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TEMA 1

MHo>kecTBa U olepaiuu ¢ MHOXKECTBA

HEonHuImA 1.1. MuOoXKecTBO HapuIaMe ChBKYITHOCT OT OTPEEIEHN Pa3- JIHIHU
€JIUH OT JIPYT eJIEMEHTH.

MmuoskecTBara e o3HauaBame ¢ paruucku oyksu: A,B,C.... XY . Z a,b.c, ...,x,y,z.
OcHOBHA XapaKTEPUCTUKA HA €THO MHOYKECTBO € KOW €JIEMEHTH MY MPUHAJIIeXKAT.
3aroBa, ak0O A e MHOKECTBO, BbBEXKIAME KPATKO O3HAYEHUE:

1.1.

eJIEMEeHT,

r € A 3a “eeMeHThT T MPUHAIJIEKN HA MHOKeCTBOTO A”.
x ¢ A 3a “eJIleMeHTHT T He MPUHAIJIEKU HA MHOKECTBOTO A”.

1. IIpumepn 3a MHO>KeCTBa

IIpazHoTo MHOXKecTBO. MHOXKECTBOTO, KOETO HE CbAbPKA HATO €IUH
HAapUYaMe IPA3HOTO MHOXKeCTBO. (O3HaYaBaMe IMPA3HOTO MHOXKECTBO ChC

CIIenuajeH cuMBog (.

1.2.

OCHOBHY YMCJIOBH MHOXKECTBAa.

MuoxkecTBOTO Ha ecrecTBeHHTE duCaa o3HadaBame ¢ N. Ejnementure Ha
TOBA MHOYKECTBOTO ca unciaara 0,1,2,...,35,....678,...

MHO0XKeCTBOTO Ha IEJINTE YKCIa O3HadaBame ¢ Z. EjgemenTnTe Ha TOBa
MHOXKECTBOTO €& BCAKO €CTECTBEHO YUCIIO 71, KAKTO W HETOBOTO ITPOTUBOTIOIOXKHO
—n.

MuoxkecTBOTO Ha panuoHasnuTe Yucia oznadaame ¢ Q. Enemenrure Ha
TOBa MHOYKECTBOTO Ca YHCJIATa, KOUTO MOTaT JIa Ce MPeJCTaBAT KaTo p/q,
K'bJETO P € ISJI0, & ¢ € eCTECTBEHO YUCJI0 pa3andHo oT 0.

MHO2KeCTBOTO Ha peaJHuTe duciaa o3HadaBame ¢ R. Beako peanno dmcio
MOXKE JIa Ce MPEJICTABU KATO I'PAHUIA HA PEIUIA OT PANMOHAJIHU YUCIIA.
Hampuwmep umcnoro e e rpanmna wa pexumara {(1+1/n)"} .
MH0KeCTBOTO Ha KOMILIEKCHUTE uncya o3Hadasame ¢ C. Beako komrmiek-
CHO YHCJIO MOXKe I3 C€ TPEJCTaBu KaTo @ + i.h, KbaeTo a u b ca peasHu
9UCTIA.

2. OcHoBHU pegannm MeXKJ1y MHOXKeCTBa

OcHOBHU pealuuy MKy [IB€ MHOXKECTBa Ca pejalusara “IOAMHOXKECTBO”
penanuaTa “paBeHCTBO” M peslaIusaTa “CTPOro MOIMHOMXKECTBO” .

JeonHuiys 1.2. Heka A u B ca muoxkecrsa. Ka3same, ue A e oi- MHO?KECTBO
Ha B, ako Bceku ejieMeHT Ha A e ejlemeHT Ha B.

ACB&Ve(re A— x € B).
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Ba ma JoKaykeM, 9Ye MHOXKECTBOTO A e MOJMHOYKECTBO Ha MHOXKECTBOTO B
U3TOI3BaMe CJIeIHUS Ta0I0H:
Hexa x e npoussosen eaemenm na mmoscecmsomo A.
Taxa x € B. Tsti kamo T bewe u3bpan Kamo npouseoser esemenm na A, moea e
6 cuaa 3a ecexu eaemenm wa A. Caedosamenrno A C B.

3abenesicra!l Penanusra “noaMHOKecTBO” € pedaekcuBHA: 3a BCIKO MHOXKECTBO

A, AC A
TBBPAEHUE 1.3. IIpaznomo mMHoocecmeo e noOMHONCECNE0 HA BCAKO MHOHCECTNEO.

JIOKABATEJICTBO. Heka A e mpomssoiHo MHOXKecTBO. [da momycuem, e () g
A. Torasa mma eement z, 3a koiito x €  w x ¢ A. Ho () nama HUTO €1MH eleMenT,
CJleIoBaTeHO JOIIyCKAaHeTO BOAH A0 IpoTHBOpedne. Taka JOIyCKaHeTo e TPeIIHo
u ciaemoBarenso ) C A. O

TBBLPAEHUE 1.4. Peaayuama “nodmnooscecmeo” e mpansumuesna. Hexa A, B
u C' ca npoussoanu muoscecmea. Axo AC B u B CC, moACC.

JOKA3ATEJICTBO. Heka A, B u C ca muOoxkecrBa TakuBa, e A C Bu B C C.
Heka z e npoussosnen enement Ha A. Torasa mom, A C B, x e enemedT u Ha B.
Mlom B C C, x e enement u Ha C. Twbit karo x Geile n30paH KATO TPOU3BOJIECH
eeMeHnT Ha A, ToBa e B cuia 3a Bcekn enemenT Ha A. Cmemosarenno A C C. O

Jdeonaunmsa 1.5 (Akcnoma 3a obema). Heka A u B ca muOoXkecTBa. Kassawme,
ywe A= B,ako AC Bu B C A.

TBBPAEHUE 1.6. Axon € N, n > 2 u Ay, Ag, ... A, ca mHosicecmaa, 3a KoOumo
Al CAy C A3 CA,CA,mo A=Ay == A,.

JLOKABATEJICTBO. [loKa3aTesCcTBOTO e U3BBPIIUM € WHIYKIIASA IO 7.
Baza: Ilpu n = 2 TBbPAEHUETO € TOYHO AKCHOMA, 33, obema.
WuayknuorHo npeamnonoxkenue: Heka TBLPIEHUETO € B CUITA 38 TPOU3BOJIHO I IEHI
7. MHOYKECTBA.
WNupyknmonna crbuka: Heka Aj, Ag, ... Ay, Apy1 ca MHOXKECTBA, 38 KOUTO:

Ay CACA3---CA, CAp CAL

ToraBa or TpausutuBHOCT Ha penamusata C, u A, C A,41, Apt1 C A;, crensa,

ye A, C A;. CbriacHo MHAYKIMOHHOTO Ipeamnonoxkenune, Ay = Ay--- = A, = A.
Taka A, = A C Apy1 1 A1 € A = A, Or akcmomara 3a obema ciiefBa, 4e
A=Ay = =A,=An11. O

HeonHuuys 1.7. Heka A n B ca muoxecrBa. Ka3zsame, ge A € cTporo moam-
HOXKeCTBO Ha B, ako A e mogmuOXkecTBO Ha, B u A He e paBHO Ha B:

ACB& ACB& A+B.

3a 13 J0KazKeM, 4e MHOKECTBOTO A e CTPOro IOAMHOXKECTBO Ha, MHOXKECTBOTO
B usnosizBaMe ciieaHus MIa0JIOH:
Hexa x e npoussosen esemenm Ha mHosxcecmeomo A.
Toxa x € B. Tsll kamo T 6ewe u3bpan KamMo npouseoseh esemenm wa A, moea e
6 cuaa 3a scexu eaemenm na A. Caedosamearno A C B.
Eaemenmasm .... npunadaestcu wa B u ne npumnadaesicu na A.  Caedosamenrro

AcCB.
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3abenesicra! Penamusara “crporo moaMHOKeCTBO” € aHTupedIeKCUBHA: HUKOE
A He e CTPOro MoAMHOKECTBO Ha, cebe cu.

3. Haumun 3a 3alaBaHe Ha MHO>KeCTBa

3.1. 3agaBaHe HAa MHOXECTBO upe3 m3pexKjgaue. Heka mHO)kecTBOTO A
ce CbCTOU OT €JIeMEHTUTE T1,T2,...Tg. loraBa MOXKEM Ja 333/ €M MHOXKECTBOTO
A KaTo U3pesuM HErOBUTE €JIEMEHTH, 3arPAJIeHH BbB (DUIYPHH CKOOHM U OT/EIeHH
ChC 3ameTast:

A:{$1,$2,...,$k}~

Penbr, B KOIITO M3pexK 1amMe €IEMEHTHTE HA MHOXKECTBO, HIMA 3HAYEHNE, HA TPUMED:
{1,2,3} ={1,3,2} ={2,1,3} ={2,3,1} = {3,1,2} = {3,2,1}.
IToBTOpEHMETO HA €JIEMEHTH CHINO HAMA 3HAUEHNe, Ha TPUMeD:
{1,2,3} ={1,2,2,3} ={1,2,2,2,3}.

To3n meTon Ha 3a7aBaHe Ha MHOMKECTBO € IPUJIOXKHAM CaMO 32 KpalHH MHOXKECTBA,
a Ha MPAKTUKA CAMO 33 MHOXKECTBA C MAJKO Ha OpOil eleMeHTH.

3.2. 3agaBaHe Ha MHOXKECTBO C OTAEJISHE OT JPYro MHOXKeCTBO. AKO
UCKaMe 13, 33Ja7eM 0e3KpaitHO MHOXKECTBO, HAIPUMED MHOYKECTBOTO OT BCHYKU
qeTHH 9ncaa, 2N, He OuxMe MOrJIM Ja U3PEeIuM BCUYKHUTE MY €JeMeHTH. B Haii-
n00pus ciydait Ouxme MOTJIA /13 WP3EAUM MbPBUTE HAKOJIKO €IeMEHTa Ha TOBA
MHOXKECTBO M CJIeJ] TIOCJIEIHATA 3aIeTas J1a MOCTAaBUM MHOTOTOYHE:

2N = {0,2,4,6,8,...}

To3n HaunH 3a JePUHUINS HA MHOYKECTBOTO Ha, YeTHUTE YNCJIA PA3UYNTA HA TOBA, e
BCEKU 6I/I MOI'BJI JJa CE€ JOCETHU IIO0 KaKbB HAYUH TpH6Ba Jla C€ IIOII'bJIHU MHOI'OTOYHU-
ero. Haucruna, mbpBUTe HSIKOJIKO €JEMEHTa MOJICEINAT 33 CIenn(UIHO CBOMCTBO,
KO€TO XapaKTE€PpU3Hupa YEeTHUTE YIuCjIa: €JHO €CTECTBEHO YHUCJIO € YEeTHO, TOraBa H
CaMO TOTaBa, KOTaTO Ce IeTH Ha IBe.

Taka noJiyuaBamMe Bropu MeTo/l 3a 3a/aBaHe Ha MHOzkecTBO. OT 1a/eHO MHOXKECTBO
MOZKEM JTa OTAEJIUM BCUYIKH €JIEMEHTHU, KOUTO U3N'bJIHABAT HAKAKBO CBOﬁCTBO, u oT
TaX 12 oOpasyBame HOBO MHOXkKeCTBO. CBoiicTBaTa, OOMKHOBEHO CE OMHMCBAT C (DOP-
mysnu. Axo P e cBoiicTBo, TO ¢ P(x), 111e 03HAYUM TBBHPIAEHUETO “ & MMa CBOWCTBOTO

P”.

Jdeoununms 1.8 (Akcuoma 3a ormenssero). Heka A e muoxkectso, a P e
cBoiictBo. ToraBa CbBKYITHOCTTA OT BCHYKHU €JIEMEHTH Ha A, KOUTO MMAT CBOHCTBOTO
P cbIlo € MHOXKECTBO, KOETO 33IaBaMe Ipe3:

{re A| P(z)}.
Taka MHOKECTBOTO OT BCUYKH YETHH IHCJIA MOKEM JIa 33J3JEM Upe3:
2N = {z e N | Fk(z = 2k)}.

Babenrescra! OrpanndeHnero BUHAIM 13 OTJEJIME €JIEMEHTH OT JPYIrO HaJeHO
MHOZKECTBO € CbIIECTBEHO U HE MOXKE A Ce IpPeMaxHe.

TBBPAEHUE 1.9. He cawecmeysa mnoocecmeo U, wuumo esemeHmu ca 8CuMKY
MHOHCECTNBA.
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JOKABATEJICTBO. [la gomycHeM, de CbIIECTBYBa MHOXKeCTBO U, 4UmUTO ejie-
MEHTH Ca BCHYKH MHO)KecTBa. Jla pasriemame cpoiictBoro P, KoeTo e B cuia 3a
enno muozkecrBo X, ako X ¢ X. C akcuoma 3a OTHesIsiHETO MOXKEM Ja 06pa3yBame
MHOYKECTBOTO:

R={XeU|X¢X}
Ho Torama gocturamMe 10 TpOTHBOpEUNE, KOTATO pa3ryaegaMe BbIIPOCca, TAIU CAMOTO
MHOYKECTBO R M3MbJIHABA CBOUCTBOTO P:

ReR< RER.

CJ'[e,ZLOBaTeJ'[HO JOTMMYCKaHETO € TPENTHO W He CHHIIECTBYBa MHOXKECTBO Ha BCUYKU
MHO>KECTBa. U

4. ByjaeBu omepalium ¢ MHOXXeCTBa
4.1. CeueHune Ha MHOXKecCTBA.

HeovHuiins 1.10. Heka A u B ca muoxkectBa. CedeHmeTO HA MHOXKECTBATA,
A u B e MHOXECTBOTO

ANB={z|z e A& z € B}.

3a rpadwudano npejcraBsiHe Ha OyJI€BH OMEPAINU C MHOXKECTBA € yI00HO Ja ce
usnon3sar guarpamu #Ha Ben. CeueHuero ce npejcraBs CbC CJIETHATA JUAPAMA.

TBBPAEHUE 1.11. Hexa A u B ca mnoocecmsa. Cevenuemo na A u B e nai-
20AAMOMO MHONCECMBO NO OMHOWEHUE HA PEAGUUANG T MHONHCECBO, KOEMO €
nodmmuootcecmeo Ha A u B

JIOKABATEJICTBO. 3a /13 JI0KazKeM TOBa TBbpAeHHe TPaOBa 13 IIOKAXKEM, JIBE
HeIa:
(1) CamoTo cedenue e MOAMHOMKECTBO W Ha JBeTe JajeHu MHOkKecTBa: A N
B C Au AnB C B. Ho toBa cieasa AUPEKTHO OT AeQUHHULKAATA Ha
omepanusTa cedenne. Hancruna ako © € AN B, 1o © € A, cnepoBaresno
ANBC A, uzx € B, ciegoBarenno AN B C B.
(2) Besko Ipyro MHOKECTBO, KOETO MOJAMHOYXKECTBO U HA, JBETE JAJeHI MHOKECTBA,
€ IOAMHOXKeCTBO Ha TaxHoTo ceuenue: Ako X € Au X C B, o X C
AN B.
Heka X C Au X C B. Heka x € X. Torasa nouexke X C A, umame,
e x € A. Or X C B, ciieqBa, e x € B. Takaz € Aux € B, u
ciaenosarenHo r € AN B.
O
B crenpamoro TEbpAeHRE Ca ChOPAHN HAKOW OCHOBHH CBOWCTBA HA, OIEPAIAATA
cedenne. TIXHOTO HOKA3ATEICTBO Ce MPOBEXKIA IO MIEMATa 3a JOKA3aTEJICTBO 34,
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pPaBEHCTBa MeXKIy MHOXKecTBa. Hwue Ime mirocTpupaMe Tas3u IeMa CaMO 33 €THO
cBoiictBo. OcraHajuTe H0KA3aTEICTBA Ca aHAJIOTHYHH.

TBbPAEHUE 1.12. Hexa A, B u C ca mHoocecmasa.

(1) Komymamuenocm: AN B = BN A.

(2) Acoyuamusnocm: (ANB)NC =AN(BNQC).
(3) Hoemnomenmmnocm: ANA=A.

4) And=0.

JIOKABATEJICTBO. (2.) 3a ma joKazkeM, Ue JBe MHOXKECTBA Ca PABHU, TPIOBa,
Jla TIOKasKeM, 9€ [I'bPBOTO € IIOIMHOYKECTBO Ha BTOPOTO ¥ BTOPOTO € IIOMHOKECTBO
Ha bPBOTO. 3aToBa HEKa x € mpomssBoseH enement Ha (AN B) N C. CeroacHo
neduHUIEATa HA ONepanusTa cedeHne ToBa o3HadaBa, e © € AN B u z € C.
OTHOBO pazumcBaMe JePUHUNUATA HA CEYEHHME M HOoJydaBame, ye £ € A u x € B.
Momax e BuzxeC,rox e BNC. Momaz € Anaxe BNC,rox € AN(BNC).
Taka nosyuasame, e (ANB)NC C AN(BNC).
Heka cera z e nmpoussosen enement #Ha A N (BN C). Cormacuo gedununusara
HA OllepalusaTa cedeHne ToBa o3uadana, 4e ¢ € A uw x € BNC. OTHOBO pa3nucBame
nedunuEaTa HA cedenue u nojydasame, ue © € Bu x € C. lllom z € Au z € B,
rox € ANB. Mlomz € ANBuxz € C,mox € (ANB)NC. Taka nonyuasame, de
AN(BNC) C (ANB)NC. CoruacuHo akcnomara 3a obema (ANB)NC = AN(BNC).
O

HeonHuiius 1.13. MuoxectBa A u B Hapwdame Henpecuyam ce, ako ANB =
(. Muoxectsa Aj, As, ... A, HapuuaMe B3aMMHO HeNpPeCHYald ce, aKO 32 BCAKA
JIBOfiKa pa3jIMYIHU UHIAEKCH ¢ # j, A; u A; ca Hempecuyamnu ce.

4.2. O6eanHeHVEe Ha MHOXECTBA.

Jeounuiius 1.14. Heka A u B ca muoxkecTBa. ObeiuHEHHETO HA MHOMKECT-
Bara A u B e MHOXeCTBOTO

AUB={z|z€ AV z € B}.

Onepanusira obenuHeHue e jyajiHa Ha onepauusita cedenue. CpoiicrBara Ha
obeIMHEHNEeTO ca, MOA00HN HA CBOMCTBATA HA CEYEHUETO, U CE JOKA3BAT 0 AHAJTOIUICH
maurea. OcTaBsiMe TW 3a yIPaskKHEHUE.

TBBPAEHUE 1.15. Hexa A u B ca mnooscecmsa. Obedunenuemo na A u B
e HAT-MAAKOMO MHONCECTNEO NO OMHOWEHUE HA PEAGUUAMG T MHOHCECME0, HG
xoemo A u B ca nodmnoorcecmsa.

JIOKABATEJICTBO. 3a /a JI0KazKeM TOBa TBbpAEeHHe TPAOBa 13 IIOKAXKEM, JIBE
Hema:
(1) A u B ca nogmuoxecrsa va AU B.
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(2) Ako ACXuBCX, 1o AUBCX.

TBbPAEHUE 1.16. Hexa A, B u C ca mHroocecmasa.

(1) Komymamuenocm: AU B = B U A.

(2) Acoyuamusnocm: (AUB)UC = AN (BUCQC).
(3) Hoemnomenwmmnocm: AUA = A.

(4) Aub=A.

JlobTHUTETHO CBOWCTBO, HA ODEIMHEHWETO U CEYEHMETO CA 3AKOHUTE 33 JIHC-
TpUOYTUBHOCT HA JBETE OIEPAIIWH.

TBBPAEHUE 1.17. Hexa A, B u C ca mnooicecmea.

(1) AUBNC)=(AUB)N(AUCQ);
(2) AN(BUC)=(ANB)U(ANC).

JOKABATEJICTBO. Ille mokakem mbpBUs 3aKOH 33 JUCTPUOYTUBHOCT.

Heka x e nmpoussosien enement vHa AU (BN C). Torapa z € Anmm x € BN C.
HmMmame aBe Bb3MOXKHOCTH:
1 cin.: x € A. Hue Beue Bugsaxme, ue AC AUBu AC AUC. Torasaxz € AUB
nx € AUC u crenoparento x € (AUB)N(AUC).
NN cn: xe€e BNC. Torabax € BuxeC. Ho BC AUBu (C C AUC. Torasa
x € AUBux € AUC u crenoBaresHo u B To3u ciaydait x € (AU B)N(AUC).

Taka u B gBara ciaydas noaydasame, 9e x € (AU B) N (AU C), cremoBarenHo
AU(BNC)C (AUB)N(AUC).

Heka z e npoussosnen esement na (AU B)N (AUC). Torasa z € (AUB) u
x € (AUC). Torasa x € A wim x € B. Ocsen ToBa © € A win x € B. Nmame nBe
Bb3MOKHOCTH:
Ncen:xze A Ho AC AU(BNC) u cnegoBarenso AU (BNC) .
UN cn.: ¢ A. Torasa eguncrBenara Bb3mozkHocT ocrasa € B u x € C. Torasa
xe€BNC. Ho BUC CAU(BNC) u cregoBarensno v € AU (BNC).

Taka u B nBara ciydas moaydasame, 9e ¢ € AU (BN C), caenoparento (A U
B)Nn(AuC)C AU (BNC(O).

Or akcromata 3a obema caensa, ve AU (BNC)=(AUB)N(AUC) O

Koraro A u B ca Hempecudaliy ce MHOXKECTBa C KpaeH OpOil ejleMeHTH, JIECHO
MoxkeM jia npebpounm enementure Ha A U B. Ilpocro TpsibBa na cwbepem Gpos Ha
enmemenTruTe Ha A ¢ 6post Ha enemenTuTe HA B. Bpoit Ha eleMenTr HA MHOXKECTBO A
e o3HagaBame ¢ |A|. Taka npunyuna 3a csbuparemo MOXKe Jia ce N3Kayke HaKPaTKO
TaKa:

ANB=0=|AUB|=|A|+|B|.

4.3. Paziauka u JA0II'bJIHEHNEe Ha MHO2XKecCcTBa.

Jeoununius 1.18. Heka A u B ca mHOXKecTBa. Pa3znmmkara Ha MHOXKECTBATA
A u B e MHOXKECTBOTO

A\ B ={z |z € A& = ¢ B}.
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3abenestcra!l Onepayusma passuka He e KOMYMAMUBHAE U HE € ACOUUAMUBHA.

3a ma ce yBepuTe B TOBa, HauepTaiiTe nuarpaMa Ha BeH 3a BCeku OT m3pas3uTe.
Tora 11e Bu opreHTHpPA 33 KOHKPETEH KOHTPATPUMED.

SakouuTe Ha Je Mopran JaBaT Bpb3Ka MEXK/Iy OMEPAIUATE CeYeHune, 0beInHe-
HU€ W Pa3/IuKa.

TBBPAEHUE 1.19. Hexa A, B u C ca mnooicecmea.

(1) AN (BNC) = (A\B)U(A\C);
(2) AN(BUC) = (A\B)N(A\ Q).

JOKABATEJICTBO. Ille mokakem BTOpHs 3aKOH Ha 7Ae Mopras.

Heka z € A\ (BUC). Torasaz € Aux ¢ BUC. lllom x ¢ BUC, ne e BapHo,
e x € B umn x € C. Tosa o3unauara, ue anto r € B, uuro x € C, uiau mo apyr
HauwnH KazaHo: ¢ ¢ Bux ¢ C. Takax € Awu x ¢ B, ciegoarenno x € A\ B. Ot
apyracrpasa x € Aux ¢ Curakax € A\C. Ot nedununusara Ha CeYeHue Ha IBE
MHOXKecTBa ciaensa, 9e © € (A\ B)N(A\C). Taka A\ (BUC) C (A\B)N(A\C).

Heka cerax € (A\ B)N (A\ C). Torabax € A\Buxz € A\ C. Taka z € A,
x ¢ Bux ¢ C. Torapa z ¢ BUC n cienoparenno x € A\(BUC). Or nedunnnnsta
Ha OlepaIysiTa pasimka, nojaydyaBaMe Broporo BkiwusaHe: (A\ B)N (A \ C) C
A\ (BUCQC). CienoBareHo ABeTe MHOXKECTBA Ca DABHH. O

HeovnHuiinsa 1.20. Heka A u B ca muoxectBa. CumeTprdHa pa3/nKaTa Ha
MHuokecTBara A u B e MHOXKeCTBOTO

AAB={z |z € A&k x ¢ B} U{z |z € B& = ¢ A}.

3a ymparkHeHne poBepere, Je pPelalusaTa CAMETPUYIHA PA3JINKA € KOMYTaTUBHA,
u aconuarupHa. CbIno, Je:

AAB = (A\ B)U (B\ A) = (AUB)\ (AN B).

YecTo mbTH 1€ CE CIYYIBA /13 OTPAHUYNM HAITUATE PA3TTIEXK TAHUS HA, MHOXKECTBA
JI0 BCUYKH TOAMHOXKECTBA, HA HSKOE OTHAMpE] 33/a7eHo MHOKecTBO U. B Takbs
caydgait U e napuuame yauepcym U. Ilpu TakoBa ycioBme moxkeMm na jgeduHm-
pame pombiaHerne Ha MaOXKecTBO A C U:
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A=U\A.
Bakorute Ha Je Mopran B TO3¢ CiIydail U3LJIEXKIAT TaKa:
(1) BNC =BUC;
(2) BUC=BnC.
B T03u cayuaii MoxkeM Jja dbopMyIupaMe H OIle eJUH 3aKOH, KOATO Ipou3in3a
OT JIOTMYECKHS 3aKOH 33 JBOIHOTO OTPHUIAHEE:

A=A

4.4. O6ob1ieHo obeuHeHne u ceuenne. Heka I e HEIpa3HO MHOKECTBO U
C BCEKM eJIeMeHT oT 1 € I cMe cBbp3ann MuoxkecTBo A;. Torasa I Hapudame WHIEK-
CHO MHOKECTBO, & ChBKYITHOCTTAa OT BCWYKM WHJIEKCHpaHW MHOXecTBa: {A; | i €
I} = {A;}icr, me napuuame paMuing OT MHOXKECTBA, UHIEKCUpaHa ¢ I.

Jdeonnunusa 1.21. Heka I e ungekcao muoXkectBo u {A;}icr e damunus ot
MHOYKECTBA, WHJEKCUpaHa ¢ 1.
(1) O6o6eno obenunenue Ha {A;};c; HapuUYaMe MHOKECTBOTO
Ui ={z|Jiclzea))
iel
(2) O6obmeno cedenne Ha {A4;}ic; HApEIaAME MHOKECTBOTO

() Ai={z|ViecI(xeA)}

iel

JlecHo ce BMxKza, Y€ MHOIO OT CBOMCTBaTa Ha cedyeHue U ObeJuHEHHE Ce IIpe-
HacaT KbM 0060buienure onepauuu. Hanpumep 3a Besko ¢ € I (),.;A; C A; u
A; C U7 Ai- B cuna e u caennara xapakrepusaiusi:

iel
iel

TBBPAEHNE 1.22. Hexa X e muooicecmeo, I e undercro mmooicecmeo u {A; }icr
e damuaus om mroxcecmea, undexcupara ¢ I.

JLOKABATEJICTBO. IIle mokaxkem BTOPOTO TBbLpaeHme. TpsOBa 1a MOKarKeM
€KBUBAJIEHTHOCT Ha JIBE YCJIOBUs, CJIEIOBATEIHO TPAOBA Ja TOKAXKEM, Y€ OT I'bPBOTO
CJIe/IBa BTOPOTO M OT BTOPOTO CJIEBA IbPBOTO:

Heka J;c; A € X. Hexa i e mpomssonen mngexc. Torapa A; C J;c; Ai-
Ot TpaH3uTHUBHOCT Ha penanusTa C, nmogydaBame, e A; C X. Twoit karo i Oere
u3GpaH KaTo MPOU3BOJIEH WHIEKC, TOBA € B CHJIA 34 BCAKO .

Hexka cera 3a scexkn ungexc i, A; € X. Heka x € | J,;.; A;. Torasa uma unjexc
i TakbB, 9e ¢ € A;. a duxrcupame equn Takbs uHAeKC ig. Torasa x € A;, C X,
crenosarenno v € X. Taka (J;c; 4: € X. ]

JlucTpuby THBHUTE 3aKOHU 1 3aKOHUTE HA e Mopran cbIo Morar 1a ce 0000IIAT:

TBBPAEHUE 1.23. Hexa X e muoorcecmso, I e undexcro mmnoorcecmeo u {A; }ier
e pamurus om mmoocecmsa, undexcupana c 1.
(1) XN Uie[ A= UiEI(X N Ai)-
(2) XUMier Ai =N (X U A4).
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(3) X\ Mies Ai = Uje (X \ Ag).
(4) X\ Uier Ai = Mie (X \ Ag).

3

JOKABATENCTBO. Ile nokaxem (3). Heka x € X \ (,c; A;. Torasa z € X
ux ¢ ();e; Ai- He e papno, ue Vi € I(x € A;), cieloBaTesiHo UMa HOHE eJIHO i, 3a
koero ¢ ¢ A;. Heka ig € I e rakoBa, 4e © ¢ A;,. Umame, ue v € X u z ¢ A,,.
Crnenoparenno x € X \ A;,. Taka mosyyaBame, ue ChIECTBYBa WHIEKC 4, 38 KONTO
x € X\ 4;, (a umenHo ¢ = ig). CwriacHo geduHUIMATA HA 0600IIEHO 06eINHEHNE,
v € Ui, (X \ Ay). Taka X\ (,c; Ai € U (X \ A;). ObpatroTo BKIIOUBaHe ce
MTOKAa3Ba AHAJOTUTIHO. O

Heka oTHOBO OrpaHmYuM pasriexkgaHuara cu n0 yausepcyM U. Onepammsara
0600111eHOTO OOEIMHEHNE HU JaBa HOB METO/I 3a JAe(pUHUIIS Ha, MHOXKECTBO: HHTYK-
THBHO 3aJaBaHe Ha MHOXKECTRO.

Jdeonnnnus 1.24. Heka A C U e muoxkecTBo, a f e npasuio (yHKIwus),
koero Ha ejementu x € U cbnocrass enementu f(x) € U. C unaykuus no n € N
neduaEpaMe paMuansg OT MHOXKECTBA, HHIEKCHpaHa ¢ N,

Baza: Ay = A.
N.I1.: Heka cme medunMpaan MHOKECTBOTO A,,.
N.C.: Torasa A,,+1 = A, U{f(z) | z € A, }.

Muoxkecrsoro A = |J, .y An HapuuaMe MHOXKECTBOTO MOJIYYEHO UHJLYKTUBHO

or A no upasusioro f.

neN

WNuryunrusara, KOATO CTOU 33, Ta3u JAeUHUINS, € CAeTHATA. JaN0YBalKN OT
MHOKeCTBOTO A, mobaBsiMe HOBH M HOBU €JIEMEHTH BCEKHU II'bT, KOTATO MPABUIIOTO
f cbiocraBs Ha HAKON OT J00ABEHUTE €JIeMEeHTH, HSIKOH HOB, JOKATO HE MOJIYYHM
MHOXKeCTBO A, KOeTo uma CBOHCTBOTO, 4e ako x e enemenT Ha A, To f(x) cbumo e
enemenT Ha A. Takuba MHOXKECTBa HapudaMme 3aTBOPEHM OTHOCHO HPaBuioTo f.

IIle magem BTOpa eKBUBAJIEHTHA IePUHUIINS, KOSTO N3KA3BA TOYHO Ta3M IeDUHAIINS:

TBBPAEHUE 1.25. Heka A e mmooicecmeo nosyyweno undykmusno om A no
npasusomo f. Tozasa A e naii-markomo, no omuowenue Ha peaayuama C, MHONCECMBO,
xoemo csdspoica A e e 3ameopeno no omnowenue Ha NPasusomo f.

JIOKABATEJICTBO. OTHOBO TpsiOBa /13 TOKaYKeM IBE HeIla:

(1) A wsnbinasa resu ycinosus. Haumcruna, A = Ay C |,y An, cite-
nosarenno A cwabpxka A. Heka cera x € A. Cobriacuo neduHAIAATA,
Ha, 00OOINEeHO ObeNMHEHne, NMa WHIEKC 1, TakbB e © € A,. Heka ng
e TakbB uHAEKC. Or nedunummsaTa Ha davmummsara {A, },en crensa, de
f(w) € Angr1 € Upen An- Cremobatenno A e 3aTBOPEHO OTHOCHO TIPaB-
witoro f.

(2) Heka X e muoxecrso, koero cbabpxka A u e 3arsopeno orunocHo f. C
WHAYKIWSA TIO 1. e TTIOKasKeM, [e 3a Beako n. A, C X u ciemoBaTesno
A= UnEN An < X.

Ay = A C X cbriacao usbopa Ha X.

Heka A, C X. Ilouexxe X e 3aTBOpeHO OTHOCHO f, 3a BCIKO = € A,
f(z) € X. Taka {f(z) | x € A,} C X u caepoBarenno A,y = A, U
[f@) | 2€ A} C X
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5. CreneHHO MHOXX€ECTBO

deoudnius 1.26. Heka A e muoxkecTBo. CreneHHOTO MHOXKECTBO Ha A e
MHOKECTBOTO 2, YHUTO e/IeMEeHTH Ca BCHYKH HOJMHOMKeCTBa Ha A.

24 ={B | B C A}.

3abenesicka! Ionsaroea cmenennomo mmooicecmeo na A ce oznasasa ¢ P(A).
Hanpumep ako A = {17 2, 3}7 T0 24 = {(Z)v {1} ) {2} ’ {3} ) {1a 2} ) {]-7 3} ) {27 3} ) {17 2, 3}}

TEOPEMA 1.27. Heka A e mmoocecmeo ¢ n na 6poii esemenmu. Tozaea 22
ume 2" Ha 6poti eaemenmu:

|24] = 2/ Al

JOKABATEJICTBO. Ille mokazkeMm TBBHPIAECHUETO C WHIYKIHAS IO 1.

Emurcrsenoro Muozectso ¢ 0 ma 6poit enementu e . 2° = {()} e muoxecTBO C
emun enement, cunreron. 1 = |20 = 2191,
Heka TBbpAECHHETO € BAPHO 33 MHOXKECTBA ¢ 1 eeMenTa. U Heka A e MHOXKECTBO ¢
n+1 enement. Heka x € A. Ille pasmesnm 24 Ha 1Be HEPECHYAIIHN Ce MHOKECTBA:
Uy={B|BCA&2¢BulU ={B|BCA&z¢c B} Taka24 =UyUU; u
CHTVIACHO MPUHIHTIA 3a choupaneto 24| = |Ug| + |Uy .

B € Uy rorasa u camo torasa korato B C A\ {z}. Crenosaresnno Uy = 24\=},
A\ {z} e muoxecrso ¢ n enementa. CbIIaCHO MHILYKIMOHHOTO LPEIIOIOKEHHE
|Uo| = 2™.

Bcekn eement B € U; moxe na ce npencrasn kKaro B = {x} U C, KbaeTo
C € Uy. Cnemoarenno Opost Ha ejgemenTute HA Uy € paBeH Ha OpPOs HA €JIEMEHTHTE
Ha Uo.

Taka [24| = |Up| + |Uy| = 2" + 2" = 27+L,

ChbritacHO MeTOa HAa MaTeMaTHYecKaTa WHAYKIUA, TBHPICHUETO € B CHUJIa 34
Beako n € N. O

6. 3amaum 3a ynpaXHeHUe

3amaua 1. Heka A e MHOXKECTBOTO OT BCUYKH IIOJIOKUATEJHH €CTECTBEHHU YKCJIA,
KOUTO ca mo-mMaJiku niau paBuu Ha 10. Heka B e MHOXXECTBOTO OT BCUYKHU ITPOCTH
qncia, Kouto ca mo-manakm or 11. Heka C' e MHOXECTBOTO OT BCHYKH HEUYETHH
€CTECTBEHH YHCJIa, KOUTO ca MO-rojieMu or 1 m mo-manku wian paBuum Ha 6. Heka
D e mHOXKECTBOTO OT 4mcaara 1 u 2, a I/ € MHOXKeCTBOTO C eMHCTBEH ejieMeHT 1.
SagaiiTe BCAKO OT MHOXKECTBATA C M3pexkaane Ha ejementure my. Ompesenere 3a
BCSKa JIBOMIKA MHOKECTBA, JAJIU IMbPBOTO € TOJIMHOMXKECTBO Ha BTOPOTO.

3amava 2. Koe oT ciiennnTe TRBpAEHUS € BAPHO:

(1) {1,2} € {{1,2,3},1,2,{1,3}}.
(2) {1,2} C {{1,2,3},1,2,{1,3}}.

Bagaua 3. [laiite npumep 3a muHOXKecTBa A, B u C, TakuBa ue:
(1) Ae B,Be(C,A¢C.
(2) ACB,BC(C,AeC.
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(3) Bceku eniemenT Ha A e OAMHOXKECTBO Ha A.

3amaua 4. Kowm or ciaemnnTe IBONKN MHOXKECTBA, Ca PABHMU:
(1) {1,3,4,5,6} u {6,4,5,3,1}.

(2) {9,5,7} u {9,9,9,5,5,7,7}.
(3) {0,2,8} u {v2,5—5,23}.
4 {7} uv.

(5) {{8}} = {8}.

3amava 5. Bepnu sim ca ciiegauTe TBDPACHUS:
(1) Ako ACBuBCC,10 ACC.
(2) Ako ACBuCCB, 10 ACC.
(3) Ako AC B, 70 AC Bum A= B.
(4) Axo A = B, ako uuro A C B, nuro B C A.
(5) Ako ACBuBCC,10ACC.
(6) Ako ACBuBCC,10ACC.

Bamaua 6. Hexa A={z € R||z[ <1}, B={z €R ||z — 1| < 1}. Hamepere:
ANB; AUB; A\ Bu AAB.

3amaua 7. TlokaskeTe 4e 3a BCIKO MHOXKECTBO A:

(1) 0 C A

(2) AChe A=0.
(3) AU = A.

(4) AnO=0.

(5) A\ 0= A.

(6) D\ A=0.

(7) AAD = A.

3amaua 8. Jlokazkere cBoiicTBaTa Ha obequHEHNE U cedeHne or Tebpaenus 1.12,
1.16 u 1.17, HA KOUTO HE € MPE/ICTABEHO JOKA3ATEICTBO.

3amaua 9. Bsapwuo gm e, de:
(1) A\B=B\A.
(2) (A\B)\C =4\ (B\O).
(3) AN\(A\B)=ANB.
(4) AN\(BUC)=A\BUB\C.
(5) A\(BnC)=A\BnB\C.

3amaua 10. [lokaxkere, 4de
(1) AuUB=B< ACB.
(2) AnB=A< ACB.
(3) A\B=A< AnB=10.
(4) AAB=0< A=B.

3amava 11. Bsapwuo ju e, ge:
(1) AAB=(AUB)\ (AN DB).
(2) (AAB)NC = (AAC)N (BAC).
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(3) (ANB)AC =(ANC)A(BNC).

3amaga 12. Jlokaxkere, de

(1) AN (Uie[ Bi) = UiEI(A N Bi)-
(2) AU (ﬂie[ Bi) = mieI(A U Bi)-
(4) X\ Uie[ Ai = ﬂig(X \ 4i)-

3amaya 13. Hawmepere peaumna oT MHOXKECTBA {Ai}ieN TaKaBa, I€ 32 BCAKO ¢ € N,
Ai+1 C Ai, HO ﬂiGN A; = 0.

3amaua 14. laiire nHIyKTUBHA TeDUHATNS 38 MHOXKECTBOTO:

(1) 2N+1 (MHOKeCTBOTO Ha BCHYKY HEUETHH YNCIIA) KATO 38 6A30BO MHOXKECTBO
m3non3saTe {1}.

(2) {a™b™ | n € N = {¢,ab, aabb, aaabbb, . ..}} (MHOXKECTBOTO OT JAyMU HAJL
azbykara {a,b} ¢ abiakunHa 2n, KOMUTO 3an04BaT C N HA GPOil a-Ta u 3a-
BbpuiBar ¢ n Ha O6poit b-ta 3a uiakoe n € N) karo 3a 6a30B0 MHOKECTBO
usnonseare {c}.

Bagaua 15. Hamepere 24, ako:

3amaua 16.
(1) Jokaxere, we A C B = 24 C 25,
(2) Jokazxere, e 2478 =24 M 25,
(3) Bapwo i e, we 2498 = 24 2B,



TEMA 2

Penamun

Ilocera mamepuxme (GOpMAJIEH HAYUH 1 U3PA3UM U PADOTUM ChC ChBKYITHOCT
ot esiemenTH. CBETHT € MO-CJIOXKEH M 9€CTO CE HAJIAra 1 TOBOPUM 33 BPB3KHU MEXKLY
€JIEMEHTH: €HO MOMYe, KOETO € B.HIO6€HO B €IHO MOMHKY€e, €1HO AbPBO IIO-CEHYIECTO
OT JIPYyro, €JHO €CTeCTBEHO YMUCJ0, KOETO JeJIU APYTO.

3a jga MoxkeM Jia onuineM (DOPMAJIHO €IHA TaKaBa IO-CJIOXKHA KOHCTPYKIHS,
TpsAObBa MHLPBO JIa MOXKEM Ja OMUINEeM ODEKT OT JIBE YacTH, HA KONTO a8 MOXKEM
BUHAI'U Ja Pa3IIO3HaBaMe€ KOd € II'bpPBa 9aCT U KOAd - BTOPpa YacCT.

MHO}KGCTB& OT eJIEMEHTHU He 6I/IX3 MOIVTH Ja HHU IIOCTYyzKaT TUPEKTHO, 3al10TO
{7,9} = {9, 7} - mapeabara ce 3ary6sa.

1. HapeneHnu aBoiKM, 1eKapTOBO NPOU3BEJIeHUE

Jdeounuuus 2.1. Hapenena asoiika, (a,b), e nBoiika eJeMeHTH, B KOATO a €
O'bPBH €JIEMEHT, a b € BTOPH eJIEeMEHT.

Envn wauwn 3a nedwHuims Ha HapeAeHa ABOIKa, mpeaioken or KyparoBcku

e:
(a’ b) = {a’ {a’ b}} :
3abeaesicka!  Enma mapenmena msoiika (a1,as) € paBHa Ha Ipyra HApEeIeHA
npoiika (b1, by) ToraBa m camo ToraBa, Korato a; = by u ag = by. Hampuwmep
(5,7) # (7,5).

Ilonaruero 3a HapeaeHna aBoiiKa ce 0000IABA IO €CTECTBEH HAYWH 10 Hape-
JIeHa n-TOpPKa 3a MPOM3BOJIHO ecTecTBeHo n > 2. Hapemena n-Topka o3HavaBame ¢
(a1,az,...ay). Equn nauun 3a gedunurms Ha HApEIEHA N-TOPKA €:

(CLl,CLg, e ’an) = (ab (a27 ( ) an)))
Cera (aj,as...a,) = (b1,b2...b,) TOraBa M camMo Torama, Korato a; = by, ag =

ba, ... a, = b,.

HeonHuiins 2.2. Heka A u B ca mHOXKecTBa. JleKapToBO LPOHM3BEJEHHE HA
A u B nHapuyaMme MHOXKECTBOTO:

Ax B={(a,b)ac A& beB]|.}

3abenestcra! Onepanusita 1€KAPTOBO MPOM3BEIEHUE HE € KoMyTaTtuBHa. Pop-
MAJIHO OTIEPAIUSTA HE € W aCOINNATHBHA, HO HWE IIe CH TIO3BOJIUM Ja HE W3MHC-
BaMe CKOOW B JIEKAPTOBO TIPOWM3BEJIEHNE HA TIOBEYE OT JBE MHOXKECTBA, KATO MPe/I-
BapuTesHo ce yropopnM, de A X B x C sunarn o3navasa (A x B) x C.

TEOPEMA 2.3. Hexa A u B ca mmnoocecmea, |A| = n, |B| = m. Toeasa
|A x B| = n.m.

17
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JIOKABATEJICTBO. IIe HATPABUM WHIYKIHs 1O OpOsi HA €JIEMEHTUTE Ha MHOXKECTBOTO
A, n.
Akon=0,A=0. Ho@dx B=0u |0 x B| =0=0.m.

Heka TBBHDPIEHNETO € B CHJIa 38 MHOXKeCTBa ¢ n efiemenTa n Heka A = {aq, ag, ... an, Ani1}
n B = {bl,bg, N bm} ToraBa A x B = {al,ag, .. .G,n,an+1} X {bl,bg, .. bm} =
{a1,a2,...ap}x{b1,ba,... by} U{anst1}x{b1,ba,...bn}. CbriaacHo MHIYKIMOHHOTO
OPEIOJIOKEeHHe OpodT Ha eJIEMEHTUTE HA {a1,as,...an} X {b1,ba,... by} € n.m.
Bposit na {any1} X {b1,bo,...0m} = {(ant1,b1), (@ns1,02),...(@nt1,bm)} € m.
MuoxecrBara {ay, ag,...an} X {b1,b2,...by} 1 {ans1} x {b1,ba,...b,} ca mempe-
CHYAINM Ce, 3AII0TO €JIEMEHTHTE Ha IMbPBOTO MHOXKECTBO €4 HAPEIEHHW IBOMKH, C
OPbB €JIEMEHT PA3JIUYEH OT (yt1, EJIEMEHTHTE HA IHbPBOTO MHOXKECTBO Ca Hape-
JIEHU JTBOWKM, C TIPHB €TEMEHT Gy, 1. ChbIIIACHO MpUHIHUNA 3a chOupanero |A x B| =
nm+m=(n+1).m O

2. Penamun

HeovnHuiiusa 2.4. Heka A u B ca mHOXkecTBa. Bcako mogmuOKeCTBO R Ha
JekaproBoro nponssesenne Ha A u B (R C A x B) napudame (6uMHApHA) peJanus
max A u B.

Koraro A = B, penauust R C A X A napudame (Gunapha) pesiauus Haj A.
IlouaTrero pejamus MoxkKe J1a ce OOOOIIM eCTEeCTBEHO IO CAeJHUus HaumH. AKO
A, Ay, ..., A, camuoxkectBau R C Ay X...A,, To R Hapuyame n-MeCTHA pesiallus
Hal A17A2, . 7An-

C Bcsika pesanus CBbp3BaMe J[Be MHOXKeCTBa JedUHUIMOHHA obsacT (IoMeiiH)
u obuiact or croiiHocTu (peiHiK):

Jeounnius 2.5. Heka R C A x B e penamus vax A u B.
dom(R) ={a € A| 3b((a,b) € R)};
range(R) = {b € B | Ja((a,b) € R)}.

2.1. IlpencraBsaue Ha peaanuu. Koraro paboTuM ¢ KpaiiHu peTaiun, Omxme
MOIJIH JIa M3I0JI3BAMeE IIPEJICTaBsAHUS, ¢ KOUTO ce paboru no jiecHo. [le uiocrpupame
nBe ipescrapsiaus ¢ mpumep. Heka T' e penanns wan {1,2,3} u {a,b, ¢, d}, nedunn-
pana upes

T ={(1,a),(1,0),(1,d),(2,b),(3,a),(3,d)}

. Heka S e penanusa nan {1,2, 3,4}, nedunupana upes
S = {(17 2)’ (L 3)7 (17 4)7 (27 2)7 (37 4)7 (4, 2)7 (47 4)}

2.1.1. Tabauwno npedcmassne. . Heka R e penanus nan A = {a1,...,a,} u
B ={by,...,bn}. lpeacraBame penamusara R ¢ momomra va tabiuma (Mmarpuna) ¢
n pefia ¥ m CThI0a, KaTo MO3UIMATA Ha i-TH pel, j-Tu cThio e 0, axko (a;, b;) ¢ R
u 1, ako (a;,b;) € R.

Hanpumep Ttabauaroro mpencrassane Ha 1 e:

W N = %
— O = Q
o~ o o
SO~ O
— O = Q
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Tabauunoro npescraBsne HA S €:

x 1 2 3 4
101 1 1
2 01 00
0 0 01
4 01 0 1
2.1.2. I'paguuno npedcmasane na peaayus. Hexa R e penampst nag A = {a1,...,an}
u B ={by,...,by}. Ipencrassme penanusara R c nomoinra Ha opueHTupan rpad

¢ BbpxoBe G(A U B, R). 3a Bceku esiement or A U B umame 10 €IuH BPbX, a 33
BCeku eneMenr (a,b) € R nocrasame crpesika or a KbM .
I'paduuanoro npencrapsue wa 1 e:

0

I'paduanoro npencrassue na S e:

a@e\a

2.2. Omneparnuu Hana peJjanuu. Pemamuure ca MHOXKECTBA W HAI TAX MO-
rar Ja ce mpuiarar OyJieBUTE OIEepalii, KOUTO PAa3IJieaxMe B IIPEIUIIHATA TEMA.
JonbauuTtenno 1e aeduHIPaMe OIIe IBe OMepaIni, CrnenuduIHO 33 PeIaInn.

Jeounuiius 2.6. Heka R e penanus Hag muoxkecrsara A u B. O6parnara
penanus Ha R e penanusra nag B u A:

R~ ={(b,a) | (a,b) € R}.

HeovnHuius 2.7. Heka R e penanus wvax mHOXKecTBata A u B u S e penamus

naz mHoxkecrsara B u C. Koummosunusara Ha penanuure R u S e penanusra HaL
AunC:

RoS={(a,c)|3b((a,b) € R& (b,c) € SG)}.

Ilpumep. Heka T' u S ca kakTo B npemaus npumep. I'paduanoro npencrassine
na 771!
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—0

I'paduanoro npesgcrassue va S o S e:

/\ ()
°c0o00

2.3. BugosBe pesmamnu. Heka A e muoxkecrsBo u R e penanus Haz A.
2.3.1. Pegpaercusnocm.

Heonnuiiyst 2.8. Pemnamusara R mapudame pediiekCuBHA, aKO 3a BCEKU eJie-
MeHT a € A, npoiikara (a,a) e B penanusra R:

Va € A ((a,a) ¢ R).

Hanpuwmep penamnusara < HaJ €CTECTBEHUTE YNCIIA, pejanuaTa C HaJI MHOXKECTBA,
OT €CTECTBEHN UNCJIA, Ca PePIEKCUBHU PEJIAIlNN.

Bmbamoxuo e penanusta R ga #He e pediaekcuBHA: 3a HAKOM ernemeHT a € A
HapeJeHaTa nBoiika (a,a) ¢ R. Bb3MOXKHO € Jla € M3I'bJIHEHO HElIO MHOIO I10-
CHJTHO:

HeonHuiiysa 2.9. Penamusara R napudame antupedeKCUBHA, aKO 32 BCEKHU
eneMeHT g € A, nBoiikara (a,a) He e B penanusara R:

Va € A ((a,a) € R).

Hanpumep peslanusaTa < HaJl €CTECTBEHUTE YUCIA, Pelanuara C Hal MHOXKECTBA,
OT €CTECTBEHU YNUCTIa, Ca aHTHPEeDIEKCUBHI PeIaIyii.

Penanusita R = {(n,m) | n e mpoct neauren Ha m} He e HUTO pedIIEKCHBHA,
auro antupediiekcusra. He e pediekcusna, 3amoro nanpumep (4,4) ¢ R. He e
aaTupedekcuBHa, 3amoro nanpumep (3,3) € R.

2.3.2. Tpansumuserocm.

Heonuuiiyd 2.10. Penanusra R Haprdame TPaH3UTUBHA, AKO 32 BCAKA TPOITKA
eslemenTy a,b,c € A, ako (a,b) € Ru (b,c) € R, 10 (a,c) € R:

Va € AVb € AVe € A ((a,b) € R & (b,c) € R — (a,c) € R).
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Hampumep penanunte < 1 < HaJ €CTECTBEHUTE Uncia, pemanunte C 1 C HAZ
MHOZKECTBA OT €CTECTBEHU HYUCJIA, C& TPAH3UTHBHE DEJIAIN.

Penanusra R = {(n,m) | n u m uMar obIia IPOCT JeJIUTEN} HE € TPAH3H-
tusHa. Hampumep (3,6) € R, (6,2) € R, no (3,2) ¢ R.

TBbPAEHUE 2.11. Peaaguyuama R e mpandumuena mozasa u camo mozasa,
xozamo Ro R C R.

JLOKA3ATEJCTBO. Heka R e rpansurusHa. Heka (a, ) e TpOM3BOJIEH eleMeHT
or RoR. Coriacuo neduHAIAATA Ha OTIEPAIIAATA, KOMIO3UIIAS HA PEIAIAN, MOKEM
Jla HAMEPHUM MexKauHeH eigemeHT b € A, TakbB ue (a,b) € A u (b,c) € A. Ot
TpaH3uTUBHOCTTA HA R ciensa, ye (a,c) € R. Taka Ro R C R.

Heka cera Ro R C R. Jla B3emem mpowu3BOJiHA TPOWKA ejeMeHTu a,b,c €
A rakuna, 4e (a,b) € R u (a,¢) € R. CwruacHo neduHAINATA Ha OMEPAINATA
KOMTO3WIHs Ha penamyn, (a,c) € Ro R. Ho Ro R C R, cnenoparento (a,c) € R
n R e TpaH3WTUBHA. ([

2.3.3. Cumempuunocm.

HEonHuIuA 2.12. Penanmuara R HapudaMe CUMETPUIHA, aKO 34 BCIKA JIBOIKA,
eneMenTH a,b € A, axko (a,b) € R, 10 (b,a) € R:

Va € AVb € A ((a,b) € R — (b,a) € R).

Hanpuwmep pesanusta R = {(n,m) | n u m umar ob1a npocT JeJUTe} U PealusaTa
= HAaJ|, eCTECTBEHUTE YUC/Ia Ca CUMETPUIHU. Penanmuure < m < HaJ, €CTECTBEHUTE
qucaa, pesanuure C u C Haj MHOXKECTBA OT €CTECTBEHH YHMC/A, HE Ca CHMETPUYHU
peranuu. 3a TAX OTHOBO MOXKEM Ja KayKeM HeIIO0 MHOTO TMO-CHJIHO, Teé Ca AHTH-
CAMETPUIHH.

Heonnuiiys 2.13. Penanusra R mapuyame aHTUCUMETPUYHA, aKO 33 BCAKA
JBoiika enementu a,b € A, ako (a,b) € Rua #b, ro (b,a) ¢ R:

Va € A¥b e A ((a,b) e R& a #b— (b,a) ¢ R).

3abenesicra! Tyk OTHOBO € BH3MOMKHO T4 MMa PEJIAIHs, KOATO HE HATO CHMETPUYIHA,
HUTO anTHCEMeTpraHa. Hampumep pemamuara R = {(A, B) | A\ B # 0} C 2¥ x 2N
He e cuMmerpryHa 3amoro Hanpumep ({1,2,3},{1,2}) € R, no ({1,2},{1,2,3}) ¢
R. Penanusra me e anrucumerpuyna samoro ({1,2,3},{4,5,6}) € R, {1,2,3} #
{4,5,6}, no ({4,5,6} ,{1,2,3}) € R.

TBBPAEHUE 2.14. Peaguyuama R e cumempuurna mozasa u camo mozasa, Ko2amo
R CR.

JIOKABATE/ICTBO. Hexka R e cumerpuuna. Heka (b,a) € R™'. Cwrmacuo
nedurunnsATa HA 0OpaTHa pesanus (a,b) € R. Ho mowm R e cumerpuuna, (b, a) € R.
Taxa R~' C R.

Heka cera R~! C R. Hexka a,b € A ca OpOH3BOTHE eleMEeHTH TaKHBa, e
(a,b) € R. Cbraacuo nedununusara na obparna penamus (b,a) € R~ Ho R™! C
R, cneporarento (b,a) € R u R e cumerpuyHa. O

3. PeJIaI_[I/ISI Ha €eKBHUBAJIEHTHOCT

Jeounuiius 2.15. Heka A e nenpazno muoxkectBo. Penanus R van A napudame
pesanus Ha eKBUBAJIEHTHOCT, aKO R e pediekcuBHa, CHMETPUYHA U TPAH3UTHBHA.
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IIpumep 3a penamus Ha ekBuBajgenTHOCT € {(n,m) | n = m(modd)} C N2
Tasu penamys ce CbCTOM OT BCUYKU JIBONKHM €CTECTBEHH YMC/Ia, KOUTO JIaBAT e/uH
U Cblll OCTAT'bK, IPU JlejieHue Ha 4.

WnrynnusaTa 3a1 MOHATHETO pDEJalis Ha eKBUBAJEHTHOCT, € [We Ts TPYIHpa
EJIEMEHTHUTE €JIEMEHTHTE Ha A MO OTHOIEHWE HA HAKAKBO IMIOACTEBO. ['pymara B
KOATO TIONa/Ia KOHKPETEH EJIEMEHT e HAPW4a, HETOB KJIAC Ha, €KBUBAJICHTHOCT.

Jronnnnms 2.16. Heka A e muoxkecTso, a € Au R C A2 e penanus Ha eKBU-
BaJIECHTHOCT HaJl A K.}IaC’bT Ha €KBUBAJICHTHOCT Ha a IO OTHOIIEHHUE Ha peJjlaluAdTa
R e MHOXeCTBOTO:

[alg ={b € A (a,b) € R}.

Besika pestanus Ha €eKBUBAJIEHTHOCT HaJ, MHOXKECTBO A mopaxkaa pa3bubaHe Ha
MHOZKeCTBOTO A.

Jeounnnus 2.17. Heka A e Henmpa3HO MHOXKECTBO, I € MHIEKCHO MHOYKECTBO
u setA;;c; € damMuausa or MHOXKeCTBa, uHaekcupana ¢ I. Qavunusara setd;;cr €
pasbuBane Ha A ako:
(1) Vi€ I(A; # 0);
(2) Uiel A = A;

TEOPEMA 2.18. (1) Hexa A e mnooicecneo, a R C A? e peaayus na ex-
susasenmmuocm nad A. Pamuruama {[a]r},c 4 € pasbueare na mroscecmsomo
A.
(2) Hexa A e mnooicecmeo, I e undexcro mmoscecmeo u {A;}
pasbusane na A. Pesayuama:

R={(a,b) | Jicl(ac A &be A)}

€ peaayus Ha exeusaseHmuocm wad A.

2
e RC A% e

JLOKABATEJICTBO. (1) Bcekn Kyiac Ha €KBHBAJIEHTHOCT € HEMpa3eH, 3a-
moro R e peduiekcuBna penaius u cienoBarento (a,a) € R, a € [a]g.
Bceeku Ki1ac Ha €KBUBAJIEHTHOCT € 1O AeuHAINA TOAMHOKECTBO HA A, n
BCEKU eJIeMeHT ¢ € A 10naja B IIOHE €/IMH KJIAC Ha €KBUBAJIEHTHOCT - CBO,
taka (J,c4la]r = A. Hexa a,b € A ca Taxuna, 4e [a|g N [b]r # (). Hexa
¢ € [a]lg N [b]g. Torasa (a,c) € R, (b,c) € R u noHexe R e CHMETpPHUIHA
(¢,b) € R. Cera or TpansuTuBHOCTTA Ha R cuezxpa, ge (a,b) € R, a
caenoBarento u (b,a) € R.

Ile nokaxewm, [e [a]lg = [b]r. Heka z € [a]g. Torasa (b,a) € R
u (a,z) € R u cinegoBarenno or tpansurusHocrTa Ha R, (b,2) € R u
x € [b]R Taxa [G]R - [b]R

Hexka cera x € [b]g. Torasa (a,b) € R u (b,xz) € R u cre0BaTeIHO
or TpaH3utTHBHOCTTA Ha R, (a,2) € R u x € [a]g. Taka moay4aBame u
Broporo BKJouBare: [br C [a]g.

C ropa nokasaxme, e dammnuara {[a]r},c, H3IbIHABA M TPUTE
yCJIOBHs, HEODXOMMMU 33 J1a € pa3duBaHe Ha MHOXKECTBOTO A.

(2) Hexa cera {A;};.; R C A% e pas6usane na A. Penanusira:

R={(a,b) | Ji€Il(ac A &be A)}

e pedrekcupra, 3amoro (J,c; A = A caeioBaTenHo 3a BCeKH eTeMeHT
a € A uma unzekc i € I, takbB ue a € A;. Penanusita e cumerpudna,
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3aI[0TO JIOTHYecKara Bpb3Ka & e komyraruaa. OcraBa Ja MOKaXKeM, Je
R e tpausurusna. Heka a,b,c € A ca rakusa, 4ye (a,b) € Ru (b,c) € R.
Torasa cbiiecrsyBar UHIAEKCH ¢ U j Takusa, 4e a,b € A; u b,c € Aj.
Taxka b € A; N A;. Ot Tperoro ycnosue B JedUHANNATA Ha Pa3OWBaHe
Ha MHOXKeCTBO ciensa, de A; = A;. Taka a,c € A; n cremosaTerHo
(a,c) € R. O

4. YactuuyHa Hapeaba

Bropusr Buj pesranuu, KOUTO 1ie pasriefame ce Hapudar 4aCTUYHU HApe0u
U WHTYWTHBHO CPABHSIBAT EJIEMEHTH IO HAKAKbB MpHU3HaK. Ako (a,b) € R - cuw-
TaMe, Ue @ € MOo-MaJI'bK, Hpeaxoxaa, b. B 3aBucumocT janm pesanusaTa, KOATO
pasrmexxkgame e pedieKCuBHA WiH aHTUPedIeKCUBHA UMaMe JBa BUJIA YACTUIHU
Hapeaomn.

JeovnHuius 2.19. Heka A e Henmpa3HO MHOMKECTBO.

(1) Penauus R van A mapuuame (mecrpora) yacruvna napeada, ako R e pe-
(bekcuBHA, AHTHCUMETPUYHA M TPAH3UTHBHA.

(2) Penamus R wan A mapudame CTpOra 4acTU9HA Hapeada, ako R e anTupe-
(bnexcuBHA, AHTUCHMETPUYHA, W TPAH3UTUBHA.

IIpumepu 3a HECTPOrW JYACTUIHHU HAPEIOHW CA PeamuaTa < HaJ, eCTeCTBEHUTE
qncia, penanuara C HaJl MHOKECTBA OT €CTECTBEHU JIUCIA.

IIpumepn 3a CTpPOrM YACTUYHM HApEAOMW ca pejamusTa < HAI eCTeCTBEHUTE
qucia, peaanusTa C HaJl MHOXKECTBA OT €CTeCTBEHU YUCJIA.

Makap penamuure < (<) u C (C) ma uMaT €JHH U CbIIU XAPAKTEPUCTUKU
10 OTHOIIIEHNE Ha PedIeKCHBHOCT, CAMETPUIHOCT, TPAH3UTUBHOCT, T€ ChINECTBEHO
pa3auYHM OT Apyra IieHa ToYKa. KakBaro u ABONKA Pa3/nTIHU €CTECTBEHH IUC/IA,
JIa B3eMeM M, m, Te Ca BUHATH CPaBHUMHU: Wian n < m winm m < n. 3a JBOWKHU
MHOYKECTBO, TOBa ChBceM He Bayku. Hampmmep aBoiikara muoxkecTBa 2N 2N+1 ca
HecpaBHUMH 110 OTHOIeHue Ha pejaanusta C: uuto 2N C 2N+ 1, uuro 2N+ 1 C 2N.

JdeonHnuud 2.20. Heka R e wacruuna napenba (Crpora ujid HECTpora) HaJl
muOkecTBo A. Kassame, ue R e juneiina (0bjHa), aKO BCEKU B PA3IUYHU €Je-
MeHTa oT A ca CpaBHWUMM TIO OTHOIIEHWE Ha, R:

Vac AVbe A (a#b— ((a,b) €R V (ba) € R)).

Taka penamunre < m < HaJ E€CTECTBEHHUTE UUCIA, CA MPUMEPHU 33 JIMHEHHU
JacTUIHHU HAapeadm, JoKaTo penanunre C u C HaJ MHOXKECTBA OT €CTECTBEHH UUC/IA,
ca MpUMEpHU 3a 9aCTUIHU Hapeada, KOUTO He Ca JTUHEHHH.

Nurynmusra, de (a,b) € R o3HauaBa, 4e @ € MO-MaIbK OT b € 3ajlernajia u BbB
cyreIBaIaTa, TePUHATINS:

Jdeonnnuusa 2.21. Heka R e wactuuna napenba (CTpora wiud HECTpOra) HaJl
MHO2KecTBO A.

e KazBame, ue a € A e Hali-MaJIbK 110 OTHOIIEHHE Ha R, aKO € MO-Ma/IbK OT
BCEKH APYT eneMeHT Ha A:

Vb e A(a #b— (a,b) € R).

e KasBame, ue a € A e Hali-roJIsIM MO OTHOIIEHUE HA R, aKO € MO-roJIIM OT
BCEKU JIPYT €JIEMEHT Ha, A:

Vb e A(a #b— (b,a) € R).
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Hampumep B ciennara pesamud, OpeacTaBeHa IpadudHO a € Hall-rojaM eje-
MEHT, & § € Hall-MaJIbK.

C’bH_[eCTByBaHeTO Ha HAN-TOJIAM U Hall-MaJI'bK €JIEMEHT ChbBCEM HE € 3adbIIZKUTEJITHO.
Hampumep axo pasriemave Z u Hapempara < Haj Z, He CbIIECTBYBAa HUTO Haii-
TOJISIM, HUTO Hali-MaJIbK eJleMeHT. Bb3MOXKHO € Mopu B KpaiiHa JacTuIHa Hapemsda
Ja HAMa Hal-MaJIbK WA HAKR-TOJIAM €JIEMEHT, KaKTO Ce€ CJIy4YBa B CJE€IHUA IIPUMEDP:

0/0\ °f°

JdeonHnuud 2.22. Heka R e wacruuna napenba (Crpora ujiu HECTpora) Hal
MHOKeCTBO A.
e KazBame, 1e a € A e MUHAMAJIEH €JIEMEHT MO OTHOIIEHWe Ha R, ako He
CBIMECTBYBA APYT €aeMeHT b € A, KOHTO e TI0-MaIbK OT HErO:

Vbe Ala#b— (b,a) ¢ R).

o KazBame, ue a € A e MaKCUMAJIEH €JIEMEHT IO OTHOIIeHue Ha R, ako He
CHITIECTBYBA IPYT eJeMeHT b € A, KOWTO e TIO-TOJIIM OT Hero:

Vbe A(a#b— (a,b) ¢ R).

Taka B Tope uzobpa3eHara peanus, eleMenTuTe d, e u f ca MUHUMAJIHA, 8 b u
C Ca MaKCUMAaJIHA.

TEOPEMA 2.23. Bceaxa wacmuyuna napedba R nad kpatino Henpaszno mMmoscecmeo
A npumentcass MUHUMAAEH U MAKCUMAAEH EAEMEHM.

JIOKABATEJICTBO. 3a ONpemeseHoCT Iie IpueMeM, de R e HecTpora 4acTUIHa,
mapemda. Teopemara e B cijia M 3a CTpora JacTuvHa Hapenba. JlokazaTemcTBoTo
e U3BBLPIEM € HHAYKIWS 10 |Al.

Axko A = {a} uma camo enuH €IeMEHT, TO & MUHUMAJIEH U MAKCUMAJIEH EJIEMEHT.

Heka TBbLpAEHHETO € B CHJIa 33 KpPalHM MHOXKECTBa C n ejeMenTa. Heka A =
{ai...an,an41} m R e vacruuna Hapenba Ham A. la pa3riezaMe MHOXKECTBOTO
Ay = {a1,...,an} = A\ {ant1} v penamusara Ry = RN A; x A;. Jlecro ce
npoBepsiBa, 4e R e yacruuHa Hapenba Hax A;. A e MHOXKECTBO C 1 eJleMeHTa U
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CBIJIACHO WHAYKIMOHHOTO TPEIOJIOKEHNEe A1 MMa MUHAMAJIEH ¢; W MaKCHAMAJIECH
elleMeHT a; 10 OTHOIIeHne Ha 1, 4,7 < n.

Axo (an+t1,a:) ¢ R, 10 a; e Munumasen ejemenT Ha A 1o oruouenue Ha R.
Hawctuna ako momycHeM, d9e cbinectByBa b € A, TakbB 4e b # a; n (b,a;) €
R, 10 b # an41 m caenoBarenno b € Ay, a (b,a;) € Ry, KOETO MPOTHBOPEYN HA
MEHHIMAJHOCTTA HA ;.

Axo (an+1,a;) € R, TO ay,41 € MuHUMAJIEH ejileMeHT Ha A 1o orHorenue Ha R.
Haucruna ako nomycuem, e couecrsyBa b € A, rakbs ue b # apy1 u (b, any1) € R,
oT TpaH3uTHBHOCTTA Ha R, crnenpa, ue (b,a;) € R, oTHOBO b € A1, U cemoBaTENHO
(b,a;) € Ry, KOETO NMaK NPOTUBOPEYU HA MUHUMATHOCTTA HA ;-

ChbIimecTByBaHETO HA, MAKCUMAJIEH €JIEMEHT Ce JOKA3Ba 10 aHAJIOTHYEH HAYWH:
aKo (aj,Gnt1) ¢ R, TO a; e MaKCHMAaJIeH eJeMeHT; aKo (a;,dn+1) € R, TO Gpt1 €
MaKCHMAJIEH €JIeMEHT. [

Karo u3nosspaMe IpeaunHaTa reopeMa e IOKaxKeM, 9€ BCAKa YaCTHIHA Hapeada
HAJ, KPaHO HEMpa3HO MHOXKECTBO A MOXKe /1a Ce MPOIbJIKY JI0 ThJIHA (JIMHEHHA).
MeToabT, KOWTO INE HM3MOI3BAME B JOKA3ATEJICTBOTO € M3BECTCH KATO METOH, Ha,
TOIOJIOTTIECKAT, COPTUPOBKA.

TEOPEMA 2.24. Hexa A e menpasno wpaiino muosicecmso u R e wacmuuna
napedba nad A. Cosuecmeysa suneting napedba S nad A maxasa, we R C S.

JIOKABATEJICTBO. OTHOBO 3a ONMpEIEJEHOCT Ile mpueMeM, 4e R e HecTpora
yacTuuHa Hapeaba. Teopemara € B CHjla M 33 CTPOra YacTUYIHA HApeI0a.

Heka A e muoxkectBo ¢ n enemenTa. Ille nogapeanm enementure Ha A B peauna.
CbrytacHO MpeuiHATa TeopeMa, A TPUTEKABA MUHUMAJIEH €JIEeMEHT IO OTHOIICHHUE
na R. Heka a; e equn TaxbB MUHHMAJICH ejleMeHT Ha A.

Hexka cme mocTponin eIeMeHTHTe a1, ... a; - -Ha Opoil pa3IndHu eJIeMeHTH Ha,
A. Ako i = n, koHCTpyKuusiTa € roroBa u A = {aq,...a,}. VHa1Ye MHOXKECTBOTO
A; = A\{aq,...q;} e nenpasuo, a RNA; X A; e wactuuna napenba uwazg A;. OTHOBO
mpuaarame IMpeIUIIHATA TeOPEMA 32 J1a W30epeM a; 1 KATO MUHUMAJIEH €JIeMEeHT Ha,
A; no ornomenue Ha RN A; X A;.

Cren karo cMme mompenunu ejgementute Ha A, KaTo ai,...a,, gebuHEpaMe
pernamuara S = {(a;,a;) | 1 < i < j < n}. Penamusara S e sunefina TacTu<Ha
Hapenba. Bceku eneMeHT a € A IpHUCHCTBA HAKbAE B PeAUlaTa, 4 = a; 33 HIAKOE
i. Ionexe i < i, (a;,a;) € S u S e pediiekcuBHa. AHTUCUMETPUYHOCT U TPAHIU-
TUBHOCT Ha S, CJEJBAT OT AHTHCHMETPUIHOCT U TPAH3ZUTUBHOCT HA, pejanusata <
naji ecrecrsenure yucaa. Hexa a,b € A. Torasa a = a; u b = a; 3a uaxou ¢ u j.
Axo i < j, 10 (a,b) € S. Nnaue j <iwu (b,a) €S.

Ocramna ma sunuM, e R C S. Heka (a,b) € R. Torasa otHOBO a = a; u b = q;
3aHgAKOW ¢ 1 j. [a momycHeMm, de j < ¢ Ja ce BbPHEM HA CTBIKA j OT KOHCTPYKIIUSATA.
Enementsr b e n3bpan karo MUHUMAJIEH ejeMeHT Ha A; 1o orHomenue Ha RN A; x
A;. Enemenrnsr a He ce cpemia Cpej ai...Gj—1, 3al0TO CbIVIACHO JOLYCKAHETO
i > j. Toraraa € Aj = A\ {a1,...aj_1}. Taka (a,b) € RN A; x Aj, Ho TOBa
MPOTUBOPEYH HA MUHUMATHOCTTA Ha R. IIpoTBOpEYMETO Ce IbJIKKU HA TPEINTHOTO
HU JIONyCKaHe, ciaeaoBaresino ¢ < j u (a,b) € S. O

5. 3agauu 3a ynpakHeHUe

Bamaua 1. Heka A = {John, Mary}, B = {1,2,3}, C = (. Hamepere A x B,
BxA AxC,CxA, Ax A= A% Bx Bx B = B>
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3amaga 2. lokaxere, qe:
(].) AKOAQAlHBQBl,ToAXBQAlel.
(2) Ako A£DuB#0, To AxB=Bx A& A=B.

3amaga 3. Bsapuo su e, ue:

(1) Ax (BUC)=AxBUAXxC.
(2) Ax(BNC)=AxBnAxC.
(3) Ax(B\C)=AxB\AxC.

3amaua 4. Heka A u B ca kakro B 3amadga 1.
(1) Kowm ot caeganTe MHOXKecTBa ca penannn Haa A u B: {(John, 1), (John,2)},
{(Mary,3), (John, Mary)}, {(John, 1), (2, John)}, {Mary, 1}, {Mary, 2}).
(2) Kos e Haii- rossimaTa penaiust Hag A n B? A Haii-mankara?
(3) Komko ca Bcnuku penaiun Hag A n B?

Bamaga 5. Omnpegenere dom(R) u range(R), 3a:
(1) R={(1,7),(3,3),(13,11), (3,12), (2, 15)}.
(2) R={(7,1),(3,3),(11,13), (12,3), (15,2)}.
(3) R=1ds ={(a,a) | a € A}.

Bapmaua 6. Heka A = {1,2,3,4}. Ilpencrasere TabaudHO U rpadUvHO peJIaliuTe:
77<77 NN N7 @ n A2
) — b -

Banaua 7. Hawmepere obparrara penamms R~ u Ro R, ako R e:
(1) {(0,1),(1,3),(4,0)}.
(2) {(n,n+1)|neN}L
(3) {(n,m) | n,meN & n <m}.
Kax moxem mo TabnmauaoTo (rpadmvHOTO) TMpencTaBsHe Ha R Ja HAMEpUM
tabmuanoTo (rpadudHoTo) TIpesicTapane Ha R~1? A na Ro R?

3amaga 8. lokaxere, Je:
(1) dom(R™') = range(R) u range(R™') = dom(R).
2) (RNS)'=R'NStu(RUS)'=R1usSt

Bagaua 9. Kak moxe 1o tabiunanoro (rpadudHOTO) NPEACTABIHE HA PEJIALUITA
R na ce pasbepe nanu 14 e:

(1) pedekcuBHa, anTUpedIEKCUBHA WX HUTO €IHO OT ABeTe?
(2) cumerpuuHa, AHTUCUMETPUYHA UJIM HATO €JIHO OT JABeTe?.

3amaua 10. Heka R e penanus nag A. lokaxkere, de

(1) Ako R e rpansuruBHa u peduiekcusna, 1o Ro R = R.
(2) Bo3moxkuo u e Ro R = R, ako R He e pedieKCUBHA.

3agaua 11. Heka R e pesnanus nag A. Jlokaxkere, 4e ClaeHATE TPU YCIOBUS €A
€KBUBAJIEHTHU:

(1) R e cumerpudHa.
(2) R°'CR.
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(3) R=R"L.

Bamaua 12. Emna penamus R C A% maprdame a-TIIKAIIIHA, aKO He CHIIECTBYBAT
eJIEMEHTH a1,ds,...dy, € A (n > 2) TakuBa, 4e a3 = a, u 3a BCAKO 4, 1 < i < n,
(a;,a;+1) € R. Hokaxere, ue

(1) Beska rpansutusHa, aHTHpedIEKCUBHA PEJIAIMs € a-TUKITIHA.
(2) Ako R e a-nukindna, 70 R e anTupedIeKCUBHA.
(3) daiire npumep 3a a-UMKIMYIHA PeJialisi, KOITO HE € TPAH3UTUBHA.

3amaua 13. Ilokaxkere, 4e 3a BCIKO MHOXKECTBO A, penarusra idy € penaius Ha
ekBuBasieHTHOCT. [lOoKaxkere, 4e TOBa € Hall-MaJKaTa peJialids Ha €KBUBAJEHTHOCT
uan A no ornomenwe Ha penamusta C. Kos e maii-romsmara? Kak msriaexmga
rpadUIHOTO TPEACTABSHE HA PEJIAIis Ha eKBUBAJEHTHOCT !

3amaua 14. Ilposepere mamu ciiefHATE PEAIMEA CA PETAIUNA HA €KBUBAJECHTHOCT:

(1) {(n,m) | n = m(modk)} € N x N, xbuero k e HAKaKBO (UKCHUPAHO
HOJIOXKHUTETHO €CTECTBEHO YHCIO.

) {(z,9) | 2+y=0} CRxR.

(3) {(n,m) | n4+m e gerno uucno.} C N x N.
4) {(a,b) | a.b>0} CZ x Z.

(5) {(a,b) | a.b>0} CZ x Z.

(6) {(p,r) | p— 1 e msmo uncno.} C Q x Q.
(7) {((a,8), (c,)) | a.d = b.c} C N x N2
(8) {(p,7) |p—reu3noqucno}CQxQ

Bamadga 15. Koe or crennure MHOKeCTBa € pa3busaune na muoxecrsoro {1,2,3,4}:

{{1,2},{3}}-
{{1,2},{2,3},{4}}.
{{1,2},{3,4},0}
{{1,4},{2,3}}

3amaga 16. Ouuuiere KJjacoBere Ha €KBHUBAJEHTHOCT, LOPOJEHHM OT Te3U OT
penammuTe B 3amada 14, KOUTO ca pejlalinid Ha eKBHBAJIEHTHOCT.

Bagaga 17. Heka A = {n € N | 2 <n < 20}. Heka R C A? ce cberon OT BCHUKH
JIBOTKYM 4Unciia, KOWTO MMAaT emHakBW Tpoctn nemwrenn. Hampumep (6,12) € R,
3aIoTo mpoctuTe nenurenn Ha 6 w12 ca 2,3, Ho (6,9) ¢ R, 3amoTo 2 e mpocT
genuTes Ha 6, HO He m Ha 9. Jlokaxere, ye R e pejanusa Ha €KBUBAJIEHTHOCT U
ompeenere KJIacoBeTe Ha eKBUBAJEHTHOCT MOPOIEHN OT .

Bamaga 18. Heka a e pasunna. C P(a) o3HauaBaMe MHOMKECTBOTO OT TOUKHTE
B PABHUHATA, a ¢ L(a) MHOXKeCTBOTO OT IpaBuTe B paBHHHATA. KOH OT cireqHuTe
pesanuu ca pejanuu Ha exkpusasienTHOCT? OIpesesiere KiacoBeTe HA €KBUBAJIEHT-
HOCT.

{(a,0) | allb}  L(e) x L().
2) {(a, ) |aJ_b}CL( ) x L(a).
{((A,B,C),(A",B',C")) | & ABC ~p A'B'C"} C P(a)® x P(a)?.
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3amaua 19. Kowu or ciemaure pemanun ca IaCTHIHE HAPEIOM:
(1) {(n,m) | Ik e N(m =k.n)} CNxN.
(2) {(A,B) | AnB =B} C 2V x 2N,

(3) {(@,y) | 2*—1>y* ~ 1} CRxR.

4) {(a,b) |]a=bV a+1=0b} CNxN.

B crenpamure HAKONKO 33/a4H, I PA3TIekKJIaMe MHOKECTBOTO OT JIyMHU Ha
azbykara {a,b}.

Jdeounnuus 2.25. Ipasuara gyma nma mabjkunaa 0 u ce o3HadaBa ¢ €. AKo
Qe yMa ¢ IBJDKUHA N, TO g U ab ca IyMu ¢ abjpkaaa 1+ 1. MHOXKecTBOTO Ha
BCHYKH yMu Haj a3bykara {a,b} oznauasame ¢ {a,b}".

Iledurupame omepariuss KOHKATEHAINA, ., HA TYMH.

Jdeonaunmsa 2.26. Heka « n 8 ca aymn Hag {a,b}. KoHkarenamusra Ha « n
£ e nymara

e, ako 3 =¢;
af=1 (aB)a, axof=pq
(a.8)b, ako = p'b.

Bapmaua 20. Heka o m f ca aymnm Haj asbykara {a,b}. Ille ka3sBawme, 4e « e
nHadaso Ha 3, (o C ), ako chbIecTByBa AyMa 7y, Takasa de § = a.7y. [okaxere, ye
{(a, ) | « C B} C {a,b}" x {a,b}" e wacTuuna napenba. Jluneiina napenda u e?

Banaua 21. Heka o n 8 ca nymn Haj asbykara {a,b}. Ille ka3Bame, ue o e HAJISBO
or 8, (o <p, ), ako CbIIECTBYBa AyMa 7, Takasa 4e ya C « u vb C (. Jlokaxere,
ge {(a,B) | @ < B} C {a,b}" x {a,b}" e crpora yacruuna napenba. Jluneitna
Hapeda u e’

Bagaua 22. Heka a u 8 ca aymu nan asbykara {a,b}. Ille xa3Bame, ue « e
siekcukorpadeku no-manka or 3, (o < ), ako o C 8w a <, . dokazxere, ye
{(a, B) | a < B} C{a,b}" x {a,b}" e muneitna wacTuana HapeaOa.

3agmaua 23. [laiire mpumep 3a dacTudHa Hapenbda R ¢
(1) 1Ba MMUHMMAJIHK €JIEMEHTA U TPU MAKCUMAJIHU €JIEMEHTA.
(2) nBa MUHMMAJIHW eJIeMEHTa W HAll-TOJISIM eJIEMEHT.
(3) enun MakcumaJieH eJIeMeHT, 6e3 MUHUMAJIEH eJIEMEHT.

3amaua 24. Heka R e juneiina JacTuuyHa Hapenba HaJj MHoxkecrBoTo A. Heka
a € A e MUHUMAJIEH €JIEeMEHT 1Mo OTHoIeHune Ha R. Jlokaxkere, 4e a e Hail-MaIbK
€JIEMEHT.

Bapmaua 25. Heka pasriegame maoxkectBoro N, = NU{x}. Heka R = {(a,b) | a =
bV a=x} CN, xN,. Tokaxere, ue R e qacTuuna Hapeaba u ONpeesIeTe MUHU-
MaJIHATE, MAKCUMATHUTE, HAll-MaJIKusi U Haif-rosleMus ejieMenT B N, 1o OTHOIIeHne
Ha R, ako rakuBa uma.



TEMA 3
DyHKIUN

1. dedunuius
Jeounnuus 3.1. Heka A u B ca muoxkecrBa. Penamnusra f C A x B napugame
dyukiysa or A KbM B, aKO 32 BCEKH eJIEMEHT @ € A CbIIEeCTBYBA €IMHCTBEH €JIEMEHT
b € B, rakbB ue (a,b) € f.
3abenestcral ledbununusra Ha MOHATAETO QYHKIMS BKIIOYBA JIBE M3UCKBAHUS:

(1) 3a Bcekn eseMenT a € A TpabBa Ja uMa efeMenT b € B takbs, 4e (a,b) €
f:
Va € A3b € B((a,b) € f).

ITo apyr waunn kazano aedununmonnara obnacrt dom(f) = A.
(2) 3a Bceku ejieMenT a € A HaMa 1Ba pa3auyHu ejeMenTa by, by € B Takusa,
we (a,b1) € f u (a,b2) € f:

Ya € Aabl,bz S B((a,bl) S f & (a,bz) € f — b = bg)
IIpumep 3a Gyuxmus e muozkecrsoro f C N2, necdunupano upes:
f={n,m) | m=2n}

Axo f e dyukuusa u (a,b) € f, enemenrbr b o3nauasame ¢ f(a). Taka ako
MHOXKECTBOTO [ € jePMHUPAHO ¢ MOMOLITA 33 AKCHOMA, 33, OTJICJISHETO:

f={(a,b) e Ax B | b= P(a)},

KbIAeTO P € paBujio, o KOETO Ha, eJIEMEHT ¢ € A ChIOCTABS HETOBUST €IWHCTBEH
f(a) € B, me u3non3BaMe KpaTbK 3aINC:

f:A—= B f(z) = P(z).

Tyk x e TpOMEHINBA, KOATO MOYKE Ja Ce 3aMECTH C TPOU3BOJIEH ejleMeHT OT A,
KOSTO II[e Hapu4IaMe aprymeHt Ha f.
Taka dbyHKIHATA OT TOPHUS PUMED MOXKEM 1A U3IHUIIEM KaTO:

f:N—=N f(x)=2z.

Buxme mormu ma 0600muM MOHATHETO PYHKIUS IO HAKOJIKO HaduHa. [IbpBO
OmxMe MOTJIN 3 TIO3BOJIUM (DYHKIUS 18 UM TTPOU3BOJIEH KPAeH apTyMeHTH:

fiA xAs.. A, = B f(z1,20,...2,) = P(x1, 22, ... 24p).

Torapa 3a BCsiKa n-TOPKA (a1, ...a,) € Ay X ... A, CHIIECTBYBa eMHCTBEH €JI-
emenT b € B takbB, 4e (a1,...a,,b) € f. Enementbr b o3nauasame ¢ f(ai, ... ay)-

JIpyro obobrmenne Ha TOHATHETO (PYHKIHS IOy IaBaMe KaTo OITabnM N3NCKBAHETO
dom(f) = A, no dom(f) C A. Takusa pejanuu ce HAPUYAT YACTUIHU (DYHKIUH.

29
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Hanpuwmep penamuara:
1
72 — 31+ 2
ue e medurarpana npu © = 1 u npu r = 2 u e YacTuIHA PYHKIUS.

T R=R f(z)=

2. Omneparnuu Hag QyHKIAN

Besika dyuknus f: A — B e penanus nag A u B. C Hest cCBbp3BaMe MHOXKECT-
sata dom(f), range(f), obparnara penamua f~!. BHaeM m KaKBO Tpe/CTaBIABA
KOMITO3UIUATA HA ABe pyHKmuu. B To3m maparpad e BuaAuM KaKBH CIIEITH(DUTHI
CBOICTBa MMAT TE3W OMEPAINH, KOTATO C€ MTPUJIATAT K'bM CIEIUAJHNS BU PEJIAINN:
dbyuxnuu. Ille pasrnemame u HskOU omepanuu cnermuduann 33 QyHKIUUTE.

IIbpBo Heka oObpHeM BHuManue Ha (akta, ye makap u dom(f) Bumaru e
[SJI0TO MHOXKECTBO A, 3a range(f) TakoBa U3MCKBaHE HAMA.

2.1. Ob6pa3s, mbpBOOOpa3, peCTPUKITNI 1 3aTBapagHe.

Aeounuius 3.2. Heka f: A — B e dyHKIms.

e Heka X C A. O6pa3 Ha MHOXKECTBOTO X MOJ, JIeHCTBUETO HA (DYHKIUSITA
f, HapUYaMe MHOYKECTBOTO:

f(X)=A{f(a) | a € X}.
e Heka Y C B. IIbpBooOpa3 Ha MHOKECTBOTO Y IO, IeHCTBHETO HA (PYHKITHATA,
f, HaprYaMe MHOXKECTBOTO:

) ={al fla) e Y}
Hanpuwmep, ako f : N - N f(z) =22, X ={0,1,2,3,4,5}uY ={0,1,2,3,4,5},
o f(X) ={0,2,4,6,8,10}, a f~1(Y) = {0,1,2}.

HAeondniud 3.3. Heka f: A — B e ¢dyuknus. Heka X C A. Pecrpukius na
f 1o muOX)ecTBOTO X, HapUUaMe MHOYKECTBOTO:

FI1X=fNXxB.

JlecHo ce BuK /12, 4e pecTpuUKIuATa HA (DYHKIUA [0 MHOZKECTBO, ChIIO € (PyHKIus.
Hampumep pecrpukiusaTa Ha QYyHKIUATA f OT TPEIUITHUS TPUMEP 10 MHOXKECTBOTO
{0,1,2,3} moxke 1a ce mpeacTaBu rpadUYHO TO CIEHUS HAUNH:

00000000

Koraro pasriexgaxve pa3audHu METOIN 33 3aJaBaHe Ha MHOXKECTBO B TIbPBa
IJIaBa, €HA OT Bb3MOXKHOCTHTE Derre 1a geduHupaMe MHOKECTBO MO UHIYKITUS OT
0a30BO MHOKECTBO C ITOMOIITA Ha HAKAKBH mpaBmio. Cera Bede MOXKEM Ja OMUIIEM
TO3U METOJ, C TIO TOIAMA TMPENU3HOCT.

deounniud 3.4. Heka f : A — A e dynkuus, a Ag C A e 6a30B0 MHOKECTBO.
Heka 3a Besiko n > 0, A1 = A, U f(A,). 3arsapsiHe Ha MHOXKeCTBOTO Ag O
OTHOIIEeHNE HA DYHKIUATA f HApUIAMe MHOXKECTBOTO:

fl1A] = | An.

neN



2. OTIEPAITMU HAJI ®YHKIINNA 31

TBBPAEHUE 3.5. Heka f : A — A e pynryua, a Ag C A e 6a3060 MHOHCECTNBO.
f[Ao] e nati-marromo mrodtcecmeo no omuowenue Ha pessyusma C Koemo cs0spica
Ay u e sameopero no omuowenue na f: axo a € f[Ao], mo u f(a) € f[Ao].

JIOKABATEJICTBO. Bmxkre nokazarescrsoro na Tebpaenne 1.25. O

Hanpuwmep, ako f e kakro B npenuust upumep (f(xz) = 2z), 3arBapsnero Ha
muOKecTBOTO {0} mo oraomenue wa f e f[{0}] = {0}. Ho sarBapsanero na {1} e
fH{1H =41,2,4,8,...} = sett2"n € N.

2.2. Kowmmozurus ua dyuknnu. leduHUIATa 38 KOMIO3UIUST HA IB€ (DY HKITHH
f:A— Bug:B — C Bede HE e TIO3HATA OT MpeAUITHATA TJ1aBa. ToBa e penanus
fogmuan A u C, nedunupana apes:

ng: {(aac) | Jb e B((aab) € f & (b,C) € g)}
Onepanuara KOMIO3UIMA IPUIOXKEHa KbM (DyHKIMU BUHATU JaBa (DyHKIHS.

TBBHPAEHUE 3.6. Hexa f: A — B ug: B — C ca ¢ynxyuu. Tozasa fog
CBWo e PYHKYUL.

JOKA3ATENCTBO. Heka a € A. Torasa nouexke f e (byHKIWS, UMa €IEMEHT
b € B rakbs, e (a,b) € f. Or apyra crpana nosexe ¢ € GyHKIMs, UMA €JIEMEHT
¢ € C rakbs, ue (b,c) € g. Taxa (a,¢) € f o g u caeposareano dom(f og) = A.

Heka momycuem , 4e (a,c1) n (a,ce) ca enementn Ha f o g. ToraBa ChriacHO
neduHUIMATa HA ONEpaIds KOMIO3WIMSA WMa ejeMenTu by, bs € B rmakuba, 4e
((a,b1) € f & (b1,c1) € g) u ((a,b2) € f & (ba,c2) € g). Ho f e dyukuus,
ciepoBaresto by = by = b. Cera (b,c1) € g u (b,c2) € g, HO g cbwE e DyHKUU,
CJIEJIOBATEJIHO €1 = C3. O

Taka mosiyuaBamMe JieCeH HAYMH A TOJIYIUM TPABUIIO 3a f o g OT mpaBuia 3a f
ug: fog(x)=yg(f(z))

OmnepanusiTa KOMIIO3UIUA MOXKE J1a ce 00001, KOraTo pasriexaame QyHKIun
HA TIOBEYE apryMeHTH.

Jeounnuus 3.7. Hexka A e muOoxkectBo, n,k € N. Heka g : A" — A wu
fi...fn: AF — A ca byuxmuun. Torasa dymkmumara h : A¥ — A, nedunupana
upe3

hiay,...ax) =g(filar...ag), .. fular ... ax)),
HapuvIaMe Cymneprosuims Ha g ¢ fi,... fy.

Babenmexkere, ue mpu n = k = 1 monydaBame TOYHO HeDUHUIMATA 33 KOM-
mo3unuATa, f o g.

2.3. Nnueknusi, cropekiusi, OHMeKInms. 33 PA3JIMKA OT ONEPAIUITa KOM-
no3unus Ha (DYHKIUH, KOSITO BUHATH /1aBa GYyHKIM, OOpaTHATA pesalus Ha, DYHKIH
He BuHaru e pyukuusa. Heka f : A — B e ¢ynknusa. Kakeu csoiicrsa TpsbBa 1a
uma f 3a ga 6bae penaruara f-1 = {(b,a) | (a,b) € f} bynkmua or B kM A?
I[IbpBoTO M3KUCKBaHE €, 34 BCeKH ejieMenT b € B jia uma enemenr a € A rakbs, 4e
(b,a) € f~1, a cnenosarenno (a,b) € f.

deounniud 3.8. Heka f: A — B e dyukuus. [ e clopeknus ako:

Vb € B3a € A((a,b) € f).
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Jlpyro HanMeHOBaHME 3a CIOPEKINs € "BbpXY”’, & eKBUBAJCHTEH HAYUH 12 (HOp-
MyJiupaMe yciaosuero 3a ciopekius e range(f) = B. Komnosunus na cropekiyu e
CIOPEKIIHs.

TBBPAEHUE 3.9. Hexa f: A — B ug: B — C ca ciopexyuu. Tozasa fog
CBUWO € CIPERYUA.

JOKABATEJICTBO. Heka ¢ € C. Tpsabpa ma HaMepuM eIeMeHT a € A TakbB,
ge fog(a) = ¢. g e ciopekus, CJIJIOBATEIHO UMa €JIeMeHT b € B Takbs, ue
g(b) =c. Cera b € B u f e ciopekius, CIeI0BATEIHO UMA eJIeMeHT ¢ € A Takbs,
ge f(a) =b. Torasa f o g(a) = g(f(a)) = g(b) =c. O

Dyukuuara Haz ecrecrBenure 4ucia f(x) = 2z, He e CIOpPeKlUs, 3ALIOTO
Hampumep 3a b = 1 He cbiecTByBa a € N, TakoBa, ue 2a = 1.

ITpnmep 3a croopekuusi e dyukmusara g : N — N nebunnpana upes g(x) =
HAN-rOJIIMOTO N TakoBa, de 2" gemn x. Hamcrwra 3a BCAKO €CTECTBEHO HUHCIIO
n g(2™) = n, ciemoBaresHO ¢ e ciOpeKiusd. Bbrnpeku ToBa obparHaTa peJsalus
¢~ ! ormoBo He e dyukuus. IlpuumHara e, npu (PUKCHPAHO €CTECTBEHO HHCIIO 7
MMa MHOTO DAa3JIMYHW €CTECTBEHW 4nCJa m Takwuba, ve (n,m) € g. Hanpmmep
g(12) = g(20) = ¢(28) = 4. Taka JocTUrame 10 BTOPO M3UCKBAHE, KOETO TPIOBA
Jla HAJIOKWM KbM enHa (YyHKIWs, 33 Ja Objae HelHaTa OOpaTHA pesalus ChIIOo
GyHKIUA: HA PA3IUIHA CTOHHOCTH, (DYHKIHMATA TPAOBA /14 CHIIOCTABSA PA3TAYHA
CTOMHOCTH.

Heonnniivsd 3.10. Heka f: A — B e dyuknus. f e WHEKIHA aKo:
V&l,&g € A(a1 7é as — f(al) 7é f(CLQ))

TBbPAEHUE 3.11. Hexa f: A - B ug: B — C ca unekyuu. Tozasa fog
CBUO € UNHEKYUA.

JIOKABATEJICTBO. Heka a; # as ca enementn Ha A. Tpsabsa ga mokakem,
ge fogla)) = g(f(ar1)) # g(f(az)) = foglaz). f e umeknms, cremoBaTesHO
nma esnement f(ay) # f(az). Cera f(ai) m f(a2) ca ABa pasIWdYHM eNEMEHTH OT
MHOXKecTBOTO B u ¢ e nneknus, caenosaresto g(f(a1)) # g(f(a2)). O

Jeounnnus 3.12. Heka f : A — B e dyuknus. f e Ouekims, ako f e WHeKIust
n f e ciopexmus.

CHnENCTBUE 3.13. Hexa f: A — B e ¢ynkyusa. Caednume ycio8us ca exeu-
BANEHMHU:

(1) f e 6uexyuas.

(2) f7! e pynwyua.
(3) ! e buexyua.

JOKABATEJICTBO. MeToabr, N0 KOHTO BbBEJOXME MOHATUATA MHEKIHST 1 CIOPEKIA,
ferie TOYHO J1a pasriaesaMe HEOOXOAUMHUTE U JOCTATHIHN YCJIOBHA 3a ToBa 1 na
e bynxnus. Crenosarenno (1) < (2). O6parnata penamus na f~! e f. Tnit kato
f e byukmusa, f~1 e oueknusa u (2) & (3). d

CHenCTBUE 3.14. Heka f: A — B ug: B — C ca 6uexyuu. Tozasa fog
CoWo € OUEKYUA.

JIOKABATEJICTBO. ToBa e aupektro cieactsue ot Tebpaenue 3.9 u Tebpae-
nue 3.11. [
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3. Hakon mo-BaxHu (byHKIUNA

3.1. Unenturer. Heka A e muoxkecrso. @yukuusra idy : A — A napudame
UJEHTUTET HaJl MHOXKECTBOTO A.

NaenTrTersT BUHATH € OMEKIINSA W id;ll = id 4. VImIeHTUTEeTHT € eIMHCTBEHATA
peJIaIus HaJl MHOKECTBOTO A, KOSTO € €THOBPpEMEHHO (DYHKITUS U Peialus Ha, eK-
BHUBAJIEHTHOCT.

Ako f: A — B e dyukuus, 1o idg o f = foidpg.

3.2. XapakrepuctudHa dyakius. Heka U e muHo)KecTBO. C BCSAKO TOIAM-
uoxkectBo A C U cebp3Bame 1o enna dbyuknus x 4 : U — {0, 1}, nebunupana apes
CJIeTHOTO PABEHCTRO:

|1, akoz € A;
xa(z) = { 0, akox ¢ A.

Xapakrepucrnanara GyHKIMSA HA MHOXKECTBO KOAUPa WHGMOPMAIUATA, 3aTOBA
Kou efgeMenTd oT U My mpuHAIJIE)KAT U KOU He. BebimHocr ToBa JeduHMpa B3a-
UMHO €JHO3HAYHO CbhoTBenTBre (uiau Ouekiums) MexKiy noiaMHoxecrsara Ha U u

dbyuxmuure f: U — {0,1}. Heka ¢ Fy 03HaUMM MHOKECTBOTO OT BCUYKH (DyHKITHA
f:U —{0,1}. Torasa:

TBLPAEHUE 3.15. Pynuxyusma F : 2V — Fy, dedpurupana upes:
F(A) =xa
e OueKyUA.

JIOKABATEJCTBO. Ille nokaxkem, ye F' e cropexuus u nnekuusi. Heka f € Fy .
Ja pasriaemame muoxkectsoro A = f~1({1}). Tebpaum, Ue xapakTepuCTHIHATA
dbyuxnus va A e Touno f. 3a ma mpoBepuM nasu ABere (DYHKIWH Ca PABHE, TPIOBa,
Jla BUJIMM Ye ca BCeKM Bb3MoxeH apryment = € U, xa(z) = f(z). Heka z € U.
Nmame nBe Bb3moxkuocTu: xa(x) =1 u xa(x) =0.

xal@)=1l=zcA=zec ({1} = f(z) =1
Or nmpyra crpana:

XA(x):O:>x¢A:>x§éffl({l}):>f(x)7é1:>f(x):O.

Taka x4 = f u cnenosaresnto F(A) = f.

Heka cera Ay u As ca ape pasnumanau noaMmuoxecrsa Ha U. Tpsabsa na mokakem,
4Ye TEXHUTE XapaKTEPUCTUIHU (PyHKIUK Ca PA3JUIHH, T.€. [TOHE 34 €JIUH APTyMEHT
x €U, xa(r) # xa,(x). Mom A; # Ay, To uma enement x € U TakbB, Ue uimm
x € Ay \ Ay, mm x € Az \ A;. Tbii KaTO JABaTa Ciaydasi ca CHMETPUYHU U JOKa3a-
TEJICTBOTO B IWHUSA CIy4ail ce MmoJydana OyKBAJIHO KATO pa3MEHUM WHIEKCHTE 1 1
2 B JIOKA3aTEICTBOTO HA APYTHUS CIydail, 6€3 OrpaHnIeHn Ha OOMTHOCTTA MOYKEM JIa
LPEIIOJIOKUM, Y€ € HAJIUIIE IIbpBust ciayydaii: x € Aq\ As. Ho rorasa x 4, (z) =1, a
X4, (z) = 0 u cnegosBarenno F'(A1) = xa, # x4, = F(A2). Taka F e uneknusa. O

3.3. @aMuauu oT MHOXKECTBa, PpeAUIN OT MHOXKecTBa. llondarnero dyHKIus
HU TIO3BOJISIBA /13, YTOYHUM OIIE IBEe MOHATHUS.

Beue pazriemaxme mousaTreTo (haMuIng OT MHOKECTBA, HHIEKCUPAHA C HIKAKBO
uHJgeKcHO MHOXKecTBO [. Tam kKa3zaxme, We HA BCEKH HHIAEKC § € CbIOCTABEHO
muoxkectBo A;. Cera moxkem ja gedpuHEpAME TOHITHETO 110 TOYHO:
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Heka I e mempa3Ho MHOXKeCTBO, a A € MHOKECTBO OT MHO)KecTBa. Heka f :
I — A e bynkuus. Torasa ¢ Besko @ € I cme cbp3anu Muoxkectsoro A; = f(i).
Damvmunusra unjgekcupana ¢ I e upocro settf(i)i € I = range(f).

AWAJIOTHYHO paschKACHUE MOXKE T4 Ce TTPOBENE 34 MOHATHETO PEINIA OT eJie-
MeHTH {a;}, . Koraro nedunmpame pemmma oT eeMenTH, BChIIHOCT AeduHIpame
dbynkmua f:N— A, ua; = f(3).

4. MoIlimHoCT Ha MHOXKECTBO

Koraro pazriiexgame KpaifHu MHOXKECTBA €/THA OT OCHOBHUTE XaPAKTEPUCTUKH
Ha €JIHO KPailHO MHOXKECTBO A € GpOSIT Ha HErOBHUTE eJIeMeHTH |Al.

C nowmormrra Ha (YHKIUU JIECHO MOXKEM [a CpaBHsSBaMe OpOil eJeMeHTH Ha
KpaitHu MHOXKeCTBa. BposT Ha eleMeHTHTe Ha MHOXKECTBO A € Mo-MaIbK WIN PABEH
Ha OpOsi HA eJIEeMEHTUTE HAa MHOXKECTBO B ToraBa M CaMoO TOTaBa, KOTATO ChIIECT-
ByBa uHekuus f : A — B. Tosu upuniun ce Hapuda upuHiun Ha Jlupuxie u e
U3BECTEH OIe KATO HPUHIMII HA YeKMe/KeraTa: AKO TpsibBa Jla npubepem n mpe/i-
MeTa B 1M YeKMeIKeTa (1 mocTpouM (byHKIMs, KOSITO HA BCEKHU MTPEIMET ChIOCTABS
YeKMe/Ke, B KOeTO 1a Obje npubpan) u n > m, TO MOHE B €JHO YEKME/Ke, IIe
TpabBa na npubepem moHe jiBa npeamera (HaMa Kak Tasu MyHKIM 13 € HHEKIIUs).

TBBHPAEHUE 3.16 (ITpunuun na dupuxiue). Hexa A u B ca xpatinu mHuosrcecmaa.
|A| < |B| mozasa u camo mozasa, Kozamo couecmeysa unexyus f 1 A — B.

JTOKABATENCTBO. Heka A ={ay...an}t u B={b1...by}.

Axo n < m, 10 dyukuusra f : A — B, nedunupana upes: f(a;) = b; 3a
1 <1 < n e nHEKIHMA.

Hexka cera f : A — B e uneknust. [la pasriename MHOXKeCTBOTO { f(a1), ... f(an)} =
range(f). Toit kato f e unexrus, 3a ¢ # j, f(a;) # f(a;). Taxa |rangef| = n.
Twit karo rangef C B, B cbabpxa moHe n Ha 6poii enemenTa u |B| > n. O

Karo cneacreue or TO3M NPUHIMI MOIydYaBaMe IPUHIUIL 33 OHEKIUATA:

TEOPEMA 3.17 (Ilpunnumn 3a 6ueknuara). Hexa A u B ca xpatinu muoocecmea.
|A| = |B| mozasa u camo mozasa, xozamo cowecmeysa buexyus f 1 A — B.

JIOKABATEJICTBO. JTOKA3ATENCTBO. Heka A = {a;...ap,}u B={by...by}.
Dyukuusra f : A — B, nedbunupana upes: f(a;) =b; 3a 1 <i < n e Guexiws.
Heka cera f : A — B e oueknus. ToraBa f u WHEKIUS ¥ CHIVIACHO TPUHITUATIA

na Jdupuxne |A| < |B|. @yukiusara f~! : B — A ¢bIIO € UHEKIUSA U CJIeI0BATETHO

|B| < |A|. Taka |A| = |B|. O
Koraro roBopum 3a 0Oe3KkpaiiHEH MHOXKECTBa, MOHITHETO OpOil eleMeHTH Bede

HSIMa, SICEH CMUCHJI. BCe MaKk MHTYUTUBHO OMXMe MOTJIHU /13, CINTAME, Y€ JTBE MHOKECTBA,

A v B uMaT eIHAKBO KOJMYECTBO €JIEMEHTH, aKO ChIIECTBYBA € THO3HAYHO ChOTBET-

CTBHE MEXK]y TEXHUTE €JIeMEHTH, T.€. aKO ChIIECTBYBa OUEKIIU MEXKIy TsX.

Jdeounuiiudg 3.18. Heka A u B ca muoxkecrsa. [lle kazame, ge A € paBHOMOIITHO
¢ B, A ~ B, ako cbiectByBa Ouekius f: A — B.

Heka orpanuduM pasrjieskIaHusTa CH JI0 CBAT, KOUTO Ce ChCTOM OT BCUUKH
MOJIMHOYKECTBA Ha HAKAaKBO (ukcupano muoxkectBo U. ToraBa pemamusra A e
PABHOMOIIHO Ha B e pesanus Ha €KBHBAJEHTHOCT HAJ MHOXKECTBOTO OT BCUYKHU
noaMHOXKecTBa Ha U.

TBBPAEHUE 3.19. Hexa U e mmooicecmso. R = {(A,B | A ~ B} e peaayua
na exeusasenmmuocm nad 2V



4. MOIITHOCT HA MHOXKECTBO 35

JIOKABATEJICTBO. Besgko MmHOKeCTBO A € paBHOMOIIHO Ha cebe CH, 3aIoTo
idy : A — A e bueknus. CrienoBaTeHo penanusaTa € pedeKCUBHA.

Hexka A ~ Buneka f : A — B e 6uexuus. Torasa f~! : B — A e 6uexrus.
Crnemosarenno B ~ A n peanmsTa € CHMETPUTHA.

Heka A~ BuB~Cumneka f: A— Bug:B — C cao6uexkinuu. Torasa
fog:A— C cbmpo e bueknus. Taka A ~ C u pejanusra e TpaH3UTHBHA. ([

MmuozkecTBa, KOUTO ca KpaiiHu wiau paBHOMouiHu ¢ N Hapwdame m3bpoumMu
MHOXKECTBA.

IIpumep 3a uzbpoumo Geskpaiino mHoxkecrso e 2N, 3amoro ¢yHkuusra f :
N — 2N, nedwnupana upe3 f(n) = 2n e Ouexims. 3a Ja TTOKaXKeM, 4Ye €IHO
0e3kpaitHo MHOXKECTBO A € m30pOmMO, JTOCTATHIHO € 3 MOAPEIUM €JIEMEHTUTE MY
B penuna 6e3 mopropenus. Haucruna Bede BUAsgXMe, ye peiula JepUHUNEATA HA,
peauua ag,ai,...0n,... C €JIEMEHTH OT MHOXecTBo A o3Hauasa, ye jgedpuHHpPaMe
dyukuus f: N — A, karo f(i) = a;. 3a na 6bae 1a3u Gynkuus buekuus, Tpsadsa
JIOM'BJTHATETHO 32 PA3JINIHU WHIEKCH 8 UMaMe DA3JInIHu eleMenTH (i # j — a; #
;) ¥ BCEKU eJIEMeHT OT A J1a ce MOosBY HAKDbAE B peaunara (Va € AJi(a = a;). Taka
HAMPUMEP MOXKEM [ TIOKAYKEeM, Y€ MHOYKECTBOTO OT IeJINTE YUC/Ia € u3DPOuMO,
3aI10TO MOXKEM 13 HOAPEIUM €JIEMEHTHTE MY TaKa:

0,1,-1,2,-2,3,~3...n,—n,...

Masko mo-tpyano e ga ce yoeaum, de N X N ¢biio e u30pouMo MHOXKECTBO.
Enementure na N x N morar ma ce monpensar B 6e3kpaiina TabaInIa;:

(0,0) (0,1) (0,2) (0,n)
(L.0) (L1) (L2) (1)
(2,00 (21) (22) (2.n)
(n,0) (m1) (n,2) ... (nn)

Cera TpbI'Baifiky OT TOPHUS JISIB bI'bJT HA TAONHUIATA U JABUKEHKN Ce IO IHaro-
Haja MoXkeM Ja moapeauMm emeMmenTtuTe Ha N X N raka:

(07 0)’ (17 O)’ (O’ 1)7 (2’ 0)’ (17 1)’ (07 2)7 te
TBBPAEHUE 3.20. Mnoocecmeomo N x N e usbpoumo.

JOKABATEJICTBO. [pyra 6uekius mexay muoxkectBoto NXxN u N e ciegnara
dyHKIHA:
m(x,y) =22y +1) — 1.
3a ma IokazkeM, 4e TOBa € OMEeKIWs IIe Ce Bb3M0I3BaMe OT OCHOBHATA TEOPEMA
HA APUTMETUKATA, KOATO IIIACH, Ye:

TEOPEMA 3.21 (OcHoBHA TeopeMa Ha apuTMeTHKaTa). Beako ecmecmeeno wucao
n > 2 ce npedcmass no eOUHCMEEH HA%UH C MOYHOCT 00 Peda HA MHONCUMEAUNE
Kamo npouseedenue om npocmu MHOHCUMEAU.

Heka (x1,y1) # (22,y2) ca JBe Da3jINYHU JIBOHKHM €CTECTBEHW 4ucia. AKO
1 # To, TO 271 #£ 272 y CHLIJIACHO OCHOBHATA TEOPEMA HA apUTMETHKATA, Thil KaTo
2y1 + 1 m 2y, + 1 ca umcnaa B YMeTO TPEACTaBsIHe KATO MPOU3BEeHNE HA MPOCTH
MHOXKHUTEIM He ydacTBa 2, Tpsabsa 2%1(2y; + 1) # 2722y + 1). Ako x1 = x
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TO Y1 # Yo U OTHOBO 271 (2y; + 1) # 2%2(2ys + 1). Taka 7w(x1,y1) # 7(xe,y2) u
CJIEJIOBATENTHO T WHEKITHS.

Heka cera n e upoussosno ecrecrseno uucso. Ako n = 0, ro 7(0,0) = 1. Heka
cecran > 1, rorapan+1 > 2 un+ 1 ce npeacraBsa Mo eIWHCTBEH HAYUH KATO
npounsBenenne 2%.z, Kbaero x > 0, a 2 e MpOu3BeIeHNe OT MPOCTH YNCIA, PA3TAYHA
or 2. Taka z e HeyerHO Yucjo u caegosaresno z = 2y + 1. Cera w(x,y) =n. O

CobinecrByBanero Ha 6ueknus f: A — B ce qoka3zsa TpyaHO. B MHOTO ciaydan
[O-JIECHO € JIa Ce JIOKAKe, Y€ ChINECTBYBAT JABe uHekmn g1 : A — B wn go : B — A.
Axo A u B ca KpaiiHu MHOXKECTBA, TOB& € PABHOCUJIHO HA CbIIECTBYBAHETO HA
OMeKIIMsT MEK Iy TBETE MHOKECTBA. HamcTura oT mpuHInna ua, JInpuxie u choect-
ByBaHeTO Ha JiBe WHEKINHU ToJayYaBame, e |A| = | B|, a or npuHImna Ha OUeKIHATa,
qe uMa OMeKmus MexKIy TaX. 1a3um eKBHUBAJEHTHOCT € 0DO0OINEeHA 3a MPOU3BOJIHHI
MHOKECTBA, B CJIEJBAIIATA TEOPEMA, H3BECTHA KaTro Teopema Ha Kantop-IIIpbsonep-
Bepumaiin.

TroPEMA 3.22 (Kanrtop-Illpronep-Bepumaiin). Hexa A u B ca mmoocecmsa.
A ~ B mozasa u camo mozasa, Kozamo csuecmeysam unexyuyu f 1 A — B u
g: B— A.

JIOKABATEJCTBO. Ennara mocoka Ha Ta3u TeopeMa e jiecHa: ako A ~ B
neka f : A — B e Gueknusa (caeg0BaTeHO WHEKIHsA), ToraBa g = f ' e Broparta
TbhpceHa uHeknus. 3aroBa Heka f : A — Bug: B — A caunekiuu. [lle nocrponm
omekmms h : A — B.

C unaykiusg mo n geduHApaMe CJIeIHATA PEIuIa peauia oT MHOXKecTBa C.
Heka Co = A\ g(B). Ba Beako n > 0, Cy1 = g(f(Cr)). Hexka C =, cp Cn-

Cera 3a Bcsiko a € A, nedbunupamve h(a) 10 cienHusl HAYKUH:

e Axoa € C, 10 h(a) = f(a).

e Ako a ¢ C, 1o B wactHoct a ¢ Cy. CrnenoBarento a € g(B) n noHexke g e
UHEKIIUs ChIIECTBYBA €JIMHCTBEH ejieMeHT b € B takbs e g(b) = a. Heka
h(a) = 0.

Taka dbyuknusta h e nedunupana 3a Besko a € A. Ocrapa mga nokaxkem, de h
€ WHEKINS W CIOPEKINs.

Heka a1 # as. Ako ay1,as € C 10 h(ay) # h(az) cieapa OT HHEKTUBHOCTTA Ha,
f- Ako aj,as ¢ C 1o h(ay) # h(az) caensa or ToBa, 4e g e dynkuua. Ocrasa
Bb3MOXKHOCTTA ejunus ejement ga e or C' a apyrus or A\ C. Bes orpanuuenue na
obmHOoCTTa 138 npeanonokum, 9e a1 € C u ag ¢ C. Ta nomycuem, ue h(ay) = h(az),
Torapa g(f(ai)) = az. Twit kato a; € C = |J,cn Cn, ChIecTByBa N TaKoBa, [e
a1 € Cp, Ho ToraBa as = f(g(a1)) € Cpi1 C C, Koero npornsBopedn Ha ag ¢ C.
Taka h e nnekTUBHA QYHKIHA.

Heka cera b € B. Ako g(b) ¢ C 1o cvrmacuo nebunnmmsara Ha h, h(g(b)) = b.
Ako g(b) € C, to cbumecrByBa n takosa, de g(b) € C,. Ilpu tosa g(b) ¢ Cp =
A\g(B),3nasmn > 1u g(b) € g(f(Cn-1)). Taka g(b) = g(z) 3a naxoe z € f(Cy_1).
Ho g e unexus, ciemoBarento b = z. B kpaiina cmerka b € f(Ch, ), caemoBaresHo
b= f(a), 3a naxoe a € C,,_1 C C. Coriacuo nebunuiuara ua h, h(a) = b. Taka
h e crIOpekIus 1 CAeI0BATETHO OMEKITHS. O

Karo nsnonssame tasu Teopema me moKazkeM HeoOXOIUMO U JOCTATHIHO YCIOBHAE
3a U30POMMOCT HA MHOYKECTBO.

TBBPAEHUE 3.23 (Kpurepwuii 3a uzbpoumocr). Hexa A e mnoocecmeo. A e
u30POUMO TO2A6G U CAMO M0246a, K02amo csuecmseysa unexyus f: A — N,
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JLOKA3BATEJICTBO. Heka A e uzbpoumo. Ako A = {aj,...a,} e Kpaiino, To
dynkuuara f : A — N, nedpunupana upes f(a;) = i e unexkuus. Ako A e 6e3kpaiino
t0 110 nedununusa uma buekuus f : A — N, Taka yciaoBuero e HeoOGX0AKUMO.

Heka f : A — N e uneknusi. Axko A e kpaiino - to A e m3dbpoumo. Heka A e
6e3kpaitro. Ille nedwrmpamve nreknus g : N — A. Torasa chryiacHO TeopeMarTa Ha
Kanrop-IIpsonep-bepumaiia, A ~ N u A e uzbpoumo.

ITe nedbunupame g(n) Ha CTHIKH.

e n = 0: Ilonexxe A He e kpaiino, A # () u cregoOBaTETHO WMa MOHE €IUH
enement. Heka ¢g(0) e npousBosien ejieMent a € A.

e n — n+ 1. Heka cme gedunupamm {g(0),...g(n)}. Ilonexke A me e
kpaitno A ¢ {g(0),...g(n)}. Heka g(n + 1) e npom3sosen enement a €

A\ {9(0),...g(n)}.

Taka mokazaxme, g€ yCJIOBHETO € JOCTATHIHO. ([l

TEOPEMA 3.24. H3b6poumo obedunenue na u3bpoumMy MHOHCECMEA € U3OPOUMO
MHOIHCECTNBO.

JLOKA3ATEJICTBO. Heka I e n36ponmo MHOXKecTBO U Heka {A; }icr e bamunns
OT MHOXKECTBA WMHIEKCHpaHa ¢ I, TakaBa, 4e 3a Bcako i € I, A; e n3bpoumo. Ille
nokaxkeM, 4e | J;; A; e n36ponMo MHOKECTBO.

Coraacuo kpurepus 3a usbpoumoct uma uHeknus f : I — N u 3a Bcako @ €
I upexnusa g; © A; — N. Jla pasrmename dynxuuara h : (J;c; A0 — N x N,
nedunupana Taka;

3a Beako a € |J;c; Ai WeKa i, e WHAEKCHT ¢ Hai-ManKa croirocT Ha f(iq)
m3mexay Beuuku {j € I | a € A;}. Torasa h(a) = (f(i4), 9:,(a)). Taka nedunu-
panata (YHKIHS h € WHEKIWS 3aIl0TO ako a 7 b ca JBa pPa3JUYHU €JIEeMEHT OT
Uier Ai, 10 mmu i, # iy m cnenosarenno f(ia) # f(ip), nmm i, = i, = i m TOraBa
gila) # gi(b).

Oxonuarenno ¢pyukuusaTa h o 7w, Kbaero m : N X N — N e ouekuusra gedpumu-
paHa B JokazaresncTtBoTo Ha TBbpaenune 3.20 e ThpceHaTa oT a € Ui€ ;A3 N, O

He Bcuukm MHOXKeCTBa, ca n30ponMu. MHOXKECTBOTO OT BCUYKH MOIMHOKECTBA
na N Hampumep e Hem3Opowmo. MeTombT 3a JI0Ka3aTeJICTBO HA TOBA TBBDICHUE €
U3BECTEH KATO JUAroHaJieH Meron Ha KaHrtop.

TEOPEMA 3.25. Muosicecmeomo 2V e neusbpoumo.

JTOKABATEICTBO. 2V He e KpaifHO MHOXKECTBO HALPHMED, 3AINOTO 33 BCIKO
n € N cbabpka enementbT {n}. da momycHem, 4e cbinectByBa ouekims f : N —
2N, ToBa o3HawaBa, e BCHUKH IMOAMHOXKECTBA Ha N MOrar ma 6baaT HOIpEIeHN B
pemuna: Ag = f(0),A; = f(1)... 4, = f(n),.... Karo nsnonssame xapakrepuc-
ruunuTe (PYHKIMU Ha MHOXKecTsaTa A;, na pasrienaMe cienHara Tabauma:

X Ao (O) XAo (1) XAo (2) - XAo (n)
XAy (O) XAy (1) XA (2) S XAy (’I’L)

X4,(0)  xa, (1) xa,(2) ... xa,(n)

XAH(O) xf;;kl) Xf'h;.(Q) xf;n'(n)
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Hanomusime, 4e xapakTepucTuaHaTa (DyHKIUS Ha MHOXKECTBO A ce medunHmUpa

KaTo:
1, ako x € A;

Xa(z) = { 0, akox ¢ A.
Taka Tabaumara CbIbpKa IIbIHA HHGOPMAIINA 38 BCHIKH MHOKECTBA OT €CTECTBEHI
gucia. e gocTuraem 10 MPOTHBOPEYHE KATO MOCOYMM MHOYKECTBO OT €CTECTBEHU
9HCIa, KOATO He Ou Moo ja dpurypupa B ra3u Ttabauna. B3umame riiaBHUS a@ar-
oHAJI Ha Tasu Tabauna. Toit chabpxka HHGOPMANKS 33 M0 €HA CTOWHOCT HA, BCSIKA,
OT TIOCOYEHUTE XaPAKTEPUCTUIHU (DYHKITIH:

XAD(O)’XA1(1)7XA2(2), ey XA, (n), ..

Taka ako f : N — {0,1} nedwunupame karo: d(i) = 1 — xa,(i), To d me e
dbyakuusa, pasmuaEa OT BCHMYKM xapakrepuctuarm dyHKmun B Tabmumara. To-
raa D = {i | d(i) = 1} e MHOXKECTBO OT €CTECTBEHM YHUCJA C XAPAKTEPUCTUIHA

byHKIM"A X p = d, KOETO ce pa3jimdaBa OT BCAKO OT MHOxKecTBara Ag, ... A,,.... Ho
TOBa MPOTHBOPEYH HA JONYCKaHeTo, ue pequnara { Ag, Ay, Aa, ... Ay, ...} chabpxa
BCHUKH ejleMeHTH oT 2.

CJ1e/I0BaTeIHO JIONMYCKAHEeTo e rpemHo u 21 e Hen36pouMo. U

ToproTo TBBpAEHNE MOXKe 12 ce 0DOOIMH 3a IPOM3BOIHO MHOXKeCTBO. Jloka3a-
TEJICTBOTO MaKap W KPATKO CKPWBA HHTYHIHMSATA, KOATO MOJydaBamMe OT JOKa3a-
TEJICTBOTO HA MPEJMIITHATA TEOPEMA, 3aTOBA MPEIOYETOXME Ja U3JI0KUAM U JBETE
JTOKa3aTeICTRA.

TEOPEMA 3.26. Hexa A e mnosicecmeo. Tozasa 24 ~ A.

JTOKABATE/ICTBO. Jla momycmem, ge nma Ouexmms f : A — 24, Heka D =
{a € A}t a ¢ f(a). Toraa D C A u cnenoBarenno D = f(ag) 3a usakoe ag € A. Ho
TOoraBa:
a0€D<:>a0¢f(a0)<:>CLO¢D

ToBa e nporusBopedne, cienoBareano 24 < A. (]

5. 3agauu 3a ynpa>kHeHUe

Bamaua 1. Heka A = {a,b,¢,d} u B ={1,2,3,4,5}. Koe or ciemnure penamuu e
dbyurnus or A kbm B. Hamumere rpaduvHoTo TpeacTaBsine Ha BCAKA OT PEJIAIIN-
ure. Kax moxkem 1o rpadu9aHOTO MPEICTaBsIHE HA Pejalus 13 pa3depem, Jajiu Tsi
e pynkims?

(1) {(a,1),(b,2),(c,3)}.

(2) {(a,1),(b,2),(c,3),(d,4),(d,5)}.
(3) {(a,1),(b,2),(c,3),(d,5)}.

(4) {(a,1),(b,2),(c,2),(d,5)}-

(5) {(a,5),(b,5),(¢,5),(d,5)}-

3amada 2. Koe or cieannre MHOXkKecTBa € PyHKUuA Ha 77

(1) {(a,la]) | a € Z}.
(2) {(lal,a) | a € Z}.
3) {(a,a+1) | acZ}.
(4) {(a+1,a) | a € Z}.
(5) {(a,2a) | a € Z}.
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(6) {(2a,a) | a € Z}.

3agaua 3. 3a Bcaka or dysknuure f or 3amada 2. onpejesere:

(1) F(N), f7H(N), f I N.
(2) f({-2,-1,0,1,2}), f'({-2,-1,0,1,2}), f | {-2,-1,0,1,2}.

3amauya 4. Heka f: A — B, X,Y C B. Bapuo ju e, ue:

1) X NY)=f HX)NfHY).
(2) fHEXUY)=f HX)UFHY).
(3) fFHXNY)=f HX)\FHY).

Bamaua 5. Heka f : R — N, e dyuknusara gedunupana upes f(z) = |z,
HAi-rOJIsIMOTO €CTECTBEHO YHCII0, MO-MaJKO uin pasHo Ha x. Onpeznenere f([0, 5]),

f((0,5]), £([0,5)) m £((0,5)).

Bagaua 6. Heka f,g,h: R — R, ca gebunupanu upes3 f(z) =z + 1,
g(z)=2*+3z+1m

x—1, ako x> 0;
h — i ’
() { %, ako x < 0.
Hawmepere fog n go f. KowmyrarmBhHa i e omepaiusTa KOMIO3WUINS Ha
byurnun?
Hawmepere (fog)ohu fo(goh). Aconuarusia jiu e onepanysaTa KOMIO3UIKSs
Ha pyHKOUN?

3apgaua 6. Heka A u B ca MHOXKECTBa OT €CTECTBEHU YHCJIA C XaPAKTEPUCTUIHH
dyukmym x4 u xpg. C momorrra Ha oneparusTa Cynepno3urus Ha QyHKIUUTE X A,

xB, +,—, %, min, maxr u3pasere xapakrepucruanure dynkiuu Ha A N B, AU B,
A\ B, AAB.

3agaua 7. 3a Bcaka Gyskmusa f or 3amada 2. omnpejenere nanu f e WHEKIUs,
CIOPEKITUs Wu OMeKIus.

3amaua 8. 3a Bcaka or ciennure GyHKIWU f onpejenere nanu f e WHEKIUs,
CIOPEKITUs WU OMeKIus.

(1) f:R >R, f(z) =2z + 3.
(2) f:R—=R, f(z)=2% -4z + 2.
3) f:R R, f(z) =2 +7.
r+ 1, ako x e 4eTHO;
@) f:N=N, f(z) = z—1, axo z e yerno.
(5) f:N—= N, f(x) =rem(x,3) (ocTarbK mpu JeneHe Ha 3).
(6) f:NxN—=N, f(z,y) =non(z,y) (maii-ronam obm meswuren).
(7) f:NxN=N, f(z,y) = 3z + 2y.
(8) f:RxR =R, f(z,y) = 22 + ¢?
0 F:0-0 f@)={ 1 oty
(10) f:R =R, f(x) = |z| + 1.
(1) 71 (-5,2) >R, f(z) = tgz
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(12) f:NxN =N, f(z,y) = 37.5%.
(13) f : Rt > N, f(z) =

|z|. (Ha-rossaMOTO ecTeCTBEHO YHCIIO, IIO-MAJIKO
UJIA PABHO HA T. )

(14) f:N—=N, f(z) = (z 4+ 1)-BoTO IPOCTO UIUCITIO.

3amaua 9. Heka f: A — B, g: B — C ca dyukiuu. Bsapuo Ju e, qe:

(1) Ako f He e uneknus, T0 f 0 g HE € MHEKIWs?
(2) Ako g He e uHekuus, T0 f 0 g HE € MHEKIWs?
(3) Ako f me e coopekuus, T0 f 0 g HE € CIOpeKusi?
(4) Ako g ne e cropekuus, 10 f o g He € clopeKius?

Bamaua 10. Karo msnonssare npunnuna ma Jupuxse, nokaxkere, e ako |A| >
k|B|, To 3a Beska dbyukims f : A — B uma enement b € B u eneMenTH setay . .. Qp41,

rakuBa, 9e f(a1) = f(az) =--- = f(ar) = 0.

3amauva 11. B eano cemo nma 400 xurenu. Jlokarkere, 9e IOHE JBaMa UMAT €IUH
7 ChIIl POXKJIEH JeH U MoHe 34 ca pPOIeHW B €IUH U CbII MeCell.

Bagaua 12. Jokazere, ge 3a Bcaxo k > 2, NF e uz6ponwmo.

3amayva 13. [lokaxere, ge (Q e u3bpoumo.

Bagaua 14. Jloxaxere, ue ako A ~ B, 1o 24 ~ 25,

3amadga 15. [lokaxkere, e caeqHUTE MHOXKECTBA CA PABHOMOIITHHU:

(1) R;

(2) (=5,3);

(3) (0,1);

(4) (a,b), kbuero a,b € Ru a < b;
(5) 2N

(6)

6) {f|f:N—=>N}

Bapmaua 16. JIokarere, ye MHOXKECTBOTO OT BCHYKM JyMH HaJ azbykara {a,b}
({a,b}”) e m36poumo. JlokarkeTe, e MHOMKECTBOTO OT BCHYKH OE3KDAiHU PeIUIH
or OyKBHU a u b e HeM3OPOUMO.



TEMA 4

KombunaTopuka

Jlocera pasriexjaxme MHOXKECTBA KAaTO aOCTPAKTHU OOEKTH W M3CJIEIBAXME
TeXHHUTE OOIIN XapaKTEePUCTHKH U CBOiiCTBA. B Tasm ryiasa 1me ce cipeM Ha KpaiHuTe
MHOKECTBa, KaTO OCHOBHATA 33/1a49a, KOATO Ile CH TMOCTABUM € JIa HaMepPUM HAuIWH
J1a 1pebporM TEXHUTE eIeMEHTH. 3a LeJITa IIe Ca HU HY2>KHHU JB€ IOMOIIHU Cpej-
CTBa: KOMOMHATOPHY IIPUHIMIIN, KOUTO HU IIOMAraT J1a CBEXK/1aMe HOBU 3aJa91 K'bM
MHOXKECTBO MO-TIPOCTHU 33/1a9M, U KOMOMHATOPHN KOH(UTYPAINH, KOUTO HU TTOMa-
rar 1a pasnduM MeKIy 4 OCHOBHM HAYWHA 34 m30upaHe HA k MpeIMeTa W3MeXKIy
n.

1. OcHOBHEU KOMOWMHATOPHU HPUHILUAIIN

OcHoBHUTE KOMOMHATOPHY TPWHIIUIN CA BeYe Pa3ryiefaHd W JoKa3aHu. TyK
e ru cbbepeM HAKYIl U e TH JOPA3BUEM.

1.1. Ilpuamun 3a 6umekmusgaTa. [IpuHuunbT 3a OMEeKIMATA IJlach, 4e ako A
u B ca xpaitnn MHOXKeCTBa, |A| = |B| ToraBa u camMo TOraBa, KOraToO CHIIECTBYBA
omeknus f : A — B. Jloka3aTejacTBO HA TO3W MPUHIAI CE OCHOBABA HA, IIPWHITHUIIA
Ha upuxie (npunnuia 3a dekMemkerara) u e nocodeno B Teopema 3.17. Tosu
OPUHIWI HU TO3BOJISIBA A CBEXKIAME HOBH 3aJa4M KbM CTApU, HO KOUTO BEYE
3HAEM PEIIEHUETO.

1.2. IIpunnoun 3a cbompaneTo. [IpuHIUIbLT 3a cHOMpPAHETO ITACH, U€ aKO
A v B ca KpaiiHi HEMPeCHvaIy ce MHOYKeCTBa, TO OposaT Ha ememenTuTe Ha AU B
e cymara ot Opos Ha elemenTuTe Ha A u Opos Ha ejeMeHTHTE HA B:

ANB=0=|AUB|=|A| +|B|.

Maxkap u JieceH, TO3W TPUHIINTN WMa BayKHU CJIeACTBUSA. Bb3 OCHOBa Ha TO3M
MIPUHIIAIL ITIe U3BEJIeM YeTUPHU HErOBU OOODINEHNST: TPUHITUI 33 PA3INKATA, TPUHITUTT
3a pa3buBaHETO, IPUHIUI 33 00EMHEHNETO U NPUHIUI 33 KPAlHUTE PA3JIUKU.

ITpusnMIBHT 3a pa3auKaTa UMa, IMUPOKO pHUIoKeHne. VIHTYNTHBHO - aKO BUIUM
Je 3a/Ja49aTa /13 IpedpoOMM eJIeMEHTUTE Ha, JAJIeHO MHOXKECTBO € MHOrO CJIOXKHA,
HAMpPUMEDP BKJIIOYBA DPA3TJIEXKIAHETO HA TBBHPIE MHOIO C/IydYan, BUHATH TPAOBA 13
MIPOBEPUM [IAJIU HE € [TO-JIECHO A pecMeTHeM OPOosi Ha €JIEMEHTUTE Ha JIOM'bJIHEHU-
€TO Ha TOBA MHOKECTBO.

TBbPAEHUE 4.1 (IIpunuuu 3a pasnukara). Hexa A u U ca kpatinu muoorcecmaa
uACU. Toeasa U\ Al = |U| —|A|.

JIOKABATEJICTBO. ToBa € IMPEKTHO NPUJIOKEHNE Ha MPUHIIAIIA 38 ChOMPAHETO:
ANUN\ A =0, cnenosarenno |U| = [AUU \ A| = |A|+ |U \ 4]. Taga |U \ 4| =
U] - [A]. O
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[IpunnumsbT 3a pa3dWBaHETO HU MO3BOJISABA Ja pa3dueM eIHa 331a9a Ha MHOTO
TOIC/Ty IaH.

TBbPAEHUE 4.2 (Ilpunnun 3a paséusanero). Heka A; ... A, ca 63aumno nenpe-
cunauu ce Kpatinu muooicecmea un > 2. Tozasa |A3 U As U ... Ayl = |Ar|+---+

|Ap|, m.e. |U?:1 Al = Z?:l |Aq|.

JLOKABATEJICTBO. /loka3arencTBoTO € ¢ nHAyKIus o n. [Ipu n = 2 monydaBame
TOYHO IPHUHIHINA 38 chOupanero. Heka TBbpaennero e BapHO 3a n Ha O6poit Hempe-
CUYAIK ce MHOYKeCTBA U Heka Aj ... A,, A,41 ca Hempecwyamm ce MHOXKecTBa. To-
rasa Ap+1 N (A1...A,) = 0 u cormacso npuanuna 3a cwbupanero |(A; U --- U
Ap)UAn1|l =[(A1U---UAL)| + |Ant1]- ChracHO HHIYKIMOHHOTO HMPEINOIOKE-
e [Ay UAsU. .. Ay| = [Ar] + -+ + |An]. Taka |7 Ail = 07 Adl 0

Crenpamoro o000OIIEHHEe HU IIO3BOJIABA Ja IIpecMsaTaMe OpOAT eJIeMEHTH Ha
0beIMHEHNeTO HA IPOU3BOJIHUA MHOXKECTBA.

TBBPAEHUE 4.3 (IIpuniun 3a obequnenuero). Hexa A u B ca kpatinu mHnodcecmsa.
|AUB| =|A| +|B| - |ANB.

JOKABATEJCTBO. Ille npeacraBum obeauHeHneTo Ha MHOXKecTBata A u B
KaTo 00e/IMHEHNE HA TPU HEIPECHYAIH Ce MHOYKECTBA:

AUB=A\(ANB)U(ANB)UB\ (AN B)

CobriaacHO MPUHIIATIA 33 PA3OUBAHETO:
[AUB|=|A\(ANB)|+|(ANnB)|+|B\ (AN B)|.
ChrIacHO TIPUHITUTIA 38 PA3IMKATA!
[A\(ANB)| = |A| - |ANB| [B\(ANB)| =|B|-|ANB|.
Taxa moxydaBame, 4e:
|[AUB|=|A|—|ANB|+|ANB|+|B|—-|ANB|=|A|+|B|—-|ANB|.
O

[MocnenauaT NIpUHIWI ce HAPUYIA TPUHITUIT 33 KPANHUTE PA3JIUKU U € Bb3MOKHO
Ha-IIIPOKOTO 0000IeHNe Ha, MPUHIHIIA 33 ¢hbOnpame. Toit HE MO3BOIABA a HAMU-
pame Oposi Ha eJleMeHTHTE Ha O0eJMHEHNeTO Ha MIPOU3BOJIEH N HA OpPOit MHOXKECTBA.

TEOPEMA 4.4 (IIpunuun 3a kpaiinure paszauku). Hexa Ay ... A, can na 6pot
xpatinu muoscecmea u n > 2. Tozasa

[AJUAU- - UAL = D A= Y0 [AanAn |+ > AL NALNA, |-

1<i<n 1<iy<iz<n 1<y <ip<iz<n

(=D)AL N Ay - N Ay
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JOKABATEJICTBO. JlokazareacTBoTo € ¢ mHAyKIu mo n. llpu n = 2 nmame
TOYHO NPHHIMIIA 33 ODEJMHEHHETO. 3a [a WIICTPHpaMe HIeATa Ha JOKa3aTeli-
CTBOTO 1le J0KaxkeM npuHuuna u 3a n = 3. Heka Aq, As, A3 ca maoxecrsa. I[IbpBo
rpymupave Ay ¢ Ao v TIpuyiaraMe TPUHINTA 38 00eJUHEHUETO:

|[A1 U As U Ag| = (A1 U Ag) U As| = |A; U Ag| + |As| — |(A1 U Az) N Azl

CworiacHo mpuHIuna 3a obeaunennero |AUAs| = |Ay|+|A2|—|A1NAs|. ChriaacHo
qucTpubytuBHUsA 3aK0H (A1 UA2)NAs = (A1 NAs)U(A2N As). OrHOBO npuiarame
npuHImna 33 obegunenuero: |(A; NAs)U(AsNAs)| = |A1NAs|+]A2NAs]—]|A1N
Az N Az|. Taka nomyuasame:

|A1UApUAs| = | A1 |+ |As|+|As| — | A1 N Ag| — | Ay N As| — | As N As| + | A1 N A2 N As.

Heka tBbpmenwero e B cuma 3a n. Heka A;...A,, A,y1 ca n+ 1 Ha Gpoit
KpaiiHu MHOXKECTBA.

|A1UA2U"'UAnUAn+1‘:|(A1UA2U"’UAn)UAn+1|:

[AT U AU -~ UA,|+ [Ans1]| — (A1 U AU - UA,) N Ap| =

STIA- YD JALNALl+ D AL NARNAg | (=1 AINAy - NAL [+

1<i<n 1<iy <iz<n 1<y <ig<iz<n

HAp1| = (A1 N Api1) U (A2 N Apgr) U U (Ap N Apya)| =

STl YD 1AL+ DD ALNALNA = (=) AN Ay - N A+

1<i<n 1<i1<iz<n 1<y <ig<ig<n

HAppal= D 1AuNApnl+ Y [ANALN A | =+ (=1)"[AiNAs - - NANAp i | =

1<i1<n 1<i1<i2<n

dooAl- YD A4l + > |Aiy, N Asy N Az, |—

1<i<n+1 1<iy <ig<n+1 1<y <ig<ig<n+1

e (-D)MAITNAy- N AN Apg].
g

1.3. IlpuHIuI 3a yMHOXK€HHETO. [IpuHUUIIbT 38 yMHOXKEHHETO [JIACU, Y€
ako A u B ca kpaiinn MHOXecTBa, 10 |A X B| = |A|.|B|. JokazarenacTso Ha TO31
nmpuHIUI e mocodeno B Teopema 2.3.

To3u mpUHIIKATI CHIO MOXKE 1 ce 0OO0IH O eCTEeCTBEH HAYNH.

TBBPAEHUE 4.5. Hexa A;...A, ca kpatinu muoorcecmea u n > 2. Tozasa
‘Al X A2 X .. An| = |A1||A2| e |An|

JIOKABATEJICTBO. JloKa3aTescTBOTO € ¢ MHAYKIMS IO 1. KaTO Ce U3I0I3Ba, 1e
AxBxC=(AxB)xC.
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2. OcHOBHM KOMOUWHaATOPHU KOHUrYypauu

B T03m pa3men me pasriegame 9eTupu HaAIWHA 13 n30epeM k mpeaMeTa n3MeK Iy
n. 3a 1a OHAIVIEUM 33/1]a9aTa 1€ 3al09HeM C eJuH npumep. B mecraus Kiayb mo
OpumK wnenyBar d aymm. TpsdBa ga ce m3bepar u3MexK Iy TIX ABaMa, J00POBOJIIIH,
KOWTO [ OTTOBAPST 33 JABETE MecedHu cOMpku Ha KiayOa. [1o KojKo HaunHA MOTAT
a ce m3bepaT Te3u JaABaMa J0OPOBOJIITH?

IIpean ma orroBopuM TO3W BBIPOC TPpsAOBA Ja YTOUYHHM JBe Herma. Vma i
snadenue peabr?! C apyru mymu 3a paznudau u3bopu jm e caurame VBaH oTro-
Baps 3a mMhpBaTa cpeina, llerbp 3a Bropara u Ilerbp orroBaps 3a mbpBara, Ban
3a Bropara? BTopusT yTOUYHHTEIEH BHIIPOC € Bb3MOXKHU JIA Ca MMOBTOPEHUS: MOXKE
ju VlBan ma orroBapst m 3a JBETE Cpenu. B 3aBUCHMOCT OT OTTOBOPHUTE HA, TE3U
YTOYHUTETHU BBIIPOCH TOTydaBaMe pa3indeH 6poii Bb3MOXKHOCTH 3a U300p HA J0-
6poBodiiii. AKO ca Bb3MOXKHE MOBTOPEHUsI U PEIbT MMa 3HAYEHUE, DMXME MOTIIH
J1a WIIOCTPpUpaMe €IMH Bb3MOxKeH n300p: WBan 3a mbpsa cperia, Ilerbp 3a BTOpa
cpema, karo napenena nsoiika (sam, Ilerbp). Heka 3a mo-mpocro cuurame, de
ajeHoBeTE Ha Kiayba ca a,b,c,d,e. Taka moxkem ja opranu3umpame BCUIKH Bb3-
MOXKHOCTH B CJIETHATA TAaDJIUTIA:

(@.a) () (a,0) (a.d) (ae)
(ba) (b.5) (be) (b,d) (be)
(ca) (b)) (e (ad) (ce)
(d.a) (db) (de) (dd) (de)
(e;a) () (ec) (ed) (eve)

OO01110 BBb3MOXKHOCTHUTE ca 25.

B crywaii, 4e penbT mMma 3HAUEHHWE, HO HE € IO3BOJIEHO €IWH W ChIN FYOBEK
Jla OTroBapsd U 3a JiBeTe Cpelnu Bb3MOokuuTe m3dopu ca 20 - Bcuuku 6e3 Te3u 1o
TJIaBHUA OUArOHaJI.

(a,b) (a,c¢) (a,d) (a,e)
(b,a) (b,e) (b,d) (b,e)
(¢,a) (c,b) (¢,d) (c,e)
(d,a) (d,b) (dc) (d,e)

(e;a) (e;b) (e,c) (ed)
Ako He ca TIO3BOJIEHU TIOBTOPEHUSI U PEIbT HAMA 3HAYEHUE, TOCTATHLYHO € J1a
npedbpoum m3bopute HAJ rAaBHUSA auaroHast: oomo 10.

(a,b) (a,c) (a,
(bsc) Eb,

c

(a,e
(b,
(e
(d,e

L

)
)
)

@

8

3

Ako peabT HIMa 3HAYEHHE, HO T'bK MOXKE JIa TIOBTapsMe JOOPOBOJIIH, TPUOABIME
Y [VIABHUS JUATOHAJ U IOJIydaBaMe 15 Bb3MOKHOCTHU:

(a,a) (a,b) (a,¢) (a,d) (a,e)
(b,b) (b,c) (b,d) (b,e)

(c;e) (e;d)  (ce)

(d,d) (d,e)

(e€)

€,

9y
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Taka mosrygaBaMe 9€THpPU OCHOBHU KOHMUTYDAIIWH.

2.1. Koudwurypaimum ¢ moBTopeHue, ¢ Hapejaoba. IIpodecop X, cmen yc-
[IEIIHO 3aBbPIIBAHE HA KPATKO PAbOTHO mocemeHue Ha (DAKYJITETa 0 MaTeMa-
THYECKA JIOBKOCT ¥ M300PETaTETHOCT B IPAIUETO Y, PEIUT 13 W3MPATH TIO3IPABUTETHA
KapTU4IKu Ha cBoure npusiten A, B, C, D u E. Pa3xoxnaiiku ce eIuH C'bHYEB CJIe-
100€e/T M3 UCTOPUYIECKHS IEHTHD HA Y, MUHAJ MOKpAail eHa MaJKa KHUYKAPHUIA, U
BUJISJI HA BUTPUHATA W3JI02KEHU 26 BUA KADTUYIKHU C U3TJIEAU OT OJIM3KATA [JIAHIHA
7. Ilpodecop X ce crpsia pes BATPUHATA U 3AMOTHA A Ce IyIH 33 KO MPHUITET,
Ja m3bepe Kol BuI KapTudka. KoJko ca Bb3MoxkHUTE n360pu 3a mpodecop X7

Taxka mpodecopbT TpsiOBa 1a n3dbepe 5 eeMenTa oT 26 Bb3MOXKHHU, KATO PEeIbT
uMa 3HAYEeHue, 3aI0TO MhpBaTa € 3a A, Bropara e 3a B ... nerara e 3a E. Bbs-
MOXKHW Ca ¥ TOBTOPEHWUS - JIOPU CHBCEM BEPOSTHO € mPOdecopbT, OT ChOOPAKEHNU ST
3a CIOPaBeJIMBOCT, /1a n3bepe egHa U CbIla KAPTUIKA 33 BCUYKUTE CH [IPUATEIIH.

Bebmuoct npodecop X tpsabsa ga mocrpou egHa (DYHKIHs, KOITO HA BCEKH
npusites ot MHOXKecTBOoTO { A, B, C, D, E} chniocrassi euH OT 26-Te BHIa KADTHYKH,
3HauM esneMeHT or Muoxecrsoro {I,II,IT1,... XXVI}.

TEOPEMA 4.6. Hexa A u B ca muoocecmsa, |A| = k, |B| = n. Bpoam na
dynxyuume f: A — B en”.

JIOKABATEJICTBO. Axo k = 0, To A = () uma eqHa eAWHCTBEHa (DYHKIUSA
f=0:A— B.

Heka k > 1 u neka A = {a;...ax}. Beaka dyakuusa f : A — B moxem ja
peJcTaBuM eJHO3HAYHO 4YpPe3 BEKTOPa OT HelHuTe CTOHHOCTUA

k

f=(f(a1),... f(ax)) € B".
CbriacHo MpUHINITA HA OMEKIUATA OPOAT HA PA3IUIHATE (DYHKIUH € ChIIUAT KaTO
6pos Ha enementute Ha BY. Cobrmacmo npmanuna 3a ymuoxkennero |BY| = |B|F =
nk (]
Taka momygaBame, Te OpPOAT HA KOHMUTYPAIIMATE HA, k €IeMEHTa U3MEXKIy N,

¢ Hapeaba ¥ C MMOBTOPEHUE €:
Kon(k,n) =nk.

2.2. Koudwurypaimuu c Hapeaba, 6e3 moBropenue. Koraro mpodecop X
Haii-ceTHe HAIPABHUJI CBOs M300D, BJIe3HA B KHIUKAPHUIATA. TaM 3a »KajaocT pa3dpait
OT TIPOJAaBaYa, Y& OT BCEKW BHUI KAPTUYIKHU € OCTaHAJIa camo 1o exra Opoiika. Cera
npodecopbT OMI M3MpaBeH IMpel eIuH CbBceM pasdiandeH m3bop. Koako ca Bb3-
MOXKHOCTHUTE MPU Te3U 0OCTOATEICTBA?!

IIpodecopbr TpsibBa OoTHOBO 1a u3bepe 5 ejgemenTa OT 26 BB3MOXKHE, KATO
peabT WMa 3HAYEHWe, HO Bede He ca Bb3MoKkum noBropenws. Cera mpodecop
X 71psabBa ma mocTpoum HE KakBa a € (DYHKIHA, KOSITO Ha BCEKH IMPHUSTENT OT
muoxkecTBoTO { A, B, C, D, E} cbriocras esement ot muoxecrsoro {1, II,II1,... . XXV I}.
OyHKIMATA TPAOBA /14 € WHEKIUS - 3AII0TO BEYE HE € MO3BOJIEHO €IUH U CHIIU BHU]
Jla ce TMOBTaps.

TEOPEMA 4.7. Hexa A u B ca mnoocecmsa, |A| = k, |B] = n. Bpoam na
unekyuume f: A— Ben(n—1)...(n—k+1) :Hf;()l(n—z)

JOKA3ATEJICTBO. Ako k > n cbriacHo nputnuna Ha JIupuxiie HaMa WHEKITUT
k—1 .
[+ A— B. Ille orbenexxkum, 4e (opmMynaTa ocrasa BApHA 3amoro B [ [, (n — 1)
eauH oT MHOXKUTETUTE 111e e 0.
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Axo k =0, To A = () uma enna emuncTBena Gynkuug f = () : A — B. Tasu
GYHKINS € WHEeKIMs 10 TPUBUATHKA CboOpakenns. Jledunurmara Ha WHEKIHSI €
BbB (opMaTa Ha MMILIHKAIUA, IUATO IPEIIOCTABKA He OM MOIJIA Ja € H3IIbJIHEHA,
3a 0.

Heka k > 1 n neka A = {a;...ax}. Besaka wnekunst f : A — B MoxeM Ja
[peICTaBUM €THO3HAYHO OTHOBO YPE3 BEKTOpA OT HEHHHWTE CTOWHOCTHUTE

f=(flar), f(az) ... f(ar))-

Cera obaue f(a1) e mpoussosen esement or B, HO f(az) e emement ua B,
paszmuaen ot f(ay), T.e enement ma B\ {f(a1)}. Taka f(a3) € B\ f(a1), f(az) ...
flar) € B\{f(a1), faz)... flax—1)}-

CbriIacHO NPUHIUIA HA TPUHINIA 38 YMHOKEHUETO MOJIyJIaBaMe Hf;ol (n—1)
Bb3MOKHOCTH. U

Taka momygaBame, de OpPoOAT Ha KOHQPUTYPAIMATE HA k €TeMEHTa U3MEXKIy N,
c HapenbOa u Oe3 MOBTOPEHHE €:

k—1
Ku(k,n) = [[(n—1i).
i=0
B cnyuas, xoraro k = n kKoHdurypamusra ¢ Hapeada, 0e3 MOBTOpeHHe ce

HApUYa [epMyTanus. DposT HA PA3jIMYHUTE [EPMyTAlUU HA 7 €JeMEHTa OTIO-
Baps Ha OpOst HA HAYUHUTE ITO KOWTO MOXKEM A TOAPEIUM 71 PA3IUYHU €JIEMEHTA.
Bposit um ce o3nadasa ¢ n! - dpaxropuel.

nl — 1, ako n = 0;
Tl (=) =n(n—1),....1 =T[4, axon>D0.

2.3. Koudwurypauuu 6e3 nopropenue, 6e3 Hapeaba. [Ipodecop X mpekapan
menm 2 Jaca B KHmKapHumara 6e3 ycnex. Haxpas mpomaBadabT, KOMTO Obp3am 3a
BKbIIU, 33 Ja HEe U3IyCHE NpusTescKus PyTOOTeH Mad MKy YHUBEPCHTEIKUTE
orbopu Ha rpaja Y u Bpazkeckus rpas P, moakamui mpodecopa mpocTo 1a usdbepe
5-Te KapTUYIKU, KOUTO MYy XapecBaT HAN-MHOrO W MO-K'bCHO J1a U PA3MPEIesIst Ha
cBoute mpusTenu. [Ipodecopbr, Makap u MaIKO HEJOBOJIEH OT 0OCIYKBAHETO, CE
CbIJIACHI ¥ ObP30 HAITYyCHAJI KHUXKAPHUIIATA C TIeTTe Hail-xybasu kapTuaku. Koako
ca OuIM Bb3MOXKHATE n300pu 3a mnpodecopa cera?

IIpodecopbr orHOBO M30Upa 5 KapTUydKn u3MexkAy 26, 6€3 npaBo Ha OBTOPE-
HUe, HO peIbT Beue HaMma 3HadeHne. Heromarta e e mga n3bepe eIHO H-eJIEMEHTHO
HOJIMHOYXKECTBO OT MHOYKECTBO € 26 ejieMenTa (mpu TOBa HA-XybaBOTO).

3a ma mpecmerHeM OpOsi HA BB3MOXKHOCTUTE MOXKEM 13, PA3CHKIABAME TAKa.
3a ma u3bepe mpod X 5 KAPTUUKK 32 CBOUTE MPHUSTENH 1€ U3BbPIINH JBE CTHIKH:
II'bPBO 1€ 1oxdepe 5 KAPTUYUKH, IOCTE e T PA3IPEe/Ien Ha CBOUTE D IPUATEs.
061110 TOBA MOXKE Bb3MOXKHOCTHTE Ca, KAKTO BUJAXME B IpeAMIIHATA dacT, 26.25.24.23.22.
Bcekn u360p Ha 5 KapTWUKM BOAM M0 D! pasjmdHu pas3mpeeieHns Ha KAPTUYIKH.
Taka Bb3MOKHOCTHTE 32 U300p Ha 5 KAPTHIKU OCTaBA I3 ObIAT 262525% Tosa

2
qucso ce napuva “26 max 57 u ce o3HavaBa C (56).
3a npoussBosinu n u k:

<n) _ 150 (n— i) _ { 0, ako n < k;

k k! #lk:)" aKoO n Z k.
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TEOPEMA 4.8. Bpoam wa k-esemenmuume nodmMHONCECTNEA HA MHONCECTIEOD C
n eseMenma e (Z)

JIOKABATEJICTBO. AKO k > n HaMa k-eJIeMEHTH [TOIMHOYKECTBA, HA MHOYKECTBO
¢ n eneMmenta u gpopMmysiara e papHa. Heka k < n u A e MHOXKeCTBO.

JloKa3aTescTBOTO e M3BbPIIUM ¢ MHAYKIMs mo n. Akon = 0, A = @ n
eIUHCTBEHATA, BH3MOXKHOCT 3a k e k = 0. VMa enHo eIuHCTBEHO TOAMHOXKECTBO Ha,
_ n! _(n
A c 0 enementa - . 1= oy = ©)-

Hexa tBbpaennero € B cuia 3a n. TyK WHIYKITMOHHOTO TPEMOJI0KEHNE € TIO
CHJTHO OT OOWYaiiHO: Tpeamosarame 4de 3a BCAKO k < n, OposaT Ha k eJeMeHTHUTE
LOIMHOXKECTBA Ha MHO2KeCTBO ¢ n einementa e (}). Hexka A = {a1...ap,an41} 1
kEk<n+41.

OrroBO, ako k = 0, uMa eHO eauHCTBEHO noAMHOXKecTBO Ha A ¢ 0 esemenTa -

_ (n+1)! _ (n+1
0ynl= 0l((n+D)—0) — ("o )
Ako k = n + 1, TO CbIIO UMa €IHO E€IUHCTBEHO MOJMHOXKEeCTBO Ha A ¢ mbl

(n+1)! _ (n+l)
n+1)!I((n+1)—(n+1))! = \n+1/"
Ako 1 < k < n To MOXKeM Ja pa3ieiauM k-eJIeMEHTHUTE IIOJMHOMXKECTBa Ha A

Ha JBe HENPEeCUdYallld ce IPpymnu: rpyna 1, Ha Te3u, KOUTO He ChIbPKAT eJIeMeHTa,
QUn+41, U TPyHA 2, HA T€3U, KOUTO CbIAbPIKAT €JIeMEHTA Uyt 1.

Enementure oT Tpyna 1 ca k-eleMeHTHM NMOAMHOYKECTBA HA MHOXKECTBOTO C N
eneMeHTa {aj ...ap}. CbIACHO WHAYKIMOHHOTO TPEJIOJIOXKEHNE, Te Ca (Z) Ha
Opoii.

Enementure or rpyna 2 ca or Buga {agt1} U B, kpaero B e k — 1-esnementHO
HOJMHOXKECTBO Ha MHOXKECTBOTO C 1 ejieMenTa {ay . . . a, }. CuenoBaresno 6podr Ha
€JIEMEHTHTE OT IPyla 2 Ca KOJKOTO Ca PA3JIMYHUTE Bb3MOKHOCTU 3a B. CbriacHo
WHIYKIUOHHOTO IIPEIOJI0KEHNE, Te Ca (kfl) Ha Opoii.

CobriacHo MpUHIHKTE 3a CbOMPAHETO ODIIO MTOJIyYaBaMe

(Z) * <kﬁ1> - /f!(nni DIRRE 1)!(;”— T

B n! o (n+1) n41
_(k1)!(nk!)(,§+n_1k+1)_k!(n+1k)!‘( k )

emevenTa - A, m 1 = 0

O
Taka mosydaBame, 1de OpOAT Ha KOHPUTYpAIMATE HA k eJleMeHTa U3MEXKIY 1,
0e3 Hapea0a u 0e3 TOBTOPEHWE €:

K(k,n) = (Z)

@opmysara OT MOCJEIHWS PEI HA JOKA3ATEJICTBOTO Ce Hapwda (GhopMmysa HA
ITackan. C momomrra Ha Tasu GOpPMYJIa MOXKEM [0 WHIYKTHBHO Ja HAMUPAME
CTOMHOCTUTE (Z) OT TIPEINIITHO CTOMHOCTH. IIpecMsaTaneTo ce oprann3upa Hait JeCHO

C TaKa HapedYeHUud TPUbI'bJIHUK Ha [Tackaur:
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KpaﬁHI/ITe TOYKH B TPU'BI'bJIHUKA IIOII'bJIBAME C 1, 3alI0TO KaKTO B€4Y€ BHIAXME

(8) = (Z) = 1 3a Bcako n. OcraHamure cTORHOCTH (Z) IOIIbJIBAME KATO ChbhepeM

. . -1 -1
cTofiHOCTHTE HA IpeJuHUs pes TouHo Hal Tbpeenata: (1) + ("7 1).

k—1 k
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1

Yucnara (Z) ca M3BECTHHU CBINO W KaTro OmHOMHM KoedwummenTn. [Ipuunna 3a
TOBa e cjaeaHara Teopema Ha HioToH.

TEOPEMA 4.9 (Hioron). Hexa z,y € R, n € N.

(z+y)" = zn: (Z) ak gy F

k=0

JIOKABATEJICTBO. JloKa3aTescTBOTO e U3BBPIINUM C HHIYKIIHAA IO 7.

== (Ot

Hexka TtBbpaenuero e B cuia 3a n.

Karo cjieaCTBrUEe OT Ta3W TeOpeMa IIoJIydaBaMe€ aJITEPHATHUBHO J0Ka3aTEJICTBO
Ha cjieagHaTa TeopeMa:

TEOPEMA 4.10. Hekxa A e xpatino mmoscecmso.
|24] = 24!,

JIOKABATEJCTBO. IlommuoxkecrBara Ha A MOXKEM J1a PA3AeIUM HA CJIEJIHUTE
HEMPECUIAIIN CE TPYIIN:
I'pyna 0: 0-eemeHTHUTE TOIMHOXKECTBA, KOUTO ca 1 HA OPOIi.
I'pyna 1:1-ejeMeHTHUTE TTOJMHOYKECTBA, KOUTO Ca, (T) Ha OpOii.
T'pymna 2: 2-emeMeHTHHTE TOAMHOMXKECTBA, KOUTO Ca (;) Ha, Opoit.
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I'pyna k: k-eemeHTHUTE MTOIMHOXKECTBA, KOUTO Ca (Z) Ha OpOii.

T'pyma n: n-enemeHTHHTE MTOAMHOXKECTBA, KOUTO Ca, (") Ha Opoii.
n
CobriaacHO MPUHIATIA 34 PA30MBAHETO TOJyYaBaMe OOIIO:

n n n n " /n
1 e e = .
1)) ) ()= 0)
k=1
CwriacHo Teopemara Ha Hroron Tosa e Togno (14 1)" = 27, O

2.4. Koudwurypaimuu 6e3 Hapeada, ¢ moBropenue. llsma nomr mpodecop
X u3bupasr u pas3npenesian MmerTe KAPpTUIKA HA CBOUTE IeTmMa npuarennd. Ha
CyTPUHTa BE€YE BCUYIKO OWJIO MOTOBO, KAPTHIKUTE OWJIM HAAMUCAHU U TPO(GECopHT
ce OTIPABWJI KbM TOIATA 33 A TM U3MpATH. TaMm TO yBEIOMWJIH, Y€ 33 BCIKA
KapTU9Ka TpsAOBa Ja 3akynu Mmapku Ha croitnoct 1 sme. Te pasmomaranm, ¢ Tpu
BUAA MapKw - Begka or mo 20 croruuku. IIpodecopbr Bede TBBPAO pemini, Ue Ha
BCSKA KaPTUYKA III€ 3aJIel €JHU U ChIU MAPKU U BCE IIaK OCTABAJIO A eIy - 110
KOJIKO MapKW OT BCEKU BUJ /I3 CU KYTIH.

Cera BBIIPOCHT € TI0 KOJIKO HAYMHA MOTAT /ia ce u30epaT 5 MpeIMeTa U3MeK Iy
3 BBL3MOXKHHU, KATO HapeadaTa HIMa 3HAYEHHME, HO Ca IO3BOJIEHU (M Ce HaJarar)
MTOBTOPEHUS.

OTroBopbT Ha TO3U BBIPOC IMIE U3BEIAEM KATO CBEJEM TAa3W 3aJa49a 10 JIPYyTra,
Bede no3uara KoHdurypamus. Becekun Bb3MOKeH n300p Ha MAPKH II€ KOAUPAME II0
CTIeTHUS HAYWH: B MOPEINIA OT 7 KyTHUHKH IIle TOCTABUM JBe 3Be3anuku. [Ipa3uure
KyTUWKW TPEIN IbPBATA 3BE3AUYKA, III€ OTTOBAPSAT HA OpOsS MAPKU OT MbPBU BHUJL.
IIpazauTe KyTuiiku MeK/y ABETE 3B€3IUYKU e OTTOBAPAT HA MAPKUTE OT BTOPHU
BHJ, & MPA3HATE KyTHUIKU CJIe[l BTOPATA 3BE3/IMYKA II€ OTTOBAPAT HA MAPKUTE OT
Tperu BuJ. Taka HampuMep CiielHATA KAPTHHA OTrOBaps HA 2 MapKH OT I'bPBU
BUI, 1 OT BTOpHM U 2 OT TPETH BU:

Ako uckam na n3bepeM BCUYKH MApKU OT BTOPH BHJ, U300pa IIe ce KOAUpa TakKa:

Ha Bceku m300p o1 MapKu CHOTBEIITBA PA3NpPEIesIsHe HA /BE 3BE3IUIKU B 7-T€
KyTUIKM W Ha BCAKO Pa3lpeieissHe Ha JBETe 3BE3UYKH B KyTUHKHU CbOTBEITBA
u300p HA MapKu. Taka ChIIIACHO MPUWHIINIA, 33 OUEKIINSITA, 33/1a9aTa Ce CBEXKIA 10
HAYWHUTE IO KOUTO MOXKEM 13 m30epeM JBe OT KyTUHKUTE, B KOUTO Ja TIOCTABUM 2
3BE3JUYKH: ODIIO 110 (;) HAYMHA.

B o6 crydait TpsbBa qa u3dbepem k mpeaMera u3MexK Iy n BHIa, KaTo Hape-
Oara HAMa 3HAYEHWE HO MMaMe IIPABO HA IMOBTOPEHHd, Ie Hu Tpadsar k +n — 1
Kytuiiku u n — 1 3Be3auuku. Bpodr Ha kondurypamunre Ha k eleMeHTa U3MEXK Ty
n, 6e3 Hapenba u ¢ TOBTOpPEHNUE €:

(k) = (

n—1

n+k—1)
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3. 3amaum 3a ynpaxHeHUe

3amaga 1. KowmmorbpHa mporpama mpeacTaBs MEJIUTE YUCIA B IBOUYEH 3AITHUC.
IIbpBuaT OuT MpeAcTaBs 3HAKA HA YUCIOTO, & OCTAHAJIUTE - AOCOTIOTHATA, CTORHOCT.
Konko memn gucia Morar ga ce M3MHUIIAT B PETUCTHDP € N OUTa.

3amadga 2. lckare 1a B3eMere 2 KHUTH C Bac HA eKCKyp3usa. Vlmare 3 KHWru mo
JUCKPETHA MaTeMaTWKa, 2 KHUTH 10 JIOTUKa 1 3 HoBejn. Vlckare KHUTHTE, KOUTO
e B3EMEeTe C BaC Ja Ca Ha Pa3/INIHA TeMaTuka. KOJIKO ca Bb3MOXKHATE H300pa.

3amaua 3. B mara FOTa Besika pagmocTaniiuis ce 0003HaUaBa ¢ HASHTH(UKATOP OT
3 mwim 4 6ykBHU, KaTo Beeku uaeHTuduraTop 3amnoysa ¢ K win N. Koako Haii-MHOTO
PASMOCTAHIMKE MOXKE /13, MMa”

3agaga 4. Hamupame ce B llapmk. Ickame jga HampaBUM €KCKYp3Usd KaTO
TpsioBa ma muuem npe3 Jlonmon u Bprokcen, u obparno B [lapuxk. Komko paznuyanu
BB3MOXKHOCTH 32 IIOJIETH MMaMe akO Bceku JeH mma H mosera [lapux - Bprokcesn,
Bpiokceur - [Tapuxk, 13 nosnera [Tapuxk - Jlonmon, Jlongon Ilapux, 3 nonera Jlougon
- Bpiokcen u 2 nonera Bpiokcen - Jlonmon.

3amada 5. B TeseBu3noHHO CcbhCTE3aHWe MbPBUAT UIPad TPAOBA /14 OTTOBOPH HA
7 pupoca ¢ da unu ne. Bropusit urpad rpabBa jga OTrOBOPU HA 2 BBHIPOCA C 110
ceZieM Bb3MOXKHEU OTrOoBOpa. Koii oT mBaMara urpadu mMa MpeguMCTBO?

3amayga 6. B pecropanT 3a mecepr morar ma ce ceppupar 1, 2 wiam 3 TOIKHU
crmagonen. ma 5 Buma ClAamoses - MOKOIA T, BAHUIN, U0/, KapaMel W MEHTOB
cragonen. Koako pa3andnm mecepra ce mpeajarar?

3angaga 7. Kosnko pasnuaam mgymm Morar Ja ce MOJIydaT KaTo Ceé Pa3MeCTHAT
OyKBUTE B JyMaTa:

(1) “ penanus”

(2) “mapenba”

(3) “ anabananuna”’

(4) “ HEIPOTMBOKOHCTUTYIMOHCTBY BaTEICTBYBaiiTe”

3agaua 8. Ilo KoJKO HaYMHA MOrar J1a CeIHAT:

(1) n yoBeka Ha eaua neika?

(2) n MbXKe W n KeHW Ha eJlHA TIefika KATo MbK CeJIM CaMo JI0 YKEHHU, a JKeHa
caMo 10 Mbike?

(3) n goBeka Ha KpbIya Maca?’

(4) n MbKe U N JKEHU HA KPBIJIA MACA KATO MbXK CEAU CAMO JI0 YKEHH, & KEHA
caMO 10 MbxKe?

3amagya 9. Nwmawme 10 3amaun. Tpsabsa ma pasmpeneanM Te3u 3a0a9u U3MEKITY
AnGept, Beru u debu.

(1) Uckame mbpBO Ja PEIuM KOJIKO 33/1a9 13 U3'bjiHu A6epT, KOJIKO 3a1a49u
ma m3nbaau eou n kKomko Bern. Ilo KomKo HadgnHA MOXKEM 18 pa3Ipeie-
JIAM Te3u Opoiiku?
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(2) Ilo koIKO HAuMHA MOXKEM JIa PA3IPEIEJIUM 3a0a9uTe, ako Ajibepr Tpsabsa
ga uznbaau 3, beru 5, a lebu 27

3amaua 10. B wmrpa c 52 kapTi eamno pasmaBaHe ca ChCTon OT 13 KapTH.

(1) Kouiko ca Bcuuku pasjasanus?

(2) Kosko ca BCHUKM Da3laBaHWsi, TPH KOWTO CE TIaJ[a TOYHO €JHO aco?!
(3) Kousko ca BCMYKM pa3faBaHus, IIPU KOUTO C€ MAJAT MOHE JIBe Bajiera’
(4) Kosko ca BcuuKu pa3jaBaHus, IIPU KOUTO ce najar 2 aca u 4 kapu?

3amayga 11. [daznena e maxmaraa gbcka 8 X 8. Enna durypa e nosunuonupana B
Hail-JOJIHOTO Hall JIABO KBAJApaT4Ye W TPSIOBA Ja CTUTHE JO HAK-TOPHOTO HAM-ISICHO
kBasiparde. Moke /1a M3BBLPINBA CIETHUTE ABa BUIA XO/Ia: €THO KBaJpaTde HArOpe
WM €IHO KBaaparde HaAACHO. 1lo KOJIKO pasnwdHu mbruilna MoxKe durypara ia
IOCTHATHE IeITa?

3amadga 12. Komko memu guciaa ume mexay 0 u 999, B kKouto:
(1) Nma rouno exHa mpdpa 57
(2) Nwma none exna mudpa 57
(3) Nma ue noseve or nse nudpu 57

3amadva 13. Kosko pernienusi B €CTECTBEHUTE YUCJIA UMA YPABHEHUETO:
) &1+ x2 + x5 + x4 = 157
) &1+ x2 + 23 + x4 = 15, ako xo > 37
3) 21 +x2+x3+ 24 =15, aK0 w2 > 3 u x3 > 57
) &1+ @2 + x5 + x4 = 15, ako z9 < 77
) &1+ @2+ 3+ x4 =15, ako x9 < 7 u x3 < 67
) x1+ @2+ w3+ x4 =15, aK0 T2 < Tu a3 <6 uxy <57

(1) na 37

(2) va 3 wm Ha 57

(3) va 3 unm Ha 5 wiwm Ha 27

(4) va 3 nnu Ha 5 wnn Ha 2 unu Ha 67

3amadga 15. Komko paznuunn gucia uma mexay 0 u 9999

(1) cwve cyma na nudpure pasua za 167
(2) umar nudpara 3 u mudpara 6, Ho Hama nudpara 87

3amayga 16. Kouko ca 20-OykBenuTe ayMu B JATHHCKATA a30yKa, KOUTO:

(1) ca mamuaapoMu?
(2) umar aBe nocsexoBaTe Hu eAHAKBU OyKBU?
(3) Begaka OykBa B ymMaTa Ce Cpema TOYHO JBA MbTU?

3amaua 17. Heka U e MHOXKeCTBO ¢ n eqeMenTa. Kosko ca:
(1) Odpoiikure (X,Y), kbmero X,Y C U?
(2) dpoiikure (X,Y), kbaero X, Y CU n |[X| =17
(3) dpoiikure (X,Y), kpgero X, Y CU un | X| = k?
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(4) Hpoiikure (X,

(5) dpoiikure (

X
X
X

i

(6) Hdpoiikure (X,

Y
Y
Y

4. KOMBUHATOPUKA

), kbaero X, Y CUu XNY =07
), kbmero X, Y CU, XNY =0u XUY =U?
), kpaero X, Y CU, XNY =0u |X|>2u|Y]|>2?



TEMA 5

duckperan pyHKOIUM

HeovnHuius 5.1. Heka A e kpaiino muoxkectBo u n € N. Beaka dyukius
f: A" — A mapudame n-MeCTHa IUCKPETHA (DYHKIIUS.

TBBPAEHUE 5.2. Hexa A e xpaino mmnoocecmneo u |A| = m. Bpoam wa pa-
3auvHuMmeE n-mecmuu duckpemnu Pynryuu f: A" — A em™ .

HJOKA3ATENCTBO. Ot Teopema 4.6 3naem, ue 6posr Ha yukuuure f: A" —
A e |A|A". Or npurmuma 3a ymmoxenmero momywasame, we |[A"| = |A|". Taka
OpPOAT Ha PA3INIHNTE N-MECTHW IucKperHn dbyukmmn f: A" — A e m™ . (I

1. ByneBu dbynknun. IlpeacraBsuus.

Hue e ce 3anumaBamve npeaumuo ¢ apouunu (Oysesu) dyHKIMU, AUCKPETHU
dbyuxun, npu komro muOKecTBoTo A € {0,1}. MHOXKECTBOTO HA N-MECTHHUTE
OyJsieBn (PYHKIINM, IIIe O3HAUABAMe C Fo = :{0,1}" — {0,1}}. MuoxxecTBOTO

’ 2 ’ ’
Ha Benuky Oysesu dynkuun me osnadasame ¢ Fy = (J, oy F3'. Taxa |[F3| = 22",

Jla pasriegaMe HIKOJKO MpuMepa. DBysieBure QyHKINN HA €IWH aPTYMEHT Ca
ONMCAHU B CJIETHATA TAOJIUIA:

Tl g1|92 |93 | 94
Ofo0ol0]1]1
101011

Dynkuusra ¢1(z) = o(z) Hapnyame KoHCTaHTa Hyjaa. OyHKImsTa gy(x) =
W (z) mapuuame xoHcranTa emunmmna. Qynkmuara gs(r) = I1(z) = = Hapudame
unenturer. Oynkuuara ¢gs3(x) = T HAPUIAME KOHCTAHTA OTPUIIAHHE.

Ipu n = 2 pynxmuute seve ca 22 = 16:

zly||filfo|fs|fa|Ss | Je| Sr | Ss | fo| fro| 11| fiz| f13 | f1a | f15 | Ji6
ojofjojojojojfofofojo|1 1 1 1 1 1 1 1
ojrfjojojojoj1y1j1y1j0}f0 0 0 1 1 1 1
1i0f0|j0j1|1j0{0|1T|1]|]0]| O 1 1 0 0 1 1
114011701 1}0]1]0(]11]0O0 1 0 1 0 1 0 1

B kpas ma Tabampmara mMaMe OTHOBO JIBETE KOHCTAHTH, HO TE CEra Ca Bede
dyHknmE Ha nBa aprymenta. OyHKIusS, KOATO NPUINYA HA UIEHTUTETA CHINO CE
nogBsBa aBa ubtu f4(x,y) = x u fg(x,y) = y. Cera obade He € yMECTHO J1a FOBOPUM
38 MJIEHTUTET, 3al10TO APIyMEHTHTE Ca J1Ba U TPaOBa Ja yTOUYHUM JOI'bJIHUTEHO,
CTOMHOCTTA, HA KOH OT IBaTa apryMEeHTa BpPbIaMe KaTO pe3yaTaT. 3aToBa TYK Mo-
NpaBUJIHO € Jla roBopuM 3a poektupary dbyuxuun: fi(z,y) = I3 (x,y), fo(r,y) =
I3(x,y). TlpoexTupamure dbyHKIUE MOTaT 1a ce aedHHUPAT 3a TPOU3BOICH OPOit
aprymenTu. Te me urpasT CbINECTBEHA PO B HAIIATE PA3TJIEXKIAHUS.
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Jeounniys 5.3. Heka 1 < k < n. Oyaxmuara I} : {0,1}" — {0, 1}, nedwurn-
paMme 4upes:

I (zq,...2p) = xk.

Nmame u nBe upejcrapsuus na orpunanuero: fis(z,y) =z, fu1(z,y) =9

Jpyru ocHoBHU (GYHKIMHA MOJIydIaBaMe KATO HATPABAM AHAJIOTUSA C OCHOBHHUTE
JIOTMYECKUTE BPbH3KHU, KaTo cuuTame, de ( mpejcraBsa bka, a 1 - ucruna. Taka
fo(z,y) = z.y e koHwoHKIMATa Ha « u Yy, fs(x,y) = = V y € AU3IOHKIUATA HA
xuy, fiolz,y) = ¢ ¢ y e ekBuBasieHuusAra Mexay x u y, fia(z,y) = ¢ —
Y € UMILTMKAIMATa OT & KbM ¥y. HoBu (PYHKIHMH, KOUTO CbIIO IIE O3HAYUM CbC
CriennasHy CuMBOH ca: fr(x,y) = x @y, choupane mo moaya age; fo(z,y) = f | v,
crpesnkara Ha Iuiipe, fi5(z,y) = x|y, veprara ma [ledep.

Ocrananure dyuknun: fs, f5, fio HaAMaT cobctBenu nmena. Te mora ja ce
U3Pa3AT 4pe3 OCTAHAJMTE ¢ IIOMOIITA Ha ONepaluATa cyneprnosuiua. Hamomuame
Hedununus 5.4, 3a caydas na OyneBu pyHKIUH :

Jeennnmus 5.4. Heka n,k € N. Hexa f : {0,1}" — {0,1} u g1...9n
{0, 1}k — {0,1} ca dynkiun. Torasa dbyukuusra h : {0, 1}]C — {0,1}, nedunu-
paHa 4pe3
h(ay,...ax) = f(g1(ar...ag),...gn(ay...ax)),
HapUYIaMe Cymnepro3nius Ha f ¢ g1, ... Gn.

Taka f3(z,y) =7 = 7 = g3(f1a(z,9)), a
fs(z,y) =7=7 = gs(fra(I3 (2, 9), IT (z, 1))

Taka morygaBame [1Ba pPa3IndHN HAYWHA 33 MPEACTaBsAHEe Ha OysreBu dyHKIANA
- 9Ype3 Cynepro3ulius Ha HAKOW OT OCHOBHHWTE (DYHKIMHU, WU YPE3 OMUCAHUE HA
BCHYKN TEXHHU CTOHHOCTH B Tabmmma. Koraro n = 2 tabmumara € CpaBHUTETHO
MaJiKa W MOXKE [1a Ce M3MuIle jecHO: 4 pena u 3 crbida:

z |y | flz,y)
001 £(0,0)
01 f(0,1)
1[0 f(L,0)
11 f1,1)

Ho ¢ mapacTBane Ha apryMeHTUTe, pa3Mepa Ha TaOIUIaTa HAPACTBA €KCIIOHEH-
nuanno. Ilpu n = 3 rabaumara Bede e ¢ 8 pema u 4 crbada:

TlY|l= f(z:,y,z)
010]0] f(0,0,0)
0101 f(0,0,1)
011]0] f(0,1,0)
01|11 f(0,1,1)
1[0]0] f(1,0,0)
1{o[1] f(1,0,1)
1[1]0] f(1,1,0)
T[1[1] f(1,1,1)

IIpu ToBa rbpBHUTE TPH CTHIOA HA BCAKA TAOIHIA, TPEACTABSINA OyneBa pyHKITH
C TPH apryMeHTa, ca €JHH U CbIIW. 3a Ja OIHUIIEM €IHA TaKaBa (DYHKIUs, aKO
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OTHAIpPeJ CMe ce pa3bpasy B KaKbB PeJl OIUCBAME Bb3MOKHUTE CTOMHOCTH HA ap-
TYMEHTUTE JOCTATHIHO € /13 3HAEM KaK Ce MOI'bJIBA CAMO YeTBDbPTHUS CTHJIO:

(f(07 0’ 0)7 f(0707 1)’f(0’ 1’0)7f(07 1’ 1)’ f(1707 0)’f(1’ 07 1)7f(17 1’0)7f(17 17 1))

BaroBa 11e BbBEJEM CTAaHIAPTHA HAPeAOA Ha OyJieBUTE BEKTOPH:

HeovnHuuus 5.5. CranmaptHara Hapenda Ha e THOMEPHUTE Oy/I€BU BEKTODH €:
0,1.

Heka a1, as...a9n e cranmapTHaTa Hapenbda Ha n-MepHUTE OyTeBH BEKTOPH.
Crangapraara Hapeaba Ha n + 1-mepauTe OyJIeBH BEKTOPH €:

0(11,0042...Oagn,lal,lag...lagn.

3abenestcra! Cranmapraara Hapenba Ha n-MepHUTE OYJIEBU BEKTOPU OTTOBAPS
Ha CTAaHJAPTHATA HAPeaOa Ha eCTECTBEHUTE YHMC/a [IPEJCTABEHN B JBOMYEH 3aIHC C
n MAdpPU U BOIEIIN HYJIN.

Taka egua n-mectHa OyaeBa GyHKIUs f MOXKe 1A Ce 3aa/e 9pe3 CBOS BEKTOD
OT CTOMHOCTH:

(flon), flaz) ... flagn)).

Haupumep dynkuusara f(z,y,z) = (01101011) e dyunkuusra cbe ciaennara

TaOINIIA:

|y |z flx,y,2)
0(0]0 0
001 1
o[1]0 1
011 0
1]0]0 1
1/0]1 0
110 1
1|11 1

Enna dysknust Moxke Ja MMa MHOTO PA3JIUYHU MPEACTABIHUS C MOMOIITA, HA
cymepno3uruu Ha, apyru dyskiun. Hanpumep

rly=axVy==2y.
CuteiBainara TeopeMa ONUCBA MO-BAXKHUTE TAKMBA BP'b3KU:

TEOPEMA 5.6. B cuaa ca caednume pasercmea:

(1) Kowemanwmu: tV1l=2—-1=0—-2x=2Vi=1,2AN0==2T=0,
zVl=zl=12r=280=2,2—>0=2<0=dl=1.

(2) Komymamuenocm: xy = yx, cVy =yVa, DYy =ydDr, s y=y <

(3) Acoyuamusenocm: (xy)z = x(yz), (xVy)Vz=2aV (yVz), (®y)dz=
@ (Y 2).

(4) Ompuyanue: T=2z,TY=IT VY, xVy = Ty.

(5) Jucmpubymuenocm: x(yV z) = xyV xz, x(y®z) = axy dxz, v Vyz =
(zVy)(zVz).

(6) Hoesaswane: v.x =x, xVaex=x, cPx=0,z(xVy) =zVay=uz.

(7) Ipedcmasane upes {.,V, }: x -y =ITVy, T =g =zj, ¢ & y = 2yV Iy,
rPy=xyVIy, xly=Ty=TVy, xly=cVy=7Iy.

(8) IIpedcmasane wpes {.,®,1}: cVy=ayPzrdyz =xd1l, z >y =
zy@zd Lz y=cdydlzly=zydl,zly=acyPaxdyd1.
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JIOKA3BATEJICTBO. Bcesiko OT Te3u paBeHCTBaA MOXKE JIa Ce JIOKaXKe 4pe3 JUpeK-
THa mpoBepka. Hampumep paBeHCTBOTO T — Yy = x.y D x @ 1 ce moka3sa [upe3
c/TeTHATA, MPOBEPKA:

zlylz—y zy @ (2@ 1)

00 1 0000®1)=0p1=
01 1 0le(0el)=0a1=
110 0 0L1o(1®1)=000=0
1]1 1 l1e(lal)=100=1

2. IIbiaam MHOXKecTBa OyJsieBH PYHKIINHT

Jronunnust 5.7. Hexka F C F? e muoxectso or 6ynesn ¢yukmmm. C un-
aykiust gedpuHupaMe CaeqHaTa PEIula.
Fy=FU{I}|1<k<n}. 3ascaxkon >0,

For1 =F,U{h|3f,91...9n € Fr(h(zy... 1) = flg1(x1 .. ak)y .. gn(z1 ... 2k)))}

3aTBapHHeTO Ha F' mo orHomenue Ha Cyneprnosnnuud HapuiaMe MHOZKECTBOTO:

[F] = Fu.
neN
Taka muoxkecrsoro [F] ce 3agaBa ¢ ubaykuus or 6a30B0 mMHOXKecTBO F' U
{I}} | 1 < k < n} no upasunoro cynepuosunus. Or Tema 1, 3maem, ue 10Ba €
HA-MAJIKOTO MHOXKECTBO X, KOETO ChIbPKa 0A30BOTO MHOXKECTBO H € 3aTBOPEHO
OTHOCHO CyTIEPTIO3UITHSI.

Jeonnnnys 5.8. Hexa F' C F? e MEOXKeCTBO OT OyiaeBr GyHKIHH. F € IbIHO
MHOKeCTBO, ako [F| = F2.

Karo mpumep 3a mbJIHO MHOXKECTBO IIE JOKaykeM TeopeMara Ha Bym, kosTo
JI0Ka3Ba, ye MHoxkecTBoTO { f1(2,y) = 2.y, f2(2,y) = x Vy, f3(x) = T} e ubano. 3a
HeJITa e BbBEJIEM CHEeNUATHO O3HAYCHHUE.

Jdeonaunusa 5.9. Heka a € {0,1}. C x2® o3magaBame z, ako a = 1 u T, ako
a = 0. OyHKINA OT BUIA

flr1, .. ) =27t 29? . xln

sl

KkbaeTo a; € {0,1},3a ¢ = 1...n, HApUIAME I'bJIHA EJIEMEHTAPHA KOHIOHKIIHS.

3abenescra! @yHkuus oT BUIA

Flor,za. ) = 2l

kbaero a; € {0,1},3a ¢ =1...k, Hapnaame ejgeMeHTapHA KOHIOHKIUA. DyHKIUATA
or JepUHUIIATA € MbJIHA, 3AI0TO B Hesl y9aCTBAT BCUYKHU MPOMEHJIUBH.

[Ibarara esleMeHTAPHA KOHIOHKITHS € T0Je3Ha (DyHKIMs, 3a110TO Tsi UMa, CTOWHOCT
1 caMO B eMH €JIMHCTBEH CJIydaii:

JIEMA 5.10. Hexa f(z1,x2...3,) = 2" .25% ... 2%, xsdemo a; € {0,1}, 3a
1=1...n.

(1) fz1,...xn) € [F], wodemo F' = {f1(x,y) = x.y, fo(z,y) = 2 Vy, f3(z) = T}
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(2) Hexa (by...b,) € {0,1}". Tozasa:
f(bl...bn)=1®b1:a1 &bgzag & bnzan.

JOKABATEJCTBO. Ille nokaxkem u JBere TBbPAEHUHA C MHAYKLUs 110 . AKO
n = 1 TBBPAEHWETO CJeBA TUPEKTHO OT neduammmara #Ha ri'. Ako a; = 1, To
fx1) =x1=1I(z) € [Flu f(b1) =1 by =1. Ako a; =0, 10 f(z1) = 71 € [F]

Heka tBbpaennero e B cuna 3an. Heka f(21 ... %y, Tpi1) = x]txs? .. zon xfﬁﬁl
Torasa f(x1...%n, Tnt1) =

An An+41

(2t wg? g ),

e cynepro3unys Ha fi € F', KOHIOHKIUATA, €

An

g(zy...xp) =2t 29% .. .2l

eJIeMEHTAPHA KOHIOHKIUS C [IbJIZKAHA 7, pa3liupeHa 10 PyHKims Ha n + 1 mpoMeH-
JIUBY Ype3 100aBsHe Ha e1Ha (PUKTUBHA IPOMEH/INBA (BUK 3a0€7Ie3KKATA TO-TOpe) 1
MPOEKTUPAIIATA (DYHKITUS I::_tll (21 ...2,) € [F]. CbraacHo WHIYKIHOHHOTO TPE/I-
nojyioxkenue g € [F|, ciegosarenno f € [F.

Hexa (by ... by, bny1) € {0,171

ITpencrapsive f(by,...by11) KATO

Fr by buen) = (033 b B
Coraacuo meduHUNMATA HA QYHKITUATA, KOHIOHKITHS,
(b§1.b52 ... b0 )b =1 < bIbg2 . be =1 & by = 1.
CbriacHO WHIYKITMOHHOTO TTPEIJIOKEHNE
b1111.b¢212 ...b;ll" =1<b=a1 &by =as & b, = a,.
CobriracHo 6a30Bus caydaii
ban+1

1l — 1< bn+1 = Qp41-

Cera cMe TOTOBH Ja JIOKaXKeM TeopemaTa Ha Byur.
TeOPEMA 5.11 (Teopema ua Byn). Mnoowcecmeomo
F={fi(z,y) =2y, fa(z,y) = 2 Vy, f3(z) = 7}

€ NsAHO.

JLOKABATEJNCTBO. Heka f € F3. Axo f(z1...x,) = 0, KOHCTaHTaTa HYNA,
0 f(x1...20n) =21.Z1 = LI} (1 ... 2p), 17 (21 ... Tp)).
Heka f ne e koncranrara nyJsa. Pasriexgame cienHara (pyHKIs:

g(x1,...xp) = \/ FRt A e
(a1...a,)€{0,1}"& f(a1,...an)=1

Taka g e AM3IOHKIMS OT II'bJIHU eJeMeHTapHh KoHoHKIuH. Ille mokaxem, e
g€ [F]lnue f=g.

Besika eneMeRTapHA KOHIOHKIMA € OT ChIVIACHO IPeAMIHATA geMa [F].

Taka g(z1...2,) =

fQ(hil (.Tl .. .$n),f2(hi2(l'1 .. .xn), .. .,hik((ﬂl .. l’n)))
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Kbnero hj, ... h;, ca eleMeHTapHUTE KOHIOHKIIMH 33 BCEKH OT BEKTOPUTE (v; =
(a1, ...an), 3a koitto f(ay) = 1. Cnexosarenro g € [F].

Cera nexa (by ...b,) € {0,1}". Axo f(by...b,) =1 TO cbriacHo npejumHaTa
gema g(by...b,) =

\/ bIbS2 .. b =1,
(a1...a,)€{0,1}"& f(a1,...an)=1

Axko g(by,...b,) = 1, TOo MOHe enHA OT eJEMEHTAPHNTE KOHIOHKIWH B ¢ MMa
CTOHOCT eUHUIA, T.e 3a HAKOH (ai,...a,) € {0,1}", 3a xoiiro f(a;...a,) = 1,
nMaMe, Je:

bit.by? .. g = 1.

OTHOBO CbIJIACHO IpeauinHaTta Jjema a; = by & as = by & ...a, = b,, cie-

nosarenuo f(by...b, =1). Taka f =gu f € [F]. O

JEonnuiuda 5.12. Heka f € F3 u f ne e koucranrara uyna. [Ipencrassuaero
Ha f BBB BHIA:

a a a
flxy,...xpn) = \/ R S e
(ay...an)€{0,1}"& f(a1,...a,)=1
HApUYaMe CBbpIIeHa AU3I0HKTHBHA HOPMaIHa GopMa.

Crempamara jieMa Ie HU JaJe Bb3MOYKHOCT Ia JAJeM MHOTO IPYTH MPUMEPH
3a Oasucn:

TBBbPAEHUE 5.13. Hexa F,G C F» ca maxusa, we F' C [G]. Toeasa [F] C [G].

JTOKABATEICTBO. Hexa [F] = J,cy Frn, Kbaero Fo = FU{I} |1 <k <n}mn
Foy1=F,U{h|3f,g1...9r € Fp(h(z1...20) = fo1(x1--.Tpn)s- - gp(z1 ... 20))) }
Heka [G] = U, cy G, Kbaero Go = GU{I} | 1<k <n}n
Gni1=GU{h|3f,01...9x € Gu(h(z1...2n) = fg1(z1.. - 2p)y ... gr(z1 ... 20)))}

Ile nokaxewm, ve 3a Besko n By, C [G].

F C [G] o ycnosme. {I}} |1 < k < n} € Gy C [G]. Caenosaremno Fy C
[G]. Heka F,, C [G]. Hera h(xy...xn) = f(g1(z1...2pn),... gk(x1 ... 2,)), KbAETO
f,91-..gr € . Cornaceo mnaykimonnoro npeanonoxkenne f € [G] = ([, oy Gn-
CirieZioBaTeIHO CBHINECTBYBA Mo TakoBa, de f € Gp,. AHanorudso ¢g; ...gx € [G],

CJI€JIOBATEJHO CHINECTBYBAT M1, . ..Mk, TAKUBa 9e ¢; € G, 3a ¢ = 1... k. Heka
m = max(mg, my ... my). Torasa f,g1...9x € G 1 h € Gpq1. CremoBaresnto
h € [G] u crenoBarenno F, 1 C [G]. O

Karo ciiecTBre oT TOBA TBBHp/IEHNE U TeopeMaTa Ha Bys momydaBame, e ciaem-
HATE MHOXKECTBA, Ca, II'bJTHU:

(1) {z.y,Z} e wbaHO, 3amoro =V y = T.j.
(2) {x Py, z.y,1} e mbaHO, 3amOTO T =2 P luaVy=zydx Dy.
BropusT npumep 3a IIbJIHO MHOXKECTBO 3a/1aBa APYT BUJI IPeJICTaBsIHE Ha OyJIe-
BuTe PYHKITAN:
HeonHuiiys 5.14. @yuknus oT BUga:
f(l‘l L. .Tn) =ag D @ a;x; D @ ;j%;-Tj D D a12. . n1T2 ... Ty,
1<i<n 1<i<j<n

Kkbaero a; € {0, 1}, napuyame nonunom Ha 2Kerajkus.



2. II'bJIHN MHO>KECTBA BYJ/IEBU ®YHKIINUN 59

CobriiacHO MPEIUITHOTO HU HAOJIIOAEHNE BCsIKa (PYHKITHST MOXKE 13 CE MPEICTABU
upe3 nosiunoM Ha ZKeraskuu, 3amoro MHOXKeCTBOTO {2 ® Y, 2.y, 1} € mwbiHo.
Hanpumep nmonmumunomure Ha 2Keraakua 3a OCHOBHUATE HU (DYHKIIMH Ca:

0 0
1 1
x T
T rd1
.y .y

TzVy ryYydrdy
=y rzydrdl
Ty rDyd1
Dy r Dy

x|y Ty ®1
zly |[zyPrpyadl

B obmusa caygait, nosmaom Ha 2Kerankww 3a DyHKIWS HA IBE MPOMEHJIUBU
UMa CIAEJHUAT BU/I;

f(z,y) = ap ® a121 ® asxs B 1221 22.

B’b3MO)KHI/ITe Pa3/InIHU IIOJIMHOMH IIOJIy9aBaMe OT PA3TUIHUTE Bb3MO2KHA CTOHHOCTH
3a napamerpure (dag, a1, az,a12) € {0, 1}4. Taka pasnmuauTe moanHoM Ha, 2Kerajkua
ca 2%, TouHO TOMKOBA, KOMKOTO ca GyaesnTe bymkmmwu Ha 2 aprymenta. OT Tyk
CJIeaBa, 9€ BCAKa d)yHKL[I/IH Ha ABE IIPOMEHJINBU UMa €ITMHCTBEH ITIOJIMHOM Ha }I{QF&HKI/IH.
ToBa pa3cbxkaeHEE MOXKE 113 ce 00001 3a BCAKA (DYHKIIHSA:

TeOPEMA 5.15 (Teopema na ZKerankun). Beakxa Oyaesa dynxyus mogce 0a
ce mpedcmasu no euHCMEeH HAYUH 666 6uda:

flxr...zp) =ap® @ a;T; D @ AT D D a12. pT1T2 . .. Tn.

1<i<n 1<i<j<n
xsdemo a; € {0,1}.

JIOKABATEJICTBO. Bede Bumsxme, de Bcika PyHKINS UM, TAKOBA, TPEICTABIHE,
3aTOBA JOCTATHYHO € Ja JO0KAXKEeM, 4€ TO € €IUHCTBEHO.

" Hauun (Kom6unaropuo mokasarencrso): Heka pasrsegame obuus Bu Ha
1o/iMHOM Ha 2Kerajikud Ha n IPOMEHJIMBHU:

ao D @ a;z; D @ i T;T; D Daie. nT1T2...Tn
1<i<n 1<i<j<n

Paznuananre GyHKIMN HA N apryMEHTa WMAT PA3IUYHU TPEICTABIHUS 9IPe3
nonuaoMm Ha ZKerankwa. Pasnwanwnre momummomu Ha ZKeraakwH ce MOIydaBaT OT
pa3audHUTE CTORHOCTH Ha Koeduruenture. bpoar Ha koedunuenture e: 1 - cBOOO-
JIeH 4JIeH, 1 - KOePUINEHTa, Ipe T, TUHEHHNTE ChOnpaemMn, (2‘) KOe(pUIIMeHTAa, TTO eIH
3a BCSAKA ABOIKA MTPOMEHJINBH, (g‘) Koe(pUIIMeHTa, 1T0 €UH 34 BCAKA TPOITKa TPOMEH-
JIVBH,..., (Z) Koe(puIMenTa, Mo eIuH 33 BCSIKa k-OpKa TPOMEHJINBH, ..., (") =1

n
KOC(DUIIMEHT, TIPEI L1T3 ... T,. OOIINO:

(1)

=0
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cbrytacHo Teopemara Ha Hioron. Beekn koedurimenT Moxke 1a nMa cToitHOCT 0 Mt
1. O6mo pazamunnTe moanHOMH Ha JKerankmm ca 22", TOYHO TOMKOBA KOJKOTO
ca u OyseBure Qynkiuu. CreaoBareaHo Beska OyineBa (DYHKIMS UMa €THHCTBEH
noynHoM Ha, 2KerajakumH.

NN Hauwuu. [da momycuem, de f uma [Be PA3JIWMIHY MTPEICTABSIHIS:

f(.’ﬂll'n) =agD @ a;T; D @ aijxixj€B~--@a12_”nx1x2...mn =
1<i<n 1<i<j<n

=by® EB biz; © @ bijrix; - D bra. nT1T2... Ty
1<i<n 1<i<j<n
Hexa a;, .., u b;, ., caI'bpBaTa JIBOHMKA Pa3InIHU KOeUIIMEHTH. 3aMeCcTBaMe
B JIBETE TPEJCTABAHUA C BEKTOPA (€1 . . . Cp ), KBIETO

o = 1, aKOjG{il...ik};
T 0, ako g ¢ {i1...ik}-

Cobupaemure 10 TOBa ¢ UHJEKC i1 ...1, U B JIBeTe [IPe/ICTaBaHKU Ca €JIHAKBU,
Heka Te ca ¢ obma croiitnoct C. Benuku chOMpaeMu Clies TOBa ¢ WHIEKC i1 . . .1 Ce
HYJIMPAT, 3aII0TO B TSIX yIacTBA KATO MHOXKHTEI ¢; 33 HAKOe j ¢ {i1...1;}. Taka
fler...cn) = C®ay,. 4 = C®ai.. i, KOETO TIPOTHBOPEYN Ha JOMYCKAHETO, Ye
(2 ?é bil...ik- g

3. 3arBopenu MHOXKecTBa OyseBu dbyHKINN

Heonnuiiys 5.16. Heka F' C Fy e muoxectBo or OyneBu dyukiuu. F e
3aTBOPEHO MHOXKECTBO, ako [F] = F.

TBbPAEHUE 5.17 (Kpurepuii 3a 3arsopenoct). Hexa F C Fo e mnooicecmeo
om byaesu Pynxyuu. F e 3ameopeno muoscecmeo, axo:

(1) ¥,k eN(1 <k <n= I € F).
(2) Vf,g1...9k € F(h(z1...2) = flgi(x1 ... 2n),...gr(x1...20)) € F)).

JLOKA3ATEJCTBO. Ille nokaxkem, 4e 3a Besiko n, Fy, C F, kbaero [F| = | F,.
Fy =FU{I} |1 <k <n} CF or ubpBara TO4Yka B ycioBuero. Hexa mo-
nycuem, 4e F,, C F. ToraBa F,1 = F, U{h | 3f,01...9r € F(h(z1...2p) =
flor(zy .. xn), ... gk(x1 ... 2y)))} C F OT MHAYKIMOHHOTO [IPE/IIOJIOKEHUE U BTOPATA
TOYKa OT yCJIOBHUETO. O

3.1. ByneBu byHKIUM 3ama3Baliyi KOHCTAHTHUTE.

HOeonnnius 5.18. Heka f € F3 u ai,...a9n € crasjapTHaTa LOApenda
Ha Oysesure Bekropu. Kaspame, ye f 3ana3sa Koncranrara nysa, ako f(ai) =
£(0,0,...0) = 0. MHOXXeCTBOTO HA BCUYKN OyJeBH (DYHKIMN, KOWTO 3aMa3BaT Hy-
Jata o3HadgaBame ¢ 1j.

KaszBawme, ge f 3ama3Ba KoHCcTaHTara eamHuna, ako f(agn) = f(1,1,...1) = 1.
MHOKecTBOTO Ha BCHIKHU Oy/1eBr (PYHKINH, KOUTO 3aIIa3BAT €INHUIATA O3HATABAME
C Tl.

Hanpuwmep z.y,xVy € ToNTy 2@y € To\T1, x < y € T1\To, x|y, z J¢ ToUT:.

TBBPAEHUE 5.19. Ty u 11 ca 3ameopenu mnoocecmaea.
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JOKABATEJICTBO. Ille m3momsBame kputepuii 3a 3arBopenoct. Heka k < n.
IM'(on) = 1;7(0,0...0) = 0, cienosarenuo I} € Ty. Heka f,¢1...gx € Tp u Heka
hry...zn) = fr(z1...2pn), .. gk(x1 ... 2,)). Torasa h(ay) = h(0,0,...0) =
f(g1(0...0),...9£(0...0)) = f(0,0,...0) = 0. Taka h € Ty u Ty e 3aTBOpEHO.
Amnayornyno ce nposepsiBa, ue u 1] € 3aTBOPEHO. (I

3.2. CamoxaBoitHcTBeHH OysieBu (byHKIINH.

Jeonnuinda 5.20. Heka f € F3'. poitucreena na f Hapudame QyHKIUATA:

[y oxn) = f(Z1,...Tp).

B cieasamara Tabuiia ca n3dpOeH HIKOU OCHOBHY TPUMEPH 3, IBOUKHU (DYHKITHS
" HeifHaTa JBONHCTBEHA.

f f*
0 1
1 0
T T
T T
T.y rVy
xVy z.y
rDY || Ty
Ty || TDyY
zly || zly
zly || zly

TBBLPAEHUE 5.21. Heka f € Fy. (f*)* = f

JIOKABATEJICTBO. [loKa3areJCcTBOTO CIEABA AUPEKTHO OT AePUHUIIAATA:

(F) (@1 zn) = F*(F1s. . Tn) = F(TLs. . T) = F(@1 ... 20).
U

TBBHPAEHUE 5.22 ([Ipwamun 3a gpoitncTseroct). Hexa f € F§ w gr...gx €
F3. Hexa h e cynepnosuyuama wa f u gi ... gi. Toeasa

R (x1...2n) = f (g1 (1. . 20) .. gi(T1 .. ).

JIOKABATEJICTBO. OTHOBO TBbPAEHUETO CJAEABA OT JAe(PUHUIUITA.

1 )
=flgi(x1...an) ... gi(z1. . an)) = [ (gi (1. @) . gp (21 o Tn)).

HdEounniusd 5.23. Heka f € F¥. f napuuyame camojBoiiHcTBeHa, ako f = f*.
C S o3HagaBaMe MHOXKECTBOTO HA BCUYKH CAMOJBONHCTBEHU (DYHKIIUH.

ITpumep 3a camozupoiincreena Gyukuus e Gyukuuara m(z,y,z) = .y O y.z ®
z.x =x.YyVy.zV 2z.r, KOATO Ce Hapu4a MeJIuaHa.

TBBPAEHUE 5.24. S e 3ameopero muoscecmsa.
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JOKABATEJICTBO. Ille manon3same kpurepmii 3a 3arBopenoct. Heka k < n.
(IP(x1...mp)) =TT, ... Tn) =Tk = g, = I} (21 ... 20).

Canenosarenno I} € S.

Heka f,g1...9x € S uw neka h(zy...z,) = flg1(x1...2n),...gx(z1 ... 2p)).
Torapa CbLIIACHO MPUHIIAIA 38 JBOHHCTBEHOCT:

B 2n) = F(G @) G 2n)) =
= flg1(x1...xp), ... gp(z1...2p)) = h(x1 ... 2p).
Taka h € S u S e 3arBOpEHO. O
3.3. JIuneiinu OysieBu dyHKIUN.

JEonnnina 5.25. Heka f € F3'. Ka3Bawme, ue f e nuHeitHa, ako f uMa IuHeeH
monmaoM Ha 2Keramkwna. T.e. f moxke ma ce mpeicTaBu KaTo

fley...zp) =ag®a1x1 B ... anTn,
kbaero a; € {0,1}. C L o3nagaBaMe MHOXKECTBOTO Ha BCHYKM JinHeiHu dyHKIMU.
Hampumep 2,7 = B 1,20y, z < y = 2Dydl € L, vy, xVy = 2.ydaxdy ¢ L.
TBBPAEHUE 5.26. L e 3ameopero mrodicecmso.

JIOKABATEJICTBO. Ille m3nomsBame kpurepwii 3a 3arBopenoct. Heka k < n.
IN(z1...x,) = x. ToBa e muneen mommuom Ha ZKerankun (ap = 1 u a; = 0 32
i # k), cnemosarenno I € L.

Heka f,g1...9x € L, f(z1...2) = bOGBEB?:lbjwj ug;j(T1...2,) = aé@

@D, , a]x;. Torana

hzy...zn) = flor(z1. . 2n), .. gr(zr .. 2)) =

k n
— e @by (ah o Pate) =
j=1 i=1

k k k
= (b & @ bia}) ® (P bial)z @ ... (P bial)zn
j=1 j=1 j=1

Taka h € L u L e 3aTBOpeHO. ([

3.4. Mouorouuu 6ysneBu dyHknuu. 3a 1a aedunupame MOHOTOHHUTE Oy/I€BH
dyukiym, redurupame Hapeaba Mex 1y n-mMmepauTe Bekropu. OO6bpHeTe BHUMAHUIE,
4ye HapeJdaTa € 4YacTU9HA, HE € JIMHEHHA.

Jdeounnuus 5.27. Heka o = (a1,...a,) u 8= (b1,...b,) ca n-mepuu Oy/neBu
BEKTOPH.

a§6®a1§b1 &aggbz& angbn
Hexa f € F3. Ka3Bame, 4e f e MOHOTOHHA, aKO 33 BCAKA JIBOWKA apryMeHTH
n
a, € {0,1}
a<B= fla) < f(B)

C M o3HagaBamMe MHOYXKECTBOTO HA BCHYKM MOHOTOHHE (DYHKITHH.
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Hanpuwmep z,z.y,xVy € M, aZ,x Dy,x <>y ¢ L.

IIposepkara, maam enna (GpyHKIHES € MOHOTOHHA, € B OOIIMA CAydail CTOXKHA.
3a /1a onmpocTUM Ta3u MPOBEPKA B ciiydas Ha OyseBuTe (DYHKIUH, M€ JTOKAXKEM €/THO
CBOWCTBO Ha HapeabaTa.

TBBPAEHUE 5.28. Hera o, 8 € {0,1}" u a < 8, a # 3. Tozasa cowecmsyea
eepuza
a=a1<a<--<ap=4

makaea, 4€ ; Ce paszau4asa om ;41 CAMoO 6 edna no3auyusa.

JIOKABATEJICTBO. Heka o = (a1 ...a,) u 8 = (by...b,) u Heka i1,...19; ca
NO3UITUHTE, 38 KOUTO a;; # bi;. Toit kato a < B, a;;, =1u b, =03aj=1...k.
ITle mokazke TBBLPAEHUETO C WHAYKIUS O Oposi HA pa3jaukure, k.

Ako k = 1, To TBbpIEHMETO € B cuia, Bepurara € o = a1 < ag = (. Heka
TBBPIEHUETO € B CHJIa 33 BEKTOPW C k PA3NKU M HEKAa « U [ Cce pa3jnvaBarT B
k + 1 Toukn. Hexka i e mHIEKCHT HA MbpBaTa pa3jinka. Pas3riexkgamMe BEKTOPa
v=(c1...¢pn), KbIIETO:

oo weit
j, AaKo j = 1.

Taka «y ce pazimuaBa OT v CAMO B €/HA LO3ULMs, 1 OT 3 B k 1103uuuu (BCUYKH,

B KOUTO Ce Pa3jnyaBa U (v, C U3KJIIOYEHUE HA 4-TaTa). 110 WHIYKIMS UMa BEPUTA

y=a1 Lo <o =0

TaKaBa, de (; Ce PA3INYIaBa OT (v;+] CAMO B €IHA TOYKA. Taka TbpCeHATa BEpUTa
e:

O
C momorra Ha TOBA CBONCTBO TOJyYaBAME JIECEH KPUTEPHil 38 pPa3MO3HABAHE,
nanu enna QYHKIWSA € MOHOTOHHA.

JIEMA 5.29. Hexa f € Fy u f ¢ M. Tozasa cswecmseysam sexmopu «, 3 €
{0,1}" maxusa, we a < B, a u 3 ce pasaunasam 6 mouno edna nosuyua u f(a) £

f(B)-

JLOKA3BATEJICTBO. Illom f ¢ M cbuiecrByBar o u ' takusa, e o < ' u
f(a') £ f(B). Or npeanmHOTO TBBLPAEHHUE CIEBA, Y€ UMA BEPUTA

=a1<az < <=0

TAKaBa, 9€ (y; Ce PA3/IMYaBa OT (vj+1 CaMO B eIHA TOYKA. Heka i e IbpBUAT HHIEKC
TakbB, 1€ f(a;) £ f(air1). Taxbs cbmecrBysa, 3amoro f(ay) % f(ay). Torasa
THPCEHUTE BEKTOPHU CA O = (i, B = Q1. O

TBBLPAEHUE 5.30. M e 3ameopero mnoodcecmso.

JOKABATEJCTBO. Ille m3nom3Bame kputepuii 3a 3arBopenoct. Heka k < n.
I} (21 ... 2,) = ) © MOHOTOHHA (DYHKIIHS, 3aIIOTO AKO (@1 ...an) < (b1...by), TO
ey ...an) = ag < by, =I7(by...by,) . Crenosarenuo I} € M.

Heka f,q1...gn € Mu(ay...an) < (by...by). ToraBag;(a;...an) < gi(by...by,)
U CIeIOBATENHO,

hiay...an) = flgr(ar...an),...grar...an)) < flgr(br...bpn)y . gr(br... b)) =h(by...

Taka h € L u L e 3arBOpeHo. ([
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4. Teopema na ITocT-51610HCKTI

TEOPEMA 5.31. Hexa F' C F3. Mnoowcecmeomo F' e nsano, mozasa u camo
mMo2aea, K02amo

F¢TouTyUSUMUL.

JOKABATEJICTBO. Heka mbpso F e mbino. Besko or muoxkecrsara 1o, 11, .S, L, M
ca 3arBopenu muoxkecrsa. Heka K € {Ty,T1,S, L, M}, ako nonycuem, ye F' C K,
ro Fp = [F] C [K] = K. Taka gocrarvano e ga nocounm yuxkuusa fr, ¢ K, 3a
JIocTUTHeM 110 mporuBopeune. T & To UTy UM, z.y ¢ S, L. Taka ako F e mbiHo,
o F¢ToUTy USUMU L.

Heka cera F € ToUT; USUMUL. Hexka fo € F\ Ty, fi € F\T1, fs € F\ S,
fie F\Lwu f,, € F\ M.

IIbpso, we nokaxem ue koucraurure 0,1 € [F]. Ha pasruexave dbyHKUusTA
go(z) = fo(z...2) = fo(Ii(x),... [} () ug1(x) = fi(z...2) = fi(li(x),... [} (z)).
fo & To, cnemoBarenno go(0) = fo(0...0) = 1. Ananoruuno fi ¢ T}, ClienOBATEIHO
g1(1) = f1(1...1) = 0. mame cemHUTE BBH3MOKHOCTH 33 CTOWHOCTTA HA JPYTHS
apryMeHT:

(1) go(1) =0, g1(0) = 0. Torasa go(x) = Z, g1(z) = 0(z) u go(g1(z)) = 1(x).
(2) 90(1) = 1, g1(0) = 0. Torasa go(v) = 1(x), g1(z) = 0(x).

(3) go(1) =1, 91(0) = 1. Torama go(z) = 1(z), g1(x) = T m g1(go()) = O(x).
(4) go(1) = 0, ¢1(0) = 1. Torasa go(z) = gi1(z) = Z. Ha pasmrename

dbyukuuara fs ¢ S. 3anes nma sexrop (a1 ... a,) Takasa, 1€ fs(ai ... an) #
fi(ay...apn). Ho f¥(a1...an) = fs(a1...a,). Caenosarenuo fs(aj...a,) =
fs(@y ...a,). Ja pasrmename dbynkuusra

h(z) = fo(x®,...zo).

n

Oyuknusara h e cyneprnos3unus Ha fg u Ay ... h,, KbIETO

b — IH(z), axoa; =1;
' go(z), ako a; =0.

Taka h € [F| u
h(1) = fs(ar...an) = fs(@y ...a,) = h(0).

Caenosarenno h e xoncranra. Torasa go(h(z)) e apyrara koncrantTa.

Taka BbB BCeKU OT CIydauTe JoKasaxme, de 0,1 € [F].
Bropara HE 1€t e Ja JokaxkeM, 4e T € [F], KaTo M3Moi3BaMe KOHCTaHTHUTE.
Ha pasruename f,, ¢ M. Ot Jlema 5.29 cneasa, e uma BekTopu (aj...a,) <
(by...b,), paznuyaBalmu ce caMoO B €JHa I103UlUd, 38 KOUTO fp(ay...a,) = 1 u
fm(b1...by) =0. Hexa a; # b;. Ja pasruesame cynepuo3uuuara Ha, fo, u by ... by,
K'bJIETO
o) ={ Hiy, ol
1(x), akoi=yj.
Taka h € [F] u h(0) =1, h(1) = 0, cienosarenno h(x) = .
Hakpas 1me n3nonssaMe HenmHelHaTa (DyHKIWS, KOHCTAHTHATE U T, 38 Ja MOKAXKEM,
4e z.y € [F]. Heka

filzr .. zp) =ao @ a121 ... AnTn ® Tiy Tiy ... T4, D ..,
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KBJETO T, Ty, - - - Tj,, € IHPBUAT HEJIMHEEH eJIEMEHT OT IoJuHOMa Ha 2Kerankun Ha
fi. Ha pasrmemame cyneprnosunusaTa Ha f; ¢ hy ... h,, KbaeTo:

I1 (1, 2), aKo j = iy;
I3 (21, 32), aKo j = ig;
[0, w0 € i)
(0(z1),z ako j & {i1 ...k}

Taka h € [Flu h(z,y) = co®c1a®cayPr.y. Akoco = 1, h(z,y) = h(z,y)®1 =
c1x @ coxr @ x.y. Taka BOO moxkem ga npeanosoxum, de ¢g = 0. mame ciaegaure
Bb3MOXKHOCTH 34 C1 U Ca:

hj(x1,z2) =

it
Il

(1) ¢1 =0, cg =0, Torara h(z,y) = z.y
(2) ¢1 =1, co =0, Torasa h(z,y) =« @x (y ®1)==xy.
(3) ¢1 =0, co =1, rorasa h(Z,y) =y D (x B 1).y = x.y.
(4) c1 =1,co =1, roraBa h(Z,§) =2z Py P (z® 1).(yd1) d1=2x.y.
Taka BbB Beceku or ciayvaure .y € [F]. Ot Teopemara na Byn ciensa, ue
Fa = [{Z,z.y}] C [F] u cnenoBaresnno [F| e wbIHO MHOXKECTBO.

9

O

Hdeonanuusd 5.32. Exna byukuus f € Fop napuuame ledeposa, ako {f} e
I'bJIHO MHO2KECTBO.

npunmep 3a [lledeposa dbyunxuus e ueprara na ledep x|y. Haucruna, x|y ¢ Tp,
xly ¢ Ty, zly ¢ S, z|ly ¢ M, x|y ¢ L, raka or reopemara na [locr-A6m0uCKHN cenBa,
e {z]y} e mbHO.

TBBHPAEHUE 5.33. Hekxa f € F3. f e Hlepeposa mozasa u camo mozasa,
xoeamo f ¢ ToUT, U S.

JOKABATEJICTBO. Emmara mocoka ciemsa or teopemara Ha Iloct-A6moHCKH.

Heka f ¢ ToUTy US. Toraea f(0,...0) =1, f(1,...1) =0, u mbii karo (0...0) <
(1...1), f ¢ M.

Heka momycuem, ue f € L. Torasa f(x1...%,) = ag ® a121 ® -+ D apTp-
f(0...0) =1, caenoBarenno ag = 1. f(1,...1) = 0, cienoBarenso ag B a; ® -+ - B
a, = 0. Ho Torasa

fxy...2n)=f(T1,...Tn) =1®ag@ar1(x101) B - Day(x, 1) =

=10a@a1®a, @ar1z1® - D ap2n =10 a1 O+ O apty = f(21...7,),
KOEeTO TpoTuBopedn Ha f ¢ S.
Taka f ¢ L u or Teopemara na [locr-51610uCcKu caensa, ye f e ledeposa. [

5. 3agayu 3a ynpakHeHUe

3agaua 1. Komako ca n-mecrante 6yseBn OyHKIUN?

3amaua 2. Ilpeacrasere Bcsagka OT ciemHuTe PYHKIUU C TIOMOIITA HA TAOIATIA!

(1) (x—=y)—y
(z = y)(y — )
rxP1
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(6) zyV zy
(7) zg Vv zy
@) 7=y

3amava 3. Hammmiere BekTOpa OT CTOWHOCTH 3a BCSAKA OT CieHUTE (PYyHKIUU:
1) =y & (y—=2) =y
(2) (x+y) = (Tz—=y) — Tz
B) (z=y) @ —y2)l(xly)
(@) (@lyl=)ly

3amaua 4. JlokakeTe CJIeIHUTE PABEHCTBA.

(1) Koucrarru: cV1l=2 —-1=0—-2z=2VZ=1,2A0==2% =0,
zVl=zl=12r=260=2,2=>0=2<0=281==2.

(2) Komyrarusnocr: zy =yx, aVy=yVz,z@y=ydr, s y=y<

(3) Acommarusnoct: (xy)z = x(yz), (xVy)Vz=azV(yVz), (tdy &z=
@ (y P 2).

(4) Orpunanue: T =2, Ty =TV g, TV Yy = TY.

(5) ducrpubyrusnocr: z(y V z) = a2y V zz, 2(y D 2) = zy ® xz, x V yz =
(zVy)(zV=2).

(6) Mormabuiane: z(xVy) =z V oy = .

(7) Ipexacrapsine upe3 {.,V, }: x > y=ZVy, T =y =z, £ & y = 2y V Iy,
rPy=ayVry, 2ly=Ty=TVy, xly=cVy=2Iy.

(8) Ipexcrassine upes {., P, 1}: xVy = ay®zd®y,z = 21, © — y = xydzdl,
zeoy=z0ydl,zly=cydl,zly=2ydzdyd 1.

3amava 5. Ilposepere manu f = g, Kbaero:
) f=@E@vyl@E—=W—2),9=y—(@Va)

2) f=(x—=y)o(y—2) > ury), 9g=yz > T
) f=Vvyl@—(y—2),9=y— (V=)
1) f=@ly V@) (rayz), g=2(yz) VT =2z

Vy)z = ((z < 2) @ 9)((z©y)Z), g = (v — y2)T = 7;
zVy) = ((ylz) = (z < 22)), g=2y V (r = 2y = 2);

=T =y = (@ye (y),9=(7TY = 2) =Y

r Ty —2),9=(r =y Oy 2).

=
N
<
—
8
1
<
&
N—
T
—
8
1
N4
N—

3amaga 6. Hamepere coabpiiena nu30HKTUBHA HOPMaJsiHA (POPMA HA!

(1)
(2

f(z1,20,23) = (21 V 22) — 3;
) flxy,20,23) = (x1 = x2) ® (21|T223);

(3) f(z1,22) = (0010)

(4) f(xlvaQ,x:s) (10100010);

(5) f(x1,x9,23) = (10101111);

(6) f(z1,22,23) = (00001111);

(7) flz, 22, 23,24) = (21 = T2w3w4) (23 = T122);

(8) f(x1,2,3,24) = (1001000110000101);

3amaua 7. Hawmepere monmmunoma na zKerajgkun Ha:

(].) f(il?hl’g,l'g) = (1’1 V £C2) — I3;
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Z1,%2,x3) = (x1 = x2) ® (x1]|T223);

IL’l,IZ’Q) = (0010)

x1,x9,x3) = (10100010);

X1, T, 23) = (10101111);

xl,xg,l‘g) = (00001111);

X1, %2, x3,%4) = (T1 = Tox324) (T3 = T122);
@1, 9,23, 24) = (1001000110000101);

AN NN AN NN N
00 ~1 O Ut i W N
O NN
S Y = =

3amadga 8. Ilposepere manu f e aBoiiHCTBEHA HA g:

(1) f(z,y) =2 =y, g(z,y) = 7y;

(2) f(x, ) (T —=9) = (y—=2), 9(z,9) = (z = y) (¥ = T);

(3) f(x,y,2) =2@yD 2z, g(r,y,2) =Dy D 2;

4) f(=, y, z) =xyV 2z, g(z,y,2) =z(yV2)

(5) flz,y,2) =2y Dxz ®yz,9(x,y,2) =2y V 2z Vyz;

(6) f(z,y,2) =2y — 2, g = TYz;

(7) flz,y,z,t) = (& VyV2)tVayzg(z,y zt)=(xVyV2)tVaryz;

(8) f)(w Yy 24t) = (2 = y)(z = 1), g(z,y,2,t) = (v = 2)(z = t)(§ = 2)(¥ —
t

3amaga 9. Hawmepere nmonmuoma wa 2Kerankuu Ha f* ako:

(1) f = (10101010)
(2) f = (111001111)
(3) f = (1011011101111111)

3amadga 10. Hawmepere 6posi Ha n-mectaure OysieBu QYHKIUH, KOUTO CA OT
(1) TOa le

(2) To\Tx
(3) ToUTy

3amaga 11. Ilposepere namu f € Ty, Th:

(1) f=21 022D ...20;
(2) 1@ (21 = x2)(x2 = 23) ... (T = 21);
(3) f:@1gi<j§n i V Tj;

3amadga 10. Hawmepere 6posi Ha n-mectaure OysieBu OYHKIUH, KOUTO CA OT
(1) S;
(2) TonsS
3) TynTinsS
4) (To\Ty)NnS

3amauva 11. CamonsoifHCTBeHU U ca ciaegHuTe (pyHKIUNT:
(1) zyVyzV za;
(2) 2122 ® 223 B X311 B T2 D X3
(3) (z1 = z2) ® (x2 — x3) B (x5 = x1) B w33
(4) T1T2 D 1173(561 \Y 2172)
(5) (1110011100011000);
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3amadva 12. Jluneitnu jiu ca cienaute OYHKIWN:
(1) @z © )
2) xyzV xz;
) 2yz @ 2(§5) & 2y V 2);
) (11100011)
) Yy Dyz D rz® IYZ D xyz.

(

(3
(4
(5

3amaua 13. Hawmepere Opost Ha n-mecTHuTE OyieBr QYHKINNA, KOUTO Ca, OT
(1) L
(2) LNTy
(3) LNTy
4 LNS

3amauva 14. Monoronnu /i ca ciegauTe PYHKITAN:
(1) (21 ® 22) A (21 > x2);

2) z1(z2 V x2);

) (00011101)

) (0001110111111111)

) 129 D (E3(£E1 \Y {EQ)

) (21 = 22) © (2 — 23) © (23 — 1) © 73;

(

(3
(4
(5
(6

3amadga 15. Hawmepere 6pos Ha n-mecruure Oysiesu QyHKIUE, KOUTO CA OT
(1) M\ Tp
(2) M\T;
(3) M\ (TouT)

Bagaua 16. Oupenenere gaiu ciegHuTe MHOXKeCTBa (DYHKIMH CA I'bJIHU U OIIpe-
JleJjiere BCU4KHU TexHu 6a3ucu.

(1) F={ay,zVy,z®Dy,zyVyzV zzx}
2) F={zy,zVy,zdyd2zd1}
F={zy(zoy),rydrdy,l,ry ©yz © w2}
F={z,1,2(y2)0Z(yPD2), 2By 2z}
F={f1 = (11), f» = (0110), f3 = (00110111)}
F={z—yxzdy}
F = {z|y}
F = {fi = (10000001), f> = (0110), f5 = (01101001)}
F
F

={zy®z, 2Py 1,2y,7}
={ay,zyVz, 2 Dy ® z,x = y,x < y}.



TEMA 6

I'padpu n anropurmu 3a rpacdpn

1. OcHoBHU gedurHUIUT

Jlanena e kapra Ha OATKAHCKUS MTOJIYOCTPOB.

SISV AR Ukraine

Austria

The Balkan Peninsula

~ Turkey

(ASIA)
fs'h:;’:i (

Mediterranean Sea Sea of Crete A

Kakbs munuMmanen 6poit nperoBe TpgbBa 1a ce M3IMOI3BAT, 33 14 HAMA JIBE

CbCEIHU CTPAHU, OIBETEHU C eIMH U ChIU IBAT! Moxke U 1a ce HaMepyu MapIpyT
TakKa, 9e Ja MUHEM IMpe3 BCAKA CTPAHA TOYHO MO BeaHbXK! Morke u 12 ce Hamepu
MapIIpyT, KOUTO CTapTUpa B Bbiarapusd m MpeKocsBa BCUYKH TPAHUIA TOYHO IO
BEJIH'bIK, KATO 3aBbPINBA OTHOBO B Bbhirapusa? Bceku oT Te3u BLIPOCH € CBbP3aH

¢ OHATHETO rpad U C AITOPUTMU CBbP3aHU C HETO.
IIpesu BCcut4ko, 3a /1a OTTOBOPUM HA HAKOW OT BbIPOCHTE, HE HUA € HEOOXOAUMa

mbaHATa WHMOPMAIIUS, KOSITO Ce 33JaBa C MOMOINTA HA Kaprara. Hampumep He HI
WHTEpecyBa, KakBa e dopmara Ha mabpkaBara Cbpbus. EmgmHCTBEHOTO, KOETO €
HEOOXOANMO KaTO HH(POPMAIIHS € - KON €A IbPKABUTE Ha OATKAHCKHASA MOJTYOCTPOB

1 KOd € CBbp3aHa C KOd.

69
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f—@

9&\

¢e

Jdeonnnuus 6.1. Kpaen (neopuenrupan ) rpad Hapudame HapeieHa JABOMKaA
muoxkecrBa G = (V, E), kbaero V e KpailHO HENPA3HO MHOXKECTBO OT BbPXOBE, &
E e MHOXKeCTBO € JIBy-eIeMEeHTHHU TTOAMHOKECTBA Ha V, KOWTO Hapudame pedpa.

Taxka ropausT npumep 3a1asa rpada G = (V, E), kbaero
V = {Slo,Cro, BH, Mon, Alb, Serb, Mac, Gr, Rom, Bul, Tur}
E = {{Slo,Cro},{Cro,BH} ,{Cro,Serb} ,{BH, Mon},{BH, Serb} ,{Mon, Alb},
{Mon, Serb} ,{Alb, Serb} ,{Alb, Mac} ,{Alb,Gr},{Serb, Mac} ,{Serb, Rom},
{Serb, Bul} ,{Mac,Gr},{Mac, Bul} ,{Gr, Bul} ,{Gr,Tur} ,{Rom, Bul} ,{Bul, Tur}}

1.1. IIpencraBsaue Ha rpacdpu. Ille mrocrpupane pa3mndHUTE TPEICTABIHAS
Ha rpadu BbPXy CIECIHUAT IpuMepeH rpad:

G=({1,2,3,4,5},{{1,2},{2,4},{2,5},{3,4},{3,5}})

1.1.1. I'paguuro npedcmasane. I'pacduanoro npencrapsne Ha rpad mpuanya
Ha TPaQUIHOTO MpEJICTaBIHe Ha, pesanus. Pa3imnkara e 4e BMECTO /3 H3MOI3BAME
CTPEJIKM CBBP3BAIIH JIBA Bb3€Ja KOUTO Ca B PEJIAlldsl, U3MOI3BAMe HEOPUEHTUPAHT
JUbTH.

IBa Bbpxa u,v € V B rpad nHapuuame cbcegHu, ako ca cBbp3anu ¢ pedpo,
r.e. {u,v} € E. 3a Bcekn BpbX OT rpada mocraBsiMe 10 €JIMH Bb3eJl, & Bh3eJnTe,
CHOTBEITBAIIN HA ChCEIHU BbPXOBE, CBbP3BaMe C JIbra.

- I
G/G/
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1.1.2. Tabauurno npedcmasane. I'paduanoro npeacraBsue e yao0HO 3a padora,
3allI0TO HU JaBa BU3YyaJsIHa IPEICTaBa 3a CTPpyKTypara Ha rpada. Ao obade TpsabdBa
J1a CbXPaHUM HHMOPMAIUATA 33 JaJeH rpad B KOMIIOTbPHA IIPOrpaMa, TOBA MPE/I-
CTaBAHE HE € TIOAXOIAIIO. OTHOBO, KaKTO TIpHW pejlallfuuTe, MaMe 1 aJITEPHATUBHO
TaOJMYIHO MpEICTaBAHe Ha rpad, Ype3 Taka HapedeHaTa MATPHUILA Ha ChCEICTBO. B
obmus caydaii, ako G = (V,E) e rpad u V = {v;...v,}, Marpunara Ha cbce-
cTBO e KBazaparHa Marpuna M = (m; j)1<; j<n, C PA3MePHOCT- OPOS Ha BLPXOBETE,
|V| =n, kbaero

GRS Bt vl
) iy Vg -
Marpwurara Ha CbCeICTBO Ha MPUMEpHHSA rpad e:

11213145

QY | W DN | %
(o] Renl Neol i T Nen)
[l Bl Bl K==l W]
ol Bl E=) K== Hen]
OO = O
OO == O

1.1.3. IIpedcmasane wpe3 cnucsk Ha cscedcmeo. B Hakow ciiydanm mo-ymoOHO
e Ja pasmojarame ¢ wHpOpMaIusaTa, KOITO ONUCBA enwH rpad, B japyra dopma.
N3pexxmame Bcuuku BbhpxoBe Ha rpada B cmucbk. C BCEKH BPHX v, CBbp3BaMe
CITUCHK OT BbPXOBETE U TakwWBa, ue {u,v} € E, T.e CIUCHKBT OT HETOBUTE ChCEJIN.
CoucbKbT HA ChCEICTBO HA MPUMEpPHHA rpad e:

1| — 2
2|— 1 4 5
3|— 4 5

4| — 2 3

5| — 2 3

1.2. Hakou oCHOBHHM XapaKTePUCTUKHN Ha rpad.

Jdeonaunmsa 6.2. Heka G = (V,E) u G' = (V', E’) ca rpadu. Kaspawme, ue
G e m3omopden wa G, m tmmem G = G’, ako cbmectByBa Omeknms f : V. — V/
TaKapa, 9€ 33 BCAKA JBOIMKa BbPXOBe U, v € V,

{u,v} € E& {f(u), f(v)} € E'.

JlBa u3omopduu rpada He ce pa3udaBaT IO HAIIO APyro, OCBEH HANMEHOBAHU-
€TO Ha TEXHWTE BbPXOBE. 3aTOBA HUE INE OThHXKIECTBABAME n3oMopdHUTE rpadu.

Jdeonaunysa 6.3. Heka G = (V, E) erpad u v € V. Crenen na bpxa v, d(v),
Hapudame OposT Ha pedpara, Ha KOUTO v € Kpaii:

div)={e€ E|vee}|

Crenen na rpada G, d(G), e cymara OT CTEIEHUTE HA HETOBUTE BbPXOBE:

veV

CreBammoTo TBbPAEHUE, KOETO € MPOCTO HAGIIONEHNE, TaBa BPb3KATA MEXKILY
crernenTa Ha rpad u Opos HA HeroBuTe pebdpa.
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TBBPAEHUE 6.4. Hexa G = (V, E).
d(G) = 2|E|

JOKABATEICTBO. d(G) = >y d(v) =3, oy {e € E | v € e}. Taka axo e
e pebporo e = {u,v}, T0 e ce GPOM TOYHO JBa I'bTH: BEJHDLIK B CTENEHTA HA U U
BeIHbXK B creneHTa Ha v. Taka d(G) = 2|E)|. O

1.3. IIsT B rpad.

Jdeounnuuud 6.5. Heka G = (V, E) e rpad u u,v € V. IIbr B G ¢ gbizxuna k
OT ¥ [0 v, HapUIaMe MOCIEI0BATEHOCT OT BbPXOBE U = g, U1, . ..Uy = U TAKWUBA,
ve:
(1) {vi,viy1} =e; € EzaBcako i =0...k —1;
(2) e; # e; 3a BCsAKO @ # j.

Babesexkere, Ue CHTJIACHO TOpHATA MeWHUINS, 38 BCEKM BPbX v € V nMma
TPUBHAJIEH BT OT ¥ J0 ¥ € AbJKHUHA (.

IIpoct mbT, me HapwdaMe MbT B KOHTO HIMa TOBTApSII ce BpbX. B cmia e
CJIETHOTO TBbPJIEHUE.

TBBPAEHUE 6.6. Hexa G = (V, E) e epad u u = vg,v1,...0x = U €4 66pTo6e
6 G maxusa, we 3a 6caxo i =0...k —1, {v;,v,41} € E. Tozasa 6 G uma npocm
nsm om u 00 v.

JTOKABATEJCTBO. Ille omuiieM aJropuTbMm 3a HAMUPAHE HA MPOCT THT. AKO
% = v, TO UMa II'bT OT U JIO ¥, TPUBUAJHUAT BT C AbKuHa 0. Toii e mpocT, 3a1oTo
CbIbPIKA CAMO €JUH BPbX.

Heka u # v. Heka P = (vg, vy ... 0g).

Zloxamo 6 P uma nosmapauy ce 8psx, HeKa i € NO3UYUUAMGA HG NBPEUA 6DBT,
xotimo ce nosmaps 6 P. Hexa j e nocaednama no3uyus Ha KOAMO Ce CPEULL 66PLA
v;. Taxa

P = (’UO c e Vi—1,V, V41 -« - Vj—1,Vi, Ujg1 - - Uk).

Tozasa samename P ¢

P= ('UO < V-1,V V541 - - - ’Uk).

AJIropuTbMbT IIpeICTaBIsaBa LUK'bJI, IPY BCAKO 3all04BaHe Ha KoiiTo, P e pe-
UIIA OT BHPXOBE TAKWBA, Y€ TMHPBUAT € U, TOCIETHUIT € U U BCEKH JBA BbpXa HA
CbCEIHY TIO3UIINHU Ca CBbp3anu ¢ pedpo. Haucruna, Thit KaTto u # v, 10 win i # 0,
unn j # k. Ilpu BCAKO MpeMuHABaHe B IUKbJIA, TbJKUHATA, HA Ta3W PEIUIA Ha-
MaisiBa ¢ j — ¢ > 0, ciegoBaTeHo ciiell KpaeH Opoil CTBIKUA AJITOPUTHMBT I
3apbplid U B P 11e uMa 110CIe10BaTeIHOCT OT BbPXOBE U = Vg ...V, = U TAaKUBa,
ve:

(1) {vi,viz1} =e; € E3aBesiko i =0...k —1;
(2) v; # vj 3a BesgKo © # j, a cuegoBarenHo u e; # e; 3a1=0...k — 1.
O

IIle xa3Bame ¥e nBa Bbpxa B rpad Ca CBbP3AHU, aKO UMA BT MEXKIY TIX.
Penanusra, KoaTO ce mopaxkKia OT TOBA IIOHATHE, € PeJIalld Ha eKBUBAJIEHTHOCT.

TBBPAEHUE 6.7. Hexa G = (V, E). Tozasa C = {(u,v) | u e cBbp3an c v} e
peaayus Ha exsusasenmmocm nad V.
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JIOKABATEJICTBO. Beeku Bpbx v € V e cBbp3an c¢bC cebe Cu MOCPEICTBOM
TPUBHAJHUAT BT ¢ Abikuna 0, raka (v,v) € C u penanusta C e pedJiekcuBHa.

Heka (u,v) € C. Heka u = vg,v1...05 = v e wbr or u 4o v. ToraBa v =
Vg, Uk—1,- .. V1,V = U € BT OT ¥ 10 U, Taka (v,u) € C' u C e cuMeTpuyHAa.

Heka (u,v) € C u (v,w) € C. Heka u = vp,v1 ...V =V € BT OT & 10 U U U =
Wo, W1 - .. Wy, = W € BT OT v 10 w. ToraBa u = Vg, V1 ...V = Wo, W1 - - - Wy, = W €
peIuna OT BbPXOBE, TAKMBA Y€ BCEKHU JBA BbPXa HA ChCEIHH TTO3UIUHA CA CBbP3aHU
¢ pebpo. Coruacuo Tebpuenue 6.6 uma wbr (1OpU HPOCT IWHT) OT U JO W, TAKA
(u,w) € C'u C e TpansuTUBHA. O

Penamusara C pasgenss V Ha KjIacoBe HA €KBUBAJEHTHOCT, KOUTO HapUYaMe
CBbp3aHM KOMIOHeHTH Ha, rpada G.

Eqnn rpad G mapuwaaMe cBbp3aH, aKO UMa CaMO €IHA CBbp3aHa KOMIIOHEHTA,
T.€. BCEKH JBa Bbpxa B G ca CBbp3aHu.

1.4. IIukiu. OisiepoB n XaMWJITOHOB IUKBbJI. OCBEH TPUBUAIHUAT II'bT
¢ abkuHa 0, OT BpbX ¥ 10 v B Tpad, Bb3MOXKHO € 13 UMA W MO-ThJITU IIbTHUIIA.
Pazbupa ce, mbT OT v 10 v ¢ IbJKAHA 1 HE He MOXKe Jla MMa, 3aIioTo pebpata ca
BUHATHU C TI0 JIBA PA3IUYHU Bbpxa. He MOXKe Ja UMa U IbT OT v 0 U € JIbIKIHA
2, 3amoTo BCeKM aBe pebpa B mbT TPAOBA 13 ca pa3nudHu. Taka HAH-KbCHSIT
HETPHUBHUAJIEH II'BT OT ¥ 0 U € C JbJRKUHA 3.

Jdeonnnuus 6.8. Heka G = (V,E) erpadb u v € V. IIbvr B G ¢ abiKuHa
k > 3 ot v 10 v, Hapu4yame UKbJI B G 1Ipe3 v.

[Ile pasrnegame nBe cnenuajaHu Buaa MUKbI B rpad. [IbpBuar Munasa mpes
BCSIKO PeOPO TOYHO TIO BEIHBIK, BTOPUSAT IPE3 BCEKU BPBX TOYHO TIO BEIHDIK.

Jdeonnnuud 6.9. Heka G = (V,E) e rpad u v € V. Hukba upe3 v, Koitro
ChIBPIKA BCAKO pebpo e € E Touno mo Begubk Hapudame Qiinepos nmkbi. ['pad,
KO#MTO chabpika Oitaepos mukbi, Hapudame Oinepos rpad.

Cnennusar rpad e Oitrepos.

Oitnep e namepun mbjHa xapakrepusarusa Ha Oitneposure rpadu:

TEOPEMA 6.10. Hexa G = (V,E) e cespsan epa. G e Otinepos mozasa u
Camo Mmoza6a, Kozamo ecexyu 6psx 6 G uMa 4emHa Cmenen.

JOKA3ATEJICTBO. Heka G e OitsiepoB u HeKa v = vg, vy ... v, = v € Oirepos
uukba B G. Begko cpeliane Ha BPbX U B PeAUUATa Ug . .. Uk_1 CbOTBELTBA HA JBE
pebGpa mpe3 u: ako u = vy, pebpara ca {vg,v1} u {vg_1,v0}; aKo u = v; m i > 0,
pebpara ca {v;,v;+1} 1 {v;—1,v;}. Twil kKaro Bcuukn peGpa B rpada ce cpemar
TOYHO TIO BEIHBXK B IIHKbJIA, CTEIIEHTA Ha IPOM3BOJEH BPbX u € V e paBHA HA IBa
nbTr 6posi HA CPELIAHUATA HA U B IUKbJA. Taka d(u) e 4eTHO duciio.
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Hexka cera G e cBbp3an rpad, B KOATO BCEKH BPpbX NMa, YeTHA CTermeH n u € V.
IIIe mocrpoum Oiisepos mukba C' mpes u.

ObsBsBame u 3a Tekyuy BpbX t, C' = (u).

1. Joxamo uma weobxodeno pebpo e = {t,v} npes t, dobasame t wom C,
obssasame e 3a 00T0deHo U vV 3a MeKyYU, 6poT t.

Twoit KaTO MPU BCAKO MPEMWHABAHE IIPE3 IUKbJIA, OPOSIT HA HEOOXOIEHWUTE pe-
6pa HaMaJABa, IUKbBIBT IIE 3aBbPINK ciel KpaeH 6poit crbuku k, u C = (u =
Vo, V1, ... V). Ilpu ToBa TBBHPAMM, Ye v, = u. Haucruna, na nonycHem, de vg # u.
Tbit KaTO ANTOPUTHMBT 3aBbPIIBA, BCHIKA pedpa mpe3 vy ca obxomaenn u Ha k + 1-
Ba CTHIKA HAMA, HEOOXOHeHN pebpa mpe3 vi. Ha cTbhika, HA KOSTO v CTAaBa TEKYIII,
o0OxXoKIaMe eqHO pedpo mpe3 vy 1 OposT Ha 00XOJeHUTe pedpa Mpe3 Ui € HeYeTeH.
Ha cnempaimara cTbhika, ako vy IPECTaHe Ja € TeKYIl, 0DXO0XKIaMme BTOPO pedpo
npe3 v, OpoAT Ha 0OXomeHHTe pedpa Mpe3 v, CTaBa YeTeH. Taka Ha IOCTeIHATa
CTBbIIKA, HA KOATO U CTAaBa TEKYII, OpoAT Ha 00xomeHuTe pebpa mpes3 vy, € HeYeTeH,
HO TOTaBa, AJTOPUTHLMBT 3aBbPIINBA, 3aIM0TO HAMA KaK /13 ce n30epe CJIeIBAII TEKYIIT
BPBbX, BCUYKH pedpa mpe3 vy ca obxomenu. ToBa 03HaYaBa, Y€ TIPE3 Uf UM HEIETEH
Opoit pebpa, KOeTo MPOTUBOPEYN HA YETHOCTTA HA CTEIEHTA Ha, Vf.

2. CuepoBarenmno vy = uw u C e nukbia. Ako C cbabpxka BCuYKH pebpa,
C e Oiinepos nukbi. Unade, C cbabprKa [MOHE €IUH BPbX v;, KOHTO € Kpail Ha
neobxozeno pebpo. Tosa ciemsa or cebp3anHocTTa Ha rpada. IloBrapsame mukbiia
1. ¢ HauajeH BPBX v; KATO CTPOMM HOB IUKBJI C' = (v; = Ug, U1, ... Uy = V;).
Bamensme C ¢ MAKbJIA

C = (’Uo cnUi—1,U0; = UQ, ULy - o - Upy = V5 Vip 1y - - .’Uk)
W OTHOBO Ce BpbIIaMe Ha TOYKa 2.

BropusaT BBHIIEH MUKBJI CHINO IIE 3aBbPIIHU, 3aIMI0TO IPXA BCIKO MPEMUHABAHE
npe3 Hero, 6posAT Ha HeobxomenwTe pebOpa HamassBa. laka B Kpaiina cvmerka C
cbabprka OfIepoB MUKbII. O

AKO IpUIOKUM AJITOPUTHMA K'bM HIpUMepHHUsi rpad ¢ HadajieH BpbX 1 nmosrydaBame

cjIegHaTa MOCIEA0BATECITHOCT OT CTBIIKU:

1. C=(1),t=1.

2. C=(1,2),t =2. 3. C=(1,2,3),t =3.
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X
NN N

4. C=(1,2,3,4),t =4. 7. C=(1,2,3,4,5,3,6),t = 6.

NPSEEENAN

5. C=(1,2,3,4,5),t = 5.
8. C=(1,2,3,4,5,3,6,1),¢t = 1.

\>< \

6. C=(1,2,3,4,5,3),t = 3.

Cera C' e nukbi, HO He Cbibpxka Bcudku pebpa. Craprupame ajiropurbma
OTHOBO C HA4YaJeH BPbX 2, 3aI0TO MMa HEOOXOIEHO pedpo ¢ Kpail 2:

1.0 =(2),t=2.

2. C'=(2,5),t =5. 3. C"=1(2,5,6),t =6.
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4. C' = (2,5,6,2),t = 2.

orC=(1,2,3,4,5,3,6,1)u C' = (2,5,6,2) crpoum muxbaa C = (1,2,5,6,2,3,4,5,6,1).

Tosa e Beue OilIepOB UKL,

Jdeonnunus 6.11. Heka G = (V, E) e rpad u v € V. Iukba npes v, Koiito
ChIIbPXKA BCEKHM BPbX v € V TOYHO NO BEJHDBLK HapudaMe XaMUJITOHOB IMK'bJI.
I'pad, xoiiTo chabprka XaMUITOHOB UKD/, HApHIaMe XaMHUITOHOB Ipad.

3a paznmka ot Oiteposute rpadu, HaMaMme 100pa XapaKTepu3arus Ha XaMUJITOHOBUTE.
Bcee mak e pazriegame enpa rpyna XaMHJITOHOBU T'padu.

JdEonaunmsa 6.12. Byues rpad c pazmeprocr n wHapudame rpad B, = (Vy,, Ey,),
kbaero V, = {0,1}", n-mepnute Gynesn BeKTOpH, a

E, = {{a,f} | @ u B ce pazmmuasar camMo B eJHA TO3WINS }.

Bs e caegauar rpad: B3 e caegauar rpad:

AN
o O @‘@

TBBPAEHUE 6.13. 3a ecarxo n > 2, B, e Xamuamornos zpagp.

JIOKABATEJICTBO. /loka3arescTBOTO € ¢ WHAYKIHS TI0 N.

Xamumrronos nukbi B By e (00), (01), (11), (10), (00).

Heka TBbpaenmnero e B cuia 3a B, W HeKa «a1,Qs,...Qsn, Q] € XaMUJITOHOB
nukbaI B B,. Torasa

Oaq, 0ag, . ..0agn-1,0a9n, lagn, lagn-1, ... las, lag, 0ay

e XaMuJITOHOB IUKBJI B By 11 O
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2. JIbpBera

ITle mamem mBe medmuaMIME Ha CTPpyKTypata abpBo. IlbpBara mokassa, dUe
JIIbPBOTO € CHenuaieH ciydail Ha rpad, a Bropara JaBa UHTYUIUS 33 CTPYKTypaTa
HA €HO ITbPBO.

Jdeounnuus 6.14. T'pad D = (V, E), KoiiTo € CBbp3aH U HAMA [UKJIU, HApuIame
J'bPEBO.

Bropara nedunuims e 3a AbpBO, €IWH OT BH3JUTE HA KOUTO Ce HAPUIA KOPEH.
Hedwnunnsita € WHIYKTABHA.

Jdeounnnys 6.15. I'padbr D = ({r},0) e 7bpBO ¢ KOPEH 1 1 €IMHCTBEH JTUCT

T

Heka D = (V, E) e nbpso c kopen r u jaucra li,...l,. Hekav € Vuu ¢ V.
Torasa D' = (V U {u},E U {{v,u}}) e appBo ¢ xopen r. Ako v = [; 3a Haxoe
t=1...n,mcraraua D' caly...l;_1,u,li11,...ln. ARKOv # [;3aBCIKO G =1...7,

To ymucrara Ha, D' ca ly ... 1,,u.

KopeHoBO IbpBO MOXKE 13 Ce H3IOA3Ba 33 ONHCAHHE HA M3pa3 0e3 cKoOU -
[JIABHATA ONEPAIMSA € KOPEH Ha JbPBOTO, JHCTATA CA ATOMAPHUTE CTOWHOCTH B
uspasza. Hanpumep (5 + 2z) — ((y — 3) + (2 — x)) ce upeacrass raka:

e .o

TBBPAEHUE 6.16. Beako kopenoso dspeo e dspso.

JIOKABATEJICTBO. /loKa3aTeyicTBOTO € C MHIYKIWUS M0 AehUHUIINATA, HA KO-
peroso abpBo. padwr D = ({r},0) e cebp3an rpad 6€3 mukmam, 3amoETo MMa
CaMO €JIMH Bb3el.

Heka xopenosoro abpso D = (V, E) e cebp3an rpad 6e3 uukiau. Heka D' =
(VU{u},EU{{v,u}}). Tpabsa na mokaxem, 1e rosa D’ cbmo e cebp3an rpad
6e3 mukan. [a w3bepeMm Mpom3BOaHW ABa Bbpxa B D' - v1,v3. AkO v1 = vy, TO
MM TIbT - TPUBUAJEH ITT C IbJKWAHA HyJIa OT v OO vy. AKO vi,v2 € V, TO 11
u vo ca BbpxoBe B rpada D. ChbriacHo MHIYKIMOHHOTO MPEANOJOKEHNE, TOH €
cebp3an rpad. Cnemoarento wma nbrT B D, or v; 10 vo. Ho Bceku nbr B D e
ubr 1 B D', 3amoro pebpara B D ca pebpa u 8 D'. Taka uma nbr B D or vg
10 vy, IMocnepnuar ciaydail € equH OT BbPXOBETE U] MU V2 Ja € HOBUAT BPbX
u. B.0.0. mexka vy = u. ToraBa vy,v ca BbpxOBe B D W MEXKIy TIX WMa ITI'bT
V1 = U, U2,...U = V. Taka V1 = Up,UuU2,...Ur = V,U € IOIbT B D’ oT v1 OO0
u. Cnemosarenno rpadbr D’ e cbp3an. AKo JOIycHEM, Y€ B HETO UMAa MUKbJI
V1, V2, ...V, V1, TO BCEKU BPbX B IUKbJA U; YIACTBA KATO Kpail HA JBE PA3THMYHA
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pebpa: {vi—1,v;} u {v;,v;11}. HoBuar BpbX u € Kpaiil Ha €IHO €JUHCTBEHO pebpo,

CTIeIOBATENTHO HE YYacTBa B IMUKbJIA. Taka vy, vs,...Ug,01 € IUKbI B D, KOETO
LPOTUBOPEYM Ha MHIyKIHMOHHOTO npejnooxenue. Taka u D' e cebp3an rpad 6e3
[IAKJIA. 0

Eano or ocHOBHHUTE TPEINMCTBA HA CTPYKTypaTa IbPBO € CJIETHOTO CBONCTBO.

TBbPAEHUE 6.17. Hexa D = (V, E) e dspeo u u,v € V. Tozasa mescdy u u
v uma eduncmeen nsm 6 D.

JOKABATEJICTBO. [la momycHem, 4e MEXIy U W ¥ UMa JABA PABIUIHH II'bTS:
U=U... U =VHAU=11...0p =0. [lle nokazkem, ae B D nma nukbia. Heka i e
IbPBATA PA3JINKA MEXKJY IBATA MHTS: U] = U1,Us = Vg ...Uj—1 = Vi1 U U; F ;.
Hexka j e maif- ManakaTa MO3WINA, TaKaBa, de U; Ce CPEIMa M3MENKIY Vi1, ... Um,
HampuMep v;; = ;. TakoBa j CBIECTBYBA, 3aIMOTO Uy, = Uy (§ < k). Taka

Vi—1y---Vj7 = U5, Uj—1,--- Ui, Uj—1

e mukbs B D. HancruHa BCuIky BbPXOBE B TO3U MHUKBJI CA, PA3IHIHA C U3KJIIOTCHIE
HA KpawWIaTa. (Il

3. IlokpwmBamio aAbpPBO

Bceku cebp3an rpadp G = (V) F) uma HOKPUBALIO JAbPBO - JbPBO CbC CHLIUTE
BbpXOBe KaTo (G, HO camo ¢ Jact ot pebpara B G.

Jdeonnnuus 6.18. Heka G = (V, E) e rpad. ITokpusaiio xbpso na G Hapuvame
abpso D = (V, E’), kpaero E' C E.

3a ga mokazkem, 4e BCEKU CBbP3aH rpad uMa IMOKPUBAIIO IbPBO, MIe JOKAKEM
€/1HO IIOMOIIIHO TBbPJEHUE.

TBBPAEHUE 6.19. Hexa G = (V, E) e cespsan 2pag u e € E e pebpo, xoemo
ywacmea 6 yursa 86 G. Tozasa G' = (V,E \ {e}) cowo e cespsan zpad.

JLOKABATENCTBO. Heka e = {z,y}. Heka y,x, 21,22 ... %y = Yy € QUKBIBT, B
KO#TO ydacTBa e. Taka cbracHO JepUHANMATA HA T M IMUKBI B Tpad, e He ce
Cpelia B WbTd &L, X1, T2 ... Ly = Y.

Ha pasriemame aBa NpoOM3BOJIHE BbPXxa Vo,V € V. G e cBbp3an rpad cie-
JIOBATEJIHO UMa T'BT OT ¥y J0 Vg B G, vg,V1...V;. AKO B TO3M II'bT HE YYACTBA
pebporo e, To ToBa e bT B G'. AKO e ydacTBa B TO3M II'bT - HANIpuMeD {v;} Vi1 = €
0 U = T, Vi41 = Y, PA3TIEKIAME CIETHATA PEIUIA:

Vo...Vi—1,V; =T, X1,T2...Tymy =Y = Vij41,Vi42...Vk.

Tora e peanna, B KOATO BCEKW IBA ChCEIHW BhpXa Ca CBLp3ann ¢ pebpo B G
U CJIeNOBATENHO CbryacHO Tebpaenme 6.6 mma mbT 0T vy 10 v B G'. Taka G’ e
cBbp3aH rpad. ([l

TFopHOTO TBBP/IEHUE HU TO3BOJISABA 1A JOKAYKEM, Y€ BCEKU CBbpP3aH rpad uma
MMOKPUBAIIO JbPBO C MPOCT AJTOPUTHM.

TBbPAEHUE 6.20. I'pagp G = (V, E) uma nokpusaw,o 0speo, mozaea U camo
mMo2a6a, K020MO € C8BP3aH.

JIOKABATEJICTBO. Axo G = (V, E) uma nokpusammo abpso D = (V, E'), to
E' C Ewuscexkn ubt B D e bt B G. Illom D e cebpsan rpad, To u G e cBbp3an
rpad.
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Heka cera G = (V, F) e cebp3an rpad. Ilpunarame ciegHus aaropurbm:

Hexa E' = E. [lokamo 6 G' = (V, E') uma yuksa, namupame pebpo e € F’,
Koemo yuacmea 6 yuksa ¢ G' u samename E' ¢ E'\ {e}.

ChriacHo TMPeaumIHOTO TRBPIAEHWE TP BCAKO W3MbIHEHWEe Ha mukbiaa G e
cBbp3an rpad. AJTOPATHMBT 3aBbPIIBA, 3AIIOTO HA BCAKA CTHIKA OPOAT Ha
pebpara B E' mamandasa ¢ equamma. Taka cjel NPUKIIOYBAHE HA AJTOPHUTHMA,
G' = (V,E’) e cebp3an rpad 6e3 uukiiu. O

3.1. ObxoxxmaHe Ha rpadu. ma MHOrO 3a7a49u CBbP3aHU ¢ OOXOXK JAHE HA
rpacdu: 1a ce mpoBepU JAJH MMa I'bT MEXKIy /BA BbpPXa, Ja Ce HaMEePH HAH-KbC
T OT BPBX JO0 BCUYKHM OCTAHAJM, [1a Ce TTOCTPOW TTOKPHUBAIIO IbpBo. VMmame nBa
OCHOBHH METO/Ia 33 00XOXKIaHe Ha rpad: B AbJIOOYNHA U B ITHPOUNHA.

la pazrnemame cienuauat rpad G:

IIle cu Mucaum, 4e TOM € TIpeJCTaBeH Ype3 CIHUCHK OT ChCEICTBO:

al— b d
b|l— a ¢ d e
c|l— b g h
d|l— a b e f g
e|l— b d
fl— d
gl— ¢ d
hl— c

3.1.1. Ob6xooicdane 6 dsabouuna. OCHOBHATA Mesa Ha OOXOXKIaHE B AbJAOOYHHA
e: “moKaTo MoxKeM BbpBHUM Hampesa. Koraro HsMa Kak 1a MPOIbIKUM - BPBITAMe
ce eJlHa CT'bIKA Ha3al’. 3a peaju3alys Ha TO3M aJIPOPUT'bM LIE U3L0/I3BAME CTEK.
CTekbT € CTPYKTypa OT JaHHW, OPraHW3UPAHU HA TMPUHIINIA - MOCIEIEH BJIS3bJI,
npbB u3aa3bia. Ilpenacrasere cu, e mpubupamMe KHUTH B KyTHsl, bPBaTa KHUTA,
[IOCTaBsME€ Ha JbHOTO Ha KyTHATA, BCAKA CJIEABAINA BbLPXY IpeJuinHara. Haii-
OTrOpe CTOM IOCJEIHATa KHUIA, KOITO CMe N0OaBH/IM. 3a Ja JOCTUIHEM II'bPBATA
KHUI'a B KyTUsTa, TPAOBa Ja M3BaJUM BCUYKM ocrTaHa u. JledpuHuiuysra Ha CTEK,
3aeIHO ¢ TpuTe onepanuu top (BpbX Ha CTEKa), pop (U3TpUBAHE HA EJIEMEHT OT
creka) u push (noCaBsiHe Ha €IEMEHT KbM CTE€KA)e MHIYKTUBHA.

Jdeonaunysa 6.21. Ilpasauat crex osnagasame c { }. pop({ }) ={ }, top({ }) =

{}
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Heka S e crek u x e enement. Torasa S’ = push(S,z) e crek. top(S’) = =,
pop(S5’) = S.

Heka G = (V, E) e npoussosen rpad ¢ n Bbpxa u vy € V e HavajleH BPbHX.
ITe mocrpoum cumucvk DFS = ((vg,B), (v1, $(v1)), ... (vn, s(vp)), KOTO BKIIOUBA
BCUYKH BHPXOBE V1 . . . Up ¥ TEXHUTE HEMOCPEJCTBEHU MPEIIIECTBEHUIIN B TIOKPHBA-
moTo bpBo ¢ Koper vy: D = (V, E’), kbaero E' = {{v;,s(v;)} |i=1...n}.

ITTe m3noI3BaMe TTIOMOIIEH CTeK S U TeKym BpbX t. B magamoro DF'S = ((vg, 0))
uS={},t=wvu vy e obxomeH.

Jokamo uma neobxroden epsx 6 V:

(1) Axo uma mneobroden coced v na t, obasasame v 3a 00xoden, dobasame
(v,t) xom cnucex DFS = DFS U {(v,t)}, dobasame t xom cmexa: S =
push(S,t), mexyw, epsx cmasa t == v.

(2) Axo mama meobzroden csced na t, epsuwame ce edna cmsnkae Hazad: t =
top(S), S = pop(S).

3a mrocTparys e TPUIoKUM aJrOpUTbMa KbM MpUMepHHUs Tpad ¢ HadaIeH
BpbX a. ETO KakBHU MOC/IE0BATEHI CTHIKY I TMAaMe:

(1) DFS = ((a,0)),t = 0,5 = { ).
(2) DFS = ((a,0), (b,a)),t =b,5 = {a}.
(3) DFS = ((a,0),(b,a),(c,b)),t =¢,S ={b,a}.
(4) DFS = ((a,0), (b,a),(c,b),(c,9)),t =g,5 ={c,b,a}.
(5) DFS = ((av(b)’ (b,a),(c,b),(c.9),(d,9)),t =d, S ={g,c,b,a}.
(6) DFS = ((a,0), (b a), (c,), (c,). (d 9), (e ). = e, 5 = {d, g, . b a}.
(7) DFS = ((a,0), (b,a), (c,b),(c,9), (d, 9), (e,d)),t = d, S = {g,¢,b,a}.
(8) DFS = ((a7 (2))7 (b7 a’)7 (Cv b)7 (079)7 (dvg)v (e7d)7 (fv d))7t =f,5= {dvg7 ¢, b, a}'
(9) DFS = ((a7 (Z))’ (b7 a)’ (C, b)’ (C, 9),(d, g), (e,d), (f, d))vt =d, 5= {97 ¢, b, a}
(10) DFS = ((CL, (Z))’ (b7 a)’ (Cv b)’ (Cv g)v (d7 9)7 (67d)7 (f7 d))’t =g,5= {C7 b, CL}
(11) DFS = ((a, Q)a (b,a),(c,b),(c.9),(d, 9), (e,d),(f,d)),t = ¢, S = {b,a}.
(12) DFS = ((a.0), (b.a). (c.b). (c. ). (d. 9. (e,). (7.}, (h, ).t = 0§ = {¢,b,a}

B xpaitna cMeTka mosrydaBaMe CJI€THOTO TTOKPUBAIIO THPBO:

—0@
0\0 ©

O6xoxaHe B 1bJji00YMHA € e(PEeKTUBHO LIPY 33Ja4d OT BHJIA - JIa C€ HaMepu
BT B CBBP3aH rpad MeXIy OT BPBHX Ug 0 BPBXU]. 33 IEJNTa e MOIupUIIpaMe
aJTOPUTHMA TIO CICTHNSA HATHH:

B naganoro S ={ }, t = u; u uy e obxozeH.

Joxamo uma t # ug:




3. IOKPUBAIIIO ABHBPBO 81

(1) Axo uma neobxoden coced v wa t, obasasame v 3a 06xoden, dobassame t
kem cmexa: S := push(S,t), mexyw epsr cmasa t := v.
(2) Axo msama meobzoden csced na t, epsuwame ce edna cmsnkae Hazad: t =
top(S), S := pop(S).
[Tpu 3apbpiBane Ha aJIrOpPUTHMa B S 1€ € 3alUCaH ThbPCEHUAT M'bT.
3.1.2. Ob6xooicdane 6 wupowuna. OcHoBHATA UIes Ha 0OXOXKIAHE B IbJIOOINHA,
e: “mokaro mMa HeOOXOMEeH ChCeI, OOXOXKIaMe ¢bcema. JaK KOraTo BCHUKH ChCEIH
ca o0XO/IeHr, MUHABaMe K'bM IIbPBUs 00XOJEH CbCEJl HA TEKyIusa BPpbX . 3a pe-
am3alidsd HA TO3W aJITOPUTHM Ie U3noa3BaMe onamka. Ouaimkara e CTpyKTypa
OT JAHHU, OPTaHU3WPAHU HA MPUHIWIE - TMPHB BIA3BLI, TPHB U3IA3bI. lIpe-
CTaBeTEe CU, B €IUH UJICAJIEH CBAT - OMAIIKA 38 JU(PT, B KOITO HUTO €JUH CKUOP UJIU
CHOYOODIUCT HE ce Tpeaperk ia: TO3U KOUTO e € HAapeausl PbB, MPbB Ie Ce Kadu
na qudra. ledurunusara Ha OMAIIKA, 3a€IHO C TPUTE ONepaIruu top, pop u push
OTHOBO € WH/IyKTHBHA.

JEeonHunmsa 6.22. Ilpasnara omaimka o3nadasame ¢ { }. 3a nes pop({ }) =

top({ }) ={}

Heka Q e omamka u = e exement. Torasa Q' = push(Q, z) e onamka.

n_ | = ako @ ={ };
’”p@)‘{ top(Q), axo Q # { .

Ny ako Q ={ };
pop(Q') = { push(pop(Q),x), ako @ #{ }.

Heka G = (V, E) e npoussosen rpad ¢ n Bbpxa u vy € V e HauajleH BPbHX.
ITe nocrpoum cuucvk BFS = ((vo,0), (v1,8(v1)), - .. (Vn, $(vp)), KOATO BKIIOUBA
BCUYKU BBPXOBE V7 ...VUpn U TEXHUTE HEIIOCPEJACTBEHU IPEAINECCTBEHUIIN B TTIOKPpUBA-
moTo bpBo ¢ Koper vy: D = (V, E’), kbaero E' = {{v;,s(v;)} |i=1...n}.

IIle m3non3Bame momornHa onairka () u Texyiy BpbX t. B mHagamoro BFS =
((v0,M)) mQ ={}, t =wvp m vy e 0BxOeN.

Jokxamo uma neobxroden epsx 6 V:

(1) Axo uma meobzoden csced v na t, obasssame v 3a obxroden, dobassme
(v,t) Kem cnucex BFS = BFS U {(v,t)}, dobasame v xem onawrama:
Q := push(Q,v).

(2) Axo nama neobxoden coced na t, MeKYw, 6PBL CIMAGE NBPEUAT 6PBL HA
onawxama: t = top(Q), @ := pop(Q).

Ba wrocTpanys me IpUIOKKEM AIrOpUTbMa KbM IpuMepHus rpad ¢ HadaaeH
BPbX a. ETO KAKBM 1OC/I€0BATEIHI CT'BIIKK 1€ UMAME:

BFS = ((a,0)),t =0a,Q ={ }.

)

(2) BFS = ((a7®)7 (b,a)),t =a,Q = {b}.

(3) BFS = ((a,0), (b, ), (d, a)).t = a,Q = {b, d}.

(4) BFS = ((a, @), (bya),(d,a)),t =b,Q = {d}.

(5) BFS = ((a,@), (bv (1), (da a)v (Cv b))vt =b,Q = {d’ C}'

(6) BEF'S = ((a,0), (b,a),(d,a),(c,b),(e,b)),t =b,Q ={d,c,e}

(7) BFS = ((a,0), (b,a),(d,a),(c,b),(e,b)),t =d,Q = {c,e}.

(8) BFS = ((a,0), (b, a),(d, a), (c,b),(e,0),(f,d)),t = d,Q = {c,e, f}.

(9) BFS = ((av(b)v (b7 a)’ (da a)v (Cv b)v (67b)a (fa d)? (gad))7t =d,Q = {C,B,f,g}
(10) BES = ((a.0), (b.a). (d.a).(c.b). (e.). (F.d). (9. ).t = &, Q = {e, /.9}
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(11) BFS = ((avw)v (bva)’ (da a)v (C7b)7 (€7b)’ (fv d)? (gad)v (Ca h))vt =cQ= {6, fagvh}'

B kpaiina cmeTka mosygaBaMe CJI€IHOTO MOKPHUBAIIO TbPBO:

O6xoK/1aHe B MIMPOYMHA HAMUPA HAW-KBbCATE I'bTHINA OT HAYATHHAAT BPbX 10
BCUYKHU OCTAHAJIU BbPXOBE B rpada.

JokazaTescTBO Ha TO3U (GAKT, € TEXHUIECKHU CIJIOKHO U IBJITO, 3aI[0TO U3UCKBA,
noapobeH aHAIN3 Ha AJITOPHTHhMA. 34 MLIHOTA e JOOABAM TYK €IHA Bbh3MOXKHA,
ujes 3a J0Ka3aTe/ICTBO:

Heka ¢ d(v) o3HaguM AbJKMHATA HA MUHUMAJIEH ['bT OT HAYAJHULAT BPbHX 10
v. IIbpBO 1€ TTOKazXKeM, CIeTHOTO:

Koraro BpbX v craBa TeKylll, BCHUKN BhpXoBe u ¢ d(u) < d(v) Beve ca Guin
rekymm. HamerwHa, 1a JOMyCHEM 9e v € MbPBHUAT BPbX, KOWTO CTaBa, TEKYIIL TPEIn
apyr Bpbx u € V ¢ d(u) < d(v) na e 6uin u3bpan 3a tekyul. 3adesexere, 4e v # vy,
3amoro d(vg) = 0 u HaAMa BPBX U € HO-KbC ObT 10 vg. Ciies Karo v He € HAaYaJIeH,
TO CTaBa TEKyIIl, 3aI0TO € BPbX Ha omamkara. Toi e mobaBeH K'bM ONAIIKATA,
KOTraTo TEeKyIl BPbX € Oui Hakoit meros cween t. Taka d(t) > d(v) — 1.

BbpxbT 1 CHINO HE € HadasIeH, 3a1l0TO BCe OIle, KOraTo v CTaBa TEKyI, TOi He
e 6un Tekym. Taka BCEKM MHHHUMAJEH ITbT OT vg J0 u MMa abjkuaa k > 1. Jla
B3€MEM €IWMH TAKbB IIbT Vg, U7 ... Uk_1,Ur = u. Jla pasrmegame Bbpxa ug_1. 3a
Hero umame d(ux—1) = d(u)—1 < d(v)—1 < d(t). CoraacHo n3bopa Ha v KaTo IPbB,
KOMTO HapyIIaBa yCJIOBHETO, Uji_1 TpAOBa ma e Oun tekytr npeau t. Ho cbrmacuao
aNTOPUTHMA  IIEe BJIE3HE B ONAINTKATA, HAW-KHCHO TIO BpeMe Ha CTHIKUTE, KOTATO
Ug—1 € TEKYII[ U CJIeJI0BaTEIHO, pean v. [1loM « e mpen v B omarikara, ChbIIacHO
AJTOPUTHMA, TOH IIE € TeKyIl MPEeJN U- KOETO MPOTUBOPEYN Ha JOITyCKAHETO.

a pasriemame mbT vg, V1 . ..Uk = ¥ OT HAYATHHAT BPbBX 10 BPbX U B MOKPHU-
Baoro abpso D. a nouycuem, de d(v;) =i 3a i < k, HO UMa 110 K'bC BT Vg IO V.
Orroso d(v) > 1, 3amoro ako d(v) = 0, To v = vy, a Hal-KbC BT OT Vg 10 Uy B D
€ TPUBHAIHUAT bT ¢ abjokuaa 0. Heka Hali-Kbe BT vy IO U € Vg, UL, . . . Upy = U,
m < k. Taka d(vk—1) =k —1 < m—1 = d(upm—1). CremoBarento u,,_; craBa
TEeKYII IPEIN Vi _1. HO TOraBa airopuTbMbT 1€ OOSIBH U 38 00XOIEH, KOTATO Uy, 1
e TeKylll, U HaMa Ja g06aBu pedporo {v, vk_1} KbM IOKPUBALIOTO JAbPBO, KOraTO
HA IIO-K'bCEH €Tall Vg_1 € TEKYIll, KOETO € IIPOTUBOPEYHe C JOILyCKAHETO.

3.2. MuHMMaJ/IHO HOKpHBAaIO IbpBo. Heka e nauen cebpsan rpad G =
(V,E). Heka ¢ : E — N e dynkmms, KosaT0 3a1aBa [[eHA HA BCSIKO PebpO.

HeonHuiing 6.23. Munnmaaso mokpusBaiio abpso Ha G HapuydaMme 1bpBo D =
(V, Ep) TakoBa, 49e 3a BCIKO ApyTO mMoKpusamo abpeo Ha G, D' = (V, E’) e B cuna
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CJIEAHOTO HEPABEHCTBO:

Z cle) < Z c(e)

e€Ey ecE’

IIle mokazkeM €IHO TBBHP/IEHHE, KOETO 1€ HU TO3BOJIH /13 HAMEPUM aJTOPUTMU
3a HAMWPAHE HA MUHUMAJIHO MMOKPHUBAIIO IbPBO HA CBbP3aH rpad.

TBBPAEHUE 6.24. Hexa U C V u nexa e = {u,v} € E e pebpo maxosa, we
ueU,veV\U u usmesncdy ecuwku pebpa ¢ = {u/,v'} cu' € U uv' € V\U,
pebpomo e e ¢ uat-nucka yena, m.e. c(e) < c(e’). Toeasa G uma MUHUMAAHO
NOKPUGAU 0BPE0, 6 KOEMO YUacmed €.

JLOKA3BATEJICTBO. Heka D(V, Ey) e MUHUMAJIHO TOKPUBAILO AbpBO. la 10-
mycHeM, e e He ydacTBa B Fy. Torasa B D mMa bT OT % 10 U, U = Ug, U7 - . . , Uf = V.
B T03m mbr yuactBa mome emuo pebpo e = {u;,u;41} Takosa, we uw; € U m
uip1 € V\U. Taka B rpada D' = (V, By U {e}) nMa UKBI 0, U = Ug, Uy . . ., U, =
v. Coromaceo Tevprenne 6.19 rpadwr D” = (V, (Eo U {e}) \ {€¢'}) e cBbp3an u
MOXKEM 13, My HAMEPUM MOKPHUBAIIO [IHPBO UM OKpuBamo abpeo (V, F1), KbaeTo
e € Fy C (EgU{e})\ {¢'}. Taka, it kato no ycaosue c(e) < c(e’):

Y)Y cle) < cle).
eckE; e€(EoU{e})\{e'} e€Ey
O

Tosa cBoiiCTBO HU JaBa BbH3MOKHOCT Ja MPHUJIAaramMe TaKa HAPEIEHUTE ATIHH
AJITOPUTMHU 33 HAMHPAHE Ha, MHHUMAJHO IOKPHUBAIIO TbPBO.
OTHOBO 1Ie pa3riesame mpuMepeH rpad, BbpXy KOWTO 13 WIIOCTPUPAME AJIr0-

pUTMUTE.
000
2

1 3
3
000
4 4
3 ‘3

2
© 0-0

3.2.1. Aneopumsm na IIpum. Heka G = (V,E) e cebp3an rpad u Heka ¢ :
E — N e dyukimsa, KoaTo 3aJaBa IeHa Ha BCIAKO pedpo. Amropurbmbr Ha [Tpum
MOCTPOsiBA MUHUMAJTHO MOKPHBAIIO KopeHoBO 1bpBo M ST = (V, Ey) Ha G ¢ KOpeH,
OTHAIpeJI 3a/1a/1€H HaYaJeH BpbX vg € V. 1o Bpeme Ha N3IIbJIHEHAE HA AITOPATHMA,
V'’ me cbabpxa BCHUKE 00XOIeHn mocera pbpxose. Ky C E me cbabpzka pebpara,
KOHTO JI0 MOMEHTA CM€ BKJIIOYHJIU B J'bPBOTO.

B naganoro MST = (V' ={w},E =10).

Hokamo V' # V: namupame pebpo e = {u,v} € E, makosa we u € V', v €
VAV’ u usmescdy ecuuku makusa pebpa, e € ¢ MUHUMBAHA UEHA, .. 3G BCAKO
pebpo ' = {u',v'} € E makosa, we ' € V' uv' € V\ V' umanme, we c(e) < c(e).
Hobasame e xom E', E' := E' U {e} u dobasame v kom V', V' := V' U {v}.
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AJropuTbMbT 3aBbPINIBA, 3aI0TO Ha BCsaKa crbika |V \ V| namasssa ¢ exuauim.
Cormacao Tebpaenue 6.24, M PD e MUHUMATHO TOKPUBAIIO TbPBO.

Crbokure, OT TO3HM AJITOPUTHM, IPHJIOXKEH KbM IPUMEPHHLA rpad ¢ HadajeH
BPBX @ CA CJICJIHNATE:

(1) V! ={a}, E' =0.

) V' ={a,d}, E' = {{a,d}}.
) V' ={a,d,e}, E' = {{a,d},{d,e}}.
) V' ={a,d,e,b}, E' ={{a,d},{d,e},{a,b}}.
) V= {a" d,e,b, C}7 E' = {{LL d} ) {da 6} ) {av b} ) {bv C}}
) V' ={a,d,e,b,c, f}, B = {{a,d},{d,e},{a,b},{b,c},{b, f}}.
) V= {a,d,e,b,c, fag}: E' = {{a7d} ) {d’ e} ) {avb} ’ {b)c} ) {bv f} ) {dag}}'
) V= {a,d,e,b,c, f,g,h}, E' = {{a’d} ’ {dve} ) {a” b} ) {b’ c} ) {baf} ’ {dag} ) {e’h}}'
) V= {a,d,e,b,c,f,g,h,i}, E' = {{a,d},{d,e},{a,b},{b,c},{b,f},{d,g},{e,h},{f,z'}}.

JI'bpBOTO, KOETO Ce MoJyvuaBa, e:
000
2
1 \
00 O
N

3.2.2. Aaseopumsm na Kpyckaa. Bropuar anropurbM 3a HOCTPOSIBAHE HA MUH-
UMAJTHO MOKpUBAIIO AbpBO € Ha Kpyckan. Tyk He e 3amajen orHanpes KOpeH Ha
JIbPBOTO.

Heka orroso G = (V, E) e cebp3an rpad u Heka ¢ : E — N e dyHKIms, KOSTO
3a/1aBa IieHa Ha BCestko pebpo. Heka Gposr Ha pebpara e |E| = n. AnropurbMbT Ha
Kpyckas nocrposiBa MunuMaano nokpusaino abpso M ST = (V, Ey) va G.

2
3
4
)
6
7
8
9

NN AN AN AN AN AN S

(1) Copmupame pebpama 686 6sotcodsuy ped na marnama yena: E = {eq,...e,},
maxa, we c(e1) < c(ea) < ...c(en). Ie usnoassame 6posiw i, KoGmo 6
HaYar0mo e i 1= 1.

(2) Ba ecexu om esproseme v € V cmpoum mpueuasno 0peo ¢ KOpew v:
D, = ({v},0). Hexa D ={D, | ve V}.

(3) Zoxamo uma D cedsporca noseue om edno dspeo: Pasaaesicdame pebpomo
e; = {ui,v;i}. Axo u; u v; ca 6 dee pazauunu dspeema D,,, = (V,,,, Ey,) u
D,, = (Vy,, Ey,), usmpusame mesu dee depsema om D u dobasame 1060
0sp6o Dy, v, = (Vu,, UV, Ey, UE,, U{e;}). Taxa D := (D\{D,,,D,,})U
{Duy, v; }- IIpu eucuru caywau ysesunasame i ¢ edunuya: i =17+ 1.

Coptupanu pedpara OT IPUMEpPHHS Tpad M3TIEKIAT TaKa:

{{a,d},{b,c} {d, e}, {a, b}, {b, f} ,{d, g}, {b; e}
{e;n} {f.i}.{d,n} {e, [} ,{e,i} ,{d, b}, {h,i}}

Crbukure, OT TO3U AJITOPUTHM, TPUIOKEH K'bM IPUMEpHUs rpad ca CIeHuTe.
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(1) i=1D = {({a},0), ({0}, 0), ({c},0), {d}.0), ({e}.0), ({f}.0), ({g},0), ({n},0), ({i},0)}
(2) i=2,D={({a,d},{{a,d}}),({6},0), ({c},0), ({e},0), ({f}.0), ({g}.,0), {A},0), ({i},0)}
(3) i=3,D={({a,d},{{a,d}}),({b,c}, {{b,c}}), ({e},0), ({f}.,0), {g}.0), ({n},0), ({1} ,0)}
(4) i=4,D ={({a,d,e} ,{{a,d} . {d,e}}), ({b,c}, {{b;c}}). ({£}.0), {g}.,0), ({n},0), ({i},0)}
(5) i=5,D={({a,d,e,b,c} ,{{a,d} , {d e}, {b,c} {a,;b}}),({f},0),{g},0),({n},0), {i},0)}
(6) i=6,D={({a,d,e,b,c, f},{{a,d},{d e}, {b,c},{a,b},{b, f}}),({g},0). ({n}.,0), ({i},0)}
(7) i=7D= {({a,d,e,b, G, fag} ) {{a7d} ) {dae} ) {b7 C} ) {avb} ) {bvf} {d g}}) ({h} @), ({7’} @)}
(8) i=8D={({a,d,e,b,c, f, g9}, {{a,d} , {d,e} , {b,c} {a,;b},{b, f},{d, g}}), ({R},0), ({i},0)}
(9) i =9,D ={({a,d,e,b,c, f,g9,h} ,{{a,d} ,{d,e} {b,c} {a,b} ,{b, f} ,{d g} . {e,n}}),({i},0)}

0)
(10) i =10,D = {({a,d,e;b,¢, f,9,h, i}, {{a,d} ; {d, e} ,{b,c} , {a, b}, {b, f} . {d, g}, {e;h} . {[,i}})}

I bpBOTO, KOETO Ce 0JIy4YaBa, € ChIIOTO:
000
2
1 \
00 O
. b s

4. Munumajen mwbt. AjaropurbMm Ha IniikcTpa

Heka G = (V, E) e rpad u veka ¢ : E — N e dyHKIus, KOATO 3a/1aBa [IEHA HA
BCsIKO pebpo. 3amadara, KOATo IIe pa3riieaMe B TO3U Pa3es € Ja Ce HAMEePH IIbT
¢ MUHUMAJTHA TIeHA OT JaJIeH HadaJleH BPbX vy € V, 10 BCHUKH OCTAHAN BbPXOBE.

Jla pasryiegamMe CIeIHUAT IpUMepeH rpad:

o—0

Axo menoBaTa QyHKIHSA € KOHCTAHTATA €IHO, TO 33Ja9aTa 34 MUHAMAJICH I'bT
B rpad OT JaJeH BPbX [0 OCTAHAJIHMTE BbPXOBE CE CBEXKJA JIO 3aJ4aTa 3a Haii-
KbC IbT B rpad OT JaJeH BPbX J0 OCTaHAJIMTE BbpXOoBe. Tasu 3a/a4a, HUE Bede
BAIAXME KaK MOYKEM I3 PENTuM - CTPOUM TIOKPUBAIIO IHPBO 00X0KIAHE B MIMPO-
YMHA, ¢ HAYAJIEH BP'bX - TaJeHUAT. AKO meHoBara GyHKIUS He € KOHCTAHTa, OTHOBO
OUXMe MOLJIH JIa CBEIEM 3aJa9aTa 40 HAMHAPaHe Ha Half-KbC I'bT, KbM rpad KOHTO
nojiyyaBaMe OT JAJieHus [0 CJeJHHus HA4YuH: 33 BCAKO pebpo e € F ¢ c(e) = k
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n06aBsiMe HOBU BbPXOBE U1, Vs ... Uk—1 U 3ameHsaMae pebporo e = {u,v} ¢ pebpara
{U,’Ul} ) {Ul,vQ} g {vk—lvvk}'
Taka B npumeprus rpad, me 3amenum pe6poto {a,b} ¢ nena 4 c:

To3u MOAX01, € N3KTIYATETHO HEMKOHOMUYEH. JIMAKCTPa € IPE ORI CIeTHAS
1n0-7100bP ANTOPUTHM 38 HAMUPAHE HA MUHUMAJIEH I'bT. B HEro BMECTO ONAIIKa,
KAKBATO M3II0JI3BAXME IPU OOXOXKJIAHE B NIMPOUYMHA, IIE M3I0/I3BAME TAKa Hape-
YEeHeTa TIPUOPUTETHA, OTAIKa. lIpuopWTeTHA OmamKa € CTPYKTypa OT JAHHW, B
KOSITO JIOITbJIHUTEIHO C BCEKHM €JIEMEHT CM€ CBbp3aiu KJo4. KIloabT e HAKaKBa
YHUCJIOBA CTOMHOCT, KOSATO 3aJ]aBa MPUOPHUTET HA BCEKM eneMenT. HanpuMep Hue me
M3MI0/I3BAME ITPUOPUTETHA OIAIIKA OT BbPXOBeTE Ha rpada, a 3a K09 Ha BPbX I
U3M0/I3BAME TEKYIATA HU AIPOKCHMAaNUs HA HAH-K'bC I'bT OT BbpPXa /10 HAYATHUS
BpbX. Bpbx Ha mpuwopurerHara omnamka (top(PQ)), 1ie e eJeMeHT ¢ MUHUMAJHA
cToitHocT Ha Kaova. KoraTo m3rpmBaMe eleMeHT OT IpUOPUTETHA OTaIKa, BAHATH
M3TpHUBaMe BbpXa Ha ONAIIKATA.

Hexka vy e nagamausar spbx. JobaBsme Bcuaku Bbpxose v € V' B rpada G KbM
upuopurerHa ouamka PQ), Karo 3a Kiiod ue usnoussame d(v), alpoKCUMaLUsTa
HO 3a IeHaTa Ha MUHUMATHWAT HT OT vy OO0 v. HadalHu CTOMHOCTH 3a TO3M
ko4 ca d(vg) = 0 m d(v) = o0, 3a v # vy. Tekymy BpbX Ie € ¢, B HAYAIOTO
t He e gedpurupan. OOxomeHnTe BHpXOBE IIe chOupame B cnucbhbk S. Ille mmame
U AmpOKCUMAIAA 33 MPEANIECTBEHNKA HA BP'bX U 10 MHHUMAJTHHS I'bT, KOSATO IIE
nasum B s(v). B mauanoro s(vg) = vg, 3a Bceku aApyr BpbX v, s(v) He e JeduHupa.
Taka HaKpas 11€ MOXKEM /13 Bb3CTAHOBUM MUHHMMAJIHUS I'bT OT U J0 U, TOBA ILE €
V0, V1, ...V = U, KbaeTO v; = $(v;41) 32 i =0...k — 1.

Jlokamo uma neobxroden 6psr:

Hexa t = top(PQ), PQ = pop(PQ). Obasasame t 3a obxoden u 20 dobassme
xom S. 3a ecexu csced u ma mexywua epsr t, nposepsasame daau d(u) > d(t) +
c({u,t}) u axo e maxa, npomename cmotinocmma wa xaroua d(u) = d(t) + c({u, t})
u Ha npedwecmeenuka s(u) = t.

CTbIKATE OT TO3M AIrOPUTHM, TPUJIOKEH KbM NpUMepHUs Tpad ¢ HadaIeH
BPbX , Ca CJIETHUTE:

(1) S=0, tz@ PQ = (a,b,c,d,e)
(

d(a) =0, d(b) = 00, d(c) = 00, d(d) = 00, d(e) = 00
s(a) =a, s(b) =0, s(c) =0, s(d) =0, s(e) =0.

(2) S= (a), =a, PQ = (b,¢,d,e)
d(a) =0, d(b) =4, d(c) =2, d(d) = o0, d(e) = o0
5(a) = a, s(b) = @ » 5(c) = a, s(d) = 0, s(e) = 0
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(3) S=(a,¢), t=¢c, PQ = (b,d,e)

d(a) =0,d(b) =3, d(c)=2,d(d) =6, d(e) =T

s(a) =a, s(b) =a, s(c) =a, s(d) =¢, s(e) =c
(4) S=(a,c,b),t=0b, PQ = (d,e)

d(a) =0, d(b) =3, d(c) =2, d(d) =5, de) =6

s(a) =a, s(b) =a, s(c) =a, s(d) =0, s(e) =b
(5) S =(a,c,b,d), t=d, PQ = (d)

d(a) =0, d(b) =3, d(c) =2, d(d) =5, de) =6

s(a) =a, s(b) =a , s(c) =a, s(d) =b, s(e) =b
(6) S =(a,c,b,dye),t=¢e, PQ =)

d(a) =0, d(b) =3, d(c) =2, d(d) =5, d(e) =6

s(a) = a, s(b) =a, s(c) =a, s(d) =b, s(e) =b.
Heka ¢ §(v) o3maUMM meHaTa HA MUHMMAJHHS I'bT OT Vo 10 v. [le mokazkem,

Ye KOraro ajropurbma 3asbpiiu d(v) = 0(v), 3a Bcekn Bpbx v € V. 3a nenra zu
TPSIOBAT CJIETHNUTE JIEMU:

JIEMA 6.25. B nauwanromo wa écexu yuxsa, d(v) > 0(v) sa ecexu epsx v € V

JIOKABATEJICTBO. B Haw1am0To Ha IbpBUS IHUKDBJI, TBHPIAEHUETO € BIPHO, 3a-
woto d(vg) = 0 = §(vg) n d(v) = 0o > §(v) 3a Bceku APyr BPBX 0.
Hexa v.

5. 3agauu 3a ynmpakHeHUe

Bagaua 1. azen e caenuusr rpad: G = (V, E), kbaero V = {1,2,3,4,5,6,7, 8},

E={{1,2},{1,5},{1,6},{2,5},{3,6},{3,7},{3,8},{4,7},{4,8}} . Hamepere:
(1) I'pacduuno upescrassue na G.

Tabmuuaro mpencrassane Ha G.

Croucbk Ha cheeacTso 3a G.

Kaksa e crenenTa Ha BbpxoBere 1,3, 6.

Kaksa e cremenrta Ha G

Cebpsan jm e G.

Hawmepere Tpu pazanunu mbTs ot 1 10 8.

Hawmepete mukba pe3 1 ¢ abakuHa 3.

Oiinepos sim e To3u Tpad?

Bapnaua 2. Heka G = (V, E) e rpad ¢ n Bbpxa.

(1) doxazxkere, ue GposaT Ha BbpxoseTe B G ¢ HeueTHA crerneH e ueren. (M3momns-
Baiire, 4e d(G) = 2|E|)

(2) KakBa e makcumanHara crerneH Ha BpbX B G7 Kaksa e Munnmmanxara
crenex Ha BpbX B G7

(3) Bb3moxkno siu € B G €IHOBPEMEHHO Jja UMA BP'bX C MUHMMAJIHA U BPbX C
MAKCUMAJIHA, CTEIeH.

(4) Kakpa e MmakcuMasHara crened Ha rpada G.

(5) Hokaxere, ue ako n > 2, To B G uMa IOHE /IBa BbPXa C PaBHA CTEIEH.

(6) Hokaskere, 4ye ako |E| > w, To G e CBbp3aH.

3agaua 3. Hawmepere OiisiepoB mukba B G, 3a1a/1eH rapudaHo:
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(1) e 0 e 0
)

3amaua 4. Hawmepere XaMu/ITOHOB IUKDHJ B dYeTupuMepHusa Oymes rpad By.

2

Bagaua 5. Heka D = (V, E) e kopeHoBO abpBo. [Jokazkere, de:
(1) |V]=|E|+ 1.
(2) Ako |V| > 2, 10 B D uma none 1sa Bbpxa CbC crene 1.
(3) Ako B D uma BpbX ¢be crened k, To B D uma 1one k Bbpxa ChC cTeneH 1.

3amaua 6. ['padbr G e 3a7a1eH ¢ TOMOIITa HA CIUCHK Ha ChceacTBO. Hamepere
MOKPUBAIIK IbPBO € 00X0XKTaHe HA rpada B IbI00YNHA U B NIHPOINHA.

1{— 2 4 5
2| — 1 3 4
3|— 2 4 5
(1)4—>123
5/— 1 3 6
6| — 6
1|— 2 4 6 8
2| — 1 8
3| — 5 8
41— 1
(2)5—>367
6|— 1 5
7l — 5 8
8l — 1 2 3 7
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