
max{||ao||o, ¢ ||a1||1}, which extends the linear form L defined on the diagonal

1 Of course, this precludes using Eo = L'(2) and E; = L () directly, but the
same result is valid, and proven using the reiteration theorem 26.3 together with
Lemma 41.1 applied to Ey = L*(£2) and E; = L?(£2) for some p < oo.
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of (Eo N Ey) x (Eg N Ey) by L(a,a) = L(a), for which one has |L(a,a)| =
|L(a)| < M max{||allo,t||al|1} = M||(a,a)||, so that ||L|| < M and therefore
there exists an extension L, on Ey x Ep satisfying ||L.|| < M. Any linear
continuous form on Ey x E; can be written as (ag,a1) — (bo,ao) + (b1, a1)
with by € Ej and by € Ff{, and the norm of that linear continuous form is
obviously < ||bo||«0+ ||b1][«1, but it is actually equal to that quantity because
one can choose ag € Ey with ||ag|lo = 1 and (by, ag) = |[|bo||+0 and a1 € E
with ||a1|[1 = 1 and (b1, a1) = 1 ||b1][«1 (again by an application of the Hahn—
Banach theorem); one then deduces that L(a) = L(a,a) = (by,a) + (by,a) =
(bo + by, a) for all a € Eg N Ey, and ||bol|+0 + 1||b1|[«1 < M, so that L is given
by the element b = by + by € E{) 4+ E}, which satisfies K (};b; E), E]) < M.
It remains to show that b is defined in a unique way, i.e., that (b,a) = 0
for all @ € EyN E; implies b = 0; indeed, because |{bg, a)| = |{b1,a)| < C||al|1
for all a € Ey N E; and Ey N E; is dense in Ey, by extends in a unique way
to an element of Ff, which then coincides with —b; on the dense subspace
Eo N E;y of Ey, so that one has by,b; € E) N E} and by + b1 = 0. O

Lemma 41.2. Assume that Eqg N Eq is dense in Ey and dense in Ei. For
s > 0, the dual space of Eq+ E1 equipped with the norm K(s;a; Eg, E1) =
infagtai=a (||aollots |lar|l1) is EgNEY equipped with the norm J(L;b; B, EY}) =
max{|[[b] |0, 3 [1b] |1 }-

Proof: If a € Ey + E; and b € Ej N E] with a decomposition a = ag + aq,
then one has | (b, a)| < [(b,ao)| + [(b,a1)| < [[b]lxollacllo + 5 [Bll1s [|ar]ls <
max{|[[b||+0, L [[b]]«1}(||allo + s]lal|1), so that by minimizing among all the
decompositions of a one deduces that

1

[(b,a)| < J (,b; Eé,Ei) K (s;a; Eg, E1) for all a € Eg+E1,b € EjNE], s> 0.
s

(41.2)

Conversely, if L is a linear continuous form on Ey + E; equipped with the
norm K(s;a; Eg, E1), then it is a linear continuous form on E; and also a
linear continuous form on Fj, so that L is given by an element b € Ej N E.

For computing the norm of L, for 0 < ¢ < 1, z,y > 0 one chooses
ag € Ey with ||agllo = = and (b,ap) > (1 — €)z||b||«0 and a; € E; with
[la1]lr = y and (b,a1) > (1 — €)y||b||<1, so that a = ag + a; satisfies
K(s;a; FEy, E1) < x+ sy and |(b,a)| > (1 — &)(x||b||«x0 + y ||b]|+1), so that

[|IL]| > (1— 5)%7 and letting e tend to 0 and either z or y tend to

0, one finds ||L|| > max{|[b||+0, 2 ||b][.1}- 0
The main result about duality for interpolation spaces, which has already
been mentioned for Lorentz spaces, is the following.

Lemma 41.3. Assume that Eg N By is dense in Ey and dense in Eq. Then,

for0 <0 <1and1l < q < oo, one has ((Eo,El)g,q)l = (E{, E{)o,q with

equivalent norms, where %—I— % =1.
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Proof: We shall prove that

((EovEl)G,q;J)l C (Eo, E1)o,qix and (B, E)o,q0 C ((EOaEl)G,q;K)lv
(41.3)
and the result will follow from the identity (with equivalent norms) between
the interpolation spaces defined by the J-method and the K-method.

In order to prove the first inclusion, one takes a’ € ((E07E1)07q;J)/,
and as a’ defines a linear continuous form on Fy N Ej, a preceding lemma
asserts that for every ¢ > 0 there exists a sequence b, € Ey N E; such that
J(2%b,; Ep, E1) = 1 and K(27™;ad/; B}, E]) — e min{1,27"} < (a’,by,).
For a sequence o, such that 27%"q,, € 19(Z), one defines a(a) =
> ez On by, and one has a(a) € (Eo, E1)g,q;7 with |[a(a)|]o,q0 < 127" anllq
because of the normalization chosen for the sequence b,; the partic-
ular choice for the sequence b, implies Y, ., o (K(27"d'; By, E}) —
e min{1,27}) < (¢a(a)) < |||l lla(@llogs < [[2]l[12-man]l, (notice
that «, min{1,27"} € ['); by letting ¢ tend to 0 one deduces that
Sonez K27 a B, EY) < |ld/|[][27%"an|q for all such sequences o,.
As Yz anfBn < M|27%"ay,|[q for all sequences a, is equivalent to
112678,||y < M, one deduces that |[2°"K(27";a/; E}, E})|ly < ||d']], ie.,
a’ € (Ep, E1)o.q:k-

In order to prove the second inclusion, one takes a’ € (E{, E{)g q4.J, and
one writes o’ = 3 al, with a/, € EjyNE} and 27°7"J(2";al,; B}y, E}) € 17 (Z);
then for a € (Eo, E1)p,q;x one has

o' a)| < 32, [an, @)l < 32, J (2% ap; Eg, 1)K (27" a3 Eo, Er) <
M|2°" K (27" a; Eo, B1)|lea(z) < M |lallp,q;5.0

When I was a student I had noticed that for 0 < § < 1 the space (E{, E{)g1
is actually a dual, although not the dual of (Ey, E1)s,00; I had mentioned that
to my advisor, Jacques-Louis LIONS, and he had told me that Jaak PEETRE
had already made that observation.? The idea is to observe that I! is the dual
of ¢g, and that one can define a new® interpolation space modeled on ¢g, con-
sidering that the usual interpolation space indexed by 6, p is actually modeled
on [P(Z). For 0 < # < 1 and two Banach spaces Ey, E; continuously embed-
ded into a common topological vector space, one defines the space (Eo, E1)g:c,

(41.4)

2 Tt is quite natural that in the process of doing research one finds results which have
already been found before, and Ennio DE GIORGI had once said “chi cerca trova,
chi ricerca ritrova” (the first part reminds one of the “seek and you will find” from
the gospels, but the play on the prefix does not work well in English, although
one could replace seek and find by search and discover in order to use research
and rediscover). Sometimes, one may find the result by a different method and it
may be worth publishing if the new proof is simpler than the previous one, or if
it contains ideas which could be useful for other problems; of course, one should
mention the author of the first proof, even if he/she has not published it.

3 Obviously, one can describe more general classes of interpolation spaces, and Jaak
PEETRE has actually developed a quite general framework for doing that.
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as the space of a € Ey + E; such that 277K (27:a) € c¢o(Z), equipped with
same norm as (Ey, E1)g,co (this space is the closure of EgyNE; in (Eoy, E1)g,00)-
The proof of the previous proposition easily extends to show that the dual of
(Eo, E1)o:c, is (Eg, EY)p,1 with an equivalent norm.

Another useful result concerning interpolation spaces is the question of
compactness.

Lemma 41.4. If A is a linear mapping from a normed space F into FyN Eq,
such that A is linear continuous from F into Eg and compact from F into E1,
then for 0 < 0 < 1 the mapping A is compact from F into (Eo, E1)p,1 (and
therefore compact from F into (Eg, E1)pp for 1 <p <oo).

If B is a linear mapping from Eqg + Fy into a normed space G, such that
B is linear continuous from Eqy into G and compact from Eq into G, then for
0 < 6 <1 the mapping B is compact from (Ey, E1)g,00 into G (and therefore
compact from (Eg, Ev)g,p into G for 1 <p < o0).

Proof: If || fn||F < 1, then A f,, is bounded in Ey and belongs to a compact
subset of E1, so that a subsequence f,,, converges in F1, so that it is a Cauchy
sequence; one has ||z][g1 < C'||z||s 7% |2]|¢ for all 2 € (Ey, E1)g.1, and applying
this inequality to x = f,, — fm’ one deduces that A f,, is a Cauchy sequence
in (Ey, E1)p,1, so that A is compact from F' into (Ey, E1)g,1-

Let |len|lo,c0 < 1 so that for each € > 0 there exists a decomposition
en = €0 + el with |[e2]|o + ellet]|l1 < 2K(g;e,) < 2% then ||[Bel||q <
2||B||z(By.c)e%, and Bel, belongs to a compact subset of G so that a sub-
sequence Be,, converges in G, and therefore for this subsequence one has
Lm sup,, ..o [|Bes, — Bel.|la < 4||Bllzg,c)e”; using Cantor diagonal
subsequence argument one finds that B e,, contains a converging subsequence
in G, so that B is compact from (Ey, E1)g,0c into G. O

[Taught on Wednesday May 3, 2000.]
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Miscellaneous Questions

During 1974-1975, I spent a year at University of Wisconsin, Madison, WI,
and I often had discussions with Michael CRANDALL; among our joint results
that we did not publish there was a question related to interpolation. The
motivation for looking at the problem was some kind of generalization which
had been published, for which it was not clear if there was any example
showing that it was indeed a genuine! generalization, and as our result did
not cover the same situations as the published theorem, it might well have
been more general than the previous ones in some cases. Although we started
by proving some observations for linear mappings, and then extended the
method to a nonlinear setting, I present the results in reverse order.

Lemma 42.1. Let 2 be a bounded (Lebesque) measurable subset of RN and
let F' be a nonlinear mapping from L™ (£2) into itself satisfying the following
properties:

(a) F is Lipschitz continuous from L (£2) into itself,

(b) F is monotone (in the L* sense), i.e., [ (F(uz)—F(u1))(uo—u;) dx >
0 for all uy,us € L™(£2).
Then for every p > 2, F is Lipschitz continuous from LP(2) into itself (i.e.,
F is Lipschitz continuous with respect to the distance LP, and hence it extends
in a unique way as a Lipschitz continuous mapping from LP({2) into itself).

1 My advisor had once mentioned that when reading a highly abstract article one
should first look at the examples. On a previous occasion, I had applied his advice
and shown that a generalization of the Lax—Milgram lemma was not a genuine
one, and that all the examples of the proposed new theory could be dealt with
in a classical way, once a particular observation had been made; a friend insisted
that I publish the observation, and it became my shortest article. Of course, in
such situations, it is better to avoid mentioning names, and one should remember
that even the best mathematicians have made mistakes (I was told that a great
mathematician had his ego a little bruised after publishing a perfectly good proof,
when he realized that no object satisfied all the hypotheses of his theorem, which
therefore was a quite useless one).



200 42 Miscellaneous Questions

Proof: Let My, be the Lipschitz constant for F' with respect to the distance
L>*. For 0 <e< ﬁ and v € L*>(£2) there is a unique u € L>(£2) solution
of the equation u+ ¢ F(u) = v, as it is the unique fixed point of the mapping
u +— v — & F(u), which is a strict contraction; moreover the mapping v — u
is Lipschitz continuous with a constant < ﬁ, and if one defines the
mapping G. by G.(v) = v —u = € F(u) then G, is Lipschitz continuous with
a constant < 1:‘/[1\7@0.

For vy,vy € L (§2), one subtracts u; + € F'(u1) = v1 from ug + € F(ug) =
vy and one multiplies by F(uz) — F(uy), giving ¢ [, |F(uz) — F(u1)|? da <
e [o|F(uz) = F(up)|?dz + [, (F(u2) — F(w))(uz — wy)de = [, (F(u2) —
F(u1))(vy — v1)dz, so that ||G-(v2) — Ge(v1)|]2 < [[va — v1]|2. In particular
G. has a unique extension to L?(2) (which is a contraction).

Having shown that G. is Lipschitz continuous on L>°(2) with a constant <
1:‘/[1\700 and Lipschitz continuous on L?(§2) with a constant < 1, one deduces
by nonlinear interpolation that G, is Lipschitz continuous on LP(§2) with

0 .0, .
a constant < (1:\41\700) if 6 is defined by % = % + %, and as one has

0 = 2=2 > 0 one deduces that the constant may be made small by taking
¢ small. Assuming then that ¢ has been chosen small enough so that the
Lipschitz constant of G in LP(£2) is < K < 1, then for every uy, us € L*(12),
one defines v; = u; + ¢ F(u;) for j = 1,2, and one deduces that ¢ ||F'(u2) —
Fun)|ly = 1G(w2) — Gon)lp < K llvz — vnlly < K (Iluz — wslly + e [P (uz) —
F(u1)l[p), so that [[F(uz) — F(u)l[p < Mp|[uz — ui[|, with M), = U

_K__
e(1-K) "

In the case of linear mappings, the idea is that one may use unbounded
(densely defined) closed operators by considering their resolvents, i.e., the
bounded operators (A — AI)~! for some A\ € C. In particular, if for a real
Hilbert space H a closed unbounded operator A has a dense domain and
satisfies (Au,u) > 0 for all u € D(A), then for A < 0 the resolvent exists and
is a contraction. Then for € > 0 the bounded operator I — (I +¢ A)~! is also
a contraction, while if A is bounded its norm is O(e), and by interpolation
it will have a small norm in an interpolation space and it will show that the
operator is bounded in that space. The preceding proposition has followed
the same scenario in a nonlinear setting, but one can deduce more in a linear
setting by using the spectral radius of an operator.?

Lemma 42.2. Let A be a linear mapping from Eg + Fy into itself satisfying
A € L(Ey; Ey) with spectral radius oo and A € L(Ey; Ev) with spectral radius
01 (where Ey and Ey are Banach spaces). Then for0 < 0 <1 and1 < p < oo,
the spectral radius o(0,p) of A on (Eo, E1)g,p satisfies the inequality o(0,p) <
05 of.
Proof: One uses the fact that o(A) = lim, .. ||A"]|'/", and the fact that
A" e(BoiEn 0 pEo 00,0 < C A i) A" |2, 1, With C depending
2If A € L(E; E) for a Banach space E, the spectrum of A is the nonempty closed
set of A € C for which A — AT is not invertible, and the spectral radius o(A) is
the maximum of |A| for A in the spectrum of A.
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upon which equivalent norm is used for (Ey, E1)g,, (but not on n); taking the
power % and letting n tend to oo gives the result. ]

If f is holomorphic, then the spectrum of f(A) is the image by f of
the spectrum of A, and using the preceding lemma one deduces that if
Ky is the spectrum of A in Ey, K; is the spectrum of A in E;, and Ky,
is the spectrum of A in (Ey, E1)s,p, then for every holomorphic function
f one has max.c,  |f(z)| < (max.er, |f(2)])' " (max.ck, [f(2)])?. T once
asked Ciprian FOIAS? if he knew some situation where the spectrum strongly
depends upon the space used, but I did not understand his answer.

I do not know any good example of applications of these results obtained
with Michael CRANDALL, which is one reason why I never wrote that proof
before, but I find interesting the fact that with respect to interpolation a
monotonicity property is almost like a Lipschitz condition. Actually, the
last inequality giving a localization of the spectrum suggests that one could
develop notions of interpolation of sets.

Finally, I want to mention a result which I found a few years ago, while I
was teaching a graduate course on mathematical methods in control, because
I wanted to explain the following result of Yves MEYER,? which he had used
in connection with a control problem.®

Lemma 42.3. Let du be a Radon measure on R and T > 0. A necessary and
sufficient condition that there exists a constant C(T') such that

[ |FFEZdp < C(T) [ |f(2)? da

(42.1)
for all functions f € L?(R) which vanish outside (0,T)

18 that

sup u([k, k+1]) <C" < 00. O (42.2)
keZ

3 Ciprian Ilie FOIAS, Romanian-born mathematician, born in 1933. He worked in
Bucharest, Romania, at Université Paris Sud XI, Orsay, France (where he was my
colleague in 1978-1979), at Indiana University, Bloomington, IN, and at Texas
A&M, College Station, TX.

4 Yves Francois MEYER, French mathematician, born in 1939. He worked at Uni-

versité Paris Sud XI, Orsay (where he was my colleague from 1975 to 1979),
at Université Paris IX-Dauphine, Paris, and at ENS-Cachan (Ecole Normale
Supérieure de Cachan), Cachan, France.
The title of his article mentioned the control of deformable structures in space,
but only contained a result of control for the scalar wave equation, although a
little idealistic, as the control was applied at a point inside the domain. I guess
that Jacques-Louis LIONS had understood that the control of flexible structures
in space is an important question, but because elasticity with large displacement is
too difficult a subject, and even the linearized version of elasticity is a complicated
hyperbolic system, he had started by considering questions related to a scalar
wave equation, but he had probably forgotten to point out how far these questions
really are from controlling large deformable structures.
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After looking at his proof, I found that with very little change one could
prove the following variant.

Lemma 42.4. Let du be a Radon measure on R. The condition (42.2) is
equivalent to the existence of a constant C such that

1/2

[iFr@ran<c ( / If(x)|2dx>1/2 ( / (1+x2)|f(x)|2dar> C(42.3)

Jor all functions f such that [1,(1+ )| f(z)|* dz < co. O

Using the characterization of the space (Eo, F1)1/2,1 of Jacques-Louis
LIONS and Jaak PEETRE, it means that one can replace the right side of
the inequality by the norm of f in a corresponding interpolation space; here
Ey is L*(R) for the Lebesgue measure dz while Ey is L? for the measure
(1 + 22) dx, and it is not difficult to characterize (Ep, Ei)i/2,1 as

1/2

k>1
(42.4)
To prove that the condition is necessary, Yves MEYER considers a function ¢ €
L?(R) whose Fourier transform does not vanish on (0, 1) (if ¢,, converges to &g
then Fp,, converges to 1), and applies the inequality to f defined by f(z) =
e*™ k() so that for £ € [k, k+1] one has |[Ff(£)| = v = min,e(o,1) | Fe(n)|.
That the condition is sufficient is a consequence of the following lemma.

Lemma 42.5. There exists a constant C" such that
1/2

s IFp@R <o ([ If(fc)l2dw>1/2 ([a+anropa) .

o5 eelk )
(42.5)
for all functions f € L*(R) such that [(1+ z?)|f(z)|* dz < cc.

1/2

Proof: Let ax = ([ oy [FF(©)?d€)"" and b = (f[mﬂlydﬁfgf)|2d§)1/2;

the usual proof of continuity of functions of the Sobolev space H'((0,1))
gives SUPgc g k1] \Ff()]? < K2ag(a? + b?)'/?, and summing in k and using
Cauchy—Schwarz inequality gives

ez SWecwi) [F LIRS K2 ([ |FF(E)Pde)™?

% <fR(ff(§)|2+‘%J;(£)‘2 d€)1/27 (42.6)

which is essentially the desired result. ]

With the remark concerning interpolation, and exchanging the roles of
f and Ff, this lemma says a little more about the fact that the functions
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from (H'(R), L*(R)) 121
precise way how the functions tend to 0 at oo, as it implies that

are continuous and tend to 0 at oo, as it gives some

sup  |u(x)]? < . (42.7)
neZ z€[n,n+1]

In the case of functions with support in (0,7"), my variant gives the same
growth in 147 found by Yves MEYER, who notices that the growth is optimal
for large values of T, because if f is the characteristic function of (0,7), then
Jp|FF(E)|?dé = T. In the case of RN one can easily generalize the proof and
consider Radon measures dp > 0 for which there exists a constant C' such
that u(Q) < C for every cube of size 1, and counsider functions f such that

Zkzl(f2k<|z\<2k+1 QkN|f(m)|2)1/2 dx < oo; for functions with support in a
bounded set K, one obtains a growth like (1 + diameter(K ))N, but it is not

clear to me if the diameter of K is the correct geometric quantity to use in
such an inequality.

[Taught on Friday May 5, 2000.]
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Abbreviations and Mathematical Notation

Abbreviations for states: For those not familiar with geography, I have men-
tioned a few states in the United States of America: AZ = Arizona, CA =
California, CT = Connecticut, IL = Illinois, IN = Indiana, KS = Kansas, KY
= Kentucky, MA = Massachusetts, MD = Maryland, MI = Michigan, MN =
Minnesota, NC = North Carolina, NJ = New Jersey, NY = New York, OH =
Ohio, PA = Pennsylvania, RI = Rhode Island, TX = Texas, WI = Wisconsin.

e a.e.: almost everywhere.

e B(x,r): open ball centered at z and radius r > 0, i.e., {y € E | ||[x—y||g < 7}

(in a normed space E).

e BMO(RY): space of functions of bounded mean oscillation on R, i.e., semi-
. f lu—ugq|dx

norm ||ul|pypo < oo, with [[u||pro = Sup.ypes ¢ QT < o0 (ug =

fQudx

—lar Q| = meas(Q)).

e BV(£2): space of functions of bounded variation in {2, whose partial deriv-
atives (in the sense of distributions) belong to My (£2), i.e., have finite total
mass.

e C(2): space of scalar continuous functions in an open set 2 C RN (£,(2)
in the notation of L. SCHWARTZ).

e C(£2; R™): space of continuous functions from an open set 2 C R into
R™.

e C(02): space of scalar continuous and bounded functions on 2, for an open
set 2 C RN,

e Cp(£2): space of scalar continuous bounded functions tending to 0 at the
boundary of an open set 2 C RY, equipped with the sup norm.

o C.(02): space of scalar continuous functions with compact support in an
open set 2 C RV,

e CF(92): space of scalar functions of class C* with compact support in an
open set 2 C RV.
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o C*(02): space of scalar continuous functions with continuous derivatives up
to order k in an open set 2 C RYV.

o CF(92): restrictions to 2 of functions in C*(RY), for an open set 2 C RV.
o C%($2): space of scalar Holder continuous functions of order o € (0,1)
(Lipschitz continuous functions if o = 1), i.e., bounded functions for which
there exist M such that |u(x) —u(y)| < M |x — y|* for all x,y € 2 C RV it
is included in C(£2).

e C*(£2): space of functions of C*(§2) whose derivatives of order k belong
to C%%(£2) C C(12), for an open set 2 C RN.

e curl: rotational operator (curl(u)); = > sijkgTuZ, used for open sets 2 C

RS

o™ 9N .. . . .
o D o7 BT (for a multi-index a with «; nonnegative integers, j =
1,...,N).

o D'(2): space of distributions T in 2, dual of C°(£2) (D(£2) in the notation
of L. SCHWARTZ, equipped with its natural topology), i.e., for every com-
pact K C (2 there exists C(K) and an integer m(K) > 0 with |(T,¢)| <
C(K) supjaj<m() 1P¥¢l|oo for all p € C2°(82) with support in K.

e div: divergence operator div(u) =), gZ,

o F: Fourier transform, F f(€) = [px f(x)e™ 278 dx.

e F: inverse Fourier transform, Ff(€) = [y f(x)eT2m8) dx.

e grad(u): gradient operator, grad(u) = (88;‘1 b 8‘1‘;).

e H*(RN): Sobolev space of tempered distributions (€ S’(R")), or functions
in L2(RYN) if s > 0, such that (1 + |£]?)*/2Fu € L*>(RN) (L*(R") for s = 0,
W*2(RN) for s a positive integer).

o H*(£2): space of restrictions to §2 of functions from H*(RY) (for s > 0), for
an open set 2 C RN.

o HE(92): for s > 0, closure of C>°(£2) in H*({2), for an open set 2 C RY.

o H=5(02): for s > 0, dual of H§({2), for an open set 2 C RY.

o H(div; £2): space of functions u € L?(£2; RN) with div(u) € L?({2), for an
open set 2 C RV,

o H(curl; £2): space of functions u € L?(£2; R®) with curl(u) € L*(2; R?), for
an open set {2 C R3.

e HY(RY): Hardy space of functions f € L*(RYN) with R;f € LY(RY), j =
1,...,N, where R;, j =1,..., N are the (M.) Riesz operators.

e H(6): class of Banach spaces satisfying (Eo, E1)o,1.0 C E C (Eo, E1)0,00:k -
o J(t;a): for a € Ey N Eq, J(t,a) = max{||a||g,.t||al||g, }-

e J(0): class of Banach spaces satisfying (Eo, E1)p,1,0 C E C Ey + Ei.

o ker(A): kernel of a linear operator A € L(E,F), ie,{e€ E|Ae=0}.

e K(t;a): for a € Eg + E1, K(t,a) = info—qgta, (||aol|z, + t]lar]e,)-

o [C(6): class of Banach spaces satistying Eo N Ey C E C (Eo, E1)¢,00:k -

° ,C(

E; F): space of linear continuous operators M from the normed space E
[ M ellr
llellz

into the normed space F, i.e., with |[M||z(g;r) = Sup.o < 00.
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e LP(A), L*°(A): Lebesgue space of (equivalence classes of a.e. equal) mea-

surable functions v with ||ul|, = ([, [u(x)|? dx)l/p < o0 if 1 <p < oo, with
[|u||oo = Inf{M | |u(x)| < M a.e. in A} < oo, for a Lebesgue measurable set
A C RY (spaces also considered for the induced (N —1)-dimensional Hausdorff
measure if A = 92 for an open set 2 C RN with a smooth boundary).
e L7 (A): (equivalence classes of) measurable functions whose restriction to
every compact K C A belongs to LP(K) (for 1 < p < o0), for a Lebesgue
measurable set A C RY.
e L7((0,T); E): (weakly or strongly) measurable functions u from (0,7) into
a separable Banach space F, such that ¢t — ||u(t)||g belongs to LP(0,T) (for
1<p< o).
e |af: length of a multi-index & = (a1, ..., an), |a] = |ai|+ ... + |an].
e Lip(£2): space of scalar Lipschitz continuous functions, also denoted by
C%1(02), i.e., bounded functions for which there exists M such that |u(x) —
u(y)| < M |x —y| for all x,y € 2 C RY; it is included in C(£2).
o ;,.: for any space Z of functions in an open set 2 C RN, Zj,. is the space
of functions u such that g u € Z for all ¢ € C°(12).
Soteny F)1dy

[B(x,r)]
o M(2): space of Radon measures p in an open set 2 C R, dual of C.(£2)
(equipped with its natural topology), i.e., for every compact K C {2 there
exists C(K) with [{u, )| < C(K)||¢||so for all ¢ € C.(£2) with support in K.
o My (£2): space of Radon measures p with finite total mass in an open set
2 C RN, dual of Cy(£2), the space of continuous bounded functions tending
to 0 at the boundary of 2 (equipped with the sup norm), i.e., there exists C
with {1, 0)| < Cllgl|ec for all @ € Ce(£2).
e meas(A): Lebesgue measure of A, sometimes written |A].
e |- |: norm in H, or sometimes the Lebesgue measure of a set.
e | -]||: norm in V.
e || - ||«: dual norm in V’.
e p': conjugate exponent of p € [1,00], i.e.

e M f: maximal function of f, i.e., M f(x) = sup,-

= F

* p*: Sobolev exponent of p € [1, N), i.e., -+ = or 2 C RN and N > 2.
e Ri: (0,00).

e RY: {z € RN | zy > 0}

o R(A): range of a linear operator A € L(E;F), ie., {f € F | f = Ae for
some e € E}.

e R;: Riesz operators, j = 1,..., N, defined by F(R;u)(§) = % on
L?(RN); natural extensions to R of the Hilbert transform, they map LP(R")
into itself for 1 < p < oo, and L>(RY) into BMO(RY).

e S(RYN): Schwartz space of functions u € C*°(R") with 2*DPu bounded for
all multi-indices o, 3 with o, 3; nonnegative integers for j =1,..., V.

o S’(RY): tempered distributions, dual of S(RY), i.e., T € D'(RY) and there
exists C' and an integer m > 0 with [(T,¢)| < C sup 4, 81<m ||x*DPY|| for

all 1 € S(RM).
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o x: convolution product (f x g)(x) = [, pn f(x = ¥)g(y) dy.

e supp(-): support; for a continuous function u from a topological space into
a vector space, it is the closure of {z | u(z) # 0}, but for a locally integrable
function f, a Radon measure pu, or a distribution 7" defined on an open set
2 C RV, it is the complement of the largest open set w where f, pu, or T is 0,
ie., where [ o fdr =0, or (i) =0 forall ¢ € C.(£2), or (T, ) =0 for all
p e CX(N).

o W™P((2): Sobolev space of functions in LP({2) whose derivatives (in the
sense of distributions) of length < m belong to LP({2), for an open set £2 C R.
o W™P(£); R™): Sobolev space of functions from {2 into R™ whose compo-
nents belong to WP ((2), for an open set 2 C RV.

ez’ in RN, 2= (2/,2n), ie., 2’ = (v1,...,25_1).

o z%: (" ... 2}/ for a multi-index o with «; nonnegative integers for j =
1,...,N, for x € RN.

e A: Laplacian Z;\;l %, defined on any open set 2 C RY.

e 4;;: Kronecker symboi, equal to 1 if 4 = j and equal to 0 if ¢ # j (for
,7=1,...,N).

o g5, for 4, 5,k € {1,2,3}, completely antisymmetric tensor, equal to 0 if two
indices are equal, and equal to the signature of the permutation 123 — ijk if
indices are distinct (i.e., €123 = €231 = €312 = +1 and €132 = €321 = €213 =
—1).

® 7: trace operator, defined for smooth functions by restriction to the bound-
ary 042, for an open set £2 C RN with a smooth boundary, and extended by
density to functional spaces in which smooth functions are dense.

e A;: Zygmund space, |u(x+h)+u(x —h)—2u(x)| < M |h| for all x,h € RV.
e v: exterior normal to 2 C R, open set with Lipschitz boundary.

e o.: smoothing sequence, with o.(x) = Zv1(%) with ¢ > 0 and o1 €
Ce(RN) with [, _px 01(x)dx =1, and usually o; > 0.

e 7y,: translation operator of h € R, acting on a function f € L}, (R™) by
Tf(x) = f(x —h) a.e. x € RV,

o Op: {x € RN | 2y > F(2')}, for a continuous function F, where 2/ =
(.%’1,. .. 7.’1?]\],1).



References

1

2]

(4]

[5]

(6]

(10]

(11]

AGMON Shmuel, Lectures on elliptic boundary value problems, William Marsh
Rice University, Houston, TX. Summer Institute for Advanced Graduate Stu-
dents, 1963.

BERGH J. & LOFSTROM J., Interpolation spaces. An introduction, x+207
pp-, Grundlehren der Mathematischen Wissenschaften, No. 223. Springer-
Verlag, Berlin—New York, 1976.

BIRKHOFF Garrett, A source book in classical analysis, xii+470 pp., Harvard
University Press, Cambridge, MA, 1973.

DAUTRAY Robert & LIONS Jacques-Louis, Mathematical analysis and
numerical methods for science and technology, Vol. 1. Physical origins and
classical methods, xviii+695 pp., Springer-Verlag, Berlin—New York, 1990.
DAUTRAY Robert & LIONS Jacques-Louis, Mathematical analysis and
numerical methods for science and technology, Vol. 2. Functional and vari-
ational methods, xvi+561 pp., Springer-Verlag, Berlin—-New York, 1988.
DAUTRAY Robert & LIONS Jacques-Louis, Mathematical analysis and
numerical methods for science and technology, Vol. 3. Spectral theory and
applications, x+515 pp., Springer-Verlag, Berlin, 1990.

DAUTRAY Robert & LIONS Jacques-Louis, Mathematical analysis and
numerical methods for science and technology, Vol. 4. Integral equations and
numerical methods, x+465 pp., Springer-Verlag, Berlin, 1990.

DAUTRAY Robert & LIONS Jacques-Louis, Mathematical analysis and
numerical methods for science and technology, Vol. 5. Evolution problems.
I, xiv+709 pp., Springer-Verlag, Berlin, 1992.

DAUTRAY Robert & LIONS Jacques-Louis, Mathematical analysis and
numerical methods for science and technology, Vol. 6. Evolution problems.
11, xii+485 pp., Springer-Verlag, Berlin, 1993.

DAUTRAY Robert & LIONS Jacques-Louis, Mathematical analysis and
numerical methods for science and technology, Vol. 7. Evolution: Fourier,
Laplace, xliv+344+xix pp., INSTN: Collection Enseignement. Masson, Paris,
1988 (reprint of the 1985 edition).

DAUTRAY Robert & LIONS Jacques-Louis, Mathematical analysis and
numerical methods for science and technology, Vol. 8. Evolution: semi-
groupe, variationnel, xliv+345-854+xix pp., INSTN: Collection Enseigne-
ment. Masson, Paris, 1988 (reprint of the 1985 edition).



214

(12]

(13]

(14]

(15]

[16]

(17]

18]

(19]

References

DAUTRAY Robert & LIONS Jacques-Louis, Mathematical analysis and
numerical methods for science and technology, Vol. 9. Evolution: numeérique,
transport, xliv+855-1303 pp., INSTN: Collection Enseignement. Masson,
Paris, 1988 (reprint of the 1985 edition).

LIONS Jacques-Louis, Problémes aux limites dans les équations aux dérivées
partielles, 176 pp., Séminaire de Mathématiques Supérieures, No. 1 (Eté,
1962) Les Presses de I'Université de Montréal, Montreal, Que., 1965 (deux-
ieme édition).

LIONS Jacques-Louis & MAGENES Enrico, Problemes aux limites mon
homogénes et applications, xx+372 pp., Vol. 1. Travaux et Recherches
Mathématiques, No. 17 Dunod, Paris, 1968.

SCHWARTZ Laurent, Théorie des distributions, xiii+420 pp., Publications de
I'Institut de Mathématique de 1’Université de Strasbourg, No. IX-X. Nouvelle
édition, entierement corrigée, refondue et augmentée. Hermann, Paris, 1966.
SCHWARTZ Laurent, Un mathématicien aux prises avec le siécle, 528 pp.,
Editions Odile Jacob, Paris, 1997. A mathematician grappling with his cen-
tury, viii+490 pp., Birkhduser Verlag, Basel, 2001.

SOBOLEV Sergei & VASKEVICH V. L., The theory of cubature formulas, xxi
+ 416 pp., Math. & Its Applic., V. 415. Kluwer Academic, 1997.

TARTAR Luc, An introduction to Navier—Stokes equation and oceanography,
271 pp., Lecture Notes of Unione Matematica Italiana, Springer, Berlin—
Heidelberg-New York, 2006.

YOUNG, L. C., Lectures on the calculus of variation and optimal control
theory, W. B. Saunders, Philadelphia, 1969.



Index

(BSP)10c(RY), 187
BMO(R), 104
BMO(RN), 44, 46, 147, 149, 153, 180
BUC(RM), 11, 12
BV(RY), XXI, XXII, 175, 181
BV (), XXI, 175
BM2?(RM), 181
BYPP(R), XXII, 180
BPP(RN), XXII, 181
B.y/PP(R), 180
BP(RN), XXI, 165
ByP(RN), XXI, 155, 156, 163
BP(02), 164
C’°°( ), 24 25
CR (12
C&(R®
C>(R

)
86 87
) XVIII, XIX, 14-16, 30, 45,
59, 76, 78, 85, 86, 152, 157
C>(92), 18, 22, 25, 30, 51, 60, 66, 77,
78, 96, 160
C™(2), 24
C.(R), 7, 158
C.(RM), 11,12
C.(2), 7,18, 174
H(curl; 2), XX, 101
H(div; 22), XX, 100, 101
H~Y%(80), 96, 101, 161
H™(0), XIX, 160
H™™(), XIX, 77
H=*(R™), 77
H'Y*(R), XXI, 125, 159
HY2(RN), 157, 160
H'Y?(£2), 160, 161

HY?(892), 96, 97
1), XXI
H;f(()), XV, XXI, 159, 160
, 86, 160, 202
1(R?), 63, 86, 128, 129, 159
HRY), XIX, 85, 86, 160
1(02), 3, 37, 63, 93, 94, 96, 98, 101,
160, 161
5(92), XIX, 78, 86, 91, 92, 96, 97
2(RM), 82
2(Q) 97
H™(RY), 7
H (), XVIII 21, 77
Hy (), XIX, 77
HS(RN), XIX, XXI, 77, 78, 81-83, 115,
155, 157
H?®(£2), 83, 115, 160
Lip(A), 35
Lipioc(A), 35
Whee (), XXI
WP(R), 55
wWhP(R?), 171
wWhP(RN), XIX, XXII, 35, 39, 45, 46,
49, 56, 61, 71, 86, 91, 106, 119
WhP(2), XIX, XXI, 35, 50, 55, 59-61,
65, 66, 71, 91, 164, 171
Wy (), XIX, 50, 51, 55, 56, 59, 66,
68, 91
wkP(RN), XXI
wm™P(RN), XVIII, XIX, 30, 31, 62,
156, 164
wm™P(RY), XIX, 62

EEE



216 Index

W™P (), XVIII, 2, 21, 22, 30, 31, 62,
164

WP (£2), XVIII, 30, 31

WZZZP(‘Q)7 35

weP(RN), XXI, 155, 156

W*P(§2), XXI

2r, 60, 61, 65, 69, 70, 91, 100, 170, 173

¥0, XIX, 65-67, 71

D(RY), 14

D(RY), 62

D(N), XIX, 59-61, 65, 66

R), 28

'(12), 18, 22, 25

(), XX, 123, 129

(6), XX, 123

(6), XX, 123

M(K), 174

M(2), 18, 174

My(RY), XXI, 174-176

My(02), 174, 175

S(RM), XIX, 75, 76, 78

S'(RM), XIX, 75-77

SIS

39

Arzeld—Ascoli theorem, 55, 56, 90, 91

Baire’s property, 25

Banach space, IX, XIV, XVIII, 5, 18,
21, 35, 36, 53, 54, 74, 95, 96, 106,
174, 175

Banach—Alaoglu theorem, 55

Banach—Steinhaus theorem, 25

Besov space, XXI, 115, 155, 156, 163,
164, 180, 181, 187

Burgers equation, XXII, 49, 184

Burgers—Hopf equation, 187

Calderén—Zygmund theorem, 4, 180

Cantor set, 171, 174

Cauchy sequence, 21, 22, 54, 56, 90, 96,
198

Cauchy—Bunyakovsky—Schwarz
inequality, 81, 202

Cauchy—Riemann equation, 103

closed graph theorem, 54, 96

compact injection, XIX, 50, 55, 56, 71,
91, 92, 98

continuous boundary, XIX, 55, 5961,
65, 66, 71, 91

convergence in the sense of distributions,
22, 24, 175

convolution, XVIII, 9-15, 27, 39, 67, 74,
117, 118, 121, 139, 143, 149, 156

Coulomb’s law, 161

Courant—Friedrichs—Lewy condition,
XXII, 188

covering lemma, XX, 132

Dirichlet condition, 96, 97, 153, 160

Dirichlet principle, XVIII, 3, 4

distributions, VIII, XVIII, XXI, 2, 5,
10, 13, 17-24, 27, 35, 39, 74, 77,
87, 89, 95, 174, 185

dual, 7, 19, 22, 73, 75, 77, 95, 96, 101,
104, 117, 119, 139, 149, 160, 161,
174, 175, 195-198

elementary solution, XVIII, 39, 44, 117,
149, 180

entropy condition, 186

equivalence lemma, XIX, 51, 53, 55

extension, XIX, 55, 57, 61-63, 65, 71,
76, 77, 91, 104, 142, 160, 161, 164,
171, 173, 196, 200

exterior normal, XIX, 69

Fourier transform, XIX, 3, 5, 51, 57, 71,
73-79, 83, 91, 104, 115-117, 154,
155, 157, 202

Fréchet space, IX, 18, 25, 35, 36, 74

Fubini’s theorem, 12, 16, 20, 75, 76,
116, 141

Gagliardo set, XX, 109, 141, 193
Gagliardo’s theorem, XVI, 84, 158
Green’s formula, XIX, 69

Holder boundary, 62

Hoélder space, 4, 31

Hoélder’s inequality, 11, 35, 37, 40, 44,
51, 65, 67, 105, 110, 112, 139, 147,
150, 152, 167

Haar measure, 10, 121

Hadamard’s theorem, 105

Hahn—Banach theorem, 54, 86, 195, 196

Hardy space, 3, 21, 104

Hardy’s inequality, XIX, XX, 66, 67,
112, 113, 134, 135, 143, 160, 167,
192



Hardy-Littlewood—Wiener theorem,
134

Hausdorff—~Banach—Tarski paradox, 9

Hausdorff—Young inequality, 116

heat equation, 93, 94, 97, 98, 187

Heaviside function, 20

Hilbert space, IX, XVIII, 4, 21, 95, 96,
100, 106

Hilbert transform, XX, 103, 104

Hopf condition, XXII, 186

intermediate spaces, XX, 106

interpolation spaces, VII, IX, XV, XVI,
XX, XXII, 103, 106, 107

interpolation: J-method, XX, 107, 119,
120, 123, 125, 128, 192, 197

interpolation: K-method, XX, 107, 109,
119, 120, 123, 127, 138, 140, 192,
197

interpolation: complex method, XX,
103, 105, 106, 140

interpolation: trace method, XX, XXII,
137

isoperimetric inequality, XXI, 150, 151

Jensen’s inequality, 11
jump condition, 183-185

Lagrange multiplier, XIX, 98, 151

Laplace equation, 3

Laplacian, XVIII, 39, 103

Lax condition, 186

Lax—Friedrichs scheme, XXII, 188

Lax—Milgram lemma, XIX, 5, 93, 95

Lebesgue dominated convergence
theorem, 17, 30, 67, 68, 74, 85, 92

Lebesgue integral, 7

Lebesgue-integrable, 7

Leibniz’s formula, XVIII, 24, 25, 28, 30,
89

Lions’s bilinear interpolation theorem,
XXI, 138, 140

Lions—Magenes space, XXI, 159

Lions—Peetre bilinear interpolation
theorem, XXI, 139, 140

Lions—Peetre duality theorem, 117

Lions—Peetre reiteration theorem, XX,
117, 123-125, 127-129, 156, 157,
163, 176

Index 217

Lipschitz boundary, XIX, 31, 35, 37, 59,
61, 66, 68-71, 84, 91, 96, 97, 99,
160, 164, 165, 169-171, 173

Lipschitz space, 35, 71

Lorentz space, XX, XXI, 38, 39, 46, 47,
105, 117, 142, 149, 151

Marcinkiewicz space, XX, 46, 105

maximal function, XX, 131, 134, 135

Maxwell-Heaviside equation, 4, 13, 94

multi-index, 2, 16, 17, 19, 22, 24, 25, 70,
77, 89, 156, 157, 163

Navier—Stokes equation, VII, 1, 177

Neumann condition, XIX, XX, 97, 100,
160

normal trace, XX, 101

Ohm’s law, 94

Oleinik condition, XXII, 186

order of a distribution, XIX, 18-20, 23,
24, 89

Orlicz space, XXI, 142

Paley—Wiener—Schwartz theorem, 77

parametrix, 44

partition of unity, 12, 33, 34, 60, 61, 66,
68, 70, 91, 169, 173

Plancherel’s formula, XIX, 75, 76

Poincaré’s inequality, XIX, 49-51, 78,
91, 96-98

Poisson equation, 3

principal value, XVIII, 18, 23

Radon measures, XVIII, XIX, XXI,
XXII, 5-7, 10, 17-20, 23, 27, 28,
33, 34, 74, 95, 150, 174, 201-203

Rankine-Hugoniot condition, 183

rapidly decaying C°° functions, 74, 75

rearrangements, XX, XXI, 39, 111, 133,
134, 142, 149

Riemann integral, 7

Riemann-integrable, 7

Riesz F.’s theorem, 54

Riesz M.’s convexity theorem, XX, 104

Riesz—Fischer theorem, 22

Riesz—Thorin theorem, 105, 140



218 Index

smoothing by convolution, XVIII, 15,
17, 30, 33, 60, 61, 68

smoothing sequence, 15, 16, 18, 28, 30,
34, 36, 56, 61, 78, 91, 145, 156,
165, 167, 174, 175

smoothing sequences, XVIIIT

Sobolev space, VII, VIII, XVIII, XXI,
1, 2, 4, 5, 21, 34, 40, 49, 50, 53,
55, 77, 93, 94, 106, 107, 115, 125,
155, 156, 163, 170, 202

Sobolev’s embedding theorem, XVIII,
XX, XXI, 23, 31, 35, 37-39, 41,
43-46, 50, 51, 57, 63, 86, 117, 125,
128, 142, 145, 149-151, 155, 157,
175

Stein’s extension theorem, 62, 164

Stein’s interpolation theorem, 105, 140

Stieltjes integral, 142

Stirling’s formula, 43

Stokes equation, 1

support, XVIII, XIX, 7, 10, 12-20,
23-25, 27, 29, 31, 33-35, 40, 45,
51, 56, 5961, 67, 68, 71, 74,
76-78, 86, 89-91, 104, 120, 158,
167, 173-175, 203

tangential trace, 101

Taylor’s formula, 28, 89, 142, 157

tempered distributions, 75, 104, 115

tensor product, XVIII, 7, 27, 28, 30, 95

test function, 18, 30, 77

Tikhonov’s theorem, 55

trace on the boundary, XIX, 57, 59, 65,
66, 71, 78, 81, 82, 84, 86, 96, 101,
103, 106, 107, 119, 157-159, 161,
191-193

truncation, XVIII, 17, 30, 60, 61, 67,
68, 71, 78, 86, 170

variational formulation, XIX, 96, 101

wave equation, XXII, 49, 93, 180, 183,
201

weak solutions, XXII, 1, 185-187

Weierstrass’s theorem, 27

Young’s inequality, 10, 11, 39, 67, 139,
143

Zorn’s lemma, 2, 55
Zygmund space, XXI, 4, 163



Editor in Chief: Franco Brezzi

Editorial Policy

1. The UMI Lecture Notes aim to report new developments in all areas of mathematics
and their applications - quickly, informally and at a high level. Mathematical texts
analysing new developments in modelling and numerical simulation are also welcome.

2. Manuscripts should be submitted (preferably in duplicate) to
Redazione Lecture Notes U.M.I.
Dipartimento di Matematica
Piazza Porta S. Donato 5
I-40126 Bologna
and possibly to one of the editors of the Board informing, in this case, the Redazione
about the submission. In general, manuscripts will be sent out to external referees for
evaluation. If a decision cannot yet be reached on the basis of the first 2 reports, further
referees may be contacted. The author will be informed of this. A final decision to
publish can be made only on the basis of the complete manuscript, however a refereeing
process leading to a preliminary decision can be based on a pre-final or incomplete
manuscript. The strict minimum amount of material that will be considered should
include a detailed outline describing the planned contents of each chapter, a
bibliography and several sample chapters.

3. Manuscripts should in general be submitted in English. Final manuscripts should
contain at least 100 pages of mathematical text and should always include
- a table of contents;
- an informative introduction, with adequate motivation and perhaps some
historical remarks: it should be accessible to a reader not intimately familiar
with the topic treated;

- asubject index: as a rule this is genuinely helpful for the reader.

4. For evaluation purposes, manuscripts may be submitted in print or electronic form (print
form is still preferred by most referees), in the latter case preferably as pdf- or zipped
ps- files. Authors are asked, if their manuscript is accepted for publication, to use the
LaTeX2e style files available from Springer’s web-server at
ftp://ftp.springer.de/pub/tex/latex/mathegl/mono.zip

5. Authors receive a total of 50 free copies of their volume, but no royalties. They are
entitled to a discount of 33.3% on the price of Springer books purchased for their
personal use, if ordering directly from Springer.

6. Commitment to publish is made by letter of intent rather than by signing a formal
contract. Springer-Verlag secures the copyright for each volume. Authors are free to
reuse material contained in their LNM volumes in later publications. A brief written (or
e-mail) request for formal permission is sufficient.






