A.K.Bospuyk
®YHKIIUU KOMILJIEKCHOT'O TIEPEMEHHOI'O: TEOPUS 1 ITIPAKTUKA
Crnparounoe nocobue 1o BeiciIel MaTemaruke. T. 4
M.: Emuropuan YPCC, 2001. — 352 ¢.

«CrpaBouHOe mocoOHMe TO BBICIIEH MareMaTHUKe» BHEIXOAWT B IATH TOMax H
MpeicTaBIsgeT co0Oi HOBOE, WCIPABIIEHHOE M CYIIECTBEHHO MOIOJIHEHHOE W3JIaHue
«CrpaBovYHOTO MOCOOUS MO0 MAaTeMaTHYECKOMY aHaIN3y» TeX K€ aBTOpPOB. B HOBOM
U3JIaHUM MOCOOMe OXBATHIBAET TPU KPYITHBIX pasfelia Kypca BHICHIEH MaTeMaTHKu —
MaTeMaTHJecKuil aHanu3, Teopuio auddepeHIUaTbHEIX YpaBHEHUH, TeopHio QyHKIUH
KOMILIEKCHOW TTEPEMEHHOIA.

Tom 4 sBAsSETCS TOTHUIECKUM NPOAOIKEHAEM TPEX NPEABIIYIHUX OPUEHTUPOBAHHBIX
Ha MPaKTUKy TOMOB M COJEPXKHUT OoJiee JYeTHIPEXCOT MOAPOOHO PEelIeHHBIX 3ajad, HO
IPU 3TOM OTIANYaeTcs Oojiee JeTalbHBIM H3I0KEHHEM TEOPETUUECKHUX BOIMPOCOB U
MOXET CIyKHUTh CaMOCTOSATENHHEIM 3aMKHYTHIM KypcoM Teopud (yHKIuiH
KOMIUIEKCHOTO mepeMeHHoro. IlomMuMo BompocoB, OOBIMHO BKIIIOYAEMBIX B KYPCHI
TaKoTO poJia, B KHUTE H3JIaraeTcs P HECTAHAAPTHBIX — TaKWX, KaKk WHTerpa
Hrrotona—Jleitbnuna u npoussoanas Gepma—Ilarpanxka.

ITocobue npegHazHavueHO AJIA CTYEHTOB, MpenojaBaTelieil 1 pabOTHUKOB (PU3UKO-
MaTEMaTHYECKUX, OSKOHOMHYECKHX W WHKEHEPHO-TEXHUIECKUX CHeNHATFHOCTEH,
CHEIUAIUCTOB 10 TPUKIATHOW MaTeMaTHKe, a Takke JHI, CaMOCTOSTEIHHO
M3YYAIOIMUX BRICIIYIO MAaTEMaTHUKY.

OrnaBnenne

IIpenucioBue

I'raBa 1. OcHOBHBIE CTPYKTYPbI MATEMATHYECKOI0 AHAJIA3A

§ 1. DneMeHTHI TEOpUU MHOXKECTB U OTOOpaXKeHUM
Hexotopsie noruveckue cuMBobl (4) OO03HaUEHMS, HCTIONIE3YEMBIE B
teopuu MHOXeCTB (5) HarypansHbie uncna. Merox MaTeMaTHIeCKOM
unaykiuu (5) Ipocreiimue oneparuu Hag MHOXKeCTBaMH (6)
VYopsaoueHHas napa ¥ IeKapTOBO Mpou3BeneHue MHOxKeCTB (7) bunapHsie
otHomenus. [Tpoekiuu u ceuenus 6uHapHOTO OoTHOMmEHUA. OGpaTHOe
6unapHoe otHomeHue (7) OyHKIMOHANEHOE OMHAPHOE OTHOMICHHE.
OyHKIMS ¥ TpocTeie MOHATHS, CBa3aHHBIE ¢ Heto (8) O6parnas
¢dynximsa. Komnosunus orobpaxenuit (9) [lapamerpudeckoe 1 HesIBHOE
otrobpaxenus (9) Mzomopdusm (10)

§ 2. Maremarnueckue CTpyKTyphI 10
I'pynna (10) Konsno (10) Teno (10) ITone (11) BekropHOoe mpocTpaHcTBO
Haj noneMm K. HopmupoBannoe npoctpascTso (11)

§ 3. Merpuueckue MpocTpaHCTBa 12
AxcuoMsl MeTpuKkH. [Ipeaen mocneaoBaTenbHOCTH TOYEK METPUIECKOTO
npoctpasctsa (12) lapel, chepsl, auamerp MHOXKecTBa (13) OTKpBITHIE
MHOoxecTBa (14) BHyTpeHHOCTH MHOXECTBa (15) 3aMKHYThIE MHOXKECTBA,

TOYKH MPUKOCHOBEHHUS, 3aMbIKaHUEe MHOXeCTBa (16)
§ 4. KomnakTHBIE MHOXKECTBA 18
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§ 5. CBd3HBIC IPOCTPAHCTBA U CBA3HBIE MHOXKECTBA

§ 6. Ilpenen u HEMPEPHIBHOCTH OTOOPAXKEHUS U3 OJHOT'O METPUUECKOTO
IPOCTPaHCTBA B IpyTroe
IIpenen u HenmpepriBHOCT oToOpaxkenus (20) HenpeprBHOCTE
KoMIo3umun otobpaxkenuit (21) HempepsiBHOCTS 06paTHOTrO 0TOOpaXeHUs
(22) Ilpenen u HenpepHIBHOCTH 0TOOpaxeHus B cMbiciie Kommu. Hexotopseie
CBOWCTBa HEMPEPBIBHBIX 0TOOpaxkeHu# (22) PaBHOMEpHO HETIPEpPHIBHEIE
otobpaxxenus (24) 'omeomopdu3Mbl. DKBUBAJICHTHBIE paccTOAHUA (25)

I'raBa 2. Kommuiexcnbie yncia 1 QyHKIHA KOMILIEKCHOTO IIEPEMEHHOT0

§ 1. KomnnekcHbIe dncia ¥ KOMIDIEKCHAS INIOCKOCTh
OmpeneneHue KOMITIEKCHOTO gucia (26) ApryMeHT KOMIUIEKCHOTO YHCa.
Tpuronomerpudeckas U nokasarenbHas GOPMEI €T0 3allUCH. Y MHOXKEHHUE U
JieNieHre KOMILIEKCHBIX gucen. Oneparius U3BIeUeHNs KOpHS U3
koMmruiekcHoro uucia (28) Crepeorpadudaeckas MPOEKIUs U €€ CBOWCTBA
(29) IIpumepsr (31)

§ 2. Tononorus koMIIeKCHOM mnockocTy. IlocaenoBaTenbHOCTH KOMILIEKCHBIX
yucen. CBoiicTBa (pyHKIMIA, HEIPEPHIBHBIX Ha KOMIAKTE
Tomonorus KOMILIEKCHOH MI0CKOCTH (43) 3aMKHYThIE MHOXKECTBA, OTPE30K
u nomaHas. Cs3Hble MHOKeCTBa (45) IlocnenoBaTeIbHOCTh KOMILIEKCHBIX
yucen U ee npenen (45) Croiicrea komnakta K < C (47) Ilpenen u
HETIPEPHIBHOCTh (PYHKITNH KOMIUIEKCHOTO IepeMeHHoro (48)
Apudmerudeckue oneparyy HaJ peelaMy U HeNpephIBHBIMU
bynkiuamu (49) Ilpenen u HeNpepHIBHOCTh KOMIO3UIIUY QyHKIHIT (49)
CgoiicTBa (hyHKIMIA, HETIPEPBIBHBIX Ha koMnakTte (50)

§ 3. HenpepriBHbIe U T1aakue kKpuBble. OTHOCBA3HBIE 1 MHOTOCBSI3HEIE 00NIaCTH
ITpumepsr (53)

§ 4. Iuddepennupyemblie PyHKIIMHU KOMIDIEKCHOTO repeMeHHOT0. CBA3b MEXTy
C-muddeperrmpyemoctsio 1 R? -nuddepeHnupyeMocThio.
AHanutnaeckue QyHKIIUU
Ompenenenue quddepenmupyemoit pynkiuu. [Ipasuna
middepennupoBanus (63) Juddepennuan pynkuuu (66) Kpurepuit
middepeHpyeMocTy HYHKIIMH KOMIIEKCHOTO IepeMeHHOro (67)
Ananutnaeckue Gynknuu (68) I'eoMeTpudeckuii CMBICI TPOU3BOHON
GbyHKIMH KOMITIEKCHOTO iepeMeHHoro. IlonsaTue koHbopMHOTO
otrobpaxenus (70) Ilnockue puznyeckue mos ¥ UX CBA3b C
aHanmutdeckumu pynxmusamu (71) HepasencrBo Jlarpamxka (73) Ilpumeps
(73)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI

I'nasa 3. dnemMenTapubie QyHKIHH B KOMILIEKCHOH ILIOCKOCTH

§ 1. JIpo6GHO-nuHElHBIE GYHKIIMM U UX CBOHCTBa
Omnpenenenue aApoOHO-uHEHHOM PyHkMKU. KordopMHOCTE 0TOOpaxeHus
(83) I'eomeTpuueckue cRoOMCTBa APOOHO-THHEHHBIX 0TOOpaxeHuit (84)
JpobHo-nuneiltnble n3oMopdu3Mel U aBToMopbu3Msl (86) Ilpumeps: (88)
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§2. Crenennas ¢pynkuus w=2z" (n€ N,n > 2). MHorozHauHas GyHKIUS W = iz 41
U €€ MoBepXHOCTh PuMmana

Crenennas ¢ynkuus (91) Maorozsaunas GyHKIus w = iz nee
noBepxHocTh Pumana (92) Ilpumepsn (93)

§ 3. IlokazatenbHas GyHKIMA W= e° U MHOTO3HAYHAs QyHKIHsA z=Ln w 94
IMToxazarensHas GyHknusa w=e” (94) Muoro3naunas ¢pysknus z=Ln w (96)
ITpumeps! (96)

§ 4. O6mas crenenHas U o0mIas MokasatensHas QyHKIMH 97

O6mas crenennas ¢pynkuus (97) Obmas nokazarensHas GyHkIus (98)

§ 5. @ynxmus XKykoBckoro 99
Onpenenenue ¢pynkuun Xykosckoro. Kondopmuocts (99) ITpumeps! (100)

§ 6. Tpuronomerpuueckue u runepbonuaeckue GyHKIIUU 101

ITpumeps! (105)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI 145

I'taBa 4. UaTerpupoBanne B KOMILIEKCHOM ILTOCKOCTH. UHTErpain 149
Hrirorona — Jleitonuna n Komn

§ 1. Unrerpan HetoTona — Jleitbxruna 149

ITeproobpasnas (149) Unrerpan Hetorona — Jleii6aumna (150) JIuneitnocTs
UHTerpaia. 3aMeHa epeMeHHBIX U (OopMyiia HHTETPUPOBAHUS 110 YaCTAM
(757)

§ 2. IlpousBoaubie U uHTErpaTbl HetoToHa — JleliOHMIa TI00RIX TOPSAKOB 153
Omnpenenenue n-npou3BoaHOM U n-uaTerpaia (153) ®opmyna Hetorona —
Jleitonuna. IIpousBoankie o npeaenam uarerpuposanus (154) Gopmyna

Teitnopa (156)

§ 3. IIponsBognas ®epma — Jlarpamka. ®opmyna Teitnmopa — Ileano 156
IIpoussoxuas ®epma — Jlarpanxka (156) Teopema Teitnopa — Ileano u ee
obpamenue (157)

§ 4. KpuBonuHeliHbIe HHTErpaIbI 159

HuTerpupoBanue GpyHKIUI 10 OpUEHTHPOBAHHOM IIaaKoi kpuBoi (759)
I'omoronus AByX kpuBHIX (mmyTeit) (161)

§ 5. Teopema u unTerpan Komm 162
CymiecTBOBaHUE JTOKAIBEHON NepBO0Opa3HON aHATUTHYECKOH DYHKIIUU
(162) IlepBooGpa3nas Baonb kpuBoii (Baons mytH) (165) Teopema Komm
(166) UnTerpansHas popmyna Komm (172) IIpumepsr (173)

§ 6. MaTerpan tuna Kommu 175

OmpeneneHue 1 OCHOBHOE CBOMCTBO uHTerpaia tumna Komwu (775)
I'apMOHMYHOCTH IEHCTBUTENEHON U MHAMO# JacTell aHATUTHIECKON
¢byskuu. BoccTaHoBIeHHE aHATUTUIECKOH (PYHKITUH TTO ee
nevicreutensHOM (MHUMOI) vacTH (177) Teopemsl JInysumns u Mopepa
(178) T'nmaBHOE 3HaUeHUE U TIPelebHBIE 3HAUEHNU HHTErpaia Tuna Komm
(179) ®opmyans! IIBapnia u Ilyaccona (181) ITpumeps! (184)
VipaxxHeHus AJI CaMOCTOATENLHOM paboThI 195



I'imaBa 5. Papsl ananaradecknx @pynxnui. M3oaupoBannbie 0co0bie TOYKH

§ 1. Psap Teitnopa
O6mue creaenus o pagax (197) IocnegoBarensHOCTh QYHKITUN U
dbyHknuoHanbHEIH psaa. Iloroueunas cxoxumocts (198) PaBHoMepHas
HopMa (yHKIIMHN. PaBHOMEpHAs CXOIUMOCTE MOCIEA0BATENEHOCTH
byskmumii u pyskImoHansHOTO paaa (199) HopmanbHas cXoquMoOCTh
dbysknmoHansHoro psaga. Ilpusnaku Beliepmrpacca, A6ens u Jupuxie
PaBHOMEPHOI cxoAMMOCTH (GYyHKIIMOHATLHBIX psAaoB (201)
OyHKIIMOHANBHBIE CBOMCTBA paBHOMEPHOH CyMMBI GYHKIIMOHATBHOTO pAaa
(203) Crenennsie paasl (206) Teopema Teitnopa (208) Teopema
eauacTBeHHOCTH (210) ITpumMepsr (212)

§ 2. Pan Jlopana v U30MpoBaHHEIE OCOOBIE TOUKH aHAIUTUIECKUX (PyHKIIHIA
Teopema Jlopana (219) Knaccuduxarus n301upOBaHHBIX 0COOBIX TOUEK B
C (227) lloBeneHue aHANUTUIECKOH (PYHKITUH ITPU MOIXOAE K
U30ITMPOBaHHO 0coboii Touke (222) BeckoneuHas n3onupoBaHHas ocodast
touka (224) ITpumeps! (225)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI

'1aBa 6. AHATHTHYECKOE MIPOJOJKEHHE

§ 1. OcHOBHBIE NOHATHA. AHATUTHIECKOE TPOJIOIKEHHE BJIONb ITyTH
CBO¥CTBO €IMHCTBEHHOCTH aHAIUTHIECKOH PyHKIIMK. Onpenenenue
aHAJTUTUYECKOTO NpoaoinkeHus (232) AHaTUTHIECKOE TPOAOIKEHUE BIOIh
myTy (234) UTHBapHMaHTHOCTh aHATUTUYECKOT'O IPOAOIKEHUS BIOJb ITyTH
OTHOCHTENILHO TOMOTOMHEIX AedopMaruii aToro myTtH (235)

§ 2. Ilonubie aHanUTHIECKUE PYHKIIUU
ITonsrue nonnoit ananutnaeckoit pynxmuu (237) IlpuMeps! NOIHBIX
aHanmutuiaeckux Qynkinui (238) Ocobbie TOUKH MMONTHOM aHATUTHIECKON
bynkmuu (239) CymecTBoBaHHE 0CO00M TOUKHM Ha TpaHUIIE KpyTa
CXOAMMOCTH CTEIEeHHOTO psaja (240)

§ 3. [IpyHIMIIBI aHANTUTHIECKOTO TPOAOJDKEHUS
ITpumeps! (241)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI

I'raBa 7. Beiuers! 1 HX NpHMEHCHHAS

§ 1. Onpenenenue Beraera. OCHOBHAA TeOpeMa
Brrder 0OTHOCUTENBEHO H30JIUPOBaHHOM KOHEUHOM ToukH (245) Beraer
OoTHOCUTENBHO OeckoHeuHOCTH (246) Teopema o Beruetax (247) Ilpumepst
(248)

§ 2. llensle u MepoMopdHBIE GYHKIIUU
Iensie pynkium (257) Mepomopdnsle pyaknuu. Teopema Murrar-
Jleddnepa (257) Paznoxenue mepomMopdHBIX (YHKIIUIT Ha IpOCTeitmye
npobu (259) Ilpumepsr (262)

§ 3. beckoHeuHble IPOU3BEICHUS
UucnoBele 6eckoHeUHbIe Ipou3BeAeHUs (265) PaBHOMEpHO cxoasamuecs
6eckoneunsie mpousBenenus (267) Ilpencranenue nenoi GyHKIIUU B BUE
O6eckoneuHoro npousBeaeHus (267) Pasnoxkenue sinz B 6eCKOHEUHOE
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npousseaeHue (26P) Pox u nopsaxox nenoit pynxuuu (270) Mepomopdras
(yHKITUS KaKk OTHOIIEHHe JBYX Henbix pynknuii (270) Ipumeps (271)

§ 4. IlpuMmeHeHre BEIMETOB J7IS BEIYUCICHHS HHTErPAIOB U CYMM DSIOB
IIpuMeHeHHEe BEIYETOR 71 BEIYHUCICHHS ONPEIeIeHHRIX UHTErpalioB (274)
IIpuMeHeHMe BEIMETOR K BEIMUCIEHUIO CyMM psaioB (278) Ilpumeps (279)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI

I'raBa 8. HexoTopnie 0061mue BOMPOCHI TeOMETPHYIECKOH TCOPHH
aHaJATHICCKHX QyHKImH

§ 1. Ilpuanun aprymenra. Teopema Pyme

Brruncnenue nHTErpana ! - J‘(p(z)f (Z)dz (295) Teopema o

2mi 5, f(z)-4
norapudmmudeckoM Beraete (296) Ilpunnun aprymenra (296) Teopema
Pyme (297) ITpumeps! (298)

§ 2. Coxpanenue o061acTd U JOKaIbHOE 0OpalleHle aHATUTHIECKOH yHKIINH
ITpuann coxpanenus obnactu (300) JlokansHOe oOpaieHue
aHamutndeckux ¢ynxuuit (301) ITpumeps! (303)

§ 3. OkcTpeManbHBIE CBOMCTBA MOAYJIS aHATUTHIECKOH QyHKIIMH
ITpuanmn MakcuMyMa Moyns aHamutudeckon Gynkiuu (304) Jlemma
[TBapma (305) Ipumeps! (305)

§ 4. IIpuanun koMnakTHOCTH. DYHKITMOHAIIBI HA CEMENCTBE aHATUTUIECKUX
GbyHKIII
PaBHOMEpHO OrpaHNYEHHBIE M PAaBHOCTENIEHHO HETIPEPBIBHEIE CeMeEiCTRa
¢bynxrmit (308) [puanun kommnaktHOCTH (309) OyHKIIMOHATEI,
omnpeneneHHsle Ha MHOXecTBax GyHkuuit (310) Teopema I'yprumna (311)

§ 5. CymecTBoBaHME U €UHCTBEHHOCTH KOH(POPMHOTO 0TOOpaXkeHUs
Kondopmarie uzoMmopdusmsl 1 asromopdusmsl (312) Ipumepsr
asromopduzmMoB (312) CymecTBoBaHUE U €TUHCTBEHHOCTh H30MOP(U3MOB
obnacreit, nzomopdHbIX exuHUIHOMY KpyTy (313) Teopema
cymectBoBanus (314)

§ 6. CooTBeTCTBUE TPAHUI] U IPUHITUI CUMMETPHH ITPU KOHPOPMHOM
OTOOpaKeHNH
Teopema o coorBercTBuM rpanul (315) Ipuanun cummerpuu (316)
ITpumepst (317)

§ 7. Kondopmuoe otobpakenue MHOTOyTroNnbHIUKOB. MHTErpan Kpucroddens —
[IBapua
OTtobpaxeHue BepxHel MOMYIIOCKOCTH Ha MHOTOYTONBHUK (318) Coy4aii
MHOT'OYTOJIFHUKA, UMEIONIET0 BEPIIMHEI B OeckoHETHOCTH (322)
OtobpaxkeHre BepXHEH NOIYIIIOCKOCTH Ha BHEITHOCTh MHOTOYTOJIbHUKA
(322) OTobpaxeHue BepXHeH NOIYIUIOCKOCTH Ha IPSIMOYTONBHUK (323)
ONNMUNTUYECKUH CUHYC U €r0 ABOsAKas nepruoaudHocTh (324) OTobpaxenue
€AVHUTIHOTO KpyTa Ha MHOTOyTONsHUK (326) ITpumeps! (328)

VipaxxHeHus AJI CaMOCTOATENLHOM paboThI
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Jluteparypa 338
IIpenMeTHBINM yka3aTens 339
IIpenmeTHBI yka3aTens

Hacrosmuuii npemMeTHBI yKa3aTels TPH3BaH OONErdWTH IOMCK TEPMHUHOB IO an(aBHTHOMY
npI3HaKy. [l moucka TEPMHHOB IO TEMAaTHISCKOMY NPH3HAKY HOJIB3YyHTECh MOAPOGHO COCTABICHHEIM
OTTIaBJICHUEM.

B HacTosImeM mpeaMETHOM yKa3aTene, Kak MPaBIIo, IPUBOAATCS CCHUIKM Ha CTPAHHILY, TA¢ TEPMHH
ompeziensiercss. COCTaBUTENs yKasaTelds HE CTaBMJI CBOGH IENBI0 OTCIENUTH BCE YIMOMMHAHMSL
MPUBCOACHHBIX TCPMIHOB B KHUTC. Hcxmouenne cocTaBisioT TCPMHHBI, OTUCHIBAKOIITAC METOOBI, TIPUCMBI,
MPAKTHYECKHE PE3YNBTATHL [UISI HUX B HEKOTOPHIX CIydYasxX YKa3aHBI Takke 33/1aull, B KOTOPHX OHH
ucnons3ytoresi. Homepa 3az1ad ykazaHbl KypCHBOM IO CXeMe "IHCiIo:aucio”, TIie IepBoe JiciIo — HOMED
TJIaBHI, BTOPOE — MOPSAKOBEIM HOMED 3aIa4H.

A

Abens

— TeopeMa, 202

— — Bropas, 207-208
— — mepBas, 207

— TOXKJIEeCTBO, 202
abCOI0THOE 3HaYEHNE
—BHone, 11

— B Tene, 11
aBTOMOpuU3M KOHPOPMHBIA, 312
aJUTUTHBHOCTD

— HHTErpajia OTHOCUTEIILHO IPEACIIOB

UHTETpUpoBaHus, 151
— KpHMBOJIMHEWHOTO UHTErpana, 159
aKcHoMa MHIYKITUH, 5
aKCHOMBI
— abcomoTHOTO 3HaUYeHus, 11
— BEKTOPHOTO NMPOCTPaHCTBa, 11
— anuHbL 11
— METpHKHY, 12
— Moxyis, 11
— HOpMBH, 11
ATIONIIOHUS OKPYXKHOCTS, 41
apryMeHT KOMIUIEKCHOTO yucna, 28
—, TJIaBHOE 3HaueHue, 28
Apxumena cnvpains, 40
b
beprynmm
— JIeMHHCKaTa, 59
—yucna, 215
Beccens dynxkmus, 226
Oera-pynknus Diinepa, 328

Bonsnano—Beiliepmrpacca Teopema, 47

Bopens—IJlebera Teopema, 48 2:60

B

Beitepmrpacca

— OexkoHevYHOe mpou3BeeHue, 268

— Ma)KOpaHTHBIA IIPU3HAK PaBHOMEPHOU

cX0AUMOCTH (yHKIIMOHATIBHOTO pA/a,

201

— TeopeMa, 50, 204-205

— — O IPEJCTaBIIEHUH 1IeNI0H PyHKIMH
B BU/Ie OECKOHEYHOTO
npou3sBeeHus, 269

BeKTOp-pyHKIus, 50

BEKTOPHOE NPOCTPAHCTBO Haf mojem, 11

BEKTOpHI, 11

BETBU MHOT'03HauYHOM pyHKIIMH
OJHO3HAYHEIE, 92

BETBb MHOTO3HauHOU pyHKIIMM Ln w
riaaBHasd, 96

Buera Teopema, 2:21, 2:40, 2:41

BHEITHOCTH IPOCTOM 3aMKHYTOH KPHUBOH,
52

BHYTPEHHOCTH

— MHOXeCTBa, 15

— MPOCTOH 3aMKHYTOH KpHUBOi, 52

BBIYET

— aHAIUTUIECKOH QyHKITUH
OTHOCUTENBHO €€ U30IUPOBaHHOU
ocoboii Toukwm, 245

— (yHKIIMH

— — norapudmuueckuii, 296

— — OTHOCHTEIHHO OECKOHEYHOCTH, 246

r

T'aycca yrBepxkaenue, 37



I'eitne onpenenenue

— HETIPEPHIBHOCTH OTOOpaKEHUS B
Touke, 21

— mipenena otoOpaxenus, 21

I'enspepa ycnorue, 179

TJIaBHOE 3HAYCHUE

— apryMeHTa KOMIUIEKCHOTO Hcla, 28

— uHTerpana tuna Komm B Touke, 179

romeoMopdusm, 25

TOMOTOIHS

— 3aMKHYTOHU KPHBOH B 3aMKHYTYIO
KpuBYy1o, 161

— KpHUBOH B KpHBYy10, 161

— ¢ pUKCUPOBAHHBIM HavaJIOM U
KOHIIOM, 161

TpaHuIla MHOXECTBA, 17, 45

rpaduk orobpaxenus, 8, 9

rpymnmna,l10

— abenena, 10

— aBToMOp(du3MoB obmacTy, 312

— agguTuBHasA, 10

— KOMMyTaTuBHas, 10

— MYJbTUILTUKaTHBHAs, 10

I'ypBuna teopema, 311

A

J'Anambepa mpusHak, 2:51

JeACTBUTENILHAI YaCcTh

— KOMILIEKCHOT'O YHCcIa, 27

— (pyHkmn, 48

nedopmanus oHOM KpUBO# B APYTYIO,
161

JUaMeTp MHOXECTBa, 14

Hupuxiie

— TeopeMa, 155, 203

— OpU3HaK, 5:8, 5:11

muddepennman GyHKIUN B TOUKE, 66

I depeHIMpyEMOCTh BEKTOP-()YHKIIUK
Ha cerMeHTe, 51

JUIMHA B BEKTOPHOM IIPOCTPAHCTBE, 11

nonrora, 31

JIOTIOTHEHHE OJTHOTO MHOXECTBA B
apyrom, 6

X

Kopnana

—  memMa, 275, 7:59

—  Teopema, 52

XKyxorckoro dynkmus, 99, 318, 3:28,
3:72, 3:74, 3:87-93, 3:95, 3:97,
3:99, 3:100, 3:101

3

3aMbIKaHHAE MHOXKECTBa, 16, 45

3HaKU

— BKIIIOUEHUS, 5

— NPUHAATIEKHOCTH, 5

3HaYCHUE

— apryMeHTa KOMILIEKCHOTO JHcia
riIaBHOE, 28

— OeCKOHEYHOT0 Mpou3BeeHNs, 265

— uHTerpaia tTuna Komm B Touke

— — TJaBHOE, 179

— — MpeAensHoe clieBa OT KpuBoH, 180

— — IpeAeNbHOE CIpaBa oT KpuBoi, 180

— oTobpaxeHnus, 9

41

uzomMopdusm

— ApoOHO-MMHENHHBIH, 87

— KoHGpOpMHEIH, 312

— MHOKECTBa Ha MHOXECTBO, 10

UHTErpa

— Hrerortona—JIeitbaua

— — omnpeaeneHHs, 150

— — ¢ (pUKCHPOBaHHBIM HIXKHUM
MIPEIeTIOM U IEPEMEHHBIM BEPXHUM
MPEACIIOM UHTErpupoBanus, 150

— B CMBICJIE TTIABHOT'O 3HAYEHUS 110
Komm, 179

— Kommmn, 173

— KpUBOJIMHEWHBIH (yHKIIUU IO KPUBOIA,
159

— — BTOpPOTO poAa, 159

— — IepBoro poxaa, 159

— Kpucrodbdens—IIIBapua, 320

— — BTOpPOTO poAa, 321

— — IepBOro poxa, 321

— tina Komu, 175

——, 3HaUY€HHE B TOUKE

— — —TIaBHoOe, 179

— — — NIpeNIeNbHOE



— — —— cneBa OT KpuBoH, 180

— — —— cmpasa OT KpuBoH, 180

— IlIBapma, 181

— Oiinepa—Ilyaccona, 191

— JJUIMNTUYECKHUH TepBoro poaa, 323

— — MOJHEIN, 324

1-unTerpan, 153

n-uHTErpai, 154

K

KanTopa Teopema, 18, 25

Kapareogopu Teopema, 315

Kapnana gpopmyins, 2:41

KBaHTOP

— obmHOoCTH, 4

— CyIIEeCTBOBaHUs, 4

KOnbIo, 10

— KOMMYTaTHuBHOe, 10

— yHUTapHoe, 10

KOMTakKT, 18, 47

KOMILIEKCHAs TIIOCKOCTh, 27

KOMILIEKCHEIE Jucya, 27

KOMILIEKCHBIN moTeHIuan, 72, 2:83

KOMITO3UITUS 0TOOpaxkeHuit, 9

KOMITOHEHTa YTIOPIIO4YE€HHOI Maphl

— BTOpAad, 7

— nepsas, 7

KOMIIOHEHTHI CBSA3HEIE, 52

KOHTHHYYM, 52

— NIMHEWHBIN, 52

KOHTYp, 160

KOOpAMHATA yIOPSAAOYCHHON Iaphl

— BTOpAad, 7

— nepsas, 7

Komu

— uHTerpain, 173

— Kpurepuii, 46, 198, 200

— — Juis pyHKIIMOHAIBHOTO psna, 201

— oTpefieieHue

— — HEMPEPBIBHOCTU O0TOOpaXkeHus, 22

— — mipenena otoOpaxenus, 22

— Teopema

— — MHTerpanbHad, 166-167

— — —, 00001menue Ha ciydJait
GbyHKIMH, He ABIAIOmENRCs

aHAJTUTUIECKON Ha KOHTYype
UHTEerpupoBanus, 168-170

— — 0 BBIUeTaAX, 247, 7:42, 7:47

——, 0000menHue Ha ciydait
HEOJHOCBA3HOM obmacth, 171-172

— (opmyna unTErpansHas, 172—173

— sapo, 179

Komm—A gamapa

— TeopeMa, 207

— dopmyma, 5:10, 5:11, 8:6

Komm—Pumana ycnosus, 67, 2:72, 2:73,
2:75, 2:77-80

KpUBas

— TIajKas

——, opueHTanus, 51

— — OpUEHTHpOBaHHas, 51

— —, IapaMeTpUIECKOe NPEACTaBICHHUE,
51

— — mpocras, 51

— XOpAaHoBa, 51

— — 3aMKHyTad, 51

— 3aMKHyTad, 51

— KaHTOpoOBa, 52

— KyCOYHO-TTIajKas, 52

— HempepbIBHAs, 51

— OpPHEeHTHPOBaHHAS

— — MPOTHUBOMOJIOKHO 110 OTHOIIEHHUIO
K JaHHOM, 51

—, IapaMeTpUIECKOe IpeACTaBIeHue, 51

— mpocras, 51

— — 3aMKHYyTas

— — —, BHEIHOCTH, 52

— — —, BHYTPEHHOCTH, 52

Kpuctodbpens—IIIBapna

— uHTerpai, 320

— — BTOpOTO poaa, 321

— — IepBoro poja, 321

— ¢opmymna, 320, 8:22, 8:25

KpUTEpHUH

— muddepennupyemocty pynknuu f: C -
>C67,2:79

— KOMIIAKTHOCTH B cebe, 47—48

— Koy, 46, 198, 200

— — ans GyHKIHOHANBHOTO psana, 201



KpYT CXOANMOCTH aHATUTHIECKOTO
JJIeMeHTa, 233

KpYTOBO€ CBOHCTBO APOOHO-TMHEHHBIX
otoOpaxkeHui, 85

J

Jlarpanxa

— psan, 302

— TeopeMa, 73

Jlangay cumBomsl, 11

Jlannaca oneparop, 178

JeMMa

— Xopaana, 275, 7:59

— IIBapma, 305, 8:15-17

JIEMMBEI

— ITackans, 5

neMHuckara beprymmm, 59

Jlvanenéda pesynsrar, 316

JTUHENHHOE MPOCTPAHCTBO HAJ moneMm, 11

JTUHEWHOCTh KPUBOJIMHEHHOTO HHTETpAla,
159

JluyBmuis reopema, 178-179, 4:25

Jlonmransa npaBuno, 7:8

Jlopana teopema, 219-220

M

Mepa JKOpAaHOBa MHOXKECTBa, 79

METON,

— MaTeMaTUIECKON MHAYKIuH, 5-6, 2:53

— OT IPOTHUBHOTO, 4

METpHKa, 12

— cepuueckas, 43

Murtrar-Jleddnepa reopema, 258-259,
7:25,7:27

MHUMas 9acTh

— KOMILIEKCHOT'O YHCcIa, 27

— (pyHkmn, 48

MHoOrowieH Teinopa, 156

MHOXX€CTBa

— uzomop¢usie, 10

— Hemepecekaromuecd, 6

— paBHEIE, 5

MHOX€ECTBO

— BHEIIHUX TOYEK JaHHOTO MHOXECTBA,
15

—, BHYTPEHHOCTB, 15

— BMOJIHE OTPaHUIEHHOE B METPUIECKOM
MPOCTpPaHCTBE, 18

—, TpaHuna, 17, 45

—, IuameTp, 14

— OPJaHOBO

— —, Mepa, 79

— —, IJIOIAaab, 79

— 3aMKHYyTO€, 16, 45

— — CBA3HOE, 45

—, 3aMbIKaHue, 16, 45

— 3HaYeHUH oToOpaxkeHus, 9

— KOMHakTHoe, 20

— — B METPUIECKOM IIPOCTPAHCTBE, 18

— —Bcebe, 18,47

— — OTHOCHUTENHHO METPUIECKOTO
MPOCTPaHCTBa, 18

— JTUHEWHO-CBsA3HOE, 149

—, oOpa3 pu oToOpakeHuH, 9

— OrpaHu4eHHoE, 14, 44

— ompeieNieHus OToOpaXkeHus, 9

— OTKphITOE, 14, 45

— — CBA3HOE, 45

—, IOKphITHE, 18

—, mpoobpa3 mpu oToOpakeHuu, 9

— mycToe, 5

— CBSI3HOE B METPUYECKOM
MPOCTpaHCTBE, 20

— TOYEK KyCOYHO-TTIaJAKON KpUBOH, 52

— yHKIMIH

— — KOMITaKTHOE

— — — B JJaHHOM o6mactu, 309

— ——msBcebe, 311

— — PaBHOMEPHO OrPaHUYEHHOE BHYTPHU
JlaHHOM obnactH, 309

— — PaBHOCTENEHHO HenpephiBHOE, 309

— — BHYTPH JaHHO# obnactu, 309

MOIYh

— B norne, 11

—BTene, 11

— KOMILIEKCHOTO YHCaa, 26

MomTens npusHak KOMIakTHOCTH, 309—
310

Mopepa teopema, 179

Myagpa popmyna, 29, 2:17



H

HanpaslieHue 00X0/a rpaHuIlbl 00IacTH
MONOXHUTENBHOE, 162

HENPEPBIBHOCTh

— oTo0OpakeHu# B3auMHas, 25

— otobpaxenus, 21, 23

— — B TOuKe, 23

— — — B cMmbicnie Teline, 21

— — — B cMbicne Karmm, 22

— — paBHOMepHas, 24

— (GyHKIMH B TOUKeE, 48

HEPABEHCTBO TPEYTONHHHUKA

— I abCONMIOTHOTO 3HaYeHus, 11

— JUISI METPHKH, 12

— U1 Moy, 11

— JJI HOPMBI (IVIMHBI) B BEKTOPHOM
MPOCTPaHCTBE, 11

HOpMa

— B BEKTOPHOM IPOCTPAHCTRE, 11

— BEKTOpa, 11

— ¢yHK1MM paBHOMEpHas, 199

— —, CBOiicTBa, 199

HyJIb QyHKIUH, 212

— KpaTHOCTH n, 212

Hrrorona—Jleitbuuna ¢popmyna, 150

— 74 n-uHTerpana, 154—155

o

obnactu

— ApoOHo-MMHEHHO n3oMopdHEIe, 87

— KoHpopMHO-U30MOpdHEIEe, 312

obmacts, 20, 45

— OeCKOHEYHOCBS3HA, 53

— 3aMkHyTad, 20, 45

— 3Ha4YeHu# oToOpaxeHus, 9

— KOMITaKTHasd, 53

— MHOTOCBS3Has, 52

— HEOJHOCBA3HAasd, 53

— OXHOCBsA3HAA, 53, 162

— — OTHOCHUTEIBHO KOMILIEKCHOM
IUIOCKOCTH, 52

— — OTHOCHTENBHO PAaCITUPEHHOMN
KOMILIEKCHOM MIIOCKOCTH, 52

— OTIpeNieNeHus

— — otoOpaxeHus, 9

— — NOJHOM aHANIUTUIECKOH (QyHKITUH
ecTecTBeHHas, 237

— OTIIpaBIIeHUs OTOOpaxeHus, 8

— NpUOBITUS OTOOpaxeHus, 8

— CYIIECTBOBAaHMS MOJHOM
aHanuTHIeCKOH (yHKmu, 237

0o6pa3 MHOXECTBa ITPH 0TOOpakeHuH, 9

oOpanieHue OTHOIIEHUS, 8

00BbeUHEHNE MHOXECTB, 6

OKpPECTHOCTh

— MHOXeCTBa, 15

— — OTKpBITasd, 15

— TOYKH B MHOXECTBE, 53

3-OKpEeCTHOCTh TOUKH, 13

€-0KpPECTHOCTh OECKOHEUHO Yy TalIeHHOU
TOYKH, 44

€ -OKpECTHOCTh TOUKH, 44

OKPYXHOCTh ANOIIOHUS, 41

onepartop Jlamnaca, 178

omnepanuu HaJl MHOXKECTBaMH, 6-7

orepanus

— oOparmeHus oTHOIMEHUs, 8

— CIIOXEHUS KOMILIEKCHBIX YHCel, 26

— TPaHCIIOHHUPOBAHHUS OTHOIIECHHUS, 8

— YMHOXX€HHS KOMIUIEKCHBIX ducen, 27

OpUeHTaus

— IMIaJKoH KpuBoOH, 51

— — OPOTHUBOMIONOKHAsA, 51

n-0cTaTok pana, 203

OTHOIIIEHHE

— OuHapHOe

— — MEXIy JJIEMEHTaMU MHOXKECTB, 7

— — obpartHoe, 8

——, IPOEKIUA

— — — BTOpad, 8

— — — mniepBad, 7

— — (YHKIHMOHAIBHOE, 8

—, oOpanienue, 8

—, TPAaHCTIOHUPOBaHUe, 8

— oToOpaxxeHue

— OHEKTHUBHOE, 9

— B3aUMHO OJHO3HA4HOE, 9

— runepbonuaeckoe, 125



—, rpadux, 8, 9

— ApoOHo-1MHEHHOe

— —, HopManbHas dopMa, 125

— 3aJaHHOE MapaMeTPpUIECKH, 9

—, 3HaveHue, 9

— M3 MHOXECTBA B MHOXKECTBO, 8

— KoH(pOpMHOE

— — B obmacty, 71

— — B TOUKe, 71

— IoKcogpoMuaeckoe, 125

— MHOECTBa B MHOXKECTBO, 9

— MHOECTBa Ha MHOXECTBO, 9

—, MHO>K€CTBO 3HaY€HHM, 9

—, MHOXKECTBO OmpeaencHus, 9

— HEMpEpBIBHOE, 21, 23

— — B TOuKe, 23

— — — B cMmbicnie Tetine, 21

— — — B cMbicne Karmm, 22

—, o0nacTh 3HaYeHUH, 9

—, obmacTh omnpenenaeHus, 9

—, 00nacTh oTHpaBiieHus, 8

—, obmacTh mpubkITHS, 8

— obpartumoe, 9

— obpartHoe, 9

— oTKpsITOE, 301

— — BHyTpeHHee, 301

— PaBHOMEPHO HETIPEPHIBHOE HA
MHOX€ECTBE, 24

— pa3pBIBHOE B TOYKE, 21

— sMnTudeckoe, 125

OTOOpaxKeHus

— B3aMMHO HEIIPEpHIBHBIE, 25

—, KOMIO3u1us, 9

OTPE30K

— Ha KOMILJIEKCHOH MIOCKOCTH, 45

—, IapaMeTpUIEcKoe NpeICTaBIeHUE, 45

II

napa ynopsgodcHsas, 7

—, BTOpasi KOMIIOHEHTa (BTOpas
KOOpauHara), 7

—, TIlepBas KOMIIOHEHTA (TIepBas
KOOpauHara), 7

napauiens, 31

napamerp, 9

ITackans neMMmsl, 5

nepBooOpasHas ¢pyHkuuu, 149

— BJOJIb KpUBOH, 165

— BJOJb yTH, 165

IepecedyeHrue MHOXKECTB, 6

neria, 160

IIukapa Teopema, 224

IUIOCKOCTh

— KOMILIeKCcHas, 27

— — pacmupeHHas, 29

— BKBaropuanbHasi, 30

INIOTHOCTh, 179

IUIOMAb KOPAAHOBA MHOXKECTBA, 79

MOJIMHOIKECTBO, 5

— MaKCHMAJILHO CBSI3HOE, 52

HOJIPOCTPAHCTBO METPUUECKOTO
MPOCTpaHCTBa, 17

rokasareabHas GopMa 3aIriucu
KOMILIEKCHOT'O YHCIa, 28

MIOKPHITUE MHOXKECTBA, 18

noie, 11

— HOpPMHpOBaHHOE, 11

nmonuHoM YeOrnmmesa, 229

MOJIOXKUTETHHOE HallpaBleHHe 00Xoaa
rpaHuns obnacty, 162

noymepuuas, 31

HOJIFOC

— CeBepHbIH, 31

— ¢ynkiun, 221

— — mpocroii, 221

— HOXKHBIN, 31

MIOPSIOK

— nomoca, 221

— CBSI3HOCTH, 53

— A -Touky, 211

— nenoi pynknuu, 270

HOCTIEI0BATEIBHOCTD

— BEKTOpOB

— — (yHrameHTaNbHAs, 12

— KOMITIEKCHBIX THCET

— — OGumoHoToHHas, 202

— cxoaamasncs, 46

— TOYEK METPUUYECKOTO IIPOCTPAHCTBA

— — cxomamasics, 13



— — (yHpamenTanbHas, 13

- (C= p): 45

— ¢yHKIIMOHATBHAA, 198

— — MOTOYEYHO CXOMImaiAcs K JaHHOH
¢byskuu, 198

— — PaBHOMEPHO CXOAMIAACA K JTaHHOU
(yHKITUU Ha TaHHOM MHOX€ECTBE,
199

— — paBHOMEpHO (PyHIaMeHTaILHAs,
200

— YHCIIOBasd, 9

— 3JIEMEHTOB MHOX€ECTBa, 9

MOTEHITHAT KOMIUIEKCHEIN, 72, 2:83

npaBuiia AuddepeHIupOBaHNs HHTETpaIa

— M0 BEPXHEMY IIEPEMEHHOMY TIPEIeIy
HUHTETpUpoBaHus, 151

— — M0 HIDKHEMY TTEPEMEHHOMY
Ipesiely UHTerpupoBanus, 151

TIPaBHIIO

— muddepeHIpOBaHUS IPOU3BECHUS
byHKIMH, 65

— Jlommrans, 7:8

— MEePECTAHOBKH TIPEIETIOB
HUHTETpUpoBaHus, 151

npenxen

— otobpaxenus, 21

— — B cMeIcie [eiine, 21

— — B Touke B cMbiciie Komm, 22

— — YaCTUYHBIH, 21

— MOCIIeAOBATEILHOCTH, 45

— — BEKTOPOB B HOPMHUPOBAaHHOM
MPOCTPaHCTBE, 11

— — TOY€K B METPUIECKOM
MPOCTPAHCTBE, 13

— — YacTUYHBIH, 47

— (GyHKIMH B TOUKeE, 48

— — YacTUYHBIH, 48

— (G yHKIMOHATBEHOU
MOCIIEA0BATENHHOCTH
paBHOMEpHBIH, 200

MIpeICTaBIEHUE MapaMETPUIECKOE

— IMTagKoM KpUBOH, 51

— €CTeCTBEHHoe, 51

— KpuBO#,51

— HaTypajbHOE, 51

— HOpMaJIbHOE, 51

— 00001IeHHO HENpepHIBHON KPUBOH,
52

— oTpe3ka, 45

MIPeICTaBICHUS TapaMeTpUIecKue
SKUBAJIEHTHEIE

— IMTaKoH KpuBoOH, 51

— HEINPEPHIBHOM KpUBOH, 51

MIPU3HAK

— BeiiepmTpacca paBHOMEpHOI
CXOAUMOCTH

(hYHKITMOHATTEHOTO psAla MaXKOPAaHTHBIMH,
201

— J['Anambepa, 2:51

— Hupuxne, 5:8, 5:11

— KoMnOaktaoctH Monrend, 309-310

— CXOJIMMOCTH psiia HeoOxoauMeIi, 198

IIpunrcxeiima Teopema, 242

TIPUHITUIL

— apryMeHTa, 297

— JIBOHMCTBEHHOCTH, 7

— UCKJIIOYEHHOTO TPEThETO, 4

— Makcumyma mopayns, 8:8—10, 8:14

— — BTOpas popmynuposka, 305

— — niepBas ¢popMynupoBka, 304

— HENpEPHIBHOCTH, 240—241

— oxHOIHUCTHOCTH, 303

— cummerpuy, 317, 8:18, 8:19

— — Pomana—IIIrapma, 137, 241, 3:95

— coxpaHenus obnacru, 300—301

npoaonkeHue GyHKIuu, 9

— aHaJIuTHYeCcKoe, 232

IIPOEKITUS

— OWHAPHOTO OTHOIIEHHUS

— — BTOpad, 8

— — mepBad, 7

— crepeorpaduueckas, 30

IIPOU3BEICHUE

— BECKOHEYHOE

— — Beitepmrpacca, 268

— —, 3Ha4YeHue, 265

— — cxomameecs, 265

— — — abconmoTHO, 266



— — — paBHOMEpHO B obactH, 267

— MHOTOWIEHOB, 208

— MHOXECTB

— — JEeKapToBO, 7

— — mpsaMoe, 7

— CTENEeHHBIX paJ0B, 208

1-npousBoaHas, 153

n-npousBoaHas Gepma—Ilarpamka
¢byHK1IMHU B TOUKe, 156

n + 1-npousBogHas, 153

IpOu3BOHAs BeKTOp-(yHKIMH, 50

mpooOpa3 MHOXKECTBA IIPU OTOOPaKEHUH,
9

IIPOCTPAHCTBAa METPUIECKUE
romeoMop¢HsIe, 25

IPOCTPaHCTBO

— OaHaxoBo, 12

— BEKTOpHOE

— — Haj nomueMm, 11

— — HOpPMHpOBaHHoe, 11

— NUHEeWHoe Haj nojeMm, 11

— MeTpH4ecKoe, 12

— — mojHOoE, 13

— — cBa3HOE, 20

— HOPMHPOBAHHOE NOJHOE, 12

— TONMOJIOTHYECKOE, 45

———, CBOMCTBa, 45

IIyankape Teopema, 270

IIyankape—BonsTeppa Teopema, 237

Ilyaccona opmyna, 182, 4:8

P

PaBEeHCTBO

— MHOMXECTB, 5

— YHOpSAAOYEHHBIX nap, 7

paauyc CXOAMMOCTH CTENIEHHOT'O pAla,
206

p -pasgytue MHOXeCTBa, 309

Pa3HOCTh MHOXECTB, 6

paccrosiHue

— WHIYIMpOBaHHOE, 17

— MEX]y TOYKaMH METPUIECKOTO
MPOCTPAHCTBa, 14

— XOpAanbHOE, 44

paccTosHUA

— TOTIOJIOTHYECKH SKBUBAJICHTHBIE, 25

— DKBHUBAJIEHTHBIE, 25

pacIpeHHas KOMIUIEKCHAs IIOCKOCTh,
29

pe3ynbTat

— Jluapenéda, 316

— IlIBapua, 316

Pumana

— ctepa, 30, 2:43-47

— TeopeMa, 314—315

Pumana—IIIBapua npuHINI CHUMMETPHH,
137, 241, 3:95, 3:97, 3:100, 3:102

pox 6eckoHeuHOTO npou3BeacHus, 270

Pyme Teopema, 297-298, 8:1, 8:3

pAn

— Teiinopa, 209

— Jlarpanxa, 302

— Jlopana ¢yHKuuu B Komb1e, 220

— MepoMOopGHBIX GYHKIMHA CXOAAIIUICS,
258

— — paBHOMEPHO, 258

— ¢yHKIHOHAIBHEIH, 197, 198

— — creneHHoH, 206

— — CXOIAIUACA HOpMaIIbHO, 201

— — cXoAAmuiica moTodedno, 199

— — cxosniics paBHOMEpPHO, 200

— — YAOBIIETBOPSAOIUN PAaBHOMEPHOMY
ycaosuto Komu, 201

— @ypse, 7:30

— 9UCNoBOH, 197

— — pacxomsamuiics, 197

— — cxopamuiics, 197

C

CBOMCTBa

— aHanuTHdeckon pynxum, 69—70

— BEKTOPHOT0 NMPOCTPAaHCTBa, 11

— HOpMBI GyHKIIMM paBHOMEpHOH, 199

— moka3arensHoU PyHKIuH, 28

— crepeorpaduueckoit mpoekiuu, 30

— TOMOJOTUIECKOTO IIPOCTPAHCTBA, 45

CeBepHBIN nooc, 31

£-CeTh MHOXECTBa, 18

ceveHue

— BTOpOE, 8



— mepBoe, 8 — bonsiano—Beitepmrpacca, 47

CHMBOJ — Bopens—JleGera, 48, 2:60

— IW3BIOHKINH, 4 — Beitepmpacca, 50, 204-205

— AMILIAKaNuy, 4 — — O IPEJCTaBIIEHUH 1IeNI0H PyHKIMH

— KOHBIOHKITHH, 4 B BUJIE OECKOHEYHOTO

— oTpunanus, 4 pou3BeeHus, 269

— DKBUBAJICHTHOCTH, 4 — Buera, 2:21, 2:40, 2:41

cumBonsl Jlagmay, 11 — I'ypBuma, 311

CHUHYC IUTUNTHYECKUi, 324 — Hupuxne, 155, 203

cien KyCOYHO-TIaIKOM KpUBOi, 52 — Xoppana, 52

CONPSKEHHOE YUCo, 27 — Kanropa, 18, 25

Coxomxkoro — Kapareonopn, 315

— TeopeMa, 223—224 — Kommu

— ¢dopmynsl, 181 — — HHTerpanbHad, 166-167

criupais Apxumena, 40 — — — 00006meHue Ha ciyJai

crepeorpadudeckas npoekmnus, 30 (GyHKITUY, HE SBISIONIECS

—, CBOMcTBa, 30 aHATUTUIECKON Ha KOHTYype

CTPYKTypa MaTeMarudeckas, 10 uHTerpupoBanus, 168-170

cyxeHue GpyHKum, 9 — — o BbIUeTax, 247, 7:42, 7:47

— Ha MHOX€CTBO, 9 — —, 00001menne Ha cayJaii

cymMma psaa, 197 HEOIHOCBA3HOM obnactu, 171-172

— (yHKIIMOHAJIEHOTO — Komu—Apamapa, 207

— — HOTOYEYHAs Ha JaHHOM — Jlarpanxa, 73
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IIpenuciosue

B yueGHOiI1 MTepaType, peKOMEHAOBAHHOM! Ut U3yyeHHUs! TeOPHH (PYHKLMH KOMILIEKCHOTO NEPEMEHHO-
ro, UMeeTCs MHOTO COAEPXATEIbHBIX YUeOHUKOB U yueOHBIX TOCOOMI, aBTOPAMU KOTOPBIX SIBJISIOTCS M3-
BecTHbIe Ydennle M. A. JTaBpeHtbeB, B. B. [llaGar, Y. 1. [Ipusayos, A. . Mapkyiiesny, A, B. Buuanze,
M. A Esrpados, A.Typeuu, P. Kypaut u npyrie. K coxasieHrio, GOIBLIMHCTBO M3 HUX HE MPHUCIIO-
cobeHo Kak no o6beMy, Tak U 10 BBIOOPY W paclipelieIeHUIO MaTepuajia K y4yeOHBIM NporpaMmam
10 TeopHuH (yHKUUH KOMIUTEKCHOTO NEPEeMEHHOro M (PU3HKO-MaTeMaTHueckux (akynbTeTOB YHH-
BepcuteTos Poccuu ¥ npyrux crpaH CHI. Huuroxuo Mano HamucaHO NocoGuil MO peleHHio 3amad.
HauunaolueMy mpernongasateno, a TeM 6ojee CTyIeHTy M aclUPAHTY, HEJIETKO BBIAEIUTH U3 OOBEMH-
CTOM KHUTM OCHOBHOM Marepual Tak, YTo6bl 06pa3oBasiCa LEeNOCTHBIN, JIOTHYECKHM 3aBeplIeHHbIA KypC,
OTBEHAIOLIUI y4eOHOH NMporpaMme.

VYka3zaHHpie Bbllle OGCTOATENHCTBA HATOMKHYIM aBTOpa Ha MBICAh O HEOGXOOUMOCTH HAlMMCaHUA
Ha COBPEMEHHOM YPOBHe TpeGOBAaHMH KHHUIM, KOTOpasg COOTBETCTBOBaIA Obl y4eGHBIM YHHBEDPCHUTET-
CKUM MporpaMMam MO JaHHOMY MpEIMETy, He OblIa neperpyxeHa YacTHOCTAMM M coiepxaia Gosbuioe
KOJIMYECTBO PeLUEHHBIX 3a1ay. B KHUTY BKIIOYEHO MMOPSAKA YeThIPEXCOT PELUEHHRBIX 3anaqy CpeiHed U
[OBBIIEHHON TPYIHOCTH.

XapakTepHOM YepTOH MHOIMX KHHT IO TeopuM (YHKUMH KOMIUIEKCHOTO MEPEeMEHHOIO ABJIAETCS
pasHOGOH W HeYeTKOCTh OCHOBHOW TepMHHOIOrMM. Hanpumep, OCHOBHOE MOHATHE aHAIMTHYECKOM
(bYHKIIMM B pa3sHBIX MECTaX OJHOW M TOH X€ KHUIHM MOXET MMETh PasHBIM CMBICI. DTO OGCTOSATE/h-
CTBO NPHHATO BO BHUMAaHHE aBTOPOM, U BCE paccMarpHUBaeMble TTOHSATUS UMEIOT BIIOJIHE ONpeNeNIeHHBIN
CMBICT.

B nepsoit rnaBe KHUTH JaHO CTPOToe ompeneseHUe QyHKUIHHK (a HE ONHKCAHUE €e, KAK 3TO MpPHU-
HATO B OOJBLIMHCTBE y4eOHUKOB), PACCMOTPEHBI ONEpPalUdy Hal MHOXECTBAMH M OCHOBHBIE BOIPOCHI
TEOPUH METpHYECKUX MPOCTpaHCTB. be3 BKIIOYEHUs! 3TOro Marepuaja B KHUTY M3JIOXKEHUE OCHOBHBIX
BOMPOCOB Ha COBPEMEHHOM MaTeMaTHYECKOM YPOBHE OKa3alochk ObI HEBO3MOXHbIM. [1oaTOMY YMTaTe 10
6yneT nome3Ho XoTs 6bl 6ErNI0 MPOYMUTATh ITY HeGOJbLUIYIO MO0 0ObEMY ImaBy Ul MOHUMaHHs OCTallb-
HBIX I1aB, BKJUOYAIOIMX TPAMULIMOHHBIE BOTIPOCH!, OTHOCSINHECS K TEOPHH aHATUTHYeCKuX (PYHKUMIA,
KoTopas 6pula co3maHa B XIX cTomeTun B mepsylo oyepens 6rnaroxaps paboram O. Koum, I'. Pumana,
K. Betiepiurpacca.

B xuure yneneHo 60/bLIOe BHUMaHUE TPAKTHYECKHUM BonpocaM KoH$opMHbIX orobpaxeHuii. Ho-
BBIMHU JUI YUTATEIS OKaXyTcs NOHSITHA uHTerpasa Hprorona—JleiGHuua u npoussoxHoil Pepma—
Jlarpamxa.

Kuura paccynraHa Ha LIMPOKUM KPyr 4yuTaTeNieil, BANEIOLIMX 3HAHMAMH B 0GBEME CTAHAAPTHBIX
TporpaMM TI0 MAaTeMaTHYEeCKOMY aHaIM3y UId CTYJEHTOB GH3MKO-MATEMAaTHMUECKHX CIIEUUAIbHOCTEH
YHUBEPCHUTETOB.

Aemop



I'nmaBa 1

OcHOBHBIE CTPYKTYPBbI
MATEMATHYECKOr0 aHAJIM3a

B aTOil mIaBe colepXaTcs OCHOBHBIE CBEACHHUS, OTHOCSILMECS K TEOPHHM MHOXECTB W OTOOpaKEHWH,
HCIIO/Ib3YeMBIE B Ja/lbHEHLIEM TIPU U3JIOXEHWM OCHOBHOIO Marepuasa KHUrd. JIocTaTOYHO MOJHO OT-
paxeHa Teopusl METPUUYECKMX IIPOCTPAHCTB. PaccMaTpusaioTcst MOHATHA ¥ YHOTPEGIAETCS CHMBOIIHKA,
NPUHATHIE B KYPCaX COBPEMEHHOIO MATEMATHYECKOIO aHAIM3a,

§ 1. DiaemMeHTHI TEOPHH MHOXKECTB M OTOOpaKeHHId

1.1. HekoTopbie JIOrH4eCKHe CHMBOJIBL.

B MmareMaTuKe 4acTO BMECTO CIIOBECHBIX BBIPAXEHUI ynoTpeGasoT CUMBOIUKY, 3aUMCTBOBAHHYIO
U3 JIOTHKU. Tak, BMECTO BRIPaOXEHUH “mis Bcex”, “mis kaxmoro”, “misd moboro” ynorpebisior 3Hak V,
a BMECTO CJIOB “cyliecTByeT”, “Haimerca” — 3Hak 3. Mx Ha3bIBalOT COOTBETCTBEHHO K8AHMOPOM O0U4-
HoCmU M K8anmopom cywecmeosanus. TIpeioxeHus “uns Beex...” U “CyLIeCTBYeT. .. ” 4acTo CONpPOBO-
XKIAIQTCS HEKOTOPBIMU OrpaHUYeHUsIMH. OOGBIYHO 3TH OrpaHUYEHHUS 3aITMCHIBAIOT B KPYIVIBIX CKOOKaX.
BMecTo coB “Takoi, 4To” ynorpeGIsIoT IBOSTOYHE MM BEPTUKAIBHYIO YePTOUKY.

B dbopmymupoBKe Kaxaoil TeopeMbl COIepXKUTCsT HEKOTOpOE CBOMCTBO A (yc/IoBUE) U CBOHCTBO B
(zaxmoveHne), spiBogumoe U3 A. Kopotko BeipaxeHue “A sredeT B” 3anuchisaetcsd B Bune “4A => B”
(= — cumeon umnaukayuu). O6paTHast TeOpeMa, ecjid OHa cNpaBe/TuBa, 3amnuuieTcsl B BUge B = A.
Ecin nanHas TeopeMa U ob6parHast el — cnpaBe/UTHBBI, TO CBOMCTBA A M B 3KBUBAIEHTHBI, U TOraa
3aMUCHIBAIOT A <« B («+ — cumeon sxeusasenmuocmu), 9to BeipaxaeTcs B ¢hopme: “JIns Toro utober 4,
HEOBXOMMO U HOCTaTOYHO, yTo6bl B”, v “ A Torma v TOMBKO TOrAa, Korxa B”.

Eciu HekoTOpHI 06BEKT 06nanaeT cBOMCTBOM A WM cBoiicTBoM B, To nuuyT A V B, a Takxe
“A v B” (V — cumson Jussionkyuu). 3anmick A V B 03Ha4aeT, 4To COipaBe/iMBO XOTH OBl OHO U3
cBoiictB A wm B.

Ecnu 06a csoiictBa A 1 B cnipaBelJTuBbI OMHOBPEMEHHO, TO 3TO 3anmUChIBaeTcs B Bujae 4 A B, uin
“A U B” (AN — cumgon KOHBIOHKYUU).

3amucy " A obo3HauyaeT “He A”, “He BepHO, uto A” (T — cumgon ompuuanus).

BMmecTo BpIpaxeHHUsT “CyLIECTBYeT eQMHCTBEHHBIA” yroTpeGIsIoT 3HaK ! , a BMECTO BBIPDAXEHHS

“paBHO MO OMNpeNeIeHNI0” — 3HaK dg.

VYTBepXKaAeHNE MOXET OBITh 3aHCAHO C MOMOLLBIO OMHHX JIMUIB JIOTHYECKUX CHMBO3IOB. B 3TOM ciy-
yae OTpUIIAHME CBOMCTBA, COAEPXKALIETO HEKOTOPOE KOIMYECTBO KBAHTOPOoB V, 3 u csolicTso P, no/mwxHo
TIONY4aThCst 3aMEHOM Kaxaoro kBaHTopa YV Ha 3, 3 Ha V u cBoiictBa P — Ha ero otpuuanue. Hampu-
Mep, CBONCTBO HEMPEPBIBHOCTH YUCIOBON (DYHKUMH B 000N TOYKE YMCAOBOM MPAMOI 3anuchiBaeTCsa
OIHO# CTPOKOIA:

VMaeR)(Ve>0) (A6 >0V ER, |z —a] <8):|f(z) — f(a)| <e.

CpolicTBo yncnOBOM PYHKUMU AEHCTBUTENBHON NepeMeHHOM He GBITh BCIOAY HEIPEPBIBHOI, T. €.
KMETh Pa3peiB XOTs OBl B OQHOM TOUKE, 3aITUILETCA B BUJIE.

BFaeR)Be>0)(V6> 03z €R, |z —al <) :|f(x)— fla)l >e.

Hexkotopkele TeopeMbl OylieM [OKa3bLIBATL Memodom om npomiiaiozo. IIpH 3TOM TAKXKE HCMONB3YETCH
NPUHYUR UCKAIOMEHHOZ0 mpembe2o, BCIEACTBUE 4Ero BhicKasbiBaHe 4 V " A (A4 wim He A) cunraercs



§ 1. DneMeHTHI TEOPHH MHOXKECTB M OTOGpPAKEHHI . 5

HCTUHHBIM HE3aBHCHMO OT KOHKDETHOTO COHepXaHMs# BbiCKasblBaHMsA A. OTHOBpeMEHHO CUUTAETCS,
gy10 (T A) < A, T.¢. NOBTOPHOE OTPULIAHKME PABHOCWIBHO HAYATEHOMY BBICKA3bIBAHHIO.

1.2. O6o3nauenns, ¥cnojb3yemMbie B TEOPHH MHOKECTB.

TToHsATE MHOXECTBA CYUTAEM NEPBUYHBIM, U MOTOMY OIPAaHHUYUMCA JHLIb YKA3aHHEM TEPMUHOJIO-
X U HEOOXONMMBIX B JATbHEHLIEM 0003HaAYeHUH.

MuoxecTBo 0603Ha4aI0T Kakol-HUGynb GykBoii, Hanpumep, M. 3amuce a € M 4dTaeTes 1ak: “a
€CTb 3/IeMEHT MHOXecTBa M ” uinun “a u3 MHoxecTBa M ”. 3anuck M O x yuTtaeTcs TaK: “MHOXecTBO M
conepXuT ameMeHT & ”. Ecliy 371eMeHT & He NpUHaIIeXKUT MHoXecTBy M , 10 3afucpiBaeM & ¢ M umu
M F x. 3anuce M = {a, b, ¢, ...} yuTtaerca TaK: “M ecTb MHOXECTBO, COCTOALLEE U3 DIEMEHTOB a,
b, ¢ u T.1.” MHOXECTBO MOXET COHEPXATh MWL OAUH 31eMeHT, Hanpumep, M = {a}. Ecmu P —
CBOMCTBO, KOTOpPhIM 00JIaal0T WK He 06/1afaloT 31eMeHThl MHOXecTBa M, TO 3arHcCh

M, = {a € M | a obnanaer cBoiictBoM P}

yuTaercs: “ M| ecTh MHOXECTBO BCEX TEX 3/IEMEHTOB MHOXeCTBA M , KOTOphIe 06/1anat0T cBoiictBoM P,
Harnpumep, 3anuce M| = {z € R | ¢ > 0} ob6o3HayaeT MHOXECTBO BCEX HEOTPHLATENbHLIX AEHCTBH-
TeJbHBIX Yncen. CHMBOJBL € K D Ha3bIBAIOT 3HAKAMU NPUHAOAEHCHOCMU.

3anasass MHOXeCTBO NOCPENCTBOM HEKOTOPOIo CBOMCTBA, YacTO 3apaHee He 3HAIOT, CYLUECTBYIOT JIU
BooGUle 371eMeHThI, 06/1afalolHe 3TUM CBOHCTBOM. [103TOMY 1IE/ieco06pa3HO BBECTH B PACCMOTPEHHUE
MHOXECTBO, He cofiepXalliee HU OJHOro 3ieMeHTa. OHO HA3BIBAETCS nycmsim U 0003HAYAeTCS 3HAKOM O .

Ilycte M, u M; — MHoxecTBa. EcCiu Kaxablit 37eMeHT MHOXecTBa M| NPUHAIIEXKUT MHOXE-
ctBy M,, To MHOXeCTBO M| Ha3bIBaeTcsl noomHoxdcecmgom MHOXectBa M, (puc.l). B 3toM ciyyae
sanuceiBaeM M, C M, wm M; D M| u yntaeM: “MHOXeCTBO M, comepXUT MHOXeCTBO M”. CuM-
BOJBL C U D HAa3bIBAIOTCS 3HAKAMU 6KAIOYEHUSA.

MHOXeCTBa, COCTOALLHE M3 ONHHUX M TeX X€ 3/IEMEHTOB, CUHTAIOTCA pagHbimu. OUEBUIHO, YTO
M1=M2HM1 Cle\Msz[.

Ecnu B MHOXecTBE M| €CTh 3J1€MEHTbI, KOTOpBIE He BXONAT B MHOXECTBO M, , To M| He colepxuTcs
B MHOXecTBe M,, yro 3anuceiBaetest M, ¢ M, wm M, 2 M,.

OrMeTuM, YTO M060e MHOXECTBO M COHEPXMT NMyCTOE MHOXECTBO B Ka4Y€CTBE CBOEIO NMOAMHOXE-
cTBa. JleHCTBUTENBHO, B MPOTUBHOM CJIy4ae NMyCcToe MHOXECTBO ColepXayno Obl Mo KpaWHel Mepe OouH
JMeMEHT, He NpUHamiexawuii MHoxectsy M. Ho oHo BOOOGle He MMeeT 3JIeMEHTOB.

Bynem nonp30BaThCsl 0603HAYCHUAMHU:

& — MycToe MHOXECTBO;

exp M — MHOXECTBO BceX MOJMHOXECTB MHOXeCTBa M ;

N — MHOXecTBO BceX HaTypabHBIX YHCEN;

Zy — MHOXECTBO BCEX HEOTPULIATETBHBIX UEIBIX YUCET;

Z — MHOXECTBO BCEX LIEJIBIX YHUCET;

Q — MHOXeCTBO BCeX PaLMCHAJIBLHBIX YHCET;

R — MHOXeCTBO BCeX NEMCTBUTEIBHBIX YHUCET,

€ — MHOXeCTBO BceX KOMITIEKCHBIX YHUCET.

1.3. Harypanpabie unciaa. Meroa MaTeMaTHIeCKOH MHIYKIHMM.

BaxHeiimuM B MaTeMaTHKe sBAseTcs MHOXecTBO N Bcex HaTypajpHBIX yucel. B Hem onpenereHa
onepauus CIOXEHWsT U BEITOAHMIOTCS cBoiicTBa: 1) ecnm n € N, 10 (n + 1) € N; 2) ecm HexoTopoe
MHOXecTBO M comepXMT 1 1 u3 n € M Bcerma cienyer, yro (n+ 1) € M, to M O N. CpoiictBo 2)
HasblBaeTcst akcuomoll undyxyuu. bnes IMackane (1623—1662) BriepBhie TIPELTOXUI METOI 10KA3ATE/Nb-
CTBa, OCHOBAHHHKINA HAa AKCHOME HMHAYKIIMH, HA3hIBAEMBIN memodom mamemamuueckoti urndykyuu. CyTb
€ro COCTOMT B CIICAYIOLUEM.

Ilycte maHB yrBEepXIOEHU A, A,, A;, ... ¥ 10Ka3aHs! ABe JieMMel [lackans.

Jlemma 1. Ymeepxcoenue A, cnpasedruéo.

Jlemma 2. IIpu awbom n € N u3 cnpasedrueocmu A,, caedyem cnpaeedaueocms ymeepucoeHus A, .

Torna BCe yrBepXaeHUs A, A;, ... CIIpaBeIINBLL

MeTon MareMariuecKOi MHAYKLUMHA CBOUTCA K AKCMOME MHAYKUMK. JIeMcTBUTENBHO, TTyCTh M =
{n € N | A, cnpapemmBo}. CoracHo iemme I, 1 € M. TMonemme 2 n € M = (n+ 1) € M. Ilo
akcnoMe raaykmuu (Vn € N) 1 n € M, 1.¢. BCe YIBepXIOeHust A, A, ... CIIpPaBeTBHI.
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Hokaxkem, Hanpumep, 9To Vn € N BBHINONHSETCS PaBEHCTBO

E”:kz _an+ D@n+ 1)

G 6Y)

k=1
HenocpencteeHHo#H nNpoBepkoi yOexaaeMcs B CpaBeIMBOCTH sieMMbl 1. JTonyckas BbINOJHeHUe
paseHcTBa (1) Wi n € N, umeem

"Z“kz _nh@r+D 1) = (4 DR+ +6) _ (n+1)(n+2(2n+3)

6 6 6 ’

k=1

T. €. JIEMMa 2 TaKXe BBINOJNHsIETCS. MeTonoM MaTteMaTMuecKON MHIyKuMn ¢opmyna (1) mokasaHa.

Puc. 1 Puc. 2 Puc. 3

1.4. IlpocTeifiune omepanyu HAN MHEOXKECTBAMH.

IMycte M, €EexpM, M, €Eexp M.

Onpenenenne 1. [Tepecevenuem muoncecme M, u
M, nazvisaemcs muoxcecmeo My N M, = {a|a € M, A
a€ Mz}

ITepeceuenue muoxects M; v M, COCTOMT U3 BCcex
TeX ¥ TOJNBKO TEX 3JIEMEHTOB, KOTOPHIE MPUHALIEXAT
MHOXxecTBaM M| u M, onqHOBpeMeHHO (pucC. 2).

Ecnu Takux 21€MEHTOB HET, TO TOBOPSIT, YTO MHOXE-
ctBa M| u M, ne nepecexaromes, v imiuyt M, N M, =&
(puc. 3).

Onpenenenne 2. OGsedunenuem muoxcecme My u
M, nazvieaemces muoxwcecmeo M, U M, = {ala € M, Vv
ae€ Mz}

OObenuHeHne MHOXeCTB M; 1 M, COCTOUT U30 BCEX TEX U TOJIBKO TeX
3JIEMEHTOB, KOTOpbIe MPUHALIEXAT XOTsA Obl ONHOMY U3 MHOXeCTs M, M,
(puc. 4).

Onpenenenne 3. Paznocmero muoxcecms My u M, nasvieaemesa muo-
acecmgo M\M, = {ala € M| A a € M,}.

PasHocTts MHOXeCTB M; n M, COCTOUT U3 BCEX TEX U TONBKO TEX 3Jie-
MEHTOB MHOXeCTBa M), KOTOpHIE He BXOIAT B MHOXECTBO M, (puc. 5).

Ecnn My D M,;, 10 pasnocts M\ M, Ha3bIBaeTCs Takxe donoanenuem
M; B M, n o6o3Haqaercs cumponoM Cyy, M, (unu CM;, xoraa 3To HE
MOXET MPUBECTH K HEAOPAZYMEHHUSIM).

Ilycte M, € exp M, M; € exp M. Torna crpape/UIMBLI PaBEHCTBA

CMUM)=CMNnCM,, CMiNnM)=CM,UCM,. (1)
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CpoiicTBa, 3amMucaHHble 3TUMM PAaBEHCTBAMHU, HA3BIBAIOT npunuunom Ogolicmeennocmu. JIOKaxeM
nepBoe u3 Hux. Ilycte z € C(M; U M,). Umeem

cECM UMz MUM, =>cg M Az gM,=>
2>z eCM Az eCM;=z2z€ CM,NCM, = C(M, UM, CCM nCM,.
Ecnu y € CM, N CM,, To nonyaum:
YyECMINCM, =2 yeCMAyeCM, =>ygM Ay & M, =
=>ygE€MUM=y¢cCM UM)=CMnNCM, CCM UM,).

3 nocnegHMX BKIIOYEHM# CliedyeT 0Ka3bIBaeMOe paBeHCTBO. Bropoe paseHctBO B (1) nokaspiBa-
€TCs1 aHATOTHYHO.

IMpuHuMn OBOWCTBEHHOCTH 6e3 TPyHa MEpPeHOCUTCS] Ha ITPOU3IBOJBHOE CEMEHCTBO MOAMHOXECTRB
MHOXecTBa M :

CUMV:ﬂCMw CﬂMv:UCMw 2)

W3 dopmyinsl (2) BUOHO, ITO CUMBOJ JonojHeHuss C MOXHO MEHSIThb MECTAMHM CO 3Hakamu U 4 N,
npudeM OgUH M3 THX 3HAKOB M1EPEXOOUT B APYTOM.

1.5. Ynopanouennas napa H J€KAPToBO NpPOH3BeJeHHE MHOXKecTB.

BaxkHBIM 111 MaTeMaTHKU SBISETCS TOHSITHE yropsado- Y
yerHoU napsl (T, Y), COCTABICHHON! U3 3JIEMEHTOB OJHOTO U
TOrO K€ MHOXECTBA WJIM M3 3JIEMEHTOB Pa3HBIX MHOXECTB
X n Y. OcHOBHOe CBOMCTBO YNOpSIZIOYEHHOM Mapel Co-
CTOMT B ClINyIOLIEM: JBE YIIOPsIIOYEHHBIE Naphl (zy, ¥) U
(x4, Y2) CUMTAIOTCS pAgHbLIMY TOTAA M TOJBKO TOrga, KOraa
T, =2y U Y, = Y. DIEMEHT & Ha3BLIBAETCS Nepeoll KOMRO-
Henmoii (koopdunamoii) napsel (x, y), a ANEMEHT ¥ — émo-
poii komnonenmoii (kKoopdunamoii) Toi xe naper. IToHsiTHe
yNopsiiOYeHHOH NMapspl TaK XE€, KaK Y MMOHSITHE MHOXECTBA,
MOXHO CYUTATh NMEPBUYHBIM.

C NOMOLUBIO NMOHSTHSL YIIOPSAOYEHHOM Naphl BBOXUTCS PHe. 6
€Lle OJHA OIepalust Hal MHOXECTBAMU — Ofepauus npsi-

MOYrO WJIM JIE€KapTOBa YMHOXEHMUS.
Onpenenenne. Jexapmogoum npouszéedenuem muoxecms X u'Y naswieaemcsa moxcecmeo

XxY={xylzecX,yeY}

JexapToBo NpoOu3BelleHUE OBYX MMEPECEKAIOIMXCS PA3NUYHBIX NPSIMBIX MOXHO OTOXIECTBUTH C
MUIOCKOCTBIO, MPOXOMSLIEH Yepe3 3T NpaMele, no npasuiy “M = (z, y)” (pHc. 6). DTO CBONCTBO JIEXHUT
B OCHOBE METOIa KOOPIMHAT, NpeUyIOXEHHOro 3HaMeHuThiM MatematikoM Pene [lekaprom (1596—1650)
JUIST PEIEHUs TEOMETPHYECCKMX 3a0ad, U OOBSICHSIET Ha3BaHUE YMHOXEHUS.

ITocpencTBOM MeTola MAaTEMAaTUYECKON MHIYKIIMU OTIPENEIAETCS YNOpsiioYeHHbIA Habop n+ 1 ane-
MEHTOB

T SR

(&1, Taye ooy Tnyp) = ((mh Tyyees Tn), mn-H) , mz2,
N JCKApPTOBO NPON3BEACHNE MHOXECTB
X xXyx. .. xX =X x Xy x...x X)X X, 4.

1.6. Braapubie oTHOmenus. [IpoeKuMA H celeHAs OMHAPHOTO OTHOINCHHS.
OGpaTnoe GHHApHOE OTHOLIEHHE.

Onpepenenne. Muoxcecmeo T' nasvigaemcs GUHAPHOIM OMHOUWEHUEM MEXCOY INEMEHMAMU MHO~
weeme X uY,ecmul’ CX xXY.

Han 6uHapHBIMY OTHOIHEHUSIMY MOXHO [1POBOIUTE HE TOJIHKO OOBIYHBIE IUIST MHOXECTB ONMepaiuy
(mepecedeHnss ¥ OGbENUHEHHA), HO U CHEMUAILHBIE ~— MPOEKTUPOBAHUS U OGpALICHHS.

Iepsoii npoexyueii Gunapaoro otHoweHuss I' C X X ¥V HaspiBaeTcss MHOXECTBO

Fy=mpl={x€X|yecY: (z,y) €T}
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ITepBas npoekiyst GUHAPHOTO OTHOWIEHUSI I' COCTOUT M3 BCEX NMEPBBIX KOOPAMHAT YNOPSIOYEHHBIX
rap, npuHamIeXawmx MHoxectsy I' (puc. 7).

Y Y

x X X
Puc. 7 Puc. 8

Muoxectso I'j(z) = {y € Y | (z,y) € T'} HasmBaetcsa nepewvim cedenuem I' MOCPENCTBOM
(cM. puc.7). OHO COCTOMT M3 BTOPBIX KOOPIMHAT BCEX TeX TOYEK M3 I', y KOTODBIX nepBas Koopau-
HaTa paBHa z. [lepBoe ceyeHue sBiIsIETCS MYCTBHIM MHOXECTBOM V& € I').

Bmopoii npoexyuei 6uHapHOTO OTHOLUEHUs ' Ha3pIBaeTCI MHOXECTBO

Dy=np,l'={yeY|3z€X:(z,y) €T}

Bropaa npoexuusi 6MHApHOrO oTHOLIeHUss I' — 3TO MHOXe-
CTBO BCEX BTOPBIX KOOPIMHAT T€X YMOPSIOYEHHBIX Map, KOTOpbIe
npyHamexar MHoxecTsy I' (puc. 8).

Muoxecteo Ty (y) = {x € X | (z, y) € I'} HasplBaeTcst émo-
poim cewenyem I' mocpenctsoM y (cM. puc.8). OHO COCTOMT U3
MIEPBBIX KOOPOUHAT BCEX TeX To4eK M3 I', y KOTOpBIX BTOpas KO-
opAMHaTa paBHa y. BTopoe ceueHMe SBIAETCA NMYCTBIM MHOXE-
cTBOM Vy ¢ T';.

Kaxpomy GuHapHoMy OTHOWEHHUIO I' MOXHO MOCTaBUTDH B CO-
OTBETCTBUE 06pamuoe GUHAPHOe OmHOWeHUE I'!no MpaBuiy

r'= {w, | (z,y) €T} Puc. 9

(puc.9). Uuorna onepanuto obpawenus I' Ha3plBalOT onepayuei mpancnoruposanus omuouienus T,

1.7. ®yExumonaasHOe OHHADHOE OTHOLICHHE.
DyHKIMA |1 npocTeiiline NOHATHS, CBI3aHHBIE C HEIO.

BuHapHoe otHouleHue I' Ha3HIBACTCS (DYHKUUOHANLHBIM, ECITK OHO HE CONEPXHUT Pa3IMUHEIX YIIOps-
JIOUCHHBIX T1ap C OTMHAKOBBIMUA NMEPBHIMM KOOPIAMHATAMH.

CdopMmynpyeM OCHOBHOE OIpEAEIEHNE OTOOpaKeHHs 13 MHOXecTBa X B MHOXecTBO V.

Omnpenenenve 1. Ynopadowennan mpoiica muoxwcecms (X, Y, I') nazoi6aemcs omobpaxcenuem u3s
mHoxucecmeéa X 6 munoscecmeéo Y, ecau T ecmo pynxyuonansroe Gunapnoe omuowenue mexcdy sne-
menmamu muoxncecme X u'Y .

MHuoxectBo X HAa3BIBa€TCA 062aCMbI0 OMNPAGACHUR OTOOpAXKEHHS, MHOXECTBO Y — obaacmero
npu6pimus oToGpaxeHnd, MHOXeCTBO I' — 2paghuxom oToGpakeHus.

O6bIyHO OTOGpaxXeHHE O0O03HAYAIOT KaKoii-HUOYAL CTPOYHOI naTuHcKoN GykBoi, Hampumep, f.
ITpu stom BmecTo f = (X, Y, T") nuwyr: f: X = Y. Ecin X U Y u3BeCTHBI, TO, COMJIACHO ONpeae-
JIEHWIO, 3anaHue otoOpaxeHus f paBHOCHIbHO 3amaHMio rpaduka I,
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ITepBas npoexuus rpacpuka oToOpaxeHus f Ha3bIBAETCS 006aacmbio (MHOJMCECMEOM) Onpedesenus
otobpaxenus f u oGosnawaerca Dy unu D(f). Bropas npoexuus rpaguka oroGpaxenus f Haspia-
eTCs obnacmeio (MHoxcecmeom) 3naqenuti otobpaxenus f u obosnavaerca By win E(f). Ecniu z € Dy
# mapa (z, y) NPUHAUIEXUT rpachuKy OTOOpaXKEHHUsT f, TO DIIEMEHT y Ha3bIBACTCS 3HA4eHUuem omobpa-
ocenua [ Ha aneMeHTe x U obo3HavaeTcs f(x).

Ecnu n3pecTHb 06macTs onpenenenus Dy v sHaweHus f(x) Ve € Dy, 1o rpaduk I'(f) otobpaxe-
HHUA f CTPOUTCS MO MPaBUILY

L(f)={(=z, f(=)) |z € Ds}.

Ecnn Dy = X, 1o otoGpaxenue f: X — Y HaseiBaeTcs omobpascenuem muoncecmea X & muoxce-

cmeo Y n obo3HavaeTcs

xLty

Ecmu Dy = X, E; = Y, 10 otobpaxenne f: X — Y HaseiBaetTca omobpaxcenuem muoxcecmsea X
Ha mroxcecmso Y W o003HaYaeTCs

xLy
Ha

Oyukumns f, = (X, Y, I')) nasuiBaetcs cyxcenuem dynxyuu f = (X, Y, T), ecrm I'; C T'. B atom
ciyyae QyHKUMA f HaspIBaeTCs npodoadicenuem @yrkyuu fi ¢ muoxcecmea Dy, = np,I'y na muoxcecmao
Dy = np,I'. Eciu A — muoxectso u A C np,[’, To cyuiecTsyet Takoe cyxenue f, ¢dyuxkunu f,
KOTOpOe MMeeT CBOHCTBO A = Dy . Oynkuus f; HasBIBAeTCH cyvicenuem dynxuuu f rna muoxcecmeo A
# obo3HayaeTcs f|, . CyliecTBOBaHUe CyxXeHUs QYHKIMK f Ha MHOXECTBO A BBITEKAET M3 TOIO, YTO

T(fy={@, plr€cAA(z,y) €T}

Onpepenenne 2. Ilyems f: X — Y. Jua mobozo noomuoxcecmea A C Dy nodmHodcecmeo mHoxice-
cmea E;, onpenensieMoe cBOHCTBOM “CYIUECTBYET Takoit aneMenT = € 4, umo y = f(x)”, nasvieaemcs
ob6pazom muoxcecmea A npu omobpaxenuu f u oboznauaemca uepes f(A).

Js nobozo nodmnoxcecmea A' C Ey nodmnoxcecmso mnoxcecmea Dy, onpedensemoe ceoiicmeom
f(x) € A', naswsaemes npoobpazom A' npu omobpaxcenuu f u o6osnauaemcs ).

3agaBas oTOGpaXeHHe, YaCTO MOJIB3YIOTCS 3aMUCHI0 T — f(T).

Tn
ITycte X — mHOXecTBO. OToGpaxkenne N — X Ha3bBIBACTCA NoCAe008ameabHOCHbIO IIEMEHTOB
mHoxectBa X u o6o3HavaeTcs (z,). Ecnu X = R, To nocnenoBaTebHOCTD (&, ) HAa3bIBACTCS 4UCAOBOU.

1.8. O6GpaTnag ¢pynxumua. KoMnosuuus oTobpaikeHmii.

OroGpaxenue f = (X, Y, I') HaseiBaeTcs o6pamumbim, eciid GUHAPHOE OTHOWIEHHE ! geasercs
(PYHKIIMOHANBHBIM OTHOLLEHUEM MEXAYy 3jieMeHTaMu MHOXecTB Y U X . B atoM ciyyae otoGpaxeHue
¥, X, I'"'y HasmBaetest oGpamubim oToBpaKeHUIO f 1 0603HavyaeTC f -1 O6patumoe oToGpaxenue f
MHOXecTBa X Ha MHOXeCTBO Y HAa3bIBACTCS 83AUMHO 0OHO3HQUHBIM WA GUeKMueHbIM OTOOPAXKEHUEM U
oGo3HavaeTcs

x Ly
TormaVy €Y 3z € X: f(x) = y 1 nonaraem o) ==

BaxHpIM B MaTeMaTHUKe SIBISAETCS MOHITAE KOMIO3UIUH OTOGPaXKEHHUI.

ITycte nanst oto6paxenust f: X — Y u p: T — X . Komnosuyus omobpaxcenuti ¢ u f obo3Haua-
etcst f o p. Ee o6nacTe onpeleseHust COCTOUT M3 BCEX TeX 3HayeHuif £ € D,,, Wi KoTopbix ¢(t) € Dy.
3HaYeHUe KOMIIO3ULMY BEIYUCIISIETC N0 hopMye

(fop)®) = f(p)), tE€ Dyop-
1.9. IlTapameTpHiecKoe H HesgBHOE OTOOpaAKEHHA.
Ecnu 3amansl oroGpaxeHus
T x, Ty,
o

f=poo™!
TO ONpenaesieHo oroGpaxkenne X ° — Y. Ero Ha3uIBaIOT 3a0aHHbIM NapamMempuyecku nocpeocmeom
omobpaxcenull ¢ u . Tipu 3TOM NEpeMeHHast ¢ HA3LIBAETCS Napamempom.
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PaccmoTpuM oToGpakeHue X X Y LN G, a Takke ypasHenue F(x, y) = c, rie ¢ € G — Heko-
Topelit ajteMenT. Eciiu cyuiecTyloT Takue MHOXecta P C X, @ C Y, yTo npu KaxinoM GUKCHpo-
BaHHOM = € P ypasueuue F(z, y) = ¢ uMeeT eOMHCTBEHHOE pelueHHe ¥ € (), TO Ha MHOXecTBe P
omnpeneneHa GyHKuus f, s Kotopoit By = Q. Ilpu 3ToM f Ha3biBactcs neasnol gyricyued, 3a0annol
ypasnenuem F(z, y) = c.

1.10. H3omopdusm.

ITycte MHOXeCTBO E o6namaet BHyTpeHHeil GMHAapHOU onepauyeil T, a MHOXeCTBO F' — BHYTpeH-
Hell GuHapHo# oneparert L. H3omopgusmom MHoxectBa E Ha F HaswmiBaeTcsi Takasi GUEKUMS

ElF

yroY(a € E, b€ E) f(a T b) = f(a) L f(b). IIpu srom MHOXecTBa E U F HasbIBAIOTCA U30MOp@HbIMU
OTHOCUTENIbHO onepaumit T u L.
IMycts, Hanpumep, B = N, onepaumus T — cioxeune, F = {2™}, onepauusa L — yMHOXeHHeE.

Oro6paxeHue E LA n3omMopusM, mockoneky Vi € N, m € Ny n+m — 27" =2".2™ e,

f(n+m) = f(n)f(m).

§ 2. MaTtemaTnyecKue CTPYKTYPhI

Mamemamuuecikoii cmpykmypoii Ha3bIBAETCS MHOXECTBO OOBEKTOB MJIM HECKOJIBKO MHOXECTB 06B-
eKTOB pasiu4YHoH NpHUponsl, 00JaJa0NIMX CUCTeMONH OMHApHBIX OTHOWUEHMH M OMHAPHLIX ONepauui,
MOIYMHEHHBIX ONpPeNeIeHHbIM aKCHOMaM.

2.1. T'pymma.

Ipynnoti Ha3BIBAETCSI HEMYCTOE MHOXECTBO F BMeECTe ¢ MPaBWIOM, CTaBSIILMM KaXIbIM IBYM 3Jie-
MEHTaM a € E, b € E B COOTBETCTBUE HEKOTOPHIHA BMOJIHE ONpelle/ICHHBIN TpeTHil ss1eMeHT ao b € F
TaK, YTO BBIMOJHEHHI C/AeAYIONIUe YCIIOBHUS:

1) onepauusi o accounatusHa: V(a e B, b€ B, c€ F) aoboc=(aob)oc;

2) B E cywiectByeT redmpanbubiii 37IEMEHT, T. €. TaKOM a7eMeHT n,yTo Va € E aon = aq;

3)Va€ E 3a’ € E: aoa’ =n (a’ HasBLIBAETCA AEMEHTOM, 06pamHbIM INEMEHTY a).

Ecnu, kpome Toro,

HV@eeEE, beE)aob="boa,

TO rpynna E Ha3blBaeTcs abesesoi NN KOMMYMAamugHoi.

Ecnu B rpynne E onepauusi o UMeeT aliMTHBHOE (MY/JIbTUIUIMKATUBHOE) 0603HayeHue “+” (“-7),
TO TPYTIITY Ha3bpIBAIOT ad0umusHoi (Myabmunaukamuenoi), a HeUTPAIBHBIN NIEMEHT Hyneeum (e0unut-
Hoim) M obo3HavawT coorseTcTBeHHOo 0 (1). Hanpumep, MHOXecTBO Z BMECTe C onepaumeil CloXeHUs
o6pasyeT KOMMYTATUBHYIO Ipyrinty. MHoxectBo Q\{0} BMecTe c onmepauueil yMHOXeHMs TaKXe 00pa-
3yeT KOMMYTaTHBHYIO TpYIINYy.

2.2. Kousno.

Koavyom HaspiBaeTCsI MHOXECTBO R, B KOTOpOM 3allaHbl IBe GUHAPHBIE areGpandecKue onepayunu:
CJIOXEHHE U YMHOXEHHE, IPHIEM 110 CIIOKEHHIO 3TO MHOXECTBO — abesieBa rpyIna (aAAuTUBHAs IPYIIna
Kosbua R), a yMHOXeHHe CBA3AHO CO C/IOKEHMEM 3aKOHAMHU TUCTPUGYTUBHOCTH!

V@€ R, beER, ceR) ab+cy=ab+ac, (b+ c)a=ba+ca.

Ecnu onepaiimst yMHOXEHHUS KOMMYTaTUBHA, TO KOJIBIIO HA3BIBAETCa Kommymamuenoim. Eciiu R 3 1,
TO KOJIBIO HA3bIBACTCS YHUMAPHBIM. .

Hanpumep, MHOXeCTBO Q palMOHAJIBHBIX YUCE BMECTE C OMEPALUAMU C/IOXKEHUS U YMHOXEHHUS
o6pa3yeT yHUTAPHOE KOJIBLIO.

2.3. Teno.

Ecnu KOJIBLIO, JIMIUEHHOE HEWUTPAIBHOIO 3JIEMEHTA OTHOCHUTENILHO ONeEpaiuu CJIOXKCHUA, 06pa3yeT
rpy1riny OTHOCUTENBHO ONEPalUM YMHOXEHHUSA, TO OHO HA3LIBACTCS MeAoM.
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2.4. Ilone.

Tesno, B KOTOPOM ONEpaids YMHOXEHUST KOMMYTaTUBHA, HAa3BIBACTCS HOAEM.

Hanpumep, ynopsinoueHHsle Tpoitku (Q, +, <), (R, 4+, -) ABISIOTCA COOTBETCTBEHHO MOJISIMHU pa-
UMOHANBHBIX M JEACTBUTENBHBIX YUCEL.

Onpenenenne. [Tycms K — meno (none). Omobpaxncenue | -| : K = RY, 20e R* = {z € R |
xz > 0}, nasvieaemca abconromubim snavenuem (modyasem) 6 mene (nose) K, ecau Via € K, g € K)
BbINOAHAIOMCA CAeOYIOWUe YCA08uAa (aKCUOMbL):

Dija|=0=a=0;

2) o~ pl = lal - 1l;

3) la+ 8} < |a| + |8| (nepasencmeo mpeyzonvnura).

Teso (11071€), B KOTOPOM OMNpeeneiio abCoMOTIIOe 311a4ellie, 11a3bIBAETCS HOPMUPOBAHHbIM.

2.5. Bekrtopuoe npocrpancTo naa nojeM K. HopMHpoBaHHOe MPOCTPAHCTBO.

Bexmopnvim (auneiinvim) npocmparcmeom nad hosem K HaspipaeTcs yrnopsitoueHHas Tpoiika (B, +, ),
cOCTOSINIAsI U3 MHOXeCTBA F, 3/1eMeHTHl KOTOPOIO HA3bIBAIOTCS 8eKmopamuy, Olepauly CIOXEHUs U
ornepalmy YMHOXEHUS Ha 2eMeHThI nois K.

YKa3aHHbIe Onepatiy JODKHBI UMETh CIIELYIOLHE CBOMCTBA, HAa3EIBAEMBIE QKCUOMAMU 8EKMOPHO20
npocmpancmea: V(x € E,y€ E,z€ E A€ K, pe K

Brz+y=y+z;

DE+yp+z=z+Hy+2),

NI0eFr: z4+0=1z,

4Y3A(—z)EE: z+ (—x)=0;

YAz +y)=Az+ Ay, A+ p)x = Az + px;

6) (\w)z = AMpz);

Dl z=zx.

HMes B BUIY ymipollleHMe 3anuceif, BMecTo TpOolkH (K, +, -) NOAb3yI0TCSt BEKTOPHBIM IPOCTPaH-
ctBoM E.

B npou3BopHOM BEKTOPHOM MPOCTPAHCTBE E BBHINOJIHSIOTCS CJELyIOlHUe CBOMCTBA:

1) A-0=0;

20-2=0;

H (= —-=x.

IMycts F — BeKTOPHOE MPOCTPAHCTBO Hajl HopmupoBaHHBIM notteM K. Otobpaxenne ||-|| 1 E — R
HazbIBaeTCA Hopmoi (Oaunoil) B npocTpaHcTBe F, ecou V(z € E, y € E, A € K) BbINONHSIIOTCS yC/IOBHUS
(aKCHOMBI):

Dzl =0= 2z =0;

2) |1Az]l = |A] - ll=[l;

3) llz + yll < lizll + llyll (nepasencmeo mpeyeosvrura).

3HayeHWe HOpMBI Ha BekTope = € E HasbIBaeTCsl HOopMoi ITOTO 6eKmopda.

VnopsinoueHHbIn HaGop (E, +, -, || - ||) HasbIBaecTCS HOPMUPOBAHHBIM BEKMOPHBIM HPOCMPAHCMEOM.
C uenblo coKpauleHus 3anmucy obbiaHo nuyT E BMecTo HaGopa (B, +, -, || - ).

W3 akcuom 2), 3) crnenyer, uro ||0}] = 0, [|z|]| > 0 Vz € E. Tlepsoe cBoilcTBO MOJIy4YaeM W3
aKcUoMsl 2) nmpu A = 0, BTOPOe — U3 AKCUOMBHI 3) NpH y = —.

Bektop x € E HasmiBacTCa npedesom nocaedosameabrocmu 8eKmopoé (T,) HOPMUPOBAHHOIO Npo-
crpauctBa F, ecim ||z, — z|] = o(1). 3amuck: lim z, = z. CumBonom Jlangay o(l) oGosHayaror

n-—oo

GECKOHEYHO MAJIble YMCIIOBHIE [TOC/IEN0BATE/ILHOCTH, T. €. TaKUe, 410 lim @, = 0. Euwe ooMH cuMBoO

n-—=00
Jlanpay O(1) ynorpebnsior it 0603HAYEHUS OrpaHUYEHHBIX YUCIOBBIX MOC/IENOBATEIBHOCTEH!.
Teopema (0 HenpepHIBHOCTHU HOPMHBI). Ecau nocredogamensHocms (&,,) 8eKMopos HOPMUPOSAH-
no2o npocmpancmea E cxodumcs k sexkmopy x, mo ||z, || — llzll.

<« CrpaBe/UTMBOCTb YTBEPXKAEHHS CJIENYET N3 HEPABEHCTB
~llzn — sl <llzall - llzll < llzn —zll VREN,

SBJISTIOLUMXCS CIIEACTBMEM M3 HEPABEHCTBA TPEYTOJLHHUKA, P
B HOpMHPOBaHHOM mnojie K MONYJIb TAKXE SIBISETCS HENMPEPBIBHOM (DYHKUMEI.
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B BexTopHOM npoctpancTse R™ kaxmoe u3 otobpaxkenwit | - ||: R™ — R, e

llzll = Z z?  (eskaudosa nopma), (1
i=1
llzll = Z lz;] (oxmasdpuueckas nopma), 2)
i=1
Nzl = inix l2;]  (kybuueckas nopma), 3)
1<i<m

yIOBJETBOPSIET aKCHOMAM HOPMBIL.

[TocienoBatenbHOCTh (&, ) BEKTOPOB HOPMHUPOBAHHOTO npocTpaHcTBa F HasbiBaercsi gyndamen-
manvholi, €CIU

(Ve>0)@En. ENV(r 21, p€N) tznap — 2ol <e.

HopmuposaHHoe npocTpancTso E HA3BIBAETCA HoAHbIM, €CNU KaXnaas (yHOIaMEHTalbHas MocjeloBa-
TENBHOCTh (Z,) €ro BeKropos umeeT npenes B F. Kaxnoe noiHoe HOpMHUpPOBaHHOE MPOCTPAHCTBO
Ha3bIBAETCS GAHAXOBHIM.

Teopema. Kaxcoas cxo0auosaca hocaedogamensrocms (E,,) 6eKMopog NPoU3B0NbHO20 HOPMUPOBAHHO20
npocmpancmea E @ynoamenmansua.

« Iyctb ¢ > 0 u z,, — x. Boibepem takoe n, € N, urobel Vn 2 n. |z, — z|| < §. Torma
V(n = n., p €N) umeem

”mn+p - mn” < ”zn+p - :E” + ”z - zn” <e »

HopmuposaHHbIe npocTpaHcTBa R ¥ R™ ABAIOTCS NOMHBIMH.
Tp

§ 3. MeTpuuecKHe NPOCTPAHCTBA

MeTtpuueckiie NPOCTPAHCTRA ABJISIOTCS ONHOM W3 Pa3SHOBUIHOCTEH TOMOJOIMYECKUX MIPOCTPAHCTE,
Brepseie ux pounesim 8 1906 . M, @pewe (1878—1973) B cBsizu ¢ usydenneM GyHKUHMOHATBHBIX N1PO-
CTPaHCTB.

OnHoM U3 HyHIAMEHTAIBHBEIX XapaKTEPUCTUK B3AUMHOTO PACITIONOXEHUS TOYEK MHOXECTBA SIBJIs-
eTCs PACCTOSIHME MEXIY HUMHU. BHenpeHHe MeTpUKH (DACCTOAHHUA) MO3BOJISET BHIPA3UTH B MPOCTOM U
JOCTYIIHO} (hopMe, Ha S3bIKE TeOMETPUH, pe3yiIbTaThl MATEMATHYeCKOro aHanu3a. Haubonee BaxHbIMU
MOHATHAMU B TEOPUM METPUYECKUX MPOCTPAHCTB SBJSAIOTCS MOJHOTA, KOMOAKTHOCTD U CBA3HOCTb.

3.1. AxKCHOMBI METPHKH.
IIpenen nociien0BaTEILHOCTH TOYEK METPHIECKOTO NMPOCTPAHCTRA.

Onpenenenne 1. [Tyems X — npouseonsuoe muoxcecmao. OmoGpancenue X* ~+ R nasweaemes
mempukou, ecuu V(z € X, y € X, z € X) gotnosnaomea caedyouiue ycaosus (AKcUoMsi):
D) plx,y)=0=>z=y;
2y p(z, y) = ply, x) (akcuoma cummempuu);
3) plz, ¥) < p(x, 2) + p(z, y) (Hepasencmeo mpeyzoabrura).
VYnopsnoueHHast napa (X, p) Ha3bIBAETCH MemMpu4ecKuUM nPocmpancmeoM, a 31IEMEHTH MHOXecTBa X
HAa3bIBAIOTCS MOYKAMU MeMpPUYecKozo npocmpancmea.
Kaxnoe HOpMHUPOBaHHOE BEKTOPHOE NMPOCTpaHCcTBO F rlpeBpamaeTca B METPHYECKOE, €CTH B HEM
V(z € E, y € E) meTpUKy onpelenuTs GopMynoit
Pz, ) =|lz - yll. 1)
ITpoBepKa BEINOJHEHUS akcHOM 1)—3) He npeacTarnsier 3aTpyIHEHHH.
W3 akcuome! 3) Mo MHIYKUMH CAERYeT, yTo V(z; € X, j = 1, n, n > 2) BHIONHAETCS HEPABEHCTBO
P&, T} € Py, T) + p(22, T3) + .o+ p(Bmy, Tn)- )
Ecmm p — paccrossHue B X, 10 V(r € X, y € X, z € X) BBINOJHSAETCS OLICHKA
ip(z, 2) — p(y, 2)] < pz, y). (3)
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HeiicTBuTenbHO, U3 akcuoM 2) u 3) umeeM p(z, 2) < p(y, 2) +p(z, y) 4 ply, 2) < py, ) + p(z, 2) =
p(z, y) + plz, z), okyma —p(x, y) < p(x, z) — p(y, 2) < plz, y). Us Hepasencrsa (3) cnenyer, uto
VzeEX,y€X) p(z, ) 20

Ipumep 1. Gyuxuns p(z, y) = lz —y| V(z, y) € R? ects paccToAnne B MHOXECTBE R, a MeTpHue-
ckoe npoctpaHcTBo (R, p) HaseiBaeTCs deiicmeumensioll npAMOIL.

Hpumep 2. Hycts (R™, +, -, || - |} — HopmupoBannoe npoctpanctso {cM. m.2.5). OroGpaxeHue

R™ 2R, rne p(x, y) = |z — y||, V(z, y) € R*™, yIoRIeTBOPsET AKCHOMAM METPHKIL.
Hpumep 3. [Iycts X — npousBOIBHOE MHOXECTBO, I — MHOXECTBO OrPaHUYEeHHBIX OTOOpaXeHHU i

x LR Torna V(f € E, g € E) umeeM (f —g) € E n onpeliestero uucio p(f, g) = sup |f(x) —g(z)].
€X

z
Orobpaxenue (f, g) — p(f, 9) siBIsieTcs paccTosiHUEM B MHOXecTBe F. Beinomuenue akcuom 1)—3)
OYeBHIHO.

Onpenenenne 2. [Tycms (X, p) — mempuueckoe npocmpancmeo, € € X, z, € X ¥n € N. Touxa x
Hazvieaemes npedenom nocaedosamensnocmu (Tn), ecau p(x,, ) = o(l). B amom caynae nuwiem
x = lim =z, . Ilociedosamenvrocmes moyex mempuuecKozo npOCMPAHcMea, UMewas npeoen, Hazbieaemes

n—0o0

cxo003welca.
Teopema 1. Cxolawascs nocredosamenshocms (r,) mouek mempuueckozo npocmpancmea (X, p)
umeem eduHcmeen ol npeden.

o ITpennonoxum, yro lim z, = z,, lim z, = yg, Ty # Y. OOGo3HauMM &y = p(xg, Yo)-

n—axx =2

Ilo onpenenenuio npenena cywectsyior HoMepa nt) € N, n) € N Vn > nl) p(x,, zo) < L u
vn 2 n? p(x,, y) < L. Torma Vn > n,, = max{ng)’, n@} p(x, o) + p(Tn, yo) < &g. ITo Hepa-
BEHCTBY TPEYTONBHUKA P(Zg, Yo) = €0 K P(Tn, To) + p(Tn, Yo) < €, ECAHM TONBKO 1 2= . onyanm
NPOTMBOPEYUBOE HEPABEHCTBO €y > €9, UCTOYHUK KOTOPOrO B NPEINNOIOXEHUH, YTO CXOASLUASICS M0-
CJIeIOBaTe/ILHOCTh UMeeT [1Ba npenena. p

Onpenenenne 3. ITocredosamensrocms (x,,) mouex mempudeckozo npocmpancmeéa (X, p) nazeieaemcs
pyndamenmanbroi, ecau

(Ve>0)@n. eN(Vn 2 n,pEN) 1 p@nip, T,) <& )

Teopema 2. Ecau nocaedosamenbrnocms (x.,) movex mempuyeckozo npocmparcmea (X, p) cxodumes,
mo oHa Qyndamenmanbras.

4 Nycts £ = lim z,,, 2 € X. Torna Ve > 0 An, € N: Vn 2 n, p(z,, =) < 5. CrenosateasHo,

n—oe

V(n 2 n., p € N) BBIOJHSETCS HEPABEHCTBO P(Zn4p, T) < 5 M U3 aKCHOM 2), 3) NMONY4aeM OLEHKY

p(mn+p1 mn) < p(mn+p7 :l:) + p(my mn) = p(mn+py :l:) + p(mrn :l:) <e.»
Onpenenenue 4. Mempuueckoe npocmpancmeo (X, p) nazeeaemcs noanbim, ecau kaxcoas gynoa-
MEHMAAbHAS NOCACD08AMENLHOCTMb €20 MOYEK CXOO0UMCA 8 HeM.
HeitictBUTENBHAS NIpsAMast (CM. npuMep 1) sIBJISIETCS IMOJTHBIM METPUYECKUM MPOCTPAHCTBOM.
Nycts V(z € Q, y € Q p(z, y) = |z — y|. Merpudeckoe npoctpanctso (Q, p) He SABITCTCH
TIOJIHBIM, MTOCKOJIBKY (DyHIAMEHTANBHAS MOC/IEI0BATEIBHOCTD PAIIMOHAIBHEIX YHCEIT Ly, = 2+ REE + =
CXOOUTCA K UppaluoHabHOMY yucty e € Q.

3.2. IIapsi, cepbl, HAMETP MHOKECTBA.

B Teopuy MeTpuuecKuX NPOCTPAHCTB UCHOJB3YETCS SI3BIK KIIACCHYECKONH TEOMETPHHU.

Mycrs (X, p) — MeTpUuECKOE MPOCTPAHCTBO, Ty € X, § > 0.

Onpenenenne 1. Muoxcecmeo Os(xo) = {x € X | p(xo, :c) < 6} Hassieaemes OMKPUMIM WAPOM
paduyca 6 c yeumpom 6 mouke Ty, a maKxce §-0KpeCMHOCMbI0 MOYKU Ty,

Onpenenenne 2. Muoxcecmeo Og(xo) = {z € X | p(xo, =) < 6} Ha3BI6AEMCAIAMKHYMBIM WAPOM
paoduyca 6§ ¢ yenmpom 8 moyKe Ty. :

Onpenenenne 3. Muoocecrmeo S(xqy, 6) = {x € X | p(xy, x) = 6} nazvigaemcs chepoii paduyca &
C yenmpom 6 mouKke x.

Ha neitcTBUTEIbHOM NPAMOIA OTKPBITHIA (COOTBETCTBEHHO 3aMKHYTHIN) WIap paguyca § C MEHTPOM
B TOYKe xg € R e€cTh uHTEpBan (zy — &, =y + 6) (COOTBETCTBEHHO CErMEHT [z¢ — &, Tg + &]), a chepa
TOrO e paguyca COCTOMT U3 ABYX ToueK {xg — 8, zo + 8}.
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Onpeneneune 4. [Tycms (X, p) — mempuueckoe npocmpancmeo, A u B — 0ea nenycmuix noommo-
acecmea muoxcecmea X . Heompuyameavroe yucao

A, BY= inf 1
p(4, B} zE[lxr,lywp(m, Y (1)

Hazvieaemca paccmoanuem om A do B.
Ecnu MHOXecTBO A O0xHOTOYeqYHOE, TO BMECTO p(A, B) 3amuceiBaloT p(z, B). PaseHcTso (1) MoxHO
TAKXe 3aIMCaTh B BUIE
: p(4, B) = inf p(z, B) 2)
€A

Ecom AN B #@, 10 p(A, B) = 0, ogHako p(A, B)y =0 # A N B #&. Tlycts Haripumep, A = N,
B= {zn € len =n- %;n € N\{l}} Torna

1
ANB =2, p(4,B)=inf~=0.
n N

Onpenenenue 5. [Iycme (X, p) — mempuneckoe npocmpancmeo, A C X — nenycmoe mnoncecmeo.
Huamempom muoxcecmea A nasvieaemcs 4ucio
d(4)= sup p(z,y). 3
zE€EA,yEA
U3 onpeneneHus clenyeT, YTO TUAMETP HEMYCTOIO MHOXECTBA MOXET GBITh HEOTPULIATE/IEHBIM JI¢id-
CTBHTEJILHBIM 4uCIOM Wi +o0o. Ecim A C B, 10 d(A4) < d(B). PaBencto d(A) = 0 BhmoiHsieTcs
TOrAa U TOJILKO TOrAa, Koraa A — OJHOTOYEYHOE MHOXECTBO.
Ecnu auameTp MHOXecTBA A KOHEYHBIHA, TO OHO HA3BIBAETCS 02DARUHEHHBIM.
Teopema. O6vedunenue 08yx oepanuyernbix muoxcecme A u B ag/1semcs o2panuuenibiM MHONCECMBOM.
4Ecima€ A4, b€ By, y— mobbe To4Kn MHOXecTBA A U B, 10 bo z € A Ay € A n Torna
p(z, y) < d(A), mubo x € B, y € B u torna p(z, y) < d(B), nubo, Hanpumep, £ € A, y € B u Torga
EC/IEICTBHE HEPABEHCTBA TPEYTONBHUKA I10/Iy9acM HEPAaBEHCTBO p(x, ¥) < p(z, a) + pla, b) + p(b, y),
NO3TOMY
d(4 U B) € p(a, b) + d(4) + d(B). 4)
Iyctb € > 0. [1o cBOMCTBY TOYHON HWXXHEN rpaHu HailaeTcs Takas napa Touek @' € A, b' € B, uto

p(4, B) < p(a', b') < p(4, B) +¢.

[Tockoneky a U b — IIpOM3BONBHEIE TOYKHM, TO, HoJaras B HepapeHcTse (4) a = a', b = b', nonyuum
OLIEHKY
d(A U B) < p(4, B)+ d(4) + d(B) +e¢.

B CHILY IPOM3BOJIBHOCTH BeIGOpa € > 0 umeeMm
d(A VU B) < p(4, BY+d(A) +d(B). »
Caedcmeue. Ecau muoxcecmeo A ocpanuuennoe, mo Vg € X muoxcecmso A codepicumcs 8 3amxHy-
moM wape ¢ yenmpom 6 mouxe xo u paduycom r = p(zxq, A) + d(4).
3.3. OTKpBITHIE MHOXKECTBA.

Onpepenense 1. Omkpbimom muoxwcecmeom 6 mempuieckom npocmpancmee (X, p) na-
3st6aemcs noomnoucecmso G C X, umeroujee ceoticmeo:

Vz eG)(36 > 0):05(x) CG.

W3 onpesieieHUs cieyeT, YTO NYCToe MHOXECTBO OTKpbiToe, Bee MHOXeCTBO X Takke OTKPBITOE.

Teopema 1. Kaxcooii omkpoimetii wap A6AAemcs OMKPbIMbIM MHONCECIMEOM.

« Ilycts (X, p) — MeTpuueckoe MpocTpaHcTBo. EComM z € Og(xg) C X, To p(xg, ) < 6 M
8y = & — p(xo, x) > 0. Tornma p(z, y) < b;, ecmu y € Oy, (x). OueHnm paccrosHue p(xg, y). CorracHo
HEPABEHCTBY TPEYTOJBHUKA UMEEM

p(m()a y) < P(mo» :l:) +p(m1 y) < p(mO) :l:) + 61 = 4.

TaxuM o6pasom, BemonHseTcs Bkmouenne Og, (x) C Os(zg), T. €. TOYKA T BXOAUT B MHOXeCTBO O5(xq)
C HEKOTOPOI OKPECTHOCTHIO. P
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Teopema 2. OGsedunenue nwboeo cemeiicmea (G, ) ca OMKPbIMbIX MHONCECINE €CIMb OMKPbIMOE MHO-
Hcecmeo.

« Ecmm z € G, uta Hekotoporo A € A, To cyurecTyeT Takoe § > 0, 4to

Os(x) CGy C U G, »
HEA

Ha peitcTBuTebHOM NpsMoit M0G0 UHTEpBaN (@, +00) OTKPHIT KaK OGBEIHHEHME OTKPBITBIX MHO~
KECTB (a, T) IJIsl BCEX T > a.

Teopema 3. Ilepeceuenue Koneunozo cemelicmeéa omKpsmolX MHONCECINE €CMb OMKPbIMOE MHONCECMEO.

« loctatoyHo paccMoTpeTh Cilydail JByX OTKDPBITBIX MHOXecTB Gy U (;, a 3aTeM MPOBECTH HH-
IYKUHIO.

Ecn ¢ € Gy N G, 1o cywectsylor takue §; > 0 m 6§, > 0, uto O (z) C Gy, Os,(z) C Gy m
Os(x) C Gy N Gy, tne § = min{é,, 6,}. »

ITepeceyenne GECKOHEYHOrO CEMENCTBA OTKPBITHIX MHOXECTB, BOOGMIE IrOBOpS, HE SIBJISETCS OT-

KPBITBIM MHOXecTBOM. Hanpumep, nepeceyeHrue MHTePBaioB (—l ‘), n € N Ha nelcTBHUTENBHON

n'n

NPsIMOlt €CTh OHOTOYEYHOE MHOXECTBO {0}, KOTOPOE CIUTAETCS 3aMKHYTBIM.

3.4. BHyTpeHHOCTH MHOXeCTBA.

ITycts (X, p) — MeTpU4ecKoe MPOCTPAHCTRO.

Onpepenenne 1. Omepoimoi okpecmunocmoio muoxcecmea A C X nasvisaemen awboe omkpoimoe
MHONCECMB0, Komopoe codepxcum A. Okpecmurocmoio MHONCeCcmEa A Hazbieaemca a060e MHOXCECMEO,
codepxcaiyee OMKPLIMYIO OKpecmuocms A.

B cinyuae, korna 4 = {z}, Benyr peub 06 OKPECTHOCTH TOYKHK = (a He MHOXecTBa {z}).

Ompenenenne 2. Touxa x € X nasvigaemcs guympenneii mouxot muoxecmea A C X, ecau
A sensemes ee oxpecmuocmoro. Muoxcecmeo scex snympennux mouex Muodcecmea A naswieaemca ezo
guympennocmolo u o6o3navaemcs cumeonom int AV,

BHyTpEeHHOCTD /I060r0 MPOMEXYTKA C HAYAIOM a U KOHUOM b (a < b) Ha AelCTBUTENbHOK NPSMOKi
ecTb UHTepBan (a, b), TAK KaK TOYKU a ¥ b He MOTYT GBITh BHYTPEHHUMM TOYKaMu [IPOMEXYTKOB [a, b},
[a, b), (a, b].

Teopema 1. Jnn n106020 mnoxcecmea A C X euympennocmeio int A seasemca naubonviuee omxpsimoe
MHONcecmgo, codepxcaujeecs 8 A.

<« Ecm z € int A, To cyiiecTByeT OTKphITOe MHOXecTBO G, C A, comepxallee Touky x. s
mo6oii Toukd y € G, MHOXECTBO A IO onpefesieHUI0 1 sIBJISieTCS €€ OKPECTHOCTbIO, NO3TOMY Y € int A.
Hrak, G, C intA, int4 = U {z} C U G, C int A. ITo teopeme 2, n.3.3, MHOXecTBO int A

z€int A x€int 4
otkpaiToe. Eciim B C A — OTKPHITOE MHOXECTBO, TO U3 ONpeneieHus 2 ciaenyet, yto B C int A. Takum

06pa3oM, OTKPBITHIE MHOXECTBA XapaKTEpU3YIOTCs YCIOBMEM A = int 4. p»
Cnedcmeue. Ecau A C B, mo int 4 Cint B.
Teopema 2. [as a0boii napvt miioxcecme A u B evtnoanaemca pagencmeo

int(4A N B) =int A Nint B.

<« Bxunouenue int(4 N B) C int A N int B nojxyyaem u3 caepctsusi. CortacHo Teopeme 3, n. 3.3,
nepeceyeHue intA4 N int B saBasieTcss OTKPBITHIM MHOXECTBOM M collepXXutcs B nepecedenun 4 N B. Ilo
TeopeMe 1, BeiroauseTcs Bkmouenue int 4 N int B C int(4 N B). W3 nmony4yeHHBIX BKIIOYEHUI cllefyeT
CHOPaBeNIMBOCTD YIBEPXICHUS. b

BHYTpPEHHOCTb HENYCTOrO MHOXECTBA MOXET OBbITh IIyCTHIM MHOXECTBOM, HaNpUMeEp, IS OTHOTO-
4eYHOro MHOXecTBa {x} Ha JeHCTBUTENBHON npsaMoit int{z} =@.

Onpenenenue 3. Buympennas mouxa muoxcecmea X\ A nasvieaemcs enewneti moukot dis A, a
eiympennocms mroxcecméa X\A — mMHuoxcecmeom snewHux movek mroxwecmea A.

Teopema 3. s mozo umobet mouxa x € X 6bvina enewneii 049 A, Heobxo0umo u docmamoyno, 4mobs;
8b1noansA0ch yeaosue p(x, A) > 0.

4 Heob6xonumocTs. Ecniu x € X — BHewHss Touka s 4, To cyutectsyet wiap Os(x) C X\ 4
(6 > 0). dma moboit Touku y € 4 umeem p(z, y) > 6, crenoBatensHo, p(z, 4) = ile'tg px,y)y=26>0.

y

1) Or dpanutysckoro ciosa interieur — enympennuil.
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HocraroyHocTs. Ilycts 2z € X. O6osHauum 6; = p(z, A). U3 ycnosmus §; > 0 caenyer
pkmoueHne Os, () C X\ A, BCeACTBHE YETO T ABNSETCS BHYTPEHHEH TOUKOH MHOXeCcTBa X\ 4. >

3.5. 3ammy’rue MHOXECTBA, TOYKH NPHKOCHOBCHHS, 3aMbIKaHHe MHOXECTBaA.

ITycrs (X, p) — MeTpHYECKOE NPOCTPAHCTBO.

Onpenenenne 1. Muoxcecmeo F C X nazvigaemcazamknymuim, ecau ezo donoanenue CF sensemca
OMKPYMBIM MHONCECTEOM.

[Tycroe MHOXeCTBO, a takke MHOXecTBO X 3amkHyTHl. [Ipomexytku [a, +00), (—o0, a] U MHO-
KECTBO Z — 3aMKHYTBIE MHOXeCTBa Ha uMcnoBoi npsMoit. [Ipomexyrku [a, b) u (a, b] He sBTIOTCS
HM OTKDHITHIMM, HY 3aMKHYTBIMH MHOXECTBaAMH.

Teopema 1. 3amxuymosi wap Os C X () u cepa S(zo, 6) C X a6asiomea 3aMKHYMbLMU MHONCE~
cmeamu.,

<« Ecmz ¢ O (zg), TO p(x, Os(z0)) > p(xg, x)— 56 > 0, B culy 4ero OTKPBITHI 1IAp C HEHTPOM B
TOYKE & U paguycoM &, = p(Zg, ) — § CONEPXHUTCH B JONONHEHHH Luapa O (zg). CnenoBateNbHO, 3TO
IIOTIONIHEHHE — OTKDBITOE MHOXECTBO. JlononHeHue cdepnl S(xy, §) aBaseTcs OObeIMHEHHEM OTKPBI-
toro wapa Os () ¥ KononHeHus wapa O(xy). [To TeopeMe 2, 1. 3.3, 5T0 0GBEIHHEHHE ECTh OTKPHITOE
MHOXECTBO.

Teopema 2. Ilepeceuenue 1106020 cemelicmea 3aMKHYMbIX MHOMcecme 3amkHymo. Obvedunetue Koney-
HO20 Cemelicmea 3aMKHYMbIX MHONCECME 3AMKHYMO.

4 Ecmm Va € 4 muoxecrBa F, 3aMkHyThl, T0 MHOXecTBa CF, OTKpHITHL. CoOacHo BTOpPOM
dopmyne B (2), n. 1.4, umeem

C () F.= | CF.. 1)

acA a€A

ITo reopeme 2, 1. 3.3, MHOXECTBO U CF, OTKpHTO, B cWIy Yero u MHoxectso C ﬂ F,, ssasercs
a€A a€A
OTKpHITEIM. Tora no onpepeneHHI0 MHOXECTBO ﬂ F, 3aMKHYyTO.
a€A
JlokaxeM BTopyio yacte Teopemsl. [lycte F; (1 = T,—ﬁ) — 3aMKHyTbHle MHOXecTBa. [lepeiias K
JIOTIONTHEHUSM [0 NepBoit dopmyne B (2), n. 1.4, nonyyum

COFl = (n)CI’-'l (2)
=1

i=1

n
Tak xax MHoxectBa CF; OTKPSITHI, TO, COINACHO TeopeMe 3, . 3.3, MHOXECTBO ﬂ CF; sBnsercst ot1-
i=1
n n

KpBITHIM, 2 BMeCcTe ¢ HUM U MHOXecTBo C U F,. CnenoBarensHo, MHOXecTBo | | F; 3aMKHyTO. B
i=1 i=1

B 4acTHOCTH, OZHOTOYEYHOE MHOXECTBO 3aMKHYTO.

Onupenenenne 2. Touka o € X Hazsieaemca moukoli npukocnogéerus MHoxcecmea A C X, ecau
arobas oxpecmuocmo Og(xg) umeem ¢ A Henycmoe nepecesenue. MHONCECME0 6cex MOHEK NPUKOCHOSEHUS
MHONCECIEa A HA3bi6AEMCA €20 3AMbIKAHUEM U 0603HaYaemcs cumeorom A.

Ecmu x € X — He TouYKa NPUKOCHOBEHHN MHOXeCTBA A C X, TO & ABJISETCH BHYTPEHHER TOUKOMN
norionHeHust CA. ITo3TOMy 3aMbIKAHHE MHOXECTBA A €CTh JOTIOJHEHHE MHOXECTBA €10 BHYTPEHHUX
Touek: 4 = Cint CA. Hanpumep, 3aMBIKaHME OTKPHITOTO 1Iapa Os{T) COXEPXKUTC B 3AMKHYTOM 1L1Ape
Os{xy), HO MOXET HE COBIANATh C HUM.

[Mockonbky int CA ecTh HanboJblilee OTKPHITOE MHOXECTBO, coxepxatueect 8 CA, To 4  €CThb Hau-
MEHBbIUEE 3aMKHYTOE MHOXECTBO, coacpxawee A. B yactHoctH, ecnu A 3aMKHYTO, TO 4 = A.

Teopema 3. Hna moeo umobui mouka zo € X Obuaa moukol npuxocHogenus muoxcecmsa -4 C X,
Heobxo0umo u docmamouno, umobsi p(xe, A) = 0.

<4 Heobxoxumocts. Ilycts 2, € X — TouKa npukocHoseHust MHoxectBa A C X. Toraa
zy ¢ int CA u, coracHo teopeme 3, 1. 3.4, p(zy, 4) = 0.

HocratoynocTh. Ecan p(zy, A) = 0, 10 mobass oKpecTHOCTb Og(X)) UMEET C MHOXECTBOM A
HelycToe [iepeceyeHue. »
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Teopema 4. Ecau zy € X — mouka npuxocrosenus muoxecmea A C X uzg ¢ A, mo V6 > 0
MHOXecTBO Og(Zo) N A BGeCKOHEUHOE,

<« JIoNyCTHM, YTO 9TO He TaK M IS HeKOToporo 8y > 0 Og (o) N A = {y1, ¥2, ... , yn}- Tlo
PEATIONOXEHHIO T = p(Zo, yx) > 0 (k = 1, n). Buibepem r > 0 Tak, urobe1 O, (zy) C Os,(z0)
ur < min{r,r,...,r,}. Torma O,(xz¢) N A =& BONpeKu NPEANOIOXEHHIO, YTO Zo — TOYKA

NIPUKOCHOBEHHN MHOXeCTBa A, »

Onpenenente 3. Touxa zy € X Hazvieaemca npedenbHoll moukoid muoxcecmea A C X, ecau ona
A6A%eMcA MOUKoI npurkochosenusn muoxcecmea A\{zy}.

U3 reopemsr 4 crienyer, uyro Mobas §-oKpeCTHOCTD NPeleIbHOM TOUKH MHOXeCTBa 4 C X COIEPXKUT
0eCKOHEYHOE MHOXECTBO TOUEK M3 A.

Mycrs zy € X — npenenbHas touka MHoxectBa 4 C X. Paccmorpum nocnexoBarenbHOCTD
(Os,, (z0)) OKpECTHOCTEH TOUKM Lo, rae 6, = o(l). Torma Vn € N MmuoxectBo X, = Os, (x0) N A
BeckoneuHoe. B mHoxectse X | BeIGepeM mobyio Touky ). B MHOxecTBe X, BRIGEpeM TOUKY T3 # T,
(3T0 BOSMOXKHO, rockonbky MHOXecTBa X| n X, GeckoHeunnie). [lycTe BRIGPAHBI PasIMYHBIE TOYKH
T, Tyy .o Tn, T; €X; (5= 1 n). B Muoxecrse X, 4y BoIOEpEM TOUKY Tny1 # Z; (J = 1, n). Tlo
MHIYKIIMH Bb16pa.rm TOCJIEOBATENBHOCTD (T,,) Pa3iMYHbIX TOYEK Z,, € 4. U3 ycnomm p(Z, a:o) < &,
u 6, = o(l) cnenyer, uto x, = lim z,. UTak, ecnu xy — npelenbpHas Touka MHoxectBa 4 C X, To

M3 HEro MOXHO BBIAE/HTD MOC/ENOBATEBHOCTD PasMYHBIX TOYEK, CXOANIIYIOCK K Zg.

Haofopor, ecnu ussecrHo, 4r0 U3 MHOXeCTBA A C X MOXHO M3BJIEYb IOC/IEAOBATEIBHOCTE pas-
JIMYHBIX TOUEK, CXOMALIYIOCH K TOUKe &y € X, T0 £y — TipeleNibHask TOUKa 3TOTO MHOXECTBA, TaK KaK
mobas §-okpecTHOCTb Og (L)) COLEPXKUT GECKOHEYHOE MHOXECTBO TOYEK U3 A.

MoxeM Tenepp cHOpMyIHMpOBATE €lite OFHO ONIPENEICHHE NMPEeAENbHOM TouKu MHoxecTBa 4 C X,
3KBUBAJICHTHOE OTIpEAENeHHIO 3.

Onpenenensie 4. Touxa ), € X Hazweaemcs npedeavnol moukoi muoxcecmea A C X, ecau
U3 HE20 MOJCHO 8biJeaUmb nocaedo8ameavHocms pasnudHblx mouex (%), CXO0RWYIOCA K Ty N0 Mempuke
npocmpancmea (X, p). ‘

[IpenenbHast TOUKa MHOXECTBA MOXET NPHUHAIUIEXATh €My MM HE NpuHaiexars. Beuue 6bu10
MOKAa3aHO, YTO €CIM MHOXECTBO A 3aMKHYTO, T0 4 = A, T.e. 3aMKHYTOMY MHOXECTBY NPHHAUIEXaT
BCE €ro TOYKY NPHUKOCHOBEHHS, 8 3HAUHT M BCE €rO NPEICIbHBIE TOUKH, KOTOPBIE, OUEBHIHO, ABJISIOTCH
TOYKaMHM NIPHKOCHOBEHHS 4.

Omupenenenue 5. Touxa zy € X Hazvieaemcs epanuvnod moukoid muoxwcecmeéa A C X, ecau ona
Aensemes. moukoii npuxocrosenua kak A, max u CA. Mnoxcecmeo 8A 6cex epanunnbix movex MHOMCECMEa
A Haszbieaemcs ezo epaHuyel. L

W3 onpenencHns cnenyer, 4o 34 = 4 N CA = 8(C4). B cmiy teopeMbl 2 MHOXeCTBO 34
3aMKHYTOE€ M MOXET OBITh IyCTO.

Onpenenensie 6. Touxa xy € A Ha3bieaemcs u30Aupo08aNHOd Mmool muoxnecmeéa A C X, ecau
36 > 0: Os(zg) N A\{zo} =2, m.e. Ty — MmouKa npuKocHoBeHUs MHOXCECMEa A, He AGAAIOWAACS €20
npedenvHold moukoi.

Onpenenenne 7. IIycmv E — nenycmoe noomuoxcecmso mioxcecmeéa X . Cymcenue plp: Hazwieaemcs

paccmosHuem, undyyupoeainsim ¢ E paccmoanuenm X -2 R, Mempuseckoe npocmpatcmeo
(E, p), onpedeaennoe 3mum unOyUUPOSAHHBIM PACCMOSHUCM, HA3bI8AEMCA NOONPOCMP AHCMEOM MEMpU-
weckozo npocmpancmea (X, p).

Teopema 5. Ilycms (E, p) — nodnpocmpaicmeo noaHozo mempuueckozo npocmpancmesa (X, p). Ono
A6AAEMCA NOAHBIM MempUHeckuM NPOCMPancmeom mozda u moavko moezda, xozda E — samxnymoe noo-
MHOXMCECME0 mHoMcecmsa X .

4 Heobxonumocts. Ilycts (F, p) — NonHoe METPHYECKOE TIPOCTPAHCTBO. [Ipeanonoxum, 4ro
FE He gpasieTcst 3aMKHYTBIM TOAMHOXeCTBOM MHOXectBa X . Toria CylUecTByeT IOCIEROBATENBHOCTD
(z,,) Toyexk MHOXecTBa E, cxomsawasgcs K Hekoropoii Touke z € X\F. [TockonsKy nocienoBaTesib-
HOCTD (z,) dyHmameHTanbHas (MeTpHka B (F, p) mmcmonaﬂa n3 (X, p)), TO BCACACTEME [1OTHOTHI
npocrpancrsa (F, p) cywectsyetr lim =, = #', 2’ € F. Honyuwin 1ocyeloBaTeAbHOETH TOYeK [po-

L OO0
crpanctsa (F, p), HMEIOLYIO B2 PAVHIYHEIX [IpeAesia — onuH B K, npyroii — BHe E, YTO HEBO3MOXHO
BC/IEACTBUE €AMHCTBEHHOCTH [pefesia. PICTOUHUK TIPOTHBOPEUHS — B IPEANONIONXEHMH, AT MHOXECTBO

FE He 3aMKHYTO.
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HocTtartouHocTh. Ilycte £ — 3aMkHyroe noamHoxectBo MHoxectBa X . Kaxnas ¢pyHnameH-
TaJIbHasl TIOCIEI0BATENLHOCTD (Y, )} TOYEK METPHUECKOTo IpocTpaHcTBa (F, p) cxomures B (X, p) BCACK-
CTBHE IOJHOTHI NOCIEIHETO, M ¢ Npeles NPHHAUIEXUT MHOXECTBY F B CHJIy NpELIIONOXeHHOH ero
3aMKHyTocTH. [loaTomMy MHOXeCTBY F npuHannexar Bce €To MpeienbHble TOUKH, T. €. METPHYECKOE
npocTpaHcTBo (E, p) NOJHOE. »

§ 4. KoMnakTHbIe MHOKECTBA

Onpenenensie 1. Muoxucecmso K C X Ha36160eMCAKOMNAKMHbBIM 8 MEMPUHECKOM NPOCMPAH -
cmee (X, p), ecru ecakas nocaedosamenvhocms (T,,) anemenmos uz K codepxucum cxodsuyrocs noonocae~
dosamensvrocms. Ecau ux npedeast npunadaexcam muoxcecmey K, mo ono nazeieaemca KOMAAKMHIM 6
cebe, utu Komnaxkmom. Eciu xce smu npedenvt npunadnexcam mroxcecmey X , He npunadnexca, Moxcemn
Goimb, muoxncecmay K, mo K nasvigaemcs komnakmuwum 6 npocmpancmee (X, p), uau omuocu-
meabHO 3MO20 npocmparcmea.

OueBHIHO, YTO MHOXECTBO K KOMIAKTHO B cefe TOraa U TOJIHKO TOTHA, KOra OHO KOMIIZKTHO B
npoctpancTse (X, p) M 3aMKHYTO.

Tipumep 1. Ilycts X = [0, 1] 1 V(z € X,y € X) p(z, y) = |z — y|. Merpuueckoe npocrpaH-
cTBO (X, p) KOMIIAKTHOE B CHIIY KilaccHuecKod Teopemnl bonpnano—Beifepiutpacca.

Tipumep 2. Metpudeckoe npoctpaHcTeo (R, p), p(z, y) = |z — y| V(z € R, y € R) HeKOMIIaKTHO,
IOCKOJIBKY MOAMHOXecTBO €ro Touek N C R He comepXMT HMKAKOI CXOMSUIEHCs TIOCAEN0BATETEHOCTH.
Onnaxo, Bcskoe orpanudeHHoe MHoxectso X C R koMnaxrHo nio TeopeMe bonsuano— Beitepiuitpacca,

st KOMIIaKTHBIX MHOXECTB TOUEK METpHUYECKOro npocrpancrsa (X, p) HoKaxeM aHajIor TeopeMbl
O BJIOXEHHBIX LIapax MOJHOTO METPHUECKOTO NPOCTPAHCTBA 6€3 NPENNIONOKEHUS IOTHOTAIL.

Teopema 1 (Kauropa), [lycms dana y6eiearowas nocaedosamenbHocms

KiDK,D>...DK,D....
HeNnYCMbIX 30MKHYMbIX KOMRAKMubIX MHONCECME Mempureckoeo npocmpancmea (X, p). Tozda nepeceuenue

=<}
K = K; ne nycmo.
=1
< B xaxnoM MHoxectse K; BbiGepeM NPOM3BOJIBHO M0 Touxe Z;. Ilomyumm nocienoeatesnb-
HocTs (z;), mpuueM {z,; j € N} C K|. Tax xak MHOXecTBO K; KOMIAKTHOE, TO M3 MOCIEA0Ba-
TENBHOCTH (Z;) MOXHO M3BJIedb cXomsilylocs nomnocnefosatenbHocts (25, ). Hycts 2o = lim x;, .
k—oc

Tak xak Vny € N HauuHas ¢ Homepa jf, > mg BCe WIEHBl 3TOM IOCNEXOBATENIBHOCTH MPUHALIEKAT

oo
muoxectsy K, n K, 3aMkHyTo, T0 %9 € K,,,. Ho Torna z, € ﬂ K;. »
i=1
Onpenenensie 2. [lycme (X, p) — mempuneckoe npocmparcmeo u € > 0. Muowcecmeo X; C X
Hazslgaemcs €-cem vio MHoxucecmea X, C X, ecau Vx € X, cywecmeyem makoi Inemenm . € X, umo
p(:l:, me:) <e.
B yacTHOCTH, MHOXECTBO X, MOXET COBNANATh C MHOXECTROM X .
Onpenenenme 3. Muoxcecmeo E C X nazvisaemcs 6noahe O2paHUHEHHOIM 6 MEMPUUECKOM
npocmpancmee (X, p), ecau Ne > 0 0an nezo umeemca 6 X KoHeunas €-cems.
[Tocnenxee yCNoBHE IKBUBATEHTHO CleayiolieMy: Ve > 0 cyluecTByeT TaKoe KOHEYHOE MHOXECTBO
FCX,uroVz €F p(x, F)<e. '
3aMeTuM, YTO M3 OrPAHUYEHHOCTH MHOXECTBA TOUEK METPHUECKOTO IIPOCTPAHCTBA HE CIEAYET ero
BIIOJTHE OrPaHUYEHHOCTb.
Onpenenense 4. [Iycms M — npoussoavHoe mHoxcecmseo. Ilokpumuem muonwcecmea E C M
Hazweaemca maxoe cemelicmeo (B))aca noomuosncecms muoxcecmsa M, wmo E C U Bj.
AEA
CBsi3p MEXAY KOMIIAKTHOCTBIO U BIIOJIHE OTPAHUYEHHOCTBIO MHOXECTBA TOUEK METPUYECKOIO IIpO-
CTPAHCTBA YCTAHABIUBACT CEAYIOLIAa TeopeMa.
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Teopema 2 (Xaycnopda). Beaxoe komnakmuoe mpoxcecmeo K C X enonne ozpanuneno ¢ mempu-
ueckom npocmpancmee (X, p).

<« TpeanonoxuM, yro K KOMIIAKTHO, OXHAKO WISt HEKOTOPOTO £y > 0 HE MMeeT KOHEUYHOH £)-
cetu. BossMeM npoussonphoe z; € K. [lo npexnonoxeHuio MHoxecTBo {2;} He 06pasyer €,-cetu
s mHoxectBa K, T.e. p(z;, K) 2 £7. Boibepem mobyio Touky z; € K, yHOBIETBOPSIOLIYIO YCIIO-
BUIO p(Z, £;) > €. IToCKONBKY MHOXeCTBO {Z;, £;} He ABIsercs £9-CeThlo IS MHOXecTBa K| TO
HalieTcs Takast TouKa r3 € K, uro p(x;, x3) 2 (¢ = 1, 2). TlycTp BBIGpaHBI TOUKYU Ty, T3, ..., Ty,
YIOBNIETBOPSAIOIME YCIOBUIO p(ZT;, T;) 2 € (¢ # j A i, j £ n). HaitneM 1akoe z,4; € K, uro
p(xy, Tnyy) 2 €0 (¢ =1, n). Unnykunmeit no n € N nocTpoeHa nocnexoBarensHoCcTs (£,,) TOYEK MHO-
xecTea K, WIEHBI KOTOPOH YHOBJETBOPSIOT YCIOBHIO p(T;, T;) 2 & (i # j). U3 nocnexosatensHo-
CTH (,) HEJIB3S1 BHIOPATH CXOLSLLYIOCS NOAIIOCIEKOBATEIBHOCTD, YTO IIPOTUBOPEUUT MPELOJIOKEHUIO
0 KOMNAKTHOCTH MHoxectBa K . McTouHuK TPOTHBOPEYMST — B NpeXnoIoxeHny, 4o K He siBisercs
BIIOJIHE OTPaHUYEHHBIM. B

Teopema 3 (DPpewe). Ecau mempuneckoe npocmpancmeo (X, p) noanoe, mo Kaxcdoe 6noaxe ozpa-
Huvennoe 6 nem MHoxcecmeo E C X komnakmhuo.

< Ecm E C X Bronne orpanwueHo, 10 Ve > 0 B MHOXecTBe X CYILIECTBYET KOHEYHAs £-CeTh
i MHoxectBa E. IlycTts (z,) — TIpOM3BOJIGHAS MOCNEAOBATEILHOCT 3aeMeHTOB M3 E. [Tockonsky
CYIIECTBYET KOHEYHOE TMOKPBITHE MHOXECTBA F OTKPBITHIMM lLApaMM C PAIUyCaMu, MEHBIIMMHU €, TO
1O KpaitHelt MEPE OXUH TAKOH LIAP COREPXMT NMOANOCNEN0BATENBHOCTD (X, ). Takum obpasom, Ve > 0
M3 T060H MOCNEeNOBATEILHOCTH 3JEMEHTOB MHOXECTBA F MOXHO BBIIEJWTh [TOANOCIIEAOBATEIFHOCTD,
PACCTOSTHHE MEXIY 3MEeMEHTaMH KOTOPOH MEHBILE €.

Mycts Vn € N ¢, = 1. BoiGepem u3 nocenoBatensHocT (2,,) NOANOCTeN0OBATENBHOCT, ()
C PacCTOSIHUSMM MEXIy 7eMEHTaMu MeHblue 1. M3 3Toll nomnocnenoBaTelbHOCTH BbUIENHM HOBYIO
( 53)) C PacCTOSIHUSIMM, MEHbLLIE % IycTh BHOpaHbl NOANOCIENOBATENBHOCTH (a:(,{)) j=1, k. Boune-

3 k
TIMM U3 (a:ﬁf‘) ) MOATIOCIENOBATEIBHOCTD (zﬁl +”) ¢ PaCCTOSTHUSIMU, MEHBIUMMH %ﬂ TMonyunnu nociae-

JOBATEIBHOCTb MONIIOCIENOBATENBHOCTEH (xs,k’) ren OBDa3YeM HOBYIO NOCNENOBATEIBHOCTD (a:ﬁl") ),
COCTABIEHHYIO M3 JMArOHATBHBIX WIEHOB YKa3aHHBIX NOLIOCHexoBaTebHOCTeN. UmeHb 37Ol mocie-
JOBAaTENLHOCTH, HAYMHAs ¢ HoMepa k € N, npuHamiexar k-# MOANIOCIENOBATENLHOCTH, B CUIY YETO
Yin>k,m>k)p (a:(") x(m’) < 1. CrenoBaTeNbHO, II0CEAOBATENBHOCTD (a:ﬁl")) dyHAAMEHTANTBHAS.
[Mockonsky npoctpaHcTBo (X, p) roanoe, To lim ™ =z zeX. Mo onpeneSeHHIo MHOXeCTBO F

n—oc

KOMITaKTHOE B IpOCTpaHCTBE (X, p). »

U3z teopem 2 ¥ 3 nonyyaeM clefylopiee YTBEpXKICHHeE.

Teopema 4. s moeo umo6er muoxcecmeo E C X 6bia0o komnakmuoim 6 npocmpaicmse (X, p), Heo6-
xo0umo, a ecau (X, p) — noanoe npocmpancmeo, mo u 0ocmamouno, umobsl E 66110 8noare 02panueHHbM
8 HeM.

Teopema 5. Komnaxmuoe noomnoncecmeo K C X noanozo mempuueckoeo npocmpancmea (X, p)
ABAACMCA KOMRAKMOM MO20a U Moabko mozda, Ko20a ono 3amxuymo ¢ (X, p).

4 Heobxoxumocts. Tlycte K C X — xommakr, T.€. KOMMakTHoe MHoXecTBo, CorjacHo
TeopeMe 5, 11. 3.5, nipocTpaHcTBO (X, p) SIBIsIeTCS MOJHLIM, B CHIIY YETO MHOXECTBO K 3aMKHyTOe€.

HocTtarouHocTth. Ecnu MrHoxectBo K C X 3amkHyTO B (X, p), TO cornacHo TeopeMe 5, 11.3.5,
npoctpatcTBo (K, p) nomHoe, T.¢. K — KOMIIaKT. »

Chnenylouiee yrsepxuecHye MO3BOJNET AdTh HOBOE OIPENEJEHME KOMIAKTHOIO B cebe MHOXECTBa,
3KBUBAJIEHTHOE OTpPeNeeHuIo |,

Teopema 6. Ilycmv F C X — 3amxuymoe mHoxcecmeo 6 mempuyneckom npocmpancmee (X, p). Ins
moeo ¥mobot F' 66110 Komnaxmusim & cebe, Heobxodumo u docmamouno, 4#mobvi u3 a106020 NOKPoIMUA 3Mo2o
MHONCECMEA MONCHO ObLIO 8bI0e UMb KOHEUHOE NoKpsimue.

4 HeoGxopumocte. Ilyere F C X — koMnakT, (G,)aca — CEMEACTBO OTKDHITHIX MHO-
XKeCTB, mokpemaouux F, (€,) — OECKOHEYHO Maas IOCICAOBATEIBHOCTb INOJIOXUTENBHBIX YHCE,

. k
1 1 -
a”, 2, ..., 2l — komeunas ¢,-cems mix MHoxectsa F. Torna F = | J F;, tae F; = O,,(z{")n F.
i=1 .
Mnoxecta F; — KoMnakTheie B cebe, npuueM d(F;) < 2¢,, tne d(F;) — nuamerp mHoxectBa F;.

Hpeﬂnonome, YTO HE CYLIECTBYET KOHEYHOTO TTOKPEITUS MHOXecTBa F'. Toraa 3TMM CBOMCTBOM O6GJTa-
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AaeT xoTs 6b1 OHO M3 MHOXeCTB F;, xotopoe 06o3HauuM yepe3 Fy, . Paccyxas aHaTOTUYHO, BHIEIUM
u3 F; xommaxTtHylo B ceGe yactp F; ;, muametpoM d(F; ;,) < 2¢;, KOTOPYIO HENTb3S TOKPBITE HUKAKUM
KOHEYHBIM CEMEHCTBOM, BBLACICHHBIM M3 CEMEHCTBA (G )aca . [IPOROIKAR ITOT MPOLECC BHIAEICHUS
KOMIIAKTHEBIX B Ce6e yacTeil, NOMyYHM TOC/Ie0BaTEIBHOCTD BAOXKEHHBIX APYT B APYra 3aMKHYTHIX MHO-
KECTB

FyDF ;0.0 Fiiy.in D eny

IHAMETPBI KOTOPHIX CTPEMSITCS K Hymo (OCKOMBKY d(F s, .. 5,) € 26, ¥ €, = 0(1)). Tlo Teopeme 1
CylllecTBYeT TouKa o € F, IpuHallexallas BceM 3TUM MHoxecTBaM. [TockoneKy ceMeitcTBo (Go)aca
MOKPHIBAET MHOXECTBO F', TO CYLUECTBYET TAKOE MHOXECTBO G, M3 3TOTO CEMEUCTBA, YTO Ty € G, .
Tak kak G, — OTKPBITOE MHOXECTBO, TO CYLIECTBYET €-OKPECTHOCTs O (%)) C Go,. Bribepem n € N
u3 ycnoua d(F;;, ;) < €. Torma cnpasemmso sxnovenne F;;, ;. C O.(zg), IpOTHBOPEYa-
LIEE TIPEATIONONEHUIO O TOM, YTO HHMKAKOE KOHEUHOE CEMEMCTBO U3 (G, )aca HE MOKPHIBAET MHOXE-
crBo F; ;.. i, . FICTOYHWK NPOTHBOPEYNS — B NEPBOHAYATBHOM IPEAIOIOKEHHH, YTO HE CYLUECTBYET
KOHEYHOTO MOKPHLITHS MHOXecTBa F'.

HoctatodnocTh. [IPENIIONOXUM, YTO U3 BCAKOTO MOKPSHITHA (Go)aca MHOXeCTB2 F MOXHO
BBIZEIUTL KOHeyHoe NMokpeiTHe. Ilycte M C F - NOAMHOXECTBO, HE MMEIOLIee NpEnebHBIX TOYEK.
Torma Vz € F cywecTByer okpectHocTs O, (%), He coliepXaias ToYeK MHoxectsa M, Kpome, ObITh
MOXET, TOUKU &. DTH OKPECTHOCTH NOKPHIBAIOT MHOXeCcTBO F'. Bruienum u3 cemeiicTsa (O(E’;))Ie F
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n
KOHEYHOe IOKPhITHE (05], (a:j))jzl’—n. Tax kax M C {J OEJ. (z;) M B KaXIOH OKPECTHOCTH OE], (z;)
3=1
MOXET COIEPXKAThCs He Hoee oaHOM Touku u3 M , To MHOXecTBo M KoneyHoe. ClIeJOBATENIEHO, BCAKOE
6ecKoHeYHOe NMOIMHOXeCTBO M C F [0/DkHO HMETh IIPEieNIbHbIE TOUKH, T.¢. F' — xoMmakTHoe B cebe
MHOXECTBO. W
Onpenenenne 5. Muoxcecmeo K C X mouex mempuueckozo npocmpancmea (X, p) Hasviéaemcs
KoMnakmuusim, ecau u3 106020 nokpoimus (G, )aca MHONMceCmEa K MOMCHO 6bideaumb KOHEUHOE €20
nokpsimue. .

§ 5. CBa3Hble NPOCTPAHCTBA M CBA3HBIE MHOKECTBA

Onpenenenne 1. Mempuyeckoe npocmpancmeo (X, p) Hazvieaemcs c833HbIM, eCAU HE Cywecmayem
deyx makux omipeimbix Henycmeix noomuoxcecmé AC X n BC X, yumo AUB=X u ANnB=g.

OkBuBaNeHTHa GOPMYIMPOBKaA: Mempuyeckoe npocmpancmeo (X, p) cea3Ho, ecau u3 ecex noOMHo-
acecme mHoxcecmea X moavko nycmoe mMHodcecmeo u camo X 00HOBPEMEHHO OMKPbIMbL U 3AMKHYMIbL.

Onpenenenne 2. Muoxcecmso FE C X 6 mempuueckom npocmpancmee (X, p) c6a3H0, ecau c6a3H0
nodnpocmpancmeo (E, p).

Onpenenenne 3. Omxpeimoe C633H0€ MHONCECMBO HA3LIBAEMC 0 6AACMbIO.

Onpenenenne 4. Obaracmb emecme co c80eli epanuyeli Hazvieaemca 3aMKHymoi obaacmeio.

JlelicTBuTebHAS IPAMAsT ABAAESTCS CBA3HBIM NPOCTPAHCTBOM. st Toro uroGel MHoXecTBo 4 C R
ObUTO CBA3HO, HEOGXOKMMO M AOCTATOYHO, YTOGEI A 6bUIO MPOMEXYTKOM (OrpaHUYeHHBIM WM HET).

§ 6. IIpenes m HenpephIBHOCTb OTOOPAKEHHSA
M3 OJHOr0 METPHYECKOr0 MPOCTPAHCTBA

B Ipyroe

6.1. Ilpenen ¥ nenpepLHBHOCTL OTOOpAKEHUS,

Iycrs (X, px) u (Y, py) — Metpryeckde npocTpaHcTBa, f : X — Y, zy € X — npenenbHas
TOUKa MHOXecTBa Dy .
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Oupenenenne 1. Touka o € Y Hazvieaemca vacmuvnbuim npedenom omobpaxcenus f ¢ mou-
Ke g, ecau cywecmeyem maxas nocaedoéamenbiocms (&,,) moxex muoxcecméa Dy, wmo

(80 = 20) A (W €N 2, £ 20) A ((lim f(2a) = ). (1)

Yenosust (1) MOXHO 3amucarh B BUAE!

(px @o, z.) = 0o(1)) A (Vr €N px (o, T) > 0) A (py(a, f(=,)) = o(1)).

MHoOXeCTBO BCEX YACTHYHBIX NPeiesioB oToOpaxeHus f B Touke xy 0003HaYuM CUMBONIOM F/(x¢).
Onpenenense 2. Ecau muoxcecmeo Ey(xg) cocmoum uz o0noli mouky «, mo oHa HA3u6a€MCA Npe -
deaom omobpaxenus f ¢ mouke o u obosnauaemcs cumeosom Lim f(x).

T—T(

CMeic onipeaesieHust 2 COCTOMT B TOM, 4TO jyig MoDoi mocnenoBarelbHOCTU (X, ) TOUYEK MHOXe-
ctBa Dy, WiEHB! KOTOPOH OT/IUYHEI OT Tg, CXOMALUENCH K To, NMOCHENOBATENILHOCTD ( f(z,)) cxonurest
K .

[pesen orobpakeHus: B TOUKE Ha S3bIKE MTOC/IEIOBATEILHOCTE Il IPHHSATO HA3bIBATh NPe0esOM @ CMbi-
cae Teline (1821—1881).

Onpenenente 3 (CeliHe). Omobpancenue f nazweaemea HenpepuieHbiM 6 mouke To € Dy, ecau

im f(x) = f(xo) 6caxuil pa3, kak moasko &, — xo u Vn € N z,, € D;.

g
Ecnu orobpaxenvie f HenpepbiBHOE Vi € Dy, To OyAeM €TO Ha3bIBATh HENPEPbIGHbIM.

Ecm zy € Dy n siBnsiercs NpefielbHOM Toukoi MHoXecTBa Dy, TO oTOBpaxenue f HEMpephbis-
HO B TOYKE Z; TOTZa W TOJBKO TOrAa, korma lim f(z) = f(zy). B msonupopaHHOIl Toyke xaxnoe

T —xzq

orobpaxkenye HeTpephiBHOE.
OrobpaxeHue, He ABISIOMEECs] HENPEPEIBHBIM B TOUKe Zg € Dy, Ha3pIBAETCH paspbisHbiM B HEM.
Tlycte @y — npexensHas Touka MHOXeCTBa Dy M xy € Dy. OHA Ha3BIBACTCS MOUKOU YCMPAHUMO20
paspwviéa U1 OTOGpaxenust f, ecau cywectByer lim f(x) € Y. B aToM ciywae orobpakenue f*,

z—Tg
onpeneneHHoe HopMyoit
. f@), ectn 2 € Dy\{xo},
@)= lim f(z) npu =z =z,

z—xgy

SIBJIIETCS] HETIPEPEIBHBIM B TOUKE Ty.

Teopema (0 HenpeprIBHOM o6pa3e komnaxkra). flyems f: X — Y — nenpepoignoe omobpa-
wcenue u Dy — xomnaxm. Tozda muoxcecmeo Ey komnakmuoe & cebe, m. e. nenpepuighbill 06pas Komnakma
ecmb KoMnakm.

<« PaccMoTpuM Npou3BosbHYIO NOCIEX0BATENEHOCTD TOYEK (Y, ) M3 MHOXecTBa Ef = f(Dy). Torna
CYWECTBYET Taxas [10CJIER0BATEIILHOCTE (T,), 4ro Vn € N z,, € Dy Ay, = f(z,). CornacHo onpene-
JIEeHMI0 KOMITAKTa, CYWECTBYIOT Zo € Dy ¥ NOANOCNENOBATENBHOCTD (T, ) TAKHE, YTO T, — ZTo MPH
k — oo. Tlo onpejeNieHnIo HEMPEPHBHOTO OTOOPAKEHUS MMEEM Y, = f(z,,k) — f(xo) =y € Ey,
YTO O3HAYAET KOMITAKTHOCTL B cebe MHoxecTsa Ef. »

6.2. HenpepsiBHOCTb KOMIO3HIMH 0TOOpAXKEHMIA.

Hycre (X, px), (Y, py), (Z, pz) — MeTpuyeckue npoctpaHcrsa, f : X — Y, g: Y — Z,
Ef C D_q.

Teopema 1 (0 HENMPEPBIBHOCTH KOMIO3HLUMH O0TOGpaxeuui). Ilycmv omobpaxcenue f
Henpepuvigno 6 mouxe xo € Dy, a omobpadxcenue g Henpepwiano 6 mouke f(zg) € D,. Tozda komnosuyus
g o f Henpepwisna 6 mouxe z.

< Ilyctb 2, — 2o u Vn € N ¢, € Dgoy. Torma y,, = f(zn)ﬁf(zo) A Y, € D,. [losTOMY
9(yn) — g(f(z0)) 1P 1t — 00. CrenoBareNbHO, (g 0 f)(€,) = g(yn) — g(f(Z0)) = (g © /)(2o). »
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Teopema 2. Ilycmb xq — npedenvras mouxa muoxcecméa Dy ¢. Ecau lim f(z) = yo u omobpasxce-

T~ T

Hue g: Y — Z nenpepuiano 6 mouke yo, mo lim g(f(x)) = g(yo)-
=Ty

« Tonaraem

f*(ilf) — { f(il?), ecmm € Df\{il?()}

Yo npu T = xy.

Orobpaxenue f* HENpPepHIBHO B Touke Zy. Ilo Teopeme | KomItosuuusi g o f* HelpephiBHA B 3TOM
Touke. [ToaTOoMy

lim (go )@ = lim (go f)@) = (g0 f) (z0) = 9(w0). »

6.3. HenpepbisnocTh 00paTHOrO 0TOOpaKEHMS.

Teopema (0 HenpepHIBHOCTU obpaTHoro orob6paxenua). Ilyems (X, px), (¥, py) —
mempumeckue npocmpancmea, f 1 X — Y u Dy — xomnakm. Ecau omobpaxcenue f nenpepbi6Ho u
obpamuro, mo f_' HenpepuigHoe.

<« Tlycre (y.) — nocnenoBaTebHOCTL TOYEK MHOXECTBa Ef, cxomsmascsa K yp € Ef, U a —
YACTUYHBIA NIpeleNl NOCNelOBaTebHOCTH ( f_l(yn)). Mockoneky Dy — xomnakt, T0 @ € Dy. U3
HENPEPBLIBHOCTY 0ToOpaxeHust f cnenyer, 4to f(a) sSIBISIETCS YaCTHYHBIM [IPEAE/IOM IIOCNEX0BATENBHO-
CTH (y,.), B cWiy Yero f(a) =y, ¥ a = [ '(y,). Taxum 06pasoM, BCe YACTMUHBIE NPENEBI TIOCTEN0-
BaTEJIBHOCTA ( f‘l(yn)) PaBHBI f‘l(yo), r.e. lim fol(y,) = f"(yo), 4YTO O3HAYaeT HENPEPHIBHOCTD

TL—0OC

otobpaxenus f~' B Touke ¥y. Tak KaK ¥y — NpOM3BOJIBHAS TOYKA MHOXECTBA E; 10 f ~! — Henpe-
PBIBHOE OTOOpaXeHHE. P

6.4. TIpeaen m HenpepbIBHOCTbL 0TOOpaXKeHus B cMbicie Konm.
HekoTopble cBOMCTBA HeNPEPHIBHBIX 0TOOPAXKEHMI.

Ilyets (X, px), (Y, py) — Merpuueckue npoctpanctda, f: X — Y.
Onpenenenne 1. Hycmo xg — npedensnan mouxa mnoxncecmeéa Dy n a € Y. Touxa a nassigaemcs
npedenom omobpaxcenus f 6 mouxke xo 6 cmuvicae Kowu, ecau

(Ve > 0)(36 > 0)(Vz € Dy, 0 < px (2o, ¥} < 8) = py(a, f(x)) <. (1)
Teopema 1. Onpedenenus npedena omobpaxcenus 8 mouxe no leine u no Kowu sxeueanenmuol.
<4 [lycts lim f(x) = o B cMeicne Koum, z,, — xo ¥ Vn € N z,, # ;. Torma mis ykasaHHoro

T—T(
B ycaoBuax (1) 6§ > 0 cymectByer ng € N: ¥n 2 ns 0 < px(xg, ,) < 6. CornacHo onpezee-
Huo 1, Yn 2 ng pyla, f(z,)) < ¢, r.e. f(z,) — a. Honyaunu, 410 TOYKA ¢ SIBISIETCS MPELETOM
orobpaxeHus: f B TOUKe T, B cMbiciie [eitHe.
[Ipennonoxum, yro o = lim f(x) B cmeicne [eiiHe, ¥ NoKaxeM, 410 « SIBISIETCS MPENEIOM

sl ]
oTobpaxenust f B TOUKe Ty B cMbicie Koluu.
JonycTtyM, uTo 3TO HE TaK, T.€. Ui HEKOTOPOTO £y > 0 HENb3sl yKa3aTh COOTBEICTBYIOLIero § > 0
B ycaosusx (1): V6 > 0 Iz € Dy Takoe, uto 0 < px (z,, ) < §, ogHaxo py(a, f(z)) = €. HycTs
(6,,) — DEecKOHEYHO Maas MOC/IEeKOBATEIbHOCTD NOJOXHUTENBHBIX uucell. [To npeanonoxenuio

(Vn e N3z, € D)V € Nz, # 20 A0 < px(xg, T,) < 0,) 1 prla, f(x,)) 2 &0
IMockoneky 4, = o(1), To lim &, = &y, OTKYyIa JOKHO CJICIOBATH MPEAEIBHOE COOTHOIICHUE

n—oc

nlim Py(a, f(xn)) = 0)

npoT#Bopeyvalnee ToMy, 4ro Vn € N py (a, f(z,)) 2 0. HcTrounuk npotusopeuuss — B npexnonoxe-
HHHU, YTO (¢ HE ABISIETCSH Npene/oM OTobpaxeHus f B TOUKE Z( B cMpicne Koum. p»

Onpenenenne 2. Omobpaxcenue f : X — Y nasvieaemcs Henpepuénvim 6 mowke xy € Dy 6
cmbicae Kowu, ecau

(Ve > 0)(36 > 0)(Vz € Dy, px(®o, )} < 8) : py (f(20), f(2)) <e. Q)
OueBUIHO, uTo Onpeaenenust LeiiHe ¥ Koy HEMPEPHIBHOCTH OTOGPAKEHUS B TOYKE pABHOCMIIBHDL.
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[ToHsTHE HENPEPHIBHOCTH OTOGPAXEHUS B TOUKE HOCHT JIOKAIBHBIA xapakrep. Ha 310 ykasuBaior
Cllellyiolne YTBePXIeHNs.

Teopema 2 (0 HeNIpEPBHIBHOCTH Cy XKeHUN oToGpaxeHus). flyems omobpaxcenue f : X —Y
Henpepbigno 6 mouke o € Dy, A C Dy n g € A. Tozda cyxcenue f|a — Henpepuienoe ¢ mouxe x
omoGpaxcenue.

< Tyt 2, — 20 1 Vn €N 2, € A. Torma fla(2,) = f(2,) = f(@0) = flazo). »

HanoMmuuMm, yro MHOXecTBO V' C X Ha3bIBAaeTCK OKPECTHOCTHIO TOUKU Ty € X (cM. m.3.4), ecinu
CYLIECTBYET TaKOE OTKpHIToe MHOXeCTBO &G C X, urto 29 € G C V. Ecmu x5 € 4 C X, TO nepeceve-
Hue A MV Has3BIBAETCS OKPECTHOCTHIO TOUKU Ty B A.

Teopema 3. Ilycmv cywecmsyem maxas okpecmuocmo W mouku xo 6 Dy, wmo omobpaxcenue flyw
HenpepbieHo 6 mouke ty. Toeda omobpaxcenue f: X — Y Henpepbléno 6 mouxe x.

< Ilycts z,, — 29 u Vn € N z,, € Dy. Cyliectnyer Takoit HoMep ng € N, uto Vn 2 ng z, € W.
Iockoneky

f(xno+n) = le(xn0+n) - fIW(xO) = f(il?()),

10 f(z,) — f(zy) ipu n — o0o. [1o onpeneneduio orobpaxenne [ HENPEPHIBHO B TOUKE Zg. P

CMBICT TEOPEM 2 ¥ 3 COCTOMT B TOM, YTO CROMCTBO HENPEPEIBHOCTH OTOGPAKEHUS B TOUKE 3aBUCHT
TONBLKO OT TeX 3HAYEHUIH, KOTOPHIE OHO NPUHUMAET B HEKOTOPOIi €€ OKPECTHOCTH.

ChopMymupyeM NOHATHE HENPEPHIBHOTO OTOOPAXEHUS HA A3bIKE OKPECTHOCTEH.

Onpezenensie 3. [Tycms (X, px) ¥ (Y, py) — mempuveckue npocmpancmea. Omodpadxcenue f: X —Y
Ha3bi6aEMc HenpepbensM 8 movke Ty € Dy, ecau 043 xaxcdod oxpecmuocmu V' mouku f(xy) 6
mnoxcecmse E; cywecmeyem maxas okpecmuocmv V. mouku ©o 6 muoxcecmee Dy, umo f(V) C v'.
Omodpasicenue f nasvieaemcs HenpepvigH b M, ecau 0Ho Henpepbieno VT € Dy .

TMockoneky MuoxecTBa O.(f(%0)) C E;, Os(zy) C Dy ABASIOTCA OKPECTHOCTAMM TOuEK f(Zg)
U Zj, TO TIOHSTUE HETIPEPHIBHOCTH OTOOpaxXeHHsl f B TOUKE Ty MOXHO cHOPMYyIUPOBATb HA SI3BIKE €-
u §-okpectHocTel: omobpaxcenue f : X — Y nasweaemcs nenpepbignbtim 6 mouke Ty € Dy,
ecau Ona kaxcdoii okpecmuocmu O, (f(xy)) C Ef cywgecmeyem maxas oxpecmnocms Os(xg) C Dy, umo
F(Os(z0)) C Oc(f (o).

Teopema 4. [ns mozo umobst omoGpaxcenue f : X — Y Gbiao nenpepvienom 6 mouxe o € Dy,
HeoGxodumo u docmamouno, wmobs npoobpas - (V') kaxcdoii oxpecmuocmu mouxu f(xq) B E; 6bin
oKpecmHocmbi0 mouku o B Dy .

<4 HeobxonumocTts. Ecnu otobpakeHue f HENPEPBIBHO B TOUKE Ty € Dy, To U3 onpeseenus 3
cnenyet, uro g € V C f"I(V'), creoBaTesHo, Npoobpas £~ (V') sBNseTcs OKpPeCTHOCTBIO TOYKY T
B Df .

HoctarouHocts. Ecmm W = f_'(V’) — OKPECTHOCTb TOUKH Ty B Dy, TO CylIeCTBYeT Takoe
OTKPBITOE MHOXECTBO G, uTo 29 € G C W, B cunty wero V' D f(G). »

Chnenytouse Be TeOPEMBI HOCSAT BCIIOMOTATENBHBIM XapakTep.

Teopema 5. llycmv f: X — Y u xg € Dy — mouka npukocnosenus mnoxcecmea A C Dy. Ecau
omobpaxcenue f Henpepbigno 8 mouke Ty, mo f(xg) — mouka npuxocroeenus muoxcecmea f(A).

<« Ecn V' — okpecTHOCTS TOUKH f(Zo) B E;, 1o no teopeme 4 f“(V’) — OKPECTHOCTH TOYKH
%y B Dy. Tak KaK ¥y — TOYKa NPUKOCHOBEHHS MHOXECTBA 4, TO 4 N f ' (V') #2. CnenoBatensHo,
cylecTByeT Touka € A N f~'(V'), B cany yero f(z) € f(4) N V', T.e. Muoxectso f(4) N V' ne-
nycroe. Tlockonbky V' — okpecTHOCTb TouKM f(Zg), TO TIOCTENHSIA ABAAETCH TOYKON TIPMKOCHOBEHHUS
MHOXecTBa f(A4). »

Teopema 6. fycms f: X - Y, A'CE;, B CE; uA' D B'. Tozda

FA@\B"Y = fIANFI(B).
<« Tlycts z € f7'(A'\B'). Torna

f@eA\B = f@ el Afe)¢B s>z ' Winz¢ /B>
>z € AN BY FIA\BYC T ANFTI(B).
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Ecmm y € f7'(A\f™'(B), To

YESTUNYE ST B) > f) EANf) ¢ B = fy) € A\B =
=ye T U\BY = FTIUNFTBY C i A\B).

M3 nony4yeHHpIX B KOHIE LIENOYEK UMIUTMKALMI BKIIIOYEHUI CJIEIyeT JOKA3bIBAEMOE PAaBEHCTBO. B

Cneayiolliee YTBEPXIEHME HOCHT IODANBHEIN XapaxrTep.

Teopema 7. Ilycmo f: X — Y. Caedyrowyue ceolicmea 5K6ueaneHmuoi.

1) f — nenpepwignoe omobpaxcenue;

2} npoopaz f~(G) xaocdozo mHoxcecmsa, omipuimozo & E;, omxpoim 6 Dy

3) npoobpas f 'l(F) Kaxcdozo muoxcecmea F | samirnymozo ¢ Ey, samxnym e Dy,

4) dna kaxcdozo muoxcecmea A C Dy cnpagedauso exarouerue f (4)C f(4).

<4 [loxaxeM, YTO BBIMONHAETCS LENOUKa UMIUIMKauui 1) = 4) = 3) = 2) = 1). Ilycts oro-
6paxenve f HenpepsiBHO ¥ A C Dy — npoM3BONBEHOE MHOXECTBO, 4 — €ro 3aMBIKAHUE, COCTONIICE
IO ONPENENEHHUIO M3 BCEX TOYEK NMPHKOCHOBEHUSt MHOXeCTBa A. Ecim z € Dy — TOYKa NPUKOCHO-
BEHUst MHOXECTBa 4, TO IO TeopeMe 5 f(x) — TOYKa NPUKOCHOBEHHs MHOXecTBa f(4). [lostomy
fAYC f(A)yul)=4).

Ecnn BumnonneHo ycnosue 4) u F C Ey — 3aMKHYTOE MHOXECTBO B By, 4 = '), o f(4) C
F = F. Cneuosarensto, A C f~'(F) = A urak kak A C 4, 10 A 3amxHyro. Takum obpazoM,
4) = 3).

Tlycte BomonueHo ycnosue 3). CornacHo teopeMe 6 MMeeM

f i (ntFy = f ' (F\oF) = f ' (FP\f "' (8F) = int ' (F).

Cnenosarensho, 3) = 2). Ocranock ycraHOBHTh, uto 2) = 1). [lycts BHINOTHEHO ycaosue 2). Ecnu
V' — oxpecrrocts ToukH f(z) B Fy, TO CYLUECTBYeT OTKpbITat OKpecTHOCTs W' C V' 3710M Xe TOUKH.
IIpoobpa3s f"(W’) SIBIIIETCS OTKPBITBIM MHOXECTBOM B D ¢, COIEPXALIMM TOUKY T M COLEPXALMMCH
B £ (V"). ITo TeopeMe 4 oToBpaxeHue f HeNpephBHO B Touke z € D 7 - Ilockoneky £ — npOH3BOJIb-
Has TO4YKa, To f — HenpephIBHOEe OToGpaKeHue # 2) = 1). p

3aMeTuM, 4TO 06pa3 OTKPBITOTO (COOTBETCTBEHHO 3aMKHYTOT0) MHOXECTBA ITPH HENIPEPHIBHOM OTO-
6paxeHuu, BoobLIe roBOpsi, HE OyIET OTKPLITHIM (COOTBETCTBEHHO 3aMKHYThIM). Hampumep, orobpa-
xeHHe ¢ — z*, * € R, nenpepsisroe B R, omHako o6pas [0, 1) oTkpsIToro MHo)ecTBa (—1, 1) He
SABJISETCS OTKPHITHIM.

6.5. PasnoMepuo HenmpepbiBHbIE OTODPAIKEHUS.

Tlycrs (X, px), (Y, py) — Merpuyeckue npocrpancetsa, f: X — Y.

Onpepenenne. Omobpasxicenue f Hasvieaemcs pagHOMepHO Henpepvieubim Ha mHoxwcecmee Dy,
eciu

(Ve > 0) (36 > 0)(V(z1 € Dy, 22 € Dy), px (@1, T2) < 6) 1 py (f(@1), f(z2)) <e. (1)

OueBHIHO, YTO PABHOMEPHO HENpEPBIBHOC OTOGPaXXEHUE HenpeprlBHoe, OBpaTHOe YTBEpXKIEHUE,
BOOGIIE TOBOPSK, HecripapeuBo. Hanpumep, HenpepbiBHasA QYHKUUS T +— a:z, x € R, He sBIsieTCH
PaBHOMEPHO HENpPEPBIBHOM, Tak Kak s gaHHoro h > 0 pasHocts (z + h)2 -zt = h(2x + h) moxeT
MPUHHUMATD CKOJIb YTOXHO OOJNBLIME 3HAYECHUS.

Teopema 1. Ilyemo (X, px), (Y, py), (Z, pz) — mempuyeckue npocmpancmea, f : X — Y,
9:Y — Z. Ecau f u g — pasnomepro nenpepusiivie omobpaxcenus na muoxcecmeax Dy u Dy, mo
xomnosuyus h = go f: X — Z paenomepro nenpepsiena Ha muoxcecmee D, ;.

<« CorNacHO oHpeneieHHI0 PABHOMEDHO HENPEePHIBHOTO OTOOPAKEHHS

(Ve > 0) @n > 0)(V(y: € Dy, 32 € Dy), py (w1, 1) < 1) : pz{gw), 9w)) < & e)

ITockonexy oToGpaxenue f paBHOMEDHO HEMPEPLIBHOE, TO JUISL YKa3aHHOro 5 > 0 CyLIECTBYET TaKoe
6 >0, yto

g

V(x| € Dy, 23 € Df) (px (21, T2) < 6) = py (f(z1), f(22)) < 7. A
U3 (2) u (3) nonyyaem, gro Ve > 0 36 > 0:

V(x) € Dgoy, T3 € Dyog) (px (21, 2) < 8) = pz(h(z1), h{zy)) < ¢,
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T. €. oTobpaxenme h = g o f paBHOMEPHO HENpPEPHIBHOE. B

Teopema 2 (Kaurop). Beakoe nenpepwviéhoe na komnakme omobpaxcenue f: X — Y pasnomepno
HenpepuigHoe.

< Ilycte Dy — xommnakt, f — HenpepbiBHoe oTobpaxenue. [IpeanonoxuM, yro f He sBaAsETCS
PaBHOMEPHO HENpEPBIBHBIM. TOTHA CYLLIECTBYET TaKoe £y > ( M BE NMOCAENOBATENBHOCTH (T,.), (¥n)
ToYeK MHOXeCTBA Dy, uT0 px (Th, Yn) < ;’;, omHako py (f(x,), f(y.)) 2 €. Haitzercs noanocneno-
BATENBHOCTD (Z,,, ), CXONALIAACK K HEKOTOPOit Touke o € Dy (rmocKombky Dy — xomnakr). Tak xak

pX(xnk) ynk) < :l; u pX(x(h ynk) < PX(zO, xnk) + PX(itnm ynk)r TO Yn — Ty IpU E— 0. Us
HENpPEPLIBHOCTH OTOOpaxeHus f B TOUKE 2y € Dy cnenyer, YTo WS yKasaHHOTO €y CywecTByer § > 0.
px(@y, ) < 6 = py(f(xo), f(2)) < %" Boabmem HoMep k € N, mpu KotopoM px(Tg, Z,,,) < 6
n px (2o, ¥n,) < 6. Torma py (f(zn,); fYn, ) € oy (f(@n,), [(20)) + py (f(Z0), f(Yn,)) < €0, uTO

NPOTHBOPEYMT ONPEENICHUIO NTOCIeOBATENBHOCTEH (T,) M (Yn). W

6.6. T'omMeomMop(u3Mbl. DKBHBAJICHTHBIE PACCTOSHUS,
Ilyers (X, px) u (Y, py) — Merpudeckue IpoCTPaHCTBA.

Onpenenenne 1. buexmuenoe omobpaxcetue X L, Y nazvieaemcs zomeomopdusmom, ecau f
u f~! nenpepoisnbi.

Takue oTOOpaxeHHs HA3HBAIOTCS G3aUMHO Henpepuwiéhbimiu. B 3TOM ciyyae oGpaTHOe oTOGpaxe-
HUE f"' sBisieTcst romeoMopdusmom Y Ha X

Teopema 1. [lyemv (X, px), Y, py), (Z, pz) — mempuueckue npocmpancmea, X NEAN Y,
Y27 — eomeomoppuime. Tozda xomnozuyus h = g o f aeasemea zomeomoppusmom X na 7.

h
<« Ilo teopeme 1, n.6.2, 6uexTuBHOe oTOOpaxenne X «— Z HenpepeiBHoe. [lycts 25 € X.
CornacHo teopeMe 4, . 6.4, ipooBpas h™!' (V") kaxmoit okpectaoctn V' Touku h(zo) = (g © f){(z) B

h™ 1
MHOXECTBE Z SIBJISETCH OKPECTHOCTBIO TOUKH Zo B X . B cuny aToro u 6uexuus Z —— X HelpepbIBHA
B Touke h(xg). [TocKONBKY T) — NPOM3BONBHAS TOuKa, T h™! — HenpepbiBHOE OTOGpaXeHue. »

f
TomeoMopdu3M MOXET He GbITh pABHOMEPHO HENPEPBIBHBIM, Hanipumep, R «— R, rre f(z) = z.
Onupegenenne 2. Mempuueckue npocmpancmea (X, px) n (Y, p,) Haswearomes comeomoppromu,

ecau cywecmsyem zomeomoppusm X RN Y.
Teopema 2. Jlea mempuneckux npocmpancmea, 20MeoMopprbie mpemoemy, 20MEOMOPPHYL dpye opyzy.

¢ Ecm nipoctpanctsa (X, px), u (Y, py) roMeoMopdHE IPOCTPAHCTRY (Z, pz), TO CYLIECTBYIOT

1

romeoMopdHbBIe O0TOOpaKeHus X AEAN Zuny < 7. Orobpaxeune 7 oy romeoMopdHoe. [lo
TeopeMe 1 KoMIioauus g"' o f sBnsiercs romeomopdusmMom X Ha Y. p»

Mycrs (X, py) ¥ (X, p2) — MeTpuyecKUe NPOCTPAHCTBA. Ecny ToxiectBeHHoe oroOpaxkeHue
T — T SIBIsETCSK TOMEOMOPGOUMOM, TO p; U p; HA3BIBAIOTCS IKGUEANCHMHBIMU VA MONOAOUMECKU IKEU-
sanenmubimu paccrositusmMu B X . Y3 Teopemnt 7, 1. 6.4, BuaHO, 4To B 3ToM ciydae B (X, py) u (X, p))
COBIANAIOT CEMEHCTBA OTKPHITBIX MHOXECTB. Tonosozueli METPHUYECKOro mpocTpaHcTBa (X, px) Ha-
3bIBAIOT CEMEMCTBO OTKPBITBIX MHOXECTB B HEM. DKBHBAJICHTHBIE PACCTOSHUS TNMOPOXIAIOT OOHY M Ty
XKe TOnoMoruio. OKpeCTHOCTH, 3aMKHYTBIE MHOXECTBA, TOUKH NIPHMKOCHOBEHHUS, 3aMBIKAHUS!, BHYTPEH-
HOCTh MHOXECTBA, MHOXECTBA BHEIIHMX TOYEK, MIOTHBIC MHOXECTBA, TPaHHILIBI, HETIPEPhIBHbIE DYHK-
LIEM SBAAIOTCH TOMONMOTHYECKUMHM MTOHATUAMHA. ToNoJIoTHYeCcKre CBOKCTBA METPMYECKOTO NPOCTPAHCTBA
UHBAPUAHTHH Mpu roMeoMopdusmax. [Toustus wapos, cdep, IMamerpa, OrpaHUYEHHOTO MHOXECTBA,
pPaBHOMEPHO HEMpPEPBIBHON (YHKUHU HE ABISIOTCS TOMOJOTHYECCKUMH.
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KoMiuiekcHpie 9yucja

1 QyHKIMH
KOMILIEKCHOIO NepeMEeHHOro

§ 1. KomnjiekcHble 9ncia
H KOMILIEKCHAs ILIOCKOCTh

B ameMeHTapHOM Kypce anre6phl BOSHUKHOBEHHE TOHITHST KOMITIEKCHOTO YMCa 10 GofAbLICH 4acTh
CBA3BIBAIOT C ypaBHeHMeM z” + 1 = 0. TIpexie BCEro BBIACHSETCH, YTO HE CYMIECTBYET ACHCTBUTEND-
HBIX YUCEJ, KOTOPbIE YIOBAETBOPSAA Obl 9TOMy ypaBHEHHUIO. Torma BBOIUTCA B PACCMOTPEHHE HOBOE
“MHAMOE” YuCIO § = v/—1, M yKa3aHHOE ypaBHEHMe YKe HMeeT KOpHM =£i. 3aTeM paccMaTpuBa-
10TCSl “KOMIUIEKCHBIE YHCAA” T + 1y KAaK CYMMBI OeHCTBUTENBHBIX YMCEA & U “MHHUMBIX” YUCen 1y.
[Ipapuna geiCTBMIA C ITUMU HOBBIMM YWC/IAMU NO3BOMFIOT NMPOBOIUTDH HAJ HUMM OMEPAUUH, KAK Hal
JeNCTBUTEMBHBIMU YHCTAMH, 3aMEHsISl B KOHEYHBIX pe3ynbratax i° Ha — 1. [Tociie BBefleHUS HOBBIX M-
CeJT OKa3hIBa€TCA, YTO BCE KBAAPATHBIC YPABHeHMd BHAA x’ + pr + ¢ = 0 u, BooGlie, Bce ypaBHEHHS
Buga ™ + Prz” ' 4 .. F Pa T+ P = O € IPOMBBONBHBIMU KOIDDUIUEHTAMY UIMEIOT PELIEHNAS.

OnucanHBbIi# cnoco6 BBEAEHMST KOMIUIEKCHBIX YACET HE MOXET HAC YIOBICTBOPUTE, MOCKONBLKY M0~
pOXIaeT BIWISIM HA HUX KaK Ha OODBEKTHI, HE CYUIECTBYIOLIME PeabHO, B GYKBAJIBHOM CMuICAE C/IOBA
“MHUMBIE”.

Mk! noiieM MHBIM TyTeM, 4 MMEHHO, MPUIAB CXEME BBEAECHUS KOMIUICKCHBIX YHCe/l reOMeTpUYeC-
KU OTTEHOK.

1.1. Onpenenenne KOMILIEKCHOTO YAC/IA.

PaccMOTPHM ILI0CKOCTh R? 1 KAXKIYIO €6 TOUKY 2 = (z, v),
e £ € R, y € R Gygem cuutate BektopoM. B coorBer- y 4
CTBUHU C 3TUM ONPEICTUM MOOYAb Z, & TAKKE ONepayuro CAonceHust
2y = (x4, Y1) U 23 = (x3, Y,) 10 U3BECTHBIM NPABUNAM IS BEK-
TopoB (puc. 10)

lzZl=vo+yh z=znt+ner=a+nAy=y +y. (1)

o Tem xe npasunaM Va € R nonaraem az = (azx, ay).
CornacHO TeOpHH BEKTOPOB Ha MJOCKOCTH, 2 MOXHO pa3-
NoXuTh Mo Bektopam 1 = (1, 0) u i = (0, 1) (puc.11):

z=z-1+y-i 2)

Bo3HuKkaer BONpOC, MOXHO JIM, COXpaHUB paseHctBa (1)
U (2), OnpenessIoLIME ONlEPalMM HAl BEKTOpaMH, BBECTH OIie- Puc. 10
palMIO YMHOXEHUS TO4EK TIOCKOCTH R, NPeBPaTHB UX B YUC/IA, HA3bIBaEMbIE fajiee KOMIUIEKCHBIMU?
TpeGosaHue coxpaHeHus: paBeHCTB (1) U (2) sBgeTcs CYECTBEHHBIM. Be3 HMX MBI Mol Gbl B3sITh
obparuMoe otofpaxeHue R Ha R’ u MNPUHATE ero 3a U30MOpGHU3M YNIOPANOYEHHBIX HOJel, IpeBpa-
i R? B MaJIO TONE3HOE JUIS NPUIOXKEHNH MPEeNCTARICHYe YIOPIOUEHHOrO oM NefCTBUTENbHbIX
qucen.
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BymeM cudTaTh BeKTOp 1 eIMHMIEH ofepanu yMmMioOXeHus. Torna, nmpuiidMas BO BHUMaHUe pa-
BEHCTBO (2), U1 MOJIOXWUTEJBHOrO OTBeTa HA IMOCTABJIEHHBIA BBHIIUE BOMPOC HOCTATOYHO [PABUIIBHO
onpegeTuTh NPou3BeneHMne i - i = i°. [loCKoABKY 1-i = 4, T.¢. Touky (0, 1) MOIYIMM K3 TOUKM (1, 0)
MOBOPOTOM IUTOCKOCTH R? IPOTUB X04a YACOBOIL CTPEIKM HA yrof 3 TO fofaraioT

2= 1. (3)

Tlonp3ayace paseHcTBamH (2) U (3), sanuiueM g 2 = (x, Y) COOTHOILEHUS

zii=@ 1ty-di=-y l+z-i=(-y, ) (4)
y A ”
o g0 _ |,
yryg i t
) i | (x,9)
i) $.\x | ! 7] S — %Y
7 { I T !
| | 2 |
| 1 |
- ! - ! | -
1 x-1 x —y 0 x x
Puc. 11 Puc. 12

Touxka (—y, x) nofyyaeTcs U3 TOUKH (X, Y) TOBOPOTOM MIOCKOCTH R NPOTHB XO[a YaCOBO# CTpeI-
KM Ha npsamoit yron (puc. 12). I[ToBopot Ha Apyroil yroa MoxHo OyIeT 3ai1arh C MOMOLUBIO YMHOXEHHS
HE Ha 7, a Ha Jpyroe KomIvlekcHoe Jucio. CKa3saHHOE MOATBEPXIAeT BaAXHOCTD JUIT MATEMATUKU KOM-
IeKCcHbIX yucea. IIpuberad K HUM, MOXHO M3y4yaTh BaXKHeHIUME NpeoOPA3OBAHUI IOCKOCTU: CHBMT,
MOBOPOT, FOMOTETHIO.

Teneps 3aMILeM Npasuao yMHoxcenus Touek mockoctu R? . meem

(@1, Y@z, ¥2) = (@1 - L+ y - (@2 T+ Y- D) = (@xy — iyl + (@y: + ©ay ),
(@1, Y2, 1) = (@122 — 1Y, T1Y2 + Z2Y1)- (5

Onpegenenre. Jucaosas naockocms R® nassigaemen xomnaekchoii naockocmuio C, ecau dns ee
mouek onpedeneHst Modyau, OnepayuU croxcerus u ymnoxcenus no gopmyaam (1), (5). Touxu xomnaexcroi
nAOCKOCMU HA3bIBAIOMCE KOMNAEKCHUMU HUCAAMU.,

MHoOXecTBO IeiCTBUTETBHBIX YUCET ONpeeseTcs 0JHO3HAYHO JUILUbL ¢ TOYHOCTBIO 1O H30MOPHH3-
Ma. [ToaTOMy KOMIUTEKCHBIE 9icia = - 1, rae x € R, gaioT gpyroe npeacTaBleHUe YUCIOBOil npaMoi R
U BIIO/IHE MOTYT OBITH NMPUHATH 3a OEACTBUTE/IbHEIE YUC/IA. TakuM o0pa3oM, KOMIUIEKCHbIE YHC/Ia CO-
ngepxar B ceGe Bee neitctButenpHbte, T.¢. € D R. OTMeTHUM, 9TO KOMIUIEKCHBIE YMCIA TAK Xe, KaK W
JEACTBUTE/IbHBIE, ONpeIeieHbl OMHO3HAYHO JTHIUL C TOYHOCTHIO 0 U30MOphU3Ma.

VYnpowas 3anuck, BmMecto - 1 Gygem nucarb . C Toil Xe uensio OymeM Mucath iy BMECTO Y - i.
Torma koMrnekcHoe uncno z = (x, y) npuHuMaer Bug z = z + 1y, * € R, y € R. Yucna ¢ u y no
TPalUUMHU COOTBETCTBEHHO HA3BIBAIOTCA delicmaumentHol U MHUMOU 4acmamu KOMIUIEKCHOTO YMCIA 2
U obo3HavatoTed cuMBojiaMud ¢ = Rez, y = Imz. TakuMm oGpa3om, KOMILIEKCHOe YUCTO 2 = (x, ¥)
NpecTaBisier co6oii YIopsaaoueHHYIO Napy, KOMIUIEKC, COCTABIIEHHBII U3 AENCTBUTENLHBIX YUCEN T U ¥
(“KOMIUIEKCHOE” — COCTABHOE ).

Hazsanue “xomnaexcroe wucao” npemnoxun K. Tayce (1777—1855), cuMBon ¢ BBeJl B pacCMOTpPEHUE
J1. Ditnep (1707—1783).

YMCno z = T — ty HAILIBAETCS CONPANCEHHBIM IUCITY 2z = =+ 1Y ¥ oDo3HadaeTcs depes Z. OueBUIHO,
yro z- 7 = |z[>.

Heo6x011MMo npoBeputs, 06pasyior 1M KOMILTEKCHsIE YUCha fiosie. O4EBHIHO, ONepanus CIoXeHUs
YLOBJETBOPSIET TPEGYEMbIM aKCHOMaM, MOCKOJIBKY OTBEUdeT ONEPALY CIOXEHUs BeKTopoB. YUTaTenn
MOXeT IPOBCPUTE aKCHOMEL ClToXeHUsT, He NpUGeras K BeKTOPaM, a UCXOIA M3 ONpe/ie/icHUs] CYMMbI B
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yenosusx (1). HemocpencTseHHas npoBepKa aKCHOM yMHOXEHUST M aKCHOM, CBA3BIBAIOLUIMX CIOXEHUE
C YMHOXEHHEM, ITPUBENET K POMO3IKMM BHIKJIAIKAM. JTOrc MOXHO U30€XaTh, €CH BBECTH APYTHUE
XapaKTepUCTHKY KOMIUIEKCHOTO YMCITa.

1.2. ApryMeHT KOMILIEKCHOTO YMC/A.
TpurouoMerpuieckas ¥ noKasareabuas GpOPMbI ero 3alUCH.
Ymuoxenue u Jejlenne KOMIUIEKCHBIX IHCEJL.
Onepanus u3pJieYeHHs KOPHN U3 KOMILIEKCHOTO YHCJA.

Ounpenesienve. [Iyems z € C u z # 0. Yeon ¢ mexncdy paduycom-eexmopom mouku z U opmom
delicmeumenbroli ocu nHaswgaemes apeymeHmom wucaa z (puc. 13),

Apryment uucna z € C, z # 0, onpenensieTcs HEOTHO3HAYHO, & C TOUHOCTBIO [0 KPATHOTO 27.
MHoXecTBO BCex 3HaYeHUH apryMeHTa z 0603HauuM depe3 Arg z. Ecin ¢ € Arg z, 1o Argz = {p+2n7 |
n € Z}. 32 Arg0 npuMeM Bce MHOXECTBO NeHCTBUTENBbHBIX 4ucen. MHorna Arg0 ne onpegensior. B
MHOXeCTBe Argz, z # 0, cyllecTByeT OIHO U TOJHKO OJHO

YA 3HayeHue @ € (—w, ¥}, KOTOpoE HA3hIBAETCS [ITABHHIM U
0003HauaeTcs arg z.

z ik IpunuMas BO BHUMAaHHE CBA3b MEXOY }ICKapTOBblePl
U NOJMAPHBIMU KOOPIUHATAMM TOUKH (Z, y¥) mwiockoctd R°,
uMeeM

P T=rcosy, Yy =rsing, )
-\ e £ = Rez, y = Imz, r = 2|, ¢ € Argz. U3 pa-
- — BeHCTB (1) moayuaeM mpueonomempuueckyro GopMy 3anucu
0 1 X  KOMILIEKCHOIO 4dc/ia
z=r(cosp+ising), @ €Argz, r=lz{, (2)
Puc. 13

KOTOpasi OKa3bIBAETCS OYeHb YIOGHON NPH YMHOXEHHH U IEIEHUU KOMILIEKCHBIX uuces. JI. Diutep BBET
B PacCMOTpeHHUE I0KA3aTENbHYIO QYHKLHIO

g e =cosp+ising, @ ER. 3)
3anuch KOMIUIEKCHOTO YHCIId B HOKA3amensHol (JOpMe NpPUHUMAET BUI
z=re'", r=|z|, p€Amnz. 4)

Crenyoliee yTBepXJIeHHe YCTAHABIMBAET OCHOBHBIE CBOMCTBA MOKa3are/lbHOM HYHKUMK, onpeae-
nenHou dopmyroit (3).

Teopema. Ilyems ¢ € R, ¢ € R, k € Z. Toeda cnpaeedauss: pasencmaa:

D el =1;

2 ewew — ei(tp+¢);

3) e t2hm _ v,

4 e =45

5) e = 1.

« YKka3aHHBIE PaBEHCTBA HENMOCPEACTBEHHO CIeayloT U3 opmysl (3) U CBOHCTB TPMTOHOMETPU-
geckux QyHkumh. Jokaxem paBeHcTBO 2). [To onpeneneHuo uMeem

e'?e’V = (cosp + isin p)(cosy + ising) =

= (cosp cos P —sinpsin ) + i(sinp cos ¢ + cos psin ) = cos(p + ) + isin(p + P) = @)y

HOmaTeﬂBHaﬂ d)opMa 3dNUCH KOMIUICKCHOIO YUCId NO3BOJAICT 3HAYUTC/IBHO YIIPOCTUATH onepaunﬂ
YMHOXEHUA U ACJCHUA KOMIUICKCHBIX YUCECI. Ecnu
— iw; - L
z;=r;e®, ry=lzl, p; €Az (=1,2), )
TO
Z1

. ro.

— i1 +e2) _ -

z123 = (rim)e (w1te2 , — _e-(m #1)_ (6)
22 r

Takum o6pa3oM, st BHIMUCACHMS TIPOU3BEICHUS KOMIUIEKCHBIX YUCEN HYXHO ITEPEMHOXUTL UX

MOOYNIH M CIIOXUTh aPTYMEHTHI, a 1P UX JENCHUU MODYNH BEJIATCSI U apryMEeHTBI OTHMMAIOTCS.
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Honesna gopmyna Myaepa (1667—1754), Kotopast siBnsieTca cueactsueM Gopmyst (3), I MOXeT
6bITs YCTaHORTEHA C MOMOLIBIO METOJa MATEMATHYECKON MHAYKUMU: ecnu z = (rcosyp, rsing), 1o
vneN

z" = (rcosy, rsing)” = (r" cosnyp, r" sinnyp). @)

Dopmyia MyaBpa MO3BOJISAET U3BIEKATL KOPHHA NMPOU3BONBLHOM LETON CTENEHH U3 KOMIJIEKCHOTO
uncaa. Ilycte z = (rcosy, rsing) u Tpebyercs HalTU Takoe KOMIUIEKCHOE YUCI0

z1 = (ry cosgy, 1y singy),

4106kl 2 = z. Torna, B coorseTcTBUH ¢ hopMysnoii (7),

(r} cosny,, ry sinng,) = (rcosy, rsinp). 8)
TIpupaBHMBad IPYT APYTY MOIY/IM M apIyMEHTHI, HMEEM
ri=r, ng =g+2%kr, kEZ. )
Urtak, ry = V7, ¢ = @- [pu k=0, n — 1 noiydyaem n pasHbIX 3HAYECHHUIL:

2k + 2km
Vz = Wcos(p+ W, Yrsin &
n

(10)

OHH IenaT OKPYXHOCTh paaMyca 3/ Ha n QyT OAMHAKOBOM JUTMHBL.
MTone C He gragerca ynopsgouyenusim. B yrropsinoyerHom rosie P V(a € P, b € P) a4+ =0«
a=0Ab=0.B noxe C 310 ycNOBHE HE BHINONHAETCSA, HAMPUMED, #+12=0, onnako i £ 0, 1# 0.

OTMeTHM, 9TO MOLY/b KOMILUTEKCHOTO umucha |z| = /a2 + y? yIOBIeTBOPAET aKCHOMAM HOPMBI
(cM. m.2.5, tn. 1). BeinonHenue akcvoM 1) u 2) odeBupHo. PaccMorpum Ha puc. 10 TpeyroibHUK ¢
BEPIUWHAMH B ToYKax 0, 23, z(+ 2z;. JIMHBL €ro CTOPOH PaBHbL: |22 (0T 0 ;o 2,), |21] (OT z; X0 2+ 23),
|2) + 23| (o1 2; + 2; mo 0). TlocKoAbKY ANMHA CTOPOHBI TPEYTOJIbHUKA He GOJbLIe CYMMBI UIHH ABYX
IPYTHX CTOPOH M He MeHbilUe abCOMIOTHON BETUINHB UX Pa3HOCTH, TO

21l = lzal] < lzi + 22l < l2al + 1zl

CrnenoBaTe/ibHO, MOIY/Th YIOBIETBOPSAET M HEPABEHCTBY TPEYrOJbHUKA. TakuM o0pa3oM, YopsgaodeH-
Hag yetBepka E = (C, +, -, | |) sBagercs HOpMUpOBaHHBIM BEKTOPHBIM NPOCTPAHCTBOM Hanx nojeM R.
OHO MPEBPaTUTCS B METPUYECKOE TIPOCTPAHCTBO, ecin B HeM V(z; € C, z, € C) MeTpuKy onpeaenuth
PaBEHCTBOM

P21, 1) = |z — (11)
(em. . 3.1, m. 1).

MHoXecTBa HAaTYpPaJIbHBIX, UE/IbIX, PALIMOHATBHBIX, NEACTBUTENBHBIX U KOMIUTEKCHBIX YHCEN, He-
CMOTPSI Ha UX CYLUECTBEHHBIE PA3IUYIMS, UMEIOT MHOTO OOIMX NPU3HAKOB, TAKMUX KAK KOMMYTATUBHOCTh
U aCCOLMATUBHOCTD ONEPALIMIA CIOXEHUI U YMHOXEHNS, TUCTPUOYTUBHOCTD YMHOXEHHS OTHOCHTE/TBHO
C/TOXEHWs, CYLIECTBOBAHME €IUHUYHOIO IEMEHTA OTHOCHTEIHHO OMEpPallid yMHOXeHHs. Bo3Hukaer
BOIIPOC: MOXHO JTX JOCTH4b HOBBIX Pe3yIbTATOB, PACLIMPSS NOHATHE YUCIA, YTOOBI YITOMAHYTHIE O0LIIME
NPU3HAKYA COXPAHUITUCH?

Otser Ha noctaBieHHbiit Bonpoc naet teopema O. Opobenuyca (1849—1917), U3 KoTopoit cneayer,
uTo nojie C KOMIUIEKCHBIX 4yUCEN SBIITETCI MAKCUMAJIBHBIM YMCJIOBBIM I10JIEM U JajbHeHlee pacluun-
PEHHUE NMOHATUS YUC/Ta HEBO3MOXHO.

1.3. CrepeorpaduiecKas npoeKuHsa 4 ee CBOHCTBA.

JAg HyXIO TeopUY aHATUTHYECKUX GYHKIHIA KOMIUIEKCHYIO TUIocKocTh C HONONHAIOT fecKoneuHo
yOanenHoii moukoii, COOTBETCTBYIOLLEN YCTOBHOMY KOMILIEKCHOMY wuciy oc. Muoxectso € = C U {oo}
Ha3bIBAIOT PACUIUPERHOL KOMNAEKCHOU naockocmolo. [Ins HArSAHOTO U300paXeHUs PacILMPEHHON KOM-
TUIEKCHO TUIOCKOCTH NPOBEIEM CIIEUMAIbHOE reOMeTpHYecKoe NTOCTpoeHHe.

Beenem B npoctpanctse R® cucreMy Koopmusar O£n¢ Tak, 9Tobsi nuiockocts C cosriana ¢ TUioc-
KocTeio R? i uto6bt ocn OF u O cosman ¢ ocsivu Oz 1 Oy KOMILIEKCHON TIockocTH 2. [TocTpoum
cepy S pammyca 4 ¢ uentpom B1ouke (0, 0, 3), KoTOpas KacaeTcs KOMIUIEKCHOM IIOCKOCTH B HAYAJe
KoopauHat (puc. 14). Touku (€, 7, ¢) € S YIOBAETBOPAIOT YPABHEHUIO

E+n"=¢1-¢). (1
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QY=

2\

Puc. 14

Touky (0,0, 1} 0603HaIMM yepe3 N 1 GyzneM COETUHATH €€ C PA3IMYHBIMY ToYKaMu cdepst z' (£, 7, ()
NPAMOIMHEMHEIMUA JTYYaM¥ ¢ HAJalIoM B N M OTMeuaTh Ha KaxIOM Jiyue TOUKY z = T -+ 1y BCTpeyH
ero ¢ mnockoctbio C. Toraa Bce Touky ceprl, 3a UCKITIOMEHHEM TOUKM NV, CIIPOEKTUPYIOTCSA Ha IJIoC-
kocte C. DTUM yCTaHOBIGHO B3aWMHO-OTHO3HAYHOE COOTBETCTBME z « z' Mexay MHoxectBamu C
u S\{N}. Ecin ycaoBUMcS, YTO Z = 00 ++ [N | TO [MOTy4NM B3aUMHO OJHO3HAYHOE COOTBETCTBUE MEX-
1y MHOXecTBaMH C 1 S. DTO COOTBETCTBUE HA3BIBAETCS cmepeozpaduueckoli npoexuueii. Chepy S npu
3TOM Ha3blBalOT cgepoli Pumana.

YCTaHOBUM CBA3h MEXJIy KOOpAMHATaMM TOueK z ¥ 2z . KOOpIMHATHI TOYKM z' YIOBIETBOPSIOT
ypaBHenmio cdepbl (1), a yCI0BUE, 9TO TOUKM 2, 2 U N JIeXar Ha OMHOM MpPAMOi, UMEET BUL

-0 n-0 (-1
-0 y-0 0-1

CremoBaTte/ipHO,
£ Ui
= ——— = —_— 2
TEICO VEIC (2
IIpunumas o BHUMaHUe (1) u (2), nMeeM
2 2
2] = &% + ¢ = 3 +'IZ - ¢ ’
. (1-¢) 1-¢
OTKya
_W
C_1+lz|2’ TN
[Tonyuyaem obOpaienue opmya (2):
z y |z
= ) = = —— 3
SRR T TR TR )

Cootnowerus (1), (2), (3) Ha3bIBAIOTCS OCHOGHbMU opmyaamu cmepeozpaghuyeckoil npoexyuu.

Crepeorpacthudeckas pOEKIUST UMEET B4 BAXHBIX CBONCTBa:

1) npu cmepeoepaguyeckoii npoekyuu oxpyxcHocmu 6cezda nepexodsm 8 oKpyxcHocmu (npy 3mom npsi-
man na nagckocmu C cuumaemes okpyxcnocmeto Geckoneunozo paduycay;

2) ecau dee Kpuevie Ha chepe S nepecexaiomes @ mouxe M, a KacamensHsie K IMUM KpUGbIM 6 MouKe
M o6pasyiom yeoa a, mo u yeoa mexucdy KacameasHuiMU K Cmepeocpaguueckoil npoekyuu smux Kpugsix
& mouke M’ ux nepeceuenus maxce pagen &, m.e. 6eAUMUHbL YeA08 npu cmepeoepaduueckoii npoexyuu
COXPAHATOMCA.

st Gonbiuell HATARHOCTU U3JIOKEHHOTO BHILUE BOCNONb3YeMcs reorpadudeckoil TepMUHONOTUEH.
TliockocTs, Npoxodswas uepes LeHTP chepsl napawiensHo ockoctd { = 0, Ha3bIBACTCA 3K6aMopU-
anvrod. COrNacHo NMPHMHATON TEPMUHOJIOTUM, TouKa A € S sexwcum Ha napassau ¢ wupomod o, €Cin
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paguyc-BeKTOp O'4 ¢ Haua/oM B ueHTpe chepsr S 06pasyer yron ¢ ¢ 3KBaTOPUANBHOM TUIOCKOCTHIO,
fIpUYEM B BEPXHEH 10 OTHOIUEHHUIO K 3TOM IMJIOCKOCTH YacTH cepsl ¢ M3MeHseTcs ot 0 no 12’-, asB
HUXHEHR yacTH cepsr — OT -’% go 0. Touku chepbl, UMeIOLIME OTHY M Ty Xe UIUPOTY ¢, 06pa3yior
napaanens LaHHOW wupomut. Joneomoiitouku A, n, () € S Haspiator arg(§-+47). COBOKYNHOCTS TOYEK
TAHHOHN JONTOTHI A oOpa3syeT noaymepuduan 31oit moArotel, Touka [N HA3BIBAECTCS CEGEPHLIM NONIOCOM, &
Hayasio KoopaMHAT 0 — XCHBIM NOAOCOM.

PaccmoTpumM npumepsr.

1. Mpencraurs B Brte a + b (a € R, b € R) cnexylowme KOMIIEKCHBIE YUC/TA!

5 4
1-14 2 1+1 1+4v3
= : = — =(1 '\/§6; = ; ={ —— .

v 2T o AT dFA s (l—i> s ( 1= )

Z)

« Bocrnione3yeMcst npaBiiaMy AeiHCTBII HAll KOMIUIEKCHBIMM YHCIIAMU M PABEHCTBOM zZ = |z|°.
Tonyyum:

; A=D1 -3 Q-3 2i . 20 +3) 143 1+_3
= = = —— = —1: 2y = — = —— = — 12—
' L+ il 2 2 T =36 5 575
6
1 /3 . ;
7= 2° <5+’_2£> :266173’6:26612«:26;
1+19)1° 1 10 z 5 e iz
24:( —;:) :(—i—‘_%) 2614102613‘” e( +2):e 2 =9
R 1, \? iZ.4
s+ 3+ €3
zs = 21 f =2’ 21 zi =2 iTa
171 V2 A e 4

4 T
=-2%"3" = -2* (cos (§+7r) + isin (§+7r)) =2+i2V3. »

2. Haittu MOJIYJIM r ¥ apTyMEHTBI ( KOMITIEKCHBIX uMced a+ bi (a u b — AelicTBUTEbHBIE YUCNA):
zy = 3i; zy = —2; zz=1+1; Zg=—1—1; zs =2+ 5i;
zg = 2 — 5i; z7 = =2+ 51; zg = -2 —51; zg=bi (b#0); z1g = a+ bi.
<« [ox ¢ nouumaem rnapHoe 3HaueHHe: —7 < argz < 7, arctgp — IiaBHag BETBb OT — 5 11O
Onpenensith @ jierde, ecv U306paxarh TOUKY 2 Ha KOMIUIEKCHOM tutockocti. ViMeem
T T 3
n=lal=30=3 n=lnl=2ep=m n=lnl=v2 ey =% r=ln] = V2 p0= -
rs = lzg| = V29, ps =arcig i re= |zl = V29, g = —arcigd; 1=l = V29, gy = -arcig
5 x {b L .
rs = |zm| = V29, pr=arctg3 — w5 rg = 29| = |bl, g = 7‘7[ = 3 sgnb;
b
arctg -, a>0,
ro = [210] = Vat+ b2, g = 7r+arctg£—, a<0,b2>20,

arctg§~7r, a<0,b<0.»
ars
3. Nlokasats, 4to v/i UMeeT CEIYIOMWME YeThIpe HAYCHUS:

:i:% (\/2+/5+i\/2—\/§), i% (\/2—\/§+i\/2+\/§).

A Z 42k . =42kw
<« flycte z =4, Torma |2} = 1, argz = p = §, vz = cos 25— +isin-*—, k=0, 1, 2, 3.
TTonyyaem yeTbipe pasMMHBIX 3HAYCHUSA KOPHS:

T ..T S 57 T .
Zp = coS - +¢sin —, z1=cos?+zsm—8-=—cos—8-+zsxn?,
T T 13n ki 3

z cosgﬂ-i-ising“ E s c 13 +isi i si
= o =T = —COsS— —1SsIn — 23 = C0S — tsIn — = COS — ~— 181N —.
2 8 8 8 8’ 3 8 8 8 3
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[ockoneky |cosz| = 4/ He&2= sinz] = /l—'C&Z)SZ:z: , 70

™ 1+cos% 2442 B 1 \/1—003% \/2-—\/§
cos — = = , sino =4/ ——4 = X272
8 2 2 8 2 2
3r 2-2 C3m 4242
Co§ — = ——————— sin — = ————

3 2 8 2
Zo,z=i%(\/2+\/§+i\/2—\/§), 21,3=i% (\6‘\/5“‘”"\/2‘*'\/5)->

4. OHpClICIIHTb KOMILJICKCHBIC YHUC/IA 2z, YIOBACTBOPAIOLINE CiieIVIOIUHM IBYM YCIOBUSM.

z—12 5 z—4 .
z-8i 3 |z-8 '
4 Tak ka =12\ oyl 2 1"412—(L‘—4m3—1 0 3a/1a4ya CBOLUTCH K pELIeHUIO
K KaK | 72| = zi+(y—8)2 — 9 |z=8| T (z~8)I+y? » TO 3alX CBOL) p

CUCTEMBI YPABHEHUH

222 + 2y° 4 27x — 50y + 38 = 0,
8x = 48.

Ee pemenus — 2y = (6,17), z; = (6, 8), 1.e. 2y =6+ 17, z; = 6+ 8. »
5. Iloxasate Toxnectso |a + bj* + |a — b> = 4|a|?, ecim |a| = |b)].
<« Bocriop3yeMecst 04eBHIHBIM CBOHCTBOM 21 £ 2; = Z; = Z; M TeM, 4TO 2Z = lzlz. Hmeem:
la+ b+ ]a—b=(a+b)(a+Db)+(a—b)a—b)=(a+b)a+Db)+(a—b)a~-Db)=
= ad + ab + b@ + bb+ ad — ab — ba + bb = 2(aa + bb) = 2(la|’ + |b]*) = 4la)’. »
6. Jlokasars Toxmectso (1 — @b* — Ja — b)* = (1 + |ab])® — (Ja{ + [b])? (e € C, b € C).
4 AHAJOTHYHO TPOIEIAHHOMY BBILLIE MTOTYyYHUM:
{1—ab’ = |a—b)" = (1 —@b)(1 — @b) — (a — b)@a - &) =
=(1 —ab)(1 —ab) — (@ — b)@ — b) = 1 — ab — @b + aabb — ad + ab + ba ~ bb =
=1+ |af bl = (Ja)’ + 1B1%) = 1 + |ab® = (la| + |b])? + 2jab] = (1 + |ab))* — (Ja] + 1B]). »

a+b
7. Hoxasats ToXAECTBO 'Il + EII =a(a>0;beCAb#-a)
+3
<Ta1_<KaKa>0,To
a+b a+b b b b
latdl _|ath ='1+—'=l1+~l: 14-|.»
a a a a
a—b
8. fycs |a| = 1 wim |b] = 1 (@ # b). lokasats, uTo —| = 1.
1—ab

« ITockonbky B _
le — bf* = (a — b)@ ~ b) = |a|’ — ab — ba + |b[*,
To — -
|1 —a@b)* = (1 —ab)(1 — ab) = 1 — ab — @b + |ab}’.
Ecu le] =1, 0

la—b =1—ab—ba+bf’, |1—ab’>=1-ab-ab+ b

T.e. la—bl=|1-ab] n |l“_;‘;,| = 1, AHanoruiHo, ecay |b] = 1, 10 |l“_‘a‘;| =1.p»
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9. Momyny KOMIUIEKCHBIX YHCen 2zy, 22, 23, Z4 OGPA3YIOT TEOMETPHIECKYIO NMPOTPECCHIO, & UX ap-
IYMEHTH — apuQMETHIeCKYIO Nporpeccuio. Haiti z, U 23, €ClU 2, = V2, z, = 4.
« Ilycte ¢ — 3HaMeHaTeNb reOMETPUIECKOM nporpeccuu d — pa3HOCTB apmbMe'mquKou fpo-

rpeccun. Torma |z)| = |zilg = v2q, || = 2l = V28, |z = 4 = V27, OTKYJ.Ia q = V2.
Mycrs ¢; = argz; (i = 1,4). Tockomeky ¢, = 0, 10 ¢, = d, 3 = 2d wg = 3d. TaK KaK
z4 = 4i = (cos 3d + isin 3d), 1o cos3d = 0 A sin3d = 1. Crnenoparensio 3d = 5 + 2kw, d = % + 2"—"
(k € Z) Mockonsxy d = ¢y = argz;, 10 —7 < 7 + =57 2'”' < . Tlonyyaem Tpu 3Hal1emm d: d, = %,
dy=3 Srody = —Z% W, COOTBETCTBEHHO, MO TPU pemem«m Ul 23 U 238
3 . S im
20 =2e'%, 2P =2¢"% 2D =2e77,

k)

i . S .
M =2v2e'3, P =22’ T 2P =227 p

10. Permrs ypaBHeHue az + bz =c (a € C, beC, c€ (),
« Ecnu z — penleHue JAHHOTO ypaBHEHHUs, TO Z OymeT pellleHueM ypaBHenus bz + aZ = ¢. Peuras

CUCTEMY YPaBHEHUH
az+bz =¢,
bz+az=c,

ac—bé
lal2—p]2 -

Ecnu e’ = |b|?, To cucTeMa HECOBMECTHa, 33 MCKIIIOYEHHUEM CTyyas, KOra

BBIMIOJIHEHUY 3THUX YCJIOBUM CHUCTEMa CBOIUTCH K ypaBHeHmo cbz + bz =c¢, T.e. X Z + Z [clz, rie
7 = cbz. Mocnennee ypaBHEHWE UMeET pelueHue 7 = |c| +it, —oo <t < +00. Bosppauasace K z,

MOTYYUM: ~=—-+z—;(t€IR)

TOJYYMM, (DM YCTOBHH 4TO la]* # b z =

£

= - =% Mpu

o |

11. Peuwrnts otHoCHTENBHO 2 ypaBHeHue azZ+ bz +cZ+d=0(a€C, bEC, c€C, d€C).
<« Kax 1 B npeasygyiem npuMepe, AaHHOE ypaBHEHHE PABHOCUIIBHO CHCTEME
alzf +bz+cz+d=0,
alzff +bz+cz+d=0.
YMHOXMM 00e 4acTH NEPBOTO ypaBHeHHMs Ha &, BTOPOTO — HA @ M BBIITEM MOJIYYCHHOE OXHO U3
apyroro. Haxonum: (a¢ — ab)z — (@c — ab)z + ad — ad = 0. OGosHauum (ac — ab)z = Z, Toraa
floCNieIHEe yPaBHEHNE NPUMET BULL
Z-7=—(ad—ad), t.e 2iImZ =—2iIm(ad).

Orcioza nonyyaem _
. - t - iIm(ad)
Z=t—-ilm(ad), T.6. 2=, tER »
ac — ab

12. YcTaHOBUTH, KOIA BBITONMHAETCA paBeHCTBO Re(z;z;) = (Rezp)(Rezy),

« Ilyetb z; = rie*?t, 2z, = re*®?, v, € Argzy, 3 € Argz;. Toraa noayyum:
Re(z,2;) = Re(r;re" 1Y) = riry(cos g cos p; —sing, sing;), (Rez)(Re z3) = 7,7 €08 ) COS 3.
YKa3aHHOE B YCIOBMY PaBEHCTBO BLINONHsETCH, €cny sing;sing, = 0, T.e. korma z; € R wm
z€ER. »

13. Mycrb a € C u la| < 1. Ilokasats, 4to HepaseHctsa |z| < 1

z—a )
1= ‘zl < 1 sKBUBaNEHTHH U
YTO PABEHCTBO B 0GOUX CIyyasX JOCTUTACTCS TP OMHOM U TOM Xe 2.
« Iycts |z| < 1. PaccMoTpuM pa3HocTs

lz—aP -1 -8z = (z-a)Z—a) - (1 —az)(1 — az) =

= |z]2 —az—az+|a’ - 1+az+az— |aflzl* = (ef* - DA - ||
CrenoparensHo, |z| < 1= | £ R <1, tomma (e - DA -1z K 0= )z
TaK KaK 110 ycnosuio |a| < 1.

hgo.
B!

1

< 1. Oyers I ==
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1 1
14. fyers z = = + iy # 0. Haiitu S+ 5
Z V4
< Nmeem
L 2+ (@-i)+@+iy)’ 2’ —-y)
222 I (@ + y?)? T @4y
15. Hasitu raaBHOe 3HAaYeHMe apryMeHTa UMCeNn 2, = —2 + 31, z; = a +ib (¢ < 0, b < 0).
« Touka z; MEXUT BO BTOPOM KBAApaHTE z-IIIOCKOCTH, ToaToMy argz, = aretg (—2) + 7 =

™ — arctg % Touka z; HaxomUTCH B TPETHEM KBANPaHTE, MO3TOMY Argz) = arctgg- -7, »

16. W306pa3uts B TpuronoMerpudeckoit dopme uncna z; = 1 + iV3uz,=1-cosa+isina.
o i z; uMeeMm:

T
lzi] = 12+(\/§)2:2, argzl=arctg\/§=§.
Hna z:

X . a
|z,] = \/(1 — cosa)? + sin” & = 2sin 3
Cuuras, uto 0 < a < 27 u 3aMewas, uTo |arg z;| < F, nomydaem
sin a

M Le3
2sin 5

o . (ﬂ’ a)
=COS—=sm|{—- — = argz; =
2 ) 2 3 222

T—«

sin(arg z;) =

Takum oGpazom,

2( 7r+,,7r) 2,a( 7r—a+,,7r—a
zy=2{cos— +isin — z; = 2sin — | cos isin >
3 3/ 2 2 2
17. Buipasuts cos5z u sin 5z wepes cosz u sin.
« CornacHo dopmye Myaspa cos 5z +1 sin 5¢ = (cos -+ sin z)°. TTo dopmyse 6uroma HuioToHa
uMeeM
. 5 _ 5 . 4 . 3.2 . 2 .3 . 4 . .5
(cosz + isinz)” = cos” x + Sicos zsinz — 10cos” zsin” ¢ — 10icos” xsin” ¢ + Scoszsin’ x + isin” x.
Otcioga
5 3 22 .4 . 4 . 2 3 .8
cosSz=cos £ — 10cos" zsin" z + Scosxsin z, sindSx = 5cos zsinz — 10cos” xsin” x + sin” .

Ll

BBIMMCINM, HAMpUMED, €0S 2= U sin 2=. Umeem:
p s 3 3

2
2r 2 27 2 2T 27 2 27
) = 5cos’ —5——10cos2 3 sin’ ?—fsin4 —51£ =35 (1 — sin’ ?> —-10 (1 — sin? —5—> sin’ ?+sin4 5

OGosHauuB sin’ 351 = Yy, MOJy4aeM KBaJpaTHOE YpaBHEHUE 16y2 - 20y + 5 =0, otkynma

22 1042V5 L 2r V10425

y = sin =

5 16 5 4
Torna

Szw_\/1 104+2V5 _ V6-2v5 _ V5-1
= 6 4 a4

18. Tpencrasute sin*z B Buae MHOrOWIeHa NMepBOil CTEMEHU OT TPUTOHOMETPUUECKNX VIJIOB,
KPaTHBIX .

« 3anuckiBag z = cosz +1isinx, Z =cosx —isinz, z — Z = 2isin x, nonyyaem:

sinz = (z —2)4 = l(z -5 = —1--(.’-4 — 4222+ ) + 627 + 2 = l<:os4:z:— -1~c052x + 3
TN 2 2 24 3 2 8’

TaK KaK z* + 2F = 2coskz, 22=1, 2’22 = (22’ = 1. »
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1 1
19. Haitru D, (z) = > (5 +cosx + cos2z + ... +cosnx).

«Tlyems Sy = > coskx, S, = Y sinkz, z = cosz +isinz. Torna

k=0 k=0
i n+1
. _ E__ z -1
Sl’f‘lSz—ZZ = —z—_—l—,
k=0
PR | cos(n+ Dz +isinn+ Dx—1 cosnz —cos(n+ 1)z —cosz + 1
S; = Re =Re — = )
z—1 (cosz —1)+isinx 2-2cosx
D 1 1 P 1 sin 22t g
n = — ——+ =.__.—__z__.
@ 2r 2 ! 2z 2sin 2

B teopuu psagos Oypee dyHkuuio D, Hasbigaior sdpom Jupuxie. »

20. Tlycts z; ¥ z; — CMexXHble BEPLHHBI Napai-
nesiorpamMma, z; — TOYKa MepecedeHus ero guaroHareil. Y A 24
Haijttu 1Be apyrrie BepUIKMHBI NApaIeorpaMma.

<« [laHHBIE U UCKOMBIE BEPIIMHBI BBIFOIHO paccMa-
TPUBATH B KaYeCTBE CBOGOIHBIX BEKTOPOB (puc. 15). Ha- =
qajo BEKTOpa z3 — z; HAaXOOUTCI B TOYKE Z,, €ro KO- AN
Hel — B TOYKe 2z3. [10CKOIBKY BEKTOp CBOOOLHEIN, TO, g’
foMelliag ero Hayaio B TOYKY 23, TIOAYUMM 2, = 23 + Z3N\G
(23 — z3) = 223 — z3. AHAJIOTUYHO, 25 = z; + (24 — 2;) = Z]
223 - Z. »

21. Tiyers |z = |z3) = 231 = 1. Hokasats, z
4YTO TOYKHM 2, Z;, 23 ABIAIOTCH BePIUMHAMU PaBHO-
CTOPOHHETO TPEYTOJbHUKA TOrad U TOJBKO TOTAd, KOTAa 0
2+ 23+ 23=0.

4 Heobxogumocte. Ilycts 2|, 2z, 23 — Bep-
LUMHBI PABHOCTOPOHHETO TPEyrojbHMKA. OHM jieXaT Ha eIMHUYHON OKPYXXHOCTU C LIEHTPOM B Hauaie
KOOPIMHAT ¥ ABMISIOTCS KOPHIMY YPABHEHUS 2° — (COS @ + isin ) = 0. Takum oOpazom,

sy

Pue. 15

3 2 _ .3 .
EF-—2)z—2)z-m)=z —(n+untz)2 +@an+an+52)2 - 7223 =2 — (Cosp + ising).
CornacHo U3BeCTHOI Teopeme Bueta z) + 2, + z3 = 0.

HocrtatounocTth. Ilycth 2z, + 23 + z3 = 0. OOGo3HaUUM q = 2,2; + 2323 + 232;. Tak Kak
2323 = 21Z) = 232, = 1,70 ¢ = 2,2:23(Z3 + Z; + ) = 0 v uMcna z,, 2, 23 YIOBAETBOPSIOT YPAaBHEHUIO
2> = 212323 = 0. Ero KOpHN /eXar Ha eTUHUYHON OKPYXXHOCTH. P .

22. Pewwuts ypapenwe z" '+ 4 . dz+1=0 (TaK Ha3bIBAEMOE ypasHeHue deaeHust Kpyea).

« Jocrarouno peuiuts ypasHenue z” — 1 = 0, NOCKOJIBKY

e l=-DE" T 2" 2+ 1),
2km

Kopuu 3toro ypaBHeHUs z), = Vi=e™n (k =0, n — 1) MoxHo 3anucarb B BUIe 1, w,, w
n

wi! tne w, = z,. B vactHOCTH,

—1414V/3 i 2T 2r 1
wy = —1, w3=—-—;l—f, Wy =1, Ws=e>s :cos?-f-isin—s—:‘z(\/§—1+i\/10+2\/§)

2

ny ey

(cM. npumep 17).

3amada npeacraBaeHMs w, B GopMe, ComepXKaLIeii MU KBAPAaTHBIE KOPHU, SBISETCA aHAJIOrOM
3alay¥ O MOCTPOEHMU C IOMOMIBIO JIMHENKU U LMUPKYNsl NPABWIBHOIO 1-YrONbBHUKA, BNUCAHHOIO B
OKPYXHOCTb EAMHUYHOro panvyca. »

23. Peumts ypasuenye 322° = (z + 1P,

<« Bce KOPHM 3TOro ypaBHeHUst yZOBJIETBOPSIIOT ycsioBuio |2z| = |z + 1|. Ecau Bocrosnb3yemcst,

. . ] 3
pasercrBaMy T = HE y = =% e z = z + iy, To nonyyum paserctso (z—3) + ¢yt = §, 1.

2
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YCTAHABIMBAEM, YTO KOPHH zp, = 7 (COS ) +1sinpy) (k= 0, 4) NPUHALIEXaT OKPY>XHOCTH paauyca %

C LIEHTPOM B TOYKE z = % ITonaras z = r(cosp+ising), z+1 = p(cosy +isiny) (puc. 16), monydaem
(2r)’(cos 5¢ + isin 5p) = pS(COS 5 + isin 5¢).

Orciona p = 2r, ¢ = ¢+ %%, k = 0,4. Tlo Teopeme

KOCHHYCOB [UTsl TPEYTOJIbHHKA ¢ BepLIMHaMu B Toukax 0, z, yA
z+ 1 uMeem 1 = 5r2 — 4r2cos@, 6 = ¢ — 9, a N0 Teopeme
_1
cuHycOB siny = (5 —4cosd) 2 sinf. CnenopartesbHO, z z+1
1 2k L4
L e B = T
5~ 4cos Ok 5° r ) “r
\ P
sin Gk )
Yr = P + 0, = arcsin + 6, -
5 —4cos Gk 0 X
_Ta
L Pnc. 16
™ — g¥m - kr
24. Jloxasats, ut0 B e H(:c - 2azx cos—— +a ), a>0.
22 —
k=1
< 3Has OXMH KOPEeHb & = a ypaBHeHMs ™ — a”™ 242ce OCTAIBHBIE KOPHH MONYYMM B BUIE

awzm k=1, 2m— 1) {cMm. npumep 22). HoaTOMy

2m 2 Zm—l)
)

2 —a = (x - a)(T —awyy,) ... (T —awpy) ... (¢ —~ awsm z —awn, =T +a.

IMocKONBKY Wim = €OS 2- + isin =, TO

i S
' 2m-k _ k k Im~k _  k k
Wi + Wym 2Rewim, Win Wiy = Winty, =1

kw -—
(& — awk, )& — awim %) = 2? - 2az cos o~ +a® k=1, m-1.»

25. Iycrs 2z, — TIPOU3BOJILHEIE TOYKU, My > 0 — NpPOU3BONBHBIE YUCA (k 1, n), npuueM

ka = 1. Joxa3satb, YTO BCSKas MPAMasi, TIPOXOMSLIAs Yepe3 TOYKY zg = kazk, pasgenser
. . k=i

Toqxn Zy , €CJIM TOJBKO He BCE OHM PasMelIeHEl Ha OTHOM NpSMOii.

<« JlonycTUM TIPOTUBHOE: BCE TOUKM Z) Pa3MeuleHBl TIO OXHY CTOPOHY OT NPSIMOH 7y, IPOXOIsiuei
yepe3 TOUKY zp. BrIOepeM CHCTEMy KOODIMHAT, B KOTOPOii NMpsAMast 4 COBMECTUTCS C MHMMOI OCbIO, a
TOYKa zp OyIeT HAYa/IOM KOOPIMHAT w-TIOCKOCTH. Torna Touku z, OyayT TOYKaMM Wy w-TUIOCKOCTH,
wy = (2, — 29)e*, rme 6 — yronm MexIy TpsIMoi 4 M MHUMOI{ OCBIO Z-TUIOCKOCTH. ITOCKOJIBKY, O

n

npeanonoxenuio, Rew, > 0 (K 0) Vk =1, n, 10 3, mywy, > 0 (< 0). OnHako
k=1

n n
§ : § : 8
myw, = (mkzk - meQ)e = O,
k=1

k=1
TaxK Kak

n n n n
E (mkzk - meQ) = E Mz — 2g E my = E mpzy — 2= 0.
k=1 k=1 k=1 k=1

Homyywm npoTuBopeye, HCTOYHHUK KOTOPOTO B TNPEATIONOXEHMH, YTO BCE TOYKH 2 Pa3MellleHbl IO
OIIHY CTOPOHY OT IIPAMOM 7.

PaccMOTpeHHAast 3aaa4a MOXET OBITh MHTEPIIPETHPOBAHA CREAYIOLIMM O6pa30oM: TOUKHM z; € IoMe-
LICHHBIMK B HUX MACCAMHM 1M HE MOTYT JIEXaTh 110 OAHY CTOPOHY OT NPAMO# -y, TIPOXOZslLeit yepe3
LIEHTP MHEPLMH 3TOM CHCTEMBI MaTEPHAJILHBIX TOYEK. b
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26. Joxazars yreepxaenue K. 'aycca: HyaM MHOro4jaeHa

P.()=na,z""' + (n- l)a,,_lz"’2 + ... 4+2az+a, a,€C a,#0,
He MOTYT OBIT pa3MeleHbl BHE HaHMEHBIUETO BBINYKJIOTO MHOTOYTOJBHMKA, COAEPXKALIETO0 BCE HYNMH
21, 23, - -+ , Z, MHOTOYNEHA P, (puc.17) (P, — npou3BoaHas MHorowena P,),
n

<« Tockonsky P, (2) = a, [[(z = z), 10
k=1

Plz)=6,(z—2)0(z—2) ... (2= 2o_)) Fan(z =2 )z — 7)) ...
+an(z —z2)(z = 2) -

Ecnu Po(z*) =0, 2" # z;, (k= 1, n), To
PL(z*) 1

= X
P,(z*)y ap (z*—z))0z*—2z3) ... (2* — z,)

(zZ—zp- )z —~2,)+ ...+

(z-zp)+an(z -2 —23) ... (2 = z,).

X (an(z*_zl) s (Z*—Zn—l)+an(Z*—zl) B (z*—zn—z)(Z*—zn)+' . .+an(Z*—22)(z*—Z3) re (Z*—Zn)) =

Tornma u
1 1 1

z* -z, Z* ~zZ,_1 z* -2

OTKyZa C/emyeT, YTO

¥ -z, 25— zp_y PR

cer b /= =0
2% = zu? 2" = zp? lz* =z

M3 nocnentero PAaBEHCTBA HaXOIUM:

n n n
* * -2 _ * -2 * __
[z° = z;|7" = zelz” — 2zl 2z' = Mz,
j=1 k=1 k=1

roe my = Lid—>0,2mk=l.

Z|z‘—2j|‘2 k=1

Takum 06pazoM, kaxas npsMas, NPOXOxAwas Yyepes TOYKy z*

npumep 25). »

27. Joxasath, 4yro 06a 3HayeHus vz2 — 1 nexar Ha
TIpAMON, Npoxonsiuefl Yepes Hayano KOOPIAHMHAT W TIapan-
JieNbHOM OUCCEeKTpUMCE BHYTPEHHEro yrjla TPeyrojabHHKa C
BEepLIMHAMU B Toukax —1, 1, z, mMpoBeneHHO U3 BepuIM-
HBI Z,

<« Hapuc. 18 arg(z + 1) = a, arg(z — 1) = a,. Torna

arg(z2 —1)=a; + ay,
1 oy tag)t2kn
Va2-1=| - 1]i€ 2 k=0, 1.

3naueHus vz7 — 1 UMeIOT apTyMeHTH 3‘%‘ u 3‘%‘ +.
HMockomeky @y = a; + B, To 3HauYeHHUs — 1 umeror
ApTyMeHTHI a; -+ E ua;+ E +m. Yron -y HaknoHa 6ncce1<-

1 1 1

" + + .o+ = =0

— Zn = Zn—1 zm— 2

ya
0 x
Prc. 17
, basnenseT TOYKH z, Zz, ... 2, (M.
y A

-1 0 x

Puc. 18

TPHUCHI K ocu Ox paBeH a ,+E CienoBaTeNbHO, 06a 3HaUeHMH VZ2 — ] JIexar Ha np;mon npoxoas e
4epe3 HAYaI0 KOOPAMHAT, napamenmoﬁ GuccexTprce BHYTPEHHErO YI/a TPEYrolbHMKA ¢ BEpIMMHOM B

TOYKE 2. b
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28. Vcxons u3 reOMETpUYECKHX PACCMOTPEHMIl, 10KA3aTh HepaBeHCTRA:

Z
|z|

< 1) Paccmorpum puc.19. Ha HeM BUaHO, YTO [UIMHA XOpPIBl, CTATMBAIOLIEH OYTY OKPYXHOCTH
eVHUYHOTO pagvyca, LEHTPATIbHbLA YO/l KOTOPOH PaBeH |arg z|, He TIPEBOCXOAMT MIMHBI 3TOM Iyru.
3HaK paBeHCTBAa BO3MOXEH JMIUE B ciydae, korna argz =0, T.e. z€ R, z > 0.

2) Ha puc. 20 BHIHO, YTO B KPMBOJHHENHOM TPEYrOJBHMKE JUIMHA CTOPOHBI, paBHas |z — 1], He
TIpEBBILAET CYMMBI JUIMH ABYX ADYTMX CTOPOH, OIHA M3 KOTOPBIX €CTh Ayra OKPYXHOCTH paguyca |z|,
LEHTPABHBIH yroJ KOTOPOU PaBeH | arg z|, a JUIMHa APYroi paBHa ||z| - 1|. 3Hax paBeHCTBAa BO3MOXEH
JIMILG B ciTyyae, Koraa argz = 0. »

1) <lagzl; 21z -1 < [lzl = 1| + 2] |arg 2l.

v
YA z

—_
=)

H=1/ ~
/
I~ "

vr ﬂ\\z\

5
S~

argz lz]-1|

Prc. 19 N Prc. 20

29. Jokasats ToxmecTBo |2, + 2|* + |21 — z2)F = 2(1z1[7 + |22]*) ¥ BBIICHUTB eTo reoMeTpHYecKuii
CMBICIT.
« Ilyctb 2| = 2 + 1y, z, = x; + ty;. Torma

zi+n =2+ 2+ iy + ), z, vi
21—z =@ — 2+ iy — B,
2+ 22/ = (@1 + 22)" + (1 + )’
|z — 2o = (21 = 2" + (1 — )’ /'\;V arg z;—arg zy

20+ 22" + ]21 — 2 = 2z} + 2)) + 201 + ¥d) =
= 2((2] + yD) + (25 + ) = 20zl + |2
B xaxmom mapauienorpaMMe cymMMa KBaJpaTtos JUTHH

8 Y

[MaroHajieil paBHa CYMMe KBaIPaToB [UIMH ero CTo- 24
POH. b Z3— 21

30. Hoxasats, uto ecmu |z(| = |z,| = lz3], T0

z3— 2, 1 z

z3—~ 2, 2 z

<« ToukH 2, 2, z3 NeXaT HA HEKOTOPOM OKpyX- Prc. 21

HOCTH C LIEHTPOM B Hayajie KOOPAMHAT. PaccMoTpuM
BEKTODHI 23 — 22, 23 — 21, 21, 22 (puc.21). Yron arg 22=22 = arg(z; — z;) — arg(z; — z|) onupaercs Ha

23—2)

JYTY OKPYXHOCTH, COSMMHAIOIIEN TOYKH 2| U z;. LieHTpaNbHbIA yron arg §7|~ = arg z; — arg z; omMpaeTcs
Ha Ty Xe caMyio Ayry. [10 u3BecTHOM TeopeMe U3 MEMEHTAPHON reOMETPHHM arg = Ind. 7 PN % arg Ez >
1

23—z
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31. Joxasats, yro ecrut z; + 2, + 23 + 24 = 0 1 |z1| = |23| = |z3] = |24], TO TOUKHM 21, 25, 23, 2,
M60 AB/IOTCS BEPLUIMHAMM IPSIMOYTONbHUKA, THE0 MOMApHO COBNANAIOT.

<« Bce 4eTHIpe TOUKM AeXaT Ha OKPYXHOCTU C LEHTPOM B Havaie KOOPIMHAT M DU ITOM 2| + 23 =
—(23+ 24). BeXTOpHI 21+ 2; U —(23+ 24) COBNANAIOT 110 MOZYJIIO
¥ TI0 HATIDABJIEHHMIO LB B CTydae, KOTa, HAIpuMep, z; = %, YA 23
Z4 = Z; WIM 2| = 2, z3 = 2z4. B NlepBOM Cjly4yae TOUKH 2, 2, 2y
Z3, Z4 — BePLUMHBI NIPIMOYTOJbHUKA. P

32. Haiit BeplIMHBI TIPABHIBHOTO 12-YTOJNBHHMKA, ECIH ET0

LeHTp HAXOAUTCS B HAyane KOODOMHAT, 2 OJHA U3 BeplIWH 2| 2z
H3BECTHA.

4 V3BecTHO, YTO 3HaYEHUSL V/Z JIEXAT Ha OKPYXHOCTH pa-
Ouyca |z| M ABAAIOTCA BEPILMHAMM NPAaBMJIBHOIO NM-YTOJIbHHUKA. ,
Iostomy

. .2k 2kw 0
arg +-——— pLa. X
Zeal = ‘zll ( Z| ) - lzllelargzlet = :zlez n
k=0,n—-1» Pre. 22
33. Touxu z, u z; — CMexHbIe BepPLUIMHB TPaBUIBHOTO N-yrofbHMKA. HalT BepuuHy zj,

CMEXHYIO C 2; (23 # z1).
2
<« Ha puc. 22 BumHO, 4T0 23 — 25 = (2; — z;)e* = . ClenoBatenpHo, 23 = z; + (22 — zl)e n ., Ecnu
27
BepPLUMHBI 33HYMEPOBaHBI B OOPaTHOM MOpPSIKE, TO 23 = 2, + (27 — z,)e‘l n. P
34. Jans! TpH BepIIHHBI Mapa/UIeorpaMMa 2, 23, z3. Haittu
YETBEPTYIO BEPLIMHY 24, TIPOTHBONOIOXKHYIO BEPIIMHE Z7. YA 23
« PaccmoTpuM puc. 23. T1oCKONBKY BEKTOPHI 24 — 2| M 23 — 23
KOJJIMHEAPHBI, U UX MOAYJIM PABHBI, TO Z4 — 2| = 23 — 23, 24 =
Z1+z3—2;. > 24/ ‘3 Zy
v
35. Ipu XakoM YC0BMM TPU TIOTIAPHO He COBNANAIOLIME TOY- Na
KM 2|, Z3, 23 IEXAT Ha OMHOMN TIpAMOH? ¢
<« Ecnu 3TH TOYKHM Jiexar Ha OAHON NpPSAMOH, TO apryMeHThl
aucen z3 — z; M 27 — z; JAuOO DPaBHBI, AMOO OTIMYAIOTCA Ha T.
[To3TOMy OTHOLLEHUE :—;EEIL SABNIAETCA NEHCTBUTENBHBIM YMCIIOM.

ITonyueHHOe ycnoBue sBisieTcss HeOOXOMUMBIM. JloKaxeM ero mo- 0
cratouHocTh. [IycTp = 825 = o, o € R. Torma Im 2=2L = (), 410

z3—2zy zy—2z)

wY

PaBHOCHWIBHO COOTHOIUEHHUIO J_—yll %—:—zf VYpaBHeHUe TIPSIMOI, Prc. 23

Npoxosilleii yepes TOUKM (T, 1) U (1, ¥2), MIMEET BUL —yz—y;‘l- = ;—?— Touxa (Z3, y¥3) TEXUT HA STOH
HpsIMOiA. b
36. BoisicHUT TeOMeTPHYECKMIl CMBICH YKA3aHHBIX COOTHOIUEHMI

a)lz—2|+]z+2/=5 6)|]z—2[—12+2[>3; B Rez2¢ 1) Imz<ec

« 2) PaBeHCTBO onpefesseT reoMeTpMYECcKOe MECTO TOYeK TIOCKOCTH, CYMMa PacCTOSIHUI OT KO-
TOPBIX JIO JBYX BAHHBIX ToyeK Fy = —2 u F, = 2 ecTb NMocTosiHHoe yuesio 5. U3 aHanuTuqecxoﬁ
reOMeTPHU M3BECTHO, YTO 3TO IO ONpPeNesIeHUIO JIUTHIIC, 60NbLUAst TIONYOCH KOTOPOTro paBHa . Pokychl
3JUIMIICa — TOYKU —2 U 2.

6) FeomeTpuYecKoe MeCTO TOYeK Ha IUIOCKOCTH C, yNOBIETBOPSIOLUMX YCIOBHIO ||z—-2|-—|z+2| I =3,

ABJIAeTCS TUnepOosoii, TepBas MOAyoCkH KOTOPOii paBHa 3. PaBenctno |z — 2| — |z + 2| = 3 onpenenser
JIeBy10 BeTBb TMNepPOOJIbl, 4 HepaBeHCTRO |z — 2| — |z + 21 > 3 — ee BHYTPEHHOCTb.

B) HepaBeHCTBO uMMeeT BUA = > ¢. DTO MHOXECTBO TOYeK, B KOTOPOE BXOHAT IpsAMag T = Cc U
MONYTUIOCKOCTS, PACIIONOXEHHAS CNpaBa OT Hee.

r) TTockonbKy Im z = Y, TO, 3aIIMCAB JaHHOE€ HEPABEHCTBO B BUIE ¥ < ¢, IPUXOMUM K BRIBOIY, YTO
€My yaORJIETBOPSIOT BCE TOUKHM NOMYNAOCKOCTH, PACTIONOXKEHHON CHU3Y OT IpAMOH ¥y = c.
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37. BoistcHUTh reOMETPHYECKHUIT CMBICT HEPABEHCTB
a)a<argz<PB; O a<agiz—z)<p (-r<a<pBgn).

« a) YpaBHeHHUe argz = (¢ 3a1aeT Jy4, HaKIOHEHHKI K JeiiCTBUTebHOM ocH Ton yrioMm «. He-
paBeHcTBa @ < argz < [ 3amaloT GeCKOHEeYHBI CEKTOp, 3aKNIOYEeHHBI MeXAy JIYJaMM argz = a U
arg z = 3, IpuYeM CaMM JIyId HCKITIOYAIOTCA.

©) IepeHeceM Hayano KOOPIMHAT B TOUKY zg, Toyaras z — zy = w. HepaBseHctBa a < argw < 3
3aJa10T BHYTPEHHOCTb TAKOTO X€ CEKTOpa C BepPLIMHOM B TOUKE Z. B

38. Beusicuuts TeOMEeTPUYECKHUI CMBICH CieAyIOIMX COOTHOLIEH M.

a) |zl =Rez +1; 6) Rez+Imz < 1;

z -2z z—2z .
B) Im =0, Re =0 r)|z—1| 22z —1;
z— 2 z— 2 .

mnlzl <o, peArgz, 0K <2 e)lz] <y, pE€Agz, 0<p 2

<4 a) [lyets z = z + 4y, Torga |z] = /22 +y?, Rez+ 1 = z + | u HccrenyeMoe paBeHCTBO
OPMHMMAET BUA A/ 22 + y2 = x + 1. Tlocne BO3BeneHUS B KBAIPAT 06€MX YACTeil MOCNEAHEro PABEHCTBA
nomyuuM y* = 2z + 1. BTo ypaBHeHWe Mapaboibl ¢ BEPIIMHON B TOUKE (-21, O), TS KOTOPO# Jiyd
v={( y»erR l:c > -1, y=0} spnserca ockio cuMMETpHU.

6) HepapeHcTBO 3anuieM B Bune z + y < 1. MHoxecTBo Toyek mnockocti €, ynoBaeTBOPSIIOIINX
3TOMy HEPABEHCTBY — TMOJIYILIOCKOCTD, OrpaHHUdeHHas TIPSAMOIi, ypaBHeHHe KoTopoit +y = 1. Hayano
KOOPIMHAT NPHHAIVIEXUT 3TOH nonynnocxocm.

z—zl

= @1 — 1, Y1 € Arg(z — z1),

¢, € Arg(z — z;), TO B TIEPBOM Ciyuae uMeeM sing = 0, ¢ ~ <p2 = km, a BO BTOpoM — cosp = 0,

L= = % + 2k7. B nepBoM ciyuae BeKTOphbl z — 2, M Z — Z; JIEXAT Ha TIPSIMOIi, TIpoxoasuieii yepes

TOYKM 2Z; ¥ z; (MCKITIOYAst MOCNEMHION), BO BTOPOM ClTydae yroj MeXIy 3THMH BEKTOpaMM ¢ TOYHOCTHIO
™ L2k

1o kpatHoro 2w paseH 3. ITostomy MHoXectBO Re z—_—;: = 0 g9BisieTCd OKPYXHOCTBIO, THAMETPOM

KOTOPOH CIYXXUT OTPE30K, COeIMHAIOMIMI TOUKH 2| U z; (TIpH 3TOM U3 OKPYXKHOCTH YAQIEHA TOYKA Z; ).

r) Oycts z = z+1y. Torma |z — 1+iy| 2 2|z +i(y— 1|, T.e. /(z = 12 +y2 2 2/22 + (y — 1),

Bospens obe YacTu IOJTYYeHHOTO HEPaBEHCTBA B KBAIPAT, TTOC/E HECOXHBIX TPe0bpPa3oBaHUIl HAXOIUM:

oy ] 2+ 42<8
3 3/ T 9

MHOXECTBO TOUEK TUIOCKOCTH (C onpeuenxeMoe 3TUM HEPABEHCTBOM, €CTb 3aMKHYTHIN KpYr paauyca

2Y2 ¢ JleytpoM B TOUKe 25 = -3+t

’ 1) Mycts |z| = r. Kpunas, wam{e}me KOTOpOli T = ¢, HAa3bIBAETCS cnupanvio Apxumeda. ITockoNnbKy
0 € ¢ < 27, 10 peyn uIeT 06 OXHOM BHUTKE 3TO¥ CIIMpanu. JlaHHOMy HepaBeHCTBY r < ¢ yIOBJIETBOPSIET
MHOXECTBO BHYTPeHHHX TOYeK ItocKocTH C, orpanudeHHoe cermeHToM 0 < < 2 IeMCTBUTENBHOMN
OCH ¥ OIHWM BUTKOM CIIMpalu ApXuUMena.

¢) HepaBeHCTBO omnpelensieT MHOXECTBO M3 IIpeAbUIYLIEro NpUMepa, AONOJHEHHOe WHTEPBAIOM
(0, 27) medcTBUTENBHOH OCH. P

39. Oupenenuts cemeiictsa munwmit B wiockocTH C, 3a1aHHBIX YPABHEHUSMH:

B) Hockonpky =21 = ‘ ‘(cosga + ising), @ € ArgZ

z~2z3

1 1
a) Re—=¢, Im;:c(—oo<c<+oo); 0) Rez2=c, Imz2=c(—oo<c<+oo);
FA
z— Z =2z
B) =AA>0); r) arg =a(-r<agm).
z - zZ =2
«al= “xw - :Tyx = o5 —i_fy_fz ’;” = Re: —ilm .. PaBenctso % 457 = ¢ onpenenser

x
. 2
CeMEMCTBO OKPYXHOCTEH (a: - ) +y
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MHMMOH ocH. Ecmu ¢ = 0, 0 ¢ = 0, T.e. ceMeifcTBO BKIIoYaeT B ceGs M MHUMYIO OCb. Pasen-

2
CTBO —3%—; = c OmpefessieT CEMEHCTBO OKPYXHOCTel z? + (y+ %)2 = % e ¢ = 1, ¢ # 0,
KacalouMxcsi JeHCTBUTENBHOIM OCHM B Hayajie KOOPAMHAT, M BKJIOUaeT B cebs TaKKe NeHCTBUTENbHYIO
0Cb, TOCKONBKY TIpH ¢ =0 y = 0.
6) [lyctb z = + iy, TOTIA 22 =zt~ y + 222y, Rez? = z? - yz, Imz? = 2zy. Ecmu ¢ # 0,
TO ypaBHerm 2> — 4’ = ¢ u 2wy = ¢ ONpeReNAOT ceMelicTBa rMnepGon. Ecan ¢ = 0, TO ypaBHeHue
z’ — y* = 0 ompegenseT APy NPAMBIX y = & H ¥ = —, & yPaBHEHHE Ty = 0 — Iapy IPAMBIX & = 0
uy=0.

=A(A>0

B) llyete z = = + 1y, z; = x| + iy, 2; = Z, + ty;. Toraa paBeHCTBO ‘—_—L

PaBHOCHJIBHO TaKOMY: (& — 11)2 +(y— y‘)2 =\ ((:c —,)’ + y—v2) ) . Kaxnas xpuBas — OKpYX-
HOCTb, SIBJAIOLIAsICA TEOMETPHYECKUM MECTOM TOYEK, OTHOLUEHME PACCTOSIHUI KOTOPLIX OT TOYEK z; U
23 TIOCTOSTHHO (OKpYyXMcHOCMb AROANOHUSA OTHOCUTENBHO TOYEK z; U Z3).

r) [TockonbKy arg 1_2 =arg(z—z|)—arg(z—2z3) = a, —7 < a £ T, TO 3T0 PaBEHCTBO ONpPEAEIIET
CeMENCTBO AYT OKPYXHOCTEH ¢ KOHLIAMM B TOYKax z; U z; (YroJl MeX1y BEKTOpaMM z — 2| U 2z — 23
paBeH a). B 3T0 ceMeACTBO BXOMUT KOHEYHbIH OTPE30K C KOHUAMH B TOYKax z, ¥ z; (MpU a = £7)
OECKOHEUHBIIi OTPE30K, COMEPXALUMI GECKOHEYHO YAANEHHYIO TOYKY (1Ipd a = (). »

40. Kakue HeoGxomuMble W JOCTATOYHBIE YCIOBMA TOTO, YTOGHl ypaBHerue z2 + 2az +b = 0 ¢
KOMIUIEKCHBIMM Ko3dhduiimeHTaMu a u b umeno: 1) 1eiiCTBUTEABHBIE KOPHH;, 2) YACTO MHUMBIE KOPHH;
3) KOMILIEKCHO3HAYHblE KOPHH.

<4 1) Heo6xonumocts. Ilycte z; ¥ z; — melicTBUTENbHBIE KOPHU. Toraa no teopeMe Buerta
zl+zz=—2a, z1zz=b, a€R beR

4B =2 + 22 41222 /(z12:)* +2b > 4b, a’>b.
HoctatounocTs. [yctb a € R, b € R u a’ > b. Torna us GopMyIbl 115 HaXOKOEHUA KOPHeN
2, = —a % va? — b caenyer, 410 z| U z; — NEACTBUTEbHBIE YUCIA.

2) Heob6xooumocTts. IIycTs z; u z; — yucTo MHUMBIE. Toroa u3d dopmyn Buera cienyer, yto
o 2 _ 2 1
@ — uKCcTO MHUMOE, b — neiicTBuTenbHOe. 1l03TOMy 4a° = z{ + 27 + 2b £ —2{b] + 2b < 4b, oTkyma
b>al.
JoctaTounocTh. Ecan b 2 a® M @ — YHCTO MHMMOE YHCIIO, TO U3 GOPMYIIBI U1 HaXOXKREHHS
KOPHEI YPaBHECHMS CJCAYET, YTO 06a OHH YUCTO MHUMBIE.
3) YpaBrHeHue BTOPOTO MOPSIAKA BCerna MMeEeT IBa KOMIUIEKCHBIX KOPHS. P
41. Ipu KAaKMX 3HAYCHWSAX G KOPHHM ypaBHEHus z° + 12 (1 + i\/§) z + a = 0 nexar Ha ONHON
npamoii?
«¢ ITycTb KOpDHY 3TOTO ypaBHEHUS 2, Z7, z3 JIEXAT Ha ofHol npsiMoit. Torna z; — z3 = k(z; — 23),
k = const, k € R. o teopeme Buera 2, + 2, + 23 = 0, otkyna z; = —z; — z;. [lonctaBus 2, B
PaBeHCTRO z| — 23 = k(z; — z3), IOAY4UM % = ’Zié =k, kl € R. CnenoBatensHo, Im f}l =0, oTkyna
Ty — T3 =0, y3 = % z3. B3saB BMecTo TOYKH (T3, Y3) JI00YI0 TOUKY (z, y) Ha NPAMOA, NMONYYUM
npaMyio y = az, a = ﬁ, TIPOXOIAULYIO Yepe3 Hayalo KoopauHat. [1o3Tomy umeem
i0 i0 i0
ZI=x€e , Z;=Xe , Z3=x3€
. ;T .
tme x; > 0 (j = 1,2, 3). Tlo dopmynam Buera nonyqaem p = 0, ge’ = 24e'3, re”® = a, rne
P=—(z,+22+1%;), ¢ = 2%+ %3+ T2%3, 7 = — 7223 [lockonbKy x; — nelicTBUTEbHBIE YHCIA,
TO ypaBHEHHE , ) ,
' +prtgr+r=c +qr+r=20
HMeeT Tpu peiictBUTENbHBIX KOpHA. M3 dopmyn Kapnano cnenyer, 4ro xoadduLMeHTsl ¢ ¥ 7 IODKHBI

YIOBNIETBOPSATD YCAOBHIO
q 3 r 2
(5) +(3) <o “’

.
Otcropa 3akmodaem, yto q < 0. M3 Bropoit dopmyssl Buera uMeeM ¢ = —24, e*? —e'3 . [MockonbKy
g€ (-3, 2] 10 €' = (_1)e'? =e (_”3) = e“T, 30 =~
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CornacHo Tpetbeil popmyne Buera r = —a, a € R. U3 HepaseHctsa (1) npu ¢ = —24, r = —a
nonydaeM, yro a> < 2%, r.e. la] € 32v2. »

42. Hajiti Bce KOPHU YpaBHeHHs (z+a)" = z" (n € N). Jloka3ats, 4TO €CJTM @ — IeiiCTBUTE/IBHOE
YHUCJIO, TO BCE KOPHM Zj JIEXaT Ha NMPsIMOi, llapaiiebHOW MHHMON OCH.

<« YpaBHeHHe SKBUBAIEHTHO npu z # O ypaHenwo t" = 1, rme ¢t =

242 CiefoBaTesbHo,
2kT —_—

t,=¢e¢"n (k=0,n—1) IIpu k=0 ¢ = [, 4T0 HEBO3MOXHO, TIOCKONBKY z + a # z, ecnu a # 0.

Iepexonsi oT ¢ X z, MOMYyUUM

1 1 1- (cosyc—’r zsmy”') (l—cosy”'-H myﬁ) B
zk:_al—tkz—al_eiz’“T":—a 2-2cos &% - 2(1—0052’”) B
_ @ sin’ £ + isin &7 cos &7 __a <1+ictg’ﬂ> = TT)
2 sin? —’%—l’i 2 n ’
Ecmu @ € R, 10 Rez;, = — %, T.e. Bce KODHH JIEKAT Ha NPAMOIi, NaPATNENbHON MHUMOI OCH. >
43. Kaxossl Ha cdepe Pumana ofpassl Touek: 1) z=1;2) z=~1;3) z=4;4) z = 1

75

2
LB puMepe peyb

< Bocronbsyemest dopmyrtamu (3), m.1.3: £ = fm, 0 = myﬁ, (= l+z|z|2

uzer o6 obpasax touex z; = (1,0), z; = (—=1,0), 23 = (0, 1), 2z, = (»\‘[—2, —7) 0O0603HaYUB 06pa3bl

TOYEK z; COOTBETCTBEHHO 4epe3 Z; (i = 1, 4), moayuum:

11 1 1 11 V2 V21
Zl = <-2'5 0; 5)7 ZZ - (‘5,0, '2_> ) Z} - (Oa 5; E) 3 Z4_ (Tv ) 2)

Bce 4eThIpe TOYKM J1€XAaT Ha IKBATOPE, JONTOTHL MX COOTBETCTBEHHO paBHel O, m, 7, —%. >

44. Haiiti na cdepe Pumana o6passr: a) Jyueil arg z = a; 6) oKpyxHOCTEH y={z€C:|z|=r}.

< 3) Ecimtouxa z € C npunagnexur Iydy arg z = a, TO COOTBETCTRYIOUIAs eli Touka Z = (€, 7, ()
y¥IMeeT CBONCTBO: IMIaBHBIM 3HaueHueM arg(é + in) gBugercs «. [1o3ToMy Touka Z IPUHAUIEXUT TONY-
MeEpUMaHy, oTBedalolueMy yry . CrpaseuinBo ¥ obpaTHoe. CnenoBaTenbHO, 0bpasom yua argz = o
pH cTepeorpapuyecKoil NPOEKUUU SBASETCA ONyMepuaIvaH, OTBeUaIOMit YTy , UCKJIIoYasi CeBep-
Hblji ¥ I0XHBIH TOIOCKHI.

6) Hycts z € C n |z} = 7. Torna zm;{ COOTBeTCTBYIOLIEH TOYKU Z € 5, Z = (€, 1, (), o dopmy-

naM (3), . 1.3, nonydaem, uto ( = +7—. [loaromy Bce TOYKM Z JIEXAT Ha OKPYXHOCTH, BBIPE3aEMON

13 cdepbl S MIOCKOCTBIO, YPABHEHUE KOTOPOI/I (= . CnpaeeutMBO M 00paTHOE YTBEPXKAECHUE: U3

l+r
Tex xe (Gopmylt (3) CelyeT, YTO eCU ( = 757, TO WA COOTBETCTBYIOLIErO z MMeeM |z| = r. Cienosa-
TEIbHO, 00pa3oM OKPYXKHOCTH 7 TPM cTepeorpadmyeckoi POEKLNH ABISETCA OKPYXHOCTb chepbl S,

JIeKAIAs B [UIOCKOCTH ( = >

L
1472

45. Haitrn na mnockocetn C 06pa3 napawieny ¢ WHPoToil ¢ (— ™/ £ ¢ < 7/2) npu crepeorpadm-
4eckol mpoekuHu. YeMy COOTBETCTBYIOT I0KHBIA M CEBEPHBIN OI10CHI?

« Ilycrb Touku (€, 7, ) € S umeror wupoty . Torma ( = % + 3“2—‘5 Hostomy u3 Gopmyr (3),

m. 1.3, HaxonuM )
|z|* = _C__= Lﬂf, |z|=tg(f+f)_
1-¢ 1-sing 2 4
Kaxzoii Touke Mapareiu LUMPOTHI @ COOTBETCTBYET TOUKa INTOCKOCTH C, Haxonsascs Ha OKpYXKHOCTH
= {z €C:izl=1g (% + }) } O6patHOe yIBepXIeHue TaKxKe crpaseuBo, KOXHbI Momioc, T. e.

TOYKA IIMPOTHl = —%, cOOTBeTCTBYeT Touke |z| = {. Touku, oTBeualolieii CEBEPHOMY TONIOCY, B
wiockocti C Het.

46. Yo cootsercTByeT Ha clepe Pumana ceMeliCTBY MapasUle/IbHBIX NPAMBIX Ha ockocTd C npu
crepeorpaguyeckoit npoekuvu?

<« PaccmMOTpHM CeMeiicTBO mapamienbHBIX MpAMBIX wiockocth C, mepecexaoumx ocs Oy. Ilycrs
TIpsIMas 3TOTO CeMelCTBa IIPOXOIMT Yepe3 Hayalo KOOPAMHAT M HAKJIOHEHA K ocH O TOX yIIoM «.
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Torna u3 3amayu 44 cremyer, 4TO elf COOTBETCTBYeT MEpUAMAH (332 UCKIIIOYEHHEM CEBEPHOTO TIONIOCA) ¢
IoNnroToi a.
[lycte y = kz + b, k = tga — mobas npyras npsiMas 3Toro cemeiicTBa. Torma, ecnu Touka
Z = (£, n, () € § cooTBETCTBYET TOYKE z = ¥ + iy, o dopmynaM (3), n. 1.3, nonyyaem
x _kz+d ¢ = |z]?
I+ =27 "TivRE ST it

T = = kf{ + b(1 — (). Ho3ToMy KOOpAMHATHL &, 17, ( TOYKU Z YAOBIETBODSIOT

£E=

Orcioma nn = k€ +
YDaBHEHMSIM

l+|

. ( 1)2 1
kE-n-b(=-b u £+ +|[({-2) =-.
2 4

CnenoBaTenbHO, TOUYKA Z NPUHAIUIEXUT OKPYXXHOCTH, ONPEAC/IAeMOil IBYMs TOCIeAHUMM YpaBHE-
HuaMu. Tak kak Touka (0, 0, 1) ynoBnaeTBOpseT 3TUM ypaBHEHHSIM, TO BCe TaKU€ OKPYKHOCTH IPOXOIAT
Jyepe3 CeBEpHBIA 1OJIIOC.

Takum 06pa3oM, BCAKOMY CEMENCTBY mapa/ulebHbIX IpsAMBIX Ha wiockoctd C oTsedaer Ha S ce-
MEHCTBO OKPYXXHOCTeH, KaXIasl U3 KOTOPBIX TIPOXOAMT Yepe3 cEBEpHbIA NOIoC. b

47. Noxazats, yro mpu crepeorpadHyecKoil MPOEKUKH OKPYXXKHOCTH, PACTIONOXEHHBIE Ha cdepe,
,TIPOEKTHPYIOTCA B OKPYXXHOCTH WM B NpsiMble Ha TtockocTy. Kakue okpyxHoCTH Ha cdepe cooTBeT-
CTBYIOT NIPSIMBIM Ha IJIOCKOCTH?

4 PaccMoTpum Ha cepe Pumana okpyxHOCTD

AL +Bn+C(+D=0,

e+ (c-1)" =4
rne A, B, C, D — HexkoTOpble neiicTBuTeNbHEBIE Yucaa. HaiineM 00pa3 3Toil OKPYXHOCTH TIpH CTepeo-
rpadudeckoit npoexuuu cbepsr S Ha riockocts C.

IMycts Touka (0, 0, 1) npuHanneXuT naHHOM okpyxHoctu. Torma D + C = 0 u ypaBHeHMe IUIOC-
KOCTH, B KOTOPOii JIeXUT 3ajaHHasi OKPYyXHocTb, pumer Bug A€ + Bn = C(1 — (). [Ipunumas Bo
BHMMaHue dopmynsr (2) u (3), . 1.3, nonyyaeM B miockocty C npsamyro Az + By = C, xotopast u
ecTh 00pa3 JaHHON OKPYXXHOCTH,

U3 dopmyn (3), n. 1.3, monyuaem, uto { = (1 — {)z, 5 = (1 — {)y. Tlostomy U3 ypaBHeHMS
miockoct A + B+ C¢ +D 0 cnenyer, uto { = 1+ myc—c Toraa, noactaeisis BEIpaXeHus £,

n, ¢ 4epe3 £ M y B ypaBHeHMe cdepsl, HONyyaeM ypaBHeHHe KPUBOH B ruiockoctu C:

D +C)z*+y")+ Az + By = —D.

Ecru C + D # 0 (t.e. 3amannHas Ha chepe Pumana oxpyXHOCTb He INMPOXOAMT 4epe3 CEBEPHBIA
HOJIOC), TO 3T KPMBas SIBISIETCA OKPYXKHOCTBIO Ha ruiockoctd C, a ecnu C + D = 0 (T. €. OKpYXHOCTD
Ha cdepe MpOXOOUT Yepe3 CeBepPHBIl NOJIOC), TO OHA [ePexomuT B NpsiMylo Ha rockocth C. »

§ 2. TonoJyiorna KOMILIEKCHOMH IJIOCKOCTH.
ITocaenoBaTe bHOCTH KOMILIEKCHBIX YHCEl.
CBoiicTBa (pyHKIMIA,

HenpepbIBHLIX HA KOMIAKTE

2.1. Tonoyorus KOMILIEKCHOl NJIOCKOCTH.

B nynxre 1.2 nokasano, yro ynopsumoueHHas detsepka E = (C, +, -, | - |) saBaserca Hopmu-
POBaHHBIM BEKTOPHEIM npocTpaHcTsoM Han moneM R. ITosroMy ymopsimouennas mapa (C, p), raoe
Vizi € C, 22 € O p(zi, 1) = |2y — | = /(@2 ~ )2 + (¥2 — Y1)?, ecTb MeTpuYecKoe NPOCTPaH-
cTBo. B MHOXECTEE C BBeieM B paccMOTpEHHE TaK Ha3LIBACMYIO CEpUHEcKyl0 MEmPUKY p.
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Myere Z\(&1, m, &)y Z2(6, Ty () — cdepuyeckue H30OpaKeHUs TOYEK z| € E, z, € C. Xop-
danvhbim paccmosnuem k(Z\, Z;) Mexny Toukamu Z, M Z; Ha3bIBaeTCS €BKJIMAOBAZ HOPMa BEKTOpDa

&=&,m—m, @), 1.e k(Z,, Zy) = \/(€2 =&+ (m — m)? + (¢ — (1)?. Monaraem
Yz €T, 2 €C) play, 22) = k(Z,, Z)). (1)

CornacHo OCHOBHBIM (OpMYJaM CTepeorpaduueckoil MPOoeKIH UMEEM

K] lzl|2 |Zz|2

Ty x; Yy _ —
1+ |z’ C‘“1+(zl(2’ G=

R A D P L R DR PTG

Crrenoatensho, eciu z; € C, z, € C, 10

z z ’ y y ’ |22 ERY
~2 2 1 2 1 2 1

Z7Z = - + - + —_ =
Pz 2) <1+lzz|2 1+|z,12> <1+|z2|2 l+|z,l2) <1+1z2|2 I+[zl[2>

_ |z} |2) _Azz tyin + ENHER I |z — 2|
L+lz? 142 I+ 1z (A + 1207 1+ + 121’
. Iz — 21
pz, ) = L

T+ 2T+ 2

L Taxum o6pasom,

Ecm z € C, 10 p(2, oo)déf T
+|z

Iz, — 24

ral el I3 2 2’
¥z €T, 2, €C) pzy, )2 vlﬂlxl V12l
V1+z2

Ynopanouennas napa (C, ) aBaseTcss METPUYECKUM NTPOCTPAHCTBOM.

3ameTuM, 4to B MHOXecTBe C MOXHO Monb3oBaThes cdhepuueckoin metpukoii. [Iycts A C C —
OrpAHMYECHHOE MHOXECTBO (HaIOMHMM, YTO COINACHO onpelnencHHio S5, n. 3.2, mi. 1, NpUMeEHUTEABHO
K MeTpudeckoMy npoctpaHctBY (C, p), MHOXECTBO A HAa3BIBACTCS 02PAHUMEHHBIM, ECIIA €T0 AUAMETp

ecnu z €EC, 2, €C,

ecin z € C, 2z, = 0.

d(Ay= sup p(z, ) = sup |z — z;| Koneunsrit). ITycts 0 < R < +oo u Vz € 4 |z] < R.
z1€A, z3€EA z1€A, €A
Torma V(z; € 4, z; € A) uMeeMm
p(z1, 27) lz; — 2]

@

< plzy, 22) = < plzy, z2).
1+R2 \P( I ) \/1+lzllz\/]—Ilzzl2 \P( 1y 2)
B paccMOTpeHHOM cryuae METPUKM p M p IKBUBATEHTHBIL
Tonoaoeueli B MeTpyuyeckoM npoctpaHcTse (X, p) Ha3pIBaeTCS CEMEMCTBO OTKDPBITBIX MHOXECTB B
HeMm (cM. 11.6.6, . 1). Tonosorns B npoctpancteax (C, p) n (E, P) OCYLUECTBJSIETCH TIYTeM BBEICHMS
B DaCCMOTpPEHHBIE CEMENCTBA OKPECTHOCTEN.
IMycts € > 0 u 25 € C. CornacHo onpeneneHuio 1, 1. 3.2, rn. 1, MHOXECTBO

O.(z0)={z€C:|z— zf <¢}
Ha3bIBACTCA £-0KpecmHocmbio mo4Ky zp B MeTpuyeckoM Npoctpanctse (G, p). B Merpudeckom npo-
crparctse (C, p) €-oxpecmuocmbio mouxu z = 00 SIBIAETCS MHOXKECTBO
- 1 1
O (00)={z2€C:p(z,0)<e}=<2€E€C: ————=<ep=<2€C:|z| > S =1¢, 3
V14 |z e

T. €. MHOXECTBO BCEX TOYEK KOMIUIEKCHOM IUIOCKOCTH C, JIEXXKaWMX BHE OKPYXHOCTH panuyca
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CornacHo onpenenenuio 2, m.3.4, 1. 1, touka z € A C C (z € A C C) HaswBaeTcs Hympenneii,
€CJIM CYLUECTBYET €e £-0KpeCTHOCTh O, (2) C A. [lo onpenenenuio 1, m.3.3, rn. 1, Muoxectso G C C
(G C C) naspiBaercs omxpeinbiM B MeTpuieckoM nipoctpancrse (C, p) ((C, p)), eciu OHO cocrout
JIMLIB U3 BHYTPpeHHHUX TOYeK. CornacHo TeopeMe 1, 1. 3.3, . 1, Kaxnas €-0KPeCTHOCTb B METPHYECKOM
npoctpanctee (C, p) ((C, p)) sABIsseTCS OTKPHITHIM MHOXECTBOM.

Onpegnenenne 1. Cogoxynuocms 6cex omkpsimsix muoxcecme 8 komnaexcioti nrockocmu C (C) nassi-
saemca mononozueli T amo naockocmu, a ynopadosennas napa (C, 1) (C, 7)) — mononocuveckum
RpOCMpPAHCMBOM. _

Tomnonoruyeckoe npocrpancteo (C, 7) ((C,7)) obnaxaer cBoiicTBaMH:

1) o6vedunenue awboeo cemeiicmea (G ), 4 omxpvimoix muoxcecme G, C C (G, C C) u nepeceuenue
KOHEHHO20 CeMeiicmea Ux A6ASHMcs OmKpuimuiMu Muoxcecmeamu (CM. Teopemy 2, 1. 3.3, . 1);

2) nycmoe muoxcecmeo & u muoxcecmeo C (C) asasromea omxpsimoimu MHOMCECMEaMU.

Cornacno onpenenenmio 3, 1. 3.5, 1. 1, Touka zy € C (zy € C) Ha3bIBACTCS MOUKOU NPUKOCHOBEHUS
muoxectsa A C C (4 C C), ecnu mobas ee §-0kpecTHOCTL Og(Zg) UMEET C A HETYCTOE NeEpeceveHHe.
Touka zy € C (z5 € C) naswiBaercsa npedensuoii nis Muoxectsa 4 C C (4 C C), ecnmn oHa sBisteTcs
TOUKOI1 IpukocHoBeHUs MHOXecTBa A\{2}. M3 onpeneneHns npeaebHON TOYKM MHOXECTBa A cleay-
€T, YTO 11003 ee § ~OKPECTHOCTb CONEPKUT GECKOHEUHOE MHOXECTBO TOUeK U3 A (CM. TeopeMy 4, 1. 3.5,
. 1). Y3 nepaseHcTB (2) CHEAYET, YTO €CIU 2z # 0O — TIpENeNbHAsg TOUKA MHOXECTBA A B TONOJIOTH-
yeckoM nipoctpadcTee (C, 7), To OHa MMeeT Takoe xe CBOMCTBO B NpoctpaHctee (C, 7) u Haobopor.
TloaToMy Iipn OTIpefeaeHMH KOHEYHbBIX MPEIebHBIX TOYEK MOXHO NOJIb30BATHCS KAK €BKIMIOBOMN, Tak
U cepueckoit METPUKON. B 3TOM CMbIC/ie METPHKM p M § 3KBUBAIECHTHBIE.

OueBHIHO, 4To KOHEYHOe MHOXECTBO A C C He MMeeT NpeaesIbHBIX TOYEK.

2.2. 3aMKHyThIe MHOJKECTBA, OTPE30K M JoMaHas. CeA3Hble MHOXKECTBA.

CornacHo onpenesnenuto 1, n.3.5, o1 1, mHoxectso F C C (F C C) Ha3BIBACTCH 3AMKHYMbIM,
ecny ero jononHenue CF sBIAETCS OTKPHITBIM MHOXECTBOM. 3aMKHYTOE MHOXECTBO F' CONEPKUT BCE
CBOM TOYKM NMPUKOCHOBEHUA. MHOXECTBO BCEX TOYEK NMPUKOCHOBEHUS MHOXeCcTBA A C CAcO
HAa3bIBAETCS €T0 3aMbiKaHueM ¥ 0Do3HayaeTcs A (CM. onpemenenue 2, n. 3.5, rii. 1). Tlo onpenenexuro 3,
n.3.5, m. 1, touka z € C (z € C) HasbiBaeTcst epanuunoi mouxoid Muoxectsa A C C (A C C), ecnu
OHa ABJISETCS TOYKON TPUKOCHOBeHMS Kak A, Tak 1 CA. MHoxecTBO A4 Bcex IpaHMYHBIX TOYEK
MHOXecTBa A Ha3bIBaeTCs ero epanuyeli. OHO 3aMKHYTO M MOXeT ObITb MYCTBIM.

Iyctb z; € C, 2 € C. MHoxkectBo {2z € C:z =tz + (1 —t)zy, t € [0, 1]} Ha3bIBaeTCs ompesxom
Ha naockocmu C, coeduHanuwum movku zy, z;, ¥ 0003HavaeTcs [z, z;]. Touku z| U z; HA3BIBAIOTCA
ero xonyamu. OtoOpaxeHue t — z(t), rae z(t) = tz; + (1 — t)z; V¢ € [0, 1], Ha3biBaeTCA napame-

mpuveckum npedcmasnenuem OTpe3Ka [zy, z;]. HenpepriBHas ¢dyHkuus [a, b) EA R Ha3bIBaeTCS A0MAHOU
(kycouno-auneiinoi), ecim ee rpaduk Ha IUIOCKOCTH R2, OTOXIECTBAEHHON ¢ mnockoeTsio C, coctout
M3 KOHEYHOTO YUCA OTPE3KOB. _

Onpenenenue 1.0mxpbimoe muoxcecmso G C C (G C C) nasvigaemcs c8a3HbiM, ecau awbbie dge
€20 MOUKU MONCHO COCOUHUMDb NOMAHOI, 6Ce MOYKU KOMOPOU NPpUHAOAEXHCAM IMOMY MHONCECME).

Onpenenenne 2. 3amxrymoe muoncecmeo F C C nazvieaemca c843HbIM, ecau eco Heav3a pasbums
Ha 08e wacmu, paccmosHue Mexcoy KOmopoIMU NOAONCUMENBHO.

TToHATHS CBA3HOCTH OTKPBITBIX U 3aMKHYTBIX MHOXECTB CYLIECCTBEHHO OTAMYAIOTCH.

Onpenenenne 3. Cea3Hoe omxpbimoe MHOXCECMBO Ha3biéaemca 06aacmsio.

Onpenenenne 4. 3ambixanue 06pacmuy HA3BI8AEMCS 3aMKHYMOt 06aacmbio.

2.3. IlocnenoBaTeIbHOCTh KOMILUIEKCHBIX YHCEJ M ee mpeiel.

ITocaedosamenvrocmeio (z,) To4ek Metpuyeckoro npoctpaHctea (C, p) HaspiBaeTcs 0TOOpaKeHue

N3¢ (cMm. obuiee onpeneseHUe TIOCAEROBATENBHOCTA To4YeK B I1. 1.8, . 1),
PaccMoTpuM HeKOTOpBIE BOTIPOCH TEOPHM MOC/IEAOBATEILHOCTEN TOYEK METPHYECKOro IPOCTpaH-
CTBa, U3NOXeHHHBIE B § 3, M. 1, IPMMEHHMTENIBHO K TTOCIER0BATEIbHOCTAM KOMIUIEKCHBIX YHCEN.
Onpegenenne 1. Touxa z € C nazweaemcs npedenom nocaedoeamenvriocmu (2,) (npu smom
3anuceigaem z = im z,, uau z, — z), ecau

n-—oo

('VE)O)(anz EN)(V": ?nz):p(zny z)=lzn —ZI <e. (1)
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B 3TOM cityuae NocneloBaTeIbHOCTh Ha3biBaeTCs cxodauiesics. I3 onpeneneHus cnegyer, 4To Ha4u-~
Hasl C HEKOTOpOro HoMepa i, € N Bce WIeHB! ITOCAENOBATENRHOCTH (2,,) COAEPKATCH B £-OKPECTHOCTH
Touxku z € C. Bre okpectHoCTH O, (2) MOTYT HAXOOUTHCS JTUIUb TOYKHU 2|, 23, « -+ , Zp, ~1, MHOXKECTBO Z
KOTOpBIX orpaHuueHHoe. CornacHo TeopeMe 1i. 3.2, . 1, o6benunenne O, (z) U Z IBYX orpaHUYeHHBIX
MHOXECTB S{BJISIETCS. OTPaHMYeHHBIM MHOXeCTBOM. CIeIOBaTebHO, CXOLSILASICS HOCNeI0BaTeNbHOCTD
orpanuueHHas (IM € R : Vn € N |z,] < M). [lns o603Ha4eHUs OTPAHMYEHHDBIX MOCIIEAOBATEIBHO-
creit (2,,) KOMIUIEKCHBIX YMces OyleM Noab3oBaThes cuMBosioM Jlanpay z, = O(1).

Onpenenenne 2. Ilocredosamenvnocms (z,) umeem npedenom oo (npu 3mom 3anucbiéaem

im z, =00 wiu z, — ), ecau
n—og
(Va >0)(3n, eN)Vn 2 n.): p(2z., 0) < E. )
M3 onpeaesicHust 2 CIefyeT, UTO, HaYMHasg ¢ HeKOTOporo HoMepa n. € N, Bce WieHbl MmociegoBa-~

TENLHOCTH (2,,) YAOBIICTBOPSIOT HEPABEHCTBY |2, | > 4/ l;‘; - ll (cM. m.2.1), T. e. HAXOIATCA BHE KpYyra

pammyca R = 4/ !— - 1| YcnoBue [im z, = oo paBHOCWIBHO TOMY, 4TO lim {z,| = +00.

n—o0 n—0od
it HeCOGCTBEHHOTO KOMIUIEKCHOIO YHMC/a OC TOHSTHS A¢HCTBUTENBHON M MHUMOM vacTei, a
TAKKE apI'yMEHTa HE BBOISTCS.
ComtacHo Teopeme 1, 1. 3.1, 1. 1, cxomdsiasics B METpUUYECKOM npocTpaHcTBe (C, p) mocieqosa-
TEJILHOCTH (2,,) UMEET eNMHCTBEHHBI Npexe.
Teopema 1. (z,, — z) & (Rez, - Rez) A (Imz, — Im 2).
<4 Heobxoxumocts. Iyers z, — z, torma p(z,, 2) = |z, — z] — 0, 1 u3 HepaseHcrs

{Rezn"Rezlgizn'—zL i[mzn—lmzlg(zn_zh
BbifIoNHsAI0IMXCH Vi € N, cnemyror TpebyeMsie cBOMCTBA
Rez, - Rez, Imz, — Imz.

/:IOCTaTO‘{HOCTb Ilycts Rez, — Rez, Imz, — Imz. Torna |z, — 212 = (Rez, — Rez)! +
kImzn—Imz) —0npun —o0,T.€ 2, > 2. »

TakuMm 06pa3oM, CXOIUMOCTb NOCIEN0BATEIBHOCTH (Z,) KOMIUIEKCHBIX YHMCEN PABHOCHIIBHA CXO-
AUMOCTH [IBYX MOCJENOBATE/IbHOCTEM AeicTBUTEbHBLIX Yuces (Re z,) u (Imz,). D10 mo3sosiseT me-
PEHECTH BCIO TCOPHIO MPENEIIOB MOCICIOBATENIBHOCTEN ASHCTBUTEIBHBIX YUCE Ha NOC/ICI0BATEILHOCTH
KOMIUIEKCHBIX uuCesl. B yacTHocTH, n3 orpanuueHHOCTH nocienosaresnbHocreil (Rez,) u (Imz,) He-
MEUTEHHO C/IeflyeT OTPAHUYEHHOCTh TOC/IENOBATENEHOCTH (2, ). ChOopMYIUPYEM TEOpeMbl ISt 1OCIEN0-
BATEALHOCTEN KOMIUIEKCHBIX YMCEJ, KOTOPHIE C/IEAYIOT U3 TEOPEM JUISL OCIeoBaTeIbHOCTER KecTBU-
TEAbHBIX YHCEL,

Teopema 2. Iycmo (z,,) u ((,) — cxodauuecss nocae008amessHOCMU KOMRAEKCHbIX Yucer. Toeda ux

cymma (z,, +Cn), npoussedenue (2., C,) u yacmuoe ( ) (npu ycaosuu, ymo¥n € N (,, #0A lim (, #

n—og
0) maxxce a62210mca CXOOTUUMUCA NOCAEGOBAMEALHOCAMU U NDU DIOM
lim z,
. - . - —_—0
lim (z, +{.) = llm Zn + llm {ny  lim (z,(,) = lim z, lim ¢,, lim = ===
n— n—co n—oc n—oo n—o0 Cn lim Cn
n=—0

Teopema 3 (xputepunt Kown). [Hocredosameaviiocms (z,) cxodumes mozda u moasko mozda,
Ko020a oxa giyndamermanvhaz, m. e.

(Ve > 0)(3n, EN)(Y(m > 1oy PEN)) 1 p(Zntps Zn) = [Zn4p — 2a] <€ €))

(cM. onpenenenue GyHIAMEHTAILHOIM 1TOCENOBaTeNLHOCTY B 1. 3.1, 1. 1).

TMockonbKy Merpuyeckoe npocrpaictso (R, p), tie p(z, y) = Iz — y| V(z € R, y € R), nonHoe,
TO B CHITY TeOpeMBI | OMHEIM ABNsieTCS U MeTpiueckoe npocrparctso (G, p), tne p(z1, z;) = |z, — 2|
Y(z; € C, z, € C).

Teopema 4. IMycmb nocsedosamensrocmy (2,) cxooumes u 2 = lim z,. Tozda ir06as ee noonocae-

n-—00

dosamensrocmy (2,,, ) maKxce cxooumcs u khm Zpy, = 2.
—00
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Teopema 5 (Bonpuano—Beitepuitpacca). Bcakoe beckoneuroe 02PAHUMEHHOE MHONCECMBO
Z C C umeem xoms 6b1 00ry npedeavuyro mouxy ¢ C.

« Tlycts (z,) — IpOU3BONBHAS MOCHENOBATENHHOCTh TOUEK MHOXectBa Z. OHa orpaHuueHa,
ITOCKONBKY MHOXECTBO Z OorpaHuueHHoe. Toraa u nocnefosarenbHocTd (Re 2,), (Im z,,) orpaHHYEHH.
CornacHo Teopeme Bonbuano— Beieplurpacca Aist OCHEN0BATENBHC CTEM OeHCTBUTENBHBIX YMCEN, U3
TIOCJIENOBATENILHOCTY (Re€ z,,) MOXHO BBIAENUTE CXONALLYIOCS MOANOC/IEAOBATE/IBHOCTD (RE 2, ). Oycre

lim Rez,, =z, z € R. PaccMoTpuM ITOANOC/IEAOBATEIBHOCTD (Im an)- OHa orpaHM4eHa, MO3TOMY

k—oo

M3 HEee MOXHO BBIIC/TUTh CXOASLIIYIOCS MOMANOC/IEI0BATENbHOCTD (Im Zay, ) Hycte lim Imz,, =y,

m—oo
y € R. B cwty teopemnt 4 Rez,,, ~— & pu m — oo. PaCCMOTpPIM NOAMOC/IEAOBATEBHOCTD (zn o 2
MOC;IeI0BATEJILHOCTH (2, ). Ilo TCOpeMC 1 lim =z, ke =2 =C+Y, 2 € C. CornacHo omnpeaeaecHUIO

me—0

n.3.5, m. 1, z sp/seTca ApedeNbHOM ToUKoN MHOXeCTBa Z. b

Onpenenenne 3. Touka z € C (z € C) nasvisaemcs wacmuunoim npedesom nocaedosamens-
Hocmu (z,) usu ee npedeabHOU MOYKOU, €CAU U3 Hee MONCHO @bideAUmb NOONOCAEO008aMENbHOCTb
(2n,,), npeden Kkomopoli pagex z.

W3 Teopemul 4 nontydaeM CI€ICTBUE: €CJIM MOCTASAOBATEILHOCTD (Z,) CXOOMTCA U Touka z € C —
€ YACTU4HBIN mpefesn, To lim z, = z.

n —oC
CrienyeT pa3nuyuaTh TIpeAesbHBIE TOUKA MHOXECTB M TIociedoBaTenbHocTed. Hanpumep, mocnieno-
BaTeJIbHOCTH (Z,), THE z, = (—1)" MMEET ABe MpeleabHbe TOUKM: z; = —1 M 25 = 1, a KoHeuHoe

MHOXeCTBO {—1, 1} mpemesbHBIX TOUEK HE UMEET.

2.4. Cnoiictsa komnakta K C C.

Bce HeobxoauMmbie onpeiesieHUst U pe3yJbTaThl, OTHOCSLIMECS K CBOMCTBAM KOMIIAKTHBIX MHOXECTB
B METPHYECKHX MPOCTPAHCTBAX, U3JIOXKEHHI B § 4, r11. 1. PaccMoTpuM cBOICTBA KOMIIAKTA B METPUYECKOM
npoctpanctse (C, p).

Onpenenenne 1. [Tycmos K C C. Mnowecmeo K Ha3svieaemca koMRAKMHM 6 cefe unl KOM -
naxkmom, ecau u3 ar06od nocaedogamensiocmu (2, ) mouex 2, € K moxcHo esipams nodnocaedosamens-
Hocmb (z,,,), cxodsugyrocs K Hexomopoti mouxe zo € K (cm. onpenenenue 1, § 4, m. 1).

Teopema 1 (06 orpanuuyeHHOCTH KoMnakTa). Kawdeii komnakm K C C seasemcs oepanu-
YCHHBIM MHOMCECIMBOM.

« Tycrs, Bonpexky yrBepxkueHuio, KoMnakT K He orpaHmyen. Torma CylECTBYET Takas [0CIe-
NOBATEJILHOCTh (2,), 4To |2,| > nu Vn € N z, € K. W3 (z,) Heian3s BbIOpaTb OTPAaHUYEHHYIO
NOAMOC/IE0BATENFHOCTD U, TeM Dostee, cxoasimyiocs. [losydunu npoTuBOpeUHe, UCTOYHUK KOTOPOro B
MPeNnoJIOXEHUM, YTO KOMIIAKT K He orpaHuyeH. »

3ameTuM, uto comiacHo Teopeme Xaycnopga xommakt K C C BrosiHe orpaHUueH B METPUYECKOM
npocrpanctse (C, p), T.e. Ve > 0 wis Hero nmeercsi B C Koneunas e-cetb. TTOCKOIBKY METPpHUECKOE
npoctpancto (C, p) nonHoe, To 1o Teopeme DpeLie KaXKN0e BIIOIHE OrPAHHYEHHOE B HEM MHOXECTBO
KOMITaKTHO.

CitelyeT TAKKE OTMETUTH, YTO HE BCSKOE orpaHuueHHOe MHOXecTBO Z C C SBNSIETCSE KOMTAKTOM.
Hanpumep, MHoxectBo Z = {z € C: |z| < 1} orpanuueHHOe, HO He KOMIIAKTHOE B C€6E, NOCKOIBKY
mobast MOANOC/IEA0BATEIBHOCTD MOC/ICNOBATEIBHOCTH (2, = ;’;—I) ero Touek cxomurcsi K 1 € Z. Ana-
JIOTUYHO, €cIM MHOXeCTBO Z C C uMeeT Npele/ibHYIo TOUKY 2y € Z, TO OHO He SIBISETCS KOMITAKTOM.

Teopema 2 (xputepuit KoMnakTHocTU B cebe). Muoucecmeo Z C C seanemesa xomnaxmonm
moeda u moabko mozda, K020a oHO 0OHOBPEMEHHO 3AMKHYMO U 02PARUYEHO.

4 Heobxonumocts. Iycre Z — xomnakr. CoraacHo teopeme 1| MHOXECTBO Z OTrpaHUYEHO.
JomyctuM, 4TO OHO He 3aMKHYTO. TOria CyIIeCTBYIOT Takas TovKa 2o ¢ Z M Takas IOCIEAOBATENb-
HOCTE (2,,), 4To YV € N 2,, € Z A lim z, = z9. Jlio6ast momnoc/ieN0BaTeNBHOCTD (25, ) CXOMUTCS K

N -0

Zy € Z, u4TO NPOTHBOPEYUT ONPEACICHUIO KOMITAKTA., VICTOUHUK NPOTMBOPEUHS — B IIPEAITONOXEHUH,
YTO MHOXECTBO Z He 3aMkHyTO. ClIelOBaTENbHO, Z — 3aMKHYTOE€ MHOXECTBO.

Hocratoynocte. [ycts MHOXecTBO Z C C 3aMKHYTOe U OorpaHu4eHHOE. B Culy 3aMKHYTOCTH

OHO COAEPXWT BCe CBOM TOYKM TIPMKOCHOBEHMS (CM. I1. 3.5, 1. 1). PaccMoTpuMm mobyio nocneqoBateib-

HOCTh (2,) €r0 TO4ueK. ITockonpbKy OHa OrpaHHYEHa, TO, COrIacHo Teopeme BoiblaHo—BeliepluTpacca
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(cM. Teopemy 5, 1. 2.3), CyLIECTBYET TOANOCAENOBATE/ILHOCTD (zn k) , CXONAUIASICS K HEKOTOPOM TOu-
ke z € C. Tax xak MHOXecTBO Z 3aMmKHyToe u Vi € N z, € Z, To z € Z. CoriacHo onpeneyesuio 1,
MHOXECTBO Z KOMIIAKTHOE B cebe. p

Teopema 3 (bopens—Jle6era). Hz aobozo nokpeimus komnakma K C C Gecxoneunvim cemeti-
cmgom (G, )aea Omipoimoix noomuoscecme G, C C moxcHo goideaums xoneunoe noxpoimue.

<« YTBepxkueHHe SBJSIETCS YACTHBIM CllydaeM Teopembl 6, § 4, 1. 1. »

2.5. Tlpenen ¥ HenpepbIBHOCTh (DYHKUHHA KOMILIEKCHOTO [I€pEMERHOTO.

IMonstue oTofpakeHus U3 OJHOrO MHOXECTBa B [pyroe JaHo B M. 1.8, mr 1. Tlpenen, Hempephis-
HOCTh, 4 TAKXKE CBOMCTBA HEMPEPHIBHEIX OTOOPAXEHHIT U3 OJHOTO METPUYECKOTrO [IPOCTPAHCTBA B APYTOS
paccmotpenn B § 6, 1. 1. Bynem usyuats orobpakenust f : C — C u f : R — C. I1pu 310oM pe3ysibrarh,
U3JIOKEHHBIE B § 6, aBTOMATHYECKY HUMEIOT CWIY B PACCMATPMBAEMBIX CHIYYasiX.

3afaHue KOMIUICKCHOM (DYHKIIMM KOMIUIEKCHOTO NepeMeHHOro w = f(z), z € Dy, paBHOCUIbHO
samanuio AByX GyHkumit w : R> — R n v : R — R ¢ ofiactsio onpenenenns D; C R?. Mpu atom
dyHKuMs u Ha3BIBaeTCs delicmeumensholi wacmulo GyHKUAU f, a QYHKLMS v — €€ MHUMOH yacmolo,
T.e. u=Ref,v=Imf, f(z) = uz, y) + tv(z, y). Takum obpazom, usydenue bynkuuit f: C - C
CBOOUTCS K PACCMOTPEHUIO CBOMCTB JBYX YMCJIOBLIX (DYHKIMI U M v ABYX HE3aBUCHUMBIX MEPEMEHHBIX
zTUuYy.

B teopun OYHKUMN KOMITJIEKCHOTO NEPEMEHHOTO OUEKTUBHOE oTobpaxeHue obinactu G C C nHa
otmacte D C C

¢Lp
TIPUHSATO HA3BIBATE 0OKHOAUCMHOU (DyHKYuUel. DTO 03HAYAET, YTO
(21 €EG, 2 EG ANz # z3) = f(z1) # f(22).

Onpenenenne 1. Ilyems f : C — C u 2y — npedeavnas mouxa muoxcecmea Dy, Yucio a € C
Hasbigaemcsa yacmuvHom npedenom QyHxyuu f 8 mouke zg, ecau cywecmeyem maxas nocredosa-
mensbrocms (z,) movex mioxcecmea D¢, umo

(zn = 20) A (VR EN 2, # 20) A (lim f(2,,) = ). ey

MHuoxecTBo BeeX HaCTUUHbIX mpeleos GyHkumMu f B Touke z, 06o3naymm uepes Ef(zg).
Onpenenenue 2. Ecau mnoxcecmeo E(2zy) codeparcum Al UCAO &, Mo OHO Ha3b18aemca npedeaom
Qynkyuu f 6 mouxe zy u obosHawaemes cumgoaom lim f(z).

22—z

Onpernenenve 3. Qynxyus f naseigaemcs nenpepvignoii 6 mouxe zy € Dy, ecau lim f(z,) =

Z'—‘Z(]
f(20) scaruii pas, kax moasko z,, — 20 AVR € Nz, € Dy.
Ecnu zg € Dy u aBngeTcs npeebHOH ToyKol MHOXECTBA D, To f HENpephIBHA B TOUKE zg Torda
M TOJIbKO TOTAa, Korga lim f(z) = f(z,).

2—=2zg
B usonupopanno#t Touke zg € Dy kaxnas dyHkuus f HerpepbiBHa.
Qynxkuus f, He ABIAIOLIAACH HEMPEPHIBHOM B TOUKe 29 € D, Ha3bIBaeTCA pa3pbigroii B Hell.
IMycts zy € Dy — nNpejensHas Touka MHOXecTBAa Dy, OHa HA3BIBACTCH MOUKO[ yCmpanumoezo
pasputeéa mis GyHKUMU f, ecim cyiectsyer lim f(z) = o, a € C u a # f(z). B atom ciyuae

z—zg

GbyHKUMS @, onpelle/eHHAs YCIOBHSMI

o(z) = { i(z), ez € D\{z},

npu 2 = Zy,

HEIpPephIBHA B TOUKE Zp.

HHorna rosopsiT: “GyHKuMs [ HaskBaeTcs HEMPEPLIBHOM B Touke g € Dy, €C/in ee nNpupalueHue
B 3TOM TOYKE GECKOHEYHO MAIO BCSKHIT pa3, KaK TOJIbKO GECKOHEYHO MAJIO NPHPAIIEHHE apryMeHTa”. B
3TOl (GOPMYIMPOBKE N0J GECKOHEYHO MATHIM NPUPALIEHUEM APTYMEHTA IIOHUMAIOT GECKOHEUHO Mayio
IIOCAENOBATENBHOCTh (Az,) = (2, — 20), 20 € Dy, 2z, € Dy Vr € N, a N0A NpupamenueM dGyHKumM f
I0APa3yMeBAIOT NMOCICIOBATETEHOCTD

(Af(zo, Azn)) = (f(zo + Az,) - f(zo)) = (f(zn) - f(zo))-
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2.6. ApudMeTnyecKue OnepanMM HAJA [peseaMH M HelPEPHIBHbIMH (DYHKIMAMH.

Teopema 1. Ilycmv gynxuuu f u g nenpepwigvr 6 mouke zo € Dy u D, = Dy¢. Tozoa nenpepuigivi
6 smoi mouxe @ynkuyuu f + g, f — g, fg. Ecau donosnumensno g(zo) # 0, mo dynxyus 5 Henpepuiena &
mouxe zg.

<4 Hycte 2, -z u Vn € Nz, € Dy = D,. Torma f(z,) — f(2), g(za) — 9(20) 1, cornacHo
TeOPEMaM O TIpeflesiaX MOCNEHOBATE/ILHOCTEH, HMEEM

. . . f(zn) (%)
lim () % 9() = Fe0) £ 9(),  lim Fz)a(en) = F)g(ao),  lim Lom) = TGO
n—ooo n—oo n—oc §(2,) + g(20)

CornacHo onpenesenuio 3, . 2.5, dynkuwu f + g, fg, f HENpPEPHIBHBL B TOYKE Zy. W
Teopema 2. Ilycmb z, — npedenvtas mouxa mnoxcecmea Dy N Dy, Ecau

lim f(z)=a, lim g(z)=p5,

z—zg

z—2g

mo
im(f£g)(z)=axp, lim(fg)(z)=ap.
z—2zg

. f e
1 < = —.
z—»lnzl[) (g) (Z) ,3

« Ilycrs (z,) — Takas IPOUIBONBHAS MOCIIENOBATEBHOCT KOMIUTEKCHBIX YHCEN, YTO 2, — Zg A
zZn € Dy N D,\{z}. Torza, coracHo TeopeMam o npeaesiax nocJeNoBATEIbHOCTEN, IMEEM

Ecau B#0, mo

. ) . / a

lim (f(z0) £ g(zn)) =a% B, lim (fg)(2,) =B, lim (5 (zp) = 5
ComracHo ofnpefie/ieHdIo 2, . 2.5, yKa3aHHBIE CBONUCTBA PABHOCWILHB! YTBEDXIEHUIO, COAEPXAILIEMYCS
B TeOpeMe. »

2.7. llpenen ¥ HempepHIBHOCTL KOMIIO3HMIMH (DYHKIMM.

Teopema 1 (0 HENPEPHBHOCTU KOMNO3ULUMHU GYHKUHU). [lycms ¢yrkyua [ Henpepwiena
8 mouke zy € Dy, a gyHKyus @ nenpepoiena 6 mouxe Cy € D, Ecau (o) = z, mo xomnoa‘uuu;{f op
HenpepbiéHa & mouke (.

« YIBepxiaeHue sIBIAETCS YACTHBIM CIlydaeM TeopeMsr 1, 1. 6.1, 1. 1. p

CupaBeLMBO JIM AHAIOTUYMHOE YTBEPXKICHME LI KOMNO3UMUUU GYHKUIMA f © ¢, UMEIOIIUX npe-
Zenisl B TOUKaX zg U (o? TIpUBOAMMDBINA HUXE MpPUMEp HAaeT OTPULATEILHMIN OTBET HA 3TOT BOMPOC.
TeopeMbr 0 npene/ie KOMIO3KLWH, KOTOpbIe GYOYyT 10Ka3aHbl, TPEOYIOT JOMONHUTENbHbIX OIPAaHUUCHUN,
HakNagbiBaeMbix Ha GyHKIWU f U .

IIpumep. Uyers f: C — C, ¢ C—C, rne

_J 1, eemn z2=0, B L ecm (=1 (mEN),
fz)= 0, ecum z€ C\{0}, p) = 0. eomn (¢ { %I ne N} ‘
0, ecu (=2 (mEN),

Torma lim f(z) = 0, éif})cp(() = 0. Bmecte ¢ Tem (f o @) ({) = { eom ¢ e{—HnEN}, u

z=—0

—_

E;.,(0) = {0, 1}, 1. e. éin})(f o) ({) He cymecTBYeT.

Teopema 2 (o npenene KoMNo3uuuu Gyakumi). Ilycms {, — npedensHas mouKa mHoxce-
cmea Dg,,. Ecau lim f(2) = a, Cling} p(C) =>z¢ u cywecmeyem maxas oxpecmuocms O¢, mouxu (o,
—40

z—2zg

umo ¥( € (O¢, N Dyop \{Go} () # 29, mo Clirrcl (fop))=a.

<« Ilyctb (¢,,) — Takas IOCTENOBATENBHOCTh, UTO {, — (o ¥ Vn € N {;, € Dso,\{{o}. Torma
Zn = @((n) = 20 A 2, € Df\{2z}. Hoaromy f(z,) = (f o ©)((n) — @ npu n — oco. CormacHo
omnpeacIcHUIO, cliné Fep)(O)=a.»

v
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Teopema 3. IIycmy (o — npedensnan mouxa muoxcecmea Dy, . Ecau m @) = zo u dynxkyus f
¢—=¢Co

nenpepbigna 8 mouxe 2y, mo tim (f o ¢) (¢) = f(z0).
¢—<Co

« Tonaraem
o _ ) p(Q), ecm ¢ € D,\{G},
4 (O—{ 2w (=G

DyHKUMA @* HempepbiBHA B TOYKe (p. CornacHo Teopeme I, dyHKUMS f o @™ HempepbiBHAsS B 3TOM
touke. [losTomy

(ling Fop)(Q)= (lin(l (Fop") Q) = (f o9 )Go) = f(z0). »

—Co G0

2.8. CeoiicTBa (pyHKumMiA, HENPEPHIBHLX HA KOMIAKTE.

Teopema I (0o HenpepuBHOM oGpa3e Komnakrta). IIyems f : C — C — nenpepwsras rynx-
yus u Dy — xomnaxm. Toz0a muoxcecmeo Ej xomnaxmuoe 6 cebe, m. e. Henpepbiensiti 06pas Komnakma
ecmb KoMnaxkm,

<« YTBepXIeHHE SABIAETCS YaCTHHIM CIIy4aeM TeopeMbr 1. 6.1, 1. 1. p

Onpenenenne. Pynxyus f : C — C nasvieaemcs ozpanuvennol #a muoxecmee Dy, ecau
cywecmeyem maxoe wucio M € R, umo Vz € Dy |f(z)I < M.

Teopema 2 (Beitepmirpacca). Ilyems f : C — C — nenpepwenas gyuxyus u Dy — xomnaxm.
Toz0a gynxuun f oepanuuennan, a ee modyns docmuzaem na muoxcecmee Dy ceoux naubonvuezo u nau-
MeHblle20 IHaYeHUU.

<« Cornacno TeopeMe 1, MHOXeCTBO Ef ARNAETCH KOMIIAKTOM, T.€. 3aMKHYTHIM OTPAHHYEHHBIM
muoxectBoM. 1o onpenenenuio 5 (cm. 1. 3.2, 1. 1) ero amnamerp

d(By) = sup p(w, wy)
wi€Ey, szE,

€CTb KOHeyHoe yncio, 1. €. d(E;) € R. CornacHo ciencTsuio U3 teopeMs 1t 3.2, . 1, Vwy € C MHOXe-
ctBO F¢ colepXnTCA B 3aMKHYTOM 1l1ape O, (wp), Toe r = inf p(twp, w) +d(Ey). Baas wy = 0, nony-
weEy

YUM, YTO MHOXECTBO E; COmepXMTCA B HEKOTOPOM 3aMKHYTOM 1LAaPEe KOHEYHOTO paauyca R ¢ enrTpom
B Havane koopmuHar. IlosroMy Vz € Dy |w| = |f(z)| € R, 1.e. GyHKuMa f orpanmueHa. Oroxme-
CTBHMM KOMILTEKCHYIO TutockocTs C ¢ miockocthio R?. Torna Henpepbmﬂaﬁ orpanuyentas GyHkuus | f|
TIPHHHMAET Ha 3aMKHYTOM OrpaHHueHHOM MHOXecThe Dy C R? cou HanGolbliee M HAUMEHbLLEE 3HA-
4YeHUus, COMTacHo TeopeMme BeiltepuiTpacca Wisi HenmpepbiBHON QYHKUMH ¢ : R’ — R. CnenosarenbHo,
CYIUECTBYIOT TakKHe TOUKM z; € Df, 2, € Dy, uto |f(z))| = mf [f@l, 1fz2)| = st,g) [f(z)| u
€Dy
Vz € D BbinonHsorcs nepasenctsa | f(z)] € If(z)l 1FGz)l. »
3ameuanne. [lpu onpellencHuM KenpepbiBHOM GyHKIMHM f B TOUKE Zp npeAnonaraiy, uro f(zg) # oo. Ilpu
H3y4eHNH OTOOPAXCHMH MHOXCCTB C IOMOLUbIO aHATUTUYECKHX GYHKUMH LEeneco00Pa3sHO 0TKa3aThesl OT ITOIO
OrpaHMYeHUa ¥ cYMTaTh HYHKUMIO [ HenpephiBHOM B TOUKE 2o, rae f(zp) = 00, ecnn lim f(z) = co. B atoM
z—2zy

cnydae pyHkumio f Ha3nBRIOT obobuenno-nenpepuarol. Hanpumep, dpynkuusa C -{4 f, rae

, eam 2z € C\{0, oo},
F@&=< 0 nmpn z=o0,
oo mpu z=40,

1
06OBUIEHHO-HENPEPLIBHAA B IWIOCKOCTH C. g Hee lim f(z) =0 = f(o0), lim f(z) = oo = f(0).
z—00 z-—0

§ 3. HenpepbiBHbIC M INIAJKHE KPHBbBIE.
OnsOCBA3HBIE H MHOTOCBSI3HBIE 00J1ACTH

B xypce MaTeMATM4ECKQrO aHAJIM32 DAaCCMATPHBACTCH TIOHATHE Mpou3so0nol eexmop-Pynxuuu f :
R~ R™, Dy =la, b], tne f={(f1, f2, .-, fm) — ynopsinoyenssiit Habop dbynxumit f; (j = 1, m).
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Bexrop-dyurkivst f duggepenyupyema na ceamenme [a, b] Toraa M TOJIBKO TOIJA, KOTAA HA HeM AUb-
dbepenumpyeMsr GYHKUMHK f;, u pd 310M VE € [a, b] £'() = (f1(t), 1), ..., fra(®)) (B TOUKaX a u b

peub uaeT 06 OMHOCTOPOHHUX NPOUM3BOIHEIX). OtobpaxeHue [a, b] PELIE? € moxHO paccMaTpuBaTh
KaK BEKTOP-GYHKIHMIO @ = (@1, @;) C R?, Torna, ecnu byHxuMu @) U p; IubdepeHUMpPYeMBbl Ha cer-
meHTe [a, b], byHKuMs @ Takoxe muddepenumpyema u Vi € [a, b] ¢’ (t) = | @) +ipi(t) = (p\(2), ©5()).

Onpenenenne 1. Muoscecmeo v C C (uau v C R?)Y nazwieaemca wenpepuigiod kpueod (mpa-
exmopueil), ecnu cyujecmeyem Henpepoienoe omobpaxcenue [a, b} H—Z» v. IlIpu smom omobpaxcernue

Hasbieaemca napamempuvecKum npedcmagienuem Kpugoud .

W3 Kypca mMaTeMaTU4eCKOIO aHAIM3a U3BECTHO, YTO OTOOpaXEHUE @ = (), 1) HENPEPHIBHO TO-
T4a ¥ TONBKO TOTAR, KOrna (yHKUMHM @ U ¢, HEMpepelBHBL. [l KaXI0i HENPEPhIBHOW KPUBOH
QuUKCUpYETCST OTHO U3 IBYX B3AMMHO TIPOTHBOIMOJIOXKHBIX HANPABIEHUN IBUXCHUS TOIBUXHOMN TOY-
Ku t € [a, b], COOTBETCTBYIOLIEE BO3PACTAHUIO WM YObIBaHUIO IapaMeTpa. B nmepeom ciyuae w(a) ecrb
Hauano, p(b) — KOHeu KpPUBOIi, a BO BTODOM ¢JIy4ae DTH TOUKM MeHsIOTCI Mectamu. Kpusas, Hauas-
Hasg ¥ KOHEYHas TOYKHM KOTOPOM COBMAJAIoT, HasbiBaeTcs samxnymoid. Eemm vy CZ C C(y C Z C E),
TO FOBOPSIT, YTO KPUBas -y JIEXKHUT B MHOXECTBE Z WIM CONECPKUTCS B HEM.

Ecnu ogHa 1 Ta Xe TouKa KpUBOIi 4y COOTBETCTBYET JBYM WIH DoJiee pasIUYHBIM 3HAYEHUAM I1apa-
METpa, U3 KOTOPBIX MO KpaliHel Mepe OJHO OTIUMYHO OT a U OT b, TO TaKas TOYKa Ha3bIBACTC KpamHou.
HenpepbiBHast KpuBasi, He UMEIOIIAA KPATHBIX TOYEK, HA3BIBAETCSA H#c0pdanosold iy npocmod. pyruMu
ciioBamu, kpuBast vy C C HasbiBaercs #opdanogoi, eCiiv €€ NapaMeTPUUECKOE MMPEICTABICHUE ¢ SIBIS-
eTcsi bueKTUBHBIM oTobpakeHueM. Ecu p(a) = ¢(b), To XopaaHoBa KpUBasi HA3LIBAETCSH 3AMKHYMOU.

Ilycts ¢ ¥ % — DapaMeTpU4ECKHE MPEICTABJEHUS HENMPEPHBHOW kpusod vy, D, = [a, b],
Dy = [ay, bj]. OHY HA3BIBAIOTCS IKEUBAACHMHbBIMU, ECTTH CYILECTBYET TaKasi HenpephiBHAS BO3PACTAIO-

was GyHkuud [a, b] %» [ay, b1, uto = 1p o . B 3TOM ciydae 3aNUCHBAEM p ~ 1.

Onpenenenne 2. Muoxcecmgo v C C (uau y C R?) naseieaemcs npocmoti enadkoii Kpugoi
(mpaexmopued), ecau cywecmsyem Henpepoiéno dupgepenyupyemoe omobpaxcenue [a, b} }%» Y ¢ om-

AUUHOL oM HyASL npou3eoonoii. Ilpu s3mom omobGpadceHue p HA3bI8AeMCE NApaAMempuUvecKum npea-
cmasaeHueMm 21a0KO0l KpUeoi «.
Ecou ¢ — npyroe mapamerpuueckoe npeicTaBieHue MIagkoi KpuBoit v, Dy = [a, bj], u cyiue-

CTBYET TaKas HenpephiBHO JuddeperuupyeMas ¢yHkuus [a, b] -5; [a, b1], uto Vt € [a, b] #'(t) > 0

U 1 ©n =, TO NAPAMETPUUECKUE NTPEACTABICHUSL U 1) HA3BIBAIOTCS IKBUBAACHMHBIMU.

Onpenenenne 3. Mroxcecmeo ~,, 6cex sxeueareHmublX napamempu4eckux npedcmaeneHud npocmoi
21a0Koll Kpueoi y Ha3vieaemcs ee opuenmayued. Ynopsdouennas napa I' = (v, o) Hasvieaemcs opu -
enmupogannod anadkoi kpusoii T'.

OueBUIHO, YTO OPUEHTALMS MPOCTOM IJIAAKONM KPHUBOM OJHO3HAYHO OMPEIEJISETCS yKa3aHUEM €€
HayaTbHOM TOuKH. OpHUEHTALMIO NPOCTON IJIaAKOW KPUBOM  C MapaMeTPUHECKUM IIPEACTABJIEHUEM
© OMPEIENSIOT TAKXKE BEIDOPOM OJHOrO M3 JBYX BO3MOXHBIX HANPAaBJICHUM €IUHUYHOIO KacaTebHOIo

@'(t)

BekTopa T(M) = T The M = p(t) € 4.
Bce mapameTpuvecKue mpencraBieHust ¢ & o, IKBUBUIEHTHH Mexnmy coboit. Mx cosokymnocrs
HAa3bIBACTCA NpOMUBonoaoxcHoll opuenmayued vyo,. OPUEHTUPOBAHHYIO KPUBYIo I'™ = (v, 75p) HasoBeM

NPOMUBONOAONCHO OpUEHMUPOoeanHol No oTHoIIeHUIO K I'(y, vop).
Cpenu Bcex NapaMerpuyecKux IPEACTABISHUH (o OPHEHTHPOBAHHOM IaaKoi kpusoii I' = (y, Yop)
CYLLUECTBYET TAKOE, 4YTO

0 €Y Dy =10,1] u VtE[ab] lp'®)=1,
b
roe l = f l¢' (1) dt — wmua xpupoit . D10 NpenCTaBIEHME eAMHCTBEHHOE. OHO HA3BIBAETCS HOPMALD-

a
HbiM (ecmecmeernbiM, HamyparvibiM). HopMmanbHOe NapaMeTpUYecKoe NPENCTABIEHHE (¢ NOJy4yaeM B

t
BHJie KOMTIOSULHK Y01, riie ¥ € Yop, Dy = [a, b], [0, 1] - [a, b] m Vt € [a, b] n~'(®) = [ |¢'(7)|dr.
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W3BecteH cnemyowuii pe3yiabTar.

Teopema 1 (KopnaHa). [Ipocmas 3amkHymas kpuedas -y pa3bueaem 6cl0 MAOCKOCHb C na dse
pazaudnbie obgacmu G| u Gy, obweil epanuyei xomopwix ona seasemcs. Ilpu smom odua uz obaacmed,
HA36I6a€MA3 BHYMPEHHOCMbIO 7Y, 0ePAHUMEHA, a OPY2GR, HA3bIGAEMAR 6 HEWHOCMbIO Y U COODHCAUAR
BecKoHeHO YOanreHHyro MOYKY, HE 02PAHUYEHA.

Hampumep, MHoxecTBa G| = {z € C | p(2, 2) < 7} u G = {z € C | p(z9, 2) > r} sABnst1OTCH
COOTBETCTBEHHO BHYTPEHHOCTBIO U BHELTHOCTBIO OKpYxXHOCTH v = {2 € C : p(z, 2) = r}.

Onpenenenne 4. [Iyeme G C C — npouseoasnas o6nacme. Ecau 0ag 10601 3amxnymoti scopdanosoil
xpusod vy, npunadnexcaweil G, eHympennocms vy maxxe npunadnexcum G, mo obracme G Hazvigaemcs
odHnoceasznoi (omuocumeavro naockocmu C).

IpuMepoM OAHOCBA3HOM 007aCTH SBJISIETCS BHYTPEHHOCTH OKPYXXHOCTH.

BHEIUHOCTh OKPYXHOCTH, 2 TAKXKE KPYTOBOE KOJIBLO — HE OJHOCBSI3HLI OTHOCHUTEILHO UIOCKO-
ctu C, Tak Kak JUIS KaXIOH M3 3TUX ofJacTeil MOXHO yKa3aTh TaKYI0 OKPYXXHOCTb, MPUHAUIEKAILYIO
00J1aCTH, BHYTPEHHOCTh KOTOPOU He BCH MPHUHAIEXUT o6acTu. IIist HYyX1 Teopuu KOHGOPMHBIX OTO-
OpaxeHUH MMOHATHE ONHOCBI3HOM obnacTu obobaeTcs.

Onpenenenne 5. Otracms G C C nasviéaemcs 0O0HOCEA3HOU OMHOCUMEbHO PACIHUPEHHOU: KOM-
naeKkchoi naockocmu, ecau 04 a06oi 3amKHymotl #eopdanoeoi kpueoii v, npunadnexcaweis G, enympen-
HOCMb 7y UAU @HeWHOCMb ¥ MaKxce npunadexncam G .

O61acTH, HE SABIAOLIMECA OJHOCBA3HLIMH, IIa3bIRAIOTCSA MHO20C6A3NbMuU. HanmpuMep, BIIEUIHOCTL
OKPYXHOCTH, KOTOPO# B PACIUMPEHHON m1ocKocT C NPUHAMIEXKUT TAKKE U GECKOHEUHO yAaleHHas
TOYKA, SABISETCH OJHOCBA3HON OTHOCHUTENBHO IUIOCKOCTH C, XOTA OHA HE ONHOCBS3HA OTHOCUTENIBHO
nnockocTi C. Kpyrosoe KoJIbLO He OQHOCBA3HO KaK OTHOCHTEJIBHO mIockocTH C, TaK ¥ OTHOCUTENLHO
wtockoctu C,

Ecnu v — HenpephiBHAS KPUBasi, TO OHA ABAAETCH 3aMKHYTHIM OTDaHUYEHHBIM MHOXeCTBOM. [leii-
CTBUTEJIBHO, [OCKOJIbKY NMAPAMETPUYECKOE MPEACTABIEHUE ¢ KPUBOM 7y — HenpepblBHas QyHKuus,
3a/laHHas Ha KoMmakTe [a, b], To 1o Teopeme 1, n.2.8, MioxecTBo E, = -y sBnseTcs KOMMNAKTHLIM B
cefe, T. €. 3aMKHYTHM U OrPAHUYEHHBIM.

Onpenenenne 6. Ynopﬂaouennbza natop I' = (I'y, Ty, ..., I'y) anadrkux opuenmupoeanusix xpuavix
I, = (7(’° , %p) k =1, 1, n) naswisaemes KyCOo4HO- eﬂaaxou Kkpugoi, ecau Vk = 1, n — 1 koneunas
mouka enadkoii opuenmupo8annol kpueoi I'y, coenadaem ¢ nauabnoli mouxol anasoeuuHoll kpueoi Ty, .

n

Muoxcecmeo v = U 7““) Hazvisaemea caedom kycouno-znadkoi kpusoid T' wau muoxcecmeom ee

mouekx.
Crenyiolee YTBEPKICHUE UMEET BAXHOE 3HAYCHUE B [IPUIIOXKEHUSIX.
Teope.ua (0 OMEKTUBHHX M HENPEPHBHHX oToOpaxeHuax). [lycms G C C — obaacme

uG J.p — 06o6uenno-Henpepoienasa gynkuus. Tozda muoxcecmeo D maxce agasemes obaacmero u
@yuxyus f ~! o6o6wenno-nenpepwsna e D . Ecau, ceepx moeo, ynkuus [ onpedesena ha epanuye 8G, npu-
wem seasemcs oGoGuenno-Henpepuigroi na sambixanuu G, mo f omoGpaxcaem 8G na dD, m.e. spanuna
obpasa obracmu G coenadaem ¢ 66pa3oM 2panulbl Mol e obaacmu.

06061MM MOHSATHE HENIPEPBIBHON KPUBOH.

Iycre [a, b] 5C — obob1enHo-HenpeprBHas QYHKIUS, TIPUUEM cermeHt [a, b] MoXer GrITh
6eCKOHEYHBIM B OHY WM B 06e cropoHbl. MYHKIHUA ¢ Ha3pBACTICs napamempuveckum npedcmasne-
Huem 0bobwennoll HenpepbiérOl Kpueol <y B paclMPeHHON KoMILIeKCHOM miockoctn. Ecnu Vi € [a, b)
p(t) # 00, TO obobLIeHHas KPUBas He IPOXOIUT uepe3 GeCKOHEYHO YAaJeHHYI0 TouKy. IToHATHS Ha-
YaJIbHOM Y KOHEYHOH TOYEK KDPHBOIi, 3aMKHYTONM KPUBOIi, KPaTHON TOYKM, XXOpIAHOBOH KPUBOIi pac-
MPOCTPAHAIOTCS Ha CJTy4ait 06061UeHHOI HENPEPHBHOW KPUBOM.

3aMKHYToe CBA3HOE MHOXECTBO HA3HBACTCA Kowmunyymom. KOHTUHYYM, He UMEIONIUI BHYTPEHHMX
TOYEK, HA3BIBACTCS AUHEIIHbIM, VI KAHMOPOEOL Kpuaoll, HanpuMep, OTPE30K, OKPYXKHOCTb. DTO NpYToi
NOAXOA K TIOHATHIO KPUBOH Ha Tuiockoctd. CylectByer u APYroH MOIXOX K NOHSATUIO OXHOCBA3HOMN
obnacTu.

ITycte M — HecBS3HOE MHOXeCTBO, A ~— €ro CBiI3HOe nogMHOXeCTBO. HaszoseM A maxcumansuo
C8A3HBIM, €CIIM HE CYILIECTBYET HMKAKOTO APYrOro CBA3HOIO MoAMHOXeCTBa B C M Takoro, uto A C B.

MaKCUManLHO CBA3HBIE TIOAMHOXECTBA M Ha3hIBAIOTCA €TI0 CEA3HWIMU Komnowenwmamu. B teopun
MHOXECTB IOKa3aHO, 4TO J000e MHOXECTBO eCTh OOBEIUHEHME €ro CBA3HBIX KOMIIOHEHT B KOHEYHOM
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win GECKOHEYHOM KOJIHYECTBE.

O6nacts G C C HasmBaeTcs 00HOCea3HOl, eC/iv €€ TpaHuua &G SABIAETCS CBA3HBIM MHOXECTBOM.
Hockonbky G — 3aMKHYTOE MHOXECTBO, HE UMEIOLEE BHYTPEHHUX TOYEK, TO IPAHULA OJHOCBA3HOMN
001aCTU €CTh JIMHEUHBI KOHTHHYYM.

ObnacTh, TPaHULA KOTOPOIi He AB/ISETCS CBA3HBIM MHOXECTBOM, HAa3BIBAETCS HeoOnocessnoil. Tlpu
3TOM, €CJIU YUCJIO CBSI3HBIX KOMMOHEHT rpaHuLIbl G KOHEYHOE, TO OHO Ha3biBAETCSH HOPAOKOM C8AZHOCIU
obiact G. Eciiv )xe MHOXECTBO TAKUX KOMIIOHEHT BECKOHEYHOE, TO G HA3BIBAETCS 6ECKOHEUHOCBAZHOI
obaacmero.

O6nacTe G HazoseM komnaxmuoi u 06o3nayum G € C, ecnu cywectsyer kKpyr Kp = {z € C :
[z] < R < +00}, conepxaiuuii B cebe G.

CuMTaeM, 4TO MHOXECTBO E KOMMAKTHO NPUHAWLIEXKUT obiactu G 3amuchiBaem E € G, ecnn
3ambikanue E npuHamexut G, T.e. _

EeGs ECG.

Ilycts 7 — TomoNorust pacluuperHol koMrmiekcHo wiockoctd C, M C C — CBs3HOE MOAMHO-
XecTBO, 2 € M, O, — OKpEeCTHOCTb TOUKM 2z B Tonosoruueckom npocrpancrse (C, 7).

Onpenenenne 7. Oxpecmuocmolo mouku z 6 muoxcecmee M Hasvigaemes muoxcecmeo O =
0.nNM.

CoBOKYIHOCTb Bcex okpecTHocTeit O Vz € M 6yleM Ha3blBATb OMHocUmeAvHol monosozuei T'
MHOXecTBa M .

B nanbHEAIEM OKaXETCS MOJIE31IbIM Cenylollee YTBEPXIEHHUE.

Teopema. Ilycmv M C € — ceasnoe mnowcecmeo u A — ezo Henycmoe noomnowecmeo. Ecau A
o0HOBPEMENND 3AMKHYMO U OMKPLIMo 8 monoaoeuu 7', mo M = A.

<« Ipumennm MeTox ToKazaTenbcrsa ot potHBHoro. IycTs A'= M\A #@ . PaccMoTpum 3aMblI-
Kanue A B Tononordu 7. OUEBUAHO, YTO OHO COCTOUT U3 TOUEK €r0 3aMblKaHus A,/ B Tonojoruu 7'
M HEKOTOPOIO MHOXECTBA, He mpuHamiexaiero M. Hostomy

AnA' =4.nA4.
IToCKOMbKY MHOXECTBO A 3aMKHYTO B TOMOJIOTUH T', TO A, = A. Utak,
AnA =AnA =o.
Eciu A — OTKpBITOE MHOXKECTBO B TOMOJOTHH 7', TO €ro JonoiHeHue A' — 3aMKHYTOE B TOI Xe
TOIOJIOT MK (MpelesibHble TOYKM MHOXECTBA A’ He MOTYT nmpuHamiexars A BCJIEACTBUE €T0 OTKPHITOCTH,

criefopateibHo, onu mpuHamiexar A'). [TosroMy K NepeceueHUo A" N A MOXHO NPUMEHUTb Te Xe
paccyxaeHus, uto u K A N A', B cuny yero A' N A =@ . COOTHOLUEHUA

M=AU4A, 4A4nNA =2, ANA=0, A+0, A#2

MPOTUBOPEYAT CBA3HOCTM MHoxecTBa M. UHCTOMHUK NpOTUBOPEYUS — B MPEANOJOXEHUH, 4UTO
M#A4. »

PaccmoTpum npumepsi.

48. JloKa3aThb:

n Zn \ "
1) ecnu z, — 0 npu n — 00, TO (1+Z—) —1; 2)ecmu z, — 1 npu n — 00, TO (1+—) — e.
n n

« 1) OueHuM pasHoOCTh (1 + %")n — 1. HockoneKy (1 + %)n =1+ ECﬁ—i, TO

Zn\ " Z, EN E
1+—) —1‘: ) S =1+ ) - =
‘( n Z nk| = nk n

k=t k

z 1
= en]“(H—"E) -1= e‘z"Ho(n) —1->0 npun— oo.
CrenoBaTelibHO, (1 + .ZL)H 1.
2) Honaras w, =z, — 1, nomyyaem, Ha OCHOBaHUM 1), 4TO (1 + = ) — 1 1pn 7 — 00. Tak Kak

(1+2)" = (1+z+%) = (14+4)" (1+ 2 ,T0(1+57;‘—) —~e. »
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49. Nokazate, 4TO NOC/ENOBATENRHOCT (Arg 2,) MOXET PACXONMTHCH, €CIH MOCIEIOBATEIBHOCTD
(2,) cxomawasges v lim z, # 0.

n—00
o {— n .
-« PaccMoTpUM NOCIENOBATENBHOCTD (2,,), THE 2, = —1 + 42" Ona cxomures, u lim z, = —1.
N - OO
— ] — , — 1 =
HOCKOIH)KY e = =1+ 753, 2k = -1 - (21: 1)2, TO argzy, = W — arcig 7, alBZp-| = —W +
arctg ——— (2k . Taxk xaKk llm arg zy, = T, lim argzy;| = —™, TO IOC/IENOBATEBHOCTD (afg 2,,) UMEET
k—oo

nBe npenenm—me TO‘{KI/I, B cmy Yero ABJSETCS PACXONAILEHCS.
3ameruM, uTo M B cilyqae lim z, = 0 mocnefoBaTenbHOCTD (arg z,,) MOXET pacxomutbes. Ilycts,

n—>oC
HaTIpUMeD,
ern T e no=2k,
Znp = TIe =
" n’ $n T, e n=2k-1
Torna
T T
lim 2z, =0, lim py =—, lim gy, =,
n-—0o kE—co 4 k—o0 8

T. €. [IOC/IEI0BATCIBHOCTD (Q(Jn) pacxoasiiascs. »
n

50. Iycm E Pr — +00 npu n — 00, Tae p, > 0. Jlokazarh, YTO €CJIM MOCJICAOBATEILHOCTD

k=1
plzl +P232+ +pnzn

P1+P2+-~ +Pn

(#,) KOMIUIEKCHBIX YUCENl CXONUTCH K Z, TO Y IOC/IEI0BATENBLHOCTb Z,,
CXOIUTCA K 2.
« Ouenum |Z,, — z|. Umeem
Pz —2)+p(z—2)+ ..+ Pz, — 2) P||Z| —zl+palzy —zl+ ...+ pale, — 2
trppt ... +pa prtp+ .. +p,

]Zn —‘ZE:

T.€C.

Zpkp(zka Z)
=1
p(Zn, 2) < S

2Pk
k=1
n
Tak kak E Pr — +0o¢, To o Teopeme HITonbla ans nocie0BaTeILHOCTEN AEHCTBUTE/TBHBIX YHCE
k=1

ZPkP(Zk: Z)

pn+lp(zn+l1 z) _

lim —— = lim 0.
e ZPk n—so Pn+i
CneposarensHo, p(Z,, z) =o(1), T.e. lim Z, =z. »

(7")

51. Haiitu npeaes nocjaefoBaTesbHOCTa (2,), TIe 2, = E
k=0
« JlokaxeM, 4TO TIOCIEN0BATENRHOCTD (2, ) byHuamentanbuad. [Iycte € > 0, n €N, p € N. Torna

(1rz)’° <R gk
|zn+p_zn|"' Z ZF<E

k=n+l1 k=n+l

oo
k
Ilp]fl BCEX JOCTATOYHO Gonpummx n u Vp € N, mockoabKy YUCTIOBON PN Z &t CXOmDMTCH cornac-
n=1

HO npusHaky II’AnamGepa, U CymMMa ero ocTaTka r, CTPeMMTCA K HYMIO NP BO3pacTaHuu n. PaHee
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6pU10 1OKA3aHO (CM. TeopeMy 1, m.2.3), 4TO CXOOUMOCTH IOCHEIOBATENBHOCTH KOMILIEKCHBIX 4MCESl
PaBHOCW/IbHA CXOOUMOCTH nocnenosaTeanOCTeﬁ ee JEHCTBUTENLHON U MHUMOI qaCTeﬁ Hocxom;xy

2
Rez, =1-5+ ... +(— 1)27r ecnnnqemoe uRez, =1- = .+ (= l) ec/u 1t

(n—l)' ’

3 3 n=l .
HeueTHoe, Imz, =7~ 5 4+ ... + (- 1) €CIM 7 YETHOE, Imzn=7r—’;—,+...+(—-1) T I,

3t (n_ |)| s
€CJI1 T HEYCTHOE, TO

lim Rez, =cosw=—-1, lim Imz, =sinw=0.
n—o0 n-—00
CnenoBaresnbHo, lim z, = —1. p
n—oo
a n
52. Hairtu lim z,, ecau 2, = (1 + —) , a=a+1f.
n—oo n

« 3anuceBast z, =z, + 1y, = r,(Cosp, + ising,), UMeeM
N 7 3 N

al|® a\? 20 o+ 2
- = (1+—)+<E> :<1+—+————2ﬂ> )
n n n n n

a B8 ay !
Y, = arg z, = narg (1+—) =narctg | — (1+—> )

n n n

TaK KaK Mpd OOJbIIMX 3HAYEHHAX N TOMKA 2, HAXOAUTCK B npaBodl mosymwiockoctd Z = {z € C |
2o tx2+ﬁ2 2
Rez >0} Hpun —oo 1+ 2% 4 22 ~ [ 4 2

arctg (g (1+ %)_I> ~ —g (1+ %)_', narctg (g (1 + %)_I) ~p (1 - 5:-) .

CreloBaTesibHO,

Izn|=rn:’1+

a+i3

2o n
lim r, =exp(lim —~-) =e% lim ¢, =8, lim z,=e¢(cosB+ising)=c¢ N

n—o n—oo n 2 n—oc n—oo

53. Tycts nocienosarensaocTh (2,,) KOMIUIEKCHBIX YHCEJI TaKasi, YTO [MOCACIOBATENILHOCTE (W, ),
The W, = 2, — 92,1, |g| < 1, cxomuTted. JlokasaTb, 4TO IOCIIELOBATEIBHOCTD (Z,) CXOAUTCA, U HAWUTH
ee npejest.

« ITockonbKy NOCIE0BATENBHOCTD (W,,) CXOIUTCS, TO OHA OIpaHHUUeHa (cM. 1. 2.3), T.e. 3C > 0 :
VR €N |lw,| < C. Hycts M = max{|z]|, C}. loxaxem, uto Vn € N

M
|za] € ——. (1
1-|q|
Ouenum z;. M3 ycnoBust npuMepa noayyaem
zp = wy +qz, |zi| < lwil +lgllzel < C + gl 20l < M(1 + |q)-

Myers k €N, k > 1, ¥ crpaBeuytMBo HEPABEHCTBO

l2e) < M+ g+ ... +gl®). @
B CWJ1y BBICKA3aHHOIO IIpeL[IIOIIO)KCHI/Iﬂ HUMEEM
lzeat] < lwr] + gl 1zl S M +1gIMQ + gl + ... +1g*) = MU+ g+ ... +gI**") 3)

Meronom mMareMaTuuecKoi UHAYKUWHU NOKa3aHOo, YTO Vn € N BHIOJHIETCS OLEHKA

1_‘qln+l M
) lzal < MZII‘ T S

lql 1—lql’

HepaBeHCTBO (1) ycranomneno.
M3 COOTHOLIECHMHN

— 2 3
Zn = Wn ¥ gz, | = w, +qw,_ + qzzn_2 S Wt QW Fq W)+ G2 3= L
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umeeM Vn €N, p<n—-1)

P
_ k p+l
Z, = E Wn kg +q Zn_p 1 4
k=0
[IpuHuMas BO BHUMaHME, YTO MOCIEAOBATEILHOCTL (W, ) CXOOMTCA, U obo3Havag w = lim w,,, nomy-
T - OO
YaeMm:
w P o5 r oc
_ k| p+l kE_ k +1 k
P E Wotq +¢77 2y —w E q = E (Wop—w)g " +¢" 2, —w E 7. 5
s k=0 k=0 k=p+1
Iockombky |q] < 1 u |z,] £ 1_Lm, TO
+1 lias
|qp zn—p—l' QM —0 npa p — o0,
1—1q|
o =)
T.€. ¢" 'z o = 0(1). Tax xax |w] € Rupsn Y ¢* cxomutes, To cymma ero octatkar, = 5. ¢* —0
k=0 k=p+1

o =)
Npu Bo3pactaHuu p. CrenoBaTesbHO, W Z q’c = o(l). Kakum 661 Hu 6buTO DUKcHpoBaHHOE p € N,
k=p+1
Ve >0 3n, € N:Vn > n, cripaBe//iuBa OLEHKa

P P P o

1
> War—wg*| <D lwax - wllgl <D lglf <eD gl me——=¢,
k=0 k=0 k=0 k=0 1 B |ql

P
T.€. Z(wn‘k - w)q’c = o(1), Tak Kax lim w, = w. Takum obpa3som,

=0 n—oo
w

w
Zn—m=o(1), nlin;zn:m.b

n d
54. Ilyctb a, = ay+ (n — 1)d, rue a; > 0, d > 0, ¥ nyctb 2, = (l +z£> , n €N,

d n —Tn 1 d
1) |Zn+l—zn|: H_y 2) lim ;:— —,
@ n— Pnrit — Pn 2V a4

: s
e z, =rpe’ v, >0, 0< 9y ~ 9 < 5

Jlokazath:

4 1) Iockonbky

n n n
2 - dy\ ap+d Ggtl _ Gnyt
|zp|" = 2,2, = I+— )= = = —,
A ay aj a a;
=1

141

[Zn41 = 2nl = |24]

Ayt

2) U3 ycrnosuii 3ama4yu ciaenyeT, 4To

- [d ~ [d - d

= 3 — = 3 — = 14 —

Pn argll <]+z ak) E arg<1+z ak) ;arcg P
k=1 =

k=1
OTKYyZA HENocCpeaCTBEHHO CJIEAYET PAaBCHCTBO

Pret — Pn = arctg
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ITockonbky arctgx ~ z npu  — 0 u lim dH =0,T0 @rns1 ~ Pn ~ 4/ adH npu n — oo. [Toatomy
n-sooc 7 n

a.

Tniyl = Tn . 1 Vnt2 ~ /Gnyl \/an+ - Van—H
Pr+l — Pn Vva V

arctg Py a‘
Apy d Ayl d ( d 1 [d
= 1+ -1]= 1+ +o -1 ==4/—4+0o)
v/ a,d ( Apty ) v ad ( 2a, A1 2V a ’
Tyl — Th 1 d
lim 2T o C 2y

n—0 Py — Pn 2 a,

55. Hairu lim (1+i r ) ,
n? —1

TL - OC

<« Ilycts 2, = (1 -+ in—{—‘_—l)n, TOTHHA

5 n
12| 1 n 2 .
Z,l = + = arg z,, = narctg
n (n2 — ])2 ’ n n? —
Tockonbky
2
lim —2 .1 2
. 2_2 2 n n
lim |z, | =en~> ™"~V % =1 arctg ~——, lim narctg = lim =1
2 2 __ )
n— n‘—1 ns — 1 n—oc - n-—+>c N

T0 lim z, =cosl +isinl =¢'. »

LY

56. BLIS{CHI/ITB, NpU KakuX 3HayeHUAX KOMIUIEKCHOroO IlapamMeTpa a CXOoAsTcs NOCnHeNoBaTeNbHO-

an
T (z,) 1 ((n), rme z,, =a”, {, = .
1+a™
<« Eciu |a| < 1, To u3 paBeHctBa |z,,| = |a|® cnemyer, uto lim |z, =0 u lim 2" = 0. Ecm

TL =~ OO n—>k

la] > 1, 10 |2,] = 400 M z,, — 00, T. €. MOCENOBATENBHOCTb PACXOAALUAACS.

Mycts la| = 1, Torna a = €', p =arga M z,, = a™ = '™ [TockoMbKY |2, = 1, 10 lim |z,[ = 1.

N0
ITocnenoBaTenbHOCTE (ny) Npu ¢ # 0 npenena He umeeT, a npu ¢ = 0 lim np = 0. B nocrennem
n—o00
cmyqae a =1, z, =1, lim z, =1.
T - OC

Takum 06pa3oM, TIOCTeNOBATEABHOCTD (2,) cXomuTes uwb Uid Ja| <1 ua=1.

Jns nocnenopatenbHOCTH (() PAcCMOTPUM Te Xe CIy4yau 3HAueHMH napamerpa a, KOTOpble M3y-
YEHBI BHILLE.

Ecmu la] < 1,10 lim @ =0, lim (1+a™) =1, lim o= =0, T.e. lim (, =0.

n—oc T~ OC -0 T~ 00

Mycts [a| > 1. Torma lim a™ = oo n lim % = 0. 3anucbiBas OGIMIL WiEH NOCIEIOBATETBHO-

n—0o0 n-—o0

ctu ({,) B BUOE

Haxomum: lim (, = 1.
=00
Mycts Teneps lal| =1 u Vn € N a™ # —1. Torna a = €', ¢ = arga, a” =¢e'"% u cosnyp # —1.
Ins yKazaHHBIX 3HAYECHUI @ UMeeM

gine e (1 + e~ im) &P 1] 2 (cos2 2# +isin 2£ cos 1‘-291) 1 . np
. = . - = = = —+1itg —.
G 1+em?  (A+eme)(1+e m?)  2(1 4 cosngp) 4cos? % 2 titg 2

IMMocnenoBaTeibHOCTE (tg 122) cxomures Juwb mpu ¢ = 0, 1.e. a = 1. Ilpn 3ToM nomyyaem
lim ¢, = % CrenoBarensHO, NocyeA0BaTeNbHOCTD ((,) CXOmUTCA, ecnit Ja| < 1, [a| > 1na=1.»

n—oo
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57. Hokasark cXOOMMOCTB NOCEIOBATENLHOCTH ((,, ), TIE

_n+1+nz+(n—1)z2+ ceo 2"
B 14n

CTL

eciu [z| € 1 u z # 1. Halitu ee nipener.

<« PaccMoTpuM mnocenoBaTeabHOCTS (1),), roe 1, = 2{, Vn € N, u obpasyem pasHocTs 11,, — (,, =
n+2 n+2_

¥

z—z —_— z z 1
oo — L Toma ¢ = oy + -
n+2 _ . n+2_
Tlockoneky |z| < 1 ¥ z # 1, To NoC/Ief0BATENLHOCTD (Z—(l—_—z)—f) orpaHMyeHa u lim “—i;)szn—) =0.
n—oo

IMoaToMy nocienoBateIbHOCT ({,,) CXOOUTCA U

1
fim ¢, = . »

- OO0 1-2
58. ,HOKaC}aTb, YTO BCE NPEACIIbHBIE TOUKH NOCI1€N0BATEIIBHOCTH (an), Taoe
Iit + 2it + + n'it

a, , tER,
n

npuHamiexar okpyxnoew v = {z € C: |z| = ﬁ}
+

<4 U3 oueBUnHOro HepaBeHCTBa

n it n it
. 1 [k . Z I [k
ot E el o — itinn - ol
- k=1 n <n> ’ k=1 n <n>

CIIEYET, YTO Bee NMpenetbHbIe TOUKH MOC/IEN0BATEHOCTH ('t " ™) IpiHaIeXaT OKPYKHOCTH pamuyca |
¢ LIEHTPOM B HauyajJe KOODIMHAT, a

! 1

n it 144t
1/(k ; z 1
lim —l~-) = Ydy = = .
nix;n(n> /I TETF| T+t
=1 o

0
TTocKoIbKY }1—:5 |2 = H% , TO BCE MpelesIbHble TOUKU NOCIEI0BATEILHOCTH (a,, ) IPUHAATIEXAT OKPYX-
HOCTH 7. 3Iecb BOCMOIB3OBATHCH T€M, HTO (DYHKUMHM KOMIUIEKCHOrO NMEPeMEHHOTO MOXHO WHTETPH-
pOBaTh IO U3BECTHBIM TNpaBMJIaM HMHTErPUPOBaHMA (GYHKUMH NeHCTBUTENBHOIO NEPEMEHHOrO: €CiIH
f(@) = fi(x) +if:(z), fi € Rla, b], f2 € Rla, b], 10 f € Rla, b] u HaoGopoT, T.¢. f € Ria, b] &
f1 € R{a, bl A f; € Rla, b]. Eciu F — mobas nepsoobpasHast GYHKUMH |, TO

z=b

r=a

b
/f(z)dw = F(z)

zl-Ht

PQynkuusa T — - gBsieTCa nepBoobpasHol QyHKIMM T — 't »
59. fyer A C C, BCC, meA={z€C:_z= f;+i%;peZ,qu,meN,neN},

2 "
B = {z €eC:lz*-1I< 1}. HaiiTu npenenbHbie TOYKH 3TUX MHOXECTB, 3aMBIKAHMA Y rpaHULBL. YcTa-
HOBUTH TaKxe, OYRYT JIX 3TH MHOXECTBA OTKPHITHIMH, 3aMKHYTBIMM ¥ oGacTamu,

« Touku MHOXecTBa A Ha rutockocTH R® MMeloT Kaxmas ofe paudoHasbHble KOOpAMHATH. W3
aHaJIM3a U3BECTHO, yTo MHoXectBo Q Bciomy wiotHo B R. Tloatomy B Kaxmoit okpecTHoctH Os(z)
Touku z € C umeercs GeckoHeUHOe MHOXecTBO Todek M3 A. [lostomy A' = C, rne A' — MHoXecTBO
npeRe/bHBIX ToueK A. CnenoBarensHo, A = C. Orciona cienyer, 4To MHOXECTBO A He3aMKHYTO.

TTOCKOJIbKY MHOXECTBO BCEX MPPALMOHATBHEIX YKCe/T TAKXKe BCioay IUIoTHoe B R, To HM OfHa Touka
MHOXeCTBa A He ABAAETCA BHyTpeHHe#. [1oatoMy A He SABNSETCA OTKPBITHIM MHOXECTBOM, a 3HAYUT
He gRngeTcsa 06aCThIO.

YcraHoBieHO, yto Vz € C B Kaxmuoit ee §-oxpectHocTH Os(2) €CTh TOUKM MHOXecTB A u C\A,
T.e. 8A=C.
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[onaras = = Re z, y = Im z, MHOXecTBO B 3ajmauuM B Buie
2
B = {(z, y) € R’: (z2+y2) < (zz - yz)}.

Mepeitas K MOJAPHBIM KOOpImHaTaM nonyanm: B = {(p, ¢) € R? : p? < 2cos2p}. Tpanuua storo
MHoxectBa OB = {(p, p) € R? : = 2¢c0s2p} — semuuckama b"epHy/mu Ho:—)TOMy MHOXeCTBO -B
€CTb BHYTPEHHOCTb 3TOM neMHHCKaTbl IMyets (po, o) € B, Torna po < 2c¢0s2¢q, po ~2c0s2¢pp < 0.
[Mockonbky GyHKUUA ¢ — p — 2co0s 2 HempepblBHasA, TO MO CBOMCTBY YCTOMUMBOCTH CTPOTHX HeE-
PaBeHCTB MU HEMPEPBIBHBIX GYHKUMHM cyliecTByeT oKpecTHoCTh Os(po, po) C B, B KOTOpOIt cTporoe
HepaBeHCTBO coxpaHsercs. [ToatoMy B — orkperroe MHoxecTo. Ilycts B = Bl U By, rne B, —
MHOXECTBO BCEX TOUYEK M3 B, NMpMHamIeXauImx JeBoi NOMYTIOCKOCTH, By — MHOXECTBO BCEX TOYEK
13 B, npUHAITEXallnX paBoi NOAYTIockoeTH miockoetn R® . Touka (0, 0) He MPHHALIEXHT MHOXE-
ctBy B. Iloatomy moByio napy Touek z; M z;, rae z; € By, z; € By, Helb3s COeAMHUTL JIOMaHOM, Bce
TOYKM KOTOPO¥ TIPHHAIEXKAT MHOXeCTBY B. [ToatoMy B He siBisgeTcsa obnacTuio. »

60. Ha npumepax MHoxects B, = {z €C:0<]z] £ 2} u E, = C yGenutbcs B CyLUECTBEHHOCTH
ycnoBuit Teopemor bopens—Jlebera (cMm. Teopemy 3, m. 2.4).

<« MHoxecTBo E| He 3aMKHYTO, TIOCKObRY €My He NIPMHAJUIEXHT €ro npeleibHas Touka z = 0.
Monaraem Vn € N G, = {z eC: 2,‘—'“— <lz| < 2%} CemeitctBo (G,,)nenN OTKDBITBIX MHOXeCTB G,
NOKphiBaeT MHOXecTBO F(. OnHako, HMKaKoe KoHeuHoe ceMeitcTBo (Gj)jea (A — KOHEYHOE MHO-
XEecTBO) He NMOKpPbIBaeT MHOXeCTBO F|, nmockonbky ux obpemnnenne | J G; He coaepXuT MHoXecTsa

JEA
E(m’ {z €C:lz| < 2,,,”} rie m € N — MakCMMaIbHBI 3/IeMeHT MHOXecTBa A. CrienoBaTesibHoO,
YCNIOBHE 3aMKHYTOCTH B Teopeme Bopens—JleGera nrpaer cyuiecTBeHHY1O pOJlb.

E, = C — 3aMkHyTOe, HO He OrpaHM4eHHOE MHOXecTBO. OTKpBITbIE MHOXecCTBa CeMeHCTBa
(Godnen, rae G, = {z € C: |z| < n}, nokpbiBaloT MHOXecTBO E;. BMecTe ¢ TeM, HIKaKoe KOHeYHOE
ceMecTBO (G, ),ca He oOpa3yeT NOKpsltus KoMrumekcHo#t wiockocty C. Takum ofpasoM, ycnosue
OTrpaHHYEHHOCTH MHOXECTBA B yc/oBUsAX TeopeMbl bopensi—JleGera asnsercst CylleCTBEHHbBIM. P

61. OﬂpCHCIIMTb KPUBLIE, 3aJaHHbIEC CIIEAYIOUIUMH YPABHEHUAMU

DNz=1-dt, 0Kt <2 2 z=t+it}, —00 <t < +00;
2, .4 . g ir
Nz=t+it", —oo <t < +oo; 4) z = a(cost + isint), Egtg—i—, a>0;
T
5)z=t+z, -0 <t <0 6)z=t+i/1 -t -1t
Tz=—-t+iv/1 -1, -1<t<0;, 8 z=a(t+i—ie '), —00o<t<+00, a>0;
9)z =ia+at —ibe™, —00o <t < 400, a>0, b>0.
<4 1)ycth z =z +4y. Tornaz =1, y = —t, -2 € y £ 0. Kpusas, 3agaHHas ypaBHeHUEM

z=1-it, 0t <2, €CTb OTpe3oK 7 = {(z, y) e R*: z=1 —2 y < 0}.

DEmz=x4+iy=t+it’, ox =t y==t,Te y= zz, —o00 < = < +00. YpaBHeHue
onpenesseT napaGosy ¢ BepLUMHON B HaYale KOODAMHAT M OCbIO CMMMETpUM — JydoMm v, = {z € C :
Rez =0, Imz 2> 0}.

3) Mo aHanoruy ¢ NpegsUyWnM & = t°, y=t'=2z% 0< z < +0o. [Ipu uameHennu napamerpa t
oT —oo mo 0 momBuxHas Touka (z(t), y(t)) mpoberaeT Bcio mpaByio BeTBb 11apaGoisl cBEPXY BHM3, a
npy u3MeHeHuu napametpa ¢ or 0 g0 +o0o oHa npoberaeT Ty Xe caMyi0 BETBb CHU3Y BBEpX. YpaBHe-
HHE OMnpezesisieT JBe NMPOTHBOINOIOXHO OPUEHTUPOBAHHBIE HEMPEPHIBHBIE KPUBBIE ¢ OOHMM N TEM Xe€
MHoxecTBoM Touek ¥ = {z € C : 0 € Rez < 400, Imz = z?}.

4) YpapHeHue OmpemenAeT JIeByI0 TIOMYOKPYXHOCTb, 3aJaHHYIO TapaMETpUUYECKH: T = acost,
y=asint, 3 <t < F _

S)YHyctb z=x+3y. Tornaz =¢, y = % = ;l-, —00 < £ < 0. YpaBHeHMe onpenenseT runepbosy
(onHy ee BeTBb, JIEXaUIYIO B TPETHEM KBaApaHTe TiockocTH zOy).

6) Y3 ycnosuit npumepa cienyeT, 4to y = V1 — 22, || € 1. YpaBHeHMe ONpefesseT BEpXHIOW
TIONIyOKPYXHOCTb panuyca 1 ¢ HeHTPOM B Touke z = 0.
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7y U3 ycnoBuit IpuMepa caeqyeT, YyTo
y=+vVi—-z 0 £ =z < 1. YpaBHenue
ONpenesseT YeTBEPTYIO YacThb OKPYXHOCTH
pamuyca 1 ¢ ueHTpoM B Touke z = 0. Bee
TOYKM KPUBOI NNpUHAIIEXAT I1€PBOMY KBa-~ M 2a
IpaHTy 1tockocti z0y. t l

8) VpapHeHue OMNpemenseT IUIOCKYIO
TPAHCUEHIOEHTHYIO KPUBYIO — 4uKaoudy, O 0O
ABJIAIOLYIOCS TpaeKTOpUEN TOUYKHU OKpYyX-~ 1
HOCTH, KaTALUeHCs MO IpaMoi JIMHMHK 6e3
cKosbxeHus (puc.24). Ee napamerpuuec-
KM€ YpaBHEHHS UMEIOT BUR = = a(t ~sint), y = a(l — cost), ¢ € R. Uckmouns napameTp ¢, noayium
ypaBHEHME LMKIOUIbI B JEKAPTOBBIX NPAMOYIOJBLHBIX KOOPAMHATAX

a—
T = garccos v V 2ay — y2.
a

HHKJIOPIH& — NEpUOONUECCKAg KpHUBadg, €€ Ie-

yA A

QY

Puc. 24

puon (6asuc) OO0, = 27wa. Touku O, O, = y
(2kma, 0), k¥ € Z, — TOYKM BO3BpaTa. TOYKH
A, A = ((2k + 1)Ta, 2a) — BepUIMHBL M

9) U3 ypaBHEHMs] HAXOIUM: ‘ d
b b &
z=a{t-—-sint), y=a{l-—~cost).
a

a P
O LIJ U %
Ecmu b > a (b < a), TO KpHBas OMHCHIBAETCA
TOYKOM, JeXalleil BHe (BHYTPH) OKPYXHOCTH, Puc. 25
KOTOpasi KaTuTcd 1o npsiMoii. B nnepsom ciyyae
€€ Ha3bIBAIOT yOAUHEHHOU YuKaoudol (puc. 25), a BO BTOPOM — YKopoueHHolt yuxaoudoli (puc. 26).
WHorna ux HasbIBalOT mpoxoudot. TlapaMeTpMueCKHE YpaBHEHMS TPOXOMIBI 3alIUCHIBAIOTCA B BUIE
x = at —dsint, y = a —dcost, rne d — paccTosHue TOYKH M OT LeHTpa KATALLENCA OKPYXHOCTH. P

yA YA
a———3— -
A
ia ia ia
‘at, at, aty x
Puc. 26 Puc. 27
zZ =2 -2z
62. Kaxas KpuBast onpefenseTcs ypapHeHHeM 2= ( 2 ) ?
21— 2 Z1— 2
<« OuesnaHo, 4T0 Im === = 0, Z=22 = q, a € R. Ilo3toMy z = 23 + a(z; — z;). YpaBHeHue

_ H —

ONpelesseT NpaMylo, npoxémlzfxylo qepéé TOUKH Zy 4 Z3. W

63. Kaxue xpussie ONpeaensaiorTcss ypaBHeHUAMU

)z=4ta+at,a>0, —0o0 <t<+o00;

2) z = —ib(cost — ¢sint), b > 0, —oco <t < +00?

<« 1) PaccmaTpyBasi BeKTOp z € HayaloM B TO4Ke 2z = 0, 3aMeyaeM, 4TO €r0 KOHEl ONuchiBaeT
npAMYIO, NapaueIbHYIO ReCTBUTENIBHON ocH (puc. 27).

2) KoHew BexTppa z = b(cost+isint) ¢ HauanoM B TOUKe z = 0 ONMUCHIBACT OKPYXHOCTL pamyyca b B
NOJIOXUTeIbHOM HarnpaBieHHH. Bextop Z = b(cost—i sint) CHMMETPHYEH BEKTOpY z H, ClIefIOBaTeTLHO,
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TOYKA z; = —iZ — pe3y/ILTaT I0BOPOTA BeKTopa Z Ha Yron — 7y, npoberaer yKa3saHHYIO OKpYXHOCTD B
HaTpaBieHUN ABUXEHUA 4aCOBOM CTPE/IKH. P

64. Jins orobpaxerns w = 22 Tpebyercs:

1) naiitu oGpasei IMHUIA a) £ = ¢, 6) y = ¢, B) £ = y, I) 2] = R, R) arg z = a ¥ BBISICHUTb, KaKUe
M3 HUX 11peobpasyloTcs B3auMHO OLHO3HAYHO;

2) HaWTH Ha Z-TUTOCKOCTH npooGpa3bl IMHUMR u = ¢, v = ¢ (w = u + 1v).

<« [yets z = x + iy, Torma z° = &’ — y* + i2xy. Takum obpasoM, u = x° — y2, v = 2zy.

2
Ayu=C-y L v=20y=2y= 3G U= cl- 157> ecmn C' # 0. D10 ypasHenue napagossl. Ecim

C=0,Tou=—-y*, v=0. Honyqunu MHOXeCTBO ToueK nonyocu v = {(u, v) € C:u £ 0, v =0}.

6) u=z'-C? v=2Cz=>z:%éu:;”c—q—Cz,ecnuC;éO. JMunust y = C (C # 0)
orofpaxaercs Ha napabony B mrockoctd w. Ecim € = 0, 10 u = zz, v = 0. MHoxXecTBo v =
{(x, v) € C:u > 0, v = 0} gBIAETCA NONOXUTENLHON TOAYOCHIO. B Ciyuasx a) u 6) orobpaxeHus
B3aMMHO OIHO3HA4YHbI, eciy C # 0.

Bly=z=>u=0,v= 2z}, Mnoxecrso y={(u,v) € C: u=0, v >0} — nonoxuressHas
nonyock. OtoGpaxeHue HE B3aMMHO ONHO3HAYHO, TAK KaK JIy4yd, HAXOMALIMECT B NEPBOM M TPEThEM
KBaJPAHTAX, IEPEXOMAT B OXHY M TY Xe IOJIyOCh.

1) Ecan |z} = R, 10 z = Re'?, ¢ € Argz, z° = R%%%, |w| = R®. OxpyxHocTs pamuyca R
C LEHTpOM B TouKe z = () oroOpaxkaercs Ha OKPYXHOCTb pamuyca R? ¢ ueHTpom B Touke w = 0.
OtobpaxeHue He ABISIETCA B3aMMHO OZHO3HAYHBIM.

n) OBpasoM ayya argz = a apjidercd Jyd argw = 2a. OtobpaxeHue B3aHMHO OfXHO3HAYHOE.

2) Nycts u = C, Torna nonyyum npu C # 0 ypaBHeHue runepOoisl 2t - y1 =C.Ilpu C =10
MMeeM napy npsambix y = +z. Ecin v = C, 1o 2zy = C. Ilpu C # 0 nonyyaeM ypaBHeHHE THINIEPGOIIBI
y= g—,anpu C=0—mnapynpampix c=0uny=10. »

2? z

65. Haiitn lirr}) f(z), ecmn: a) f(z) = —; 6) f(2) = =

z -

2
z Zn

< 23) Ecm z, =z, +iy,, 10 f(zn)z 35 = Znc 3 M TaK KaK

=1,70 [f(zu)| = |za]| = 0

Zn
Zn
. 22
npu z, — 0. Hoaromy lim & = 0.
z—0

6) llycts 2, = ©, — 0 npu n — oo. Torma f(z,) = 1, f(z,) — 1 npu n — oo. Ecim

2l =iy, yo» = 0 npu n — 00, T0 f(z) = _'i; = -1, lim f(z,) = —1. Muoxecrso E;(0)
" -0

YaCTMYHBIX TIpenesioB GyHKumu f B Touke z = 0 comepXHUT GOMbLIE OTHOTO JEMEHTA, NIOITOMY f He

UMEET IIpefiesia B 3TOM TOUKE. b
Rez Rez ez
66. oyuxum f,(2) = —, fol2) = | oy he) = o S = l [ onpelcreHsl Ha

MHOXecTBE Z = O5(0O\{0}, tme O05(0) = {z € C:|z] € §; § > 0}. MoxHO Jn MPOROIKMTH UX Ha
MHOXeCTBO O (0) Tak, 4ToOBI 2TH NMPONOKEHUS ObUIM HENpepBIBHBIMU B TouKe z = 07

« [ycts 2, = (%, 0), zl = (0, %) Torza nocnenoBaTeNbHOCTH (2,) M (25,) TIPM DOCTATOMHO
Gonbiumx n € N npuHagiexar MHoxectBy Og(0) 1 Hm z, = lim 2z}, = 0. U3 pasencts fy(z,) =11

n—od n—xx
Fi(zh) = 0, fa(za) = 14 fo(zh) =4, f3(za) = 11 fa(zh) = ~1 crrenyer, uro ynkuuu f; ( = 1,2, 3)
He AMEIOT NIPENENOB B TOUKe z = 0 U [I03TOMY He MOFYT GbiTh ITPOXOIIKEHb Ha MHOXeCTBO Os(0) Tak,
4TOOBI 110ly4eHHbIE PYHKUMH GbUIM HenpephiBHHIMU npu z = 0. Paccmorpum dynkumo f,. Ilycts
(zn) = (z,, + iy,,) — NPOU3BONBHAS TIOC/IEAOBATENLHOCTL TONEK MHOXECTBA O; ©), z, 2 0AVREN
2z, #0. Torma €, — O u y, — 0 npu n — oo. Mockonsky |fs(z,)| = |zn| — 0 mpu n — oo, TO

lim fy(z,) = 0. Cnenosarensto, Gynxuus 05 (0) > C, rne
=00

2

¢(z)={ 1), eenn = € OsO\(0},

mpu z =0,

HenpepbiBHA B TOMKE 2 =0, p



62 [n. 2. KoMILIeKCHbIE YHCIa H YHKUMH KOMIUIEKCHOTO NEPEMEHHOTo

1
67. Byayr by fi(z) = 1—1—;, fi(z) = T3 Dy =Dy, ={z€C:|z] <1}
HETPEPLIBHBI, 2 TAKXE PaBHOMEPHO HelpepHIBHBI?
<« Iyctb zg € Dy, — mobas Touka. Torma 1—-2 # 0 ¥ 10 TeopeMe 0 HENPEPHIBHOCTH YaCTHOTO ABYX
HenpepblBHbIX GYHKIUMI f; HenpepbiBHAa Ha MHoXecTBE Dy . AHanornuno, GyHkuMa f, HelpepbiBHA
Vz € Dy,. Takum obpasoM, o6e QYHKIMM HENpEPLIBHLL B 061acTH onpeneneHua. Mcemenyem ux Ha
PABHOMEPHYIO HETIPEPBIBHOCTD. Ilycth 2, = 1 — —l—, zn=1- _nz_ Torga

! n " ! 1
P(Zn, Zn) =2, — 2, = — — 0 mpun — oo.
n

Bmecre ¢ TeMm

_P(_Z-;,L_Eﬁ_i_oo npu n — 0o
= z-z] 2 '

CrenosatensHo, GYHKUMS f) He SBISETCH PABHOMEPHO HENPEpBIBHOI Ha MHOXecTBe Dy, .
1o - 1 no_ . 2
Hycrbzn—z(l——n—),zn— (1—;).Toma

p(fi(zn), fi(zn) =

1 P25, 2) n
p(Z,’I, ZZ) = -ﬁ — 0 npu n — o0, p(fz(z,'l), fz(z'n')) = m’—z—l = 5 — 400 [IpH 1. — 00.

@ynkuus f; Takxe He ABILETCS PaBHOMEPHO HENpepblBHON Ha MHOXecTBe Dy, . »

68. oynxms f: C - C, D; = {z € C:|z|] < 1} paBHOMEpPHO HelpepbiBHas B obmacTy
onpenenenus. Jokasatb, 4to A moGoi Touku { Ha okpyxHocth ¥ = {z € C : |z| = 1} u moBoi
TIOC/IENOBATENBHOCTH (2,,) TOUEK 2z, € Dy, cxopsueica K ¢, CywiecTsyeT npenen lim f(z,). Jokasars

T~ DO

TaKXKe, YTO ITOT Npeles He 3aBUCUT OT Bhibopa MoC/e0BaTeIsHOCTH (z,) U UTO DYHKUMSA, 10OTIpeje-
JIeHHas Ha rpaHMue Kpyra npH [IOMOIUM TIPEIeTbHOTO Nepexoa, OYNeT HenpepsiBHa BO BCeM 3aMKHYTOM
kpyre K ={z € C:|z| < 1}.

<« W3 onpenenenns paBHOMEPHO HETIPEpHIBHOM (DYHKIUM CIIELYET, YTO

Ve > 036 >0:V(z € Dy, z, € Df)(p(z1, 21) < 6) = p(f(21), f(22)) <e. (1

Mycts ¢ € 4, 2, = ¢ A Vn € N z; € D;y. CxopAwasncs NocnenoBaTenbHoOCTh (z,) ABIAET-
cqa byHIaMeHTATBHOM, MO3TOMY UIA yKasaHHoro B ycioBusx (1) § > 0 cyuwecrsyer Takoe ng € N,
yto V(n 2 ng, p € N) BplnomHsetcs ycnoBue p(z,, Zn.ip) < 6. Torma, cormacHo ycnosusam (1),

p( f(z.), f(zn+p)) < &, T.€. NOCIeNOBaTeNbHOCTL (f(2,)) dyHIaMEHTaNbHasg U MO3TOMY CXOOMTCS.
Mycts lim f(z,) = A. Ecim z}, — {, To, KaK JOKAa3aHO BBILIE, NOCIEIOBATELHOCTD ( f(z1)) cxo-

n—o

utesd. O6osHaumM lim f(zy,) = B u npeanonoxum, uto A # B. CMewaiHas nocnesosate/sHOCTb

T - O
z), 2|, 23, 23, ... CXOOMTCA K TOYKE (, a NOCHENOBaTeNbHOCT [(z1), f(21), f(23), f(25) ... aBnseTca
dyHIaMEHTAIBHOM U nosToMy cxomurcsa. OGosHauum C = lim f(zlh), rie zh — oGUMIA WIEH cMe-

n——od
HIAHHOM MocenoBaTeIbHOCTH. TTOCKOMBKY NTOCI€10BaTEIbHOCTH (2,) B (z'n) ABJISIIOTCA NOANOC/IEn0BaA-
TEIPHOCTAMM cMEUIaHHOM I1ocjenoBaTenbHocT, T0 A = C u B = C, 1.e. A = B. Takum oGpa3om,
lim f(z,) cywecTByeT U He 3aBHCHUT OT BbIGOpa N0CIeNOBaTENIBHOCTH (2,,). Joonpenensas dynkimio
n— o0

f Ha OKPYXHOCTH <y TNipefe/IbHBIMM 3HaYEHUAMM B €€ TOUKaX, MOJYyYUM HENpPepLiBHYIO Ha KoMmnakTe K
dbyHKIMIO. B
1

69. Mycrs f(z) = ¢ =2, D; = {2z € C:0<|z] £ R}. fAnnsetcs 11 GyHKUUA f paBHOMEPHO
HenpepuiBHON?

<« Oynxuus f HenpepblBHA, KaK KOMIIO3ULMSA ABYX HENpPEePBIBHLIX QYHKUMIA. Ing uccnenoBaHUS
ee Ha paBHOMEPHYIO HenpephIBHOCTL T0JIaraeM z = & + iy. Toraa
_1 _=iey? i2z
22 = e (22+y?)? g (a2+y?)? .

1 1 s

21 D -yltidzy (@ +y)
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Hycts 2!, = (0, \/T:]—Z)’ 2! = (0, 71“-‘—;).Toma vn €N z, € Dy, z, € Dy,

( 1 Z”) 1 1
z = —_
PlEns Zn Inn 1In2n
pf(zh), fzl) =™ — ™™ =2n —n=n — +o0.

CrenoBarenbHO, GyHKIIMA [ He ABISETC paBHOMEPHO HENPEPBIBHOM. P

—+ 0 1npu n — oo,

§ 4. duddepenuupyembie GPyHKIHHA
KOMILIEKCHOTO II€PEMEHHOT0.
Cea3p Mexny C-nuddepenmupyeMocTsio
u R? -Tu(pepeHmpyeMoCThIO.
AHamaTnyeckue pyHKIHHA

4.1. Onpenenenune quddepenmupyemoii pynxkunu. IIpasuna auddepenumposanns.

Onpenenenne. Ilycme f 2 C — C u 2y € Dy. Pynxkuus f nasvieaemca dugppepenyupyemod &
mouKe zy, ecau cywjecmeyem makas Henpepvienas ¢ mouxe zy ¢yuxyun ¢ 1 C — C, D, = Dy, umo
Vz € Dy gvinoansemes pagencmeo

f(2) = f(z0) = (2 — 20)p(2). ey

Ecan zy — npenensnas Touka MHOXeCTBa Dy, TO 4UCITO ¢(2)) HA3BIBAETCS Npou3soonol pynkuuu f
6 mouxe zy 1 obo3HavaeTcs cuMBoNIOM [ (z), T. €.

f'(20) = p(20)- )

Teopema 1. Iyemy f : C — C, zy € Dy u zp — npedeavian mouxa muoxecmsa Dy. Ecau
Gynxyus f oupepenyupyema 6 mouke zy, mo cyuwecmeyem

lim 12— f(z) = f'(zo). 3)

Dy¢3z-zg Z—Zy

4 CornacHo dopmyre (1), umeeM

D,laiin-»zo Igz)——:%ﬂ) = Dflaiflzo P(z) = p(z0) = f'(20). »
Ilyctb, HanpuMep, f(z) = ;2;7, z € C\{~1, i}. Boruncanm f'(z,), zo € Dy. THocKoibKy
z Zy 1-2z 1~ 2zz l—zg
T2 1+4 =(z —ZO)W) p(z) = T+D0+2) plz0) = e

TO

1-23 1-2?

1 0 1

=— " vzeD =",
f'(z0) a zg)z \ u VzeDy [(2) a7 2)

Teopema 2 (0 npoussonHOM KomMnosnuuu). Iyems dyurxyus f : C — C dugpgepenyupyema
€ mouie z,, a pynxyus g : C — C dupepenyupyema 6 mouxe . Ecau zy = g({o) u (o — npedenvnasn
mouka miowncecmea Do, , mo komnosuyua fog dugpepenyupyema ¢ mouxe (y u eoinonHAemcs pageHcmeo

(f °9)' o) = f'(20)g' (Go)- Q)

<« CornacHo onpenenennio auddepeHunpyemoctd Pynxumn f B TOuke z,, CYLIECTBYeT Takast He-
NpepbiBHast B 3TOM Touke dynkuusa ¢ : C— C, D, = Dy, uto Vz € Dy f(2) — f(z0) = (z — zo)p(2).
Mycts ¢ € Dyoqy. Torna g(¢) € D ¢ W IIPU 3TOM BHITIOIHAETCS PABEHCTBO

1)) — £ = (9(0) — 9(60)) p(@(C))- )
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Tlockonbky dyHKUUS ¢ ArdbdepeHUMpPYeMa B TOUKe (o, TO cYLIECTBYET TaKas HeTpepblBHAS B 3TOI
touke Gynxuua ¢ : C - C, Dy, = D,, uro V¢ € D,
9(¢) — g(Co) = (€ — )¢ (2).

PaBeHcTBO (5) NpUHUMAET BUR

(Fog) () — (f o) (Co) = (€~ %) (¢ © 9)(C)- ®

U3 paseHcTsa (6) cnenyer nudxbepeHUMPYEMOCTb KOMIIOUIMH f o g B TOUKE (o, NPHYEM

(f © 9) (o) = ¥(C0) (p 0 9) (&) = ' (C)e(20) = f'(20)9' (Go)- »

Teopema 3 (0o nuHeliHOocTH ontepauuu n1ubdepeHuuposanug). Iyems ynxyuu f:C— C
u g:C — C dupdepenyupyemer & mouke zy, aéasowetica npedensroii dna muoxncecmea Dy N Dy, A € C,
p € C. Tozoa gynxyus Af + pg Oudpgepenyupyema 6 mouxke zy u cnpagedsuso pageHcmeo

Af + 19) (20) = Af'(20) + pg' (z0)- )

<« CornacHo onpenenenuio nubdepeHuMpyemMocTd GYHKIMIA f U ¢, HaltyTCsA TaKHE HETIpephIBHbIE
B TOuKe 29 GyHKuud ¢ v ¢, uro D, = D¢, Dy =D,y n
F(2) — f(z0) = (z — z0)p(2), g(2) — 9(20) = (2 — zo)y(2)-
CiienoBaTesibHoO,
(Af + pg) (2) — (ASf + pg)(20) = (2 — 20) (Ap + py) (2).
o onpenenenmio, GynKuus Af + pg mdbdepeHuUpyeMa B ToUKe zy U

(Af + 19) (z0) = A + p¥) (20) = ASf (z0) + pg'(20)- »

Teopema 4 (0o HenpepbiBHOCTH U depeHunpyemoit dyvukuun). EFow gyniyus f:C—C
Ougdepenyupyema 6 mouke 2y, mo oHa HenpepbigHa 8 Mol MoHKe.

<« Uz onpenenenua nuddepeHimpyemMoctd GyHKIMHA f B TOuKe zp C/IELYeT paBEHCTBO

f(z) = f(20) + (z — z0)p(2).

ITo Teopeme 0 HENPepHIBHOCTU B TOUKE Zy CYMMBI M IIPOM3BENCHUS HenpepbiBHBIX QyHxumit [ apigerca
HEMpEePBIBHOM NPU z = 24. W

ObpatHOe yTBEpXIEHUE HEBEPHO: CYLUECTBYIOT HenpepbiBHbie HeaubdepeHumpyembie QyHKIIMU.
Hanpumep, nyets f(z) = Z, z € C. ®yukuusa f HenpepsiBHasg. CorsacHO OnpeneieHMIO POU3BOTHOM

) . fE+h) - (@)
£ = Jim T
B paccmatpuBaeMoM cityyae
fz+h) - f(z) z+h-z
h T h
Mycts z =z + iy, h = { +in. Torna f(”—h,l_w =&k ey 7=0,€6—0,10 ﬁi’%_—ﬁfl —1;

E+in
ecu £ =0, n — 0, 10 ﬂ—zi'%‘—ﬂﬂ — —1. QyHxkuus f He umeeT NPOM3BONHON B KAXION TO4YKE
HETNPEPLIBHOCTH.

Teopema 5 (o nuddepeHUUpYeMOCTH NpoU3BeReHUA GecKOHeYHO Manon audde-
peHuupyeMoii GyHKUUY U HenpepsiBHONH GyHRUUK). Tyems dynxuus f : C — C dugpgpe-
penyupyema 6 mouxe zo u f(z) = 0. Ecau g : C — C nenpepbiéna ¢ mouxe 2y u zo A613emes npedeavhoi
dna muoxwcecmea Dy 0 Dy, mo gynkuus fq ouggepenyupyema e smoii mouxe u cnpaedausa dopmyna

(f9) (z0) = f'(z0)9(20). ®)

<« CornacHo onpeseneHuio auddepeHUMpyeMOcTH GYHKUMKM f, CYHMIECTBYET TaKas HempepbiBHast
B TOUKe 29 GyHKIMA @, uTo D, = Dy n f(2) = (z — 20)p(z) (npuHATO BO BHUMaHMe, uTO f(2) = 0).
CrepoBaTeIbHO,

(f9)(2) — (f9) (z0) = (z — z0) p(2)9(2),
yTO O3HauaeT mHddepeHLMpyeMocTs GyHKUMK fg B Touke Zo. IIpu aToM
(£9) (20) = ¢(20)9(20) = f'(20)9(z0)- P
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Caedcmeue (Mpasuno nuddepenuupoBaHus npousseneHus byukuuin). Ecau pynx-
yuu f : C = C, g: C — C dugppepenyupyems: ¢ mouxe zy, aeasiowjeiics npedesvholi 041 MHOM¥cecmea
D¢ N Dy, mo gyuxyus fq oupgepenyupyema 6 smoii mouke u cnpagedausa dopmyna

(F9) (20) = '(20)9(20) + 9'(20) F(20)- )
L | ):IOKa3aTCIIbCTBO CJICAYET U3 TOXICCTBA
f(2)9(2) = (f(z) - F(z0))9(z) + F(20)9(2) Vz € DyN D,

1 TeopeM 3, 5. »
Teopema 6 (0o npoussoxHoi yactuoro). yems f: C = C, g: C — C — duppepenyupyemvie
yHryuy 6 mouke zy, neaiowelica npedenvroii das mroxcecmea Dy N D, . Ecau g(zo) # 0, mo dynxyus

5 Oupdepenyupyema e mouxe zy u cnpasedsusa Gopmyaa

A\ )9z — g'(z0) f(z)
=] (z0) = 3 .
g g*(z0)

10)

<« Bocnonb3yemcs npaBusioM AnddepeHUMpPOBaNUs NPOU3BeaeHUS GYHKIIMI U TeOpeMOli O Ipo-
U3BOLHOM KoMrio3uuud dyHkumi. [Homyuum

! ] t ) ] ] !
<£> (20) = (f' “) (z0) = f (20} + f(z) (‘) (20) =
g g 9(20) g

_ f'(z0) _ g9'(20) _ f'(20)9(20) ~ ¢'(20) f(20)
= ) + f(zo) < ) = 7 (%0) >

9%(z0)
Teopema 7 (0 NTpou3BoOHOMK obpaTHO N GYHKUHN). ITyems dynxyus f: C — C obpamuma,
zq € Dy u seasemen npedensvnod moukoid muoxcecmea Dy, wy = f(zy). Ecau cywecmeyem f'(zg) # 0

u obpamnan Qynkuus f‘1 HenpepuieHa & mouke Wy, Mo oHa Ougdepenyupyema 6 3moii mouke. Ecau,
donosnumensho, wy — npedesvhan mouxa mHoxucecmea Ep = Dy 1, mo

(57 (wo) = (11

1
I '(Zo).
<« [To onpenenennio nubdepeHunpyeMoctt GyHKUMHU f B TOYKE 2y, CYLUECTBYET TaKasi HENpPepPbIB-
Had B 3To} Touke QyHKumA @, uto D, = Dy u Vz € Dy

f(2) = f(z0) = (2 — 20)(2). (12)

TTockonbky M3 paBeHctBa (12) u B3aMMHoOI onHo3HayHocTH GyHKIMH [ cieayeT, 4To ¢(z) # 0 npu
z # 7z v @(z0) = f'(20) # 0, 10, monarass w = f(z), umMeem

1
Vo)

Tak kak dynxuus ¢o f -1 HeMnpepbiBHA B TOUKE Wy, TO MO onpeAeieHU0 GyHKLIMS f -1 mmuddepeHuupy-
eMa B TouKe wq. Ecin wy — npenenbHas Touka MHOXecTBa By = D1, To Ha OCHOBaHHH OMpeae/IeHUS
NPOU3BOTHON NOIy4aeM

Flw) = T we) = (w - w (13)

1 1 1
o) 9 Tz

3aMeTHM, YTO B cllyyae, KOIIa MHOXECTBO Dy ABJAETCA KOMNAKTOM M GyHKuUUA [ HelpepsiBHas,
TO HenpepuLBHOCTH 06paTHOM GyHKUNH cnemyeT U3 TeopeMst 1.6.3, 1. 1.

B Teopuy GyHKUMM KOMIUIEKCHOrO nepeMeHHOro BuddepeHunpyeMbie QYHKUMH TIPHHATO Ha3bi-
BaTh moHozenubimu. Tounee, dynkuus f : C — C, onpeneneHHas Ha MHoxectBe F C C, Ha3biBaeTCA
MoHozenHOG (OTHOCHTENBHO MHOXecTBa KE) B KOHEUHOI HeU3OonMpoBaHHO# Touke zy € F, ecid oHa
MMEET B 3TOM TOYKE KOHEUHYIO MPOM3BOAHYIO f(2p) NO nepeMeHHol z € E:

fé:(zo)= lim f_(f_):_ﬁz_"l.
E3z—zg zZ— 2

(r7) w) =



66 I'n. 2. KoMunekcHbie YHCNa B PYHKUME KOMILIEKCHOTO NEepeMEeHHOro

ODyHKUHMsSE, MOHOICHHAsA B KaXJI0H HEU3OJUMPOBAaHHOM TOYKE MHOXECTBA FE, Ha3BIBAETCH MOHOZEHHOU
na E. Ecoim E = G — obnacts xoMruiekcHo# mockoct C, 1o PyHKuMsA, MOHOreHHas Ha G, Ha3bl-
Ba€TCH aHAIMTUYECKOUW GyHKUuUeH B obnactu G.

4.2. Inddepenmuan GpyHKIMHA.

fTycts dynxuus f : C — C nuddeperuupyema B Touxe zg € D £ » IPeeJIbHOM 11 MHOXecTBa Dy .
Torna no omnpenesienuto Vz € Dy ee IpupallieHHe B TOUKE Zg 3AMIMCHIBAETCA B BUIE

Af(z0) = f(2) — f(20) = ¢(2) (z — 20), 09
IIe ¢ — HETpepbIBHAS B TOUKE zo GYHKUMS U ¢(zg) = f'(z). 3anmcas pasenctso (1) B Bune
Af(zo, Az) = p(20) Az + (29, AZ) Az, Az =2z — 2,

e a(zg, Az) = ¢(2) — p(20) = (20 + Az) — ©w(zp), HesiaeM BBIBOI, UTO MpuUpalleHue TuddepeHuupy-
eMOH B TOUKE 2y (HYHKUMHM f DABHO CYMMe JIBYX CJIaraeMbIX, OJHO U3 KOTOpHIX f'(z,) Az, a BTOpoe —
afzy, Az) Az, roie o — HenpepbIBHAsA GYHKLMSA, 0OpaIlaoLIascs B HYJIb [IPU 2 = Z,, T.€. 6ECKOHEUHO
Mmanag 1pu z — 2. OBo3Hauum a(zy, Az) = o(1), a(zy, Az)Az = o(}) Az = o(|Az|). Pyukuus

o(|Az|) umeer BHICIIMH TOPATOK MAIOCTH 110 CpaBHeHMIO ¢ |Az| pH z — 2p, T.e. lim °(|sz’|“ = 0.
z2—2zp
Takum obpasoM, paBeHCTBO (1) IpUHUMAET BUI
Af(z9, A2) = f'(20) Az + o(|Az)). (2)

. L
Ilpexne yeM AHATU3UPOBATL popMyity (2), paccMOTpUM JMHetiHoe oTobpaxenue C — C.

Onpenenenne 1. Dyuxyus C L C nasseaemcs aunelinoi, ecau V(zy € C, z, € C, A € )
BbINOAHAIOMCA YCAOBUS:

1) L(zy + 23) = L(z,) + L(z3) (ceoticmeo adoumuenocmu);

2y L(Az) = AL(z,) (ceoticmeo 0OHopodnOCmUL).

W3 yemosuit 1) u 2) cnenyer, 410 L(0) = 0 n Vz € C L(z) = az, a = L(1) = const.

Teopema. Ilycmo f . C — C, 2y € Dy ~ npedenvnas mouxa muoxcecmea Dy. Ecau cywecmeyem

makoe auneiinoe omobpaxcenue (auneiinas gopma) C -ﬁ C, I(z) = az, umo Vz € Dy swnonusemcs
DABEHCMEO
Af(zy, Az) = a Az + o(|Az)), 3)
1o Gynkuus f auddepeHuMpyeMa B TOUKe zg M f'(2) = a.
<« IIpu BBIIOTHEHUU YCIIOBUII TEOPEMBI CYLIECTBYET

A A
Lim f(z(h Z)
Az—0 Az

IlpuHuMast BoO BHUMaHue PaBeHCTBO (2) U JOKA3aHHYIO TeOpeMY, BUAUM, YTO YCJIOBUE (3) MOXeET
OBITh [IPUHATO B KayecTBe onpefeneHust auddepeHuupyemoil pyHkuuu f B TOUKe zp.
Onpenenenne 2. Ecau gynkyus f . C — C Ougepenyupyema ¢ mouxe zg € Dy, npedeashoii 0aa

=a= f'(z) »

muoxcecmea D¢, mo auneiinas gopma cL C, ydoesemeopsrowas ycaoguio (3), nassiaemcs dudpdepen -
yuanrom @ynkyuu f 6 mouxe zo u obo3navaemcs cumeonom df (zy). s awboeo h € C umeem
L(h) = df (z0) (h) = f'(20)h. C))
Takum obpasom, npupaienue dynkuuu f : C — C, muddepenuupyemoit B Touke 2o € Dy,
TipenesIbHOM It MHOXecTBa D¢, COCTOUT M3 CYMMBI IBYX C/IaraeMbliX, [1epBOe M3 KOTOPHIX €CTh 3Haye-
nue puddepenuuana df (zo) npu h = Az, a Bropoe siBnsiercs GyHKUMeR BUga a(zy, Az) = o(1)Az,
D, = Dy, tne o(l) — HenpepbIBHAs OECKOHEYHO MaTas IPU z — 2o (PYHKUMSA, 3HaYeHUE KOTOPOH B
TOYKE Zy PABHO HYJIO.
fIycts Vz € C g(2) = z. Torga Vh € C umeem
dg(z) (h) = dz(h) = z'h = b, Q)
T.e. 3HayeHUst nudbepeHUUAIOB dz GYHKUMHM z +— z B 000 TOYKE KOMILUIEKCHOM Iutockoctn C
paBHBI OPYT ApYyry npH BeiGope ¢ukcupoBaHHoro h € C. IMockonbky

df (z0) (h) = f'(z0)h = [ (20) dz(h), ®

TO
df (z0) = f'(z0) dz. @)
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Dopmyna (7) onpeaensier muddepeHuman GbyHKUMM f B TOYKE Zg KaK JIMHEHHYIO GopMy

df (2)
’ CcC—C 8)

[Ipunumast BO BHUMaHue, 4To TipousBomuyio ¢yHkuuu f : € — C MOXHO paccMarpuBaTh Kak
yactHOoe auddepeHUMaATOB GHYHKIIMU U HE3ABUCUMOTO TlepeMeHHOTO, IIPUHATO 0603HaYeHUE

, 4 d
r=2 fe=22
Z

s mpubAuXKeHHOro BBIYUC/IEHUS 3HAUYEHUH nndxbepeﬂunpyeMop“l ¢yHKUMM f B TOYKAax U3 He-
KOTOPOH §-OKpECTHOCTH TOYKH 2o € Dy mpu pmoctaToyHo manom § > 0 mmosB3yIOTCS TIPUBIIMXEHHON
dopmynoit

Af(z, Az) = df(20)(Az) = ['(20) Az, )

J@) = f20)+ f(z0) Az, Az =2z~ 2. (10)
4.3. Kpurepuit nuddepemmpyeMocTH GYHKIHH KOMILIEKCHOTo NIePEeMEHHOTO.

Ecrm dynkuus f : C — C guddepenumpyema B Touke zo € Dy B cMbIC/e OmpefesieHus M. 4.1,
To 6ynem HasweBath ee C-dugdpepenyupyemoii B 310l Touke. PyHKIHUO ¢ : R’ — R, maddepenuu-
pyeMy1o B TOUKe (Zg, Yo), OyIeM Ha3bIBaATh R -Oughdepenyupyenmoii (HATIOMHUM, YTO €¢ TIPUPAILLEHUE B

TOUKe (&g, Yo) UMeeT BUT AG(Ty, Yo) = ag(;"z’ ¥ Az 4 ag(f}‘;’ ¥ Ay+ap, e p= /Az2+ Ay?, a — 0
npu p — 0). IockoabKy GyHKUMIO KOMIUIEKCHOTO TIepeMEHHOI0 MOXHO 3allHcaTh B BAIE

f@ =uE, y) +iv(z, y), z=(z,¥)

TO eCTECTBEHHO BO3HMKAeT Bompoc o ¢y C-mubdepentmpyeMocti dynkumn f ¢ R? -muddepertu-
pyeMocTbi0 GQYHKUUK ¢ U v B TOUKE Zg = (Zg, Yo). DTy CBSI3b YCTAHABIUBACT CJIEAYIONIEE YTBEPXKICHHUE.

Teopema (xputepuit nuddepenuupyemoctu dyukuuu f : C — C). Iycmv @ynxyus
f:C —=C, ede f(2) = u(z, y) + tv(z, y), onpedesena ¢ HeKOMOPOI OKPeCHHOCIU MOYKU Zy = To + 1.
Lo dudpdepenyupyemocmu dynxyuu f 6 mouxe zy neobxo0umo u 0ocmamouro, 4mobst GyHKyuu w u v Obinu
R? -Ougpepenyupyemor 6 mouxe (o, Yo) U 4mobbl Ux wacmmusie NPOU3BOOHbBIE 8 IMOIl MOUKe BblAU CEA3ANbI
COOMHOWEHUAMY

du(zo, Yo) _ Ov(zo, Yo)  Su(xo, Yo) _ Bu(Zo, Yo)
9z oy 9y 4z
Coomnowenus (1) npunamo nazmgams ycaoguamu Kowu— Pumana.
<« HeobxonumocTts. Ilycts dyukuus f C-nuddepenipyema B Touke zg = (Zo, Yo). Toraa ee
TIpUpalleH’e B 3TOM TOYKE MMeeT BUI

Af(zg, A2) = f'(z0) Az + a(zg, Az) Az, a— 0 mpu Az —0. 2)

0))

Orlensns B 3TOM PaBEHCTBE JeMCTBUTEIBHYIO M MHUMYIO YacTH W 0603HauuB f'(Z) = a + ib, mosyuum
pu T — To, Y — Yo

Au(zg, o) =aAz - bAy+a Az + B Ay, a —0, B =0 npu Az —0, Ay —0,
Av(zg, o) =bAz+aAy+ oy Az+ 5 Ay, a;—0, B —0 mpu Az —0, Ay—0.
U3 R? -muddepeHupyeMocTd GYHKUMHA ¥ U v B TouKe (xg, Yo) CNIENYET, 4YTO

_ Ou@o, yo) _ 0v(@o, yo) _ u(@o, yo) _ 9v(Zo, %)
Y oy ' dy dr

HocratouHocTb. Ilycts dyHKIMM u U v R? -muddepeHIMpyeMBI B TOUKE (Zg, Yo) ¥ BHITIOIHS-
1o1cst yeaosus (1). OB6oszHauum a“‘”"'y") = A, a"(;"’y“) = B. 3anuiueM npupaieHus GyHKIMH ¢ U v
B TOouke (Zo, Yo), IPUHAB BO BHP[MaHMC yenosus (1). MMeem

Au(zo, o) = AAz — BAy +av/Az2+ Ay, «a = 0 1pu z — zy, y — Yo, 3)
Av(zo, yo) =BAz+ AAy+ B/ Az +Ay?, B—0 1pu =z — o, ¥ — Yo 4)
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YMHOXUB 0be 4acTH paBeHCTBa (4) Ha ¢ U CKJIambIBask TIOJIyYEHHOE ¢ PaBeHCTBOM (3), HAXOMUM:

Af(z, Az) = Au(zy, Yo)+1i Av(Xg, Yo) = AAT+iAY)+ B@E Az — Ay) + (a +iB)\/Az? + Ay?. (5)
ITockompky Az +1 Ay = Az, i Az — Ay = 1 Az, TO paBeHCTBO (5) IPUHUMAET BUX
Af(zg, AZ) = (A+iB) Az + o(JAz)), ©)
T. e. dyHkuus f C-muddepeHuupyema B Touke zg. P

CootHowenus (1) Bneppbie udyyanucs eme B XVIII croneruu I’ Anambepom u DilsiepoM, noatoMy
MX C/IeOBAIO OBl HA3BIBaTh YCJIOBUAMHU IMiepa— /1’ Anambepa— Kown—Pumana.

CaenaeM HeCKOJBLKO 3aMeuaHHit.

1. B npouecce 10Ka3aTenbCTBA TEOPEMbl YCTAHOBIEHA CBSI3b MEXIY IPOM3BOAHOMN f’(z) M YACTHLIMM NPOMU3-
BOAMBIMM ACHCTBUTEIBHONH N MHUMOI YacTet GyHKuuHu f B Bule

f'( ou +i8v du Ou v iau dv +i8v
= —_— _— e e = e e = —— —_
2 oz dr 9z dy Oy dy Oy oz

2. U3 Kypca MareMaTHYECKOro aHaAIK3a U3BECTHO, YUTO IS R? -auddepeHupyeMocTH dyHxuuit ¥ M v pocta-
TOYHO CYLIECTBOBAHMS U HENPEPHIBHOCTH YACTHBIX IPOU3BOAHDIX g‘; s g’; s g: , g—;— B HEKOTOPOM OKPECTHOCTH
Touku. [lostomy ais auddepeRuUpyeMOCTH hYHKUMH f == 4 + {v B TOUKe 2z = (&, ¥) AOCTATOYHO, YTOOBI
4aCTHbIE TIPOM3BOAHBIE 8"52'5’), 8"(‘;/’ ¥) 8”592’”), a”(”y) CYLIECTBOBAIM B HEKOTOPOil OKPECTHOCTH TOU-
KK (Z, ¥), ObLIM HenpepblBHbl B Helt U YOBIETBOPSIM ycnosmm Komn—Pumana.

3. BeeaeM B paccMoTpenne pguddepe HuuanpHbie onepaTopbl 2y —Q:, nonaras

Oz oz

0f aer1 (0f Bf) du Bv) i (Bv Bu)
9z (Bz dy (Bz *+ Ay *3 oz dy)’ ™
3f3 af .of du  Ov i /Oy Ou
%z 2 (a—ﬁ ) (a‘ a‘y)+5(az+ay)~ ®)
Toraa ycaosus Komwun—PumaHa MOXHO 3anMcarh Kak OHO KOMILIEKCHOE paBeHCTBO

af

0z

=0. 9

Ecmm u v — R? -auddepeHuMpyeMsie B Touke (Zg, ¥o), TO

af(lo) - df(z0)
0z

Af(z, Az) = Az +o(Az]). (10)

IMonaras B (10) Az = |Az|e* | nonyunm

Af(zo, Az)  3f(z0) | 0f(20) _iz6
+ e

= + o(|Az]). 11

Az dz az (1az) an

U3 cootnoluenns (11) caeayer, 4to npeies OTHOILIEHUSA % npu Az — 0 cyuiecTByer TOraa M TOJBKO TOrAa,
Korga —H=0 af(z“) =0.

4.4, AnaJmeecxne dbyHgImH.

Onpenenenne 1. Dyuxyus w = f(z), onpedenennas e nexomopod obracmu G C C, nazvieaemcs
ananrumuueckoid ¢ G uau zoromop@uoii, ecau ¥z € G oHa dupdepenyupyema.

Onpenenenne 2. Pyuxyus w = f(z) Hazweaemes anasumuueckod ¢ mouke z € C, ecau ona
QHAAUMUMECKAA 8 HEKOMOPOU OKPeCMHOCMU 3MOll MO4KU.

Onpenenenne 3. Dynkyua w = f(z) Hazmeaemes anarumuueckold Ha kpusoi v C C, ecau ona
aHaUMuU4ecKan 8 Hekomopou o6racmu, codepxcauiels Imy Kpugyro.

Onpenenenne 4. Pyuxyus w = f(2) Ha3bGaEMCA AHAAUMUMECKOU HA OMKPBIMOM MHONCE -
cmee E C C, ecau ona anasumuseckas ¢ kaxcoou moure z € E.

Onpenenenne 5. Pyuxyua w = f(2) nasvieaemcs GHAAUMUHECKOU HA NPOU3BOLLHOM MHO-
wecmee M C C, ecau oHa anasumu4eckas Ha HEKOMOPOM OMKPbHIMom MHoxcecmee E D M .
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B yactHOCTH, DyHKLMUS w = f(z) Ha3bIBACTCS aHAAUMU4ECKOU 8 3aMKHymou obnacmu G, eciu oHa
aHaTUTHYECKAsA B HEKOTOopoH obnactu D 3 G. _

[TousTue aHATUTHYECKOM HYHKIIMM MOXHO PACIIPOCTPaHUTh U Ha obyactd u3 C, eci JaTh COOT-
BETCTBYIOLIEE OIpeesieHUE AHATUTUYHOCTH B OECKOHEYHO YIATEHHOM TOuKe. _

Onpenenenne 6. Dynxuusn f, onpedesennas e pacuupennoi komnaexciod naockocmu C, nasvieaemes
aHasumuueckol Ha GecKoHeuHoCcmU, ecai QyuKUUa @ .z — f (ﬁ) anasumuyeckas 6 moyxke z = 0.

OTMeTUM HEKOTOpble CBOMCTBA aHATUTHYECKUX (HYHKLMH.

1) Cymma, paznmocms, npouseedenue u wacmuoe (npu ycaosuu, ymo Oeaumens # 0) 0gyx anasumuuec-
Kux gynxyuii maxkxce aeagromes anasumuveckumu @ynkyusmu. OTCIOIA CIeLyeT, UTO MHOMCECMBO PYHK-
yuid {f}, anasumuveckux ¢ obaacmu G, obpasyem koavio. OGO3HAUUM ero cUMBOIIOM A(G).

2) Komnosuyus f o g anasumuueckux QyHKuUi ecms GHAAUMUMECKAA QYHKYUA.

CBoiicTBa 1) U 2) CIERYIOT U3 TeopeM O auddepeHIUUPYEMbIX QYHKLMSIX, PACCMOTPEHHBIX B 11. 4.1.

TIpumMepoM ¢GYHKUNH, aHATUTHYECKON B moboit obnacth G C C, CiyXUT MpoM3BOJIbHBIA MHOTO-
YieH

P.(2) = 62" +a,2"""

+ ... 4a,1z2+a,.
PauuonanbHas GyHKUUA
_ Py(2) _ ap2” +a 2"+ tan_z4a,
I = o ) T b+ . T bz 10
aHaNUTHYECKas B Kaxuoi obnactu G, He comepxaiell Hy/eil 3HaMeHaTeJIs.
3) Ecau f € A(GY uVz € G |f'(2)| # 0, mo na muoxcecmee Ey = f(G) onpederena dynkyus F
Aeasowiasca anasumuyeckoii. Ipu smom, ecru wy = f(z), mo (f 1) (wp) =

1
Fieoy:
<« O6paTMMOCTh OTOOpaXeHUsI w = u + v O3HA4YaeT, YTO YPaBHEHHUSA u = u(zx, y), v = v(T, ¥)
MOXHO pa3pelIdTb OTHOCUTENIBHO z, ¥ B obnacTu G. ITockonbKy dyHKuMsa f aHaluTHuecKas B obia-
cn G, 10 V29 = (20, Yo) € G BRIMONHALTCS yernoBusa Kourm—PuMana (1), 1. 4.3, BeieACTBUE KOTOPBIX
ssKobnan
ou(zg, yo)  Ou(zo, Yo)

Dwv) | oy | (2w, (dvenw\
D(z, y (IO’ Yo Ov(zo, Yo)  Ou(To, Yo) | oz oz B

oz Ay

2
du(zy, Yo) N iav(-’ﬂo, Yo)
dz dz

OTIMYHBIN OT HYJS B TOUKE Zg, IOCKONbKY Vz € G |f'(2)] # 0. Ho TeopeMe O HesBHOI ¢yHKUUHU B
HEKOTOpoit oxpecmocm TOUYKU Wy = (Yp, V) CywecrByeT z = f~ (w) CyliecTBOBaHNE U HETIPEPBIB-
HOCTb IIPOM3BOAHOM (f~ ) JIOKAa3bIBAIOTCS TAK Xe€, KaK B TeopeMe 7, 11.4.1. »

4) Ilyems u — Oelicmeumensras yacme Pyuxuuu f € A(G). Toe()a MHUMAR 4acmb U MOl QyHKYUY
onpedensemca ¢ MOYHOCHbIO 00 QOOUMUEHOU NOCMOAHHOU.

JleficTBUTENIbHO, B cuily ycioBuit Kowm—Pumana, mo u3BecTHOH (PyHKUMU ¢ OJHO3HAYHO OTIpe-
Jeisercs MoJHbIA nuddepeHIUan HeU3BeCTHOH GYHKUMU v:

=1f' o)’

v v du du
dv = a—d:c+a—dy= —-é—dz+a—-dy
3To 103BOJIAET BOCCTAHOBUTh (PYHKIMIO ¥ 110 H3BECTHOM dopmyJie
(z,y)
du(¢, 1) du(§, m)
v(z, y) = / - an d¢ + o€ dn+C.
(=0, vo)
5) Nyers f € AG), f = u+iv, u(z, y) = C, v(z, y) = C — JIMHUU YpOBHell PyHKUMIA u U
v. Bolyuemum Vz = (z, y) € G gradu U gradv: gradu = (az’ ay) gradv = g;, ay) Cuyuras

IIpocTpaHCcTBO R? eBKITMIOBBIM, TIOMYSHM, TIPUHUMAS BO BHUMAHHE yenoBus Ko —PuMana:

(grad u radv)—a—u-@-+a—uﬂ)-—-_a._ua_u.+auau 0
'8 T 8rdz dydy 9z dy 98y dx
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Tax KaK BEKTOP-TPaAMeHT HYHKIIMU OPTOTOHAJIEH ee JIMHUM YPOBHS, TO cemeldcmaa kpugbix w(z, y) = C
u v(x, y) = C 83aUMHO OPMOSOHANLHBI.

4.5. TeoMerpuaecKHii CMbIC)I IPOU3BOAHON (PYHKIIMH KOMILIEKCHOTO NepeMeHHOro.
IlousaTHe KoH(OPMHOro 0TOOpAKEHHS.

Ilycrs f € A(G) u 2y € G — npousBosibHas Touka. [IpoBeieM yepes Hee TJIANKYIO XXOPAAHOBY KpH-~
Bylo v C G. ®yHkuus f orobpaxkaer o6iacTe G KOMIUIEKCHOH TUIOCKOCTU z Ha HEKOTOpYylo 061acTs D
KOMIUIEKCHOM IUTOCKOCTH w. [lycts wy = f(zg), v* — 06pa3 kpuBoii v npu orobpaxeHuu f u wy € 7

(puc. 28).
y A @

— -

O X o ;

Puc. 28

Ecin nO}IBPI)KHaH TOYKA Z CTpeMPITCH K z TIO KpHBou Y. To ee 06pa3 w CTPeMUTCS K wo = f(2p)
no xpuBoit y". IIpenronoxum, ‘{TO f'(z0) # 0. Torma f'(z0) = |f'(z0)le’™, a = arg f'(z,). onaras
Az=z—-2zy=Are'?, Aw = Ape , UMeeM

. Ap . .
If'(z)l = lim —, arg f'(z) = lim (6 ~ ¢) (1
ar—0 Ar Az—0

HycTs 1 — napameTpHYeCKoe NpeacTaBieHHe TIAIKO KpUBoii y. Torna komnoduuus f oy sBiseT-
Cs1 [TapaMeTpUYeCKMM TIPeJCTaBIeHUeM [1aaKoi KpuBoi " . ITo TeopeMe O MPOU3BOXHON KOMIIO3ULUU
middepeHumpyembix GyHKIMIA B Touke £y, B KOTOpoH ¥ ({y) = z,, Momyyaem

(f o) (to) = f'(20)¢'(to) # 0. @

CiienoBaTelibHO, @' (tg) # 0. OBo3HauuM yepes @y U Gy yIUIbl HAKIIOHA K ocsiM Oz U O'u KacaTesIbHbIX

K KPUBBIM 7 U 4" COOTBETCTBEHHO B TOUKax zo M wy = f(z). Torma ¢, = hm <p, 0y = lim 6 u
Az—Q

BTOpO€ COOTHOLUIeHUE B (1) NPUMET BUX
arg f'(z0) = 60 — o 3)

Takum o6pa3oM, yroj, Ha KOTOpBIN ITOBOPaYMBAETCS KPUBAst ¥ B TOYKe 2y € G TIpM OTOOpaXeHUM
= f, He 3aBUCUT OT BUJA U HAIPABICHMSA 7. CuuraeMm, yTo HarnpabieHus ocell Or U O'u, Oy mn
O'v coBMAgaloOT, W 1OJ YIJIOM TIOBOPOTA ITOHMMAEM YIOJI MEXIY ME€PBOHAYAIbHBIM U OTOBPAXKEHHLIM
HanpasiieHussMu. M3 paBeHcTBa (3) cnenyeT, YTo a = arg f'(20) paBeH yriy 1OBOPOTA B TOUKE 2 npu
otobpaxkeHun w = f(z). Urak, otobpaxenue f UMeeT CBOWCTBO COXPaHEHUS YIJIOB: YTOJI MEXIY ABYMS
TIPOU3BOJILHBIMM TJIAAKVMMU KPUBBIMHU B TOUKE 2o PaBeH YTy MC)KJIY uX obpasaMu B Touke wy = f(2,).
Hycts 2z = Y(t) € . BenencTBue IAIKOCTH KPUBBIX Y U ~* BemumHbI [Az| |Aw| npu ¢ — ¢,
GECKOHEYHO MaJble M 3KBUBATCHTHbIC COOTBETCTBEHHO WIMHaM As M As® Iyr 4 M v*, oTBevaroumx
cerMeHTy [t, to]. Tlo3TOMY COOTHOILLEHUE

|Aw|

Am AT = f'Gol
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MOXHO 3anucaTh B BUAE

ol = lim 55 = % )
t—ty As ds

CJ1e0BaTeIbHO, € TeOMEeTPUYECKOH Touku 3peHus |f'(2g)| ects xo3dduUMeHT PACTSKEHHS AYTH Y B
TOUKe zo TIpu oTobpakeHuu f. ITockoJbKy y — TIpOM3BOJIbHAA TJIaAKas KpuBas, TO BCe NYTH PaCTATH-
BalOTCS OMMHAKOBO B TOYKe Zzg. IlooTOMYy OoTOGpaxkeHMe f MMeeT B TOUKE 2o TaK Ha3bIBAEMOE Kpyz080€
cgolicmeo: OHO OTODpaXaeT Majlbleé OKPYXHOCTH C LIEHTPOM B TOYKE 2o B KpUBHIE C LIEHTPOM B TOYKE
wy = f(2p), KOTOPbIE OTIIMYAKOTCS OT OKPYKHOCTEH Ha 6eCKOHEYHO Masible BHICLUETO MOpANKa. 3aMETUM
TAaKXe, YTO KPyroBOe CBOMCTBO OCTaeTcd B CWI€ M B Cilydae, Korga f'(zp) = 0, OOHAKO MPUHMMaeT
BBIPOXACHHYIO dopMy: Toraa KO3DOMULIMEHT pacTsHKEHUST pABEH HYJIO.

Onpenenenne 1. Omobpasxcenue f nasvieaemca KOHQopMubim ¢ mouke zy € G, ecau oHo a0KaabHO
20MeOMOpHOE € IMoll MouKe U umeem 8 Hell c8OLICMBO COXPAHEHUA Yenos.

H3 reoMeTpUyeCcKoOM UHTEPIIPETaLUM apryMeHTa MPOU3BOIHON f ' criemyeT, UTO OTOBPaXEHHE, OCY-
LIECTR/IsIEMOE aHATUTHUECKOM DYyHKuMeil, KOHGOPMHOE B Kaxmoii Touke z € G, B KOTOpo# f'(z) #0.

Onpenenenne 2. FEcau omobpaxcenue f : C — C kongopmuoe ¢ xaxncioi mouke obracmu G, mo oHo
Ha3zbleaemcs KOHQPOpMHbIM 8 Imoil obaacmu.

IpeumMylieCTBEHHO TIOHATHE KOHGMDOPMHOro OoToGpaxkeHust BKIOYaeT B cebsi romeomMopguamM o6Ja-
ctu G (eM. . 6.6, 1. 1).

3ameuanue 1. [Ipn KOHOOPMHOM OTOGPAXEHNUMU YIIBl COXPAHSIOTCA HE TOJALKO MO BEJAMYMHE, HO M NO Hampa-
piaeHnio orcueta. [losToMy €ro Takxke Ha3blBalOT KOHGOPMHbBIM OTOOpaXxeHUeM IepBOro poaa, B OTIMYHE OT
KOH(MOPMHOTro OTOOpaXxeHUsl BTOPOro POAa, NPU KOTOPOM YIJIbI COXPAaHSIIOTCS JIMIID 110 BeJIMUKHE, a Hanpasie-
HHE MX OTCHETA U3MEHSIETCS Ha NMPOTHBOIONIOXKHOE.

3ameuanue 2. OtobpaxeHne, OCYLECTBIsAEMOE aHATUTHIECKOH QYHKINEH ¢ OTIMYHON OT Hylsl MPOU3BOAHOM,
XaPaKTEPU3YeTCs TAKKE H MOCTOSHCTBOM KodhduuymueHTa pacTsikenus B Touke. OueBHAHO, UTO oToOpaxeHue,
ofajaoLee STAMK ABYMsl CBOHCTBAMHU, B IIPEANONOXEHUH, YTO KO3DGUUUEHT pacTSKEHUS OTIMYHbLI OT Gec-
KOHEUHOCTH, SIBISETCS aHATUTUYECKHUM.

3ameuanne 3. [lycTs hyHKUMH U K U MMEIOT HENPEPHIBHbIC YACTHble MPOU3BOAHbIE. B 9TOM ciyyae 3nemeH-
TapHbLIMM METOJAMH MOXHO [10KAa3aTbh, YTO U3 KOHGOPMHOCTH oToOpaxenus f = u + 10 HEOGXOANMO CieayeT
€ro aHaIMTUYHOCTb, a ec/IH OToOpaxeHue f UMeeT NMOCTOAHHbIA KO3QGUIMEHT PacTXEeHNUst, TO OHO ABIAETCH
KOH(OPMHBIM [IEPBOTO WM BTOPOTO Poja.

MOXHO TaKXe [0Ka3aTb, YTO IIPH HeNpepblBHOM OfHOIMcTHOM otobpaxenun f : C — C, Dy = G, u3
YCJIOBUSL KOHCEPBATH3MA YIJIOB CJIEAYET aHATUTHUHOCTS PYHKUMHK f.

s u3ydeHUs! TeOMETPUYECKUX CBOMCTB OTOOpaxeHus f : C — C ycIoBUMCS O TAKOM ONpPENe-
JIEHWHW BEJIMYUHBI YIJIa, TIOA KOTOPBIM TIEpEeCeKalOTCst KPUBBIE B TOUYKE z = 0OO: ITOT YIroJl CUYUTAETCS
PaBHBIM YIJIY TiepeceueHus o6pa3oB 3TUX KPUBBIX (IIPH 3TOM BEJTUYMHY [10CI€IHETO BepeM ¢ 06paTHBIM
3HaKoM) B Touke { = 0 mpu oTobpaxkeHuu ¢ = -

-

B cBf3U ¢ NoHATMEM KOHMOPMHOIO OTOBpAXeHUSA B PACIUMPEHHONH KOMIUIEKCHOM rurockoct C
JagvM cieIylolue OTipeeseHUs.

Onpenenenne 3. Qynxyua | Kongopmuo omobpaxcaem okpecmuocms O, MOUKYU Zy HA OKPECMHOCHb
MOUKU W = 00, ecalu YyHKyua w = 7(12—) xougopmio omobpaxcaem O, Ha okpecmuocms mouky w = 0.

Onpenenenve 4. Pynxyus [ xondopmuo omobpaxcaem oxpecmuocms O, MOHKU Z = OO HA OKpecm-
nocms Oy, mouKu wy, ecau Qynkyus w = f (%) Kongopmno omobpaxcaem oxpecmuocms mouku ( = 0
Ha O, .

Onpenenenne 5. Qynxyus [ xongopmuo omodpaxcaem okpecmuocmd O, Mmo¥KU z = 0O Ha OKpecm-
Hocmb OL, mouku w = 00, ecau GyHKyus w = ﬁ KOHpOpMHO omobpaxcaem OKPECMHOCMb MOUYKU

<

¢ = 0 na okpecmuocms mouku w = 0.

4.6. IInockue pH3NYECKHE NMOJIA H HX CBA3b ¢ AHATHMTHIECKHUMH (DYHKIMAMH,

Ilycts B HEKOTOPOIL 0GnacT G € C 3agaHo mocxonapajfnenbﬂoe BeKTopHOe none F = (F;, F,).
DOynxkumu F, = Fy(z, y), F, = Fy(z, y) cunraem muddepenunpyemeMy B o6nactu G. Ilycts none F
MOTeHUHANBHOE, T. €.

F:——-—— b=
rot = 0, 1)
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H COJICHOMOWIBHOC, T. €.

divF OF, | 9k 0 )
1 = — = (.
oz + dy
U3 (1) cnenyer, uto quddepenuuansHas dopma )
Fodz+F,dy=w 3)

SBiIgeTcs MONMHbBIM IucdepeHIMATIOM HeKOTOPOit GYHKIMU u = u(Z, ¥), KOTOPYIO HA3BIBAIOT HOmeHyu-
anom nonsa F:

F =Vu=gradu. @
U3 (2) nomyyaem

~F,dz+F,dy =dv %)

PyHkuusa v = v(z, ¥) HaspIBaeTcs @yrkyueld moka. PaccMoTpuM QYHKUHUIO
w = f(z) = u(z, y) +v(z, y). (6)

U3 (3) u (5) umeem

_Ou v F_au__ v @
T oz 9y Y 8y oz )

CrepoBatesbHo, f € A(G).

Taxkum obpa3oMm, BCAKOMY MOTCHUMAILHOMY U COJICHOMIATBLHOMY [LJIOCKOIApaJUIETbHOMY BEKTOPD-
HOMY [I010 F' COOTBETCTBYET aHATUTHYECKas GYHKUMSA, MOJHOCTHIO OMpeAessolas 310 [oje. ITy
(QYHKUMIO HA3BIBAKOT KOMNACKCHHM NOMEHYUANOM BEKTOPHOTO Mo F'.

HaoBopor, kaxino# aHamuTHueckod B 06iacTi G GyHKUMM f COOTBETCTBYET ILJIOCKOMApajleiib-
HOe BEKTOpHOe rojle F', mist KoToporo f sBisieTCs KOMILIEKCHBIM roTeHuuasoM. MMeeM ouesygHOE
paBeHCTBO o

F = f'(z). (3
BexTopHoe rojie F' MOXeT UMeTh Pa3IMuHyIO TIpUpoay. PaccMOTPUM HEKOTOpble KOHKPETHBIE fI10JIf.

1. TupponusamMuyeckas HuTepOperanus BeKTopHoro mojst. I[lycte F' — rone cxopocteil crauu-
OHAaplIOro IUIOCKONAPAIIEIbHOTO TIOTOKA HECKUMaeMOU XHIKOCTH, IIOTHOCTL KOTOPO# ¢ = const.
3TO MnoJie [OTEeHHUATIbHOE M CojleHOMJaTbHOe. Ero comeHOMaaIbHOCTh 03HAYAET, YTO B JaHHO obia-
c¢ti G OTCYTCTBYIOT MCTOYHMKM XMIKOCTH, APYTHMHU CIIOBAMM, TIOTOK XHIKOCTH 4epe3 NpOU3BOJbHBII
3amMKHYTbI KouTyp I' C G paBeH HYILO:

and.s‘:f—Fydz-i-dey:O. . 9)
r r

[ToreHUHaNBHOCTD TIOJNST CKOPOCTEM XMIKOCTH 03HAYAET, YTO LMPKYJIALUSA XUIKOCTH BIOJL MIPO-
W3BOJIDHOTO 3aMKHYToro koHTypa I' C G paBHa Hymo:

fFTds=szdz+Fydy=0. (10)
r T

2. IBﬂeprocramecxaﬂ HHTCPOpPETALNA BEKTOPHOrO nojs. PaCCMOTpPIM ITUIOCKOE 3JIEKTpOCTaTUyYEC-
KO¢€ 110J1€, 33JaHHOC BEKTOPOM HAIIPAXEHHOCTHU E. I/I3BCCTHO, YTO OHO IMOTEHUMUATIBHOE, T. €.

E = -Vy, (11)

Ii¢ ¢ — MOTEHLHAT 37IEKTPOCTATUYECKOTO 1101s. /st MPOU3BOIbHOM 3aMKHYTOH IVIAAKOMN UM KYCOYHO-
raaxoii kpusoit I' C G umeem
f E,.ds =0, (12)

iy
TOCKOJIBKY 3TOT MHTETPAL paBeH pabore Mo IepeMelIeHUIO eAMHUYHOTO 3apsaaa BAOIb KOHTypa I,

Hnrerpan
}{ E, ds (13)

r
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coryacHo teopeMe I'aycca paBeH 27, YMHOXEHHOMY Ha ajrebpauyecKyro CyMMY 3apsiioB, COLeEpXa-
mwuxest B objiactu, orpaHuyeHHoN xoHtypoMm I'. Orcrooma crneayer, yTo B 0obnacT, B KOTOpPOIt 3apsiab
OTCYTCTBYIOT, TI0Jie E OynmeT COJICHOUNAILHBIM.

Takum 00pa3oM, NpU M3Yy4EHUH TUIOCKOTIAPA/UIESIBHBIX 3JIEKTPOCTaTUYECKNX TIOJIEH B obnacTax, B
KOTOPBIX OTCYTCTBYIOT 3apsmbl, YIOOHO MOJIb30BAThCA AINApaTOM aHAJTUTHYECKHX (HYHKLMMA.

4.7. HepapencTBo Jlarpamxa.

[IycTs MaTepuanbHas TouKa OBHXETCS TIpAMOJIMHeHO. Eciti ee HayalbHOE U KOHEYHOE [10JIOXKECHUS
COBIIANAIOT, WIM HampaBleHUs IBUXEHUS B HAYAIbHBIA M KOHEYHBIH MOMEHTHl BpeMEHU MPOTUBOIIO-
JIOXHBI, TO OHA JO/DKHA MMEThb B KaKOW-TO MOMEHT BPEMEHH CKOPOCTH PAaBHYIO HYMIO, T.¢. Ofsi3aHa
OCTAaHOBUTBCA. B MaTeMaTuKe 5TU IpocThie MUINYECKHUE SBJICHUS ONMCHIBAIOTCH KIACCUYECKUMH Te-
opeMamu Posurs u Jlap6y. Cnpasemmusbl M kjiaccuyeckue teopemsl Pojuia, Japfy u Jlarpanxa mis
¢yukumit Buga f 1 R — C? dusnyeckoe UCTOJIKOBaHME [TPOU3BONHON KaK CKOPOCTH OBUXEHUS Mare-
puanbHo#i Touky B TWiockocT C 1I03BOJIAET OTRETUTH HA IMOCTABNEHHBINA BOmpoc. JIBUTasch HA TUIOC-
KOCTH, MatepuajIbHas TOUKA MOXET BEPHYThCH B UCXOJHOE TOJIOKEHHe Ge3 OCTAHOBKM B KakOH-JuGo
MOMEHT BPEMEHHU, MU B 3TOM COCTOMT OJHO M3 NMPUHUUITMAIBHBIX PasIuYdi ABMXCHHH HA IUIOCKOCTH
¥ Ha npsaMmoi. [IpumepoMm, MOATBepXKIAIOLIMM CKa3aHHOE, SIBJISICTCS BpalleHUe MAaTePUATBHON TOUKH
BOKDYT HETIOJBIKHOTO LEHTpa, MaTEMAaTHYECKOH MOMENBbI0 KoToporo cinyxuT GyHkuus f : R — C, rne
f@@) = e*, Dy = [0, 2n]. OeifctButensho, f(0) = f(27) A f'(z) = 1e'® # 0 Vz € [0, 2x]. Tloaro-
MYy cyulecTBYOT Takue ¢dyukuud f : R — C, mna KotophIx yTBepXxaeHUst Teopem Posvis u Jlarpamxa
HECYIPaBe JTUBEI.

Teopema Jap6y OGbuta 0CHOBaHa Ha TOM (paKTe, KAK OTMEYaJoCh BBILIE, YTO P MTPAMOIMHEHHOM
[BUXCHUH MATEPUAIbHOM TOUKY /I U3BMEHEHUSA €ro Ha [IpOTUBOIIOJI0XHOE TpebyeTes, YTOGBI CKOPOCTD
B KaKOIi-T0 MOMEHT BpeMeHU obpatwiachk B Hy/b. [ToarBepKiaeHueM TOTo, 4TO, IBUFasiCh Ha [UIOCKOCTH,
MaTepHaIbHAST TOYKA MOXKET W3MEHUTh HATIPABIEHNE IBUXKEHUS Ha TTPOTHBOIIOIOKHOE, MMEST B Ka/IbIil
MOMEHT BPEMEHHW HEHYJIEBYIO CKOPOCTb, CJIYXKHUT MPUMEp ABMXEHHMS TOUYKH I10 [10JIyOKPYXKHOCTH, 3ada-
BacMoro ¢yHkumeit f : R — C, rae f(z) = ie'®, Dy = [0, n]. BekTopn ckopoctu f'(0) u f'(7)
[POTUBOITONOXHO HAlIpaBeHbl, U TeM He MeHee BexTop f (z) HeHyneBoii Vz € [0, ]. CienosaressHo,
yTBepXaeHue Teopembl Japoy wis Gyukuuii u3 R B C HecrnpaBemBoO.

Dusnueckoe UCTOJKOBAHME NPOU3BOLHOM YKa3bIBaeT NPaBWIbHBIN aHAIOT TeopeMbl JlarpaHxa s
¢yuxkumit f : R — C. Ecmm f(a) — HauasbHOE IOTOXEHHE IBUXKYLIEHCS MaTepyalibHOI TOYKU U ee
CKOPOCTD MO MOAYIIO He TIpeBocxoauT 4ucna v = ||f'|| = sup |f'(z)|, To 3a BpeMs t = b — a oHa He

z€D f
MOXET TI0MAacCTh 3a npenessl okpyxHoctd ¥ = {w € C: |w — f(a)| = v(b — a)}.

Teopema (Jlarpauxa). llyems ¢ynxyua [a, b] EN C Henpepuvigna na [a, b] u dugdepenyupyema ¢
KaxcOoil mouxe unmepeana (a, b). Toeda cnpagedarueo nepageHcmeo

17®) = @) < [I£'[i(b @), (1
e |If'l = sup |f'(2)].
z€(a,b)
« ITycrs ¢ € Arg(f(b) — f(a)). Torna
[F®) = f(@)] = e (f(b) — f(a)) = (eT** £) (b) — (¢7** f) (a). 2)

IMonaraem e *% f(z) = u(z) + 1v(z) Vz € [a, b]. Umeem

[f(b) ~ F(a)] = (u(b) + iv(B)) — (u(a) + iv(a)) = u(b) — u(a) + i(v(d) — v(a)).
Havanmo nemoyky paBeHCTB IOKa3biBaeT, YTO €€ KOHeEL| ABIAETCA AEHCTBUTENIbHBIM yuciIoM. [ToaTomy
v(b) — v(a) = 0. ITo reopeme Jlarpanxa Wis ¢HyHKIMM ¥ CYLIECTBYET Takas Touka { € (a, b), 41O

7®) - f@I =@ 0 -a)<If'©OIC-a) < —a).»

PaccMoTpUM IpUMeEpHI. }
70. Hdoxaszats, uto dyHkims w = 22 + 2z + 3 onHoNMMCETHasA B o6macn G = {z € C: [z[ < 1}.

« Iyems 2] < 1, |z3] < 1 u 2, # 2;. TTokaxem, uro w(z;) # w(z1), T.e. |w(z)) — w(z)| > 0.
JlelcTBUTE/IBHO,

, .
lw(z)) —w@ =121+ 22, = 2z, = | = |zy =zl |21 + 22+ 2] > |21 = 22| Q= |zs] — |22]) > 0. >
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71. Noxasats, uro dyHKuMs

43 3 4

:):3y3 . ;);Sys
w(z) = —w2+y2+l~—z2+y2’ ecu  z # 0,
0 npu  z =0,

He mudrdepeHLvipyema B Touke z = 0.
« [Toxaxem, yto lim ﬂj—) He CYLIECTBYET, OTKyAa U GyHeT CIIeI0BAaTL CNIPABEMLIUBOCT YTBEPXKAE-

z-=0

HUS.
Ilycts z = x + 1y, TOTHA

15 51 8 4 4 8
3 3

z§ 5-}-1;3 zg g—zg
w(z)= y2 22y +1 y2 22y , ecom z#0,
P (z* + 9% (=% +yH)
0 nmpu z=0.
IMycs y = ¢ — 0, Torma z — 0 u lim %2 =lim%= 1. Eom z =z — 0, o lim 2 = 0.
z—0 z—0 z—0

CiienoBateibHO, lim -‘ﬂzﬂ He cyluecTBYeT U ¢yHKuua w He quddepeHuupyema B Touke z = 0. p

z—=0
72. Joka3zarh, yro QyHKLIMA W = - ?a.’cy;"~!—z'(3av2y—y3 -1), D, = C, spiseTcs aHATMTUYECKOM.

« JleiCTBUTENEHO, QYHKUMM ¢ = &° — 3zy2, v =322y — i’ — 1 muddepeHUMpYeMbl, U YCIIOBHUS
Koum—PumaHa BHITOJIHAIOTCS:

du ) ,  Ov ) ; Ou v
-—:3 ~3 — = —_ —_ = - — =
3z =T W 5 3z° -3y, oy 6y, e 6zy,
dw_3u+_8v_32 3% + 6
dz 8z log T T TRk

73. Oyukuns w = f(z) = u(z, y) + iv(z, y) umeeT B Touke z € Dy cBolicTBa:
1) u u v — muddepeHuupyeMbie GYHKLMU;
. Aw
2) cyuecreyer lim |—/.
Az—0 | Az
Joxasath, yro mmbo f, mubo f muddepeHUHpYeMa B TOUKE 2.

« ITockoneky Aw = Au + i Av, Az = Az +iAy, 10

[ Aul 4 Av?
TV Az2+ Ay

: A
ITo ycnopuio cyuectsyer lim |A—‘;’- ] DTOT npeliel HE 3aBUCUT OT criocoba cTpeMileHus Az K HYIIO.
Az—0

Aw
Az

Base Az = Az, noinyuyum

Aw _ du : + v 2
az—0| Az | ar az |
Ecnu Az =1 Ay, 10
lim Aw| du ? + v ?
amo| Az | T 3y oy )’

CrnenosartesibHo,

au 2 v 2_ % 24_(@ 2
3z ) T\5z) T\ oy dy M
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N3 nudpepeHumpyemoctT GyHKuMi ¥ M v B TOUKE z = (&, y) ClIexyeT, YTO UX NpPUPALUEHUS B
3TOH TOYKE UMEIOT BUX

P P
Au = du+ o(\/Az + Ay?) = a—: Az + 5—" Ay + o(\/Az + Ayd),
y
P P
Av = dv + o(\/Az? + Ay?) = 5% Az + ?9% Ay + o(\/Ac? + Agh).

Aul+Ad?
v, " A;2 3AMHCHIBAETCA B BUJE

BripaxeHue

Au? + Av?

Az +Ay?

((3)"+(3) ) e+ () + (B)) avtr2 (B 2+ 2 2)avar 2,0,

Az? + Ay? Azt+Ay?

[TpuHumas Bo BHUManue papeHCTBO (1), UMeeM

Au? + Av? (6u)2+(6v>2+2(%g—;+%%)Asz

Arla A\ aa A o(1).
Az? + Ay? oz oz A2 + Ay +o(1)
; Awl _ gu\? v\ 2
ITockombKy Al;rilo Sul=4/ ;9;) + (%) , To
du du 4 v dv -0
dz 9y 0z 9y
fTocnenHee BO3MOXHO JIMIUL B CIIy4asaX: a) g-;i = %, g_; = _g_:; 6) g_: — _g_z_’ aa_; — g%. B

ciyvae a) ¢yHkuusa f muddepeHUMpyeMa, TaK KaK JUIS Hee BBIITONHAIOTCH ycnopus Koum—Pumana.
B cny4ae 6) yernosusam Kowu—Pumana ynosnetsopsieT dyukuus f. Takum obpasom, mbo f, mubo f
middepeHuMpyeMa B TOUKE z. b

74. Nycrs f(z) = u(z, y) + iv(z, y) — aHaturuvecKas B obnactu D dyHkuusa. Jokasatb, uTo
ecu Vz € D u? + uv 4 v’ = a (a = const), To f = const B D.

<« TIpomnddepenipyem toxaectBo u? + uv + v° = a 1o = 1 1o y. Moayanum

P P P) P
Quav) 22 b u+20) 2 =0, Qu+v) s+ (ut20) 2 =0. o)
dx o dy dy

JHoIiycTuM, 4To CyluecTByeT Touka z, € D, B xoTopoii f'(z) # 0. Torna cucreMa ypapHeHuit (1)
OTHOCHTEJIBHO 2u + v, ¥ -+ 2v MMeeT JIMLIb TPMBUATHHOE pelileHMe Vz € Oy, T.e. u = v = 0, 470
NPOTHBOPEYUT NPeNNOno)eHuio. ClenoBatesnbho, Vz € D f'(z) = 0, t.e. f(z)=constB D. »

75. Nycrs dynxuus f sABAsETCS aHATMTUYECKOM B obiactu G . [lokasats, yTo ecit | f(2)] = const
B G, TOo bynkuMa f Taxoke MocTofHHa B G.
<« Ecw |f(2)] =0 mis Beex 2z € G, 1o f(2) = 0 B xaxao# Touke obnactu G, 1.€. f(z) = const.
fyers |f(2)) = C Vz € G, C # 0 u f(z) = u(x, y) + iv(z, y) V(z, y) € G. Torma B obnactu G
BBITIOJIHAETCS TOXIECTBO
ul(z, y) + v'(z, y) = C,
KOTOpOE € NoMowplo dyHKImMH f(2z) = w(z, y)—iv(x, y) 3ANMILETCT KaK npoussenenue f(z)f(z) = C*
Vz € G. U3 nocnenHero papeHcTBa Ciefiyer, 4To f(2) # 0 g Bcex z € G, penencreue yero GyHkums
flz) = ?% ABASETCS AHATMTHYIECKOM B obsiacTd G. Ycnosust Komm—Pumana wis dyuxkumit f u f
TIPUBOIAT K PABEHCTBAM
du Ju Jv v
dz 3y 9z 9y
B Kaxgoil Todke 06actH G. 3Hauut, OYHKUMU % M v TOCTOSHHEI B o6nactu G, ClefoBaTeNbHO f
TAKXe OCTOSHHA B G. »
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76. Ilycms f:C—=C, Df =G, G — obnacts, f(z) = u(z, y) + tv(z, y) U QYHKUUM u, v
nuddepeHUMpYEMBI B TOUKE 2o = (Zg, Yo) € G. JloKas3ath, YTO MHOXECTBO BCEX ITpele/bHBIX 3HaYeHUM
Af(zy, Az
YaCTHOTO A-A-(—)’—) npu Az — 0 ectb MO0 TOUKA, JTUDO OKPYNKHOCTD.
z

« Ecmu f nuddepeHunpyema B TOUKE zg, TO lim él(—fff—" = f'(z) U f'(29) — enMHCTBEHHOE
Az—0

rpelle/IbHOe 3HAYeHHe YKasaHHOTO yacTHoro nipu Az — 0. [Tycts f He nuddepeHuupyeMa B TOUKe 2g.
ITockomneKy B 3Toi Touke nuddepeHpyeMsl QyHKUHNA © U v, TO

Af(zo, AZ) _ Au(zo, yo) +1 Ao, o) _

Az Az
1/ du(zo, Yo) du(zg, Yo) ) i [ dv(To, Yo) dv(zo, Yo) )
= — A A A —_— A A A =

Az ( oz ot Yy y+odazh )+ Az ( oz vt dy y+olaz)

1 o(lAz])
= — (AAz+ BAy) +

Az ( y) Az
e A= 3‘“(;(3); Yo) + iav(gnzy yn)’ B = 311(;(;, yo) + if’v(zz o) Tlockombky Az = Az-;Az‘ , Ay = Azz_iAE , 1O

1OCJIe HECJIOXKHBIX MTPeobpasoBaHMil MOTYyIHUM:

Af(zy, Az Az o(|Az))
f(Oa ):A1+B1'_+ (I ’ (1)
Az Az Az
rne A, 1 B, — HekoTopnie KOMILIEKCHBIE yncia. Tak Kak !—’i—fi =1, 10 —ﬁ—f = e %%, p € ArgAz.
3anuuieM cooTHoureHue (1) B BUle
Af(z, Az) _i2p . 0(]AZ])
—————" — A, =Bie """+ . 2
Az 1 1 Az (2)
[Tockonbky lim 995,—"’ = 0, To npy KaxmoM ¢puKcupoBaHHOM ¢ (0 < ¢ < 27) NoNy4UM
az—0 BF
A f(z, Az
tim 270 42) — 4| =By,
Az—0 Az
T. €. BCE YACTHYHBIE MpeesTbl YaCTHOTO % MIPHHAJUIEXAT OKPYKHOCTH

y={z€C:lz-Al= B} »

77. 3anucars ypaBHeHust Kowry—Pumana s GyHKiug f = u + iv B NOMAPHBIX KOODAMHATAX

z=rcosp, y=rsing, r=+/z* +y%.

« [IpuMeHss npaBuio nuddepeHUMpPOBaHUS CIOXHBIX QYHKUMH, UMeeEM

u Ou oz N du dy Ou + ou |
—= — — 4 — — = — COS — sin
dr Odx dr Oy dr Oz 4 oy s
du Ou dr Ou dy du | ou

= T = —o—rsing + ~—rcosy.

99 o op oydy os oy
Pe1uns 3Ty CHCTeMY OTHOCHTEJILHO —g—;i " —g—‘j, HAaXOM:
Ou Ou dusing Ou Ou du cosyp
£= gcoscp—%—;—«, —é—; = ESIH¢+£T
AHanoruyHo
dv v dv sinp Qv Ov dv cosyp

PR = ne+
oz or ¥ T30 v sy or P78y 1
Teneps 3anuuieM ycaoust Kommm—Pumana:

du du sing 8—vsin + dv cosyp
ar °%¥ dp r  or dp r 1
a3 du co! v dv sin
_lfsin<p+_u s"’_—_——cos + — L4 )

ar 8p r ar g r
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YmuoxuB (1) Ha cosy, (2) — Ha sin ¢ W CKIagbBasd NOJYyYEHHOE, HMEEM
"fu 1 Gv
. =
Ymuoxas (1) Ha —sin ¢, (2) — Ha COs @, CIIOXMM NONYYEHHbIE pe3yabTaTel. Haxonum:
1 du v
rap  or
TakuM obpasoM, ypaBHeHust Kown—Pumana i GyHKUMM f = u + iv B IOMAPHBIX KOOPIHHATAX
HMEIOT BUI

r o 3)

4

du 1 0v 1 du t')v> )
ar rop rop  or
78. Jokasars, yro ¢yHkuua w = f(z) = z Rez, D; = C nuddepeHunpyemMa ToIpko B TOUKE
z = 0. Haittu f'(0).
« ITockonn ) = Ww=ga'tizy, ou=g’, v=0ay, L =2z, =g, &g &=
C HKYf(Z =u+ = Ty, u=z,v= y’az_xsay‘— » By ’Bz—y'
CrienoBarenibHoO, %5 = g—; sr=0, &= —g—;— & y =0, T.e. ycnoBus Komn—PuMata BBITOJHEHBI
Juws B Touke z = (. [To onpenesieHuIo
3

2, . 2, 2 .2 2
im‘f—(z—)-z lim (@ +izy)(e zy): im z +1:cy: lim z wytirytey =limz=0.p»

N1 2—0 2+ y? =0 T+ 1Y r—0 724 32 200
y—0 y—0 y—0

f =1

79. Nokasats, uro ans ¢yskunn f(2) = \/|zyl, Dy = C B TouKe z = ( BHINOJIHAIOTCS YCIOBHUS
Koun—PumaHa, HO IpOH3BOHAS HE CYILECTBYET.

« Ecru paccmarpuBars dysHkumio f : C — C B Bune f(z) = u(z, y) + iv(z, y), TO B 1aHHOM
ciyyae u = +/|zy|, v = 0. Ilo onpeneneHNI0 YAaCTHBIX MPOM3BOAHBIX QYHKUMH JBYX HE3aBHCHMBIX
MEPEMEHHBIX HMEEM

0u(0,0) . u(z, 0) —u(,0) 9u(0,0) . u(0,y)—u(,0)
252~ jim =0, = lim —Z——2— =9,
oz =0 T Oy y—0 Y
Tak kak v = 0, 1O g—:— = % = 0. CnegoBaTespHO, B TOUKe z = ( BBINOJHSIOTCS YCJIOBHS
Koumi—PumaHna. PaccMoTpiM OTHOLIEHHE A‘% = ;—'Jljzl, T.K. Af(0, Az) = f(2)— F(0) = /|zyl,
Az=z-0=z+iy. Ecm z = (2,0), £ — 0, 70 Az = 01 lim Af(gz“) =0.Ilycre z — 0, >0
Az—0
ny=gz Torma Az — 0, ecmu z — 0 i Q82 = —=— , =i Taguy obpasom, lim 2Q.82)
Az—0

He CYyLIEeCTBYeT U QYHKUMUS f HE MMeeT NPOM3BONHOI B TOouKe z = (. 3xech HeT NPOTHUBOpEYHH C
TEOPEMOI O HEOOXOIMMOM M JOCTaTOYHOM ycioBuu auddepenuupyemoctd dyuxkumn f : C — C B

dukcuposanHoN Touke. [TockonbKy GyHKuUMA u(zx, y) = 1/ |zy| He nnddepenuupyema B Touke (0, 0),
TO HE BBINOJHEHO OZHO U3 YCJIOBUH YNOMSHYTOH TeOpeMEL. b

80. Idokaszare crenyiowme yrBepXIeHus:

Aw
1) ecmn y dyHkuuu w = f(z) B TOUKe z CyllecTBYeT npeden lim (Re X—) , TO YaCTHBIE IPO-
Az—0 ¥4

du Jv
HU3BOMHbIE 9z U — CYLIECTBYIOT M PAaBHBI MeX1y co6oit;
z

oy
. Aw u v
2) ecnu cywectyer npepesl lim | Im ~— |}, 1o cylecTBYIOT YacTHBIE MPOU3BOOHBIE ~— H ——,
Az—0 Az dy Oz
npuye) du du
M — = —~—
P oy dz’

3) ecnu 3apasee NPEeAnOIOXUTh, Y4T0 GYHKUMHU u U v JuddepeHINPyeME], TO CYILIECTBOBAHHUE JTIO-
60ro 13 NpeaesIoB, YKa3aHHbIX B IL11. 1) u 2), obecneunBaeT CyLIeCTBOBAHUE APYrOro U, CIeXOBATEIIBHO,
IvddepeHIIUPYEMOCTh QYHKUMH f.
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« 1) yets f(2) = u(z, y) + iv(z, y), z =z +iy. Torna
Af(z) _ Aw _ Au+1iAv _ (Au +1 Av) (Az — ¢ Ay) _ AulAz+ AvAy AvAz - AulAy

Az Az Az +iAy Az? + Ay? T Az + Ay *e Azt + Ayt
Aw  AulAz+ AvAy Aw  AvAz - AuAy
e = m-—-——
Az Az? 4+ Ayt Az Az + Ay?

Aw

IMockomeky lim Re Z- CyulecTBYET, To OH He 3aBUCHT OT criocoba cTpemieHMs Az K Hymo. Basap
Az—0

Az=Azulz=1 Ay, COOTBETCTBEHHO NOJTYyUUM

. Aw . Au du . Av dv du v
lim Re— = lim —=—=Ilim —=—, T.e. — = —.
Az 0 Az  rz—0Ax 9T  aAy—0 Ay Oy Jdr Oy
2) Paccyxnast aHaIOTMYHO, HMeEEM
i Aw Av v . —Au du ou ov
lim Im-— = lim —=—=lm —=-—, Te — =-—.
Az—0 Az az—0Axz O  ay—0 Ay dy Oy oz

3) HyCTb GYHKUHH u 1 v q1uddepeHUHPYEMBI U CYLLIECTBYET lim Re A—"i. Torna, no nokazaHHOMY,

-g—; = ay [pupawenns Au u Av nuddepeHUHpyeMBbIX q)yHKqu u W v UMEIOT BUM
ou du ov ov
Au= — Az + —Ay+o(|Az|), Av=— Az + — Ay + o(JAz|).
oz oy oz Oy
Torpa
R Aw  AulAz+ AvAy 1 (8u 2+8vA2+(8u+8 )A A+ (A Ay)o(A |))
e — = = — Az — — —_— 0 z .
Az Az? 1 Ay Azl + Ay \ 9z By gy "oz ) ATAYT AT+ AY)

du _ B
ITockoneKy 5= B;’ TO

R Aw  du ou + ov Az Ay (Az + Ay)o(|Az])
€ — = — — + — :
Az Oz dy 0z ) Az’+ Ay? Az? + Ay?
W3 cyuwiecTBoBaHHUs npenena Re ‘2—”’ npy Az — 0, KOTOPBI paBeH g—;‘, cieflyeT, 4To (g—: + ”) =0,
T. €. g—'j = —g% = lim Im . TTockonsky mnst GyHKuMH f BeINOMHEHsI yoioBus Kowm—PuMmaHa B
Az—0
ToYKE 2, TO f nndxbepenunpyeMa B 3TOI1 TOYKE. b
az+b
81. Haiitu muoxectso Touex Z mockoctd C MIpH OTOOpaXEHUH w = —_;—&, ¢ # 0, ma
cz
KOTOporo: 1) kos(pUIMeHT pacTKEHUS paBeH eIHHHLE; 2) Yrojl IOBOPOTa paBeH HyJO.
« 1) Nmeem
' (2)] ad — be |
w2)=|———s| =
(cz +d)? ’
OTKyJa

_ +/lad — be|

lad = be| = |ez +d}, wm |2+ —

c lef
Takum oGpasom,
b
7= {z eC: ]z + = I @}
lad=
— MHOXeCTBO TOYEK OKPYXHOCTH pajguyca _||c|—| C LEHTPOM B TOUKE 2z = —%.

2) Tlo yejioBuio argw'(z) = 0, T.e. arg(ad — bc) ~ arg(cz + d)? = 0. Orciona nosny4aem
(cz+d)y’ =(ad-bo)r, 7>0.
Taxum oGpasom,

i ad-bc
z=—g+ﬂc—ft, —00 <t < +4o00. )
c

MHOXeCTBO Z — 3TO MHOXECTBO TOUYEK NpAMOii, 3alaHHOM ypaBHeHueM (1). p
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82. Mycte GyHKUMS w = f(z) aHAINTHUECKAsA B TOUKE Zg, f'(zg) # 0, a IaOKMe KpPUBBIE | U
Y2 uMeIOT cBOMCTBO: Jw(2)| = |w(z)|, ecnm z € 7, arg w(z) = argw(z,), ecimm z € v,. Jokasars, uro
KPHBBIE ¥, W 7Y; TIEPECEKAIOTCH B TOUKE Zo MOJl NMPAMBIM YIJIOM.

<« U3 yciioBus 3anauu ciieayet, 4ro o6pa3oM KPUBOH -y IIpU oToOpaxeHHH f ABJISETCHA AyTra OKPYX-
Hocti I' = {w € C : |w]| = |w(zy)]}, a o6pa3zoM KpUBOI 7, — OTPE30K JIy4ya, BHIXOASLIETO W3 HAyaja
KOOpAMHAT 1oJ yrjiioM arg w(zg). Otciona cieayet, 4o obpassl y, U -y, MepeceKaloTcst B TOUKe w(z)
[0 TIPAMBIM YIJIOM, CJIe[IOBATeTbHO, KPUBLIE Y| M 7 TAKXE MEPeCeKaloTCs B TOUKE Zo I10Jl MPAMBIM
yIJioM. b

83. Horenunansubic mHuM 3anankl ypaBHeHueM |z — a| = b, @ = a; + iay, b > 0. Haiitu
KOMITIEKCHBbIH noTeHuHan f(z) moToka XUIKOCTH, a TAKXE CKOPOCTh.
« Umeem

In|z — a] = Inb = const,
umm Reln(z — a) = const. Takum oBpazom

4

[~

fy=In(z—a), v=f(2)= :1_—; v(2a) =

84. Iycrs pynkuns f : C — C sapnsiercst aHanuTHYeCKol B 3aMbIKaHUU objiactu D, a G — obpa3
obnactd D npy orobpaxeHnn f. Jokasars, uto ecnu oTobpaxenue f B obnactd D oqHONUCTHO, TO
st owtany ((G) obacti G cnpaseiiBa dbopmy:ia

G) = // \f' ()} de dy.
D

Allyctb z=z+iy, w= f(z) =u+iv, 2 € D, w € G. Torna dyukunu u = Ref, v = Im f
OCYLIECTBJISIIOT C TTOMOLIBIO YPaBHEHHH
u=uz,y), v=1uv(,y) (1

OueKTHBHOE oToOpaxeHne obnactd D Ha G (cm. 1. 4.4). M3 xypca MaTeMaTHYeCKOro aHATH3a H3BECTHO,
4YTO Mepa (IUIOLUANb) XKOPAaHOBA MHOXecTBA G BbIYUCIIAETC 110 (opMyne

D(u, v)
(G)=// il [P @)
g D(z, y) ¥
D
re %&% — sxobuan npeobpazosanus (1). B n. 4.4 nokasaHo, uto ] giz';;(x, y)l = |f'(2){*. Cneno-

satesibio, (G) = [[|f'(2)I* dz dy. »
D

85. Haiitn mowans p(G) obpasa G obnactu D = {z EC: 1<z <2, largz]| < %4'—}
<« I1o nokasaHHON B npenblnyllieM npuMepe GopMyJe MOIyyaeM:

p(G)=// l3zzl2dzdy=9//(zz+yz)2.
D D

Honarast © = pcosp, y = psing, uMeem —2 < p < T 1< p <2,

FO
D(z, y) .1
z =P N(G)ZIS/d¢/p5dp=13.z.gp6
0 i

p=1

Dip; ) o=t
YupaxHeHus I CAMOCTOATEIbHOMH paGoTsl
1. YNpoCTHTb BbIpaKeHHe

I+z2+iz 2_i._ :
T . z—iz—-1 — <8
a) %_i —; @ER); 6) 252 eam z=e€".
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2. Jloka3aTh, 4TO JISt [IPOM3BOJILHOTO KOMIUIEKCHOIO YHCIa 2 # 0 CyIeCTBYET TAKOe €IMHCTBEHHOE
yucno w, yto [w| = k|z| (k > 0) u argw = — arg z. Haiitu 3T0 uMCIO.
3. JlokasaTth, YTO HHM NPH KakHUX 3HaYeHUsiXx m (m € R) KOMIUIEKCHOE YHCJIO BHIA

logy(m? — 13m + 44) — 2 + iy /log, m — 3

He MOXET OBITh YACTO MHHUMBIM.
4, JloxasaTb TOXIECTBA:
a) |z +zf +lz2i - 2t = 2(‘21\2 + \22‘2) ;
6) 1 - 2150 — 21 = &2’ = (1 + |z 2D = (21l + |2
B) |z+%|z+i|z+% Z—(1—(—1')|z|2— }(H—z’):z;

r) ———Mx? +23|+ %ﬂ—zsf = |21 + |2, econ 2,2, = 23;
n 2 n 2 2

D L+ - = e e [ =, neN;
k=1 k=1

€) Z’ZTL;Z Ll=r,ecm 2] = || = lal=7;

n—1 ke
x) T1 (e”"T - 1) ==1)""n(neN).
k=1

n
5. Itycts 2z (K = 1, n) U z; — NPOU3BOJBLHEIE KOMILIEKCHBIE YHCIA U 2 = %sz Jokazars
k=1

PaBEHCTBO
n n
1 2 _ 2, 1 2
;Z|zo—zk| = [z — 2| +;E|zk—z .
k=1 k=1
6. TIycTs ipu Beex z, |z| < 1, w(z) = 22 + 2z + 5. Jlokasats, 4To
w(z)) = w(z) & 21 = 2,
7. IlycTs HM OOHO M3 YMCEN 2|, z; M Z3 HE COBNANAET ¢ 2z4. JIOKa3aTh, YTO €CJIH M3 4HCel
z1—2) z3~23 z3—2] _
ooy T=aa» 7=z ABa — UHCTO MHUMBIE, TO TAKOBBIM SBJIAETCH M TPETBE.
Ykazanue. Bocnonmb3oBaTeCa COOTHOLIEHHEM

|23 — z4)* Re 21222 4 |z — 2, Re 2222 4 |z, — 2,]* Re =2 =,

z3—2z4 z)—2z4 z3—2z4

8. JlokazaTe, 4TO )

a)ec z# —lu|z| =1,710 2 = 1L,

6) BCIKOe NEHCTBUTEIBHOE YHC/IO @ NIPEACTABMMO B BHIE a = 1
[UIEKCHOE YUCTO, NpuyueM |z| =11 z # 1.

9. IIpencTaBUThL B TPHTOHOMETpHUECKOH Qopme uncno z = (1 — cosa + isina)”, e n — uesoe
YUCJIO, HE paBHOE HYJO.

10. Haiit cymmsr

rae ! — HEKOTOpoe AeiCTBUTEILHOE YHCIIO;

I+z
-z

rae £z — HEKOTOpPOE KOM-

i in 2 i c 3
Sn:1+sxnr+sxnzz+ +slm:,z o_n:1+cosz+coszlr+ +c-05171

sin sin® = sin™ x? sinx sin” ¢ sin™ x°
Ykaszauue. Boruuenurs o, +i(S, — 1).
11. ITycte b € R, a € C u a # 0. Jlokasars, 4ro
a) pacCTOSTHHE OT Hayajla KOOpAMHAT /10 NpSMOil az + aZ = 2b paBHO 2.

la] >

6) paccTosiHUe OT TOUKH 2o € C o mpsMoif @z + aZ = b pasno Reaf=tl RCT:']o—b .
12. Tokasatb, 4TO TOYKHM 2], 2z; M 23 JI€XKaT HA OJHON NPSIMOM TOrAa M TOJBKO TOrNa, Korga

zZ| Zl 1
27 22 1[{=0.
z3 23 1

13. IIycts 2y, 22, 23 — COOTBETCTBEHHO BEPLIMHbI TPEYTONBHMKA ABC, BIMCAHHOIO B EAMHUYHYIO
OKDPYKHOCTbB. %oxaaarb, yro AC = AB (T.e. TpEeYTONBHUK ABIACTCA PABHOGEAPEHHDIM) TOLIA U TOJILKO
TOraa, Korma zy = z3z3.
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14. [lokasats, yto V(n € N, z : |z;] < 1) BRNOIHAETCS HEPABEHCTBO

| B IO
k=1

n

21-> |zl

k=1

15. Jdokazatb, 4TO
a) 1427 22(Rez)’ Vz: —1 < Rez < 1
6) Re =k > Rezizlal ooy 2, €C, 2, €C, Rez; > 0.

zy+it 2Rez;
Z2+uw=0
2 -4
2w = 1.

16. Pelunth ccTEMy YpaBHEHHH

17. TokasaTh, 410 KOPHHM KBaipATHOTO YPAaBHEHHA az’ + bz + ¢ = 0 ¢ Je/CTBUTe BHbIMH a, b, ¢ I
OTPHIATENLHBIM JUCKPUMHUHAHTOM OBPA3yIOT I1apy B3aHMHO COMNPSIKEHHBIX KOMILIEKCHBIX YUCEN.

18. JlokasaTs, 4TO KOPHH 7, U 2, ypaBHeHus 2z 4+ 2pz +q=0 (p € C, ¢ € C, g # p?) nexar Ha
[pSMOi1, IPOXOAALIEN Yepe3 HAYAIO KOOPAWHAT, B TOM M TOJILKO B TOM Cilydae, Koraa Wi p = 0, wiu
p#O,a%E'Rnfy<l.

19. Halith MHOXECTBO TOYEK z B KOMIUIEKCHOM Miockoctd C, yIOBIETBOPSIOLIMX ClELyIOLIHM
COOTHOLLEHHSAM:

z—1

a)[z—a|l=R; 6) Rez+Imz=1; B)argz =@, a € (—m,7}; 1) |Z;|=1;
D Re(z2-2)=0; e) |z —il+1z+i=4; x) Re(1 +2) —|z| =0.

20. Hanucars B KOMILIEKCHOM (OpMe YPaBHEHHSI CJIEAYIOLIUX JTHHHIA:

Ayzy=1; 6) 2+ @+ 1) =1; Bz’ —y’ = %; Ny =2z+1; Np= l+c1>s«p'

21. Haiit MHOXeCTBa TOUEK 2z Ha TUIOCKOCTH C, KOTOpHIE ONpPENENAIOTCH YCHOBUAMU:
a)r<|z—z| < R; 6) :l‘l <1l;Ba<Rez<b; ) 41 < Re;‘.+lm;f < %; n)0<arg;1j <3
22. Cpeay KOMIUIEKCHBIX YHCEN 2, YIOBIETBOPSIOLIMX YCIIOBHIO |z — 25| < 15, HaiiTi To, I1aBHOe
3HaYeHHE apIryMEHTa KOTOPOro HauMeHbLIee.
23. dokasarb, 4ro orminuHsle or O U N Touku A(z() U A(z,) cdhepsl PuMaHa nHaMeTpaibHO IIpo-
THBOIIOJIOXHBI TOT/1a M TOJILKO TOTAA, KOTA TOYKH 2| U 23 MnockocTH C CBsSIi3aHBI yCIIOBUEM 2,Z; = —|.
24, IIpu KakuX 3HAYEHUSAX IapameTpa « CJeAylolHe OKPY>KHOCTH KOMIUIEKCHOM mrockoctd C
OTBEYAlOT OOMBIIMM KpyraM Ha cdepe Pumana:
a) |z—al=a(a>0); 6) Iz— %’ =a@>0); B)|z—tl=a(@>0); 1) |z-2ai=a (a>0).
25. Haiitu:
a) lim (n2 (1 — cos %) +i(vVni+1-— \/r—z)sin%);

n—0

6) lm (142z+327+ ... +n2"7"), ecom |2] < 1.
n—00

26. Jloka3ars, YTO Npeje/ibHble TOYKY MOCeOBaTENILHOCTH (¢, ), THE ¢, = H (1 + %) JieXar Ha

k=1
OKPYXHOCTH -y = {z €C:|z| = \/ew—_’rﬂ}

27. ycts a1 B (a # B, la]l < 1, |8l < 1) — 3amaHHbIE KOMIUIEKCHBIE YHCIIA, 3 TIOC/IE]0BATEIb-
HOCTB (Z,,) Ofpelie/ieHa PEKYPPEHTHBIMH COOTHOLUEHHSIMH

Zn = (a +ﬁ)zn—l - aﬁzn—l vn > 2.
Hokasatp, uro lim z, = 0.

n-—0o0

28. Ilyctb 2, = a, zz=b(a;é0,b;é0,a;éb)u—2—=;+ L Ilokasarb, yro lim z, = 0.

Zn Zp—1 Zn4l oo
29. Tokasath, 4to ecau obnactu Dy u D, miockoctu C umeror ob1Lyio TouKy, To D U D, Takxke
ABJIsIETCS O6MaCThIO. ) . )
30. Hana dynxuus f : C — C, rme f(z) = %:“, z = e U p — NPOU3BOJIBLHOE ACi-
CTBUTEJILHOE UMCIIO; a) AOoKa3alh, YTo f — AEACTBUTEIbHasA (yHKUMS OT @; 6) HaifTU obpa3 oTpeska
v= {cp €R:0< ¢ < 3} npu otoGpaxeHuu f.

31. Ins otobpaxennst w = L (w = u+iv, z = z + iy) Hawm:
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a) obpaspr muHMit: 1) z=C; ) y=C;3) z+y=1;4) agz =q; 5) |z+i| =1, 6) y = |z|;

6) obpa3bl MHOXECTB: 7) MOJIOCH, 3aKIIOYEHHON MeXAy NpsMbiMU £ = O w1 z = 1; 8) mosocs,
3aKITIOUEHHOM MeXIy npsaMeMu y =0 u y = 1;

B) npoobpa3sl MHUK: 9) u=C; 10) v =C.

32. s orobpaxeHus w = z—"l‘ HaUTH pooOpasbl MHOXECTB:

a) W={weC:|w <2}; 6)W—{wE<C lw| > 1}.

33. Jlokasate, uTo yHKuMA w = 2> + 2z + 3 ogHomucTHa B kpyre K = {z € C: |2| < 1}.

34. OnpenenuTh KpUBEIE U MOCTPOUTH UX IPAdHKHU:

z=z+cef+pBe " 0Kt a€ER, BER);

2)z—ate“’ 0t <+, a €ER;

N z=tt+ 5, 0<t<+oo;

: iot8
4 z=(a+pPet—pe P t, rae 0 <t < 400, a, f — MONOXUTENBHbIE [TOCTOSTHHBIE.
35. Haittu (ecitu CyLIecTBYIOT) NpeaesbL
1) lim 25 2) lim 22H; 3) lim 24 gy lim ztL. s lim (537 + 21’);

z+1 z=24" 1

7 11m argz, 8) hm 2.9 hm L—lz—

Imz
36.I/Iccnen03a'rh Ha HerCpHBHOCTb B oGnacmx CYIIECTBOBAHUA Cleylolue GhyHKIMH:

T+ 1y, €CIH 2z WK ¥y PalMOHAIbHBIE,

Dw=Imz; Jw=2 3Hw= 0, eC T M Y UPPALMOHAIBHELE.

Y w=_7; 5) w=tgargz).

37. Ilyctb ¢oyHKuMHU u = u(z, y), v = v(z, y) audpdepeHunpyeMsl B obnactu D n f(zr + iy) =
u(z, y) + tv(z, y) ons Beex (x, y) € D. [okasatb, yro mis auddeperunpyeMocti ¢yHKUMKH f B
TOYKE Zg = Zo+ iy € D HeoGXOOMMO M IOCTATOUHO, YTOOBI BRIpakeHHe du(zg, yo) + 1t dv(zy, yo) ObL1IO
MPONOPLUHOHAIBHO dz = dx + 1 dy.

38. Ilycts dyHkuuu u = u(z, y), v = v(z, y) auddepeHunpyemsl B obnactu D, f(z + fy) =
u(z, y) +iv(z,y) L Bcex z = z+1y € D u Vu = (g—z, g—Z), Vv = (g—z, g—;) — TpagUeHTH
COOTBETCTBeHHO (GyHKUMIT v u v. [JJokasaTh, uyto ycjoBus auddepeHuUHpyeMocTd GyHKUMH f Kak
GYHKUHN KOMIUIEKCHOTO nepeMeniHoro z € C BbIPaXaloTCsi pABEHCTBAMH

(Vu, Vo) =0, |Vu| =Vl

rae {Vu, Vv) — cKajsgpHOe IIPOM3BEIeHHE TPaiieHToB, a |Vu|, |Vv| — Ux mwinHsL
2 .
zy“(ztiy)
ETY ecnd  z
39. [okazarb,uro ¢yHkuus f(z) = zityd 1 7 0 HENpepPLIBHA B OKPEeCTHOCTH

0 npu z =

ToYKH z = 0, npefensr lim ——(—zl—f— CYIUECTBYIOT, €C/IM Zz CTPEMHUTCA K HYJIO BIOJb [IPOM3BOJILHOMN

z—0

NpsIMON, M PaBHBI MexXy coboii, onHako f He nuddepeHunpyema B Touke z = 0.
40. UccnenoBars Ha aHATUTHYHOCTH B O0JACTAX onpelieieHust QyHKUNHN:

D fe+iy) = + ——) 2) f(z) = |z +22; 3) f(2) =

2+ 2ty

41. ITyctb Bce KOpHH MHorowieHa P(z) yiexXar B HEKOTOPOM Kpyre. JIoKasaTsh, UTO B 3TOM XK€ Kpyre
JeXaT W Bce KODHH €ro NMpOoMsBOnHON P'(z).

42. JlokazaTh, YTO €CJIH q)yHKunn f U g SABISIOTCS AHAIWTHYECKMMM B TOUKe 2o M f(z9) =

g(z0) =0, HO ¢'(29) # 0, 1O lim f—(—z°~ . Haiirst lim L2

(z) 9(=z0) s 1420
43. Myctb dyuxuus f — aHa.Immqecxaﬂ B obnactn D, u = Re f, v = Im f. Jlokazars, 4T0 TUHHU
© = const Bcerza IepeceKaloT TMHUM v = const NEpPHEHAMKY/IAPHO B TeX TOUKax, Tae f'(z) = 0.
44. OnpenenuTy aHAIMTHYECKHE QYHKIMM f, eCli
a)u=z' -y +2z, fG)=—-1+2i; 6) v=e€"siny+2zy+ Sy, f(0)=

72 +’(y—




I'naBsa 3

DaemeHTapubie (PyHKIMH
B KOMILICKCHOM IJIOCKOCTH

B sTOl1 IMaBe pacCcMaTpUBAalOTCA 3JeMeHTapHEle PYHKIIMH KOMIUIEKCHOIO IEPEMEHHOrO, HX OCHOBHbIE
CBOMCTBA M KOHGOPMHBIE OTODpAXEHHsI, OCYILIECTBIAEMbIE UMU.

§ 1. JApoOHo-mHeiinbie GYHKIME ¥ HX CBOMCTBA

1.1. Onpenenenue npoduo-mueiinoi ¢ynxuun. KondopmaocTh 0TOOpakKenns.

Jpobro-aunelinbimu Ha3HIBAIOTCH (PYHKUNHK BHA

w(z) = Pt M

mea€C, beC, ceC, de C usnmonnsercs yciosue ad — be # 0. D10 ycrioBHe UCKITIOUAET CITy4aii
pbipoxaeHus ¢GyHkuuu (1) B nmocrosHHyto BenuuuHy. IIpu ¢ = 0, d # 0 dyukuus (1) craHOBHTCS
JIMHEHHON:

LY

w= -2 - = z .

d d
JIpo6Ho-iHeliHas hYHKUMS w Ollpele/ieHa Uit BeeX z € C, 3a MCKIIOYEHHEM ABYX TOUEK: 2z, = —i
U z; = oo. Ilpu ¢ = 0 314 Touxku coBnagaior. I[Ipomommxum (QyHKUHMIO w Ha BCIO pacmnpe}{}{yxo
miockocts C, nonaras w(z;) ¥ w(0o0) PaBHBIMH NpPEACTBHBIM 3HAUCHHUSIM W B 3TUX TOUKaX:

a
w(z) =00, w(x) = -,

Torna npo6Ho-MHHENHAs QYHKUNSA CTaHET HenpepbBHOH B C, OCYLIECTB/IAsA HENPEPLIBHOE OTOOpaxe-
Hue C Ha C. PaccmatpuBas (1) kak ypaBHEHHE U DEIUMB €70 OTHOCUTENBHO Z, IMOMYIHM

dw+b
z2=- (2
cw—a
[Monyunm onste ApoGHO-NHHEliHYI0 QYHKIHIO, onpeleeHHy0 B rockocTd C, MockomsKy 2z = 00
mpUw==2uz= —% IPH W = OO COMIACHO C TIPUHATHIM BhILIE YCJIOBHEM. TakuM oGpa3oM, MOIyIWIv
TEopeMy.

Teopema 1. Bcaxas dpobro-auneinas_gynxyus (1) ocywecmessem zomeomopphoe (m.e. 63aumho
o0Ho3HaUHOe U Henpepbighoe) omobpaxcenue C na C.
ITponssonnas ApoGHO-IMHEAHON HYHKUMH

dw ad — bc

dz ~ (cz +d)?
He paBHa HYJIO M KOHEeYHa UIst Beex z € C\{z1, 22}. [103TOMy 0TOGpaxeHHUE, OCYILIECTRIAEMOE APOGHO-
nmHeRHON QYHKUME w, sBnseTcss KoHGOPMHBIM Uit Beex z € C\{z,, z;}. YToObI yCTaHOBMTD CBOIi-

CTBO KOH(POPMHOCTH TAKXKE B TOUKAX z; U 23, BBEAEM B PACCMOTPEHUE NMOHATHE YINIa B GECKOHEUHO
yaaneHHOM TOUYKE.
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Ounpenenenne. [Iod yeaom 8 mouke z = 00 MexOy 0BYMA NYmaAMU vy, U 72, NPOXOOAWUMY Hepe3
beckoneunocmb U UMEHWUMY ¢ CBOUX Cepuueckux uzoGpadcenusx Kacamenvhvie 8 noaoce N, HOHUMAEM
Yyeon mexcdy oopazamu T'y u 'y smux nymeii npu omobpaxcenuu z v f =7 emouxe Z = (npu ycrosuu,
umo Iy u Ty umerom xacamenvnoie ¢ mouxe Z = 0) (puc. 29).

IMycrs v, ¥ v, — IBa IyTH, NPOXOIALIME Yepe3 TOUKY z = —% M TlepeceKalolIHeCcs B Hel noj
YIJIOM ¢ (CYMTAs, YTO MYTH HMEIOT KacaTe/bHble B 510if Touke). Mx obpassr I'} ¥ I'; npu orobpaxeHnn
(1) GynyTr npoxoauts depe3 DeCKOHEYHO YIAJIEHHYIO TOYKY. YTIOI MeXmy HHMHU B GECKOHEYHOCTH IO
OIpele/ieHUIO PaBeH YTy Mexay ux obpazamu I'; u I', nipu ortobpaxenuun W = i TTockonbky

d
_—k 3

az+b’

72 w Uk

1o iyt I'| u I'; MoxHO paccmarpH-
BaThk KaK o6passl 7y H 7, NpH oTobpa-
a=— ﬂ xeHHH (3). D10 oTOOpaxXeHH e ABAAECT-
st APOGHO-TUHENHBIM C TPOU3IBOAHON

"1 O

B dW _ bc—ad
I, dz ~ (az+b)?’

QV

—- rz OTJIWYHOMN OT HyJA B TOUKE 2z = —%,
x T.e. oTobpaxeHue (3) KOHQOpPMHOE B
TOYKE 2z = —g, uyronmexay I'y u Iy
Pac. 29 B Touke W = 0 pasen a. Orciofa
nmeeM, uro yroit mexay I'f u I'; Ha GeckoHeunoctu paBeH «. KoHgpopmHocTh otobpaxenus (1) B
TOYKE Z = —% nokasaHa. Jlis nokasaresibCTBa KOHGOPMHOCTH OTOOpaxeHus (1) B Touke z = 00 NIpH-
MEHHM TIPHBeJeHHBIE BhIILE PACCYXIeHHs K ofpaTHol ¢yHkuuu (2) B Touke w = <. B pesysmerare
MIOJIYYMM CJIEAYIOIIYIO TEOpEMY.

Teopema 2. Jpobro-auneiinoe omobpaxcenue kongopmuoe ge3de na C.

HenocpeacTBeHHOI TPOBEPKOii MOXKHO YOeUTLCS B TOM, 4TO KOMITO3HLMsi JPOGHO-JIMHEHHBIX OTO-
OpaxeHHi1 OrsITh eCTh IpOOHO-THHElHOe oToOpaxenne. [ToaToMy ClipaBeIHBO Crenyloiee yrpepxie-
HHE.

Teopema 3. Cogoxynnocms A ecex dpobno-auneiinsix omobpaxcenuii o6pasyem 2pynny, ecau 3a epyn-
HOBYIO OREPALUI) NPUHAMb KOMAROIUYUI OMOOPANCEHUI.

Jloka3areIbCTBO COCTOMT B HENOCPEACTBEHHO! NIpOBepKe TPYMIOBBIX aKCHOM (aCCOLMATUBHOCTD,
CYLIECTBOBAHHE €MHULL U CYLIECTBOBAaHHE OOPATHOTO 3JIEeMEHTA).

0]

1.2. TeoMeTpryecKHue CBOMCTBA IPOOHO-THHEHHBIX OTOOPAKEHMIH,

PaccMOTpUM clieiytoiye YeThIpe YacTHbBIX Cilydast ApOOHO-TMHEHHbIX OTOOPaXeH it
1) napaiensHBIA NepeHoc Ha BeKTop h

w=2z+h,

2) NOBOPOT BOKPYT Hayajla KOOPAMHAT HA yroi 6

3) nonobue ¢ koabduuueHTOM Noxo6ud r (r > 0) U LEHTPOM IOZOOUS B TOUKE z = 0
w=rz;

4) obparnoe otobpaxeHue
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IMokaxeM, 4To 060€e IpOBHO-THHERHOE OTOBPAXKEHHE MOXHO IOJYIHTS B PE3Y/IbTaTe KOMIIO3U UMK
HECKOJILKUX OTOOPaXEHU, KaXI0e W3 KOTOPLIX SBIAETCH OJHHM U3 YETHIPEX PACCMOTPEHHBIX:

az+b a + - ac—d + ( . )
= = - =—-4w NapajUle/IbHBIA TIEPEHOC);
cz+d ¢ cz+d ¢ ¢ P P
ad 1 ad
wy=(b—-— ) ——=|b—-— ) w; (nmongobHe W MOBOPOT);
c ) ez+d c
1 1
wy = - — (obpaTHoe oTOOpaKeHUE);
cz+d  w
wy=cz+d=w;+d (MapayteIbHBIA NIEpEHOC);
wy = ¢z (nonobue 1 MoBOpoOT).

Hrak, cBoiCTBa, CripaBeUIMBLIE VIS YKA3aHHbBIX YeThIPeX OTOOpaxeHH i, MOXHO B Pslle C/IydaeB re-
peHeCTH Ha obluee 1pobHo-TuHeliHOe oTobpaxeHue. TakuM o6pa3oM rosiyyaeTcsi, HAIIPUMED, KPYroBoe
CBOMCTBO JpOOHO-JIMHEHHBIX OTOOpaKeHHH.

Teopema 1 (KpyroBoe cBONCTBO). Jwboe dpobro-aunelinoe omobGpaxcenue npeofpasyem Kaxcoyio
okpyxcrocms na C 8 oxpyacnocms na C, 20e nod okpyscrocmeio na C nonumaem 8CaKyio okpy#cHocmb uai
NPAMYIO Ha KOMRAEKCHOU NAOCKOCmU.

« [ otoGpaxeHHil OBOPOTA, NOAOOHS, NMapa/Uleb- y A
HOT'O lepeHOCca KPYroBoe CBOMCTBO oueBHaHOe. JlokaxeM ero
CIIpaBeIMBOCTb 1715 OOPATHOTO OTOBpaXeHHUs. z*

Kaxnayio oxpyxHocTs Ha ruiockoctTh € MOXHO 3amaTb
YpaBHEHHEM

A@@’ +y") +Bz+Cy+D =0. (1
[Momarast z = z + iy, Z = = — iy, nepenuiueM (1) B BuIe
AzZ+Biz+Ciz+D =0, )

rie By = (B —iC), C, = (B +iC).
Yr1obbl moNMyUHTH ypaBHeHHe obpaza OKDYXHOCTH (2)

1pH obpaTHOM OTOGpPakeHHH, MojaraeM B (2) z = El [To- 0O
JIYUHUM

o |

A+B|1_U—+Clw+DwE:0 Puc. 30

370 ypaBHeHHe BUAA (2) U, CJIEJOBATENILHO, ABJAETCS ypaBHEHHEM OKPYXHOCTH Ha rwrockoctd C. »
Yr10681 cHOpMYNTHPOBATH BTOPOE TeOMETPHIECKOE CBOMCTBO [IPOOHO-IHHEHBIX OTODpaXkeH!I, BBe-
JleM B PacCMOTPEHUE MOHSATHE CUMMETPHYHBIX TOYEK OTHOCHTEIBHO OKPYXHOCTH.
Ounpenenenne 1. Touku 2 ¥ z* HA3BIBAIOMCA CUMMEMP UYHBIMU OMHOCUMEAbHO OKPYHCHOCM U
(koneunozo paduyca) na C, ecau onu AeHam HAG OOHOM U MOM JHce ayde, bixo0suem U3 UEHMPa OKpyxc-
HOCmU g, @ npoussedenue ux PAccmOSHUI OM yeHmpa pasHo Keadpamy paduyca R dannoii okpyscnocmu

(pHc. 30),
HNmeem
2
arg(z — z) = arg(z” — z0), |z — z0ll2” — 2| = R’,
2 2 2
22—z = R zarg(z —zg) _ R - R
"zl |z — zgle~imt=0 — T2,
Orciona
RZ
Z* = 2§ + ———. (3)
zZ—2

B yacrHOCTH, nipH 29 = 0, R = 1 nonyyaem z* = -zf-

Oupenenenme 2. Touku z u z° HA308eM CUMMEMPUYHBMU OMHOCUMENbHO hpamol (m.e.
OKpYxcHoCmU OECKOHeHO20 paduyca), ecau ORU NeXCcam Ha 0OHOM U MOM dce nepnenourKyispe K 3moii npamoi,
Ha 00uHaKOBOM PACCMOAHUY Om Hee, HO C PA3HLIX CMOPOH.

HoxaxeM OCHOBHOE CBOHCTBO CHMMETPUYHBIX TOYEK, TIOMHOCTBIO XApaKTEPHU3YIOLIEe UX.



86 [11. 3. Dnemenraphble GyHKUMH B KOMIUIEKCHOMH ILUIOCKOCTH

Teopema 2. Jna mozo 4moGo: mouKku z u z° Gbiau cUMMEmPUMHbIMU OmMHoCUmMenbio okpyxcriocmu T,
Heobxo0umo u docmamourno, umobe awbas okpyxchocms <y Ha C, npoxodawan 4epe3 nux, 6biaa opmoco-
namvha I'.

4 Heob6xoauMocTh. IlycTe TOUKM z M z2* cHMMe- A
TPUYHBI OTHOCHTENBHO OKPYXHOCTH I' 11 ¥ — mpou3BonbHast y
OKDYXHOCTb, [TPOXOZSILUAY Yepe3 z U z* (puc. 31).

IIpoBemeM depe3 TOUKY Z; KACATEJIBHYIO K OKDYXHO-
ctu 4. Io H3BCCTHOPI TEOpeMeE KBaApaT AJIMHBI OTPE3Ka ITOH
KACATE/bHOM | — zo|* paBeH MPOM3BENCHMIO TMHEI OTPe3Ka
CeKylueil |z” — 25| HA WIMHY €ro BHEIUHEN YacTH |z — 2/, T. €.
I¢ — 20> = |z — 20]|2" ~ zo]. TaK KaK z M 2" CHMMETPHUHBI
otHocHTensHo I, To |[¢ — 25| = R. TakuM 06pa3oM, OTpe30K
KacaTelIBHOM K Y fIBJSleTcs pagnycoM okpyxHoctn I, T.e. ¥
oproroHanpHa I'.

JocTaTOUYHOCTh. IlyCTh TOYKM z WM z* UMEIOT CBOW- L
CTBO: Imobast OKPYKHOCTD 7y, IIPOXOASILAs YEPe3 HUX, OPTO- O x
roHansHa I'. Torna:

1) TOUKM z ¥ z* JIeKaT Ha OMHOM JIyde C BEPUIMHOIM zg — Pre. 31

LIEHTPOM OKpyXHocTH I'. BTO ciemyer U3 TOro, 4rto B Kaye-
CTBE -y MOXHO B3fTh NPSAMYI0, KOTOpas HODKHA GbITh opToroHansHod I M, cienoBaTeabHO, IPOXOLUT
yepe3 LUEHTP zy OKpyxHocTH I'.

2) |z — zg||z" ~ 20| = {¢ — 20|* = R?, T.e. TOUKH z U z* CHMMETPHYHBI OTHOCHTENBHO [, B

W3 BoKka3aHHOTO CBOWCTBA CMMMETPHUYHBIX TOYEK BBITEKAET, YTO B Cjyyae, KOraa OKpyXHocTs [’
BBIPOXKHAETCS B NPAMYIO JIMHHUIO, CHMMETPHUSI OTHOCUTEILHO OKDPY>XHOCTH IpEBpaIlacTCs B OOBIYHYIO
CHMMETPHIO.

JloKa3aHHasg TeopeMa MPeAOCTaBASeT BO3ZMOXHOCTE aTh APYTOE OMpeIeeHUe CUMMETPHUUHBIX TO-
YeK.

Onpenenenne 3. Touxu z u 2" HA36I6QIOMCA CUMMEMPUHHI MU OMHOCUMEALHO OKPYICHO -
cmu T' na naockocmu C, ecau mobas oxpyscnocms 7y, npoxooawasn 4e-ux, opmoeonansha 1.

OrtobpaxeHue z — z" HA3BIBACTCSA umeepcuell.

Teopema 3 (06 MHBapMAHTHOCTU CUMMETPUYHBIX TOYEeK INPH IPOGHO-AMHEHHOM
oToGpaxeHUN). [Ipousgonbroe dpobro-1uneiinoe omoGpadcenue nepesodum Kaxcoyio napy mosex z u z*,
CUMMEMPUHHbIX OMHOCUMenvio rekomopoil okpyxciocmu T' C C, ¢ mouku w u w*, cummempuunsie omno-
cumenvho okpyxciocmu T | gensroweiica o6pasom okpyxcrnocmu T npu dannom omobpaxcenuu.

< ITpoBexeM depe3 TOUKM w M w”™ MPOU3BOABHYIO OKPYXHOCTS Y™ . Ee npoo6pa3 +y B IIOCKOCTH 2,
COTJIACHO TEOpEME 2, OpTOroHaleH oKpyxHocTH I'. B cBa3U ¢ KOH(OPMHOCTHIO IPOGHO-THHEAHOTO OTO-
GpaxeHHst okpyxkHoct v* U " oproronansHsie. Torna, mo TeopeMe 2, TOYKH w H w” CHMMETPHUIHBIE
OTHOCHUTENBHO I'*. p

1.3. IpobHo-HHelHbe H30MOPMPUIMBI H ABTOMODP(UIMBI.
B dopmyiy, 3amatomyto 1poGHO-HHEHHOEe 0TOOpaxeHue L

w= az+b 1
cz+d
BXOIMT YeThIpe KOMIUIEKCHBIX MapaMeTpa a, b, ¢, d. B neiicTBUTEIBHOCTH Xe, orobpaxenue (1) 3a-
BUCHT OT TpeX IapaMeTPOB, MOCKOJIBKY YMCIMTENb U 3HAMEHate b (1) MOXHO pasaeiMTh Ha OXMH M3
OTIMYHBIX OT HYJIst TapaMeTpoB. [103TOMy €CTECTBEHHO OXHMIATh, YTO IOCPEACTBOM APOGHO-THHEHHOTO
npeo6pa3oBaHHs TP 3aJaHHbIE TOYKU €IMHCTBEHHBIM 06pazoM npeo6pa3yrorcﬂ B TpH _3a/IaHHEIC,
Teopema 1. Kaxumu 6ot nu 6biau mpu paznsx mowku zy € C, z; € C, z3 € Cu mpu pasHuix
mouku w, € C, wy, € T, wy € C, cymecmeyem, u npumom eduncmeennoe, maxoe dpobo-auneiinoe
omo6paxcenue L, ymo L(z;) = wy (k= 1, 2, 3).
4 CyumectBoBanue: a) [lyctb 2, € C, wi € C (k = 1, 2, 3). PaccMOTpHM Apo6HO-IMHEHHOE
OTOGpaxeHue, NIEPEBOASALLEE TOUKH 2, 22, 23 M Wi, Wy, W3 COOTBETCTBEHHO B TOYKH 0, 00, 1 ruIocko-
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CTH (:
zZ—2zZ1 23— 23

(— ) 3 LZ:C:

Z~—=2zZy Z3— 2 w—w, W—uw

W—w w—w

-1
OueBunto, yro orobpaxenue L = L o L asigercs uCKoMbiM, L : w = w(z), w(z;) = w;. Ero
MOXHO HaWTH M3 COOTHOLUEHHUS

zZ2=2y Zy—z2 w—w W;—w,

= : ) Q)

Z—=Z; Zy—2zy w—-w,; w;—uw

6) Ecny onna M3 TOYeK z; WIM w; MM OJHA TOYKA z; M OfHA Touka w; (i, j = 1, 2, 3) 6ecKoHeqHO
ynaneHHas, To ¢opmMyJa (2) octaeTcs B cuiie. B aToM ciyyae aullb TpebyeTcs YUCIUTEND M 3HAMEHATE b
IPOOH, TIe NOSBIAETCS 3Ta TOYKA (KaX/Jast TOYKA z; M W; BXOMMT B (2) ABaXIRL: OAMH Pa3 B YUCIMTENb,
BTOpO#l pa3 — B 3HaMeHaTesb), 3aMEHUTh eduHuued. Hanpumep, nycts z, = w; = oo. Torma (2)

TIPUMET BHIT
23— 2y W3 — W
z— 2 Cow— wy

Eanncreennocte. IlycTs KpoMe oToOpaxeHUs L CyiiecTByeT Takoe IpOGHO- mmem{oe oTo-
GpaxeHue A, 4t0 A(2:) = w;. PaccmoTpum ,E[pOGHO JIMHEHHoe 0T06pa)KCHHC L= Lz oAo LI Ono
OCTaBJIAET HEMOABHUXHEIMU TOUKH 0, 0o, 1. U3 I(x0) = 00 = L(z) =az+b us L(0) = 0= b =0,
u3 L(l) =1l=a=1. C;’ICL[OBaTe.HbHO L(z) =2z,T.¢€. LnoAoL] = E, rae E — TOXIECTBEHHOE
orobpaxenue. Orciofa umeeM A = L 'Ly=L.»

Caedcmeue. Jlobyro okpyxcrocms y C C moxkcno nocpedcmeom 6po6Ho-ﬂuueunoeo omobpaxcenus
npeoGpazosamb ¢ mobyie dpyeyio okpyxcriocms Y+ C C.

JleACTBUTENBHO, VISl 9TOTO AOCTATOYHO MEPEBECTH TPM TOYKM OKPYKHOCTH Y B TPH TOYKU OKPYX-
HOCTH ¥". M3 KpyTOBOro CBOMCTBa APOGHO-INHEHHOTO OTOOPAKEHUS, a TAKXKE U3 TOTO, YTO TPH TOUKHM
OIPENEC/IAIOT €AMHCTBEHHYIO OKPYXKHOCTb, CIEAYeT YTBEpXKIACHHE,

JIpoGHo-MHeiHoe oTobpakenue o6actu D Ha 0651acTh D* Ha3pBAETCH Apo6HO-AUHEUHbBIM UI0OMOD~
puamom, a obaacti D y D* | sl KOTOPBIX TAKOU H30MOp(MH3M CYLIeCTBYET, HA3BIBAIOTCST OpOOHO-1UHEIIHO
U30MOPPHBIMU. _ _

O6aacts K C C HasbiBaetcst Kpyeom, €Ciu €€ TpaHula sipisgercss okpyxkHocteio Ha C. Creno-
BaTEAbHO, 3TO MOXET GHITh KPYT B OOBIYHOM IIOHUMAHMH, WM BHEIUIHOCTE TAKOTO KpYyra, a TaKXe IT0-
Jymiockocets. JIio6ast okpyxxHocTs 7y 1iockocTH 2 pasnensieT C Ha nBa kpyra K u K,. B cBoio odepens
OKPYXHOCTb ¥* = L(y) niockoctu w pas6usaer C Ha nBa kpyra K| u K. U3 Tonosoruyecknx coobpa-
XeHMil ScHO, 9TO BO3MOXHBI Aa ciaywast: a) L(K ) = K|, L(K;) = K3, 6) L(K,) = K,, L(K;) = K| .

YTo6Bl BBISCHUTH, KAKOH M3 ITUX OBYX CJIyyacB BBIIIOJIHSAETCS, JOCTATOYHO HalTH ob6pas moboit
Touku kpyra K| (uau kpyra K,). MoXHo Takxe BOCIIOAB30BaThCS. Tak Ha3bIBaEMbIM TIpaBHIIOM 06x01a,
KOTOPOE COCTOUT B CHEIYIOUIEM.

3abUKCHUPYEM Ha OKPYXKHOCTH Y TPH TOUKH Z, 22, Z3. VX o6pa3aMHu COOTBETCTBEHHO OyAyT TOUKH
Wy, Wy, w3. TpHM TOYKM HAa OKPYKHOCTH YCTaHABJIMBAIOT Ha HEil BIIOJIHE ONpeEIesieHHOE HampaBieHUe
obxona. Mcnonp3yst CBOUCTBO COXpaHEHHUs YIVIOB NPM KOH(POPMHOM OTOGPaXEHHUM, MOXHO ITOKAa3aTh,
4TO NIpU O6XONE OKPYKHOCTH Y M " B HAaNpaBAECHHAX, ONPEAENEHHRBIX TOUKaMK 2; K w; (1, § = 1, 2, 3),
061aCTH, COOTBETCTBYIOLUME IPYT APYTY, OYAYyT pa3MELUCHBI C OXHOM M TOM X€ CTOPOHBI. Temnepp :1erkKo
YOERUTECS B CIACAYIOLIEM. _

Teopema 2. JTobvie dsa xpyea na naockocmu C dpobro-nuneiino uzomopgisi.

HaiineM, HanipuMep, Bce ApOGHO-TMHENHbIE U30MOP(UIMBI BEpXHEH MONYTINIOCKOCTH Z t = {zeC:
Imz > 0} Ha enunnuneni kpyr K = {w € C: ju| < 1}.

Mycte @ (Ima > 0) — TouKa BepXHel IOIYILIOCKOCTA Z T, KoTopas NMpH JaHHOM OTOOPaXEHHH
niepexonuT B HeHTp kpyra K w = 0. Touka @, COIMACHO C MHBAPMAHTHOCTBIO CUMMETPUYHBIX TO-
4eK, MepeiieT Ipu APOGHO-IMHEHHOM OTOBPAXKEHUH B TOYKY W = 00, CUMMETPHYHYIO TOuke w = 0
OTHOCHTEJIBHO OKpyXHocTH ¥ = {w € C : Jw| = 1}. OueBUnHO, 4TO MCKOMOE OTOGPAXEHUE UMEET BHI

3

[lpy z = T UMeeM |z — a| = |z ~ @|. i Toro 4robu ockr Oz oTO6paXanach Ha eTMHUUYHYIO
OKpYXHOCTb, HEOOXOIMMO, uTobmr k| = 1, T. €. k = €.

zZ—a

w=kK —.
z—@
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Wrak, Bce apOGHO-TMHENHHBIE H30MOP(HU3MEI BEpXHEH TOMYNIOCKOCTH Z* Ha eIMHMYHBIA KPYyT
onpeneasiorcs ¢popMyJion

T (4)
zZ—a

rile a — MNpPOM3BOJBHAS TOYKa BepXHeil mosymiockoctd (Ima > 0), a § — nmpou3BosipHOE AEHCTBHU-
TesIpHOE YKCi0. MMeeM Takke w(co) = e'?.

YCTAaHOBJIEHO, YTO BCSL COBOKYMHOCTh ApOOHO-INHEHHBIX H30MOpP(H3MOB BepXHEH MOJTyrIOCKOCTH
Ha eJMHUYHBIN KPYT 3aBUCUT OT TPEX NeHCTBUTENBHBIX MapaMETPOB, a UMEHHO @, Rea u Ima.

JpoGHo-MHeiHbI H3oMopduaM obnacti Ha cebst Ha30BeM APOGHO-THHEAHBIM aBTOMOPOU3IMOM.
OYeBUIHO, YTO COBOKYMHOCTh BCEX IPOOHO-THHEHHBIX aBTOMOpdU3MOB Kakoi-HHOYIb obactH obpa-
3yeT [pYIHTy, KOTOpas SBJSETCA IOATPYIIION rpymmmsl A BCex ApoGHO-IMHEHHBIX oToOpaxenu#t. Tak,

1) COBOKYNHOCTb BCex ApOGHO-IMHelHbIx aBToMopdu3MoB C cosnapaer ¢ A,

2) COBOKYITHOCTh ApOGHO-auHelHbIX aBToMopduaMoB C coBnagaeT ¢ moarpynmoir (Uessix) JHHen-
HBIX IIpe06pa3oBaHuil z +— az + b;

3) moarpynmna aBToMopduaMoB emHUYHOro kpyra K = {w € C: |w| < 1} umeer Bux
g zZ—a

1-az’

M 3aBUCHUT OT TpeX LEUCTBUTEIBHBIX MapaMeTpoOB: OBYX KOOPAWHAT TOYKHM a M 4YMACaa 8.

la] <1 ()

zHe

PaccMmoTpum npuMepsl,

z+1a
1. Haiitu o6pas ocut Oy npu oToBpaXeHUH w = i’ a#0,acR
—z+1ia
o Umeem w(0) =1, w(oo) = —1, w(ia) = co. Tpu Touku ~—1, 1, 00 Ha IUIOCKOCTH w ONpPEResIOT
AEACTBUTENBHYIO OCh. W
2. Haiitn obpas OTpe3Ka ¢ KOHUAMH B Toukax z; = —1 4+ 2i, 2, = 1 + 2i npu oTtobpaxeHUu
2z 414
T iz42
<4 Tlockonbky w(z;) = —5— 21, w(z) =5 - 2i, w(2i) = 00, TO 06pa30M NPsMOit ¥ = 2, KOTOPOIk
NPUHALTICXUT JaHHBIH OTpe30K, 6yner mpsiMast Imw = —2. KoHeuHslil oTpe3ok [z, z;] mepexomuT B
OTPE30K, COAEPXKALUMI 6ECKOHEUHO YAAMEHHYIO TOUKY, ¢ KOHIaMHU w; = —5—2i, w, =5 —2¢. p
. . V2z-1-1)
3. Haiiti imHUIO 2 -IOCKOCTH, 06pa3oM KOTOPOH IIpH OTOOPAXEHNH W = o1 SBJISIETCS
z—1~1

eXMHAIHAsA OKpyxHOCTh ¥ = {w € C : |w| = 1}.
4 UmeeM |w| = 1 = ww = 1. Hcxoms u3 artoro, noayvaeMm (27(;_‘1—1_“;’))(%_’_—‘1“% =1, orkyna zz = 1,
T.€. MCKOMBIil Tpoo6pa3s — eqMHHUHas OKpyXHocTh ' = {2z € C: |z| = 1}. »

4. Noxasate, yro |a| = |e| > 0 sBATETCH HEOOXOMMMBIM M TOCTATOMHBIM YCIOBMEM TOTO, YTO

dyHKIHSA W =

TIEPEBOAUT OKPYXHOCTh ¥ = {z € C : |z| = 1} B npamyo.
Z

4 HeobxoaumocTs. Ilycts 3amanHas ¢GyHKUMS NEPEBOXUT OKPYXHOCTL Y B mpsimMyto. [Ipo-

a

00pazoM TOYKU w = OO SIBJISIETCH TOUKA z = 2, [109TOMY I%l =1.

PR
aw+b

Hoctatounocts. Ilycts |a| = [c] > 0. [pobHo-TuHelHas GyHKUMS z = 27 MEPEBOIMT 0O B
TOUKY %, KOTOpasl, COINIACHO YCIIOBHIO, JIEXNT Ha €IMHUYHON OKDYKHOCTH. A TIOCKONEKY TOUKA, JIeXa-
1as Ha eIMHUYHON OKPYXXHOCTH, NepeiyIa B 66CKOHEYHOCTD, TO NMPO0O6Pa3oM €AUHUYHON OKPYXHOCTH
ABIETCS NpAMas. » ‘

5. ITocTpouTth KPOGHO-TMHENHBIH aBTOMOPGU3M BEpPXHEH IMOJYIUIOCKOCTH, MPH KOTOPOM TOYKH
z =0, z = —1 OCTAIOTCA HETOABMXHBIMH.

o Tlycts w = L(2) — uckomslit aBroMopduam. Umeem L(0) = 0 u L(—1) = —1. Mycts, manee,
L(a) = b (a € R, b € R). Torzma, no npaBusiy o0xona, & U b XOJDKHE! YAOBAETBOPATh OAHOMY M3
crenyrownx yoiosuit: 1) {a, b} & [—1, 0]; 2) {a, b} € [-1, 0]. .

ITo ¢opmyne (2), m. 1.3, monyuaem /

(a+ 1)bz
W= ——————— |
(a=bz+ad+1)
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6. Haittu o6pas eguunanoro kpyra K = {z € C : |z| < 1} u ero BEPXHETO IOJAYKpyra IIpH

o 3-2z2
OTOGpaXEHHH W = )
P 4z 48
<« Coracto nanoit dopmyne w(—1) = 3, w(l) = . [MockoasKy K0abdUIMEHTE! ZPOGHO-

JIMHEHOTO OTOOPAXEHHUS TEHCTBUTEIBHBIC UMCA, TO AEHCTBUTEABHAS OCh MEPEUIET B IEHCTBUTEILHYIO
ocb. OGpa3oM €IMHMYHON OKPYXHOCTH OYIET OKPYXHOCTb, VISl KOTOPOHM OTpe30K ﬁ, § SABISIETCS

nuaMeTpoM. [IpuHuMas Bo BHUManue, uTo w(0) = %, €IVHUYHBIA KpYT oTO6paxaeTcs Ha KpyT
- : P
Ki={weC:|lw-%|<L}.

Mo npaBuny obxoga ycTaHaBIMBaeM, 4TO 0Gpa3oM BEPXHETO MOMYKpYra GyaeT HUXKHUIA ITOyKpyr. »

7. Haitrn dynxiumo, orobpaxatouyio kpyr K = {2z € C : |z] < 1} na xpyr K* = {w € C:
|w ~ i} < 1} 1 mepeBoasuryio Touku 0 1 1 COOTBETCTBEHHO B TOUKM 3 1 0.

« [lo dopmysie (3), m. 1.2, HaxomUM TOUKY w*, CHAMMETPUYHYIO TOYKE W = %

HckoMmoe oTobpakeHne HaxoauM MO COOTBETCTBUIO Tpex Map TOUEK
( .
w(0) = 7 w(l) =0, w(o0)= -1,
OKoHYaTenpHO NOJy4aeM
-1z
z4+2°

8. [MocTpouTs ApOGHO-IMHERHYIO DYHKLHIO, epeBOISIIYI0 TOUKM MHOXectBa Z = {—1, 7, 1 + i}
COOTBETCTBEHHO B Touku MHoxectsa W = {1, co, 1}. HaitiTu oGpa3 oGnactu

o)

241 l4+i—i w—i
z—i l14+i+1 1-4’

D={z€C:|z—‘;"

o ITo popmyne (3), n. 1.1, umeeMm

Orciona
(1+2)z+6—3¢
W= ———
5(z —1)
[punumas Bo BHUMaHME, YTO TOYKM z; = -1,z = ¢, 23 = | + ¢ jeXaT Ha OKPYXHOCTH § =
{z €C: Iz - l;i = \/g} M OKPYXHOCTb 4 TIEPEXONHUT B NMpsMy0 4 + v = 1, 1o npaBuity o6xoza

yCTaHaBAMBaeM, YTo o6pa3oM obiacTd D gBisgeTcs moaymockocts P = {(u, v) € R :u+v> 1}. »

9. Haittu IPOGHO-NMHENHYI0 (DYHKUMIO , 0TOOpAXaIOLIyIO ITPaByKo TONYILIOCKOCTh 6e3 Kpyra K =
{z€C:|z—h|< R}, h> Ruakomuo K, = {w € C: p < |w} < 1} TaK, YT0 MHMMAA OCh IIEPEXOIHT
B €AMHUYHYIO OKPYXHOCTb. Halith p.

<« HaiizeM Touky © ¥ ™ AeHCTBUTENBHON OCH IUIOCKOCTH Z, CHMMETPHYHBIE OJHOBPEMEHHO OTHO-
CHTEJIbHO MHHMMOI OCH U OKPYXHOCTH 8K . OueBHaHO, yto =* = —z. Cumrtas = > 0, o dopmyie (3),
12, 0pu z = ¢ u ¥ = —z HaxouuM = = Vh? — R2, CTpoMM MCKOMOE OTOGpaxXeHHe KaK JPOGHO-
JIMHEHHYI0 QYHKUHMIO, TIEPeBOISILYIO TOYKH £ M T COOTBETCTBEHHO B 0 M 00:

Yy
Tt VR -R
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W3 ycnosust [w(iy)| = 1 waxomuM, uto |k| = 1. IIpuHMMas BO BHMMaHMeE, 9TO 06pa3 TOUkM z = h ~ R
JIeXUT Ha okpyxHoctH Y = {w € C : |w| = p}, umeem

_h-R-VR-R!| |(h—R’-2h-RWRI - R +h’ - R’

P h-rivm-R| (h— R)*—h? + R? -
(h—R)h-vhI—RY)| |VR?—R'-h| h-VvhI-R? ,
R(R—h) - R a R :

10. Haitri o61uumit Buzn IpOOHO-IMHENHON (DYHKUIMH, MMEIOMIEH ABE HEMOABUXHBIE TOUKH 2| U 2Z;.
41)z, =02z, =00, Tor1a w= Az, A € C.
2) Monarasg W = =51 7 = 2221 y npunuMas BO BHUMAHME 1), HAXOMMM:

w—z3’ z-23

w— 2 AZ—ZI

w— 2z z—2z,

11. IIpu KakuX 3HaYeHUAX A IpOOHO-IMHEIHOE OTOOpAXKEHUE C NBYMST HETIOABMXKHBIMM TOYKAMM
Z{ ¥ z, (cM. ipuMep 10) mepeBoauT caMy B ce6s1 mOGYIO OKPYKHOCTD, IPOXOASIUYIO Yepe3 HEMOABHXHBIE
TOYKH, C COXpaHEHHMEM HarpaBieHUst o6xona? [loka3ars, 4TO MpH 3TOM Ji06ast OKPYKHOCTh, OPTOTO-
HaJIbHast K OKPY>KHOCTH, NMPOXOMSIIEN Uepe3 HEMOABUXKHBIE TOYKH, TIEPEXOAUT B OKPYXHOCTh TAKXKE C
COXpaHeHHEM HanpasiieHHst o6Xxoja.

« JIas Toro 4yro6el oTo6paxeHMe w = Az mepeBOIMNO NpsAMbIe y = kKT CaMH B ceBsl ¢ coXpaHe-
HuUeM 00Xola, OYEBHIHO, HEOGXOAMMO M JOCTATOYHO, YTOOBI BHITIOJHANOCH HepaBeHCTBO A > 0. D10
€ yCAoBME COXpaHsieTCst U Ul ODLIEro ciydasl, 0 YeM CBMIETEILCTBYET OOGLIMIA ciyyait 2) B NmpUMe-
pe 10. Bropoe yTBepXI€HHE 3ala4d HEMOCPEACTBEHHO CAENYET M3 KOH(MOPMHOCTH IpOGHO-IMHERHEBIX
OTOGPaXEHMI, @ MMEHHO, CBOMCTBA COXpaHEHMs YIJIOB 10 BEJIMUMHE M HaNpaBJIeHHIO OTCUETa. P

iz+2

zZ~1

12. Jloxasats, uro npsmas, MPOXOAAILAS Yepe3 HEeMOABMXHBIE TOYKM OTOOpaXeHUst w =

TIEPEXOIMT B cebs.

4 HenomsuxHele TOUKH OTOOpAXEHMS w SABJISIOTCS DPELUEHUSIMH YPaBHEHUS 22 —2z-2=0,
zy,, = £1 +4. Toyka 7, KOTOpast yKa3aHHBIM OTOGPAXKEHHEM IEPEBOLUTCS B 0O, JIEXUT Ha NPSMON,
TPOXOAALIEH Yepe3 HEMOABUXHBIE TOUKU Zz(, Z;. P>

13. INocrenosarensocts (z,,) onpeneneHa TaK: 2o — H3BECTHOE, 2,1 = f(2,), n € Zy, THe f —
IpOGHO-TMHEHHas (PYHKUMS ¢ 1ByMsl HENMOABUXHEIMH TOUYKaMH. MccienoBaTh €€ Ha CXOIMMOCTb,

d Ilycts a € C, B € C — HenomBuxHsle Touku oToGpaxenust f. Ilpunumast Bo BHMMauue
¢opmyy, mosyyeHHyto B npumepe 10, umeeM

Zpal — Q& zZ, -« 3 Zpoy —Q zy— a ime1)d 20 — &
=A =4 = . =AM g I g=arg A
Zngt = z, = Zno1— 0 z—p =B
Cre10BaTeNBHO,

lim Znpr—a |0, ecm |4] <1,
] oo, ecaum |4|>1,

n—soo Znyr —
Ui
ecmm Al <1,

i _J a
M 2. =191 6, eom |4]> 1.

n-—+00

——

Ilpu [A| =1 lim 2z, He cyluecTByer. »

=2z
14. Haittn uentp Wy M paguyc R OKpyXHOCTH, Ha KOTOpYI0 YHKUMA W = ;——71, Imz; # 0,
- <2
oTOOpaxkaeT AEHCTBUTENBHYIO OCh.
U3 Toro, 4to w(z;) = 00, CAEMYIOT PABEHCTBA Wy = W(Z;) = g:—:zl IMockoneky w(oo) = 1, TO
| 4

ToYKa w = | NPHUHALIEXMT OKPYXHOCTH U, CIeHOBATeNbHO, R = |wg — 1] = ;ﬁl;:zl
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15. Exnununstit Kpyr orobpaxaercsl Ha cebsl TaK, YTO Touka zy # ( mepexoaut B LEHTp Kpyra. [lo-
KazaTb, YTO [IPH STOM €JMHMYHAS NTOJYOKPYXHOCTh OTOOpaxaeTcs Ha NOAYOKPYXHOCTE TOTHAa U TOJIBKO
TOIZa, KOIa €€ KOHIIbI JIEXKAT Ha AMaMETpe, ITPOXOMSILIIEM YEpe3 TOUKY Zg.

« OTobpaxeHne efUHUTHOTO Kpyra Ha ceOs MMEeT BUA

e 2" %
w=€ ——.
1-2%z
Huametp okpyxHoctd ¥ = {z € C : |z| = 1}, npoxonsuuuii 4epe3 TOYKY 2, NEPEXOOUT B THAMETD
okpyxuoctH v = {w € C : |w| = 1} cornacno ToMy, 4To w(zy) = 0, w(z_io) = oo. Wrak, eDuHUY-
Hasl TTOAYOKPYXHOCTb, KOHIIbI KOTOPOIi JIEXaT Ha fUAMETpeE, NPOXOASIIEM YEPE3 TOUKY Zg, NEPEHIET B
TTOTYOKPYXXHOCTh, TIOCKOJIBKY €€ KOHIIBI TAKXKe JieXaT Ha guaMeTpe. Jlio6oi ApyToii AMaMeTp, HE IIPOXO-
ISLIM I 9€pe3 TOUKY 2g, OyAeT 0To6paxaTbes Ha Iyry OKpYXXHOCTH KOHEYHOTO paguyca. TakuM obpasom,
MTOJIyOKPYXKHOCTH ¢ KOHIUIAMH Ha ITOM IMAMETpE yxe He 6ymyT OToOpaxaThCs Ha MOJYOKPYXKHOCTU. P

16. Haiiru cumMerpuunbiit 06pa3 OTHOCHTEIBHO OKPYXKHOCTH ¥ = {z € C : |z — 1] = 1} Auuun
¥ ={z€C:|z-2| =2} (oxpyxHoctu ¥').

< HpeoGpaaoBaHue CHMMETPHH OTHOCHTENBHO OKPYXHOCTH 7y TTOHOCTBIO ONpenensercs (hyHKIM-
et w= 1+ —= (cM. dopMyny (3), m. 1.2), otKyZa z = 1 + —==. [103TOMy HYXHO OXapaKTepH30BaTh

-1
OTHOLUEHME PACCTOSHHI KOTODHIX OT [ABYX HAHHBIX TOYEK €CTh BEJIHYMHA MOCTOSHHAA. OHO sBjSeTCs
OKDYXHOCThIO AIIO/UTOHMS OTHOCUTENBHO TOYeK 1 1 2. p»

T€ M TOJIBKO Te TOYKH, ISt KOTOPBIX ll + =L - 2| =2, win |w—2| = 2|w—1|. DTO MHOXECTBO TOYEK,
w

§2. CTenennaa dyskuus
w=z"MmeN n>2).
MHoro3nayHas (bym{mm w= 2
H ee NMOBEpPXHOCTh PumMaHa

2.1. Crenennas ¢ynxuus.

DyHKIUs
w=z", z€C oy

aHanuTHyeckad B ruiockoctd C. Iockonbky %—‘zﬂ =nz""! # 0 Vz # 0, To oTo6pakeHue, OCYILECTBIS-
€MOe CTeNeHHOM (PyHKuMeli, KOHDOpMHOEe B KaXoii Touke z € C\{0}.
ycts z = re'?, w = pe'¥. Toraa

p=r", ¢p=np (p=am2). @

U3 (2) Bunno, 9r0o oTo6paxeHHe (1) yBeJIMYMBAET B 1 pa3 yIjibl C BEPLIMHOM B Touke z = 0. Hrak,
orobpaxenue (1) He siBnsieTcst KOH(OPMHBIM B TOUKe z = 0.

Oro6paxenue (1) omHo3HAaYHOE, HO HE B3aMMHO OJHO3HAYHOE, IOCKOJBKY JiOGHIE OBE TOUKHU
z1 € C\{0}, z; € C\{0} c onuHakoBBIMH MonylsaMH |z;| = |z;| ¥ aprymentamu, OTIMYAIOLIMMHUCT

Pl

Ha 11eJ10¢ KpPaTHoe =~
2T
argz; = arg z; +k;, kEZ,

TIEPEXOAST B OfHY TOUKY w. CeH0BaTe/ibHO, oToOpakeHue (1) He assercst ogHOMUCTHRIM B C. JIpyru-
MM CJIOBaMH, BEPHIMHBI KaXIOTr0 IpaBUJIBHOTO 11 -YTOJBHUKA ¢ HEHTPOM B Hauajle KOOPAUHAT [IEPEXOnAT
MPH OTOGPAXKEHHMH B OJIHY TOYKY Ha TUTOCKOCTH w. O6IACTh IJIOCKOCTH 2z, HE COIEPXKALuasi HUKaKUX IBYX
PasHBIX BEPLIMH NPABMIILHOTO 71-YTOABHMKA C UEHTPOM B Touke z = (, ABIsETCA OGNACTHIO OJHOMUCT-
HOCTH (DYHKUMH z +* 2" . OueBMAHO, 4YTO OGNACTHIO OXHOJMCTHOCTH GyeT iobas obnacTb, LETMKOM
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T~

JIEXALAs BHYTPH yIJIa BETHYMHOM 3"— C IIEHTPOM B HavyaJle KOOPAMHAT. B YacTHOCTH, BHYTPEHHOCTH
moboro yria

2
a<so*<a+—n£, a€R 3)

SABJISIETCS. 06ACThIO OMHOJIUCTHOCTH CTEIIEHHOM (DYHKUMM M GyIeT OTOGpaXaThCsl Ha BCIO IDIOCKOCTh W
C BLIOPOLIIEHHBIM JIYIOM na € Argw.

2.2. MHoro3uaunas GyHKUMA W = ~/Z M ee NOBepxXHoCcTh Pumana.

C noMowpio Jyteit ¢ = a + kX BCIO IUIOCKOCTH 2
MOXHO pa3buTb Ha n o6acTeil OTHOAUCTHOCTH CTENEHHOM
$yrxuu (k =0, n — 1).

ITycts a = 0. Toraa takumu 06aacTsiMd GyZYT BHYTPEH-

HOCTH YTJIOB //
/
2km 2k + -
——<ga<(——, k=0,n-1, ) /
n 1 /
T. €. 6eCKOHEYHbIE CEKTOPEI. 2 )\ \\
IlonpIiTaeMcs Teneps MOCTPOUTD TaKOW TEeOMETPUYECKUI \ \

obpa3s, uTobsl crenenHas GyHkums (1), n. 2.1, ycraHasnmuBa- e,
Jia B3aMMHO OJHO3HAYHOE M B3aMMHO HETIPEPHIBHOE COOTBET- n—1 / /
CTBHE MEXIY TOYKAMH BCEl IJIOCKOCTH Z M TOYKAMM ITOTO n >/

obpa3sa.

Paccmotpum nepssiit yron 0 < ¢ < ¥ On orobpaxka-

€TCS Ha BCIO TVIOCKOCTh W € Bbl6pomeHHon TTONOXMTENLHOM
noiayocsio. B Hee nepexonar aBa ywa: ¢ =0 u ¢ = Zn—” YT0651 cOepeup B3IaMMHYIO OIHO3HAYHOCTH

Puc. 32

MHoXecTBa D = {z €EC:0<K |zl <+00,0<Kargz < 2"1} M TUIOCKOCTH W, NMPOBENEM Ha NMJIOCKOCTH
W BHOJIb JEHCTBUTENBbHOI OJOXUTEBHOM MOMYOCH pa3pe3 U B COOTBETCTBUM C IIPAaBWJIOM 06XoJa cuu-
TaeM, 4T0 Jiyd ¢ = O mepexomuT B BepxHuii 6eper paspesa, a Iyd ¢ = - — B HIXHMU. HarorosnseM
n 9K3EMIVIIPOB IJIOCKOCTH w € pa3pe3aMM BHOJIb NOJOXHTEbHON 4acTU NeHCTBUTEIBHOMN OCH, ABJISIIO-
muxcst obpa3zaMu 6€CKOHEYHBIX CEKTOPOB, OMPEACIIEMBIX YCIOBUAMHU (1), MOAKIAABIBAEM UX APYT MOL
IpyTa M CKJIEMBAEM TaK, YTOOBI COXPAaHUTh HEMPEPHIBHOCTh M B3aUMHYIO OJHO3HAYHOCTb COOTBETCTBHUS.
JLntst 3TOoro HMXHMIA Geper pa3pesa NEpBOrO JIMCTAa CKJIEHBacM € BEPXHUM GEperoM BTOpOro (Haxoms-
1UETocs MO HUM) JIMCTAa, HUXKHMI Geper pa3pesa BTOPOro JIMCTA ¢ BEPXHUM GEpEroM paspe3a TPEThEero
JIICTA U T.A. W, HAaKOHEL, HUXXHMIA Geper pa3pes3a n-ro JUCTa C BepxHUM OeperoM paspesa nepBoro
Jucra (puc. 32).

[MosyyeHHBI TeOMETPHYECKUI 06pa3 Ha3bIBAETCS MOBEPXHOCTHIO PuMaHna dyHKUMH 2z = Y/w. [lo-
BepXHOCTh PUMaHa HamIgIHO MOMOraeT Jy4ilie MOHATh IPUPOLY OTOOPaXXCHUS, COBEPLIAEMOTO CTEIEH-
HOM (PyHKLMEIL.

Brlliie 0TMEYaIOCh, YTO 06aCTh IVIOCKOCTU Z ABIAETCS 06AaCThIO OFHOJIMCTHOCTH (yHKUMH z — 2™
TOrAa M TOJBKO TOTZa, KOTIa OHAa HE CONEPXUT IBYX pa3HbIX BEPLIMH NPaBHJILHOTO 7-YTOJBHHMKA C
1eHTpoM B Touke z = 0. SlcHo, 4yTO 06sacTh, comepXallas TOUKY z = 0 WM z = 00, ITOMY YCJIOBHIO HE
YIOBJETBOPSIET. 3aMETHM TaKXe, YTO ITH TOUKM SBJISIOTCS HEMOABMXHBIMH , T. K. 0" = 0, (00)™ = oo.

IMycts teneps D* — miobast omHOCBsI3Hag 06IaCTh IJIOCKOCTH w, He comepxkaiuast Touek 0 u oo.
B Takoil 06/1aCTH MOXHO ONPENENHTh N PasHbIX PYHKUWH (OTHO3HATHBIX), VI KAXIOH M3 KOTOPHIX
dyukums w = 2™ aBnserca obparHoit. D1 GyHKUMH HaBBIBa}OTCﬂ 00HO3HAUHBIMU eemeﬂmu MHOTO-
3HagHOl QyHKUMHM 2z = Yw. Iycts z = re“”, w = pe . Torma r = /p, ¢ = —. Yron 6 ompe-
LENSAETcsl OMHOZHAYHO JUIS KaXIOW BETKM M KaxXIOM TOYkM M3 obnacty D™, a HMEHHO, 6epeM m00YI0
TOYKY wy € D™, dbukcupyeM B Heil Kakoe-HUOYIb ONPENEEHHOE 3HaYeHHe § = 6y M B JaibHeleM
CUHMTAEM, YTO TIPH HENPEPLIBHOM IepeMeleHHH Touek w B D™ yron 6 msMensercs HenpepoisHo. [1o-
CKOJIBKY O6nacts D™ He comepxuT TOukU 0 M 00, TO 3Haqe1—me 8 mna Kaxmod TOYKM MHOXecTBa D*

OyIeT OMHO3HAYHO OMNPEREJNCHO U PABEHCTBO z = 1/ |w]| e'n Gymer ONpeneaTh ONHOHAHYIO (DYHKLIMIO
B obsactu D*. Ecim Tenepr mojMoXuTh i wy € D* 6 = §; + 27, TO TIONYYMM APYIYIO BETBb, NPH
8 = 6y + 4 — TpeThIO BeTBL M T.A. TakuM 06pa3oM, PpuUKCHUpPYs 3HaueHHe # B TOUKE wy PasHBIMH
criocob6amu, rnonarass 8 = 6y + 2kw (k = 0, n — 1), nonygaeM n GYHKUMN, LIS KaXIOH M3 KOTODBIX
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cTeneHHas GQyHKuMA w = 2™ SBIgeTCS 06paTHOI. OObeIMHEHHE 3THX (DYHKUMH (OXHO3HAYHBIX BETBEH)
HA30BEM MHO203HAYROU gynkyueid z = Yw.

Touka, npy 06x0e KOTOPOIl B JOCTATOYHO MajIol €€ OKPECTHOCTH COBEPLIAETCS MEPEXOL OT OXHOI
BETBM MHOTO3Ha4yHOM (DYHKIIMH K IPYTOM €€ BETBM, HA3bIBACTCA moOuKoU pazeemeénenus ITOU MHOTO-
3HayHo yHkumMH. [IpuyeM, eciiy Mocne n-KpaTHOro 06xo01a B OMHOM M TOM XK€ HaIllpasieHUH OIATh
BO3Bpall[aeMCsl HAa HaYaJIbHYIO BETBb, TO TOBOPAT, YTO 3TO mo4ka pa3semenenus (n — 1)-ezo nopadka, B
MPOTHBHOM Cliyyae — GeckoHeuno2o nopadka. TOYKM pa3BeTBeHHMs KOHEYHOTO MOpANKa HA3bIBAIOTCA
anzebpauveckumu mouxkamu paseemeaenus. Touku w = 0 ¥ w = 0o ABNAIOTCS anrzebpauveckumu mouKamu
paseemeaenus (n — 1)-20 nopsdka gyuxyuu z = Yw. B 3THx Toukax cama (YHKIHMS NPUHUMAET 1O
omHOMy 3Hadenmio: v0 = 0, /00 = oco. Ha mopepxtoctu PuMana oHu GyAyT KOHUEBBIMH TOYKaMH
pa3pe3oB, OOIMMH I pceX JMCTOB. Kaxnas BetBb PyHKUHMM z = 3/w sBIsleTcs aHATHTHYECKOI B
obnactu D* ¢ mpou3BomHoi

Lva= 4
dw nw

Takum 06pa3oM, 0TOGpaxeHHe, OCYILECTBASEMOE KAKION BeTBbIO, KOHGOpMHOe B Jj0boil obnactu D*
(OED" uood D).

PaccMoTpuM npuMepsl.

17. Haittu 06pa3kl ceRyIoIMX 061acTell Py OTOBPAKEHNH W = 22:

a) BHYTPEHHOCTH NIPaBoi BETBU T'MIIEPOOJIbI z? — y2 = az;

6) o6sacTH, OrpaHUYEHHOMN NPaBOii BETBbIO TUIIEPOOABI z? - y2 =1 ¥ ay4aMu argz = :i:%;

B) nonymwiockoct P = {z € C:Imz 2 ¢; ¢ = const > 0}.

<« a) mpaBasi BETBb IMNIEpPOOABl MEPEXOIUT B NPIMYIO U = a’. IlpuHuMas BO BHHMAHME, YTO
z > 0, mo mpaBuy 06x0ja YCTAHABAMBAEM, UTO BHYTPEHHOCTb NMpaBON BETBU TUIEpOONBI NEPEXOIUT B
noaymiockoets Q = {w € C: Rew > a’}.

6) Jlyyn arg z = :i:% SBISIOTCS aCHMIITOTaMM THHEPGOIBL T2 — y2 = 1. Ilpu oTobpaxeHuu w = z
JY4M TEPexosAT B MHHUMYIO OChb, 4 IIPaBast BETBb rumepbosnl ¢ — y> = 1 — B npamyio Rew = 1

O6pa3om 3anaHHolt ob6nacty seistercst mosoca M = {w € C:0 < Rew < 1}.

2
B) Ilpu y = ¢ umeem u = x> — ¢?, v = 2cz, £ € R. Wckmouus =, HaxomnuMm: u = 4"7 -

[IpuHuMast B0 BHUMaHMe, 4TO ¢ > 0, 1O mpaBily 06x0la yCTaHaBIMBaeM: 00pa3oM TNOJYIVIOCKOCTH P

SBJIACTCS] BHEIMHOCTD MapaGonbl u = % — ¢ (T.e. 06aCTh, OrpaHMuEHHas ITOM NapabosIoi M Takas,
4YTO €l He NMpUHAILNEXUT (POKyC napabossl). »

18. IMoctponts kongopMHoe oToOpaxeHHe 0671aCTH, OTpaHMYEHHOM AByMs napabonaMu y2 =
4x+1), y¥> =8z +2) namoocy M = {w € C:0 < Rew < 1}.

<« O6pazoM npameix ImW = ¢ B 1wiockoeTH 2 = W? spasiorcs nmapabonst y° = 4ci(z + ¢)
(cM. npexsywmit mpumep). CremoparensHo, ¢yHkus W = /z (/I = 1) oTo6paxaeT 3anaHHyio
obacts Ha nosiocy M' = {W € C:1 < Im W < 2}. C momolnsio otobpakenus w = —(v2+ 1)(EW +1)
nogoca M' nepeiiet B noocy M. OKOHYATENBHO UMEEM

w=—-(V2+1DGEvVz+1). »

19. Haittu o6pas obnacth G = {z € C : Imz > 1, |z] € 2} npu KOHGOPMHOM OTOGPAKEHHH

_ z+V3-1i
T z—v3-1i
« O6nacts G — Kpyrosas nyHouka. Touku z; = —v/3 +4, z; = V3 +1i — ee ymioBsle Toukn. C
TIOMOLLIBIO PaBEHCTB Wy (i) = —1, w((27) = :-1_2'—‘/3 YCTaHaB/IMBaeM, YTO (PYHKUUA w; = f—}% orobpa-
XKaer JTyHouKy G Ha BHYTPEHHOCTb yria 7 < argw; < 431r. OtoGpaxeHne w = —w} MePeBOIMT TOUKH

BHYTPEHHOCTH yIula B MHOXecTBO P = {w € C : Imw > 0}, asnaoweeca o6pazoM obnactu G. »
20. Haiitn orobpakenue obracti (yHoukn) G = {z € C : |z] > 2, |z = V2| < V2} Ha BepxuO
TIOMYTIIOCKOCTb.

-« HaiizeM TOuKHM nepeceweHns okpyxsocTelt 13 = {z €EC: |z| =23 u 1, = {z€C: |z- V2| =
VY 2 =VI-iV2, 2= V2 +iV2.
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DyHkuHUs
- V2-1)(=1+1) ‘
wlzz_ji, wﬂZ):%———, w1(2\/§)=z

ka

OTOGpaxaeT JyHOUKY G Ha BHYTPEHHOCTb yria 5 < agw; < 3—4’5, a (pyHKUMA w = wf oTobpaxaer
BHYTPEHHOCTE yIVIa Ha BEpXHi010 nojymiockocts P = {w € C: Imw > 0}. CnenosarensHo, uckoMoe

O’I‘O6pa)KCHHC HUMEECT BUO
z-v21-d\* R
w=| —g———] .
z—vV2(1+1)

i 1
21. KongpopmHo o1o6pa3uTh NIOCKOCTh ¢ Pa3pe3oM BIONb IIPOMEXYTKOB (—oo7 —5] , [5, +oo)
ua kpyr K = {w € C: |w| < 1} Tak, 9ro6s1 0 < 0.
4 HckoMoe oTobpaxeHHe HaxOooUM IIOCPEACTBOM CAEAYIOLIEN LEMOUYKM OTOOpaXKeHUIA:
Zy + 1

ZI(Z) = 227 ZZ(ZI) = ﬁ)
[ =

. 9 -1 .
n(z)=Vam, a(=1)=1i w<z3>=e"z2+i, w() = 0.

OKOHYATEIbHO UMEEM
) 1 -V 1 - 422
2z

22. Haitm KOH(OPMHOE OTOOpaXeHHe TJIOCKOCTH C paspe3oM BIOJb MHTepBaia (—oo, —1) Ha
kpyr K = {w € C: |w| < 1}, npu koropoMm z = 0 < w = 0.

« [Tpu oro6paxenun w; = vz + 1, wi(0) = 1, 3agaHHas 001aCTh NEPEXORUT B NPABYIO IOIYILIOC-
kocth P = {w; € C: Rew; > 0}. IIpu oro6paxeHun w, = iw; = iV z + | npasast moaymiockocts P
NIEPEXOIUT B BEPXHIOK ToymiockocTs P' = {w; € C : Imw, > 0}, w,y(0) = i. C noMoipio dopMy-
JiBL (4), 1. 1.3, ipu @ = ¢ OKOHYATEBHO MOIy4aeM:

iowz——i i9 VZ+1—1

w=e —— =¢€

. . P
wy +1 vz+1+1

23. Haiitu o6pa3 o6aactu G = {z € C:|z| < 1,Rez > 0,Imz > 0} npu otobpaxeHnu

1
v Vitd

<« Ortpesok [0, 1] orobpaxaercs (yHKUMEH w B OTPE3OK [—]\/—5, 1}, a orpesok [0, ¢] — B syu

=1

z=0

t S t
— pit T o _ 1 _ . coss—isins
[1, +00). Ayra z = e (0 <t 2) TepeiIeT B KpUBYIO W = Tor WIH w = u+1iv = worT:
M cKmounB mapaMeTp ¢, ITONydHM, YTO AYTa OKPYXHOCTH TIEPEXOIHT B YacTh Tunep6osl u’ —v? = % ,
u >0, v < 0. B cooTBeTCTBUM ¢ MpaBWIOM 00XO[a, HCKOMBIM 06pa3oM SBIIsETCS 00JaCTh

D={(u,v)€)R2:u2+v2>%,v<0}.>

z

§ 3. IlokasareipHas QYHKIHA W = €
H MHoro3naynas ¢pyskuma z — Ln w.

3.1. NokazaTrensHas Gynkmusa w = e”.
oxasamenviyio pynxyuro z — e°, z € C onpeneauM COOTHOLIEHHEM )
w=u+iv=e*=e"""¥ = e*(cosy + isiny). 6h)

Jlng AERCTBUTENRHBIX Z = Z 3TO ONPEHECHUE COBIMAJAET C OOBLIMHBIM. YTo6bI YCTAaHOBUTH STOT
¢akr, nonaraem B popmyne (1) y = 0.
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DOyHxuns w = e* ananurnyeckas Vz € C. JleHCTBUTENBHO,
du  dv " du Ov =
— = — = e cos —— = — = ¢ siny 2)
oz dy Y "oy T 8z '
T.e. Vz € C dyukuun u u v ynoBneTBopsior ypasHeHusm Koliu—Pumana. quddeperuupys yHk-
Mo w, Vz € C uMeeMm
du av
z . T . T . z
—e = —+i-— =¢ cosy+ie siny=e¢e". 3)
dz dz az y y (
IInst GyHKUMH z — e* COoxpaHseTcst TeopeMa CIOKEHU S
el = e®1t72, 4)
JleHCTBUTENIBHO, TIYCTD 2 = X + 1Y, 2; = &, +1y;. Toraa
ele™ = e”!(cosyy +isiny;)e"?(cos Y, + isiny,) = 772 (Cos(yl + ) +isin(y + yz)) =€’
DOyHkuUsA w = e* MmepuoandYecKas ¢ YUCTO MHMMBIM OCHOBHBIM TepuonoM 27, JIeliCTBUTENbHO,
nycts €Y = e*, w = a +if. YMHOXuM 06e 4acTH TOTO papeHCTBa Ha e . [loiyynum

e’ =e“cosB+ie“sing =1

WM
e“cosf=1, e*sing=0.
Orciona HaxomM: @ =0, 8 =2mn, w = 2mmi, T.€. 27i — OCHOBHOH NepHOL QYHKUMHU w.
Oyukuns w onpenenera B C u He uMeeT npeaena npu z — 00, TaK Kak

lim e =og, lim e =0.
z=xz >0 z=2 <0
ERad e T -

ITokaszarenpHas ¢yHkuus He npuHumaerT B C HyneBoro 3HaueHus), T.€. Ha4yajJo KOODAMHAT HE
NPUHALTEXUT 06pasdy miaockocty C npu otobpakeHuu z +— e°. Yrobbl I0Ka3aTh 3TO, IMOJaraeM B
dopmyse (4) 2y, =z, z; = —z. Torna e*e™* =1, wm e * = ;‘; OTcr0a U CJERYET YTBEPXKICHHE, TaK
KaK €CjiM 6bl B Kakoli-HMOyIb TOYKe IoKasarejipHast GyHKUMsL oOpaTuaace 661 B HyJb, TO B TOUKE —2Z
OHa He OpLia 6Bl ONpelesieHa, YTO MTPOTUBOPEYHUT €€ OINPEAEICHHIO. _

TMokaxeM, 4o si00ast apyrast TOUKa IIOCKOCTH w (T.e. w # 0) mpuHamnexur obpaldy MiiocKo-
¢t C npu oroGpaxenuu (1). Ilycts w — npou3BosibHast ToukKa riockoctd C, oTiaMyHas oT Hyas M
6eckoneunocT. Halinem mo w Takoe z, 4to ¢” = w. MMeem

lw|=e"=>z=Inw|, y€Argw.

CrenoBarenbHO, )
z=c+1iy=Inlw| +iy =In|w| +i(argw +2k7), k€Z. (5)
. 3aMedaeM, 4TO CyIUIECTBYeT GECKOHEUHOE MHOXECTBO npooOpa3oB ToukM w € C A w # 0. Bce onm
JIEXAT Ha MPAMOM, MapajuiefibHoi ocu Oy, Ha pacCTOSHMM 27 OOMH OT apyroro. Takum obpasoM,
w=¢e": C— C\{0}.
DTO OTOGpPaAXEHHE OTHO3HAYHOE, HO HE B3AMMHO OJHO3HAYHOE, MOCKOJbKY Kaxaas Touka w € C\{0}
HuMeeT 6eCKOHEYHOE MHOXECTBO Npoobpa3os.

Jiob6as 0651acTh, He COIEPXKAILAL ABYX DA3HBIX TOUEK, B KOTOPBIX ZEMCTBUTENRHEIC YaCTH COBIAJAIOT,
a MHMMbIe OTIMYaioTcs Ha 2km, k € Z, Gymer 061aCThi0 OJHOJMCTHOCTH IOKa3aTeAbHON (DYHKUMH
z — e°. Tak, 06/1acTei0 €€ OXHOMMCTHOCTH Gymer monoca M = {z € C : b < Imz < b+ 2x}.
Ee o6pa3oM 6GyzeT Bcst TIUIOCKOCTh w C BBIGPOLUIEHHBIM JIYYOM, BBIXOAALIMM M3 Hayayma KOOpIMHAT 110K
yriioM b, ) ) ]

Iycts w = pe'? . Torma u3 pasenctBa pe*® = e®e'¥ umeeM p = €%, 9 = y, T.e. NpsAMBIe y = const
GyHKUM w = e 1MepeBOnMT B JiyuH, & OTpe3kH v = {(z, y) € R:z=const,b< y<b+2r} —3B
OKPYXXHOCTH C BHIOpOIIEHHOM TOYKOH, JIeXaleH Ha Jiyye 6 = b.

Kaxnas ropusoHTaNIbHAs 10J0Ca IWMPHHOMH 27

M, ={z€eC:2kr<Imz<2k+ )7}, k€Z,
0TOOpaxacTCs MOKa3aTebHOM (yHKUMENH Ha MHOXECTBO
Gr={(p, p) € R*: 0 < p < +00, 2kw < 8 < 2(k + )7},
T.€. Ha TUIOCKOCTh W C PAa3pe3oM ho MOJOXUTENLHOMN AeHCTBUTENbHOM MOyOCH.
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3.2. Mnoro3naynad ¢pynkmua z — Lnw.

Pa3o6beM BCIO TUIOCKOCTh 2 Ha OBJIaCTH ORHOMMCTHOCTU (GyHKUMH w = €7, HalpuMep, MPSIMbIMU
y = 2km, k € Z. s Kaxa0i U3 3THX 0DIacTel BO3BMEM CBOM 9K3E€MIUIAP IUIOCKOCTH W, SIBJISTIOLMMACS
ee 06pa3oM MPH OTOBPAXEHHH 2z — e . YTOBH COXPAHUTh BIAUMHO OXHO3HAYHOE OTOGpaXeHUe 0BIacTH
BMeECTE C IPaHMUEH, KaXIYI0 U3 9THUX IJIOCKOCTEH pa3pesaeM BJOJIb MOJIOXHTEIbHOH IeHCTBUTEIBHON
nonyocH. Iloaxnageisast 3TH JIUCTHL JPYT MO APYTa U CKJIEUBAs UX HalUlexaliuM obpasoMm (Hanpumep,
HUXXHUH Geper paspesa KaXIOro JMCTa ¢ BepXHUM OeperoM paspesa HaxOHsAILErocs IOi HUM JIMCTa),
TOCTPOMM MOBEPXHOCTh PuMaHa MHorosHayHo#i ¢yHxuuu z = Lnw, gensiomeiics obpaTHoi K moka-
satesibHON w = e”. CornacHo (1), m. 3.1, umeem

Lnw = Inlw| + i(argw + 2k7w), k€ Z. (H

st pyHKUMH w + ln w Touku 0 M 00 ABJIAIOTCS TOUKAMM Pa3BETBIEHUsT GECKOHEYHOTO niopsaka. B
mo6oif onHOCBA3HOM o6nactu D* | He cofepxauueit Touex 0 U 00, MOXHO IIOCTPOUTh CYETHOE MHOXECTBO
OITHO3HAYHBIX QYHKUUHN, [T0 OTHOLIEHHIO K KOTOPBIM GyHKUMS 2z — e” OyneT obparHoit, DTu QYHKUUH
Ha30BeM 00HO3HAUHbIMU gemeamy GyHkuMM 2 = Lo w. Jlna toro 4To6e! BAEIMTE B D omHy KaKylo-
HUOYAb BETBE, (PUKCHPYEM TOYKY Wy M 3aaeM By € Argw,. [Ipu 3TOM cuuTaeM, YTO TIPH HENPEPHIBHOM
usMeHeHun w B D* 6 € Arg w u3menseTcs HenipepbisHo. Torma, npuHuMas BO BHuMaHue, yrto 0 ¢ D*
U 00 € D*, mnd Kaxmoi Toukd w € D* 6 € Argw 6ynmeT onpeneseH ogHO3HAYHO U MEI TonyuuM B D*
OJHO3HAYHYO (PYHKUHUIO

z = In|w| + 6. (2)

H3menur sHavenus 6y Ha 6y + 27 (6 — 27), MOMYUUM C MOMOLUBIO MPENbITYILHX PacCyKAeHUH
BTOpYIo BeTBb U T.J. BerBp dyHkumu z = Lnw, ong Koropoit 6 = argw, Ha3bIBacTCsA €e 21a6HOU
8emesio.

PaccMoTpyM npuMepsL.

24. [loxazars, uTo QyHKUMI w = e oTobpaxaer nonocy M = {z €EC:0<Imz< %} Ha
nepBbIi KBAJPaHT W-TJIOCKOCTH.

« CropoHa y = 0 nosnocsl M nepexolMT B MOJOXUTENbHYIO YaCTh JeACTBUTENBHOM ocu: |w| = e,
argw = 0, —00 < z < +00. CropoHa y = % MEPEXOAUT B TOJIOKUTENBHYIO 4aCTb MHMMOH OCH:
|lw| = €%, argw = 5, ~00 < z < +00. Hcrnons3ys npaswio ofxofa, nojaydaeM IepBbli KBagpaHT
W-TUIOCKOCTH. W

25. O106pa3uTh MJIOCKOCTh € PA3pe30M BAOIb TIOIOXUTENbHOM HeHCTBUTEIbHOM NOMYOCH Ha No-
gocy M ={we€C:0<Imw < 1}.

<« B ockocr wy = Inz (In 1 = 0) nonyuum nonocy M' = {w; € C: 0 < Imw; < 27}. Oyaxums

Inz

w= ZL"wl = == OCYLUCCTBJISICT YKa3aHHOe 0T06pa)K€HPI€. »

2z
26. Haittu KOH(OPMHOE OTOBPAXEHHE JIYHOUKH G = {z €EC: |z <1, |z - %’ < %} Ha BEPXHIOIO
nonymwiockoects P = {w € C: Imw > 0}.
« Uenouka gpyHkuui

1 1 ) 1—iz x(l —iz) ws
wy = S, Wy = T o= T, W=-—————, W=¢
z—1 z—1 2 2z-13) z—1
orobpaxaer (G cooTBeTcTBeHHO Ha mosocy M; = {w; € C : 0 < Imw; < 1}, na nonocy M, =
{wz €EC:0<Imuw; < %}, Ha nonocy M3 = {w; € C : 0 < Imw; < 7}, Ha BEPXHIOK MOIYILIOC-

m(l—iz)

koctpy P. Takum obpasoMm, w =e -7 | p

27. OrobpasuTe Ha BEPXHIOIO MONYILIOCKOCTE TIOMOCY, OTPAHUYEHHYIO MPSMBIMH y=xzuy=
z+h, h>0.

« HaxonmmuM mmpuHy nonocet d = % Hckomoe oTobpaxeHHe TOTyyaeM NOCPEACTBOM KOMITO3HM -
LMH CIIEAYIONIHX OTOOpaXeHHM:

: T .
Dw=e '4z= -l—}ziz — TIOBOPOT HA YyTOT — % ;

4
2) wy = %wl = "—h@wl — rnoxobue ¢ koadduLHeHTOM NMOAOOHS "—h‘/—i;
w2 w(l-i)z
Hw=e?=e¢r '=e F .»
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IIpocreiiune KoHGOPMHBIE OTODPAaXEHHUS, OCYLUECTBISIEMbIE MOKA3aTENLHON QYHKUIHENR w = e*,
NpUBEIEHEI HAa puC. 33,

Puc. 33

§4. O0mas crenennas
A o0mas nokasarejbHas (PyHKIHH

4.1. O6mas crenenHas (yHKIMA.

CoracHO MpaBuITy BO3BEACHHSI KOMIUIEKCHOTO YHCIA B MPOMU3BOJBHYIO AEHCTBUTEBHYIO CTENEHb,
HMeeM IIpH p ER
w =z’ = |z|’(cos pp + isin pp) = |z|°€'?¥, ¢ € Argz. )
Ecn p=n (n €N), 1o dynxuns w anamMriyeckas B C. OHa H3yueHa B § 2.
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Ecnu p — NPOM3BOJIBHOE PAallMOHAIBHOE YHCIO H p = 5— (p ¥ ¢ — B3aKMHO MNPOCTHIE), TAE
p € Z, g € N\{1}, 10 dyHxums w B xaxnoi touke z € C A z # 0 uMeeT ¢ pa3sHBIX 3HAYECHUH U
B moboH OJHOCBSI3HON 00JIaCTH, He compepXaiueil Hyss U O€CKOHEYHOCTH, MOXHO BbIAEJHTh ¢ OXHO-
3HaYHBIX BeTBeH. ClieoBaTeNIbHO, HYJIb H OECKOHEYHOCTh — TOYKM Pa3BeTBIICHUS (¢ ~ 1)-To mopsaka

MHOTO3HAYHON QYHKUMH W = 29 .

Ecni p — uppauroHaIbHOE YUCIIO, TO B KaX10if Touke z # 0, z # 00 CyllecTBYeT CKONb YTOIHO
MHOTO 3HadeHuil z”. B moboif ogHOCBS3HOIT obyacTH, He comepxamieit Touek 0 u 0o, CylLUeCTBYeT
HECKOHEYHOE MHOXECTBO OHO3HAYHBIX BETBEH MHOTO3HAYHOM (PYHKUMU W = 2°,

OBBACHUM, KaKOH CMBICJ BKJIAALIBAETCS B MOHATHE KOMIUIEKCHOM cTeneHu z%, a € C.

3anuiuem paBeHcTBO (1) B Bune

. . L
2P = |z|Pe'? = eP nlzl+ire _ plnz

)

1 060OUIMM 3TO paBEHCTBO HA KOMIUIEKCHYIO CTENEHD. A HMECHHO,

102
2% = eoanz — eozlnze:a k7r'

3aMeTHM, YTO CTEMeHb ¢ MPOM3BOJIBHBIM MOKA3aTeseM, BOOOLIE TOBOPSA, HE MOLIEXUT MPaBUILY
CIIOXeHUs ToKasaTesiei NpHU YMHOXCHHUH CTeNeHeH, a4 TakxKe npaBuly YMHOXEHHUSA rnokasareyiei npu
BO3BCACHHUHU CTCIICHHU B CTCIICHD. Tak

ajlnz _ajlnz :ea]an+csznz ¢e(a|+a2)an

ZQ‘ZQZ —e e z°‘l+02

)
(za)ﬂ - (ea an)ﬂ — eﬂ(a Ln 242k ~w1) # e,ch an'

4.2. Ob6mas nogasareibHaa QyHKIHA.

zlna

Obwas noxasamensvras gynxkuyus w = a° (a # 0) onpepensercs ¢opmynoit a® = e Uro-
OBl NONYYUTH ONpeNesIeHHYIO OIHO3HAYHYIO BETBb, ClielyeT 3apUMKCHpOBaTh OJHO M3 3HayeHUH Lna,
manpumep, Lna = b. Torma a® = e®* € A(C) — Besze b depeHnupyeMas GyHKUUS (HAIOMHUM
yuTaTemo, 4YTo cuMBoiioM A(D) obo3HayaeTCss MHOXECTBO (PYHKUMH, aHTIMTHYECKHX B obnactu D).
PaccmarpuBast Bce BO3MOXHBIE 3HauYeHUs Lna, moayyum BCe BO3MOXHBIE OJHO3HAYHBIE BETBU MHO-
ro3HadHOU dyHkuMHu z — a”. [ToCKosBKY nBa 3HaueHUs Lnae oTiMyalorcs Ha ciaraeMoe Buua 2k7i,
To 1Be BeTKH GYHKUMM W = G° OTIMYAIOTCS MHOXHTENEM BUAA €' 7%  KOTOpBIi SBISETCS ONHOSHAY-
HOM (yHKUMEH cO 3HadyeHHMEM 1 JIMIUb IS wesibIX 3HadYeHUH z. B paccMarpuBaeMoM ciyvyae BETBH
MHOTO3HaYyHON GYHKUMM W = & CYLLeCTBEHHO OTJIMYAIOTCSI OT BETBEH BCEX paHee PaCcCMOTPEHHBIX
MHOTO3Ha4HBIX GPYHKUMHA. A UMEHHO, B MCC/IEIOBAHHBIX paHee Ciiyyasix Ha ruockocru C cyluecTByroT
TOYKH pa3BeTBJCHUS, NepeMELASCh BOKPYT KOTOPBIX MO 3aMKHYTBIM KPUBBIM U TPeOysT HENPEePhIBHOIO
M3MEHEHUS 3HaYeHU N (YHKUUH (ee OfpeIe/IEeHHBIX BETBEI), MMEIU BO3MOXHOCTh HEMPEPHIBHO NepeBe-
CTH OJHY BETBb B IpYTYI0. B maHHOM ciiyuae KapTUHA MHasl. 31eCh KaXaast BETBE ABSIETCS ONMHO3HAYHON
dynxuueii B C. Jipurascs no mo6oMy 3aMKHYTOMy MYTH NP BO3BPAMIEHUU B HAYALHYIO TOUKY MOJY-
YUM TO XK€ CaMOe HaYaJbHOE YHMCJIO 2, BO3MOXKHO, ¢ JPYTHM 3HAa4Y€HUEM apryMeHTa, a 3HAYMT U TO XKe
camoe 3HaueHHe b7,

TakumM o6pazoM, MHOro3HauHast GyHKIMS w = @° He HMEeT TOYEeK Pa3BeTBACHMSA H €€ OAHO3HAY-
HBbIE€ BETBH HE MOTYT HENPEPbIBHO IIEPEXOAUTh OfHA B OPYTYIO. DTO MO3BOMSET PACcCMAaTPHBATh MX KakK
CaMOCTOSITE/IbHbBIE, HE CBSI3AaHHBIE OPYT C APYTOM (DYHKIIMH:

PR lna, PR ez(lna+21r1'), ez(lna-—lrt’)’ .

Puxcupys ofHY U3 STHX BeTBel (T. €. 3HaueHHe Ina = b), MOXEM paccCMOTPeTh QYHKLMIO, obpat-
HYIO 110 OTHOUIEHHIO K 3TOH BETBH, KOTOpPast SIBJISIETCS JIOrapudMOM w 10 OCHOBAHHIO @:

Lnw

='l')'Ll'l‘w=

o = Log, w.
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§5. Pynknusa XKyKoBCKOro

5.1. Onpepenenne pynxuun XKykoBckoro. KougopMHOCTH.

w=—;-(z+§-> €))

Ha3mIBaeTCs @ynkyueli XKyxoackozo. OHa ananutuyeckas B C\{0}. Ee npoussonHas j—f = % (1 - —21;)
OTJIMYHA OT HyJIA Be3le B 3TOM 06J1acTH, 33 UCKIIOYeHeM ToyeK 2 = x1. CrnenoBaresnbHo, oTobpaxe-
Hue (1) KoHdopMmHOe B C, 3a UCKITIOYEHHEM, BO3MOXHO, Touek 0, 1, —1.

JiokaxeM, 4yto B Touke z = 0 orobpaxenue KoHpopmHoe. [IpHHUMAsT BO BHUMaHMe, uyto w(0) = oo,

pacCMOTPHUM
1 2z d (1Y) _ 20 - 2%
w2241 dz\w/ (2+1)?

seo 0, TO, COIIACHO ONPpEIENEHUIO YIJIA MEXIY KPUBLIMU HAa GECKOHEYHOCTH,

OrobGpaxeHune

[Tockoneky ‘% (l)

w

1

uMeeM KOH$opMHOCTL B Touke z = (. M3 paBenctBa w(z) = w (';) cneslyeT KOH(POPMHOCTb TAKXeE B
TOYKE Z = 00,

YToOb! yOeIUThCA B TOM, YTO B TOYKax z = +1 oroGpaxenue (1) He KOHGOPMHOE, PACCMOTPHUM €ro
KaK KOMNO3ULAIO OTOOpaxeHnii

z—-1 2 wy + 1
W =—"77, Wr=w, W=

. z+1' ’ 1 —w,
[MepBoe u nocsenHee oTOOpaXeHUs NpobHO-IMHENHbIe, a 3Ha4uT KoHdopMmHble B C. OrobpaxeHue w,
VABAaWBAET YIJIBI B TOYKAX () M 00, KOTOPBIM oTBeyaloT Toukd z = 1. [Toaromy dyHkums *Kykosckoro
yIBaMBaEeT YIJIbl B TOUKax +1, B CHiy 4€ro Ire sipasieTcss KOHGOPMHBIM OTOOpaXeHUEM B 3TMUX TOYKaX.

YCTaHOBMM YCJIOBUSI OJ{HOJIMCTHOCTH 3TOM (dyHKuMH. ITycTh 21 U 2, — IBe pasHble Touku U3 C, B
KOTOPBIX 3HayeHUS GyHKUUMH XKYyKOBCKOTO paBHHI, T. €.

1 1 1 1 1
Z+——-tn+t—)=z-5n+|—~——)=@E@G -zl -— ) =0
z1 22 2 2 Z2122

Iipu z; # z; umeeM z;z; = 1. CrenoBatenbHO, 1Sl OAHOJIUMCTHOCTH PyHKuMH XKYKOBCKOro B Kakoi-
HUGyIb 00acTH HEOOXOAMMO M IOCTATOYHO, YTODBI OHA He COAepXXajda HHUKaKOM napel TOYEK Zzi, 23,
IUTST KOTOpBIX z(z3 = 1. [IprMepamu Takux obiacTed CiyXaT MHOXECTBA

G1={z€C:lzi<1}, Gy={z€C:|z]|>1}, Gy={z€C:Imz >0}, Gy ={z€C:Imz <0}

EnnHUYHAS OKPYXHOCTD C LEHTPOM B Hayale KOOpAMHAT IEJHT IUVIOCKOCTh 2z Ha JBe o0iacTu of-
HonMcTHOCTH: Gy U G,. Tlonaras z = re*®, w = u + iv, 3annweM QyHkuuio )KyKoBCKOTO B BUAS

Y. = (r-1)sin ©)
u=s|rt)eosp, v=s{r——fsing.

U3 2y cnepyer, uto okpyxHocTs ¥ = {z € C : |z] = rg # 1} oToGpaxaercs pyHkuumeit XKykopckoro
B S/UTHIIC ¢ NonyocsmH @ = 3 (ro + ;10-) nb= %lr - r—'o ¢ (oKycamu B Toukax £1 (¢ = a® — b = 1).
Mexy Toukami OKPYXHOCTH < M 3JUIHIICA CYIIECTBYET B3aHMHO OJHO3HayHOe cooTBercTBHE. IIpn
ro > 1 HanpaeneHus: X obXoma coBnamawT, a Opik ry < 1 OHM nporHBOnOMOXHeL IIpu ry — 0
(ro—)a—oo,b—ooo,anpuryg—1a—1,b—0. _

OTCiOfa ycTaHaB/IMBaeM, 4T 00pa3oM obnactu G, Kak 1 obsactt G, staysieTcst Best Iwiockocts C ¢
BBHIGPOLIEHHBIM OTPE3KOM [—1, 1], B KOTOPBI NepexoauT eqHRYHAA OKPYXHOCTE Y. YTOOB YCTAHOBHTE
B3aMMHO OJHO3HAYHOE COOTBETCTBHE TOYEK OKPYXKHOCTH 4 u orpeska [—1, 1], nemaeM paspes Baosb
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oTpe3ka. B3auMHO OfHO3HAYHOE COOTBETCTBUE TOYEK OKPYXHOCTH M pa3pe3a yCTAHABIMBAEM COMIACHO
npasuty obxona (puc. 34).

Puc. 34

Dyukuus, obpaTHast K GyHKUMHU KYKOBCKOTO, UMEET BUA

z=w+Vw -1 3)

U SBISETCS MHOrO3HAUHOM C TOYKAaMU DPA3BETBIEHUS NepBoro nopsinka w = 1. Ee noBepxHOCTHL
Pumana u3obpaxeHa Ha puc. 35.

PaccMOTpUM mpuMepsl.

28. Nokazars, uto mobas OKpPYXHOCTb, Npoxoasias yepe3 Touku 1, nemut miockocrs C Ha nBe
obnacTi OTHOMMCTHOCTH PyHKUMH KyKOBCKOTO.
« Ilycte v — mioBast OKpYXHOCTB, NPOXONSLUAs Yepe3 TOUKM 1 M MyCcTh TOYKM z{, z; HE JIEXaT
Ha 7, npu4yeM z;2; = 1. JIoKaxeM, YTO OJHA U3 ITUX TOYEK JIEXXUT BHYTPM Kpyra ¢ rpaHMUEHA v, a
Ipyrasi — BHe OKPYKHOCTH 7. PaccMoTpuM oTobpaxeHue
z+1
W= —
k(z—1)
NepeBosilee OOHY U3 0b6acTell 2 -MJIOCKOCTH, OTPaHUYEHHBIX ¥, Ha
BEPXHIOIO NoNyTuiockocts. Torna
kw+1
z = .
kw—1
ITIpuHUMas BO BHMMaHME yCIOBHE 2123 = |, NONYYUM
(kw; + D(kw, + 1)

|kl =1,

2= - =
(kw; — D(kw; - 1) ’
HIH
Ewaw, + k(w, + wy) + 1 = Kww, — k(w, +w,) + L. Puc. 35
Orciona umeeM w; = —w;. [1o CBOMCTBY B3aMMHO OJHO3HAYHOrO OTOOPaXEHHUS MPOooOpa3bl TOUEK W

U Wy, T.€. TOYKH 2| U 23, JIEXAT C Pa3HbIX CTOPOH . B
2 2

29. Haittn KOH(OPMHOE OTOOpaXeHUEe BHEIUHEH YaCTH 3JUTUICA —;+E§ = 1 (@ > b) Ha BHEWHIOIO
a
YacTh €IMHMYHOTO KPyra ¢ HEHTPOM B Hayalie KOOPIMHAT.
« B miockoct wy = up +iv; = % MoJIy4yaeM BHEIUHIOI YacTh JUTMIICA

a2—b?
ul ”12_1 . a = b
Al L N e Y

a B IUIOCKOCTH w; = w| + v/ w? — 1 (w;(00) = 00) — BHEMIHIOW YacTb Kpyra pamuyca R:
a+b

G={w, €C:|w] >R R=d+vVal- 1= ———.
{2 |2| }1 m
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B nnockoctu w = %2 nonyunm obnacte D = {w € C: jw| > 1}. Taxum obpasom,

=w1+\/wf"1 Va? -7 z 2 (z+\/zz—az+bz)'>

30. Haittu ¢yHKUMIO, KOHPOPMHO oToOpaxalouLyio ob1acTb, 3aKIIOUEHHYIO MEXIY BETKAMU T'H-

1
R atd \ Val+¥ Val—b? a+b

nepomsl — -~ » = 1, Ha BepxH10i0 nonymiockocts P = {w € C: Imw > 0}.
a
4 Paccmorpum IipeobpazoBanue nopodbus w; = —i—;, nepesojisilee 3aJaHHYIO runepbony B
a*+
runepdbo.Ty
ul vlz - b

a
—~==1 a=-—=— i
az a? + b2 a7 + 07

a 3a7aHHYy10 001acTy — Ha 06JaCTh, pa3MEIICHHYIO MEXIy ee BETBAMU. B riockocTu

wy = w +y/w] — 1 (wy(00) = )

NoJiyyaeM BHYTPEHHOCTh yria @ < argw; < @# — @, @ = arctgg, B IUIOCKOCTH W3 = € wy; —
BHYTpeHHOCTD yria 0 < argw; < m — 2a. Mckomoe orobpaxenue UMeeT BUI

T

ki
- _r_
2 —1 —_— —i T2
w=w " = (e w,) Tl = (e e <w1 +y/wi— 1)) =
ki

—ia P . —
= (———e (z +4z21—a? - bz) P (z +4/22—-a?- bz) Rarcte |
T \Valyo? T \Va+ b? ’

§ 6. TpuronoMeTpuyeckue
H runepoomyeckne GpynKiun

Tpuzonomempuueckue GyHKYUU z + SiNZ U Z + COS z ONpPENESMM YEPe3 MOKAATENBHYIO (HYHKUHIO
z — €” o ¢opmynam Diinepa

§inz = —————, 0§z = ———. (1)
2

M3 cpoiicTB noka3satesibHON (HYHKUMH CIIEyeT:

1) pu z = z sin z 4 COs z COBNANAIOT C TPUTOHOMETPHUYECKMMH QYHKUMAMU  +— SIN T U T + COS T
JNENCTBUTENLHOMN NepeMeHHOH z;

2) sinz u cos z nu¢ddepenuupyemst B C 1 npu 3tom

(sinz) =cosz, (cosz) = —sinz;

3) BBINOJHAIOTCS OCHOBHBIE TPUTOHOMETPUYECKME COOTHOIIEHUSI, TAKUE, HANIPUMED, KaK
.2 2 . T
sin“z+cos"z=1, sinz=cos Z—E ,

TEOPEMBI CJIOXKEHMS U 1Ip;
4) sinz U cos z ~— nepuoaUYecKre (GYHKLUUU ¢ OCHOBHBIM NEPHOIOM 27;
5) z =+ sinz — HedeTHAs PYHKLUMS, z +* COSz — 4YeTHas PyHKUHA.
C TPUTOHOMETPHYECKHUMH (PYHKLMSIMH 2 + SiN Z, 2 ++ COS 2 TECHO CBSI3aHbI cunepbonuueckue pynx-
yuu z + shz, z = chz, onpeaencHuble GOpMyIaMu

+ z -z 2z -z
def € — € ar e +e
shz=———, chz= ——— (2
2 2 )
Hx cBsi3b ¢ TPUroHOMeTpHUECKHMMHI (HYHKIMSAMK BbIpaXaeTcsi PaBEHCTBAMH
shz = —isiniz, chz = cosiz,
3

sinz = —ishiz, cosz =chiz.
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U3 dopmyn (1) cneayeT, 4TO OTOOPAXEHHS, OCYLUECTRISEMbIE CHHYCOM U KOCHHYCOM, SIBISIIOTCS
KOMIIO3MIIMEN M3YYEHHBIX paHee OToOpaXeHU. B YaCTHOCTH, OTOGPaXeHUE W = COSz €CTh KOMMO3H-
st IOBOPOTA Ha YTo/l 5 M OTODP&KEHHIT, OCYIIECTRIAEMBIX MOKA3aTebHOM QYHKUMER M QyHKUMEN

KykoBckoro:
1

1
Dw =iz; Dwy=e"; Nw=-|w+—
2 w;

@

—in/2

Puc. 36

Hcnonbayst 5T10T (axT, PACCMOTPHM TIpocTeiflie KOHGMOPMHBIE OTOBPAXKEHHs!, OCYIIECTRIAEMBIE
dyHxumet w = cosz (puc. 36).
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M3 dopmyst
ei(z_%) + e‘—i(z_%)

2
cyieslyeT, 4To oTofpaxeHue w = sin z SBASETCS KOMITO3MLIMENH OTOOPaXEHMIA

sinz =

T . w 1
l)wlzz—'i; 2)w2:1w1, 3)11)3:6?’ 4)w=5 w3+w_3

B xauecTBe npuMepa Haigem obpas nosockl G = {z €C:-F<Rez< %} (cMm. puc. 37).

Puc. 37

M3 paccMOTpeHHBIX KOHMDOPMHBIX OTOBpaxXeHMil CJelyeT, YTO BePTHKAIBHBIE MOJIOCH, HMPUHA
KOTOPBIX PaBHA 7, ABJAIOTCS OOJIACTAMH OJHOJUCTHOCTH PYHKUUH 2z +— Sinz U z + cOSz.

PaccMoTpuM Gosee neTanbHo otobpaxenue nonockl D = {z € C: —7 < Rez < 0}, ocywecTanse-
Moe pyHKUUEH w = cos z. C MOMOLIBIO TeOpeMBI CJIOXeHHA U (opmya (1)—(3) Haxonum:

w=u+3v =cosz = cos(x + iy) = coszchy —isinzshy,

WIH
u=coszchy, v=—sinzshy. 4)
Haiinem obpa3s npsimoit £ = 24 = const (-7 < 25 < 0 A g # — /). UMeeM
u=cosxochy, v = —sinxyshy.
Orcioza HAXOAUM:
u? v’

coslxy sin’zg L

Iipu —% < zp < 0 npsiMass x = x¢ NEPEXONUT B NpaBylo BETBb 3TOH runepbonnl. Ilpu —7 < 2o < —F
OHA MEepPeXONUT B JIEBYIO BeTBb MnepGosbl. Ilpsamas xz = 0 (MHUMAsI OChb) NMEPEXOIUT B pa3pe3 BIOIb
JeACTBUTENBHONW OCH OT TOYKHM 1 10 +00, a IpsiMast £ = —7 NEPEXOIUT B pa3pes BIOJb NeHCTBUTEILHOM
OCH OT TOYKM —1 10 ~00, npsMas Xe & = 5 NepeXomuT B MHUMYIO 0. O6pasoM nonocet D siBiseTcs
BCSL IUIOCKOCTD W C BBIOPOIUEHHBIM OTPE3KOM JEHCTBHTENbHOM OcH u OT —1 5o 1 yepe3 6eCKOHEYHOCTb.

Pa3buBas BCio IIOCKOCTh z NPsMbIMU = = k7, k € Z Ha BepTHKAIbHBIE MOIOCHL — OBJIaCTH OJIHO-
JIMCTHOCTH (QYHKIKHU W = COS2Z K B3fAB IUB KaXJIO M3 HHUX CBOI 3K3EMIUTAP W -TUIOCKOCTH, MyTeM HX
CKJIEHBAHHS MOXHO TIOJTydHTh MOBEPXHOCTh PrMaHa MHOTO3HAaYHOI dyHKuMH 2z = Arccosw, Kotopas

ABJISIETCA OOPATHOM K PYHKLIMH W = COSZz M UMEET B

1
z = Arccosw = ~ Ln(w + / w? — 1). )

Touku pa3persiieHust s1oi GyHKUHM: %1, 00,
TaHreHc 1 KoTaHreHC B KOMIUIEKCHOM IUIOCKOCTH ONpene/siioTest dopmynamu

sin z cos z
gz = ——, clgz=—-, ©
Cos 2z sin z
W . - . -
12 —3Z 1z -1z
. —-e€ e’ t+e
tgz = —1 ey ctgz =1 ;’Te:’? Q)
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Otu pyHkuuu M depe Huupyemel Betony B C, 3a MCKII04eHMEM TEX TOYEK, B KOTOPBIX 3HAMEHATETH
Ipobeii B (7) o6pamaroTes B Hynb. Haillnem, Hanpumep, Hy/IM 3HaMeHATeNst NPOGH, ONIpeIesIsTioniei Ctg 2

e —e =0, e =€ dz=—iz+2km, z=km, k€L

DYHKUMHA 2z +— 182, 2z + Clgz NEPUOAMYECKUE, ¢ JEHCTBUTEILHBIM OCHOBHBIM TIEpHoNoM 7. JUta Hux
COXPaHSIIOTCS U3BECTHHIE U3 aHaMM3a (HOpMybl JUdPEepeHIIMPOBAHUSA U OCHOBHbIE TPUTOHOMETPHYEC-
KHUE COOTHOLUECHHUS.

OTobpaxeHUs:, OCYWIECTBISIEMbIE ITUMH (PYHKLHUSIMH, SBIAIOTCS KOMIIO3MIMEH YyXe H3YYEeHHBIX
orobpaxenuit. Tak, orobpaxenue

€CTh KOMIO3UIUSA TaKUX OTOOpAXEeHUI:
wy — 1

1) Wy =212, 2) w2=ew‘; 3) Wi = m,
2

4) w = —tws.

Hcnone3yst 3TOT (aKT, pacCMOTPUM NpocTeilune KOHQOPMHbBIE OTOOpaxeHHs, OCYUIECTBIEMBIE
dyHxumel w = tgz (cM. puc. 38).

Puc. 38

H3yyas orofpaxenns w = tgz # w = ctgz, NPUXOOMM K BBIBOAY, YTO OBJIACTH ONHOJNCTHO-
CTH 3THX QYHKUHA — BePTHKAJbHBIE MOTOCH IMPHHOH 7. Pa3buBas BCIO IUIOCKOCTh 2z TIPSIMBIMH
z = kmr (k € Z) Ha o6nacTH ONHOMHCTHOCTH TaHTEHCA H B3SB IVIA KAXION M3 HUX CBOM 3K3eMIUTAp
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W-TJIOCKOCTH € pa3pe3oM IO OTPE3KY [—1%, 3], MyTeM CKJIEMBAHMUS HX MOXHO MOCTPOMTh MOBEPXHOCTD
PumMana MHOTO3HaYHOI pyHKUMHU
1 14w
z=Arctgw = — Ln ——.
2i I —iw

OyHKUMA Arctg w MMeeT ABe TOYKM DA3BETBICHUA: +1.

PaccMoTpuM npuMepsl.

31. Haiitu 06pas npsaMoyronsruka P = {z€C:0<Rez<m 0<Imz < b} npu oToOpaxeHUuu
w=Cosz.

« Ilycts z = x + iy, Torpa

cosz =cosxchy—isinzshy, Imw=—sinzshy 0.

CnepoBarensHo, obpa3 mpsaMoyrojsHMKa P OpUHamieXHT HMXKHeH ITOJMYIIOCKOCTH TUIOCKOCTH .
Mpu z ==z

w=cosz, 0<z<m;
Nnpu z =7 + 1y

w=—-chy, 0<y<b;
npH z =ty

w=chy, 0<y<b;
npu z =x +1b

w=u+iv=cosrchb—isinzshd, 0<z<m,

T. €. )
v2

ch?b * sh?b :
Taxum 06pazoM, NPIMOYToJbHUK P oTobpaxaercs Ha HUXHIOI MOJOBMHY JUIMIICA ¢ ITONyocsiMu ch b
u shb. 3aMeTuM, YTO B YIJIOBBIX TOukKax z = 0, z = 7 Hapyuwaercss KOHGOPMHOCTL OTOOpaXeHUs, a
HUMEHHO, MPSIMbIE YIB! TIEPELUTM B yTiibl, PaBHbIE 7, B hOKycax 3/umnca 1. B 3Tux Toukax (cosz)' =
—sinz=0.p

32. Jokasats, uto byHKIMST w = tg? % orobpaxaer nonocy D = {z €C:0<Rez< %} Ha KpyT
K ={we€ C:|w| <1} ¢ pa3pesom Bgons oTpeska [—1, 0].

« 3agannoe orobpaxeHue SABISETCS KOMIO3MLMEN OTODpaxXeHUH

u=cosxchd, v=-sinzshb,

wl-‘l 2

iz .
w =€ Wy = —— Wy = —1w, w = w;3.
3 wl+1’ ’

‘ Puc. 39

TIpu nocsienoBaTeIbHOM BBITNIOJIHEHMH 9THX OTOGPAXKEHU 1 3amaHHast rosioca npeobpa3oBeiBaeTes B 061a-
CTH, yKa3aHHBIE Ha puc. 39. p

33. Moxasare, 4TO Ha CTOPOHAX KBAjAPATOB ¢ BEPUIMHAMH B TOYKAX 7r(n + %)(:!:1 +1), n € Z,,
BBITIO/IHSIETCS HEPABEHCTBO |cosecz| < 1.
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1

<« Y3 onpenenenus GYHKUHUHN 2 + COSECZ = 5 — TONyYaeMm:

1 1 1
fsinz] .\ /ch’y —cos’z  \/shly +sin’z

Ha ropn3oHTaMBbHEIX CTOPOHAX NMPAMOYTOJBHHUKOB Z2 = Z ¢ (n + %) T AMEeM

1 1 1 1
sh<n+§>7r>shg>l,‘ cosec(z:i:i(n—}-E)w) = m < 1.
\/sh2 (n—}-%)w—}-sinzz

Ha BepTHKATBHBIX CTOPOHAX z = % (n + %) 7 + iy BBINOJHAETCS PaBEHCTBO

| cosec z| =

)
N

w

[(SYE}

1 1 1
cosec (i: (n + —) T+ iy) = = ’
_ 2 \/sh2y+sin2(n+%)7r Vshly+1

U3 KOTOpOrO CNELYeT OYEBUIHOE HEPABEHCTBO Icosec (:i: (n + %) T+ iy) l <l »

PaCCMOTpPIM Terepk pasHbl€ NMPUMEPB], OTHOCAIUIMUECS KO BCEM pasgeiaaMm 3TOI IJ14BbI.

34. Haiiru obwyio dbopmy 1enoro MuHENHOTO Nipeodpa3oBaHus, NEPEBOASILETO;

1) BepXHIOIO MOMYTUIOCKOCTh Ha ceds;

2) BEPXHIOIO NIOJTYTUIOCKOCTh Ha HHXKHIOIO ITOYTUTOCKOCTB;

3) BepXHIOIO NONYTUIOCKOCTh HA IPaBYIO HOJTYIUIOCKOCTD;

4) 1paByI0 MOMYTUIOCKOCTH Ha CeOst.

TTokasark, 4To BO BCEX CIy4asxX ripeoOpa3oBaHue OQHO3HAYHO ONPeaesieTCs 3a0aHueM ONHOM naphbl
COOTBETCTBEHHBIX BHYTPEHHHX TOYEK WM JBYX [1ap TPaHUYHBIX.

« 1) PaccmotpuM QyHKUMIO w = az + b, SBIAIOMIYIOCS 11e/IBIM TMHEHHBIM oToOpaxeHueM. s
TOTO, YTOGH OHA IIEPEBONMIA BEPXHIOIO TMOMYIUIOCKOCTh Ha ce6si, TpeOGyeTCsl, BO-IIEPBBIX, YTOObI Heii-
CTBHUTENIbHAA OCh Iepelllia B JEHCTBUTENBHYIO, T.¢. w(z) € R, ecim z € R. [loatoMy a u b momxHBI
OBITH NECTBUTEIBHBIMU YHCIAMU. BO-BTOpDBIX, WIS BRINOMHEHUS MOCTABRJICHHOTO TPeOOBAaHUS JOJDKHO
BBITOMHATECA TAKXe ycnoBue w'(z) = a > 0. Takum obpasoM, dynkumus w =az+b,a €R, b € R
U a > 0, otobpaxaeT BepxXHIOIO NOKYIUIOCKOCTh Ha ceds.

2) OueBHAHO, YTO TAKUM OTOOpaxXeHUEM sBNsgeTc w = —az +b, a € R, bER A a > 0.

3) [lns pelueHUs] TIOCTABJIEHHON 3a7auM OTOOpAa3MM BEPXHIOIO IOJYILIOCKOCTb Ha Cebsi, a 3areM
TIPUMEHMM TNPEOGPA3OBAHMUE TIOBOPOTA Ha yro —%. B urore nomyuaem: w = —i(az +b), a € R,
beRAa>0.

4) 3mech YUCTO MHUMBIM 3HAYEHUSAM Z JO/DKHBI COOTBETCTBOBATH YACTO MHUMBIE 3HAYEHHUS w, TAE
w=az+ib, a € R, b € R. [lna Toro 4todnl npasast NOSYIUIOCKOCTE Nepexofiuia B cedst, TpeGyeTcs BbI-
nonuenue yenosus w'(z) = a > 0. IocTaBneHHoMy Tpe6OBAHMIO YIOBIETBOPAET BYHKUNSA w = az +1b,
acR, bERAa>O0.

J1ns1 omHO3HAYHOTO OTipeneieHusl npeobpa3oBaHMst TPeOYeTCs 3a0aTh COOTBETCTBUE IBYX I1ap TOYEK:
160 IByX I1ap TPaHUYHBIX TOYEK, JIMOO APl BHYTPEHHHUX TOYEK, MOCKOIBKY APYTast Napa ONnpene/uTCs
110 CBOMCTBY CUHMMETPHUYHBIX TOYEK. P

35. Haiiti o6myio GopMy LEIOTo JIMHEHHOTO IpeoBpa3OBaHMs, [1EPEBOISLLETO:

1) nonocy D = {z € C: 0 < Rez < 1} Ha cebs;

2) nonocy G = {z € C: -2 < Imz < 1} Ha cebs;

3) nosocy, OTPAHHYEHHYIO NPSMBIMA ¥ = Z U ¥y = Z — 1, Ha cebsl.

BBISICHHTB, KaKHe rapbl TOYeK MOTYT TIPHU 3THX OTOOPaXeHWSX COOTBETCTBOBATH IPYT APYTY U B
KAaKOM CJIy4ae 3TO COOTBETCTBHE OYNET OTHO3ZHAYHO OIPELEISATh OTOOPAXKEHHE.

< 1) Hckomoe mipeobpazoBaHue MMeeT BUL w = az + b. [lockoibKy OHO HOJDKHO NepeBecTH
nonocy D B cebst, To nipsiMeie = 0 U £ = 1 [o/mKHEI iepeityt B nipsiMeie ¥ = 0 ¥ u = 1, Bo3aMoXHb
maciydas: 'Y z2=0—u=0,z=1—-u=1;2)z2=0—>u=1, 2 =1 — u=0. PaccMoTpum ux
B OTOENBHOCTH.

1') llpn z =iy w = iv, iv = iay + b, B HacTHoCTH, NpH y = 0 iv = b, crenosarensuo, b = ib,,
bER,a€R. IIpu z=1+iy w=1+41iv, 1 +iv =a(l +iy) + ib. Orcioga Haxogum a = 1. Takum
oBpazoMm, HCKOMoOe TpeoGpa3zoBaHUe UMeeT BUA w = z + tb, b E R,
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2')YMpu z =iy w=1+iv, 1 +iv =fay+b, B yactHocTH, nipu ¥y = 0 1+1v = b. CnenoBarensHo,
BECUb=1+4b,b €R,a€R. Ilpu 2 =1+iy w = iv, iv = a(l +iy)+ 1 +¢b;. Otcrona HaxoauUM
a = —1. OxoHuaTenpHO nony4aeM w = —2 + 1 + bi, b € R,

B cnyyae 1') npsiMple £ = ¢, MapaUlenbHble TPAHUYHEIM NIPAMBIM, TIEPEXOIAT CaMH B cedi, a B
ciaydae 2') COOTBETCTBYIOT APYT APYTY NAPALIENBLHEIE NPAMEIE, CHMMETPUYHEIE OTHOCHTENBHO CPEIHEN
JMHHH TIONOCH & = % QOTcioga SICHO, YTO ISl OMHO3HAYHOTO OTpefesieHuss OTOOpaXeHUS ClenyeT
341aBATh COOTBETCTBME I1aphl TOYEK JMOO JEXAIIMX HA ONHOW M TOW Xe NMpAMON z = const # %,
nubo Ha MpPSMBIX, CHMMETPHUYHBIX OTHOCUTENILHO MPSIMOil £ = % OtobpaxeHue He OyNeT OorpeneneHo
OIHO3HAYHO, €CJIH COOTBETCTBYIOLME TOUKHM OYIYT JieXXaTh Ha CpenHE JIMHUM 10J10Chl. TakuM oOpa3oM,
w=z+ibumw=-z+1+1b, bER.

2) Orobpaxenne z; = —3(z + 2i) nepepogut nonocy G B nonocy D. CornacHo pesynbTaraM,
TIOJTYYeHHBIM TIPH pACCMOTPEHHMH ciyyas 1), otobpaxeHue w; = z; +bi, b E R, unu wy; = —z; + 1+ bt
nepesoput nonocy D camy B ceba. IlycTe w — mckoMoe orobpaxkenue mosocsl G B ceba. Torma
otoOpaxenue w; = —3(w + 2i) nepeseger noiocy G B D. Takum o6pasom, 0TOOpaxeHHE W HAXOAUM
U3 YCNOBUIA: w3 = w;, WIM W3 = W,, T.€.

] i i i
—%(w+2i) = —§(z+2i)+bi, W — §(w+2i) = §(z+2i)+1+bi.
B nepsoM ciyvae w = z — 3b = z + by, b; € R, Bo Bropom ciydae uMeeMm
w=—z—-1i-3b=—-z—-1i+b, b ER

OTHOCUTENBHO COOTBETCTBUS TOYEK JUIS OAHO3HAYHOTO ONIPEHesICHUSI OTOOPAXKEHUS pacCyXIeHUs
AHAJIOTMYHDI, TIOCKOJILKY MBI CBeM ciaydait 2) K ciyyalo 1).
3) Illupuna ronockl paBHa cos 7 = % PaccmoTrpuM oToGpaxeHue

V2 V2

OHO NEPEBOIUT 3aJaHHYIO Nostocy B fonocy D. Ecnu w — ©CKOMOE Tipeobpa3oBaHue, TO, aHATOTHYHO
paccMoTpeHHoMmy caydalo 2), (1+Dw =1+ )z +bi, umn (1 +d)w=—(1+2)z+14+bi, beR. B
MEPBOM CJIyJae MoJy4yaeM

zlzﬁei%z=\/§<i+i>z=(l+i)z.

b
w=z+§(1+i)=z+b1(1+i)a b €R,

a BO BTOpPOM CJIIydyac UMEEM

b+1+,b—1 1+b+l I+ ib-1)
= —z+4 —_—

2 2 2 2

IMockonexy u cnyyait 3) cBogMTCS K ciydaio 1), TO NMpexXHHe pacCyKICHUSI O COOTBETCTBUM TOUEK

JU1S1 ODHO3HAYHOTO ONPpEHeICHNUS 0T06pa)xemm OCTAalOTCA B CHJIC.

36. Haiitu 11e1y10 MUHEHHYI0 QYyHKIMIO W = w(z), OTOOPAXKAIOUIYIO I10JI0CY, 3AKTIOYEHHYIO MEXIY
JaHHBIMM TIpsMbIMH, Ha Tiosiocy D = {w € C: 0 < Rew < 1} npu yKa3aHHOH HOPMHpPOBKE:

Yz=a, z=a+h; w(a)=0;

NDr=a,z=a+h; w(a+h) 2+i, Imw(a+%+i) <l

N y=kz, y=kz+b; w)=

Yyy=kx+b, y=kx+b, w(zb,) =0

« 1) Iupuna nosnocsl paBHa h. Orobpaxenne z, = (z — a)% TIepeBOOUT 33aJaHHYIO II0JIOCY B
MHOXecTBO D 13 npumepa 35. ComaCHO pelleHHIo 3TOTO IIpuMepa, otobpaxeHne w = 2z, +bi, b ER
niepeBomMT Tojiocy D B ceBsa. M3 ycinoBus HopmupoBku w(a) = 0 momyyaem, 9to b = 0. Takum
obpazom, w = 222,

2) ©ynxups w = 232 4 bi, win GyHkuMa w = b € R oTobpaxaeT yKa3aHHYIO
nojjocy Ha MHOXeCTBO D (cM. mpuMep 35). 3xech nepBoe yCIOBHMe HOPMHMPOBKM 3alaHO Ha CpemHei
MMHMK TIOJIOCHL, TIO3TOMY MCKOMOE ueloc JInHeiiHoe NIpeo6PasoBaHie 3a1aCTCA HEOAHO3HAYHO. Bropoe
yciaoBue Imw (a + 3 +1) < 1 npuBomut K cayyaro 2') npumepa 35, T.e. NpaMas £ = a NEPEXOUHUT B

b-—-1 - -
= —z+ = —Z+I+T(l+1) = ——Z+1+b(l+l), beER.
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NnpaAMyIo = 1 U nipssMast £ = a + h nepexoauT B nipsamyio u = 0 (06XOIBI NPSIMBIX B MIOCKOCTAX 2 U
w TPOTUBONON0XHEI). [ToaTomy

y=-2"2 1+ h Liin= L4
z)=— 10, T )] =E-FWw= o+,
w( h vty ) =3 2

a

—z+h | : .
oTkyna b = 1. CnenosaTenbsHO, w = —;—J' + 1 — HMCKOMOE 11e/10€ TMHENHHOE OTObpaXkeHUe,
3) HaiigeM LUMPHHY TIOJIOCH B TUIOCKOCTH 2, [TocKonbKy tga = k, To

b b 1 V1+4k?
h=bcosa= = U - = =
Vitgla VIR h b

IToBepuys nonocy Ha yrom — (% + arctg k) M YMHOXHMB P€3yabTaT Ha hi noJy4uM rosiocy D us3 nipu-

Mepa 35:
V14 kZ —i(1+arctg k)
—T—ze 2 .

w =

YcnoBue HOPMUPOBKHU BBITIOJIHSETCS.
4) BTOT CIyyail CBOAMTCS K npensinyuieMy. [lonarast z; = z — ib; ¥ NpUHMMAa BO BHUMAaHHE, 4TO

tg o = k, noaydum
V1+k? (
b~ by
YcnoBue HODMUPOBKH BBITIOJHAETCA. W

z k) )
w = yrarcE (z — iby).

37. Haittu uenyio numeiinyio QpyHKLIMO, orobpaxaomyio kpyr Ky = {z € C : |z] < 1} na
kpyr Kgp = {w € C : |w — wp| < R} TaK, uro6hl LIEHTPbI KPYrOB COOTBEICTBOBANM APYT ApPYIYy M
FOPU3OHTAIBHBLA JUaMETP MEePEXOIT B IMaMeTp, obpasyiolinii ¢ HAPABJIeHHEM NEHCTBUTEILHON OCH
Yo a.

« ITonaraem w = az + b. Ilo ycnouio z = 0 — wy, 1 — wy + Re'™ . W3 5Tnx JaHHBIX HAXOAUM:
wy=b, a+ wy = wy + Re'™, o1kyma ¢ = Re'™. OKOHUATeNbHO UMeeM

w=Re"z+wy. »

38. s byukuun w = zi Ha#TH 00pa3bl CIIEMYIOLMX JIMHH i
1) cemeiicTBa OKPYXHOCTEN 2+ y2 azx;

2) ceMeifcTBa OKPY)XHOCTEH z’ + y2 = by;

3) nyuka NapaUIeIbHBIX TPAMBIX ¥ = & + b;

4) nyyka npsMeiX y = kz;

5) nyyka OpsaMeIX, TPOXOASINUX YEPE3 3aTAHHYIO TOUKY 2o 7 0;
6) napabonel y = z°.

« 1) Ilyctb z =z + iy, w = u + iv, TOTHA

u Lv

. 1
T4y = = —i .
t utiv u?+o? u? + o2

Orclona uMeeM

U v 2,0
= —_— Yy=——— T Yy == 7.
u2+v2’ u2+v2’ u2+v2

ITockonexy az = , TO U3 YPaBHEHHS CEMEINCTBA OKPYXXHOCTEH ClEIyeT, UTo

au
w4y
1 au
uw+v? ul4o?
— ypaBHEHMe cemeiicTBa o6pa3oB. MckoMoe cemeiicTBO 06pa3oB UMEET BUI % = ﬁ DTO cemeiicTBO
NpSMBIX, TapALNeNbHBIX MHUMOH OCH B IUTocKoeTH w. CaMa MlHuMax OCBb B 3TO CEMEINCTBO HE BXOIUT.
2) OueBUIHO, YTO UCKOMOE CEMENCTBO — MPSIMBIE ¥ = — 3, NAPAUICAbHbIE IEACTBUTENBHOIM OCH B
IUIOCKOCTH W, IIPUYEM caMa JeHCTBUTEIBHAS OCh B 3TO CEMEWCTBO HE BXOOMT.
3) YpaBHeHue Iyyka o6pa3oB UMEET BUI

2 —
W+l ultv?
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Ero MoXHo 3anucarte B BUAE b(u2 + v2) +u+v =0, wm

L 2+ L] '
YT T%) T

TMonyyunu ceMeicTBO OKpYXXHOCTEN paguyca fT[Ib—I’ C LIEHTPOM B TOYKE (ﬁ, ﬁ) OKpYXHOCTH 3TO-

TO CEMEICTBA KAcaioTCsi B Hayajle KOOPAWHAT MpsMoit v = —u. CaMma 3Ta NpaMast TaKKe BXOIMT B
CEMEIICTBO, YTO COOTBETCTBYET 3HA4EHHIO Mapamerpa b = 0.
4) 3anuiieM ypaBHEHHE Ty4yka 00pa3oB JAHHOTO ceMeicTBa. OHO MUMEET BUL

v _ ku
Tire wggr TS ketvs0
[Tonyyunu my4yok npsMeIX v = —ku.

5) YpasHeHMe TydKa NIPSMBIX, IPOXOMSUIMX Yepe3 3a0aHHYIO TOUKY 2o = (Zg, ¥o), UMEET BUI
Yy — Yo = k(z — z9).
YpaBsHeHue ceMelicTBa 06pazoB 3TOTO NYUKa

=k (=)
=T 5 " Y= T3 %o
u? +v? 4 u? + v?
Tocjie OueBUIHBIX NpeoOpa3oBaHUN 3alULIEM B BULe
2 2
(kzp — yo)(u” +v°) = ku+v.
Honytfmm NYYOK OKPY>XHOCTEH, B KOTOPBIH BXOIUT TAKXKE NPsIMAs, NPoXomsaias yepe3 Touku w = 0 u
w= o (0bpa3 npsiMoi, NPOXOASILIEH YEPE3 HAYANIO KOOPAMHAT).
6) Iockonbky

v u2

u?. + 'U2 (uZ + v2)2
ABISETCS 06pa30oM Mapaboiibl ¥ = &’ PU OTOBPDKEHMM W, TO OCTAETCS JHMLIb YIPOCTUTH TIOTY4E HHOE
ypaBHeHue. MMeem

3
v

u = —v + vz), ul(l + v) = —v3, W= — .

1+v

KpuBasi, 3an1aHHast 1o/lydeHHBIM ypaBHEHUeM, Ha3bIBAETCS yuccoudoi. w

39. BhISICHUTB, BO YTO DYyHKUUS W = + h nepeBonurt:

zZ— 2y
1) npssmoyronbHYIO cetky £ = C, y = C;
2) NONSAPHYIO CETKY |z — 29| = R, arg(z — z) = a.

4 ) Ilycts z =z + iy, w=u+iv, h = h; + ih,. Torna

. 1
w(z —z) = 1+ h(z — =), 2z =xz+ig, z@w-h)=1+zy(w—h), g= =t
i ot i s 1 \ iy @B =i —hy)
iy = 1 = 2
YE BTt Wy rie—hy) T T W TRy + (v = B
u— hy v—hy
z=2y+ v=m0

_ (w—h) + (W =—hp)?’ =R+ (v = h)?
Toncrapmnsist BMecTo z U y C, IONYYNM JBA CEMEICTBA OKPYXHOCTEH
(€ —2zo)((u—hy) + (@ =h)) = (u—=h) =0, (C—y)(u—h) +@—=h))+@®—hy)=0.

IlepBoe cemeiictBo mpoxomut uepe3 TOUKY w = h M KacaeTcs B Heil npsMoH, NapaiebBHONH MHHUMOM
ocy, TIpU4EM 3Ta IpsgMast BXOIUT B ceMeiicTBo. BTopoe ceMeiicTBo KacaeTcs B TouKe w = h npsaMmoii,
TIapaJUIEbHOM HeicTeuTeIbHOM ocH. TIpsAMas TakKe IPUHAIUIEXUT ITOMY CEMEACTBY.

2) TockombKy z — 2 = Re™ m w = —— + h, 10 w — h = L **. TonydeHo cemeiicTBO

z—2zq
; HITH .
OKpYXHOCTeil paIMyCa ¢ C LEHTPOM B Touke w = h. OueBHaHoO, yTO arg(w — h) = —a ceMeiieTso
Jyyeit, BRIXOMALMX U3 TOYKU W = h. p» arg -



110 I'n. 3. DaemenTapinie QYHKIHM B KOMILIEKCHO#H NUIOCKOCTH

40. Bo uto npeofpa3yeTcst KBa(PaHT G={2z€C:Rez > 0,Imz > 0} npu oTobpaxeHnn ¢

zZ—1
by

z+1i’
4llppz=zul<z <+

oMoLpI0 QYHKUMH W =

i z—-i -1 . 2z
w=u v = = —1 .
z+i zr+1 z2 +1

zl—1

DyHKUMS T — T3 HeyObIBaonas,

2t -1 ! -1 . 2t~ 1
in = lim =-1, sup  —— = lim ——— =1
0<z<too Z24+ 1 z—io 22+ 1 ocmctoo T2+ 1 z—yoc 22 +1

IMostoMy B paccmarpuBaemom ciygae —1 < u < 1, v < 0. Tlockomeky |w] = 1, To 9acTh rpaHULBI
xBagpanTa 7; = {z € C: 0 < Rez < +00,Im z = 0} nepexoouT B HUXKHIOIO IIOJYOKPYXHOCTb panuyca 1
¢ reHTpoM B Touke w = 0. Ilycts z = iy, 0 < y < +oc. Torma
iy -1 -1 -1
w(z)=u+iv:.y ,=y , u:y ,
ty+i  y+1 y+1
JIyg y > 0 nepeuten B uHrepat —1 < u < 1. Takxum obpazom, pyHkumst w oTobpaxaer MHOXKECTBO &
Ha MHOXecTBO D = {w € C: jw| < 1 Almw < 0}. »

41. Bo uro npeobpasyerca nonykpyr D = {z € C: |z] < 1 A Im 2z > 0} npu otobpaxeHuu c
zZ=—=1

-l<u<l, v=0.

?
241z

MOMOILBIO PYHKUMH W =

1

i
o [pobHo-nmuHelHas GyHkuUs w = 1—+—L oToOpaxa-
EZ

et emuHuuHBl Kpyr G = {2z € C : |z| < 1} Ha cebs.
BbISICHMM, BO 4TO OTOOPAa3UTCS BEPXHSSA IOIYOKPYXHOCTB
y={z€C:jz] =1A Imz > 0}. BosbmeM Tpu 704-
KM: z; = =1, 2z, = ¢, z3 = 1. OHM OTOOpA3ATCA B TOUKM
w; = -3 —i%, w, =i, wy = — if. Cnenosarensro, nony-
OKPYXHOCTB Y OTOOpaXaeTcsi B BepXHIOIO YaCTh AYTH OKPYX-
HOCTH ¢ KOHLAMH B TOYKax :i:% - ig. Hatinem Tenepe o6pa3
untepBana —1 < z < 1 npu orobpaxenun w. [lo cpoiicTBy Puc. 40

IPpOOHO-TMHEHHOTO 0TOOpaXKeHUs 3T OyIeT Ayra HeKoTOpol okpyxHocTd. HalinieM ee no tpem TOUKaM:
zy=-1,2=0, z; = 1. PaHblue Mbl OTIPEIEUIIH, YTO TOUKH Z| U z3 NEPEXONAT B TOUKH W| = —-% -1z
wy = % - i%. Touka z mepexomuT B TouKy w = —3. SICHO, UTO 1IEHTP UCKOMOI OKPYXHOCTH JIEXHT Ha
MHHMMOH ocu. [lycts wy = (0, b) — ueHTP 3TOH OKpyXHOCTH, R — ee pamuyc. Ee ypaBHeHME MMEET

2
Bug u’ + (v —b)* = R?. Bocmonp3yeMcst TeM, 9TO TOUKH W, U Wy TIPUHAIIEXAT eif: —29; + (% + b) = R%.

i

2
[TockombKy TOUKA —5 TAaKKE NPUHAMIEXHT JIyTe UCKOMOH OKPYXHOCTH, TO (% + b) = R*. Honyyunm

cucTeMy ABYX YpaBHEHWi [uisl onpeneicHuss b U R. Pewus ee, Haxomum: b = —-%, R = %. Hrak,

obpazom uUHTEpBata (—1, 1) seasteTcss myra okpyxHoctH I' = {w eC: Iw + i7f| = %}, a BECh TOJY-
Kpyr D oTo6paxaercss Ha JIYHOUKY, COTEPXKALIYIO TOUKY w = 0 ¥ OTpaHUUYEHHYIO OyraMH OKPYXHOCTEA
I={weC:|lwj=1} n T (cM. puc.40). »
T

42. Bo uto oToBpaxaeTcss BHYTPeHHoCTh yria 0 < ¢ < 1 IpobHO-NTUHEHHONA PyHKUMEH w =
£y
z—1

« CHayana HaiigeMm obpa3 yyda z = z (z 2 0). Touka z = 0 nepeiizer B Touxky w = (. U3

x

NpefeNbHBIX cooTHOUleHuMH lim -2~ = —oo, lim =%~ = 400 CTAaHOBUTCH ACHBIM, 4TO IpOMeE-

z—1-0 z-1 z—140 z-1
xyTKy [0, 1) B IIOCKOCTH W COOTBETCTBYET NMPOMEXYTOK (—00, 0]. Ecnu NpuHATL BOo BHHMaHue, YTO
lim == = 1, To MpMXOAWM K BBHIBOAY, YTO NPOMEXYTKY (1, +00) B IUIOCKOCTHM w COOTBETCTBYET

z—1
z—+o0

nipomexytok (1, +00). CrenoBarespHO, NpH OTOOpAXeHHH W NMyY Zz = z (z 2 0) mepexoguT B meit-
CTBHTE/TbHYIO OCh IUIOCKOCTH w € BHIGpoureHHbM uutepsaioM O < u < 1. JIyy ¢ = % no cpoficTBy
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JpoSHO-TMHEHHBIX OTOOpakeHHil NepeiiieT B Oyry HEKOTOPOi OKPYKHOCTH, YPABHEHHE KOTOpOil B 06-
1eM cirydae umeeT B (4 — a)? + (v — b)® = R?. JLa Toro, 4To6H HAATH a, b U R, onpemenum o6passl
TPeX TOYEK, JIEXAIMNX Ha Nyde ¢ = 5. DTH 06passl OYAYT NpUHALIEXKATE YTIOMSHYTON OKPYXHOCTH

.
W OIHO3HA4HO ompenensTs ee. Muiem obpasw Touek z; = 0, z, = e'4, z; = oo. Ilocne Hecnox-
HBIX BBIYMCNEHMH Haxomum: w; = 0, w; = % - 2(\/%—_1), w3 = 1. TloCKONBKY BCE 3TH TOYKM JieXar

HA UCKOMOW OKPY>XHOCTH, TO IJISI ONpeneieHust a, b U R nosyyaeM CHCTeMY TpeX YPaBHEHMI ¢ TpeMs
HEU3BECTHBIMH: )
a’+ b’ = R,
2

(1-a)’+b*=R.

. [lonygaeM MCKOMYIO OKPYXHOCTE:
@ 7:{w€C:lw—%+%=‘/T§}-

Takum obpazom, npoGHO-nuHEeHHAS DyH-
Kuug w = ~Z; oToGpaxaeT BHYTPEHHOCTH
yrma 0 < ¢ < 7 Ha 0b1acTb, MONYyYeH-
HYIO U3 HMIKHEH TIOTYIUIOCKOCTH IJIOCKO-
CTU W YAATCHUEM Haxofsuleics B 3TOH
TIOJIYTUTOCKOCTH 4acTH KpyTa

1 V2

i
K= Cilw—-+-|< =
w € w 2—{—2<2

Pre. 41 (cm. puc.41). »

43. Bo uro npeoGpasyercs nonoca D = {z € C: 0 < Rez < 1} npu o10GpakeHUH C IOMOUIBLIO

z— z—1
byrkumin: 1) w = ——; ) w = ?
z z—-2
« 1) Haitmem o6pa3z MHUMOW OCH IpPH OTO-
6pakeHUU w: @

TpsiMast z = 0 nepewna B npsamyio u = 1. Haii-
JeM obpas npsMoii ¢ = 1. OH OpPTOTOH&IEH K
JEUCTBUTENBHOMN OCH, TAK KaK 3allaHHOE 0ToOpa-
JKCHUE IIEPEBOAUT NEHCTBUTENBHYIO OCh B HEM-
CTBUTEIbHYIO OCh. CliemoBaTesibHO, 3TUM obpa-
30M SBISETCS OKPYXHOCTh C LEHTPOM Ha IEi-
CTBHUTEJILHOM OCH, YPABHEHHE KOTOPOIl UMEET BUAL,
(u—a)’+v’ = R?. Touxa z = 1 nepexomut B TO4-
Ky w =0, aTouka z = 0o — BToUKy w = 1. s

5 -

onpefeneHuss a U R monyyaem cMCTeMY ypaBHe- Pue. 42
muit a> = R?, (1 — a)’ = R?, pelueHHsIMH KOTOPO# ABJSIOTCH @ = %, R = % YpaBHeHHe HCKOMOIT
OKPYXHOCTH MMEET BHI lw - H = % Takum obpasom, nonoca DD B paccCMaTpuBaeMoOM Cllyiae OTO-

OpaxxaeTcs Ha 06JacTh, OTPaHUUYCHHYIO NPSMOM, ypaBHeHHe KoTopoii Rew = 1, W xacawoueiics ee
okpyxHoctbo I’ = {w eC: |w - %l;: % (puc. 42).

2) Obpasel ipsmpIx £ = 0 B £ = 1 — OKPYXHOCTH C LIEHTPaMM Ha AeHCTBUTENBHOH OCH, TaK
KaK JeHCTBUTENIbHASL OCh NEpeXOIUT B HEHCTBUTENBHYIO OCh, a YIUIbI coxpaHsiorcs. Ha npsamoit z = 0
BO3pMEM [IBE TOYKM: 21 = 0 U z; = 00. |

Hx obpazaMH SBJIAIOTCH TOYKU W = 3 1w =1, Tlycts ypaBHeHne obpasa npsamoii z = (0 uMeer

2 2 )
Bun (u— a)2 +v” = R (nockosibKy 3ToT 06pa3 oKpyXHocTb). KOHCTaHTEI @ M R HaXxomuM M3 CHCTEMBI
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YPaBHEHHIA (% - a)2 = R} (1 -a) = R*. Pewms ee, HaxXoouM: a = %, R = 71. Ipsimast z = 0

TIEPEXOMUT B OKPYXKHOCTh, YpABHEHHE KOTOPOH ’w - ] = ;l.
@ A @ Haiinem Tenieps 06pas npsmoii z = 1. OGpa-
3aMH Touek §; = 1, §& = 00 SABIAIOTCH TOY-
KM w; = 0 ¥ w, = 1. ITocKonbKy yKa3aHHas 1ips-
Masl oToOpaxxaeTcst Ha OKPYXXHOCTb, TO TOUKH W,
M w; TIPUHawIeXar eil, Tak Kak ee LeHTp JeXUT
Ha IEHCTBUTENBHON OCH, TO YpPaBHEHHE OKpYX-
HOCTH MMeeT Bull (u — a;)’ +v° = R?. Jlnst Haxo-
XKIEHUS YUCeT a; U R, TONyyaeM CUCTeMY ypaB-
Hewwit o} = R, (1—a) = Rf. Pewus 31y cu-
creMy, umeeM a; = R, = ;. YpaBHeHUe 1aHHO

E

OKPYXHOCTU 3aITUCHIBAETCSA B BUIE ]w -~ %I =1
CrenoBaTensHo, nioyioca D oTobpaxaetrcs QyHK-
uneit w = = Ha o6nacTh, OrpaHMYEHHYIO Kaca-
IOLIUMUCS IPYT nfyra OKPYXHOCTSIMH, YPasHEHHS]

KOTOpHIX |w— 3| =% u [w— 3| =1 (puc.43).
z

Puc. 43
3

?

44. Bo uto oTobpaxaercs komuo K = {z € C |1 < |z]| < 2} dynxumeit w = I
-

<« Touxe z = 1 COOTBETCTBYET TOUKA W = 00, CJIENAOBATENBHO, OKPYXHOCTD
n={z€C:lz] =1}

MEPEXONUT B NIPIMYIO, OPTOTOHAIBHYIO AE€HCTBUTEIbHON OCH (IIpM TAHHOM OTOOPaKEHUM 1€iCTBUTEb-
Hasg OCb IIEPEXOIMUT B AEWCTBUTEIBHYIO OCb).
Touke z = —1 COOTBETCTBYET TOUKA W = %
TakuM 06pazoM, OKpYXHOCTb v; OTOBGpaXAET-
Csl HAa NIPSAMYIO, YPaBHEHME KOTOpOH U = —;

O6pazoM OKpYKHOCTH
y={z€C:|z[=2)

6yIeT HEKOTOPAsA OKPYXXHOCTD B IVIOCKOCTU W
C LIEHTPOM Ha HeiicTBUTeNIbHOM ocu. Ee ypas-
HeHUE 3aMMCHIBACTCS B BUIE

(u—a)2+v2 = R%.

Puc. 44 O6pasbl Touek z; = ~2 U z; = 2 NpUHaIe-
xkar eif. ToukaM z; U z; OTBEYAIOT TOYKM w; = % u w, = 2. Ins onpeneneHus ¢ u R nonyyaem

2
CUCTEMY IBYX YPABHEHUM C IBYMS HEU3BECTHBLIMU (% - a) =R'u 2- a)2 = R?. Peruus €€, UMEEM

a= %, R = % OKpYXHOCTb 7y, OTOOpAaXAeTCa HA OKPYXHOCTh I’ = {w eC: ’w - §| = %} Komeuo

K orolpaxaeTcst Ha ABYCBA3HYIO OGJIACTh, TPAHULA KOTOPOH COCTOMT U3 IPSMOH, ypaBHEHHe KOTOPOU
Rew = %, u okpyxHocTtu I' (puc. 44).
45, OToGpasuTL Ha BEPTHKATEHYIO nomocy D={w € C|{0 < Rew < 1}:
1) nonyniockocts P = {z € C|Rez > 0} ¢ BBIKUHYTHIM KpyroM K = {z €C: Iz - %I < %};
2) IBYYTONMBHMK, 3aKTIOUEHHBIA MEXIY OKPYXHOCTSIMH

71={z€C:lz~%L|=izL}, 72={z€C:|z—%1|=%1} (d; < dy);
3) BHEWHOCTb KPYTOB K1={z€C:'z+%L|Q%L},K2={ZEC:lz—d—12.I<%1} TaK, YTOOBI
4 1) Oyuxuus w1=210To6pa>KaeT MHOXecTBo P\K HanonocyG={w1ECI0<Rew1<3‘-},

a orobpaxeHue w, = dw, = % nepeseget nonocy G B monocy G' = {w; € C | 0 < Rew, < 1}.
CortacHo pelueHHIo ipuMepa 35, 1), OOLMI Bij MCKOMOTO NPeoGpasoBaHust ONIpenensieTcs dbyHKumel
w=w+th= §+ thymmw = —w+ 1+th= —% +1+1ih, rme h — moboe DeACTBUTENBHOE YHCIO.



1
[TupuHa ronocs! paBHA T % T 44

OKOHUYATeJIEHO ToNIy4aeM, 4To w = -1,
TIPOU3BOJIBHOE (CM. pHC. 45).
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2) OyHkUUA w; = % oroGpaxaeT IBYYTONBHHK Ha nionocy D; = {w. € (Cl % < Rew; < d—ll}
L = 4= Qyyxma w, = f_‘ij]—(w. - d—lz) oToBpaxaer nonocy D

Ha nonocy Dy = {w; € C | 0 < Rew, < 1}, a oTobpakeHne w = w, + th Wi oToGpaxeHHe

w = —w; + 1+ th, h € R, nepeBomut nonocy D, B cebs, T.e. B nosocy D (cm. npumep 35, 1)).
2 (2 -1) +ih,wmw= g2 (2 -1) +1+ih, heR —

3

3) KoMro3Hums Leno4ky oToOpakeHUH w; = ;l, Wy =w - g

did; did; 1 1 d; d, d [ z—-d;
Wy= ———wy, W=-wWy=——— (- — | =—— -2 )= — | —
dy +d; di+d; K4 d, d +d; z z d +d;

MPUBONUT K TpeGyeMOMY pe3yJsibTaTy (CM. puc. 46). »

A @A

Puc. 46

46. Haiitn IpOOHO-NTMHENHBIE (DYHKILUH, [EPEBOASIUME TOUKH —1, %, 1 + 4 COOTBETCTBEHHO B

ToukH 1) 0, 2¢, 1 —¢; 2) 2, 0o, 1.
<« 1) [Ins Har/sIqHOCTH 3aIlMLIEM YCJIOBME B BUfE TaOIHLIBI

z | =1 il 141
w 0|2 | 1-1

2+l Toyka —1 nmepepomuTcs B Touxy w = 0. s onpenene-

Hckomas GyHkuus umeer Bul w,= k<= .
HUSA k 4 b nonyyaeM B COOTBETCTBHHM C TabMIeil CUCTEMY YPaBHEHHMIA

1+i
=k —
2 i<
l—izk 241

1+i-b
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Paapenus Opyr Ha Opyra JieBble U IpaBble YaCcTH YPaBHEHHH CHCTEMBI, IOTy4aeM ypaBHeHHUE OTHOCH-

TeJIbHO b: .
21 _ 1+ —-b+1)

1—i (i-b(Q2+19)
ITocne HecnoXHBIX NPeOOPA3OBAHAIN HAXOOUM:

342
TS
TozncTaBuB HaliieHHOEe 3HAYEHUE B NEPBOE YPABHEHME CUCTEMBI, TIONYYHM:
o
k=- 7

OKOHUYATENBEHO UMeeM

o 2iz+ D)

T 4z—1-5

2) Ilpu Buae TabaMLBI

z | =1{ 1 |1+:

w i | oo 1

CTAHOBMTCS SICHBIM, YTO MCKOMOE ApOOHO-TMHENHOe OTOGpaXeHHEe CIIelyeT UCKATh B BUIE

zZ—a
w=Ek

z2—1i
VcioBue ¢ — 00 BBINONHEHO. HeU3BECTHBIE k U @ ONpefesiioTCS U3 CUCTEMBI ypPaBHEHU I
-l—-a l1+a
—_— =k

i=k - = )
—1—1 141
l1+i—a
1= =k( -
T+i (+i-a)
PelinB ee, HaxoouM:
1 142 6 — 3
a=13 k= -, w=(+ z)z+‘ !
1-2: 5(z — 1)

47. Hairtn IpobHo-THHEHHBIE DyHKIMU, TepeBoasiMe TOYKA — 1, 00, 1 COOTBETCTBEHHO B TOUKHU!:
Di 1,14+ 2)oo, 4,1, 3)0, 00,1

<« Criocob pelieHust IpUMepa TOT €, KOTOPbIi MPUMEHSITH TP peLIeHHH IpUuMepa 46: ¢ IOMOLIBIO

TabAUIbI ONpenesieM OOLIMH BUI JPOOGHO-JIMHeHHONW GyHKUMM, & 33aTEM HAXOAUM JBA HEU3BECTHBIX
YUCIA U3 CUCTEMbl YPABHEHUM,

1) Hockoneky

z | -1} o0 i

w i 1 141

To w = 2=%. Tlpn 9T0M 00 + 1. M3 CHCTeMBI YpaBHEHUIA
. —l—a_ l+a
TS T T+
. i—a
1+i= P
Haxomum: a = —t — 2, b =i — 2. Takum obpazom,
_z+i+2
Tz-i+2 v

2) C noMoWbI0 TabIULIbL
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z | -1jo0 |1

w | 0o i 1

z—a

ONpenenseM, YTO HCKOMOE JPOGHO-IMHENHOe OTOOpaXeHHE UMEET BUA W = i< - Torma —1 — o0,
0o + 1. OcTanoch HalTH a. [ 5TOro BOCHONb3yeMCcsl YCJIOBUEM, UuTo ¢ + 1. M3 ypaBHEHHsI OTHOCH-
TEeJbHO HEU3BECTHOTO a

l=; i—a
“UiE
HaxomuM: a = —1 + 2i. CnenoBaTensHo,

2+i(z+1)
w=—""""".

z+1

3) Cyns no Tabnuue

z | -1 oo |

w | oo |oo |1

uckoMast QYHKUHS uMeeT BUL w = az + b. U3 ycnoBuid 0 = —a + b, 1 = ta + b, nonyyaem: a = b,
1—:

a = 5. Taxum obpasom,

1-1¢
2

3aMCTMM, YTO COCTaBASATh TabAMULbI COOTBETCTBUS TOUEK NOJE3HO, HO He obsa3aTenbHO.

w=

z+1).»

48. Hajitu JIpOOHO-TMHEIHEE PYHKUMH TI0 CIACAYIOLUM YCIOBUAM:

1) Touku 1 1 ¢ HenoIBXKHEI, a TOYKA () TEPEXOAUT B TOUKY —1;

2) TOYKH % M 2 HETIOJBMXHBI, a4 TOYKA % + i% [1ePEXOJHUT B 00;

3) Touka ¢ SBJSIETCS JBOWHOMW HETIONBMXHOW TOUKOMN, a4 TOYKA | NEpEeXOoiuT B 00.

4 1) UieM gpobHo-mMHENHHYI0O QYHKUMIO w B BUIE :—::— = kz—:f Tlockonbky 0 — —1, TO
~1-1 2 k 2
ST = T, OTKyma k= Tﬁ CrenoBaTenbHO,
w—1 2i z-—

1 .
= -, w((+i)z - ) +2i(1 = 2)) =2z — 1) + (1 +i)z —d),
w—1t 1+4 2—1
o _ . . _B+z-1-13
w(z(l—1)+1+1)—z(3+z)—-l 1, w_(l-—i)z+i+l'
_1 z—4
2) OnipegensieM QYHKUHIO W W3 YCAOBHIA :—_% = k——%. Torna
2w—1 2z-1 z(1 —4k)+2k -2
= _— —_ _ = -_— -—2 = ———
— e Qw — 1)z —2) =k(2z — 1)}(w - 2), 22—k T k4

. . 5,3,
Ilpu z = §+ %1 3HAMEHATENB NOCAEAHEN 1pobu 06pallaeTCst B HYJb, TIOCKOJBKY 7 + 3t = 00. W3 3Toro

YCIIOBHUS onpefiessieM k:
5 3
~+—=](0-k)+k—-4=0.
<2+2>( )

Pemns 310 ypasHenue, monydum k = 7. OKOHYATEIBHO UMEEM
_z(1-49) 4+ 2(=1+1)
T 22(0-d)+i—4

3) OnpenemM GYHKUMIO W YCIOBUAMU —— = —=+h = L“L—';'-(—_‘-,:—'l Torna z—i = (w—1i)(14+hz—th),
1

ih)+h v :
A Takxak 1 00, To h+1—-ih =0, h= — = — 2. OxoHvarenbHo HaxomAM

23—~ (1+1)
T+ -2)

w =
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49, Haiitu 1po6HO-TMHERHYIO GYHKLMIO, NepeBosiLLyi0 TouKH —1, 0, 1 COOTBETCTBEHHO B TOUKM
1, 2, —1 W BBIICHHTB, BO YTO NPU 3TOM OTOOPAXKEHUH MEPEXOAUT BEPXHAA MONIYIUIOCKOCTb.
<« Q1 HarsAAHOCTH BOCTIONb3YEMCST TaGIALEe i

z | -110 1

w | 14| -1

CornacHo Teopeme 1, 1. 1.3, Kakumu Gbl HU GbUTH TpU pasHele Touku 2, € C, z; € C, z; € Cu
Tpu pasHbie Toukd w, € C, w, € C, wy € C, cywectyer, U NPUTOM E€IUHCTBEHHOE, TAKOE APOGHO-
nuHeitHoe otobpaxenue L, uto L(z) = wy (k =1, 2, 3). Ero MoXHO HallTH U3 COOTHOLUECHUS

zZ— 2 23—22_11)—11)1 w;y — W,

(1

Z—=2Zy 2Z3—2 w—-w; w3 W

Tlockonsky 53——27; %, ffﬁ = 12 TO cooTHOWEHHE (1) npuHuMaeT BUA 2= = (1 +z)(1”u"i) , OTKyAa
z—1

iz—1"
OyHkumna w otoGpaxaeT BepxHIOW nonyriockocts P = {z € C | Imz > 0} Ha exuHUYHBIA KpyT
K ={w € C:|w| < 1}. [Ipu aTom TOUKA i nepeBoauTtcsi B To4Ky w = 0 — UeHTp Kpyra K. »
50. Haitta o61mmit Bus APOGHO-THHEHHOIO NPEOGPA30BAHMS, NEPEBOIALIETO:
1) BEpxHIOIO NOAYTUIOCKOCTh Ha Ce64;
2) BEPXHIOIO NOYTUIOCKOCTh HA HUXKHIOK MOJTYTUTOCKOCTD;
3) BepXHIOW MOJYTUIOCKOCTE Ha IIPABYIO IIOAYTIOCKOCTD.
<« CornacHo Teopeme 1, 1. 1.1, moGast npoGHO-TuHeiiHasg GyHKUUA w =

221 OCYLUECTBASET o~
meomopadHoe otobpaxenne C na C. IMockonbxy w' = (Z‘:gfz , TO B cliydae 1) HOJDKHO BBIMTOJTHSITBCS

yenosue ad—be > 0, B cny!{ae 2) — ycnosue ad —be < 0. B ciyyae 3) gpo6Ho-nuHe#Hoe npeobpa3oBa-~
HUe UMEET BUI W = § 257 d A ad — be < 0 (YMHOXEHUEM Ha ¢ HUXHSISI ITOJIIUIOCKOCTb NIOBOPAUHBACTCSI
™

B IOJIOXMTEHHOM HAaMpaBleHuu Ha Yol 5, T.€. IEpeXomuT B NpaBylo NOMymrockocts). CornacHo
ob1eMy OrnpeieeHUIo IpOOHO-TMHETHON GYHKUMY, yucna a, b, ¢, d — neiictButenbHele. P

az+b

51. Haittu oTo6paxeHue BepxHe NOAYIUIOCKOCTH Ha Ce6sl IPH YKA3aHHON HOPMUPOBKE:
Dw©) =1, wl) =2, w®) =o00; 2) w®0) =1, wE) = 2.

< 1) ITo teopeme 1, n. 1.3, umeem

z w1 2
= w= .
2z -1 w-=2 2-2z
2) CocraBitsieM TaGnuuy y
z |0 ¢ -1

w | 1|2} -2

TouyKa —i NepexomuT B TOUKY —27, TaK KaK i NEPeXonauT B 2t (CHMMETPHUUHBIC TOYKU MEPEXOIAT B
cuMMeTpuuHble). CHOBa npuMeHsaeM Teopemy 1, m. 1.3:
2z 4i w—1 2z+1

= : =-2. .
7—i 2+l w-2" " z-2

52. Hairtn dyskumo w = w(z), oToGpaxatwmyio kxpyr Kr = {z € C : |z| < R} na npasyio
nomymiaockocts P = {w € C | Rew > 0} Taxk, uto w(R) = 0, w(—R) = oo, w(0) = 1. Kakos npu aToM
oToOpaxeHuH o0pa3 BepXHero nojykpyra?

4 OyHKUHAS W UMeeT BUO w = ki—;—ﬁ, nockoneky w =0npu z=R uw — oo npu z — —R. U3

: — — — R—2z
ycaosus w(0) = 1 nosnyyaem, uro k = —1. Takum obpasoM, w = z=.
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@yHkuys w 0ToOpaXKaeT AeHCTBUTENbHYIO och O Ha NeHCTBUTENbHYIO ock O'u. CremoBaTesibHO,
uHTepBal —R < £ < R nepexoauT B JIy4d — NOJOXHUTEIBHYIO A€HCTBUTEILHYIO M1O/IyOCh, & MOMTYOKPYX-
Hocth ¥ = {z € C: |z| < R A Imz > 0} otofpaxaeTcst B JIV4, BRIXOISAMIMIA U3 Hayala KOOPAMHAT
noa yrnom — 3. Ilomesysce npaBuiom o6xona u CBOMCTBOM COXPaHEHMs YIJIOB 1O BEMMYMHE M Ha-
MPaBJIeHHUIO MPH KOHGDOPMHOM OTOOPAXEHUH, NPUXOAUM K BBIBOAY, YTO 00pa3oM BEPXHETO NMOJYKPYTa
SABJITETCS YeTBEPTRIN KBanpant D = {(u, v) ER? :u > 0, v < 0}. »

53. Haiitu TO4KH, CUMMETPHNHEIE ¢ TOYKON 2 + § OTHOCHTENIBHO OKPYKHOCTEH:

Dy ={z€C:lz|=1}; m={z€C:|z-il=3}.

<4 Cornacuo dopmyne (3), . 1.2, umeem

RZ
2= zo+ €8]
z— 2z
i€ zp — UEHTP OKPYXHOCTH, R — ee pamuyc.
Bcayuae 1) zg =0, R=1, cnenosa'renbﬂo, =1= 2'? =51 =102+9).
Bemywae 2) zp=¢, R=3,z" =i+ :%—H’.»

2+1 7
54. Haiitu cummeTpuyHbIil 06pa3 OTHOCHTEBHO SIMHUHHON OKPYXHOCTH y={z€C:|z| =1}
CIICAYIOLIMX JTHHUIA:

Dyn={:zeC:lzl=1}; Dm={zeC:lz-1=1} 3IHy=2

<4 Bocrionsayemcest dhopmynoit (1) u3 npumepa 53.

of .
1) OueBumHo, 410 2z = S~ Torma z* = L = 2¢" — touku OKPYXHOCTH pazuyca 2, ¢ HEHTPOM B

H
Havyajle KOOPAMHAT.

2) Hockomky z = 1 4+ €, 10 2% = tg% CUMMETPUYHBIM O0DPa3oM SIBJSIETCS

-1
=3+

[SIEN

THe— 0
rpsiMasi, YpPaBHEHHE KOTOPO# T = %
3) Ipsamyio, 3aKaHHYIO Ha MIOCKOCTH YPaBHEHHeM Yy = 2, npenctapum B Bule 7= {z € C | —o0 <

Rez < 400, Imz =2}, 1.e. z = + 12,

Torna
e iy = 1 z+4i2 =z 2 o= % y*—i
z—-i2 zl4+4 12—}-4 z2 44’ 244’ 44
[Mockonmbky = = 2;. , TO, TOICTABMB 3T0 3HAYEHWe B NPABYIO YacTh PaBEHCTBA T = =y, MoCie

HECJIOXHBIX NMPe0oOpa3soBaHMM MOTyIHM:

@y (! L i
--) ==, Te |z—-
SR 160 € 4

B naHHOM cCiydae CHUMMETPUYHEIM 06Pa3oM SIBIAETCA OKPYXHOCTbL panmyca % C LEHTPOM B TOYKE
z= ;:—, »

2

:—1-—6—,

iaz_ﬂ

z-p

€MHAYHBIA KDYT.

1) Haittu argw(zx) = O(x); 2) nmaiitu w'(B); 3) BHUSICHUT, KAKas 4aCTh BEPXHEH MOJYIUIOCKOCTH
MPU 3TOM OTOOPAXEHUH CXXUMAETCST M KaKasl pacTATMBACTCA.

< 1) Ouesumno, uto arg w(z) = a + 2arg(x — B), Tak Kak arg(z — §) = —arg(z — B);

2) duddepenumpya w(zx), noayyum:

wl(z)_eiaz_ﬁ_z+ﬁ —eie B-B = i i2b
(- By C-pr = G-pF
IMoncraBuB B NO/y4YeHHy10 opMyay z = 3, AMeeM
i2b ("‘ )

WA=t N = T

55. Oynkums w = e

(8 = a+ib, b > 0) oToOpaxaeT BepXHIOIO IONYIIIOCKOCTb Ha
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3) Mockonpky jw'(z)| = ﬁlz , To nipu v/2b < |z — | mpoucxomut cxaTue, ampu v2b > |z - B| —
pactspkeHue. M3 papeHcTBa [z ~ Bl = (= — @) + i(y — b)| crenyer, 4O

inf 0|z—,5|=\/(:t:-a)z—}-(y+b)2 z=a = 0.

z€R,y> y=0

M3 Hepasenctsa v2b < b nonyqaem, uto Npu b 2> 2 BCs NONYTTOCKOCTb CXHMAETCs. Ecmu b < 2,
TO 00acTs, NexXallas BHYTpH kpyra K = {z € C : |z — B8] < V2b}, pactarusaercs. »

56. OroGpasuth BepXHIOW nonyrtockocts P = {z € C | Imz > 0} Ha exuuuunslit kpyr K =
{w € C: |w| < 1} Tak, 4toGsL:

1) wi) = 0, argw'(i) = —g; 2) w(24) = 0, argw'(24) = 0;
3) w(a +ib) =0, argw'(a + ib) = 8 (b > 0).

<« 1) CornacHo dopmyne (4), n. 1 3 oTo0paxeHne BEPXHEN NOMYTUIOCKOCTH Ha CIMHUYHBIA KpYL
ocyliecTBasieTcst GyHkumell w = e’ . U3 ycnousa w(f) = 0 cnepyert, uto a = i. Takum o0pasom,

1.52 -1

w=e + . Huddepenuupys q)ym(umo w, MoJyYaem
] . -
w'(z) = 2i ( e+ el w' () = -—%ew = —;—el(eﬁf).
U3 ycnopus argw' (i) = —3 =6 — 7 cnenyer, uto § = 0. OKOHYATe bHO UMEEM
z—1
T4
2) B ob1ueit popMmyne w = e’e 228 ponaraem @ = 24, Tora w = e’ %—}%21 ITockonbky
' 9 4 fms ei(e_%) [ m
w(z)=e m, w (2i) = 0 argw(21)=0—5=0,
T08=5%5u
z—=2
=1 T
3) Ilo anaorum ¢ 1) u 2) 3anuceiBaeM (PYHKUMIO W B BHAC W = et %. Torna
tos . if) 2bi ! LT ei(orl;_) ! N T_
w(z)=e m, w(a+bz)——%e =% argw (a+bi) =0, — 3 =8,

oTKyna 6, = % + 6. OKOHYATENbHO NONTy4YaeM

w=ei(%+6) . z—(a+bz').
z —(a—bt)

57. Orobpasuts BepxHiow nonymwiockoets P = {z € C | Imz > 0} Haxpyr K = {w € C :
|[w — wy] < R} Tak, yroOGBl ToYKa ¢ mepeuUla B LEHTP KPyra, a Npou3BomHas B 3Toil Touke GbUla
MOJIOXUTEIBHOM.

<« CHayana oTo6pa3uM Tioyriockocth P Ha emunmunsni kpyr Ky = {w € C : |w} < 1} Tak,
yTOOBl TOYKA ¢ fepeuvia B ero ueHtp w = 0. CoInacHoO pelleHUI0 NpuMepa 56, 1), wy =

z+1’

npuyem w'(§) = 3e (o——) .Tlpu 6 = % w'(i) = § > 0. CrrenosarensHo, w; = S = it Temeps

COBeEpILIAEM npeo6pa303a1me nono6mx u nepeﬂoca w = Rw; + wy. OKOHYATEJLHO MOJIyYaeM:

w=Rz

+'lllo »
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58. Orotpasuts kpyr K = {z € C : |z| < 2} Ha nonymiockocts P = {w € C | Rew > 0} Tax,
urobet w(0) = 1, argw’(0) = CR

<« ITockonsKy npu ApoGHO-THHEHHOM OTOGPAXEHHH CHMMETPHUYHbIE TOYKY NEPEXONSIT B CHMMe-
TpuyHbe u 0 — 1, T0 00 — —1. M3 TaGnuwust

z | 0| o0

w | 1] -1

BUIHO, 4TO ApOo0HO-THHeNHas (YHKUusI, oTobpaxaomwas K Ha P, numeer BuO

kz—a
w= .
z—b
U3 ycnoBuit HOpMUPOBKM HaxoxuMm: k = —1, b = —a. [ToaTomMy
z—a
w=— .
z+a

Juddepenuupys, noaydyaeM

' a ) 2 . 2 ™
wE)=-——73, w)=--, agw@)=ag| - )=r-aga=,
(z +a) a a 2
oTKyza arga = 5. CregoparensHo, a = fa;(a; > 0) u w = —‘;ﬁfﬁ'—. Iycets w = u + tv. [paHuua
kpyra K nepexomuT B MHHMYIO OCh IIOCKOCTH w, T.e. 2e? ~— iv, jv = 2267;—“14 B uactHOCTH,
mpu v = 0 umeeM 2e” —ia; = 0. Do PaBEHCTBO BHIIONHAETCS NPH YCJIoBHM, 4t 6 = T, a; = 2.
OKXOHUaTeIbHO HAaXO[UM:
@) z—-2i
w(z) = — -
z+2i

59. Oro6pasuts kpyr K = {z € C : |z — 4i| < 2} Ha nonymwiockocts P = {(u, v) € R? | v > u}
TaK, YT00Bl UEHTP KPYra Nepeiues B TO4KY —4, a TOYKa OKPYXKHOCTH 2¢ — B HadaJlo KOOPIMHAT.

« Cravana o-r06pa3uM kpyr K Ha ennuuqnbm kpyr K, = {w; € C : |w;| < 1} ¢ nomollibio
bynkun w, = % — 2i. Torma wy = 0 — w = —4, w; = —1 +— 0. Tak Kak Touka w = —4i
CUMMETPUUHA omocmenbﬂo npsMolt v = u Touke —4, To w; = oo — —4i. CocTaBsieM TaGJmuy

w 0| —1 00
w | -4 0| —4¢

Y ofipefiensieM uckoMoe oroOpaxenue o0uueit GopMmynoil apoOHO-1MHEHHOr0 Npeodpa3oBaHus

_ w; —a
- wy — b
CornacHo yc/IOBUSIM HOPMUPOBKY MMEEM
ka a+i .
4=, kit=0, —4i=k
b b+
OTKyza
a=-i, b=1, k=-4
TakuM oGpa3oM,
4_%—2i+z’ iz +2 >
w=— ———— T = T ..
RN T z—2—4i

60. Haitu $ynkumio, 0T06pa>xa‘10my10 BEPXHIOIO TIONYIUTOCKOCTh Ha cefd Tak, 4To w(a) = b,
argw'(a) = @ (Ima > 0, Imb > 0).
o Ilycte w = w(z) — uckomoe otobpaxenne. Torma q)ym(mm
w “’_—f e
Tw~b

, 8 € R — npousBo/IbHOE,
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oToOpaxaeT BEPXHIOIO TIOJIYTUIOCKOCTD IUTOCKOCTH W Ha eNUHUYHBINA KPYT ¢ IIEHTPOM B Hadajle KOOpIu-
Hat. Ha aTOT Xe Kpyr (yHKuMs

—e'?, € R — npoussossHoe,
z—@
oToBpaxaeT BePXHIO MOMYIUIOCKOCTD IUTOCKOCTH z. Takum o6pasom,
w-—b 0,2 —a
e

Z

8, = ¢ —~ 6 — npoHU3BOJIBHOE.

w—b z—d
Huddepenuupyst o0e 4acTu 3TOTO PaBEeHCTBA, NOMyYaeM:
Imb / 6, Ima
——w(z) =" —.
(w(z) — b)? (z - a)?

ITomarasa 3gech 2 = @ M IPpUHUMasT BO BHUMaHue, 4To w(a) = b, umeem

' mbo ;g
w(a)=—e" .
@ Ima

Tak kak %:Tli > 0, To argw'(a) = 4,. INonaraa 8, = a, noxy4um:
w(z)—b LZ—a ,
= =" ——; argw(@)=oa. p
w(z)—b z—a
- ! m
61. OT0Gpa3uTh BEPXHIOIO TONYTINOCKOCTh HA HIKHIOW Tak, uToObl w{a) = @ u argw (a) = —5
<« Ilycte w = w(z) — uckomoe otoGpaxenue. [Tonaras w, = e w = ~w, IOAYUMM BEpPXHIOI
nosyriockocts. [Ipu 31oM a — —a. CortacHo NpeapiaylieMy IIpuMepy
wy +a g2 — G
— — =¢%2 _—  9¢R — npoussossHoe.
w +a z—a

3aMeHMB w| Ha —W, NOJIyduM:
w—a 82— G
=€ ———

w—a z—a
IuddepeHuupyst 3TO PaBEHCTBO, NMEEM
w'(z) e’
Tw@-a? @-a)
IToncTaBuB clo4a z = @, HaXoAuM ([IPUHSB BO BHUMaHue, 4TO w(a) = G):

w'(a) = —e%.
CnegosatensHo, argw'(a) = 0+ 7 = ~ % (1o ycnoBuIO 3anawd). M3 nByx 3HavueHuit 6 = —%w, 6,=7%,
MOAXOIUT 3HayeHue 6 = %, nockonbky —7 < argw'(a) < 7. OKOHYaTENbHO HMeeM
w—a .,z-—a
=1 —,
w—a z—a

o Z—G
62. Ina dyuxiun w = e** —— (la] < 1) oTo6paxaiouseii exuHHUHbIA KpyT Ha cebs:
—az hd

1
1) HaiiTu arg w(e'?) = p);
2) Haitta w'(0) u w'(a);
3) BBIICHHUTb, KaKas 4acTh €JMHAYHOTO KPYTa NPU 3TOM OTOOPaKEHMH CXMUMAETCSI M Kakas pacTd-
TUBAETCS;

. dw .| dw
4) napity max | — | u min|—| o {z| < L.
dz dz
< 1) Ilpn z = €' nonyyaem
ip ip _ 10
€% -a iw € @ -y €7 —a
w=e€ —— =€ - - - = o —,
1 — ae’s ev (e —a) e~ —a

Tlycts @ = Aei®'. Torma

; ing — Asiné

o) = a — @ + 2arctg(e’® —a)=a — ¢ + 2arctg M.
Cosp — Acosby
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2) JnddepeHunpyst, HAXOANUM:

ol —az+a(z — a) o 1—aP ; ele
' i (2 ! i 2 !
w(z) = = w0 =€e"(1l—-|a wa:————.
(z) T2z Tap YO="0-lah), v@=—5
_lal?
3) Eciu {(:_Ll)z’ > 1, To COOTBETCTBYIOLIAsI YacTh KPyTa PacTSITUBACTCS; €CJIU (: Iaz')z <1, 10

COOTBETCTBYIOLIAS YacTh KPyra CXHMaeTcsl. PellMB 3T 3/eMEHTAapHble HEPABEHCTBA, IOIYYUM, HTO
MHOXECTBO BHYTPEHHHX ToueK Kpyra G = {z eC: lz - ;H <4 /ﬁz— - l} pacTsaruBaercs, a MHO-

XKECTBO BHELUHMX TOYeK kpyra D = {z eC: lz - Ell > 4 /\—al\—2 - 1} oxumaeTcst. OKPYXHOCTB 7 =
{z e€C: |z - —l =, /W } — u3ometpuueckas. Ecm a = 0, 10 |w'(2)] = 1.
4) U3 oueHok {1 —az| > 1— |a||z| 1—1al, 1 —az| < 1+]allz] €1+ |a], w1 npousBonHoH

w'(z) Haxomum Im’zlx |w'(2)| u mm |w' (z)]

=<l lz1<

1+|a 1~]a|
|rglla\xlIw(Z)I— [“pg [min n lw'(z)| = el

63. Oro6pasuts kpyr K = {z € C:|z| < 1} naxpyr K; = {w € C : |w| < 1} Tak, uro6sr:
l)w(%)—o argw'’ ( )~0 2)w(%):0, argu/(%):%;
3) w(@) =0, argw'(Q) = -3 4) w(a) = a, argw'(a) = a.

<« 1) Bocnionesyemcs pewenuem 3agaun 62, nonaras B 2) @ = % ITonyuum:

>

o

e
argw'(%) =ag =0=a=0.
3

Torna

z—3 22-1

w= - = 3 .
-3 A -z
2) IMo awanoruu ¢ mpexbUIyILMM loaraem a = 3. Torna
. et . ™ i
! 7 ! 2
w ()= argw ()= - =>a=—-.
(2) 1— %’ (2) 3 7
CnenosatesbHO,
; iz 23 2z—-1 2z 41
w=e? =i — = —.
1+ TZ 241z 24z
3) B 3anmaue 62, 2) nokasaHo, yto w'(a) = = Ialz [Monarast 3xech a = 0, noiyaum w'(0) = e'* . Us
yenopus argw' (0) = —7 crenyet, uto o = — 7. Torma
w=e" 7 z = —z'z

(B 06LIYIO Gopmyy w = €' 2= noncTamnsem o = —3, a = 0).

4) Mycts w = w(z) — uckoMoe oToOpaxenne K Ha Kl. Oynxumn z — ¥ 255 1w e £

otoGpaxator coorBeTcTBeHHO Kpyrt K u K| Ha cebs (8 € R, ¢ € R — npoussonsHsle). [TockonsKy
argw'(a) = a, To, N0 aHANOTMM ¢ PelleHneM 3a1aun 60, nmeeM

W-a _ az—0
l-aw =~ 1-az’
64. 0106pa3pm, kpyr K = {z € C: |z| < R} na kpyr K| = {w € C: Jw| < R,} Tax, uTobbt
w(a) = b, argw'(a) = @ (|a] <R|, {bl < Ry).
<« Pynxuyst

z
wi(z) = r
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otoGpaxaeT K Ha eqMHUYHBIN KpyT, a QYHKUIUS
w; — w(a) -5 z—a
i 1~ wia i9 R R 6 -
wy = 6‘0 — = e‘o ! &zl = " Rl =
l—wl(a)wl 1- " Rl —az
1

OoTOGpaXaeT 3TOT eAMHUYHBLIA KpyT Ha ceGs. [Tyets w = w(z) — oroOpaxenue kpyra K Ha xpyr K.
Toraa dbyHkuus

w—0b
R —bw
TakXke 0TOOpaxaeT eAMHUYHBI KPyr Ha cebs. B nomyyeHHslx dopmynax 6 € R, ¢ € R — npou3Bosib-
Hble, TakuM o0pa3oM,

w3 = e”"Rz

w—b . z—a
Ry =€ R ———.
*RI-bw 'R} -a:
[TpoauddepeHupoBaB 3T0 PaBEHCTBO, MOTyYUM:

W E@R - Ri—lal ey,
(R - buw(z))? U (R? - az) :

IMonarass z = a ¥ npUHUMas BO BHMMaHue, 4To w(a) = b, HAXOoUM:

R R o R, RI—|b? 4o
2 : 2"-”(‘1): 2 l 2'61(6 ‘p)a w/(a):_‘[" ; ||2e(‘9 7.
R; — |b] R} — |a] R, R;-|a

2 2
R, R;-1b
ITockoneky ——LRZ . —-f———-R Y > 0, T0 B3siB @ — ¢ = o, NOJIy4uM, 4TO arg w'(a) = a. OKOH4aTeNBHO UMeeM
1

R w—b i« p z—a >
- =€ .
*RI-bw 'R’ -a:

65. OT06p33PITb kpyr K ={z € C:|z| < 1} naxpyr K, = {w € C: |w— 1| < 1} TaK, yro6nt
w(0) = { u w(l) =0.

< HonaraeM w; = w—1. Torpa |w| = Jw— 1] £ 1. Oro6GpaxeHue equHuuHOro Kpyra K Ha
equHuuHbl Kpyr K, = {w, € C : |lw| < 1} B o0weM ciyyae UMeeT BUI

g 2 —C

wp=¢€ 1—_—&—2, gc R.
PaccMoTpuM 10y HOPMUPOBKM
z 0 1
w : 0
Wi - % -1 -

—ae® =L
2
l-a
— 16 =1
1-a
I{oaCTAaBHB BO BTOpOE YpaBHEHHE CHCTEMH ¢ = 2 , TIOJTYJHM:
l—a=-2a+2af’ wm a=2af-1. .

IMockoneky (2lal* — 1) € R, T0 a — HmeicTBUTENbHOE 94CII0 H G = a. s onpepeneHM s a f1oJ1y4aeM
KBAJpaTHOE YpaBHEHHUE al—2 % — 1 =0, xopHu koroporo a; = 1 w a; = —3. Tak Kak |—ae®®| = la] = §
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CM. IEPBOE YPaBHEHHe CHCTEMbI), TO @ = —i. Takum obpasoM, @ = —1, e? = —1. [Toacrasus atv
1 21

3HayeHust B GOPMYJY Ul W, TIOIYYUM:

1
3

z+% o 2z+41

1+ % 242
OKOHUYATEIbHO UMEEM
-z
w=w +1= . >
! 24z

66. Oro6pasuts kpyr K = {2z € C:|z-2] <1} Haxpyr K, = {w € C: |w — 2i| < 2} TaK, 4T06H
w(2) =i u argw'(2) = 0.

« llonaraeM w; =z -2 u w; = w;ﬁ. 3agaua cBenach K otobpaxenuto kpyra K, = {w, € C:
|w,| < 1} na xpyr K3 = {w, € C : |lwy| < 1} npu ycnosuax w,(0) = —%, wy(0) = 0. BocrnonbayeMcs
pelieHueM 3agauu 64, nonarasg TaM R = R; = 1, a = 0. [Tonyuum:

1

wz+§ w -3 z—2—§ 2z —4—1
—‘———‘:wl, w2= T = B = N .
ITpuHuMas BO BHUMAHHE CBsI3b MEXIY W, ¥ W, MIMEEM

2z—-4-14 +i z—2+1
Tt ) =2 >
241z -2) iz4+2-2

1—%102

w=2(w2+i)=2<

67. 1) OtoGpasuts xombuo K = {z € C |2 < |z| < 5} Ha xomuo K, = {w € C |4 < |w| < 10}
TaK, 4100l w(5) = —4,

2) Oro6pasuts komsuo K = {z € C |1 < |z—2i| < 2} Hakombuo K, = {we€C | 2 < Jw—3+2i| < 4}
TaK, yrodsr w(0) = —1 — 2.

<« Bocrionb3yeMcst TeOpeMOi: Ui TOro YTOOBE CYIIECTBOBAIO KOH(OPMHOE 0TOOpaxeHue Kombla
K ={zeC|r <|z| <r} naxomuo K" = {w € C| R, < |w| < R,}, HeoOXOMMMO ¥ IOCTATOUHO
BBIfIOJTHEHUSI YCITOBUS %;1 = }lz ITpu 3Tom oTobpaxaroilass GYHKUMS MOXET GbITh TOJILKO ABYX BHIOB:

a
w=az wm w=-, a€C
z

OrofpaxeHue OZHO3HAYHO ONpele/sieTCss 3aJaHueM OQHOM Iapbl COOTBETCTBYIOLUMX APYT APYTY rpa-
HUYHBIX TOYEK.
1) OueBMAHO, 4TO B JAHHOM Ciy4yae oToOpaxalouias PyHKUMS MMeeT BUI w = %, TaK KakK Io

YCJIOBHIO BHYTPEHHSISL OKPYXHOCTb Koyibua K JOJDKHa repedTy Bo BHELUHIOW OKpYXHOCTb Kosbla K.

- A3 cOOTBETCTBUSI TOUEK HaXOquM: —4 = %, a = —20. CnenoBaTeNbHO,

20

~
2) Nonaraem w, = z — 21, w; = w—3+2. Torna 1 < jw;} < 2 1 2 < |w,] < 4. 3anava
CBeJlach K OTOOPAXEHHIO OIHOIO KOHLEHTPUYECKOrO KOJIBUA HA JPYroe, NpuieM 5 = % IIpu atoMm
w; = —2i — —4. 3mech BHEIIHAsI OKPY:XHOCTb OZHOTO KOJIbLA TIEPEXOAUT BO BHEIIHIOW OKPYXHOCTb
JIPYroro Kombla, fI03TOMY W, = aw;, T.€. w — 3+ 2i = a(z — 27). [TocTOAHHYIO @ HAXOOUM U3 YCJIOBHS

—4 = —2ia, orkyna a = —2i. OKOHYATENIBHO MOJIy4YaeM:

w=3-21-2i(z—-20)=3-2i-2iz—-4=-2iz—1-2i=—(2iz+14+2i). »

68. Tonyrockocts P = {z € C : Rez > 0} ¢ Boikunyrsim KpyroM K = {z € C: |z — hl < R}
(h > R) orobpasuts Ha xonbuo K' = {w € C: p < |lw| < 1} TaK, 4To6b1 MHMMAas OCh TiepellIa B
oxpyxHocts ¥ = {w € C: |w| = 1}. Haiitu p.

¢ HaiineM Touxu o, cCHMMeTpHYHEIE OMHOBPEMEHHO OTHOCHTENBLHO OKpyxHoctn K = {z € C:
|z~ h| = Rt: M MHUMOi ocx. OHM yIOBIeTBOpsIoT ycoBuio (h — a)(h + a) = R?, 1.e. B —a’ = R,
a1, = £Vvh? - R?. Oto6paxeHye w HIUEM B BHAE

_ i VR

—, fER
z+vVRI¥ R?
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IIpn z = iy umeeM

;0iy — Vh? — R? o = ¢ iy —vh? - R?
=€ —— wl =|e _—— =
iy+vhT - R’ iy +vhI— R?
CnenoBaTe/ibHO, MHUMAasi OCh OTOBPAXACTCS B OKPYXHOCTb y. [To-
CKOJIbKY TOUKa h + R JIeXXUT Ha OoKpyxXHoctu 8K (cMm. puc.47), m  _ a

3Ta OKPYXHOCTb HEPEXONUT B OKPYXHOCTh Panuyca p ¢ LEHTPOM B
Touke w = 0, TO

_h+R-VvA'-R* VA+R-Vh-R _
h+R+vVR -R. VR+R+Vh-R

h—+vh*—R! h
=" ©% T~ Pric. 47

69. Ionynockocts P = {z € C | Rez > 0} ¢ BukuuytsiM kpyrom K = {zeC:|lz—h| < 1}
(h > 1) otoGpasuts Ha konbo K' = {w € C| 1 < |w| < 2}. Haittu h.
<€ Bocrionsayemest pelieHueM npeablyiero npuMepa. II0CKOJIbKY HODKHO BBIMOJHSITECS YCJIOBHE

|lw] =2, 10
0y %= vh?—1
2+ VRISV
IMonarast B dropmyse i ONpENENeHUst p B NpeablayleM npumepe p = 1, R = 1, Haxogum:
3 5
1:2(h— h —1), h=7

(npenBapmeano YMHOXWB IIpaBylo 4acTb Gopmyiiel Ha 2, npuHUMas BO BHumaHue (1)). [loactaBus
B (1) h = 3, OKOHYATeJbHO MOMYYUM:

w=e 8 eR. (1)

N 4z -3
w =
4z +3°
70. BDcueHTpHUEcKOE KOMBLO, OTPAHAYEHHOE OKPYKHOCTIMU nw={z€C:|z-3 =9},

1, ={z € C:|z - 8] = 16} oroGpasuts Ha Komeo K' = {w € C | p < |w| < 1}. Haittu p.
<« HaxonuM ToukM a ¥ a*, CHMMETPUUYHBIE OTHOCHTENILHO ¥ H 73!
(3-a)(3—-a") =381,
(8 —a)(8 —a") = 256.

Peiune a1y cuctemy, nonyyaem a = 0, a* = —24. Jlanslue MOXHO pewiaTh 3a7aqy AByMsi CIOCOGAMHM.
o

1) OrobpaxaeM a = 0 — w = 0, = =24 — w = oco. Torga OKpyXHOCTb 7, mepeiaeT B
okpyxHocts 75 = {w € C : [w| = 1}. Cn CL[OBaTCJIbHO
=k
z 424

IMockonbKy Touka z = 24 € v, OTOGPAXAETC HA OKPYXHOCTb 7;, TO 1 = |k|48, k| =2, k = 2e*,
8 = R. Qynrumst w = w(z) NpuHAMAET BUI

8 2z
w=e
z+24

Tak xak Toyka z = 12 € 4, oToOpaxaeTcs Ha OKPYXHOCTb panuyca p, TO
R 2-12 4 242
. T° 24|36 3

2) Touky a = 0 oTob6paxaeM B W = 00, a TOUKY a* = —24 — B w = 0. Torma oKpyXHOCTb Vi
nepeiiner B oKpyxHocTs 7 . UMeem
+24 e*?
k2B X k= ser

z 12’ 3’
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OKOHYaTe/ILHO MMeEEM

3 0 PT343
(Touka z = 24 € -, oTofGpaxaeTcsi Ha OKPYXHOCThb paguyca p ¢ UeHTpoM w = (). »

gz +24 24424 2
=€ et =

Ipn pelseHMM HEKOTOPBLIX 3a4ay, CBA3AaHHBIX C NMPUMEHEHMEM APOOHO-JTMHERHBIX QYHKUHH, leaecooGpasHO
NMOJIb30BATbCA TAK Ha3blBaEMOM HOpMaNLHOM GOpMOit IpOGHO-TNMHEHHOTO OTOOPaXeHHS C ABYMS HEMOJBHXKHbI-
MH TOYKaMH.

Bceakasi apoGHoO-auHeiiHas dyHkuns L © z — Zj:z, OT/IM4Has OT TOXAECTBEHHOrO oTOGpaXeHHs w = z,
UMeeT He 60ee ABYX HEMOABMXKHbBIX TOUEK, T.&. ToUeK, KOTOPble NPU OToOpaxXeHuu L nepexoasaT caMy B cebst.
JeiACTBUTENIbHO, YpaBHEHWE

az+b
= —
cz+d
nMeeT KOPHH
a—d++/(a~—d)?+dbe
z = .
1,2 %
OHH cOBNAnaOT Mexiy coboit, ecau (a — d)2 + 4bc = 0, a B NIPOTHBHOM cCllyyae MMeeMm JBe HelOABMXHblE

TOYKH.

Ecnn HenoaBHXHOM TOYKo# ByneT 00, TO 3TO BO3MOXHO JIMIUL B ciydae, korda ¢ = 0, T.e. korna L —
uehas auHeiHas GyHkuMa. EcaM xe o6e HenoABMXHblE TOUKHM CAMBAIOTCS ¢ GECKOHEUHO YAATEHHOR TOUKOH,
10 ¢ =0 1 d = a, YTO COOTBETCTBYECT Napa/LICIbHOMY MePEHOCY.

Hycers [ — ppoGuo-nuneitast GYHKUMS C ABYMSI pa3fMHYiibiMM HEMOABMXKUBIMU TOYKAMH z; H z3. [Ana
ynoOcrsa 6yleM U306paxath Z U w = L(z) TOuKaMH B OGHOM M10CKOCTH. PaccMOTPHM TAKXKE BCMIOMOTATENbHY IO
IJIOCKOCTh, B KOTODO# GyaeM u3obGpaxarts NepemeHubie v M (. [lonaraem

ve 2 s sy, (=222 = s,
w— 2y z—2
Beaywae n =0 v =w —z; = S(w), { =2z -2 = S(z).
H3 dopmyn v = S(w), w = L(z), z = S_I(C) noay4aem:

v=(50LoS Q).

Jnst ipo6Ho-1uHeitnoil dyHkumn SoLoS™!| yeTanapnuBaOLe i 3aBHCHMOCTL MEXIY ¥ H (, HEMOABHKHbIMH
TOYKamu ABIIOTCA O M 00, B CHIly YErO 3Ta 3aBUCHMOCTbL UMeeT BUA v = k(, [1e K — HekoTopas KOMIJIEKCHAast
nocroatHas. CreaoBarennHo, aHHOE NuHeHOe NpeobpazoBakue L MOXHO 321aTh B BUAC

w—zy z=- 2z
voa _pinn m
w— z z -1z
WIH, B Cay4ae Z) = 00, w — Z| = k(z — z1).
©opmyny (1) HA3LIBAIOT HOpMAaAbHOU QOPpMOL APOGHO-TMHERHOTO OTOGPaXEHHS C AByMS HENOABMXHbIMH

toukamu. [lockonbky
w—-2z1 z2—23

o/

@

w—2z; z-12

b
HE 3aBUCHT OT z, To, nonaras z = 0, w = Z, nonyuum:

+d—+/(a—d)? +abe

k= @9 . 3
a+d++/(a—d)?+4dbe

.

Paznyuyaior pu cayyas: 1) k > 0;2) k = €' @#£0);3) k= re'® @ # 0, r # 1). B caydae 1) oroGpaxke-
Hue (1) HasbIBACTCS 2unepboauteckum, B CAYYAe 2) — IAAUNMUHECKUM, B CIYYRE 3) — A0KCOOPOMUHECKUM.

Ecmiz=00,10 k =

71. 1) OtoGpasuts BHyTpeHHOCTb ymia 0 < argz < T+ (0 < o < 2) Ha BEPXHIOO NOMYIIOCKOCTE.
2) OtoGpa3uth yroa _r < argz < % Ha BEPXHIOIO MOJYIUIOCKOCTh TakK, utobnr w(l — 1) = 2,
w(i) = —1, w(0) = 0. '
<« 1) OueBuaHo, yto w = 2

1
o

.7 3 4 .
2) OrofpaxeHue w, = (ze’T) R P

s
3

MePEBOMNT BHYTPEHHOCTE YIJIa Ha BEPXHIOIO IONYTIJIOC-
KOCTh. PacCMOTPHUM yCJIOBUS HOpMHUPOBKH, KOTOPHIE YIOOHO 3allicaTh B Buae TaGMuilbl
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z 1-1¢ 1|0
w | V4 | -11]0
w 2 -110

Orobpaxenne w = w(w;) UMeET OBe HenoasWxHbie TOYKK: —1 ¥ 0. IlpuMenum dopmyny (1),
TIOJIY4EHHYIO BhILLIE:

vl ot m we—
w w (k- Dw +k
Ocranocs HaiiTy k. Bocrionb3yeMcs TeM, uTo w; = Va& — w = 2. UmMeem
2+1:k€/Z+1 fe ke 3Va k_1=33/2—2
2 va o 2AVE+1) 2AVE+1)

s
3

4
IMoacrasue w; = z3e 3 B GopMyny WIS w, TOTYINM:

x 4

_ 2AVE+ )T 23
- x4 °
(VE—2)e'3 23 + 374

72. Haitru Qynxumo w, oroGpaxaiouyio nomykpyr K = {z € C : |z2| < 1 A Imz > 0} Ha
BEPXHIOIO [IOJIYTUIOCKOCTD IIPH YCIOBUAX:

4

. 17 is
Duw-D=0, w0 =1, w)=00; JwEl) =71, wO)=o00; Hw(})=4i aww (§)= -

« U3 cpoiicts pyHxumun Xykosckoro cieayer, 4to GyHKIHA w, = —% (z + %) oToOpaxaeT no-
aykpyr K Ha BepxHIOIO TIOJIYILIOCKOCTh. B KaXmoM cirydae GymeM HaxoIMTh TpebyeMoe 0ToOpakeHHe w

110 YCTOBHSIM HOPMHPOBKH.
1) 3anuirem ycioBHS HOPMHUPOBKH B BHIAE TaGIHLBI

z -1 0 1

w, 1 {0 | —1

w 0 1 fo'e]

Achno, uto dyHKUMST w = w(z) UMEET BUA

w; -1 z+1 2
w= = .
w; + 1 z—-1

2) YcnoBuss HOpMHPOBKHM UMEIOT BUIL

z 1}-1]0

w -1 1 o0
w | -1 1] oo o
Otobpaxenue w = w(w;) MMeeT e HEMOABMXHBIE TOUKH: w, = 1 M w; = oo. Kak mokasaHo

BBILIE, B 3TOM CJIydae
w=1+k(w —1). .
Koadpduuuenr k HaxomuM u3 ycinoBus ~1 =1+ k(—1— 1), otkyna k = 1. OKoHYaTeNbHO HMEEM

cr- (1 (e 1)) o b (G L) o2
- 2 2)) " 2\*T )T T T

3) Hockoneky z = 5 — wy = %i — w = ¢, TO, COIACHO PEUIEHHIO 3a1au 60,

. . 3.
w—1 o W1 — 31 dw (Z')
=e a=ag———7~,

w+i wy + 31’ duw,
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JubbepeHUHPYS w KaK CIOXKHYIO (PYHKUMIO, NOMYIUM:
dw _ dw dw  dw(}) dw(3i) dw (3)

dz dw, dz’ dz dw, dz '
OTKYAa
dw (%i) ) /s s T T
argT = argw (5) —arg w, (5) = —5 7= 5
Takum o6pasom,
w—1 .wl-—éi 4w, +3  —22243z-2
=D, w=- =

T = >
w+ i w1+§z” 4w, -3 22243242

73. Haittn dyrxumio w(z), orobpaxalonryio nonykpyr K = {z € C:z| <1 A Imz > 0} Ha kpyr
K'={w e C: |w| < 1} npu yciaopuax:
) ) T
.. A reiy 8
Dwl) ==+, w0 =-i; w(})=0,agw (3)= >
&
« Crauana otoOpasuM noinykpyr K nocpenctBoM QyHKUMHM w; = —% (z + f) Ha BEPXHIOO TO-
JIYTUIOCKOCTb TITOCKOCTH @), @ 3aTeM TIOCTPOMM OTOGpaXeHHe BEPXHEH NOMYIIOCKOCTH Ha €IMHHUYHBIH

KDYT IIPH BBITIOJHEHHUH YCJIOBHIT HOPMHPOBKH.
1) CocraBuM Tabauuy HOpMHpoBKH. OHA MMeEET BUI

z 1} -1 0
w -1 1 o0
w 1] -1 —i
Hckomast GyHKUHA w UMeeT CTaHIAPTHHIA BHI
QW —a
w= 610 ——l—_, 6 cR.
w —a
H3 yciosmit HOpMHPOBKHM TTOJIy4YaeEM:
o 1+a el—a ;
1= 10' -, _ :610 ~, —f = 10.
1+a 1—-a
~ ITocTossHHY10 @ HAXOAHM U3 CHCTEMbl YPaBHEHUH
.1+a l—a
1=—2 -, —1l=— -,
1+a 1—a
WIK
14a=-i(1+a)
1-a=1i1-a).
Ee pewenus: @ = ¢, a = —i. Uckomas dyHkuus w UMeeT BUA

242z 41 2P 42z 41
=1 =3 - = - -,
§)+i —z—f+2i 2242tz -1 12242z 414

- (z+f)—i _z+-zl-+2i
e (z+

= o=

i

2)Hocxom>1<yz=5»—»w,=%ir—+w=0,1‘o
3 ,
_lewi— 3t pdw — 3
w= =€ -.
wy -+ 32 4w, + 34

Hudpepentinpys GYHKUMIO w 110 MEPEMEHHON W, MOMYUHM:
dw ie®  dw(3)  24ie® 2, dw(}) =
= = ~—=ie

2-1;: B (4w, + 3!')2{ dw, -36 3 y arg 701— = —-5. + 6.
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C apyroit CTOPOHBI, KaK NOKA3aHO B Npeabluylileit 3agaqe,

3.
arg% =argw' (%) — argw| (%) .
[ToacTaBuB B 3T0 paBeHCTBO
dw(%i) r 1 (i 7" (i
arg — s = -5 +6, aguw' (i) = 3 ABY] (3) = #m,
W BbIGHpas argw| (%) = —7 (TaK Kak —7 < argw’ (%) ~ arg w) %) £ 7), UMeeM
—g +o= —%, 9=0

TaxuM 06pazoMm,
4w, -3 —2(z+ %) =3 22 43iz42
w= = = :
4w +3i -2 (z+ 1) 430 222-3iz+2

74. Hajmn dynxumio w(z), otoSpaxamoutyo obnacts G = {z € C : |z} > 1 A Imz > 0} Ha
BEPXHIOIO NOJIYTUTOCKOCTb.

« Taxoe oTobpaxeHHe ocyiuecTasieT GyHKUUs KyKosckoro w = % (z + -z‘-) MoxHo Takxke
BOCMOABL30BaTLCA APOOHO-HMHERHOA byHKuHMel, oToOpaxalouieit obnacth G Ha nepsblif KBagpaHT, a

z

3aTeM BO3BECTH B KBaApaT nodydeHHoe. [losaraem w, = z:l’ Torma z = 1 — wy; =0, z = -] —

. i 2 .
w = oo. Ilpu z = 1 nonyyaem w(z) = ';:—l' = —"—53— = i. YOeAMIUCH B TOM, YTO (DYHKLMS W,
oTobpaxaeT G Ha nepsbiit keanpaHT. ClnegoBaTeNbLHO,

2
) z-1
w=w = . >
z+1

75. Oro6pasuth Ha BepxHIOIO MOJTYTIJIOCKOCTb:
)cektrop S={z€C:|z|<R,0<argz <7wa} (0< a < 2);
yobnacte D={z€C:|z]>R,0<argz<7ma} (0< a <2).
1
< 1) Oynxuus w, = Y/ oTobpaxaer, OYeBHIHO, CEKTOP S Ha BEPXHHMI NOJIYKpYr paavyca Ro
¢ LeHTpoM B Touke w; = 0. Paccmotpum dynxumio

_ wy +Rl/°
W = _‘UJl _Rl/a'
Torma w, = —RY® > w, =0, w, = RY* — w;, = 0, w, (R'/"‘i) = %(1 +4)? = i. CrnenosatennHo,

¢byHKUMSA w; 0TOOpaXxaeT yKazaHHbIH NOJYKPYr Ha NEPBLII KBaAPaHT NJIOCKOCTH w,. T103TOMy MCKOMOE
2 y
OTOOpaXXeHHE MMEET BUA
2
2 Zl/a +Rl/a
w=w = 2o - R/« :
Mo _gla

2) ®yHkuMa wy = L=t oTobpaxaer obnacts D Ha o6macth D' = {w; € C: |w| > R/* A
Imw; > 0}. CornacHo peleHmIo 3a0a4u 74, UMeeM

S gi/a? '
w= <m) .
76. O106pasuTs Ha BEPXHIO MOTYILIOCKOCTb CIIEAYIOUIME KPYTOBbIE JIYHOYKH (ABYYTONBHHMKH):
DD ={zeC:|z|<1}n{zeC:|z -i| < 1};
DD ={z€C:lz|<1}n{z€C:|z—i|>1);
ND;={z€C:lz|>1}n{zeC:|z i< 1};
HDy={z€C:lz|>1}n{zeC:lz—i|> 1};
5)Ds={z€C:|z|>2}n{z€C:|z - VI| < V2}.
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« 1) HaxoguM rpaHMyHbIE YITIOBbIE TOYKH, ABIAIOLIMECT TOYKAMHU TIEpe-
CEYCHUSI OKPYKHOCTEH, 3a,uaHme ypasHeHUsIMH |z| = | u |z—1| = 1. [Tonaras
z=e", nomyunm: 1 = [e*® — i, win

1 =cos8+i(siné — 1) = /2(1 — sin@).

s .57
Otciona Haxomum: sinf =1, 6 =2,z =€'¢, 2z, =¢ 6 (puc.48). Crpoum
JpOBHO-TUHEIHOE OTOBpaXeHHe, NePeBOAALLEe TOUKY 2, B Hyllb, d TONKY 2] —
B 00:

w, =

z+‘/73—% 22+ V3-i

z_g_z' 2z2—-V3-1i
, Puc. 48
[TpunuMmas Bo sHumManue, yto w(0) = —3 + ‘/_1 , wy(d) = —“2&,

CTpPOUM 00pa3 JiyHouku D| B IJIOCKOCTH W (pnc 49). HanbHenme npe-
27

0BPa30oBAHMS OYEBMIHBL w; = € ' 3 w; — [OBOPOT Ha yroi —2& u

3
3
w= w2 OKOHYaTEe/ILHO TIONTyYaeM:

3
22+V3-i\2
w=—| —m
2z —V3-i
2) Tpauuqﬂbre yrnonb{e TO‘{KH JIyHoukH D, Te xe, YTO H y JIYHOY-

Ku Dy: oz = € % L,z =¢ % . Bsas dyHkumio w; = 22?‘\2-::, CHOBa

NOJIYYUM Ha INTOCKOCTH W, BHYTPECHHOCTD yria, oGpaaoaaHHoro JIy4aMH,

BBIXOIALUMMY H3 Hadala KOOPIAMHAT, C YIJIOM TIPH BepiumHe T (puc. 50). Puc. 49

Puc. 50 Puc. 51 Puc. 52

s

MMonaraem aanee wy, = e 3w,

3 2Z+\/§"‘l }
w=w=—| ———mm——
? 22— V3—-i
_ 2243

3) OyHxuMg w, = i oToGpaxaeT JyHOUKy D)y Ha BHYTPEHHOCTH yrna (puc. 51). OueBunHo,
4YTO UCKOMast PYHKIIHUSA w MMEET BHL

» - 3
( i )3 22+V3 i
w=(eTw) = ——
: 2-V3—i
4) Kax ¥ B NpelsIAyMIMX CJIy4asX, TPAHMYHBIMM YIJIOBBIMH TOYKaMHM JiyHouku Dy (cM. pHcC.52)
ABIAIOTCH

- 1.4
t
zp=eé6, z=e 6.

ENE
-
I
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BcriomorarenpHas GyHKUMA w; — npexHas. [lockonbky

. V3 . 1 i3
w (1) = 3”30 wi(—i) = 3t 50
To GYHKUMS w; oToOpaxaeTr MyHouky D4 Ha BHYTPEHHOCTb YIJIa, M300paXeHHO-
ro Ha puc.53. [IpumeHMB npeoGpa3oBaHKe NOBOPOTA HA YTON § w; = e’% wy,
OKOHUYATEJBbHO TIOTYIHM:

P f22+V3-i\2
w=w} =i —m—— ) .
2 22 —V3—1

5) Haitnem rpaHuuHble yriosble TOUKM dyHouku Ds (puc.54). s atoro
nonaraeM z = 2e'’ M paccMaTpMBaEM yPABHEHME OTHOCUTENBHO 6

Puc. 53 |26i6 _ ﬁlz — 2’
‘ @ OTKYZIa ITOCJIC HECIIOXHBIX BLIKJIAAOK I10/IydaeM:
cosb= . g=T zl=2ef§=2<—1—+—i—>=\/§(1+i).
v2’ 4’ Vi V2

Ouennmno, z; = Z; = v/2(1 — ). IoraraeM No aHATOTHH C TIpeIAIIYLIIM

z-z  z-V2(1-i)

z=z  z-V21+i)

Y CTaHOBMM 06Gpasbl TOUEK z = 2 M z = 2v/2 Ha IIocKocTH w; . MiMeeM

2-V21-i) V2-1+i  (V2-1+i@)}

2-V2(1+i) V2Z-1-i (V2-1)+1
C2-V242i(V2-1) i-1 1 i
B 4-2v/2 BV RV, RV &

Touka z = 2 nepeBOAUTCS B TOUKY, JIEXAILYI0 Ha GHCCEKTPUCE BTOPOTO KOOP-
@ OMHaTHoro ymia. Janee,

W2-V2(1 -9 2-(1-% 14i |

= . == T =1
W2-V2(1+i)  2-(l+d)  1-i
T. ¢. 06pa3s TOUKY z = 2+/2 IpHHALIEXHT MHAMON OCH TUIOCKOCTH w,. JIyHou-

ka D5 oToGpaxaercs Ha BHyTPEHHOCTDb yIJla, 06pa30BaHHOrO MOJIOXUTETLHOMN
MHHMOI1 TIOTyOChI0 ¥ GHCCEKTPHCOI BTOPOr0 KOOPIWHATHOTO yIiia (pHcC. 55).

w, =

wi(2) =

Puc. 54

w (2V2) =

Y

s
OyHKIMA Wy = wye 2 OTOOPaXaeT YKa3aHHOE MHOXECTBO Ha BHYTPEH-
HOCTb YIUIa, 0Opa3zoBaHHOrO TIONOXHUTEIbHON HeHCTBHUTENBHOM TOMYOChIO M
GHCCEKTPHCOI IIEPBOrO KOOPAMHATHOTO YIJIa B IUIOCKOCTH w;. OueBHIHO, YTO
HCcKoMas BYyHKUMS MMEET BUI B

. N\ 4 W 4
Puc. 55 . z=V21-1i) z— V21 — ) s
w=w; = —§ = —_— .
z—V2(1+1) z~ V21 +1i)
77. Oro6pa3suTh Ha BEPXHIOK MONYMIOCKOCTD ILIOCKOCTh € PA3MEpOM TI0 OTpesky [—1, 1.

4 PaccmorpuM dynkiMio wy = :f'l Torma 2z = —1+— w; =0, 2z =1 — w; = 0. Ilockoneky
w(0) = —1, TO CTAHOBHUTCH SICHBIM, UTO QYHKUMSA w; OTOGPaxaeT IIOCKOCTH C Pa3Pe3OM 110 OTPE3KY
[—1, 1] Ha MIOCKOCTb C Pa3pe30M MO OTPHLATENIHHOM NEHCTBUTENBbHOH nonyocH. PYyHKUMA w; = —wy

oTo0OpaxaeT IUIOCKOCTb € Pa3pe3oM BIOJIb OTPULATENBHON ACHUCTBUTEILHOM NOTYOCH Ha IUTOCKOCTD €
pa3pe3oM BAOJb NOJIOXHTEILHOM JeHCTBUTENLHOM ToyocH. Mckomoe 0ToOpaXeHne HMEET BUAL

z+1
W= w = -

1—-2
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78. OT1o6pa3uTh Ha BEPXHIOKO MOMYIUIOCKOCTD TVIOCKOCTD ¢ Paspe3oM I10 OTpe3Ky [—i, z].

<« [Tonaras w; = —1z, MOJYYUM IIOCKOCTB € Pa3pe3oM 1o oTpe3ky [—1, 1], T.e. cBelleM 3amauy K
npeapiayiueii. Takum obpasom,

w; + 1 \/—iz+l \/z+i
w= = — = 4 2 >
1-w 1412 t—2z

79. OTo6pasuTh Ha BEPXHIOW MOMYITIOCKOCTh TMIOCKOCTD € pa3pe3oM Mo OTPEKy (21, 2.

4 PaccMotpum uenyio nuHelnyio gyHkimo w, = az + b 1 norpebyeM, 4ToOH 2y = —1, 2, — 1.
Jns onpeneneHUst @ U b TIosydaeM CHCTEMY JBYX YpaBHEHHIi C ABYMS HEU3BECTHBIMU:

~l=az +b
1=az+b.

Ee pewrenus: a = v —f—_—;ﬁ 3apaua cpesach K 0TOOPaXEHHUIO MIOCKOCTH w; € Pa3Pe3oM BIOJb

oTpe3ka [—1, 1] Ha BEPXHIOWO NONYIJIOCKOCTh. (cM. 3amady 77). CileqoBaTesIbHO,

w+1  Jaz+b+ I
YEVITSw VT oez o T
80. OToGpasuTh Ha BEPXHIOI MOJIYIUIOCKOCTH IUTOCKOCTh C paspe3aMy mo JiydaMm (—oo, —R],

[R, +00) (R > 0).
4 Dynkuns w; = zi’; oToOpaxaeT yKa3zaHHyIO TIFIOCKOCTh ¢ Pa3pe3aMu Ha TUIOCKOCT € Paspe3oMm

z

BAOJIb TIOJIOXKUTEJIbHOM NecTBUTENbHOM nosyocH. CiienoBaTesibHO,

_ Atz
T2=2) +1
EETIRVIFIE z—z

Z1— 2y Z2— 2

z=2

z+R
z—R

W= Jw =

— HCKOMoe oToOpaxeHHue. b

81. Orobpasuts Ha BepXHIOW MOJNYIUIOCKOCTD TIOCKOCTD ¢ pa3spe3oM Mo PACTONOXEHHOMY B Tep-
BOM KBaJPAaHTE JIY4y, BBIXOASILEMY M3 TOUKH 1 NAPA/UIEJILHO NPAMOR ¥ = .

o Oynxuus w; = z — ¢ oTobpaxaer yKa3aHHyIO IUIOCKOCTh € Pa3pe3oM Ha IUIOCKOCTb C Pa3pe3oM
BIIOJIb GHCCEKTPHCHI TIEPBOTO KOOpJIHHaTHOI‘O yIjia ¢ BepUHHOM pa3pe3a B Hauaje KOODAMHAT, T.€. B

Touke w; = 0. Dynxkuua w, = e~ i w; 0TOGPAXKAET MIOCKOCTH W) € Pa3pe3oM BIOJIb OUCCEKTPUCH! ITep-
BOTO KOOPIMHATHOrO yIIa Ha INTOCKOCTb € Pa3pe3oM BIONb NOJOXUTENbHON ACHCTBUTENIBHOM T1OJIYOCH.
HckoMoe oToGpaxXeHHue, OYEBUIHO, UMEET BUIL

o .
w=yw,=¢e '8y/z~1.»
82. Oro6pasuts na BEpXHIOO TIONYIIOCKOCTD TTOCKOCTH W MOMAYILIOCKOCTb
P={z€C:Imz >0}

¢ paspesoM 1o orpe3ky [0, ik} (h > 0).

« Oysxuus wy = 2% oToBpaxaeT yKa3aHHYIO TIONYIDIOCKOCTD C PA3Pe30M Ha [UIOCKOCTS C Pa3pe3oM
BAOJIb OTpe3Ka [— h , 0]. Ionaras w, = w; + h?, noayuum 0T06pa>|(e}me [UIOCKOCTH W C Pa3pe3oM
BIONBb OTpe3ka [—h’ , 0] Ha rIocKOCTDb C pa3pe3oM BIOJH OTpe3ka [0, h?]. CnenosarensHo,

L w=Vw =2+
— HMCKOMOE 0TOOpaxeHHe. b

83. Oro6pasuts Ha BEPXHIOIO IMOJIYIUTIOCKOCTH TUIOCKOCTU W IMOJIYTUIOCKOCTD
P={z€eC:Imz >0}

C pa3pe3oM OT ik JO 0O BROJb MONOXHTEILHONH MHUMOM IIOMyOCH.
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<« B mockoctd w; = 2z 06pasoM 3anaHHON 06nacTH GyAET MUIOCKOCTb C Pa3pe3aMu Ha JeHCTBH-

" " +h?
TeJIbHOH OcH To nyyaM (—oo, —hy) U (0, +00). JlpoOHo-mHHelHOe OTOOpaXeHMEe w,; = E{r ne-
PEBOOUT €¢ B TUIOCKOCTH C Pa3pe3oM IO NOJOXUTENbHOH AeHCTBUTENbHON MosyocH. OKOHYATeIBHO

TIosTydaem
vVzi+ h?
w=Jw; = — >

84. OT00OpasuTh Ha BEPXHIOIO TONYIUIOCKOCTh:

1) xpyr K = {z € C:|z| < 1} ¢ pa3pe3om no pamuycy [0, 1] ;

2) BHELIHOCTH EAMHHMYHOrO Kpyra ¢ paspe3oMm 1o Jydy [1, +o0o).

« 1) Gynxums w; = /z 0oTOGpaxaeT 3a1aHHYIO 061aCTb Ha BEPXHMIA MOMYKPYT (IIPH COOTBETCTBY-

IouteM BhiGope BeTBM /z). Toraa
wi+1\° [(VE+1)’
w= = —_—
wy — 1 \/z -1
— MCKOMOE 0TOOpaxeHHe.

2) ®yHxuMa w; = +/z (TP COOTBETCTBYIOLIEM BHIOODPE BETBM /2 ) OTOOpaXAaET 3auaHnyio 001acThb
Ha BEPXHIOIO IMOJIYIUIOCKOCTh C BLIGPOLIEHHBIM BEDXHMM TIOJNYKPyrom pamuyca 1 ¢ uentpom w; = 0.

Torma Gpynkumns
Vz+1 :
w=|—
Vz-1

— uckoMad. BHelrne ¢pynxuMu w B 1) ¥ 2) OOMHAKOBBI, a BRIOOD BETBelt /Z B HHX Da3HbIA. P

85. Haitru otoGpaxenue kpyra K = {z € C : |z| < 1} Ha w-IUIOCKOCTb C Pa3spe3oM MO Jyyy

(—oo7 —%] npu yenosuH, uto w(0) = 0, w'(0) > 0.

« Ilycts z = 2(w,) — oToOpaxeHue BepXHe NMOJIYIIIOCKOCTH TUIOCKOCTH w, Ha kpyr K. Torzma
z=k¥=8 g =¢* §cR. Orciona HAXOMMM:

w; -3
_zB—kp
w, = Y —k .
HckoMoe oToOpakeHHe HMEET, OYEBUIANHO, BULI
= 2
1 zB—kp 1
gt L= | 2 -
w=—w— o ( pays e (H
IMockoneky w(0) = 0 = —,62 - % HImB >0,10 8 = % IToacraBuB 3To 3HaueHue B dopmyny (1),

TIOYYHM TIOCIIe HECTOXHEIX TIpeobpa3oBaHuii:
1 z+k : kz
w=-— -1 =—.
4 z—k (z ~k)?

(z+k)
"(2) = =k ——,
w (2) k)
U3 yenosus w'(0) > 0 cneayer, uto % >0 Takkak [kl =1, 0 k=¢" > 0npu 6 =0, r.e.
k = 1. OKxoHYaTeBHO TTOJTydaeM:

Nuddeperuupys w, umeem

_z
(1-2P

86. Hairm TIpeofpa3oBaHKe TOIAPHON CETKH [2| = R, argz = a ¢ noMowpsio GyHkuun XKykos-

ckorow=—=|{z+ ~].
2 z

w= »



§ 6. TpuroHoMeTpHYecKHe H runepboHYecKHe PYHKUHH 133

« ToxcTasus B GopMyay IIst w 3HAUYCHHe z = Re'™ | moayunm:

. 1 o, I 0} 1 1 . 1\ .
w—u+zv_5<Re +Re >~2<(R+R>cosa+z<b’. R)sma).

IaKHM 06pa30M,
u lz cosa) v lz sina. (l)

U3 papenctB (1) HaxommM:
2u 2V 4u? 402
R L’ sina:R T 12—+— 12:1. 2)
R ® (R+%) (BR-3%)
M3 (2) crenyer, uto okpyxHocTAM 7, = {z € C : |z| = R} cCOOTBETCTRYIOT CO(OKYCHbIE ILTUTICHL.
B uacTHoCTH, OKpYyX)HOCcTH ¥ = {2z € C : |z| = 1} coorBercTBYeT 0Tpe3ok ¥ = {w € C: -1 L Rew < 1,
Imw =0} (cM. §5).
3anucas nepsbie IBa ypaBHEHHA B (2) B BUIE

v _1(p ] vo_1(p ]
cosa 2 R)’ sina 2 R

W BO3BeIA JIEBbIE U TIPABble YAaCTH ITOJIYIEHHBIX PABEHCTB B KBAAPAT, a 3aT€M CKJIagblBast COOTBETCTBEHHO
KBaapaThl JIEBbIX M TIPABBIX YacTeH, TOTYIHM

u2 vZ

cosa  sina

PasencTBO (3) mokasbiBaeT, UTO JIyyaM arg z = a COOTBETCTBYIOT BETBU CO(OKyCHbIX rurepboir. B

4aCTHOCTH, JIydy argz = 0 cooTBeTcTBYET Jyy ¢p = {w € C : Rew > 1, Imw = 0}. HeiicTsuTebHo,
R+%

npu a = 0 u3 (2) nonygaeM, 4o v =0, u = —& > /R - % = 1. AHaJIOTUYHO yCTaHABIHBAEM, YTO
JIy9y argz = m COOTBETCTBYET ny4 ¢, — {w € C : Rew € —1, Imw = 0}, a nyyam arg = :i:% — 0OCh
Rew=0.»

87. IMonb3ysich ¢ynxkumeit ZKyKoBckoro, oTobpasuTh:

1) BHewHOCTb oTpe3ka [—c¢, ¢] (¢ > 0) Ha BHEIWHOCTb €IMHMYHOrO Kpyra IDH YCJIOBMM, YTO
w(co) = 0o, argw' () = a ;

Cosa =

=1 3)

2

2) BHELUHOCTb JumMNca — + i 1 Ha BHEWIHOCTh EAMHMYHOTO KpyTa TaK, 4To0bl w(oo) = oo,
a
argw'(00) = 0;
2 2

z
3) BepXHIOKO MOJIYIIOCKOCTb € BHIKHHYTBIM TIOMY3/UTHIICOM e} + 7 £ 1, y > 0, Ha BepxHIOIO
TIOTYIUIOCKOCTb.
<« 1) Honaraem wy = Z. TIpu 3T0oM 0Tpe3ok [—c, c] mepeiiner B otpesok [—1, 1]. Teneps npumennm
K ¢byHkuuu w, oroGpaxeHHe, obpatHoe PyHkuuH XyKOBCKOro:

wy = w +y/wi -1

Inddeperuupys GyHKUMIO Wy, HAXOIUM:

de w
"‘l— =1+ ——2—
wy wy—1
IMockonbky w(co0) = o0, TO
v dup(o0)
arg ———— =arg2 = 0.
dwl

B3sB w = wye'™, monyuum

dw(oo)__e""‘ ) z
dz ~ ¢ + P

2 ; d
- (X3 arg w(m)
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Takum obGpaszoM,

ta

e
w=— (z+\/zz~cz)
c
— HMCKoMoe 0ToOpaXeHHe,

2) ITposeneM rpeoGpasopaHue TIOXOOMA TouEK TaK, YToOs! HoKycamu asumrnca 6but Touku (—1, 0)
u (1, 0):

z
W= e
al—b
Oripeie/iMM pafMyc r OKPYXHOCTH, B KOTopyio (byrxius XKykoBckoro npeofpasyeT ZanHbiil ajuMIc
o o2

(72=) (=)

O0o3HaYUM @ = T Torma HaXoMMM r U3 YpaBHEHHS G = % (r + %) win r2=2ar+1 =0, oTkyna
2~

r=a+val— 1 (BepeM mepen paIMKaTOM 3HaK “+ 7 MOCKOJbKY HOKHO ObITh 7 > 1). UMeeM
_ a + b? _a+tb
“Vase Ve-v Va-w

Hanee npumensiem dyHkumio, obparHyro dbyHkuun XykoBckoro, nojaras w; = w; + wf — 1. Torma
HCKOMAaa (PYHKIMS W ONPEXESIETCS PABEHCTBOM

w,  Val-b z 22 1 \/-—————
W= = + az—bz—l z—(z+ zz—(az—bz)).

al - b? a+b

r

3) Bocnonb3yeMcs pelreHUeM TpeAbLoyuie#t 3apau. OT1obpasum pannylo o0JIacTb Ha BEPXHIOIO
TONYILUIOCKOCTD C BHIOPOLLIEHHBIM €AMHHUYHBIM ITOTYKPYTOM:

w) = 1 (Z+1/22—(a2—b2)).

a+b
Tenepb cea3b MeXxay ¢yHKUIMSAMHM w; M w ycTaHaBnupaeTcs dyukimeil JKykoBckoro

1( 1) 1 [ z4+/22—(al-b) a+b
w=_{w+— | =2 +
2 W) 2 a+b 2+ /2t — (a® - b?)
1 [ z4+/22= (a2 - 1Y) (a+b)(z—\,zz—(a2—b2)) az —by/2? — (a? - b?)
+ = . >

2 a+b a? — b? N a? -~

88. OTtoGpasuTs ABYCBA3HYIO 001acTh, OrPaHHUYCHHYIO COQOKYCHBIMH 3UTHNICAMH
zz+yz_1 g . ¥

a? b T oal4+ K B24 k2

Ha KOHIIEHTPHYECKOE KPYTOBOE KOMBLO ¢ LEHTPOM B Hadajle KOOPAMHAT U HAWTH MOLY/Ib AaHHOU OBY-

CBA3HOM 00/1acTH (Kax/asi ABYCBA3HAsA 00/MacTh, TPAHULIBl KOTOPOM He BBHIPOXIAIOTCS B TOYKH, MOXET

6bITb KOH(DOPMHO 0TOOpaXeHa HA KOHUEHTPUYECKOE KOJIBIO ¢ BIOJHE ONPEIeICHHBIM OTHOLUEHHEM [

paauycoB BHELJHEH M BHYTPEHHEH OKpPYXXHOCTel. Unuciio y HasbiBaeTcs MOAy/IeM ABYCBSA3HOM 061acTH).

z

« IIpeoOpa3zoBanue nogobus w, = o nipeo0pasyeT 3aiaHHbIi UTHIIC B JUIHIC ¢ (HoKycaMHu
al

a B — b
Vv a2-b2’ \/uz—b2 :
Tenieps ¢ nomoumibio GyHKUUH, o6paTHOM (PyHKuMH XKYKOBCKOro, oToOpaxaeM 3/UTMIITHYECKOE
KOJIBLIO Ha KPYroBoe:

=1 (a>Db),

B TOYKax *+1 ¥ ocamu a =

1
w2=w1+\/w%-l=~——,‘?__bz(2+ Zz—(az—bz)).
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Ecnu coBeplIMTH NipeoGpa3oBaHHe NOBOPOTA U MTOXOGHS, To CHOBA NMOJYIMM KOHUEHTPHYECKOE KOMBLIO,
Taxum 00pa3oM, B 06LUEM ClTydae HCKOMOE OTOOpaXeHHe w HMMEET BUIL

w=x (z + /2t — (a2 — bz)) , x € C — mpou3sBonbHOE.

Monyns 06nacTH paBeH OTHOLLEHHIO PAIHYCOB OKPYXHOCTE KOHLEHTPHYECKOro koabua. B ruioc-
KOCTH w| GONBLIMMH TIOTYOCSIMH 3ILIMIICOB ABISIOTCS

a a?+k? 1 1
= G =4 "= Z —a++/a2—
= T a, T TF 2<r+r>, r=at+/a’-1.

CrenoBaTesibHO,

T ,/az b2 \/ axb a—b

, B= o
™ \/a2+k2i\/2+k2 ) TVaiRrveiR P VAR - VeI R

2_p2 2_p2

i~}
|
=
el
i~}
i
|

89. Haimu obnacTsk, Ha XoTopyto ¢yHkuMs Xykosckoro orobpaxkaer kpyr K = {z € C: |z]| < 1}
C pa3pesoM 1o oTpe3Ky [a, 1] (—1 < a < 1). Paccmorpers cayuan a > 0 u a < 0.

o« Ilycts a > 0. ITockomubky ¢pyHxims KykoBckoro oTofpaxaeT eIMHHYHBIA KPYyT Ha BCIO II10C-
KOCTb C pa3pe3oM 1o oTpe3Ky [—1, 1], B KOoTOpbIH MepexoauT rpaHuLia Kpyra, To oHa oTOOpaxaeT 3a-
ZaHHY10 0fJIaCTh Ha BCIO TUIOCKOCTb W C Pa3pe3oM IO OTPe3Ky [—1, % (a + %)] .

ITyctb a < 0. dyukuusg Kykosckoro w = % (z + zl) TEPEBOIMUT TOYKY a B % (a + %) < —1, Touky
—1B—-1.Ilyctb 2 =z. llpp ¢z — -0 %(m+ %) — —00,anpu z — +0 %(z—#%) — +00. Takum
o6paszoM, B paccMarpHBaeMmoM cirydae ¢byHkis KyKoBckoro oTobpaxaeT 3anaHHyio o0J1acTb Ha BCIO
IUIOCKOCTS w ¢ paspesamu 1o aysaM (—oo, § (a+ )] u [~1, +00). B

90. Oro6pasuth Ha BEPXHIOIO NMOYTLIOCKOCTh Kpyr K = {z € C:|z| < 1} ¢ pa3pe3oM 110 OTpE3Ky
[51].
« Oynxums KyKoBCKOTo w, = 4 (z + ') 0TOOPaxaeT 3aaHHYIO OBIaCTb Ha BCIO TUIOCKOCTD W)

1
C Pa3pe3oM Mo OTPE3KY [ 1, 4] Honyqunu 3agady 79, B KOTOpO# z; = w‘l’ =-1, z = wa) = §‘

CrieoBaTeslbHO, HCKOMOE 0ToOpaxeHne — (yHKUMS

wx—wﬁl’_ 1+%(2+21')
w?—w Y i-g(e+1)
91. Orobpasuts Ha BepXHIOIO mronynnockocTh Kpyr k = {z € C : |z] < 1} ¢ paspe3amu no paguycy
1%
[~1, 0] n oTpe3ky [a, 1] (0 < a < 1).
« Oynxums Kykosckoro w, = 1 (z + f) oToBpaxaeT 3agaHHOE MHOXECTBO Ha BCIO TUIOCKOCTD

w; € Pa3’pe3oM 1o JIyqy (— 0, 3 (a+ )) JleiicTBHTENBHO, % (a+ ;1-) P \/a- al =1l,z=z2— -0
mpu T ~ —0, a okpyxHocTs v = {z € C: [2z] = 1} nepexonm B pa3spe3 1o oTpe3ky [~1, 1] B urore
IoMy4aeM TIOCKOCTb C pa3pe3oM Imo ayuy ' = (—oo, 3 (a + )) DYyHKUHA Wy = Wy — (a + i)
0TOGpaXaeT IIOCKOCTh W) ¢ Pa3spe3oM TI0 JAydy 7' Ha BCIO IUIOCKOCTh W) € Pa3pe3oM BIIOJIB oTpHLa-
TEJIBHOM AeUCTBUTENBHOH NToNyocH. DYHKUMA w3 = —w, OTOGPAXAET TUIOCKOCTh W, C Pa3pe3oM BIOJb
OTPHLATETLHOM IEHCTBUTENLHON TIONYOCH HAa BCIO IUICCKOCTb w3 C Paspe3oM BIOJIb TOIOXUTENLHOM
JeicTBuTENbHOM nonyocu. CrenoparessHo, TpebyeMas GyHkuus —

e () ()
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92. Oro6pa3uth Ha BEPXHIOIO MOYILIOCKOCTS BepXHIOWO nofosuHy kpyra K ={z € C:|z| < 1} ¢
paspesoM no otpe3ky (0, ia] (0 < a < 1).

< CDyHKum: w; = z% oTo6paXaeT 3aJaHHOE MHOXECTBO Ha eNMHMUHBIA KPYT C Paspe3oM BLOJb
oTpe3ka [~ a 1]. ®yuxkumus XKykoBcKoro w; = s (w, + = ) orofpaxaer ITOT KPYT ¢ pa3pe3oM Ha
BCIO TUTOCKOCTb W, C Pa3pe3amMu BHOJIb Nydei ( -00, —5 ( + )) u [0, +00), a dyHkuHA

1U2+%(Ct +;l;‘)
w3=—1;;-—-—

oToGpaxaer 3Ty NJAOCKOCTb C ABYyMs Paspe3amy Ha BCIO MJIOCKOCTb C pa3pe3oM BAOJb MONOXHUTENLHON
nercTsuTensHoi noayocu. CrienosatenbHo, w = /w; — KCKoMoe otobpaxeHue. Takum o6pa3oM,

/(zz+ﬁ)+(a2+—5)

zz+;ly

w =

93. OrobpasuTh Ha BEPXHIOIO MOAYIIOCKOCTb BEpXHIOIO nososrHy kpyra K = {z € C:|z| < 1} ¢
pa3pesoM 1o orpesky [ai, i] (0 < a < 1).
<« Oyukuus w), = z° oTOGpaxaeT 3aJaHHOE MHOXECTBO Ha eXMHHYHBIA KPYT C pa3pe3amH 1o

orpeskaM [—1, —a?] u [0, 1]. ®ynxuns XKykosckoro w; = % w; + L) otoGpaxaeT 3TOT Kpyr ¢

ABYMS pa3pe3aMHM Ha BCIO IJTOCKOCThL wW; C pa3pe3oM BIOJIb Jiyda [—- (C! + ) ) +00) (DYHKHHH

YT
w;-—w2+§ Q+'§

0TOOpaXaET MIOCKOCTh W; € YKa3aHHBIM Pa3pe3oM Ha BCIO TUIOCKOCTh wiC pa3pe3oM BIO/Ib MOJTOXU-
TE/bHO! AeHCTBUTE/bHO! nonyocu. CllenoBaTensHo,

s () (3)

— TpebyeMoe oToGpaxeHHe. B

94. Orobpazuts kpyr K = {z € C : |z| < 1} ¢ BeIKMHYTHIM oTpeskom [(1 — h)e'®, ¢'®] na
E€IMHUYHBIA KPYT MAOCKOCTH w.
<« QOynxuna w, = f orobpaxaeT 3auaHHylo 06NAaCTb Ha EXMHMYHBIA Kpyr ¢ paspesoM ho
. /
orpesky [(1 — h)e'™, e'*], a byHkuna w; = % (w, + Tul—.) oTo6paxaeT 3TOT KPyr Ha BCIO [L10C-
KO - | ! o u=mi4t
CTe w, C paspe3oM ro otpesky [~1, h], rne hy = 5{1-h+¢) = et ILnuHa sTtoro
~h)2+1
OTpe3Ka paBHa %—“—_)f)— +1 = zil—hl' Bo3bMeM MOMOBHHY JUIMHBI 3TOrO OTPE3Ka M PAacCMOTPHM UH-
a2 2
cio hy — %{i};) = ﬁ. OcywectsuM npeobpasoBaHue nepeéHoca Tak, ytobnl paspes [—1, hy] ctan
CHMMETPHYHBIM OTHOCHUTE/IBHO Hayaia KOOpIKHAT, ro/laras
hZ
wy = wy — ———.
4(1 —h)
QDyHKUMA w; OTOBPAXKAET IMIOCKOCTh Wy C Pa3pe3oM IO oTpe3ky |[—1, k] Ha BClo MAOCKOCTL w; €

@-h? @-n)?

W—hy 4(l—h)] . PaccMoTpyM B NIOCKOCTH w enuHKUHLI Kpyr K, = {w € C:

Pa3pe3oM 110 OTpe3Ky [—

|lw| < 1}, Ha koTopeIit oTo6paxaerca Kpyr K. OyHkuua w = % (w + -1';) otobpaxaet Kpyr K; Ha BClO
TUTOCKOCTb w € pa3pe3oM no orpe3ky {—1, 1]. ITonarag

(2-h)2 4 h? {1+ h? i 1
BET-mY -m /)~ aa-m)2\""%
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U (10ACTaBMB B 3TO paBeHCTBO

S S | L L L W O S S W
wEM T 2\ e ) Taaem) T2\ 21-m) )’

MOAYYHM 110C/Ie COKpALUEHHA HaA ';‘.'

) A 1\ [z  €° h? .
Taiem ) \Utw) T\ T ) Ty

95. Oto6pasuth Ha BHELIHOCTb eAMHNUYHOrO Kpyra: 1) BCIO IJIOCKOCTh C pas’pe3aMy 10 OTPE3KaM
[—1, 1] u [—¢, {] (BHeIIHOCTb KpecTa); 2) BCIO MIOCKOCTE € pa3zpe3aMu no aydam (—oo, —1], [1, +00),
(—io0, —1], {7, +i00).

<« [lns penrenns 3anauu cHopMyInpyeM, He BHUKAsA B NOApOGHOCTN, npunuun cummempuu Puma-
na— Illléapya, xotopelil paccMOTpUM NoApo6HO B rnaBe 7. CyTh €T0 COCTOMT B CHENYIOIIEM: IIYCTh
obaacte G C C orpanuyena 3aMkHyTOH Xopmarosofi Kpusoi I', B coctaB kortopoil Bxomut myra !
oKpyxXHoctH L pacumperHoil KomruieKcHoH niockoctd. Ilycts dyHKUmMA f omnpenesneHa u HenpephIBHA
Ha G U !, anamitnyeckasd B G, a Ha | MpUHUMaeT 3HAYEHNA, TIpHHAIIEXKALUKME HEKOTOPOH OKpYXHO-
ctu C C C. Torna f mpomosmkaercs yepes Ayry [ B 061acTh G, cUMMETPUYHYIO ¢ G OTHOCHTENBHO L
10 GYHKUUU, aHanuTHUeCKOW B G U 1 U G™. Takoe npodomkeHue (Yepe3 |) eAMHCTBEHHO 1 ONpeaess-
€TCA CTELYIOLMM CBOWCTBOM TIPOIOKEHHON DYHKUMH f: ecin Touku z € G u 2™ € G* CUMMETPUYHBI
oTHOCcuTENbHO L, To Touku w = f(z) v w* = f(z*) cumMeTpuyHbl otHOcKTeabHO C. B vactHocTH,
ect L n C coBnagaloT ¢ gefiCTBUTENBHOM ochio ockocT C, 10 f(2) = f(Z) npu z € GUIL U G™.

1) BHelHocTh Kpecta u306paxeHa Ha pHc. 56,

[TpuMenum npuHuMn cuMmMeTpuu Pumana—Isapua: oto6paxaeM BEPXHIOW TOAYTIIIOCKOCTD C pas-
pezom [0, £] Ha BepXHIOW OYTIIOCKOCTE, MoJaras

w, =z 4+ 1.

QyHkuMs w; BMECTE C €€ AHUTUTHUYECKHMM MPOACIXKEHUEM, KO-
TOpOE Takke 0603HAYMM w|, OCYLLECTBISIET OTOOpaXKeHHE BHELI-
HOCTH KPECTa Ha BCIO IJIOCKOCTb W, C Pa3pe3oM BHOJMb OTpe3Ka

[—v2, V2]. Oynxuus

w)
w; = —=

V2

0TOGpAXaeT MIOCKOCTh W) ¢ YKa3aHHBIM pa3pe3oM Ha BCIO II0C-
KOCTh w; € pa3pe3om no otpesky [—1, 1]. ®Pyuxuus

w=1w,+ /w% _ 1’ Puc. 56

obpatHad QyHKUMKM KYKOBCKOIO, OCYLUECTB/AET OTOOPAKEHHE MJOCKOCTH Wy € Pa3pe3oM Mo OTPE3KY
[—1, 1] Ha BHeWIHOCTL eqMHUYHOTO Kpyra, OKOHYATENPHO NOJIYYaeM:

[ 2 P 1 72 =
w w 25+ 1 22+ 1-2 1
W= — 4/ L —1= + =—(\/z2+1+\/z2——1).
V2 2 V2 V2 V2
2) Oyukung w, = f OCYILECTRIIAET OTOGPaXEeHHE 3aMaHHOTO MHOXECTBA Ha BHELIHOCTb KpPecTa 13
npenpiryieii 3agaun. [MoaToMy HCKOMoe oToGpaxeHre w onpenenseTcd GopMyson

w:%(m—.m):—\/%(\/1+z2+\/1—z2).>

96. O106pa3nTL BepXHIOIO MOAYINOCKOCTD ¢ paspe3oM 1o otpesky | = {z € C:Rez=a >0, 0 <
Im z < h} Ha BEPXHIOIO MONYNJIOCKOCTh.

<« McxoMan DyHKIMs w ABJIgeTCH KOMIO3ULIKMEN 2TIEMEHTAPHBIX ITPeobpa3oBaHuit:

= X 2
w=z—a, w=w, wy=w+h’, W= W =+(z-a)l+h.
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Jlerxo BMIeTh, YTO AHATUTUYECKAS BETBb w, OCYIUECTBIAIOWASA 3a0aHHOe 0ToGpaXenue, onpenenseTcs
ycnosueM w(0) < 0 (cM. puc.57). »

Puc. 57

97. Orobpasuth Ha BEPXHIOK NOAYILUIOCKOCTh M Ha BHELIHOCTh €IWHWYHOIO KpyTa BHEIIHOCTH
KpecTa, COCTOSALLEro U3 oTpe3ka [—a, b] neiicTBUTENHHOM ocu M oTpesKa [—ci, ci] MHuMOI ocH (a = 0,
b>0,c>0,a +b +c #0) (puc. 58).

<4 CornacHo pelleHuIo 3azaun 96, bynxuus w, = vVz2 + ¢2
KOH(MOPMHO OTOGpaxaeT BEPXHIOIO MNOJIYIIOCKOCTh C Pa3pe3oM
no oTpe3ky [0, ci] Ha BEpXHIOIO MONYIIIOCKOCTh, NPHYEM pac-
CMaTpuBaeTCs Ta ee BeTBb, KOTOpAsA XapaKTepU3yeTcsl YCJIOBHUEM
w;(0) < 0. [lpu 3TOM NPAMOIUHEHHEIA OTpe30K I'PaHMULIbI

L={z€eC:~x < Rezg —a, Imz2=0} U
U{z€eC:bg< Rez< +oo, Imz =0}

0TOOpaxaeTcs Ha OTPE30K
L'= {wl €C:—-o00 < Rew, £ —va*+ ¢, Imw,; :0} U

U{w,EC:O<\/b2+czgRew,<+oo, Imw.:O}. Pre. 58

CornacHo npuHuuny cummerpuu Pumana—IlIBapua, GyHKUMsA w; DONMyCKAaeT aHaNMTHYECKOE IIPO-
IOJKeHUE B HIDKHIOI TOAYIIJIOCKOCTh Yepe3 oTpe3ok L. [lpu atoM 00pa3oM BHELIHOCTH KpecTa B
W) ~-TIJIOCKOCTH SIBJISIETCS BHELIHOCTh OTPE3Ka

l:{w.EC:—\/az+czgRew1<\/b2+c2, Imw,:O}.

CornacHo pelleHHUI0 3apaun 79, GyHKImMs

\/w1+\/az+c2 V2l +Val+ &2
w =

= . (1)
Vb4 et —w VR +cd— V2T + ¢!
oTo6paxaeT BHELIHOCTE OTpe3Ka !, C/lenoBaTelbHO, ¥ BHELUHOCTh KPecTa, HA BEPXHIOK MOAYIIOCKOCTb.
Peirm sropyro uactp 3amaud. O6o3maumm mavHy otpedka [—va? -+ c?, vVb? + ¢?] yepes 20 u
nonbepeM takoe a € R, 9ro6b! BBIMOIHSUTUCH YCIOBUA

—Val+ct+a Vit +a
—s b =1
3 2

YTO paBHOCHWJILHO YpaBHECHHUIM
2(FFP4a) _ 2(-VaTF+a)
Bidivata | Prdivai-a

2402 2402
PelrenyeM 3THX ypaBHEHHIA ABIAETCA @ = @
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DOyHkKuusg w, = zl,—(wl+a) oTO6paxaer INIOCKOCTb w, € Pa3pe3oM Mo oTpeaky (—va? + ¢, Vb2 + ¢2]
Ha BCIO w; — IUTOCKOCTh € paspe3oMm 1o oTpe3ky [—1, 1]. Jlna monydenus tpebyemoro otobpaxeHus
IJIOCKOCTU w; € YKAa3aHHBIM pa3pe3’oM MpUMEHUM QyHKUMIO, 0GpaTHYIo GyHKuuK XKyKOBCKOTO:

1 2
w:wz+\/w§—l=5 \/zz+c2+a+\/(\/z2+c2+a) -6,

Iae

Val+ - VP + 7 5 Val+ 2+ Vil + .
a = =
2 ’ 2 '

98. IMiockocts ¢ paspesamy 1o mydy [—a, +) (@ 2 0) u orpe3ky [~ci, ci] (¢ > 0) orob6pa3uthb
Ha BEPXHIOIO MOAYIIIOCKOCTb.,

< OyHrIM w; = V22 + ¢ oTo6paxaeT 3anaHHyI0 06JlacTh Ha BCIO w) -TIOCKOCTb € Pa3pesoM Mo
mydy [—va® + ¢?, +o0). Tpebyemoe oToGpaxkeHHe w NONYIMM NOCHE NPUMEHEHHS ONEpalluk CIBHTA
BIIpaBo Ha Va’ + ¢? U U3BIEYEHMS 3aTeM KBAIPATHOIO KOPHS:

wz\/:/z2+cz+\/az+cz.>

99, Oro6pasuth Ha BepXHIOW TOAYIIOCKOCTh BHEIIHOCTh €IMHMYHOTO KDPYIa C pa3pe3aMM Mo
otpeskaM [i, bi], [-bi, —1], [1, a], [—a, —1] (a > 1, b > I).
<« Oynkuns XKyKoBCKOTO w; = % (z + f) otoGpaxaer BHELIHOCTh €IMHWYHOTO KpyTa ¢ yKa3aH-

HbIMU pa3pe3aMy Ha BHEILHOCThL KPECTa, COCTOSILLETO U3 OTPE3Ka [—% (a + %) S % (a + ﬁ)] JeACTBU-

TENBHON OCH W OTpesKa [— (b - %) i, (b - EI) i:l MHUMOH ocu. [Toayduau yacTHbINA ciryyaif 3azauu 97,
1

[I€ a 3aMEHEHO Ha % (a + ;l), b — Ha % (a—i— ;), ¢ — Ha % (b — %) CnenoBaTte/ibHO, MOXHO BOC-

nonb3oBatbesa Gopmynoit (1) 3agauu 97, 3aMeHMB B Hell @, b U ¢ BBIPAXKEHUSMM, YKa3aHHBIMU BbILLIE.

Toraa nonyuuM HCKOMoe OTOGpaXEeHHE w:

V@) tre ) -l e )+ (4
Ve o @)« e
Ve d) - )

1900. Oro6pasute na BEPXHIOIO MOJYIIIOCKOCTh BHYTPEHHOCTS TIPABOil BETBU IHnepbob!

122 yZ

, cos?a  sin’a

Puc. 59

« Ilycts A — Bepumna npaBoit Betsu runep6onsl, F — ee ¢okyc (puc. 59).
IIposeneM paspes no ayuy [A, +o0). Ilpu peuenun 3amaym 86 GbUTO MoKaszaHo, yTo (PYHKIUUA
XyKOBCKOIo @ = u + iv = % (z + f) orobpaxaeT Ny4yn argz = a Ha CoOKYCHble THIIep6obl

u? v?

2

powrpnialeny Sl B
cos“ a siIn” o
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[MostoMy dyHkuMsg w; = z + Vz? — 1, w;(00) = co, obparHas ¢yHkuuy JKyKOBCKOro, ocyllecTBIAeT
KoH(OPMHOe 0TOGpaxeHHe BepXHEH 1o0BuHbI 061acTH Ha cektop 0 < argw; < a, |w,| > 1 (puc. 60).

)

Pue. 60

OyHKUMS wy; = w,* 0TOBPAXAET ITOT CEKTOP HA BEPXHIOIO MOJYIIOC-
KOCTb C BbIGPOLIEHHBIM BEPXHMM MOJYKPYTOM pamuyca 1, a QyHKumns

1
wy = 3 (wz + wiz) oTtobpaxaeT MoOAyYeHHYIO 061acTb HA BEPXHIOW
TIONYTLIOCKOCTB, MpAYeM Jiydy [A, +00) cooTBercTBYeT Nyy (—o0, —1].
[Ipumenus npuHUMn cuMMeTpun Pumana—HIBapua u 3ateM gonosn-

HHUTEJIIbHOE OTOOpaXeHHe W = {4/ 1 + wJZ, TMOJIYYUM, HTO W — MCKO-
mag yHkuMda. Bosspaw@ace no uenoyke ot w; A0 z, OKOHUATEIBHO
MOJIy4UM:

rop—

ki

w:-i— (z-{-\/zz—l);-{-(z+\/z2—l)—g+2 >

101. Oro6pasuts Ha BEPXHIOIO NOYNIOCKOCTh BHEIIHOCTh IPABOM BETBM TUNEPGOIBI

<« Ilycte A — BepumHa npaBoit BeTtBM rHnepGosb (puc. 59).
ITpoBenem pa3spes no nyay (—oo, A]. Oyaxuma w; = z + V22 -1,
w;(00) = 00, oTobpaXaeT BEPXHIOW MONOBUHY 33aTaHHOU objacty Ha

T
067acTh, M300paXeHHYIO Ha puc.61. DPyukuma w; = (e"“’wl) o
oToOpaxaeT yKa3aHHYK 00/1acTb ITIOCKOCTU w; HAa BEPXHIOW nOJy-
I7I0CKOCTDb € BRIOPOIIEHHBIM BEPXHUM NOJIyKpYIoM paauyca 1, a QyHK-

uus AKyKoBCKOro w; =

BEPXHIOIO MOMYIIOCKOCTD TUIOCKOCTH W3, npyueM yuy (—oo, A] coot-
BeTCTBYET Ayy [I, +00). [IpUMEHUB NPUHIIUTT CUMMETPHH, [OJIYUNM,
4yto (PYHKUMUS w; OTOOpaxaeT BHEIUHOCTb MpaBOM BETBU TUIIEp6OJIBI

wy + sz 0oTO6paxaeT 3Ty 06aacTh Ha

z? yz
- Tao =L
cos‘a  sin‘a

Ha BCIO TUIOCKOCTh ¢ pa3pe3oM 1o ayuy [l, +o0). CiemoBarensHo,

w = y/w; — 1 — TpebyeMoe orobpaxeHue. Ilocie HECTOXHBIX rpe-
00pa3oBaHUH NMOAYUUM:

1
w=—

V2

102. OT106paszuts 061aCTh, 3aKJIIOYEHHYIO MEXIY BE-
TBIMH TUNEPGOJIBI

Ha BepXHIOIO TIONYIIIIOCKOCTD.

<« [IposeneM paspes 110 otpe3ky [A;, A;] (puc.62) un
3aMeTUM, yro BYHKIMA W
va? + b? oT06paxaeT BepXHIOW MONOBUHY 3aJaHHOI 06a-
cTu HacekTop @ < argwy < T—a, |w| > 1, THIe @ = arctg%.

Mo mpunnuny cummerpun Pumana—IIIsapua sta xe
dynxuus koHGOpMHO oTOOpaXaeT BCIO 3ajaHHYIO 0671acCThb
Ha BeCb cekTop a < argw; < m — a. CnenosarenbHo, dyHK-

uusg

— (o= VT —
w = (e w))T—2a =

Puc. 61

:l,

1+ V2=, e ¢ =

—r
—ia 2t vz — 02) 7 dex
e R S
¢ . Pue. 62
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OCYILECTBIISIET OTOGpaXEHUE 32MAHHOK O06IaCTH Ha BEPXHIOIO TIOMYIIOCKOCTh. ITockombKy
T b b a
m—2a=2{ - —arctg — | = 2arcctg — = 2arctg —,
2 a a b

TO NOJIYYCHHYIO Q)opmyny MO2XHO 3allMCaTb B BHIC

mz V=2’ b .
w=<e S —— ], rme a=aclg~, p= g c=+va’+ b

c T 2arctg &’

2 2

z - X = = 2 1 =
[ns TpuBeJeHHsS ypasHEHUs TMUNEPOONbL K BULY ——— e 1 B3aam cosa = 2, sina
c=+var+b. Torma a = arctg%. >

103. Brisicaus, Bo utO npeodpa3ylorcs Mpy oToOpakeHWH w = Chz:
1) npsamoyronpHas cetka ¢ = C, y = C;

Dnomoca G={z€C:0<Imz < r};

3) noaynonoca D ={z € C:Rez <0, 0 < Imz < 7},

< 1) Ilycts

. e +eF etV 1 . oz .
w=u+iv= 5 = 7 :5(6 (cosy +isiny) +e (cosy—zsmy)):

=cosychz +isinyshz.

Torna v = cosychz, v =sinyshz. Eciu z = C, 1o

u’ v?
u=cosychC, v=sinyshC, ——+—5—=1
yent YRS aic T snic
Tonyyunayn ceMeACcTBO COPOKYCHBIX AWIMNCOB ¢ okycamu B Toukax Rez = 1. Ecru y = C, 10
2 2
v
u=cosCchz, v=sinCshz, —F——-—F==1
ch*C sh*C

Hpsameie y = C npeobpasyiotcs B cemeiictso codokycnslx runepbon ¢ poxycamu B Toukax Rez = *1].

NQMpuny=0u=chz,v=0,anpuy=7 u=—chz, v =0. OyHkung w = ch z oToOpaxaer
nonocy G Ha BCIO MJIOCKOCTh € pa3pe3aMy 1o jayyaM (—oo, —1], [1, +00).

3) Mockonbky w(0) = 1, w(in) = —1, 10 oTpesox [0, iw] nepexoaut B oTpe3ok [~1, 1] u Hanpa-
BJICHUIO JBHXKEHWMS OT TOUKM K TOYKE im COOTBETCTBYET ABHXKEHME 110 HalpaBiEHMIO OT TOYKU 1 K
Touke —1. [Ipu aTOM TOUKH nI0CKOCTH W 110 npaBuiy 06X0xa HAXOAATCA CeEBa, T. €. NIpMHALIEKAT HHXK-
neil nonynnockoctu. llpn z =z, ¢ — —o0 ayy (—oo, 0] nepexomuT B Ayd [1, +00), a npu 2z = & +i7,
T — —oo hyHkuMA w(z) = —chz umeer npegen —oo U yu ¥ = {z € C : Rez € 0, Imz = in}
nepeitner 8 Ay4 (—oo, —1]. B cootBeTcTBMM C nipasuioM oGxona nmoaynonoca D ortobpaxaercsd dyHK-
uuell w = ch z Ha HMXHIOW NOJYIUIOCKOCTb. B

104. Oro6pasuts Ha BepXHIOO NOAYMIOCKOCTh [10YIIONOCY

G={z€C:Rez <1, 0<Imz < h}.

< Komiosuuus otobpaxenuiit w; = z — 1, w, = Tw, ne-
pepoaut nosocy G wa nonocy D u3 npumepa 103, 3). Hoatomy
®yHkuusa w; = ch w, otobpaxaer 3anaHHyI0 06/1aCTh HA HUXHIOW
TIONYTIOCKOCTh. CleloBaTeIbHO,

(z—Dr

P

105. Oto6pa3uTh Ha BEPXHIOIO NOJYTIIOCKOCTD TIOI0CY, Orpa-
HHYEHHYIO IIPIMBIMU Yy =T U y =T +h.

<« Ilycts d — wmupuna nogocsl. Torma, ouesunHo, d = —‘}7’-;
(cM. puc. 63). Komnosuius oro6paxenmi Puc. 63

T m(l—1)z

-
w =e'7z, wy = Sw, w=e?=¢ *r

w=—wy=—ch

pelaeT NMOCTABICHHYIO 3aa4uy. p
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106. Oro6pa3uTs Ha BepXHIOIO MIOTYIVIOCKOCTE KPYTOBYIO JIYHOYKY, OFPAHMYEHHYIO OKpYXXKHOCTAMU
F={zeC:|lz|=2}ny={z€C:|z-1]=1}.
< Oynkima w; = ;%5 orobpaxaer KpYroByio JIYHOUKY Ha BEPTHKAIbHYIO nonocy G = {w, € C:

0 < Rew; < %}, a dyHkimsa w,; = 2wiw, oTtoGpaxaer moyocy G
Ha ropusoHTanpHyo nosocy D = {w, € C : 0 < Imw, < =}
(cM. puc. 64)

Torna hyHKIMs w = €2 = e*™™¥1 = ¢ :-? OTOGPAXKAET JYHOUKY
Hd BEPXHIO TIOMYILUIOCKOCTh (CM. CBOIMCTBA ITOKa3aTeNbHONH dyHK-
Huu). »

107. Oro6pasuts Ha BEpXHIOO MOAYILIOCKOCT 0B/1aCTh, Orpa-
HuyeHHYIo oKpyxHocTsiMu ' = {z € C : |z =2}, v = {z € C :
[z — 3] = 1} (TIUIOCKOCTE ¢ BLIGPOLIEHHBIMA KPYTAMH).

<« Vckomoe otobpaxenue w SBISETCS KOMIO3MLMeR w = e™™?,

bl

e w; = wy, wy = :—tzi (cM. puc. 65).
Takum oGpazom,
im .42 Prc. 64
w=el z=2,p

Puc. 65

108. Oro6pasute Ha BepXHIOK MOYILIOCKOCTE O6ACTD, OfpeNeseHHYI0 HepaBeHCTBaMH
[z=1>1, Jz+1>1, Imz>0

(BepXHSA MOTYIUIOCKOCTDb ¢ BBIKMHYTHIMU TIONYKPYTaMU).

Pac. 66

< Oyxuws w; = 222 oro6paxaet 3anaHHyo 061acTh Ha oynonocy G = {w, € C: 0< Rew; <2,

z

Imw; < 0}, a dyuxupd wy, = Jw; nepesogut G B nomynonocy D = {w, € C: 0 < Rewz < ,
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Imw, < 0}. W3 cvoiicts pynxumu { — cos{ clenyer, 4To GYHKUUST W = COSwp; = cosﬂ% —
HcKoMasd. (CM. puc. 66) »

109. OT06pa3uTh Ha BEPXHIOK MOIYILIOCKOCTD Nosmynonocy G = {z € C: 0 < Rez < +o0, —1 <
Im z < 1} ¢ pa3pesamu 1o otpeaky [0, 1] ¥ nyay |2, +00).

<« TpeGyeMoe oTobpaxenne w ONpenesuM ¢ MOMOLIBIO KOMIIO3ULMK 31€MEHTapHbIX IIpeobpa3o-

e — — LWy — 1 1 —. w3—ch~w _
BAHUMM, W) = Tz, wy; = €', w; = 2 wy + o Wy = m, w = Jwy. IocnenoBarenbHblE

Mpeo6pa3oBaHusl OTPaXEeHBI Ha PUC. 67. B

Puc. 67

110. Hairru dbyskuuio w(z), orobpaxaounyio obaacTb, OIPaHUUYEHHYIO OKpyXHocTbio I' =
{z€ C:|z| =1} unpamoit vy = {z € C: Imz = 1} (monymtockocts G = {z € C: Im|z| < 1} ¢
BriGpouieHHbIM KpyroM K = {z € C : |z] < 1}) Ha xpyr K = {w € C : {w| < 1} ¢ HopmupoBKOii

w(=3i) = 0, argw'(~3i) = .
<« Oynxung wy = “_“‘;. otoGpaxkaeT MHOXECTBO G Ha BEPTUKAIBbHYIO MOJIOCY

z

D={w €C:0< Rew; <1},
a GyHkums wy = Fw) — & nepeBomgut D Ha Tonocy . I

ID’={WZECZ—%<RCW2<%}.
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T fz+1 . (z + 3%)
wy = gw; =1g I\75) 3 =tg7fm,

MIOJIy4UM OTOOpaXEHHE T10JI0CH! D' Ha eqvHHUYHBIA KpYT ¢ UEHTPOM B Halajie KOOPIMHAT (CM. pHc. 68).

‘ |

INonaras

3
;};

—n/4 /4
— - S o

Puc. 68
MouctaBus B ws z = — 31, noayunm w3 (—3i) = 0, Iuddepenunpys wi(z), Haxoaum:
, T , . K , . bd
wy(z) = — - wy(~=3) =i—, argwy(—31)= ~.
3(2) (z—i)ZCOSZ%(il—_‘)’ 3 ) 16’ gwy 2

z—-1

Janee nonaraeM w = w(ws) U TpeOyeM BbIIOAHEHHS YCIIOBUA HOPMHUPOBKHU argw'(=3i) = I. Iudde-
3 3
peHLMpys w TIo MEPEMEHHOR Z, UMEEM

dw dw dw; dw(z) dw(wy) dws(z)
—=a— 5, ar = arg ——— g —— ,
dz dw;y dz dz | __ dw; w30 dz |, .
WK
T "0y + T otkyna argw'(0) r_T T
— = argw -— = e — - = -,
3B 2 372°7%
Pynxumsa w = w(ws) IOMKHA YAOBIETBOPATH yeoBuaM w(0) = 0, argw'(0) = —F. CilenonatesbHo,
iz iz T z+3i \/§—it (243
w=e 'fwy=e - = - .
’ By \ 7= 2 Ba\z-i
IIpuHMMas BO BHMMaHME PABEHCTBO tgz = —ithiz, MOXHO NpenCTaBUTh w(2) B BUIE
1+iV3  mi(z + 3i)
B 2 4z —1)

111. Orobpazuts Ha BepXHIOW noMyMNOCKocTh Mosocy G = {z € C: 0 < Rez < 1} ¢ paspesom
Baosb oTpe3ka ¥y = {z€ C:0< Rez <h, Imz =0} (h < 1).

<« Oyuxkuns w, = mz orobpaxaer nonocy G Ha mogocy D = {w; € C : 0 < Rew, < 7}, a
byskuma w, = cosw; oTobpaxaer nosocy D Ha BCIO IIOCKOCTD C pa3pe3aMH TI0 Jy4yaMm (—oo, —~1]u

[cos wh, +00). Torna
w = w,y — coswh _ \/cos:rrz—coswh
—_/ wy + 1 - 1+ cosnmz

— Tpebyemoe oTobpaxeHUE. »
112. OT06pa3nTs Ha BEpXHIOW HONYIIOCKOCTE nonyrnonocy G = {z € C: 0 < Rez < m,Imz > 0}
C pa3spe3oM BIOAb Jiy4a ¥ = {z €EC:Rez=7F, hgImz < +oo} (h >0).

« IMonaras w, = cos2z, nojyusm orobpaxeHne MHoOXecTBa G Ha BCIO TNIOCKOCTb € paspe3aMH

h
no nyyam (—o00, —ch2h] u [—1, +00). OyHkuua w; = l”—‘;—’:“:—f— 0TO6paxaeT INOCKOCTh C YKa3aHHbIMK
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paspe3aMy Ha BCIO TUTOCKOCTD C paspe3oM Mo aydy [0, +00). CneaosarensHo,

cos2z + ch2h
cos2z + 1

W= Jw, =

— HcKomoe oTobpaxeHue. »

113. Ot1o6pazuth Ha BepXHIOK I10/1YIIOCKOCTE 00JIACTh, OPAHHYEHHYI0 MHUMOM OCbIO M OKPYX-
Hocteio ' = {z € C: |z — 1| = 1}, ¢ pa3pe3amu Baosb otpe3ka v} = {2 € C:2 < Rez g a, Imz = 0}
uenosayda v, = {2 € C: b Rez < +oo, Imz =0} (a < b).

« TMonaras w; = %, monyunm oTo6paxeHue yKasaHHON 06/13CTH Ha BEPTHKAILHYIO nofiocy G =

{w, € C:0 < Rew, < %} C pa3pe3aMy IO OTpe3KaMm [0, é] H [é, %] Pyuxunsd w, = 27w,

oTo6paxkaeT MHOXecTBO G Ha BepTHxatbHylo nosiocy D = {w; € C : 0 < Rew, < 7} ¢ paspe3amu

M0 OTpe3Kam [0, %"] u [%’5, 71'], a OYHKIMS wy = cosw, oTobpa3ut nosocy D) Ha BCIO MJIOCKOCTD C
paspe3aMy 1o Jyuam (—oo, cos %’5] % [cos %", +oo). Ionaras
2
coswy — COS 5~
W= ———,
cos w, — COS %’5

MO/IY4UM BCIO TUTOCKOCTh C Pa3pe3oM [10 MOJOXUTENLHON NeHCTBUTEABHON NonyocH. TakuM o6pasom,

cos 2= — cos &T 2"

Ccos 7 — COS T
— TpebyeMoe oToGpaxeHue. »
VopaxaeHus 1 caMOCTOATEIbHOMH PaboThi

1. C noMolublo 0TOGpaxeHus w = z° Haiiti o6pas xpyra K = {z € C: |z — 1| < 2}.
2. Jloxasatb, YTO €CJIM TOYKA z ONHMCBIBAET OKpyxXHocTh y = {z € C : |z| = 2}, 10 TOUKA

w:z—2i+%

OIMCBIBAET JJUIKIIC C T/IABHBIMHU OCSIMM, PaBHBIMM 5 M 3.
3. Haittu 06pa3 nepBoro KBapaHTa z-TJIOCKOCTH IIPH 0TOOpaXeHUH

= ()
w= itz '
2
4. [lokaszarb, YT0 QyHKUMSI w = ( l'ti ) B3aMMHO OJHO3HAa4YHO U KOH(OPMHO oTOGpaxaeT obaacTb

G={z€C:l|zl <, Imz >0} na o6nactb D = {w € C:Imw > 0}.
5. Haiiti o6pa3 obmactn G = {z €C:|z|< %} MpK OTOGPAXEHHH

w= (u)z
11—z

6. Haiitu o6pa3 obnactu G = {z €C:|z|<2, 0<argz < %} npy oToGpaxXeHUH

2
w= (%)
7. Haiitn 06pa3 muoxectsa G = {z € C : Rez > 0,Imz > 0} npu oTobpaxeHnu
zz—i
223

8. Muoxectso D = {z € C: |z| £ 1, Rez > 0} oro6pazuth ¢ NOMOLIBIO QYHKLMH

w =

—1 2242241
22-2z—1"

(1+2%?2 —i(l—z 3!2
w= (14232 +1(1—-23)2
OJIHOJIPICTHO W KOHDOPMHO 0T06pa>|(aer obnacte G = {z €eC:|z|<1l,0<argz < %} Ha o6nacThb
={weC:lwl <1}.

9. Hokasarb, 4yTo pyHKIMSI
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10. Haittn 06pa3s! yka3aHHBIX O0IaCTeH MpH 33JaHHBIX OTOOPAXKEHUAX:
N
a)G={2€C:jz|<2 Imz > 1}, w=-—(ﬂ§;l) ;

z—v3-1

A 4
6)G:{zec;|z|>2}n{zec:qz—ﬂ|<ﬂ},w=(;%“f§<(—‘1;f-;) :

N3
B)G={Z€C:|z!<l}ﬂ{zeC:|z+i]>l},w:—(g—:{—%) .

11. Haiitu cTeneHHyo QyHKUMIO, 0TOOpaXKarolylo B3aUMHO-OHO3HAYHO U KOH(OPMHO BHYTPEH-
HocTs yria 0 < argz < § Ha BCIO KOMILIEKCHYIO IJIOCKOCTh @ € Pa3pe3oM 10 Jydy argw = .
12. Haiitu dyHkuuio, oto6paxaiolllylo OFHOMMCTHO U KOHDOPMHO BHYTPEHHOCTD yria

O<ag(z—i-1D <3

Ha oDbnacTh
G ={w€C:Rew > 0}.

13. Haittn dyHxiHI0, 0TOOpaXaiowylo B3aMMHO OFHO3HAYHO M KOHGOPMHO BHYTPEHHOCTH YA
-% <arg(z—1) < -} Ha BEPXHIOIO MOIYIIJIOCKOCTb.

14. Haiitu GynkiuMio, OCYLIECTBISIOLIYIO B3aUMHO OJHO3HaYHOE U KOH(OPMHOE oTOBpakeHHE
BHYTPeHHOCTH yria —% < arg(z — @) < § Ha obmacts G = {w € C: Imw > 0}.

15. Haiiti ¢pyHKunI0, 0T0OpaKAKOLIYI0 OTHOMUCTHO U KOHGOPMHO 06n1acTh G = {z € C:Rez > 0,
Imz > 0} Ha obnactes D = {w € C: Rew > 1}.

16. Haiitu nenyro nuHedHy0 QYHKUMIO, OTOOPaxAIOLIYI0 TPEYTONbHUK C BEPLIMHAMH B TOYKaXx
0, 1, ¢ Ha TOTOGHBIA €My TPEYIOJBHUK ¢ BepluvHaMu 0, 2, 1 + 4.

17. Haiiti uenoe nMHeilHOE NpeoOpa30OBaHUe ¢ HEHOABUXKHOM TOYKOM 1+ 2i, nepeBoasiiee TOYKY 4
B TOYKY —1.

18. Jis yka3aHHBIX npeodpasoBatMil HaliTH KOHEYHYIO HENOABWXHYIO TOUKY 2o (eC/iM OHa Cyilie-
CTBYET), YI0Jl HOBOPOTA BOKPYT Hee @ U KoadduureHT pacTsokeHus . [lpusectd 3T npeobpa3zoBaHusd
K KaHOHHYECKOMY BUIY W — Zg = A(Z — Z).

) w=2z41-3s;

) w=1z+4;

Hw=z+1-2i;

4 w-w =a(z—z) (a#0);

5) w=az+b(a#0).

19. MaHa GyHKUUS w = j—:%

1) okasath, 4to npoobpasom cemeiictBa 0 = {w € C: |w| = A (0 < XA < +0o0)} gBasercs ce-
MENHCTBO OKPYXHOCTEH (OKPYXHOCTH ATIOJUTIOHMSA). 1t JaHHOTO A\ HalTH paguyc Y MojIoKeHHe LIEHTPa
COOTBETCTBYIOLIEN OKPYXHOCTH B 2 -TIJIOCKOCTH.

2) Haiitn npoobpasbl nyueil argw = 6.

3) ITocTPOUTD CETKY B 2-IUIOCKOCTH, COOTBETCTBYIOLIYIO MOJSAPHOM CETKE B W -TJIOCKOCTH.

4) Haifti 06714CTh 2 -TUTOCKOCTH, cooTBeTeTBYIOMYI0 Noykpyry K = {w € C : {w| < I, Imw > 0}.

20. Haiitu o61uii Bux 1pobHo-MHeHOM dyHKimu w = w(z), orobpaxamowmei kpyr K = {z € C:
|z] < 1} Ha npasyio nonymwiockocth P = {w € C: Rew > 0} Tak, urobn w(z) = 0, w(z;) = 0o, rue
Z| M z; — 3aJAHHBIE TOYKU HA OKPYXHOCTH 8K M Takue, 4Yro arg z; < arg z;.

21. HaifiTi ueHTp wo U pamuyc R OKDPYXHOCTH, Ha KOTOPYIO DYHKUMSA w = i—:% oToOpaxaeT
JencTBUTeNbHYI0 och (Im 2z, # 0).

22, Haiiti o61umii BUj qpoGHO-IMHEMHON QyHKINU w = w(2), oroOpaxatoweit kpyr K = {z € C:
|z| < R} Ha ce6s1 NpH CIEAYIOUIHX YCIOBHAX:

1) w(a) =0 (Ja| < R);

2) w(a) =b (la| < R, |b] < R);

3) w(+R) = +R.

23. Orobpasutb kpyr K = {z € C : |z| < 1} Ha cebs TaK, 4roObl 3aZaHHBIE TOYKU Z|, z; BHYTPH
Kpyra nepeum B Touku +a (0 < a < 1).

24. Ot1obGpasuth kpyr K = {z € C : |z| < 1} Ha cebs Tak, YTO6Bl OTPe30K AEHCTBUTENHHOMN
ocuy={z€C:0< Rez < a(a < 1), Imz=0} nepewen B OTpe30K JEHCTBUTENBHOH OCH,
CHMMETPUYHBIH OTHOCUTENPHO Hayana KoopauHat. Hality mmiHy npeo6Gpa3oBaHHOIO OTPE3Ka.
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25. Jiokaszath, 4TO NPU OTOOpaxeHHH Kpyra Ha Kpyr uHelHoe npeobpa3oBaHue ONHO3HAYHO Ompe-
JeJeTcs 3alaHueM o0pa3oB oJHOM BHYTpeHHEN M OTHOM TpaHAYHOM TOYEK.

26. JlokasaTs, UTo ecnM NUHeHHOe npeobpa3oBaHHe UMeeT ABE HETOIBMKHBIE TOYKH, TO NPOU3BE-
JEHHE TIPOM3BOAHBIX B 3TUX TOYKAX PABHO €AVHHIIE.

27. 1) BHACHHTS, Wi KaKUX 3HaYeHUH m dyHkuus w = R(z + mz"™), rge n € N, ocyilecTBager
koHbopmHOe oToGpaxenue kpyra K = {z € C: |z| < 1} Ha HeKOTOpYIO 0651acTh, U HANTH 3Ty 06JIACTb.

2) BHIACHHMThL 3TH X€ BOMPOCH WA 0TOOpaXeHMS BHEWIHOCTH Kpyra K npu nomoiud GyHKIUH
w=R (z + 21) Y BHYTPEHHOCTH TOTO Xe Kpyra NpU noMoiud GyHKIMH w = R (f + mz").

28. Monynnockoets P = {z € C: Imz > 0} c paspe3om o iyre okpyxHoctH v = {z € C: |z| = [}
OoT TOYkH z = 1 10 Touku z = €'®, rne 0 < @ < 7, oTO6pa3UTh HA BEPXHIOI HOJNYIIOCKOCTb.

29. OtoGpa3uTh Ha BEPXHIOIO HONYIJIOCKOCTh BHyTPeHHOCTh yria 0 < argz < wf, rne 0 < B < 2,
¢ pa3pe3oMm 1o ayre OKpYxHOCTH v = {z € C : |z| = 1} or To4Yku z = 1 g0 TOUKU z = €'*, FHe
0<ax<g.

30. OTo6pasnuTh Ha BEPXHIOIO HOJNYIIIOCKOCTh BHEIHOCTh €TMHUYHOIO BEPXHETO MOJNYKPYTa ¢ pas-
pe30M 110 oTpe3Ky (0, —i] (BHELIHOCTh JIOMATKH).

31. Haiiti npeoGpazoBanue NoNapHO CETKU € HOMOIbIO BYHKIIMIA:

Dw=3(z-1);

Yu=1(:+2) @>0;

Hws=1 (z+ —2) c=|cle (0<y<m).

32. OTto0pa3uTh Ha BEPXHIOI HOJYILIOCKOCTh BHEWIHOCTh €AMHHUYHOIO KpyTra ¢ pa3pe3aMmu 10 OT-
pe3ky [—a, —1] n myay [1, +00), rme a > 1.

33. Kpyr K = {z € C : |z| < 1} ¢ pa3pe3om no oTpe3Ky [a, 1], 0 < a < 1, orobpa3uTs Ha
kpyr K' = {w € C : |w| < 1} T1ax, yrobnt w(0) = 0, w'(0) > 0. Haiitm w'(0) u wmHy nyru,
COOTBETCTBYIOIIEN pazpesy. IIpu KakoM 3HAYEHHH @ paspes NepeiIeT B MONYOKPYKHOCTD?

34. Kpyr K = {2z € C:|z| < 1} ¢ paspesamu no otpe3kam [a, 1], [-1, -b] (0<a< 1,0<b< 1)
oTobpasuts Ha kpyr K' = {w € C : |w| < 1} 13K, yT0GH w(0) = 0, w'(0) > 0. Onpenenuts w'(0) u
JUTMHBI YT, COOTBETCTBYIOIIMX Pa3pe3am.

35. OToBpasuTh BHELUHOCTh equHMYHOro Kpyra G = {z € C: |z| > 1} Ha w-TIOCKOCTh ¢ pa3pe3oM
10 JIyTe arg 1“")—;1‘ = (0 <|B| < ) Ta, 4Tobur w(oo) = 0o, argw’(00) = a.

36. BoissicHUTD, BO YTO NpeobpasyioTcs NPH OTOOPAXEHUH w = €~ :

1) npsmoyronsHasg cetka £ =C, y=C

2) npsample y = kx + b ;

Nmonocaa<y<fOLa<fg2n);

4) nos0ca MEXAY NIPAMBIMH §y = T, y =T + 27 ;

S)nmomynmonocaz <0, 0<y < a<2r;

6) nonynonocaz >0, 0<y< a <2r;

7) npsaMOyToNbHEK (a, B) X (v, 6) (§ —v < 27).

37. BrisscHUTSH, BO YTO npeolpasyiores npd oTobpaxeHud w =Inz :

1) nonspHada cetka |z| = R, argz =0 ;

2) norapudgMudecKue ciupam r = Ae"? (A > 0) ;

Hyronl<argz< aK2r;

4ycektop S={z€C:|z| <1, 0<argz < a 27} ;

5) kompno K = {z € C:r| < |z| < r;} c pa3pezom no oTpe3Ky [ry, r2].

38. BeisicHUTB, BO 4TO npeolpa3yroTcs MpH OTOOPaXKEHHH w == arcsin z :

1) BEpXH:AsA ONYIUIOCKOCTD;

2) IUIOCKOCTD € Pa3pe3oM IO mecTBUTENBHON OCH Boojb nyded (—oo, —1], [1, +00) ;

3) nepBblii KBAJPAHT; .

4) momnyrutockocth P = {z € C : Rez < 0} ¢ pa3pe3om 110 ZEHCTBUTENBHON OCH BIOND JIyYa
(—o0, —1].

39. BbisiCHHTB, BO 9TO Npeo6pasyioTcs IpH OToOpaxeHun w = tgz :

1) npaMoyronbHaa cetka z = C, y=C ;

2) nonynonoca P={ze€ C:0< Rez< w, Imz > 0} ;

3)ynonoca G={z€C:0 < Rez < 7} ;
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4)nonocaD={z€ C:0<Rez< %} ;

5)nonocaD’={z€(C:~7’4E <Rez< %} ;

40. BeigscHUTD, BO YTO NipeobpasyioTcs npy oToOpakeHnH w = cthz

1)nonocaP={z€C:O<Imz<7r} :

2) nonynonioca P' = {z € C:Rez >0, 0 < Imz < 7}.

41. OToGpaan'rL Ha Bepxmoxo HOJIYTUIOCKOCTh 00J1aCTh, 3aKII0YEHHYIO MeXay Co(OKYCHBIMUA Hapa-
Bonamu ¥’ = 4(z + 1), y = 8(z + 2).

42. Haiityu dynxkimuio w = w(z), oToGpaxalolyio o6lacTb, OrPaHUYIEHHYIO OKPYXKHOCTBIO 7y =
{z € C:|z| = 1} u npsamoii, ypaBHeHue Kotopoii Imz = 1 (nonyruiockoets P = {z € C:Imz < 1} ¢
BBIKHHYTHIM KPYTOM): )

1) naxpyr K = {w € C: Jw| < 1} ¢ HopmupoBKo# w(—3i) = =4 argw'(~3) = .

2) Ha BEPXHION HOJIYIJIOCKOCTh ¢ HOPMUPOBKOH w(—31) = 1+ 4, argw’(-3{) = 7.

43. Orobpa3nTs Ha BEPXHIOW NOJYILIOCKOCTh Nostocy G = {z € € : 0 < Rez < 1} ¢ pa3pesamu
Baonb otpe3koB {0 Kz < h, y=0tu {l-hh 21, y=0} (hi+ ha < 1).

44. OTobpa3nuTh Ha BEPXHIOW MOJYIUIOCKOCTh nostyrioniocy D = {z € C: 0 < Rez < m, Imz > 0}
C pa3pe3aMu BIOJb OTPE3KA

={z€C:Rez=73,0 < hi}

7 BIOJb JIyya
:{zEC:Rez:lzr—, hngmz<+oo} (hy > hy).

45. OTOBpa3uTh HAa BEPXHIO MOJYIUIOCKOCTh 0BJIACTh, OTPAHUYEHHYIO OKPYXHOCTIMU
m={zeC:ilz-1|=1}, m={z€C:lz+1|=1}

€ pa3pe3oM Ho Jyuy
={zeC:2<Rez < +oo, Imz =0}.

46. OToOpa3nTh Ha BEPXHIOIO MOJIYMJIOCKOCTh 00J1aCTh, OTPAHUYEHHYIO OKPYXKHOCTAMHA
n={z€C:lz=-1=1}, m={z€C:|z-2[=2}
€ pa3pes3oM BHOJIb OTPE3Ka
={z€C:2<RezKa, Imz=0} (a<4).
47. Oto6pasuTh Ha BEPXHIOW MOMYIIOCKOCTh 06/1acTh, OTPAHUYEHHYIO OKPYXHOCTSMH
n={z€C:z=-1|=1}, m={z€C:z-2|=2}
¢ Pa3pe3aMy BIONb OTPE3KOB
73={2€C:2<RezKa, Imz=0} u y={z€6C:b<Rez<4, Imz=0} (a<b)
48. OTo6pasuTh HA BEPXHIOK MOJIYTIIOCKOCTh O6/IACTh, OrPaHHYEHHYIO OKPYXHOCTIMHA
n={z€C:lz-1]=1}, m»={z€C:lz+1]=1}
C pa3pe3oM MO OTPE3KY
v3={2€C:Rez=0, —-ag<Imz B} (@0, 3=0).



I 1aBa

HNuTerpupoBanue
B KOMILIEKCHOH IJIOCKOCTH.
NHTerpaiini
Huiorona—Jleiionnna u Komm

['1aBHOE BHUMAHME B 3TOJ IJIaBe YIEASeTCsA UHTETPAIbHON Teopeme Koluu, oxHOI M3 OCHOBHBIX TeO-
peMm Beeil Teopuy aHamuTHYeckuX GyHkuuii. C ee NMOMOILUBIO YCTAHABIMBAIOTCA TIOBATBHBIE CBOHCTBA
AHATMTUYECKUX DYHKIUMUIA,

BMmecTo HeompeneleHHOTO HHTErpaIa paccMaTpuBaeTcs MHTerpan Helotona—Jleit6nuua, obnanaioo-
IIMH MHOTAMH JocTouHCcTBaMU. Onepallus UHTErpupoBaHus B cMmbicsie Heplotona—Jleiibnuua ssnsercs
00paTHOM 10 OTHOIIEHHUIO K oOnepaury JudbepeHIMpPOBaHMA.

§ 1. Uurerpan Hoiorona—Jleiionnna

1.1. IlepBooGpa3nag.

Onpenenenne 1. /Iyemy f : C — C u muoxcecmso Dy ne umeem usonuposannvix movex. Dyuiyus
F:C — C nasvieaemca nepsoobpasunoti ¢gynxyuu f, ecau Dp = Dy n Vz € Dy F'(z) = f(2).

[Mycms F — nepBoo6pasHas dyhxkuuu f. Takkak V(z € Dy, C € C) (F+C)(2) = F'(z), 10 F+C
TaKXe gBJIsieTCsd NepBooOpa3Hoi ¢yHkuun f. [1o3TOMy nepBooGpasHas onpeneiieHa HEOZHO3HAYHO U
CHELUAIBHOTO 0003HAYEHHUS HE UMEET.

HccnenyeM xapaktep HEONHO3HAYHOCTH mepBoobpasHoil. Ham moHamobsATCs NOHSTHE KYCOYHO-
JIAAKOTo MyTH (CM. onpeneneHue 6, 1. 2.9, 1. 2) U HepaBeHCTBO Jlarpanxa (cM. m.4.7, 1. 2).

Onpenenenme 2. Muoxncecmseo Z C C nasvigaemcs Aunelino-c8a3HbiMm, eCAH Oas m00bx mo-
wex 2y € Z, z; € Z cywecmeyem KycoMHO-2Aa0KUI Hymb, COCOUHSIOWUI UX U Aexcayuil 8 mHowecmee Z .

Teopema 1. Ilycmo f : C — C u Dy — auneilno-ceésa3noe MHONECMSO, colepacawee Bonee wem o0Hy
mouky. Ecau ¥z € Dy f'(z) =0, mo gynkuua f nocmoannas.

<« Ilyets z; € Dy, z; € Dy. Ilo onpeneneHuIo JMHEHHO-CBA3HOTO MHOXECTBA CYLIECTBYET
KYCOYHO-TTIANKUM TYTh, COeTUHSIONIA TOUKH 2y, Z; U Jexaumuil B MHOXecTee Dy. CrexosartesbHo,

HafgeTcs Takasi HerpepriBHag (QYHKIMA [a, b] 4 Dy, ut0 p(a) =z, pb) =2, 1 ©'(t) cywecrayer
BCIOJY, KpOME KOHEYHOI'0 MHOXECTBA TOYEK. 3aHYMEPYeM HX B HOPLIKE BO3PACTAHUS
t0=a<t1<...<tn=b.
CornacHo HepaBeHCTRY JlarpaHxa, HMeeM
I(F o)) = (Fop)te-DI < IIF' - ¢llte —tio) =0 (k=T,n)
Takum o6pa3om,
(Feop)t) = fz) = (fop)tn) = f(z2)-
Teopema 2. Ilycms F, u Fy,— nepsoobpasuvie gynrxyuu f : C — C, onpedenennoti na auneiino-

CEAZHOM MHOXNCECMEE, cOdepxucayem Goaee oomoii mouku. Tozda cywecmeyem maxas nocmosunan C € C,
umo ¥z € Dy Fa(z) = Fi(z) +C. »
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<« Paccmotpum byHKkImio F = F, — F|. Tak kak Vz € Dy F'(2) = Fy(z)— F{(z) = 0, To, cornacHo
Teopeme 1, dynkums F nocroshHas. »
IlpennaraeM YWTATENIO COCTABUTE TAG/ MY NEPROOOPA3HBIX OCHOBHBIX 9/IEMEHTAPHBIX BYHKIUAN.

1.2. Hnrerpan Huioroma—Jlekonuna.

Onpenenenne. [Tycms f: C — C u Dy — auneiino-censnoe mroxcecmeo, codepxcauee Goaee 0010l
mouxu. Dynxuua f nazvieaemcs unmezpupyemoii 6 cmoicae Hotomona—JdeliOnuya, ecau ona
umeem nepeoobpasuyro. Ilpu smom Va € D

nn=/ﬂo« & (Fa)=0AVz € Dy F'(2) = f(2)) . (e

Oyuxuma F B (1) HaswiBaeTcs unmezpasom Hutomona—Jetibnuya ¢ Guxcuposannbim HUMCHUM npede-

A0M UHMEZPUPOBAHUA G U nepemelNbim sepxHum npedesom. Ee 3naderme F(b) HasbiBaeTCs onpedeseHHbim
b

unmeepanom Hotomona—JIetibnuya v 0603Ha4aeTcs f f(¢)d¢, rne ¢ — mepeMeHHas MHTETPUPOBAHUS,

a

oT BHIGOPA KOTOPOU BENMYMHA MHTErPAIA HE 3ABMCHT, T. €.

b b b
/f(()dC:/f(U)dU=/f(w)dw=

3anuce f f(z)dz He UMEET CMBICNA, MOCKOJbKY OYKBa z MCHOJIB3YeTC M 0603HaYEHHUs! BEPXHETO

a
npenesia UHTErPUPOBAHHUS.
Teopema 1 (bopmyna Heorona—Jleiibuuua). Iyems f: C — C, Dy — auneino-ceasnoe
MHONCECm80, colepucaiyee Goaee odnod mouxu. Ecau dynkuus f unmeepupyema 6 cmoicae Hetomona—
b

Jeionuua u ® — ee nepsoobpasuas, mo V(a € Dy, b € Dy) unmezpan f f()d¢ cywecmeyem, onpedenen
a
00HO3RaUHO U cnipagedausa Gopmyaa Hetomona— Jleiibnuua

def

b
’ /ﬂOM=¢@~M®=¢@E:- )

<« [Monaraem Vz € Dy F(z) = ®(z) — ®(a). Torna
F(a)=0AVz€D; F'(2)=d'(z) = f(2).

CornacHo ofpeae/ieHUI0, HMEEM
b
/f(()dC = F(b) = ®(b) — ®(a).
Y6emmmcs B TOM, 4TO MHTETpaI onpeleneH ofHO3HA4HO. [TycTh
b
/f(() d¢ =9®), Y(@)=0AVzE€D; ¥'(2) = f(z).

o reopeme 2, n. 1.1, cywectsyet nocrosivdas C : Vz € Dy ¢(z) = F(z) + C. Honaras z = a,
nionyanM, 9t0 C = 0. CienosarensHo, ¥(b) = F'(b), T. €. AHTErpan ONPEAENCH OAHO3HAYHO. P>
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Teopema 2. Ilycmp f: C — C u Dy — aunelino-cea3n0e MHONCECMEO, cocmoOAuiee 6oaee yem u3 00Hol
mouxu. Ecau gynkyua f unmeepupyema ¢ cmoicne Holomona—Jeii6uuya, mo cnpaseonusst pagencmea:

b a
/f(z)dz=~/f(z)dz V(a € Df, b€ Dy), ' (3)
a b
b c b
/f(z)dzz/f(z)dz-i—/f(z)dz V(a € Dy, b€ Dy, c € Dy), @)
(/f(()d<> = f(z) V(a € Dy, z € Dy), (5)
ab ]
(/f(()d<> =—f(z) Y(z €Dy, b€ Dy). (6)

« [Tycts @ — meproobpasHas pyukuuu f. CornacHo ¢opmyne HrloToHa—JleibHUIA (2), MMeeM
b a
/f(Z) dz = ®(b) — @(a) = —(P(a) -~ ®(b)) = — / f(z)dz,
b

a

b b c
/ f(z)dz = ®(b) — ®(a) = B(B) — (c) + B(c) — B(a) = / f(zydz + / f(z)dz,
( / F© d<> = (0(2) - ¥(a)) = ¥'(2) = f(2),

b !
(/f(()d4> = (B() - 0(2)) = ~8'(2) = —f(2). »

Pasenctso (3) HasbIBACTCH /paeuAOM NEPeCMaNO8KU NPedeno8 uHmezpupoéanus, paBeHCTBO (4) —
Q0GUMUSHOCMbLIO UHMEZPana OMHOCUMENbHO npedetos unmezpuposanus, GopMynsl (5) U (6) — npasusamu
OQudpepenyuposanus unmezpana no ePXHEMY VI HUNCHEMY NEPEMEHHbIM NPEOenaMm URMeZpUPOBAnUs.

1.3. JIuneiinoCTh HHTErpana.
3amena nepeMeHHEBX M (OPMYJia HHTETPHPOBAHHS MO 9ACTAM.

Teopema 1 (0 nuHeliHOCTU UHTerpana). Ilycmoe Z — aunelino-c8A3H0e MHONCECMEO, COOepxca-
wee bonee oonovi mouxu. Ecau Gynkyuu f :C - C, g : C — C, Dy = Dy = Z, unmezpupyemst 8 cmbicae
Hviomona—Jleiibnuya u A € C, p € C, mo dynxyus A\f + pg maxsice unmezpupyema u cnpagedaugo
pasencmeo

b b b
/()\f + pg)(z)dz =‘ A/f(z)dz + /,t/g(z)dz V(@€ Z, b€ Z). 0))

« Ilycrs F, G — neproobpasure dyHxumii f U g. Torna Vz € Z
OF + 4G (2) = AF'(2) + pG'(z) = Af(2) + pg(2).
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CrnenopatenbHo, GYHKIMA A f + (g UMeeT NeproodPa3HyIo ¥ 110 OIPEAE/ICHUIO MHTETPUPYEMA B CMBICTIE
Hsiorona—Jleibuuua. IycTs

F(z) = /f(()dC, Gz) = /y(C) dg.
Torza ()\F + pG) (a) = 0, 1 710 OTPeqeNICHUIO UHTETPANIA NTONYYHUM

b b b

/(,\f +pg)(z)dz = (AF + pG) (b) = AF(b) + pG(b) = A / f2)dz 4 p /g(z)dz. >

a a a

Teopema 2 (0 3amene nepeMmennolr). fyems f:C — C ¢ C—C, Z = Dy,, — auneiino-
C8A3HOE MHONCecmeo, codepxcawee Gonee 00nod mouku. Ecau Qymxuus ¢ Oupgepenyupyema é kancooi
mouke z € Z, @ pyuxyua f|ocz) unmeepupyema ¢ cmvicre Hoiomona—Jeidouuua, mo gyrxuus (f o p)o'
MAK¥Ce UHMeSpUpyema U cnpaeeollieo paseHcmeo

w(b)
/f (z) "(2)dz = / fd¢ V(eeZ be 7). )
pla)
<« [Tycte F — nepBoobpasHas byHkiun fl,zy, a € Z,b € Z u F(g(a)) = 0. Tak kak Vz € Z
HMeeM
(Foso) (2) = F'(p(2))¢'(2) = f(o(2))¢' (2) = ((f o 0)¢) (2),

10 byHKIMs (f © @)’ MHTerpupyema B cMbicie Hplotona—JleitGuuua, u o onpeaeeHHio HHTErPaia
CrpaBeUTHBO PABEHCTBO

w(b)

/f 0(2)) ¢'(z)dz = F(p(b)) = /f(()dC d

pla)

Teopema 3 (06 MHTerpUpOBaHMHU 1o 9acTam). Iyeme f 1 C - C, g: C - C, Dy =
Dy = Z, — aunelino-ces3noe MHOMCecmso, cocmoawee Gonee wem uz o0nou mouxu. Ecau gynkyuu f u g
Oupdepenyupyemor € Kaxcdoii mouxe muoxcecmea Z u dynkyus f'g unmeepupyema ¢ cmvicne Horomona—
Meiibnuya, mo gynxyus fg' maroce unmeepupyema u cnpagedrusa popmyia UNMepuUPoBanUs 1o 4acmam

b
/ f(2)g' (2)dz=f - / f(2)g(z)dz V(a € Z,bE D). (3)

« Tockomsky (f9)'(z) = f'(2)9(2) + f(2)9'(2) ¥z € Z, 10 fg' = (fg) — f'g. Tlo onpenene-
Huto byHkuns (fg)' nHTETpUpYema B cMbicyie HptoTona—JleitBHuua. CornacHo cBOHCTBY IMHEHHOCTH
uuTerpana, Gynkuns fg' Taioke MHTErpHpyema 110 Hpotony—JIeituuny u

b b b b
/f(Z)g'(Z)dZ = /(fg)'(z)dz— /f’(z)y(z)dz = f(b)g(b) — fla)g(a) - /f'(z)g(z)dz~ >

W3 onpenenenus nepBoofGpa3HoON cnelyeT, YTO OHAa NMPUHAIIEXKUT KIacCy aHaIUTHYECKUX (YyHK-
mmit. HanomHuM uuraremo, yto cumsonoM A(G) obo3HauaeTcs kinace (BYHKUUMA, aHATUTHYECKUX B
obyactu G.

Ecnu dynxuus f onpeneneHa Ha JMHEHHO-CBA3HOM MHOXECTBe Z, To onpenesenue 1, m. 1.1, MOX-
HO ChHOPMYIMPOBATh CIEOYIOLUMM oﬁpasoM dyukuns F' € A(Z) HazpiBaercss NepB006pasHOit $YHK-
uud f Ha MHOXecTee Z, ecm Vz € Z F'(z) = f(z).
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BBIYMCINM B Ka4eCTBe IPUMEPA WHTETPAIBI

Ii(2) = /c(l -07d¢, L =/(z— e " dz.
d 0

Ilonaras B I, 1 —{ = w, nonyium: d¢ = —dw,

o w=l~2z
1 1
I _ 1 Taw = | — % — = % -
1(2) /( w)w” dw (9810 99w .
1-i
1 98 1 99 1 .98 1 .99
= —(l- - —(l- - — (1= + — (1 — =
3 (1-2) 99(1 z) 98( t) 99( 1)
_ o [ 1 1 1 98 _;¥Bm 1 9 ¥
—(I—Z) <—9—8——§—9'(1-—Z) —9—8-(\/5) € 4 +§§(\/§) e 4 =

1 1 2% 1+
98 . 49
=(1- — - (1= Z o).
-2 (98 59 ¢ z>> 49" <99)

JIs1st BRruMcneHUs uHTerpana I, npuMeHnM GopMyny MHTEIPHPOBAHUA 110 YACTAM:

B

L |2=0 . . _,1z=0 . i
z=i+/e dz=—1+4+e ”'Z_i=—1+1—e =

I =(z~-1)e

0
=—i4+1—(cosl—isinl)=1—cosl+(sinl— 1)i.

§ 2. IIpon3Boanbie ¥ HHTErpaJibl
HpioTona—JleiiOHHDA M00BIX MOPAIKOB

2.1. Oupenieiienne 71 -IPOU3BOIHOM H 72 -HATErPAIa.

Ilycts obnacts onpegenenus dyukuun f : C — C He MMeeT U30IMPOBaHHBIX Touek. Hazomem ece
1-Ou@epenyupyemotl, ecin ¥z € D; oHa nmeeT npoussonHyio f'(z). Pynxums z f'(z) HasbiBa-
etcs 1-npoussoduoii byHKUMH f ¥ oGosHauaetcs yepes fV. [10 MHAYKUMH ONpEeINM I1POH3BOLHYIO
dynkuuu f soboro nopsaxa.

!
Onpenenenne 1. Iycms n € N. Ecau dyncyus ™ Ouggepenyupyema, mo ee npoussoOnas ( f("))

Hazvigaemen 1+ 1-i npouszeodnoli gyuxyuu f u obosznauaemcs uepes Fo Y pu smom dynryus f
nasweaemcs (n+ 1)-duggpepenyupyemoi.

Tt ynpowenns sanvcy cuutaem @ = f. [IpuseseM npHUMEpHL.

ITpumep 1. [ycts f(z) = e* Vz € C. Torza

fly=e*, fP@)=e, ..., fP2)=¢ VY(z€EC nEN.
Ilpumep 2. Ilycts f(2) =sinz Vz € C. Torma
' _ . 7" 2 _ . o T M)y 7r
f(z)_cosz—51n(z+5), F7(z) = —sinz =sin z+23 s eee s J(z)=sin z+n§
VzeC neEN).

ITycts obnacth onpenenerns GyHKUUM f ecTh MMHeHHO-CBA3HOE MHOXECTBO, cojepxaiuee Goece
ozu-xoifl TOYKW M nycTh @ € D;. Haszosem ¢ynkumio f 1-uwmeepupyemod, ecnn Vz € Dy cywuectsy-

eT f f@®)dt. OroGpaxenne z f f@)dt, z € Dy, HazwiBaeTCs 1-unmezpasom @yuyuu [ ¢ numCHUM

npeae/zwu unmeepupoéanus a € D 5 . IMo vHayKuMy oflpeneniM HHTerpana TpPOM3BOJBHOTO NOpsixa
¢ynxkuuy f ¢ HIXKHUM NipenenoM ypHTerpupoBatus a@ € Dy.
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Onpenenenne 2. Ecau gynkyus f unmezpupyema, n 2 2, mo noarazaem

z t
) et ; (n=1)
f(tyde = / f(rydr | dt Vze€ Dy
PaccMoTpum npuMepsl.
(n)
ITpumep 3. BrraUcauTh / Y@€eC z€ 0.

a

[NocnenoBaTeNbHO MHTETPUPYH, OIYIUM

0 e _ a)
/ =z—a, / /(t —a)dt =

a

e : 2 3 ) n
t — - -

g= [y [ e
2 3! n!

a

(n)
[Ipumep 4. Beruncnuts /et dt,z € C.

(1) ) .
/e‘dt:eZ—l, /e dt:/(e‘—l)dt:e‘—l—-z,
0
(3) z(n) 22 Zn-l
/e dt = /(e~1—t)dt—e —1—z—2— /etdtzez—l—z—a-—---—-(n—_&.

0

Hmeem

(4)
[Tpumep 5. Beruvcauts— / sintdt, z € C.

ITocnenosarensHO I/IHTCI’pI/IpyH JeThipe pasa, MOJAyYHM

z(l) 1(2) “
/sintdt =—-cosz+ 1, /sintdt = /(—cost+ I)dt = -sinz + z,
0

0 0

e ; 2 o o 2 JE
/sintdt:: (—-sint+t)dt=cosz—l+7, /sintdt=/<cost—l+5> dt =sinz— z+3—‘—
0 0

0
2.2. ®opmyna Hporona—Jleitomua. [IpousBonnsie no npeaeiaM WATErPUPOBAHMSA.
Teopema 1 (bopmyna HprwoToHa—JleliOHUna unga n-uHrerpana). lyems f : C — C,

Dy — auneiino-cesasnoe MHoxcecmeo, codepxcaujee Gonee oonoti mouku, u n € N. Ecau cywecmeyem

F:Vz€ Dy F™(z) = f(2), a € Dy moVz € Dy cywecmeyem

rm) )k
ftydt = F(z) - ZF""( o) S

k=0

1
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<« [IpuMEHMM MeTom MaTeMaTH4ecKoM MHmyKuud. [Uig n = | yTBepxmeHHE JOKaszaHo B I 1.2.
IpexnonoxumM, 4To (opmyna (1) cnpaBesiuea nocie 3aMeHbl B Hell n Ha n — 1. Tak Kak (F')" 7D =
F™ = f. T0 10 NPeANOIOKEHNIO

z(n_l) n-2 . (Z _ (I)k
J®dt=Fz)~ Y (F V@) =
k=0

a

CornacHo ofnpeaesieHUIo 2 U3 1. 2.1, UMeeM

z(n) z e(n—l) z no? ( a)
ftydt = / f(rydr | dt = / F'(¢t) - Z Fe gy 2 ) at =
a a a a k 0
n-2 k+1 n—l k
w,  Emaft o, (@)
= F(2) - F(a) - kZF‘k Y@ o = Fe - ;ﬂ (@)
=0 =

T. €. cupasewuBa popmyna (1). »

Teopema 2. (0 NPOU3BOIHOM N-UHTErpana no npegenaM UHTerpupoBaHusa). Illycms
f:C — C, Dy — auneilno-censnoe muoxecmeso, colepxcauee Ooree o0noil mouxku. Ecau gynxuyus f
UHMezpupyema, mo cnpaseoAussi pasencmea

(n) (n—1)
( f(t)dt) = [ f(t)ydt Ya € Dy, )

a a

b(") (n 1
f@)dt =—f(z)/ Vb € Dy. (3)

z

<« PapectBo (2) oueBumHo. Jlokaxem crpasemtuBocth Gopmyisr (3). Ilyes F : C — C u
Vz € D; F™(z) = f(z). Torga, cornacxo bopmyne (1), nonysum

] ' '
(n) n-l k n—1 (n )]
- -STF® G-\ _ _pmy @ z) _ /
< f(t)dt> = (F(b) k=0F () i > = (2) ———— (n f(2)

z

(cM. pumep 3 U3 11.2.1).»
Teopema 3 (Qupuxne). Ilyems f : C — C, Dy — auneino-ces3noe Muoxcecmeo, codepxcayee
6onee 0dnoti mouku, u a € Dy, b€ D ¢ Ecau gyuxyua f unmeepupyema, mo

(") )(n 1)
f(t)dt—/f(t) dt. €Y

<« CornacHo dopmyne (1) u TEOPEME 2, HMeEeM

b b z=b
/ ¢ ®-g dt = (n)t dt =
J( )W =|-/] f@® =

b(n)
)y dt. »

z z=a a
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2.3. ®opmyna Teitaopa.

ITycTpb BBINOSTHEHBI BCE YCIOBUs TeopeMsl 1, 11, 2.2. Toraa u3 dopmyns! (1) Toro xe nyHKTa CIenyeT
PaBEHCTBO

n-i (z — a)k z(n)
Fz)=> F*%@) et / F™(tydt Y(a € Dy, z € D), ()

a
KoTopoe HasbiBaetcs gopmyrod Tednopa dns dynkuyuu F ¢ ocmamounsim usenom, 3anucannsim nocpeo-
cmeom n-unmezpansa. Pynkuus
n—i " (Z _ a) k
z— Z Fa) ——
k!
k=0
HAa3bIBaeTCa mHozouaeHoMm Teliropa.
YactHele cayuad dopmysbl (1) BCTpeyaioTcsi B 3JIeMEHTapHOU dusuke.
Ilycts MaTepHalibHas TOYKA IOBUXETCS NPAMOJIMHENHO MO ocu Oy C MNOCTOSHHON CKOPOCTBIO
= F'(a). Eciu u3BeCTHO e HayalpHoe nonoxenue F(a), To nomoxenue F(xr) B MOMEHT BpeMe-
HU T MOXHO HaUTH no ¢opmyne
! (:t - a)
F(z) = F(a) + v(z — a) = F(a) + F (a) T
ABISIOLIEHCA YaCTHBIM CydaeM paBeHcTBa (1) npu n = 2, a Takxe npu n = 1. Ilycte cHOBa MaTepH-
aJIbHAs TOYKA OBUXKETCS NPAMONUHENHO 10 ocu Oy ¢ U3MEHSAIOLIENCA CKOPOCThIO, HO ¢ NIOCTOSTHHBIM
yckopenuem F''(a), T.e. paBHOYCKODEHHO WM PaBHO3aMeICHHO. ECnM M3BECTHEI €¢ HaJalbHOE MOo-
noxenne F(a) ¥ nadanpHag ckopocTh vy = F'(a), To NojloxeHue Toyku F(r) B MOMEHT BPEMEHM T
MOXHO ONpeneInTh no dopmyne
2 2
F(@) = F(a) + w(@ — )+ F'(0) S= _ )+ F(a) & )+F”( )(——L),
2
ABIAIOIECA JaCTHBIM ciydaeM paBeHCTBa (1) npu n = 3, a TaKke npn n =2 TaKnM obpazoM,
paBeHCTBO (1) ABNSETCS JAJBHEHIUUM ODOBIIEHHEM ITHX BaXHBIX GopMyn aneMeHTapHON HU3UKH.

H3 dopmynsl (1) cnenyet, uto dyHkuus F aBASE€TCI MHOTOWICHOM TOTAA M TOJBKO TOrHA, KOrma
ee n-NPOU3BOIHAS BCIOAY PABHA HYMO NpU HeKotopoM 3Hadenuu n € N. Qopmyna 6uHoma HeotoHa
ABJIAETCS YACTHBIM cltydaeM cdopmyinl Teitnopa.

IIpumenUB X n-uHTerpany dopmyny dupuxie (cM. 0. 2.2), nonydum gopmyay Teiiaopa ¢ ocmamou-
HbIM Y1EHOM 8 UHMezpanvrol gopme:

z

n—1i

—a) H!
F(z)= Z F<’=)(a) (j_ﬁ“_)_ /F(n>(t) ——)l)'— dt. (2)
k=0

a

§ 3. Ilponssonnas ®epma—Jlarpanxka.
®opmyaa Teilmopa—Ileano

3.1. IIponssonnas Pepma—Jlarpamxka.

ITpousBonnasi, onpejesicHHas B . 4.1, . 2, JoryckaeT cienywiee 06061meHne Mo HHIYKLMH.

Onpenenenne. [Iycms f : C — C, 20 € Dy, n € N. @Pyuxyua f nasweaemea n-duggpe-
penyupyemoii 6 cmoicae Pepma—JTaepanna ¢ mouke zy, ecau cywecmeyem makas (n — 1)-
ouppepenyupyemasn 6 cmoicne Pepma—Jlazpansica 6 mouxe 2y Qynkyus @, 4moVz € Dy

J(2) = f(20) = (z — z0)p(2)-
Ecnu dononanumensho zo seasemcs npedenbnold moukot muoxcecmea Dy, mo wucao mp("'”(zo) Hazvieaemcs

n-npouseodnoi Pepma—Jdazpannca dynkyuu f 6 mouke 2z, u oboznauaemcs f(")(zo).
Kak u npexne, cuutaeM ¢pynkumio f 0-nucbdepeHun opyemoﬁ B cmbiciie Pepma—Jlarpanxa B TO4-
K€ 2zo, €C/IM OHa HenpepbiBHA B 3Tl Touke. [Ipu sToMm f )(z0) = f(z0).
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IIpavmep 1. [Iyctb n € Nu f,, : R — R e

1
@) = x"sinx—m-, ecrm z € R\ {0},

0, eciu x=0.

Hoxkasathk, uto ¢dyukuus f, (n — 1)-nnddepeHunpyema B cmpicne Pepma—Ilarpanxka B Touke z = 0
vm € N.
Bocrionb3yeMcsi METOIOM MAaTeMaTudeckol MHAyKUnn. Ecom n =1, to

1
lim f(z) = lim zsin — = 0 = f,(0),
z—0 z—0 ™

T.e. dynkunsa f; 0-muddepenuupyema B cmbicne Pepma—Ilarpanxa 8 Touke z = 0 Vm € N. [lo-
nyctuM, 4to ¢dyukuus f,(n — 1)-nuddepeHinpyeMa B cmbicne Pepma—Ilarpanxka B Touxke = = 0
vm € N. ComtacHO NnpeanooXeHuI0, NMeeM

Fasi(®) = for1(0) =2f,(x) Vz €R

Mo onpezenenuio dyukuus f,., n-nmuddepenuupyema B cmpicne Pepma—Jlarpanxa B Touke z = 0
vm € N.

IIpumep 2. Ykazats B npumepe 1 3nadenune m € N, npu xotopom dyHkuus f, He uMeeT 2-npous-
BOIHOU B Touke z = 0 B KJIACCUYECKOM CMEICJIE.

Ecmm z # 0, T0

fh(x) = nz" 'sin xim —mz" ™ ! cos e

Ionaras m = n — 1, nosiydaem, yto GYyHKIMS f, PA3pbIBHA B Touke T = 0, BCTEACTBHE Yero f, He
n-muddepeHnnpyeMa B KITACCUIECKOM CMBICIIE B 3TO! TOUKE NMPH 1 2> 2.

W3 npuMepoB | u 2 uguM, 410 Vn > 2 CyluecTBYIOT dyHKUMH, n-nuddepeHuUpyeMble B CMBICTE
Depma—IlarpaHxka B GUKCUPOBAHHOMN TOYKE W HE UMEIOLIHE B HEW BTOPOM KJIACCHYECKON NMpPOW3BON-
HOH.

3.2. Teopema Teitnopa—Ileano u ee odpameHne.

Moustust n-guddepeHuupyemoctyd u n-npousbonHoi Gepma—Jlarpanxa MCNONb3YIOTCH IPH U3Y-
YEHUHU JIOKATBHBIX CBOICTB dyHKuMit. OueBUIHO, 4TO ecnut dynkuus f n-nuddepeHumpyema B cMbICiIe
(Pepma—Jlarpanxa B Touke zg € Dy, aBndioluedics npenesbHON s MHOXecTBa Dy, To Vm = 0, n
CYLLECTBYIOT m-npousBoaHbie Pepma—IlarpaHxa _f("‘)(zo).

Teopema 1 (bopmyna Teiinopa—Ileano). Iyems f : C — C, z, — npedeavnas mouxa
muoxncecmsa D; u zo € Dy, Ecau gyniuus f n-dudgepenyupyema e cmvicne Pepma—Jlaepaniica ¢
mouke zy, mo chpasedausa popmysa Tetinopa— [leano

k
f<z>=§:f<’“’< 0 ETE e e -z vz e Dy, ()

k=0

20e €, — Henpepbienas ¢ mouke zo QyHKRUA U €,(29) = 0.

« ITpumenum Meton MaremaTudeckKoil WHAYKUMU. Ecnu n = 0, To yrBepXaeHHEe OYSBUIHO NpPH
€0(2) = f(2)— f(z¢). Ipeanonoxum, 4To yrBepXICHHUE TEOPEMBI CIIPABEUTMBO [10CJIE 3aMEHBI 7 Ha n— 1
v 4yto byrxumst f n-auddepenuupyema B cmpicie Pepma—Jlarpanxka B TOUKe zg. CornacHo onpene-
JICHUIO, CYLUECTBYeT Takasa n — 1-auddepeHunpyemasi B cmbicie ®epma—JlarpaHxka B TOUKe Zg HYyHK-
s @, yto Vz € Dy

12) = f(z0) = (2 — 20)p(2). )

ITo npenmnonoxeHuio

il (z — zo)*
o) =D o™ (@) T F i@ — 20" ©)



158 I'n. 4. nTerpuposanne B KOMILIEKCHOM MJIOCKOCTH.

THE €,_; — HENpPEPHIBHAS B TOUKE 2o DYHKUMA U €, (Z) = 0. M3 paBeHcTB (2) 1 (3) nonydaeM
(k) (z - )’c _
f(2) = f(20) + (2 — z0) E P20 "t en (D) — )" ] =
k=0

— FE(e) (2 = zg)Ft!
k+1 k!

= f(Zo) + + 6'n.—l(z)(z - zo)ny

YTO paBHOCWJIbHO (opmysne (1) npu €, = €,_,. P

Cnenylouiee YTBepXACHUE SIBIAETCS ODpallicHUEM TeopeMbl | U OOBSCHAET BAXXKHOCTh NOHATAS 71 -
npoussonHoit Pepma—IJlarpanxa.

Teopema 2 (06 obpaumenun popmynn Teltnopa—Ileano). MMyemy f: C — C, 2z —
npedeavias mouka muoxcecmea Dy u zq € Df. Ecau

N, -2 n
f&) =) o e(a)z — 20)" VzEDy, )

k=0

edea, €CVk=0,n n, €(29) =0 u € — Henpepuignan 6 mouxe zo zj)ymcuuﬂ mo gyuiyua f n-ouppepen-
yupyema & cmovicre Depma— Mazpanxca ¢ mouxe zy u ax = f*(20) Yk =0, n.

« [pumenuM Mmeton MaremaTtuyeckoil uHmyKuud. Ecmu n = 0, To paBeHCTBO (4) MMeeT BHI
f(z2) =ay+¢€(z) Vz € D; nunosromy bynkuus f HenpephiBHA B TOUKE Zg (T. e. 0-mudbepeHuMpyeMa
B cmeiciie Pepma—JIarpaHka B 3TOM TOUKE) U f(o)(zo) = f(z0) = ay. IlycTp TEOpEMA CIIpaBeUTMBA NIPU
3aMeHe 7 Ha n — 1 ¥ BBINIONHAETCA paBeHCTBO (4). Tak KakK f(zy) = aq, TO

f(z)—f(zo)=(2~zo)<za Sz——-fz——~+s(z)(2—zo) )

k=1
ITonaraem
(2) Z o) MR
z) = — ———— t e(2)(z — .
4 Ca k- 1) 2T
B cuny TpeNonoXeHns, ¢y dynxuusa ¢ (n — 1)-muddepenumpyema no Pepma—JIarpanxy B TouKe zo U
%k = p*V(z) Vk =1, n. Ilo onpenenenmo dyrkuus f n-mddepenumpyema B cmbice Pepma—
J'IarpaH)Ka B TOUKE Zzg M f(k)(zo) =kp* V) =a, Vk=1,n.»
JlokasaHHasi TeOpeMa MOXET NPUMEHSThCA UIA BLIYMCNIEHMs NpousBomHsix Pepma—Jlarpanxa.
[IpuBenem npumep.
ITycts R 4 R, roe

f(:c):{ e"?lf, ecm z € R\ {0},

, ecm z=0.

Boraucuts f(0) Vn €N,

Haitnem
1
e =2 "
lim = lim — =0
z—0 &T t—+oo €

(npumeHsieM n pa3 npaswio Jlonurans). [Tonaraem

e =?
En(@) =< " g oM z € R\ {0},

0, ecn T =0.

@yukums €, HenpephiBHa B Touke £ = 0 Vn € N. Tak xak f(z) = zz"en(x), TO, COIJIACHO
teopeme 2, f*(0) =0 Vk =T, 2n. B cuny npoussonsroctd n f*(0) =0 Vk € N,
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§ 4. KpuBomHeliHbIe HHTEIPAJIbI

4.1. Unrerpuporanue GyHKImii 10 OpUEeHTHPOBAHHON 12 KON KPHBOI.

HenpepoieHast dynxumsi f : € — C moxer He GbiTh uHTerpupyemoit nmo Heworony—JleiiGuuny
HA JIMHEHHO-CBA3HOM OTKpBITOM MHOXecTBe. [103TOMy BO3HMKAET IOTPEOHOCTH B HOBOM IMOHITHH —
KPUBOJIMHEHOM MHTerpasie. B § 3, rn. 2, onpenesieHbl NOHATHA NPOCTOM ITIAIKONW KPHUBOU WJIM Tpa-
eKTOPUM U SKBUBAJIEHTHBIX TTapaMETPUYECKUX NpEeICTaBICHUI KpUBOil (CM. onpeneseHue 2), NOHATHE
OPHEHTALMH U OPUEHTUPOBaHHOH rtankol xpusol I' = (7, v,,) (cM. onpenenenue 3), a TAKKe OHATUE
KycoyHo-rnagkoit kpusoit U = (T'y, T, ..., T',)) (cM. onpenesnenue 6).

Onpepenenne 1. [Tyems I' = (7, vop) — 21a0KaR OpUeRmMUposannan Kkpueas, ¢ € Yo, — napamempu-
ueckoe npedcmasnenue kpueoti v u D, = [a,b]. Ecou f : C — C u Dy Dy, mo Kpueosuneldnvim
unmeepanrom pynikyuu f no U nazweaemcs uucao

b
/f(z)dz:/f(<p(t))<p'(t)dt, 8))
I a

ecau OHO cywecmeyem.
M3 npaBuna 3aMeHBI NEPEMEHHOMN B HHTErpaJie CAeXyeT He3aBUCMMOCTD TIPAaBoii Yactu Gopmyitsl (1)
OT BBIOOPA NApaMETPUYECKOrO NPEACTABICHHUS ¢ € Yop-
Mpui 6ynemM paccMaTprUBaTh KPHBONMHENHBIE MHTETPAJIBI JIMLUB 10 XXOPAAHOBBIM [JIAIKHUM U KYCOUHO-
[JTAAKHUM KPUBBIM, He OroBapuBas 3TOrO B KaXIOM CJlyyae.
Dopmyity (1) MOXHO 3aITUcaTh TAKXKe B BHIE
b

/f(Z)dz = /Re(f(sa(t))sa' Endt+1 / Im(f(p®))¢' (t)) dt. )

r a a

ITockonbKy KpuBOIMHEWHBINH uHTerpan (1) cBoguTcsi K MHTerpany PumaHa, To OH obJiagaeT CBOM-
CTBaMH AuHednocmuy N addumuenocmu:

1)
VieeC e /(af+ﬂg)(z)dz = a/f(z)dz +ﬂ/g(z)dz, 3
r r r

Necm I'= T, I', ..., ') — KycouHo-IIanKas Kpusas, TO
/ f@ydz=y / f()dz. @
T k=1 Fp

Ecmi '™ = (7, Yop) — NpPOTUBONOJIOXHO OPHEHTHPOBAHHASA KPUBAs O OTHOIIEHHIO K [ = (7, 7Yqp),

TO BBIMNOJIHAETCS PABEHCTBO
/f(z)dz = —/f(z)dz, (5)
r- r

T. €. [IPY U3MEHCHUU OPHUEHTALMM KPUBOIA HA NMPOTUBOIOJOXHYIO WHTErPal U3MEHSIET 3HAK.
Wnrerpan B onpefelieHMU | Ha3BIBAIOT KPUGOAUHEIHbIM UHMEZPAROM 6MOPO20 poda, OTINYAsL €TI0 OT
CNIEAYIOLETO KPUBOIMHEHHOIO MHTErpaja IIepBoro pona.

Onpenenenne 2. [Tycme ¥ — npocmasn enadxas kpueas, Pyrkyua [a, b] %7 — ee napamempueckoe

npedcmaenenue. Ecau f 1 C — C uy C Dy, mo kpueonunelinsim unmezpalom nepeoeo poda
om gyukyuu f no Kkpueoli Yy nazweaemca 4ucao

b
/ f(2)ldz| = / Flpe@)le' @®)] dt, )

ecau OHO cywecmeyem.
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W3 TeopeMBI 0 3aMEHE TIEPEMEHHON B ONpPEIESICHHOM UHTErpajie CJIelyeT, YTO npapas yacTb Gop-
MYJIbI (6) HE 3aBUCHT OT NApaMETPHYECKOTO MpeICcTaBieHus KpuBoH y. Ecmu I = (v, 7,,) — opueHTH-
pOBaHHast IMajKasg KpUBasi, TO 10 ONpPEACIICHHIO [0JIaraeM

/f(Z)leI=/f(Z)leI~ Y
r ~

Hs OLECHKH MOIYJIS ONPENEICHHOrO UHTErpaja CJIenyeT BaXHOe Ul JAJIbHEHILIEro U3JIOXEHUSA HE-

paBeHCTBO
/ fdz| < / ) laz), ®
I r

CripaBeIuBoe s 0G0l HelpepbiBHON dyhkuuu f.
PaccMOTpUM HECKOJNIBKO NPUMEPOB Ha BBIYUCAEHHE KPHUBOMHMHEWNHBIX MHTETPAIOB.
ITpumep 1. Iycts f = 1. Toraa, cornacho dopmyne (1), nMmeeM
b

/ f(z)ydz = / ¢'(®) dt = p(b) ~ p(a).
r

a

ITpamep 2. Iycts f(z) = z. [Ipumenus dopmyny (1), noryuum

b b
1 b :
/f(z)dz=/zdz=/sa<t>sa’(t>dt:5/ Pty = £ “’” A
r r a a

Ipumeps! 1 ¥ 2 MOKA3BIBAIOT, YTO 06a MHTErPaJia He 3aBUCAT OT BLIGOPA IITANKOW OpHEH THPOBAHHOM
kpuBoii ', a 3aBUCAT JIMILB OT €€ KOHUOB ¢(a) u ¢(b).

Ecim T — 3aMKHYTass OpMEHTHPOBAHHAS KPHBasi, TO GyIeM Ha3bIBATb €€ KOHMypom VNV nemaed,
a Iuig o0o3HaYeHUsS KPUBOJIMHEWHOro uHrterpaga no kourypy ' oT dyHkuuu f GydeM MOIb30BATHCS

3an¥IChIO
f f(z)dz.
1‘

B CUNYy 3aMeYaHHUsa O 3aBHCUMOCTU MHTErPAJa JIMIUB OT KOHLOB KPUBOY, NOJIYIUM:

fdz:fzdz:O. 9
h T r

Jlerko Takxe yOEeIUTHCS B CIIPAaBeUIMBOCTA PABEHCTBA

/z" dz=— : (¢™'®) — ™ (@) .

4
ITpumep 3. Toka3zath, 4TO

ry Iy
rae 'y u I'; — cOOTBETCTBEHHO BEPXHSIsi U HUXHSIS MOMYOKPYXKHOCTH paguyca 1 ¢ LeHTpoM B Havaie
xoopauHar. HavanpHast Touka Kpuebix z = 1.
BeiGop HayanpHOM TOYKM KpHMBOH onpegensdeT € opueHTtauuio. I[lapamerpuyeckue npeicrasie-
HUA opueﬂmpoaa}mbxx KPHUBBIX UMEIOT COOTBETCTBEHHO BUI () == e't 0t TuyY) = e,
£t <0, 90) = ¥(0) = 1. CortacHo onpeIeeHNI0, UMEEM

d d
/ z /—dt—nr, / z /—t-dt-—-ur
e\
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TIpamep 4. BEIYUCIHTD f Zdz, rme I' — npou3BoiibHast 3aMKHYTAasl TIOJIOKHTENIBHO OPUEHTUPOBAH -

Has XOpIaHOBa KpHBast.
IMockonsky Z =z — iy, dz =dx +1idy, Zdz = zdz + ydy + i(—y dz + z dy), 10

/Zdz:/:cd:c+ydy+i/—yd:c+:cdy:i-2// dzdy =1-2|D|
r r r D

(8 cury dopmynel Ipuna), rae | D] — mwomans Gurypsl, orpaHudeHHoM KpuBoif [,
ITpumep 5. BolMUCIUTL MHTErpal ‘4/—’;, I'=(y,Yop)s e Yy ={2 € C:|z| =1, Imz > 0}, xoraa
r

a) Vi= 1; 6) V1 =i u HavaIbHAs TOUKA xkpupot ' z =1,

a) ITapameTpuyeckoe NpeacTaBACHUE KPUBOW ¥ — DyHkuMs (t) = e, 0 <t € 7. Cornacuo
cdopmyne (1) nonydum:

dz iettdt [ n 4/ i 4( V2 V2
== — =1 e4dt:—(e4—l)=— -——-1l4+1—);
7z o 3 3 2 2

0 0

6) (Dym(uuz () = e 0 <t £ 7, ARNAETCA NapaMeTPUYECKUM MPENCTABTEHHEM KPUBOH .

[TosToMy
dz 1ol g 2% 4 (V2 i V2 i
—_— = _— = e = - _ — .
7z LG+ D) 302 TP\ 2
0 0

W3 cBOMCTBA AIMUTUBHOCTA KPHBOJIMHEMHOIO HHTErpalia CJIeNyeT, YTO MHTErpall [10 KOHTYPY

ff(z)dz
r

HC 3aBUCHUT OT Bbl60pa HAYaJIbHOY TOYKH UHTErpMpOBaHHS.

4.2. TomoTonusa AByX KpuBbIX (myTeif).
ITyctb [a, b] —:;:» Y., la, b] % 4| — NapaMeTpUYECKUE MpPEICTABJICHUS IPOCThIX HENPEPBIBHBIX

KPUBBIX Yy U ¥, G C C — OTKphITOE MHOXECTBO, G D ¥y, G D 7.

Onpenenenne 1. lomomonuei (uru dedpopmayueil) kpueoii Yo 6 Kpugyro vy, Ha3biéaemcs ne-
npepuigroe omodpaxcenue [a, b] X [a, G] AN C, ede [a, 8] C R — makod ompesox, vmo YVt € [a, b]
P, @) = polt) 1 o, B) = pi(t).

M3 onpenenenus cienyert, uyto V¢ € [a, 3] otobpaxenue ¢ — o(t, £) eCTh MapaMeTPHIECKOE Mpex-
CTaBJICHUE HETIPpePBIBHOM KpUBOU B G,

OOBIYHO B ONpeCJICHUN TOMOTOIIMHM BMECTO NIPAMOYToJibHUKa [a, b] X [a, 3] paccmaTpuBalOT KBa-
apar K = [0 1] x [0, 1]. E)Toro BCETNAa MOXHO JOOUTBHCA C NOMOUIBIO 3aMEHBI NEpeMeHHBbIX. B 11am>-

HeHLeM canaeM uro Dy, = [0, 1], [e, B8] = [0, 1] u paccmaTpuBaem romotomnuio K “ ¢,
npudem Vt € [0, 1].
o, 0= polt), lt, 1) =p,(t). o)
IlycTe KpuBBIE ¥y U -y, MMEIOT OXHO U TO Xe Hadaio y(0) = ¢(0) M OOMH U TOT Xe KOHeu
wo(1) = ;(1). B aTOM CiIydae oToGpaxkeHHe ( Ha3BIBAETCS 2oMomonuell ¢ QUKCUPOBAHHBIMU HAYAAOM U
KOHYOM, €CJT BBHINOJHeHB! cooTHoeHUs (1) u eciu V¢ € [0, 1]

#(0, &) = va(0), (1, &) = po(1). ' 2
Hnaye rosops, mbi TpeGyeM, 4rO6LT V¢ € [0, 1] xpuBas 7, UMena TO Xe HAYaIo, YTO U Yo € V), U
TOT X€ KOHEL, YTO U 7Y € 7).
Ecin Yo M 91 — 3aMKHYyTBIE KpHBBIE, TO TOBOPAT O 20MOMORUY 3AMKHYMOU KPUGOU Yy 8 3aMKHYMYI0
Kpugyro 1.
M1 6yaeM, KaK npasuio, paccMaTpuBath [JafKUe WM KyCOYHO-TJIAAKME NTH ¥ MX INIAfKNE WM
KyCOYHO-TIAIKHE FOMOTONMHHU.
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Onpenenenne 2. Odnacms D C C nazvigaemcs 0O0HOCBAZHO U, ecau 1100as 3aMKHymas Kpueas 6 neil
2OMOMONHA MoH4Ke, M. e. ROCMOSHHOMY nymu.
ChnenoBaresibHO, B OOHOCBA3HOM 00J1acTH JIOGYI0 3aMKHYTYIO KPUBYIO MOXHO CTAHYTb B TOUKY.

§ 5. Teopema u unrerpan Kommn

5.1. CymecTBoBaHHE JIOKIBHONH NepeooOpa3Hoil aHaTMTHIECKOH DyHKIMA.

ITycts dynkums f : C — C onpenenena B o6nacti G. Cornacho onpenenenmio 1, . 1.1, dynxk-
nust F € A(G) HasbiBaeTcs nepBoobpasHoit dynkuun f B obnactu G, eciu Vz € G F'(z2) = f(2).
C noHsTHEM NepBoOBpa3HOi CBA3aHO ONpenesieHUe UHTerpala Herotona—JleiGunna,

BrisicHuM, npy Kakux ycyoBusix ¢byHkuus f, onpenenenHas B obnactu G C C, umeeT nepBoobpas-
Hyio. Ilpu paccCMOTpEHUH 3aMKHYTHIX OOJIACTEH MX IPAHMIIAM NPUNMCHIBAIOT OMNpENeNIeHHYIO OPHEHTA-
uuio. ByneM roBoputh, 4to panuya 8G obracmu G 08xo0UMCA 6 NOAOHCUMEALHOM HANPABACHUU, €CITU
npd ee 00Xofe BHYTpEHHHE TOUKH z € G ocTaioTcs crieBa. IIpoTHBONONIOXHOE HAIIPaBiEHHE 06X0-
Ia Ha3bIBACTCsi OTPHMUATENIbHBIM. [IycTh, Harpumep, G — 3aMKHYTHI TPEYTOJBHMK C BePLIMHAMH B
TOYKaxX a, Z, z + Az Ha mnockocti C, ¢, — napameTpuyeckoe npeiacTaBieHue OTpesKa [a, z], 2 —
11apaMETPUYECKOE TIDEICTABJIEHUE OTpe3Ka [z + Az, z], @3 — napaMeTpHyecKoe IpeiCTaBICHUE OT-
peska [a, z + Az] ¢ coorBeTCTBYIOILIMMM obacTamu onpenenenus. OGosuauum depes Iy, Ty, T3 ux
NOJIOXUTEJIbHBIE OPUEHTALIMH, COOTBETCTBYIOLIME BO3PACTAHMIO NnapameTpa (puc. 69, a)). Ionoxuren-
HO OPHEHTUPOBAHHOH rpaHHnel TpeyronbHuka G Ha30BeM YIOPSIOYEHHBIM HAGOD

0G = (1, T7,I7)

a) a2 9) N ©)
r -
r3 ’ o N

(puc. 69, 6)).

3
z / _— V4
[24 rl [24 rl
o) ! — - 0 .
Puc. 69

Teopema 1 (ZocTaTOYyHBIE YyCIOBHUS CYL[ECTBOBaHHUA MepBoOOpa3sHoil B xpyre).
Ilyemo hyncyus f nenpepvigna 6 kpyee K = {z € C:|z —a| < r} u unmezpan om nee no opuenmu-
poeannoil spanuye A1w0boeo mpeyeonviuxa G € K paesen nyaro, m. e,

/f(z)dz =40. )
FYed

F(z)=/f(C)dC, &)
1o, 21

20e uHMe2pUPOBanUE NPOOOUMCA NO NPAMOAUHELHOMY ompesKy [a, z] C K, aeasemea nepeoobpasnoil pymx-
yuu f e kpyee K, m.e. F — aunanumuuecxas gyuxyus 6 K u F'(z) = f(z) VzEK.

« Mycts G — TPEYTOJABHUK C BEPLUIMHAMH B TOUKAX @, 7, z + Az, rme z € K — mobag Touka
U (z+Az) € K. Torga G € K (puc. 69, a)). OpHeHTHPYeM I'DAHULY TPEYTONbHUKA B TIOIOXUTEIBHOM

Toeda gyuxyun
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HanpaBleHuH (pHc. 69, 6)), cOOTBETCTBYIOLIeM HANIPABJIEHUIO ABHXEHUS [TPOTHB X0/ YaCOBOU CTPEJIKH.
CorlacHO YCIOBUIO TEOPEMBI M CBOMCTBY AIIUTMBHOCTH MHTErpajla, UMeeM

/f(()dc=/f(C)dC+/f(C)dC+/f(C)dC=F(Z)—F(Z+AZ)+/f(C)dC=0,
G r ry - rs

2 I‘J

OTKyZa
F(z+ Az)— F(2) = /f(() dc.
o

PaccMmoTpuM BeIpaxeHue 2
F(z + Az)— F(z) 1
——— —f@= g / Q) ~ FN L.

T,

HocxoneKy dynxuua f HenpepbiBHas, 0 Ve > 0 36 > 0: |f(() — f(2)] < ¢, ecm |[Az} < d m
¢ € [z, z + Az). [IpuHuMas BO BHUMAaHUE HEPABEeHCTBO (6), n.4.1, nomyyaeM oLeHKY
F(z + Az) — F(z)
Az
OTKyza clenyer, uto F'(z) = f(z). »
Teopema 2. Ecau f € A(D), mo unmezpan om f no opuenmuposannoi epanuye 8G awbozo mpe-
yeonsnuka G € D pasen uyaro.
« IIpumeHUM MeTox JOKA3aTeNIbCTBA OT NPOTUBHOTO. JIOMyCTHM, YTO TeopeMa HeBepHa. Torma

1
< —— -glAz| =g,

- 1@ < 155

—k
CYILIECTBYET TaKOH TpeyronsHuk G € D, 4to

/f(z)dz =M, M>0. 3)
e

. A
PazoObeM TpeyrosibHuk G CpeqHHMH NMHUAMM HA YEThpe Tpe- V
YTOJIbHUKA U OpUEHTUpYeM rpaHuuy dG™ W rpaHMibl COCTABHBIX Tpe-

YTOJIbHUKOB TaK, YTO6BI MX OGXOI COBEPLUAJICS B TIONIOXKUTEILHOM Harpa-
BieHuu (cM. puc.70). Ilyets 8G; (j = 1, 2, 3, 4) — NONOXUTEIbHO
OpPHEHTUPOBAHHBIE TPAHUIIBI COCTABHBIX TPEYTOILHUKOB. Torza, oueBus-

HO, BBIMOJIHSIETCSI PABEHCTBO O
4
E / f(z)dz = /f(z)dZ,
=1 . Puc. 70
=lag; aG <

TAaK KaK MHTErpajsl BIOJIb CPEAHUX JIMHUI GEepyTCst JBAXIBI B IIPOTUBOIOIOXHBIX HAIPABJICHUSX U NPH
CJIOXCHHWH B3aMMHO YHHYTOXAIOTCS. _
B cuny nepaBeHcTBa (3) Cpely COCTABHBIX TPEYTONBHUKOB G; CYIIECTBYET 110 MEHBLIEH Mepe OJUH

—_—
(o6o3HauuM ero () Takoif, 4To
M
f2)dz| > =
4
8G;
TpeyroisHUK G} onaATh pa3oGbeM CpeNHHMM JMHUSMH Ha YeThipe TPEyroibHHUKa. Toraa, B CHIIY NpH-

——
Be[ICHHBIX Bbillle PACCYXICHHUM, Cpely HUX HANUIETCH MO MeHblilell Mepe OMH TAKOM TPEYTOJIbHHUK G,
41O

/ @ > 2.

aG;3
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IIpomomxast 3TOT npouece pa3GieHNs Ha COCTABHBIE TPEYTOMBHUKH, NOIYYUM TIOCIEA0BATEIBHOCTD
—k
BJIOX€EHHBIX JPYT B IPYra TPeYroJbHUKOB (G,,), IV KOTOPBIX BBIMOJHSIIOTCS HEPABEHCTBA

M
/ f@dz| > o ()

aaGy,

Corntaco Teopeme Kantopa (cMm. §4, 1. 1) cymiecTByeT TOUKA Zo, NPUHALIEXAIAS BCEM TPEYTOJIb-
i
HukaM. [Tockonmbky 2y € G, 10 25 € D. Tak Kak byukuusa f aHaauTudeckas, To Vz € D BbIIOJHACTCS
PaBEHCTBO

F(2) = f(z) + f(20)(z = 20) + a(2)(z ~ 2), (5)
e a—00pu z — 2y, T.e. Ve >0 38(e)>0: |z -2 < § = |a(2)| <e.

Ilycts K5 = {z € C . |z — zy| < 8}. IIpu pocraTouno 6onpunx n € N G, € K;. IMpunumas Bo
BHUMaHHE NPUMeEpPBI 1 ¥ 2 U3 n. 4.1, nomydum:

/ f(z)dz = / f(zo}dz + / I (z)(z — z) dz + / a(2)(z — z)dz = / a(z)(z — z0) dz,

Gy, G, G, 9G?, G,

OTKyIa CIICOYET OLICHKa

/ f(z)dz| < €ldGL,

e
rxe |8Gr,| — nepuMeTp TPeyroJibHUKA —C?:, TK. |z — zo] < |8Gr|. CornacHo NOCTPOEHUIO UMEEM
. _ 19GT]
G4 = S,
CJIEIOBATEIIBHO, BBITIOJIHACTCST OLEHKA
[0G*|*
f(z)dz| <e YT (6)
oG,

Conocrasiisist HepaBeHCTBa (4) u (6), NoJydaeM OLEEHKY

M e [8G™|?
4n 4n ’

OTKyZa ciieflyeT HepaBeHcTBO M < £|dG*|2. B ity npousBoibHOTO BhIGopa € > 0 M = 0. Iosyuniu
MPOTUBOPEYME, UCTOYHUK KOTOPOTo B MPEITIONOXEHHH, YTO

/f(z) dz #0.»
ac

U3 Teopem 1 U 2 nosydaem clieICTBHe, KOTOpoe CHOPMYIMPYEM KaK TeOpeMy.
Teopema 3. Ecau f € A(D), mo ¢ awbom kpyee K, = {z € C : |z — zy| < r} C D ona umeem
nepeoo6pasnyo

F(z) = / J(Qdg,

Lz, 2]

20e unmeepan 6epemca no npaAmMoauHeiiHomy ompesky [z, z] C K,.
Tenepb NoKaxeM, KaK U3 JIOKAJIbLHBIX NEpBOOOPA3HBIX aHUTMTHYECKOH GYHKUMH MOXHO CKJIEUTh
NepBooGpasHyIo, AeHCTBYIOLIYIO BAOJb 3alAHHOM KpUBOI (ITyTH).
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5.2. IlepooGpazHas BOOJb KPHBO# (BIOJH TYTH).

Iycts dynkuusi f onpenenena B obmacth D C C, v C D — npocrast HENpepbIBHAs KpUBas,
@ ~—- ee napaMeTpMyecKoe npeacrablenne, D, = [a, b] = I. Torma f onpeneneHa B Kaxmo# TOuxe
z=gt)Ev,tel

Onpenenenne. Pynxyus I%c nasvieaemes nepeoobpasznoli dyukyuu f e6doav Kpueoi
(nymuy) 7y, ecau biNOAHAIOMCA CAeOyrOuUe YCAOBUA:

1) & nenpepwvienaa na ceemenme I

2) das kaxcdod mouku to € I cywecmeyem okpecmuocmy O, mouku zy = @(ty), 6 Komopod @ynkyua f
umeem nepeoobpasnyro F, npuuem F(p(t)) = () Vi € O, C I, 20e Oy, — nexomopasa okpecmnocms
mouku ty 6 monosoeuu I.

Hpumeuanue 1. Ecau f umeer nepBooOpasnylo F Bo Beeit obnactu D, 1o ¢ynkuus t — F(p(t)) Gyaer,
OYEBHAHO, nepBoobpasHod ¢yHKuMM f Brodb KPUBOM . Boobiue roBops, B onpeielcHMH nepBoobpasHoi
BAOJIL KPUBOM He TpebyeTcs cyiiecTBOBaHuE nepBoobpa3Hoii BO Bee 061acti D | a M B OKPECTHOCTH KAXA0H
TOUKH 2o = ¢(fg) € 7.

Hpamesanne 2. Ecin ¢(t)) = ¢(t), t| # t2, To nepBoobpastsie GYHKUMU f, 0OaHA U3 KOTOPbIX COOTBETCTBYET
OKpecTHOCTH Oy, , Apyras — okpectHOcTH Oy, , MOTYT He COBNagath. B nepBOOGpasHble OHOH U Tok Xe
GyHKIMK f B OKpECTHOCTH OAHOM U TOH Xe TOUKH @ () = ¢(f2) MOIYT OTIHMYATLCS JAMLUIb HA TIOCTOSHHOE Ca-
raeMoe. 710 ABIAETCA CBUAETENbCTBOM TOTO, YT NepBOOOpasHas BAOAb NyTH, SBsiich GyHKUMeH napamerpa ¢,
MOXeT He ObiTb QyHKuMEH TOYKHU 2.

Teopema 1. [na nwboii pynikyuu f € A(D) u awboii nenpepwienoi kpusoii v C D nepeoobpaznas
@ynxyuu f cywecmeyem u onpedesena ¢ mouHOCHbIO 00 ROCMOAHHO20 CAG2AEMOZ0.

<« IIycTe ¢ — napamMeTpuyecKoe npelcTaBieHue Kpusol v, D, = [a, b] = I. Pa3oGbem oTpe-
30Kk I na n otpesxoB I, = [ty, t},] TaK, YTOObI IBA COCENHMX OTPE3Ka NepeceXanuch: ¢y <ty < b,
t, = a, t, = b. ITo Teopeme Kanropa ¢ynxums ¢ paBHOMEpHO HempepbiBHa Ha cermenTe I. [Toatomy
CerMeHThl I, MOXHO BBIOPATh HACTONBKO MAJIBIMHU, YTOOB! Yk = T,—ﬁ obpa3 p(I) comepxaycsi B Kpy-
re K, C D, B xotopoM $hyHKUMA f uMeeT NepBoobpasuylo. CylliecTBoBaHue NepBoobpasHoil crexyeT
W3 aHAJIMTUYHOCTH GyHKUWHU f (Teopema 3, 1. 5.1).

CeMeHcTBO NEepBOOBPA3HEIX, ONPEJE/IEHHBIX B Kpyre K|, MMeeT CBOMCTBO: NePBOOBPAa3HbIe OTIIH-
YaloTcs JPYr OT ApYra Ha INOCTOSTHHOE ciaraeMmoe. BplGepem M3 3TOro CeMEUCTBAa KaKylo-TUGO OXHY
nepBoo6pa3HYI0 U 0003HaUMM ee yepe3 F|. 3aTeM paccCMOTPHM CeMEUCTBO MEepBOOOPAa3HbIX, onpele-
JeHHBIX B Kpyre K;. Cpeln HUX CYLLECTBYET OZHA (0603HaYuM ee dyepe3 F) ), coBNAmaouas Ha MHOXe-
ctee K| N K; #& ¢ F,. Ipogomxas 3ToT Npouecc, B KaxaoM Kpyre K}, Bribepem nepsoobpasuyio Fy
TaK, yr066l Fy, = F,_, Ha muoxectse K;_, N K. Takum o6pasom, Gynkuus t — () = Fi.(p(2)),
tel, (k= I—,TL) SABJIsIETCS NEPBOO6Pa3HON GyHKUMM f BOOAb KPUBOM .

HokaxeM, yto Pynkuust ® onpenesncHa ¢ TOYHOCTBIO IO MOCTOSHHOIO CJIAragMoro.

ITycts &, u ®, — nepBoobpasubie GyHkiuu f BOONB KpuBol -y U nycts P(t) = @, (t) — D,(¢).
BoabMeM TIpOM3BONBHYIO TOUKY £, € I. B ee oxpectHocTu Oy, uMeeM $(t) = FU(p(t)) — FP(p(t)),
roe FO u FP — npe neppooGpasubie GyHKUUE f, ONpeIeNicHHBIE B OKPECTHOCTH TOUKH 2o = (p(tg).
OHHM MoryT OTIMYATBECH JIMILb Ha ITOCTOSTHHOE cllaraeMoe, noatomy 9(t) = const B Oy,. PyHKUMSA ¥
Olpefie/ieHa Ha CBSI3HOM MHOXeCTBE I U SIBJEIETCS JIOKAJIBbHO MOCTOsiHHON. Ho HenpephIBHAs JIOKaIbHO
MOCTOSIHHAs B KAKIOW TOYKE CBA3AHHOTO MHOXECTBA GYHKLIMUSA SBASCTCH [IOCTOSHHOMN HAa BCEM MHOXe-
crBe. JIokaxeM 3TO yTBEpXAEHHME.

OGo3uaunM depes E C I MHOXeCTBO TOUYEK, B KOTOphix ¥ (t) = ¥(fo) : B = {t € I | ¥(t) = ¥(ty)}.
IMockonsky ty € E, to E #&. W3 Toro, 4ro pyHxuus 3 JOKAJIbHO IOCTOSIHHAs, CAENyeT, YTO
E — otxpsitoe MHOXecTBO B Tonojoruu I (cM. teopemy 7, n. 6.4, ri. 1). U3 HenpepuBHOCTH ¢yHK-
UMM Y CleflyeT, YTO MHOXecTBO F Takke 3aMKHYTO B Tonosorum I. JlelicTBUTENBHO, MycTh £* —
npenesbHask To4Ka MHoxecTBa F. Torma cyuiecTsyeT Takast NocC/enoBaTeNbHOCTy (t,) Touek M3 F,
aro ¢, — U Y(,) = P(t), T.e. lim Y(t,) = ¥(t;). MockoasKy DYHKUMS ) HeMpepHBHAL, TO

n—o0

lim y(t.) = ¥(*). CnenosarensHo, Y(t*) = y(ty), T.e. t* € E. MHoxecrso E OIHOBPEMEHHO OT-
n—o0
KpEITOE M 3aMKHYTO€ B Tonoyiorun I. CornacHo teopeMe § 3, .2, E = I, wm y(t) = ¥ (¢;). [Tosromy

vt € I ®,(t) — T2(t) = const. p
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Teopema 2. Ecau v — kycouno-2na0Kas kpusas u [ — HenpepuigHas Ha -y QyHKUus ¢ nepeoobpasnoli
& gdons vy, mo

/f(Z)dz = &(b) — ¥(a), 1)
r

m. e. unmezpan 8004b OpUeHMUPOBAnHOU Kycouno-anadxol kpueoii I' = (I'y, Iy, ..., I',)) swuucasemea no
dopmyne Hviomona—Heiibnuya.

< 1) Ilycte ' = (v, Yop) — OPHEHTHpPOBAHHAs IIAOKas KPWBas, ¢ € Yo, — HEMNPEPHIBHO MM -
GbepeHUMpyeMoe MapaMeTpUyeckoe TIpejCTaBieHne kpusoit vy, D, = [a, b}, p(a) — Hayano KpH-
BOH 7, U MYCTb 7 LIEJMKOM JIEXUT B 06JIAaCTH, B KOTopoi QyHKuus f uMeeT nepsoobpasnyio F. Torma
3(t) = F(pt)) + C, 8'(t) = F'(p)¢'(t) = f(p(t))¢'(t) u

b b
/ fz)dz = / Fle)e @ydt = / 3'(t)dt = (b) — ®(a).
r a a

2) B ofb1uem cirygae y = U Y, L=, Tay ..., T), T = (7“”, 75,’;)), @1, € Yop — HENPEPHIBHO-
k=t

b depeHIMpyeMble Ha CerMEHTax [ag, by} byrkuun, [a, b} = U [ak, b ]. TTo onpenenenuso,
k=1

IIpunuMas BO BHUMaHue 1), TOMYUHUM:
/ f@ydz =) (3 - 8(a)) = 2() - 3(a),
T k=1

rae & — nepBooGpasHas GYHKUMHK f Brojib KpHBoi I'. »

3amevanne. [locpeactsoM dopmynn Hpiorona—JIeitGHuLa MOXHO ONPEACINTL MHTEIPAN OT aHAJKWTHYECKOM
pyHxuMy BAOAbL 1000 HenpepblBHOM KPHMBO, NMOCKOAbKY aHaNMTHUYecKas (PyHKUMs uMeeT nepsooOpai3nyio
BAOAb Hee. B yueGHoM nuTeparype cioBa “KpuBas” M “nyTb” ynorpebasioT KaKk CHHOHMMbI,

5.3. Teopema Komm.

B 3ToM nyHKTe HOKaXeM o/CHOBHy}o HWHTETPUILHYIO TEOPEMY TEOPHH aHATUTHYECKUX (HYHKLHUMA,

Teopema 1 (06 MHBAPDHAHTHOCTH HHTETpaJia MPH TOMOTOMHUAX NYTH MHTETPpUPO-
Bauus). Ecau gyuxyua f : C — C anasumuueckan 6 obaacmu D, a vy u vy, — 0se 2nadKkue kpussie,
2omontonnwie @ obpacmu D Kak nymu ¢ obuMu KOHYAMU, AU KaK 3GMKHymble nymu, mo Cnpaseoauso

pasencmeo
/f(z)dz:/f(z)dz, (6]
To r

20e Lo = (10, 757}, T1 = (M1, 777) — opuenmuposannbie Kpugbie ¢ 06uel HaHAALHOL MOUKOLL.

< Iycts @y € 737, 1 € 477 — napameTpudecKue NPEACTABICHHS IIAIKMX KPHBBIX Yo M 7,
K =[0,1] x [0, 1] -+ D — romoronus KpuBoii ¥y B KpHByIo 7. Torma VI € [0, 1] (¢, 0) = p(),
@, 1) = p1(t) u V€ € [0, 1] orobpaxenue ¢ — p(t, £) ecTs napamMeTpuyeckoe NPEACTARICHUE HETIPE-
PHIBHO# KpUBOH Ye B G (cM. 1.4.2).

Ecmu 7y ¥ 7y; TOMOTONHEI Kak KpMBHIE ¢ OOLIMMH KOHLAMH, TO

VE€(0,1] ¢(0,8) =p(0)=p1(0) =0, (1, &) =pi(l)=yp(1)=b.
Ecny 7y ¥ 9 TOMOTOIHEI KaK 3aMKHYTBIE KPUBbIE (KOHTYPHI), TO
VEET0, 11 90, &) = (1, ).
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Mycts (K )n, m=T N — CEMCHCTBO TAKUX KBAIPATOB, MOKPHLIBAIOLIMX KBaAPAT K, 4To KaXIplif n3
HMUX MIEPECEKAETCS CO BCEMM NPUMBIKAIOIINMU K HeMy. [TockonbKy GyHKUUS ¢ PaBHOMEDPHO HEMPEpPhIB-
Ha B kBaapate K, To xBaxparsl K,,,, MOXHO BbIOpaTh HaCTONBKO MajibiMH, 4TO 00pa3 ¢(K,,,) Oymer
npuHaiexats Kpyry K, C D, B KoTopoM dQyHKIMA f HMeeT nepBoobpasnyro. 3adbUKCHpYeM n U
Jajee MOCTYNAeM TaK Xe, KaK U TpH 10Ka3aTeIbCTBE TEOPEMBI O CYILIECTBOBAHHH NMepBooOpasHo BIOIbL
KPHBOH.

PaccMOTPHM COBOKYITHOCTB NepBOO6Pa3HbIX B Kpyre K., OTIIHYAIOIKXCS JPYT OT Apyra, KaK H3-
BECTHO, HA ITOCTOSHHOE cliaraemMoe, W 3aduKcHpyeM OQHy M3 HHUX, KOTOPYK o6Go3HaumMm uepes F.;.
Cpeny 1epBooBpa3HBIX, ONpeNeieHHbIX B Kpyre K.,, BriGepeM Ty (oGo3naunm ee uepes F,,), xo-
Topast papHa F,,, na muoxectse K, N K, #@. B TouHOoCTH TaKk Xe Moa6HpaeM nepBooGpasHbIC

N

F.s, ... ,F,,. 3ateM na MHoxectBe K, = U K., onpeneum dyHkuuio ¢, paBeHCTBOM
m=1
2. &) =Fom(e, )y, (¢, 8) € Kprmn.

OueBunno, yto GyHkuust &, HenpepuiBHa Ha MHOXeCTBe K, M olpejesieHa C TOYHOCTHIO IO [IOCTOSIH-
HOTO CJIaTaeMoTo.

Oyukauio $ (L, £) seibepeM mpousBonbho, a dyHkuMo 8,(¢, €) Bbbepem Tak, yToOH &, = &,
B K, N K;. Takoli BriOOp BO3MOXEH, MOCKOJLKY PyHkuus ®; — ®; Kak JOKUILHO MOCTOSHHAS
HeNpephIiBHAast Ha CBsI3HOM MHOXecTBe K|, N K, sipjsieTcs nocTosiHHoi. 3artem BoibepeM &, Tak, yro-
661 @3 = &, B K; N K5 u 7.0 B pesynprate moctpoum HempepsiBHy0 ¢yukuuio (¢, §) — &(i, £),
onpelesieHHy1o paBeHcTBOM B(t, £) =@, (¢, §), (¢, §) € K,,.

OueBuuHo, yto npu pukcupopannoM £ € [0, 1] dynkums B(t, £) apnsercs neppoobpasHoit GyHK-
UMM f BIOJb KPMBOH 7, C MapaMeTpUuecKuM mpejicTanaenueM ¢(t, £). [Toatomy, cormacuo dopmysie
Herotona—JleitOnuua, umMeeM

/f(Z)dz =9(1,8) - 20,9 (0]
T

3

PaccMoTpuM aBa ciydas,

1) ITycts 79 ¥ 7y, uMeIoT 061Ke KOHUBL. JT10 03HaYaeT, yto V€ € [0, 1] ¢(0, £) = vo(0) = ¢,(0) = a,
e(1, &) = po(1) = ¢, (1) = b. Orcrona crenyet, uro &(0, £) u &(1, £) JIOKAILHO MOCTOSIHHBIE B KAKIOH
Touke ¢ € [0, 1], cnemoBatensHo, nocTosiHHEIE Ha oTpeske [0, 1]. JeiicteurensHo, nycts (0, £) € K., .
Torma @(0, €) = F,((¢(0, §)) = F,(a) = const. Takum obpazom, &(0, £) = const A1 BCex TaKMX ¢,
yto (0, €) € K,,;. JToxanpuoe mocrosucreo &(1, €) mokasniBaercs anatorduno. CrenosaresnnHo, crpa-
BeauBH paBencta $(0, 0) = ®(0, 1), ®(1, 0) = &(1, 1), n mo dopmysne (2) monydaeM

/f(z)dz - /f(Z)dz, Lo = (0, %), i = (s 1)
Ty r,
2) Ilycts KpuBBIE vy ¥ vy 3aMKHYTHIE, T.€. V€ € [0, 1]  ¢(0, &) = ¢(1, £). AHaJIOTHYHO NpeabLIy-
LIEMy TIOKAa3biBaeM, 4YTo pasuHocTh ¥(1, £) — &(0, £) nokanbHO moctostHHas B Kaxnoi Touke £ € [0, 1],
clleloBaTeNIbHO, MmocTosinuast Ha cermente [0, 1]. B wactnoctn, (1, 1) — &(0, 1) = @(1, 0) — ®(0, 0),

T. €. o dopmysie (2) uMeeM
ff(z)dz= ff(z)dz. »
Ty Ty

Caedcmeue 1. Ecau f € A(D), v — 2nadkas 3aMKHYmMas Kpueas, 20MomonHas Hyaio e obaacmu D,
mo

/f(z) dz=0, T =y, )
r

<t HanoMuum, yto myTs + ¢ napaMeTpHuecKuM npencTtamtenueM ¥, Dy, = [0, 1], roMoToneH HyJo

B obnactu D, ecnu cywectsyer HenpephiBHOe oTobpaxkenue K = [0, 1]x[0, 11-% D, ynosnersopsioiee
YCIOBUAM
90, ) =9(1,§), ¢, 0)=%@F), ¢, 1)=const.
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Orcrona cieflyeT, YTO CYIUECTBYET 3aMKHYTasl [JIafikasi KpUBasl -y C 1apaMeTPHYECKNM IpeliCcTaBie-
HueM ¢, D, = [0, 1}, romoTonHas xpusoit v B D U comepxallascs B HEKOTOPOM Kpyre K' c D.
@yskuus f umeeT neppooGpasHyio.F B 9ToM kpyre. [lostomy dyHxums @, rme &() = F(p((t)),
ABAsteTCs Neppoo6pasHoil GyHKUMH f BIONL NMyTH <. [Ipy aTOM

2(0) = F(p,(0)) = F(a), &(1) = F(p,(1)) = F(a),
oTKyza
/f(z)dz:/f(z)d“F(a)—F(aho, Ty = G, 7). >
r r,

Credemeue 2. Ecau ynxyus f : C — C ananumuveckan 6 o0noceasnoii oonacmu D, v C D —
A106a8 2nQ0KaR 3MKHYMAR KPUEAR, MO

/f(Z)dz =0, T=(7, Yop)
r

<« YTBEpXIeHHe ClieyeT U3 CIIeICTBHS 1, ecyi IpUHSTL BO BHUMAHHWE, YTO B OfHOCBSI3HOM 001acTH
Kaxgast 3aMKHYTasi KpHBasi FOMOTONHA HymO (cM. 1.4.2). p»

MNpumeuanwe 1. CaeactBue 2 — 370 Kiaccuueckas ¢popmyauposka teopemnl Koy, IIpy 1onosHHTENBHBIX
ycIoBMAX, Kora f' HenpepbiBHa B D, a Y — INajKas XODJAHOBA KpHBas, Kiaccuyeckas teopeMa Koum
NOKA3LIBAETCS 316MEHTAPHO C TIOMOWIBIO (popMysb! Fpuna.

« Ilycts G C C — oBaacth, G — ee NOAOXKUTENbHO OPHEHTHPOBAHHAS TpaHula. Toraa noTyysM:

v 0 ou 9
/f(z)dz:/ud:c—vdy+i/vdx+udy:// <_5.Z._5§) dxdy+i// (5%—_3%) dedy =0
G G

aG aG aG

B cuity ycaosuit Kowiy— PuMaHa, BbIMOAHAIOMXCA Ul aHATHUTHYECKONH OyHKuMy f = ¢ +iv. p
B teopeme 1 1 cieacTBHAX M3 Hee BMECTO INIAAKHX KPHBBIX MOXHO 6paTh KyCOUHO-IJIaAKHE.

Npumeuanne 2. Kiaccuueckyo teopemy Kouin Moxno chopmynnposats uHave: ecan ¢pynxups f: C — C
aHanuTHyeckas B 3ambikauuy D = D U 8D, rae D — oaHocesA3Has obaactb, ¥ 8D — KycouHO-TIankas

KpHBasi, TO
/f(z)dz =0.
aD

Taxyio ¢popmynnpoBky TeopeMbi Kowuiy MOoxHO 06061uuth. OKa3blBaeTCs, QOCTATOYHO NOTpeGOBATh, 4TOOB!
f € A(D) n yto6Gnt [ Obuta HENpPEPBIBHOM HA 3aMblkaHuu D.

L

Teopema 2 (0Gobmenmne HHTerpasbHo Teopemn Kown Ha cayuait, korga dyuk-
LIMsI He ABJISETCS AaHAJMTHUYECKOHN Ha KOHType HHTErpUpoBaHusA). Ilycms obracme D
npedcmagasem GHYMpPeHHOCMb KYCOUHO-2Aa0K0U 3amkHymoi kpusol ¥ u [ — dynkuus, nenpepuignas é
3amKHymoi obaacmu D u anarumuueckas é obaacmu D. Tozda ewinoansemes Dasencmso

/f(Z)dz =0, I'=(y, Yop) 3

r

<« TpeanonoxuM cHavana, 4ro y — 3BE3[HBIA KOHTYD, T. €. CYLIECTBYET Takast Touka zy € D, wro
060H JIyd ¢ BEPUIMHOH B 3TOH TOYKE MEPECEKAeT ¥ B OMHOM M TOJIBKO ONHO# Touke (cM. puc. 71). Ha-
NIPYMED, 3BE3IHBIMU SBJISIOTCH IPAHULBI BBIMYKILIX MHOTOYTOJBHHUKOB (B YaCTHOCTH, TPEYTrOJIbHUKOB)
WU KPYTOB.

Iycte @(2) = 2o + A(t), 0 < t < 27 — napaMeTpudeckoe NpEACTaBIeHHe KOHTypa . CornacHo
NPEATOIOKEHHIO, GYHKIMA A MMeeT KYCOYHO-HENpPEePLIBHYIO NMPOM3BoAHYI0 A'(f). IIpeo6pasoBanue
monobust { = 25+ pA(?), 0 < p < 1, orobpaxaer opuentuposaHH5It KOHTYp I’ Ha KoHTyp T', C TOit Xxe
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OpHEHTaLKeil B HANPaB/IeHNM IIPOTUB XOAA YaCOBOH CTpesKU (pHcC. 71). TToCKONBKY KOHTYD ¥, NEXMT B
obnacty D, To o uHTerpaibHOM Teopeme Koium (creactere 2) uMeeM

2r
/ fQd¢ = / Fzo + pA@E))PX (1) dt = O,
Tp 0

OTKYIa

27
/ F(zo + AN (t) dt = 0.
0

CJIEIOBATENILHO,

/ f(z)dz
r

2T
/ Fz20+ A Nt) dt
0

2T
= / (Fzo + M) = f(zo + PARN) N ) dt| <
0
2
< / | £(z0 + A®) = F(z0 + PA®)| N ()] dt. Prc. 71
0

Tak xax dyHkuMs f 1o TeopeMe KanTtopa papHOMEpHO HenmpephiBHA B D, TO
Ve>036>0: ¥z €D, 2" eD)(z' —2"| < 6): |fz")- f(z") <e.
Iycts

sup A =a, sup @) =58
tel0, 2] telo, 2}

Toraa BHIMOJHAETCS HEPABEHCTBO

8
|GGo+ AN~ Go+pAE)| < (1-pla <6, e 1-p < —,

/f(z)dz
r

B cuny npousBonnHocTH € > 0 oTCIOHa ClIEIYeET, YTO

/f(z) dz =0.
r

ITycts v — mpou3BoJibHAS KYCOUHO-IVIAAKAst 3aMKHYTas Prc. 72
KpHuBast. Eciv OHa MMeeT TOUKH BO3BPaTa, TO MBI BHIGPOCHM
U3 o6nacti I Kpyru Maioro pagMyca € ¢ LHEHTPAMH B 9THX TOYKaxX TaK, 4TOOHI rpaHHua MOMydeHHOMH-
obnact D, He umesia Takux Toek (puc. 72). [Iposons pHyrpu D, nusuu v (k = 1, m), 3Ty obnactb
MOXHO DasbuTh Ha yacti Dy, OrpaHWYEHHbIE 3BE3NHBIMU KPHUBEIMH 'y,’c (k= T,_E).

ITo panee mokasannoMy

" NO3TOMY

<eB-2m.

/f(Z)dZ =0, Th=, 7", k=1m,
[\I

k-
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rae I, OpHEHTUPOBAHBI B MOJOXMTEILHOM HAIPARICHHH (CM. pUC. 72). Tak Kak ofHe Yyactu rpaHML
CMEXHBIX 06J1acTell MPOXOLATCH IBaXIbl, IPUTOM B MPOTUBOMONOXHBIX HAMPABICHHUIX, TO

A m
©, > / fz)dz = / f(2)dz =0, T.=(., 1),
k=1 I,,k Ie

roe ' — nosoXxuTeNIbHO OpHEeHTUPOBAHHAS TPaHKULA 061a-
cti D, . TTocKONbKY ¥ M 7. OTIMYAIOTCS JHLLL H2 KOHEYHOE
YHCJIO MIBIX OYT, a GyHKuUsS f OrpaHMveHa, TO €€ HHTe-
TpaJl BIOJb 3THX AT, KOTOPHI 0603HAYMM yepe3 I, momyc-
KaeT OLEHKY

Il <2 Me,

roe M > 0 — HekoTopasi MoCTostHHas. Takum o6pazoM,
uHTerpan no xpuBoi I' ckosb yrogHo Mano oTmyaeTcst ot
UHTerpana no kpuBoi I'e, paBHOro Hys0, BCIIENCTBHE YEro

/f(z)dz =0.p»
r

U3 teopemnr Koy st oqHOCBA3HOM 06IACTH JIETKO MOJIyYUTH TEOPEMY O CYLECTBOBAHMH INEPBO-
0o0pasHON aHATHTHYECKON (PYHKLNH, 3aaHHON B OMHOCBS3HOH 061acTH. DTa TeopeMa HOCHT MIOOAIL-
HBIA Xapakrep. )

Teopema 3. JTobaa anasumuueckas 6 oonocessnod obaacmu D C C gynxyus f umeem 8 3moi
obaacmu nepeoobpasuyw.

<« Ecmu dynkums f ananutndeckast B oQHOCB3HOH 06sacTH D, TO, COIVIACHO CIIEACTBHIO 2 U3
TEOPEMBI 1, IU1s BCEX MPOCTHIX (3KOPHAHOBBIX) IAAKMX KPUBHIX 7y, JIEXAIUMX B OTOH OGIACTH ¥ HMEIOLIHX
of1uKe KOHIIbI, HHTErpa f f(2)Ydz, rne T = (v, Yop), AMELT OIHO M TO Xe 3HayeHUe. [IeficTBUTEINBHO,

r
nycCcTh I‘l 178 1‘2 — OPHUEHTHUPOBAHHBIC MAAKHE WIH KyCOYHO-ITIAAKWE KPUBEIC, ¢ KOHIJAMM B TOYKaX 2

U z, nexawmye B obnmacty D (puc.73).
PaccMotpum ynopsnoyennsiit Habop I' = ([, I';), ABISIOIANACA 3aMKHYTOM TIOJIOKUTEIBHO OpH-
E€HTUPOBAHHON KyCOYHO-IIankoii KpuBoit. Torna umeem

/f(z)dz:/f(z)dz+/f(z)dz=0,
T Ty I‘;
/f(z)dz=—/f(z)dz=/f(z)dz.

r - r
1 r; 2

Puc. 73

OTKyHa

ITosToMy KpPUBOJIMHEHHBIA HHTETPAI B PACCMOTPEHHOM CJIy4ae MOXHO 0003HAYMThL TaK Xe, KaKk ¥ HH-
Terpan Heorona—JleitGuuua
z
/ F(O dc.
z0

Iycte @ € D — Hayato MIaIKoH WIM KYCOUYHO-TTAIKOM KPUBOH v, z € D — MpoU3BO/IbHAs TOUKA,
ABRISIOLIAsACS KOHUOM KpuBoit y. Torga B obnactu D onpenenceHa ¢pyHkuus F, roe

F(z) = /f(()dC-
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Iycts (z + Az) € D. Torna noxy4um:
z+Az
F(z+ Az)— F 1
Fer2D 20 o= / (FQ) = f@) . )

Az

B cBsA3u ¢ 3aMeyaHHeM O HE3aBUCUMOCTH MHTErpaia oT BhIOOpa MYTH, COEAMHSIOIIErO IBE TOY-
K#, B [IPaBOif YacTH paBeHCTBA (4) CuMTaeM, YTO MyTh, COCAUHAIOMMI TOYKM z U 2z + Az, SBISA-
eTcd NpsIMONIMHEHHBIM oTpe3koM. [lockonbky ¢yHkuMs f HenpepsiBHa B obnactd D, 1o Ve > 0
36() > 0: |Az] < 6§ = |f(z + Az) — f(2)|] < €. OuennBas UHTETpAT B paBeHCTBe (4), MOJIYYHM
s (Az) < &
F(z 4+ Az)— F(z)
Az

Cregosatenbho, Vz € D F'(2) = f(2). »

B xnaccuueckoii Teopeme Koluu cyliecTBeHHBIM siBisieTCst TpeGoBaHME OMHOCBS3HOCTH OOJIACTH.
B HeomHOCBA3HON 06/IACTH He KaXIbliA NMyTh rOMOTOIIEH HY/IO, 4 10 HEFOMOTOMHEIM HYTIO KPHMBBIM
HHTErpajl OT aHATHTHYECKOH QYHKLIHH MOXET He 61>m> paBHbIM Hym0. PaccMoTpuM npumep.

NMycte D = {2 € C |1 < {z| < 2}, f(2) = <. Ouesunto, yro f € A(D) Bo3bMeM 3aMKHYTYIO
KPUBYIO (OKDYXHOCTb) C T1apaMEeTPU4YeCKUM Hpe,IICTaBJICHPICM p) = pet, 0 <t L 2m, 1 < p <2
Torga v C D. PaccMoTtpum uHTErpan

/f(2>dz, A
r

rae I' = (7, Yop) — OPHEHTUPOBAHHAS B HAIPABJIEHHH MIPOTUB
XOJla 4acOBOM CTPEJIKM OKPYXXHOCTb pajMyca p C LUEHTDPOM B
Hayane Koopauuat. [To onpeeneHUIO KPUBOTHHEAHOIO HHTeE-
rpaja BTOpOro pona BAOJIb [JIAIKOH KpuBoﬁ T umeem

”dt
/ fz)dz = / Flp)g () dt = / Lm0,

OnHako, KiiaccHyeckasi TeopeMa Koum obob1aeTcs ¥ Ha 6
ciy4aii HeogHOCBA3HOHU obyiactu. PaccMmoTrpuM 310 06001LE-~
HHe.

IycTs nansr (n+ 1)-cegsuas obnacts D C €, orpannyen-
Hasl [JIRJKAMH WM KYCOYHO-IIAAKAMU KPUBBIMH Yo (BHELU-
HSS TPaHMIA), vy, Y2, - -- ,Yn (BHYTDEHHHE r‘paHyE(bI), yHK-
uust f aHanMTHYecKas B 3aMKHYyToil obixacth D (puc.74),
Lo = (o, %) T = 0, W), -+ Tn = (y 727) — oph-
€HTHPOBAHHEIE KPUBHIE, IpH 00X0/1e KOTOPBIX 06/IACTE BCE BPEMsI OCTAETCS! CJIEBa.

Teopema 4. Ilpu svinoanenuu 6cex NEPeHUCAEHHbIX Bblille YCAOBUIL CRPABEOAUBO PABEHCMEO

/f(z)dz:/f(z)dz+2/f(z)dz=0,
ap To o k=1 rT

-f(| <

1
Az lelAzl—e

Puc. 74

20e 8D — noaoxwcumenvro OpuUEHMUPOSAHHAA NOAHAA 2panuya obracmu D, cocmoswyas uz Konmypos
Ty, Ty, ..., T,
< TIpoBseneM paspessl 7y, 73, - -, Tn» NpeBpawaiome o6nacts D B OmHOCBA3Hylo obnacts D',

OGo3xaunM depes I MonoxuTebHO OPUEHTHPOBAHHYIO MONHYIO rpakuuy obnactu D'. Tak kak o61acTs
—_1
D' opgnocBasHas M f aHamUTHYECKad B 3aMKHyTol obmact D', To o Teopeme Koum uMeem

/ f(x)dz=0
[‘I
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[TockonbKy Gepera paspesoB 7, Y5, - --, Ys NPH MHTETDUPOBAHMH OYyIyT MPOXOLMTECS IBAXIEI B
NPOTHBOMONIOXKHBIX HAIIPABIEHUAX, TO B CHJIYy CBOACTB KPMBOJIMHEHHOIO MHTETpasia BTOPOTO poza Mo-

JIYYHM
/f(z)dz=/f(z>dz+2/f<z>dz=o
e 4 k=10

(BxomALIME B CyMMY MHTErpainl Mo GeperaM paspe3oB B3AMMHO YHMUTOXAIOTCS). b
Teopema 4 octaetcs B cuie, ecnu dyHkuus f aHanutuyeckas B obsmacty D ¥ HemnpepwsiBHAasI B
3aMbIKaHul D.

5.4. Nurerpasnuas dopmyna Komm.

Dra GOpMysia OTIpENeNsIeT aHAIUTHYECKYIO DYHKLMIO B O0JIACTH 4yepe3 ee 3HAYEHMS Ha IpaHulie
ob6acTu. _

Teopema. Ilycmve D € C — otnacms, f — anasumuueckas gyynxyus e samvikanuu D, 8D —
ROAOHCUMENbHO OPUCHMUPOBAHHAA 2panuya obaacmu D | cocmoaman u3 00Hod Uy KOHeHHO20 HUCAA KYCOMHO~
enadkux kpusvix. Toz0a Vz € D ewinoansemcs pagencmeo

1
F@) =5~ Cf(C) dg. M

aD

« Tlycts z € D — mobast touxa, K, = {z' € D : |z’ — z{ < p} € D. PaccMOTPUM MHOxeCTBO
D,=D\K, (puc.75).

Mockonexy Pynxumsa F, rne F(¢) = = z),
3aMBIKAHUH Dp, To 110 TeopeMe Kouu 4, n.5.3, uMeeMm

AHATIUTUYECCKAS B

/ F)d¢ =0,
aD,
OTKyZa
/F(C)dC’“ / F(()d¢ =0,
8D oK,

rae 8K, — IOJNIOXHTEIbHO OPHEHTHPOBaHHas IpaHuLa kpyra K.
ITonyyaeM, uTo

o Q)
(—zdé_ (—zdc' @ Puc. 75
ap 9K,

B papencrBe (2) mepeiiiieM x mpeneny npu p — O, NIpHHAB BO BHHMaHHE, YTO €0 JeBass yacTb HE
3aBuCHT OT p. [IpaBylo yacTh papeHcTBa (2) 3anmuileM B BHIE

1© / ¢ 1) - 1)
=10 | = TS

8K, K, K,

ITocne 3aMeHBI NEPEMEHHOH ( — 2z = peit, 0 <t < 27, noayuum:

2% 27 27

it . it _ it
/ 1 dC P )/1pe dt +/1(f(Pe +z). f(Z))Pe dt=2wif(z)+i/(f(ﬂeit+z)_f(z)) dt

pe it pett
8K, 0 0 0
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IMockonbky aHanmuTHYecKast yHkuUs f sIBISETCS] HEMpephIBHOH, To Ve > 0 38 > 0: |Az| < § =
|f(z+ Az) — f(2)| <e. BasiB p < §, monyaum OHCHKy
2w

/(f(pe’t +2)= f(2)) d / | f(pe™ + 2) = f(2)| dt < 2me.

0
B cuny npounssonbHOCTH € > 0

im [ L9219 4oy
p—0 < -2
9K,
OKOHYATEeILHO HMEEM
f(O d¢ = lim _f_(_Cl d( = 271 f(2),
(—z p—0 ¢ -
aD 9K,

oTKyna cnefyet ¢opmyna (1). »
_C/zedcmsue (TeopeMa o cpenHeM). Ilyems f — anasumuveckas QYHKYUA 6 3GMKHYMOM Kpy-
2¢e Kr ={z € C:|z— z| < R}. Toeda cnpasedaugo pasercmeo

1 .
f(z0) = 2_7r/f(z° + Re')dt, 3)

m. e. 3Hauenue Qynkyuu f 6 yenmpe Kpyza pagro cpedHemy apumemutecKomy ee 3HaHeHUl Ha OKPYICHOCMU.,
<« CornacHo ¢dopmyne (1) uMeeM

1 F()
= —— —d.
F(z0) T =z ¢
aKR
IIpou3sens 3aMeHy nepeMeHHOM 1o popmyne ¢ = zo+ R e"t 0 < £ 27, NoayyuM
21
f(z) = : f(z+Re “)Reﬂ’dt +Re'tydt. »
W= [ 16 Re* Ja+ Re
0

Wnterpan B npasoli Yacty paBeHcTBa (1) HasblBaeTcs unmezpasom Kowu.

CyHTaeM MoJIE3HBIM HAMIOMHUTB YUTATEIIO, UTO MOJIOXKNATEIbHAS OPUEHTALMUS KOHTYpa MIPH €ro 06-
XOIIe COOTBETCTBYET HAIPARIEHUIO IBMXKEHMS MPOTHB XOoHa yacoBoil cTpenku. IIpu momoxuTenbHOH
OPUEHTALNM IPAHHLILI 06JIACTH, COCTOAINEN M3 HECKOJIILKAX KOHTYPOB, BHEIIHWI KOHTYp obxoxHTcs B
HaNpaBJIeHUH MPOTHUB XOAa YACOBOHN CTPEJIKH, a BHYTPEHHHE OOXOISATCS B HAalpaBIeHUH 10 XOLy Yaco-
BOIl CTpeJKK. 3TO MpPUHSATO BO BHUMAHHWE IIpM J0Ka3aTesbcTee TeopeMsl 4, 1. 5.3, u teopemsr Komm
3TOro MyHKTA.

PaccMoTtpuM 3anaum.

1. JIokasaTh, 4TO /

r

< Ilycrs T; = (v;, 7;.’") — TOJIOXHUTEILHO OPHUEHTHPOBAaHHbBIE TDAHULBI OKPYXHOCTEH pamuyca
p C LEHTpaMHu B Toukax —1, 1, —i, ¢, He nepeceKaowyecs Apyr ¢ apyroM. Ilpumenus dopmyny (1),
MIOJIYYUM:

dz (z -2+ D)™ (+DE+1) ™
/z4—1=/ 711 dz+/ 71 ) dz+

r r, r;

(GRDCD) (@ -De+d)” (1.1, 1 1
+/ P X +/ z—1 —27(1(—24‘24‘&—1—2;):0'
T3 N

|

z
o =0, e L=y, Yop), Y= {2 € C: |z| =2}.




174 1. 4. UHTerpupoBatne B KOMILIEKCHOM IUIOCKOCTH.

2. ycts y={z € C:|z| = r} u |a| # r. [loKa3aTh PaBEHCTBO
_ |dz| 2 2!
—/lz—_le=27rr||a[—r| .

b’

<« TTockonbKy Ha OKPY>KHOCTH -y BBIMOJIHSETCS PABEHCTBO 2 = re'¥ ,0< <27, 10
. i idz irdz
dz =ire¥dp, ——Z—-':dgo, l[dz| =rdp =~ ,
zZ

TO UHTerpai I CBOIUTCS K WHTETPally BTOPOTO PojJa 10 OPUEHTHPOBAHHOMY B MOJIOXKMTEILHOM Halpa-
BIIEHHN (TIPOTHB XO[a 4acOBOH CTpesKM) KOHTYPY I' = (7, Yop):

. dz . dz . dz
I=—ir — = —Ir —_——— = —1Ir —_—
/ 2z —aP / GG =a / CoaE-a)

r r r

2,-1
I_ir/ dz

== [ —————~.

ar (z—a)(z——)

Tak kak Z =r"z"", 1O
Ecnu kontyp I' okpyxaeT TouKy a, To o ¢opmyne Ko (1) nomydum:
-1
27r r? 7 ! 2 n-1
I=—-—|{a—-— = 2xr(la]"—r =2rr(r'—|a
- ( a) (laf* = %) ("~ lal*)

2
Ecin |a| > 7, 10 xoHTYp T' OKpYXaeT Touky = W B cHy GopMyssl (1) uMeeM:

2rr [ r? - 2 oyt
I=-—— | =——-a =27rr([a| —r) .
O6vennnus 06e GopMyibl B OIHY, TIOIyYaEM:

I:27rr||a|2—r2|_l. >

3. Bormcnuts HHTETpa

I:/zsinzdz, T =y, Yoph 7:{z€C:]z|:§, Imz>0}.
T

<« [Tockomeky f € A(C), rlie f(z) = zsin z, To B M0G0 oqHOCBA3HOHN 0651aCTH, Colepx)alueil Kph-
By10 v, byHKuUMs f MMeeT epBoobpasnyio F(z) = —zcos z + sin z. IIpumenns ¢opmysy HeloToHa—
Jleitbuvita, NONAyIUM:

z=m/2
=—=/2 2
IMapamerpuyeckoe npeicTaBIeHNE KPUBOH PIMCCT BUI ¢ = %e”, -7 £t 0. Torpa a =
g€~ = ~% — HavaibHad Touka Kpuso# [, b = —e = § — ee KOHeyHas TouKa. P
4. Tlycts byHkuus f aHANMTHYECKAs B KOHEYHOM m-CBA3HOM 061acTH D, OTpaHHYEHHON 3aMKHY-
TBIMH KYCOYHO-TJIAIKMMH KPUBBIMH 7}, ¥z, - - « 3 Vom . JLOKA3aTh, YTO LTSI CYLUCCTBOBAHMS MEPBOOOPA3HOIA
¢yukuun f B obnactu D Heo6X0AUMO M KOCTATOYHO, YTOOBI BBIIOJIHSUIMCH PABEHCTBA
/f(z)dz:O k=1,m-1), Ti=k 1) M
Iz
<4 HeobxonumMogeTh. Ilycts ¢pynkuus f umeer B obnactu D mepsoobpasnyio. Torma
/ f(x)dz=0, T =(7, Yop) 2

roe ¥ C D — mo6as 3aMKHYTas KyCOUHO-THAAKAA KpUBas.
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Hns panHoro 1 € k € m — 1 BeiGepeM KyCOUHO-IIAAKYIO 3aMKHYTYIO KDHBYIO 7 TaK, 4TOOBI
dyHkuust f 6bUIa AHANMTHUYECKOH B IBYCBI3HON OBIACTH ¢ IOJIOXUTENBHO OPUEHTHPOBAHHON rpaHHel
ruTl, (um I'” UT). Torxa nmo Teopeme Kowm ans HeomHoCBsI3HOM 061acTH HMeeM

/f(z) dz = 0.
Ty

HocTaTounocTs. Pasenctso (2) s ;060 3aMKHYTOI OpUEHTHPOBAHHON KpHBOHA ' = (v, 7,,),
¥ C D cnenyet u3 paBencts (1) U npuMeHeHHs TeopeMbl Koluu 1ist ofHOCBA3HOHN WK HEOIHOCBA3HOW
obactu.

5. Nycts f € A(D), D = {z € C: |z| < R} u f uenpephiBHa B 3aMbIKaHuu D. Bbruuciuts
HHTerpal

I= // £(z) dz dy.
r<|z|<R
< HpPIMCHPIB TEOPEMY O CpCIHEM, MOIYYUM
R b1

i R —r? 2 2
I=/pdp/f<pe‘*’)d¢=2vrf(0>~2— =rfOR ). »
0

r

§ 6. Unrerpas tana Komm

B Teopun byHKUMN KOMIIEKCHOTO TIEPEMEHHOTO 3HAYMTEILHOE MECTO 3aHHUMAET MHTETpal THMa
Koum, sensionmiics o6o6wennem uuterpana Kourm.

6.1. Onpeaenienne ¥ OCHOBHOE CBONMCTBO MHTeTpaia Tuna Komm.

HHmeepa/mM muna Kouwiu Ha3bLIBAIOT HWHTECrpaJl BUla

1 F(Od¢
F = — _— 1
D= =2 M
r
rae I' = (7, 7op) — OpHEHTHpOBaHHAS DIANKas WM KYCOUHO-IJIAIKas KpuBas, f — HeNpepbIBHas

¢bynkums Vz € y. Ecm vy — cnpsmisieMast Kpusas, To tpedyeM, 4Tobbl f ObUIa cyMMHUpDYEMOI Ha v
(xpHBas y Ha3bIBACTCS CMpAMAAEMOll, €CJIU ee AapaMeTPUYEeCKOoe TIpEeICTaBlieHUe ¢ ABJIsseTcs QyHKINeH
OrpaHWYEHHON BapualuH Ha otpeske D, = [a, bj).

B ciyqae, korza nyTh ¥ 3aMKHYT, 2 f — aHalUTHYeCKas QyHKUUS B 3aMKHYTOM 061acTH, orpaHu-
YeHHOMH KOHTYpOM <, To uuTerpan Tuna Ko cosnagaer ¢ nuterpaiom Koum, T.e.

F(z) = f(2).

CrrenoaresibHo, WHTerpai Koumm sSBIsSETCH YAaCTHRIM ClyvaeM pHTerpaia Tuna Kourm.

OcHoBHOe cBoiicTBo MHTerpaia Tuna Koum chopMymnpyem B BHIE TEOPEMBL.

Teopema. Humezpan muna Kowu umeem npoussoonyio awboeo nopsoxa € awoboit mouke z € C, ne
Npuradsexcawet Kpueod y, u Imu npou3so0Hbsie ONPeOeasioncs caedyioUUMU PaBEHCMEamu

SV B (VL
FO@ =0 | e mED, @
T

(m. e. ux noayuarom WPMMbe{M.auMepeﬂuupoeanueM nod snaxom unmeepana (1)).
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<« [lpumenuM Meton Matematudeckoi MHAyKuuH. Ilycts z € C — npousBosbHast Touka M z ¢ 7.
IToxaxem, yto F'(z) cyluecTByeT ¥ BhIMUCsieTca TIo opmyre (2) ipu n = 1. PaccMoTpuM BeIpaXeHHe

F(z+A2)-F(z) 1 1 _
Az T i /f(()( z—Az_‘(—z> %« =

- L / FOAzd¢ FQ ¢
2t Az —z—-Az)¢ - z) 271'1 -2 —2z-Az)
r

F(z+ Az) - F(2) _L O a¢
Az 2w € -2y
5

== [ 10 : o ! / £ d¢
|2 (-2 -z-Az) (—2) i) (-2 -z~ A2
r

Buibepem |Az| HacronbKo MambiM, 9ToGbl (2 + Az) ¢ 4. O4YeBMIHO, CYLUECTBYIOT TaKHe YUCIA
po>0uM>0,gro

Pt )= inf ¢ = 2| > pu, m,z+Az>=gggi<—z¥Az|>po, IFOI<M V€.

OueHuM MOIYJIb pa3HOCTH

Torna Ve > 0 cripaBeinBa olleHKa

Fz+A2)=F@) 1 [

Az 2mi | (€ — 2)?
r

M|Az|L
2mp3

d(l<

3
ecid JAz| < 572 M L , tne L — mmuna kpueo# +. Takum obpazowm,

0
Fliz) =
)= / -

Ipenmonoxum, YyTo yTBepXaeHHe CIIPaBel/IMBO I 1 = K M IOKaXKeM, YTO U3 ITOro NPENTIONoXe-
HMS CJIe[lyeT CTIPABEUTMBOCTD YTBEPXKIEHUA i n = k + 1. UMeeM

F¥ 2+ Az) - F¥(z) 1 1 :
Az = rids / 70 ((4 — Az (- z)’“‘“) d=

€- z)“‘ —(-z-A
21rzAz _/f(o — AZ)FHI(¢ = Z)kH ¢ =
k+1 . ) )
K (€= D = S 1P G - 4 8
— " 3=0 _
T 2miAz /f(C) (€ — z — Az)F+1(( — )+ d¢ =
r
k+
Zl( I)J“C +1€ _Z)k“_jAzj ' Z( I)JCI'::;(C 2) “IAZ
i=1
/f(() — - Az)"“(( gy /f(() z)k+l(< o Az)’”’l dq.

OLieHUM BBHIpaXEHHE
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FP G4+ Az - F® )y (k+ 1) FOd¢
Az T om (¢ = 2)*+2
r

k
SO - )AL

BE Jourd B k+1 del =

= Zr—;/f(C) (< — Z)k+](< - Az)k+] (< - z)k+2 < =

r
k

K S CIC - DAL — (k+ D - 2 - Az
= | = -
=% /f(() -2 —z— Az)k+! d¢

r

k
k+1) (€ -2 = (-2 - A)*") + (1Y CLLE - * AL

-1 E [ 1o = d| =
2w K¢ (€ — 2 — z — Az)k+! ‘ =

r

k+1 ) . o k y S
N (k+ D) S(=1YCL (¢ - ) T AL + (1Y CLE(¢ - ) T AL
! =1 j=1
= d¢| <
2 / 1 C= PG — 2= Ao ¢
r
k'L|Az|M N £
<—2;;(2)-m‘—'=B]AZ|<E, €CIIn |AZ|<§

B nonyyenHoM HepaBeHctBe N — noCTOSIHHAs1, 3aBUCSILUAS JIMIUL OT kK M pg.

Takum o6pa3zoM, dopmyna (2) cnpasemsa npy n =k + 1, a3Hauut u Vn € N. p

Caedcmeue. Ananumuyeckasn ¢ obracmu D C C ¢ynxyus f umeem npoussoduyro mobozo nopsdka
™) vz € D.

<« Ilycts 2y € D — mo6as Touka. PaccMotpum ee §-okpecTHocth K = {z € D : |z—29| < 6} € D.
CornacHo uHTerpainbHoi dopmyne Koum, nmeem

f»)= L IQatc Yz € K.
2me (—z
dKg

ITockonbKy MHTerpan Koum siBisiercs 9acTHBIM ciyuaeM HHrerpana tuna Koiwm, To ¢yHxkums f
UMeeT NpOM3BOAHBIE BCEX NMOPSIKOB B TOUKe zy. IIOCKonbKy zp € D — mnpou3sonbHas TOYKa, TO
Y(z€D,neN 5™ (2). »

IMonyyeHHOE cneACTBHE MOXHO KPATKO 3alMCaTh B BUIe

FEAD)=>V(zeD,neN 3If™) A f™(2) € AWD).

PaccMoTpuM HekoTopble DaKThl, HENOCPEACTBEHHO CIEQYIOLLNE U3 CBOiCTBA GeckoHeyHO) mndde-
PEHIMPYEMOCTH AHAIUTHIECKOH (DYHKIMH.

6.2. T'apMonHYHOCTD ACHCTBATENLHON K MHBMOI YacTeli aHATHTHYECKOMH (yHKIHH.
BoccraHoBieHHe aHAIHTHIECKOMH dyHKUMH HO ee JelicTRATE LHON (MAHMONH) JacTH.

Onpenenenne. Jeawcow dudpepenyupyeman dynxyus u : R2 — R, D = G, nassieaemca zapmonu -
weckoii ¢ 004acmu G, ecay ona ydosnemeopsem e G duppepenyuansuomy ypaenenuro Jlannaca
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8*u + d*u

8z By?
2 2

HuddepenumanbHbIl onepatop A = % + :—yz Ha3pIBaeTcs onepamopom Jannaca.

Ilycte f = u+ v, f € A(D), D € C — onHocBsA3Has obnacts. W3 GeckoHedHol midbepeH-

uupyeMocTd GyHKUMH f caenyer, 4To (GYHKUMM u M v MMEIOT B Kax/0i Toyke obiactu D dacTHble

TIPOM3BOIHEIE IOOBIX NOpsAKoB. 3anuiueM ycaoBus Kown—PuMmana
du v du ov
%s 8y Oy oz 2
IIpomddeperpyeM TepBoe paBeHCTBO B (2) Mo &, BTopoe — IO y U CJIOXHMM TOJNyYyeHHOe,

Au= =0 )

2 2
TIPHHAB BO BHUMAHHUE, UTO B%aiy = 5‘%&. HNMeem
A u + u 0
U = — —_— = (),
azr By’

AHaNorngHo nonaydaeM paBeHctBo Av = (. CiienoBaresibHO, NefCTBUTEIBHAS YaCTh ¥ 4 MHMMAasl 4acThb
v aHATMTHYECKOH B ofnacT D ¢yHKUMH f ABIAIOTCS rapMOHHYeCKMMH (byHkuusMH. PyHKiHio v
TIPUHATO HA3BIBATH 2APMOHUYECKU CONDAXCEHHOU ¢ dhynkyuel u.

[Tycts B omHocBA3HOH 00nactu D 3agaHa rapMoHudeckas ¢hyHkuusa u. HaitneM conpsbkeHHylo ei
rapMOHMYecKy10 GyHKUMIO v. U3 yenoBuii (2) nonyyaem:

4 3vd+3vd 3ud+3ud
v= — —dy=——dz
F) "% 8z ¥
OTKyzna
(z,y)
du du
v(z, y) = _B_y dz + 9 dy+C, C=const, (z¢,y)€D, CER 3)

(z0, yo)
ITonpiHTErpasIbHOE BHIPAKEHHUE B 3TOM KPDUBOJIMHEHHOM MHTETpale ABIAETCS NOJHBIM HuddepeH-
LIUIOM, BCJIEACTBHE Yel'o MHTErpajl He 3aBUCUT OT BHIOOpA NyTH MHTEIrPHPOBaHMS.
TaxuM ofpazoM, aHaIMTHYeCKasd GYHKUHS f B ONHOCBsI3HOI obnactu D onpenenserca ee nei-
CTBHTEJILHON YaCThIO C TOYHOCTHIO IO AIUTUBHOM nocrosHHoi {C no dopMmyne

(z,y)
I} I}
f@y=u=, y)+i / ~Zdr+ Sy +ic. (4)
P 8y dz
(g, ¥o)
®opmyna
(x,y)
v v .
fz)= —dz - —dy+C+iv(z, y) (5
8y oz
(zq, yo)

BOCCTAHABIWBAET aHAIUTHYCCKYI0 DYyHKIMIO f MO ee MHHMOH YacTH ¢ TOYHOCTBIO 10 NPOU3BOJIBHON
alMUTUBHOMN [eHCTBHUTENIBHON nocrosHHol C.

6.3. Teopemsl JInyBunia u Mopepa.

Teopema 1 JInyBunnsa). Ecau gynxyus f anasumuueckas o ecel naockocmu C u oepanuuennas,
mo oHa ROCMOAHHAA.

« CornacHo ycnosuio, Vz € C [f(z)] € M = const. Ilycts zy € C — Npou3BoibHasi TOYKA.
Paccmotpum xpyr Kr = {2 € C : |z] < R}, rne R > |2y|. CornacHo ¢opMyse npoM3BogHOM OT
uHTerpana Komwmu nmeem

2
o1 JQ© o L [ if(Re")Re"
f(ZO)_E;r—z: (C_z)zdc_ﬂ-? mdt,
0

OKp
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OTKylla IpH AOCTaTOYyHO ConblMx R nosyyuM Ve > 0 oleHKy
IF (2ol < 1 MR2w <e
z —_—
YN 2 (B - [zl)?

B cuny npoussonsHocTH BhIGOpa € > 0 f'(zo) = 0. IMockonbKy 29 € C — npou3BosibHAsA TOYKA, TO
f(z) = const. »

Teopema 2 (Mopepa). Ecau dynkyus f HenpepuieHas ¢ obaacmu D C C u unmezpan om nee doav
opuenmupoeannoli epanuybt G arwboeo mpeyeoavruka G € D pasen nyao, mo f € A(D).

<« ITycts 2z € D — moBad touka. Paccmorpum kpyr K, = {2 € C: |z ~ 20| < r} C D. Torna no
teopeme 1, n.5.1, ¢yHuxuua F, rue

F(z) = / fQdg,
(20, 2]
sByAercs nepBoobpasHoi Gynxkunu f B Kpyre K, , 1.e. V2 € K, F'(z) = f(z). Orcrona cnenyer, 410
J € A(K,,), cnenosaresnsHo, f € A(D) B cuiny npousponbHocTH K. »

6.4. I'aBHOe 3HaYeHHe W Npele/bHbE 3HAYCHHA HHTerpasa tuna Kommu.

CorlacHo teopeMe 1. 6.1, WHTerpan tuna Koru

Py L [ 1Q

2me f (~z
r

¢, T'=(7; Yop)s @))

rae f — HenpepbiBHad ¢GyHkumsa, I' — nonoXuTensHo opueHTHpoBaHHasd IJIafKasd MIM Kyco4Ho-
DIaIKas KpHBas, ABJIsieTcs aHanuTHyeckoil dyHkuyei B noGoit todke z € C, He mpuHamtexauen
KDHUBOM 7.

Oyuxuuio ( — f(¢) Ha3pIBAIOT Naomuocmbio, @ GyHKUMIO C—l; — adpom Kowu. Ecin z € v,
TO HHTerpajl B mnpaBoif 4actu (1) B OOLIMHOM NOHUMAHWM He CYHIECTByeT, ONHAKO NPH HEKOTOPBIX
IOTIOJIHHTEJIbHBIX OTPaHWYEHHHAX, HAJaraeMbIX Ha IUIOTHOCTH f, €My MOXHO IPUAATh ONpeleseHHbIMA
CMBICIL.

CuntaeM, 4TO vy — 3aMKHyTas riankast Kpusast XKoprana u (o € . Iycts L, ={2€C : {z— (| = €},
rae € > 0 — Ipou3BOJIbHOE, KaK YTONHO MAajo€ YHMCJIO, He NPEBBbILIAIOLIee CTAHIAPTHOTO pamguyca
KpHBO#f « (IJIaDK#e 3aMKHYThIE KpuBhle 2KopaHa v HMeEIOT BaXHoe cBojictso: Vvy 36 > 0 Takoe, uro
Yzy € v OKPYXHOCTb C HEHTPOM B 3TOH TouKe paguyca § < §, pOBHO IiBa pasa repeceKkaeT KPUBYIO 7,
9UCIIO §) HA3bIBAETCS CTAHNAPTHBIM PaluycoM KpHBOI ).

Yacts KpuBoii 7, Jexatueil BHe okpyxHoctH L., 0603Ha4uM .. MHTerpan

)
F. =— | ——d 2)
e((O) 271'1 <_<0 Ca
Ie
OYEBHIIHO, CYLUECTBYeT B OOBITHOM TTOHHMAHMH.
Onpepenenne. Ecau cywyecmeyem lim F.((y), mo amom npedea nasvieaiom unmezpaiom 6 CMbl-
e—+0

cae enaenoeo 3navenus no Kowu, uau enaéuwum 3navenuem unmeepasa muna Kowu e
mouke {, u obosnauaiom F((y).

OGo3HavyeHHe [JTABHOTO 3HA4YeHWs WHTerpana Tuna Ko coBnagaer ¢ ofo3HadeHHEM HHTerpaia
tuna Ko, NMOCKONBKY, KaK NpaBWwIo, €CJId MHTErpal He CyLIeCTBYyeT B OOLIMHOM NOHUMAHHH, TO
PacCMaTpUBAIOT €ro IJIaBHOE 3HAUYeHHE.

s cylmectBoBaHuA MHTerpaia Tuna Kol B IOHMMaHWH INIABHOTO 3HaveHud V(, € v HoCTaTroy-
Ho, 4yToObl GYHKIHUA f YIOBJIETBOpsiIA Ha KpWBOH 7 ycrosuro Teavdepa ¢ nokazatenem 0 < h < 1 n
NocTossHHOA M :

@M >0):V (¢ €7 & €7) 1F ) — FEGI < MG — Gl )

HeiicTpuresnbHo, 3anmmem F,((,) B Buge

_ 1 F(©) = F(Co) J (o) d¢
Fe(Co)fz—ﬁ d¢+ i /C—Co.
e

¢—%o

Le
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IIpyHUMas BO BHMMaHHe yclioBMA (3), JIETKO [10Ka3aTh CYyillECTBOBAHHE PABHOMEPHO CXOHSLLErocs He-
cobcTBEHHOTO HHTErpana

_1___/f(0'"f((0)d< fim 1 F(O = f(C)
2mi ¢—¢ T em02mi ¢—¢o

Te

d.

Mycts L, — 9acTb okpyxHocTH L, , Haxonsiuasca BHe o6acTy D, orpaHudeHHON KpUBOi 7y, T —
KacareJlbHasi K KpUBOH « B Touke (o (puc.76). Mmeem

1
lim d lim / 9
1 =1 —_— - —_2 -
=0 C—G e (-6 J <=6 v
Te reuLl I
¥ 2 it
d k3
= i — lim ¢ omiotim [ 5@ =
e—0 < - <0 e—0 ee't
L @1
=2mi — i lim(p; — 1) = 2mi — wi = wi.
e—0
Taxum obpasoM, O
1 O — f(Co) F (%)
11m F.({y) = d¢ + .
G 2mi (—¢Co ¢ 2 Pre. 76
r

CJICI(OBB.TCJII)HO, [J1aBHOE 3HAYEHHE MHTErpajla tuna Korum onpeneadeTcsa paBeHCTBOM

f((o) 1 () - f&)

27ri ¢—4o
r

F(CO) - d<1 F = (73 7op)~

3aMmxuyTas kpusag JKopaaHa 4 HEJUT BCio rwlockocts C Ha nBe obracTu: koHeunyio DY u D™,
conepxailylo 6eCKOHEeIHO yIaneHHyIo TouKy. B kaxnoit uz atux obrnacreit uHTerpat tuna Kowm onpe-
Iemsier aHauTHIecKyio pyHkuuio. IIycts (o € v — npousponbHas Touka. Bosnukaer Bonpoc o Cyue-
CTBOBAaHMM INpeNeIOB
hm F(z)u lirr(\ F(z).
40

z=4¢g

zeD* z€D~
DTy npefesisl, eCId OHH CYHIECTBYIOT, HAa3BIBAIOTCS COOTBETCTBEHHO NpeOeabHbiMU 3HGHEHUSMU UHMe-
zpasa muna Kowu e mouxe (, creea om kpusoii -y v cnpasa om nee w o6osnauarorcs Ft((o), F~({o).
Ecnu ykasaHHBle npesesibHbIe 3HaYeHHS CYHIECTBYIOT, TO XKeJIaTeJIbHO YCTAHOBWUTh CBSI3b MEXIY HUMH
M DJIaBHBIM 3HadeHWeM uHTerpana tvna Kowm F((p). Mbt HaiineM 3Ty CBSI3b NIPH JONOJTHHTEIBHOM
NPENTOIOXEHHH, YT0 GyHKUUA f aHAIMTHYECKas Ha KPUBOM 7.

BuiGepeM ¢ > 0 HacTolbko MabM, wtobbl Kpyr K. = {¢ € C : [¢ — (o] < €} conepxaics B monocke

aHauTHYHOCTH PyHKUMH f. OB03HaIuM depes &, JacTb KpUBOH -y, MPHHAUTEXKALIEH KPYTY K.. Umeem

+ 1 . 1 1
F(G) = llm F(z)= =—'(o % f(_c‘)z d¢ = zlgr(\ % Cf(—C)Z d¢ + m C'f(_cl d¢ | =
z€D+ z€D T cept I be
g R EFLO 1 f(() _ 1 f©) f(()
=lm\om ) =%t g € ) =30 BT , %
zéDt Te Te

(B XaX/IOM U3 MHTErpaIoB TIePELUT K NPENETy NOA 3HAKOM MHTerpana, mocKoJabKy KpUBbIE, IO KOTOPBIM
MPOU3BOIMTCS MHTETPUPOBaHUE, HE COmEPXAT TodKY (o). Takum oGpa3oM, ClpaBeUTABO PaBEHCTBO

N L L
PG =5 Cf SLac oo ~———Cf O,
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BBINOJIHSIOmEecs WUl moGoro Kak yrofHo manoro € > . [TosToMy B HeM MOXHO TNlepeifTd K npenery
npu € — 0. [Tomyunm:

J©)
im —
=0 278 (—¢o
Te

im 2 [ 9 4~ im ( L[ HO-IC 1) / & ) 19}
e_.027r1 ¢—¢o -0\ 27 ¢ =G 2w (-6 2

T,

S d¢ = F(Go)s

TaK Kok
d —
lim —mi tim [ LI 4,
e=0 ) ¢ — (o £—0 ¢
|34 re
OxoHYATEIBHO UMEEM
J (o)
F*(¢) = > + F ().
AHATOIHYHO NoJry4aeM
_ F(Co)
o =-T5 4 .
TIpu foKa3aTensCTBe MOCHEHHETO paBeHcTBa BMecto L 6epem LY — yactsh okpyxuoctd L., co-
nepxatuytocs B DT . Torna
.1 dg¢ .
lim — = —mi.
€0 272 ¢—¢o
L
PareHcrBa 6
FH() = 2= + F(Go)

B y4eOHOI iyTepaType HocsT HasBaHue gopmys Coxoyxoeo. Ix OTKpbUI B 1873 1. pycckuit MareMaTuk
0. B. Coxolkuii (1842~-1927). ®opmysnst CoxoLKOro cripaBe/UIMBbI IIpH Gostee 06LIMX NPEAIONoXEHUAX
OTHOCHTENIbHO (YHKLMHU f.

6.5. @opmyant HIBapua u Ilyaccona.

HOycre 7 = {¢ €C: ¢l = R}, ¢ = Re™, 0 <t €27, ug — bYHKUMA, 3aNaHHAA HA OKPYXKHO-
CTH YR, THE
u(Q) = up (Re™) = @o(t), Q) = fo(2m).
@opmynoii Illeapua HA3BIBAETCS PABEHCTBO

w Re't 4 1 +z d
f@) = —/uo(Rl)Re“ ¥ =2—7;/ g_z?{ M
Tr

a yHrerpan B (1) HocuT Ha3BaHUe uxnmezpara llsapya.
PaccMoTtpuM cpoifctBa GyHKIMH f.
1) 3anuureM ¢opmyny (1) B Buze

1 L o2d¢ 1 [ uw()
@) =5 / w® 775 -~ 3 . @
Tr

z 2w (

Tr

Bropoit MHTerpain B gopmyne (2) sBistercs OCTOSHHOM BETUIHHOIM, a TlepBblit — yHTerpan tuna Komy.
ITosromy f — aHamdTMYeckas HYHKUMS B moboi 06macTd, He comepxalueidl Touex KpuBOH Yr H, B
uacrHoctd, f € A(KRr), the Kp = {z € C: 2| < R}.
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2) Ilycts uo(¢) = 1, Torzma

1 2d¢ 1 d¢
f()—’i;z' ;Z—m/?.

Tr Tr

Ecm z € Kg, 10 f(2) =2-1=1. '
3) Haiinem Re f(z), cuuras, 4ro z = re'? € Kp. UMeeMm

i —it __ i
Re f(z) = e—/uo(R ” Ee——j—fe—— Re_/ ”) (R b y}) (Re e w) dt =
Re

Re't —re'y it _ ,.ew) (Re““ _ ,.e—i<,,)

2w 2

1 R —ri4Rr (ei“"_“ - e‘i(“’_t)) 1 :
=Re o [uo (Re”) R +4+72—Rr (ei<t—so) + el t—v)) dere 2— to (Re t)

R? =% + 2iRrsin(p — t)
R 4+ 72— 2Rrcos(t — go)

— [ ug (Re” R v dt=u (rei“’) .
R2 + 72— 2Rr cos(t — )

PaBencrso

2r

)= u(r ) = — (Re™) B dt 3)
= e - —
u(r, @) =ulr wm | N R 2R r cos(t — )

0

HasbiBaercs gopmyaoii Ilyaccona. VHterpan B npapoi dactd dopmyinbl (3) HasbIBAeTCS UHMESPAIOM
Iyaccona.
N3 cBoiictea 2) dyHKUMH f cliefyeT paBEHCTBO

Ix

1 R -r
— dt =1, 4
2 / R!+r?—2Rrcos(t — ¢)
0

BHINONHsOWeecs Yz € K, z = re'?.

4) IToxaxkeM, 4T0 (GyHKLIHSA (r, ®) = u(r, p) Henpepbmﬂa B 3aMbIKaHUK K ¥ ut0 u(R, ) =
up(Re'?), 1. €. u(r ¢) =3 ug(Re't) ipu z = re'¥ —» ¢ = Re* Brons moboro nyTu, nexamero 8 K.
i 310TO HaM MOHAmOGHTCA Clleflylolee YTBEpXKIACHUE., ' '

Jemma. Iyemy gyucyua U: C — R, U = U(z,(), 2de z = re*?, ( = Re'*, 0 < r < R,
0< ¢ <2, 0 <t <27, yoosnemeopsem caedyiougum Year08UAM:

1) ona nenpepwigna u Heompuyamenwna;
2r

2) Vz ewnoansemcs pasencmeo Zl” f Uz, ()dt =1,
0

3) npu z — (y = Re*™ ({, — awbaa mouxa okpymcrocmu yr) u { # (o dynkyus U cmpemumes
K nymo paenomepro omuocumenvro ( (m.e. Ve > 0 I(p < R, 6 > O)(r > R — P, Alp =t < 8
Vt:Jt—t) <26):0< V(z, Q) <e)

Tozda dns aoboii hynkyuu u : C — R, 2de u = u((), kycouno-nenpepeienoii ¢ moHkamu paspsiea
nepeozo poda, e A06oii mouke ee nenpepsignocmu (o cyujecmeyem npeden

27

cﬁ 1 o u(QU (2, ¢) dt = u(G)-
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« U3 ycnosus 2) cnenpyer, 4To u{{y) MOXHO NpeNCTABUTh B BUIE

2r
1
u((o) = ﬂ/u((o)U(z, ¢)dt.
0
OneHuM
2x
A== [ (w0 - u NU, ¢)dt
27 0 ’ :
0

W3 HenpepbIBHOCTH (hyHKUMM u B TOUKE (o crienyer, aro Ve > 0 36 > 0: [t—ty] <26 = |[w(()—u((y)| < ¢
(cM. puc. 77). Umeem

1 1
A= o / (u(@) - u(¢))U(z, O dt + o / (#(0) - ) Uz, Qdt =1, + I,
lt—to]<26 Jt—to]|>26

i€ HHTErpaIbl GepyTcs Mo IYTaM OKpPYXHOCTH g, I apTyMeH-
TOB TOYEK KOTOPBIX BHINIOIHEHBI COOTBETCTBYIOLIHE HEPABEHCTBA.
Ouenum I;:

2

1

Il < 5 / |w(O-u(e) UG, O dt < = / UG, (it = e.
|[t-tgf<26 0

Teneps npeanonoxum, 4ro |¢ — 9| < 6. Torma s Beex ¢,
YIOBJIETBOPAIOIMX HepaBeHCTBY |t — &o| > 26, monyyuM, uro
l¢ ~t| > 6 u B cty yenoBusa 3) Haifzercs Takoe ducio p < R,
910 IUIA YKa3aHHbIX ¢t U r > R — p BBHINONHSETCA HepaBEHCTBO
Ul(z, {) < €. Takum oGpa3oM, Iig Bcex z U3 O6JIACTH, 3ALUTPH-
XOBaHHOM Ha puc.77, Wi KOTOPhIX ¢ — ¢ < 6ur > R— p,
MoJyqyaeM:

Puc. 77

! U d
5 / (u(Q) — u(¢)) Uz, Q) dt

|t—tg]>26

< < . IMQ@r - 28) < 2Me,
2w

M= sup [u(Q)l, [A]<(1+2M)e.

€53

B CHJTY NPOH3BOJIBHOCTH € > 0 umeem

2x
1
im 5 / w(OU G, ¢ dt = u(Co). »
0

[Monarast B ycloBusX JeMMbI
R _¢?
R? + 12 — 2Rr cos(t - )’

Uz, ()= u(() = uo({),
NOJIyYUM CBOMCTBO 4).

Iposenennrie uccnenoBaHUs NOKA3bIBAIOT, yTo (opMyna IllBapua onpemender aHAMUTHIECKYIO
¢ynxumio B kpyre K 1o 3HAYEHUsIM ee HeiCTBATEIbHOIM YacTH Ha rpaHuue Kpyra. Popmyna Ilyac-
CoHa jaer peitienye sana4d Jupnxie mia ypapuenns Jlamnaca B xpyre Kg, cocTosei B HaXOXIEHUH
pewienyst ypaBHEHMs Jlarraca B Kpyre K, HenpephbIBHOTO B 3aMbIKaHMi K p ¥ NIpUHUMAIOLIETO HA
rpanuue Kpyra 0K g sanannoe HenpephBHOe 3HaYeHHe uq(t).

PaccMOTPHM IIPHMEpEI,
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6. Mycms f — oyuxuns, aHamutudeckas B kpyre Kp = {z € C : |z — a| < R}. Joka3arh, 4To

mpu 0<r <R
2r

f()——/P(G)'“’

0
e P(8) = Re f(a + re*®).
<« ITo Teopeme Komm

O—/f(z)dz—zr/f a+re eledO

8Kp
OTKyIA

'LG —i0
=3 / fa+re®)edo.

C npyro#t cropoHbl, no ¢opMysie NPoU3BOAHON oT uHTerpaia Koluy, nonyyaem:
fl(a) = ——1~— f (a + rew) e “de.
2mr
0

W3 nocnentux nByx dopMmyn uMeeM

I

f'(a) = 1 / P©)e " do
nr

0
AHaJIOTHYHO

f'@= wir /Q(e)e_iade’ QO =Imf(at+re™™). »
0

7. Beruucnuts

cosz )
/(z—i)jdz’ =0, v%), 7={2€C:lz—-i|=1}.

r

<« CornacHo ¢opmyrie (2), n. 6.1, HaxoguM:

Cos z 2ri d

G-y T 2 a2
.

cosz = —micosi=—michl. »

8. Brumcnurs HHTETpa
27

sin ny
I= [ ————d -1< 1 N.
/1—2asin<p+a2 # e<l ne
0

<« Bocnons3zyemcs dopmynoit Ilyaccona. TTomyymm:

2T 1 -7 (1 - az) sinng 2r 1 Re (—ze"‘“’) (1 - a2) dp

- .= dyp = :
1—-a® 2rn 1—2acos(§—<p)+a2 L g 27r 1—2acc>s(2 <p)+a2
0
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n 0, ecnu n = 2k

3 R ( o ,-ng) 2wa™ . nw ) *eEN. »
= e{—ia"e = ——sin—= T .
1-a? 1—a? 2 7= (- ecmmn=2k+1

9. Borawcomts HHTerpai / |z|Zdz, tne T = (v, Yop) — KYCOYHO-IJIafKasl, NOJOXUTEIBHO OPHEH-

r
THPOBaHHas KpuBast, Y =y U v, 11 = {2 €C| -1 K Rez < 1, Imz =0}, . ={z €C:|z| =1,
Imz > 0}.

« Kpusas vy 3amxHyTa, a nosnoxuresbHast opueHTalUs KpuBoil I' 03Hadaer, YT0 NpH BO3pacTaHUYU
napaMeTpa (Ha OTPE3Ke <) ITO &, & Ha BEPXHEHN MOyOKPYXHOCTH y; 3TO ) NOABHXHAL TOUKaA NpoleraeT
KpPHBYIO 7 B HanpapbleHHM, NPOTHBOMOJIOXKHOM XONy JaCOBOM
CTpesIKH. Ha otpeske v, |z|Z = |z|z, a Ha nonyokpyXxHocTH 7, A
z=-¢', 0 <t < 7. CrenorareinHo, @

1 L

/[z[idz:/|x|zdm+i/e“e”"dt=m. > / —~ \

- Ny

z ——
10. Beramcmurs HHTETpan 7 dz, rne I' — opuentpo- _9 1 ¢ 1 2
r
BaHHas FpaHULA TTOJIYKOJBLA, H306paxeHHoro Ha pHC. 78. Puc. 78
<« IIpy MHTErpHPOBAHMH IO 3aMKHYTOM KPHBOHM BBHIGOD HAYaNLHOM TOYKM He urpaeT pond. [lycth
310 OyneT Touka z = —2. [TonyyuM, npmmmaﬂ BO BHUMaHHE, 110 Ha neACTBUTENIBHOW OCH z = Z =,

Ha HHKHEH MOyOKPYXHOCTH z = e'' Ha BepxHel — z = 2e't , 0t

-1 0 2 b
. ) 1 .
/ =/ dm+/ie'3‘ dt+/ da:+/i2e”‘ dt = 1+§e”t
=2 E3 1 0

r
11. Buucaurs uarerpan /(z ~a)'dz, n€Z;T = (7, Yop):

t=0
2 .
1+ = 13t
+ 36

t=w

IS TR

t=mw t=0

T
1) o nonyokpyxsocti v = {z € C: |z —a| = R, 0 < arg(z — @) < 7} (Hadano nyTH B TOUKE
=a+ R);
2) o okpyxuocti Yg = {z € C: |z —a| = R};
3) o nepUMeTpy KBaZpaTa ¢ LeHTPOoM B TOYKe G M CTOPOHAMMK, napaUIe/ibHbIMH OCIM KOOpPIHHAT.
<« 1) Buifop HavaibHOM TOYKH KPHBOW <y Onpenie)IieT ee OpPMEHTALMIO, CIIENOBaTe/IbHO, KpuBasd L
OPHEHTUPOBAHA B HANPABNEHNH, IPOTUBONOJIOXHOM HAIIPABIEHHIO X014 JacoBoll cTpesiku. B uHTerpane
Mpou3BeJeM 3aMeHy NepeMeHHOMH, nojarasg z — @ = Re” 0Lt . Ilyets n # —1. Torna

ki

i Rn+l . , t=m n+!

/(z —a)"dz =iR™" /el("“)t dt = —?e""" " 1((—1)"“ - 1.
n t=0
L 0
Ecnu n=-1, 10
dz [ iRe" it =
z2—a Re't .
L 0

2) Ecrm n # —1, to nopsIHTerpanbHasi QyHKIMS aHaNWTHYecKasl B ONHOCBA3HOMK obnacTh, orpa-
Hi4e HHOH OKPYXHOCTBIO YR, ABNAIOIIENCH ManKkoi KpuBoi. Ilo Teopeme Komm (cm. 1. 5.3) umeem

/(z—a)"dz=0.
L
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Ecnu n = —1, TO, IPOU3BEJS Ty XK€ 3aMeHY nepeMeHHoﬁ, YTO U B NPEIBIAYILEM IIPUMEpPE, TTONYYNM:

R it
/ X dt = ior.
zZ—a

3) Ecm n # —1, To GyHKUMs z — (z—a)" aHAIMTHYECKAs! B OQHOCBA3HOM 0ONACTH, OrpaHUYEHHON
KYCOYHO-TJIANKON KpHBOil U 110 Teopeme Koim

/(z~a)"dz=0.
L

[lycte n = —1. Torma nogsiHTerpasibHast GYHKIMS HE SBISETCS aHAIMTUYECKON B 00JIaCTH, Orpa-
HUYEHHOH CTOpOoHaMu KBajipata. M3 teopemsl 4, 11. 5.3, crnenyeT, 4TO KPUBOIMHEWHBIN MHTErPail BTOPOTO
poOZa fO 3aMKHYTOM KYCOUYHO-TJIAIIKOM KPHBOIi He 3aBUCHT OT €€ BiIa. [1ooTOMY BMECTO rpaHHLIBI KBa-
Ipara BO3bMEM OKPYXHOCTb C LIEHTPOM B TOUYKE @ M pajuyca, O0JbIUEro IMOJOBUHBE [UTHHBI JUATOHATH
KBaapara. 3agadenach K ciydaio, paccMoTpenHomy B 2). [Tostomy

/ dz .
=127 »
z—a

L

12. Beruucmurs unrerpan I = /an dz, T' = (7, Yop), THE:

r
1) ¥ — eaMHuUYHASA OKpPYXHOCTh ¥ Ln 1 = 0;
ig 3
2) ¥ — eOMHHYHAI OKPYXHOCTb 4 Lni = —;
3) v — okpyxHocth: Y = {z € C:|z| =R} u LnR =InR;
4) v — okpyxHocth; Y = {z € C:|z| =R} u InR=InR + 27i.
4 Muoro3Haynas ¢yHKIMs w = Ln z MMeeT cieayiolye OfHO3HAYHbIe BETBU:
w, =In|z|+iargz + 2kwi, k€Z.
ITpn uHTErpUpPOBaHUH CIICAYET BHIOMPATh COOTBETCTBYIOLUME BETBH, ONPEAEIBIEMbIC HOTIONHHTEIBHBIMHI
ycnoBusiMu. B kaxmoMm u3 ciyyaeB 1)—4) oKpYXHOCTH NONOXUTEIBHO OPHEHTHPOBAHB ¥ OPHEHTA-
L#s MX COOTBETCTBYET BO3PACTaHMIO TapaMerpa. B cnyuasx 1) ¥ 2) mapaMeTpHyecKue HpeﬂCTaBIIeHPIﬂ
OKPYXHOCTEH UMEIOT BUA COOTBETCTBEHHO 2 = (t) = e, 0<t<om, z=yt) =€, T Lt <3 3T,
aBcayyasx 3) u 4) — z = p(t) =Re® 0Kt <2m, 2z = Y) = Re', 21 <t < 4. HpOPISBeJJH B
KaXkOM M3 PacCMaTpUBAEMbIX HHTETPAJIOB SaMCHy NEPEMEHHOMN, ITONIYIHM:

m te“ t=2rm 2w o e,'t t=2r
1 :—/te"dt=—~ B —/e“dt =4 — = —-— =i2m,
1 £=0 1 1 +=0 1
0 0
Sa P Sy 5
2 t=3m 2 it |t=357T
. 2 . it 2
2) I=—/te'tdt -e't -/e“dt =-(2r-2+ & = -2,
ez 2 20t |,x
1;_ 2 322 2
27
3) I=Ri / (nR+it)etdt = -R / te'*dt = i2r R;
0
it 47
., L ) L, | t=4m
4) I=Ri / (InR +it)e* dt = —R te- - / e'tdt | =iRte" =i27R. »
1 t=2r

2r
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13. Bormcnuts unrerpan I = /z" Lnzdz, ' = (Y, Yop), R €Z, 7= {z € C: |z] = 1}, rze:

r
1) Lnl1=0; 2) Ln(—1) = 7s1.
« Paccyxnas aHanornyHo (cM. ITpeabLIyLIHIA IpUMED), TIOIYdHM:
1) Hycrs n # 1. Torma
27 2w

i(n+1)t | =2 i(n+ )t |22 .
I=— [ teitm*0t g — _ te™ o1 gt gy | ite—— _ 27i ‘
(n+1) e0 (n+ 1) n+1) |, n+1
0 0
IIycte n = —1. Toraa nonyyum:

27

t2
Iz—/tdtz—
2

0

2) HOycte n # —1. UmeeMm
3

I=— [ ted™+Vtgs — i feim e
n+1

™

Ecnu n= -1, 10
’ A
. ©,

t2 t=m r
I=—/tdt=5 =—4r’ » 3
t=3mw /;
™ / /

T~ z=re”
/
/N
I« &
S _

NP

e 271 ( 1n.+l
n+1 >

(31[' ei(n+l)31r _ 1rei(n.+l)1r) —

T n+41

t=mw

14. Moxasats, 4To eciv nyTs HHTETPHPOBAHMSI HE IPOXOLUT Yepe3
HaYaI0 KOOPAMHAT, TO

z
d . ;
—<=1nr+i(,o+27rzk, \O /’ll I 7
C ~ L
1
rae k — LeNoe YUCIIO, YKa3bIBalollee, CKOMBKO pa3 MyTh HHTEIPHPOBa- Prc. 79

HHsl 00XOOMT HaYaNIO0 KOOPAMHAT (z = re'¥).
« Ilycte nyTs MHTErpMpoOBaHMST HE IIPOXORUT uepe3 Hayao kKoopauHar. CornmacHo TeopeMe 3,
n. 5.3, MHTErpa oT aHATNTHYECKOH QYHKIMH { — % B OXHOCBSI3HOMH 00JIaCTH, He COOEpXAlUeH Havyaia

KOOpDAMHAT, HE 3aBMCHMT OT BbIOGOpa myTH, coeguusiomero Toukn ( = 1 u ¢ = z = re'®. Ilycmp
I') — opueHTHpOBaHHBIN OTpe30K [1, r] ¢ mapamMeTpHueCKUM HpeICTaBleHueM z = ¢(z) =z, [, —
NONOXHUTENBHO OPUEHTHPOBaHHasl Kyra okpyxHoctd ¥, = {z € C : |z| = r} ¢ nmapameTpuueckum
npencTaBleHneM o,(t) = re't, 0 < t < ¢. Torma ynopsimoueHHbIH Habop I' = (', ;) smmserca
KYCOYHO-ITIAJKOH IIONIOKMTEIbHO OPMEHTHPOBAHHON KPUBOH ¢ HayaloM B TouKe ( = 1 M KOHLOM B
Touke ¢ = z = re'?. Unrerpupys no kpusoit I', nonyqum

z T 4 .
d¢ d¢ dz ire't .
[ [ s
L 1 1 8

ITycts I's — rnamkas WiM KyCOYHO-TTIAIKAs KpUBasi ¢ HAYAJIOM B TOUKE Z U KOHLIOM B Touke 1, oxBa-
THIBAIOLIAA Ha4yano xoopauHar (puc. 79). Toraa nonoxurebHO OPUEHTHPOBAHHAS 3AMKHYTasA KYCOYHO-
ragkas kpuBas I' = (T, I'y, T';) OKpyXaeT Hayallo KOOPAMHAT M B CWIY OJHO3HAYHOCTH (QYHKUMH

1 ac -
¢ — ¢ mHrerpan [ £ ye sapucur OT BLIGOpA KpUBOW I' M €ro MOXGO 3aMeHMTb, COIIACHO Teope-

P
me Kous, MHTErpajioM no J060# 3aMKHYTOH INTankoi MMM KYCOYHO-IIaIKOi KpMBOH, Hanpumep, no
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OKPYXHOCTH pazidyca 1 ¢ HeHTPOM B Hayajie KOOpAMHAT ¥ HaNpaBJIeHHEeM 00X0La NPOTHB X0a 4aCoBO

ctpenx. [lpu sToM nonydnm
27

d . it
/ L
C elt

T 0

ITocne Takoro nonHoro 06xona M0 KpUBOH T nyre u3 Toukn ¢ = 1 B TouKy { = z COCTOMT U3
obpenuHeHns KpuBbix I' u T, T.e. kpuBas I' Gymer npoiineHa gBa pasa, U HpU 3TOM UMEEM ’

/%:/%+/%=2M+lnr+iw.
1 r r

Terieps CTaHOBUTCS SICHBIM, YTO 1pu 00xone Hayala KOOPAMHAT Ak Pa3 NMOJyYMM PABEHCTBO

d
/-Zczlnr+i(,o+21rik, k € Zg

l'chbe%£ = f%ﬁ.Toma J %ﬁ—i»f% = —27i, oTKya
1 - r-

Iy Ty

/d( d( _ dCC 22—/_—211 Inr+ip — 2mi.

r—-

[pu ob6xone HauaTa KOOPAMHAT k pa3 B HANPABAEHHUH X014 YaCOBOM CTPENIKH IOJIYYUM
d¢ . )
/—C— =lnr+ip-2rik, k€N
OOBexVHMB T0JIyY€HHbBIE PE3YIIBTATHI, UMEEM

d
/-g:lnr+iga+27rik, kEZ. »

15. Moxa3sats, uto ecnu myTh He HPOXOXMT Yepes TOUKH +i, TO
1

d¢ T
= — +km,
1+¢2 4

0

rie k — uenoe 4Yucno.
| 1
<« [Tockonbky Toc? = 20en — 2(( 5. 10
1

d¢ _1'
/1+<2‘ <+, /c

0
Ecnu nyTh HHTETPHPOBAHMS HE OXBATHIBAET TOYKH :i:z, TO MHTErPa He 32BUCHUT OT €ro BhIOOpa U MOXHO
HMHTerpupoBaTh, HaripuMep, no orpesky [0, 1]. Toraa momyuum:

t 1

d( dzx " z=1 T
‘ = = arc = —.
1+ CZ 1+ z2 arcigr =0 4

0 0
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Iycth xpyBast, 110 KOTOPOH HPOBOGUTCS WHTErPUPOBAHME, OXBATHIBAET TOUKY ¢ U COCTOUT M3 3a-
MKHYTOH KpUBOM M orpeska [0, 1], OpHEHTHMPOBAHHBIX B IONOXMUTENBHOM HAIPaBNeHHH (puc. 80, a).
BMecTo npon3BoiIbHON IIAAKOM WIM KYCOUHO-TIAIKOM OpHEHTHPOBAaHHONM KPUBONH MOXHO, COINIACHO
TeopeMe Kouin, B3STh NOJIOXKUTENBHO OPHEHTHPOBAHHYIO EXMHMYHYIO OKPYXHOCTh C IIEHTPOM B TOYKE
t (puc.80,6). Ilycte I' = (', ') — NONMOXHUTENEHO OPHEHTUPOBAHHBINA TYTh, COCTOSILUMN H3 YITOMS-

HYTOH OPHMEHTHUPOBaHHOI €IMHUYHOH OKPYXHOCTU U oTpe3ka [0, 1]. Torna mosyyum:

1

a a \
/1+(2_/1+<2_ a) 1 @
r

_i . —
B <+,‘ /c

_ifd  f d _ x
=72 ) (= T+z2 " 4
r, 0

NOCKOJIbKY
/‘ d¢ -0 Puc. 80
C+i

r
KaK MHTETPA OT aHUTMTUYECKOM QYHKIMM MO 3aMKHYTOM TMaaKoil KpuBoH, a

2 1
)
2
T

i [ et it dz m
=—-= - =, —_— = .
2 eit 1+22 4
Iyets T = (T, Ty), @ = (@Y, T'). Torna

0 0
d¢ _ d¢ _T
/1+C2—7r’ /1+<2—4+21r.

£ 1@

Hurterpupopauue o I'® cOOTBETCTBYeT MOMHOMY OGXOLY TOYKM f B TOJOXUTENHOM HANDABIECHMH
[BA Pa’a M OJHOMY MHTErpHpoBaHuio 1o orpedky (0, 1]. Monaras T'® = (1, 17), I = (I'¥, In),

HaXOOuUM:

¢ d¢ _T
/1+C2—27r, /l+<2—4+37r.

) 4
IIponomkas 3TOT npoluecc, nocne k MOJHBIX 06XOXOB TOYKHU &, TOIYyUHM:
1

€ T kn, kez
= - T .
1+¢ 4 ’ o

0

Ecnu k monneIx 06xom0B TOUKY ¢ COBepllaOTCs B HAIIPABJIEHUH XOIa YACOBOH CTPENIKH, TO

1

a
/1+<2—4 kr, k€EN.

0
006a cnyyas o6BEIMHTIOTCS B OLUH:
t

K _Tikr, kez
1+¢2 4 ’ '

0

AnamorydHbIA PE3YIBTAT NoMyunM B CiTyyae, KOTa 3aMKHYyTasi KpMBasi OKPYXaeT TOUKy —i. B
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16. Ioxasars, uro ecmu I = (7, Yop) — MPOM3BONBHBIH NPOCTOM 3aMKHYTBIH KOHTYP, HE MPOXO-

JUILLMA Yyepe3 TOUKY @, ¥ 11 — 1IeJI0e YUCIO, TO
0, ecnt n # —1,
(z—a)"dz = 27, ecnd n = —1,a — BHYTPH 7,
J 0, ecnti n = -1, a — BHE 7.

« Ecmu n # —1, 1o no reopeme Kolun 3ameHsieM KPHBYIO Y HPOU3BONBHOH OKPYXHOCTBIO ¥, =
{z € C:|z—~a| < r}, conepxannyiocst BO BHYTPEHHOCTH WIH BO BHELIHOCTH KpuBo# . Torna nomyynm,
nonarag z —a = re*t, 0 <t € 27

2%

; t=27
. el(n.+l)t
/(Z _ a)n. dz = z-‘/"1'L-+-lel(n.+l)t dt = rn.+l =0

n+1 |,
r 0
Hyctes n = —1, a — BHe 7. Torga yHkimsg z +— (z— a)~! aBaseTcs aHaMMTHYECKOM 1 TI0 TeOpeMe
Komuu
dz
=0.
z—a .
r { ib @
Ecru n = —1, @ — BHYTPH 7, To, 3aMEHHB KPHUBYIO 7Y
OKPYXHOCTBIO 7, C LEHTPOM B TOYKE @, MPUHAIEXALIYIO BHY- )
TPEHHOCTH 7, TIONIYYHM l T
.
dz . re't dt = omi -
e f ye TR -R O R
r 0
Puc. 81

+oo
T
17. Noxazats, uto /e"zz cos 2brdz = %e“bz.
0

« [lycrs L — monoXuTenbHO OPpHEHTUPOBAHHAS KYCOYHO-ITIAKAS KPUBast, COCTOSILAS U3 OTPe3-
2

KOB, MapajUie/bHEIX OCSIM KOOpAUHaT (puc.81). ®yHKuus z + e~ ° aHanutHueckas B obnactd D,
OrpaHMYEHHON 3TOM KPHMBOHM M HenpephiBHA B 3amblkauuu D. ITo teopeme Kolun umeem

~ )
/e dz = 0.

L
Bocrionssyemcst CBOHCTBOM aIIMTHBHOCTH KPHUBOJIMHENHOrO MHTErpajia BTOPOro poja:
R b -R 0
—z? —2? . —(R+iy)? —(x+ib)? . ~(—R+iy)?
0= [e“dz= Je " dz+i | e dy+ | e de+1t | e dy =
L -R 0 R

b

b
R R
.2 . i Rain? e Raim? a2
=/e “ dz+z/(e (Riy)” _ o= R+‘”)) dy—/e @b g =
—-R -R
R R

a
b

2 2,.2 . . 2 2 ;
- . - R =21 R 2R b — -
——/e e dz+z/e hid (e Y e W) dy—/e =T gy =

-R 0 -R

R b R
=/e“=2 atac—2i/e"*zﬂ"sianyaty—/e*’z"ze‘m’z dz. ()
-R 8 -R
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Iycte
R 0 R
2__.2 _. 2_.2 _. 2_ .2 _.
I=/€b =g ‘szdz=/eb = 12bwdz+/eb =% 12bzdz'
-R -R 0
[Tocne 3ameHBl & = —t B IEPBOM HMHTErpalie, MOIYYHM
R R b R
b2 _.2 ) . —R24u? . B2 _?
I=2e /e ® cos2bz dz, /e “de -2 [ e B sin2Rydy - 2e e~ " cos 2bz dz = 0.
' 0 -R 0 0
HMarerpan
b R +no
—R2+y2 . . —z? def —x?
e sin 2Rydy — 0 nmpu R -— +oo, lim e Tdr= | e dz=v7
R—+4oo
0 -R —o0
(3TO M3BECTHBI unmeepas Fnepa— I[lyaccona),
R +o0
: -zt def gt
lim e ® cos brdx = e cos 2bzdzx.
R—+2c
0 0

Takum obpasom, nepeiins K nipeaeny B (1) npu R — 400, NONydUM:

+20

N = 2¢" /e”z2 cos 2bxdz =0
0
OTKyHa

+oc
/Ae_zz cos 2brdzr = \/T;e'bz. »

0

18. Bouucanrs unTerpa / sz;»—9 T = (7, Yop), ¥ — 3AMKHYTasl IIAKAs WIH KYCOYHO-IIALKAS
r
KDPHBas, €CIH:
1) Touxa 3¢ JIeXHT BHYTPH KPHBOIi 7y, a Touka —3i BHE ee;
2) Touka ~3i JIEXUT BHYTPH KpUBOM 7, a TouKa 3i BHE ee;
3) Touky =3¢ npHUHamIeXaT BHYTPEHHOCTH KPHUBOI 7.

| S 1 1 1
< Tockomy 75 = ¢ (55 — 725, ™©

dz i dz_ dz
2249 6 z+3i z—31
T

r r

1) Tak Kak Touka —37 TIpMHaIIeXUT BHEUIHOCTH KpHBOl v, TO o Teopeme Kowm

dz
/z+3i =90
r
dz
z—3i

r

B mHTerpae
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BMECTO KPHBOM 7 MOXHO B3SITh OKPYXHOCTb 7, = {z € C : |z — 3i| = r}, npuHamiexamyio BHyTpeH-
Hocty 7. Torga nosyuum, nocsie 3aMeHsl z — 31 = re*t, 0 <t < 27

27 X “
i dz 1 re"dt_21r_ dz 7 @
6) z-3i 6J rett 6 3 2249 3
T 0 T

2) ITo aHayioruu ¢ ApeblOyLINM, UMEEM

7 dz _ dz T
6 ) z+3 3’ 2249 37
r r

3) IIpumenum teopemy 4, H.5.3, K HHTETPAIY O TOJIOXUTENLHO
OPHEHTUPOBAHHOM ITOJHOM I'paHMLE 06JacTH, COCTOsIILEH U3 KOHTYPOB
I, 'y, I'; (cm. puc. 82). Ionyunm, ApuHUMasl BO BHMMaHHe ciiyyan 1)

u 2):
dz dz +/ dz T o
249 | 2249 2493 3 Puc. 82

r r )

Wl

zdz
4_1,I‘:(’)’,’yop),7={ZECIIZ‘—GIZG},(G>1).

19. Buruncuts MHTErpai /
z
r

Jkm

« OyHxuus z — z*+1 uMeeT HYJIM B TOUKAX zj = Vi=e'2 k= 0, 1, 2, 3. KpuBast y oKpyXaeT
JIMIIb TOYKY 2o = 1. 3anucaB NOABIHTErPAIbHOE BbIpAXEHHUE B BUIE
z A +Bzz+Cz+D
22—1 " z-1 " (@+DE2+1)

nerko Harnoem A:

z 1
A = l- ———————— T =,
zl—olnl z+ D@2+ 4

B cuny cBoiicTBa alIMTHBHOCTH HHTErpalia, UMeeM

zdz 1 dz Bz’4+Cz+D 1 dz
= <5+ dz=—~ [ —,
¢ -1 4 ) z-1 +DE+ 1) 4] z+1
r r

T T

Tak Kak 1o teopemMe Kouu
B2*4+Cz+D

(z+ D2+ 1)
r

[Ipou3Bens B MHTETpae 3aMeHy IepeMeHHOM no dopmyne z — 1 = re't, 0 < t < 27, HaxomuM:
27

zdz 1 ire“dt_Z i m >
#-1 4 ret 4 27

r 0
1 e’ dz
20. Bouncnuts UHTETpT — ——, I' = (7, Yop), €C/H 3aMKHYTasl KyCOYHO-ITIAAKASA KpH-

i | z2+4a?’
P —
Bast v okpyxaer Kpyr K, = {2 €C:|z| L a}, T.e. K, € D, 8¢ D — obnacrs, 8D =T.
« Paznaras dyaxkumio z — ;1—_:_;7}{8 NpOCThIE JPOOH, TOMYIUM:
1 i i

Z2+al  2a(z +ia) 2a(z —ia)
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1 e*dz 1 ie’ 1 ie”
— | === s7——=dz-5= | ——=dz
2ri | 224+ a? 27 J 2a(z +ia) 27i J 2a(z - ia)
r r

T

Taxkum obpasom,

[MpumenuB MHTETpaTbHYIO PopMyny Ko (cm. 1. 5.4), HaxomuM:
1 e’ i : : sin a
— | 5Todz=— e —e") = >
2mi / 2%+ a? 2a ( ) a

21. Brruuciuts uHTErpAT — = (¥, Yop), €CIM TOUKA a APHUHAICKHUT BHY-
27rz (z - a)3

TPCHHOCTH KyCO‘IHO-I‘HaJIKOFI 3aMKHYI‘OPI KPUBOU .

<« Ilyctp
() = 1 tet it
f T omi t—z

T

CortacHo dopmyrne (2), m. 6.1, umeem

" 2 tet
e )*zm/a_—zﬁ‘”’

T

a no unrerpaibHoit dopmyne Kown f(z) = ze®. CienoBarensHoO,

1 . "
2#2/(z—a)3 <§ze> e

1 d
22. Bouucnuth HHTETpAT —— —e—i— dz, I' = (7, Yop), 7 — KYCOUHO-ITIA[IKAs 3aMKHYTas
2 z(1 = z)}

r
KpHBas, €CIIH:

1) Touka (0 MPUHATEXUT BHYTPEHHOCTH KPUBOW ¥, a Touka | — e¢ BHEIIHOCTH;
2) touka 1 NpUHAMIEXUT BHYTPEHHOCTH KPHUBOIf ¥, a Touka 0 — €€ BHEIIHOCTH,
3) Touku 0 u 1 npMHamIEXaT BHYTPEHHOCTH KPHUBOM 7.

<€ 3anucaB DONBIHTEIPAIBHYIO QYHKIHMIO B BULE CYMMBI
e e (=2'+32-3)

z (z—1) ’
TIONYYuM:
1 e*dz 1 e*(-22+ 32 -3)
2 T omi (z —1)
r r

dz =I1+Iz.

1) Mo unTerpansHoii dopmyne Kown I} = €® = 1. ITocKonbKy NOBIHTErpaibHAS GYHKIMS B
uHterpaie I, aHamtHyeckad, To I, = 0 4, Takum obpasom,

1 e*dz =1
2mi J z(1-2)
r

e

2) B paccmarpusaemom cryyae I = 0, nmockombKy QyHKUMA 2z —+ 7' aHamTHuecKas. [TycTth

1 (—t* + 3t — 3)e*

i t—z
r

f)= dt.
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IIpumenuB dopmyny (2), 1. 6.1, nonyqum:

" £+ 3t — 3)et dt
f()__ Gt 43t e di

t-zy
r
Iockonbky f(z) = (=2 + 3z — 3)e*, 10
!
((—z2 +3z —3)8‘)1 e’ ) e
L= = —(-z'—z+1 =——.
2 2 AR
z=1 =

3) Paccyxpast Tak Xe, KaK ¥ NNpy pelleHuu rpumepa 18, 3), 1 npuHUMAas BO BHUMaHHe Pe3yJIbTaThl,
ITOSTYYCHHBIE APH PEIUCHUH 33[a4v B ciIydasx 1) ¥ 2), MoXeM cpa3y 3aIlucaTh:

1 e’ e = 1 2 >
mi ) zl-zp 0T
r

23. Oyuxums f — aHamuTMyeckas B 061acTH, OTPaHMYEHHOM TIPOCTBHIM 3aMKHYTBIM KOHTYPOM 7,
OKDPYXAIOIUM HadaIo Koopnm{a'r Hokasars, uto npu mo6oM BbiGope BeTBu Ln z

I7i /j (Z) Lnzdz = f(ZO) - f(o)a r= (77 7op)7

rae zop — HayaJibHAs TOYKA nmerpnposanm.
<« UHrerpupyst no yacrsiM, nomyyum:

/f(z)andz———f(z)L f(z)

Iockonpky an|F =27, TO mf(z) an[l‘ = f(zo). [To uHTerpanpHoil dopmyie Komu

1 (1@
r

Crie10BaTeNIbHO,
i /f (z2)Lnzdz = f(z) ~ f(0). »
24. Brumcnurs unrerpan I = h—ﬁ—;—I‘—( ), y={z2€C:lzl =1}, B
) P B z—ayz-br’ Y Tod T = ’ -

r
3aBUCHMOCTH OT TOro, Oymet 11 1) |a| < |b] < 1; 2) a] < 1 < |b]; 3) 1< |a| < [b].
<4 1) Touxn a ¥ b npuHANIEXAT BHYTPEHHOCTH OKPYXHOCTH 7y, B CHJIY YETrO MOXHO NPUMEHHUTH

TeopeMy 4, 11.5.3:
dz _ (z-b)™" (z—-a)™"
/(z—a)"(z—b)"— (z—a)" / (z——b)" =
r

Tg

rae, Hanpumep, I'; U 'y ~— NMOMOXUTENIBHO OPHEHTHPOBaHHbIE OKPYXHOCTH C LIEHTPaMH B TOYKaxX a
¥ b mocratouHo Maibix pamuycoB. [Ipumenns dopmyny (2), 1. 6.1, nomyyum:

(z-b™" 2ri” d™! . Q=2 1
(z—a)y" de = (n—1)! dzn-t ((Z -9 ) ime T (n- 1)!( D (n~1) (a-b»-t’ M
Ta
(z~a)™™ . 2mi no1 (20 =2 1
/ Gooy T (n—=1 D (n—1) (b—aym1! @

Iy
W3 (1) u (2) cnenyer, 4To B 3TOM ciyyae I = 0.
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2) Iyets |a| < 1 < |b], T. €. BHYTPEHHOCTH KPUBOi 7 NPHHAIEXAT AMIUb Touka a. Toraa

/(z—a)- _ [0 e 2min =)

(z-b) =0 I= (z~=a) dz = (n — 1)!)2 (a — by*n-! '

I'a

3) Mpu 1 < |a] < |b] moxsiHTerpabHast QyHKUMS SBISCTCS aHATMTHYECKOH B 3aMblKauuy K, rie
= {z € C:|z| < 1}. Torma no unterpanpHoii TeopeMe Kourn I = 0. »

25. Cormacuo teopeme JInyBwuid, yHkums f, aHaIUTHYECKasE U OTPAaHMYEHHAsl BO BCEH IuTOC-
f(z)dz

KOCTH, SIBJSIETCS NOCTOSHHON. JIoKa3aTh 3Ty TeopeMy, BBIYMCIIMB MHTEIpat / Z———)—(———b;,
z—a)(z —

R =
'r
(Yr, ), Tae Yr = {z € C: |z] = R} (la|] < R, |b] < R) 1 npoun3Bens ero oueHKy npu R — oo.

« Ilycte Iy # Ty — 10JIOKATEIILHO OPUEHTUPOBAHHBIC OKPYXKHOCTH C LHEHTPaMM B TOUKax a M b
JOCTATOYHO MAIBIX paanycos. [TpuMeHuB uHTerpansuyio dopmyny Koum (cMm. 1. 5.4), nomyuum:

fdz [ L i@ O\ (O~ f@)
(z—a)(z—b)ﬁ/‘z— 4z +/z———l;dz_2m a—-b+b—a = am b—a )

Tr l'a Ty

HOCKOHBKy CnipaBE€/JiMBa O1ICHKA

max [f(z)]
izj]=R

— la[)(R - [b))

f(2)dz
(z-a)z—b)

'r

-27R,

rae Imax |[f(2)] < M, M = const, To

. f@d () - f@
RllTx/(z—a)(z—b)”o”zm( b—a )

T'r
orkysa V(a € C, b€ C) f(a) = f(b), 1.e. Vz € C f(z) = const. »
YipaxkHeHHs 1A CaMOCTOSTEIbHOH padoTh

1. BeluvcnnTh MHTErpaIbL
2) [lzl'dz, = (7, 7p), ¥ = {z € C: ]zl = 1};
r

6) fRezdz, D =(7,7p), y={z€C:lz-1]=1}.
r

2. BeluMCIUTD MHTETpAI f e?dz, rne
r
a) ' = (7, Yop)» 7 — NOMaHast, coenuusiomias Touku 0, 1 u 144,
6) v — nomaHas1, coeguusnowas Touxi 0,2 1 1+ ¢,
t

3. Bemucnuts f lz{dz, ecnn nyTMM MHTErpUpOBaHMsI CNYXAT: a) NPSAMONMHENHBIH OTPE30K;

-t

6) BepxHssd MONOBUHA €AMHAYHOM OKPYXHOCTH; B) HMXHSA [ONIOBUHA €IMHUYHON OKPYXHOCTH.

4. BpuncnuTh MHTErpasbl BROib oTpeska I' npsiMoit ¢ HayaioM B TOYKe 2z = 0 ¥ KOHLOM 2; =

2
i+ i{l ot cneayiowux GyHkumi: a) z — el*l Rez; 6) z e Rez;8) z 1f||z|-

5. Burmcmurs f tgzdz, T = (7, Yop), THE 7 — Ayra napabonbl y = Z°, COSNMHSIOMAST TOUKH

zi=0nzn=1+i.

6. BoranciuTh fm D=7 7), 7={2€C:lzl =1}, V&T+4z+3| _ >0
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7. Iycth GyHKUUsT f HEMpephlBHAS TIPH |2 — 25| > rg M 7 - lziriz:)l(zrlf(zﬂ — 0 mpu r — +00.
Jlokasarb, 4TO TETmff(z)dz =0, T =, Yp), ¥={2€C:|z—-2]|=r}.

8. Ilycts cbyHKml:m f HenpepmBHa pu 0 < |z —Z{ < R u r - |zf—nz?j(:'r |f(z)] = 0 mpn r — 0.
Jlokazats, 4To hm ff(z)dz =0, I'=",Yp), Y={2€C: |2 — 2| =r}.

9. ycTp (DYHKuHﬁ f HenpepsiBHa Ha okpyxHoctd v = {z € C:|z| = 1}. JokazaTb paBeHCTBO

Ti@dz=—12dz, T =y,
T T

10. ITycts a € C, a pyHKuuMa f — aHAMTHYECKAs B Kpyre K = {z € C:|z| £ 1}. Qoka3aTh, yr0

o 2mi £(0), ecnn  |a| < 1,
S =9 o (W—f(%)), ecm  |a] > 1.

11. TlyreM BBIYMCIEHHS MHTEIpaia 21”_[' = (7, 7p), ¥ = {2 € C: {z{ = 1},

(z a)(Z ~)
JIoKa3ath, 4yro npu 0 < a < 1

2
f 1+aZ—2a cost 2a ot 1-al

12. Bergucnuts uuterpan [ ﬂ“Z—Z'Zii(—zﬁdi«', =@, Yop), ¥ ={2€C:l2] =2}

z

r
13. Ilyctp R(z) — npaBuibHas pauuoHatbHas Ipobb, ¥ - KyCOYHO-IJIaaKas 3aMKHYTasi KpuBas,
OXBATHIBAIOILIAS. BCE HYJM 3TOM ApOOM, a TOUKA 2z JIEXHT BO BHELIHOCTH 7. Jlokasats dopMmysty

ﬁ? f fizc) dz=R(), T =7, You)
r

14. Ifycte $dynkums f — aHauTUYeckasl B HeKoTopol obsact D ¢ xopaaHoBo# rpanuuei 9D,
HeIpephIBHA B 3aMbIKaHuMH D ¥ nocTtosanHa Ha 8D, Jloka3atp, YTO OHa MOCTOSsHHA U B D.
15. Haiitn HHTerpa.rIbl tuna Kowm:

a) f(l) 21r: C(gcz)7 :(7) 701'1)’ 7:{ZECIC|=1}7
— N : (S — . 2 1
6) 9(2) = 5 f s, D={zeC sl <1m |2+ 3] > 5}
8D
16. Ilycte dynxums f — aHanuruyeckas B kpyre K, = {z € C: |z| < R} n |a] < R < R;.

Jlokazatb, 4To
\

fla) =5 (Z—arm:z—a)f(z)dz L= Yp)y 7={2€C:|z| =R}
r
Brisectn otcroga ¢opmyny Ilyaccona

6y _ 1 (Rz—r )f(Re"’)df
f(re™) = R eso—pya? (O <1 <R)
0

17. Mycrs ¢pynxumus [ — ananuTuyeckas B kpyre Kp = {z € C: |z —a| < R}. Jlokazats opmyiy
27 .
@=L [Ref(a+re?)eds.
0
18. JlokasaTh, 4TO

fchzctgzdz—Zm ( 2) meEN), T'=, Yop) ’)’={Z€C3|Zi=("+%)7’}'
T



I'maBsa 5

Psapl aHAIMTHYECKUX (DYHKIIHNA.
N30;mpoBaHHbIE 0COObIE TOUKH

B 3toii rm1aBe M3ydJaTCAd paBHOMEPHO CXONSIUMECH PSIIbI, YWIEHAMHN KOTOPBIX ABJISIOTCS aHATMTHYECKUE
¢yaxkuun, OcHOBHOE BHUMaHHME YAC/ISIETCS PaVIOKEHUIO aHUTMTHYEeCKUX ¢yHKuuit B psaxbl Teitnopa u
Jlopana, a Takxe kiaccudpUKaMy U30JIMPOBAaHHBIX OCOOBIX TOYEK aHANMTHYECKUX (HYHKIIMIA, OCHOBAH~
HOH Ha pa3IoOXEHUM MX B pAx JlopaHa.

§1. Pan Teiiropa

1.1. O0mue cBeneHns o psAnax.

Yucnoeoli (QyrKyuoHabhbiid) pad MOXHO MHTYUTMBHO TIOHMMATh KaK INOCIEAOBATE/IbHOCTD (2,)
KOMILIEKCHBIX YHCeJT (IT0C/IeROBATENbHOCTD (f,,) OYHKIIMI), KOTOpbIE CTPOSTCA 110 ONpeAeieHHOMY 3a-
KOHY M IIOCNEROBATE/IbHO CKJIAALIBAIOTCA. B COOTBETCTBMHU € 3TMM YMCIOBON ((PYHKIMOHANBHBINK) PSIX
3alMCHIBAIOT B BUJE

R R D (f|(2)+fz(Z)+ @)+ anu)), M
n=1 n=1

e z, (f.) Ha3bIBAKOT 00uuM wienom pada, a IMcio (HYyHKIIHUIO)

n

S,,:sz VneN (zHSn(z)=ka(z) VneN) )
k=1

k=1
— ero yacmuynol cymmot. Tlpenes mocnexoBatesibHocTd (S, ) YaCTHYHEBIX CYMM pAId, €CJIM OH Cyliie-

o0 o0
CTBYET, Ha3BIBACTCS CYMMOU pada N 0DO3HAYAETCS TEM Xe CMMBOJIOM Z Z, (Z In (z)) , 9To ¥ pax (1).
n=1 n=1
OG6o3HayeHys psifia ¥ €ro CyMMbl Pa3iiM4aioT IO CMBIC]Y TEKCTa, B KOTOPOM OHM BCTpevarTcs. B gact-
HOM Cjlyyae, KOIa 4ieHbl psga — AEHCTBUTE/ILHbIE YMC/IA, €T0 CYMMOI MOTYT OBITh CHMMBOJIBL +00
M —o0. OnHAKO, YMCIOBOM PNl HA3BIBAETCH CXOOAWUMCA, €CAM Y HETO CYLLECTBYET CYMMa M OHa KOHEY-
Hasl, T.e. ABJAETCs NeUCTBUTEIbHBIM WIM KOMIUIEKCHBIM YHUCNIOM. B oCTanbHbIX C/Iydasix, KOraa cymma
YMCIOBOTO PSIJIa He CYLUECTBYET WIIM SBJISAETCS DECKOHEYHOM, PAX HA3LIBACTCS PACXOOAUUMCA.
s QyHKUMOHANIBHBIX PAIOB PACCMATPMBAIOTCA MOHATHUS IIOTOYEYHOM M PaBHOMEPHOH CXOAMMO-
CTH, O 4eM pedb MMOKAET IMo3XKe.
B nexoTOpBIX KHUTrax II0 MaTeMaTUYECKOMY aHaIM3y NMOABIWIochk GOPMAILHOE OMpeNesieHue psaa
KaK TIaphl ITOCIIeNOBATEILHOCTEIM

= ((zn)nen, (Z zk) ) (Z fE ((fn(z))nem (Z fk<z)) )) 3)
meN n=] k=1 meN

n=1 k=1

HO IJ1s1 PAAA M €TI0 CYMMBI COXpaHSIETCS OMHO U TO Xe 0603HaYeHue.
Omnpene/IeHAC PAXA PaBeHCTBOM (3) He SIBASETCS EAWHCTBEHHO BO3MOXHBIM.
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B HacTostest kuure pag GyneM 0603HavaTh CIELMATILHIM CUMBONOM 9, 2, (Z f,,) M OTIPENE/ATD
HE Kax Napy JBYX IOCJICIOBATE/ILHOCTEH, a KaK [TOCIER0BATe/IbHOCTD yncen (hyHkumit) Buaa (2):

er(), (B2(En)

k=1 k=1

JInst cyMMBI psAia, KOIAa OHA CYLIECTBYET, COXPAHEHO NpexHee 0003HayeHne

S (Z L@ lim D fk<z>>. ®)
k=1 n=1 k=1

N 0

Taxkum o6pa3oM, CHMBOJIB Z Z, " Z 2, VMEKT pasMnuyHblil cMpic1. TlepBblil 3 HUX obo3HavaeT
PAX, a BTOpO — CyMMY psia, Koraa 01{;1L clymecmyeT. 3mech NPOBOIUTCS aHANOTHSA ¢ 0003HAYEHUAMH
¢ynxuun f u ee 3HadeHMA f(z).

Teopema 1 (HeoGXOZMMBIN NMPU3HAK CXOOUMOCTH pana). Ecau pad cxodumes, mo nocae-
008ameAbHOCMb €20 HAEHO8 CIIPEMUMCA K HYMO.

« Ilycts psan Z Z, (Z fn) cxomutesi, S — ero cymma (S(z) — ero cymMa B Touke 2z € Dg),
(S,) ((S5,(2)) ) — noc/iexoBaTeIbHOCTDL €0 YJACTHYHBIX CyMM. Toria

Zn =8, =81 2 585 =0 (fa(2) = 5u(2) — Sn-1(2) = 5(2) - 5(2) = 0). »

o

def |
E 2z, = lim

n—0oo
n=l

Teopema 2 (kputepuit Kowu). Pd >z, (Z fn) cxodumes (cxodumes & mouke z € Dy,,)
mozda ¥ moAbKo mozoa, kKozoa

n+p n+p
(Ve > 0)3n, € N(V(n >n., pEN): | D u|<e ( 3 s <e>. ®
k=n+1 k=n+1

« YcnoBue TeOpeMbl O3HAYAET, YTO MTOCAeROBATEIBHOCTE (S,) ( (5, (2)) ) YaCTMYHBIX CyMM psina
dbynnamenransHa. I[losToMy yrBepxaeHue crenyet M3 kpurepus Kouwm g ymcioBo# NMocienoBaTenb-
HOCTH. »

Eciau yucsioBoit psAl cXOAUTCS aBCOMOTHO, T.€. CXOTUTCH PSA Z |z,|, TO ero cymmy Gymem oGo-
3HaYaTh CUMBOJIOM Z Z,, , TIONYEPKUBAs 3THM, 4TO JI00as MepecTaHOBKA psifa UMeeT TY Xe CYMMY, 4TO

neN
M CaM psx. DTUM CBOMCTBOM He O0JIafaroT YCAOBHO CXOMSIILMECS PAXBL.

IMockonpKy NOCAeROBaTE/IbHOCTh KOMIUIEKCHBIX YMCEN MOXET paccMaTpuBaThcsl KaK psl, TO OHM
SIBNISAIOTCS PasTMYHBIMM Ha3BaHUSMU Wi OTHOTO M TOro Xe o0bekra — oTobpakeHus mHoxectBa N
B C. TloaToMy ¢ pssaaMy MOXHO IPOU3BOXUTH T€ XK€ ONEPalMu, YTO M C ITOCIIENOBATEbHOCTMH,

1.2. HocaeaoBaressnocts Gpynkumii H dynxkumonansasiii paa. IloToveynas cXOXHMOCTE.

Onpenenense 1. Omobpanxcenue ® mnomecrmea N & mroxcecmeo ecex Qyuxuuii nasviéaemes QyHk -
YUOHaRbHOU nocredosamensHocmbi0. Suauenue omobpaxcenus ®(n) = f, nasvieaemcs ee n-Hoim
YACHOM.

JUs nocnenoBarensHocTH GyHKuMiA npuMem obosnadenue (f,.).

Onpenenenne 2. /lyems f : C - C, f, : C - C uVn € N Dy, = Dy = Z. Ilocredosamens-
nocmo (f,,) Hasvieaemca nomoueuno cxodawetica k gynkyuu f,ecau¥Nz € Z f(z) = lim f,(z).

n—oo

Ecmu mocnenosaTesbHOCTS ( f,,) TIOTOYEYHO CXOXMTCA K ¢yHKIUH f, To nuiem f,, — f. B ciayuae,
KOI7la BaXeH caM (aKT IMoTo4YedHoN CXONMMOCTH U He urpaer ponu dyHkims f, 6yneM nucatb f,, —.
Onpenenenne 3. Ilycms (f,) — nocaedosamensrocms @ywkyuii f, : C — C, Dy, = Z. Dynkyu-

™
OHanshas nocredosamenvhocms (S,), 20 S.(z) = 3, fi(2z) ¥z € Z, Hasvieaemcs pyHKUUOHAAbH BIM
k=1
DPAOoM u 0003HAYaemCA CUMBOAOM an. Dyuryusa S, Hazweaemcs n-yacmuunoil cymmou pA-
0a > fn,a fn — €20 n-unenon.
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Onpenenense 4. [Tomoveunoii cymmoli pada Z fn HAa MHONCecmee Z na3weaemca nomovey-
Hbtll npeden e20 4acMuuHbIX CYMM, eCal OH cywecmayem. Pa0 HA3bi8aemca NOMOUEHHO CX00AWUMCH,

€CAU e20 NOMOYeUHAA CymMma cyuecmayem u A613emca KOHe4HO.
20

HoToyeunas cymma psaga »  f, 0603Hadaercs cuMBoioM > f,. Takum ofpasom,

n=1

(an>(z)dér lim ka(l) Vz € Z.
n=l k=1

Ilycte Ds, = Z ¥n € N. Toraza nocnegoBatensHOCTh GyHKUME (S,,) MOXHO paccMaTrpvBaTh
KakK psx Z(Sn — S,_1), roe Se(z) = 0 Vz € Z. CnenoBaresibHO, PyHKUMOHANBHBIE PAAbI, NOXOOHO
YUCNOBBIM, NIPENCTABNAIOT co00# ocobyio dopMy M3YYeHUS NOCIeN0oBaTEIbHOCTENR GQYHKIUMIA.

1.3. PaBHomepHas HOpMa QyHKUHH.
PaBHOMepHas CXOAHMOCTb NOCJEROBATEIbHOCTH (DyHKIME H QYHKUHOHATILHOTO pAZRA.

BBexeM B pacCMOTpeHHE paBHOMEPHYIO HOpMY DyHKIIMH, 0600LIAI0IYI0 MOXYJIb YMC/IA U COBNAaa-
IOLIYIO C HUM, KOTAa (QYHKIMA MOCTOSHHASA. DTO HOBOE ITOHATHE MCIIOJIB3YEM NIPH NOCTPOCHHMM PABHO-
MEPHOTO nipejiea PYHKIMOHANBHOMN NOCNEeI0BATEIBHOCTH.

Onpenenenne 1. Jucio

sup |£(2)l, 1)
z€Dy
Koneuroe uau GeCKoHe4Hoe, HA3bleaemca pAgHoMepHol HopmOol ynkyuu f u obosnavaemes ||f||.

OTMETUM OCHOBHBIE CBOMCTBA PABHOMEPHOI HOPMBI QYHKLHH.

Teopema 1. [na moboix gynxyui f:C — C, g: C — C u VA € C cnpagedauss coomnoutenus:

Dfll=0=f=0;

2) IAFIl = IALIAD;

3) If +gll <11+ llgll, ecau Dy 0 D, #2.

AD|Iflil=0= sup [f(2)I=0=|f(2)| =0VzED; = f(z)=0VzE€ D= f=0;

z€Dy
2) lIAfli = sup [Af(2)| = sup |Al[f(2)] = Al sup [f(2)] = |AlIIfI].
zeDl z EDI z ED/
3) Ifycrb z € Dy N Dy #2. Torna
1£@) +9)| < 1F@)] + 19 < sup F®)1+ sup g™l = lIfll + ligll
teDy 7€Dg
Cors1acHO ONpene/IeHMIO TOYHOM BEpXHEH I'paHU MMeeM

sup Fz)+g@I <+ lgll, me IIf+gll <HfI+ gl »
2€Df.q

Teopema 2. Pynkyua f: C — C oepanuuerna mozda u moavko mozoa, kozda || fl| < +o0.
<« JleiicTBUTENILHO,
(fll= sup |f(2)| < +o0 ¢ 3M €R: Vz € Dy |f(2)| < M & f — orpaHnueHHas. »
zEDl
JUis monyneit uucen z € C, w € C cnpapemeo paBeHcTBo |zw| = |z||w]. ns paBHOMepHBIX
HODM TaKOTO PABEHCTBA HE CYyLIECTBYET, HANpuMep, MycTh f(z) = 1, ecom |z| < 1, f(z) = 0, ecau

lz| 2 1,ag=1-f. Torna fg =0, lIfgll =0, |Iflf =1, llgll = 1, .e. lIfgll # ll £ll llgll-
OnHako ClipaBel/IMBO YTBEPXKAEHME,
Teopema 3. Ilyems f:C —C, g:C— C. Ecau Dy 0 Dy #2, mo

Ifglt < IAN-ligll @

<« Ilycte z € Dy N Dy. Torma |f(2)g(2)] = |f(2)l]g(z)l < lIfllllgll. W3 ompenenenus roynoi
BepXHEN TPaHHU CllefyeT HEPABEHCTBO

:%p If (gD < Nfllgll, e lifgll < lifHligh »
z fg

Onpenenene 2. ycmy Z = D 5 = Dy, Vn € N, [locaedosamenvrocme gynxyuii (f,) Hasweaemcs
paenomepHo cX00Rweiica k pynkyuu f Ha mHoxcecmae Z, ecat l|fn — fll — 0 npu n — co.
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IIpn 3ToM GyHKkuMIO f Ha3LIBAEM pagHOMEPHbIM npedeiom nocredogameasrocmu (f,) W MULIEM
fo3f,wm f, = fHa Z. -
Teopema 4. Ecau f,, =% f, mo f, — f.

4 Ilyete Z =Dy =Dy, Vne€Nwuz € Z. Torna npu n — o0 UMeEM
|f(Z) - fn(z)l < ”f_ fn“ -0,

CnenosatesnpHo, f, — f. »

Credcmsue. Ecau nocaedosamensnocms @yuxyuii (f,) CX00UMCA pagHoMepHo, MO ee PAGHOMEDHbIL
npeden — eOUHCMEeHHbIl.

Teopema 5 (0 TUHENHOCTH paBHOMepHoOTo nipexena). Eowu f, 3 f, 9. =3 g, Z =Dy =
Dy=Ds =D, Vne€EN moVAEC f,+Ag, 3 f+ Ag.

« UmeeM pu n — o0

crexoBatensHo, f, + Ag, =3 f+ Ag. »

He Bce TeopeMBl 0 Npeienax CXOASIUMXCS YACIIOBBIX M PABHOMEPHO CXOISIIIMXCS GYHKIIMOHATBHBIX
TIOC/IEROBATEIBHOCTEH aHAIOTMYHDBL APYT OpYry. D710 oOBICHsieTCS TeM, YTO paBHOMEpHas HOpMma, B
OT/IMYHE OT MORYAS YUCJ/IA, MOXET NPUHUMATH 3HAYEHHUE +00.

I1puBeneM npuMep ABYX PABHOMEPHO CXOISILMXCS [TOC/IeXOBATE/IbHOCTEH QYHKUMIA, IPON3BEREHHE
KOTOPBIX CXOXMTCSI HEPABHOMEPHO.

IMycte V(n € N,z € O fo(z) = 2z, f(z) = z, ga(2) = % Torma f, = f, 9. = 0. Oxna-

xo, V(n € Nz € O (fagn)(2) = Z, [[fugn — 0l = [[fagall = sup I;I = 400, T.€. CXOXUMOCTb
zeC

HepaBHOMepHasi.
Onpenenenne 3. ITycmo f, : C - CuVn € N Dy, = Z. [ocredosamensnocmo (f,) nasvieaemca
pagHomepno @yndamenmanrsioil, ecau (Ve >0) Gn, €N) (V(n 2 n,, peN): | fnsp — fall <e.
YucnoBy10 NOCAENOBATENBHOCTh MOXHO PaCCMATPUBATh KaK YACTHBIM CJIydai NOCNEROBATEIbHOCTH
IOCTOSHHBIX GYHKUMHA, IpY 3TOM MOHATHA PYHAAMEHTAIBHOCTH U PaBHOMEPHOM (yHIaMeHTANBHOCTH
COBIIAJAIOT.

Teopema 6 (xpurtepuit Kown). Hocredosamensrocms (f,) pasrnomepro cxodumes mozda u moas-
KO moeda, K020a OHa paeHOMEePHO DYHOAMEHMANbHA.

4 Heob6xogumocte. Iyers f, =3 f u € > 0. [lonp3ysch onpeneieHUEM PaBHOMEPHOM CXO-
AMMOCTH, HaiiieM Takoi HoMmep n, € N, yro Vn 2 n, ||f, - fll < 5. Tomma V(n 2 n.,p € N)
”fn+p - f“ < % CIICI(OBHTCIIBHO, V(TL 2 N, p € N) l‘fn+p - fn“ < Ilfn+p - f” + ”f - fn” < g, 4TO
03HAYAET PABHOMEPHYIO DYyHAAMEHTAIBHOCTb NOCNENOBATENLHOCTH ([, ).

HoctatoyHocTs. IlycTh mocienoparesbHOCTh (f,) paBHOMEpHO (dyHIaMeHTAIbHAsA M z € Z.
Torma 3 oueHku

'fn+p(z)—fn(z), < ”fn+p —fn”7 (3)

cnpaeuBoii V(n € N, p € N), cnenyeT dyHIaMEHTANBHOCTH YUCIOBOM NOC/IENOBATENBHOCTH ([, (2)).

ComacHo kputepuio Kouwm, LIS mocsiexoBaTe/IbBHOCTH KOMILUIEKCHBIX YMcesl cylecTsyer lim f,(2),
T — 00

KoTophifl o6o3HauMM 4Yepe3 f(z). I[lycts € > 0. IlockosbKy MOC/HeROBATELHOCTE (f,) PABHOMEPHO
¢dyHIaMeHTaANTbHAsL, TO CyllecTByeT Takoe n, € N, yro V(n > n., p € N) BpIIIONHsAETCA HEPABEHCTBO
[l fn+p — fnll < €. B cuny HepaseHcTsa (3) V(n 2 n., p €N, z € Z) umeem

|fn+p(z) - fn(z)| <eE.

Tlepeiinem B 3TOM HepaBeHCTBE K Mpenelty Mpu p — oo. Homyunm V(n 2> n,, z € Z) HepaBeHCTBO

) - fa(2) < &

CornacHo oIpeneeHUIO TOUHOM BepxHeil rpanu, Vo 2 n, ||f — f.ll < e, otkyna cnenyer, yro f, = f
Ha Z. p

Onpenenenne 4. Ilyeme f, : C 5 C, Dy, = Z Yn € N. Pad an Ha3vieaemcs padHomepHO
CXO00AUUMCR, eCAU NOCAEOOBAMEALHOCML €20 YACIMUMHBIX CYMM CXOOUMCA PAGHOMEDHO.

CymMy PaBHOMEDHO CXONSIIErocs pslia Ha30BEM pagHOmepHOU Cymmol.
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Onpenenenne 5. [Jycms f, : C— C, Dy, =2 Vn € N. Pad > fn yOosremeopiem pae-
HomepHOMY ycaoeuw Kowu, ecau nocaedo6amensHocms €20 HaACMUHHbIX CYMM ABAAEMCA PAGHOMEPHO
@yHOamenmanvHoll.

Kputepnit Koum, goka3aHHbI 111 paBHOMEPHO (PYHIAMEHTAILHOM TTOCNENOBAaTENbHOCTH, cdop-
MYNIUpyeM B TEPMUHAX Teopud (PYHKUHMOHANBHEIX PSAOB.

Teopema 7 (kpurepuit Kown ans dysxuuonanssoro psaxa). Iyems f, : C — C,
D, =Z Vn € N. Pad Y f,, cxodumcs pagnomepro mozda u moabko mozoa, Ko2da ox ydoesemeopsem
pasromepromy ycaoeuro Kowu.

1.4. Hopmanbuas cxoauMocTs GYHKIMOHAILHOTO pAna.
Ilpn3uaku Beitepmrpacca, Abens u Jupuxie
pPaBHOMEPHOH CXOZHMOCTH (DYHKIMOHAIBHBIX PAIOB.

Onpenenenue 1. Iyems f, - C — C, Dy, = Z Vn € N. P1d Y fn Ha30i8aemcs HOpMAALHO
cx0dawumes, ecau cxodumes pad Y ||fall.

Ecnu Bce wieHBI paja Y | f,, NOCTOSHHEL, TO €r0 HOPMATBHAS CXOIMMOCTh PABHOCHIIbHA aGCOMIOT-
HOM CXOZMMOCTH YMCJIOBOTO Psiia.

Teopema 1. Ilycms f, : C — C, Dy, = Z Vn € N. Ecau pad an CX00UMCA HOpMAAbHO, MO OH
AGASIEMCS, PAGHOMEDHO CXOSTUUMCA.

« 13 cxomumoct umcnosoro paga ¥ || f.| crenyer, 4to on ymoenersopser kpurepuio Kowm:
n+p

(Ve>0) Gn. €M) V(n 2 n.,peN): 3 lifll <e.
k=n+l1
W3 nepaBencTBa
n+p n+p
PR ARSI AL
k=n+1 k=n+1
BemonHslowierocss V(n € N, p € N), u teopems! 7, m. 1.3, cienyeT paBHOMEpHas CXOOMMOCTb psi-

Aa an »

Caedcmeue (MaxXOpaHTHBIH NpU3HaK BeilfepiuiTpacca PABHOMEPHOW CXOIMMOCTH
¢dyuxumonansuoro paga). fyems f, : C = C, Dy = Z Vn € N. Ecau cywecmeyem makoi
Cx00umutics HUcr080i pad Z an, wmo ¥n € N ||f.ll € a,,, mo pso Z fn cxodumcs pasromepro.

B KauecTBe NPUMeEPA UCC/EAYEM Ha PABHOMEPHYIO CXOZMMOCTb DAL 9, fn, TAE fn(Z) =
0<z < +0.

IMockonsky f,(0) =0 m mE fo(x) = 0, T0 dyuxuns f, nmeeT Vn € N JOKaIbHBIK MakCUMYM,

=
1+niz??

. )
SIBJISTIOLIMICH OXHOBPEMEHHO ee paBHOMEpHOH HopMoli. Peuwias ypaBHeHue f,',(z) = ELTZ:T)‘[ =0,

NOJTyYaeM: &, = ﬁ, [full = frlzn) = ﬁy TaK KaK YUCIOBOI P Y 311—7 CXOIUTCS, TO MO TeopeMe 1
psanx Z fn cxomurcs paBHOMepHO. Eciu B3aTh a, = n—lz, 1o ||f.]l < a, ¥ pan Z f» DaBHOMeEpHO
CXORMTCS IO MaXOPaHTHOMY NpH3Haky Beitepurrpacca. -
Iycte f, :C - C (k=1,n), g, :C > C(,=0,n), Dy, =D, = 2. TornaVz € Z
CIpaBeUIMBO TOXAECTBO Abesst
n n—1
D H@(9:2) — g1(D) = f2(D)gn(@) — L@@ = D (1@ = @) ge(2). (D)
k=1 k=1
HeiicTBUTENLHO,

D felge — ge-) = filgi = g + @1~ )+ o + falgn —gno)) =
k=1

n—1

==figo+(fi— @+ o+ (Fact = frdna + frgn = fngn — 190 — Z(fk“ - fx)gr-
k=1
ToxnaecTBO (1) sABNAETCS NCTOYHMKOM ITONYUEHHS IPH3HAKOB PaBHOMEPHOM CXOAMMOCTH (QYHKIIM-
OHaJILHBIX PANOB.
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Teopema 2 (0 PABHOMEPHONH PABHOCXOAMMOCTH GYHKIUOHAJIbHBEIX pAJOB, CBA3AH -
HBIX npeoGpasoBanueM AGens). Ilycms nocredosamenvrocms Qyrkyuli (fng,) cxodumcs pagHo-
MepHo Ha muoxcecmee Z . Toeda gynkuyuonanskbie paobl, cX00Aulecs nomoveuno na mroxcecmee Z,

D fal@n = gnct) 0=0, @
> " galfust = f) 3)

CXO0AMCA PABHOMEPHO UL HEPABHOMEPHO OOHOBDEMEHHO.
« Ilyctb pan (3) paBHOMEPHO CXOXMTCS Ha MHoXecTBe Z. CorlacHo TeopeMe O JIMHEHHOCTH
PABHOMEPHOTO IIpEieNia M TOXIeCTBY AGess

n—1

n
D 1@k gk = faga— D gk(firi — 1) VnEN, @
k=1 k=1
psax (2) CXOXMTCS PABHOMEPHO HAa MHOXECTBE Z. AHIOTMYHO psAx (3) paBHOMEPHO CXOAMTCS, €C/IM
pad (2) ABISETCS PABHOMEPHO CXONSILMMCH. P
Onpenenenne 2. [Tocredosamenvhocms KoMnieKchoix wucen (2, ) Ha3biéaemes GUMOHOMOHKHKOU, ecau
VneN peN)

n+p n+p
Z [Zp41 — 23] < 2 Z (2r41 — 2)| - (5)
k=n+1 k=n+1

CMBIC TEpMHHA “OMMOHOTOHHOCTD” NMOACHSAET CJIEAYIOUIEE YTBEPXKICHUE.
demma. [ycmv Vn € N 2z, = z,, +iy,,. Ecau nocredosamenvnocmu (z,,), (y,) MOHOMOHHBI, MO
nocredo8amensHocme (2,,) A645emca GUMOHOMOHHOU.

4 UmeeMV(n €N, peEN)

n+p n+p n+p
E , |z41 — 22| < E |41 — 2| + __>_ [Yesr — Yol =
k=n+l k=n+1 k=n+l1
n+p n+p n+p
_S_ (T — )| + E Wrst —Yr)] €2 E (Zhe1 — 26} - P
k=n+1 k=n+1 k=n+l

Teopema 3. Ecau Nz € Z nocaedosamensnocmo Komnaekchoix wucen (f,(z)) 6umonomonnas u

(SUP IIQkH) (SUP N fi = fn”) = o(l), 6)
kzn kzn

mo pad Z Gn( fn+' 1 — fn) cxodumca pasnomepho.
o Ilycts z € Z. Torna

n+p n+p n+p
> @ 1@ — £ @) <D g frena() — fi(2)] < su Il 2 D (fen@ = fr@)| <
k=n+l1 k=n k=n

<2sp Igell | frspsr(2) = Fu(2)| < 2 sup g s s = full- D

U3 ouenku (7) u xpurepus Kowm ms GbyHKUMOHANBHOTO psiia CIEAYET YTBEPXKIECHUE TEOPEMBL. P

Teopema 4 (AGena). Ilyemv Vz € Z nocredogamenvrocmo komnaexchoix wucea (f,(z)) 6umono-
monnas. Ecau pad Y, ¢, cxodumcs pasnomepro u || foll = O(1), mo pad > .. s6asiemcs pasnomepno
CXOOAWUMCA.

«Ilycts ® = " ¢,,. ITonaraeM g, = Y, ¢ — ® Yn € N. Tlo yenosumo ||g, || = o(1). TlockonbKy
n=1 k=1
sup llgell sup I fx — full = 0o(1DOQ) =0(1) u Vn 2> 2 ¢,, = gn — gn_1, TO BHUIONHEHBI BCE YCIOBUSA
>n o k2

TeopeMu 3. TT03TOMy DAL > gn(frn+1 — fn) paBHOMepHO cxomutca. Tax Kak |if,g.]l < lIfallllgnll =
O(Mo(1) = o(1), T0 Mo Teopeme 2 psn Zf »Prn DABHOMEPHO CXORMUTCA. P
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Teopema 5 (Aupuxne). yems Vz € Z nocaredosamensnocms Komnaexchoix yucea (f,(2)) Gumo-
Homonuas. Ecau

Soell =0 u llfall = o(D), ®

mo pad Z fntpn pasromepno cxodumcs.

« Tonaraem Vn € N g, = > ¢y, Tax xax sup llgull - sup Ifi = full = O(o(1) = o(1) n

k=1 k2n E>n

Vn 2 2g,~gn_1 = ¢n, TO, COMJIACHO TeOpEME 3, psn Z gn(fns1 — fn) cxomutcs paBHOMepHO. Kpome
1010, || frgnll < £ llllgnll = 0(1)O1) = o(1). Ilo Teopeme 2 pAX D frPpn CXOXMTCS PABHOMEPHO. B -
IIpumep 1. McciieroBaTh Ha PABHOMEPHYIO CXOIUMOCTD Pl Z ¥, , ecnu Y, (x) = (;l): V(n € N,

z € (0, +00)).
Bocronb3yemes npusHakoM dupuxiie, o6o3HayuB V(n € N, z € (0, +)) f.(z) = ;:—n, palx) =
(—1)". HocnexosarensHocTh ([, (x)) ABNseTCA MOHOTOHHOM YV € (0, +00) u TeM caMbM GHUMOHOTOH-

n
Hoit. Janee, || f.|| = % = o(1), ||> ¢!l = O(1). Ciexopare1bilo, BHINOJIEHB! BCE YCIOBUS [PH3HAKA
k=1
Jupuxie, T. €. PAX CXOGUTCS PABHOMEPHO.
n n
IIpumep 2. Joxa3aTe, 4TO psX Z = in—‘
B 9TOM K€ HHTEPBAJIE CXOXUTCSH, HO HE PABHOMEPHO.
- n
Ha paccMaTpuBacMoM MHOXCCTBE AN MMEET BUX » (—1) . UncsioBoi pax » (——1'1)— cXoIuTes,
a IIOCKOJIBKY eI'0 WIEHBI HE 3aBUCAT OT Z, TO 3Ta CXOXMMOCTD paBHOMCpHaﬂ. Ipyn kaxmoM z € (—1, 0)
nocnenoBatesibHocTh (|z|™) MoHOTOHHAs M orpaHuyerHas. [1o NpM3Haky AGelst pax =~ cxomuTes
paBHOMEpHO Ha MHTepBwie (—1, 0).
n
Hccnenosanne papa y | [£-| Ha PaBHOMEPHYIO CXOAMMOCTb Ha HHTepBte (—1, 0) paBHOCWIBHO

nlit

n
UCCJICTIOBAHMIO pPsina Z ‘71— Ha PaBHOMEPHYIO cxoxuMocTh Ha uHTepBane (0, 1). CymMa ero n-ocratka

n+l
n‘t(TlT) — 0 npu n — o0. OuenuM ||r, — Ol] =|jr,.[]. [TockonbKy TOYKa Z, = | ~ % NPUHAIUIEXUT

1)n+l

T, =

uHTepBay (0, 1) Vi > 1 o r, (z,) = (l - — e, 10 ||rall # 0 npu 7 — o U pAT CXOXUTCH

HEePaBHOMEPHO.
n+y

Onpepenenne 3. Pao ( Z fk) HA3bi8QeMCA N-0CMAMKOM Pada an = (Z fk)
JEN k=1 neN

k=n+l1
Ecmu PAX zfn CXOIUTCSI PaBHOMEPHO, TO, OYEBMAHO, €T0 N -OCTATOK PABHOMEPHO CXOOHUTICA K
HYJIIO.

1.5. OyaxumonagbHbie CBOACTBA PABHOMEPHOM CYMMbI (DYHKIIHOHATLHOTO PsIA.

Teopema 1. Ecau @yrKyuoHanbHbili psd Z fn cxodumcs paeénomepno 6 obnacmu G C C u ece
€20 HIeHbl AGASIOMCA HENPepbiBHbIMU GyHKUUAMU 6 mouke 2y € G, mo e2o0 cymma S Gydem Henpepvienoii
dyurkyuedi ¢ amoti mouxe.

« ITycte € > 0. B cuty paBHOMEPHO# CXOOMMOCTH psiaa E f» Haiiietcsa Takoe n, € N, yt0

- ¢
nzne IS=Sai=| D fill <3

k=n+l1

BriGepem h > 0 u3 yenosus K C G, e K;, = {z € C: |z — 2z} < h}, paccmoTpum Vz € K,
Pa3sHoCTb

S(2)=5(@) = S~ S (81, (= e o)+ S ()= 520) = Z Tt o ()= Sn, (20)+ Z Ti(20)

k=ne+1 k=nc+1
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u oueHuM ee. [Tomyunm

15@) = S@I< | Y fu@|+| D ful@0)| +185.(2) = Sn, ()] <

k=ne+1 k=ng¢+1 -

- 2
S D il #1850 @) = S @)l < T+ 180, (2) = Sa (0l

k=n+l

[1oCKOBRKY WieHB! Psifa SBISIOTCS HENPePHIBHBIMM (DYHKIMSMH B TOYKE 25, TO M MX KOHEUYHas
cyMMa S,,. HenpepeiBHa B 3Toif Touyke. [loatoMy no 3amanHoMy € > 0 Haiizercs Takoe § > 0, 4to u3
yeroBus h < & Vz € K, BBIIONHSETCS HEPABEHCTBO [S,, (2) — S, (20)] < 5. OGbennHss nony4eHHple
OueHKH, uMeeM: Ve > 0 36 > 0 takoe, uto b < 6 = Vz € K, |S(2) — S(20)] < €, T.€. cymMmma S
PABHOMEPHO cxopslerocs GYHKIMOHAIBHOIO Psfa sBJiseTCA HenpephIBHOM QYHKIMEH B TOUKE 2. P

Caedcmeue. Ecau wienv pada Z fn Henpepuienvi 6 ofnacmu G u pad cxodumes pasromepro ¢ G,
mo e20 cymma S A6asemcs HenpepbleHoll GylKkyuel 8 smoi obaacmu.

Teopema 2 (0 NOYJIEHHOM HHTETPUPOBAHUH pPaBHOMEpHO cxonsuerocsa GyHKIHO-
HanbHOTO psaxa). I[lycms unenvi pada Z fn A8a710MCa HenpepuignbiMu QyrKyusmu 6 ofinacmu G C C,
v C G — 2na0kas uau KycouHo-21a0Kaa wopdanoea Kpueas u pad cxodumcs pasnomepro ¢ G. Tozda ezo
MONCHO UHMeZPUPOBamb no4aenHo 800ab kpusol I' = (v, vop) U npu 3mom

/S(z)dz :Z/fn(z)dz. 1)
r n=l p

« [TockoNnbKy n — OCTATOK PAaBHOMEPHO CXOMSILErOCS psia PaBHOMEPHO CXOOUTCS K HYJIIO, TO
Ve>03n, € N: Vo2 n, ||r,|l = IS —S.|| < €. ITo TeopeMe 1 cymMa psina S sABsieTcs HENPEPBIBHOM
¢yHKuMEH B KaXI0# TOYKe KPUBOHM 7y, IO3ITOMY MHTEIpan f S(z)dz cymecryer. U3 olleHKu

¢

/(5(2)—Sn(2))dz </|S(2)—5n(1)l Id2|</|l7‘n|lldi«'|<€l,
T T r

rie | — WIMHA KPMBOH 7y, CJIENyeT, YTo

/S(z)dz—/Sn(z)dz=/S(z)dz——Z/fk(z)dzHOHpnn——»oo, T.€.
r T k=11

r

cnipaBenuBa ¢popmyna (1). »

Teopema 3 (Beiiepuitpacca). Ilyems (fi,) — nocaedoeamenvhocms yHKyul, aHasumuieckux 6
nexomopoi obaacmu D C C u psad Z fn pasHOMepHO cX00UMCA HA AI060M KOMNAKMHOM NOOMHONCECMEE
amoii obaacmu. Tozoa:

1) cymma psda [ anasumuueckas ¢ D;

2) psad moxcHo noaenno Jugdepenyuposams e kaxcdoli mouke obaacmu D ckoavko yeoOno pas;

3) ece npodugpdepenyuposannbie padel paeHOMEPHO CXO0SMCA HA AIOGOM KOMRAKMHOM ROOMHONCECMEE
obracmu D

<« 1) Iycts zy € D — moBas Touka. Paccmotpum kpyr K, = {z € C : |z - %] < r} € D.
COIJIACHO YCIIOBHIO TEOPeMBI DAL Y . f,, PABHOMEPHO cxoiuTCs B Kpyre K, 1 o teopeme 1 ero cymma f
ABRNAETCS HeTIpepbIBHON dyHKumeil Vz € K., [Tycte G — T0JI0XKUTEILHO OPUEHTHPOBAHHAA TPAaHMLIA
Tpeyronpauka G C K,.. TTockoneKy pan E f» paBHOMEpHO cxoaMTcsi Ha AG, To COrIacHO TeopeMe 2
€0 MOXHO MOWIEHHO WHTETPUPOBATh:

f f@ydz =) f fa(2)dz.
[:led

n=lg4
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Ilo Teopeme Koumu vn € N f fn(2)dz = 0, BcneacTBue yero f f(z)dz = 0. Oyaxums f ymosne-
aG G
TBOPSIET YCJIOBHSM TeopeMbl Mopepa (cum. 1. 6.3, m1. 2), mo3ToMy SIBNSETCS aHANUTHYecKo B kpyre K.,..

B cwiy npoussonsHoct K, C D mpuxomum K BoBoxy, 4ro f € A(D).
2) Iyctb 2y € D — mpousBospHasg Touka M K, = {z € C : |z — 24| < r} € D. [ina xaxmo¥t TOYKH
z € 9K, u k € N ppimonusiercsa yciopue

k!

2mi(z — zg)k+!

k!

= pyr < +o0. (2)

Y3 paBHOMEDHO# CXOIMMOCTH PANA 9, f, M yCJIOBHS (2) ClenyeT PABHOMEPHAS CXOMMMOCTH DSiia

K Jn(2)
2mi (z — zo)*+1

€

IIycte f — paBHOMeEpHas cyMMa psiga Z fn. Tak xax panx (3) MOXHO NOWIEHHO MHTErPHPOBATH IO

“ 1
KpuBoi 0K, M ero cymMma papHa ﬁ; EZ—_%’H—I, TO

A Jn(2)
/ (z - Zo)'c+l Z 2mi (z — zp)*H! dz @
oK oK,

TIpnHuMas BO BHUMaHHe GOpMYIIBI Ui NPOM3BOXHBIX OT HHTerpaia Ko, umeeM

1P = 1), )

n=1

Tlockonbky zp € D — npousBojibHas Touka, To ¢dopmyna (5) cnpaBeinea Vz € D.

3) IIycte K — NPOM3BOJIBHOE KOMIIAKTHOE NOAMHOXECTBO o0nactm D u zg € K — mobas Toyka.
BriGepeMm uncno d > 0 Tak, 4ToGh! BRINONHAIOCH BKoueHue Kyy = {2 € C: |z — z)| < 2d} € D. Pan
Z fn cxomutcs paBHOMEPHO Ha OKPYXHOCTH 8Ky = {2 € C: |z — 2| = 2d}, 1.e. Ve >0 In, e N:

Vin2n.,z€0K) |D fm(d)| <e ©)

(n-ocTaToK psxa 2 f~ paBHOMEpHO cxomuTcs K Hymo). UMeeM Vz € Ky,

=K Z_:nfm(C) .
me (@) =5 C—FT dag. )

8Ky

IMycts z € Ky = {2 € C:|z— 2| <d} u (€ dK,;. OueHUM n-0CTaTOK psiia Zf,‘,’,‘). Hpnﬂﬂh BO
BHUMaHMe, yT0 |{ — 2| > d, a Taxke HepaBeHcTBO (6), moayunM V(n 2 n., ( € 8K,,) OueHKy

kldrde  2kle
(k) =
Z fm < 27l’dk T gk’ ®)

He 3aBucalnyo ot z € K. CireqoBaresisHo, psax Z f"‘) CcXoauTcst paBHOMepHO B Kpyre K, 1.e. B He-
KOTOpO¥ OKPECTHOCTU TOUKHU Zzg. ITOCKOMBLKY mo6oe KOMIIAKTHOE ITOAMHOXECTBO 06/1acTi D corylacHo
TeopeMe Bopens—Jlebera MOXeT GBITh MIOKPHLITO KOHEYHBIM CeMENACTBOM OKpecTHOCTel, B KaXIoi U3
KOTOPBIX MO JOKA3aHHOMY PSI D ) cxommTes paBHOMEDHO, TO OH CXOIMTCS PaBHOMEPHO HA TAKOM
MHOXECTBE. »

IIpumep. [0Ka3aTh, YTO psig Z ynonnemopxer ycnoBUsIM TeopeMbl Belepirrpacca B o671a-
cu D={z€C:|Imz|<in3} u Hai«’rm ).
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O'-xeBmLHo aro Vn € N f, € A(D), tae f.(z) = ‘"‘,’.”. [IpuHuMas BO BHMMaHME DaBEHCTBO
Isinz)? =sin®z +sh’y, npu lyl € 8In3, 0 < 0 <1, nonyyaeM oueHKy

fa() €370 + 377079

M3 KOTOPOIA 110 MOXXOPAHTHOMY NpU3HAKY Beilepiurpacca ciefyeT paBHOMEPHAS CXOIMMOCTD psiia Z fn
B obnactu D. CymMma psana f saBngercs aHanuTuveckod dyHxumed B obmacth D ¥ 1o IoKa3aHHOM
TEOpeEMe €r0 MOXHO NOWIeHHO AMpdepeHIpoBaTh, T. €.

, = ncosnz , “.n 3
.f(Z)=Z—3T—a f(0)=2”3:=z~
n=l1 n=xl]

ITpuMeHMM Teneps TeopeMy Beiiepirrpacca K psiaM orpeleseHHOITo BUA.

1.6. CreneHnblie psjpbi.

Psn an, the fn(z) = an,(z —20)", n € Zy, a, €C, a, = const, zy € C, z € C, Ha3bIBaeTcq

cmenennbiM. JacTHuHble CYMMEBI 2TOIC DAjxa sBASIOTCA anreranquKnMn MHOTOW/IEHAMH, M TIOITOMY
0

€ro CyMmy Z a,(z — 29)™ MOXHO pacCMaTpuBaTh KaK JajibHelmee 0606LIEHME TIOHATHS MHOTOWIEHA.
n=0

YneHbl CTEMEHHOTO pAna SABAAIOTCS aHamMTHYeCKMMM GyHkumsmu Bo Beeil rwiockoctn C. [lpu
onpejie/ieHHH CTENIEHHOrO psilia BOSHMKAET BOIIPOC, B KAKOH 00611aCTH OH CXOQUTCA PABHOMEPHO M, clie-
JIOBATEBHO, 110 TeopeMe Belfepuurpacca onpenesser aHATUTHYECKYIO (DYHKLIMIO.

Kaxmblii creneHHOM psin Z a.(z ~ z)" obnagaeT 3aMevaTe/IbHbIM CBOMCTBOM. C HMM CBS33HO
gucao 0 € R £ +00, Ha3bIBAEMOE €T0 paduycom cxodumocmu. 3HAs 3TO YMCIIO, MOXHO OTBETHTH
Ha BOIIPOCHL O TIOTOYEYHOM, paBHOMEPHOU M HOPMATHHON CXONMMOCTH, YKa3aTh CBOMCTBO €r0 YAeHOB
(orpaH#ueHHOCTb, CTPEMIICHHE K Hy/0). HauGosee npocToit 3anayeit SpigeTcs MCCIe0BaHME LWIEHOB

psiga
Zan(z—zo)” ¢y

Ha OrpaHu4YeHHOCTh. Ee pelieHMe CIyXHT OCHOBOM OTIpenesieHus PAaIMyca CXOIMMOCTH CTETIEHHOTO
pAna.
Onpenenenne 1. Paduycom cxodumocmu cmenenno2o pada (1) nasvieaemces wucao

R=sup{r 20| a,r" = 0O(1)}. )

Tockomeky {r = 0 | a,r™ = O(1)} #8, T0 TOUHAA BEPXHAA IpaHb HTOI0 MHOXECTBA B R cyue-
CTBYET.

Teopema 1. Ilycms R > 0 u 0 < r < R. Toz0a pad (1) cxodumca nopmanvho e kpyee K, = {z € C :
‘Z - ZQI < 7‘}.

<« Tlo omnpeneseHMIO TOYHOH BEpPXHEW IDaHM CYILECTBYET TaKOe Ty, 4To r < | A a,r = O(1).
Mycts V(z € K,, n €N) f.(2) =a,(z - z)". Toraa

nf,;n=|a,,1r"=1anr?l<%) =o<<7) )

Tak kak 0 < m < 1, TO IO MPH3HAKY CPABHEHMS YHCIOBBIX PAXOB P v ||f»|l cxomutes, uto mo

OIpeAeICHMIO 03HAYaET HOPMAIBHYIO CXOIMMOCTD psja Z f», T.e. crenennoro psaaa (1) Bkpyre K, . »

Caedcmeue 1. Ilycms R > 0. Tozda paod (1) nomoueuno cxodumcs ¢ kpyee Kr. Ecau R < +o00, mo
pad (1) pacxodumes nomoueuno 6éne kpyea Kr, m.e. 8 mex moukax z € C, das komopuix |z — z5| > R.

Caedcmeue 2. [Iyemv R > 0 u |z — z)] < R. Toeda a,(z — z)" = O(). Ecau R < +00 u
1z — 20| > R, mo a,,(z — z)™ # O(1).

Caedcmeue 3. Ilycmb R > 0 u |z — z) < R. Tozda a,(z — z;)" = o(1). Ecou R < +0 u
12— 2o} > R, mo a,(z — 2p)™ # o(1).

Caedcmeue 4. Iycme R > 0 u |z — z5| < R. Toz0a pad (1) cxodumes abcoaromno 6 kpyee K . Ecau
R < 400 u |z — 2zl > R, mo pao (1) ne 6ydem abcontomno cX003uUMCs.

Caedcmeue 5. Ecau R> 0 u 0 <r < R, mo pad (1) exodumes pagrnomepro 6 kpyze K.
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TeopeMa M CIEACTBMA M3 HEE HE CONEPXAT HHKAKO# MHGOPMALMHU O CBOMCTBAX CTEMEHHOIO pALA
Ha okpyxHocTH Yg = {z € C : |z — 2| = R}. B cuny dopmyn Ditnepa psa (1) Ha OKpYKHOCTH YR
NIPEBPALIACTCA B TPMTOHOMETPHYECKMI paa. BoIpoc o NMOBEAEHWM CTENEHHOTO PAAA HA IPAHMIIE KPYra
cxonumoct K TpeGyeT B KaXIOM KOHKPETHOM Cllydae CIIELIMATBHBIX MCCIeqoBaHuil. Moxer ciy-
YUTBCH, YTO B HEKOTOPHIX TOYKAX z € g PAM CXOAMICA, & B HEKOTOPHIX — pacxonurca. CylmecTByioT
TAKXKE CTETIEHHbIe PAABL, CXONAIMECS WIM PacXoAALMecs B KaXIOM Touke z € Yg.

Teopema 2 (nepBas teopema AGenna). Ilycms uucnogoii pad

D ez - z)" ®)

cxodumea u zy # zy. Toeda cmenennoii pad (1) cxodumesn 6 kpyee K = {z € T : |z — z} < |z, — 2}

« IMockonsKy psax (3) CXOAMICS, TO, COITIACHO clEeAcTBMIO 1, |z — zg] € R. CiegmoBaresbHo,
K C Kg, tae Kr — Kpyr cxonuMocTH psxa (1). »
Wiz TeopeMrr 2 1 cnieacTBus 5 nonydaeM, uTo pan (1) cxoauTes aGCOMOTHO M PABHOMEPHO B Kpyre

K,={2€C:|z~2z| <r}, tae r <|z — z.
Teopema 3 (Komu— Amamapa). Iyems R — paduyc cxodumocmu psda (1) u l = lim 3/la,|.

Toeda R = ll,npuueMR= 400, ecaul=0u R=0, ecau | = +00.

im V/lan(z — z0)"| = U]z — zo). 4)

Ecmu ! = 0, To o panukanbHoMy npusHaky Komu vz € C psn (1) cxommures abecomotHo. CornacHo
cencTBuio 4 U3 teopemsl 1, R = +o0.
Ecmu | = 400, T0 Vz # 24 a,(z — z9)" # O(1). CornacHo cienctBuio 2 U3 teopemsl 1, R = 0.
Ilycts 0 < I < +00. Ilo pamukanbHoMy rnipusHaky Koy u3 paBeHcTBa (4) cienxyer, 4To Vz €
K, = {z €C: |z -2zl < %} pan (1) cxonmres abcomotHo. CnenoBatensHo, K1 C Kg u 11 < R.
1 7

« OueBugHO, 4TO

Ecu |z — zo| > %, TO M3 paBeHCTRa (4) MonyyaeM, 4to @, (z — z9)" # o(1). Comacto cnencteuio 3 u3s
TEOPEMBI |, % > R. Takum obpaszom, R = % »>
Ecmm Vn € N |a,] > 0 u cymectByer lim ’Z—J‘|, TO, KaK M3BECTHO M3 Kypca MaTeMaTH4yecKoTo

n—

. B 3ToM cityuae pagsyc CXOAMMOCTH CTETIEHHOTO psina (1) MOXHO

avamza, lim 3/]a,|= lim |22
n—o n—oc ™

HauT# 110 bopmyIte

R = lim

n-—o0

)

Gntl

Teopema 4 (BTopas teopema AbGens). Ecau cmenennoll pad (1) ¢ Koneunbim paduycom cxo-
dumocmu R > 0 cxodumcs & nexomopotii mouke z; € yp = {z € C ! |z — zo| = R}, mo ezo cymma

fz)y= Z a.(z — z¢)" cmpemumca x f(z1) npu nodxode k mouxe z; 8doap paduyca [zo, z,].

n=0

<« He orpaHnympas OOGLIHOCTH MOXEM CUMTATh, UTO z; = (R, o), Y€ro MOXHO HOCTHYL Tpe-
obpazoBanueM w = ze'”® mpu HekoropoM a € R. Torma Vz € [z, 2] z = (Z, %), 0 € ¢ € R,

z =2y =(x— 2, 0), |z~ 20| = |& — 0| u Yz € [z, 2]

oQ o0

T —To\"

1= ez =3 (E2) ©

n=0 n=0

[lo yCMOBMIO TEOPEMBL YMCIOBOM PAX 9 . a,R™ CXORMTCS, YTO PABHOCWIBHO €r0 PaBHOMEPHOM
p— n
cxomumocTtu. [Toc/eqoBaTeIbHOCT ((%Q) ) MOHOTOHHO BO3PacTaeT Ha OTpe3ke [z,, R] u orpa-

HUYEHHasd, TaK Kak V& € [xzq, R] ’L'R’—“l = Iz% 1. [lo npusHaky AGena (cM. Teopemy 4, m.1.4)

pan Z @ (Z ~ 2p)™ cXOmMTCA PABHOMEDHO Ha OTPE3KE [Zo, 21], B CHJIY YETO €ro cyMma f sBIseTCA
HeTpepHIBHON dyHkuMed Ha 31oM orpeske (cM. Teopemy 1, 1. 1.5 u ciencteue u3 Hee). [losTomy

flz) = l lim  f(). »

zp, 21122 o2y
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Hemenkuit matemaruk A. [Ipunrcxeiim (1850—1941) noka3as, 9TO npM BBINOJHEHMM YCJIOBMIA Te-
opeMbl CyMMa psiia f HenpepbIBHA B TOYKE 2| BAOJB 000 XXOPAaHOBOH KPMBO v, Jiexalue BHYTpH
Kakoro-ynbo yria pacTBopa, MEHBIIETO 7, ¢ BEPIUMHOU B TOYKE z; M ¢ GUCCEKTPMCOii, COBHANAIOLICH
¢ paguycoM [z, z(].

IIpu ucciienoBaHuM HEKOTOPHIX NIPOGJIEM C IPUMEHEHMEM CTeNIeHHBIX PSNOB HaJ HUMM ITPOM3BOIST
apudMeTHYECKHE Orlepallin, B TOM YMCIIe ONEPallMI0 YMHOXEHUS CTENEHHbIX PANOB.

B kypce anreGphl npousgederuem MHO20HAECHO8

n

P(z) = Zakzk, Qz) = Z bjzj
k=0 =0

HAa3bIBACTCA MHOTOWIEH

m+tn

R)=) e )

v=0

v
mec, =y ab,_; v=0,n+m).
=0
D10 onpeneeHHE COTIACYETCA C IIPABUIIOM YMHOXEHHUS KOHEUHBIX CyMM B TOM CMLICIIE, 4T0 Vz € C
P(2)Q(2) = R(2).
CdopmynupyeM paBIIIO YMHOXEHHS CTENEHHEBIX PAROB, 0Gpallasch ¢ HUMH, KaK ¢ MHOTOWIEHaMM.
Onpepenenne 2. [Ipouzsedenuem cmenennbx paodos

G+ Y anz=20)", byt Y ba(z—z)" ®
Hazbieaemca cmenentol pad

Gt ez — 20" ' ©)

2de ¢, = Zajbn_j Vn € Zg.
=0
ITonaras B pagax (8) u (9) z — zy = 1, nonyunm npaBuwio Komwm yMHOXeH#S YMCTOBBIX PSIOB.
Ilycts K, u Kp, — COOTBETCTBEHHO KPYTH CXOMMMOCTH 0B (8), a ux npousseactiue (9) umeeT
pammyc cxonumoctit R. Toraa R > min{R, R;} nVz € K N Kg,

Z ca(z—2z)" = <Z a,(z— zo)”> <Z bn(z — zo)").

n€Zgy n€Zy n€Zy

Tak Kak Kaxaplil cTerneHHOM pan Z an(z — z9)" ¢ HEHyJIEBBIM PamMyCcoM CXOIUMOCTH abCOMOTHO
CXOAMTCS B KpyTe CXOOMMOCTH, TO 1100as ero repecTaHoBKa MMEET Ty Xe CyMMY, YTO U caM psad. DToT
¢bakT oTMEuaercs 3anmuchio Z a,(z ~z)".

n€Zy

ITo neproii TeopeMe AGelist CTENIEHHOM pan E @, (z—2)" CXOOMTCs PABHOMEPHO B JII0GOM 3aMKHY-
TOM KpyTe fr = {z € C:|z—~2z < r} C Kg. lockonpky mo6oe KOMIAKTHOe nogMHoxectso K kpyra
cxoauMocTH Kp NpUHAAAEXUT eMy, TO LIS CTEEHHOIO psAAa B Kpyre CXOOMMOCTH BHITIOJHAIOTCS BCE
ycloBHA TeopeMsl Beiiepurrpacca (teopema 3, 1. 1.5). CrenoBarenbHo, B Kpyre cxonumocty Kp cymma
CTerneHHoro paga f(z) = 2 a,(z — z)" ABNAETCA aHATMTUYECCKOH (DYHKUMEH, DAL MOXHO MOWIEeH~

n€Zg
Ho jddepeHIMpoBaTh CKOJNBKO YTOAHO Pa3 M NPH 3TOM CTENECHHBIE PSAAbL, MOMYYaeMEIE B pe3y/bTaTe
JugpepeHINPOBaHH, HMEIOT TOT X€ palHyC CXOmMMOCcTH R,

1.7. Teopema Teiinopa.

B npenvinyiiem nyHxrte GpUIO TIOKA3aHO, YTO CyMMa CTEEHHOTO PsANA ABISETCA aHATHTHYECKOH
dyHKie# B Xpyre CXoIMMOCTH. Brio/lHe eCTECTBEHHO MOCTABUTh BOIPOC O BO3MOXHOCTH Pa3IOXEHHA
B CTEIIeHHOM PN aHATHTHYECKOW DyRKumu. OTBET HA HEro COUEPXHTCH B CNEAYIOUIeM YTBEPXICHUH.
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Teopema (Teiinopa). Anasumuueckyro 6 obnacmu D gynrcyur f moxcro 8 okpecmuocmu kaxcoot
mouku 2y € D npedemaesume cymmoii cmenennozo paoa
.OO
f(Z) = E an(z - ZO)n)
n=0
paouyc cxooUMOCImu Komopozo He Merbie paccmoanua d om mouku zo 00 cpanuyt obaacmu D .
<« Paccmorpum xpyr K, = {z € C: |z — z| < r}, r < d, K, € D. Tlo unrerpanbHoii ¢popmy.e
Koum vz € K, nmeeM

0]

1 d 1 d
F) = — F©) C:_/ f)yda¢

27 -z 2w z—zp )
¢ €—2) (1 - 772
oK, K, [t
Jns Kaxno#t HpUKCUpPOBAHHOM TOUKM z € K, BBINOIHSAETCS HEPABEHCTBO
zZ—2Zy

¢— 2z

|z = 2o

—:’z'l':z_‘g MOXHO paccMaTpuBaTh KaK CyMMY T€OMETPHUYECKOMH
$—zg

___Z<Z::> ] )

Pan Z (Z z") PaBHOMEPHO CXOIUTCS Ha 3K, , TIORTOMY €ro MOXHO TIOWIEHHO MHTErpupoBaTh. [Ipu-

ecin ( € 3K,. IlosToMy BHIpaxeHue .

MPOTPECCHM:

¢—zo
HuMas Bo BuuManue (1) u (2), noayuum
< _f©Qd¢
)= -z)" % / T &)
n=0 K,
Takum obpasom,
f) = Z Gnlz = 2)", @)
e ) (n)
JOd¢ ™ (z0)
/ C—zo™' w7 ©)
OK

n
z—zg

TTocKoMbKY PR 9 ( C—zo) IUISL KaXpoil (pMKcHpoBaHHOM ToukM 2z € K. cXOmMTCS paBHOMEPHO

oTHocuteabHO ( € 3K, , a KodhhulmeHTs a,, OIHU U Te Xe [uld Bcex r, The 0 < r < d, To paguyc
CXOIMMOCTH R CTENEHHOTO PSNA 9 G, (z — 20)" He MeHbiue yeM d. JeHCTBUTEBHO, PEATIONOXNB,
yto R < d, moayduM NPOTHBOPEUME C ONpele/ieHNEM pauyca CXOAMMOCTH 3TOTO psija, TakK Kak B
KayecTBe r MOXHO B3ATh YMCJIO, Gosblee R, b

Pan 2 @, (z = 20)", KO3hpUIIHEHTH! KOTOPOTO BEIYMCIIAIOTCA TTo hopMyste (5), HasbIBaeTCA padom
Teiinopa dyuxamn f.

Caedcmeaue 1. Kaxcowii cxooswuiica cmenennoll pao Z a,(z — zg)" aennemcs padom Teiinopa ceoeil
CYMMbL

o
f(z) = E an(z — z)",
n=0
ecnedcmeue we2o ezo Koaghpuyuenmnbl onpedeneHbl 00HOIHAURO U ELIMUCATIOMCS NO PopMyae
™)

(neN).

‘a, = '
n
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Cnedemeue 2 (onenka Komu 511 KoapduumeHTos cTeneHnoro paaa). Ilyems ¢ynk-
uua [ anarumuveckas 6 3aminymom kpyce K, = {z € C: |z —z| < r} u M = rr}aaKx 1f(z)|. Toeda
z€ IS

koaghpuyuenmsi pada Teinopa gynkyuu f no cmenensm z — zo y00enemsopaiom HepaseHCMeam
M
la.| < o € Zo). . ®

JeACTBUTENTBHO

lan] = —1‘/ 1Qd | M2 M
2mi «

— )| T 2qpnt! rm
K,
HanoMHuM pa3sioXeHHs1 OCHOBHBIX 3/IeMeHTapHBIX GyHKumMi B psabl Teitsopa 1o crenensm z.
Jta nenbix GyHKuMiE z — e° | z — sinz, z — cosz, z + shz, z — chz UMeeM COOTBETCTBEHHO
cxomsiumecs Bo Beeit mwiockocty C pasnox(eﬂnﬂ:

> n 2n—1 Zn
z z n+l _
= E_O o sinz = E -1 1)', cosz = E -n" (2n)"

b -1 g 2n

z z
shz = ;m, chz = ZO )

B kaxmoit Touke z € C COOTBETCTByIOLIME psSIBl CXOUATCA aGCOMIOTHO, MX MOXHO MO4YIEHHO aud-
epeHMpOBaTh CKOJIBKO YIOAHO pas U VR > 0, B < +00 OHM CXOHATICS PABHOMEPHO B KpYTe
Kp={z2€C:|z| <R}

I'napuas BeBb w = In(l + z) MuorosHayro#t ¢dynxumu w = Ln(l + z) B kpyre K| = {z € C :
|z| < 1} Takxe momyckaeT NpeacTaBjeHHe B Buie psna Teiopa

In(l+2)= Y (=)' %
n=1

Ilyeth (1 +2)" =€ , T.€. paccMaTpMBaeM IJIABHYIO BETBb MHOTO3HAUHOM (YHKUMM w =
(1+ 2)*. Torua B Kpyre K| CrpaBeUIMBO Pa3jiOXEHHE

(1+Z)a:1+2a(a_l)..(a—n..',_l)zn

n!

aIn(l+2)

n=1

Ecmu z € Ky, 10

=)
n
=2_-
n=0

1.8. Teopema eJMHCTBEHHOCTH.

W3 npenctaBneHus aHaTMTHYECKON (PYHKIMM CTETEHHBIM DSAOM CIEAYET ONHO M3 BaXHEHLIMX
CBOICTB aHAMMTHYECKOH (DYHKIIMM, BhIpaXXaeMoe C/ICAYIOEN TeOpeMOil €IMHCTBEHHOCTH.

Teopema. Ecau gynkyuu f u f, anasumuueckue 6 obaacmu D, cosnadaiom e neii na Geckoneynom
Mmuoxwcecmee movek E, umerowem npedeaviiyto mouky 6 D, mo amu ghynkcyuu mosxcoecmeenno pasust dpye
dpyey 6 obnacmu D .

« Ilycts zp € D — 1ipeAenbHas TOUKAa MHOXeCTBA F, a M0C/IeOBATEIBHOCTD (2,,) TOYEK MHOXeE-
ctBa B cxomutes K TouKe zo. [IpencraBum (yHkiy f; u f; B OKPECTHOCTM TOYKM Zzg € TIOMOILBIO
CTETICHHBIX PSAOB:

> oo
Ny "
fiz) = E @, (z- %), filz)= E a,(z — )"
n=0 n=0
Iockoneky lim z, = 2y, TO HauMHasA C HEKOTOPOTO HOMEDPA N BCE Zz, JIEXaT B KpyTe

n—oc

KP={ZGC:|Z_ZO|<p}) Pﬁd,
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rie d — pacCTOSIHME OT TOYKH Zg A0 rpaHuibl obnactu D, 1.e. d = inf p(zp, z). B cwiy atoro umeem
€D

[>%] oo

D a0 =Y an(za = 20"

n=0 n=0

il

/

ITepexons K Tpenesny Ipu n — 00, NOAYYMM, YTO @y = ay . TAKUM 0GPa3oM, CTIPABEUTMBO PABEHCTBO

oo oo

z : ! -1 2 : " -1
an(zn - ZO)” an(zn - ZO)n .

n=1 n=1

IIps n — 00 MOMyuMM, uTo @) = ai . [Tpomosixas 3T OnepaLMy TpenesBHOTO Nepexona, yoexnaemes
B TOM, yto Vn € N @, = a), (IIPUMEHMB METOI MaTeMaTHYECKO MHIyKunu). CregoBarenbHo, Vz € K o

N1(2) = fa(2).
Mycth 2° € D — mo6as Touka. PacCMOTPHM XOpAAHOBY KPUBYIO 7 C D, COEIMHSIIOLLYIO TOUKH Zg
u z*. Ilycte py > 0 — paccrosinue OT KpuBOit ¥ 0 KpuBoit 8D, T.e. po =  inf  p(z, ¢). OueBunHoO,
z2€v,(€OD
910 po & p- Ilycte p; < py — HekOTOpOE NONOXUTENBHOE YMCy0. PasgemuM KpuBylo v Ha OyTH
TOUKAMHM 20, 2, -« - y Zn—|, Zn = z* TaK, YTOOHI |2} — z;_| = p;. PaccmoTpuM Kpyru K},’;’ ={z€eC:

|z = 2] < po} (k =0, n—1). Ouennmto, ato K¥~V n K #& u uentp kpyra K% npunamrexur
KpYTy K,‘,’;_”. B xpyre K,(,? fi = f,. Uentp z; kpyra K ,(,'0’ SIBTISETCS TIPENETBHOM TOUKON MHOXKECTBA,
Ha KOTopoM fi = f;, M, TaKuM 06pa3oM, MOBTOPsA TIpeNbIIYIIE PACCYXAEHMS, TIONYYMM, uTo fi = f;
B K.

ITpomoixas 3TOT IIpoLecce, MOcIe KOHEYHOTO YHC/Ia LAroB TOCTHIHEM Kpyra K f,’o”, T.€.

VzE Ky fiz) = fa(2)
M, BYacTHOCTH, f1(2™) = f2(z"). [TockoneKy z* € D — npou3BOIbHAsA TOUKa, TO0 VZ €D f1(2) = f1(2). »

Onpenenenne. Ilycmo A € C — npouseoavhoe Koreunoe yucio, [ — arasumuveckas 8 nHekomopoi
obaacmu D ¢hynkyus. A-mouxamu dynxyuu f nazviearomcs Kopru ypashenus f(z) = A.

N3 TeopeMBl €IMHCTBEHHOCTH CHEIyeT, YTO B Ciyqae, Korda f(z) # A, MHOXeCTBO A-TOyeK He
MOXET MMETh HM OJHOU TpeNe]bHON TOUKH, NpUHALIexalel o6nactu D, mocKo/ibKy IOTYCTHB Mpo-
THBHOE, nonyyuu Obl, uto f(z) = A. Otciona, B 4acTHOCTH, cieiyert, uto jo6oii komnakr K C D
MOXET COIepXaTh JMIUb KOHEYHOe Yuciao A-Todek Wi GUKCHPOBaHHOTO A. JIeHCTBMTEIbHO, TIpek-
NoIoXuB, Yto K COomepXKUT GeCKOHEYHOE MHOXECTBO A-TOYEK, TIOJIYYMM, YTO 3TO MHOXECTBO MMEET
NpeebHyI0 TOUKY, NpuHamiexanyo K.

Ilycts 2y — kakasg-HUOyAp A-Touka GyHKIMM f, T.e. f(Z) = A. B OKpPEeCTHOCTH TOYKHU 2y UMEEM

X fln)
=4+ L%(z - z0)",

n=1

X fn)
f(z)—A=ZI—;ff93(z—zo)". M

n=1
Ecmn f(2) # A, 10 cpemyt Ko3hdHLMeHTOB NpaBoil YacTH paBeHCTBa (1) HallAyTcA OTIMYHBEIE OT
Hyas. Iyerb (z — 20)° — Mtagwas creneHs z — 2y, KO3GbOUUMEHT TIpH KOTOPO# OTIMYEH OT HYJS.
Toraa pasenctso (1) NpuHUMaeT BUL

=~ £9(z0) -k
@) -A=G-n)*) =@ -n) @
7!
j=k
rae f(")(zo) # 0. Yucrno k € N Ha3pIBacTCA NOpAOKoM WIN KPamHoCmsio A -mouku zg.
B cryyae, xorna k = 1, A-1o4Ka HaswBaercs npocmoii, B ctydae, Korma k > 1, — kpamnod.

TIpocTas TOYKAa XapakTepu3yeTcsl TeM, uTo mia Hee f(ze) = A u f'(z) # 0. KpatHas A-Touka
nopanxa k 2 2 xapakrepusyercs COOTHOIEHMAMU

FE) =4, f(z) =0, ..., f* z) =0, fP)#0.
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Ecin A = 0, 1o TOYKa zy HaspiBaeTcsi Hynem ghynyuu f. OHa Ha3BIBACTCA HyAeM KPAmHOCMU m,
ecu

f)=fGzo)= ... = [ z) =0, f™(z)#0.
B nocnennem ciydae pasnoxenue dbyHkuuM f B psn Teiiopa B OKPECTHOCTH TOUKH 2o MMEET BHA
F@ =) az -2,
k=n

OTKyHa

f(z) = (2~ 20)" p(2), 3)
Vi (S
pz) = a;(z =2y " @)
j=n

W3 dopmyn (3) u (4) cieayer, uto aHATMTUYECKHE (GYHKIIMM OGPalalOTCA B HY/Ib KaK LIEJBE CTe~
MEHM 2 — Zg, & U3 TEOPEMBL €AMHCTBEHHOCTH TIOJIyYaeM, YTO OTIMUYHBIE OT TOXIECTBEHHOTO Hy/s aHa-
UTHYECKNE HYHKLIMH HE MOTYT UMETh HYJIEH GECKOHEYHOTO TIOPSIKa.

Paccmotpum npumepsl.
n

z
11—z
n n

<« IIpu |z] € r < 1 umeem |1f7[ € 5= = a,. Pan >~ a, cxomutca. ClEROBATENLHO, Mcce-
IyeMBIH psif abCOMIOTHO M PABHOMEPHO CXOMMTCA Ha JIO60M KOMITAKTHOM MOAMHOXECTBE €MMHUYHOIO
kpyra K, ={z€C:|z|<1}. »

2. JloxasaTh, UTO eC/M PaIMyCH CXOAMMOCTH CTETICHHBIX PSIOB E a,z", E b,z" cooTmer-

1. Haittu o6nacth cxomMMocTu psia E

CTBEHHO paBHH R, R,, TO:
1) paguyc cxomumocTu R cTerieHHOro psua E a,b,z" ymosnerBopsieT HepaBeHCTBY R > R\ R;;

n

a
2) paauyc cxomumoctv R’ cremensoro psma Z . z" (b, # 0) yHOBJIETBOpPSAET HEPABEHCTBY

3) paguyc cxomMMocTu Ry creneHHoOro psaa Z(ano + @n_1by + ... + agb,)z" ynomieTBOpsET
HepaBeHCTBY Ry > min{R;, R,}.
« 1) TockoneKky

oo on 1 T on 1 T n 1
lim |an| = E) lil};o V ‘bnl = R_2> h_r:r;o V |anbnl = ’E

n-—o0
n
lim 3/|e,b,| = Tim ("\/Ianl "\/Ibnl) < m Vlaal lim V/bal,
n-—oc n—oc ‘ n-—oo n—oc
TO -
! < ! R>2R(R
_ _ T. €. .
R =~ Rley = 1z
Bocronb3oBaucek HepaseHcrsom” [im 2.y, < lim ,, [im y,,, BemonHmommmes V(z,, > 0, ¥, > 0).
n—oo n—oc n—oo

2) Tak KaK a, = ‘;—:— -b,,, T0 1o mokaszanHoMy B 1) R, > R'R,, otxysa R' € %.
3) O6a psna abCOMOTHO 1 PABHOMEPHO CXOISTCA B 3aMKHYTOM kpyre K, = {z € C: |z] < r},

r < min{R,, R,}. Torna paguyc cxomumoctd R, pana

(Z anz") (Z bnz") = Z(anbo +an_iby+ ... +baag)z”

He MOXeT GuTh Menbuie min{R,;, R;}. »

H CM., Hanipumep, H. H. Tawxo, A. K. Bospuyx, 8. I. I'nii, I IT. Tonoeay. CripaBouHOe MOco6He Mo BhiCIIcH MaTeMaTHKE, Mocksa,
“YPCC”, 1995, 1. 1, ra1. 1, npumep 106.
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3. Jokasate, 4o KOLAA CyMMa f crenenHoro psna E a,(z —b)", b € R, npunumaer aeicTu-
TeJIbHBIE 3HAYEHMA B HEKOTOPOU JEHCTBUTENBHON OKPECTHOCTH TOYKHU b, TO BCE @,, ACHCTBUTE/ILHBIE.
<« OuesunHo, a¢ = f(b) € R. ITockonbky
_ fy = tim f(b+ Az) - f) _ . fO+A2) ~ D)
Az— Az T Az Az !
10 a; € R. TIpeAnoNoxuM, uTo a, = f‘”’(b) € R. Toraa
Mo+ Az - fTB)
Gnyp = lim
Az—0 Az
YTBepXkaeHue KOKA3aHO € MOMOLIBIO METONa MAaTEMATUYECKOH HHAYKLMH. B
4. Joka3ath, 4yTo Ui KO3DOhOUIIMEHTOB CTENEHHOTO psAAa E a,z" C pammycoMm cxogumocty R > 0
cTipaBeIMBa (hopMysa

= f"*®)eR.

1 —in i —in
an=—n/u(7‘,<ﬁ)e ' (pd<P+—n/U(T', pe ™ dp, 49
r r
0 0
me 0<r <R, fz)=u+iv= Zanz” - cymMa psja.
n=0
A llyctb v, = {z € C: |zl =r}, ', = (7, 777) — TONOXKMUTEABHO OPUEHTUPOBAHHASA [V1aIKas
WIM KYCOYHO-TJIANKAS XOPAaHOBA KpHBaﬂ Torna
119, re’?idy iy —ing
n = <n+l - 'f( n+lei(n+l)¢ = 27”.n 'f(re )e d<P (2)
rr

TIpMMEHUB MHTErPATBHYIO DOPMYITY Koum npx n > 1, nolaygum:

/ FOC¢C ¢ = / f(re?)rte™idp =0,

Wik

/ f(re'®)e™ dp = 0. (3)

27rn

CxtanpiBas ¥ Bbiymtast (2) u (3), uMeeM
2r 2r
1 i i i
a,,:————/f(re "’)cosncpd<p=———-/f(re ®ysinnpdp.
Trn Tre
0 0

Orciona, nonaras a,, = a,, + t8,,, HAXOAUM:
2n 2

1 1
ra, = - /u(r, p)cosnpdp = ;/v(r, p)sinnyp dy,
0 1}
2 =
n 1 ! i
"B, = ;/v(r, p)cosnpdp = -—;/U(T, p)sinng do.
o 0

C noMOLUBIO 3TUX paBeHCTB momydaeM Gopmyisl (1) Vn € N. B ciayyae n = 0 ¢opmyis (1) nonyyaem
cpasy H3 (2). »
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5. Tlycts cymma cTenenHoro psina fz)= Z a,z" ¢ kpyrom cxonumoctn Ky = {z € C: |z| < 1}

n=0

YIOBIETBOPSET yciioBUIO Re f(z) > 0 Vz € K. [lokasars, uto Vn € N |a,| < 2uy, rae ug = Re £(0).
« Cornacuo ¢dopmyne (1) npenployiuei 3anauu MMeeM

2T

B
— —ing d
@ = —— [ ulr, p)e -

0

2
2 2U0
< py— uw(r, p)dp = T
ar r
0

IIpunuMas Bo BHuUMaHue, yto r € (0, 1) — npou3BosIbHOE, UMEEM
lan] € 2ug. »

OueHuM a,,. [Tonyuum

|an |

6. Haitrn TIEpBBIE YETHIPE WIEHA, OTVIMYHBIE OT HY/s, pasjioKeHuss GYHKUMU z — f(z) = \/cosz
(f(0) = 1) B okpecTHOCTH TOUKM 2z = (. HaitTH panuyc cXoouMoCTH psaaa.

« Bocnonip3yemcs npencraBieHueM GyHKUKM f B BHIE

1 1
f(z)=+cosz=(1-(1—-cosz))? = (1 -w)2.
Toraa vz € C noayuum:
2 4 6 8

wzl—cosz:———z—+z——z—+..., (l—w)%zl-——w——lwz——l—wB— 5wt lw| < 1

20 4 6 8! 2 8 16 128 ! ’
RN Y G S S T C LA € R
20 2 24 720 ) 8\2 24 7 6\2 T
:1_l<fi_fi+26 )__1_<Ei_.z_6+ )_-1_<z_6.. )+ —_
513 70 s\7 2t wlg .=

| TN AN
4 96 5760

OueBuzHoO, uto R = 1 , T. K. TOYKa z = % — Ommxaiimas K Touke z = 0, B KoTopo#l Hapyiuaercs

AHATUTHYHOCTD (byHKupm f . 3ameTMM, uTO TIEpBBIE YETBHIpe WieHa pa3noxeHus GyHkuuM f B PAR
MOXHO TIO/lyYUTh HENOCPEACTBEHHO, BRIUMCIISAS €€ TIPOM3BOAHEIE B Touke z = 0. b

7. Paznoxuts B psax Teitnopa pyHkumio z — f(z) =
paauyc CXOAMMOCTH.

P— B OKPECTHOCTH TOYKHM z = 0 u HalTH

« HMmeem
z 1
fz)= ] Py, = P o
2+ S5+t Em T 1+-2—!+7+...+m+..
Tlycte pasioxenvie GYHKUMU f B OKPECTHOCTH TOYKM z = 0 UMeeT BUL
f(z)=2anz".
n=
Torma
(@G+az+ @z’ + ... +a,z" + )1+z+z2+ A 1
a ... +a, - —_—t ) =1
oriET T 3! BRTYEY

HpupasusaB KoapPHLHEHTE IPY OOUHAKOBBIX CTEINEHAX 2, MOIy4MM:

1 1 1 _ N
aom+alm+.-.+an_r2—!+an—0, nelN
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[Tony4ennsle ypaBHeHMs MO3BOJSIOT TIOC/IENOBATEIEHO HAXOAMTE YMCIa &, . Obosnauum B, = nla,,.
Koapduurents! B,, "aswiaotes uuctamu Bepryasu. Jns BX onpene/ieHUs UMeeM

By =1; LBy By By
0T m 1 mt 2m-1) T T
YMHOXMB 00€ YacTH ToC/IeHEr0 PaBeHCTBa Ha (n + 1)! U 3aMeuas, urTo }%I_VT), = ,’iﬂ, noJlyyaeM:

1+BCLy +BC2 + ... +B,.Cr =0 (neN.

C TIOMOLLBIO TIOCERHER CbOpMyJILI HaxoaunM:
1 1 1
Bl:_z’ B2=g, B3=0, B4:—-§6,

Hckomoe Pa3nioXeHUEe MMEET BUI

B B B, .
=By+ —z+ —z +...+FZ + ...

Pamnyc cXOAMMOCTM 3TOoTo psana R = 2#, TaK Kak OGAuXaiflume K HayaJly KOOPAMHAT TOYKH, B
KOTOPHIX HAPYIIAETCH aHATTMTHYHOCTD GyHKIMK f — z = X27i. p
8. Haittu panmMyc CXOIMMOCTH M MCCJIENOBATh TOBEJEHHME HA TPaHMUIIE KPYTa CXOIUMOCTH CJIENYIO-

1IHUX CTETICHHBIX PALOB.
3n~1

4™
a) Z(—l)”z (n>1), 6) Z P zk", k=const, ke N

Inn
« a) OueBunHo,
(_l)n _ 1 1
a = nn ' M k=3n-1, R= ————= lim (hn)%= = 1.
0, ecm k#3n-—1, kh_{l; lag] m—oe

6

Ha rpanuie Kpyra cxomuMocTi z = €' U B 5TUX TOYKaX TOJIyYaeM YMCJIOBOM psn

in(36-
-n" iGn=00 _ =if Z oM
Inn Inn

Eciu 30 — 7 = 2ma (m € Z), 10 psn pacxogurcs. Ecau 30 — o # 2mar, TO pan CXOAMTCS TIO TIPU3HAKY

Hupuxie.
6) 3nech
n
—, ecM m=kn, 1 1 1 1
m Va . wy -
0, e m # kn, o m lim (4?) En 4%
n—oc
. 0 ikn¢ .

Ha rpanuie Kpyra cxoaumocTy, T. €. Ipu z = 5%, TOJIy4a€M YMCIIOBON P Z £ —. Ecmm k6 = 257

(7 € Z), To OH pacXoguTCs, TTOCKOJBKY TIpeBpalliaeTCsl B rapMoHuyecKuil psa. Eciu k@ # 257, 1o psax
CXOIMTCA 110 TIpU3HaKy Jupuxie. b
9. CyluectByior jin GyHKIUMM f, aHATUTHYECKHE B TOYKe z = 0, yHOBJIETBOPAIOLIME YCIOBUAM:

AL =1(-1)= 1

s e f(H)=7r(-1) = ?
5 0 f(R) =503 =573

< a) CymecTByeT, 970 GYHKIMS 2 — z°.

6) [IpuMenM MeTOX pacCyKIEeHUS OT TIPOTUBOTIONOXHOTO. [IpennosnioxuM, uro dyHkumsa f ¢ yka-
3aHHBIM CBOHCTBOM cyuiectsyeT. Paccmorpum dynximio fi, tie fi(z) = ;%5. OHa ymoBIETBOpAET
YCJIOBHIO f (;';) = .t T.€. coBrnagaer ¢ dyHkuMell f Ha GeCKOHEUHOH MOC/IENOBATE/ILHOCTH TO-

3n+l?
4eK (&), THE T, = % — 0 nipu n — oo. [To TeopeMe eauHCTBEHHOCTH f(2) = f(Z) B OKpECTHOCTH
touku z = 0. Onxako, f (—;l;) # Tlﬁ Tlony4uiu NpoTUBOPEYME, UCTOYHMK KOTOPOTO B IIPERIIONO-
XeHuH, 910 GYHKIMA f ¢ YKa3aHHEIM CBOMCTEOM CYLIECTBYET. B>

| =

~o3
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10. Haittu paguychl CXOTMMOCTH CIENYIOIMX CTENEHHBIX PANOB:

n!
1)

n—nz"; 2) Zz""; 3) Zzz";
4 Y @+HEYYES 5 D 2 cosing 6) > tn+amyn.

« 1) Ipumeunm bopmyry (5), n. 1.6. Ilorygum

! 1n+1 1 n
R=tim 2. 0D (1+_) e
n

n—oo N° (n + 1)' n—oc

1, econ k& =nl

. k
2) CrenexHoM HMEET BH, apz", e ap =
) Cre psI UM I E k2, TOE 0, ecmu k#nl, CENOBATENBHO,

1

=1
lim \k/ ay

koo
3) AHatornyHo Ciydalo 2) umeeM R =1,
4) IMockonbky lim 3/(3 + (=1)™)™ = 4, To, cortacHo Gopmyne Kowrmn—Anamapa, R = %.

e +e” "

5) a, = cosin = =—=—. CornacHo popmyne Komin—Anamapa
1 1
ﬁ ,“/an - : enVH-e—Z" -
lim 71

n—asc

el — |1, ecm laj<1, _ I, ecm laf <1,
O Taxxax Jim, Vin+a '—{ @l coms lal>1, B\ L o > 1

1
e

n—oo P

11. Uccnenosats noseieHUE Ha TpaHULIE Kpyra CXOOUMOCTH CTCIICHHBIX PANOB.

1 Zﬁ——_;—)nz" 2) an;, 3) %—z".

« 1) Cornacxo topmyne (5), . 1.6, R= lim 2:—1 = 1. Ha rpanuue Kpyra CXOOMMOCTH ToJIy4aeM

n—oo

Z (—l)Zei"G _ Z(_l)ncoine +iZ(—1)" sinnO'

n
Ecm 6 = 7, To psa pacxonurcs. JInd BCeX OCTUIbHBIX 3HAYEHUH 6 pAx CXOOUTCS, TaK KakK 00a YHCIIOBBIX

YUCIJIOBOH PAI

(—l)"z"’ _ l
psiga cxogaTcs Mo npusuaky Hupuxie. ITockonbKy Ha TpaHHUIE KPYra CXORHMOCTH l_ﬁ_“ ==, T0
psil B 3THX TOYKaX aCONMIOTHO pacXomuTes.
2) 3anucas psa B BUIE 2 a,z® | BugnM, uTO €ro KO3()GULUEHTBI paBHBL
1 & \
—, eCiu =n!
ag =14 n?’ ’
0, ec  k #nl,
CJIEIOBATEIBLHO,
1 . n!
R= _ = [im V n? =
lim ¥ay n—oo
Ha rpanuue Kpyra CXOmMMOCTH Iakz"l = ;‘;, MO3TOMY B TOYKaX YKa3aHHON IpaHULbI PSI CXOTUTCS
abCcomoTHO.

3) Ilo popmyne Koum—Anamapa

lim 5~

n-—oco

Ha rpanuLe Kpyra CXOMMMOCTH IIOJIy4aeM YHCIOBOM DSl D 1, OYEBMIHO, PACXOAALUMUAC.
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12. Haittu cymmy psna Z nz", lz| <1, neN.

<« Tlycts f(z) = 3 nz™. PaccmotpuM QYHKIMIO ¢, Ine ¢(z) = > 2" = 2

n=0

o0
GYHKUHIO @ B KDYre CXOOMMOCTH, TonydauM ¢'(z) = »_ nz" ™' = (1—_117 VMHOXas JIEBYIO M [IPaBYIO
YACTH TMOJIYYEHHOTO DABEHCTBA Ha Z, UMEEM:
z
1
2y =zp (z2) = ~——.
f(2)=zp (2) a-o”
13. Haittn cymmy pana E—.
sy paza 37 )
< Pamuyc cxomumoctut paga R = 1. Ecm [z| < 1, 1o In(l — z) = — E ZT CnenosatenbHo,
n=|
oo zn
Z— =—In(l - 2). »
n
n=|
14 z2n+l
. Haiitu cymmy psana .
Y pax M+ 1

<« Panuyc cxonumoctu paga R = 1. Eciu |2 < 1, To

n—1 P st n
In(l + z) = Z( D , 1n(1_z):_.z%,
n=1

Torpa
o0
z 2n+1

ln(l+z)—ln(1—z):22

n=I

n+1

TakuMm obpazoM,

2L gt I 14z

2n+1—2n1—z

n=1
15. Pasnoxuts B cTENEeHHON pan ¢yHKUHIIO Z — sin’ z.

« Bocronssyemcs pasescTBOM sin’z = % M pasIoXKeHHEM B CTENEHHON psia yHKUMM
z+ cosz B I1. 1.7. [Tonyyum:

22n n 22n 1 2n

a1 I, nal
s Z_E_EZ;( Qn)! Z( D =T

16. Pasnoxurs B cTemeHHOM psa YHKIMIO Z — ch2 z

< Tpunumas o BHuMaHue pasenctso ch’z = 92 y pasnoxenue dyHKuuM z — chz B cre-
nexHou paa B m. 1.7, uMeem

1 i 2n 2n 22n-1 n

ch'z=3+ ; 2n)! =5 ; (2n)z! >

2
17. Pasnoxuts B creneHHON pan QYHKUMIO Z — VZ + 5.
Ipu BHINONHEHUM HepaBeHcma |z} < 1 momyaum (cM. m. 1.7):

(z+z)2—\f(1+ ) 1+'(1+li+@(§)2+...+

1(1 1 oo
1= (G-n+1) f2\» 1+i z n-1 @0 — N
+ pors A (-;) + ... ] = 7 1+ % + E=2 (G Vi (2n)" ( )

Nl*—‘
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18. Pasioxute B cremenno# pin QYHKUMIO 2 —

az+b’
« IIpu |z| < l;”-’ HMEEM
111
az+b b 1+ Lz -
z
19. Paznoxuts B crerenHoM pag GYHKIMIO 2 > —————— .
22— 4z 413

<« PackinanpiBag GyHKUMIO Ha MPOCTBIE ApOOH, MOTyUHUM:

z _z 1 1 _z 1 1 + 1 1
22—4z+13 6i\z~2-3i z-2+3) 6i\ 2+3il—55% 2-3il-3 )"

2431 31

I1pu BHIMTONHEHUH HEPaBEHCTBa [z| < V13, nMeeM

z z 1 = =
z2—4z+13—a<—2+3i§_—:(2+3z)" 32(2—31)")_

oz = " R N e R S kD KL

T 6i (”Z (2 4 3+ Z (2—31)"“) - 6i Z 137+ £oF

iGN Q-3 Q43
_GZ 13n g

n=I

22

20. Pazioxuts B cTeneHHOM P QYHKLMIO 2 - ——— .
(1+2z)

oC
< IIpu |z| < 1 umeem Hl-z = > (=1)"2". IudpepeHumpys, MOTYIUM:

oc

1 n n=-1 22 - n+l n+l
-«_—-—Z:Z(—]) nz , ——222(—1) nz .»
(1+2) - (1+2) —

n=

21. Pasioxuts B cTEMEHHOM psifl GYHKUMIO z — Arctg z.
Wmeem mpu |z| < 1

Zz

Arctgz—/1+t2 /Z( 1 at = Z( " /2ndt Z( D"

z

2n+1

2
22. PauioXuTh B CTENEHHON PAX / e dt.

0
« OuepunHo,

zln+l
/e dt = /E—*—d— m R=00.p»
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sint
23. PastoXuth B CTeNeHHOM Pl / — dt.

<4 NmeeMm

[ sint _z ] & et - 2t
Tdt‘/< Z(_) ( )dt Z( D 1)'(2n—1)

0 ) n=1

§2. Pan Jlopana u u30MpoBaHHbIE 0CODObIE TOYKH
AHAMMTHYECKUX (PYHKUMHA

2.1. Teopema Jlopana.

Cpenu GyHKUMOHATHHBIX PANOB, OTIHYHBIX OT CTEMEHHbIX, Hanboiee OIM3KNM K CTEHNEHHOMY SBJIS~
eTCs pal BUIR 2 (Tf:T Ero o6nacTe cXonuMocTH — BHELIHOCTb Kpyra paguyca r = lim 3Y/|c,|

n—00

C LIEHTPOM B TOYKE Z;, KOTOpas IIpH r = 0O BHIPOXIACTCA B GECKOHEYHO YNAICHHYIO TOUKY, NpH
0 < r < 00 — 3TO BHEIUHOCTb Kpyra B COGCTBCHHOM CMBICJIe C/IOBa, a Tipu 1 = 0 coBnajaer ¢ myoc-
kocteio C, M3 KoTopoit BHIOpOLIEHA To4YKa 2z = 2zp. Ecnu r < 00, TO pSA CXOAMUTCA abCONIOTHO U
paBHomepHo BHYTpU obnactu D = {z € C : |z — z| > r}. CnenoparenbHo, ero cymma f siBnserca
aHauTMYecKoi ¢yHkuued B D U f(oco) = ¢y. Ilpu atoM rosopst, 4ro GyHKUMS f anasumuueckan €

GecKoneuHo yoaneHHol mouke.
Teopema 1 (Jlopaua). Jwbyw gyukyuio f, anHarumuueckyio 8 Koavue

‘/,‘YR:{ZE(C’T‘<|Z—20|<R}, 7‘20, Réoo,
MOXCHO npedcmagume 8 IMOM KOAble KAK CyMMy cX00Aue20ca pada

20

@ =D anz— )", M

n=—oc

2de a,, onpedeasromca no Gopmysam

10
a, 2,”/((_20)“1 i, nez, 2)

L= %) 7p={z€C:Iz—zoI=p}, r<p<R.
<« PuxcupyeM MobyIo TOUKY z € V., r ¥ PaCCMOTDHM KOJIBLIO
Vir={z€C|r' <|z—2|<R'}) €V, g
ITo bopmyne Kouin umeem

1 J ) 1 f() 1 ()
= =7 At = — d —_— —_— d V. gr.
f(z) 21”. C*Zd( i C—Z C C C) z€ v, R (3)
3Vr,_ R I'Rl F -~
3neck Xpuspie T'ry u T, MonoxurenbHo opueHTMpoBanbl. [t oo Touku ¢ € ygr
z—2 |z = 2|
—— = 1.
( - 20 R’ a <
Otciona mosmy4aeM:
1 (z —zo)"
(-z -z C - 20())"“"l )
- (1 —Em) 4

Psax (4) abcoNMOTHO M paBHOMepHO cXOmUTes 1o { € Y/ .
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Ecmu ¢ € v+, TO

(-2 =—r—=q<1.
z2—zo| |z— 2zl
Orcrona
l = —1 = — S .._(C—_EE)L (5)
C—Z (Z'—ZO) (1_%‘2‘) n=0 (Z_ZO)n+l

Psx (5) papHOMEpDHO CXomuTCs OTHOCHTENbHO { € 7,s. [loncrasus (4) u (5) B (3), moxyuum:

- 7O & 1 OfQd
f(z)=§(z—zo) / = z)n+l+Z(Z—zo) famrset

o
f2) = i ap(z = z)" + }f ax(z = 20",
rae " o
/ «f—«z)(;l'i1 (n€Zd &= / (cf—(cz);)i'f“ -k EN.

[To teopeme Koiu MHTErpaIbl MO OPUEHTHUPOBAHHBIM OKPYXHOCTAM I'pr ¥ ',y MOXHO 3aMEHUTH
MHTETpaJlaMU 110 JI00O0i TTOJIOKHUTENLHO OPUEHTHPOBAaHHOM okpyxHocTd '), = (7,, 7y), THe ¥, =
{(z€C:lz—z|=p}, " <p<R.»

Pan (1), xoaddHuumeHTs KOTOporo BHYHMCIAIOTCA To Popmynam (2), HaswlBaetcs padom Jopana
Gynxyuu f 8 konvue V. g

PaccMoTpuM OTHC/ILHO Te IBA PAla, U3 KOTOPHIX cocToUT psad (1). Ilepebiii n3 Hux

Z a,(z — zp)"

€CTh OObINHBIN CTENEHHOM psan. Ero o6nacTeio cxonuMocty sBaseTcs kpyr Kp = {z € C: |z—2z,) < R},
e + = lim 3/|a,|. Bropoit psan
n—oo

o0

PBLECEE Y

n=l

ABISACTCA CTENCHHBIM OTHOCUTCIIBHO = . Beiure 6110 YKa3aHo, 4TO €ro 00/1aCTbI0 CXOOUMOCTH

z—-2zg
SIBJISIETCSL BHEIUHOCTD Kpyra paaudyca r = Jim 3/|a_,|.
n—00

[=.=}
Ecim r > R, TO 061acTh CXOAMMOCTH pAna 2 an,(z — zg)" ecTh NycTOoe MHOXECTBO. Eciu
nI~o00

xe r < R, T0 ero obnacThlo cX0mMMOCTH sBisierca Komplo Vo, g = {z € C | r < |z - z| < R}. U3
TeopeMul ABess cienyer, 4To psx JlopaHa CXODMTCS PaBHOMEpDHO Ha JIIOGOM KOMIMAKTe, NMpUHALIEXKaA-
weM Konplly V. p. CormacHo Teopeme Beiiepiurpacca, cymma psina JlopaHa ABNA€TCS aHATMTUYECKOR
YHKLMEI B 3TOM KOJIBLE.

Psn Z a,(z — 2o)" Ha3BIBACTCS npasuavHoli yacmeto psina JlopaHa, a pan 2 a_,(z— z) " HocuT
Ha3BaHWe ero 21a6Hol yacmu.

o0

Hycts f(2) = Y, calz—20)" MpAn D Cnlz—20)" = Y con(2—20) "+ D Cnl(z—2)" cxomur-
n=~oco neZ neN n€Zy
N oo
cs1 paBHOMEPHO B Konblie V. p. YMHOXMB Ha (z—zo)"“l obe yacTy paBeHCTBa f(z) = E cn(z—20)"

n=—00
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U MHTErpUpys ITONyYeHHBIH pAl NMOWIEHHO MO OPUEHTHPOBaHHON OKpyXHoctd 'y = (7, 7},"’), Yo =
{z€C:|z~-2| = p}, r < p < R, nonyuum:

/(z —(ZZ;"“ Z Cr /(z—z )"l dz

N=—00

[IpnHuMas Bo BHUMaHUE, YTO
2®

k- —k _iln—k)t - 0 ecnu nF£k
n—-k—1 - n—k _i(n—k)t - ]
/(Z—Zo) dz—/p e 'dt"{ 2;ri, eciu n =k,

T, 0
UMEEM
[ se
2ri | (2 — zg)FH!
Tp

C

Mu! pokazanu crienyouiee yrBepxXIEHHE,

Teopema 2. Jlo6oii pad Y, ¢ (z —2g)" = Y conlz = 20) " + 2 cn(z —20)" 6 Konbue cxodumo-

nez neN neZy

cmu V.. g séasemca padom Jopana céoeii cymmyi.

U3 a10it TEOpEMBI, B YaCTHOCTH, CIIEAYeT, YTO pa3oXeHue aHamTuTHuecKol GyHKuum f B KOJb-
ue V, g B PSI 0 LUENBIM CTEMEHIM Z — Zp €JMHCTBEHHOE.

®opmyna (2) wis ko3¢ bUUMeHTOB pana JlopaHa Ha MPAaKTUKE MPUMEHSETCS PEIKO, ITOCKOJIBKY
TpedyeTcs BRIMMCIATD MHTErpantl. [103TOMY JUTA MONYYCHUS JTOPAHOBCKHMX PA3JIOKEHHH MOXHO BOC-
T0JIb30BATLCS JIIOOBIM 3aKOHHBIM [1PHEMOM.

2.2. Knaccudukangs H30oMpoBanubx 0coobx Toyek B C.

Onpenenedane. Touxa a € C Hasvieaemes uzoaupogaHnHoli ocofold moukol pynxyuu f, ecau
cywecmeyem maxas RPOK0A0MAs 0KPecmHocms dmoli mouku, m.e. koavyo Vo r = {2€C |0 < |z—a| < R}
€ Hyne8oiM 6HYMPEHHUM DAOUYCOM, 68 KOomopoM QynKkuua f anarumudeckas.

Ilycts z = a € C — u3ompoBadHas ocobag Touka GyHkuuu f. PaccMotpum pasnoxeHue GyHK-
uuu f B pan Jlopana B Komble Vo, r

oo

&= elz-a)" (1)

n=-—9oc

B 3aBrcuMoCTH OT BuJa padnoXeHus (1) pasau4alor TPU THIA U30NMPOBaHHBIX 0COOBIX TOYEK.

1) Ecoiu B pasnoxenuu (1) oTCYTCTBYET [JIaBHAA YacTh, T. €. WIEHbI ¢ OTPULIATEILHBIMU CTENIEHSIMH,
TO TOYKA z = @ HAa3bIBACTCS ycmpaHnumol ocobou moukoli GpyHKuuu f.

2) Ecim B pasnoxenun (1) riaBHas YacTb COREPKUT KOHEUHOE YUCIIO WIEHOB, TO TOUKAa Z = @
HaspiBaeTcs: homocom Gynkuuu f. Ilpu aToM, ecmm ¢y = ¢c_3 = ... = C_(n-y = 0,3 ¢c_, # 0, 10
YUCIIO N Ha3bIBACTCS MOPAOKOM noatoca. I10I10C mepBOTO NMOPAAKA HA3BLIBAIOT TAKXKE MPOCMbIM NOAIOCOM.

3) Eciu B pasnoxenuu (1) miaBHast 4acTh CONEPXKUT GECKOHEYHOE YUCIIO WIEHOB, TO TOUKA Z = @
Ha3bIBaCTCA CYuecmeeHHo ocobol mo4koi.

Ilpumep 1. OyHkuusa z — f(z) = 5"‘;5 aHamuTHYecKast B Koabue Vo o = {z € C| 0 < |z| < o0}.
Ee pasnoxeHue B pAd uMeeT BUA
sin z _ P A
7_1—§f+§_—7—!-+.”’

U3 KOTOPOTO ClieayeT, 4ro z = 0 — ychaHHMaH ocobas TouKa QyHKuMHA f.

Ilpumep 2. Oynxuus z — f(z) = —,—;; MMEET JBE M30/JMPOBaHHBIE OCOOBIE TOYKM 2z, = 2i,
z; = —2¢. Pasnoxum byukuuio f B pan JlopaHa B IPOKOJIOTONH OKPECTHOCTH TOYKH 2 V “) ={zeC|
0 < |z —2i| < 4}. Tonyuum:

1 i i i 1 i — )"
== =+ = - = —26)"
14 Az-20) 4G+ az-2 16 (+5E) 4G-2) + e (=29
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Orciopa 3aKiIo4aeM, Yto TOYKa z = 2i SIBNSETCA MPOCTHIM IToNocoM GyHKuuu f.
AHIOTMYHO MOJy4YHM pasnoxeHue GyHkuuu f B psan JlopaHa B MPOKONOTOM OKPECTHOCTU TOUKH
Z l{,‘fj ={z € C |0 < |z + 2] <4}, c mOMOUIBIO KOTOPOTO YOENUMCA B TOM, YTO TOUKA 27 = —21
TAKXE ABJIIETCSA NMPOCThIM MomocoM dyHkuuu f.
Ilpumep 3. @ynkuus z — f(z) = sin - l T @HIMTHYECKAA B MPOKOJIOTOM OKPECTHOCTH V) o =
{z€ C{0< |z~ 1] < oo}. Pazoxenue 31oil ¢pyHkuun B psix Jopana B Vg o, uMeeT BUX
1 1
ppuy e el Teuk AL
U3 KOTOPOTO CJIEIYET, YTO z = 1 — CYWIECTBEHHO ocobad Touka GyHkuun f.

sin

2.3. IloBenenne aHAJIHTHYECKOMH (DYHKIMH NpH NOIX0J€ K H30JAPOBAHHOH 0C000M ToYKe.

[oBeneHue aHATUTUIECKOH (DYHKLMH B OKPECTHOCTH YCTPAHUMOMN 0COB0M TOUKHU MOTHOCTHIO OMH-
CBHIBAETCA CIIENYIOUIMMHU OBYMS YTBEDXKICHUAMH.

Teopema 1. Ecau npu nooxode k uzoaupogarnroii ocobold mouke z = a gynkyus f ozpanutennas uau
umeem nopaooK pocma meHbile eQUHUYLL, MO Z = a — YCMPAHUMASA 0C06as MO4KA.

« Ilycth GyHKIMs f B OKPECTHOCTH TOYKM Z = @ YAOBJIETBOPSIET HEPABEHCTBY

M
()] < ———, 0<a<l

lz —ale’
Toraa Vn € N nonyuum:

1 M
leenl = m/f(z)(z —a)y" 'z € E;p" “mp=Mp" .
Tp

Tlpunumas Bo BHUMaHuKeE, YyTo n —a > 0, @ p MOXHO BBIGPaTb KaK YrOJHO MaIbiM, UMeeM C_,, = 0
V¥n € N . CrienoBarenbHo, z = a — yCTpaHHUMas ocobasd TouKa. p

Teopema 2. Ilpu nodxode k ycmpanumoii ocoboli mouke z = a gynkuus f uMeem KoHeuHuili npeden,
U ecau eeo NpuHAMb @ Katecmee 3HAMeHUA GYHKuuU 8 motke z = a, mo [ cmaxoeumca GHatuMu4ecKkoll
dyHKyuell 8 mouke a.

allpuzeVy p={z2€Cl0<|z—al| <R} f(z)=co+ D ca(z ~ a)", otkyma lim f(z) = cy.
n=1 ZzZ—Qa

HoormnpeaemuM ¢yHKIHMIO f B TodKe z = a paBeHCTBOM f(a) = ¢o. Torma pasnmoxenue f(z) =
oo

co+ Y cal(z — a)* Gyner cnpasewiusbiM B kpyre K = {z € C : |z ~ a| < R}. Pan Jlopasa npe-
n=1
obpasyercst B psia Teittopa, a GyHKuus f cTaHOBUTCS aHaTUTHYECKOH B Kpyre Ky M, B YaCTHOCTH, B
TOUKE z = a. P
B panpHeilleM, Kak IpaBuwIo, GyaeM CUUTATh YCTPAHUMBIE OCOOBIC TOUKH TOYKAMH aHATUTHYHOCTH
COOTBETCTBYIOLUMX (DYHKUUIA.
[ToBeneHue GyHKUMU B OKPECTHOCTHU MOJMIOCE YCTAHABIUBACTCS CICAYIOUIEH TEOpEeMOM.
Teopema 3. Hzonupoeannas ocobas mouka z = a QyHKyuu f A813€mMCA NOAOCOM M0o20a U MOAbKO
moezda, xozda
lim f(z) = oo. Q)
zZ—a

<4 Heo6xongumocts. Ilycth 2z = a — monioc dynkuuu f ropsaka p. [lpu z € V, p umeeM

fz) = (zc_-P + Coptl 4= Z c(z—a)", c_p,#0.

oy " (z—a)p-]

n=—p
Otciona
1 = 1 > 1
—_ _ p+n _ 7 — n _-—
1@ = g DT = ch,xz O = T h @
n=-p n=

rae f, — aHamTH4ecKas B kpyre Kp = {z € C: |z —a] < R} dynxuns, fi{a) =cj=c_, #0. U3 (2)
cnenyer (1).
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HWraxk, pu noaxoze x nomwocy GyHKuud f oHa CTPEMHUTCS K 66 CKOHEYHOCTH, U YEM BHILIE MOPSIOK
NONIOCA, TEM OBICTpEE 3TO CTPEMIIEHME.
HocratouHocts. Ilycts 2 = a — u3onupoBaHHasa ocobas touka ¢ynkuun f u lim f(z) = oo
zZ—a

OueBUAHO, CYLIECTBYET NIPOKOJIOTask OKPECTHOCTL TOUKH @, B KOTOPO lj(z) # 0. [TosToMy TOUKaA z = a
SIBJIIETCSL M30JIMPOBaHHOUM ocobolt Toukoit ¢yHKuuu z — @(z) = o 4 limp(z) = 0, T.e. a —
zZ—a

ycTpaHumasi ocobasi Touka GYHKUMH ¢. YcTpaHuM ee, monaras ¢(0) = 0, u myctb z = @ — HyJb
¢dynkuunm ¢ xpatHoctu p. Torna cornmacHo dopmyie (3), 1. 1.8., umeem

p(2) = (z ~ a) pu(2),
roe ¢(z) # 0 B okpecTHoCTH TOUkH z = a. ClleloBaTeNbHO,
1 —
(z-aPpi(z)  (z-a)

re ¢ — aHATMTHUYECKAs B TOUKE z = a ¢yHKumA u Y(a) # 0. [Ipenacrasum €€ B OKPECTHOCTH TOYKH
z = a psinom Teltnopa:

f@) Y(2),

o0

$(@) =Y calz=a)", co=(a)#0.

n=0
Torna
f@=Y ez-a?
n=0

T.€. ToUKa z = a — nomoc ¢yHKUMH f nopsgxa p. »

Caeacmeue. Touka z = a sersemcs nomocom Pyrkyuu f nopadka p mozda u moavko mozda, K0z0a
dyuxyus p = j (p # 0) anasumuveckas 6 motxe a, u MouKa & — ee HYAb KPAMHOCMYU .

W3 mpoBenEeHHEIX BhILEe PACCYXXICHUN CICAYET TAKOE YTBEPXKICHHUE.

Teopema 4. [is mozo umoGsl U30AUPOGAHHAA 0COOAA MOUKA z = a (yuKyuu f 6blaa ee cyuecmeeHHo
ocoboii mouxoli, HeoGX00UMO u docmamo4Ho, 4mobsl [ He uMead npedead npu z — a.

YrayGieHHEM U YTOUHEHHEM TEOPEMBI 4 SIBISIETCS CIICAYIONIEE YTBEPXKICHHE.

Teopema 5 (Coxouxoro). B okpecmrocmu cywecmeerHo 0coboli mouKy GHAAUMUMECKaA QYHKLUA
npuHumdem 3Hauenus KaK y2o0no Gauskue ato60My naneped 3a0aHHOMY HUCAY PACUUPEHHOU KOMRACKCHOU
naockocmiu. pysumu cao6amu, ecau z = a — CYWeCMEeHHO 0cobas mowca gyukyuu f, mo VA € C
Haldemcs makas nocaedogamensrocms (2,,), z, — a, 4mo lim f(z,) =

T OO

<4 1) ITycts A = 0co. DPyHkumusa f He MOXKET ObITh OrpaHMYEHHOW B OKPECTHOCTH TOUKH Z = a,
[10CKOJIbKY B IPOTHBHOM CJiydae Toyka a Oplra 6Bt yerpaHuMoit ocoBoi Toukoi. [Toatomy B poKotoroi
okpectHoctH Vo r = {z € C | 0 < |z — a| < R} Hajinetcst TaKast Touka z;, 4t0 |f(z1)| > 1. Bosbmem

IPOKOJIOTYIO OKPECTHOCTb V. |2, _q| = {z € C[O <lz-al< '—z'z_—“' } B Heii HajieTca Takas TOUKa 2),
0, J——2

o . lz1—al .
uto | f(2;)] > 2 u T. 1. B mpokosioTot 0KpecTHOCTH VO' lz\;a = {z € C‘ 0< |z—a| < _'n__} Haiipercs
TaKas TOYKa Z,, 4T0 | f(z,)| > n. OueBugHO, 410 2, — @ ¥ lim |f(z,)| = +o0.
n—o

2) A # 00. 3nech BO3MOXHBI 1Ba ciydast: 1') A-Touxku dyHKuMM f UMEIOT a CBOEi NpeaebHOM
Toykoi. Torga, oueBMIHO, HaWAETCS Takas MOCIEOBATENIBHOCTE (2, ), z, — a, 410 f(z,) — A mpH
7 — 00. C/leJoBaTeJIbHO, YTBEPXKIEHHKE CHPaBelIBo. 2') CyLIECTBYeT MPOKOJIOTas OKPECTHOCTb TOUKH
z = a, B Kotopoii f(z) # A. Torma mia ¢yHxmmm z — @(z) = (z; < TouKa z = a SBJISETCs
H30JIMPOBaHHOM 0CO0OM TOYKONH. YCTAHOBUM €€ xapakTep. PaccMoTpuM BoamoxHble caydau. JomycTum,
4TO @ — YCTpaHMMas ocobas Tqua dyuxuuu ¢. Torna ¢ nMeeT KoHeuHBIH peeN MpH NOAXole K Hell:
lim ¢(z) =B u hm ) = A+ . Otciona ciemyer, 4ro ecnd B # 0, T0 z = @ ABISAETCH YCTPAaHMMOMK

zZ—a

0Co60i TOYKOMN q)ymcmm f,anpnm B =0 Touka z = @ — nomoc Gyuxunu f. O6e BOIMOXHOCTH
npoTHBOpetaT YCIOBHIO TeopeMbl. CneloBaTesIbHO, 2 = @ HEe MOXET OBITh YCTpaHUMOM 0coboil ToukoH
dyHxKumuy ¢.
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HonycTuMm Tenepp, 4T0 z = @ — NOMOC GYHKUMH @, T. €.

lim p(z) =00 A lim f(z) = A

CnepoparesibHO, z = @ — YCTpaHHMas ocobag Touka GyHKUMH f, YTO CHOBA MPOTUBOPEYMT YCIOBHIO
TeopeMbl. Takim oOpa3oM, 0CTAETCS €AUHCTBEHHBIM BO3MOXHBINA cydad, 4yto z = a — CYLMECTBEHHO
ocobas touka ¢yHkuuu ¢. Torma, cormacHo HOKa3aHHOMY B 1), CYIECTBYeT TaKasl NOCENOBaTEN b~
HOCTb (2.), 2, — @, 4T0 lim ¢(z,) =00 A lim f(z,)=A4.»

n—00 n—o0
PaccMoTtpum nplmep

oo

ITycts f(z)—ez E ,,, 2EVy»={z€C|0<|z| <oo}. 3nech a = 0 — cymECTBEHHO

n=l
ocobast Touka pyHkiuu f. C MOMOUIBIO OYEBUIHBIX COOTHOLIEHHH

1 1
lim ez =00, lim ez =0
z=z>0 2=z <0
z—0 z—0

MpoBepsieM yTBepxkaeHHe Teopembl Coxouxoro i 4 = oo U 4 = 0. [lycte 4 # {:l . Pewium

L
YPaBHEHHUE €2z = A:

1 1 1 1
-_—= L = = = Z,
c oA e T At iAgA - A ti@edsanm "€

IIycrs
1
In|A| + i(arg A + 2n7)’
. L
OueBniHO, 4T0 2, — 0, €2n = A, cnenoBarenbHo, lim ezn = 4,
L= DO

XapakTepHBIM B 9TOM MIpUMEPE SIBISIETCS TO, UTO 338 MCKIIIOUEHHEM 3HaUEHUH 0 ¥ 00, BCE OCTATBHBIC
3HayeHus A JOCTUraloTCs He B Ipelesie, a Ha Lesoi mocienoBaresibHOCTH. OKa3bIBaeTcs, YTO 3TO HE
CITY4alHOCTb, @ 001mas TeHIeHIHMA. Q6 3TOM CBUIOETE/ILCTBYET meopema Iluxapa, yTOUHSIOWIAS TEOPEMY
CoxouKoro ¥ yTBEpXXIJAIOUIas, 4TO B OKPECTHOCTH CYLIECTBEHHO 0c0G0H Touky GyHKuUMS [ NPUHUMAET,
npuyeM GECKOHEYHOE YUCIIO pa3, JIIG0oe KOHEUHOE 3HaYCHHE, 38 HCKIIIOYECHMEM, MOXET ObITh, ONHOTO.

Zp =

L
OTHM CJIY4YacEM i € z ABISACTCA HYJIb.

2.4. BeckoneyHas H30MpOBaHHAs 0Cco0as TOYKA.

Iycts f — aHanutMdecKas QyHKUMA B oBNacTH Vg, o = {z € C | R < |z] < co}. Dro o3Havaer,
YTO TOYKA z = OO sABISETCS M30JMPOBaHHOM oco0oit Toukoit dyHkuuu f. Ilpencrasum dyHkumio f B
OKDPECTHOCTH GeckoHeuHocTH psisoM JlopaHa

o0

f@= ) ez M

n=-—0oc

YseHs! psaga Z €r2" ¢ HEMOJIOXMTENBHbIMH CTENEHSIMH 2z 0Opa3yIOT €To IPaBWIbHYIO YacThb, & C
MOJIOKUTEIBHBIMH — €0 IJIaBHYIO YacTh.

XapakTep 0coboit TOYKH z = 00 OIpele/igeTcs, KaK U B clydae KOHEYHO ocoboi TOUKH, ry1aBHOH
4aCThio psifa Jlopana, a UMEHHO: TOYKA Z = 00 ABJIAETCA COOTBETCTBEHHO YCTPaHUMOM 0coBoit TouKo#,
MOJIIOCOM WIH CYLUECTBEHHO 0COGOM TOYKOM B 3aBUCHMOCTH OT TOTO, OTCYTCTBYET JIM IJIaBHAA 4acTb B
pa3ioXKeHUH (1), COAECPXKHUT JIM IMIaBHAS 9acTh KOHEYHOE WM OECKOHEYHOE YUCIIO WICHOB.

Hampumep, dyHkuns z — f(z) = % HMeeT Ha OeCKOHEeYHOCTH YCTPaHUMYIO 0co0yI0 TOUKY, GyHK~
LS 2z ¥ p(2) = z BAMeeT Ha GeCKOHEYHOCTH MOJIIOC IEPBOro NMopsanKa, a GYHKuMsS

2n+l

zm—YP(z)=sinz = Z( n* an 1)'

n=0

uMeeT Ha 6eCKOHEYHOCTH CYLIECTBEHHO OCODYIO TOUKY.
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3ameuanne 1. Bce ckazaHHOE B 1. 3.2 0 OBEACHNHN aHATUTHUECKON PYHKIIMH BOIN3H KOHEYHOH H30IHPOBaHHOM

0co00M TOUKH CIIpaBeIMBO M B CJIyYae, KOIra 2 = 00 SBALETCH M30MpPOBAHHOM OCOBOi TOYKOM.

3amevanne 2. Eciu 2z = 00 sBsiercs H30AMPOBAHHON 0cOoGOi TOUKOM dyHKumMu f, To ( = 0 — n30AMpOBaHHAs
t .

ocobas Touxa pyHkunu ¢ — () = f ( E) . JIOPAHOBCKOE Pa3/IOXEHNE KOTOpOH B okpectHocTH ¢ = 0 nostyyaem

U3 pasoxeHus (1) zameHol 2 = %
3ameuanne 3. [loBeneHune aHaATUTHUECKON GYHKLIMM NPH MOAXOAE K M301MpOBaHHOM 0c060ii TOUKE MONHOCTHIO
OfpeIe/IseT XapaKTep OCOGEHHOCTH ITOM TOYKH. DTO CBOMCTBO MOXHO IMOJOXUTb B OCHOBY K/acCHU(UKaLMK
HU30JUPOBAHHLIX 0COOBIX TOYEK, 2 MMEHHO, €C/IM NPH MOAXOAE K M30JMPOBAHHOIM 0c000# TOUKe 2 = a QyHKUHUsA
MMeEeT KOHEeYHblii peaes, TO 3Ta TOYKA Ha3biBAaETCs yCTpaHMMO# ocoboit Toukoi. Eciam npepen cyllecTsyer u
paBeH GECKOHEYHOCTH, TO Z = @ Ha3blBaeTcqd NOAcoM. ECim Xe Npyu RoAXo4€ K TOYKE z = @ (PYHKUMA Nperena
HE MMEET, TO 3Ta TOYKA Ha3blBAETCH CYLUECTBEHHO 0COOOH.

PaccMmoTpUM npUMEpEL

24. Pasnoxuts B pan Jlopana B KoJbLe Vip={0<|z-1| <2} dyHkumio z — f(z) = —ZG{—:.‘?
<« OuesniiHo, CNpaBeUIMBO padioxeHHe GyHKUMKM [ Ha MpocTle Apodu
1 1 1 1
2G=37 92 9G<3) 3G-3p
TTocne HekoTOpPBIX Npeobpa3zoBanuii NpoGH B MpaBoil YacTH paBeHcTBa (1) MOXHO paccMaTpuBath Kak
CYMMBI DECKOHEYHO yObIBAIOUIMX nporpeccuil. Umeem

6y

1 1 1 |
—_ = = = “ln ‘—l—n:
z (z=-D+1 (z—l)(l+$) z—lnz:%( Y

=D EE-DTT S Y =D e -, e,

n=0 n=—I
: 1 L1 I R NV
B TTy (=73 5 -1 =- ) _1<2)
z—-3 (z-1-2 2 l_zT—l 2Zozn(z ) _0————2n+1 [z = 1]
1 1\ 1 L an4l
-3¢ =) oG- =Y s =D 21 <2
(z -3 <Z_3) 22_1:2n(2 1) g 2 (z—D" |z | <2,

1 = . e 1 n+ | -

— (- n X34 n
=Z————§—(z—l) +Zm(z—l) VZEV, »
n=0

n=—1
n

z
25. Haiiti MHOXECTBO TOYEK z, B KOTODbIX CXOIUTCS DA E Fran

ey neZzZ.

<4 O003HaYUM

= z? =" = 1 1
HOEDS S =z_;3"+1+2_:,3-_"17'z_n=f‘(z)+f2(2)’

n=—o0

Tpeanoyaras, 4to GyHKUMH f; u f; ompenesieHb Ha HEKOTOPOM MHoOXecTBe. Pax > -3-,‘.—"5 CXOMHTCA B
Kpyre Kr = {z € C:|z| < R}, rne

1 n
R=———=lim /3" +1=3.

.o 1 n—oo
im /55
n—0oc
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O61aCThIO CXOMMMOCTH pPsizia E 3_,. il z—l,; apnsercs MHoxecTBo D = {z € C : |z| > r}, tue r =

n

Jim = 1. Takim oGpa3om, 3aTaHHbIA psl cxoguTcs BKomblie V) 3 = {2 € C |1 < |z| < 3}. »

7L —+ 00

3—"+1

26. Oyuxumio z — f(z) = Py sin1r pasnoxuts B psii Jlopana B Komsue Vp o = {z € C |

0 < |z| < o0}.
4 Umeem
z+1 1 r P (=1Y s 2nHl

2isinw ; =2 sinw (1+;> =-—z7lsin;=——z2 . (2(—"_—35—'(;) =

o0
(= 1y™Hgtn+l et
=-7rz+ —_—Z . »

Zl Q2n + 1)

27. ®yukuuro Beccenn 1-20 poda n-20 nopadka J,(z) NpH UEIBIX n MOXHO OMNpENETHTh KaK KO-
L(c-1
abduumeHT npu (™ payioxeHus B psa Jlopana ¢pyHKuMH ( — e? S B Kosbue Vo, oo = {{ € C |
0 < [¢] < 0}: <

32) Z Tu (X"

n=—oc

Jloka3zars, 4TO

T
(=]

B | . B i f 2k+n
T (2) = ;r—/cos(n0—zsm0)d0—;k!(n+k)! (2) .

0

<« ITo dopmyne (2), n. 2.1, umeeM

z 1
1 e? ((_E)
Jn(Z)=7_1 W—dc’ 0<p <o
FP
IIpn p = 1 nomy4aem:
z (_l) . .
1 e? ( 9 1 L . 1 o
a — d¢ = — izsin8 —inf idg = — iz sinf@—n@) do =
In(2) 2 ¢nHt ¢ mi) € € ' w ) €
Tp -7 -7
1 . 1 . . 1 .
= — [ cos(zsin@® —- nf)dé + — [ sin(zsinf — nb)d = — [ cos(nf — zsin @) dé.
2 2r T
g — 0
Janee,

eFe R = (1+(§)§+§1—!(§)2§2+ > (1—%(“+%(§)2§‘2+ >

Orcloia HAXOAUM:
_ oo (*l)k z\ 2k+n
In(2) = kz_o ki(n + k) (E) e

28. Haittn riasHyio yacTb psina JIopaHa B OKPECTHOCTH TOYKH Zg = 00 (YHKIIHH
z
27 —_
zr (22 +z)1n1_z,

ecay BhiGpaHHas BeTBb JiorapudMa neicTBuTeNibHA HAa BepxHeM Gepery pamuyca [0, 1].
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! - +i1r> =2z +2) (—m(l—i) +i1r) =
1-1 z

. 1 1 1
=@ +2) (17r+;+——-+

<« Nmeem

(2z3+z)ln1—j—;=(2z3+z)ln ( : ! 1) =P +2) (ln

z

— + ) =2i7rz3+i7rz+2z2+ JPPR 3
222 7 323

1
29. Haiiti ocobsie Touku dyuxkumu z — f(z) =sin I YCTAHOBMTL MX XapaKTep U MCCJIeI0BATh
cos =
z

nosejeHne GyHKUMKU f HAa GECKOHEYHOCTH.

« Ist dynkumm ¢ > sin  Toyka ¢ = 00 ABIIETCA B C egMHCTBEHHOM 0cOBOH TOYKOHA, 2 MMEHHO,
CYLLECTBEHHO 0c0G0ii Toukoi. CliefoBaTe/IbHO, OCOObIe TOYKH (QYHKUMU f ONpeAe/sIoTCsS PaBEHCTBOM
cosf = 0. TakuM obpasoM, pyHKuust f uMMeeT GECKOHEYHOEe MHOXECTBO CYILECTBEHHO OCOOBIX TOYEK

{zn = Eﬁ;; ne€ Z}. Touka z = 0 — npelenbHas 418 yKazaHHOTO MHoxecTBa. [anee, lim f(z) =

zZ—+00

sinl, nostoMy z = 00 — ycTpaHuMasi ocodasi Touka ¢yHkuuu f. P
30. Mycms z = a swserca M30/IMPOBaHHOMN 0c060i Toykoi yHkuuu f u lim(z — a)f(z) = 0.
Z—a

Joxkasarhb, 41o:
1) / f(z)dz =0, rme T = (v, Yop) — NPOU3BONBHBIA 3aMKHYTHIH [10JI0XKHUTEILHO OPHEHTHPOBAH -

r
HbIHA KOpPJAHOB IyTh, JIEXALUUI B IIpOK0JIoToM OKpecTHOCTH Toukd a Vo g = {2 € C |0 < |z—a| < R}.
1 IL9)
2) f(z): 7—1” ——__;dCa ZE{ZEC|0< |Z—a|<7‘<R}, T, =(7r’7gp)a 7T={ZEC:
T'r t
|z —a|=r}.
4 Touxa a — ycTpanuMas ocobast Touka dbyHkuuu f. I[TosTomy 1) ciemyer u3 TeopeMsl Koin, a
2) — u3 dopmynst Kotun. »
31. Jlokasars, uto xorma f sBnsercs aHamuTHYeckoil yHKIHMeH B OKpeCTHOCTH TOUKU a Kp =
{z € C: |z —a| < R} ¥ He NpUHAMaeT B 3TOH OKPECTHOCTH 3HAYEHWi, HAXOALUMXCH B Kpyre
K, ={weC:|w—w|<r}, 70 Touka z = a ;mbo ycTpaHumas ocobas Touka, 1160 MOJIIOC.
<« CnipaBeUTHBOCTD yTBEpXIeHHSs cienyeT u3 Teopemnbl Coxouxoro. p
32. Joxkasars, 4To KUMU z — chz 1 z — shz B oKpeCTHOCTH 6€CKOHEYHOCTH IIPUHUMAIOT
s VH p p
BCe 3HaueHus u3 C.
« Ilycts A € C. Pewnm ypaBHenue chz = A:

e = A+ /A~ 1 #0, z:Ln(A+\/A2—1).

Iyets 2z, = ln|A+ VA - ll +i(arg(A+\/A2 - 1) + 2n1r), n € Z. Umeem
lim 2z, =00, chz, =A.»

—+00

33. Onpele/uTh XapakTep 0co6oH Toukd z = 1 cregyiomux QyHKIMH:

22 —3z42 22 ~3z42 e
; ; B) (z—1)e=-1,
z22—-5z2+¢’ 22-2z41
2
<« a) [Tockoneky lim -:—;% =1lim 2= = 1,10 z = 1 — ycTpaHumast ocobasi ToYKa Ul KaHHOM
z—1 z—1

dyHx1MN.
6) B mOCTaTOYHO MAJIOH MPOKONOTOM OKpecTHOCTH Vg, TOUKH z = 1

22-3242 (z-1)z-2) z-2
22-2z+1 (z—-1* ~z-1
noatoMy z = 1 — npocToit nomoc 3afaHHOR HYHKIUHH.
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B) PasnoxeHue naHnoit dbyHkuMH B psif JlopaHa B OKpeCTHOCTH TOYKH z = 1 MMEET BUL

=)
1

L = 1 1 1 1
(z - De=-1 (z—-l)zn!(z_l)n —Zn!(z_l)n_l =1t b gt e
n=0 0

n=

InaeHast yactsh psga JlopaHa cOAepXUT GECKOHEYHOE MHOXECTBO WIEHOB, TO3TOMy z = 1 — cyuie-

1
CTBEHHO ocofast Touka dyHkiuu z — (2 — 1)e=-1, p
4. OrnpenenuTs XapaKTep TOUKH z = 00 [UI CJIEAYIOIMX DYHKLMA:

2
z- 42 4 1 2,-25
a) ——; ©)z cos—; B)z'e
)z‘°+2’ ) z )
1

« Ilonaraa z = 7> nonyunm:

242 G+, 1 cos¢
= Co§ — = —,

Z942 7 142¢0° g z ¢t

8
1
a) Touka ¢ = 0 sB/geTCS HY/IEM BOCBMOTO nopsaka PyHKumn § — > T2clo~ 5 CHEHOBATENLHO, TOYKA
Z =2 00 — HyJb BOCBMOTO NOpsLIKa 32A2HHOM (DYHKLMH.
6) Touka {( = 0 — mosioc yeTBepTOro nopsiaka GbyHKuUMH ( — °‘25f, NI03TOMY TOYKa z = OO

ABJIAETCS TIOMIOCOM YETBEPTOTO IOpSAAKA WIS AaHHOM (YHKIMH.
B) Pasnarag saganHyio GyHKUMIO B CTENEHHOMH psif, NOTYYMM

2 -2z
z e =

TakuM 06pa3oM, z = 00 — CYILIECTBEHHO 0coGasi Touka GYHKUHH 2z — z7e . p

35. Iycts crenennoi psx E @,2" MMEET CBOMM KPYTOM CXOJMMOCTH ENMHHYHBIN KpyT, M Ha
okpyxHoctH v = {z € C: |z| = 1} ero cymma f He MMeeT HUKaKHX APYTHX OCOOEHHOCTEH, KpOME
ITOJIIOCOB NepBoOro NopsaKa. JlokasaTk, 4TO MOCAEHOBATENLHOCTD (a,) OFPaHHYeHa.

« Tax kak cymM2 f psiaa MMeeT Ha OKPYXKHOCTH Y CBOMMHM 0COGEHHOCTSIMHM JIMLLD TIPOCThIE MOJIIO-
ChI, TO 3THX NOJIIOCOB MOXET OBITD JIMLLL KOHEYHOE YUCIIO, TOCKONBKY B IPOTURHOM ciiyyae f umesia Obl
Ha rpaHHULE KPyra CXOOAMMOCTH U HEH3OJIUPOBAHHYIO 0CO0YIO ToUKy. OG03Ha MM 5TH IIOJIOCHI Hepe3 5,

(§ = 1, m) 4 paccMOTpUM GYHKIIHIO

m
C:

s @ = f@ -y ——,

zZ—Z;
j=1 ’

cy . ——
rae z_—? — maBHas Jactb paaa Jlopana GyskumM f B OKPECTHOCTH TOYKM z;, (j = 1, m). Kaxnas
TOYKa z; SBNSAETCH /I GYHKIUM (¢ NPABWILHOM, BCIEACTBUE 4ETO (0 AHATNTHYECKas Kak BHYTPH Kpy-
ra K = {z € C:|z] <1}, Tak U Ha OKPYXHOCTH 7, T.€. B HEKOTOpoM kpyre Kr, R > 1. IloaToMy
¢npase/yTHBO MpencTaBIeHNE

f@=

me  lim V/|b.| < 1.

Torma

o0 oc

3 1n+l

a,z" Z(Z( 1“ +bn>z" Vz € K.
n=0 n=0

" Orciona nojy4aem Vn 2> 0:

m

T Cj =
@ = =DM Y I 4 ba, laal S le]+ Ibal < M = const. »

j=1 7
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sinnt
36. st Beex 3Havenuit ¢ € (0, 27) naliTh cymmy psina Z TR neN
<« O603Ha4YMB cymmy psna 4epe3 f, MOMYInM:
=] . o int —int o n —-n
sinnt 1 et —e 1 2" -z
f(t)=Z 2 n! T2 nt

n=1 n=1 n=1

e z = €', t € (0, 2r). TlonyueHnsni psan Jlopana cxomutcst B Komblie Vo oo = {z € C | 0 <
[z| < oo}, comepxamem oxpyxHocTh v = {2z € C : |z] = 1}, a ero cymma copnanaeT ¢ GbyHKUHEH
1

e 5 (e’ —e* ) Vz €V, . Cienosare/sHo,

1 i it 1 - - eisint _ e—isint
f(t) = — (ee _ ee ) = — (ecost-H sint ecost—;sm t) — ecost . - _ cost sm(sm t) -
2 24 2

YupaxkueHns Ui CaMOCTOATENbHOH padoThl

1. HaifTi pagnyc CXOMMMOCTH KaXJIIOTO M3 CEAYIOIMX CTENEHHDBIX PsIOB:
2
a > fi—’,‘)%z 6) > nlz™; B) D "z neN

NIDY %’n;;%;—; 0 > (n’ +icosnp)(z ~ 1+ 2i)".

2. Hawitu KpPyr CXOOUMOCTH KaXOOro U3 CAEAYIONIUX CTECNEHHBIX PANOB:

a) Y e, ) T p2lslil B 327" ) S +iY e
m 3G @) L@+ DY x) Y get g) Y eleclfasatln

3. HccnepoBath NoBeeHUE Ha rpaHHLEC Kpyra CXOOMMOCTH CJIEAYIOIIMX CTCIICHHLIX PANOB:

irn? izn?

S _pnain ] .
9 6 N w DEN et g 3
4. Pasnoxuts B psan Teitiopa B OKpecTHOCTH TO4KH 2z = 0 cnenyloime GyHKIMM:

1 .
(I-z%(1+z+22+2%)°

6)z —2=_; Bz r) z—chzcosz.

—
a) z 82122410

1.
(1—z%)3?
s. Koatbtbnunem TIpU n-it CTelleHW B TEMIOPOBCKOM Pas3jioXeHUH MO cTelleHsaM z dyHkuuu z —
2
fz) = m (|t| £ 1) naseiBaerca noaunomom Yebwiuesa n ot6osnadaetcst T, (). HokasaTh, yro
T.¢) = 2,,_1 cos(narccost), n € N, u Ty(t) = 1.
6. PaznoxuTh B CTENIEHHLBIE PAOB 10 CTENEHAM z CIEOYIOUHNe GYHKIUN:

) f=1(n)’s e f(z):fe" dt.
0

7. Tlo mMeTony HeonpeneJeHHbIX K03Gh(dUUMUEHTOB HAWTH NEpBbIe TPU OTIMYHBIE OT HyJs WIeHa
pasnoxeHus cnenyomux GbyHkuui B psaa Teinopa B OKpeCTHOCTH ToykH z = 0:

a) f(Z) mﬁ; 6) f(Z) 1n(l+z)

8. Haiitu pasnoxenne B pan Teiiiopa B OKpeCTHOCTH TOYKM 2z = 0 dyHKIMiA f, aHUTUTHYECKUX B
Toyke z = ( ¥ YIOBIIETBOPSIOIIMX YCIOBHUAM:

a) (1+20f'(z2) =1, f(0)=0; 6) f'"(2)+2f(2)=0; f(O)=1, f'©) =0;
B) (1 =20 f"(2) = 52f'(2) = 4f(z) = 0; f(O) =1, f'(0) =
9. Ilycts f u g — aHanuTHYecKue HyHKIMK B o6mact D, npuyeM Vz € D BBITONHAETCA paBeH-
crBo f(z)g(z) = 0. oka3ars, ¥ro Toraa ym6o f(z) = 0 Bciony B D, nnGo g(z) = 0 Bciogy B D.
10. [Jokasats, yro ecnu f — aHanmutvdeckass ¢yHkumA B kpyre Kp = {z € C : |z| < R} u

F®0) =0 (k € Zy), 10 B 5TOM KpYyTe CIpaBe/yTuBO HepaBeHCTBO |f(2)] < f(z)).
11. Jokasars, yromm ne Nu z € C

e’ — (1 + %)nl el - (1 + ':—l)n < e"”{;';.
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12. Jokasats, 4ro ecinu GyHkuus f(z) = E a, z" gBngercs aHamuTHueckod BKkpyre K = {z € C:
n=0
|z} < 1} ® HenpepriBHa Ha okpyxHocTH ¥ = {z € C :|z] = 1}, To pan 3, la,|* cxomates.
13. Mycte a # 0. HaitTh 061acTH CXOAMMOCTH Clieaylommx psaoB JlopaHa:

a) Da"z" =3 a"" +Y.a "z ", 6) Ea-"zz” = Ea‘"zz" + Ea“”zz'";
B) Ea—[n[zn — za—nzn + Ea—nz—n‘

14. Haittn pasnoxenus B psaanl JlopaHa B COOTBETCTBYIOIMX 00/1acTsIX MO CTENEHAM z — 2o CJIEHdy-
01X GyHKIMHA:

2z
ze —_ 1. 1 z — N z —
)z 2y, z0=1; 6)z—cos3+ 7, 20=0;, Bz a5 2 =0.

15. PaznoxuTts B psapl Jlopana B YKa3aHHBIX 061acTsx crelylowme GyHKumn:

Q)2 e i 1 <2 <2 6) 2o rrry; e 2] > 2
B) z—ctgz npu 0 < |z| < =; Nzectgznpurn < |z| < 2.

16. TMokasars, uro npu Beex 2: 0 < |z} < o
=) 2r

a) ch (z+ %) =as+ Y a, (z" + z—l,;), rie a, = 5= [ ch(2cos6)cos nd do;
n=1 0

3 0o -€ 2r
pye 21 = > a.2™, rme a, = zf;ci“ f cos(csin§(1 — cos§) — nB)ec(“’s‘”“’sz 9 dg.
n=—o00 0
17. Ilokasare, 4T0 06G/1aCTH CXOOAMMOCTH psia E m‘—;; COCTOMT U3 BHYTPEHHOCTH M BHELUIHOCTH
€IIMHIUYHOM OKPYXKHOCTH, W YTO B KAXIOM M3 3THX yacTel psi NpeAcTapiieT OZHY GyHKLHIO.
18. OnpenemTs xapakTep To4kH z = 0 1ig ciegylommx GyHKUmMi:

sin z 1

—_— z . ——
ez ; 6) ———; BY("—1~—2)ctg’z; 1) —VE . perl-z,
s'mz—z+—%— cosz—l+£2—

19. OnpegenuTs xapakTep TOUKH 2 = 00 IS ClleXyronmx GyHKumii:

a) ‘z:’l; 6) cosz —sinz;, B) ::2, r) o ij;f”.
20. Haiith ocoGble TOYKK clenyromuX GyHKIMA:
"1_ z
D H 0 Gy B EE

21. Iycrs cymma f CTENEHHOTO psifia P @, 2" MMeeT Ha rPAHMLE KPYIa CXOMMMOCTH TOMBKO OfHY

0cobyi0 TOYKY 2o — IMpocToif nomoc. [lokasaTts, YTO B 3TOM Ciydae a“’:l — 29 M, CIENOBaTeNILHO,
n

an
Cn+l
22. [loxa3saTs, 4TO KOT[Ja TOYKA z = a SBJIAETCA CYLUIECTBEHHO ocoboil Toukoit ¢dynkumu f, TO

OHa OCTaeTCA CYLIECTBEHHO 0cO60i ToykKol M WA yHkuuu z — P(f(z)), rae P(w) — MHOrowieH
(P(w) % const).

23. Jlokazats, 4T0 (PYHKUHOHAIBHOE YDAaBHEHHE

f(z)= f(kz), k#1,

He MMeeT PeLICHHMN, aHATHTHYCCKUX B TOYKe z = 0 ¥ OTIMYHBIX OT TOXIECTBEHHON NOCTOSTHHOM.

24. Ilycte pagychl CXOOMMOCTH DSIOB Ea,,z" " ERe a,z"™ papHBl eguHuue ¥ Rea, > 0
Vn € Z,. loka3ars, 9T0 TOUKA z = | gBIdeTcs 0COGOM s CyMM 3THUX PSIOB. )

25. Ilycrs pyHxumMa f — aHanuTHYecKas B 061acTi G 33 MCKIIIOYSHAEM KOHEYHOTO YHC/Ia ITOIIOCOB

N 13

u A € C. JIokazats, 9410 byHKUMA 2z + 7({—)(52; (norapudmudeckas npoussoaHast byukuun f — A)
HMeeT TIPOCTHE MOMOCH! BO Beex nojiocax GyHKUMH f M Bo BeeX A-Toukax 3Toit xe QyHKIHM M He
MMeeT HHKAKUX JPYTHX OCOOBIX TOYEK.

— R, rne R — paauyc cXog¥MOCTH psifia.
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AHAIMTHYECKOE MPOAO/KEHHE

AHQIUTHYECKOE IIPONODKEHHE SBJIAETCS OIHMM M3 OCHOBHBIX M BaXHBIX IOHATUH KOMIUIEKCHOIO aHa-
mu3a. OHO 1MO3BOJISIET JyWilie MOHATh NpHpoay (YHKIMH KOMIUIEKCHOIO IT€EPEMEHHOTO W Haubosee
€CTECTBEHHO OIPEle/MTh MHOTO3HAYHbIE aHATUTHYECKUE DYHKIIMU.

BrlsicuuM, Kakue JaHHbIE SBISIOTCS HOCTaTOYHBIMM JUIS OIPENC/ICHUS aHATUTHMYECKON bYHKUMHK
BO BceH 06/IacTH €€ CYLeCTBOBAHMSA, M KaK MO 3THM JAaHHBIM MOXHO ITOCTPOMThL aHATUTHYECKHE BHIpa-
XKEHUS, olpefesiolie GyHKIUHMIO B 3Toit obacTH.

B ciiydae yesnoit paunoHaILHOM GYHKIMH CTENEHH 1 fOCTATOYHO 3HATH €€ 3HAYEHUA B n+ 1 TouKax,
YTOOB! OIIpeNeUTh €€ Ha BCEH ILJIOCKOCTH.

st onpeneneHnss ApoGHO-TMHEHHON DYHKIMH, ABMAIOIMNACS OTHOLUEHHEM JIBYX LEJIHIX MHOIO-
YIEHOB CTENEHW M M 1, TOCTATOYHO 3a1aTh m + 1 + 1 ee 3HaYEHUH.

Ho yxe B cilyyae Ue/IOH TpacUeHOEHTHON (QYHKUMH HEJOCTATOYHO 33]aTh €€ 3HAYeHMs JaXe Ha
6eCKOHEYHOM MHOXECTBe AMCKPeTHHIX ToyeK. Hanpumep, ycnosue f(z) = O npu z = kn (k € Z)
MOXET OTHOCUThCH K yHKumaM f(z) =0, f(z) =sinz, f(z) = Asinz, 4 = const.

B ciyuae ueno# TpaHCUEHACHTHOR GYHKIUH NOCTATOYHBLIM SIBJSETCS, HANPUMED, 3a0aHUe 3HaJe-
HUH (YHKUMH M ee NMPOM3BOHAIX BCEX NOPIAKOB B J0GOH TOUYKE Zj, ITOCKOJBKY MO 3TMM HaHHBIM
MOXHO IIOCTPOUTh CTENIEHHOU psii

. (n) (Z - ZO)n
D ) S,
n!
cxoasumMidcd BO BCeX TOYKaxX IUTOCKOCTH M, TAaKMM 0Opa3oM, onpele/siouil B Hel dyHkimio f.

Hns onpenenenns GYyHKUMH, aHATMTHIECKOH B 3aMKHYTOH 00/1aCTH, HOCTaTOYHO, COIVIACHO (op-
Mmyne Koliu, 3HAaTh ee 3HaYeHUA Ha KOHTYpe.

st onipenesieHUs HenpephIBHOM QYHKUMM HETOCTATOYHO 3HATh HaXe BCE €€ 3HaYeHHs B KaKoii-To

obnactu. Hanpumep, dynkiumio [a, b] EA R MOXHO NpOJODKMTEL 33 CEIMEHT [a, b] HeorpaHMYEHHBIM
KOJIMYECTBOM CMOCOOOB, HE Hapyllas IIPH 3TOM HeNpepbIBHOCTH (PYHKUMH.

PaccmarpuBas Kiace aHAIMTHYECKUX GYHKLMIA, KOTOPHIH BBIIE/NAETCS U3 COBOKYIIHOCTH BCEX HeE-
NpephIBHBIX GyHKUMH TpeGoBanHeM ux muddbepeHunpyeMOCTH B 061aCTH, MBI YBUINM, YTO OH MMeEET
TaKkoe CBOHCTBO, KOTOpOE 1103BOJISIET ONPENe/IMTh aHUTHTHHECKYIO (PYHKIMIO BO Beel 06/1acTH ee Cyle-
CTBOBAHMS, 3HAS:

a) “aeMeHT” 3TOl (yHKIIHUH, T.€. CTENCHHOM pPsIi

n)
P n§z°) (z — 2",

OIpeHeNsIOLMil €€ B KpYTre CXOOMMOCTH, WIH

6) 3HayeHNs 3TOH QYHKUMH B KaK YTOAHO MAIOM 06IACTH, WIH, HAKOHELL,

B) 3HAYEHHS ee Ha KaK YTOIHO Mgnoﬁ JIyT€ HEKOTOpO# KPHBOH.

ITocne ycTaHOBIIEHHS 3TOrO OBCTOATENBLCTBA €CTECTBEHHO MOCTABUTH BOIIPOC O TOM, KaK, HMes
AHATMTUYECKYIO B HEKOTOpOil o6sactn D QyHKUHIO f, pacliMpHTs 0671acTh ONpeneicHHs QYHKUHH,
T. €. IOCTPOUTH HOBYIO 00/IaCTh, COAepXallyio 061acTs D, ¥ onpelle/IMTh B Hell TAKYIO aHATHTHYECKYIO
dyHKuMIO, cyxeHNe KoTopo# Ha o6aacts D copnanano 66l ¢ f.

Takoe pacumMpenye 061aCTH ONpeneIeHMs aHAMUTHYECKON QYHKUHN Ha3BIBAETCA NPOHECCOM €€
AHAMUTUYECKOTO NPONOJDKEHHUS, a IOJYYeHHOe TIpH 3TOM aHAIMTUYECKOE BhipaXeHHe, ornpenesifioiee
GyHxuMIo B HOBOM 06/1aCTH — €€ aHAMMTHYECKUM TPOXO/DKEHHEM.

Heo6Xx0XMMOCTb Takoro pacuiMpeHusa 06/1acTH Ollpeae/ieHUs GYHKUMH BO3HUKAET, HANPHAMED, TIpH
HaXOXIECHHH pelileHnst tuddepeHHATBEHOIO YPABHEHNIS B BUIe PANA, CXOASAILErocs BHYTPH HEKOTOPOIO
Kpyra. -
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7. 6. AHaIMTHYECKOE MPONO/IKeHue
§ 1. OcHoBHBIE NOHATHS.
AHauTHYECKoe NPOOJO/EZKCHHE BOOJIb IMYTH

1.1. CBoiiCTBO ¢HHCTBEHHOCTH AHATATHIECKOH (PYHKIMH.
OnpenesieHne AHAMTAYECKOTO NPONOJDKEHHSA.

Teopema. Ecau gynkyus f anasumuueckan ¢ nexomopou oGnacmu D u oGpawaemcs 6 nyav 6 neko-
mopoii ee wacmu Dy, mo f =0 6o eceii obnacmu D.

« [JonyctuMm, uto f OT/IMYHA OT HyJs B TOYKE z = b TOM
gacTH o6nactd D, Kotopast exuT BHe obnactd D;. CoelUHUM 3Ty
TOYKY ¢ Jiio6oH Toukol a € D) HekoTopoll KpHBOit v, sexaieit
B D (puc.§3).

Ha nexoropo#i ayre aT0i KpUBOH, NPUMBIKAIOLIEH K TOYKE a,
f(z) = 0, a Ha HEKOTOpOI ayre, NpUMBIKaloLLel K b, f(z) # 0.

Torma cyuecTByeT Takast TO4Ka 29 € 7, 4r0 Vz € 6?0 f(z) =0,

a Ha Iyre z,;b €CTb TOYKH, KaK YTOJHO O/mM3KHe K 29, B KOTO-
poix f(2) # 0. ITockonpKy byHKUUS f HeNpepbiBHAs, TO JODKHO
BBITIONTHATHECS] PaBEHCTBO f(2zg) = 0, T.e. zy sSIBSAETCS HEU3OIUPO-
BaHHBIM Hy/leM GyHkumMu f. D10 nociegHee 0GCTOSTENLCTBO BO3-

MOXHO JIMLb TOTAR, Koraa pasioxenue dbyHkuuu f B pag Teiopa Puc. 83 y
B OKPECTHOCTH C LIEHTPOM B TOYKE Z; TOXIECTBEHHO paBHO Hymo. Ho Torma f(z) Oymer paBHO HymO
~~

¥ Ha HEKOTOPOM OTpE3KE OYyTM Zob , IPUMBIKAIOIIEM K TOYKE Zg, YTO HEBO3MOXHO B CHJly CBOMCTBA
TOYKHU 2. P

[1pu HOKa3aTENBLCTBE TEOPEMBI MOXHO ObUIO OB OTpaHUYMTHCA TpeOoBaHMEM, YTOOR! dynkumus f
ofpalanach B Hy/Ib Ha HEKOTOPOM KPHUBOH, Jiexame#t B D, MOCKOJbKY TOrAa oHa 06paniaeTcs B HY/Ib U
B HEKOTOPOM KPYT€ € UEHTPOM B OAHOH M3 TOUeK 3TOH KpHBOM.

Caedcmeue. Ecau dee @ynxyuu fi u f,, anasumuueckue @ nexomopou oGaacmu, hpuHumarom odu-
HAKOGble 3HAYEHUR HA HeKOomOpolU yacmu 3moud obaacmu uau Ha ompesKke kpueoll, aexcawed 8 obracmu,
mo fy = f, 6o eceli obaacmu.

Takum obpa3oM, 3axaHue ieMeHTa HYHKUMU, aHATUTHIECKOH B HEKOTOPOM 06nacTH, MM, BooG-
e, 3aaHue ee 3HaYeHUM B KaK YTOAHO Matoil obiacTH WIM Ha KPUBOHM, a TakkKe Ha GECKOHEYHOM
MHOXECTBE TOYEK, UMEIOLLEM TIpeeblIyIo TOUKY, TOJHOCThIO oNpenesisieT PpyHnxiuHio B 061acTy ee aHa-
JIUTHYHOCTH.

Onpenenenve 1. Ilycmo dynxyus fy onpedesena na nexomopom muoxcecmee M C C. Anasumuye-
ckum npodoaxnenuem pynkyuu fo 8 o6aacmo D D M nazeieaemcs anasumuueckas ¢ obaacmu D
dyuruus f, cysxcenue komopoii fly = fo.

IIpamepni:

1) fo(z) =€, M =R; f(z)=e* =e”cosy+ie”siny, D =C;

o0

D) fol)=202" M={2€C:lz| <1} f(2)= 5, D=C\{1}.

n=0

PacumpuM NoHsTHE aHATMTUYECKOTO NPONOJDKEHH.

Onpenenennte 2. Anarumuueckum 3nemenmonm P nazweaemes ynopsdouennas napa P = (D, f),
cocmoawan u3 obaacmu D C C u anasumuueckoii 8 smoii o6nacmu gynxyuu f.

Onpenenensnte 3. Jea anarumuueckux snemenma Py = (Dy, f1) u Py = (Ds, f,), o6aacmu komopeix
ydoesemeopsaiom ycaoeuro Dy N D, # &, seaqiomea HenocpedcmeeH oM GHAAUMUYECKUM NPoOoadCenUeM
dpye dpyea uepe3 obaacmo A — ceéasHyro Komnonenmy mroxcecmeéa D N D,, ecau 6e3de 6 A [ = fy.

3ameTuM, 4TO 3HAYeHUS QYHKIMHA f; U f, B APYTUX CBS3HBIX KOMITOHEHTax nepeceyeHuss D; N D,
He 00513aTe/IbHO JODKHBI COBIANATS.

IIpumep 1. [Tycrs

D1={z€C|z=re“”, —1r<<p<7r,r>0}, f,(z)=\/?e"}21, —r<p<m,
D2={ZEClZ

i £ L b
re‘p’ T<§0<%7F,T>O}, f2(2)=\/;e2, T<(P<3_2’
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SnemeHt P, = (D), f|) onpenensieT B z-IVIOCKOCTH C pa3pe30oM BIOJIb OTPHUUATENLHOMN AeHCTBUTEIBHOM
nonyocn dynxkimIo f,, aHAMUTUYHOCTS KOTOPOH CllenyeT U3 TAKMX PAacCyXIeHMH. O4eBUAHO, 4TO w? =
fiz) = re' = z, TaK 4T0 f1(z) = vz. Tockonbky f| HaeT OOHOMMCTHOE OTOGpaxeHHe obnacTd D
Ha IIpaByIo MOJYILUIOCKOCTh MJIOCKOCTH w, TO CyIecTByeT f'(z) Vz € D; ¥ 3Ty NPOU3BOLHYIO MOXHO
HalTu No npasuny auddepeHtMpoBaHus o6paTHOi byHKUMH:

fl) = o ==
)= - = — = —
YT L T 2f6)

TakuMm ofpa3oM, byHkuMd f; aHaTUTHYecKasd B obsactT D). AHaIOrMYHO y0exnaemcs B TOM,
yro Py = (D,, f,) Takxe SBIS€TCS aHATUTUIECKUM JIEMEHTOM.

[Tepeceuenre Dy N D, # & COCTOUT K3 ABYX CBA3HBIX KOMITOHEHT A, M A;, NpeACcTaBIAIOIIHX
c06G0i COOTBETCTBEHHO BTOPOHM M TPETHH KBAIPAHTHI Z-TUIOCKOCTH.

U3 onpenenenus dbyukumit fi v f, cneayer, uto ipu z € A, fi(z) = f2(2) u fi(z) # [.(2),
eCnu z € A;.

CiienoBaTebHO, 2JIEMEHTHI Pl H P, SBNs0TCS aHATUTHYECKHMH NPOJOJDKEHUSIMH IPYyT ApyTa Yyepes
BTOPOM KBaIpaHT A,.

Onpenenenne 4. Jaemenmot P = (D, f) u Q = (G, g) asaaromca anasumuveckumy npodcmxcenuﬂ.uu
dpye dpyea wepe3 oonacmu A, (v = 0, n — 1), ecau cymecmeyem makas yenouka spemenmos P, = (D, f,)
= O,_n), umo:

1) POZP) Pn :Qs

2) obnacmu D, u D, ., umerom Henycmoe nepecewenue u N, s6aaemcs 0OHOU U3 KOMNOHEHM 3Mo02o
nepeceuenus,

3) anemenm P,.| seasemca HenocpedcmeeHnbiM AHAAUMUYECKUM NpodoadceHUem dnemenma P, ue-
pe3 A,

[Iycts, Hanpumep,

. i£ S T
D:{zEC[z:re“",—%<go<%,r>0}, f(z)=re'7T, -3 <p< 5,
. i£ s T
G:{zEClz:re“”, <30<2,r>0}, g(z)=+re'z, 7<<p<37.
Kax u B npumepe 1, ycTanasnusaeM, uro napet P = (D, f) u Q = (G, g) ABJISIOTCS aHATUTUYECKIMHI
anemeHtamu. [lerouka anemenrtor Py, Py, P, tne Py = P, P, = @, a P, = (D,, f) onpenensiercs
PaBEeHCTBaMU

Di={z€C|z=re®,0<p<mr>0}, fiz)=vre's, 0<p<m,

MOKa3bIBAET, YTO 3NEMEHTH P U @ ABIAIOTCS aHATWUTHYECKMMHU NMPOAOIDKEHUSIMH IPYT APYra B CMBICJIE
onpenenenus 4. [lpu aToM Ay —,IepBHIK KBaapaHT, 2 A; — BTOPOH KBaJpaHT Zz-ILJIOCKOCTH.
15t IpoCTOTHI MOCIEAYIOUIMX PACCYXKIEHUI KOHKPETU3UPYEM ITOHSTHE aHAUTUTHYECKOTO 3EMEHTA.
Onpenenenne 5. Kanonuueckum 3nemenmom ¢ yeHmpom 6 mouxke a € C nasoeem napy
P, = (Kg,, f.), 20e fo — cymma cxodswecoca cmenennozo pada, a Kr, — kpye cxodumocmu 3mozo
DAOG C UeHMpPOM @ MOuKe z = a.

o0

Kp, ={z€C:|z=a|<R.}, fu(®)=) cuz—a)
n=0

Kpyr Kp, Ha3biBaeTCst kpyeom cxodumocmu 31eMeHTa P, .

[IpuBeneHHbIe BbllLie ONpelciaeHHS 3 U 4 Ui KaHOHMYECKUX 3JIEMEHTOB YIPOILAIOTCS, TaK Kak
ux obnactu (Kpyru) Bcerna NepeceKaloTcs 110 CBSI3HBIM MHOXECTBaM, M I103TOMY HeT HeOGXOLMMOCTH
OroBapHBaTh, Yepe3 Kakuie KOMIIOHEHTHI epecedeHuss A, cOBeplUaeTcs NpPOJODKEHHE.

PaccmoTpuM ene HeCKOJILKO MOMEHTOB, CBSI3AHHBIX C [NOHATHEM KAaHOHMYECKOTrO 3JIEMEHTa.

1) Ilycts P, = (Kgr,, fo) 1 P, = (Kg,, f») — OBa KRHOHMYECKUX JIEMEHTA, ABJIAIOLIMXCA HE-
MOCPENCTBEHHBIM ITPOJO/DKEHHEM JPYT Apyra, W mycts b € Kp,. Torma, oueBHIHO, IPOJXOIDKEHHE
anemeHTa P, cBomuTCs K TepepasIoKEHUIO CYMMBI CTENIEHHOTO psina f, B P MO CTENEHAM z — b:

=1
fole) =D — SOz~ (M

n=0
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2) Ecnu nBa KaHOHHYECKMX 3jieMeHTa P, n P, ABIAIOTCA He- 4\
NOCPENCTBEHHHIM IPOJO/DKEHUEM Jpyr Apyra, TO UX Kpyrd Kp, @
1 Kp, He MOIYT KOMIIAKTHO NpPHHALIEXATh APYT Apyry. HeHcTBn-
TEJILHO, NycTh, HanpuMmep, Kz, € Kgr,, f» € A(Kg,) ¥ fo = fa ’\
B Kpg,, ogHako f, € A(Kg,). Orcioga noiydaem, 4ro ¢yHK- “
mas f, ananuTHyeckas B GonplieM Kpyre, yeM Kp, , W, TaKuM

obpasoM, Kp, He MOXET ObITh KPyIOM CXOZUMOCTH.

W3 nocnexHero yTBepXIEeHUs ClenyeT, 4yro kpusbie OKg,
dKRg, 00g3aTeNIbHO MMEIOT OOIIYIO TOYKY, M CHPaBETMBO Hepa-
BEHCTBO (CM. pHC. 84)

Y

R, — Ryl < b —al. @ Prc. 84
3) Ilycts anemenThr P,y U Py, SBISIOTCS HENOCPEACTBEHHBIM

AHATUTAYECKUM ITPOIODKEHHEM OJHOTO M Toro xe anemeHTa P,. Torma P, = P,;. JelcTBUTENLHO,

nycts Ry < Rpy. Torma ¢ynkumu fi u f,, aHamutMdeckue B Kpyre Kp, W COBNANAOT B HEM,

HOCKONBKY fr1 = fo U fr2 = fo Ha nepeceyenuu Kp, N Kg,,. Teneps oueBuaHoO, 410 Ry = Ry 1,

cnenopatesbio, Py = Py,.

1.2. AHaMTHYECKOE IPONO/DKCHHE BAO/Ib MYTH.

Ilycts Py = (Kg,, fo) — KaHOHMYECKUH 3JIEMEHT C LIEHTPOM B TOYKE z = a, Y — HENpPgphIB-
Has XOpJaHOBa KpyBasl C NapaMeTPHYECKMM ITpencTaBieHneM ¢, D, = I = [0, 1] u HayairoMm B TOY-
ke p(0)=a, I = (7, Yop).

Onpenenenne. Kanonuuecruii snemenm Py anasumuyecku npodoaxcaemes edoav kpusoit (nymu) T, ecau
cyuecmayem cemeiicmeo 3nemerimos (Py)ic; = ((K Ris ft)) ccr C UEHMPAMU 8 MOUKAX Gy = ©(t) u nenyne-
gbimMu paduycamu cxodumocmu, ydoeremeopsiouiee ycaosuro: 04 kaxcdo oxpecmuocmu Oy, mouku tg € I,
9(0,,) C K Ry = Vt € Oy, anemenm P, seasemcs nenocpedcmeennoim anasumuuecKum npodondiceniem
anemenma Py .

Ecymn xanoHMYecKHUii aaeMeHT P nipogosikaeM BAOJL yTH I', To roBopar, 4ro snemeHT P ¢ 1eH-
TpOM B KOHe4YHOM Touke (1) = b mosydeH u3 Py aHATUTHYECKNM TIPOTOIKeHHeM Broiib I,

Crieaytonas Teopema yCTRHARIMBAET €XMHCTBEHHOCTh aHATHTUYECKOTO [IPOJO/IKEHUS BACJD IIyTH.

Teopema 1. Ecau xanonuueckut snemenm Py npodoascums eédoas nymu I', mo noayuennoiii 6 pesynv-
mame ezo AHAAUMUHECKO20 NPOOOANCEHUS INEMEHM He 3d8UCUM Om bl60pa cemelicmea, oCyuecmeasionezo
3mMo npodoaicenue.

« [IpumMennm MeTox mokasaTenbcTBa OT MpoTuBHOTO. [lycth P, — 3jeMeHT, TIONYYEHHBIN U3 Py
NpOJOJIKEHMEM Bosib yTH I' ¢ nomoubio cemelictsa Py, a @ — aneMeHT, nosnyyenHsni u3 P, npo-
oyokeHueM saosib I' ¢ noMombio cemeiictea Q.. UmeeMm Py = Q.

PaccMoTpUM MHOXeECTBO ToueK ¢ U3 MHTepBata I, Uil KoTopsiX Py = Q,: E={t €I | P, = Q;}:
OuepnnHo, F # &, nockombky £ = 0 € E. IloxkaxeM, uto F - OTKphIToe MHOXecTBO. IlycThb
ty € E: P, = Q. Obo3naynum gepe3 Oy C I TaKyi0 OKPECTHOCTbL TOYKHU o, 4T0 ©(0y,) C Kg,,
rme K Ry — of1uMi Kpyr cXomuMoCTH aneMenToB Py 1 Q4. Torma Vit € Oy, sneMentsl Py u Q, 10-
JYYal0TC HENOCPEACTBEHHBIM aHATMTHHECKMM IIPOLODKEHHEM ONHOTO M TOTO Xe MeMeHTa Py = @y, .
Orciona P, = Q (cm. 3amedanne 3, . 1.1), T.e. Oyy C E u E — OTKPHITOE MHOXECTBO.

Teneps TokaxeM, 4t0 F — 3aMKHyTO€ MHOXeCTBO B Tononorun I. Ilycts ) — Npelle/ibHast ToUkKa
mHoOXecTBa . O6o3nayum yepes K Re, MEHDLUMIt U3 KPYTOB CXOMMMOCTH 3J1eMeHTOB Py 1 @y, , 1 nycTh
Oy, — TaKkas OKpPECTHOCTb TOYKH &y, 410 9(0y) C K Rig- IMockonbKy £y — NpemesbHAs TOYKa MHOXE-
crBa E, To B okpectHOCTH O, 0bs13arebHO Hajizerca Toyka ¢, € F u, crenoBarensHO, P, =Qy,. B
cuiIy 3ameyanus 3, 1. 1.1, uMeeM Py = Qq,, T.€. Ly € E u F — 3amkHyToe MHOXecTBO. Takum obpa-
30M, HENycToe MHOXecTBO F, sipnstiolieecst MOAMHOXECTBOM MHOXecTBa 1, OJHOBPEMEHHO OTKPHITO H
3aMKHyTO B Tononoruu I. ITostomy E = I (cM. TeopeMy § 3, 11.2) H, B yacrHocTH, P, = Q). »

Hac 6yner uHTepecosarts Clelylolmit Bonpoc. Mel MMeEM onpefeIeHud aHATMTHIECKOro MPoAo-
XKEHHUA BIOJIb LIEMOYKH 3JIEMEHTOB (onpefeneHne 4, 1. 1.1) U onpeneeHNe aHATUTHYECKONO TIPOJOIIKE-
HUs BIOML NMytH. Kak OHM CBf3aHbI MeXIy cOGOMH?



§ 1. OcHoBHbie NOHATHS. AHATMTHYECKOE NPOIO/DKEHHe BIOJb IyTH 235

Jdemma. Ilycmv R(t) — paduyc snemenma P, u3 ceMeiicmea neMeHMos, oCyuieCmesnowezo ana-
Aumuyeckoe npodoaxcenue edoab xwcopoaroea nymu L', u nycme, dasee, eéce kpyau Kp, umerom xoneunvie
paduycel cxodumocmu. Toeda R(t) — Henpepbignas ghynkyus Ha ompeske I = [0, 1].

« Ilycrs ty € I — moGas Touka. CyurecrByeT Takas OKpeCTHOCTh Oy TOYKM by, uTo Vi € Oy
aseMeHT P; SABNSETCS HemoCpeNCTBEHHBIM aHAIMTMYECKUM TNpOJoDKeHHeM siemenTa Py . Cornacno
HepaBeHCTBY (2), m. 1.1, umeeM

[R(t) — R(to)| < lp@) — p(to)l,
e ¢ — NapameTpUYeckoe NpeAcTaBieHne xopaaHoBoii kpupoit I'. Tlockonbky oToGpaxeHue ¢ He-
npepbIBHOE, TO R(t) apigercs HenpephIBHON GyHKIMeR HA cerMeHTe 1. p

Teopema 2. ITycmo s1emenm Q noayuen uz snemenma P nocpedcmeom anasumuueckozo npodonxcenus
60016 scopdanoea nymu T'. Tozda Q seasemes anasumuyeckum npodosdceruem 8 noHuManuy onpedenenus 4,
n 1.1,

« Ilycrs (P, )¢e; — ceMeHCTBO 3/IEMEHTOB, OCYILECTRISIONIEE AHATMTHYECKOE IIPOJODKEHHE BAOID
kpusoit I' (P, = P, P, = Q). Pamnuyc cemeiictea R(t) sB/Is€TCH HENpEPLIBHON (GYHKIIMEH Ha Cer-
menre I, u Vt € I R(t) > 0. Orcioma cnemyer, COrJIacHO CBOMCTBY HellpepbIBHBIX (DYHKLMH, YTO
vt € I R(t) > € nns HexoToporo £ > 0. TlocKosibKy NapaMeTpHiecKoe NpeAcTaRIeHHe ¢ XXOPAAHOBOH
KpuBoil I' ecTh paBHOMepHO HenpephBHAs GYHKUMS Ha cerMeHTe I, TO CYLIECTBYET Takoe pasbucHue
O={t,; k=0,n} cermenta I, tne 0 =t, < t; < ... <t, =1, uro

lpi) — el <e (k=1,n)

Torpma ¢(t;) € Kka_n H, cornacHo onpenenennio 3, 1. 1.1, onemeHtsl Py, ) ¥ P, _,, ABIS-
IOTCS HETOCPENCTBEHHBIM AHAMMTUYECKUM IIPOJODKCHMEM JIPYT Ipyra, a ameMeHTel P = P,y u
Q = P,;,,) — aHATATHYECKUM [POIOIDKEHMEM APYT APYTa BIOMB LIEMOYKH 31EMEHTOB Py (k = 0, n),
T.€. 3JIEMEHT () SWIAETCS aHAIMTHYECKUM HNpONOLKEHHEM 31eMeHTa P B cMeiciie onpexeneHus 4,
nl.1 »

PaccMmoTpuM, HanpuMep, CeMECTBO JIEMEHTOB

b, = (KR(t), fo, tel=|[0,1],
Tae
Kpy={z€C:lz-€™|<1}, fi= \/—e”a -3 +at<p< 3+t

OuesuHo, w™ = fi*(z) = z, N03TOMy B Kaxmoit Touke z € K g CyuwiectsyeT fi(z) = ST (z’))" :
u fi(z) — oo npu z — 0. [onydaem, uro GyHKIMA f; ananuTHYecKas B Kpyre Kp(:). [Ipencrasiss ee
psizom Teitopa B OKPeCTHOCTH TOYKH €™, [OJIy4nM CTeNeHHOM Psill C KPYroM cXomumoctn K R(t)-
Takum ofpasom, snementel P, = (Kgry), f;) npu ¢t € [0, 1] o6pa3yioT ceMeiicTBO KaHOHHYECKUX
3JIEMEHTOB, OCYILECTRJISIIONICe aHATUTUIECKOe NPONODKeHME 3/ieMeHTa Py B aneMeHT P, Biossb mo-
nyokpyxHocH ¥ = {z € C | z = '™, 0 < ¢ £ 1}. O4eRMAHO, 31EMEHT P| MOXHO TAKXe IONYIUTh U3
J7MeMeHTa Py aHATMTHYECKUM IIPOJODKEHHEM C OMOILIBIO LENOYKHM dyieMenToB Py, Py, P,

2

1.3. VIHRAapHAHTHOCTbh AHAIMTHIECKOIO NPONOIKEHHS BAOTL MYTH
OTHOCHTEJIbHO rOMOTONHBIX NedopManuii 3TOr0 MyTH.

Tycre I = [0, 1], K = IxI, K%C ~ romotonus xopiaHoBoi KpUBOM Yy B XOPIAHOBY KPHBYIO
C OGUIMMH HA4YamoM W KOHUOM, I — Y, I 2, 71 — mnapameTpHiecKre NpPENCTABIEHHs KPHBBIX Yo
Ha Ha

# 7. Toroa V€ € I p(0, §) = 9o(0), (1, §) = wo(1), T.e. mobast KpHBast ¢ C NAPAMETPHICCKUM
npeicTapieHneM § = (f, £) UMeeT To Xe HAyalo, YTO M Yo C 7Y M TOT Xe KOHell, YTO H Yp € m
(cM. 1. 5.1, T 4).

Teope.ua 1. Ilycmb xwcopdanoss: kpueble Yo U 7Y, 20MOMONHYL KAK Kpugble ¢ 00uUMU KOHYAMU, a
anemenm P anasumusecku npodoaxcaemcs 8004s mo6old Kpueoli Ye € napamempuiecKum npedcmasnenuem
E— o, €), 0 <t < 1, 20e p — 2omomonus kpusoii vy 6 kpusyso . Toeda pesyrsmamu anarumu4ecKkozo
npodoancenus anemenma P edons kpueeix Ty u T’y cosnadarom, 2de To = (yg, 757, L1 = (11, 7).

<« CorMIaCHO YCIOBHI0, aHATMTUYECKOE POJODKEHIE IEMEHTa P B0 ;1060 XXOPIaHOBOR KpH-
Bolt I'¢, MMelolleH o6mme KoHusl ¢ KpupeiMu I'y 1 T'), cymecTeyer. O6GosHaumM yepes Qf pesyib-
Tar aHAMTHIECKOTO NPONOJIKEHHS, OCYLIECTRIAEMOTO CeMEHCTBOM 3JIeMEHTOB (Pf )ter BIOABL HYTH
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T = (v, 'yzp). IMycts E = {¢€ € I| Q° = Q°}. Mruoxectso E Hemycroe, Tak Kak £ = 0 € E. ITycts

& € E. Tlo nemme m. 1.2 cywectByet Takoe € > 0, uro pamuychl R(f) ceMeiicTBa 31eMEHTOB (Pf“)te I,
OCYILECTB/IAIOIIEr0 AHATUTHYECKOE INMPOJODKEHHE BIOMb KpUBOH [y , ynopnerpopsior Vi € I Hepa-
peHCTBY R(t) 2 €. [TocKOIBKY FOMOTOIMS (o SIBJISIETCS PABHOMEPHO HEIPEPBIBHBIM OTOOpaXKeHHEM Ha
xommnakre K, 1o B K Hafinerca Takas okpectHoctb Qg C I, uTo V(€ € O, t € I) BBIMOMHAETCS
HEpaBEHCTBO

€
lp(€, 1) — p(&, Bl < 3 (1
Bribepem Touku ¢, € I (k = O,_n) Tak, 4ytobnl Vk ga‘,)c = ¢(&y, t)) YIOBIIETBOPSUIM HEPABEHCTBY
€
ok — @hot] < 7" (2)

M 3IEMEHTH Pf:, Pf" _,» OBUIM HENOCPEACTBEHHBIM AHANMTUIECKMM NIPOLOILKEHIEM JPYT APYTa. 060-

3HAYUM gok = (&, tx) M 3aMeTHM, 4T0 NpH ¢ € O, , cornacHo (1) u (2), BBUTOMHAETCA HEPABEHCTBO

£ 0 3 0 0 0
loi = wr—1l < loi — x|+ lor — 1| <e. (3)
OueBHIHO, YTO IJIEMEHTHI Pfl u Pfl" SIBJITIOTCS. HENOCPEACTBEHHBIM AHATUTUYECKUM [TPOLOJDKEHH -
€M JIpyT Apyra (Tak KaKk Pfo" u Pfl ' SIBAIOTCS HETIOCPEACTBEHHBIM AHATUTUYECKHM NPOIOIKEHUEM IPYT
Zpyra corsacHo (3), U Takxe an“ P5° SIBJISTIOTCS. HEMMOCPEICTBEHHBIM aHATTMTHUECKUM [TPOAODKEHUEM

IpYr IpYyra, U BCE TPH 2JEMEHTA Pt

o Ptl R Pt, MMEIT O6UIYIO YACTh). AHATTOTHYHO [IOKA3bIBAEM, YTO

TEMEHTHL P u sz SIBJITIOTCS. HEMOCPEACTBEHHBIM aHATHTUYECKUM [TPONOJDKEHHEM IpYT ApYra | T. I.
Haxoten, an Pf" SIBJISIOTCS. HETIOCPEACTBEHHBIM AHATUTHUECKUM IIPOAOIDKEHUEM IPYL APYTA U, KpO-

M€ TOr0, UMEIOT OOIMI LEHTP, BCIEACTBUE YETO COBITANAIOT: an = Qf = Pf: = Qf". Hrak, O, C E,
T.¢. E — OTKpbITOE MHOXECTBO.

[Tycts & — mnpenenbHas TouKa MHOXKeCTBa E M O, — OKPECTHOCTb ITOH TOYKHM, PACCMOTPEHHAs
Bble. B 9Toif OKpecTHOCTH HaPUIeTCSI Takas touka ¢ € E, 4ro npomomxeHue anemenra P Bmons
KpHuBOi 'y NPUBOOMT K 2/1EMEHTY Q =qQ°. [ToBTOpPSIS MpUBEACHHDbIE BLILLE PACCYXICHUS, ITOTYIUM,
UTO AHAMTHYECKHE NPONOLKEHUS BIOMb KPUBBIX [y n T’y NPUBOAAT K OXHOMY U TOMY K€ JJIEMEHTY

Q"% =@ =Q° te. 501 € FE, otkyna cnenyetr, uto F — 3aMKHYTOe MHOXecTBO. ClenoBaTesbHO,
E =1 u, ByacTHOCTH, Q = @, 4TO U TPeGOBATOCH JOKA3aTh. P

3ameyanue. Ecan xoTst Gbl BAOJb OAHOIO U3 nyTelt 'y, onpenensieMoro roMoTomnueit ¢, 31eMenT P aHaIUTH-
4eCKH HE MPO0/IKAETCsl, TO PE3YJIbTaThl er0 MPOAOIXKEHUS BIOAb KPuBbIX ['g # I'| MoryT okaszaTtscst pasHbIMH.

Jlns wiiocTpaluy CKa3aHHOrO BEPHEMCS K NPHMepPY, PACCMOTPEHHOMY B KOHLUE N 1.2. DneMeHT Py MOXHO
NPOAOLKATh B0Jb HMXKHEH eAuHHuHON Toayoxpyxnoctd 73 = {# € C | z = e"”'t te (0,1} =1}c
IIOMOLLIBIO ceMelcTBa aneMeHToB Pl = (K}m)Y Ih, e Kili(t) ={z€C:|z—-e"" <1}, 5} = Vre'w,
—% -t <p< % —nwt. Torna Pol = Py, HO Pll # Py, XOTs1 UX KPYTH CXOMMOCTH OAMHAKOBbIe. PaccMoTpuMm,

i . T

Hanpumep, 3HayeHus fi(2) M fl(z) BTouke z = —1: fi(—D =¢e'w, fl(=1)=e"'n, fi(=1) # fL(=1). D10
00BCHAETCS TeM, YTO TOMOTOMMIO ¥ M ¥} MOXHO OCYILIECTBUTH JHIIbL B 061aCTH, coaepxalleil Touky z == 0,

Of{HAKO AHAUTHHECKOC [TPOJIO/IKEHHE BICMEHTa Py BOAB TIYTH, NPOXOASILETO yepe3 TOUKY z = (), HEBO3MOXHO
(B xoHue n. 1.2 noka3aHo, 4To f;(z) — oo mpu z — 0).

Teopema 2 (0 MmoHoapoMuun). Iyems P = (K, f) — wnexomopuiii ananumuueckuii 31emenm,
K C D, 20¢e D — makxas oonocessnasn obracms, wmo snemenm P anasumuuecku npodosxcaemcs 6004b
"moboil acopoanoeoii kpusoil, aexcaweii ¢ D. Toeda cosoxynnocms écex anarumuMeckux npodoaxcenuti onpe-
deasiem 6 obnacmu D anasumuveckyro @ynkyuro.

<« Ilpexne Bcero 3ameTHM, yTO MoObie ABe KOPAAHOBLI KPUBHIE ¢ OOHIMMH KOHLIAMW, JIEXKAaLe B
oGmactu D, roMOTOIIHBI BCJIEACTBUE OFHOCBI3HOCTH o6nactu D. [lycts 2 € D — npousBosibHast TOYKA.
PaccMOTpHM MHOXECTBO BCEX XXOPHAHOBBIX KPHMBHIX, Jiexalux B D, ¢ oflmMHu KOHUAaMHU a ¥ 2, TAe
a — LEHTp 3afaHHOTO 3MeMeHTa P. Pe3ynbTaThl aHATMTUMECKOTO IMPOJODKEHHUS BAONb ITMX KPHUBBIX
o TeopeMe 1 copnangaoT. 3HaYeHUs ITHUX MPOJODKEHMIA B TOYKE z COMOCTABUM eil. DTOT 3aKOH U
omnpeAenuT.B o6macti D aHAMTUTHYECKYIO DYHKUMIO. P



§ 2. Ioansble ananuTHYeCKUe bYHKUHH 237
§ 2. Iloannie anaJuTHYECKHEe (PYHKIMH

2.1. IloHATHE NOJHOM AHAIMTHYECKOH (yHKIHH.

Onpenenenne 1. [Toanoii anasumuueckoli QyHKyuell Haz06em COBOKYNHOCMY 8CeX KAHOHUMEC-
KUX 21eMeHMO8, ROAYHaemMbix U3 00H020 KaKo20-Hubyos snemenma P ananumuveckumu npoooaxceHusmMy ezo
80041b 6cex HOPOAHOBLIX KPUBLIX, HAHUHAIOWUXCA 6 yenmpe a aemenma P, dasn komopsix makue npoooa-
HCEHUS BOIMONCHBI,

[TokaxeM, YTO TIOHSATHE IOJHOM AHATUTMYECKONH (DYHKUMM HE 3aBMCUT TO BHIOOpAa HAYATBLHOTO
anementa P. JeiicteutensHo, nycrs @ — m0G0N XPYroil 3JeMeHT NOMHON AHATUTUYECKOH GyHK-
MM, ONPEETEHHON HAYaIbHbIM leMeHTOM P. D10 03HavaeT, yto @ nonyyaeM U3 P nponomxeHueM
BIOJb HEKOTOpOH KpuBoi I' = (7, vop). Torna P MOXHO 1OYy4YuTh U3 () TPONO/LKEHHUEM BLOJb KPH-
BOM I'™ = (77, ¥op).

[ycts Tereph snementT @ nonysaem u3 aneMenta P rnipomoskeHueM BIOmb mytd Iy = (v, v7).
Torna, oyesnnHo, nonyyaem ® u3 Q nupomomxeHueM Bgosib nytu '™ U Iy, [IpuHuMas Bo BHuMaHHe
TEOpeMy O €IMHCTBEHHOCTH AHATMTHYECKOTO IIPOIO/IKEHHUS BROJIb NTYTH, €CTECTBEHHO HaTh CleLylolee
onpeleseHune.,

Onpepenenne 2. Jge noanvie aHarumu4eckue QYHKYUY CHUMAOMCS P A6 H bIM U, eCAU OHU UMEHM XOMSs
Ot O0uH 00w 3nemenm.

Teopema 1. Obvedunenue Kpyeo8 cX00UMOCMU 3AEMEHMO8, NPUHAONEHAWUX NOAHOR AHANUMUYECKO
pyuxyuu, obpazyem obaacms.

« Ilycte D —— 3710 0GBbenuueHue. OHO OTKPBITOE KdK OOBeAMHEHHE OTKPBITBIX MHOXECTB, T.e€.
ecl zy € D, 10 29 € K — Kpyry CXOOMMOCTH HekoToporo sneMenta u K C D. Ilyctb a 1 b —
[IPOM3BOJIbHBIE TOUKM MHOXecTBa D. Torma HaiimyTest anmeMenTsl, U1 KOTOPLIX @ U b SBIAIOTCS LEH-
Tpamu. DTH IBa 3JEMEHTA [OIyYaeM AHATMTUYECKUM MIPOLODKEHHEM IpYr Apyra BAOJIL HEKOTOPOTO
nytv I' = (v, vop), coemmnsomero Toukn a 1 b. fcuo, yro v C D. CnenosarensHo, D apisieTcs CBA3-
HBIM OTKPBITBIM MHOXECTBOM, T.€. 00/acTelo. OHA HA3BIBAETCSH ecmecmeeHHold 00aacmeio onpedenenus
ROAHOU aHaaumuvecKol QynKkuuy, W 004acmeio ee cyuecmeoéanus. »

3aMeTHM, YTO [10JHAs aHATMTHYECKAd QYHKUUS MOXeT He ObiTh B 06nactv D dyHkumeit B 06-
LIENPUHATOM TTOHUMAHUH, IOCKOIBKY He OynmeT omHOo3HayHOW. CKOIbKO 3HAYEHWH (GYHKUHH COMO-
cTapeTcss GUKCUPOBAHHOM TOuke M3 o6iact D? OTeeT Ha 1OCTABIEHHBIH BONPOC CONEPKHUTCA B
CIIEYIOIEM YTBEPXKICHUH.

Teopema 2 (Ilyankape—Bonbreppa). [losnas anarumuveckas QYHKUUS MOXCem umems He
bonee yem cuemHoe MHONCECMBO PAZHbIX IAEMEHNOS8 C UEHMPOM 8 UKCUPOBAHHOU MOYKe.

« Ilycts nonHas aHanuTHyecKast GbYHKUMUS ONpelenseTcd HadaabHbIM 3JIEMEHTOM P, ¢ LIeHTpoM
B TOUKE @, U Z — IIPOM3BOJIbHAS TOYKA U3 00sacTu ornpeneneHuss D MOMHON aHATMTHYECKOM (yHK-
wuH. [Iycte P, — OIMH U3 3/1€MEHTOB C LIEHTPOM B TOYKE Z, [IPMHAUTEKAIUUHA MMOTHON aHATUTHYEC-
kot dyHkumu. Ero MoxHo mony4yutb U3 2jeMeHTa P, ¢ MOMOINbI0 KOHEYHOH LENOYKH IEMEHTOB ¢
LIEHTPAaMH B TOYKAX 21, 22, ... , Zn—1, 2, B KOTOPO{ KaXIbIA CIEAYIOINA 3MEMEHT ABJIAETCHA HEMOCpen-
CTBEHHBIM aHAUTUTHYECKMM I1PONO/DKEHHEM ITpenbinyiiero. He orpaHuunBas 061HHOCTH MOXHO CYHTATS,
YTO TOYKHU 2y, 23y - .. y Zp~| UMEIOT PALIMOHAIIbLHbIE KOOPAMHATHL. JdeACTBUTENbHO, TyCTh CHAYAIA LIEH-
TPBL z{, 23, ... , Z),_| TIPOM3BOJIbHBIE. B Kak yrogHo Maioii oKpecTHOCTM Touku zj, (k = I, n — 1)
BO3bMEM TOUKY 2j C PALMOHAIBHBIMA KOODAMHATAMH U 3aMEHHUM 3JIEMEHT PZL snemenrom P, . Co-
[71aCHO TeopeMe 00 MHBAapUAHTHOCTH AHATUTHUYECKOrO MPOJOJDKEHHS BLOIb MyTH OTHOCUTEIBHO TOMO-
TOIMHBIX AeOpMaLMil MyTeil, IpU JOCTATOYHO MAILIX |2), — 23| pe3y/IbTaT MpOAODKEHHUS 1O HOBOH Lie-
noyKe GyaeT COBMafaTh CO cTaphiM. MHOXeCTBO HEMOCPEACTBEHHBIX AaHAIMTHYECKUX MTPOJOJDKEHUH P,
C paUMOHATIBHBIMM LIEHTPAaMH 31eMeHTa P, C4YeTHOe, TOYHO TaK Xe CYETHOe MHOXECTBO W 3JIeMEeH-
TOB P,z, ceey Pzn-1~ 3amanue P, | ¥ TOYKH z OJHO3HAYHO onpeaenser anemenr P,. CrenoparenbHo,
YMCIO paxMYHbIX P, He Golee 4eM cYETHOe. P

BBoms B paccMOTpeHHe TTOHATHE TIOHOM aHATTMTHIECKOH DyHKIIMH, He 06A3aTeNbHO MOAb30BaThCS
JIMIIL KAHOHHYECKMMHU 31eMeHTaMi. MOXHO 6paTh MPOM3BOILHHE 3IEMEHTHI, pacCMaTpuBasi MOJIHYIO
AHATMTHYECKYIO QYHKIMIO KaK COBOKYITHOCTD AHATMTHYECKUX 3meMeHTOB (D, , fo), e a npoGeraer
HEKOTOpPO€ MHOXECTBO mHmekcoB A. IIpd 3TOM KaXABI M3 3THX MEMEHTOB MOJy4YaeMm M3 J1060ro
JpYyroro ME€MEHTa AHANMUTUYECKUM TPOAO/DKEHHEM.
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2.2. TIpuMepH NOJHBX AHAJTATHYECKHX (YHKIHHA.

@Oynkuuu, ananutuyeckue B C, a Takxe aHanmuTHueckue B C 3a HCKTIOYEHWEM CUETHOTO MHOXECTBA
OCOGBIX TOYEK, SBJISIIOTCH, OYEBHAHO, MOJHBIMUA AHATUTHYECKAMU QYHKIMSIMHU.

[puBeneM TakKe MPUMeP MOJTHON AHAIHTHYECKON (bYHKIMH, COCTOSILEN U3 OQHOTO KAHOHUYEC-
KOTO 3JIEMEHTA.

PaccmotpuM KaHoHuueckuii snemenT P = (K, f), tne K = {z € C : |2| < 1}, f(2) = Ez

[ToxaxxeM, YTO 3TOT NEMEHT HEe MOXET GBITh IIPOJO/IKEH HH O KAKOMY ITyTH C HAYAJIOM B TOuKe z =0.
Ecnyu GBI Takoe aHAIMTHYECKOE MpPONO/DKEHHE CYLIECTBOBAIO, TO HEKOTOpasl Iyra OKPYXHOCTH
v = {2z € C: |z| = 1} cocrosna Gbl MONHOCTBIO U3 TOYEK AHATUTHYHOCTH yHkuuu f. OIHaKO Ha

oGO TaKOH IyTe CONEPXHUTCH GECKOHEYHOE MHOXKECTBO TOYEK BHMIA Zj = ezmqg, re p U g — Lejble
MOJIOXHUTENbHBIE YMCIIA, KOTOpbIE HE MOTYT OBITh NPABWIBHBIMH TOUKaMH ¢yHKiny f. JeHCTBUTENBHO,
HOJIOXKUM z = pzy, 0 < p < 1. Torna nomyynm:
q-1 o
f@=> "+
n=q

n=1
Jins moboro HatypaneHoro ynciaa N > g uMeeM

q-1

If(Z)I>Zp"' Sl > (N —g+ eV — (g - D). :

n=q n=1

Otcrona, B CUITY IPOU3BOJIBHOTO BeiGOpa N > ¢, IPUXOIUM K BBIBOAY, YTO GyHKIMA [ TpH npUbIMxKe-
HUH K TOUKE z, 10 PaIUyCy CTPEMMTCS K 6eCKOHeUYHOCTH. ClefOBaTENbHO, 2o HE MOXET ObITh TOYKOH
aHAMTUYHOCTH PyHKUHH f.

W3yyennnie B r1aBe 3 MHOro3HauHbie GYHKUMM 3z ¥ Ln z, KOTOpble pacCMATPUBATHCH HAMM KaK
00beIHHEHHE KOHEYHOr0 MM GECKOHEYHOTO (OXHAKO CUETHOrO) MHOXECTBA OHO3HAYHBIX AHATUTHYE-
CKUX (DYHKUMH, SBISIOTCS MOJHBIMU aHATMTHYCCKUMH PYHKUUIMH.

Onpenienss ¥/z ¢ MOMOINBIO KAHOHMYECKHX JIEMEHTOB, MOXHO B KaUeCTBE HAYAILHOIO B34Th i€~
MEHT @ C LIEHTPOM B TOUKe 2 = 1, cocTosumii U3 kpyra Ky = {2 € C: |z ~ 1| < 1} n aHaMTHYECKOMI
B HEM (PYHKUHMU

G=0+e-nr=S L1 (L, L k1)@ M
2+ go(2) = - 1)~ = —— |- - ol = z— 1",
90 z Eln\n n
k=0
[lpn 2 = z ¢dyHKUMA gy ABIAeTCST GUHOMMAIBHBIM pAIOKEHHWEM ACUCTBUTENbHON (GYHKUMH

z — ¥z Ha uateppate (0, 2), a go(z) ABIAETCA AHAIMTUYECKHM IPONOIKEHHEM 3TOH (GYHKUWH B
Kkpyr Ky. OneMeHT @y aHATMTHYECKH MPOJOIKAETCS BIOJb JTH0GOr0 MYyTH ¢ HAYAIOM B TOYKE 2 = 1, He
cojepkaiero Touky z = 0 (cM. mpumep 1. 1.1). Utak, o61acTsio onpeneneHus MOTHON aHUIUTHYECKOH
GYHKUMH 3/Z, IOPOXIEHHON 371€MEHTOM @, sansgerca obnacte D = C\{0}.

Oyuximio ¥z MOXHO TaKKe ONpPEJeNHTh KAK COBOKYITHOCTh AHATHTHYECKUX JNEMEHTOB P,
(Das f2), @ €R, e

no i2
D,={-m+a<p<a+al, fu(z)= Vre'n, —-m+a<p<r+e.

JesicteutensHo, B Kpyre Ky = {z € C : |2 — 1] < 1} dynkuus fy(2) anemenra Py = (Dy, fo)
coBnapaeT ¢ pyHkuHe go(z), onpeaeneHnoi hopmynoi (1). D10 03HAYAET, MO ONpeACTeHUIO 2 U3 TIpe-
OBIOYLIETO ITYHKTA, YTO MOJHBLIE AHANWUTHYECKUE GYHKILMHU, onpeneneHHme 3NMEeMEeHTaMH @ = (Ko, go)
u Py = (Dy, fy), coBmaparor.

AHaNOrM4YHO, NOJNIHag aHaIMTUYecKas Qyakuma Ln z MoXeT GhITh ompemeneHa ¢ MOMOIBI0 KaHO-
HHUYECKHX 3JIEMEHTOB, WM KaK COBOKYIHOCTh aHAIMTUYECKUX 3nemeHToB P, = (D,,, f.), @ € R.

B neppoM citydae MCXOmHBIM MoXeT GhITh BhIOpaH aneMeHT Q = (K, go), Tae

o0 _1 n
go(2) = Z(-l)"_l-(iﬁ—)‘—, Ko={z€eC:|z—-1| <1} (03]

n=1
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OyuKIMs gy SIBISETCS AHATHTHYECKUM MpofoDkeHueM B Ko u3 uHTteppana (0, 2) neiicTBUTeNbHOM
dyrkuuu  — Inz = In(1 + (z - 1)).
B npyrom cnydae possmMem

D,={-rm+a<p<nr+a}, f.(2)=hr+ip, -m+a<p<r+a.
OGnactp onpefenenus Lnz coBmamaeT ¢ 06MacThIO OMNpefeleHus /2.

D= |J D, =C\{0}.
acR

TIpumMepoM noMHOM aHATUTHYECKOM QYHKIMH TAKXE SIBIsieTcst 0611ast cTeneHHas QyHKIMsS w = z°,
p € R (em. m. 4.1, tn. 3). Ognako oGumas mokasarensHast GyHkius (cM. 1m.4.2, 1. 3), onpegeneHHas
PaBEHCTBOM
z zlna
w=a =e R
HE SABJIAETCA [TOJTHOW aHATMTHYeCKOW (YHKIUeH, MOCKOJIBKY €€ OTAENbHBIE JIEMEHTH HE SABJISIOTCH
AHATATHYECKUM MPOXODKEHUEM APYr apyra (a® ecTb COBOKYIHOCTb Pa3IMYHbIX aHAIMTHYecKux B C
bynkamit wy, = fr(2) = e*tET) L o7y

2.3. OcoOble TOYKH MOJHOH AHATHTHYECKOH (DYHKIHH.

Onpenenenne 1. Touxu zpanuys obaacmu onpedeaenus ROAHOU GHAAUMUYECKOH HYHKLUY HA3BI8AIOMCA
ee 0cofbiMU MOYKAMU.

Han6onblunii HHTEpEC MpenCcTaBIsoT cO60M N30TUPOBAHHbBIE 0COObIE TOUKH.

Ilycth 2 = @ — M30MMpOBaHHAS 0CO0As TOYKA IMOJHON aHAIMTHYeCKOH yHkumu f, V, — ee
TIPOKOJIOTast OKPECTHOCTD, PACMIONOKEHHAst B 06j1actd D onpenenenus f.

Jdemma. Ecru xaxoi-nubyos kanonuweckuii snemenm P,, npunadnexcawuii f, npu anasumuyeckom
npodoaxcenuu 630as Hexomopoeo samkrymozo nymu Lo = (Yo, 737)s Yo C Va, He usmensemes, mo u ao6oi
anemenm P, noaywennwii uz Py ananumuveckum npodonncenuem 8 Vo, , He usmensemcs npu npoodoaxcenuu
80016 4106020 nymu I = (7y, Yop), ecau Hcopoanosst Kpussie ¥y 4 -y eomomonnvl 8 V.

< Iyets T' = (v, 44,) — nyts B V,, nepesonsumii Py B P. YropsanoueHHsld Habop IV =
1
(T ~, Ty, ') aBnseTcs OpHMeHTHPOBAHHOM 3aMKHYTOM KpuBOii, copmanatoieit ¢ [y. [TostoMy Kpupbie
’

¥~ U+ U« u v romoronus B V,. ComacHo Teopeme 1, 1m.1.3, aHATUTHYECKHE IIPONODKCHHS
anementa P no mytam I'" u T cosmamaror. Ho anaimTHieckoe nponoskeHue Brons I He uaMeHs-
eT aneMeHTa P, mockonbKy r'- nepesogut P B Py, Ty ne nsmenser Py, a I'' nepepoqur Py B P.
CrenoBatebHO, 71EMEHT P He U3MEHSETCs [IpH AHATMTHYECKOM MPOIOLKEHHUH BRonb I'. p

U3 neMMBl CrenyeT, 9T0 aHATMTMYECKHE ITPONODKEHHS BIOb MyTeH, TOMOTOITHBIX HYIO B V, . He
HM3MEHSAIOT 3JIEMEHTOB, NTOCKOJIBKY TAKWE ITYTH CTATHBAIOTCA B ITYTH, JieXalune B KPYre JII060ro aeMeHTa,
AHATUTHYECKOE TMPOJODKEHHUE BIOJIb KOTODPBIX HE MU3MEHSIET 3JIeMEeHTOB. [103TOMYy B BalbHEHIUMX Ha-
LIMX MCCIENOBAHUSAX PACCMATPHBAIOTCS JIMIIb AaHATMTHYESCKUE MPOILODKEHMS BIOb 3aAMKHYTBIX TyTEH,
HETOMOTOITHBIX HymIO B V.

Onpenenenne 2. [lycms z = a — U304UP06AKHAA 0c0Bas MO4Ka noanoi anasumuyeckoi gynkuuu f,
V. — ee npoxosomas okxpecmuocms, npunadnexcawas obaacmu onpedenenus f, u vy C Vo, — 3amxuymas
Jacopdanosea Kkpueas, oxeamsiearowas movky z = a. Toeda, ecau: 1) 06x00 no kpueou T'y = (7y, yg") npueo-
dum K UCXOOHOMY 3aeMeHmy, mo z = a Hasvieaemcs 0co60d moukoi 00H03HAUHOCO XapaKkmepa,
2) o6x00 T'g npusodum K saemenny, omauHoMy om Ucxo0HO20, MO 2 = G HA3bI6AeMcsA 0C060l moukoi
MHO203HAYHO20 XapaKmepa uiu movkol pazeemenerus.

B nepBoM ciiydae nerko yGeauThes, YTO aHATMTHYECKOE TIPONO/DKEHHE UCXOJHOrO 3JIeMEHTA BAONb
mo6oro nytd I' = (v, 44), ¥ C V,, penyliero B (hMKCHpPOBaHHyIO TOUKy z € V,, mpuBoaut K
OZHOMY H TOMY X€ 2JIEMEHTY, M, CIeJOBATEIbHO, aHATHTHYECKOE MPOJO/DKEHHE HAYAIbHOTO dJIeMEHTA
BIIOJIb MyTeH, JMeXamuX B MHOXeCTBe V,, , OnpenesiseT aHATUTHIeCKY10 (OHO3HAYHYIO) B V, dyHKUHIO,
SINIAIOILYIOCH BETBBIO MOMHOM aHATMTHYECKON (YHKIIMH, KOTOpYIO paccMaTpupaeM. JIis aToii BeTBH
TOYyKa z = a 6yAeT, cornacHo KnaccudHKalMH (cM. I1. 2.2, I1. 5) 160 ycTpaHuMOi 0coGoi Toukoit, 6o
MOMIOCOM, MO0 CYLIeCTBEHHO 0COGOMN TOYKOM. 3aMeTHM, YTO eCIM HAYATLHBIA 2I1eMEHT KAHOHHYeCKHiA,

To ciy4yal YCTPaHHMO# 0coGoit TOYKM MCKIIOYAETCs, MOCKOJbKY OHa yXe ¢ CaMOro Hadaaa SBIAETCS
ycrpaHPlMOH‘



240 I'n. 6. AHanaTHYECKOE APONO/DKEHHE

Oupenenenne 3. [Iycme z = a sgasemca mouKou pasgemenenua noanold anasumuyeckol gynxyuy f,
u ¥y C Vo, — 3aMrHymas xcopoanoea Kkpueas, oxeamisarouas moyky z = a. Toeda, ecau: 1) cywecmsyem
makoe ueaoe wucio n 2 2, umo n-xpamuuiii 06x00 T'y = (7, 'y(‘)"’ ) 6 00HOM U MOM Xce HanpaeaeHUU Npu-
800UM K UCXOOHOMY INEMEHMY, MO 2 = G HA3bIEAeMCA MOYK Ol pazeemeanerus, a umenro, (n—1)-2o
nopadka, ecau n A6AAEMCA HAUMEHBULUM U3 6CEX LEAbIX YUCEN, UMEIOWUM YKA3AHHOE Ce0licmeo; 2) uenozo
wucaa, ykazannozo 6 1), He cywecmayem, m.e. 06xodsi L'y 6 00nom Hanpaeaernuu npugoosm 6ce K HOBbiM U
HOBbIM 31eMEHMAM, MO z = G HA3bieaemcs MOYKOU pazgemenerus OeckOHe4H020 ROpAOKA uau
AoeapuUGMUHecKOU mOHKOU pazgemenerus.

3ameyanne. Jlerko MpOBEpUTh, YTO MOPSIOK Pa3BETBIEHUS] HE H3MEHUTCS, eclu KPUBYIO Y9 3aMeHuTh 11060
XOpaaHOBO KPUBOH 7, TOMOTONHOM Yy B V,. DTHM NMOATBEPXAacTCs KOPPEKTHOCTb ONpencieHus 3.

B xayecTBe MpUMepa 3aMeTHM, YTO TOYKH z = 0 u z = 0O SABAAIOTCA TOUKAMU DAa3BETBICHUS
(n — 1)-ro nopsaaka Wig GYHKUMH @ = /Z Y 10rapupMUIECKMMH TOUKaMM Pa3BETBIEHHUS L1 QyHK-
i w=Lnz.

2.4. CymecrTBoBafHe 0co00¥i TOYKH Ha IpanHIe KPyra CXOAMMOCTH CTeHEHHOTo pAja.

[TycTs CTEMEHHON pAg Z a,(z — z9)" MMeeT HEeHyJeBoit paguyc cxomumoctu R. Ilpu R =
€ro cyMMa ecth aHamuTudecKas ¢yHkimug B C U, TakuM 06pa3oM, UMEET eIMHCTBEHHYIO 0COBYIO TOY-
KY Ha GecKOHeyHOCTH (TpaHuua kpyra cxomumoctu). I[lycts R < oo. Torna mapa (Kg, fo), rme

oo

Kr ={z¢€C:|2z—2)| < R} — Kpyr CXOZUMOCTH CTeTIEHHOTO psna, fo(2z) = Z a,(z — z))™ onpene-
n=0 *

JISIET aHATMTUYECKUHA 3neMelT Py, mopoxIalonMi 116KOTOpYyIo MNOJIHYIO daHATMTHYECKYI0 QYHKUHUKD f,
KOTOpasi, B YACTHOCTH, MOXET COBIIACTb € fy (CM. IIpUMep B m. 2.2).

Paccyxxpmasi OT NPOTUBHOTO MOKAXEM, YTO Ha OKpYXHOCTH Yr = {2z € C : |z — 25| = R} nexur
no MeHblueii Mepe OfHA ocoBast Touka ¢yukumm f. Iycts ' = (yr, 7r) = 0Kgr, yr C D, e
D — o6nacts onpeaenenus dynkumu f. Torma Kaxnyro TOuKy 2 € yr MOXHO DACCMATPHBATh KaK
LEHTp HEKOTOPOTO 3/IEMEHTa P, | spnsiomierocs HEMOCPEACTBEHHBIM dHAIMTHYECKUM [POIODKEHHEM
anementa Py = (Kg, fo). O6penuuenue kpyra Kg ¢ kpyramu cXonuMocTH aneMeHTos P,, z € g,
onpenenut obnactk D' C D, npu atom Kr € D', a byHKUMH 3THX 371€MEHTOB Onpeneast B D'
aHanuTuecKyio dyHkuuio. Pasnarag ee B pang Teitiopa B OKpeCTHOCTH TOYKU Zy, MBI, OYEBUIHO,
MOJIYYMM CTEITEHHOM psll ¢ paguycoM CXOXUMOCTH, Gonbiium 4eM R. [lonydeHHOe mpormBopeune u
JIOKA3BIBAET, YTO Ha IPaHMLE Kpyra ¢CXOOMUMOCTH CTETIEHHOrO psAa BCeraa Hailercs Mo MeHblued Mepe
onHa ocobas TOYKa NOJTHOM aHAUTUTHYECKOH (YHKLMH, TOPOXKIEHHON 9TUM PSIIOM.

§ 3. IIpuHuMnel AaHAJATHYECKOI'O NMPOAO/DKEHHS

B cBsI3M ¢ MOHATMEM AHATMTHYECKOTO [IPOJCIKEHHS BOSHUKAIOT BOMPOCH, KOIA OHO CYIIECTBYET
M KaK €ro HaxOAWTh Ha IPAaKTHKe. B pelleHny 3TUX BONpOCOB BaXXHAs POJIb MPUHAUIEKUT IPUHLIAIIAM
AHATUTUYECKOTO TIPOJOIKEHHUS.

Teopema I (NnpUHUMI HenpepbBHOCTH). Ilycms dee obnacmu Dy u D,, D, N D, = o,
uMerom o0wull y4acmox 2panuy, cooepicamuii 3aMKHYmMyIo uau He3aMKHymyro 2aadkyro oyey Xopdana 7.
Toeda, ecau gynxyuu fi u f2 anarumuuecrue coomeememeenno 6 obnacmsax Dy u D, u nenpepwuens ensoms
00 %o, npuvem Vz € 7Y

Ji(2) = fa(2), (1)
mo diyuxyus f, 20e
fi(2), ecru 2 € Dy,
f@y =< fi2), ecu  z € Dy, ()

fi(2) = falz), ecou z €,
ananumuseckas 6 obaacmu D = D, U D, U 7y,.

<« Iyets Ks(z0) = {2 € C : |z — 29| < 6} — HeKoTOpasi OKPECTHOCTh IIPOU3BONBHOM (BUK-
CHPOBaHHOM TOYKM 20 € 7o, Ks(z9) C D, mpuyem cuuTaeM, YTO § MeHbllie CTaHAapTHOTO paguyca
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KpUBOH# <y (IMamKue 3aMKHYTHIE KpUBbIE JKOpaHa UMEIOT CBOMCTBO: TS K&XMOM TaKo# KPUBOH Cyle-
CTBYET uMcno §, > 0, Ha3bIBaEMOE €€ CTAHIAPTHBIM paJlycOM H MMEIOLee CBOMCTBO, YTO OKPYXHOCTD
pamyca § < § ¢ LeHTpoM B MOGOH TOUKE KPUBOI POBHO B4 pa3a NepeceKaeT KpHUBYIO).
Wurerpan tnna Kowu
1 ) d
Faoy=— [ 19%

2mwi (—z

8K s(zg)

3

onpezensieT B oKpecTHOCTH Kj(z0) aHamtHueckylo dyHkumio. [TycTh, nanee, 4, H 2 COOTBETCTBEHHO
rpanuLbl o6nacteit D' = D, N Ks(z) n D" = D, N Kg(2). [punumas o sHumanue (1) u (2),
dopmyny (3) 3anuiuem B BUIE
F(z) = _1_ fi€)d¢ +L‘ fz(C)dC7
271 {—z 2mi (—z
Ty |53

F1 = (717 ’Y;’p)> I‘2 = (727 7;p)'

C nomompio 06061eHHON TeopeMbl U ¢opmyisl Ko romyyaem paBeHcTBa

1 QA | fi(z), ecmzeD', 1 [ hH§de [ o, ecm z € D'

i -z 10 ecmz€e D', 2pg (—z | filz), ecmmze D",

I, r;
13 KOTOpBIX crnenyeT, uto Vz € Ks(z) F(z) = f(z). »

Teopema 2 (mpunuun cumMmMetrpuu Pumana—UIBapua). Iycme obaacme D codepxcum 6
cocmase ceoel 2panubi HEKOMOPYIO Oyey OKPYICHOCIIU Y U He COOePHCUM OOHOBPEMEHHO 0BeUx cummempuy-
HbIX OMHOCUMENBHO Y moveK u nycms, Oanee, [ Aensemcs anarumuueckou @ynkyued ¢ D, nenpepwigroi
ennoms 0o v u npunumaem na ~ Oeticmgumensrbie snaenus. Toeda cywecmeyem ananumuueckoe npoooa-
ocenue gynxuyuu f 6 obaacme D™, cummempuunyro obnacmu D omuocumensno vy, u 0as €20 RoAyHeHUs
mpebyemcs, 4mobdbt 8 MOYKAX, CUMMEMPUMHBIX OMHOCUMENBHO Y, QYHKUUA [ RpUHUMANG CONpANCEHHbIC
3HAUEHUS.

<« He orpaHnunBas 061{HOCTH MOXEM CYMTATb, YTO 7y COBIaAaeT C OTPE3KOM AEHCTBUTEIBHOM OCH,
a obnacte D neXuT B BepXHe# NMOMYIUIOCKOCTH (3TOTO BCETHa MOXHO HOGHUTHECS ¢ IMOMOIUBIO JpOGHO-
nuHelHoro oTo6paxenusd). Touku o6nactn D™ GyzeM oGo3Hayars uepes z*. Kaxnoii touke z™ € D*
NOCTaBUM B COOTBETCTBME TOUKY z € D 1o 3aKOHy z = 2z* W onpexeauM B obnactu D* dbynxuH©0
z* — f*(2") paBeHcTBOM

1@ =1G), 2=27%

Nmeem

FrE+ ATy - f(27) _ fz+Az- f(2) _(fe+An - f(2)
Az* Az Az '

Orcrona, nepeins K mpeneny npu Az — 0 (Az* — 0), nonyynm, uto dyukuus f* nuddepeHunpyema
! —_—
BD" u f*(z*) = f'(2).
Takum o6pazoM, f* — aHamuTuyeckas B 06nacTd D* GYHKUMS U, IPH YCIOBUM JOOTIPENEIEHUS
ee Ha I' papeHcTBOM f™(2) = f(z), HenpeprBHast B D* U . Temeps K f U f* MOXHO NPUMEHHUTb
TMPUHLMII HEIIPEPBIBHOCTH. b

PaccmoTtpum 3apauu.
1. JlokazaTh, 9TO 3JIE€MEHTHI

P1=<K1,ZZ"), K|={Z€C:‘Z|<l},

n=0

1 =~(z-i\" .
P2=<Kz,:__i'2(l_i) ), K2={ZGC3|Z_'I<\/5}’

SIBTISIOTCS HETIOCPEACTBEHHBIM AHAIMTHIECKUM TIPOSODKEHHEM APYT ApYTa.
<« OGa pana NpencTanisior GyHKuMo z — - B kpyrax K, u K,. »
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2. JlokazaTb, 4TO 37MEMEHT

P=(K171n2—2;( 2z> ), K ={z€C:|z2-1]<2},
n=]

ABJSICTCA HENMOCPEACTBCHHBIM aHAUTHTHYCCKHAM IMMpOAO/DKCHHEM JJIEMEHTA

Py = (Kz, Z(—l)"%—) , Khb={2€C:|z]<1}.
n=1

« O6a psana onpenensior payoxkenue GyHkumu z — In(1+2) u K, C K. »
3. Jloka3aTh, YTO 371€MEHTHI

Pl=<K172§)a K1={ZE“C.',Z]<1},

n=1

n

o0 _1"
P2=(K27’"'+Z( )<z—2>"), Ky={z€C:|z~-2<1},
n=1

He HUMEIOT 00mel 061aCTH CXOXMMOCTH, OZHAKO SIBASIOTCS AaHATMTHUYECKVUMM ITPONODKEHUSMH APYT
?
Zpyra B TOHUMAaHMH onpeneieHus 4, m. 1.1.
<« OnemeHTH P| U P 9BNMIOTCS aHATNTHYECKUMHM IpOXODKEHMSIMUA IpYr Ipyra BIOJb JHOOOro
TyTH, JIEKAIIEro B BepxHeH MONYIUTOCKOCTH ¢ KOHIIAMH B Toukax 0 u 2. DTH NponokeHHs ONpeessioT
B BEPXHEH MONYTUTOCKOCTH hyHKIHMO z — — In(1 — z). »
4. Nokasats, uTo cymMMa g CTeNIeHHOro psza E z¥" SIBNfAETCH MONMHOIM AHATUTHYECKOH BYHKIIHEIL.
o0
_ bl _ _2mim27k
<4 Umeem g(z) = > 2° . B TouKkax zy,, = e , IUIOTHO PAa3MELIEHHbIX Ha OKDYXHOCTH
n=0
v = {z € C : |z|] = 1}, spngiowueica rpaHuLIEil KPyra CXOIMMOCTH PAia, GYHKUMS g HE MMeeT
KOHEYHOTO pafHaTIbHOrO Mpesnena. b
5. [TpuBecTH NMpuMep NOTHOH aHATUTUYECKON GYHKIHN f, OGIACTBIO ONpeNeIcHAs KOTOPO SBIIS-
etcst exmHuyHblA Kpyr K = {z € C : |2| < 1}, nenpepbIBHbIii B 3aMbikaHun K .
o0 n

z

2
5+ Eciii Obl f aH@INTHYECKH [TPOXODKATACE 32

« Takoit dyHKuMeit sBnsetcst z — f(2) = D,
n=0
€IMHHUYHBINA KpYT, TO TAKOE K€ CBOMCTBO MMea Obl M €€ MPOoU3BoaHad f ', ITO MPOTMBOPEYHT 3a1aue 4. b
6. okasars, uro xorma pamuyc CXODUMOCTH CTEIIEHHOIO psina f:anz’L paBeH €IMHMLIE U BCE
a, > 0, To TAKOH pAl HE MOXeT OBITh NMPONO/LKEH B TOYKY z = 1 (TeopeMa [IpuHrcxeiima).

oo
<« [lycts f(2) = E a,, 2" . Paccyxnaem ot mpotuBHOro. [Tycts cyluectsyer Takoe yucio h € (0, 1),

n=0
()
4TO PAn Efn—!(h’(z — h)" cxomutcs B kpyre K, = {2z € C:|z—h|{ <r} u h+r > 1. CornacHo
. (n) g .
DPABEHCTBY lf(")(he'e)l = f™(h) p Y L4 2(2 — he'®)" Gymer cxomsmmmest wis Kaxgoro 6 B

kpyre K, = {z € C: |z - he’®| < r}, a cama ¢yHKuMs f, cnefoBatensHo, GyHET aHATHTUYECKOM B
kpyre K = {z € C: |z| < h+r} pamiyca, Gonbllero eAUHULLI, YTO MPOTHBOPEYMT YCIIOBHIO 3a1a4H. B

7. HokasaTs, 94T0 GYHKIMS f, ONpeneIeHHAs PAIOM

S s\

(a — z)'n,-H ?

ABJIAETCA HCMOCPEACTBECHHBIM aHATUMTHYECKUM MPOAODKCHHUEM (I)YHKL[HH

=5 (2)

n=0
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<« DyHKuMsA ¢ ABNAETCS CYMMOIA CTENEHHOTO pAfA ¢ KpyroM cxoaumocti K = {z eC:iz| < li;l}
M 3TOT psii ABNIAETCA pafgoM TeiUiopa GyHKIMM 2 — —%— B OKpECTHOCTH TOYKHU 2 = 0. O6nacTs cXoau-

a—2z
z

MOCTH I1EpBOTO Psi/id ONpe/IeNsIETC HEPaBeHCTBOM | —=— | < | m npejcTasiser co6o# momymockocts D,
COflepXXALIYI0 HAYaI0 KOOPIHHAT, OrPAHHYEHHYIO CpENUHHBIM TIEPIIEHINKYIAPOM K otpesKy [0, a]. Ha-
XOIOMM CyMMY Dsaza B Touke z € D:

a z z n a 1 a
f2) = (1+ +o+( ) +...)= = .
a—z a—z a—z a—z1- = a—2z

a

Taxkum obpazom, K C D u f(2)=g(2)VzE€ K. »

8. [pusectn npumep byHkumi f; U f,, AHATUTHYECKUX COOTBETCTBEHHO B ObnacTax D) u D,
npuueM DN D, =D =AU A, u fi(z) = fo(2), ecnu z € Ay, f1(2) # f2(2), eca z € A;.

« [lyers fi(z) = In|z| + fargz, D = {z eC ’—7\' <argz < 5 }, f2(z) = In|z| + fargz,
D, = {z eC ‘0 <Largz < 3—2’5 }, A| — mepBrlil KBaapaHT, A, — TpeTHH KBagpaHT 2-IUIOCKOCTH
(cM. Takxe NpUMep mepen onpeneneHdeM 4, n.1.1). @yukuun f| U f, YEOBIETBOPSIOT MOCTABJIEH-
HbIM TpeOOBaHUSAM. B

9. Nokasars, uto Korxa dyuxkums f € A(C) ynosneTBopsieT YCIOBUSAM
Im fz)|,_, =Re f(2)],_, =0,

TO OHA HeyeTHasd, T.e. f{—z) = —f(2).
< Ipnunmas Bo BHMMaHME paBeHCTBO Im f(2)l,= = 0, MO NPHHLMITY CHMMETPHH MMeEEeM

f(z) = f(2). )
Bsenem B paccMoTpeHHe QYHKIIHIO
z— F(z) =if(2).
Torna
Im F(z)’zzo =Re f(Z) ' =0 = 0’
Y, [IpUHHUMAsl BO BHUMaHHE, YTO TOYKU 2 U —Z CHUMMETPHUYHBIE OTHOCHUTEILHO MHMMOM OCH, MOIyYaeM

F(z) = F(-2),
WIH
[y =-f(-2). (2
U3 (1) u (2) cenyeT HeyeTHOCTD byHKUMK f. B
10. Mocrponts uethipe snementa dyHxuMM 2 — % C HeHTpaMH BTOUKax 2z =1, 2 =14, z = -1,
z = —1 ¥ BBISICHUTD, KaKU€ U3 HUX SBJISIOTCS HEMOCPEACTBEHHBIMH AHATUTHYECKUMH TTPOJODKEHHSAMHU
IpyT HpyTa.

<« HemnocpencTseHHO NosyyaeM YeThipe passioKeHUst

R U .
=Zz" (z—-9)", |z -1 <1
=0

1~ . n
=D E- -1l < T
b4

2z

n=0
1 = n . 1 - -1 “n .
;—~Zo(z+1),|z+1|<l, ;—Zo(—z) (z+D", lz+il< 1.

Bropoe u3 3TUX pa3nmoxkeHUi ABISETCS HEMOCPEACTBEHHBIM aHATMTUYECKUM MPOJODKEHHEM Iep-
BOIO, TPEThe — BTOPOrO, YE€TBEPTOE — TPETHETO U MEPBOe — YETBEPTOIO. P

-

YopaxnaeHns 1A CaMOCTOATEIbHOM paboTh

1. Oyuximo z — f(z) = ﬁ ¢ nurepsana (—1, 1) C R aHanutudecKu NMpodO/DKUTE METOIOM

CTeneHHEIX PANOB cniepsa B KpyTr K = {z € C: |z| < 1}, asatem B kpyr K’ = {z € C: |z — i| < 2}.

2. Oyete Dy = {z € C|1< |z} <2AImz >0},a f(z) =Inz = In|z| + iargz. Haittu
aHAIMTHIECKOE Npofomkenue bynkuud f U3 D) B o6nacts D = {2 € C|1 < |z] <2 A Imz < 0}
yepe3 MHTEPBATH (—2, —1) y (1, 2).
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3. IIycts C — KOMIUIEKCHAA IIOCKOCTE € Pa3pe30M BOJb OTPULIATENLHOM YACTH JEACTBATENLHOM
oe, K={2€C:lz- 1] < 1},

n=1

F@ =% 26C, p@ =5 G-,z e k.
1

Hokasarb, uto fi ¥ f> ABISIOTCS AaHATMTUYECKUMH TPONODKEHUSIMH OHOW M TOM Xe bYHKIHU,
4. Tlycrs pyHKIMA @ aHamuTUYecKas B konmble K, g = {z € C | r < |z] < R}. Joxkasats, 4O
dbyukumio f, onpeneneHHyio B Kpyre K, = {z € C: |z] < r} cooTHOWEHHEM

f@)=5= [€~2"p()d, (m€Z), T,=(v,v"), v ={C€C:lz|=1},
Ty

MOXHO aHATUTUYECKH Nponokuteh B KpyTr Kp = {z € C : |z| < R} u 4T0 370 aHATMTHYECKOE
npogomkeHue F(z) MoXHO 3anatb GopMyIIon
Fz)=57 [€—2"p(Q)d{ (m€Z), Tr=(r, %), r={CE€C:[(|=R}
'r
5. Jlokasatb, YTO (DYHKIHH

o +oc
2 fi(2)=202" (Z/<]) u ze fz)= [ e At Rez< 1)
n=0 0
SBTSIIOTCS] AaHATATUIECKUMH T1POO/LKEHUAMM APYT IPYTa. )
6. Haiitn aHauTHYeCKOE Npoo/keHue GyHKUUY & — arcsin £ u3 MHTepsata (—1, 1) CR B kpyr
K={zeC:l|z| < 1}.
7. [Iyctb Ha uHTepBane (—1, 1) onpeneneHa dbyHkuus f, roe

!
f(z) = { e =*, ecmu z #£0,
0, ecm z =0.
MoxHO 1M aHUTHTHYECKU NPOJoKUTh ee B C?
8. Joka3arb, 4yT0 pYHKLIMU
> +=>
2'-’f(£‘)=2% u zw fo(zy= [t dt
=0 0

SIBJISTIOTCS AHATUTUYECKMMH MPONOIKEHUAMHU IpYT Ipyra.
9. Kakue byHKUHH OMpenensoTcs psuom

13+ +2 (1) (G —mer) (e
pobmactax K = {2 € C|0<e <]z <1} mu K ={z€ C:lz| > 1}? dsnsiorca 1 oun

AHATUTUYECKUMH MPOLO/DKEHUSIMU ApYT npyra?
10. IIycts

1
fy= [T T=(y,7), 7={€C:I=1}
J

JloKa3ath, 4TO 3Ty (hYHKIMIO MOXHO aHAJTMTHYECKHU MpoxokuTh B C.

11. Hokasatb, yro GyHkumio f, rie

+o0 d
= [ S
@)= { A+¢h)(L+eC)
MOXHO aHAJIMTUYIECKH TIPOAOIKUTH B 06nacts D = {z € C : |arg z] < 7}.

12. [Jokazate, 970 ecnyl GyHKiMs f SBISETCS AHAUTUTHYECKON B €IMHUYHOM Kpyre W B KaKIOM
TOYKE €70 IPAHHMIIbI, TO OHA AHATUTUYECKHU NPOJOIIKAETCs M B HekoTophiil kpyr K, = {2 € C : |2| < p},
rae p> 1.

13. Hycrtes f — aHamMTMYecKasg B OKPECTHOCTH TOYKM 2z = 0 (pyHKUMA, a MOCAEHOBATEIBHOCTD
(f0(2)) cxomurcs Tam papHomepHo W Lim f™)(0) = 1. JokasaTs, uTo mipeaeinHast dyHKIMS 3TOM

n—oo

moCnenoBaTeAbHOCTH aHAJIMTHYCCKU MPOAO/LKACTCA B C.
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BbrueTsl M MX IPAMEHEHU

§ 1. Onpenenenne BoryeTa. OCHOBHAA Teopema

1.1. BpiyeT OTHOCHTE/IbHO M30JMPOBAHHONH KOHEYHOMH TOYKH.

Onpepenenue. Boiuemom anasumuveckoli pyukuyuu f omuocumensvho ee U30AUPOBAH -
Hotl ocobod mouku z = a € C naswmeaemes kosgduyuenm c_; npu nepeoii ompuyamensHold cmenenu
paznoxcenus dynkuuu f 6 pad Jopana 6 okpecmuocmu 3moii mouxu.

O6o03HaueHNe BhIYeTa :

c.y = res f(z).

[TpuHumMas Bo BHUMaHue dopmyiy (2), . 2.1, . 5 wis koodpduumenTtos psiaa JlopaHa, nmeeM

1 o
tes f(:) = 5= [ f()dz, T, = (1o 1) (1
Iy

TIE 7, — OKPYXHOCTb DAAMyca p ¢ UEHTPOM B TouKe 2z = a, ¥, C Oy (O, ~— OKPECTHOCTL TOUKMU a).
3aMeTHM, YTO B C/ydae, KOTId z = a — yCTpaHuMasi ocobast Touka, fes f = 0. Ecmm z = a —
0JTI0C [1€pBOTrO NopsnKa, To res f # 0. B octampHBIX ciyyasx fes f MOXKeET aGme PaBHBIM, a4 MOXET U
He OBbITb paBHBIM HYITIO, HarIpH(;/xep: ‘
sin z 1 L

res — =0, res =1, resez? =0
0oz 2 z—2 0

[Monyynm bopMynbl 511 BLIYUCTEHUS BbIYETa OTHOCUTEILHO TOJII0CA.
[lycts z = a — nomioc dyHkuuu f nopsaka p. Pasnoxenue dbyHxkunu f B pax Jlopana B npoko-
JIOTOM OKpPECTHOCTH TOYKH 2 = @ MMEET BUI

. >
Cp C—y n
Zy= ————+ ... + + c(z2—a) .
16) = 5 — §_0 (= - a)
Or1croa noayyaem:

F@OE-af =cp+eplz—a)+ ... +cy(z - )P '+ ch(z —a)™*?,

n=0

dar! =
T (F@E =) =cp -1+ S eatn+p)...(n+ 2z~ 0y,
n=0

ar-!
1 R —a)’) = — L
lim === (F&)z = af) =cale— 1
Hmeem Gopmysty [uia BHIYHCTEHUS BbIYETA (GYHKUMM [ OTHOCHTENBHO MONIOCA P-TO MOpAIKA:

ar!
res f(z) = -—1——- lim ——

oo im g (F@E - a7). o

1) res — uauambHble GyKBnt ciosa residy (GpaHiL.) — awvem,
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B vactHocTH, nipn p = 1 Gopmyna (2) npuHUMaeT BUL
res f(z) = lim f(z)(z — a). 3)

Ha npakTuke oKasbiBaeTcs MONe3HOM Hebonplias Moaudukauug nocneaHel GopmMysl.
ITycTb dyHKuMA f B OKPECTHOCTH TIPOCTOrO MOJIOCA 2 = G UMEET BUA

e
1= 56y

[He ¢ ¥ Y — aHAIMTWYECKHE B TOYKE z = & (YHKUMM, [pHYEM <p(a) #0, ¥(a) =0, ¢'(a) # 0. B
cooTBeTcTBUM ¢ dopMynol (3) uMeeM

“4)

pz)z —a) _ p(z) ¥(a)
reSf(Z)"‘zll—'a——w(—z—)—' :zﬂw = Il)’(a)’
T.€
res £(2) = :;((“)) 5)
Hanpumep, res clgz = res = 222',:’; =1

B cnyqae, KOrzaa cbymamﬂ f omnpenenena GopMynoii (4), a GYHKUNM ¢ M Y UMEIOT B TOUKE Z = &
HYJIM TIOPSAKa BbIllE MepBOTO, /ULt BLIYUC/IEHUS BbiyeTa yIOOGHO 3aMeHUTh GYHKIMU ¢ U 1) HEeCKOJNb-
KUMH WICHaMU pa3JioxkeHus ux B psan Teittopa. R

Hanpumep,

3
sin3z — 3sinz 32— 2234 =3z4 % —423 4.
= res 2 2 =

S sin z(sinz — z) 3 3 e
o si i z 0 z z o —z*
(z_?_’_.') (_?_,_') 3 “en

1.2. Buuer OTHOCHTEJIbHO 0€CKOHEYHOCTH.

Ilycth 2z = 00 — u30aUpoBaHHas ocobas Toyka QYHKUMU f. Pasnoxenue dyHkuvu f B OKpecT-
HocTH GeckoHeyHocTH O, = {z € C: r < |z| < 00} uMeer BUL

+o0
flz)= Z cn2™.
n=-—-o0o0
IIpOMHTETPHpYEM 3TO PaBEHCTBO MO OKPYXHOCTH I'; (7R, 1R ) OPHEHTHPOBAHHOW B Hallpa-

BJIEHUM XOIA YacOBOIl CTPEsIHH (1Ipu 3TOM 6ecxox{etmoc'rb ocraercst cyieBa). Toraa nomyuum:

/f(z)dz— Z cn/ = =2mic_y, (1)

n=—oo
TaK Kak
/z"dz:O ompu n#l
-
Onpenenenne. Buyemom pyuxyuy f ompuocumensno GeckoOHeyHOCMU HAINBAEMCA KO3D-
duyuenm npu nepeoii ompuuame/zbﬂou cmenenu pazoxcenus gynkyuu f 6 oxpecmnocmu beckoneunocmu,

ymuoxcennviii na —1.
IIpuHuMas BO BHuMaHue (1), uMeeM

1
r:osf(z) =—c_ = v / f(z)dz. )]
=

3aMeTuM, YTO B COOTBETCTBHMY C JAHHBIM ONpelencHUeM res f(z) onpenenserca Ko3pOUIUeHTOM
o0

MIpaBWIbHOM YacTH pana JIOpaHa u MO3TOMY MOXeT GBITH OTIMYHBIM OT HYAA U B TOM ciIydae, KOLAa
GECKOHEYHOCTD SIBIACTCA YCTPAHMMOH 0cOo00H TOUKOH GyHKUKK f, HampuMep, nes-“- =-1.
oo
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ITycts GecKOHeYHOCTh ARJAETCS yCTpaHWMO# ocoboit Toukoit ¢yHkuuu f. BBenem oGosHayeHue
lim f(z) = f(c0). Torma
Z—00

res f(2) = lim z (f(o0) - £(2)) .- (3)

HeficTBuTeNIbHO, pawtoxeHHe QyHKuMM f B psAl B OKPECTHOCTH OeCKOHEYHOCTH B ITOM cllydae
MMeeT BUI

F@) = feo)+ > ez,
k=1

oTKyZa

-k
Hf@) - feo) =Y ez
k=1
CoBepIiMB B NIOC/IETHEM PaBeHCTBE Ipene/IbHLIN IIepexo IpH z — 00, NONYYUM dopmyiy (3).
Jlerko MOXHO MONYYUTD CliedyIolyo GopMyIry

res £(2) = =4/ 0), )

rae ¢ (ﬁ) = f(2) u p(z) — anamuTuyecKas GyHKuus B Touke z = 0.
1.3. Teopema o BhI9ETAX.

Teopema I (Kowiw). Ecau @ynkyus [ anasumuueckas ¢ D U 8D C C, 2a uckarovenuem nexkomopo-

20 MHOXCECmBa U30AUPOSAHHBIX 0COOBIX MOoYeK {ak; k=1, n} , npunadnexcawux obracmu D (no ne 8D),
mo cnpageoauso paseHcmso

n

% f [z = res f(2). (1)
apD

k=1

n
4 PaccMOTpUM OKDYXHOCTH Y1, Y2y - -+ y¥n (ﬂ Vi :Q) paauyca p; ¢ UEHTPOM B TOYKAX Gj,
k=1

npuyeM pr BbLIOWpaeM HAcTOJIIBLKO MalbiMH, 4ToGbl Kpyru K, ¢ rpaHMUAMM 7, KOMNAKTHO MpHHAa-

nexarmu obnactu D. PaccMotpuM obmacts D \ {fpk; k=1, n} u npumenuM Qopmyny Kowm mis

HEOOHOCBA3HOM 06sacTh (CM. Teopemy 4, n.5.3, 111. 4):

n

1 "1 o
%/f(Z)dz=;%ff(ﬂdz=2i5f(2), T = (1, %) - »
R apD - Iy

k=1

Dra TeopeMa uMeeT GOJIBILIOE MPUHUMITHAIBHOE 3HayeHHe. OHa CBOXUT BBIYUCIEHHE ITOGAIbHOM
BEJIMYUHBI, KOTOPOU SBJAETCSI MHTETPAl OT aHAJMTHYECKON (DYHKUMHM MO rpaHMUE O6IACTH, K BbIYM-
CJICHMIO BEJIMYUH JIOKaJIbHBIX BbIYETOB (QYHKIMHM B ee 0coGbix Toukax. HanpumMep, BBIYNCIMM HHTErpAT

dz .
/<_—n(—+T) D={z€C:lz-1-il<2).
aD

IonpmTerpaibHas GyHKuMS f AaHAIMTHYECKas B 3aMBIKAHHM D, 33 HCKIIOYEHMEM TOYeK z; = 1
(rosI0C BTOPOTO MOPANKE), 2, = ¢ (Momoc NepBoro nopaaka). C nomolsio GopMynst (1) noaydaeM:

4z = 2mi =i IR L
e - (i@ se) =i -3 7) = -3
oD

CripaBeyiMBO Cliefiylollee YTBEpXIeHUE.
Teopema 2. Iyems f € A (C\ {ar; k = 1, n}). Tozda cymma eviuemos Pynkyuu f 6o ecex ee
KOHeHHbIX 0CO0bIX MOuKax U ebiuema HA GeckOHeMHOCMY PABHA HYMIO:

n

Zres f(z)+res f(z)=0. )

k=t
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< Ilycts v, = {z € C: [z] = R} — OKpYXHOCTb CTONbL GO/IBLIIOTO paguyca R, 4TO OHAa OXBATHIBACT
Bce KOHeyHbie 0cobble Touku ai. Toraa comtacHo dopmyne (1) u dopmyste (2), n. 1.2, nomayduM:

n

Ini /f(z)dz = Zres fz)= —resf(z) >

k=1
R

JlokasaHHas TeopeMa MOXeT OKa3aThCcH MOJIE3HON MPU BBIYUCIECHUU UHTErPAoB N0 KOHTYpY. B
KayecTBE MpUMEPa PACCMOTPUM MHTErpail
dz
I= | ——— TI= ={z€C:|z| =2}
23(210 _ 2)) (7) ‘Yop) ? ‘Y { | }
S
CoracHo TeopeMe 1 umeeM

1 a 1

I =27 | res ———— + res —————
0o 23z -2) ; G 2Ee - )’
rae { (k =1, 10) — KopHM ypaBHEHUS z'® =2 = 0, wm, Bocnoyp3oBaBIINCH bopMyIOi (2),

1
I= —-27”1'88—3(—10——7) =0.

PaccMoTpuM npuMepsl.

Hajiti BbIYETHI YKA3aHHBIX QYHKUWH OTHOCHUTEIBHO BCEX M30/MPOBAaHHBIX OCOOBIX TOYEK M OTHO-
CHUTEJIBHO 6ec1<onetmo VOQJICHHOM TOUKHM (€C/I OHA HE SIBJSETCS NpenebHOM Ui 0CODBIX TOUEK).

+z-1
1. f———.
10="50p
4 OcobbiMu TOyKaMu GyHKuMM f siBiasiores: z2p = 0, 2, = 1, z3 = oo. Ilo dopmyne (2), m. 1.1,
HAXOIUM: s
d d (z+2z2-1 2t =2z
res f(z)= hm ' 1 (z f(z)) = ]m%) P (ﬁ) = 11—»o(z——1)2 =

(NPUHATO BO BHUMAHHKE, UTO TOYKa 2z, = (0 — MOJIOC BTOPOro nopsaka ¢yHkuuu f).
Touka z; = 1 ABASETCS MOJIOCOM MEPBOro Nopsinka GyHKUMUHU f, NOITOMY UIS BLIYMCAEHUS BbIYETa
B 3TON TOUYKE NpUMEHUM cdopmyiy (3), mn. 1.1. [Toayyum
. 2tz
res f()= hm fez-)=lm ———=1
-1 z—1 z
CoracHo dopmyinie (2), m. l 3 UMeeM
res f(z) + res f(z) + res f(z)=0,

OTKyza
res f(z) = —
=)
2. f(&) =
sinz’
<« Broukax z;, = k7r (k € Z)dynxkuus f MMeeT NpOCTbie MOIIOCHL. BOCHOIIb3yCMC$I dopmyoii (5),
n. 1.1, B Kotopo#t ¢ = 1, ¢(z) = sinz. Torma zr=ezsk f(z) = Coslzk = coskw = (- 1)*. BeckoneuHo

yAaJIeHHaA TOYKa ABJIAETCS NpEeAeIbHOM 1 0cobbiX TOYEK. P

1
3. f(z) = cos .

5
<« Touka z = 2 — cymectBeHHO ocobag mwisa GyHkuwu f. Ee pasnoxenue B psn Jlopana B
OKPECTHOCTH TOYKH z = 2 UMeeT BUI

B oo (—l)n 1 2n_— 1 1 2
f(z)*g 2n)! (z—Z) _l—i(z—2> tee
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Koaddumuenrt npu (z — 2)~! pasen nHymo, crenosarenbHo, res f(z) =0,
2

CornacHo dopmyie (2), n. 1.3, rgs f(z) +res f(z) =0, orkyna res f(z) = 0. »

1
4. f(z) = 2% cos .
z—-2
« Kak u B npenmnyuwteM npumepe, z = 2 — CylecTBeHHO ocobast Touka Wi Qyukuuu f. Io-
CKOJIBKY

P2=Q4+E-2)’=8+12E-D+6(z—-2"+(=-2),
1 =D 2”_1 1 | 2+l 1\
ST T — Gt \z-2) T T 2\:=2 a\z_2) "

= (8+ 12z -2 +6(z -2’ +(z - 2)°) (1

TO

Z3 cos

1 1
—2!(2—2)2+4!(z—2)“ B

143

_

QueBuaHo, yTo KoabduimeHT npu (z — 2)~! pasen —6 + 51; = ol

. CnenosarenbHo, res f(z) =

143

CornacHo dopMyrie (2), n. 1.3, res f)+ res f(z) =0, orkynma res fxy===-.»

5. fz)=2" sin; n€Z).

<« Touka z = 0 — cywecTenno ocobas wis ¢oyukuuu f. Pax JlopaHa GyHKUMH f B OKPECTHOCTH
Touku z = 0 UMeeT BUI

- (D1 -1 1
f@)=:z - (2k + D)t 2R+ kz: (2k + 1)1 z2F-m+l
=0 =0
PaBenctBo 2k — n + 1 = | HeBo3MOXHO, ecsiM n < 0 WM eciu n € Z — HeyeTHOE. B yKa3aHHBIX
cIyqasax res f(z)= res f(z)=0.
Ecnu n=2m (m 0), To II1aBHAs YacThb psna HopaHa dyHKuMM f GyleT cooepxarh WieH
("1) -1 _ (_1)2 -1
zT = z .
(2m+ 1) (n+ 1)
Zl

CrienoBaTesIbHO, IS BCeX YETHBIX 1 € Z, res f(z) =

(nw, . B yactHocty, pu n = 0 res fz) = L.

IIpumenus dopmyny (2), n. 1.3, nonyuum, qTo VTS BCEX YETHBIX 1 € Zg
-3

res f(z —res z —
o5 f(2) = —res f() = <

B yactHocTH, npu n =0 res f(z) = —1. »
e o)

152> = 112° + 4z + 6
6. =
1@ 223 1)

« [peacrabisag GyHKIMIO f B BUAE CYMMbI NPOCTBIX APOGEM, TOMyduM:

1) 2 3 + 4 + 3
2=—— — 4+ —— .
22 z4+1 2z-1)
OcobbiMu Toukamu GYHKUMM f asmsiorest 2, = 0, 2z, = —1, z3 = 1, z; = 0. Hocxonbxy TOYKH
z1, Z; U z3 — TIPOCTbie MOMIOCH! GYHKIMUU f, TO res f(z) = 2 rels f(z) =4, r?s f(z) = 5. CornacHo
0 -

dopmyne (2), n. 1.3,
rss )+ re‘S fz)+ r?s f()+resf(z)=0

OTKYyAR
res f2)=- (rgsf(z) + rf,ls fz)+ res f(z)) =-75.»
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7. HaiiTi BeiueTs! BCeX BETBEH MHOTOZHAYHOM $yHKUIMH

1
0= Bivast

BO BCEX €€ KOHEYHBIX TOYKaX ONHO3HAYHOIO XapaKrepa.
« Y3 npencrasnenus dpyHkuuu

V2vz -z +1

z~-1

f@)=

BUIHO, YTO OHA YeTHIPEX3HAYHAA M YTO KOHEYHOM 0cobOi TOYKOM OQHO3HAYHOro Xapakrepa Uil Ka-
XIOM M3 ee BeTBEH ABIgeTcA npocroi nomoc z; = 1. Touxkut 2z, = 0 u z3 = —1 ABIAIOTCA TOYKAMU
pa3BETBIIEHUS, T. €. OCOOBIMU TOYKaMM HeOZHO3HAYHOI'O XapaKTepa.

Beuzenum yeTbipe omHO3HayHbie BeTBU GYHKUMHU f B obinactu C (mockoctu C ¢ BrIGpOLIEHHOM
OTPUUATE/ILHON AeMCTBUTEILHOM TONYOChIO) MX 3HAYEHHAMH B (PUKCUPOBAHHOM TOYKe, HaNpUMeED, B
TOYKe z = 2:

A =2-V3, K@ =-2-V3, HE@=2+V3 fQ)=-2+V3

Toraa nomy4aumM:

fi) = —— (\/2121 (cos 222 415 B2) - V11 T] (COS arg(z +1) . arg(z + 1))) ;
z—1 2 2 3 5
@) = z—é—l (— v 2lz] (COS—? +isi afsz) -Viz+1] <cos arg(22+ D + ¢sin arg(z2+ 1))) >

fi(z2) = —f2(z), fuz) = ~fi(2).

TaxuMm obpasom,
res fi(2) = lim(z - D) = V2-V2=0,  resfi(2) = lim(z - Dfo(2) = =v2- V2= ~2v2,
tes f(2) = 2V72, res fo(2) = 0. »
2
= 4_‘:4_

<« Bocrnionmayemea dopmynoit (3), m. 1.1, u npaBwioM Jlonurans pacKphITHA HEONpPEAEIEHHOCTEH
Buga 3. HMomyum:

z
8. Joka3aTb, 4TO ecliu z, SABIAETCS NOMIOCOM GYHKUMH 2 - f(2) = Y
24—

Z g z(z—z,,)_li 22—z, 1 222 — 2,2 12z,2,—z,2,__z,2,

T,S 24 —at z_.ril,, 24 —at z—.n:., 423 Z z_.n:., 2 —at+at Z at T 4at >

eZz eiz
9. Hairu: a) res ——— 1P ; 6) res = (a € R).
<« a) Cornacuo dopmyne (2), 1. 1.3, uMeeM:

2z 22 2
e e 1. d , 2
res = —res =—=lim — e** = =2¢".
- (z - 1) P -1p 2.md2€

6) AHaJIOTHYHO,

e:z elz elz . elz . elz
res—z-—;=— Ics —2——2+ res ) = - lim — + lim T =
o 2‘+a z=ia 2°t+ @ z=—ia 2°+a z—iaZ+18 z:—o-iaZ—10

(e"“ e® ) 1 et — e~*®)  siniaq
. >

2ia  2iq

a 2i a



§ 1. Onpenenenne Boryera. OcHoBHas TeopeMa 251

10. Haitrn Briyerst cnenyoumx QYHKIMH OTHOCHTETbHO BeeX KOHEYHBIX W30JUPOBAHHBIX TOUEK
U Ha O6ECKOHEYHOCTH, KOIZla OHa SBJISETCS M30IMPOBaHHOM 0co00i TOUKOM:

. z
a) f(Z)=-‘sz

1
. = h -
TR b o

1 1 1 1
=-11 —_— ]
B) f(2) z(+1+z+(1+z)2+ +(1+z)")
<« 3) Bocrnonnsyemcesa ¢opMmynoit (3), n. 1.2:

1- -2 1+ 2
) = lim 2zsin 2L cos z+l
Zro0 2 2

z
res sin = lim z (sinl — sin
oo z+ 2200 z

=cos 1.

= ¢os1 lim z(l—-—z~) =cos]1 lim
z+1

z—+00 z—oo 2

CornacHo dopmyne (2), . 1.3, uMeeMm

z
res sin = —res sin = —cosl.
~1 z+ o z4+1

kat

6) OcobbiMu ToukaMu GyHKuMM [ ABIAIOTCA 2; = (k € Z). Touka z = 0 — MOMIOC BTOPOTO
TIOpSXa, a TOYKM 2; Npu k # 0 — moniockt nepBoro nopanka. IIpuMmenus dopmyny (2), n.l.l,
MOTYyYUM:

res f(z) =lim —

d z C l=-e ™ +h2)
(___) = fim —— T8

zoodz \1—eh= 240 (1 _ e—hz)z
1= (1+h2) (1= hz+ 22 4 o(z2) 2.1 Rl 2
. 2 . 1~—1+h2-‘—2—+0(2) 1
= lim 3 = lim 5 3 = -
20 (A1-14hz+o(z)) 20 h2z? + o(z?%) 2

[ BblUMCTeHHs BeiYeToB QyHKUMM f B Toukax z; (k # 0) BocnoassyeMcs dopMynoi (5), n.l.1,
nonaras p(z) = L, ¢(z) =1 - e™**. Torza

2kmi
p (32) 1 1
res f(z) = = — = ., k#£0.
zp A P2, =), Zhxi _he—z",:"h 2kwi
1 1 - k
B) [Iput |z + 1] < 1 nMeeM ; = — 5 = — 2 (1 + 2)°,

k=0

T 1)) =
rff 7 +1+z+”'+(l+z)" =
‘rf’f<( 1-(1+2)—(1+2) ‘...) <1+1+z+...+(1+z)n))—

1 2 n |
1'_6‘3 1+ 2z (1+z)"“‘ 14z ( ) )
Hanee,

1 1 1 1 1
res{ —|( 1+ .+ =14+ +— ot —— = 1
0 (z( 1+::+ (1+z)")) ( 142 *- (1+z)"),=o nrh
1 1
(;( . +m>)—n—ﬂ-—l——].’
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11. Briyscnnts MHTErpassL

d
a)/ T To=(1r7%) 7R =z €C: 2l =R}, n < B <1, neN;

621(12 —

6)/,/?d 7,,7, ),7,:{Z€C:|z[=r},r>2unpn Gombiux fz| /=5 =1+ o(1).

« OKpYXHOCTb Y, OXBATBIBAcT 47 + 1 MO/OCa MOABHTErPAILHON QyHKUMM: TOUKy 2z = 0 u Ha

K2KJIOH OKPYXKHOCTU 7,5 = {z €C:|z|= \/—} (k = 1, n) nexur yeTsipe nomoca z,, = Vke' T
(m =0, 1, 2, 3). CornacHo dopmyse (1), r. 1.3, monyaum:

zdz .
‘/621”'22 —1 = 2m < 27”2 — +ere" elrtzz . > -
T'r m=0
1 Z" 23 1 1 .n

k=l m=0
6) Bocrionbayemcs dopmyJioii (2), m. 1.2:

4z =2mi z

———dz =2mwires 4 | ——.

z42 ? :o z+4+2

ry
Torna
1 . 1 1 .
dz——27rz res = =27t res l:—27rz res 1—;+0 o = -27i. p»

+1)° b

12. Jokasars PaBEHCTBO

_/ &+ 1)dz ot

2G_a)b-2 brib—a)

Tr

3mecs I, =('y,,'yf) v ={z2€C: ]z|—r} 0<|a|<r<|b|

<« Tlockonbky z € , = 22 =17
(z + 1)dz
(1-2 (rI—az)(bz — 1)

2 2
TonbmTerpanbHas GyHKUMA WMeeT [BA NPOCTHIX MOMOCA 2] = o M z; = %, MpPUYEM MOMIOC 23
OXBATBIBaeTCS KpUBOil 7, . [loaToMy
Iz omi 2441 27 i 2+ 1 omi P+t
=2mires ———————— = — lim = 2xi .
22 (PP—az)bz—-rl) b 2rl-az b4ri(b — a)

b

dz
13. Bouucnurs /m, I'= ('Yy ’Yop)’ y={2€C:lz{=2}.
r

4 OKXpYXHOCTb 7 OXBATHIBAET ONHY OCOGYIO TOUKY MOABIHTErpajbHoi GyHkuuw |2| = 1, cregopa-
2kn

TEJIPHO, TOUKH Zj = eSS (k (k =0, 4) — ee npoctsie nomocsl. Cornacuo dopmyne (1), m. 1.3,

dz
/ Gon@-n " 2_:"35 G- 3)(z5 -
r
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ITockonbKy
4

1 1 1
;rff P VP PR T L v S P v

TO

z 1 1
f(z—3)<z5—1>=_2 (‘? RSN <z—3>(z5—1))
J

B OKPECTHOCTH Z = OO HMEEM

1 (L3, (3 L1
GCoHE-n #F\ Tz T\Z) T MR

CJIEOBATENILHO, res = 0, noaromy

[ 3)(25 D)

-3 dz il 1 27 T
wires —————— = —Imlim —— = —— = -—.
G- 3)(25 -n P =3 -1 bl I N YO R TY
HpPIMeHPIB dopMyiy (2), 1. 1.3, Mbl u36€Xanu rPOMO3IKMX BbYUCIEHHI. P

zdz
—— I'= ,y={zeC:z-2/=1}.
ey T hm) oy ={ |z -2 =4}
4
« OKpYXHOCTD -y OXBaTBIBAET OIHY U30JIMPOBAHHYIO 0COBYIO TOUKY 2 = 2 NMOABIHTErpaIbHON QyHK~
LHH f, SABISIOLYIOCS ee TIOJIOCOM BTOporo nopsaka. CrieaosaresbHo,

14. Boiucnuts I =

1= 2mires f(2) = 2mi I d( -2 2'1'd(z>2'1' L onie
= LT = 1 —_— = —_ =21 - .
res f(z o (z = 1)z -2y o \z =1 lzl—'ml(z"])z i
3dz
15. Bbmncnum1=/£1?, =(‘7,%p),‘7={l€‘c'-‘l|:1}-

T
« IloapiHrerpanbuas QyHKUUSA f UMEET MPOCThIE MOJIOCH B TOYKAX
1 i n+2kT

zk:—;ﬁe 4 (k=0,1,2,3).

CornacHo ¢opMyre (1), . 1.3, umeem

3

I=2mi) res f(2).
2

k=0

Tockonbky Z res f(z) + res f(zy=0,10 I =271 res f(z). U3 paznoxenus

k=0 *
70 1 1 1 1 1+
=— | —— | =— {1 - —+...
( 2z 1+z+4 2z 224

crenyerT, 4To res f(z) = ~¢_| = —% (cM. dopmyny (2), n. 1.2). CnegoBaresnbHo, I = 7t. »

ez
16. Boruucnums I = / m dz,T'= (’Y, ’Yop)v y={z€C:lz{=1}.
r

« Iloavinrerpanpnas QyHxuMs f HMMeeT MOMIOC BTOPOFO Mopsaka B TOYKe z; = 0 U npocTbie
MOOCH B TOYKAX 23 = —3, 23 = 3, OQHAKO OKPYXHOCTb 4 OXBATHIBAET JIUIIb TOYKY 2, TOITOMY

d. e L. ez =22-9) 27
I=2xi res = — = A o e £ A i
fz)= 2,7” ilin - ( — 9) 27i 113}) Ty 5
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1 1
.B = — in—dz, T, = (7., 77 ), ¥r = C:lz| =r}).
17. Bouucnuts I 27“,/‘smz z, T, (‘y,‘y ) v ={2€C:|z|=r}
Iy

« Touka z = 0 gpiaseTcs CyLIECTBEHHO 0CO60# Wik MOABIHTErpabHOM PyHximy. TTOCKOIBKY

1 -1y
= 2 @n + Dz

n=0

TO reosf(z) =1, I=r§sf(z)= 1.»

1 1
18. Beumcauts I = — /sinz -dz, I'= (’y,, 73"), v ={z€C:|z]=r}.
27 z
T,

« [TockoneKy B pammoxesuu B psj Jlopana

oo n

11 2 1S (=) (2
22

c==(1=-cos= === ul
e 2( C°Sz) 2; (n)! (z)

OTCYTCTBYeT WIEH BHfa c_iz !, TO reossin2 1=0,I= rcgssin2 i1=0»

1 2
19. Bsrumcauts I = T/z"ez dz,n€Z, T, = (7,, 73"), 1, ={z€C:lz]=r}.
)
Ty
4 [Tockonbky

S

g+l

2
Tonpu n = k—1, k € Zy, T.e. ipu n = —1 resz"ez = G- anpu n < ~1 resz"ez = 0.
0 : 0

CrnenoraresbHO,

2n+l
2 — -
I=resz"ez = { (n+ 1)!’ ecm n 2 17
0 0, et n<-—1p

2

d
20. Bermcnuts I = / — 2 @>1.
a+ cosyp

0
« [IpoussesieM B uHTErpaje 3aMeHy TiepeMeHHol €'Y = z. Torna

dz 1 2z 2 dz
dp = =, = L I=5 [ 2 r={(y, ={z€C:lz =1}
(P at+cosp 224 2az+1 1/z2+2az+l (7 70")’ r={zeC:ld=1}
T

VpasHeHue z° +2az + 1 = 0 umeer KOPHHM 21, = —@ £ Va2 — 1, nipudeM Nullib TOYKA 2 = —& +
Va? =1 oxsathiBaeTcs OKPYXHOCTBIO 7 (T.K. |[Val—1—a| = ‘—-T‘——m‘ < 1). Ho dopmyne (1),
a a‘—

n.1.3, nmeem

2 1
= -~ 27 = 4
I= S am s o e vl 5524

- >
sz, var -1
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27
dp
21. Beuucmts I = / m (a>b>0).
[

<« Bocnonn3yeMcs peleHueM TIpeAbIOyiliero NpuMepa. Ui 3Toro npeacraBUM uHTerpan I B Buge

2% 2r 2r 2 2r
1 adyp 1 dy b cospdp 1 dy b d dy
“af (@+beosp)? a | a+beosy a | (a+bcosp)?  a a+bcosp db [ a+bcosy |
0 0

0 0 0

CornacHo penleHuIo npuMepa 20 uMeeMm

2 I
dp 1 dp 1 2w 2
a+bcosp b %-f-cosgo_b g2__1ﬂ\/az—b27
0 0 V #

2

d dy _d 27 . 2=b
db | a+bcosy db\vai—b) (az—bz)%,

1]

I:l< 2T 2mb? >= 2T (az—b2+b2)= 27a >
a

+ 3 3 3
Vva? —b? (a2 — b2)2 a(a? - b?)2 (a? - b1

27
d
22. Boucnuts I = —__go—
(a + bcos? p)?
0

<« AHaJIOTUYHO NpeablayleMy, npeictaBuM I B BUze

r 2T I 2

I= 1 dy b cos’ pdyp 1 dy + bd dy _
“af at+bcosly a f (@a+bcosiy)?  af a+bcosly adb ) a+bcosty
0 0 0 0
2r 2
1 d d d
a a+bcos?yp db / a+bceosiy
0 0

Ionaras 2¢ = ¢, nony4um:

T 27 4
d .od 1 dt b b
14 = 14 ==f ————0 1 A=a+-,B=_.
a+bcos?p A+ Bcos2p 2 f A+ Bcost 2 2
0 0 ]

IIpynuMas Bo BHWMaHHe pelileHue NpeAbLIyLIEro IpuMepa, a Takke TO OOCTOATENLCTBO, YTO TIPH
v3MeHeHuM £ oT 0 10 47 3aMKHYTHil KOHTYP, OXBaTbIBaIOLIUi MOMIOCH TOOBIHTErpayibHOM QYyHKIWH,
obXomuTCs OBa pa3a, MOJYIMM

4x

1/ dt _ 2r 27 2
- 7 B2 - 2 ’
2 A+ Bcost A2 B /(a+%’)2—"1 va? +ab

[ 3

IMockoneky

x
» 3 / dy . 27 ) _ wab
db / a+bcosty ~  db \ Val+ab (a2+ab)'%’
o .
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TO

1 27 wab w 2 m(2a +b)
I=- —==- ) = 2(2((1 +ab)—ab)=g———§-.>
(a? + ab)2 a(aZ + ab)? a2(a+b)?2

2=
23. Bouuvcmurs I = /e““s“’ cos(np —sinp)dp (n € Z).

0
< Bocronrsyemcsa ¢opmynamu Dittepa ans nMpeodpa3oBaHus NOABIHTErpaipHOM GyHKuud. MMeem

S . 1 P —si - —si 1 : —ip s ip
econp COS(ﬂ(p —sin <P) — _2_ ecosgp (ez(mp sin ) te (ne—sin gp)) — 5 (etmpee te 1"(,766 ) .

[Ipoussens B UHTETpaie 3aMEHY e = t, mony4uMm:
! P R py
I=> (t et +t e)dt, I=(7, %), Y={t€C:|t|=1}
T
Cornacro ¢opmyine (1), n. 1.3, Haxomum:
I=0, ecmun < 0,

1
I=m7res (t"_le? +t_n"1et) =1r( Ly L,) =2 ectun20 »
¢ !

n! n!

L
-

24. Boruscmnts I = /tg(:c +ia)dz.

0
« [Ipeobpasyem noabIHTErPTBHYIO (DYHKIIMIO C TOMOLUBIO (opMyn Diliepa:
ei(z+ia) _ e—i(z+ia) 1 eilz: _ eZa

i (ei(z+ia) + e—i(z+ia)) T i w4 ela’

tg(z + ta) =

[onarast €' = ¢, nocite 3aMEHBL IEPEMEHHOI B MHTETPANE MOIYIHM:

1 t—e>

I=— | ———dt, T= ={t =1}

2/“”62&) » T=(nm), y=f{teC:=1}
r

Ecnu a > 0, TO OKPY>XXHOCTD 7 OXBAaThIBAa€T JIMiUL TOUKY ¢ = (0 — NMPOCTOH MOJIIOC NMOABIHTErPATbHOM

¢ynxinu. B sToM cityyae umeeM

t — el t— el
I=—mires ——— = —milim ——— =
o bt + e2) t—0t + e
Ecn a < 0, To KpoMe momoca ¢ = ( KpuBad -y OXBATBIBAET ¥ NOMIOC ¢ = —e’® NOBIHTErPaTbHON
dyHKuMH. B 3TOM Citydae
t—e™ t— e 2e™™
res —————— = lim =—— =2
—elx t(t + ela) t——elx t __ela ’
t—e™ t—e™
I=—msi| res + res =—ri(~1+2) = —mi.
( o t(t+eX®)  _ea t(t+ ez"‘)) ( )
Ob6a paccMOTpPeHHBIX ci1yyast oObeIMHAIOTCS B OfMH: I = wisgna.
[Ipu o = 0 JaHHBIA MHTETPaI PACCMATPUBAEM B CMBICIIE [JIABHOIO 3HAYCHUI:
k4 %_E kg
N . =0 . z=Z 4e
I=v.p [ tgxzdxr = lim tgxdz+ tgxdr | = lim lncosz‘ - +lncosz' 2 =
€~+0 e—40 =g -e z=7
0 0

ks
5 te
2

—sine

ct0 sine

= lim (—lnsine-Hn(— sine)—-ln(—-'l)) = 1im0 (ln ( ) - ln(—l)) =In(-1)-In(-1) =0. »
&=
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§ 2. Lleanie 1 MepomMopdHbie GyHKIHH

2.1. lesmie ¢pynkumn.

Onpenenenne. Pynxyus f, anasumuyeckasn o eceii naockocmu C, naszvieaemes yenolii.

W3 onpenesieHns cilefyeT, YTo Ueias GyHKUMS He MMeeT KOHEYHBIX 0cobbIX ToyeK. Touka z = oo
SABJIAETCA U30IMPOBAHHOMN 0coboi TouKo Uesoit dyHkumu. Ecim 2z = 0o — ycTpaHumas ocobast Touka,
To o TeopeMe JInypuina uestast GyHKUMS SIBASIETCS TOCTOIHHOMN.

[lyctp z = 0o — momoc uesoi ¢yHkumu f. Toraa ee paztoxenue B psig JlopaHa B OKPECTHOCTH
BECKOHEYHOCTH MMeEET BUL

oG oG
J@=cz2"+.. . +az+c+ Zc_nz_" =P, (z)+ Z Cnz ™
n=1 n=1

Oyukuusa f — P, yIOBIETBOPSET YCIOBUSIM TeopeMbl JIMyBUIITA, TAK KaK
lim (f(2) = P.(2)) = 0.
zZ—OC

Otciopa umeeM f(z) — P,(z) =0, wiu f(z) = P,(2).

Utak eciv GyHKuMs f 1e1aa ¥ uMeeT Ha GECKOHEUHOCTH TIOJTIOC, TO OHA SIBJISIETCS MHOTOWIEHOM,
T. €. LIEJIOH paloHanbHON PYHKUMENA.

Lebie GYyHKUMY ¢ CYLIECTBEHHOM 0COBEHHOCTBIO HA BECKOHEUHOCTH HA3HIBAIOTCS UeAbiMU MPAHC-
uendenmuoimu ynr yusimu. TlpruMepamu Takux QyHKUMA SABISIIOTCS 2 — €°, z v C0Sz, 2z + Sinz.

2.2. Mepomopdume dynkimun. Teopema Murrar-Jleddepa.

Onpenerenne. Pyuxyus f, anasumuveckas ¢ C, 3a uckarovenuem AUWb notocos, HA3vLeaemcs me -
pomoproi.

W3 omnpenenenus cienyeT, 4To y mepomopdHoil dyHkuuu f B Iutockoctu C HeT HUKAKUX MHBIX
0COGEHHOCTEN, KPOMe TMTOTIOCOB.

Lespie hyHKUMM 06pa3yioT oakiace knacca MepoMopdHBIX dyHKuuMiA. [1oCKoIBKY KaXKABIH 110JTI0C
ABJIACTCS. U30MHPOBAHHOM 0C060i Touko#, To MepoMopdHas Gyuxuus f He moxer umeTh B € Gonee
4eM CYETHOE MHOXecTBO NomocoB. [eiictButensho, B Kaxaom kpyre Kr = {z € C : |z] < R},
R = const, MOJIOCOB MOXET OBITh JINIHB KOHEYHOE YMCIIO, B IPOTUBHOM CJIy4ae CYIECTBOBIA OBl MX
KOHCYHasi NpeaeJibHas To4yka, Koropasi 6bputa 61 HEM30IIMPOBAaHHOMW 0COOOU TOYKOM, a HE IMOJIIOCOM.

Takum o6pazomM, Bce MOTIOCH MEPOMOPGOHON DYHKLIMY MOXHO M€PeCHUTaTh, HAPUMeD, B MTOPSIAKE
BO3PAcTaHus UX abCOMIOTHBIX BEJIMYMH.

PaccMmotpuM nBa ciyyast. [Iycrs dyHkumsa f umeer:

1) KOHEYHOE MHOXECTBO I10JIIOCOB;

2) BeckoHeuHOoe (CUETHOE) MHOXECTBO MOJTIOCOB. o

B ciyyae 1) GeCKOHEYHOCTD SBNSIETCA H30JIMPOBAHHOM ocoboit Toukol. [Iycre {b;; j = 1, m} —
MHOXECTBO NOMIOCOB GyHKUuu f, B; — nopsangok noyoca b;,

- + < +.. 4+ 2,
—b;  (z=b) T (z-b;)P’

— DJIaBHAas YacTh JIOPAHOBCKOTO pasnioxeHus QyHKuMH f B OKpeCTHocTu momoca b;. PaccMorpum
byHxumo

g;(z) = 7

m
z = p(z) = f(z) — E 9;(2),
=1
KOTOpast ABJAETCA LETOMN, NTOCKONBLKY €€ YCTPAaHMMBIE TOUKH b; MOXHO CYMTaTh YCTpaHeHHBIMH. Tak
KaK

Jim Zgj x)=0,
j=1

10 dyskumu f 1 © npH nomxone K BeCKOHEUHOCTH BelyT ce6sl OMMHAKOBO.
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IIycts f (a 3HAYMT U @) MMeeT Ha GECKOHEYHOCTH ycrpammy]o oco6yto Touky nwim nomoc. Torna

n
p(z) = Zakz", fi@)= Zakz + Z.‘h( )= B@)
Py(z)’
k=0 k=0
rae P, u P, — HEKOTOpbie MHOTOWIEHEI,
JlokasaHo CIleAyIoIINE YTBEPXKICHHUE.
Teopema 1. Ecau mepomoppras gynkuus f umeem na GeckoneMHocmu ycmpanumylo ocobyo mouxy
UAU NOAKC, MO OHA AGAAeMCA PAYUOHAAbHOL QyHKyUel,
Ecnu xe y MepomopdHoil QyHKUMM f GECKOHEUHOCTD ABISETCS CYLIECTBEHHO 0cob0# TOUKOH, TO
TaKy10 (QYHKIUIO MOXHO TPEACTABUTE B BHJIE

£&) = p() + Z-‘h @), )

THE ¢ — HEKoTopas ueitas GYHKUMI, OTIMYHAS OT MOJIMHOMA.

Paccmorpum Tenepn ciydait 2), korna MepoMopdnas ¢byHkuus f uMeer GeCKOHEYHOE MHOXECTBO
nomocoB. TakuMu GYHKUKMAMHU, HAlpuUMep, SBSIOTCA 2 +— tgz, z +— ctgz. [JokaxeM, 4YTO U B 5TOM
ciydae g GyHKuMM f MOXHO noayuuTtsh (HopMysy, aHamoruydyio (1).

Oupenenenne. PA0 mepomop@uux dyniyuii Y . g, Havigaemcs cx00auumca (PagHoMePHO X0~
dawumca) na muoxwecmee M C C, ecau aulub KOHeuHOE HUCAO YACHOB8 I3M020 psda umetom nomocst Ha M
U nocae yCmparerus Imux reHoe pad cxooumcsa (pagromepro cxodumcea) va M .

Teopema 2 (Murttar-Jlepdnepa). Kaxoii 661 Hu 6biaa nocaedogamenbHocmbv mouex (b ),
lim b; = oo, |bi| < |b2] < ... u nocaedosamenvrocms Gyniyuii (9;) euda
T— 00

A .
g:i(2) = Z(z RS

cywecmeyem mepoMophnan yuxyus f, uMeiowas nosiocsl € moukax b; ¢ 21aeHLIMU YacmAMY 8 HUX, Pag-
HbiMu g;(z).

4 He orpannunpag obuHoct! cuutaeM, yro b, # 0. Dyukuus g; gpigercd aHATUTHYECKOH B
kpyre K = {z € C : |z| < [b;]} u, cnenosarenbHO, MOXET ObITH MPEJICTABNIEHA B HEM CTENEHHBIM PSIOM

e ()0
9i() = Z“" O . @

Pukcupyem g ER, tne 0 < ¢ < 1. Kpyr K; = {z 6 C: [z} < q|b;{} xommakTHO NpuHamexur KpyTy K,
B CUITy Yero psn (2) cxoguTcs B HeM abCoOTHO U paBHoMepHo. ITo3ToMy cyliecTByeT Takoe n; € N,
4TO

g | 1
9 O & 1

9;(2) - o <5 Vz€K;.
k=0 )
OGo3HaYnM
ni o (k)
(0
Pi(2)= g]k—'() 2.
k=0 :
Torna

|g,-(z) —P,-(z)l < 2% Vz € —K—,-.
PaccMoTpuM psn Z(gj — P;). OH paBHOMepHO CXOmMTCs Ha JoOOM KOMIIaKTe K C C B cmpicre
JIRHHOTO Bhillle onpenesieHus. J{edcTBUTENLHO,
VKECCINeN:Vsn>NKCK, ={z € C:|z| < q|b.|}-
PaccMoTpuM psn 2(9, P;), j 2 N. Ero wieHsl SB/IMI0TCH aHAUTHIECKUMH QYHKIMAMHI Ha K
M MAXXOPHPYIOTCSI T€OMETPUYECKOM nporpeccueit Z TR j > N. CneposarensHo, ero cymma fn(z) —
aHanuTHyeckas dyHkuus B Kpyre K.
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Iyctb GyHKuMs f onpemesieHa PaBeHCTBOM
N-1

&= g~ P)+fn().

j=1

OyHxuus f aHanuTHyecKast B Kpyre K, 3a HckmodeHHeM MnomocoB b; (j = 1, N — 1) 1 umeer B b;
DJIaBHbIE YacTH g;(z). Iockonbky K — NMpOH3BOJIBHBLA KOMMNAKT, TO dyHkumna f mepomopcdHas, uMeer
B C 3anmanHeie NomocH b; C [aBHBIMH YacTIMM g;. B

Caedcmeue. JTiobyio mepomoppuyio ynxyuio [ moxcHo npedcmasumes cymmoli pada

F@ =h@)+ D (Ga(2) = Pa2)), 3)

n=1

DagroMepHo cxolswezoca Ha Kaxoom komnaxme, 20e h — yeaas pynxyus, g, — eaagnble yacmu f0-
panoéckux paznoxcenuii f 6 oxpecmuocmu b, (TMomockl b, 3aHYMEPOBAHB B NMOPSAKE BO3PAaCTaHHSI KX
aOcomoTHRIX BemunH, by # 0), P, — Hexomopbie MHO20UNEHDL,

« IJo reopeme Murrar-Jledduiepa ctpouM byHkuuo fy, roe

’ oG

£62) =D (9a(2) = Pu(2).

n=1

OHa uMeer Te Xe MOJIIOCH U T€ Xe IIaBHbie YacTi B HUX, uro K f. CrenosartenvHo, f — fo = h —
uenast GyHKuusg. »

3ameuanne. Eciu dynxkums f umeer nonioc B Touke 2 = 0 ¢ m1aBHOIA YaCTbio gy, TO B HALIMX PACCYXKACHUSX
Be3ne f 3aMeHUM Ha f — gg.

WHorpa tepmun “MepomopdHas dyHxuma” ucronbsyercs B 6onee obiieM noHnmanni. UmeHHo,
dyHkuMIO f HaspIBalOT MepomopdHoi é ofracmu, ecnu f He uUMeeT B Hel KpoMe IOJIOCOB APYTUX
ocobeHHocTedl. Takas GyHKUMS TakKKe HE MOXET MMETh 00Jie€ YEM CUETHOE MHOXECTBO NOJIOCOB.
Ecym 310 MHOXECTBO GeCKOHEYHOE, TO NPECIbHBIE TOUKH MHOXECTBA MOJIIOCOB IIPUHAIJIEXAT IPAaHULE
obsactu.

2.3. Pasnoxenne mepomopdubiX ¢pynxumii Ha npocreiinme ApodH.

IIycts ¢ + f(¢) — mobass MepoMopdHas yHKUMS, 7 — 3aMKHYTas XXOpIAHOBa KpuBas, OKpy-
JKAOIHAs HAYAI0 KOOPIMHAT K He mpoxoadwias 4yepes momockl GyHxuuu f. Hycts {by; k = 1, n} —
MHOXeCTBO NosiocoB GyHKUMM f, TIpUHALIEKallee BHYTPEHHOCTH v, Vk = 1, n by #0, gx — IaB-
HbIE YaCTH JIOPAHOBCKMX PazyioxeHnil GyHKuuM f B OKpecTHOCTH Iostioca by. Ecu ¢ = 0 — noimoc
dyHKUMKH f, TO IJIAaBHYIO YacTh JIOPAHOBCKOTO pa3/ioXEHUS B €r0 OKPECTHOCTH ODO3HAUUM gy (€CIMU
¢ = 0 He sBisIETCS MOTIOCOM, TO CYHTaeM gy = 0).

Ilycts z — mobast UKCUPOBAHHAA TOYKA, NPUHAICKAllass BHYTPEHHOCTH 7. PaccMOTpuM (yHK-
LKIO

> 9:(0)
CH k=0
(~-=z2

OHa pauuoHanbyas B C, uMeeT Ha 6CKOHEYHOCTH IO MEHBIIIeH Mepe HyJIb BTOPOTO HOpSIKa H, cie-
JI0BaTeJIbHO, €€ BEIYET Ha 6ECKOHEYHOCTH PaBeH HYJIIO.

Bocnonbayemcs Teopemoit Kown st HeOGHOCBA3HOM 06/IACTH, & TAKOKe OfpefiefIeHHEM BbIYETa Ha
6eckoHeuHocTu. TTomyunm

n n

RN SFAC) IR >0
k=0 d&¢ = 1 k=0 d¢ = — res k=0 =0
27t -2z - 27 (—z ~ (—=z
r

e
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Grece T'p = (75, 7%)> Y = 1€ € C 1 [¢] = R} — oKpyKHOCTb, OXBaThIBaIOWAs 7). OTCIONa CexyeT
PaBEHCTBO

G ‘e 1 f(()—’ggk(o
27 -z 2mi (-2
T T

d() I'= (7) 7op)-

n
Dyuxnus f — E Gy aHaIuTHYeCKas B 00J1acTH, OrpaHUYEHHON KPUBOH 7 (YyCTpaHUMBbIE OCOOEH-
k=0
HocTH 3Toi (PyHKUMM cunTaeM ycTpaHeHHBIMH). CorntacHo Teopeme Kouuu

F©O=229:) n

1 k=0 _
= / —, %= f(z)—ggk(n.

r
B pesyinbrate MOJIYYUM PABEHCTBO

= 1
=N a@+— [ L M
k=0

mi [ (-2
r

JIomycTHM, YTO CYLUECTBYET ITOCIEI0BATENLHOCTD (V. ) 3aMKHYTBIX XOPIAHOBBIX KPHBBIX, OKPYyXa-
JOLLMX HAYATI0 KOOPAMHAT ¥ He TIPOXOMSILMX Yepe3 HOOCH (GYHKIMM [, C TAKAMY CBOMCTBAMM:

1) Vm € N v,,, IpUHAIICKUT BHYTPEHHOCTH Yym+1;

2) r,, — 00 IIpH M — 00, TUE T, — PACCTOSIHHE OT Hayaja KOOPHAWHAT IO KPUBOH 7,, .

W3 3T0TO, B YacTHOCTH, CilenyeT, 4yto VR > 0 cylllecTByer Takoe my € N, uro kpyr K = {( € C:
[¢] < R} ¥m > my(R) NpuHanaeXdT BHYTPEHHOCTH 7.y, .

3) lim /fc((%df =0, T = (Ym, Tm)s 2l <R @

m—oo
Tin

3anvieM cdopmyiy (1) ana T',,,. OGo3HauuM Yepe3 n,, YKCIIO MONIOCOB, OXBATHIBAEMBIX KPUBOU 7., .
[omyumm:

R L[ f©
1@ =D 0@+ 5z [ o dG m > ma(R). 3)
k=1 I'm
[lepeitnem B (3) k npenenay npu m — oo. [IpuHuMas Bo BuuMaHue dopmyny (2), umeem
f@) = 1im > g(2). @)
k=1

Taxum obpazom, dyHkumst f B kpyre K g 1IPEACTaBICHA B BULE 11PEACIIA 110CIEL0BATEbHOCTH CYMM
[JIaBHBIX 4acTelt €€ JIODAHOBCKMUX Pa3/IOXECHUI OTHOCHUTEJIBHO TTOJIIOCOB, NPUHALIEKALINUX BHYTPEHHO-
CTH Yy, -

VkaxeM HOCTATOYHBIE YCIOBMS CrpaBemiMBoCTH ¢opMyJnl (2). M3 oneHku

L [r@u]
e [10% L [ircnian

Fm

CJIEIYeT, YTO HISl BHINOTHEHWS COOTHOLIEHHS (2) ZOCTATOYHO, YTOOH!

T [l =M, M <o ®

IMokaxeM, gyro pasnoxeHne QyHKUUH f MOXHO NONMYYWTH W Npu Gojee CnabbiXx OrpaHUYCHUSX,
yeM (2).
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HYCTL CYWIECTBYET TAKOE LIEJI0€ HEOTPULIATE/IBHOE YUC/IO p, YTO

lim L./—-ILd(=O, lz]| < R. ©)

mesoco 271 <p+l(< —Z)
Fm

JlocTaTouHBIM yCIOBMEM COOTHOMUEHMS (6) ABNSETCS CEAyIOLIEe:

.

Ym
pu |z] < [¢] nmeem

111 oo & 2P+ 2Loom il
Frr R e N i o T s
[oncrasuym nosyueHHoe pasnioxeHue z— B (3):
o F() nH F(Q)d¢
f(x) = ng(z)'*'z /Cn+l i ) ¢(PtY¢ - z)
Ty i

[IpuiHuMast BO BHUMaHUEe PAaBEHCTBA

1 [ 1© £ ™
2ni Cn+l C Z Cn+l ZA

Ly

¥IMeeEM
- P ©
)= ng(z)+ZZAk 27” (‘p-H(C_Z) a,
k=0 n=0 -
wm
- 2! £
= —_— ' 8
F@) =D @) + Pula) + 5 / w5 % ®)
k=0 L.
r
e Pi(z) = E A}c")z” — MHOTIOWIEH CTENEHH HE BHILIE p.
n=0 -
Iepexons B (8) K npeneny npu m — 00 U IIPUHUMAsSL BO BHUMaHue (6), imMeeM
fz)= lim Z(guz) +pe(@), 2l <R. ©

m—no

PageHcrBo (4) (mru (9)) ¥ SABNIETCS UCKOMEIM PazioxXeHHeM MepoMopQHO GyHKUMM Ha NTPOCThIE
npobu.

IIpumep. Haiitu paznoxeHne QyHKUMHN 2z — Ctgz Ha MPOCTHIE APOOH.

Umeem by = kn (k € Z), gr = ;=5 TlycTb 7,, — TpaHHUbI KBaIpPaTOB C LIEHTpaMy B Hayase
KOODJMHAT K CTOPOHaMu WIKHHON (2m + 1)7, NapauieibHbIMK KOOPAHHATHHIM ocsIM. OUEeHMM Ctgz Ha
CTOpOHAaX KsajpaTta: 1) napauleJIbHBIX MHMMOM OCH; 2) NapaUIe/IbHBIX NEHCTBUTEIBHONU OCH.

) z=%202m+ 1)3 +1y,

e¥* +1 e*i(z’"*‘)"e'zy +1 -e™ 1:
|ctgz| iz _ | efi@m+l)wo—2y _ 1+e % <b
2)z=:c:|:i(m+%)7l',

|ctg z] [eF@m+Dr 1] S [ —e-7"

eZi:e:F(2m+l)1r +1 e:F(2m+|)7l' +1 14 P
- eZi:e:F(2m+l)1r -1
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.
IIpunuMas BO BHMMAHUE, YTO £ > 1, noydaem:

-r

[ctgz| < Z € Y- (10)

Vcnosue (7) BeinonHsercd ans ctgz npu p = 0. JleficTBUTEINIBHO,
| ctg z| 1+e ™™ 4Q2m+ D 8(1+e™™)
. —

|dz} £
lz| S leew (m+%)7r i—e ™

Tm

Takum obpasoM, Py (z) SIBASIIOTCA NOCTOAHHbIMY (MHOTOWIEHH HYJIEBOU CTEIEHH):
ctg(

P.(2) = A = rkes T
Orciona
B(2)=0, P(2)=—
ITo dopmysie (9) nonydaeM paiokKeHHUe cigz Ha NPOCTHIE ApodH

1 iy 1 1
tgz = — Ii -
gz +m.£noo Z (z——kn+k7r) ’

k=—m

i
ctgz——+z (z—k1r k1r) an

k=—oc

)
(cuMBOII E yKa3blBaeT, YTO k IPUHMMAET Bce 3HAYEHUS U3 MHOXECTBa Z, 3a ucKmodeHueM k = 0).
[IpuHumass BO BHHMaHHE abGCOIOTHYIO B PABHOMEPHYIO CXonuMocTh psana (11), nmociaenHow dop-
MYJTy MOXHO TaKXe 3allicaTh B BUAC

1 = 2z
tgz = — —_—. 12
ces zJ’-E:zz—n%r2 12)

n=1

3ameuanne. B xa4yecTBE ¥, MOXHO GbUIO B3STh OKPYKHOCTU Yy = {z e€C:|z|=m+ %} [pu 3TOM OUEH-
xa (10) octaeTcst NPEXHEH.

PaccMoTpuM 3amauu.
25. C nomowso TeopeMbl Murrar-Jleddnepa Haiith obmuii Bux MepoMopdHoi dyHKuuu f,
KMEIOLLEH NMOJTIOCHI BTOPOTO NOPAIKA B TOYKaX by = km (k € Z) ¢ DIaBHBIMM YacTSIMH B HUX
1

gn(2) = pp—y

<« OueBMAHO, DA/ U3 VIABHBIX YacTel » m, n € Z , pABHOMEPHO CXOIKTCS Ha TIo6OM KOM-

naxre (B CMBICTIE onpeAeeHus . 2.2.), Tak Kak Maxopupyercs B moboM kpyre Kp = {2 € C: |z| < R}
CXOAAILMMCS PSIOM W [TosTomy no ¢opmysie (3), 1. 2.2, nosaras B Heii P, (z) = 0, nonyyaem:
x5

f@=h@+ Y

n=—0o0

(z — nm)?’

26. B ycnosusx 3azaun 25 Haittn bysxumio h, ecm f(z) = ——.
sin” 2z

4 Oyskuug z — h(z) = ;;7: 2 7:;?)7 nepuoanueckas, ¢ nepuogoM n. Hsyuum ee B
n=-o0

nomoce G={z€C:0< Rez £ 7}. UmeeM Vn €N

lz—nn|Z2nr~|z| 2 7(n - 1)
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CiregoBaresibHO,

oG

1 = 1
+2 —— =0 .
Z (Z—n1r)2 |z|2 Z Iz_mrlz _2:“ (n — 1)2x2 - npu z— o0

n=—oc

[Tockonbky |sin z| = sinz + shzy — o0 Ipu z — 00, 0 < Rez £ m, To QyHkuug h orpaHudeHa B
nojioce G M, B CWIY TIEpHMOIMYHOCTH, OHA orpaHudeHa u B Ttockoctt €. CornacHo Teopeme JInysuiig,

h(z) = 0. TaxuM oBpa3som,
1 i
= E —_—
sin? z (z — nm)?

n=—oc

27. C nomoupio TeopeMbl Mutrar-Jleddnepa HalitT obwu# Bux MepoMmopoHoi ¢dyHKuuu f,
HMeroLLIedl TTOMIOCH NEePBOTO nopsiaka B Toukax b, = n (n € N) c¢ BbYeTaM¥ B HHX COOTBETCTBEHHO

DaBHBIMY 7.
z 2
)+... . lzd<n,

4 Hmeem
n 1 z
gn(z): = — - == 1+_+(
zZ—n == n n

SRS U S C) M
9n(2 n_ n n T 1-2 nn-2z) n@z-n)
[IpuiHuMast BO BHUMaHuE, 4YTO
P 1
< v €C:lz| < v
n(z=-n)| "~ Va(n-vn) ez o < Vo,

2
JieJIaeM BBIBOJ O TOM, YTO PSIX E n(:—_n) pPaBHOMEpPHO cxoauTcsa Ha noboM komrakre K C C B cMbicie
olpeneneuns n. 2.2, Urtak, corsmacHo ¢opmyne (2),n.2.2, umeeM
2

@ =h@+ Y n(zz—_n) >
n=1

28. JlokasaTb paBeHCTBO

1 1 = (-D)"2z
==Lt 2 , z#nm (n€Z)
sinz  z — z? — nir?

HMEET NPOCTBIE NOJIOCH B ToYKax b, = nw (n € Z),
(-1)”

z—nm

o Oynxuus z —

sin z

gn(2) =

B KauyeCTBE 7Y, BO3BMEM TPaHMIy KBaApaTa C BepIIMHAMK B TOYKax (m + ') w(£l £ 7). OueHum

W : 1) Ha cTopoHax KBajpara, lapajUieJIbHBIX MHAMOM OCH; 2) Ha CTOPOHAX KBaJpara, NapaUleIbHbIX
neicTeuTesibHON ocu. Umeem

1) + + : +1i !
z = m - T =
2 e | sin z|

1
2) z=z:i:i(m+§> w,

1 2 2 1 1

= . = < -
A e (oD yonn (D] DD (e Dr ST

2
2 =1 <y

ei(m-}-l) =i e-v — :F(m.+ )‘n‘z ey+e—y B Chy

<L
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Taxum obpazoM, oueHka (7), 1. 2.3., Bumondserca npu p = 0, P, (z) = A% = res ——

e s . Orclopa

Py(z) =0, P,(z) = ;. ITo dopmyse (9), n. 2.3, HaxoauM:

1 1 =y 1 (-1)"2z
sinz—zjhz(z—mr+ >_z+§:z2—-n1r2

n=—oo

29. Ioxasath clIpaBe;TMBOCTb PaRIoKEHUs

z z = 21
=1 = - PR —
e: — 1 2*';22_,,_4”2,,2

« 3amenus B (12), n.2.3, z Ha iz ¥ COKpaTHB Ha —¢, MTOJIYUUM:

R

A
cthz==+» ————0.
£=7 _lzz+nz7r2

Orcrona ciexyer, YTo

z z z z z 277
=24 icthi=-Z41 —
o1 Tty T +z_;z2+4n27r2 >

30. Haim pazioxeHue MepoMmopgpHoil GyHKuuKM z — f(z) = 7 ctg vz 6e3 ncnosub3oBaHus Gop-
Myasl (12), n. 2.3,

4 PaccmotpumM psap Pypee dyHkuun = — ¢(z) = cosazx, —7 < < 7. UmeeM

™

o o)
ap 1 2 sinaw
cosaz:7+ E a,cosnr, Tae a, —— [ cosazxcosnzdr = (-1)"— ———, nEZ,
™ ™

al—n?’
n=1
—-—1r
TTosToMy
sinam  2asinarw cosnze
cosar = +————— E —n- Pk
an n
n=1
IIpu = = 7 nosyyaeM:
o0
cosam 1 1
Tctgaw = = -+ 2 3
sinar  « —n?

Ecmm npono/mkuTh aHATUTHYECKH 3TO COOTHOLIEHHE C AEHCTBUTEILHON OCH B KOMILIEKCHYIO TIJIOC-
KOCTb, TO ITOJIYYXM pPeilicHUE 3a1auy B BHJlE

1 2z
wctgnz = — + —_—. >

§ 3. Beckoneunbie NPOH3BEICHUS

Wsyuenne GyHKUMit B KOMIUIEKCHOM TIOCKOCTH MO3BOJISIET YCTAHOBUTD He TOJILKO HOBBIE, MHOTIA
HEOXHIAHHEIE X CBOKCTBA (HAaNpUMeED, CBA3b MEXAY [TOKAa3aTeJbHOM M TPUTOHOMETPHIECKMMU (DYHK-
UKAMM), HO M BRAEIUTb OTIHenbHbIE Kiaccel GyHkuuii. LenecoobpasHOCTb BEUIEIEHKS TAKHX KIacCOB
JO/DKHA GBITH MOATBEPXIEHA UX 3HAYCHHEM M1 Pa3BUTHA caMoil Teopun QyHKusmi U ee PUMEHEHMIA.
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3.1. YucnoBble OecKOHeYHbIE NIPOU3BEICHHA

[IpenmnosaraeTcs, yTo YMTATEb 3HAKOM C IIOHSITHEM BECKOHEUHOTO [TPON3BENEHMS HEeICTBUTEIBHBIX
quceN ¥ HEKOTOPBIMM Pe3yNIbTATAMM COOTBETCTBYIOLIEH TEOPHK.

IIycts (2,,) — npou3BoJIbHAS MTOCIEAOBATEILBHOCTD KOMIUIEKCHBIX UMCEIL.

Onpegenenne 1. Feckoreunoe npousgedenue

[Ja+z o)

Hazbieaemes cxo00auumca, ecau nocaedosamensviocms (P,) wacmuunvix npouseedenuli, 20e

P, =]Ja+20,
k=1

cxo0umes Kk KOHEUHOMY U OMAUMHOMY Om HyAs npedeasomy 3nauenuro P . P, — P, 0 < |P| < 0o, komopoe
>0

Hasvieaemes 3Hayenuem beckoneunoeo npoussedenusn (1) u obosnauaemcs uepes H +z,).
n=1

Eciu cpeny MHoxuTeneit (1 + z,,) ecTh KOHEYHOE YHCIIO PaBHBIX HY/IO, TO GECKOHEUHOE NpOMU3-
BEJEHUE HA3BLIBAETCS CXONAMMCS WIH PACXONALIMMCS B 3aBUCHUMOCTH OT TOTO, KaKUM sIBJisieTCsl Bec-
KOHEYHOE [IPOU3BEHEHUE, MTOyYEHHOE U3 AAHHOTO IyTe€M M3BJIEYEHUS U3 HETO HYJIEBBIX MHOXHTENICH.
B cnyuae, korna cpeay MHoxutened (1 + z,) ecTb HECKOHEUHOE MHOXECTBO HYJIEBBIX, HECKOHEUHOE
MPOU3BEHCHNUE HA3BIBAETCS PACXOMILIMMCS.

B cooTBeTCTBMM C JAHHBIMY ONPENENEHUAMM UCCIIEAOBAHUE CXOAUMOCTH GECKOHEYHOTO IPOU3BEHE-
HUSI CBOIUTCS K MCCIIEHOBAHUIO CXOHMMOCTH OECKOHEYHOTO MTPOU3BEIEHUS, BCE COMHOXUTENH KOTOPOTO
OTIMYHBL OT Hyns. OQ4eBMIHO, Ui CxonuMocTH BeckoHeyHoro npousseacHus (1) HeobxonrMo, YTOOB

lim z, = 0. HetictBurensHo, lim (1 + z,) = lim PP L = % = 1, cienosarensHo, z, — 0.
n—s0 n—ooo Ao C Tl

Teopema 1 (0 paBHOCXOAUMOCTH BECKOHEYHOTO NPOU3BENEHUS U YUCIOBOIO ps-
na). beckoneunoe npousgedenue H(l +2z.) upad Z In(i1+2z,), —r <Imln(l +z,) £ 7, ooHogpemenno
CX00AMCA UAU pacxoosmcs.

« [lyctb 6eckoHeuHOE MPOU3BENEHUE H(l + z,) cxomutcs. Torna lim P, =P, P#0, P # oo,

n— 20

n

e P, = 3 (1+2,), P=re’*. Eom P, = r, e, -1 < g, <7, 1+ 2, = pre’®, 7 < 8 < 7,
k=1
TO ¢Yn — @, O — 0 Mpu z, — 0. OGosHauuM S, = E In(1 + 2z,) Torna
k=1

S, =InP, +2m, i, 2)

rae m, — uejoe yucno. OueBnaHo, 2m,m =6, + 6, + ... + 6, — ¢, H, TaKuUM 0B6paszoM,
27r(mn+l - mn) = en-H - (‘pn-H - Son)

Hockoneky 8,411 — 0, Yny — ¢n — 0, 10 20(M,5 — m,)] < 27 npu mocrarodno GOJIBLIOM n.
[TostroMy m, .y = m,, = m W4 yKasaHHoX n u S, = In P, + 2mni. CilenosaresbHo,

lim S, = Zln(l +2,) = InP + 2mmni,
n=1

T.e. pag y_in(1 + z,,) cxonutcs.
o0

Oycrs D In(l + 2,,) = S. U3 pasencrsa (2) nonyyaem e°* = P, , oTkyna

n=1
lim P, = exp(lim sn) =e° =P,
n—oc n— oo
T. e, 6eCKOHEYHOE TIpOK3BENCHUE H(l + z,,) cxomuTcd.
Ecy Geckoneunoe npousseneHne | [(1 + z,) pacxoaurcs, 1o u pan »_ In(1 + z,,) pacxoaures,
JonycTHB, YTO 3TOT Psin CXOMUTCA, IOMYYUIH G NPOTUBOPEUNE C JOKA3AHHBIM BhILE. AHATOTHYHO, H3
pacXOMMMOCTH Psana 3 in(1 + 2,,) CJIeAyeT PacXONNMOCTb GECKOHEYHOTO IPOH3BENEHS [T+ z).»
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Onpenenenne 2. Beckoneurnoe npouseedenue (1) nazseaemea a6coaomHuo cxo0auumca, ecau Gec-
KOHeuHoe npousgederue
l |(1+|zn|) 3)
cxodumcs.

BeckoHeuHoe npouspeneHue (1) u psa Z Z,, OMHOBPEMEHHO abCOIOTHO CXOIATCA WIM PAaCXOASTCS.
HeficTeuTebHO, M3 oueHKH 1+ [z;] < el*i! cnenyior HepaBencTBa, BoImONHIOMMECT Vi € N;

Izl + 1z + 0+ 2.l < (1 + Izll) (1 + |zz|) (1 + |zn|) g elitinlt o tlen], 4)

n n
YacTHYHBIE ITPOU3BEIEHUA n (1 +|zx l) ¥ YACTUYHBIE CYMMBI Z |z | cooTBeTCTBYIOIMX GECKOHEYHOrO
MPOU3BENEHHS U ‘IMCJIOBOFOkpslma 00pa3yroT MOHOTOHHO Bospackralxomue OCIEJOBATEILHOCTH, KOTODbIE,
COINIACHO HepaBeHCTBaM (4), OMHOBPEMEHHO OTPaHMYEHBI CBEPXY WM HEOTPaHUYEHBI.
Teopema 2. AbcoaromHo cxodaweecs 6ecKoneuroe npoussedenue cxo0umca.
« Ilycts GeckoHeuHoe mpomsseneHue (3) cxomurcH, P, — ero n-4acTMYHOE MPOM3BENEHHUE,
P, — P. JUta wacTUHBIX Npou3BeieHUi 6eCKOHEYHOro npousseneHus (1) umeem

Pn —Pn—l = Pn—-lz'rn
an_Pn—ll = |Pn—l‘ |Zn| = 11+zl| ‘1+ZZ| o |1+zn-—l| |znl < (1+Izl|) (1+|zn—l|)|zn| = ﬁn—ﬁn—h

TaK KaK ‘

n

ﬁnzn(l'i'lzk‘)) ﬁn—ﬁn—l:(l-i-lzll) (1+|Zn—[|)|zn|7 n>2
k=1

ITockonsky ﬁn —~ P, 10 psin Z(ﬁn —ﬁn_l) (n 2 2) cxonuTcs U, COINIACHO TEOPEME CPABHEHUS PSIIOB,
OymeT CXONAILUMCS Pl Z(Pn — P,_)) (n > 2). Oro o3HauaeT, uto P, — Py, Py # 0o. Ocranocs
[I0Ka3aTh, yTo Py # 0.

CornacHo teopeme 1, psx Y |z, | cxommtcs. [TocKOMbKY HauMHasi ¢ HEKOTOPOrO HOMEpa MOZYJIH

[1 + z,| orpaHHueHBI CHM3y, TO psad » 2 | cxomurcs. [lostomy, no Teopeme 1, GeckoHeuHoe
n

NpOU3BeIEHHE n (1 + | Zn l) CXOIMTCH, 3 BMeCTe C HUM M GeCKOHEYHOe MPOU3BeleHUe H‘Im rae

4z,
)

3HaueHne abGCOMOTHO CXOAA1IEroca 6eCKOHEYHOro MPOU3BEIeHUS He 3aBUCUT OT MOPAJKA COMHO-
xuTened. JelicTBUTENBHO, B 3TOM ciyyae CXOOUTCH Pl Z |zn| (mo Teopeme 1). Iycts € = 5‘ Torna
cyuectyeT Takoe n, € N, uro ¥n > n, |z,| < % (TK. |z,| — 0 B cw1y HeoOXOOMMOrO YCIOBUS
cxopumocTH psana) . JUIS yKasaHHBIX 7 MOMyYydeM OLEHKY

2.
4z

g, = 1 (1 - li‘z‘k) (4TOGHI y6eauTcs B 5TOM, NonaraeM Buue P, = q,, P, = 11 (1 +
k=1 k=t

Takum obpa3zoM, cymiecTsyet lim ¢, = ¢o # 0. Tak KaK ¢, = PL" ,To P, = Py #0.»
n—oo

2

In(1 + z,) 1 22 2 z, z2
— = amm T+ ) | = - E -
z zn(z 213 273 S
ST TR OR DI S R
T2 2437 2T

13 KOTOPOii creayer, uto Vn > n, |In(l + 2,,)| < 2|2,,|. CnegosatensHo, pan Y In(1 + z,,) abcomotHO
cxonuTcsl. Teneph yTBepXIeHHE O HE3aBUCHMMOCTH 3HAYEHUsI aGCOJIIOTHO CXOJsILerocsl 6ECKOHEYHOro
npou3belieHUs1 (1) SABISAETCS ClenCcTBUEM PaBEHCTBA

ﬁ(l + z,) =exp (i In(1 + zn))
n=i n=1

(cM. Teopemy 1), MOCKOMBKY ISt aBCOIIOTHO CXOAALMXCS PANOB BHITONHAETCS CBONCTBO KOMMYTaTUB-
HOCTH. :



§ 3. Beckoneynnle NpoOn3BeIeHHA 267

3.2. PaBHOMepHO cxolsHecs OeCKOHeYHble NPOH3neeHus

ITycrs (f») — nocnenoparensHocTh Gynxkumit f, :C - C,uVvn E NDy, =G, me G CC —
Hekoropas obnacte. Torma Vz € G MOXHO pPacCMaTpUBaTh GECKOHEYHOE NMPOU3BENCHUE n(l + f.(2)).
B ciiyyae ero CXODMMOCTH OHO Ha3bIBa€TCH NOTOUYEYHO cxomsiumcs B obnactu G. [Ipu aroM oHo onpe-
nenser B G HekoTopyio pyHxuuio z — P(z). Ecnu nocnenosatenbHocTh (P, ) 4aCTUYHBIX IIPOH3BEE-

n

Huil P, = n(l + fi) paBHoMepHO cxoauTcs Ha moboM Komnakre K C G x ¢dyrkuuu P (P, =% P), To
k=1

6ecKkoHeyHOe IIPOU3BENEHUE n(l + f,.) Ha3bIBAETCH PABHOMEPHO cxo0auumca 6 obaacmu G. COrnacHo

Teopeme 6, n. 1.3, 1. 5, GeCKOHEYHOE NPOU3BENEHHE n(l + f.) CXOmMUTCSA paBHOMEpPHO B obnactu G

TOra ¥ TOJLKO TOTOa, KOrJa MOC/Hef0BaTeNbHOCTb (P,,) ero 4acTUYHBIX ITPOM3BENEHUI PaBHOMEPHO

¢bynaameHTanbHad B G.

Teopema (ROCTATOYHBLIE YCIOBUS PABHOMEPHOHN CXOAMMOCTU HECKOHEUYHOTrO NNpoO-
u3BeneHud). [Ara pagrnomeproli cxodumocmu GeCKOREUHO20 Npou3eedenus n(l + f.) docmamouno cy-
WeCm8o8aHUs MAaKol 4uci08oli nociedoeamenvrocmu (a,,), ¥mobsl 8bINOARAAUCH YCAOGUA:

vneN|f.ll < an

2) Geckoneuroe npoussedenue n(l + a,) cxodumcs.

« [TockonbKy GeCKOHEYHOE ITPOU3BEIEHUE H( 1+a,,) cxomuTcs, To mocnenoBaTensHOCTh (P, ) ero

n
YACTUYHBIX NIPOU3BeneHul P, = n(l + a;) dbyHnaMeHTaILHASA:
k=1

n n+p
Ve>03In, eN:V(n2n,, peN) Pn+p—Pn=H(1+ak)( H(1+ak)—1> <e.

k=1 k=n+l
OueHum
n+p n n ntp
Ha+m-TJa+m)=|IJa+ m( [Ta+sm- 1)
k=1 k=1 k=1 k=n+l

i n 2> n, U Bcex p € N. M3 cBOICTB paBHOMEPHOH HOPMBI UMEEM

n n+p n n+p
H(1+fk)( H(1+fk>—1> <ITa+sml | TT a+m -1 <

k=1 k=n+1 k=1 k=n+1
n n+p
<JJa+ nfku)( IT a+nsn- 1>.
k=1 k=n+1i

O603Hauum B, = n(l + fi). lIpuHuMas Bo BHMMaHUe yciioBHe 1), monyyaeM V(n > n., p € N):

k=1
n n+p
|Pns = Bafl < J [ +ak)( [[a+en- 1) <e,

k=1 k=n+1

T. €. NIOC/IENOBaTeNBHOCTh (P, ) paBHOMepHO (yHIaMeHTabHas U GeCKOHEYHOe NMPOU3BeaecHHE

[Ta+s

CXONMTCA PaBHOMEPHO B obnacti G. »

3.3. Tpencrasienne nenoi Gpysxumn B nuje 6CKOHETHOTO NPOH3BEICHMS.

ITycTe 3anaHa HeKoTOpas TOCIEAOBATENLHOCTD (@, ), MOXY/IM WIEHOB KOTOPOI 06pa3yloT HeyOhiBa-
IOLLYIO TIOC/IEN0BATELHOCTD, NpU4YeM lim a, = 0o, a,, # 0 ¥ cpeam yucen a, MOXeT OBITh KOHEYHOE

MHOXECTBO PAaBHEIX JDyT Xpyry: noee
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PaccmoTpuM 6ecKoHeUHOE npousBeleHue P, rie

2 Pn
P(z)=H(1—ai)exp ai-i-%(ai) +...+;}-(;—> ) (1)

rie 4ucna p,, € Z, Takue, YTo pan
pntl
z
>(2) 2
Qn

abCOTIOTHO M PaBHOMEPHO cxoauTcs B nobom xpyre Kr = {z € C : |z| < R} (B kauecTBe p,, MOXHO
B35Th, HAIPUMED, P, =1 — 1).
ITokaxeM, uro GeckoHeuHOe Npou3Benenue (1) pABHOMEPHO cxoauTCs Ha moboM komnakte K C C.
BeeaeM B paccMOTpeHHe GYHKUIHUIO ¢, , TOE

z z 172\ 1 z \""
g(2y)={1-—Jexp|l —+=| — ] +...+— | —
a,, a, 2\a, Pn \ Gy
Hmeem
| mlioZY L2, 1/( z 2+ + 1 [ 2\ ]
n =In{l-— — 4+ = — e+ — = =
9n(2) a, a, 2 \a, P \ G,

z
an

ITpu

< ¢ < 1 nonmyyaem OLEHKY

pnt+l 1
I €))

IIng.(2)] <

n

Hns moboro xomnakra K C C Halinercs Takoit HOMep ng, 4to Vn > ng K C K, = {z € C :
|z} € g¢la,|}. CnenoBatensHo, psn

D Ingaz) (> no)

MaXOpHUPYeTCsl Ha KOMIIaKTe K DaBHOMEDHO CXONSALUUMCS PAIOM (2), ¥ MOITOMY €ro CymMma sIBJIAETCA
a”anuTHYecKor QYHKUMER ¢, .
Orcioza cienyeT CXOIMMOCTb 6ECKOHEYHOrO NMPOM3BEACHU

[= ]
[ [ 9:(2) = fug(2) = €502, )
n=ng
rne -fno — aHaJIMTH4YEeCKaa (I)YHKLII/IH Ha KOMIIaKTe K , OTJIHUYHasT OT HYJA. BeCKOHC‘!HOC IIpOPIBBe-

ng—1
nexue (1) ommnuaerca oT f,, (z) MHOXHTENEM H g,(2), xoTopslif obpaiaeTci B HyJIb B TOYKAX

n={
ay, Gy, ..., Gy, M TOMLKO B 3TUX TOUKaX. [TockonbKy K — IPOM3BONLHBIN KOMIAKT, TO z — P(z) —
uenas GyHkuud ¢ uymamu {a,; n € N}, a, # 0, npuueM KpPaTHOCTh Hyasl GYHKUMHM P B TOUKE ap
TaKasl e, KaK 1 KOJIMYECTBO WIEHOB IIOCJENOBATENLHOCTH (@, ), PABHBIX YUCIY aj. BeckoneyHoe mpo-
u3peneHue (1) Ha3bIBaeTCA Beckoneunbim npoussedenuem Beliepumpacca.

OueBnano, GyHKIMA 2z +— @(z) = z*P(z) ABNAETCS LMo, MMEIoLEH B TouKe ay = 0 HyJb
KPAaTHOCTH A M NMOCNENOBATENLHOCTE HyNel (a,), a, # 0, lim a, = oo.
n—oc

Teneps Jerko AoKa3aTh TeopeMy Beilepmrpacca o npeAcTarineHuu uenoi ¢pyHKuum B Bune 6ecko-
HEYHOTO MPOU3BEACHUS.
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Teopema (Beitepuitpacca). Jiobywo ueayro gyuxyuio f, umerouyto Geckorneunoe MHOXCeCMEo Hynell,
npuqem z = 0 — nyab nopadka A u (a,) — nocredogameabHocmp ocmanshbix Hyael, -im a,, = 00, MOXCHO

n—oo

npedcmagumb GecKOREUHbBIM RPOU3EEDEHUEM, COOMBEMCMEYIOUUM €€ HYAAM:

oo 2 Pn
— A h) _E 2. (= (=
f(zy=z"¢ H(l an)exp an+2(an> +...+pn . , (&)

n=1
20e h — nexomopas yesaa ynkyus, a wucra p,, evibpanst max, ¥mobst cxoduncs psd (2).
« Tlockoneky dbyukuus z — ¢(z) = 22 P(z) sBiIseTcs LeTON U ee HY/IH COBIANAIOT C HyIAMH
dbynkuun f, To byHxuMS % TAKKE ABJISIETCS LIeJOM (ee YCTPAHMMEBIE 0coOble TOUKM CYMTAEM YCTpa-

HEHHBIMH) U HE UMEET Hyneﬁ B mockocti C. Mo Teopeme MoHOZpOMHMM (CM. Teopemy 2, m. 1.3, r1. 6),
byHxudsa z — h(z) = In (z) TAKKe SBJISIETCS LIEJION M, CJIeIOBATEIEHO,

F(2) = "Dp(z) = 2" P(2). »

3.4. Pa3toxenne sin z B 6€CKOHEYHOE IPOU3BEACHHE,
B xavecTBe NMpuMepa MOJYYMM pa3lfloKEHHE Lenoi PyHKUMHM z +— sinz B GECKOHEYHOE NMPOU3-
BeICHHE. OHa uMeeT HpOCTOﬁ HyJb B TOUKE 2z = 0, a TaxKK€ NPOCThie HYJIU B TOUYKAX 4, = N7

2

(n =21, X2, ...). [TockonsKy psn Z (i) CXOZUTCS Ha JIIOOOM KOMMAKTE, TO B 6ECKOHEYHOM I1po-
n#0

usBenenun (1), n. 3.3, MoxHo B34Th V1o P, = 1. Takum o6pazoM, coracHo ¢popmyre (5), uMeeM

2
h(z nw
sinz = ze"® Il (1———) ,

n=—0o0

!
rae h — Hekoropas lenast pynkuug. CUMBON n 0603H49aeT OTCYTCTBHE MHOXHTENA, OTBEYAIOLLETO
3HavYeHHo n = Q.
[Tycts K C C — npon3BONBHbIA KOMOAKT, He COfepXalluil Hysteil cuHyca. g z € K nonydaem:

OO’ 2
Insinz =h(z)+Inz + Z (ln (1+;) +nz—7r),

n=—0oo

d 1 o 1 1
. — ! - - .
. Insinz =ctgz=h'(z) + . + E (z——mr + n7r>'

CpaBHUBas MONYYEHHOE PABEIICTBO ¢ PA3NOXelIMEM ctgz Ha npocthie Apobu (dopmyna (11), n.2.3)),
uMeeM h(z) = const. Takum oGpazom,

oo
! z =z
sinz =Cz H (1 - ——) enr .
nw

n=—o0

£ = 1 naxomum: C = 1. Mckomoe paznoxeHnue sinz B Gecko-

z—0
HEYHOE IIPOU3BENCHUE OKOHYATECIbHO NPUHUMAET BUI,

==} z

sinz =z H, (l—:—ﬂ_)E ﬁ( _n222>
n=y

nT=—0

2z
B cBa3# C aGCOMOTHOM CXOTMMOCTBIO PSAa (1 - ':Tr) ™7 [IOABUJIACH BO3MOXHOCTb O6BEMHUTE MHO~
XUTE/M € MHACKCAMKM —n U n.,
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3.5. Pon n nopanok nenoii (hyHKIMH.
Ilycts mocnenopatensHocTh (a,) Hyled uenoit dynkuuu f, a, # 0, lim a, = oo Takasg, 4TO
N=>00

psan (2), m.3.3, CXOAUTCS NPU P, = P, TIE p — HEKOTOPOE HEOTPUUATENLHOE LEJoe YUCIIO, IIPUHIEM
OHO HaWMeHblllee U3 BCEX HEOTPHMUATEJIBbHBIX LIENbIX YMCEN, IIPH KOTOphIX psaa cxomurcsa. Torma 3to
YUCJIO p HA3BIBAETCS POOOM GECKOHEHHO20 NPOU3Be0eHUs

2 P
z z 1 z 1 z
P(z)=||(1——(;—>exp a—+§('a—> ++;(a—>

(dopmyna (1), 1.3.3, npu p,, = p). [Ipu arom dopmyna (5), n. 3.3, npuHKRMAET BUx

=] 2 P
z z 1 z 1/ z
f(z):zkeh(z)l I (1—;—) exp a—-+'2'<a—> ++;(a—) . 1)
n:l n n n n

B ciyuae, Koraa h — MOJMHOM CTETIEHH py, FTOBOPAT, UTO PYHKUHUS f ABIAETCA PyHKyUel KOHEHHO20
poda, u BTOT POXI paBeH max{p, p}.

B ciygae OTCYTCTBUS HyJel a,, pol GyHKUUHU f paBeH p;, T.e. CTeneHU NOIUHOMA h.

Hanpuwmep, sin z sBnserca uenoii pyHkuueii nepsoro pona (p = 1, p; = 0).

B npyrux ciyyasx, Kkorfa h — nenas TpaHCUeHIeHTHas GyHKUMS WK pAn 2 Eﬁ HE CXOIMTCs
HHU NPU KaKOM HEOTpUUATeNbHOM p, GYHKUHA f HasbiBaeTCA yeaoil ghynxyuell Geckoneurnozo pooa.

Mycts M(r) = |mlax |f(2)|. Ecmn f(z) # const, To no Teopeme Jluyswuia lim M(r) = oo~ dna

zZi=r

TG
LeJbIX GyHKuMil KOHEYHOTr0 poJa HEKOTOPOE NIPEACTABIEHHE O XapaKTepe CTPEMIIEHUS K GECKOHEYHOCTH
COLEPXMUTCA B CIIENYIOLIENH TEOPEME, BHIXOISIUEN 3a pAMKH KHUTH.
Teopema 1 (Ilyauxape). Fcau f — yesas dynxcyus poda p u o — npousgonbHoe noroxwumensboe
uuCcno, mo A 6cex 0ocmamoHHo GOAbWIUX T BbINOAHACICA OUEHKA

ME < @

B cnyuae, xoraa 4yucio Hyneil PyHKuMU f KOHeYHOeE, OLleHKA (2) oueBUIHA.
Yucio

—InlnM(r)

lim —————

=00 Inr

= 3

HA3LIBaeTCS HOPAOKOM Ueaoli Qynkyuu.
U3 onpeneneHus BepxHero Npenena cielyer, 4To eClNU ¢ KoHeyHoe, To Ve > 0 3ry > 0 Takoe, 4TO
Vr > ry cipaBeUTUBa OLICHKa
MEy<e . (4)
CBs13p MEXY PONIOM U NOPALKOM LEJOM GYHKUMM f YCTAHABIUBAET CNEIYIOLIAs TEOPEMA.
Teopema 2. Ecau pod p yenoti pyuxyuu f Koreuen, mo Koneuer u ee nopsdox q, u HaoGopom, nputem

p<gspt+l %)

<« CnipaBe/UIMBOCTD EPBOii YaCTH YTBEDXKIEHMs M HepabBeHCTBa" ¢ £ p + 1 HenOCpEeACTBEHHO
cneAyeT U3 olpeleaeHHUs Nopsaka 1eaol GyHKIUN 1 U3 HepaBeHCTRa (2) mpH a = 1. »

3.6. Mepomopdnuas QpyHKNHA KaK OTHOIMECHHE ABYX REJBIX (PYyHKIHIA.

Iycts F — mepomopduas dynxims, a GyHkuus z +— ¢(z) = 2 P(z) — nenas, NpeicTaRIeHHAS
6€CKOHEUHBIM MPOU3BEAECHUEM, HYJIM KOTOPOl M MX KPaTHOCTb COBMAAAIOT C IIOJIIOCAMU M, COOTBET-
CTBEHHO, uX nopsakaMu ¢byHkuan F (A — nopagox nomoca F' B Touke z = 0; ecnu zg = 0 — TOUKa
aHanmUTHYHOCTH dyHKuMu F', 10 nojaraem A = 0).

DyHkuus Y = Fy aBasieTcs LENOH, OCKONBKY NOMOCH GyHKuuU F yCTpaHIIOTCS HyIaMH GYHK-
uuH . Ioatomy-

! Ionnoe nokasarescTB0 370N T peMbI, @ TAKKeE TeopeMBl [TyaHKape 3aMHTePECOBAHHKI YUTaTENb HalNeT B KHure buyadse A. B.,
“OCHOBH TCOpHH aHATHTHYCCKHX QYyHKIMA KOMMNEKCHOro NiepeMenHoro”, M., “Hayxka”, 1972.
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Hrtax, mobas MepoMopdnas GyHKUUA ABIAETCA YaCTHBIM ABYX LeabiX Pynxuuid. OueBuzHO, CripaBen-
JIMBO M 00paTHOE YTBEpXKAeHUE: YaCTHOE IBYX uenbix GyHKLmit ecTb MepoMopdHas dynkuus. OTciona
crelyeT BTOpoOe orpeneeHue MepomMophHoil (hyHKMM (IEpBOe ONpeaeNeHue JaHo B 11. 2.2): gynxyua F
HQ3618aEMCA MEPOMOPPROU, €CAl OHA A6AAEMCA HACMHbBIM 08YX Keabix dyHKyui.

PaccMoTpuM nmpumepsl.

= 1
31. Jloxa3aTe paBeHCTBa: a) H (1 ’1(_4‘7)) 6) H B 1

n=1

<« a) [Tockonbky
n 2 .
Pn=H(1 1 > k+17%  ((n+1) 2=2(n+1),

L k(k+2) e kk+2)  nln+2) n+2
TO
II{1+5—)=1im P.=2;
. n(n +2) n—soo
6) Mmeem
3_ ki _ 2 _ 2 2
P, = k 1=H(k DE +k+1)  2An 1)'H B +k+1 __ 2 n+n+1’
" k341 . G+DE—k+1)  (@+1) k—-124+E&-1D+1 nn+1) 3
=2 =2

© 3
HL:l_limp_Z,
4l poee ¢ 3

n=2

i i
32. Hccrenosars Ha CXOMMMOCTb NPOM3BENEHHS H (1 + —) " H 1+ =
n n

« CoracHo Teopeme 1, 1. 3.1, yka3aHHbIe 6eCKOHEYHbIE TPOM3BENEHUA CXOAATCI MK PACXOJITCS

BMECTE C PSIAMU
Zln(l+%>=%zm(l+%) Zarctg— Zln =%Zln(l+%>.

[TockonbKy psan
1
E In (1 + ?)
1
E arctg -

PacxommuTcst (arctg —~ ~ —) TO nepBoe HeCKOHEYHOoe npousseneﬂue PacXodUTCd, a BTOPOE — CXOIMT-
ca. »
33. Haiitu obnactu cxoqumocTH GECKOHEUHBIX NIPOU3BEIECHHIL:

a) H(1+——>; 6)H(1+§>; B)H(1+;z;)e—%.

« a) [Tockonpky Lim (3) # 0, ecnu |z| > 3, TO WA ITMX 3HaYeHUH z GECKOHEYHOE Ipo-
n—0oo

1+ -

CXOIUTCA (In(l + ﬁ) ~ ;}2-), apan

3
uspedeHue pacxomurcd. Ecmu |z} < 3, 10 ykazanHoe GeCKOHEYHOE NPOU3BENEHME CXOOMTCH a6-
COMIOTHO, TaK KaK psif E J%',,: cxomurc. [Ipu 3TOM CXOIMMOCTH paBHOMEPHas B JIIOOOM Kpyre

= {z € C : |z} < r < 3}. CnenoBaTensHo, naHHOe GECKOHEYHOE MpPOU3BEAEHHE OIpeNENseT B
kpyre K, aHaIMTHYECKYIO dyHKumio P.

6) BeckoHeuHoe NpousBeneHue CXOIUTCS B C U sBigeTcsa nenoil pyHxkuuei. 3ro caeayer u3 abeo-
JHOTHOM M PaBHOMEPHON CXOAMMOCTH Psilia Z iy pmobom kpyre K = {z € C:|z]| <R < 1}.

B) JlanHO€ npousBeieHUe ABIAETCS 6ECKOHEHBIM npousBeAeHueM Beitepurrpacca npu ¢, = —n u
pn = 1. CnenosaresnsHo, OHO cxomured B C U ABIAETCS aHATUTHYECKON dyskuuei B C. »
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34. HccnenoBarb Ha aGCOMIOTHYIO CXOOUMOCTh GECKOHEYHOE NPOUIBENEHUE

II I“G—l—l—)—"zin , o nx2.

<« ComnacHo Teopeme 1, n.3.1, naHHOe GECKOHEYHOE NMPOU3BENEHUE CXOAUTCS WIM PaCXOMUTCA

abCcOMOTHO BMECTE C PSIOM
1 1
—_—— n2>2.
2 (1-H" Izl 7

n

OTOT psAx MO CTENEHAM cxomutcs JMwb npu |z| > 1. CregoBareibHo, 06xacTbio aGCOMIOTHOM

I=|

CXONUMOCTH GECKOHEYHOrO Npou3BeleHNs apnseTca MHoxectBo D = {z € C:|z| > 1}. »

Z
35. JlokaszaTh, YT0 OCCKOHEYHOEC TIPOM3BEIEHHUE I I (1 — n en abCOMOTHO CXOOMTCA IIPH
c+n
BCEX Z, €CJIM TOJILKO ¢ He ABJIAETCH OTPULATENBHBIM L(E/IBIM YHCIIOM.

« [lycts z € C — ¢dukcuposanHoe. [Ipn Gonbluux n nomyyaeM acHMNTOTHYECKYIO (HOpMyy
z z z z 1
'1—(1— )en 1—(1——) I+ -+0| =
c+n c+n n n
z z 1 lez] 1
-—-40 — = —— 40, = -
c+n n n In +cln n

Ecnu ¢ He asnserca OTpPHUATEJBbHDIM LIEJBIM YUCIIOM, TO pAL

X(-0-7))

abCOMOTHO CXOAMTCS, NOCKONBKY CXOLUTCS P

|ez| 1
E —+0| 3 .
In+cln n
CornacHo TeopeMe 1, . 3.1, naHHOe GeckoHeuHOe npou3seaeHe a0COTIOTHO CXOOMTCH, eC/IU € # —N,
neEN p

36. Iycts (z,)) — nOCIEIOBATENBHOCTS KOMIUIEKCHBIX YHCEJ, YIOBIETBOPAIOIAs YCIOBUIM:
A VneENO0<|z,| <11 |z,| < l|zng]s

6) pan
D =tz (1)
CXOIUTC.
Jloka3arth, 4T0 GECKOHEYHOE [IPOU3BENEHHUE
Zn— 2z
22 = o
1-2z2Z,
cxonutcs B Kpyre K = {z € C : |z] < 1} u npeacTasngeTr B 5TOM Kpyre aHAINTHYeCKYIO PpyHKuuio P,
0o6pallaoILyIocsl B HY/Ib JIMLIL B TOUKAX Z[, 23, ... U YIOBIETBOPSIONIYIO HepaBeHCTBY |P(z)| < 1.
<« Paccmotpum B kpyre K., | = {z € C: |z| < [z:]} dynkumio
. vz, —z
Z — ez, 3
I ®

Bee comuoxures B (3) ommuHbl OT Hynsl. U3 oueHku

1=zl 201~z
AR

(2, — 2)Z,

|un ()] =

1-2z,

U CXOOUMOCTH psifia (1) denaem BHIBOL O TOM, YTO GeCKOHEYHOE IPOHM3BeleHUE (3) paBHOMEPHO CXO-
autest K GYHKIMH, aHATMTAYECKOH B Kpyre K).,; M OT/IIMYHOM OT HyNs B 3TOM Kpyre, 8 66CKOHeuHOe
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npouspeneHue (2) sianserca Gynkumed P, aHamuTuyeckodd B Kkpyre K., |, 0Gpallaoweics 8 HyIb IMIIbL
B TOYKaX Zi, 23, -+ . ,Zk~1. 14K KakK hm zi = 1 (310 CnenyeT u3 cxomumocTu psaga (1)), To P asna-

ercad (byHKUMEH, aHATMTHYECKON xpyre K {z € C: |z| < 1}, obpamaiomeiica B Hyib JUIIG B
TOYKAX Z|y 225+« -+
OLIEHUM MOJYJIb TIPOU3BOSIBHOTO COMHOXMTENS 6eCKOHEYHOro pou3BeaeHus (2) npu |z| < 1:

Zn — 2

———Z,| <|Z.| < L
1-2z2z,

Z’ﬂ.

CnepnosaresibHo, |P(2)l < 1Vz EK. »
37. JloxazaTb paBeHCTBO

az bz __ atb, = ((l - b)ZZZ
e —e =(a-b)ze 2 H(1+_41.—1—12—7r2_— .

n=1

« Bocnonbayemcs opmyston paznoxeHus cuHyca B GeckoHedHOe nipousBenenue (cum. 1. 3.4). [lo-
JIYYHUM I10CJIE HEKOTOPEIX NMPpeoOpa3oBaHuid:

atbh a-b a—b atb a—>b . atb (a — b)iz
e‘”—-ebzzezz(eZZ—e 2 2):2ezzsh z=—2ie 2 zsin———z———z

-0 ~b)?2? ath v ~ By
= _2ie cila )ZH( (a‘mz)zz):(a—b)ze? H(1+(‘1_4;27i._22_>_>

=1 n=1

1
38. Ilycth @z, = + —. Jloxazats, 4t0 6ECKOHEYHOE IIPOU3BENEHHE H(l +a,)

1 1
—, )y = ———
vn' 2 vn
CXOIMTCA, & PAbl Zan u Z at pacxogsrcs.

4 Ecm ay,., = O (%) , G =0 (ﬁ) , a%n_l =0 (%) , a%n =0 (%) npy 1 — 00, TO

2
a,=0 (%) , 6, =0 (L) npun— 0o mpagsl Y, a,, > an PaCXOIATCA N0 NIPH3HAKY CPAaBHEHHS
C FTAPMOHHUYECKUM DPAIOM.
Heobxomumoe ycioBue CXOIMMOCTU GeCKOHEYHOrO MPOU3BELCHUS H(l + a,) sumosHeHo. OHO

CXOOMUTCS TOrda U TOJIBKO TOrda, KOraa CXQAMTCS H(l + azn_1 X1 + a3,). [Tockoneky

1
(1 + a2n-—l)(1 + a2n) = m

u pan Z # CXOOoUTCd, TO BMECTE C HUM CXOAUTCH U NJAHHOE 6eckoHeuHOe NpPOU3BEACHUE. P

39. Haitu NOpANOK PYHKUUHU z — f(z) = cosaz’, rae a € C.

« ITockonbky
i n ke 2n_4n [a[rz —]a[r2
(=D" 2 4 la]™r € +e€ 2
M (r) = max | cosaz’| = max ——a""| < = = chlalr
(r) = max | cosaz"| = max ZO Qny * * \ZO @n)! 2 lal

T 14
uBTOUKE 20 = Vire ' 2 f(z) = chla|r?, o

elel”? 4 g-lalr?
M) = ————

IMoatomy, npumenus dopmyny (4), n. 3.5, nomyaum:

2 2

lalr® 4o ~lalr
1 e e
___.l lll( 2

o= Tm ln(lalr +1In(1 + e %"y ~n2)
r—o0 lnr y--—»co Inr

=2.»
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§ 4. IIpamenenne BbIYETOB
JJIA BbIMMCJICHAS MHTErPAJoB H CyMM PSIOB

4.1. IpuMeHeHne BHMNETOB /LIS BHIYACACHHS ONpeNeICHHBIX HHTEIPAJIOB.

OcHoBHas Teopema O BbyeTax (CM. TeopeMy 1, m. 1.3) mo3BossieT CBECTU BBIMUCIEHUE UHTEIPAa
10 3aMKHYTO# KPHBOI K BBIYMCIEHHIO CYMMBI BBMETOB IIOABIHTEIPATILHOM (DYHKIMU OTHOCHTEJILHO €€
0cOBLIX TOYEK, OXBAaThIBaeMbIX KpuBoil. IHOIIa ¢ noMoIIBIO 3TOr0 Xe MeTOfa YIaeTCs BbIMMC/IATh MH-
TETPAJIbI [T0 HE3AMKHYTBIM KPUBLIM M, B YaCTHOCTH, HEKOTOPEIE ONpe/IEIeHHbIE HHTETPAJIBI OT (BYHKLMI
IeWCTBUTENIbHON NepeMeHHOI. [IpH 3TOM crielMabHBIMU NTPeOOpa3OBaHUAMHU BBHIYKCIICHUE TaKUX MH-
TErpaJioB CBOAKTCS K BBIMUC/IEHUIO MHTETPAJIOB 110 3aAMKHYTHIM KPHBBIM, K KOTOPBIM MOXHO [MPUMEHATh
Teopemy Koum o BerieTax.

1) Hycts (z, y) — R(z, y) paHI/IOHEU'[bHaH ¢byHKIMA OT ¥ Yy, HE UMeIowasi 0coObIX TOYeK Ha
okpyxHocTH 7 = {(z, y) € R* : 2’ + y’ = 1}. Torzna cipabemusa hopmy/a

2

= 1 z~4 4!
R(sint, cost)dt = 27 E res ;R 5 = 3 2 ) 1
78
. k=1

roe {zx; k¥ = 1, n} — momocek GyHKLMU

1R z—f z+f
— = Z_ =z
e 2% 72 ’

pasMeLLeHHbIe B exuuMaHOM Kpyre K = {z € C: |z| < 1}.
Jnsa nomyyeHus: popMysl (1) caenyeT B MHTErpane NEPEHTH K KOMIVIEKCHOMY NepeMeHHOMY MH-
Terpuporanus z = e'‘. Torna

2T

. z - ;l z+ é dz
RGint, cost)ydt = [ R 5 5 ) o T = (¥, Yop)-
T

0
Ocranock NpUMEHUTH TeopeMmy Kol o BbIueTax, B pe3ysbTaTe yero noayyum dopmyny (1).
2) ITycTsb ¢pyHKUMA f aHaNIUTHYECKAs B BePXHEH IIOJMYIUIOCKOCTH, BKIIIOYas U JEHCTBUTENLHYIO OCh,
338 UCKITIOYEHHEM KOHETHOrO MHOXECTBa TOYeK {zx; K = 1, n}, meXammx B BepxHeil MOJIyILIOCKOCTH
(Imz, > 0 Vk = 1, n). [lycts, nanee
¢ .
={zeC:z=Re", 0Kt <7}, M@R= max |‘f(z)|7 R > max |z
1<k

\\n’

lim RM(R)=0. 2 A
Torpa cnpaBezumaa ¢opmyna
7 *2,

21

— O

n

/ f(z)dz = 2eres f(2). 3)

k=1

< Ilycts 7= [-R, Rl U 7,, T = (7, 7) = ', TR) —
TIOJIOXKHUTCIBHO OPUEHTHPOBAHHAA KYCOYHO~ITIaZKad 3aMKHYyTada —R
kpuBas (puc. 85). CornacHO OCHOBHO¥ TeopeMe O BbIYETaX BbI-
NOJHAETCA PABEHCTBO '

Puc. 85

n

/f(z)dz = /f(x)d:c+ /f(z)dz = 27rzZresf(z)

k=}

IlepeiineM B 3TOM paBEHCTBE K Ipeleity Npu R — +00, NPUHSAB BO BHUMAHUE COOTHOLEHUE (2).
Monysum dopmysy (3). »
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3) Memma (Kopnaua). Ilycme @ynxyus f anasumuueckas & eepxueii noaynaockocmu 2% =
{z € C: Imz > 0} 3a uckarouenuem KoHeUHO20 MHOYICECMEA UIOAUPOBARHBIX 0COBBIX MOHEK U
lim M(R) = 0. €Y
Re—roo
(way lim M(R,) =0, ede (R,) — makas nocie008ameabHOCMb Hucen, 4mo ROAYOKPYICHOCMU YR, C
n o0
uenmpom ¢ navane Koopdunam ne codepicam ocobeix mouex @yuxuuu f). Tozda YA > 0 ewstnoansemca
npedeabHoe COOMHOUeHUE

Jim / @M dz=0, T, = (1, 17) lim / f@e?dz=0, T, =(v,,77)]. &

"—.co

. : 2
<« OueHUM MHTerpaj B JIeBOW 4acTH popMymsl (5), HCIIONB3Ys U3BECTHOE PABEHCTBO sint > <,
BhIONMHsIOMEecs Vi € [0, ﬂ . HImeem

/f(z)eiAde — /f(Re“)ei’\RmSt-e—ARSi"tRe“idt SRM(R)/e—ARsintdt=
T 0 0

2
. 2R MR
:2RM(R)/e“*R““dt< 2RM(R)/e“T dt=" /\( )(1—e"”‘).

U3 ycnosus (4) ¥ nonyd4eHHOM| OLIEHKH CIeAyeT CpPaBef/IMBOCTh COOTHOLUEHH (5). »

3amevanue 1. AHanuaupys AokazartenabeTso Jemmbl XKopaaHna, yGexaaeMcsl B TOM, YTO YCIOBHE aHAIMTUYHOCTH
dynkunmn f He sBASETCS CyuleCTBEHHBIM.

3ameyanne 2. Jiemma XopaaHna, foxkazaHHas LIS BEPXHEH MOAYILIOCKOCTH, MOXET Oblth cOpMYyIMPOBaHA M
noKa3aHa 6e3 BCAKMX 3aTPYAHEeHMH M VISt ApYTMX MOAYIJIOCKOCTEMH.

CuuTas BO BCeX Ciiyyadx A > 0, a NOJyOKPYXHOCTb Y, JIEXALENH B COOTBETCTBYIOILEN TOJIYTLIOC-
KOCTH, 3anuLueM ¢hopmyny (5) LI ciayyaes:

) 2" ={z€C:Imz <0}, Jim /f(z)e"*z dz = (6)
6) Zn={z€ C:Rez > 0}, /f(z)e-*z dz =0, )
B) Zy = {z € C:Rez €0}, Jim /f(z)eAz dz =0. 8)

Ecnu dynxuus f ynoeneTsopseT ycioBUSAM NeMMb: KopAaHa 1 UMeEET B ITONYINOCKOCTH Zp KOHed-
HOEe MHOXeCTBO 0co0hIX Touek {az; k = 1, n}, Imag > 0, TO, MOBTOPSIS pacCyXIEHHsI, IPOBEAEHHBIE
B 2), monyuum YA > 0 q;opmyny

n

/ f(z)e™ dz = 2mi Z res (F(z)e™*). ©

k=1
Orciona

400 n
/f(z)cos Az dz = Re (ZWines (f(z)e”")) , (10)
oo - k=1 k
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+o0
/f(x)sin Azdz =Im (m‘Zres (f(z)ei“)). an

ar
k=1

ITpumep.
+oo i
zsin Az T 2ri-ie -
dr = Im2mires =Im - =me .
1+ x? i 1422 2

4) Mycte dyHKuNA f YOOBACTBOPSIET YCIOBUAM 2) U, CBEPX TOrO, MMEET KOHEYHOE MHOXECTBO
npocTeix nomocos {b;; j = 1, m} Ha npefictButensHoit ocu, T.e. Imb; = 0. Torma cripaemmsa

¢popmyna
/ f(z)dz = 27i (Z res f(2) + % > res f(z)) , (12)
—co =1

k= j=t
TJe MHTErpAN BEIYUCIAETC B CMBICJIE IJIABHOIO 3HAYEHUS OTHOCHUTENBHO BCEX TOUEK b; M oo.
<4 PaccMOTpHM 3aMKHYTYIO XOpHAaHOBY KPHBYIO

Yoo = R, BINUY (6 —r <z < b5 +7) Uve Uiy

i=1 j=1

TJe Yjr ~— BEPXHAA HOJYOKPYKHOCTh PAIMYCA 7 C LIEHTPOM B TOUKE b; ¥ 7 JOCTATOYHO MANOE, 7, —
BEPXHAA TTONYOKPYXKHOCTb C UEHTPOM B Hauajle KOOpAMHAT ¥ R n0CTaTouHo G0MbLIOE, & KpUBas 7, .

OXBATLIBacT BCE OCOOBIE TOUKU a; (kK = 1, n). PaccMOTpPUM KyCOUHO-TAAAKYIO TOJOXHUTENILHO OpUEH-
THPOBAHHYIO 3aMKHYTYIO KpuByio ['p,. = ([, I';, T, ..., 'y, Dimar, T'y), cocTOsIIUIYIO M3 yHIOPANO-

YEHHOIr0 Habopa OPUEHTHPOBAHHBIX MIAIKMX KPHBLIX (puc. 86).

—R by—r b+r by—r b+1rlO b,~r b,+r R

Puc. 86

I[Mpumenus teopemy Kowmm o BeiyeTax, UMeeM

m+1 n

/f(z)dz = Z/f(z)dz +Z/f(z)dz+/f(z)dz =2mi ) res f(2).
Cr» J=t r; j:(r;' Tn ap

k=1
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IMepeiineM B NOMy4YeHHOM paBeHCTBE K mpenenay npu R — oo u r — 0. [IpmHuMas Bo BHHMaHHe
MpegenbHble COOTHOLEHMS

Hm f(z)dz =10, lim / f(2)dz = —l res f(z),
R— o0 0 2 b;

e e

nonyyaeM dopmyny (12). »
AHanornuHo Moxet OpiTs 06001eHA U hopMyna (9), KOTOpas NpH HATMYKMH y PYHKUHMHK f MPOCTHIX
nomocoB b; (j = 1, m) Ha DEHCTBUTENBHON OCH NPUHHMAET BUI

+o0 n m
Az . Xz . Az
/ f(x)e™" de = 2mi Zres f(2)e" +mi Z res f(z)e . (13)
S k=t F PR
Ilpumep. TnaBHoe 3HaueHME MHTErpaia
+oo
ett:z:
/ dz (t>0)
z
-0
et .
= 7.

z

paBHO 7% 1es
0
5) Mycts f — paunoHansHas GyHKUMA,

{a; k=1, n}

— MHOXECTBO €€ MO.II0COB, HU OIHH U3 KOTOPHIX He
JIEXUT HA HElCTBUTENLHONH MOIOXUTEILHON MOYyOCH.
Mlycts, nanee, p U ¢ — Takue uensie yucna (p < q),
4TO

=0 L — 0
f(2) (zlp), z—0, .
fay=0(%), z—. Puc. 87

PaccmoTpuM byHKumIO 2+ 2" f(2), e p<a<q
HE DABHO LEJIOMY YHCIY B Z — SUIOCKOCTH € Pa3pe3oM BIOJL Jiyua (0, +00) M NpH 3TOM BeTBb 2~
(UKCHDYETCS pABEHCTBOM

1

2% ' =exp((a— 1)(In|z| +éargz)), 0 <argz < 2r.
YnopsnoyeHHBI Halop [MaIKMX OPUEHTHPOBAHHHX KPuBHIX (puc.87) I'r, = (', I, T}, I'7)
ABNACTCA KYCOYHO-IJIAIKON MOJIOXKUTEIRHO OPHUEHTUPDOBAHHOM 3aMKHYTOH KPHMBOH, OXBaThIBaIOLIeH
TOYKU G (k = 1, n). [IpUMeHHUB OCHOBHYIO TeOpEMY O BBHIYETAX, HOMYYHUM:

R T
/z““f(z)dz = /x"‘“lf(x)dx-i—/z“—'f(z)dz+/x“"lf(z)e(°‘—l)2“ dz+/z““f(z)dz =
Try r rp R ry
=2mi ) resz* 7' f(2).
k=1 k

Ilepeiinem B aToM paseHcrYBe K Tipeneny nipu R — 400 u r — 0. Y3 ycnonsuii (14) cnexyer, uto

lim [ 2*"'f(2)dz =0, lim/z“—'f(z)dz =0,
R—+o0 0

Fpn | g
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BCHCACTBHE YETO NMEEM

+oo +oo
/x“"f(z)dx = el / =" f(z)dz = ZWinesz“"lf(z).
0 0 k=t

+oo

Taxmm o6pasom, unterpan [ z°7! f(z)dz cymecTsyer 1
0

Foo n

/ @y de = o ;resz““f(z)- 1

ar
0

+oo

f dz
o Va(zivd)’

il

Ipumep. Bowucaute I = 3nece p = 0, ¢ 2, a = 2y yoroBue p < @ < ¢
3

BEIMONHsAETCH. CornacHo dopmyne (15) uMeeM

27i

1 1
I= res + res - = .
l_ei%‘lr (2:’ V22 +4) -2 V222 +4)) 2% (l_eig,r) 2% (e—izT’r _eizT") ‘2§\/§

4.2. IlpumeHeHHe BHIMETOB K BHIYHCICHHIO CYMM PSATIOB.

ycts f — MepoMopdHas GyHKUNA, MMEIOAs KOHEYHOE MHOXECTBO NMOMIOCOB {ay; k = ﬁi},
Cpeax KOTOPBIX HeT UenbiX yucen. ITyctp, nanee, (V,,) — NOCIEXOBATEIBHOCTD 3aMKHYTHIX XOPIAHOBBIX
KPHUBBIX, OKPYXAIOIUX HAYAIO KOOPIUHAT M HE MPOXOISILUX Yyepe3 LejIbie TOYKU 2 = 7, a TAKKe Yepe3
noyockt GyHkuuK f M Takux, YTo r,, — 0O NPH M — 00, Ilie T, — PacCTOSHHe OT Hayasia KOOPAUHAT
IO KpUBOH 7, . Torma, ecnu

lim /f(Z)CthZdZ =0, T =m, Ymh ¢y
j
WIin
d
im [ 12297 _ @)
m—00 SINTz

rT)I
7 COOTBETCTBYIOLLME PSIBl CXONATCA, TO CIIPaBeUTMBEL COOTBETCTBEHHO ClleAyIolliie PABEHCTRA:

Zf(n) —eresf(z)ctgﬂ'z 3)

n=—ow

1)
Z( 1" f(m) = —er res S @

<4 JJokaxem cripaseUTMBocTb opMyrst (3). JIns npoCToTH CyMTaeM, 4TO KpUBas <y, CHMMETpHUY-
Hasg OTHOCUTENHHO MHMMOH OCH. BribepeM m HacTONbKO GONBIIUM, UTOOHI BCe MOMIOCH a; (k =1, n)
OXBAaTHIBAJIUCH KPHUBOH Y,,, W 0003HauuM uepe3 2P,, KONUYECTBO UENbIX TOYeK, OXBATHIBAEMBIX 3TOH
xpuBoit. Toraa, cOrNnacHoO TeopeMe O BhIUETaX, MMeeM

i—lﬁff(z)ctngdz = Zreswf(z)ctng-{-z rcs7rf(z)ctg7rz = Zreswf(z)ctgﬂ'z-{-z FG)-
r

—-—Pm ) j=—Pm

Ilepeiias B 3TOM paBeHCTBE K MNpeAeNy IPH m — 0O M NPUHIB BO BHUMaHWe cooTHOleHHe (1),
nomyaum dopmyiy (3).
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Dopmyiry (4) MOMYYHUM AHAIOTMYHO C MOMOILBIO COOTHOIUEHMA (2), NPHUHIB BO BHUMaHME, YTO
rcs—ﬁ— 1Y f(3). Yemosusa (1) u (2) sbmonHsores, ecnu f(z) = O npn z — x, a Ym =

sinwz
{z €eC:lzl=m+ %}, TaK KaK B 3TOM ciy4ae Vz € 7,
—_
|sinmz] < !
Sshy

1+e
[ctgmz| € ——,
-

Ipumep. Haitmn cyMMy paga ». (aTi.E?’ nez.
MOJTIOC BTOPOIo mopsaka PyHKuuu f,

a

Hmeem f(Z) ‘a—-i-—b;f’ zZ=-3
2
- 1 wctgmz d 7rctg1rz-(z+%) T d 7
E 7 = — 168 57 = lim 3 hm ] —ctg1rz = =
(a +nb) Za(@+b2)? . cdz (a+b2) e b b?sin® Z2
n=—oq b b b

Pacemotpum 3agayn.
40. Tokasare papeHCTBO
2

2w
/ it _) Vaie

ecny a >0,

a —ibcost _om
! ———\/m, ecn a <0,
« B cootserctBUU ¢ thopmyiiodi (1), m. 4.1, paccmoTpuM hyHKUMIO
1 2% 2i

" T bt b+ i2az b(z — z2))(z — z2)’
zla—ib- —=

rae z; = %( a+\/a2+b),z2 ( \/az+b2)

Ecan a > 0, 10O Toyka 2, oxaa'rbmaeTca okpyxHocTtelo ¥ = {z € C : |z] = 1}, a Touka 2, JeXUT

BHE Y H 10 (,’popMync (1), n. 4.1, nomyyaem
2%

2i 4mi 27

dt
= 2w 1es = = .
/ o bz—z2)z—2) b(zi-2) Val+b?

a —ibcost

0
Ecnu a < 0, TO TOYKa zy HAXOOUTCSH BHE OKPYXKHOCTH 7, a TOUKA 2z; OXBATHIBAETCA €10, B CUILY 4Er0

MPUMEHUB YIIOMAHYTYIO HOPMYJTY, UMeeM

27
dt _ 47 _ 2r >
a—ibcost  b(z;—2z)  VaE+b?

0

4 1- BeIYHCTHTD HHTerpain

I cosmE g €ER, ja|#1, mEN
= | ————" — _dz, a a .
1-~2acosz +a* ' ’ ™

-
< TTocKOMbKyY GYHKIHMS T — ¢(T) = 22— D, = [~, 7], HeverHas, T0 [ @(z)dz =0, B
cumy 4ero o
eimzdz

I= _—
/ 1~ 2acosz + a?

-
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C noMousio 3aMeHst NepeMeHHOM e =z npeoGpaszyeM MHTerpan I B MHTErpan M0 NOIOXUTEILHO
OPMEHTUPOBAHHOI OKPYXHOCTH I' = (7, Yop), Y={2 € C: |2] = 1}:

i/ z™dz

1= 2%

a ) (z—a)z—-7)
S

Ecmu la] < 1, 10
i 2ria™ _ 2ra™

a a—é T 1-—a?
Ecmn la] > 1, 10

_ 2 >

Tam@-1)’

42. BriuncinTs HHTErpa

2w
I= /eCosm cos(sinz)cosnzdr, n €N

0

2n
<« Ilockonsky I ER, I} €R, rne I} = fe“"” cos(sin z) sin nz dz, TO
0

2w 2w 2

R 1 R L. . 1 R iz —iz
I+lIl =/ecosz cos(sin x)etnm dx = _2_/ecosz+znz (eusxnx+e—151n I)d.’t — E/em.z (ee +ee ) de.

0 0 0
Jlerko y6enutsca B ToM, ¥ro I| = 0. [lonaras B uHTErpaste e = 2z, MOJIYIUM:

1
T2
"

1
I e +ez)dz, T=07p), 7={2€C:|z|=1}.

n—-1_z

Tak Kak bynxuus z — 2"~ e° aHanuTHuYecKas, TO no Teopeme Kowmu

MO3TOMY

ITo ocHOBHO! TeopeMe O BhIYETAX UMEEM

TR )
1 L
I=mnresz" ez
0

43. Boruucnurs MHTerpai

+oo

I= 0 dx
- 2 +1

0

6
o Qyuxuua z — f(z) = ﬁ; uMeet B rrockocTd C BoceMb NMPOCTHIX NOMIOCOB

. (k47 —
zp=e 8 *k=0,7),
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M3 KOTOPHIX MePBLIE YeTHPE MPHHALIEXAT BepXHel MonyniaocKocTH. [IpuMeHns Qopmyay (3), n.4.1,
6

NOJTYYUM (TIPUHSAB BO BHUMAaHHUe YeTHOCTh PYHKUMH () = ﬁg, D, = (—o0, +00)):

+ o0 6 3 ¢ 3

1 z z mi 1 M, I i3z i3z L4

I== —dzx =7 res = — —=—1[e 8+4+e 8 +e 8 +e 8

/1+a:8 Zozkl-Fz8 8 —~ 2 8( )

-0

= (T F e E) 4 (T F 4 T)) = T (T F) 4 (T 4 F))

8
w7 . 3x _7r.7r07r__7r 1_{_\/5>
sm8+sm8 —25m4058—-4 5

44. Buuicnnts UHTErpasl

o
I':/ﬁ%—ldx (@ > 0).
0
<4 Haxonum ocoGpie Toyku QyHKUNH 2 +— -7+—;z—+l, NpUHAIEXAIINAE BEPXHEH MOMYTNIOCKOCTH:
a1 3 PyLs 1 V3
Z1=e€3 SEaytig, a=e 3 =—-2—+z—2—.

Mo popmyne (10), n.4.1, nonygaem:

+0 +o0 .
7 1 cosazx d 1 e e®
= — — AT = — =7 res =
2 P+ +1 2 i+l de =mi z4+z +1 5 242241

—oc -0

. ( Pl ee2 ) Te 2 ei% e 2
=T = + =
3 . :
4z} + 2z, 4z2+2z2 2 —%-Hﬁ 3 z?

' +
TE  _o 3 e V3 + +e s V3 + g
W3 2 T2) "¢ 2 T2
7 _aJ3 i(5+1) _,(z+1) T o Y: (a 7r)
~——e 2 26/ — 276 = —e 2 sin| —+ —
Wi (e e 3 1 ) 3 >
45. Buunemts WHTerpan
F20 )
2 —b sma:c
0
<« OyeBHIHO, YTO
+o0 +oo N .
7 1 [ 2 ¥ sinazd 1 ; z2 — b " p
= - m—— ——— = ~Im —_— .
2 2+ z T=3 2z
—0 -0

- iaz - .
Dynkums z — f(z) = ‘—2—:,- + £~ MMeEET B BepXHeli NMONYTIUIOCKOCTH OAMH IIPOCTOM momioc z; = ib u

OIMH NPOCTOil NOMoC 2; = 0 Ha peiicTeuTeIbHOM ocH. [To dopmyne (13), . 4.1, nonyuum:

—_ 1 . . 1 . —ab . —~ab T
I= 3 Im(27rz Tes f(z)‘+ . rgsf(z)) = -2-Im(21rze + 1rs(—1)) =me "~ . >
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46. Buuncnuts HHTErpaN

+oo
z—sinz
I= —————dz (a>0).
/ .'53(.1:2 + a2) ( )
0
<« OyHkuys = +— () = ;’(—;;‘:—:Z), D, = (~00, +0) — YyeTHasl, B CWIY Yero
+oo +0o .
1 x —sinz 1 x +i(e’” — 1
I=- —_—_— = — -——(————}- (])
2 | Z(2? +a?) 2 23z’ + a?)
—_00 -0
JefcTBUTENBHO,
+oo
. cosz — 1
i —_———dzr =
3 (z?2 + a?) ’
oo -R

TaK Kak NOAbIHTErpanbHasg PYHKUNA HeyeTHas, MO3TOMY pa-
BEHCTBO (1) cnpaBeUTUBO.
TIpumenum dopmyiy (13), n.4.1:
. z +i(e'* —
I=m (pes ( ) ) =
a

TrRe T it T +ite” -
23(2? + a?) 20 z¥z*+a?)

fia+e +1) i 7 a2+1 AN
= i _ — = — —_— —a—e€ .
T 2at 4a? 2a* \ 2
1-— et’Zmz
47. Wnrerpupys dynkuuio z — f(z) = ————- (a > 0, m > 0) No rpaHuLEe NONYKOJbLIA
2322 + a?) )

Kp, ={z€C:r<|z]<R,0<argz < 7}

AOKa3ath, YyToO
+o0

/

0

2

sin“ mx dz

T —2am
—_—— = —{2am +e -
¥z +a?)  4d’ (

1).

4flyebr<a<R,y,={z€C: z=Re 0 £n), 1 ={2€C: z=re" < n}.

PaccMoTpuM ynopsitoueHHBI Habop IitagKmx opuenmponauﬂblx kpuBbix [' = (I’l, r,,r,ro,
SIRJIAIOILMICSA KyCOYHO-TIJIAIKOH MOJIOXHUTEIBHO OPUEHTHPOBAHHOM 3aMKHyTOM KpuBOi (pHc. 88). ®yHk-
usa f UMeeM B TOYKE z ia mpoctoil momoc, npudeM z € Kp,.. CornacHo OCHOBHOW Teopeme O
BbIYETax, NMOJy4aeM:

0gt

f( yd 12m:: N 1- eiZmz N v 1 - i2mz . l_eiZmz P
z)az = — T az ST a2 =
2( 2zl + a?) 02) 22(22 + az) zz(zz + 0.2) 22(22 + az)
Ty -R r;
5 1— ei2mz W(e-—Zma - l)
= Ie = .
m e 2322 + a?) a’

Yerpemnas R B 6eCKOHEYHOCTb, @ 1 — K HYJIIO M TIDHHUMAas BO BHUMaHHUe, YToO
i2mz

lim / 1-¢
R0

—_——dz
22(z% + a?)
Ca
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i 1 - eitm2 . 1 i2m+2 2 4m3+2m . p
——dz = — - = < )z+... =
_ 22(z% + a?) =i P z ™ a? %

r Ty

1 ; 4 2m\ ., ; 2mrw
_—:lj_%;/(—2m+i2m2re"”+i(§m3+a—3> irle' 4 ) dga::——a—z-,
0

MOMYYHM:
i 1 — giPme d 2mm
mf| ———dz=—
=0 ) 2Y22+a?) a?’
Iy
400 +oo
2 —-2cos2mz sin® mz 7€ P —1) 2mr  w(e T - 14 2ma) >
—_—dr = T = —— .
(22 + a?) x2(2? + a?) a? a? a’
0 0
48. Brrancints MHTErpan
+o0
1= [ 2% 4 @>0
= T a .
2t +a? (

0

Inz

<« Unrerpupys dynxumio z v f(z) = 7157 (Inz = Injz| +iargz) no kpusoit [' (cm. pruc. 88),
nonyyum Va € (r, R):

R -7
/f(z)dz:/—l&dz+/—lr-li-dz+/——1n—?—dx+/—£z——dz=
z? + a? 2?4 a? z? +a? 22+ a?
T r T -R Ty
X Inz T T
= 27rzriis 1 a = P’ (lna+z—2—) .
3aMeHa nepeMeHHol & = —~t (¢ > 0) B UHTerpane
rln:::d:::
I
-R

NPUBOIUT K MHTETrpalry

K npegeay npu R — +oo u r — 0. [omyunm

+oo +o0 +o0 +oo
Inzdz + lnz+i1rd T (m +.7r) 5 Inzdz +i dzx 1rln + il
T = — a+1— —_ —_— —_
z! + a? z! + a? a 2/’ Ztar " ?+al a 4T 2
o o 0 0
OTKyAaa

=~}
Inzdz L3
——— = —Ina.
2 +a? 2a

0
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Ecnma=1, 10

+oo
Inzdx
— =0.
/ 241 >
0
49. Beruncmnts UHTErpal
+oo
7 tdz (@ > 0)
= ——— (a .
(2 + a?)?

0

3 MIMEET MOJIOC BTOPOTO NMOPSIKA z = G B BEPXHEN HOMYIUIOCKOCTH

2
<4 Oynxuus z — f(z) = (Z—me;

mwiockocTu C. Tak kak
40

1 ’d
p=L [ _=ds
2 (x2+a2)2

TO MOXeM NpUMeHUTH bopmyy (3), n.4.1. Umeem

1
I=2mires = ———— =t _—
ia 2 (22 +¢12)2 z—ia dZ (22 + 02)2 z—ia dz

z’ Cd Pe-ie? . d ( z )2 L diaz * o«
= =7t lim — - =7t lim - = —.p
z+1a z—ia (Z +1a)®  4a

50. Bsrucants HHTErpai

+o0
dx
I—/m (nEN)
0

« Oyukuus z — f(2) = (72;—1)? HMMeEeT NMOJIIOC N-To NOPARKA B TOYKE Z = ¢, JIEXKALUEH B BEpXHEH
MOMYIUIOCKOCTH 2z -NMIOCKOCTH. ITOCKONBKY

+o
I= 1 dx
T2 ) @+
-0
To o opmyne (3), . 4.1, MORYIAM:

i dt @@= w  dv 1
lim . = —.
- D nidz? ! (224D (m-Ddz" ! (249

I=mires f(z) =

Tak Kak e (z +4)" = (<¥n(n+ 1) ... (R +k~ Dz +)" " 10

A =(=D""'nn+1)... n-2)- 1
dzn=1l (z + ) (z + iV’
im ! 1 _ D""'n(rn+1)... 2n-2)
z—i dz™7Y (z + i)l g2n=1.n-1 ’
. i (D" 'n(n+1)...2n-~-2) _mntl)...Qn-2) _
(n— 1) in-12n-1 (n—1-22n-1 T
x  Q@n-2) T Qr-2  ®Qn-3)
= oDy @y - 2@ "
Ecrun=1, 10 .

I dz . 1 L4

= —_— = —.
2yl o mmiET >
1)
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51. Bouucium HHTErpan

+o0

I= dx
- (x? + a?)(x? + b?)

-0

(@a>0,b>0).
<« Tlockonbky GyHkums z — f(z) = (755’)1(—-:57) UMEET B BEPXHEH MOTYIUIOCKOCTH OBA MPOCTHIX
nojioca zy = ia, zy = tb, T0, NpUMeHUB (opmyny (3), 1. 4.1, nonyynm:

1 1
I=2m =rlim ——— 4+ tm—mm V=
milres f(2) + 1es f(2)) = 2mi (Lma GRG0 e S ad T ib))

s 1 1 o (Vv N__m
T\ Ziaw —ad)  2ibi—ab)) B —a’\a b) ablatd)

52. Beruncmts HHTETpan

+o0
z? +1
zt+ 1
0
<« OueBHaHoO,
400 2
1 ' +1
== dx
2 z4+ 1
—0C
2 X
Tak xax Qynkmma z — f(z) = £ 41: HMMEET B BEPXHEW MONMYIIOCKOCTH ABa IIPOCTRIX Nojioca 2z, = € 4

-3
Hz;=e 4,70 no dopmyie (3), n.4.1, umeem

241

22+1
4z3 +

4z3

I=m7i (res f(2) + res f(z)) =7
zy 123

. 141 1—-14
=m L3 +—-—9_- =
2=23 4 h 4e'dT

_n_i(1+i+1—i)_ﬁwi( 144 l—i)_\/fm"(1+i)2—(l—i)2'\/§m'_41' u

z=2z)

4 i3 iZ 4 ~1+i 1+ 4 -2 4 =2 2
e 4 e 4
53. Buuncmts HHTerpai
+o0
I= zcoszdx
- 22 -2z +10°
—-0oc
<« TIpumenum dopmyny (10), n.4.1, npuHAB BO BHUMaHHe, YTO PYHKUHSA Z — zz_iezl:ﬁ WMEET B

BepXHel MOMYTUIOCKOCTH IMPOCTOR Nomoc z; = 1+ 3i:

ze** (1 + 3i)eit+3n
I=Re2ri = Redwi lim —2&  —Repy L30T
e2mi res f(z) = Re2mi lim ——rs; = Re2m 6i

= ch(l +3i)e 3 (cos 1 +isin 1) = ge*(cosl —3sinl). »

54. Bouncmts HHTErpan
+o0

I= zsinzxdz
) 44z +20

—o



I'n. 7. Buyers ¥ X npuMenenus

286

« Oysxkuusa z — f(z) = —m HMeeT B BEPXHEi MONYIUIOCKOCTH NMPOCTOM NOMoe 2; = —2+ i4,
o dopmyne (11), n. 4.1, HaxoouMm:

' zei (=2 + i4)ei-1
I=Im2xires f(z) = Im2mi lim —— =Im2mi+———— =
z=zg z—-24i4 2+ 2 + 14 8i
™ -
=Im 7 (-2 + 4)e *(cos2 —isin2) = 4 ~*(2sin2 + 4cos2) = — e *(sin2 + 2cos2). »

55. BuraucnuTh UHTErpan

+00
cosar

4]
<« Tlockomsky Qynxunu z — p(z) = 333, = — P(@@) = “;‘f:z, D, = D, = (-00, +00)

COOTBETCTBCHHO Y€THAA U HCYCTHad, TO

+0oc

I 1 eiaz p
= - —= 0T
2 ) z?+b?

iaz .
Oyuxims z — f(z) = %:5— HMEET B BEPXHEN MOJYIUIOCKOCTH MPOCTOi Nomoc z; = bi, mosromy
iaz :
€ _ T Gayaby _ T e

I —~— — - =
mixes f(z) =mi lim s = o %

56. Haiitu raBHoe 3HaYEHUe umerpana

sinz __sine
(a:2 +4)(xz-1)

4 Unrterpan I pacxomsiuumiics, Tak Kak IpH £ — 1 noApIHTerpaibHasg GyHKUMS MMEET OAMHAKOBLIA

NOPSIOK pocta ¢ QyHKUMeHR T — .
iz

CT+£4)’<7T HMEET B BEPXHEN IOJYTUIOCKOCTH MPOCTOM MOJIOC

MNockonbky pyHKuUMA z — f(2) = -
z; = 2i, a TaKkKe NPOCTof NOMoC z; = 1 Ha AHMCTBUTENLHONM OCH, TO BOCNONb3yeMcs ¢opMynoit (13),

m4.1:
I=Im (27rires f(z)+ mires f(z)) 27t lim —-——-—e-tz—-—— 71 lim f:z__ —
7 1 z—2 (2 + 2z - 1) =122 44

— tm (2mi ) =t (T T ost isinD)) =
=1Im 1rz4i(2i~1)+m? T 5(cos isinl) } =

] T
=Im (1106_2(~1—2i)+%l—cosl—1grsinl) = 3 (cos1 =) >

57. Boraucmuts WHTEerpan

+00

sinax

I= —d 0, b>0).
/ z(z? + &%) ¢ (@>0, )
[

<« OueBNzHO,
+oo +oo +oo
1 sin ax 1 cosazx 1 er”
= — —_———d = — —_— = = — —_—_
1 2 / z(z? + b?) & 4 2 / z(x? + b?) dz=0, I 2i / x(z? + b?) dz

—00 -0
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Oynxums z = f(2) = Z—(Z&ZI,T) HMMeeT JBa NPOCTHIX MOMIOCA B TOYKax 2, = bi U z; = 0 COOTBETCTBEHHO
B BEPXHEH MMOJNYIUIOCKOCTH U Ha aeicTButesibHOM ocu. Tlpumenus dopmyny (13), n. 4.1, nonyqaum:
eiaz iaz e——ab - b
I—mres z+—r ZH)=xlim ———+-lim—~——==7 — 1-¢7°
f@F Fires flz) =7 hm = 4 S im T T T o 2b2( e >
58. Jlokazatb paBeHCTBA:
+oo F oo
ea:c ta_l P
dr = dt = 0<axl 1
/1+em /1+t sin ax ( i 1
—0 i+
+oo
z™ ! T
dr = — 0<m< n) 2
/1+z" nsin > (0< ) &

0

<« PaccmotpuM dyskumio z — f(z) = % M NPOUHTEIPHUPYEM €€ MO TIONIOXUTENILHO OPUEHTH-
POBaHHOM rpanuile NpAMoOyTojibHuKa P ¢ sBepiuuHamy B touxkax (—~R, 0), (R, 0), (R, 27), (—R, 27),
P=0,1,17,T;) (puc.89):

=/f(z)dz:/f(z)dz+/f(z)dz+/f(z)dz+/f(z)dz=
opP Ty Iy [*3— r;

F M aRwi R ezt . R+i
e dr e Rtiay eoztilra e~ oR+iay
= vif eyt [tz i [ dy=
/ 1+e* / 1 + eR+1y y / 1 + e® / 1 + e—R-Hy y
-R Q0 R 2r

R 2r 2 2
. eaz ) ea e—a
=(1 - ilmra d + . iay N i dv. 3
e )/ (e " 1/8 I+efev  1teRew | Y )
-R 0

Touku z;, = (m + 2k7)t (k € Z) SBAAIOTCA NPOCTHI- A
Mu nomocaMu wig GyHxkuuu f. OaHako, BHYTPH [IPSIMO-
yronbHuka P HaXOZMTCS JIMIUL OIMH 1omoc z = 4. ITo (L R,27) (R,2)
OCHOBHOM TEOPEME O BbIYETaX MMEEM —
e%? A — r3 ‘_?
I =2mires f(z) = 2me = 2xie’®". (4) &1
0 e z=r
B paBeHcTBe (4) NepeiiaeM K npeaey npd R — +00, npu- ‘ r
—— 1 —
HSIB BO BHUMAHHME MpejeabHble COOTHOLIEHUS -
e*? ) ek (-R,0) 0 (R,0)
lim T = im *—?—.'=0 0<a<).
R—+oo 1 +efe’¥  Rotoo 1 + e Rewv
TTpu 5TOM HONYYHM; Prc. 89
+w . . . - .
e 2miete” 2mie*? (1 — 7 Ti(e'®™ — ¢ 7'T) .. sinamw 7
z = — 2 = - = - = - = — .
1+ e® 1 gilma 4sintam 2sint ax 2sinfer  sinan
-0

+00
a-1
B unTterpane f ‘T;; dt npouspegeM 3aMeHy nepeMeHHo, nomarast ¢ = €. [Ipu 3ToM NOTyYHM

0
PaCCMOTPEHHBIN UHTErpal

dr = — ,
14+¢e* sinaw
_m'

YTO AOKA3WBAET paBeHCTBO (1). -
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+oo
m=t
B unterpane I; = f ﬁ;.— dz (0 < m < n) npou3BeaeM 3aMeHy nepeMeHHol no hopmyne =™ = ¢.
0

[Ipu 3roMm nonyuum:

+oc m_,

1 tn 1 T -
I'_;/1+tdt"ﬁsin%7r (0<z<1).»
0

YuraTenap, BepoOATHO, 3aMeTw1, yro nmpu 0 < a < 1

+oo
tu—l
dt =B(a,1-a)=T(@)'(1 -a)= .
/1+t g (a, %) (@I ~a) sinamw
i+
59. Noxasats, yto
+o0
_ I 1 dz ~1n2
- z shz T =
i+
« OuesnnHo,
+00
1 1 1 dz
I=- -} —
2 z shz /) =z

¥ nolpIHTErpaibHAN DYHKIINS MMEET YCTPAHUMYIO 0co0y10 TouKy = = 0. Pyuxuus

1 1 1
z**f(”:(;'g;);

TaKke MMeeT yCTpaHuMylo Ocobyio Touky 2z = 0. Kpome TOro, oHa mMmeeT mpocTblie TOMOCH B TOU-

Kax z, = wki (k € Z\{0}). PaccmoTpum nocnegoBatesbHOCTh (R,) NMOJOXWTENBHBIX YHCEN, TAe
R, = (n+ %) T, @ TaKke NocneaosaTenbHocTh obnactel Kr, = {2z € C : |z| < R,; Imz > 0}

-R, 0

Prc. 90
€ DIOJIOKHTEIEHO OPUEHTHPOBaHHBIMM IpaHuiiamu 8Kp, = (', T'g.) (puc. 90). Hurerpupyst QyHx-
uuio f o KpUBbIM 3K g, , MMeeM
Rﬂ

. 1 1 dzx 1 1 1
Tn 'R, -

OKR, .28 Tra
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n n

. shz — 2z . shz -z
=27rzZreSf(z) —27(12[05 Z7shaz =27 Zm

T
k=1

z=kwi
—kmwi n (_l)k n (_1)k+l
=2 -2 = .
i Z “KInlch(kri) ; PEa ; k
IMpu n — oo R,, — +00, nosroMy 1o semme JKopraHa

R,
1 1 \dz = (D
nh_r};/f(z)dz 0 n I n}—vn;‘c/ (.7; shz) z n in2. >

Tr, —Rp

60. Hokasatb, 4to nipu —{ < @ < 3 BBITOJIHACTCA PABEHCTBO

+20
zdr 7r(1 ) 1
(I+z2)2 4 ¢ cos 5
0
4 3aece MOXHO npuMeHUTH Gopmyrty (15), m.4.1, tae f(z) = uleZ_)?’ a = a+ 1. Ycnosus,

PacCMOTpeHHBIE B ciyyae S), m. 4.1, is dyHkuun f shmmosHgiores npu p = 0, g = 4. llpunumas o
BuuMaHue, 410 0 < a + 1 < 4, no dopmyae (15), n. 4.1, umeem

+0
z® d 2 z® n z¢
T = . res res =
(1 + z?)? 1—ei?rath) \ 77 (14222 i (1 + 22)?
0

wi (4 L d 2 i (H@-D)  2A-@-1)
= ———lm— —— m — = - =
[—eme \,oidz (z+ )7 @ sovidz (z—if ) 1-etma —8 g1

27t a-—1 7(l — a) iTa idra w(l—a) 1
= ———1._ prr (( 1) —1 ) ————————emm) (e 77 —e2 ) = R E— = .
61. Haittu cyMMy S psjaa Z 1 ) S (n€ N).

« [Tpumenus dopmyny (4), m. 42 nonyun nonaras f(z) =

z4—a4

1 1 (-n" 1 J) f(2) J(z) (&)
22 2 Z nt—a* 28 2 (rg sinmz + rms sinwz + £e1¢S1 sinwz +r_e: sinwz /

1 T 1 + 1 >
" 26* 4a3 \sinwa  shwa /)’

had 1 w3
S = - = th—=
Zn2+n+1 V3 2

=00

62. Hoxasatp, 410

<« ITo dopmyne (3), n1.4.2, umeem

ctgmwz ctgrwz
S=-xw res ————+ res ————— | =
i3 2t z4+l Siivi 224z 41
2 2

T V3 . T V3 ™ iv3 w3
<Ctg(5"l‘—2—‘1l') = ctg (—2—+Z7‘ﬂ')) = mZtg (—2——11') = ﬁthT. »

E

5
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1
63. Hatitu cymmy psina Z m s

<« B npuMepe, pacCCMOTPEHHOM B 1. 4.2, IOKA3aHO, YTO

nez.

o . 2

S M
(a+nbp? bzsinz"Ta'

n=—oo

CnexoBarenpHO, Mpy b = 1 Noay4yuM paccMaTpUBaeMbId PSR M IIPH 3TOM

hind 2

Sl
£~ (a+n)  sin’ra’
-1
64. Haittu ¢ a1a —(——
yMMY psia Z(a+n)2, n

4 OyeBuaHO,

Seropoifois

(a +n)? (a + 2n)? (a+2n—1)?

n=-"—oc MN=— 0D T=—0200

Primbt Y @ +'2n)2, 3 = +2711 —7 — YacTHble CIydau psaa 3 m, CYMM4 KOTOpPOTO M3BECTHA

(cM. pasenctio (1) B mpumepe 63). TTonaras B (1) b = 2, monyunm:

i 2

3 = -
(@+2n)  4sin® 22’
n=—2
Jinst BEIMMCTIEHMS cyMMBI psiia m B YKa3aHHOM DaBEHCTBE nonaraeM b = 2 ¥ BMeCTO a 6epeM
a—1:
> 1 2 2

> e~
(a+2n—1)? 4sin2ﬂ‘-2:ﬂ 4cos? T

n=—oc
OKOHYATENEHO HMEEM

T

Z (-n* 1 1 7 cosTa w’ctgwa .
(@+n)? 4 \sin®Z2  cos? 7P 4 sin?Zfcos?Zt  sinma

2

n=-—-o0

1
65. Haitu cymmy psina Z m, n € Zy.

<« 3anuuieM CyMMY psiia B BUIE

o o0 o o o

1 1 1 1 1
;(2n+1)2 =n§o Qn+ 1) _g(l—2n)2 =n§o Q@n+ 1) ‘g(zn—l)l -
= 1 = 1 1 — 1
=n§° @n+ 1) _§(2n+1)2 =§n§o @n+ 12

TTosyunM YacTHbI Cy4ai CyMMb psaa (TJ,’:ET)T mpra=1, b=2.
Taxum obpasom,
b 1 1 w? w?

5-_:0 @nt1y 2 2w’z 8"

[SiE]
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66. Haim CyMMy paaa Z n € Zj.

2 +a 20
« Bocriomsayemcs dopmynoit (3), n.4.2, nonarast f(z) = Tai
= 1 1 1 = 1 1 T ctgmz ctgrz
—_— =+ - —_—=—— =1 res —— es — | =
Z nt+a? 2 2 Z n?+a? 2a% 2 (z:ia z2+aql + e T a2>
n=0 n=-—o0
I T [ ctgina + ctgima 1 + 7 cthwa (1 n thra). »
_————— — — = — —_— = TactnmT
2 2 2a 2ta 2q? 2 242
(-1
67. Hairm CyMMY paa Z ) , n € Zg.
« OuesniHo,
= (D" 1 1 o= (=" R Y
—_— = = = — 4+ = =
Z;nz—%a2 2 2 Z nt+a® 2a¢ 2 Z (2n)2+a Z (211—1)2+a2
n=l n=—o0 n=
1 T ctgrz n ctgrz + ctgmz 4 ctgmz
= - = ey ————— es ——— s ——————— res —————— | =
200 2\ Liwdzita? e dzital T Qz—1)2+al | leia 2z - 1) ta
2 2 2 2

_ 1 = ctgﬁ'z—"_‘_ctgﬂﬂ_‘-ctg(§+i1'2i +ctg(—’25—i1'23) _
2a2 2 4ia 4ia 4ia —4ia
n h n T iTa 1 w cth wa T th Ta 1 T ( h wa h wa)
= — — cth — —_ — T —— —_— ——= — — —_— — =
2w T e Tty T T Gt T et T T e T\ 2

_1+1r chz’rza shz’“’ _1+7r 1 _1(1+1ra)’
T 26! 4a shZch Z2 " 2! " 4a shZfchZ2  2q? shra/’

YnpaxneHnus AJA CAMOCTOATEIbHOMH padoThl

1. Haiftu BbryeTsl coreayiolunx GyHKLUMI B 0cOOBIX TOYKAX:

a) f(z) = 1{—2:7 (n € Ny; 6) f(z) = (—l—f—rz—;T (neN; B) f(z) = cosz —sinz;

D f)=z"e" (neN); 0 f(2) =17 ) f(z)=€"Ini7.
2. Haiitu BbI4eTh! B KOHEYHBIX OCOOBIX TOUKAX CACAYIOIUX $YHKUMMA:
a) fz) = —2E 1 6) f(2) = 2.

(z+1)(z—1)2’ ——-2—z

3. Hasitu res—(1+z+l+ +(z—+1F) (n € N).
- (VI=1).

4. Hajitu sorder OyHKumMn f(z) = 5
5. Mycts f u g — aHanmMTHYeCKME B TOYKE z = @ QyHKuMM, npudeM f(a) # 0, a g(z) UMeeT B

TOYKE 2z = @ HYJIb BTOPOTI'O NOPSIKa. ,[onaaarb, 4TO:

() _. 8" (@)-2f(a)g"(a)
I'SS o 3¢ (a)? .

Eciv Xe ToYKa z = @ — nipocroii Hye Gynkuuu g ¥ f{a) # 0, 1o

(z f'ta)g (a)—[:(azs” a)
res {2 = "(ay

o 9(2)
6. Joxasats, 4TO:
- ot k4l o= e
e . el —-— .
a) res (z_a); Z;:T)T (ﬂ € N), 6) rels stz e 2 y l’;e: iniz [ (k € Z),
Ic+-2-)1r
S Gn)t
B) res oo™ = ~ o DiGntol
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7. Tlycth GyHKUMs f MMeeT B OeCKOHEeYHO yAaIeHHOM To4Ke Nojioc nopsiaka k. JJokasats, yto

roeosf(z) (k—HL), hm ( k”f(“”(z)).

8. Bbx!mcnmb MHTErpaIbl:
a) f = dz, T = (7, Yop), ¥ ={2 € C:|z —i| = 3};

23422

6)fz smfdz,I‘:('y,'yo,,),'y:{ze(C:Iz|=1};
r

B)f(sm + e cosz)dz,I‘Z('y,'yop),'y:{ZECilzl:%}-

9. ,[ona3an> paBeHCTBA!
a)f dz —2n+1 P =0 ¥, v, ={z€C:|z| =R}, n < R<n+1, meN, neN;

27rzz”1+1

- O — . — 3
6) f \/m 7”7 r - (7T>Frp)) 77‘ - {2 e C - |2| - 7‘}7 r > 5 u I'Ipld 60]1}:]11]/])( iZ|

_____1___ -1
Vi = (e
10. BulyMCAUTL MHTETPATBI OT BCEX BETBEM MOABIHTEIPATBHBIX MHOTO3HAYHEBIX (DYHKLHIE.
dz
a)fmv T'= (v, Yop), 7={2€C1|Z-1|=%};
r
6) [ VI+27dz, T = (7, 70), 7={2 €C: 2| = 2};
v
B) [ aeriemy =01, 1op), ¥ = {2 €Clz -2/ =3}
T

11. Bul4MCIUTE HHTErpasbl OT J@HHBIX OJIHO3HAYHBIX BETBEH MHOrO3HAUHBIX QYHKLWH:
dz : . —
a) fﬁ: (Lnzloee = 1—mi), T=(7, %), = {2 €C: |z +2| =2

6)f(2+\/_)smz Z—1|z:0=i) (7770;))7 7“{26([: ,Z 2}

7\'

12. [TokasaTs, 4TO f —ode  _ \/1—;—3 (a>0).

a2+sin? "]

13. C nomolubio TCOpCMbI Murrar-Jleddnepa Haiith obLuui UL MepoMopdHol GyHKUMH f, HMe-
10LU€EN MOIOCH! BTOPOTO JIOpA/KA B TOYKAx b, = n ¢ [JIaBHBIMU YacTAMHU B HUX ¢,(2) = (—fw

14. Joka3aTb paBeHCTBO:

o0
! _ 1
chz—cosz ~— 22 E

W’ z ?5 n7r(:i:1 :i:l)

15. [lokas3aTb paBeHCTBA:
i _yn+l
a) H (-7 =% oIl (1+le ):1.
n=1

16. Haittu obnactu cxoaumocTi GECKOHEUHEIX MPOH3BeaeHHIA:

a)i[l(u(u%)"zz"); 6)H< )exp(\/_+%(72_;)2+§<%)3>.

17. Jloka3sats, yto PyHkums f, rae f(z) = H <(1 - ;‘;) exp (§ + % (;‘;)2))n SIBJISIETCS 11€JI0M.

n=1
Haiitu Hynu 5Tl QYHKUMH K MX KPAaTHOCT.
18. ITonyuyurts Teopemy Beiepurpacea (1. 3.3) u3 teopembl Murtrar-Jleddiepa (. 2.2).
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19. J/lokazaTb paBeHCTBa:

oo oo
. in 7 z sh _ 4 .
o chz—coss =2 [T (1455 )5 © B3z =11 (1-2);

n=| n=2
oQ
B) thz=2 H

1
I ——
20. JTokas3atb paBeHCTBa:
o T1(1- %) =% 0 I1(1+5) = 2nfge=rl
= n=2

21. I[OKa3aTb pPaBEHCTBA:

a) f (aLDS$+bSII‘Iz+c)h = 2W’CI 3 (a e R? b E R) c e R, C2 - b2 - (12 > 0),
(clmal=b2)2
B f snzds — 2rq _ \/a?-BY), 0<b<a.
0
22. BuIYHCIUTE UHTErPAT:
2r

I= f e “Tsin(asinz)sinnzdr (n € N).
0

23. J/loka3aTh paBeHcTBa:

+ < 4 . \3/_( 4 , 5 +5C d +oc zd N
dzx _ 2 Sa+l+a vV2oa =2a" 1) f x _ T, j‘a: z __ 4 i T 27
n S Friattan? — 2a¥(l+a%)? ) 1426 3) 331 3 sin g cos s
— 0 0

az
€

24. Wuterpupyst QyHKIMIO 2z = f(z) = 5=, —7 < a < 7, [0 IpaHule MNPIMOYIroIbHHUKA C
BepLIMHAMH B Toykax (—R, 0), (R, 0), (R, i), (~R, 1), moxa3aTb paBeHCTBA:

+c
a) f e*T da =SCC%; ﬂ) f chaz dl‘—SCC—

“chrz chrz

25. [oka3ate paBeHCTRA!

(519

ac +oa
z® — a—-1 xa . . 1 — .
a) f frees dr =c"7 = ¢ >0, -1 < a<3¥u He paBHO uUeaOMY uuciy; ) f W Trws dr = T3
0 o

sinra )
2c

+oc o0
N [ Gde=rz 0 [ frde=fees, Sl<a<l

26. Unterpupys dynkumo z — f(z) = ;73 MO I'PAHKIIE KPYTOBOTO CEKTOPa
s = {zEC:0<]z|<R, O<argz< ¥},
[IOKa3aTh paBEHCTBA:

+o0
— 23 dz __ =V3
a) f 2y =525 6) J =0

lnz

27. Unrerpupys pynxumio z — f(z) =
S={zEC:r<|zI<R, 0<argz<§},

10 rPaHMIle KPYTOBOIO CEKTOPA

AOKa3aTh, 4YTO:

+x4 8 2441 8

+oo
a) f lln:: dr = 71'2 2. 6) Xz ds = wzﬁ'
. 0
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28. Joka3sarb paBeHCTBa:

oo oo
1 1 2g2
1) D st = 505 — mo(ctgmatcthra);, 2) 37 oo - 7T et <s:2:'a +macthra —~ 2) .
n=l1 n=1



I'maBa 8

HekoTopbie 00mue BONMPOCHI
reoMeTpH4YEeCKON TEOpUH
AHAJIMTHYECKNX (PYHKIUH

D1a m1aBa MOCBSALIECHA W3YYEHHIO HEKOTOPBEIX OOLUMX TOLIOJIOTHYECKHX CBOWCTB aHAIUTHYECKUX QYHK-
uuit. B Helt paccMOTpeHB! reoMeTpHUeCKUE TIPUHUMITBI U OB1HE BOIIPOCH! TeOPHH KOH(MOPMHbBIX OTO-
Spaxenwii. [Tocneanuit naparpad nocesiiueH KOHQOPMHbBIM OTOGPAXEHUAM MHOTOYTONBHUKOB.

§ 1. Ilpunmun aprymenta. Teopema Pymie

1 2f'(z
1.1. BelyMcienHe MHATErpaja — _go_(_)f_(_) dz.
27”31) f(z)— A

IMycts D € € — o6nacts, f — aHaIMTHYECKas B 3amblKaHu D DYHKUMSA, 33 MCKITIOYEHHEM
KOHEYHOT'O MHOXECTBa MOJIIOCOB, JeXawux 8 D (Ho He Ha D) u 0D — HenpepbiBHAA MOJOXUATETBHO
OPUEHTHPOBaHHasl KpuBas. [lycThb, faiee, A — TaKoe MpPOU3BONLHOE (KOHEYHOE) KOMIUIEKCHOE YHMCIIO,
yto yHKuMs f He umeeT A-Touek Ha rpaHuue 0D, a ¢ — INPOU3BONbHAS AHATMTHYECKAs B 3aMbIKa-

— !
mmn D dynxuus. PaceMorpum B obnacti D gyHkumio z — F(z) = -“’%(‘7);?’_(—?. Ee BO3MOXHEIE 0COBbIE
T04KH B D — 310 A-TOUKHM M momock PyHKUuHU f.

Myctb {ax; k = 1, m} — A-Touxku GyHKuuu f B D KPATHOCTEH COOTBETCTBEHHO ¥y, Ay, - .. ; Oy,
a{b;; j =1, n} — NOMOCH COOTBETCTBEHHO MOPAAKOB By, B2, - .. , Brn. Usyunum dyHKuMIO F B OKpecT-
HOCTH TOYKH G . B cooTBeTcTBHU ¢ dopmynoi (3), m. 1.8, o1 5, uMeem

f@)—A=(G—-a)™ foi(2), folar) #0.

Torma
F(2) = ar(z = a)™  fol2) + (2 = ap)™* fol2),
Py = p(z) B0 a)™ e fo(2) + (2 — an) fi(2) _ o(2) arfo(z) + (2 — a) fo(2)
(z — ar)®* fo(2) (z—afolz)
OTKyZda

res F(z) = agp(ar).
ar

AHanoruyHo, paccMoTpuM PyHKumMI0 F' B OKPECTHOCTH TOYKU b;:

_ J@)
f(z)_A_ (z_bj)ﬁjy

fo(2) fo(2) 1 /
-—(;)j)ﬁi‘“ (z —Obj)ﬁi T @- b;)Pi+! (=5 1ol + fo(2)z - 8),

—B; fo(2) + fo(2) (z — b;)
(z = b;) fo(2) ’

Jo(b;) # 0,

@) = -B; G

F(2) = ¢(2)
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OTKYyZIa
tes F(z) = —B;¢(b;).

[To OcHOBHOI TEOpPEME O BHIUETAX UMEEM

f@ydz =
m/ ()f() gawmk)—;ﬁmbj) (1)

B nanpueiilieM Kaxnyio A-TOYKY 3aCYMTHIBAEM CTOJIBKO Pa3, KAKOBA €€ KPATHOCTb. AHAJOTHYHO,
KaXIplif TIONIOC 3aCYUTHIBAEM CTONBKO pa3, KAKOB €ro Nopsanok. [Ipu TakoM cornalieHuy npasasi 4acTh
dopMyisl (1) BEIpaXaeT pa3sHOCTb MEXIY CYMMOMN 3HaueHUM, IPUHUMaeMblx QYHKIHEl ¢ B A-TOYKax
$yHKUMH f ¥ CYMMOH 3HaYEHUH, IPMHUMAaeMBIX TOH Xe PyHKIMel ¢ B nomocax GYHKIMHU [, JeXalUux
B 0bnactu D.

PaccMoTpuM dacTHEIE CTydad.

1) Ilpu p(z) = z dopMyna (1) npUHUMaET BUL

1 F@)dz -
%/Z%———A—-kz_‘akak‘:ﬁjbj. (2)
ap = 3=l

.

B mpasoit yactm QopMyssl (2) CTOUT pa3sHOCTb MEXIYy CYMMOH A-toueK QYHKIMU f M CyMMOU ee
MONTIOCOB, pasMeLieHHbIX B D .
2) TIpu p(2z) = 1 uMeeM

L [ f&) (z) _ ~
5;17 f(z) — dz = Z (o7 Z /3] 3)
8D

B npasoit 4acti ¢opMystst (3) CTOUT pa3HOCTH MEXIY YUCTOM A-TOYeK U YHCIOM TOMOCOB (QYHK-
uMM f, noMeureHHbIX B obnacty D.

1.2. Teopema o sorapupMAIecKOM BbIYETE.

ITycts Teneps A = 0, T. €. A-Touku HYHKIMHU f SBISIOTCH €€ HYISAMHM B obnactyu D.
m

BpelleM B paCCMOTpeHME Clefyloune 0B03HaYeHHs: Y @, = N — uucno Hyleil GyHkuun f B
k=1

n
obnacti D, Y, B; = P — 4Mcno Nomocos 310i xe pyukuuu B D. Torma
j=1

1 [re,

o = N-P )
aD

HHTerpa, HaXOAAIMUICS B JIEBOH 4acTH 3TOTO PABEHCTBA, HA3BIBAETCH A02APUDMUHECKUM BLIHEMOM
@ynkyuu f omnocumenvno 3D, a caMO PAaBEHCTBO BBIPAXKAECT CMBICH CIEAYIOUIEN TeopeMsl o sorapud-
MMY€CKOM BBIYETE.

Teopema. Ilyemy D @ C — obracmb ¢ nosoxcumensio opuenmuposantod spanuyeti 3D, u mnoxce-
cmBo mouex epanuubl sersemca Kpusod Kopoana. Toeda, ecau ynxuua f anasumuvecxas 6 samvicanuu D,
3a uckmoYenuem nomocos, pasmewennsix 6 D, u f ne obpawjaemca 6 nyav na D, mo nocapugmuneckuii
ebiem ynuuu omuocumensro 8D pasen pasnocmu mexcoy Hucrom Kyaed u uucsom nonocos gykxuuu f,
pasMeuiennbix ¢ obnacmu D.

1.3. IlpuAnMn aprymesra.
TeopeMe 0 OrapuMUIECKOM BHIYETE MOXHO NPUAATH TE€OMETPUYECKHI OTTEHOK.
4
[MepBoobpaszHON GyHKUUHU -5,— B OKpPECTHOCTH JIIOOOH TOukH z € JD, B KOTOpOii HeT HU HYJIS,
HY nomoca GyHKuMu f, aeasgerca GyHkuua z — F(z) = In f(z), rtme ln o603HayaeT mobyio BETBb

norapudma, mockoneky F'(z) = fﬁf}
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Ilycrs 0D = (7, Yop), [, Bl —:: 7y — napaMeTpudecKoe NMpeACTABACHUE KpuBoil y. Torma rep-

BooOpazHoil (hyHKUUU %' BAONb KPHBOi y sBiseTcs pyukuus t — B(¢) = In f(p(t)). Iockonpky
KpHBas ¥ 3aMKHYTa, To In|f(@(8))] = In|f(¢(a))]. IpuauMasn 3To BO BHUMaHHE U NIPUMEHUB HOPMY-
ny Hriorona—Jleii6Huna (cM. dopmyny (1), 1. 5.2, . 4), nony4um:
')
f(2)

dz = ®(6) - ®(a) = i(arg f(p(B)) — arg f(¢(a))). (1
aD

BBeaem obo3HayeHHe
Apparg f = arg f(p(B)) — arg f(p(a))
¥ 3anuiieM paBeHCTBO (1) B Buze

1 f'@)  _ Appagf

wi | o) m
aD

WM, TIPUHUMAs Bo BHUMAHHE TEOPEMY O NToTapi(MUUECKOM BLINETE, B BAIE
1
N—P=E~A3Dargf. V3]

IMocnenHee paBeHCTBO BHIPAXACT HPUHUUR @PZYMeHma, KOTOPHI MOXHO copMYyIUpPOBaTh CIAEIYIO-
MM oOpazom.

Ilpunyun apeymenma. llyceme D @ C — obaacme u mnoxcecmso y moyex ee epanuyst 0D asisemes
kpusoii Kopoana. Toeda, ecau gynkyus f anasumuueckan ¢ zamuikanuu D, 3a uckarovenuem KoHeyHozo
wucAq noaiocos, pameiyennvix ¢ D, u f He o0pawaemca ¢ nyav na Kpusoil vy, mo paznHocme Mex#c0y Huciom
nyseil N u uucaom nosrocos P ynkuyuu f 6 obracmu D paena Oeaennomy na 2w npupawenuio apeymenma f
npu 0bxo0e moukol z 2panuyst obracmu D 6 nosoxcumenvhom Hanpasaenuu o0un pas.

O4eBUHO, YTO % App arg f — 9TO YMCIO MONTHBIX 0OOPOTOB BOKPYT TOYKM w = 0, COBepllaeMbIx
BEKTOPOM [, KOrla MoiBXHasi TOUKA Z OBXOMMT MOJOXUTENBHO OPUEHTHPOBAHHYIO KpUBYIo 3D onuH
pa3 B HanpaB/ieHWH, TIPOTHBOIIONOXHOM XONY YacOBOM CTpeAKH. B CBA3M ¢ 3TUM NPUHIUI apTyMeHTa
MOXHO C(HOPMY/IMPOBATh NO-APYroMy, a UMEHHO:

Hpunyun apeymenma (aromepnamusnas opmyaupoexa). Illyeme D @ C — obracms u muo-
Hcecmeo y mouek ee epanuybl 8D asasemcs kpueoil Xopdana. Tozoa, ecau gynkyuna f ananrumuyeckan 6
sameicanuy D 3a uckniouenuem Koneuno2o wucaa nosocos, pasmenennsx 8 D, u f na epanuye oonacmu D
He obpawaemcn ¢ Hyav, mo pasnocmeb N — P pasna uiicay noanbix o60pomos, cogepuiaemsx eexkmopom w = f
eoxpye mouku w = 0 npu 0bx00e moukod z cpanuyw obracmu D 6 noAOHCUMENbHOM HANPAGAeHUY 00UH
pas.

1.4. Teopema Pymie.

M3 npuHuMna apryMeHTa cieiyeT Takoe YTBEPXICHHUE. B

Teopema (Pyme). Ilycme pynkuuu ¢ u Y anasumuyeckue 6 3amvikanuu D, 20e D € C —
002aCMb C NOROHCUMENLHO OPpUENMUPOGANHOI epanuyel dD , MHOXCeCMBO MoYeK KOMopod AgrAemcs Kpueol
XKopdana, u nycmo Vz € D |p(2)| > 19(2)]. Tozda dynxyuu ¢ u ¢+ umeiom @ obracmu D odunaxosoe
Konuwecmeo Hyaeu.

<« U3 nepaseHctna |p(2)| > |9(2)|, Boinonnsiiomerocs Vz € 0D, caenyeT, uTo GyHKUNM ¢ U @ + ¢
He UMEIOT Hysiedt Ha D. JleiicTBUTENBHO, TOCKONIBKY Vz € D Je(z)| > [ (2)| 2 0, To

lp(2) + ()] 2 lp(2)] = [$(2)| > 0.

[Mycts N — uucio Hyneit GyHKUUM @ + 3 B 061acTi D. B COOTBETCTBUH C NMPUHIIUIIOM APIryMEHTa
HMeeM

-1 1 vy _ 1 ¥
N= ZWAaDafg(<P+¢)—ﬂAaDafg¢ (1"';) = (Aauafgso"'AaDarg (1+;>>



298 [1. 8. Hekotopsie o0lide BONPOCKH M€OMETPHYECKOH TEOPHH AHANIMTHYECKHX (YHKUMH

IMpvHUMas Bo BHUMaHHeE, YTO < 1, BexTOop w = 1 + % nipu o6xo/e TouKol z rpanunms 4D He

H

v lap
MOXET COBEPIIMTH 060POT BOKPYT Toukd w = 0, MOCKOJIBKY To4Ka w = | + fPfL:; BCE BPEMS ABUXETCS
pHytpu xpyra K = {w € C: |w — 1] < 1}, He comepxauiero Touk#t w = (. CiemoBaresbHo, arg (1 + -“ﬁ-)
IIpH TioJIHOM ofxoze rpaHuLbl §D Bo3BpaniaeTcs K NEPBOHAYATLHOMY 3HAYEHHIO H

AaDarg (1"‘3/1) =0.
"

TakuM oGpasoM,
1
N=— ABD arg P,
2%

T.¢. N — 4ucno Hyne# ¢pyHkuuu ¢ B obnactu D. »

Teopema Pyiue uMeeT MHOrounClieHHBIE TPpUMEHeHMsI. OHA UCIONB3YETCS, B YACTHOCTH, JUIS OIIpe-
JeNeHUs Yucna Hynel GyHKIIHY.

IlycTs, HanipuMep, TPeOYETCS ONPEAETIUTh KOJMYECTBO Hynei MHoTowieHa P(z) = 22 =52 +2, ne-
)aumx B kpyre K = {z € C: |z| < 1}. [Tonaraem P(z) = p(z)+(2), rme ¢(z) = -52°, P(z) = 2242,
Ecnu |z] = 1,10 lp(2)] = 5> |27 42|, Tak Kak |2° +2| < 12°]+2 = 3. OyHKUMA ¢ UMECT B EAMHATHOM
kpyre K T1pu Hyns. [lostoMy, no TeopeMe Pyiue, MHorouneH P uMeeT B Kpyre K TpH HyJisl.

C noMotipio TeopeMsl Pyliie oueHb NPOCTO HOKA3BIBAETCH OCHOGHAA MeEopeMa ancetpul:

Ocno6nan meopema aazebpot. /I060d mnozounen cmenenu n

P,(z)=az" +a;z" '+ ... +a, 1z +a,

umeem ¢ KOMNACKCHOU NAOCKOCMU POGHO T HYA€l.

« ITonaraem P, (z) = ¢(z) + ¢(z), tae ¢(z) = aoz™. MHOTOWIEH ¢ MMeeT B KOMIUIEKCHOH MI0C-
KOCTH POBHO 1 HyJlel, T. K. z = 0 ABNsieTcA Hy/leM n-r0 nopsiika (hyHKUMH ¢, a [P TocyeTe Yicia
HyJIeH KaXIpid U3 HUX 3aCUMTHIBAETCS CTOJNIBLKO Pa3, KAKOBA €ro KpaTtHoCTh. B kauvectse obnacty D
Bo3pMeM Kpyr K = {2 € C : |z] < R}, a R BbiGepeM HACTO;bKO GONbLINM, 4TOObE Vz € Dy, BHINON-
HAUIOCH HEpaBEHCTBO |@(2)] > JW(2)], roe ¥(z) = a12" "'+ ... + @,_12z + a,,. JUIS 3TOro HOCTATOYHO
B3sitb R = 1+ lag| + |az] + ... + |a,|. Torma no teopeme Pyle 4ucno Hynelt ¢ynkunii ¢ u P B
kpyre Kr oaMHakoBo, T.¢. MHOTowieH P UMeeT n Hyneid. »

PaccMoTpuM 3amauu.
1. Onpenenutbh Yuciao Hyled MHerowreHa P(z) = 2~ 1222+ 14:
a) B KOJIBLIE Vlz{zEC|l<1z|<§};
6) B konbue Vo ={z € C | 1< |z] <2};
B) B Npasoit nonayrnockoetd D = {z € C | Rez > 0}.
« a) Ilycts
P@) = @)+ 9¥(z), @)=z, w(z)=—122"+14.

Tpu |z| = 3 umMeem

3125 21 R
lp(z)| = E N 97 I W) < |- 1227+ 14 =89,

T.¢. |p(z)] > l¥(z)[. To Teopeme Pywe Bce math Hynmeii MuorowreHa P nexar B kpyre Ks;; =
{z €C:|z|< %} OnpeaenuM, CKOJNbKo U3 HUX MMEIOT MOIYNh MEHBIIMI eauHuupl. C 3Tol LEbI0
noJiaraeM

P@) =)+ ¥%i(2), ¢i(2) =14, P1(z) =2 —122%
Ipu |z| =1, i

[p1(2)] = 14,  |9(2)| £ 13,
cnemoBaTenbHo, o TeopeMe Pywie B kpyre K = {2 € C: |z] < 1} Hyne#t mHorowiena P Her. Takum
00pa3oM, Bce MATH HyJlel MHOrowieHa P pasMelueHst B Koubie V).
6) Ilycrs
P(2) = p3(2) + ¥3(2), p3(2) = —122%, s5(2) =2° + 14,
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Mpu [z| =2

lps(2)l = 48, lys(2)] < |2°] + 14 = 46.
ITo teopeme Pyumie uucno Hyneit MHorouwteHa P B kpyre K, = {z € C: |z| < 2}, cnenoBarenbHo u B
Kosblle V5 PaBHO IBYM, T. €. CTOJNBKO, CKOJIBKO UX Y PYHKUMH 3.

B) U3 nepasencrsa P(iy) = in + 1297 + 14 cnenyer, yTo MHorowien P He MMeeT Hynel Ha
MHUMOH OCH, IOCKOJIbKY JeHCTBUTENbHAS U MHUMas 4acTH P(iy) He oOpaumaiorcs oqHOBPEMEHHO B
Hysb. [IpUMEHHUB IpMHUMI apryMeHTa K nonykpyry K = {z € C : |z| < R, Rez > 0}, noay4aeM, uto
yucno N Hyned MHorowrieHa P B npaBoii [oMyTUIOCKOCTH OTIPeie/isieTCsl pABEHCTBOM

|-
N= ‘5; I{lTlm (A[iR,—-iRI argP(z) + AFR argP(z)) s
rie Tr = (Y, 1%), 1o = {z €C|z = Re™, -3 <t < 5 }.

[Tpu Gonpliux R > 0 uMeeM

.5 2
Apig, -ir| a8 P(2) = Ayeir, —ri(6y” + 124" + 14) =
s 5

T 7 iy -
Toyi 4 14 T velo-RIAE 5 =5 tOR)=-1+0E&),

y
122+ 14 2 2

11— 1227 _
Ar, arg P(z) = Ar,, argz5 +Ar, (l + ———S—z> =57+ O(R l).
4

= AyE[R, 0] arctg

TakuM obpasom,

1
N=—(m+5m)=2.»
2r

2. B xaxuX KBajpaHTax HaXo[sATCs KOPHU YPaBHeHHs
412243 =07

4 OueBMIHO, YTO YpaBHEHHUE HE MMeEET HEOTpUUATENbHBIX KOopHeil. [lokaxem, 4To OHO HE UMeEeT

OTPULIATEIBHBIX KopHel. JIeHCTBUTELHO, ToNaras z = —&, TIONYYUM YPaBHEHHE
:1:4—-:1:3+4z:2—2:c+3:0.
IIpu 0 < z £ | cyMMa mepBoIX TpeX WIEHOB, a TAKXE CYMMa ABYX TOCIEAHMUX WICHOB NOJOXUTENbHBI.
Ipu = > 1 cyMMa NepsbIX IBYX WIEHOB, a TaKXe CyMMa TpeX IOCHEIHHUX WICHOB MOJXOXHTEAbHEI.
CregoBatensHo, . , s

Ve>0 z -z +4z"—22+3>0.

ToacTasiM B ypaBHenue z = iy. Toraa oHO TIPHMET BUL
4 .3 2 A
y —iy -4y +2iy+3=0.
ﬂeﬁcTB”TeﬂbHaﬂ 1 MHHMasd 4aCTH 3TOro ypaBHCHHA HE oﬁpamalOTCﬂ OOHOBPECMCHHO B HY/Ib, B CHIY

4ero McciaeayeMoe ypaBHEHUe HE UMEET U YMCTO MHUMBIX KOPDHEH.
Yucno ero KopHe#l, pasMELIEHHBIX B TIEPBOM KBAJPAHTE, OMNpEAEIAETCA PABEHCTBOM

1 .
N = oy I%im (AZEIO‘R[ arg(:z:4 +z+ 4zt + 2z + 3+ Ayerr, o) arg(y4 - iy3 - 4.1,/2 + 2iy + 3) +
—o0

+A, gt arg(z4 +20+427 422 4 3)).
0t T .
2
HNmeem
AIEIO,R[ arg(:t4 + 23 + 422 +2x + 3) = 0,
3
. -y +2y
A arg(y® — 4y° + 3 -y 1an=A arctg —————.
ye(r, 01 AB(Y" — 4Y"+ 3 +i(-y +29)) = Ayeqr, o arclg Yt —dy? + 3
Uncnurens apoGu Tox 3HAKOM APKTaHTeHca obpauaeTcs B Hynb mpu ¥ = v2 U y = 0, a ee 3Hame-

Harenb — NPU ¥ = V3 u y = 1. HameHeHue 3Toii ApobU Npyu uaMeHeHuu y or R mo 0 MoxHO
0XapaKTepU30BaTh cremyiouieil Tabnuueii:
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y R V3 V2 1 0
3
)
y—4_y4y—2_f§0(R"l)—oo+0—oo+0

C TIOMOLIBIO KOTOPOI1 JIETKO 3aMETHTh, YTO
Ayer,aag(y' -4y’ +3+i(-y’ +2y)) = 21+ OR™).
Hanee,

A _p.ir arg(z4 +24427 +2243)=A oreit arg 2t

ugzglz"- og:g»’zi

B pesynerate monydyaem:

( 2 +422 42243
l+—
A

> =2r+OR™)

1
N =—(0-27r+2mr) =0,
2

T. €. PACCMATPHBAEMOE ypaBHEHUE HE UMEET KopHEH B EPBoM KBajpaHTe. [ToCKONBKY KOPHU YPaBHEHHS
PACIAIAIOTCs Ha N1aphl CONPSXEHHBIX, TO KOPHEii HET U B Y€ TBEPTOM KBAIPAHTE, & BO BTOPOM U B TPETHEM
UMeeM X T10 1Ba. P .

3. Iycems f€ AXK), e K ={z¢C:|z| <1} Nokasars CymecTBoBaHHe TAKOTO umcia p>0,
gTo 1151 BeeX w u3 kpyra K, = {w € C: |w| < p} ypaBuenue z = wf(z) uMeeT B Kpyre K pPoBHO OIUH
KODEHb.

<« 3anyiueM ypaBHeHHE B BUIE ¢(z) + ¥(z) = 0, tae p(z) = z, @(z) = —wf(z). [pu |z| = 1
lp(2)] = 1, lwf(z)l £ |wlM, rne M = max|f(z)|. lpu |w| < ﬁ BHITIONHSIOTCS YCJIOBHS TCOPEMBI

|z|=1
Pyue. »

4. Nokazars, 4to ypaBHeHue (2z + 1)e” = 2z + 3 He UMEET PELCHMI C TIONOXKNTENLHON AeHCTBU -
TETbHOH YacThiO.
« 3anuiueM ypaBHeHUE B BUIE

2z+43 -
= —e “=0.
P(2) + 9(z) P €
B nonyrutockoctu Dy = {2z € C|Rez > —1} BHIIONHsAETCS HepaBeHCTBO |p(2)| = %—i—:ﬂ >1,asB
nonymwiockoctd D; = {z € C| Rez > 0} — HepaBeHcTtBO |P(2)| = | — e *| = 7% < 1. Takum

obpazom, Ha rpauuite monykpyra Kr = {z € C: |z2| < R, Rez > 0} {p(2)| > |¢(z)| VR > 0. »

§ 2. Coxpanenue obaacTn
H JOKAJIbHOE o0pameHue
AHAMTAYECKON QyHKUUA

2.1. IlpunumMn coxpaHeHMs 00JacTH.

Teopema 1. Ecau pynxuua f anasumuuecxas 6 obnacmu D u ne pasna moxcoecmeento nocmoannoi,
mo obpa3z obaacmu D npu omobpaxncenuu f maxxce ecmo obaacme.

f
« Ilycrs D - D*. Tlokaxem, uro D* — cBsI3HOE OTKPHITQE MHOXECTBO.
a ]
i *
1) Iycrs w; ¥ w, — aBe moOkie Toukd MHOXectBa D*, z; — oguH U3 nmpoolGpaszoB w, zy —
y 1 ) p 1

onuH U3 MpoobpasoB w, Npu orobpaxenuu f: f(z)) = wy, f(z2) = wy, zy € D, z € D. B cu-
Iy CBA3HOCTM D) CyuIECTBYET XOpHAHOBa KDHUBAA. 7y, COCOUHSIOWIAS TOYKM 2| M 23, jexau@asi B D.

Ilycrs {a, G] —;:’—a-) 7y — TapaMeTpHiecKoe npen_c’raMCHHe xpuso# y. Torma Vi € [a, 8] ¢(t) € D

u p(a) = z;, ¢(B) = z;. Tak Kax GYHKuMA f HenpepbIBHAA, TO XOMIozuws ¥ = fow, Dy = [a, G],
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SIBJISIETCS. TIAPAMETPUYECKUM MpPEACTABICHUEM HETIPEPLIBHOM KpHBolt v* C D*, coenuHsmoweN Touku
Pla) = (fop)(a) = f(z)) = w; U P(B) = (f o) (B) = f(z) = wy. CaegoBaresnsHO, MHOXECTBO D*
SBJISIETCS TMHENHO-CBA3HBIM, TaK KaK JHOOBIE [BE €10 TOYKU MOXHO COEIUHHUTH TIyTeM, COCTOSILIMM M3
Touex D”.

2) Iokaxem, uTo D* — OTKPHITOE MHOXeCTBO. IIycTh wy € D” — mobas Touka ¥ 2y — oAMH
u3 ee npoobpaszoB. f(zg) = wy. Tak Kak D — OTKphiTOE MHOXECTBO, TO CYIUECTBYET OKPECTHOCTD
0,.(29) ={2 € C:|z— 2] <r} € D. BribepeM r HACTOJILKO MATBIM, YTOOH B 3aMBIKAHUH 0,.(z) He
COHEPXKANOCH Wy -ToueK QYHKIMU f (KPOME TOUKM zg). OYeBUIHO, TAaKOH KPYT CYLUECTBYET, [TOCKOABKY
Y aHAIMTHYECKOM GYHKUMM f Z const ee wy-Touky M3onMpopadsl. [lyets v = {z € C: |z — 2] = r}
up= ngnlf(z) — wo]. OuesnaHo, g > 0 (T. K. B TIPOTHBHOM Cly4ae, T.€. Ipu g = 0 HempepbIBHAA

z€y

dysxums z — | f(z) — wy|, HocTHraoasd HA 3aMKHYTOM MHOXECTBE CBOEIO HAMMEHBILETO 3HAYCHMS,
obpatuiacs 6bl B HYJIb B HEKOTOPOU Touke z' € 4r, @ 3TO 03HAYalIO Obl, YTO HA KPUBOIi 7, €CTh Wy-TOYKA
GYHKUMM f, YTO IPOTUBOPEYUT BLIOODY 7, ). Tenepp nokaxem, 4To

K,={weC:|lw—-w<pu}CD".
HeictButensHo, nycts w) € K,, — nwo0as touka. Umeem
(@) —wy = (f(2) — wo) + (wo — wy),

npudeM |f(z) — wo| 2> g Ha KpuBOH «,., a |w — wo| < p. Mo TeopeMe Pywe ¢yHkuus z — f(z) — w;
HUMeEET BHYTPH 7, CTOJIbKO X€ Hy/eil, CKONbKo UX uMeeT GyHKUMS z +— f(z) — wo. [locnenusist UMeeT B
okpectHocTH O,.(zy) 10 MEHBIIEH Mepe XoTst Obl OAMH HY/Ib, CICAOBATENBHO, GYHKIUS z — f(z) — w
TAKXKE UMEET B 3TOW OKPECTHOCTH 110 KpaiHe il Mepe oM H HyJb, T.€. CYILECTBYET Takasi Touka 2, € 0, (zy),
410 f(21) = wy, OTKyda cnenyeT, yTo wy € D*. B cuny mpousBonsHOCTH BeiGopa w; € K, menaeM
BbIBOL, uTo K,, C D", T.¢. D" — OTKpBbITOE MHOXECTBO.

M3 1) u 2) cnegyer, yto D* — 06J4cTh. B

3ameuauue 1. HenpepniHnie oTOGpaxeHUst, OCTABAAIONINEG UHBAPHUAHTHEIMYM OTKPLITHE MHOXECTBA, Ha3piBa-
10TCS OMKpuimbMU omobpadcenuamy. $S1CHO, 4TO moboe OTKPHITOE OTOOPAXEHHE OCTABAACT MHBAPUAHTHLIMH
Takxke H obsactu. CreroBaTesipHo, OTOOPaXeHUs, OCYIIECTRASEMBIC aHATUTHIECKUMU DYHKIMAMY, ABISI0TCS
OTKPHITHIMH.

f .
3ameuanue 2. OTKpbiTOe OTOGpaXeHue A— B Ha3piBaeTcs gHympeHHuM, Can sl oGoH Touxu b € B MHoxe-
Ha

cTBO f _l(b) e¢ npoo6paszos ( f "l(b) C A) He COLepPXUT HUKAKOr0 KOHTHHYYMa. QueBHAHO, YTO OTOOpaXeHUs,

OCYLLIECTRAACMbIC AHATUTHUCCKUMH (DyHKIMAMH, ABIAIOTCS BHYTPEHHMMMU, TaK KakK Vb € B muoxectso f "l(b)
COCTOHT JIULIb U3 U3OIUPOBAHHEIX TOUEK.

2.2. JlokanbHoe obpanienne aHATUTHYECKHX GyHKUMIA.

Nycts w = f(z) — ananmutuyeckas GYHKUMS B TOYKE Zg. PACCMOTPUM ABA BO3MOXHBIX CAy4as.
a) Tycts f'(zg) # 0 ¥ f(zg) = wy. Tak Xe, KaKk M B TEOpEME O COXPaHEHUU obnacT, Beibe-
peM Kpyr O,(2q), KOMIIaKTHO MPUHAIEXAIUNH OKPECTHOCTH AHAIUTHUYHOCTH GYHKUMH f U HE co-

HEPXAIMHA IpyruX wo-To4eK QyHKUMH f, KpoMe LEeHTpa zo. IlycTs, ganee, g = min |f(z) — wyl,
z€r

Y. = {2z €C:{z — zol =7}, p > 0. Mo teopeme Pyie nomyauM, 4to GyHKums f NPUHHUMAET B Kpy-
re O, (z9) moGoe CBoe 3HaYeHHE CTOJIBKO Pa3, CKOJILKO pa3 OHa MPUHUMaeT 3HaueHue w,. OnHako, 310
3HaYEHUE OHA MPUHMUMAET TOJILKO B TOYKE Zy U NPHUTOM OHHOKPATHO, TaK KakK f'(z0) # 0. TakuM o6pa-
30M, QyHKuMs f OpuHUMaeT B Kpyre O(z) moboe sHauenye 13 Kpyra K, = {w € C: |w — wy| < p}
¥ TIPUTOM TONBKO OmUH pa3. MHBIMU c/ioBaMu, f — JIOK&JILHO OMHOMMCTHA B TOYKE 2Z5. T€M caMbIM B
kpyre K, onpenenena ¢ynkuus z = g(w), obparnas dynxkuuu f: g(wo) = zo u (f o g)(w) = w. U3
OOHOJMMCTHOCTH f cnenyet, 9To Aw # 0 npu Az # 0. [Tpu atom

Ag Az 1 1
Aw BAw ETEHT®

B OKPECTHOCTH TOYKM 2. Takum obpaszoM, g € A(K,.).
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[Iycts
g we) 1 g(w) dw

n!l 2w (w —~ we)
K,

z:g(w)=zo+a,(w—w0)+a2(w—w0)2+ cee, Qp =

3aMeHHMM B HHTerpajie IEPEMEHHYI0, nofarast z = g(w) (w = f(z)). Torna nonyyum:

1 zf'(z)dz 1 d 1
a, = — = —— 2| ———— | dz =
2mi f (f(z) — wo)™! 2min / dz \ (f(z) — wo)"
P,

I

1 dz 1 fa! z—z \ B o
- 2"in/(f(2)—wo)" “;E( dzn-! (f(Z)—wo> > L, = (7).
I's

dn 1 . n .
Z”g(w)—zo+znv <77 <f—(ZZ)——ZOTo> > (w —wp)". ()
z=z@

Taxum obpazoM,

»
Psia (1) HaspiBaeTcst padom Jlacpanxca.

PaccMotrpuM oboGiieHue dopMysst (1), @ UMEHHO, TIOIYYMM Pa3fioXeHHE B OKPECTHOCTU TOUKHU W
¢yuximu Fog, rne F — INpou3BoJibHas aHaMTHYIecKas GyHKuuMs B 0671aCTH, KOMNAKTHO colepXaueh
Kpyr 07" (ZO)'

ITycts

(Fog)(w)=F(z)+ Y balz = 20"

n=l

MoBTOpPsis MpenblayuIve IpeoGpa3oBaHusl, TONYyYHM:

1 F(g(w)) 1 F()f'(z)dz 1 / < 1 >
by, = — ———dw = — = —— ()_u _— ) dz=
27 (w — wy)™+! 2 (f(z) — wy)n+t 2win (f(z) =~ wg)™

K, T, rr

1 F(z)dz 1/ d! z-z "
=3 = — — [ F'(2) ,
min J (f(z) —wy)® n! \ dz f(z) - wy imzo

.

ChnenoBarensHo,

=1 dar! , Z -2 " n
(FOQ)(w)‘—‘F(Zo)+Zn—! (Ez_;: (F (z) (m) >>z=z0 (w —wp)". (2)

IIpu F(z) = z nonyyaeM ¢opmyny Jlarpanxa.

6) Mycts f'(20) = f"(z) = = fP V) = 0, fP(z) # 0 (p > 1). TToBTopUM TpexiHe
coobpaxeHust. BriGepeM Kpyr OT(ZO) TaK, 4ToObl B HEM KpOMeE IIEHTPa zy HE ObUIO JAPYTUX Wg-TOYEK
dynkuMu f, ¥ 9TobBl Vz € 0,(20) \ {20} f'(2) # 0. Kax u paHee, BoibepeM u > 0 U MoKaXeM, 4To
B kpyre O.(zg) moGoe 3HaueHne w u3 Kpyra K, GyHKuMst f IPUHUMAET CTOBKO Pa3, CKOJBKO OHA
TIPMHMMAET B HEM 3HA4Y€HHUE wy, T.e. p pas. [Ipu 3ToM, ecM w # Wy, TO BCE 3HayeHUd w GyHKuMs f
TIPUHUMAET B PAa3HBIX TO4YKaxX, MOCKONBLKY B HUX f'(z) # 0. B TakoM ciydae (pyHKUMIO f Ha3bIBAIOT
p-nuctHoit B Kpyre O, (z0). Ecmu z € 0,.(z), To

w= f(2) = wo+ (2 — 20)’p(2), @lz0) #0,
Y(2) = (z — 2) }/p(2) = /w — we.
IMox X/¢(z) noHMMaeM 3iech KaKylo-TG0 BeTBb. DTy BETBH MOXHO DPa3jJIoXHUTh B psig Teiinopa B

OKPECTHOCTH TOUKM Zo, CBOBOMHMIN WIEH KOTOPOro He paBeH HYJIO, ClemoBaTensHo, ¥ (zg) # 0 u, co-
IJIACHO MYHKTY a), B OKPECTHOCTH HYJIS CyluecTByeT yHKUMs, oOpaTtHas ¢pyHKuud ( = 9(z): z =9~ o).
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3anuiueM ee pasIoXeHHe B OKpecTHOCTH Touki ( = 0 B psia Teittopa

Z:Z0+01<+02<2+ :z0+Zan(".
=1

1
3ameHuB 31eCh ( Ha (w — Wy)P , TOAYYUM pasfoXeHHue, obpawarumee GyHKuMo f B oOOGLICHHBIN
CTETIEHHOM pAa

s=gw) =2+ Y anw - w)?. 3

n=i

Jlerko ybenuTbCs B TOM, UTO KO3(DOUIMEHTS! ¢, pasnoxeHus (3) onpeneasiorcs 1o $popmynam

1 dr! z~ 2z

n= al \ dzn-t 1 ’ *
(f(z) - f(z0)) P

Ananusupys pasnoxenue (3), MpPUXOIUM K BhIBoly, 4TO g(w) siBAsieTcs B Kpyre K, 3neMeHTOM
TIONTHOW aHAJMTHYECKOH DyHKUMM, Ui KOTOPOiH TouKa W, SIBISIETCS] TOYKOH pa3BeTBneHus (p — 1)-ro
TopsiKa.

U3 paccMOTpeHHBIX cjlydaeB a) ¥ O) CrnenyeT Takoe YTBepXIeHHE.

Teopema 1. Hepagencmeo f'(zy) # 0 sersemess neodXo0umoim 4 dOCMAMOUHbBIM YCAOBUEM AOKAAHOU
OOHOAUCMHOCMU aHaAumuweckol gynkuuu f 8 mouke zy.

3aMeTUM, YTO U3 BBLITIOJHEHUS YCIIOBUS IOKATBHO OOHOMUCTHOCTH MYHKIMU f B KaXToil TOUKe z
obnactu D He cnenyet, Boobire roBopst, € ONHOJIMCTHOCTL B D . Ilycth, HanpuMep, f(z) = e*. Torna
Vz € C f'(z) = € # 0. Onnako GyHKUMA 2 — e° He SBJISETCS ONHONMCTHOH B J0GOI odnacTH,
conepxarei XoTst 6ul OfHY MAPy TAKHX TOYEK z; U 2, 9TO z; — z; = 2mwki. CnenoparensHo, f'(z) # 0
B D siBnsieTcst HEOOXONUMEBIM YCIOBHEM ONHOMMCTHOCTH f B D, HO He NOCTaTOYHBIM.

Teopema 2 (MpUHUMN OnHonucTHOCTH). [lycms Qynkyua f anarumuueckas 6 obaacmu D u

z=zg

— — f ==
nenpepwigna 6 samvikanuu D C C, D — noaoxcumensho opuenmuposannan kpusas Xopoana u D —D
Ha

npuvem omobpaxcenue 8D na 8D seasemca é3aumno odnosnaunvim. Toeda f — odnoaucmuas gynxyua
6 obnacmu D.

« [lycts wy € D™ — npouseonbHast Touka, OnpenenyM, cKOJIbKo pa3 yHKuus z — f(z) — wo
obpairaercsi B Hy/b B o6racty D. CorllacHo TeopeMe o JIorapu¢MHUecKOM BEIYETE HMEEM
1 f'(2)
== | ———dz, (5)
2mi f(z) —wy
8D

rae N — uuciio Hy’ed dyHKuMM 2 — f(2) — wy B D. TlockonsKy MeXiy TOYKaMH rpaHuu 8D
U D" cyliecTBYeT HENPEPHIBHOE U B3aHMHO-0JHO3HAYHOE COOTBETCTBHE, TO B (5) MOXHO NepeiTH K
MHTErpMPOBAHMIO MO KpUBoit D™ nonaras w = f(z), dw = f'(2)dz:

1 dw

= — — =1
27 w— Wy
aD*

4YTo U TpeOOBANOCH NOKA3aTh. B

PacecMmotpum 3apaun.

5. Pazntoxuts 1o creneHsM w GYHKUMIO z = g(w), onpeaeNeHHYIO B OKPECTHOCTH ToUKH w = 0
ypaBHeHueM Kernepa z —a = wsinz (a # 0, £7, £27, ...).
<« 3xecs zg = a, wy =0, f(z) = 2=2. 1o dopmyne Jlarpanxa (1) nomyyaem:

sin z

1 [(ad n
z=gw)=a+ E ;(W(sm z)) w”. »
. n=l z=a
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6. Paznoxuts no crenenam w dyHKumo e*™ (b #£ 0), rae GyHKIHMA 2 = g{(w) ABAseTCs 0OpaTHOI
dbysxuun w = ze** (a # 0).
« 3aech zg = wy =0, f(2) =ze %, f'0)#0, F(z) = e* . Cornacno ¢topmyne (2) uMeeMm

-1

=1 [/ d = & +an)*!
bg(w) _ (b+an)z n _ n
e _1+§ ~( (be )> w—1+b§ W
t\ dznt !
- n Z 1

z=0 n=l

Panuyc cXoaMMOCTU TIOTY4EHHOTO CTEMEHHOro psifia HaXoxuM 110 ¢opMmyne Komm—Anamapa:

1 1 1
R = = = —

T .
— n [iprann~I N elal
lim fotanin] an,' lim T
n—o0 ™ n—oc "

F(z)=¢"" =

Ilonaras b = a, HaxonuM:

z g
——, (Fop)w)=="—
f(z)a 12
Urak,

g(w) = L+ Drt :
= L = 1 — e
" + E a w,

n=1

o n+1n—l >0 n+ln—l
g(w):w+zan%_wn+1 =Zan_(__)__wn+l. >

n!
n=1 n=0

7. Tlycts hyHKIMS ¢ aHATUTHYECKAS B 3aMKHyToM kpyre K, = {2z € C : |z — z| € r} # ne
ofpaniaeTcsd B HeM B Hynb. Jokaszarp, yTo Yw € {w €C: |w—w < L}, raie M = max le(2)]
z€8

ypaBHEHHE z — zg = (W — Wy)@(z) UMEET OJHO U TONBKO OJHO pEllieHHe, TIPHHALIeXAlee prry K,.

« 3anuilieM ypaBHEHHE B BUIE W = Wg + ;(j;’ . OyaxuMs z — f(z) = wo + fp(;;’ AHATUTUYECKAS

B kpyre K., f'(z) # 0 u f(z0) = wg. CoITacHO PaCCMOTPEHHOMY BBILIE CNYYAlO &), YPABHCHHe
w = f(z) Vw € {w €C:|lw—wy < ﬁ}, 77 = min|[f(z) — wo|, UMeeT €NMHCTBEHHOE pelleHHe
¢g(w), npuHamiexauiee kpyry K, . [lo dopmyne Jlarpanxa (1) ero MoxHO NpeICTABUTb CYMMOM psina

g(U))—ZoJrz <dnl<¢(z)>"> (W —wp)". >

§ 3. DkcTpeMasibabIe CBOHCTBA
MOAYJISl AHAJMTHIECKOH QPYHKIMHA

3.1. IIpuADAN MaKCHMYMa MOAY.IA AHATUTHYECKOH (PYHKIMH,

Teopema 1 (nepBast GopMyTUpPOBKA NPUHUHUITa MaKCcUMyMa Monynsi). Ecau ¢gynx-
yua [ anamumuueckas 6 obracmu D u ee modyav |f| docmueaem n0Kanbhoz0 MAKCUMYMA & HEKOMOPOU
mouke zg € D, mo f = const ¢ obracmu D.

<« [IpMMeHUM MeTox A0KAa3aTeIbCTBa OT npoTUBHoro. [lycts f Z const M f(zg) = wy. [1ycTs, nanee,
D5 D*. Toraa wo € D* u D* apasercs o6nacTsio. CrnenoBaTe/ibHO, CYLIECTBYET KpyT K, = {weC:
Ha

lw — wy| < g} C D*, U B HeM, O4EBMIHO, HalifeTCA Takag Touka w;, uTo |w;| > |ws]. Torma B He-
KOTOPOM OKPECTHOCTH TOYKM zy HalIeTCs Takasf Toudka zp, 4o f(z;) = wy ¥ |f(z)| > |f(z0)]. Bro
HEPaBEHCTBO MIPOTHBOPEYUT TOMY, 4YTO |f(29)| sBIsIETCH JIOKATHHBIM MaKcuMyMoM ¢yakuuy f. Mcrod-
HUK MIPOTHBOpEYHsA — B NPEANIONIOXEHUH, Yro f # const. CnegoBartensHo, Vz € D f(z) = const. b
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Caedcmeue (BTOpass GOpMYIHMpoBKa NMPpUHUMNE MaKCHUMYyMa Monyns). Ecwu gyux-
yus f anasumuueckan e obnacmu D u nenpepwsna 6 samwxanuu D, mo |f| docmuzaem maxcumyma
monvbko na epanuye 8D obracmu D.

« CrpaBe/UIMBOCTDb YTBEPXKICHUS CIeayeT U3 NepBoii GOPMYNMPOBKU U CBONUCTB PYHKLIMH, HeTpe-
PBHIBHBIX Ha KOMIIAKTE. b

VIBepXieHHe, aHAJorH4Hoe TeopeMe 1, Mg MUHHMYMa Mouyast |f| HecnpaBemiuso, IlycTs, Ha-
npumep, f(z) =z, Dy = K = {z € C:|z] < 1}. Oynxuus f ananutHuecKas 1 f # comst, 0aHaKo
MHHUMYM |f(z)] = 0 mocruraercst BO BHyTpeHHeii Touke obmactu Dy z = 0. 3gecs, BUAUMO, neno
COCTOUT B TOM, 4To GYHKIMs f obpawuiaercsi B Hyab B o61acTy aHanuTHYHOCTH. [1oaToMy cripaBeinBo
CITEOYIOLLEE YTBEPXIEHHE,

Teopema 2. Ecau f € A(D) u Vz € D f(z) # 0, mo |f| moxcem docmueams ¢ D aoxaashozo
MUHUMYMA AUUb 8 MoM cayude, Koeda f = const.

<« [Ins1 BoKa3aTenbCcTBA AOCTATOHYHO TPUMEHUTE TeopeMy 1 K GyHKIUHY g = ;',— aHIUTUYECKO B D,

Tak Kak Vz € D f(z) # 0. »
3.2. Jlemma HIBapua.

Cnenyouee yTeepxaeuue npuHamiexur Hsapny.
Jdemma (I Bapua). [ycms gyucuyus f anasumuueckan ¢ kpyee K = {z € C : |z| < 1} «
yooesemeopsem 6 nem ycaosuam f(0) =0, |f(2)| < 1. Toeda Vz € K swnoansiomen Hepasencmsa
lF@I < el IF OIS L 1)
Ipu smom, ecau evinoansemca pasencmeo |f'(0) = 1 ww pasencmeo |f(z)| = |z| xoma 6w ¢ odnoit
mouke z # 0, moVz € K |f(2)| = |z|, m.e. hynxyun f 6yoem umems eud
fz)=¢"z, a€R.

<« Paccevotpum dyrkinmo z — p(z) = £, Us yenosua £(0) = 0 crenyer, uto ¢ € A(K)

1 p(0) = f'(0) (yeTpaHuMylo ocobyio TOUKY CYMTAEM ycTpaHeHHoir). MccnenyeM GhyHKUMIO ¢ B Kpy-
re K, ={z € C:|z| < p}, rae p < 1. Tlo npHHUMIY MAKCUMYMa MOAYIsl |p| AOCTUIAET MAKCHMyMa
Ha kpuBoit v, = {z € C : |z| = p}. Iockoneky Vz € K |f(2)| < 1, To Vz € 7, |p(2)| = Jf—;zﬂ < ﬁ.
CnenoBarenpHo, Vz € f’, lp(2)f < %. 3adukcUpoBaB Touky z € K M YCTpEeMHB p K CAMHUIE, TIONYYUM
HepaBeHCTBo [¢p(z)] € 1 umn [f(2)] < |z|. OueBunHo, 4To B KAYECTBE z MOXHO B3SITh TOOGYIO TOYKY

u3 xpyra K. Tlycts, B wactHoctH, z = 0. Torma |p(0)] = |f'(0)| < 1. TIpeanonoXnM Teneps, 4to
B HEKOTopOlf Touke zp € K BhIoNHsieTCs: paBeHCTBo [p(zg)] = 1. DTo o3Hauaer, uro |p| mocTHraer
MakcHMyMa B TOuKe zo. ChemoBarenpHo, o TeopeMe 1| ¢ = const M, Tak Kak [¢(z)] = 1, z € K,

To p(z) =€z, a €R. p

Jlemma HIBapria uMeeT NpocToii reoMeTpHuecKuii cMbici. OHA YyTBEPXIAeT, YTO TP 0TOOpaKeHUH
¢ noMouiplo GyHKiMH w = f(z) mobas Touka z € K uau npubauKaeTcs K HaYajly KoOpaHHAT, WiIH
oToOpaxeHHe TipeacTaBiser coGoil BpauleHUe BOKPYT Hayajla KoopauHar. JpyrMMH cioBaMH, o0pa3s
moboli okpyxHocTH ¥, = {z € C : |z| = r} nubo nexur BHyTpu kpyra K, = {w € C : jw| < r}, nubo
COBITQJIA€T € €ro rpaHUueH.

Jlemma UIBapua uMeetr MHOro oGoblueHuif. Brimenum npocreifuiee U3 uux. Ecaum Touka z = 0

SBJISIETCS Hy/eM GYHKUMM f KpaTHOCTH A, TO, paccMoTpeB QYHKIHMIO z %, TIONYYUM HEPaBEHCTBA
o
@<l vee K f—xf‘ <,

NpYYEM paBEHCTBA B HUX BO3MOXHBI JIMIIB B C/Iy4ae, Koraa f(z) = ez,

PaccMoTpuM 3amauu.

8. JTokasars, uto ecn P(z) — MHOTOWIEH CTETICHHU 1, TO JIMHUHM YPOBHS 1o Moxyna |P(z)| = R
(MeMHMCKATBI) MOTYT pacnacThCcs He 6ojiee 4eM Ha 1 CBA3HAIX KOMIIOHEHT.

« Jio6ast cBsi3Hass KOMITOHEHTa NIPEACTABIAET COBO rpaHUIly HEKOTOPOIi o6act D u Moxynb aHa-
JUTHYECKOH B Hell GyHKuMM P Ha ee rpaHuile NOCTOFHHBLA. OTCI04a, COrJIaCHO NPHHUHITY MAKCUMyMa
Mofyns, B D HaiineTcs XOTs 6b1 OIHA TOYKA z, B KOTOpoit P(z) = 0. B npoTusHOM ciydae P(z) = const
sD.»
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9. Fcmu dynkuus f # const anammmuueckas B kpyre Kp = {z € C : |z| < R}, 10 dynxuns
M(r) = sup |f(z)| cTporo Bo3pactaeT Ha unTepsane (0, R).

jz|=r
« YTBepXIeHUE ABISIETCS NMPSMBIM CJIEACTBUEM M3 MPUHILMIIA MAKCUMYyMa MOIYJIs. b
10. [lokasats, uto ecu byukuus f # const aHamuTMYecKas B obnactu D = {z € C : |z| > R},

MMeeT KOHEUHHIH mpenaen mpH |z| — oo, a |f| — HenpepbBHas ¢yHxuus B D, To |f| mocturaer
MakcuMyMa Ha OKpyxHoctd Yr = {z € C : |z| = R}, a dynkuus M(r) = sup |f(z)| cTporo yBuiBaeT
jz]=r

Ha uHTepBae (R, +00).

4 Pyuxums ¢ — () = f(%) aHanmuTHyeckas B kpyre Ky g = {( eC:|(I< é} (yctpa-
HHMYIO 0CODYIO TOYKY ( = 0 cuuraeM ycTpaHeHHOH) M ee MONyJIb HENpephIBEH B 3aMKHYTOM KPYTe
K\ p. CornacHo npuHLMIYY MAaKCUMyMa, || mocthraeT MakcuMyma Ha okpyxHOCTH 0K /R, |fl —
Ha OKPYXHOCTH Yg. M3 3amaun 9 cnenyer, uto sup |@(¢)| cTporo Bo3pacTaeT Ha WHTepBAIE (0, %)

[Cl=p
CnenoBarensto, M(r) = sup |f(z)| ctporo yGuiBaeT Ha uHTepBane (R, +oc). »
fz|=r

11. Tyers P(zy=2z"+ a1z" "' + ... +a, . Jloxasath, 4T0 ecam P(z) # z™, 10 x0Ts OB B OXHOM
Touke okpyxHoct v = {z € C : |z] = 1} BuimonHsetcs HepaseHcTBo |P(z)| > 1. .

< Oynxuus z~"P(z) ynosietBopsietr ycioBdaM 3aadd 10 u, cnenosaresbHO, ee MOAYIb ZOCTH-
raet makcumyma B D = {z € C : |z] > 1} Ha okpyxuoctn v = {z € C : |z| = 1}. Iycrp

M = max|z7"P(z)] < 1. Toraa, corflacHO YIBepXACHHUIO 3amadu 10, nubo |z "P(z)] = 1,
|z=1

T.e. P(z) = z", mbo |z7"P(z)] < 1 Vz € D = {z € C : |z| > 1}. TlocnenHee HEPaBEHCTBO
HEBO3MOXHO. P

12. Tycrs P(z) — mHorounen crenenu n, a M(r) = max |P(z)|. Mokasarp, 9ro ipu 0 < 7y < 1y

fzl=r
BBINMOJIHSAETCA HEPABEHCTBO
| M(ry)  M(r)
2T
b b .

MpUYEM 3HaK PABEHCTBA XOTsA Obl JUTsL OMHOM TAPbl 3HAYEHUI | U Iy BO3MOXEH TOJIBKO LIt MHOTOWIEHE
Buga P(z) =az™.

< Oyuxuus z +— Pz—(,f—l ananutuyeckas B o6mactu D = {z € C : |z] > 0} u, Takum obpasom,
YEOBIETBOPSIET YCIOBUAM 3a1a4yu 10 npu mobom R > 0. »

13. Mycrs P(z) — MHOTrOYIEH CTeNEHH n, g KOTOPOTro Ha orpe3ke [—1, 1] cnpasepiuBa oLeH-
ka |P(z)| < M. Jloka3are, 94TO B MOG0H TOYKE z, JIEKALIEH BHE 3TOr0 OTPE3Ka, BHIIOJHACTCS HEPABEeH-
ctBo [P(z)| < M(a+b)", rne a u b — noxyocu srumnca, ¢ Gokycamu B Toukax — 1, 1, mpoxofsuiero
4epes TOUKY 2.

4 Oyuxuus w — p(w) = w P (%(w+w"l)) aHanuTHYeckas Ha MHoxectee D = {w € C :
fw| > 1}. Mockonbky oB6pasom okpyxsoctd ¥ = {w € C : |w| = 1} npu otobpaxennu z = 1(w+w™")
sBiIseTCA OTpe3oK [—1, 1], To, npuHUMag BO BHUMaHUE YCJIOBUS 3a1a4M, MOJIYyYaeM, 4TO

Vw ey lpw) < M.

CornacHo pelleHuio 3aaa4u 10, nocnexHee HepaBEHCTBO CHPABEILIMBO M Npu [w| > 1:

(o)

Ilyctes 2y — mobas TouKa, He NpuHazIexauasg otpesky [—1, 1] ¥ a, b — nonyocu a;wmnca ¢ Goxycamu
B ToYKax %1, KOTOPbIH MPOXOIMT Yepe3 TOUKY Zg. Ero obpazom npu orobpaxenuu w = z + vz? — 1
(w(00) = o0) aBnsgeTca okpyxkHoctb ¥ = {w € C : |{w| = a + b}. OxoHyaTeBHO UMeEM

P (%(w(ﬂ-w&'l))

Yw € D < Mw|™.

IP(20)| = < Mlwol™ = M(a+b)". »
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14. Tlycrs dyuxuus f — anamutuyeckas B nmpaBoil nonymwiockocty G = {z € C | Rez > 0},
npu Rez = 0 yxosiersopsieT HepaBeHCTBY |f(z)] < M u obpamaercs B HYJIb B TOYKAX Z|, 22, - .. , Zp
(Rez, > 0; k=1, n). Jlokasath HepPaBEHCTBO

|f(z)l<Miz—lez—Zzl-.-Iz—znl (Rez > 0)
P AT A )

4 Oyuxunsa z — pp(z) = = T, YCTaHamIMBaeT KOH()OPMHBIA U30MOP)HU3M MOJIYIIIOCKOCTH

G'={z € C|Rez > 0} u epunnuHoro kpyra K = {w € C : |w| < 1}, T.¢. lpx(Gy)| = 1 1 @i (zx) = 0.
1

n

Taxum obpazoM, bdyukuus F, rone F(z) = f(z)(H gok(z)) , ABJIAETCS AHATUTUYECKON B HOIYIUIOC-
k=1

xoctu G' (ee ycTpaHMMbIe ocoBble ToukM z;, (k = 1, n) cuuTaeM yctpaHenumwmu) u |F(y)| < M,
ClIeAOBATENbHO, COIMIACHO MPUHIIMITY MaKCUMyMa Molys, |F(z)| S M Vz € G, T1.e.

f@l <M Jlee)l vzeG >
k=1
15. Tycts dyHKims f anmanmumuueckas B kpyre K g = {z € C: |z| < R} u {f(z)| € M. [loxasaT,
yro Vz € Kg = {z € C : |z] < R}

|z

= RM’

72 = 70
M? - f(0)f(2)
<« Dynxums ¢ — () = £ anamnmaaeckas B xpyre K = {( € C: [¢| < 1} u |p()| < 1.

IMpunumas B0 BHUMaHue oOwUi BUx aBTOMOpdU3Ma eIMHUYHOrO Kpyra (dbopmyna (5), n.1.3, rn. 3),
YCTAHARIMBAEM, 9TO (DYHKLMSA

© = ¢
(o P = T F2
1= 20)¢()
YIOBNETBOPAET YCIOBUAM NeMMbl 1lIBapua u, Takum oBpa3oM,
©) - (0)
$O PO e w1
- 50
[onarast 3gech { = % U NPUHUMAS BO BHUMAHHE, 4TO @ (%) = L2 nonyyaem TpeGyemoe HepaBeH-

CTBO. P M
16. Tycrs f € AK), K={z€C:|z| <1} uvz € K |f(z)] < M. Jlokasarp, uto
MIf'©) < M* - O

M{f(z)~f(0)

< Qyuxuust 2 — F(z) = 2050

Ho, [F'(0)] < 1. B paBenctse

YEOBIETBOPAET YCIOBUAM JeMMBL II[Bapiia, cienosarenb-

M) - fO) _ F&)
z z
nepefizeM k npeaeiy npu z — 0. [Monyuum:

Mf'(©0) = F'©)(M? - 1fO).

Orciona, MPUHUMAsL BO BHUMaHHUe HepaseHCTBO |F'(0)] € 1, MOIyuMM JOKa3bIBAeMOe HEPaBEHCTBO. B

(M* - F0)f(2))

17. Jloka3aTh, 4TO €ciU Q(z) — MHOrowIeH CremeHU n M MpH z = = € [—1, 1] BeIMOIHsgETCS
HepaseHcTBO |ZQ(z)| S M, 0 Vz €K ={z €C: |z| < 1} |Q()| < M + vV2)**",
« Mycrs P(z) = 2Q(2), B — swmnc ¢ noayocamu ¢ = V2, b = 1 u dokycamu F1. Torma
(cM. 3amauy 13) Vz € E BHINONHAETCA HEPABEHCTBO
1
1P < M(1+v2)™

pumeHus temmy isapna x dyHxkumMu z — MOJTYYUM OUEHKY

P(z)
M(l+v2m+1?
1
P = 12Q@) < M(1+v2)" |zl »



308 I'n. 8. Hekoropnle o6mue BONPOCH reOMETPHYECKOH TEOPHH AHANMTHYECKMX DYHKIMH

§ 4. Ilpasnun KOMIAKTHOCTH.
DO YHKIHOHAJIBI
HA CeMeiiCTBaxX aHAJIMTHYEeCKHX (hyHKIwi

4.1. PaBHOMEDHO OrpaHMYEHHLIE H PABHOCTENEHHO HENpephiBHbIE ceMEHCTBa (YHKIMIA.

C paBHOMEPHOH HENPEepHBHOCTHIO DYHKIMU f CBSXXEM HOBOE IOHITHE — PABHOCTENEHHYIO He-
TIPEPLIBHOCTh CEMENCTBA. JTO MOHSATHE MOSABISETCS B PE3YJIbTATE CIENYIOLMX PACCYXKICHUHM,

Oyuxuuio f 1 C — C MOXHO OZHOBPEMEHHO paccMaTpUBaTh W Kak (yHkumo f : R* — C, ecn
cuutath z = z +1y = (z, y). llycts Z = Dy, Z,, Z, — IepBas U BTOpasi MPOeKLMH MHOXeCTBA 7,
a Zy(x), Z,(y) — ero ceyeHusa nocpencTBoM x U y (cM. n.1.7, m1.1). TlocTaBUM B COOTBETCTBHE
dynkuun f asa ceMeiictsa dyHxmii u3 R B C:

(fl,z):cGZIa (fZ,y)yGZ:a
Tae
Dy, , = Zi(2), sz,y = Zx(y),
fi,:¥) = f, Y VY€ Zi(x), [r,@)= f(z,y)Vr € Z,(y). (H

OO6piyHO TOBOPAT, YTO QYHKUMSA fi . HOdyyaeTcss u3 f GuKCUMpoBaHMEM IePBOH [TEPeMEHHON Z,
a ¢yuxumsa f, , — duxkcuposaHueM BTOpoil nepeMeHHo y. W3 onpenenenuit ciemyer, 4yro eciu
¢dyukmua f : € — C paBHOMepHO HeNpepeIBHAsA, TO BCE€ QYHKUMH CeMEHCTB (fi 2)eez, (fo, y)yez,
PABHOMEPHO HEMpepBIBHBIE. DTO CBOMCTBO Npoiie GOpMyIUPYIOT CIENYIOIIUM 06pa3oM: paBHOMepHas
HENPephIBHOCTb (GYHKUUU HO COBOKYITHOCTH NE€PEMEHHBIX BJeYeT 3a cOGOH PaBHOMEPHYIO HenpephbiB-
HOCTb II0 K&KIOH U3 HUX B OTAEIBHOCTH. OJHAKO CYLUECTBYIOT PAa3pEIBHBIE 110 COBOKYITHOCTH MEpPEMEH-
HbIX (DYHKUMHU, pABHOMEPHO HellPEPBIBHBIE MO KAXION U3 HUX B OTHEIbHOCTH, O Y€M CBUAETEILCTBYIOT
cJenyioLue NPUMEPHL.

IIpnmep 1. lyctb

x
e, )= —————zzfyz, ecm ol <1, ly < luz’+y7 #0,
y) =
0, ect z° +y’ =0

Torma Z = [-1, 1), Z1 = Z, = Zy(2) = Za(y) = [, 1V(z € [-1, 1], y € [-1, 1]). Ecm = # 0,
TO QYHKUMSA fi . ABISETCA pauvoHansHoM Ha cermente [—1, 1]. Ilo TeopeMe KanTtopa oHa paBHOoMep-
HO HenpepbiBHasA. DTHM Xe CBoiicTBoM obnamaetr M dyuxuusa f, , Vy € [—1, 11\ {0}. Ectu = = 0
um y = 0, To GyHKUMHU fi o U fr o PaBHBI HYTIO U SIBIAIOTCS PaBHOMEPHO HEMpPEPHIBHBIMU. Takum
06pasoM, GyHKuMsl [ PaBHOMEPHO HENMpPEPHIBHA MO KaXIOH NEpEMEHHOMN B OTAeabHOCTH. [1o coBOKYTI-
HocTh nepeMeHHBIX dyHkums f : C — C asasercsa paspbIBHON B HyJ1epoil TOuke. JleACTBUTENBHO,

2.1 2

1
. . . n_n —
lim —2+ =2, lm -—*= 3
Lt S s (el e e §

di-

1
n

CJIENOBaTeNbHO, MHOXeCTBO E(0) yacTMyHbIX mpenesioB GyHKUMHU f B HyJIEBOH TOUKE CONEPXUT Gonee
oxHOro 27eMeHTa U lim f(z) He cywecTsyerT.
z—0

Ilpumep 2. PaccMoTpuM NpOU3BOMBHYIO GYHKUMIO f, 3aTaHHYIO Ha eQMHUYHON OKPYXHOCTH
vy={2€C:|z|=1}.

Toma Iy =T, = [-1, 1], [i(z) = {-VI=2a% VIi—2}, Ty = {-/1-9%, /1-4}.
MmuoxectBo I'j(z) npu xaxnoMm 3HayeHud x € I'| comepxur He BoJiee OBYX TOYEK. DTHM Xe CBOM-
cTBOM obnamaer MuoxecTso I';(y) Vy € I';. Tlostomy cemelicTsa dyHkuMi (f1,,) U (f2,,) COCTOAT U3
paBHOMepHO HemnpepsBHbIX GyHkuuit. [Tockonbky dyHkums f — NMpoU3BONBHAA, TO OHA MOXET GBITH
Pa3phIBHOM B KaXIOH TOUKE OKPYXKHOCTHU 7.

Tovicku ycnoBui, HanaraeMbIX Ha ceMeicTBa (fi, z)cez, U (f2,y)yez,, ODECTIEUMBAIOLIMX PABHO-
MEpPHYIO HETIPEPHIBHOCTb GYHKUUYU f 110 COBOKYIIHOCTH NEPEMEHHBIX, ITPUBOIAT K MOHATHIO PABHOCTE-
NeHHON HEMpepHBHOCTH.



§ 4. Tlpnnunn KompnakTHocTH. OYNKUMONANL] HA ceMeHCTBAX ANAIMTHYECKHX (QYHKUMI 309

Ounpenenenne 1. ITycms M — muoocecmeo gynxyuii f 1 C — C. Ono nazveaemea pasnocmenenno
HenpepbigHbiM, ecau Ve > 036 > 0:

v(fem, 2 €Dy, 2" € Ds) (I - 2" < &) = |f(z") - f2") < e.

Ecmn A — MHOXecTBO, TO ceMelicTBO DYHKIMIMA ([ )oc. 4 CYMTACTCS PABHOCTENICHHO HENPEPHIBHBIM
B ciydae, korma MHoxectBo 9 = {f, | @« € A} — paBHOCTENEHHO HenpepbiBHOe. B wacTHocTH,
MOXHO OBOPHTB O PABHOCTENEHHOMN HENMPePRIBHOCTH MTOC/eA0BaTeNIbHOCTH (f,, ) dyHkumit f, : C — C.
TepMuH “paBHOCTerneHHAsi HENMPEPHIBHOCTL” CBA3AH C TEM, 4TO § B ONpexesieHUH BRIGHUpaeTcs TMILIb MO €
U MOXET OBITh MCNOIB30BaHO 1 0GOCHOBAHUA CBOMCTBA, TPEOYEMOIO B ONpeseNieHHH PaBHOMEPHOM
HENpepLIBHOCTH 1060 dyHkuuy f € IN.

Ounpenenenne 2. Muoxcecmeo MM gynkyuii f : C — C, 3adaunvix 6 nexomopoii o6aacmu D, naswi-
6aemca pAG6HOMEPHO O2paHuueHHbM 6nympu D ecau das moboeo komnaxma K € D cywecmeyem
makad nocmosuuas M = M(K), umo V(f €M, z € K) |f(z)| < M.

CemelictBo GYHKUMIH (fo)aca CUMTACTCS PABHOMEPHO OrpaHUYeHHBIM BHYTPH D B clyuyae, Korza
MHOXecTBO M = {f, | @ € A} aBnsAETCA PaBHOMEPHO OrpaHUYEHHBIM BHYTPH D.

Onpenenenne 3. Muoxcecmeo M dynxyuii f : C — C, 3adannbix 6 obnacmu D, nazvieaemes paero -
cmenenno HenpepbleHbiM 6Hympu D, ecauNe > 0 u das awboeo komnakma K € D 36 = 6(¢, K) :
V(fEM, 2 €K, 2" €K) (2 - 2"| <o) = [f) - f&") < e.

CemeiicTBO QYHKUMI (fy)aca CUNTACTCS PaBHOCTENMEHHO HENMPEPBIBHBIM BHYTPH obactd D, eciu
TAKOBBIM fiBNseTCA MHOXecTBO M = {f, | @ € A}.

Teopema. Ecau muoxcecmeo M gynkyuii f : C — C, anasumuyeckux 6 obracmu D, paeiomepro
oeparuyero euympu D, mo ono pasnocmenenno HenpeptisHoe suympu D .

o Ilycts K € D. OGo3HauuM yepes 2p paccrosaHue Mexay MHoxectBamMu K U 0D, T.e.

2p=_inf  p(z, ().
z€K, (€D
OueBngHo, yto p > 0, Tak Kak K u D — 3aMKHyTHe HenepeceKaoumecss MHOXeCTB. PaccMoTpuM
MHOXEeCTBO
KE® = [J{z€C:|z~2z|<p},
2€EK

KOTOpOe MHOTZAA Ha3blBAOT p-pasdymuem MHoxectBa K. OueBuaHo, Yto K ®»eD U, CJeXOBaTeNILHO,
CylIecTBYeT Takas moctosHuas M(K'?), uto V(z € K9 f € M) [f(z)| < M. Tycts 2’ u 2" — nze
mobrie Toukn u3 K, juis kotopeix |z' — 2''| < p. Tlockonbky K, = {z € C: [z - 2'| < p} C K,
T0 Vz € K, sbinonHsietcs HepaseHCTBO |f(z) — f(z')| € 2M. Pynkuusa { = ;l(z — z'y orobpaxaer
xpyr K, na exunnanpii xpyr Ky = {¢ € C:|{| < 1}. PaccMorpuM dyHxumio

1
9(¢) = m—(f(Z' —-p0) = f(z"), g€ AWK, g(0)=0, |g(Q) < 1.
Ona ynosnersopsieT ycnosusiM TeMMsl Hlpapia, cornmacHo KOTopoi

V(e K gDl < ¢l
17831

A =00 - S| <UL (=2 5@ - FEN < A fp 2| VzeK
2M p ~ ) p ki p F2hs

Buibepem § = min{p, %} Torma Vf € M |f(z")— f(z)| <e. »
4.2, TIpusMn KOMIAKTHOCTH.

Onpenenenne. Muoxcecmeo I dynxyuii f : C — C, 3a0annbix 6 obaacmu D, nazweaemcs kom-
naxkmuwum 6 D, ecau uz kaxcooi nocredoeamensrocmu (fr) 2m020 MHOMCECMBA MONCHO ébi0eaumsb nod-
nocaedosamenvrocms (fr, ), PAGHOMEPHO cXOOsUYIOCA Ha Arobom komnaxme K € D.

Teopema (MIpU3HAK KOMOAKTHOCTU Moutens). Ecm muoxcecmeo MM dyuxyuii, anasumu-
yeckux 6 0Obaacmu D, pagnomepro ozpanuyeno énympu D, mo ono Komnaxkmuoe é D.

« 1) loxaxem cHayana, YTO €C/IHU NOCIIEAOBATENBHOCTD (f,,) CXOAUTCS B KOXIOH TOYKE HEKOTOPOTO
muoxectsa E C D, scioxy miaotHoro B D, To OHa CXOMMTCA PaBHOMEPHO Ha KaxaoM Kommakre K € D
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(HamOMHUM, 4YTO MHOXECTBO Zy C Z Ha3blBaeTCs BCIOAY TUIOTHEIM B MHOXECTBE Z, €CNIH KaKABIA
9JIEMEHT z € Z sABIAETCS TOYKOM NMPUKOCHOBEHMS MHOXecTBa Zjy). Ilyeth ¢ > 0 u K € D. Tlo
TeopeMe 1. 4.1 mHOXecTBO yHxkuMi I paBHOCTENEHHO HETIpephIBHOE BHYTpHU o61actd D, B cuily yero
001acTh D MOXHO C MOMOIIBIO NMPSMBIX, NApayIeTbHBIX OCAM KOOPAHHAT, Pa3OUTh HA CTOb MENKUE
kBanparsl, yTo V(z' € K, 2" € K), npuHammexaluMx OxHOMY M TOMy Xe KBaapaTy, a Takxe Vf € 9N
GyHeT BBHIMOJIHATHCS HEPABEHCTBO

£ - 1G] < 3 ()

MHoxecTBo K NOKpBIBaeTCS KOHEYHBIM YMCIOM TaKMX KBaZpatos. ITycTh MX KOMHYECTRO PABHO P.
MMockonbky MHOXecTBo E Bcromy MiioTHOe B obnactu D, To B KaXIOM YNIOMSIHYTOM BBILIE KBAjpaTe
HaiieTcst Toyka z; (k = 1, p). Tak kak nocnegoareapHocTh GyHKUMIA (f,,) CXOXUTCS HA MHOXECTBE F |
TO cyuectByeT Takoe n, € N, atoVim > n,, n>n,, k= T,—p) BBINOJTHACTCS HEPABEHCTRO

£
| fr(z) = falz)] < 5 @
Myets z € K — mo6as Touka, MpUHallexaiuast k-My KBaapaTy, B KOTOpoM 3adukcHpoBaHa Toy-
Ka 2z € E. Ilpu m > n_, n > n, uMeem

-

|£n( = 12D < |£n(2) = Fn@)| + [ i) = fazo)| + [falz) ~ S| < S #5345 =
B cuiy HepaBeHcTB (1) M (2). Takum obpasom,

Wfm = Full = Sug]fm(Z) ~fal®)] <€ V(m>n,n>n),
z€

T. €. MOCIeNOBATENBHOCT ( f,,) paBHOMepHO dyHIaMeHTaNIbHas Ha MHoxecTse K u f, 3.

2) Teneps pokaxeM, YTO U3 IOGOH MOcnenoBaTebHOCTH (f,) GYHKUHMN U3 MHOXeCTBA I MOXHO
BBIZETIUTD TOANOCIEROBATENBHOCTD (f,, ), CXONALIYIOCH B KaXIOH TOYKE HEKOTOPOro MHoxecTBa E,
BCIOAY IUIOTHOTO B o6nacth D. B kadectse F BrHIGEPEM MHOXKECTBO Todek z U3 K, y KOTOpBIX
IDEACTBUTENbHAA M MHMMAas 4acTh panmoHambHeie, E = {zx; k € N}. Paccmorpum nocienosarenn-
HocTb (f,(z1)). Tak Kak oHa orpaHuyeHa, T0 No TeopeMe bonbuaHo—BeitepiuTpacca U3 Hee MOXHO BBI-
IETUTh CXOISILLYIOCS IONNOCIEROBATENbHOCTD (fr, (21)). [Iycth fr,, (2) = fi1(2) m paccMoTpuM noce-
JIOBATENBHOCTL (fi1(2;)). OHa Taxoke orpaHMyeHa U U3 Hee MOXKHO BBIICIUTh CXOAAIYIOCS MOAIIOCIEn0-
BatenbHocTh (fr,, 1(22)). [IycTh fr, 1 = fr2. W3 nocnenosatetbHOCTH (fx2(23)) MOXHO M3RIEYDh CXOuS-
HIYIOCH TMOAIIOCTIENOBATENIBHOCTD (fr), 2(23)) M T.Z. AHATOTHYHOE [OCTPOSHHE MOXHO MPONOIKHTD He-
orpanuyeHHo. IIpy 3ToM NOJIyYyuM NOCHEAOBaTeNbHOCTh NOcnefoBarenbHOCTeH (fi1(2)), (fr2(2)), -...
BriGepeM Teneph JUArOHATBHYIO IIOCIEAOBATENBHOCT [11(2), fn(z), .... O4eBUAHO, OHA CXOXUTCH B
n060# Touke Muoxectsa E. JleicTBATENbHO, €CIU B3ATH JI06YIO TOYKY 2, € E, To Bce WieHbI nocie-
JOBATeNBHOCTH ([, (2)), HauuHad ¢ f,,(2), BHIOPAHBl M3 MOCIEXOBATENbHOCTH (f,,), CXonAlueHcs B
TOUKE Zp,.

IMockonbky 2) = 1), TO NPUHLMIT KOMIAKTHOCTH JOKa3aH. b

4.3. OyHKUMOHANB, onpeleleHHbIe HA MHOXECTBAX (hYHKIMiA.
Onpenenenne 1. [lycme I — muomecmeo gynxyuid f : C — C, onpedenennvix ¢ obaacmu D.

Omobpaxcenue N Lc Ha3bieaemcs YYHKUUOHAAOM.
ITo onpenenenuio xaxnoit GyHkuuu f € M cTaBUTCA B COOTBETCTBHE KOMIUIEKCHOE ducao I(f).
Onpenenenme 2. Pynuxyuonan I naswieaemcs nenpepbig M Ha Inemenme fo € M, ecau dns arwbod
nocaedosamensrocmu (f,) @yuxyuii uz muomcecmea M, pasnomepHo cxodauweiica k gyrkyuu fy Ha arobom
xomnakme K € D, evinoanaemcs paeencmeo

Ji_{r;I(fn) = I(fo).

ITycts, Hanpumep, P — MHOXECTBO BCex (hyHKUMIA, aHannTHYeckuX B obmact D, I(f) = ﬁ%—’,
a € D — ¢uxcupopaHHas Touka. JoKaxeM HenpepeiBHOCTb 3TOro (pyHKuuoHana. [Iycts nmocienona-~
TespHOCTD (frn) dyHKuMit U3 MHOXecTBa ) CXOMMTCS paBHOMEPHO K GyHKIMM fo HAa moboM KOMIaK-
te K € D. Tlo teopeme Beitepurtpacea fo € A(D). Mycts K =4, ={z € C:|z-a|=r} C D.
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Torma Ve > 03n, € N:V(n 2 n., z €7,) |fa(2) = fo(2)| < €. IIpumenum Hepasesctso Koum s
KO3 OHULMEHTOB CTENEHHOro psna (cM. opmyny (6), m. 1.7, rr. 5):

|1 = 1) = 1 = )] < -

DTO U 03HayaeT HellpepHBHOCTE pyHkuMoHana I.

Onpenenenne 3. Komnaxmuoe muoncecmeo gynrcyuii MM Hazvieaemca komnaxmuvm 6 cebe, ecau
npeden aroboi nocaedosamenvrocmu (fr) @ynxyud uz MM, pasnomepno cxodaweiica Ha N00OM KOMNAK-
me K € D, npunaonexcum muoxcecmegy IN.

Takum obpasom, MHoxecTBo P byHkumit f : C — C HaspiBaeTCsl KOMIIAKTHBIM B cebe, ecu U3
moBo# MocnenopatebHOCTH (f,) GyHxumi U3 P MOXHO BbIAENUTH OANOCIEAOBATENBHOCTE (f,, ),
PaBHOMEPHO CXOEAIYIOCA Ha moboM koMnakTe K € D x Hekoropo# dyHkuud us M.

[IpuMepoM KOMIAKTHOIO B ceGe MHOXeCTBA GYHKIIUIH ABSIETCS MHOXECTBO aHAUTUTUYeCKUX B 0071a-
cti D byHxuui, paBHOMEPHO orpaHH4eHHbIX B D,

Teopema. Ecau gynxyuonan I nenpepuisnoii na xomnaxmuom 6 cebe muoxcecmee N Qynryui
f: C — C, mo ezo modyav |I(f)| docmucaem ceoeii mounoi Gepxueii epanu, m.e. cyuwecmeyem maxas
dyuxyua fo € M, umo Vf € M |I(f)| < (o)l

« Ilycts « = sup |I(f)|, (¢,) — BeckOHEUHO Manast NOCIETOBATENBLHOCTD HOMOXUTENBHBIX YHCE.

fem

IMo cBoiicTBy TO4HOH BepxHeii rpanu Vn € N 3f, € 9:

a—¢e, <|I(f)| < a,
OTKyza hm [I(f.)| = a. Takum oBpasoM, CylIECTBYET MOCTeNOBaTeIbHOCTD (f,,) QYHKIMIA U3 MHOXe-
crBa DJT hm I(f)| = a.

Hocxoany MHOXecTBO 1 KOMMakTHOe B cebe, TO CYLIECTBYET I10AMOCAENOBATENLHOCTD (fr, ),
paBHOMepHO cxousiulasics Ha mobom MHoxectse K € D x Hexkoropoit dyHxumn fo € 9. B cuny
HeTnpepbIBHOCTH dyHKInoHana I, hm I(fr, )] = [I(fo)] = e. Otcrona cnenyer, yT0 @ < co U Vf € M

IO < Tl »
4.4. Teopema I'ypeuua.

Crenymouiee yrepxilenue npuHamiexur A. I'ypsuny (1859—1919).

Teopema (I'ypBuuna). Hycmes nocredoeamenshocme (f,) dyuxyuid, anarumuueckux ¢ obaacmu D,
pasHomepHo cxodumesa K ¢ynkyuu f # const va mobom komnaxkme K € D. Tozda, ecau f(z) =0, z9 € D,
mo ¢ mobom kpyee K, = {z € C : |z — z)| < r} C D e6ce ¢ynxuuu f,, nauunas ¢ Hexomopoi, maxxice
00pawaromcs 8 HyAb.

« Tlo reopeme Beitepuitpacca f € A(D). Tak kak f # 0, TO CyLIeCTBYeT NPOKOIOTasi OKPECTHOCTD
To4KH 2z O,(29) = {2z € C |0 < |z — 29| < p} C D, B KOTOpOii f # 0 (HyIW aHATUTHYECKUX QYHKUMH
WU30JIMPOBAHEL).

Mycts p = rrelin If), p >0, me y, = {z € C: |z~ 2| = p}. Bcunyroro,yro f, = f s

z€vp

obnactu D, cymectyer n, E N:V(n 2 n,, z€7,) [fu2)—fD)| <puvzeqy, fo=f+{n - 1)
ITo Teopeme Pyuie yucno Hyneit y dyukuuii f u f, BHYTPH Y, ONIMHAKOBO, HO f MMeEeET 110 MEHbLIEH
M€pE OfUH HyJb, CJIENOBATENIbHO, BCe GYHKIMHU f,, TIPH 1 2> N, TAKKE MMEIOT HYJM BHYTPH ¥,. B
Cnedcmeue. Ecau nocredosamensnocme @yuxyud (f,), anaaumuueckux u OOHOAUCMHbIX @ 004a-
cmu D, cxooumes pasromepHo na awobom komnakme K € D, mo npedenvnasn dynxyus aubo oonosucmnua,
Aubo nocmosHHa.
o [lycte lim f, = f u f # const. JIONycTHM, 4YTO CYIIECTBYIOT JBE PalIMyYHbIE TOYKU 2z € D,
00

2z, € D u f(21) = f(2;). PaccMOTpHM nOCIeI0BATENLHOCTD GYHKUMH (gn ), THE G (2) = fn(2) = fn(22)
ukpyr K, ={z € C:{z —z| <r}, r <|z; —~ z5|. Umeem

lim g,(2) = f() — fz) = 9(2),  g(zn) = 0.

Orclona, coriacHo teopeme LypBuua, nomydaem, 910 Bce GYHKUMH ¢r,, HAUMHAA C HEKOTOPOI, Takke
06pallialoTCsl B Hy/b B Kpyre K, . DTo NMpOTMBOpEYUT CBOMCTBY OQHONMCTHOCTA GyHKUMit f,.
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§5. CymecTBoBanne H €IMHCTBEHHOCTD
KOH(OPMHOIro 0TOOpaXKeHHus

5.1. Kondopmanie H30MOpGH3MBI H AaBTOMOP(U3MBIL.

Koudopmuoe otobpaxenue f obnactu D Ha D, HasoBeM xongopmusim usomopgusmom Dy Ha D,
a obnmactvt Dy u Dy — kougopmuo-uzomopguoimu. KonbopMubiit n3oMopdusm obnacti Ha cebs Ha-
3BIBAETCA KoHGopmubim asmomop@uimosm. COBOKYITHOCTh aBTOMOPGhHU3MOB NMPOU3BOJILHON obnactu D
obpasyeT Ipymiy, KOTOpas Ha3hBaeTCA epynnoil asmomop@duimoe 3101 0BNIACTH U 00O3HAYAETCS CUMBO-
oM A(D). B kauecTBe rpymnmnosoit onepauum 0epyT KOMNosuuMio (p; © ¢1)(z) = p1(¢i(2)), eAuHULEH
SBJISETCHA TOXIECTBEHHOE OTODpaxeHue e : z — z, a oOpaTHBIM 3NIEMEHTOM K ¢ sBJIgercs 06parHoe
orobpaxeHHe z = _l(w).

i®”

3amevanue. Cr10oBO “KoHGOPMHBIA” B BbipaxXeHUH “koHopMHbIi H3oMmopdusM (aBToMopdusM)” yacto Synem

JUIA TIPOCTOTHI OITYCKATh.
fo . .

Teopema. Fcau D, — D, — kakod-nubyde gurcupoeantoili usomopgusm, mo COBOKYNHOCMb 6CeX
Ha

uzomoppuzmoe D na D, onpedersemcs gopmynoii
f =@o f 0y
20e @ — npouseonshslii asmomopgdum obaacmu D, .
« 1) OveBunxo, 4to Vi € A(D;) xoMno3uuus ¢ o fo aBnsercs usomopdusMom D Ha D;.

2) llycts f — moboit I/I30M0pCbI/I3M D, na D,. PaccMoTpuM KOMHO3UIMIO ¢ = fo f0 . OueBuzHo,
yto @ € A(Dy), f=po fo. »

5.2. Ilpumepni aBToMOpdH3MOB.

1) D= C. IMycts ¢ — moboit asroMopdusMm C. Torga cylecTByeT eJMHCTBEHHAsA TOYKaA Zy € E,
Takas, 40 p(zg) = o0o. [loarTomy QyHkumMA z + @(z), aHamTAdecKas Ha MHoxectee C \ {2z}, B
TOYKE z; UMEET MOJII0C MEPBOTO NOPAIKa (NOTOCa BbILUE NepBOro NOpsiKa He MOXET ObITh, MOCKOJIBKY
dbyHkuua @ nomkHA GBITh ofHOMHCTHOH). [ToaToMy NO TeopeMe JINYBHIUIS HMeeEM

A
p(z) = —— +B

NpH 2y # 00 U @(z) = Az + B 1pu zy = oo. TaKPIM 06pa30M, COBOKYITHOCTh BCEX NPOOHO-JIUHEHHBIX
oToSpaxxeHU 0bpasyeT Ipynmmy aBTOMOPGU3MOB C.

2) D = C. Paccyxnas adanoruuHo, nonyduM, uto rpynny A(C) obpasyeT Bce MHOXECTBO LIEJIBIX
JIMHENHBIX GYHKUMHA ©(z) = Az + B.

3) D=K ={z € C :|z| < 1}. Ilyctb ¢¢ — NPOU3BOILHBINA aBTOMOPGU3M eTMHUYHOrO Kpyra K u
nyctb ¢(0) = wy. [TocTponM 1po6HO-TUHENHHEIH aBTOMOpOU3M A Kpyra K.

Aw) = 2220 Awo) = 0.
1 —wyw

Paccmorpum xommozummio f = Ao ¢. QuesunHo, |f(z)] < 1 Vz € K, f(0) = 0. CnegoBatensHo, f
YIOBJIETBOPSET yCI0BUAM JNeMMmsbl IIBapua u Vz € K

If@) <zl (1)
PaccmotpuM obpatHoe 0T06pa>xeune ' (w) = z. OHO Taxke yIOBIETBOPSET ycIoBMAM eMMbI LLIBap-
ua u, TaKuM obpasom, |f ' (w)| < |w|, wm

lz| < [f(2)l vz € K. ()

N3 ()u (2) OTy4aeM paBeHCTBO |f(z)| = |z, T.€. f(z) = €'z — npocreiuras MmHeinas GyHKIHAs,
a ¢ = A~Yo f — npobuo-muueiinas dynxuus. Crenosarensio, mo6oi aBToMopdusm kpyra K ssisercs
IpPOBHO-TMHEMHBIM M, TAKUM 00pa3oM, umeer BuA (dbopmyna (5), n. 1.3, rr. 3):

z—a dw
T—az’ la|] <1, a€R, a-arg——

w=e1a

dz
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Mosyunsu, yto aBTOMOpGU3M eMHUYHOTO Kpyra K 3aBUCHT OT TPeX NeiCTBUTEIbHBIX TApaMETPOB:
ABYX KOOPIXUHAT TOUKH @ U .

ITokaxem Tenepb, yro, Moabupas 3TH MapaMeTphl, MOXHO HAaiTH OXMH U TOJBKO OAMH aBTOMOD-
dusm A € A(K), yIOBIeTBOPSIOLIMI CIEAYIOUIMM YCIOBUSAM HOPMHPOBKHU:

1
Aa) =b, argi(a)=q, 3)
rge ¢ U b — mo6bie GukcupoBaHHble TOYKN U3 K| a a — m0boe peficTBUTENIbHOE YUCIHO.
JeicTrUTENBHO, NOCTPOUM jBa aBToMopdu3Ma kpyra K

_ ix %6 _ _ -b
(=@ = TYWIETTE,
¥ PacCMOTpUM aBToMopbuamM A = v~ ' o u. UMeem
4
Aa)=b, MN(z)= 5—%, argA'(a) = argp'(@) —argv'®) = a — 0 = a.

Tak#M 0Gpa3oM, MBI IIOCTPOMIH aBTOMOPMY3M eXUHHYHOIO Kpyra A = v~ ' o y, YIOBIETBOPSIOLLETO
ycnosusaM (3). Pacemorpum komnosunuw

f=voXoe p_l,
e A; — ApYToit aBToMopdu3M kpyra K, yIOBIeTBOPOmUA TeM xe ycnousaM. Quesunso, f(0) =0,
arg f'(0) = arg v'(b) + arg Aj(a) — arg p'(a) = 0 + « — @ = 0. Crenosaresnpno, A (0) = 0, arg A(0) = 0
u no neMMe IIBapua f = e — TOXIECTBEHHOE OTOGPaXEHHE, T. €.

e=u0)\10p_l:>/\.=u_10y:)\.

5.3. CymecreoBanue M €JIMHCTBEHHOCTH H30MOPhU3MOB obnacrei,
H3OMOP(hHLIX eJHHHYHOMY KpYTY.

OTMeTHM cienytoniee: MOCKONBKY IpyIlna aBTOMOPGU3MOB €TMHUYHOTO KPYTa 3aBHCHUT OT Tpex Jei-
CTRUTENLHEIX APAMETPOR, TO U rpynna asToMmopduamor nwoboit obnactu D, u3omopdHoit exuHUYHOMY
KPYTY, TakXe 3aBUCHT OT TpeX ACHCTBUTE/bHBIX 1apaMeTpoB.

Creayroluas TeopeMa yCTaHaB/IMBAET CylIECTBOBAHUE U €XMHCTBEHHOCTh M30MOpOHU3MOB obnacTelt,
U30MOpGHBIX ETMHUYHOMY KPYTY.

Teopema. Ecau obnacmu Dy u D, uzomopduwm edunuunomy xpyey K, mo cogokynnocme usomop-
dusmoe Dy na D, 3agucum om mpex dedicmeumenshuix napamempos. B wacmruocmu, cyuwecmeyem odno u

f
moabko 00rHo omobpaxcerue Dy o D,, Hopmuposanroe ycaoguamu
a

f(ZO) = Wy, afgf’(zo) = 9: (1)
20e 2y € Dy, wy € Dy — npousgoasubie mouxu, 8 € R — npouseoavroe yucao.

4 Ilycre D, —i—;—» K, D, ——}% K. Torna oro6paxenue f, = f{' o fi sBngercss KOHOOPMHBIM M30-

Mopdusmom D, Ha D,. [To Teopeme m. 5.1 coBOKyIHOCTE Beex oTobpaxenuit D, Ha D, ompexensercs
dbopmynoit

f =o f 0
Iae ¢ — NpPOU3BOJIBHBINA aBToMopdu3m obnactu D,. [Tockonbky rpynna A(D,) aBroMopdu3MoB obia-
ctd D, 3aBUCHT OT TpexX XeHMCTBUTEIBHEIX ITAPAMETPOB, TO U COBOKYIHOCTH KOH(OPMHBIX OTOOpaxe-
Huii D Ha D; TakKKe 3aBUCUT OT TpeX AEHCTBUTEILHBIX NapaMeTpoB. TakuM oOpa3oM, IepBasi 4acThb
TEOpEMBI JOKA3aHa.

IIycts ,
fizo) =a, argfi(z0) =61, fawe)=b, arg fi(wo) =6, 2
a A — aBroMop®mM3M eIMHNYHOro kpyra K ¢ HopMUPOBKOM
Aa)=b, argA'(a)=6+6,—6, ®3)

(takoif aBTOMOp®M3M, KaK MbI YX€ 3HaeM, ONpeRessaeTCss €AMHCTBEHHBIM 06pa3oM).
PaccmotpuM cnepyrommit uzomopbusm Dy Ha Dy

f=floxo .
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Hmeem

f(z0) = wo, argf'(z0) = —arg f1(w,) + arg N'(a) + arg fi(z0) = —6,+6+6,—6,+6, =6.

Taxkum 06pa3oM, JOKa3aHO, YTO CYLIECTBYET u3oMopdusM D Ha D;, yIOBIETBOPAIOIUMIA YCIOBUAM
HopmupoBku (1). Termeppb goKaxeM eXUHCTBEHHOCTh TAKOr0 M30MOpGbHU3Ma.

[IycTe cymectByet usoMopbusm D, ﬁ D,, ynosnersopstiowuii yeinosusm (1). Torna

p=rfog ' €ADy), w)=uwp, argy (wy)=argf (z0)—argg'(z) = 0.
PaccmoTpum asroMopdusM eqMHUYHOrO Kpyra K p= fopo fy . Umeem

pby=>b, argu'(b) = arg ' (wo) + arg f1(wo) — arg frwo) = 0.
Orcrona cnenyer, 4To f4 = € U, CJA€HOBaTe/IbHO, ¢ =€, T.€. fo g l=e,umg=f »

5.4. Teopema cymecTBOBaHMS.

Teneppb ecTecTBEHHO BO3HHKAET BOIpOC: Kakue o6aactd KOHPOPMHO u3oMOpbHBIE exMHUYHOMY
KDyry, a 3HA4UT U KOH(POpMHO m30MopdHH xpyT apyry? OTBET HAa MOCTABIEHHBIM BONPOC COXEPXKUTCH
B CIENYIOLLIEH TEOpEME.

Teopema (Pumana). Jobas odnocessnas obaacms, epanuya Komopoi codepxcum Ooaee 00HOH mou-,
Ku, koHgopmuo usomopua edunuunomy kpyey K = {z € C: |z| < 1}.

3ameuanue 1. OrpaHuveHue, HATOXKEHHOE HA IPaHULY 061aCTH, CyllecTBeHHOE, PacuiMpeHHy0 KOMIUIEKCHYIO
TUIOCKOCTb HENb3sl KOHGDOPMHO OTOOPa3UTbh Ha KPYT, IUIOCKOCTh C paxe e romeoMopdHa xpyry K (cdepa
He romeomopdHa Kpyry). Ecau B3sTh C ¢ BLIKONOTO TOYKOM, TO MOXHO APOGHO-IUHEHHO OTOGPA3UTH €€
Ha C, no C orobpaszuts xoHdopMHo Ha Kpyr K Henbss. JeiicTBUTENBbHO, ecan 61l oToGpaxaiolias GyHKIUSL

CYyLLUEeCTBOBaNA, TO OHA Obu1a Ob! €10/ M OFPAHUYEHHON MO MOAYIIO EAUHULEIH, a Takas (PyHKUUA 110 TeopeMe
JIMYBWIISL TOXKAECTBEHHO PaBHA NMOCTOSHHOM.

3ameuanue 2. Ecay rpaHuLa OAHOCBA3HOM OOMACTH COAEPXUT GoJlee OAHOM TOUKHM, TO OHA 06g3aTe/bHO GyreT
coepxarb OeCKOHEYHOE MHOXECTBO TOYEK, IIOCKOIBLKY OHA CBA3HAS.

« 1) TMokaxem, yto B 06nacTu D cyLuecTByeT M0 KpaiiHei Mepe OIHa aHATHTUYECKas OTHOMUCTHAS
byHkIMs, orpaHU4eHHas no Mmoxymo exuHuuell. Ilycts a € 9D, b € 9D u a # b. Paccmorpum

zZ—a

NOMHYKO aHATMTHYECKYI0 QYHKIMIO z = (z) = 4 / Z=%, HONyCKAaoWYIO BbileneHue B obnacty D msyx

ONHO3HAYHBIX BETBEH 2 — @ 1(2) M Z — ¢3(2), TAKKaK Vz € D =5 # { OOO . B xaxmoii Touke z € D ux
3HaueHHUS oTIMYaoTcs 3HakoM. [lokaxeM, yTo Kaxnas U3 3TUX GyHKuMH ogHomctHa B D. JIonycTuM,
gto 310 He Tak. [Iycte @i (2)) = @r(22) (kK = 1,2). Torma <pi (z1) = @i(z), 4TO SKBUBATEHTHO
PaBEHCTBY

Zy=-a zZ;y—a
= . ey
z1—b z,—-b
Orciona, B CHIY OTHOMMCTHOCTU JPOGHO-TMHENHON QYHKIIMM, TIONYYdeM PABEHCTBO 2 = ;.

®1 ¥2
IIycts D - Dy, D . D,. TlokaxeMm, uro D; u D; He uMmelot obumx Toyek. [Ipexnono-

XuM, yto D; u D, umenoT obmMe ToYku. D10 o3HayaeT, 4to B DD MMeeTcs mapa TodeK z; U 2; ,
UL KOTOPHIX ¢1(21) = ,(2;). M3 artoro paeenctsa cneayer (1), a u3 (1) — paBeHcTBO 23 = 2j,
T.&. 91(21) = ¢2(21). [IpuHHUMas BO BHUMaHHE, 4TO @ (2|) = —y1(21), NOTy4aeM paBeHCTBa @i (2)) = 0
(k =1, 2), xoTOpBIE HEBO3MOXHBI, T. K. VZ € D 0, (z) # 0.

Myers kpyr K, = {w € C : jw — wy| < p} C D, Takoii, 4to GyHKUUS | He MPUHMMACT 3HAUCHUH
B 3TOM KpyTe, T.€. Vz € Dy |p((z) — wy| 2 p. TlosToMy dbyHKuuA z — g(z) = , OYEBHUIHO,
aHATMTHYECKAs U onHoIMcTHAA B D u Vz € D [g(z)| £ 1.

2) Iycts P — MHOXECTBO BCEX aHAMTHUECKUX M ONHOJMMCTHRIX B obmactu D ¢dyHKuMii, orpa-
HUUYEHHBIX 10 MOAy/No emMHHUueH. OHO HemycToe, MOCKonbky ¢ € 9. CornacHo MpUHLMITY KOM-
MaKTHOCTH, 3TO0 MHOXecTBO KoMmaxTHoe B D. Ilycte ¢ — HekoTopas GbUKCHMpOBaHHAs Touka obnma-
cty D. O6o3Hauum 4epe3 DN wactb MHOXectBa DM, COCTOAWLYIO U3 BeeX QyHkumit f € O, s
xorophix |f'(a)| > |g'(a)l > 0 (nocrenHee HepaBeHCTBO SABNISETCS CIEACTBUEM ORHONMCTHOCTH (GYHK-
M g). Tlokaxem, yto MHOXeCTBO JJT; KoMnakTHoe B cebe. Ilycts nocnenosarensHoCTh (fr) GyHKUMIA

_f
@ 1(z)—wo
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13 MHoxecTBa I, paBHOMEPHO CXOOMTCs Ha JuoboM xommakre K € D u lim f, = f;. [lockonbky

- OO
Vn € N [fi.(a)] 2 |g'(@)|, o {fi(a)| > |g'(a)|. Kpome Toro, cormacuo crenctsuio u3 teopeMsl [ypeuua,
mubo fy = const, mbo f, ognonauctHa B D. Ciyvait fy = const HCKIIOYAETCH B CBA3M C NMOCHEIHUM
HepaseHcTBOM. CrenoBareiibHo, fo € M.
PaceMotpum Ha MHoxecTBe dyuxuuit M, dyukunonan I(f) = f'(a). [Tockonbky OH HenpephiBeH
HAa KOMIAKTHOM B cebe cemerctBe byHkumi MMy (ecMm. §4), To ero mMoxyiib JOCTUTaeT CBOCH TOYHOM
BepXHEH IPali, T. €. CyuIecTByeT Takag dyHkims b € M, uto Vf € M| BHINOIHAETCA HEPABEHCTBO

If' (@] < 1B (a)].

Paccyxzaas ot mpotuBHOro, nokaxem, uro h(a) = 0. JeiictButensHo, npu h(a) # 0 byHkuus

_ h(z) — h(a)
O TR €T
’ @)
@) = o > @l

YTO MPOTUBOPEYUT IKCTPEMATBHOMY CBOUCTBY (DYHKIHHU b .
h
3) IMokaxeM, yto D -“—vK . HonyctuM, arto 310 He Tak. [lycTthb h(z) He mpuHKuMaet B D Hekoroporo
a
3Hagenus b € K. ITockonpky h(a) = 0, 10 b # 0. OueBuaHo, uto byukuus b xe npuHumaer B D takcke
h -
M 3HayeHus b" = i-, TaK KaK |b*| > 1. Torma MOXHO BbIZENUTh B ) OXHO3HAYHYIO BETBb ,/ﬁ_%lh(—:).

O6o3HauuM ee depe3 P(z). OdyeBunHO, HYHKIMS P(z), KaK U GYHKUUA

B - YL@
1 —y(a)y(z)
NpUHaIIEXUT MHOXecTBY . HenocpeacTBeHHBIM TOACYETOM HAXOAMM:
, hl 1-1b 2 , i 1 - 2
o= HEAZBD V@0 - lk@p)
29(2)(1 - Bh(2)) (1-%@w()

Orciona

V=@ _F@d-bh IR (@) (1 + [b)
1= [p@)?  2v=b(1 — b))’

2/1o]
Crnenosarensho, ¥ € M, u ¥ (a)] > |A'(a)].
MMocnenHee HepaBeHCTBO NMPOTUBOPEYUT SKCTPEMATLHOMY CBOMCTBY GyHKuuu h. p
Caedcmeue. JlbGve 08e 00HOCEA3HBIE 00AACMU, 2pAHUKB KOMOPbIX coO0epicam Oonee wem no OOHOU
mouke, KoHopmHO uzoMoppHbr dpye dpyey.

¥ (@) = > [k ().

§ 6. CooTBeTcTBHE IpaHMI ¥ NPHHIMI CAMMETPHHA
NpHA KOH(GOPMHOM OTOOpPAKEHHH

6.1. Teopema 0 COOTBETCTBHHM rpaHHIL.

B teopeme Pumana Huyero He cKa3aHo O COOTBETCTBUHM TPAHML IIpU KOH(POPMHOM OTOGpaXEHHUH, O
TIOBENEHMH oToGpaxaloueit PyHKunu Ha rpanuue o6nactu. OTBeT Ha 3aTPOHYTHIE BOIIPOCH COXEPXMTCS
B CJIEAYIOIIEM YTBEPXICHUU.

Teopema (Kapateonopu). Ecau epanuupt obaacmeii D u D' sensromes kpussimu XKopdana, mo

f
Kongpopmroe omobpaxcenue D = D' moxcno npodesxcums na epanuy obaacmu D do zomeomopdusma
a

sampixanui D u D .

JloxasaTebeTBa TeOpeMBbl 3MECh He NPUBOIMM. 3aMETHM TOJIBKO, YTO YCIOBMs, HanaracMele Ha rpa-
HULbE OGNacTel, cywecTpeHHbl. MOXHO MOKA3aTh Ha MPUMEpaX, UTO YTBEPXKICHUE TeOpeMbl CTAHOBUTCSH
HeBEPHBIM, KOIMIA rpaHU1bl 06J1acTell He ABIAIOTCA XOPIAHOBBIMH.
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YCTaHORJIEHO TAKXKE HECKOJIBKO 60JIee TOYHBIX PE3YIBTATOB O FPAaHUYHOM NOBEIEHUN KOH(DOPMHOTO
OTOGpaXeHUS C XODJAHOBBLIMM IDAHMLIAMM NPU JONOHHUTEIBHBIX NPETIONOXEHHSIX 06 3THX KPHUBHIX.
VYkaxeM iBa u3 Hux".

1) Pesyavmam Illsapya. Ecau epanuyst obracmeii D u D' — anarumuueckue #copdanossi Kpuesie,

b ) il
mo xongopmuoe omobpaxcenue D o D' npodosucaemes do anarumuuecoti gyruxuuu ¢ D.
3

2) Pesysvmam Jundeséa. Ecau zpanuyw obracmeii D u D' sensromca znadkumu #copOanossimu
kpussimu, a f ocywecmensem xongopmroe omobpaxcenue D na D', mo arg f'(z) npodosncaemes do ne-
npepuignot gynkuuu 6 D, npunem V¢ € D arg f'(() = 6" — 6, 20¢ 6 u ' — yeant HakaoHa Kacameabibix
K kpugvin D u D' ¢ mouxax { u f(¢) coomeemcmeenno.

B crnyyae xoHdopmMHOro otobpaxeHust obnacreil, orpaHu4YeHHBIX KPUBBIMU JKOplaHa, YCIOBHMS
€IMHCTBEHHOCTU OTOOpaxkeHHS MOXHO ONPEHENUTh 110 COOTBETCTBHIO TPEX NMAp IPAHMYHBIX TOYeK. A
MMEHHO, NYyCTb @, b, ¢ — TPH NMPOM3BONLHEIE TOYKK rpaHMusl 8D, a', b', ¢ — Tpu npousponsHbie
TOYKM rpaHuusl D', KOTOphle YCTAHARNMBAIOT OAMHAKOBBIE HANPABIEHUs HX OOXOLOB OTHOCHTEIBHO

o . f
obnacreit D u D'. Torma cymectryer Takoit uzoMopduamM D — D', anst KOTOporo BHITONHSIOTCS
Ha

YCOBHSL:

fay=d', f®)=V, flo=c. (M

JleWicTBUTEBHO, NyCTs D —;;—»K, D' -}% K, K ={z € C:|z] < 1}. [To TeopemMe 0 COOTBETCTBUH

p— —_— —_t
rpaHul f; OCyIIecTBJseT romeoMopdusm 3amuikaiuit D u K, a f, — romeomopdusM 3amulKaHuii D
u K. Ilycts

film=a, f®)=8, fil)=7, fH@)=d, HOE)=F, fHE=7.

Cy1ecTByeT, U NPUTOM €IMHCTBEHHBIH, aBToMopdu3M equHH4YHoro kpyra K A : K — K | yIOBAETBO-
PSIOLMN YCIOBMSAM

Ay=d, X =46, Xp=7.
Ouyesunno, 4ro otobpaxenve f = f,° oo fi sBastercs KOHMOPMHBIM M3oMopduamom D Ha D',
yIOBieTBopsiloLM YciaoBusM (1). TIycTe Temepp KpoMme [ CYLIECTBYET elie u3omopdusm D }—E{ D,
YIORAETBOPAIOIIUIM YCIOBUAM (1):

gla)y=d, g)=b, glo=c.

! apisercs aBToMopduiMoM obsactu D,, yIOBIETBOPSIOLIUM YCIOBUSAM:

OueBugHo, 4T0 @ = fo g~
p@)=a, e®)=b, oC)=c.
PaccmoTpum craelyrolimi aBToMopdu3M eaqMHHYHOro Kpyra K :
p=rfiopofi!
YIOBJETBOPAIOLIErO YCAOBUAM
l‘(a’) = a,y I‘(IB,) = ﬁ,y #(7,) = 7’
M, TaKMM 06pa3oM, ARJISIOLIErOcs TOXAECTBEHHBIM OTOGpaxeHHeM e. M3 Buga otoGpakeHns i ciaeayer,
you p =e€,T.e. g= f.

6.2. Ilpasmun cuMMeTpRA.

Crnemyiollias TeopeMa yCTaHaBIMBaeT NPUMEHEHUe NMPUHIMNAG cuMmMmeTpun Pumana—IIIBapua aHa-
JIMTHYECKOTO NPONODKeHs QYHKIMN K KOHG)OPMHBIM OTOOPaXKeHUAM.

1) Yuratess, HHTEPECYIOIErocs NOBEACHHEM KOH(OPMHOIO OTOOpaXeHHs Ha rpaHMle obnactH, orceilacM X Kuuram: Kapame-
odopu K. Kondopmuoe orobpaxenne. — M.—JI.: TTTH, 1934; loaysun I. M. TeoMeTpHueckas TeOpUS GHYHKLMI KOMILUIEKCHOTO
nepemeHnoro, M.—J1., 1967.
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Teopema. Ilycmb Dy u D, — O6e ofizacmu ¢ #0poarossimu epanuiamu, npusem 8D, codepxcum dyzy
oxpyxciocmu 1, a D, — Oyey oxpyxschocmu Y. Iyems, danee, D7 u D3 — obracmu, cummempuunme D,
u D, omnocumeabno 7y, u 7y, coomgemcmeenno. Toeda, ecau @ynkyua f xongopmuo omobpaxcaem D,

f
na Dy u v, T 12> Mo OHa donyckaem anaaumuveckoe npodosxcernue ¢ DY u npodoaxcennan Qynxyus

KoHGopmHo omobpascaem obaacme D U v, U D} Ha o6racme D> U vy, U D;. Ilpednozazaemcsa, ¥mo
Dl ﬂDf =Z, D2 N D; =J.

Puc. 91

<« He orpanutmnbast o6LUHOCTH MOXEM CUHMTaTh, YTO 7|
U 7; — OTpE3KM JefCTBUTEIbHON ocH, a Dy u D, — obia-
CTH, JieXallue B BepXHeil monymiockoctu (puc.91). Broro
BCEra MOXHO JOOHTHECS ¢ ITOMOLIBIO APOOHO-THHEHAHOr0 OTO-

f
6paxeHus. [Tycts D — D,. Tlo TeopeMe O COOTBETCTBHH
Ha

rpanun GyHKuMs f GyleT HerpepLBHOH B 3aMBIKAHUH D) H
yCTaHaB/IMBaeT FTOMEOMOPHHU3M D, ua D,. Ilpu 31OM, B CHIY
yCclloBUil TeopeMsl, [ HeNmpepniBHA HAa Y U TIPUHUMAET HA Y
e ACTBUTENBHEIE 3HAUeHUs. COrIacHO MPUHLIMNY CUMMETPUHU
Pumana— HIsapua QyHKUHUs f aHATMTHYECKH TIPONOIDKAETCS
B D] mo zakoHy f(7) = m, a 3TO W O3HAyYaer, YTo TIpo-
no/pkeHHas QyHKUyA KoHPOopMHO otobpaxaer Dy Uy, U D}
Ha DzU’YzUD; »

PaccMorpuM 3agauu.

18. ocrpouts KoH(popMmHOE oTobpaxeHue obnact D, Prc. 92
TpeAcTaBisolmeR coboil BHELMHOCTh €JUHHYHOrO Kpyra C :
paspesaMH To OTpe3KaM Yr = {z € Ci 1 € lz|l € a, argz = ZL;I} (k = 0,n—1) (puc.92) Ha
BHELIHOCTH €MHUYHOTO KDPyTa. ’

<« CoryacHo IPMHIMITY CUMMETPUH, 331243 CBOIMTCA K TTOCTPOEHMIO KOH(OPMHOTO OTOGpaXeHUs
obnactu G| = {z € C’ 1< |zl < o0, 0 <argz < t—} (puc. 93) Ha cebs Tak, yrobwl dyuu Iy =
{z€C:|z| 2a,argz =0} ul = {z €C:lzl 2 a, argz = 2;’“} MePeXONU/IM COOTBETCTBEHHO B
myimmTo={z€C:|z| 21, agz =0} uT, = {z€C:|z| > 1, argz = Z}. D10 orobpaxenmue
HAXOJUM KaK KOMITO3MIIMIO C/IeAYIOUIMX OTOGPaXeHMIA:

2

1 w =
= -1 _ 2 = \/_z'_ —
wz—-z(wl-f-wl,), W= ——F—— 5, Wi=uw;+ w3—-1, w=w, .

(a7+a';)

ofs

wy =

-

Orobpaxatomas GyHKuMs UMEET BULI:

w= (a% +a—?2l)—% (zz‘l_ +z_'72i + \/(Z% +Z—%)2 - (a% +a_%)2) -
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A ' @

Pre. 93

OueBunHo, yro QyHKUMS W, OTOGPAXAET CEKTOP HA BEPXHIOIO TIONYIUIOCKOCTE C BHIGPOLIEHHEIM TOTY-
KpYToM, w, (dyHkuus XKyKOBCKOro) oToGpaxaeT BEPXHIOIO TTONYILIOCKOCTD C BRIOPOLIEHHBIM TTONYKPY-

n n
roM Ha BEPXHIOIO IMOJIYIIJIOCKOCTb, TIPUYEM TOUKU A; U A; TIEPEXOIAT B TOUKU :5:% (a 24a 2 ) . OyHk-
n n
UMs w3 OTOOPaXaeT BEPXHIOIO MOJIYIUIOCKOCTh Ha BEPXHIOIO TTONYILIOCKOCTD, a TOYKHU :5:% (a 2 4+a 2 )
miepexousaT B ToukH +1. DyHkumsa w, (o6parHoe orobpaxenue (yHkuuu XKyKOBCKOro) oToGpaxa-
€T BEPXHIOIO NOMYIUIOCKOCTh Ha BEPXHIOIO MOJYILIOCKOCTh C BbIOPOLUEHHBIM €IMHUYHBIM MTOJNYKPYTOM.
Oynkuus w oTobpaxaeT BepXHIOI MOTYIUIGCKOCTH C BRIGPOLIEHHBIM efMHUYHBIM TTOYKPYTOM Ha CeK-
Top G1. P
19. OT0o0pa3suTh Ha BEPXHIOIO MOJYIUIOCKOCTH BHEIIHOCTD TIPABOM BETBH TMITEPOOIIBI

2:2 y2

cosa  sin‘a

« CoracHO NPHHUMITY CUMMETPHH 3ajja4a CBOXUTCS K ITOCTPOEHUIO KOHPOPMHOro oTo6pakeHus
BepXHel MONOBUHEI 3aJaHHONH 06JaCTH Ha MepBblf KBaIPaHT, NPH KOTOPOM JIyY (—00, COS () TIEPEXO-
T B TIONOXUTEIBHYI0 MHHMYIO TIOJIYOCh. DTO OTOOpPaxXeHHEe HaXoIUM KaK KOMIO3MLMIO CIeLYIOLIUX
OTOGpaxXeHUH:

—ic = 1 1
W=z VR, w= ()T, ws=5(wz+—),

w;
1 . T e R T
w=+/w—-1= i ((e"“(z-f-\/zz—l))z( - (e (z+ 22~1)) x )) .
MHoxuTens _:/1__2_ ponM He Mrpaer, NMOCKONbKy npeoGpasoBanne w' = kw mpu k > 0 oroGpaxaer

BEPXHIOIO TIONYILIOCKOCTh Ha cebs.

§ 7. KondopMHoe oToOpaKeHHe MHOTOYTOJILHHKOB.
HMurerpan Kpucropdeas—IIIsapna

7.1. OrobGpaxenne BepxHei MOJYIUIOCKOCTH HA MHOTOYTOJIbHHK.
7

Iycts TpeGyeTrcst OTOGPa3UTh BEPXHIOIO NMOJIYIUIOCKOCTD 2 -TUIOCKOCTH Ha BHYTPEHHOCTH HEKOTOPO-
ro MHoroyrojisHuka M € C, nexainero B nmockoctd w (puc.94). Ilo treopeme Prvmana otoGpaxalo-
was GyHKUMs CYLIeCTBYeT M IO TeoPeMe O COOTBETCTBUM IPaHMI, KOra rpaHuIlbl PacCMaTpUBaeMblX
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obacteii XopAaHOBbI KpUBbIE, YCTAHABIUBAET roMeoMOop(hU3M 3aMKHYTHIX obacreit, BepiunHaMm MHo-
royrojisHuKa Ay, A,, ..., A, GYIyT COOTBETCTBOBATL TOYKU @i, G, ..., G, JEHCTBHUTEIBHOHK ocU. He
OrpaHMYMBas OGLIHOCTH, MOXHO CUMTATs, uTo Vk = 1, n a; € C (B NPOTMBHOM Cirydae clleflyeT mpumMe-
HUTD TakKoil aBTOMOpP(DH3M BePXHEMN MONYIUIOCKOCTH, YTOOBI 66CKOHEYHOCTh NEPEXO[MIIA HE B BEPIIMHY
MHOTOYTOJIbHUKA).

Pre. 94

Mycts w = f(2) — uckomas orobpaxatomwas Gynkuus. Otpesok [a;, @;] oHa NepeBOIUT B OTpe-
30K [A}, A;]. CnenoBaTte/ibHO, IO NIPUHLUMITY CAMMETPHH OHA TIPOAOJDKAETCS. B HUXKHIOKO ITONYTUIOCKOCTD
yepes [a;, a;], ¥ 3TO TPOHOJLKEHUe OYIeT yCTaHaBIMBAaTh OTOODAXEHHE HMXHEH TMOJYTHIOCKOCTH Ha
MHOTOYTOJIBHUK, CHMMETPUYHBIA IaHHOMY OTHOCHTE/IbHO MPAMOiA, MPOXOLALIeil yepe3 Touku A u Aj.
AHAJIOTHYHO MOXHO IIOCTPOMTH AHAIMTUIECKHME TIPOJOJDKEHUSL U yepe3 APYTHE OTPE3KU [@y, a4 ]. Ta-
KM oOpasoM, TojHasd aHanuThdeckas GYHKUMS, onpeneiseMas f, He OYIET UMETh OCOOBIX TOYEK B
HIDKHEH TTONYTUIOCKOCTH M BO BCEX TOYKAX HEACTBUTE/BHOM OCH, 32 HCKITIOUEHHEM, GBITH MOXET, MHO-
xectsa {ay; k = 1, n}. CnenoBarensHo, a; (kK = 1, n) — BO3MOXHBIE 0COOBIE TOYKM MPOLODKEHHOM
dyHKuMU f KaK MOJHON aHATUTHYECKOH (DYHKLIMH.

BennuuHbl BHYTPEHHUMX YIJIOB MHOTOYTOJBHHKA O003HAYHM COOTBETCTBEHHO YEPE3 T, OO T, ...,
a, 7. UMeeM

Zak:n—2, 0<ap <2.
k=1
PaccMotpuM f(z) B BepxHeii TIOIYOKPECTHOCTH TOUKU @y, . PyHKUMS (€€ BeTBb (PUKCUPYETCS)

LB
2o w(z) = (f(2) — Ap) FF e =

NEPEBOAUT MOJYOKPECTHOCTh TOYKH @), B IIOTYOKPECTHOCTH Hayana KOOPAMHAT, TPHUIEM rPAHUYHBINR OT-
PE30K JeHCTBUTEIBHON OCH TAKXKE TEPEXOAUT B FPAHHYHBINA OTPe30K AeHCTBUTENBHON OoCH (CM. pHc. 95).

| a0

Prc. 95

CrnenoBaTensHo, w(z) N0 NPUHLUMITY CUMMETPUH GHATMTHYECKHM NPONOIKAETCS B MOJHYIO0 OKPECTHOCTR
TOYKH Gi, M 3TO NPOJO/DKEHUE OTOOpaXKAET OKPECTHOCTh TOYKM G B OKPECTHOCTh Haudaia KoOpAWHAT
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B3aMMHO OJHO3HA4YHO. TakuM o6pasoM, w - aHaMTUYeCKass (PYHKLMA B TOUYKe ar U w'(ar) # 0
IIpeacraBuM ee B OKPECTHOCTH TOYKU a; Dsilom Teitopa:

. 1
w(z) = (e (f(2) = AW) ** =Ci(z —a) + Ca(z ~ @)’ + ..

= (z ~ ag)(2),
Qap) =Cr=w'(@) # 0, e P(f(2) — Av) = (z = a) ™ Q)™ = (z ~ ap)p(2),
e o(z) — omHo3HayHas BeTBb Pynxuun (Q(z))** . Hanee,
f) = Ap + (2~ a)" p1(2), pilar) #0,
£ = arz =)™ o1 + (2 - a)F 61(@) = @ - a)™ T akp1 () + (= ap)p () = (2 - a)™F T e(2),
®(ar) #0,

'@ = (= 1) (2= )" 728(2) + (2 — a)** '8 (2),
fl@ a7 (@ - D) + @ - a)e' ()

_ _la—De@) +(z~ a;)®'(2)
'@ (z —ap)*k~'8(2)

(z ~ ar)®(2)

_a—1 @)
Tz—ar  ®2)

"
U3 monyyeHHOro CIEAyeT, 9TO TOYKA G SBJSETCS MOMIOCOM (DYHKIHHA *fL, C BBIYETOM oy, — 1.

n
Paccmotpum pynkumio z — ¥(z) = ((zz)) ‘:"a' Br1o — uenas GyHkumsa ¥ lim ¥(z) = 0

Z =00
HeficTBUTeNBbHO, pasnoxenHe QyHKUHK f B OKPECTHOCTH GECKOHEYHOCTH MMEET BH[
X
TL
f@)=a+ g pey
M Torma

n(n+1)Cn

; e
f'(z) Ao N

o
-5
Tnol
n=1

—0 mnpu z — oo.

KpoMe Toro, o4eBU/IHO, 4YTO E J— — 0 1ipu z — 00.

k=1
ITo Teopeme JIuyswinsg ¥ = 0. Takum o6Gpasom

¢ o —-1 d_
o =2z e — @™
k

Z—a
=1

Inf'(z) = E(ak -Din(z-ap)+InC;=InCy H(z —a)*" fle) =0 H(z —a) 7
k=1 k=1 k=1
fa=a f [[¢-a0ntac+c (1)
0 k=1

PaseHcrBo (1) HassBaercs dhopmyaoti Kpucmoggpeaa— lléapya, a vHTErpan B ee NPaBoM yacTd —
unmeepanom Kpucmogpgpean— lleapya.

MMocmotpuM, Kak usmeHurcss Bun Gopmynst Kpucrobdena—Illsapua, ecin npoo6pas ogHoON U3

3
BEPIUMH MHOTOYTONIBHWKA, HANpHMMeD, BepIUMHbEl A, , paBeH GeckoHeuHocTd. C 3TOM LieNbio CTPOUM
cnenyiowmi asromopduam BepxHeil NOJIYIUIOCKOCTH IVIOCKOCTH 2z

1 1
y Z=ap — —.
2y

21 =
Gy — 2
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Torma noxy4um:

1
nTay zy
i i ~ z 1y*lg
1@ =1 (am-1) = fieo = ¢y f [Tc-an 'd<+cz=c./H(an—ak-5) §+Cz
0 k=1 s k=1

1

(B MHTErpasie IpOM3BEACHA 3aMeHa { = @, — ?lf)' IMocie 04eBUIHBIX HECTOXHBIX MPeoBpa3oBaHuil Moy
3HaKOM HHTerpana , umMeeM

n

g R » n—Zak—Z
fl(zl):Cl/H((l(an_ak)—l)ak Cl k=1 d<l+02:
1 k=1

ap~1

ln-1
1
=C{/II (1—;—:
o k=1 nok

3necs ay, = - o T 0o0pasbl TOYEK @;, B IUJIOCKOCTH 2.
B npouecce nony4eHus: Hopmyisl (2) MHOXMTEND

n
n—z ap,—2
k=]
G

*ln-1
d¢ + Gy = C / [[¢ - ag+cs @
0 k=1

HUCYE3 B CBA3H C TEM, YTO

n

neS w220

k=1
Tlonarast s npeanocieiHeM MHTErpate GOPMYIBI (2) HIXKHMIA TIpe/ie] HHTETPUPOBAHUS PABHBIM HYIIIO,

a He ;1:, Mbl M3MEHAEM JTHIB NOCcTOsiHHyl0 C;. 3aMeHMB o6o3HaueHHUsi z; Ha z U fi(z;) Ha f(z2),
nojtyduM ¢opmyny
Zn-1
) =6 f [I¢-antac+ . 3)

0 k=1

Wnurterpaner 8 dopmynax (1) u (3) HasvIBalOTCS COOTBETCTBEHHO unmezparamu Kpucmopgeas—
k3

Illeapya nepsozo 1 emopoeo poda. PasHuua MedXXIy HUMH oYeBUIHA: B OGOMX Ciydasx Z a,=n-—2,
k=1
xoTs B dopmyne (3) MHoxuTeNb (¢ — a,l)“"’l Moj 3HAKOM HMHTerpaia OTCYTCTBYET.

@opmynsl (1) u (3) monydeHs! B NPEINONOXKEHHH, YTO TOYKH aj HM3BecTHsl. ONHAKO B 3agavyax Ha
KOH(MOpMHBIE 0TOOPaKEHUS 3aaloT I BEPLIMHEL A;, MHOTOYTOJbHHKA, 4 TOYKHU (), OCTAIOTCS HEM3-
BecTHeIMH. ComtacHo M.6.1 TpU M3 HUX MOXHO 3aJIaTh TIPOU3BONBHO, & OCTANBHEBIE @) BMecTe ¢ C| u C,
JIOJDKHBI OTIPEessiTCS U3 YCIOBMA 3aJa4yd. DT0 OGCTOATENBCTBO SABAAETCS TNIABHLIM 3aTPyAHEHHEM TIpH
TIPaKTHIECKOM MCTIONB30BaHuM popmyisl Kpucropdena—IIpapua. CyluecTByIOT pasiuyHble METOIbI
ux onpeaeneHus. [MocrosHHaa C; onpelensercs 3agaHUEM Da3MeleHUs OMHON M3 BEPIUMH MHOro-
yronpHUka. [ onpedenieHus MOCTOSHHBIX @x ¥ (| MOXHO WHOrAa BOCIIOJIL30BATBECI M3BECTHBIMU
UIMHAM¥ CTOPOH MHOTOYTOJIBHUKA

L 3
o A = f f@ldz (k=T m=T),

aj

O/IHAKO Ha NMPaKTHKE OCYLUECTBUTH 3TO yaaeTcs He Bcerda. CylLIecTBYIOT Takke NPUGITHXEeHHBIE METONBI
onpeleneHus NocrogHHeIX a; U C.
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7.2. Ciy4aii MHOTOYTO/IbHHK2, HMEIONIET0 BepHIHHBI B 6eCKOHEYHOCTH.

Ilycts BepliMHa A; n-yroibHUKA JeXHT B GecKoHedHON Touke (puc.96). BozsMeMm Ha y4ax
A, _Ar 1 AL A, TIPOU3BONBLHO MO Touke A}, A}, M CoenMHMM MX OTpe3KoM NpsMoi. B pesynspTaTe
mony4uM (n+ 1)-yroasHuk. PyHKUMS, oTOGPaxalolas Be pXHIO TOJIYTIIOCKOCTE Ha 3TOT MHOTOYTOMb-
HHK, HMEET BUI

f=C f(c —a)™ T (€= e TN~ al)E T (¢ = an) T e+ O, (1)
1)

TOE Q)T M ojm — 3HAYEHMs YIJIOB NPHU BepumHax A}, u Ay, a al, U af — Touku ocd O, COOTBET-
CTBYIOLIME 3TUM BEPLUMHAM.

IMycts otpe3ok A} A} ynansercs B GeCKOHEYHOCTh, OCTABAACH NApAELHEIM camoMy cebe. Tlpu
3TOM TOYKH @} M af CJIMBAIOTCH B OfHY TOYKY @;, COOTBETCTBYyIOUIYI0 BepiuuHe A; . O60o3HAYMM Ye-
pe3 —o; 7 3HAYEHUE yria NepecedeHus JIy-
geit Ap_1Ar U Ap, A, B KOHEUHOH Touke
A,Z.. T?’ma U3 TPEYTOIbHUKA ,%QCA}‘CAZ uMeeM
o tap—a,=1,Te a,+a,-2=a,—-1u
dopmyia (1) mpuHUMaeT obplyHblH BUL Gop-
mynsl (1), m.7.1.

SICHO, YTO 3TH pacCyXIeHHS MOXHO Mpo-
BECTH U B Clyyae, Korna B 6eCKOHEYHOCTH Jie-
JKUT HECKOJIBKO BEPIMH MHOTOYIOJTbHHKA.

Taxum obpasom, dopmyna (1), m.7.1,
OCTaeTCs B CHJIE M Ul MHOTOYTOIBHHUKOB, ¥
KOTODBIX OIHA MJIM HECKOIBKO BEPLIMH JIEXAT
B DECKOHEYHOCTH, €CJIH TIPH 3TOM YTOJ MEXIY
JIBYMSI TIPSIMBIMH C BePIIHHON B 6eCKOHEYHO-
CTH OTIpeNeNSIeTCs KAK Yyrol B KOHeYHOH! ToY-
K€ MX [IePeCeYEHMs], B3ATHIA CO 3HAKOM MH-
HYC.

3aMeTUM, YTO TIpM TAKOM OIpeleeHUH
yriia B GECKOHEYHOCTH OCTAETCH B CHJIE COOT-

HOLIEHUE
n
E a,=n—2
k=1

U1t CYMMEI YTJIOB MHOTOYT'OIbHUKA,

Prc. 96

7.3. Orobpaxkenne BepXHei NOJYIIOCKOCTH HA BHEIHOCTb MHOTOYTObHHKA.
IMTpoBoxuM paccyxneHusi, aHATOTHYHBIE TIposiesIaHHbIM B 1. 7.1. DyHKUuUs f uMeeT TeNephb B HEKO-
"
TOPOIi TOUKE a BEPXHel ITONYILIOCKOCTH TTOMIOC IepBoro nopsizika, OyHxius xe f?_ Hapsiy C TIPOCTbIMH

nontocamut {a; k = 1, n} Gyder uMeTs ele IpocTsie MOJIIOCH B TOYKAX @, & C BEIYETAMH B HHUX, paB-
HeIMH —2. Takum obpasoMm,

7'@) a1 2 2
f’(z)—gz——ak_z—a—z—&. M
Orcrona
— - - ay—1 dC
f@@)= Cl/H(C a) C—apc-ap +C. €))
o k=

n
3mech @ T — 3HAYEHUS BHELIHUX YIJIOB MHOTOYTONBHMUKA, O, &) = n+2, aj, — TOYKH JEHCTBHTEALHON

k=1
OCH, COOTBETCTBYIOLIIME €I'0 BEPLUMHAM.
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7.4. OTob6paxkenue BepxHeil NOTYIIOCKOCTH BA NPAMOYTOJIbLBHK.

OTo6pasuM BEPXHIOIO NOJIYIUIOCKOCTS Ha [IPIMOYTONBHMK P ¢ BeplumMHaMH B TOYKaX tw, tw +iw;
(pnc.97). TlpumeHMM NPUHUMN CUMMeTpud. Ilycts (yHkuma f oroGpaxaeT NMepBHIf KBafpaHT Ha

Puc. 97

TNPaBYIO NOJIOBUHY NMPSAMOYTOAbHUKA P TaK, 4To MHMMAs ITONYoCh MIEPEXOAUT B OTPe3oK [0, iw;] MHUMOHK
ocH. 3agaguM COOTBETCTBUE TpeX ITap rPAaHUYHBIX TOYEK:

z 101} o

w 0 w iwl

DTUM COOTBETCTBHEM OTOGpaXalowas QyHKLHMs OlpeesieTcs eMHCTBeHHBIM oOpasom. HekoTopas
TOYKa % > 1 (k < 1) nepeiineT B BEPIUHHY W + tw| NIPAMOYFoJIbHMKA, K — HeusBecTHO. [lo npuHUUTY
CUMMETPUM QYHKUHA f NPONOKAETCS BO BTOpPOM KBAJAPaHT M NMPOHoJLKEHHaA PyHKUHUsA (0603HAYUM
ee TaKkxke f) oCylLeCTB/ISeT oToOpaxeHUue BepXHeil MONYNIOCKOCTH Ha BeCh MpaMoyroibpHUK. [1pu 3ToM
uMeeM

feD=~w, f(-1)=-w+iw.
Buz ¢yukuuu f onpesensiercst popmynoit Kpucroddens—IIpapua. Momyyum:

ak:';’ (k=r4—)a {ak;k=m}:{_%a_1) 1;%}7
f d
w=f(z)=C/ ¢ . (1)
) (1-¢H1 - k*¢Y)

®ukcupyem Betsb KopHs V1 = 1. Torza, NMPUHUMas BO BHMMaHHe, uto f'(z) b= = C, mony4aeM,
yto C > 0, Tak KaK TONOXUTeIsHOe HalpaBleHHe AEHCTBUTEALHON ocH npu otoOpaXeHHUM He U3Me-
HSIeTCA.

[onyuennas ¢opMyna comepXHUT OBa HeusBeCTHHIX Tapamerpa C u k.

Paccmorpum dyHkumio

2+ F(z, k) 2)

- 0/ A-¢H -k

roe 0 < k < 1 cynraeTca uaBecTHBIM. OHa ONPENENSIETCH 2AAURMUHECKUM UHMezpanom nepeozo poda, k —
€ro Mollyab. M3 npensinyuiero uanoxeHus icHo, 4to F(z, k) ocyiuecTaisier KOHPOPMHOe oTo6paxeHne
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BEPXHEI! TTOAYIIOCKOCTH Ha TIPAMOYTOJBHUK CO CTOPOHAMH 2wy M wy, TE

VA A -k

— ROAHBIE INAUNMUYMECKUE UHMeZDaA nepéozo poda C MonyleM k,

1 1
: E

- / d¢ / d¢
wg+ wy = =wy+1 .
AU A A -K¢) V- DA -k

1

CrnenoBaresbHo,

: / d¢
wy = .
Y - HA-KE)

3aMEHUB B MHTErpayie NepeMeHHyIo 1o hopmylie

- 1—k2r?’

TIONYYHM:

1
) dr
wy = - == = K(ky).
/ VA=) -kt
Hrak, Mpl TTONYYWIH, 4YTO /UTMIITHYECKHHA MHTErpan MepBoro pora orodpaxaeT BEPXHIOO TOMYTIIOC-

KOCTb Ha TIPSMOYTOILHHUK co cTopoHaMu 2K (k) u K(k{).
BepHemcs x HaleMy ciyvalo:

f@) = C/ i )
(1-¢HA - k¢
0

k, C — Heu3specTHble CTOPOHB! TIPSIMOYTOIBHHKA, 2w U w' — H3BECTHSL.
Ha ocHoBaHu# TOMBKO YTO PACCMOTPEHHOTO HMEEM

! 1
w=CK(k), w =CK(k).
DT paBEHCTBA ABASIOTCS CUCTEMOI TPAaHCUESHASHTHBIX ypaBHeHU# otHocuTeasHo C U k. OHa Moxer

OBITH pelreHa ¢ UCTTOIB30BAHUEM TAGIMIU UIMIITUHYECKUX HHTETPAIOB NMEPBOro posa. JeiRCTBUTENRHO,
MycTh

w Kk
wi Kk
Toraa no 3agaHusIM 7 no TabnaunaM MoXHo Haiti K'(k), a satem u C =

K-
7.5. DAIROTHIECKHI CHHYC H €T0 ABOAKAS HEPHOIHIHOCTS.

Kak ycTaHORJIEHO BhIlle, 3JUIMNTHYECKUIT MHTErpast NMepBoro poja z = F(w, k) ocyllecTBISET KOH-
¢dopmHoe oTobpaxeHue BepxHeid noaymiockocty G, = {w € C | Imw > 0} Ha NPAMOYTONBHIK Pyc
BepumHamMu K, £K +iK,, npu 5TOM B BepIUMHH IPAMOYTOJBHHMKA NEPEXOAST TOYKH +1 U :i: new-
CTBHTE/BHOM ocH. ObpaineHue JUTMITTHYECKOTO MHTErpasa nepBoro poia Ha3niBaeTcs munmuuecxwu
CUKycoM, ero ofosHayeHue. w = sn(z, k). D/UTUNTHYECKUIE CUHYC SABIsAeTCS aHATMTHYECKOK DyHKuuek
B NIPAMOYTONbHMKE Py M 0TOGpaXxaer ero Ha BepxHIOW nonyrockocts G4 = {w € C | Imw > 0}. B
CHJTy roMeOMOp(hU3Ma 3aMKHYTRIX obsacreit, PyHKuMs sn nepeBogur oTpe3ok [K, K + iK,] B otpe-
30K [1, k] CllepoBaTeIsHO, K Hel NMPUMEHUM NMPUHIMIT CUMMETPYM, TI0 KOTOPOMY OHA aHATHUTUYEC-
KM MPOJOJIXaeTcs B NPSMOYroNbHMK Py, cuMMmeTpuuHsLi ¢ P, oTHOCHTeNnbHO oTpe3ka [K, K +iK)],
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TIpU4eM MpoAo/DKeHHast (GyHKUMS (MBI CHOBa 0003HauMM ee 4yepe3 sn) oroGpaxaer P; Ha HUXHIOO
nonyrockocts G- = {w € C | Imw < 0} (puc.98). MponomkerHasn GyHKIMS TAKXKe YIOBTETBOPSET
YCJAOBMIO TIPDMHIIMIIA CUMMETPHMH W 110 3TOMY TIPUHIMITYY aHATMTHYECKH TIPONO/DKAETCS B TIPSIMOYTONb-
HUK P, cummerpuuHsiit ¢ P; oTHocutensHo otpeska [3K, 3K + 1K ] u orofpaxaer ero CHOBa Ha
BEPXHIOIO TIONYILIOCKOCTL. [Ipu atom

sn(z+4K)=snz VzE€ P, )
Bonee noppobHo: ToYKa z;, CHMMETPHYHAs C z OTHOCHTENbHO oTpe3Ka [K, K + iK)], lepeXomguT B
TOYKY Sz, a TOUKA 2; = z + 4K, cuMMeTpuyHas z, oTHocuTensHo otpeska (3K, 3K +iK ], — cHosBa
B TOYKY Sn 2.
@ A @
r
. PZ
- !
Pl
> > x
°z snz
°Z Pyl B P, :
O CZ1 1
k2 k
snz

Puc. 98

TouHO TaKk Xe MOXeM TNPOLOIKUTL (GYHKUHMIO Snz B TMPAMOYTONBHMK P|, cummeTpuulsii ¢ Py
oTHocHTeNBsHO oTpe3ka [—K + iK|, K + iK ], ToibKo 3TO NpofoKeHHe OYAET MMeTh B Touke 1K
NOJIOC TepBoro Mopsaka. IlpogomkeHHas QyHKHMS sn oTobpaxaeT P| Ha HUXHIOI MOIYILIOCKOCTS
W aHATMTHYECKU TIPONOIKAETCS B MPAMOYTOMLHUK Pj, CHMMETPMYHBIA C P| OTHOCHTENLHO OTpes3-
Ka [-K+i2K,, K+12K/], 4 3TOT IpAMOYTrOJsHHK OHa CHOBa 0TOOpaxaeT Ha BEPXHIOIO MOJYMIOCKOCTb.
Kak w Bblile, TTOIYYHM, 4TO

sn(z+ 2%K)=snz VzE€PR,. )

Paccyxnaasi B TO4HOCTH TaK Xe M Janee, Mbl MOXeM [POXOJDKUTH 3JUIMIITHYECKUH CHHYC Ha BCIO
mtockocts C. IMponomkenHas dynkuus Gyfer mepoMopdHoii: B Toukax K| + 4Km + 2iK\n, rge m
H n — Mobsle LeNble Yucaa, oHa MMEET MoJtocsl Mepsoro nopsaaka. Popmyinsl (1) u (2), oveBugHo,
GyAyT BBITOJHATKLCA Mst TIOOBIX Toyek z € C. DTo CBUAETENBCTBYET O TOM, YTO (DYHKUHS Sn MMeeT ABa
He3aBUCUMBIX NepHoda T) = 4K u T, = 2¢K|: [uig MoOBIX LENBbIX M W N CIPAaBEUIMBO COOTHOLIEHUE

sn(z + 4Km + 2iKn) =snz. 3)

MepomopdHas ABosikonepuoinvecKas GyHKIMs, OTHOLIEHUE NePUOLOB KOTOPOIf SIBIAETCS CTPOro
KOMIUIEKCHBIM YUCIIOM (He HeiCTBMTEALHBIM), HasblBaeTcs aatunmuveckoli gynkyued. [lpoBeneHHsle
HCCIIeAOBaHUA TTOKA3bIBAIOT, YTO SN z SABJIAETCS 3JUMIITHYECKOM QyHKIIMEH.

PaBeHcTBO (3) CBHAETENBCTBYET TAKXKE O TOM, YTO (PYHKLMS SN 2 MHBAPHMAHTHA OTHOCUTEILHO rpyI-
MBI JIMHEHHEIX Npeobpa3oBaHuil Buaa

z—z2+4Km+2iKin (m€2Z, n € Z).

Oynxuum, obnagaolme cBOKCTBOM WHBAPMAHTHOCTH OTHOCHUTENILHO HEKOTOPO IpYNIsl APOGHO-TU-

HeNHBIX NPpeobpa3oBaHMii, HA3EIBAIOTCS aemo,wopdmumu“.

D Nina 4BTOMOPGHLIX yHKUMI CYLIECTBYET OTACALHAA XOpOLIo pa3paboTaHHas TCOPUS, € KOTOPOH MOXHO O3HAKOMUTLCS, HATIDH-
Mep, Mo KHHre: JL. P. Qopd. Astomopdste dyukumn, OHTH, 1936.
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7.6. OtoGpaxenne eIHHAYHOIO KPYra HA MHOIOYYOJILHHK.

Haiinem obimit Bun dyHkumuu, ocyutectensoleil KoHbopMHOe oToOpaxenye efMHUYHOTO Kpyra
Ha MHOTOYTOBHHK. JIng 3TOro orobpasuM eIWHWYHBIA KpYyr Ha BEPXHIOIO MOJYIUIOCKOCTb, a 3aTeM
Bocrosib3yemcsa dopmysoii (1), n.7.1.

Orobpaxkenue BepxHeit norymockoctd G, = {z € C|Imz > 0} Haxpyr K = {z, € C: |z | < 1}
MMeeT BHL

z—b
21:——_—?, Imb>0, (])
OTKyna HaxoauM otobpaxenue K Ha G..:
l_)zl —b
7= @)
z; -1

IToncraBus B dhopMyny (1), m. 7.1, BMECTO z NpaBYlo YacTh paBeHCTBA (2), MOTYIHUM:

E;I b
bz
=f(Z)=f<zll ) fiz) =6 / H(c—au‘” Ld¢ + G

[lonaraa B unrerpaie { = %C—‘j HaXOIUM:

_ [ b1 b et d¢
f(zn)—Cl/H<Cl_l—ak) ————(CI_I)Z+C
-
5

/H (b —ap) - (b_ak) H(Cl 1)1 a’” C Y + C,.

S

[Tockonsky

[T -n=e 3 a2

n
(rak kak n — Y _ a;, — 2 = 0), T0
k=1

fitz) =€y / (G- a6 - -a0)™ g +C =
k=1

=c:/H<c,—
b k=1
5

e aj, — TOYKM eIMHMYHOM OKPYXHOCTH, B KOTOpPHIE ITePEXOAAT TOUKH ay, .
Ecnu B uHTEIrpasie, BxoasiueM s bopMyiy (3), H3MeHHTs HYOKHH Npenesl MHTErpHpOBaHUsA, NIojlaras
€0 PaBHBIM HYJIIO, TO U3MEHMTCS JIHIB NocTosiHHAA C), a oGIMHA B HOPMYIIBI OCTaHETCH MPEXHUM:

%
a —b ap—1 n o
ak—l_)) g +CZ=C1_/H(C, —a)* A+ G, (3)
k=1

5

fiz) = Ci / I« - artag + . @
k=1
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3aMeHas z, Ha 2z, a; — Ha a4, f; — Ha f, monyyuM obiwmit BUA QYHKUMH, OCYLUECTBAAIOLIEH
koHbopmHoe orobpaxenue kpyra K = {z € C: |z| < 1} Ha MHOrOYTOJIbHHUK :

z

f(z)zcl/H(C‘ak)ak_ldC+C2, laxl = 1. ()

0 k=1

g orobpaxeHus eAUHUYHOTO KPyra Ha MHOTOYTONbHUK 001Kl Ul dopmynet Kpuctoddena—IHIsap-
L1a He U3MEeHWICH.

B xauectBe npuMepa paccMOTPUM OTOOpaXKeHHe eMUHUYHOIO Kpyra Ha NMpaBWJIbHBIM MHOTOYTOJIb~
HUMK. CuMTaeM, 4TO LIEHTP MHOTOYTOJbHUKA HaXoauTcd B Touke w = (. DTOro Bceraa MOXHoO J0GUTHCS
JIMHEHHBIM TipeoOpa3oBaHueM 3aTaHHOTO MHOTOYTONbHMKA. [IpM NOCTPOeHUH OTOOPaKEHUS BOCITOJIb-~
3yeMCS NPUHLUIIOM CUMMETPHH.

Pnc. 99

ycTs
i Ak~ -
A=A (k=2 n).
O6o3HauuM Yepe3 f GyHKUHMIO, OCYLIECTBISIONIYIO KOH(DOPMHOEe O0TOOpaXeHHE CEKTOpa eIMHUYHOIO
Kpyra S ={z € C:|z| <1, O0<argz < 27"} Ha Tpeyronbuuk O A A, (puc.99) npu ycrnosusix:

P
fOY=0, f=4, f (e1 n ) = A,.
27
OuyeBHOHO, 4YTO [0, e’"n‘] —:7 [0, A;]. CornacHo npuHuuny cuMMeTpuu, GyHKuMs f aHAIUTH-

4eCcKH MpONOIXaeTcsl B cekTop § = {z eC:lzl <], 27" <argz < f‘;}}, npuYeM ee Npoao/DKeHUe
(xoTopoe Takxe obosHauuM uepe3 f) orobpaxaer ero Ha TpeyroyibHUK OA4,A;. Paccyxnas anano-
TUYHO, NPONOILXKMM f Ha Bech enMHWYHBIM kpyr. [Ipomomxenue dyHkuuu f Gyner aHanuTHYeCKOH

¢dyukumeit B equnuunoM kpyre K = {z € C : |z| < 1}, ocywuectsnas xoHdopMHoe otobpakeHue ero
;U= _ Uk=Dx
Ha BECh MHOTOYTOJIbHUK, TIpuyeM f{e' ™ n =Ar (k=1,n), T.e. TOUKH €'~ n = a; ABJIAIOT-

n
s Npoo6pazaMu BEpLIMH MHOTOYIONLHHUKA. [lockombky Y ,ay =na=n—2, 10 ¢ = =1 — % u

k=1
n

2
H(C —ap)** ! = (™ = 1)" =, B CHIIY TOTO, YTO a;, ABNAIOTCA KOPHAMM N-if CTENEHM M3 ENMHULbL U
k=1

[T¢-a)=¢"~1.
k=
‘ Ilo popmyne (5) nonydaem:

f@) = c/(l — (MR e
0
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OnpenenuM KoHcTaHTy C U3 yCIOBUA

1
f(1)=C/(1—C" R d = 4,
4]

OTKyAa
A

1 2 :
Ja-¢nwdg
0

1
Monaras B unterpate (™ = t, monyyum: d¢ = %t;" dt,
1

1
ceyEa =t [ o2 1y 2
/(1 ™ dC—n/ (-t wa=-B(L1-2),
0

0
e B — Gema-gynicyun Fdnepa. OKOHYATENBHO UMEEM

w=f(z) = /(1 ¢ dC.

3ameyanue. [10BOPOTOM IUIOCKOCTHM Z Ha Yrosl & BOKPYT Hauyala KOOPAMHAT MOXHO JOOUTHCS TOrO, YTO IpO-
o6pasom BeplumHbl A; 6yaer mobast 3aiaHHasi TO4Ka €' eAMHUYHOM ORPYXKHOCTH.

N3 dopmysst (2), n1. 7.3 ¢ NOMOLLBIO AONONHUTENBHOTO APOOHO-IMHEITHOTO H30MOpdH3MAa TIJI0CKO-
CTH z JIETKO ITosiyyaeM (popMyJly oToGpakeHUs BHYTPEHHOCTH €IUHHUYHOTO KPyra Ha BHELUHOCTb MHO-
rOyTrojibHUKa

z

f@)= CI/H(C a)“*“gﬁ +Co. ©

k=i
0
3nech DpennosaraeTcs, YTo UEHTP KPYTa [epeXonuT B OeCKOHEYHO YOATCHHYIO TOYKY.

PaccMoTpuM 3amaum.

Pue. 100

20. Orobpasuts BepxHIoo MoNyIIockoeTs Gy = {z € C | Imz > 0} Ha poM6 B w-IUIOCKOCTH ¢
yIJIOM 7o Iipu BeplunHe A U croponol d (puc. 100). CooTBeTCTBHE TOUEK 3alaHO CXEMOMU
w(A=0, B=d, C=d(1+€"), D=de'™) — z(0, 1, o0, —-1).
OBoCHOBaTh BO3MOXHOCTD TAKOTO OTOGPaXKEHMA.

« Ilycte pyHxkuua w = f(z) ocyluecTriseT KOHGOPMHOe OToDpaXeHHe NepBOro KpagpaHTa Ha
TpeyroisHuk ABC. Ilpu 3ToM

O =4, f()=B, f(o)=
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CoriacHO CBOMCTBY COOTBETCTBHMS TPAHML, NMpoobpaszoM CTOpoHBI AC OyldeT MHMMas ITONyoCh z = iy
(y > 0). [To npuHuuny cuMMerpuu byHKIMA [ aHAIMTHYECKU TIPONOJDKAETCA HA BCIO BEPXHIOIO IO-
JIYIUIOCKOCTb M 3TO TIPONOJDKEHHE OCYLUECTBIsIEeT KoHPpopMHOe oToOpaxeHue BepXHeil MOJYIIOCKOCTH
Ha pom0. Ilpu atoMm f(—1) = D. o dopmyne (3), n. 7.1, umeem

w = c/g"“a -¢HTde.
0
[TocToqaunylo ¢ HaxoouM U3 yClioBUs

1
f<1>=d:c/c““<1~cz>‘“dc=§B(%, 1-a),
0

OTKylla ¢ = —QM—. OKOHYATENLHO MOTYYacM:
B(—- l—a)
x,

2d /za_l N—a
w= [ A= d >
B(?,l—a)o

21. Haitu xoHbopMHOe oToGpaxeHue BepxHeil nonymockoctu G, = {z € C | Imz > 0} na
0071acTh, comepXamylo NepBbili KBaOpaHT, TPAHULA KOTOPOH COCTOMT M3 Hoiynpsmbix v, = {w € C |
Rew £ 0, Imw =1}, v, = {w € C|Rew > 0, Imw = —1}, a Takxke u3 otpeska [—i, ¢]. Coorser-
CTBHME TOYEK 3a/1aHO CXeMOM

w(i, —t, o0) — z(—1, 1, co).

4 Comnacao dopmyne (3), n.7.1, mpu a; = ~1, a; =1, a3 = 00, a; = %, a; = % UMEEM

z

1
w=f(z)=C1/(i—f—%)2 d¢ + C,,
1

1 2 )
IU(I):C2=—i, W(—l):1:C1/<'—+£> d(—i=—C17r——i, Cl=—ﬁ,
1-¢ T

1

z 1 .
w:=f(z):—j_—z/<;—+_—g)2 dC—i:%(\/l—zz—arcsinz).b
1

22. Haittu xoHpopMHoe oTOBpakeHUe BepxHed monymiockocn G, = {z € C | Imz > 0}
Ha BepxHioto monyriockocts D, = {w € C | Imw > 0} ¢ pa3spe3om Brosb nyya v = {w € C |
Rew <0, Imw = 7}.
4 OGnacTb B IUIOCKOCTH W ABJISIETCS TPEYTOJILHUKOM C IBYMs BepluMHamu A, A; Ha GeckoHey-
HocTy (puc. 101) u yramu: a7, a,m, asm, roe
01:0, (12=2, a3 = —1.

Ilonaraem a; =0, a; = —1, a; = o0. [lo dopmyne Kpucrobdens—IlIsapua noryyaem:

w=f(z):Cl/("l(l+()d§+i7r=Cl(z+l+lnz—z'7r)+i7r. )
-1
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Pue. 101

Jlnst onpenenenust C; BOCTIONB3yeMCs TEM, YTO IIPH 0OXOHE TOYKOM 2z TONYOKpYXHocTH 7, = {z € C:
Jz) = r, 0 < argz < 7} 1o yacoBoM cTpesike QYHKIMA w, ONPEAENEHHAS paBEeHCTBOM (1), molydaer
npupaitedue —imwCy + O(r). C npyroi CTOPOHBI, IIPH 3TOM 0GX0I€ COOTBETCTBYIOMIAS TOYKA W Mepexo-
JUT ¢ iyda A A, Ha nyd Ay A;. CnegoBatenbHo, npupaimeHne GyHKUMH Aw Maio OTJIMYAeTCs OT —im.
Takum obpasoMm, C; = 1. OKOHYATEILHO UMeEEM

w=fE)=z+1+nz. »
23. Haittu koHGOPMHOE 0TOGpaXEeHUe BEPXHEH NOMyIUockocT Gy, = {z € C | Imz > 0} Ha w —

IUIOCKOCTB ¢ paspe3amu BaoJb Jyyed v, = {w € C[Rew <0, Imw = -7} uy, ={w€C|Rew < 0,
Imw = 7} (puc. 102), npM KOTOpPOM TOYKH z = F1 NEPEXONAT COOTBETCTBEHHO B TOYKH w = E7re.

Pue. 102

< BeeneM B paccMoTpenue BeroMorarenbHylo {-mnockocTb. OyHkuusa w = @({) = ( + 1 +In¢
0TOOpaKaeT BePXHIOW MOMYTUIOCKOCTD IJIOCKOCTH ( Ha BEPXHIOIO TOJOBHHY 00JacTH B w-TUIOCKOCTH
(cM. mpenpiayntylo 3amady). IIpu 5TOM meliCTBHTENbHasl MONOXHTEbHas nonyocs ¥ = {{ € C |
Re( > 0, Im{ = 0} mepexomMT B NEHUCTBMTENLHYIO OCh W-IUIOCKOCTH. IJO NPUHLMIY CUMMETPUM
dynkuusa ¢ — ¢(() AHAUTMTHYECKH TIPONOIDKAETCS Yepe3 3Ty MOJyoCh B HUXKHIOK MOJYIUIOCKOCTE U 3TO
npojo/mxeHre KOHPOPMHO oTobpaxaeT (-IUIOCKOCTb ¢ Pa3pe3oM MO OTPULATENbHOM JelCTBUTENbHON
MOJIYOCH Ha BCIO 3alaHHYIO B W-TUIOCKOCTH 0671acTh. OTOOpa3uB ( -MJIOCKOCTb HA BEPXHIOI ITONYIUIOC-
KOCTb G, , OKOHYATEIbHO ITOMYYUM:

w=-22+1+2lnz—ir. »

24, Haittu o6pa3 BepxHeil HOYIUIOCKOCTH G, ={z € C|Imz > 0} npu orobpaxeHuu

z

d¢

vw=f(z)= | —————

1@ /C(C—b)\/C—a

HaiiTu paccTosHue MeXIy NapaJUIeJIbHBIMH TONYIPAMBIME U1 KaXI0H U3 11ap, COCTABMSIOLUMX TPAHULLY

obtacTu.

« ITo Buny dyHxumMH f 3anodacM, 4To MCKOMast 00JIaCTb ABJSIETCS YETHIPEXYTONBHUKOM C IBYMS

BeplIMHAMU Ha OeckoHeyHOCTU: @3 =0, o =0, 4| = 0; a3 = a, a; = %, A, =0;a;=05,a3;=0,
A3 =00; a4 =00, Qg = % A, — Tpebyercsa HaTH.

0 <a<b).
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Puc. 103

Hccnenyem nosenenvie npoussonHoit f'(z) Ha uxTEpBaIE (a,, as). MMeem
1
! !
fz)= (2) <0 Vz € (ay a3)
z(z —b) \/—— / Ten
T.€. arg f'(z) = 7 u obpazoM MHTepBaNa (4, G3) ABNAETCS OTPULIATEIbHAS LEHCTBUTENLHAS IIOIYOCh.
[IpuHUMas BO BHUMaHue, 4TO @) = %, obpazoM uHTEpBan1a (a;, a;) GyIET OTPULIATENbHAS MHUMAS
nonyock. Teneph oueBHMOHO, YTO BepulHa A, NPUHAUIEXKUT TpeTbeMy KBaIpaHTy, a cama obiacTb
uMeeT BUll, u300paxeHHbIl Ha puc. 103.
Uro6bl HaliTH A, paCCMOTPUM NpupameHue GyHKUMH Aw TpH 06X0/Ie TOYKOMN 2 MOJYOKPYXHOCTH
Y, ={2€C|z=re", 0< ¢ <7}

aw=- [ % iom=--"10 T, = (y,, %
w=— /lb\/—c () "m'*‘ (T'), 77‘17)

I

CnenosarensHo, by = ﬁ. AHAJIOTMYHO HaxoAuM h,, onpenensas npupaleHue GyHKIUU w npu obxone
TOYKOU z TIOJYOKPYKHOCTH € LUEHTPOM B TOYKE b:

[Ipu b= 2a, hy = h;. »

25. Hairtn xondopmHoe otobpaxenue kpyra K = {z € C: |z| < 1} Ha BHYTPEHHOCThL N-KOHEY-
HOM 3Be3Ibl — 27-YTOJIBHUKA, CTOPOHBI KOTOPOTO, a TAKXKE YIJibl (4€pPE3 ONMH), PABHBI.

« Tlycts Tynoit yroit 3Be3ns! paseH m(l + A), Torna €e OCTpwlil yroj paBeH m (1 —-A- %) Hc-
IIOJIb3ys MPUMHLMUI CUMMETPHH, CUMTAaEM, YTO Npoobpasbl BEpIUMH OCTPBIX YIJIOB ABIAIOTCA KOPHAMH
n-{ CTeNeHM U3 eAMHULLI, & IPooGpPa3bl BEPWHH TYMNIX YINIOB — KOPHAMM n-H cTernenu u3 —1. ITo
dbopmyne Kpucroddena— IIBapua nonyyaem:

p A
(1+¢")"d¢ 2
w=fz)=C { ——, 0<A<l~~—.
1= (e n
Ipuaumas Bo BHUMaHe, uto f(1) = A, Haxogum C. »

26. Haittu Bua GyHKUMHE, OCYLIECTRISIOMEH KOH(bOPMHOE 0TOGpaXeHHE BHEIHOCTH eAUHHYHOTO
Kpyra Ha BHEILHOCTb MPOU3BOJIBHOTO N -YIOJIbHHUKA C BHELIHHMU YIJIAMM Q3T .

<« TpeGyemyro HYHKUMIO MOJIyYHM € HOMOLUBIO hopMyisl (5), 1. 7.6, 3aMeHOl z = ﬁ , OToDpaxa-
IOLIEH eIUHUYHBIA KPYT Ha €T0 BHEIIHOCTE:

1

ET .
1 d
=f (;) =C1/H(C_“k)ak_‘c_§ +Cz
. k=1

Z0
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3aMeHuB NEPEeMECHHYIO MHTETPUMPOBAHUS, Nosiaras C = (.—l' W IIPUHAB BO BHUMAHHUE PABCHCTBO

zn:ak=n+2,
k=1

npeobpa3yeM MOJyYEHHYIO (hOPMYJY K BULy

w=f1(z1>=Ci/H(cl - a7 :‘ +Cr » M
k=1

20

27. Haittn xoHbOpMHOE OToGpaxeHH e BHewHOCTH KpyTa K K’ = {z € C:jz| > 1} Ha BHEWHIOW
2m(k—1

4acTh NIPaBWIBHOTO N-YTOJbHUKA C BepiuMHaMu B Toukax A, = €'~ n  (k = 1, n), KoTopsle ocTaloTCs
HEMOABMXHBIMU IIPU 3TOM OTOOpaKeHHWH.

4 Orobpaxaromas GyHKIuS onpenesercs dopmynoii (1) npenbiayllieit 3anauu Opu oy = 1 + %,
a, = A, Cy =1, zy=1, a C| onpenenserca u3 paseHcrsa A; = fi1(Ap):

T
en —1 en 2isin > nsin =
C' = = n = n »
1 21 P ™ :

= = 2 2
l n 2n i n d

[ @ -0 e R P EROT Y

1

=3

Yrnpaxneaus JJis CAMOCTOATENLHON paGoThi

2~% = | umeer B xpyre K = {z € C : |z| £ 1} nuum

1. lokasatb, 4To mipu A > 1 ypaBHEHuE ze
OIWH Y MPUTOM NCUCTBUTENLHBIN KOPEHbD.

2. CKONBbKO KOPHEH UMEET B prre K ={z€C:|z| <1} ypaBHeHue e* —4z" + 1 =0 (n € N)?

3. Hokazars, 4To ypaBHeHHe e” = az™ (n € N) npu a > e umeer B kpyre K = {z € C: |z| < 1}
n KOpHEH.

4. Cxkonpko xopHeii umeet B kpyre K = {z € C: |z| < 1} ypaBueHue
Mot Faz+a; =0,

ecnm log| > oy + |ay| + 1 (n € N)?

5. JloxasaTb, 9TO ypaBHeHue z* +az+b=0 (a > 0, b > 0) UMeeT B TepPBOM KBaIpPaHTE OIUH U
TOJILKO OJIMH KOPEHb, U €T0 apryMeHT Gonblre 5

6. lokasatb, 4To ypaBHeHUe (z—1)e” = z—2 He UMeeT pPeLIeHUM C OTPULIATEIbHOM AEHCTBUTEIbHOM
YaCThIO.

7. Iloxasars, yro ypasHenue F(z) = b, tne F(z) = [] i, la] < 2Vk = Lnonlpl<2™
k=1
umeet B kpyre K = {z € C: |z| < 2} n xopueii.

8. PaznoXWTh B pAN MO cTemeHAM w OGYHKUMIO z = g(w), ONPENENEHHYIO YPABHEHUEM W =
e **(e* = 1), a € N u ycnosuem g(0) = 0. Haiitu pannyc R cXOOUMOCTH MONYYEHHOTO CTENEHHOTO
paza.

9. lokasatb, YTO BHYTpHU 06JIacTH, OrpaHUYeHHOI TMHUEH ypoBHA Monynsa GyHkuuu f (T. €. TMHU-
eii, BO BCeX TOYKAX KOTOpOil | f(z)| = const) u KoMnaxTHo NpHHAIVIEXaILEH 06/1acTH aHAUIMTHYHOCTH
HaligeTcs xoTs 661 OMUH HyJb 3TOM byHkuuu (f % const).

10. JoxasaTh, 4To Koraa P(z) — MHorowreH creneuu n 4 |[P(2) K MVz € K = {z € C: |z| < 1},
ToVz €K' ={z € C:|z| > 1} |P(2)| < M|z|".

11. IIycte P(z) — MHOTOWIEH cTeneHu n, E;, F, — nBa coQOKyCHBIX 3/UTMIICA ¢ IONYOCIMM ay, by
U az, by (a; < ay, by < by) u nycrs, nanee, M; = “é%x |P(2)|, M; = rreu}sx |P(2)|. doka3atb, 4TO

. z 1 z 2

_M 5 M
(@ +b)" & (az+b)™
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12. Tlycts dyHkums f aHanutuyeckas B xpyre Kr = {z € C : |z| < R}, ynomnersopser
npu |z| = R HepaseHCTBY |f(2)] € M u ofpawaercs B HyJIb B TOYKAX 2z, Z3,..., Z, 3TOTO Kpy-
ra. JlokasaTh HEpaBEHCTBO

<Ml ezl 1z < By
13. Mycts dyHxuMs f aHanuTudeckas B kpyre K g = {z € C |z] € R} u ynosnetsopsaer Vz € K p
Hepasenctsy |f(z)] < M, a f(0) = 0. dokasats, uto |f'(0)] < & & » TPUYEM 3HAK PABEHCTBA BO3MOXEH

TOJIbKO I (PYHKIIUHU
fz)=Me*%, peR

n
14. Tlyctb —00 < a; < a; < ... <a, < +00, 0< a, <1 (k =1, n), Zak =n — 2. Jloxa3ars,
k=1
470 N100ast BeTBb (DYHKIUIMMU
2 f@) = [TI(¢ - ap)** ' d¢
0 k=1
B nonyrwiockoctd G, = {z € C | Imz > 0} oaHonMcTHAA B 3TOM MOJYIUIOCKOCTH M KOH(GDOPMHO
otobpaxaer ee Ha KOHEYHBIA BBIYKIIbINA 71-YTOJIbHUK.
15. Haiitu obnacth, Ha KOTOpYIO HYyHKUMS

sz(z)—f—‘tﬁ———i w'(0)>0, -1<a<1-2
o U-¢

otoGpaxaer exunuuHbii Kpyr K = {z € C: |z| < 1}.

Puc. 104 Pue. 105

16. OTOGPa3nTL BepXHIOO MOJTYIUIOCKOCTh Ha 06NacTh, yKa3aHHyIo Ha puc. 104 (myra AC — nony-
OKPYXHOCTB) DY 3aJaHHOM COOTBETCTBUHM TOYEK

w(A =ai, B=o00, C=0)— z(0, 1, ).

17. Orobpasuthk BepxHIO0 mojymwiockocth G, = {z € C | Imz > 0} nHa o61acTh w-IUIOCKOCTH,
yKazaHHyI0 Ha puc. 105, npH yciosuu

w(A=—-h, B=o0, Cth, D=o00)— 2(—1,0, 1, c0).



OT1BeTHI

1. a) l 6) sin@ — ! 2. w==kz 10. S — 2sin™*? z—2sin” ! 2 cos x+sin” z—sin(n+l)z sin z+sih nx o, =
sin z 1—2sin « cos z+sm E4
+2 n+l PO
sin” in cos sin @ cos| 1 215 -2 81 +2(2—2]) —
- Sin}l T —s zA x —si I, 2('n+ )z +cosnz 12 a) Z — 2z z22Z1+Z( 6) z—z = 22-2) (Z = zl)
z 1—2sinz cos z+sin” = H—% zy—

16. 2z, = -1, w; = 1. 19, a) OKpyXHOCTb ¢ LIeHTpOM B TOuKe a paauyca R; 6) npsmas z+y = 1 B) JIy4,
BBIXOIALUMIT M3 HAYANIA KOODAMHAT U 00pa3yloluii € TIOJIOKHUTEIbHBIM HAIIPABICHUEM JICHCTBUTEIbHOM

2 2 2
N 1
OCH YIroJl «; I) HeACTBUTEbHAd OCb; a) rumepbosia (a: - %) -y = 3> &) owmne & + & = 1

X) mapabona y’ = 2z + 1. 20. a) Imz* = 2; 6) Imf = %; B) 224+ Z =1;1) Re(z + 1) = |z];
) |z|+Rez = 1. 21, a) KoJblio ¢ UEHTPOM B TOuKe 2z M paguycaMu r U R; 6) npaBast NoNyIUIOCKOCTD,
BKJIIOYAS! MHMMYIO OCb; B) ITOJIOCA MEXIY IIPAMBIMU & = ¢ U & = b; ') 00J1acTh, 3aKIIIOYEHHAA MeXIy
okpyxHocTamu (2 ~ 1)2 + (y — 1) =2 u (z — 2)* + (y — 2)* = 8; 1) npaBast MONOBMHA ENMHUYHOIO
KPYT4d C 1IeHTPOM B TOUKe z = 0. 22 z = 12 + 16i. 24. a) Hu npu xakux a; ©) —%; B) V2; 1) Hu

1

npu xakux a. 25. a) % ; B) . 30. 6) Orpe3ok [—-%, 5]. 31. 1) Oxpyxksocts u? + v? —

(lz
2
-S-=0,€CIII/IC¢O;HpP[C=O—OCbu=O,2)0pr>l(HOCTbU2+%-+§:O,CCIIHC#O,'HPPI

2 2
e=10—och v =0; 3) oxpyxuocts (u~ 1) + (v+3) = 1; 4 nyu argw = —a; 5) npamas

v = %; 6) v = —|u|; 7) monynnockocts u > 0 6e3 kpyra W ol —u<g0;8) noNynaockocts v < 0
6e3 xpyra u2+v2+v < 0; 9) OKpYXHOCTb m2+y2—~ Z=0,ecruc#0;npuc=0—och = 0;
10) oXpyXHoCcTb & +3° +% =0, ecnu c # 0;mpu ¢ =0 — ock y = 0. 32. a) BrewnocTs kpyra |z] <

0) 3aMKHYyTas nonvnnocxocn, pacnoJioXeHHas clieBa oT npsaMoil Rez = 25, z # 1. 34. 1) BJUMHC
2) cnupans Apxumena; 3) oaHa BETBb runep6onsl; 4) uukionnsl. 35. 1) oo; 2) 1; 3) o0; 4) —5; 5) He
cyulectByeT; 6) 1+ ¢; 7) He cyuiecTsyeT; 8) He CYLIECTBYET; 9) He CYLIECTBYET. 36. 1) HCI’IpCprBHaﬂ
2) HempepbiBHasd; 3) BCIOAY pa3pblBHAas; 4) HenpepbiBHAasl BCiONy, KpoMe z = 2¢; 5) HenpepbIBHad
BCIONy, KPoMe npsMbIx arg z = 5. 40. 1) Ananumiyeckas B C\{0}; 2) He ananmuTHyecKas B Kaxmoh
touke z € C, Ho muddepeHurpyemas B Touke z = 0; 3) He aHaIMTUYeCKad B Kaxaoi Toyke z € C.
42. 1. 44.2) f(2) =2 +22;6) f(z) =" + 22+ 52 +9.

I'masa 3

1. Jluana Rew = 4cosp(2cosy + 1) — 3, Imw = 4sinp(cosp + 1), 0 < ¢ < 27. 3. Kpyr
|w] < 1. 5. Kpyr |w}| < 4. 6. [onymwiockocts Imw > 0. 7. Kpyr |w| < 1. 8. Kpyr |w| < 1.
10.2) Imw > 0;6) Imw > 0;B) Imw < 0. 1. w=€'32>. 12, w = —i(z—1-3)’. 18. w = i(z—~ 1),
14 w=YG o 15, w= -2+ 1. 16. w= (1 +i)(1 —2). 17. w = 2+ i)z + 1 - 3i.
18. 1) 2= —1+3i,0=0, k=2, w+1-3=2=+1-34);2) 20=2+2,0=2, k=1,
w—2— 20 =i(z —2—2i); 3) KOHEYHO} HEMONBUXHOM TOYKH HeT; 4) eCliM a = 1, To KOHEYHOH Hero-
IBIKHOM TOUKY HET; €CTH @ # 1, T0 2z = W=2& ¢ = arga, k = |a|, w———'—‘—“ﬂ—a(z——‘:“—’l),

a a

5) ecnu a = 1, TO KOHEYHO! HEMOABHXHOM TOUKM HET; eclii a # 1, 10 2 = 6 =arga, k = |al,

la’

w— L =a (z - ———) 19. VpaBHeHue ceMelCcTBa OKPYXHOCTEH AIIO/UIOHHA OTHOCHTEILHO TOYEK 2

U z; MMCCTBMI‘Z—ZL’—A 20. w—kexp( (1r+arg )) 2221 'rpe k > 0. JlyyaM, BBIXOAS-

z—-zp?
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UM 43 Todkd w = 0 B monyriockoctd Rew > 0, cOOTBETCTBYIOT B Z -INIOCKOCTH AYTH KPYXHOCTEI,
nexaigye BHYTPH Kpyra |z| < 1 W npoxomsumve liepea TOUKHU z;, Z;. JlexamuM B Monyriockoctu
Rew > 0 nmonyokpyXHocTaM € LUEHTPOM B Touke w = O COOTBETCTBYIOT HaXOlIﬂIIIP[CCﬂ BHYTpU Kpy-
ra |z} < 1 nymm oxpyxHocTeil AIIOJUIOHHMS OTHOCHUTEIBHO TOYEK 2z; U 2;. 21. wp = R = 1=zl

22 zy? 2] Im 2z, -

22, 1) w = R%™* R’z_:z, 2) B = € 3) w = R’ e @ — ICHCTBUTENBHOE YN~
lz3—24]

cro U la R. 23. = ¢ IZEL e —7r—ar—2_—‘- a = .

lal < ew i-5s MY T =21 22l+0/ (U= |21 1D (1= 22D

N —/1-a2 .

24, w = £ 2 MNImer L, o 2—“. 27. 1) jm| € 1. O6nacth orpanuyeHa yuIMHEHHOM

(1—\/1 —-alyz—a n
SNULMKIOUIOR, T.€. TpaeKTopuel TOuKHM, Haxommeucsx 12 PACCTORKMK mR OT LUEHTpa Kpyra pa-
muyca 2 xarsmerocss ussme no kpyry pamayca £2=U; 2) jm| < L. B nepsom ciyuae BHemHoCTb

€IMHUYHOTO Kpyra, a Bo BTOPOM cCJiydae €ro BHYTpCHHOCTb 0TOBPAXAIOTCST HAa BHELIHOCTh “‘yKOpO-
2

1\ 2 2B
YeHHON” THrouMKIonapl. 28. w = (‘;}) +1g?%. 29, w = i L} +1g2%. 30, w =
z5+l
2 2\?
_ 1=2)3 —(1+2)3 I 80, 4= 1( 1 1) 33 1 _ _4a ( +1)_2gi—a22.
= L—%—? +3_ » W= 3 z+z+a+a . .w+w—(l+a)2 r4 P (l+a)2’
(1-2)3 +(1+z)

2
6‘21: ~f-; OHa paBHa T IIpH

2
w'(0) = “%L JIMHA IyrH, COOTBETCTBYIOLUEH pa3pe3y, paBHa 2 arccos

=3-V8 34 w+l= 22(z+i_)_(a+%)+(b+l) w'(0) = Li JUTMHBL IYT, COOTBET-

(e+7)+ (+3)
e (ed)e () i Gar) 1 G Y

CTBYIOUIMX pa3pe3aM, paBHBI 2 arccos : ~%, 2m — 2arccos ; :
(a+; (b+3 (a+—)+ b+—-)

_ ( zei7+iexp(i%)

zefT 4 exp(—i%

w+1

2
) e y=a,ecmm B> 0,uy=oa+m,ecam B <0.36. 1) B nonapuyio cetky

6—b
p = const, § = const; 2) B ciupanu p=e £ (upu k = 0 B iyuu 6 = b); 3) B yron a < 6 < 3 (npu
a=0wu g =21 — B MIOCKOCTb C pa3pe3oM no TTOJIOXKMTEIbHOM YacTH AEHUCTBUTENIbHOI ocu); 4) BO
BCIO TUIOCKOCTb C pa3pe3oM 1o CIIMPaIH p = e’ ;5)Bceektop p< 1, 0 <@ < o (mpn @ = 27 — B
€IMHUYHBIA KPYT C pa3pe3oM IO paxuycy v = 0 0<u<l);6)s o6nacn> p>1,0<0 < a(mpu
a=2r — BO BHELIHOCTh eMMHUYHOTO Kpyra ¢ paspe3oM no nyuy v = 0, 1 < u < oo; 7) B obnactp
e <p<ef y<o<$ (npu § — v = 2m 3Ta 06JaCTb ABIAETCH KOHLEHTPUYECKHUM KOJbLOM C
pa3pe3oM 1o OTpe3Ky 0=7v,e"<p< €?). 37. 1) B npAMOYTONbHYIO NeKapTOBy CETKY 4 = ¢, ¥ = C;
2) B npsiMble; 3) B nosiocy 0 < v < a; 4) B nonynonocy u < 0 0 < v < a; 5) B IPIMOYTOJIbHUK
Inry<u<lInr, 0<v<2r. 38. I)Bnonynonocy —F<u<Z,v>0;2)snonocy -5 <u<3;

z—i)).

3) B nonynionocy 0 < w < 3, v > 0; 4) Bomonocy -3 < u < 0. 41. w=exp(

ki
Vi-1

5""( )*2 i os 7z —cosh 2:+ch2h sin %
42, w = ——— I A3, w = [ETESETAL 44, w o= [ZEIAL 45, w = 2
exp( )+2+1 4 coswzHcoswhy * cos2z4ch2hy * 1+sin %
2r 2re
4x 4r 4% £ ) - £02
I+cos =& €os = —cos =& exp( ) CXP( )
= z — ) ) —
46. w = = A7, w= & 2-.48. w = - S
—-—ccs cos == —cos — ex;a(—) —exp( 2Z
z e a z

1.2) 0;6) m. 2. a) eR—e " —1); 6) 1 +e*(e~2). 3. a) 1; 6) 2; B) 2. 4. a) (1 +iV3);
6) 11 ~iv3) (exp (-§+i—;f?-) —1). 5. ~In+/sh?*1+4ch®1 + iarctg(tgl - th1). 6. mi. 12. 0.
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1 2 1
eciiy |z+3[ <73

0, ecm  |z| < 1, _?’
15. a) f(z) = ) - B)g(x)= —55 ecim |z| > 1,
--, ecm  |z| > 1; s
TGatisoTyy SOz € D.

I'naBa 5

1. a) 41; 6) 1;8) 1;1) \3/5;11) 1.2.a)|z4+14<1;6) ]z—-1—-14/<3;8) |z < 1;1) |z < 1; m) |2| <€ %;
e) lz] < é; X) |z| < +00; 3) ecmu @ — UETOE HEOTPULATENBHOE, TO |z| < +00; WIS OCTANBHBIX
a — Kpyr [z| < 1. 3. a) Cxonmc;x BO BCEX TOYKAX OKPYXHOCTH |z| = 1; 6) CXOHMTCH BO BCEX TOYMKAX

OKPYXHOCTH |z| = l , KpoMe z = Z’ B) CXOOMTCA BO BCEX TOYKAX OKPYXHOCTH |z| = 1, KpoMe z = —1

Mz= % + i?; T) CXORMTCS BO BCEX TOYKAX OKPYXKHOCTH |z| = 1, Kpome z = 1 U z = =i; 1) cxoauTcst
o0

BO BCEX TOMKAX OKDYKHOCTH |z| = 1, Kpome z = 1 m z = *i. 4, a) ) ot bn ) o,
n=0

> n n n n _3n . = 8n 8n. noln z
6) 2_0(“1) @2 2P, 2] < % B) 20(714‘1)(3 -2, 2l < 15 1) 20( Hr2? @
[z] < +00. 6. a) 22(1+%+ o+ 25) = 2l < 15 6) Z(;—n%ml—), |z] < +oc. 7.a) 142z +
2
+ 224+ .z <8 1+ -2+ ., |zl < L. .a)Z( n" 2n+l,|z|<16)1 +
9 X J2nn?
+ 5555 ~ 33559 T - 12l < +00; B) %Sl)—,) 7 z] < 1. 18. a) ITycToe MHOXECTBO, 6) KOJBLO
n=0

0 < |z] < oo mpu |a| > 1 u nycroe MHOXecTBO TIpH |a| < 1; B) XOMBLO ITII <zl <la| mpu la] > 1 u

IycToe MHOXecTBO TpH |a| < 1. 14. a) €2 <— + Z ( (n+l)') (z — 1)") mpu 0 < |z — 1| < o0;

6) E W Ez"“ npu 0 < |z| < 1 wmm E m+ E - mpu [z > 1;8) D (=1)"*'nz" npu

n=1

o<
1 1 1 1 Intl 2n . 1 14+(3n-7)4" "1 | i
|Z|<1PUIH§:( z)n(»r7+)HPH[Z|>1-15-a)§<§:;m+§:£—+fzn),5)§ Hen- DA gy L
= n=2

—22(1 Pk rneanzz("k‘)zn VneEN;T) 2423 ’{;, 2Za 2L R—ZWVnEN
n= k=1 n=1 k=2

18. a) IIpaBwibHag Touka; 6) Mmomoc 5-ro mopsaxa; B) npocmn MOJIOC; T) TIOJIOC 3-TO TOPSAKa;
I) cywecTBeHHO ocobast Touka. 19. a) CywectseHHO ocobast Touka; 6) CylIecTBEHHO 0co0as TO4Ka;
B) Momoc 4-T0 MOpsnKa; T) Hyib 4-ro mopsaka. 20. a) z = 1 — cymecTBeHHO ocobas Touka, z =
= 2kwi (k € Z) — TPOCTHIE TIOMIOCH, Zz = 00 — HEM3OJMPOBAHHASA 0CO6aA TOYKA (IIpeje/bHAsg TOYKa
MHOXECTBA IIOMOCOB); 6) z = —% + km (k € Z) — NpOCTHIE TOMIOCKH, Z = 0C — HEM30IHPOBAHHAA
ocobas Touka; B) z = (2k + )wi (k € Z) — npocThie NMOMOCH], z = 00 — HEU3OJIHMPOBAHHAS 0CoBas
TOYKA.

I'nasa 6

(l+1)“‘“ >

1. F(z) = E(—l)” =" e K'. 2. fi)=lnlz|+ 2ri+iaigz, f(z) =Inlz| +iargz, z € D;.

6. Z+Z 24,,7:1,(;—7111'1) n+l 7. Her. 9. Cymma pana copnamaer ¢ z ipu 0 < & < |z| < 1 1 COOTBETCTREHHO
n=

c L npu lzl > 1; Her.
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I'naBa 7

j 2kl _ 0 e n # 1, _
1a)resf(z)——’~— mezy=¢e = " (k=0,n—1); resf(z) {_’1’ comin=1 6)r_elsf(z)—

= (- 1)"+‘c;‘,j‘, res f(z) = (=D)"cif"; B) res f(z) = 0; 1) res f(z) = 0; 0) r_elsf(z) =1 resf(z)=-1;

e)resf(z) =e —e“. 2.a)res f(2) = §ish2; res f(z) = —gi(e+2e_l); 6) rgsf(z) = —;47; res f(z)=0.
e <] -1 L3 ?

2
3. —n. 4. —2¢'%m 8. a) 2l —e YYri; 6) 0; 8) 0. 10. a) —2xi, ecnmt Ln(z — ),y = =7 u 0
I OCTaNbHBIX BeTBeir; 6) 0 s Beex BeTBeﬁ B) 0, ecnu vzl.o1 =1 u —drwie, ecmu /z},-; = —1.
11. a) 0; 6) %7&'(1 +29).13. f(z) = h(z)+ E flg" nz); 16.a) D={z€C:|zl <e'};6) C
I'naBa 8

oo

2.n. 4.2 8. gw) = ECZn%; R =|(a - 1)*"'a™*|. 15. Ha MHOTOYrOJbHYIO 3B€31Y C YIJIAMH

n=1

T — '; —ATH T+ AT TIONICPEMECHHO, C HEHTPOM B Hadallie KOOpIOHUHAT U OIHOU U3 BCPLUIMH NIEPBOTO

1(' - l)r(‘“)sm"““’
BUJA YIJIOB B To4Ke w(l) = 27 = Iz Sin?_f i, 16.w=%,me§=%(f +In 1+:)

t=4/= 17 w=2 (V2T - T+arcsin 1).
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IIpeaMeTHBIA yKa3aTeb

Hacrosawuit npeameTHblil ykasareas Npu3sadH o6erYyuTs NOMCK TEPMHHOB MO anidaBUTHOMY
npuzHaky. JUis noMcka TEPMHMHOB 110 TEMAaTHYECKOMY NMpPH3HAKY Nosb3yliTeck NoapobHO cocra-

B/IEHHBIM Or/lIaBNEHHEM.

B HacTosuem NpeaMeTHOM yKa3aTese, Kak NPaBuiO, NPUBOAITCS CCBUIKM HA CTPaHMUY, Lae
TEPMHUH onpeaensiercs. COCTaBUTENb YKa3aTeNs He CTaBWI CBOEIt LIEJIbIO OTC/IEANTb BCE YIIOMHUHAHUS
NPHUBEAEHHEIX TEPMHMHOB B KHHUre. HCKIIOYEHHE COCTARMAIOT TEPMHHBI, OMHMCHIBAIOIME METOIbI,
NPHEMBI, NPAKTHYECKHE PE3YJBTATBI IS HMX B HEKOTOPBIX CIy4asX yKasaHbl TakKXe 3aJauH, B
KOTOPbiX OHM MCrOJb3yloTCA. HoMepa 3anay yxasaHbli KypCHBOM MO CXeMe “YHCHOMHUCIO”, rae
NEepPBOE YMCA0 — HOMEP I71aBbi, BTOPOE — MOPAAKOBBIA HOMED 3a1auH.

A

Abens

— TecopeMa, 202

— — BrTopas, 207—208

— — niepsas, 207

— ToXzgectso, 202

abCco;I0THOE 3HAYEHHE

~— B nose, 11

— B Tere, 11

aBromopdmiam xoH(opMusii, 312

aIIUTHBHOCTD

— MHTerpaja OTHOCUTCIBHO TIPEAEIOB UHTCTPUPOBAHUS,
151

— KPHBOJIMHEHHOTO MHTErpasia, 159

AKCHOMA MHAYKUHMH, 5

aKCHOMBI

— abcomoTHoro 3HaycHus, 11

— BEKTOPHOIO TIpocTpaucTaa, 11

— wmny, 11

— MeTpuKy, 12

— Monyns, 11

— Hopwmsl, 11

Anoaaonus OKPYXHOCTD, 41

apryMeHT KOMIUICKCHOTO 4Yucia, 28

— , TJIaBHOE 3HaucHue, 28

Apxumeda cnupanb, 40

b

Bepryanu

— JIEMHUCKaTa, 59

— yuciaa, 215

Kbeccens dynkuus, 226

6eTa-ynxkuns Jiasepa, 328

Boasy Besiepuimpacca Teopema, 47
Bopeaa—JleGeea Teopema, 48 2:60

Beiiepwmpacca

— BeKoHewHoe NpousBeeHue, 268

— MaXOPaHTHBIH NMpPU3HAK PaBHOMEPHON CXOXMMOCTH
¢YHKLIMOHANBHOTO pAxa, 201

— TeopeMa, 50, 204—205

— — 0 MPCACTaBAEHHY LeMoi HYyHKLUYN B BUIE

6eCcKOHEeyHOro NpoH3BeneHUA, 269

BeKTOp-(yHKUMsA, 50

BEKTOPHOE NPOCTPAHCTBO Hafj MojeM, 11

BeKTODEHI, 11

BETBH MHOTO3HauHOR dyHKuuu ofHO3ZHAYHEE, 92

BETBb MHOTO3HayHOH dyuxuun Lnw rnasuas, 96

Buema reopeMa, 2:21, 2:40, 2:41

BUEIIHOCTL NPOCTOH 3aMKHYTO! KpHBOif, 52

BHYTPEHHOCTE

— MHOXecTBa, 15

— TpOCToi 3aMKHYTOM KpHBOiA, 52

BBIYCT

— aHaTHTHYECKON QYHKUMM OTHOCHTEIBLHO c¢
W30, IUPOBAHHON 0coBOH TOUKH, 245

— GyRkuuK

— — norapubMuieckyii, 296

— — OTHOCHUTEJILHO GecKOHCUHOCTH, 246

r

lTaycca yrBepxncHue, 37

Teiine onpenetenuc

— HEMNpPCpbIBHOCTH 0TOGPaXeHUA B TOUKe, 21
— Tfpenesa oTobpaxeHus, 21

Tensdepa yciosue, 179

[JIABHOE 3HAYEHHC

— aprymMeHTa KOMIVIEKCHOTO uucna, 28

— uHrerpana tuna Kowu B Touke, 179
roMcoMopduam, 25

TOMOTOTIHS

—~ 3aMKHYTOH KpHBOI B 3aMKHYTYIO KpUBYIO, 161
-— KpUBO#i B XpHBYIO, 161

— ¢ GUKHCPOBAHHBIM HAYAIOM ¥ KOHLIOM, 161
rpaHuLa MHOXecTBa, 17, 45

rpadux orobpaxcHus, 8, 9

rpynna, 10

— abeaesa, 10

— astoMopdHaMoB obiactH, 312

— aanuTHBHasA, 10

— XOMMyTaTHBHas, 10

— MyJIbTHIUIMKATHBHaA, 10

Typeuya Teopema, 311

M Anambepa npustax, 2:51
neHCTBUTEIbHAs YacTh

— KOMIVleKcHoro 4ucna, 27

— dyrxumu, 48

nedopMalids OQHOI KpUBO# B pyryio, 161
IMAMETP MHOXeECTBa, 14

Hupuxne

— TeopeMa, 155, 203

— NpU3Hax, 5:8, 5:11

mddepeHIHAN GYHKUMH B TOUKe, 66

v depeHIHPYEMOCTL BEKTOP-QYHKUMY Ha cerMeHTe, 51
IUIMHA B BEKTOPDHOM NpoctpaHcTse, 11
Jonrora, 31

nonoaHeune opHor(6XecTea B ApyroM, 6

X

XKopdana

— nemma, 275, 7:.59
— TeopeMa, 52
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XKykosckozo Gynkuus, 99, 318, 3:28, 3:72, 3:74, 3:87-93,
3:95, 3:97, 3:99, 3:100, 3:101

3

3aMbiKaHHe MHOXecTBa, 16, 45

3HAKH

— BKJIIOUCHUA, 5

— TNPUHALIERKHOCTH, 5

3HAYCHUE

— apryMeHTa KOMILICKCHOTO Yic/a I/IaBHoe, 28
— BCCKOHEUHOTO NPou3BEACHUA, 265

— yHTerpaia tuma Kowu B ToUKe

— —— rj1aBHoe, 179

— — MpeAcspHOE cicsa oT KpuBoi, 180
— — NPEAE/NbHOE CIIpaBa oT Kpuso#, 180
— ortobpaxcHus, 9

4

u3oMopdhusM

— ApobGHO-THHENHBIH, 87

— KOH¢OPMHBIL, 312

— MHOXECTBA HA MHOXCCTBO, 10

UHTerpan

— Hviomona— Jleiabnuya

— — ofpcaeseHHbIH, 150

— — ¢ PUKCHPOBAHHBIM HWKHHMM MPSACIOM H
TIEPEMEHHBIM BEPXHUM MpPEIEIOM MHTErPUPOBaHUS,
150

— B CMbICIc [JIaBHOTO 3HaueHust no Koww, 179

— Kowu, 173

— KPUBOIMHEMHBIA QYHKUMY IO KPUBOH, 159

~- — BToporo poza, 159

— — nepsoro pona, 159

— Kpucmodppens— Hleapya, 320

— — BTOpOTO poxa, 321

— — nepsoro pona, 321

— tuna Kowu, 175

— — , 3HaYCHHC B TOUKE

— — — mrasHoe, 179

— — — OpeACIbHOC

— — — — cJieBa oT Kpuso#H, 180

— — — — cnpaBsa oT KpuBoit, 180

— Hsapya, 181

— Binepa— yaccona, 191

— 3;UIUNITHYCCKUI TIepBOTO pona, 323

— -— NOJIHEIN, 324

I-nnrerpan, 153

n-unrerpan, 154

K

Kanmopa teopema, 18, 25
Kapameodopu Teopema, 315
Kapdano opmynel, 2:41

KBaHTOP

— obuHoctH, 4

— CcyllecTsBoBaHus, 4

Kojsno, 10

— KOMMYyTaTHBHoe, 10

-— yHuTapHoe, 10

xoMnaxT, 18, 47

KOMIUIEKCHas TUI0CKOCTD, 27
KOMIUieKCHBIe UHca, 27
KOMIUTEKCHBI NoTenunan, 72, 2:83
KOMMNO3HUHA oToGpaxeHHH, 9
KOMNOHEHTA yNOpsSIioYEHHOM naph
— BTOpas, 7

— nepsas, 7

KOMIIOHEHTH CBA3HEIE, 52
KOHTHHYYM, 52

— JUHeAHbIN, 52

KOHTYp, 160

KOOpAMHATA YIIOPALOYEHHOH naphl
— propas, 7

— mepsas, 7

Kowu

— unrerpan, 173

— KpuTepuit, 46, 198, 200

— — WIS GYHKUMOHANBHOTO psifia, 201

— ofIpcaenicHe

~— — HENpPCPHBHOCTA OTOGpaXCHUS, 22

— — npeaesa otobpaxenus, 22

— TeopeMa

— — WHTerpaibHag, 166—167

— — — , obobleHne Ha cayyai GyHxKuny, He

SBAsIoeAcs aHaTUTHYecKo! Ha KOHTYpe
HHTCrpUpoBaHus, 168—170

— — o BplyeTax, 247, 7:42, 7:.47

— -— , 0606ILCHHE Ha cydail HECORHOCBA3HON obacTH,
171—172

— ¢opMy:ia uHTerpasibHas, 172—173

— sapo, 179

Kowu—Adamapa

— Teopema, 207

— dopMyna, 5:10, 5:11, 8:6

Kowu— Pumana yciosus, 67, 2:72, 2:73, 2:75, 2:77—-80

Kpusas

— m1anxas

— — , opueHTauus, 51

— — OpHeHTHpoOBaHHas, 51

— — , IapaMeTpUICCKOC NPCACTARIEH e, 51

— — npocTas, 51

— XopraHosa, 51

— — 3aMKHyTas, 51

— 3aMKHyTas, 51

— KaHToposa, 52

— KYCOYHO-T/IafIKas, 52

— HenpepuigHas, 51

— OPHEHTUPOBAaHHAS

— — TNPOTHBOTIOIONKHO MO OTHOUIEHUIO K JAHHOH, 51

— , IapaMeTpHYecKoe [1peacTasiIcHue, S1

- npocras, 51

— — 3aMKHyTas

— —- — | BHCUIHOCTbH, 52

— — — , BHYTpeHHOCTS, 52

Kpucmoppers— eapua

— unTerpan, 320

— — BTOpOrO poaa, 321

— — nepsoro pona, 321

— dopmyna, 320, 8:22, 8:25

KpHTEPHIT

— muddepenunpyemoctdt dyrkuuu f: C— C, 67, 2:79

— KOMINaKTHocTH B cebe, 4748

— Kowiu, 46, 198, 200

— — mis GYHKUMOHAIBHOrO pana, 201

KPYT CXOAMMOCTH aHATHTUYECKOTO 3/IEMCHTa, 233

KPYTOBOE CBONCTBO APOGHO-IUHEHBIX oTOGpaXeHui, 85

J

Haepanxca

— pax, 302

— TeopeMa, 73

Janday cumsons, 11

Jlansaca oneparop, 178

JeMMa

— Xopdana, 275, 7:59

— Ilsapya, 305, 8:15—17

JIeMMBI

— lackaas, 5

neMuuckara Bepuyanu, 59

Jlunderéga peaynvrar, 316

JIMHeHHOE NPOCTPaHCTBO HAxk NoJeM, 11
JIMHEHOCTh KPUBOJHHEHHOTO KHTerpana, 159
Jluysunas TeopeMa, 178—179, 4:25
Jlonumans npasuno, 7:8

Jlopana TeopeMa, 219220
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M

Mcpa XKopIaHOBAa MHOXeCTBa, 79

MeTon

— MaTeMaTHYeCKOM WHAYKUUH, 5—6, 2:53

~— oT NpoTHBHOrO, 4

MeTpuka, 12

— cdepuucekas, 43

Mummaz-Jledpgaepa Teopema, 258—259, 7:.25, 7:27

MHUMAas 4acTh

~— KOMILICKCHOrO Y1chna, 27

— dynxumy, 48

MHorowricH Teidaopa, 156

MHOXeCTBa

— usoMopdHsre, 10

— Henepecekawuees, 6

— paBHbIE, 5

MHOXECTBO

— BHCUIHMX TOYEK HAHHOTO MHOXecTBa, |

— , BHYTPEHHOCTB, 15 :

— BIIOJIHE OTPAHUHEHHOE B METPUYECKOM MpOCTpaHcTse, 18

— , rpanyua, 17, 45

— , IMametp, 14

~ XOpAaHOBO

~ — , mcpa, 79

— — , TIomans, 79

— 3amkHyTtoe, 16, 45

— — CBA3HOE, 45

~— , 3aMblKauue, 16, 45

— 3HayeHu otobpaxkeHus, 9

— KOMNaxTHoe, 20

— — B MCTPHYECKOM TIpocTpaHcTse, 18

— — B cebe, 18, 47

— — OTHOCHUTCIBHO MCTPHYCCKOIrO NMpOCTpaHcTsa, 18

- JIuHeHHo-cBA3HOE, 149

— , obpa3 11py oToOpaxeHuu, 9

— orpanuieHHoc, 14, 44

— onpeaesicHus otobpaxeHus, 9

— OoTKphiToe, 14, 45

— — cBsi3HOE, 45

— , TIOKpBITHC, 18

— , Nipoobpa3 npy oTobpaxcHuy, 9

— mycToe, 5

— CBS3HOE B METPUUCCKOM TPOCTpaHcTee, 20

— ToueK KYCOUHO-IIalKoH KpUBO#, 52

— dyHxumit

— — KOMIIaKTHOE

— — — B JaHHoi obnacti, 309

— — — B cebe, 311

—- — PaBHOMEPHO OTPaHUYEHHOC BHYTPY HaHHON o0yacTH,
309

— — DaBHOCTEIICHHO HenpepbiBHOE, 309

-— — — BHYTpM ZaHHOM obracTH, 309

MOLYJb
— B ofe, 11
— B Tene, 11

— XOMIUIEKCHOro yuena, 26

Monmens npusHax KoMnaxkTHocTH, 309—310
Mopepa Teopema, 179

Myaspa $popmyna, 29, 2:17

H

HamnpasjieHle 06Xo1a rPaHUIBl 061acTH MOJOXATENIBHOE,
162

HEMPEPLIBHOCTD

— orobpaxeHHit B3auMHas, 25

— oroGpaxenus, 21, 23

— — B TOuKe, 23

— — — p cMuIcae Teine, 21

— — — B cMeicae Kowiu, 22

— — pasHOMepHas, 24

— ¢dyHKuMM B TOUKE, 48

HEPaBEHCTBO TPEYTOJBHHKA

— 118 abcomoTHOrO 3HaYeHus, 11

— U MeTpuKH, 12

— s Moayis, 11

— IS HOPMBI (JUTMHBI) B BEKTOPHOM TPOCTpaHCTRe, 11
HOpMa

— B BEKTOPHOM NpocTpaHcTse, 11
— BeKTopa, 11

— ¢YHKUHMH pasHoMepHas, 199

— — , csoifcrea, 199

HyIb GyHxamu, 212

— KpaTHocTH n, 212

Hvtomona— Jleti6nuua dhopmyna, 150
— s n-yHTerpana, 154—155

o

obnacti

— npobHO-IUHeHHO H30MopdHEIe, 87

— KOH¢popMHO-U3oMopdHEIC, 312

obnacTts, 20, 45

— GeckoHeUHOCBSA3HaAS, 53

— 3aMkHyras, 20, 45

— 3HaveHuit otobpaxeHus, 9

— KOMITakTHas, 53

— MHOrocBsi3Has, 52

— HEONHOCBSA3HAs, 53

— onHocsA3Hasl, 53, 162

— — OTHOCHUTEJILHO KOMIUIEKCHOM TLIOCKOCTH, 52

— — OTHOCHTESIBHO PACIIUPEHHON KOMIUIEKCHOM
TJI0CKOCTH, 52

— ollpcaeeHus

— — orobpaxeHus, 9

— — NOGIHOHM aHATUTHYECKON QYRKUMM ecTecTBCHHast, 237

— OTnpamriIcHUs oTobpaxeHus, 8

— npubbiTUs oTo6paxeHus, 8§

— CYLICCTBOBAHMUS TIOIHOW aHaTHTRYeCKOM $yHxuuu, 237

obpa3 MHOXeCTsa Ipy oTobpaxeHun, 9

obpallucHUe OTHOUIEHHS, 8

OBBEANHCHNE MHOXECTB, 6

OKPCCTHOCTh

— MHoXecTBa, 15

— — OTKpbITas, 15

-~ TOYKM B MHOXCCTBE, 53

& -OKpecTHOCTh ToukH, 13

€ -OKPECTHOCTh HECKOHEYHO YAANCHHOH Touku, 44

£ -OKPCCTHOCTh TOUKH, 44

OKDPYXHOCTE Anoaaonus, 41

oneparop Janaaca, 178

Onepauuy Hax MHoXecTsamu, 6—7

onepauns

— obpauieHus oTHoUIEHNs, 8

— CJIOXEHUS! KOMIUICKCHBIX yuces, 26

— TPAHCITOHUPOBAHUS OTHOLICHHUS, §

— YMHOXeHMUS KOMIUIEXCHBIX uncer, 27

OpHEHTaUuUs

-— ranKoi xpusoit, 51

— — NpOTUBONO;I0KHAsA, 51

n-oCcTaToK psja, 203

OTHOIIEHHE

— GuHapHoe

— — MexXay JTEMeHTaM MHOXECTB, 7

— — oGpatHoe, 8

— — , IIPOCKUMUs

-— ~— — BTOpain, 8

— — — nepsad, 7

— — dyHKUMOHANEHOE, 8

— , ofpaieHue, 8

— , TpaHcnoHupoBaHue, 8

oToGpaxeunue

— BuexTHsHoE, 9

— B3aMMHO ORHO3HauHoe, 9

— runepBoaHyeckoe, 125

— , rpadk, 8, 9

— ApoGHO-InHelHoe

— -~ , HOpMasIEHas QopMa, 125
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— 3agaHHOe NapaMeTpHYEcKH, 9
— , 3uaycHue, 9

— M3 MHOXECTBAa B MHOXECTBO, 8§
— KoHpopmMHOe

— — B obnacty, 71

— — B TOuKe, 71

— JIoKcompoMuyeckoe, 125

— MHOXECTBA 8 MHOXECTBO, 9
— MHOXECTBA Hd MHOXECTBO, 9
— , MHOXECTBO 3HAYCHUH, 9

— , MHOXECTBO ONpCHeieHus, ¢
— HempephiBHOE, 21, 23

— — B Touke, 23

— — ~— B cMblIcie leiine, 21

— — — B cMbicae Kowwu, 22

— , obyacTh 3HaYeHU#, 9

— , 06;1acTh onpeaeeHus, 9

— , 061acTh OTnpaBIeHus, 8

— , obnactb npubsITHSA, 8

— obpatumoe, 9

— obparHoe, 9

— oTkphIToe, 301

— — BHyTpeHHee, 301

— PaBHOMEPHO HETIPEPBIBHOC HAa MHOXECTBE, 24
—- paspbIBHOE B Touxe, 21

— JLIMNTAYEeCKOE, 125
OTOOpaXeHNUs

— B3aHMHO HETPEPHIBHEIC, 25

— , XoMno3uuus, 9

OTpe30K

~— Ha KOMIUIEXCHOJ TLIOCKOCTH, 45
-— , IapaMcTpHUecKoe NpeacTaBneHye, 45

n

napa yrnopsiioyeHHasi, 7

— , BTOpasl KOMNOWEHTA (BTOpasi KoopauHara), 7

-— , NepBas KOMIIOHEHTA (nepsast KoopauHata), 7

napaueis, 31

niapameTp, 9

ackana aeMmer, 5

nepBoobpasHas pyHkuuH, 149

— B7IOJIb KPUBOH, 165

— BHOJb NyTH, 165

nicpeceyeHue MHOXCCTE, 6

netas, 160

Iukapa Teopema, 224

TIOCKOCTD

— KoMILIeKcHas, 27

- — pacupeHHas, 29

— aKBaTopuaabHas, 30

IIOTHOCTD, 179

IUTOIL@ENb KOPJaHOBAa MHOXeCTBA, 79

TNIOAMHOXECTBO, 5

— MaKkCHMaIbHO CBsi3Hoe, 52

NOANPOCTPAHCTBO METPUUYECKOTO NpocTpaHcTsa, 17

noKazaTesqbHasi popMa 3anucH KOMIUIEKCHOTO Yucna, 28

NIOKPLITHE MHOXecTBa, 18

noe, 11

— HopMMpOBaHHoe, 11

noauHoM Hebbuesa, 229

MOJIOXHTENBHOE HaMpawIeHHe 06Xona rpaHuubl obnacty,
162

noxyMepUinaH, 31

noJmoc

— ceBepHHiA, 31

— dyuxumm, 221

— — npocroit, 221

— JIOXHBI#, 31

nopsaoK

— nomoca, 221

-— CBA3HOCTH, 53

— A-touxwu, 211

-— ueno¥ GyHkuuy, 270

TIOC/IEI0BATEILHOCTD

— BEKTOpOB

— — dyRmaMeHTalbHas, 12

— KOMIUICKCHBEX YHce

— — BumoHoToHHas, 202

— cxomstasics, 46

— TOYEK MCTPHYECKOTO NPOCTPAHCTBA

— — cxomstiasics, 13

— — bynaaMenTanpHas, 13

——(C,p),45

— dyRrkunoHanpHas, 198

— — TOTOYCYHO CXOMSILUAACS K JaHHOM dyHxuuu, 198

— — PaBHOMEPHO CXOMAILAACS K HAHHO}I QYHKLUM Ha

NaHHOM MHoXccTBe, 199

— — paBHOMepHO dyHamMeHTa bHast, 200

— yycrosas, 9

— 3/IeMCHTOB MHOXCCTBA, 9

TIOTCHIMAT KOMILICKCHBIH, 72, 2:83

npasuia A depeHIMPOBAHUS UHTCIPAIA

~— IO BEPXHEMY NEPCMEHHOMY TIPEAC;Ty WHTCIPUPOBAHUS,
151

~— MO HIXKHEMY NEPCMEHHOMY TIpCAETy HHTCIPUPOBAHUS,
151

NpaBUIO )

— middepeHUNpoBaHUA NPOU3BEACHUS PYHKUMH, 65

— Jonumans, 7:8

— TNICPECTAHOBKH NPEAETOB HHTCrpypoBaHus, 151

npezcs1

— ortobpaxeHus, 21

— — B cMetene leine, 21

— — B TOUKe B cMuicie Kowu, 22

— — yacTHuHbI, 21

— TTOCICAOBATEILHOCTH, 45

— — BCKTOpPOB B HOPMHPOBAHHOM TNpocTpaHcTee, 11

— — TOYCK B MCTPUYECKOM NpoCTpaHcTse, 13

— — YacTUuHbIH, 47

— ¢YRKUMM B TOUKE, 48

— — YacTHYHBIH, 48

— QYHKUMOHATBEHOM NOCIEAOBATCABHOCTH PABHOMEPHBIM,
200

NPCACTABACHUC TIAPAMETPHUECKOC

-~ [T3JIKOW XPUBOi, 51

~— CCTCCTBCHHOE, 51

— KpuBoit, 51

— HaTypasibHoe, 51

— HopmatbHOE, 51

— 06061IeHHON HENPEPLIBHOK KPHBOH, 52

— oTpe3ka, 45

NPCACTARICHHUSA NAapaMeTPHUCCKUC IKUBATECHTHHIC

— raanko#t Kpusoit, 51

— HCNPCPBIBHOH KpuBOIA, 51

TIPU3HAK

— Beliepumpacca paBHOMCPHON CXOAMMOCTH
DYRKUMOHATBHOTO pANa MaXopaHTHbii, 201

— H’Anambepa, 2:51

— Hupuxae, 5:8, 5:11

— KOMNAaKTHOCTH Monmens, 309—-310

— CXORAMOCTH psna HeobXomuMeii, 198

Ilpunecxeiima Teopema, 242

NIPUHLAT

— aprymeHra, 297

— HABoiicTBeHHOCTH, T

— MCKII0YEHHOTO TPeTheTO, 4

- MakcumyMa Mogyasi, 8:8—10, 8:14

— — propas dopMyaHposka, 305

— — nepsas GpopMyTuposKa, 304

— HenpephisHOCTH, 240—241

— omHOAUCTHOCTH, 303

— cuMMeTpud, 317, 8:18, 8:19
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