A.K.bospuyk, I'.Il.I onosau
JADPDPEPEHIIUAJIBHBIE YPABHEHMUS B IPUMEPAX U 3AJTAYAX
Crnparounoe nocobue 1o BeIcIIei MaTeMatuke. T. 5
M.: Dmuropmuan YPCC, 2001. - 384 c.

«CnpaBouHoe mocoOHe IO BHICIIEH MaTeMaTHKe» BBIXOAMT B IATH TOMax H
IpeAcTaBIsieT coboil HOBOE, HCIIPABIEHHOE M CYIIECTBEHHO IONOJIHEHHOE H3/aHUE
«CnpaBoyHOoro mocobus Mo MaTeMaTHIecKOMy aHaIM3y» TeX )K€ aBTOpoB. B HoBoM
U3aHUU 1ocoOue OXBaThIBAE€T TPU KPYMHBIX pa3jiena Kypca BhICHIEH MaTeMaTHKH —
MaTeMaTHJecKuil aHanu3, Teopuio auddepeHIUaTbHEIX YpaBHEHUH, TeopHio QyHKIUH
KOMILIEKCHOW TTEPEMEHHOIA.

Tom 5 oxBarbiBaeT Bce pas3lenbl y4eOHBIX Mporpamm mo audepeHnuanbHBIM
YpaBHEHMSM JUII YHHUBEPCUTETOB M TEXHUUYECKUX BY30B C YIIIyOJIEHHBIM H3YUCHHUEM
MateMatukd. Hapsay ¢ MHHUMaIbHBIMH TEOPETHMYECKUMM CBEICHHSAMH B HEM
cozlepxkutca Oolee CEMHCOT AeTalbHO pa3o0paHHBIX HpuMepoB. Cpexu BONPOCOB,
HECTaHAApPTHHIX U1 TAaKOTO poja MOCOOWi, CIeAyeT OTMETUTH NMPUMEPHI [0 TEOPUH
IPOAODKUMOCTH pelneHus 3ajgadd Kommm, HeNWHEHHBIM YpaBHEHHSAM B YacTHBIX
IPOU3BOJIHBIX IIEPBOTO MOPSAAKA, HEKOTOPHIM YHMCIEHHBIM METOJaM pemeHus
muddepeHIManbHBIX YpaBHEHUH.

ITocobue npegHazHavueHO AJIs CTYJEHTOB, MpenojaBaTelieil U pabOTHUKOB (PU3UKO-
MaTeMaTHYECKUX, SKOHOMHUYECKMX U HWHXEHEPHO-TEXHUIECKUX CIIEHAIBHOCTEH,
CHENMAIMCTOB 10 MPUKIAJHOM MaTeMaTHKe, a TaKkkKe IUI, CaMOCTOATENHHO
M3yJaIONIUX BHICITYI0 MaTEMATHKY.

Ornasnenue

IIpenucioBue

Beenenune

OcHoBHsle nousaTHs. CocraBnenue auddepeHINaNbHIX ypaBHEHUN
OcHogHrle onpenenenus (4) 3agaua Komu (4) IToctpoenue
muddepeHIaTBEHOT0 YPaBHEHHUS 110 33IaHHOMY CeMEHCTBY KpUBBIX (5)
ITpumeps! (5)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI 10

I'maBa 1. lnddepennnanbabie ypaBHEHHA IEPBOT0 MOPSAKA 11

§ 1. YpaBHeHU ¢ pa3aensomMUMUCs NEPEMEHHBIMU 11
JuddepennmansHoe ypaBHEHHE ¢ pa3eNnonmMucs nepeMeHabMH (11)
Pa3nenenue nepeMeHHBIX TUHEHHON 3aMeHOH aprymenTa (11) Ilpumepst
(11)

§2. 'eomerpuueckue U GpU3MUECKUE 3aa9H, TPUBOASAIINE K YPABHEHUSM C 15
pa3aenAIoMUMUCS IEPEMEHHBIMU
Hcnons3oBaHue reOMeTpUIECKOT0 CMBICTIA TPOoU3BOAHOI (15)

Hcnons3oBanue pusuaeckoro cMeicia nmpousBoanoi (15) Ipumeps! (15)

§ 3. OnHOpOAHBIE YpaBHEHHS M YPAaBHEHUS, IPUBOASAIINECS K HUM 29
OmnopogHoe ypaBHeHue (29) YpaBHeHUe, cBoANMOE kK oxHOpoaHOMY (30)
0O606menno-ogHOpoHOe ypaBHeHue (30) ITpumeps! (30)

§ 4. JIuneliHbIe ypaBHEHU U YPaBHEHHUS, IPUBOAIIHNECS K HUM 39
Jluneiinoe ypaBHeHHe nepBoro nopsaka (39) O6MeH ponsaMu MexXIy
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¢byskuueit u aprymesToM (39) YpaBHeHUs, IPUBOUMEIE K TMHEHHBIM
(39) Ypasrenue Munaunara — J{apOy (40) IIpumeps! (40)

§ 5. YpaBrenus B monHex quddepennuanax. MTHTerpupyomuii MHOXHUTEh
VYpaBHeHue B monHbIX quddepennuanax (53) Uarerpupyrommuit
MHOXuTeNb (53) [luddepennuansHoe ypaBHEHUE I UHTETPUPYIOMIETO
MHoxurens (54) Ilpumeps! (54)

§ 6. YpaBuenue Oiinepa — Pukkatu
VYpaBrenue Jiinepa — Pukkaru. CnenuansHoe ypasHeHue Pukkaru (67)
Kanonuueckoe ypasHeHue Jitnepa — Puxkatu (67) IIpumeps! (67)

§ 7. YpaBHeHus, He pa3pelICHHBIE OTHOCUTEIBHO MMPOU3BOIHOMN
VYpaBHEHUE, HE pa3pelIeHHOE OTHOCUTEIBHO POU3BOAHOM (73) O6muit
unHTerpan ypasaenus F(y')=0 (73) IlpencraBnenue pemeHus B
napametpudeckoit popme. Paspenienue HenonHbIX ypaBHeHui ( 73)
ITpumepsr (74)

§ 8. CymecTBOBaHME ¥ €IUHCTBEHHOCTh PEIICHUS
Teopems! ITukapa, Ileano u Ocryna (82) CymecTtBoBaHue U
€IMHCTBEHHOCTh pelneHus 3ajauu Komm s ypaBHeHUs, He
Pa3pemeHHOro OTHOCUTENBHO Npou3BoAHo# (82) IIpogomkenue pemeHus
3anaun Komm (82) CymiecTBoBaHME U €TUHCTBEHHOCTh PEIIEHUS
BekTopHo# 3anauu Komwu (83) ITpumepsr (83)

§ 9. Ocobrle pemenus

Ocob6oe pemenue. JluckpumuHanTHas kpuBas (99) Orubaromas kak ocoboe
pemenue (100) Ipumepsr (100)

§ 10. 3agauu Ha TpaekTOpUU
M3oronansHbIe U OpTOTrOHATLHEIE TpaekTopuu (106) OBomtoTa 1
sBonbBeHTa (106) IIpumepsr (107)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI

I'nasa 2. {updepennnanbubie YyDPABHEHHS BHICIINX MOPAIKOB

§ 1. Bunbl vHTErpHpy€EMBIX HENMHEHHBIX YpaBHEHU

JuddepenmansHoe ypapaenue suma F(x, ™) =0 (114)
Juddepenmmansroe ypapnenue suma F(y™ ", y™)=0 (114)
Juddepenmmansroe ypapaenue suga F(y™ >, y™) =0 (114) Ipumepsr
(115)

§ 2. YpaBHeHUs, 1OMyCKAOMKE TOHKEHUE MOPSAKA
JTuddepenmmansroe ypasaenue suma F(x, y©,y*, . y™)=0 (122)
JTuddepenmmansroe ypaaenue uma F(y,y',...,y")=0 (122)
OnHopoaHoe muddepeHnuanbaoe ypasHenue Buaa F(x,y,",...,y™)=0
(122) O606menHOE ogHOpOoaHOE AuddepeHIIHaThHOE ypaBHEHUE BIIA
F(x,9,¥",...y™)=0 (122) YpaBHeHue, NPUBOIUMOE K BUITY
(@(%, 3,5, " ))'= 0 (123) Hpumepsr (123)

§ 3. JIuneiinsie quddepeHMaAIbHBIE YPaBHEHHS C TOCTOSHHBIMU

53

67

73

82

99

106

112
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114

122

135



ko3¢ dunuesTaMu

Jluneitnoe nuddepeHnuanbHOe ypaBHEHHUE 7 -TO MOPSJIKA C MOCTOSHHBIMU
ko3¢ dunrenTamu. Xapakrepuctuiaeckoe ypasHeHue. Obmee perieHue
(135) ITouck yacTHOTO PEMICHUS TUHEHHOTO YPaBHEHHUS A-TO TTOPSIKA C
MOCTOSHHBIMH K03 ()(PUITHEHTaMHI METOOM HEOIIPEAeTIEHHBIX

ko3¢ puruerToB (136) Meton Bapranuy MPOU3BOILHBIX TOCTOSHHBIX
(136) Meroxa Komru HaxoxIeH!S YaCTHOTO PENIEHUS HEOHOPOIHOTO
nmuHelHoTo AU depeHInanbHOTO YpaBHEHH #-TO MOpAAKa C
noctosHHEIMH ko3 dunuentamu (137) Ipumepst (137)

§ 4. JIuneiinsie nuddepeHnmanbHbIe ypaBHEHHS ¢ IEPEMEHHBIMU 150
ko3¢ dunuesTaMu
Jluneitnoe nuddepeHnuanbHOe ypaBHEHUE #-T'0 TIOPAAKA C TEPEMEHHBIMU
ko3 dunuentamu. JIuneitno 3aBucuMsle pyHkuu. Onpenenurens
Bponckoro (150) Kpurepuii nuneiinoit HezaBucumoctu ¢pysknuit (151)
OdynnamenTanbHas cuctema pemenuit (151) ®opmyna Octporpaackoro
— JIuyBumna (151) Obmee pemeHre HEOAHOPOAHOTO JTUHEHHOTO
Mg depeHIHaTBEHOTO YPaBHEHUS C TEpeMEHHBIME K03 dUIeHTaMu
(151) Vpasuenue Jiinepa. YpaBuenue UebOrmena (152)
Juddepennuansaeie ypaBHeHHs Broporo nopsaaka (152) Ceass Mexay
TuHEeHHBIM AU depeHIHaNbHEIM ypaBHEHHEM BTOPOT'O OPSIKA U
ypaBHeHHeM JOitnepa — Pukkaru (152) Ceeaenue nuseitHOTO
middepeHIHaATBEHOTO YPaBHEHUS BTOPOTO MOPAIKa C IEPEMEHHBIMHU
K03 (UITHEHTaMH K YPaBHEHUIO C MOCTOSHHBIMU ko3 dunmentamu (153)
06 acuMnITOTHYECKOM NOBEACHUH pelieHuit TuddepeHIaIbsHBIX
ypaBHeHMi1 Broporo nopsaka (153) Ilpumeps (153)

§ 5. KpaeBrbie 3agaun 169
Ompenenenue kpaeroit 3agauu (169) Oynkuus I'puHa kpaeBoi 3a1auu
(170) 3agaua llItypma — JInysumns (170) YcrnoBue 5KBUBAIEHTHOCTH
KpaeBo# 3a1aum uHTErpaibHOMY ypaBHeHUIO (170) IIpumepsr (170)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI 180
I'maBa 3. Cucrems! audpepeHnnaibHbIX yPABHEHAH 182
§ 1. JIunelHbBIE CUCTEMBI 182

HeonHopoanas cucrema nuHeHHBIX AuddepeHnInanbHbIX ypaBHEHUH C
nepeMeHHBIME ko3 dunrentamu. OyHaaMeHTaIbHas MaTpuUIla
ypaBHeHus. Onpenenurens Bporckoro (182) Merox Bapuaruu
pou3BOIEHOTO BekTopa (183) Marpumnanrt (183) HeogHnopoaHsie
JTUHENHHBIE CUCTEMBI C TIOCTOSHHBIME Koaddunuentamu. Merton Jitnepa
(184) ITpumeps! (184)
§ 2. HenunueliHble CHCTEMBI 200
HopmansHasie cucreMsl aAuddepeHnnanbHbIX ypaBHeHUN. Meton
uckmouenus (200) Iloabop unTerprpyemux komOunamnmii (201)
ITpumeps! (201)
VipaxxHeHus AJI CaMOCTOATENLHOM paboThI 211
I'raBa 4. YpaBHeHnsi B YaCTHBIX NPOA3BOAHLIX IIEPBOT0 NOPAIKA 212



§ 1. JIuneliHbIe ¥ KBa3WIMHEHHBIE YPAaBHEHH
OcHoBHEIe noHATHA (212) Pemenne kBa3sUIMHEHHOTO YpaBHEHUS B
JacTHBIX POU3BOAHBIX NEpBOro nopsaka (212) 3agava Komm (272)
Vpasuenue [1dpadda (213) ITpumeps! (213)

§ 2. HenuHeliHbIE ypaBHEHMS IEPBOTO MOPSAKA
Henunreiinple ypaBHEHUs B YaCTHBIX IIPOU3BOAHBIX MIEPBOTO MOPSIKA
(228) Pemenue 3a1a4uM 0 HaX0XICHUM UHTETPAIbHOM TIOBEPXHOCTH,
IpoXOAANIeH depes 3aanHy0 kKpuBymo (228) Merox Komm (229)
0O606menue Metona Komu (229) ITpumeps! (229)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI

I'maBa 5. [Ipu6imkennbie MeToAbI pemenns Tu(depeHIAATLHBIX
YpPaBHEHHIH

§ 1. 3aBucUMOCTS pemeHus OT Ha4YalbHBIX YCIOBHH U IapaMeTpOB
06 onenke norpemuoctTy npubnxenHoro pemenus (240) O6 oTeickaHuN
IPOM3BOJHBIX OT pemeHuit no napametpy (240) Ilpumepsr (241)

§2. AnamuTHdeckue MpUOIMKEHHBIE METOBI
Mertoa creneHHBIX panoB (246) Meroa manoro napamerpa (247)
ITpumeps! (247)

§ 3. Uucnennsle MeTo 5! penenus AuddepeHnnanbHbIX YpaBHEHUH
Merton Diinepa k-ro nopsaaka (266) Merox Pyare — Kytra 4-ro nopsaka
(267) Meton LItepmepa (267) Ilpumeps! (267)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI

I'raBa 6. YcroitunBocTh H (a30BbIC TPACKTOPHH

§ 1. YcroitumBocTh
VYcroituuBocTh 1o JIamyHoBY. AcuMnToTHYeCKas yCTOWIUBOCTS (274)
HccnenoBanue Ha yCTOWIUBOCTH O MEPBOMY ITPUOIMIKEHHUIO: TIEpBast
teopeMa JlsmyHoBa (274) Uccnenoranue Ha yCTOWIMBOCTD C TOMOIIIBIO
dynkumii JIsmynoBa: Bropas Teopema JlsmynoBa (275) YcnoBus
OTPUILIATEIIFHOCTHU BCEX ACUCTBUTENBHBIX 9acTei KOpHEH ypaBHEHUS

aN' +aXN " +..+a,_ A+a, =0,a,>0, c nelicTBUTENLHEIMU

k0o purnmentamu (275) Ipumeps (276)
§ 2. OcobOble TOUKH
Onpenenenue ocoObIX Touek U ux kinaccupukamus (292) Ilpakruaeckue
IpUEMBI UccaenoBaHus 0coObIx Touek (293) Ilpumepsr (294)
§ 3. da3oBas MIOCKOCTh
OcHognrle nonsatus (305) Iocrpoenue daszororo noprpera (305)
IIpenensusie mukins! (306) IIpu3Haku OTCYTCTBUS NPEAETbHBIX ITUKIOB
(306) ITpusnaku Hanuums npeaenbHeIX MUKIoB (306) Ipumeps (307)
VipaxxHeHus AJI CaMOCTOATENLHOM paboThI
I'maBa 7. Meron mATErpaJbHbIX NpeodpazoBanuii Jlannaca pemennst
JIMHCHHBIX AAd PepeHnnaIbLHBIX yPABHECHAH
§ 1. IIpeobpasoBanue Jlamnaca. OCHOBHBIE TIOHATHS U CBOKMCTBA
Opurunan u uzobpaxenue (323) CroiicTBa npeobpaszoBanus Jlamnaca
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(324) ITpumeps! (325)

§ 2. Creprka dynxuii. TeopeMsl pa3noxeHUs 336
Ompenenenue cBeptku (336) Teopema ymuoxenus (3. bopens) (336)
O606mennas Teopema ymMHOX)eHHA (A. M. Odpoca) (336) Popmynst
Joamens (337) Ipumepsr (337)

§3. O6parroe npeobpazosanue Jlannaca 339
®opmyna obpamenus Pumana — Mennuna (339) Crenenus us teopuu
byskuii komiekcHoro nepeMenHoro (340) Teopems! paznoxenus (341)
ITpumeps! (342)

§ 4. JIuneitnpie muddepeHmanbHbE YpaBHEHUS U CUCTEMBI 346
HHrerpupoBanue ypaBHEHHHN C TOCTOSHHBIMEU K02 dunmentamu (346)
Pemenue cucrem nmuHeHHBIX U depeHIUaTBHBIX YpaBHEHUH C
HOCTOSTHHBIMU k03 unuentamu (347) Penenue ypaBHeHUI ¢ HyJI€BBIMU
HavYaJIbHBIMH YCJIOBUSMH NpH MTOMOIH uHTerpaia J{roamens (347)

ITpumeps! (347)

§ 5. UnrerpansHele ypaBHeHUs THIIA cBEpTKU. OcoOble ypaBHEHUS 357
HuTerpansHble ypaBHeHUs Trna cBepTkH (357) MHTErpansHble ypaBHEHUS
BTOpOro poaa (358) UHrerpansHble ypaBHeHUS niepBoro poaa (359)

Oco6rle uHTerpansHele ypaBHeHUs. MHTerpansHoe ypasHeHue Abemns

(359) ITpumeps! (360)
§ 6. IlpuMmeHeHMEe ONEepaIMOHHOTO UCUUCIICHHS K PEIICHUIO YPaBHEHHUH ¢© 366
JaCTHBIMH POU3BOXHBIMHU
ITpumeps! (367)
VipaxxHeHus AJI1 CaMOCTOATENLHOM paboThI 370
OtBeThl 372
IIpenmeTHsI ykazaTens 377

IIpenmeTHBII yka3aTens

Hacrosmuuii npemMeTHBI yKa3aTels TPH3BaH OONErdWTH IOMCK TEPMHUHOB IO an(aBHTHOMY
npI3HaKy. [l moucka TEPMHHOB IO TEMAaTHISCKOMY NPH3HAKY HOJIB3YyHTECh MOAPOGHO COCTABICHHEIM
OTTIaBJICHUEM.

B ykazarene, kak IpaBHIIO, IPHUBOITCS CCHUIKH TONBKO HAa CTPAHMILY, COICPKAIIYI0 ONpEIICICHNS
TEPMHMHA; COCTABHTENE YKAa3aTeJsl HE CTABMII CBOSH LIENBI0 OTCICAWTH BCE YINOMMHAHUS NPHBEICHHBIX
TEPMHHOB B TeKcTe. VCKIIOUWEHHE COCTAaBIIIOT TEPMHHEI, OINCHIBAIONINE METOABI, IIPHEMEL,
MPaKTHIECKHE PEe3yAbTATHL: I HUX B HEKOTOPHEIX CIydasX HOCITE HOMEPOB CTPAHHMI] KypCHBOM YKa3aHBI
TaKXKe 3a]a4H, B KOTOPBIX OHH HCIIONB3YIOTCS CYIECTBEHHEIM 00pa3oM.

C uenbl0 yMeHBIDEHMS TPOMO3IKOCTH YKa3zarensi BMecTo TepmuHa "muddepenumansHoe(bie)
ypaBHeHHe(s1)" IpUMeEHsIeTCs CoKparienue "1. y.".

A Bepnynnm ypasuenue, 39, 115, 97, 99,
Abens 101, 103, 106, 168, 265, 447

— ypaBHEHHE UHTETpalbHOE, 359 Buxapu nemma, 83, 201, 202

— — dopmymna, 159, 363, 364 Bopens Teopema ymHoxkenus, 336, 711-
actpouna, 111 715, 719, 720, 740, 752, 753, 762
b B

BenaukcoHa npu3HaK OTCYTCTBUSA BHJI KAHOHUYECKUIT IMHEWHOTO [, y. 2-T0

MpeAeNbHBIX MUKIO0B, 306, 672, 675 nopsaka, 152



BoasTeppa ypaBHeHHE HHTETpATBHOE

— 1-ro pona, 358

— 2-ro poaa, 358

— ocoboe, 359

Bponckoro

— Marpuia, 182

— ompegenurens, 151, 183

BeIueT pyHkuu, 340

r

T'ecce

— nipueM, 208, 460-462

— cucrema, 208

runepborna BeIpoxAeHHas, 18

I'puna pynxmus kpaeBoii 3agauu, 170,
393-406

I'ypBumna marpuia, 275, 616-619, 621,
622, 624-627

A

Jroamens

— uHTerpansl, 337

— ¢dopmynsl, 337, 347, 721, 742-744,
766

3

3aavya

— Kommy, 4

— — BEKTOpHas, 83

— KpaeBas, 169

— — HecTanuoHapHasi, 367

— IlItypma—JInysunns, 170

— —, coOcTBeHHbIe 3HaueHus, 170

— —, cobcTBeHHbIe pyHKIUY, 170

3HAYEHUS COOCTBEHHEIE 3aaUl
typma—IJInysumis, 170

"

WHBApUaHT JUHEHHOTO A. Y. 2-TO
nopsjka, 152

HHTETpa

— BepoaTHocTH, 338, 715-718, 724, 733

— TIONHBIH, 228

— CHCTEMBHI [. y. nepBbIii, 201

HWHTETPaJIbI

— Jlroamens, 337

— He3aBHCHUMEIE, 201

UHTErpupyemMas komOunamus, 201

HHTETPUPYIONIUI MHOXKHUTEND, 53

K

KaHOHUYECKUH BUJ IMHEWHOTO [, y. 2-TO
nopsajka, 152

Knepo ypaBrenue, 78, 191, 194

KocuHyc-uHTerpan ®penens, 334, 707,
712,713, 763

Kommu

— 3ama4a,4

— — BEKTOpHas, 83

— METOJ

— — OTBICKaHMS MHTErpaIbHON
MoBepXHOCTH, 229, 519—521

— —, 0000menue, 229, 522-524

— OTBICKaHUS YaCTHOTO PeIneHus
HEOAHOPOAHOIO 1. y., 137

— ¢opmyna o BeIeTax, 341

KpaeBas 3aga4a, 169

— HecTanuoHapHas, 367

KpUBas AUCKPUMMHAHTHas, 99

KpUTEpUi

— NMHEWHOW HE3aBUCUMOCTH (yHKIIHH,
151

— JIrenapa—IIlumnapa, 276, 618, 619,
626-628

— Muxaiinosa, 276, 620, 621, 623

— Payca—I'ypBuma, 276, 616, 617, 621,
625

J

Jlarpanxa

— ypaBHeHue, 78, 192, 193

— — BTOpPOTO poAa, 438-440, 629, 630,
750

— ¢ynkms, 582, 629, 630

Jlarpanxxa—IIlapnu meron, 228, 504, 517

Jlannaca npeoGpasoBanue, 324

—, INHEHHOCTH, 324, 686, 688, 710, 734

—, OJHOPOJIHOCTH, 324

Jlesuncona—CmMuTta TeopeMa 0 HATUIHH
MpEeACIBHBIX ITUKIIOB, 306, 676

nemma buxapu, 83, 201, 202

Jlunmuna ycnosue, 82, 240

JInysumns npeobpasosanue, 165, 381—
387



Jlopana psg, 340

—, TJIaBHas 4acTh, 340

—, IpaBWJIbHAs 9acTh, 340

JIsenapa—IIlunapa xpurepuii, 276, 618,
619, 626-628

JlamyHOBa

— Teopema

— — BrOpad, 275, 606-609, 611, 615

— — nepBas (00 ycTOHIMBOCTH 11O
MIEPBOMY NPUOIIDKEHUIO), 274-275,
589-593, 595, 598-600, 602, 615,
630

— ¢ysaxus, 275, 606-615, 630

M

MarpHIa

— BEKTOPHOTO 1. y.

— — MHTerpanbHas, 182

— — (yHgamenTanbHas, 182

— Bponckoro, 182

— I'ypBuma, 275, 616-619, 621, 622, 624-
627

MaTpHIIaHT, 183

METOJ,

— BapHaIun

— — IPOU3BOJIBHOTO BEKTOpa, 183,
429—431

— — IPOU3BOJIbHBIX NOCTOSHHBIX, 39,
136, 151, 87-89, 91-93, 97, 108,
325, 326, 331, 342, 360, 431

— uckmouenus, 200, 408-420, 431, 435,
442,449-451, 453, 454

— Komm

— — OTBICKaHMS UHTETPAITbHON
MOBEpPXHOCTH, 229, 519—521

— — —, 0006menue, 229, 522-524

— — OTBICKAHUS YaCTHOTO PeIeHus
HEOAHOPOAHOTO 1. Y., 137

— Jlarpamxa—IIlapmu, 228, 504, 517

— MaJIoro napamerpa, 247, 559—566,
568

— HeOolpeIeNIeHHBIX KO3 DUITUEHTOB,
136, 141, 315—324, 328, 329, 410,
432

— no00pa UHTErPUPYEMBIX

koMmOuHanmii, 201, 443-448
— MOCNeI0BaTENbHBIX MpuOmnkenui, 111
— pa30bueHus TaHHOTO YpaBHEHUS Ha JIBe
yactH, 53, 149, 154-156, 15S-160
— Pynre—KyTra uncneHHOro peneHus
ny., 267, 572—575
— CTENEHHBIX PAOOB, 246-247, 537-555,

576, 577

— IllTepmepa 4MCICHHOTO pEMIEHHS 1.y .,
267, 575—577

— Diinepa

— — OTBICKaHHUA OOMIEr0 penIeHus
HEOJHOPOAHOU CUCTEMHI 11.y., 184,
420-429, 433,437, 439

— — YHCIIEHHOTO peleHus 1. y., 266,
569—571

Munpaunara—Jlap0Oy ypaBaenue, 40, 106-
109

MuxaiinoBa kputepuii, 276, 620, 621,
623

MHOXUTENh UHTETPUPYIOMHA, 53

o

onpenenurenas Bporckoro, 151, 183

Ocryna teopema, 82

Octporpaackoro—JIuysumis popmyna,
151, 362, 363

II

IIeano Teopema, 82

IIuxapa Teopema, 82, 199-204, 207

II0CKOCTH (ha3zoBas, 305

nokasarens pocra QpyHkiuu, 323

noioc, 340

NOpA0K nomitoca, 340

npeoOpa3oBaHue

— Jlamnaca, 324

, TUHEHHOCTE, 324, 686, 688, 710,

734

——, OTHOPOJIHOCTB, 324

— JInyBus, 165, 381-387

mpueM I'ecce, 208, 460-462

MIPU3HAK OTCYTCTBUS NPEAEITEHAIX ITUKIOB

— Benmukcona, 306, 672, 675

— Ilyanxkape, 306, 673, 678

npocTpancTBo azoroe, 305




Ilyankape npusHaK OTCYTCTBHS
MpeACNbHBIX UKIOB, 306, 673, 678

I1dadda ypasrenne, 213, 233, 491-500,
503, 505-508, 511, 517

P

Payca—TI ypBuna kpurepuii, 276, 676,
6/7, 621, 625

Peiiccura Teopema 0 HaTUINH
MpeAeNbHBIX MUKI0B, 306—307,
677

penieHue

—-mudepeHnuanbHOro ypaBHEHU

— — H30IHMpoBaHHOE, 105

— — ocoboe, 99

— 3amaun Komu

— — obmee, 4

— — 9acTHOE, 4

— HEyCTOWYMBOE B cMBIcIe JIAmyHOBa,
274

— — OOBIKHOBEHHOTO [I. Y. 7 -TO
nopsjxka, 4

— YCTOWYIHUBOE

— — acCMMITOTHYECKH, 274

— — no JIamyHoBYy, 274

Puxkatu ypaBHEHHE ClienUaIbHOE, 67,
70—71, 164—167, 169-171

Pomana—Memuna dopmyna obpamreHus,
339-340

Pynre—KyTra MeTo1 9MCIE€HHOTO
pemienus 1. y., 267, 572—575

pPAA

— Jlopana, 340

, TIaBHas 4acTh, 340

——, IpaBWJIbHAs 9acTh, 340

— ®ypse, 556-558, 728

C

camoconpsbkeHHas opMa TMHEHHOTO JI.
y. 2-To nopsaka, 152

cenno,293 cuHyc UHTETpanbHBIHA, 335

— runepbonuaeckuit, 335

cunyc-unterpan ®@penens, 334, 707, 712,
713,763

CUCTEMA

—T'ecce, 208

— NUHEHHBIX 1. y.

— — aBToHOMHas, 305

— — HeoaHOopoaHasd, 182, 184

— — HopManbHas, 200

— — ojHopoaHas, 182

— pelIeHu OQHOPOAHOTO 1. Y.
dbyHaameHTanpHas, 151

ckopoctb (azoBad, 305

T

TeopeMa

— 3ama3neiBanmi, 324, 689, 739, 741,
768

— Jlesuncona—CMuTa 0 HATMIUU
MpeACIbHBIX ITUKIIOB, 306, 676

— JlamyHoBa

— — BTOpad, 275, 606-609, 611, 615

— — nepBas (00 ycTOHIMBOCTH IO
MepBOMY NpUOITIKEHUI0), 274-275,
5*9-595, 595, 598-600, 602, 615,
630

— o nuddepeHITupOBaHUN

— — u300paxkeHus npeoOpa3oBaHUs
Jlannaca, 325, 704—706, 723, 749

— — opuTrHHalIa IpeoOpa3oBaHus
Jlanmaca, 324, 700—702, 740

— 0 TUHEWHOCTH NpeoOpa3oBaHuUsL
Jlannaca, 324, 686, 688, 710, 734

— O MPEAENBbHBIX COOTHOMEHMX, 325

— 0 CYIIECTBOBAaHUM U €IUHCTBEHHOCTH
pemenus 3axauu Kommu, 82

— 00 UHTErpUPOBaHUU

— — u300paxkeHus npeoOpa3oBaHUs
Jlammnaca, 325, 708—710, 732

— — opuTrHHalIa IpeoOpa3oBaHus
Jlarmnmaca, 325, 707, 708, 718, 724,
733,742

— 00 0gHOPOIHOCTH peodpa3oBaHus
Jlamnaca, 324

— onepexenus, 324

— Ocrypa, 82

— Ileano, 82

— IMukapa, 82, 199-204, 207

— nogodus, 324, 6*7, 6*9, 765

— pa3noKeHUs



— — BTOpad, 342, 725, 727, 728, 736,
738, 739, 741, 743-745, 747, 750,
751,767

— — mepBas, 341, 729

— Peiiccura 0 Hanu4Iuy MpeAeIbHbBIX
nukios, 306—307, 677

— cMemeHus, 324, 699, 7Y5, 734

— YMHOXEHUS

— — 0606menHas A. M. Ddpoca, 336,
764

— — O.bopens, 336, 711-715, 719, 720,
740, 752, 753, 762

— Yeraea 0 HEYCTOWIUBOCTH, 275,
612—614

TOYKa

— pa3BETBIICHHS MHOT'O3HATHOU
bysKmy, 342

— CHCTEMBI JBYX 1. Y. IEPBOTO NOPsAAKA
ocobas, 293

— (yskMu ocobas

— — OJIHO3HAYHOTO XapakTepa, 340

— — ycrpanumas, 340

— (GyHKIMM CymecTBeHHO ocobas, 340

TPaeKTOpUH

— u3oroHaabHele, 106

— Ha (a3oBoii miockoctu. 305

— oproroHainbHele, 106

Y

y3en, 293

— BBIPOXACHHBIH, 293

— JUKPUTHIECKHH, 293

ypaBHEHHE

— bepnymny, 39, 115, 97, 99, 101, 103,
106, 168, 265, 447

— B YaCTHBIX ITPOU3BOIHBIX

— — runepbonudyeckoro Tuna, 366

— — KBasWIMHEWHOe 1-ro nopsaaka, 212

— — HenuHeHoe 1-ro nopsaaka, 228

— — napabonudeckoro Tuna, 366

— muddepeHnuanbHOE

— — n-TO nopsaKa, 4

— — — KaHOHHYECKOE, 4

— — B ONHAIX Auddepennuanax, 53

— — JI7Is1 UHTETPUPYIONIET0 MHOKUTES,

54

— — JIWHelHoe

— — — 1-ro nopsgka, 39

— — — 2-ro nopsgka, 152

— — — —, UHBApHaHr, 152

— — — —, KaHOHWYeCKuH Buj, 152

— — — —, camoconpspkeHHas GopMa,
152

— — — n-ro nopsaaka, 135, 150

— — — — HeoAHOopoAHOe, 135

— — — — oAHOpoAHOe, 135

— — HE pa3pelmeHHoe OTHOCUTENILHO
MIPOU3BOAHOM, 73

— — 00600menHo0-oaHOpOAHOE, 30, 122

— — OJHOPOJHOE, 29

— — OJHOPOJHOE OTHOCUTEIILHO
(GyHKIMY ¥ ee IPOU3BOJIHBIX, 122

— — C Pa3AeNAIOIUMUCS EPEMEHHBIMH,
11

— WHTErpajIbHOe

— — AbGemns, 359

— — Bonsreppa nuneiiHOE

— — — 1-ro poma, 358

— —— 2-ro poxa, 358

— —— ocoboe, 359

— — ®pearonsma

— — — 1-ro poma, 357

— —— 2-ro poxa, 357

— — — OAHOpOAHOE, 357

— —— ocoboe, 359

— Kiepo, 78, 191, 194

— Jlarpanxa, 78, 192, 193

— — BTOpPOTO poAa, 438-440, 629, 630,
750

— Munguara—/ap0y, 40, 106-109

— Ildadda, 213, 233, 491-500, 503, 505-
508, 511, 517

— Puxkatu crienuansuoe, 67, 70-71,
164-167, 169-171

— XapakTtepuctuieckoe, 136, 184

— YeOnimeBa, 152

— Diinepa, 152, 371, 372, 39]

— Oiinepa—Pukxkary, 67, 152, 163, 282

— — KaHOHHYECKoe, 67, 172



ycnosue Jlunmuna, 82, 240

o

dokyc, 293

dbopma

— BEKTOpHAs CUCTEMEI JIMHEHHBIX 1. .,
182

— CaMOCOIPsHKEHHAS TUHEHHOTO 1. Y. 2-
ro nmopsjka, 152

— CHMMeETpHYECKas HOPMAIbHOU
CHUCTEMSI 1. y., 201

dhopmyna

— AGens, 159, 363, 364

— Kommu o Bervuerax, 341

— obOpamenus Pumana—MenuHa,
339—340

— OcTtporpaackoro—JInysummns, 151,
362, 363

— IMuonkoBsckoro, 29

dopmynsl JJroamens, 337, 347, 721, 742-
744, 766

®pearonsma ypaBHEHHE HHTETPATBHOE
JTUHEHHOE

— 1-ro pona, 357

— 2-ro pona, 357

— OJHOpPOJHOE, 357

— ocoboe, 359

®peHens

— KocuHyc-uHTerpan, 334, 707, 712,
713,763

— cuHyc-uHTerpai, 334, 707, 712, 713,
763

(dbyHIaMeHTallbHas MaTpUIla BEKTOPHOT'O
oy., 182

(hyHIaMeHTallbHAs CHCTEMa PelIeHMIA
OJHOPOJIHOTO 1. Y., 151

GbyHKITIN

— NMHEWHO 3aBUCUMEIE, 151

— NMHEWHO He3aBUCUMBIe, 151

— cobcTBeHHbIe 3a1auu [lItypma—
JuyBumns, 170

yHKIws

— aHaJIUTHYECKas B oOmactH, 340

— BIUSHMSA 14 3agauau Komm, 137

— ronomopdHas, 340

— I'puna kpaesoii 3axaqn, 170, 393-406

— npobHas, 340

— Jlarpanxa, 582, 629, 630

— JlamyHoga, 275, 606-615, 630

— MmepomopdHas, 340

— MOHOTeHHas B obnmactH, 340

— OJHOPOJHAs CTEMEeHH m, 29

— perynspHas B obmacth, 340

— Xeswucaiina, 323, 679, 733

— — obo6meHnHas, 329, 690-694, 728

— neaad, 340

byHKMg-u300paxkeHne mpeodbpa3oBaHUs
Jlamnaca, 324

— 0000meHHasn, 326

GyHKIMS-OpUTHHAI NpeoOpa3oBaHus
Jlamnaca, 323

— 0000meHHasn, 326

®dypre paxa, S56-SSS, 728

X

XapaKTepUCTUIECKOE ypaBHEHHE, 136,
184

Xesucaiina ¢pynkmnus, 323, 679, 733

— 0b6obmenHnas, 329, 690-694, 728

I0

IeHTp, 293

nenHas auaus, 110

MUK TIpeaenbHbIid, 306

— HeycToWuuBHIH, 306

— NoNyycTOWIHBBIH, 306

— ycroiuussIii, 306

muKionaa, 111

IMuonxoeckoro ¢popmyna, 29

q

4JacTh paga Jlopana

— rnaBHag, 340

— mpaBuibHas, 340

UYeOrImeBa ypaBHeHHe, 152

YeraeBa TeopeMa 0 HEYCTOWIMBOCTH,
275,612—614

I

[IITepMepa METO YUCTIEHHOTO PEIIEHUS
n.y., 267, 575—571

IlItypma—J/InyBumns 3agada, 170

—, coOcTBeHHbIe 3HaueHus, 170



—, cobctBeHHBIE GyHmMH, 170

6]

JBONLBeHTa, 106

9BomoTa, 106

Oiinepa

— METOJ

— — OTBICKaHHUA O0MIEro peneHus
HEOAHOPOAHON CUCTEMEI 1. Y., 184,
420-429, 433, 437,439

— — YHUCIICHHOTO pemieHus 1. y., 266,

569—571

— ypaBHenue, 152, 371, 372, 391

Oiinepa—Puxkkaru ypaBHenue, 67, 152,
163, 282

— KaHOHHYECKoe, 67, 172

Odpoca TeopemMa yMHOKEHUS
o0o0mennas, 336, 764

A

SIAPO MHTErpaIbHOTO ypaBHEHHUS, 357



IIpemucaoBue

IMpeanaraeMas BHUMAHMIO YMTATEJIEH KHUIa [0 3aMBICJTy 8BTOPOB NIPU3BaHa CHOCOOCTBOBAT INTyOOKOMY
YCBOEHMIO TeOpu4 OObIKHOBeHHBIX AudepeHIInaIbHBIX YPABHEHUI C TOMOLBIO IOAPOOHO PELIEHHbIX
HETPUBHAJILHBIX MPUMEPOB U 3a1ay.

CsoeoOpasue npeamera Teopuu AuddepeHUHANbHBIX YPaBHEHUH — €ro oOLIMPHOCTb U TECHas
CBSI3b C TEOPHEH IpenesioB, Teopueit byHKuUMIA, AudPepeHIMATEHBIM U UHTETPAIBHBIM UCYUCITEHUS -
MU, TEOpUENl PSANOB U APYTUMH Pa3ieIaMU MaTEMaTMKU — OIPENeJISIET COOTBETCTBYIOIIYIO CIIELU(UKY
ee Metoaa. CyTh 3T0M cnienuUKY COCTOMT B TOM, UTO METOXL T€OPUM AuddbepeHIHANLHBIX YPaBHEHUIA
€CTh METOJ MATEM3TUYECKOro aHayiu3a. B cBsasu ¢ 3TuM Teopuio auddepeHiiuanbHEIX ypaBHEHUIH He Ge3
OCHOBAHHH CUMUTAIOT JATbHEHIIMM 0000LIEHMEM ¥ PA3BUTHEM MaTEMAaTHUECKOro aHANMU3a Ha KJIACC He-
SBHBIX (DYHKLMIA, 3a1aHHbIX YPABHEHUSIMM, CONEPXAIMMH HEZBUCUMYIO NIEPEMEHHYIO, DYHKIIMIO U €€
nponsBoaHble. Tak, HHTErpajibHOE UCUMCIeH e DYHKLUHU ONHOM IEPEMEHHOI (HaKTUIECKU €CTh TEOPUS
MHTETPUPOBaHMS B 3/IeMeHTApPHbIX QYyHKuMsX npocreiitero kiacca auddepeHIUAIBHBIX YPaBHEHUIH
Bua y = f(z).

IMocoGue oxpatsiBaeT Bce pas3uesibl yueOHbIX nporpamMM 1o JuddepeHInanbHbIM YPaBHEHUSIM [UIS
YHUBEPCUTETOB U TEXHUYECKUX BY30B C YIIyOaeHHbIM M3yYEHUEM MaTEMaTUKU.

Kax e naparpad KHuru cHabxeH HeO0XOIMMbIM MUHUMYMOM TEOPETUYECKMX CBEIEHUIA, UCTIONb-
3yEMBbIX IPH PELIIEHUK COOTBETCTBYIOILMX IPUMEPOB. KpoMe Toro, B KHUIE pa300paHbl HETPATUITMOHHbIE
U1t TAKOTO pojia NOCOOHI MPUMEPBI O TCOPHU NIPOIO/LKMMOCTH PellicHUs 3aiauu Komu, HeTMHEHHBIM
YPaBHEHMSIM B YaCTHBIX NPOU3BOIHBIX MEPBOrO NMOPSIIKA, HEKOTOPBIM YMCIEHHBIM METOLAM PELUeHMS
JuddepeHIMANBHBIX YPaBHEHUH, HAa IPUMEHEHUE IPUZHAKOB CYIIECTBOBAHMS NPEJEIbHBIX LIUKIIOB Ha
(azoBoii mwiockocTH. Kaxnas 171aBa CHaOXeHa yIpaXXHEHUSIMHU ISl CAMOCTOSITENIbHOM paboOTH.

Kiinra comepxuT HOpSIAKa CEMUCOT MOAPOGHO PEIeHHBIX IPUMEPOB U 33134, B3SITHIX U3 CIICAYIOLIUX
y4eOHMKOB ¥ COOPHHKOB 3aiay 1Mo JuddepeHnanbHbIM YPaBHEHUSIM:

Cmenanoe B. B. Kypc nuddepeHnuanbHbix ypapaenuit, M., 1950;

Houmpazun JI. C. O6bIKHOBEHHbIE TudpepeHmanbpHble ypaBHeHUs1. M., 1961;

Dnvceonvy JI. 9. [nddepeHinaNbHbIe YpaBHEHUS M BAPUALIMOHHOE ucuucieHue. M., 1998;

Tyoumenxo . C., Ilaéarox I A., Boakoea B. O. 36ipHuK 3aga4 3 audepeHitianbHux piBHsHb, K.,
1972;

Tonmep H. M., Kysomun P. O. COOpHUK 3a5a4 1o Bbicuieii Maremaruke, 1. 11, 1958;

Duaunnoe A. ©. CoopHUK 3ana4 1o nuddepeHuanbHbIM ypaBHeHuIM, M., 1973;

Ipeuxo JI.T., Cyeaxoe B. H., Tomacesuyu O. D., Dedopuenxo A. M. CGOpHUK 3a1a4 1O TEOPETUYECKOH
dbusuke. M., 1972;

Mapmoinenxo B. C. OnepaunonHoe ucuucnedue. K., 1968;

Kpacuoe M.JI., Kuceree A. H., Maxapenko I'. H. CGO0PHUK 33134 10 OOLIKHOBEHHBIM AubdepeHiu-
IBHBIM ypaBHeHMsIM. M., 1978;

Jawxo I. I, Boapuyx O. K., TI'aii 4. T., Kanaiida O. @. Mudepenimansui pissaus. K., 1981;

Tonoeau T. 11, Kasaiida O.D. 30ipHuK 3anay 3 qudepeHuiaIbHUX Ta iHTETpalbHMX piBHsiHB., K.,
1997.



BBeaenne

OcHoBHbIC TIOHATHA.
Cocrasienne gaddepennnaabubiX ypaBHeHHH

1. OcnoBHBbIe Onpenesiemns.

ObbiKHOBEHHMM OUhPepenyuansHuM ypasrnenuem n-20 nopadka HasplBaeTcs YPaBHEHUE BUIA

7 11
F(z) y)y7y,7"’1y("))=03 (1)
ri¢ F — m3sectHas ¢yHKums, 3agaHHas B HEKOTopoi o6aacty D KOOPAWHATHOTO MPOCTPAHCTBA HeE-
peMeHHBIX Z, ¥, ¥, ..., Y™, T € (o, T,) — apryMenT, y, ¥, ..., y™ — HeussecTHas byHKUMA M ee

TPOU3BOAHBIE, 1 — TOPANOK YPABHEHUS.
IMoxn pewenuem ypasHenus (1) 6ysem noHumars obylo yakumio y = f(x), = € (xo, 1), KoTOpas:
a) MMEET 1 NPOU3BOAHBIX Ha MHTepBaJie (g, 1), IPUYEM

Ve € (@, o) (v, f@), F@), ..., V(@) € D;
©) ymoBieTBopsaeT ypaBHeHH1o (1), T. €. obpalliaeT €ro B TOXIECTBO
F(z, f@, f @, .., f"@) =0 V€ (30, 7).

YpasHeHue (1) Ha3LIBACTCSI MPOUHMEZPUPOBAHHBM, €CITH 11ai1IeHBI BCE €TI0 PELIeHHS.
YpasHenue (1), pa3pelicHHOS OTHOCHUTENBHO CTaplIeii TPOH3BOXHOM y("’, Ha3bIBACTCS KAHOHUYEC-

KuM 1 MMECT BUI
¥ =p(z,y, ¢, y""). @

2. 3apava Kommn.

Mycts byHkumA (2, Y, y’l, ..., 4™ V) HenpeprBHa B 06macTH D KOOPIMHATHOTO NPOCTPAHCTBA
NEPEMEHHBIX &, ¥, I , ..., Yy V. Tpebyercst HaitT untepsan X, comepXamuit TOUKY Zo, ¥ TAKYIO n-
KpaTHo HemnpepbiBHO muddepeHMpyeMyio yHkuuio y = f(x), 410 (:c, f@), f@),..., f‘”“”(:c)) €D,
Korma £ € X, ¥ BBIIOJHSIOTCH YCIOBUS:

D VeeX fO@=¢(z, f@), f@, -0 @)

) fE) =y fEI=¢ -, @)=y

e (20, Yo, ¥6s--- 4" ") € D.

®opmanbHO 3adava Koww nns ypaBHeHMs (2) 3aMHCHIBAETCH B BUIE

y(n) = p(z, yly N y("_l))7 . 3
y@)=w, Y@=t ..., ¥ @)=y9"",
THE Yo, Y0, -+ - yén—l) —— 3JalaHHbIe YUCa. MHOXE~

Kaxmoe KOHKpeTHOe pellieHHe 3a0a4l (3) Ha3wBaeTcsl uacmuuim pelwenuau 3adauu Kowsu. eten
CTBO YaCTHhIX pellieHHi, 3aBUCAILEe OT HapaMeTpoB Zo, Yo, Y0, - - -» y$* D, nasmmaerca oOwuM pew :

3adawu Kowu.
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3. ITocrpoenne muthdrepeRIHAILHOTO YpaBHEHHs N0 33JAHHOMY CeMeliCTBY KPHBBIX.

Hns Toro ytoGel moctpOoUTh AuddepeHMaTbHoe YpaBHEHHE, KOTOPOMY YHOBJIETBOPSIIOT KPUBRHIE
3aJaHHOTO CEMENCTBA
Q(xa Y, Cy, vy Cy) = 0, O]
e C; (i = T, n) — NpOM3BOIBHLIE TOCTOSHHbIE, IPHHAIIEXKALIHE HeKoTopoli o6nacth C, crelyer:
1) n pa3 npoaudbepeHIIMPOBaTh PABEHCTBO (4), CUMTast y n pa3 HenpephIBHO AudxbepeHLIMPyeMOWH
dbynxuueii nepeMeHHO#| T, T.€.

a<1>+a<15 - 32<I>+232<15 ,+32<15 ,z+a<1'> "o
oz By V=5 %2 dz8y y ay? y 3y ’ s
................................................................. )
a"® + + % 0
o T T oy .

2) W3 cootHotueHui (4) u (5) UCKIIOUMTH POU3BOJILHBIE OCTOsAHHBIE Cy, Cy, ..., Cy.

Coctaeuth aubdepeHIMaIbHbIE YPaBHEHUS JaHHbBIX CEMENCTB JIMHUA.
1. 22+ cy’ -2y =0.
« [lycts y = y(x) — HenpepbIBHO IudepeHIIMPyEMOE PellieHHe AaHHOTO ypaBHeHus, rae C —
napaMeTp, He 3aBUCSIIUI OT . Toraa JODKHO BBIIOIHATHCS TOXIECTBO
F(z, C) =2+ Cy’(z) - 2y(z) = 0, 6))
rae £ € X CR, X — nekotopoe mHoxecTBo. DyHkuus F auddepennupyema no . B3sie npouseon-

HYIO, HMEEM
dF(z, C) . ,
B =2z 4+ 2y(x)y ()C -2y (x) =0,

OTKYZ3
y’ - '

C==—— @y 0. 1))
vy vy

IMoncrasus (2) B (1), noayunm auddepeHimanbHoe YpaBHEHUE
@ -y —zy=0»

2. Cy—sinCz =0.
4 AHAJIOTHYHO NPOACTAHHOMY BBILIE IOIYYUM TOXIECTBO
Cy'(x) —CcosCz = 0.
IMpu C = 0 ceMeiicTBO KPUBbIX, IUIs1 KOTOPBIX cocTaBisieTcs nuddepeHuuaibHOe ypaBHEHUE, HE Onpe-
nmeneHo, noaroMy C # 0. U3 cucreMbl ypaBHeHMH

2

y = cos’ Cz, Czy2 =sin’Cz (€8]
HAaXOHUM

2
l-y

¢ = 7 y #0. 2

IToncrasus (2) B (1), nMeeM
2 _ 12 1— 12
1-y =sin2( —l—yiL:c), Wi y'=cos(ﬂCyz).>

-y +ot=1.
<« JIBaxnnl anddepeHIApYs IO & ToxmecTBo (x — C;)* + G (z) — 1 = 0, nomyanm:
2z - C) +20y@Y @ =0, 1+ (W@ +y@y'@) C=0.
HICKIIOYUB 13 Tpex TOXIECTB NocTosHHbe C; U C), UMeeM

v+ +w) =0
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4. y=e".
'

<4 Tocye middepen1npoBanust 1o nepeMeHHo# & nonyuuM y'(z) = Ce®®, orkyna C = % (y #0).

Takum 06pazom, quddepeHIInanLHOEe YPaBHEHHE AZHHOTO CEMEHCTBA UMEET BUL
L.
y=e? . p

5. :c—Clyz—Czy—ngo,
4 Tpuxzabl nponuddepeHIMpoBaB AAHHOE PaBEHCTBO MO &, TOJIYYaeM:

2
1-2yy'Cy ~ Gy’ =0, 2(y’ + yy”) Ci+Cy' =0, 2(3y’y” + yy"’)cl +Cy"=0. (D

W3 nocnennero paseHcTBa (1) HaxoauM
C2y’" ;o 1
Ci=———17-+-— (3 + 0). 2
1 2(3y1yn+yy",) ( yy yy '_lé ) ( )
IToactaBus (2) BO BTOpoe paBeHCTBO (1), moyyyaeM

o

2 2 2
yl ylll _ 3y y — 0 WK 3yll _ ylylll — 0’
B cuty 1010, 910 3 # 0 (370 ClexyeT U3 NepBOro pasenctsa (1)). B

Ipumesanne. Bo BCEX pacCMOTPEHHBIX BhILIC MPHUMEPAX Mbi NPEANONArai, YT0 CyLIECTBYET MIPOU3BOAHAS TPE-
6yeMOoro nopsiika HesiBHO 3a1aHHON QYHKLMK, DTO NPeANoIOXCHHE CYILIECTBEHHO, NOCKOBKY yXe fpocTeifiice
ypaBHEHHE y2 —g2=C=0 onpeaeseT 6ECKOHEUHOEe MHOXECTBO Pa3pbIBHLIX HESABHbIX yHKuMit y = y(z, C),

—00 < £ < +00, HANPUMEP
yC+zl, z¢€
_ ) Q € £0.

~JC+22, zeR\Q

6. Hamucats nuddepeHIHATLHOE YPaBHEHHE BCeX OKPYKHOCTEH Ha IIOCKOCTH.
« W3 Kypca aHaIMTHYECKOi r€OMETPUM M3BECTHO, YT0 KAHOHMYECKOE YpaBHEHHE OKPYXHOCTH C
neHTpoM B Touke M(C;, Cy) n pamnycoM R = C; umeer BuA:
‘ @—C)’ +@-C) -Ci=0. )
Cuyntasi, 4T0 Kaxaasl OKPYKHOCTb OIMCBHIBAETCS ABYMSI TPWXAbI HENpPEPbIBHO AuDdepeHIUPyeMbIMU
dyukuusaMu y = y(z), us (1) HaxoguM:

2—Ci+ @ —Cy@ =0, 1+y @)+ -Cy'@ =0, 3y @y @ +y—Cy"(z)=0.

VICKJTIOUMB U3 OBYX NOCHENHUX TOXAECTB Y(z) — Cy, OKOHYATENBHO TTOIYYHM:
2

y’"(l +y12) _ 3y1yu =0.p

Ipumevanne. Touxee roBOpsi, Mbl NONYYMIH AU@dEpeHLIHANBHOE YPABHEHHE BCEX OKPYXHOCTEH, B KaXI0i U3
KOTOPLIX BLIKOJIOTH! ABE TOYKH, JICXKALWHEC HA KOHUAX TOPU3OHTAIBHOIQ AHaMeTpa.

"]. Cocrasurs InbdepeHnnanbHOe ypaBHEHUE OKPYKHOCTEH pamuyca 1, EHTPbI KOTOPBIX JIEXAT
Ha npsimoil y = 2.

<« CornacHO ycJIOBMIO 33Ja4uM, B NpEABIIYILEM npuMepe ciemyeT noaoxuts C; = 1, C, = 2C).
Torna ypaBHenue (1) U3 npumepa 6 TPUMET BUI

(@—C)’ +(y-20)' -1 =0.
[Monyyuny ogHoNMapaMeTpuIecKoe CEMENCTBO OKpyXHocTeil. JuddepeHIMpYS TOXIECTBO
(x—C)* + (y@ - 20’ - 1=0

O TIEPEMEHHON Z (CuMTast HPH TOM, 4TO y — HenpepbiBHO auddepeHumpyeMbie GyHximu ot ),

HaXOAMM:
’ ——
z—C;+ (y(x) - 2Cpy () = 0.
M3 1ByX MOMYdeHHBIX TOXIECTB MyTEM UCKITogeHUst C; UMEEM OKOHYATe bHO

Qz —y) (y'2 +1) -+ =0.»
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8. CocraButms auddepeHuIHaIbHOe YpaBHeHHe 11apaboa ¢ OChlo, apawiebHoi ocu Oy, Kacaio-

1MXCS] OFHOBPEMEHHO NPSIMBIX ¥y =0 M y = x.
4 CemeitcTBo napabos ¢ oChio, Mapaenbioi ocu Oy, UMeeT BUJ y = Ci12? + Cyz+Cs, tie C; —
Ipou3BoJIbHbIE napaMeTphl (§ = 1, 2, 3). M3 ycioBust KacaHus nNpsiMoi y = 0 BBITEKAET, YTO
Y =202, +C, =0, Czi+Cozi +C3=0,
oy

rae  — abcrycca Touku Kacanus. OTciona crienyer, YTo
c3
C3 = C 1 -',é 0)
4C, (
M3 ycroBust KacaHust IpIMoOil ¥ = = BBITEKAET, YTO JO/DKHO OBITH
7
2
Ty = Yi; =Cizy + Czp + —.
k= Y Yk k 2 4c,
1

16C; - Takum o0pas3oMm,

y’ =2Cix +C, =1,

Orcioga HaxomuM, 910 C) = % [MoactaBue 3Havyenue C, B (1), nonyyum C; =
1

MCKOMOE CEMEIICTBO YIOBJIETBOPSET YPABHEHUIO
Ciz’ + =+
=Cz — —_—
y 2 " 16C,’

rae C; — Npou3BobHbIH napamerp. MCKiounB ero U3 ToXIeCTB
=20+ - Crrt+ S

= T+ = =Ci'+ -+ —
yEdrry ¥EUE TS T ey

nonyuum Tpedyemoe nuddepeniinaisHoe ypaBHeHUE ceMelcTBa
2
zy =y ~D.»

9. Cocrasuts anddepenimuanbHOe YpaBHEHHe OKPYKHOCTEH, KACAIOIIMXCS OTHOBPEMEHHO IIPs-

MbIX ¥ = 0 M £ = 0 ¥ PacTIONOXEHHBIX B IEPBOI M TPEThEH YETBEPTSIX.
« fcHo, 9TO LIEHTPbI TAKMX OKPYXKHOCTEH JO/DKHBI JeXarh Ha mpsmol y = z. Orciona crefyert,
= |Cyl.

yto C; = C; (cM. ipuMep 6). A TaK KaK OKPYXKHOCTH KacaloTCs KOOPAMHATHBIX ocel, To C;
Takum 06pazoM, pacCMaTpUBaEMOe CEMENCTBO OKPYXHOCTEH YIOBJIETBOPSIET YPAaBHEHHUIO

-C)+@-C)—-Cl=0.

M3 TOXHECTB OTHOCWUTENBHO Z:
@E-C+ @@ -C)’ -Cl=0, z-Ci+y@-Cy@) =0

crenyeT TpeGyeMoe nupdepeHINATbHOE YpaBHEHUE
2
¥ @ —2zy) - 22y +y* - 20y = 0. »

10. Cocrasuts nubbepeHIMANILHOE YPaBHEHHE CEMENHCTBA IINKIIONS,
z=C( —sint), y=C(1 - cost).
o Tuddepenunpys dyHxumm = 1 ¥ no ¢ u pasnenus y' () Ha z'(t), moxyaum
sint 1
=—, t= Zarctg(glr) +2%n, keZ.
2

dy _yty _
dr  «'(t) 1-—cost tg

IToncTaBus 3HayeHHE ¢ B paBEHCTBO
(¢ —sint)y — z(1 — cost) =0,

+yy

NOCJIE HEKOTOPLIX NMpeobpa3oBaHuiil nonyduM Tpebyemoe AnddepeHIINaIbHOE ypaBHEHHE
!
!
Y =ctg .
y(1+v%)
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11. IMokasate; yto muddepeHUHANBLHOE YPAaBHEHUE KPUBBIX 2-TO NOPAIKA UMEET BUJ

9y"2yv —~ 45 yuymylv + 40ym3 = Q.

« Iycts B 06meM ypaBHEHMM CeMelCTBA KPUBLIX BTOPOTO Mopanka azx’ + 2bzy + cy® + 2dz +
4 2ey + f = 0 Bommonusercs ycnosue a # 0. Torna, He yManas oOLHOCTH, MOXHO CYMTATh, YT0 @ = 1.

HMuddeperuupys S pas, noaydInm:
z+by+zy)+eyy +d+ey =0,

2
1+6Qy +ay") +c(y +yy") +ey' =0,

Ui o 1 — 0
b

bGy" +zy") + cBy'y" + yy") + ey”
b(4y"’+:cy )+c(3y +4y'y" +yy' )+ey =0,
b(Syl +:cyv) +c(10ynym+5y1ylv+yy )+eyv =0.

W3 ypaBuennii (2), (3), (4) Haxonum
b 3yn v 4ym 33/" ym + 4yl w2 -3 yly"ylv
=T T, ¢= A ’

A
rne A:3yl yll v 4y y 6yl II III+9yII4‘

1)
0]
(3
0]
&)

©

Hcxmouns u3 ypaBHeHUH (2) U (5) e u IOICTABUB B PE3Y/IBTAT UCKITIOUEHUS 3HaYeHusT b u ¢ u3 (6),

TIOJTyYUM OKOH4YATELHO
9y"'y’ — 4sy"y"y" +a0y" =0,
YTO ¥ TpeOOBaNACh NOKA3aTh, P
12. Moxasars, yto aubdepeHIUPYEMOE CEMEICTBO KPUBBIX

Y
tg = — | 2 2=0
arctg nCy/z’+y

yAOBNETBOPAET TU(hDEPEHIIHAIBHOMY YyPAaBHEHHUIO
(x+ydr —(z—y)dy=0.

4 B3sB nonuetit nuddepeHMan ot TOXIECTBA

arctgl(;;—':Z —Iny/2?+ y*(@) =InC,

HOMyYUM
d(arctg*'l-(——) ln\/:c2+y2(:c))5
OTKYHa
zdy—ydx zxdz+ydy 2 2
e e =0, @ +y #0),
Win

+ydzr—(z-—y)dy=0.»

13. Cocrasuts nudbepeHuHaNILHOE YPABHEHHE BeeX OKPYXHOCTEH, Kacalomuxes ocu O.
<4 Ecin B ypaBHeHHM ceMelCTBa OKPYXHOCTe (CM. npumep 6) momoxuts C; =

YDPAaBHEHUE CEMEICTBA OKPYXHOCTE! ¢ TpeGyeMBbIMH CBONCTBAMMU:
E-CY+@y-C)Y -Ci=0.
Onpenenus C; n C; U3 TOXIECTB
2-Ci4y@-C)=0, 1+y +@y—Cpy'=0
Y NOACTABUB WX 3HayeHus B (1), nonyunM quddepeHumabioe ypaBHeHUE

vy + 2y(1 + y’z)y” - 5/2(1 + y”)2 =0.p

|C,], TO IoMyIM

8))
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Haiitn cuctemnl 1udrpepeHUHATBHBIX YpaBHeHHH, KOTOPBIM YAOBJIETBOPSIOT JHHUH JAaHHBIX CE-
MCHCTB.

14. az + z = b, ¥+ 2=

IpeacTasuB NapaMeTpUIECKUe YPABHEHUSI KPUBOW B BUIE

z=z, y=y@), z=z(),
IMe ¥ U z — HenpepsiBHo auddepeHunpyeMbie QYHKUNM, M IOACTABMB UX B NaHHbIC ypaBHEHuS,
MOMYIMM TOXIECTBA OTHOCUTELHO T
az+z(x)=b, Y(z)+7 ()=t M
IponuddepeHIMPOBAB ITH TOXKAECTBA TIO T, NOTYIUM
a+2@) =0, y@y @ +z@)z' (@) =0,

OTKyIa a = —z'. [ofcTaBUB 3HAYEHHE @ B NepBoe M3 ToxaecTs (1), uMeeM b = z — zz'. D10 cooTHO-

2
LHEHHE COBMECTHO CO BTOPBIM TOXIECTBOM U3 (1) NPUBOAUT K PaBEHCTBY y2 +2zz'z~2’2" = 0. Taxum

06pa3’oM, MCKOMasi CHCTEMA YPABHEHHI UMEET BUI

2

2
yy +22' =0, y2+2:czz'—:c 7 =0.»

15. zz+y2=z2—2bz, y=az+b
<« [To aHanoruu ¢ NpeabayIiMM IIPUMEPOM HMEEM
2z +2yy =222~ 27, y =a,
OTKyna HaxomuM @ = y', b = zi,(zz’ —  ~ yy'). [oncTaBuB 3HaYEHUS @ U b B UCXONHBIC YPABHEHUS,
MIOTyYUM:
b=y-gzy, Zy-zy)=zd-z—yy, T +y =2 -22y-zy)
IMocneaHue ABa COOTHOLUEHHUS U €CTh TpeOyeMble TubbepeHImanbHbIe YPABHEHUS. P

16. Haitta gactHOe petrerine HekoTOporo AnddepeHIMATPHOTO YPABHEHHS, ECITH €ro obllee pe-
IHeH}E UMEET BUI
y=Cicosaz+ Cysinax u y0)=1, y0)=1

« JIBaxan auddepeHupys y 110 &, JIETKo HAXOMUM COOTBETCTBYIoLIee b depeHIHanIbHOE ypaB-

HEHUE! ,
y' +a'y=0.
JIist OTBICKAHMST YaCTHOTO PEIEHMs] 9TOrO YPaBHEHHUS CJIEAYeT BOCIO/Ib30BAThHCS HAYAIBHBIMU YCIOBH-
MM, uyTOGBI HallTu octosgHuble C; U C;. MMeeM
y(0) = (C cosaz + Cysinaz)l,-o = C; =1, ¢ (0) = a(—Csinaz + C;cosaz)|,= = aC, = 0.

Hrtak, C; =1, C, =0, y = cosaxr — 4acTHOE pelicHue. P

17. Haittn yactHoe pemenne audrbepeHIMATEHOTO yPaBHEHHs1, €CTu ero obllee pellleHNe UMeeT

BHI
y=0C; +Czln$+03$3

H YIOBJIETBOPSAET CEYIONNM HAYAILHEIM YCTOBHSIM:
y=1, yO=0, y'\H=2.

« Hcxons u3 ycroBuit ipuMepa, MMeeM

C C
W= (C+amz+ed)| =1, ym=(2+36e)| =0, yo=(-g1+6cs)| =2
z=1 z=1
Orclona HaxomuM, 910 C; = —%, C, = —%, Cy= % OcTanoch 3anMcaTh YaCTHOE PELUCHHUE:
2 2 2
=-———=-In 2.
Yy 573 T+ 9 x

CocTaBITh CoorBeTCTBYIOwIEee AU hepeHIHaNbHOE YPABHEHHE NPENOCTABISIEM YUTATENIO. P
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18. ITycts HEKOTOPOE YACTHOE pelIeHUe YOOBIETBOPSET 3anaue Kotn
y=z+y’, yO=1
Moxer i1 oHO yIOBJICTBOPSTh ApyToii 3anade Kot
"=1+2zy+2y, yO=1, y¥O)=1
<4 Ecyii yacTHOe pemeHue aBaxasl HenpepbiBHO auddepeHUMpyeMO, TO U3 nepBoi 3amayn Kouu
HaXOAHM:

v =1+2yy =1+2y(e+y") = 1+ 28y + 29,
a Takxe y'(0) = 1. CneZloBaTeIBHO, 3TO BOIMOXHO. P

19. ITycTsb obluee pemeHme HEKOTOPOTo auddepeHIIHATIBHOTO YPABHEHNAS UMEET BHI
y=Ciz+Coe” + Cy(z +27), —o00 <z < +oo.

Moxer u ¢yHxkimst ¥ = T + 1 GbiTh YACTHBIM PEILEHWEM JTOTO YpaBHEHUS?
<4 Her, He MOXeT, IOCKOJIBKY HM TIpM KaKUX 3HAYEHUSAX IPOU3BOJIbHBIX TOCTOSHHAIX (B TOM uuCie
u £00) U3 hopMysbl OOLUETO pelIeHMs TTOJIyYUTDb €€ HEb3s. P

Yipaxnenus i cAMOCTOSTEILHOH PadOTHI

Iyrem uckmrouenus MOCTOSAHHBIX C; HaATH AU(depeHIMaIbHBIE YPABHEHUS CHEAYIOIMX CEMEHCTB
KPHBBIX:

F 2 2
- - ey z —
Ly-tgCe)=0. 2.y=Cie®. 3. oo+ i —1=0.
4.y =C; sinp@) + Crcos (@), o(z) = / fdt. 5. p=Cip.
0
p2 + <p2 ~C; =0 (p, ¢ — NoOISIPHBIE KOOPAUHATHI).

6.
; Ciyt ~ 22+ Cyz =0, Ciy+Cuz+Ciz+Cy =0,
" | Cisinyg +4Ce* —2C; = 0. " a2+ it 420, = 0.



I'naBa 1

Hn(pdepennuaibibie YPABHEHHS
NepBOro NopsaKa

§ 1. YpasHenus ¢ pa3aeisiOmyUMHBACA HepeMEHHbIMHA

1.1. JInddepennmannnoe ypasHenne ¢ PasaesiOIMMHUCH nepeMeHHbIMA.
YpaBHeHue Buna
[i(®@) f2(y) dz + g1(2)g2(y) dy = 0, o))
tae fi, gi (i =1, 2) — 3amanHbie HenpepsiBHble QyHKUMU, T € (a, b), y € (¢, d), Ha3pIBaeTCs dugpgde-
PEHUUANBHOIM YPAGHEHUEM C PA30eNsiOUUMUCT NepeMeHHbIMU.
s Toro, 4ToObl MPOMHTETPUPOBATH ypaBHEHHE (1), ciaenyeT cHayana o0e €ro YacTH paspesuTh Ha
npousBencHue f(y)g1(x) (f2(y)g:(z) # 0), a 3ateM, nmoab3ysick hopMyaoH

a([1@dz+ [sway) = @) dz + 9w ay,

3aMucCaTb

fi(® 6]
d dy =C. 2
72@ T hp®=C¢ @

IMpu neneHuu Moriiu GBITH MOTEPSIHBI petieHus ypaBHeHuH fr(y) = 0 u g;(x) = 0. ITosTomy mist mo-
JIyYEHHs BeeX pellieHuii ypaBHeHus (1) clenyer K ceMeiiCTBy HHTETPAIbHEIX KPUBBIX (2) NPUCOSIUHUTE

Hymu bysaxuuit f u g;.
1.2. Pa3neienne nepeMeHHbIX JHHEIHROMH 3aMen0l aprymenTa.
YpaBHeHue BUna
:—Z = f(axz +b) (a, b — NOCTOAHHBIE), &)}

rae f — HenpepbIBHASA (YHKUMS, MOCPEACTBOM MOACTAHOBKM § == ax + b NpHBOAMTCA K YPABHEHMIO
C pasne/IAIOIUMHUCS IEPEMEHHBIMU

(@a+bf)ds —dt =0.

Peumts CCOYIOIIHE YPpABHECHUA.

20. Vi +1dz = zy dy.

4 Dro ypasHenne Buna (1). Jleist 0be ero gactu Ha npoussenciye /42 + 1 - x, monyuaeMm

dz  ydy 40
z - /—2—y +1’ z ]
OTKyza
dz ydy
—= +C
/ T Vyi+l 7
Wi

Injz| - /y2+1=C.

TaxuM oGpazoM, Bce pellieHs JAHHOI'O YpaBHEeHUS UMEIOT BUJ

Injz] —y/y* +1=C, =z=0.p
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21. @ - )y +22y =0, y(0) = 1.
« CHayajia HaxoUM BCe PELUICHUs 3TOTO ypaBHeHHsA. UMeem
@ — V)dy + 2zy’ dz = 0,
OTKYZa, pa3le/MB NMIEPEMEHHBIE T H Y, IOJIY4aeM
dy 2xdx
) 2 =0.
y ¢ -1
Huterpupys obe 4acTu no1y4eHHOTO YPaBHEHHS, HAXOAUM

1
—§+1n|x2—1|=C. )

Jnst monyyeHnst BceX pEIIEHM MCXOMHOTO YPaBHEHMS K MOCHEAHEMY CeMEACTBY HHTErPaJIbHBIX KPHBBIX
TIPACOEAMHAM eLle peleHye y = 0.

Ianee, 13 COBOKYMHOCTA BCceX WHTErPANBHBIX KPHMBBIX BBUIEJUM TY KPUBYIO, KOTOpas MPOXOAMT
yepe3 Touky (0, 1). TTonarag B (1) * =0 n y = 1, Haxomum C = — 1. Takum oGpasoM, GyHKIMS

1 .
1+In|z? - 1|

SIRJISIETCS PELICHUEM NOCTABIEHHOM 3aJayu. p

22, 2y +y =9, y(1) = 0,5.

« 3anuceiBas ypaBHEHME B BUle

y

zdy+ @y —y)dz =0 (1
M pasnenss NepeMeHHbIe, UMeeM
dy dz
——+—=0
y-y
HMuTerpupys, nonyyaem
zy(l —y)=C. )]

3aMeTHM, YTO HECMOTPSI Ha JejleHne OobenX yacTteil ypaBHEHHMS Ha (Y — yz), ero peweHus x = 0,
y =0 wu y =1 "e 6puin motepsinbl. Hakoneu, noactasus B (2) ¢ = 1, y = 0,5, naxogum C = ;1;
CrnenoBatensHo, auddepeHunpyemas xpupas
dey(l—y)—1=0
— peuIeHHE NOCTaBIeHHON 3aJa4yH. b
s ds\
23. ¢ <1+d—t) =1.
« IlepenncaB ypaBHeHWe B BAAE

ds |

EE =€ — 1,
pasfienseM NepeMEHHBIE S | £:

ds
=dt.

e’ —1

IMpouHTErpnpoBaB MOJMYYEHHOE YpaBHEHAE, HAXOIMUM
e’ ~1
In|— )=t+lnC, wm s=—In(1 +Cée). »

24. ¢ = cos(y — ).
« [onarag z = y — z, nojyuuM:

Hcxonnoe ypaBHEHHE IPUBOLUTCS K BHIY
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HurerpupoBanueM HaxoouM
y—x
2
K 3TUM pelueHUsaM clieAyeT NPACOEAMHUTD TIOTEPSHHbIC pelieHust 2 = 2kw, Kk €Z. p»
25.y ~y=2c-3.
<« 3amcaB ypaBHeHue B Bule dy = (y + 2 — 3) dx v npon3ssens zaMeHy z = y + 2z — 3, nonyunm
YPaBHEHHE C Pa3feNAIOIMMACA TTEPEMEHHBIMA

=C.

Z
x—ctgizC, Wil T —ctg

dz = (z + 2)dx.
Orciona npn z # —2 caenyeT, 4To
d
- dzx.
z4+2

HHTerpupys ypaBHeHHE, HMEEM
Injz+2=2+InC,
WM, OKOHYATEIbHO,
y=1-2zx+Ce".
OueBUIHO, pellieHHe Z2 = —2, T.¢. ¥ = | — 22, NPMHAWIEXUT NOIYICHHOMY CEMENUCTBY MHTErPaIbHBIX
KPHWBBIX (€70 MOXHO BKJIIOYHTE B cemeiicTBo nipu C = 0). »

HailTy petlieHns ypaBHEHAN, YIORIETBOPAIONIAE YKA3aHHBIM YCIOBMSM TIPA & — +00.
9
26. 2’y —cos2y =1, y(+00) = ™

« Pazaenas nepeMeHHble, NOIYYUM
dy dr
T()si—-!;:?’ a:;ﬁO, cosy;ﬁO.
Tlocne unterpupoBarnsa umeeM

1 1
—tgy:C—;, Win y=arctg(2C——£—)+2k1r, keZ.

2
Hcnonp3ys AOTIONHATENBHOE YCIOBAE, HAXOMAM
9 . . 2
2 T= zgr;rlooy = z!-lor-Poo (arctg (ZC - 5,—) + 2k1r) = arctg 2C + 2km.

TMockoneky |aretg 2C| < 7, To orciona cnenyer, yro k = 1, arctg2C = I, C = % Taknm obpasom,
OKOHYATeIbHO TOIYaeM
y=arctg(l - %) + 27 »

27. 3y*y + 162 = 2zy°; y(x) orpaHAYeHO IIPA T — +00.
« PaszensieM nepeMeHHbIe T A y:

3y

y’ -8

HHterpupys obe yacTu ypasHEHMS, TTOIYINM:
3y’ .
/ys’igdy=2/xdx+c, Inly’ -8 =2+ C.
Monaras C =InC, (C, > 0), nmeeM

2

dy =2xdz, y#2.

2

ly* - 8] = Cie”.
OYeBUIHO, YTO PEIICHHE Y = 2 MOXHO BKIIOYHTh B NMOJNYYCHHOE CEMEHCTBO MHTETPANBLHBIX KPHBBIX,
€C/In cumTaTh, uro C| = 0. TakuMm 06pa3oM, BCe peleHHA KCXOMHOTO YPaBHEHMS ONMMCHIBAIOTCA (op-
MYJIOH

3 - z?
ly'—8l=Cie® (C,20).

W3 nonyueHnol Gopmynsr caeayeT, UYTO eAMHCTBEHHAS KPHBasi ¥ = 2 YAOBJIETBOPAET MOCTABICHHOMY
B 3a7a4e YCIOBui0. P ’
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2
sfye+ 1
28. Moxasars, 4T0 KaXIas HHTETPAIbHAS KPHBas ypaBHeHHA ¥ = —
T

T1 HMEECT ABC TOPU30H-

TaJlbHble ACHMIITOTEL.
« Paznenas B muddepeHUNABHOM YPaBHEHNH NEPEMEHHBIE T M Y, @ 3aTEM MHTETPUPYS, NONYyUMM

1)

du /
M/\/’u2+1 10 VEF1

rae (xg, yo) — NpOM3BONbHASA TOYKA Ha IUlockocTH Ozy.

+o0

dt
Mycts B (1) 2 — +oo. Torma B cuily cxomdMOCTH HecOOCTBEHHOTO MHTETpaja / cy-
y M y p . Vs @
0

() +00
: du
1EeCTBYET hm / = a. ITockonbKy HeCOBCTBEHHDBI MHTETPaI / aCXOOUTCH, TO
Y Vil Ky W [ T P
hm y(z) = y(+oo) CYLIECTBYET U KOHEYEH, NpudeM y(+00) > g, Tak KaK a>0.
l[anee, myctb B (1) € — —oo. Torma
(z) -
1 7 d_ b /oo % _ <o
im = me b= | 53—
P A ARG
CaenoBarenbio, —oo < Y(—00) < yy. TakuM o6pazoM, dopmy:na (1) ONUCHIBAET CEMEICTBO UHTETPATIb-
HBIX KPHUBbIX, KAXas U3 KOTOPbIX MMEET BE FOPU3OHTAIBHBIE ACUMNTOTHI y(—00) U y(+0c0). B

29. VccnenoBats NOBeIEHNUE HHTEIPATLHBIX KPMBEIX YPABHEH WS

,  {In(Q+y)
y= sinx

B OKPECTHOCTH Havana koopauHar. [foxa3ath, 4TO M3 KaX10i TOYKHA IPAHMLBI 11€PBOTO KOOPIHHATHOTO
VI7Ia BBIXOOWT OlHA MHTETPATIbHASA KPMBAsl, NPOXOLAILAsA BHYTPY TOTO yIJIa,
« HaxonuM o6rnacts D cyniectBoBaHms GyHKUMH B TIPaBOii YACTH YPABHEHHS:

+00
D= {J M,
k=—c0
rae
M; = {(z,y) €ER|2k7 < z < @k + )7, 0 < y < +oo} U
u{(x,y)enz2|(2k+1)1r<x<2(k+1)1r ~1<y<0}.

Iyete 0 € y < 400, 0 < z < 7, 0 < xy < w. Torna pasnenss HepeMEHHbIE B yPaBHEHHH

¥ MHTETPUPYS, NOIYIHM
z

\/sm / ,/ln(l + u) M

TTockoneky npu u — 0 In(1+u) ~ u, TO HHTerpa B NpaBoil yacTH paBeHcma (1) cxonuTCs 1O NMpU3HAKY

cpaBHeHHA. B ciily monoxuTenbHOCTH MOABIHTErpabHON GyHKIMH / ln(l - > 0. CregosaresbHO,

/ Vgi'tﬁ't' > 0. Orciona HaxomuM, 410 z > . Takumu obpazoM, Ipu > Xy uMmeeM ¥ > 0 (1 Haobopor),

T. €. MHHTErpalbHas Kpupasi, ONpenenseMas ypasHerueM (1) u Brxoaawias 13 Touxd (o, 0), Haxogures
B TIepBOM KBanpante. M3 Hepasenctsa y' > 0 BrITeKaeT, 4ro y = y(T) BO3PACTaET C BO3pacTaHueM x,
OnHako B CHIy PaCXONMMOCTH MHTErpaia B npasoit yact (1) 1pu y — +00 H CXOOWMOCTH MHTeTpana
B €ro JICBOH YacTu Ipx £ — 7 — 0 CIeAyeT, YTo y CTPEMUTCA K KOHEIHOMY Npeneny npu ¢ — 7 — ().
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AHANIOTAYHYIO CATYALIMIO IOJYYAM 1IPA PACCMOTPEHHMN PaBEHCTBA MHTErPATIOB
dt /” du
J Vsint T J VIn(T+w)’
Y

ITyets —1 <y £ 0, —7 <z < 0. Torga, pasnenuB nepeMEHHbIC B MICXOAHOM YPaBHEHNM W IIPOVHTE-

I'PHpPOBaB NOJMYYCHHOE, UMCCM
/“’ @ /'” du o
Vv—sint / V-In(IT+u)’
Zo

Hockoneky y < 0, To UHTErpan cnpasa B (2) orpuuatesneH. 3Ha4uT, £ < 2g. CiienoBaTesibHO, MHTE-
rpasbHasg KPuBast, BRIXOMIIAS U3 TOUKH (29, 0) (29 < 0) cTpeMuTcs BHM3 HaneBo. Jlanee, Kak CleRyeT
13 audbdepeHINATLHOTO ypaBHeHHUs, pu £ — —7 + 0 win npu y — —1 + 0 npoussoanas y' — +oo.
Takum 06pazoM, MATErpaIbHBIE KPUBbIE ACHMITOTHYECKU NPUOIVDKAIOTCH K OTPE3KAM IIPSIMBIX & = — T
wid y = —1, NIpUYeM K OTPe3Ky NpAMOiA & = —7 OHHM NPUOIMKAIOTCA MO KACATENbHOM, a K OTPE3KY
npaMoif y = —1 — no HopMayu. B

0y<+oo, 0<z<m, 0Ky <+oo.

§ 2. T'eomeTpuyecKne ¥ (pu3nYeCKHe 3aTa4H,
NPUBOJANINE K YPABHECHHSAM
C pa3aeAIomuMuUcH NepeMeHHbIMH

2.1. HUcnoap3oBaHde reOMETPUYECKOTO CMBIC/IA TIPOM3HOAHOIA.

Hns peureHus reoMeTprueCcKnX 3aaa4 LiejieCOO0pasHO MCIOIb30BATh YEPTEXU, 8 TAKXKE FeOMETpH-~
YECKHMI CMEICH TIPOM3BOIHOM W MHTETpaa.

2.2. Ucnoan3osanue pU3MIECKOTO CMbIC/IA MPOU3HOAHOM.

Ipu cocrapnenuu qucdepeHUMANBHOrO ypaBHeH !SI, ONUCHIBAIOWIETO (DU3MYECKUit poLece, Haps-
Ay C IPUMEHEHUEM (PU3MYECKUX 3AKOHOB MCMIONB3yeM (PA3MUECKUIT CMBICT TPOM3BOAHOM, KAK CKOPOCTH
U3MEHEHMS KaKOK-1n00 BETUYMHEL.

30. Haiirn KPHBBIE, IS KOTOPBIX IIOINAAb TPEYTrOAbHUKA, 00pa3s0BaHHOro KacaTeJbHOM, OPAAHA-
TOMH TOUKM KACAHUS M OCBIO abCIMCC, €CTh BENMYMHA HOCTOSHHAS, paBHas a”.

« Kak sumum u3 puc. 1, miomans yKa3aHHOro TPEYrojbHUKa paBHa S = %IN Kl|y. ITockonbky

2
tga = y' (370 BBITEKAET M3 TEOMETPHYECKOTO CMBIC/A NPOM3BOAHOM), TO § = iy_y” y > 0. Takum

oOpa3zoM, uMeeM nudbepeHUNATbHOE YPABHEHUE

" ., y A

—=a'y.

2 y=y)
Cunras y # 0 4 pasnensisi nepeMeHHBIE, NOJTydaeM

2dy dx

2T ~— M(x, 9)

2 _ =z
Orciona HaxoouM Y= +C, nnn K a N
2a? (0] N x
y=-—=5 -
Ca’+z Prc. 1

2
Ecm y' < 0 (cM. puc.2), 0 § = _%’ = a2, HHrerpnpys 310 ypaBHEeHHe, HOJYYaeM

_ 2a?
Y= z—Ca
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16
vl Hakonen, o6o3Hauns Ca’= —5, 06a oTBeTa OOBEAUHAEM B ONUH:
_ 2a?
. v= Cxz
M(x, .
) 31. Haittu xpuBble, 0G1ANAOINE CAETYIOMNM CBOACTBOM: OTPE3OK
ocu abCcuMce, OTCEKAEMBI KacaTeJIbHOW M HOPMAaJIbIO, NIPOBCAEHHBIMM U3
a NPOU3BONBHOM TOYKH KPUBOH, paBeH 2a.
« Wz puc.3 BumuM, uto |KL| + |LN| = 'yyr + yy'. Takum obpasoM,
(o] N K\ T Tpebyemoe nudepeHUAATBHOE YPABHEHUE UMEET BHUA
Prc. 2 2{ + 3y’ = 2a.
y
v PaspeuinB ero 0THOCHTENBLHO IPOU3BOAHOM, NOIyYaeM
., a a?
y=-= - = 1
Y y
Mycts 0 < y € a. Torna u3 aud)pepeHIMATBEHOrO YPaBHEHHA HAX0-
M(x, AnM
(x, %) ydy J d(az—yz) .
—— = ax —— s A Z.
at+/a?—y? T
Z 0 I NN x; HHTerpupys 9TO COOTHOLIEHUE, MOIYIUM

Puc. 3

yat—yt—aln (a:t\/az—yz) tz=C.

Cnyyait —a € y <0 u 3y <0 paccMaTpuBaeTCs aHATOTHYHO. P

32. Haittn KpHUBhIE, o0nagaionme CIeayrouuM CBORCTBOM: €CIIM Ye-
pea mobylo TOYKY KPUBOH NPOBECTH NpsAMble, Mapajlie/ibHbIE OCSIM KOOP-
JIUHAT, OO BCTPEYM C STHUMH OCHAMHU, TO IUIOWAAb MNOJYYEHHOrO NpPAMO-

YTOJNLHUKA AEIMTCS KPMBOM B OTHOLIEHHU 1 : 2.
« CornacHo reoMeTpudecKoil UHTEPNPETALUM MUHTErpana UMEeM (cM.

puc.4)
5= [ywat. (1)
[t}

Nanee, nockoieky S, + 5, = zy u S, = 25, To, NIPUHAB BO BHUMA-
Hue (1), nonyuynm

2 x
5 = Swy = /y(t)dt.
0

HJuddepeHunpys 5T0 paBeHCTBO NO T, HAXOAUM
dy dz

2
5(zy+y)—y, Win v 2w

otkyga y = Cv/Z, unu

z=Cy.
OuyeBHIHO, €C/IM IIEPEMEHHBIE 2 M Y NOMEHSTH POJISAMH, TO 334a4a TaKXKe
OyneT UMeTh PellieHHe Y = Cz?. »

3ameyanne 1. B npouecce pellteHus NPEANOIAraiu, YTO IEPEMEHHDIE T U ¥ NMONOXHNTENbHBL. OAHAKO, KK JIETKO
BU/IETb, OHU MOTYT GbITb U OTPMUATENbHBIMU, T.C. MOXHO CYMTaTh, 4TO mocTosHHas C B o6oux pelteHusx

MpUHUMAET Ji1000e NCHCTBUTENBHOE 3HAYEHUE.

3ameuanne 2. Ecan BMECTO PHC. 4 BOCIIOAB30BATLCS PUC. 5, TO NPDUAEM K TAKOMY XC€ DE3Y/ILTATY, T. €, BO BCEX
clyqasix nosyyaeM cemeicTBa napabos ¢ BEplUMHAMM B Hayaie KOOPAMHAT. [lpeaiaraeM uMTaTeio yroyuuTs

PHUCYHKH 4 ¥ 5 B COOTBETCTBUM C NOJIydYeHHBIM PellienueM 3aJayuH.
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33. Haiti kpuBsle, KacaTeabHble K KOTOpERIM B JII060ii TouKe 06pa-
3yIOT PaBHBIE YIJIB C TIOJISIPHBIM PATHYCOM K TOJIIPHOM OCBIO.
<« Hcrionb3ys COOTHOIIEHAS MEXAY YITIaMH & U ¢ (cM. puc. 6), a Tak-
Xe TeOMETPUYECKYIO MHTEPIIPETALIUIO TIPOU3BOAHOM
dy _y@) _ psinptpeosy 1 (T— )
=2 = = = — = - (T —
dz ~ z'(p) pcosp—psing B 2 ¥

MOCJIe HECJIOXKHDBIX BBIKIIaOK TOIyYnM IdudepeHUMAIbHOE YPaBHEHUE
7

Pt
p 2
MHTErPApYA KOTOpOE, HAaXoadM
Inp=—2In cos% +1n2C, (1)
HWIA
P = T cosgp’

3ameuanse. Eciau BMECTO puc.6 paccmOTpeTs puc. 7, TO nojyunm Ande-
peHLMANBHOE YPaBHEHHE

4
p_ e ctg Z ,
P 2
K3 KOTOPOIO CICAYET, YTO
C
PE1 cosgp’
310 ceMEHCTBO NOJIYIMM U3 cemelicTBa (1) myTem 3aMeHBl  Ha P+,
TakiM 00pa3oM, OKOHYATEIbHBI OTBET 3aMACHIBAETCHA B BUAE
C

P=T1% cosp

34. Haittu ypaBHeHAE KPHBOH B NOMAPHBIX KOOPAMHATAX, €CIIH
M3BECTHO, YTO TAHTEHC YIJIa Y, 06pa30BaHHOTO PaliyCOM-BEKTOPOM,
NpoBedeHHbIM B TOUKY KacaHMsl, M KacaTeJbHOW K KPHBOil B 3TOM
Xe TOYKe, PaBeH TNOISPHOMY YUy .

<« Vcnons3ys yenoBne tgy = ¢ W COOTHOLIEHHE ¢ = a + Y (CM. DHC. 8), MOXeM 3anucarh

Puc. 8

tgp ~tga
= { =1 - = —,
v =187 =lely ) l+tgptasa
!
Ho tga = ﬁ,t—f%‘%, TIO3TOMY M3 NPEIbIAYIIEro YPaBHEHMS TIOCJIE HE-
CNIOXHBIX peobpa3oBaHMil TOTy4aeM P 7
__°r @
p=- ;7 14 -
Pewus ato nuddrepeHIMANBHOE YpaBHEHHE, HARAEM (0] \K P
C
p=; @#0.» Puc. 9

3amesanne. Eciu BMeCTO puc. 8 pacCMOTPETb puc. 9, TO aHATOTUYHBIM NYTEM MOXHO hoayunrs Auddepetm-
aJlbHoe YpaBHEHHe = f,- , M3 KOTOpOro cJieayer, 9to p = Cop.

3s. Hopmane MQ x Hexotopolt KpuBoil nepecekaer ock Oz B Touke Q. Jlokasars, 410 eciu
a6eumcca Touky @ BaBoe Gonble abGcMcchl TOUKH M, To xpUBas — paBHOGOYHas rumepbosia

« M3 puc. 10 Buaum, ¥ro
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Hcronw3ys ycioBue o = 2& u COOTHowenue ¥’ = tga, u3 (1)

v 4 niorydaeM augdepeHuMaIbHOE ypaBHEHUE
!
Pasnensast nepeMeHHBIE U UHTEIPUPYS, UMEEM
M(x, y) ) )
R ydy==zdz, y —z =C. 2).
U3 Kypca aHaIMTHYECKOH reOMeTPHU M3BECTHO, YTO KAHOHHUEC-
K / @ a Q(x, 0) KO€ ypaBHEHMe MIIEpOOIBI MMEET OOUH U3 BHIIOB:
AN » 2 2 2 2
Oc P(x,O) x ‘T____y_:l WM x__y_z_]
at B a? B2 ’
Puc. 10

npuyeM, ecid ¢ = b, To runepGoia Ha3bIBAETCS PaBHOGOYHOM.
Jlerko BHIETH, YTO BTOPOC COOTHOUIeHME B (2) onpelesgeT ABa CeMeHCTBa PAaBHOGOYHBIX rHimepOo.
(wa C>0u s C <0). »

Hpuameyanne. [Ipu C = 0 n3 (2) nosyuaeMm napy NpsiMbIX ¥ = £ -— Tak Ha3blBAEMbIE GbIPONCOEHHbIE 2LNEPOOAbL.

36. Noxasars, uTo KpuBasi, BCe HOPMAJH K KOTOPOii TIPOXOIAT Yepes ONHY H Ty ke (PUKCHPOBAHHYIO
TOYKY, €CTh OKPYXHOCTb.

« [lycte My(zg, yo) — TOYKa, YEPE3 KOTOPYIO NPOXOAAT BCe HOpMaiu, U M, (z,, y|) — ToukKa,
pacnoyioxeHHast Ha KpuBo#. Torna ypaBHeHHe MPIMOU, NPOXOISAIUE yepes 3TU TOUKM, UMEET B

1
= —z)+
y y,( ) —— (& — Tp) + Y.

DTOMY ypaBHEHUIO YNOBIETBOPSIOT TAKXKE KOOplIPIHaTI:I TOUKM M, (Z,, y;), HOITOMY AO/IKHO GBITH

yi{z) = — 1( ) (1 — zo) + yo.

Pasnessisi nepeMEHHbIE | U Y| U HHTETPUPYS, UOTYUIUM:
(1 —yo) d(yr — yo) + (21 — @) (@ — ) =0

2 2 2

W —Yo) + (@ —z) =C".
Taxum oGpasom, ecin C # 0, To UMeEeM ypaBHeHHe OKPYXHOCTH paguyca C C LeHTPOM B Touke My. B
37. Cocyn o6beMoM B 201 COTEPKUT BOIILYX (80% asora u 20% xucnopona). B cocyn npu ue-
TIpEPBIBHOM HEPEMEUIMBAHUM KaXIyl0 ceKyHAy BrekaeT 0,171 a30Ta M BHITEKACT TAKOE X KOTHYECTBO

cMecd. Yepes kakoe Bpems B cocyne Gynet 99% asora?

« Ilycte Q(t) — KonudueCTBO JIMTPOB a30Ta B COCyA€ B MOMEHT BPeMeHu ¢ M0Cje Havyaia nepe-

0,1 t
meumbanus. Toraa B 0,1 dt nutpax cmecu copepxurcs ——5— NUTPOB a30Ta. COIMIAaCHO YCIOBMIO

0,1-Qdt
3a1ayy, B cocyn 3a BpeMs dt noctyrur 0,1d? 1 a3oTa, a BRITCHET —’1—20Q— a1. CllenoBaTenbHO, KOIHUE-

cTBO d@) a30Ta, KOTPOE BTEKAET B COCYA 3a BpeMs dl M OCTaeTcs B HeM, pasuo 0,1 (1 — %) dt nuTpoB.
IMonyuaeM auddepeHuUaATBHOE ypaBHEHE
Q dQ dt
dQ—O,] (1—%)dt unn m»—m,
UHTETPUPYS KOTOPOE, HAXOAUM
: ) Q=20 o005t
s onpenenenus noctosHuol C ucnonbsyeM ycnoBue Q(t)|;—o = 16 1. Tlonyyaem C = 4, BcrencTBue

yero QyHKuus
Q(t) = 20 — 4™ )

€CTb PellieRue NocTaieHHoN 3anadn. Tlonaraa B (1) ¢ = T u @ = 19,811 (ut0 coctasmsier 99% ot 20 1),

HaXOIMM
T =2001n20 ¢ = 599,2 ¢ = 10 MuHyT

— yepe3 Takoil IPOMEXYTOK BPEMEHM T10CTIE Hada/ia NEePEMEIUMBAHWS B cocyne Gyaer 9% aszota. p
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38. B 6ake uaxomutca 1001 pacteopa, cogepxaiiero 10Kr coiii. B 6ax HenpepsIBHO monaercs
BoIa (521 B MAHYTY), KOTOpasi HEPeMELIMBAETCA C MMEIOIMMCS PacTBOpoM. CMeECh BBITEKAET C TOi Xe
cKkopocTblo. CKOJIBKO OCTaHeTCs cosid B bake yepe3 yac?

« ITycTh Q(2) KT — KONMYECTBO CONMMA B 6aKe B MOMEHT BpeMeHH ¢ 1TOCTIe HaYasla MCTEYEHMST CMECH
u3 bGaka. Torma €CTh €€ KOHLEHTPALMs B JAHHOM pacTBOpE, a ‘1%6 - 5dt — xonu4ecTBO COJIHA,
BbITEKAOLIee M3 Oaka 3a BpeMsi dt MuH. CnenoBaTenbHo, uMeeM Ix¢depeHIMAIbHOE YpaBHEHUE

dQ = -0,05Q dt.
3nech 3HaK “—” yxa3bmaer Ha TO, YTO KOJIMYECTBO COM B Gake yMenbuiaeTcss. IHTerpupys ypaBHeHHE,
nonyqaeM ? %05 Iockonbky npu ¢ = 0 B 6axe umenock 10 kr comu, 10 C = 10. Takum obpazoM,
= 10”9 ectp pelleHMe NaHHOX 3auaydi. I'[onaraﬂ B NOCJIEAHEM PaBeHCTBe ¢ = 60 MUH, TIO/yyaeM,
‘lTO KOJIMYECTBO COJIM B Dake yepes3 yac paBHO 10e 3 kr =0 Skr. »

39, B Bosyxe komuarl 06BemoM 200M> conepxurcs 0,15% yrnekucioro rasa CO,. Bertuisrop
nogaer B Munyty 20M> Bosmyxa, comepxawero 0,04% CO,. Yepes Kakoe BpeMs KOMMUECTBO YIIEKH-
CJIOTO Ta3a B BO3AYXE KOMHAThl YMEHBUIMTCH BTpoe?

« Ilycts Q(F) M> — KonM4ecTBo YIJIEKUCIIOTO Ta3a B KOMHATe B MOMEHT BpeMEHH I mocje Ha-

yana pabotel BeHTWATOpa. Torma %—tol €CTh KOHLEHTPALMSI €r0 B KOMHATeé B MOMEHT BPeMEHM .
Crenosarensho, 20 M° BO3yXa, KOTOPBIE YXONAT U3 KOMHATHI 33 MUHYTY, comepxar 0,1Q(2) M CO,.
IToatomy 3a Bpemst dt MaH M3 xoMHaTsl yitger 0,1Q() dt m® CO,. 3a 970 Xe BpeMsS BEHTHIISTOP TONACT
91%%% 20dt M = 0,008 dt M®> CO, B xomuaTty. Takum oGpasom, npupamenne dQ rasa CO, 3a Bpems df
pasHo (0,008 — 0,1Q(¢)) dt, u mbl umeeM muddhepeHuUATBHOE YPaBHEHNAE

d@ = (0,008 - 0,1Q) dt.
TIpounTerpupoBas, NoJIyYuM
Q) = (0,08 — Ce““’) M.
Tockonbky mpu ¢ = 0 Q = 0,3m (1.e. 0,15% or 200M°), To C = —0,22. Takum obpazom, Q =
0,08 + 0,22¢™ ~%1 Mowment Bpemenn T, Koraa konmaectBo CO, Gymer 0,1 M®, HaxomdM 3 paBeHCTBA
0,1=0 08 +0 22e'0 7 Monyuaem

=101n11 = 24 mux. »

40. Cxopocts ocTeiBaHMS (WK HarpeBaHus) Tesa NPONOPLMOHANIbHA Pa3HOCTH TEMNEPATYp Tena
W okpyxartoliei cpenbl. Temmneparypa okpyxalomero Bosmyxa nopaepxuBaetcs pasHoi 20°C. Korna
TEJIO OCTBIHET 10 25°C, ecym 3a 10 MUHYT OHO oxinamwioch oT 100°C o 60°C?

« ComiacHO yKa3aHHOMY 3aKOHY, MOXEM HalucaTb COOTHOLICHHE

ar

— = MT - Ty), )
rne T — Temriepatypa Teiia, Ty — TeMneparypa OKpyXalomero Bosnyxa, k — xo3¢ddHuydeHT Nponop-
UMOHANBHOCTA. B Haitem ciyuae Ty = 20°C. UuTerpupys ypapHeHue (1), Noayuum

T =20+ Ce™.

H3 ycnosus T'(2)|;=0 = 100°C Haxomum C = 80, a ycnosue T'(¢);=10 = 60°C nossonser onpenennts k.
CnepoBaTesybHO,
E=-01n2, T()=20+80e"""2=20+80.27""
Tonaras 3zeck T = 25°C, Haxoaum TpeOYeMBIiA MOMEHT BpeMEHH

41. B cocyn, comepxammit 1 xr Boasl pu Temmepatype 20°C, ONylUeH MeTAIUIMYECKMH IpeaMeT
¢ Maccoit 0,5kr, yaesbHO#R TertoeMxocTeio 0,2¢i,0 M Temneparypoit 75°C. Yepes MuHyTy Boja Ha-
rpenach Ha 2°C. Korna TemmepaTypsl BOObI K NPeIMETa GyIyT OTAMYATHCS OHA OT Apyroi Ha 1°C?
[ToTepsiMH TemJIa Ha HarpeBaHHE COCYAa W TIPOYMMM IIpeHeOpeys.

<« ITo aHanoruu ¢ npeabIIYIIMM TPUMEPOM HMeeM

daT, dT,

—- = ka(Ta — T), E‘ = ky(Tz — Ty,
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rne Ty u T, — TeMiepaTypsl NpeaMeTa ¥ BOABI COOTBETCTBEHHO, k, W k, — nocTosiHubie ko3pdn-
MEHTbL. BblumTasi MOWIEHHO M3 NEPBOro COOTHOLUCHMSI BTOPoe W BBoAA obo3HaveHue R = T} — T,

MOXEM 3anucarb
dR
X =kR, k=k;+k,.
Orciona HaxomM R = Ce*. TlockonbKy B HayaJbHEA MOMEHT BpeMmeHHd ¢ = 0 pasuocts R = 55°,
10 C = 55. Tlostomy R = 55 Hnsa onpenenenus koacbduumenta k Bocnoab3yeMcs yPaBHEHHEM
TeroBoro GanaHca. Umeem no obweit ¢opmyne wia temwiothl Q = cm(1y, — T,,), TAE ¢ — yaenbHas
TEIVIOEMKOCTD TeNa, m — ero Macca, Ty — 7;; — pasHOCTh TEMIEpaTyp:

Q1 =2¢n0, Q2 =10,2-0,5(75 ~ T)eyyo-

3mech @) — KOIMYECTBO TeIUia, MOTJIOWEHHOE BOAOH, (J; — KOJIMYECTBO TeIUla, BblIeJICHHOE Ipen-
METOM NPU OCTHIBAHUM 1O TeMmnepatypbl T'. TTockosibKy 10 yenoBuio @, = @5, To T = 55°C. Takum
obpasoM, uepes MuHyTy R = 55°C — 22°C = 33°C. A Torma 33°C = 55°C e, otkyma k = In0,6. Ilo-
stoMy R = 55 (0,6)" ecTh 3aKoH COMIMKEHHs TEMIIEPATYP BOMABI ¥ Texa. M3 paBeHcTa 1 = 55- (0,6)"
HaxoIuM :
_ In55
In5—1In3
— BpeMsi, N0 UCTEYEHHH KOTOPOTO TEMIIEPATYPA Tesa GYHeT Bbllile TeMNepPaTyps! Boasl Ha 1°C. »

t ~ § MMH

42, Kycok MeTa/ia ¢ TeMrepatypoil a TOMellieH B T1€4b, TEMIIEPATYpa KOTOPOH B TcUeHHe va-
ca paBHOMEPHO MOBBILIAETCH OT a A0 b. CKOpOCTh HarpeBa MeTajlla IPONOpLHOHANbHA pazHocTH T
TeMHEepaTyp fedu U MeTajlIa, Koa(phUIMEHT NPONIOPLACHATIBHOCTH paBeH k. Haiitu Temneparypy Tesia
Yyepe3 yac.

« ComiacHO YCNIOBHIO, UMEEM

dT,

_di— = k(Tn - TM)? (1)
tne Ty, m T, — TeMIeparypsl Nedu M MeTajia CooTseTcTBeHHo. Hanee, T, = a + 31—(b — a)t B cuity
PaBHOMEPHOTO NOBBILIEHUA TEMITEPATypEl Niedd, § — BpeMs, U3MEPAEMOE B MUHYTAaX. 1akuM 06pa3oM,
nngdepeHManLHOe ypapHeHHE (1) MOXHO 3anMcaTth B BUAE

T, t
———:k(a+—b—a —T). 2
= o C-9-T )
BBenem 3ameny a + é%(b —a) — T, = z. Torna ypaBHeHue (2) npeobpasyercsi B ypaBHEHHE C Pa3nessi-

OLMMUCSH NIePEMEHHBIMHU
dz

b-a
kz — 60

=—dt,

HMHTErPUpYs KOTOPOE, HaXOMHUM

1 b— 1
Sl (ks -t ) =—t+ 2mC, k20,

T, = +(t l)b_"’+c"“‘ :
w=a k) 60 T

Tak Kak Ty (t)|;=0 = a, 10 C = %BTG' ClenoBaresIbHO, OKOHYATEIbHO UMEEM

TM=a+b—6_Og(t—%(1—e’kt)).

TemriepaTypa MeTaura yepes yac, OYEBUAHO, OYIET paBHa

T, (60) = b— b6;k"’ (1 - e‘“””) S
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43. Nonka 3amMeisieT CBOE ABUXeHME MO AeHCTBrEM COTIPOTHBIEHNUS BOAbl, KOTOPOE NPONOPIH-
ORaJILHO cKopocTy Noakn. HavareHas ckopocTs nomku 1,5M/c, a vepe3 4 ¢ ckopocts ee | M/c. Korma
CKOpOCTb JIOAKHM ymeHbuuTes a0 1em/c? Kakoit nyTh MOXeT NPOHTH JIOAKA 10 OCTAHOBKH?

dv

« TIyctb v(f) — cKOpOCTb JIOAKM B MOMEHT BpeMeHH ¢ OT Havana ABuxeHus. Torna I CcTb ec

yckopeHue, COrnacHo BTopoMy 3akoHy HbioToHa
dv

m— = F, 1
it ) (N
rne F — cuna conpotusnenus soapl. [lo ycnosuio F' = kv, nostoMy (1) IpUHHMAET BUI
dv k
— = —v=kov (ko= const).
% m ov (ko )
WHTerpupys 210 ypaBHeHUe, NOJYUNM ‘
u(t) = Ce™. 2
Hcnonw3ys yemosue v(0) = 1,5, Haxonum C = 1,5, Torna (2) umeer Bun
u(t) = 1,5¢",

rae ¢t uaMepsercs B cekyHmax. ITockonbky v(4) = Im/c, To u3 paBenctBa 1 = I,Se“k0 cleqyeT, 4to
ko = 0,25In(2/3). [To3ToMy CKOPOCTh ABUXEHUSI JIOAKM BBIpAXaeTcsa GopMysoi
2\ 5
1
v(t) = (5) M/c. 3)
[Moncrasnss ciompa v = 1em/c = 0,01 M/c, HaXxoaMM COOTBETCTBYIOLUMIT MOMEHT BpeMEHU

In 0,01
=41+ = 50c

In(2/3)
Janee, nockoasky v(t) = dstt) , rne §(t) — nyTs, u3 (3) noayuaem
¢
o 4 <2 )z“ N
s)=——= 13
In(2/3) \3 50
-1
re sy — mnoctosHuast uHTerpuposanus. [Iycts s(0) = 0. Torma s = —ﬁ(%) , ¥ 3aKOH

ABUXXEHUW A JIOOKH UMEET BUI

e 2\ |
sO=mam\\3) ~H

W3 (3) Buaum, yto tlim v(t) = 0, MOITOMY M3 3aKOHA ABUXEeHHUS JIOLKH [10/yyaem
—+x

6
s = lim s(f) = ————— &~ 15m
P ® In(3/2) ’
e sy — Nnyrh, KOTOprﬁ NpOXOIUT 104Ka OO OCTAHOBKH. »

44. 32 30 nHe pacnanock 50% nepBOHAYANBHOIO KOJIMYECTBA PaIMOAKTUBHOrO BellecTBa. Uepes
CKOJIBKO BpeMEHM ocTaHercs 1% OT NepBOHAYaIbHOIO KOJMYeCTBa?

<« Bocnonb3yeMcsi 3aKOHOM PaiMOaKTUBHOIO paclaga: KOJW4YeCTBO PagMOaKTMBHOIO BelUECTBa,
pacnazalolerocs 3a eIMHALY BPEMEHHU, NMPONOPUUAOHAILHO KOJMYECTBY 3TOrO BelUeCTBa, UMEIOLErocs
B paccMaTpuBaeMbiit MoMeHT. Ilycth Q(f) — KOJIMYECTBO PagMOaKTUBHOTO BELIECTBA B MOMEHT Bpe-
MeHHM t Mocie Hayasa pacnaga. Torna, B COOTBETCTBMHM € 3aKOHOM PagHMOAKTUBHOIO pacnanga, UMEeM
q(t) = kQ(@), e k — Ko3(POUIMEHT NPONOPLIMOHATIBHOCTH, g(£) — KOJMYECTBO BEILIECTBA, pacrana-
IOLIEroCs 3a eNMHMLY BpeMeHU. CenoBaTeNbHO, 33 IPOMEXYTOK BpeMeHH oT ¢ no t + At pacnagercs
kQ(t)At pewectsa, tne £ € (¢, ¢ + At), Q(f;) — HEKOTOPOE MPOMEXYTOYHOE 3HAYEHUE KONMIECTBA
BeWECTBA Mexay Q1) u Q(t + At). C apyroit CTOPOHBI, 3TO Xe KOJIMYeCTBO paBHO Q(t + At) — Q(1),
MO3TOMY OKOHYATEJILHO UMEEM

QU + At) — Q)

Q@+ Ab — Q) = kQ(t)AL, I v kQ(ty).
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Cunras dyuxumio @ mddepeHUMPYeEMOil M TIEpexois K TIpefesly B IOCHeIHEM COOTHOLIEHWWA IIPH
At — 0, nonyuynm nuddepeHIHANIBHOE YDAaBHEHHE

dQ(t
Q( )= = kQ(), o)

peuieHueM Kotoporo spigercsa dyunxkuuna Q) = Ce*. OueBuaHo, nocrogHHas C 30ech O3HAYaeT

0
MepBoHauaabHOe KoMu4uecTBo Belectsa. Janee, u3 ycmosus 0,5C = Ce** naxomum k = _’516 In2, aus

_t
yenosus 0,01C = Ce™ 3™ nonyuaem

In 100
t; = ——— - 30 = 200 (gueir)
In2
— BpeMs], 110 UCTeYEHNH KOTOPOro OCTaHeTCs Jinlls 1% NepBOHAYANBHOTO KOJIMYECTBA BELLUECTRA.

Oﬁ].l_[aﬂ Xe (bOpMyJIa JJIs1 OCTABUIENOCd KOJIMYECTBA BEUICCTBA HMEET BUI

-t
QM) = Q(0)2" %,
rae t — BpeMs, H3MEPAEMOE B AHSX. P

45. CornacHo olbITaM, B TedeHHE TOAa U3 KAXAOI0 rpaMma pazausa pacnagaerca 0,44 mr. Uepes
CKOJIBKO JIET PACI4feTCsl TI0JIOBUHA UMEIONIErocs KO/IMUeCTBa pagus?

<4 TIycts Q(t) — KonuuecTBO pagnst. Torna oHoO ynoBiaeTBopsieT ypaBHeHuio (1) w3 Npexsiayuei
sagayu. CnexoBaTesbHO, ¢dyHKUUA Q) = Q(O)e"‘ BBIpAXaeT 3aKOH ero pacnaja, rae t — Bpemd,
u3MepseMoe B ropax. [ig ornpeneneHus Koaq)gmunema k Bocnonb3yemcs ycnoBueM: yepes L = 1 rox
Q = 999,56 mr, ecom Q(0) = 1. Orciona e = 0,99956. Takum obpasoM, Q(t) = Q(0)(0,99956)"
IMonoxus 3neck Q(t;) = 0,5Q(0), onpenennm BpeMs
In2

f = ——— 2 1600 ser.
"= T1n0,99956 net-

46. B uccregosartiom KYCKe ropHOii 1topoasl cogepxutcs 100 Mr ypaHa u 14 Mr ypaHOBOro CBMH-
ua. M3BecTHO, yTo ypaH pacrnagaeTcs HAaIloJOBUHY 3a 4,5 - 10° et 1 w0 Ipu TIONHOM pacriane 2381
ypaHa oGpasyetcs 206 T ypaHoBOro cBUMHIEA. Olpenenurb BO3pacT TOpHOIA MOpOabl, CYUTASA, YTO B MO-
MEHT 06pa30BaHUs TOpPHasa 1I0POJIa HE CONEpXKAiIa CBUHLAE, H NpeHeOperass HATMYUEM TIPOMEXYTOUHBIX
pPaIMOaKTUBHBIX TIPONYKTOB MEXIY ypaHOM M CBMHIIOM (TaK KaK OHW pacllafaloTcs HaMHOro GnicTpee
ypaHa).

« [pexne Bcero, onpenesidM HayanbHOE KOIMYECTBO YpaHa B Kycke nopogbl. [TycTs y — Komm-
YeCcTBO IOJHOCTBIO PacllaBLIETOCs ypaHa B HeM. Torna, IpUHAB BO BHUMAHHME YCJIOBUSA 344a4M, MOXEM
COCTaBUTH IIPOIIOPLUIO

y 238

14~ 206’
238

U3 KOTOpolt HaxomuM y = 14+ 5he = % 16,2 Mr. CienoBaTenbHO, MEPBOHAYATIBHOE KOJMYECTBO YpaHa
cocrasnsget 116,2 mr.

Janee, ucxons u3 o6uieit dopmyns Q(t) = 116,26“, rae Q(f) — KoIM4yecTBO HEpaclapLIErocs
ypaHa, U Tepuota ero Mojxypacnaga, Haxoaum k = —:‘—Sr%g'. IpuHuMas Ternepb BO BHUMaHUe, 4ITO 110

ucredeHnyn BpeMenn T’ OT Havaja paclaza B KyCKe IopofHl octajoch 100 Mr ypaHa, onpenensiem T u3
cooTHOweHns 100 = 116,247

1 4,5
T———1n1162— ln;O In1,162 = 970 - 10° ner

~— BO3PACT TOPHOM IIOPOALI. P /
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47. KonuuecTso cBeTa, TOTIONAEMOE CIIOEM BOABI MAJIOH TONMILMHBL, PONOPLMOHATLHO KOIHYE-
CTBY IIaJai0lIer0 Ha HETO ¢BeTa U ToiMHe cnos. Cnoit Boasl TOMMHON 35 CM TIOIIONIAET TI0JIOBHHY
MaJa01er0 Ha Hero CBera. Kakyio yacTb cBeTa NOMIOIIAET CJIOM TOMIIMHOM B 2 M?

« ITycts I(2) — KONMMYECTBO CBETa, IIPOLLUEAUIEr0 CJI0M BOABI TOMIMHONE 2 (puc. 11). Torna co-
racHo ycioBuio I(z + Az) — I(2) — KOJIMYeCTBO MOMIOLIEHHOTO CBeTa — paBHo kI(2)Az (k = const).
Taxum obpasom, IJ1s1 KOaM4uecTBa Ipoitefuiero ceeta I(z) nmeeM auddepeHuanbioe ypaBHeHUe

I

i kI. 1(0)
Ero pewenne — I(z) = I(0)e**. W3 ycioBus I(35) = %I(O) * * * * * * * * *
BBITEKAET, 4TO k = —315]n 2. Moaromy I(z) = I(0) (%)E,
rie z u3Mepserca B cM. Ilosaras B TIOCTeNHEM COOTHOLUEHUH z 1)

1200) _ (1\7 y e
z =2M=200cM, nonyyaeM — y = (7) " Torza e
40
I0) - 1(200) _ (1) 7 08, |1(2+Az) I
I(0) 2

Taxkum o6paszoM, morolaercd 98% magaionero Ha HOBEPXHOCTD Puc. 11

CBETa. P

48. TapaunoTuCT IPBITHY € BHICOTEI 1,5 KM, a pacKpbut Mapaurior Ha Beicote 0,5 kM. CKoIbKoO
BPEMEHH OH Talan 0 PacKpeiTUs Napaliota? M3BecTHo, YTo nipeae bHas CKOPOCTh TAlelis YeTOBEKa
B BO3LYXe HOPMaJILHOM IUTOTHOCTH coctaBmseT S0M/c. MamenenueM rioTHocTH npeHeGpeus. Conpo-
TUBJIEHHE MIPOIIOPLIMOHATBHO KBAIPATy CKOPOCTH.

« CornacHo BTOpoMy 3axkOHy HbloToHa umeeM

dv 2
m— =mg—kv- (k>0),
dt
[Ae m — Macca MapaloTucTa, ¢ = 10 M/c2 — ycKopeHue cBOGOIHOTO nafeHusi, k = const. Pasnenss
NEPeMEHHBIE ¥ ¥ ¢ U UHTETPUPYS, TIONYUUM

dv 1

v
L T Y
g — kov 2/kog

g k
a-v

‘:t+]nC, a= ke’ kOZEa

k
= Ce, a=2y-2. )
m

- = PO % 1 ()X
Tak kak v(0) = 0, To C = 1. [lanee, u3 ycnosus t]_ginoo ’m’ = 400 ciaenyert, 4uto v(t) — a

WU
a+v

a—v

npu ¢ — +oo. Ho no ycnosuio 3agauu lim v(t) = 50mM/c, moatomy a = 50, wiu ,/ﬂkg- = 50.
t—+oc
CreposarensHo, k = ?00, a=04.
ITpuHumast Bo BHUMaHMe ecTecTBeHHOE ycnoBHe 0 < v < a, u3 (1) HaxoguMm
ds(t
v(t) = 50th(0,2¢t) = d—(t)

Wnrerpupya, nonyyaem
s(t) = 2501In ch(0,2¢) + so. 2

Hcnonbsys Havanshoe yciosue s(0) = 0, umeeM sy = 0. Tlonaras pajee B (2) s = 1000, umeem
1000 = 2501nch(0,2¢;). Y13 mocnenHero paBeHCTBa oripeaesisseM BpeMs ¢; NajeHus MApaIlOTHCTA 10
PACKDBITHS [1apalioTa;

tl=51n(84+\/e8—1) ~5(n2+4) ~ 23c. p
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49. dyr6onbusiif M1 secom 0,4 kI Y Gpouren BBEPX CO CKOPOCTHIO 20M/c. ComnpoTHBICHHE
BO3/IYXa MPOIOPILMOHAIBHO KBaLpaTy CKopocTH U pasHo 0,48 T 1ipu ckopocth 1M/c. Berucmirs BpeMst
MOSLEMA MAYa M HauGoJBILYIO BBICOTY mofbeMa. Kak u3MeHATCS 3TH pe3ylbTaThl, eciy IpeHeGpedb
COIIPOTURJIEHHEM BO3IyXa?

<4 Ilo sTopoMy 3akoHy HpioToHa umeeMm

dv

2
— = —mg —kv". 1
mo g 1
B HaweM ciyyae m = % —I’O— , k =0,00048 >—5— Kr ¢ , I03TOMY ypaBHenue (1) IpuHUMAET BUI
Y 10— 001202
—=-10— v’
dt ’

Pa3memuB nepeMeHHbIE U TIPOMHTETPUPOBAB, TIOYYUM

10
arctg 1/0,0012v = 4/0,12(C — ), v—\/(_)_l_tg((C £4/0,12). @

Tak kak v(0) = 20, To u3 (2) cnenyer, uto C = ﬁ arctg(Z\/O,IZ) . U3 (2) Taxxe cnenyer, yto v = 0
npu t = C = 1,75 ¢ (310, O4EBUIHO, COOTBETCTBYET HanbosblIeH BhicoTe). IIpuHUMas BO BHUMaHue

paBeHCTBO v(t) = %(tt—) , TI0CJIe TIOZICTAHOBKH €r0 B (2) M MHTErPpUpOBaHUs IONyd4eHHOro mudepeHn-
AILHOIO YPaBHEHUS, UMEEM

250
s(t) = 8o+ Tlnlcos (c-v 0,12)], 8y = const. 3)
®opmyna (3) BelpaxaeT 3aKOH nBMXeHHs msiya. [lonaras B (3) s(0) = 0, Haxoaum
250
s0 =~ Incos (c 0,12)].

Ecnu xe B (3) nonoxuts ¢ = C, TO 110NyYuM HauGOJNBLIYIO BBICOTY IOAbEMa MsAua

125
Smax = S ~ -3—111148~163M

Cnyyait k = 0 npegocrasisieM pazoOparh YUTATENIO. P

50. Iycts xuakocts BLITEKAeT M3 HEKOTOPOTO COCYIa HePE3 OTBEPCTHE B HEM CO CKOPOCTBHIO,
pastoit 0,61/2gk, tne g = 10M/c’, b — BHICOTA YPOBHSI KHAKOCTH HaJ OTBEPCTHEM.

3a kakoe BpeMs BCSl XMAKOCTb BbITeYeT U3 HWIMHApUYecKoro 6aka ¢ quamerpoM 2R = 1,8 M U BBI-
coroit H = 2,45M 4epe3 oTBepcTHE B fHe auameTpoM 2r = 6cm? Och HWIMHADA BEPTUKAJILHAS,

« [Tycts h(f) — BBICOTa YpOBHA XUEKOCTH B 6aKe B MOMeHT BpeMenu ¢ > 0. Uepes npoMexXyTok
BpeMeHH Al ypoBeHb XHMIKOCTH IIOHU3UTCH 1O 3Haqemm h(t + At). CneposatenbHO, U3 6aKa BBITEYET
KOJIUMECTBO )xmu(ocm pastoe (h(t) — h(t + At))1rR C nmpyroit CTOpOHBI, yepe3 OTBepcTHE B Gake
BBITEYET 7T v(tl)At xuakocty, e tp € (&, ¢ + At), v({t;) — HEKOTOpOe IPOMEXYTOYHOE 3HAUECHUE
CKOpPOCTH BHITEKaHMs XMAKOCTH Ha MHTepBaie (I, ¢t + At). B cwiy 3akoHa cOXpaHeHHsI Macchl MMeeM
PAaBEHCTBO:

2
r
ht +At) —h(t)=— (E) v(t)AL.
Pasnenus ofe YacTu 3TOro paBeHCTBa Ha Al M IPEANONOXHUB, YT0 PyHKUHA h auddepeHLrpyeMa,
a ¢yHKiMs v HenpepbIBHAsA, yctpeMuM At k Hymo. Torza nomyunm g depeHuuanbHoe ypapHeHHe

dh r
== —k*v(t), k= 7 V=06

Perrerue aroro YPAaBHCHUSA UMCET BUL

h(t) = (C - 0,3y/2gk*1)", C = const.

D Yepes I' (rpamm-cuna) o6o3HavaeTcst TexHHyecKas eMmyuna cwsl, 1T = 1r- g = 0,0098H, e g = 9 8-—2- — YCKOpeHUe

ceoGoanoro magerus; 1k = 1000T.
TN
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Mockonnky A(0) = H, 10 oTciona cnenyer, yro C = v H. Oyesuatro, h(t) = 0 npu

_10VH B

T 3/2g rl

51. Pemnts npeasuIyuIyio 3ana4y B UPEAIIOIOKEHHH, YTO OCh MHITMHIPA PACTIONOXEHA TOPU3OH-
TAJIBHO, & OTBEPCTHE HAXOMAMTCS B CAMON HUXXHEN YacTH LIMJIMHIPA.

« Kak Buanm u3 puc. 12, npu ITOHMXKEHAM YPOBHA XMIKOCTH 3a BpeMa At Ha Ah uepes oTBEP-

ctue E BoiteueT 2HVA(2R — h)Ah+o(Ah) xuaxkoctu. TloaToMy BhllloI-
HsleTCs PAaBEHCTBO

—2H/h(2R — B)Ah + o(Ah) = 7riv(t))At,

13 KOTOPOTO, KaK U B NIPEIBIIYIlieM OPUMepE, nomydaem aubdepeHIHAIb-
HOE ypaBHeHUE

—2H/R(2R — h)dh = 7r20,6,/2ghdt, h % 0.

PeureHueM atoro ypaBHeHus sapisieTcst QyHKUUS

=~ 1050¢ = 17,5 MuH. »

2
2 37rr2\/§ 3
= - = < 1
h(ty =2R (O,3t+C)3< \/§H> ,  C =const (1)

Puc. 12

Mockonbky R(0) = 2R, To otciona cnenyet, uto C = 0. Tlonaras B (1) h = 0, Haxoaum Bpems, 3a
KOTOPOE BBITEYET BCH XMAKOCTh:

3

40 R*H

91 ri /g

52. Boponka numeer (hopmy Kpyrosoro konyca pamyca B = 6cm u BeicoTsl H = 10c¢cM, obpa-

1IEHHOTO BePLIMHON BHU3. 3a Kakoe BpeMsi U3 BOPOHKH BBITEUET BCSl BONA YEPE3 KPYIJOe OTBEPCTHE
aunametpa 0,5 ¢M, ceanHoe B BepUInHe KoHyca?

<« M3 puc. 13 BuImmM, 9To KomnyecTBo BoAbl AV, comepxatii€ecs B 3alliITPUXOBAHHOM CJIOE, C TOY~

HOCTBIO 10 Matbix o(Ah) pasno 7r° Ah. C apyroit CTOpoHsI, epes otsepcTie O BbiTeueT nriv(t))At

Bolbl. TakuMm obpaszoM, uMeeM PaBeHCTBO o R
N ﬂrfv(tl)At + o{ Ah), C H j

rae ry = 0,25¢m, t; € (¢, t + At), M3 KOTOPOIo TpenesibHbIM Nepe-

xofoM npu At — 0 nonyyaem gudibepeHIMaIbHOC YPABHEHHE

ridh+riu(t)dt =0, w(t)=0,61/2gh. (1)

1 = 1040¢c. »

M3 nomo6ust tpeyronbrnkos AMO u CO,\0 cnenyer cooTHoweHue H
r= % [ToatoMy ypaBHenue (1) 3anMcChiBaeM B BUIE h(t)
2

: H
hidh+ K dt =0, k2=0,6Frf\/Z.

04

Wurerpupys, nonyuaem

5 - Puc. 13

~ H .
Tak xak h(0) = H, 10 oTciona cneayer, yto C = %H 2, TakuMm oGpasoM, pelleHUe TOCTaBICHHOMN
331341 UMeeT BUJ

Tlonaras zgecy h = 0, HaxoAUM
5
2 H:

t=2"

5k
— BPEMS, 3a KOTOpOe BhITEYET BCA BOAA M3 BOPOHKHM. BLIMMCIEHHS 1AI0T ¢ & 27¢C. b
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53.8B TIpSIMOYTONIBHBI 6ak pasmepoMm 60cM X 75¢M u Beicotoif 80cM moctynaer 1,871 BoABI B
ceKyHay. B mHe umeeTca oTBEpCTHE IUTOLAABI0 S = 2,5 cm?. 3a Kakoe BpeMs HATIONHHMTCH 6aK?

« Ilycrs h(t) — BeicoTa ypoBHsa Bogbl B Gake. Torma AV, = (h(t + At) — h(t)) 60 - 75 — npupa-
weHue ee ofbeMa 3a Bpems ot ¢ 10 £+ At. D10 yBenuueHUe (VMM yMeHbIlUeHUe) 00beMa IIPOUMCXOIUT 33
cyeT nocryrieHus AV, BobI u ee yTeuku B KomudectBe AV; yepe3 otBepcTue. TakuM o6pasoM, uMeeM
ypasuenue AV = AV, — AV;. [Tockonbky AV, = 1800At, AV = 2,5-0,64/2gh(t|)AL, t; € (&, t+AD),
TO TOC/IeAHEE YPaBHEHUE MOXHO TIPEACTABUTL B BUIE

4500(h(t + At) — h(t)) = 1800At — 2.5 - 0,6,/2gh(t )AL, g = 10’ cm/c’. %))

Pasgenus B (1) 06e yactu Ha At u COBepLIUB TpenenbHbiil mepexon pu At — 0, monyunM nuddepen-

HHUATTBHOC YpAaBHCHUE
dh
0= (12 - 0,01 2gh) ,

TIPOMHTEPUPOBAB KOTOPOE, HaiineM:

6000 1200 :
Vh+ ——==In(12 - 0,01 2gh)) ) 2
< Vg
Iycts h(0) = 0, Torua us (2) crenyer, yto C = —36001n 12. TloxncraBus B (2) h = 80, Haiinem
BpeMs L, 3a KOTOpoe HANOJHUTCH fax:

3
t; = 1200 (31n5 - l) ~ 260c. »

54. Pesunossiii wHyp zmuuoi 1M non mefictsueM cuns! f KI ywmnsetes Ha kf metpos. Ha
CKONBKO YIIIMHHTCA TaKOM Xe LWHYp WIMHBI [ 1 Beca P 1ox neiiCTBUeM CBOETo Beca, eCJIM ero MOaBECUTh
3a omMIl KOHeH?

« Ilyctp U(z) — ynnuuenue wiHypa aiunoit ¢, a U(x + Ax) — ymiMHeHUWe ILHYpa JIWHOR
z + Ax. Torna yanuHeHue aj1eMeHTa JuMHOM Az pasHo pasHoctd U(x + Ax) — U(x) (puc. 14). Ha
DJIEMEHT LIHYpa Ax neiCTByeT pacTaruBaiolias cwia f, paBHas Becy LiHypa JUIMHOM | — ¢ — 8Ax, T. €.

P
f:T(l—w—oAa:),

e %J— — yneJIBHBIA Bec 1HYpa, 0 < 6 < 1. ComracHo yc/ioBMIO, YKa3aHHBIIM
37IEMEHT MOJDKEH YWIMHUTECA Ha k fAxz MerpoB. Takum obpasom, mosyuyaem
X T u(x) YpaBHECHHWE

x+Ax T

] rae BeJIMuMHA 6 BBEIEHA C LIEJIBIO YYEeTa BIIMAHUSA CUJIBL, ACMCTBYIOIIEH Ha dle-
MeHT Az, 06yC/IOBJIeHHOI BECOM CaMOro 3JieMeHTa. Jlajiee, U3BECTHHIM NyTeM
u3 (1) nonyyaeM nuddepeHIMANEHOE YpaBHEHUE

dU kP

x=11 E:;_T(l_w)’

U+ Az)-U(x) =k ? (I —z— 6Az)Ax, 1)

Y U3 KOTOPOTO CJIEAYET, YTO

kP

Puc. 14 U@ =C+ 5 Q-2
Iockoneky U(0) = 0, to C = 0. CnenosatensHo,
kP
U(w) = '—2l— Q2 - z)z.

W3 nocneaneit ¢popMynsl 1ony4aeM yaIMHEHUe WIHYypa JuHoMi I:
kPl

vh=—-»
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55. Haitrn aTMoc@epHOe JaBIeHHE HAa BHICOTe /i, €CJIM Ha IOBEPXHOCTH 3eMiIM JaBjieHHE paBHO
1kI/cM® 1 ruioTHOCTS BO3myXa 0,0012r/cM’.

<« Ilycts P(z) — naBneHue BO3OyXa Ha BBICOTE 2 OT IIOBEPXHOCTH 3eMiu. TOrna pasHOCTh HaBlIeHU i
P(z) — P(z + Az) pasHa pecy cTonfuka po3fyxa ¢ TUIOLIAAbIO OCHOBaHMA 1cM’ u BoIcOTON Az, T.e.
pasHa pe;yuHe p(z + 6Az)g - Az, e p — HekOTOpas CpeaHsAs IUIOTHOCTb Bo3ayxa, 0 < 6 < 1.
[MosToMy umeem

P(z) — P(z + Az) = p(z + 0A2)g - Az,

OTKYZIa IIpefeIbHbIM TNepexonoM npu Az — 0 monyuaeM nuddepenmanbHoe ypaBHeHH e

dP
— = ~gp(2). )

Cornacto 3akony Boiina—MapuoTTa, IIOTHOCTb BO3MyXa IIPH [IOCTOAHHON TEMIIEPATYPE TIPOTIOPLUO-
HaJIbHA [OaBJIecHUIO, T. €.

p(2) = kP(2).
Hcnionbays 310 paBeHcTBo, U3 (1) Haxomum
dpP
— = —kg, P=Pe " kI/or.
P
Takkak npu 2 =0 P = 1xT/eM’, To P =¢
0,0012r/cM’ = 1000 /cM’ - k = 1000 r/cu’ gk,

~*e2 4 mockonsky

rme ¢ = 9,8M/c? = —11% — ycKopeHHe cBOGOIHOTO Magehus, To kg = 0,12 10 em™! = 0,12(m) ™!
Taknm 06pasoM, Ha BbICOTe b KM NaBlieHHE BO3MyXa

P=e"""gr/eM.

56. na ocranosku PEYHBIX CYHOB Y IIPUCTAHH ¢ HUX OpOCAIOT KaHaT, KOTOPbI HAMATLIBAIOT HA
cronG, croamuil Ha npuctanu. Kakas cuia Gymer TOpMO3UTBL CynHO, €CnM KaHAT AeNaeT TpYM BUTKa
BOKpYT cronifa, Ko3dbuumMeHT TpeHUus KaHara o cTonG paseH 3_1;, 1 pabouuii Ha TIPUCTAHU TAHET 3a
cBOOOMHBIIA KOHell KaHaTa ¢ cuioit 10kI?

« Ilyctb T(p) — cuna HaTaxeHUa KaHATa, COOTBETCTBYIOLIAS €r0 YIJIy HAMATBLIBAHHS (¢ HA CTOJE,
AP — nopmanbHad peakuus cTox6a Ha yJacToK KaHata IuiMHol AS = RAy (puc. 15). U3 ycnosus
pasHoBecus Tpex cunl T(p), AP u T(p+ Ayp), ¢ TOUHOCTBIO 10 GeCKOHEYHO MAJIBIX BEAMYMH yia Ay,
CJeIyIOT paBeHCTBA

T(p + Ap)Ap + o(Ap) = AP, O \

T(p + Ap) — T(p) + o(Ap) = A T(p + Ap)

rge AF — cwna TpeHus1, JeCTBYIOIAA Ha YKA3aHHBINA JJIEMEHT.

Cornacno ycnosuio, AF = kAP, niosroMy u3 (1) ronydaem co-
OTHOLLUEHHE

T(p + Ap) — T(p) = kT(p + Ap)Ap + o(Ap),

U3 KOTOPOTO W3BECTHHIM YMTATEMO CIIOCOGOM JIETKO Oy YHTE

JuddepeHIHaTbHOE YPaBHEHHE

aT

= kT.
dy
Ero pewenue — T = Tye** . TTycrs npn =0Ty =10kI". Torma
IIPU ¢ = 67 (YTO COOTBETCTBYET TPEM BHTKAM) Puc. 15

T = 10e* =~ 5355kT. p

57. Ha ppawalonmiicss B XHIKOCTH JIACK HEHCTBYET 3aMEUITIOLIAs ero ABUXKEHWE CHIIA TpeHHH,
IIPOIIOPLUMOHANIbHAS YIJIOBOM CKOPOCTH BpalueHHs. HallTi 3aBUCMMOCTD YITIOBOIH CKOPOCTH OT BPEMEHH.



28 I'n. 1. Inddepenunansnnie ypasBHeHHA NePBOro mopsaxa

€C/TM BHaYajle JUCK Bpallaics co ckopocTbio 100 060poToB B MUHYTY, a 0 UCTCUEHUH OAHOI MUHYTBI —
60 060pOTOB B MUHYTY.

« Ilycts w(t) — yrnoBas CKOpocTb ABMXEHMS AMcKa. Torga, COMacHO 3aKOHY M3MEHEH s MOMEHTA
KOJIMYECTBA JBUKEHUSI, UMEEM

I—=M, )

rae I ~— MOMEHT MHEpLUHU AMCKa, M — MOMEHT cHi, acHCTBYIOMHX Ha auck. Ilo yenosuio M = kow
(kg = const), nostoMy ypaBHeHue (1) IIPUHUMAET BUA

dw ko
— =kw, k=-—.
dt ! I
Ero peutenne — w = woe“. Ilycth w u3mepsierca B ofopoTax 3a MUHYTY, a BpeMsi { — B MUHYTax.

Torna wy = 100, 60 = 100e*, orxyna e* = 0,6. Takum 06pazoM, TpeGyeMast 3aBUCHMOCTh UMEET BHIL
w = 100(0,6)° 06/Mutt. >

58. B saxpeiTom nomeierun obteMmom V M® HaxomMTCA OTKPHITEIH COCYX ¢ Boxoi. CkopocTh
UCTIapeHUs BOABI IIPONOPLIMOHAIBHA PA3HOCTH MEXIY KOIMYECTBOM ¢; BOJASHOIO Napa, HaChILLAIOUIEro
1M® Bo3myxa npy TaHHOI TEMIIEpaType, W KOIMYECTBOM g BOASHOTO Iapa, nMeioummes B 1 M Bosmyxa
B paccCMaTpuBaeMblif MOMEHT (CYMTAEM, YTO TEMIIEPATYpPa BO3AyXa U BONBI, 4 TAKXKE BEMMYMHA ILTOLIA-
IM, C KOTOpOi IPOMCXOAUT HCIAPEHUE, OCTAIOTCS HEM3IMEHHBIMH). B HaualbHbIi MOMEHT B cocyne
6bUIO My T BOIBL, a B 1M Bo3myxa goT mapa. CKOJBKO BOJBI OCTAHETCS B COCYJIE Uepe3 TIPOMEXYTOK
BpeMeHu t?

< [Tycts Q(t) — KomuecTBO UCIapHBlLiekics Boabl B rpaMMax 3a Bpems ¢. Toraa, cortacHo ycno-

di
BUIO, CKOPOCTb MCIApEeHUs ¥ DaBHa BelwduHe k(g — q), T. e. uMeeM nuddepeHLMaibiioe ypaBHeHHe

d
?igt?_ =k — 9, 8))

rae k — Ko3h¢uiueHT nporopunonanpHoctd. Halimem 3HaueHue ¢. OueBMOHO, YTO
-6
(V—mO-IO )QO =@
€CTb KOJIMYECTBO apa B rpaMMax, KoTopoe ObUI0 B TIOMELIEHUH, a
-6
(V-mo-10°) g+ Q= Q.
— KOJIMYECTBO 11apa B rPaMMax B [IOMELUEHUU B MOMEHT BpeMeHu L. SIcHo, uTo KonmuuecTBo ¢, ObuIO
PaBHOMEPHO pacllpelieyieHO B ofbeMe
-6 -6
V=V —-—my-10"+Q-10
(uucno 107 Besge ¢urypupyeT BCreICTBUE TOro, YTo 1 T BOABI 3aHUMaET lem® = 10780° ofbema).

[MosTomy
9_% B (V - m010‘6) Q@+ Q

= = 2
1=y T Vo i0sSm+ @ @
Ecm V 3 1075(m + @), T0 13 (2) MOXHO MOIY4nTh GoJlee TIPOCTYIo hopMyny LIS §:
Vo +Q Q
= ' = —. 3
q v Oty 3

ITonctasus (3) B (1), noayuynM okoHuaTessHOEe uddepeHIHAIbHOE YPABHEHHE

2 k(a-a-3),

IIPOMHTETPUPOBAB KOTOPOE, TOIYYHM:
_k
QO =V~ +Ce V.
Hockombky @Q(0) = 0, To oTcioza cnenyer, uro C = —V(q; — q). Takum oOpa3oM, Ui ocTaBuieics B
cOoCyRe BOON uMeeM opmyiry

my(t) = my - V(g — ) (1 - e‘é"ij/.:
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59. Macca pakeTsl ¢ TIONTHBIM 3a1acOM TOMLTMBA paBHa M, 6e3 TormBa oHa paBHa 1M, CKOPOCTh
WCTEYEHU M3 PaKeThl IIPOAYKTOB rOpEeHHs paBHA ¢, HayaJlbHasg CKOPOCTb paKeTsl paBHa Hymo. Haiitu
CKOpOCTB PAKETHI TI0CIIE CTOpaHHUs TOMNNBA, IipeHeGperasd cWIoif TSOKECTH YU COIIPOTURIEHUEM BO3IyXa.

« Ilycre M(%), v(¢) cOOTBETCTBEHHO MacCa M CKOpPOCTb pakeThl B MoMeHT BpeMeHd ¢{. Torma
k() = M(t)v(t) ecTb KOITMYECTBO ABMXKEHMsi PAaKeThl. 10 3aKOHY COXpaHEHMsI KOIWYECTBA ABHXEHUS
CIIpaBEJIMBO PaBEHCTBO

kit + At) - k@) = Ap, )

[€e p — MMIIYJIbC BHELIHUX CHJI, NEeHCTBYIOUIMX B TeuyeHUe BpeMeHu At Ha IpOMEXYTKe BpeMeHH
or t 10 t + At. B naHHOM ciiydyae TaKUM MMIIYJIbCOM CITyXaT TIPOOYKTH CTOpaHMsl pakeThl, KOTOpbiE

OTAEJISIOTC OT Hee ¢ abcomoTHOM cKopocThio ¢ — v(f) (¢ — OTHOCHMTENBHAsA CKOPOCTb OTHEJIEHMs
poayKToB cropaHus). ITockonbky otTaensiercs (cropaet) Macca M (L) — M (¢ + At), 1o
=(c—v®))M({) — M+ AD)). 2)

Iloncrasus (2) B (1), noxy4um
M+ At + At) — M(t)v(t) = (c — vE)(M(@E) — M (T + Ab)),

HiN
MAy + cAM + o(Av) =
Paznenus nonyyeHHoe Ha Av U ycrpeMHB Av K HymO, UMEEM
aM
M+ec—=0.
dv
Peuterne nonyvyeHHoro AuddepeHIMAIBHOTO YpaBHEHNS UMEET BHI
1
v(t) =cln —— + ¢p. 3
@ mo )]
IMTocTosAHHYIO ¢y OIpeNesseM W3 HAYAIbHOIO YCJIoBUA: v(t)]i=o = 0, T. €. B HAYANbHBI MOMEHT BpEMEHHU
WK, YTO TO XE caMoe, Tipu M (t) = M ckopocts v paBHa Hyimo. TToatomy u3 (3) nmeeM ¢y = —cln IIT
CnepoBaresisHoO,
v=cln M In M
= —_— =
M(t) M-z’

re T — Cropeslliag Macca Toiiuea. Ecim, B 4aCTHOCTH, CIOPMT BCE TOILMMBO, T.€. & = M — m, To
pakera GyjeT UMeTb CKOPOCTD

M
v=cln T gopmyna Huoaxoeckozo. »

§ 3. Onnopoanbie ypaBHEHHS
H ypaBHEHHSA, NPHBOAAIMMECA K HAM

3.1. Ogmopoxnoe ypasnense.

VpaBHeHue BuAa
Mz, y)dz + N(z, y)dy =0, )

rae M, N — HelpephBHEIE B HEKOTOpO# obnactu D C R? u omHOpOIHbIE GYHKIMH OTHOA U TOH Xe
CTEIICHH, Ha3HLIBACTCA OOHOPOOHBIM.

HanomiuM, uro GyHKums ¥ Ha3bBaeTCa 00HOPoOHOH cmenenuy m (M — LEHCTBUTENILHOE YHCIO),
ecom Vi € (a, b) P(iz, ty) = t"Y(=, ¥), (=, y) € D.

C noMoupmio sameHbl y = z - U(z) ypaBHenue (1) CBOAMTCA K YPABHEHMIO C DA3NENSIOUMMMCS
nepemeHHmm zulU.



30 T'n. 1. inddepennranpinie ypaBHeHHs Nepsoro NOpaska

3.2. YpaBHeHue, CBOAMMOE K OXHODORHOMY.
K OJHOPOAHOMY YPABHCHUIO IIPUBOAMTCA CIICAYIOLIEE:

_ hy o - : _
' f(Z;:ib;yig) (a; = const, b; = const, i =1, 2), ()]

ecnu a;by —a,by # 0. [lng 310r0 FOCTATOYHO TONOXUTh £ = ¥+, ¥ = v+ 3 U 110g06PaTh MOCTOSIHHBIE

a, (3 TakuM obpasoM, 4ToOBI TMpaBas 4YacTb ypaBHeHHA (2) Npuobpena Bunx f ( %) Ecin xe

aby —aby =0, 10 a;x + by = k(ayz + byy), (k= const). B 3ToM cnyyae ypaBHeHue (2) npMBognTCS
K YPaBHEHHMIO C Pa3IeISIOMMUCS TIepeMEHHBIMHU 3aMeHOH 2z = a,2 + b,y.

3.3. O606mern0-0RHOPOHOE YPAaBHEHHE.

YpasHeHue Buna (1) HaspIBaeTCA 0600UieHHO-0OHOPOOHBIM, €CIIN CYLIECTBYET TaKas IOCTOSIHHasA «,
YTO NoCHE 3aMeHBl ¥ = 2% OHO CTAHOBUTCSA OTHODOZHBIM.

Peumts ypapHeHuUs.
60. (y+ V! — y2) dz —zdy=0.

<« 3pech dynxkuvn M(z,y) = y+ V2?2 —y* (o] > |yl), N(z, y) = —2 omHOpoaHble U UMEIOT
CTerieHb m = 1, TaK KaK

Mo, ty) =ty + /o =y =t (y + /o =) =M@, )

g t>0(re.a=0Hb=+4x) a
Nz, ty) = ~tx =tN (2, y)

s no6oro t. CienoBaTeIbHO, AaHHOE ypaBHEHUE oqHoponHoe. TIpruMeHUB 3aMeHy ¥ = 2u, NOJyyaeM
dy = du + udz, a ypaBHeHue npeobpasyeTcsa K BUAY

(wu+|w|vl—u2) dr — z(xdu + udz) = 0. )

Ougesuano, yto ¢ = 0 aBisieTCA pelieHMEM HMCXOAHOIO yPaBHEHUS, TIO3TOMY cuuTast, yto B (1) o # 0,

TIOJTYYUM
sgnav' 1l —ulde — xzdu=0.

Pasnenas mepeMeHHbBIE U 3aTEM MHTEIPUPYSA, HAXOOUM:
dz du B Ly
m = W gt sgne In |z| = arcsin - +C.
TpuHumas elie BO BHUMAaHue, 410 u = +1 (T.e. y = &) TakKe €CTh pElIEHUsi, OKOHYATEIHLHO
3aTIUCBIBAEM BCE PELIEHUS JAHHOTO yPAaBHEHUS:

sgn z In || =arcsing+C; y==z;, z=0.p
z

3amenanne. Crporo rosops, pewiene £ = 0 noay4aercs B pe3yastate Ronymenus, uro /—y? -0 = 0 mna
NPOU3BOABHBIX 3HAYEHMI ¥.

61.:y =y(1+Iny—Inz).
<4 [lepenucas ypaBHeHue B BULE

wdy—y(l+ln%) dz=0 (z>0,y>0),

o6HapyxXuBaeM, 4To dyHkunu M(z, y) = —y (1 +In %) u N(z, y) = x OIHOPOJHbBIE ONHOH H TOi Xe
crenend m = 1. Ilo3atoMy, npuMeHuB 3aMeny y = zu, dy = = du + wde, nonIyIuM
zdu—ulnudzr = 0. u\

Pasnenssi iepeMeHHble M HHTEIPHPYsI, HAXOMUM
nz-Injihul=InC (u#1),
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WIN
y = ze®”.

3aMeTHM, 9TO pellieHue Y = &, KOTOPOE COOTBETCTBYeT 3HaYEHHUIO ¥ = 1, BXOAMT B ¢hopMmyay cemeiicTBa
HHTErpIbHBIX KpuBBIX npy C = 0. p

62. zydz + (y* — 2 dy =0, MQ, 1).

<« B nanHoM npumMepe TpeGyeTcsa HaliTu KpvBYIO, KOTOpas yaoBjieTsopsuia Obl auddepeHunansHOMY
YPABHEHHIO U IIPOXOAMINIA Yepe3 ToyKy M.

[Tpexnae Bcero, HaxoA¥uM BCE pelleHus 3Toro ypaBHeHUd. [lonaras y = xu, nonydyaem

wdz+ z(u’ ~ 1)du = 0.

Orcrona nipu u # 0 MHTErpUPOBAHMEM HAXOIUM

u — 1 dz 1
/ 3 du+/?:lnC, ]nluwl+ﬁ:lnc,
J u

Wiu

w2+2y2]nl—gl=0. (1)
K nony‘ieHHmlwy ceMeCTBY HpHCOCI[HHHI;d ewe kpusyto y = 0. Jaree, noacrabus B (1) 2 =1, y =1,
umeeM C = e?. [ToaTomy TpeGyemas KpuBas UMEET ypaBHEHUE

2 +y(ny’ - 1)=0.»

63. (myeﬁ + yz) dx — a:ze% dy = 0.

« 3zech yno6HO npuMenuTh 3aMeny x = uy. Torna dz = udy + ydu, udy +y (ue* + 1) du =0,
d “+1)d
dy | (ue"+1) du
y u

64. 27y - y) de — zdy = 0.

<4 OueBustno, zy > 0. OTGpocuB TpUBHAibHbE peweHus ¢ = 0, y = 0, cuutaeM, uro zy > 0.
[Monarast y = ux (u > 0), uMeeM

z
=0, Injz|+ev=C.p

dy =udz+xdu, 2(Vusgnz —u)de—axdu=0. 0
Ecnu 2 > 0, To orciona Haxomum (u # 1):
de 1 du Y
/?:5 —\/_Ej'l:, lnw:—lnll—\/ﬂi+lnC, win a1l - EZC
Ecmn xe = < 0, To nonaras B (1) & = —a,, Noayyum

2(Vu+u) dey +z,du=0.

Pasnensts nepeMeHHbIE U HHTETPUPYS, UMEEM

x; (1+”——y—’:C, Wik —w(1+\/g> =C.
T Z

OGbenunsas o6a orBeTa (ipH = > 0 u 1ipH @ < 0) B 0JUH, OKOHYATEIbHO MOXeM 3aIIMCaTh
z— zy="C. 2)

3ameruM, uTo pewtenue y = ¢ (u = 1) BxoguT B (2) pu ¢ > 0 (C = 0), a pewenne y = 0 Boobue
He BxoauT. TT03TOMY BCe pelileHus JTaHHOIO YpaBHEHUs oIMchIBaloTcs oopMynoit (2) ¢ pucoeMHEHNU-
eM y = 0. Peurenue Xe ¢ = () MOXHO BKIIOYMTS B (2) muub (opMaibHO, MOCKONbKY IHdbeperman
d(z — /Z§) npu z = 0 He CYILECTRYET. P

65. =y’ = ycosin %

« 3aMeHa y = zu, (u > 0,  # 0) IPUBOIMT K YPaBHEHHIO

zu' = u(coslnu — 1).
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Cuuras, uto Inu # 2kw (u # e** k€ Z), nonyyaem

dx du In(|z|C) =/

_ d(In u)
z  u(coslnu—1)’

coslnu—1

In(Cz) = ctgln \/g

Hakowell, Jierko NpoBepUTh, yT0o Vk € Z dyHxuns y = ze™ ¢ # 0, TakKe ABRNTETCA PeLICHUEM
HCXONQHOI'O YpaBHEHHd. P

66. 6z +y— 1)dz + (4z+y~2)dy=0.
« 9710 ypapHeuue suaa (2), n.3.2. B naHHoM citygyae
a;=6, b=1, ay=4, =1 aby—ad =2#0.
CiienoBaTe/ibHO, MOXHO NMPUMEHHATD 3aMeHy & =t + a, y = v + §. TIpx 31oM nosyuum
dz=du, dy=dv, (Gut+v+6a+pf—-1)dut+@utv+da+pf-—2)dv=0.
TlosyueHHOE ypaBHEHME MPUBOIHTCS K OAHOPOIHOMY, €CJIH MOJOXHUTH
6a+pf—-1=0, 4a+8-2=0.
PelueHue 3710l CHCTEMBI MMEET BUR ¢ = —’lz, B = 4. Taxum o6Gpa3oM, TIOC/Ie 3aMEHBl & = 4 — %,
y = v + 4 HCXONHOE YPaBHEHHE NIPUBOAUTCS K OXHOPOIHOMY:
(6u + v)du + (du + v)dv = 0.
Teneps Bocnosib3yeMcsl yXe H3BECTHOI 3aMeHOl u = v€, du = v df + £ dv. CienoBareJibHo,
(6€ + D df + (662 + 5 + )dv = 0

Paspesis nepeMeHHble U MHTETPHPYA, OTCIOA TIOMIyYaeM (£ # —’Iz u f# —%):

= ctg (Invu) ,

66 + 1 6§+1
———~————d§ — =0, df +Inly[=InC
662+ 56+ 1 ./ §+,2_ %)

HIR
(2§+1)2=05§-vi—1.

Bo3Bpawasch K IiepeMeHHBIM & U Y, OKOHYATEJIbHO UMEEM
5
Qe +y - 3) =C(3z+y—~ 5).
1
3

Pewenns 2z +y—3 =0 ({—— ) Hilz+y-— 7 =0 ({-*
ceMelifCTBO KpHBBIX COOTBeTCTBEHHO IpH C =0 U C = 0. »
67. Sz -Ty+ Ddy+ (x+y—-1)de =0
« TTockonsky npsimele 52 — 7y + 1 =0 n & + y — 1 = 0 He MapaUIe/IbHLL, TO NPOBOAMM 3aMEHY
z=ut+a, y=v+p,
IJle MOCTOSIHHBIE & U B YAOBIETBOPSIOT CHCTEME YPaBHEHMIA
Sa-78+1=0, a+p-1=0.

H3 KOTOpO#t ﬁaxomm a=f8= 7 Taxum ob6pa3som, TIoC/IC 3aMEHBL & = 4 + 7 y=v+ 7 NojIyyaeM
IuddepeHITMANIBHOE YpaBHEHE

) MOXHO BKIIOYHTH B TIOJTy4YCHHOC

(Su— Tv)dv + (t‘l + v)du =

Kax u B npensiIymieM npuMepe, NOJb3yeMcs 3aMeHoi u = £v. Toma du=vdf+¢dv, ({2 + 6§ — 7) X
X dv +v(§ + 1) d¢ = 0. Paznends nepeMeHHbIC H HHTETPUPYH, HAXOHKHM

¢€+1 _ _
/(g D 77 % Tl =0, ;mlﬁ—ll+zlk|tq-/7|+m|v0|_o,

omiyna 3 4
E-DE+D*'=C wm @-y)c+Ty-4’=C.»
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68. Qz +y+ l)dz - (4= + 2y — 3)dy = 0.

« Tak kaKk npsimeie 22 +y+ 1 = 0 1 42+ 2y — 3 = 0 papaute/bHLL, TO 3aMEHY, KOTOPYIO IPOM3BO-
AWMU B IPEABIYIMX TIPHMeEpax, 3AeCh MPOBOAMTE HeMb3d. OaHaKo, B CHIY TOrO, YTO KOG PHUHEHTH
TIPH TICPEMEHHBIX ¥ H Y NMPONOPUMOHAILHEI, MOXEM NOJOXHTh z = 2x + y. Torna dy = dz — 2dz
M MCXOIHOE YpaBHEHHE IPUHHMAET BHJL

5(z—-1de—(2z—-3)dz=0.
HHTerpupys 3T0 YpaBHeHME X BO3BPALIAsCh K IEPEMEHHON ¥, TOyyaeM
Zety—1=Ce¥ . p

69.y =2 (z—yiil_)z

+y-—
« TMocpencreom 3amMeHs! & = 4+ 3, y = v — 2 NIPUXOAMM K OHOPONHOMY YPABHEHWIO
dv _ v?
. du  “(utv)
TlpumeHssa enfe OOHY 3aMeHy v = uf(u), IOIydaeM YpaBHEHHUE C Pa3Ne/IAIOLMMHUCA TIEPEMEHHBIMH
d 2¢?
"ﬁ Bl fg)? -¢

HHterpupys 310 ypaBHEHHE, HAXOOHUM
[du, (€%
u §1+€)
WK (IOC/ie BO3BPalleHHs K NMEPEMEHHBIM & U Y)

y+2= Ce 2

d¢ =C, In[uf|+2arctgé =C,

o)
=
+x yt+z
@ +ymi=E = .
70. @'+ Hin s =T

« 3ameHa ¢ = u — 3, ¥y = v + 3 npuBeleT K ONHOPOAHOMY YPaBHEHUIO
(ﬂ+l)lnu+v _ u+v’
du u u
MPUMEHEHHE K KOTOPOMY 3aMeHBl v = uf(u) TIO3BOJMAET NOIYYMTh YPaBHEHME C Pa3neiAOLIMMHCS
TICpEMECHHBIMH
@ +E+ DI+ =1+¢, uwIn(1+£) =1 +&U - In(l +¢)).
Pasnenss B 10CIEAHEM YPABHEHHH NIEPEMEHHBIE H UHTEIPHPYA, HAXOLUM:
du In(1 d
[l bUrOE
u (1 + & — In(1 +¢))

Injul+In(1+ & +Injl —In(1+£)]=InC.
O1ciona, MOTEHUWMPYS M BOIBPAILAACH K CTAPHIM NEPEMEHHBIM, OKOHYATENLHO UMEEM
x+ C
mIY oy 2,
r+3 zty
3amesanne. [1n1a peuieHua ypasHeHMd (2), 1. 3.2, NPUMEHSIOT €lle ¥ 3aMEHY
_aiz+hyta
T ez t+hyte’

KOTOpas cpa3y NPUBOAMT K YPaBHEHHIO C Pa3ne/idioluMuca NepeMEHHbBIMH. B AaHHOM cnyliée MOXHO BOCHIOJIb~
30BaThCA YKa3aHHOI 3amMeHOM. Toraa nosyynm ypasHeHue

HIH

| 4

y+z
G+@+))nz=2 1me z= =13
o1Kysa
z+y (o

Infz+3|+inz +inll ~Inzl =InC, I T3 =1+ .
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y+2 2 y-— 2z

1.y .
7 y= z+1 tig z+1
« YpaBHeHHeE TIPHBOAMTCS K OXHOPOIHOMY C TIOMOIIBbIO 3aMeHbl £ =u — |, y=v —2:
dv v v—2u
du  u v
Hanee, KaK ¥ B NPENbIIYLIMX NPHMEPAX, IpHMeEHsIeM 3ameHy v = uf(u). Torma mosydum
ug’ = tg(¢ - 2).

Paznenenye nepeMEHHbIX U MUHTETPUPOBAHUE AACT:
d du i
_ % —, Inlu|—In|sin¢¢ —2)|=InC.
tgé—-2) wu
HOTCHHHHPY;I ¥ BO3BpalllasiCh K NPEXKHUM NEPEMEHHBIM, OKOHYATCJIbHO HMEEM

z+1=Csin(yE—q%m—).

3ameTum, yro pemieHug £+ 1 =0 (v =0) u y;——l— kw, k € Z (1g(£ — 2) = 0) Bx0OZAT B IONYYEHHOE

ceMeitcTBo pewenuil coorsercTBeHHO ipu € =0 u C =00, P
72. 24 —2)=¢*
<« YpaBHEeHHE He SBIAETCS ONHOPONHLIM, ONHAKO, IPUMEHUB 3aMeHy y = (z(x))”, 3aMeyaeM, Y10
yPaBHEHHE
az*'e*dz = (2 + ') de M)
NPUBOJATCS K ONMHOPONHOMY, €ciiu BoiOparh a = 2. [lonaras 8 (1) z = xu, umeem
(u2 - 1)2 dzr = 2ux du.
Pazpenas nepeMeHHBIE U UHTEIPUPYH, NOTyYaeM
In [1’[ + ;2'1_-'1- =C ,

WIn
2

T
lnlzl+y_ =C.» )

22

3ameyanne. B nanHOM cayuae mbl 0AyunIn petienue s Y 2> 0, NOCKOMBKY ¥ = P > 0. AHaJIOTUYHO MOXHO
YCTAHOBUTD, YTO U 0jia Y = ~2? < 0 ceMeHCTBO pellleHWi ONMUCHIBAGTCS d)opMyﬂoii (2). Pewenne y = z?
BXO[IUT B 3TO ceMeicTBo ipu € = 0.

73. 2z2y' =y +zy.
« TTonoxnm y = 2%, Torna noayuum

2_a-1 3 -
2ae’z® ' = 22 + 22, 222 dz — (z3" + a:z") de =0.

Orciona cinenyer, 4To (bym(mm 2022 n 2% 4 a2® ONHOPOAHBI JTHLIDL MPU ONHOM YCJIOBHH: a + | =

=3a=a+1, .. npH a = ;. Takum o6pasom, B cayuae ¥y > 0 npumensiem sameny y = /z. Torna
UCXOIHOE ypaBHEHHE NIPUMET mm )

2 dz—(z+x)zde = 0.
3amena z = zu(z) npeobpa3yeT nocjienHee ypaBHe}me B YPaBHEHHE C Pa3geIaIONIUMHCS MTepeMEHHBIMH
z du — u? dz = 0. uTerpupys ero, TIOJTYYaeM ! b Infe]=C, wn

-y—2+1n|zl =

Peurerse y = 0 BXOAUT B NOJMy4EHHOE ceMeiicTBo npu C = 00. p

3ameganue 1. B paccMOTpeHHOM, ¥ B HEKOTODLIX APYTMX MPHUMEPAX Mbl BKIIOYAIM “HOTEPSHHLIE” pEUICHUS
B CEMEHCTBO MHTETPAIBHBIX KPUBKIX MPU CHHIYIAPHLIX 3HaYeHMsIXx C. OAHAKO, TaKOE BKIIIOYEHHE BhI3BAHO HE
CyLIECTBOM Jeia, a aviib PopMoil 3anucy peurenusi. flokaxeM 310 Ha nbeﬂem/iem npuMepe. UMeeM
2 2 1 2 2 1
s+’nlz = Oy, G @ty =y, G+ mish=y), =<
Tlonoxns 8 nocacanei ¢popMyne C1 =0, nonyunM y = 0.
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3ameugnne 2. 3aMeHa y = —v/Zz (W ¥ < 0) APUBOIMT K TAKOMY Xe Pe3yibraTy.

74. ydz + 2Qzy + 1)dy = 0.
« TlpumeHuB 3ameny y = z%, TIONMYYUM YpaBHEHHE

2%dz + 222" + Daz® 'dz = 0.

Tak Kaxk GYHKIMH 2° B azz® '(222° + 1) OMHOPOIHB H UMEIOT OJHY H Ty Xe CTeneHb npd a = —1,
TO NAHHOE YPABHEHHE NPHBOJHTCA K ONHOPOIHOMY C IIOMOLIBIO 3aMeHbI y = . OHAKO €ro MOXHO

u(z)

TIPHBECTH K YDPABHECHHMIO C Pa3Ne/LIIOLIMMHCA TIEPEMEHHBIMH, €CJIH BOCTIONb30BATLCH 3AMEHON ¥ = —
(B 06uieM citydae 3aMeHoil y = = u(z)).
Takum 006pazoM, noayduM ypaBHeHHE

—2uldz + z(Qu + 1) du = 0,

OTKYIa
dz du du ® + 1 —Ine
z  u @ 2u? uo
wm
2 ! 7% = ¢
= e W =(.
y InClyl’ y

3ameTuM, YTO MocsieAHss GOpMa 3alUCH pellieHNit MCKITIoUaeT Takue, Kaxk £ = 0 1 y = 0, B To Bpems
KaK eif MpepilecTByonias BKIoyaeT peweHde ¢ = 0 (nmpH C = oo). Jlerko mokasars, yT0 HHKaKuUe
npeo0pa3oBaHus GOPMYIH CEMEICTBA MHTETPAJILHBIX KPHBBIX HE TIO3BOJIAIOT BKIIOYUTb B HX COCTaB
peuieHne y = 0. p

75. 2%/ +2=43.

« [IpoBepxa Ha 00OGLIEHHYIO OQHOPOAHOCTh NJAHHOIO YPaBHeHHS TNOKA3bIBAET, YTO NOKA3aTe)ib
OIHOPORHOCTH @ = 2. C/leROBATENRHO, 3aMeHa ¥ = z u(z) (% > 0) NPHBORHT K YPABHEHMIO C Pasae-
JIAIOUHMHUCS TIEPEMEHHBIMU

2edu+ (1 +4u—4y/uydz =0 (z > 0). (1)
IIpounTerpMpoBaB €ro, NOJTYIUM:

1
2(1 - 2vu) =Ce?a-1, u=

WK ,
(a:—2\/yjez_‘§77 =C, y= %
Eciin xe & < 0, T0 BMecTO ypaBHeHHs (1) noay4yuM ypaBHeHue
2edu + (1 +4u + 4v/u)dz = 0,

HHTETPHPOBAHUE KOTOPOrO MPUBOIUT K YXe NOTydeHHOMY Pe3Y/sTaTy i ypaBHeHHs (1). p

76. 2 (\/P—yfl-_l—- z2y) de —zdy=0.

« [Tosaras y = 2%, mosyuaeM ypaBHeHHE

2 (\/m - zzz") dz —az’2* 'dz=0.

Orciona cienyer, yto GyHKUHH NpH JuddepeHuHanax ONHOPOIHBI H UMEIOT OMHHAKOBYIO CTETIEHb TOJb-
KO npu a = —2. [To3ToMy 3aMeHa y = %%l TIPHBOIHT K YPaBHEHUIO

2Vl + 1de —zdu =0,

OTKYH2 HaxOnHUM

ot =C(u+Vil+1), HJIH'a:2=C(a:2y+\/1_.{T4y2)‘,
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77. Haitrn KPHUBYIO, y KOTOPO# TOYKa MepeceyeH s JII060H KacaTe/IbHOM ¢ 0ChI0 abCHHCC ONUHA-
KOBO yJQJICHA OT TOUKM KaCaHHUd H OT Ha4ala KOOPAMHAT.

« ComtacHo ycnoBHIO 3a7aun, |OK| = |[K M| (puc. 16). Tlostomy a =208 u tga = l—flfz%. Ho
tg 8 = %, CJIENOBATEIIBHO, tga = ;;‘Lf—%f
Hpummaﬂ BO BHUMAHME F€OMETPHYECKHI CMBIC/I IPOH3BONHOIM, OKOHYATENLHO TOIyYaeM
yA ,  2zy
y =

-y
DTO OZHOPORHOE YpaBHEHWE M ISt €r0 PEelIeHHs NPOu3BeeM 3aMeHy
y = zu(x). IIpu 3TOM HMeeM

M y
/ 9 , 2u de 1-
U U= —— — = du.

1-4w’ & u+dd

Pl ‘ Hnrerpupys, noyuaem
_(ﬂ K N x %(u2+l)=C, Wi :c2+y2=Cy.>

Puc. 16
78. Haitru KPMBYIO, ¥ KOTOPOI paccTOsAHME [0 OO0 KacaTesIbHOM OT Havaia KOOPDAHHAT PaBHO

abcuHcce TOUKU KacaHus.
<« Y3 puc. 17 suauMm, 9ro Tpeyronbiuku ONM u OML KOHTPYSHTHBI, IOCKOJIBKY 110 YCJIOBUIO
|ON| = |OL}| v runotenyza OM — o6uas. CnepoparebHo, yriasl MOL u MON pasHbI Apyr NpyTY.

Ho KﬁN:%—a,noawmyM?L:%(§+a)=z4r-+%.l[anee,u3

Y4 TpeyrojbHuka OLM umeeM
y T, 1+185
Z =4
x g(—4+7) ]—tg2

E— M(x, y) 2tg 2
Orciona tg % g—;? HakoHen, Hcnonb3ysa gopmyny tga = 1—_—%%?

N 2
E S H COOTHOLUEHHE tga = ¥, nonydaeM audpepeHIHaTLHOE yPaBHEHNE
2 2
K (0] L x y = y -z
2zy
Prc. 17

IIpuMeHuB 3aMeHy y = zu(z), UMeeM

“1 9z 280 0, nfel +InG’ + 1) = InC
z  wl+l ’ @+h=hné
OTKyJa CleAyeT, uTo &2 + y'=Cz. »
S~ M(x,y) 79. Haiiw kpusse, y KOTOPLIX TIOAHOPMAJIb paBHA Pa3HOCTH
MEXIy MOIYJIEM pagHyca-BeKTopa KpHBOIH M aGCIHCCOl TOUYKM Kaca-
HHSL,
/f <« TTo yeyosuio |NL) = |OM) — |ON| (puc. 18). Tockonsky
K O N L * INL|=ytga, [OM]|=+/22+y?, |ON|=g,

Pre. 18 To
vy =y +y -z
ITockoibky 310 nuddepeHuManbHOE YpaBHEHHE OHOPOMHOE, TO MPUMEHIEM 3aMEHy ¥y = zu(z).
Hmeem (g z > 0): -
2dz du? / dx /‘ du?
2 Vetl-l-u’ m—l-uz
z(1-2)=C,. me z=+Vul+1,

+C,
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Takum 00pa3oM, HCKOMOE CeMEHCTBO KPHBBIX HMEET BUI

z—y/2?+yr=C.
Cayyaii & < 0 npenocrapiseM pazoGpaTh YUTATEO. P
80. Haiirn kpusyio, 31as, 4T0 TPEYroILHMK, 0GPA30BAHHBI HOPMAIBIO K HEll 11 OCAMHU KOOPAHHAT,
PaBHOBENUK TPEYTOJILHHKY, 06paz0oBaHHOMY OChio Oz, KacaTe/IbHON H HOPMAIBIO K 9TOM Xe KPHBOM.
« Ilo ycnosuio, tpeyroibHHkH KMN u OLN (puc. 19) paBHOBEJIHKM, TIO3TOMY DPaBHOBE/TH-
KH TaKke TpeyrobHukn KOP u PML. TlockonbKy TIOC/ACOHME €HIe ¥ MONOOHBI, TO OHM KOHIpY-

sutnel, CrefoBartenbHo, [OP| = [PM|. W3 ypaBHeHHS KacaTenbHOIA
Y -y=y' (X —=z), rie X, Y — Texyluue KOOPAUHATH TOUKH, JTEXAIIEH YA
HA KacaTe/IbHOM, CIeNyeT, YTO L
POl =y - y'=
Ty otpeska PM HaxoduM 110 ¢opMysie PACCTOSHUSA MEXIY TOYKAMH
M(z, y) u PO, |PO|): / Mz, y)
P
IPM| = +/2? + y’a?. i
Takum o6pazom, momydaem audgepeHIHAIBHOE YPaBHEHUE & -
K O N =x

2

y—- y'a:)2 =z +y a:z, WIH y2 - 2yy'e — z*=0.
ITonyyeHHOE YpaBHeHHE OMHOPONHOE, IIO3TOMY BOCHIO/IB3YEMCH 3aMEHOM
y = zu(x), KOTOpas MOCJIe €€ NPOBEJCHHS JaeT BO3MOXHOCTb Pa3fe/INTh nepeMeHHbie. Mmeem

W+ 2wz +1=0,

Pnc. 19

OTKYJa WHTETPHPOBAHHEM HAXOIUM:
z(1+4)=2C, wm (-C) +y'=C"»

81. Ilpu xaxux @ u B ypasuenne y' = az®+by” NPHBOIHTCA K OXHOPOIHOMY C TOMOTIBIO 3AMEHEI
y=2"7

« [IpHMeHUB yKa3auHy10 3aMeHy, TIOTyIuM

mz™ 2 = az® +62™  (m #£0). 1)
OTciona ciaeayer, 4ro ecind 6 M b OTJIHYHBI OT HyJs, TO Wi OMHOPOOHOCTH ypaBHeHus (1) He06XoIuMo
M JOCTATOYHO BBIMOJHEHUA PaBEHCTB
m-—1=a=mpg.

H3 BTOporo paBeHCTBAa UMeEM m = %, (B #0, a#0). IlogctaBuB m B NEPBOE PABEHCTBO, MOIYIHM

HCKOMYIO CBS3b:
I 1

82. Mokasats, 4TO MHTErpANbHbIC KPHBBIE YPaBHEHHA
(az + by +cydz + (ay—bdx +c;)dy=0 (a2+b2 #0)
SABIISIOTCS JIOrapUMUYESCKAMH CITUPATISIMH,
<« C nomompio GOpMyIT mapajuIeIbHOIO NepeHoca CHCTEMbI KOOPAUHAT
=ut+a, y=v+p
NPUBOANM JAHHOE YPaBHEHUE K BULY
(au + bv)du + (av — bu)dv = 0.
Janee nonaraeM u = pcosy, v = psing, A€ p, ¢ — MNONIPABIE KOOPAMHATHI C MONIOCOM B TOYKE
(o, B) oTHOCHTEILHO cucTeMbl Ozy. UMeem
ap' =bp,
OTKyJia HAXOIMM
. p= Ce%"’.
Tony4uny cemelicTso orapuMHYECKHX Criupaneii. b
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3ameqanue., Ecav ¢ = & = 0, 10 noayuuM ceMmeicto npaMux. Ecau @ = 0, & # 0, 10 Takke nosnyyaercs
cemeiictBo npaMuix. Ecau & = 0,a # 0, To nonyunM ceMeHCTBO okpyxHocreid. Bce atu cayyau cneayior
HEMOCPEJCTBEHHO U3 JAHHOTO YPaBHEHMS.

83. Haitru ¢opMy 3epKana, OTPAXAIOLIEro BCE JyYH, KOTOPble BBIXOUAT H3 ONHOM H TOM Xe TOYKH,
MapaJUIENBHO JAHHOMY HaTIPaBICHUIO.

<« Ha puc. 20 noka3zaHo, 4ro OMN = NMS (yron nazeHus ayda OM paBeH YTy OTpaXEHUS
mydya M S). BeiGepem HamnpaBiaeHHe OTpaAXECHHDIX Jyyeli napauteibHo ocH Oz. Torma, ucxons U3 yka-
3aHHOTO BRILIE PAaBEHCTBA YIVIOB M NAapa/UTe/ILHOCTH jiyda M S ocu Ox, uMeeM

v A a+,3=%, KMO =a.

CrnenoBatesibHO, TpeyroibHUK K MO — paBHOOGEAPEHHEII, T. €.
Sy |[KO| = |OM|. OuesnzHo, [OM| = /2*+y*. nuny orpes-
Ka KO MOXHO HaifTH, BBIYHCIHB aGCLIMCCY TOYKU TIepeceyeHU s
*y S KacaTeabHOi ¢ ockio Ox. W3 ypaBHeHHS KacaTeIbHON K HCKOMOM

KPHBOMH .
7 .
/é s V=y+y&X -2,
—< > Tme X, Y — TeKylHe KOOPAHHATHI KacaTe,IbHON, HAXOAUM Tpe-
K /o N GyeMyIo aGeLHcey:
Puc. 20 X=z~- 2,
Torna |KO| = —X . Takum o6pazoM, uMeem qudrbepeHIHAIBHOE ypaBHEHWE
y
v —z =122 +y2

310 ypaBHEHHE ONHOPOAHOE H C TIOMOUIBIO 3aMEHKl ¥ = 2u(X), ONYCKas MPOCThIE BHIKIAAKM, TOIYIaeM

€ro pelucHHs
¥ -2z -C*=0,

reOMETPUYECKH TIPEACTaRIAIONME coboii cemeitcteo napadon (C # 0). »
84. riycrs ky — KopeHb ypasHeHHa f(k) = k. Iloka3arb, yro:
1) ecm f'(kg) < 1, To HU OOHO pemleHue ypapHeuus y = f (%), 33 HCKJIIOYCHMEM DELIEHUS

y = kox, He KacaeTcsl npsAMON y = kyz B HauaJie KOOPAMHAT;
2) ecr f'(kg) > 1, TO 31O NPAMOI KacaeTcs GECKOHEYHO MHOrO pPELIEHHIl.

« IIpniMeHHM MeTox OKa3aTebeTBa OT NpOTHBHOrO. I1yCTh rpu BemonHenuu yenosuit f(kg) = ko,
f(k) < 1 cymecTsyer pemiedue ypapHeHHs y' = f(%), Kacajoueecss nNpaMoil y = kox B Hayaie
xoopiuuar. Toraa B Maioii OKpeCTHOCTH Hayaia KOOPAHHAT OHO NMPEACTABIAETCS B BUIE

y(x) = kox + 26(x), hH
rae §(x) — 0 mpu « — 0. IToacrasus (1) B paccCMaTpUBaeMOE ypaBHEHHE, NOIyYaeM
Ko+ 28 +6 = f(ko + 6(2)) = f(ko) + [ (ko)6(2) + 0(6),

HIA
z6' = A6 + o(8),
OTKyJla
& )
’T =A+%2, e A= f(k) - 1.

!
Orbpocus %—Q (XaK BETMYHHY, CTPEMSILYIOCA K HYTIO TIpH & — (), MOXEM 3anHcars 5} ~ A, oTkyga
HaxomuM & = Clz|*. M3 nonyuennoii dopmyisl creayer, uro eciu C # 0, T0 § K HYIO He CTPEMUTCS
npd  — 0 (8 cuy Toro, yro 4 < 0). [TomyyeHHOS MPOTHBOPEUHE U JOKA3BIBAET yTBepXKAcHME 1).
2) B 3TOM cAyuae NPOTUBOPEYUS HET, NOCKOILKY A > 0 u §—0 nput & — 0 s mo6six C. »
3amesanne. CTpOro roBopsA, HU OAHO PELICHME HU B OIHOM U3 PACCMOTPEHHRIX C/yYaeB He KAcaercs npaMoi

¥ = kpZ B Hauane KOOPAMHAT, €CJIM MOIYATHBO HE AONYCTHTh, YTO 5 0= lin(x) il
z=! Z—
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85. Hse xumxoctv z u y momsepralor muCTWIMHMPOBaHMIO. W3BECTHO, 4TO B JIOGOH MOMEHT
BPEMEHH 3TOTO0 TIPOLECCa OTHOLUCHME KOJHYECTB XMAKOCTEH, KOTOpbIe NPEBPAlaloTCs B Nap, mpo-
TIOPHHOHAIBHO OTHOIUEHMIO KOJMHYECTB, KOTOPhIE HAXOMATCA €lie B KHAKOM COCTOAHMH. OlpelennTh
3aBHCHMOCTb MEXIY Z H Y.

<« Tlyets z(2) H y(t) — KOIMYECTBO XUAKOCTEH, He PEBPALICHHEIX B TIap B MOMEHT BPEMEHH £.
Torpa z(t + At) n y(t + At) — xonuuecTBa XHIKOCTEH, He IPEBPALIEHHBIX B 1aD B MOMEHT BPEMEHH
t + At. CaenopatenbHo, 3a BpeMss Af B nap NPeBpaTWIMCH CIIEAYIOIIHE KOJIHYECTBA XUAKOCTeMH:

z(t) — 2t + At) u y(t) — y(t + A?).
CornacHo yCIOBHIO, UMeeM
y@E+ A —y@t) _ ky(tl) M
2+ At —2(t) a(ty)’
rae k — x03dHUHEHT NponopUMOHATLHOCTH, &, € (¢, L + At). Ecin dynxkuuu = v y muddepeHuu-
pyembl, T0 u3 (1) TIpefiesILHBIM nepeXofoM npH At — 0 nojgyyaeM audepeHUHANBHOE YpPaBHEHUE

d
dy .y

dz x
TIPOUHTErpUpOBAB KOTOPOE, HAXOOUM TpeGyeMyIo 3aBUCHMOCTD
y= czt »

?

§ 4. JIuneiinbie ypaBHeHUs
¥ YpaBHEHUsI, NPABOAAIIMECH K HUM

4.1. JIunciinoe yparHeHHe MEPBOTO MOPAIKA.

YpaBHeHuE BUAA

dy _
i + P(z)y = Q(=) (1

Ha3bIBaeTCs AuHelinbM ypasuenuem nepeozo nopsadxa. Haubostee ynorpeGutelbHBIM CiOCOGOM €10 pellie-

HHUA SBASETCS Memod sapuayuy npousgoastol nocmosutod. CyliHOCTh METOAA COCTOUT B CIICAYIOIEM.
CHayana uueTcs pelieHHe OJHOPOAHOIO YPaBHEHUs, COOTBETCTBYIOLLEro ypasHeHHio (1):

dy

iz + P(x)y = 0. (2)

3ateM B O0LIEM pelLIeHWM YPaBHEHUS (2) MPOH3BOIBHYIO MOCTOAHHYIO C CUHTAIOT HEKOTOPOi nudde-

penuupyemoit dyHxuueid ot @: C = C(z). Bty QyHKuMo HaxomaT n3 auddepeHIMAILHOTO ypaBHEHUS

€ Pa3Ne/SICHIHMHUCS MEPEMEHHBIMH, KOTOPOE MOJIy4aeTCs B Pe3y/IbTaTe NMOACTAHOBKM OOLIEro peireHHs

ypaBHeHns (2) B ypaBHenue (1).

4.2, Oomen posissvu MeXkny yHKUMe#H H apryMeHTOM.

Hexotoprie ypaBHEHHS CTAHOBATCS JIMHEHHBIMH, €CIIM B HHX TIOMEHATb POJIAMM (YHKIHMIO H apry-
MEHT.

4.3. YpasHeHns, NpHBOAUMbIE K THHCHABIM.
K nuneiinnM YPaBHEHHAM NPUBOIATCS TAKXKE YPaBHCHHUS BHlA:

. d
1@ 22+ P@IW = Q@) 3)
dy _ n
7 +P@) = Q@)e", )
g—: + P(2)y = Q(x)y" (ypasnenue Bepuyanu). 3)

Honaran B (3) f(y) = z(z), noaydaeM f'(y)y = 2'(z) u 2 + P(z)z = Q(z).
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B ypasHeHuH (4) uenecoo6pasHo mpoBecTd 3ameny e ¢ = z(x). Torna noxyuum
ny_ 1 ] zl
y=2 -- +P(z)z = Qx) (n#0).

YpasHeHne bepHy/UTM IPUBOAUTCA K JIMHEHHOMY C IIOMOUIBIO 3aMEHBI 2(x) = yl""' (m#0, m#1,
TAaK KaK B ATUX CIy4asX OHO yxe JIMTHEHHOe).
4.4. Ypasuenwe Munaunra—/Iapoy.
Ypasnenue Mundunea— fapby
M(z, y)dz + N(z, y) dy + R(z, y)(zdy — ydz) =0, (6)
me M u N — oxHoponHble GyHKIHU cTeneHH m, a R — onHopoAHas ¢GyHKuus CTEIEHH 1, NO-
CPEeCTBOM 3aMEHBl ¥ = uz(u) NPUBOIMTCA CHAayaJla K ypaBHeHMI0 BepHymwm, a mociegHee — yxe
M3BECTHLIM CNOCOOOM K JIMHEHHOMY.
Pemts ypaBHeHHS.
86. y + ytgz =secx.
« Cuayajia HaXOUM Bce PeLeHUs ONHOPONHOTO YPaBHEHHs, COOTBETCTBYIOLIErO NAHHOMY:
¥y +ytgz=0.
TlepeMeHHbIE PA3AEIAIOTCH, U TOC/E HHTETPHPOBAHHS HAXOAUM
y=Ccosz. (1)

®opmyna (1) npencTarinseT odiee pelieHHe OQHOPORHOIO ypaBHeHus, Tae C — TIpOM3BO/bHAsA T1I0-
cTosgHHag. Ui mojydyeHus: BCeX PelleHul JaHHOro ypaBHeHMs cuwutaeM C = C(x) u TpebyeM, yTOGBI
dynxunsa y = C(x) cos & yIOBIETBOPAIA EMY, T.€.

C'cosz — Csinz+ Ccpszigz = sec ,

wm C = —17— Orciona HaxonuMm C(z) = tgx + Cp, rae Cp — HOBas IPOU3BOJILHASA MOCTOSHHAS.

HO}ICTaBHB 3Haqeﬂue C(z) B (1), OKOHYATEJIBHO TIOIYIHM
y =sinz + Cycosz. »
IIpuMesanye. B panbueifiiem Jsi HOBOH NMPOM3BOABLHOM NOCTOAHHOM OyaeM MCnoMb30BaTh cTapoe 0G03Ha-
yenue C. Takum oOpa3oM, B paccMOTPEHHOM ApuMepe ¥ = sinz + Ccosz ecTb obuiee peiuenue, a € —
NOCTOAHHAA.
87. @z + 1)y =4z +2y.
« PemiaeM cOOTBETCTBYIOLIEE ONHOPORAHOE YPaBHEHUE
Qz+ by =
Ero o6uiee pewieHHe umeeT BUL y = C(2x + 1). [IppMeHHM METOR BapHaLyK POU3BOJILHOH TOCTOSH-
Hoii. Umeem
(C'ez+Dn+ 20)(2::: +1) =42 +2CQz + 1),
wmm 2z + 1)>C’ = 4z. Otcrona HaxonuM
C)= 4/ zda +Co=In2z+ 1]+ L+
x) = x P —
Qz +1)? 41 "
TaxuM 006pa3oM, OKOHYATEILHO MOJIYYaeM

=Qe+ )2z +1+C)+1.»
88. (zy + ) dz — 2dy = 0. —

« Cuyras dr # 0 (x = 0 — TPUBHAIBHOE peLIEHNE), 3aNTICHBAEM YPABHEHME B BUJIC
zy —xy =€
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CooTBeTcTByIOlce ONHOPOAHOE ypasHeHHe zy — zy = 0 umeer obuiee pelieHHE Yy = Ce®. Nanee
TNPUMEHSIEM METOI BAPHALIMU MPOU3BOJILHOI nocTosaHHol. Meem

2(C + C)e® — xCe” = €%,
orxyna C' = %, C = In|z] + Cp. TTonyyaeM Bce peLeHUs] HEONHOPOIHOTO YPABHEHHS:
y=e'(nle|+C); z=0.» M

89. (z +y*) dy = yde, M(1, 1).

<« YpaBHEHHE HE ABIAETCH JIMHEHHBIM OTHOCHTEIBHO MEePEMEHHOMN ¥, OHAKO OHO JIMHEWHOE OT-
HOCHTEJIBHO . [103TOMYy 1e/iecO00pa3HO cuuTaTh & GyHKUHEH ¥.

Cuuras dy # 0 (y = 0 — TpuBHAILHOE pellieHHE), HMeeM
2 dx
e+y =y—.
dy
CoorBeTcTByIONIEE OQHOPOAHOE YpAaBHEHHE & = y% umeer obuiee pemenne ¢ = Cy. Ilpumenus
METOA BapUaLiM TIPOU3BOIILHOM MOCTOAHHOM, NOTYyYUM T1OC/IEA0BATEILHO

Cy+y'=y(Cy+C), C*=1, C=y+0C,.
CrienoBaTesIbHO, BCE PElIEHHS NAHHOIO YPaBHEHHs ONMUCHIBAIOTCH GOpMyIaMHU
z=Cy+y y=0.p 1)

2
3ameyanne. Ilepenucas nepsyio dopmyay B (1) B Buae y = z u A0A0XHB C = 00, NOAYYUM pellle-
uue y = 0. Takum 00pa3om, eCan JONYCTUTh, YTO NOCTOAHHAsE C MOXET NPUHAMATE CUHTYIAPHOE 3HAYEHUE,
TO peiieHue ¥ = () MOXHO He BBIMMCBHIBATE OTAENBHO.
2

Honaras 8 (1) £ = 1, y = 1, naxogum € = 0. Toraa n3 (1) nonyuuM 4acTHOE pelllenne T = y*.

90. 2¢' —z)y =1.
. d
<« IlpemnoxeHHoe ypaBHEHHE JTHHEHHOE OTHOCHTEJIbHO . TaK Kak H% = glz—, TO €ro MOXHO

dy
3aMHCaThL B BUe
2e! —x =2, M
OGIMM perlieHHEM OAHOPONHOrO ypaBHeHHs &' + z = 0 apngerca QyHKUIWI
z=Ce". )

Cunras C = C(y) u noacrasBus (2) B ypaBHeHue (1), NOIyYUM TIOCIENOBATEILHO
2 —Ce?=Cle?—Ce™, C =2 C(y)=e"+C.
OKOHYaTe/ILHO HMEEM
z=Ce?+e'. p
91. Gin’y +zcigy)y = 1. .
<« YpaBHEHHE JMHEHHOE OTHOCHTEIBHO MEPeMEHHON &, MOITOMY NPENCTARIIEM B €10 B BUIE
2 —zctgy =sin’y.
TIPHMEHHB METON BAPHALIAK TIPOM3BOILHON OCTOSHHOM, MOMYMHM
z(y) =C(y)siny, rae C(y)= —cosy+ const. »

1 dy z?
92+ ¥4 - ey =a(e 427
yda:+(2 z)lny=2zle " +e? ).
<« 310 ypaBneHue Buaa (3), In. 4.3, nostoMy NpuMeHseM 3aMeHy Iny = z(z). Umeem

(_1ldy

= _ 7 } _ _ 2z 2
z v dz’ zZ+Q a:)z_a:(e +e2).
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Honydyentoe ypaBHeHHE JTMHEHHOE OTHOCUTENBHO z. IlonB3ysAach MeTOOOM BapHauuH HPOU3BOILHOH
MOCTOAHHOM, TIOyYaeM

22 22
2(z) =C(@)e T 7, r1me C(z)= / z(e‘T + e”) dz + C,.

Taxnum o6pa3oM, obliee pellleHHe HCXOMHOTO YpaBHEHHA HMEET BUI
2

2 (1 1 _z
lny=e% 2’(5(3:—-2-)62’—6 3 +C). >

dy
93. L _ %, fp+i=2+1.
Jrtidz " VY
4 D10 Takxe ypaBHeHMe BUAa (3) , . 4.3. CiefoBaTenbHO, IPOU3BENEM 3aMeHy 2(x) = /y2 + 1.
Toraa noayyum
7

' y

————‘\/;,J:T, Z'+Z=$2+1.
IIpopenas Bcio HEOOXOAUMYIO IPOLEHYDPY, TpeOyeMyI0O B METOAC BapHALMH [POHU3BOIBHOIM nocmﬂmgoii,
HalueM:

2=C@)e®, me Clx)=¢€" (z2 -2z + 3) + Cy.

\/y’+1=z2—2z+3+Ce_z

— ofllge pellieHUE MCXONHOTO YpaBHEHUS. P
zd -
94, . z—'z—c: =g,
dz

<4 YMHOXUB 06e yacTH pacCMaTpUBAEMOTO YPaBHEHMS Ha €, NONyduM ypaBHeHMe Buaa (4), n.4.3.:

Hrak,

dy 2y
— —1=e€'e.
dz
CnenoBare/IbHO, IPUMEHAEM 3aMeHy z(z) = e~ Y. Torna noIy4uM NOCHENOBATENBHO
2(x)= -y (@), -€'2-1=¢€"Y, -z-z=¢.

[MonyyeHHOe ypaBHEHUE JIHHEIWHO OTHOCHTENBHO z. Ero pelieHue UMeET BUM:

1
ZC—Z___Z.
z € 2C

Ocranoce 3anyucath o6llee pellicHHe HCXONHOTO YpaBHEHUA:

1
e¥=Ce " - 3 et »

95. 3dy+ (1+ ™) de = 0.
4 [IpeoGpa3oBaB ypaBHEHME K BUAY
d
3—y+1=—ez-e3y,
dz
3aMeUacM, YTO OHO OTHOCHTCA K By (4), n.4.3. IToaTomy Bocnonsayemcs 3ameHoil z(z) = e Y. Torma
MOCTIENOBATENILHO MOAYIHM
' z
- z e
d@)=-3y, -Z+1=-—, Z-z=¢.
_ z z
Obuiee peurcH1e TUHEHHOTO YPaBHEHH HAXOMMM HM3BECTHBIM CIOCOOOM, B PE3Y/ILTATE YETO MMEEM
z2(z) = Ce® + ze”.
Ocranock 3aMCaTh OB1IEE PelIeHe HCXOMHOTO YPaBHEHMS: N

~

1 T
y——-3—1n(C+z)—§. »
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96. ‘/_dy 2 Vnyy = 1.

3(:c +1)
< YpaBHeHue OTHOCHTCH K BUAY (3), N. 4.3, NOCKONbKY

e (o) = g0

CrnefoBareibHO, NPOU3BELS 3aMEHY 2(Z) = %\/(ln y)j, MIOJTyYUM JIHHEHHOE ypaBHEHHUE

obuiee pellleHe KOTOPOro MMEET BUA:
_ C
== (:t + 1)+ 1

OxonyaresHO OOIMI MHTerpat 3alMILETCs B BPl).IC

c
\/(my)3 = —(x+ D+ et
97. @+ D + ) = —y.

4 Cuurad, yr0o T # —1, nemuM o6e YacTH ypasHeHMA Ha ¢ + 1 M 3aNMCBIBAEM €TI0 B BUIE

y 2
+ ———=-y".
y z+1 4
D10 ecTh ypasHeHue bepHynim. Pa3nenvs o6e ero yacti Ha yz, 3aTeM NMPOU3BOIUM 3aMEHY y" = z(x).
Torna nocnenosaTenbHO NOIYYaEM
; -2 ’ z
Z(x) = — -——=1.
@=-y"y, P

IonyyenHoe MHEHOE ypaBHEHHE PeLLaeM METOIOM BapHaLMy NPOM3BOJIbHOM nocToaHHol. TIpu sToM
HaxomuM
z=C(xXz+1), tme C(z)=In|z+1]|+C,.
OKOHYATENBHO PEILECHUE UCXOIHOTO YPABHEHUS NPUHUMAET BUI
1

(z+ D(njz+1}+C) >

y:

98. zyde + (2* + y* + 1)dy = 0.
-« Tpoussens 3ameHy ¢ = u(y), NONYIMM TMHeHHOE YpaBHEHME TIEPBOTO IOPSAIKA
1 du

3 d—+u——(y +1).

2
Ero ofmee peluenne UMEET BUR ¥ = inﬂ , e C(y) = —y° (%— + 1) + const. Takum oOpasoMm, HMeeM

BC¢ pellleHNA UCXOAHOTO yPAaBHCHHA:
v+ 2 =C »

99. (2’y - 32’y + ) dz + 22° dy = 0.
4 Pasnerms o6e gactu ypasHeHus Ha dz # 0 (z = 0 — OYeBHAHOE pEICHHE), NONYIUM YyPaBHEHHE
Bepuynmu
dy 3 2 3
22 = -3y = —y’.
3 iz + (= z°)y y

Cumras y # 0 (y = 0 — TpuBHANBHOE PelliEHHE), EMM 06€ YacTH TOCHEAHEr0 YPABHEHHSA HA —y°
U moJjaraemM ;17 = z(z). Torna noxyaum

2 I
—yl3 =2(z); 22— (@ -32Nz=1.
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Pewas 370 nuHeiHOE ypaBHEHME, HAXOAUM
z=C(z)z°e", e C(z)=—e*+C.
Tenepb 3arULIeM BCe PELIEHHUS UCXOTHOTO YPABHEHMS:
Cyle -y -2’ =0; z=0, y=0.»

100. 2y - = = -2
% y z2-1

« YMHOXHB 00¢ YaCTH YPABHEHUS HA Yy W TOJNOXHMB y° = u(x), MOIYIUM JMHEHHOE ypABHEHUE
T

z?—-1
Huiem peuterne B Buze u = f(z)w(zx). Hoacrabus u u «' B (1), umeem

(f’— zzzil)w.}-w’f =z,

!

u — U=z €8]

@ynkuny f ¥ @ HAXOOMM U3 ypPaBHEHHH

=f /
f—z2_1=0, wf=uz

W3 nepBoro ypasHenus: noiysaem f = C+/]z2 — 1]. U3 BTOporo ypaBHEeHHUs clienyeT, 9To

1
w = ~C—\/lz2 — 1] sgn(z® = 1) + Co.

CrenoBarensto, u = |z’ ~ 1|sgn(@? — ) + C/[e? = 1] = 2> — 14+ C/Jz? = 1], oTkyxna
Y= -1+Cylz2-1.»
101. y2’siny = 2y’ — 2y.

<« Pasgenus o6e yactu ypapdenus Ha 3 # 0 (y = 0 — OUEBMAHOE DELUEHME) M NMPUHNB T 33
GYHKUMIO OT Y, IOTYYUM YpaBHeHUe DepHysum

2y dz —z=-2 siny.
dy
Ucronbays 3ameny z 72 = z(y), NPUXOXUM K JHUHEHOMY YPaBHEHHMIO
yz' +z =siny,
obulee pelleHNe KOTOPOro BhIpaxaercsi GopMyJion
C cosy
y oy
Bce pelueHus uCXOZHOTO YPaBHEHUS UMEIOT BUIL
y=0 % =-§——ﬂ, wm y+aicosy—Czl=0.p

102. (.1v2 + y2 +2z - 2y)dz +2(y — 1)dy = 0.
<4 IlpeobpasoBriBasi ypaBHEHHE CREAYIOWIMM 00pa3oM:

(@+1?+@-17-2) de+ 1)+ dy-17 =0

unonarad z+1=u, (y — 1)? = v, MPUXOIMM K JTMHEHHOMY YPABHEHUIO
dv
—+v=2-u"
u
- S
¢ ero obumM pemieHreM v = Ce™ — u? + 2u. Bce pelreHHs MCXOAHOIO YPaBHEHUST OMUCHIBAIOTCS

dopMmynoi
24y -2y=Ce*. »
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103. ¥ —y)z =2.
« [lonarag e¥ = z(x), nonydum ypaBHeHue bBepHyum

z'+—z=z2.
z

Ero obuiee pemreHue umeeT BUX
1

z(l+Cz)’
OGluee pellleHye HCXOIHOTO YPAaBHEHUS 3aNULIeTCs B BULE

z(x) =

y = —In(z + Cz%). »

104. y(z) = /'y(t)dt +z 41
0

<« B37B OT 0Beux yacTeit paBeHCTBA NPOU3BOAHYIO, MOJYUMM JUHEHHOE ypaBHEHUE

y=y+1,
obLuee pellleHUe KOTOPOTo
y=Ce" — 1.
Hcexons u3 oueBuaHOro HayansHoro yenosus y(0) = I, naxoaum C = 2. CrneaoBaTesbHO,
y=2"-1.p»

105. /(a: —Hyt)dt =2z + /y(t)dt.
0 0
4 /Ipaxan auddepeHIMpYs JCBYIO M (IPAaBYI0 YACTU PABEHCTBA, UMEEM MOCAEAOBATEIBHO
/ ytydt =2+ y(@); y(2) = y(@),
0

orkyza HaxonuM y(0) = -2 u y(z) = Ce”. W3 HayanpHOro ycnopus caexyer, yro C = 2. Hrak,
GyHkuMa

y(@) = —2¢”
eCTb pelleHre 110CTaBAeHHOM 3a0a4yu. »

106. ydz + z dy + y>(z dy — ydz) = 0.

« 310 ypaBHenne Munannra—/ap6y, nockoneky Gynkunu M (z, y) = y u N(z, y) = & OIHO-
PORHBIE U UMEIOT cTeNeHs 1, a dyHkuus R(z, y) = y2 oxHopoaHas u uMeeT ctenets 2. CaeRoBaTeNnbHO,
NpUMeHMMA 3aMeHa y = uz(y). Umeem uzdz + z(udr + z du) + v’z (z(ude + z du) — uz dz) = 0,
WM

2Judz +z(l +z'u’)du=0;, z=0. A1)
Pasnennm obe yacTu nosyyeHHOro ud)PepeHIMaIbHOr0 ypaBHeHus Ha du. OHO MpeBpaTUTCs B yPaB-
HeHue bepHymm

dz
2 — +z=—u'z
du

= z, IPUXOAMM K JTMHEHHOMY YPABHEHUIO

2
uz —z=u’.

[Monaras z~*

Jlerko npoBeputh, YTO €ro obliee PEIICHHE MPEACTARISAETCS B BULE z = u° 4+ Cu. [locieaoBaTensHO
BO3BPaNlasCh K CTapbiM MMEePEMEHHbIM, OKOHYATETbHO UMEEM

_ V¥ +Cry—1=0.
Pewrenus ¢ = 0 u y = 0 BX0omsiT crona nipu € = 0. »
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107. @y +¢* — zy)dz + 2 dy = 0.
<« 3anuceiBas ypaBHEeHME B BUIE
0-y’dy + @’y + v°) dz + z(x dy — ydz) = 0,
3aMe4aeM, 4TO OHO €CTh ypaBHeHHe Munaunra—/lap6y. ITostomy, nonaras y = ux, noiyyaeM
zs(u +w)de + 2 du= 0,
du
z =0 m+d¢c=0; u=0.
Orclona crenyer, 410 71;;‘—+=1r = Ce™. Boappauasice K NEPEMEHHBIM T U Y, OKOHYATEILHO NOTY4aeM
¥’ = Cle (2 + yz); z=0.p
108. ’(z + a)dz + z(z? — ay)dy = 0.
<4 J10 ypapHeHue Munauxnra—Jap6y, NOCKONBKY OHO NPUBOAMTCA K CTAHIAPTHOMY BHIY
v’zdz + 2’ dy + ay(ydz — cdy) = 0.
Tpoussens 3aMeHy y = uz(u), NOTy4uM JuHelHoe MbdepenMambHOE ypaBueHe
dz T a
au T wwtl) u+tl’
IUIsL pELIEHHS] KOTOPOro MPUMEHUM METOJ BapUaLMy NpPOM3BOJBHOW NMOCTOSHHOM. PellieHue coorBeT-

CTBYIOILECTO OMHOPOOHOIO YPaBHCHHS UMECT BUL

u+IC‘ )
u

Cuuras C = C(u), nonyyaeM guddepeHumansHoe ypaBHeHue

e (- )
du ~  \u+1 @+1)3?/)°

pPeLICHUE KOTOPOTO UMEET BUX

C(u) = aln(Cy(u+ 1)) + ——a——, Cy = const.
u+1

IToncraeus 3Hayenne C(u) B (1) M NpHHHMasg BO BHUMaHHUE, YTO 4 = }zL’ 3anMueM obmiee peleHne

UCXOIHOTO YyPaBHEHUSA B BHIE
T o_ z(a -~ y)
2ty —Cexp(T——ﬂ;az+y ) >

109. Qzy - 2’y — ) dz — (@ + y* ~ 2° — zyP)dy = 0.
<« IT0 Takke ypaBHeHHe Munamura—Jap6y, nocKonsKy
Qzy — :czy - ys)d:c - (:c:2 + y2 -z - zyz)dy = 2zydx — (:c:2 + y2) dy —~ (:c:2 + yz)(ydz -z dy).
Ionarast y = ux(u), NOJYIUM YpaBHEHHE C pasIENAIOLUMHUCH NEPEMEHHBIMU
(u - u3) dz + z(1 + ¥’)(z — 1) du = 0,

M3 KOTOPOTO CICHYET, YTO
cz—1 wu

z 1-4
Cnenonammo, B CTApBIX TICPEMCHHBIX UMEEM
yz-1)=C@E"-y)). »

PelunTs CleRyIOUIMe 3aNaqH.
110. Hairru kpuByIo, KOTOPast HMEET CIIEAYIOlIEE CBOKCTBO: OTPEIOK OCH OF OT Havana KOOpIMHAT
O TIEpecedYeHUs ¢ KacaTesibHoM K 3Toit KpHBoii B moboit Touke mponop! 'H OpAMHATE 3TOf TOUKH.
4 U3 ypaBHenHsa xacarenbHOM X HCKOMoH KpHBoit B Touke -M(x, y)
Y ~y=¢y(X —2),
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e X,Y — Texymue KOOpIWHATHI KacaTeNbHOW, clemyet, 4yTo aGcuMcca TOUKHM TNEPECCYECHUS €€ C
ocelo Oz paBHa T — —;4 CornacHO YCIOBHIO, HMEEM YpaBHEHUE

y dz
z—;:ky, WIH y@—z=~ky.

Bce pemieHUsA NOJAYYCHHOTO YpaBHCHHUA UMEIOT BUA
z=y(C - klnly]). »

111. Haiitu xpuBsIie, y KOTOPHIX INIOWALD TPANELMM, OTPAHMYCHHO OCSMM KOOPIHMHAT, Kaca-
TeJIHOH ¥ OPAMHATON TOUKYM KaCaHUs, €CTh BEJIMYMHA NOCTOAHHAS, paBHas 3a’.

4 U3 ypaBaenus KacaTensHol (CM. NpeIbITyIUMiE NpUMeEp) HaxoauM JinHy otpeska OK : |OK| =
=y —ay (puc.21). Iycre § — mwiomans Tpaneuu KONM. Umeem

5 = HOLE BN

ComracHo ycnoBuio 3amaun, S = 3a’. CienoBarenpto,
2 1 ’
3a” = i(y—zy + y)z.

HOJIY‘XCHHOC YPaBHCHUE NUHEHHOE OTHOCUTEIBHO Y

6a’
$y' - 2y = ——z—.

Ero obuiee pellieHUE UMEET BYL
2a?
y= =z +cd »

Pac. 21

112. Haiiu KpPHBYIO, B KAXIOH TOUKE KOTOPO! NMOIHOPMAITh ABJIACTCH CPEAHUM apUPMETHUIECKHM
KBaApaToB KOOPXHUHAT 9TOM TOYKH.
<« CornhacHo ycnoBHIO, MMeeM (puc. 22.): v A

INL| = % (loni* + IMN|2) .

PaccMotpum TpeyronbHMk M NL u Haiizem mmmHy Kareta NL. M(x, y)
Hmeem [NL| = yy'. Takum o6pasoM, midbepeHuManbHoe ypas-
HEeHME MCKOMBIX KPMBHIX MMEET BUJ

2yy =2+ a

Ry

Tonaras B HeM y° = u, NOMyIMM JHHeHNOE YpaBHeHHe ' —u = z2. ol’x N A
Pewas ero, HaxomM u = Ce® —z’ — 2z — 2. OKOHUATeNbHO HMEEM
y2=Cez—z2-2z—2_) Prc. 22

113. B 6axe naxozutcs 1001 pacTtBopa, conepxauero 10kr comu. B 6ak BTekaet 571 Bogs B MH-
HYTY, @ CMECh C TOM X€ CKOPOCTBIO NepeuBaetcs B apyroit 100-1Tposslii 6ak, NepBoOHaYaIbHO HANOMN-
HeHHBIHA yncToii Bonoii. M36bIToK XMIKoCcTH 13 Hero BeltuBacTca. Korna KommuecTBo cOlMM BO BTOPOM
6ake Oyner HanGompumm? YeMmy oHo paBHO? .

< Ilycrs Q1(t) u @,(t) — KXoNUYECTBA COMM B KT COOTBETCTBEHHO B NIEPBOM M BTOpOM Gaxe B MO-
MEHT BpemenM ¢ OT Hayaia nepeavBanua. Toraa Qutinat KOJIMYECTBO COJIM, BBHUIMBAIOLLECECA M3

NEPBOro 6aka BO BTOpoii 32 Bpemsi ot ¢ 1o t+At, a 39(E)AL o rvectso COJIH, BHUTHBAIOHIEECH U3
BTOpOTO 6aKa 3a 3TOT Xe NPOMEXYTOK BpeMEHM, rae &y € (L, t-+AtL), ty, € (¢, t-+ At). CrenosarenbHo,

Q2 + At) = Q,(t) + SQI‘(;;“) At - Sqlzg(t)”) At (1)
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€CTh KOJIMYECTBO COJIM BO BTOPOM Oaxke B MOMEHT BpeMeHU t + At, a
50,

Qi+ an =@ - 218 4, @
€CTb KOJIHYECTBO CONM B MEPBOM 6ake B 3TOT k€ MOMeHT Bpemenn. M3 (2), nepexonst K npenetsy npH
At — 0, nonyyaeM auddepeHuanbHOe YpaBHEHHE

aqQ
*‘—ﬂ_l = —‘0,05Q 1
otkyma Q; = Ce ' rne Bpems ¢ usMepsietca B MuHyTax. ITockonsky Q;(0) == 10, 1o C = 10.
CretoBaTeNntLHO,
Q, = 10, 3)
CosepiuB npenenbublid nepexon B (1) npu At — 0, M npuHKMMas Bo BHMMaHMeE (3), OJyuMM
d _
—%— = ~0,05Q, + 0,5¢ %%,
Peluvs nuHeiHoe ypaBHEHME, MMEEM
Qa(t) = (0,5t + C)e ",
Tak xak @,(0) = 0, ro C = 0. OKOHYATEILHO HAXOLUM
Qa(t) = 0,5te™ ",

Hccnenys dynkunio ¢, Ha 3KCTPeMyM, NONYUHM, YTO max @, xocruraetcs 1pu ¢ = 20 MHH U paBeH

1
9:020) = :0 ~ 3,68xr. >

114. 3a Bpemst At (rme At — 0 u BoipaxeHO B ZOJUIX TOAA) M3 KAXKAOT0 rpaMMa Paiis PacliagacTcs
0,00044 At rpamma u oopasyercsa 0,00043 At rpamMa panona. M3 KaXnoro rpamMma panoHa 3a BpeMs
At pacnamaercs 70At rpamMa. B Hauase OIbITA HMENOCh HEKOTOPOE KOMMYECTBO Z( YUCTOTO Panvs.
Korma xoindgecTBO 06pa30BaBLIETOCH M €llle HE PAacaBLIErocs pagoHa 6ymeT Haubonplimm?

4 OGoszHayuM uepes P(t) u Q(t) xonuuecTBa HepacmaBIIMXCA Pagus M PafOHA COOTBETCTBEHHO
B MOMEHT BpeMeHHU ¢ OT Havyana pacnazxa (B rogax). Torma P(t) — P(t + At) ecTb KOJIHYECTBO PaciiaB-
1terocs panus 3a Bpemst oT ¢ no t + At, a Q(t + At) — Q(t) — xonuyecTBo 06pa3OBABILIErOcHd panoHa
3a 370 X¢e BpeMs. COornacHO YCJIOBMIO 3aNayd, IMEeM YPaBHEHMS:

P(t) — P(t + At) = P(t;;) - 0,00044At, (1)

Q(t + At) — Q(t) = P(ty,) - 0,00043At — Q(t12)70AL, ()

rae ¢ € (X, t+At), i, € (¢, t+ At). CoBeplumB nipenenbHblii nepexon upd At — 0 (upexsaputenbHO
paszmenuB Ha At neBble H nipaBbie yacTi ypaBHeHMit (1) u (2)), nonyynum auddepeHuManbHbIE YPaBHEHMS

dP
& = —0,00044P(t), 3)
d
E?— = 0,00043P(t) — 70Q(t). @)
Pewuexue ypaBHenus (3) uMmeer BUL
P(t) = g 0000, (5)

IToncrasus (5) B (4), nomyunm mubdepeHManpHOe ypaBHEHME, IPOUHTEIPUPOBAB KOTOPOE, HANIEM:
Q) = Ce ™ + 0,00043z, o~ 0,000442

69,99956 ‘
Ipuunmas Bo BHUMaHUe HavansHoe ycnosue Q(0) = 0, onpenensem C: C = —%’%0%9%‘1. OxoHya-

TCIPHO HMEEM

0,00043zy ¢ _ooo0ase 70
£) = 0 (000t _ 7o)
Q) = 4599956 (e ™)
Wccnenopanye Ha axcTpeMyM dyHkumu f(t) = e "% — =™ noxasppaer, yto max f(t) nocturaercs
npu
1 70

In ~ 0,17 rofa & 62aus. b

* = §9,99956 ™ 0,00044
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115. Jans! apa pasnudHsIX pelieHHs y; M Y, TMHERHOTO ypaBHEHHs NIEPBOTO NOPAAKa. Bripaauts
yepe3 HUX ObLIeE PEllleHHE STOTO YPAaBHEHMS.
4 JInneitnoe muddepeHUMANBHOE YPaBHEHME
y + P@)y = Q(z)
uMeeT obllee peLIeHUE

y=(C + a@)B(z), (1)
roe a(x) = / Q(z)ﬁ—l(:c) dz, B(z) =exp (-— / P(z) dz). CornacHo ycioBuIo, u3 (1) uMeeM
Yi(x) = (C1 + a(@)f(z), ()= (C:+ a(z))B(2), @

rie C; u C; — MOCTOSHHBIE, COOTBETCTBYIOUIME PELIEHHSAIM ¥, M Y. Hanee, ucxoas U3 paBeHCTB (2),
BhIpaxaeM GbYHKUMH a H B yepe3 pewieHus ¥ U ¥,. Ilomryunm
y1(2) - y2(z) Ciy(x) — Coyi(x)
= (GG (z) = ————————— (11(2) £ ya(T)-
ci-c, T PO T WO F R

Haxoneu, noacraBus 3HaueHus a(zr) U B(z) B (1), Hailmem:

(€1 = @ + (€ = @) = ya(2) + E (@) — 11(@),

az) =

Y=o -¢g
e 6 = gl'zicv% — NPOH3BOJbHAA NOCTOAHHAA. »

116. Haittu To pewrenue ypaHeHus
y'sin 2z = 2(y + cos ),
T

KOTOpO€ OCTAaCTCA OTPAHUYCHHBIM NPH T — —2- .

<4 U3 paccMoTpeHus o61iero pelreHMs 3TOr0 YypaBHEHMS

= t —
y ¢ £z cosT

CJeHyeT, UTo lin}r y(x) = 1in71r (C gz — %5) cyuecTyeT nuite npu C = 1 ¥ paBeH Hymo. [Tostomy
z=5 7y

y=tgzr—sece
aBisieTCA TPeOyeMbIM PELUCHUEM. P

117. flycs B ypabuenun zy' + ay = f(z) umeeM a = const > 0, nenpepbiBHas GyHkuusa f — b
pu ¢ — 0. IToxasaTe, YTO TONBKO OJHO PEIICHUE YPaBHEHHS OCTA€TCS OrpaHMuYeHHeM ipn ¢ — 0, U
Hajitk rpenen 3toro pemedus npu & — 0.

<« IlpencrapisieM obiilee pelIEeHUE YPaBHEHUS B BUAC

c 1 f ot
==+ — [ fOII* " d(t
Y= LRt on 0/ FOI d(it)

(d(|t]) = sentdt, t # 0), unn

c b [ :
y=r o+ [l dge, ®

=z“ a 4
o] E,

rae () — 0 npu t — 0 B cuiy ycnosud. Benencteue oueHKH '

/ eIt d(ith
Q

1 1
— <= sup [e@®) =0, =—0,
x| 8 0gtgz
u3 (1) cnenyer, yto lm% Yy CYLIECTBYET M OrpaHM4eH TonpKo npu C = 0 U paBeH %. Pelienne ypaBHEeHUS,
z
O KOTOpOM 112 pedb B YCJIOBUM 33Ja4YN, UMECT BUJX

17 -
= [ s g, »
0

y=1,
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118. Iycts B auddepeHUHANBEHOM YPaBHEHMH B Npenulayuicit 3anaue @ = const < 0, f(z) — b
npu ¢ — (. [Tokazarh, YTO BCE PELUIEHMA ITOTO YpaBHEHHUA MMEIOT OOHH M TOT X€ KOHEUHBIH npexes
mou = — (. Haitty s10T nipegen.

<4 OueBnaHO, 410 O0LICE PElLleHHE PacCMaTpHBAEMOTO YpaBHEHMS NpU COOMOACHMM YCIOBHA
f(z) — b npu £ — 0 MOXHO NpPEACTaBUTL B BUAC

_ _ b _ -
y=lel (C+ [ 1@lal ) = 2 +1ai™ (C+ [ et@al" d(aD).
Ecmu unrerpan / e(x))z[*"! d(|z]) orpanmuen, To npu moGoM C, OUEBHIHO, i‘f.% y(z) =
YKA32HHEIH HHTETpan He orpaHnded npu £ — 0, To npumensaeM npaswro Jlonurart:

e@)z|*" d(|z}) a1
/ = lim c@)la| =0.

. Ecim

o

lim =
=0 || 20 alzle!
Takum o6pasom, lin(1] y(z) = % npu Bcex 3Hauenusax C. p
. z—

119. Toxasars, uto ypaBHeHUe 'f,-f +x = f(t), toe dynkuua f HenpepsiHad U |f(t)] < M npu
-0 < t < 00, HMEET OIHO peleHHe, OrpaHHYEHHOe NpH —o00 < ¢ < +oo. Haiitn 310 pemeHue.
IMokazath, 4TO HaliIeHHOE peLICHME NepuoaMUecKoe, ecd GyHKuMs f nepuoaHyeckasl.

<4 O6uiee pellleHHE JAHHOTO ypaBHEeHHS MOXHO NMpPEACTABUTEL B BUIC

i
zt)y=Ce ' +e™ / f(r)e dr. )
~00
Takoe npencTaBieHne BO3MOXHO B CHIIY TOTO, YTO HECOOCTBEHHBIH MHTErpast
t
/ f(r)e dr,
-0
KaxK ITOKa3bIBACT O1icHKa
i
/ f(r)e” dr| < Me, %)
-0

i
cxomutcsi. VI3 HepapeHCTBa (2) Takke cienyeT, 4To QyHKUMA e / f(m)e™ dt orpaumyeHa yuciom M

-0
st Beex £ € (—00, +00). TakuM 06pa3oM, HEOBXONMMBIM (M JOCTATOYHBIM) YCIOBHEM OrpaHMYEHHO-
cti GyHKUMH T gBisieTca paBeHCTBo C = 0. YnomMHaeMoe B YCAOBUHU pelieHUe UMeeT BHI

t
zt)y=e! / f(r)e dr. 3

Ilycts, manee, V7 € (—00, +o0) f(T +T) = f(r), tne T > 0. Torxa us (3) naxogum
T

t
zt) =€ / Fr+ e dr = ™D / f(r)e" dry =zt + T),

rae 7 = 7+ T'. CiienoBarensHo, © — nepuogHyeckas QyHKUMA. P
Jameuanne. TpeGopakue HenpepniBHOCTH yHxiMu f He sBaserca Heob6xonumbiM. BeineneHue xnacca QPyHk-
umuit f, nig XOTOpOro 3Ta TEOPEMA BEPHA, NMPEROCTARIAETCH YHTATEMO.

120. ITokasats, 1to Tomsko oxHo pewenue ypasuenns zy' — (2z® + 1)y = «* crpemures K Ko-
HEYHOMY Npelelly IPH T — 400, M HAWTHA 3TOT Tipesiel. BHPasuTh 3T0 pelleHHMe yepe3 HHTETpar.
<4 Hcxomum 13 obuiero petieHUs 1aHHOTO YpaBHEHMS

y= ze® (C+ /e"z d:c) . ¢y
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2
B cuny cxonuMocTH HECOOCTBEHHOrO HHTErpaia / e“z dt, BripaxeHue B cKobKax B (1) MOXHO npexn-

~0

CTaBUTH B BUIC
z
2 2
C+/e‘z dz = Cy + /e“ dt, @)
-0

rae C; — HekoTopas moctosiHHasA. PaBeHcTBO (2) /erko npoBepsieTcs nocpeacTsoM muddeperuuposa-
Hus. TakuM 06pa3oM, Bce peLlieHMs U3YYaeMOro YpaBHEHMS Beipaxatorcs dopMynoi

zZ P _tZ
y=ze C1+/e dt}. 3)

Ilycte £ — +oo. Toraa u3 (3) 3ameyaeM, YTO IS OIPAaHMYEHHOCTH Y NMPU & — +00 HEOOXOAUMO

BBINOJIHCHUE YCIOBUA
+o0

C1 = - /C—tzdt = —\/;.
—00
IocnenHee paBeHCTBO U IOCTATOYHOE IS TOTO, YTOOHI zETw Yy 6bU1 KOHEeuHBIM. JleHCTBUTENBHO, MO
npaswiy Jlonurans uMeeM

z
2
/ et dt-x )
e™” 1
. - .
lim =——— = lim ———— =—-—.
z—t0  gTle® 2400 —(z72 4 2)e~* 2
Teneps 3anuiLIEM HCKOMOE PELICHME:

z

z
y = ze® / et -vi| =z / &t w

-0 +o0

121. Haittu nepuonuaeckoe pelieHne ypaBHEHUs
y =2ycos’z —sinz.

<4 B cniy cxoauMocTi HecOGCTBEHHOTO MHTErpana
+00
/ e it estgin ¢ dt,
z
oflee pelieHre JaHHOTO YPaBHEHHS NMPEACTABIAEM B BUIE
+o0

y= Cez+sinzoosz _ /e—t+z—sintoost+sinzwsz sint dt. (1)

T

HockonbKy GyHKIMs e* "2 quepnmHo, HE ABIAETCA NEPHOTNIECKOE, a PYHKIIHA
+o0 +00 .
yl(z) = / e—t+z—sintwst+sinzoosz sintdt = / e-s—sinsws(.s+2:c) sm(:c +3) ds,
z
KaK CJIedyeT H3 TOXAECTBA,
400 .
(@) = / ot Im)-sint costidsin(e A2V i g iy = 4 (o 2,
T+2x

roe £ = t + 27, ABIAETCA 27 -TIEPHONAYECKOM, TO DyHKUms y MepHoauyecKas Tonbko npy C = 0.
Tomaras s (1) C = 0, Monyunm nepuoauueckoe pemeHue y = y;(z). »
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122. [Tycts B ypaBHeHUH
dz
T altyr = f(t)
a(ty > C >0, f(t) —» 0 npu t — +oo u GyHkuMn @, f HenpepbisHbl npu ¢ > tp. [okasars, 4ToO
KaX/I0€ PelUeHUE 3TOTO YPABHEHUS CTPEMHUTCA K HY/MO npy £ — +00.
« Vcxons u3 o61Uero peiueHus JaHHOTO YPaBHEHUS

z(t) = (C + / F(t)yexp (/a(t) dt) dt) exp (— /a(t)dt) ;

YCIIOBUIL 3314, ¥ TIPUMEHUB Npasusio JIOMUTANs, ONyuuM:
C+ /f(t)exp (/a(t) dt) dt F(t)exp (/a(t) dt)
Jim () = lim —— : = lim :
-4

o exp (/a(t) dt) o W

3aMeTuM, YTO HEMPEPLIBHOCTE (PYHKUMI @ U f 3aech TapaHTHpyeT AMPPEPeHLUPYEMOCTE COOTBETCTBY-
IOLMX WHTErpasios, a yciaoBue a(f) 2 C > 0 ucnoyb3yercs ABaX/bl:

ct f®) _ 1@l
exp(/a(t)dt>>e — 400 ;(t—)g—a——»,

123. [TycTe B ypaBHeHUU U3 npenblayiueit zanaun uMeem a(t) > C > 0 u nycTs Zo(f) pelueHue ¢
HayanbHbIM ycloBrueM z¢(0) = b. [oka3zats, yto Ve > 0 38 > 0 Takoe, 4To €C/Iu M3MEeHUTh QYHKUUIO f
M uuCsIo b MeHblle YeM Ha & (T. €. 3aAMEHMTb WX TAKOK (PYHKUMEH fi U TAKWM uucioMm by, yto |fi(t) —
— f®)] <&, |by — bl < 8), To pewwennte xo(t) usmenurcs npu ¢ > 0 menblue, yeM Ha £. DTo CBOHCTBO
peLIeHHs! HA3bIBAETCS YCTOAYMBOCTBIO MO OTHOIICHHUIO K NOCTOAHHO AeHCTBYIOIMM BO3MYILEHHUSIM.

« Ilyctb t; = 0. Torna obuiee peiueHue paccMaTPUBAEMOTO YPaBHEHUsI MOXHO 3aMucarb B BUIE

t T t
z(t) = <C + f(r)exp< a(f) d5> d‘r) exp<—- a(r) d‘r). (1)
[reroo(] /

0

=0.

0 npu t— +oo.p

Hcxons uz gopmynst (1) u ycaoBUiA 3a1auu, uMeeM

t T t
Zo(t) = <b+ /f(r)exp</a(5)d§>dr> eXp<— /a(r)dr>, 2)
i i )

i

14 T
T (t) = (bl +/f{(r)exp</a(g)d§> d‘r> exp (— /a(‘r) dr). (3)
[} 0 0

Brruutas nouseHHo u3 (2) paBeHCTBO (3), MOJYYUM OLICHKY
t t t
[20(®) — 21 (8)] < [b - b1|exp<— [ at) dr) + [1r - ﬂ(r)lexp(— [ a d&)dr- 4
0 0 ks

ITockonabky
t

t
lb—bi <8, |f(r)—fi(m) <6, exp(— / a(r)dr><e“c‘, }xp(— / a(g)ds)se‘““”,

) T

TO u3 (4) ceayoT OLEHKU
1 1
-ct ~Ct
lwo(t)—m;(t)lsé(e +5(1~e ))<6(1+5).

Taxknum obpaszom, ecayu 1Mo 3agaHHOMYy € > 0 BHIGpaTh uncio § = T€+—Cc’ 1O nipxt ¢ 2 0 BINOJAHAETCH
HEepaBEHCTBO

[zo() — 21 ()] < &,
YKa3blBaoLLEe, COTIACHO ONPENETEHMIO, HAa YCTOMYHBOCTD PEIIEHHST Lo(t) NPH MOCTOSHHO AEHCTBYIOLMX
BO3MYLLUEHHUSAX. P '
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§5. Ypasnenus B nosHbIX Au(epennuanax.
aTerpapyiomyii MHOXHUTEIb

5.1. Ypasnense B noiHnix 1udepenumanax.

YpaBHeHue BuIa
M(z, yydz+ Nz, y)dy =0 ey
HAa3bIBACTCS YPAGHEHUEM 6 HOAHBIX Oughghepeniyuanax, ecim €ro JICBask YacTh ABIACTCA MOJHBIM Audde-
PEHLIMAIOM HEKOTOpoil dyHkuuu P, 1. €.

M(z, y)dz + N(z, y)dy = d®(z, ). 2

Teopema. Ecau gpynxyuu M, N, %%’— s %Ayi Henpepbierbl 8 HeKomopol odxocessHoi obracmu D C R?,

mo ycaoeue
N _ oM

9z dy
Aeasemcs neobxo0umbvimM U docmamoyutsim 028 moeo, ymobst evipaxcenue M dx + N dy 6viao nosnsim dugh-
hepenyuanom gynxuyuu .
Hpu stom

z ¥
®(z, y) = / M, y)dt + / N (z, t)dt. 3)

Touka (zo, Yo) BbIGHpaeTcs TakK, YToGwl CErMeHTH [Ty, %], [Yo, y] nMpuHamwIexanu oGnactu D. OyHk-
LU0 ® MOXHO TAKXKE NPEACTABUTL B BHIE

T ¥
®(z, y) = / M(t, yo)dt + / N(z, t)dt.

Bce penenus ypaBHeHus (1) conepxarcsa B papeHCTBE R(Z, y¥) = C, ABIAOLIEMCS Ul 3TOTO ypas-
HEHHUSI 0BIHMM MHTETPAIOM.

5.2. Wurerpupyiomuii MHOXKUTE/Ib.

Oyuxuns p = p(z, y) Z 0, rmocie yMHOXEHNs HA KOTOPYIO ypasHeHWe BMaa (1) mpespaiuaercs
B YPaBHEHHE B NMOJHBIX mubdepeHIMaNaX, HA3BIBACTCA UHMEZPUPYIOWUM MHONCUmMENeM JUTS ITOTO ypaB-
HEHMS.

Teopema 1. Ecau gpynxuuu M u N Henpepui6ivi, umeiom Henpepuiarbie 4acmubie npou3eoonsie, mo
unmezpupyiowuii muoxcumens cywecmayem, ecau M* + N? # 0 (docmamounsie ycaogus).

Teopema 2. Fcou po(x, y) — unmezpupyrouui muoxcumend ypaenenus euda (1), a up(z, y) —
coomeemcmeyowWull emy UHmezpan IMo2o ypasHeHus, m.e.

po(M dz + N dy) = duy,

mo i = po(x, Y)p(up), 2de ¢ — npouseonsvras dugpghepenyupyeman ynkyus, maxxce 6ydem unmezpupy-
HoUUM MHOXCUMENEM YKA3AHHO20 YPAGHeHUS.

D710 CBOINCTBO MHTETPUPYIOLIETO MHOXHTE/IS [TO3BOJSAET BO MHOTHX CITydasiX HAXOOMTb €T0 Memooom
pa3buenus oanno2o ypasnerua na 0ee 4acmu.

CyuHocts MeTOa 3aKinouaercsi B cremyioueM. Iycts uy(z, y) = Cy, pi(x, y); w(=, y) = Cy,
#a(z, y) — oblye MHTETPANIBl 1 MHTErPUPYIOLME MHOXHUTEIN COOTBETCTBEHHO ISl YPABHEHHIA

Mydz+ N dy=0, M,dz+ N,dy=0. “)
Torna, B cwiy npuBeeHHOR Bhllle TeopeMbl, GYHKUNM #] = pyo1(Uy) U gy = iy (ty) SIBISIOTCS
MHTErPUPYIOLIMMY MHOXWTENISIMA VIS MIEPBOTO ¥ BTOPOro ypaBHeHuil coorBercTBeHHO. ECmm ynacrest

notoGpars GYHKUNM 9| U @2 TaK, YTOGHI BBITOTHANIOCH PABEHCTBO fip(U1) = paipr(u,), TO MHTEIPH-
PYIOLIMM MHOXWTEIIEM Uit YPaBHEHMS

(M + My)dz + (N, + N2)dy =0, 3
OYEBUIHO, ABNACTCS DYHKUMS p = 1o (1)) = papr(uy).
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5.3. Mndpdepemmantuoe ypaBEeHHe 11 HHTEIPAPYIOMET0 MEOKHTEIS.

Ecan n3BectHo, uto 4 = u(w), rae w = w(z, y) — u3BecrHas gudpepeHunpyeMas GyHKUUA, TO
MHTCTPUPYIOLLHIA MHOXUTENb 4 yaosieTsopseT muddepeHUHAUTLHOMY YPAaBHEHUIO

dw w dp M ON

N——-M— _—— 6
( oz By) ( 9y o=z ) ©

Haiiti obume MHTErpaisl ypaBHEHHIA.

124. (zlny - 2 + cosy)dy + (2* + yIny ~ y — 2zy)dz = 0

« Tak xak Ha MHOXecTBe D = {(a:, PNER :~0 <z < +00, ¥y > O} BBINOMHAETCA PaBEHCTBO

/] /]
‘—95(.7:3+y1ny-—y—2a:y)= E(a:lny—a:2+cosy)=lny—2x,

TO JieBasi YaCTb PACCMaTPHUBAEMOTO YPaBHEHHS SIBJIsSeTCH NOMHBIM IuddepeHManoM HeKOTopoi GyHK-~
s ®. Ilo ¢popmyne (3), m. 5.1, nomydaem
4

z ¥
&(z, y) = /(t3+ylny—y—2ty)dt+/costdt= %— +zy(lny — 1) — ya:2+siny—sinyo.
0 0

OO61uii MHTErpa ypaBHEHHNs 3alTUCHIBACTCS B BHE
z* + dzy(ny - 1) — dz’y + 4siny = C. »

dy =0.

1 z
125. (:L‘+ ﬁ) dz + (y - yyzﬁ)

<« Iockomky nipu |y} > |&] BOIMOTHSAETCS TOXAECTBO

i(m+_l*_)=i( _*9’__)__(2__:”2)—%
By VyE-zr) " 8z y yVy? — z? vy !

TO UMEeM ypagHenHe B NonHbIX guddepennuanax. [Ipumenus dopmyny (3), 1. 5.1, momyunm

z y
1 1 Lz 1
2@, y) = b/(t + \/f_ﬁ)dt +y[tdt = 5(1'2 +y%) + arcsin v 5!/3.
OO6IMii HTErpan ypaBHEHUs UMEET BUI

a:2+y2+2arcsin§=c.>

Pewnrs muddepenuinanbibie ypaBHeHHS METOAOM WHTETPUPYIOILETO MHOXHTENS, 3Hasd, YTO f =
= f(x) wm p = f(y).

126. ( )dz+<1 3%)«13,:0.
x

« Monaras 8 (6), 1.5.3, w =z, M=1+-fz,N= ;_% nonysaem

1 2y\ du (2 4y) 2;4( 27))
(z+ )da: =maEte z \z ’

dp  2u

dz =z’ .
Orciona p = #* (C = 1). BumM, 9r0 BRG0P GYHKIMH W OKa3ancs yNaYHRIM. YMHOXMB TOWIEHHO
DAHHOE YPABHEHHE Ha T, TIONYIAM YpaBHEHHE B TIONHHIX madwbepeHImamax

(&’ + y)dz + (z + 2y)dy = 0.
IIpumennB dopmyny (3), 1. 5.2, Halinem obumii HHTErpaL:
22+ 3zy+3°=C. »

Hlb--

HAN
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127. ¥’z - 3y)dz + (1 - 3zy’)dy = 0.
« Tonoxum B (6), .5.3, w =z, M = y*(x — 3y), N = 1 - 3zy*:
dp 1du  2y(z -3y
(1-309) g =w@—3wm £ 32 = T30

JameyaeM, YTO 4 He MOXET 3aBHCEThb TONBKO OT &, MOCKOJIbKY CJIEBA B MOCTEAHEM PABEHCTBE MMEET-
¢ PYHKUMS TOILKO OT Z, a CNpaBa — YHKUMS OT £ U y (£ M Y — HE3ABUCHMBIC IEPEMEHHBIE).
Hcnbitaem Teneps MHOXMTEND W = Y.

Hmeem

2
(@ = 3y) —= = y(z — 3P —y —— = 2.
yi@=3y) - =2y -3y -y, I

Hurerpupys nociienHee ypaBHEHHE, HAXOUUM f4 = y'2 Cc=1).
YmHoXas 00e YacTH UCXOMHOTO YPaBHEHUS Ha y"z, MONYYaeM ypaBHeHue B MOMHLIX JuddepeHun-

anax

(- 3y)dz+ @y - 3z)dy = 0.
ITo dopmyne (3), n.5.2, 3anuckiBaeM oOMIKII MHTETPaT 3TOTO YPaBHEHUS

e’y —6zy’ —-2=Cy (y+#0).
TIpu NOWIEHHOM Ji/IEHHH HCXOIHOTO ypaBHEHHs Ha y* MBI IOTEPAIIM PEllicHHe ¥ = (1, HO3TOMY 06LIMii
€ro MHTErpajl UMEET BUA

a:zy—6a:y2—2=Cy (y = 0 npu C = 00).

HpoumerpupbBaTh CTEYIOUINE YPABHEHHUS ¢ TIOMOLIBIO MHOXUTEIS it = p(2+y) Wil p = p(z—y).
128. (2.7:3 432y +y’ - y3)da: + (2y3 +3zy? + 22 - a:3)dy =0.
« Iycrs p = p(z — y). Torna, monaras B (6), n1.5.3 w = z — y, NoAyIuM

d
(2y3 + 3a:y2 +at -2+ (2:1:3 + 3a:2y + y2 - y3)) Eg = (6:1:2 - 6y2 + 2y - 2z)p,

d
(' -2’ + 2’ +¢ + 3oyz +y)) ;5 =202’ - 3y’ + y - 2)p.

2032 -3 +y—2)
OuyeBUIHO, YTO BpIpaXEHUE
i p -+’ +y 4 zy@+ )

Gynem ucKarh GyHKUNIO p B Bume p = p(z + y). Torma, aHaIOTMYHO NMPOJETaHHOMY BBILIE, UMEEM

He aBieTcd PyHKuMei oT (z — y), NO3TOMY

d
(2y3 +3zy’+ a2t -2 - (2.7:3 +3zly+y° - y3)) &—g = (62 — 6y” + 2y — 2z)p,

d,
(3w o)y + 2y +37) — (v - )@ +y) + Jey(y - ) 3= = @~ 2)(2 - 6z + 1)m,
OTKYZa OKOHYATECJIbHO HaXOIUM

(Be+y-@+9) P = (2-6@+n)n

WK
Gl —wyp =201 - 3w)p; wp + 2;1 0.

Pewast mocienHee ypaBHeHHE, MONYYaeM fb = ;17 = (—m+—w; (C = 1). YMHOXUB HCXOHHOE
YpaBHEHHE HA '(‘z—_:—)f , Oynem uMmeTs ypasHeHue B noiHbix auddepenumanax. Ero obumit nHTerpan
HMEET BH]L y

z K
2438y +y’ -y
dt+/2tdt=const 0
/ o / (o # 0),
WK

2+ v +zy = Clz+ v).
OrMeTum, yro pelicHUe ¥ = —x coziepxurcsa B 001emM uHrterpate npu C = oco. p
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129. (y—-+x) dz +ady=0.

<« Wmem uHTErpUpylolMi MHOXUTENL B Bule 4 = p(z + y). Torma u3 (6), m. 5.3, nomyyum
(w=z+y)
ay du ( a)
— -~ _ T =f1-=
(a y+ z a:) dw z/ P

(@-2) —y(m—a))#' =@-ay; @+yp+p=0, wp'+p=0.

U= (@ +y)"! (C = 1) n nanHoe ypaBHEeHNE NPUBOIHM K BUIY

(1 %y )d 2 ay=0
- z =0.
2@ +9) zty Y

Taxum obpazoM, p = w

Hnrerpupysa ero, noiayyaem

7 ot
dt /——: t 0
/ +ao R const (zy # 0),

a

y =C.»

e ll1+=
z

Peun«m, cnenyxomue ypaBHeHus, CHMTasI, YTO MHTETPUPYIOIIAN MHOXUTETh UMeeT BUL: i = p(Ty),
p=p@’ +y’) wm p o= p(’ - ).

130. (> + y)dy + z(1 —y)dz =0

« UcnbiraeM MHOXUTEND p = p(xy), T.€. B (6), 0.5.3, nogoxum w = xy. Toroa noaydnm

d
(@ + 9w - (1 -ty o = (<2 = 20)p,

WIn d
1’
2yzt + 2—m2)—+3m =4.
(29 +y o 3o
3aMeyaeM, YTO OTHOLUEHHE Z—y:z7_+3%2__—7 yepe3 TY HE BRIPAXKAETCSA, CIEA0BATENLHO, B PACCMOTPEHHOM

BUJIE MHIETPHPYIOLIMI MHOXUTEb HE CYIIECTBYET.
Honoxum w = z* + y2. Torna 6yneMm umeTs

d
(@ + 920 - (1 - p2ay) L = ~3an,

2(.7:2 + yz)u' +3u=0; 2wy +3u=0.
3
Wuterpupys nonyyeHHoe ypaBHEHHe, HaXoguM g = w 2 (C = 1). Takum o6pa3oM, UCXOTHOE ypaBHe-
HHe Tpeobpa3oBHIBAETCA B YPaBHEHHe B MoMHbX mudbdepeHunanax: (
22+ z(1 —
y dy+ ( y) 0
(@2 +y)2 2 (z* +y?)?2 2

IIpounTerpupoBas ero, NOMYYUM

z y
/ t(l—y)dt + d(yl)

3
o B+yH7 4 Iy’

=const (yp #0),

1 Loy -y

1
a- (m‘_—,myf)‘m—"' PIRNCETd

=C. p
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131. @z*y? — y)dz + 22’ — z)dy = 0.
« Ilycts w = zy. Torma u3 (6), n. 5.3, nonyyaem
dp

(a’y’ 2w — @'y’ - ype) - = day(a® — v,

Wi )
@y) 'y +22yp=0; wp' +2p=0.

Orciona HaXooqUM i = —17 = —21—7 (C = 1). UcxonHoe ypaBHEHNE IPUBOAMUTCS K YPABHEHUIO B TTOJIHbBIX
w

zYy
augpdepeHuInaIax:

1 1
[Ipumenus dopmyny (3), 1. 5.1, HaxosUM OOLIKIT HHTETPAT

i 1 7 1
/(2t— t—2§> dt+/(2t— t_2> dt = const,
i 1

a:y(m2 + yz) +1=Czy. p»

Peumth ypaBHeHMS, HaWOsA KaKUM-TMOO CHIOCOOOM MHTETPUPYIOIIMI MHOXWTEIb WM CHEJIAaB 3a-
MeHy TepeMEHHBIX.

132. (& + y* + z)dz + ydy = 0.
« 3amuchbiBas ypaBHEHHUE B BUIE
1
2,.,2 2 2\ _
(m +y)dm+§d(m +y)—0
Y nosaras z° + y2 = u, NOJIy4YaeM
1
udzx + 3 du = 0.
HHTterpupys 310 ypaBHEHHE, HaXoAuM
u=Ce™*, wm (mz + yz)eh =C.»

133. (o? +y2 +y)dz —zdy =0.
« 3anucaB ypaBHeHHE B BUIE

dz —zd
dz + 'y—z—zy =0
24y
M IIPUHSB BO BHUM3aHHE, 4TO 1"{;;—;2‘11 =d (arctg %) , ony4yaeM d (a: + arctg %) =0, oTKyza
z
z+arctg — =C
Y
— OO UHTETPaT YPaBHEHHUS. B
134, ydy = (zdy + ydz)/T+ 7.
« IlpencraBum ypaBHeHHE B BUsie
W~ iy
s = Az
Wity vh

OTKyJza
Vityi=azy+C. »
135, 2’y +y)=1.

« ITo aHatorny ¢ peleHneM NpEasIAYIMX IPUMePOB, HMEEM NOCAEAOBATENLHO

2en) =20 pueuw wu =z L) =
Y '@y =z, zy=u; vu =z; 3(u)—a:,
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OTKYyZia 3
o’ = ——a:2+C WK 2a:y3—3a:2=C.>

N

136. y?dz - (a:y + a:3) dy=0.

qCuutass  #0, y # 0 (z = 0 u y = 0 — TpusHaNbHBIE pellieHUs), NMpeobpas3yeM ypaBHECHHE
K BUIY
y(ydz — zdy) - &’ dy =0,
OTKyza

de —zd
ydo—zdy _z .
x? y

ITonaras }zi = u, UMEEM
dy
du+ — =0.

Monyunm ypaBHEHHE ¢ Pa3ieITIOUMICS NepeMeHHEMH. [IpOUHTErpUPOBAB ero, TonydnM u’ + 2y =
=C, um
¥’ + 22’y = Cz’.
Pemenne = 0 Bxomut cioma mpu C = oo, a pemwreHne ¥ = 0 — npu C = 0, NO3TOMY MOXHO
CYMTATD, YTO MOJIYYUIN OGN MHTErPal MCXOHHOIO yPaBHEHUS. P
d
137. (y——)d AL
y
« [Ipeo6pa3oBbiBacM NOCIEACBATEILHO YPABHEHHE CIEAYIOIIUM OOpa3oM:
] z y ooy, 1
d d{in=|] =0 d —-d{ln=}=0;, =d —d( =
ydz + (nx) a:a:+y ( x) 5 (x)+u(nu)

e u= l
HOBTOMy

OTcro/ia HAXOAMM

(S}

z
2
138. (7 + 3Iny)ydz = zdy.
<« BBons 3ameHy Iny = u, noixyyaeM ypaBHEHHE
@ +3u)dz —zdu =0, (1
VIHTETPUPYIOLMIA MHOXHTETb KOTOPOTO MILEM B BHAE = u(Z). Tomﬁmelw UMETH

i (;1(.7:2 + 3u)) + -(2- (pa:) =0,

OTKYHa clienyeT, yto 4u + zu = 0 HMuterpupys noiy4eHHOE ypaBHEHHE, Haxomm OUH M3 MHTE-
TPUPYIOIMX MHOXHUTENeH g = z™*. Pasmemus mowneHHo ypasnenme (1) Ha z* (z # 0), npuxoaum
K YPaBHEHHIO B NOJHBIX auddepeHmManax

1 3u du
(+30) - =0

=const, WM zzy —-2z=2Cy. »

R | =

o0LLIMIT MHTErpajl KOTOPOTO UMEET BUI

y
dat 2 3
—/Z;=const, wm = +hy=Cz’.p
1 1
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139. y’dz + (zy + tgzy) dy = 0.
« [onaras zy = u, nonydaeM y = 3, dy = ;lf(a:du - udz).
IMoactaBuB y ¥ dy B ypaBHeHHE, HIMEEM

u? zdu — udz
——da:+(u+tgu)m— =0,

OTKyZ2
utgudz = (u + tgu)z du.
Hurerpupys, Haxonum
z =Cusinu, wm ysinzy=C.»
140. y(z + y)dz + (zy + 1)dy = 0.

« Paznenns nowieHHO 06€ YaCTH ypaBHEHMSA Ha Y, MOJYYUM ypaBHEHHMe B MOTHBIX JuddepeHn-
anax 1
(z+y)dz + (a:+ ;) dy=0.
Ero o6uumit MHTErpan uMeeT BUA
2 2
4+ 2zy+hny” =C.
IIpu meneHuu Ha y ObUIO NMOTEPSHO PELICHHE UCXONHOTO ypaBHEHHS Yy = (. p
3ameuanne. [o/lyyeHHBIH UHTErpa MOXHO NPEICTABHTD CEAYIOLIMM O00Opa3oM:
Iny? =1nC - 2 = 2zy,
OTKyAa
y2 &% +2:ty C,
rae C — nosas noctosuHas. Teneps Jerko BUAETD, YTO pelieHne y = O cOAepXuTCs B nocienHeii popMyne
obwero pewenus npu C = 0.
141. y@* + Ydz + z(* —z+ 1)dy = 0.
o llenouka npeoOpa3oBaHMii HaX YPaBHEHHEM:

3 2 ydz +zdy dy d(zy) dy
(y Wy Y) Y 22y} @+ 1) (zy)? iy + 1)
du dy

— = ————, Tt u=2zY
b) b
o oyl yr+ 1)
NPUBOJMT, KaK BUAHO, K YPAaBHCHHIO C PA3HCIIIOLIMMHUACS NICPEMCHHBIMM.
Obfwuee peilleHUe 3TOTC YPABHEHUS] UMEET BHI

du
/u /( 7 +1>dy+C, T.€.

142. ? + 2z + y)dz — (z - 3z’y)dy = 0.
« ITpoBoxuM nocienoBateIbHO NPeoGpa3oBaHms:

2 3
(@* + 2z)dz + (ydz ~ zdy) + 32’y dy = 0; (1+ ;> dz — d(%) +2dy’ =0 (z#0);

2
y, 3 2)
d Inz’ -2+ 2¢*) =0.
(a: +Inz z + 3 y
Hurerpupys, naxopum 3
Y 2
nz?-Z + 2y’ =C.
z+Inz o + 2 y=C
IpucoenunnM ewe “norepaHnoe” peluchue z = 0. P
143. ydz - zdy =22 tg L dz.
<« Pa3nenuB 0Gc YaCTH ypapHeHus Ha ° ¥ NPOM3BeNst 3aMeHy £ = u, nonydaem ypaBHeHue

du = 2ztgudz,
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KOTOpoe JIeTKo HHTerpupyercsa. Umeem

/ d(sin u)

sinu

2
=Ce . p»

=2/a:dm+1nC, OTKYZa

sin y
z

144. ydz + (¢° — y)dy = 0.

« 3aMeHbl €© = u ¥ u = 2y NIPUBONAT K YPaBHEHUAM
y u — 24 -
“du+|—-—-1)dy=0; ydz+z'dy=0.
u y

[locreaHee ypaBHEHHE MMEET OOLUMIA MHTErPa

Injyl—ye™*=C; y=0.»

145. zydz = (y* + 2y + =) dy.
« TIpoBeneM CIeyIolHe HpeobpasoBaHus ypaBHEHHS:

yde—xzdy y y y
de — zdy) = y(@* +y)dy; T———> = L dy; —d( t—):—d.
z(yde — wdy) = y(z" +y')dy e oW arclg — ) = > dy
Monoxum y = zu. Torna
du
—d(arcigu) = udy, ————— = dy.
(arctgu) = udy, w(l £ o) y
HHrerpupys, nojiydaeM OKOHYATEIHHO!
2
2 2 -2 Y 2
u=(1+u)Ce Y, wm m2+y2e”=C.>

146. 2y(ydz + z dy) = 2y dz + z dy.
« [leiicTByeM aHaJIOTMYHO NPOXEJAHHOMY B NpeablaymieM npumepe. Hmeem
d(zy) dz
2 2
- 1)d = ydz; - 1) —= = —.
(zy — Dd(zy) =ydz; (z7y )my .

Monoxum zy = u. Torna nonyanm

du dz 1\ du dz
(@yu—1)—=—, uwm (u——)—=—7.
u z z/ u z

Iycts —% = v, Torsa
du
(u+v)—u~—dv=0, wim udu+vdu—udv=0.

Pa3zieuM o6 4acTH YPaBHEHWS HA U’ M IIPOMHTErPUPYEM TOMYUEHHOE YPABHEHHUE:

du v v
———d(—):o, In |u| - — = const.
u u u

OKOHYATENbHO UMEEM
a:zyln Czy=~1»

147. @~ y* + y)dz + 2Ry — 1)dy = 0.
« O6pa3yeM ypaBHEHHE UL MHTETPUPYIOIIETO MHOXHTENS 4 = p(w):

dw 2 2 aw) dp
—-z) — — - — | — = (—4y + 2pu.
((2wy ) 5z @ -y +y oy ) do (—4y+2)p
Jlerko BUAETH, YTO OHO HOMYCKAET MHOXMTETb BUIA f = u(Z):

d,
z(2y—1) ﬁ =2-2y+Dy; =z +2u=0.
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UHTErpUpys, MONY4aeM 4 = 2. YMHOXUB 06¢ YaCTH ypaBHEHUS HA 4, TIOYYAEM YPABHEHHE B TIOTHBIX

Iy depeHnanax
2
2 1
(1—y—2+%) da:+(—y~—> dy = 0.
z z z =z

Ero o0upit nHTErpan UMeeT BUA
m2+y2—y=Ca:. »

148. 22’y + y)dz + (mly —x)dy =0.
« U3 ypagHeHUsI il MHTETPUPYIOLIETO MHOXHTEIS

dw dw\ du
2 2 2
-1)— - Nhy—)—= +2
(w(wy )5~ @y + )yay>dw &y +2p
BHXHO, YTO OHO IONYCKAE€T MHOXHTEIb BUAA (4 = u(w), THE w = ZY:
d
zy(@’y — 1 —2z’y— 1) ﬁ = (z'y + 2)u,

wm wy' + p = 0. M3 NOCIEnHEro ypaBHeHUS HaXomuM i = wl = (my)". Pasnesms o6e yactu
MCXONHOTO YpaBHEHMs Ha 2y (2 # 0, y # 0), nony4uM ypaBHEHHE B MOTHBIX T GhePEHIMANaX

1 1
(2a:y+ —) dz + (m2 - —) dy =0,
z y

MPOUHTETPHPOBAB KOTOPOE, HAXOHUM:

T

(1 +y)+1n v =C.

OueBHAHO, YTO YPaBHEHHE UMEET TAKXE TPUBUANbHbIE pewieHust £ =0, y=0. »
149. y(a: + yz) dz + a:z(y - 1dy=0.
<« IIpnmennm MeTos pa3bueHus Ha jse yacTH. [nsg 3Toro pacCMOTpHM JiBa YpaBHEHMS
zydz — a:zdy =0, y3 dz + a:zydy =0.
JIerko y6eauTses B TOM, YTO VIS IEPBOTO YPaBHEHUS i = ;%; M oO1IMiA MHTETPAN Uy (T, ¥) = % =,
a Uil BIOPOTO fi; = ;21?- , Wz, y) = z—ﬂ% = (C,. ComracHo Metomy pa30MEHHs] HA XBE YacTH,

MHTCI’DP[DY]OI].(P[ﬁ MHOXWTE/Ib 4 IS HCXOAHOIO YPABHCHUS YAOBICTBOPIECT COOTHOUMICHUIO

w= g o(¥) = ()
OTKyZAa

o1(¥) = zoa(z%).

Y
TlycTe @,(2) = 2%. Torma

1 y 2? 1 .
NP T @y a4 by
CriefioBareILHO,

1 1 1
n pE,y)= e

1
P = Tray v(141)" va@+y?

YMHOXHUB 06€ YACTH KCXOAHOTO ypaBHEHHUSA HA ((Z, YY), MOJYYUM yPaBHEHHE B MONHEIX auddepeHiy-

anax
z+y 22@y—1)
dz + dy = 0.
@+y) ya+y? Y
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Buibepem B dopmyrie (3), . 5.1, o = 0, yo = 1. [Tomyusm obuumit uHTErpaT B BUE
z
t+y -1
Y = c 2(y
4 (t+y) r+y

VpasHEeHHE MMEET TAKXE TPHUBUHANBbHBIE pelieHMs £ = 0 U ¥y = 0, KOTOpbie BKJII0YaEM B OOLLMI HHTErpan
cootseTcTBeHHO MTpU C =0 u C = 0. b

150. («* - sin’ y) dz + z sin 2ydy = 0.
« CocraBue audrpepeHMabHOE YpaBHEHHE T HHTEIPHPYIOLIETO MHOXHTEIA
a dw\ d
(zsin2y5; —(zz —sinzy) 5‘3) ﬁ = -2sin2y - u, (0))

BHIMM, YTO OHO JOMYyCKaeT MHOXHTeNb Bupa p = p(x). Torma n3 (1) crenyer, uro

¥z, y) = )+1n|”;y|=c.

zp'+2p =0,

oTKyga g = 2. Pa3ueNMB MCXONHOE yPaBHEHHE Ha 2! (z # 0) ¥ NPOKHTEIPHpOBAB TIOJy4eHHOE,
uMeeM

x

¥

1

p /sin2tdt +/ dt =const, =z, #0,
0 )

WM, OKOHYATENbHO,
siny +x’ = Cxz.
PeweHue * = 0 BKMogaeM cioga rpu C = co. b

151. z(ny + 2Inz — 1)dy = 2y dz.

4 U3 auddepeHunansHOro ypasHEeHUS IS HHTETPUPYIOLLETO MHOXHTEA
y%) % =pu(3+iny+2inc)
CITelyeT, 410 OHO JIOMycKaeT w = Inz + 2Iny. JeiicTBuTensHO, B 3TOM ciyyae ¢’ + p = 0, oTkyza

1
.:b‘?/?

dw
(—a:(lny+2lna:—1)5;—2

”::e_w:

Pazgenus ucxogHoe ypaBHEeHHE Ha a:y2 (r #0, y # 0), nomyynM ypaBHeHHe B NONHBIX nudbepeH-
uHaiax

2 1
w—ydz—y(lny+2lna:—l)dy=0.

O6wmit MHTErpai ypaBHEHHUS HUMEET BHI
z y
2 fadt Int-1 Inz?
‘I’(-@‘,y)=—/——/—-——dt=const, WK Y_c»
¥y ¢ 1 3 y

152. (z* + 1)z dz + cosydy) = 2zsiny dz. \
<« onaras z* + 1 = u, Siny = v, NPMBOXUM YPaBHEHHE K BUAY
(u—-v)du+udv=0,
XOTOpoe 1pu © # 0 MOXHO 3arucaTh Tak,

du  udv—vd
T IR0, e d(lnu+3)=0.
u u u

Mwmeem Inu + % = const. CrexosaresnsHo,

@+ )in@ + 1) +siny=CG@* +1). »
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153. 22 + y+ @y - o)y =0.
« U3 ypanHeHHs U1 MHTEIPUPYIOIErO MHOXHUTENS
w dw\ dp
3,2 2.3
—z) — — —\)\-E=2
((wy Rhrwad C2 +y)3y> o =
YCMATPHBAETCs BO3MOXHOCTh Bribopa w = zy. Torna 6ymeMm umeTs wy' + p = 0, oTKyza
11
F=0" zy’

YMHOXHMB HCXOIHOE YpaBHEHHE Ha (T, ¥), TONYYMM YpaBHEHHE B MOAHBIX auddepeHInanax:

1
(a:y2+ ;) da:+(a: y——!;) dy =0.

Ero o61imit MHTErpam UMeEET BHI

: f 1 / 1 2 2.2
bz, y) = / (t + ?) dt + / (a:zt - Z) dt = const, Wi % eV =¢C.
1 1

PemeHne y = 0 cnenyer u3 oOuiero uHrerpana npu C =0. p

154. (&% - y)dz + z(y + 1) dy = 0.
o [pumensieM Meron pa3OUeHHs YpaBHEHHS Ha [Ba:

a:zda:+a:ydy=0 u zdy—ydr=0.

[lepBoe ypaBHeHHE MMEET UHTEIPUPYIOLIHIA MHOXUTEND ) = % M oOwuit uHTerpan u(z, y) = 22 +
+y? = C), a BTOpOE ypaBHEHHE — M, = ;17, (T, y) = 1 = (,. CornacHo yka3aHHOMY MeETony,
WHTEIPUPYIOLLIMIT MHOXHTENb U1 HCXOQHOTO YpaBHEHHUS HMCCT BHI

p= -:;svn(w2+y2)= ;lgsvz(%)’ M

Toe @1, P, — Mpou3BonbHble AuddepeHunpyeMble ynkiuu. U3 (1) cnenyer, uto x¢, (a:2 + yz) =

= <p2(%). Tlonoxum ¢, (2) = —\}7 Torza nosyaum

(z > 0).

a:tpl(a: +y)
¢x2+y2 \/1 )

1

CrenoBaTenbHO, p,(a) = 71=1+=;?. Taxum obpasom, p(z, y) = ;7;;:—1/7 (z > 0). YMHOXMB Hcxon-

HOC ypaBHEHHE Ha (T, ¥), nomydMM ypaBHEHHE B NMOJHBIX xuddepeHumanax

2
T -y y+1
dz+ dy=0.
z/22 + 2 Vel+y? y
Ero obuumii ‘HHTCI'paJl HMMEET BAX
yHVERY e VI _
——=Ce , WIH
z y+ \/:t:§ + yi

YacrHoe pewenue & = 0 monyyaeM npu C = 0. HenmocpeacTBeHHO MOXHO YOENUTBCS, YTO MHOXHTENE
p(x, y) npurogeH n Wit £ < 0. b
155. y(ydz —~ 2z dy) = z’(z dy —2ydxzx).
4 AHaJOrHYHO MPEABILYINEMY HaNKIUEM YPaBHEHUSA
Y’@dr ~2zdy)=0 u 2z’(zdy—2ydz)=0.
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L 2
Torna u, = :_C%/T’ u = yz— =Cy; = ;—};, u; = _zy_ = C; — COOTBETCTBEHHO WHTETPUPYIOLLUE

MHOXMWTENM ¥ MHTETPAIBl 3TUX ypasHeHul. MHTerpHpyowmil MHOXHTEb HCXONHOIO YDaBHEHUS HIEM

U3 COOTHOLUEHHSA 1 2 1 2
p= :y;‘/’l(yx“) = E‘/’Z(%>’
(L) = Ln()

piw) = w(%) (x>0, u>0).

3ameuaeM, 4TO NpaBas yacTh NOCACAHETO paBeHCTBA Gynetr QyHKILMEN TOJIBKO OT U, €C/IM B3STh ©y(@) =

M3 KOTOPOTO C/IeNYeT, YTo

Mosnaraem y? = zu. Torna

4
= a3 . Takum obpasom,
7

2 1 4

= Vo= uie3 — 2 303

prw)=Vu=y3z73, =, y)=z 3y 3.

YMHOXMB 00e YacTH HCXOMHOTO YPaBHEeHHs Ha p(T, y), NOJYYMM YPABHEHHE B NOJIHbIX AHddepeHUn-
anax

_4 2 3 _4 R § 8 _17
(z Jy3 4+ 2z3y 3) dz—<2z 3y 3423y 3) dy = 0.

Bzap B nocnenHeit dopmyne 1n.5.1 zo = 1, yo = 1, NOJAYyYUM OOLIMHA HHTEIPAT ypaBHEHMS

[ (-4 s [/ 1.1 8.1
&(z, y) = /<t 3+2t3> dt—/<2z 33 423t 3) dt = const,
1 1

14
3 2 3 ziys
T - 4y =C :L‘y4, Wi .’L‘T:Tyi =C.

Yacruble peuieHus = =0, y = 0 nonyuaem rpu C = 0. »
156. (6::: -2y — 2y2>dx + <5y2 - 8zy — m_)dy =0.
‘051 OTbICKAHHUS HHTETPUPYIOLIEr0 MHOXUTENS BOCIIOIB3YEMCS METONOM Pa3lie/IeHus ypaBHEHUs
Ha JBa.
6z —2y)dz —zdy =0; (5y° - 8zy)dy — 2y’ dz = 0.
HerpyaHo yCTaHOBHTDL, UTO HHTEMPUPYIOLIME MHOXHUTENH ITUX YPABHEHHIA, & TAKXKE UX HHTEIpajibl UMe-
10T BUA: 5 3 )
— — 5
pi=e, p=y; w=k-ry=C, w=h'z-y =0
CornacHo yka3aHHOMY METOLY, HHTeTPUPYIOLLMIT MHOXHTEIb JaHHOTO YpaBHEHUs MILEM M3 COOTHOLLEe-
HHUsA
p =208 - 2'y) = ¥ 'z - ).

P - 2ly) = = ¢z(2yky ).

Tlonaras 3nech y* = uz, NomydaeM

Orciona

6

sy o s
(2%5- ,_T) - ucp2(2 u Y )1
M
5
— 2 2y
pi@) = up(u'e), me a=-5 - =
[ycts py(z) = -\71; (z > 0). Toraa
(uza) = 1 = _1- (.u > 0)
#2 T Vela uw/a ’
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CnenoBaTensHO,

1 1
a) = — T = 2c > y).
pi(a) &’ Bz, y) = vQﬁ 2 Jie—y x>y
" _ 1
3aMeTHM, YTO 11 2¢ < Y aHAIOTHYHO MOXHO Hailtu p(x, y) = T2
B o6oux cny4yasx noclie MHTETPUPOBaHMSA YPaBHEHMS B NONHBIX Ouddepenimanax u ynpoueHuin
TOJIy4a€M OTBET ,
2
Qz-y-y)y=C»
157. zdz + (zy - y*)dy = 0.
« Ilenecoo6pasHo 3anucaTs ypaBHEHHE B GopMe

e ) (2]

2
M NONOXHUTH %— = u. Torna nomyauM
xdx + (x — 2u)du = 0.
YpaBHeHHE 11 HHTETPHUPYIOLETO MHOXHUTENA 3TOI0 YPaBHEHUS] HMEET BUIL:

(( 5 )aw ) dp
TS Teu)dw - H

il

-1
Ec/u B39Th w = T — U, TO OTCIOA MONyYuM ypasuenne 2wp’ + p = 0. CnenosarensHo, p = |w|™2
_1
= (& — u|)” 2. MoaroMy neBas yacTb ypaBHEHUS
zdx z—2u
—+ d
Vig—ul * VIz -1
geisercsl monHbIM auddepeHlinanoM Hekoropoit dynkuun ®. Bridupas xy # 0, up = 0, monyuuM
OGIMi UHTETPATl YPABHEHHUSA B BHIE

u=0

tat f 2
®(z, u) = / i —tl ———=—dt = const.

ITocne MHTErpMpPOBaHUA W TIEPEXONA K MEPEMEHHBIM T W ¥, OOLIMI MHTErpaj MCXOQHOTO YPaBHEHHUS
OpUMET B

sgn (22? - yz) Vv 2z —y?| (a: + yz) =C, Wwm (2.1: - yz) (a: + y2)2 =C.p»

158. P dz + 2(z> — zy*)dy = 0.
« 1 KaXa0ro 3 ypaBHEHU#H
vz —2zy’dy=0; 2z’dy=0
_ 1 _ . _ 1 —
HaxoIuM [Jl—z—yg-,‘ul ;2‘, Ho ;f; U =y.
CnenosarenbHO, HHTETPUPYIOIHHHA MHOXUTEND T MCXOJHOTO YPABHEHHS yIOBIETBOPIET COOTHO-
LIEHHIO

1 gy 1
k= opP ('1;2') = 23 P2¥)-

Ecin 83815 ¢5(%) = y~', 10 nomyuum, gto ¢y (a) = a”'. Takum o6pasoM, u(z, y) = ;%!7 n

da:+2(———) dy=20
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— ypaBHEHHe B TIOMHEIX auddepeHnmanax. 3anyucas ero o6 uHTErpaI B BHAE

z ¥
dt 1 ¢
oz, y) = ’t‘2“+2/('t-—;) dt = const,
1 1

TI0JIyYlM ob1ee pelreHue

6,

y2==Ce >
F

159. (y—a:)dy+yda:—a:d(y) =0.

« [Ina ypaBHeHus (y — &) dy + y dez = 0 HHTEIPUPYIOLLIMM MHOXMTENEM ABISEeTCS QYHKUMI Y =

= y‘z, a uHTerpaioM — u; = yev. Jing ypaBHeHHs wd(%) = (0 HHTEIPUPYIOIUUM MHOXHUTENIEM

spiasgercs GyHKUMS [y = %, 4 UHTErpajioM — U, = % B cooTBeTCTBUM C METOAOM Pa3’OHEHHS HMEEM

Lseh) = 2(5)
p= 7 p1\ye >~— ;‘Pz(y .
z £ T 1.2
Ecnu nonoxuM ¢ (a) = a, To 0TCI0AA NOJIYYHUM, YTO ?ev = <p2(3). CnenoBarennHo, j = -yey ecTh
MHTErpUPYIOLIMi MHOXHTEND I JAaHHOIO YPAaBHEHHS, KOTOPOE MMOC/IEe YMHOXEHUS] HA (4 MPHHHUMAET

BH
2

5(1 x)d +(1 x+x>5d 0
e - =) dz ——+—|evdy=0.
Yy y ¥

Hnrerpupys, noiyyaem:
z ¢ t K
/65 (1 - E) dt+/ dt = const (y, # 0),
0 Y%

2 _z y -z
yY+y—xz=Cye ¥, wm ————e V=C.p
yty-=z

160. 6zy® + 22 dy — y(3y* — x)dz = 0.

« TlockonbKy ypaBHEHuE 6.1:y2 dy — 3y2 dr = 0 uMeeT HHTErpupywouil MHOXHTEND [ = ﬁ;
2

yx_’ a YpPaBHEHUE z? dy + zydz = 0 — HMHTETpUPYIOIIUIH MHOXHTEND [y = ;;;

W MHTEIpal uy = ZY, TO, COIMIaCHO METONY pa3OMEHusi Ha ABE YacTH, WHTErPUPYIOILHHA MHOXWUTENb

MCXOOHOrO ypaBHEHuS HIIEM B BUIE

W MHTETpaN

| 2

1
k= @%(%) =2y p2(zY),

2 2 2
OTKYOa HaXxOIMM éytpl(%) = py(zy). Ilonaras p; = %, OJIy4aeM ) (%) = % CnenoBareinHO,

p= ;%5 VMHOXMB JaHHOE ypaBHeHue Ha p(z, y), HOJIY'{HDQ&UBHCHHC B NONHBIX auddbepeHHanax

2
1 1
(Sy—z——)da:—(62+—)dy=0.
x x Ty
Ero o6uuuit uHTErpan 3anyilieM B BUie
®( —] 3 1)dt /y(ét+l)dt—c t
x’y)’l<t2 t ANFAE = const.

BrIMHCIIMB HHTErpaibl, OKOHYATENLHO TIOYIHM

32
e'g_ya:=C. »



§ 6. Ypasuenne Ditiepa—PaxkkaTH 67
§ 6. Ypasnenne Diiepa—PukkaTn

6.1. Ypasnenme Diinepa—Pukxarn. Cnenmaibnoe ypapHenne PHERaTH.

YpaBHeHHE BUIa

dy
7z = P@ + @@y + Ry’ )
Ha3biBaeTC ypasnenuem Jiinepa— Puxkamu. Ecnu nonoxurs P(x) = bz®, Q(x) = 0, R(x) = —a, 1€
a, b, @ — NOocTosIHHLIE, TO ypaBHEHHE (1) MpUMET Bux
dy 2
— = bz". 2
iz +ay T (2)

OHo Ha3sbIBaETCA cneyuanvubim ypaenenuem Puxkamu. YpasHeHue Diiepa—Pukkati, BooGuie TOBODPS,
HE MHTEIpUpyeTcs B KBanparypax. Jlaxe cnenmansHoe ypaBHeHHe PUKKATH MPHBOAUTCS K KBapaTypaM
k

TONBKO B TOM CjIyyae, Korjga a = I1kak” rae k& — uenoe uad oo. Ecnu paseHcTBO 0 = T3

BUTOJHSETCH T1IpH k > 0, To B (2) menaeM 3aMeHy y = i‘f + % , IpuBOASIIYIO (2) K BUIY
T
2
dﬂu_ au — b$a+2
dr z? ’
Ionaras panee u = %, uMeeM
dv _
— + bz’ = ez
dz
= Z IPpUXOIHUM K YPaBHECHHIO
dv b, a _at4
—_——4t v = z a+3,
dz  a+3 a+3
DTH npeobpa3osaHus MPOBOAMM IO TEX [OP, [MOKA HE MOJYyYUM YPaBHEHHE C Pa3NeIgiOlMMHUCS TNepe-

MEHHBLIMH.
Ecnu paBeHCcTBO @ = 14’“75 BbINONHAETCH NpH & < 0, TO YKa3aHHbiE MpPecOpasoBaHus CIEHYET

npoBOINTL B OGPaTHOM NMOPsiAKeE.

HaxkoHen, nocne 3ameHbt z°+

6.2. Kanonwueckoe ypasHenue Jiviepa—PukkaTh.
YpapHeHue
v = tu’ + w(z) (3)
HAas3bIBACTCH KanoHuxeckum ypasnenuem Jinepa— Puxxamu. Ecnu B (1) dynkums R msaxast mudpdepeH-
LIMPYEMA, TO C MOMOLIBIO 33aMEH
y=a@z, z=u+ B(x) “)

ypaBHeHHe (1) mpMBOIMTCA K KAHOHWYeCKoMY Buay. MHoraa ¢opma (3) mo3BoaseT cpaBHUTENBHO JEKO
YCTaHOBMTh YaCTHOE pelieHne ypaBHeHws (1).

Ecmm y,(x) — uvacTHOe pelueHue ypaBHeHus (1), TO 3aMeHO#H y = ¥, + % ypaBHeHue Jiinepa—
PUKKAaTH NMPUBOIMTCS K JTHHEHHOMY.

Tytem mop6opa 4aCTHOTO PELICHUA PELIMT YDaBHEHHS.
161. 2%y + cy + 2’y = 4.
€ Wuiem yacTHoe pewerue B BUIE ¥ () = =, rae a = const. [0/ICTABHB €ro B JaHHOE ypaBHEHHKE,

TioyIyqaeM
—a+a+a’=4 oTKyga a = X2.

ITyctb @ = 2. Toraa, npou3Bens 3aMeHy ¥ = % + %, HMeeM JIMHEeHHOe YPaBHEHHE

2.1 N
2 —5zz—zt=0.

HHTEIrpUpys €ro, HaxomuMm z = Cx’ — %—.'CneuonaTeano,

_2, 4
Y=z " Co-z
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ecTh obuee pelieHHe MCXOOHOTO ypaBHeHus. JacTHOe pelieHue y; = % Hosysaercs oTclona Tpu
C=o00.p
162. =y — Qz + Yy + ¥ = -2,

4 YactHoe peuteHue y () uuieM B Buie Y (z) = ax + b. IToncraBus ero B ypaBHEHHE, MOAYYAEM
TOXZAECTBO OTHOCHUTENBHO X :
az — 2z + 1)(az + b) + (az + b)* = —o7,
u3 XoTtoporo caenyer, yro 2ab—2b =0, a=1; -b+ b* = 0. BO3MOXH®! [BA PelleHHs MOCHeIHE
cucteMst ypasHeHHi: a =b=1mwma=1, b=0. llycrs a = 1, b= 0. Torna y,(z) = = ectb yacTHOE

peuteHue. Ipon3sBojs 3aMeny y = « + %, noNyuaeM JMHEHOE ypaBHeHne
2

m(l——é) —(2m+1)(m+é)+<m+§> =—z2,

z2 +2-1=0.
Huterpupys ero, HaxoauMm z = 1 + %, BCJIEACTBHE YEro

Win

+ ___.’L‘ »

=2

y=r T ey

163. Buipasuts obmee peleHne ypassenns Ditiepa— PUKKATH Yepe3 TPH PadTuYHBIX €0 peLle-

HHUSL.
4 Ecnm m3BeCTHO ONHO 4YaCTHOE PEINEHHE YpaBHeHMS Ditepa—Pukkatu y,(x), 10 ero obuee

peuICHPIe UMECT BHUI
y= yl( )
( )

rae z(x) — obuiee peleHne COOTBETCTBYIOUIETO THHEHHOrO YpaBHEHUS nepeoro nopsigka. Tak Kak
obllee peleHne NOCEIHETO BolpaXaeTcs yepe3 aBe GyHKuuH, T.¢. z2(x) = a(z) + CP(x), To obuee
pelIeHNE YpaBHEHHs Diinepa—PHKKaTh npeacrasiseTcs B BUAE

1
=y(x) + —————. 1
O v rrTe ()
Iycts y2(x), ¥;(T) — YacCTHEBIE pelueHUs paccMaTpuBaeMoro ypasHeHus. Torna u3 (1) cnenyer, yro
1 1
= 4+ — = +—_— 2
B=u ar il PV LTEE )

rae Cy, C; — NOCTOSIHHBIE, COOTBETCTBYIOIME YACTHBIM PELIEHUM Y,() U y3(x) (C) # C,). Paspeiuns
cucteMy ypaBHEHHH (2) OTHOCHTENBHO @ M B U NoacTaBuUB uX 3HaueHus B (1), MONyduM
_n@-yt Cyi(ys ~ )
B-n+CY— %)

roe C = gl_TCCJZ- — npou3BOJILHAA TOCTOSHHasA. b

Pelunts ypaBHEHus. \

164. y' +y* =227
« 910 cieunansHoe ypaBHeHue Pukkary, Tak kak a = ~4, to k = 1 — nenoe. CreioBaTelbHO,
€ro MoXHO MMPHBECTH K KBagparypaM. [Ipou3sBefieM 3aMeHy

u 1
y= F + ; (a= 1).
Torna nomyyuM ypaBHeHHE
»u’a:z +u’ =2
Pazgensis riepeMeHHbIE U HHTETPUPYS, HaxonuM'
ln! V2 + u

+ = =1nC.
z
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OKOHYATENBHO UMEEM
-1) 2
—-—-———ﬁ-’-w(xy )e¥:C.>
V24 z(1 —zy)

12
165. y —y* =225 .
« DT0 TAKXKE CHELMATbHOE ypaBHenne Pukkaru. Tak kak k = 3, To B JaHHOM CJIyyae MpUercs
NPOBECTH YKA3AHHLIE B 1. 6.1 MpeoGpasoBanus Tpmxabl. HTak, nonarag y = ;"7 - L, nonyuaem

du  u? _

2

———-—2:23: 5
dr =

3

5

Ilpoun3ssens 3aMeHbl U = %, 5 = z, CHOBA UMEEM CHellMAIbHOE ypaBHEHHE Pukkaru

dv 10 , 5

— 4 Vv =—-2z
dz 3 3
BrInonHss 3TH Xe 3aMeHbl HOBprHo, Noy4yaeM:
d'Ul 7 —
— — 5uf = 1027%,
le
1
e 2, = z3, v = -1—2— + T87 I[IpuMeHeHue MPOBENEHHBIX NpeoOpa3oBaHui €LUE pa3 NMPUBOOHT
vz
K ypaBHEHUIO
d'Uz
2
—= — 10wy =35,
dZZ
= 1
e 2; = 21 l’ v = e SLzl Peluas nocneaHee ypaBHEHHE, HAXOIUM
221

v = %tg (5\/§z2+C).

BosBpalasce K NepeMEHHBIM £ ¥ Y, OKOHYATEILHO [10Jy4aeM:
1 1 1 2
V2 (z‘s . 0,33:3) ctg (5\/53:_3 + C) +0,3z5 — 1,2

2
0,3v2z 3 ctg (SVZe ™5 + C) — 0,06z3 + 1

y=z"'

>

4
166. y' + y*=z73.
o 3pecy o) = —%, cnenoparenbHo, k = —1. PaccMaTpuBaeM jaHHOE ypaBHEHME KaK TaKoe,
KOTOpoe IOJIYYEHO B PEe3ylbTaTe MPoJelaHHbIX B MPEAbIAYLIMX MpuMepax npecOpa3oBanuit. Takum
0o6pa3oM, MOXEM Hanucars (CM. 11. 6.1):

b " a  a+4 4
a+3 7 a+3 7 a+3 3
N3 stux papeHCTB cnenyer, 4to a = 0, a = b = 3. Tenepb BUauM, YTO B ypaBHEHHUH
y+3'=3 5))

6bUTH TIPOBEAEHBE 3aMEHBI O DopMynam
u 1 1 3

y = — 4 — U= - =z 2
’ z? 3z’ v’ ’ @
B pe3y/ILTaTe YErO NOTYYHIIOCH YpaBHEHUE

dv + 2 _%

— 4o =z

dz ?

T. €. MCXOXHOE YPaBHEHHE,
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Pewtas ypasHenue (1), nomyyaem

1
(ﬂ) e =C, wm
1-y

2 [
v (3:.'3 +z§) +3
"—1—-_2"_8—6‘/; =C.
v (z 3;-32 3) +3
ITockoneKy B uCXOZHOM YpaBHEHMHM Yepe3 Y oGo3HaueHa (DyHKIMs, & yepe3 T — apryMeHT, TO €ro
061MM MHTErpaJIoM Gyner

1 2
y(a:3 +3m3>+3

S Ao S
y (m§ - m) +3

167.y -y’ = 2a:—%.

« B 310M cneunanpHOM ypasHeHuH Pukkaty k = —2, crenosatesbHo, NOTpeGyeTes MPOBECTH ABa
00paTHbIX Npeobpa3oBaHus Hal HUM. W3 ypaBHeHuit
b a . at4 8
a+3 7 a+3 7 a+3" S
cneayer, Y10 JaHHOE ypaBHEHHE MOJIYYEHO B pe3ylbTaTe MpPeoOpa3oBaHMs ypaBHEHMUS
10 5 -4
7 2 3
PR JE (
Y 3 L) 34 )

3
no dopMynaM y; = % + -1-0335—1, u= -;7, z} = z. B cBOIO Ouepesb, CMOTPHM Ha ypasHeHue (1) Kak Ha
£
TaKoe, KOTOPOE TOJIYYeHO B Pe3yNbTaTe MPeoGpasoBaHus yPaBHEHHs

dy, 2
= -5y, =10 2
iz, /7] 2

_ v _ 1 1 3_
nocpeacTBOM 3aM€H ¥y, = 'g Sz_z’ v = TR Ty = &;.
Pewuns ypaBHeHue (2), HonyyaeM
¥ = V2ig (522, +C) .
Bosspaiasce K NepeMEHHEIM T U Y, OKOHYATENIHO UMEEM
3 2
yx's (503:3 - 3) - 10

1 3
5V2z3 <10+3y3)

:tg(S\/iz§+C).>

168. zy — 5y —y* = <%

« CHayaia 3aMeTHUM, YTO CIELMANBHOE ypaBHeHue Puxkatu (2), m. 6.1, mocne zameH y = %
u z°*2 = { mepexonuT B CrexylOIEe:
du u a

t — + u’ = t (a#-2 1
dt a+2 a+2 a+2 (@# -2, M
Win

tu' + lu+mu’ = nt. : 1
B ncxomHOM ypaBHEHMHM 3aMEHMM apryMeHT, monaras z? = t. Torga monyuuM (epeoGO3HAUUB Y
yepes u):

du u? t

5
t———uy— — = - 2
a2 2 2 @

CpasHusbast (1) u (2), HaxoouM: a = —%, a= —%, b= %

TakuM 06pa3oM, MexXay UCXOIHBIM yPaBHEHUEM H CIELHANBHEIM ypaBHeHHEM Pukkaru ycraHoBiTe-
Ha CBAA3b, IPHYEM, TTIOCKOJIBKY (¥ = —% = {—» TIpH k = —2, T0o IEPBOE HHTEIPHPYETCS B KBanparypax
M €r0 oGt HHTETPan MOXHO MOJIy4YHTh METOXOM MPEOOPa3OBaHMUM, KOTOPbIE NIPHMEHSIIUCE Bhie., Q-
HAKO MbI IPHMEHHM MHOM 1101X0 K HHTETPUPOBaHHIO ypasHeHuit (1').
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CylHOCTb METOIA COCTOMT B CJIEHYIOLLEM.
Ecnumn #20ul# —% , To ypasHeHue (1) MOXHO 1peo6pPa30BaThL ABYMSE HyTSAMH:
1+1

1) npMMEHMB MTOACTAHOBKY U = 7,%, e p = —5—, MoNyyuM
tv' + ( + v +nv’ = mt;

2) nopcTaHOBKOM u = q + %, e q = _711_’ npusonuM ypasHeHue (1) x Buny
to' + 4 - v+ nv’ = mt.

Ecnn m = 0 win n = 0, 1o ypasHeHue (1') npeBpaiaercs B TMHEHHOE ypaBHEHHE WM B YPABHEHHE
BepHymu cooTBETCTBEHHO. :

Eciu 1 = “’IZ’ TO €r0 MOXHO NPeJCTABHThL B BUIE
\/t— ! 7 2
-Vt (7 +m=n —\5—— s &)

NoC/Ie Yero OHO MHTETPUPYETCS B KBanparypax. Orciona cneayet, YT0 npeoGpa3oBanus 1enecoobpasHo
MPOBOAMTDL TEM M3 YKA3aHHBIX Belllle€ CTIOCOGOB, KOTOPLIA MpUBEACT K ypaBHeHHIO (3). B npuHummne 310

BO3MOXHO TOJIBKO B TOM Clydae, Koria § = w + 5, T w — LENoe Yuco.

B nanHOM npuMepe | = —% ,m= —712, n= % w = —3, no3TOMY BrIOMpaeM nepBelit yTh. IMeeM
u= —t—; tv'—§v+£:—£.
v—3 2 2 2
B nonyueniioM ypaBHenuu | = —%, m= %, n= —%. [IpuMeHUB 3aMeHy v = #f , TONY4uM
tw'—%w——%wzz %
B nocnennem ypaBueHum 1 = —% , IO3TOMY OHO TNPUBOAMTCA K YpaBHeHuIo Buaa (3):

2
AV B WY/
Vi VEY _1_1(vt ,
w 2 2\ w
KoTopoe umeeT obuee pemeHue w = v ctg(—v/7 + C). Bosspaiasdch XK NEPEMEHHBIM & W ¥, OKOHYa-

TCIBHO MMECM 2 N
T x

; = g ctg(C — x).
v—13’ vt Y @ ctg( 2)- »

169. zy + 3y + y* = .

« Tlo aHanmoruy ¢ PEMIEHMEM NpEABIIYIIETO IPHMMEPA, MOCPEACTBOM 3aMEHH T = { IPUBOTMM
YpaBHEHHE K BHAY ’
3yt
ty + “y+ = .
YFa3¥T 572

IMockoneky 1 = % > 0, TO X MOoNy4yeHHOMY YpaBHEHHMIO MPMMEHSEM BTOPOM nyTh nipecOpa3oBaHmii,
yKas3aHHBIi B ripuMepe 168. Mmeem

y=—3+£' tu’+£+u—2=—t-'
u’ 22 2
Ewe pas npuMeHsieM yKa3aHHOe 1peoOpa3oBaHHeE:
u=—-1+£' tv’—g+v—2.==£.
v’ 22 2

ITocnenuee ypaBHEHHE 3ariMIIeM B BHIE
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oTkyla HaxomuMm v = Victh(vE + C). Takum o6pa3oM, oblinM peLICHHEM HCXOIHOTO YPABHEHHS

ABISIeTCH
22
=-34+ —
y +:cth(:c+C)—1 >

2
170. 32y - 9y — y* = 23.
« IMonaras x3 = ¢, nonyyaem
dy 9 vt

___._y__ —_

da 2 2 2

Tlockoneky I = —%, TO NMPHMEHsEM 1IeN0YKY N1peobpa3oBaHUiA:

_t 7 +M_ ¢ ot w ot
V=y=r P TRt T Ty PTuysy W TRty Ty

30 t t v oyt
— . Iz — = - - - ’_____=_.
W=y Wogrtg Sy XELTT W-3-7%3

M3 roc/enHero ypasHeHMs monydgaeM 1 = vEctg (C - \/t_) CoBepLUNTE 11ePEXO] K IEPEMEHHBIM & U Y
npegnaracM yurareino. »

R

« Mpouseens saMeny x° = ¢, IOAYYUM:
[Mockonbky I = % > 0, To npuMeHsieM BTOPOI NyTh NMPeoGPa30BaHMM, yKa3aHHBIA B NMpumepe 168.
Hmeem

gotls w3 3
v 3 a2 2 27
v:i—:‘l’ tii—lg—f-ﬂ—f—}-wzzi»
w a 2 2 2’
st L b x @3
x 3 a 2 2 2

3anucas rocneaHee ypaBHEHHE B BUJIE
VA 1 3 (VB
V=) +-=2{—
X 2 2\ x

W eLUuB ero, noiryyaeM x = v/3t cth(v/3f + C).
O6paTHBIil IEPEXO N0 LIENOYKE BBEPX K NIEPEMEHHBIM & ¥ 3 HE COCTABISIET TPYAHOCTEH. P

3 1
172. y'+—y+:cy2= —
< I'[pmseneM ypaBHEHHE K KaHonuqecxomy Buy. CHayala MOCPeACTBOM 3aMEHHI Y = a(x)z Io-
Bbemcs Toro, yTodul Koatb(bnuuem npu z? 6bu1 paBeH exuHune. MiMeem
! ! 3 2 1
do+az+ =az+za’z = —, 1)
. x x
otkyna a(z) = —,1; Tloatomy u3 (1) creyer, uto z' + 2z + 2* = 1. [lanee, samenoii z = u + f(x)
Hoc/leHee ypaBHeHHe NpeobpasyeM TaK, YTOGEL B HEM OTCYTCTBOBANIA UCKOMas (DYHKUMS & B TIEPBON
crenenn. UmeeMm

u’+ﬁ'+%(u+ﬂ)+u2+2uﬂ+ﬁ251.
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Bass ﬂ(a:) = — -, TIOJlyYHM KaHOHW4YECKoe ypasHeHune Ditnepa— Puxkaru
W +ul= 1,

Kotopoe umeer obiiee peitenue u = th(x + C).
Taxkum obpasoM, obllee pellieHHEe UCXOTHOTO YpaBHEHUsI UMEET BUL

yzi(th(ax+C)—%).>

§7. YpaBHenus, He pa3penicHHbIE
OTHOCHUTEJBHO IPOU3BOIHOM

7.1. YpaBHeHHe, He pa3pelicHHOe OTHOCHTE/JbHO NMPOH3BOAHONM.

Vpasuenue Buga F(z, y,y’) = 0, e F — usBectHass yHKUMS, HA3LIBACTICH YPaGHEHUEM, He
DPA3PEUIERRBIM OMHOCUMENBHO BPOU3BOOHON.

Ecnn pyHkuus F — MHOTOYIEH CTENEHM N OTHOCHTENLHO MPOM3BOAHOM, TO ypashenne F = 0
Ha3BIBACICH YpaeHeHuem nepgozo nopadka n-oi cmenenu N AMeEET BUL

n ,k
Zpk(a:; vy =0, )
k=0
THE p; — w3BecTHhIe (byHKUMK. Paspeins ypasnenue (1) OTHOCUTENBHO Y, OMyIuM:
] _
y=[fi®,y) (k=1n). )

ITycre ypaBHeHUs (2) nMeroT OBLLME HHTETPAITHI
pr@, y)=Cy (k=1,n).
Torna obiuM MHTErpaToM ypasHeHnus (1) Oymet
(pi(z, ) = C1) (p2(@, ¥) = C2) ... (palz, y) = Ca) = 0. 3
7.2. OOmuii narerpan ypasuetus F(y') = 0.
Vpasneuue F(y') = 0 umeer obumit uurerpan F (y;—c) = 0, npuuem, ecin F(y') = 0 na Hexko-

—¢ .
TOPBIX YacTAX objacTu onpexencHns GyHkuun F, To OTHOLLEHME yz— OyneM cuuTaTh NpPON3BOJILHON
(yHKIMEH OT & CO 3HAYEHHUAMH Ha TUX XK€ JacTHX.

7.3. TlpeacrasieHue pemeHus B napaMeTpuieckoi (opme.
Pa3peniende HenmoJMBHMX ypABHeHMI,

Mycts pis ypasuenus F(z, ¥, ¥') = 0 cywectsyioT Takue Gynkuun = = ¢(u, v), y = 9(u, v),
¥ = g(u, v), a0 F(p(u, v), ¥y, v), g(u, v)) = 0 OTHOCHTENLHO NMAPAMETPOB ¥ W U U3 HEKOTOPOH
obacty ux 3amanus. Torma, ucnons3ys cootHomenne dy = ¢ dx, nonyyaem

a a2

wd +—¢dv—g(u,v)( %% du + a“’d )

OTKyna d .
v

du - f(u, v). @
Ecnu ypasueHne (4) umeer obiuee peilenue v = a(u, C), 10 obliee pellileHre HCXOTHOrO YpaBHEHHS
3aMKCHIBaeTCs B NapaMeTpuueckoit opme

z=yp(u,a@ C), y=9(v o ). )

Henomusie ypasuenns F(z, y') = 0 u F(y, y') = 0 NpUBORATCA K KBaAPaTypaM, €CIH MX MOXHO
paspeLliMTh OTHOCHTENLHO & MM § COOTBeTCTBEHHO. ECNHM, Hanpumep, & = ¢(y'), T0 BBoauM Mapa-
metp p 10 opmyne ' = p. Torma z = p(p) u dy = pdz = py'(p)dp, otkyna y = /pso’(p) dp+C.
AHaJIOTMIHO TIOCTYNAeM B ciyyae, KOTa ypaBHeHHe F(y, ¢') = 0 MOXHO Pa3spelINTL OTHOCUTENBHO Y.
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Haiiti oO1upe WHTerpais YpaBHEHHIA.

173. y* - Gz ~ 29}y + 22> —zy — 3y* = 0.

<« Pewag 310 KBagpaTHOe ypaBHEHHE OTHOCHTENBHO NMPOM3BOMHOMN, noay4yaeM aga muddepeHun-
TbHBIX YPaBHEHUS MEPBOTO MOpSIIKA:

y=2x-3y u y=z+y.
Of6a ypaBHeHUs JTMHEHbIE, TOATOMY MX 00luMe pelueHuss HaxoauM 6e3 Tpyna:

. -3z 2 2 — z
y=Ce +§z—§ n y=0Ce —z—1.

OGUMiT MHTETPAI HCXOTHOTO YpaBHEHU MOXHO 3anucars B Bune (3), m.7.1:

2 2 32 -z
((y— §z+§)e —Cl) ((y+a:+ e ~—Cz) =0.»
174. 4" - (9:2 +zy + yz)y' +zy(e +y) =
« YpaBnenue IomyckaeT odeBunHoe penienne ¥ = x. OCTalbHblEe PellleHHs HAXOMMM M3 KBAAPET-
2
Horo ypasuenus ¥ +ay' — (@ + )y =0:
Y=y n y=-z-y
Obume pellieHU NonydeHHBIX TuddepeHUMATbHBX YPABHEHWH COOTBETCTBEHHO UMEIOT BUI

2

z -z
y=5+0, y=0Cpe®, y=Ce " —z+1

OB1IMM MHTErPAJIOM HCXOXHOTO ypaBHeHUs Gyaer
2
x -
(y— 7"0‘) (e~ C) (w+z~De*~C3) =0.»
3 2

175. y sinz — (ysinz — cos’ )y — (ycos’ +sinz)y’ + ysine = 0.

« OueBymHoOe penteHue ¥ = sin @ NO3BONAET HANTH APYrUe ABA PEMIEHUA KyOUIECKOTO YDABHEHHUS:
y=yny = —~§ﬁll—z. Peuns nonyuehnsie qudbepennpansHee ypaBHEHUs, IMEEM

z
y=—cosz+Cy, y=0Ce, y=1nctg5 +C,.

CrenosarenbHo, OO MHTErPAI JAHHOTO YPABHEHHS 3aIIMCHIBAETCS B Bye

_z x
(y +cosx —Cy)ye " —Cy) (y —Injctg 7l C;) =0.p
Hatitn pemen—mx ypaBHEHMIA.
176. * y +2lyy +a=0.
<« PeuuB ypaBHeHHe OTHOCHTENBHO Y
___¢@ '
y=-gy ~% )

BBOIMM IapameTp p nio dopmyne ' = p. Torna us (1) cremyer, 4To

a
-/ =g o ®

Jlng BbIpaXEHUsS T 4Yepe3 p BocHoMb3yeMcs paseHcTBoM dy = p dx. Juddepenuupys (2) u npunnmas
BO BHUMaHME YKa3aHHOE PABEHCTBO, ITOMyJaeM:

2a
de=——de+ ——dp—2zd dz,
p oip oo p—xadp—p
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2a a a 2p )
—_ - —_ - = —_— = — =0.
(z3p 2p) dz + (m2p2 a:) dp=0, wm (x2p2 a:) (dp + - de

OueBuaHO, nocjeqHee ypaBHEHHWE WMEET PelleHUs & = 3/1—:‘7 Hz = V%T MoncraBus ux B (2),

OTKyAa

HaxomuM y = —2¥/pa n y = — -2 sgnp ~ C+/|p|. Tlonyunny Bee pelleHys B 1apaMeTpUIECKON Gopme.

[
Hckmouns napaMerp p, IMOJIy4aeM 3TH XK€ PELICHUS B SBHOM BHJE:
4a a + c >
T=— " = -4 —.
y? V=T

177. oyy” + 42y’ — 42ty = 0.
« Tonaras y' = p u paspelas ypaBHeHHE OTHOCHTENBHO ¥, TIOTYYaeM:
4a:3p

Huddepenumpys (1) ¥ npuHUMas BO BHUMaHue PaBeHCTBO dy = p dx, HaXOMAM:

(12a:4p —27a%p® - 8pa:4) dz + (4:1:5 + 9p2a:v3) dp
(4a? — 9p?)? ’

win 9p* dx = 42> dp (cunraeM, yto 4z’ +9p? # 0). M3 nocnexnero ypaBHeHus CREAYET, YTO 4z’ -9p* =

= 4Cxp?, no3tomy u3 (1) OKOHYATENLHO TOTYUAEM:

y= M

pdx =4

9
y2=c:c2+zcz.>

178. ¢ —ay*y —¢° = 0.

<« B pannoMm ciydae ypaBHeHue yno6HO paspeiints OTHOCUTENBHO T
2

Tonaras B (1) ¥ = p n npoauddepPeHUNPOBAB ITONYUYEHHOE, NMEEM

dy _2pdp 4pdy _dy  ydp

rp ¥ Yy p P’

y 1 2p2)
2d——d) -+ =)=
( V= (p ¥

=02 = — —.
r y np y 3

HMoacraBnm 3xadenns ¢ = p B (1). Momyunm

1 1) .2
e=C'-— n x=<€/§+3—)y e
Cy

de =
OTKyJa

H3 sTOoro ypaBHeHUS HaxonuM:

74

179. z = y'siny’.

<4 YpapHeHNe Pa3spemieHo OTHOCUTENLHO ¥, MOJITOMY MOXHO BBecTd mapametp p = y'. Torma
Z = psinp K ocTaeTcst BeIPa3uTh Y 4epe3 p. Bocronb3opaBlIKCh CBA3bIO dY = p dx, HMeeM

dy = pd(psinp) = p(sinp + pcosp) dp.
Orciofia HHTErpHpPOBAaHHEM MOTYJaeM
y =p2sinp+pcosp—- sinp + C.
Takum 06pa3oM, MMeeM obLuee peurenre B napaMeTpHuecKoit dopme:
T=psinp, y =p2sinp+pcosp—sinp+ C.»
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180. y =+ y)/T—v¥.

<« Kak u B nipeasioymem npuMepe, BBoguM napametp y' = p. Torna y = (2+ p)y/1 — p. Tak kax
dz = %dy, ady=d(2+p)/T-p), 10

1 3p
de = —d((2+p) 1- ) ST
P P)="3i=p
OTciona UHTErpupoBaHueM HaxoauMm z = 34/1 — p+ C. Ecny MCcKMOYMM NapaMeTp p U3 BRIPAXECHUIA
Iz My, TO TONyIUM obiiee pelienue

1 3
= C-— .
y=z+ 27(:::—{~C) »

3
181. & +y" —3zy =0.
« Monaras y = tz(t), tae ¢ — napameTp, HaxoaUM

3t 3t?
t)y = ! =
=) 1+t3’ Y o1+
W3 1oceaHeTo PaBEHCTBA CHENYET, 4To dy = ——— dx. Tlockoaeky dx = 3W dt, o dy =
9—(?—;}%3—1 dt. Udrerpapys, moayqaem
34 +1
= ——+C
yO=3a5e2

— oflee peuleHre UCXOLHOTO ypaBHEHWs B NapaMeTpHUYecKo ¢opme. p
5 4 3 2
182. " 8y +9y -7y +6y +1=0.
« Tycrs a; (k = 1, 5) — Kopru ypasuenns a’ — 8a* + 9a® — 7a® + 6a+ 1 = 0. Torma y' = a;
uYy=are+C, win ﬂ—% = a;. [TocKonBKy @, — KOpPHU YKa3aHHOTO YpaBHEHUS, TO JO/DKHO OBITh

5 2
(55) -5(159) +o(59) (5 +s(155) r10
x x x x x
D10 U eCTh OOLIMIA UHTETpaJT JAHHOTO YPABHEHUS. P
183. y = 10siny’.
« TMockombky ¥ = @, TAe @, — KOPHM ypaBHeHUs @ = l0sina, 10 ¥ = ayz + C, u obuwuii

uHTerpan anddepeHUnaNbHOTO yPaBHEHUS UMEET BHIL

-C
- >

y—C= 10a:siny

184. 4 +jy) = 0.
<« 910 ypapuenne Bonommsercs mna seex y' < 0. ToaroMy, nonaras §' = p(z), tie ¢ — mobas
HEMoNOXUTeAbHaa GYHKIMA, UMeeM:
= /go(az)da: +C= ——/l(p(a:)lda: +C
CrenosareysHo,
1
= 3 /((p(a:) - |<p(:c){) de+C
€CTh pelIeHHE j?ﬁoro ypaBHEHHUS. B
185. «¥ = y'2
2
« VpaBHeHHe MMeeT OIHO O4EBHIHOE PellleHHe ¥ = z; ¥y = C + 9’2— Kpome Toro, Hmerorcd H
IpPyTie peleHns, KOTophie IPeACTABMM B napaMeTphueckoM Brze. JIns storo monoxmM ¥ = z'. Torna
NOAYIHM
i
z=tH1, o =tFT (£
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Orciona

o~

+1

i t 1 -1
dy:ttTdezti—_ld(ttTf)=t (l_ﬂ)dt
t—1\t -1

Hurerpupys nocnentiee COOTHOLIEHNE, HAXOAUM
=y

/t:tl (1_ lnt) dt +C»
y= t—1) -1
186. y' =ev .

<« Paspeluus ypasHeHMe OTHOCUTENbHO & M mHomaras y = p, IonyyuMm x = %ln p. Tak kak
dy = pdz, 10

dy=pd(%lnp) =%dp+lnpdy—%lnpdp, WIH (l—lnp)(dy—%dp) =0.

W3 nocnemtero ypapheHns HaxonuM p = e u p = Cy. Takum obpasom, pemen—mx JaHHOTO YpaBHEHNS
HMEIOT BUJL
::::g n Cz=InCy. »
e

3 2
187. 2y —yy +1=0.
<« [Tonaras 3neco ¥ = p, paspelliaeM ypaBHEHUE OTHOCUTENILHO T:
2

yp -1 _y 1

==t )
p p P

U3 pasencrBa dy = pdzx, a taxke (1) caenyer, 4to

1 3d
dy = pd(g——) dy ——dp+ b
p P P

@
N3 (2) HaxooiM p=C H y = ;37 IMoxncraBuB 31 3HayeHud B (1), nomyyum

r=2—— u =4 p

2
188. 4 +2yy' ctgz — y* = 0.
<« Paspeluas ypasuenne oTHOCHTENbHO Y, MOIydaeM XBa AuddHePeHIINATEHAX yPABHEHNS

, z , z
y=ytg; ¥w Yy =-ycig:.

2 2
HIX COOTBETCTBYIOLUME PELIEHNS MMEIOT BUL
_ G C; >
V= cost 3 sin’ §

2
189. yiy -2z’ =¢".
<« YMHOXUB ofe yacT¥ ypaBHEHUs Ha y2 n 0bo3HaunB y2 = u, MONYYUM
2
4(u—au) =u".
Tonaras u' = p u paspeuns nocnexHee ypapHeHHe OTHOCUTENBHO U, GyneM NMeTb
2

u=zp+(§)§- 0y

Iockoneky du = pdzx, 10, auddepeHIupys 06 yacTH paseHcTsa (1), HailneM

2 1 1
3 1 3 1 3
pda::d(-’l!p+(§) ):mdp+pdz+—3—(§) dp, wm (z+§(§) 3)dp—_-o.
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Orciofa uMmeeM p = C, Wik p = —572;; INoncraBuB 3nHayeHus p B (1), OKOHYATEILHO MOIYYHM:

=2C 3 1o,
y z+C3 u y Y22 >
2
190. B3z +5)y —Gy+a)y +y=0.
« TTonoxwms y = p ¥ pa3spelIuB ypaBHEHHE OTHOCHTENBHO §f, AMEEM
5,2

M

y=ep- 1-3p

Mponuddepennunpyem obe yactu pasenctsa (1), NpUHsB BO BHMMaHue, 4o dy = pdx. Tlonyuum
5p? 5p(2 - 3p)dp ( 5p2 - 3p))
dz=d - =zd, de - ——  wn x————]dp=0.
pe ("’ 1—3p) TR T T 0 M (1-3p)

M3 3Toro ypaBHeHUst HaXOOUM

5p(2 - 3p)
=C = — 2
PR M Ty ®
Honcrasus (2) B (1), NOAYIUM peLLEHUS UCXOMHOTO YPABHEHHUS:
c 5¢? 5p(2 ~ 3p) 5p?
== —_ n = .
y=" T 1 5e T A= (- 3py

[Tocrenuyie npa N3 HUX ABISIOTCH NAapaMETPUYECKUMH YPABHEHWSMU PellleHNUs, He BXOMSILETO B ceMeit-
CTBO MHTErPaJIbHBIX KPUBBLIX HH NMPHU KakoMm C. »

2
191. y=2y —y".
« TMonaras szecy y' = p n quddepenumpys obe yacTu PaBeHCTBa Y = pT — P?, nonyuaem
pdz = d(zp -pz) =xdp + pdz — 2pdp,

WK
(x —2p)dp=0.
Orciona Haxomim p = C n p = 5. Takum 06pa3oM, pelteHrs HCXOAHOTO YPaBHEHHSA UMEIOT BUN
2 o’
y=Cex—-C" u y=—4—.>

2
192, y =22y —4y".
<« Beesierme napamertpa y' = p ¢ nocaenyrowmM qudxbepeHUMPOBAHUEM OBEUX YacTell ypaBHEHHS
NIPUBOAMT K CIIEAYIOLLIEMY COOTHOLICHMIO;

pdz = d(2zp - 4p2) =2xdp+2pdz —8pdp, wm 2xdp+pdz—8pdp=0.
IonyyeHHOE ypaBHEHHE MOXHO PACCMATPHBaTh KaK JIMHETHOE OTHOCUTENbHO & = Z(p):
) dx
— + 2z = 8p.
r dp +2z =3p

Ero ofluee peureHue uMeeT BUI:
c + 8
r=—<S+p
7 3F
Takum o6pa3zoM, oblLiee peieHre HCXONHOTO YpABHEHMS 3aNHIIEeTCA B BUIE:

| ==+ =zp+—
3 Py 3 4 P
Kpome Toro, mmeercs ewme oqHo peueHue y = 0, He BXOASwEEe B 3T0 o6INee pellleHWe HH IIPH Ka-
xoM C. p ’
Tipamevaume. 3nech U Aanee paccMarpuBaeM ypaenenus Jlazpanxca n Kiepo, XOTOpHE COOTBETCTBEHHO MMEIOT
BUHA:
y=v e +90") (v #y), y=yz+y0). .
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193. y = :ey'2 - 23,/’3 .
<« Tlo aHaorny ¢ npeaLUTyILMM TIPUMEPOM HMeEEM
y=p y=2p’-2p; pdz=d@p’ -2p),
WM
p{(—1)dz+ 2(z — 3p)dp) = 0.
Orciona crenyer, wto p = 1, p = 0, a TaKxke (p — 1)%% + 2z = 3p. Unrerpupys nuHelHoe ypaBHEHME,
NomyyaeM
- ¢ +2p+1
- TP
Taxum obpasom, Bce peuieHUst JAHHOTO YPABHEHUS! ONUCHIBAIOTCS (GopMyTaMu:
cp?
-1y

+2p+1, y= +p. >

c
y=0, y=z-2 = —739
-1y

2
194. 2"y - zy)=1.
<« Paspeinas ypasHeHHe OTHOCHTENLHO y ¥ Nonaras y' = p, momyyaem
1
=z —. 1
y=2p+; 2 M
Hcnoneays paseHcTBo dy = p de 1 audrbepeHuupys obe yacti (1), Haxomum

1 1
pdz:d(axp+ 2—1)2) =zdp+pd.z-—?dp,

1
(37—?) dp=0.

Orciona cnepyet, yto p = C, a TaKxe & = ;13' IoxcTaBuB nonyyenHolie 3Havenus B (1), OKOHYATENBEHO
MMeeM
8_1/3-:27:::2 " y=Ca:+L >
2c?

195. Hairu KPHUBYIO, KaXIas KacaTejIbHasg K KOTOpoH obpa3syeT ¢ 0csiIMU KOOPIMHAT TPEYTONBHUK
wowanmio 2a’.
<« U3 ypaBHeHns KacarenbHoON K KpUBoil B Touke M (z, y)

Y=y+y @)X -2,

rie X, ¥ — Ttexylue KoopIuHaThl KacaTeNbHOM, cinelyeT, 4To aGcumcca TOUKH IepeceyeHns Kaca-
TeNbHO# ¢ ochio Ox paBHA T = & — o a opIMHATA TOYKU mepecedenus ee ¢ ockio Oy y, =y —zy’.

CortacHo YCIoBHIO |T.y,] = 4a?, nm Tulfy = +4a”. Takum obpazom, nonyyaeM nuddepeHnanbHoe
ypaBHeHHe

(m - 5) (y— a:y') = i4a2, )
wm (zy' — y)’ =+ 4a’y’ = 0. Monaras y' = p M TdbepeHIPYs, HaXOLHM
2(zp — yX= c;p +pdz — pdz) £ 4a’dp=0,
WM
(xzp —zy* 2a2) dp=0.
Cnenosarensio, p = C, a Takxe p = % (y:l: 2%3 .

Tloxcrannas 3Ha4eHue p B ypasHenue (zp — y)° & 4a’p = 0, nonyuaem peiueHus
2
y= :i:% H (Cz-—y)+4a’C =0.
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Jlerko npoBepuThb, WTO KpHBasg y = :I:"?2 ABIAETCA ormbaroluei cemeiicTea npsaMmex (Cz — y)2 +
+ 4a’C = 0, KaxHas U3 KOTOPBIX COBMECTHO C OCAMH KoOpauHaT o6pasyeT yKa3aHHbIA B YCIOBUU
TPEYToibHUK. MICKITIo4yas 3TH TPUBHANIbHBIE BO3MOXHOCTH, TTOJIy4aeM PelIeHHE NIOCTAaBJIeHHON 3a1a4n
a2
y= i; [ 4

196. Haitn KPUBYIO, KaXIasA KacaTe/bHas K KOTOPOit OTCEKAaeT Ha OCSAX KOOPAUHAT TAKMe OTPE3KH,
4TO CyMMA BeJIMYMH, OBPATHBIX KBaapaTaM [UIMH 3TUX OTPE3KOB, PaBHA eluHMLLE.
4 Ecmn coxpanutb 0603Ha4eHnst B3 MPeIbIIyLIETo NPUMepPa, TO COMJIACHO YCIOBHIO MTOTYYUM
2
1 1 Y 1
= 1, =

+ =
@y -y? Y-y
Paspelas ypapHeHMe OTHOCUTE/ILHO ¥ M mofaras y' = p, GyneM uMets

y=axpx4/1+p2 . . (D)

Mpoauddbepernmpyem obe yacty B (1). Torna, npuHUMas BO BHUMaHKe paBeHCTBO dy = pde, NOMy4uM
nnddepeHUINAILHOE YPABHEHHE

=t
x i

P
+—2 Y=o
(m ./1+p7) =0

M3 KOTOPOTO crieayeT, uro p = C, a Takke & = :F-——L. Honcrasus 3HadeHus p u ¢ B (1), HaXoAUM:
V1492

+1
= — 1 =Cz+V1+C2
V=izp Y

Ec/v HCKMOYNM TpUBHANBHEN ciyyait y = Cx & V14 C?, To NoayynM pelieHne NaHHOM 3a0a4n

a:2+y2=1.>

197. Haitru kpusyo, NpoXoasALIyIO Yepe3 HAYANO KOODAMHAT U TAKYIO, YTO OTPE3OK HOPMAIH
K Heil, OTceKaeMulii CTOPOHAMU MEPBOTO KOOPAMHATHOTO YIja, MMeeT

YA NOCTOSIHHYIO JULAHY, PaBHYIO ABYM.
N 4 Y3 ypaBHeHUs HOpMAJIH
P 1
Y=y- 3_/7 X -2
M(x,y) crenyer, wro |OP] = y + 5’7, {0Q| = « + yy' (puc.23). Cornacro
YCIOBHIO,
/ il - |PQ| = /IOPP +|0QP =2,
o|’k oy x HO3TO!
My
2
z
Prc. 23 (y + 3—17) @ty =4
TTooXHB B 3TOM YpaBHEHNH §' = P 1 PA3PELINB €r0 OTHOCHTENLHO ¥, OTYdUM

x 2
=——d ==
y > T3 ¢3)
Ilmm)epenuﬂpywlzencmo (1), nmeem

x 2 zdp dw n-3
dy=pdr=d|-——*——=; z=-———F2pil+ d
y=pdo=d(-2x 2] S w14 p) Fan

1 [z N3
(p+ ;) d.’L'.— (F=F2p(1+p) ) dpt
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IocnenHee ypaBHeHue nuHeifHOe OTHOCHTEIILHO T M €ro ofiliiee pelieHue uMeeT BU
(o
= 2p + P T )
\/ p+1 (pz +1)2
Tapamerpuyeckue ypasHeHHs ObLLETO pelueHns NCXOAHOTO YPAaBHEHNS OTIPENENsIOTCA PABeHCTBA-
mu (1) u (2). Honoxus B (1) * = y = 0, NonyyaeM p = oo. A Toraa u3 (2) cxenyer, aro C = 0. Takum
obpa3oM, KpuBasi, mapaMeTpruIecKue ypaBHEHUsI KOTOPOil MMEIOT BUJ
2
P 2p°+1
= —"—, y=——73 (@>0) ©)
(P’ +1)2 (P’ + 12
YAOBJIETBOPSAET MOCTABIEHHOM 3aaue. O4EBHUIHO, UTO €C/IH B (3) MOMEHSTb MECTAMU & U Y, TO NOIYIUM
IPYTYIO KPHBYIO

2’ +1
=p—+_3’ y=———£—3 (p >0), )
(P +1)2 (P2 +1)2

KOTOpast TAKXKE B/IsIeTCS PellieHHeM ITOCTaBlIeHHOM 3a1a4M, IOCKOJIbKY C FeOMETPHUYECKOi TOUKH 3peH s
MEpeMeHHbie & M Y paBHoNpasHbie. SIcHO, uTo ecnu B (4) mapaMeTp p 3aMeHHMM Ha % (p > 0), T0
NOTy4YHM Ty Xe KPHBYIO, OXHAKO C JPYTYM IapaMeTPUYECKUM TIpeCTaBIeHHEM

2 2
$:p(2+p) p (@>0).

) 3y Y= 3
(p*+1)2 @+ 1)
198. Haiimn KPUBbIE, Y KOTOPHIX MPOU3BEAEHNE PACCTOSHUNA OT KaXmOil KacaTelbHOH 10 IBYX
JAHHBIX TOYEK SIBIISIETCS BETMYMHON IMOCTOSHHOM.
<« Cornacho yenosnio, |KA| - [LB| = a® (a = const) (cm. puc.24). Tlyems |AO| = |OB| = b.
Torma, noacTaBUB B HOPMAITBHOE YpaBHEHKE KacaTeibHON

Y-yX-y+ay yA

\/1+y’2 °

BMecTO koopnuHat X u Y KoopauHatel Toukd A(—b, 0), momyynm

kA= Y oyt —~
\/l+y’2 K L
AHAJIOTHYHO 110TyYaeM /< \
’ 7 I
|LBlzI—by—y+=ty|‘ Al B X

v I+ y'2 Prc. 24
Takum obpazoM, NMeeM )

2 2 2
by —y+ayl- |-ty —y+ay|=a’(1+y"), omym (ay -y’ -ty =+a’(1+y").

ObosHauns b +a? = m, +a’=nmn paspelunB NocxeHee ypaBHEHHE OTHOCHTENBHO Y, MOXKEM 3alucarb

y= :::y'i\/my’2 +n. 1)

Honaras B (1) y’ = p u npomuddepeHuUpoBas, NOIYyINM

m
et — __Vap=o,
vmpl+n
okylap=Cuzx= :F——mL—. TakuMm obGpasom, oT6pOCHB TPUBHANLHELA Ccnyuail p = C, nuMeeM
ympt+n
napaMeTpuyeckue ypaBHEHHUSI UICKOMOTO pelleHus

mp n

T =F /—z—mp +ﬂ’ y"i /_-f—mp +ﬂ.

HcxniounB 0apaMeTp p, moliyynMm .
i nz’ + my’ = mn.

OuyeBUIHO, YTO B 3aBUCUMOCTH OT 3HAKOB M H N, 3T0 MOXyT OBITH Kaxk 3JUTHIICHL, TaK U TunepGosbl. P
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§ 8. CymecTBOBanHEe H €IHHCTBEHHOCTD pelIeHHAS

8.1. Teopemnl IIukapa, Ileano m Ocryaa.
Teopema (I1uxapa). Ecau e 3adaye Kowu

d;
=I@y, vE=w M

@ynxyus f nenpepsiana 6 npamoyeoasuuxe R = {(z, y) € R? : |z—x,| < a, |y—yo| < b} u ydoaremeopsem
@ Hem ycaoguio Jlunwuya no nepemennoi y, m.e.

3L>0: Yy, y2 € [-b+yo, b+ yob), V(z € [-a + 2o, a + 2o]) @
[f(x, 1) — f(z, y2)| < Llyy — 32| (L = const),
mo na ceemerme o —d < ¢ < 29 +d, 2de d = min (a, 1Tbi)’ M = (,n},?é‘xlf(x’ ), cywecmayem

eduncmeaennoe pewenue 3adauu (1), K KOMOPOMY PasHOMEPHO cX00AMCA NPU N — OO0 RPUGAUNCEHUA Yy,
onpedensembie Gopmyasamu :

Y®0) = Yo, Ynrt(®) =0+ / f&t, pa@®) dt, n€Z 3)

Teopema (Ileano). Ecwu Qyuxyus f nenpepwena ¢ R, mo xoma 6ot 00Ho pewenue y = p(x)
3adayu (1) cywecmeyem na yKasannom ceamernme.

Teopema (Ocryna). Ecau:

1) @ynxyua w = w(t) nenpepwenanput 2 0, w(0) =0 u w(t) > 0 nput > 0;

2b
2) urmeepan / ‘—‘%5 = +400;

0
3) 1 f(, y) - @, )l S wlly —wl) ¢ R,
mo e R moocem cywecmaosamo re Gonee 00nozo pewenus 3adavu (1).

8.2, CymecTBoBanMe M €JMHCTBEHHOCTH pemennd 3213298 Komm
Ui ypaBHeHus, He pa3penieHHOr0 OTHOCHTE/IbHO NPOM3BOIHOM.
Teopema. Ecau ¢ samxnymoti okpecmuocmu mouxu (o, Yo,yo) dyakyus F = F(z, y, y') ydoare-
maopsiem ycaoeusm:
1) F Henpepwena no cosokynrocmu apaymenmos =, Y, y';
2) cywecmeyem wacmnas npou3eooHas Frd #0;

3) cywecmayem wacmnas npou3goonas %5, npuvem I%!F/ll < N (N =const),
mo na ceemenme [xy — €, o + €], 20e € > O — docmamouno manoe uucao, cywecmayem edurncmeennoe
pewenue y = y(x) ypasnenus F(z, y, y') = 0 ¢ nauaonoim ycrosuem y(xo) = yo, 018 Komopozo y (2,) =
=y u Yo — Oeiicmeumensuuiii Kopens ypasrenus F(zo, yo, yo) = 0.

8.3. Hpoponkenme pemenns 3agayn Komm.

Yacro pewenue 3anaun Koum CyliecTayeT He TOJBKO Ha CEIMEHTE, YKa3aHHOM B TeopeMax Iukapa
¥ [TeaHo, HO M Ha OOABIUIEM CEIrMEHTE.
Ecin ycnosus Teopemsl [11kapa BbITONHEHBI B 33MKHYTO# 001acTu, TO peirenue 3anaum (1) Moxuo
MPOJOJDKUTD BIUIOTh J0 T'PAaHUUBI 3TOM 00A3CTH.
. Ecnu ¢ynxuma f penpepsiBaa B nonoce II = {(x, weER ta<z <P, —0< y< +oo} M ygo-

BJICTBOPSAECT HEPABCHCTBY
'.f(xy y)l < ‘P(-'E)Iyl + ¢(3’)7 (4)
e ¢ ¥ 19 — HenpepbiBHbIE QYHKUMH, TO BCAKOE PELICHUE 33424y (1) MOXHO NPOJODKHTE HA BECH

uHTepBa (o, ).
HsdopMaiust 0 selunHe MHTEPBala CYIECTBOBAHMSA PeineHus 3a1auu Kowm conepxures B cie-

IYIOIHCM YTBCPXOCHHMN.
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Jdemma (Buxapu). Ecau cnpasedauso nepasencmao
z
yr) < C+ / v(t)gyE)dt, zo <z <aq, )
)

20e C = const > 0, dynxyuu y = y(z), v = v(z) Heompuyamenvhime u nenpepsighvie, a ynxyus g = g(y)
Henpepuignas, HeOMPULAMeabHas u neyboigaowasn, npukem g(y) > 0 npu y > 0, mo

y(x) < G' (G(C)+ / u(t) dt), 6
20e “
G(u):/i, >0 @)
J 90 '

z
dna acex mex ¢ € [z, @), 013 Komopeix Pynxyus G(C) + / v(l) dt npunadnexcum obnacmu onpedenenus
bd]
dymcyuu G
8.4. CymecrsoBanne H eIHHCTBEHHOCTDb PellenHs BeKTopHoH 3anatn Komm.

Ecmu B 3amaue (1) y u f Bexropsl, T.e. ¥y = (Y, Y2, .-, ), f = (F1, oy .-~ , f), TO BMeCTO
3agayu (1) OyaeM uMeTh 33a4y:
y; = fl(xa Y, Y2, .- 7yn),

yé = fZ(x’ Yy Y2 -+ 7yn),
......................... ®

!/;- =fal®, Y1, Y25 -+, Yn),
yl(xO) = Y10y yz(-'ﬂo) = Y20 - - ,yn(-'ﬂo) = Yno-

IIpu ycnoBwsIX, aHaJOTMYHBIX MITOXECHHEIM B 1. 8.1, CymiecTByeT €AMHCTBEHHOE PELICHUE 3ala-
gu (8). IIpu 3TOM NOA HEMPEPHBHOCTBLIO BEKTOP-QYHKLUMY f TIOHMMAeTCs HEMPEPHBHOCTE €€ KOOPIH-
Hat fi, fa, ..., fn, @ ycnoBue Jlunumina (2) pacnpocTpaHseTcs Ha Kaxayio hyHkumio f; mo xaxmoi
TiepeMEHHOM Y. AGCOMIOTHAS BelMuMHa |y|, | f| 3aMeHseTCs WIMHOM COOTBETCTBYIOLIETO BEKTODA.

K 3amaue (8) cogurcs cnenyowas. Haitru Takyio ¢yHkumio y = y(r) BMeCTe C OKPECTHOCTBIO
TOYKH Xy, KOTOpast YAOBICTBOPSCT YPABHECHUIO

yW=f@,yy, ") )
Y HaYaJIbHBIM YCIIOBUSIM
Y=y Y@=y ..., ¥ @) =y " (10)
Eciti B HEKOTOPOii ob6nacti D, conepxauteit TOUKY (Zo, Yo, Yh, - -- » ¥ ), GyHKums f U ee uact-
HBIE TIPOM3BOIHBIE TIEPBOTO NOPANKA IO ¥, ¥, ... , y("—” HENpPEPHIBHBI, TO 3aA3ya (9), (10) umeer eauH-
CTBEHHOE PCHICHME B JOCTATOYHO MAIOH OKPECTHOCTH YKa3aHHOMK TOuKM, uesmkoM niexaueit B D. ITo-
NOXUB Y =Y1, ¥ = y,--- 4" = yn, BMeCTO (9), (10) nonyHMM cHCTEMY
! ’ ! !
Y=Y =Y ooy Yn1=Yny Ya=F(& Y1, ¥2 -, Yn) (11)
C HAYANBHEIMH YCIOBMSIMH Y1 (Zo) = Yo, Y2(Z0) = Yo, - - - , Yn(o) =y "

199. Tocrpouts nocnenoBatenshbe MpUGIIDKEHNS Yo, Y1, y» K PCLICHUIO NaHHOTO YPaBHEHMS
C NAHHBIMH HAYATBHBIMU YCAOBUSIMHU:

Ay =z-y,y0)=0;6)y =y+e', y0)=1.

-« Bocnomesyemca dopmynamu (3), n. 8.1

a) B paccMaTpuBaemoM cayuae oo =0, yo =0, yo{) =y, =0,

voi@ = [(t-20)dt, nezo W
0 .
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Ionaras 31eck n = 0, noyyaeM NEPBOE TIPUOTIDKEHUE
xr xr xz
—_— s 2 — e
yl(x)—o/(t yo(t))dt—o/tdt— 7

TTonarasa 8 (1) n = 1, naxonum

z T 2
y(r) = 0/(t— yf(t))dt = O/(t = (g))‘“ = % - ;’_O_

6) Mockoneky y(0) =1, 0 o) =1, 2o =0m

Gon@ =1+ [ () + ") a.
0

Orciona npu n = 0 noyyaeM

x
n@) =1 +/(1 +e“‘)dt =142z,
1]

a fpH n = 1 HaxoIuM

f 1 1
¥,(z) = 1+0/(1+2t+e”)dt:§+x+xz+§ezz.>

200. Mocrpouts no ABa MOCAEKOBATENBHEIX TPUOTIKEHMAS (He cuuTasi UCXOOHOTO) K peleHUIM
CAELYIOIMX YPABHEHMI U CUCTEM:
a) yY=224+z =y y=1, 21)=0;
dz - dy 2
6) —= — =z 0)=1, 0) =2;
) = g = sO=1 y0
2
B y'+y -2y=0, yO =1, yO)=0.

< a) CucreMa MHTErpalbHBIX YPABHEHUH, SKBHBATCHTHAS NAHHOH CHCTEME IUdepeHIIHATbHBIX
yPaBHEHHU C HAYAIbHBIMU YCJIOBUSIMH, MMEET B

ylz) =1+ / (2t +2))dt, 2(zx) = / y(t) dt.
1 1

IocaenoparesbHBIE NPUGTHXEHNSI HAXOAMM 110 PEKYPpeHTHBIM hopMynam
@ =1+ [(A+20)d, zn@ = [nod, )
1 1
rae z{t) = 0, yo(t) = 1, n € Z,, prirekalowum 13 dopmynst (3), n.8.1, ecv Mox y u f noHUMATH
BEKTOPEI C KoopauHaTtamut (y, z) 4 (2t + z(t), y(t)) COOTBETCTBEHHO.
Tlonarag B (1) n = 0 u n = 1, noxyyaem

(@) =1+712t+ zo(t)) dt = 2’ zi(z) = /yo(t) dt =z —1;
1 T

z z z
1 3 1
Y(x) = 1+/(2t+z1(t))dt =5-%+ 5:&:2, 2(z) = /y,(t)dt = /# dt = 5(1:3 -1).
1 1 1
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6) [lo aHa/TOTMY C TIPOAENAHHBIM BBHILIE, UMEEM
t t

zan® = 1+ [, g =2+ [22ar.
0 0

TTonaras 3geck n = 0 U n = |, NOCAEAOBATENILHO HAXOAUM:

¢ ¢ ¢ ¢
ml(t)=1+/y0(‘r)d‘r:1+/2d‘r=1+2t, yl(t):2+/m3(r)d‘r=2+/d‘r=2+t,
0 0 0 0

t t

t2

z,(t) = 1+/y1(r)d‘r: 1+/(2+T)d‘r =142+,

0 0

t t 4
$(t) = 2+/x{(r)dr:2+/(1+2r)2dr= 2+¢+280 + —3~t3.
0 0
B) Kak u B 1. 8.4, 1aHHOe ypaBHEHME BTOPOTO NMOPSAAKA CBEIEM K CUCTEME ABYX ypaBHEHUI NIEPBOTO
nopsiKa, nionaras § = y, y' = z. Torma nomyanm
F=-2 Y=z yO=1, 20)=0
H3 pexyppeHTHBIX hopMyn

Znr1 (@) = / (20a®) = 22 dt,  Yoa(@) = 1+ / za®)dt, n€Zy
1] 1]
rae zp(t) = 0, yo(t) = 1, HaxonuM
2@ = [(m®-AO) =20, y@ =1+ [20d=1,
0

0
T z

z(z) = 0/(23/1(t) — Zl(t))dt = 0/(2 — 47} dt =22 ~ %x3,

yz(x):1+/z1(t)dt=1+/2tdt=1+x2.>
0 0

201. Yxasars kakoii-HMGYAH CETMEHT, Ha KOTOPOM CYLIECTBYET pelleHUE C AAHHBIMH HAYATLHBIMA
YCIIOBHSMM:
Ay =z+y’, yO=0 6)y=2%"-2 yb=k
dz z dz dy
B)E:t+e, z(1) =0; r);i—t—=y2, E:xz, z0)=1, y@0)=2.

<« a) Bocmonb3yeMcst CHa4yala TEOPEMOM CYILECTBOBaHus, UIMOXEHHOHN B m. 8.1. B jganHoM ciy-
yae £p = Y =0, f(z,y) =z + y’. Oyukums f HenpepslBHA B J1060M NPSAMOYIOAbHUKE R =

= {(x, PYER: |z <a, lyl < b} ¥ VAOBJIECTBOPSET B HEM YCAOBHIO JIMIILIMLIA, TIOCKOBKY NPOU3BOJ-
Hasg % = 3y2 OrpaHuyYeHa YUCIIOM 3. CnenoparenpHo, Ha cermente [—~d, d], rae d = min (a, 7%) s

M= (mz)lé(Rl fEl=a+ b® cywecTByeT efMHCTBEHHOE pelcHMe jgaHHOM 3amaun. Haiinem umcrio
z,y

d = min (a, ﬁ;—) SIcHO, YTO €C/IM Ha KAKOM-TO cerMeHTe I CYIEeCTBYET AMHCTBEHHOE PEILEHUE,
TO OHO CYLIECTBYeT M Ha KAXIOM MEHBIIEM CErMeHTe, BIoXeHHOM B I. OICiofa clemyer, 4To Xeja-

TeNpHO HAATH Kax Moxwo Gonbiuwuii orpesok I, T. €. maxmin  a, a—_%y) . Tak kaxk dyHkums ¥(a) = a
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poapactaet 1np a 2 0, a bynkunsa g(a) = —f—b; yObIBaeT, TO max min (a, ﬁ;—) JOCTHraercs npu

ycaoBun, 4to Y (a) = g(a), T. €.
_ b
T a4+ b
B3siB ipou3BoAHyio no b ot mpaBoit yactu (1), HalgeM, 9T0 IpH b = “5 JIOCTUTAETCSI MAKCHMYM G,
KOTODEHLit JIETKO BBIYMC/IUTD, MOJACTABYB 3HaueHue a = 2b° B (1). Toraa noxyuuM

b= si 4= e = 3/_ ~ 0,66.
V6 e
TaxkuM 06pa3oM, MOXHO TapaHTUPOBATH CYLIECTBOBAHUE W €IMHCTBEHHOCTh PELIEHMS TaHHOW 3a-
naum Ha cermente —0,66 < = < 0,66.
Ecau Bocnonn30BaTees eMMoil Buxapu (cm. 1m.8.3), TO MOXHO yKa3aTh 3HAUMTENBLHO GOMBLIMA
CErMEHT CYLLECTBOBAHMSI PEIICHUS,
JeicTBUTENHHO, B JAHHOM Cy4yae

8y

z

2 z
@= [(t+y®))at =2+ [Pyt
y(z /( y ) 5 o/y

0
a? 3
vl <5+ [lyofa, o<z <o,
0

2
r.e. C=5%, v(@) =1, g(y) = y°. [oatomy

rdt 1(1 1
G(u): —'=_<_2—_), u>u0>01

3 2 \u} u?
1 1 +
- - = z.
ud C?
CreloBaTennHoO,

o
-l G(C)+iv(t)dt ¢ ly(z)] < ¢ z€ [o 1 )
— ] —_——_— q .
J Vi 'S M » 27

U3 ypapHeHUs a = 2—2'—2- HAXOMMM max a = v2 & 1,15,

3aMeHUB B UCXOOHOM YPaBHEHWHM £ Ha —2 (2 2> 0) ¥ NPONEJIAB TAKHE X€ BBHIKJIAOKH, TIOJy4HM
HEPABEHCTBO

N -

Gl =~ G(C)+/dt=
1]

J1-2ut’

C
) € ———= <0),
ly(=)| < o0 (z<0)

KOTOPOE MOKA3BLIBAET, YTO PCIICHWE 3aJauM a) CYLIECTBYET W NPH -2 £ z £ 0. Takum oGpa3soM,
CyIIECTBOBAHME CANHCTBEHHOTO PEelIeHMs] 3a0a4M 2) MOXHO TapaHTHpOBaTh Ha cerMente —1,15 € = £
< 1,15,

6) HpmvxennM Teopemy IInkapa cymecTsoBaHws ¥ €IUHCTBEHHOCTH PeLeHMs. 31eCh o = Yy = 1,
f(z,y)= 2y -z CDYHjH f HenpepsIBHa B JHOGOM NPAMOYTOJILHUKE

R={@yeR: lz-1<a, ly-1/<b}

W ¥MeeT OTPaHUYCHHYIO NPOU3BOAHYIO 0 ¥ B R:

oF _

o= |5 = el <ap il
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TTostomy Ha cermenTe |2 — 1| € d = min(a, ]I;T)’ e M = max |2 — 2| <20+ 4+ 1+a,
@ 9)ER

CYLUECTBYET eAUHCTBEHHOE peienyie. Kak v B ciyyae a), napamMeTpsl @ U b HAXOOMM U3 YCIIOBMIA:

b V] b
a= _ e} =y. 2
2+ +at1 3b(2(1+b)2+a+1) @
CnegoBareipHO, 6 = RTII_+“6$’ W -3 = R-II—JJ; W3 nmocjieHero paBeHCTBa CIeRyeT, 410 b > \/% >

1 —
> 1,2. ATtoraa a < ATy = 0,11.
OxHAKO OUEHKY U d MOXHO YIyYLIMTh, cyuTast, uto a¢ < 1. Torna M =2(1 +b)> — 1 4 a u u3
PaBEHCTB, AHAJIOTMYHBIX (2), HAXOOUM

1 , 1 1 5
6= —— W_1= : b<y>.
110y s Sz MM P<Y3

CnenoBarenbHo, a = 3?11757 > 1 \/? = 0,13. HMrtak, no meHblleit Mepe, Ha cermente 0,87 <
4{1+/2

£ z £ 1,13 peluenvie 3aauM CyWIECTBYET ¥ €AUHCTBEHHOE.
Tlon3ysicy nemmoil buxapu, MOXHO yKa3aTh ere 00Jblmii CErMEHT CY1LECTBOBAHWSI 1 €AMHCTBEH-
HOCTH perreHus. JleficTBUTENEHO, NPEACTABIAA AaHHYIO 3aa4y B BHIE

y(@) = %(3 ~2%) +2 / yryat (@>1),
1

TIOTy4acM OLICHKY €€ PCUICHUA:

f 1
2 — . _al
p@l<c+2 [lyord, ¢=;- mex3-a,
1
u3 KOTOpOﬁ, COTJIAaCHO JIEMME, CJICAYCT HCPaBeHCTBO
4 ly@| < 67(G(C) + 2z - ), 3
)yt
rat 11 | g
= —_— = — > G_ t) = .
Gw=[F=r-y @rw>0, 6O=T0
g
Takum obpa3oM, u3 (3) MoayyacM OUEHKY
C
< —
ly(=)| < 1-2C( - 1)’

¥3 KOTOPO CIIEAYET, YTO pelleHue 3a0auM §) CymecTByeT Ha cerMeHTe 1 < 2 2%— + 1. Benuuny X

HAxXO[WM W3 YPABHEHWS 2%— +1=X,wm

1 2

S _12;1za<xx13 z*. 4
U3 (4) nonyyaem X = 1,5, T.e. CylieCTBOBaHME €IMHCTBEHHOTO PELICHUSA TaPAHTHPYETCST HA CETMEHTE
1 < 2 < 1,5. Jlng BeIsAICHEHUS] BONPOCA O MPOLO/DKMMOCTH PELICHUS JieBee TOUKM = = 1 B 3azaye 0)
nipousBeseM 3ameny z = 1 — ¢ (t > 0) u cHoBa Bocnonb3yemcs remMmoii Buxapu. [Tocne aHaIOTHYHBIX
BHIKJIZZIOK TIPUXOAUM K OLICHKE

ly®) < e C = max

C
1-2ct’ 0<I<T

t2
1+t~ /.
re-4)

[Tonyyaem ypaBHeHue

1 2

T 0’52‘1"2 t2a-t |’
U3 KOTOporo cnenyer, yro 0,33 < T < 0,41. HMtak, MOXHO rapaHTHPOBATh CYLUECTBOBAHWE W €OWH-
CTBEHHOCTD PellleHnd 3agaum 6) na cermenre 0,67 < z < 1,5.
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B) [IpuMenum cHavyana teopemy [1ukapa, Bce yCIOBUMSI KOTOPOM BBINIOIHEHBI B IPAMOYTOAbHUKE R,

a 3aTeM HaliieM
b
d=min{a, —— ).
(’a+1+e”)

K3 ypaBHEHMI

_ b a ( b )_
Ta+1+e’ db\atlted
2
noiyuaeM a = e ?, a = ¢ @+ Orciona HaxonmM, uTo a > 0,2. Takum ofpaiom, Ha cerMeHTe

0,8 < ¢ < 1,2 peuieHue cylecTByeT ¥ €MHCTBEHHO.
Bocnone3yemcs Teneps neMMoli buxapu. M3 unterpaibHoro ypaBHeHUs JAHHOM 3anaiu

1
1
z(t) = E(tz— 1)+/e“”ds, t>1,
1
CIECHYET OLICHKa
1

22— 1=-(T"-1).
I I=5( )

max
ISiST

N | —

¢
lz@®)] < C+ /e'z(s)'ds, C=
1

TTockonbKy
U
ds _ -
G(u)z/—sze e uZzuy>0,
e
TO
Gl =-n(e™-y), GEOI=e"-eC €>wu)
CornacHo JieMMe, UMEEM OLIEHKY
le@®) < —In (e —e™ +eC —t+1) =—In(eC -t+1),
otkyna 1 €t < e"¢ + 1. CnenopaTeibHO, MAKCHMATEHO BO3MOXHBIH CETMENT CYIECTBOBAHMS pELIEHNS
ciipasa OT TouKM ! = | HaliieM, pelIuB ypaBHEHME
T’ —1=-2In(T-1) (1<T<2).
W3 Hero cnenyet, uro T > 1,5.
JU1s BRISACHEHMS BOIIPOCa O NPOIOIKMMOCTH pelleHMs Jiepee TOYKM §{ = 1 npousBeneM 3aMeHy
t=1-—71 (0 <7< 79) ¥ NpOHENAEM BCE BBIKIAAKH COLIACHO JIEMME Buxapu. Toraa nonyyum

2
le(r)| < ~In(e ® —7), e C= ,ax 12— -7,

<7

MaxkcuManbHO BO3MOXHOE 3HaYeHUe To HaXOAUM U3 ypaBHCHUSA

‘ro:e_c wm C=~Inn O0<7m<]).

Tak xak C = 15 — T’ TO —3— — 79 = In 7. Orcrona nonyyaem 7o > 0,6.
B pesynpTaTe [€NacM BEIBOJ O CYLIECTBOBAHHM M €JMHCTBEHHOCTH PEINEHMsA Ha cerMeHTe 0,4 <

£z <15
r) [IpumensieM TeopeMy I[lukapa 11)151 CUCTEMBI nmi)q)epeﬂunaﬂbnbm ypaBHeHwit. 3jech ¢y = 0,
2o =1, yo = 2. Pynxuuu f,(¢, z, y) = fz(t z, y)—m HENPEePBIBHBI B 00/1aCTH

or{es y)eRs:lt! <o, e- D +@-27 <0}

1 MMEIOT B Hell OrpaHMueHHBIE YACTHBIE NPOM3BOIHHIE %zﬁ =0, %% =2y, %g_ = 2, %%2. =0.

CrnenoBatensHo, Ha cermente —h <t < A, rre A = min (a, 73[) , M= R fi+ f2, cymectsyer
’z!

€IMHCTBEHHOE PEIIEHUE PACCMATPHBAEMOM 3a0a4u.
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Mockonsky M = Jmax VET P < VT F0 + Q2+ ) < V2(2 +b)?, To u3 yeosuit
2,y

_ b . b a ( b ) —0
T M7 AR’ b \Q+by/)
HaxomuM, yto b =2 u a > M%?F = ‘\/—3“2T‘747 > 0,1. Crenpoparenpo, Ha cermente —0,1 < ¢ < 0,1

CYLIECTBYET CAMHCTBCHHOC PEUICHUE.
Ecnn IIPUMCHUM JIEMMY anapn, TO CMOXEM YKa3aTb CCIMEHT CYLICCTBOBAHUA ¥ CAMHCTBCHHOCTH

1 1
AED
JleiicTBUTENNPHO, U3 MHTETPAIBHBIX YPaBHEHHI pACCMATPUBAEMO 33/1auu CNIEAYET, YTO

t t
e®l <1+ [yl ds, lyol <2+ [ e as
0 0
OTKyIa

t
201+ ly®1 <3+ [ (12 +1y(o) )ds < 3+ [ (1a@)] + o)) ds
0

o\‘“

HIH
¢

VRS 3+/u2(s)ds, me u = |z|+ |yl
0

CornactHo nemme Buxapu umeem

fds 1 1 _
G=/—::———, G\t =
8 ) v
£

Vo
1-— 'Uot

—1 _
<GEA+Y =5,

orkyna 0 <t < % AHATOTHYHO NOJYYaeM JiEBBIt OT ToukM ¢ = 0 WHTEPBAT MPOTOIKUMOCTH —% <
<tL£0.p

202. ns ypasueHus Y =x- y2 ¢ HayaTsHEIM yciosueM yY(0) = 0 mocTpouTs TpeThe NpUbTIKE-
HKE K DEUICHHIO 1 OLEHUTD €ro norpewmHocts npu 0 < = < 0,5.

<« CornacHo gopmyne (3), 1. 8.1, umeem

T

w=0; yl(x)=/<t—y3)dt=’”—2- ne@= [ LA P
’ J 27 J 4 22

2 2 PN 2 25 2 211
=[lt-{=-= =z r,z _z
@ 0/( ( 2 20)) =7 "% " 160 " 200

OueHuM TIOTPELTHOCTD TOMyYEHHOTO T1PUOIHKEHMS.
JIeTKo YCTaHOBWTD, YTO PEHICHUE NAHHOM 3a1auM CYLIECTBYET ¥ €IMHCTBEHHO Ha CETMEHTE — ?}—Z <

Lz TaK 4YTO MOCHEAOBATCIBHBIC MPUOTVIKCHUS

1
Nk
Ynr1(2) = Yo + /f(t, Ya(t)) dt M

PaBHOMEPHO CXOISATCA Ha 9TOM CErMeHTe K pemeﬂmo MHTETPATBHOTO ypaBHemm

y@) =y + / ft, yo) dt. @
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Borywtast nowieHHo 13 (1) paBeHCTBO (2) NIpn £ 2 ) M OLEHMBAs COOTBETCTBYIOLIME PAa3HOCTH UL
n € Zy, TOAy4uM

ly(=) — yol </|f(t, y@®)l dt=/|¢(t)| at, ¢(t) =1, y®)l,

lv@) - 5@ < [|1¢, 50 - 1¢, wlat < T [ day / Ytydt=1 / (= - wg@du, ()

A g e
[¥(@) - 4a(@)| < [t ¥@&) = Ft, vos@|dt < = [ (2 — u)"(u) du,
n!

roe I — nocrosunas Jlunmumna GyHkumu f no nepeMeHHOM Y B MPSIMOYTOIbHUKE
R={(x, ) €R :|z— | <a, ly— wl <b}.

B paccmarpupaemom cayuae L < max [2y(@)} = 2liyll, ¢(u) = [u —y Yw)l < lul + Ilyll2 n=3,
2o = 0, mostoMy 13 (3) TIOIyyaeM OLIEHKY
407 4005 &
3 3 2 3 3 2 Y
ly = wsll < 5ol / (o~ (u+lyI)du < Sl / 05—’ (u-+ i) du = L (0,14 191F). @)

OcraeTcst oueHuTh ||y|| Ha cermenTe 0 < @ £ 0,5, KOTOPHII CONEPKUTCA B CETMEHTE [——;’—, —;l—]

V&' V4
c
M3 nemmer Buxa €T, YTO < M. 201), = = 0,125.
nemmet Buxapu crenyet, uro |yl € =7 (cM. mpumep ), tme C = 23}65—2— ,12
TToaromy |ly|| < T——O(Li%s"‘O‘S < 0,134. IIpuruMas B0 BHUMaHUE OLEHKY (4), OKOHYATEIbHO HMEEM

lly —ysll < 0,6-107. »

203- HOHI:3YHCb KaKUM-TM00 JOCTATOYHBIM YCJIOBUEM €JUHCTBEHHOCTH, BELIEIHUTH O0JACTH HaA
NI0CKOCTH .'L‘Oy, B KOTOPBIX 4€PE3 KAXKIYIO TOUKY IMTPOXOAAT CAMHCTBCHHOE DCHICHHE YPABHCHMUS:

)y =2zy+y’; 6)y =2+yy-22 BE-2¥=vi-z Dy =1+1gy

< 2) Oynxums f(z, y) = 2zy + y2 HenpeppiBHA B 000t yacTu mnockoctn Oy, a ee NPOu3-
BOAHAA B = 2(xz + y) orpanudeHa B moboit KoHeYHOU yacT D 3Toil tmockoct. CrnegoBarTenbHO,
no TeopemMe Ilukapa yepe3 Kaxayio TO4KY (Zo, Yo) € D NPOXOAUT €ANHCTBEHHAsI UHTETpalpHAST KPUBAst
ypPaBHEHUs a).

6) CDnyumI f(n: y) = 2+ ¥/y — 2z nHenpepbiBHa ¥ (2, y) € R?, 0QHAKO €€ YACTHAS IPONIBOLHAS
%L g(y 2x)” 3 orpaHudeHa TONbKO npu y # 2x. Toraa, mo TeopeMe [Tukapa, yepe3 KAXIyi0 TOUKY
(2o, Yo) € R, toe Yo # 22, NPOXOOUT SAMHCTBCHHAS MHTETPAJIbHAs KpuBas.

B) Bocrnom3syemcs reopemoii n. 8.2. ®yuxums F(z, y, y') = (z — 2)y’ — /§ + = ynosieTsopsiet
ycnopusaM: 1) oHa HempepuiBHa Npu y > 0; 2) 4acTHas MPOM3BOAHAS %:—; =z—-2#0npu z # 2;

3) yacTHas NPOU3BOAHAN -3—y~ = —277 orpaHnueHanpu y > ¢ > 0; 4) ¢ = 1}{; — eINHCTBCHHBIHA

IeHCTBUTENBHBIA Kopenb ypaBHenust F(z, y, ¥') = 0. CrexosatensHo, Yepe3 KaXIyIO TOUKY (Zo, Yo)
miockocta z0y, Tae Ty # 24 Y 2 € > 0, IpoXomuT eIUHCTBEHHAA MHTETPaIbHAN KpuUBas ypaBHe-
HVA B).

r) SlcHo, wto mpu y # 5 5 + kw, k € Z, npasasd 4acTb YPaBHEHHUs HENPEPHIBHA W HUMEET Orpa-
HUYEHHYIO YACTHYIO TIPOM3BOJHYIO TIO Y. CnenonaTeano no teopeme ITnkapa, yepe3 Kaxayo TOYKy
mockoctd 20y, 33 UCKIIIOUEHVEM NPSMBIX Y = Q—+k7r MIPOXOIMT €AMHCTBEHHAS MHTErpanbHast KpUBas
paccMaTpuBacMoro ypaBHeHus. »
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Ilpumesanne. Ecim dynkuus f B 3anade Koun umeer B npsiMoyroibuuke R orpaHHyeHHYIo YACTHYIO NPOH3-
BOAAHYIO R TO OHA ABTOMATHYECKH YIOBRIETBOPAET YCIOBHIO JIuamMua.

204. TIpy XaKuX HeOTPULIATENBHBIX @ HapyLUAeTCH EAMHCTBEHHOCTD pelenuii ypabuerus y = |y|°
¥ B KaKMX Toukax?

«¢ Tpu seorpuuarensubix ¢ GyHkuus f(z, y) = |y|® HenpepsiBHa, MOITOMY YpaBHEHHWE MMeeT
peurenusi. Eciv y # 0, TO YacTHas NPou3BoaHast y = aly/*'sgny cymectsyer u orpanuueHa B
KAXHON KOHEeYyHOH 4actu twiockoctH zOy. CnepopareibHO, no teopeme Iluxapa, eciu y # 0, 1O
npy JI000M @& CyLUECTBYeT ¢IUHCTBEHHAA MHTETPAJIbHAS KPUBas, MPOXoAslias 4epe3 3aJaHHYyI0 TOUKY.
Ecmv y =0, Ho a 2 1, To byHKkums [ yaomiersopsieT ycnosuio Jimmumua:

lydd* = ly:* " Isl < Lyl (3ece y, = 0).
TToaToMy, cornacHo teopeme Ilukapa, eIMHCTBEHHOCTb PDEUICHMS M B 9TOM CJIy4ac rapaHTMpOBaHa.
OctaeTcst npoBepuTh Criydaif, korma 0 < a< lu y =0.
Bo3pMeM npon3BobilyIo TOuky M (zo, 0) na ocu Ox. OueBnaHoO, 4TO Yepe3 3Ty TOUKY NPOXOMUT

1-a
uHTerpaIbHas KpuBag y = 0. OgHako yepe3 3Ty TOUKY NMPOXOAUT TAKXKE KPUBAs 11"'—]_—“ sgny = & — xo,
SABJISAIONIAACH PEIISHUEM pacCMarpuBaeMoro ypasHenusi. Takum o6Gpaszom, npu 0 < a < 1 B TOoYKax
(z, 0) € R? HapywaeTcs: einHCTBEHHOCTD PelUCHMiA JAHHOTO YPABHEHUA. b

205. C noMoubIo HEOGXOAMMOTO ¥ OCTATOYHOTO YCIOBHA ¢TMHCTBEHHOCTH LIS YPABHEHUI BUja
¥ = f(y) uccnegosats auddepeHIMATEHEIE YPABHEHNS:

2
)y =@— Dy’ 6)y = arccosy; B)y'={ g‘“ v Z—fgf

-« CoriacHO YKa3aHHOMY KPUTepulo, eciu HenpepuiBHas Qynxims f # 0, TO peLIEHHE ypaBHEHUS
cywectsyer u eauHcTBeHHo. Ecnm xe f(y) = 0 nmpu y = C = const, To BONpoC O €AMHCTBEHHOCTH
o

d
pEIACTCS ¢ MOMOLIBIO UCCIEAOBAHUSA HAa CXOIMMOCTh HECOOCTBEHHOTO MHTErpaia / W Ecnu aror
Yo
UHTErpal pacxomurcsi, To y = C — 4YacTHOE PEIUEHHE, B TIPOTUBHOM CJy4ae 4epe3 KaXiylo TOYKY
npsiMoit ¥y = C NPOXOIAT APYTHE UHTETPATbHBIE KPUBBIE.
B cnyyae a) umeem C = 1 u C = 0. ®yuxuus f(y) = (y — 1)/y> HenpepsiBHa npi y > 0
TlocKonbKy HECOOCTBEHHBIE HHTETPAJIbI

1 0
dy dy
—— > 0; 1 (0 <1

pacxXonsTCs, TO qepea KaXKAYI0 TOYKY IIOJYILIOCKOCTH y 0 1poXoAuT eIMHCTBEHHAs WHTErpaIbHas
Kp¥Basi RaHHOTO JuddepeHnaIbHOTO YpaBHEHUS.

B cayuae 6) C = | ¥ HeCOOCTBEHHbIt UHTErpa / Tc%% (—1 < yo < 1) cxomutes, Tak Kak
%

arcclosy =0 (\/ll_y) npu y — 1 — 0. TloaToMy yepe3 Kaxmylo TouKy (2, y), Tie —1 < y < 1,

NIPOXOIUT eAMHCTBEHHAS MHTEIPAIbHAA KPHUBasi, @ Yepe3 KaXaylo TOUKy npsiMoit ¥ = 1 — moboe yucio
MHTETPATBHBIX KPUBHIX.
B cnyuae B) C = 0 u C = 1. Tak Kax HecoOCTBEHHBI MHTETpaI

0
/ylnz /tz O<w<D

CXORHTCS, 2 HECOOCTBEHHBII WHTETPa
1

/ylnz /t2 >0 %0 )
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PacxoamTCs, TO Yepe3 KaXIyIo TOYKY BEPXHEN MONYIIIOCKOCTH, 32 MCKITIOYEHHEM npsamoit y = 0, npo-
XOIUT €IUHCTBEHHAsE UHTErpaibHast KpUBas.
TpeiaraeM YHTATENIO BHITNOJHUTD FEOMETPHYECKYIO MILTIOCTPALMIO PACCMOTPEHHBIX CJIyYdeB. b

206. IIpu KaKKMX HAYaJbHBIX YCJIOBUSIX CYLIECTBYET EJUHCTBEHHOE PELICHUE CIICAYIOIHUX YpaBHE-
HU#i U cuctem?

a) y" =tgy + 6) (z + 1)y =y + ¥
dx d
By —y"' =y -z r)E=y3+ln(t+l), mggti: Jy — L.

« Bocnonbsyemcsa ytBepxnenusvu 1. 8.4. B ciyuae a) umeem f(z, ¥, ¥) = tgy + /x. DyHk-

uugd f W €e YaCTHBIC IIPOU3BOAHBIE % ;slq gy@ = () HenpepbIBHHI NpU Y # g— +km, k €Z,

M09TOMY B IOCTATOUHO MAJOH OKPECTHOCTH KAXIOH TOUKM (o, Yo, Y0), TAE Yo 7 er— + k7, CylliecTBYET
eIMHCTBEHHAS MHTETPAIbHAS KPUBAsA, NPOXOASIAS Yepe3 9Ty TOUKY.
nN_ YT %L __1 1 of _
6) Oynkuus f(z, y, y) = ZF 1 1 €€ YacTible IPOUIBOAHLIE 7o = 70 +W’ 31/4 =0
HENpEpHIBHEI IIpH 2 # —1 u y > 0. CnemosatenbHo, Yepe3 KAKIYIO TOYKY (Tg, Yo, Yo), The Ty # —1
U Yo > 0, NpOXOIMT EAMHCTBEHHAS MHTErpaibHas KpUBasi.

8) IMockonbky dynkuns f(z, y, v, y') = %(y” -y - m) BMECTE C YACTHBIMM MPOM3BOTHBIMH
li} 1 " S/7 il _ 1 af _ 1 ’
HL:——f -y —z), ———*,——%——Henebmﬂan 0 T, TO

uepes KAXIYIO TOUKY (o, Yo, Yo, ¥o), TIE Yo 7 O M Yy # To, POXOJUT EIMHCTBEHHAS HHTETPAIbHAS

KDHUBAsT ypaBHEHUsI
leI - é(y// _ m)

r) Tak kak yukumn fi(¢, r, y) = y3+ln(t+]) Ht, z, y) = l VY — { M UX 4aCTHBIE IPOM3BOAHDIE

?L—O ?L 3y ?L Q ?L \/—HenpeprBHbInpnm;éO t>—-1,y#t,

TO Yyepe3 Kaxayto Touky (Lo, Zo, Yo), Ime £p > ~1 Yo # Lo, Ty # 0, IPOXOAUT EAUHCTBEHHOE PellIeHNE
(z(t), y(t)). 3ameTum, 4YTO B CJyHae CUCTEMbI yPaBHEHMit %;i = fi, % = f, U T.I., €€ pelICHHE
ABJISIETCST BEKTOP-byHKUMeEH ¢ KoopauHatamu z(t), y(t) u T. 4. p

207. Moryr au rpaduKu ABYX PeIUEHMil JAHHOTO YPABHEHUS HA ILIOCKOCTH 20y nepecekarhes
B HEKOTOPOid TOuKe (Lo, Yo)

a) wist ypasHeuns y' = x + y*? 6) ang ypasuenns y” = x + y°?

« a) Tak kak byukuua f(z, y) = = + y2 HENpPEPLIBHA BMECTE CO CBOEH YAaCTHOH NPOU3BOAHON
f)f = 2y B moboit KOHEeYHOH YacTu 1wiockoctu 0y, To, comacHO Teopeme [lukapa, yepes kaxayio
Tquy (0, Yo) IPOXOIUT ENMHCTBEHHAA MHTEIPATLHAA KPUBAS YpaBHeHus §' = x+y>, . e. nepeceueHne
rpauKOB ABYX €I'0 pelUCHHUH B 3TOH TOYKE HEBO3ZMOXHO.

6) B cwiy renpepeiBHOCTH dynkimu f(z, y) = = + y2 M €€ YaCTHBIX MPOM3BOHHEIX %5 = 2y,

gy@ = (), yepe3 KaXay10 TOUKY (g, Yo, Yo) TIPOXONHAT eAMHCTBEHHAs HHTErpanbuas Kpusas. [locrenHee,

OIHAKO, HE MCKITIOYAET TOTrO, UTO Yepe3 TOUKY (Xq, Yg) MPOXOAAT ABE PAITUYHbBIE MHTEIPAILHBIE KPHBbIE
C PalMMYHbIMU YITTOBBIMM KO3(GhHIUMEHTAMU KaCaTCJIBHBIX K HUM, T.€. TNepecedeHue rpapukoB IABYX
peLleHuii B HEKOTOPO# TOuKe (Xy, o) BO3MOXHO. DTOT (HaKT MOXHO YCTAHOBUTH M HENOCPENCTBEHHO,
JBaXIbI IPOUHTETPHPOBAB JAHHOE YPABHEHUE U NPUHSB BO BHUMaHME, YTO Y(xy) = Yo. TOrNa NOIydIHM

3

2 3 z
X Ip X
y@) = Ty - S gim+ 2+ / @ - 'y dt.

OuesuaHo, 4TO JiIo6Gasi KpUBast y(T) NPOXOMMT yepe3 TOYKY (Tg, Yo), OAHAKO KaXmast U3 HMX HUMeeT
B 3T0i1 TOYKE “CBOIO” Kafa'renm-xyxo ¢ YIIOBEIM Ko3(bdHIMEHTOM 1. P
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208. Moryr 1 rpayKM OByX pelleHHH JaHHOTo YpaBHEHMst Ha ITOCKOCTH 0Oy KacaTbCsl ApYyT
Apyra B HeKoTopo# Touke (g, Yq)

a) s ypasHenus y' = & + y*?

6) s ypaBHeHus y" = x + y2?

B) g ypasuenus " = z + y*?

« a) Kacaune aByx pa3anuyHbiX MHTErPaibHbIX KPUBBIX B TOYKE (X9, Yp) HEBO3MOXHO B CHUITY TEO-
PEMBI CYLLECTBOBAHHS M ¢AUHCTBEHHOCTH (CM. mpumep 207, a)).

6) Kacasnue 18yx pasnuYHBIX HHTErPAIBHBLIX KPUBBIX O3HAYAET, UTO 4Yepe3 TO4KY (o, Yo, Yo) TpO-
XOIAT [Be MHTErpaibHbIE KpHUBbIE ypaBHeHus y” = z +y?. Tlocleanee Xe HEBOIMOXHO B CHITY TEOPEMEI
CYLLECTBOBAHWS M €OMHCTBEHHOCTH pelueHus. (cm. mpumep 207, 6)).

B) Teopcma €IWHCTBEHHOCTH pellleH sl TAPAHTHPYET CYLEeCTBOBAHHE B oxpecmocm KaXIO#i TOUKH
(o, Yo, Y0, Yo) SAMHCTBEHHON! MHTEIPa/IbHON KpHBOH ypaBHenus y'"' = z + y OHa rapaHTUpyeT TaKXKe
CYLLECTBOBAHHME EAMHCTBEHHOIO PEIUEHUS M B OKPECTHOCTH TOMKH, (%o, Yo, Yo, Yor). ClenoBaTeNbHO,
rpaMKM ABYX pelueHM, [pOXoAAIINX Yepe3 YKa3aHHbIe TOUKH, UMEIOT oDILyIO KacaTepHyo. P

209, Ckonsko CYLUECTBYET pelueHNH ypaBHeH s ¥ = 2+ y?, YIORIETBODSIOLNX OMHOBPEMEHHO
IBYM YCIIOBHSAM; y(O) =1, 4'(0) = 2? PaccmotpeTh omenbﬂo cnyyau n = 1, 2, 3.

«Tpun=1umeeM y©0) = @ +y)e=s = ¥ 2(0) = 1 # 2. CnegosarelsHo, ecid 1 = 1, To
YPaBHEHME HE UMEET HM OAHOTO PELleHUs ¢ YKa3aHHbIMH Ha4yaJibHBIMU YCIOBUSIMH.

Tak xak dyukuns f(z, ¥, y') = £ + y* HenpepbIBHA BMECTE CO CBOMMH YACTHBIMH NIPOM3BOIHBIMH

% =2y, g'y[r = 0 B okpectHOCTH TOUKM (0, 1, 2), TO COIIACHO TeOpeMe CyllleCTBOBaHUA (CM. 1. 8.4) 3a-

naua y’ = :c+y y(0) = 1, y'(0) = 2 uMeeT eaUHCTBEHHOE PEllleHHE B IOCTATOUHO MAJIOl OKPECTHOCTH
Touku (0, 1, 2).

B cui1y TeOpeMb! €AMHCTBENHOCTU (CM. T1.8.4) sanava y" = z + ¢, y(0) = 1, ¥'(0) = 2, ¥"(0) —
TIPOU3BOJIBHOE, MMEET €AMHCTBEHHOE pellieHue B okpecTHocTH Touku (0, 1, 2, ¢ (O)) CrenoBaTenbHO, B
AocTatoyHo Masioll okpecTnoctH Touku (0, 1, 2) umeercs onnonapamerpmecxoe MHOXECTBO PELUCHUH
Janayu

o

=z+y, yO=1, yO=2.»

210. Cxonsko peLIeHUA ypaBHEHHUs y(") = f(z,y) (f n % HENpEepbIBHbI Ha Beel TJIOCKO-

¢t £Oy) NpOXOAUT Yepe3 TOUKy (&o, Yo) MO 33TaHHOMY HANpaBIEHHIO, 06pa3yoleMy yrol a # er_
c ocbio Ox? PaceMotperb ciywau n=1, n=2un 2 3.
« TMyets n = 1. Torma 3amaua y' = f(z, ¥), ¥(Ty) = Yo B CHIY HENPEePHBHOCTH GYHKUMH f

7 % NMeeT eIMHCTBEHHOE pelleHHe B JOCTATOYHO MaJIoN OKPECTHOCTH TOUKU (%, Yo). Ecmm k Tomy
xe y'(zg) =tga, 1.e. tga = f(xp, Yo), TO NOCTABNEHHAS 3aHa4Ya UMEET eAMHCTBEHHOe pewieHre. Ecnu

xe tga # f(xg, Yo), TO 3TA 3aHaya pewieHHH He MUMeeT.
Mycts n = 2. Torma samaua y” = f(z,y), y(Te) = Yo, y¥'(To) = g, B CHIYy HENPEPHIBHOCTH
bynxunit f, %, g;} = 0, uMeer eNMHCTBEHHOE peli¢HHE B JOCTATOYHO MAaod OKPECTHOCTH TOYKH

(9, Yo, 8 ).
Haxkoneu, ecmu n 2> 3, 10 3amaqa y"" = f(z, ¥), y(xo) = Yo, Y'(Ty) = g @ UMeeT GecuncieHHoE
MHOXECTBO pellleHuit BcreacTsue Toro, 4To 3anada ¥™ = f£(z, ¥), y(®o) = th, ¥'(%0) = tga, ¥'(z) =

=yl ... ,y"'"’(zo) = y$* Y umMeer eaMHCTBEHHOE PElCHNME B IOCTATONHO MATIOH OKDECTHOCTH TOMKHA
—1
(2o, yo,tga, Yoy ooy ’) JipyruMm GIIoBaMH, B CUTy TIPOMIBOILHOCTH HCEIL ve u ., y$ Y sa-

zaua ' F(x, ), y(@0) =y, ¥'(®0) =tga (n 2 3) umeer (n — 2)-napamMeTPHIECKOE MHOXECTBO
peniesni.
IMocnenunit BEIBOA MOXHO OTHECTH M K NpeabiylleMy NPUMEPY UL chyyas n > 3. p

211. ripu kakux n ypasuerue y™ = f(z, y) (f u %yL HenpepHIBHBI Ha Beell IwiockocTy £0y)

MOXET MMETh Cpeldi CBOMX PellleHMit ABe PYHKUMK: Y1 =T U Y = & + z*?
< B rouke (0, 0) umeeM 1, (0) = y2(0), ¥1(0) = ¥2(0), ¥1(0) = ¥ (0), yi"(0) = ¥7'(0), ¥1¥(0) =0,
¥V (0) = 24, T.e. Y1V(0) # y3¥(0). Buamm, 4TO N HE MOXeET GhITh panuo eauHuLe, TIOCKONBKY Yepes
quy (0, 0) NPOXOANT ABA PaNINYHEIX PELUCHUS, 3 TEOpEMa eAMHCTBEHHOCT! (CM. I1. 8.4) yTBepxmaer,
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YTO yepe3 KaXAYI0 TOUKY furockocty £Oy NMpOXOAMT TOJNBLKO OAHO pewmenue. JManee, n # 2, Tak Kak
B IIPOTHBHOM CJTy4ae, COMMACHO YKa3aHHOl TeopeMe, uepe3 Touky (0, y(0), ¥'(0)) mpoxomuia 6bl iMinb
olHa UHTerpanpHas Kpusad. [1o 31oit xe npuunHe n # 3, n # 4.
Tyers n = 5. Torma samaua y' = f(z, ), y(0) = 0, y'(0) = 1, 4"(0) = y""(0) = ¥™(0) = 0
MOXET MMETh pelliekie yi = &, a sanaua y' = fz, ), y0) =0, ¥ =1, ¥"(0) = y"(©0) =0,
yV(0) = 24 — pewenne y, = = + z*. DT0 OGBACHAETCA TEM, WTO B TPOCTPAHCTBE IEpEMEHHbBIX
(:c, v,y y", y") xpuBbe yl U y; He COBIANAIOT HU B OIHOI TOUKE, T.€. Moryr GLITh pemeﬂmmx

OIHOTO M TOTO X€ YPaBHEHUs y = f(z, y) (3ametum, yro dyHxMH f, —55 3y —47, 3y —{V

31€Ch HEMEPHIBHbI). YKaaaHHble KpHBLIE He COBMALAIOT HU B ouHou TOYKE M B l'lpOCTpaHCTBC nepe-
mennbx (2, ¥, ¥, ¥, v, vV, yY, .. ), noaromy ypaBHerHe ‘g/ = f(, y) MOXET MMETb HX B KAYECTBE

peureHuit ¥ pu n > 5. TpUBHANbHbBIE IPUMEDHI: y =0,y =0.p»

212. Tlycte dyHkuMs f HeNpepblBHA U NIPH KAXIOM & HE BO3pacTaeT NpH Bo3pactaunu y. JJoka-
3aTh, 4TO €CJIM ABA PELUEHHS YPABHEHUA ¥ = f(x, y) YIOBJIETBOPSIOT OMHOMY M TOMY JX€ HauajJbHOMY
YCIIOBMIO ¥(Zo) = Yo, TO OHHU COBNANAIOT npn T2z

« TlowienHo BEMUTAA M3 TOXAECTBA Y| = f(=, ¥1(%)) TOXAECTBO ¥ = f(&, y,(*)) ¥ BBOJA B pac-
cMoTpenne GyHKUHIO u, rae u(®) = y1(2) — 1(T) (x 2 xy), NoIyyaeM 3anady

@) = £(2, 92(@) + u@) - @, BE@), w@)=0, >z, (M)

KOTOpast UMeeT oueBraHoe peleHue u(x) = 0. JokaxeM, yTo APYTUX pelIeHMiA HeT. [IpUMEHHM MeTox
JIOKa3aTe/IbCTBa OT NpoTHBONoNoxHoro. [TycTe cyliecTByeT Takoe = > xo, M1 Kotoporo u > (. Torna,
B CHJIy HENPEPLIBHOCTH (DYHKIIMM U, HAWAYTCA TaKue ABA Yucha € 2 0 M & > ¢, uro u(z) > 0 npu
Lo L Ty + & <z £ g + €2, TPUYEM, YMEHBILAA €, BCEIA MOXHO UMETh u(xy + 1) = 0. UuTerpupysa
B (1), nonyyaem
x
u(z) = [ (f (&, 12®) + u@®) - f (¢, yz(t))>dt, T € [xg + ey, Ty + &3] 0))
zo+€
TMockonbky u(t) 2 0 npu ¢ € [z + €4, 2], T0, B clwry HeBo3pacTanus Gydkuuu f(, y) no y, cnpases-
JIMBO HEPABEHCTBO
It @) +u®) - fE¢, y:(8) <0 3)
IIpunumas Bo puuManue (3), u3 (2) HaxomuM, uto u(x) € 0 Npu = € (xy + €, Ty + &;]. Takum
00pa3oM, NPHILIM K NPOTUBOPEUMIO, U3 KOTOPOTO CIIEAYET,YTO (DYHKIUA ¥ HE MOXET OBITh MOJIOXH-
TENIbHON HU NPU KAKOM T > Zo. AHAJIOTUYHO YCTAHABJIMBAEM, UTO % HE MOXET OBbITh OTPULATENbHOM.
CnenosarenbHo, u(z) = 0 npu Bcex & 2 ;. b
213. Cxonnko MPOU3BOAHBIX MMEIOT PELUCHHUS CICAYIOIUX YPaBHEHUI M CHCTEM B OKPECTHOCTH
Hayala KoopauHar?

7 5
Ay =z+y’; Oy =zlel-y; By =12 l+y3; Dy =y-aVz
dz dy ) dz  , s dy
= =t = =+ t; i v, 22
n) 7 ty, =t ¢l €) 7t AR AT = Vz.

« [IpnMensem teopemy o auddepeHIMPYEMOCTH PELICHUIA YDaBHEHUS % = f(x, y) B OKpeCT-
HOCTH TOUKH (o, Yo), B KOTOpOi yTBepxpmaercd, uro eciu ¢yHKuus f uMeeT B 9T0if OKPECTHOCTH
HETNpEpHIBHBIE YaCTHBIE IPOU3BOJAHEIE A0 k-T0 NOpsSAKA BKIIOYUTE/IBHO, TO PEIEHHE YKa3aHHOIO ypaB-
HEHUS C HaYaJbHBIM YCJIOBHEM Y(Tg) = Yo UMEET HENpephIBHBIE NMPOU3BOAHBIE A0 k + 1-ro mopsiaka
BKJIIOUUTEJIbHO. AHAIOTUYHOE yrBep)xneHHe cnpanewmno PI wm cnyllax Korna [ — BeKTOp~dYHKUHA.

a) Mmeem f(z,9) = = +y3, 35 =1, 3f = 81 =, _g —9—y,-£:—2g§=0,

3
—Z—y{- = %gy“i. BugumM, yro dyskumsa f Asaximel HelpepbiBHO IMQpepeHHMpyeMa B OKpeCTHOCTH

7
Hayana KkoopauHar. CrenoBaTe/I-HO, B CHUIY TIPMBESHHOM BHILUIE TEOPeMEI, 3aiaua §' = z+y3, y(0) =
HMEET B OKPECTHOCTH Havyana KOODIHHAT TPYIKABI HeTIpePRIBHO nuddepeHnupyemoe peleHue y = y(x).
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6) Tak xak ¢yHkums f(zx, y) = zlz| — ¥ HMeeT HellpepLIBHBIE YACTHEIE TIPOH3BOIHEIE % =2z,
%5 = —2y u He muddepeHnupyeMa IBAXAL B OKPECTHOCTH HAYAIA KOOPAMHAT (IIOCKOJIBKY hyHKIMS

-‘gg = 2| ne mmddepenmpyema npu = = 0), To pewenne y = y(z) 3amaum y' = zfr| — yz, y0)=0

JBAXIE HeNpepbIBHO AnddepeHnpyemMo. ,
5

B) IMockoneky dyHKima f(, y, ') = |2*] + y3 HMMeeT HenpepEBHEE NPOM3BOTHBIE %5 = %—yi

b}
" Ey@ = (0 B OKPECTHOCTM Hayajla KOODOMHAT, TO, COIJIACHO T€OpeMe CyLecTBoBaHHMA 0. 8.4, 3amaua

3
y" = [2°| +y3, y(0) = 0, UMeeT ENMHCTBEHHOE HElIPEPHLIBHOE pellieHHe Y = y(Z) B 3TOif OKPECTHOCTH.
IMoncTaBnsa y(x) B JAaHHOE ypaBHEHHME, MOMYYAEM TOXAECTBO

" 1.3 E
y@=lr+y3@),
U3 KOTOPOTO ClIeRYeT, 4T0 dyHKums y" HenpepbiBHa. JIU(bepeHINPYS ITO TOXIECTBO, HAXOIUM:

"

2 52 '
y (z) =3z sgnz+ gyS(w)y =), (D

10 _1 5 2 "
y@ = 6lel + 5 v i@ @+ v @' @) @)

B cuny Toro, 4to npasast YacTh ypaBHEHHUA (1) HENMpEPHIBHA B OKPECTHOCTH Hauajla KOOPOMHAT, a NpaBast
4acTh ypaBHeHHS (2) pa3pbiBHa NpH ¥ = 0, TO MOXHO FapaHTUPOBATh CYLIECTBOBAHME HEMPEPHIBHOM
TpeTbel IPOU3BOJHOMN PEILIEHNs1 PACCMATPUBACMON 3affadu.

1) B cuny toro, uro

4
v 7 v 1 -
=Yy - Ew y ¥ =Yy - §m )

sagava y” = y — 2z, y(0) = ¥'(0) = y"(0) = 0 MMeeT yeThIpeXabl HE/IPEPHIBHO AU dEPEHIUPYEMOE
pelucHue y(x) B OKPECTHOCTH Hayana KOOPJAWHAT.

) Oyuxmn fi(t, ¢, y) = t +y, fo(t, 2, Y) = = + t*}t| HeNpepHIBHLI H HMEIOT HENpPEPLIBHHIE
4aCTHBIE [IPOU3BOAHbIE

Lt
[N}

Qﬁ:l, —‘?ﬁ=o, ?—f—1=1, Qiz-=3t|tf, %=1, ‘9—f2:0,
at oz dy ot dz dy
0 (2 (S (O (0 T
9 ' ax2  otgr 0 8y  aydt  oydr
a’f — 6l OH _&h _8hH _8h_8h
at2 — " ogtdx ~ Atdy dxdy Oy dxr

B OKPECTHOCTU TOYKU (Lo, To, Yo), TOE &y = T = Yo = 0, MO3TOMY IaHHAasi CHUCTEMA YPaBHEHMII UMeEeET
TPXKIBI HeNpepHBHO nuddepeHunpyeMoe pelienue (2(t), y(¢)) B 3TOH OKPECTHOCTH.

¢) B arom cnyyae dynxunn fi (¢, 2, y) = y2 + \J/t_“, f2¢, x, y) = /= HenpepHIBHE B OKPECTHOCTU

2

toyku (0, 0, 0), onHaxko, MOCKOJBKY [POU3BOIHAS ) l? = v_]g-:c'i pa3pbiBHAa B 3TOH TOYKE, TO MOX-
HO [apaHTHPOBATh TOJILKO HEMpEPHIBHYIO auddepeHIHPYeMOCTh pelueHnil #(t), y({) naHHON CHCTEMBbI
YpaBHEHHH. P

214. Tlpu kakux a Kaxmoe pelueHHe NPOLODKAETCS Ha BeCKOHEUHbIH MHTEPBAT —00 < & < +00

a) g ypasuenns y' = |y|*?

6) ws ypapuenns y' = (y° + €°)*?

a
8) s ypasuenust ' = 9|~ + ((29/5)") ?
) s cuetems y' = (y° + 22 +2)7%, 2 = y(1 + 29)*?
1 1
<« a) Ilycre @ < 0. Torma y # 0 u pewenne nanHoro ypasHeHns y = (1 — a)Tez1-s (z > 0) He
L 1

nponokuMo BreBo. ITycte a > 1. Torna pewuenue y = (a — 1) T-e (C' — ) T-¢ ne NpomoKuMo rnpasee
Touku z = C, Taxk Kak npsMas ¢ = C SBISETCS aCHMITTOTON sl 3TOro pemeHus. Ecim a = 0, 10
ypaBHEHHUE ¥ =1, me y # 0, takxe Umeer HETIPOJOJDKMMBIC pellieHus Buaa y = £ + C (z # —C).
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Ipu a = 1 Bce pemenus ypassenus y = |y| onuceiBatorca ¢ nomowsio dopmyn y = |Cle® u y =
= —|Cle™™. OueBMAHO, YTO KaXI0e U3 HUX MPOROIKAETCHA HAa GECKOHEUHBI HHTepBal —oo < T < +00.
Hakoneu, ecmn 0 < a < 1, 10 Bce peleHus UMeIOT BUL,

. A . 1
y=(l-aTe@-0)T=, (@2C), y=-(1-a)=(C~2)T, (x<C), y=0
Jlerko BUAETD, YTO IIEPBOE PELIEHHE ABJIAETCH [1POJOIDKEHEM BToporo. Takum obpasoM, eciin 0 < a £
= 1, TO BCe pelueHUs PacCMOTPEHHOTO YPABHEHMST POJOJLKUMBI HA BCIO och 0.

. .

6) Tak xak ¢yHkums f(x, y) = (y* + €*)* BMecte ¢ YacTHOU NPOM3BOLHON 35 = 2ay(y’ + e
HeTpephiBHA B JII060# OKPECTHOCTM Hayajia KOOPAMHAT, TO COINIACHO TEOpeMeE CYLUECTBOBAHMSA YEpeE3
KaX/IyI0 TOUKY 9TOM OKPeCTHOCTH NPOXOAMT OZHA MHTErpatbHasi KpuBasg. ORHAKO HE IIpH KaXIOM a

. 1
BCE MHTErpabHbIe KPUBLIE MMEIOT CBOEH 06MacThio onpexenenys Cio ock Oz. Tak, ecw a > 5, TO
B cuny oueHkH ' = (¥ +e%)* > () = ly|** (@ > 0) U IpeasUIyLIEro rNpuMepa 3aKTIONAEM, YTO HU
OfiHO peuleHHe ypaBHEHUS § = (y2 +€%)® He rpono/KUMO BIIpaBo (peleHust 00s3aTeIbHO OyayT UMETh
BEPTHKAIbHBIE ACHMIITOTBL). .
1 z

IMycts a < % uzx >0, orma (i +e°)° £ (y2 +€*)? < |y +e2. Takum 06pazoM, clipaseInBa
dopmyna (4), n.8.3. 3HayuT, Kaxpoe pelieHWe AaHHOIO ypaBHEHMs IPORODKMMO Ha MOJIyMHTEpBal
0z <+0o0. Ecmm 0<a< %, TO OHM NPOJO;DKHUMBL U JIEBEE HYJs, Tak Kak 1ipu = < 0

@ +e) <F+1) <@ +1)1 < Jyl+ 1.
n nipuMeHumo yreepxaeHue 1. 8.3, Ilpu ¢ < 0 u a < 0 uMeeM oUEHKY
(y2+er)a < era
M3 KOTOPO# HAa OCHOBAHMM YKA3aHHOTO YTBEPXKIEHHS CHIEAYET, UYTO BCE PELICHUS] ypaBHeHUSs IpoJoJI-

KuMbl JieBee Hymst u npu a < 0. Takum obpasom, ecny a < %, TO KaxJoe pEuleHUE YpaBHEHMUS,
CYLIECTBYIOILEE B OKPECTHOCTH HAYajla KOOPAMHAT, HENPEPBIBHO TIPOJO/DKUMO KaK JieBee, TaK Y I11paBee
HyJI51 Ha OECKOHEUHBIA HHTEPBAJ, T.€. OHO NMPOJO/LKMMO Ha BCIO ock O,

B) OuesuaHo, npn a < | He KaXmoe peleHHE YPaBHEHHS MPOXO/DKUMO Ha Bclo ock Oz, T. K.
y#0(mpua<1 |y '+ ((mé/ﬂ)z)a — 400 nipu y — 0, CIeJOBATENbHO, HHTETPAIbHbBIE KPUBbIE
NPUOIHXAIOTCS K ocH Ox TIOX NPAMBIM YIJIOM W He onpefesieHb Npu ¥y = 0; nmpu a = 1 npasasi 4acTb
ypaBHEHUs He omnpeneieHa B Touke (x, 0)). Ecmu a > 1, To nmpaBas yacTb ypaBHEHMs] HETIPEpLIBHA,
CJIEJOBATENIbHO, YPaBHEHUE UMEET PEILeHMsT B OKPECTHOCTH J1I060it TouKH miockoctH zOY.

OueByaHO, 4YTO Kaxaoe pellieHue y(z), Wi kotoporo |y(x)| < 1, mpomoxuMo Ha Bcio ock O,
roaToMy GyaeM CYHMTATh, YTO CYHIECTBYIOT TAKUE T, JUIS KOTODPBIX CIIPABEUTMBO HEpaBeHCTRO |y(x)| > 1.

Tornampu 1 < a % MMEEM OLIEHKY

1l + (@997)” = Iy + eyl = w13e (1P + 15 ) < wl3*del + 1) < lol (m“ +1).

B cuny yreepxaenus n. 8.3 y mocieaHero HepaseHcTBa 3axiiodaeM, yto ecm 1 < a £ 7, TO KaXxioe
PELIeHUE ypaBHEHMS MPOLOLKMMO Ha BCIO och Ox.

Ecmm a = % +€ (e >0), o npu |z| > | UMeeM OUEHKY

z)a—l

1y 3 1 1
Y =yl (ol e > e
CrnegoBatesibHoO, npn a> % u |z| > 1 pelteHMs JaHHOTO ypaBHEHHS PAacTyT ObICTpee pelleHMii ypas-

1+
Hetus y' = |y| T3¢, HCCeXOBAHHOTO B IPUMEpE a), T. €. HE NPONOIDKUMEL

r) ITockonbky npaBbre YacTH CHUCTEMbI YPaBHEHHIT HEITPEPBIBHB! BMECTE CO CBOMMM YaCTHBIMY NPO-
M3BOZHBIMM 110 § M z NPH JI06OM @ BO BCEM MPOCTPAHCTBE NEPEMEHHBIX (&, Y, Z), TO B OKPECTHOCTH
Mo0OM ero TOYKM CYLUECTBYET EXUHCTBEHHOE pelieHHe JaHHON CHCTEMBI.

Tyctb a < 0. Torna 1wis CyMMBI KBajipaToB NIPaBbIX yacTei ypaBHeHHii ipu y>+22 > 2 cipaBeiuBa
OLIEHKA

(y2 + 2 +2)~2a +y2 (1 +z2)2‘z < (rz + 2)-2.: +rigr (l + ;25)-“ +r?

( < 4—ar—4a + 1'2 — f‘z(l + 4—ar—-4a—2)’
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e vl = y2 +22 ,» M3 KoTtopoii npt —4a —2 < 0, r.e.npu a 2> —% clieayeT, 4YTo

1
1= o7 + 2% 4 g2+ 2H < r(1 4+ 47T

Ha ocHOBaHHH IOJIy4eHHOI OLEHKHM U YTBEpXAEHUs 11. 8.3 3aKIoyaeM, 4To Ipu —% <a<0Bce
pELIEHUS CUCTEMBI IIPOAOILKUMEI Ha BCIO och Oz,
IIyctb @ > 0. Torna U3 nepBOro YPaBHEHHS CHCTEMBI MOXHO NOJYYHUTh OLEHKY

z dx z
9 <ol +| [ gy | <ol + | [ de| = ool + 1o = 2o,
z9 zo
e (%o, Yo) — Npomn3BoisHaz Ttouka. Kak Bumum, pewenue y(z) nponomkxumo Ha Bcio och Ox. Ha
OCHOBaHMH NOCJIeIHEN OLIEHKH NpaBast 4aCTb BTOPOTO ypaBHEHMS 1pH @ < % OLIEHHUBAETCA CJIEAYIOLNM
obpazom:

ly (1+2)7] <yl (1+22)7 < ol + b - izl + .

Orciona B cuily yTBepXKAeHuUs 1. 8.3 crenyer, uto ecmmn 0 < a < %, TO PELUEHHS] CUCTEMBI [POOILKUMBI
Ha Becb MHTEPBAT —00 < & < +00.
[ycts a < — % ,Torma y' > [y|™*. CrenosarensHo, petieHns ypasHeHns y' = (y° + 2% +2)™° npu

a< —% HE TIPOJOJLKUMBI, TAK KAK PacTyT GhicTpee, ueM pelueHHs ypasHenus y = |y~ , nmeromme
acCHMITOTHL (CM. IPUMED a)).

IIyctb a > % Torga, Kak Mbl BUENH, BCe pelleHus y(T) NPOZOJDKMMBI Ha Bcio ock Ox. Boapmem
KPHMBYIO ¥ = y(&) C HauanbHeIM ycioBdem y(0) = 0. B cuy Toro, uto y' > 0, dyHkuua y = y(z)
BO3pacTacT (3HaUUT, OHA MOJIOXHUTEIbHA NpU Z > (). CienoBaTe/bHO,

T
[!I(t) dt — +oo mpH T — +00. )
0
Hanee, MHTEIpHpPyYs BTOPOE ypABHEHHE CUCTEMBI, TIONTyYacM
Z d§ z
[(T;W =f!l(t)dt (z 2 z; 22 0).
Zg A

o

"
IMockonbKy [(l—f%F CXOOUTCS, TO OTCIONA M U3 (1) BBITEKAET, YTO £ — X NpHU 2 — +00 (2, < +00),
E)

T.€. IpsIMast £ = &; ABJIETCA aCUMNTOTON JUIA pelleHud z = 2(T).

HTaK, UcXomsi U3 MOJIY4EHHBIX PE3Y/IbTATOB, 3aKJIIOYaEM, YTO JIMIUGL NpH |a| < % BCE pEILEHHUSA
CHCTEMBI NIPOROJLKNUMBI Ha HHTEPBAT —00 < & < +00. P

215. Jns crenyrommx YpaBHEHHUI 1OKa3aTh, YTO PELUEHUE C IIPOU3BOJIBHBIM HaYAJIbHEIM YCJIOBUEM
Y(T9) = Yo CYLIECTBYET NP Ly < T < +00 U UMEIOTCS PEUICHHUs, HETIPOXO/DKMMBIE Ha TIONYMHTEpPBAs
-0 < T < X

)y =2-y; 6y =ay+e”’.

« Pynxunu fi(z, y) = :c_3 — %, fo(®, y) = 2y + €7 HENPEPHIBHE! BMECTE C YACTHHIMM TIPOM3BOJI-

HBIMH yl = —3y2, ; =gz —e ¥, noaToMy cornacHo TeopeMe cyliecTBoBanus 1. 8.1 depes kaxmyio

TOUKy 1J10cKocT! Oy NPOXOOUT OAHA INIanKasi UHTerpasbHask KpUBasi, CBOS IUI KAXAOTO U3 YPaBHEHHH
B a) 1 6). [Tokaxem, YTO BCe KPUBHIE IIPONO/DKMMBI HA TIOJYHHTEPBAT [, +00).

a) Ipsamas y = = geymr wiockocth £Oy Ha ABE YacTH, B JICBOH U3 KOTOPLIX BCE peHIeHHA y(x)
y6BIBaIoOT, T2k Kak y'(z) < 0, a B npaBoii YacT — BO3pAcTAIOT B Cty Toro, uTo y'(x) > 0. [Ipu 3toM
HU O[lHA MHTErpajibHask KpHUBas HE MOXET BHIATH U3 NPaBOii NMOJMYIUVIOCKOCTH, TIOCKOJBKY U 3TOrO eif
IIPULIOCH 6B Iepeceddb TNPAMYI0 ¥ = &, Ha Koropoit ' = (. CienoBatenbHO, HM OfHA KpHMBas B
TONYIIOCKOCTH & > Y @CHMITTOT HE MIMECT, T. €. OHA NPORXO/DKMMA HA MOJIYMHTEPBaI [Zo, +00).

4 o
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3ameHMB B JAHHOM YpaBHEHHM £ HA —&, TIOJMYYMM YpaBHEHHE
y=2'+y,

M3 KOTOPOr0 MHTCIPHPOBAHHUEM HAXOAUM

fod _f dt ' .
$—$0=/$3+t3 </$3+t3 ($>$07 y?yo: $0+y0>0)‘
W %

TTockonbKY MHTErpan cripaBa IIpH y — +00 CXOAUTCH, TO & — Z) NIpU y — 400, Tae Ty > &y. JHAYUHT,
KaXJo€e pelleHHe YPaBHEHUS ¥ = 2 - y3 HE TIPOXOJDKMMO Ha MOJYHMHTEPBAI (—00, To).

6) Mockoneky ¥’ = 0 npu zy +e ¥ = 0, To KpuBas & = —‘!‘I%y' HEJIMT BCIO IIOCKOCTh £Oy Ha TpH
00JIaCTH, B K&KAON U3 KOTOPBIX PEIUEHHUS MM YOBIBAIOT, WM Bo3pacraioT. HMccielyeM Ty CUTYalHIo
nogpobHee.

Bo3bMeM NPOU3BOJIBHYIO TOUKY (g, ¥o) B OG/NACTH, ONPELENAeMOil HepapeHCTBaMK ¢y + ¢ ¥ < 0,
z < 0. TTockonpky B 910ii o6nacTh y' < 0, TO OpUMHATA KpHBOM, NPOXOHsIEi Yepes TOuky (o, ¥o),
yOBIBaET W NMPUHUMAET MHUHHUMAJIBHOE 3HaUYeHHe Ha KpuBoi 2y + e ¥ = 0 (x < 0). Ilepeiina yepes
KPMBYIO 2y + e ¥ = 0, HHTerpanbHas KpuBad Nonanaer B o6macte, rne y' > 0. Ipu stoM opmunaTa
HMHTETPAJIBHON KPUBOIi BO3PACTaeT, ONHAKO B CHJIY OLEHKH

ley+e”?| < lzly+1, (y2=0)

M yTBepKaeHHus 1. 8.3 paccmarpuBaeMast MHTerpajibHast KpUBasi aCHMITTOTHI HE HMEET, T. €. IPOXOJDKAMA
BNpaBo npu x > 0.

Tenepb Bo3bMEM TIPOU3BONBHYIO TOUKY (To, Yo) B o6nactu, rme zy +¢e¢ ¥ > 0. Tak kak ¢ > 0
B 9TOll 06GnacTH, TO pelleHue y = yY(x), y(To) = Yo, Bo3pacTaeT. EC/IN KpUBas NONANAECT B BEPXHIOIO
MOYTLIOCKOCTR, TO pEIlEHHE, KaK MBI BUAENH, TPOXO/DKMMO BlipaBo. Eciiv Xe ona nonagaer B 061actn
zy+e ¥ <0,y <0, T0oB CHIY OTPUHATEIBHOCTH NPOU3BOIHON pelueHue y = y(x) Gyxer yOHBaTh.
brnaropaps KOHCTPYKUMH 9T0# 06sactu (/nmobGast BepTUKaIbHAsk NpsAMas NepeceKaeT rpaHuuy o0JacTu
B JByX TOUKax) HU OJHA MHTErpajbHasg KPUBAasi HE CMOXET BBIATH U3 HEe, a4 3HAYMT, HE MOXET OBITh
npoxoykeHa npu x > 0.

TTokaxeM Terneph, 4TO YpaBHEHHE UMEET HENPOXODKUMBIE Ha NOJIYUHTEPBaI (—00, Tg] pelleHus.

3aMEHUB B yPABHEHUU T HA —T U ¥ HA —¥ , NOJIYYUM

y=zy+e e’

TTockoibKy ypaBHeHue y' = e¥ umeer Ipy & > 0 HENPOLOJDKUMBIE PELIEHHUS, TO TIOJNYYEHHOE YpaBHe-
HHE, PELUEHNS KOTOPOTO pacTyT elie 6pictpee npu > 0, TAKKE MMeeT HENPOXOJDKMMEIE pelleHUd. P

216. IIycte Ha Bceit miockocv £Oy yHKUMH f U %5 HENpPEPBIBHB U Qﬁa@fa < K(2),

dyuxums K wenpepbiBHas. [Jlokasatb, 4To pelueHHe ypaBHeHHs y' = f(x, ¥) C TIOGHIM HAaYaIbHBIM
YCJIOBUEM ¥Y(Zy) = Yo CYLUECTBYET IPH Ty < T < +00.

<« U3 nByx middbepeHnanbHbx 3anay
¥ =f@y, y@)=y; =K@z 2z)=1y,
BTOpast 3 KOTODBIX SBMSETCH BCIIOMOTATE/ILHOM, MOWIEHHBIM BbIMUTAHHEM TIONYYaEM 3aauy
o = Q) + P(x)u, u(zg) =0,
rae u(z) = y(x) — z(z), Q=) = f(z, z(z)) — K(z)z(x), a P(z) = I (z,y(zc)) -/ (z 22)) MOXeT GBITE

y(@)—z2(x)
npeAcTasieHo B supe P(zx) = ) (:;I )

Mexay rpadukaMu y(z) n z(z).
Pewnenye nomyyeHHOM 3aayM MMEET BUI

u(z) = / Q) exp ( / P(s) ds) dt,
z0 t

, rie §(x) — HexoTopasi HYHKUMs, rpadMK KOTOPOH JIEXKHUT
y=¢{(z)
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OTKya B CHIIy YC/IOBHS 3afaui CIeoyeT, YTo
z z
@I < [ 1Q®lexp ( [ ds) dt = 8(z).
Z9 t

Tak xak ¢yHkums K HenpepbiBHA NPH T > &g, TO pelieHHE z = 2z(T) CYLIECTBYET IPH T 2> Tp U
HETPEPHIBHO. A TOTAA B CWIIY HENpepbIBHOCTH GYHKuMHK f U GYHKUMA @ Takke HeNpepblBHA NPH T 2>
2 ©y. CnepoBaTesIbHO, NIPU & 2> %o HENPEPHIBHA U MOABIHTErPaibHAsA GYHKUMS B OCIEAHEM HHTETPAJIE,
KOTODHIif TaKKe HeNpepeiBeH. TakuM 06pa3omM, NpH BCeX T 2> &, MMEEM
z(x) — (x) < y(2) < 2(2) + B(x),

OTKyJa Ha OCHOBAaHMH JIOKAJIbBHOH HEMpPEPHIBHOCTH (YHKUMHU y = y() CleAyeT ee CyLLECTBOBAHUE
U HENPEPBIBHOCTD NIPU T 2> Tg. P

217. JaHa cHcTema B BEKTOpHO 3anucH y' = f(&, Y¥), YIOBIETBOPSIOIAS YCIOBUSIM TEOPEMBI
CYLUECTBOBaHMS B OKPECTHOCTH KAXIOM TOYKM (&, y). Ilycth B oGnacta |y| > b mpu Beex @

yf @, y) < K@lyl’,
Ire y - f — cKalsgpHOe NMpoM3BeneHue, a dyHkuyst K uenpepuiBHA. JIoKasaTe, YTO peLIEHHE C TIOObIM
HaYaJbHbIM YCJIOBUEM Y(Tp) = Yo CYLUECTBYET NPH T K & < +00.
« YMHOXMB CKaJIIpHO 08¢ YaCTH JaHHOTO YPaBHEHMsI Ha BeKTOp-GyHKuMIO ¥ = y(Z) U 0603HaUnB
ly* = u(z), nomyuum
=2 f<2K@u, u>b,
OTKyJa

x
ul
™ <2K@®), ug uoexp(2/K(t)dt),
z9
MM OKOHYATE/IbHO

Iyl < lyol exp (1/ K@) dt) = 8(2).

Tak Kak ¢yHkuus K HemnpepelBHA NPH & 2> Iy, TO dyHKuUs P Takke HelpepblBHA NpU T 2> Tg,
ClieoBaTeIbHO, GYHKUMS |y| MposoDKMMa Ha MONYMHTEPBAT [Xg, +00). B
Ipamesanne. M3 HepaseHcTsa |y| < ®(z) eme He creayeT NPONOAXUMOCTs GyHKuMM |y| HE noayuHTEpBAIX
[xg, 400}, ecnu npu ITOM HE OYAET rapaHTUPOBAHO CYIHECTBOBAHME PELUEHMSI B OKPECTHOCTH KaXIoii TOUKM
TONYILIOCKOCTH & > Lo IUIOCKOCTH TOY.

§9. OcoObie pemenns

9.1. Ocoboe pemenne. /INCKDHMHHAHTHAS KpHBAas.

Pemenne y = () muddepennuansuoro ypasaennus F(z, y, y') = 0 HasbiBaeTcst ocofm, ecnv B
M0G0 OKPECTHOCTM KaXIOM €ro TOYKHM MPOXOAUT APYroe pPEelICHUE, UMEIOLEee B 9TOM TOUKE O6IIyIO
C HHUM KacaTeJIbHYIO.

Mycts ¢pynkuns F = F(z, y, y') HENpeprIBHA ¥ MMEET HENPEPLIBHBIE YACTHBIE TIPOU3BOHBIE TEP-
Boro nopsiaka. ['eoMeTpuueckoe MeCTo Todek @(z, y) = 0, NONyYyaeMbIX NyTeM MCKMIOUEHHs y' W3
YpPaBHEHMI

OF Y
) 0
Y

Ha3bIBACTCA QUCKPUMUHARmHOU Kkpusoli mudrpeperumanbHoro ypasuenus F(z, y, y') = 0. Cnenyer npo-
BEPUTD, SIBJIAETCS JIM BeTBb TUCKPUMMHAHTHON KPUBO#, YAOBIETBOPSIOIAs 3ToMy THddEpeHITHANBHOMY
YPaBHEHMIO, OCOOBIM PEIIEHHEM, T. €. KACAIOTCA JIM €€ B KAXIOM TOUKE NpYTHE peuIeHH.

AHAanOrMYHO TIOCTYTIAEM C FEOMETPHYECKUM MeCTOM ¥(2, ¥) = 0, YIOBICTBOPAIOLIMM YCIOBHSM

'
F@, yy)=0, &Y
dy

F(z, y, y,) =0,

HCOTrpaHWJYCHHAsL.
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9.2. Orubaomas KaK ocodoe pemieHme.

CeMeiicTBO MHTErPaNbHbIX KpUBBIX &(x, ¥, C) = 0 ypasuenmns F(z, y, y') = 0 MoxeT UMeTb oru-
Gaouyio y = (z). B TakoM ciyyae KpuBasi y = @(T) sABASETCS OCOOBIM pELIEHMEM YKAa3aHHOTO
ypaBueHus. Ecnin dynkums @ = &(z, y, C) nenpepbBHO quddepeHurpyeMa, TO orubaolias yaoBie-
TBOPSIET CUCTEME YPAaBHEHUH

00z, y, C) _
ac

BooGiie rosops, cucteme (2) yroBiaeTBopsier IMCKPUMHUHAHTHAas KpuBas cemelictea ®(z, y, C) = 0.
JUis oTmeneHHs OT OJUCKPUMMHAHTHON KDPHBOI HEKOTOPOMl €€ 4YacTu, COCTOsfIeid M3 OCOGBIX TOHEK,

MOXXHO NMOJIB30BaThCA YCIIOBUEM:
a%\> /9d\?
— — 0 3
(89:) * (33/) # ©)

Ha KPHBO, HE COCTOSILIIEN U3 OCODBIX TOUEK.
OcraBluasgcs 4acTb JMCKPUMUHAHTHON KPUBOIl MOXeT OKa3athbes orubaroweii. Ecny, B yacTHOCTH,
3Ta 4YacTh HE NPHUHAVIEXHUT pacCMarpuBacMOMY CEMEIMCTBY, TO OHA 3aBefOMO Oyzer orubarowieit,

(2,9, C) =0, 0. @

B crnenyrolnmx 3agauax HailTM BCe peLUCHMA JAHHBIX YPaBHEHHUI M BBIUIEJIUTb OCOOBIE PELLIEHHS, €CITH
OHH €CTb.

2
218. 4 -y’ =0. ,
<« Oyuxuns F(z, v, ¥) =y — y? nenpepoisro audxpepenuupyema, 03TOMY €C/IM JaHHOE YpaB-

HEHHE MMeeT 0co60e pelIeHHE, TO OHO YIOBJIETBOpAET cucTeMe (1), m.9.1: y’2 — y2 =0,2¢ =0, u3
KOTOpO# NyTeM MCKIoueHUs y' nonydaeM y = 0. KpuBast y = 0 sBISeTCa peluleHHEM paccMaTpHBae-
MOTO YPaBHEHMS, OLHAKO YTBEPXAATh, YTO OHO 0c060€, MBI TTIOKa YTO HE MOXEM.

Haiinem ocTanbHbIE PELICHHs TOTO ypasHenus. MMeem y' = ty, OTKyfla MHTErpUpOBAaHHMEM Ha-
xomnMm y = Cje®, a Takxe y = C,e . Tellepb BUOMM, YTO HH OHA MHTErPATbHAs KpHUBass M3 OBYX
NOJYYEHHBIX CEMEICTB HE KacaeTcqd KpHBoil ¥y = 0 (3a HCKIIIOYEHHEM, €CTECTBEHHO, ee camoil). Cneno-
BaTeJIbHO, pellieHNe ¥ = ( He gBJITeTCs OCOOhIM. P

219. (4 + 1)’ =27(z + )*.
<« Tonaras « + y = u(x) u paspeluas ypaBHEHHE OTHOCHTENILHO TIPOU3BOIHO, TIONydaeM
= 3u%,
otxyna u = (z + C)°, wm y = (¢ + C)* — &. U3 cucTeMsI ypaBHeHHii
Bz, y,C)=z+y—(@+C)P’ =0, -3x+C) =0

CIIEXYET, YTO KPUBAs Y = —& SAIB/IAETCS AMCKPUMHUHAHTHOM KPUBOM CeMelCTBA MHTErPAbHBIX KPHBBIX.
Tak KaK Ha AMCKPMMHMHAHTHON KpHBOMH

a8\? [8%\’
— — ) =2#£0
(39: ) + (33/ ) #
M 3Ta KpHBasi ceMEICTBY He NPHHAIUIEXUT, TO PEUICHNE Y = —T SIBJILEeTCS OCOGEIM. P

220. " = 4°(1 - y).

<« PaspeaeM ypaBHeHHE OTHOCHUTENIBHO IIPOU3BOJHOMN

¥ =12/y’A~y)
U UHTETpUPYEM TTOJIYYCHHEIE YDaBHCHUSA:
dy dt
+ / ———— a4+, + / ——=z4+C
2Vy3d -y +G sin?¢ +G

Iae ToNoXeHo y = sin’t (0 < £ < er-). IlpunuMasi BO BHMMaHWE U OUEBUNHOE pelueHne y = 1,
OKOHYATEJIBHO UMEEM )

’\ y=m, y=1L ’ (1)
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M3 ypaBueHmii
e=y(l+@+0)?)-1=0, %(y(l+(:c+0)2) ~1)=0

HAXOIWUM IUCKPMMMHAHTHYIO KpUBYIO y = 1. ITOCKO/NbKY Ha AUCKPUMMHAHTHOH KPHBOI

(52 +(32) 10
azr ay/) #

u y = 1 cemeiictsy (1) He npuHamiexut, 10 ¥ = | — ormbalomas sroro ceMeitcTsa. Crenosartenb-
HO, ¥ = 1 — ocoboe pemieHue JaHHOrO TG dEPEHIMATLHOIO ypaBHEHHS.

Ecnu A4 OTBICKaHUsI AMCKPUMUHAHTHON KpMBOI BOCIIO/Ib30BAaTLCS CUHCTEMOIH ypaBHEeHui (1), n. 9.1,
TO, KPOMe KPHUBOH y = 1, MOXHO MOJy4YHTh ele pewenue y = 0. OxHako, Kak BUAHO U3 (1), HM oxHO
PELUEHHE ITOrO ceMeiCTBa (MCKIMoYasi, ECTECTBEHHO, peluenue y = 0, noiyyaemoe u3 (1) npu C = oo0)
He Kacaetcsl peweHus ¥ = 0. Takum oOpasoM, peweHue y = 0 He ABIAETCA OCOOBIM. P

3
221. ¢ +y’ =y + D).
<« PewiuB ypaBHeHHE OTHOCHTEIBHO MPOU3BOTHOMN, TIOMyyuM JBa TudpepeHUMANbHbBIX YPaBHEHWST:
Y=y ¥==%y.
[IpounTerpupoBaB MX, HAXOOUM
z 1 2
y=Ce; y= Z(w+Cz) ; y=0
H3 ypasHenmii

B=dy—(x2+C))*=0, —2x+C)=0
cnenyer, yto ¥ = (0 — IMCKpUMHHAHTHas KpUBasi. B cuiy ycinosHs

(a¢)2+ (3@)2 C16£0
o ay/) ’

BBITIOJIHAIOLETOCS HA AUCKPUMUHAHTHOM KPHBOIA, M TOro, 4ro KpHBas y = 0 cemeiictey ®(z, y, C) =0
He NIpUHALIEXUT, 3aKmodaeM, yrto y = 0 — orubamooman cemelcTBa y = zlr(a: + C;)z, clienoBaTeb-
HO, ¥y = 0 — ocoBoe pelueHue. b

222. 41—y)= Gy - %",

4 Umeem
Vi—-y 2
=42 Y 2 ( = <1)
y Iy —2| y¢3, y<ly,
OTKyZIa
11/‘3”'2‘(1 =z+C
3 ’—l—y Y= s
WIH

2 2
y(l-y)—-+C)y =0
Kpome toro, y = 1 — ouepnanoe pewmenne. U3 ypaBHenmii
o=yl (1-y)-(@+CY¥ =0, -2z+C)=0
cnenyer, uro y* (1 —y) = 0, wm y = 0, a Take y = 1. Tak Kak y = 0 He ABIACTCA pelIEHHEM,
a Ha KpuBOH y = 1, Koropas, oueBUOHO, ceMeicTBy ®(z, y, C) = 0 He NMpUHAVIEXUT, BEITOJIHSETCH
TO y = 1 — ocoGoe peureHue. »

YCJIOBHE
() + (5 =rw
oz ay/) ’
223. 4 —zy+ y =0.

« Ionaras /¥ = 2, nony4um JMHeRHOE THGGDEPEHIHANBHOE YPAaBHEHHE
’ 22 —2z+1=0,
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MPOUHTErPUPOBAB KOTOPOE, HAXOIUM
1 z
z=»E(C—z)e2.

Taxum o6pasom, oblliee pellIEeHHE UCXOAHOTO YPAaBHEHUS UMEET BHA
1 2
y=Z(C—z) e 0))

B npouecce MHTErpHpoBaHUst ObUIO MoTepsiHO peweHue y = 0. B cuily HeorpaHWYEHHOCTH MpPOU3-
BOZHON % =T - 2% opu y = 0, tae f(z, y) = zy — /y — npasas 4acTb pacCMATPUBAEMOTO
andepeHunanbHoro ypasienus y' = f(z, y), peinenue y = 0 MoxeT GBITb 0co6bIM. 3 ypaBHeHMiA
ad
" ac
TAKKe CIIEAYET, YTO KpuBas y = 0 MoXeT OuTh 0coboii. Tak Kak

ad\? /80\?
(52) +(55) =120

Ha 3TOif KPUBOIA, a cama KpuBasi ceMeHCTBY (1) He MPUHAMWIEKHUT, TO, COMNACHO N. 9.2, peiteHue y = 0
ocoboe.

224. ¥ = p(2)lyl® (0 < a < 1), THE ¢ — HeNpephIBHas GYHKIIMs!, OTIMUHAS OT TOXISCTBEHHOTO
HYyJIA.

« IIycts y > 0. Torna, pasgesnsst nepeMeHHbIe U UHTETDUPYs, TOIYIUM

1 1
(I»Ey—Z(C—z)zez:O, =5(C-2)e" =0

y=(C+(1—a)/<p(z)dz)l—_lE. 9}

Tak Kax NpOU3BOLHAs %((p(z)lyl“) He orpaHMueHa npu y = 0, To, COIIACHO TEOPEME CYLIECTBOBAHUS

e[IMHCTBEHHOTO PELeHUs ISl YpaBHeHUs y' = f(z, y), peweHue y = 0 MoxXeT GuTh ocobbiM. U3
ypaBHEHHM I

‘I’E”‘(C*”“‘“)f“"”)d"”)ﬁ:o’ Z%E‘ﬁ (C‘*”(l—a)/fp(m)dm)ﬁ:O

HaxoauMm, 410 y = 0 — JAUCKpUMHHAHTHAasA KpuBas cemeitctsa (1). B cuny ycnmosus

ad\? 80\’
— ] +{=—] =1#0
(52) +(55) =170
BBINOJHSIOLIETOCS HA AMCKPUMHHAHTHON KpUBOiA, U TOro, 4T KpuBast ¥ = 0 He NPUHALIEKUT CeMei-
crBy (1), 3akmoyaeM, yro y = 0 — orubalouias cemeiictea (1), T.e. y = 0 — ocoboe pelicHHUE.

ITpu y < 0 aHaJTOTMYHBIM NYTEM NTOJIyYaeM APYroe CEeMENHCTBO MHTErPATbHBIX KPUBBIX, IS KOTOPOTO
xpuBas y = 0 Takke sBisieTcs orubaloWe. »

225. okasatb, 4T0 dyHKIMA Yy = 9P(%) — ocoboe pellieHHe YPaBHEHHs
yl _ ¥ (z)
Y(x)
II€e ¢ — HENpephIBHas, a Y ~— HemnpepbiBHO AubdepeHmmMpyemas GyHkuuM HA uHTepBane (a, b),
npuyem P # 0 Ha (a, b).
o Monaras y = z(x)yP(x), NomyuynM nuddepeHIMaILHOE ypaBHEHHE
2= P
Y() ’
a
e QyHKIMsa ﬂgj— HEMpPEPBLIBHASA, MM03ToMy (cM. npumMep 224) pemeHue z = 1 — ocoboe, a Torna
uy=y@E) — ocoﬁo{ PEIICHUE MCXOIHOTO ypaBHEHUs. P

y+e@ly-v@I° 0<a<l),
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226. Mokazats, 4To GYHKUMH y = F9p(x) — ocobble peLICHHs YpaBHEHHU
, ¢( )
)
e 0 < @ <1, p, ¥ — HenpephBHbIE Ha MHTEPBaIE (&, b) dyHKuMM U Vz € (g, b) ¥(x) # 0.
<« B pesynprare 3amensl y = z(x)tp(z) nomydaeM AuphepeHUHATLHOS YPaBHEHUE
2 = p@)| - 11,
e g = g—lzplz"‘ — HenpepbiBHas ¢yHkuust. [fomaras B mocienHeM ypaBHeHMM z = 1 + &(x), rne
e(x) > 0, ¥ MHTETPHUDYS NOJIYYEHHOE YPABHEHUE, HAXOIUM

oy + p@y - @)%,

A T—a
&(x) = (2"(1 —a)/ﬂ(t) (1 + %—)) dt+C> , T€(ab), =z €(a,b). hH

OueBnano, nHudhepeHInaIbHOMY ypasHerHIo € = Fe®(2 + €)® yaosneTBopsieT Takke GyHkumsa € = 0
Ha (a, b). [TokaxeMm, 4TO B KaXA0Ii TOUKE T4 € (a, b) PyHKuMY € U € = 0 UMeIoT OOLIYIO KACATENIbHYIO.
W3 (1) nmeem

1 a
e(zo) = CTa, ¢'(zg) = CT-a f(mo)(2 + £(20))". 2
B touke KacaHus ¢ abcumCcCOi Ty JODKHBI BBITIOJIHSATECS YCIIOBUS
e(@) =0, ¢&'(xp) =0. (3)

U3 (2) u (3) cnenyer, uto C = 0. Takum 06pasoM, mobast GyHKUMS, OnpesesieMast ypaBHeHHEM

() = (2"(1 ——a)/ﬂ(t) (1 G )) dt>_‘a

TOX/IeCTBEeHHO paBHa HyJI0 Ha (a, b). 3r1o o3uavaer, 4to peierne ¢ = 0 — ocoboe, T.€. pelICHHE
y = Y¥(x) — ocoboe s AaHHOTO JudPepeHUMATLHOIO ypaBHEHHSI.
AHAJIOTMYHO JOKAa3bIBAETCs, YTO PELIeHNE Y = —1(x) TaKKe SBIAETCT OCOGhIM. P

HaiiTy ocobble pellieHNs1, HE UHTErPUPYs CAMOI0 YPaBHEHMSL.

2
227. " (- b) - 2zyy’ — 2> = 0.
« Pa3peutas ypaBHeHHMe OTHOCHUTEIBHO MPOU3BOAHOM), NOTyyaeM

,_zyElzlVy +2? b

v= 22 ~b ’

Ecmu |z| > b, 1o 4epes kaxaylo To4KY MI0CKoctH Oy NpoOXOOMT eJMHCTBEHHOE DellleHHe KaKIOro

U3 ABYX JUddepeHuMaIbHbIX ypaBHeHU (1), TAK KaK B 9TOM CJIy4ae WX NpaBbie YacTH HenpephbiBHBIE

M MMEIOT HENpepbiBHbIC YaCTHBIC IIPOM3BOAHBIE 11O Y.

IycTs |z| < b. TOrxa yCIOBUsI HeTpEPhIBHOCTH HAPYBIAIOTCH Ha KPpHBOI 22 +y? = b. OfHaKo B cuiTy

JIILIL NOCTATOUHOCTH 3THX YCITOBUH (10CTATOYHOCTH ISl CYLleCTBOBAHUS eAMHCTBEHHOTO PELIEHHS), MBI
He MOXEM YTBEPX/JATh, YTO YKa3aHHAsl KpWBas IipejcTaBisieT coboil ocoboe peleHue.

M

[IpuMeHUM pe3yssTaT peiieHus npuMepa 226. 3nech Gynxunu @(z) ==+ Pli—Lb uy'(z)y=-— ﬁi‘

HeMNpephIBHLL IIpH || < b, a = %, CIE/IOBATENBHO, pellleHus y = t4p(z) = £vVb — 2? — ocobbie wist
KaxJoro u3 ypapHeHui (1), T.e. Kpuas 22+ y2 == b JeiCTBUTENbHO SABIsETCS 0cO00M. B

228. y-20y —y" =0. . :
2
4 3pech F(z, y,y') = y—2zy —y" , wacTHas npousBoaHas %% = 1 orpaHMyYEHa, a U3 YPABHEHUIA

2
F=y-2zy -y =0, gg’ = -2z — 2y’ = 0 cnenyer, YTo 0COBLIM PellleHHEM MOXET GHITH TONLKO
GyHKuMA ¥ = ~z”. OnHaKo, KAaK JIETKO MPOBEPHTh, Y = —x’ He SBIACTCA PELICHUEM yPAaBHEHHS,

ClieA0BATEIbHO, 0CO6hIX pelleHNIi HeT. P
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5 3 4
229. 4" + (z+ %—) y - (1 +m2)y— T =

16_0'

<« Paspeuiass ypaBpHeHHE OTHOCHUTEIBHO MPOU3BONHOM, MMOIYYHM

, 1 +:1:3
=—=|x+ —
y=73 2

VIi+a?
) + ——4—m—\ll6y+m“ + 4z2.
Tonarast fech v = y + 1 (m“ + 4z2) , AMeeM

o =+V1+eva, u>0.

Tak kak GYHKUMHE £v'1 4+ 2?2 HelpepuIBHLI, TO, COIIAcHO Npumepy 224, pelileHue u = 0 — ocoboe.

A Torna y = —% (m" + 42?) aBnsercs ocobbim peLIEHUEM HCXOJHOTO YPaBHEHUSA. B
230 yzyﬂ v’y

z

2

+a =0.

2 _ ;

o [Tonmarag y° = 2u u paspelass NOJYYCHHOE YPABHEHHE OTHOCHTENBHO U , HAXOAUM
u 1 )

== i—'\/ul—almz, u>0.
z |z
IIpnMeHUM pe3yIbTaT pelieHus puMepa 226. B 1aHHOM ciyyae
P 1

1
= :D) ==+
ERE R
€CTb HerpephiBHble IpH ¢ # 0 dyHkuuy, a o

|z
pewrenus. Torna y° = 2|az| sBAAETCS OCOBHIM DELlIEHHEM HCXOIHOTO YPaBHERNs npn £ £ 0.
2
231.2+yy —ay =0.

%. CnenoparensHo, ¢ = tazx (z 7 0) — ocobbie
4 Y3 ypaBHeHHH

, 2
F=z+4+yy —ay =0,
TIYTeM MCKIOUEHHs y HAXoiuM Kpusyo y° + daz

OpPOBEPUTb, HE €CTh 0c0bast, MOCKOMBKY QYHKUHH Y

p— !
IudOepeHIMATBHOrO YPaBHEHHUS. B

0, xoTopast, KaK HETPYJHO HENOCPEICTBEHHO
+2¢y/—ax He ABIAIOTCH pellieHHsIMH JAaHHOIo
12 !
232. yy +y(z—-y)—z=0.
<« PaszpemnM ypaBHeHue oTHocutensto y'. Tlomyanm
z
7 ’
y=1 y#0 u y=-—, y#0.
ITockonbKy NMpaBble YacTH MOMydeHHBIX JH(depeHIHANbHBIX YPABHEHMIT U UX YaCTHbIE MPOU3BOAHBIE
0COOBIX peLIeHUI HET. b

MO y pa3pbiBHBEI TONBKO NpH ¥ = 0, a dyHkiMs y = 0 He ABAsAETCS PEiICHHEM NaHHOTO YDAaBHEHHS, TO

233. 4y -4y = (1+2%)y’

2
« 3anucas ypaBHeHue B sune F(z, y, ¥) =0, e F(z, y, i) = 4y° —4y*— (1+m2) Y M HCKmouuB
y' M3 CHCTEMBI YpaBHEHHI

F(z,y,9¥)=0,

JdF , 2
noJsy4yacM ypaBHeHUeE y3 - y2 = 0, coaepxaiuee peileHUs UcxoaHoro auddepeHUNAIBLHOIO ypaBHe-
HUg y = 0 ¥ y = 1, KOTOpbIE MOTYT GBITH OCOGEIMH.

PaapeilMB faHHOE ypaBHEHHE OTHOCUTENBHO MPOM3BOAHOM, HMeEM

y = yvy-l
T+ 22
H30JINPOBaHHBIM. P>

[TockonbKy npaBast 4acTb ypaBHEeHHs1 (1) cymiectByeT npH ¥ 2> 1 u y = 0, To pemenue y = 0 Absierca

8))



§ 9. Ocoluie pemenun 105

Ipumeyanne, PelieHne y = () Ha3bIBACTCA U30AUPOGAHHBIM, ECITH B HEKOTOPOM €10 OKPECTHOCTH HE NIPOXOISAT
JIPYTHE HHTETPATbLHbIC KPABBIC,

3
Monaras B (1) y = 14 £(z), tae 0 < (z) € 1, n npenebperas dpyHxumei £ 2 (z), MOXEM 3anucaThb

1
He(z)?2
7
(@) R ——. )
+/1+ 22
MNpubanxenHoe ypasHenue (2) umeer peiedne £(z) = 0, KOTOpoe, KAK CrelyeT M3 npuMepa 224, ectb ocoboe.
A Toraa 1 ypasueHus (1) pellenune ¥ = 1 takxke Oyner ocoObIM.

234. Haittu ocoboe peleHne AudepeHINATBHOTO YPaBHEHUS, €CIIH U3BECTHO CEMEICTBO pellie-
HUIf 3TOTO ypaBHEeHHs.

ayy= Cz’ -—Cz' 6) :z:y:Cy—Cz' B) y:Cz(m—C)z.

<« 2) Tak kaK dyuxunus &z, y, C) =y — Cz? + C? nenpepbmsHO lmq)q)epeﬂuﬂpyema TO COTJIAaCHO
. 9.2 AMCKPYMWHAHTHAS KPHBasl CEMENUCTBA MHTErPAIbHBIX KPUBLIX Y — Cz” + ct=0 YIOBJIETBOpPSIET

CHUCTEMe YpaBHEHUH
ad ) 2 2
—=-2'4+20=0, d=y-Cz’'+C* =0,
ac
4
U3 KOTOPO# NMyTeM MCKIIIoYeHHst apaMetpa C CllelyeT, 4To y = % [Momyuunu siBHOE BRIpaXEHUE AJIA
JHUCKPHMHMHEHTHOR KPHUBO.

. 9% _ = 9% \? a8\? _ 6
B cuny Toro, uto 37 = —209;4- -z, 7;— =1, (FE) + (“Jy_) =142 # 0 Ha IMCKpUMHU-
HAHTHOW KPWBOiA, U KpHBas y = 24— JAHHOMY CEMERCTBY He NMPHHALIEXUT, TO MOCHEAHsIs SBJISETCS

4
orubamoieii, T.e. y = %— — 0co60¢ pelLIeHHe COOTBETCTBYIONIETO AMtdepeHIIMAIBHOIO YPABHEHHSI.
6) AHATOrHYHO MpeABITYUIEMY UMEEM
Ik
d==x C+C 0, —=-y+2C=0
y—Ly ac Yy ,
orkyaa C = % i y2 —4zy = 0 — AMCKPMMHMHAHTHas KpWBas, pacriajaioiiascs Ha uge: y = 4z

u y = 0. Ha nepsoit kpHBoi (%3)2 + (%})2 = 1722 # 0, Ha BTOpOIi — (%})IJF (%3)2 =2 £0.

Tak Kak kpuBasg y = 4z 1Y Npu KakoM C He NpHHALIEXUT ceMeiicty ®(z, y, C) = 0, 10 comtacHo
1. 9.2 oxa siBsAeTCS 0COOBIM PELICHUEM COOTBETCTBYIOIIETO AM(GhePeHIHATBHOTO ypaBHennsl. Bropas
kpuBad y = 0 (z # 0) NpUHAIEXUT YKa3aHHOMY CEMEUCTBY, MO3TOMY BOIIPOC O TOM, SIBJISIETCSI I OHa
0COOBIM pELIIEHUEM, OCTACTCS OTKPBITBIM. JIJig pelLlieHHsl BONIPoca IIPEACTaBIsIeM KPUBBIE CeMEICTBa NPH
z # C B Buste
CZ

V=4 ey
Mockoneky ¥ (z0) # 0 mpu C # 0, To xpuBbie cemeiicTsa (1) He Kacalotcs Kpuboil ¥y = 0 (z # 0),
3HaYUT, TIOCHEHSISI 110 ONPEIAETEHUIO HE SIBISETCS] OCOOBIM peLlleHUEM.

B) Mckniouas napamerp C U3 ypaBHEHHUI

&z, y,C)=y—Clz—C) =0, ?g =2C(z — C)2C —z) =0,

N10JIYy4ACM JABC BCTBH l[PlCKpHMI/IHaHT}{OH KpPlBOH

2
16

IlockonbKy nepeast BeTBb JAHHOMY CEMEICTBY He HpI/IHa,LUIC)KHT U HA HeH

() (3g) -1

TO OHa siBJIfeTCsl orubarollieii. Bropas BeTBr NPUHAUIEXUT CEMECTBY, NOITOMY HECMOTPS HA TO, YTO
%% =1 # 0, HenMB3s1 YTBEPXKAATD, IT0 OHA TakkKe OyaeT OrnGarolleii.

y= u y=0.
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ITpoeepuM YCIOBHUSI KAaCaHUA KpUBOH y = 0 K OCTaJLHBIM KPHMBBLIM ceMeiicra. Ilyctb zq — mpo-
H3BOJIbHasA a6c1mcca. Torna n3 YCIIOBUSI KACAHMsL CIICAYET, YTO AOJDKHBI BBITIOIHATBECS PABCHCTBA

Y'(20) = 2C7(m—C) =0, y(zo) = C*(zp~C)' =0, CZO.

JIerko BHAETD, YTO OHU BBITIONHsIOTCS npu C = zy. CiexoBaTeNbHO, Yepe3 KaXaylo TOUKY {zq, 0) npo-
XOJIUT TIO MeHbiliel Mepe ABe KpHBble: y = 0 U y = z3(x — 24)°, UMEIOMHUE B Heil OBIIYIO KaCATENbHYIO,
nosroMy Kpusas y = 0 sBasieTcst orubaioien. »

§ 10. 3anauym Ba TpaeKTOpHM

10.1. H3oroHAbHBIC H OPTOTOHAILHBIC TPACKTOPHA.

JIMHUM, TIePECEKAIOLIHE BCE KPHBBIE NAHHOTO CEMEHCTBA IUIOCKHMX KPUBBIX IIOJ OXHHM M 7€M Xe
YIJIOM (o, Ha3BIBAIOTCS U3020HAAbHbIMY MPAEKMOPUAMY 3TOTO ceMeiicTa. B yacTHocTH, ecn ¢ = % , To
HM30TOHANILHBIE TPAEKTOPHH HA3LIBAIOTCS OPMOSOHANLHOMU.

Jlnst OTBICKaHWsT U30TOHATBHBIX TpaeKTopuii cemeiictBa KpuBbix d(z, y, C) = 0 crexyer cHauana
cocTaBuTh audbepeHUMAILHOE ypaBHeHUE YKasdaHHoro cemeiictsa. Ilycts F(z, y, y) = 0 — nudide-
PeHIMaTbHOEe YypaBHEHHe AaHHOTO cemeiicTBa. Torna ypapHeHue

!

F(ou £55) =0, M
mem=1tgp (¢ # Z} ), sasiercs auddepeHIUATEHEIM YPaBHEHHEM N30TOHAIBLHEIX TPAEKTOPHIA, a ypas-
HeHue

Flz,y-%) =0 @)

€CTh ypaBHEHHe OPTOrOHAJIbHBIX TpaeKTopHii. IIpouHTErpupoBap 3areM ypaBHeHHe (1) wium ypaBHe-
HUe (2), OTYYNM CEMEHCTBO U30TOHABHEIX WIH CEMEHCTBO OPTOTOHANBHEIX TPASKTOPHIA.

Ecmu nmeem cemeiicTso kpusbix ®(p, 6, C) = 0, 3anaHHOe B HOMIPHOM CHUCTEME KOOPAWHAT p, 6,
u F(p,0, p') = 0 — muddepeHyuanpHoe ypaBHeHHe 3TONO CEMENCTBA, TO U3OIOHABHEIE TPAEKTOPUH
(p # ) MOXeM HailTH, NPONHTETPHPOBAB ypaBHEHNE

(p,0 M) = 0. 3

p—mp
JInst OTHICKaHHS OPTOTOHANBHEIX TPAEKTOPHIA CITEAYET MPOMHTErPUPOBATE YPABHEHUE
2
F(pa 0,—%,—) =0. C)]

10.2. Dpomora K IROJLBEHTA.

TeoMeTpHuecKoe MeCTO LEHTPOB KPHBHU3HH, OTBEYAIOLINX BO3MOXHEIM TOUKAM HEKOTOPOI KpH-
poii I', HasbiBaeTcA 360ar0moli K s10it xpuBoil. Kpupas I' no oTHollneHHI0 X cBoeif sBomore K Ha-
3biBaeTCA 360166emol. OCHOBHOE CBOWCTBO, CBa3niBaroiee kpusble K u I', cocToMT B TOM, YTO Kaca-
TENbHast K DBOJLOTE SIBISIETCS OTHOBPEMEHHO HOPMANBIO K 3BOMLBEHTE. TakuM 06pa3oM, eciii H3BeCTHA
3BOJHOTA, TO CEMEHCTBO 3BOJILBEHT MOXHO HAWTH, pacCMAaTPHBasA MX KaK OPTOrOHAJILHBIE TPAEKTOPHH
CeMelCTBa KacareIbHBIX K IAHHOH DBOJIIOTE.

Hycr € = £(8), n = n() — napameTpuueckue ypaBHeHHUs 3BOMOTH. Torma, UCIOJB30BaB yKa-
3aHHOE BBILIE CBOWCTBO, NAapaMETPUUECKUE YPABHEHUA ceMelicTBa 3BoRbBEHT z = z(t, C), y = y(, C)
MOXHO OTIPEACANTD U3 cUcTeMbl AudhepeHIMANBHBIX YPaBHEHHI

o1 dr
e = (ai% - dy’ (5)
=+ (- n.

PeumMB HEPBOE YPABHEHHE 3TOi CHCTEMBI M NOACTABUB HalIEHHOE T BO mopoe ypaBHeHue, HomyauM
MAPAMETPHYECKUE YPABHEHUS JBONBBEHTHL.
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Haliti OpTOTOHANBHEBIE TPACKTOPHH CeMENCTB JIMHMIA.

235, y = as".

« CornmacHo n.10.1, crauana cocrasiseM uddepeHnmMansHoe ypaBHEHHE AAHHOTYO ceMeiicTsa
B(z, y, a) =y — az”. Fmeem

od
&z, y,0)=0, — =y —aaz” =0
@, y,0)=0, 9z Y
Orciofa HyTeM MCKITIOUEHHs IPaMeTPa a HaxojuM HyXHoe ypasHenue zy — ay = 0. 3aMeHMB B no-

ClIe/iHeM ypaBHeHuu y' Ha — glr , NOIy4uM nuddepeHUMATBHOE YPaBHEHHE OPTOTOHATBHBIX TPAEKTOpUI

z
1—/—[- +ay=0. )
O6umit uHTerpan ypasHeHus1 (1) UMeeT Bux
2+ ozy2 =C.

Taxum obpa3oM, ecimi a < 0, To ceMeicTBO THIEp6OI OPTOrOHATBHO APYTOMY CeMeiicTBy runep6on;
ecnu a > 0, To ceMeicTBO mapaGosl OPTOTOHABHO CEeMeNCTBY DIUIUMCOB; HaKoHen, ecmd a = 0, To
CEMECTBO NOPH3OHTAIBEBIX TIPSIMBIX OPTOTOHAIBHO CEMENCTBY BEPTUKAIBLHBIX NIPSIMBIX. B>

236. (2a - :1:)y2 =2
« Hckmoyas napaMeTp a U3 CUCTEMBI
Qa-z)y’ -2 =0, —y*+2Qa—z)yy — 3> =0,
noryyaeM auddepeHunanbHOe YpaBHEHHE AaHHOIO CEMENCTRa:
'z — 3’y -y =0.
EMy cootBerctByroT iuddepeHuHATbHOE YPaBHEHUE OPTOIOHANBHEIX TPAeKTOPHIA
22° + 32’y + ')y = 0.
Ilocneanee ypaBHeHHe ogHopoaHoe, Pelliast ero U3BeCTHHIM CIIOCOO0M, HaXOAUM OOLIMI MHTErpa:
3
/%du-&-/d;:m@ e u= %,
(a:2 -{~yz)2 = C(Za:2 + yz). »
237. 2 + y* = 2az.
4 AHAJIOTHYHO TIPOJENAHHOMY BBILLIE, MMEEM
2 +y’—2ax=0, 2z+2yy —2a=0,
otkyna 2zyy + z° — y* = 0. ITocle 3aMeHHI B NIOCIEMHEM YPABHEHUH ' Ha —glr noayduM audupepeH-
LMAIbHOE YPABHEHHE OPTOTOHANLHEIX TPAEKTOPHUii
@ -2 +2zy=0.
310 onxopomHoe ypasHeHue. [lonaras y = zu(z), UMeeM
de u -1
T wW+u
O6umii HHTETPaX 3TOro ypasHEHUS UMEET BU
a:(u2 +1)=Cu, wm 2 + y2 =Cy. »

du = 0.

238. 4> - 2p(z —a) = 0.
« HcxnoueHne napamMerpa a U3 ypasHEHMIA
.'/2~— 2p(z—a)=0, 2yy' —2p=0
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C OOHOBpeMeHHOIi 3aMeHoH y' Ha —;}r MPHUBOIMT K AMMDEPEHIMATBHOMY YPABHEHHIO OPTOTOHATBLHBIX
TpaeKTopHi
y+py =0.
HWurerpupys ero, HaxoanuM .
y=Ce ?,
TakuM 06pa3oM, HCXOAHOe CeMEUCTBO napabos OpTOroHaIbHO CeMENUCTBY 3KCHIOHEHT. b

Haiitn ceMeiicTBa N30TOHAIBHBIX TPACKTOPUIA JIMHUIMA,
2, 2
239. s —y=2"+a (go: %)
4 InddepesunatsHoe ypapHeHHe JAHHBIX JUHUA MMEET BHJT
1-y —-2z=0.
Orcrona, ncnones3yst ypasHenue (1), m. 10.1, (m = 1), nonyyaeM nuddepeHunaIbHOe ypapHeHHe H30~
TOHAILHBIX TPACKTOPUH
yl -1 - )
l—>——-2z=0, wm l—z-zy =0.
y+1
Hurerpupys nociennee ypaBHEHHe, HaxonuM TpedyeMble TPaeKTOPHH
y=InCz-z. »

240. 2’ + y* = 2az (go = %)

<« 3aMensist B M depeHIMaNBEHOM YPaBHEHHH £° — y° + 2zyy’ = 0 JaHHOTO ceMeiicTBa TPOH3BO.-

’
' —1
Hylo y' Ha Ly’Jrl’

corjacHo (1), nn. 10.1, nonyuaem

y'(c::2 - y2 +2zy) + - y2 —2zy =0.
Wnrerpupys 510 onHoponHoe nuddepeHINMaIbHOe YypaBHEHHE, HaXONHM
1—2u—ul

dz y
— — =1InC ==
l—u+eu?-ud u+/m ne, e z’

OTKy/a ,
r+y =CE~-y).»

241. 2’ + y* = o’ (p = a).

« Eci B nuddepeHUMaIbHOM ypaBHEHUU JJAHHOTO ceMelicta z + yy' = 0 BMecTo yf moACTaBUTE

!
_1+Ly%¢; (a# % ), TO HonyunM audpepeHunaIbHOE YpaBHEHHE H30TOHAIBHBIX TPAEKTOPHIA

, ym-—=z
y="—— m=tga.
rm+y :
Tlepeiins K MOJBIPHBIM KOOPAMKATAM T = pCc0sf, y = psin @, nonyyum ypasxesue p' +mp = 0, otkyna
—mé
p=Ce ™. p»

242. p = a(l +cos6) ((p = %)
« VcKmounB napameTp & M3 ypaBHEHMHA
p = —asinb, p=a(l+cos6),
nony4uM auddepeHHanLHoe YPaBHEHUE IaHHOTO CEMENHCTBA:
psind + (1 + cos)p’ = 0.
Orciona, cornacHo (4), 1. 10.1, HaxomuM JuddbepeHIMATEHOE YPaBHEHUE OPTOTOHANBLHEIX TPaeKTOpHii
p'sind ~ (1 +cos@)p = 0,

KOTOpPO¢ MOXHO 3aIIMCaTh B BHIAC
/

l+cosé p

sing ~ p’
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ITpOMHTErpUPOBaB MOIy4eHHOE YPaBHEHHE, HAXOAUM MCKOMOE CEMENCTBO

[
p=Csin2 =, wm p=C(1-cosb). »

27

243. p’ =Intg6 +C ((p = '72[>

« 3ameHuB B 1uddepeHINATEHOM YPaBHEHUM CEMeliCTBa
;1

PP = Sin2e

2
HPOU3BO/HYIO p' HA — /;)—, , cornacHo (4), n. 10.1, umeem nuddepeHIMATBHOE YpaBHEHUE OPTOFOHANTBHBIX

K J@aHHOMY CEeMEWCTBY TPaeKTOpHH
P+ p’sin20 = 0.

Pasgienss B HeM MePeMEHHBIE W MHTETPHPYS, HAXOAMM TpeGyeMble TPACKTOPUU:

' 1
P = cos20 >
2
244. 2= 2 = a).
p cos 20 (p=a)

« [eiictByeM O TOif Xe cxeme, 4TO U B NpenpinylleM npuMmepe. CHavana nomydaeM auddepeH-
HIHATLHOE YpaBHEHHe JaHHOTO ceMelCTRa:
p = pig26.
/
3aMeHUB B 3TOM ypaBHeHHH p’ Ha p - %j—gﬁ ,tmem=tga (a # %), cornacHo (3), n.10.1, umeem
nuddbepeHIIHATbHOe yPABHEHHE UIOTOHABHEIX TpaekTopuil p'(1 + mtg26) = p(ig26 —m), p # 0, win

7

P 926 - a).
P

Hurerpupys rocienHee ypaBHEHHE, HAXOAUM CEMEHCTBO H30TOHANBHBIX TPAEKTOPHIA
C

p= V]cos(20 — a)| >

245. p =a(l +cos6) ((p =a; a# %)
« [InddepeHUMIBHOE YPABHEHNE AAHHOTO CeMEHCTBa UMEET BUI
p'(L+cos) + psingd =0.

} / +m -
3aMeHUB 311eCb p Ha pl;%”;ﬁ (m = tga), noayduM JuddepeHIHATBHOE YPaBHEHHE H30TOHAIBHBIX

TPaeKTOPHIA:
p' (1 + cos8 — msin ) + p(m + mcos 8 + sin §) = 0,

Wi
/

P __mcos%+sin%

p cos % -~ msin g—
ITpouHTErpHpoBaB 3TO COOTHOLICHME, MOIYYHUM

1np:2lnlcos%—msin%|+ln0x, wm p=Ccos’ (%+a).>

246. p=acoso ((p =a; a# er-)
« 3amMensist B muddepeHIMATEHOM YPaBHEHHH 3TOro ceMeicTBa
p cos@+ psing =0
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IIPOU3BOMHYI0 p' Ha pﬂ%mﬂﬁ (m = tga), comacHo (3), n.10.1, 3anuceBaeM guddepeHUHATLHOE
ypaBHEHHUE n3oronam,ml:1x TPaeKTOPHI:
p_ 1gf+tga
; T1- tgatgl
MHTErpUPYst KOTOpOeE, MOTYy4acM UCXOAHOE CEMEHCTBO:
p = Ccos(8 + ).
OueBnayo, ecim a = 0, TO NOJIyYeHHOE CEMEICTBO, €CTECTBEHHO, COBMANacT ¢ JAaHHbIM B YCIOBHH
3agadyu. p

=—1g(6 +a).

Haiith 38051bBEHTH JIMHMIA.
z
2417. y = ach ~ (uennaa aunus).
a
« 3anuiieM cHayala MapaMeTpU4ecKue YpaBHEHUs [ieITHOM JIMHUN:
{=at, n=acht,

a 3aTeM, BBLIYMCIUB MPOU3BOLHYIO 7jf = %Z = gsht, BoCIONIb3yeMcsl IEPBLIM ypaBHEHHEM B (5), m. 10.2.
Toraa monyyum

dn dz
d¢ =adt, dp=ashtdt, n= — =sht=——. 1
{=adt, dnp=as nédgs y )
Bropoe ypasHeHue B (5) MpUMeET BHJ,
y =acht+shi(x — at). Q)
Juddepenuunpys obe uactu (2) u nojcrapus dy B (1), momyunm:

dz
(x — at) chtdt + shtdz’

sht =

WId
dz
zsht + Chtﬁ = atsint.

Peliias muHEHHOE YpaBHEHHUE ¢ TTOMOLIBIO METOJAA BAPHALMHM TIPOU3BOILHOM TIOCTOSIHHON, HaXOAUM:

C
=a(t —tht) + —.
z = a( )+ hi 3)
IToncraBuB 3HaYeHHe Z B (2), UMeEEM
_ Csht+a 4
~ cht )

ITapamerpuyeckue ypaBHEHMs! CEMECTBa DBOJIBLBEHT LUECMHOM JTMHUM UMeIoT Bul (3), (4). »
248. £ = a(cost +tsint), n = a(sint — ¢ cost) (oxpyxmoc}b).
o JeiicTByst IO TOH Xe CxeMe, YTO U B NpeJbIiylieM NIPUMepe, MOIyYUM:

. dn
d¢ = atcost, dn=atsint, -—-=tgt,

d¢
y = a(sint — t cost) + tgt(:c — a({cost + tsint)), dy =tgtder + — (:c — a(cost + tsint)) dt,
cos?t
dz dz . .
gt = — +xtgt = asint(l + t1gt).

tgtdz + (= — alcost +tsint))dt’  dt

Hurerpupys NONy4eHHOE JIMHEITHOE ypaBHEHHE € TIOMOIIBIO METONA BApHALMH NPOU3BONBHOM 110-
CTOSTHHOM, HaXOAUM:

at
z = Ccost+ -2—(25mt —tcost).
Torna

at? )
y = —atcost + C—-—2— sint.

TTomyuunu napamemuqﬁcme ypaBHEHHsI MICKOMOTO CEMEICTBA 3BOILBEHT. B
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249. ¢ = a(t —sint), n = a(l - cost) (yuxrouda).
4 AHAJIOTUYHO C NPOJETAHHBIM BhILE, UMEEM:

. dn t
d¢ = a(l — cost)dt, dn=asintdt, E =ctg 2
t . t
y = a(l — cosi) +ctg5(mﬂa(t —-smt)) =2a +ctg5(m — at),
dy=(z-adyegs - E=D g gl d
y=(axr — clg s — — , Clgn =-— - 7
2 2sm2% 2 (dm—adt)ctg%—%.—a})-g—

sin

ITocne HeCMOXHBIX 1IpeoGpa30BaHMI TIOTYYNM JUHeHOe nuddepe HUNANIBbHOE ypaBHEHHE

dz :z:tt_a_t ttt
a7 e T plini-bees,

of1uil MHTETPaJI KOTOPOTO UMEET BUJ
t
z = Csin 3 + a(t + sint).
Toraa
¢ .t . . t
y =a{l —cost) + ctg 3 (C smi +a(t +sint) - a(t - smt)) = Ccos 2 + a(3 + cost). »

250. ¢ =acos’t, n= asin®t (acmpouda).
« Tockoneky df = —3acos’tsint dt, dy = 3asin’t cost dt, To

ﬁ=—tgt y=asin3t—tgt(m—acos3t) dy =acostdt — @ di
d¢ ’ ’ cos?t

dz
acostdt ~ £ _iotdr
cos” ¢

—tgtde,

tgt =

M3 nocneanero paBeHcTBa MOJYYaeM JIMHENHHOe InddepeHIMaTBHOE YPaBHEHUE

dm+ gt = Sttgt
o Tewet=acostigt.

Ero ofiliee peLieHUE UMEET BUIL
a
z = Ccost+ 3 costsin’ .

Ocranock Haitt y. Haxonum:
a a
y= asin®t — tgt (C cost + 3 costsin’ ¢ — a cos’ t) = —Csint + acos’ tsint + 3 sin’¢.

INomyynnm napamMeTpyUuecKue ypaBHeHHs TPeOyeMBbIX DBOBBEHT:
a

x = Ccost + 5

a
costsin’ t, y=—-Csint+ 3 sint(1 4 cos’t). »

251. ¢ = 28, p=3¢%
« Kak 1 B npeablayliux npuMepax, MMeeM:

dn 1 1 z dz

= —6t = - =3 3 =

d¢ = —6t"dt, dn=6tdt, %=1 y=3t" - (+2), dy~(t2+2t) dt - —,
dp 1 dz dz z 2t

el W ——'—2——27———.
de t ,(sz”t)dt_gtg d  tt2+1) £2+1
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IIpuMeHMB K NTONYyYeHHOMY JiHeHHOMY THddhepeHIMAILHOMY YPABHEHUIO METOI BADHALIUH TIPOU3BOJIE-

HOI1 MTOCTOSTHHOM, HAXOIUM:
Ct

VEFT
Jna onpeneneHus Y NMOACTABUM IOJNYYEHHOE 3HaYeHME  BO BTOpOE ypaBHeHHMe cucTeMs! (5), m. 10.2.
Hmeem

z2=2+

ct c
y=3t" -~ (2t+ ————+2t3) i
t VE+1 t2+1
Takum oGpa3oM, MapaMeTpHuecKre yPaBHEHHS IBOJIBBEHT NJAHHOH KPHMBOIA 3alIMCHIBAIOTCH B BUE:
e=24 2 =t'-2 c_»
St ey YT VBT

Ynpaxnenns 11 CaMoCTONTe IbHOH padoTh

Haiiti peieHns cieayommx 3amay.

o0

1.y’=2(zrl+l—:02nl—~l),:c¢0 2.y ~/S‘“tdt, y(0) = 1.

n=1

3. ydz + (,/:cy— \/:E)dy =0,y1)=1. 4. 2Xy’ —cos2y—1 =0, y(+o0) =
+00

5. (22 + )y = 2zy, / y(z)dz cxomntes. 6. 1 / y(#)dt = ky(z), y(1) = 1, k = const.
0 0

[IpouHTErpHpOBaTh YPABHEHMS.

7.y = %+e’;22—f_%f. 8.y = %+sinztg%. 9. 2x—4y+6)dz+ (z+y—3)dy=0.

10. (2 +y+ 4y =20+ 3y—5. 11 Jayy = /o5 — y* + ¢

Haiitu penrenus cnexyrommx 3agay-Koum,

12. sin (”TJ’ﬁ;—:‘) dy + e gy = 0, y(0) =
13. (:c —ydz— (:c -2y +6:c)dy =0, y(1)=1.

4. " —y")dz +y> (:cz —y2) dy=0, y(1)=1. 15. oy =ycosln £, y(l) = €3,

r
2

TIpONHTErPHPOBATD CIEAYIOIIME JIMHEHHbIE YPABHEHMS H CBOAALAECA K HHM.
16. y = z(y' — zcosz). 17. y' + ysinz =sinz. 18. (zy + ) dz — zdy = 0.
19.y = #;7 20. y +2y=€" -y 2L 3y — 227 Sy = dy.

[TocTpouts obllee pelieHUue ypaBHeHHI B (hopme Kolum.
2 21
22. y +y1+$ =e. 23. y +y(1 + :cz) sinz =cosz. 24. 4 +ytgr =cosz. 25. y' + L =

/ y(@)dz| <

Peumts crneayioiiue midxepeHIaIbHbBIE 3a1a4H.

26. zlnz% +iy=2(nz—1), ye)=2—5i. 27. 2 y +y—ez——3———2-,

-1
28. ¢ = (3z4y2 + ys) (:cy4 + 2:c5y) , y(=1.
[1pOHHTEIPHPOBATSH CJIEAYIOLME YPABHEHHs Puxkaty.

1
2
29. 2y'=zy+y2+-xl;—3. 0.y=4-L 12 3.y -2zy+y’=5-47, /y(:c)d:c:l.
0

2
2.2y -y +Qx+ 1)y(= 22 + 2z, /(:c —y)lde=1.
1
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[IpounTerpupoBarh ypapHeHHs B NMOMHBIX middepeHInanax.
3
33. (1 + ¢*sin2z)dz — 2ycos’ zdy = 0, 34. 32*(1 + Ingy)dz = (2y - l’y—) dy.

2
z x*+1)cos _
35. (m-f'z) dx + i—cw_—l—ldy—o
[IponHTEerpMpoBaTh ypapHeH#s, 110J00PAB MHTEIPHPYIOILIMA MHOXUTED.
36. zy’(zy' + 1) = 1. 37. (2 + 3Iny)ydz = zdy.
38. (2 + 2z + y)dz — (z — 32’y)dy = 0. 39. (&’ — y)dz + 2(y + 1)dy = 0.

Haiiti BO3MOXHEBIE 0COObIC TOYKH, KPUBBIE H OCOOBIC pEILICHMA.
1
0.y =y 4Ly =yy. 42. ¢ = g+ 1. B.y =2Yzy. 4.y = }5; (\5/374-:1:3 ‘\5/5)
Perimmte ypaBHEHHA ITyTeM CBeleHUS MX K AUdpepeHITHAIBHBIM.
z z z

45. y(x) = = + / e ty(t)dt. 46. / @ - RO dt + & / 5z — 6yt dt + 22 = 0.
0 : 0 0
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JInd¢epennnanbabie ypaBHeHUS
BBICHIMX NOPSAIKOB

§ 1. Buansl nETErpApYEMbIX HEIMHEHHBIX YpaBHEHHIA

1.1. Jduddepenmmamnoe ypasrenne suga F(z, y™) = 0.

Juddepennuansroe ypapaenne suna F(z, y™) = 0 MoxeT GBITH NPOMHTETPHPOBAHO, €CTH YPaB-
HeHue F(z, u) = 0 MOXHO pa3pelliuTh WIH OTHOCHTEIBHO u = ((2) WM Xe OTHOCHTENIBHO = = ¥(u).
JlelicTBUTENIBHO, B ITEPBOM CITy4ae UMeeM

N o(z), y= /(:c — " o@)dt + e + Cor™ . 4 Cogz +Cy (1)

1
n-—1)
£

e C; (j =1, n) — NPOM3BOJIBHBIE TIOCTOSAHHBIE.
Bo BropoM ciyuae nonaraeM y™ = ¢. Torna = = ¥(t) u d@y™ V) = tdz = t'(t) dt, orxyna

y" = / ty'(t)dt + Cy.

Ananornuno Haxomum Yy 2, y™ ) Ly = gt) + w(t, C1, Cyy ... ,Cp), TIE g M W — UIBECTHHIE
dynximn. TakuM o6pa3oM, oblliee pelICHHE HAXOOUTCS B ITapaMeTpU4IecKoi dropme
T = '/’(t): y= g(t) +w(t, Cl, C27 vee :Cn)' (2)

Unorna ypasrennio F(z, y™) = 0 ynomnetsopsioT napaMeTpuueckue ypasHenus z = a(t), y™ =
= Bt), .e. F(a@®), B®)) =0 npu t € (fo, ;). Torma, NEUCTBYsT aHAIOTMYHO MIIOKEHHOMY BHIlLIE,
IToJIyJaeM NapaMeTpuyecKne ypaBHEHHs OOIIEro pellieHus, UMelonero Bux (2).

1.2. Jdndpepemmansnoe ypasaenue suga F (y™ P, y™) = 0.

Ecm ypasHennio F'(u, v) = (0 y1oBIETBOPSIOT napamemnqecme ypaBHeHus u = a(l), v = B(t),
t € (L, t;), To mnbdepennuanbHoe ypaBHeHMe Buma F(y™” ” ") = () MOXHO IIPOMHTEIPUPOBATD.

JleiicTBHTENIBHO, TOTAA 1) -
¥y =a@), y =60

n d@y™ V) = Bty dz, wm o' (¢) dt = B(t) dz, orkyna
t
/ O
B®
PDyHKuMIO Yy HaxomuM U3 IudhepeHIHaIBHOIO YPaBHEHHS y("_l) = a(l) cnoco6oM, yKasaHHBIM B 11. 1.1.

1.3. Jindpepemmarsnoe ypasnenne suna F (y™~2, y™) = 0.

Hycrs u = a(t), v = f(t) — dyHKIMHU, YIOBIETBOPAIOLINE YPABHEHMIO, YKa3aHHOMY B 11. 1.2. Torna
mnddepeHuManbHOe ypaBHeHye Buga F (y""z), y"‘)) = () MOXHO TIPOMHTEIPHPOBATE. JICHCTBUTENBHO,

AMeeM, -t "
= w/ B —
¥yl =a®), ¥ =pw),
WM, eci BBecTH oBosHadenue ¥ 2 = z(z), 10

( 2(z) = a®), 2"(z)=pE).
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H3 nepBoro ypaBHeHUs HAXOOUM
!

, d a y o'y — 2o
Z(x) = aa(t)= g z(x)= ———;,3—
Hcmnonb3ys Bropoe ypaBHEHHE, T10Ty4aeM
o'd —d =2 8. 3)
Ec/ii MONIoXuUTh ' = %, TO ypaBHeHHe (3) IpUMET BAJ,
a'x —x'a’ = g, 4)

910 ypasuenne Bepayium. [ycrs x = 2’ = ¢(C, t) — ero obuee pellenne. Toraa
z=/¢aoa+q.

s nonydeHus ¢yHKuuM y = y(t) dHTerpdpyeM n — 2 pa3a YK€ M3BECTHLIM HaM CIIOCOOOM ypaB-
nenne y"? = a(t). Taxum o6pasoM, nomyyaeM obiiee pelreHue THdQPepeHIMATLHOTO YPABHEHHS
PACCMATPUBAEMOrO BHAA B rapamerpuueckoii hopme.

[Ipounrerpupopath JuddepeHIHaTbHbIE YPABHEHHS U HAiTH YaCTHHIC PELICHHUS TaM, IIE 3alaHbl
HAYTHHBIE YCJIOBHSL.
252. y" =z + cosz.
« TTocnenoBateIbHO MHTETPUPYS 00€ YACTH YPaBHEHHWsI TPH Pa3a, MOIyJaeM
" f 232 R
Yy = ] (z+cosz)de +C| = > +sinz + C,

z? z’
y’:/<7+sinm+C1) d£+C2=z‘—cosx+Clz+CZ,

2 zt z?
y:/ ?—cosz+C,z+C2) dz +C; = a—sinz+C,—2— +Cuiz +C5. >

m

253. V= -1, mpnzg =0, =2,46= 1,y = 1,55 = .
« Cuavaa HaxomuM oOliee pellecHUe:
2
x
ylllzez_z_*_ch le:e:_7+Clz+Cz,
3 2 4 23 2

z z .
y’:ez—-6—+cl7+021?+03, y=e ——22+C|?+Cz7+03£+04.

3aremM nogbupaeM 3HAYEHHE TIOKA [IPOM3BOJILHBIX IIOCTOSHHBIX TAKUM 00pa3oM, YTOOH! yROBRJIETBO-
DHTb 33laHHBIM HAauaIbHBIM YCIoBUAM. MiMeem
1=1+C|, 1=1+Cz, 1=1+C3, 2=1+C4,
orkyna HaxomuM Cp = C; = C3 = 0, Cy = 1. UacTHoe pelueHre UMEET BHA
4
T
= - — +1.
y T
5 -
254. y" +sing” ~1=0,mpuzo=1, yo=gs =y = 2.
<« Jlerko nokasartk rpaduuecku, 4To ypapHeHHE a’ +sin a— 1 = 0 MMeeT eUHCTBEHHENA JeHCTBH-
TeNbHBINA KOpeHb a;. CliefioBarebio, y” = a), OTKyIa, OC/eAOBATENLHO HHTEIPUPYS, TIONYIaeM
2 3 2
” ’ T x 3
y =qz+C, y= a|7+C|x+Cz, Y= 01?4‘01? + Crz + C;.
Jltst onpeneicHUs MOCTOSHHBIX WHTETPUPOBAHHA NOJIL3YeMCA HAYaILHBIMH YCIOBHsIME. MMeeM
ay ay C|
— +C+0C,, 2=—4+—+4+C+C
2+|+2, 6+2+2+3,
oTKyJa HaxonuM Cy =2 —a;, C; = 9'21, C3=1—%‘-.

2=C!|+C|, 2=
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B cuy 3TOr0 YacTHOE pellieHUe HMEET BUIL
3 2

z x ay ay
=o;—+Q-a)—+—z+1l——.p
y=a~ 2-a) > t3 6
2
255. y" 4 ay’ -2 =0.
<« Paspeinys ypaBHeEHHE OTHOCHTENIBHO ', MOMyunM:

" T z2
=——+4/— + 2%
¥Y="37V%

ITocKoIBKY YpaBHEHUsI OTHOCATCA K BUIY ¥ = @(Z), TO ABYKPATHLIM WHTETPHPOBAHUEM MOXHO HONTY-
YUTh MX O6mue pelieHus. OaHaKo, MONyYeHHbIe YPABHEHHS MOXHO IIPOMHTEIPUPOBATDH TAKXKE C ITOMO-
1ILIO [TApaMeTpa, TIOJIOKUB, HAIIPUMED, T = 2+t (1ipM 3TOM paaMkaj ucuesaer). Toraa MmonyuuMm
Y=+, y=-'-2" -t ;
Janee nmeem
dy)= (£ +8)dz= (£ +£)at+1a,

OTKyaa
y':/(t3+t2)(2t+l)dt+C,:zt5+§t4+i+Cl
5 4 3 ’
25 3, P 2, 3, &
dy= 28+ +—+C | de= 2+t + = +C | @+ Dt
y <5 +4 +3+1 4 5 2 3+ 1] (2t +1)

Hurerpupys eie pas, HaxOIUM:
19

—/ 25, 30,0 ¢ (2t+1)dt+C—it7+—t6+£t5+t4+C(t2+t)+C
Y=\t Tyt Tyt T35 Te0 Teor T2 M 2

AHAJIOTHYHO WHTETPHPYEM BTOPOE YpaBHEHUE, P

3
256. ¢y -2y —x=0.
<« 910 ypasHenne Bupa F(z, y™) = 0 mpu n = 2 u ero MOXHO Pa3pelInTh OTHOCUTENLHO &.
Hmeem
II3

z=vy" -2,
Honoxus ' = ¢, nonyuaem z =t — 2t. Hdanee, d(y') = tde = t(3t2 — 2) dt, otkyna

3
y’=/(3t3—2t)dt=Zt4—t2+C,.
Be - (3 4 _ g2 _(3p_p 2 _
5010 Ouepems, dy = (3t*~ £+ C1) dz = (' — £+ C1) 3 - 2) dt, orxyna
3 9 9 2
y:/(zt4—t2+Cl) (3t2—2)dt+02:—t7——t5+(Cl+—3-)t3—201t+02.

28 10

Taxum 06pa3oM, HONYYIWIH obliee pelIeHHe JaHHOro anddepeHIMaNbHOro ypaBHEHHUS B IlapaMeTpH -
yeckoit opme:
97 9.5 2\ s
=0 -2 y=_—-t -t +(c +—)t —2Ct+Cy. >
y Y 28 10 1+ 3 1 2
257, " +Iny" —z2=0;nmpu 2 =1, yo =1, vh = 2.
€ AHATOTMYHO U3IOXKEHHOMY Bhile, riojaraeM 3y’ = ¢, Torna

1
z=1t+Int, d(y')=td:c=t(1+?) dt = (¢t +1)dt,

oTKyaa ,

, t
y=[e+na=5+t+c,
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a TaKXxe

1 £ 3
y= / ( +t+C,) ( ?) dat+C = 3 + Zt2+(c' + 1)t + CyInft| + C;.
CrnenoBaTe/ibHO, o0llee pelieHHe UMeeT BHI:
£ 3
z=t+Int, y= E+Zt2+(C' + Dt +C Int +Cy.
OuepunHo, g = 1 npu ¢ = 1, mosToMy

t2
]
Yo = <5 +t+Cl)

=1.

£ 3
=2, = <ﬂ+ Zt2+(Cl+ l)t+Cllnt+Cz)

=1 6 =1
W3 gByx nocneaHux ypaBHeHuH HaxomuM C| = %, C, = —%. YacTHOe peleHne UMEET BUA
£ 3, 3.1 17
=t+Int =—4-t'+-t+<int— —.
x + ’y,6+4 +2+2n 12»
258. 4" — V' =0.
<« 910 ypasuenue suna Fy™ ™, y™)=0npu n=3 u F(u, v) =v — e = 0. ComacHo m. 1.2
nMeeM
y — t ylll — e—t,

orkyma d(y") = e tde, wi dt = e dx. Wnrerpupys nocnelmee ypaBHeHue HaxomuM z = € + Cj.
JL1st osydeHust (byHKLle y BocIonb3yeMcs ypaguenueM y” = t. Hmeem d(y') = tdz = te' dt, otkyna

¥y = /tetdt-{—C; =et—1)+C,.
HurerpupyeM eitle pas:

[av=[(¢e-n+cr)as+ci= [(de-D+C)earo,

WIn )
et

3
y=—2—(t—§)+C2et+C3.

OKoHYATENTLHO UMEEM
2

3
:c:et+C|, y:%(t—§)+Czet+C3.>

259, 4" —y" =0.

<« Yparnenue orHocntes k suny F(y™ ™, y™) = 0, onHako, B oTIHuME OT NpebITYIIETO NpUMepa,
IJIs1 €r0 MHIETPUPOBAHMS HPUMEHHM JpYToi criocob. [Tonaras B HeM y" = z(z), Hony4nM ypaBHeHHWE
nepBoro nopsaka z' — z = 0, obiree peiene xoroporo z = Ce”. Cnenosarensro, y' = Cye®, oTkyna

y=C|61+CziC+C3. >

260. y +y"” —1=0.

<« Kax u B npenpiayiem npumepe, nonaraeM y” = z(z). Toraa 2 + 22— 1= 0. B nonydeHHoM
YDAaBHEHUH Pa3NENAIOTCA ITepeMEHHBIE:
‘ __dz =dz
+V1-72 '
[IponHTerpupoBaB, TOIyJaeM

z=dsin(x+C;), wm y’ = xsin(z + C)).
Wnterpupys ellie aBa pa3a NMocaeaHee YPABHEHHE, OKOHYATETLHO HAXOAUM
(y — Gz - Cy)* =sin’(z + Cy).
KpoMe Toro, uMeeM eliie O4eBUAHOE pemexme

y= ﬂ:2 + Cyz 4+ Cs. »
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Ipumeganne. Peme}me :m)ro YPaBHEHUA MOXHO ROIYYHTD B apaMeTpu4eckoii gopme, ecnn Bocnonbaonauc;x
TOXIECTBOM sin? t+ cos t — 1 = 0. JeitctBuTenbHo, nonarasgs B JaHHOM ypaBHEHMM y = sint, y = cost,

moxeM 3anucath d(y”) = costdz, wn d(sint) = costdz, orxyna £ = t+ C; (cost # 0). Janee, d(y') =
=sintdz = sint dt, orkyna

y = /sintdt+ Cy = —cost+ Ca.
B ceoio ouepenn, orciola caeayer, yto dy = (Cy — cost) dz = (C, — cost) dt, noatomy
y= /(c2 —cost)dt+Cy = Cat —sint + Cs.

KpoMme Toro, MMEI0TCs elile PELIEHNs ypaBHEHHS y" = 1, KOTophIE He IpPUMHALIEXAT OGLIEMY PELIEHMUIO.

3
261. yn +3yuy1 _ y =0.
« TTonoxum y" = ty'. Torna 3 ypaBHEHHS TIOJTYUMM, YTO
! -3 -2 !
y =t " =3t" y=0.
TaxuM 06pa3oM, JAHHOMY YPABHEHHIO COOTBETCTBYET CHCTEMA YpaBHeHMI
y=t7 =372 ' =t2-3t71 @¢#£0), y=0.
IMockonbky d(y') = y” dz, To B Culy NEPBBLIX ABYX YPABHEHMH CHCTEMbI HAXOMUM

a(t? -37) = (7 - 3t )de,

(2t l)dt 1 It]
= =3({-—-In .
3/t2(1 +C 3<t [1- 3¢ +G

I/I3 IICPBOrO YPaBHCHUS CUCTEMbI UMECEM
B 3,
dy=(-3"+6*)dt, omym y= ot Sy,

Kpome Toro, kak cneayer M3 TPEThErO YPABHEHHS CUCTEMbI, ¥ = C eCTh Taioke pELICHHE NTaHHOTO
ypaBHEHUA. »

262. " +y” -y =0.

<« MMonaras B TaHHOM ypaBHeHWH Yy = =+ cht, nonmyyaem

1
" = 4 sh2t.
y 58

OTKyna

Orciona crenyeT, 9to d(xcht) = :l:% sh 2t dx, unu
d " dt
7= e
Hurerpupys, HaxomuMm & = F2arctg ¢! + C,. U3 ypaBHenus y' = +cht, npuHuMas Bo BHUMaHHE
BelpaxeHue i dx, monydaeM y = ¢ + C,. Takum o6pa3oM, mapaMeTpHuecKHe ypaBHEHUsT OOLIETO
pELUEHHST UMEIOT BUX
z=+2arctge +C;, y=t+C, »

263. 4"+ 2y"Iny’ —1=0.
<« Beons napamerp ¢ o dopmyne y' = ¢, U3 ypaBHEHHA IOMTyYaeM
o 1
T 142Int’

Tak xak d(y') = y” dz, To B CHIIy apaMeTPUYECKUX MpencTamieHuit npoussomHeX ' u ' uMeeM

ypaBHEHHE
dz

= 1+2nt’ M
Hurerpupys ypasHenue (1), nonygaem

z=t2Int - 1)+ C,.
(DYHKUMIO iy HAXOMWM W3 ypaBHeHms y' = ¢, noaw3yacs (1):

(dy=tdz =t(1+2Inp)dt, y=t'Int +C,.
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OGflliee pelicHHE YPaBHEHHS HMEET BHA
z=t2Int—-1)+C, y=t'Int+C »
264. v +y)e’ =1.
< JleiicTByeM 110 TO# Xe cxeMe, YTO M B NpeapinylueM npumepe. Mmeem

1"

y=t y'=

Ortciona, B cany cooTHoweHust d(y') = y” dz, monyyaem
(1 +t)dt = e dz.

Cnepopare/ibHO,
z=te' + C.

U3 ypaBHenus y = ¢ HaxonMM
y= /td:c+Cz = /t(1+t)e‘dt+02 = ~t+1)e +C,

Hrak, monyuund obiee pelieHue
=t +C, y=@~-t+1)e+Cp.p

265. 4" —e?=0.
<« D10 ypaBHEHUE BUIA F(y‘"“”, y("’) =0 npu n = 2. CoracHo 1. 1.3 nmeeM
y” = ;B(t): y= a(t): 1)
rze a(t) = Int, B(t) =t. YpaBHenue (3), n. 1.3, npuHAMaeT BUI

Ly Ly th +u 4% =0

P z t:c :c , wm b +x x =0,

e ¥ = «'. PeunB mocienHee ypapHenne BepHymwin (wim, ewe npoue, ypasHende (Ex) + (tx)’ = 0),
moJydaeM

Orclofa HaXOOUM:

1
s L VG VEF G VO + VA +C

dt
=% [t = +C ¢ >0;
¢ N ARG ol OV s Y, 3 ol I

2t
T = arctg4/—1 — o +C;, ecmm C; <0;
1

2
+
v=C

2
:c::—\/;+Cz, eca Cy = 0.

IpHcoemMHMB Cloaa €llle BTOpoe ypaBHeHne M3 (1), OyneM uMerns oblee pelueHue gaHHOTO auddepen-
LMAIBHOIO YPaBHEHHS B napaMmeTpHieckoii gopme. »

Ipameuanue. Paccmorpeﬂuoe ypaBHcHMc nonycxae’r u Apyros cnocof peitlenusa. A MMEHHO, yMHOXas oGe
YacTH YPaBHEHMA Ha gy, nonydaem: y' "y = e¥y', um

y’
(5) =,

OTKyAa HHTErpMpOBAHHEM ﬁaxo;mM y’2 = 2e¥ + Cy, un
dy

v, el



120 I'n. 2. NAuddrepennmaibunie ypasHenss BLICIINX NOPAIKOB

HHrerpupys e pas, nojyuacm obiiee pELIEHUE B IBHOM BHIE

1 VCi +2eV+C,
:c:ﬂ: l +Cy, ecmu C;>0;
\/27 \/fe-’l+i,‘
z==x 2 arct 1 2 V4 C C1 <0
= | -1 - —e ;
Waon g C 2, €CIH 1

z=—V2eV+(C, ecm C;=0.

266. yy' =1.
<« YMHOXHB 06¢ uacTh ypaBHeHus Ha y', nonyuaem yy"'y’ =y (v # 0), wn
12

(L) =anigp,

2
OTKY/Ia MHTETPUPOBAHMEM HaxomuM '~ = Iny® + Cy, win

y =+y/Iny? + C;.
Pa3nenvB nepeMEHHBIE ¥ OMATh IIPOUHTETPAPOBAB, OKOHYATENBLHO MMEEM
dy
SN S T
C 1+ In y2

267. 'y —y*+1=0.
<« [0 aHANIOTMH C MIPOJENAHHBIM BHILLE, HMEEM

vy'y + (1 )y’ =0 (4 #0), wm (yz—),

v+

NI»—

Orciona crenyer, urto ' = (y2 + y”z) +Cy, un

¥ =+£/C +y2 4y 2

Pasjiensist nepeMeHHbIE U PIHTCI‘pI/IpyH HOTyYaeM
2+C = i/ 2,8 Jow s 4+1‘ >
2 VOt +y 2 2 LR A
268. y"+y =0.

4 YMHOXHUE 06€ 4acTu ypaBHeHus Ha y", nojlydaeM
"o "1

Yy +y'y =0 @ #£0).

w2y’ 2N/
Yy Yy _
v +y’=cl
[lonaraem y' = Cysint, y" = Cycost. U3 Toxmectsa d(y') = y"dz B cuwly mocneaHuX ypaBHEHHI
uMeeM d(sint) = cost dz, wiu dx = dt, oTKyna

£=t+02.

:l:ln

Orciona crenyer, 4To

a TaKXe

W3 ypasuerns yf = C;sint Haxomum
y=Ci /sintd:c +C =G /sintdt+C; = —Ccost+C;.

Teneph OKOHYATENBEHO MOXEM 3a1IHCaTh:
:c=t+C{,‘ y=Cicost+C;, wmn y=Cicos(z+Cy)+Cs. »
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269. y'2 ~ 4zy" + 4y = 0.
<« [Tonaras y” = ¢, HaxomuMm
P
=zt— =
y== 3"

2
IMockomsky d(y') = y" dz, TO U3 MOCTEAHUX COOTHOLLEHMIH CIeAyeT, YTo d <:ct — 14-) =tdx, wm

<:1: t)dt—-O
3 =0.

Penwg nonyuenHoe ypasHenue, umeeM t = Cy, a TaKxe T = % DYHKIMIO Y, KOTOpast COOTBETCTRBYET
pemtenuio § = C, HaXOOUM U3 YpaBHEHHH
£
Y =at— —
4"

2
Tonyyaem y' = zC, — —LC; , OTKyIa
aZ loaic
=C,=— — -Cfz .
y 15 ~ 3%t 2

AHanormdHo, 11 GyHKIIMK ¢, COOTBETCTRYIOILEH PELEHHIO T = %, nMeeM

t2
=
¥y = i
Orciona , ,
£ t* /t ¢
dy=—de=—d|(=)=—-dt
YREY TS <2> 8
3
Muterpupys nocneaHee ypaBHEHUE, HAXOOUM Y = % + Cs, win
:II3
=—+C;.
y 3 3
Taxnm o6pazoM, Bce pelieHust 1aHUOTO ypaBHEHUSI OnUchiBalotcs GhopMynamu:
51 6 :1:3
y:;z 23—7 +C,=Ciz(z - Cy) + Cy, y:?+C3.>

270. siny" +yiny" = 1.
<« [lonaras B 3ToM ypaBHeHuH y" = ¢, nolydaem

1 —sint
=13 ¢ >0). )
s momydeHns: dynkuuu  Bocmons3zyemes ypaeHenueM (3), m. 1.3. Umeem
" '3 .
a x o, 1 —sint _ )
i@ =k me as—ae, pEh k=

Of1ee peLIeHMe 3TOrO YPaBHEHUS MPEACTARNISETCS B BUIE
F

a
K=2t—m———— |
1/2/a’,3dt+Cl
CnepoBareibHO,
o dt
r= :i:/ 2)

,/2/ ’,Bdt+C|

TaxuM oGpazoM, (1) u (2) cyTs MapameTpPHUECKUE YPABHEHHS OOLLETO pellleHHs JAHHOTO muchde-
PCHIHMAIBHOTO ypaBHEHHUA. b -
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§ 2. YpaBHeHus, NONMyCKaIOIMHeE
NOHMXXEeHHEe TOPAIKa

2.1. Tuddepenmansnoe ypasnenne suna F(x, y*®

Ecnu muddepenumanbHoe ypaBHEHUE UMEET BUN
k) k-+1
F(z, y®, y*,..y®) =0,

TO €ro NOPSINOK MOXHO HOHU3UTH ¢ IOMOIIBIO 3aMEHBI y(") = z(x). JleHcTBUTENBHO, TOrAA MOMYYUM
ypaBHEHHE

Ly, y®) <o,

F(m, z,7, ... ,z(""k)) =0,
MOPAKOK KOTOPOro Ha k €MHUL MEHBILIE UCXOIHOTO.
2.2. inddepenmamnnoe ypasnerme suia F(y, y', ... ,y™) = 0.
Iopsanok middepeH IUaIBHOTO YpaBHEHUS

F(y, v, ..., (")) 0

MOXHO MOHM3NTH € NIOMOLIBIO 3aMeHBl ¥ = p(y), Toe p = p(y) — HOBas HEM3BeCTHast QYHKUMS,
a mepeMeHHas y ABIFETCS APTyMEHTOM.
Hmeem
d dy' dy dp
"= @)= =p
dx dy dz dy

,,,_d(dp) d(dp) dy d(dp)_ (dp) d’p
V' =@ \Pay) "y \Pay) e " Pay \Pay) “FP\\ay) *Pay

H T. ., T. €. IOPAOK ZubbepeHIMATEHOTO ypaBHEHUST HOHMXAETCA Ha eQUHULLY.

2.3. Onuopoanoe audpepennnannnoe ypasnenne sana F(x, y, y', y",... ,y™) = 0.

Ecnu auddepeHunanbHoe ypapHeHue F (m, Y,y ... ,y(")) = 0 OOHOPOIXHOE OTHOCHTENBHO
(YHKUNM U €€ TTPOU3BOAHBIX, T. €. CHPABEIIUBO TOXIECTBO
F(o, ty, ty, ty's ... ,ty™) =°F (2,9, 9, 0, ... ,4™),

TO TOPAOK YpPaBHEHUsT MOXHO TMOHM3UTHL Ha EJUHHULY, NONOXUB §' = yz(x), tae z = z(xr) — HOBas
Hen3sBecTHad QyHkums. [leiicTBUTENBHO, TOCTEA0BATENBHO auddepeHupys cooTHOWEHuE y' = yz(x),
HMEEM:

= (yz(2)) =y'z +ys = y(z* +2),
= (y(z2 + z'))’ =y (@ +2) +yQzz +2") = y(® + 327 + 2

ura, ¥y =z, 2, ... ,2""), rae ¥ — uspectHas dyHkuus. T10ACTABUB 3HAYECHUS 11POUIBOLHDIX
B uddepeHnuansHoe ypasuenue F(z, y, i, ... ,y(")) = 0 u ucnonb3ys OXHOPOIHOCTL QyHKuuu F
noyYaeM:

F( Y, Y2, Yz +z),...,y1/1(z, z',...,z("‘”)) Ey“F(z, 1, z, z2+z',...,1/1(z, z',...,z("‘”))=0.

2.4, Obobmenno ognopoauoe 1nddepeRnnaimaoe ypaBHEHHE BAAA
F(m, vy, 9y, ... ’y(n)) =0.

JuddepeHmaibHOe ypaBHEHHE F(:c, v,y ... ,y(")) = 0 Ha3sIBaeTCs 06o6wenno 00HOPOIHbIM,
ecmu QyHKMs F yIOBRIETBOPSAET TOXACCTBY
F (tmy t y: e ! , tm—ly", :tm_"y(")) EtaF(zv Y, ylr e 1y("))

roe m — HEKOTOpoe HCMCT]?HTCJ’H)HOC YUCIIO.
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Ecnu ypaBHeHHE F(m, YU Yy eens y(")) = 0 00OOLIEHHO OXHOPOMHOE, TO 3aMeHa MEePEMEHHBIX

z = €', y = e™z(f) NpUBOTMT K ypaBHEHHIO, ABHO HE CONEPXKAILEMY HE3ABUCHMYIC TIEPEMEHHYIO £.
CrnenoBare/ibHO, MTOPSIAOK TAKOr0 YPaBHEHHS MOXHO MOHM3UTL. JIeHCTBUTENBHO, HMEEM

d(e™z) d
' —t mt —t+mt !
= = —_ Z)=
7 : ez)y=e (mz+2z),
dy _dy . d - -
"o_ _ t — t (m—1)t Ny — pm Ht = _ ’ "
= e 73 e (e (mz +z )) e ((m Dmz+Q2m—-1)z + = )
H T, g™ = ™ (z, 2/, ... ,z2™), e  — usBectHan dyuxums. [loxcTains 3Ha4eRUs POU3-

BOAHbBIX B PACCMATPUBAEMOE YPaBHEHHUE U MONTb3ysCh OGOBIIEHHONH OTHOPOTHOCTBIO, NOYYAEM:
F(et, e™z, e™ Vmz + 2'), ™ ((m - Dmz+Qm— 1)z + z"), ,e(m_")t'l/)(z, P z("))) =

= e“tF(l, z, (mz + 2'), ((m ~Dmz+@2m- 12" + z"), ,zp(z, z, ... ,z("))) = 0.

2.5. Vpaenenwe, npueoguMoe K Bray (o(z, y, ¥, ... ,y("—l)))' =
Ecnu nyrem anreGpaudeckux npeobpasoBaHuil quddepeHiuarbHoe ypaBHeHUE
F(m, v, Y, ... (")) 0
MOXHO NPUBECTH K BUILY

! (n—1) ! _
(M%%yp~w ))~Q
TO MHTCTPHPOBAHUEM €0 NOPAXOK MOXHO TIOHU3UTL HAa €AUHULTY!

o(z 0,9, 4" ") =cy,
The ¢ — U3BEeCTHas QYHKUHA.

Peuute ypaBHEHUSA.

2
271. 2%y =y
< B 310 ypaBHeHue BTOpOro nopsaika SBHO HE BXOIMT HeusBecTHas PyHkuMsa. CrexoBaTebHO,
cornacHo 1. 2.1, nosaras y' = z(z), nonyuum nuddepeHIMaTbHOE ypaBHEHHE NEPBOr0 HOPAAKA

It 2
Tz =2z.

Pasfenas nepeMeHHBbIE ¥ UHTETPUDYS, UMEEM

/d / +Cy, wm d !
, 2= ——=y.
22 ! 1‘*C1(E y

Hurerpupys eme pa3, OKOHYaTEIBHO nojlydaeM

—Ci‘m—élflnIClm—1|+C2, ecn Cp #0, Cp # oo;

y= /I—CI G, = ’72+C2, ecru Cp =0;

G, ecn Cp=o0.

272. y//l — y//2

« Tlonaras 3" = z(x), TOHWXAaEM TIOPANOK YPABHEHUS HA JBE CAMHMLBL

’
2z =Z2.

Paznenss nepeMeHHbBIE W WHTEIPUPYS, MOAY4aeM
dz 1
P =g-C, wm z= =%’
Ocraercsl RBaXAB TIPOMHTEIPUpoBath ypaerewrne §' = (C) — z)~!. Vimeem
¥=—~In|C—2|+C, y=(C,—2)In|C| —=z|+Cx+C;.
Kpome TOTO, IPH pasneneHHH TIEPEMEHHbIX MBI OTEPA/M pemteHne 2 = y" =0, wm y = Cz + D. »

z#0.
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273. zy" =y — zy".
« [0 aHATOTMHM C MATOXEHHbBIM BBILLE, UMEEM
y' = z2(z), zz'(z)=(l-z)2(x)
Pasnensis nepeMeHHble U MHTErPUPYS, HAXOIUM
dz = (l - 1) dr, Inlzl]=Ihlz|-z+Ih(,
z T

OTKyla
z=Cize®, wm y"'=Cze "

ITpuMeHss OBYKPAaTHOE MIITErPUPOBAHME K TTOC/EAHEMY YPABHEHUIO, TIOJAyYaeM
y=Ce  (x+2)+Ciz+Cs. »

!
274 u_ oy Y
.2y =y In>=,
T
« Tak KaK ypasHeHUe He COIEPXKHT s18HO (hYHKUHKIO y, TO, IPUMEHMB 3ameny y' = z(&), MOPALOK
YPAaBHEHHUs MOXHO MOHU3UTL HA enrHMLy. UMeem
, z
rz =zln—.
T

[MonydyeHHOE ypaBHEHUE ABAAETCA ONHOPOIHBIM, IIO3TOMY BOCIIO/Ib3YEMCH 3aMEHOM z = zu(z), rae u —
HOBas HeMsBecTHas GyHkuus. [Ipy 3TOM nonyuum ypasHeHue (u+ zu') = ulnu, B KOTOPOM NepeMeH-
HbI€ Pa3dEIAIOTCA:

du dz
u(lnu-1) =z
WUuterpupys, Haxomum In|inwu — I| = In|z| + InC,, otkyna u = e' 70, CuenosarensHo, Tpebyercs
TIPOMHTETPUPOBATH YpaBHEHHE
' 1+Cz
y =zxe .

Hmeem

B el+CI:t( 1 )+C
S o)

2
Kpome toro, pasnesins nepeMeHHbIE, MbI IOTEPSUTM PEIEHHUE U = e, WM y = “2-+C, KOTOpoe, OIHAKO,
MOXET ObITb NOJNYYEHO U3 OBLUErO peleHUs TipenebHbIM HepexogoM ripu C;, — 0 u C, = C + Ee;
1

JleHCTBUTENILHO, MOJIb3YsACh hopMyioil MakiiopeHa ¢ 0cTaTouHbIM WieHoM B ¢opme [leano, Moxem
HaIMCaTh:

e 1 ct 2 e e 3
yza z—a 1+C1:c+7:c +o(Cy) +C+C—%=5m +C+o(l) npu C, — 0. p»

275. zy'y" + y'2 +1=ay"J1+y".
<« IMpounssens 3ameny y' = z(x), noryyaeM aud@epeHUIHATbHOE YpABHEHUE TIEPBOTO MOPAIKA
zzz' + 22+ 1 =az'V1+ 22
[Monoxum z = gt (|t] < 35). Torma
_dz dz 1 1

’

z —_—

Tdzr dt = zcos?t
¥ TIOCNEAHEE YPABHEHHE [IPUMET BUA
z'cost + zsint = a,

OTKY/Ia JIETKO HAXONUM '
z = C; cost + asint. 9]

INpuHuMas Bo BHMManue (1), U3 ypaBHeHHna z = tgt = % NoJIy4aeM

y=/tgtdw+02=/tg?!d(C1cost+a sint)+C2=—Clln|tg (%+§)[+Clsint—aCOSt+Cz. 2)
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Urak, ypaBHenus (1) u (2) npeACTaBIAAgIOT OOlIee peLIeHHe HCXOXHOTO JHG(epeHIMANLHOIO ypaB-
HEHUA B napaMeTpuueckoii popMe. »

276. «*y" + 20%y" —1=0.
« 3ameHa ¥ = z(z) NPUBOMT K JIMHERHOMY YPaBHEHUIO ITEPBOTO NMOPSIIKA
' 4222 -1=0,
obliee pelieHue KOTOPOro UMeeT BHA 2 = —15 + % CrenoBaTeNbHO,
T

"o 1 Cl
y = F ﬁ)
OTKYJa ABYKPATHBIM UHTCIPUPOBAHUEM HAXOIUM

1

)
277,y +2yy" =0.
<« YpaBHEHHE HE CONEPXMT SBHO IIEPEMEHHYIO &, JIOSTOMY B COOTBETCTBMM C II.2.2 nonaraem
¥y = p(y). Torna y" = pgg M ypaBHEHME 3AIULLICTCA B BUIE

2 dp
2yp — = 0.
p+ypdy 0

Orcrona HaxoguM p =0 u p+ 2yg§ 0. V3 nepBoro u3 ABYX NOCIEAHUX ypaBHEHHUH nonydaem y = C,
2 C
"

a U3 BTOpOro MMeem p = gyl- ,

wim y

Cy Y Y
T =4y, :tCM—-d(—):d C, # 0).
y ” win We e, z (C1#0)

HWurerpupysd, Haxogum

ﬂ:2cl(y)% z+C,, un C(
—_— —_ = , U -
3 \¢ 2 v =G

OKoHYaTeNnbHO UMeeM

= —yL, OTKya

3z 3C\* 9 )
2N - T @Oy
G T 201) ac,® T
3_ A )
y =Cl(m+C2)’ y:C’
rae C; — HOBasi IPOM3BOJTbHAA NIOCTOAHHAA. P
> 3
278. yy' =y -y
< Kak u B npensiaymem npumepe, nojxaraeM y' = p(y). Torna y" = pg‘;— u
dp 5 3
/4 dy =p —-pP-
IomyueHHoe ypaBHEHHE pacTiafaeTcss Ha 1Ba:

dp
p=0 u y— =p-p.

dy
W3 nepBoro ypaBHeHUs CIIEAYET, YTO
y=C,
U M3 BTOPOro — 410
— ! —
P=y Ci+ y-

HHurerpupys nocneaHee ypaBHEHUE, UMEEM
m:Cllnlyl+y+C2. »
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279. 4" + y =2e7".
< CormacHo 1. 2.2, mociie 3aMeHnl i = p(y) nonyyaem
dp 2 - 1dz .
—+p =2"Y wm ——+z=2"
p dy p ’ 2dy )
rae z = p°. TlocnenHee ypaBHEHUe MUHERHOE M €10 OBILIEE PELICHHE UMEET BUL
z2=Cre ¥ +4eY
2
ToacTapus ciofa z = ¥’ , NOJNY4aeM ypaBHEHUE
2
y =Cle ¥ +4e”V, wm y =+/Cle W +4e,
HHTErPUPYst KOTOPOE, HAXOMUM

dy 1
/) — = G, + —/C) +4e? = C;
/m r+Cy, HIH 2 | +4de x + Oy,

OTKyla
y=mn(Ci+@+0)),
rae C; — HOBasi OCTOSTHHAsA. B
2
280. 4" - 24y +1=0.
<« YpaBHEHHE HE COLEPXHUT T, 03ToMy nonaraeM y' = p(y). Torna
2 2 2
y'=p —5 y"=p(p +pp") w P -2 (p +pp’) +1=0.
Orciofa cnefyeT, 4ro
2 1
p +2pp" - rie 0.
Tak KaK nomyyeHHOE YPaBHEHHE SIBHO HE CONEPXUT aprymeHTa y, TO pPOU3BOIMM 3aMeHy p' = u(p).
Hmeem

" du 2 ! 1 ! 1
p :u;, u +2puu — — =0, wm w+pw=E,

pz
roe w = u’. Obuee pELIEHUE MOCNEHETO YPAaBHEHUS UMEET BUI
_ Ci 1 i p,2 = C 1
p p’ p ¥
OTKyza
Pyl )
p P
WHterpupysa ypaBHCHPIC ( 1), OJy9aeM
2
+ / —y+C, wm *——n/C Cp+D=y+0C.
\/C'I-P— y+ Gy, 3C2 -~ Cp+)=y+C;
Bocrnionp3oBaBUIMCh COOTHOLIEHUEM dX = —p"i u ypaBHeHueM (1), umeem
d
dr ==+ P

VCip-T

OTKy/la HHTETPUPOBAHHEM HAXOIMM
2
r=%—4/Cip—1+C:
C 1P 3+

HakoHen, MCKIIOYMB [TapaMeTP p W3 BBIPAXEHUM I U Y, OKOHYATENALHO OyleM UMETh:
12Ciy —2) = Ci(z — C3)’ = 12(C5 + C1Cy), wm  12ACiy — =) = Cl(z + C)’ + G5,
roe 6'2 n 53 — HOBBIC [TPOM3BOJIBHEBIC [TOCTOSIHHLBIC. P

IIpumedanue. }lauuoe YPABHEHME HE CONCPXHT fIBHO NEPEMEHHOH Y, MO3TOMY HauaTh PellaTbh €r0 MOXHO
65U10 Obl ¢ 3aMEHEL y = z(x). MpemraraeM yuTaTeNio yOeAUTLCS B TOM, YTO TaKOii NMyTh TAKKC NPUBOAMUT
K NOyYEHHOMY OTBETY.
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!
281 " +y" = YL
WY =i a

<« 3aMmeuas, 4TO NEBYIO 4acTh YPABHEHUA MOXHO 3amucaTh B Buge (yy')' u moparas yy' = 2(z),
TIOJIYYHM ypaBHEHHE

’ z

Z =
Vit z?

TiepeMEHHBIE B KOTOPOM pasaessioTcss. [IpOMHTErpupoBaB ero, HaxOIMM:
z=0C (m+\/a:2+1).
yy =C, (m+ val+ 1),
¥ =Ci (o +2vVa@ + 1+ (2 + Ve +1)) +Co »
2
282. 22y - 227y 4+ zyy +y* = 0.

 TockonpKy dynkuus
2
F@,y, ¢, y") =2"yy" - 227y +a2yy' + 4’

TakuM 06pazoM,

OTKyZa CllefyeT, YTO

BCJIEICTBHE TOXAECTBA
2
tyty” — 202 (ty') + ztyty’ + ty): = ¢ (m2yy" — 2%y +ayy + y2)
ONHOPORHASA CTHOCUTENBHO NEPEMEHHbIX ¥, ¥', ¥”, To maHHoe mudipepeHHUATbHOE YPABHEHUE OXHO-
pomnoe. CnemoBaTeNbHO, COTNIACHO T.2.3 MOPAROK TAKOI'O YPAaBHEHHS MOXHO IOHU3UTh, NPUMEHHUB
noncTaHoBKy y' = yz(z). Torna nonyuum ypaBHeHue
2y - vxz+1=0.
Do ypaBHeHHe Ditnepa—Puxkatin. HenocpeacTBeHHOH MpOBEpPKOl MOXHO yOemIuThCA, YTO z = %
€CTb ero YacTHoe peieHue. [1oaTomy nocpeacTBoOM MOACTAHOBKH z = % + % MPUXOIUM K JIMHEHHOMY
YPaBHEHHIO

v +u+z=0,
U3 KOTOPOro clieayeT, 4T0 u = —%— + %L Orciona, ¥ U3 NIOACTAHOBKK Y = Yz, NOIYYaeM ypaBHEHUE
yl 3 51 + IE2
Y - 33(51 -z?)’
e 6'1 — HOBasI nocTostHHasA. IIpouHTErpupoBaB €ro, OKOHYATENbHO HAXOXIM
’ _ C2(D
y= 61 - 272

2 zy'
283. zyy’ — 2y’ —yy' + === =0.
Tyy y yy + o
4 D710 Takke OqHOpOTHOE ypaBHeHue. Tlocne 3ameHnl §' = yz(Z) MONYYMM ypaBHEHHE

(EZ2

'
T2 ~ 2z + =
V1 —2?
(5) =
2/ Vi-22

z z
—=-V1-224+C,, wm z=
z

C—-V1i—z%

=0,

KOTOpPO€ MOXHO 3aITMCaTh B BMIAC

OTKyIa

Wurerpupysa ypasHeHUe
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OKOHHYATENBHO UMEEM
Inly| = Vl—:v2+C’|lnIC’| -V1 —m2l+Cz. »
284. zyy" + my’2 —3yy' =0.
<« Tonaraa B ypaBHennu y' = yz(x), nosydaem:

z(2z* +7)-3z=0.

PewuB 310 mudepeHIHaTbHoe ypaBHEHHE, UMEEM Z = jrz_—f—c— Jlanee, HHTErpUpYs ypaBHEHUE
yl 2m3
y o + C ’

HaxoguM:

y= CQV |C1 + IE4|. »
285. yzy' +y') = my’2(1 - ).

<« Vcrnionb3ys OZHOPOXHOCTh ypaBHeHuUs, TonaraeM ' = yz(x). Toraa monyuum (xz) + (avz)2 =0,

OTKyza
(zz)

@zp

HWHTerpupys, Haxogum Elz =z + C}, OTKyia z = E(I—+I-CT7’ Wi

y 1
y  zx+C)
HHTErpupys €ie pa3, OKOHYATEbHO HMEEM
olE |w
y==0 z+C

286. 422Py" = 2 - o*.
< HpOBCpPIM ypaBHeHHe Ha 0GOBIIEHHYIO OAHOPOZHOCTE. C 3Tou LEITHiO BMECTO 1IEPEMEHHBIX

z,y,y,y" ncmCTaBMM B Bpra)KCHPIC st dyakunu F(z, y, v, y') = 4x? y y" —2? +y* cooTBeTcTBEH-
Ho tx, t™y, t™ 'y, g2 y" W, €ClH 3TO BOIMOXHO, NOAGEPEM 3HAYEHHME M TAKUM 0OPA3OM, YTOGHI

BbITNTOJIHSUIOCH TOXIAECTBO

t4"'43:2y3y" _ t2(l72 + t4m =4 (4m2y3yu _ Z +y )

O4eBUIHO, YTO TAKOE TOXAECTBO BHNONHACTCA JMLIb NIPH YCJIOBHM 4m = 2, T.€. ipA m = %— (1 nipu

3ToM a = 2). CnegoBatenbHo, faHHOE ypaBHeHMe O000LLEHHO OOHOPOJHOE M, COIJIaCHO II. 2.4, i
t
Haua/a ero MHTErPUPOBaHUs MONB3yeMcs 3aMeHol & = e, y = e u(t). Fimeem

Lw d(P) gn ),

y dx 2

d (dy 4d f _t(u _3 u
I t_ 3 ot ’)) —_ 2!( "_ _).
Y =4z (dm) T (e (2 +u e\ 73

HO}ICT aBUB 3HAYCHHWA NMMPOU3BOOHBIX, & U ¥ B UCXOAHOC YpAaBHCHHE, IT0CJIC HEKOTOPBIX npeoﬁpawnaﬂnﬁ
MOJIy4aeM:
4ty = 1.
Iocnenee ypaBrenne SBHO He CONEPXHT NEPEMEHHyYI0 {, TIOITOMY NMOCPENCTBOM 3aMeHbl U = p(u)
IIOHKXAEM €ro IOPSAOK Ha €MUHULLY:
i -~ 4 d
( 4pu3—£

duzl'
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IIpouHTerpupoBaB MoCleAHee ypaBHEHHUE, HAXOIUM

) / 1

2

4p +P=C|, wmM p==% Cl—m-
Jlanee, MHTErpUpYeM ypaBHEHHE U = +4 {Cy — ﬁ;:

udu 1 5
i2/———=t+C2, unn  + —/4Cu’ -1 =1t + G,

vV 4C1u2 - 1 2C|
OTKYId

u _'Cl(t+Cz) + — C

OKOHYATETbHO MOJIyYaeM PEIIEHHUE YPaBHEHUS B BUIE
T = et, y2 = ¢t (C;(t + C2) + L) »
. 4G,
2 !
2 2yy
287. L 4y =30y + 2L
a2y y z
<« Kak u B npegplayiteM npumMepe, NpoBeEpsAEM ypaBHEHUE Ha 000OIIEHHYI0 OSHOPOOHOCTb. LA
3TOTO MOJDKHBI GBITh COBMECTHBIMH CJIEAYIOIIME YPABHEHUS OTHOCHUTENBHO M :
2m—-2=2m—-1)=1+m-2)=m+(m-1)—-1,
3KBUBAJIEHTHBIE ONHOMY ypaBHEHHIO 2m — 2 = m — 1, umerowemy pewieHue m = 1. CrregroBaTenbHo,
RAHHOE ypaBHEHHE IeHCTBUTENHLHO 06061meHHo ogHopoatoe. ITomaras z = €, y = e'u(t), nonydaem:
- 2
Y =u+d, ¢ =ct@W+d"), 3 +3u-u =0.

3ameHa u' = z B NOCNEMHEM ypaBHEHMHU NPUBOIMT K YPABHEHUIO C PA3ESAIONIMMHUCA JIEPEMEHHBIMH
2

32’ = z° — 3z, MHTErPUPYS KOTOPOE, HAXOAUM
z—3! _ ral _ 3 —
In{* l—t+Cl, WK z————l_clet =u.
WHTETpHPOBAHKE TIOCTEAHErO ypaBHEHHS TIPHBOMT K CJIEAYIOILEMY pE3yNIbTaTy:
_ / d(e'y { 3t —3In|l — Cie'l + C;, ecnu C; xoHeuHoe,
et(l — Ciet) Cy, ecmu C| =

Taxkum obpa3om, 0611e€ peHIeHHE UCXOXHOTO YPaBHEHUs 3alIUCHIBAETCS B BUIIE
k4
y= 3 In Terarias Cyx, ecnn C| KOHEYHOE,
Crz, ecnu C| = oco. p

IIpumevanne. B nprumepax 286, 287 mbl Hauuiu obume pemerus npa £ > 0. g nonyyenus obuiero peieHus
npH & < 0 cremyer npUMeHHTH 3aMeHy T = —e', y = e'"'u(t) W NPOBECTH aHAAOTMYHBIC BHIK/IALKH.

288. «* (y’2 - 2yy”) =42’yy + 1.
< IlpoBepsst ypaBHeHHE Ha OOO6LIEHHYIO OMHOPOOHOCTD, I10Ty43€M YPaBHEHMUS
44+2(m-1)=44+m+(m—-2)=34+m+(m—1)=0,
COBMECTHEIE, S9KBHBAJICHTHbIC OMHOMY ypaBHEHU10 2m+2 = 0. CaenosaTenbHO, ypaBHEHHE 060611IEHHO
onHopoxHoe. Penraem ero ms citydas, korna ¢ < 0, monaras & = —e’, y = e"'u(t). Umeem
¥=ePu—-u), 3y =eQu-3u+u"), 2uu"- W —wi1=0.
Honaras u' = p(u), MOAYYUM ypaBHEHHE
d(p*)

2_ 2
- 1.
d p

dp 2 2
Jup -£ _ p? 1=0
up -~ p u” + , W u
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BT NMHEliHOe ypaBHEHNE OTHOCHTENbHO p’. Ero obiee peurenue umeer Bt p° = u” + 1+ Cyu. Torna

U = :i:Vu2+ 1 +C|u.

Pa3pensa nepeMeHHBIE U MHTETPHPYsI, HAXOIUM:
du C
ﬂ:/—————————:t+C wi  tinju+ S+ +Cu+l
Vut+Cu+1 » Ea !
TlogcTaBnsis B nonydeHHoOe COOTHOILEHHE 3HAEHHE U = ~2Y, ¢ = In(—) ¥ nponspens anredpanieckue
npeobpa3zoBaHus, 6yaeM UMEThL

=t+h’lC2

2 i\’
20 y= <C2fl7 + —2—) -1 (1)
Kpowme Toro, 1ipu 3ameHe u' = p(u) Mol noTepsiiu peienns u = +1. [oatomy K unTerpany (1) cnexyer
TPUCOEAUHUTD ElIE pelueHHd zy = 1. p

289. zy" —z’yy' -y =0.

4 D710 ypaBHEHHE TaKXKe 06OOIMIEHHO OAHOPOHOE, TIOCKOJIBKY YPABHEHUS

1+m-=2+m+(m-1)=m-1

COBMECTHBI U m = ~2 — uX pemieHue. OOHaKo, pelleHHe JaHHOIO YpaBHEHUs NPOLUE HAaiWTH, THOLCIUB
06e ero 4acTv Ha z* (¢ 7 0). B pe3ynbrare noyaum:

zy’ —y AN ERY
B e, e () (%)

Orciona cnepyer, 4To

M HTerpyupys 3To YpaBHEHHE, HAXOMUM:

2 ot m2+c C >0
a g-—-— 2, €cau O N
VCi
1 VG 2 o e <0
/——C-""_ 3 € 3
—C, y+ ; 2 2 1

[Tonnsus NOPAAOK JaHHBIX ypaBHeHnﬁ, CBECTH UX K YPABHEHHUAM NECPBOTo mopsiaka.
N\ 2
290- yu2 _ yryl// — l .
z

« YpaBHEHHE HE CONEPXHUT ABHO DYHKIMIO Y, IO3TOMY NIPOU3BEAS MOACTAHOBKY y = z(x), mo-
Jy4MM ypaBHEHHE BTOPOTO MOpAxKa
2
2 z
2 -z = (—) ;
x

10 ypaBHEHNE OTHOPONHO OTHOCHTENILHO IEPEMEHHBIX 2, 7', z' , I09TOMY NIONIOXUB 2 = zv(z), Oynem
HMETE YPaBHEHHE TIEPBOTO MTOPSAKA

v'+%=0 u z=0.p

2 4
291 y ( ’m 2yll)=yl .
- 4 TlockonbKy He3zaBpcuMas NepeMeHHas SBHO HE BXOANT B YpaBHEHHE, TO TIPOM3BENA 3aMeHY
y' = p(y), Nony4nm ypaBHEHHE BTOPOro TOpsAKa (cM. 1. 2.2):

yz (ppll _ prz) = pz'
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Tonenus o6e YacTH MOJIYIEHHOrO ypapHeHus Ha poy° (py # 0), UMeem
N
P 1 P 1
—] ==, oxyma —=-—+C,. »
( ) p O ¥’

3 2

292, »* (y2y'" -y ) =2y - 3ayy”.

« YpaBHEHNE OHOPONHOE, MTO3TOMY 3aMeHa ¥’ = yz(Z) NPUBOIUT K YPaBHEHHIO BTOPOTO NOPSIKA
(cM. 1. 2.3):

2 ’ "y 2
x°(3zz' + 2y =2z - 3zz".

Tak KaK ypaBHeHUs 2+ m + (m — 1) = 2+ (m — 2) = m = 1 + 2m COBMECTHBI, TO NOJIYYEHHOE
mddepeHIMATPHOE ypaBHEHUE ABIAETCS 060OIEHHO OXHOPOAHbIM. CriexoBaTenbHO, yMECTHA 3aMEHa
z=¢' (x> 0), z = etu(t), B pesynbTaTe KOTOPOI IIPUXOAUM K YPABHEHHIO (CM. 1. 2.4)

o —3ud -3’ =0.
TockonbKy nocnegHee ypaBHEHHE ABHO HE COAEPXUT HE3aBUCMMOH NE€PEMEHHOM L, To ronaras u =
= p(u), HOJy4aeM ypaBHeHUs IIEPBOTO MOpsaKa
d
Lo 3u-320 u W=0»
du

Peuruth ypaBHEHUs1, TPpeoGpPa3oBaB UX K TAKOMY BUIY, YTOGBI 06€ JaCTH ypaBHEHUS SIBISIMCH 0N~
HBIMM TIPOM3BOZHBIMH.
293. yy" +3y'y" =0.
<« TTonenus o6e yacTH ypaBHEHHUs Ha Yy, nonydaem
m

!
y 3y ’ ’
= =0, wm (ln ly"l) + 3(ln|y|) =0.
i
Y Y
Hnrerpupys, Haxoaum
" 3 "3
in(ly"llyP) =mlcil, wm ¢y’ =C
(oTGpachIBas 3HaK MOAY/IS, MBIl HE TepsieM PELIEHHIA, TIOCKONBKY nocTosHHas C| NpOU3BoNbHAas). YMHO-
!
XUB 00€ YacTH MOC/EIHEr0 ypaBHEHUSA Ha l; , CHOBA NOJIy4aeM ypaBHEHME, 00€ 4aCTH KOTOPOro sIBJIs-
y
JOTCST TIOJTHBIMH TIPOU3BOAHBIMMU:

' 5287
"1 Y y _ CI =2y
¥y =C117’ WK (7) =-S5 0.

I1pouHTErpHPOBAB €ro, UMEEM

2
Yy +Cy =0, wm y = +4/C, — Ciy~2.

Elle pa3 uHTErpupys, OKOHYATENbHO HAXOMUM

1 ~
t/Cy—Ci=a+Cy, wm y*=Coz+C)'+G,
2

tne C) — HoBas noctosuHas. [pu nestenny Ha y MBI otepsm pemeHne ¥ =0, T.e. y = az + 5. »

2
294. 5y - 3y"y"V =0.
< PasnenB o6e yacTH ypaBHeHns Ha y'y" , noaydum
5 ylll 3 ylV '
= W (5nly"l - 3mnly")) =0,
OTKYIa HAXOIHM



132 I'n. 2. Auddepenunaibibie ypaBHeHHsA BHCHINX NOPAIKOB

HHTErpupya 310 COOTHOLICHHUE, MONTyJYaeM

z 3,2
_=—5(y) 3+C21

c

|
Nl

2 2 =~ o= -3
y”=:i: -3—C2'—§ E:i:(C1+C2(E) 2,

s

rze €, u €, — HoBbie nocTosHHble. HakoHew, ABAXIIbI HHTETPUPYS HOCTEAHEE yPABHEHUE, HMEEM
4 ~ 1
y= i-’ﬁ (Cl + Cz-’l?)z + ng + C4.
%
[pucoeuHuM clofa elle PelleHne ypasHenus y" = 0, MOTEpAHHOE NpU AeEHNN:
y= 61(132 + 6211? + 63. | 4

295. ' =ay' +y+1.

4 HUmeem
= (zy + .’l:)’,

OTKyJa CIIEAYET, YTO
y' =zy+z+C, wm (+1Y==z@y+1)+C,.
D10 JIUHEHHOE ypaBHEHKE MEPBOro NopsiaKa, 1 ero obinee pelmeHNe UMeeT BUL

Iz Iz
y+1l=e?2 (Cl/e_sz+C2).>
296. zy" -y = z'yy'.

<« TMozenus o6e yacTy ypaBHEHUS Ha T, IMeeM

BRI

oTKyH#a

y v 2dy
= ==4C =zd
2+ 1, WA v +2C, zdr
Hurterpupys, nojiy4acm
dy z?
2| ——=—+C,
/3,,2+2c1 7 Ton
Win
2 arct, 2 e C >0
—ac T 0;
gm 2 2y e Oy
V=2C | _ T .
\/:ECT y+\/m'_,_ + G, ecmu C) <0;
2 z?
——=—=4C;, ecmC;=0.
Y 2

Ipu pa3sgeneHdd NEPEMEHHBIX Mbl “NOTEPsUIM” peLIEHWA YpaBHEHUSA y2 +2C, = 0 (C; < 0), wm
y = +/=2C,. HerpynHo, 0OfIHAKO, MOKa34Th, YTO OHU NMOIYYAIOTCA B PE3y/IbTaTe NpeesIbHOTO Tepexona
npu C; — Foo u3 obinero pewienusa npu C; < 0. .

B crenyomux 3a4a4ax HAWTH pElUEHUs, YIOBJICTBOPAIOLME 3a0aHHBIM HAYAJIBHBIM YCJIOBUAM.
2
297. yy' =22y ; y2) =2, ¥(2) =0,5.
<« Tockonbky ypaBHEHHE OMHOPOIHOE, TO noNaras Y = yz(z), moaydum
2 =2"Qz~1).
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HHTerpupys, Haxooum
1 !
==Y 1)
) Ci+z-z Y
W3 HavanbHeIX yeioBui ciaenyet, yto C; = 6. Unrerpupys ypasenue (1), nomyqum

/ dz _ c
M“lnlyl_m 2

orxyma y = C, %ﬂ Toxcrasup ciona ¢ = 2 u y = 2, onpeemum C; = /8. Hckomoe pellieHue
YPaBHEHUs UMEET BUL

2+ x

3-z

y=58 . >

6y2 !
298. %y - 32y = ————4y, yhH=1,yMm=4
t

< D10 060GIEHHO OHOPOIHOE YPAaBHEHHE W M = 2, NOJTOMY MHPOM3BOIMM 3aMeHy = = e',
y= e”u(t). [Tosiyyaem ypaBHEHMe

u” — 6u’ = 0.
VMHOXas 00¢ €ro YacTu Ha u' M MHTEIPUPYA, UMeeM
12 3
u =4u +C. )

Tak xak y == 1 npn £ = 1, To u3 opmyn 3amenn creayer, uto u(0) = 1. B cuay Toro, uro y' =
= '@ + 2u) u y'(1) = 4, waxomm u'(0) + 2u(0) = 4, orkyna u'(0) = 2. Iomaras s (1) ¢ = 0
W MCrobays 3HaweHus u(0), u'(0), onpenensem C; = 0. OcTanoch POMHTEIPHPOBATL YPaBHEHUE
2
o =4’
3 _3 1
HUmeem v’ = +2u2, +u"2 du = 2dt, E =t+C,, wm
1
(t+Cy)*
Jnst onpeneneHust nocmmmoﬂ C, Bocnionbiyemca ycaoueM u(0) = 1, B pe3ysprare 4ero HaxOZUM
Cy;=21. Urak, u = m OfiHaKo, B cuity ycioBust u' (0) = 2, Gepem TOJIBKO PELICHUE U = ey 1 e

u =

OKOHYATEJIbHO MOXEM 3alucCaTh )
T

y=(1nz-1)2"

299, y cosy+y siny =y y(=1)= —, y'(-1)=2.
<« lonaras y' = p(y), noxyyaem ypaBHeHue
p cosy+psiny = 1,
ofllee pelreHe KOTOpOro MMeET BUA:
p=siny+Cycosy, wm y =siny+ Ccosy. 1))
Hnst onipenenenns nocrosHHON C) BOCNOMB3YeMCs YCIOBHEM, YTO Y(-D)=2mpuy= % Haxomum
C, = V3. Hanee, uurerpupys ypasHenue (1), monyyaem

g meren o fule(t 8-

Toncrasus ciona 3nayenusa = = —-1 y= g, HaxomuM C, = 1. TpeGyeMoe YacTHOE pelleHHe BhIpaXa-
erca dopmysioit

:c=—1+%ln(tg(%+%)).>

Ilpamesanne. 3uax | - | apech or6powen B cwy ycrosua y'(—1) =2 > 0.
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300. Haiitu xpuBbie, Yy KOTOPHIX PaMyC KPNBU3HEL OOPaTHO HPONOPLMOHANIEH KOCHHYCY YIMa
MeXIy KacaTeIbHOM M OChbIo aGCIHCC.

« CornacHO YCAOBHUIO 3aMayy MiMeeM ypaBHeHHe R = 55’;—5, rme R — paauyC KpUBH3HBI KpU-
BOi, @ — yKasauHBI{ B 3amade yron, k — koadduunenr nponopuuonanbHoctd. IMockoneky R =

2.2
1442
= i—’lkjﬂ,l—)—, a = arctgy’, To HaNMCaHHOE Bhillle YPABHEHHE MOXHO 3aMMCATh B BUJE

(1 +y'2)% = kly"l(l + y’z)%, wwm ky' =1+y", —l—j_i%f = %, (arctgy') = —:E
Wurerpupys nocieiHee ypaBHEHHE, HAXOAUM
arctgy’ = —E +C, wm ¥y =tg (%— + C.) .
TIpouHTErpupoBaB €iiie pa3, OKOHYATEIbHO NOJIYInM
y= —kln'cos(% +C.)‘ +C >

301. Joxasars, uto ypaBHEHHE ABUXEHUA MasTHHKA y" +siny = 0 umeer yactHoe peleHue Y(z),
CTpeMsALleecs K T Opu & — +00.
<« YMHOXUB 06€ yacTH ypaBHEHHA Ha ¥ W MPOMHTETPUPOBAB MONYYeHHOE, ByIeM UMeTh

!

2
y =2C;+2cosy. ()]

BrifepeM 4acTHOE peLueHUe TaK, utodsl y'(z) — 0 npu z — +00. B cuy Toro, uro y(z) — 7 npu
z — 400, u3 (1) cneayer, uro C| = 1. UHTEIpUHpPYS Teneph yPaBHEHHUE

2
¥y =2(cosy+ 1),

dy
+ ) Y= .
/\/2(1+cosy) z+C

noxyyaeM

O4eBUIHO, YTO COOTHOLICHUE

todt
/ =z+InC, (0<y<m Q)
o COST

N | =

TAKXKE €CTh YACTHOE PeLIeHHe NAHHOTO ypaBHEHus. BBINOJIHMB WHTErPUPOBAHHE B JIEBOH wactu (2),
HaXOOUM
In (tg ;1((7r + y)) =z+InG,
Win
y = arctg(Cre”) ~ T, (3)
rae C; > 0. QueBUnHO, 4TO Y(T) — ™ NpU T — +00. P
3ameuvanne, Pemenne (3) omMuchiBaeT (pu3nyeckuil npoiecc HeCKOHEYHO NOATOre MoabeMa MaTeMaTHyeCKOro

MaATHHMKa B CBOE HAHBbICILEE NIOJ0XKEHUE (IIPY ITOM NIEPEMEHHas T UIPaeT POib BPEMEHH, a EPEMEHHas § —
poJib YIJIa OBOPOTA).

302. onpenenuts hopmy paBHOBECHS HEDACTIOKAMOM HUTH C 3aKPEIUIEHHBIMH KOHLIAMH, HA KO-
TOpPYIO NeiCTBYeT Harpyska TaK, UTO Ha KAXIYI0 eMUHULY [UIMHB FOPU3OHTANILHOM MPOEKLUH HATPY3KA
OIMHAKOBa (1eNK LEMHOro MocTa). BeCoM camoif HUTH npenebpeyb.

<« PaccMoTpuM paBHOBecHE MPOM3BOJIBHOTO JIEMEHTa HUTH WIMHOH AS (puc. 25). TpoekTHpys
CWIIBl, JelicTBYIOMME HA BHNENICHHEIH sieMeHT, Ha ocu Oz, Oy, NOJydaeM YPaBHEHHS
—T(z)cosa(z)+ T(z + Az)cosa(z + Az) =0,
—T(z)sin a(z) + T(z + Az)sina(z + Az) - AP =0,

rae T(z) — BenMUMHA HATSDKEHUWS HUTH B CEYEHMM &, a(T) — YIOJ MeXAY KacaTeAbHOM K HUTH
" ochio Oz, AP — Bec asiemeHTa AS (MUTH BETHYMHA KAKO-TMGO PACIIpeaeIeHHOM Harpy3KH).
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W3 nepeoro ypaBHeHus crienyeT, uro T'(z)cosa(z) = Tj, == const, T.e. TOPU3OHTAIbHAA COCTa-
BIIAIOIUAS HATSXKCHUSA HUTH BCETAa UMEET MOCTOAHHYIO BeiuunHy. VI3 BTOpOro ypaBHEHHS HaXOIUM,
Y10

d(T'(z)sin a(z)) = dP(x), y |

WM
Tyd(tg a(x)) = dP(z), Tydy =dP(z). (1) Ax TWL/K;; Aa
B nanHoii 3apmave dP(z) = kdz, rone k — Ko- 0 x. Z t —= * -
3¢ duuHUeHT NPoNopUHOHANbHOCTH. Toraa u3 (1) : ”Zk x
cnenyet ypasueHue Ty dy' = k dz, [BaXnbl UHTe-
TPUpYs KOTOpoe, NonyyaeM ¢GopMy HHTH T(x) P
k
y=——2 +Ciz+Cp. > Puc. 25

= o,

303. Haiin ¢opMy paBHOBECHSA OMHOPOIHOMN HEpacTAXUMON HUTH (C 3aKperUiecHHBIMU KOHLIAMU)
1o ACHCTBUEM €€ BEca. '
<« [lonbaysace ypauenviem (1) u3 npegbinyiueit 3azauy ¥ IPAHUMAsS BO BHHMaHHME COOTHOLUEHUE

dP(z) = pg dS,

Ife pg — BeC €AMHUUBI UIMHBI HUTH, dS = 1/1+ y’2 dz, nonyyaeM gucgdepeHUMaIbHOE YpaBHEHUE
¢opMbi 9TOM HUTH:

2_PY

"
Toy" = pg\/1 +y*, wm ———i——z =d’, a T
Vi+y 0

Tak xak
1" 7
- (In (y’+\/1 +y’2)) ,
v1+ y’2
TO
yl + {l +y,2 — eaz(:+C1)’
OTKyIa
1 2 2
r_ a*(z+Cy) _ ~a“(@+Cy)
y = 5 (e e )
IIpouHTerpupoBas euie pas, HOJYIUuM
1 a¥(z+C)) —a¥(z+C)) 1 2
y:iﬁ(e V+e ‘)+C2, WM y=;5ch(az+C|)+C2.>

§ 3. JInneiinbie JuddepennnaIbabIe YPaBHEHUS
¢ NOCTOSHHBLIMH K03(¢PuumenTamMu

3.1. JInneitnoe auddepennnaIbuoe ypaBueHHE 72-r0 NOPAIKA
¢ nocTOSHABIME K03(dhuimenraMa.
XapakrepucTaueckoe ypasnenue. OOmee penmienune.

IuddepenunansHoe ypaBHeHHE BUIA .
ay™ +ay™ " + ... +au iy +any = f(), (1)

rae a; = const (i =0, n), f — M3BecTHasA YHKUMA, HASBIBACTCS AuHelHM duddbepenyuansuoim ypae-
Henuem n-20 NOPadxa ¢ nocmoannuimu koddduyuenmamu. Ecm f(z) = 0, To ypasuenue (1) HassiBaercs
00HOPOOHBM, B IPOTUBHOM ClTy4ae — HeoGHOPOoOHbIM.
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Ecin f — HenpepbiBHadA Ha cermeHte yHKuusA, TO obluee pewleHue ypasHeHus (1) cocrour us
CyMMBI OBLIETO pelmeHus COOTBETCTBYIOUIETO OQHOPOLHOTO YPaBHEHMA W YACTHOTO peleHUs HEOIHO-
poaHoro ypasHeHus (1).

Anrebpanueckoe ypaBHeHUE

A" +a A"+ . 4 asAta, =0 )
Ha3bIBAETCA XAPAKMEPUCMUMECK UM, COOTBETCTBYIOLIAM OLHOPOAHOMY ypaBHeHuIO (1). TIyets Af, Ay, ..\,
A, — KopHu ypaBHeHu (2). KaxmoMy npocToMy KOpHIO A; COOTBETCTBYET YaCTHOE PELIEHHE OTHOPOA-
Horo ypaBHeHHs (1), umerowee BUL y; = e 3 kaxIoMy KOpHIO A, KpatHoctn ! (I 2> 2) — peureHus

y, = e, Yril = ze*’”, ooy Ursie = 271 TIponsBonbHas TuHelHAs KOMGMHALMS BCEX HaCTHbIX
peLieHuii fiBsercs 0OIMM pelleHueM oaHopoaHoro ypaBuenus (1), T.e.
n
y@@) =) Ciyr- (3)

k=1

3.2. IloucK 4acTHOTO penieHust
JMHEAROro ypaBHEHHA T1-I0 NOPHIKA ¢ NMOCTOAHHbIMH KO3 dunvenTamu
MeTOAOM Heonpenenennbx KoddduunenTos.

Ecnu nipasast yactb ypasHeHus (1) umeer puzn f(z) = P, (z)e’*, rae P, (z) — MHOrowieH crene-
HM m, TO yaCTHOe peuleHue ypaBHenus (1) Gyner
-~ 3 T
§=2"Qn(z)e”, 4)
rae s = 0, eciM UMCNO Y HE COBNANACT HU C OFHUM W3 KODHEH! XapaKTePUCTAYSCKOTrO ypasHenus (2),
M § PaBHO KPaTHOCTH ! KOpHA ypaBHeHHs (2), eciid YMCIO Y ¢ HUM coBnaunaer, @,,(€) — MHorowieH
crenenn m. s onpeaeienus Koagduunenros muorowiena @, (z) cieayer (4) noacraButs B (1)
4 IPUPaBHATL BHIPAXEHUS IIPH OOQUHAKOBBIX (DYHKLIUSIX.
Ecin f(z) = fi(z) + f2(z) + ... + fp(x), T0 yacTHOE peweHue ypaBHeHUs (1) cOCTONT U3 CyMMBI
4aCTHBIX PELUEHUNA §j; HEOZHOPORHBIX YPaBHEHUI

aoy™ +ay" P+ ..t anay tay = file) G=T,p).

3.3. MeToa BapHauus NPOU3BOJbHBIX NOCTOSHHBIX.

Eciu f — HenpepbiBHAs Ha CerMeHTe (DYHKUMSA, TO YACTHOE PellicHHe ypaBHEHUs (1) MOXHO HaliTH,
MIPUMEHUB Memoo 8apuayul nPOU3EOALHBIX NOCMOARHbIX, 3AKITIOYAOIIUCS B ciaeayouieM. [Tycts noctpo-
eHo ofLiee peiieHe OZHOPONHOrO ypaBHeHusa (1), T. e, uMeercst BeipaxeHude (3). Toraa Uit OTBICKAHUSA
YaCTHOIO pellieHHA HEOJHOPOZHOro ypaBHeHust (1) MOCTYNAOT CAEAYIOUUM 00pazoM:

a) npeanonarawor, 4o Cp = Ci(z) — mupdepeHuupyemsle QyHKIMH;

6) yacTHOE pellleHUE MINYT B BUAE

n
§(@) = Y Cu(@)yi; )
k=1
B) byukumu Ci (&) ONPENeNAIOT U3 CUCTEMBI aMTeOpandecKuX YpaBHEHMI
n
(z) —
S clow =1, 1=5aT, ©
k=1 Go
rae 6,—1,;1 — cumBon Kponexepa;
r) NOJIyYuB peiueHus cUcteMs (6) Ci(T) = px(T), MHTETPUPYIOT STH YPaBHEHM:
@) = [p@)da +au, %)

Ioe ay — HOCTOSHHBIE,
) moncrasaioT (7) B (5):

() = kzz;yk (for@raz+as). ®

3ameTuM, uro dopmyna (8) onpenenser Takxe obuiee pelieHHe HEOAHOPOIHOro ypasaeHus (1).
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3.4. Meroa KomH Hax0XIeHHs YACTHOrO pemeHHs
HEOANOPOANOro aupeiinoro mudydepenmansaoro ypasnenus 72-ro Nopasga
¢ NOCTOSHHBIMM Ko3(dHIuEenTaMA.

Ilycts K (zx, $) ecth penieHue OIHOPONHOTO ypaBHeHHs (1), yroBIeTBOpAIOLICe HAYANIBHBIM YCIIO-
BUSAM:
K (=, s)|z=s = K;(.’l?, 5)’2::5 = . = K;n—?.)(z, s)lzzs =0, K;n—l)(z, 3)]1:3 =1 &2

Torxaa, ecnn ¢ynkuus f HenpepbiBHA Ha cermeHre [a, b] u zy € [a, b], = € [a, b], TO
y(z) = /K(z, s)f(s)ds (10)
zy

Oyzer YaCTHBIM pEIIEHAEM HEORHOPOLHOTO ypasHeHus (1), ynOBIETBOPSIIOILAM HAaYAIbHBIM YCIOBUAM
— o - — D —
y@) =y (@)= ... =y (z)=0.

Pewtenne K(z, s) HaspiBaeTCst yHKyuel eausnua oA 3ada4u Kouwu.

Haiity ofmuue penreHus OJHOPORHBIX ypaBHEHHWH, a TAKKE YacTHBIE PEIUEHMs TaM, LAE YKA3aHbI
HAYaIbHBIC YCJIOBUS.

304. 4" +y -2y =0.

« CocTaBnsieM XapaKTePMCTHUECKOE YPaBHEHHE

M4+Ar-2=0.

Ero kopuu — A = 1, Ay = —2. KOPHIO A; COOTBETCTBYET 4aCTHOE pEUICHUE ¥; = €°, 3 KOPHIO

A, — pemwenue 3, = e~ 2%, TIpousBobHast IMHEHHAS KOMOMHALMA STHX PEIICHui ecTh ObIee peleH e
JAHHOTO YpaBHEHHUS:

y=Cie* +Ce ™. »
305. y" -2/ =0, y(0)=0, y'(0) =2.

¢ XapakTrepucruyeckoe ypaBHeHue A2 —2) = (), CoOTBETCTBYIOLIEE JaHHOMY Andde peHIMAbHOMY,
umeeT KOpHu A; = 0 u A; = 2, nodtomy o01uee pelzeHre UCXORHOTO YPaBHEHUS 3aMUChIBAETCA B BUIE

y=C| +Ce™.

Jlns HaxOXAeHUs 4ACTHOTO PELIEHUA, YIOBJIETBOPAIOIIEIO JAHHBIM HAYyalbHbIM YCJIOBUSM, NpPO-
nddeperunpyem obmee peutenue. [lonydum y' = 2C,ye**. 3areM B BhipaXeHus Vst OGILETO PeILeHNs
1 €T0 NPOU3BOIHONH BMECTO , ¥, ¥ MOACTaBUM ux 3Hauenus 0, 0, 2 cooTsercTBeHHO. MMeem

C1+C2:0, 2C2=2,

orkyna C) = —1, C; = 1. MUckxomMoe 4aCTHOE pelieHHE UMEET BUL,
y=e*-1p
306. y" -8y =0.
« U3 xapakTepucTHUECKOTO ypaBHEHUS A — 8 = 0 HaxomuM ero KOPHH A\, =2, Ay = —1 + i3,
As = —1 —44/3. CrenoBaTensHo, obllee pelleHue eCTh IPOU3BOIbHAS JIMHeAHas KOMOMHALMS JACTHBIX
peLIeHHH:
y= Cleh + (Czeﬁ/jz + Cge_“/jz) e’ (])

Iockonbky koabduueHTs AaHHOTO U depeHIIMaNBHOT0 YPABHEHUSA ASCTBUTEIbHA, TO peulerue (1)
MOXHO NpeICTaBUTh B AeHCTBUTENbHON (POpMe, BOCMONMB30BAaBILUCH hopMynamu Ditepa

1/ ; . 1 . .
= L0 4 i L PL
costp—2(e +e ), sm<p-2i(e e )
IMoxcramnsasa 3Hauenns V3 = cosv/3z + isin 3z B (1), noydaem
y=Cie” + ((C; + Cs)cos iz +i(C; — Cs)sin V3z) e ™. 13



138 In. 2. Duddepernuansinie ypaBHeuns BHCHINX NOPSIKOB

Iyers G, = G, + zC;, C; = C, —iCs, tne Gy, C3 — nmeiicTBUTENBHBIE [POU3BOJIBHEIE MOCTOSHHBIE,
Torna u3 (2) caeayer, 4To

y=Cle¥+e™® (62 cosV3z + Cssin \/3::) ,

rne C,, C; — HOBble NEHCTBATENbHBIE NPOU3BOILHEIE MOCTOAHHbBIC. MBI MOMyunIu obiee pelieHHe
B feitcTBuTeNbHON Popme. B

307. y" +4y=0.

<« KopHu xapakTepucTiueckoro ypasuennsi X +4 = 0 HaxoluM, mob3ysach H3BECTHOMH BOpMyIIO,
KOTOpast, IPUMEHUTEILHO K PaCCMATPUBAEMOMY CITYYar0, MMEeT BHI

i(r+2k7) I
= VA=V, k=03
Orcrona crenyer, uto Ay = 1+4, Ay =1—3, Ay = —1414, Ay = —1 — ¢, Torna smueiiHas koMOuHaums
Ly = (Clei’ + Cze_iz) e+ (C;ei” + C4e"’) e® 1))

ABETCH OOIIMM PELIEHUEM PacCMaTpMBaeMoro AuddepeHMaNbHOr0 YpaBHEHH .

Tax xaK Koa¢pbuuueHTsl gud¢depeHUNANBHOrO ypaBHEHUS ueucmmenbﬂm TO peLueHue (1) moxHO
TPEICTABUT B NeACTBUTEbHOM (I)opme ¢ nomolubio Gopmyst Ditepa e *p - cos g isin @ n nosoXnB
C, = Cl +1C2 s Cz Cl - 102, C3 C3 + IC4, C4 = C3 - 1C4, roe Cl s C2 s C3, C4 — ACUCTBUTEIbHBIE
[POU3BOJIbHBIE TOCTOSAHHbIE. TOrAa MOMYIUM

= (C,cosz + Cysinx)e” + (Cscosz + Cysinz)e
rie C, C,, C;, Cy — HOBHIC Ie/iCTBATEIbHbIE NPOM3BOTLHBIE IOCTOSHHEIE. P
308. "' + 64y = 0.

<« HaxoouM KOPHM XapakTePUCTHYECKOTrO YpaBHEHUS AN +64=0:
i 1r+2

\/ —64 , k=0,5.
l'[ocne NOJACTAHOBKM COOTBETCTRYIOWMX 3HaueHUi Ak B hopmyay mis A, umeeM A = V3 +i, A, = 26,
~V3+i, Ay = —V3—1i, A; = =21, A\¢ = V3 —i. CrenoBaTepHo, OGLIEe PELIEHHE B KOMIUIEKCHOM
<popme MPEeACTABUTCH B BUIE

y=C1e™ 4+ Cre ™ + (C;e“’ + C4e“") Vi (C €+ Cee” ") eV,

Iloroxue 3necy C; = él + l.éz, CZ = 61, C3 = 6’3+i64, Cy = 63, C5 = 55 +i6’6, C6 = 65
M BOCHOJb30BaBIMCH dopMynamu Ditiepa, nonyyaeM obLiee peiieHue B ACHCTBHTENbHON dopme
y = C cos2z + C,sin 2z + (Cy cosz + Cysin z)eﬁ” + (Cscosz + Cg sin z)e"ﬁ’
rne C; (i = 1,—6) — HOBbIE JEHCTBUTENBHDIE NPOU3BOJIbHBIE TOCTOAHHbIE. P
309. 4" -2/ +y=0.
<« U3 xapakrepuctuyeckoro ypaBueHus AX — 2A + | = 0 HaxomuM ero KODHM A; = Ay = 1. Tak
KaK KpaTHOCTb KOPHS PaBHA IBYM, TO COIJIACHO . 3.1 yaCTHpIe peleHuA AaHHOro quddepeHuuaHOro
YpaBHEHUS UMEIOT BUL:
x T
Yyy=¢€, Yp=zec.
CrepoBareyibHoO,
y = (C1 + Cyr)e”
— of1iee pewieyue. »
310. yV+ 2" +y =0.
« PeumB xapaxtepuctieckoe ypasHeHne A* 42274+ 1= (A* +1)2 = 0, monyunM A, = Ay = i,
A3 = Ay = —i. ComnacHo 1. 3.1 3aNuCHIBAEM YACTHBIE PELICHHS
N = ei::’ n= zehr ys=¢", y==ze ",
a 3aTeM M oblee peireHue paccMarpuBaemoro nuddepeHIMANIBHOrO ypaBHEHUS:

y=Cie® +Ce ™ +z (C;e"’ + C4e_"’) .
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Ecru monoxuts C) = 5. +iCy, Cy = Cy, C; = C‘; + i@, C,; = C3, To npuieM K JeHCTBUTEILHOM
dopme obiyero perienns
y=Ccosz + Cysinz + x(C; cosz + Cysinz),
e C; (i = l,_4) — HOBBIE AeHCTBUTEAbHBIE IPOU3BOJIBHBIE MOCTOAHHLBIE. P
311, oV +8y" +24y" + 32y + 16y = 0.
4 Xapaktepuctiueckoe ypasHeHne A* + 821 + 2422 + 320 + 16 = (A + 2)* = 0 umeer KopeHb

A = =2 kparnoctu | = 4. Cormacno 1. 3.1, 3TOMy KOPHIO COOTBETCTBYIOT 4€ThIpE YaCTHBIX PELICHUSA
=¥, p=ae, y=ae, y=oe
ClteoBaTeIbHO,
=(C1+ G+t +Czd)e ™

— ofmiee pelieHue. »

312. y¥' -5y¥ + 4V =0; YO =y O) =y’ ©) =y"® =y ) =0, 'O =2.

< CoctaBus xapaKtepuctuueckoe ypaenne A° — SA° +4A* = 0 u pewws ero, nomyuum A, = A, =
= A3 = Ay =0, As = 1, Ag = 4. CiienopatensHo, obluee pelieHUe NpeacTaBUTCA B BUIE:

y=C + Gz + C3z’ + Cyz’ 4 Cse® + Coe™

Jlnst onipenenerus nocTosHHBIX C; (i = 1, 6), COOTBETCTBYIOIIMX MCKOMOMY SACTHOMY DEIIEHUIO, CIIETy-
€T NOoC/eNoBaTeIbHO NpoauddepeHIMPOBaTh NATH pa3 olllee pelicHHe U BOCTIONb30BAThCS HAYAJIBHBIMU
ycnoBussMu. Torza NOTyduM CHCTEMY YPaBHEHWIH OTHOCHTEBHO YKa3aHHbBIX MOCTOSHHBIX:

Ci+Cs+Cs=0, 6C,+Cs+64Cs=0,

C,+Cs+4Cs =0, Cs+256Cs =0,
2C;+Cs + 16Cs = 0, Cs + 1024Cs = 2.
Orciona HaxomuM Cs = —%—, Ce= ’ﬂlﬂ’ C = -18253;, C = %%, C; = —153, Cy= 1% Taxum obpasom,
85 +21 5 + L 1 2e + 1 4
=—4 z’ © - = —
128 Tt ET T3¢ Tt

— MCKOMOE YacTHOE pelleHue. p
313. " +3yV =0, yO) =1, YO =y" O =y"(O) =y (O) = y*(0) = 0.
4 U3 xapakrepuctnueckoro ypabuenusa A +3X* = 0 Haxomum ero Kopan Ay = A = A3 = A, =0,
As =iv3, ¢ = —iV/3. Comnacho 11. 3.1, 3anuckiBaeM ofinee pelieHue JAHHOTO MudipepeHIanbHOro
yPaBHEHUSI
y=C, +C2:c+C3:c2+C4:c3+Cssin\/_z+C6coss/_z
AHaNOTHYHO NPOAETAHHOMY B NpPEIBIAYIIEM NIPUMEPE COCTABIAEM CUCTEMY YPAaBHEHWH OTHOCHTEIBHO
nocrofaHHbX C; (3 = 1, 6) 1 pewaem ee. Torma nomyuuM: Cy = 1, C; = 0 (¢ = 2, 6). CnegoBarenbHO,

YaCTHOE PeLIEHHE UMeeT BUI:
y=1L»

Haiitu ofiuye peieHUsT HEOTHOPOIHBIX YPABHEHHUA, 4 TAKKE YaCTHBIE pELUEHHS TaM, TIe yKa3aHbi
HayaJIbHbIC YCIOBMA.

314. y -2/ -3y =€®; y0) =1, y¥©O) =0

« Cuauana Haxogum oﬁmee peuIeHue OIHOpPOMHOTO YPaBHEHHS, COOTBETCTBYIOLIETO AAHHOMY He-
ozmopozmomy, T. €. ypaBHeHHs y" — 2y’ — 3y = 0. Tak KaK KOpHH €r0 XapaKTEPUCTHIECKOTO yDaBHEHUS
AT 2x=3=0eccm A\ = ~1, A\; = 3, TO yKazaHHOe O6Luee PellleHue 3AMUIIETCA B BAKE

y=Cie ™" + Cre®™.

ITocKonBKY TpaBas yacTh ypaBHeHUs f(x) = e** n UuCNO Y = 4 He CcOBHAaeT HU C ONHHUM W3
KOpHeil XapaKTepHCTHIECKOTO YPABHEHHUSI, TO B COOTBETCTBHH C I1. 3.2 YacTHOE pelieHHe JRHHOTO He-
OINHOPOIHOTO YPaBHEHMs MLIEM B BUJIE:

§ = Qo(x)e™ = aoe®, )
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e ap — IOKAa YTO Heu3BeCTHad NMocTosHHaA. Jna onpenenenusa ay moactasum (1) B ucxoqHoe mud-
depenuuanbHoe ypapHenue. Tora NoxyyuM TOXAECTBO
i _ &
Sape” = €™,
M3 KOTOPOTO HAXOMUM ay = %r CrenoBaTesbHO, § = %re“” W ofuee peuieHHe HEOTHOPOIHOTO ypaBHe-
HUA 3aNULIETCA B BUIE
1
- 3 4
y=Ce ’+C2e’+§e’
HoncraBuB B ofllee pelieHue, a TAKKe B NPOM3BOIHYIO OT HEIO, BMECTO &, Y, ¥ 3HAYeHus 0 1,0
COOTBETCTBEHHO, NOJIYYUM CUCTEMY ypaBHEHMIi otHocuTebHo Cp, C):

1 4
C|+C2+§=1, -C+3C+-=0.

5
PewruB 31y cucremy W noacrasus 3HaueHua C|, C, B o0liee peleHue, HaliieM HCKOMOE YaCTHOE:
4 1
-z 4z
y=—-e +_-e . »
5 5

315. y' —y =2¢* — 2%
< Jlerko HaxoIuM ofllee peimeHue COOTBETCTBYIOLIETO OJHOPOIHOIO YPaBHEHHS
y=C1€I+C26-:. (])

Tak Kak npaBas 4acTh JaHHOro AuddepeHUMaNTLHOTO ypaBHEHHUS eCTh cyMMa ¢yHkimid f) + f,, uMe-
fownx B P (z)e™, To, commacHo 1.3.2, 4aCTHOE pEIIEHHE TakXKe WIIEM B BUNE CyMMbl YaCTHBIX
PELICHMI CIeAYIOUIMX HEOTHOPOAHbIX YPAaBHEHUM:

y' —y=2, y -y=-z’ 2

B cuiy Toro, yTo B NEPBOM ypaBHEHWH Y = 1, a Bo BropoM 4 = 0, comiacHo ¢opmyrie (4), n.3.2,
YACTHBIE PELICHUA STHX YPAaBHEHUH WLIEM COOTBETCTBEHHO B BHIE:

§i = apze®, §, =boz’ + bz +by, 3)
rae ay, by, by, b, — noka uto HeusBecTHbie KoaduMenToi. [ ux onpenenenus noacrasuM (3) B (2).
Torza nNony4yuM ToXIeCTBa
2a0e® =26%, 2y —byx’ — bz — by = —z,
M3 KOTOpPBIX, NpupaBHUBasg KO3 dHIHEHTH! IPY OAMHAKOBBIX (PYHKLIMAX, HAXOLUM:
a0=1, b():], —b|=0, 2b0—b2=0 nim b2=2.
CrefoBarelbHO, YaCTHOE PEIIEHHE UCXOOHOTO HEOTHOPOIHOTO YpaBHEHNUs Gyner
y=i +ip=xze" +z° +2.
Hakonen, npuaumast BO BHUManue (1), 3anuchiBacM M obllee peieHrue 3TOr0 YpaBHEHHUS:
y=Ce®+Cre  +ze" +2°+2.»
316. y" - 3y + 2y =sinz.
« CHauana 3anuiuem ofllee pelieHHe COOTBETCTBYIOLIETO OMHOPOIHOIO YPaBHEHUS:

y=Cie*+ C;e
Hasiee, NpeqCTaBIAA NMPABYIO YaCTh UCXOXHOTO YPaBHEHUS B BHJE
. | 1 _;
sing = — €% — —e*,
2 2

3aMeqaeM, 910 4, = i, 7, = ~i. ITocKOMBKY 7 # A, T0, COMIACHO . 3.2, yacTHOe peiuenue mddepeH-
1IMAJILHOTO YPABHEHUS WHIEM B BHIE:
J=y + i,
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e § = ape'’®, i, = boe ™%, Honcrasst pyHKUMIO § = aoe’® + bge ™™ B McXOOHOE yPABHEHHE U TIPU-

pasuuBas koabduiments npu € u ™, nonyyaem
a 3 i b= G 3 + 3
= — - — =Gy = — + —.
720 200 °T ™7 20" 20

Taxum 06pa3omM, YaCTHOE pELIEHUE 3alULIETCA B BUIC

. B 3 1
§ = a¢e’™ +adge ™ = (ag + Gg)cos x + i(ay — Go)sinx = 10.0s% + T sinz,

a ofwiee — B BUIE
3 1
y=C1e + Ce® + —cosz + — sinz. »

10 10
Ilpumesanne. Ecin ko3¢ duumenTs! 1€B0H YaCTH YPAaBHCHHUS ACHCTBHTEABHbI, @ €I0 NpaBas 4acTb MMEET BUI
€"%(Pr(2) cos Bz + @ (x) sin fz), Q)]
TO YAaCTHOE PElIEHWE HEOAHOPOIHOIO YPaBHEHHSI MOXHO UCKATh B BUE
j=z° ( ;,l)(z) cos Bz + Q;,Z)(z) sin ﬂz) e, )

rae s = 0, ecin -y + i He sBAsAETCS KOpHEM XapaKIEPUCTUYECKOTO YPABHEHMS], U S PABHO KPAaTHOCTH 3TOro
KOPH#1 B IPOTHBHOM CTy4ae, p = max{m, n}.

Tax, B paccMOTpeHHOM npumepe ¥ =0, Pp(2) =0, Q,(z) =1, p=0, =1, Ay v+ Bi, Ay # v + pi.
CnepoBaresibHo, S = (0 M yacTHOe peuieHue MMeeT Bun § = Gy CoST + bysinz, tme ap, bp — momtexalitse

onpeaeneHno koapduuHeHTs. [ogcrasns § B Mcxoanoe auddepeHLnaNbHOE YPaBHEHHE, HAXOAMM Gy = % ,

317. ¢ +y =4sinz.

« JI1s1 HaXOXIEHUST YACTHOTO PENIEHMS JaHHOro HEOMHOPOAHOrO YPaBHEHHUS! BOCHONB3yeMCs fPH-
MeuaHueM K npumepy 316. B nawem ciyyae ¥ = 0, Po(z) = 0, Qn(z) =4, 8 =1, p =0,
Ay =i =79+ Fi. TloatoMy s = 1 ¥ yacTHOe pellieHue, COIacCHO dopmye (2) NpeABIYEro Npu-
Mepa, NPeAacTaBUTCA B BULE

4§ = z(ap cosz + by sin x). 3

IMoncraBue (3) B ucxoaHoe auddepeHnManbHOe ypaBHEHUE W MPUPaBHAB KO3(QdUIMEHTBE TIpH
yHKIMSX sin x, €Os T, HAXOOUM ay = —2, by = 0. Hakouey, IpuHUMas BO BHHMaHue obllee pelieHue
COOTBETCTBYIOWIErO ONHOPOTHOTO yPaBHEHUS, 3aUCHIBAEM O0lIee PELICHHE HEOTHOPOLHOrO YPABHEHUSE:

y=Csinz + C,cosz — 2z cosz. »

JLnst Kaxaoro U3 JaHHBIX YpPaBHEHWH HAMHCATh €r0 YACTHOE PELICHME C HEONpPedeaeHHbIMU KO3G-
unueHTaMU.

318. ' -2y +2y = €* + zcos 2.

4 Haxonum KOpHM XapaxiepUCTHYECKOro ypaBHeHMS: Ay = 1 + 2, A; = 1 — i. Jasiee, OCKONbKY
MpaBas 4acTh pacCMaTpMBacMOrO YPaBHEHUS €CTh CyMMa JBYX (DYHKUMIA, TO YaCTHOE pellicHHE §j ULIEM
B BHJIE CYMMbI YaCTHBIX PELUICHUH §; ¥ §; COOTBETCTBYIOLUMX YPaBHEHHIA:

v -2y +2y=¢°, ' -2y +2y=zcosz. 1)
Jinst mocTpoeHusl YacTHLIX pelleHuit ), §, BOCHOJb3yeMcs NMpUMedaHueM K fpumepy 316. B ciyvae
nepsoro u3 ypasuenuit (1) umeeM y =1, =0, Pp(z) =1, p=0. Tak kak Y+ 8i # A, v+ Bi # Ay,
10 5 = 0. CepoBaresibHO, corinacHo dopmyne (2) ykasaHHOTO NpUMEYaHus,
;17; = Coe’.
B cnyuae Broporo ypasHeHust (1) y =0, =1, Pp(z) =z, Q.(2) =0, p = 1. Iockoneky Y+ 5i # Ay,
Y+ Bi # Az, 10 8 = 0. Takum o6pa3om, coracHo opmyrnie (2) U3 MpUMEYaHUA Tocie MpuMepa 316,
2 = (aoz + ay) cosz + (boz + b)) sin z.
HTak, yacTHOe pellieHAe NcxomHoro IMdbepeHIMaANEHOTO YPABHEHISA CASAYeT UCKATh B BUAE
7 = Coe® + (apz + ar)cosz + (boz + by) sinz. »
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319. y" + 6y’ + 10y = 3ze™* ~ 2¢* cos 2.

«TIpexzae Bcero HaXOIMM KOPHM XapaxTepUCTUYECKOro ypaBHeHust A%+ 6+ 10=0: Az =-3+i,
anee, nomeaysce npuMedyaHHeM K npumepy 316, CTpOMM YACTHBIE PeLIEHUS, COOTBETCTBYIOILME YpaB-
HEHUSAM

Y’ 46y + 10y = 3ze™, y" + 6y + 10y = —2¢** cosz. (1)
B cnyuae nepsoro u3 ypasneHu# (1) nmeeM v = =3, § =0, B,(z) = 3z, p = 1. Tak kak Y+ 0i # Ay 1,
10 8 = 0. B cnysae Broporo ypasHeiimsi (1) v =3, § =1, Pu(z) = =2, Q.(x) =0, p = 0. [anee,
nockonpky Y+ Bi=3+i# A ;, 10 8=0.

st nepeoro m3 ypasHeHu# (1) yacTHoe perienine UMeeT BUR

i = (aoz + a;)e”®,
a ans Broporo —
§is = (bo cos z + by sinz)e*.
CyMMa 3THX YACTHBIX PEleHMIt ¥ €CTh NCKOMOE YacTHOe pellieHue JAHHOIO YpaBHeHWS:

§ = (a0 + a1)e" % + (bycosz + by sinz)e™. »

320. y" - 29" + 4y’ - 8y = e sin 2z + 22%.

<€ Haxommm KOpHH XapaKTepHCTHYECKOro ypasHeHnst A° — 247 + 4A - 8 = 0: A = 2, A3 = %2,
Mo aHanormu ¢ NpoxeMaHHBIM B NPEALIXYIIMX NPUMEpPaX YCTAHAaB/NBAEM, YTO LI KAXKZOTO M3 ABYX
ypaBHEHMH

ym _ 2yu + 4![/ _ 8y = elz sin 21’ y/// _ 2yn + 4yl - 8y = 212
uMeeM s = (. KpoMme TOro, i nepBoro U3 3Tux y?anﬂeuuﬁ 1T=2,8=2,Q.) =1, Po(x) =0,
p =0, ana Broporo — y =0, 8 =0, P,(x) = 2z°, p = 2. CinenoBarensHO,
71 = (ag sin 2z + bg cos Zm)eh, 2= Coz* + Ciz + Cy,

§ = §, + §2 = (apsin 2z + by cos 2z)e™ + Coz® + Cyz + Cy. B

321. y' - 4y + 5y = e®sin’z.
« Onpenenus KOPHM XapaKTePUCTHYECKOTO YPaBHEHHS A;; = 2 =+ § W 3anucaB Npapyio 4acTh
ypaBHEHuA B BUIe

2z _

. 1 1
e¥sin’z = 3¢ 73 e cos 2z,

AHATIOTHYHO [POJENAHHOMY BEIIIE IOAYUUM §f; = Gge™*, 2 = (by cos 2z + by sin 2z)e’ . Takum 0Gpasom,

§ = (g + bocos 2z + by sin2z)e*. p

322. 4"V + 54" + 4y =sinz cos 2z.

< Tax kak sinz cos2z = %sin 3z -~ }sina: u Ay = 24, A3 4 = i, T, cOITACHO NPUMEYAHNIO
K mpumepy 316, umeeM §; = agsin 3z+a, cos3z, §, = 2{bosin z+b; cos z), rae §j; — YacTHOe pemeHuUe
ypapHenus y" +5y" +4y = §sin3z, a §;, — uactHoe pewtenue ypapnenns y'V + Sy” + 4y = — L sinz,
npuyeM B 3TOM [OCeqHEM ciyyae 8 = | B ity TOrO, uTO ¥ + 31 = A3. CnenoBarennHo,

§ = agsin3z + a; cos 3z + z(bysinz + by cosz). p
323. 4" -3y +2y=2".
< Tockomky 2° = €™ u A; = 1 #1n2, A; =2 # In2, 10, cornacxo 1. 3.2,
§ = ape®™? = a2°. »

324. 4"V - 4y" + 5y" = 2* cos 2z + ze®sin2z + ¥ sinz.

« YacTHOE penieHue § UIEM B BHAE CYMMBI TPEX YaCTHRIX pelueHult i, §,, §f3, COOTBETCTBYIOLINX
AuddepeHIHATLHEIM YPABHEHUAM, JIeBast 4aCTh KOTOPEIX COBNALACT ¢ jleBoil YacTeio auddepeHUHaNL-
HOTO YPaBMEHUS B YCIOBMM TIPHMEPA, A NIpaBhIE YaCTH — COOTBETCTREHHO yHKumu f1(2) = " Ccos2z,
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fi(@) = ze®sin2z, fi(z) = eFsinz. IlockonbKy XapakTepucTHYECKOE YpaBHEHHE HWMEET KODHH
A2 =0, A3 4 =2 %4, To, coIacCHO NPUMEYAHHIO K puMepy 316, uMeeM

= (aoa:2 + a,z +@ay)cos2z + (bo:l:2 + b,z + by)sin 2z,
52 = ((coz + c1)sin 2z + (doz + dy) cos 22)e",
iy = (o sinz + o cos T)e™.

3aMeTuM, 4TO TONBKO B MOC/NefHeM caydae ¥+ i = A;, 1.e. s = 1. »

Ilpumenss MeTo[ BapMaUMK NPOU3BOJIBHBIX NOCTOSIHHBIX, PEIIMTDh YPABHEHMS.

ez

325. ' -2y +y=—.
z
« CHayayia HaxXoauM OOLUEE PEUICHUE COOTBETCTBYIOIIETO OHOPOAHOTO YDABHEHWS:
y = Cie” + Cyze®.
3arem, npenonoxus, yto C) = Cy(z), C; = C,(x), mopdupaem pyukuuu Ci(z) u Cr(Z) TaK, YT0OBI
GyHKuMA
y = Ci(x)e® + Cy(z)ze” 6))
ObUTA pELIIEHUEM HEOZHOPOAHOIO ypaBHEHMs. DPdeKTHBHO TaKoit moadop GyHKUMiA OCyluecTBIAETCS

¢ TMOMOIIBIO CUCTEMBI YpaBueuuit (6), m. 3.3:
z

Cl@)e® + Cy@)ze® = 0, Cl(@)e* + Ch(z)e*(z + 1) = %

Orciopa Haxomum Ci(z) = —1, Cy(z) = % Hnuterpupys TomydeHHsle ypaBHeHus, umeem Ci(z) =
= —z + Ci, Cy(x) = In|z| + C3, tme C}, C; — HOBBIE NPOU3BOJNbHEIE NMOCTOAHHBIE. IToacTaBuUB
Haitzennsle yHkuuu Ci(x), Ch(x) B (1), OKOHYATENBHO MOMYYAEM:

y = Cie” + Cyze™ — ze” + ze” Injz|. »

326. Py —y) =2* - 2.
<« Jlerko Haxonmum 0B1UEE PEWIEHHE COOTBETCTRYIOLUENO OAHOPOIHOIO YPABHEHHUS:

z

y= Clez +C2€~ .
Comtacno m.3.3, obuiee pellleHMe HEOIHOPOAHOTC YPABHEHWMS 3amuchiBaetcst B Buae y = C(x)e” +
+ Cy(x)e™, a npouspopHbie GyHKUMI C) ¥ C) ONPENENAIOTCA U3 CUCTEMbI YPABHEHUIH
- _ i 2
Ci@)e” + Cy(m)e™* =0, Cilx)e” — Ci(x)e™ = P

PewnB a1y anreOpandeckyio CUCTEMY, NOAYUUM:
i 2 1 i 1 2
C'm:—(——+—)e—1 C'm=—<——— —~)e’.
1) Uzt s ,» Q@) =3 e
Hurerpupys nociegHue COOTHOWIEHMWS, HAXOIUM

1 2 1\ _; 1 1 2
Cl(m) = 5/ (-—; + ;) e zdm+C,, C2(£D) = 5 / ('—; + ;3) e‘da:+Cz,
rae C;, Cy — HOBBIE NMPON3BOJIBHBIE MOCTOAHHBIE.
JBaxkmpr MHTETPUPYS 1O YACTSIM, MOIYIUM
1 _ 1 1 1 1 1
Cl(-l')= 5 e’ (—; + ;2—) +Cl, Cz(m) = 5 e’ (—; — ;:—2) + C,.

IMoncrabus 3nagenus Cy(x) u Cy(z) B HOpMYIy urd OO1IETO PELICHUS HEOXHOPOJXHOTO YpaBHEHN,
HMeeM:

- 1
y=Cie" + Che ‘—;.b
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IMpumeHsia pasIMYHbIE METOMBI, PCLUUTD YPAaBHEHM.

327. ' + 2y + y = cosiz.

<« O0G1ee periteHUe OMHOPOAHOIO YPaBHEHHS HMeeT BUIL
y=Cie " +Cze™"

Tockonbky cosiz = 7e + 78 ® U KOPEHb XapaKTepPHCTUYECKOIO YPAaBHEHMs A = —1 IBYKDATHBIH,
TO, COIACHO M. 3.2, 4acTHOE PelieHUe HEOAHOPOAHOrO ydeHean HUEM B BUIe
§ = ae® + bzle ™.

IopcraBuB § B AaHHOE ypaBHEeHHE, HONYYAEM TOXIECTBO OTHOCHTEJBHO T, U3 KOTOPOro CIELYET, YTO
a= 31{, b= zlr ClienoBarebHo,
2

1 -
y=g<+ %e" +Cie” + Crze™”

€cTh O0LUEE PELICHUE UCXOAHOIO YPABHEHHUS. B
328. y' + 2iy = 8e®sinz.
« XapaxKTepuCTHYECKOE YPABHEHUE COOTBETCTBYIOLIEr0 OHOPONHOTIO YPaBHEHHUs A +2i = 0 umeer

KOpHH
'(~ +2kx)

M=V 2i=vie T =v2CEH k=0, 1,
T.e. Ay = \/f(cos (—%{—) + ¢sin (——%{—)) 1—i, A =2 (cos 11r+zsm %r) = —1+14. Cnegosarelib-

Ho, ofulee pellteHUe OIHOPOAHOTO YpaBHEHMs ONuChiBaeTes GopMyno
-3 —141
Y= C]e(l 9z + C2€( 1 1)1. )
JUis mosydeHss YaCTHOTO PelleHUs BOCMONb3yeMCs METONOM HeOTpeAe/IeHHBIX KO PUIUEHTOB.
TTockomnbky 8e”sinz = f}e“*”’ - %e““‘)’, T0, COIIACHO M. 3.2, YACTHOE PELUCHHE MILEM B Bie
g = ae"*% 4 bge!* (n
{3aMEeTHM, YTO MHOXHTENIb T BO BTOPOM CjlaraeMOM B (1) nOSIBUJICH B CBSA3H C TEM, YTO KOPEHb Ag COBIA-~
gaer ¢ uuciaom 1 — ¢). oxctasnsasg (1) B UcXOnHOE ypaBHEHME, TIOIYYaeM TOXIECTBO OTHOCUTENBHO T,
M3 KOTOpOro ofnpenesieM a = —1, b= —1 + 4.
Taxum oGpasom,
y = (C'1 + (G~ 1)z>e(l—z)z + C2e(z—l)z ~ g0z
— obee pelleHUe HEONHOPONHOTO ypaBHeHUs, P
329. ' + 2iy' —y = 8 chiz.
« O0ee peleHue 0qHOPOAHOTO YPaBHEHHI eCTh dbyHKIIUS
y=Cie " +Coxe™
Tak kak 8chix = 4e’® + 4¢™%, 1o MM HAXOKLEHUS YACTHOTO PELICHUS HeOXHOPOZHOTO YPaBHEHWS
yILOGHO BOCIIOJIB3OBATHECS METOLOM HeomnpeneneHHHIX KoadduuumeaTros. B cumy toro, yro A = —i —
JBYKPATHBIA KOPEHDb XapaKTePHCTUUECKOTO YPABHEHMS, COTIACHO T1. 3.2 YaCTHOE PelCHUE WIIEM B BUAE:
§ = ae'” +bzle .
TToncraBuB §f B JaHHOE ypaBHeH!e U NpUPABHSIB koodputnenTs 1ipu e* u ¢, monyvaem a = —1,
b = 2. CnegoBaressHO,
- (Cl + G+ 2232)6-21 — e
€CTh O0LIee PeIIEHHE MCXONHOTO YpAaBHEHUA. P> i

” 2 1 . - ! —
330. y +wy—~———-m+l,y(1)—-2,y(1)- 3.

<« PeuimB u3BeCTHRIM CIOCOG0M COOTBETCTBYIOLIEC ONHOPOJHOE ypaBHEHHE, UMeeM y = C sinwz+
+ Cycoswz. JInd noMydeHUST YaCTHOIO PEIUICHWS HEOAHOPOAHOTO YPABHCHHUA BOCHOJNB3YEMCS METONOM
Koum. CornacHo 1. 3.4 MOXeM 3anucaTh:

K(z, 8) = Cy(8)sinwz + Cy(8) coswz,
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npudeM K(z, 8)|,=s = 0, K,(z, 8)|.=s = 1 (B mannoM ciyyae n = 2). CleA0BATENEHO,
Ci(8)sinws + Cy(s)cosws =0, Cy(s8)cosws — Cy(s)sinws = % (w # 0).
W3 nocneguunx aByX ypasHeHuit Haxogum Ci(s) = %ﬁ , Ch(8) = —S“’T“"’. Torpa
Kz, 3) = %sinw(m — 8).

Oynkuus f(z) = :1:_—}-—1— HenpepbiBHA MpU & # —1, 1103TOMY cHpaBeanusa opmyna (10), n. 3.4:

z

1 fsinw(z — s)
r)y=— [ ————ds 1
v = [FUE 2, 1y
zp
rne zo € [a, b], = € [a, b] u —1 & [a, b]; a, b — Npou3BOIBLHBIE YUCIIA.
ITpuHAB BO BHUMAHME YaCTHOE pelieHMe (1), 3anuchiBaeM obuiee pellieHUE:
T
1 rsinw(x—s
y=Clsinwz+C‘2coswz+—/-¥ds. )
w s+1

zo
Temnepb, UCXOS U3 OOIIEro PELUEHUs, TOCTPOUM YACTHOE PELIEHHUE, YNOBIETBOPAIONIEE 3aJaHHBIM
HAYaTIbHOM YCJIOBUSIM.
Hduddepenuupysn (2), momydaem
z
y'(x) = w(Ci coswr — C, sinwe) + /

Zo

cosw(x — 8) ds

s+1 ®

INonaraa B (2) u (3) x = £y = | ¥ NpUHUMasA BO BHUMAHHE HAYATBHbIEC YCIOBUS, UMEEM
2=Cysinw+ Cycosw, —3=w(Cjcosw— C; sinw),
orkyaa C; = 2sinw — %cosw, Cy = 2cosw + %sinw. Toacrasus snavenus C; u C, B (2) u B3IB

zo = 1, OKOHUYATEIPHO HAXOLUM

z

3 1 i —
y=2cosw(:z—-1)——sinw(z—1)+——/sm—w(m—-—izds. >
w wJ s+1

331, ¥ +y = f(=).

Kakue ycioBus gOCTATOMHO HANOXHMTH Ha (PyHKUUIO f, YTOOBI BCE PELUEHMH 3TOTO YPABHEHUS
OCTABAJIMCH OTPAHMUEHHBIMU NpU £ — +00?

« Ilpumenus MeTos BapMauuu NPOM3BOJIBHBIX MOCTOAHHBIX C{x) u Cy(x), Bxomamux B obiuee
pellieH!e COOTBETCTBYIOLIETO ONHOPOAHOTO YPABHEHUs

y = Csinz + C,cosz, )
MOTYYUM CUCTEMY -
Ci(z)sinz + Cy(x)cosz =0, Cj(z)cosz — Cy(x)sinz = f(z),
U3 KoTopoit creayet, uto Ci(z) = f(z)cosz, Cy(x) = —f(z) sin z. UnTerpupys, GyreM umeTs

Ci@) = / f(@)coszde +Cy, Ca(@) = — / f(z)sinzdz + C,. @)

IIpennonoxum, 4yTo UMEIOT CMBIC] BEIPAXKCHHS

a(x) = /f(s) cossds, pB(z)= /f(s) sin sds
Z0 . %
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NpY MOObIX (PUKCUPOBAHHBIX & > Zp. Torma, kak cienyer u3 (2) u (1), obluee peuieHHE JAHHOTO
ypaBHEHUS1 MOXHO TPEACTaBATL B BUIE:

y = C)sinz + C,cosz + /f(s) sin(z — s)ds = Cysinz + Cycosz + a(z)sinz + f(x)cosz =
z0

= (Cy + a(x))sinx + (C; + f(x)) cosx = A(x)cos(T — p(x)),

rae
Ax) = \ﬂc, +a(@))? + (Cy + f(x))?, sinp(z) = %)(—w—), cosp(z) = %%?, A(z) # 0.

Ortciona crenyer, 910 Ais1 OTPAHMYEHHOCTA PelleHUi y(z) mpu & — 400 AOCTATOUHO 110TPeGOBATh
orpaHu4eHHOCTH GyHKIMU A (aMIUIMTYbI) MPU T — +00, T. €. OrpaHHyeHHOcTH QYHKIMA a ¥ § npu
T — +00. P

TTocTpouTs MMHEHHBle 0OAHOPOAHBIE IU((DEPEHLUMATBHBIE YPABHEHUS ¢ TIOCTOAHHBIMU KO3 Pumu-
eHTaMu (BO3MOXHO GoJiee HM3KOro NnopsAka), MMeIoIMe JaHHbIE YACTHBIE PEelICHU.
332. Y1 = 1261.
« Juddepenuupys mociaeaoBaTebHO GYHKIHIO Yy, N0Tydaem:
¥l = 2" + 2ze” =y, + 2ze”;
Yl =y} + 26" +2ze" = yi + 2" + (¥} — y1) = 29} — y; + 2€7;
Y =20 — g1+ 2e%.

HCKIIONNB U3 NOC/EHMX ABYX COOTHOLIEHHIE 2e”, OKOHIATEIBHO MMEEM
i " !
Yi =3y + 3y —y =0.
3ameTnm, yTo NOAYUNTb AuddepeHImManbHOe ypasHeHue 6ojiee HU3KOTO N0PAAKA HEMb3A, TAK KaK
4ACTHOE pellieHHE ¥, = £ e® II0POXIIAETCH KOPHEM XapaKTEPUCTUIECKOI0 YPABHEHHs KpaTHocTH | = 3. b

z

333. y=ze®, p=e".
<« YacTHoe pelieHME y; NOPOXIACTCSH ABYKPATHBIM KOPHEM A| = | XapaKTepUCTHYECKOTO ypaB-
HEHMS, 4 YACTHOE pellieHUe ¥, — KOPHeM Ay = —|. [MockOIbKy KOPHUA M3BECTHBI, TO JIETKO 3aMMCaTh
H CaMO ypPAaBHEHUEC!
A-1D*A+1)=0, wm X -A-A+1=0,

SlcHO, YTO TAaKOMY XapaKTEePUCTUYECKOMY YPaBHEHMIO COOTBETCTBYeT IU(depeHIMaNsHOE ypaBHEHUE
’

yll_yll_yl+y:0' »

334. Yy ==, ¥y =sinz.

4 Takkak z = 2%, sinz = jlf(e”—e“’), TO JAHHbIE PELICHUs! 10POXKAEHDI KOPHAMU HEKOTOPOTO
XapaKTEPUCTHYECKOTO YpaBHEHMs: A; = 0 (UBYKparHBIA KOpeHp), A; = ¢, A3 = —i COOTBETCTBEHHO.
C1egoBarTeNbHO, R
NMOA-dA+) =N +1)=0, wm A+ =0
€CTb XapaKTepucTu4eckoe ypaBHEHUe, COOTBETCTBYIOMIee AuddepeHmansHOMy
ylv + yn =0. p

335. y, = zecos 2z.

« [TockonsKy ze® cos2z = %ze(m’)’ + %me“"z"’, TO JAHHOE YACTHOE PEIEHHE TOPOKIEHO IBY-
KPATHBIMU KOMILIEKCHO-CONIDSKEHHBIMU KOPHAMM Ay = 1 & 2i HEKOTOPOro XapakTepUCTHUECKOTO
ypaBHeHus1. OHO uMeeT BUn

A=1-2)2A-1+2 =0, wm X —42°+ 1422 =200 +25=0.

Ocraercs 3anucars Tpedyemoe auddbepeHIMATbHOE YPaBHEHUE:
y"V —4y" + 14y" - 20§’ +25=0. p
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t
336. IMpu kaxux a u b see pemenus ypaBuerus y” +ay’ +by = 0 orpaHuueHs! Ha BCEH YUCTOBO#H
oct —00 < z < +00?
« Ilpexae Bcero HaxoJuMM KODHM XapaKTePUCTHYECKOIO ypaBHEHUS M tax+b = 0. Umeem

2
A2 = —% £/ % — b. lanee paccMOTpUM paamMyHbIe CITyJau MDEACTABIEHUs BCEX PELICHUH,
Ecmu a? = 4b, 10 06iuMm pelreHuem Gymet
-a
y = (Ci+Cz)e 2" ¢))
Ecu xe a® # 4b, To ofuee pellieHne IPUHAMAET BUA
Y= C]C/\]z + C2€/‘21. (2)

W3 (1) cnenyer, 4T0 Kakum GBI HM ObLIO YUCAO @ (HEMCTBUTENBHBIM HJIM KOMIUICKCHEIM), BCe pellie-
HUst Y OrpaHU4EHHBIMU GbITh He MOTYT. [eifcTBuTeNbHO, eciu Rea > 0, To GyHKuusa y He orpaHudeHa
npu = < 0; ecmu Rea < 0, To ¢pyHKuuA y He orpaHuuena npu z > 0; ecmu Rea = 0, To HeorpaHu-
YEHHOCTh (PYHKIMHM ¥ TAKKE OYeBUAHA.

Tenepp paccMOTPUM pellieHus1, npeacTaBiienHeie gopmynoi (2). Iycrs Re Ay < 0 wm Re A, < 0.
Torma pertenus (2) He Bce orpanuyenst npu ¢ < 0. Ilycrs ReA; > 0 wiu Re A, > 0. Torma nHe Bce
pelueHust (2) orpannyedsr npy = > 0. Hakoden, ecniu ReA; = Re Ay =0, T.e. ecmu A; = iy, Ay = iz
(71 # 72), TO Bce peLueHus NpH BceX & € (—00, +00) OyAyT orpaHudeHBI. JIeACTBUTENBHO, B 3TOM
clydae BCe pellieHMs NMPEICTABIAIOTCA B BUE NPOM3BOJBHOMN JUHETHOM KOMOMHAIMM OTPaHUICHHBIX
dyuxuuit siny;z, cosyz, siny,x, co8y,.

HWrak, a1a orpaHU4eHHOCTH BCEX PELICHUN UMEEM YCIOBUS:

a a? . a a? .
—5‘*' *4‘—b=1’71; =57 *4”‘b=1’72 v #Z71)

a=—in+m) b=-1m,
re i M 7y, — Jj06ple OTIMYHbIE IPYT OT JIpyra IEHCTBUTE/NbHbIE YMCAA. B 4acTHOCTH, €Ciu G —
JeACTBUTENBHBIA NTAPAMETD, T. €. ¥; = —%2, TO BCE peleHust OyayT orpanugeHs ipu b > 0 (a = 0). »

OTKYJA HAXOIHUM

337. Ipw xaxkux a u b Bee pewenvs ypasenus y” + ay’ + by = 0 crpemsITes K HYMO npw
T — +00?

« Bocrnonesyemes npencrapiennsaMu (1) u (2) Bcex pellleHUiH U3 Npeasiiywero npumepa. B ciy-
yae (1) Bce peleHuUs CTPEMATC K HYJIO npu T — +00, ecid Rea > 0. B ciydae (2) Bce pelieHHst
CTpPEMSITCH K HYJIIO Iput £ — 400, ecd ReA; < 0 u Re A, < 0 ogHoBpemeHHoO.

B yactHOCTH, ecliM a ¥ b — AelCTBUTE/bHBIE TapaMeTpBl, TO B cilydae (1) Bce pellieHUs CTPEMATCS

2
K Hymo npu £ — 400, Korma @ > 0 (b = %— > 0). Otu xe yeaosus (a > 0, b > 0) npuromusl
u B caydae (2). HeitctButensHo, ecn b < 0, To OAMH U3 KOPHei A| I A; HE3aBUCUMO OT & Gyumer
NOJIOKHTebHEIM, T.€. e'® mmm e™® — 400 npu £ — +0o. Eciu b = 0, To ypaBHeHue umeeT
pemenue y = C # 0, xoropoe He cTpeMuTCs K HYmO. TakuM 06pa3om, HEOOXOAUMO, YTOGH! b GBUTO
nonoxurebHsiM. Ilycts b > 0 u a € 0. Torma feWcTBUTEBHAS YacTh OJHOrO U3 KOpHe# (A, Wiu A,)
06313aTeNbHO GyJeT HEOTPULATENBHOM, CIEA0BATENbHO, €M1 Wi e He GyaeT CTPEMUTLCS K HY/TIO ngn

2 — +00. OcTaeTcst paccMOTPETh Cilyvait, Korma a > 0 u b > 0 ogHoBpemenHo. Ecm 0 < b < &,

. 2
TO 064 KOpHsA A; ¥ A; OTpMLIATENBHBI, Ho3ToMy y — 0 mpu 2 — +oco. Ecim b > %—, TO KOPHM Ay,
A2 KOMIUTEKCHO CONPSKEHHBIE ¥ UMEIOT OTPULIATENBHYIO AEHCTBUTENBHYIO 4aCTh, MO3TOMY y — 0 npu
x — +00. b

338. 11pu kakux neiicTBUTENBHBIX @ M b KAXIOE peLIEHUE ypasHenus y" +ay +by = 0 o6pamaercs
B HY/Ib Ha OeCKOHEYHOM MHOXECTBE TOUeK 27

« UcxopuM u3 npencrapnenus pemenuii (1) u (2) ypasnenus w3 npumepa 336. Scuo, yto dop-
Myrna (1) He onpenenseT KoaeG/IOIMXCs PELICHUIA, KOTOPHIE MPH HEKOTOPOM G 0Gpalaiich 6bl B HYIb
Ha OECKOHEYHOM MHOXECTBE TOUEK 2.

PaccMoTpuM perrenus (2). Eciu Ay 1 Ay — neACTBUTENALHbBIE KOPHU, TO, KAK U3BECTHO, CYMMA IBYX
3KCIIOHCHUHMAIBHEIX yHKUUA MOXeT 00paTuThes B Hy/Ib TOMLKO B KOHEYHOM YHUCJIE ToueK . Ilycts
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2 2
’\1:_%‘”\/”‘%—; z\2=—%—i\/b—a , T.e. 4b > a’. Torna
a? . a? _gg a? e,
y=|[Cicos\/b— Tz +Cysin\/b— -z )e 2" =Acos{/b—Fzx—p|e 2.

Kak BUIMM, BCe pelieHUs (TP IPOU3BOJIBHBIX 3HAYeHUSX A U @) B 3TOM cilydae ofpalalorcd B HyAb
Ha GecKOHEYHOM MHOXECTBE ToYeK {z}, rue

s
+kmw+
zk:u (ke Z)_>
b &
s

339. Npy xaxux a n b see peliieHwn ypaBuenns i +ay’ + by = 0 yIOBIETBOPAIOT COOTHOLIEHUIO
y=o(e %) npy z — +00?
<« MBbl Jo/DKHBI HAWTH TaKue 3HAYEHWA NApaMeTpoB a U b, aToObl npy Beex suaueHusix C; u C,
(TPOM3BOIBHDBIX MOCTOAHHBIX B petieHusx (1) unu (2) ypaBHeHUs U3 npuMepa 336) BbINOMHAIOCH YCI0-
BUE: :
. z
lim (y(z)e’) = 0. (H

Ecim a® = 4b, 1o cormacho (1) umeem
: SPRUNI L SEA N
Jlim ((C1 +Cyz)e2 ) =0,

SIcHO, 4YTO 3TO COOTHOLUEHME MOXET BBIOJHATHLCS LT Npou3BoibHbIX C| u Cy TONBKO NpH YCIIOBUH
Re (1 - %) <0, um Rea > 2.
B cityuae, korma Ay # A,, yeaoBue (1) npMHUMAeT BUI!

lim (Cle“‘ﬂ)Z + Cze(h“”) =0,
r—+00

KOTOpOe JUIsl Mpou3BoibHBIX C ¥ Cj 5KBUBAJIEHTHO COOTHOLUIEHUSM

lim e =0 u lim eM*™V" =, o))
z—+00 z—too
Ortciona ciienyerT, 9To mocaeaHee BO3ZMOXHO JIUILE B ciydae, KOTla OHOBPEMEHHO BBIMOHSIOTCS Hepa-
BeHcTBa Re(A; + 1) < 0 n Re(A, + 1) < 0.
Eciim a u b — peiicTtBuTe/IbHBIE NAPAMETPBl, TO MOCIEAHUE HEPABEHCTBA MOXHO 3anucarb Gonee
KOHKPETHO.

2
Iyers b < %" Torma A; u A; — peilicTBUTEIbHBIE KOPHU U ecM A; < 0, To u A, < 0. Cienosa-

TEJAbHO, UMEEM ABA YCJIOBUS:
< 02 a 1 [a < (3)
4 ’ 2 4 ’

ApY KOTOPBIX BBIIQJIHAIOTCS COOTHOLIEHMs (2). PeruuB coBMecTHO HepaseHcTsa (3), nostydaeM Ciaemy-

IOLIee YCJIOBME BHITTOJIHEHMS coOTHOLUeHUs (1):
2

a
a>2 a-1<b<—.
4
02 - a . a2 .
Iycts b > 7. Torma A;; = -5 ki b— < ¥ COOTHOLIEHUN (2) OyAyT BBLIMOJHEHDI, €CIH

-5 +1<0,mma>2
Takum obpasom, eciia @ U b gefcTBUTEIbHBIE N1ADAMETPHI, TO YKA3aHHOE B YCJIOBMM 3a1d4M COOT-
HOLLEHHUE BbIONHseTcAa pu a > 2 ub>a—-1,reempu2<a<b+1. »

340. ins 3anansoro b > 0 nono6parh TAKOE @, IPY KOTOPOM peLU€Hue ypasHenua y” +ay’ +by = 0
¢ HayabHbiMK YeaoBusimu y(0) = 1, y'(0) = 0 BO3MOXHO GHICTPEE CTPEMUTCS K HYJIIO NpU T — +00.

« Pacemotpum tpu cayvas. Iycrs b= %—. Toraga peruenue 3afauu UMEET BUL:

n=(1+5)e % (1)
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SlcHo, 4TO @ NOMXHO GHITH TOMOXHTELHEIM, UHAYE ¥, HE GYNET CTPEMHTBCS K HYJIIO IpU T — +00.
CriepoBatebo, a = 2v/b.
Hanee, nycts a > 2vb. Torna 3anaya umeer peleHue

1 _az 2
Y = (—,\26‘” + ,\le_‘”>2—‘;e 7, w= Y )

Hakonel, eciu 0 < a < 2vb, 10

a . _az a?
Y3 = (551— sinwx +cosw,m) e 2, w=4{b—-—. 3)

Ocraercs cpaBHuTh pettenust (1), (2), (3) npu gocratouno 6oJib- A4
umx ¢ > 0. Iycte 2 — 400. Torma mns pewenuii (1), (2), 3) 2
COOTBETCTBEHHO UMEEM ACUMNTOTHUECKHE (HOPMYIIBI o

Y= 0(m€—1ﬁ>, =0 (e(w—%)z> y y3=0 (6_%1') ) T

Tak Kak A

ze VP

lim = = lim ze*(-3) — ¢ mpu  a < 2VD,

T—=+00 e_ '2_ T—+oo

=

W, @

_az
10 2?5 0 OBICTpEE, yeM e 2 . [layee, B cuity TOro, 4To

ze-—zﬁ ]

lim ———— = lim ze 2 (V-3) = npu a > 2vb, @3

r—+oc e(w——)z T—+00

Il
N

2
10 TE Y% - 0 TAkxKe OBICTpEE, YeM e("’"%)l. Taxkum o6pa3oM, u3 (4) Prc. 26
cnenyer, yro pewenne (1), nomydenHoe npu a = 2v/b, cTpeMuTCs K HYMO Npu T — +00 OBICTpee
OCTAJIBHBIX PelIeHUH. P

341. Haittu nepuomuueckoe pelieHue ypaBHeHus &+ +4c = ™' 1 Ha KOMIUIEKCHO} TTOCKOCTI
C HauepTHTH KPUBYIO, KOTOPYIO IIPOGETAET aMIUTUTYAHBIA MHOXUTEb 3TOTO PEILEHUS HPH M3MEHEHUM
w or 0 g0 +00.

« 3aMernM, 4TO 00O3HAUEHUA &, & UCTIONB3YIOTCHS B MEXAaHMKE U MMEIOT CMBIC/ IIEPBOIA ¥ BTOPOM

NMPOHM3BOJHOMN 10 BpEMEHU.

t

IToCKONBKY XapakTEPUCTUYECKOE YpaBHEHUE A4 A+4 = 0 umeer KODHHM Af ) = —%ii—T”IS , TO cpe-
[ pellleHuii OJHOPOAHOTO YPaBHEHUWS HET NEPUOIUUECKOrO PELIEHUs, OTIMYHOTO OT TOXAECTBEHHOTO

V13

Hym. Jlaree, TaK Kak fw # —% + Y5>, TO yaCTHOE PelIEHME ULIEM B BUJIE T = Ae*' Umeem:

1 eiwt

p=a - T = n .
4+iw — w?’ 4 +iw — w?
Otaenss AEHCTBUTEBHYIO ¥ MHHMYIO YacTH, /I MHOXMTENA A NONyYaeM BBIDAXKEHUE
A=A, +idy,
4 — ? w 1
e 4, = Y - ,0<w < +0o.
e b= G T G- tw 141 [ — w2y + o?

Hcenenyst oGbLIMHEIM crioco6oM dbyHKuMM Ay, Ay ¥ |A| Ha 3KCTpeMyM, HaxoouM: A = jl; npu

W =vVZ U Aymin = —% 1pU wy = V6; Aypin = —0,5 npUt w3 = \/7—%@ % 1,94; | Alpax = 0,51 nipu
w =,/3,5.

Bormcersst ewe Aywr) & ~0,23, Aylwy) & =022, Aywy) = 0,1, lim 4y = %,wl_iglwA, =0,
wliglo A;=0, wliTm A, =0, nony4aeM HEOOXOIMMBIE AAHHKIE JUIst TOCTPOEHUS 3CKU3a rpahuKa KpHBOH
na wiockoctu C (puc. 26). »-
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342. Nano ypasnenvie y" +ay’ +by = f(x), npuueM |f(x)| < m (—00 < z < 00), a KOPHH XapaK-
TEPUCTUYECKOTO YpaBHEHUS YIOBIETBOPAIOT HEPABEHCTBY Ay < A; < 0. Haitty pewienue, orpaHuieHHOe
npu —oo < ¢ < +00. ITokasars, yTo:

a) BCEe OCTAJIBHAIE PELICHHUS MPH T — 00 HEOrPAHMYEHHO NPUGIMXAIOTCS K STOMY PELICHMIO;

6) ecnu f mepuomuyeckas GYHKIMSA, TO pelIEHUE TAKKE NEPHOIMYECKOE,

«Hcxons u3 ofiero peliesns 0IHOPOTHOTO YPABHEHHUS

Y= CleA'I + C'zehz
M TIDUMEHSS METO BADUALIMHM NPOU3BOJBHEIX OCTOSHHBIX C) ¥ C,, A1t 0011ero pellieHusi HEOTHOPOI-
HOr0 ypaBHEHWS NOJYYUM BBIpaXEHUE .

z
y=Ce" +Ce™ + N gy — 3 /f(a:)e—"” dz. 8y
2
Tak Kak HeCOGCTBEHHEIE MHTETPAJIBI
z z
/f(s)e""’ds, /f(s)e"’\” ds
—00 ~00
CXOIATCA AOCOMIOTHO B CIUTY OHEHKHM
z z
/ [f(s)e“” ds<m / ™M ds,
—00 e ]
TO perreHue (1) MOXHO 3amucaTh 60J1e€ KOMIIAKTHO:
At At
s _ e
y=Ce+Ce " + f( ),\ ( M@= _ ph@- ") ds —C,e*"+cze"”+/f(m ) ———dt 7))
— A
Jlanee, noCKOIBKY CHIPaBeIMBO HedeeHCTBO
+00 e’\'t
[ tta- / g ™™
/ A=A —,\2 ,\,—Az AA b

TO M3 (2) ClelyeT, 9TO YaCcTHOE PelleHUE JAHHOTO ydeHeHnﬂ, OrPaHUYEHHOE IIpU T € (—00, +00),

HMEET BUJ
eht _ ght

y= / R 6
Slcno, uro CieM* + C,e™* — 0 nipu & — +00, M03TOMy U3 (2) BEITEKAET, UTO BCE PELICHMST CTPEMSTCS
K 4acTHOMY pelueHuo (3) npu & — +00. Hakoneu, nonarast B (3)  + T BMecto z, rie T — mepuon

¢dyHkuwK f, nonyyaeM
Mt __ it __ /\zt

s
yz+T)= / fle+T- t) dt / flxz— t) = y(z).

CrnenonarenbHo, d)yﬂmm y Takxke T -TiepuogmdecKas. >

§ 4. JInneiinbie nudpdpepeHnnaIbHbIe YPABHCHHAS
C nepeMeHHbIMHA K03(¢puuuHenTamMmu

4.1. JIuneitnoe madrpepennuaibaoe ypaBaeane 12-ro nopsIKa
¢ DepeMennbIMA KO3(gdHIEEeHTAMH.
JInneiino 3apacamMele Qpysxipm. Oupenesmtesm Bponckoro.
Juneiinoim oudepenyuarbuuim ypasuenuem n-20 nopaoka ¢ nepeMerHbMy Koapduyuenmamu Ha3pBa-
€TCA ypaBHECHHE BUIa
a0@y™ +a@Y" P + ... + @) + e @)y = p(2), )
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e ¢, a; (i =0, n) — uspectHbic Gynkumu. Ecm y,(z) — yacTHoOe pewieHue ypapHeHus (1) npu
9 = 0, T0 MOCPENCTBOM 3aMEHHl § = y,z(x), Z'(z) = u(z) nopsamox ypasHenus (1) npu ¢ = 0
MOXHO nmOHu3NTb. PyHxuun y; (¢ = 1, n) HA3LIBAIOTCA AuHelinO 3asucumbiMu Ha ceTMeHTe [a, b],
€CM CYLUECTBYIOT TAKHE NOCTOSIHHEIE ; (i = 1, n), ONHOBPEeMEHHO HE PaBHEIE HY/MO, YTO Ha [a, b]
BITTOSHAETCH TOXAECTBO

an+ay:+ ... +azy, =0. )
Ecnu ToxaecTso (2) CnpaBeTUMBO JMIIL MPU @y = Q) = ... = @, = 0, TO yka3auubie GyHKUMH
Ha3bIBAIOTCS AUREliHO KedagucuMbimu Ha cerMeHTe [a, b].
Onpeaenutenb

yll y} y;l

i Y2 cew Y,
WE@)=Wyn vy = .. n 3

A R

Ha3sIBaeTCs onpedesumenem Bpoucrozo.

4.2. Kpurepnit JHReiiHOH He3aBACHMOCTH QYHKUMIA,

Ecmu (n — 1) pas audpepeHunpyeMbie GyHKIAU Yy, ¥, ..., Yn JHHENHO 3aBUCHMBI Ha CEFMEHTE
[a, b}, TO W(z) = 0 Ha [a, b].
Ecnu mune#iHO He3aBUCUMBIE QYHKIMHU Yy, Y2, .. ., Yn SBIAIOTCS PEIICHUSIMU IMHEHHOTO ORHOPOA-

HOT'O YPABHEHUNA
vy + P@y™ "+ ... + P(z)y =0, “)

e P; (§= 1, n) HenpephIBHEIE Ha cerMenTe [a, b] byHxkuvu, To W(z) # 0 Ha [a, b).

O6uee peiierue ypasHeHud (4) npu z € [a, B] ecTh AuHeltHas KOMOUHanus y = él Ciyi(x) m-
HEHHO HE33aBUCHUMBIX YaCTHBIX peLICHUN Y; 5TOr0 YpaBHEHHA.

4.3. @OynnamenTAIbAAA CHCTEMA penieHmil.

COBOKYNHOCTb 18 JIMHEHHO HE3aBUCHMBIX YAaCTHBIX pelIeHMIi JTMHEHHOro oXHOPOAHOIO YpaBHE-
HHA 7-TO MOPANKA Ha3LIBaeTCs ero gyndamenmansioii cucmemoii. DynnaMeHTAILHAN CUCTEMA pellleHnit
BIIOJIHE OMNpEAesACT JMHEHHOS ONHOPOAHOE ypaBHeHUE (4). Takoe ypaBHEHUE UMECT BUR

A .
Y L)) cee Yn y
................................ =0. 5)
T SRR
A AU T SR Tl
4.4. @opmyna Octporpanckoro—Jluysmwis,
Ecau B (3) Y1, ¥2y -+ -5 Yn — DyHOaMeHTaNBHAS cUCTEMA PESLUCHUI ypaBHEHus (4), TO LIS onpesie-
nutens BpoHckoro cripaBemiusa gopmyra Ocmpozpadckoeo—Jluyeunns
z
W(x) = W(zo)exp (—’ / P (t) dt) ) )
z0

rae Lo € {a, b}, z € [a, b].
4.5. Obuiee pemenne HeOIHOPOXHOTO JMAeHHOTO M depeHTHAILAOTO YPaBHEHHA
¢ nepeMennbiME KO3(QdbuuMenTamu. .

Ecnn usBectHoO OGiiee pelueHMe OZHOPOAHOIO YPaBHEHMdA, TO OOWIEC PELICHHE HEOIHOPOLHOIO
ypaBHCHUSA ¢ HenpephIBHOM Ha [a, b] Npasoit YacTBIO MOXHO HAWTH, IPUMEHSIST METO/X BapHallUH TIPO-
H3BOJLHBIX NOCTOSHHBIX (CM. § 3).
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4.6. Ypapnenne Diinepa. Ypasnenne YeOpunena.

JuddepeHuranbHoe ypaBHeEHHE BUIA
(az+0)"y™ +ay(az +0)" 'y + .. taui(az + b)Y +ay=0
Ha3bIBaeTCA ypaenenuem Diinepa. C MOMOIUBIO 3aMeHE! ax+b = +e' ero MOXHO IIPHBECTH K YPaBHEHUIO
¢ MOCTOAHHBIMU Ko3(duimeHTamu. [Ipu a = 1, b = 0 ypaBHeHUe Dillepa HEPEXOIMUT B YPABHEHHE
y" P+ tawy tay=0,

n, (n) n—1

Ty +ax

KOTOpOE€ TaKX€ Has3blBAIOT ypaBHEHHEM Diiepa.
VYpaBHeHue
(1-z)y -2y +n'y=0
Ha3bIBaeTCA ypasHenuem Yeboruuega. 3aMeHUB apryMeHT & 1o opMysie & = cosi, HONyYUM YPaBHEHHE
dzy 2
— +ny=0.
az Y
4.7. Tuddepennuaibable ypapHeHUs BTOPOTO NHOpAIKA.
Cpenu ypaBHEHHH BbICLUMX OPSIKOB, YaCTO BCTPEYAIOIUMXCA B HNPWIOKEHHAX, BAXHOE MECTO 3a-
HUMAIOT dughheperyuianshsie ypasHerus anmopozo nopAaoka
¥+ Pi(z)y + Py =0, M

roe Py u P, — HenpepuIBHBIC Ha (a, b) dynkiuu. C 1OMOLIBI0 3aMEHbI

Yy = exp (—%/P&x)dm) Z(x)

€0 MOXHO HNPHUBECTH K KAHOHUYECKOMY suay
2

d'z
E + J(x)z =0, (8)

Tae
1 1
J@) = Py(2) = 3@ = 7 Pl(@).
Ipu stoM cuurator, uto Py € Cl(a, b). Oyukums J Ha3LIBACTCH UHBAPUAHMOM YPABHEHUS N.
JItoboe ypaBHEHHE BTOPOIo HOPAOKa

Py(z)y" + Pi(x)y + Py(@yy = 0 )
€ HENpepHIBHEIMH Ha (a, b) Ko3dduumeHTaMu MOXHO IPUBECTH K TaK HA3bIBAEMOU CAMOCORPANCEHHOU
dopme

d dy
— { P(z) == =0
= (P@ ) +aaw (10
MyTEM [TOWIEHHOrO YMHOXEHUA ypaBHeHud (9) Ha dyHkuuio o, roe
(@) = ( A , ) an
a(x) = €x z .
B@ “*\J B

4.8. Ceaap mexny JvHelinsM u(depeHMaAILABIM YPaBHEHHEM BTOPOTO NOPSIKA
H ypasnenneM Jiijiepa—PurgaTa.
Ecm B (7) nonoxum y' = yz(x), To noaydum ypaBHeHHe Ditiepa— Pukkarn
dz 2
% = %~ Pi@)2z - Pyz). (12)
OGpatHO, ypaBHeHuE Ditiepa—Pukkatn

¥ = P(z) + Q@)y + R(z)y’

C HOMOIUBIO 3aMCHBI ,
u

Y= "uRE@)
MOXHO HPHUBECTH K JIMHEHHOMY YPaBHEHMIO BTOPOrO NMOPSHJIKA.

13)
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4.9. Cpenenne mnueiinoro anddepenunansnoro ypasuenns BTOPOro nopajixa
¢ nepeMeHHNMH K03 dmmenTamu
K YPaBHEHMIO C MOCTONHAMMH KO3(QHImMeHTaMH.

Huorna ypasHeHne (7) CBOAMTCA K YPaBHEHHUIO ¢ HOCTOSHHBIMH Koddduimenramu. Ecnm takoe
CBEACHHE BO3MOXHO, TO TONBKO ¢ HOMOLIBIO 3aMEHBI

t=a/\/P2(a:)da:, (14

rne ¢ — HOBLIN apryMeHT.

4.10. O6 acHMITOTHYECKOM NOBeeHUH
pettennii (M depenmaibALIX YPaBHEHHI BTOPOTO NOPAJKA.

Ecnu |f()| < ?g—a npu tp € £ < 400, C > 0, a > 0 — nocrogHHele, T0 AuddepeHLHAILHOE
ypaBHEHHE
V'+U+ Oy =0
MMEET [1Ba JIMHEHO HE3aBUCHMEIX DeLueHHs
yi®) =cost+0(7), wlt)=sint+0 (&) npu t— +oo,
a ypaBHEHHE
¥ -(1-F®y =0
— pelUeHus

ut) = (1+0 (), n®=c*(1+0(g)) mpm t - +oo.

Hccnenopats, gnsioTes nM GaHHBIE GYHKUNM JTHHEHHO 3aBUCHMBIMH.

343. y=z+2, yy=z-2.

<« CornacHo ofIpeeNeHHUIO TMHEHHON 3aBUCMMOCTH GYHKUME (CM. 11. 4.1) JO/XKHEI HAKTUCE TaKHe
Yyucna oy U @3, OTHOBPEMEHHO HE PaBHBIC HYIIO, YTO BBHINONHAETCH TOXACCTBO OTHOCHTENBHO !

a@+2)+opx~2) =0, z€ (00, +o0).
Orcrofia (eCM TaKoe TOXIECTBO BBITOTHACTCH) CIEAYIOT paBeHCTBA
ar+a;=0, 2a;—oay) =0,
wm oy = ap = 0. CriegoBarenbHo, GYHKUMM y; U Y; AMHEHHO HE3aBUCHUMBE. B
344. y, =62 +9, y,=8z+12.
« [lonbaysace onpeaeneHeM TUHERHON 3aBUCUMOCTH (YHKUMA, MOXEM HAIIUCATh:
16z +9)+ (82 +12) =0, =z € (—o0, +00).
Orciona 6a; + 8a; = 0, 9a; + 120 = 0. PakTUyecku HONY4WIM OZHO YPaBHEHHE C ABYMS HEM3-

BeCTHBIMHU, [lo3TOMY, MONMOXMUB, HarlpuMep, «; = —1, HaliteM a; = % TakuM o6pazoM, COraacHO
OTIPEACTCHUIO, JaHHAs cucTeMa (GYHKUMH TUHEAHO 3aBUCUMAs. b

345. w=at—z+3, y, =2+, y; =22 — 4.
« Tlo ananoruu ¢ IpeabIEYIIMM COCTaBNIsIeM TOXIECTBO 110 & € (—00, +00):
cn(:z:2 -z+ 3_) + 012(2.1:2 +2)+a3;2r—-4)=0,
U3 XOTOPOTO CACAYET, YTO XOJDKHBI BBIIOTHATHCS PaBeHCTBa
o +20y5=0, —a;+oz+20;=0, 30 —4a;=0.

Jlerko ybenuThbesl, YTO TPEThE YPaBHEHHE CHCTEMBI ARJIseTCA CACACTBMEM Hepsbix ABYyX. IloatoMy mo-
NOXUB, HallpuMep, a; = 4, Wi a; W O3 JOAYYMM oy = —2, a3 = 3. Ilo onpenesiednio cucreMa
dbyHkuwit ¥, ¥z, Y3 JHHEAHO 3aBHCHMA HA YUCJIOBOH NIPAMOiL. P

346. y =z, gy =€, ys = ze".

<« Ionoxwus B TOXIECTBE MO T

o+ oz€” + onze® =0, =z € (—00, +00),
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=0, monyqaeM o; = 0 u oz + o3ze® = 0 wm a; + o3¢° = 0 (z # 0). Orcioga cnenyer, 4To
et = _% = const, ecn a3 # 0. Ho 3710, oueBunHo, HeBo3MoxHo. Eciu ke a; = 0, Tow o = 0.
TakuM obpa3om, cucteMa GYHKUHHA Yy, Y2, Y3 OPU T € (—00, +00) TUHERHO HE3aBUCHMAsT. B>

347. in2? In3z, 7.
« U3 toxaecta no x € (0, +00):

a;Inz? +a;In3z+7a; =0,
KOTOpO€ MOXHO MPEICTABUTL B BUIEC
QRai+aoplnze+a;ln3+ 703 =0,

crenyet, 4yro 2a; + a2 =0, a;In3 + 7a; = 0. [lonoxus, nanpuMep, a; = — In 3, U3 ociaeIHUX ypas-
HeHul IosyyaeM a; = 7, o = —3, 5. CnegosarenbHo, jaHHas cucteMa QYHKUNAN JMHEHHO 3aBUCUMAs
npu z > 0. »

348. sinz, cosz, sin2z.
« CocrasuM onpenenuresb BpoHckoro oig 3Toi cucteMbl dyHkuuil. Umeem

sinx coszT sin 2z
W(z) = cosz ~—sinx  2cos2z | = 3sin2x # 0.
—sinx —cosx —4sin2x

CrnenoBaTelIbHO, COTTIACHO IT.4.2, maHHble MYHKIMM JMHEHHO HE3aBMCHMMBIE (€CM 6bI OHM ObLIH JIM-
HEeAHO 3aBUCHUMBIMH, TO BBIOJIHAIOCH 6B TOXAECTBO W(x) =0, = € (—00, +00)). B

349, /z, v+ 1, VT +2.

« TIpennonoxuM, YTO BHIHOMHAETCA TOXAECTBO 1o x 2> 0:
avr+avr+i+avz+2=0
TIPH HEKOTOPBIX &, O3, (3, ONHOBPEMEHHO HE PaBHBIX HyMO. TOrna, HONOXUB B HEM ITOCIEIOBATENb-
Ho =0, ¢ = 1, £ = 2, MOAYYUM CUCTEMY
m+a;vV2=0, o+v2a,+V3a;=0, V2o +V3a;+2a;=0.

Tak kak onpeaeMTens 3T0 OOHOPONHOM CHCTEMBI HE PAaBEH HYJIIO, TO ¢ = &) = a3 = (). INonyuenHoe
TIPOTHBOPEYME MTOKA3LIBAET, YyTO gaHHasg cucTeMa yHKUMIA JIMHEHO He3aBucuMag npu = = 0. p

350. z, |z|, 2z + V422,
« U3 toxnecrsa
a1z + oplz|+ oa3Qe + 2[z) =0, =z € (—oo, +00),
creayert, uto o +2a3 = 0, oy + 203 = 0. [TonoxuBs B HOy4eHHBIX YPaBHEHUSX, HAIIPUMED, Q3 = —%,
fIoNy4uM a; = a; = 1. D10 03Hayaer, 4ro NPEUTOXKEeHHas cucTeMa DYHKIMit JIMHEHHO 3aBUCHMas. B

351. sIsasiotcs M AMHEHO 3ABUCHMBIMH Ha CETMEHTE [a, b] dyHKIMH, TpadHKU KOTOPHIX H30-
6paxeHbl Ha puc.27?
« IIpennonoxuM, YTo crpaBewMBO TOXIECTBO 1O = € [a, b]:

a; + oy(T) + asys(z) =0, 0 Ay

TIe af + a% + a§ # 0. Ilonaras B 3TOM TOXZECTBE HO-
CNenoBaTeNIbHO & = Xy, T = I; W MCHONB3YA PaBEHCTBO
y3(x1) = y3(x2), MOXEM HafnMcaTh

ay + oY) + asys(z) = 0, \
a

oy + oy (x)) + asys(z;) = 0.
s

Orcrofa caeayeT paBeHCTBO o (Ya(x2) — y2(xy)) = 0. Ho
TaK KaK y2(z2) # ¥(x1), T0o oy = 0 u Toxaectso (1)
HPMHAMAET BAL /

a + a;y;{z) =0. Pn.c. 27
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Tlocnennee, ecay JIPUHATD BO BHUMAHUE puC.27, HEBOIMOXHO NpH oF + a3 # 0. Iomyunan npo-
THBOpPEYHe, UCTOYHHK KOTOPOTO B MPENNONOXEHHH, YTO DYHKIMH Y1, Y2, Y3 — JIMHEHHO 3aBUCHUMEIC.
CneoBarenbHO, OHH JIMHEIHO HE3aBUCUMBIE. P>

352. Ecin onpenenuTens Bpoxckoro wis dyHKuMii yy, ¥, ..., Yo TOXIECTBEHHO paBeH HYIIO, TO
MOXHO JIM YTBEPXIATh, YTO 3TW DYyHKIMHM 6YNyT TMHEHHO 3aBUCMMBIMHE WIH JTHHEHHO HE3aBUCUMBIMHU?

« TIpumepbl HOKA3bIBAIOT, YTO €CJIM OHpeneauTeNb BpoHCKOro paBeH Hymo HpH Bcex x € (a, b),
TO QYHKIIMHU Y1, Y2, - ., Yo MOIYT OBITb KaK JIMHEHHO 3aBUCUMbBIMH, TAK M JIMHENHO HE3aBUCUMBIMH.

Iycts y(z) = =, y(x) = 2z. Torna W(x) = 0. Jlerxo Bugerp, YTO QYHKIMH y; U Y, JHHEHHO
3aBUCHUMBIE,

Iycts
_{(@-1% em O0<z<l, {0, ecn 0< z< 1,
@) = { 0, ecn 1<x<2, y:(@) = @-1)° eom 1€z<2
Tak kaKk yi(x) =y (x) =0mpu 1 <z < 2, T0
_ @ )| _
W(x) = W@ yhe) =0 mpu I1z<2

Ananorndso W(z) = 0 ipu 0 < z < 1, Tak xaK $(z) = y»(z) = 0 mpu 0 < = < 1. CrenosaTensHo,
W(z) =0 na (0, 2).
[IpennonoxXxuM Tenepb, YTO HIPH HEKOTOPHIX @ U Q3 (a1 + a3 # 0) BBIIOJHAETCS TOXIECTBO
ay (@) +ayp(@) =0, z€(©,2). (D
Iycrs 0 < = < 1. Torma u3 (1) cnenyer, uro a y (x) = 0, 1.e. a; = 0. AHayornyHo, ecu 1 < z < 2,
To u3 (1) nonyuum o, = 0. CnegoBarensHO, QYHKIMH y; U yr JIMHEIHO HE3aBUCUMEIE. P
353, Oyuxunn y, =z, ¥, = 2°, y3 = |x|> yoomterBopsioT IMdBEPeHUHATLHOMY YPABHEHHIO
z2y" + Sy’ + Sy = 0. SIRIAIOTCS M OHM JIMHEHHO 3aBUCHMBIMU Ha uHTEpBane (—1, 1)?
« U3 npennonoxeHus, 4To
g+ ez’ oz’ =0, zE(=1,1), af+ad+al#0, (0))
[OTy¥aeM COBOKYITHOCTb TOXIECTB
az + azzs + a3.7;5 =0, 2>
alz+a2x5—a3x5 EO, T <
Wi a,x + a2x5 +oa;2° =0 —qr—ae*+ o2’ =0, 2 2 0. ana)n,max [OCJIEIHUE TOXIECTBA,
nonyqaeM 2a;z° =0, otkyna a; = 0. A torma u3 (1) crenyeT, uto a; + oz’ = 0 (z # 0), uto Hpm
al+ az # 0 HeBO3MOXHO. TakuM obpasoM, GyHKUUH ¥, Y, Y3 JMHEHHO HE3aBUCHMEIE HA MHTEPBAIIE
-1, D.
C Apyroil CTOPOHBI, M3BECTHO, YTO JIMHEIHOE onHoponHoe auddepeHIHanbHOe YpaBHEHHE 7-TO
HOPSIIKA € HETIPEPLIBHBIMU Ha uHTepBaie (a, b) xosdpduumentamu (Py(xz) = 1) uMeer TOJIBKO n JIU-
HEHHO HE3aBUCHMBIX YaCTHBIX PeIlCHUIT Ha (a, b). B maHHOM Cityyae uMeeM

5
1 !
Bunum, yro ko3dduimentsl Py(x) = -% , Pyx) = —fxs pa3peiBHBI B ToUKe 29 = 0 u 9 € (—1, 1).

CrnenoBarenbHO, HeT YBEPEHHOCTH, YTO YMCIIO JTUHEHHO HE3aBUCHMMBIX YACTHHIX PEIEHMIA COBHAIET C
TIOPSNKOM YPaBHEHUA. DTOT HPUMEP HOKA3LIBAET, YTO TpeOGOBARME HENPEPHIBHOCTH KO3(PHLHEHTOB
ypaBHEHUS (4), 1.4.2, KOTOpoe 06ECTIEUMBAET PABEHCTBO YKC/IA HE3aBMCHMBIX YACTHEIX €r0 pereHHit
MOPSIKY YPAaBHEHHUSA, HE ABIACTCH UINHMITHUM. P

354. Joxazats, uto mBa pewenns ypasuenus y” + p(x)y’ + q(z)y = 0 (p, ¢ — HENpepHIBHBIE
Ha MHTepBaTe (a, b) GYHKUMM), AMEIOLIME MAKCHMYM JIDH OMHOM M TOM X€ 3Ha4eHHMH Ty € (a, b),
JIMHEHHO 3aBHCUMEIE HaA (a, b).

<« Bribepem yncna ) ¥ o Tak, YTOGHI B TOUKE Ty, TAC PEIUCHUS Y (x) ¥ Y2(T) UMEIOT MAKCH-
MaIBHOE 3HAYEHHE, BLUIONHAIOCH PABEHCTBO

o131 (Tp) + aay2(x0) = 0. (1)
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ITockonbKy YacTHbIE PEIIEHMs NIPUHAMAIOT MAKCUMATbHbIE 3HAYE€HUA B TOYKE Ty, TO

oyt (T) + anya(x) = 0. )
U3 (1) u (2) cnenyeT, 4To pelueHUe

y(@) = ayyi(z) + onya(x) S )]
YOOBJIETBOPSAET HAYATBHBIM YCIOBUAM y(xg) = 3 (xy) = 0. Tax xax (GyHKUMM p U ¢ HENPEPHBHEIE, TO
3anaya Kowmmn ) ,

{ y' = —p@)y ~ q@)y;

y@)y =y (x) =0
umeeT equHCTBeHHOE pemeHHe. (UeBUOHO, YTO 3TuM peliieHUeM saaisterca y = 0 Ha (a, b). B cuy
3roro, u3 (3) cnenyer, 4To
ayi(z) + ayyp(x) =0 Ha (a,b),

T.€. 4acTHBIE PEIICHUS Yy WU Y, B CBsI3HM ¢ paBeHcTBOM (1), Tme a% + a% # 0, oxasanuch JMHEHHO

33aBUCMMBIMM Ha MHTepBaie (a, b). »
1

355. fanw 4 peleHns ypaBHeHus ¥ + xy = 0, rpadUKU KOTOPBIX KacaloTCsl APYr Ipyra B OMHOM
Touke. CKOJIBKO CPeI ITHX PeLUEHUR UMeeTCs JIMHEHHO He3aBUCUMBIX?

« B cuty yejioBHsi, [UISL YACTHBIX PENIEHUM Yy, U2, Y3, Y4 B TOUKE Ty BBINOIHAIOTCH YCIOBHA:
. 1 — 7 . I — !
1(Z0) = y2(x0) = ¥3(@0) = wa(x0); Y1 (o) = Y20 = ¥3(20) = Ya(@0). (1)
Torma png byHKUMA
U =Yy1— Y%, WL=Y—Y U=Ys—Ys
ABJAOLLUXCS PEIECHUAMH JaHHOFO YPABHEHMS, BbIIOIHSIOTCS HAYATBLHBIE YCIOBUS

u (o) = up(o) = u3(Xg) = U\ (o) = U(xo) = u3(xg) = 0. 3}
JI7s1 npoM3BONIBHBIX YACEN af U &y MOXHO BBIOpATh YUCIO (3 TaK, YTOOHI
Ui () + @l (@) + sty (z) = 0, o +o3+af #0. 3)

B cuny cyuiecTBoBaHusl eAMHCTBEHHOTO peltieHUs 3agaun Kotin
I

y"' = —zy, y@) =y (@) =y (@) =0,
roe y(x) = o u (x) + arus(x) + azu;(T), UMEeM TOXAECTBO:

aju(z) + ayuy(x) + asuz(z) =0, z€ X, =z € X, “4)
roe X — HeKoTopblii nHTepBan. Onpenenus a; U3 (3) U IOACTaBUB B (4), MOJyYUM
a(u; — frus) + an(uy — Pous) =0, (5)

2 u/l T
rae B = ",‘,(zO) , B = ,2,( 0) (u3(xp) # 0). Tax xaKk 4ucna @y W @ NPOM3BONLHEIE, TO U3 (5) cenyer,
u3(&o) u3(zq)
u(x) — frus(x) =0, w(@) - fus(x) =0, ze€X,
orkyna y; = ys3 + (81 + BaXys — ya), Yo = y3 + Balys — ys). CrremoBareibHO, 110 MEHBILEH MEPE [Ba
pEIeHHA TMHERHO 3aBUCST OT ABYX OCTAIBHEBIX, KOTOPHIE MOIYT GBITh JMHEHHO He3aBUCHMBIMH. Eciu
XKe yy4 = Y3 (Y = const), TO TOrIa MMEETCS TPH JIMHEIHHO 3aBUCUMBIX PELICHUS (Y, Y2, Y4 BHIPAXKAIOTCS
NuHeNHO Yepe3 GyHKUMIO y;). [IpenocTaBiseM YHTaTeNno pa3obpaTs CAyJail, KOrma u}(zg) = uj () =
356. Moryr au rpaduky OBYX pellieHMiH ypaBHEHHs
y™ + P @yy™ " + ...+ P(@)y =0
C HETIpepLIBHBIMU KO3 duLeHTaMu Ha IUIockocTu xOy: a) NepeceKaThbes; 6) KacaThes Apyr aApyra?

« Ilycts y;, ¥y, — [Ba pasIMYHBIX pemIeHHUsI JaHHOTO YpaBHeHUA. Toraa u QyHKUMA y = y; — ¥z
TAKXe €CTb PEIUCHHE ITOTO ypaBHEHHS, HPHUYEM B Cilyuae a) y(Zo) = 0, a B ciryuae 6) y(zg) = y'(x,) = 0,
TIe @y — abcuycca TOYKM nepeceyeHus (Kacanus) rpaMkoB PELIEHHH Yy U ¥;.

Ecnu n = 1, To, B CHJly €QMHCTBEHHOCTH pelicHud 3anayu Kown, B ciiydae a) uMeeTcs TONBKO
TpUBHMATBbHOE peeHne Y(T) = y(x) — y2(x) = 0. CnemoBaTeNbHO, IBYX PAIMYHBIX pelucHMi HET.
DTOT BLIBOA CHPAaBEMIMB U B ciryyae 6).

4qTo
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IMycte n = 2. Torxa B ciiyyae a) MMEeM 3afauy
y' + Pu@)y + Py = 0;
Kj (x(]) = 07
B KOTOpOii y'(Zy) NIPOM3BOJILHOE, HOCKONLKY He 3amaHo. ClenosareibHO, rpadMku OBYX peLUeHUi

3amaum (1) MOTYT 1epecekaThest IpU « = xy. AHAIOrMYHAA CUTYauus ¥ npu n > 2.
B ciydae 6) nonyyaerca 3agaya Kowu (n = 2):

Y + Pi(2)y + Pyz)y =0;
y(@e) = ' (x0) = 0,
MMEIOLLAsA, BCIEACTBHE HENIPEPHIBHOCTH KO3(D(DUIMEHTOB, EOMHCTBEHHOE PELICHUE, NPOXOAALLEE YEPE3

TOUKY (%9, Y(To)).
Ecau xe n > 2, To 3amaya Kowu

{ y™ + Pi@y™ " + ... + Pu(@)y =0,

)

@

T y(xg) =y (xe) =0

CTAHOBUTCA HEONPEIENEHHOM, TAK KaK He 3alaHbl 3HaueHus y' (2q), ¥ (&q), - - -, ¥ V(zg). Cremopa-
TeJBHO, B 9TOM CIIy4ae 4yepe3 TOuKy (X, Y(Tg)) npoxomur ase (4 Gosee) KPHUBBIX, KACAIOIIMXCH IPYT
Jpyra B 3TOH TOUKE. P

CoctaButs JuHeHHOe oqHoponHoe nuddepeHunanbHOE ypaBHEHHE (BO3MOXHO MEHBILIETO NOPS-
Ka), UMEIOLLIee aHHbIE YACTHbIE PEILEeHHMS.

357. y, =1, y» =cos=z.

« OueBuaHo, QYHKIMH Y| U Y, JMHEHAHO HE3ABUCHMBIE, IO3TOMY COFTAcHO (5), m.4.3, uMeeM

1 cosr y
0 -—sinz y |=0,
0 —cosz y”

win y"sinz — 3y cosz = 0. p

358. y, = €%, y, =sh z, y3 =che.

« OyHKIMHM y; ¥ Y3 ABIAIOTCA JMHEHHBIMU KoMOUHauMamu dbyHkumii e” 1 e”*. CienosaresibHo,
(haKTHYECKN MMEETCS JIMIIbL IBa JIMHEHHO HE3aBUCUMEIX peleHus: e u e °. Ux npocreitee mudde-
PEHLMATLHOE ypaBHEHUE UMeeT Bua y' —y = 0. p»

Pewuuth ypaBHEHUS.

2
359. 4+ 2hy" - 22y + 2y =0, yi(x) = =.
« ComacHo 1. 4.1, ¢ HOMOLIBIO 3aMEH y = Z2(T), 2’ = % NOHWXAaeM NOPSIIOK JAHHOTO YPaBHEHHUA:

z(1 + a:z)u' +2u=0.

O6G1iee peleHre ero uMeeT Bua u = C) ( 14+ ;17) . Wnrerpupys ypasaenue z' = C, ( 1+ 517) » OKOH-

YaTelbHO HaxomuM z = Cyx — %’- + C,, wm

y=Cz'+Cz—C. »
360. zy" ~y' — 2y’ +y = 22", yi(2) = &%, y(a) = =.
« Tlonaras y = 22(z), 2’ = u(z), COOTBETCTRYIOLIEE ONHOPOIHOE ypABHEHHE TIPUBENEM K BUIY

+ 2z — 24 2Hu=0.

$2 un

z
TTOCKOMBKY HACTHOMY PEIUCHMIO Y; COOTBETCTBYET YACTHOE PEIIEHHE Zy, TO 2| = fxﬂ = %—. Ho z{ = uq,

—_ (&Y
noaToMy u1(z) = (T) = e (% - ;17) €CTb YaCTHOE PELICHHE IIOC/HeIHEro ypaBHeHus. COrnacHo
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11. 4.1, NIpOM3BOAMM 3aMeHy u = e° (—;— - ;_17) W(z), W(z) = w(z). Torga noiyyuM ypaBHeHUE

1
(a:—l)w'+2w<;—l+a:) =0,

obLIee peIleHUEe KOTOPOro
2
T -2z
w(x) =Ci———=e .
@ =C

W@ = Ot e
(-1 °

Peiuag 3aTeM ypaBHEHHE

HaxonuMm:

1 2
W(x)=Cl/<l+;2——l) e_zzdx-i-Cz:

-2z .
1 11

=C /e_hdz+2/e dz—/e‘2’d< ) +02:—cle‘2’<-+ )+cz.
z-—1 z—1 2 -1

u(ac)~—Ce’”<l 1) 1Ccz"5(1+l)
- z 2z 2! z x¥)’

2 (1 1 C, e f 1 1 et __e
z(fL‘):CZ/e (—-—— dr—— [ e <—+—2 de +Cy;=Cy— +C1— +Cs,
z 2 T z z

Torna

z? T

e C, = %L Haxonen, y = Ce™" + Cye” + C3& ectb 0611ee pelueHne ONHOPOIHOTO ypasHeHns. [l
rosydeHus ob1ero peleHUS HEOMHOPOOHOrO YPaBHEHUSA TIPUMEHUM METOI BapHallHH HPOU3BOJBHBIX
MoCTOAHHBIX. Torna nojiydyuM CHUCTEMY YPaBHEHHI

Cle " +Ce*+Cix =0,
—Cie™" + Che” + C; = 0,
Cie™® + Che® = 227,
U3 KoTopoil HaxomuM C) = e*(z — z?), C) = —e *(z’ + ), C; = 2z. Wurerpupys nocnennue

COOTHOIIEHUS U TiofcTaBuB 3HaueHust Cy, C,, C; B BBIPAKEHHUE I OBILETO PEEHHS OJHOPOIHOrO
ypaBHEHHSI, [10CJI€ HEKOTOPHIX YIPOIIEHUI HAaX0quM O0Ilee PeleHre JAHHOTO YPaBHEHHS .

y=Ce "+ G +Ciz+ . »

361. 2’z — Dy + (42 — 3yzy” — 2z + 2y =0; (@) =z, y:(x) = %
« Tonaras y = z2(z), 2'(z) = u(zx), nonayyaem ypaBHEHHE
£’z — D" + 22(5z — 3’ + 6(z — Du = 0. 5}
W3 cooTHOMmEHNUI Y2(T) = T22(T), 25(T) = uy(T) HAXOMMM YACTHOE pemeﬂné IJIS1 HOCAEOHETO YpaBHeE-
HUS Uy(x) = ;1; ITpuMeHMB elie pa3 yKa3aHHYIO 3aMeHy, MOXEM 3alucaTh;

W(z)
u =

3 2

W' (z) = w(z).

T

Toraa (1) NpuMeT BUZ
(1 =2z + 2w = 0.

HHTerpupys 310 ypaBHEHHE, noiydaeM w = Cy(1 — 2x), win
W'(z) = C\(1 - 2x).
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M3 nocnexuero ypasHeHus cuenyet, uto W(x) = Ci(z — z%) + C,. Ipoussons, Oanee, OYEBHIHbIE
[OICTAHOBKM, UMEEM YpaBHEHHE
1 1 C,
/
z'(z) = C <_z2 ——)+”‘3,

T
H3 KOTOPOro HaxoouM

1 c
2(z) = C (—— - lnlzl) -+ G
T 2z

OcTraeTcs 3anucateh obluee pelecH e NIaHHOTO YPAaBHCHUA!

&)
y=Ci(l+zh|z|)+ —;+C3x. »

Sinx
362. oy + 2y + 2y =0; yi(z) = — (z #0).
x
<« Jlis1 HaxoXAeHUsI BTOPOIO YacTHOTO PELeHUs Y¥; Bocnosb3yeMcs opmysioil OcTporpanckoro—

JInysunng:

2
Ut Y2 o Crexp (- P(z)dz), rme P(z)=— (z#0). (N
Y n . z
Torma nosiyyuM ypaBHEHUE OTHOCHTEJBHO Y):
’ / _ C
nWn—hinh = ey
pELLUB KOTOPOE, HMEEM
dx ~ . sinx
yZZClyl/“2—2+02y1=—‘leICtgz+C2——"~ )
x2y; T
Toraa o6umM peltieHUEM OyIeT
sinx cosx ~ sinx sinx cosx
y=axyl(z)+azyz(z)=a|7—azC'lT+azCz =C (&) o z #0,

rie Ci, C; — HOBBbIE [IPOU3BOJIbHBIE NOCTOsIHHEIE, OTMeTHM, YTO dopMyIa (2) PakTHHECKH OMUCHIBAET
o0111€€ pellIeHHE, P

363. Qz+ 1)y" + 4xy ~ 4y = 0.

« llonplTaeMcst HaifTH YacTHOE pelliEHWEe ITOTO YpaBHEHHMS B Buie y; = e”°, rme p = const.
Moncrasus y; B ypaBHEHHME U COKpATUB 06€ YacTu HA eP”, [oIyyaeM TOXIECTBO

p’Qe+1)+4pr—-4=0,
BO3MOXHOC JIMIIb TOTOA, KOTOa OOJHOBPEMEHHO BLIIIOITHAIOTCSI PABCHCTBA!
2 +4p=0 u p'—4=0.

Orciona Haxonum p = —2. CregoBaressHO, Y = e™?* — yacTHoe pemenne. Mcxons us nuddepeHum-
aJIbHOro ypaBHeHus (1) npeapiayiero npuMepa, JIETKO HaxoauM obuiee pelueHue auddepeHIMaTbHOrO
ypaBHEHHs
' y'+ Py + P(z)y =0
110 U3BECTHOMY €ro YaCTHOMY PEILCHHIO y(T):

exp (—y/;:)(a:) da:) do4 G,

y =y Cl/

(dopmyna Abeas). Bocrionb3oBaBruch GOPMYIOH, cpasy HanuieM o6llee peleH e JAHHOTO ypaBHEeH s

y=Ciz+Ce = »
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364. -y —xy +y=0. .
« Jlerxo BUOETH, YTO Y; = T — YaCTHOE PEIICHUE YPABHCHHS, IO3TOMY BOCHIOIBIOBABINKCE (Op-
Mysoit Abens (CM. IpenbLIyLiMi NPUMED), nojiydaeM

- 1d

365. z(@’ + 6)y" + 4(x? + )y + b2y = 0.

« TlockosbKy K03¢hHUIIMEHTEl 3TOTO YpaBHEHHUS €CTh MHOTOUJIEHBI, TO LIEJIECOOGPA3HO (XOTS U He
06s13aTe1bHO) UCKATh YACTHOE PEeLUeHHE B BUIE HEKOTOPOro MHorouwneHa, Ilycts y, = =" + ... (11oka He
HaliIeHO HaTypaJbHOE 73, BbINUCHIBATH CIEAYIOLIME ciaraeMbie He Gymem). Uucno n HalineM, ecim 3To
BO3MOXHO, U3 yC/IOBUSL PABEHCTBA HYMIO Kod(duumenta npyu crapluel crerneHd £ MHOIOwieHa, KOTO-
PBIA nosryyaercd B JieBoil Hactu I epeHIHATEHOrO yPaBHEHHS [OCJIE TTOACTAHOBKH B HELO YaCTHOIO
pELUEeHUS Y.

Hmeem

2@ +6)(nn — D"+ .. ) — 4@+ Hna" + .. )+ 6@ + ...) =0.
Orcroa, COIIAaCHO CKa3aHHOMY BhILIE, TOJIYyYaeM YPABHEHHUE
nn—1)—4n+6=0,

HMEIOLIEE IBA PEIUEHUST Ny = 2, ny = 3.

WMuem 9acTHOE PelieHue B BHIOE Yy = &° + az + b (ECIIM B TAKOM BIE HACTOE DELfEHME HE CY~
LLIECTBYET, TO ITOALITAEMCS] HAATH €ro Cpefiu MHOTOYICHOB TPEThE CTEMEHH; ECIIHM Ke U B 3TOM CJIyd4ae
[IOTEPIUM HeyIady, TO JaHHOE YpaBHEHUE BOOOUIE HE UMEET PEeIUEHUN Cpear MHOIOWIEHOB).

[MoncraBuB Y, B YpaBHEHHE M TIPUPABHUBAA KOX(DOULMEHTH! TP OOWHAKOBBIX CTEMEHSIX &, HAXO0-~

aum g = 0, b = 2, ClienoBaTebHo, ¥ = 27 4 2 — 4YacTHOE PeIleHHE. AHAJIOTMYHbIE TIOMCKH YACTHOTO
3

pelieH|st cpeid MHOTOWICHOB TPeTbel CTENEHH AT JPYroe¢ 4acTHOE DelreHue Y, = &°, KOTOpOE,
OYE€BUAHO, TMHEHHO HE 3aBUCHUT OT 1IE€PBOrO.
Taxrm obpa3om, nojiyyaem o611ie€ PEIEHUE JAHHOTO YPAaBHEHHUS
2 3
y=C(z + 2+ Cx”. (H

JI1060NBITHO OTMETUTE, YTO JAHHOE YPaBHEHHUE MONMYCKAET €II¢ ONHO YACTHOE pellicHUE Y3 = ]z|3,
JIMHEWHO HE3aBUCHUMOE OT y; U ¥, APH ~00 < T < 400.
Ecau ucxonurs U3 obuiero pemeHust (1), To HeNb3S PelIMTh, HANPUMED, caeayiowylo guddepen-
UHaNBHYIO 33134y:
o(@’ +6)y" — 4(z" + )y + 62y =0,
I
y—bh=1, y()=2, yEhH=-2
Onnako Ha caMoM JieJle CYILeCTBYET €¢ €IMHCTBEHHOE PelleHHe
1, £ 15,
=—(@ +D+ -+ — |z|
=3 2 1
IBaxel HenpepelBHO nuddepeHiupyemMoe NpH Bcex x € (—00, +00), H €ro MOXHO HOJy4dTh U3 Golee
of1ero penreHUsI JaHHOTO YpaBHEHUS
2 3
y=Ci(@ +2)+ O’ + Gy,
TIONYMHHUB HOCJIENHEE 3aTaHHBIM JOTIONHUTENBHEIM YCJIOBHSAM. P

3amenanne, PaccMOTpEHHBIE IPHUMEP MOKA3bIBAET, 4T0 €cid KoadduuneHT Py(£) npu crapuicii npoU3BoaHOA
obpaluaercs B Hylb NpUM T = &y, TC COOTBETCTBYIONee IuddepeHMaNbHOe ypaBHEHHUE N-T0 NOPAKa MOXET
UMETH GOJIbIIE YEM T8 AMHEAHO HE3aBUCUMBIX HAacTHBIX peienuil. Tlocnelnee ozHayaer, yTo HEKOTOphe Aud-
epeHuMaNbHBIE 33/1a4M, KaXYLIMECS HEPA3PEIIMMBIMM C NIEPBOIO B3INISAA (T. €. nepeonpencieHHbIMA), BIOAHE
MOTYT UMETb €IMHCTBEHHOE PELCHUE.
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366. 3amenoit HesaBuCHMOI TIEpeMeHHOM ¢ = ©(Z) YHHYTOXHTD WieH ¢ HEPBOH JIPOM3BONHOI B
ypaBHEHUM x2(1 - a:z)y” + 2(a: - z’)y’ -2y =0.
2 2
« CHayana Bplpa3uM NIPOM3BOAHBIE %, :—x%- Yyepe3 NPOU3BOAHELIE dt , % Hmeem
dy dydt dpdy
de  dt de  dz dt’
dy _d (dw(x) gg) _dp@) dy  de(@) d (dy) _ dp(@) dy (dso(z>)2 &y
de? dz \ dz dt/  dx? dt  dx de \dt) dz? dt de /) dt?’
TloncraBue 3HaYeHUS 3TUX NIPOM3BOAHEIX B yPABHEHHE, HOMYYUM

x2(1 —zz) (dgo(a:))z @ + (2(:::— x3)fl_‘§;_"’) +a:2(1 —xz) dz%z)) d_y -2y =0.

dz dt? dx? dt
3ameyaem, uro eciiv GYHKUMIO ¢ BHIOpATh U3 YCIOBHUS
dp(x d*o(x
) <p()+z w“:o,

de dz?

TO 1EAb 6yaeT nocturHyTa. IlocienHee ypaBHEHHE JIETKO PELUAeTCd, M Mbl UMEEM
Cy
plx) = y +Cs.

IMostomy ucxonHoe nudhepeHIMATEHOE YPABHEHUE MOXHO HpEICTABUTh B BUIE:

1 d2y
2
i (F—I)E_2y:0’

WM, €CJIM YYECTD, YTO T = "40_96’2' = -{—_sz—, B BUZE
d2y

2 2
(¢-co*-ci) 7

TIpou3BOIBbHBIMHU TOCTOSHHBIMA MOXHO PaCHOPAAMTLCS B 3aBUCMMOCTH OT JOHOIHUTENBHEIX YCIIO-
BHH. P

367. Hoxasars, uto B cyuae g(z) < 0 pemenus ypauenus y” + p(@)y' + g(x)y = 0 He MoryT
HMETh NOJIOXUTETbHBIX MAKCHMYMOB.

« IlpeanonoxuM, 4yto B TOUKE Ty € (a, b) MMeeTCS MaKCUMyM peuleHMd y = y(x), paBHbIA
y(zg) > 0. Torma, xax M3BECTHO, B cHily mudrbepeHIMPYEMOCTH 3TOTO PereHus, 06a3aTebHO 3’ (2y) =
= 0. [ToncraBuB B ypaBHEHUE T = To U IPUHAB BO BHUMAHHE HOCICAHEE YCIOBHE, MMEEM

y'(®0) = —p(20)y (%) — 4(0)y(T0) = —q(&0)y(20) > 0.
CrnenoBaTenbHO, B TOUKE Ty UMeeTCS MUHUMYM (yHKuuu y. [lonydeHHOE MPOTMBOPEYHE U NOKA3BIBACT
NIpEIOXEHHOE YTBEPXACHHUE, P

368. MoryT nu rpadMKi OBYX perie- vA @ Py

Huii ypassenus ¥’ +q(z)y = 0, rae ¢ — He-

nipepbiBHas (byHKIMA, pacHosiaratbes Tak, Ya
Kak Ha puc. 28, a)? TaK, KaK Ha puc. 28, 6)? W
« B ciyyae a), 0yeBHAHO, BBITIONHS-

I0TCH PaBEHCTBA

Y1(xo) = ¥2(To),  Y1(To) = y2(o)-

Tak kak 3apaya Kouus o) X
{ v =—q@)y

Y(xo) = yo, ¥'(z0) = yo Prc. 28

B CHJTY HETIPEPRIBHOCTH (DYHKIIMH ¢ MMEET CAMHCTBEHHOE PELUeHHE, TO Y (T) = y2(T), 4TO NIpOTUBOpE-
yuT pUC. 28,3). CrenosarensHo, TaKOe PACIIONOXEHMe IPAQUKOB PEIIEHUIH y1(x) U y,(T) HEBO3MOXKHO.

2y =0.

ny

0]
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B cityqae 6), MCXoOa M3 PUCYHKA, MOXEM HAIMCATh:
Y1(@) = @ (@) <0, 1@ =—g@y(x) >0 Vz € (x, n),
OTKyAa crenyeT, 910 g(x) < 0 u ¢(x) > 0 Va € (%), ;) ONHOBPEMEHHO. 3HAYUT, U B 3TOM CJIy4ae TAKOE
pacrnionoxenue rpaduxkoB pelieHuit y;(x) u y,(x) HEBO3MOXHO. b
369. foxasat, uro B cnyyae g(x) > 0 s moboro pelueHns ypasHenus y' + q(x)y = 0 oTHoLIe-
HHE %I yObIBaeT IPM BO3PAaCTaHMHU & HA MHTepBaie, rae y(x) # 0.

!

« BBons B paccMoTpeHHe HOBYIO (DYHKUMIO 4 MO (opmyie u(x) = %—, nmosyyaeM micdepeHn-

AbHOE YpaBHEHUE
2
u'(z) = —g(z) - u'(z),
7

M3 KOTOPOro, BCIEACTBHE YCI0BUS q(x) > 0, crenyer, yto u'(x) < 0, T.e. GyHKUMS u = %— yObIBaeT
Ha MHTEpBare, e Y #0.p»

370. foxasars, o B cryuae g(x) < 0 Bce pelenns ypasuenns y” + q(x)y = 0 ¢ MONOXHTENb-
HEIMM HayaJIbHBIMH YCJIOBHAMH y(Zg) > 0, 3 (29) > 0 0CTAIOTCA NONOXHUTEBHBIMH TIPH BCEX T > Xg.

« [IBaxnnl MHTETPUPYS JAHHOE YPAaBHEHHE ¥ MCITONb3Ys HauadbHBIE YCIOBHSA, ITOMYYaCM:

¥(z) = Y(20) + ¥ (20)(@ — 20)+ / (@ — s)(—q(s))y(s) ds. )

B cuty NOnoXxuTenbHOCTH Y(Zg) M HEMPEPHIBHOCTU (PYHKUUH ¥, IPH JOCTATOYHO MAJIOM & > Iy NpaBas
yacTh ypaBHeHus (1) monoxwurensHas. ITokaxeM, YTO OHA OCTAHETCS MOJOXHTETLHOM NIPH YBETUYCHUH
x > o. IlpemmonoxuM, YTO NMPH HEKOTOPOM &) > & (YHKUHMS y BCe X€ 06paTUTCH B HY/Ib (MepPBbIii
HYJIb ClIpapa OT TOYKH &y). Toroa u3 (1) moxy4nM paBeHCTBO
z)
Yer) = 0= y(@0) + ¥ (@0)(es ~ 2) + [ (@1 — s)(-a(eNy(s)ds. @
zg
ITockoneky y(s) > 0 mpn x5 < 8 < 2y, 10 (T; — 9)(—gq(s))y(3) > 0 Vs € (x4, ;). CnemoBarenn-
HO, BbIpAXEeHHE B NpABO}i YaCTHM paBEHCTBA (2) CTPOro MOJOXHTENbHO. IloNyYeHHOE NMPOTHBOPEYHE
M AOKa3biBaeT, 410 Vx 2 20 y(x) > 0. »

PeluuTs clelyiolye ypaBHeHns.
37 zy"+y' =0
« Tak KaK 370 ypaBHeHHe Dillepa, TO 4aCTHOE PEellEHHE WIUEM B BHIE y = &, Ie r = const.

Torna aisa r Noxy4yacM ypaBHEHHE
r(r—1)+r=0,

OTKYIa HaxomuM r; = 0, r; = 0. ClefOBaTeNbHO, YACTHRIMH pellleHHsMu GymyT y, = 2° = 1, y, =
= In[x|, a2 06LMM pelneHHEM —
y=C +Cn|z|. »
372. z+ 1D’y - e+ DY + 4+ 1)y —dy=0. -
« 910 ypaBHeHMe Ditnepa. Ero yacTHeble pellleHHA UIIEM B BHIE
y=@+1) (x>-1) 8))
Iloncrasnas (1) B ypaBHEHHE, NOJydaeM
1'1=1'2=1, 1'3=4.
ITosTomMy yacTHBIMM pelieHUAMH 6ymyT ¥y =+ 1, ph = (@ + Din(z + 1), y; = (¢ + 1)4, a ob1|M

PCLUCHUEM —
y=Ciz+ D+ Cz+Din@+ )+ Csz + . »
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2zy' y
" p—
My + 1 s he

« INonoxum ¢ = arctg . Torna

dy _dy . dy d(dy ) d (dy 2, (. 2,9 dy
. cos” t, = at cos’t ) = cos’t (— cos t) =cos’t | cos’t —= i ~ §in2t — o

dz? ~ d dt \ dt
¥ ypaBHeHMe NPUMET BHJ

Pemas ero, nonyyaeM
Cl sz

+ >
Vi+zl  J1+42?

y = C,cost + Cysint =

374. &y + 22°y' +y = 0.
« TlonoxuMm t = p(x) u nonbepeM GyHKUKIO ¥ TaK, 4To6Bl Nocne 3aMeHBl OTCYTCTBOBAT WIEH
¢ nepBo#t npoussoaHo#t. Toraa nonyynm

dy_ ; dzy_ d 1, Y 1"
iz = dtv’(av), &—2"35("’(”)47)"“’ @) 5 +<p (z) dt”

2
z4¢/ yn+ (z‘ga"+223<p')y'+y=0. (1)

B cuny TIOCTAaRNEHHOTO Ycnosua, uMeeM z¢” + 2y’ = 0, otkyna ¢ = p(z) = —L + C,. Ypasrerue (1)
NPHHUMAET BHL
Clyf' +y=0
M JIerKo peiuaercsi. OKOHYATEILHO MOXEM HallHCaTh, YTO

1 1
y=Acos— -+ Bsin—. p
x I ;

IlpencraBuTh B KAaHOHHYECKOi hopMe Crenyiollye ypasHERMSA BTOPOrO nopaaxa.
375. @ + 1)y" + S5zy' + 4y = 0.
« CornacHo 1. 4.7, Npou3BOAUM 3aMEHY

cexp (L [3zdzY . _ 2@
y—exp( 2/3”1) ’(”)"_——f(zzﬂ).'

B pesynbrarte MONYYMM ypaBHCHHE .,

a2 +J(z)z =

_ _2*+6
rae J(z) = W »
376. (1 ( - )y" —2zy' +n(n+ 1)y =0.
« TonGepeM GyHKUMIO 1 TK, YTOGH! [OCHE 3aMEHB! ¥ = t(x)2(2) muddepeHLIaANbHOE YyPaBHEHUE
OTHOCHTENLHO GYHKIMM z He CONEPXANO NPOU3BOIHYo z', UMeem
u(l - zz)z” + (2u'(1 - z’) - 2zu)z + ((l - z’)u” - 224’ +n(n + l)u)z =0. I5))
B COOTBETCTBMM ¢ NOCTARNERHOMt LeAbio, TomaraeM (1 — 22 )y’ — 24 = 0, ma 4 = c .
( ) OTKY; ‘ ;| - 22|
Tloncrapus nonyyeHROE 3HaUeHUe u(z) B auddepeHiManbHoe ypaBHeH e (1), TOCKe ynpolueHui GyneM
MMeTb OKOHYATE/IbHO
(n2 +n+1-(@n*+ n)zz)
(-2 %

Z"

=0.»
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Crenyiomue ypaBHEHHS MPUBECTH K CAMOCONPSXeHHOHR dopme.

377. zy" - Qz+ )y +2y =0.
« CpaBuuBast K03dxpHIMEHTRI IAHHOTO ypaBHeHHs ¢ KOO(HUIIMEHTAMH CaMOCOTIPSXEHHOTO yPaB-

HEHUSA R
d dy _ dy ,, . dy _
7z ( (x) dz) +g(x)y = p(x) a2 TP () =T q(z)y =0,
1ojyyaeM COOTHOLICHHS
r@) 2z+1  q(x) 2
Tlo=-t, =S (20
p() T px) =
-2z -2z
W3 nepBOro COOTHOIIEHUS HAXOAUM p(x) = 2 ——» 4 M3 BTOpOro — q(x) = %2——.
Takum o6pa3oM, npu = # 0 KaHHOE ypaBHEHMe IMPUBOAUTCS K CAMOCONPSLKEHHOM dopMe

d (e dy 2e
-]+ y=0.p»

de \ z dz x?

378. z(z* +6)y" — 42> + 3)y' + 62y = 0.

< ITo aHanoruu ¢ MPpOACJAaHHBIM B NPEABIAYHIEM NMPDHUMEDPE, HMECEM
P _ 4= +3) g¢@) 6
p@)  «@+6) pl@) z2+6’

OTKyIa
1
p(z) = 2@ 16) q(z) = 2107
CnenoBatentsHO, IPH & # 0 JTaHHOE YpaBHEHHUE TIPeICTABUMO B CAMOCOMNPSIKEHHOH dopMe
d 1 d 6
= (——— —y-) t— =0 p
dz \ x%(z? +6) dx zX(x? + 6)?

379. IIpuBecTH KX MHMHEHHOMY ypaBHEHHE a:y’ — S5y - y2 —-2r=0.

« CornacHo 3aMeHe (13), m. 4.8, MOXeM Harucarb
!

y=-2 (#0).
u

Torma
2
, —(u' + zu")u + 2’
= =

M JaHHOE ypaBHEHHE npeobpasyeTcs K BUIY
zu’' — 4 +2u=0.»

380. Ilycts y w z — pewenns ypasrenwit y” + q()y = 0 u 2" + Q(z)z = 0 ¢ coBnagaOUM-
MM HAYaTBHBIMU YCHOBHAMM Y(Zg) = z(%g), ¥'(x9) = #'(zy), M Ha HHTEPBane (&g, &;) BHIOIHAIOTCS

HepaBeHcTBa Q(x) > q(x), y(x) > 0, 2(x) > 0. Jloxas3aTs, YTO HA 3TOM MHTEPBAIE OTHOLICHUE %

yObIBaeT.
<« YMHOXas NIepBoe YpaBHEHME HA Z, 2 BTOPOE — HA ¥ M 3aTeM NOWIEHHO BEIMMTAS MX, NMOIYYaeM

U ! U
Fy-y2) =-(@Q - 9yz.
Huterpupys mojyyeHHOe COOTHOLIEHHE B MpENEax OT o A0 & € (g, £;) M NPUHAMAsA BO BHUMaHUE

HavyaJbHbIE YCIOBUA, GyneM HMeTh
z

dy=yz=- [(Q0) - 1)y ds, nm (s) =2 [ (@ - 4@y ds

o

<2

Tak Kak y(s)z(s) > 0, Q(s) — ¢(s) > 0, 10 (%)I < 0 mpu z > zy. CrenoBarensHO, PYHKUHUS
y6bIBalOIIasi. p ’

~
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&
381. 3amenoit He3aBUCHMOTO MEPEMEHHOIO ¢ = ((Z) NMPUBECTH YPABHEHMUE d—:2" + (,p(!;))‘* =
d’y dy

K BHOY —> + b(t) o + y = 0, a 3atreM u36aBUTHCA OT MEPBOM NPOM3BOXHONM 3aMeHON y = a(t)u
(npeobpazosanue Juysunnn).
« HUmeem
dy , dy dy d ( . dy v dy o dly
—_—= ) — —_— = — —_— = - —
& Y% @& “’(x)dt) @G te @ G
d’y y e dy o, dy y
— =+ = ) — —+——=0.
22 ey Dm0 Gy
CneaoBaTebHO, JOJLKHO ObITh
"
¢ () d ( 1 ) ' 2
b(t) = =——{— =1.
( ) Sa,z(x) dI Sa/(z) ¥ 90 ¢
Torma | p p
/ T 2
)= ——, t=¢)= / —+C, bl)=-—— .
¥ (x) 7@ p(x) @) +C, bd) =Y @)

Terneps nogbepeM OYHKUUIO @ Tak, 9100l rocne 3aMeHsl ¥ = a(l)u B MOJYYEHHOM YpaBHEHUH
OTCYTCTBOBaJI WICH ¢ NepBoii npon3BoaHoi. [IponsBenst ykasaHHYIO MOACTAHOBKY, UMEEM
2

dy dy
5= ad(tu + at) i a"u+2a'y + ad’,
au” + (20’ + abyd' + (a" + bt a)u=0. )
CrneloBaTeNbHO, MBI IODKHEI ONOXHUTS 2a’ + ab = 0, oTKyza HaxoquM
1
a=Cexp (—5 / b() dt) . 1)

ITockonbky dt = ;‘% , b(t) = —d%(zpz(x)), 1O (2) IPUHUMAET BHI

1 d d 1 rd@y?
a=Cew (-3 [~ W @) o0 )=Cexp<—/ ("’))=C¢(x> @(z) > 0).

2 () 2) y?
ITonarags C = 1 u BeiuKcAg TpebyeMble MPOH3BONHBIE, TIPUBOANUM ypaBHeHME (1) K BUIY
d*y
u"+<¢3d—x2:!:l)u=0, y=vu. » 3)

B cremyolux 3ana4ax UCCIeI0BaTh ACUMITTOTHYECKOE TTOBEEHHME MPH & — +00 PEIleHU JaHHBIX
ypaBHeHHii, MONB3YSCh peoOpasoBanreM JIMyBWUIA U yIBepXIeHUAMH 1. 4.10.

382. ' +z*y=0.

<« IIpuHrMas BO BHMMaHHUE PELICHHE NPEIBIIYIIETO NIpUMepa, MMeeM

1 t
¢(x)=; (z #£0), y=&,

x
d*u 2 dz z’ '
W+(1+§)u=o, t= [ [Fa=% ©=o.

@ 3
Ociona z = V3t u IuddpepeHIMaNbHOE ypaBHEHUE I u(t) NpUMET BHA:
d*u 2 u(t)
— 1+ — Ju=0 = 5=. 1
dt2+(+9t2)" VST M

Hanee, Mockoneky B 0603HaveHusix m.4.10 f(t) = ng, TO, COINIACHO 3TOMY IYHKTY, ypaBHeHue (1)
MMeeT DELICH!s

ui(t) = cost + o'(%) , w@=sint+0(}) (a=1), t-+oo.
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CrnenosarensHo, obuiee peweHue ypasHeHud (1) Gymer
u=C,cost+C2sint+O(%~), t — +o00.

Hepexons B 3TOM PELIEHUHU OT 6 M ¢ K ¥ U &, MOXeM HallUCaTh:

= - C cos — + C Si —‘3 0 (Tl ) x .
p— n + — +00. P
y z ! 3 2 3 T ?

383. 2" + 24 +y=0.
« Tonaras y = a(x)y,(x), noxbupaeM QyHKUMIO @ TaK, YTOGH B YPaBHEHMH OTHOCHTENILHO Y
OTCYTCTBORANIA NIEpBasi MPOM3BOAHAA ¥, . Torna nomydnm

(:c)—1 "+l =0 (z#£0)
a ‘z’ Y x!h— .

Teneps Bocnons3yeMcs npuMepoM 381, Mmeem

4 _ 4 d’u 3 _ _ [ dz _ fdz _
P@)=VE (2>0), u=udVz, ;u—2+(1 )u-o, - = [ =i

CnenoBaTeNbHO, T = g H

d*u 3 Viu(t)

d_t2+(1_55)"=0’ W=

B cuny 1. 4.10, yacTHbie peL€HHA NOCNEAHETO YPABHEHHS UMEIOT BHIT
wm@)=cost+0(}), w@®)=sint+0(}), t— +oo.

A Torma o6uIMM peLICHUEM AaHHOTO AnddepeHIaNLHOrO YpaBHeHUs GymeT

1
y(x) = —(Cicos 2VZ + Cysin2vx) + O (—15-) , & —+400.p
4 i

384. 4" + @* + Dy =0.
<« T[pumenns npeo6pazosanue Juyswuis, noayduM (cMm. npumep 381):

2 4
-1 (22" - 3) L
Y =& +1)7%, y=v@uE), u'e)+ (1 + W) u=0, t= /(1 +z%7 dz.
1 1
Takkak t= [Q+zH)2 de = [ (z2+0(;l;>) dr = 1’;+0(%) npu 2 — +00, 0 2 =0 (ti)
npu ¢t — +00. CnexoBarensHoO,
2 4
2°(2z" - 3) 1 1
@ +1y ‘0(?‘)‘0(?)’ b= oo
A Toraa, cortacHo 1. 4.10, MOXeM HanucaTh, YTO
u(t) = Ccost + Cysint +0 (§), t— +oo.
Hakoneu, BO3BpalIasch K CTapEIM NePeMEeHHBIM X M Y, HONydaeM:

3 3

1 T B 1
y(z) = z (C,cos—3—+Czsm—3—) +O(P-), T — +00. P

Tpameyanse. CrefyeT NPUHATL BO BHUMAHUE, YTO

sin(f;—+0(%)) =sin'%3-+0(%).

AHAaJIOTHYHO,
2’ 1 z? 1
COS(T+O(E)) =COS? +O(?)'
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385. 2+ 1)y —y =

<« Mpumenns npeoﬁpasona}me JInyBWuI, NONYYUM ypaBHEHHE

negy 5 3 0 o= Y
u(t)—z(l—m)u—o, y—(1+1) u(t),
e ’
z
= ———=In(z+V1+22), z=0('), t— +oo.
/¢,2(z) / M+ a2 ( z)’ ), — 400
HMomaras 7 = —‘/zzt, TIPMBOJMM ypaBHeHME W QYHKUMHU ¥ K BULY:
d*u

3 2r
F_(l_s_(T—p—x?))u=0’ e x=0(e~/5), T — 4-00.

Orciona, coracHo 1. 4.10, uMeem

w(r)=¢" (1+O (%)) , w(ry=e (1 +0 (%)) .
eVs eV

BosBpaiuasch K IEPEMEHHBIM £ M § M NMPUHMMAas BO BHUMAaHHE aCMMIITOTHYECKOE PABEHCTBO ¢ =
= O(In ), * — +00, OKOHYATEJILHO IIOIyYaeM
' !
402D 10|z |,

1 V3 _Y3 Inx
y=(+2))4 (Cxe 2L Ce T 40 (ﬁ)) G
. =

27
T — +o00.

£

1 1
31eCh BOCIIOMB3OBAIUCE TeM, dto (1 + 22)3 =22 + 0 (—l_r), xz — +00. B
z2

TIpumeaanne. [lepBhie 4Ba WieHa MOMYYEHHOTO PEILCHHA JIErKO HaHTH U3 YPaBHEHUS .1:2y" — y =0, saigonse-
roca “rpyonM” npHOIHXEHHEM AZHHOTO YPaBHEHMS.

386. 2’y +yIn’z = 0.
<« HNmes B Buny npeobpa3zosaumne JIMyBWLIs, MOXEM HanucaTs (CM. nmpuMep 381):

z 3-In’z

= ) W 1+ 2 — 2} ut) =0, 1
Y(x) nal’ u(t)+< + 4(1na:)“)u() (1)

dz |Inz| |Inz|lnz

= = de =
y= Vlln el “@ ™ = | G / z 7
2
T.e.t=l—’—‘21npnx>1.

Taxk Kak

3-In*z 3-2t 1

inzy 162 ° (1), =0
TO HENOCPEICTBCHHO BOCTIONB30BATBCS 3[eCh PE3y/BTaToM npuMepa 381 HeENb3A, ONHAKO K ypaBHe-
HUIo (1) MOXHO IPpMMEHMTB TIpeoGpasoBanue JIuyBumng. Torna NOMIYyIHM:

| A T
V) =2 {3 ) 0 WA+ Ot = 0,
e
3263 — 145,52 + 9t — 4,5
(1682 — 2t + 3)3 !

1
t‘=/%=/(l—; +163t2)2 dt = /(I"R?J'o( ))-dt:t_ﬁl“”o(f)

t — +o0.

OB AGLHOEE: u(®) = Y Our ),
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ITockoneky f(t) = O (EIT) =0 (?1}-) , ¢ = +00, T0, cornacHo m. 4.10, oblee peLieHne MoCaeN-
Hero quddepeHUMATEHOTO YpaBHEHMs NIPeACTaBiseM B BUIE:
u (t) = Crup) + Gun(ty),
e
up(t) =cost; + O (ZI,T) , up(t) =sint; +0 ({117) , b — +oo.
[lanee, IpUHAMAs BO BHUMaHKE COOTHOLIEHUS

t, ln g+ 22 0(1
~In"z 3 T+ 16+ m), T — +00,

1\ _ (1) op(_1
0(?{)*0(?)—0(7{ ;) o

cost; = cosy(x)cosC —siny(x)sinC, sint, = siny(x)cos C + cosy(x)sinC,

me’y(a:)=%ln2x—§lnlnx,c=%—+0( ) a TaKXKe TO, 4TO

16 In“z
i =1+0(} )_1+o( ) mpmt; — +oo,

M BKJI04asi B ITPOU3BOJIbHBIC NTOCTOAHHbIC Sil’l T , COS %16-2 » OKOH4YaTeJAbHO ITOJXYy4YHM:

y= ‘/l—n—a; (l +0 (m—il;)) (Cl cosy(x) + Cysiny(z) + O (m—il;)) =
= \/ET; (Cl cosy(z) + C;siny(z) + O (E;—;)) , T — +00.p

387. Mpmmenns npeobpasoBanne JluysmLis 1B pasa, MONYIHTh GOMee TOIHOE ACHMITTOTHYECKOE
TpeCTaRIEHUE PelieHui ypapuenns ¥’ — 4z’y = 0.
« ITpumenuB ykasanHoe npeobpasoBaHue, NOJydIaeM

. . In2 1 In2
smC:sm¥+0(*7; , cosC—cos——+0(——2—),

" 3 -4 _ ___1_ 1
u@—@—ﬁx)w04xy—vfzwa (1

¢2() 2/xdz=z

Tax Kak 1—%:&:“‘ = %t'z =0 ( ZIT) , TO, COMIAacHO 1. 4,10, I YaCTHEIX PELICHHI UMeeM Bhipaxe-
HAS
m@)=e'(1+0(4)), w=c*(1+0(})), t—+o.
Teneps npuMeHUM npeo6pasoBanne JIMyBIILISA K YPABHEHHIO
V' - (1 B 1;2) uy=
HAmeem

L
3

3 _
ww=@——ﬂ), u®) = By @i (),

16
== (=500 = (=0 8) a=er oo 3),

t — 400«

(ST
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JuddepeHuyansHoe ypaBHeHUE IS Uy (T) UMEET BUL

uy(r) - (1 + 395 (% —tz) (t2 - %) _3) u(r)=0. - %))

2(1—t2)(t2——3—)_3—o 1)—0(‘) T — 400
32\32 16) (Z’ U\ ’

TO I YAaCTHRIX PEIICHMIA YpaBHEHUS (2) MOJydaeMm:

up(r)y =¢€" (1 +0 (?1;)) , up(m=¢e" (1 +0 (?1;)) .

-7

Hockonbky

Jlanee 3anuchBaeM aCUMNITOTHYECKHE BrIpakeHns mis u(t), €7, €

3
ut) = (1+ 25+ 0 (%)) Countr) + Countr), )
"= (14 g e+ (8)) = (14 5+ s w0 ()
- 2 L7 = i 4
€ =e (1 * 5t T 20482 TO F)) ¢ \1* 332 T o0 TO\E) ) O
R 3 9 1
¢ = (1 ~ 3222+ 20482% 79 (F)) : )

TToncraBus (4) u (5) B (3), HaxoouM:

_ 3 1 z2 3 9 ( 1 ))
u) = (1+ g4zt T O (F)) (C‘e (H 322 Y ooase TO\F)) T
e (1- o+ e 0 () =
+Cae (1 222 T ooase TO\FF))) =

s 3 105 . . 3 105 . ))
=Cre (1 * 3222 + 304804 T O (Z‘)) +Coe (1 3227 T 20a80¢ O (E‘ - ©

Hakonen, ucrnions3yst (6), Ha OCHOBaHMH (1) MMeeM Ui YaCTHBIX PELUCHWH JAHHOIO YpPaBHEHHUS
TAKHE ACUMIITOTHYECKHE NPEACTABICHHA:

e zz(l 3 105 +o(i))
n@ =72\ 50 a8 %))’

() = Le"2 (1 . + 105 +0 (-lz)) y & — +oo. b
V2z 3222 2048z z

§ 5. KpaeBnie 3agaun

5.1. Onpenenenne KpaeBoii 323a9H,

3agaua BuIa
i( z d—y)+ (@) = £@)
iz p(@) ) +alx)y = (@),

ay,, (%o) + By(xo) = wy,
7y (1) + 8y(x)) = wy, LT,

1

e g, f — M3BecTHBIe HempPephIBHBIE HA MHTEpBATE (29, ;) GYHKIMH, p € C'(zo, 1), p(@) # 0, a,
B, 7, 6, wy, wy — 3amaHHBIE YHCJA, HA3KIBACTCS Kpaeeoii 3adauei s dynxumu y. B ommmume or
3anayn Koum oHa He Bcerma MMeeT pelleHMe.

Ecmd wy = wy = (, To KpaeBhi€ YC/IOBHA 3amayu (1) HA3KIBAIOTCS 00HOPOIHBLMU.



170 I 2. Audrpepennaancupie YPABHeHUS BLICHIAX NOPAIKOB

5.2, ®ynkuua I'puda xpaeBoll 3a1a9M.

Oyukuua G = G(z, 3), rae = € [xg, 1], 3 € (20, ), KaK GYHKUNS NePEMEHHOI %, YROBIETBO-
PAET CENYIOLUM YCIOBHSIM:

1) ona HenpepbiBHas;

2) ipu & # 3 OHa ABNAeTCA peweHneM MHddepeHIHaTbHOIO ypaBHEHHS

d
23 P@IG:) +4(®)G =0,
a TaKxe YIOBIETBOPSET OHOPOIHBIM KpaeBbIM YCIOBHAM 3agayu (1);
3) ee NpoMU3BOAHAA NPH & = $ MMEET CKAYOK, PaBHBIY 5%57’ T. €. CIIPaBe/IHBO PABEHCTBO
1
p(s)’
Ecnu Takas GYHKUMS CYLUECTBYET, TO pelucHue KpaeBo¥ sagaym (1) mpM wy = w; = 0 Taxxe
CYLIECTBYET M HMEET BHI

G’Ilz=6+0 - G;lz=s~0 =

y@x) = / G(z, 3)f(s)ds.

B cinyyae HeOTHOPOAHBIX KPAaeBbIX yCIOBMi 3amayH (1), T.e. npu wé + wf # 0, cnenyeTr BBECTH B
paccMOTpeHure HoByio GyHKUMIO z 110 dopmyne ¥(z) = z(x) + u(x), rae BeroMorarebHas GyHKUNA u
BBIGMpaeTCs TAKMM O6Pa3OM, YTOGEI OHA YIOBIETBOPSIIA HEOMHOPOIHBIM KpaeBbIM YCIIOBUAM 3agadu (1)
(4acTo 3To JIMHEHHAA GyHKUMsA). Toraa oTHOCHTENbHO GYHKUMH z ToJTy4aeTes Kpaesas 3ajayd Buaa (1)
C OXHOPOAHBIMY KPAEBLIMU YCIOBUSAMM,

5.3. 3agava [lItypmMa—JIuysmuis.

3anaya 06 OTBICKAHMM TeX 3HAYC¢HUI A, MPH KOTOPHIX YpaBHEHHE
d dy )
i (p(z) 7z ) TI@y =2y,

rme p € Clizg, ], p(x) # 0, ¢ € Cl=zg, x,], nMeer HeHyneBble peliCHUA ¥, YOOBICTBOPAIOLINE
KpPaeBbIM YCIIOBHSIM
ay'(x0) + By(x0) =0, 7Y (%) + by(z)) =0,
e ol + B2 # 0, 12 + 6% # 0, naswBaerca 3adaeii Wmypma— Tuyeunra. TIpu 5ToM uncna A Hassl-
BAIOTCS COOCMEeHHbIMU 3HAYEHUAMU, 3 COOTBETCTBYIONME UM QYHKIIMH y — colcmeennvimu QyHKyuAMU
paccMaTpruBaeMoN 3aladu.
5.4. Vciosue 3KBHBAIEHTHOCTH KPaeBoil 3a1A1H HATErpAILHOMY YPABHEHMIO.

Ecin A = 0 He ABAseTCs cOGCTBEHHBIM 3HayeHueM 3anauu [lTtypMa—Jilnyswms u f € C(xg, %) N
N Ly(%xg, x;), TO KpaeBas 3amaya JI YpaBHEHHUsA
d dy
— — Ty=2A
e (p(x) dz) +q(@)y = Ay + f(2)

PABHOCHWILHA HHTETPATLHOMY YPABHEHUIO
x z
y(x) = )\/G(a:, s)y(s)ds + / G(z, 8)f(s)ds. 2
£ Zo

HanoMuuM uMTaTemio, uyto cuMBonoM Ly (g, ;) 0603HadaeTCa Kiace GYHKUMHA, HHTErpHPYEMBIX
C KBaApaToOM Ha (zg, ;).
Pewiuts ClieayoLe KpaeBhble 3a1aun.
388. 4~y =0, yO)=-1, Y(H-y)=2
<« 3anuchBaeM obuiee pelileHUEe JaHHOTO YpaBHeHHS
y= Cl + Cze".
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HMoncrasnss obulee peiieHUe B 3aXaHHBIE KpaeBbie YCIIOBUSA, MONY4aeM CHCTEMY YpaBHeHHI OTHOCH-
TeNBHO NMOCTOAHHBIX C) u C;:

Ci+Cy=-1, Ce-C—Cie=2.
Orciona HaxomuM C) = =2, C, = 1. CiieloBareytbHO,
y=~-2+¢€", 0Kz p»
389. ' -y —2y=0; ¥'(0) =2, y(+00) =0.
<« Jlerko HaxonuM ofiiee peleHne JAHHOTO YPAaBHEHMA:
y=Ce" + Ce’. )
Tax xak y(+o00) = zEToo y(x) = 0, 1o u3 (1) cnenyer, yto C; = 0. U3 xpaeporo ycinosus y'(0) = 2
cnepyet, 4ro C; = —2. OKOHYATEILHO HMeeM
y=-2" 0L z<+o0. »
390. y" - 2iy = 0; y(0) = —1, y(+00) =0.
« UsBecTHbIM cioco6oM HaxoauM:
y = CeM? 4 e = C1e"(cos x + isin z) + Cre % (cos x — isinz).
ITockonbky zl—l‘Too y(z) =0, ro C) = 0. Nanee, u3 ycnoeust y(0) = —1 nosmyyaem C, = —1. Hoaromy

y=e “(isinz —cosz), 0z < +oo. p

391. 2%y — 22y +2y=0; y(x)=o(z) npu z — 0, y(1) = 3.
« 970 ypaBHeHMe Dittepa. Ero yactHple pelieHUs UmleM B BHIE Y = z*, e A VROBJIETBOPSIET
XapaKTePHCTHYECKOMY YpaBHeHMIo A2 — 3A +2 =0, u3 KOTOpOro HaxomuM A; = 1, A, = 2. Toraa

y=Cz+ szz

ecTh obLiee peleHne JAHHOTO YPaBHEHNA.

ITepBoe xpaeBoe yCIOBHE O3HAYAET, YTO li_x:% y% = 0. ITosromy C, = 0. U3 BTOporo Kpaesoro
ycnoBHs cnenyet, uto Cy = 3. Takum oGpaaoL:,

y=322 0<z<1)

€CTh pelICHUE NTaHHOM KPaeBOH 3aJayi. p

392. Iipyu xakux a Kpaesas 3amada y” + ay = 1, y(0) = 0, y(1) = 0, He uMeeT pemennii?

4 3anucrBaeM 00llee pelieHHe JAHHOIO YpaBHEHHS

{ % +Ce""® + eV, e a #0,
y =

2
S tdiz+dy, ecmn a=0.
ITpuHuMas BO BHUMAHKE KpaeBble YCIIOBUSA, HMEEM
1 — = 1 ‘
CHC+—=0, G +Ce™ ™+ —=0 (a0), )

1
dl’:—ia d2=0 ((1:0).

Cucrema (1) HEOZHOPOIHAA, IO3TOMY, KaK W3BECTHO, OHA HE HMEET PEIEHMIL B TOM U TOJILKO B TOM
CiIyJae, KOrHa ONpeaeMTeN b 3TOH CHCTEMEL

1 1
A= =0. 2
e/ Ve .
M xo1a 6Bl OXMH U3 onpeaemurenci
—1/a 1 1 -1/a
AC = wm AC;, = 3)
! '——l/a eV ? e™% -—1/a

He paBeH Hymo. M3 (2) cnenyer, yro
a=kn? keZ. 4
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IIpuanmas Bo BHuMaHue (4), n3 (3) crenyer, 4ro coskm # 1, T.€. YMCAO kK HE HOKHO GBITH UETHHIM
u k # 0. Urax, ec ¢ = 2m + 1)*x, m € Z, 10 cucrema (1) pemenns ne umeer. IIpn a10M Xe
YCIOBMM HE HMEET PELICHUA M NPEUTOXKECHHAs Kpaepas 3ajaya. »

JIng xaxmoi u3 ClIeoyIoUMX KpaeBhIX 3a1a4 nocTpouTh GyHkuuio I'puHa.

393. 4" = f(@); y© =0, y(1) =0.

<« ComtacHo 1. 5.2, s pyukuuu I'puHa G nMeeM 3anady:

Gz =0, G(0,8)=G(l,8)=0 0<z<]; z#3),
Gz = Gilyeg =1

Hurerpupys ypasHenne G, = 0 OIHH pa3, HAXOMMM

' _ [ C, eemm 0L z<s,
Ga(2, s)—{ Cy, ecmn s<:c<1 M

3necy C) # C,, TaK KaK TIO YCIOBHIO TipoM3BoxHasi G, TEPNMT pPa3peiB nipu ¢ = $. Jlanee, nHTerpn-
pya G, TIONyyaeM

=340

o9 ={ G2t om 0SzSy @
TTockoibky GyHKUUg G HeNpephIBHAA, TO JO/DKHO BBITIOMHSITHECS YCIIOBHE
Ci1s+Cy=0C8+Cy. 3)
W3 xpaeBbix yciioBmit st GyHkumu G CienyeT, uto
C;=0, C,+C;=0. 4)
YenoBue cKauka IPOU3BOIHOM G TIPH & = § TIPHOBPETAET BUI
C,-C =1 &)

Peluns cnucremy ypaHenuil (3)—(5) OTHOCHTENLHO IOCTOSHHBIX C; (i = 1, 4), momyunm:
Cl=s—1, Cz=3, 03=0, C4=—
IToncraBus 3HaueHns C; B (1), 3aKaHuuBaeM noctpocHue GyHKUMK ['puHa 11 IpesIokeHHOM 3a1aun:
_J s—Dz, ecmm 0Lz <Ls,
Gz, s)_{ s(—1), ecm szl

394. " +y=f@); YO =ym, YO =y .
« Pemnan ypasnenue Gy, + G =0, ¢ # 3, uMeeM

Gz, s) = Cisinz + Cycosz, ecmn 0Kz <s,
(@, 8) = Cysinz + Cycosz, ecmm sS<z <.

W3 KpaeBIX ycioBuil i dynkumn G TOMyyaeM:
C,=-Cy C=-C. 1)

W3 HenpepriBHOCTH G(, ) TIpH T = $, a TAKKE CKaYKa NPOM3BOLHON G, TIpH & = § CICAYIOT COOT-
HOWEHUSA

Cisins + Cyc058 = Cssins + Cycoss, C3coss — Cysins — Cicoss+ Cysins = 1. 2)
M3 cucremer ypaBHeHuid (1), (2) Haxonum
1 1
C;=—C3=-§c0ss, Cz=—C4=5sins.

Taxum 06pa3oM, nMeeM

' %sin(s—z), ecn 0Kz <s,
Gz, )= |

ssin(z—3), eem s<r <

nnnG(a:,s):%sinl:c—sl mpudz<r. »
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395. 2’y + 327y + 2y = f@); y(1) =0, Y+ 2/ (D) =0
<« U3 ypaBHeHus
G + 328G, + 3G =0, 1<2<2, z#s3,
HaxXooum
Qzl_,_,gzy, ecm 1z <s,
G(z, ) c . Cilnz
F A4 b

z e s<z <2

173

6]

Tomuuuas ¢yHkumio G O TIEPEMEHHONW T KpaeBhIM YCIIOBMSAM, a TaKXe TIONb3yACh €€ CBOMCTBAMH,

TIEPEYHCIICHHBIMM B T1. 5.2, TIONyYaeM CHCTEMY ypaBHeHH otHocuTtesHo C; (2 =1, 2, 3, 4):

c 1 In 1
C1=0, Ci=0, Clns=Cs, __3_02(___3)=__

s? s2 8 s

Petms cuctemy M nofcTaBuB 3uaueHnd C; B (1), OKOHYATEbHO MMEEM

Inz
—==, ecm lgLxzKs
G(z, s)={ e ’

~ ~
Ins
-2 em sz p

2.
396. y"cos’z — y'sin2z = f(z); y(0) =1y (0), (%-) +y' (%-) 0.
« IMockoneky
Gy cos’ ¢ — G, sin2z = (G, cos? ),
TO M3 YPaBHEHHUS
T
(Gheos’z), =0, 0<z< i #£s,

JIETKO HAaXOOUM
Citge+C,, ecmm 0<£ z<s,

Gl=, 9) = { Cyigz+Cy, ecm s<z< T
KpaeBbie YCIOBMS IPHBOAT K PaBEHCTBAM
G =G, Cz+C4+—%- = 0.
cos? %
H3 cpoiictB Ppynxkumn ['puna nomyuaem
G o 1
cos?s cosls  cos’s

Cltg3+02 = C3tgs+C4,

Periup cucremy ypaBHEHni (1) (2), umeem:

1 3
C, = ——(tgs 3), C3=Z(tg3+1), C4=—Z(tgs+1).

Takum obpaszom,

%(tgs —3)tgz+1), ecmm 0L z<s,
G(z, 8) =

<
%(tgs+1)(tg:c—3), ecm s <

<
< >

s

z

397. v + 4y + 3y = f(z); y(0) =0, y(x) = O(e™*) npn = — +00.

<« B naunom ciygae

Cle ™ +Ce™®, ecm 0€2<s,

Gz, 9) = { Cie®+Ce™, ecm s <z < +oo.
W3 ycnous 3amaum

= lim

Z—++00 3’21

Cie® +Ce™ [0, ecm C;=0,
T 1 o0, ecm C3#0,

6]

2

caenyer, yto C; = 0. Y3 nepBoro Kpaeporo ycioBHs noxydaem, uro C; + C, = 0. HenpephiBHOCT

¢ynxumu TpuHa 1 YCHOBHS CKAyKa €€ TMPOMSBOMHOM MPH 2 = & COOTBETCTBEHHO HAIOT:

Cile* +Cre ¥ =Che™, -3C,e™*+Cre* +3Ce™* =1.
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¢ ]
CnegosarenbHo, C; = —C; = —%e’, Cy = 52—(1 ~ €*), v bynxuma I'puna PaccMOTPEHHON 3agauy
HMEET BUI
%e"(e"’ —€e%), ecm 0Lz<s,

G(z, s)= {

~
%e’(l —-e™e®, ecmn s <z < +oo. P
398. Ipu xaxux a cymecrsyer dyuxims [puna Kpaesoit samaun y" + ay = f(z), y(0) = 0,
y(1)=0?
« Ilycre a # 0. B atoMm ciyuae ¢ynkimusd ['puHa uMeeT BuI
Cie’™ + GV, ecrm 0 £z <s,
C;eV™ 4+ Cee™ ™™, ecmm s<z <l

G(z, s) = {
U3 Kpaepbix ycioBuif m cBoiictB 1)—3), 1.5.2, cienyeT cucTeMa ypaBHeHMit oTHocHTenbHo C; ( =
1,23, 4):
C +C, =0, Cge‘/_—é + C4€-\/:—a =90, Cle\/:Ex +Che” 8= 036‘/:_53 + C4€-\/:Es,
V=8 (Cre"™ - Che™ T ~ C1e" T + G ) = 1.

TonyyeHHas cHCTeMa YPaBHEHMI HEOIHOPOAHAS, TIO3TOMY IS CYIECTBOBAHMS €€ PEIICHHUST HEOb-
XOIMMO M JOCTaTOUHO, YTOGBI I ONpe/ETHTE CUCTEMBI BBITIONHAIOCH YCIOBHE

1 1 0 0
0 0 e/ eV
B T g _gevmm |70 0<8<]

_‘_e\/——as e—f——aa e\/—Tu _e—f——as

uwin shv/—a # 0. OuesnaHO, 40 ecnu a < 0, To nocjenHee yciaosue Beinonusiercs. Ecom a > 0, 0
B CHJTy paBeHcTBa sh(iy/@) = isin /@ onpeneNnTeIb CUCTEMBI HE PABEH HYJIIO TIPH YCJIOBHH sin v/a # 0.
CrienoBatensto, a # kx (k € Z), wm a # k2x?.
Ilycte @ = 0. Toraa
Ciz+C, ecrm 0 z<s,
G(z, s) =
Cizx+Cy, ecmm s<zg L.

OTtHOCHTENBHO NOCTOSTHHLIX C; (i = 1, 2, 3, 4) nMeeM cucreMy ypaBHeHMit
C2=0, C3 +C4=0, Cls=C3s+C4, CJ'“CI=1,
M3 KOTOPBIX HAXOAUM
Cl=8—1, C3‘-=8, C4=—s.

CreroBaTeNnbHoO,

_J (= Dz, 0<z<s,
G(””)“{s(z—l), s<e< 1.

Taxum 06pasom, ecin a # k*7? (k € N), To dynxuns [pnna JaHHOM 331290 CyBIECTBYET i €IMHCTBEH-
Ha. »

Haittn dynkumio I'puna cneRyommx KpaeBsix 3amay.

399. @y) - A +2)y = f(2);  y(1) =0, [y(O)] < +co.

« Jina dpyaxunn I'puna nMeem muddepeHIMansHOE ypaBHEHHE

26, +G,—(142)G=0,0<2 <1, z#s.

IIpuMeHHUB MOACTAHOBKY G = (2)U (2), rie @(2) = €°, IPUBOIKM ypaBHEHHE K BHAY
zu' + Qz+ Dy =0. '

~
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TTocreoBaTeIbHO MHTEPUPYS €10, TIOTYJaeM

Cl - [
u = e, u=Cl/
z

-2z

dz + C2.
x

Ecmu BBecTH B paccMoTpeHne ¢pyukumio @, roe
i
e 2
<I>(:c) = / -t— dt,
z

TO GYHKUMIO 14 MOXHO TIpeACTaBUTh Takxe B Buae u = C1®(zx) + C,. CraenoBatenbHo,

Cie*d(x)+ Ce®, ecm 0<z<s,
G(z, s) = . - 0]
Cie®®(x)+Che”, ecmm s<z <1
3anuiuem Tereph CHUCTEMY ypaBHEHMH oTHocuTesbHO C; (4 = 1, 2, 3, 4):
C) = 0 (T2K KaK HTOQ(:C) = +400),
C4 = 0 (mockoimeky $(1) = 0),
C,e’ = e’ C38(8) (taKk KaK dyHKumsa G HenpepbiBHAadA),

et J
e 1
Cy (Q(s)e’ - —s—) — Cy&’ = ~ (cKauoK Inpou3BoxHoi G).
s
Petns cuctemy m moncrasus 3HaueHust C; B (1), IOMyYMM OKOHYATENBHO

i
-2t
~e**s / £-dt, eam 0<z<s,
G(z, 8) = Y
__pTts e
e —dt, ecm szl »
z

22 ! 1'2 ‘
400. (e'?y’) —e Ty=f@); y©0 =y(1)=0.

<« Oyuxumio 'puna G, yaesnerBopsioulyo muddepeHUnaTbHOMY YPaBHEHHUIO
2? ! 22
(e'TG;) - ITG=0,0<z<1, z#s,

2
z
mueM B Busie G = e 2 u(x), rae GyHKuMS u ecTh obluee peureHne ypasnenus zu' + u” = 0. ITocieno-
BATENTLHO MHTErPUPYS €TO, TIOMyYaeM

2 z

t2
W =Ce T, u= Cl/e"f dt + C.
0

IlpunnMas BO BHUMAHKE, YTO TIPOMIBOAHAN G, pasphIBHAA NP T = 3, NMEEM

z? @ z2
CleT/e_7 dt+Ce?, ecmm 0Kz <5,
G(z, 8) = 2 o, 2 2
C3e'i'/e'7 dt+Cse?z, ecm s<z<l
0
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Bocmons3yeMcsl TeNeph KpPaeBbIMH YCJIOBUAMM M M3BECTHBIMM cBoitctBamm ¢ynkumu I'puna. Torma
TIONYYMM CIEYIOLIYIO CHCTEMY aire6panuecKux ypaBHEHMIA OTHOCHTeNsHO C; (1 =1, 2, 3, 4):

1 ] K]
12 12 2
C =0, c3/e‘7dt+c4=o, cl/e‘idt=c3/e‘?dt+c4,
0 0 0

s? ’ ¢ 5! 52 ; 2 $2
C3<1 +se7/e_T dt) +3e2Cy— C (1+se7 /e‘T dt) =e7,
. 0 0
13 KOTOPOM HaXoouM
2 2 2 s 2
£ (9(8) — () (s) st 2
Cr=et (FETED), G=eT B =Ty, o= [eTa
0

[Moacragus HaligeHnHble 3HayeHus C; B (1), 3aBepLIMM 3TUM CaMbIM TNPOLIECC MOCTPOEHUS (DYHKUMH
I'puna G. OHa nmeer BuI

w
I
o
%

2 K]

tz tZ
W e"Tdt/e_Tdt, 0z s,
G(z, 8) = o, , -
t
dt/ert, szl p»

401. (=2 - 1)) -2y = f(@); Iyl < +o0, y() =
« OuepnnHo, uto dyHkUus G = T yIOBJIETBOPSIET YPABHEHHIO
(@-D6) -26=0, z€(,2), z#s.
[ToaroMy oblee pelueHne YPaBHEHHS MOXHO UCKATh B BHIE
G = zu(x).
B 310M cityyae GyHKUMS ¥ SBISETCS PElUEHMEM YDaBHEHUS
@z? - D' + (z3 —an" =0, z#s,

HHTETPUPYSI KOTOPOE, HAXOMHUM
z—1
T+ 1

1 1
u=01 (—+~—ln
z 2

D +C, zT#s.
CnenoBaresbHO,

C(1+7ln|z_1)+02:c, ec 1<z<s,
Gz, 8) =
C(1+5m|Er])) +Ciz, e s<z<2

W3 ycnosBus orpanmuenHoctn G(z, 8) mpu ¢ — 1 BhiTekaeT, yro C; = 0. Onpenensss u3BECTHBIM
cnoco6om ocraBumecst C; (i = 2, 3, 4), nmMeem

Cz——£s+go(s), Cy=3s, C4_--——(2—)3

rnego(s)—1+71n'8—1
Takum oGpazom,
G s)_’ z (p()+ §n3-1), ecmn 1
| s(p@+ §an3- 1), eom s
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402. Ouenurs CBEpXY M CHH3Y peLUCHHUE 3a1a4uM z2y" + 22y’ — 2y = f(x) u ero nepByIO NPOM3-
BOJIHYIO, €CJIH M3BECTHO, YTO Y OrpaHMueHa ipu £ — 0 u npu £ — 400, a yHkimMa f yIoBreTBOpseT
yenosuio 0 < f(z) < m.

« IMpeocTaBnsgeM YUTATENIO BO3MOXHOCTD yOeMTECA B TOM, 4yTo GyHkums [puHa qauHoit 3agaun
HMMeEeT BUX

, ecmm 0Lz <Ks,
G(z, 8) =

|
gNIh w“lb)

em s &< oo

CormacHo dopMyrie u3 1. 5.2, 3aNUCHBAEM PELIEHNE 3a0a4K B BUIE
+00
v@ = [ 166, s)ds.
0

Teneps 3aiiMeMca TpeGyemriMi onieHKamu. Ilockonpky

+oo +oo
d
~y@ = [ 1=z, Nds <m [ (-G, s»ds=m( = / 3 )=—
0 0 0

< 0, TO AJIS pEHICHNS Y UMEEM OLIEHKY

-2 <y@ <0.
Hanee,
z +o0 z
v = 0/ )G (2, 5)ds + / F8)Ga(z, s)ds = / f(s);i%ds— , Md _3?1,,3 z,
f(s) +°°ds . m
y'@) = /f(s)—d —/ 5%

Taxum 06pazoM, IPOM3BOAHASA Y YAOBIETBOPIET HEPABEHCTBAM

ZY@< = 2>0.p
3z

403. Csecrn k MHTErpAIbHOMY ypaBHEeHMIO 3anady IItypma—JInyBuwmis
~(1+e)y —ey =az’y, 0<z<I, y(0)—2y'©0)=0, y'(1)=0.
« [Ipexne Bcero 3aiiMeMcsl IOCTPOEHNEM (bymcmm I'pnHa crrenyloeif KpacBoii 3anaun:
{ —(1+e)y —e f(:c), 0<z<l,
¥(0)—24'(0) =0, y 'h)=
ComtacHo 1. 5.2, uckoMast GyHxkimsa G yIOBJIETBOPAET YCIIOBISIM:
—(1+ )G, —€°G, =0, z€(0,1), z#s, (1)
G(0, 5)— 2G50, 5) =0, Gi(1,8)=0, G(s—0,s)=G(s+0,s),
1
G;|z=a+0 - G;l:c:a—o = —m'
W3 ypaBrenna (1) monyyaeM:
Clln;z% +C,, ecmm 0L 2<3s,
G(z7 3) = z
C_‘;ln;ze_‘_—l' +C;,, ecm s<z<l.
Hcnionsays kpaeBeie YCIOBHA M cBoiicTBa GyHximm I'pruHa, BerMHCIMM BeluuHN C; (5 = 1, 2, 3, 4).
3ateM, NOINCTaBHB MX B BupaxeHne WM &yHkumn I'puHa, 3aKOHYMM Npoliecc ee MOCTpoeHHA. OHa

uMeeT Bux
G y= z—In(e*+1)+14+In2, ecm 0<z<s,
(=, 8) =19 s—In(e’+1)+1+In2, ecm s<z<1
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Tenepb, B COOTBETCTBUH € M. 5.3, MOXEM 3amucarh TpebyeMoe HHTErpaThbHOE YPaBHEHME:
1
y(x) = A / sSy(s)G(x, s)ds. »
1]

404. Csect K MHTErpaNTBHOMY YDaBHEHMIO HAXOXICHWe pellleHMil ypasHemns —2zy’ — y =
=2Avzy, 0 < ¢ < 1, IpH rpaHUYHEIX YCIOBHAX

lim(vzy') =0, y(y=o.
« 3anncas muddepeHmanrbHoe ypaBHeHNe 3afaum B hopme
(—\/Ey’)' =Xy, O0<z<I,
bynkuuio [puHa onpesenseM U3 yCIOBMIA
(-vEG.). =0, 0<z<1, z#s lm(VaG.)=0, G(,5) =0,
G(s—~0,9)=G(s+0,8), Gil,pso— Gilpeyo= ——1~.

Vs
HAmeem
20—+/s), ecmm 0L 2<s,
G(z, 8) =
2(1—yz), ecm szl
CrnetoBaTeNbHO,
1
¥@ =) [ 6@, is)ds. »
0
C nomoinsio GyHkumun I'puHaA peliUTh CAEAYIONIHe 3a0a4H,
T " '
405. - y y = f(z), 1<z <e, y(1) =0, y(e) — ey'(e) = 0, Tue € — ocHOBaHME

T+ (d+zp
HaTypaJIbHEIX Jorapudmos.
<« U3 ypaBHeHns ,
=Gy G, zG,
- = =) =0, z+#s,
142 (1+4+2)? 1+
TIoJIydaeM:

2G, C, ecm z<3s,
_— = G(z, 8) =
1+=z C;, ecmn x> 8,
TTonk3ysch 3a0aHHBIMM KPAEBBIMH YCIIOBMAMM H cBOMcTBaMH GyHkumu I'punHa, Haxomum
Ci=8+Ins, C,=-8—Ins, Cy=s+Ins—-1, C,=0.

Ciiz+hnz)+C;, ecmm 1<z<s,
Ci(x+Inz)+Cyy, ecm s<z<Ke.

CJ1e/10BaTENLHO,
(+Ins)z+lnz~1), ecom 1Lz<Ks,

G =
@ 9) { (z+Inz)(s+Ins—1), ecmm s<z<e.
B coorsetcrBnu ¢ hopmynoit (2), n. 5.4, pewieHye TIOCTABICHHOM 3a4auM 3aNMCBIBAETCA B BUIE

y@ = [ 16, 9ds. »
1
406. —(1+cosz)yu +sin2.y’=f(z), 0<z< er-, (0) —2¢/(0) = 0, y(%) =0

<4 U3 ypaBHeHHS
- fcosé:)G’,f, +sinz -G, = —((1 + cosa:)G’,)' =0 (=#9
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TIOC/1€IOBATEIbHBIM MHTETPUPOBAHUEM NOTyddeM
Cltg?z’-f-Cz, ecom 0Lz <s,

Gz, s) = z x

Citgy +Cy, ecm s<z X 3.

Kpaesrie ycnoBust u cpoiicTBa dynxumu ['puHa IPHBOIAT K PaBEHCTBAM

C—C—l(lts) C=-i(1+1g" c—l(1+tf)
1= =3 g5 ) 3——5( +tg5), +=3 g5 )-

Taknm obpasom,
G(z, s) = %(I-Hg?)(l—tg%), ecmm 0<z<s,
2(1+tg7) (l—tgg), ecmm s <z <

a pCUHICHHE TIOCTABJICHHOM 33034 UMEET BHI
7
v@ = [ G, 9f(s)ds. »
0

407. Nokasats, aro Kpaesas 3aaua
-y +q@y = f@), Y@ -hy@)=C, yO+Hy® =0
3KBHBAJICHTHA TpEM 3a7a4yaM Kommu:
D -g+¢' =q@; ga)=-h;
2) Y -g@Y=-f); Y@=Cs
3) ¢ +g@y=Y@); yb)= C;—::é?-
« /Inddbepenunpys ypaBHeHUe 3) K UCTIONB3yA TipH 3ToM 1) U 2), MMeeM
¥ +9' @y +9@W =Y'(2),
¥+ (~4@) + € @)y + 9@Y @) — 9(@) = —f(@) + g@Y.

O1croga nosmyuaeM ypasHeHHe

—y' +q@)y = f(2). 0]
Tloacraems B 3) ¢ = a, HaxomuM: ¥'(a) + g(a)y(a) = Y(a), wm :
y'(a) — hy(a) = C\. ()]
Togcrasms B 3) £ = b, nMeeM
YO +gby®) =Y®). | 3
Ho y(b) = C; + y(b)(g(b) — H), moaromy u3 (3) cienyer
y'(b) + Hy(b) = C>. @

Takum 06pa3oM, KCXOIA M3 TPEX YKa3aHHBIX 3amay Kolum, nony4mwim kpaesyio sagaay (1), (2), (4).
C npyroit cropoHsl, suddepeRLIMaNBEHOE YPABHEHNE KpacBoi 3a1aul MOXHO TIPEICTABUTH B BHIE

(v +9@w) - 9@(y' +9(2)) = —1(@), ©)
i (]
~§' (@) +9° = g(=). ©)
TTonaras B (5)
¥ + 9@y =Y (), )

ToyJaem
Y - g(x)Y = —f(). , ®)
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Hanee, nozcranmis B (7) £ = a, £ = b ¥ TIOAb3YACH KPACBLIMHU YCIIOBHAMM, MOXEM 3aNTNCATh
Ci - (h+9@)y@=Y(@), Cr~(H-g®)y®)=Y®).

Kak BunuM, ycloBuii 3Zech Ba, a HEU3BECTHRIX TpH. [103TOMY MOXHO TIOIOXHTH

g(a) =-h. )

Torna
Y@=C, yo)=2 -0 10)
a)= = —",

15 Y H— g (b) (
CriefoBatebHO, TIOTy4in tpu 3azaun Koum (6)-(10). »
[Ipumeqanme. OueBHAHO, YTO LI CHPABELIMBOCTH MPOACNAHHBIX onepauHii Heo6xoauMmo, ytobm 3anasa Ko-
1w (6), (9) uMena pelleHHe Ha cerMeHre [s, Bj.

. 4%8. Haiftn co6cTBeHHbIE 3HAaueHMS M cOGCTBEHHBIe QyHKuMM 3amauu y” = Ay; y(0) =
y( =
<« Ofuiee pelueHmne JaHHOTO yPABHEHNS UMEET BUX
y=Clsh\/)—\z+Czch\/X:c. 1)

HMcronb308aB Kpaesbie yeoBus, HaxomuM C, = 0, CyshvAl =0
Tak KaK Mpl MLIEM T€ 3HAYEHUS A, TIpH KOTOPBIX CYLUECTBYIOT HEHY/IEBLIE PELUEHMS, TO M3 TIO-
ciieqHel CHCTEMBI ypaBHEHMIA cliemyeT, 4To sh \/— I =0 (A #0). Orciona, B city Toxaectsa sh vl =

2
= isinv/—Al nonmyyaem -l =k, A, = k;’ (k € N). ITonaras B (1) C| = i, HaxomuM cOBCTBEH-
mple GyHKUMM Yy = sin 27 kTZ (ke N). »

ITpumeganue. Cchmemu;xe dyHKUMH HaxoasTcsl, BOOGUIE TOBOPS], ¢ TOYHOCTHIO A0 NPOU3BOILHOIO YHCIOBO-

ro MHOXuTessl. ONHAKO IS MHOTMX leseil YIo6HO 3alUCHBATh COOCTBEHHbLIE ()YHKIMH B TAK HA3LIBAEMOM

HOPMHPOBAaHHOM BWJE, NoAGHpas KakKMM-I400 criocoboM nPOM3BOJILHLIA MHOXMTEb. B JaHHOM Ciydae MHO-
1

xutens Cy ObUl BLIOPAH U3 YCIOBHMIA: —}- / kalz dr =1 # y; — neficTBATENBHAS QYHKIMS,
21
VYipaxsaennst i1 CAMOCTOSTELHOM padoTnl

TTocTpouTh pelieHus clenyonmx 3anau Komu.

"n_ 2 0) = "0)=0. 2. y" = _ g2 0) = ! — " —
Ly'=y+y,90)=190)=0. 2.9"=y/1-y", 90 =0, ¥ @®=0,y"O) =1

"

3.4 =a 7y un (%), v =1,y =1, ym=2 ym=1
4. y" =627y + 162y~ 1627y +2 7 (zy —y) ' (&Y ~dzy’ +4y), y) = 1, Y () =2, y"(1) = 3.
TTpoussecTi YKaSaHHyIO 3AMEHY NIEDEMEHHBIX B JMHEHHBIX YPABHEHMAX:
5. y"+y 0, x =t%, iq’"+y"=0, z=Int. 7. 2" -3y + 2’y =0, y = 2%v(z) + z.
8. ¢y -2y +zy=0, z-t y = tu(?).
MeTonoM BapHannM MPON3BOJLHEIX IOCTOSHHEIX TIPOMHTEIPHPOBATL YPABHEHMS:
9.y +3y +2y= g, m=e, pr=e . Wy + 2 +y =3 VoA L, y =€, gy =ze .
1L y"V +y=sinz, A, = 715(1 ®i), Adyq= ——\172(1 +i). 12. y" — 8iy = cos2z.

IToctpouts obluee peHicHHE OTHOPOMHBIX M HEOXHOPOIHEBIX YpaBHeHMH, HCTIONL3ys dopmyny Octpo-
rpanckoro—JInyBHULL. -

13. y”'+:c2y” 2zy +2y=0. 14. y" + 2%y’ — 4zy’ + 6y =e+l oy =z, p=2>—1.

15. 4" +y'the —2y =shz. 16. y" — l:czy"+:1»:y —y=2*+z, y =z, yp =2

Me-ronom Diinepa nocTpouThL oﬁnme pememm CIIEAYIOLUMX YPaBHEHMIA:
17. 4V ~ 10" +9y' =0. 18. 3" +8y" +16y' =0. 19. y'¥ —y =0. 20. y¥ ~ 63" +9y" = 0.

Meromom Heonpene.rxenﬂmx Koatbd)m.meﬂmn TIOCTPOMTH ltacmme PELUCHHS CJIEAYIOIAX YPABHEHHIA:
21y —y=2e"~z*. 22.y" -3y +2y==zcosz. 23. y" +y=4dxe*. 24. ' +y = zsinz.
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Pewnrs ypaBHeHMS Ditnepa:
25. 2 y" + 2y +4y = 10z. 26. 2*y" - 3zy’' + 4y =112%. 27. 2z~ 1)y" - 32z - 1)y +y==.
28. 2z +3)y" +3Qzx+ 3y -3y ==.

TTocTpouTE PELEHNS CIIEAYIOUIMX KPaeBhIX 33034

29. 4"~y =0, yO)=-1, y(D -y =2, 0<z < 1.

30. ¢ +y = —z cosz, 2y(0)—y' (O)+y()+3y' (1) = -1, —y(0)+4y' (@) —2y()+54'(1)=0,0< z < 1.
My -2+y=e2 yO+92) =0, yY(0)+3y2=1,0<z<2.

2.9V ry=2), YO +y'(x) =2, ¥'©0) - 3y(r) =3, y"'©) - Sy'(x) =1, y(0) =0, 0< z < 7.
HocTpouTs petlieHns 3a1ay:

By —y=1, y0) =0, |yl < +oompu £ — +00. 34. ' —2iy =0, y(0) = -1, y(+o00) =0.

35. 2%y" — 6y = 0, y(1) = 2, |y(0)] < +oo. 36. z’y” —2ay +2y =0, y(1) =3, y = o(z) mpu = — 0.
37. (1 — 2d)y" — 2zy’ + 2y = 2esinz + (1 + %) cosz, z € [1, 1], |y| < +oo, ¥ < +00, ¥(0) = 1.
Haittn cobcrBeHHbIe uncia u co6¢TBeHHbIe QYHKUMM 3a/1aY:

38. ¢y + 2Azy = 0, y(0) - y(1) = 0. 39. ¥ + 3Az’y =0, 2y(0) + 3y(2) = 0.

40. i + 622’y = 0, y(0) + 6y(3) = 0. 41. y" +3Ay' + 2A%y =0, y(0) =0, y(1) = 0.

42. 4" + Ay =0, ¥'(0) +2y(0) — y(1) =0, y'(1) + 3y(0) + 4y(1) = 0.

43. 4" + 2y =0, y(0) =0, y'(1) =0, y'(0) + 3y(1) = 0.

4.y +27y +ay=0,0<z <1, y(1) =0, ly| < +00, Jy| < +00.

45. (1—2y" —2ay' + Ay =0, -1 <z <1, [y] < 400, |yf] < +00.

46. z’y" +ly=0,0<z <1, y(1) =0, y(+0)=0.

Crienyionpie ypaBHEHUS CBECTH K CAMOCONPSKEHHOMY BUIY:

47. :czg;" +ay —2y+Azy =0. 48. y" + (z + 1)y’ — 2’y + Az’y = 0.

49. (z° +1)y" —(z+ 2 — 'y + Mz + 5y =0.

Toctpoute ocobbie KpuBBIE U 0CO6BIE pEIICHNS YPAaBHEHMIA:

50. 4" —3?=0. 5L y" — 4y’ =0. 52 yy" +2—1=0. 53. 2y —y" =0.

Peumts crenytommne nuddepeHuManbHbIE 3a1a4M:

54. cosy’" =1, y(0) =0, y'(O) =1, y'(0) = 2x. 55. y"(y”2 -1)=0,y0)=0,y©0)=1, y"(0)=0.
56. (" — (¥ —3)=0, y0) =0, y'0) =5, y'(0) =3.

TTOHM3NUTE IOPSAIOK CIIEAYIOIMX YPABHEHHUIA:

57. 6y — 5y'y™ = 0. 58. 2y +y" = ¢*. 59. ¢y —y" =0. 60. zy" — y"(1 — z) = 0.
6lyy -y ' =0. 62 gy +y" =1. 63. y'y" —y" —y y" = 0. 64. y"y? —y  =0.
TIpouHTerpHpoOBaTE CIleIYIOIINE YPABHEHHS:

65. y""’ +3y" +2=0. 66. 3(zy") +2*y" —~4=0. 67. y’ Inzsin(y”Inz) + (y"Inz)’ -2 =0.
68. (zy" — I)(zy" - 35) = 0.2 69. 25 - y"6 —-1=0. 70. /- y;" —-1=0. 71, y’"2 - y”2 -1 =20.
72. 9" =¢¥. 3. 2y —y" +1=0. M. &' —y"=0. 15. 4" —y*—1=0. T6. y=zy —y .
7T.y=2zy —Iny'. 8. 2= +Iny. 79. z=y'\/1+y".
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Cucrembl
nudPpepeHnuaIbHbIX YPABHEHHH

§ 1. JInneiinbie CHCTEMBI

1.1. Heomnopomnaa cuCTeMa NHHEHABX JadpepenndaIbHMX YpABReHRH
¢ mepeMeHHbIMA KoXppunreHTAMN,
OynapaMenTaILHEAS MATPANA ypasuendd. Onpenenurens Bporckoro.

CucreMa ypaBHCHHI BUZa

dz; i —
Et—' = Z;aij(t)zj +5@), t=1,n, n
]:

Ha3LIBAETCS HeoOHOpoOKol cucmemoli AuHelinbix dudipepenyuarbrbix ypasrenui ¢ nepemenHbiMu Koagpuyu-
enmamu a;;(t). BymeM cuuTarh, 4T0 KO3PDHUHEHTH K CBOGOAHEIE WICHEL f;(l) ARIAIOTCH HENpPEPHIB-
HBEIMH QYHKUHSIMU Ha (a, b).

Cuctema muddepeHUHATLHBIX YpaBHEHHH

dz; i

z Zlaij(t)zj: i=1,mn, 2
j=

Ha3bIBACTCA 00HOpOOHOH. BBOAA B PACCMOTPEHUE BEKTODPBI
2= (21), 22®), - 2a®), = (@), HO), ..., fa®)
H MaTpHIy

A= (aij (t))’
ypasHenus (1), (2) MOXHO NpeACcTaBUTH B BeKTOpHOH dopme
dx
=4 ]
gz =Az+h 1)
dz
— = Az. 4
ot @)
Marpuua
zu() zp@) ... @)
X(t) —_ z21(‘) z22(t) oo zZ'n(t) , (3)
Zat(t) Tm2) ... Zaa(d)
e %;j — KOODRMHATH JIMHEHO HE3ABUCHMBIX PEWICHHI (BEKTOPOB) Ty = (Zy, X1, -+ - , Tn1), T2 =
= (Z12, €22y -+ » #p2)5 -+ Tn = (L1ny T2ny - - - 3 Tan) BEKTOPHOTO ypapuenus (2'), Hasmmaercs unme-

epanvuoti, Wi dhyndamenmanvroli mampuyed 3toro ypasHeHus. UHorna ee masnmsawT mampuueii Bpon-
CK020.

Onpeaenvrens
zu(f) =) ... zRE)
we=| O mO - mO), @
2u®) 2a® e Za®)]
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COCTABJICHHBIM U3 YAaCTHBIX PEIUCHHA cHCTeMBI (2), HA3KIBaeTCs onpedesumenem Bponcxozo. JLns Toro
yT0GRI MaTpHua BHAA (3), rme 2;;(f) — JacTHHIE PelieHHsA CHCTeMHl ypaBHeHMUi (2), 6hUTa HHTErpaIbHOM,
HeoGXOMHMO M NOCTaTo4YHO, YToOH det X(t) = W(t) # O nipu ¢ € (a, b). [Ipu 3TOM ObGIEE peleHHE
BEeKTOPHOTO ypasueHus (2) npeicrasiserca B BUIE

z(¢) = X(t)C, 5)
rne C — npou3BONBHHIA MOCTOSHHBI BekTop. Obllee Xe pellleHne YpaBHEHUs (1) 6yzer
z(t) = X(¢)C +Z(t), 6)

roe F(t) — Kaxoil-HHGYp BEKTOp, SBISIOMACS YaCTHEIM pelileHeM ypasHenus (1').

1.2. Meron BapRandB HPOHA3BOJILHOTO BEKTOPA.

Ecym usBecTHa HHTErpanbHas MaTpHua ypasHenus (2'), To yacTHoe pewrenue T(t) ypasrenus (1)
MOXHO HAUTH, NOJNB3YACH MeMOOOM eapuayuu npou3eonsHozo sexmopa C. DTOT BEKTOP YROBIECTBOPSIET
YPaBHEHHIO

X®C®) = 1) ™

Mockoneky det X(2) = W) # 0, 1o 3I(X(@®)™' u C'(t) = X@t)" f(t), otkyna
co =[x s+, ®

rae Cy — npon3BOMbHbI nocTogHHu Bektop. [lonctannas (8) B (5), umeem
z(t) = X#)Co + X(t) / X f@de. ®)

Cpasuupad (6) ¥ (9), nomyyaem
(1) = X(t) / X f)ydt.
1.3. Marpuanansr.
®yunameHTaNbHAS MaTpula Y ypasHenus (2), ynomlIeTsopsiomas HayansHoMy yenosuio Y () =

=E, a <ty <b, E — eauuu4YHasA MaTpHLA, Ha3bIBAECTCH Mampuyanmom. B o6LIeM ciydae MaTpHIIAHT
HaXOMUTCS H3 ypaBHeHus (2') Memodom nocaedoeamensuvix npubAuNCenu:

t
Xor1@®)=FE + /A(T)Xﬂ(-r)d-r, X,=0, n=0,1,2,..., ¢ty ,t€(@db), Y= g;{gx,.(t).
to
Cayuaii JJamo—Manunesckoro. Ecnn copaseiiMBo TOXAECTBO
t t
A®) / A(r)dr = / ATy dr- Al), to, t € (a, b),
b to
TO MATPHUAHT MOXHO HAWTH No dopmyne
t
Y(@) = exp( / A(T) df) s (10)
to

rne nox exp(B) NoHUMAECTCA MATPHYHLIK PAL:

1 1 :
_exp(By=E+B+ =B+ ... +;B"+

2
Ecnm MaTpHUaHT H3BECTEH, TO PEUIEHHE HAYALHOMN 3axa4uH
dz
= = Az + 1@, 2o = 2o, (i

HaxomITCA ¢ noMoLbio dopmymsl Komm:

t
2(t) = Y{t)xo + j YOY YD) f(r)dr. (12
. t '
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1.4. Heoaunopoaasie JHACHALIEC CACTEME ¢ NOCTONHALMA KO3(dAHEeHTAMH.
Meron Diinepa. '

Ecnu a;; = const, 10 cHcTeMa (1) Ha3BIBAETCA AuHelinoLi HEOOHOPOOHOI ¢ NOCMOARKUMY KOIPPuyuen-
mamu. O61ee peLieHHe CHCTEMBI (2) MOXHO HalTH, HONB3YACE Memodom Finepa, KOTOPLIA 3aKITIOYaETCs
B crexyomieM. Mmem petiienne ypasHenns (2') B Buae

b
Xt by
z=DBe", roneB=| . | — nocrosuusiil BEKTOp, A — NOCTOSHHAS.

b
Torna 13 (2') nonyyaem ypasHenne F(A)B = 0, e F(A) = A — AE. TTockonbKy MBI HILEM HETPHBH-
@IbHOE peLIeHne, TO

det F(A) = 0.
B10 xapaxmepucmuneckoe ypasnenue. IIyctb Ay, Ay, ..., A, — ero npoctere kKopHH. Torza coorser-
CTBYIOIIME MM DELLCHUA OymyT
‘ z =B, z,=Be™, ...z, = BeM. (13)
Bextopsl By, k =1, n, ABIAIOTCS PELICHASIMA YPABHEHHI
F(A\)B: =0. (14)

IIponsBonbHas MHelHas KomOuHaums Bektopos (13)
n
_ Ait
xr = C,'B,'e s (15)
i=1
roe C; — mocTosHHbIE, €CTh 06mmee pelieHHe ypapHeHHs (2').
Hanee, ecnu cpeny KopHeH XapakTepuCTUIECKOTO YPABHEHUS MMEETCH KOPEHb A; KPAaTHOCTH r 2> 2,

TO COOTBCTCTBYIOLUEEC €MY BEKTOD-PCLICHHC UMCCT BUI

1
z, = (E +FQt+ 5 PO+ ...+ F’“‘(A,)t"‘) AeM, (16)

(r—1)
rae A, — BEKTOD, YIOBICTBOPHIOWKN YPABHEHHIO
F'(A)A, =0. (17)
B 3TOM cilyyae nipoH3BONbHAA NHHelHag KoMOHHauns BektopoB Buaa (13) n (16) cocrtamniser obiuee
pelitenne ypapHeHus (2').
IIpuMeHss MeTOI HCKIIIOYCHHS, PELIHTD CREAYIOUIHe CHCTEMBI BrdpepeHUMAIBHBIX YPABHEHHIA:

409. :=2c+y, §=3x+4y.
« PaspewinB nmeppoe YpaBHEHHE OTHOCHTENBHO Y H [TOACTABAB BO BTOPOE YDaBHEHHE CHCTEMEL,

oJIy4aeM
y=& 2 (&-2) =3z +4—22),

WiH
E—6t+52=0.

KopHH XapaKTepHCTHYECKOTO YPaBHEHMS M —6A+5=0¢cym A, = 1, A, = 5. CiegosarexbHo, obmee
pelI€HHE MOCNEHENO YPABHEHHS GyneT )
z= Cle'_-f- CzeS‘.

IloncrasuB 3HaYCHHE & B MepPBOE ypaBHEHHE CHCTEMBI, HaliieM

y=(Cie'+ cze“)' ~2(Cie + Ce™) = —Cre! +3Cre™. >

410. s +y=?+6t+1, g-—z=-~3¢+3t+1.
« TNoacrarnsn sHavenne y = 2 + 6t + 1 — &, HAWNEHHOE U3 [EPBOTO YPABHEHMS CHCTEMEI, BO
BTOpPOE YPABHEHHE, HMEEM

AN

E+z=3—t+5. )
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HHTterpupys ypasHenue (1), monmydaem ofwee pewtene z = Csint + C,cost + Z(t), roe Z(¢) —
JaCTHOE PeLleHHE HEONHOPONHOTO YPaBHEHHsI, KOTOPOE POLe BCETO HAUTH METOLOM HEOMPEAENIEHHBIX
Koa(puumeHToB. B pesynsrare Gynem nmers

z = Csint + C,cost + W —t—1.
Janee, HOACTABHB 3HAYEHHE X B NEPBOE YPABHEHHE CHCTEMBI, HANIEM
y = Cysint — C; cost+t2+2. »

41l. i =-z+y+2, g=z-y+2, 2=z+y—z.
<« [InbdeEpEHIMpYs EpBOE PABEHCTBO H HCIIONB3YS 3aTEM BCE TDH YPABHEHHS TAHHOM CHCTEMEL,
UMEEM

E=—z4+y+z=32-—y—z=3x—(z+2)=2 -2,
WIH
E+&~-22=0.

HHTerprpys NoIyYeHHOE YPaBHEHHE, HAX0MUM

z=Ciel + Cze_”. ]
Jlanee, BorpTast MO'WIEHHO M3 IIEPBOTO YPaBHEHHS BIOPOE H YUHTHLIBASI yXE€ M3BECTHOE 3HAYECHHE IJIS
GYHKUHH 2, IDHXOLHM K YPaBHEHHIO § + 2y = 3C,€'. PeltB €10, MOMydHM

y=Ce 4+ Cé.
Haxkoser, NoACTaRIAS & H Y B HEPBOE YPaBHEHHE CHCTEMBI, HAXOAUM

!
z=itz-y=(Ce'+ Cre™) + (Cie' + Cre™) — Cre™ - Cie = Cre' = (Cy + C)e ™. >

412. = -y+ 242z, y=c+2y—z, i=gz-—y+2z.
« ITpozuddepeHLpoBas TpeThE PaBEHCTBO CHCTEMBI H BOCITOJIB30BABIUHCH BCEMU YPABHEHHIMH,
HMeeM:

P=g-g+22=2z~y+2z+2x—y+22)—(z+2y—2z)=3x—Sy+6z
Iaddepenunpys momyyeHHOE COOTHOLICHHE H NO/IL3YACh YPABHEHUSIMU CHCTEMEI €11€ pa3, NPHXORHM
K YPaBHEHHIO

% = 3%~ 5§+ 6z =Tz — 19y + 20z.
OcraeTcst HCKITIOYHTH MEPEMEHHBIE T U ¢ H3 CHCTeMbl YPaBHEHHIA:
i=x—-y+2z, Z=3x—5y+6z, zZ=7Tx—19y+20z.
B pesynsTarte HCKITIOYeHHs GyneM HMETh OHO YPaBHEHHE OTHOCHTEIBHO QYHKIHH 2:
F—65+112-62=0.
ITpu 3TOM
1, 5. 1, 3,
z=—§Z+§Z—2Z, y——52+52- M
KopHH XapakTepHCTUYECKOTO YPaBHEHHS Mo+ 1A-6=0cym A, =1, A, =2, A; = 3.
CnepoBatenbHO, 0o6lIEe PELICHHE
z=Cie' + Ce™ + Cye™. @
Toncrapnss (2) 8 (1), nomydaem
z=Ce? +Cye¥, y=Ciet+Cre¥ »

413. i =y -z, y=z+y, Z=zx+z.

« llyrem mudbepenmpoBaHns MepBoro paBeHCTBA CHCTEMBI M HCIIONIB30OBAHHA IBYX APYIMX I1O-
y4aeM ypaBHeHMe: & = ¢y — z, Wi & = £. O61ee peleHne HOMYyYEHHOIO YPaBHEHHS HMEET BHI:

z=C +Cpe'. '
TloncraBnss 3HayeHHe £ B TPETHE YDABHEHHE H MHTErpUpYH ero, 6yaeM uMeTb
2=(Cs + Ct)e' - C).
Haxownell, 13 1epBoro ypaBHeHHA [TOTy4acM
' y=e(C+Ct+1)) - Ci. >
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414. i =3z -y+2z, y=2+y+z, i=4x—-y+4z.
« AHAJIOTHYHO NPORENaHHOMY B ripHMepe 412 HmeeM:
E=32-y+2i=303x-y+2)—(x+y+2)+ @z —y+4z) =12z - 5y + 62;
=125+ 62 =120z —y+2) - 5(x+y + 2) + 6(4x — y + 42) = 552 — 23y + 312.
VckmiouMB H3 CHCTEMBL
2=3z—-y+z, E=120—-5y+6z, % =>55z—23y+31z
MepeMEHHBIE Y, 2, NoMyunM JudrbepeHuManbHOE YPABHEHHE OTHOCHTENbHO GyHKUHU z:

% ~8% + 17% — 10z = 0. )
Ilpu 3TOM
y=%-6z+6x, z=4i&-5&+ 3. ()]
O6tuee peurenne ypaBHeHHA (1) umeeT BuA
z=Ce + Cze2¢ + CgeS‘. 3)

Hcnonsayn (3), n3 (2) HaxoznM ]
y=Cie' ~ 20" + Cie*, z=-Cie' —3Ce" +3Cse™. »

415. i =3z +4y, Gj=-xz—y.
« OnpeneJmn & A3 BTOPOTO YPABHCHHs CHCTCMbI H [TOOCTABHB €ro B [T€PBOC YPABHCHHE, NNOIYyIHM
(-§-y=3-§-+4y, ¢ -2j+y=0.
Pewrus nocneqHee ypaBHeHMe, 6YAEM HMETD
y = (C1 + Cot)e' + (C3 + Cat)e™.
Haxonel, H3 BTOPOT0 ypaBHEHUsI HAXOIUM
z=—f—y=2Cs—Cy— Ct)e ™ —2(Cy + Cy + Cat)e'. »

416. i =3c-y—2, j=-x+3y—2z, i=-z—y+3z2.

« Inddepennvpys nepBoe paBeHCTBO ABAKILI H yYHTHIBAsI BCE TPH YPABHEHHA CHCTEMBI, [10Ty4aeM
2V =33 -§-3=3082-y—2)— (—x+3y—2)— (~x—y+32) = 11z — 5y — 5z = 11z + 5(% ~ 3z),
WIH

z" — 58+ 42 = 0.
PelinB 370 YpaBHEHHE H3BECTHHIM CIIOCOGOM, HMeeM
z=Ce +Cre + Cgeu + C4e—2‘. ()]
BoyuTas NOWIEHHO H3 MEPBOI0 YPABHEHHS CHCTEMBI BTOPOE H HOJIL3YsCh pellieHHeM (1), MoXeM 3anu-
cars:
§—4y=-3Cie' ~3Cye”",
OTKyZa
y = Cse® + Cse ™ + Cié' + Cre™". 2
Haxownew, noncrapmsst peureqns (1), (2) B nepBoe ypaBHeHHe CUCTEMEI, HAXOMUM
z = Clet + Cze-—t - (C3 + Cs)eu - (C4 -+ C;)e_”. »
417. i+ +9-2y=0, &—-yg+2=0.
« CkianplBast noWieHHO 06a ypaBHEHHA CUCTEMBL, MeeM £ + 2& + x = 2y, OTKyxa HaXofuM

y=%(:'i-+2:b+z). Y

TMoncrarisis 3HaseHKe y 13 (1) BO Bropoe ypaBHEHME CHCTEMBI, NoydaeM mndibepeHimansHoe ypas-
HEHHe OTHOCHTENILHO (DYHKIIHH Z:

E+4+25—%—22=0.
PewmB ero, 6ynem nmets £ = Cre 2 + Cyef + Cse™t. YunTniBas nosydenHoe pelienue, #3 (1) HaxomuM

1
y= 5 C1€_2t + ZCZe'. »
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418. i - 2j+g+2—3y=0, 4j—25-2-2z+Sy=0.
« YMHOXUB MOWIEHHO [IePBOE ypaBHeHNE Ha 2 H CIOXUB CO BTOPHIM, IPHXOAMM K PABEHCTBY
2y—¢—y=0. )
HMuddepenumpys (1) 1 yduTbiBast IEpBoe YpaBHEHHE CHCTeMBI, Noiydaem & = 3y. IloncraBmas 3Hawe-
nue ¢ B (1), nmeeM auddepeHUHANbHOE ypaBHeHHE ¥ + y = (0, H3 KOTOPOTO JIETKO HAXOHHM
y=Ce™.
A toroa
z=3Ce. »
419. i+ 46— 20— 2§~y =0, F—-4&—§+2§+2y=0.
« CrioXuB NOWIEHHO 3TH ypaBHenusi, nonyuuM (2z —y)" = 2z —y, otkysa 2z —y = Cie' + Cre™t.
IoncTaBuB 3HayeHUE
y=22x— Cle' - Cze_' )
B NEpPBOE YPABHEHHE CHCTEMBI, 6yneM uMeTs nudpepeHIUAIbHOE YPaBHEHHE ISl GYHKUHUHA X:
-4z +3Ce - Gt =0.
O61uee peLieHHe 3TOr0 YPaBHEHHS

- 1 -
z=Cie” + Cie™” +Cyé — 3 Cee L, 2
Hakownen, noacrasuB (2) B (1), AMeeM

- 5., -
y= 2C362¢ + 2C4e % + Clet - 5 Cze t. »

420. 23+ 2i+ 2+ 3+ +y=0, E+4E—2+3§+2§—y=0.
« PaspeumntB cucreMy ypaBHEHHI OTHOCHTENBHO CTApLIHX MPOH3BOMHBIX, HMEEM
E=2i+y-2e-2y, §H=-22—-y+ax+y. )
JnddepeHnmpyd mocaeS0BaTENBHO IBA pa3a NepBOe PaBeHCTBO CHCTEMBI (1) 1 MONBL3YACH IPH 3TOM €¢
YDaBHEHHAMH, MOXEM 3aIIHCaTs:
F=—g-32-3y, 2V =-i-2j—z—y. 2
Paspeums cucTeMy (2) OTHOCHTENBHO Y Y §f H NOACTABHB KX 3HaUYeHUs B IEPBOE ypaBHeHHe cHeTeMsl (1),

MONYYHM YpaBHeHHE I GyHKuUMH 2:
eV -E+E-2=0.

IIpn satom
y=§(zw—2'i"+:i:—5:c). 3)
HHTerpupoBatne MOCHENHErO YPABHEHHS AaeT
e=C + Cze‘ + Cscost + Cysint.
HaxoHeu, OACTaBHB 3HaYeHHe £ B (3), OKOHYATEALHO HAXOAMM

1 1
y=—-C; —Ce + 5 (4G5 +3C) cost - 3 (4C4 + 3C3)sint. »
NMpumenss metox Diinepa, peLINTE CACAYIOLINE CUCTEMB YPABHEHMIA:

421. i=2-y, §=y—-4z.
<« CornacHo MeTolty Diiepa YacTHbIC pellleHus] CHCTEMBI HINEM B BHIE

= Ae“, y= Be)“, A, B, A\ — NOCTOSIHHEIE. (1)
IToncrasus (1) B cucTEMy, HMEEM ANTEOPaUYECKYIO CHCTEMY
AN=A-B, Br=B-44, ¢))

U3 KOTOPOH B CIITy HETPHBHATLHOCTH HCKOMBIX PELUEHMI CIEAyeT, YTO ONpeheNTeN b

A-1 1
' 4 A'—1|=°’.
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wm (A — 1) — 4 = 0. KOpHH XapakrepHCTHUECKOTO YPABHEHMS A; = 3, A = —1 — mnpocreie.
CrieqoBaTeNbHO, YaCTHLIE PEUIEHH, UM COOTBETCTBYIOUHE, HMEIOT BUA:

) = A]Cu, T = A;e", = B,eu, h = B;e"‘.

CBa3b MEXIY NOCTOSHHBEIMU A, B; MBI Hajitem, BOCHONB30BABIUHCE CHCTEMOH ypaBHeHHH (2). Vimeem
A A = A - By, MA; = Ay — B, (BTophe YpaBHEHMs SIBJISTIOTCH CHEACTBHEM 3AMMMCaHHBIX), OTKYAA

HaxomuM B; = —24;, B, = 24,. B cuiy npou3BolsHoCTH A; B A; MOXEM, HAalpuMep, NOIOXHUTD,
yro A; = A, = 1. Torza By = —2, B, = 2. Takum o6pa3oM, pyHIaMeHTaIbHAsE MAaTPHLA 3aNHIIETCA
B BUIE:

3t -t
_ e e
X = (_263, 26-,) .
O6uiee peLieHne B BEKTOPHOM dopMe, cormacuo (5) 1. 1.1, 6yzer
3t -t 3t -t
_f=Y _ _ e e C Yy _ Cie” + Cie
o(t) = (y) = X0 = (—2e3‘ 2e-‘) (c,) = (—2C,e3‘ +2Ce )
Orciona cnepyet, 410

r=Cet+Ce™, y=-20"+2Ce" p»

422, i =z -y+2z, y=x+y-z, i=2z—y.
« Huem pelennst B Buge
z =A™, y=Bed, z=cCe". EN
[lozncraBuB (1) B CHCTEMY, UMEEM
AA-1)4+B~-C=0, -A+BA-1)+C=0, —-24+B+CA=0. 2)
TlockomeKy MBI HILIEM HEHY/IEBHIE PELIEHUS, TO JOJDKHbI [TOIOXHTH
A-1 1 -1

-1 A-1 1
-2 1 A

orkyma A* — 222 — A+ 2 = 0. KopHu 310r0 ypaBHeuus Ay = 1, Ay = 2, A3 = —1 — npocrete. HosTomy
YaCTHBIE PELEHHA IPEACTARAIOTCS CHEIYIOUHM 0BPasoM:

=0,

t 2 -t
$1=A16, z2=A26 ) z3=A3e 3

i =Bie, 5 =Bye", y3 =B,
2 =Ce, z,=Cype¥, z3=Che™.
JUist yCTAaHOBJIEHHS CBA3H MEXY NOCTOSHHRIMH Ai, B, C; monb3yemca cucreMoit (1). Umeem
AAQ—D+B—C =0, ~4+BMN-D+C=0, -24;+B;+CA =0, k=12 3.
HeTpyaHo NMOJyYATE PELEHUS MOCNEIHEH CHCTEMBIL:
Bi=A=C;; Ay=C; B;=0; By=-34; C3=-54;

TlocxombKy yacTh M3 HAWIEHHBIX NOCTOSHHBIX NPOH3BOJIBHA, TO MOXHO nonoxwuts C; =1, C, = 1,
A; = 1. Torma By = A, = 1; Ay = 1; By = -3, C3; = —5. Takum o06pasoM, dyHaaMeHTaIbHAST
MaTpuIa paccMaTprBaeMoit U bepeHIHAIBHOM CHCTEMBE HMEET BHI:

et eZt e—t
X(t)=(e‘ 0 —3e“).

et eZt -5 e—t

x Cy Clet + Czezt + Cge_t
yl=x®|C|= Ciet ~3Cse™* ,
z Cs Ciet + Cre — 5C;e™*

O6wee peuieHue Gyner

OTKYZAa
¢ 2 ~t ¢ -t ¢ 2% ~t
z=Cie +Cg\€ +Cie™, y=Ce —3Ce, z=Ce +Cie”—5Ce . »
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423. t=2z+y, y=x+3y—z, z=-x+2y+3z.
« JICHCTBYS aHAIOTMYHO [IPEABIIYLIEMY IIpHMepY, nMeeM Ay = 2, A, =3+ 4, A3 =3 —4. Ilpn
3TOM YacTHeIE pelieHus OyayT
. X = A,eu, X = A26(3+m, Xy = A;e(J")‘,

2 iy 3-ip
yi=Bie¥, y, =B, gy = By,

zy = Clezt, Zy = Cze(}”)t, z3 = C36(3_i)¢.
lis onpeneneHns NOCTOAHHBIX Ay, By, Ci, k =1, 2, 3, mois3yeMcs CHCTeMOH anreGpaniecKux ypas-
HEHMH:
LM =2)—-B, =0, —A+B(M-3)+Ci=0, A4 -2B+C(A-3)=0, k=123
PeumB cucteMy ypaBHeHU OTHOCUTENBHO Ay, By, C;, nonyuaem:
Bi=0, AA=Ci=1; A=l B=1+i C=2-4 A;=1, By=1-—4, Cy=2+i.
CnepoBarensHo, GyHAaMEHTATEHYIO MATPHIY MOXHO 3aIHCAaTh B BUIE:
e e¥(cost + isint) e*(cost — isint)
X®=10 Q+detcost+isint) (1—i)eX(cost—isint) |.
e (2 -det(cost +isint) (2+ i)e(cost — isint)
A Torza cornacHo (5), m. 1.1,
T = C,eu + 5‘;63‘(cost +isint) + égelt(cost —isint),
y = Cy(1 + i)™ (cost + isint) + Cie¥(1 — i)(cost — isint),
z = Cre® + C(2 — i)e*(cost + isint) + C3(2 + i)e*(cost — isint),
roe C, C’z, Cs — npoH3BOIbHBIE (BOOGIIE TOBOPH, KOMILTEKCHbIE) IIOCTOSHHEIE, B yacTHOCTH, ecru
nonoxurs C, = Cy + iCs, C; = C, — iC;, tae C,, C3 — Aei{CTBHTENBHBIE NOCTOAHHBIE, TO H3 (2),
cunTas 4ro C; — NEACTBHTENBHAS MOCTOSHHAN, MOXHO MONY4HTH OblIee PELIeHHE JAHHON CHCTEMBI
nuddepeHIHANBHBIX YpaBHEHHH yxe B AeficTBHTe/IBHON dopme:

T = C,eu + 2¢*(C, cost — Cs sin t),
y =2¢"((C2 - Cs)cost — (Cy + Cy)sint),
z=Ce¥ + 2e3‘((2c2 +Cs)cost + (C, — 2C3)sin t). >

424. i =20+ 22—y, y=x+2z, i=-2+y-—z.
« HetpyaHo HaliTH KOPHH XapaKTepHCTHYECKOTO ypaBHEHHS

A=-2 1 -2
-1 A -2 |=0
2 -1 A+

Ouut nmeror BUA: Ay = 1, A =i, A; = —i. [ToaToMy, KaK H B IpeAbITYLLIMX IPHMEPAX, MOXHO 3aIMHCaTh
YaCTHbIC PELUCHHS BaHHOM CHCTEMBI:
2 = A, zy= A, 3= Aze”V,
n=Bie', =B, y =B, : 6]
21 =Ciel, z2=0Ce", z=Cse™,
TEe MocTosiHHbie Ay, By, Ci, k =1, 2, 3, cBI3aHBI COOTHOWIEHHAMHU
AE(AI‘—'Z)-}-B],—ZCI‘ =0, —Ag+BgAk—ZCk=0, 2Ag—Bg+Ck(Ag+l)=0, k= 1, 2, 3.
PemmB 3t anreGpangecKie CHCTEMBI YPaBHEHHH, MMeeM:

1 1
A1=0, B =2C; A=B), (= 3 (4, +iBy); A;=B;, (3= 3 (—A; —iB3).

B‘{acﬂ{ocm’
Cl:l:Bl=2; A2=BZ=2,C2=I'—1; A3=B3=2,C3=—l—i.
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A torza u3 (1) cnenyer, 4To QyHAAMEHTAIBHYIO MaTpHLY MOXHO cOPMHPOBATE TaK:

0 2e 2e™*

X@ty=| 2¢ 2et 27% ],

e G-1e' —(1+ie™

a ofuiee peuleHue JaHHON CHCTeMBI 6yzeT
z=206"+2Ce™, y=2C"+2Ce" +2Cie™, z=Ce' +Co(i — De" — C3(1 + e ™.

ITonoxus 3xech C’z =C, +iCs, C~’3 = C, — iC;, tne €5, Cy — BEHCTBATENILHHE MTOCTOAHHEIE, 061IES
pELIEHNE MOXHO IONYYHTh B NEHCTBHIENLHON dopMe:
z = 4(Cycost—Cssint), y = ZClet+4(Cz cost—Cysint), z = C, e'—2(C2+C3)cost—2(Cz—C3) sint. p

425. s =2z +y—2z, y=z-2y+2z, z=3z-3y+5z.

« ITockoneKy cpenn KOpHeil XapaKTepHCTHUECKOTO YPABHEHUS HMEIOTCH KpaTHule (A = 3, A; =
= A3 = —1), To, cornacuo ¢opmyne (16), n. 1.4, yacTHO® BEKTOP-pELIEHUE, COOTBETCTBYIOLLEE 3TOMY
KOpHIO, HIIEM B BHIE:

2= (B+ FOot) Aze™, (1)

100 —2-X 1 -2
E=[0 1 0], FQy)= 1 —2-21 2 i,
06 1 3 -3 5=

rae

ag
a BexTop A; = (az) YHOBJIETBOPAET YPABHEHHIO:

aj
—4 4 “8 a)
FAO4, =0, wm 4 -4 8 a, | =0,
12 -12 24) \a

4TO COOTBETCTBYET OXHOMY CKAISPHOMY YPAaBHEHHMIO a; — a3 + 2a3 = 0, wiH a; = a; — 2a; (ay, a3 —
[POH3BOJIbHbIE NOCTOSHHKIE). TakuM o6pasoM, NPHHAB BO BHHMaHMe paBeHcTBo F(A;)A, = 0, cornac-

HO (1) uMeeM BEKTOP-PELIEHUE
a — 2(13
;= a; et 2
as

BexTop-peiteHie, COOTBETCTBYIOIIEE KOPHIO Ay, HMeeT BHI &y = B,e“, rae NOCTOsAHHLIN BekTOp B
YOORJIETBOpAET YpaBHeHHIO (cM.(14), . 1.4):

F(A)DB; =0

-5 1 =2 b
1 -5 2 by =0
3 =3 2 b3
JIeTKO MOMYYHTH OOHO H3 PELUeHHI 9TOH CHCTEMBL:
h=-1, b=1, bh=3

ITpon3ponbHas NHHEWHA KOMOHHALIHA BEKTOP-PEIUEHHI €CTh Obluee pelieHHe & JAHHON CHCTEMEI
b pepeHIMATLHBIX YPABHEHUN, TI0ITOMY

WIH

—C,e* 62(a2 — 2a3)e”t —Cleu + 5’2(a2 — 2a3)e”
z=Ciz; + 62272 = C;e“ + C:'zaze"' = C1€3t + ézaze_t

3C e Cyaze™ st
! 23 3C]€3¢ + C)Gg@
Honoxus snece Cha; = C,, Chaz = C3 H NPHHAB BO BHHMaHue, 4To ¢ = (2, ¢/, z), OKOHYATENHHO

HMeeM: a .
T=—-Cie" +(C; ~2C5)e™, y= Cie® + Ce™t, 2= 3C M + Cielop
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426. t=2x-y—-z, y=2x~y—22, z=-z+y+2z.
<« XapaKTepHCTHIECKOE YPABHEHHE BAHHOM CHCTEMBl HMEET JIMIIb OMH TPEXKPATHHIN KOpeHb A =
= —1, nostomy, cornacto dopmyse (16), n. 1.4, MmoxeM 3anucarb:

= (E + F(A)t + % FZ(A)tZ) Aée',

1 -1 —1 0 00
FO=| 2 -2 2|, FPPy=[0 0 0].
-1 1 1 000

Bekrop A yAOBNIETBOPAET ypaBHEHHIO F'O)A=0 (cMm. (17), m. 1.4) 1 B CHIIy TOXHECTBa FQ =0
SABIISIETCH NNPOM3BONILHEIM. TakuM 06pa3oM, obiiee peliieHHe B BEKTOPHOI1 GopMe HMEET BHA:

14t ~t -t \ [C
z=(,y,2) = (E+FO))4e' = 2: 1 —tzt tht gz e

rae

Or1croza HaXOAUM °
=e'(Cll+ - (C+C}t), y=€(Wt+Cr(1-2)-2Cit), z= e(-Ct+ ot + (1 +1)),
Wi
t t t
z=¢'(Ci+(Ci-Cr - Cot), y=e (c2 +2ACI—C - Cilt), z=e (03 +(=Ci+Cy+Co)t). >

427. s =4z -y, y=3x+y—z, t=gx+2z.
« HetpyaHo y6egnTsest, 4T0 A = 2 — TPEXKpPAaTHLIA KOPEHb XapaKTEPUCTUYECKOTO YpaBHEHHS,
No3ToMy, cornacHo ¢opMyite (16), 1. 1.4, obee pelerne TaHHONH CHCTEMBI HMEEST B!

1
T=(z,y, 2)= (E +FONE+ 5 FZ(A)tz) Ae*, (1
C
rae A= | Cy; | — NPOH3BOJILHLIA MOCTOSHHBI BEKTOP,
Cs
2 -1 ¢ 1 -1 1
FO=| 3 -1 -1{, FFy={2 -2 2|, FPny=0 0]
1 g -1 1 -1 1

W3 npexcrapienns (1) Ha oOcHOBaHHH (2) clexyeT ofluee peuleHne B cKaaapHoi dopme:
1
g = (C, +QC -Gt + 5 (€= G+ CJ)tZ) ,
y= ezt (C2 + (3CI - Cz ~ it + - C2 + C3)t2) y

1
z=¢e" (C3 +(C; - Cyt+ 3 € -G+ C3)t2) . >

428. i —z+2j—-2y=0, ¢—z+y+y=0.
« Mem gactHsIe pelienns B Buge € = Ae™, y = Be™. IoncTaHOBKa UX B CHCTEMY RaeT

AN -1D)+2BA -1)=0, AA-1D+BA+1)=0. 1)
Orcrona B cuy yenosust A # 0 u B # 0 cnenyer, uto
A1 20—l
A-1 A+1 =0, @

wm (A2 - 1)(3 — A) = 0. Takum o6pasoM, A; = 1, A; = —1, A3 = 3 — NPOCTHIE KOPHK XapaKTEPHCTH-
4€CKOTO YpasHeHus (2). IM COOTBETCTBYIOT ClEAYIOUHE YACTHHIE PEICHHS:
Ty = Alety & = A26—¢> x3 = A333¢7 3)
Y= Bie', y = B, = Bse*.
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Cpsaab Mexay koadduunenramu A;, By, k = 1, 2, 3, MeI HaliteM, NOCHENOBATENBLHO NONCTABNISS KOPHH
Ak, k=1, 2, 3, B cucremy (1). Umeem
A -D+ ZB,,(Ai -1)=0, A:Qe—1D+B(A+1)=0.
Orciopa Haxomum By = 0 (A, — npousBonblo); A; = 0 (B; — npou3soisho); By = —1, 43 = 2. Yun-
THIBAsI 3TH COOTHOWICHMSI M ToNarasi, Hanpumep, 4, = By = 1, u3 9acTHeIX pewenuii (3) xoMOHHNpyeM
obuiee pewieHne JaHHO# cucrembl IndpepeHIMATBHBIX YPaBHEHUIH:
z = Cl.’lfl + Cz.’tz + Cg.’lfg = Clet + 2038:“, y= Clyl + Czyz + C3y3 = Cze‘—t - C;e“. »

429. i+ 58 +29+y=0, 3E+5z+y+3y=0.
« Ionarast z = Ae, y= Be™ | xak u B IpeABIYLLEM IPUMeEpE, HMEEM
A(A_2 +50) 4+ BR2A+ 1) =0, AGA +5)+ B(A+3) = 0, (1)
oTKyna, yumteiBas yenosue A # 0 u B # 0, Haxomum A = A, = 1, A3 = —1. UYactHeie pewrenusi,
COOTBETCTBYIOLLKE MPOCTOMY KOPHIO, UMEIOT BUIL:
Ty = A;C—t, Y = B;e_'.
CBsa3b MeXny Ay u B; HaxomuM u3 cUCTeMHl (1) m3BeCTHBIM criocobom: B; = —44;. IlostoMy, no-
JIOXHUB, Hanpumep, A; = —1, umeem B; = 4. CiefosareibHo, YaCTHBIE PELIEHMS, COOTBETCTBYIOIME
KOPHIO A3 = —1, BymyT z3 = —e™%, y3 = de™’.
Hanee, B cuny Toro, 4ro A = 1 — OBYKPAaTHBIA KOPEHb, MBI HOIDKHBI MCKATh YACTHBIC PCUICHUS,
COOTBETCTBYIOLUIME ITOMY KOPHIO, B BHIE: '
z=(a+bbe, y=(c+dbe, 2
rae a, b, ¢, d — noka Heu3BeCTHBIE MOCTOSIHHBE. [UiA UXx onpemeneHws] noactaBuM (2) B DaHHYIO
cucteMy ypaeHeHUit. IToce HEKOTOPHIX YIIpolEHHi, IpHpaBHUBad xo3¢hGhHINEHTH TPU OAUHAKOBBIX
GbyHKUMAX, TOMy4aeM CUCTEMY YpaBHeHHI:
6a+7b+3c+2d=0, 2b+d=0, 8a+6b+4c+d=0,
U3 xotopoii HaxomuM d = —2b, ¢ = -2a — b, rA¢ @, b — Npom3BoNbHEE NocTOsIHEbIE. Takum obpasom,
ofuiee peuleHUe MPEICTARIAETCS CIEAYIOIUM o6pazoM:
T=(a+bt)e' —Cye™l, y=(-2a—-b-2bt)e +4Cse”. »

TIpuMeHss METO/ BaPHALIMU, PEUIMTh CIIEAYIOLIRE CHCTEMBI:

. 2
430.3:-—49:-2y+;,—_~i, g=6z+3y- 5.

« TIpexzne BCcero peuiaeM OQHOPOAHYIO CUCTEMY YPaBHEHUI, COOTBETCTBYIOILYIO JaHHOK CUCTEME:
=4z -2y, y=6z+3y.
IToocraBuB 3HaueHue y = —2r— %z BO BTOPOE YpaBHEeHUE, NoiyuyaeM Z+& = 0, otkyna z = C| +Cze"‘
ATtorma y = ~2C| — %Cze't. Jlna onpeaenesyst obiero pelieHUsl HEOOHOPOIHOR CHCTEMBI, COTIIACHO
METOJY BapyalMHi MPOU3BOIBHBIX MOCTOSHHAIX, cuuTaeM C) U C; HexoTopbiMU TuddepeHIMpyeMbIMU
dyuxumsamMu. Ot GyHKUMA MBI HAAIEM U3 CHCTEMBI YPaBHEHMIA, XOTOpas MONYYaeTcs B pe3ysibTare
TOJICTAHOBKH 3HAYeHUH! # M y B HEONHOPORHYIO cucreMy. Takim oGpasoM, MBIl HMeeM:

. . R 3. 3
= ~2C -~ Chet = — .
C+ Ce 175 26‘ o

2
e—-1'
. . ¢ .
Orciopa Haxomm Cy = ?2—8_—{, C| = 0. Muterpupys nociefHIE YPaBHEHN, NOTydaeM

t
Ci=Cy, Cy=2nle" —1f+ Cy,
rae Cy, Cy — npom3BojibHble nocrossHele. Haxonen, nopcrammsis 3uauenwns C; u C, B obuee
peLieRie OTHOPOIHONW CHCTEMBI, HMeeM oflce pelicHWe AaHHO| CHCTEMEBI:

= G+ Cet+2'Inje -1,

3
y=-201-3 Ce™t —3e'Inje' — 1),

e C, C, — HOBbI€ IPOM3BONLHLIC NOCTOAHHLIE. b
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1
B3li=z-y-——, g=22-y.
3 F x y COSt’ y X y

«¢ Jlerko HalTH (xoT OB METOIOM HCKITIOMEHNMS) o0lIee pellleHUe COOTBETCTBYOMIEH ofHOpOnHOMI
CUCTEMBI

z = Cysint + Cycost, y=(C,+ Cy)sint + (C, — C))cost. 1)

CuMras (B COMIACHM C METOIOM BapUAlMU MMPOU3BOJbLHBIX MOCTOAHHEIX), uTo C| u C; — HeKoTophie

maddepernupyeMble GyHKIMM, U MOACTABIA 3HAYEHUs 2 ¥ ¥ u3 (1) B JaHBYIO cUcTeMy, GydeM MMETh

Cicost — Cysint = L, Cysint + C, cost = —1-—,
cost cost
oTKyga HaxomuM C) = 1 +tgt, €, = 1 — tgf. IHTErpUpys 3TH ypaBHEHNUS, MMEEM
C) =t—In|cost| +Cy, C;=t+In|cost|+ Cy. )
Hakoreun, noacraBnsas (2) B (1), nonyyaem obiee pelIcHUE NPeLTOXKEHBONA CUCTEMEI:
z = I(sint + cost) + (cos? — sint) In | cos?| + C, sint + C, cost,
y = Usint + 2cost 4 In | cost| + (Cy + C3)sint + (C, — C) cost,
rie C), C; — HoBble NIPOM3BONBHbIE TOCTOSIHHBIE. P

Pewnrs crremyroniie CuCTeMBbI:

432, ti + 2z —y) =t, ty+z-+5y=t.

<« Ilpowssons 3ameHy aprymenta ¢ no dopmyie 7 = Int|, ¢ # 0, npuxomuM K HeodHOpOIHON
cUCTeMe ¢ ITOCTOAHHEIMHA X03(hdULMEHTaAMH:

dz T d T
— 4+ 2z —y)=xe, —y+a:+5y=ez .

dr dr
OnpegennB U3 BTOPOro YpaBHEHUS CHCTEMBI
dy

r=e —5y—— *
e Y dr ®

W ITOCTABUB €T0 B I€PBOE YPaBHEHHE, MOIydaeM
§+79+ 12y =4e” Fe'. %))
XapakrepucTHUeCKOoe ypaBHEHUE A2 47X + 12 = 0 uMeeT XOpHU Ay = —4, Ay = -3, noaTOMy obee

pellleHe OXHOPOIHOro ypasHeHus §f + 74 + 12y = 0 3amawercs B Bune y = Cre™" + Cye” ¥ YactHoe
pelleHue § PacCMaTPUBAEMOrO HEOTHOPOIHOTO YPABHEHUS MLIEM, UCTIONbB3Ys METON HEONPEACNEHHBIX
kxo3ddumeHToB, B TakoM BHAE:
§=Ae” + Be'.
IMopcTannsas § B HEOAHOPOIHOE YPABHEHUE W NMPUPABHUBAS B MOMYYEHHOM TOXAESCTBE KOI(DPUIIMEHTHI
npu ommaxonmx ¢yHKUMSIX cneBa U cnpasa, Oymzem umern: 4 = 123, B = :EQ%. Taxum obpazom,
7= 125 oS -2-66 . A Torza ofuiee pewieHue
2 1
=Cle ™ +Ce™+ ="t ¢
y=m 2 15 20
IMoncTapiss 3HaueHue y B (*), MonyyaeM
: 7 3
=—Cle ¥ ~2Ce Y+ F ¢
! ? T
BepHyBumcs x apryMeHTy {, UMeeM OKOHYATENIbHO
a2, £ 3 G G 2
T VATl
t 1] 10 t]

433.t: + 6z —y—32=0, tg+232-6y—92=0, ti+z+y—2z=0.
<« AHanorMaHO NPEALITYINEMY NPUMEPY HMeeM: 7 = Int|, ¢t # 0, u

dz dy dz
d—T+6.z'—y—3z_0, E;+23w—6y—9z—,9, d—T+z+y—2z-§O. 0))

= —ltl, t#£0.»



194 Tn. 3. Cacremn nudhepeBIHAIBHBIX ypaBHEHHI

[TonyyeHnyio cucTeMy YPaBHEHUH € MOCTOSHHEIMU KoadduLMeHTaMu GyIeM pewats MeTodoM Jiinepa,
nooxus z = Ae’, y = Be’, z = Ce’. Torma oTHoCUTEABHO NMOCTOAHHBIX A, B, C mnonyyum

JMHEWHYIO CUCTEMY
A6+A)—-B-3C=0, 234+BA-6)—-9C=0, A+B+C(A-2)=0,

13 KoTopoii B cuiy yciioBuit A # 0, B # 0, C # 0 ciexyet, 4To onpeneuTelb

6+ —1 -3
23 A-6 -9 |=0.
1 1 A-2
Jlerko HaiTH KOPHM 3TOro ypasHeHWS:: A; = 2, A\; = —1, A; = 1. CrnemopaTensHo, obluee pelieHue

cuctemsl (1) ¥MeeT BUI:
e=Cle” +3Ce —Cie’, y= Cie¥ +2C,e” + Cie™™, z2=C1e" +2Ce" +Cse .

Bosspawascs x nepeMeHHoi ¢, obuiee penieHue JaHHONH CUCTEMBI 3aITUCKIBAEM OKOHYATE/IHO:

. C 2C C
z=Ct’ + Clt] + ITT y=~Ci* + Cylt] + —m—’ z =3C# +2G,)t| + mi >
dz d
434. 22 =zp®) +yp®), = —op O+ yeld).
« Ilonarast
r=a@®)f@®), y=pBEOFQ), 8)]
f10TydaeM
J / /
df+af =afe+pfy, Bf+AF =-afy+ i @
Myers f' = fo # 0. Torna cucrema (2) NpUMeET BAL:
o =py, O =-ay, 3)
a, § — uneussectHoie Gynkumu. [Ipoussons 3ameRy apryMeHTa no dopmysie
= [vor, @
cucteMy (3) IPUBOAMM K CUCTEME C NOCTOSHHBIMM K03(hdULUEHTAMU:
da ap
woh T (5)

PemuB cuctemy (5) U BepHYBIWIUCH X nepeMeHHoi ¢ cornlacHo (4), a TakKke NPUHAB BO BHMManue (1)
u Boi6pas Gyukumo f = exp([ p(t) dt), okoHUaTeNbHO MMEEM

z= (—01 cos (/ z/;(t)dt) + C,sin (/ Y(t) dt)) exp (/ p(t) dt) ,
y :(cl sin ( / ¥(t) dt) +C cos( / ¥(&) dt)) exp ( / o) dt). >

- Ilpumeuanne. B npumepax 432—434 Mbl NONB30BATUCH 3aMEHOIE apTyMEHTa T = / f(t)dt, xoropas npuMmengercs

B obwweM Cay4a¢ K CHCTEME ypaBHe}mﬁ BUaa

dz

— = f(H)Az.

i J() Az,

rae A — nocrosHHas MaTpuua. YKasaHHas 3aMCcHa NpeobpasyeT NPUBEACHHYIO CHCTEMY K CHCTEME YPABHEHHIA

€ NOCTOAHHBLIMH K03(puLIMeHTaMu:

dz
— = Az.
dr o

435, B nexoropoli 061aCTH NMPOCTPAaHCTEA OIHOBDEMEHHO UMEIOTCS OIHOPOIHEIE U CTAalMOHap-
HBIe JICKTPHYECKOe M MarHUTHOE NOMA ¢ BeKTopamu HanpsokenHoctd E u H, yrom MeXay KOTOPBIMH

~
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paBeH a. YacTMna ¢ maccoil m U 3apsSAoOM e, MMEIOWAS HAYaIbHYIO CKOPOCTh Vg, MONAmaeT B 310
NPOCTPAHCTBO, Onpeme/uTh TPACKTOPHIO ABHXEHWS YAaCTHLBL.
<« Ha mnxyiylocst B 371eKTpOMarHMTHOM I1o7ie 3apsKEHBYIO YacTHIy AeiicTByeT cuna JlopeHna
f = ¢E + e[f, H], )
e r = (2, ¥, 2) — panuyc-BeKTOp 4yacTdubl. [losromy, coriacHo BTOpOMy 3akoHy HbioToHa, MMeeM
ypaBHEeHWe JABMXEHUS YaCTULIBI:
mi = ¢E + e[F, H]. )

Ecim Bextoper E u H pacniosioxuts B IUlockoctd 2Oy u HanpasButs BekTop H Buons ocu Oz, TO
BEKTOpHOE ypasHeHUe (1) MOXHO NPeACTAaBUTEL B KOOPAMHATHOM (opMme:

mi = eyH, mj=eEsina—etH, mzi=eEcosa, 2
e F = |E|, H = |[H|. CucteMy ypaBHeHUii (2), TpeThe U3 KOTOPO! UHTEIPUPYETCS HE3aBUCHMO,
peLIMM MeToJoM MCKIIouesus. Toraa noryaum

E
z = Asinwt + Bcosw! + }—Itsina+C,

y = Acoswt — Bsinwt + D, ' 3)
z=f—E—t2cosa+F1t+F2, w:—eg,
2m m
A, B, C, D, F,, F, — npou3BoibHbIc NOCTOsiHHEIE. [UIA MX onpenesyieHIs BOCMOAb3YeMCst HauaibHbIMU
YCJIOBUSAMM:
Zli=0 = Yli=o = zle=0 = 0, Fli=o = Voo,  Yle=o = voy, Zle=0 = V0.
Toraa Ha ocHosanuM (3) MoMyyuM:

E
B+C=0, A+D=0, F=0, Aw+}—Isina:vOI, —Bw =y, F =1, )

Tloncrapnss 3HaYE€HMS TOCTOSHHBIX, HAWACHHBIX U3 (4), B (3), OKOHYATEIILHO UMEEM:

x 1 ( B sina) sinwt Yoy coswt + Et sina + oy
= — (v, — = — —coswt + — —
= g w H

= ( Esi a)coswt+vﬂi t+<E1a v)l
y= Upz " n wsnw Hsn 0z |

el
z=—1t'cosa + vyt. »
2m

436. IMyuox 27eKTPOHOB BIETACT B IPOCTPAHCTBO MEXIY ABYMs TAPaMH OTKJIOHSIIOLIMX TLIACTHH,
Ha KOTOPbIE OJAHBI HANPSKEHUS: U, = ) Sinwt — Ha BEPTHKATbHBIE IUIACTHHBI U Uy = Uy Coswi —
Ha TOPM3OHTANTBHBEIE. ONPENe]MTh TPACKTOPUIO IEKTPOHHOTO Jlyda Ha IKPAaHE, €CIIM BCE 2JeKTPOHbI
Nepes BIETOM MMEIIM HAYaIbHYI0 CKOPOCTh Uy, MAPA/UTE/BHYIO BCEM IUIACTHHAM; IIWHA OTKJIOHSIOLINX
IUIACTHH PaBHa I, PaCCTOSHUE OT OTKIOHAIOIMX ITACTHH L0 9KpaHa PaBHO !, PAacCTOSHME MEXIy TUIa-
CTUHaMU paBHO d.

« HanpaBum ock Oz nmapauresibHO HaYanbHOM CKOPOCTH BieTa, ocb Oy — BEPTHKAIBHO BHM3.
Torxa ypaBHeHUs JBIXEHUs JEKTPOHA C MAcCoil m 3anmuyrca B BUJE:

e
mi = ek, = —%Sinwt, mj=eE, = —d— coswt, miZ=240.
Hurerpupys ux, noiyyaeM
eu
z=—— sinwt + Al + 4, y=-— 2coswt+B,t+B2, z2=Cit +C,. 1)
mdw? mdw

Iyctb Zli=y, = yli=ty = 2lt=t, = 0. Cornacuo ycnosuio 3anauss, &=y = Yli=gy = 0, Zle=y, = vo; Lo —
HayaabHbI MOMERT. Mcmonn3ys 9TH HadalbHbIE yenoBus, U3 (1) nomyyaem:

eu 1
Al — ﬂ cos wto’ AZ = ! (— sin wto - to coswto) ’
mdw mdw al)
euy . el . 2
B, = " mdw sinwly, By = mdw (; coswho + & smwto) ’ ()

Cl =, Cz = —’Uoto.
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Taxum obpasom, dopmynnt (1) u (2) onpemensdioT TPAEKTOPUIO IBIXEHUSI OTACIBHOTO 3J1EKTPOHA, Ha-
Xopaulerocss B KoHpeHcarope. depe3 Bpems &) = ULG OT Hayaja OBHXEHUA 3JIEKTPOH BHUICTACT U3
KOHJIEHCATOpa U Jaiee JICTUT No NpsMoil 10 NonafgaHus Ha 9KpaH.

Jlerko HalT¥ XOOPAMHATHI TOUKH BbUIETA U3 KOHICHCATOPA, @ TAKKE COCTARIBIIOLLE CKOPOCTH 3J1EK-
TpoHa B 3104 Touke. Ha ocHoBanuu (1) umeem:

euy .
21 = Zlitgry, = —m sinw(le +£;) + 4;(8 + £1) + As,
Y1 = Yzt = . 2 cosw(ly +t1) + Bi(fe + t1) + By,
21 = 2lg=gyay, = Cile + 1) + G,
euy (3)
&) = —~———cosw(ly +t;) + Ay,
mdw

n= -2 Sinw(te +t,) + B
—— sinw
0 mdw 0 1 )
Z [ = Y. '
ClleI0BaTeIIbHO, NAPAMETPUYECKNE YPABHEHUS np;mon 110 KOTOpo#i GYHeT JIeTeTh IMeKTPoH Jo MoNa-
JARs HA 9KPaH, 3aMyIIyTcs B BUIE:
z=z+aE -t —t), Yy=p+yE—t—t), ta+t <t )

B MmomenT ¢ = t; = %OL -+ ty 2JIEKTPOH NMonafaeT Ha 3KPaH, moaroMy U3 (4) CiaemyeT, YT0 KOOPOIUHATHI
€ro Ha aKpaHe 6ynyt
1 1
n=antdH—, H=it+tH— (5)
Vo Vo
IMoncrasnas (2) B (3), a 3atem (3) B (5), oKOHYATENBHO NOTYYaeM

z; = Acoswly + Bsinwly, y; = Csinwty+ D coswtiy, 6)

e
l 1 l l 1
A=2——e;ul— _eu_l( sinw——+—cosa;—),
vomdw mdw vy U ¥y
eu; eu; (1 o8 l l in l )
mdw?! mdw cosw v v sinw v/’

, _tew leu, + eu, <l in ! + l c l)
= —sinw — 4+ — cosw —
vomdw mdw s vy Y s v/’

eu; eu; 1 i l . i
D= —— - (—cosw~——smw—).
mdw? mdw v v v
ByzeM cudTaTh, YTO y KaKOOTO IEKTPOHA €CTh CBOE HAaUIbHOE BpeMA W mapaMerp lo MEHSETCs He-
npepoisso. Toraa dopmynsl (6) oNMCHBAIOT KPUBYIO BCTPEYM I1yuka ¢ 3KpaHoM. HeTpynHo BU#ETH, 4TO
OHa TNpeACTaBIsieT coboit amunc.

437. Cocrasuts u NPOMHTErpUPOBATh YPaBHeHUE JBUXKCHUS FAPMOHMYECKOTO OCUHUIATOpPa, Ha-
XOAAHIEToCs B OIIHOPOIHOM CTAalIMOHApHOM MarHUTHoM nojic H 1 o6analomero sneKTpudeckum 3aps-
oM e (Kiraccuueckuit adpexT 3eemana).

« YpaBHeHUe JBHXEHUS FaPMOHNYECKOTO OCIMULETOPA, He 0GNANAIONIEro SACKTPUYSCKUM 3apsi-
JIOM WM HE HaXOASMIErocs B MATHUTHOM ToJIe, UIMEET BT

mi + kr = 0,

rae k > 0, r — pamuyc-BeKTOp YacTHUKI ¢ Maccoit m. Ecmu xe Takoit ocipuuiatop obnagaer anek-
TPUYECKUM 3aPsSOM € M NoMelen B MarHuTHoe none B = poH, 10 Ha Hero Gyner neiicTBoBaTh CHIA
Jlopenua f = ey, H]. CienosarensHo, Mo BTOpOMY 3aKOHY HblOTOHa MOXEM COCTABHTb YpaBHEHHE
IBHXCHUS:

mi + kr = poe(f, HI. )
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Hanpagnsis oce Oz Boonb MarHuTHOrO noinsd H, BEKTOPHOMY ypaBHEHHIO (1) CTaBHM B COOTBETCTBHE
TPM CKAJIAPHBIX:

mi + kx = epgyH, my+ky=—eptH, mi+kz=0.
M3 nocneanero ypaBHeHUs cpasy HaxoouM

[k
z2=Ccos(wol + ), wy= —

C,p — nponaBom:m,Ie nocTomele CucreMy nepBeIX J(BYX YPaBHEHUM pewraeM meTomom Diliepa,
nonoxus z = AeM , Y= Be™. Torma NOYYUM XapakTepUCTUUECKOE YPaBHEHHE

mA’ + k —emwHA| _ o
epAH mA +k
M3 KoToporo cienyet, uto (wy — w?)? = wik, e w? = —A%, wy = ﬂ%li Peunts nocremnee

yDaBHEHUE, MoIydaeM

_ 1 2 2:|: wy A = i A = . A= _ .
Wi =g Wi + wp o A=W, =iy A=y, Ay = —twy.

CrieoBaTelibHO, YaCTHBIE PEUICHUS UMEIOT BHA:
Art i
Ty =A™, ye=Bee™, k=1,234
Mexny Koadduumentamu A;, B CyIIECTBYIOT CBA3U, ONIpeAENAIOIUMECS YPABHCHUAMMU:

Ay} +07) = \wy By, (1)
OTKyZa
Ay
A B
k= Ak + WO ks

rie B; — npousBoibHbIE MOCTOSHHBIE,
Taxknm o6pa3oM, oblee pelIEHUE CUCTEMBI 6YAET

fwiwy

iwle fwi t iwle —iwit iwyt inwH —iwnt
T=—>5—73 Blewl -3 3 Be g — 3 B_';sz -3 Bye 2 s
Wy — Wi wy —wi wy — w; Wy — w3

y = B 4 Bye 1 4 Bye™? 4 Bye %, 7 = Ccos(wot + ). W

438. Yactuua Maccel m IBMXETCS 110 BHYTPEHHE NMOBEPXHOCTH BEPTMKATBHOTO LYUIMHIDA Pa-
mayca r. CuMTas MOBEPXHOCTh LWIMHADA aGCONIOTHO riiagkoil, HAlTH 3aKOH M3MEHEHWs KOOpAWHAT
HaCTHIBI CO BPEMEHEM, €CIU B HAYAIbHBI MOMEHT BPemeHM 9acTUNA Haxomwnach Ha ocu Oz. Ee
HayaybHasi CKOPOCTh ¥y COCTABNIAET YIOJl & ¢ TOPU3OHTOM.

« Kunernueckast sHeprust HacTusr Gyger K = —?(zz +9 + z"), WM, €CJIM YYeCTb, 4TO T =
=rcosp(t), y=rsinpt), K =5 (r2¢2 + z’z) . oTeHyuansHas SHEPIHs onpeaenseTcs o Gopmye
IT = mgz. HostoMy dynxims Jlarpanxa L it manHo# yacTuus! SyJeT MMETh BUR

L:K-H:T-(r2¢2+zz)—mgz. )
lIJIﬁ COCTaBIICHUA ypaBHeHPIPI JBHXCHMSA 4aCTULB!I BOCITOAL3YEMCS YPAaBHEHUEM Harpa}DKa
d 8L oL
— e =F, 03]
dt 8 9gq;

rae I — ¢ynxuma Jlarpanxa, ¢; — oGoGumeHHEe KOOPAMHATH, YHCIO KOTOPHIX PAaBHO KOJIMYECTBY

creneHeit ceobonnl pusnyeckoit cucteMu;; F; — BHemmue cwibl. B nawHom cinyuae F; = 0, q; = ¢,
q; = z. CnefosarejibHO, Ha ocHosanuy (1) nmeeM:

aL AL 25 8L dL . 0L o aL

—_—=—=m — =" =mz — = rw

34 op ¥ a4 " 0z N

Takum obpa3oM, Ha ocHoBaHuH (2) TonydyaeM aea judibpepeHIHMANBHEIX YPABHEHHS:

= —myg.

mr2¢ =0, mi4+mg=0.
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HuTerpupys Ux, HaXO0IUM
2

t
p=Ct+Cy 2= —g2—+03t+c4,
rae C; = const. [ina onpenenerns C; BOCTIONb3yeMCsl HAYATEHbIMH YCIIOBHAMMU:

zl=0 =0, @lizo=9po=0;

Elig = ~rsinePlimo = 0;  Ylimo = rcOsPePli=0 = r@li=0 = vocosa@; Zlwo = vosina.
Orcola HeTpyaso Haitu, uto C, =0, €| = %Q cosa, Cy = 0, C; = vosina. HakoHeu, noacrasiss
3HayeHus C; B BBIDAXCHUSA WIS @ U z U UCTIONB3YS QOPMYNIBI 2 = rcosy, ¥ = rsing, NPUXOAUM
K YPaBHEHHAM IBUXEHUS:
vot . (vt gt2 .
r=rcos{ —cosa}, y=rsin{—cosal, z= 5 + yplsina. »
r r

439. JIBa MaTeMaTHUCCKUX MAsATHHUKA ONMHAKOBOM UITMHBI CBA3aHBI MeXIy co0oi mpyXuHOM
C XECTKOCTHIO Kk, YKPEIUIEHHOH Ha PacCTOSIHMM @ OT TOYKM noaseca. OnpenenuTb YaCTOThl MAaJIbIX
xonebaHuii, a Taxcke NPOMHTErPUPOBATh YPaBHEHNE ABMXXKEHUS NPU YCJIIOBUH, YTO B HAUAIbHBIH MOMEHT
BPEMEHH TEPBbIi MaTTHMK OBUT OTKJIOHEH Ha YroNl (y OT BEPTHKAIN.

« Ilycts ¢, 3 — yriisl, Ha KOTOPbIE OTKJIOHSIOTCA MassTHHKH OT BepTHKATHA. Torna KMHETHUECKas
9Heprus CUCTEMBI ABYX MASTHUKOB (KMBETHUECKOH JHEprveil Npy>XuHbI npeHereraeM) Gyzner pasBa
K = @ZI— (gal + gaz). IToTeHUMAaNbHAS 3BEPTUS CUCTEMBI COCTOUT M3 CYMMBI TNIOTEHUHATbHBIX SHEPTUM
TPeX TeJI: JBYX MasTHUKOB U NMpyxuHbi. [loTeHunapHas sHepIrusi MasTHUKOB paBHa

II; = mgl(1 — cosp,) + mgl(1 — cos p,),
a nOTEHUMAbHAs! SHEPTHS NpYyXuBs! I, = §a2(sin 1 —sin <p2)2. TakuM obpasoM, pyHkuus JlarpaHxa
BCE CUCTEMBI
’m . k
L=K-I= > (ga, + gaz) — mgl(2 — cosp; — COs ;) ~ 3 a’(sin 1 —sin <p2)2.
Ucnons3ys ypasHeHue JlarpaHxa, uMeeM:
mlzg'o'l + mglsin ¢, + ka’(sin ;1 — sin @y)cosp; =0, )
ml’$, + mglsin g, ~ ka’(sin g, — sin ;) cos p; = 0.
Ilycts yrabt ¢y, , MAJBL, T. €. go%, go%, 19, npenebpexumo Maisl. Torma 43 (1) MOXHO NOTYYUTD

TaK Ha3bIBACMBIC JIMHECAPU3OBAHHKIC YPABHCHUS !

r=—:. 2)

mi?’ mil?

. . g ka? ka?
Pr+ppr—rpa=0, Or+ppr—rp =0, p= 7

YacTHEE PELIEHUs JWHEAPU3OBAHKON CUCTEMBI MILIEM 110 METONy Dilepa, MoNoxus ¢; = Aje™,
2 = Ase™. Torma u3 (2) nOJTyYMM YaCTOTHOE ypABHEHHE:

pe +p —r | _
- A+p|” 0,
pelas KoTopoe, HaxouM A, ; = %iw, 7, rae
2ka? _
mz’ VT

31ech wy, wy; — YACTOTH MAIbIX KoneGauuil cucremsr MasTHUKOB. Tenepb cTponm oHcTemy YACTHEIX
peuenuii:
_ 4 it — ~iwt — fwyt — —iwyl
o = Ane™’, pn = Ape™", g = Ape™”, pu = Ape™,
it it
H

. t o t —
on = Ane™", pn=Ane P = Ane™?, @y = Aue ™.
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Mexny Koach)nunemé.Mn Aij, B;j CYWIECTBYIOT CBfI3H, Onpe/eliAeMEie PABEHCTBAMM:
Aylp—wi) —rdy =0, j=1,2
Aj(p—w}) —rAy =0, j=34.
CnenosarensHo, Aj; = —4yj, j = 1,2 1 Ay; = Ay, j = 3, 4. Torma obmee peuteHue cuctemsl (2)
OyaeT uMeTh BUIL _
o1 = Clewlt + Cze—wlt + C;ewzt + C4e—1uzt1
0= —C1e™ — Gyt 4 €y 4 Cyem i,
Tak KaK, 110 YCHOBUIO, P2li=0 = P2lizo = Pili=o = 0, Pil=o = 9o, To €1 = C; = C3 = C4 = ¢y.
TToncrapndas 3HaueHUs MOCTOSHHLIX B (3), OKOHUATE/ILHO MOTYYaeM:

&)

o= % (coswt +coswyt), @, = %2 (coswyt — coswt). »

440. Teno macc M , COEJIMHEHHOE C NPYXUHOMN XECTKOCTH k., Jpyroil KoHel KoTopoil 3akpen-
JIeH HETIOBIDKHO, MOXET JBUTaThCs €3 TpeHUsl 1o ropu3oHTabHo#i miockoctr. K Teny npuxpervieH
MaTeMaTHYeCKMi MASTHUK MaccHl m u LuHb! 1. Haiith ¢pyuxuumio Jlarpanxa cUCTEME M onipedesuTh
YacTOTHI MATLIX KoseGaHuii.

« Ilyctb 2y — IUmiHa NPYXWHB B CBOGOIHOM COCTOSIHMM, ¥ — abcnycca Tena macc M,
(Zm, Ym) — KOOPIMHATHI TENA MACCH M,  — YTOJI OTKJICHEHWSA Macchl m oT Beprukam. Torna
m
2
€CTh KWHETHUECKAs SHEPIUsl PACCMATPUBACMOi CUCTEMBI, a

(25 +95) + M

K =
2

k
I = 3 (= — .7:0)2 +Img(1l - cosp)

noreHumanbHan sHeprus. Ilosromy dynkuus Jlarpanxa

m . M k
L=K-IT=—(&h+in)+ =& - = (z - 2)" — Img(l - cosgp). )
2 2 2
Heo z,, =z + lsinp, yn = lcosp, noaToMy
Em =&+ plcosyp, Yn = —plsing. 2)

ToncraBnas (2) B (1), Baxoxum

: kK 2
-3 (& — x)” — Img(l —cosyp).

m M
L= 7(@’ +2iploosy +P¢’) + =&

CocrapsisieM ypaBHeHns Jlarpamxka:

(M + m) + ml($ cos p—¢ sing) + k(z — x) = 0, *
m(&l cos g + ') + mglsing = 0.

Cunras yron |p| ¥ pasHocTs |& — | ManbIMK, IMHEapU3yeM cucTeMy (3):
MAm)F+mlg+k(z—20)=0, E+Ig+gp=0.

YacTHEIe pelleHns 10/ CUCTEMEI UILeM B BUnE: 2 = zy + Ae™!, p = Be™!. Torma orHocHTeNBHO w

MOMYYHM YaCTOTHOE YPABHEHHUE:

—(M+m2w2+k —milw? —0
—w “Wg|— "
k M k
+ (k9 +m) 2, kg
w (M+l i w_+Ml—0'

Pemienye NONYIEHHOrO ypaBHeHI;lﬂ M €ro aHaJIM3 NPCROCTABNAEM YHTATEINO. P
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cost sint )

4 =
441. Haitru e, tne A= (—sint cost

« COrlacHO ONpESENeHHI0, UMEEM

A2 An
A =E+ A+ 4.+t %))
2 n!

Janee, BeIYUCIIAEM

2 _ cos2t sin2¢ n_ [ cosnt sinnt
4 —<—sin2t cos2t)’ e A _<——sinnt cosnt)‘ @

IMoncranmnss (2) B (1), uMeeM

A_<1+cost+%cos2t+... sint+2l!sin2t+... ) 6)
€= —sint — ysin2t—~ ... 1+ cost+ 5cos2t+ ...
Tax kaxk e™ = cosnt + isinnt, To cosnt = Re ™, sinnf = Ime*™. Torma
1 . eZtt it .
1+ cost+ 5cos2t +...=Re (1 +et 4 o + ...) =Ree’ = Ree ™M = % o5(sint),
. L i, 1o €'t cost iy
sinf+ —sin2t+ ...=Im{e + —e" + ... =Im(e - 1) =¢  sin(sint).
2t 2t
UUcnonb3ys 314 COOTHOWERUS, U3 (3) MoyyaeM OKOHYATEJIbHO:
A= cos(sint) sin{sin?) \ cost >
~ \ —sin(sint) cos(sint)
§ 2. HeanHeitHble CHCTEMBI
2.1. HopmasbBpie cucTeMbl faddepemimaibabx ypasaennii. MeTon HCKII0UCHRA.
Cucrtema maddepeHuMIbHBIX YpaBHEeHUN BUA
dz
7tl = filt, 1, 22y ..., Zn),
d$2
7{ = flt, 1, 22y -+, Zn), e))
dz
—Etﬁ = fn(t) Z1, T2, )zn)a

e fi, i = 1, n, — usBecTHHe YHKIMM (IpaBast YacTh CUCTEMEL), HA3BIBAETCA HOPMAAbHOL cucmemoli
Jdugppepenyuansroix ypasnenul.

CyliecTByeT ABA OCHOBHBIX METoa MHTerpupoBanusa cucteMsl (1). IMepsoiii MeTOn, XOTOPBIH Ha-
3BIBAETCH MEMOOOM UCKAIOHEHUA, COCTOMT B CBENEHUH CHCTEMBI (1) K OIHOMY YPaBHEHHIO 1-TO MOpsAAKa
MM K OJIHOMY YPaBHEHUIO m-To (m < n) IIOPAAKA M K CHCTEMe 1 He3aBHCHMBIX ypaBHeHuil. Takoe
CBelleHMe focTuraercs nyreM auddepeHIIMpoBaHus OHOTO U3 PABEHCTB CHCTEMEI (1) M MOCIEAYIOIEro
UCTIONB30BAHNUs BCEX ypaBHEHHH 3Toif ke cuctembl. O6bdHO npuxoautes audxbepeHvposath n — 1
pa3, Ho OHIBaIOT cllyyau, xorga gocratodHo mpomudrepenumposars m (m < n — 1) pas. B pe3ynb-
TaTe Nojy4deM HeKOTOPOe YHCNO K TOXIECTB, M3 KOTOPhIX, MCKMOuass k& — 1 nepemMenHylo, noiydaem
ogHo mddepeHIMaTbHOE YPABHCHUE OTHOCHTEIBHO OTHOM Hen3BecTHOM QyHkuuu. Ecli a3To nocnen-
Hee ypaBHEHUE yAAeTcs IPOHHTEIPHPOBATh, TO APYTHE HEH3BECTHHIE (DYHKUHM MOXHO HalTH nyTeM
audibepeHUMPOBaHUST U MPOCTEHIINX ANTeGpantecKuX oneparuii,
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2.2. ITonGop HETErpHEpYeMbIX KOMOHHANMI.

Bropoit MeTon 3akmouaeTcs B noadope TaK HashiBaEMBIX HHTErPUPYEMbIX KoMOunaumii. Hume-
2pupyemoli kombunayueil Ha3bBaeTCs MUdxbepeHINANbHOE YPaBHEHUE, KOTOPOE SIBIISIETCS CIEICTBAEM
CMCTeMBI ypasHeHUiA (1) U UHTErPUPYETCs B KBAAPaTypax; HaripiMep, HMEET BUI:

d®,¢, 21, %3, ... ,2,) =0, 2)
roe z; = 2;(¢) (i = 1, n) cyTs pewenns cuctemsl (1). @yukuus &,¢, 21, 23, ... ,2,), Koropas TO-

XKIECTBEHHO PaBHA MOCTOSHHOW NMPM NOICTaHOBKE B Hee pewleHunit z; = z;(t) (i = 1, n) cucremu (1),
Ha3bIBACTCH nepeoim unmezpanom cucremsl (1). Ecin umeercs k nepBbIX HE3aBUCUMBIX MHTETPAIOB

Ql(t) Zpy Ty eee ;xn) = Cl’
B, 21, 29, ... ,2,) = O, 3

®:@t, 21, 73, ... ,24) = Cy, E<n

(MHTErpaiTbl Ha3BLIBAIOTCS Hesaeucumuimu, ecin mexuy dyukuasmu ®;, i = 1, k, He cymrecTByeT CBs3n
pupa U(®,, &,, ..., %) = 0), To 13 cucremst (3) MOXHO BHIPa3UTL kK HEU3BECTHHIX (hyHKUMIA depe3
ocranbHbie. [TogcTaBuB ux B cuctemy (1), mpuaeM K 3amaye 06 MHTErpMPoBaHUM CHCTEMbI YpaBHERUA
¢ MEHBIIMM YMCIIOM HEM3BECTHHIX. B wactHocTH, ecym k = n, TO BCe HEM3BECTHBIC (HYHKIIMM onpe-
JeJISIoTes U3 cucTeMbl unrerpaios (3). AHanuriueckas ¢hopma NMPoBEPKU He3aBMCHMOCTH WHTETPAIOB
HUMEET BUI
D(®y, ®, ... ,8)
D(.le, Zjry en- ,$jk)
THOE Zj, Tj,, «+« , %4, — Kakue-HUOYmb k dyukuumii U3 4UCIa HEU3BECTHDIX.
HMBorma HaxoXIeHUE MHTETPUPYEMBIX KoMOUHaIUi o6ieryaeTcs ¢ MOMOLLBIO TaK Ha3hIBaEMOW CUM-
Mmempuueckou dopmor 3anucu cucmemor ypasnenuii (1):

dz, _ dzy _ _ dzy _ dt (5)
‘Pl(t, Z(, 2, -, Tn) ‘PZ(t’ Ty, T2y +ee s Tn) T ‘Pn(t, Ty, L2y -0y Tn) ‘pO(ta Ty, 327'--yxn)’
rae

#0, @

vi=pofi, i=1,n.
3ameTuM HAKOHELl, YTO BCE CKA3aHHOE O HEMMHEAHBIX CUCTEMAX OTHOCHTCH UM K CUCTEMAM JIMHEH-
HbIM, 33MUCAHHBIM B HOPMATbHOM dopMme.

[IpounTerpuposath cneaywomue cucremMul gudrbepeHMaNbHbIX YPaBHEHUI:
dz d; dz
442. y__ 9

z—y - z+y z
« JlepBHit cnoco®6. peacTasinas JaHHYIO CUCTEMY B BUIE
dz  dy dz

= = — =di,
r—y =z+y z
noJyYaem :
da:_z dy + dz 1
@ ETY T g T )

TpeTne ypaBserue cucTeMss (1) HHTETPHPYETCS HE3aBMCHMO OT OCTAIIBHBIX, U €10 061Iee PELICHUE HMEET
BUE: z = C3e’'. K mepBEIM JBYM NPMMEHSEM METOI MCKIIOUEHMS, B PE3YBTATE YEr0 MMEEM:

y=x-— E-26+2x=0. )

z
@
HHrerpupys nocneaHee ypaBHEHAE, HAXOMHUM

z =(C,sint+ C, cost)et.
IMopcrasus B nepBoe COOTHOMIEHNME (2), TONYIMM ' .
y = (Cysint — C cost)e’.
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Ecnu MBI XOTHM NOJIYYHTH peieHHe Ge3 napamerpa ¢, TO ZO/DKHEI HCKIIOUMTD €10 M3 BHIDAXEHHH st
z, ¥, z. B pesaynbrare uMeeM

z
(C’lsmln-c—,—+C2coslnC ) Gy’ y= (Czsmlnz,——ClcoslnCs) G

Orcioga, cKIagsBast KBaJIpaTbl JIEBOH M l'lpaBOPI qacTei COOTHONICHHUI, TTOy4aeM OIUH nepnmﬁ HHTE-

rpai:
22+ y2

22 = 61. (3)

A ecIH B3STh MX NOYJIEHHOE OTHOIIEHHE, TO 10C/Ie HEKOTOPBIX NpeoGpa3oBaHuii GyneM HMETh

z G ’ Jer+c? Jer+ct

¥ =
26"z = C,. 4
OyeBUIIHO, HHTErPaTHI (3), (4) ABIAIOTCA HEIABUCHMBEIMH.
Bropoit cnoco6. CHavyana UHTEIpUpPYeM YPaBHEHHE

cosa =

HIH

dz dy
r-y z+y
Ilepexon B HeM K NMOJSAPHBIM KOOPAMHATaM JA€T YPaBHEHHE gﬂ = r, H3 KOTOPOIO CIERYyeT, YTO © =
= C €. VICHONB3Ys 9TO PaBEHCTBO, YPaBHEHHE 5—4"’7 d_z NPUBOIMM K BHIY:
dz
—=d
] 2 ¥
OTKYylla HHTETPUPOBAHUEM HaAXOJHM
=C @
z=0,€".

HetpyaHo npoBepHTb, YTO NONYYEHHEIE MHTETPAIBI SIBISIOTCS CIENCTBHEM MHTErpaIoB (3), (4). b
dx d dz du
443, = - W _ 4z _ dv
y—-u 22—z u—-y =T—2z
<« JTTone3ysch CBONUCTBOM NMPONOPLMH, HMEEM

dz +dy +dz +du _ du )
y-w+@z-o)+u-y+@E—-2 =z—z
zdz +ydy+zdz+udu _ du 2
ry-w+yz - +2u-y+uz—-2 -2’
dz +dz du
— = . 3)
y-w+t@u-y =z-z
W3 coornomenus (1) nomyyaem
dz+y+z+u)=0. )
W3 Broporo
2 2 2 2
z y z LR
d(2+2+2+2)—0. 5)
CoorHomreHue (3) JaeT eite OOHY MHTETPHPYEMYIO KOMOHHAITHIO:
d(z+2)=0. ©

Wnrerpupys B (4), (5), (6), Haxomum
zty+z+u=Ch, xz+y2+z2+u2=C2, z+z=0C,.

D10 NEPBbIE HHTETPANIBI PACCMATPHBAEMOM CHCTeMBI. Tak KAK OHU HE3aBHCHMBI M YMCJIO MX COBIIANaeT
C YHCIIOM YPABHEHH M JAHHON CHCTEMBl, TO MBI NOJMYYWIH BCE MHTErpaisl. b

N
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dx d dz
444, = =2 = .
T Yy Ty + =z
dz _ dy —
<« U3 ypaBHeHUs T~ = 7 JIETKO HAXOUM Injz| =Inly] + InCy, wm
T
— = Cl.
Y
D10 nepsbii uuTErpal. danee, pemaeM ypapHeHHe
dy  dz
Yy - Ty +2
C y4eToM TOoro, 9ro = = Cy. Takum oGpa3oM, uMeeM dy _ __dz WIH
’ ’ y Ciyt+z’°
dz =z
— - —=Cy.
dy y

Huterpupys nuHeliHoe HEOOHOPOTHOE YPaBHEHHE NIEPBOTO NOPAAKA, MOIYYaeM
z=Cy'+Cy nm z=zy+Cyy.
Hrak, Mbl HMeeM ABa TIEPBBIX HHTErpana:
2 = Cl, f‘ —Tr= Cg.
Y y
Tak KaK OHM HE3aBUCHUMbI M YUCJIO UX PABHO YUCIY YPABHEHMI pacCMaTpuBaeMOH CHCTEMBI, TO APYTrUX
MHTErpajioB, KOTOpbie 6bUTH Ob1 HE3aBHCHMBI OT TIONYYEHHBIX (HE ABISUTUCH GBI MX CIEACTBHEM), HET. b
445 dz dy  dz
« ITonb3ysich CBOMCTBOM NPOIIOPLIMM, HMEEM:
dz  zdy+ydz

wm dx = d(zy),

2= 1 T o2 2
oTKyna £ — zy = C;. Ellie onMH 1IepBhIi HHTETPaT MBI TIOYYMM M3 YPaBHEHHUS gzu = —‘;—z, WM
ydy+zdz =0.
CrenoparennsHo,
y2 + 22 = C2. »
dz d dz
446 Y

“zy+z) 2z-y) yy-2)
« U3 TIOCIICARETO ypaBHemlsx CHCTEMbBI HaXOAMM

1
ydy+zdz = Ed(y2+z2) =0,

orkyna cnenyer y’ + z° = C{ — nepBuiit unterpar. Tonaras B Hem y = Cysing, z = Cicosp, U3
TNEpBOro ypaBHEHMS J@HHON CHCTEMbI NOIydaeM
' dz _ singp + cosyp d
T  cosp—sing
HHTerpupys 510 ypaBHEHHE, HMeEM
In|z| = —In|cosp —sinp| + InCy,

C. ¢, C.
L =2 -y =C.»

T cosp—sing z—y
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447, %= __ W _ &
zz-y) yy-=z Yy -zz
« MMeeM 1o cBOICTBY NPONOPLHH:
de +dz _dy
z(z-y)+y -2z yy-z)’
OTKylia HAXOAHM TIEPBBIA WHTErpa

dz—-y+2)=20

rT-y+2z2=0C;.
TToacrasus 3naveuue z = C| — 2 + y B NepBoe YpaBHEHUE, MOIYUUM
dz dy by y
= WA +
2(Ci—2) yy-2) YT e T xCi-o
310 ypaBHenue bepHywmn. Ero ofiee penieHse uMeeT BUX
r — Cl

Y=o~

Inlz| + C,

M CKITIONHB M3 HETO ¢ TIOMOLIBIO yXKe TIONY4e HHOTO MHTErpaia NoctogHHYo C; , IPHXOAMM K €1Le OMHOMY
NEPBOMY HHTETPAITY
z
1—-——inlz|=C, »
y

dz dy dz
448. @~ Y@ +z) @+ )
< B cwy cBolicTea ponopin MMeeM:
zdz +ydy _ dz
22yt — 20—y} e + 22 (2 + )’

vaa 2, .2, 2

d@z"+y +2)=0
WHterpupys 310 ypaBHeHWe, HaXONHM II€PBLIH WHTEIPa:

a:2+y2+z2 =C).

HWcnonsays ero, nocieaHee ypaBHeHHE JaHHOH CHCTEMBI NIPEICTABISIEM B BUIE:

dy dz
Tt =0
y(C,—y)  z(C, - 2%)
OTKY[]a MHTETPHPOBAHHEM TIOJIy4YaEM €llie ONUH NEPBHIN HHTErpa:

ly2| = ¥
Covlc— 2 "™ @rmEiy
(3nech nocrosHHas € GbUla HCKITIOYEHA € TIOMOILBIO pPaHee HAWNEHHOIO NMEPBOro MHTETpaIa).
TTomyuennbiit MHTErPAT MOXHO YIIPOCTHTH CJICAYIOIIMM 0GpasoM:
¥
zt + 22(Cy — 22) + 2%
rae C, — HOBasi NPOM3BONIbHASA TIOCTOSIHHAsA. B

= C'2 = y222 = 163062'
2

= yz = Gy,

3aueqamle MocneaHuit MHTErpan MOXHO TOAYYHTh CPa3y, €C/IM “YBHAETH”, 4TO
zydz + zzdy — yzdz dz

zyz(z? + y?) — zyz(z? + 2°) — Tyz(y? —- 22) T ¥y’
Orclona CAeAyer, 4T0 d(%z—) =0, win lzz— =C,.

dy =
_—= t —_ =
449. ° y* +sin ik

| 3HaquHe T = Zy#, HaliflcHHOE U3 BTOPOTO YpaBHeHHMs CHCTEMBI, IIOACTABMM B €€ INepBoe

ypaBHeHue. Tora noxy4um
d d
5 (Zy y) (y’)—y +sint.
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Orcrona HaxooHUM

‘ 1
¥ =Ce+Cet = Esin t.

A Torma P :
= E(yz) =Ciel—Cret ~ 3 cost. »
d 1 d 1
450. =2 = — Y-
dt yl-az dt 2zy
d@?) _ 1 ‘
<« U3 BTOPOrO ypaBHEHHMS CHElyeT, YT0 — 4~ = 3. Jens MOWICHHO TO YPaBHEHME Ha I1epBOE

. 2,
ypaBHEHUE CUCTEMBI, IOJIy4aeM JIMHEHHOE YpaBHEHHE OTHOCUTENbHO QYHKIWHA & — y°:

W) _ v

dx T
O061uee peuieHue
’ y'=Ciz—azln|z|
A TOra U3 NepBOro ypaBHEHHs CUCTEMBI MOJyYaeM
dz 1

& = —a - d
it~ 2C —a—ala)’ dt = 2(C, — a—aln|z|)dz,

oTKy[a
1 a z?
t=/z(C1—a—aln|z|)dz+Cz= 5(cl—a)zz—Z(zﬁmm—aﬁ)+cz = T(2cl—a—2aln|z|)+cz. >
dr 1 d 1
451. & = Yo —

dt 2+l —y? dt 2xty’
4 AH&JIOTHYHO TIPeTLUTYIIEMY TIDHMEDPY HMEEM:

dy®) y
T et

OTKYZR
L1 o1 1
P =Cet +e3 /(2:c+ e % dz = Cre® + 2%
IToncTaHoOBKa Y B MEPBOE YPABHEHME CUCTEMbI JA€T:
1
dt = (2z3 - c,ez) dz,

OTKY[2 HHTETPUPOBAHUEM HAXOLUM
zt 1
t+C) = ?—Cl/ezdz. »

<« Ilonarasa u = %‘-’t’—, v= ?%’ TPHXO/IUM K CHCTEME
r=tut f(u,v), y=tv+qyv)..
HuddepeHuupys no t ciesa ¥ crpapa NOCIHEIHUE PaBEHCTBA M YUHTBIBAA, YTO ¥ = &, ¥ = , TONY4aeM
at+ oy +9f, =0, g, +9¢t+q)=0.
Orciona cnefyeT aBe BO3MOXHOCTH: JM60 & = 9 = 0, 1M60 onpeneauTeIb

t+fi £ oy
@ t+q ’
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B nepsom ciayyae umeem u = Cy, v = C,. CrnegoBarensHo,

z=Cit+ f(C1,Cr), y=0Cot+4q(Cy, Cy)
— oflee pelleHMe pacCMaTpUBaeMOli CHCTEMBI. Bo BTOPOM ciiydae BO3MOXHBI ApyTHe pemienus. Ilo-
NBITATLCH HANTH MX NPEOOCTABIAEM YUTATEO. B

453 y'=i ,:z(y+2z—1)
) z’ z(y—1)
«¢ TIpuMeHsst METO, UCKITIOYEHHS, HMEEM
dz y+2z-1 2
—= = z+ 1
dy y—1 y—1
Orciona z = Cy(y — 1)* — y + 1. TloncraBuB 3HaucHHe z B NEPBOE YPABHEHME CHCTEMBI M PA3NCITHMB
TEpEMEHHRBIE, UMEEM:

@y
z  (Cy-H-Hly-1)

Inlz| =In|Cy(y— 1)~ 1 —Inly— 1]+ 1InC,,

Wnrerpupys, nomydaeMm
WM .
_z +C,

y—z+—62' O

1
z=0C (Cl - ——) =
y—1
IloncTaBus (1) B BoIpaXeHHE AT 2, HAXOIHM
C,-C,
Z = ——— :B.
(z + C2)2
454. 22y =y - 22 +1, Z=z+y.
« 3uaseHue y = z’' — z U3 BTOPOTO YPaBHEHHS MOICTABUM B IEPBOE:
2" -7~ 1=0.
VpaBHEHHE ABHO HE CONEPXHUT aPryMeHTa, [IO3TOMY IOPSIOK €r0 MOXHO IOHM3MTh, TIONOXHB 2’ = p.
Torma 2" = pgg— M YPaBHEHHE IPUMET BUI:

»>

dp 2
2p——-p —1=0.
<Zp dz p
PasgenuB nepeMeHHbBE H IPOHHTETPUPOBAB, [IOTYYMM:
z dz z
=4,/——-1 —“=4,/——1
PE3He ™ @ e
Hurerpupys nocnenHee ypapHeHHe, NOCe NPOCTHIX npeoGpazoBaHuii HMeeM
1 2
z=C+—(x+Cy)".
1+ ac, ( 2)
A Torma ) )
=7 —z=— Cy) - — ) - C,.
y=7-z=55@+C) - 7= @E+C) - Cr

Jlnst faHHbIX cMcTeM A dEPEHIMATBHBIX YPABHEHUH M JaHHBIX GYHKUMIA ( IPOBEPUTH, SBISIOTCS
JM COOTHOWIEHHS ¢ = C NePBHIMM MHTETPATIAMH 3THX CHCTEM:
2

. . Y
455, : =zy, =2 +y2; P = a:lny—zzy; P2 = ) —2Inz.
<« Tak kak p = C}, 10 %(tpl) = 0. CnepoBatenHO, %(mlny -2 =0, um
lny + %y —2zdy -2y =0.
IToncTasus cioga 3HadeHMst &, ¥, ONpENesieMble YPABHEHMSAMU CHCTEMbI, HMEEM
Tra2, 2 2.2 4
zgyly+—(°+y") -3y — 2" =0.

S (& +v)
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Kak BHIMM, NOITYYEHHOE TOXIECTBO HEBO3MOXHO, IIO3TOMY paBeHCTBO (o) = C)| He ARIAETCS MHTErpa-
JIOM JAHHOIO YpaBHEHHS.
[Iposepsiem BTOpOIi MHTErpan. Umeem %(tpg) =0, win

Orciona B CUITY YPaBHEHHIl CHCTEMBI TTOJTyYaeM:
:o:y(:l:2 +y)-zy ~2’y=0, z#0.
IocrenHee o3HauaeT, YTO BEIpAXeHHE @7 = C; SABIIETCSH IIEPBBIM HHTETPATIOM JAHHON CHCTEMEL P

d d d d
456. = = - o T oz
y z u z
« Iockoneky ¢ = C, TO J0/DKHO GBITH
dyz —uz)=0, wm ydz+zdy—uder—zdu=0. (*)

W3 ypaBHEHMIT CUCTEMbI HAXOJHUM

y il u
der=-= du; dy = — du, dz = ——du. (1)
z z z

Honcrasnsas (1) B (), uMeeM

(b (2)ex(2) () - Joumo

IMocnennee TOXAECTBO, OYEBUIHO, CIPABEMLTHBO, IIOSTOMY COOTHOIIEHHE (p = C NEHCTBHTENBHO SBIA-
€TCH NEPBbIM HHTETPAJIOM PACCMATPUBAEMON CHCTEMEL P

457. Tposeputs, ABIAIOTCS MM HE3ABUCHMBIMA NEPBHE MHTETPAIHI :—i—% =, ;—I_% =G
CHCTEMBI 5‘1 = %& = ‘i—z.

<« CHayana IPOBEPHM, YTO YKa3aHHBIE COOTHOLUCHHSA NCHCTBHTEIBLHO ABISAIOTCS HHTETpaTaMM.
HmeeMm

d(z+y> (z-ydz+ (x+2)dy ~ (:c+y)dz

T4z (z + 2)?

TloncTaBus ciona 3HaYeHus dz = % dz, dy = % dz, nojyyaem
d<w+y) _Ge-pite+nt-@+y

dz=0.
z+z (x+2)? g

AHaJIOTHYHO YCTAHABIIMBAEM, 4TO ﬁ% = C; ecTb uHTerpa1. Tenepb npopepseM HX HE3ABMCHMOCTD.
Ornpenenus, HanpuMep, y = C(z + z) — £ U3 NEPBOro COOTHOLIEHHS, NOACTABIISIEM BO BTOPOE:
(x+2)(1-C—-CCy) =0,
WIH
1-C-CiCy = 0 (z+z #0).
BumuM, uro Mexny GpyHKunaMM gol —_F—-'L H @y = z + y CYWIECTBYET 3aBUCHMOCTb
. L=~ =0,

YKa3bIBaIOMIasi Ha TO, YTO AAHHbIE NepBBIE MHTETr DAL SABJLIOTCA 3aBUCHMBIMHU. B

458. zdy — ydz = sds, dz’+dy* =ds’.

<« ITonoxum dz = dscosy, dy = dssing. Torza BTopoe ypaBHeHHe NPEBPATHTCA B TOXKIECTBO,
4 U3 nepBoro crefyer, 9T

8 =gsingp — ycosip. (1)
Orciona madpepeHuMPOBAHHEM T1O § TEFKO NOAYYHTH
ds . ds (dz dy ,
@=xcos‘¢p+_ysm<p (d<p( mtp—a—cosso)zo). )
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W3 (1) u (2) Haxoogum

X ds ds .
m=ssm¢p+a;cosgo, y=&;sm<p—scos<p. (3)

Ocraercs HaitTH s = s(p). s aTOrO JOCTaTOMHO NMpofuddepeHIMPOBATD TI0 Y PABEHCTBO (2) H Y4ECTh
peipaxeHHs (1), (2) 4 paBeHCTBa % = COsp, H% = sin¢p. Toraa nomyynm:

d’s  dz dy . . ds [dz dy . . ds
@5 = d—(pcostp + t—l;sm(p —zsing t+ycosp = d—(; (}; cosy + s sm<p) —Tsing+ycosp = d_ﬂ’; - 8,
Wwm
d’s ds _
:i;i - ;i; +s=0.
PeiunB nosyueHHOE YpaBHeHME M TIOACTaBHB 3HaueHue s = s(p, Cy, C,) B (3), HaiineM

T = :C(SO, C, G, y= y(% Cla cy). »

459. dz’ + dy’ = a’dt?, (d’x)’ + (d’y)? = bP(dt)*.

«¢ TTonoxus
dr =acospdt, dy=asinpdt, )
M3 BTOPOTO YpPaBHEHMs MOJy4aeM
dt = :I:% dp. Q)
Toncrasmas (2) B (1), uMeeM
02 02
dx = if cospdyp, dy= ﬂ:-b— sin ¢ dep.
Orcrofa HHTErpUPOBaHUEM JIETKO HaxoIUM
02 02
:c+C,=i—b—singo, y+C;==F?cosgo. 3)

Huterpupys (2) 1 noacrawiss B {3), OKOHYATETBHO NUMEEM

b a2 2
p=t-t+Cy z+C =:|:?sin(:|:%t+c3), y+c2=¢%cos(¢gt+c3). >

460. Noxasars, yro nnTerpuposanue cucmems Tecce:
?=X+2T, y=Y+yT, 2 =2Z+2T,
rae X, Y, Z, T — nunelinbie (HOpMbI OT TIEPEMEHHBIX Z, Y, Z, TIONCTAHOBKAMH & = 5%)5, y= %‘%
z= %% CBOIMTICS. K HHTETPHPOBAHHUIO CUCTEMbI JIHHEHHBIX ONHOPOAHBIX YPABHEHHUH.

«¢ TIpousBons yKazaHHBIE NOACTAHOBKH, NOMY4aEM

4B (41)0kn(529)
-2 -T o (62,2050,
o5 (02,951 29).

Orciona HaxoauM

TI T’ !
€= TEHTXHET; 0 =TatrY 4T ¢ =To4rz4(T o)
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Tak Kak Qynkumu X, Y, Z muneinsi, 1o GyHxuuu
€nonx (4

-

RECal

N—

&nonrr (4

12

1SS 4903 5
Ny 9 ey
—

€ oz

TaKKe JHHEHHBI, I03TOMY eCH B (1) HOMOXUTHL

T?:_ (5—'72‘7%))

TO TpaBas 4acTb CHCTeMBI (1) cTaHeT IMHEHHON OTHOCUTENILHO NEPEMEHHEIX &, 17, {, T. Takum oGpa3oM,
CUCTEMa YPaBHCHMIM

b

LY

€=1X, 9 =1Y, (=12, 7 =-1T )
SIBJIETCS JTHHEHHOH U OOHOPOIHOM. b

C nomomsio npuema I'ecce pelinTh CIACAYIOIINE CHCTEMBI:

dz dy dz
461. -Et-=y+a:z, d—t=a:+yz, d—t=z+22'

<« Tak Kaxk B nanHoM nipumepe X =y, Y =2, Z=2,T =2z, 10

(5290 v (5255 #(829-8 5(s29-L

T e r T ' T T
CrneoBateibHO, CHCTeMa (2) W3 NPEIbUTYIIETO TIPUMEpPa TIPEICTABHTCH B BUIE:
de dn dc ar__,

- d—tzg’ E=£’ i
M3 niepBbIX ABYX YPaBHEHMI 3TOM CHCTEMBI HAXOIUM
§= Ciet + Che™, 7= Cie' — Cre™.
C y4eTOM NOCTEJHErO COOTHOUIEHHS U3 TPETHErO YPaBHEHHUS TIOTY4aeM
(= Clet - Cge_t + C;.

HuTerpupys nocneaHee ypaBHeHHE, HMEEM:
T= —Clet - C2e_t - C3t + C4.

HakoHe1, BO3BpalLasch K NEPEMEHHBIM Z, ¥, 2,

e+ ke e — ket ; e — ket +k

xr = = = M
el ket —kttky ¥ —ei—ket -kttt ks e ket —kt+ ks

C2 C3 C4

k= — ky = — ky = —.

o PTe Brto”
dz dy dz
462.E=x+x(z+y), = SATVEHY, S =ytaE+y).

« AHIOTHYHO npepbiayieMy npumepy umeeM: X =z, Y =z, Z = y, T' = z+y. CnegosarensHo,
n ¢y _¢§ n ¢\ _¢ n¢\_n n ¢\_§+n
x($52)=0 r($50)-0 2(812)-1 (5 12) =4
CornacHo npuMepy 460, nuiiem:
£,=£, '7’=C) Cl='7, T’=“f—'7~

W3 nepBoro ypaBHeHMs NONy4aeM: .
£ =Ce;
M3 CHCTEMBI BTOPOIO M TPETHEIO YPABHEHHI CIICAYET, YTO
-t -t
N=0Ce +Cet, (=Cret—Cie.
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W3 yeTBEpTOrO YPaBHEHHMSE HAaXOMUM
7= —(C +Ce' + Cye™t + C,.

Takum o6pa3om, ob1uee PEILCHHE JAHHOMW CUCTEMBI UMEET BUL:

C,ét
v= —(C, +Cyet + Ciet + C,’
_ Cret + Cie™t
YT i+ e+ Cret 4 Gy
Czet - C3€_t

2 G T e+ Gt v G T

463. TTycs 8 npoctpancTee OTyz 3aMaHO TI0JIe CKOPOCTEM ¥ TeUeHHs XUIAKOCTH
v= (0" - 2"vy, @ +ay’ + Dy, @ +y's+1)2).
HaliTd THHUM TOKa 3TOMH XMAKOCTH.
<« CorsiacHo onpeaeNeHHIo JHHUM TOKa, V¥ || dr, dr = (dz, dy, dz). CnegosarennsHo,
dz dy dz
w T T
WIH C YIETOM 3HAYEHHH Vg, Uy, U,
dz dy dz
Y@ -2y) Y@ tzy + 1) 2@ty + )

TTockomnbky Bhipaxenue (yz” — y*)dy + (22 + zy* + 1) dr sssercs nomubvM AnddepeHIMaIom, To 13
TIEPBOr0 YPABHEHMS IETKO HAXOIMM TIePBbIH HHTErpa

2(:1:3 - y3) + 33:23/2 + 6z = C).

W3 BTOpPOro ypaBHEHHS CIEAYET, YTO % = C;. Takum 00pa3oM, JIMHUH TOKA MPEICTABIAIOTCS B BHIE

nePeceyeH s ABYX OAHOMAPAMETPUYECKUX CEMEICTB ITOBEPXHOCTEl B IpocTpancTee Oxyz:

2(2:3 - ys) + 3:::23/2 +6x=C}, y=0Cz.»

464. HYCTB TUTOCKO€ 2JICKTPOCTATHYECKOE TT0JIE

z Y
E= T L a2 (22 4 )2 )"
@ +y» (@ +yD)Y
Haittu ero cwioBble JTHHUH.
<« WcxomumM 13 TOro, YTO KacaTenbHas K CWIOBOH JIMHHHM KommHeapHa sektopy E, T.e. E || dr
(r — pamuyc-BeKTOP CHJIOBOI JIMHHHU), WK

de dy dr _dy
BB 2y
HHurerpupys Bropoe ypasHeHHe, uMeeM y = Cz. Takum oGpa3oM, CHIOBLIMM JIMHHUSAMH SBJISIOTCS
JIy4d, BBIXONIALIME M3 Havada Koopauuar (z* + y2 £0).»
465. HaiiTu MarnuTHBlE CHIOBbIE JIMHUH, €CM HANIPSKEHHOCT oAt B = (y, —27).
« B kaxuoii ToUKe CHJIOBO# JTHHHY NODKHO BBIIONMHATECA yciopue: B || dr. CrnegosatensHo,
de  dy dz dy

WHTerpupyst YpaBHEHHE, UMEEM 2% + y2 = Clz. TaxknMm o6pa3oM, MarHUTHbIE CHJIOBBIE JTMHUU TIpe-
CTaBJISIOT COOOM BIIMIICHL. b
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VYnpaxnenns i CAMOCTOATEIbHOMH padoTnl

[Toctpouth OO0lLiee peLieHHE CUCTEM YPAaBHEHMI:
1. %%—=0:+2y, 53‘"{‘:2@—3/.2..'i:=:z:+y+z,,1)=a:—y+2z, i=z+y-—2z.
J.i=2-3y, j=4+5y. 4. E+j+24+3y+z—-2y=0, 23§+ 5+ 8y+6x—4y=0.

MetonoM HeonpeneneHHBIX K03(QGUUUEHTOB TTOCTPOUTL 00llee PEIIEHHE CHCTEM:
O v 0 0 _ 2 3 I\ .« 5 6y
5. (0 0)3/ +y +(1 0)y—O, yeC.6. (2 4>y +(l 1 y=0, yeC.
3 01

10 1
7.0-1 1 0]y +|[-1 0 2)y=o,yec3.
0 0 1 111
-1 0 -1 101 1 01
s.( 11 O)y"+(0 1 1)y’+(—1 2 3)y:0,yec3.
01 0 2 31 00 3

[TocTpouTs yacTHBIE PELICHUSA CUCTEM:

. 2
9. 3% 48y—62 =z -+sinz, L +6y—5z=e"+e* 10, &

iz +y+z=2zsinz, —7 6y—8z = x+z’.

[ToctpouTh O0LIME PELIEHHST CHCTEM:

2 3 4 1 23 1
1[0 1 0)y+2°[-2 1 4)y=]0],yeC.
2.0 7 -1 0 1 z8

100 100 2 3 4
12.0-2)[0 1 0]y —2|0 1 0]y +[|~-1 1 0)y=0,yeC.
011 011 -1 21

IIpuBeCTH K CHCTEMaM C MOCTOSHHBIMH KO3(dHUIIMEHTaMH U TIOCTPOUTh OOLLIEE PeLiCHUE CIIEAYIOLINX
YpaBHEHMWIA:

13.2:3(_:;' g)y"'+z2((]) _;)y"+(f _g>y=0.

14.:::2((2) :;)y”+z(_; _?)y'+(_i g>y= 5

r
1 21 oo 20 1 I
15,22 -1 1 0)y"'+az (—2 0 1)y"+ -2 ) =0.
0 -1 1 30 -1 X
16.(3z+1)2(; §>y"+(3:c+1)( : g)y’+(4
12 3 1 2 3 01 3
17.(4z+5)3(—1 2 3)y"’+(4z+5)2( 0 —4 )y"+(4z+5)( 2 2 3)|y=o.
203 1 3011 01 4

[locTponTs penieHust 3amay:
18. 4 — 3y =, ¥} + 16y, = 2%, 0< 2 <400, lim (y1,2(z)e_5) =0, 31(0) =1, 1,(0) =0
19. z’y’( tayy+3y =0, 2y +4eyi +3y =0, 1 <z < 400, yu(D) =0, yp(1) = 1, y1p =

=O( ), x — +00.

HpOHHTeI‘pPlpOBaTb crenyioLme HCJIHHCPIHLIC CHCTEMBL:
20. ¢ = z’ z ——— 21y =y, 2 =%—yz2.22. y=2z2 2= §(y+z).
IoctpouTs nepbrie HHTCI‘paJIbI CHCTEM:

2 2
By=L =L =9 = =
V= d=F N zz—y2 z y o T T ay-2 T

Il

_dz _dzr _ d _ dz dz  _ dy _ dz
25 .26.-2———_y_

y—z Zz -
IToctpouTs OGIIMH WHTETPAN CHCTEM:

dr _dy _dz _ du dr _dy _ dz _ du _dz _ __ d _ dz
N F=V =T B F=F=F=08-F=-7"-=5
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YpaBHeHHs B YACTHBIX MPOH3BOIHBIX
IepBoro nopsaaKa

§ 1. JIuneiinble H KBa3WIMHEHHbIe YPaBHEHUA

1.1. OcHoBubie DOHATHA.
Keazunruneinbim ypaguenuem nepsozo nopsaoka é 4acmubiX Npou3600HbIX HAa3bIBAETCA ypaBHeHUE BUAa
D
it 8z
ZX;(ml, Ty vy Tny 2) Pz = R(zy, 3y ..., Tn, 2), (1)
i=1 :

rae X;, B — u3BecTHble QYHKUMHM, 2 = Z(T(, L1, ... , L) — QYHKUMS, [OLIEKAIAA ONPEACNCHUIO.
Ecian ¢yHxkuumn X; or z He 3aBucar 1 B = 0, To ypasHeHMe (1) Ha3bIBACTCS JUHEUHBIM OOHOPOOHHIM
8 4acmHbIX NPOU3EOOHBIX.

1.2. Pemenue KBA3HIHHEHHOI0 YPABHEHUSA B YACTHHIX NPOH3BOJHBIX HEPBOrO MOPSIKA.

Jlns pewienmnst ypapHerus (1) nmocTynaoT cieayomymM 06pazoM. COCTaRISIIOT CHCTEMY ypaBHEHMIH

dzy _ dz, B _ dz, _dz @
X x; X, R’
MHTETPHPYS KOTOPYIO HAXONAT N HE3aBMCHMEIX MEPBbIX HHTEIPAIOB:
‘I’l(mla T2, ...y Tp, Z) = Cl,
‘I’Z(mla Ty oee s Tny 2) = Cy 3)
V. (xi, T2y -+, Tny 2) = Ci.

OO6muit nHTErpan ypasHeHHUs (1) 3anmuchbiBaloOT Tak:
(U, Uy, ..., ¥,)=0, 4)

rze & — nponsponbHas auddepenunpyemas Gyukumst. Ipn 3Tom cumraeres, uro ¢gyuxunu X;, B —
HenpepsiBHO nuddepeHUnpyeMble, He obpalaoluecs B HYAb ONHOBPEMEHHO B paCcCMAaTPHBAEMON
00J1aCTH M3MEHEHHS TIEPEMEHHBIX 1, &3, ..., Tp, 2.

1.3. 3anava Komm.

B npuioXeHusix 4acto TpeGyetcs HallTH pelueHue ypapHenus (1) TpH ycaoBum, UTO

=plxy, 22y ..., Tp_g, T .- .

P (P( 1, L2, y Lk—13 Lht1s ;mn)

Cxema pewtenyst 3agaun Koum takosa. Pukcupys B (3) nepeMeHHyIo ;. , monydaem
T, (:121, &2y o ve g Th~1y Ty Thaly -+ 5 Ty, <P) =),

¥, (1'1, T2y ooy Th~1y ThOy kil -« 5 Ty ‘P) =C,, %))
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Uckmiouns, €Cin 3T0 BOIMOXKHO, U3 (5) IEPEMEHHBIE Ty, L3, ... , L1y Lely - -« 5 Lr, HMEEM 3ABUCH-
MOCTD L __
F(kay‘Cb Cyoons Cn) =0. (6)
Moncrapmss C; = ¥;, i = 1, n, s3stnie u3 (3), B (6) BMecTo C;, HMeeM OKOHUATENLHO
F(mk()y ‘I’ly‘I’Zy cery ‘I’n) =0. (7)
HHorna HavalnbHOE YCIOBHE 334acTCsl HESIBHO:
gol(a:,, Ty ..y Ty z) =0, soz(m;, Ty, ..., In, z) =0 ®)
Torna, NCKTIOUNB NEPEMEHHBIE Ty, T3, ... , Tn, 2 13 cucTeM (3), (8), nomyunm ypaBHeHHe
7(c, ..., C) =0 9
HakoHew, noactasus B (9) 3HaueHus HHTErpanos u3 (3), umeem:
/(\I!,, T, ..., \1:,,) =0. (10)

1.4. Ypasuenue Ilpadda.

YpaBHeHue BUaa
P(fL’, Yy, 2)dz + Q(z, Y, 2)dy + R(z, y, 2)dz =0 (1
HaspiBacTca ypasuenuem Ipagga. K Hemy csomutes 3amava 0 HAXOXICHWM CEMENRCTBA TOBEPXHOCTEH
u(z, y, z) = C', OPTOTOHANbHBIX BEKTOPHBIM NnHusAM nonst F = (P(m, ¥, 2), Q(z, vy, 2), R(z, y, z)).
IIpu atoMm dz, dy, dz — KoopAWHATB BEKTOpa, JieXalUEro B KacaTenbHOH TUIOCKOCTH K HCKOMBIM 110-
BEPXHOCTSIM.
Ecmm none F noreHumansHo, T.e. P = gﬁ, Q= gﬁ R = 9% 10 nckomas nosepxHocTh U
) z Y 0z
HAXOMUTCS ¢ TIOMOIUBIO KPUBOIMHERHOTO HHTErpaia:
=, 4,2)
ul(z, y, 2) = / Pdz + Qdy + Rdz. (12)
(€0, %0, 20)
Ecnu none F He BOTEHIMAIBHO, TO B HEKOTOPBIX CITyYasX MOXHO Nofgo0paTts MHOXUTEND = p(Z, Y, 2)
TaK, 4TO MOTeHUUATbHBIM OKaxercs none uF. ChenoraTenbHo,
ou ou du
pP=—o, pQ= oy M= 5
Heo0xomuMbIM 1 DOCTaTOYHBIM YCAOBHEM CYLIECTBOBAaHMSA CeMEMCTBA MOBEPXHOCTENH, OPTOrOHaAbHBIX
BEKTOPHbIM JuHMaM, sibisieTcss paseHCTBo (F, rotF) = 0. Ecim 310 ycnosHE BBEINONHEHO, TO YPaB-
Herue (11) MOXHO WHTErpHpoOBaTh KaK ¢ TIOMOLLUBIO MHTETPHPYIOIETO MHOXUTENS, TaK B C TIOMOLIBIO
crieaytoiero Merofa. CynuTaloT HEKOTOPYIO TIepeMEHHYIO B ypaBHeHnH (11) OCTOSTHHON 1 MHTErpUpyIoT
OCTaBILYIOCA YacTh YpaBHEHMs. B monyvieHHOM mHTerpalie TIOCTOSTHHYIO HHTETPUPOBAHHMA ITPHHHMAIOT
33 HEM3BECTHYIO PYHKUHMIO OT paHee 3a(MKCHPOBAHHOMN IEPEMEHHOMN 1 TIOAOMPAIOT ee TAKUM 00pa3oM,
yT00bl HHTETPANT YIOBIETBOPSLT ypaBHeHmo (11).

Ecnu (F, rot F) = 0, To roBopsT, 4T0 ypasHerue (11) HHTETpUpyeTcs OIHUM CooTHOMmEeHnneM. Ecnu
xe (F, rotF) # 0, To ypaBuenne Ilpadda nuterpupyor AByMss COOTHOLUCHMSIMH, T.€. HIIYT HE TO-
BEPXHOCTH, OPTOrOHATKHBIE REKTOPHBIM JuHusIM nojis F, a yHuu, o6nanaiomue TeM Xe CBOMCTBOM
H exampe Ha 3aIaHHOU TOBEPXHOCTH u(z, ¥, 2) = (0. HMckmouuB onHy M3 HepeMeHHBIX 3 ypaBHe-
Hut (11) n u(z, ¥, z) = 0, moxy4aroT 06blkHOBeHHOE MHbepeHIMANbHOE ypaBHEHHE TIEPBOTO MOPAIKa.

Haiiti obnree peluedne win oOLMI HHTErpa oIS KaXI0ro U3 CNERYIOLINX YPaBHEHWIA:

a9z oz
466. (z +2y) — —y — =0
@+2y) - -y ay
<« CornacHo dopmyne (2), I 1.1, cocTariseM cucTeMy ypaBHEHHMIA:
dc _dy _dz

T+2y -y 0
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H3 Broporo ypasHeHud TionydaeM nepBhiid uaterpat z = C). IlepBoe ypaBHeHHe
ydz +(x+2y)dy=0
SIRISETCS YpaBHEHHEM B NONHBIX mudepeHuHanax, nosToMy

F4 Y
/ydmn+/2yzdy15my+y2=cz
1] 0

— ero MHTErpall.
Q6 uHTErpan JaHHOTO ypaBHeHus nmeeT Bua (cM. (4), m. 1.1):
@(z, Ty + yz) =0.

Paspeums nocnenHee ypaBHEHNE OTHOCHTENBHO 2z, IOMYYUM oGulee pelueHue

=¢(zy+v’),
rie ¢ — NpoU3BOoJbHAA ILHQ)(I)epeHquyeMaﬂ dyuxkima. »
du ou
7. @—2) s (y—2) o 422 2% =
467. z - 2) " +(y z) +22 % 0.

« CocTarnseM cucremy ypaBHeHnn.
dz dy dz
== M
r—z Y—2z 2z
(u = C) — mepBulit nHTErpaT — oueBuaHO). M3 cuctemsl (1) momygaem aBe nHTErpHpyeMble KOMOM-
HaLMH:

dz+z) dz dy+z) dz

Ttz 22’ y+z 22’
OTKyla HAXOIUM J(BA TIEPBBIX HE3ABHCMMBIX HHTETPA/IA

ac+z)2 ( +2)?
( =CZ> i;")—zcl'

Taxum obpazom, o0 HHTETPAN TIpEICTaRIsIeTC B BRAE:
( % 2
@(u, :BJ;Z ,—y————( -;Z) ):0
OTKyza ciemnyer olllee pelieHue
_ (ga:+z)2 (y+z)2)
14 Z ] 3 ’
e ¢ — HpOPBBOI[bHaﬂ mddepenumpyemas byHkuus. »

202
468. 2 112

< CocrammeM CUCTEMY

= ye®.

dz dy dz
ea: yZ - yez'
U3 nepBoro ypaBHeHHMd HaxoouM OIMH TIEPBHINA MHTErpan % —~€
T = H e
paBeHCTBa € T:nyT cliegyeT elje oOvH TiepBLHIH UHTerpan

—~T

= (), a U3 BTOporo ¢ y4eToMm

Taxum obpa3om, obumii MHTErpaa JAaHHOTO ypaBHeHus {yxeT
1 ~z In - -
@( Y e , e—,:,],'ll-?r Z) =0.
OO0uiee Xe peuIeHNe ero UMeeT BUHA

=C‘I‘Tj§g§+¢(;_e-z)..
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dz oz
2, .2 2
469. (m +y ) 2 +2mya—y+z =0.
« U3 cncteMnr
dr  dy  dz
2 +y2 2wy 22
HaxoIMM IBa MEPBhIX HE3aBUCHMBIX MHTErpania:
2
2 o %
y Yy 1y z2 — y2 .
CrepoBaTenbHO, ob11ee pelleHue MeeT BHIL:

x

1 T

gzyz—:cz-'-(p(:E ;yz)’>

o
470. my——z— +(z —22) 9z _ yz.
oz dy

<« CrcreMa ypaBHEHHH ’
dz dy dz

Ty -2 g;

AACT ABa HE3aBMCHUMBIX UHTCIpasa:

z 2
;=C,, e -y —4z =0,

CrepoBatenibHO, O0IMA HHTErpan JaHHOTO YpaBHEHHS HMEET BHA:

@(%,22—3}2—42) =0.»

du ou du
471. ou ou g
1 y+2) %2 +(z+2 oy +(x+y) 2 u
<4 Haxonum miepBbie HHTErpasibl CHCTEMBL:

dz dy dz du

y+z =x+z x4y u
M3 3roit cucTemnl 06pa3yeM Tpy MHTErpupyeMble KOMOHHALIMN:

dxz—y) du dx—2) du dx+yt+z) du

y—z u' z—-z u’ 22z+y+z) u
HHTErpUpys KOTOpHIE TIOMYYaeM TPH HE3RBUCHMbIX TIEPBBIX HHTETpasa:
c+y+z
")
A Torma ofIIMN UHTETPAI AAHHOTO YPABHEHHS TIPEJCTABATCA B BUAE:

Q(u(a; -y, Wz — 2), Z’i{i[zﬂ) =0.»

du du du
472. (u—m)5;+(u—y)5§——za—z—m+y.’

4 AHaJIOIMYHO NIPEIBIIYLIEMY NIPAMEpY UMeeM:
dz dy dz du

wrz-y)=C, wz—2)=0C, =C;.

u—-z u-y -z z+Y
Ha ocnopanun cBoiicTPa IPONOPLUM TONYYaeM WHTEIPHPYEMYIO KOMOHHAIMIO
dz—y) dz

?
T—y z

OTKyha CiieayeT NepBhIif UHTerpasn
-y
z

=C,. .

¥

215
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AHAIOTHYHO MMEEM e1ife OHY KOMOWHALHIO
d(z + y+ 2uw) _ dz

u-(+y+2z+y) 2z

’

d(z +y+2u) dz
utz+y oz
OTKyJa MHTETPUPOBAHHEM HaXomuM (z + y + 2u)z = C, — mnepsblit uuterpan. OcTaercs HalTh eme
ofMH NepBolit uaTerpat. LI 3TOro ¢ TMOMOLIBIO TIOCTAENHEr0 MHTErpajia HCKIIOYMM CYMMY T + y M3
TPETHETO YPABHEHHMST CHCTEMBI. Tora IpuaeM K ypasBHEHHIO

dz _ zdu
z  uz—-C,

¥

Hurerpupys 310 ypaBHeHHe, HMMEEM €11€ OIH TIEPBbI HHTETPAT:
u—-zr—y

322 = Cg.

C
u= =22 + 0322 =8
3z
Takum o6pa3om, o6 UHTETPAT NMEET BIA.
@(551J2+y+2m%25513)=Q>
Haiita pewieanst cnefyoluux YpaBHEHMH, YIOBICTBOPSIOIINE YKA3aHHBIM YCIOBHAM:
8z dz
473. — + (" —y)—=0, z=ynpu £ =0.
92 ( way ; y op

<« ComtacHo 1. 1.2 cHayana Mbl JODKHB HAMTH obee pewtenne. V3 ypaBHeHns

dr _ dy
1 2er—y
HAaXOIMM TIEPBLIH WHTETpA
2 2z
ye  —e” =C.
CrenosarenbHo, obuice peuieHue Oyaer
z= go(ye - ezz)

Teneps HaiineM GYHKUHIO @, NONb3YACh HAYAIbHEIMK ycaoBHsMH. [lonaras 3neck y— 1 = u, nonyyaem
@(u) = u + 1. Takum oBGpa3om,
z=ye* —e” +1
€CTh HCKOMOE peme}me. >
ou du
474. ——+— 2 — =0 u=yzupuz = 1.
3y dz yz mp
4 U3 cucreMsl ypaBHeH#it
de _dy dz

: 1 1 2
JIErKO HAXOAMM JIBa TIEPBBIX HEe3aBMCHMBIX MHTErpaia;
z—-y=0C), 2x—z=0C,
CneposarenbHo, obutee peLieHue
u=px—-y,2c—2z).
Havanbuue yeaosusa paior: yz = (1 —y, 2 — 2). Ilonaras 30ecs 1 —y = £, 2 — z = 1, NOJIy4aeM
BeipaxeHne W1 Gyakumu @€, n) = (1 — £)(2 — n). Takum obpaszom,

u=_1-z+y)2-22x+2)
€CTh PEMICHHE 3aIa4u. b
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du ou
475.25—+y5—+$y8 =0 u=z'+y’ npn 2 =0.
<4 AHaJIOTHYHO TIpeIbIIYLIEMY HMEEM
de dy dz
gy =y

Orciona nosiyyaeM NepBele WHTErpaibl
T
-=C, zy—-22=0,
y
# 3anuchiBaeM obulee pericHue
u= go(%, Ty — 22).
Bun yHKUMM @, OTBEYAIOLIEH HAYAITBHBIM YCIOBHAM, HAXOMHM M3 YPABHEHHS:

2’ +y =so( , zy).
ITonox1B B HeM % =¢{, Ty = 1, UMEEM

o€ M= g+£n-

w=(+s) (1-2) >

HajiTH noBEpXHOCTh, YAOBICTBOPAIOUIYIO JAHHOMY YPaBHEHHIO M NPOXOMALIYI0 Yepe3 HaHHYIO JIn-
HMIO, €CIIH:

Crano ObITh,

az 0z
476. m——2y =z'+yh y=1, 2 =12
oy
<« Tpexne Beero HaXomuM TIEPBbIE WHTErPANbI CHCTEMBI:

dz.  dy  dz
z 2y x4yl
Or1ciona Jierko nonayyaem:

(5
™

2 T y
yz' = Cy, _2'—

CrepnoBarenbHo, obuee peuieHne MeeT BUIL
2 2

_r_ ¥ 2
z= 2 4 +so(ym ) ¢)]
DyHK1MSA @, COMTACHO HAYAIBHBIM YCIOBUSIM, YIOBNETBOPSIET YPaBHEHHIO!
2
y_ = 1 2 &1
m—-2 4+so(m) nipu ¢(£)—5+Z.
CreroBatensHo,
y 1
o(v) =5+ 3
A torma u3 (1) Haxomum TpeGyemoe peleHne

z? y2 y 1
FRTeTrTeh
92 _
477. m——yay—z -3y, z=1,yz+1=0.
<« Haxonum nepBele HHTErpalibl CHCTEMBI:
de  dy dz
r y 2z-3y)

W3 nepBoro ypaBHeHus noJIydyaeM cpasy
. zy =C).
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Hcnionb3ys 3TOT MHTErpas, peliaeM ypaBHeHWe
de dz
z  2Z2@x-Cz )’

Win

Otclofia HaXOmMM elile OfiH TIEpBhIH MHTErpant:
1
T+ 3y + ; = Cz.

Hanee Moxso O6buU1o 61 AeHCTBOBATH TaK, KaK M B MpeAblIylINX NpuMepax, OIHAKO Ha 3TOT pa3 MH NIO-
cTynuMm coracko gopmynam (8), (9), (10), m. 1.3, u ncKmoInM nepeMeHHbIE =, Y, Z W3 COOTHOLUEHMIA:

1
z=1, yz+1=0, zy=0Cy, 1L'+3’y+;=Cz,

DTHM camMbIM MBI TIOy4YnM cBsisb Mexay C; u C; Ha kpuBoii = = 1, yz + 1 = 0. Hmeem:
1+ 2Cl - Cz =0.

Hakowel, N0ICTaBISs B 3TC COOTHOUIeHNe 3HadeHnd Cy n C;, NoJydaeM HHTerpal JaHHOTO YPaBHEHMUA:

1
I+2my——m—3y—;=0.>

a a
478.28—;—my5§:222; r+y=2,yz=1.

<« [IepBrie HezaBHCHMbIE HHTETPAIbL CHCTEMBI
dz dy dz

z -y T 2xz

HMEIOT BHJL
2 -z = Cy, zy2 = (.

Hckmouns nepeMeHHble T, ¥, 2 W3 COOTHOUICHHIA
z+y=2, yz=1, —z2=0C, 29 =0C,
HAXOIMM CBSI3b MEXIy MHTETpAJIaMH HA HAaHHOW KPUBOH:
Q-G)Y-G'-¢c =0
[Monctasus ciona 3HayeHust Cy, C,, iMeeM ypaBHeHHE HCKOMOM TIOBEPXHOCTH:

(2 - zyz)2 —zly 2 z=0.p

479. mg+zg§ =y, y=2z, z+2y=2.
«¢ Jlerko HaxoanM f8a MEPBBIX HE3aBHCHUMBIX HHTErpaia:
t4+y+z=0C, ¥ -2"=0C,.
Uckmiouns nepeMeHHbIE T, Y, 2 ¥3 COOTHOWICHMIA:
z+y+z=0C), yz-z2=C’2, y—2z2=0, z+2y—2z=0,
nony4yaem cBi3b Mexny C) u C, Ha JaHHON KpUBOM:
' C,=0.
TaxuM 06pa3oM, MICKOMOH TOBEPXHOCTBIO B JAHHOM CJIy4ae OKasanach ILIOCKOCTh
c+y+2=0.»
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8z a9z
480. my’-é; + Zzza = y’z; = -z’, y= 22

<« M3 ypasHenns

dx dz
P Yz
HaxOIuM TIEpBbIii HHTeTpa
- = Cl)
HCIIONb3YSL KOTOPblit M3 BTOPOTO YPaBHEHMS
dy  dz
27y

HAaXOIMM €1le OIMH TIePBBIA HHTETpa: .
y - 2t =G,
Hckmouast nepeMEHHEIE &, Y, 2 B3 CHCTEMBI
T
4 2 3 2
—=Cy, ¥ -z =G, z+2z =0, y—2z"=0,
z

nonyyaem C, = 0. Takum 06pa3omM, HHTErpa (OBEPXHOCTD)
4 2
y'—22’ =0
SARNSIETCS. HCKOMOM. B CHITY HAYANIBHOIO YC/OBHSL T = —2° TIEPEMEHHBIE T, 2 HE MOTYT HMETh OJIHHA-

KoBbIX 3HaKoB. ClenoBaTenbHo, MHOXHUTEND y2 —xz 2 0, n B ypaBHeHun

y' -2t = o)y —22) = 0

MOXHO OT Hero u30aBUTbCH.

Hrax, oxoHYaTeIbHO HMeEM 5
z=-y.p

481. m—+yzy

<« [Tepsbie HHTErpabl HaxomuM 6€3 TpyHa:

=2zy; y=u=z, z=z".

y
==C zy—2z = C,.
z 1y Y 2
CrenosatenbHo, obuiee pelieHue NaHHOro ypaBHedns Oyzer
z=my+so(%), 1)
rae ¢ — Tpoun3soibHas MuddepeHunpyeMan GyHkuwwst. g ee HaXoxaeHnsd BOCIONB3YEMCS HAaYallb-

HBIMH ycnoBusIMK. DT0 maeT (1) = 0. CaenoparenbHo, ¢ynkums (1) ecTh perieHne NOCTARICHHOM
3amaun, ecmm (1) =0. »

482. Cpenn GyHKIMi, YIOBIETBOPSIOMUX YPABHEHHIO

HaWTH TAKyIO0, KOTOPask YIAOBACTBOPAET 1 YPABHEHUIO
2

(3z)2+(8z)2_ a :
oz dy) x4yt @
<« TIpexue Bcero, HaxoauM obllee pellieHne TIepBoro ypaBHeHHS. Mmeem

dz dy

’

T Yy
OTKYyna

Yy _

L=0

T

— mepBriit uHTErpan. CienoBaTe]bHO, HMEEM Obliee pelieHue
z= <p( %)
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Tloncrasisas ero B (1), nonydaem mnddepeHIRATbHOE YpaBHEHNE OTHOCHTENBHO byHKUMH ¢!

2 2
AR R

N N
S"(E)—m, SO(E)—1+£2 (5—;)-

H3 nocneanero YPaBHECHWUS HaXOIUM

oTKyaa

p(€) = t|a]arctgé + C.
Honcrapiss cloua 3HaveHue &, IPUXOIHM K HCKOMOMY PEIEHHIO:

z = tla|arctg y +C.»
xr

Peunth CREayIOIME CHCTEMbE YpaBHeHHMIA:

9z 2z 0z 2z
483. %2 =2 22 _ 22
dz =z dy y
<« Cravana HaxomuM olutee peieHne nepsoro ypasHeHus. Mmeem:
dz dy =zdz z
—_— = = = =C — =C,.
1 0 2 P 1y z 2
CrieroBaTenbHO,
@(y, %) =0, wm z=zp(y).
3areM, NOACTaBNAS HAMIEHHOE 2 BO BTOpOE YPaBHEHME, OTHOCKTENbHO QYHKIMH ¢ monysaeM nudde-
PEHLMATBHOE YPABHEHHE:

.2 : 2
2/ W)= “ap0), wm % =2 @y #o.

Hnrerpupys nociegHee ypaBHEHUE, HAXOOUM:
2
() =Cy".
Takum 00pazom, byHKuus R
z=Czy" (zy #0)
€CTb pelIeHUE JaHHON CUCTEMBI ypaBHEHHH. b

484. &* 9z

3 " YB3, =

ay
<« TlokaxeM, yro HenpepbiBHO IndxpepeHUMpPYeMbIX pelleHHMit cucTeMa He mMeeT. [Ipennonaras
TIPOTHBHOC, Ha OCHOBaHuM JaHHbLIX ypaBHCHPIﬁ HMEEM:

'z 8z
=]l-—=1-zz
Oy ox oy
9’z

+ a9z 2+ 2 )
= —-— = x - .
dz dy z mf)m y-2

Orciona B CHTYy HENPEPBIBHOCTH CMEUIAHHEIX NPOH3BOIHLIX CIEAYeT TOXIECTBO:

l—zz=z+z(y—2), wm z=1-zy.
CrenoBatenbHo, GyHKuMA 2 = 1 — zy HomkHa ObiTh penieHdeM 00oux ypaBHeHuUd. ODHAKO HETPYOHO
TPOBEPUTD, YTO 310 He Tak. [lomyyernHoe mpoTUBOpeune M AOKA3biBaeT HaLUe YTBEPXACHUE. B
485. —Z—:+%§=O, Z—Z—+%§=O; u=2z’ npu z =y = 0.
<4 Ha ocHoBanuy niepBoro ypasHeHusi COCTaBIIsIEM, @ 3aT€M pElIacM CHCTEMY:
dz’ dy dz

1 0 1 y=0C, z-z=0C,.
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Caegosarenbio, o0ee pexieHue TIEPBOTO NAHHOTO YPABHEHMS HMEET BHIL:
u =y, z — ).
TpeOysi, uToObl GYHKIMSI ¢ YOOBIETBOPSUIA BTOPOMY YPABHEHHIO, TIONTyHaeM

Bso 9y
— + — =0 =z-—z.
Y y €
HertpynHo nonmyuutbh o0ee pelueHne NocjieJHero YpaBHeHuMs
=4y - &)
Takum o6pa3zoM,
u=yy—2z+zx).
Ocraercst HaAlTV B PYHKUMHK 1P, HCTIONb30BaB HaYalbHble yenosusa. Mmeem:
2
Z=y(-2), $)=7"
Hrax, ¢pyakuns s
u=(y—-z+x)
€CThb pelieHue TIOCTaBIeHHOM! 3anauu. »
486. Hapml noaepxnocn TIPOXOIALIYIO yepe3 NpsMYIo § = = 1 1 OPTOTOHAILHYIO K
TIOBEPXHOCTSIM 2+ y +2z2=Cz.

o Iycte F(z, y, z) = 0 — ypaBHeHue nCKOMOii nosepxHoctd. Torma, NpuHAB BO BHMMAaHHE,

g0 BeKTop HopMann N K noBepXxHoCTu onipenesieTcs rno gopmyne N = (%%, %%, %g), U3 yCIOBMS

OPTOTOHAIBHOCTH TIOTyYaeM:
aF aF oOF
(22—C)———+2y————+2 =0.
dy 9z
Ecmu ucxmounm napaMerp C n3 TIOJYYEHHOTO YPaBHEHHS M YPaBHEHMS HAHHBIX TIOBEPXHOCTEH, TO
OyneM uMeTh ypaBHEHHE, KOTOPOE ONpENeisieT NOBEPXHOCTH, OPTOTOHAIbHbIE KO BCEM NOBEPXHOCTAM
JAHHOTO CEMEHCTBA:

oF oOF oOF
2 2 2 -
U3 ypaBreHnit
dz dy  dz

22—yl -2z 2zy 2z
HAXOIMM TIEPBbIE WHTETPAIbI:
g=Cl, 22+y2+22=CZ.

CrenosarensHe, o01ee petieHne ypaBHeHus (1) mMeeT BUA:

F = go(}zi, 2’ +y2 + zz).
Ho F = 0 Ha mOBEPXHOCTH, TIO3TOMY JIODKHO OBbITh

2, .2, .2

<p(%, T +y +z ) =0,
OTKYla CHEAYeT, UTO 5
y=29@ +y' +2°).
Tt onpeneneﬂmx $yHKNMHA 1P BOCTIONB3yeMCSl HAYATBHBIMU yCHOBMWSIMM. Torma momyunMm z = (1 +
+ 22? ), OTKyna

Pla) = £/ 2L

2
Takum o6pasom,

[22 g2+ 22~ 1
y==z u%z——, Wi zz(a:2+y2+z2—1)-—2y2=0,

€CTh ypaBHCHUE MCKOMOI TOBEPXHOCTU. P
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487. Haitu YPaBHECHUE HUIMHAPUYECKON NOBEPXHOCTH ¢ 06pasylomuMM, MapauvieIbHEIMA BeK-
Topy (1, —1, 1), u Hanpapsuoweit z +y +2 =0, 2 +zy +y> = 1.

« Ilyctp
F(m,y, 2)=0

— ypaBHeHUe UCKOMOI noBepxHocTd. Ilo ycioBuio, BEKTOpLI (%g, %5—, %—g) u (1, =1, 1) nomkHbl
ObITh OPTOrOHANBHBI; CIIEAOBATENbHO,
OF QF OF
'5; -~ 5!7 + 5; = 0.

IlepBble MHTETPaAbl CUCTEMBL AT = —dy = dz CYTb
z+y=0C, y+z2=0C.
WCKITIOUUB NIEpEMEHHBIE &, Y, 2 U3 COOTHOLUEHUMH
z+y=C, y+z2=0C, z+y+z=0, m2+zy+y2: 1,
mojiydaeM ypasHeHue, cBaspiBaionee C; u Cy:
Cl+CC+Cr=1.
HoncraBus ciona 3Hayenust Cy u C,, IMEEM OKOHYATEIIBHO
.z-2+3(y2+my+yz)+mz+z2= L.»

IIpameyanne. MoxHo ObUTO Obl IPOBECTU PEIUCHUE, AHAJIOTMYHOE NPEALIAYIIEMY; OQHAKO, KaK HETPYAHO ybe-
JUTLCS CAMOMY YHTATENIO, TAKOH NYTH TEXHUYECKH ABAACTCA 00Iee AIMHHBIM, HEXEIN NPEAIOKEHHDI B IaHHOM
npumepe.

488. Haiitu MOBEPXHOCTH, Y KOTOPBIX J100as1 KacaTeJIbHasA IUIOCKOCTD IepecekaeT ock Ox B TOUKE
¢ abcuuccoi, BIBoe MeHbHIEH abCHMCChI TOYKW KacaHUs.

« Ecnu F(z, y, 2) = 0 — ypaBHEHMHE UCKOMOU NOBEPXHOCTH, TO

0.4 )3F+(Y )3F+(Z )BF 0 1)
—-) — —_ —_ —_—Z)— =

Oz y dy 0z
€CTb YPaBHEHUE KacaTe/IbHOM IJIOCKOCTH K 3TOH MOBEPXHOCTH B TOUKe (&, ¥, 2); X, Y, Z — KoopavHa-
ThI IIPOU3BOJILHON TOYKM Ha IU1ockocTU. ITonoxus B (1) ¥ = Z = 0, Halizem abcuuccy X; nepeceueHus

KacaTeJIbHOH IUIOCKOCTH € ocbio Ox:
F, + zF,
x -+ Yryrats
F,

Ilo ycmoBuio, = 2X, mo3ToMy 43 (2) noJyyaeM ypaBHEHME

zF, +2yF, +22F, =0,

X = (Fz #0). @

UHTETPUPYsT KOTOPOE, HAXOOAUM oblIee peuicHuc:
— Z
F=y(, %).
Takum 06pa3oM, UCKOMEIE NOBEPXHOCTH UMEIOT BUA:

o5 8)=0n

489. Haiitn acuMITOTHYECKHE TMHUK TIOBEPXHOCTH, NPOXOAANIEA YEPE3 KPUBYIO ¥ =T, 2 = &
¥ YIOBJIETBOPSIONIYIO YPABHEHUIO

3

0z oz

9z y@=z)
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3Has1, YTO aCUMIITOTHYECKKE JITHUU MOBEPXHOCTH f(Z, y, z) = 0 onpenensiorcs ypaBHEHUEM:

3’z , &z Pz,
—dz" +2 dedy+ —dy° =0.
oz dzay W T 52 Y
«¢ Ilpexze Bcero, UiIeM HYXHYIO IIOBEPXHOCTb, peliias 3aaady
- 0z dz 3
——y-—=2 2=z =z.
az ay ) y Y
Obilee pellieH’e 3TOro ypaBHEHUS
1
z= gso(wy)
[TOYMHSIEM HAYaNbHBIM YCIIOBUSIM:
1
3
= —p
~p@),
OTKyIa s
pl@)=a".
TaxuM obpasoM,’
z=a"y

€CTh YDABHEHME UCKOMOI ITOBEPXHOCTH.
Hanee, noacraBmsis 3HAYEHUE 2 = mzy B YPaBHEHUE aCUMIITOTUYECKHMX JIMHUMH, MOJIyYaeM
y dz’ + 2z dz dy=0, wm d(z’y)dz=0.
Orcrofa ClenyoT pelieHus: ,
z=C, zy=0C,.
3HauuT, Ha paccMaTpUBAaEMOl IIOBEPXHOCTY MMEETCS JBA CEMeiiCTBA ACUMIITOTUYECKMX JIMHUI:
2
{ 2 =2y, z =2’y
z=Cy, Py=0C,. »
490. Hairtu sunvn KPMBH3HBI [TOBEPXHOCTH, NIPOXORAIIEH Yepes npsmyto z = 1, ¢ = yv2 u yno-
BJICTBOPSIIOLIEN YPABHEHUIO
192 18z 1
zdzx Yoy =z
3Hasd, YTO JMHUM KPUBU3HBI IIOBEPXHOCTU 2 = f(Z, y) onpelensioTcs ypaBHEHUEM:
(1 +p2) dz +pgdy pgdz -+ (1 + qz) dy
rdr + sdy B sdr +1idy
e p, q, 7, 8, t — YaCTHBIC IIPOUIBOIHBIE 2, Zy, Zaz) 2oy, Zyy-

<« CHavana HaxoIuM MOBEPXHOCTh. HTErpupys ypaBHeHHE
18z 198z 1

b

) 8]

m3m+37¢—9§*z

)

MOTy4aeM
2=+ ga(a:2 - yz).

B cuty HauabHBIX yerioBuii umeem 1 = 2y + <p(y2), OTKyna
p(a)=1-2a.
TaxuM 06pazoM, UCKOMasi IOBEPXHOCTE ONMCHIBAETCST YPABHEHUEM

z2=4/1-22+2y%

Janee, wisi HAXOXAEHUA JTMHUA KPUBM3HBI MOJIYYEHHON [TOBEPXHOCTH BBIYMCIISIEM HYXHEIE [IPOU3BOJ-
Hble W, MIOACTaB/IAd uX B ypaBHeHue (1), monyuaem

((m2 + zz) dx — 2zy dy)(3z2 + 4y* — 4yz)dy = 0.
Orciona HaXOIUM HBa CeMEICTBA peIeHUIA:
y=0C, z%=C(1+29).
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TocneHee COBMECTHO C YPaBHEHHMEM MOBEPXHOCTH 1A€T:
z = C3$.
Jlerko BugeTs, uTo Kpushie y = Cy, 2 = /1 — 22 + 2y? ARINIOTCA NAPAUIEIAMM, a KpuBHe 2 = Csz,
z=+/1—2? + 2y’ — MepunuaHamu. »
Tpnmeuanne. BbuUio Gbl HETOUHOCTBIO CUMTATh, UTO TOCTABICHHON 3afaue YAOBIETBOPSIET NOBEPXHOCTb 2° =
=122 + 2y, nocKonbKy Ha IWIOCKOCTH 2 = 0 YACTHHIC NPOUIBOHbIE g:% s g—;i He OInpe/esieHsbl.

IIpoyHTErpUpOBaTE OMHUM (€C/IM ITO BO3MOXHO) COOTHOIUEHUEM Clienylolme ypasHeHus [ldadda:

491. 3yzdz + 2zzdy + zy dz = 0.

<« CornacHo n. 1.4

F = (3yz, 22z, zy).
Tak Kak
rotF=—-iz+2dy-kz u (F, rotF) =0,

TO JIAHHOE YPABHEHUE UHTETPUPYETCS OJHUM COOTHOIIeHNEeM. ClIe10BaTENbHO, CYIUECTBYET MHOXHTENb
p = p(x, y, 2) Takolt, uto rot uF = 0, 1.¢. none uF nmoTeHIManbHo. TakuMm o6pa3oM, Wit MHOXUTENS [
¥MEEM YPaBHEHHS:

a(m—a(h’) 32mz)—3(3z) 9 ——3(3
3yuy)—az pHz), ax( Il—ay yzp), am("”y")‘az Yz ),

nm

om_ om0

u
= -22-L= 2~ -3y — = bl
y 25, =h w3y g 3z

T 2u.
oz dz #
Huterpupys neppoe ypaBHeHue, noyyaeM obiiee penieHue:
2
p=yp, §), {=yz".
Iloxacrapnsist NOTyYEHHOE 3HAYEHUE (i BO BTOPOE YPAaBHEHHE, UMEEM:

dyp dp _
29:(% 3¢ a¢ = 4y,
OTKya HAXOIUM
p =Py’ 2").

A Torma 2 3.2 4
p=yzyOm, n=zyz.
Ocraetcst HaiiTu dyukumio 9. g 3Toro Bocronb3yeMcs TPETbUM ypaBHeHueM. MMeem
—9z%y*2*y'(n) = 0.
Orcrona
pm =C.
Taxum obpasom, R
p=yzr
(C nonaraeM paBHbIM €IVUHULIE). YMHOXas! IOWICHHO JaHHOE YpaBHEHME Ha ym2, TOJIy4aeM YpaBHEHUE
3m2y2z dz + 29:3yz dy + x3y2 dz =0,
JIeBasl YacTb KOTOPOTO €CTh MOJHBIN auddepeHman GyHkuun u = u(Z, y, z), KOTOPYIO MHI HaijizeMm,
BLIYMCIIMB KPUBOJMHEHHBIH uHTerpan (cM. (12), . 1.4):
(2,9,2,)
- 2,2 3 3,2 4 _
u(z, y, 2) = / 3y zdr 4+ 2x°yzdy+ oy dz =

(20, %0, 20)
z Y z
= f 3aiyozo dz; + f 2%y z0dy, + f 2y dz = yozo(2’ - 33) + 2*20(y’ - 13) + 2y (2 ~ 20).
z0 %0 20
CrnenoBaTenbHo,

msyzz =C
€CTh UCKOMBI MHTErpaJl JAHHOI'O YPABHEHUA. »
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492, (z + zy)dz — (2 + y*)dy +ydz = 0.

4 Tak kak (F, rotF) =2 +x — y2 # 0, To TaHHOe YpaBHEHUE HE MOXET ObITh NPOUHTCIPUPOBAHO
OIHUM COOTHOILEHUEM. 3HAYUT, OCTACTCH MPOBEPUTH, GYAET mu QYHKUMS 2z = yY° — Ty PELEHUEM 3TOro
ypaBHexus. Boraucivie dz = 2y dy — « dy — y dz ¥ nofcTaBuB 3HAaYEHUS z M dz B ypaBHEHHME, IOJTydaeM
ToXaecTBO. ClIEN0OBATEIbHO, IIOBEPXHOCTh

2=y — =y
SIBJISIETCS €MHCTBEHHOM, KOTOpasi opToroHanbHa nojo F = (2 + zy, —z — y2, ). »

493. 2yz + 3x)dz + zzdy + zydz = 0.

<« 3nech F = Qyz + 3z, zz, zy). Ilockonbky (F, rot F) = 0, Ho rot F # 0, To none F He NOTeHU M-
aJbHO, OJHAKO CYLUECTBYET MHOXUTENb 4 Tako#, uto rot uF = 0, T. e. MOTEHHUAIBHBIM SBJISIETCS I10JIE
pF. U3 ypaBHeHus rot uF = ( cienyeT Tpy CKATAPHBIX YPaBHEHMUSI:

3;1 3;1 —0
By %z !
M3 nepBoro ypaBHeHUsI HaxXOAUM

a a a a
mygg—(2yz+3m)£:py, mzﬁ—(Zyz+3m)5§=pz.

p=yp, £, {=yz
IloncTaBuB 3HaueHHE (i BO BTOpOE ypaBHEHUE, nonyan'

By
93——(2€+3) =9

E

OTKyJa
¢ = zp(a’yz + z);

MO3TOMY )
B=zP(zyz + o).
Hakonen, noicTaBuB i B TpeTbe ypasHeHHe, umeeM ¢’ =0, T.e. ¢ = C. Takum oGpa3om,
p=c.
Ilocne yMHOXEHHUs] JAaHHOTO YPaBHEHUS HA [, NOTydaeM ypaBHEHME
Qzyz + 39:2) dz + 2’z dy + mzy dz =10,
MHTETpasl KOTOPOTo UMeeT BHI
z + a:zyz =C.
Peuntenvie ¢ = 0 Bxoaut B Hero nipu C = 0. p
494, (2 - > + y2)dz + (22 - 22y) dy + (232 + 22 + zY) dz = 0
« Iockonbky rot F = 0, rne F = (22 —-y2+yz, zz—2zxy, 2x2+22+zy), To none F oTEHOUALHO.
CrneoBarepHO, J€Bask 4acTh JAHHOIO YPABHEHUS SBjsgeTcs moyHbM duddepeHimanom dyHxkuun
(z,4,2)
u(x, ¥, 2) = / F,dx+ F,dy+ F,dz = z2(m + 1)+ zyz - a:yz.
(0,0,0)
IToaTomy ,
z (m+1)+myz—my2=C
€CTh UCKOMBIIf UHTETpall. P
495. (49:23/::2 -7 - 3myz) dz+ (29:33/::3 =3zyzd— 2m2z) dy+ (39:33/::3 —4zy’2? —2m2y) dz =0.
<« TTockonbky rotF # 0, To none F He noteHnuanbHo; oaHako B cuity toro, yro (F, rotF) = 0,
CYIIECTBYET MHOXUTENb (4 = k(x, y, 2) TAKOH, YTO noTeHUMAIbHBIM GyzeT none uF. Jierko HallTH, 4TO
/= Tyz. BRIONHAS UHTETPUPOBaHUE
(z,9,2)
(uF, dr) = m2y2z2(m z— yz2 - ),
0,0,0)
IonAy4yaeM MHTETpajl ZTAaHHOIO YPaBHCHUS:
mzyzzz(mzz - yz2 —-z)y=C.»
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496. 3xy’z dx + 3z*yz dy + 22y dz = 0.

<« Tockombky rot F # 0, no (F, rot F) = 0, To faHHOE ypaBHEHUE WUHTETPUPYETCA OHHMM COOT-
HomendeM. Halinem UHTerpan ypaBHEHMWs, MCIIONB3YsA METOA, M3NOXEHHHIA B KoHue 1. 1.4. Cuuras
MEPEMEHHYIO Z BPEMEHHO MOCTOSHHOM, HHTEIPUPYEM COOTHOLLEHUE:

3my2zo dz + 3m2yz0 dy=0, wm d(zy)=0.
Orciona crenyert, yro zy = C: Janee, npunumas C = C(2), nonbupaem dyHkumio C TakuMm obpaiom,
yTOObI COOTHOLUICHUE
zy =C(2) 1)
CTAJI0 MHTETPAIOM JAHHOIO ypaBHEHMs. Berumcius
_C'dz—zdy
y

M TIOJCTABUB B YKa3aHHOE ypaBHeHue 3HaueHus Y = C u d&, nocne HEKOTOPHIX YIIPOLIEHUH TTOTYYuM
ypaBHEHHE:

dx

, 3C'z2+2C = 0.
WHTerpupys nocneiHee ypaBHEHNE, IMEEM
C=Cpz 3.
TaxkuMm obpazoM, u3 paBeHCTBa (1) crenyeT, 4To
2y’ =G
€CTb UHTErpan UCXOIHOTO ypaBHEHUd. »
497. (1 + 2*9%2* — yz)de — zzdy — 2ydz = 0.

<« Henocpencreenno nposepsieM, uto rot F # 0, Ho (F, rot F) = 0, nostomy ypaBHeHue UHTETPUPY-
€TCsI OMHUM COOTHOLIEHUEM. CuuTast IEPeMEHHYIO £ BPEMEHHO MOCTOSTHHOM, MHTErpUPYeM ypaBHEHME:

zozdy +xeydz =0, wm d(yz)=0.

CnenopaTespHO,

yz = C(@). (1)
Ion6epem dynkuuio C TaK, yTo6Bl JaHHOMY YpaBHEHMIO YIOBJETBOpsUI wHTerpan yz = C(z). U3
MOCJIEIHEr0 COOTHOUIEHUST HaxOIUM

1 NOACTaB/IsieM B paccMaTpuBaeMoe ypaBHeHUe 3HaueHus y M dy. [locne ynpoulenuit umeeM nudde-
PEHLHATIEHOE YpaBHEHYE:

1-C-2'C*-2C' =0, wm (zC) =1+ (zC),
HHTETPUPYS KOTOPOE, IOJIy4aeM
arctg(zC) =z + C). 2
A Torga w3 paBeHCTBa (1) ¢ yueToM (2) HaxonuM MHTErpaid JAHHOIO YPaBHEHMS:
arctg(zyz) —x = Ci. »

498. (z - y)dz +z2dy—xdz=0.

"« Tockomky (F, rotF) = z — 2z + y u dyHkums z = 2¢ — y He SBIAETCS peiieHHeM TaHHOTO
YPaBHEHHMS, TO OHO HE MOXET ObITh POMHTETPMPOBAHO ONHMM cooTHomeHueM. [IpouHTerpHpyem ero
IBYMSI COOTHOLUEHHAMH, TIOJIOXKHB, HANpUMep, 2 = & + Y. Torka noay4um ypapHeHHe

dz —dy =0,
OTKYyZa
y=z+C,.
CrnenoBatensHO, OOHONAPAMETPHYECKOE CEMEUCTBO MPAMBIX
z=t y=t+C, z=2+C,
YAOBJIETBOPACT HAHHOMY YPABHECHUIO. P
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499, (y + 322) de + (@ +y)dy +6x2dz = 0.
<« Bexroproe none F = (y + 32, z + y, 622) NOTeHUMAILHO, O3TOMY
(2,9,2) 2
u(x, y, 2) = / (F, dr) =zy + yz— + 3z2%
(0,0,0)

Crne10BaTeNbHO,
¥+ 2y + 6222 =C

€CTh HHTETPAI JAHHOTO YPaBHEHUS. P

Haiftu oBEPXHOCTH, OPTOTOHAJIBHBIE BEKTOPHAIM JIMHUSIM BekTopHOTO Tonst F, ecnu:

500. F= Qzy — 3y2)i+ (@* - 3z2)j — 3zyk.

<« Ecom dr = (dz, dy, dz) — BexTop, NeXauninii B KacareabHOH IUIOCKOCTH K ICKOMOH IIOBEPXHO-
CTH, TO COINIACHO YCNIOBUIO NODKHO GpITh (F, dr) = 0, wm

Qzy — 3y2)dz + @ - 3z2)dy - 3zydz =0.

IHockoneky rot F = 0, To none F noreHuuansHo. CrneqoBaTeNnbHO,

(2,,2)
u(®, y, 2) = / (F, dr) = 2’y — 3zyz.
0,0,0
Taxum o6pasoM,
mzy —3zyz=0C

— WCKOMBIE€ NOBEPXHOCTU. P

501. F = 2z — )i+ Gy — 2)j+ (= — 2y)k.

« TTockonbky (F, rotF) = z — x — 4y u dyuxuus z = z + 4y ypasHenuio (F, dr) = 0 He yno-
BJIETBOPSIET, TO HE CYLIECTBYET HY ONHOM ITI4NKOI [IOBEPXHOCTH, OPTOrOHAILHOM JAHHOMY BEKTODHOMY
nomo F. »

502. Haiiti BeKTOpHBIE TMHWM, BEKTOPHHIE I0BEPXHOCTH 1 NOBEPXHOCTH, OPTOrOHAbHBIE BEK~
TOPHBIM JIMHUSAM NOJIA

F=zi+yj—zk.

-« Bexropnbie nuHuM B KaXI0# cBOeil TOUKe Kacaiorcd Bekropa F. Cnenosarensno, F || dr, rne
dr — mibdepeHuyan paguyca-BeKTOpa JIUHUU.

B koopmuHaTHo#H (opMe yCIOBHE KACAHUS B JAHHOM CJIy4ae UMEET BUI:

dr dy dz
—=Z=— (1)

x y -z
Hurerpupys ypapuenue (1), nonyuaem

Taxum o6pa3om, nepeceueHre ceMeNHCTB MOBEPXHOCTE M % = C}, yz = C; AaeT HaM AByXNapaMeTpuyec-
KO€ CeMEHCTBO BEKTOPHBIX JIMHUMA. [I0CKOILKY BEKTOPRBIE TOBEPXHOCTH COCTOAT U3 BEKTOPHBIX JIMHUM,
TO B KaXAON TOUKE TAKOM MOBEPXHOCTH HOJDKHO BRIIONHATECA yeioBue: (N, F) = 0, rne N — BexTop
HopManu K nioBepxHocTH. Ilycts u(z, ¥, 2) = 0 — ypaBHeHUe TOBEPXHOCTH; TOINA YKa3aHHOE YC/IOBUE
B KoopauHaTHOH ¢opme ripuobperaeT BUA:
ou ou du
F,—+F—+F,—=
“or Yoy 7oz
IloxctaBuB cloxa 3HayeHus KOOpAMHAT BekTopa F, HMeeM
ou ou ou

z£+y5—z£=0.

0.
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Hcnionb3yst uHTETpansl cucTeMsl (1), nojyyaeM oGuIMil MHTETPAT MOCNIEIHETO YPaBHEHU:

o(392) =0

-y #(5)
Tie ¢ — npousBobHasd Qyuxums. MTaK, BEKTOPHbIE MOBEPXHOCTU HANIEHBI.
[loBepxHOCTH, OPTOTOHANIbHBIE JAHHBIM BEKTOPHBIM JIMHVISIM, MIIEM W3 YDAaBHEHUS:
F,dr)=0, wm zdx+ydy-—zdz=0.
WHTerpa 3T0ro YpaBHEHUsT yCMAaTPUBAETCSI HEIIOCPEACTBEHHO
m2+y2—z2=C. >

oTKyza

§ 2. Hemueiinbie ypaBHeHHs TIEPBOro IOPSAIKA

2.1. Henuneitable ypaBHEHHA B 92CTHBIX NPOH3BOAHMX NEPBOIO HOPATKA.
VpaBHeHue Buga
F(mlambu-;mny‘z)phpb cee s Pa) =0, 6}
e p; = g—zzf, t = 1, n, HA3BIBAETCS HeAuHeliHbIM YPaGHEeHUEM 8 HACMHBIX NPOU3EOOHBIX NEPBOZO NOPATKA.
1

JUig MHTEerpUpOBaHuUsl YPAaBHEHMS '

dz dz
F(z, y,2,p, ¢ =0, p':g;) qz—az )]

npumensiercss memod Jlaepanxca u Hlapnu, 3akmoqaommiicst B cnegyioineM. COOTBETCTBEHHO ypaBHE-
HUIO (2) rmoAOUpaioT ypaBHEHUE
u(ml y? z? p? q) = a! a= conSt7 (3)
TakuM 00pa3zoM, YToObI OHO YAOBJIETBOPSLIO IBYM OCHOBHBIM yCloBUsM: 1) cucTeMy ypapHeHwmit (2), (3)
MOXHO pa3pelliTh OTHOCHUTENILHO NEPEMEHHBIX P, ¢; 2) ypaBHeHue Ildadda
dz = p(z, y, 2, a)dz + (2, ¥, 2, @) dy
WHTETPUpYETCS OMHUM cooTHowteHueM ®(z, y, 2, a, b) = 0, b = const. Torna unrterpan ® = 0 Gymer
TAKKe MHTETPANIOM ypaBHeHus (2) (uHTerpan ® = 0 Hocut Ha3BaHue noanozo). OyHKUUS © YAOBIETBO-
psieT YpaBHEHUIO
aF Bu OF du ( oF BF) du (BF + 3F> ou (BF + 3F> du
apoz aqay \Poptiag)a: \oz"P%:)9p \ay "9%:/)8q "
2.2. Pemenue 32029 0 HAXOXKICHHH HHTETPAIHLHON HOBEPXHOCTH,
NpoXoaAmen Yepe3 3aiaHAYI0 KPHBYIO.
Ecnu usBecteH nondsiil unrerpan ¥(z, y, 2, a, b) = 0 ypaBHeHus (2), TO MOXHO PEIUIUTE 3aa4y O
HAXOXICHUY MHTErPAJIbHON IIOBEPXHOCTH, MIPOXOALIel Yepe3 3aAaHHYI0 KPUBYIO

z=z), y=y@), z==z@). )
Cuuras b = b(a), onpenenseM dyuxkuyio b U3 CUCTEMBI YpaBHEHWIA:
(2 (), y@), z(t), a, b(a)) =0,
1 % 6
™ (t)+-—y(t)+ Z'@)=0.

Ilocne Toro, kxak dyHkima b Gymet HatigeHa, ncxomylo MHTETPaNbHYIO OBEPXHOCTh ONpEHENIsieM, Uc-
KJII04ast IapaMeTp @& M3 CUCTEMEI ypaBHEHHUI:

“

8, 9,7, 0, b@) =0, &z, y, z, a, b@) = 0. ™
N da
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2.3. Meton Konm.
Ipenpinyuryio 3apady MOXHO pelldTh MO-mpyromy. CHauana ompeneisgeM yuximu py = po(s),
qo = qo(S) U3 ypaBHEHUIA:
F(20(s), 90(5), 20(5), po(s), 00(9)) =0,
Po(8)Z0(8) + go(8)ya(8) — 20(8) = 0,
e g = 2o(8), Yo = Yo(8), 20 = % (8) — mapaMeTpUYECKHE ypaBHEHUS NaHHOH KpuBoil. 3aTeM
WHTETPUPYEM CHCTEMY € YYETOM HaifleHHbIX DYHKuUMiA po, go:
dr d dz d d
Z_9_ P Y _y 9
E, F, pF+ qF F, + pE, F, +qF,
C HaYaJIbHBIMU YCJIOBUSIMU:
nput =0 x==(s), Y=yo(s), z=20(s), P=pos) q=qs). (10)

Torma tpu dyuxuyu & = z(t, s), y = y(¢, s), z = z({, s), sewnoumecs penieHueM 3anaqu (9), (10),
MPEACTABISIIOT CO00M MMapaMeTPUYECKHE YPABHEHUST UCKOMOIT MHTETPAIbHOM NOBEPXHOCTH.

®)

2.4. O60o6menne Mmerona Komm.

Merton Komu o6o6iaercs na ypaBHeHust Buga (1), koraa tpebyeTcss HaifTu MHTETPATBHYIO N-MEp-

HYO OBEPXHOCTh z = 2(%y, 3, ... , £,) YPaBHeHUs (1), mpoxonALIyio yepe3 3alaHuywo (n— 1)-MepHyio
MOBEPXHOCTD:
Tio = Zio(S1, 82, - -+ Sp-1)y, t= m—a (11)
29 = 20(81, 82y -+ 5 Sn1)-
Cxema pemtenus sanadu (1), (11) cneayiomas. CHavana onpenensieM QYHKIMA Pig (Sy, 82, - .. y Sp—1) U3
YPaBHEHUHA

F(xlo, %205 « -+ » Tnoy 205 P10s P20y - - - ,Pno) =0,

320 d 327,'0

0% S pe o, j=T,m-1 12
38]' i:lptO 38]' , 7 ’ ( )
Jlanee HUHTCTPHPYEM BCIIOMOTAaTCIIbHYIO CUCTEMY YpaBHECHUH
de, dz, _dz,  dz dp, _ dp, _ _ dp, —at
FPI FP: o FPn iPin- F::1+ple F::2+p2Fz o F:,.+Pan
) (13)
€ HAYAJIbHBIMUY YCIIOBUSIMU:
:D,'lt:O = 27,'0(81, 82y ey 8,,_1),
z't:o = 20(81, 82y -0y sn—l)a (14)
PiL=0 :pio(sl’ 82y 410y sn—l); 1= Ta_n

B pesynbTate nosyyaeM rapameTpudecKue YpaBHEHUs] UCKOMOI MHTETPATIbHO IIOBEPXHOCTU:

{m,. =z, 81, 82y -+ 1 Sp1), L= 1,1, (15)
z = Z(t, 81y 82y ... ,sn-l)'
Haiiti mosHBIi MHTETPAT B KAXAOM U3 CIERYIOHIMX YPaBHEHMIA:
503. pg = 2%
« CornacHo m. 2.1, cHayana cocTamiseM u peulaeM ypasuenne (4) (F = pq — z%y°):
3“ 3 du 20u 2, du _ de _dy _dz _ dp dq
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Hcnions3yst paBenCTBo pg = z°y*, MOC/eIHIE YPABHEHMUS IPUBOJHM K BHAY
zdp=ydq=dz =2pdz = 2qdy.
Orciona MojiysaeM JBa MepBBIX HHTErpana:

2

2 G, gqg = (. 4}

Ho 1ak xak pg = mzyz, 10 C,C, = 1. CnenoparenbHo, ob6o3sHauuB C; = a, uHrerpan (1) MoxHo
NpeacTaBUTh TaK:
2 1,
p=ax, ¢g=-—y.
a

Janee, nopcTaBuB 3HaYeHUs p, ¢ B ypaBHeHue [Idadda dz = pdz + q dy, nmeem
1
dz = az’ dz + a y2 dy.

Orciona HAXOIUM
3
a 3 ¥
z—-x '+ —-+b=0
3 3a
Takum 06pa3oM, MbI TIOJYYHIU TIOJIHAI MHTETPal JaHHOTO YPaBHEHUS. P

504. - =pm+qy+p3q3.
OF 9F 8F OF IF
<« TTonb3yemcest metonoM Jlarpanxa v [lapniu. Beraucnub npousBonHbie Bp> 8¢ 8z By O

rne F=2z2—pzx—qy -~ p3q3, M MOACTABUB VX 3HAYeHUs! B ypaBHeHue (4), m. 2.1, penraeM ypaBHEHUE:
(x + 3p2q3) % + (y + 3p3q2) % + (px +qy + 6p3q3) %; =0.
M3 cucTeMbl ypaBHEHU I
dz _ dy _ dz _dp _dq
T+3p°¢ y+3pP¢ prrqytbpg 0 0
CJIENYIOT VHTETpAIbL: p = @, ¢ = b. 113 mepBoro ypaBHeHUs nojaydaem:
- dz =pdz+qdy, wm dz=adz+bdy.

CrenoBaTenbHo,
z=ax+by+ Cs.
Ho z = pz + qy + p’q’, mosTomy
C3 = a3b3.
Urak, nonHelii vHTErpas UMeET BUI:
z= am+by+a3b3. >

505. pq =922
<« Bouvicnue HeoGxonuMble npousBogHbie oT GyHkuuu F = pq — 9z2, COCTaBJISIEM U PELHAcM
ypaBHeHHe (4):

i} 2 a a9 a d d d d d
u+p~u+2pq—:+18pz—u+18qz—g=0, o AL AP .. &

152 dy a ap aq q p 2pq 18pz 18¢z°
M3 nocnenHero ypaBHEHUA NOJTydaeM OIMH NEPBhIi WHTETpat:
P_
= =Cj
M3 cucremnt
;—7 =C}, pg=97
HaXOIUM

3
p=3az, g=-z
a
(mb1 BBeqt 0603HadeHue C) = a). Iloncrapup 3HaueHUd P, ¢ B ypaBHeuue [Idadda, momyaum

3
dz=3azdm+;zdy.
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HMuterpupys 310 ypaBHeHUe, HAXOOUM NOJHBIA MHTErpan:

3
lnlzl—3aa:-—;y—b=0.>

506. p=sing.

<« B nannom ciyvae F = p — sin ¢, moatomy ypaBHeHue (4), . 2.1, npuHuMaeT BUL:

% cos %+ cos )QE—O
15y (p—gcosg) o= =0.

oz

M3 cucteMnl ypaBHEHUH
de  dy dz _dp dq
1 —cosq _p—qcosq T0 0

HaXOO¥M JBa MEPBbIX UHTETpasa:
p= C , 4= Cz.
B cwiy ypasHenus p = sin ¢ umeeM C; = sin C,. A Torna cooTBercTByiouiee ypasHeHue Ildacda Gyner
MMETb BUI
dz =sin C, dz + C, dy;
MHTETPUPYS €T0, JIETKO HAXOAUM ITOJHLINA WHTETpai JAHHOTO YpaBHEHMS:
z==zsina+ay+b (a=0Cy). »

507. z=p*+¢.
4 U3 cucteMbl ypaBHEHM I
de dy dz dp dq

» 29 2P+e) p g
KOTOpasi COOTBETCTBYET ypaBHeHuUIO (4), 1. 2.1,

du du 2 g\ Ou du du
2wt 100 % Moo
p3m+ q3y+ (p +q)3z+p3p+q3q ’
HAXOUM OfMH IIEPBbIii MHTETPA:
=a.

p
q

Jlanee, pemuB CUCTEMY: 5 R
p+q¢ =2 p=qa,

_wE i
P=iira T i it e

TloncraBuB 3HayeHust p u q B ypaBHeHue [ldadda dz = pdx + ¢dy, MmoxeM 3anucars:

UMEEM

dz _adr+dy
vz  tV/1+d?

OTKyJla MHTeTpUupoBaHieM HaxomuM £2v1+ a2z ~ax —y—b =0, wiu
41+ ad)z - (ax+y + b =0.
310 ecTh NONHRIN WHTETPaNl JAHHOTO YPAaBHEHUS. P
508. p2 +2zpg = 22,
« VpaBuenue (4), n. 2.1, B JAHHOM CllyJae UMEET BUI:
ou ou adu ou
— +2p(p+2q) — — —-2z)— — —-2z)—=0.
oy PP +29) 5~ p(pg — 22) op 9(pg — 22) Y
Janee pemaem cucreMy ypaBHEHHIA:
de. dy _ dz _ dp _ dq
2p+zq zp 2p(p+z9) Qz-polp (Qz-pgg
M3 nocnensero ypaBHeHHA HAXOONUM IIEPBBIt MHTETpa

P _
—=a.

q

(2 + ) +
—_ 4z
P T 24 Py P
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M3 cucreMbl R s
ptzpg=2, p=qa
HMEEM:

az z
Pty T awrn

Hcnosnb3ys 3HaueHus p, ¢, ypaeHeHne Ildadda dz = pdz + ¢ dy npeicrapnsgem B Buge:

\/a(a+z)d = t(adz + dy) = td(az + y).
z

Hnrerpupys ypasaenne Iadda, nocie HeKOTOpHIX NIpeoGpa3oBaHHil N10ydaeM IOMHBA HHTErpaL:

Va@+z)—a
(2\/a(a+z)+aln ———\/LT(?‘_“F—Z)“’*G

2
) ~@+y+b’=0.»

509 % =
q
2 2
« Or nepeMeHHBIX T, ¥ NEPEHIEM K NEPEMEHHEBIM U, U, TIOJIOXUB U = %—, v= }"2— Torna
9z 0z Ou - 0z _ 0z 0z dv 0z
= — = — —— = Ea— = = e— — = =
P T oudr Tou P 1T T vy Yaw T

U JIaHHO€ YPABHEHHE IIPUMET BUA:
1 1

=+ =7 N
I 4 91

ByneMm nckars pelteHHe 3TOTO ypaBHEHMS B Buje: z = z(w), rue w = au + v, a = const. Torua u3 (1)

NOJYYUM YPaBHEHUE
1
(ZZI)Z =1 + ;5,
HUHTETPUPYsT KOTOPOE, HAXOAUM

z —:l:2”1+ (au+v)+b (b= const).

(,z2 - b)2 - (1 + 211—2) (a:z:2 +y2)2 =

€CTh NOJIHBIH WHTErpal UCXOIHOTO YpaBHEHUS. P

TakuMm o6pazoMm,

TIpumeyanme. [Ina uHterpupoBanus ypasHenusa F(p, q, z) = 0 uenecoo6pazHo NpUMEHSITH CAEAYIOWMil cnocob.
Minem peutenue B BuAe 2 = z{(w), rae w = azx + ¥y (a = const). Toraa
0z 8w, 0z,
p—~'3—z—25—-la, gq=—=2z.
ChejopaTennHo,
F(p, q, )= F(Z'll, Z’, z)=0.
Hurerpupysi 310 ypaBHEHHe, NonyyaeM ero ofinmii MHTErpan
&z, w,a,b)=0 (b= const),
KOTOPHLiA IO OTHOWEHHKIO K MCXOHOMY YPaBHEHHMIO OyJeT IOMHBIM.

510. p2z2 + q2y2 =z.
« Crayana nepexouuM K HOBbLIM IlEpeMeHHbIM Mo (opmynam « = Infz], v = Inly|:

@
p z’ q v ’
TIe
_ Oz 8z
o= % Q1= 30
HcxonHoe ypaBHEHUE MPAKHMAET BUL; ,
n+q=z

Jlanee, MOCKONBKY TIOC/IEAHEE YPABHEHUE HE CONCPXMT SBHO HE3ABMCHMBIX NEPEMEHHBIX, TO K HEMY
NIPHMEHAIOT CIIoco6, YKa3aHHEIA B NPEILIAYLIEM npuMepe. B pesylsrate moaydaeM OGBIKHOBEHHOE
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IngpdepeHUNATEHOE YpaBHEHHE
@ +)=2, 220,
TIPOLIECC PELUEHHNs] KOTOPOTO MOXHO TIPEICTABUTD CIIEAYIOLIMM 06pasoM:

S vz dz dw /dz + dw
2 =3 — —_— = _— = ——
Vi+a® vz x/1+a?’ vz vi+a?
tw w?
2ﬁ=ﬁ+b7 (2\/_—b)2=m, w=au+v:aln|a:]+ln]y|.

HraK, nonHbIi UHTETPAN NOMYyYEH. B
1 1
511.2-%2_-, -,
y z z ¥y
<« IlepemimeM ypaBHeHUE B BUAE:
zp-z=yq+ty (@#0,y#0).
Hanee, nonaras zp — ¢ = a, yq +y = a, rjle @ — TPOU3BOJILHAA JIOCTOSIHHAS, U3 NIOCIEJHUX JIBYX
ypaBHEHMH HAXOIUM
a a
=1+= =-14-.
p oy q v
Honcrarnss oty 3Hayenus: p u ¢ B ypasHeHne Idadda dz = pdx -+ qdy u uHTETpHpYs €10, NOTyYaeM
TIONHBIA UHTErpan
z=z+allz|—y+ahnly|+db=z—y+aln|zy|+b. »
Ipumeuanme. Ecnu ypaBHeHUe UMeer BUA

Fi(p,z)= FZ(q7 Y),
TO ero NMoJHblii MHTErpaj MOXHO HalTh, IONL3YACH caeayioweil cxeMoil. 3 cucteMbl

Fl(l’: zr)=a, Py, y)=a
HAXOANM

p=91(a, ), ¢=@raY),
MOACTaBIAst KoTopble B ypaBuehue Ilpadda dz = pdr + qdy, nmeem

dz = pi1(a, )dz + (s, y) dy.
W HTerpupoBasue 3T0ro YpagHCHMA W Ja€T NONHBIA UHTErPal:

z—/gol(a, z)dz—/m(a, y)dy—b=0.

512. p* +¢* — 2pz — 2qy + 1 = 0.
< HOCKOJI]:KY YPaBHEHHUE MOXHO NPEOCTaBUThL B BUle
2 2
p-2px+1l=2qy—¢,
TO RIIOJIHE IIPUMEHNM CIIOCO0, YKa3aHHLIH B BHIIE IIPUBEACHHOM nipuMedanun. M3 ypapHeHuit
PP-2pz+1=a, 2y-q¢ =a

p=ctVa-1+a, g=y*yy-a, (ld>VI=a, Iyl >a).
CnenoparesibHO,
dz = (:c:l:\/a:2+a—1)da:+(y:i:\/yZ—-a)dy,

HaxoAuM

OTKYZA CNeayer, 4To

z—/(xim—I)dz—/(yt\/;T——;)dy—ho

€CTb NOJTHBIA HHTETPAL. P
513. P’ + g+ z+2z=0.

<« Bsons HoByio QYHKIMIO w = Z + z N OGO3HAYCHUA P = Wy, ¢ = wj, JAHHOE ypaBHEHHE
TIpeACTAB/IIEM B BUIE:

@ -1 +q+w=0.



234 In. 4. YpasiienHs B YaCTHLHIX HPOH3IBOAHBIX NEPBOIO NOPAAKA

ITockonbKy 3T0 ypaBHEHME HE CONEDXUT SIBHO HE3aBUCUMBIX NEDEMEHHEIX, TO NPHMEHAEM CIOCo0,
UIOXeHHBIH B MpuMepe 509. Umeem
w=wy), u=ar+y.
Torma ,
p=v(wae, g¢q=w@w)), (@ — 1)? +q=w=wa- 1)2 +o +w=0.
Jlna peileHns NOCeAHEro ypasHeHHA IPUMEHSIEM MeTo BBeaenmst napaMetpa. Ilonaras o' = ¢, uMeeM
= ft“—’ = -ftf - 3(-':—0—%—1—)ﬁdt, u=(2a— 1)In}t| - 2a’ +b.
Takum 06pa3oM, cUCTeMa YPABHCHUH
z4z=~t—(ta—1), az+y=Qa—1)Injt|—-2a%+0b

ONpeaesseT NOMHBH HHTETpaL. »

IIpameganue. B 1aHHOM cllyyae MOXHO UCKIIOYHMTH NIapaMeTp { ¥ NOJyYMTh NIONHBIA UHTErpal B BUAE

&z, vy, 2,4,b) =0,

w=-t—@a~1), du

OAHAKO0 NIpeJOCTABIACM 3T0 YMTATCIIO.
B creyiomnx 3a4ayax HaiTH MHTETPILHYIO IOBEPXHOCTD, IPOXOAALIYIO Yepe3 3aNaHHYI0 KPHBYIO:
514. :=pg+ 1,z =2z + L npu y = 2.
<« TIpexne Beero HAXOMUM IONHBIH NHTErPaI AAHHOTO YPABHEH NS, NOJIb3YSICh IPHMeYaHHEM K IIpH-
Mepy 509. Pemenue nieM B Busie z = 2(u), u =ax+y. Toma p= 2a,q=2"uz = Sa+l.
WHTerpupys 910 ypasHEHHE, NIOJYYAeM IIOJHBIH MHTETPAT HCXOJHOTO YPABHEH NS
® =4a(z — l)—(a:c+y+b)2= 0.

Hanee, Juid onpesiesieHHs TIOBEPXHOCTH, KOTOPas NIPOXOIMT Yepe3 YKa3aHHYIO IIPSMYIO, IIOCTYIIAEM CO-
TIACHO UIIOXCHHOMY B 11.2.2. HMMeHHO, nonarad ¢ = Z, ¥y = 2, z = 2z + 1 n cuuras b = b(a),
OTHOCHTENIBHO GyHKUNN b = b(a) 3anuCEIBaEM CUCTEMY ypaBHeHuH (6), m.2.2:

8az — (az+b+2° =0, 8a—2a(az+2+b)=0.
3areM peleHne 3ToH CCTeMbl b =  noacTapnsieM B cucTeMy ypasrexuit (7), 1. 2.2. Toraa nonyynm
da(z — 1) — (az -l»y)2 =0, 4z-2z(ax+1y)=0.
Or1cio1a, UCKITIOUNE TIADAMETP @, NOCTIE YIPOLEHNA OKOHYATEILHO HAXOMNM YPaBHEHHWE UCKOMO T10-
BEPXHOCTH
z=zy+1.»

515,22 =pg—3zy, 2 =15y npn = = 5.

<« TIpeanonoxum, 4To pellicHne UMeeT BUJ 2 = @(Ty). Toraa oTHOCUTENbHO GYHKIMH ¢ TIOTydaeM
ypaBHEHHE:

2
20=¢ u—3u, u=uzy,
KOTOpOe CPEean NPOYNX PEICHNA MMEeT U TaKoe:
p = ay,
roe a; = —1, a; = 3. CnenopareibHo,
2 = ~zyY, 2 =3zy.
B cuny HayaibHBIX YCAOBHI UMEEM
z=3zy. »

516. 42=p*+¢*, 2=y’ npn z = 0.

<« Tockonsky dyukums F = 4z — p? — ¢* SBHO OT TIEPEMEHHBIX &, ¥ HE 3aBUCHT, TO DELICHHE
ypaBHeHUs! MLIEM B BHIE z = @(aZ + y). Torla OTHOCHTENILHO (¢ TIONMYYUM YPABHEHHE

2
dp = (a*+ 1)y,
HHTETPUpY: KOTOPOE, HAXONMM:

ax+y (am+y )1
Tt === +b wm P=z-—{ = =0.
\/5 rT——a +1 y z P +1+b
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Hanee B cuny (5), (6), 1. 2.2, HMEEM ypaBHEHHS:
2
z=0, y=y, z=y,
QEyz— (—y—+b)2=0, y——l— (*——y—-l»b)+y=0.
va? +1 vaZ+1 \va?+1
Orciona, NCKITIOYNE NEPpEMEHHYIO i, noydaeM b = 0. Ucnions3ys Tenepe yparHenue (7), 1.2.2, n b =0,
HUMEEM CUCTEMY:
(az + y)2 2(az + y)(ay — x)
~ = =0 =0
a’+1 (@ +1)
W3 BrOoporo ypaBHeHUsT HAXOMUM g = § M NOACTAB/ISIEM B TIEpBOE. B pesysbrate NIpUXoanM K HCKOMOI
NOBEPXHOCTH
z=2"+ yz. »
IIpumeaanue. PaseHctBo ar + ¥ = 0 He NOIXOAWT, TaX KaX ¥3 NepBOro ypaBHeHus cnegoBaio 6k, yTo z = 0.

517. pz+qy—pg=0, z=y npu z = 0.
<« JIs1 HaXOXKIEHNs TIOHOTO MHTErpana BOCTIONb3yeMcs MeTogoM Jlarparka u [llaprm. U3 cucte-

MBI YPaBHEHUMH
dx dy dz _dp dg

t—q y-p pE-Q+ey-p -p ¢
COOTBETCTBYIOWIEH ypaBHEHUIO (4), 1. 2.1, HaXOIMM ONWH NEPBHUI MHTErpa
P=qa
Janee, pelms cucteMy ypaBHEHWA p = ga, px + qy — pq = 0, noxyyaem

p=gaz+y, q::c+%.

IToncrasnssa 3uayeHus p ¥ ¢ B ypasHeHue [padda dz = pdr + g dy n unrerpupys ero, 6ygeM uMeTb

1 2
z2=z (am2+y—) +zy+b
2 a

DTO eCTh NONHBIN HHTerpan. st HaxoXaeHUs IIOBEPXHOCTH, TIPOXOAALICH Yepe3 YKa3aHHYIO B YCIIOBUH
KPHBYIO, IPUMEHSEM CXEMY, UIIOXKEHHYIO B T1.2.2. 3anuchiBaeM ypaBHEHHE KpHBOii B Buie = = Q,
Yy =y, 2 =y, COCTaBIsEM CUCTeMy Buza (6), m.2.2:

1 2
z——(a:c2+y—)—:cy—b(a)=0, l—z—g=0.
2 a a

Hoxcrapnsis cloga ¢ = 0, y = y, 2 = y U UCKINOYas TlapameTp ¥, HaxomguM b(a) = %—a. Haxonen,
HCKITIOYAs NapaMeTP a U3 CUCTEMBI YPABHEHUH, COOTBETCTBYIOLIEN cucteme (7), 1m.2.2:

1 2 y2 a 2132 y2 1
) (w * a)“”-"‘i*“’ 2t 270
Taxknm 06pa3oM,

z=y(m+v:02+1).>

518. z—p:c—qy—3p2+q2=0, z=y’ npuz=0.
<« Herpyno npoBepUTb, YTO TIONHBIM MHTErPaioM JAHHOTO ypaBHEHUsA GyneT
®=z-azx-by—3a’+v =0.
AHATOTMYHO TIPOJETIAHHOMY B TIPEIBUTYLIEeM IpAMepe nMeem: & = 0, y =y, z = y° (IapaMeTpAYeCcKue
YPaBHeHUsl JaHHON B YCJIIOBUM KPHBOIA),
z—az—yb—3a’ +b* =0, 2y—-b=0.

Hozcramas cioga ¢ = 0, y = ¥, z = ¥* H MCKITIOYas NEPEMEHHYIO y, HaxomuMm b = +2a. Janee,
HalineHHoe 3HaYenne b noacrasaseM B cucremy (7), n. 2.2:

z—azF2ay—3a*+4a’=0, —zF2y+2a=0.
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M cKmouyuB napaMeTp @ U3 3TOi CHCTEMBI, MOJTyYaeM OKOHYATENBHO:

:c:t)2

Honbaysice meTonoM Koluu, HaifTH MHTETpATBbHYIO NOBEPXHOCTb, TIPOXOMAILYIO 4epe3 3aMaHHYIO
KPHBYIO:

519. Z2=pq, Ty =38, Y= 82, 2y = 83.

<« IIpumensiem meron Kowun, uanoxennslii B 1. 2.3. ComnacHo MeToy, CHadaia COCTAB/IsSIEM U pe-

LIaeM CHUCTEMy ypaBHeHwmii (8), 11.2.2:

peey S8~ PoS)(8) =0, pofs) +25q0(s) — 35" =0,
y=y

=z

(1) 2 U] 2 2 2 s
e =5, @'@=s pE=2" ¢ =7
3areM, yauTHIBasi HalIeHHBlE 3HAUYEHUS Po(S), o(S), COCTARIIEM M MHTEIPUDPYEM CUCTEMY YpaBHE-

Hui (9), n.2.2,
dr _ dy dz2 dp dq

~¢ —P -~2pq -P -4
C HaYAIbHbIMHM YCIOBHSIMH: T = 8, § = $, =5, rp= 2, g=snput=0,atakxe z =3, y = s?,
z=48, p= 282, qg= ‘5— npu ¢t = 0. TakuM 06pa3oM, BOIMOXHBI IBa BAPHAHTA.
M3 cucremsl (1) Jerko HaxoauM

dt, 6]

p=Cie™, ¢=Cre, z= [t-qit+Ci=Cre+0;,

y= /(—p)dt +C=Clet+Cyy 2= —2/pq dt +Cs = C,Cre™ + Cs.

Hcxons n3 HaYaIbHBIX YCIIOBUIA, ONIpeenaeM TOCTOSHHbIE HHTErPUPOBAHUS:
2
Cl=3, C2=s, C3=0, C4=0, Cs=0
(U1s1 NEPBOTO PELICHUsA);

S S
Ci=2¢, C=3, G ?

=5, C4=—8, 05:0

(st BrOpOTO pelleHns ). YITak, uMeeM IiBe HHTETPANIbHbIE TIOBEPXHOCTH:

-t 2 ~t 3 -2
z=se, y=se, z=s5e";

z=§(e"+1), y=5@e" -1, z=5ep

s
520. p’ + ¢’ = 1; zy = coss, y =sins, z = 5

<« Kax u B nmpenpiyLieM ripuMepe, CHadana HaxXoOUM ¢YHKIMH Py, o M3 CUCTEMBI YpPaBHEHMIA
(cMm. (8), m.2.3):

1
pa+gp—1=0, —pysins-+gycoss — 3= 0.

HmeeM py = cosa, gp = sina, tge a = s + (—l)"% +km, k € Z. U3 cucteMb! ypasHenuii (cMm. (9),
nm.2.3):

dx dy dz dp dgq

—_— L = — = ——Z =t

2p 29 2P+ ) 0 0

CHICAYIOT TAKXKE PEIHCHUS:
p=C, qg=C, z=2Ct+C;, y=20¢+Csy 2z=2C;+CHt+Cs.
JUig onipedeJieHus 1OCTOSHHBIX WHTETPHPOBAHHA UCTIONL3YEM HAYAILHBIE YCJIOBUA:

. 8 .
z=coss, y=sins, z=3, p=cosa, g¢=sina

npu t=0.
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Toraa noxyynMm ‘
C,=cosa, C,=sina, C;=coss, C,=sins, Cs5= g.
CnenoBateyibHO, TPH GyHKIMHA

s
z=2cosa+coss, y=2Usina+sinsg, z=2u+ 3

OIIMCBHIBAIOT HCKOMYIO MHTETPILHYIO IIOBEPXHOCTD. B
521. z=prt+qy+pg, xo=1,y=s, 29 =8,

<4 U3 cucrems! ypaprennii (cM. (8), 11.2.3)

33"1’0“‘108“1’0110=0, qo—3s2 =0

HAXOINM
253 2
Po= -1 37 o=3s".
Janee, cocramsieM ¥ pelaem cucteMy ypaBHeHuii (cM. (9), . 2.3):
dz _ dy - dz =—£I—)=——ﬂ=dt‘
z+q y+p zipg 0 0 ’

p=C, q=C; z2=C'-C), y=Cie~Cy, 2=Cse—CCh

Hcxons n3 HAYaNbHBIX YCIOBUIA

2 3
=1 =s 2z =5 =— =35
Tlizo v Yl ’ t=0 v Pl 14382’ £ !
onpejiesisieM IIOCTOSTHHbIE MHTETPUPOBAHUSA:
24 2 s+ 35
Ci=—-——"—, =38, C=1+38", Ci=——, Cs=——.
! 1+3s2 2 3 T T 1432 YT 14382
TakuM 06pa3oM, TapaMeTPUYECKHE YPABHEHHNS TIOBEPXHOCTH MMEIOT BUI:
(1 ROV (s + 33) et +2s° (32 - 335) el + 64>
= + 38" Je — 38 = = . »
) Y 1+3s2 1+ 382

2
522. :=pi+pi+p B =81+8, Tp=8—8,Tp=0,2z=1-85+8 (= ?9%’

i=1,213).
« Hdeiictyem 110 Metony Komm, ninoxennoMy B 11. 2.4. UMenno, cHayana onpejesiseM GyHKLUN
Py, Py, Py n3 CHCTEMEL ypasHennii (cM. (12)):
29— Ph—Po—Ph=0, —1—Pp—Py=0, 1-Py+Pyp=0.
Hmeem:
Py=0, Py=-1, Py==%s,—3s. '

3ateM MHTErpupyeM BCIIOMOTATENIbHYIO cucTeMy midiepeHnanpubix ypasHeHni (cM. (13), 1. 2.4):

dz, dz, daz; dz _dpy _ dpp dpy

W o s MEARTR) om om om
W3 nocneannx TpeX ypaBHEHUI 3TOM CHCTEMBI TOMyIaeM:

P = Cle', = Cze', P = Ciel.
M3 niepBbIx TpeX ypaBHEHHUH C yIeTOM NOJYYCHHDBIX 3HAYCHWHA IU1a Py, k = 1, 2, 3, HaxoouMm
2, =201 +Cyy ;=206 +Cs, m =2Cse’ + Cs,
z=(Ci +C; +CHe® + C,.
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Hnsg onpeneneHyst IIOCTOAHHBIX MHTErPUPOBAHUS BOCNONB3YEMCH HAYAILHEIMHA YCJIOBUAMU (cM. (14),
n.2.4):

=8 -8 :cl =0
=0 1 p2] 3‘=0 ]

pl(t:o =0, Pszo =-1l p’lt:o =+v8-s, z[t:o =l-s1+s.
B pesynprare HaxoouM
C, =0, Ci=-1, Cy==%vs-8, Ci=81+s;, Cs=5—5+2, Cs=F2/s1—8, C;=0.
Takum o6pa3oM, 1apaMeTPHIECKUE YPABHEHNS] HCKOMOH NOBEPXHOCTH UMeloT BuA (cM. (15), n1.2.4):

=8 8 Z
zllt:ﬂ s 2 2]

T, = 8 + 8y, z,=-2'42+s — 8,
Ty =225 — 81 F2/s5 -8 =x2/s—s1(e' — 1), z=(1+35—s)e". »
523. 2=+ Iypr T3P +P% +p% +p§; =1, Tn==s5, T =8 +8, 2= 1+8}.

« Kak u B npeapiayiueM npumepe, npumerseM Meroa Koum (eum. 1. 2.4). CocraBngeM u peluaeMm
CHCTEMY YpaBHeHMI? OTHOCUTEIIBHO Py, Pa, Pio’

1483 = pig+ 819w + (81 +5)Pso + Pro+Poo + Py 281 —pn— P =0, pyp=0.

Orclona HaxonuM
—-1£4/5- 20s?

P =28, pu= 7
Jlanee cocramisieM u pewiaeM cucTeMy nnddepeHUnanbHbIX ypaBHEHMIA:
dz, _ dx, _ dz; _ dz :_ilﬂ:“g&:_i@:dt
T1+2p1 T2y T3+ 2ps '

3 Q Q 0
P1Ty -+ Pr%y + pa%s + 22_:! pi

M3 nocieqHux Tpex ypaBHeHui cienyer, yto p, = Ci, k=1, 2, 3, a U3 niepBbIX Tpex —
7 =Ciet =20, 2,=Cse'~2C), 23=Cee'—2C;, z=(CiC4+ CoCs+ CsCs)e' +Ci.

Wcnonp3ys HavyalbHbIE YCIIOBUS

zl',:o =1, m',:o =3, z’l::o =31+ 8, zL:O =1+s,
p3,t=o =0, pz't:o =251, p‘lgzo . :I—L;TNT%,

onpefenseM nocrosHuse C;, i =1, 7:
—1+4/5- 2053
=Y T =28, =0, Ci=1+2C =+/5-20s}, Cs=s +2C;=5s,

Ci = >
—3:+ /52082
—CIC - CCs—CyC= — YV "7l 2

Cs=8[+82+203=81+82, C7=1+8f 5 + 871.

HrTaK, napaMeTpUYeCKie YpaBHEHMS MCKOMOM [IOBEPXHOCTH MMEIOT BHA:

1= /5~ 2083’ + 1 /5 - 2087 = /5 - 2053 — ) + 1,
‘ 1 —3%4/5-20s}
z,=(5¢ —4)s,, .2:3 = (5 +sz)e', z= -2-(5:|:\/5 - 208%)8‘ +8+ —y »

524. P+ P24 Pi -1 =0; 2o =1, Ty = 81, g = 81+ 8y, Tap = 8,+5y+53, 20 = 5.+ 55453,

<« ITocTynaeM aHaJIOTMYHO MPOREJIAHHOMY B NpuMepax 521—523, t.e. neiicTByeM MO CacmyIOLICH
CXEME.

a) PeaeM cuctemy ypaBHeHHUIA:

Po+PotPo+Po—1=0, 25 ~pn—Po—Pu=0, 28 ~pu—~pu=0, 25— pu=0.
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Ortclona nMeeM:

Puw=28, Pu=2s2—5), Pu=2s—%), pu==1y1—-4s — ) —4s] 45— 53)"
6) UnrerpnpyeM BCTIOMOTATENBHYIO CUCTEMY:
dzy, dr, dz; dz, . dz dp, _ dpy _ dps

dp4
0 2 2 2 20{+PA+Pi+PD 0 0 0 0
W3 nocnegnux 4eTsipex ypapHeHuMii cieayer, uto pi = Ci, k = 1, 4; a U3 1epBbIX YeTHIPEX —

dt.

4
T =20t +Dy, k=14, 2=2) Cit+Ds.
k=1

B) Micxoia 13 HaYaNbHBIX YCJIOBHIA

Ti|_, =T, Pi|,_ =P, k=14 zlz:o = 2,

orpesiefifieM NOCTOSTHHBIE HHTErphpoBanus Cy, Dy:

t=0

Ce=pry Di=aw, Ds=2z, k=14
T) 3anuchlBaeM NapaMeTPUIECKHE YPaBHEHNs] UCKOMO# TIOBEpXHOCTH:

21 = £24/1 - 4(8, — 8,0 — 48} — 4(s; — 53)%% + 1,
z; =4(s) — st + sy,

Z3=4(52 — 53}t + 8 + 8,

T4 =483t 4+ 8, + 53+ 83,

z=2t+sf+s§+s§. »

YopaxnmeRus s caAMOCTOATebHOM paboTh

Ho%rpo;m: oﬁmueapemeﬂm cneuylgumx ypaBHEHMIA: 5 5 5 5

u z uo__ u ou _ u du U _ u U _

L gz +Qe’ —ygy =0. 2.20VF50 —ygy =0. 3. a5 +ygy +aygy =0. 4y +ugy = g
5. :czu-g’% +y2u-§-Z— =z+y. 6. yu%’zi —:cu-g-;i =e".

ITocTpouts pelienns citeayromux 3agad Koum;

7. zg.% — yg-::—';- = O, "ly:l =2z. 8. yzg'g‘ +$y‘§%‘ =z, ulz:O = yz.

u 8
9. x5 +y-3-;‘7 =u—aY, ul,m =1+
Hoctpours pemienus cienytoumx anddepenimanbaex 3anay:
2,, 0u

10. (y—u)%+(u—z)gg =r—Y, u=Yy=-—r. 11. (y+2u2)g—;-‘-—2m u-a—i=z2, T =u, y:zz_

12. (z_u)gg+(y-u)gg=zu, c—y=2 ut+2z=1. 13. tgzg-g_wg;:u, y=z, u=2".



I'naBa 5

IIpnGamKeHHbIE METOARI pellieHus
nuddepeHnEaIbHbIX YPABHEHHMH

§ 1. 3aBucuMoOCTb pemeHns
OT HAYAJbHBIX YCJIOBHA H MapaMeTpoB

1.1. OO ouenke morpemHOCTH NPHOIMKEHHOIO PelICHUS,

Hycts y = y(t) — BEeKTOp-DYHKIMSA, SIBIAIOLIANACS IPUOITIXKEeHHBIM pelleHueM 3agayd Ko mis
cucteMsl nuddepeHINATBHBIX YPaBHEHHI:

dx
71? = f(t) T), w't:O = (U(O), (D
e T = (Ty, 2, .., Tn), f = (f1, J2, .-+, Ju). 30echk u ganee 6yneM CINTaTh, YTO BeKTOP-PyHKUUS f
HeTIpepBIBHA 10 JIEPEMEHHBIM £, £ 1 YIOBIETBOPSCT YCIOBUIO JINNIIKALA 110 NEPEMEHHON T:
hft v — F@t, @) < Klly — zl], K = const, 03
rze || - || o6osHayaer Kakyio-mu6o HOPMY BeKTOpa:

n
lizll = 4| D leil?, H-’vll‘Zva,I, llell = max jz.
i=1 i=l

Tlycrs, nanee, npubmxennoe peienne y(t) sagaum (1) ynoBneTBOpAET HEPAREHCTBAM:
|% - r¢.9)] <& 1v@- =01 <5 ®
Torza CripaBeyINBa OLIEHKA TIOTPEUIHOCTH:
_ KW, € ( Ky _
le@ -yl < 6™ + = (M - 1). @

1.2. OO0 oThiCKAHHH TPOH3BOJHMX OT PEHICHWH N0 DAPAMETPY.
ITycts B 3anaue

d(l,',‘
—d_t_ = filt, 21, &2y .-+, Tuy ), s
z;(0) = ai(/‘)1 i=1n, (6)
(¢¢ — napamerp) dyskuun f;, a; — HETIPEPHIBHBI N HMEIOT HETIPEPLIBHBLE TIPOM3BONHMIE. Torna petue-
HHUE (21, T3, ... , Tp) NMEET HETPEPLIBHYIO IIPOUSBONHYIO 110 IAPAMETPY f¢ W €70 YaCTHBIE TIPOU3BONHBIC

%%"— =1, 1 = 1, 7, ABIOTCA PELIEHAAMM CIEAYIOEN 3a0a9K:

duy; 0 af;

du; _ Ji u + 20 9fi @

dt 7 0x; o’

w0 =ai(w), i=T n ®)
OTMeTHM, YTO YACTHEIC POM3BOHEIE -g-& %& BEMUCIIONCS Iipu z; = Z(t), § = 1, n, Tne z;() —

4 Z > op i i\Y)s s 7% i

peleHue sagaun (5), (6).
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B 4acTHOCTH, €CIIH G (ft) = 4, a;(fs) = const NpH i # k n GYHKUMA f;, § = 1, % OT ¢ He 3ABUCHMSI,
10 U3 (7), (8) cnenmyer, uro

i _ > gf—fu,-, w(0)=0, i#k w0)=1, )]

roe u; = -g%;.
B crnenyrounx 3afagax (525—528) ollenuTs norpeluHocTs MPpUOJIMKeHHOTO pelleHus Ha yKa3aHHOM
oTpe3ke (BONHOI OTMEYEHO NPUGITHXEHHOE DELUEHHE).
z 1
525y = g~y VO =L =1~ % lel<
<« JlelficTByeM COTIACHO M3NOXEHHOMY B 11. 1.1. Hpanaa YacTh ITOro ypaBHEHWsI, OYEBUIHO, HE-

TIPEPHIBHA TI0 COBOKYTIHOCTH NEPEMEHHBIX Z, ¥ (Jz] < %—, —00 < Yy < -+00) M UMeCT HENPEPHIBHYIO X€E
10 ¥ TIPOM3BOXHYIO

of 2
dy  (+y)*
TIpudeM
off_ el 1 _ 2l
oyl T+l 1+l S 1P S

CneposatensHo, B KadecTse ocrosHnoi Jinmuuua K MoxeM Basth enuaunuy. Manee, o gopmynam (3),
1. 1.1, uMeeM OCHKHM:

Lz 1 _,1+:c 4 ] -2 imax z-2 |_ 1
4 1+ 712 4 8-dz+2?| [48-dz+)| 161l |8 -dz+a?| 64
|5(0) — y(0)] = 0.

HostomMy € = 314—, 6 = 0. Taxum o6Gpa3oM, cornacuo (4), 1. 1.1, oIyyaeM OUEHKY TIOTPELIHOCTH:
1

wmywuwrm»—wﬂm“

-1
< 0,011. »

1 1
526. z, =z, — x;, &, =tz,, ,(0) =1, ,(0)=0; & =1+t+5t2, &= 5t2, lt] < 0,1

<« Iycems ||z)} = |z,] + |2,|. Torua cornacuo (3), n. 1.1, nMeeM

d3,
”‘—“f(, = __fl(t &y, &y)) + '—"—fz(t &), £2)|,
rae
fl(tv 51752)=51—52; fZ(ta :Eh 52)=tjl'
CneopatenbHo,
dz - 1, 1, R
— ~ f(t ={14+t- t t—-t t4 = = - £t - ;
“dt U | +t-(1+ )]+‘ ‘ (1+ +2t) lt(t+2t) <+t 5 <0,0105;
e =0,0105, 6=0.
Tak xkak
321 ! 83:2 ! 69:, ? a:t

T0 nocrosuuan Jlumunua K = 2. A torna no dopmyne (4), . 1.1, uMeeM:
[lz(t) — #@)]| < 0,0053(e™ ~ 1) < 0,0053(>* — 1) < 0,0012. »

Ipumesanne. Ecuy B 06nacT! onpenencns npapoli yacty f(t, £), puNYKIOH N0 NEPeMEHHOH Z, BRHIOMHAIOTCH
HepaBeHCTBA IUL'I C, TO B XaYecTBe NOCTOAHHOM JInnmumna MoxXHO B3aTh yucio K =nC.
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4
527.y" -2y =0, yO) =1, y(©) =0; j=eT2, [z <0,5.
<« Tlepexons OT ypaBHEHHS BTOPOIO MOPSAIKA K CHCTEME YPaBHEHMIA TIEPBOIO TIOPALKA, MMEEM:
z=t, y==z, Y=z, zi==z, z=t=,
w t—4- t ~t 1 3 i
21 (0) =1, 2(0)=0; % =ell, FH=§ = gt elZ, [t[<0,5.

Mycts |jz|] = |21} + |2,]. Torma cornacxo (3), m. 1.1, umeem:

“g—i—f(t B = |# ~ 1t &, 8|+ |82 - Fott, 51, 2] ®
dt ’ T o

ITockonbKy
£ 1,2 Il I . - ¢
Bio=sel, fitt &, 8)=8- e, FH=en (t2+5t6), hat 3, &) =8 =te

TO U3 (1) cnedyer, 4ro

d& N 5 £ (05 09
E{ - f(t) (C)” =

<max —el2 = e 12 =0,0017...
gt 9 9 ’

8
—el2
9

IToatomy ¢ = 0,0017; 6§ = 0.
Janee, Tak Kak
ofh _ 0 oh _ 1 ofr _ # h _

- - - Yy

dz, | Bz | 0x B Z )
TO mocrosHHas Jlnnumua K = 2|£|n<aox5(l; t?) = 2 (cM. npuMedaHHe mocne npuMepa 526). B cmiy

Z Yy

oueHKH (4), 1. 1.1, ¥ UMEIOIINXCH 3HaYeHul WA ¢, §, K crnpaBeUIMBO HEPABEHCTBO
0,0017
llz®) — @) < ——2—— (™ - 1) < 0,009(e ~ 1) < 0,002.
Orciona crieayet, 9to TeM Oonee |2, — &} < 0,002. »

1
528. y = 224" +1, yO)=1; §= o el < g
« CHauana HaxomuM 4ucia €, 6. ITo dopmyne (3), i. 1.1, umeem:
2
~! ~2 _ z ! — 4 =
[§ - 228" - 1| = = <50 WO -3GO =0,

TIO3TOMY € = %, 6 =0.
ITpeanonoXuM, 4To pellieHue y(x) CyluecTByeT B IPAMOYTONBPHUKE

R={@p:lel< g ly- 1< T}
(§(z) € R). Toraa w1 nocrosHHoM JIumuruua K UMeeM OLEHKY

af 4
:9;' = max ldzy] = 3
Hcnons3ys ofy4eHHBIEe OLIEHKH, o gopmyne (4), 1. 1.1, mony4aem
. 1/ 42l 1 1
ly@) — j(=)] < - (e 3 - I) < E-(eJ - 1) =0,034....

OcTaeTcs TIPOBEPUTD, NEHCTBUTELHO JIM TOYHOE pelileHUe y(z) CONEPXKUTCA B YKA3AHHOM HPAMOYTO/Ib-

nuke. Mockoneky Gynxuun f(z, y) = 2zy* + 1 u f, = 42y HENPEPHIBHEI B JIOGOM MPSIMOYTONEHUKE

R, = {(z, v) : |z] < a, ly — 1] < b}, TO, cornacHo TeopeMe CyLUECTBOBAHMA, Ha oTpeske |z} < h, rae

h = min (a, 7’;’[) , M= n}zax(2a:y2 + 1), cymecTByeT ¢IMHCTBEHHOE DELUCHHE PACCMaTPUBAacMOil 3ama-
. 1

Kgmgx

uyu. Haiigem h. Jins storo omenusaem M < 2a(b+ 1)2 + 1 n niem maxmin(a, E(T}S"TT)' Hs
YpaBHEHHIA '

b b !
= I+ (2a(b+ 1)2+1),,‘°

N
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1 V5-1
b=1/1+£, a=— =0308..., b=1617....

CrepoBatentsHo, B Ry CymecTByeT eqMHCTBEHHOE peiueHue y(z), rae
By = {(z, ) : o] < 0,308, |y — 1/ < 1,617}
ITockoneky R < Ry, TO OHO CYIIECTBYET U B R »

noyyaeM

HaiiTi npou3BOgHbIE 110 NAPAMETPY WM MO HAYANHHBIM YCIOBKSM OT PELLEHHI CrefylolMX 3anay:

529. y =y +p@+y*), y(0)=1; Haitru gi

#=0
« JuddepeHuupys 110 1apaMeTpy g TOXIECTBa

V(@ W =y@ w+p(e+ e p), yO,m=1,

UMEEM: p
u
oo =t yE, B+ 2y, pu, w0, g =0,
e u = Qﬂaﬂ%ﬁl ITonaras 3nech p = 0, omydaeM 3agady i QYHKLMU g%l,;:o = u(z, 0):
du(z, 0
—fmj——) = u(z, 0) + = + y(z, 0), (0, 0)=0. o))

Dynkuus £ — y(z, 0) spsgeTCs pellcHUEM 3aTaIn:

Yz, 0)=y(z, 0), y(©,0=1,
YTO HEMOCPEACTBEHHO ClEAyeT U3 JaHHOM 3amaun npy u = 0. ITockonsky y(z, 0) = €%, To, pewas
3apayy (1), monyyaeM OKOHYATENbHO

2z

dy
0)= — =e"—z—-1
u(z, 0) ol e T »
2
530. y = y+ 4" + zy°, ¥(2) = yo; Haitn e A
0Yo lyy=0

« Iycrs y = y(z, yo) — pellleHue nanHoi 3amaun. Torna, InddepeHUnpys TOXIECTBA
(2, %) = y(=, %) + 4@, yo) + 2y, wo),  ¥(2, %o) = %o
IO TIAPaMETPY Yo, UMEEM:

ou(z

(a;; %) < uga, go) +20(a, youla, 1) + 32y @, JoIu(a, yo)

dy(z
u2,0=1, u(z, )= y—;ﬂ-
Yo
Honaras agech yo = 0, nonyyaem 3afayy wisl QyHKUHK Z > gﬁ%l 0
Yo=

du(z, 0
{ f%’ )~ uz, 0+ 296z, Ou(z, 0) + 3oy(z, Ouz, 0), (1)

u(2, 0) =1,

e y(z, 0) — pellieHue Credylollieii 3afaum:
Yu(@, 0) = y(z, 0 + (2, 0) + 2y’(2, 0), (2, 0)=0.
OueBuano, y(z, 0) = 0, nosToMy 3anaua (1) NpUHUMAET BUL
du(z, 0)
az
Orciona naxomim u(z, 0) = €2, WTak,
9y
3yo Yo=0

=u(z, 0), u@,0)=1.

=u(z,0)=€"2.p»



244 . 5. Hpubmmxennsie Metoanl pemenns Jadyepenusansobix ypasuennit

dz 2 3 oz
. — = t = 3 —
531 5 = T H, 2(0) = 1 + p; HatiTn %

« JInddepennmposanyeM IO 4 U3 JNaHHON 3amayd HONY4YaeMm 3amady mid dynxkuuu u(t, p) =

_ O=(t, p) .
___x_a;v‘_E_.

=0

du(t
-—S‘#@ = t(:r:3 + 32 put, p)) +2zu(t, p), u(0, p)=1.
Tlonoxus 3nech g = 0, UMeeM:
du(t, 0
——(5tl_~) =tz’(t, 0) + 2z(t, O)uct, 0), (0, 0) =1, M
rie gyuxuus ¢ — z(t, 0) sBaseTcs pelueHueM 3anadu:
dz(t, 0)
= 2, 0), z(0,0)=1, )

nonyyawomeics u3 ucxonHol npu g = 0. U3 (2) Haxonum z(t, 0) = Tl—t' Toncrarus z(t, 0) B (1),
TIoTyYaeM 3amavy Wis MCKoMoi GyHKinum: :

out,0) ¢ 2u(t, 0)
ot <t iog e vW0=1L
OTKyIa
ut, gy 12t -0
T a-
Taxum obpasom, 9
1-t—In(1-¢
921 g, 0= 220D
Op =0 a-v
. = 2 — a
532. ) wytt v ey =20, e 92 o
2=-y, y()=yo By, | 0=
Yo=2
« /luddepeHumpys Mo Napamerpy yo KAXI0e PABEHCTBO TAHHON 3aady, MMeeM:
du(t, xo, Yo)
: ;atl)) 07 _ z(t, o, Yo)v(, zo, Yo) + ult, z, Yoy, To, Yo),
“(11 Zo, yo) = 0, o
du(t, =9, Yo)
2 — ,at()’ 0 = ——2y(t, Zo, yo)v(t, Zy, yO))
v(l, zo, o) = 1,
rie BBeAeHB! 0003HAYEHHS:
dz(t, = Syt
ut, o, o) = %MQ, v(t, xo, Yo) = M
Yo ayo

DYHKUUN 2, § ABIAIOTCH PEleHHUAMH ucxonHoi sanaun. Ionarasg B Heit oy = 3, yo = 2 U MHTETPUPYA
COOTBETCTBYIOIIME YPAaBHEHHS, TIONTyIaeM:

2
z(t, 3, )= +2, y@ 3,2)= :

Toncrasmas B (1) HaiineHHbie QYHKUMK, a TaKKe 29 = 3, Yo = 2, NMeeM:

du(t, 3,2 2

—#— = (t3 + 2t2)11(t, 3, )+ 't' u(t, 3, 2),

u(l, 3,2 =0, 2)

v, 32 2 439 |
at t r 3

v(1,3,2)=1.
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M3 BTOpOro YpaBHEHHKS CUCTEMBI (2) HAXOMUM:
1
U(t, 3, 2) = ZE.

TloncraBus v(t, 3, 2) B nepBoe ypaBHEHHE CHUCTEMBI (2), TIOCTe HHTEPUPOBAHUA UMEEM:
u(t, 3,2) = t*Int — 2t + 2.

CrenoBarensHo,
oz 2 2
2o | 20=3 =t‘Int-2t+2t". »
Yo y6=2
=z 4y 20)=1+pu . Oy
533. { z=z+y, ’ A I
g=2z+py’, yO)=-2 M 5y, =0

« C noMotipio nudrbepeHIMPOBaHUA KXKIOTO PAaBEHCTRA NAHHOM 3aJadd MO MapaMerpy 4 u Ho-
crenyiomeii NOACTAHOBKU u = 0 monyyaem:
du(t, 0)

—ult, 04,0, (0 =1,
d (it 0) . M
D —2ug, 04970, 0, 90,0=0,

t dy(
rae u(t, p) = Qz_{(?_;‘_/ﬁ’ v(t, p) = —%;‘—& Pyukumio y(t, 0) HaxomMM U3 3anayu:
z(t, 0)= z(t, 0) + y(¢, 0), z(0, 0O=1,
y(t: 0)= 2(ll(t, 0), .'I(O, 0) = _2)
KOTOpasl moy4Jaercss u3 AaHHoi ipu g = 0. IToncraBus z(¢, 0) = %y(t, 0) B mepBOE ypaBHEHUE, UMEEM
3amagy:
ﬁ(tv 0) - y(, 0)— 2y(t) 0)=0, .'I(O, 0)= —2’ 9(0, 0) = 2,
u3 KoTopoit HaxonuM y(t, 0) = —2e™. Micrionb3ys 3TOT pesynbTaT, U3 cucTeMsl (1) MeToNoOM UCKITIOUe-
HUSA [OJTyYaeM 3a0aqy:
H(t, 0) — v(¢, 0) — 2u(t, 0) = —12¢7%, w(0,0)=0, ©(0,0)=6,
pelleHue KOTOpOil UMEET BUJL
u(t, 0) = 2e™" + % — 37,
OT10 U ecTh UICKOMOE peLleHHE. I
1 oz
534. i — & = (z + 1)’ — pa?; 2(0) = =, £(0) = —1; HaiiTh —
8;1 p=1
« InddepeHunpys paBeHCTBa NAHHON 3a1a4u ¥ TIONArast 3aTeM B KAKIOM U3 HUX ¢ = 1, monydaem:
dut, 1)  dut, 1) du(t, 1)
dt? dt dt

2u=—2'(¢, 1), u(0,1)=0, =0,

t=0

rne u(t, p) = az(tl‘ ) Oynkuus £ — z(t, 1) aBIgeTca pelleHHeM 33a4u:

d’z(t, 1)  da(t, 1)

di? dt
KOTOPYI0 MOXHO TIOTYYMTs U3 JaHHON NpH g = 1. Pewms NocIeAHION 3a1auy, UMEEM:

1
=22, )+1, 20, D=5, #0,1=-1,

- 1
zt, D=e¢" — 3
YuursBag 510 peuleHue, 3anady (1) npeacrapiseM B BHAE:
1\2
i, 1) —a(t, 1) — 2ut, ) =— (e" - 5) , uw0,1) =1, 1)=0.

Haxoueu, UHTCIPUPYA TIOCNECOHEE YPABHCHHUC U KCTIONB3YsA HAYAIBHLIC YCNIOBUS, IOMYyYaeM:

d 1 (5 1 _ 1
z =_+et(__,__)__ezt__e2t.>

ut, D=5, 8 36 3)74 72

p=1



246 In. 5. TipuGimxennpie MeToan pemenns TuddepeHIBANLHLIX YPABHERHI

535. OUEHUTH, HACKOJILKO MOXET H3MeHuThes ipu 0 € = < 1 pemenue ypasuenns y' = z+siny
¢ HayanbsHEIM ycrosueM Y(0) = yo = 0, eCiti YUCIO Yy U3MEHNTL Meblle, yeM Ha 0,01,

<« I[Tons3yemcs HepaReHCTBOM (4), 1. 1.1. B nanHom nipuMepe € = 0, TaK KaK CpaBHHUBAIOTCA MEXAY
coGoit penreHust Y(z) U 2(T) OOHOTO M TOTO Xe ypaBHEeHMs, T.¢. ¥ = x +siny, 2’ = z +sinz, e
pelueHue y(x) yIOBIETBOPSAET HAYATEHOMY YCJIOBUIO Yo = 0, a pelueHue 2(z) — ycnosuio 2(0) = zp, wis
KOTOPOTO, COIIACHO YCJIOBUIO, CITPABEIVIMBA OLCHKA |y — 29l < 0,01, mwmm }z] < 0,01. CrenosarensHo,
no dopmyne (3), n. 1.1, § = 0,01.

Hasee, Tak Kak |siny —sin z} < Jy — 2|, 10 Nocrosunas Junumua K = 1, #, cornacuHo oueHke (4),
1. 1.1, ©MeeM OKOHYATENHHO:

ly(z) — z(z)] < 0,01e™ < 0,01e ~ 0,0271. »

536. Yr0651 ipubmIKeHHO HaNTH peleHne YPABHEHUS & + sin 2 = 0, ero 3aMeHWIA ypaBHEHHEM
& + 2 = 0. Ouenuts nipu 0 < ¢ < 2 BOZHUKAIOWIYIO OT 3TOr0 HOTPELIHOCTH B PELIEHUH ¢ HAYAIBHLIMHI
yenosuamu x(0) = 0,25, £(0) = 0, ecyiu u3BecTHO, uto | — sinz| < 0,003 npu |z] < 0,25.
« Ilycre y(t) — peuieHune 3aga4u
§i+siny=0, y(0)=025 g(0)=0, o))
a z(t) — pelueHHe 3a0a49u:
E+2z=0, =z(0)=025 (0)=0. )
Toraa mnsa morpemHOCTH ¥(t) = 2(t) — y() yTeM MOWIEHHOrO BEIMUTAHUA U3 PaBeHCTB (1) paBeHCTB (2)
MOJTyJaeM 3a1aqy:
@) +u) =siny—y, u0)=0, u0)=0,
pelIeHre KOTOPoil UMeeT BUL:
t
ut) = [ (siny() - y() singt ) dr. 3)
0
YMHOXHNB NOWIEHHO ypaBHeHHe (1) Ha ¥ M NIPOMHTETPUPOBAB, & TAKXE NPMHAB BO BHUMAaHHE
HadaJbHLIE YCIIOBUS, TONTYIUM:
#* = 2(cosy — c0s0,25).
Orcrona cneayer, uro ly| < 0,25. IMoatoMy |[siny — y] < 0,003, u u3 (3) HaXonUM HYXHYIO 3a1ady:

i t 2
[u®)l < / |sing(r) - ()| |sinct — )| dr < 0,003 / [sint — )| dr < 0,003 / dr = 0,006. »
0 0 0

§ 2. AramTHYECKHE NPHOIMKEHHbIE METOXbI

2.1. Meroj cTeneHHbIX PALOB.
Ecnn xoaddbuuuedTsr po(z), pi(2), p2(z) muddepeHIManbHOro ypaBHeHUS
Po@)y’ + pi(@)y +pa(2)y =0 )

B OKPECTHOCTU TOUYKH & = Zp ABLIIOTCS AHAUMTHYECKUMM (QYHKIMSIMHU, T. €. PaNIATAOUMUCA B P
IO CTENEHAM T — Zo, U Po(To) # 0, TO PEILEHHA ITOTO YPABHEHHS B HEKOTOPO OKPECTHOCTH YyKa-
33HHOI TOYKM TAKXe aHAJMTHYHBL. ECIH Xe ToYKa = o ABIAETCA $-KPATHBIM HYJIeM byHKUUH P,
8 — 1-xpaTHRIM (WIK BbILE) HyjleM QYHKUUM p, (ecih 8 > 1) U 8 — 2~KpaTHRIM (MM BBILIIE) HYIEM
QyHKUMK p, (ecu 8 > 2), TO CYHIECTBYET IO KpaifHell Mepe OOHO HETPUBUAIBHOE pellleHre ypaBHe-
Huda (1) B BHIEe CyMMBI O0ODLIIEHHOTO CTENIEHHOTO Psijia

xX
y(@) = (@ —20) Y an(x — )",
n=0
Ie r — HEeKOTOpOoe YKCIO. ‘
Ecmu dyuxkivs f siBisieTcs aHAMTHYECKON B OKPECTHOCTH TOYKHM (o, Yo), TO PEIICHHE 3a034K

¥=1=19), y&d=1%
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TAKXe SABISETCA aHATUTHYECKOU q)ym(uueu B OKPECTHOCTH TOUKHA Z = Z;. AHATOTUYHO, ECNIH (PYHKLHUS
1
f=Fflz,v,v,...,y™) aeaseTca aHATUTHIECKOH B OKPECTHOCTH TOUKH (:co, Yos Yoy - » y((," )) TO
CYLIECTBYET pemeHue 33/1a4n
n) __ _ ! !

. - f, y(l‘o) =%, ¥ (370) = Yo, cery
B BHJIE PAJA 10 CTENIEHAM (£ — o). JU1st oTeICKaHMs KO3(DUIIMEHTOB pAlia 4aCTo UCnose3yeTcs hopmyna
Teiinopa.

2.2. Meroj manoro napamerpa.

) = 4

Ecnu B 33naue

dmi . T
E‘ = fi(t: Ly, X2y o-v s Ty /1)1 zi(to) = ai(l‘)v t= 1: n, (2)
dbyHKIMY f;, a; ABIAIOTCH AHATUTHYECKUMM TIO COBOKYNHOCTH NEPEMEHHBIX Z, T3, ..., Tny b, TO

BEKTOp-pelenue ee (f, u) pasnaraerca B CXODSULMHACA IPH MalbIX 3HAYEHMAX (¢ (MaJbIX MO CPaB-
HEHMIO C emuHmIled, T. €. |u| € 1) cremenHoM piax no y:

z(t, 1) = Yolt) + pyn () + L@ + ... . ©)
JUtst Toro 4toObt HAWTH GYHKUUM Y, Y1, - . . , CASAYST PA3IOXUTh IPaBEIe YaCTH B 3afade (2) 1o cTelre-
HAM g W, MTOACTaBUB TyAa pasnoxenne (3), npupasHATL KO3OOULIHMEHTH PN OTMHAKOBBIX CTENCHAX .
B pesynprate mostyzaeM cucTeMy AudbepeHIMATLHBIX YPABHEHUHM ¢ COOTBETCTBYIOILIMMHM Ha4abHbI-
MH YCJIOBHUSIMU, MHTETPUPYS KOTOPYIO MOC/IEA0BATENbHO onpenensieM QyHKUUN yo, Y1, - ... [Ipu 3TOM
NIPOM3BOJILHBIE NOCTOAHHBIE HAXOMUM, UCTIONb3YS HAYATLHbIE YCIOBHS:
yi(to) = (g, @iy - +. , Ani), TmE Qi = const.
Hoﬂb3yﬂ0b METOJMOM MAJIOrO TIapaMeTpa, MOXHO HpHﬁHH)KCHHO HaXoouTh HepHOﬂH‘{eCKMC peLUCHHs
YpaBHEHHH BUIA

- 2 .
Z+a'w = uF@t, z, z, p), 4)
rne F — wu3secTHas nepuonudyeckas Ppynkims mo ¢, B 3TOM Ciaydae MOCTOAHHBIC MHTErpUPOBAaHUA,
BO3HMKAIOLIME TIPH peleHnu AUdbepeHIInaNbHEX YPABHEHU OTHOCUTENBHO GYHKUMH Yo, Yy, ... , Ha-

XOHATCS U3 YCITOBUIA MEPUOIUIHOCTH PYHKIMH, 3aKTIOYAIONIUXCA B OTCYTCTBUM PE3OHYUPYIOLIUX WIEHOB
B IIPABBIX YaCTsAX YKa3aHHBIX JudPepeHIMaTbHBIX YPaBHEHHIA,

Ecnu npasast yacth ypaBHeHUs (4) ABHO OT ¢ He 3aBMUCHUT, TO MEPUON pellieHns x(f, 1) 3apaHee He
n3BecteH. B TakoM ciyuae B ypaBHeHHH (4) clielyeT cAenaTh 3aMEHy

r=t(1+bpt by’ +...), )
rlie 7 — HOBasi HE3aBUCMMas IEPEMEHHAsA, U UCKATh pewieHue z(T, p) nepnona . [Ipu aTom koad-
GuLUeHTH by, by, ... ONpeNensioTca U3 YCIOBUIA IEPUONUYHOCTH PEILEHUIT yo(r), yl('r), e

B kaxunoi u3 zagay 537542 Haith B BUAE CTENEHHOrO PAAA PellleHue, YIORIETBOPSIOLIEE NaHHBIM
HAYATLHBIM YCIOBUAM. BBIYUCIUTH HECKONBKO MEPBBIX KOIGDULIMEHTOB pAAA.
! 2 . _
537. Y=y —z; y0)=
o QOyuxunsa f(z, y) = y2 — ¥ ABJIAETCA aHAJIUTHYIECKOM 1O COBOKYIMHOCTM MEPEMEHHBIX T, Y
B OKpecTHOCTH Touku (0, 1), O3TOMy CYIECTBYeT aHAIMTHYECKOE PEIEHUEe STOM 3anadu

o0
y(z) = Za,,z".
n=0

Ioncrasue ero B JAaHHOE YPABHCHME, NMONYYaeM TOXIECTBO MO 2

2
a, + 2a,z + 3a32° + . (a0+a1:c+a2:c2+a3:c3+...) - .

Hpupasumsas KO3PHUUMEHTE! IPU OXMHAKOBBIX CTEMEHSAX &, GyIEM UMETH CUCTEMY YPABHEHHUII OTHO-
CHTeNbHO YMcen a; (1 =0,1,2,...):
2
ay=ag, 2a;=2aa ~1, 3a;=a}+2aa,, 4as=2a,0;+2aa;, ....
Tak kak y(0) = 1, T0 @ = 1. A TOra U3 ypaBHEHHUI TIONY4EHHOM CHCTEMBI TIOC/IEIOBATENIBHO HAXOMUM:
1 2 7

ai=1, (12:5, <03=.—3-, Ay = ‘1"2‘, .
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Taxkum oGpa3zoM, IPpHOIMKEHHOE peLlieHHE UMEET BHA:

eltz+ ! + 2 + 7 =
y(z) z 2 z’ :c 2 »
538. v =y +=ze*; y(0) =
« Dyuxkuno f(z,y) = y + :ce” PA3OXKUM B CrenleHHON psd B okpectHocTd touku (0, 0) mo
CTeNEHsIM &, Y:

1
[z, y)=y+:c(1+y+2y +6y +2 v+ . )
Haree, mpuHUMas BO BHUMAHME HAYATLHOE YCIOBUE, ULIEM PEIUEHHME B BUIE PAMA
Y@) = a1z +aye’ + a2’ + a2t + ...

IloncTaBus ero B ypaBHEHHKE
o0 yk
r
y=y+z Z i
k=0
¥ npupaBHAB KO3hGUIMEHTH TPU ONMHAKOBBIX CTEIICHSIX &, MOJYYUM CHCTEMY yPaBHCHMIA:
a; =0, 2a;=1, 3a3=a, 4a,=as+ay,...,

OTKylda HAXOOUM
1
a = —

ar = 6, as =

y

) =

1
'2_y
CrenoBaTebHO,
1 1 1
y{z) = - a: -4+t 4.
6 6
539.y" =2y - ¢% yO) = 1, y(0>—2
<« Kak u B mpenpinymmx 3agayax, npubnmxeHHoe peleHye Y(z) MoxHo ObUIo 6h1 TTOJIYYHTH B BUIE
YACTUYHON CYMMBI CTEIICHHOTO Psiia, Haxolnsd KoaPPHLneHTH €ro U3 HEKOTOPO CHCTEMBI PEKYPPEHT-
HbX ypaBHeHMt. ONHAKO B AAHHOM CJIyda€ MM TTOCTYIIMM No-Apyromy. UMeHHO, 3Hast, 9TO MCKOMBIIA
CTENEHHOM psig ABasercs pagoM Teiopa, myreM nocneaoBaTesbHOTO AudbepeHLUPOBAHUS [IPABOIL
YACTY AAHHOTO YPaBHEHHMA MO & BBIYUCAAEM HYXHOIO NOpAAKA Npou3sBoaHbie B Touke £ = 0. Takum
00pa3oM, YUHTHIBAA HAYAILHBIE YCIOBUA, HMEEM:

yll(o) — __y2(0) — _
d '
y" (@) = —(wy —y) =y +a -2y, YO=-

V@) =2y" + 29" - 9% - 29y, ¥V =-8,
Cnenosatenbho, o ¢opmyne Teiinopa,

1 1 1
y(:c)=1+2:c—§z2—§:c3—§:c“— U S

dz d;
540. — =t+2-y, d~’t’=—1+t2+z2+y; 2(0)= 1, y(0) = —

« TTockonbKy TIpaBble YACTH YPaBHEHHK SRISIIOTCS aHANUTHYECKHMH (YHKUMSMH TEPEMEHHBIX
Z, Y, | B COBOKYITHOCTH, TO PEILEHUE HIIEM B BUIE

z(t) =ay +a it + at’+at’ +...,
T y(t) = bg + byt + byt? + byt +

TloxcTaBuB MX B JAHHBIE YPABHEHHUA M TIPUPABHAB KO3GDE@HIIMEHTHI NI OMMHAKOBLIX CTENEHAX £, To-
JIyYaeM CUCTEMY ypaBHEHHIi OTHOCMTEIILHO uucel ai, by, 1 =1, 2, ...:

ay = 6o — b3, 20 =1+a;—2gb;,  3as=az— b — 2oby, ..,
bl = ~1 -l:bo + ag, 2b2 = bl +2aoa1, 3b3=1+0; +a% +(2aoaz’ v
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O1ciona, IPHHMUMAasA BO BHUMAaHWE HAYIbHBIE YCIOBMA, KOTOPHIE JAIOT @&y = 1, by = —1, nmocieaona-

TEIBHO HAXOMMM:
1 1 5 1
by=—= 8 == ?’3=—3,

al=01 b =_1’ a2=—§’
2 t3
—+....»

CnenoBaresibHO,
t =—]l—-—f—- - —
yoH=-1-¢ 576

12 53
H=1--t'-Z8+...
z(t) 3 5 + .,

d 1 d zyIn(t + 22 + y?
” L >;un=mwn=L

41 - =————, ==
at  t+z24+y?’ dt 14 (t +1tgy)?
« Caauama, nions3yach GopMynoii Teitiopa, pa3ioXUM NIpaBbie YACTH YPABHEHUH IO CTENEHAM

-0,z y—-1t
1 afi fy o
Atz y=s+¢-D—=| +z—=| +@-D_-f +
e 2 at |, oz |, Ay |y
1 L,y 3, ' fy
—¢-1)"== +2¢—-1 - 1)y -
T2 (( Yo | TR Do g, T T DY Dyl
ah 20 29 fi
2e(y — 1) ——— = 1= =
+2x(y )8w8y|M+z a2 M+(y 1) ay? . +
1 t-1 3@y-1) ¢-17 3¢-Dy-1) =z 3 )
== - - - 4w -Dr+ ...
27 4 s T 7 8 g Ty
of af, af
t =@¢t—-1)— =2 1=
Lz, y) = ( )atM+wazM+(y )33/M+
1 20°f a’f, af
— -1 t— ~ )y -
+ 5 (( )8t2M+2z( l)atazM+2(t )y l)atayM+
8’ 202 2:9°f2
2a(y — 1 2 -1 ==2 .=
@Dyl T |, TY T | )T
=az+z(t—-Db+czy— 1+ ...,
e
1 zy ln(t +2 + yz)
t = t = 7/
fl(,zr .'I) t+z2+y2’ f2(:$7 .'I) 1+(t+tgy)2 ’
a= In2 b ! 2(1+1g1) In2
=y 71 4 1) =X " 21
1+ +1gl)y 2(1+ (1 +1g1)?) (1+a+tg1)
In2+1 In2

c= - .
1+ (1 +1g 1)2 (1 + (1 +tg 1)2)2

Takum oﬁpaa_om, HMEEM 33]1a9y:
de 1 t-1 3@w-1) ¢-1 3¢-LHwy-1) =z 3
de _1_t-1_3g-D ¢-V' 3¢-Dy-h 2 3 .
a2 4 4 8 8 4 8 (1)

d
E’t!=az+bz(t—1)+cz(y—1)+ ey 2()=0, y)=1.

Hanee, uieM pewenne 3anauu (1) B Buze:
z® =at—D+at -1 +ast -1+ ...,

y@®) =14+b¢— 1)+ bt -1 +b¢ -1+ ...



250 ) Tn. 5. IIpuomxennnie MeToanl pemenns T pepeEUBANBABIX YPABHEHHI

TloncTapnaa nmoclieqHUe psabl B ypasHeHHUd (1) » npupasHUBas KoaGOUUMEHTH! TIPH OMMHAKOBBIX CTe-
nenax ¢ — 1, moiyyaeM cUcTEMy ypaBHeHHH, U3 KOTOpOR Haxoanm

1 1 a 1—3a 4b—a
&=, b =0, & =g b2=z1 3=~ b= YR
CrenoBaTeIbHO,
t—-1 @¢-1% 1-3a 5
t) = - t—
z(t) 3 st & ¢-1+...,

a , 4b—a 3
= -t - —— (-1
y =1+ 4( D+ 24 -0+ >

dz d
542. 5 =t+ e, Et’{ =1 +sinzy, 20)=y(0) = 1.

« ITockoneky ) .
2(t) = 2(0) + 2 Oyt + Z~2 (0) +Z 6(0) ...,
wmeme%g +LOp

TO OCTA€TCH TONBKO HAWTH 3HAYEHUS MPOMIBONHEIX B Touke ¢ = 0. VI3 ypaBHeHHUi CHUCTEMBI MMEEM:
ZO)y=¢, ') =1+ +y)=1+e"" +1+sinzy), 2"0)=1+e’E+1+sinl),
YO =1+sinl, y"@)=coszy-(z'y+zy), y'(0)=cosl-(e*+1+sinl).

Tanee,
"= (2 +y) + 7" + "),
2"(0) = ez((e2 F+1+sin1)2+1+e*+ e’ +e’sinl+e*cosl+cosl+cosl-sin 1);
y"(t) = —sinzy - (z'y + zy')’ + coszy - 2"y + 22’y + zy"),
y"(0) = —sin1- (e’ + 14sin 1)’ 4+ cos 1- (1+e4+ez+e2sin 1+2e*(1+sin1)+cos1-(e2+1+sin 1)). >

543. Ouennts cHU3y panMyc CXOTUMOCTH CTENIEHHOTO PSa, IIPEACTARIIONETO PELIEHUE YPaBHe-
HUA ¥ = y° — ¢ HauanbHEIM ycnosueM y(0) = 1.

<« Wcnionpsys ypasHeHME ¥ HAYAILHOE YCIOBHE, MOCHENOBATEILHO HAXOMUM:
M@=Ly%ru%4,wmﬂWWm—hh
n—~2
<%rmﬁﬂzzd“wwmﬂz¢wmwww

k=0
y™(0) = 22 cEw®O" ™ 00), n>3.
k=0

TlokaxeMm, 4To Iy(’"(O)I < n!, n € N. C a10if uensio BOCHONbL3yeMCS METONOM MATEMATH4ECKOM
uspykuan. Aveem [y (0)f < 1, |y”(0)! < 1. Mpeanonoxus, uto ly®(0)| < ktama k=3,4,..., (n—1),
OLIEHUM

IWW2Z¢M%H

n-2
0| < 220"_2k'(n k=1)'=2m -2y (n—k—~1)=n.

k=0

CriefoBaTeNBHO, COINIACHO YKasaHHoMy Merony, |y (0)] < n! Vn € N,
00
C y4eToM ZOKa3aHHOTO HEPAaBEHCTBA i KO3GPUIHECHTOR CTETICHHOTO PAAa ). G,z", NpeaCcTaBiIs-
n=0

omero pelucHue B HEKOTOPO OKPECTHOCTH TOUKU T = 0, CrpaBeyIMBa OIICHKA:

l n,
N laal = Sy @ <1 O
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Haxkonen, nenonssys dopmynsl Komum—Agamapa % = Iﬁ{l /la,], a Takxe HepasenctBo (1), wis
pandyca R CXODMMOCTH CTENEHHOTO PSfia IIOYYaeM TpebyeMylo OLIEHKY:
R>21.»

B 3amauax 544—549 HaitTi TUHEHO He3aBUCHMbIE PELIEHUS KAXKIOro U3 AaHHBIX YPABHEHUH B BUIE
CTETIEHHBIX PAJIOB,

544. 4" -y =o0.

« TMockoneKy QyHKUMH py = po(z) = 1, py = pi(2) = 0, p; = pr(@) = 2’ aHATUTHIHBI
Ve € (—oo, +00) u po(x) # 0, To comracHo M. 2.1 CyluecTByeT aHANMTHIECKOE pellleHue y = y(z),
z € (—00, +00). UineM ero B Bume psaja:

y(@) =) a,z". (1)

n=0
TloacraruB y(z) B ypaBHEHUE, IIOTYYMM TOXIAECTBO TIO &:

oo

S nmn- 1);1,,.1"_2 -y a,z"? =0.
=0

n=2

3aMEHMB BO BTOPOil CYMMe MHIEKC CyMMMpOBaHus o Gopmyne n=n' —4 (n' =4, 5, ...), umeeM:

o0 2 o0 B 2
Y n@n - Da,e"? - Z gz’ =0,
n=2 n'=4

o0
2a; + 6asz + Z(n(n - a, — a,,_4>:c"_2 =0.
n=4
Orciona crepyer, 4to a; = a3 = 0, n(n — )a, — a,_4, = 0. V3 pexyppeHTHOI QOpMyInHI @, = #—341_)
[TOCNEAOBATENLHO HAXOOUM:

&9 ay ay ay
“Try BT gy wTh 9= eSEETyT ey
as ay
=== —— = = 0 . . 2
%= 978" 9.8.5.4 *0=ou T A @
TToCKONBKY @9, G) — MPOM3BONBHBIE NOCTOAHHEIE, TO MOXEM IOJIOXUTh @y = 1, @) = 0 wnu
ag =0, a; = 1. Torna cornacHo (1), (2), UMeeM aBa YACTHHIX PELUCHUS:
@ =1+ Gl +
W = T 3T s a3 T i8 7437
s 9 13

z z
+

T
ve) =2t et s T B e s st

OueRnIHO, TIOMYYEHHEIE CTENIEHHEIE PSB! CXOAATCA V& € (—00, +00). PelteHus y,(x), ¥,(x) muuelino
HEe3aBUCUMBI, TAK KaK TOXNECTBO ¥ (z) = ky(z), k = const, HeBO3MOXHO (Hanpumep, ¥(0) = 0, uTo
TIPOTHBOpPEYNT onpeneneHmio ¥y (x)). Takum oGpasoM, peweHns ¥, (z), ¥,(z) obpasylor pyHIaMEHTATb-
HyIO CHCTEMY U O01ee pellleHUe NaHHOTO YPaBHEHHUs MPEACTAB/IICTCH B BUIE:

y(@) = Ciyi(2) + Cry2(2), = € (—00, +00).

545. (1 - zhy" — 4zy’ — 2y = 0.
« TTockombKy GhyHKUMS
dzy' +2
F=fe ) =00, e,

ABRJIICTCS] AHANMMTUYCCKON 1O COBOKYNHOCTH MEPEMEHHBIX Z, Y, ¥y (z # +1), TO CyuiecTByIOT aHaM-
TUYECKUE PEWEHMS NaHHOIO YPaBHEHHA NPH ¢ 7 +1. HaiimeM 3T pelneHHs CHadyala B HEKOTODOiA
OKPECTHOCTH Hy/s1 (z = (), T.e. OyueM UCKarh HX B BHlIE

Y@)=ag+az+az’+ ....
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IMonacTaBUB HATIMCAHHBIMA pald B JAHHOC YPABHCHHUEC, ITOJIYYIHUM TOXIOCCTBO 11O X!

o0 o o o
> n(n~ Da,z"? =Y nn - Daqz" -4 na,z" -2 Y a,z" =0.
n=2 n=1 n=0

n=2

3aMeHHB B TIEPBOH CYMME MHIEKC CYMMHUPOBAHHMS 1 Ha 1 + 2, NEPENULIEM TOXIECTBO B TAKOM BUIE:

o< o [e.0] o0
Y+ 2(n + Dagz” — Y nn~ Daz" -4 naz" -2 az" =0,
n=2

n=0 n=1 2=0

WIH
9]
20, + 6a3z ~ 20y ~ 6@,z + Y ((n + 2)(n + Danz — n(n — Da, ~ 4na, - 2a,)z" =0.
n=2
Orciopa, npupaBHUBasS K03GhdOUIIMEHTH! TPH OAWHAKOBLIX CTETICHSX &, WMEEM:
G =0y, G3=q, Gna=0ay, n=273 ...
Mycts ag = 1, a; = 0, Torma ay, = 1, a4y =0, & =0, co. CienonaresisHo,

i
yl(.’t)=1+22+24+...=m§, 'Z]<1. '
AHaniornuHo, ecim ag = 0, a; = 1, 10 monyuuM ay, =0, a4 = 1. losTomy
3 T
yz(z):z+z +$5+...=]—_—z‘2', ,ZI<1

HeTpynHo BUIETE, 4TO GYHKUUM Yy, Yy SRISIOTCA PELUEHUSIMM JAHHOCO YPABHEHMS U 1ipw |z{ > 1. »
546. 1 - =)y -2y +y =0.
<4 Kak ¥ B npenpuiyieM NpUMepe, CHAYAa MILEM PELICHMS B HEKOTOPOlN OKPECTHOCTH TOUKM

o
z=0,T.¢. BBUAE Y. a,z". TTOACTABUB Psll B YPaBHEHUE, NONYYAeM TOXAECTBO 110 Z:

n=0

oo 9] oo
Y nn-Da,z"? =Y nn+ Da.z™" ~2a,+ ) a,z" =0.
n=2 n=2 n=0
3aMeHHMB B NIEPBOI CyMMe MHIEKC CyMMHPOBAHNS 12 HA 1 + 2, a BO BTOPOit — 1 Ha n + |, nMeeM:

oo oo o
Z(n + 2)(n + Dayz” — Z(n + D+ Daz . z" —2a, + Z a,z” =0,

n=0 n=1 n=0
OTKYAa, IPAPABHAB KO3GDHUUMEHTEI 1IPY OMUHAKOBBIX CTENCHSX, TIONy4aeM:
2a; - 2a,+ay=0, (n+2)(n+ 1)(@p42 —Cny1)+a, =0, nEN )

Ilycts a; =0, ay, = 1. Torna u3 ypasHenuii (1) Haiinem:
1 1 it

az——i, 03“5, ‘14:‘52,
Ciie 1oBaTelILHO, , \
zt 11
=1 -~ gt

%= 772 T u’

IMonoxus ay = 0, a; = 1, aHATOTMYHO TOIYYAEM:
5 3

a; =1, a3:g; a4=Za seey

TI09TOMY

5 3
@) =z+2" + gz3+zz4+

,_
TockonbKy dyHKIINA T > Z{L_-} aHANWTHYHA TIPH & # 1, TO TIONYYCHHHIE PAALI CXOMATCA TOIBKO
npu |z| < 1. Jiist IONy4EeHHMs] YaCTHEIX PEICHMI TIPH TPOU3BOABHBIX T # 1 NPOM3BENEM 3aMEHY

=t 4 zy, THE T # 1, ¥ OyHeM MCKATh YACTHHIE PCILICHWUS B BUIE:

Y&y =Y aut", t=z— =z,
\ n=0
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Ilocne BBIKUIANOK, BHATTOTHYHBIX NMPOLENAHHBIM BbILLE, TMIPAXOAUM K TAKMM YACTHBIM PELICHHAM:

_,_E-z) @-z) U+ ‘“
N = = e A=z~ A =gy T T
(- - gy Ot s 34F
ya(z) = (1 — o) (@ — xp) + (2 — 20) +6(1—-:c0) (x — xp) +4(1_:"30)2 (? )+ ...

IToCKOMBbKY paminyc CXOIUMOCTH R 1OnydeHHBIX PANOB ONpeRe/AeTCA PacCTOAHMEM OT ToukH ¢ = 0 ao

. ’
ocoGoit Toukn PyHkumnm ¢ — %H_r?oﬂﬁt—}, T0 R = |1 —zy}. Cnepoparensio, GyHkunu y,, y2 ONpecIeHs!
NPH BCEX T, YAOBIETBOPAIOIUMX HEPABEHCTBY |& — y| < |1 — zg|. M3 310TO HepaBeHCTBA CIEAYET, UTO
GYHKUHH ¥y, Y, ONMNCHIBAIOT BCE YACTHBIE PELIEHUA AAHHOTO ypaBHeHUs npu moboix * # 1. »
3ameuanne. B npeasuaymiem npumepe MaM yaanoch NPOCYMMMHPOBATH CTENEHHbIC PAAB M, TaKHM 0Gpa3oM,

HalTH aHATUTHYECKHE BYHKUNH, ABIAIONIMECS pPELiCHHAMH AudbepeHHANBHOTO YPABHEHHA W TIPH APYrHX
BO3MOXHBIX T,

547. y' — 2y + zy = 0.

« Tockoneky po(z) = 1 # 0, dyHxkuun p; = pi(x) = —&, p; = pa(T) = T — aHANUTHYECKHE,
TO YPaBHEHME HMEET YaCTHBIC PElICHUs, KOTOphIe 06pasyloT HyHABMEHTAIbHYIO CHCTEMY U ABIAIOTCH
aHanHTideckumMy GYHKLASAMHA npy BCeX x € (—oo, +00). CreneHHoit pan

o
n
y@) =) a.z",
=0
B BHAE KOTOPOro Mbl GylneM HMCKaTh YacTHbIE peLieHMs, CXOAMTCA NpH Bcex x. Iloncrasnaa B OaH-
HO€ ypaBHeHHe pad U npupaBHUBas KO3(GOUUHEHTE MPH ONMHAKOBEIX CTENEHAX T, TOJy4aeM CHCTEMY
OTHOCHUTEJIBHO Yncell Gn:
Rap, — Gy
m+2(n+1)’
Orciona, nonaras ap = 1, a; = 0, HaxomuM:

1 1
_Ea G4=0, ag = ———

AHaI0THYHO, nonaras ap = 0, a; = 1, nmeem:

1 1 1
=g, G4=—'1—2, as = — cae e

40’
CiienoBaTeIbHO, YaCTHBIE PelieHus MPEACTABIAIOTCA B BUIE:
3 5 3 4

T T : T
yl(x)-l-—?-ﬁ+..., yz(:c)=z'+?-l—2-+....>

a; =0, a4 n=1, oo,

a3 =

a3

548. zy" +yIn(1 —z) = 0.
« Tonbayemcs pasnoxeHnem
2 3
x
1n(1-z)=-—<z+7+%+...), 1€z <1
M MILUEM YACTHbIE PELICHHs B BHIE
yx) = a0+a|z+azzz+a;z3 + ...,
OrHOCHTENBHO KOI(DMHLIMEHTOB H3BECTHEIM NyTEM ITOMYNaeM CHCTEMY YPaBHEHHIL:
1 1 1
2a; ~ag =0, 6a3~a ~ 500:0, 12a, ~ §a| —a;— 3a0=0, ceey

u3 KoTopoit, nonaras ay = 1, a; = 0, nonyuaem
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ClnenoBaTesbHO, NIEPBOE YACTHOE PEUICHHE UMEET B

VLR W R
r) = -2 — —_ cee .
(@) 2P TR TR

Ui oydeHnst BTOPOIO 4acTHOTO pelueHnd nonaraeM ap = 0, a; = 1. Torma u3 31oil Xe cHcTeMbl

HaiaeM )
i
a; =0, ‘13=g, a4=ﬂa

CnienoBarenbHO,
3 4

@=z+> 42+
n@ =+ 5+

Pagnyc cXonuMocTH CTETIEHHBIX PAIOB, IPENCTABIAIOWNX ¥ (), ¥:(2), paseH epuuunue. JUnt nomydeHna
YacTHBIX PELICHHI, IPUTOIHBIX V& € (~—00, 1), cuenaem 3ameHy = = £ — zp (xo > 0). Torma manHoe

ypaBHeHP]e HpMMel BUA
) —_ 0
1 + Tp
n

t % ¢
ln(l— ):— —_— t) = by + byt + bytl + b’ + ...
T2 2 ni y(t) = by + bt + by 3

t—z)y +yml+z,-6)=0, wm (¢—=zo)y" +yin{d+zp)+yh (1 -

[Toacrapiaa B HOCIAEIHEE YPaBHEHHUE Pa3IoXEHNs

M TpHpaBHnBasg KobGHUIHEHTH! TPH OTMHAKOBEIX CTENICHSX ¢, TIOMyqaeM:

2byxg ~ bpIn(l +xp) =0, 2by — 6b3zy + by In(1 + ) — =0,
14z
by by

— =0, .... i
i + Ty 2(1 + 270)2 ’ ( )
Ilycrs by = 1, by = 0. Toraa n3 Moy4eHHON| CUCTEMBI TIOCTCAOBATENBHO HAWIEM

—12b4$o + 6b3 + bz ]n(l + 270) -

In(1 + z) i (ln(l + x) i
by = —— b= —— -
2 2 #0 >7 6z, Ty 1+ :z:o) » 270,
1 {InQ +x) 1 In*(1 + x) 1
4 = T 7 - - 31 Lo ¢ 01
12z, x5 zo(1 + x0) 2z, 2(1 4 zp)
Oycts by =0, b; = 1. Torna u3 cucremsl (1) mosyaum:
In(1 + ) I /in(l + =zp) 1
b,=0 by = ———— by = — - .
2 ] 3 627() ] 307&0; 4 1210 ( o 1+30)7 307&0

3aMeTHM, YTO M3 BLIPAXEHMIt a1t b;, ¢ = 1, 2, 3, 4, nIpene/IbHBIM IEPEXOIOM T — +0 MOXHO TIOIYIUTh
3HAYCHHUA COOTBETCTBYIOIUNX &;, ¢ = 1, 2, 3, 4, BLIYMCIICHHBIX B Ciydae oo = 0.
Taxum 06pa3oM, JacTHBIC PELICHHS TIPH Zp > 0 MOXHO 3anMcarTh Tak:

(z + zo) ln(l+mo)+(z+mo)3 (]n(l+:co)_ 1 )

nx)=1+

2 Ty 6z Zp 14z,
@+20) (In(l+z0) 1 In*(1 + o) 1
12z z} zo(1 + z4) 2z, 2(1 + zg)? o
L @tz) m(+m) | (@t (lna +3) 1
i) =z +z+ G . + 17z, - 1+mo)+....>

549' ym — :By” +(z— 2)y; +y= 0.
< Tockomky py(z) = 1 # 0 u pyHmu py = pi(z) = —z, py=po(x) =z -2, ;3 =ps(z) = |
SABISAIOTCA AHATMTHIECKUMH TIPH BeeX & € (—00, 400), T0 dyHIaMEHTAIbHAA CUCTEMA COCTONT U3 aHa-~
JIMTUYCCKUX HA Bcef\lmcnonoﬁ ocH byHxuuit. CrenoBaTe/ILHO, COOTBETCTBYIOUIME UM CTETICHHEIE PSIBI
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[e 3]
cxomrTcs npu Beex . [ToncTarman B naHHoe ypaBHeHMe psg Y. 6,&" ¥ npupaBuMBasg Ko3(POULHEHTH
a=0

npu z°, z, 27, ..., noayyacM:
6a;—2a;+a=0, M+3)(Nn+2a;—n+2a +a, =0, n=1,2,....
Tlycts ap = 1, a; = a; = 0. Torna U3 nocjaeAHNX ypaBHEHHI HaleM:

1 0 i 1
a3 = —~— qq = qs = —— ag = ——
O A T L A T T &
CJienoBaTesibHO,
3 5 6
(m)=1——-—£—+-m—+
u 6 30 180
[Iyctb @y = a; = 0, a; = 1. Toraa U3 yKa3aHHBIX BEILIE YPABHEHMIA CleAYET, YTO
1 i i
aG==, G=-——7, a5= —
Ty MU YTy
[To3ToMy BTOpOE 9acTHOE PellleHUe HMEET BUI:
3 4 5
(m):m+£————-+m—+. .
v 3 T2 s
Hakoneu, eciu nojoxuM gy = a; = 0, a; = 1, TO nomyunm:
1 1
ay =0, @=7 =55
Cnenosate/IsHoO,
@ - PR .
)=+ ———=—....
v 4720

B crrenyiolMx 3agadyax HalTH Te PEIUCHNU JAHHBIX YPaBHEHHH, KOTOPBIE BHIPAKAIOTCA CTENICHHBIMHI
(v 0GOBLIEHHEIMM CTETIEHHEIMH) PAIAMH.

550. zy" + 2y + zy = 0.

« Tockoibky dyHkuMst py = po(z) = & mmeer B Todke £ = 0 Hy b 1-To Mopsagka, dyHKIMA
P1 = pi(x) = 2 Hyneit He uMmeeT, a GyHKUMA P, = P)(T) = T BMEET B 3TOH TOYKE Hyab 1-ro mopsaska,
TO, CODJIACHO 1. 2.1, CYleCTBYeT MO Kpaiineil Mepe OQHO HETPUBHAIBHOE PELICHNE NAHHOTO YPaBHEHUS
B BHAE CYMMBI 0G0GLIEHHOrO CTENIEHHOTO Psfa

oo
y(x)==x" Z a,z".

n=0

[ToncraBuB psan B JAHHOE YPaBHEHHE M TIPHPABHAB KOGGHUIHEHTHI IpH 20, z, ..., NOJYIUM:
[ 2,
—_—_— (1)
n+r)Y(n+r+1)

SIcHO, 9TO HETPUBHATIBHOE PELICHHE BO3MOXHO TOJBKO IPH YCIOBUUA ai+ar #0.Iyctb ap = 1, a; = 0.

Torna n3 nepsoro ypasHenua (1) cienyer, yro r(r + 1) = 0. Baas r = 0, u3 tpervero ypasHenuns (1)
NOCJIENOBATEIBHO HAXOIUM:

arr+1)=0, ar+Dr+2)=0, a,=

i 1 1
a2=—2—‘§, a; =0, a4=m—5, a; =0, a6=—a,
CrienoBaresnpHo, , )
z T sinz
n@=1-g+g5-..=—, z£0; 30)=1
Hanee, nonoxus 7 = —1 (6 = 1, a; = 0), u3 (1) nonydaem:
1 1
Gz=—§, aJ=0, a4=a,

TloaToMy BTOpOE YaCTHOE pEIlEHHE MMEET BHI:
1 22 2 cosx
yz(z)=;(1—§+a— ) =—=, z#0.
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IIycts @y = 0, a; = 1. Toraga u3 Broporo ypaBHeHust (1) cnemyer, ¥ro (r + 1)(r + 2) = 0. Ilonaras,
Hanpnmep, r = —1, 13 TpeTrero ypasnenus (1) NOCIEROBATENBHO HAXOXUM:

(12=0, a3=—£'§) a4=07 as = 31_!7
Takum oGpa3om,
i 2 2 __sinz
y3($)=; $—§+‘5—!—... —-T, 1750

Eciin xe nojioXxum r = ~2, 10 aHATOTHYHO GyaeM MMETh
1 2 2 cos

Hrax, ecnu ¢ # 0, TO aBa AMHEHHO HE3aBUCHMbIX YACTHBIX PEIUCHMS TIPSACTABATCS B BUJE:

(@) sinz @) cosx >
)= — )= ——.
n R n -

Ipamesanne. MoxHo 6bu10 Obt 060MTHCH pacCcMOTPEHNEM ciiyvast ap = 1, ay = 0.

551. 922" — (2% - 2)y =0.

« [loxncraBnsas B ypaBHEHHE psf
y(@) = i a,z™*?
1 IPHpPaBHHBAs KO3GGHUIMEHTE IPH ONMHAKOBBIX :;enex-mx T, moJyJaem:
a;On+r(n+r—-1)+2)—a,2,=0, =273, ..., (1)
aOrt —9r+2)=0, a;Or’ +9r +2)=0. 2)
IIycte @y = 1, @y = 0. Torma nu3 nepsoro ypasHeHus (1) ciaenyer, yro r; = %—, ry, = % Ilopcrasus
B (2) cHavana r = s}, a 3ateM r = %, IUTA K&XAOTO W3 9THX ABYX CJIyYaeB HaiEM:

! 1
o_ Mo W _
“ e BT W Ty
! 1
o__1 @ _ @ _
=gy w =0 a=rmhy

Takum o6pazom,

i (1 il il +
= 3 — —_—— e
n@ =\t et s o)

2 2:4

yz(m)=m25 (1+6i_7+m+ ) z#0.p
Ipumevanne. Paccmorpenne cnyvast ag =0, 43 = 1 NpUBOAUT K TaKOMY Xe€ Pe3y/bTaTy.
552. 2%y + 22y — (x® + 2z + 2)y = 0.
4 AHQIOTMYHO TIPEABbIOYILEMY NIPUMEPY MMEEM:
(r*+r~-2ay=0, r(r+3)a;—2a,=0,
((n+r)(n+r+ 1) = 2)an—Gn2 =281 =0, n=2,3,.... 1)

TTOCKOJIBKY Mbl HILEM HETPHBUAIBHBIE PELLEHMA, TO da+a; # 0. CleNOBATE/ILHO, ONPEE/IHTEb TIEPBBIX
IIByX OXHOPONHBIX YPAaBHCHHM NOJDKEH GBITB PABEH HYJIO, T. €.

—-Drir+2)(r+3)=0.
O71cIofa HAXONANM BO3MOXHBIE BAPHAHTHL
=1 rn=0 mn=-2, r=-3.
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Ilyctb r = 1, ap = 1, TOrAa U3 YKA3aHHBIX ypaBHEHMI TIOJTy4aeM @ = %, a U3 TpeTbero ypaBHeHud (1)
110C/IEAOBATEILHO HAXOIUM
1 1 3
=§, ‘13=%, ‘14:2_85;
CoOOTBETCTBEHHO 3TOMY 3alMLIEM NEPBOE YACTHOE PEIICHHUE:
_ 22 2 2t 3P
y,(m)_m+7+?+%+%+

IMycte r = =2, ag = 1, Torna aHAIOTHYHBIM OGPA30M MOXEM IOJIYYUTD

a

a=-1, a;= 2

TToCcKOJIBKY 1p# OTBICKAHMH &3 TPHUXOIUM K HEONPEACIIEHHOCTH % , TO TIOCTYIIaeM CJIeIYIOLUM 06pa3oMm.
Cuuras, 9to r # —2, U3 ypasHeHnii (1) naxonum:

2 P 4+3r+4 4(r +2)

aq = —— aj = = .
=053 T a1 5r+4)’ BT WA + 5+ A +9)
Orciona, yCTpEMHB 1 — —2, TIOJIYYHM:
i
(11:—1, a, = = (13=0.

27
KoagpnumenTsl ag, as ¥ T. 1. HAXOIUM OOLIYHBIM cITOcOGoM. TakumM 06pa3omM, BTOPOE JacTHOE pellie-
HNE 3aNULIETCS B BHIE:
@ i 1+]+zz+z3+7m4+
W)= ———+=-+—+—+-—+....
y 2z 278 40 120
Paccmotpenne cydaes r = 0 B 7 = —3 IPUBOLUT K TAKMM XK€ PE3Y/ILTATAM. P

553. zy" +4' —zy =0.
o0

<« Ioxctasus psin 3. a,z™" B ypaBuenue u npHpasss Ko (DHUIMEHTE! IPH OTHHAKOBLIX CTEME-
n=0

HAX 2, TTOMYYUM:
2 2 _ . Gna2 _
Qor :0, (11(1+T’) —0, an—m, n—2,3,....
Mycts r = 0, Torma a; = 0, a Koaddunuent a, MoxeM npupasHITh eauHnue. M3 TpeThero cooTHoLIE-
HHS TIOCJIENOBATE/IEHO HAXOMAMM:
i

i
=g, a3 =0, @4 = 7T

ClienoBaTesibHO,

2 4 16

T
yl(m):l"‘?"‘ﬂ-i-m-i- e D

Haittin o6wiee peuieHue ypaBHeHuit:

554. 2y + 2y + (1 - z)y = 0.

<4 YactHoe peuieHne MILEM B BHIC pala ioj a,z™'". TopCTaBUB PAl B ypaBHEHHE, [TOJYIUM TO-
XKIECTBO IO T, U3 KOTOPOTO M3BECTHBIM cnoco%:)gn HAXOMUM:
_ Gn-1
T 1+ (4’
TlocKoMBKY a, # 0 (pu ag = 0 noyyaeTcs TPUBUAIBHOE PEILEHAE), TO W3 NIEPBOTO YPaBHEHNA CHEHYET,
q10 r = i. [Iycte T = £, Gy = 1, TOTHA U3 BTOPOTO YpaBHEHHA NOCJICAOBATEbHO NIOJydaeM:

1 1 1
STy T Oraa+) BT n0+200+90G+29)°

ao(r2 +1)=0, a, neN

ay
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Takum 06pa3oM, YaCTHBIE PELICHUA UMEIOT BUA!

_ il T :Bz + :BJ
w@ = I+ s Y i T R o6 m )

. T 22 23
h@ =" (1 YTt aama<n T Rd<wma-nc-m " ) ‘
OGutee xe pelieHUe
y = Ciy1(2) + Coyx(2) = C(u + iv) + Co(u — iv) = au + by,
me a = C; + Cy, b = i(C, — Cy). OyHkuMN ¥, v NETKO NONYYUTb U3 NpeAcTaBieHus y(x), eciu

BOCIOAb30BATLCA hopMynamu Ditmepa. MMeem:

22 2
_ . _ tinz f _ = el __E _
yi(z) = u(@) +iv{z) =e <l+ 5(1 2%) (1+3z)+ ( 2)+ ) =

520
:(cos(mz)+isin(1nm))(1+3—”—2—£3~+...+i<—33—3—"’—2+"’3+ ))z
5 40 1040 5 740 " 520
:(I+£~£——3£—+...)cos(ln:c)+(2—z+zﬁ—i+...)sin(lnz)+
540~ 1040 5740 520

ti 1 z z? 3z’ + sin(in z) 2z + 3z’ z’ + |
H + 5720 Toa in(inz 5 20 st cos(inz) | .
Crie0oBaTebHO,

u(z) = a(z)cos(nz) + B(z)sin(Inz), v(zx) = a(z)sin(lnz) — B(z)cos(In z),
z =z 32 2 322 &
555. 2% + Bz — Dy +y =0.
<« ByneM uckarp 4acTHOE pellleHue B BUIC

y(@) =Y an(e — )"

7=0
Toraa mwist K03dDHUUHMEHTOB G, CIOCOGOM, HIOXKEHHBIM B IpUMepe 539, mosyunm:
(1 —3zp)a — ao

27 , ay= 6—31% (a1(1— 825 + 1z3) - ao(1 — 520)),

a, =

Koaddmmenter ag, a; Tpou3BoIbHE, Ty # 0. Ecom xy = 0, To pelueHue nueM B BUAe 06061IEHHOTO
CTENEHHOIO PAla
¥(z) = (@ + a1z + are’ + ...)z°%
[loncTaBus psAx B ypaBHEHHE U TPUPABHAB KO3(hd)HUIMEHTH TIPH COOTBETCTBYIOIUMX CTENEHSX &, HANxEM
n+a)n+a+2)+1
at+n+1l

‘B cumy Toro, 4To Ml HilleM HETPUBHAIILHOE PELICHHUE, CJICAYET nonoxurs a = 0. [Iyctb ag = 1, Torma
n3 (1) nocnenoBaTenbHO OIpeesIIeM

Qaag = 0; Gnp1 = a (n= 0) 1’ 2, c) (1)

ay =1, ay=2 a;=3, ..., a,=nl

CnenoBaTeNbHO,
y)=1+Uz+2z+ ... +nlz" + ...

QueBHIHO, UTO 3TOT PAX CXOOMTCH JMIUb B TOuke £ = 0. »



§ 2. AnamTHYecKHEe NPHOIMKERHLIE METONB 259

B caepyrommx 3anasax HalTH B BUJE TPUTOHOMETPUYECKHX PANOB TIEPHOMNYECKHE PEIIEHAA TAHHBIX
YPaBHEHUH:

556. y" - 3y = f(2), f(2) = |z| npu |z| < m, f(z +27) = f(2).

<« ITockonbky ¢dyHkuua f npu |z| < 7 HenpepbiBHa, mudwbepenumpyema npu 0 < jz| < =,
f(m) = f(—m), To OHa pa3naraeTcsi B PABHOMEPHO CXOMALUMICA K Hell B Kaxnoit Touke = € [—m, 7]
TpUroHoMeTpHuyeckuii psn ®ypobe
4 i cos(2n — 1)z
Ti (m-1)?
B cuny paseHCcTBa f(x + 27m) = f(x) Vz € (—00, +00)

T 4. X cosA,
J@=5--3 =20 A =2n-1,

An

g
2

Janee, npyHAB BO BHUMAaHHE 27 -TIEPUOANMHOCTL GYHKUHUN [, pElICHME WINEM TAKXKE B BUAE 27-
nepuonnyueckoi GpyHKnum y:

a o0
y(x) = 30 + Y aycoskz + by sin kz.
k=1

IMoncrasnsass 310T Pl B ypaBHeHMe W NpHpapHuBag ko3dbduumeHtsl npn dyHkumsax x — sinkz,
&+ cos kz, UMeeM:

T i
= —— 1= = = k -
ag 3 Gyt Tk 1~k + 1)’ ay=by,=0, keEN
CrienoBaTeNbHO,
T 1 & cos(Zk — Dz
y(”)__EJ’EZl k=17
2sinz
5 7. oo =
5 y y-y 5—4cosz
4 Ouesupto, GyHKuuUg
. )= 2sinz
2 fl@ T 5—4cosz

27r—nep1/10)1w{ecxa${, MO3TOMY YaCTHOC NICPHOIHUYCCKOC PCUICHHUC YPABHCHUA UILEM B BUIC

2

IMoxcTaguB 3TOT Pl B YPaBHEHHUE M MPUHAB BO BHUMAHUE, YTO QYHKUUA [ HeueTHast, MOTYyYuM

a oo
y(@) = — + Y a; coske + bysin kz.
k=1

2sinz

[y =& +k)ap—b,, keEN )

ap =0, ap+b (k> +k) = ch sinkz =
YMHOXHUB TOXIECTBO Ha 5 — 4cos:c, TIPEICTaBUM €0 B BUIE:

x x o
Sch sin kx —2ch_, sinkm—22ck+| sinkz = 2sinz.

k=1 k=2 k=0
Orciopa, npupaBHUBasg KOIQDULUUEHTH IPH OXMHAKOBEIX QYHKIMAX, HAXOOXUM
Sey—2c;=2, Sep—2¢41—2c41=0, k=2,3,... 2)
W3 BToporo ypaBHeHns (2) cremyet
B
G = a2 + = 2% 3

Tae @, 8 — npoM3BOJIBHEE NOCTOAHHBE. Vicno/b3osas epBoe ypaBHeHue (2), noayuum a + 8 = 1.
Penms cucremy ypasrennit (1), (3), Gynem umers:

¥
aZ+ 1 -a)2* _ a4+ —ap

— 3 PR S A, —_ _ .
Gk—(k +k) 1+(k3+k)2 ’ k 1+(k3+k)2
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TlockomeKy a — 0, b — 0 nmpu & — +00, TO B NOCNETHAX COOTHOWIEHUAX CAeRYeT TONOXMTh o = 0.
Hrak, oxOHYATENLHO HMEEM:
N K4k _ 1 .
TR E R T A+ E R
o 3 :
_ (K’ + k)coskx —sinkzx
YD = i ® TR

k=1

>, sin 2kzx

y'-dy-Sz=) —5—,

558. =

2 +6y+8z= Z

k=1

« [TockonsKy OpaBeie 4acTH ABIAIOTCA 7 -HEPHOTUYCCKHUMHU (DYHKIMAMH, TO NIEPHOIUYECKUE Pe-
UIeHHA y(x), 2(x) ULIEM C TEM X€ NEPUONOM B BAIC

G

a had :
y(z) = —20— + Z @y COS 2kx + by, sin 2k.’l¥,
k=1
Cy ad
z(z) = > + Z ¢ cos 2kz + d, sin 2kz.
k=1
[loacTaByB HAMCAHHBIE PANSI B YDABHCHUSA U IPUPABHAB KOXDUIIMEHTE! IPH OMUHAKOBRIX DYHKIMSAX,
ToJIy4aem:
i

(4% + ap+ 50 =0, —(4k +3)b; — Sdy = o

1
(8—4k2)ck+6ak= EE, (8—4k2)dk+6bk=0, a0=c0=0,
OTKyHa HaxomouM

5 4 - 2k*
Ok = S rord 2 ’ be = ) )
2k2(8K* — 102 + 3) k2(8k* — 10k2 4 3)
3 4 4k? 3
cp = dp =

T 2K2(8k* — 10k2 + 3)’ T RZ(8KY — 10k2 4 3)

Takum o6pasoM,
o 5cos2kz + 4(2 - kz) sin 2kz

2k2(8k* — 102 +3)  °

Y@ =

k=1
% (3 + 4k2) cos2kz + 6sin 2kz

2@ == ,; 2648k — 10k + 3)

-»

B samayax 559—562 naiiTi 2—3 wieHa Pa3nOXEHHA PELICHUS 110 CTENEHAM MAJIOTO Napamerpa K.
559. y = 4uz — o, y(1)=1.
<« Tlockoneky npapas 4actTh aHANUTUYHA 1O Y, ft, TO, COMMIACHO m.2.2 pellieHne BINEM B BUIE

2
¥z, p) = yo(x) + p(@) + popl) + ... .
IoncTas¥s psaj B ypaBHeHHE W NIPUPABHAB KOIGDMHUUHEHTH IPY OOWHAKOBLIX CTENEHSX [, NIONYYaeM

Y%o=~%, Yi=42-2u%, %=-9 20, ... )
IIpyHAB BO BHAMAHME HAYATEHOE YCIIOBHE, IMEEM: '
y(Hh =1, y(1)=0, yg(1)=0, .... )

Teneps MOCAEAOBATENHHO pEIIaEM PEKYPPEHTHYIO CHCTeMy (1), MCIONB3ys HaYABHEE YCAOBUsA (2):

2 22 1 32

1 ) 1
pE)=2, w@=2"-=, pE)=-T+2+5-70
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1 , 1 of 222 32 1
vor =g+ - )+ (‘7*?—71‘;2%3 *
€CTh pCiIlicCHUeC NOCTAaBICHHON 3ajaun. p
560. =y = pz’ + Iny, y1)=1.
<« [IpuHrMas BO BHUMaHHE AHUTMTHYHOCTE NPaBOii YacTH KAk HYHKUMHM NEPEMEHHBIX Y, [ IIpH
y > 0 ¥ nons3ysach METONOM MAJIOTO Tapamerpa, PEUiCHKE 3aa4y UIEM B BUJIE
y(x, 1) = Yol@) + pp @) + @) + .- ')
Hanee, yuurniBasi COOTHOIIEHHA: Y(x, 0) = yo(z),
dy(z, p) y(z, p)
ANt Nl = y(z), y_;p_
ou ou

Hraxk,

=2p(z), ...,

#=0 u=0

9 i
Ye(=, 0) = yo(=), o Ye(z, 1) - = yi(2), o Ya(T, 1)
U3 JaHHOrO ypaBHeHMS I GEPEHIMPOBAHAEM IO TIAPAMETPY ft HAXOMMM:
2
’ , 2, , ¥ Y
=In = — = — - —= cee s 2
Yy Yy, TYp =z + w0’ Ty w 20 ¢
HUcxomsa n3 nayaipHoro yciaosua y(1) = 1, u3 (1) nogyyaem HadaIbHeie ycloBusa st GyHKImi ¥;,
i =0, o0;

=2(), .-,

p#=0

=1 npl)=p1)=...=0. (3)
ITocnenoBarenbHO MHTETPUPYA YPaBHEHHA (2) M NOJB3YACh YCJIOBUAMHA (3), HAXOOUM:

T
w=1l, p=2"-2, p=c0-2° ... @
Hakonenu, nonctannss (4) B (1), NPUXOAUM K PEIICHHUIO TOCTABICHHOM 3a1a4un;

y(z, p)=l+p(m2—m)+ng(l—m)3+ el P

561. y' =" + py, y(0) = —p.
<4 Kak u B npenpiaylieM IpUMepe, HMEEM:
(@, 1) = wo(@) + pp @) + py@) + ..,
Tae
1 &%

Ay(z, p) _
— , @)= 29

yO(m) = y(:l!, 0)1 yl(m) = 8;1

)
=0 =0

' 19,
) yz($)=§a—pzyz

H

/ ' ’ 9 ,
@) =y, 0), ()= @ Yo (2, 1)

u=0 u=0
Hcnoas3ys sTM COOTHOLIEHHUA, U3 JAHHOTO YPABHEHHA HAXOTHUM:
1
! __ Y2 I Y2, /7 _ -z Yo—2, 2
=" Hi=" Tt n= Untut ey, L ¢))

[Ipu 3TOM HavanbHEIE YCJIOBHS MMEIOT BUA:

%0 =1»0)=...=0, $n(0)=-L )
W3 nepsoro ypasienus (1) cneayer, 410 ¢ ™ = e™° + C,. B cuiy nEPBOr0 HAYaIbLHOIO YCIOBHSA (2)
C; = 0, nostomy gy = x. Janee, u3 Broporo ypaeHenus (1) HETPYIHO Haittd y, = Che® —x — 1.
IMocrosHHyio C, oupenesieM, NONb3YIACh NOCASAHUM YCIOBHEM (2), 4ro maetr C) = (. Cien0OBaTeNLHO,
Y1 = —& — 1. AHaJIOrHYHO peuiaeM 3anayqy:

z + 1)
!I5=y2—33—1+(—‘—i—), 12(0) = 0.
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TakuM 06pa3oM, OKOHYATEIBEHO MMEEM:

2
y(m,,u):m—,u(m+l)+%—(e’—mz—2m—-l)+....b

:E:n:+,u(z'2—y2), z(0)=1—p,
y=y-pE’+y),  yO) =4
« Tloacraniss B JaHHBIE YPABHEHUS PSIBI
{ z(t, p) = 2o(t) + pa ) + o) + ...,
y(t, ) = () + a3 @) + g + ..
¥ npypaBHUuBasg KO3 DULIMEHTH NPU OAMHAKOBBIX CTENECHAX i, MOMYydaeM:

gy=x0, 2O =1, & =zi+z—y%, T0)=-1, & =2+ 222 —2yy, 22(0)=0,

562. {

M

B=w, wO=0,  H=yi-z-y%, nO=0, 92 =y — 220z, — 290y, %(0)=1.
'OTCI()I(a HHTETpUPOBAHUEM ITOCTACAOBATCALHO HAXOAUM! :
Ty = Ct, Yo = 0;
z = 2 _ 25', Y = et — e”;
z; =€t —4e¥ + 3¢t = 4e” — ¥ — 26",

TaxuM o6pas3oM, psanr (1) MOXHO 3arucaTh B BUIE:
z=¢" +y(e” - 26') +p2(e3t —4e” + 3et) + ...,
Y= u(et — e”) +u2(4e2' —et - 2et) + ...
B 3amauyax 563—566 ¢ TOMOILLBIO MAIOTO apaMeTpa HaiTH MpuOIMKEHHO IEPHONNYECKIE pELIEHUS
C MEPUOMOM, paBHBIM TIEPUOLY TIPABOM YaCTH YpaBHEHHS.
563. i + 3z = 2sint + pi’.
« CoracHO MeTOAy MAJIOTO NapaMeTpa, NEPHOIMYECKOE PELUCHHE HILEM B BHIE:
z(t, 1) = zot) + pz () + ) + ..., o

re z; (2 =0, oo) — 27 -nepuonuueckue dynxiuu. Ioacrasnsis pasnoxenue (1) B ypaBHeHUE U [IpU-
paBHUBas KOIDUIIMEHTH NIPY OAMHAKOBBIX CTEMECHAX (&, TONYYaeM:

&g+ 3zg = 2sint, & 43z, = &L, & + 3z, = iy, ... . ¥))
IepBoe ypaBHenue nmeeT obuiee peleHue
z¢(t) = Cjp sin V3t + Cy cos V3t + sint.

TMocxombKy TpeGyeTcs HAWTH 277 -MEpUONMIECKOe PEILEHHE, TO B NIOCIEAHEM PABEHCTBE CHENYET MOJO-

xuTh Cig = Cy = 0. CnegoBaresibHO,
zo(t) = sint.
INpuHuMast BO BHUMaHUE 3TO 3HAYEHHE, U3 BTOPOTO YPaBHEHUA cUCTEMBI (2) HaxoauM
1 1
z(t) = Cy; sin V3t + Cy cos Vit + 5§ 3 cos 2t.
Orciona B cuiny TpeOoBaHNS 27 -TIepHOAMYHOCTH (GYHKIMU Z; UMEEM:
1 1
z(t) = - — s cos2t.
1®) 5§ 3
AHanorm4HeIM 06pa3oM U3 TPETHETO YPABHEHMS cuCTeMBl (2) nony4yaeM
1 1
() = ——-sin 3¢t + ~ sint,
, =g 2
Tloncrariss o, €1, X2,... B (1), IPUXOOUM K HCKOMOMY PELUEHUIO:

1 1 1 1
z(t, ﬂ)=Sint+ll(g - Ecos2t) +[l2 (—gsin3t+§sint) + e P
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564. i + 3z + z° = 2ucost.
< Honcrannsag pax
Z(t, p) = 2ot) + pay () + Ll za(t) + ..
B JJaHHOE YPaBHEHUE, U3BECTHLIM CITOCOOOM NOJIyyaeM CUCTEMY YPABHEHMIA:

%o +3zg+z(3) =0,
#, + 3z + 3zhE, = 2 cost,
&, + 3z, + 31'01:% + 31:(2)22 =0,
ﬁ3+3zg+zf+32323=0, ceey
U3 KOTOpOIi TOC/IE0BATeNIbHO HAXOMUM 27 -TIePUOIHUECKUE PELLICHMS
) =0, z@) =cost, z(t)=0, =)= —g cost + 5171 cos 3t.

CreaoBaTensHo,

3

1
z(t, p) = pcost + % (5c033t— 3cost) T

IIpumevanne. HerpuBuanbHbie penieHus ypaBHeHus Fg + 3zg + za = ( BbIPAXAIOTCS YEPE3 FIMNTHYECKHE
dyHKIMH, HE ABISIIOLIMECS 2T -NEPHOANUCCKHUMH.
565. i +sinz = usin 2t.
« Kak u B nipensinyiem npuMepe, cTeNeHHON psill
2
z(p, 1) = zo(t) + pz (&) + prza(@) + ...
MOJCTaB/IsAeM B JaHHOE YpaBHEHHE Y IOy4aeM TOXIECTBO I10 IapaMeTpy (i, M3 KOTOPOTO CJIENYeT CH-

cTeMa ypaBHEHMM:
&y + sinzg = 0,

& + z; coszg = sin2¢,
. L
&, + 3y 00839 — = sinzy = 0, 1

3
" ] .
&y + (9:3 - Z) cosxy — xjxp sinzg = 0,

IepBoe ypaBHeRHUE B (1) UMEET CEPUIO T -TIEPUOIMUECKUX PELLIEHU:
zo =kw, k€ Z.
Bropoe ypaBHeHuUE JaeT

sin 2¢
Ty = (—l)k _ 4)
a TpeTbe —
Iy = 0.
M3 yeTBepTOro, UMEIOLLETO BUA
.. r (——1)’c sin® 2t
&3+ (-D'ay = —— (—DF — 2’
cienyer m-nepuoAMYCCKOe pelUCHNE
= sin6t 4+ (=1 Gin 2t
Tk T (= 1k —4p \ 36— (=1 5 '
TakuM oGpazoM,
psin2t (=g’ ( sin 6¢ 4+ (=1F |
= - A+ ...
S =k e Y S —ap \36- el R

Ipamesanne. [Lia noayuyeHHs cHCTEMBE (1) yaoGHO MONB30BATLCS PATIOXKEHUEM
"sin(zg + u) = sin Zg cos u + sin u cos o,
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e u = u; +,u21:2 + ..., 2 TAKXE
cosu:l——u2+iu4— sinu=u——u +
2! 4t e 3! e
B pesy/ibTate HMeeM
sin(zg + u) = Asinzy + B cos Zy,
2 3
A=1- ‘L—;—:l:f—/;31:19:2+ ceey B=/49:1+,u29:2+ —#—6—9:?+
566. 7 + = = sin 3¢ — sin 2t + pz?.
« Ilpencrapnas pellleHUe B BUIE pANa £ = Zg + pUT; + ... OTHOCUTENbHO PYHKIMHA Z¢, Z; ...,
M3BECTHBIM CII0COO0OM NOJIyYaeM CUCTEMY YPaBHEHUH:
&g + zg = sin 3¢ — sin 2¢,

o 2
Z;+ 2 =z, (1)
Et o= 2.’1,‘01‘1,

H3 nepBoro ypasHeHus cucteMsl (1) umeem:

1 1
zngcost+Bsint+§sin2t—gsith, ceey @)

rae A, B — TOCTOsIHHbIE MHTETPUPOBAHNs. DTH MOCTOSHHBLIE Mbl OTIPEACIIMM, MCXOIs U3 TpeGoBaHus,
YTOObI B NPABOM YaCTH BTOPOrO YPaBHEHHS cHCTeMEi (1) OTCYTCTBOBAJIM TaK HA3bIBaEMBIE pE3OHHUPYIO-
uie wiensl. B panHoM ciyuae pesoHupylommmy wieHaMu 6yayT dyukuuu ¢ — sini, cost, nosromy
B IIpaBO# 4acTH

. 1 1.\ A+B A-PB
(Acost+Bsmt+§sin2t—gsm3t) = + cos2t +

2 2
1 cos4t 1 cos 6t

818 T s
A . B 1 B
-3 (sin4¢ +sin 2t) — 3 (cos2t - cos 4t) — Y (cost — cos 5t) + 3 (cost — cos 3t)

A
+ ABsin2t + 3 (sin 3t + sin?) —

crexyer nomoxuts A =0, B = }I; Torna uz (2) nomyunm
1 1
zo(t) = 3 (sint — sin 3t) + 3 sin 2t.

AHanornyHo Haxoadarcs GYHKUMRA Z; N T. 1. W
B creayonux 3agauax ¢ MOMOLIBIO METOA MAJIOTO NTApaMeTpa NpUGIIKeHHO HaHTH IepHOIUIECKHE
pElIEHNs NaHHBIX YPABHEHUA.
567. i+ z=p@- 2.
«¢ TTockobKy TpaBasi 4acTh OT ¢ IBHO He 3aBHCHT, TO, COTJIACHO M. 2.2, cHAYaia CHETacM 3aMERY
T=tl+bp+bpi+ ..),
rge b;, ¢ € N — nocrosiHHBIE, NTOIIEXALIME ONpEneIeHNAIO. TOrxa NnoayYuM ypaBHEHUE

&z 2 2 dz 2 dz\? 2 3
et (LR +.’t—p<a(1+blﬂ+b2p +"')"<E) (+opton’+. ) ).
Janee, npuGHXeHHOE peme}m.e ypaBHeHns (1) uuleM B BUIE
(7, p) = 2o(T) + py(r) + g2 () + .. @
Hoxzcrasnp (2) B (1) ¥ npupaBraB KOIODHIMEHTH NPH OMMHAKOBBIX CTEMIEHAX g, MONYYAM:
Eo+ 29 =0,
:il + ) = :bo - 3(3) - 2b1:§o, (3)

&+ @y = bio — 2y + &) — 3bydy — IkgE) — bido — 2by%,
PeilicHHE NEpBOTO YPABHECHHSA
To(T) = Acos(T + ¢)

~
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(A, ¢ — TIPOA3BOJIbHEIE TIOCTOSHHLIE) MOACTABIAEM BO BTOpOe ypaBHeHME (3):

&)+ x; = —Asin(T + ¢) (1 — 4 sin®(r + <p)) + 2bjAcos(T + ¢) =
3 A
= (ZA3 ~ A) sin(r + ) — 7 sin 3(t + ¢) + 2b; A cos(T + ¢). 4)

TTOCKONEKY Mbi MIHEM NIEPHOZHUCCKIE HETPUBUANILHEIE PELIEHUS, TO B (4) JOJDKHBI TIONOXUTh

3
ZA3 —A=0, 26,A=0.

Orciona cienyer, yro b; =0, 4 = % A Toraa uz ypasHeuus (4) HETPYIHO HAUTH, YTO

1
zi(t) = Ajcos(t + 1)+ —= \/5 sin3(r +¢), A, 1 — NOCTOSHHBIE.
VuythiBas HaliIEHHOE, TPETHE YPABHEHUE CHCTEMBI (3) MpeaCTaBNsIeM B BUIE:
By + 2y = & — 384F, — by =
’ 4
_  fain? . . 2 —
= -4, (1 4sin”(r + go)) sin(r + ¢1) + —= ‘/_ becos(tr+ )+ —&= 4‘/_ ( — 4sin“(r + go)) cos 3(T + )
= A; (sin(r + 1) +sin(r — ¢y + 2p) —sin(37 + 2¢ + 1)) +

4b,
+(f 4\/_)cos(‘r+<p)+4\/— (cos 5(r + ¢) ~ cos 3(T + ) .

Orciofa BUIMM, YTO YCOBUEM OTCYTCTEMSI PE3OHMPYIOUMX WIEHOB SB/IETCS BBHIMOMHEHUE paBEHCTR:
1
A=0, b=——.
’ 16
Taxkum obpa3om,

(1) = 12\/_ sin 3(7 + ¢),

2
z(‘r,u)=—j—§cos(‘r+<p)+12‘/_sm3(7—+<p)+0(u), ’T=t<l—’:—6+ )b

568. i +z = z".

o Cuuras, 4YT0 z Mo, B Ka4eCTBE MANOro NapaMeTpa BO3bMEM aMIUIATYXY KoeGaHui, ABIISIO-
mxcs pelleHueM ypaBHeHns & + ¢ = 0. Ilonaras, mis onpemeneHHOCTH, Z o = M (p — Mmamerit
TIapaMeTp), NEpUOINYECKOE PEIlleHHE JAHHOTO YPABHEHHS MIIEM B BUIE:

z = pzo(T) +u2:c,(r) +u3zz(r) + ..., 4))
rae
T=t1+bp+by’ + ).
IToxcTaBMB 3TH pa3TOXEHNS B YPABHEHME U NPUPABHAB K03GdHLHEHTHI NPYU OXMHAKOBBIX CTENEHAX U,
TIOJy"aeM:

1 1
Ep+xy =0, :331+x1,=5+5cos27—+2b1cos7—, & +xy =2xycosT + 2bcosT, ... (2)

M3 nepBoro ypaBHEHNSA € Y4ETOM HAYaJIBHOTO YCHAOBUS HAXOMUM

zo(T) = COST.
Hockoneky GyHKUUA 2, ZOJOKHA OBITH IEPHOTHYECKOI, TO B TIPaBO# YaCTH BTOPOTO YPaBHEHHS CHCTe-
MBI (2) crnenyet nosnoxutb by = 0. Toraa #3 3TOro ypaBHeHMs HETPYAHO TIOJYYMTh, YTO

1 1
z(1)= AcosT + 3 gcos2‘r.

Vuyrsisas yenoene ,(0) = 0, naxomum 4 = —— . CnepoBarensHo,

1 1 1
(r)==-— §cos‘r— gcos2‘r. ‘

N
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[MoacraBuB 3HaueHune z;(T) B NPaBYyI0 YaCTh TPETHLETO YPAaBHEHMs CHCTEMEI (2) B noTpeboBaB, YTOOLI
OHa He coIepXana Pe3OHMPYIOLIHX WIEHOB, NMOJydaeM

by = 5 =4 Acos27'+lcos3
=T TATS 48 “>°T

Tak kak z;{0) =0 , 10 A = —v_;lj. Hoartomy

1 1 1
T; = Y + —ggcos2‘r+ 4—§cos3r‘

Taxum oGpazomM,

I 1 1 1 1 1
z:ycos7’+u2 <5 - 5cosr~ gcos27—> +u3 <—3—2‘ + §6~c052‘r+ &cosi’n—) + ...

'r—t(l > 2y )»
= 12;1 s

IIpuMeaanne. Takoil Xe pe3yabraT NOMYMHTCS, €CIH POALIATH AHANOTHYHBIE BBIKJIAAKM IS ypaBHEHUS £+ =
= uzz, 4 3aTeM B PELICHHM NOJOXHTb & = 1.

§ 3. Unciaennbie METOAbI pelieHAs
nugpepeHIMANBHIX YPABHEHHM

3.1. Meroa Diinepa k-ro mopsuaga.
Jlast yucnenHoro petienus 1ugdepeHIHaATBHOR 3adauu
y’ = f(z’ y)7 y(zo) = Yo, £ < z < b) (1)
e
y= y(z) = (yl(z): (), ... aym(z))y f(l‘, Y= (fl(z1 Yiry Y2y - -- 1ym), fZ(za Yo Y2 -+ sYm)y - - )

— [OCTATOMHOE YMCIO pa3 HENpephIBHO AnddepeHLMpyeMble BYHKIMH, OTPE30K MHTETPUPOBAHUSA
[%o, b] menst Ha paBuble wacv mmHOK h = 22%L u no snaenuio y(z, + lh) = y; npuGmMAXEHHO

BBIUMCIISIOT y(zo +(+ l)h) = Y141 C MOMOUIBIO QOPMYITE

, B2 ¥
"
yl+l=yl+hyl+2—!yl+-~+7c_!yt): 2
rae
d f@, y) | 9f(=, w)
V= f@uw, W= fEy)| == = e w,
y":y:
oh o o
of | T o |
B | s , Zy=zo+lh, 1=0,1,2,...,n—1
Yot Ofm 0fn |
. Oy T Oym

TTOrpelHOCTS Ha Iare HHTerpHPOBAHMS [y, £y, MMeer nopsanok O ().
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3.2. Merox Pyare—KyrTa 4-ro nopsjixa.

Cuauana ONpPERCIIAIOTCA YACa

ki = fi(xo, Yus Yoty -+ - 5 Ymd)s

h hk hk hkyy
kizzfi(l't'*‘ y Yu + nyyzt 21:"'aym1 “-_>’
2 2 2 2 G)
h hkn hky, hk
ks=filz+ 2,y,,+ > ayzz-*-T, u-,ymz'*'T )
kis = fi (@i +h, yu + Bkys, yu + hkys, ..., Yt + hki3) ,
a 3aTeM NPUOIIDKEHHBIE 3HAYEHNS ¥; 1y HAXORATCS 1o opmyIie
h o
Yirel = Yir + 3 (ku + 2k + 2k + ki4), i=1,m. Q)
TNorpeurHocTs Ha 1Iare UHTETPUPOBAHUN [, Z14] UMEET NOPAROK o).
3.3. Meron IlTepmepa.
TpuGmaxennoe 3HaYEHHE ¥; 14 B 3amaye (1) MieTcs o onHoH U3 GopMyi:
1
Yirr1 =Ya +qa+ 3 Agi -1, &)
1 5,
Yirr = Ya + qa + 3 Agiq + I A%gi -2, (6)
1 5 3,
Yii = Yatqut 2 Agig + I A%gi 1, + 3 A’g; 13, )

rae

i=Tn, yw=w@), =z +1lh, g¢q=yiz)h,
A1 = G — Giim1y D’ = Ogiyoi ~ gy, A'giis =A%, — A% .
HorpeurHocts dopmyn (5), (6), (7) Ha OqHOM LIIaTe HHTErPUPOBAaHMS COCTABIIAET own’ ), oY), o)
coorBercTBeHHo. [Uis Havana HTerpupoeanus no Gopmymam (5), (6), (7) TpebyeTcst 3HaTh HECKOIBKO

TIEpBBIX 3HAYEHUN Y;(Z;), KOTOpBIE NMPEABApUTEIbHO MOXHO HAaUTH, VICTIOMBL30BaB GO Meron Diijepa,
6o meron Pynre—Kyrra, 1160 METOX CTEEHHBIX pANOB.

C moMoukio MeToxa Difnepa k-ro nopsAnKa HaiTH NpuGIHXEHHO Ha YKA3aHHOM OTPE3KE PELIeHMS
caeayoumMx qudxbepeHINANBHBIX 3a0a4:

569. y =z+4° 0< 2 < 1; yo=y(0)=0,3.
< Iyers k = 2, h = 0,2. TTocKOMBKY TIOTPENIHOCTS Ha KAKAOM INare uMeer pemunHy O(h’) =
= 0,008, To BEUMCIEHNA NO dopMye (2), ni. 3.1, GyneM BecTH ¢ TpeMs 3HaKaM# Tioce 3ansToil. UMeeM:

af(@, y) af(-"?n )
oz

n?
Y=y +hyi+ Yy =y +hf@, W+ ( JLER yl))

2
2 h 2
=yl+h(xl+yl)+7(1+2yl(xl+yl))) I=07 1:273741

Yir = 41 +0,2(0.20 + ) +0,02(1 + 0,41y, +247).
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Ionaras 3nech nocnenona’renbnb 1=0,1, ... n npaHNMas BO BHAMAH{E HAYAIBHOE YCJAOBHE, TIONy4Ya-
eM:

v, = 0,3+ 0,2- 0,09 + 0,02(1 + 0,054) = 0,339;

%2 = 0,339 +0,2 (02+ (0,339)") +0,02 (1+0,4-0,339 + 2(0,339)°) = 0,426;

¥ = 0,426+ 0,2 (0,4 -+ (0,426)°) +0,02 (1+0,8- 0,426 + 2(0,426)°) = 0,572;

yy = 0,572+ 0,2 (0,6 + (0,572)2) +0,02 (1 +1,2-0,572 + 2(0,572)3) =0,799;

ys = 0,799 +0,2 (0,8 + (0,799)7) +0,02 (14 1,6-0,799 +2(0,799)°) = 1,153. »

570. y’=§—y, 0<z< L go=yO=1.

« [Tycts k=1, h = 0,1. [TorpeuHOCTs Ha LUare MHTETPUPOBAHNA UMEET BETUIUHY O(hz) =~ 0,01,
MO3TOMY BbIMMC/IEHUA OyeM BECTH C JBYMS 3HaKaMu nocie 3ansroii. Coryiacuo ¢dopMyne Diinepa 1-ro
TIopsiJKa MMEeEM:

0,11
yt+1—yt+01(“—yt) Wi yz+1—yz+01(—~—yz)
Kl Kl
1=0,1,...,9, oTKyaa HaxoxNM:

0,1 1
n=w-01yp=09% =09 wn=y+0,1 (;— - yl) =0,9+0,1 (§ - 0,9) = 0,82;
1

0,02 0,03 0,04
y3 = 0,9y, + —;jz— =0,76; ys =09y + —;3— =072; ys =09y, +— =0,70;

Ya
0,05 0,06
y6_09y5+7_070 y7=0,9y5+~;—=0,72; Ys = 0,74; y =0,78; y;0 =081 »
5 6
571. ¢ =t+2z -y, g=1—-2+2y; 0Kt <0,5 =(0) = y(0) =

« BosemeM h = 0,1; k = 2 (MeToxm SWIepa BTOpOro nopsifxa). BbrducIeHuS BezeM ¢ TpeMs
3HakaMu nocrte 3ansitoil. Cornacuo dopmyne (2), n. 3.1, umeeM:
2 2

h h
Ty =&+ hay + 5'—.’1}1 =z +h + 22, —y) +'? A+28—g) =
2

h
=zt + 20— )+ 5 (142004 20— 9) = (1 -2+ 29)) =

5
= KA1 + k) + (1 +2h+ > h’) z; — (h+ 2h%)y, = 0,011 + 1,225z, — 0,12y,
h? h?
Y =Y Ryt 7!71 =y +h(l—z+2y)+ —2'(—5314'2!]!):
R i
=y R0 -2+ 20+ 5 (= 2ty o+ 20— 20+ 20) =

=h (1 + g(z—hz)) ~ (h+ 20Nz + (2h+ §h2+ 1) w=
= 0,110 — 0,0005! — 0,12z, + 1,225y, 1=0,1,2,3, 4.
Orciona, y4uThIBasi NaYaIbHBIC YCIOBHA, HAXOMUM:
z; =0, y =0,110;
x; = —0,002, ¥ = 0,244;
x3 =-0,009, y; =0,408;
x4 = —0,027, y,=0,609;
- zs = —0,062, ys = 0,857. p
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C nomousio Merona Pynre—Kytra 4-10 nopsigka BHMHCIHTS NpAGIMKEHHO PEIICHHS CIACKYIOIMX
InddepeHMaNbLHBIX 3034 (BRIYMUCICHHUS BECTH C TPEMA 3HAKAMHM NOCIIE 3aTIATON ):

572. y =y’ — 2, 0< 2 < 0,5 y(0)=0,5.
- o Ilycrs h =0,1. Torza cornmacHo m. 3.2 nmMeeM:
ku = yll — &y, ’ kz[ = (yl + 0,05’9“)2 — & — 0,05,
Ey = (y +0,05kx)’ — 2, — 005,  ku= (g +0,1ky)’ —a, — 0,1,
0,1
Yu=y+ %(ku + 2ky + 2ky +k4z), =0, =05, 1=0,1,2,3,4.
Orciona, nocnexoBaTeLHO mostarasa [ = 0, 1 ..., nomydgaem:

ko = 0,25; kx = (0,512)7 — 0,05 = 0,212;
ki =0210; kg = (0,521) — 0,1 =0,171;

0,1
n=05+—- (0,25+0,424 +0,420 + 0,171) = 0,521;
k= (0,521)* — 0,1 = 0,171; k= (0,53)* — 0,150 = 0,131;

k3 = (0,528)” — 0,150 = 0,129; Ky = (0,534)* — 0,2 = 0,085;
0,1
v = 0,521+ - (0,171 +0,262 +0,256 + 0,085 ) = 0,534;
kip = (0,534)” - 0,2 = 0,085; ky = (0,538)% — 0,25 = 0,039;
kpn = (0,536)" — 0,25 =0,037; kg = (0,538)> — 0,3 = —0,011;
0,1
¥ =05M+ - (0,085+ 0,078 + 0,074 ~ 0,01 1) = 0,538;
ki3 = (0,538)” — 0,3 = ~0,011; ky = (0,538)% — 0,35 = —0,061;
k3 = (0,535)% — 0,35 = ~0,064; kg = (0,532)> — 0,4 = —0,117;
0,1
Yo = 0,538+ - (0,011 - 0,122 - 0,128 - 0,117) = 0,532;
ki = (0,532) — 0,4 = —0,117; k= (0,526)* — 0,45 = —0,173;
k3 = (0,521)7 — 045 = —0,175;  kas = (0,515)* - 0,5 = —0,235;

0,1
ys = 0532+ - (0,117 - 0,346 - 0,350 - 0,235) = 0,515. »

573. y =22 -, 1€ 2 <2 y() = 1.
« Iycts A = 0,2. Torxa, Kak ¥ B NpeABIAYILEM NPUMEPE, UMEEM:
kll = '7712 - y121 kZI = (331 + 0’1)2 - (yl + Oalkll)zy
by = @+ 01" = (i +0,1k)",  ka = (2 40,2 — (3 + 0,2kx)";
0,1
yon =Y+ = (ku+ 2ku+ kg + ka), 2= 14020

3
Tlonaras B 3TMX paBeHCTBax nociegosarensHo ! =0, 1, 2, 3, 4, nonyyaem:

ko=xa—ys=0; ky = (1,1) = 1 =0,21;
ki = (1,12 — (1,021)> = 0,168; kg = (1,2)® — (1,034)” = 0,371;

0,1 0,1
n=w+5 (k1o + 2kso + ks + ko) = 1 + + (0,42 +0,336 + 0,371) = 1,037;
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k=i —yi = (1,2)" - (1,037 = 0,365,k = (1,3)" - (1,073)" = 0,538;

ky = (1,3) — (1,091)% = 0,500; ky = 0,667;
0,1 0,1
B=u+ —3—(k“ + kg + 23y + k4,) = 1,037+ % (0,365 +1,076 + 1,0 + 0,667) = 1,141;
kn=23—y: = (1,4 — (1,141)2 = 0,658;  kyn = (1,5 — (1,207)* = 0,793;
ks = (1,5)% — (1,220)* = 0,761; ke = (1,6)* — (1,293)? = 0,888:

y; = 1,141 + % (0,658 + 1,586 + 1,522+ 0,888) = 1,296;
k=23 — 3 = (1,6 — (1,296)° = 0,880;  ky = (1,7)" — (1,384)* = 0,975;
ks = (1,7)° — (1,393) = 0,949; ey = (1,8)" — (1,486)% = 1,032;
ys = 1,296 + 931 (o,sso +1,950 + 1,898 + 1,032) = 1,488;
ku=z—yl = (1,87 - (1,488)° = 1,026; Ky = (1,9)° — (1,591)* = 1,079;
ks = (1,9)2 — (1,536)% = 1,063; ks = 4— (1,701)* = 1,109,

0,1
ys = 1,488+ = (1,026 +2,158 + 2,126 + 1,109) = 1,702. -

574. y' =2y, 0< 2 < 0,6; y(O) =1, ¥'(0) = 0.
« BBona Hosyio nepeMennyio z(z) = y'(z), nepexoauM x cucteme yudipepeHIUANLHBIX ypaBHE~

HUU:
Z=azy, 200=0;, y=2 y0)=1 0<z<L

Hycrs A = 0,2, Torna, cornacHo Merony Pynre—Kyrra 4-ro nopsixa, mo dopmysitam (3), (4), n.3.2,
TIOJTYYaeM:

ku =ziy, pu =2,

ku = (2 + 0,1y +0,1py),  pu =2 +0,lky,
ky = (@ +0,1) @y +0,lpn),  pu=2z-+0,1ky,
ky=(z+ 02y +02py),  pu=2+02ky,

0,1 0,1
=21+ 3 (ku + 2ky + 2k5 + k4t), Y =Y+ (Pll + 2py + 2pn +P4z),

3
=02, yw=1 2z=0 [1=01,2
Orcioma, nonaras nociaegosatenbio [ = 0, 1, ... ¥ yUuTBIBAs HAYAILHBIE YCIOBUSA, HAXOIMM:
k=0, Pr=0, kx=0,1, Po=0,

kpn =0,1, Px = 0,01, ) kyp = 0,2, Paw = 0,02,

0,1 0,1
2= ‘;—(0,2 +02+02)=0,02, y =1+ —é—(0,0Z +0,02) = 1,001,

ky = 2y = 020, Pu =2 =002,

ky = (zy + 0,1)(yr +0,1pyy) = 0,3 - 1,003 = 0,30, pa = 3+ 0,1k = 0,04,

ksy = 0,3 - 1,005 = 0,301, Py = 21+ 0,Tky = 0,024 0,1-0,3 = 0,05,
ky = (1 +0,2)(%1 + 0,2p3;) = 0,404, Pa = z1 + 0,2k, = 0,080,

1 1
n=z+ 9;— (kus + 2Ry + 2y + Kt ) = 0,02+ ‘-’é— (0,20 + 0,60 + 0,602 + 0,404) = 0,080,
AN - B R
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n=y + 03—1 (oo + 222 + 231 + par) = 1,001 + 03—1 (0,02++0,08 +0,10 +0,08) = 1,010,
k2 = z,, = 0,4 - 1,010 = 0,404, P = 7, = 0,080,
kn = (z; +0,1)(3 + 0,1p;) = 0,5- 1,018 = 0,509,  py; = 2, + 0,1k, = 0,080 + 0,1 - 0,404 = 0,120,
k3 = (3, + 0,103 + 0,1py) = 0,5- 1,022 = 0,511,  pxn = 2, + 0,1ky, = 0,080+ 0,1 - 0,509 = 0,131,
ko = (22 +0,2)(y; + 0,2p3) = 0,6 - 1,036 = 0,622,  pay = 2z, + 0,2k3, = 0,080 +0,2-0,511 = 0,182,

0,1 0,1
n=mn+ (i + 2k + 2k3, + ko) = 0,080 + 5 (0,404 + 1,018 + 1,022 + 0,622) = 0,182,

0,1 0,1
¥ =92+ 2= (pi2 + 2pn + 2P + pz) = 1,010+ - (0,080 + 0,240 + 0,262 +0,364) = 1,041

B cremyromux 3aatax ¢ noMouno Metona ITepmepa BRIMMCAMTL NPUOTHXEHHO UX pelreHas. Bor-
YHCJIGHHS BECTH € TPeMs 3HAKAMM [10C/Ie 3anaToil. Jna HaxoxmeHusa HELOCTAIMX 3HAYEHU A HCKOMBIX
DYHKIUH UCoNs30B4ATh METON CTETICHHbIX psiaoB Wi Meton Pynre—Kyrra 4-ro nopsizka.

575. ¢y =y, 0< 2 <05, y(0) =1L

« HNpumennm dopmyay (5), n3.3, B3ss b = 0,1. Torna

I 7 h s 1 ! h
Y=y +q+ 5 Ag =y t+hy + 5 W + Y- =y + hy + ) @ —yi-) = L1535y, — 0,05y, (1)
JInd BerMMCHeHWs 3HAYCHUS Y BocIlonb3yeMcs MetogoM Pynre—Kyrra. Mmeem:

h h
kk=yw=1 k=y+ 2k1_ 1,05, k3:y0+5k2=1,052, k4 = yo + hk;y = 1,105,

0,1
Yo = Yo+ —6’~(k1 + 2ky + 2k3 + ky) = 1,105.

TTocKomsKy TorpeuniocTs Ha Lrare cocrtamnmser BemmunHy O(A°) = 107, To Bce 3HaKM B BHIpRKEHUM
JUIS y; MOXHO CUMTaTs BePHeIMM. [lanee, momaras B (1) mociemoBaTensHo I = 1, 2, ... ¥ yuuTHIBast
HaliIeHHOe 3HAaUEHHUE ¥, @ TAKXE HAUaJbHOE YCIIOBME Yy = 1, moy4aem:
1 = 1,15y, — 0,05y, = 1,15- 1,105 — 0,05 = 1,221,
y3 = 1,15y, — 0,05y, = 1,15- 1,221 — 0,05 - 1,105 = 1,349,
ys = 1,15y — 0,05y, = 1,15 1,349 — 0,05 - 1,221 = 1,490,
ys = 1,15y4 — 0,05y; = 1,15- 1,490 — 0,05 - 1,349 = 1,649.

@

TlorpemHoOCTh 3THX PE3Y/ILTATOB UMEET BEJIMUUHY O(h3), T.€. MOXHO CYMTATh, YTO B KaXIOM M3 pa-
BEHCTB (2) 1Ba 3HaKa NOCJIE 3aNSTON BEPHEL. P

2
z+y’ A
<« Hpumensst dopmyny (6), n1. 3.3, BeIGpaB wiar uHTerpupoBasns h = 0,1,
1 5 ,
Y =y+q+sAq, + = A%y, 1)
2 12
rac
2
@=01 ", A =d— g A’qy = Agit — Agiy, @

z=14+011, y=0,1=2,3,4. He)zocmxoume 3HAYCHHA Y, N Y, MBI BRIYHCIIMM, HCTIO/IB30BAB METO
CTENEHHBIX PANOB. C 3Toﬁ uemo Haiizem y'(1), ¥"(1), ¥"(1), ..., ucxons U3 mammoOro ypasmeuus.
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Hmeewm:
.
. y()=1,
oo (z+ y)(zz +2zy) — z* "oy
y (z)= @ty ) y (1)=0,
m,_ Qz+2y -2y )z +y) - 21 +y )" +2zy — 2%Y) s _
y (@)= @1y Yy M=2

ITostomy 1o ¢opmyne Teitnopa,
1
y($)=m—1+§(z—l)3+0((m—1)4). 3)

OTtciona HaxoaOuM

0,001
=y(L) & 0,1+ 7= = 0,100, g, =y(1,2) % 0,2+ 0,003 = 0,203.

.3aMeTHM, YTO TIOTPELIHOCTD (opMyJinl (1) HA LIare MHTETPUPOBAHUS COCTABISAET BETHIMHY O(h“.), Ho-
3ToMy B popMmynie Teittopa (3) MbI BIsUIM TONLKO TPH TIEPBLIX WIEHA PA3IOXEHM.
Hanee, nonarast B dopmynax (2) | = 2, noiyyaem:

0,123 2
Q= 2t =0,103, Aq=q—-q, A'¢p=Aq —Aqg,
rae 2 2
0,131 0,1.1:
= ——=0,101 =0,1.
Uil z + U ] 3 Jo = + %

Creposarensno, Agy = 0,002, Ag, = 0, A2q0 = 0,002, a u3 (1) Haxonum y; = 0,309. AHanoruuHo
npu | = 3 umeem
0,123

Tty 0,105, Agr=gs— ¢ =0002, A’q=Ag-Aq =0,

B =

1
Y=h+o+Ant 12Aqu_o415

Hakonen, nipu | = 4 u3 ¢opmya (1), (2) ¢ yueToM yxe MMEIOLLUXCH BEIMIMH TIONYJaeM:
0,122
@ = ——— =0,108, Ags=qs—qs=0003, A’g=Aq—Ag,=0,00l,
T4+ Yas

Ys=Yas+qs+ AQ3+7AQZ—0525>

2
577. 2y" +y' +2y=0,0<2< 1, yO =1, y(O) =
< BBozst HOBYIO lepeMeHHyI0 z = y', IPUXOIUM K 3anade:
z
y':z, y(0)= 17 zl=_y_ ;y Z(O):
IIpumensiem dopmyiy (5), 1. 3.3, u BuiGupaem war h = 0,1. Umeem:
Y1 =¥+ 0,1p; +0,05Ap,_4, z =z + 0,1 + 0,054q,,, ' 9y
e
2
=z, G=-Yi-— e Ap i =p—pi1, AQi=q— @y,
=01, 1=0,9, yw=1 2z=0. )
JUia Hayana cuera HaM HYXHO HMeTs sHavenus y(0,1) = y;, z(0,1) = z; = ¢/(0,1), a Taxxe (B cuny
HEOTIPENEIEHHOCTH U) Qo- Bce atn BeMIMHBI MBI HAliZieM, oﬁpa'mnnmcs K METOAY CTENEHHKIX PALOB.

HiueMm penieHue JaHHOW 330a4yM B BUiE
y@) =1+ax*+asz’ + ... . A3).
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IToncrabmas pan (3) B pacCMaTPHBaeMOe ypaBHEHHE M TIPHPABHUBAA KOAD(OHILMEHTHI NPH ONMHAKOBbIX

CTENICHSAX &, TIONYHAEM:
1
@y = _Zv a; =0,

CrnenoparensHo,
2

z
y(2)=1—'z‘+ e
OT1ciona HaxXoIUM
y1 =y(0,1) = 0,998, z = y’(oal) = —0,05, Qo = y"(O) =-0,5.
Hanee cuuraem no dopmyaam (1), (2). IMomaras B uux ! = 1, 2, ..., HOCHENOBATENLHO 3aMOMHAEM
CIeAYIOIy10 TabIuIry:

z i z b2 @ Api; | Agy
00 |1 0 0 0,500
0,1 ; 0,998 } —0,050 | —0,050 | —0,498 | —0,050 | 0,002
0.2 | 0,991 | —0,100 | —0,100 | —0,491 | —0,050 | 0,007
0,3 | 0983 | —0,149 | —0.149 | —0,486 | —0,049 | 0,005
04 | 0,966 | 0,197 | —0,197 | —0,476 | 0,048 | 0,010
0,944 | —0.244 | —0244 | —0,456 | —0,047 | 0,020
0,6 { 0,918 | —0,280 | —0.289 | 0,438 | —0,045 | 0,018
0,7 | 0,889 | 0,332 | ~0.332 | 0,419 | —0,044 | 0,019
0,8 | 0,854 | —0,373 | 0,373 { —0,394 | —0,041 | 0,025
0,9 | 0,815 | —0,411 [ —0,411 | —0,359 | —0,038 | 0,035
1,0 | 0,772 »

SOOIV AWM = O~
o
W

—

Yupakuenns 1,15 CaMOCTOATEIbHOH PaGoOTH

HOCTpOl/lTb peLICHHUA CRCOYIOLIMX 3aJa4 KOll.ll/l, HCTIONL3YA PANTOXKEHUA B CTCTIEHHLIC PAALI:
Ly=z+y, y0O)=1. 2.y =2y, yO)=1. 3. y =2 - 2zy, y(0)=3.
4.9 =2y -y, y0) =1, YO =0. 5 y"=-2""+y +2y, yO) =1, ¥(0) =0, y"(0) = 0.
TTocTpouTh IPUOIKEHHLIE PENIEHUS B BIUIE MHOTOYJIEHA YETBEPTOM CTETICHM:
6.y =y'-z,y0) =1 7. ¢y =xe!+y, y0)=0. 8. ¢y =z’ +¢*, y(h=1.

2 2
9.9 =z-y", y0)=2,3'0)=0. 10.y" =y" +y +y—=z, y(0) =1, y0) =y"(0)=0.
TToCTpouTh NPUOIKEHHbLIE PEIEHUS CISOYIOIMX KPAeBhIX 3a1a4;
ILy=2-¢, y(D+y@D =1, 1<2<2. 2.y =z+ %, y(0) —4y(1)=5,0< z < 1.

2

3.y =ay +y, g0 =0, Yy()=2,0<z<1. K y'=y +y, y()=2, yD =73, 1<z<2.
TTOCTPOMTL IPUGIHXEHHBIE pELIEHUs B BUJE MHOTOWIEHA TPETheil cTelleHH OTHOCHTEIBHO MAIOro Ma-
pamerpa g IUisl ciegylommx 3agad Komm:
15. 9= 2 —spz, y()=2. 16.y' = L1y, gy =143 1.y =p2’ +¢, yO =™,
18. ¥ = 14+ z+puy’, y(0) =sinp. 19. y =cosz + pin(l +y), y(0) = p.
20. y =sinz + pe?, y(0)=1—pu.
ITocTponTs ACMMNOTOTHI MHTErPAILHBIX KPHBLIX CIACAYIONMX ypaBHetimii (¢ — Maibii mapamerp,

r — +00):
ey =1-y" 22. ¢y =2*—y*. . ey =y’ —(1+2). U. ey =1-y¢’. 25. ¢y =2* — .



I1aBa 6

YCTOWYHBOCTD
4 (pa3oBbie TPACKTOPHH

§ 1. YcroiunBocCThb

1.1. ¥YcroitunsocTs mo JIanyHoBy. ACHMNOTOTHYECKAR YCTOHIYMBOCTS.

Ilyctb cuctema muddepeHuManbHbIX YpaBHEHHI

diE,‘ . —
Ti?zfi(tv Ty, wZ)-"amn)a t=1n, (l)
nmeet pu t € [ty, +00) petueHHst @; = @;(t), i = 1, n, VIOBIETBOPSIONINE HAYATLHEIM YCTIOBHSIM
pilte) =z, 1=1,n. )

Onpepenenne 1. Pewenue o(t) = (p1(t), p:(l), ... ,¢n(t)) dudsdbeperyuaisroi 3adauu (1), (2) Ha-
ssieaemen yemobivueum no Jdanynoey, ecau Ve > 0 38(c) > 0 maxoe, umo dan awbozo pewenus

T =z()= (ml(t), z(t), ... ,a,-,,(t)) Mol xce 3a0auu, yOoeremEoparoweco Hepasercmey
llz(to) — o)l < 8(e), 3
Vt > iy eunosunemces nepasercmeo
lle(®) — Ol <¢, 1C))
20e uepes || - || obosrauera ropma eexmopa.
['eOMeTpHUECKH 3TO ONpENe/eHHe 03HavaeT, Yro GIIM3KUE B HaYaIbHBLIA MOMEHT BPEMEHHM TPAEKTO-

puu z(t) u @(t) ocrarorcd 6auskumu Vi > i,
Yaiie Bcero KCIoib3yioTCs CJENYIOLME HOPMBDI:

lz@ll = | Dol ®F,  llz®ll = maxize®l, 2@l = X lew@). )
i=1 k=1

Onpepenenie 2, Feayw ¢ > 0: V6 > 0 3t > t, maxoe, umo uz nepasencmea (3) e credyem
Hepagerncmeo (4), mo pewenue p(t) nassieaemcs neycmoinuesom ¢ cmoicae Aanynosa.
Onpenenenne 3. Ecru pewenue (t) ycmoduuseo no Jlanynoey u yloeaemeopsem yerosuio

Am fle(®) - el =0, ©

M0 OHO HAZLIBAEMCA ACUMNMOMULECKYU YCMOUHUBHM,
HccnenosaHue Ha yCTOHIMBOCTH pellicHus (f) MOXET ObITH CBEIEHO K MCCIIEXOBAHHMIO HA YCTOM-
49UBOCTEH TPMBUAIBHOTO PEIIEHNS (TOYKH TIOKO$) ¢ TIOMOLILIO 3aMeHBI Y = & — ((t).

1.2. Heccnenosanne Ha YCTOHIMBOCTH 10 HePBOMY HPHOIHKEHMIO:
nepsas Teopema Jismynosa.

Iepeas meopema Jdanynosa. Ilycms cucmema

dz; —
E{‘ =@y ¥y + 8%y + ... + GinTn + Gill, T, T2, ... ,2,), T=1,1n, a; = const, @)
20e (ynKyuy g; Yy008AEMEOPAIOM YCAOEUIO

lgil < ai@)l|=], )
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ai(x) — 0 npu |z|| — 0, i =1, n, umeem mpusuanviive pewenue. Toeda: ecau cobcmeennbie 3HAERUR A
mampuubl A = (a;;) umerom ompuyamensuvie deldcmeumenvhvie yacmu (Re A < 0), mo mpusuansiioe
peweriue cucmemyt (7) acumnmomuuecku ycmoiiuueo; ecau xe xomsa 0vi 00HO cobcmeentoe 3Havenue umeem
nonoxcumenstyio deticmeumensvuyio uacms (Re X > 0), mo mpueuanvroe peuwserue neycmoiinueo.

1.3. HUccienosanne Ha yCTOIMMBOCTS ¢ noMompo (ysrumii JIAmynosa:
BTOpas Teopema Jlsoynosa.

Bmopan meopema Janynosa. Ecau cywecmeyem ougppeperuupyeman gyrxyus
v= 'U(t, Ty, Ty -0 )mn)1

nasvieaemas Qyrxyuel JIanynoea, yoosaemeopsaiowas ¢ oxpecmuocmy mouxu x = 0 ceedyrouum yeao-

SUAM:
Do,z o ... ,2,) 2 W(x, 2y, ... ,2,) 20 nput > by, 20e nenpepsigran Qyuxuyus W umeem

cmpozuii munumym ¢ mouke x = 0, npuuem v(¢, 0, ... ,0) =W, ... ,0)=0;
2) noanasn npouzeodran

dv v . v
_ Z"—

E‘E Bmiﬁ(t’ 2)1,1:2,...,2),,){0 npu t>t0)

i=1
mo mpueuanvroe pewenue T = (Ty, Ty, ... ,T,) = 0 yemodiuuso.
Feau e emecmo ycaoeus 2) ebiroaHaemcs HEPAGEHCMNEO
dv v v
— =+ —filt,x, 2y, ... ,2,) L -8 <0
dt a9t o amifz(v 1y +2y 3 n)\ :6
aput >t >t u 0 < 8 < |||l € 6, ede &, 86,, B — nocmoannsie, mo mpusuanvioe pewenue
acuMrmOMuMecKy yCmouyueo.
Teopema Yemaeea o neycmoiinueocmu. Ilycmeo:
1) cucmema (1) obradaem mpusuanvitoim peenuen;
2) 6 nexomopoii obaacmu V. C R" cywecmayem oudspeperuupyeman dyrxuun v = v(xy, Tz, ... , &p);
3) mouka x = (x4, 3, ... ,x,) = 0 npunadsexcum eparuye obracmu 'V ;
4) Jeg > 0 maroe, yumo v = 0 ra moll uacmu zparuub obaracmu 'V, 20e ||z|} < &;
5) ¢ obracmu V ewvinosnsemcs nepasencmeo v > 0, a npu t > to maxoce u nepagencmeo
dv < Ov
b ;am'f./ (@ >0, ,
20e yHKUUA W Henpepvigra.
Toeda mpusuansroe pemenue cucmemst (1) Heyemoiuueo.

1.4. YcjioBus OTPHIATEILHOCTH BeeX JEHCTBHTE/LABIX YACTell KOpHEH ypaBHeHHs
n n—1
agA” + a1 A + ... 4apA+a, =0, ay >0,
¢ AefCTBUTEIHHLIMEA Ko3¢duimenTamn.
HeobxoaMMbIM YCIOBHEM OTPHLATEILHOCTH BCEX AEHCTBUTEILHBIX 4acTEH KOPHEH YpaBHEHMs

A" +a A"t e A ta, =0, @ >0 9
SBJIFIOTCA HepapeHcTBa a; > 0, £ = 0, n.
Marpuna suga
a; Qo 0 0 0 0 . 0
a3 a a; a 0 0 ... 0
as a; a3 a a; a ... 0|, (10)
0 0 0 0 0 0 ... a,

noJy4acMasn 3aMCHOM YHCeIl a; C HHpexcaMu i > n wm i < 0 HyNnsaMH, Ha3eiBaercs mampuyeii Iypeuya.
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Kpumepuii Payca— I'ypsuga. 13 ompuyamenviocmu 6cex oeticmeumensHsix wacmeli Kopxeii ypag-
nenus (9) Heolxo0umo u docmamouno, 4mobu Goliu NOSONCUMEALHWMU 6Ce 21a6Hble OUA2OHANbHBIE MUHODY

mampuys Typeuya:

. ar  a a; Qg 0
A1 = ay, Az = a; a; |’ A3= a & a; i, cene (11)
as a; a3

Kpumepuii JIvenapa— Llunapa. Heobxo0umo u docmamouno, wmote ece a; > 0 1 ymobsr A,y > 0,
An—S > 0; An—S > 01
Kpumepuii Muxaiiaosa. Heobxodumo u docmamouno, ymobur a,a,_y > O u umobst Kopru MHo204NE-

HO® A
P =ap—a,f+a 48— ..., .
q) = ap_ — @y + a,,_5172 —..
YO0enemeopIny HepaserHCmeam:
0<E<m<ELEMmL.... (13)

Tonb3ysach onpeneaeHueM yCToNUuBoCTH 1o JISTyHOBY, BHISCHHUTH, YCTOWYMBEI JIM pELICHMS Clie-
nyroumx audgepeHIHaNbHBIX 3a1a4;

578. i =4z — t?z, z(0) =0.

« Ouesnnno, ¢(t) = 0 sBIAeTCs pellieHneM NaHHOM 3anauu. Pasnenas nepeMeHHbIE U MHTETPHPYS,
HaxOIHUM BCe JPYTue pelleHHs:

Pe
z(t) = Cexp (4t — ?) .
Hanee, cornacHo onpeneneHuio 1 u3 . 1.1, umeem:

_£
llz(to) - el = [2(0) — (O = ICl, [lz®) — POl = [2(t) ~ p(®)] = |2(t)] = |Cle* 7.
IIycts moboe € > 0 3amano. Torna sicHo, YTO M3 HepaBeHCTBa (3) GyNeT CllenoBaTh HEPaBEHCTBO (4)
, _1 16
(cM. m.1.1), echu B JlaHHOM cilydae B Kauectse uucna 8(¢) B3t 4y, M = rtn>ag(e“ ¥ —e3  Te

16
&(e) = ee” 3. Takum obpasom, petueHue ¢(¢) = 0 ycroituuso no JiinyHoy. Kpome Toro0, 1ockonsKy
. . £
tkinoo z(t) = tgﬂo(}exp (4t - 3) =0,
TO COITIACHO ONpenesieHuIo 3, 1. 1.1, 3akmod9aeM, YTo 3TO PELICHHE ACHMITOTMYECKH YCTOWIMBO. P
579. 3¢t - i ==, «(2)=0.

4 3nech pynxums ¢ = () = 0 ecTh pelreHMe 3a0a4u, KOTOPoe TpeGyeTcsi HCCIEAOBAaTh Ha YCTOM-
YMBOCTDb. Bee npyrue peleHus XaHHOYO ypaBHEHMsI OTIMCHIBAIOTCS GopMynon

1
z(t) = C(t — 1)3.
Janee, nycts 6§ > 0 3agaHo. BoseMmeMm ¢ = 1. Toraa, HecCMOTpsl Ha BHINIOJIHEHHE HEPAaBEHCTBA
flz(to) — @)l = l2(te) ~ p(ta)l = |2t} = IC] < 6,
BC€ PaBHO MMECM HEPABEHCTBO ’
1
llz@t) — Nl = Hz@®ll = |=®)] = |Cl¢t - D3 > 1

mput > 1+ I_CI'IT CrienoBareNbHO, HYJIEBOE PEHIEHHE HEYCTOHYUBO. P

580. i, = —z,, &, = ~22,; 2,(0) = z,(0) = 0.

¢ OueBunHO, HYXHO MCCJICROBATH HAa YCTOWUMBOCTH HyJeBoe peurenue ¢;(t) = 0, ¢,(t) 0.

HHTerpupys cucteMy, nonyuaeM z; = Cie~!, z, = Cye 2. Hycts ¢ > 0 3anano. Haiinem 6§ = 8()
TAKOE, YTO M3 HEPABEHCTBA '

I2(0) — 2Ol = v/ (@1(0) — 1O + (22(0) — p2(O) < 8
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CJICAyeT HEpABCHCTBO

V@@ - pi®7 + (@) - @) < ¢
Vt > 0 ognospemenno. IToCKOABKY U3 HepaBEHCTBA
Cl+Ci <6
creayer
Cle® +Cre < Cl+C, < &,
1o 11pK ¢ > 0 s mpown3BonkHOrO € > 0, nonaraa §(c) = €, NonydaeM
llz@) — @il <e npu ||lz(0) — p(0)|l < 6.
[Mo3ToMy corlacHO OMpeAeNeHHIO HYJIEBOE peliieuye YCToiunBo. Bojiee Toro, TaK Kak
Jm [lz@) - e®ll = 0,

TO 3TO pelllcHHe YCTONYMBO ACHMITOTHYECKU. P

581. i = -y, y=22°; 2(0) = y(0) = 0.

<« PasnennB BTOpoe ypaBHEHME HA TIEPBOE U POMHTETPUPOBAB, MONyYaeM CEMEHCTBO TpaekTopui
JBIDKEHHsT MaTepHaIbHOI TOUKM Ha Iiockoctu Oxy:

y2 +zt= C,
rte € — npou3BoJIbHBI napaMerp. s uccliefoBaHMs Ha YCTOMYMBOCTh MATEPHAILHOM TOYKH, HAXO0-
Aauedca B IOKOE B Hadalle KOOPAMHAT, € TIOMOIIbI0 TIPOU3BOJILHO MAJIOr0 BO3MYIICHHS TIEPEBEIEM €€
13 Toukd (0, 0) B TOYKY C KOOPAMHATAMM Z = Xy, Y = Yo. TOTAA U3 MOJNYYEHHOTO CEMECTBA PELLIEHHH
CJIeAYeT, YTO MaTepHANbHad TOYKA GYJIET XBUIAThCA MO TPAEKTOPUH
4 4
r + y2 =2+ yé.

ITockombKy 5Ta TpaeKTOpHsi 3aMKHYTAa M NP AOCTaTOYHO MANLIX Ty, Yo HE BHIXOOMT 33 HPEAETbl Kpy-
ra pagmyca ro = ,/m% + 32 (yd + x4 € ye + z2 npu |zl € 1), 10 TOUKa MOKOs (0, 0) ycToluMBa
(acHMNITOTHYECKOM YCTONUMBOCTH HET). B

582. i = —ycosz, § =sinz; 2(0) = y(0) =0.

€ AHAJIOTHYHO TIPOJE/IAaHHOMY B TIPEABIIYLIEM MIPUMEPE MMEEM:

exp (L) osz = exp (-2 cosan,

e |zol < 6 < F, lyol < 6. Cocrasus dynxumo Jlarparxa
¥
L=a:2+y2~/\(exp(—?)cosm—(})

2
(A — nocrosinuasn, C = exp(—%_‘l) €OS Ty) M HCCIIENIOBAB €€ OOBIMHBIM CIOCOOOM Ha IKCTpeMyM, ybe-

XKIaaemcs, 410 GyHKIms @ = p(z, y) = z? +y2 (KBazpaT pacCTOSTHUSI OT HAYaJIa KOOPIUHAT) HPUHUMAET
3KCTpeManbHbie 3HayeHus B Toukax (0, y) ¥ (z1, 0) (3aMeTnM, 41O HccmeayeMas KpHBast CHMMETPHYHA
OTHOCHTEJIbHO KOOPAMHATHBIX OCeili, I0O3TOMY cuuTaeM, 4to z 2> 0, y > 0). Jlerko Haitty, yro

1
Y= lna, 2y = arccos C.
Tak xak ¢ — 1 npu z2 + 43 = 0, 10 7, — 0, y; — 0. CremopareNbHO, TOYKA MOKOK YCTOHUMBA,
TIOCKOJIbKY CKOJIb YTOOHO MAJIKIM BO3MYIUEHHSIM COOTBETCTBYIOT 3aMKHYTBIE TPACKTOPHHM, BKIAKKIBAIO-
LItHeCs B KPyTM CKOJIb YTOOQHO MAJIOro pamdyca). »
583. TpaekTopuH CHCTEMEI YPaBHCHMIt

d: d:
- Z =P, y, Y =Q@ vy

dt dt
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u306paxeHs! Ha (a3oBoi MWIOCKOCTH (puc.29). UTo MOXHO CKa3aTh O TIOBEXCHUM pellleHUi nipu ¢ —
+0c0? SBasercs M HYJEBOE PELIEHHE aCHMITOTHYECKH YCTOMUYMBBIM? SIBNsieTCS M OHO YCTOWYMBBIM
no JianyunoBy?

«¢ Kak sunto u3z pic. 29, Bce pellieHuss CTPEMATCS K HYIIO Tpu ¢ — 400, Tak KaK BCe TPAEKTODUH
BXOOAT B HAa4alo KoopauHar. [lajee, NyCTh BLIOAHAETCH HEPABEHCTBO Jy(ty)| < § (B manHOM cnydae
@() = 0), tne § > 0 moxer ObiThH CKOJIb YTONHO MAJILIM YMCIOM. TOrNA, B3sIB MOMEHT BpeMEHHM § = &3,
HMEEM:

fyt2) > [yt =0 > 0,
rie £, yMeHblIieHo OblTh He MOXeT. CieloBaTe/IbHO, HYJICBOE pEllleHUE HE SBJSIETCH YCTOWIHBBIM MO
JIsanyroBy. HakoHeL, MOCKOJIBKY OHO HEYCTOHYMBO MO JISTIYHOBY, TO €0 Helib3s CYMTATb M ACUMIITO-
TUYECKY YCTOMYMBEIM, XOTA tETm z(t)=0.»

Puc. 29

B cnenylomux 3amavyax BhIICHHMTh, SBJSICTCS JIM YCTOWUMBLIM HYJIEBOE PElEHME CHCTEMbLI, €CIH
M3BECTHO, YTO O01Ice peLICHUE ITOI CMCTEMbI MMEET YKAa3aHHBIN BUJ.

584. 2(t) = Cicos’ t — Cre™t, zo(t) = Citte™ +2C,. A

< Ilycts € > 0 3amaHo, ¢y — TPOU3BOILHBIE MOMEHT BpeMenu. ITo 3amanHOMy & Haitnem 6(g) > 0
TaKO€, YTO U3 HEPABEHCTBA

llz(o) — o)l = \/ (@1(t0) — p1(t0))* + (Z2(to) — P2(t0))* < 6

BRITEKAJIO OLl HEPaBEHCTBO

lle®) ~ @l <&Vt = to.
[Tonoxus mig IPocToThi iy = 0, UMeeM:

1
llzto) ~ pto)ll = izl = ((C1 cos’ to ~ Cre™) + (Citge™ +2C,)?) % =

=y -+ <Jicl+ic +aci <8
ll2®) - p®Il = lle@®)ll = /(Ci cos?t — Cre~t + (Citte~ +2C,)? <
<YUGT+1G17 + @561Cle +2G12. )
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Ho, xak caexyer u3 (1), {C1] < 6, |Cy] < §, nostoMy oneHky (2) MOXHO IPOROIDKUTL CIEAYIOIMM
obpasoM:

lz (@)l < /462 + (256074 + 2762 = /4 + 256e + %6,

Orciona ClIefyeT, YT0 €CM BO3bMEM
€

VA + (256e~* +2)7’

To mony4uM HepaseHCTBO ||z(E)] < € Vi > 0 omHoBpeMeHno. TakuM o6pa3oM, COMMIACHO ONpeNeieHHIO,
HyJIeBOE pelleHe YCToiunBo 1o JIanyHosy. »

B 4 oY/
385. z1(t) = (C, — Cyt)e™, ay(t) = m + C,.
« U3 pasenctBa
' 2
C\iE
t)ll = 1 (C) — Coto)le—2t _ e
lz )l \]( | — Catg)e 2 + (ln(té e C,

crenyer, 410 ecn Cr + C2 — 0, 1o [|2t)|| — 0. Nanee, Tax Kax

Vi _

i@ 12)

TO, KaKUMH 661 MasibtMu HU B3siThb |Cy| # 0 u |C], Haiierca takoe ¢, > 0, 4To uisi Hanepen 3aJaHHOro
£ > 0 Byner BBIUTOIHATLCH HEPABEHCTBO:

1
3 2\ 2
llz@nl = ((cl-cztl)ze‘”w( vt +Cz) ) >e.

+00,

InQ2 + t7)

TT03TOMy, COITIACHO ONPENENEHMIO, HYIEBOE PelieHMe HEYCTONYHMBO. P

586. Jlokasars, a0 eciu KaKoe-HUGYLLH OAHO peleHue TuHeRHo#i cucteMbl JubdepeHIMATLHDIX
ypaBHeHMi yCTOWYMBO NO JIATYHOBY, TO YCTONYMBB BCE PEIUEHMS DTON CHCTEMBI.

<« [Tyctb pelieHue p(t) = (gal(t), wat), ... ,(pn(t)) CUCTEMBL

X AW+ O
@ =~ A0z + 10,
rae A(t) = (a;j(t)) — n X n-marpuna, a x(t) u f({) — BexTOp-GYHKLMU CO 3HAUCHMAMHN B R*,
ycroiuuso 1o Jisnynosy. Toraa, nonoxus z(t) = ¢(t) + £(t), U3 KaHHOI CUCTEMBI NOTYYaEM
e _ 4 (d"’ A +f) 1)
— = A¢ — = .
at a -~ f
Tak xak penreHue @(t) ycToitunBo, TO HyIeBoe peleHne cucTeMnl (1) Takxe ycroiuuso. Jlanee, nycrb
P(f) — moboe pelieHHe TaHHOW cucTeMul. Torna aHanOrMYHO MPOAENAHHOMY BhILIE OTHOCHUTENLHO
Masioro Bo3myluenms §(¢) (OTKJIIOHEHHMS OT pelleHus P(t)) NonyyaeM CUCTEMY
dé
— = A¢,
, dt ,
HyJeBoe pellleHne KoTopol ycroitunBo. CiieloBaTesibHO, BCe pellieHys JaHHOM CUCTEMBI YCTOWYIMBLI O
JisamyHoBy. »
587. Jloka3arh, 4YTO €CiM KaXIoe PelleHHE JIMHEHHOH OXHOPOXHOMN CUCTEMBI OCTAETCS OTpaHM-
YeHHBIM mpu ¢ — 400, TO HyJIeBoe pelueHne yctoiiuuso no Jlsinynosy.
«¢ ITycte Y — HHTErpaibHAS MATpHLA CHCTEMBI
dz
— = Az *
o _ (%)
dYy

—‘E‘ = AY, Y(to) =F.
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Torna Bce peleHnst CUCTEMBI (*) nipefctasnsiorcs B puse X = Y C (€' — npou3BOILHbIA TOCTOSTHHBIN
BEKTOD). B CHIly OrpaHHYe HHOCTH KAXKIOTO PeLeHMs CUCTEMBI (%) CHIPABEUTHBO HepaBeHCTso (V]| < M
(M — nocrosnnas, M # (). CnexoBarensHo,

Xyl < iy fiiiel < Miicyl.

Ilycts € > 0 3agavo. Torna, B3sB § = 7&, n3 mepaseHctsa ||z(to) = ||Cl} < § momyyaem

HEPABEHCTBO
le®ll < MICH| S Mé=¢ ¥t >t >

588. Hccrezosars Ha yCTOHMBOCTL HYIEBOE PELIEHHE CUCTEMEL &, = a(B)x; + ap(t)r,, &, =
= ay(t)x; + an(t)z, npu ycIoBuH, 410 ay;(t) + a3 () — b > 0 npu £ — +oo.

«¢ BocnonszoBasiuuces ¢opmynoii OCcTporpamckoro, uMeem:
H
[@n)+any dr) (1)
to
(cauraem, 4To a;; — HENpPEPLIBHLIE HA (£y, +00) dynkumi). M3 (1) B cuny ycnosus a (1) + an(r) —
b> 0 nupu 7 — +oo crenyer, yro [W ()] — oo npu ¢ — +00. A TOrma OZHO M3 pelueHHUA Zqi(t),
z15(t), T3,(t), 5(t), obpasyommx GyHIaAMEHTATHLHYIO CHCTEMY, KaK BHITEKAET M3 COOTHOLWEHU W (t) =
= z11(0)Z () —z12(t)x21 (t), iPpu t — +00 He orpanmueHO. ClIeNOBaTENbLHO, PELIEHMA JAHHONW CHCTEMBI

z1(t) =zuC + 210y,  z2(t) = z0C1 + 200y

npu C} + C2 # 0 u t — 400 GYIyT TAKXKE HEOTPAHHYECHHLIMM, YTO YKA3hIBAET HA HEYCTOWYMBOCTH
HYJIEBOTO pEIeHMsI pACCMATPHBAEMO CHCTEMBL. P>

W(t) = W(to) exp (

B 3apavax 589—593 ¢ noMouubio teopeMsl JIsSnyHOBa 06 yCTOHYHBOCTH IO NIEPBOMY NMpHOIKEHUIO.
MCCIIE0BATh HA YCTOMYMBOCTE HYJIEBOE pPeLicHUe.
589. .’i?l = 22}12}2 — 2+ 23, .’i?z = 21‘1 - 31‘2 +51“lt + m;
«¢ TToCKOMBKY 11 HETMHERHBIX WIEHOB gy (¢, X1, £3) = 2&:1Zy, 5(t, T1, T;) = Sz} + x5 crpabes-
JIMBBl OUEHKH:
2 2 4, 5
g1l = 2J&y2y| € @1 + ) = gy, )UK, lgal = 1527 + 23] < axley, 2 XY,

rae

S5zt + jaof°
ay(xy, o) = \/zi + T3, aEy, ) = ———,
vz} + 7}
Xl = v ri+e}; e -0, a,—0 mpn ||X||-0,

TO COIJIACHO YKa3aHHOM TeopeMe OyIeM MCCIIEHOBATH HA YCTOHYMBOCTL HYIEBOE pelICHUE JTHHEHHOM
CUCTEMBIL:

.’i?l = —Ty + Zy, z‘z = 231 —_ 3$2.
COCTaBMB U PELIMB XAPAKTEPUCTUYECKOE YpABHEHHE
| A S e =243, n=2-3,

pumnM, 9T0 Re A; < 0, Re A; < 0. CnemoparenibHo, Hy/ieBOE PELLICHUE NAHHON CUCTEMBI ACMMITTOTHYE-
CKH YCTOHYMBO. P

i
590. i =n (42, + €)@y =28, ~ 1+ (1= 621)3.
<« JUia BhIENEHHS JTHHEHHBIX WICHOB PAIOXKWM TPaBble YaCTH JAHHBIX YPABHEHWH, MOMB3YACH
dopmynoit Maxnopena:

- 9
Inzy + ) = In (4:;, +1-32+ 5 z + o(zf)) = -3z, + 4z, — 82} + 122,27, + 0(z} + 22);

: 1
22, — 14+ (1-62)3 =2z, ~ 1+ (1 -2z ~ 4z§) +0(z? + 22) = 2z, — 221 — 47} + o(z? + 22).
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ITockonsky
lorl = |~823 + 12212, + o(a? + 2D)| < 16 o} + 23 + o2t +2D)| = @z, 21X,

lg2] = [~423 + o(a} + 23)| < 4 [zt + 2} + o(al + 2)| = enfay, @I,
rae

ayz, T7) = 16\/:;:§ + 3+ o(\/:cf + m%), ax(Ty, T;) = 4\/7.1:% + 23+ o(\/:cf + m%),

a—0, a—0 mpu [X||—0,
TO MOXHO NMPUMEHSATH IEPBYIO TeopeMy JIATIYHOBA, T. €. HCCNIENOBATEL HA YCTOHYMBOCTS HY/IEBOE PElLIEeHUE
JIMHENHOM CUCTEMEI

"

il = —3x; +4$2, .’i?z = —231 + 232.
Tak kax ReA; 5 <0, rae Ay, — KOPHM XapaKkTepHCTHIECKOTO ypaBHEHUS A4 A+2 =0, To HAMLO
aCUMIITOTHYECKAA YCTOMIMUBOCTL. B

591. &, = tg(z, - z), & =2"—2cos (g - ml).

«¢ [lomb3yscs dopmynolt MakinopeHna, Beime/isieM JIMHEHHYIO YacThb B KaXAOW M3 IIPaBbix dacTeid
JAHHLIX YpaBHEHMIA:
2 2
tg(zy — &) = o3 — 1 + o(z] + 3),

2 2
2"2-2cos (%—ml) =14+z;In2+ % In? 2+o(m§)—2(cos % (1— %+o(mf)> +sin % (m. +o(mf))) =

1

3 (mf + :c% In’ 2) + 0(1:2. + m%).

= —\/5(131 + 1‘21I12+
IToatoMy coOTBETCTBYIOIIAs! JMHENHHAs CUCTEMA 3aITMIIETCS B BUME:
5:1:1:2—:1:1, .’i?2=232h’12—'\/§$1.

XapakTepucTHIECKOe ypaBHEHME TojyuenHoH cicreMbl A2+ A(1 — In2) + v/3 — In2 = 0 umMeer KopHM
A2, e Redy; <0, T.0., HyneBoe pelneHue aCHMIITOTUYECKU YCTOWHUBO. b

592. :irl =e* — 6_313, .’i?z = 42)3 - 3Sin(l‘1 + 1‘2), &3 = ln(l + 3 — 32)1)

« Kak u B npensigyuivx npumepax, nojab3ysch ¢opmyioit MakiopeHa, npeAcTaBiisieM TpaBbie
4acTH B BUIE:

_ 1 9
e’ —e 3”=a:1+3:c3+Emf—§z§+o(m%+m%+m§),

43 — 3sin(z + ) =423 — 3z, + 22) + o(mf + :c% + mg),
1
In(1 + 23 — 3x;) = 23 — 3o — 5@ - 3x0)” + o(zl + 23 + 3).

Manee, uccaeayeM Ha YCTOWYMBOCTD HYJIEBOE PEIICHHE CHCTEMEL:
&y = T+ 32}3, 3.2 = —3$1 - 31‘2 + 42)3, &3 = =3z + 23.
KopHH A XapakTepHCTHYECKOTO YpaBHEHMS
1-2 0 3
-3 -3-2 . 4
-3 0 1-2
Tockombky Re(A,3) > 0, TO no nepsoit Teopeme JlanyHoBa HysneBoe pelEHHE AaHHOM CHCTEMBI He-
YCTOUMBO. P
593. ﬁ.fl =2 — ¥ — 23, ﬁ.fz =21+ 2, —3$3, .’i?3 =2 — 5$2 — 3$3.
«¢ IHockonbKy onuH U3 KOPHEil XapakTePHCTHYECKOIO YPaBHEHHS
1-2A -1 -1
1 1- -3
) 1 -5 -3-2A
YHORICTBOPAET HepapericaM 3 < A < 4 (F(3) > 0, F(4) < 0), T0o Hy/IeBOe pElIeHUE HEYCTOMIHBO. P

=0 CyThb /\1-‘1-‘—3, /\2,3:1:|:3i.

F() = =0
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594. Tipu xakux HeHCTBUTENBHBIX 3HAYEHMAX a TOYKA NMOKOA Zy = 0, z; = 0, z3 = 0 cHCTEMBI
&) = ax| — Ty, T3 = Gx; — T3, £3 = ATy — T YCTOM4MBa?
<« M3 xapaktepucTH4ecKoro ypaBHEHHs
a—-2A -1 0
0 a-A -1 [=@-A'-1=0
-1 0 a-2A

noxydaeM Ay = a—1, A, = a+%—i-‘éz, A3 = a+7+z—‘/2: Haycnorus a—1< 0 A a+7 < 0 HaxoOuM

Te 3HAYEHUSI 4, NIPH KOTOPBIX HYJEBOE PELUICHUE ACHMIITOTUYECKH YCTOMYMBO: a < —“2*. II;mee, €CINn

a> - %, 10 Re Ay 3 > 0. Crenosatenbio, HyJEBOE pelleHMe HeycToitunBo. Hakowneu, eciun a = —%,
O A = —%, Ayz = ﬂ:i—‘/;, u obliee pelleHHe NaHHOM CHCTeMBl GyleT JIMHEAHO BBIPAXATLCA Yepe3
dbynkumuu
t ( 3 t) \/it Y3 t
> expl —= cos — sin ——¢£.
P\727) 2" 2

Takum 0b6pazoM, Mbl UMEEM HEACUMIITOTHYECKYIO YCTOMYMBOCTD (BOOO1E TOROPSI, B HEKOTOPOIl OKpecT-
HOCTH TOHUKH MOKOsA OyneT HabonaThest KonaedareabHblll Mpoiece).

B 3amauax 595597 ucciaenoBath, NPH KaKWX 3HAUCHMSIX NAPAMETPOR a M b aCUMIITOTHYECKH YCTOM-
IYBO HYJICBOC PCLICHHE.

595. &, = ax; — 2z, + a:f, &y =)+ 2y + 3175

2 2

< [Tockonsky i < @i + 23 = oy (@, X, lo2a] € 3@ + 23) = an(@, XN, aulzy, 22) =
= 2ay(z\, T,) = y/2} + 23 = [|X]| —~ 0 npu z] + 3 — 0, 10 MoB3yeMcs TepRoI TeopemMoit JlsnyHoBa
(cM. A 1.2). Jnst acAMOTOTHUECKON YCTOMUMBOCTH, COMIACHO YKa3aHHOM TeopeMe, HYXHO NoTpeGoRaTh,
4y1o0B Re A < (0, Tie A yOOBJIETROPSET XapAKTEPUCTHYECCKOMY YPABHEHHIO COOTRETCTBYIOINEH TMHENHOM
CHCTEMBI:

a—A -2
; LA =AN-A@+D+a+2=0.
W3 ppipaxkeHus 11 KOpHe# BUINM, 4To Re A < 0 TOorma M TOJNBKO TOTrIa, KOTAA BLINOIHAETCS YCJIOBUE:
a+1 a+1 a+1)?
<0ADLOVD2 0/\\/_4-——2—<0 i (5] DZ’(-——[—)——(Z—Z.

Orcrona cnepyer, yto —2 < a < —1. p

596. i, = z; + axy + 23, &, = bz, — 3z, — 1.

<« Jlerko BrIeTh, YTO UCCIIEAOBAHUE HA ACHMATOTHYECKYIO YCTOMUUBOCTD HYJIEBOFO PeLIeHMST HaH~
HOHI CHCTEMBI CBOIMTCS K BBISIBJIEHHIO YCJIOBHIA, TPH KOTOPBEIX Re A < 0, rme A — KopHHM Xapakrepu-
CTUYECKOTO YPaRHEHH s

I-A a
b -3-A

SAcHo, wro npu ab+4 < 0 mbonprn ab+4 >0 u vab+4 <1 6yner ReA; <0 n ReAz < 0. Pemung
nocIeHNe HEPABEHCTBA, OKOHYATENBHO UMeeM: ab < —3. »

597. i, = In(e + azy) — €*2, &; = bz +tg ;.

<« [IpensapuTentHO Pa3fioXMUB NPaBHIE YaCTH YPaBHEHHI B psax MaisiopeHa n o16pocuB Hennnei-
HEIC WIEHBI, OyaeM HCCIIeHOoBaTh Ha aCHMITOTHYECKYIO YCTOHYUBOCTD JIMHEMHYIO CHCTEMY:

a
$1=;ZI—22, $2=b21+22.

=X+ -3-ab=0=> A, =-1%+vV4+ab

Kopiy XxapaKTepucTU4ECKOrO YpaBHEHMS 3TOM CUCTEMEI CYTh

1 1 2
,\1,2_—( +1) —(a—+1) -b.
N 2 4 \e
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Orciona cnenyer, 9ro HepaBeHcTBa Re A} < 0 1 Re A; < 0 OyayT BRINOIHATHCH, €CIIH

1(“+1)<0/\b>1<“+1)2 v l(“+1)+ l(“ 1)2 b<0/\b<1(a+1)2 =
2\e “4\e 2\e 4 e+ S 4 \e
>a<—-eAb>0. >

598. HccnenoBarb, yCTOWUMBO JIM PelueHue x; = cost, &, = 2sint cuCTeMsI
. . z; . .
Z;=1In (a:l + 2sin’ %) - iy = (4 — x}) cost — 2, sin”¢ — cos’t.
<« CpenaB zaMeHy x; = cost + €,(), z; = 2sint + ¢,(f), OyaeM HCCHeIORaTh HA YCTOHUMBOCTD
HYJICBOE Pel¢HUE CUCTEMEL:

1
élzln(1+€1)—562, 6.'2—'—“—261—Efc0$t. (1)

Ilanee, uMesi B BURY TeopeMy JIsinyHoBa 00 uccen0oBaliuK HA YCTOHYMBOCTD 1O EPBOMY IIPHOJINKEHHIO,
ot cucTeMbl (1) mEpeXoiuM M3BECTHHIM 00Pa3oM K COOTBETCTBYIOLIEH el utiei ol cucreme:

. 1 .

51251—552, €2=—261.
ITockoneKy OAMH M3 KOPHEH XapaKTePHUCTHYECKOTO YPaBHEHMsI 3TOM CHCTEMBI MOJOXHUTENEH (A2 =

~1~%ﬁ), TO COTNIACHO NEPROW Teopeme JisimyHopa HymeBoe peieHue cucTeMsl (1) HEYCTOHIMBO.
Crei0BATENBHO, TAKXKE HEYCTOWUUBBIMH SBIISIOTCS YKA3aHHBIE PeleHUs JaHHOM CHCTEMEL. P

B sagauax 599—604 mis JaHHBIX CUCTEM HAATH BCE MOJIOXKEHMS PABHOBECHS M UCCHELORATh UX Ha
YCTONYHBOCTD.
599. i, =, — 22 — x|, & =32, — 2} — 1.
<4 CHauasa Ha 1W10ckocTH OZ (T, HAXONNM TOYKHU, B KOTOPHIX &) = &; = ( (TOYKM MOKOSA WIH
TOJOXKEHNST PABHOBECHS), T. €. PELIaeM CUCTEMY YPaBHEHH I
2 % 2
-z —zi =0, 3z, — z) -z, =0.
HMmeem ape touku paBHoBecust: (0, 0) u (1, 2). s uccieRORaHMsA HA YCTOHYHBOCTL IPUMEHSIEM Tiep-
ByIi0 Teopemy JIsmryHora (cum. 1. 1.2). B ciyuae Touku (0, 0) otOpaceipaeM HeTMHEHEIE YICHb B IPABBIX
YaCTIX IAHHAIX YPARHEHHI W /IS TIOTYYCHHOM TaKUM 00Pa3oM JIMHEWHON CHCTEMBI COCTABIEM XapaK-
TEPUCTAYECKOE YPARHEHHE, U3 KOTOPOTO HAXOANUM KOPHH: A} = —1 — \/§, A; = —1 4 V3. Buanm, uro
To4uka paBHORecHst (0, U) HeycroiuuBa.
st uccnenoBaHuA Ha yCTOWYMBOCTD TOUKY parHorecHst (1, 2) caenaeM 3aMeHY NIEPEMEHHBIX T =
=1+4+¢€, £, =2+ &;. Toraa noayynM cucremy
. 2 . 2
61262—361—61, £y =€ — €& — €&y
Hanee, ynepXupas JU1Ub JIHHEWHEBIE WIEHEI €, U €;, NPAXOAMM K COOTBETCTRYIOIUEH JTHHEHHOMN CHCTEME
€1 = €3 — 36y, €3 = €] — £;, XAPAKTEPHCTUYECKOE YPABHEHHE KOTOPOM A 44X +2 = 0 umeer KOPHH
A, =2+ V2, yKa3pIBalOmMe Ha aCHMITOTHYECKYIO YCTOWYMBOCTD TOYKW PABHORECHS ( 1,2).»

v

600. (i!l = o, I, = sin(:cl + 22).
4 U3 cucremsl ypaBuennit x; = 0, sin(z; + x;) = 0 Haxomum Toykn parHoBecusi: (km, 0), k € Z.
Hanee, monarad x, = kT + ¢;, T; = €;, NOINYIaEM CUCTEMY:
N N k .
€1 =&, & = (—1) sin(e; + &),
KOTOPO#1 CTaBMM B COOTBETCTBHE JIMHEHHYIO CHCTEMY:
N N k
E1=¢€, &=(-1)(e1+¢).
XapaxTepucTueckoe ypaBHEHHE ) .
M=)+ =" =0

. 1k
3TOlf CHCTEMBI MIMEET KOPHH Ap,2 = K%L + \/ ;lr + (~1)*. Orciona Ha OCHOBaHMH TIEPBOI1 TeopeMbl JIa-
NyHOBA, 11. 1.2, caieayeT, 410 eciM k = 2n + 1, TO MOJIOXEHHE PABHOBECHS aCMMIITOTHYECKH YCTONIHBO;
ecru X¢ k = 2n, 10 nonoxeHue paBHOBECHS HEYCTOIUMBO. P>
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601. i, =3 /4 +2% +z), & =In@}—3).

« Pewiast cucreMy ypaBHEHHH

3—y/4+zi+z,=0, In(z? - 3) =0,

HaxooMM TOo4KHW paBHoBecHsi: (—2, 1); (2, 1). CrenaB 3ameHy &, = A= 4, my=1+6, k= 1,2,
NPHXOAMM K CUCTEME YPAaBHEHMIl ¢ MAJIBIMH BOSMYIIEHUAMH €1, £;°

a=3-\9+ea+4 - (—Dra+el, G=In(1+4-D'e +el).

Broigensas ¢ nomouisio ¢gopMyibl Teiinopa tMueiHbie WieHbt B MPABHIX YaCTAX 2THX YPaBHEH M, HOTyYaeM
COOTBETCTBYIOLIYIO JITHEHHYIO CHCTEMY:

, 2 1 .
fr= (D"~ -6, & =41,
3 6
XapaKTePHCTHIECKOE YPaBHEHHE KOTOPOH

2 2
A= 5(—1)""l +3 ~D¥=0

_ Ykl
UMeeT KOPHU Aj; = (——13)— + \/%+ %(—1)"“. Orciona cienyer, yto ReA;; < O mpn k = 2;
anpu k = 1 oauH u3 KopHeii mosioxureneH. [lostoMy touka paBHOBecus (2, 1) ycroifumea, a Touka

(-2, 1) — uer. »

’ t
602. i, = In(l + z, + sinz,), & =2+ (3sinz, —8)3.
<« CucreMa yparHeHuUi

t
In(1+z; +sinz)) =0, 2+ (3sinz; —-8)3 =0
HMMeeT CJIenyIouHe NMaphal ASHCTRUTEIBHBIX Kopheil: (km, 0), tie k € Z.
Janee, Kak ¥ B IpeaslIyILAX NPUMEPAX, ACIAEM 3aMeHy =) = km+¢,, Z; = €, a 3aTeM yXe H3BeCT-
HEIM CriocoBOM TMOIY4aeM JIMHEWHYIO OTHOCHTEIBEHO MAJBIX BOSMYILEHMH €}, €7 CUCTEMY YPaBHEHHMIA:
. k . kel
=6+ (e, &=(1 3o

KOPHH XapaKTepUCTHYECKOTo YPABHEHHUSI KOTOPOH MMEIOT BHI:

Az = % ((—1)" +4/1+ (—1)'=) )

Hanee npumensaeM NepByio Teopemy Jlanynosa, m.1.2. Mmenno, ecmu k = 2n+ 1, 1o ReA;; < 0.
CnenoparenbHO, TOUKM paBHOBecua ((2n 4 1), 0) acumnToTdyeckn yctoiumBet. Ecin xe k = 2n, 10
ReA; > 0. IlosroMy Touku paBHoBecusi (2nw, 0) HEYCTONYMBEL. P

Hccnenopars Ha YCTOMYMBOCTD PEIEHUS CIELYIOWNX YPaBHEHKil:

603. i+ 9z =sint.
« Ilycts e(t) — Manoe BoaMyuieHKe ODIHEro pelieHHs

1
z = Cysin3t + Cycos 3t + §sint

nanHoro ypasHeHusi. Torma, npoussens sameny = = Cj sin 3t + C; cos 3t + 31;- sint -+ g(t), oTHOCUTENBEHO
dyuxumn € = ¢(f) U3BECTHBIM IMYTEM MOJNYYHMM YPaBHEHHE
€+9 =0,
ofuiee pelieHHe KOToporo
e(t) = Asin 3t + B cos 3.

Orciona CIEIYeT, YT0 €CHM B HAYAIBHBIL MOMEHT #, BosMywieHue Mao (VAZ+ B? < §), 1o B cuw
ouenku |e@t)] < VAT + BE < § = € OHO ocTaHeTca MaahiM Vi > ¢,. Takum o6paioM, Bce pelieHk..
JAHHOIO YPaBHEHMS YCTORYMBEI (ACHMITTOTHIECKON Xe YCTOWIMBOCTH HET, TIOCKONBKY £(8) #» 0 mpu
t — -+o0). »
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604. % +4i + 5 =t.
<« I npoBEpKH YCTOHYHBOCTH OOILETO pelleHNs
£ 4,

—_— -2 i v _'
z(t) = Cy + e ¥(C; cost + Cysint) + 1025

MPEIIOXEHHOIO YPaBHEHMs BBEAEM GYHKIMIO BoaMyLieHus € = £(£), monoxus
2

t 4
z=Ci+e (Cz cost + Cysint) + o~ 25t+c-:(t).

Torpa orHOCUTENEHO €(t) MONYYUM YPaRHEHHE:
€ 44€+ 56 = 0,

N3 KOTOPOTo CJICI[YCT
et) = 4y + e 2 (4, cost + Ajsint).

Orciona BUIM, 4TO ecu [A;]+4/ A} + A} < § (HayaIbHEBIe BOSMYLLIEHHMS MATE), TO M TipH ¢ > £y Gyzer

le@®)) < 1Ail+4/ A} + A} < 6 = ¢, tae € > 0 — Hanepex 3ananHOe INCIO0. CAENOBATENEHO, BCE PELICHHS
HMCXOOHOTIO YPAaBHEHHUST YCTOWYMBLI (ACHMITTOTUYECKOH YCTOMYHBOCTHA HET, TAK KakK tlil;ﬂ z(t) # 0). »
=+ 00

605. Haiit nepronueckoe peieHue ypasHeHns & +x = cost M UCCIIEHOBATh €T0 Ha YCTOIYM-
BOCTb.
« U3 obero peleHusi ypaBHeHUs CIEAYET IEPHOLNYECKOE PEIUEHHE

B(t) = %(cost —sint).

Cnenar 3aMeny = = &(1) + e(?), orHocutebHO QyHKUMH € = £(f) ToTyYaeM YpaBHEeHUS
€ +e=0,
ofliee pelieHHe KOTOPOTro
et)=Cieb +e2 (02 cos ft + Cysin —‘é—i )
HEOTPaHMUEHO B OKPEeCTHOCTH ¢ = 00 . CllemoBaTeIbHO, HalileHHOE NIEPHOAMYECKOe PellieHHe HEYCTOol-
YHBO. P

IToctpour dbyHKiMIO JIATyHOR2 M IPUMEHHB TeopeMsl JIsnyHORa win YeTaesa, ucciieoBaTh yCTOM-

YHBOCTh HYJICBOIO PCILICHHUA B CJICAYIOLINX 334a4ax.

606._5:1 =Z,— T+ 21X, T =2, — T, -z -3,

< Jlucbcbepeﬂuupyemaﬂ dysxuua v = v(zy, 23) = zl + :c% YAOBJICTROPSIET YCJIOBHAM:
a) v(.'cl, z7) >0 npu 2422 #£0, v(0,0)=0
Ll
0) T 3—"—21+ 3352:2 =2z (2, —z1+2127) 2z (2 —:cz—:cf—:c%) =-2 ((:cl - 22)2 + z§) <0.
CnenoBartensHo, COMIACHO BTOpoii teopeMe JlsnynoBa (n.1.3) MoXeM yTBepXOaTh, 4TO HyleBoe
pellienue yCroifanBo. bonee Toro, Tak Kaxk MmoRepXHOCTh

2=2((z) ~ =)’ +73)
HnmeeT qameoﬁpaaﬂmn BHJ, TO CYLIECTBYET JOCTATOMHO Manast okpecTHocth 0 < 8; < |lzf] £ 6, Ta-
Kasd, 970 HT < —B < 0, rae B — uncio. Tozromy B gaHHOM Cliydae HyJEBOe pelleHME yCTOMIHBO
ACHMITIOTHICCKU. P
607. oy = 2.'::2 .z'l, &y = —T1 — :c% + 3.
-« TMockombky mudipepeHimpyemMas GyHKLIMS v = v(zy, £;) = 25 + 2} YAORIETBOPAET YCIOBUAM:
a) v(z, ;) > 0 pu % + x5 # 0, v(0, 0) = 0;

6) % = 22,223 — z}) + 4xi(~2, — 73 + 23) = —2(=% + 2§ — 223) < 0 B HexoropoH Maol
oxkpecTHOCcTH Touxu (0, 0), To no Bropoii Teopeme Jisnynosa (1. 1.3) HyneBoe peLIeHHe YCTOHYUBO. P
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608. &, =2z, — =z, — 73, & =z, — 21,.
« Oynkums v = v(zy, ;) = (z;+zz)2+%z§ muddepeHInpyeMa, HEOTPULIATENbHA ITPH zf +23 #0

u v(0, 0) = 0. Ee nonnast npousBogHas %’Z’— B CWJIy YPaBHEHMI AAHHOU CHCTEMBI UMEET BUI:

dv
i = 2(zy + x3)(&1 + &) + 2:::29:2 6.'::‘21 <0.

CnenoratenbHO, COMIACHO BTOPoil teopeMe JlsimyHora (1. 1.3), HyJIeBoe peLieHHE YCTOHYHMRBO. P
609- )=~ Ty — :cl:cg, .’i,'2 = 231 - — :L'%
« TpoBepum, w10 muddepenumnpyemas GYHKUMS v = v(Zy, T;) = T3 — L, + Jzzg y}lOBIICTBOpSICT
YCJIOBHAM BTODOH teopeMbi JIsmyHoBa (it 1.3). JIelcTBATENBHO, U(T, £,) > 0 mpn 27 + 23 #0 Qv =
=(x; — &)’ + 21 > 0) n v(0, 0) = 0;
dv

dt
Taxum 06pa3oM, HY/IEROE PELUICHHE YCTONYHBO. P

= Q@ — 2)1 + (@2 — w)dy = —23 (@1 —22)’ +21) <0.

610. il = —sin:c;, -i'z =Z.
<« B nanHoM ciiyyae MOXHO rofo0path ¢pyHkuumio JIanyHoBa B BHAE:

1,
v(zy, T2) = 3 x| + 1 —cosx,.
OyeBuaHO, B HEKOTOPOI MasToii okpecTHocTH ToukH (0, 0), HCKTIOUasi caMy 3Ty TOUKY, Oymet v(xy, £;) >
> (. danee, noiHast IPOU3BOAHAS %% B CHJIy ZAHHOM CUCTEMbE MMEET BHUIL:

dv
@ =&, +sinz, - &, = 2y (~sinx;) + z;sinxz; = 0.

CienoBartesiLHO, HYJIEROE pellleHUe YCTOWYUBO. P
611. &, = - fi@) - fo(®2), &2 = f3(x1) — fa(@2), tme sgn fi(2) =sgnz, i=1,2,3,4.
<« BospMeM dynxuuio JIanyHoBa v B BUAE

z| )
ven, @) = [ fi@dz+ [ peda.
0 0
Oyernano, v(0, 0) = 0. danee, B cuny yciosust sgn f;(z) = sgn z, HHTErPANLI

7f3(z)dza ]zfz(z)dz
b o

nonoxurenbust npu £, # 0 y x; # 0 COOTBETCTBEHHO (CuMTaeM, YTO (GYHKUMH f; HEHpPEPHIBHEI).
HakoHel, noiHas NPoM3ROSHAS

d
o = H@E + heni = ~f@) (L) + hie) + @) (Ha) - fie) =

~(A@EDfiE) + HE)filz)) <O

(npousBenenue QYHKIMIA, UMEIOLIMX OXMH U TOT XK€ 3HAK, HEOTPULATE/IbHO). CIIEN0BATEIbHO, HYJIEBOE
pellieHHe YCTOMINBO. P

612. Ty = Zi — Z, iz = +$2

< Oynxung v = v(zy, ) = z? + z %( OBNETBOPAET YCJIOBUSIM:

a) v(xl, z;) > 0 B ofinactt V: z? + x3 # 0. Ha rpanune o6racti V (B Touke ©, 0)) v(0,0) =

6) HT = 2mydy + 2ay, = 2z (2] — ) + 2zy(zy + 2)=2zt+zH >0 npu (zy, ) €V.
CrnenopatensHo, cortacHo teopeme Yetaepa (cM. 1. 1.3) HyneBoe pemeHne Heycmﬁqnno (3ameTuM, 4TO

B KauecTee QYHKIMM W = w(z) 30ECh MOXHO BINITh BHPAXEHAE W = 2(:::1 +z3)). »

613. &, = z,z, ~z} + 2}, &, =] — 2.

<« B xauectse cbymcmm JlanyHosa Bo3bMeM dynxumio v(zy, ;) = z(Z2 B obnacti V:
>0 A 0<zy< 1.
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Ouesunno, v(0, x3) = v(z;, 0) = 0 u Touka nokos (0, 0) nmpuHamIexur rpauuue obracn V. Haiee,
v > 0 B obnactu V' (ipu Beex t). IMonnas nponsBomHas
dv

dt
Cnenopatensto, o reopeme Yetaera, HyseBoe PELIEHHE HEYCTOHUUBO. P

=z(1-— :cz)(:cl + .'cz) + .'cz w(z,z) >0 B V.

614. B =~T) — T\, Ty = x5 — mi

-« PaccMoTtpuM GyHKING v = (X, T;) = 3 — =7 B obgactH Vi x; < 1 A z3 > |x;|. Ha yactn
TpaHnus! 1ol obnactu (nipu |zl < g = 1) v = 0, npuuem touxa (0, 0) npunamwiexur rpaHute V.
Hanee, B V dyukums v = v(zy, x;) > 0. [Monnasg npousBoaHasg B CHITY CUCTEMbI

dv
o =@+t -a)me) >0 8 V.

Taxum o6pa3zoM, TIOCKONIBKY BCE YCIOBMsI TeopeMbl UeTaena 30eCh BbiIIOJHEHbI, TO HYJIEROE PELUEHHE
JAHHOHN CHUCTEMEI HEYCTOMYHMRO. P

615. TIpu KakMx 3HAYEHUSIX @ CUCTEMA YPABHEHUH &) = T3 + azx) — xf, Iy = —x — x% UMeeT
YCTOIMMBYIO TOUKY ToKosA = = 0, z; = 0?
<« O16pOCcHB HEJIMHEHHEBIE YWICHBE B TIPABHIX YACTAX YPABHEHHH, IPHMCHHUM TEOPEMY HHHYHOBa 06

HCCNENOBAHKA HA YCTOMYMBOCTDL MO TEPBOMY MPUOAMKEHHIO. XaPAKTEPHCTHYECKOE ypaBHeHue A2
al
— aX + 1 = 0 n@neiinoh cucteMbl &y = &, + ax;, #; = —r; UMEET KODHU Ay = —2- 5 -

Orcrona cneayer, uto Red < 0, ecim a < 0. Ilpm 310M, coriacHo TeopeMe JIsamyHoRa, HyneBRoe
pelueHre YCTOMIMBO aCHMNTOTHYeCKH. Ecmu xe a > 0, To 1o yKasaHHoit TeopeMe petienne ; = 0,
x; = 0 Oymer neycroilunro. Hakouen, npu a = 0 00 ycTOHYUBOCTH HMYErO CKa3aTh HENb3Sl, €CIH
M0J1b30RATECA TOABKO 3TOM TEOPEMONA.

Utak, nycte a = 0. BosbMeM dyHKIMIO v = v(ml, xz) =z} + 23 B obyactn V: z? + 23 #£ 0.
[MTockonsky v(xy, ) > 0B V, v(0,0)=0n d" = ~z8 — 2§ € —B < 0 BHe HEKOTOPOil OKPECTHOCTH
Hauyaia KOOPANHAT, TO, COMIZCHO BTOPOM TCODCMC JIsnynora (1. 1.3), HyjeBoe pelieHHe aCHMIITOTHYEC-
K ycToiiunBo. Takum obpasoM, npi « < 0 TPHBUAIBHOE pELIEHME aCUMIITOTUYECKH YCTOHYHBO, a TIPH
a > 0 ono OyaeT HeyCTOHYMBBIM. P

B 3anmauax 616—623 uccieloBaTs YCTOHUMBOCTE HYJEBOTO PEIEHHS, HOJB3YACh YCIORAAMM OTPHLIA-
TENBHOCTH NEHCTBUTEIBHBIX YaCTeN BCEX KOPHEH MHOTOWIEHa ¢ ACHCTBUTENBHBIMU KO3hDHUIUEHTaMH.

616. 2" + 2% +4& + 3 + 22 = 0.
<« JLst ucciienoRaHMs YCTOMYMBOCTH HYJICBOTO PElCHHMS BOCTIOJNB3yeMCsi KputepueM Payca—Iyp-
Bua. Marpuna ['ypBuma B JaHHOM CiIydae UMeeT BHA;

2 1.0 0

3 4 2 1

0 2 3 4

0 0 0 2

HOCKOI“)KY €€ TJIABHBIC MUHODBI
2 1 210 3421
Al=a=2>0, A2='3 4‘-':5)0, A3={3 4 21=7>0, Ay= 0 2 3 4 =14>0,

023 000 2

TO, COTJIACHO YKa3aHHOMY KDUTEPHIO, ACHCTBUTE/ILHBIC YACTH BCEX KOPHEH XapaKTepUCTUIECKOr0 MHO-
rowtena A* + 2% + 422 + 3) + 2 oTpuuareistsl. CleOBaTEILHO, HYIEBOE PEUICHHE ACHMIITOTHYCCKH
YCTOHYMBO.

617. z¥ + 22"V + 52" + 62" + 52’ + 22 = 0. ,

< Kak u B npenbiayiieM nNpuMepe, NpUMEHUM Kputepnii Payca—I'ypBuna. Matpuna I'ypeuna

SO AN
[~ NNV W W
oNAND
S~ O
NANOO
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HMECT INIaBHBIC MUHODBI

. 21 0
A =2>0, A2=|6 5‘=4>0, As={6 5 2|=8>0,
25 6
210 0
A, = g ; é ; —16>0, As=2A;=232>0.
0025

ITo3ToMY COTIaCHO KpPHUTEPUIO AEHCTRUTENBHBIE YaCTH BCEX KOPHE MHOTOWIEHA AMraatesadrea+
+ 5\ + 2 orpuuatenbHbl. 3HAYNT, HYJIEBOE PEILICHHE ACHMITTOTUMECKU YCTOMYHRBO. P

618. ¢V + 42" + 162" + 252" + 132 + 9z = 0.

« TpumensteMm xpurepuil JInenapa—Iunapa. IockoNbKy HYXHEIE HaM IJI2BHbiE JHArOHAJIbLHEIE
MHHOPH! Matpuinl ['ypeuia

4 1 0 0 0

25 16 4 1 0O

9 13 25 16 4

0 0 9 13 25

0o 06 0 0 9

BCEC MTOJIOXHUTCIBHEL
4 1 0 o0
m=| & L =mso s B84 Ligus,

0 0 9 13

M, KpOME TOT'O, Bce KOddhdHIIMEHTEl XapaKTEPUCTUYECKOTO YPABHE IS
5 3 2
Arat 1162 + 25224+ 130 +9=0
MOJIOXKXKUTEIJIbHBE, TO COrTaCHO YKa3aHHOMY KpHTCpHIO JJ,C!?']CTBPITCJIBHI:IC YaCcTHU BCEX KOpHeﬁ OTPHUHATC/Ib-
Hel. CleNOBaTENIEHO, HYJIEROE PEIICHHE ACHMITTOTHUYECKN YCTOWYHBO. P

619. =V 4 22" + 62" + 52’ + 6z = 0.
<4 Marpuna ['yppuna

2 1 0 0
5 6 2 1
0 6 5 6
0 0 0 6
HUMEET MOJIOXKUTCIALHBIC TJIABHBIC THATOHAJIBHEBIC MUHODGI
2 1 0
A=2>0, Ay={3 6 2 i=11>0.
0 6 5

TlockombKy, KpOME TOTO, Bee KODMUIMEHTHI XapaKTEPUCTMYECKOTO YPaBHEH U
4 3 2
A2 +6X +S5A+6=0
MOJIOXWTENEHE, TO 10 KpuTepHio Jinenapa—IIIunapa aeiicTBUTeILHBIE YaCTH BCEX KOPHEH 3TOTO ypaB-
HEHUS1 OTPULATEIPHEL TakuM 06pa3oM, MBI HMEEM aCUMITTOTUUECKYIO YCTOHYHBOCTD. P>

15
620. =¥ + =" + 42" + 32" + ) z' +2z=0.

<« [ nccnenoBaHns Ha YCTOWIMBOCTE BOCTIONB3yeMCa KpUTepueM Muxaiinosa. B nanioM ciydae
KOPHHM MHOTOYJICHOB

15
PO=2-3¢+&, g =1"-4n+
umeroT BUA: £, = 1,2; M2 = %, % Cnepoparensro, 0 < & < g < & < m- Kax Bumum, anecs

BBLINOJIHEHBI YCIIOBUsl KpUTepus MuxaittoBa (cM. 1. 1.4), nosToMy HyJieBoe PellIEHHE aCHMIITOTHYECCKH

YCTOHYHBO. P N
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621. 2" +2"+2' +22=0.
<« Hcnerraem 3pech yxe paccmoTpenibie kputepuu. Tak Kak ¢ = 1, a; =1, @, =1, a3 =2, 10
TJIaBHBIC TUArOHAJbHbIE MHHODBE MaTpuibl I'ypeuna

11 1 1 0
Ar=1>0, A2=’2 1|=—1<0, Ay=]2 1 1]|==-2<0.
0 0 2

CnenoBatebHO, O Kputepuio Payca—IypRuiia, He Bce AeHCTBUTE/IBHEIC YaCTH KOpHEi yPaBHEHHS
FOO=X+A+A+2=0

OTPHUIATE/IBHEL. 3HAYMT, aCHMIITOTHYECKONU YCTOHUMBOCTH HYJIEBOIO PEIUEHHS HET.
Janee, MOCKOJIBKY KOPHHA MHOTOYWIEHOB

p=2-¢ gqm=1-19q

He ynoBieTBopsIIoT HepaeHCTRY 0 < £ < 71, TO o Kputepuio MuxaiinoBa MOXeM yTBEPXKIATh, UTO HE
RBCe KODHM ypaBHeHus f(A) = 0 MMEIOT OTPULATENPHEIE NEHCTBUTENBHEIE YACTH. '
IIpenmosokuM Teneps, YTo XOTA ObI OAMH U3 KOpHeil ypaBHeHusa f(A) = 0 uncro muumeiii. Torna,
O4eBHIHO, 00a ypaBHeHHs 2 —w’ =0 n w(l —w?) = 0 KOIDKHEI UMeTb OOILHME AEHCTBTEIBHEIE KOPHHU.
OnHako, NOCKOJIEKY OOIIMX KOPHEH HeT, TO Mbl NPHILIIN K POTHROPEYHIO.
TakuM o6pa3oM, ypaeHeHHe f(A) = 0 06A3aTEIEHO UMEET KOPEHD € TTOJIOXUTENLHOM AeiiCTBUTEIDb-
HOM yacteio. [Tocneanee o3Hayaer, YTO HYJIEROE PEillEHHE HEYCTOHYMRO. P

622, 2V + 22" + 32" + 77 + 22 = 0.
« CocraBiss ¥ BRIYHC/IAS NEPBBIE TIABHBIE JUATOHANBHBIE MUHOPEL MaTpHLEl ['ypBuIa

2 1

A1=2, A2= 7 3

=-1,

3aMEeyacM, YTO HE BCC KOPDHH YPaBHCHHUA
FO=A+2 4302+ 7A+2=0

HMEIOT OTPHLATEIbHbIC NEUCTBUTENIBHEIE YacTH. [IpearioslokuM, YTO OfHWH K3 KOPHEH MMeeT HyJle-
BYIO ACHCTBUTEILHYIO HacTh: A = w. Tora DOJDKHO Gbith: w? — 2iw® — 3w + Tiw + 2 = 0, wm
W= 3wr4+2=0 A -2+ 7w = 0. Iocnentee cOOTHOIUEHME TIOKABBIBACT, YTO 3TO HEBO3MOX-
Ho. CieloBarenbHO, XOTd OBl OZMH KOPEHE MMEET MOJIOKHUTEILHYIO OEHCTBUTENBHYIO YacTb. 3HAUYMT,
HYJIEROE peLIEHHE HEYCTOMYHBO. P

623. =¥ + 52" + 152" + 482" + 447’ + T4z = 0.

« TMonb3yemMcst xpurepueM Muxaitnora. 3nece p(§) = 74 — 48€ + 52, q(n) = 4 — 157+ nz,
a, =74 >0, a,_; =44 > 0. Kpome toro, xopuu ypasueunii p(§) = 0, q(n) = 0, uMeiomne pua:
_ 24F V206
=—

ymoBneTBopsiior HepaeeHcTBaM: 0 < £ < 7y < & < 1. CnepoBaTtebHO, HYIEBOE PELICHHE aCMMITOTH -
YECKU YCTOUIHRO. P

1,2 ~ 1,957 ma2=41],

B cienyromx npuMepax (624—628) BbEICHUTD, NMPH KaKMX 3HAYEHHUSX NIapaMeTpoB @ U b HyseBoe
peLieHre aCUMITOTUYECKH YCTOMIHBO.

624. " + 32" +az' + bz = 0.
<« CocraruB Matpuny 'ypenia
310
b a 3
0 0 b
BHIMM, YTO BCE €€ IJIaBHbIC JUArOHAILHBIE MHHOPHI OIOXHUTENBHBI, €c 3a — b > 0 u b(3a — b) > 0.
CnenoBarensHo, ecim 3a > b > 0,70 Hy/eBoe pelleHne aCHMITTOTHIECKH YCTONYUBO. P

b
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625. az" +2" + 2" + 2 + bz =0.
<« Kak # B nipenyyiieM nmpumepe, cocTaniseM Marpuny I'ypeuna

1 a 0 0
I 1 1 a
0 b 1 1
0 0 0 b
M BBIYMCIISIEM €€ IJIaBHBIE AMAarOHAJILHBIE MHHOPDEL:
1 a 1 a 0
A=1>0 AZ:’I 1 =l-a; A3=|1 1 1|=1—-a-b, A;=b(l-a-b).
0 b 1

CornacHo kpurepuio Payca—I'ypruna, Wit aCHMIITOTHYECKOI YCTOMIMBOCTY HEOOXOAMMO U NOCTATO4-
HO, 4TOOB! BBIMOJHSIOCH COOTHOLIEHHE!

1—-a>0A1-a-b>0Abl—-a-b)>0Aa>0.
PeumB 31y crcreMy HEPaBEHCTB, NOJTYyYuM TpebyeMble yeiiorus: @ > 0, b >0, a4+ b < 1. »

626. =V + az" + 42" + 22" + bz = 0.
<« IIpumensas kpurepnii JIneHapa—IInnapa, morydaem:

a 1 0
Ai=a>0, b>0, Az;=!2 4 a|=8s—-ab—4>0.
0 b 2

()TC]OI[a HaxXoauM, Y10 aCUMIITOTHYCCKAA yCTOﬁqﬂBOCTb Ha6.ﬂ]0ﬂaCTCﬁ TIPA BBINTOJIHEHHUHA HEPABCHCTB:
a<a<a, 0<b<4 ap,= (4$2\/4—b)b'l. >

627. zV taz" + 42" + bz’ +z =0,
4 AHATOTHYHO NPEALITYIIEMY TIPUMEPY UMEEM:

=dab—a’ - > 0.

a 1 0
Aj=a,>0, b>0, A;=|b 4 a
0 1 &

QOtcioga HAXOAUM YCIIOBHSA ACMMITTOTUYECKON YCTOMYMBOCTH:

2—\/§<§<2+\/§ @>0,5>0).p

628. " + ' + o’z + Sazx = 0. Haiiti 06nacTb YCTOHYMBOCTH.
<« IIpumensieM kpurepnii JIsenapa—Iunapa. ITockonsky

1

a>0, A= sa a?

=a(@a—-5)>0,

TO HYJIEBOE PElIEHHE aCHMIITOTUYECKH YCTONIMBO, ECIIH @ > 5.
Hanee, nycth 0 < a < 5. Torza, npeanojoXus, 470 OAWH U3 KOPHEH ypaBHeHMsA

FO=A+X2+dA+5a=0
YUCTO MHHMMEIA, IPUXOXMM K NIPOTUBOPEYHIO, TAK KaK

flw) = ~iw® —w’ +idw +5=0 = W?

=5a A wl=a

3naunt npn a < 5 ycroiuupocTy HeT. ECiu @ = 5, M3 nOCHeAHUX COOTHOWIEHHH CIIEAYET, ¥TO A} ; =
= +£5¢. HerpyaHo Haiiti, yt0o A3 = —1. TakuM oGpa3oM, IIpH a = 5 HyJNeBoe PEUICHHE YCTOHIMBO
(aCHMIITOTHYECKOH YCTOHYMBOCTH HET, TaK Kak tlig}’o €(t) He cywecTBYeT, Iae €(f) — BO3MywWIEHHOE

peLICHHE). P
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629. MastHRK COCTOMT 13 XeCTKOTO CTepXHs AIMHLI [ ¥ MacChl m Ha KOHIE
(puc. 30). K crepXHIO NMPHKPETICHB! ABE TIPYXHHbE ¢ XKECTKOCTBIO k Ha paccTost-
HHUH @ OT TOYKHM KpeIlUieHusl. ONpenesinTh YCJIO0BHE PABHOBECH MasiTHHKa B BEpX~
HEM TI0JIOXEHHH.

« Ilycts p — yros otknoHeHust CrepxHs or Beprukanu. Toraa, cuntas yron ¢
MarblM, JIETKO cocTaBnTh Gyukuuio Jlarpanxa L = K — I, roe K, II — KuHeTn-
deckas U MOTEHUNAJIBHAsT IHEPTUS CUCTEMBI COOTBETCTBEHHO. MMeeM T

1 1
K= mi*¢*, II = ka’p’ + mglcosyp, L= 5 mi*¢? — ka’p® — mgl cosp

(KMHETHYECKOH SHEPrueil IPYXWH NnpeHebperacMm).
Janee, none3ysice ypaBHeHusiMu Jlarpanxka, cocrapisieM audbdepeHIMATEHOE YPABHEHHE, OMUCHI-
Balolliee Majble KOAeDaHMs CTEPXHSA OKOJIO BePTHKATILHOTO MOJIOXEHH:
d (0L oL

= (6—95) - 59; = mi*$ + 2ka’p — mglsing = 0,

Wi (BBHIY MAIOCTH VIJia ¢):

WrA«P:O,

2
e A = —zﬂﬁzﬂﬂ. OueBunHo, npn A < 0 ycroiiunBocTi He OYAET (Yrosl @ yBEJIMYNBACTCA HEOIPa-

HuuenHo). Ilpn A > 0 crepXeHs coBepiuaer Mainie KojeOaHust okono Beprukaa. CIeHOBAaTeNbHO,
ecmn 2ka’ > mgl, TO BEPTUKANBHOE ITOJIOKEHHE CTEPXKHS YCTOMUMBO. P

630. Mexanmueckan CHcTEMA, U300paXeHHas Ha puc. 31, BpPalaeTcsi ¢ OCTOSSHHOHN YITIOBOH CKO-
POCTEIO W BOKPYT ock AB. Teno Maccer M MOXET IBUTATECS BAOJIb BEPTHKATbHOM
ocu AB. OnpeneiuTs MOJ0XEHNE PABHOBRECHS 3TOM CUCTEMEI (MacCaMu CTEPXHEH
npeHeOpeyn).

<« Jma cocrasnenns byHkay JIarpanxka BoIMUCIAM KHNHETHYECKYIO M TOTCH-
LMAJBHYIO 3HEPrHIo cucreMol. MMeem:

Mi?

K =mad’é* + 5 + Iu?,

e I = ma®sin’ 0, = = |CD| = 2acosd. Mosromy

K = ma’6* + 2Ma?¢" sin® 0 + ma’w?’sin’ 6.
ToTeHinaTEHyIO 3HEPTHIO CHCTEMBI PACCMATPHUBAEM OTHOCHTEIBHO TOUKH B ([CB| = 2a), NOCKOBKY
HHXe TOYKW B cucreMa pacrosioXurbes He CMOXET. JIerko BUAETD, YTO

I =2mg|KB| + Mg|DB| = 2mg(2a — acos8) + Mg(2a — 2a cos9).
Taxum o6pazoM, dynkuus Jlarparmxa
L = (m + 2M sin’ 0)a’6” + ma’w’ sin® @ + 2ga(m + M)cos8 — 2ag(2m + M).
CocrapnsieMm ypaBueHHe Jlarpamxa;
d ‘9L aL 2 .2 2 A2 .+ . 2 .2 -
s (%) ) = 2a°6(m + 2M sin” 6) + 2a°M&° sin 20 -+ 2ga(M + m)sin @ — ma“w”sin26 = 0. (1)
ITocKoIBKy B TOJIOXEHHH PAaBHOBECHS 6= 0, 6 = 0, To u3 (1) MOXHO HaiiTi yroa paBHoBecHs 6,
YIOBJIETBOPAIOUIHIA COOTHOLIEHUIO
sin 6,(g(M + m) ~ maw® cos 0) = 0.
Orciona crenyior GU3NIECKH BO3MOXHBIE 3HaUEHHs yria Oy
M+ m

y(ma: ! ) <1
BBoag ofo3HaueHus z; = 0, x; = é, ypaBHeHue (1) npeacTaBisieM B BUIE CUCTEMBI:

6y = 0, Cos 00 =

&y = 3,
2 . ()
&y = (ﬂz"’— sin 2z, — g (M +m) sinz; — Mz3sin 2:1:1) (m+ 2M sin® z)".
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PaccMoTpuM ycToHunBOCTb TOUKM pasHosecus (0, 0). Ctaps B COOTBETCTBHE cHCTeMe (2) JIMHEapU30-
BaHHYIO CHCTEMY YpaBHEeHUH
. 3 g (M
=%, o= (wz—— —+1)}z
a\a

W BbIYHCIIAS KOPHU €€ XapaKTCPHUCTHYCCKOI'O YPARHCHUSA

/ M
/\1’2=:‘h wz—g(——+1),
a\m

BHIMM, YTO TIpH YCIIOBAM Mmaw® > g(M +m), cornacHo Nepsoii TeopeMe JIANyHOBA, TOUKA PABHOBECHS
(0, 0) HeycTOluMBa.
Tlycts maw? < g(M + m). Torna, nonobpas dyskumio JIsnyHosa

xr
v = 23(m +2M sin’ #,) + 2(1 ~ cos ) (g (M + m) — mw’ cos’ _21) )
a
YAOBIETBOPSIOIIYIO YCTOBHSM:

1
v(0,0)=0, wv(zy,z,)>0 npu O<:c%+:c§<—,

~

v(zy, ;) =0 (8 cuiy Teopemsl (2)),

3aKmovaeM, YTo TouKa pasHoBecus (0, 0) ycroliumsa.

PaccMOTpuM Teneps YCTOHYNBOCTD paBHOBECHs TOUKH (6y, 0). Croenas 3aMeHY NEPEMEHHBIX Z; =
=6y +y,, £, = Yy, BeIpPAXCHUH Wist GyHKUMu JIsmyHOBa M3 NPEIBIAYLIETO Cyyas, a Takke NoTpeboBas,
yro6st v(0, 0) = 0, nmonyyaem

2
v(yy, ¥2) = y% (m +2M sinz(eo +y1)) + (cos(eo +y;)—cos 00) (mm2 (cos(eo +y1)+cos 00) - ?g (M+m)) .
TIocKONMBKY TIPOU3BOAHAS

) = mo? ( g

s (M + m) — cos(8y + yl)) sin(6y + y1),

rae
2
Jn) = (cos(8p + y;) — cosby) (mm2 (cos(eo + Y1) +cos 00) - Tg (M + m)) s
ynosnergopset ycnosusm: f() =0, f'(y) >0npu d >y, >0m f'(y;) <0 npn -6 < y; <0, T0
dynkis f uMeeT cTporui MUHMMYM B Havdare KoopauHar. CrenosarensHO, GYHKUUA v = v(Yy, ¥p)
TaKKe UMeeT CTporui MuHUMYM B Touke (0, 0).
Jlanee, oCkOnbKY U(yi, ¥2) = 0 B CHIIy CHCTEMBI
9=,
1
m + 2M sin*(6y + y,)’
TO o Teopeme JlanmyHosa Touka (0, 0) Ha rwiockocTu YOy, YCTOHYMBA, T.€. ycroifuuBa Touka (6,, 0)
(Ha wrockoctd z,0%,). B

2
mw- | . .
y'z = (T sm2(00 + yl) - g' (M + m)sm(Oo -+ yl) - My% sin 2(00 + yl))

§2. Ocobbie TOUKH

2.1. Onpenenenne 0co0bIX TOYEK W HX KJIACCR(HKAIMSA.
Ilycts B cuctreMe mnddepeHinansHeIX ypaBHEHHIA

dx dy

= M, y), 2 =N@ ) 0y}
dbynkuuu M, N "HenpepsBHO AudxbepeHIMpyeMsl B HEKOTOPOIl OKpECTHOCTH TOYKH (Zo, Yo), THe OHM
ONHOBPEMEHHO OGpalialorcs B HyIb, T. €. M (2o, yo) = 0, N(zo, %) = 0.

N
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Ounpepenenne. Touka (o, Yo), 6 0kpecmuocmu komopoti pynxkyuu M, N nenpepwsno dugbepenyupye-
Mot u Mz, yo) = N(xo, yo) = 0, nazwsoemcaocoboii mouxkosi cucmemot (1) na naockocmu Ozxy.

B npocreiiem cnyuae, koraa M, N juueiins], T.e. M(z, y) = az + by, N(z, y) = cx +dy, 11e
a, b, ¢, d — nocroaHHsIe, HCCAENOBAHNE OCOOBIX TOYEK MPOBOAUTCS MO cienyiomeii cxeme. CHayana
HAXOIAT KOPHH A{ ; XaPaKTEPUCTHYECKOTO YPABHEHMUS

a—A b _
c d—A |~

Ecnu kxopuu neiictButensisie, AjA; > 0 w0 A # Ay, TO 0cobast TOYKa HA3bIBACTCA yatom (KapTH-
Ha WHTETPATBHEIX KPUBBIX B OKPECTHOCTH Hadajia KOOPAMHAT HaroMHHaer coboit ceMeiicTo napa6on,
BepIIMHBI KOTOPHIX COBNAmaoT ¢ Toukoi (0, 0)). Fcnu kopHM MMEIOT pasHsie 3HaKd, TO ocolast Touka
Ha3bIBAETCH CedN0M, 3 WHTETPAISHEIE KPUBBIE NPEACTABNAIOT OG0 HECKOIBKO AeQOPMUPOBAHHEIE TH-
nepbosnel. [lanee, eciu KOPHM KOMIUIEKCHBIE, HO Re A ; # 0, To ocobas TOuKa HasmBaetca Qoxycom,
a UHTETPAIbHBIC KPUBBIE MMEIOT BUI CNUPAIEH, 3aKPYYMBAIOLMXCS BOKPYT Hadyala koopauHat, Eciu
xe ReA;; =0, Ho ImA; 5 # 0, T0 0cobas Touka — yewmp. nHrerpaibHble KPUBBIE B 3TOM CITyyae
3aMKHYTBI M OXBATHIBAIOT HAYaZ0 KOOPAMHAT.

Kpome 3tix (0CHOBHBIX) 0COGBIX TOYEK PAITHHAIOT CLIE TOUKU: sapoxcdennuii y3en (A = Ay # 0),
OQukpumuueckuti y3ea (MAMEET MECTO JIMILUL B Clyyae, KOTAa CHCTeMa MMEET B %’{— = az; Hg' = ay,
a #0).

B cityyae 0cobbIx Touek y3i1a ¥ ceuia cHcTeMa ypasHeHuit (1) uMeer pelueHnst, u3oOpaxaeMsle Tps-
MBIMH, IIPOXOISIIMMU Yepe3 Hadano KoopAuHar. HarpasneHHst IpsaMBIX ONpPeAeNsIoTcs coOcTBeHHBIMU

BEKTOPAMH MATPULBL
a b
c dj’

MpUYEM B CIIy9ae Y31a UHTETpaibHBIE KPUBHIE KAaCAOTCH COOCTBEHHOIO BEKTOpPA, COOTBETCTBYIOLLETO
MEHBLIEMY TI0 a6COMOTHOMN BETMYHHE A.
JIns BRISICHEHHSA HANPABICHHUS ABUDKEHUS 0 TPAEKTOPHHU AOCTATOYHO MOCTPOMTDH B KaKOH-HHOYAD

Touke (&, y) BeKTOp CKopocTH (&, ¥).

0. )

2.2. TIpaKTHYEecKHE NPHEMbI RCCIIEI0BAHAA 0COOBIX TOYEK.

Tlpennonoxum, YTo B HEKOTOPOH OKpecTHOCTH OCOOOM TOUKM (Zg, yo) cucTeMsl (1), rae BBeAeHA
JeKapToBa cucTeMa koopauHat Oz y; no ¢opMynaM & = xg + x;, ¥y = Yo + Y1, NPaBble YACTH MOXHO
TIPEACTABUTD B BUIE

M(z, y) = M(zo +z1, Yo + 1) = az1 + by + a(zy, y1),
N(z, y) = N(mo + 1, Yo + y1) = cz; + dy; + B(z), ¥1),

rae a, b, ¢, d — nocTosHHsbIE, 32 QYHKUMH @, § TAKOBbI, YTO CHPABETUBLI CICOYIOIIUE OLEHKU:

a(z, ¥1) -0, Bz, y1) S0 mpu r—0 (£>0), r= /:cf+yf.

plte rlte

Toraa, ecrm Re A # 0, rae A onpegensiercs U3 ypasHeHus (2), To ocobas Touka (g, Yo) cucreMsl (1)
6yget Toro ke TMNa, YTo ocobas touka (0, 0) cucTeMsl

dz, dy
Ty = az| + by, i cxy + dyy. 3)
Ecmu g cucteMsl (3) ocobast TouKa — LEHTP, TO WIS CUCTEMBI
dz, dy
o — oo tbyta@n ), o = o +dy + By, y) C))

OHa MOXeT GbITh 1eHTpoM Wan ¢okycoM. Eciu TpaeKTopnM cHcTeMHl (4) MMEIOT OCh CHMMETDHH,
TIPOXOALIYIO Yepe3 HCCIeayeMyIo ocobyIo TOUKY, TO TOCHeHHsa GyneT LWeHTPOM M JUISL CUCTEMEL (4).
Ilepeitns or cuctemsl (4) X ypasHeHHIO

dy _N@,y)

dr ~ M(z,y)’ ©)
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J1erko 06HAPYXUTh OCh cuMMeTpuu. Ecnu ypasHeHue (5) He MEHSET CBOETO BUIA MPH 3aMEHE & HA —I
WIH y Ha —Y, TO HeHTp cucuteMsl (3) Oyner ueHTpoM cucreMsl (4). DoKyc HMeeTCs TOLEA U TONBKO
TOrga, KOTAa Hyjnesoe pellieHHe CHCTeMBI (1) (mocie MapauIeNsHOTO NMEPEeHOCa CHCTEMBI KOOpAWHAT
B 0co0y10 TOUKy) OymeT aCMMNTOTHYECKH YCTOHYMBO Npu ¢ — +00 Wmu npu ¢ — —oo.

B 3anavax 631—640 uccnefoBats 0coGbe TOUKH H H306pa3uTh rpadMIecKH CEMENCTBO MHTETpatb-
HBIX KPMBBIX B OKPECTHOCTH 0COGOH TOUKM.

631. &=z +3y, y=—6z—5y.

y
« CocTapisieM H pelliaeM XapaKTePUCTHIECKOE YPaBHEHUE
1-A 3 .
(1,0) 6 —5_ =0 Apa=-2+£30
\ x Tlockomeky ReA;; < 0, To Touka (0, 0) sABAAETCA YCTOHUMBBIM (POKYCOM
(1, -6) (puc.32).
Jins BeIICHEHMS HANpaBiIeHMS 33KPYYMBAHUS WHTETPATBHLIX KPHBBIX

(cniMpalieif) NoCcTpOuM BEKTOP CKOPOCTH B TouKe (1, 0):

Puc. 32

=1, yg=-6.»

632. &= —2¢- Sy, y =2z +2y.
4 XapaKTepHCTHUECKOE yPagHEHHE
—-2-2A -5

2 2-x =0

UMEET KOPHH Ap 3 = +iv6. CrnegoBatensHo, 0c06asg TOUKa — LEHTP.
Hanpapnenne ABIDKEHHS 0 TPAGKTOPHAM ONPEHE/LEM MO BEKTODY
CKOPOCTH:
(20, 1; 90, 1) = (-5, 2)

(puc. 33). lasiee, mist yCTAHOBJIEHHMS YPABHEHMI NPAMBIX y = kZ, Ha
KOTOPBIX PACHONOXEHS! OCH JLIHIICOB, HAMNEM IKCTPEMYMB! (DYHK-
un f = f(z, y) = z? + y* npy ycnosuu, wro % =kuz=-2r—-S5y, y=2z+2y. U3 Heo6x0oauMOro
YCIOBUSA 3KCTpEMyMa TOyyaeM ypaBHEHHE

Prc. 33

¢ 2xd 4+ 2yy =0
= = 2xd =
dt vy s
TIONCTABHB B KOTOPOE 3HAYEHHS £, ¥, Y = K2, TIOCIE COKPAIEHHUS Ha T NPUXOLMM K YPABHEHHIO
2~ 3k —2=0.
CrieA0BaTeNbHO, HA MPAMBIX y = 22, §y = —% PACNONIOXEHBI OCH BCEX DJUIHIICOB. P
633. i =3z-4y, y=z - 2y.
« U3 ypasHenns
3—-A —4
1 —2-a =0

HaXomUM Ap; = 1—ﬂ2:—3 Tak Kak KOpHW A(, ACHCTBUTE/IBHBI
M MMeIOT pa3Hble 3HaKH, TO ocobas Touka — ceto. B atom ciydae
CEMEHCTBO MHTErPAIIbHLIX KPUBBIX (TUNIEPGONT) MMEET IABE MPAMBIE,
MPOXOAALIHE Yepe3 HAYaZO KoopauHar ¢ = ¢, y = ki ({ — napa-
MmeTp). s HaxoxaeHus yriaosoro koddduimenta & moaCTaBUM
MapaMeTpHieCKHe YPaBHEHHA MpPSAMBIX B cuCTeMY AMbdepeHIn-
ANBHBIX YPaBHEHNH.

IMocne ncKmoyeHus napamerpa £ NMOJIyYUM YPaBHEHHE WA k-

4% -5k +1=0,
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oTKyaa k) = 1; ky = % CrreoBaTeNbHO, Cpeay MHTErPatbHbIX KPHBBIX MMEIOTCA MBE MPAMBIE: Y = T,
y= % (puc. 34). HakoHel, MOCTPOUB YeThipe BEKTOPA CKOPOCTH

n@ -0 =@2; 00, D=(4-2 o(l,1)=0,0 u(-1,-3)=(10),
YCTaHABIMBaeM HanpaBlIeHUe IBUXEHHUS N0 TPACKTOPHAM. P
634. i =2z + 3y, =z +4y.
<« PelmB xapakTepHCTHYECKOE YPABHEHHE
2-2MNE4-2-3=0
(A =5, A3 = 1), BuanM, yto 0cobas Touka — y3en. Jaiee, HaXOAUM

MHTErpajbHbIe MPsAMbIE NYTEM NOACTAHOBKU & = ¢, y = ki B JaAHHYIO
cucreMy. B pesynsrare nomydaem ypasHeHue

3k? -2k —-1=0,
KOpHH KOTOporo ¢ytb ky = 1, k; = —%. CnepoBatensho, mpsaMble
Yy==2, y=—% SRINOTCI UCKOMBIMHA (DHUC. 35).

Tloacrasnssg B ypaBHeHHE

(1 9(&)=(2)

3HaueHMe A = Ay = ] (MeHsbluero mo abCcomoTHOM BesMunHe CO6-

23 Pre. 35
CTBEHHOTO 3HAYCHHS MATPUIILI (1 4) ), I KOOPIMHAT €, €53 CO0-
CTBEHHOTO BCKTOpa YKA3aHHOM MATPH1bl, COOTBETCTBYIOIIETO 3HAYE-
HHUIO A;, TIONYYaeM COOTHOLIEHHE er; + 3e;; = 0. Orcioga, NMONOXUB €;; = 1, HaxomuM e;; = —3.
CrenoatenpHO, BeKTOp €; = (—3, 1) HanpasjieH 10 NpaMod y = —% M BCE€ MHTETPAJIbHBIE KPHBBIE,
HUMeronMe Buf napabosl, CBOUMHU BEPLIMHAMHU ¢ O0EUX CTOPOH KACAXOTCH YKA3aHHOW NPAMOIA.
HakoHel, 11onoxuB B OaHHBIX YpaBHeHUsix x; = 1; y; = 2; x, = —1, y, = —2, HailgeM ABa
BEKTOPa CKOPOCTH v
vl(l’ 2) = (81 9)’ 02(_1) "'2) = ('—87 —8)1
YKa3sIBaIOLIME HATIPABIECHUSA IBHXXEHHUS 110 TPAEKTOPUSAM. P
635.93:3:c+y,y=y—:c. _
« CHayaia HAXOOUM KOPHH XapaKTepHCTHYECKOrQ YPaBHEHHS
3—-A 1 x
_1 12 =0; M=A=2
Crenosarensto, touka (0, 0) — BeIpoxneHHbIH y3en. W3 ypas-
HeHus (3 — A)ey + e = 0, NONOXUB NPOU3BOIBHO €1, = 1, Npu
A = 2 nony4yaeM e;; = —1. Takum obpa3om, npsamas y = —x gBIA€T- Pac. 36
CSl MHTErPAILHOM M €€ KacaloTcs Bce WHTETpaibHBE KpHBhIE B HaYane ©
KoopruHar (puc. 36). /lanece, nonb3ysack TabAIei
z]| =2|-1|0]|1]| 2 -2)-1]1]2]|=-2(-1{ 1| 2
y| -4 ~-2]0|2} 421112} 0 O O0f O
| -10]-5{0([5|{10]-8[-4]4|8|[—-6]-3| 3] 6
y| -2|-1(o0]1 ] 2] 0] o0JOo]JO} 2} 1}|-1]-=2

CTPOMM BEKTOPHI CKOPOCTH (10JIe HATIPABJICHMI), a 3aTeM 10 HAM YePTMM WHTEIPAIbHLI KDUBLHIE. B
636. i =y -2z, y=2y-4z.
-« M3 xapakTepucTHyecKoro ypaBHeHuA

-2-2A 1

4 2-x|=0
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clenyet, 910 Ay = A; = 0. 310 3HAYMT, YTO KOIDPUIMEHTH JAHHBIX
ypaBsHeHMii ponopuuoHaTsHbl. Clle[OBATEIHHO, NPAMasK ¥ = 22 COCTO-
WT U3 0cOOBIX ToueK. CeMEMCTBO HHTETPANBHBIX KPHUBBIX JIETKO HAHTH M3
ypaBHEHHS

dy

—==2=y=2z+C, C#0.

dx
Du3nueckn CEMEWCTBO KPUBBIX, M300paKEHHBIX HA puc. 37, MOXHO HH-
TEpNPETHPOBATh KAK KAPTUHY JTAMHHAPHOIO TEYEHMS ABYX IPOTHBOMNO-
JIOXHO HAllPaBJIEHHBIX ITOTOKOB XUIKOCTH, IPHYEM CKOPOCTH TCUEHMS
B 000MX ClIyYasx pacter Mo aGCOMOTHOMN BETMYUHE 10 MEpe YAadeHHUs OT
JTMHUA BX paszgena (y = 2z), Iie OHa PaBHA HYMO. P

637. =z, §g=y.
Pae. 37 « CoCTaBUB M pelIUB XapaKTePUCTUYECKOE YPABHEHUE, HAMAEM €T0
KOPHH
y A A=A =1

3uauut, Touka (0, 0) — INKPUTHUECKUI y3e1. Pa3aenus nowieHHO Of-
HO YPABHEHME HA JPYIro€ W MPOUMHTETPUPOBAB PE3yNbIaT, MOIYYHM CE-
MEHCTBO TIPAMBIX

y=kz, =0
(puc. 38). ITockoneky Re Ay, > 0, T0 y3en HeycToHIHB. B

638. :=0, y=0.

« OueBuaHO, BCA INOCKOCTh Oy COCTOMT M3 0cobsIX ToueK. Ce-
MEWUCTBO X€ WHTErPAIbHBIX KPUBBIX HA IUIOCKOCTH Oy HE CYLUECTBY-
er. b

Ry

Prc. 38 IpaMesanne. B npocrpancTee Ozyl HHTerpanbHble KPHBbIC NPEACTARIAIOT
co0oit npsmele, napauienbHble ocu OF.

4z —y
639.y = 427V
Y =32y
« U3 xapakTepucTHUeCcKOro ypasHEHHUS
D
4 -—1-a|70

HAaXOIHUM KOPHH
A2 =1424

CnegosatessHO, ocobast Touka — ¢okyc. s BeIACHEHHS BONpPOCA O Ha-

MpaBJeHWH 3aKPYUYUBAHUSA WHTETPAIBHBIX KPHBBIX (CIIMpaneit) MOJOXUM

Puc. 39 z =1, y =0 B cucreMe ypaBHeHMIA:

£=3z-2y, y=4x-—-y.
Toraa, IpuHAB BO BHHMAaHHUE, YTO I STOH CHCTeMBI GOKyC OyAeT HEYCTONUMBBIM, a TAKXKe HANPABIE-
HHe BeKTopa ckopoctH v(1, 0) = (3, 4), 3aKmioyaeM, YTO IIPH YAAJICHHH OT Hadajia KOOPOUHAT ABMXKCHHE
Mo CMHPaiu OCYIHECTBISETCS MPOTHB XOAa YaCOBOM CTpeNIKH (puc. 39). »
Ilpamedanne. OO ycTOMYMBOCTH OCOGOi TOUKH HCXOAHOIO YPaBHCHMSA HHYETO CKa3aTb HE/b3sl, TAK KaK Mpu

3aMeHe { Ha —! ypaBHEHHE BUJA HE MEHSET, TPacKTOpDHH JABUXKCHHUS (MHTerpajibHble KPHBblE) HE 3aMKHYTH! H
YCTOItUHBOCTb B AaHHOM CJIyYae 3aBUCHT OT HallpaBiieHUst RBUXEHHs N0 TPACKTOPUSIM.

640. ;= 2=tV
Y Ty 4y’
« CocTaBuB M pPELIIMB YpaBHEHHE

3—-2A 4

N B R A
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BHIMM, 4TO 0c0bas Touka — cemno. Ilyrem nogcranosku y = kz 8 ud- y
depeHIMILHOE YPABHEHNE HAXOAWM HHTErPAIbHBIE NIPSIMEIE (2CUMIITO-
Thl CEMEICTBA Ae(POPMUPOBAHHEIX runep6or).

HUmeem ik )
+
k= =3 kb=, k=-1
3+ 4k 17 ™
Takum obpa3oM, ABe npsMsie x
T
y= EX y=—-=z

— uCKoMslIe. Jlaree, ACHO, YTO 0cobast TOuKa HeycTOHunBa (B JAHHOM
cilyyae, B ODIMYME OT NpPEeJSIIYIIEro IPUMEPa, XapaKTep TpMBHAILHO-
TO pellieHus HE 3aBUCHT OT HaNpaBiIeHHs NBUKEHMS 110 TPACKTOPHSAM).
Tlpumepnsiil B ceMelicTBa U306paxeH Ha puc. 40. »

Puc. 40

B 3anayax 641—647 Haiiti M NCCIENOBATh 0COGHIE TOUKH JaHHBIX YPABHEHHI M CUCTEM.

, 2z 4y
641. Yy = ;——2yTS

<« U3 cucreMsr ypaBHeHM

YA

2x+y=0, z-2y—5=0 An
HAaXOJUM KOOPAMHATEI 0CO60M Touku: T = 1, y = —2. Jlanee nenaem 1
MEPEHOC Hayaka KOOPAUHAT B 3Ty TOUKY: 0 ~ Y

— =
z=14+¢ y=-2+1. v(1,0)
B pesynsrate NIpUXOOUM K YPaBHEHHIO! - ﬁ\\\
dn _2+y \ £
& £-29 0,
TlockonbKy KOPHH YpaBHEHHS :
1-A -2 Puc. 41
2 1-a |70

HMEIOT BUI: A, = 1324, To yrBepxkuaeM, yto ocobast Touka — ¢okyc. Ilonoxus B cucreme

§=¢-2 N=2%+n

¢ =1, n = 0, nomyuum Bekrop ckopoctu v(1, 0) = (1, 2). EciiM NpUHATH €ille BO BHUMAHHUE, YTO
Ui 3Tol cucTeMnl To4ka (0, 0) — Heycroiumselil Qokyc, To JIETKO BHAETH, YTO NMpH ABHKEHHH MO
CMIUpansaM oT Hayana koopmuHat O\£7n OyaeT MPOMCXOAMTH BpallleHHEe MPOTHUB XOAAa YacOBOM CTpenKu

(pmc.41).
3aMeTM, 4TO, KaK B nipuMepe 639, 06 ycToiuusocTH (GoKyca HHUETO CKa3aTh HENL3d. P
5 .
642. = 2
rt—-yr -1

« U3 cuctemsl
2y=0, z*-y*—-1=0
HaXxoauM KOOPAMHATEI 0co6bIX Touek: (—1, 0); (1, 0). Cuenas 3ameny x = —1 + ¢, y = 7, npuBeneM
JaHHOE ypaBHEHHE K BHIY

dn 2y
—_ = (1)
@ -7 -2
Hapsny ¢ ypassenuneM (1) paccMaTpuBaeM “yKopouyeHHOE” ypaBHEHME
dn _ 7

€~ ¢
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NOMYYeHHOE, OYEBHIHO, NMyTEM OTOpachiBaHUSA HETMHEHHBIX WieHOB M3 ypasHeHns (1). Tlockonsky neii-
CTBUTEJIbHBIE YaCTH KOPHEI XapaKTEPHCTHYECKOTO YPABHEHMS, COOTBETCTBYIOLIETO NocaenHeMy audde-
PEHLHATBHOMY, OTIHYHBI OT HY/IT (A, = :£2), a Takxe yHKuUsA

€ m - E—ni=o ((e2 + nzﬁ“)

npu {2 + 172 — 0 (¢ > 0), 10 cornacHo 1.2.2 ocobag Touka ypasHeHus (1) Gyner Toro xe TUna, uro
ocofasg TOYKa YKOPOUEHHOIrQ ypasHeHMs. bojiee TOro, KapTUHsl pacrojiOXeHus HHTErpAIbHHX KPH-
BbIX ypaBHEeHMS (1) U YKOPOYEHHOT'O YPaBHEHMS B MAIOH OKPECTHOCTU 0CO00M TOUKN OyAyT NMPUMEPHO
OIHHAKOBHI (TOYHEE, YEM MEHBIIIE OKPECTHOCTS, TEM GONbLIIE COBNANCHHE KAPTHH).
Taxum obpaszom, Touxka (—1, 0) — cemro Ui HCXOLHOTO YPaBHEHHS.
JHanee, caenas 3aMmeHy & = 14§, y = 1, IPHXOAUM K YPABHEHHIO
dn 2n
& &£-n+2
an _n
¢
VKopoueHHOe yparHeHUe uMeeT ocolyio Touky (0, 0), Koropast, KaK CIeAyeT u3 ypaBHeHMs
2-A 0 =0
0 2-A |77
SIBJISIETCSA JMKPUTHYECKUM y3rtoM. Tlo npuuanHe, H3oXeHHoIl Boiie, Touka (1, 0) Oyaer AMKpUTHYECKHUM
Y310M U IJIsi HCXOZHOTO YPaBHEHUA. P

643. o/ — y + V1+ 2022
R y+1
« U3 cucremsr ypasHeHn#|
y+vV1+2022 =0, z+y+1=0
HaxommM ocobble Touku: (0, ~1); (2, —3). UccnenyeM kaxayio u3s Hux. C MOMOLIBIO 3aMeHBl & = £,
y = —1 + 5 JaHHOE ypaBHEHHE NPUBOAUM K BUAY:
: 1
dp _n-1+(01+20)*  n+5 -2+ 0
¢ E+n E+7 '
VKopoueHHOe ypaBHeHue

M COOTBETCTBYIOIIEMY EMY YKOPOUEHHOMY

dn _n+5¢

¢~ €+n’
KaK CJICOYET N3 COOTBCTCTBYIOLICTO €MY XapPaKTCPUCTHYCCKOIO
I-2 1 |_,
5 1-x}7

UMeeT celio (A, = 1+ \/3). Janee, dynkimsa
75
£~ 0@ =00'™), r=y/@4y >0,

NO3TOMY, COracHo I1. 2.2, Touka (0, ~1) ARnseTCs CEMIOM M JUIsL MCXOXHOrO I e peHIHANEHOTO YpaB-
HeHU. .
Tonoxus =2+ §, y = —3 + 7, U3 AAHHOTO YPAaBHEHHS AaHATOINYHO MPEBIIYLIEMY NOTY4aeM:

dy _ 0+ 56+06)

d¢ {+n
CocCTaBuB M PElIMB XapaKTEPUCTUYECKOE YpaBHEHUE
1-A 1 20
E 1—2A =0, /\1’2=l:':‘/2:,
27

y6exnaemcs B ToM, 4To (0, 0) — y3en. Yuuremsas eme cootHowenne O(¢?) = o(r'™®), cornacuo 11.2.2
3aKJII0YaEM, 9TO TOUKA (2, —3) SBisIeTCs y3JIOM M IS DAHHOrO audypepeHIMaJbHOIO YPaBHEHUs. »
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644. : =2 —-y?), g=€" —¢'.

« CHavyana HaxoAuM AEHCTBUTENBHBIE PEIEHUA CUCTEMBI yPaBHEHUH In(2 — yH=0ne —e¥ =0
M3 nepBoro ypasBHEHMs NojydaeM y = =£1; u3 Broporo — z = 1. CnefosarensHo, Touku (—1, —1)
u (1, 1) — ocobrie.

Jlanee, UcCIEAyeM KaXaylo M3 OTHX TodeK. [fonaras B AaHHbIX ANGOEpEHUINATBHBIX YPaBHEHUAX
z==1+¢, y==+1+n, npuBoAuM HX K BUIY:

E=In(1F2y-nY), f=e*'(-é".
Orciona, mpumenss dbopMysry Makiopena, uMeem:
E=Fm+0m), i=e"E—m+0w),

Peuips XapakTepyCTUUECKOE YPABHEHHE

-2 F2 et! et? et! et?
et ety ‘: 0, A= ry + vy T2, A= > VT F el

COOTBETCTBYIOLIEE YKOPOUYECHHOM CUCTEME
. . %1
E=F2n, n=e (£—n)

BUIMM, YTO IepBas oco®asg Touka (e¥f COOTBETCTBYET BE3NE BePXHMMH 3HAK) — YCTOHUMBBIA (HOKyC, 4
BTOpas — cei0. B cwiy 1, 2.2 yTBepXKICHUS OTHOCATCA M K UCCAEAYyeMOM cucreme. »

645. i = /27—y +2-2, § = arctg(z* + zy).

<« Cuctema ypaBHeHHH
Val—y+2=2, 2 +zy=0

uMmeeT peuteHus: z; = 0, o3 = =2, 23 = l u y; = =2, y, = 2, y; = —1. CnegoBateabHO, TOUKH
(0, ~2); (=2, 2); (1, =1) — ocobble.
Cuenas 3ameHy x = £, y = —2 -+ 1), IPMBOIUM JaHHYIO CUCTEMY YPaBHEHUIi K BUIY:

E=\E —n+4-2 pf=arctgf(-2+£+n).

Passaras npaBble 94acT#l 3TUX YPaBHEHHUU 1o popMynie Maksiopena U yIep>XUBash JIMLIL JIMHEHHbIE WICHBI,
TI0JIy4YaeM YKOPOYEHHYIO CUCTEMY i
€ =-1n 7’ = “26'
TlockoibKy KOPHHM €€ XapaKTepUCTUYECKOTO YPaBHEHHS Ao = ++v/2, 10 ocobas Touka — cewo. A
Toraa no 1. 2.2 Touka (0, —2) aBjiseTcs CEMIOM M VIS UCXOAHOM CUCTEMEI.
Tenepsb repeHOCHM HAYAIO KOOPAWHAT B TOUKY (—2, 2), moNoXuB & = —2 + ¢, y = 2+ 7. Torna
JaHHasi CUCTeMa NPUHUMAET BUII;

§=-24\/Q-¢ —n, 7=—arcgn+2-£).

[MpuMeHsis x TIpaBBIM YacTAM 3TON cucTembt GopMyny Makyiopena u oTOpachiBast HeJiMHEHHbIE
WIEHBI, [I0JTyYae€M YKOPOYEHHYIO CHCTEMY:

343

Kopuu xapakrepucTiieckoro ypasHeHus Ay ; = ==y~ ACHCTBUTENbHL U UMEIOT OAMHAKOBBIC 3HAKY,
no3roMy ocobas Touka — y3es. ClegoBarensHO, COTIAcHO 11, 2.2, Touka (—2, 2) ABseTcs YoM U Uis
JaHHOM CUCTEMEL.
Haxonen, monaras £ = 1+ §, y = ~1 + 5, JaHHsle yPABHEHHS TIOCIE AHAIOTMYHBIX BBIKIALOK
TIDUBOAUM K YKOPOYCHHBIM:
¢

._——2 .
6_2 3’ n=§+1.

Hockonsky KopHU XapaKTepHCTHYECKOTO YDPaBHEHHMS (z\l,z = 13:-4'—-@) KOMIUTEKCHBI M Re A1, # 0, TO
0cobast Toyka — okyc. Takoii xe oHa GyJeT U [is JaHHOM CHCTEMBL. B
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2
—y+1
646.¢=1n2——3y~—, =2t -y

4 U3 cucteMsl ypaBHeHHH , , R
¥y -y-2=0, ==y
HAXOIMM KOOpIMHATHI 0cobbIx Touek: (—1, —1); (=2, 2); (1, —1); (2, 2). Ionaras ¢ = £14-¢, y =
= ~1+ 1, NIPUBOIUM CHCTEMY ANPPEPEHIMATBEHBIX YPABHEHUI K YKOPOUEHHOMY BUIY:
€=-n, n=+2+2
W3 xapaKTepHCTHIECKOTO ypaBHEHMS
—-A -1
£ 2-2A [ =0
Ha OCHOBAHMH I1. 2.2 CreayeT, uro Touka (1, —1) — dokyc (A ; = 1 £19), a Touka (=1, —1) — cemro
(A =12 v/3). AHAJOTWYHO, TIONOXMB & = +2 + £, y = 2 4+ 5 ¥ yOepXas JMHEHHKE WIEHSI, U3
JAHHOM CHCTEMBI TIOMY4aEM YKOPOYEHHYIO:
‘ E=n, 1n=:+46—dn.
PeumB XapakTepHCTHYECKOE YPaBHEHHE

-A 1
44 ~4-x|=0
U TIDMHSB BO BHUMAHME IT. 2.2, 3axymodaem, YTo Touka (2, 2) — cemwio (A, = —2 % 2\/5), a TouKa

(-2, 2) — BuIpoXAEHHBIA y3en1 (A3 = -2 # 0).

647. i =z -y +3-2, g=e" " —e.

<« U3 cucremsl ypaBHEHUI
2 2
y—z=1, (@-y) =1

HaXOOMM KOOPOMHATHI YeTeIpeX ocobbix Touek (0, 1); (0, —1); (=1, 0); (3, 2). Caenas 3ameHy = = ¢,
y = £1 + 5, JaHHbIE YPABHEHHUS M3BECTHHIM CNIOCOGOM NPUBOAMM K YKOPOYEHHBIM:

E=F(E -1, n=e(-£x2.
Kopnu xapakTepuCTUYECKOrO ypaBHEHHA UISI 3TOM CUCTEMBI HMEIOT BHI:
_ Fl*2e + V1+de(l£1) +4e? 3y = Flx2e 1+4e(l£1)+4e?
) 2 T 2 :
IMockonsky AjA; < 0 (Af, Ay — AeiCTBUTENBHBIE KOPHHM), TO HA OCHOBaHMHU 1. 2.2 ToukH (0, 1); (0, —1)

ABJSIIOTCA CEITaMA. AHATOTMYHO, MEPEHeCsT Hadaro KoopmuHar B TouKy (—1, 0) mo dopmynam = =
= —1+4¢, y =n u yAepxaB B NPaBbIX 9ACTAX JIMHEHHbBIE WIEHE], NOXy4YaeM YKOPOYEHHYIO CUCTEMY:

.1 .
£=50-9, n=-et

Aq

Tlockonsky KopHM
1 1 e
e T
KOMIUIEKCHBI, TO COFIACHO 1. 2.2 ocobas Touka (-1, 0) — doxyc. Hakonen, nonaras B JaHHBIX ypas-
HeHMAX £ = 3+ &, ¥y = 2 + 0 v ucnone3ysa dopmyny MakropeHa, nojiydaeM YKOPOUSHHYIO CHCTEMY:

;1
§=5€~m #=ctn-o),

/ p)
XapaKTePUCTAYECKOE YPABHEHHE KOTOPO MMEET KOPHHM A( 2 = 2¢ + % + (2e + %) - —32‘3. Tlockomeky
KOPHM HEeHCTBUTENEHEIE M ONWHAKOBLIE [TO 3HaKy, TO ocobas Touka (3, 2) — y3el. »

B 3anayax 648—650 naTh NpUMepHYIO KAPTHHY PACHOIOXEHMSA HHTETPAJbHBIX KPHUBEIX B OKPECTHO-
CTH Hayana KOOPAHMHAT.
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648. y = f,,

« CHayana Ha IUIOCKOCTH Ozy BhleNseM OOMACTH 3HAKONOCTOSH-
CTBa TIPOM3BOIHBIX ¥, 3", a TAaKKe KpPWBBIE, HA KOTOPHIX ITH NPOM3BOL-
Hble JINGO paBHBI HYMO, TH6O HEOrpaHHYEHEL.

Peums HEpaBEeHCTBA

y =2 3
r+y
MPUXOJUM K CIeAyIouieMy pesyasraty. Eciau
@>0Ay>0) VvV E>0Az+y<0) VvV (y>0 A z4+y<0),
Toy >0,aecmn
E<0AZ+Y>0 V @<0 A yY<0) V <0 A z+y>0),

To 3 < 0.

0,

301

«

|

iz

\\\\\

wY

7
Q\x* _

N\

Puc. 42

V.
Q/

Iockomsky 3’ = 0 npn ¢ = 0 win y = 0, To uHTerpaibHEIE KPUBBIE NEPECEKaloT ock Oy Nox
MPAMBIM yrnom a ocs Or ABISAETCA MHTETPaabHON KpuBOH. Jlaree, MOCKONBKY Ha npaMoit z +y = 0

npou3BofHas y He orpaHMueHa (TouHee GBUIO Gbl CK8.33T1> YTO
npou3ssoaHas § Ha NpaMoM z + y = 0 He onpegeneHa u y' — oo
npu £+y — 0) , TO HHTErpabHBIE KPUBBIE MOAXOAT K 3TOM Mps-
Moit ¢ 06eHx ee CTOPOH NoJ NPAMBIM YIIIOM K ocH Ox. TakuM +
0o6pa3oM, €CIM MHTErPAILHYIO KPHBYIO C OTPUL@TENBHOM IIPOM3- 4
BOIHO# M300paXaTb HAKJIOHHOMN YepTOM \, a KpUBBIE ¢ TIOJIOXHU- +
TEJILHOM TPON3BOAHOM — YEPTOi BUAA /, TO KAPTMHY MHTETPAIB- +
HBIX KPUBBIX B NIEPBOM NPUOTIDKEHUH MOXHO NpPEACTABUTD TaK,

Kak MOKa3aHO Ha puc. 42. JIng ycraHoBieHus obracteit omnpe- —
JENICHHON BHITYKJIOCTH HHTCTPATIBHAIX KPUBLIX peillacM HEPABEH- —
CcTBa _

v _ Yy -y -2

@+y? - B

Y1,2(2) = % (—z + vzl - 49:3) .

Pewns 51 HepaseHcTsBa u 0603HaumMB obnactu, e ¥’ > 0, 3makoM
“47, a obnacty, toe y”’ < 0 — 3HAKOM “—”, TIONYYaeM KAPTHHY,
U300paKeHHYIO Ha puc. 43.

Takum obpasoM, Ha kpusslX ¥ = 0, ¥ = y,(z), ¥ = y,(x) Bropas
npoussogHas obpataerca B HyJb, a8 Ha npaMoit = + y = 0 oHa He

rae

v+ My
+| +++ 4
SN+ 4+
+ 1+ o+
+ 4+ o+
L1y x
N (7-9) *
+ NN\~ T T
N
o A\e
Q
- + + + + 4
Prc. 43
' 4
Y/
N
d

olpaHMYEHA (BEpHEE CKa3aTh, Ha NPsSIMON z + y = 0 oHa He omnpege-

JieHa, a B OKPECTHOCTU €€ HE OrPaHM4EHa).

7
Teneps, NMest Takyio HHGOPMAIMIO O MOBEACHHH MHTEIPATLHBIX
KPMBBIX, MOXEM MNPESCTABUTH UX KAPTHHY BO BTOPOM NPUOIMXEHHH ’3\

(puc.44). Ocraercsl BBISICHUTb HEKOTOPhIE AETAIM B MOBEACHHH HH-
TErpaibHBIX KPHBbIX. ‘\
1

Tockonbky dyrKuns (z, y) x—m_;’_/? BMECTE CO CBOEH JaCTHOM

TIPOM3BOIHOH O y HenpepbiBHA NpH T + y # 0, TO Yepe3 KAXAYIO
TOUKY IUTOCKOCTH (2 +y # 0) MpoxomuT exuHCTBEHHAS HHTETPANIbHAs

Puc. 44

KpHBasl. [lanee, mockonsky ¥ = 0 (z # 0) ecTh peuteHue qaHHOro audipepeHINarsHOTO YPaBHEHH,
TO HH OHA MHTETpaNbHasg KpHBas He MOXeT Kacathcs ocn Oz. SBisercsa oueBHIHBIM (akT, 4TO BCe
MHTCIpTbHEIE KPUBbIE, 3axonamue B yron £+ y > 0 A y < 0, 0613aTe/IbHO NONAJAI0T B HAYaIO
KoopauHaT (BepHee GpUIO GBI TOBOPUTH 00 aCHMNITOTHYECKOM CTPEMJIEHWH KPHBBIX B HAYaJI0 KOOPHAU-
HAT, IOCKOJIbKY NpH = y = () npaBas YacTh JAHHOTO YPaBHEHMsA He omnpenesieHa). OTMETHM TaKxe,
YTO CYLUECTBYET HHTErpajibHAsA KPUBAs, PACTONIOXKEHHass MeXIy ceMelcTBOM NapabonoobpasHeIX U ce-
MEACTBOM IUMEPBON0OGPasHBIX HHTEIPAILHEIX KPUBBIX (CM. BTOpOi KBaApaHT) M BXONLIAA B HAYATO

KOOPAMHgT,
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(=3

HakoHel, mOKaXeM, YTO Hi OIHA MHTETPAIbHAs KPH-
Bask He BXOZMT B HAYaJlo KOOPOWHAT CO CTOPOHH z > 0,
y > 0. [Ipeanonarast IpOTUBHOE, 3aITUCEIBAEM UHTETPANb-

\
// HOE YpaBHEHHE ISl KPUBOH, BXoas1IeH B Touky (0, 0) npn
_/ z>0,y>0:
it (t)dt
% y) = [ A

J t+ylt)

<

/////) e

= » B cuy HepaBeHCTBa
‘ gy y(t)
<1 (>0, y®)>0
t+y(t)\ ( , Y& > 0)
M3 MOCJIENHETO YPABHEHUS TNIOJyYaeM OLEHKY:
z 2
yo) < [ea==
0
Prc. 45 B cBoio oqepem;,
y(®) y(t) ¢ /t z’
< su P T —dt = —
f+y@) S ptzt+y(t) i72 Y@< /2

AT O I'Iponomxaﬂ OLIEHKM, Ha N -OM LIAre nojayvyacMm

\\ zn+1
< —.
\ V@S G
\ Orciona crenyer, 10 y(z) < 0 npu n — oo. [Ipunum x nporusope-
x yuio. [Tocne aTMX 3aMeyaHnit CTPOMM TPEThE NPUOIMXEHHE K MCTUHHOIM
/ % \\ KapTUHE UHTErpalbHBIX KPUBLIX (pHUC. 45). »
AY
7
77

2
649, y = Y
Prc. 46

y+a?’

<« U3 nepaBeHcTB
2zy

y+ z?
HaxoAHM 00JIaCTH 3HAKOIIOCTOSHCTBA npouagouﬂoﬁ y’. HWmenno, ecnu
@>0AyY>0) V @+ <0Az>0) V (<0 A y<0 A y+z°>0),

1o 4 > 0. Ha ocranbHOM YacTH 1uIOCKOCTH, Mckmouas npsameie y = 0, = 0, roe mpou3BonHas
Y paBHa HYJIO, 4 TAKKe apaboiy ¥ = — &, Iie MPOM3BOLHAA He ONpefeTieHa,
HHTETPAIbHBIE KPUBbIE HMEIOT OTPULEATENILHYIO IPOU3BOAHYI0. TakuM 00pa-
30M, B MEpBOM NPUOMMXECHUM KapTUHA WHTErPaNbHBIX KPUBBIX UMEET BHI

(puc. 46). Jlanee, u3 BhIpaXXeHUS WIS BTOPOii MPOU3BOTHOMN

20

7 y" =2y ———z4 + y2
/ (y + zZ)S

/ \\ CIIEAYET, YTO UHTETPANbHEIC KpHBHC mpH (¥ >0) V (y<0 A 22 +9y<0)
BHIMYKTHL BHU3, aTIpH ¥ < 0 A =° + y > 0 OHH BHIYKIH BBepX. [TosToMy
C YYETOM BBLUIYKIIOCTH KAPTHHY, H300paKEHHYIO Ha pHC. 46, MOXEM YTOUHUTH

\

Prc. 47 (sTOpoe npubmrxenue) (puc. 47).
3aMeTHM e1lie, YTO IPH NIOCTPOSHHUM KPUBBIX Ha pHC. 47 MBI PHHUMAIH BO BHUMAHUE COOTHOLICHUE
2z
lim y' = lim e 0,

z—00 z—00 y + 2
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TEOMETPHYECKH 03HAYAIOLIee, YTO MHTETPAIBHbIE KPHBBIE TIPK YAAJIEHHM OT Hayala KOOPAMHAT I10 JIOo-
6oit ropusoHTaNH pacnpamisiorcs. KpoMe Toro, Mpu 3aMeHe  HAa —z YPaBHEHUE BHIA HE MEHSET,
TIO3TOMY BCE HHTEIrpabHbIE KPHBbIE CAMMETPUYHBI OTHOCUTENEHO ocu O,

HaxoHen, BBIICHUM BONIPOC O TOM, KAKME€ M3 MHTEIPAIBHBIX KPUBBIX CTPEMATCSA B HAYaJl0 KOOPAHU-
Hat. SIcHo, uto Mmobas UHTEIpatbHas KpMBast , BHIXOMAIAS 13 OGNacTH y + z? < 0, nonagaer B yroxu
(x>0 Ay<0) V(y+a® > 0). Capyrol CTOPOHH, Uepe3 KAXAYIO TOUKY (Z, y), e y + x> # 0,
COIJIACHO TEOPEME O CYLLECTBOBAHMM €AWHCTBEHHOIO PELICHUS, IPOXOAUT CAMHCTBEHHAS MHTETPAIbHAS
kpusas. ClieOBaTebHO, HI OHA WHTETPANbHAS KPUBas, BRIUIEAIIAS U3 o6NacTH §+ 2 < 0, He MOXeT
OCTAHOBHUTBCS B YKa3aHHOM yIule. B CHUTy 9TOi XX€ TeOpeMbl HM OJHA M3 KPUBBIX HE MOXET Mepeceus
ocb Oz, OCKONBKY NpsiMast ¥y = 0 sABJISETCA MHTErpanbHOi. [lanee, HU OQHA U3 UHTErPaIbHBIX KpH-
BbIX HE MOXET YilTH BIOMH 0cH Oz Ha GECKOHEYHOCTH, IOCKONLKY B paccMatpusaeMoMm yrne ¥ < 0.
Hrak, ocraetcs eXMHCTBEHHAs BO3MOXHOCTh, KOIM@ BCE YKA3aHHBIE HHTEIPAIBHBIE KPUBLIE CTPEMATCH
nonacts B ToUKky (0, 0).

ITokaxeM Teneps, YTO HX OfHA MHTErPATbHAS KPUBAs HE MOXET IONACTh B HAYalo KOOPAUHAT CO
ctopoHsl y > 0. JList aToro, npeanosnaras NpoTUBHOE, AT HEKOTOpOi Kpusoit y(x) > 0 npu z > 0 or
mmddepeHIHANBHOTO YPaBHEHMS. IepeiieM K HHTETPATLHOMY

_ ty(t) dt
(@)= 2/ 2 +yt)

Y

O1ciofa B CHIy OLEHKU —ZM—— £ 1, HaxoguM
"+ y@) x
T
(z)<2/tdt=z2
0 / \
AHAaNOrM4HO, Pnc. 48

T
2/ m ~—dt
Y@ < o<ya<x:2t +y 2 \

YA
2 // \\\\\\ /’ \\
n 1. 4. Ha n-oM mare nomyyaem HepaseHCTBO y(z) < 5. Crenosarens- // |/ \
v

HO, y(x) £ 0 — nporusopeyme.

YuursiBast Bce 3aMeYaHMs, CTPOUM KAPTUHY WHTErPATBHBIX KPUBBIX / g
B TPEThEM NpUOIIXeHud (puc. 48). p \\ //
650y = V_. i\\ ///

y—
< Aﬂanomqﬂo TIPEObIIYILIMM TIPUMEPAM U3 HEPABEHCTB Prc. 49
Ty
520 yA
y—x i 1 |
++
HaXOIHM 00IaCTH MOHOTOHHOTO BO3pAaCTAHHs M YORIBAHHS MHTETPalb- + o+ ﬁx\\—_ N I
HBIX KPUBBIX, 4 3aT€M CTPOUM IpyGyIO KapTHHY [TOBEACHHUS MX Ha ILIOC- L] I,_ + 4+
koctu Ozy (puc.49). Jlanee, u3 BolpaxeHus LIS BTOpoil mpomssog- &+ =\ 4+ + + +
HOI + + + \'\—\ 7 + + +
,/_y(y2—2$4) +++ 4+ \\-’\//+ ++=
(y—=? ----0 VoI *®
BMIMM, uTO Ha rpadwkax bymxumit y = +v/2z* MuTerpansHee KpH- — — _ _I/ +* IR - -
BHIC MEHSIOT HANPABJieHUe BHIMYKIOCTH. OGNIACTH 3HAKONMOCTOSAHCTBA — — — + [+ “LI-’ - -
BTOPOIt IPOM3BOAHOM M306pakeHs! Ha puc. 50. - == ]+t N
Ipocrenum 3a MHTErpaTLHOM KpMBOI, MAYLIEH U3 06NacTH i A A

<0 Ay>0 Ay<at Prc. 50
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IMockonsKy B 70l o6aactu y' > 0 my” > 0, To opAMHATA KPUBOI pacTeT npu
YBEIMUYEHUH &, @ BRINYKJIOCTH KPUBOIA HanparJieHa BHu3 (puc. 51). SIcHo, uto

. r
lim y = +oo,
T -0

lim y = —oo,
z—2E+0
TI03TOMY KpHUBasi TIOWAET BBEpX U JeBee TOUKU = = Z;. B Touke M nepe-
ruba Her, OmHaKo, KaK CaedyeT U3 PUC. 51, KpUBag ITIOMEHAET HalpaBieHUe
Bhinyki1ocTy. Jasee, B rouke N OHa JOJXHA MMETH NEPEru6, MOCKOJILKY 3Ta

sy

Pac. 51 TOYKA JIEXUT Ha KPUBOIi ITeperMb0B MHTETPATBHBIX KPUBBIX Y = V2z%. Ha-
KOHel[, TOMEHSB €lile pa3 HAaNpaRJIeHUe BHINYKIOCTH, MHTErpalbHas KpUBast
YA B CIJTY OTPMLATENILHOCTH IIPOM3BOLHOI YANET HAIEBO BBEPX (K +00).

o Teneps mpocienuM 3a MHTErpaJbHONH KPUBOIi, BBIXOAUIEH M3 TOYKM
/&' (0, y) u unyweii B cropony = < 0. ITockonbky ¥’ < 0 npu y > z?, 1o
v opmuHaTa KpuBOH GymeT Bo3pacTaTh (puc. 52). OrHako, B CHITy TOro, YTO Ma-
N pabona y = %:02 SIBNIAETCA pelleHneM RaHHOTO AuddepeHLIHaILHOTO Ypas-

HE€HUA, HabnwomacMas HaMHu HHTEIpaibHAasl KPHUBAsE HEC MOXET €€ IepeCeyn,

a 3HauMT, ¥ YIATH U3 0BNacTH ¥ > %zz.

0 * CrnenoBaTenbHO, IIPOCTPAHCTBO MEXIY Napabonamu
Prc. 52 3
¢ y=v2z’ u y= 3 z’

OyneT 3aIoJHeHO TUNEepOoIo0Opa3HBIMU KPUBbIMH, OfHA M3 KO-

yA
\\ \ / i/ TOpHIX paccMoTpeHa Briie. Ilapabona xe y = %zz CITYXHMT pas-
JIENUTEIIEM YKa3aHHBIX KPUBBIX.

Jlanee, nocKonbKy npd GUKCUPOBAHHOM Y < z? oynet

AR > 1o BCE MHTErpaJbHEIE KPUBBIE B 00sacT y < z? NpUOIXKaIoT-

_\ f cs k ocd Oz ¥ ee He NepecekaioT (B cuwiry Toro, 9ro y = 0 ecTp

f DPELLUEHIE K PR Y = & BLINOIHSIOTCS YCIIOBHS TEOPEMBI O €THH-

! \ CTBEHHOCTH WHTETpaibHOI Kpusoif). Ilpu y < —v2z* Bee nH-

| \ TerpaibHEIC KPUBLIE BHIMYKJILI BHHU3, NO3TOMY NONMACTh B TOYKY

/ \\ (0, 0) He MoryT. Takum 06pa3oM, B HAYAIO KOOPAMHAT 3aXOIUT
! TOJILKO [IB€ WHTCTPAIbHBIC KPUBBIE:

Prc. 53 y=0 wu y:%zz‘

Wrak, npuHuMas Bo BHUMaHHE NPOBEIEHHOE MCCIIENOBaHHE, CTPOMM OKOHYATEJIbHYIO KAPTUHY MH-
TeTPANBHBIX KPUBEIX (puc. 53). »

651. Jlokazats, uro ecim

1) ypaBHeHue

(az +by)dz + (mz + ky)dy =0

He SIBNISIETCS YPAaBHEHHEM B TIONHBIX HuddbepeHInanax;

2) ocobas Touka (0, 0) 3TOro ypaBHEeHMsI — CEIJIO,
TO OHO MMEET HEMPEPHIBHEI! B OKPECTHOCTH Hayaia KOOPAMHAT WHTETPUPYIOIMIt MHOXHUTEND.

<« VHrerpupyronmii MHOXUTEND 4 = ((x, y), YIOBIETBOPSIONIMIA B JAHHOM CIyyae YPaBHEHHIO

o W _
(mz + ny) 37 (az + by) 9y~ pb—m), (1)

GyREM uCKaThb B BHIE f = p(w), The & = az + By, a, B — HOCTOSIHHBIE, NOANEXKAIIHE ONPEAENICHMIO.
IloncraBus 3HaueHue p B (1), nomyyum

¢ @)((ma ~ aB)z + (na — bB)Y) = (b — Mp(w)- @
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IMonoxum (ma — apf)z + (na — bB)y = A(az + Py), tne A — Hekoropas nocrosHHas. Torna w3
MOCHEAHErO TOXACCTBA HANUIEM:
(m-ANa-aB=0, )
na—((b+A)8=0.
IMockonmeky @ # 0 A 8 # 0, TO B CHIIy OZHOPOAHOCTH CUCTEMBI (3) MPUXOAUM K YCIIOBHIO:

m—-A —a 1 \/ 2
n _b_l\’—0=>/\1,2—5(m—b:b (m—0b)! —4(an—bdbm) ).
Janee, Tak Kak ocobas touxka (0, 0) — cewio, To KOPHUA A;, A, neidcTBUTENBHBIE. CIEZOBATENBHO,
yucra «, § TakkKe ACCTBUTENBHBI, M MBI UMEEM, BOOOLIE TOBOPs, ABA WHTETPUPYIOLIMX MHOXHTEIS,
TOMYYAIOLIMXCA TIyTeM MHTErPUPOBAHUS YpaBHeHUS (2):

bom b-m
g =Clwl M, g =Chlwn 22, )

rie w; = a;z + By, wr = oz + By, €, C; — NOCTOAHHBIE HHTEIPUPOBAHUS. 3aMETHM, TTO TaK KaK
b # m (310 CniedyeT U3 YCIOBHUS 1) TEOPEMBI), TO MHOXHUTEIH (4) OTJIMYHBEL OT NOCTOTHHEIX.

TTockonbky A\, < 0, TO HE3ABUCUMO OT 3HaKa b — m OfMH U3 TI0Ka3aresieii B (4) sBjaseTcs MONO-
XuTeNibHBIM. [locieiHee 03HAYAET, YTO ONMH U3 MHOXUTENEH HENpPEPLIBEH. P

§ 3. Pa3oBas MIOCKOCTD

3.1. Ocnosnbie nonATHA.

CucreMa nuddepeHuMaTbHBIX YpaBHEHMIA

% = filxy, Ty ... ,2,), i=1,n, )
t

B KOTOpYIO UepeMeHHast ¢ (BpeMs) SIBHO He BXomuT, a GyHkuum f; HenpepriBHo tuddepeHnmpye-
MHl B HEKOTOpOIi OGMACTH, Ha3mBaeTCsl asmonomuol. KaxnoMy pellieHmio ; = @;(t), ¢ = 1, n cu-
crembl (1) MOCTaBUM B COOTBETCTBUME IBHXEHWE TOUKH B 1-MEDHOM MPOCTPAHCTBE (T, Ty, ..., &Tp)-
KpuBas, onucriBaeMas TOYKOH B IPOLECCE ABUXCHUWS, Ha3biBacTCsA mpaexmopuel. TakuM obpa3oM,
z; = @id), i = ﬁ_ CyThb MApaMETPUYECKHE YPaBHEHHS 3TOi Tpaekropuu. IlpocTpaHCTBO pasmep-
HOCTH 1, B KOTOPOM pellUeHHS cHCTeMBI (1) M300paxaioTcsl B BUIE TPAaeKTOPHIf, Ha3bIBAETCS (Pa306biM
npocmparicmeom. B 4acTHOCTH, €CITH 1 = 2, TO $Ha30BO€ IPOCTPAHCTBO HA3BIBAETCST PA30801 NAGCKOCMbIO.
Bektop f = (fi, f2, - .-, fn) Ha3nIBaeTCs gaszosoii ckopocmbro. TomoXEHUsT paBHOBECHST aBTOHOMHOM
CHCTEMEI HaxomsaTcs u3 ycosusa f = 0, T. €. KaK PelIcHUsI CUCTEMbl KOHEUHBIX YPABHEHMIA:

fi(xy, gy ... ,2) =0, i=1n.
3.2. Tloctpoenne $Ha3oBOro HOpTpPETA.
Jlnst Toro, wroGbl HauepTUTh Ha (a30BOM TUIOCKOCTH KapTHHY TPaeKTOPUI aBTOHOMHOMN CHCTEMBI
&= fz, ), y=9 1), ()

HYHO, BO-TIEPBBIX, MCCIIE0BATE OCOGEIE TOUKYU 3TOH CHCTEME, 4 BO-BTOPbIX, C TIOMOLIBIO NPOH3BOIHEIX
Ys, Y2 M3Y4UTH TIOBEAEHHE MHTEIPANBLHBIX KPUBBIX YPABHEHMS

@ — 9(=, y)
dz  f(z,y)

(3aMeTHM, YTO MHOLIA PELUEHMS 3TOTO YPABHEHMS HAXONATCA B 3AMKHYTOM BUJE).
B Tom caydae, Korza tpebyeTcsi MOCTPOUTh TPAEKTOPHM YPaBHEHHUS

i =g(z, &),
HY)XHO BBECTH TIEPEMEHHYIO ¥ = & M OT 3TOTO YPABHEHHs TIEPEHTH K CHCTEME
z=y, y=g(,y),
KOTOpast ABJSETCS YACTHLIM CIIYYaeM CHCTEMEI (2).
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3.3. Tipenenbnbie MUKILL.

TIpedeabrbim yuraom cicremsl (1) Ha3BIBAETCS 3AMKHYTasi M30JIMPOBAHHAs TPAEKTOPHS ITOM CUCTe-
MBI, Y KOTOPOH CYHIECTBYET OKPECTHOCTD, LIEIHKOM 3allOJIHEHHAs TPAaeKTOPUSIMH, 110 KOTOphIM (hasopas
TOYKA HEOTPAaHMYCHHO MPUOJIMAKAETCA K 3TOM 3aMKHYTOH KpMBOii nipu { — 400 umm npu { — —00.
Ecnu Tpaexkropuu cucTeMBI (1) NpuOmKaoTCd K NpeAebHOMY HUKIY TOJBKO npH ¢ — +00, TO 10~
CJIEAHUI Ha3bIBaeTcs ycmouuuevim. Ecin xe TpaeKTopum cucTeMsl (1) Npubnnxalorcs K IpeselbHOMY
IMKJTy TOJNBKO Nipu £ — —00, TO OH Ha3biBaeTcsl HeycmouuugbiM. B cryuae n = 2 (bha3osas 110CKOCTh)
paccMaTpUBAaIOT TA4K HA3BIBAEMBIE TOJIYYCTOHIMBEIE TIpERENIbHEIE UHKIKL. VIMeHHO, peneNbHblii LUK
Ha $a30BoIt IJIOCKOCTH Ha3bIBACTCS NOAYYCMOHMUGHIM, €CTIM TPAaeKTOPUM cUCTeMBI (2) ¢ OIHOI CTOpO-
HBI TIpUOJINXAIOTCS K HEMY nipd ¢ — 400, a ¢ apyroii — npu ¢t — —oo. CiefoBarelibHO, BO3MOXHBI
TOJTyyCTOMYMBBIEC UKL ABYX THUIIOB.

Teopema. Ilycmo K — npedeavroiti yurka cucmemoi (2), npaeas yacmo KOmopoi Henpepolena emecme
€O CBOUMU YACMHBLIMU NPOU3EOOHBIMU No T u no Y. Tozda ece sHympenHue mpaekmopuu, Ha4UHaAOWUecs
sbausu K, namameisaromes na nezo, kax cnupasu, aubo npu t — +oo, aubo npu t — —oc. Beickazannoe
ymeepoicderue cnpageoauso u s GHEWHUX OMHOCUNENbHO NPeOeibHO0 KUKAA MPaeKmopui.

3.4, Ilpusnaku OTéchrnnn npeebHLIX IMKIOB.

 Ilpusnax Benduxcona. Ecau npasvie wacmu ypasnenud (2) umeiom nenpepbiensie YaCmisie npou3eod-
Hble nepeoeo nopadka 8 o0Hoces3Hol oonacmu D u evipaxcenue
af Oy
ot ©)
oz Oy
HU20e He MeHsem 3HAK U He PAGHO moxcdecmeenHomy Hyai0, mo 8 obracmu D nem npedeavnbix yurios.
Ilpusnax Illyanxape. [Iycms v(z, y) = C — cemelicmeo 2Aadkux 3aMKHYMbIX KPUSLIX, NOKPbIBAIOU{UX
naockocme Oxy. Tozda ecau evipaxcenue

Q_vi+6v 4
T ox’ By @

8 Hexomopoii obaacmu D coxpansem nocmosHHbIE 3HAK, MO 8 Hell Hem NPeOeAbHbIX KUKAOS.
OpnHocBs3Has obnactk D Ha 1wiockoct Ozy HE CONEPXWUT TpeNeNibHBIX LUKIIOB, €CJM B 3TOM
00J1aCTH HET OCODBIX TOUEK CHCTEMHI (2).

3.5. Ilpu3naKu HAMYMSA OpEACTLHBX IHMKIOB.
Teopema Jeeuncona— Cmuma. Ilycmo 8 dugpepenyuansuom ypasnenuu
&+ Zf(z) +g(z) =0, (3)
pynxyuu f u g Henpepoigns npu ecex T u obecneyusaiom eduncmeennoe pewenue sadauu Kowu, nenpepoigro
3aeucawee om nHavansuvix yeaosui. ITycmo, kpome mo2o, 8bINOAHAIOMCS CAeOVIOWUE YCAOBLUA:
D) zg(z) >0 dan z#0;

2) f, 9 —duppepenyupyemoie pynxuuu;
3) flx) <0 na (—=z, x;), ede x1, T, noaoxwcumensvnel, f(x) > 0 e 6cex ocmanbrbix 3HA%EHUE T,
T

npuuem F(o0) = 00, 2de F(z) = /f(s) ds;
4) G(£oo) = 0} ’
5) G(~z1) = G(z2), 20¢ G(z) = / 9(s) ds.
0

Tozoa ypaenenue (5) umeem eduncmeennviii ycmoliuuebiii npedeavrviii yuka na pasoeoi naockocmit (T, ).
Teopema Peiiccuza. Paccmompum ypasHenue

E+ f(&)+g(x) =0, (6)

20e f, 9 — nenpepvignvie dynxyuu, f(0) = 0, zg(z) > 0 npu z # 0. Iycms dhynxyuu f, g das ecex ux
aP2YMEHMO8 HenpepbiBHbl U 00eCNeYuearom cywecmeosanue eduncmeennozo pewenus ypastenua (6), ydoane-
MEoPAIOWE20 300AHHIM HAHAABHBIM YCACGUAM U HENDEPBIGHO 3AGUCAWE20 OM IMUX YCA08U. Iycems, kpome
mozo,
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Dyf@ <0 npu lyl<m, m>0;
2) fy)ysgny 2e>0 npu |yl 2 m>m;
3) max f(y) =M >0,
lyl<m
4 glzysgnz > M+e npu |z|26>0
Toeda na azoeoli naockocmu cucmemsi
T=y y=-g(x)- fy
cywecmeyem no MeHbluel mepe o0uH ycmoiuuebiii npedeabHbili YUK,

B 3amayax 652—666 n1s JaHHBIX YPABHEHUI HadepTHTh TPACKTOpHM Ha (a30BOi MJIOCKOCTH.
652. i -z +22=0.
« Tlonaras ¢ = y, nepexoguM K cucteme

oo L. 2

r=y, y=r—x,
M3 KOTOPOIi MOWIEHHEIM JICJICHUEM €€ YPABHEHUIA [10IyHaeMm
dy z-1z°

dr Y

()

wiu (npu y # 0)

2
ydy = <z—z ) dx.
O0uiuii MHTETpasl YpaBHEHHUS (*) UMEET BUL:
2 2 3
3<y —z>+2z =C.

TlockonbKy npy 3aMeHe y HA —Y MHTCrpasbHbIE KPUBBIE BUAA CBOMX YPABHEHMH HE MEHAIOT, TO BCE
OHHM CHMMETPUYHBI OTHOCUTENBHO ocH Oz, MaBas napaMerpy C KOHKDETHBIC 3HAYEHUS W HCMOJb3YyH
OBGBIMHBIC CPEACTBA MATEMaTUYECKOIO aHAIM3a, CTPOUM KAPTUHY TpaeKTOpWii Ha (Pa30oBoil IJIOCKOCTH
(puc. 54).

3aMeTUM, YTO KPUBBIM, OXBatbiBalowmmM Touky (1, 0), cooTBercTBYIOT 3HayeHus C, yIOBIETBOpA-
1omre Hepasenetsy —1 < C < 0,

Hanee, ypaBueune () nmeer aBe ocobwie Toukm: (0, 0) u (1, 0). Or6paceiBas z? B yKa3anHoM
YPaBHEHHUH, [10JYYaEM YKOPOUYCHHOE YPaBHEHUE

Puc. 54

dy =
dz Y
—-A 1 2
[TockobKY €ro XapakTepuCTHYECKOE YpaBHEHHE T A°—1 = (0 uMeeT KOpPHHU C OTIMIHBIMHU

OT HyJS AeHCTBUTEIbHBIMM YACTSAMH, TO COIJIACHO 1. 2.2, ocoGast touka (0, 0), ABIsIOAsCs CEAIOM LIS
YKOPOYEHHOro ypaBHEHMsI, OyJAET CEUIOM U JUlsSl YPABHEHUS (*).

Jlns nccnenoBanus oco6oi Touxky (1, 0), kak oObIMHO, CHayana NEPEHECEM HAayano CUCTEMbl KO-
OpAMHAT B 3Ty TOYKy: * = |1 + ¢, u = 1. Or6pachiBad B NOJyIEHHOM ypaBHEHMH HEJIMHEHHbBIC WICHBL,
NPUXOAUM K YKOPOYEHHOMY YPaBHEHUIO

Y
an_ _¢
@ 0
Iutst Kotoporo ocobast Touka (0, 0) saBnsietca uentpoM. TakuM o6pa3oM, TOUKa
(1, 0) s mexomHoil cucTeMBl MOXET ObITH QOKYcOM WiM ueHTpoMm. B cwury
CUMMETPUM MHTErPATbHBIX KPUBLIX OTHOCHMTENBHO ocu Oz (cM. m.2.2), Touka
(1, 0) — uentp. P X
653. : +22° =o0.
<« Ilepexons x cucreMe Ozy, IOJIOXKUB & = Y, NOIYYaEM
=y, y=-22.
OTciofa NOWIeHHEIM JIEIEHHEM YPABHEHMIA, 4 3aTeM MHTErPUPOBAHMEM HAXOXUM Prc. 55

CEMEICTBO TpaeKTopuit Ha Qa30Boil IIOCKOCTH: y2 +z* = €. Kaxuas TpaeKTopus PEACTABIAET COB0MH
Ie)OPMHPOBAHHYIO OKPYXHOCTb (pHc. 55). OuesmmHo, Touka (0, 0) — ueHTp. P
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654, i +22° -2z = 0.
« INonaras & = y, NPHUXOAUM K YpaBHEHHIO

dy Az-2)
=~y
obliee peLreHne KOTOPOTO MMEET BUA:
y = +4/C + 222 — 2?). (1)
Y AY

=)
Q
A
o
=]

0 1 ‘E'
Prc. 56 Pnc. 57 Pnc. 58

ITOCKONBKY TPaeKTOPMH CUMMETPUYIHBI OTHOCHTENBHO OOEMX KOOPIMHATHBIX OCEH, TO Hanee CUATaeM
z 20,y > 0. Ecm 8 (1) nonoxum z =y =0, 1o nonyuum C = 0. CrnexpoBaTebHO, KpHBad

Y y= V .’172(2 - zZ)

TPOXOJHUT Yepe3 HAYaIo KOOpAMHAT (pHc. 56).
IlIpn C > 0 Bce TpaeKTOpUM NPOXOAST BBILIE 3TOH KPUBOL
(puc. 57); npuuem B Touke = = O npousBonHas y' = 0, anpu y = 0
x OHa He orpaHuyeHa (TOUHee, y' — —oo nipu y — +0).
Hanee, npu C < 0 U3 HEPaBEHCTBa

:1:2(2 -z > -C

Prc. 59 caenyer, 4ro
Y1I-vVi+Cgz<YI+VI+C (C2-D.
3HauuT, Ipu yMeHblueHu C' 06NacTh CYLUSCTBOBAHUS CEMENCTBA TPAEKTOPHIA CyxaeTcst u Ilpu C = —1

TpaeKTOpUM BRIpOXAaIOTCA B TOUuky (1, 0) (puc. 58). HakoHelt, 3epKalbHO 0TOOpAasUB KpHBHIE, H300pa-
XeHHbIE Ha pHc. 58, oTHocuTeIbHO ocu O, a 3aTeM MONYIEHHYIO KapTHHY — OTHOCHTENbHO ocu Oy,
OyzeM UMETh TIONHYIO KapTUHY Tpaekrtopuii (puc.59). OuesupHo, Touku (1, 0) u (—1, 0) — ueHTpHI,
a touka (0, Q) — cemno. »

655. i -2 +z+1=0.

{ Y o Ilepeiins Ha $a3oByio 1I0CKOCTD, HMEEM
d 2°~z~1

/ d=y, §=2r-z-1 = —=2"F"" q

Cx< -2 dz y
rﬁ- In2 Hurerpupys ypasHeHue (1), mMoIydaeM CEMEHCTBO TPAEKTO-

@5 - pHit: -
= ' * y2=]n2—-z2—2z+C. Q)
! Jlanee, ucnonb3yst OORIYHbIE METOIBI MATEMATUUECKOTO aHa-
4 ' Jiu33d, CTPOMM KapTHHY MHTErpalbHBIX KpuBbIX (2) (pHc. 60).
C>3-,3 ‘ OTMeTHM, 9TO KpHUBOH, pOoXoOsIIei yepe3 Touky (1, 0), co-
x=1 OTBETCTBYET 3HAaYCHHE
4
Pnc. 60 C=3—

In2°
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3aMKHYTBHIM KPHMBBIM, OXBATHIBAIOIIMM Ha4alo Koop- N_, M, N, M, N, M_,
JIUHAT, COOTBETCTBYIOT 3HayeHus C, onpexessieMele ® &——+——x o—H—-
HepaBeHCTBOM , ~Iz 3= -z 0 3 S oy
4
- <L C<3— —. Prc. 61
In2 =~ < In2
3nauenus C IS OCTA/IbHBIX KPUBLIX YKa3aHBI Ha pHC. 60.
y 4\
yA YA
. x
z Sm ¥
3 3
_x n x
3 3
Pnc. 62 Puc. 63 Pnc. 64
6056. i +2cosz — 1 =0.
« U3 cucrembl £ =y, § = 1 — 2cosz nomyyaem
d 1-2cosz
ﬁ:__; y2=2z—4sinz+C. (hH
dz Y

PeumB koHeunyio cuctemy ¥y = 0, 1 — 2cosz = 0, Haxogum ocobble TOUKH: M (33'— +2k1r,0),

N (—g— +2k7r,0), roe k € Z. [anee, HETpyAHO YCTAHOBUTh, 4TO M; — cemna, a Ny — UEHTpPHI
(puc. 61). [Ins mocTpoeHus KapTHHBL cemelicTpa (1)
CHayana CTPOMM KpHBYIO y

p(x) =2z — 4sinz
(puc. 62), a 3aTeM KapTUHY CeMeiicTBa
W(z) = 2z - 4sinz + C ﬁ§

nyTeM MNapaUIeJIBHOTO TepeHoca rpadpuka (yHK-
umm ¢ (puc. 63).
Terieps OCTPOMM CEMENUCTBO KPUBbIX

Yi(z) =2z — 4sinz+C 20

(puc. 64). Pac. 65
Jlanee cTpOMM CEMEICTBO KPHBHIX

S5r/3 x

—a/3

y=3/9i()
(puc. 65) (TouHee, Ha puc. 65 n306paXEHA TONBKO YACTh ITOTO CEMENUCTBA B OKPECTHOCTH ABYX OCOOBIX
TOYEK (—er—, 0) u (0, er-) — 1EHTPa ¥ Ce/UIa COOTBETCTBEHHO).

Jis1 monyueHus Beeit KapTHHBI CEMeEHCTBa TpaekTopuii Ha ¢ha3oBoii IwIockoctd Ozy creayer KapTH-
HY, N300paXeHHYIO Ha PHC. 65, TIEPHOMIMECKH (C EPHOAOM 27) MIPONO/DKMTE KaK RICBO, TaK M BIPaBO
OTHOCHTEJILHO €¢ MEPBOHAYAILHOrO 10JIoXeHus1. Toraa MoxyYum CIeayoiyio KapTuHy (puc. 66). »
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YA

657. i +2i + 5z = 0.

Yl
« CpenaB 3aMeHy & = y, IPUXOIUM K JIMHEHHON cHCTEME

t=y, Yy=-2y-5z
¢ 0co0oit TouKon (O,‘\O). [lockONbKY KOPHH XapaKTePUCTUUECKOTO YpaBHE-
HMS 3TOI CHCTEMBI paBHb! — 1127, TO 0cobag Touka — ycToHYMBEIN GoKyc.
x [onoxus B cucreme z = 1, y = 0, HaxomuM Bektop da3oBoil ckopocTu
v = (0; —5), ¢ NOMOWBIO KOTOPOro MbI, YUHUTHIBAS YCTOWIMBOCTL (HOKY-
v ca, YCTaHABIMBAEM HanpaBiIeHUE 3aKpyUuBaHUS TpaekTopuii Ha ¢a3zoBoit
IOCKOCTH (pHC. 67). »

658. i +i+2e-2=0.
Pac. 67 « [osaras B faHHOM ypaBHEHUM & = y, TOMyuaeM cucteMy madide-
PEHUMATBHBIX YPABHEHUI:

i

\ . .2
y b=y, y=a —&-y,
M3 KOTOpO# ciepyeT, uto Touku (0, 0), (2, 0) — ocobbie. OGBIYHOE HCCIIE-
N\’ JIOBaHME UX roKasbiBaeT, uro Touka (0, 0) — ycroitumseiii Gokyc, a TouKa
\/ (2, 0) — cewro, NpUUEM TIpSTMBIE
; p yw=x—-2, y=-2x+4
%\\\ SIBJIAIOTCA KacaTeNbHBIMA K HHTEIPATbHBIM KPHBBIM, BXOISIIMM B HETO
! (puc. 68). lanee, cyms 110 3HAKY NPOU3BOSHOIM

8
)

,; 2 —-2z—-y
Prc. 68 y= y ’

YCT4HABIMBaeM IPYOyI0 KapTMHY UHTETPATBHBIX KPHBBIX (pHC. 69).

7 3ameTuM, 9TO Ha napadose
/ y=2'-2

HHTErpajbHbie KPUBbIE JOCTUTAIOT 3KCTPEMANbHEIX 3HAYEHMIA; OCh
/ Oz OHHM NEpeCceKaloT MOA NPAMBIM YIIIOM, a ock Oy — nox yr-
> kpusbix (puc.70). »

sioM 45°. Wcnonkayd 3Th JaHHBIE, CTPOUM KAPTHHY HHTErPANLHEBIX
S 2
\ 659. i+ -2 +1=0.
\\ « U3 ypasHenus
- y2 -1

d
Prc. 69 y_rzovoC (*)
. dz y

\

AN
1///&:,\
N

HaxoiuM o0sacTM BO3pAacTaHHA M yOhIBaHMS WHTETpalbHBIX KPHBBIX Ha (pa3zoBoil miuockoctH Oxy
(puc. 71). Kpussie

-y -1=0



§ 3. Da3omas wiockocTn 311

TEPEeCeKAOTCA HHTErpabBHBIMUA KPUBEIMU TIOA HYJIEBBIM, a 0chb O — TIOR NPAMEIM YITIOM.
Janee, u3BecTHBIM criocoGoM HaxomuM Jse ocobbie Touku: (—1, 0), (0, 1). TlocKombky KOpHHM
XapaKTEPUCTHYECKOIO ypaBHEHMUS, COOTBETCTBYIOLLETO YKOPOUYCHHOI JIMHEIHOI CHCTEME

E=n, = -2, y
MHHMBEI, TO 0cobast Touxa (— 1, 0) MOXeT OBITH ISl CUCTEMEI
. .2 2
t=y, yg=2 -y -1
1160 GokycoM, anbo ueHTpoM. [IpHHIMAas BO BHUMaHUE TO, 4TO TIpH
3aMEHE ¥ Ha —y ypaBHeHue (¥) BHIa He MeHsdeT, yoexnaeMcs, 4To
paccMarpuBaeMas 0cobasl TOYKA SBISAETCA LEHTPOM IS YKa3aHHOM

CHCTEMBIL.
Touka (1, 0) sBAETCS CEAIOM, 4 NpsIMEIE

h=vV2z-1), p=—V2Az-1)

CJIYXAT KacaTeJIbHbIMK K MHTETPANIbHBLIM KPUBBIM, BXOIALIAM B HETO. . Pre. 70
OcobbIe TOUKM 110Ka3aHEI Ha pUc. 72.
TaxuM o6pa3oM, UCXOMIA U3 CKA3aHHOTO U pUCYHKOB 71, 72, crpouM da3osbiii opTpeT (puc. 73). p

4
S \.Z‘
2NN
%///1T z % !
7NN\ 7 i \\//
:\\)222[ /-S&\\ -1 ’ AN :
7 2200
Prc. 71 Prc. 72 Pre. 73
660. i + 5z — 4in z22+1 =0.
« Hckmouns napametp £ u3 cucremsl IuddepeHIHATBHBIX y

YPaBHEHHIH N B i— i 2 \\\\\}x\
nmewypam:"; : :n 4::“; 15 s, ) % g)?//}//\/:
Y _ -y ¥

¢ ocobbiMu Toukamu: (—1, 0) u (1, 0). Pemras HepaBeHCTBa

2241 Prc. 74

4In 25— -5y

R S——.
y

YCTaHARIMBAEM O0JIACTH MOHOTOHHOCTH MHTETPaJIbHBIX KPHBBIX ypaBHeHus (1) Ha da3osoii ruiockocTH
(puc. 74). Kpusyio

20,

4 41
=-In
y=35"7
HMHTErpa/ibHBIE KPHBEIE [E€PECEeKAIOT MOA HYIEBEIM YITIOM, a KpMBYIO ¥ = 0 — mox npsameiM. Teneps

HCCIIEAYEM OCOObBIE TOUKH.
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ITonaras B cucreme (x) * = 14§, y = 1 ¥ orbpacbiBast HeJIMHEHHBIE

v\ YJIEHBI, TIOTYYaeM YKOPOYEHHYIO CHCTEMY:
= E=n, f=4¢-5n.
IMockombKy KOPHM XapaKTePUCTHYECKOTO YPABHEHUS
-1 0 ! x
-5+ V41
AN Na=——— (Wm0 x-S,
x=1 1O ocobas Touka (1, 0) — cemno. Ilpsamere
Pee. 75 y=M@-1, y=x@E-1
Ay SIBJISIIOTCSA KACATENIBHBIMM K MHTETDATBHLIM KPHUBBHIM, BXO-
N JAIAM B 9Ty TOYKY. AHATOIMYHO, Tonaras B (¥) ¢ =
\/ = —1+¢, y =7, NOIYY3EM YKOPOUSHHYIO CHCTEMY:
£=’7a n=—4¢ - 59,
XapaKTepUCTHYECKUI OIpeNeIMTENs KOTOPOi UMEET HY/IH
Al = —1, Az = —4,
x  CrnemoBatenbHo, ocobast Touka (—1, 0) — yazen. U3 ypasue-
HUS
"Al 1 [ 0
-4 —-5-X e
HaxOIUM, YTO BCE UHTETPAbHBIE KPUBLIE, MPOXOIALINE Ye-
\\ pes3 y3ed, KacaloTcs npsaMoil y = —x — 1, a U3 ypaBHEHUS
(2 s (8)-0
Puc. 76 -4 -5-Xx €
vl CleqyeT, 4TO BCE YKa3aHHEbIe KPUBbLIE [T€PECEeKAIOTCA MHTEIPaIBHOM KPUBOH,
MPOXOJsHIEH Yepe3 Y3el1 U UMEILIEH B HEM KacaTesbHYIO y = —42 — 4.

\\\% \\ ORpPECTHOCTH OCOBHIX TOUEK M300paXeHk! Ha puc. 75.
Hakonen, yunTsiBas BCe HOMydeHHbIE JAHHBIE, CTPOUM NOIHYIO da3o-
\\\ k BYIO KapTHHy (pHc. 76). »

061.:=4—4z-2y, y=u=y.

y/ \\//// * « M3 cuctempr
//X/ 4-4x—2y=0, zy=0
& HaxoguM ocobbie Touky: (1, 0), (0, 2). U3BeCTHRIM c110cODOM (CM. BEILLE)

ycTaHaBmBaeM, uto (1, 0) — ceno, a Touka (0, 2) — BHIPOXIEHHHIA y3el;
[PUYEM B CEIUIO BXOIAT HHTErPATHHBIE KPUBBIE IO YIIOM & = — g- . Haree,
och Oy MHTErPAIbHEIE KPHBBIE IIEPECEKAIOT TOPUOHTANBHO, a NPAMYIO 4 — 4 —2y = ( — BepTUKATLHO.
Peuiast HepaBeHCTBa

Puc. 77

Ty
4—4x -2
yCTaHaBIuBaeM 00JIaCTH MOHOTOHHOCTH MHTETPAEHBIX KPUBHIX (pyc. 77). Ilna Gosee yeTKOro npegcra-
BIICHMA O NOBEACHHM UHTErPAILHBIX KPHBBIX PACCMOTPHM 3HAK BTOPOW IIPOU3BORHOMK
v WG -1
T d-4dz-2y)

20,

3 3
ey =2—-zc+z2,=2~z—2z2 (z>0). Eomz <0, 10
4y (¥ +yQz - H+ (1 - 2)@4 + 7))
B (4 - 4z - 2y) ‘

"

Penrast HepaBeHCTBa
Yy -y —y)

4 —do—Juy 20 mpuz >0
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"
y ++++++F

—_—_— >
(4—4x—2y)3<0 npu z <0, b+
4+ttt
HaxomuM OONaCTH  BLIMYKIOCTH WHTETPATBHBIX  KPHBBIX I i i I :: j: I
(puc.78). 3amerum, yto na npsiMoil 4 — 4:5 ~2y=0mHa (] 44y
KPMBHIX ¥ = g, y = y, 4acTb TPACKTOPMA MEHSET Hampa- + ++ ++++
tH+++++

BJIEHUE BBINYKNOCTU. Tereps MPOCIACIAM 33 MHTCTPATbHBEIMU

=

KPUBBIMU, NPOXONSAIIUMU HeEPe3 OCOOBIE TouKH. Yepes cemio
[IPOXOIOMT IipsiMasi y = ( W KpuBas, repecekawuuas ocy Ox
TION YIJIOM & = — arclg % Bra KpuBasg Ha napabone y = y,
HMEeT TOYKY rieperriba U nepecekaeT ocb Oy TrOpU3OHTAIBHO,
a npsmyio 4 — 4r — 2y = 0 — seprukanpHo. Hakowuen, nox
yoioM 135° x ocu Oz oHa BXONMT B y3eil. Huxusis 4acTb ee
(mpu y < 0) mpoxomut mox napabosoil y = y,, MOCKOIBKY:
Dy ~-5 mpuy - -0, ays~ —%x%; 2) monacTs B
o0rnacTb MexXuy KpMBEIMH ¥y =1, © 4 — 4o —2y =0 upu y < 0
paccMaTpuBaeMasi KpuBas He MoOXeT, U060 B IPOTHBHOM CIliydae, uMesl BHI-
TYKJIOCTh, HAIIPABJIEHHYIO BHU3, €fi 65l NpuLITOCch JUOO repeceyb MpaMyio
4 — 4z — 2y = 0, 9TO HEBO3MOXHO, JIMGO OCTaThCA B 3TOi 06JACTH, 4TO
B cunty 1) Takke HEBO3MOXHO (puc. 79).

PaccMotpum y3es. BRI M3 YIIOBOI TOUKU IO KAaCATENHLHOM K KpH-
BBHIM ¥ = Y M Y = Y, TPaeKTOpHs (&) MOXET IIOMACTh b B 06acth 111,
MOCKOJIBKY B 0671a¢TH [ BRITYK/TOCTH HANPABAEHA BBEPX, 4TO I 3TON TPaeK-
TOPMM HEBO3MOXHO, a B 06J1acTH 11 BEINMYKJIOCTh HANPaBIeHa BHU3 U [109TOMY
TPAeKTOPUST JOJDKHA repeceyb UHTETPATHHYIO KPUBYIO (@), YTO TaKXKe HEBO3-
MoxHo. TaxuM 06pasom, ronas B obnactb IT1, ¢azoBas TpaexTopus mnepece-
KaeT Nnpsmy1o 4 — 4x — 2y = (0 BepTUKAIBHO, 3ateM 0cb Oy — rOpU30OHTAILHO
U, MMe BHIIYKJIOCTh, HAIIPABICHHYIO BHU3, YIIET HaleBo BBepX. Teneps pac-
CMOTPUM TPAEKTOPUH, BEIXOISLIME U3 YIIOBON TOYKM U UAYLLME BBEPX Halle-
BO. 31ech UMeeTcsl IBe BO3MOXHOCTH. ITepBas cocTOMT B TOM, 4TO (pasosas
TpaekTopHusa (f) cHauana nomnanaeT B obsnacts I, 3arem B o6nactu II, 111 u,
HaKOHell, yXOIUMT HaleBO BBepX. Bropas Bo3MOXHOCTb: (Da3oBasi TpaekTopus
(7) nonanaet B o6nacts IV, 3atem nepecekaer npamyio 4 — 4x —
— 2y = 0 BepTMKaIbHO, OCh Oy — TOPU3OHTANILHO, MEHSET Ha-
[paB/Je¢HUE BEIYKIOCTH Ha KPUBO y = y, W, HAKOHEl, aCHMM-
NTOTUYECKH CTpeMUTCS K ocu Ox. Bo3aMoxHEIe BHIXOIH ($a3oBHX
TPAeKTOPUil U3 Y3/IOBOIl TOYKH IIPEACTABIEHL Ha puc. 80.

ITokaxeM HakoHel, YTO BCe BHIXONALIME M3 Y3712 UHTErpain-
HBIE KPHMBBIE, 33 UCKIIOYCHUEM KPHUBOU (), ACHMMIITOTHYECKH
CTPeMSATCS K ocl O npu & — +00. OYeBHIHO, LT 3TOTO I0CTA-
TOYHO I10Ka3aTh, YTO Ve > ( 3 Takoe, YTO UHTErpaIbHAs KpUBAst
(B) obszatensHO nepeceueT npsamyio 4 — 4xr — 2y = 0. C s70it
1eNbIo, 3aMEeHUB B v depeHIIMATIEHOM YPaBHEHUU

. zy .
= —— *
Ly P *)

r Ha —z (pagu ymoGcTBa), mepeiiieM K UHTErpa/IbHOMY ypaBHe-
HMIO KpuBOi# (B):

[ ot
Yz =c+ 0/ i €0 (M

OueBuaHo, y(x) > ¢ > 0 npu = > 0. Iycets y(z) < 2(1 + =) npu

Puc. 80
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z > 0. Torna u3 (1) ciaenyeT OLEHKa:

tdt

y(’”)>s+4 1+t

zr 1
=¢(l+~-—--In(l+= ) .
( 3 " gind+a)

C yYeToM I10ciienHero HepaBeHCTBA U3 (1) rojiydaeM 0ojiee TOYHYIO OLIEHKY:

4+t2—tind + ¢ Fat+82—tin(1+1¢)
dt l+— [ —————~ "t =
y("’)>€( 16/ t+1 +16 t+4

tin(l +)
(+3_2_16/ t+4 )> (HE__/l"(Ht)dt)

= 1+:c2+:c I+, >0
- 2716 16("’) &2z0
CriemoBarelisHoO,
xr

z? 1+
0<£<1+5+—1—6-——16—1n(1+:c)) < y(z) < 2(1 + x).

Or1crona yxe HeTpyIHO BUAETh, uto Ve > 0 3z Takoe, 4to KpuBas (3) nepeceveT yKazaHHYIO MPSIMYIO.
JlefiCTBHTENILHOE, TAKOE ) YAORIETBOPSET HepaneHCTBy 0 < Ty < Z, Tle T ecTh PellleHUe yPABHEHUS:

(14221t n(+z)) =201 +z), >0
321616("" Th T8

Janee, 1py £ — +00 ¥ OTPAHAYECHHOM ¥ U3 TUd-
epeHIHANEHOTO ypaBHEHUS (¥) CIIEOYET, 4TO

y _z
Y@ ~-7 > y@~Ced,
T.e. IpM & — 00 BCEe UHTErpajbHBIE KPUBHIE
aCUMIITOTHYECKHU cTpeMaTca K ocu Oz. [losene-
HUE UHTETPAIBLHBIX KPUBEIX IpH y < 0 He TpebyeT
% IETATHHOTO McciaenoBanusd. IIpuMepHEIi Bua da-

30BBIX TPAeKTOPUI u300paxeH Ha puc.8l. p
- 662.:=2z+y*—1, y=6z—y> +1.
4 W3 HepaBeHCTB

6z — 2
se-y+1,
2e+y2-1

orpezesieM 06IaCTH MOHOTOHHOCTH (Hha30BBIX

TpaekTopHuii (puc. 82). OTMeTHM TIpH 3TOM, YTO 33

HCKJTIOYEHUEM JlByx ocobrix Toyek (0, 1) u (0, —1)

rapatoy 2:c+y -1=0 Tpaex'ropnn 1epecexaior

Puec. 81 BepTHKATLHO, a Tapabony 6z — y2 + 1 = 0 ropn-

30HTAJILHO.

Jlanee, U3BECTHBIM CIIOCOGOM HETPYAHO YCTaHOBHTH, uyto Touka (0, —1) — HeycroitumBsiii dokyc,

a Touka (0, 1) — cewio, npuyem npsimble ¥y = 1 — 3z U y = 1 + T SABIAIOTCH KacaTeJbHBEIMHA K MH-

TErpalbHEIM KPUBHIM B 9T0H Touke (puc. 83). TokaxeM Teneph, YTO J06ask TpaeKTOpUsl, MPOXOUAILAs

yepes TOUKy (%o, 0), 06s3aTeNbHO Hepeceuer mapadony 2z + g2 — 1 = 0 (zo < 0). ITomenss, pamu
yIo6CTBa, B ypaBHEHUH

\\\\55///// |

, 6r—y +1
T 2r4yr-1
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(0) - 1)

Puc. 83

T Ha —z, a8 y Ha —y, 3aMUIIEeM UHTETPAILHOE YPaBHEHHE yKa-

Yy
33HHO# TPAEKTOPUM: wﬂ\\—/
B ’6t—1+y2(t)dt . /
VO = | aii-po® )
o )
THockonbky y2(t) 2 0, To u3 (1) cnemyeT HEPABEHCTBO: L\ x
N
©

r6t—1 2+ 1
y(:c)?/—‘dt:3(w+z0)—8ln T <

2+1 1 -2’

~z

yKa3biBalouiee Ha BO3pacTaHUue OpAUHATE! UCCIEXYeMOil KpUBOIA. /
[TockonpKy 310 BO3pacTaHUe MPOUCXOIUT OBICTpee, YeM I10 IIps-

MOJIMHEHHOMY 3aKOHY, TO 00513aTe/IbHO HAMIETCs TaKoe &y, UTO

y(x)) = V14 2x,.

D
\Y)

Pre. 84
Hanee, u3 sBHpaxeHus A1 BTOPOil NPOU3BOTHOM
8 8
" 2 7 2 2 3
= (P 1= 2ayy) = o (P D@ty - 14 20y) — 12
V= o o) = Grry o1y (@~ D@+ v~ 1+2m) — 1257y)

BHAHO, 4TO MeXIy rnapagosnamu 6x — y2 +1=0u22zx+ y2 —1=0 npu y < 0 Bce TpaeKTOpUH UMEIOT
BBIINYKJIOCTh, HANPABJIEHHYIO BHU3. [103TOMy MHTerpaibHEIC KpUBBIE NEPECEKYT Napabony 6z—y2 +1=0
M Jajiee yIyT BBepX HAnpaBo.
Takum 00pa3oM, YUUTHIBAS BCe IIPUBEIEHHOE, CTPOMM CeMeicTBO ¢a3oBbIX TpaekTopuil (puc. 84). »
663. i =1-2> -2, y=2zy.
<« Tockosieky auddepeHiMaTbHOe ypaBHEHHE
dy 2zy
de = 1—22—y2
NpM 3aMeHe T Ha —&, ¥ Ha —¥ BUJA HE MEHSET, TO KaPTHHA (a30BHIX TPAEKTOPHMIA CUMMETPHYHA KaK
OTHOCHTENBHO ocH Oz, Tak ¥ ocu Oy. Jlainee, jierko HaiTH, YTO 0coGsie Touku (0, 1) — IEHTPHI,
a Touku (+1, 0) — cemna, Yepe3s KOTOPbIe NPOXOMUT JIUIMIITHYECKAS TPACKTOPHUS
2 !I2

= =1
a:+3 .
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Jlanee, peluus HepaBeHCTBA
Ty
20,

|
l—x2—y2 "
) HAXOIUM YYaCTKH MOHOTOHHOTO yObIBaHUS (BO3~
pactaHust) ¢a3oBsIx TpaekTopuii (puc.85). »

664, :i:=(:c+y)2—1, _i/=~y2—:c+1.

X « Kak ¥ B npepiynux npuMepax, cHaya-

1
Jla HAXOIUM 06JIaCTH MOHOTOHHOCTU MHTETPATb~
) HBIX KpUBBIX (pUC. 86), 2 3aTeM BBISBISIEM 0COObIe
TOYKHM ¥ UX Xapakrep: (0, —1) — cemwro, (1, 0) —
HeycToHIMBEIA dokyc, (—3, 2) — y3en, (0, 1) —

cewro. U3 ykopoueHHO#t cucteMsl auddepeHu-
ABHBIX YpaBHEHMIA CienyeT, uto B TouKy (0, —1)
WHTETpaJIbHBIE KPUBBIE BXOIAT, KAcAsICh MPSMBIX

BTN T o

B Touky (0, 1) — nipsiMpIx

yz(‘”%)wﬂ u y=—(l+%)z+1.

B y3510B0i1 TOYKE TPAaeKTOPUM KACAKTCH IIPIMOI

1-+3
y= 2\/—(w+3)+2.

Yepe3 Ty TOYKY IPOXOAUT TaKXKe WHTErpajibHas KpUBasi ¢ Kaca-
TENbHOMU

1+V3
Puc. 86 y=——@+3)+2
Ocobble TOUKM M UX Majible OKPECTHOCTH IIPEACTABJECHHI Ha

puc. 87.

HaxkoHen, npeacraBisiercsi UHTEPECHBIM BBIICHUTD ITIOBEIE-
HHME MHTETPAIBHBIX KPUBBIX, MPOXONALIUX Yepe3 0COOLIe TOUKH.
B wactHOCTH, IOKaxeM, yro KpuBas (a) mHepelineT B OIHY M3
criupanei nomoca (1, 0), a kpupas (6) o6oimeT NMOMOC U B T10-
noce (z + y)* < 1 npoitfer Hixe KpUBOH (a).

3anucaB UHTETPAILHOE ypaBHEHHe KpUBoOM (6) rpu £ > 0,
y=0:

[ 1-t—9’®)
y@ =1+ [ L D
® | G+y®r-1 ‘
Pre. 87 W [IDUHSAB BO BHUMaHHe HepaBeHceTsa 0 < y(d) < tut+yd) > 1,

u3 (1) umMeeM OLCHKY:

Fl—(t+y(d) Foodt 7 dt z
>1- _— =1- —_— — — =1- =
y@ 21 0/1—(t+y(t))2dt ! 0/1+t+y(t)>1 /2 -3

Orcrona cremyeT, 4To KpuBas (6) nepeceyeT ock O B Touke T, > 2. Manee, B ronoce (z + y)2 <1
ripousBonHas y' > 0, 3Ha4YMT, OPAMHATA KPUBOI () BO3PACTAET M ITOITOMY IOC/IeIHAS MOXET TIepeceys
npamyio £ +y = 1 B Touke (z,, i), Fae &; < 2. Takum o6pasom, Tpaexkropuu (a) u (6) “pasmMunyrcsa’”:
TpaexTopus (a), Kak BHIHO U3 puc.88, npeBparutcs B criMpaib, a TpaekTopus (6), OOOIHYB MOJIOC
M COBEpPLIMB BEPTHKAILHOE flepecedeHne NpAMbIX £+ y = 1 U ¢ + y = —1, cTaHeT aCHMINTOTHYECKH
COMMXATBCH C KpMBOi (8). :
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M3yyuts noefeHue Apyrux u3 yKa-
338HHBIX BBHIUE MHTErpaJbHBIX KPUBBIX,
NPUMEPHBIA BHA KOTOpHIX H300paXeH
Ha puc. 88, npenocrapigem yuTaTEINIO.

Takum o0pasoM, wucxomsa 43 Npo-
BEACHHBIX UCCIENOBAHUI, CTPOMM 3C-
KU3HBIA NOPTPET (asoBpiX TPacKTOPUN
(puc. 89). »

(=32

(0,-1
(@

L

Prc. 88
665. i =Qr—y)* -9, y=(x -2y -9.
<« U3 HepaseHcTs
(~2) -9
Qr-yyP-9°

Puc. 89

317

X

HAXOIUM 00JIaCTH MOHOTOHHOCTU MHTETPAIbHBIX KPUBBIX (puc. 90). 3aMeTuM, YTO KpUBHIE

2r —y =43
HHTETPABHBIE KPUBBIE IIEPECEKAIOT BEPTUKAIBHO, a IPSIMbIE
z—2y=:=43

— ropusoHTansHO. daree, JieTKo OGHApYyXMTb, YTO OCO-
Opie Touku (—1,1) u (1, —1) — cemna, a Touxu (3,3) u
(—3, —3) — y3uBl; IIpUYeM UHTETPANBHAS NPAMAs Y = & IIPO-
XOIUT Yepe3 y3NOBHE TOYKH, a IBe APYTHE UHTETPalIbHEIE KPU-
BEIE MIPOXOIAT Yepe3 HUX [ePreHIUKYISIPHO YKa3aHHOM Mpst-
Moii. Y110BEEe K03()dHIMEeHTB KacaTeAbHBIX K UHTCTPATbHEIM
KDHBEIM B Touke (—1, 1) paBrsl k; = 2++/3, ky = 2—+/3. le-
peitut K nepemenHbM u = 2, v = ¥ uddepenimansHoe
YpaBHEHUE

dy -2y -9

dr~ Qz—y)?-9
npeobpasyeM K BHAIY

dv uv

du a+ Bu? +yv?’

%

N

Tockonbky ripu 3aMeHe u Ha —u WIH U Ha —v TIOC/IeiHee YPABHEHHE BUA He MEHSIET, TO MHTErpaibHEIe
KPMBEI€ PACIIONOXKEHBI CHMMETPUYHO KK OTHOCUTENILHO NpsiMoil & + y = 0, Tak ¥ npamoit z — y = 0.
Takum 06pasoM, yaursiBast BCe CKa3aHHOe, CTpouM ceMeiicTso (a3zoBrix TpaekTopwit (puc. 91). »
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666. i = :cz—y, y=(@E&-y)(x—
-y +2).

« Ilepexond K HOBOM cUCTeME KO-
opauHaT Ouv no ¢gopMmynam ¢ = v,
y = 1 — u, U3 TaHHO} CUCTEMBI IOy~
yaeM auddepeHManbHOe ypaBHeHHE:

A

dv _ 1~vi~u
du ~ (u+v)?-1

yA

N
Y

)

L/ x

N

Pre. 91 Puc. 92

HHTerpalbHbie KPUBBIE KOTOPOIo YXe u3ydeHsl B npuMepe 664. CrnenopaTeslbHO, ey u300pake HHYIO Ha
puc. 89 cucTeMy KOOpIMHAT CHAYaJIa Mapajuie/IbHO TIEPEHECTH BIIPABO HA eIUHUILY, 2 3aTeM I10BEPHYTH
ee Ha yron 90° IpOTHB XOHa YacOBOW CTPEJIKH, TO MBI TONYYUM MOPTPET CEMENCTBA (PasoBBIX TPaeKTOPHit
IaHHOU cuctembl MUddepeHIIMAIBHBIX YPABHEHUI. P

Haueptuth Ha dha308oil IUIOCKOCTH TPAEKTOPUM CUCTEM 667669, 3aNUCAHHBIX B MOJSPHbIX KOOD-
IUHATAX, U UCCIIEIOBATb, UMEIOTCS JIM TIPeeIbHbIe HMKIIBL.

dr dy
67. — =r(r - -2), = =1.
6 7 re—D(r-2), — =1
« ITowreHHo pasgenus ogHo ypaBHEHHE Ha ApYyroe, NOAyYaeM
dr
— =rr -1 -2). )
dp

Orcrona, ectu 0 <r < 1, 10 g% >0, 1.e. r = r(p) MOHOTOHHO BO3PACTAeT NPU @ — +00 (t — +00);

ecin 1 < r <2, T0 g% < 0, 1.¢. r = r(p) MOHOTOHHO YOmBaeT npu ¢ — +oo. Janee, 04eBUIHO,
yTo r = 1 ecrb pelieHve ypasHeHus (1). CiemosaresnsHo, cOIIACHO II. 3.3, OKpPYyXHOCTH r = 1 ecTh
YCTOWIMBEIN IIpene/IbHBIN UK.

PaccmoTpuM ellle oHy 3aMKHYTYIO TpaekTopulo r = 2. ITockoneKy mpu 1 < r < 2 npou3BooHas
g% < 0, apu r > 2 bymet E(l% > 0, To TpaekTOpuUHU T = r(p) NpH ¢ — +00 yIAIBIIOTCS OT OKPYXHO-
ctu r = 2. CjlegoBaTte/IbHO, 3aMKHYTasi Kpusasg r = 2 — HeycTOWYMBHIA HpemesisHbli Uuki (puc. 92).
JIpyrux 3aMKHYTBIX TPaeKTOPUIl JaHHAs CUCTEMa HE UMEeT. b

dr | dp

668. i =sinr, o 1.

« U3 ypaBueHus sinr = 0 cieayer, 9ro r = kmw, k € Z, k > 0 ecTb U30JIMPOBAHHBIEC 3AMKHYTHIE
TPAEKTOPUU J3HHOMH CUCTEMBI.

Ecm 0 <r < 7, 1O sinr >0 = %—' > (. HoatoMy BCe TP3GKTOPUU, BBIXOASILNE U3 JOCTATOYHO
MaJIOil OKPECTHOCTH Ha4ajia KOOPAUHAT, NPUOIUXKAIOTCA K OKPYXHOCTH r = M IIPU t — +o00. Ecin xe
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7 <r<2r, 10 %% < 0. CnegoBarensHo, r — 7 + 0 1npu ¢ — 400, T.e. OKPYXHOCTp 7= T SBIAETCH
YCTOMYMBEIM MPENENIBHBIM 1HKJIOM.

Janee, nycts 27 < r < 3w. Toraa %;— > 0 unpu £ — +00 criMpanu yIaisiioTcs 0T OKPY>XXHOCTH
r = 2. Taxum obpasom, K

r=2r y

SBJISICTCS HEYCTOMYMBEIM.
AHaJIOTMYHBIM 00pa30M yCTAHABIUBAEM, UTO OKPYXHOCTb

r=3m ]

— yCTOWYMBBIA LMK, BooOile, OKPY>XXHOCTH
r=Qk+Dr, k=000
NpeacTaBasior ¢oboii ycToduuBeIe, 3 OKPYXKHOCTH
r=2kw, k€N

— HeyCTON4MBEIE HUKIH (puC. 93). B \\
d I dyp

669. = — (1 - r)si = 1.
7 r(l —r)sin = a 1
<« OueBuaHo, OKPYKHOCTH Puc. 93

1
r=l-i, k=414,

AB/SIIOTCA U30JIUPOBAHHBIMU TPACKTOPHUSAMU JAHHOW CHCTEMBEI. I/]CCJIC)IYCM WX Ha YCTOMYUBOCTD.
1

Mycre 0<r <1 - % Torna %% > 0, 3Ha4MT, CTMPAK NPUGIAKAIOTC K OKPYXHOCTH 7 = 1 — =

usnytpu. Eciu 1 — 71r— <r<l1- 217, TO % < 0. CnenosarensHo, ¢a3oBble TPACKTOPUU HABUBAIOTCSH
Ha 3Ty OKPYXHOCTH u3sHe. TakuM ob6pa3oM,
1

r=1-~
T

— YCTOMYMBLIN Mpee/IbHBIA ITHKII.
AHAJIOTMYHBIE PACCYXIEHUS TIOKa3bIBAIOT, YTO LMK

r=1-—
27
HeycToituus. BooOlue, HuKIIbI
1
r =012
Qn+ Dr ( b2,
— YCTOMYUBLIE, 8 HUKIIBL
1
r=l—-— (n=012...
@n+ ( b2
— HeycToHuuBple. TOUHO TaKxe HaXOIUM, YTO LIMKJIBI
1 1 1
r=1+—, 1+-—, ... 14—
tour 4r’ o 1 Qn+ 2’
YCTOUYMBEI, & LIUKJIBI
1 1 1
r=1+—, 14+-—, ... 1+ —
x’ 3’ ) + (2n+1)7r’
e n =0, 1,2, ..., HeycToitunBbl. HauepTuTs (pasosnie TPaEKTOPUY NMPEIOCTARNIAEM YUTATENIO. P

670. Npu kakux yenoBusx cucrema
dr dy

—=f@r), —=1
5 =T 5 =1, |
Tae GYHKUMS f HenpepsIBHA, UMEET MpeneinHbli uuKi? [Ipu Kakux yCHOBHSX 3TOT LMKA YCTOMYMB?
Heycroituus? TToayycToiuus?

<« [lycTs ypapHeHue f(r) = 0 UMeeT H30JIMPOBAHHOE MOJIOXUTE/IBHOE pelllenue r = R, 1.e. 3¢ > 0
TaKoe, yTo Ha cerMeHTe [R — ¢, R + €] Apyrux pemenmii HeT. ITycts Gynxkuusa f onpexeneHa Ha 3TOM
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orpeske. UnTerpupysa CHUCTEMY, I1OTYy1aeM
T dp
=C +/—— R—-e<r<R
14 1 2 f (P)’ ]

R+sdp
~C +/—~, R<r<R+e.
LR 05!

OTCIOlIa BUIHUM, UTO €CIH HeCOOCTBEHHEIE HHTErpabl
R
rodp ¥ dp
L .
2. 7@ A

pacxopstcsi K +00, 0 nipu * — R + 0 win » — R — 0 noJpHBLA yron ¢ cTpeMUTCs K OECKOHEYHOCTH
onpenesieHHOTO 3HaKa, T. €. OKPYXHOCTb, YpaBHEHHE KOTOPOH r = R, apisieTcs npefie/IbHBIM 1TMKIIOM.

Hanee, ectu f(r) < O0npu R<r < R+ecu f(r) >0npu R - ¢ < r < R, To Bce 1OCTATO4HO
6/1M3KME TPAEKTOPUM 1pH ¢ — 00 MpUOIMKAIOTCH KaK U3HYTPM, TaK U MU3BHE K OKPYXHOCTH r = R,
T.e. IpemejbHbIi LMK OyneT ycroiiuusbiM. OQueBHIHO, HMKI ¢ = R OyzeT HEyCTOMYHBBLIM, €C/Id
dyukuus f npu nmepexome 4epe3 Hymb MeHsleT 3HaK ¢ “—” Ha “+”. Hakouel, monyycroiitMBocTh
HabmonaeTcs B TOM Clydae, KOTIa ¢ KaKoi-1uM0o CTOpOHB! TPAEKTOPUHU MPUGIMXKAIOTCS K HUKIY NpU
t — +o00, a ¢ gpyroii — ygpansiorcs. CielloBaTejibHO, JOJDKHO BHITIOMHATHCS PAaBEHCTBO

dr dr
sgn — = sgn —,
@R R+e) dY  (B-e,m) dp

T.€. B OKPECTHOCTH r = R ¢yHKIMS [ 3Haka HE MEHSET.

Pa3bop BapuanToB, Koraa GyHKuusi f CyILECTBYeT TOBKO B OMHON U3 MOIYOKPECTHOCTEH TOUKH 1 =
R wnu Kora TONMbKO OOUH U3 UHTErpasioB (1) sBnsgercs pacXOASIUUMCS, TIPEIOCTABIsIEM YUTATENIO0. b

671. Hpn KAKUX 3HAYEHUSIX NOCTOSTHHOW a cuUcTeMa

dr 2
i = (r ~ I)}a +sin” ),

ey

— = 1
dt
UMeeT YCTOMIUBBIN NpenesHblid tuka? Heycronuussiit?

« Pasgenus ofHO ypaBHeHUE MOWIEHHO Ha APYro€ U IIPOMHTETPUPOBAB, MOAydaeM:

1 sin2<p
—_ll=C it -
[r — 1| exp((a+2)<p 3 )

Orciona BUIUM, YTO 3aMKHYTBHle KPUBBIE BO3MOXHH TOJNBKO Ipu C = 0 (JiioboM a # —’]Z)’ a Takxke
npu a = —% (uobom C). OmgHako B IOC/HEIHEM CIydae Mbl MMEeM CEeMEHCTBO 3aMKHYTHIX, HO He
U30IUPOBAHHBIX KPHUBBIX, ITOCKOJIBKY 3HayeHUE TapaMeTpa C MOXHO MEHSITh HENpephiBHO. Takum
06pa3oM, OKPYXHOCTb # = | — eIUMHCTBEHHOE U3OJIMPOBAHHOE ITEPUOIMYECKOE pEelIcHHE (a # —%)

ScHo, yto r = r(p) — 1 npu ¢ — 400 TONBKO B Ciyyae, Korga a < —%, T.€. NpeJesIbHBIA MK

YCTOMYMB JIMLIB TIPU @ < —%. »

B 3amavax 672—678 yCTaHOBUTH, UMEIOTCA JIM ITPENEIbHEIE IIMKIIEL.
672. i =2’ +38°+ 9y, y=2* +v’ +¢* +v.
« Tockomeky dyuximu f = f(z, y) = ° +32° +¢%, g = g(z, y) = 2> + ¥’ + ¢’ + y umeroT
HENpPEPHIBHEIE YACTHHIE POM3BOJHEIE U BEIPAXEHUE
0 7]
or , %Y o se'+ 922 + Syt + 32+ 1> 0,
dr dy
TO CONIACHO NpPH3HAKY BeHaukcoHa Ha ()a30BOM TIOCKOCTH HET IpeNe/IsHBIX LUKIOB. P
673. i=2 -2, y=3z +y.
4 Bo3pMeM ceMelcTBO WIamKuX 3aMKHYTBIX JIMHHAMN, MOKPHIBAIOIIMX MIIOCKOCTb OTY, B BUAe
vz, y) =3 +y' =C.
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[TockosbKy BEIpaXeHue
v v 3 3 3 4 4
=_—f+ —g=6zx(a’ -2y ) +4y Gz +y)=6z +4y >0
e ay’ ( y ) y Gz +y) y >0,

TO COIMACHO NpU3HaKy [1yaHkape naHHas cucreMa JubhepeHIMATLHBIX YPABHEHUH [1PeNeBHBIX LMKIOB
HE UMeET. P

674. i =2+ + 1, y = xy.

<« Tlockonbky cucTeMa He MMEET OCOBBIX TOYEK, TO COMIACHO T1. 3.4 HUKAaKas oAHOCBA3Hag obiacTh
Ha nnockoct Oxy TpeeNbHBIX UKIIOB HE UMEET. b

675. i+ + & +x =0,
o IlepexoauM Kk cucreme
t=y, y=-2y-y -z
M TIPUMEHSEM NPU3HAK BeHauKcoHa:
0 7] ,
—y+~(—2y—-y3—w)=—2—3y2 <0
dx Oy

3HAYMT, [PEIECIBbHBIX LIMKJIOB HET. P

676, i+ (z*- i +2° =0.

« Ilone3yemcst teopeMoii JleBuHcoHa—Cwmura. 3aecy dyHkumu f = f(x) = -1, g=g(x) =
= 2’ HenpepsBHHI IpY BCEX & M 0GECIIEYMBAIOT, GUEBMAHO, CAWHCTREHHOCTh PeNeHUs 3amaun Kouu,
HelIpephIBHO 3aBUCSILEro OT HAYalsHBIX yCjioBUi. KpoMe Toro, BBIIIOJIHSIOTCS YCIIOBUS:

1) zg(x) = z* > 0 Vz # 0;

2) f, g — nuddepeHmrpyeMole QyHKIUH;

Na-1<0ua(=1,1) ua>—1>0um0pu le| > 1;

4)F(z)=/(s2——l)ds= 3’;——::: 1 F(00) = o0;
0
7 4
5) G(z) = /33(13 =L u G(xo0) = oo;
0
6) G(-)=G() = 7.
CrneoBaTe/bHO, COTIACHO YKa3aHHOM Teopeme, Ha da30Boil 1wiockoctd Oy UMEETCS eMUHCTBEH -
HBIH YCTONYUBHIA MpeIebHBIA 1UKIT. P
677. 3+ - +x=0.
« IIpumensiem teopemy Peiiccura. ITockonsKy
1) f(0)=0, me f(y) =y’ —y;
2) zg(z) > 0, rme g(x) =z npu = # 0;
Nyf =y -y =y’ - D <0 npu lyl < 1;
4 f)seny =yl -~ D 2e>0mpuly| >m> L

3— = :—l— M
S)fyr}aély yl=M= 3% >0;

— 2 2 L.

6) g(x)sgnz = |z| > 3.5 T e npu z| > 6 = 33 +¢€;

7) dyakuuu f U g HENpPEepsIBHBEI U O0ECMEYUBAIOT BHINIOJIHEHUE YCJIOBUM CYLIECTBOBAHMS €HH-~
CTBEHHOIO U JIOKAIHHO YCTOHYMBOTO pelieHusl 3anayu Koiu, To 1o ykazaHHOU TeopeMe Ha (asoBoii
TUIOCKOCTH (¥, ) CYHIECTBYET [10 MEHbIIEH Mepe OIMH YCTOMYMBEIN ITpeNe/IbHbIN UK. P

678. i+ F(#)+x = 0, tne F — uenpepsbHas dyrkuus ¥ F(y) > 0 npu y > 0, F(y) < 0
npu y < 0.

<« Bo3bMeM CeMeiCTBO IIANKHMX 33MKHYTHIX KPHBBIX v(2, y) = 2 +1y° = C ¥ COCTABMM BHpAXeHUe
v

dv
=f2 T95y
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e f = f(z, ) =y, 9 = 9(z, y) = —x — F(y) — npaesle 4acTd cucreMnt AudidepeHiManbHbx
YpaBHEHUI’
=y, y=-z-F@.
Torma, nockonbky 2 = —2yF(y) < 0, To comacHo npusHaky IlyaHkape NpeiesibHBIX LUKIOB Ha
$430BOf NMIOCKOCTH HET. b

Vopaxuenus 1 CaMOCTOATENIbHO paGoTs

Idccneuoaa-rb Ha yCTOWIMBOCTD PEIEH NS YDABHEHMH M CHCTEM:
1. a:}y” 20y +y=0.2. (2m4-1)2 "+3(2a:+])y —4y =0,
3.2 y’+my —y=0.4 (142 42y +2y= 9
-2y =10, 6 {m +1Qx —y)y =0, e vt v —y=0,

y'+2tw:0, Y -y = tzy"+ty—2x+y 0.
8.y" +2y +5y=0.9. y" +2y" +5¢" = 0. 10. y™ + 24" + 4y" + 3y’ + 2y = 0.
1. Y + 20" +3¢" +20 +ay=0.12. &' + 2 +5y=0, ¢y —z -y = 0.
B.r=zs+tz-yp, yY=z+y-z 2Z=2z-y M 2=2-2,9y=z—y, 2/ =3c~y—1z.
15. 2’ =3z - 3y+z2, ¥ =3z -2y +2z, 2 = —x+ 2.

HO}U;Ey}ICb ICPBBIM METOAOM H}lﬂyHOBa, HACCIICAOBATL HA yCTOﬁ‘iHBOCTb YKa3aHHYIO TOUKY I1OKOs Cie-

AYIOLINX CHCTEM:
16. 2 =2* +y* -2z, ¥ = 32* — x4+ 3y; (0, 0.

17. 2 = ™™ ~ cos3z, ¥ = VAT 8z — 2eY; (0, 0).
18. ' = in(3e? - 2cosx), y' = 2e* ~ 8+ 12y; (0, ).

19. 2" = 1g(z ~y) — —292—m, Y =v9+2r-3, 2 = ~—‘39y; ©, 0, 0).

Hccnemaaﬂ: HA YCTOIYUBOCTS YKG3aHHYIO TOYKY THOKOS CHCTeM:
20. z —2:1:—3y+:z:y, y' -—x—2y+m +y, 0,0).21. 2" = e* — 1, y' = In(1 + 2); (0, 0).
22. x"+3y —m+cosy—0 o +3y —e¥+1=0; (1, 0).

23. 2" - 2y + ¥ — L +sin(x — 3y) =0, 4y" — 22" —sinz’ +2./1—21:+5y—7 0; (0, 0).
24, 2" = —4/T-2x —siny +4, ¢y =In(1 +x); 0,0). 25. 2" =z ~y, y = == —e¥; (0, 0).

Hcnoneays Bropoit Meron JIsnyHoBa, HCCAenOBaTh Ha YCTOWUMBOCTL HYJIEBYIO TOYKY NOKOS CAEXYIOUIMX

cucreM:
26. ' =y-3c-2), Y =62~2.27. 8 = —xy, Y =-2. 28. 2’ = —y — ¢, ydzm ¥y,

29. o’ =2y —2°, y’=2m~y3.30. =3 -2, Y =3~y 3. 2 = ¢y =g,
B o
32m—y W= 33m——m+3y+m y'=-y —y—~3az.

Mo =-y+ad -z, o “1: +y° +y. 35. m——y—m——my, Y =z~y-y.
362 =—x—ay, ' =y’ +2°.3. 2" =2 —y-z—-xy’, y = ~y+a -y



I'maBsa 7

MeTo1 MHTErpaJjbHbIX
npeoOpa3oBanmii JIanjiaca
penieHusA JHHEHHBIX
naddepeHMaIbHbIX YPABHEHHI

Ipu nocrpoenun pemenus 3amaun Koum uisr onpepesieHus: COOTBETCTBYIOLMX IPOM3BOIHBIX MOCTO-
SANHBIX HEODXOMMMO pPellaTh CUCTEMY JUHENHBIX alrebpaniecKux ypaBHEHUI. DTOr0 MOXHO U30eXaTh,
€CJIU UL TIOCTPOEHUS PELUEHHS YKa3aHHOM 3aayuy NTPUMEHHTL METON MHTErPAJIbHBIX NpeobpaszoBaHMit
Jlannaca. Torna monyduM pelieHHe 3atadyM, HE UCIIONG3YA oOLIero pelleRns YPaBHEHHS. DTOT METOR,
KOTODPBIY ITOAYYMUJI HA3BAHUE ONEPALIMOHHOTO WJIM CUMBOJIMYECKOTO UCUUCIIEHHUS, IIUPOKO IIPUMEHSIET-
Cs1 JUTSl PEIIEHIisT MHOTHX KJIACCOB JIMHEHHBIX P depeHINaTbHbIX YPABHEHU, KaK OOBIKHOBEHHBIX, TAK
W B YaCTHBIX IPOM3BOAHBIX, & TAKXKE JIMHEHHBIX MHTErpO-niddepeHUNATIBHBIX YPABHEHWIT TUIIA CBEPT-
k. K 3tuM kjaccaM ypaBHeHMI [IpUBOIAT MHOTHE 33434 DJIEKTPOTEXHUKH, PATMOTEXHHKHM, TEOPHH
4BTOMATHYECKOTO PETYIMPOBAHUSA W PAlid IPYyrUX ob/acTeit HAayK¥ M TEXHHUKH.

§ 1. IIpeoOpa3oBanne Jlamiaca.
OcHoBHbIE IIOHATHA H CBOHCTBa

1.1. Opurunan H H300paKenne.

Dynryueii-opueunasom G6yneM Hasbipath J1wbyo dyHkimio f @ R — C, onpepejieHHy!o Ha Beeit
YUCIOBO} NpaMORt R 1 yIOBIETBOPAIONLYIO CENYIOLM YCIOBUSAM:
1) f — HenpepblBHAag WIK KyCOYHO-HENPEPHIBHAS (DYHKIIUS BMECTE CO CBOMMH NPOU3BOAHBIMHU
n-To NOPAAKA Ha BCEW YHUCTIOBOH NPAMON;
)Vt <0 f(t) = 0;
3) cyluecTBYIOT Takue mocrostHueie M > 0 u a > 0, uro Vi > 0 cnipaBemwinba OLeHKa
[F @& < Me™,

[loxasamenem pocma ¢yuxyuu f HasviBaercd umucio a = inf{a}. g orpaHmueHHbx yHKLWMIT
cunraeM, yro o = 0.

Yenosust 1) u 3) BemnonuswoTcs Ut SonsiuuHeTBa GYHKUAN f, ONUCHIBAIOIMX (H3MYECKHE NTPO-
uecchl. C du3nyecKoit TOUKH 3peHH YCIOBAE 2) BIOJIHE €CTECTBEHHOE, TOCKONBKY Uit GU3HKH Oe3pa3-
JINYHO, KaK BeayT ce6s MCKOMBIe GYHKUMH 10 HAYAIBHOTO MOMEHTA BpeMEHM, KOTOPBIH BCerla MOXKHO
NPHUHATL 32 MOMeHT ¢ = (. OnepauMOHHEHIL METOI NMPUCNOCcOONeH K peieHHIo JudupepeHIHaNbIIBIX
YDaBHEHMIT ¢ HAYALHBHIMH YCIOBUSMHM, O YEM YIIOMHHAJIOCH BHILIE,

Ipocreiimeit GyHKimeti-OpUTHHATIOM ABASCTCA dynkyus Xeeucalioa n, Tae

0, eem ¢<0,
"(t)={ 1, ecnu £>0.
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Ecnu GyHKUNSA ¢ YIOBIETBOPAET YCAOBHAM 1) M 3) U He YAOBIETBOPAET YCIOBUIO 2), TO NPOM3BE-

AEHHUE
0, ecmn t<0,

ro=newo={ o wm 4Sh
YNOBIETBOPSIET YCJIOBHIO 2), T. €. Oyner opuruHaioM. B nasibHeiileM MHOXUTENb 57 OyneM onyckarb B
3anucH QYHKIKM, CUNTasg UX PABHBIMHU Hymo npu £ < 0.
Onpeneneune. Hzobpaxcenuem pyuxyuu f no Jannacy nazwearom QyHKyuio KomniexcrHoeo
nepemerHoz2o p = 8 -+ i0, onpedenseMyl0 COOmHOWeHUEM

Fo) = [ fwe™ )
4]

Casizp Mexy dyHkumamMu f u F cuMmBonudecku obo3HavaeTcs 3HakoM =, T.e. f = F. Cubicn
3TOro 0003HaYeHHs1 COCTOMT B TOM, ODUIMHAILY f COMOCTaBIEHO M300paxeHue F', a u3obpaxeune F

HMEET CBOMM OPUIMHAIIOM f.
Ecau ¢yHkuma f — OpMTHHAN € MOKAa3aTeneM pocta a, To QyHkuns F cylectByer B nonynioc-
kocti P ={p € C | Rep > a} u gpusercs B Heit aHAIMTHICCKON YHKIMEIH.

1.2. Cseiicrsa npeofpa3oBanua Jlannaca.

Teopema I (cBoiicTBO opHopoaHocTH). Fert f=F ua €C, moaf =aF.
Teopema 2 (cBOCTBO NUHEHHOCTH). Eeau f; = F;, Rep > «; (7 =1, n), mo

n n

Z/‘ffi = Z/‘J’ﬁ}" Rep > [nax aj,

= s <ygn
20e /lj — 3adainnble NOCHOSHHbIE yucaa, deticmeumenshsie unu KomnaexkcHule, aj — HoOKa3ameau pocina
dynxuuil f;.

Teopema 3 (cBoiictTBo nojxodus). Ilyems f=F, Rep > a. Tozda V3 > 0
1
= _ b
£ty = ﬂF(ﬁ).

Teopema 4 (3anaspauiBaHug). Ecww f=F u7 >0, mo
fit—my=e " F(p).
CMBICJ1 3TOTO COOTHOILICHUSI COCTOMUT B TOM, UTO CMCIICHHKIO APTYMEHTA B KJacCe OPUTHHAJIOB COOTBET-
CTBYET OI€palys yMHOXEHHS Ha SKCIIOHEHTY B Kilacce M300paxeHHii.
Teopema 5 (onepexenusn). Fcuu f=F ut>0, mo

e+ = <F(p) - / e 1) dt).
0
Caedcmaue. Ecau f — T -nepuoduyseckas gynkyus, mo
T
1
— —-pt
Fp) = e /f(t)e dt.

Teopema 6 (cmemenusn). Eeau f = F, pOEC mo
'f = Fp~ po).

Teopema 7 (0 auddrepeHuupoBanun opurunana). Eew f = F u dyucyuu fO (k =T, n)
AGARIOMCA OPUSUNAAAMU, MO

f'@®) = pF(p) - £(0);
P =P’ F) - pf©) - ' (0);

0 =p" Py - fO) - g O — . - F0),
20e fE0) = Jim, FO E=0,n<1e oﬁuqu cayuae.

~
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Teopema 8 (0 nugpepeHUUpPOBAHUN M300paxenun). Eom F = f, Rep > a, mo
F'(p) = —f();
FOp) = £ £(1);

F®(p) = (-1)"t" f(t).
Teopema 9 (06 uurerpupoBaHuu opurunana). Ecau f = F, Rep > a, me

¢
/f(T)dT = E@
2 p

Teopema 16 (06 uuTerpupoBanuu n3odbpaxenus). Ecw f = F, Rep > a u uumezpaa

+oc
/F(q) dq cxodumes ¢ noaynaockoemu P ={p € C|Rep > o, > a}, mo
7

f®

+o0
| P@ag = t
P

Teopema II (0 mpenenbHBIX COOTHOWRHUNAK). Fcwu [ asasemca opuzunaiom emecme co
ceoeii npouseconoii f' u F = f, mo I}ingch(p) = f(0), 2de p — oo enympu yeaa |largp| < % ~85u

F = tlimaf(t) Eeau, xpome mozo, cyuecmayem t}iin F&) = f(+00), mo }ingpF(p) = f(+00).
—rt — % p—0

Haittu nzobpaxeHnst QyHKIMA.
679. Oyuxunn Xesucaitna 1.
<« CornacHo dopmysie (1), . 1.1, umeem

+oo T t=0 —
e P I ¥
F(p) = / pt)e ™ dt = lim / ePdt= lim —| = lim (-~ )
T—+00 " 400 p p
0 0 |t~1

Ecnu Rep >0, 1o lim e 7 = (. CnejoBaresibHo,
T4400

1= ;1;, Rep > 0.
680. r(t) = .

4 Conlacio onpeleneHHIO, NojyJaeM:

+00 +0o0 T

e—(p—a)t
F(p) = / e dt = / e Pt = lim [e " dt= lim
I—+00 o400 p—a
0 [} 0

t=0

i=z

1 g~z 1
= lim - = , ecam Rep > Rea.
z=to \p—a p—a p—a
Takum obpa3zom,

1
= , Rep>Rea.p

p—a
681. s¢) =o' (a>0).
<« [Tpexcrasum dynkumo f B Bune a’ = '® 1 Bocnoap3yeMea pellleHHeM NpeabIIYLIEero NpUMepa.
Honyuum
ot =

= pna’ Rep > Ina. »
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682. =1, > 1.
« TTo onpeneneHuIo u306paxXeHUs UMEEM
+00
F(p)= / te 7P dt.
0
[Tonaras pt = 7, nojxyanm

e Pp) = — [errar
- H
Puc. 94 pt)
Tie 7Y — Jyd ¢ HanpaBienveM |arg p| < % (puc. 94). Oyuxkuus 7 — €' T% aHAIMTHYECKAs B IOIYMIOC-
xoctn T = {7 € C|{Re7>0}. Paccmorpum samkuytsiit koHTYp L, cocra-
BJIEHHBI M3 YTIOPsSIIOUEHHOTO Habopa (7|, Yr, ¥ ) OPHEHTHPOBAHHBIX YacTEH
(cu. puc. 95). To reopeme Koum st aHanutueckux GyHKuu nMeem

_ /e_ffra dr = /e"’ra dr + /e—"ra dr + /e_rra dr =0,
Y R L Ti TR v
OTKyna
,
0 n /e_"r“ dr = /e_tta dt+/ e Tr%dr
Puc. 95 b . b
(IpHEMMAad BO BHUMaHKE, 4TO /e’TT“dT = —/e_TT“dT uuto T =t Ha 7). Hocxonbxyl ﬁlT e =
eSS
v 1
=0,10 lim /e“TT“dT = 0. Cie0BaTenLHO,
R—»+oo,,/
1R
+o0
/e_TT“ dr = / et*dt=r@a+1), a+1>0,
¥ [}
rae I' — ramma-dyuxkuus Ditnepa. Takum obpasom,
CTa+1)
,ta;_;a—“—, a> -1, Rep >0, )]

TTomyueHHbIH pe3yNbTaT MOXHO paclpOCTpaHUTh U Ha cilydail, korma ¢ < —1 A a# —n, n € N,
n > 1. st 37010 BOCNONIB3YyeMCs N3BECTHBIM CBOHCTBOM I'~GYHKIIMH, BbIpaXeHHBIM (DOPMYIIOii:

I'n+a)=Mn+a—-Dn+a-2)...al(a), a>0,
KOTOpasi NO3BOJISIET NPOAOJDKUTE €€ Ha OTPHLIATEIBHYIO TOJYOCh ¢ BBIOPOLIEHHBIMH TOUKAMH &, = —17

(n € N), nonaras
I'(n+ a)

a@+1)...(@+n-1)’
Jns paccMatpusaemoro caydat a < —1A a# —n, n €N, n > 1, umeem
o I'n+a+l)
T(a+ Da+2) ... (a+ n)pett”
B nocneaHeM ciydae OpUIrHHaI W M300paxkeHue OyneM Ha3blBaTh 006OueHHbMY. B

683. r¢t) = 7.

« B coorserctBuu ¢ dopmyioit (1) u3 npumepa 682, umeem
3
ot T (n+3)

= 3 .

I'a) = —n<a<-n+l.

@

nt >
P 2
Bocrnionbs3yeMcs M3BeCTHHMHN CBOMCTBaMM I -OyHKUMU:
_ 1y _ @n—1D @n)!
M+l =al(@, I(n+3)= VR = oV
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Honyyaem
1 @2n+ D! arl L (2n+ DIV
r 3 - 1 == = , 772 = —.
<n * 7> (TL + 2) r (TL + 7> TL!22"+l \/;r— n!22n+1pn+%
B uacruoctu, v = —‘/2: —13— 'S
p?
684. rit)=
1y
<« Hpumenunm dopmyny (2) n3 npumepa 682, Horyunm
I r(3) L EDWVEY (DA

J(nt3) o (-1 G- o

B yacrHocTi

Mi -

eciu 0Kt <a,
t, ecm a<t<2a,
0, ectu t 2> 2a,t<0.

<« Tlpumennm dopmyny (1), n. 1.1. TlonyunM, UHTeTpUPYS 110 YACTAM!
2a

/f(t) Pt = /te‘ﬂ‘ dt + /(2a —te Mt =

/te p g

L)
P P

Taxum obpasom,

nty
\/,
t
2

685. rit) =

[,

Il

F(p)

i

t=a
1 2 I i —ap\2
:—*“eap+—2€2p:—5<l—€ p).

t=0 = =
+ (2a—-te_pt_ _c;“)
t=a p p2 t=2a p2 p2 p P

HOE —2—( 1-e?)  p
686. a) f(t) =sint; 6) f(t) =shi; B) f(t) = cost; 1) f(t) = cht.

« Bocitonpsyemcs pewrennem npnvepa 680; e = pl ecin Rep > Rea.
1 i : 1 1 1 1
a) Sint:‘f(elt—eﬂt>#—.< - — ,):
2i 20\p—1i p+i P2+ 1
1 _ 1 ] 1 1
6)sht:—(et—-et)$~< - ): :
2 2\p-1 p+1 p—1
1/ ; 1 1 1 j4
B) cost = = (e 7" _;_—< + ): .
) 3 (e re™) =3 p—i p+i) P+l
1,0 . 1 < 1 1 p
rycht=~{e +e )=~ = .
) 2< >'2 p—1+p+l> pr-1
Ipy peltennn npuMepa NPUMEHSIIA CBOHCTBO JIMHEHHOCTH peobpasosanus Jlaraca. b

687. a) f(t) =sinat; 6) f(t) =shat; B) f(t) = cosat; r) f(t) =chat.

"« Bocnone3yeMcs TeopeMoit TonoOust M npesbIayIinM nipuMepomM. Mimeem

1 1 o
a)smat— = ——;
aby) pta?
ia
0) ishat =siniat = ———, shat = ——;
) siniaf = 71 shot = gy
1 5
B) cosat = — g = 2P 55
a(% +1 pta

14 .
p——————2 T G chat = [

r) chat = cosiat = . B
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688. ) f(t) =cos’at; 6) f(t) =ch’at; ) f() =sina; 1) f(f) =sh’at;
o) f(t) =sinatcosBt; e) f() =sinatchpt; x) f(t) = cosaish Bt.
<« a) Ilpencrasum dynkumo f B Buae f(f) = %(1 + cos2at) ¥ BOCTIONB3YEMCS H300PAXEHHAMH

dbynxumit f;() = 1 (cM. npusep 679), bdyukunn fr(t) = cos2at (B npumepe 687, B) BMecTo o DepeM
2a), a TakKe CBOMCTBOM JIMHEHHOCTH npeobpa3oBaHusa Jlannaca. Tlonyuum:

cos? at = 1 (1.1_._1)_) = M
T 2\p pi+4a?/  p(p?+4ad)’
6) 3anuueM dyHkumio f B Buge f() = cos’ iat U BOCTIONbIYEMCS PELIIEHNEM TpUMepa a). Haxomum
2 . PP 20a) p?—2a?
ch” at = 2 > = 3 .
p(p* +4Gay))  p(p? —4a?)

B) Tlockonbky sin’ at = %(1 — cos 2at), 10

sin af = (1 p 20’
1 =zl-- = .

"2\p P! +4a2) p(p? + 4ah)
1) Bocrniosbayemcest paBeHCTBOM 2 sh? at = sin® it  peleHuem npuMepa B). FiMeem

(H2a? 2 2ad? _ 20’

5 — =1 5 5T sh” af = .
p(p? +4Ga))  p(p’ —4a?) pp* ~ 4a?)

1) lpeacrasum dynkumo f B BUne f(f) = % (sin(a — B)t + sin(a + B)t) m BocnOAL3yEMCH pelle-
HueM npumepa 687, a). Ilonyuum

1( a-p a+p )_( a(p2+az—g2)

i2sh?at = sin® it =

sinatcos Bt = - + = .
A= \Fra@-p T Pr@rpt) T A @-p) P+ @t
) 3anaweM gyHkumo f B Buge sinat ch 8¢ = sin af cosift. Torna, cornacHo 1), HMeeM
a(p2+a2+[32) a(p2+a2+[32)
sinatch §t = +— s v = - .
PP+ (@—if)) (PP +(@+if))  (p* + a2 - B?)’ +4a?p?
x) Mpencrasum dynxumo f B Buge cosatsh Bt = —isiniftcosat. PelieHne npumepa CBO,[[P]ITCH
K cnyyao ). Honygaem
. 3~ a B+ a
cosatsh,@t#—i( lﬁ_ 7+ 3 %ﬁ' 2>=
2\pP+@GEB—-a)Y P +EB+a)
_1( B8 +ia N B~ ia )_ B — o’ - 8Y
T2\pP+al-p—i2af p'+at-pl+i2aB) (p* + a? — B?)’ + 40232

689. a) 7(t) =sin(wt — po); 6) f(t) = shwt — pg); B) f(t) = cos(wt — y);

1) f(t) = chwt — po); 1) f() = (at — b)*.

<« IIpuMennM TeopeMel NOgOOHS U 3aNa30HBAHMS JUSL HAXOXIEHHS H300paXeHNst OpUIUHANA BHAA
flat ~ &), tne 5 > 0 u a — xomiiekcHOe uucno. Ilycts f = F, torma no teopeme nojuobus
flat) = al—F (%) Tlo TeopeMe 3ana3gbIBaHAS UMEEM

s -t=1 (a(t- 8) = 17 () . 0

a
a) Bocrionp3yeMcs peuieHHeM nipuMepa 687, a) u dopmynoit (1). TToayunm

. _bgo w
t — o) = -
sin(ut — gy £ 7B
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6) AHanoruyHo, NnpMHUMas BO BHUMAHHe peiieHue npuMepa 687, 6), uMeeM
. P W
sh(wt - (po) =€ w m

B) Cornacyo 687, B), coswt = ;jﬁy Io dopmyne (1) Haxonum:

Wt —ppy=e o 2
cos(wt —@g) =e v ———.
Po) = Pt
r) Bocnionsiyemcs peutenueM 687, r) u gopmynoit (1). Tloayuum
_pyo P

‘ ch(wt—-<p0)=e @ m
1) Tpunumag Bo BHUMaHue GopMyny (1) U3 npumMepa 682, a Takke dopmyiy (1) u3 Hacrosiuero
HpUMeEpa, HMeeM
I l(a+1) _pp a®T{a+1) _m
= - — 4 = ———¢e a,p

Q. .
(at - b)" = a (B\a“ € pat!
aj
690 I, 2t o
SO =g -t) = 0, t<t, 00obLIEHHA equHMYHas QyHKIMS XeBucahaa.
?

« CorntacHo pelueHHUIo npumepa 679 u dopmysie (1) u3 npumepa 689, noryyaem:
—ply

Nt —t) = N

691. f(t):{ 8: ecru 0<t<r,

ecim < 0wt > 7.
« [IpencrasuM dyHxkumo f 8 sune f(t) = (n(t) — n(t — 7))a. Torna @& A

1 e 1—-e™
f(t)ia(l—)— P )=a . B

p

b—a [
t—2a, e 2a<t<a+b, ZS t
692. r) = { 2—t, ecm a+b<t<2b, (puc. 96). 0 24
0, ecim € >2b wm t < 2a
Puc. 96

« TTockoneky GyHKIMIO f MOXHO NpEeACcTaBUTE B BUIE
fAY=(-2anpt—2a)— (- 2at —a—b)+ 2oyt —a—b)+{ —2by{t —2b) =
=@ -2a)pt —-2a) -2t —a -0t —a—b)+ & —2b)yt — 2b),

TO
e—2ap ze—(a+b)p e—2bp (e-ap _ e—bp)Z
N f@) = P2 - P2 + P2 = P2 Af(t)
(cM. peliieHne npuMepa 689, ). » kX
_J 0, ecmn t<0 :
693. f = { n’, eom 1< t’< n+l, nezZ, (cm. puc. 97). 24
<« 3anucas pyHkuuo f B BUle
F® =0~ 1) = 9t — 2+ 2n(t — 2) — 2t — 3)+ 3¢ — 3) - !
=IE-H+...+(-Dpl—n-D)—-(n-Dy—n)+ngt—n)+ ... = t
’ =g¢-D+nt-D+9¢ -3+ ... +9t—n)+ ..., 0 1 2 3
nony4aem ’ Puc. 97
R R 1
Oy ==->e"= (2

P per-1y
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0 ecu t<a
694. f¢t) = { T - ’ (puc.98).
! 1—e® ecm t>a ® L6
« OueBuHO, 9T0 QYHKIMIO f MOXHO NMPEICTABUTH B BHIC
f = (1=t - a), 1
CnenoBareyibHO,
e e be ™ ¢
t) = - = b >
o P p+b ppp+b) 0 a
Haittn u300paxeHHs HEPHONHIECKUX OPUTHHAIIOB. Puc. 98

_ sint, ecin 2nwm <t < (2n+ D,
6935. s = st +2m = { e (n+Dr<t<Qnrdm, nez, PHe-9).
<« BocinoneayeMest creacTBueM u3 TeopeMsl 5 1. 1.2: ecan f
spisercs T -nepuodnieckoi Q)yﬂxuneﬁ TO

o

Fo) = / f®e dt. o ]
t
B paccMmatpuBaeMoM CiTyyae NOJIy4aeMm: ! /,\ . .
o . 0 n 2t 3x
1 -pt - 1 —pt
- e i = Pre. 99
F(p) = e /e sint dt g /e sint dt c
0 0
m - .0
_ 1 [m/ Pl gy € PY(cost + psint) ‘ _ (0]
1 —e 2 (- ey p+ 1)|
o dte™ 1 </ N
T(-etmypl ) (P4 (1 -e ) >
Takum 06pasom, 0 4 2 3
1 [2 a [24
e —
F = Ty (3 Puc. 100
696. 7(t) = |sinat| (puc. 100).
4 OyHxkuus f — lr—-nepnonnqecxaﬂ, CJIENOBATENBHO
4 1 1 e inat)|°
F(p) = — / tsinat df = — Im/ (-priakt gy _ _ e"(acosat + psinat) |" _
Pg 1—-e?a 1—e?a p?+ a? x
0 a
a 1+e“’§ a e”ﬁ-l-e"zr_a

a T a T
= = = cthp — sinat| = -——— cthp —.
plta? |_ePi pP4al Py o5 prtad P Isi al.p2+a2c P2 ®
sint :{ 1, ecmu2nw <t<(2n+ D,

697. sty ={ Isint] ~ U —L, ecm@n+Dr<t<Qu+2Dm, ez, (puc. 101).

AN

0, ecmt <0
« Cyxenue QYHKIMH f Ha TOTOXHUTETBHYIO HOMYOCh €CTh 27T -nepHonndecKas QyHKUHAsA, TOITOMY
r L 27
1 1.
— -pt : - P T -pt —
F(p) = = /e sgn(sint) dt = = (/e dt /e dt) =
[} 1] T
1 0 (127 1 (1 —e? ) 1—e7 7 ~ e 1 p7
= —(e"p‘! +e? ) . = = =_—th £~
Pk #) T—ew ~ pl—ewmy  p(lter) (e”% te -”z—”) p 2
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CneloBaTre/ibHO,
sinf | 1 th r
[sint] ~p 2~ >
Afo 2
1 1 — e o o e e MM MM e e
t
0 =
n 27 3 4 i
-1 0 2¢ 4a 6a 8a
Puc. 101 Puc. 102
% —4n, ecrn 4na <t < (dn + Da,
698. ) = f(t +4a) = —-% +4n+2, ecm (dn+ Da <t < @n+a, n € Zg
0, ecru (An+a <t @n+4a, t<O,

(puc. 102).
« Oyuxamst f 4a-nepuonnyeckas, u ee u3obpaxeHue HaijneM no Gopmyie

4a a 2a
1 1 t {
- —pt - =-pt* —-pt _° —
FO = 1 O/e fdt = — (O/e adt+/e (2 a)dt) =

1 te—Pt e—Pt 2a
“a(l—e—“f’)((_ P "137) a2

a  steTPt P 2qeH (1— e )2

0 (p PP )a>_apz(1—e“"’_f’)~

_ (1 - e7%)? 3 1—e0 B th %
ap’(1 — e 2)(1 + e~y  ap’(l + e~ ?)(1 + e~y  ap?(1+e2p)’

L

ap’(1 + e‘“")

Takum 06pazom,

=

[Tonb3ysce TeOpeMOi CMELIEHUS, HAMTH H300pakeHHs: HYHKIIUMI.

699. a) f(t) = e *sinwt; 6) f(t) =e “shwt; B) f(t)=e coswt

0 fi)y=e“chwt; n) fit)= t”‘ e o) fit) =tsingt; x) f(t) = eﬂ‘ sin at;

3) f(H) = %nr shat; w) ft) = e"t shat K) f(t) =t% cos 8t;

) ) = Lrefcosat; M) f(t) =L chat; w) ft) = LreP chat.

<« B cnyyasx a)—1) MOXHO HENOCPEICTBEHHO NPUMEHSATDH TEOPEMY CMeLueHMsI. B ob1ieM xe ciydae,

ecu Tpebyerca HaiiTH n3o0paxeHne PyHKUNM @, CIEIYET, ECIH ITO BO3MOXHO, IPEACTABUTE €€ B BHIE
)= e’“ti/;(t), Po = Const ¥ NPUMEHHTE TEOPeMy cMelneHus. Toraa

Y= = ‘I’(p PO);

rae ¥ — n3obpaxenne dynxkuan . MMeem:
a) sinwt = ﬁa—lf (cMm. ipumep 687, a)). o TeopeMe cMeleHUs

w
"ttt
6) shwt = ;%;7 (cM. npumep 687, 6)). CrenoBaTensHo,

e smwt

e shwt = v ;
@+ a) —w?
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B) coswt = —fo (cM. npumep 687, B)). Torma

pta .
P+ ) +w?’
r) chwt = ;z—g—a—); (cMm. nipumep 687, 1)). Ilo Teopeme cMeUICHHUS

e coswt =

e *chwt = pta 5
(p+a) - ¥)? — w?
0t = P;j 1) (cm. npumep 682). Torxa
. Iax+1)
- (p— ﬂ)a+l )
B uactHOCTH, " = n 5
-/

€} pellleHre CBOOMTCs K caydato ). JdeficTBuTenpHo, t° sin 8t =
I+ 1)((p+ By — (p— pi)™")

%{(taeiﬁt _ t"e—wt).

¢ sin it = 2i(p2 + ﬂ2)0+1
Ecim a = n, 10
n nt+l _ anntl
© gt L @O @ ot
n! 2 (p* + pH)r*l

Ecnua:—%,To
sinft | 7T Vp+pPi-p~— ,Bz
N Ny

sint . sz‘H"

B uactHOCTH, W A \/pZ —
X) PemeHue cBoaMTCS K ciry4aio €). Mmeem ‘
£ b gnag o L @B H e~ (0= p = aiy
n! T2 ((p — B + a?)*t! ’

n n
3) IMpeacrasnm dyuxumuio f B suze f(i) = % (%reat — —tﬁ_re_‘") W BOCIIONIb3YEMCST CIIYUaEM X).

TMoxyunm

n

_—Shat 1 ( 1 B i )z(p+a)n+l_(p_a)n+l'
n! 2 (P _ a)"‘“ (P + a)n+1 2(}72 - a2)n+l
1) BocnofinayeMcst pelieHneM 3) u TeopeMoil cmeltenus. Mimeem
(p-B+a)™ - p—p—ay*
Ap- PP -yt
k) Wz npenctasnenns byukumn f(t) = (t"‘ By e 'm) , PELIeHMs 1) U TEOPEMbI CMELIEHHN
HaXOANM:

tﬂ
= ePtshat =
n!

a+l a+1
£ cos Bt = (F(a+1) I’(a+1))_I’(a+1)(p+z,3) +{p—1ip) ‘

(P . zﬂ)"“” (P + iﬂ)a+l 2 (P2 _|_,32)a+l

B m ;o @i g — g™t cost . VPR +14p
YaCTHOCTH, Sy Cos Bt = L@—T—SLTLZ(I, R s Jami < .

2y/p?+1
s A+ __ganntl
11) IockonbKy, COrnacHo )1), cos al, = (p+ %2 ++E(};"+ ll @) » TO IO TEOPEME CMELLCHUA NMEEM
t" - B+ia)*"! +(p - B — ia)"""
—-eﬁtcosaté(p B +ia) p-p—i)"

! 2 — P+ o?yF

N
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n n n _ . ]
M) Tax Kak —%;ch at = % (tﬁ;eat + tme "‘) W, COrMacHo 1), t"e™ = (p__:,;)n+ , T0

T 1 ( 1 1 . (p + a)n+l + (p _ a)fH-l
—chat = = + ) = )
n! (P -~ a)n+l (P + a)n+1 z(pz — a2)n+l

2
H) Bocnionbayemes pelieHHEM M) M TeopeMoit cMeLeHns. H