NMUO®EPEHITUAJIHO U
MHTETPAJTHO CMATAHE HA
OYHKIIUU HA HIKOJIKO
[IPOMEHJINBU



B nacrosimoro mocobue ca pasrjiejJlaHd OCHOBHHTE IOHSITHsI Ha Ma-
TeMaTHUYEeCKd aHaJHU3 3a beHK]_[I/II/I Ha HAKOJIKO HE3aBUCHUMU HpOMeHﬂI/IBI/IZ
HEIIPeK'bCHATOCT, YaCTHU IIPOU3BOJIHE, pa3BUTHE HA (DYHKIHUHUTE B peI HA
Teitop, JOKaJHA €KCTPEMYMH, KPATHH UHTEIPAJIH U IPUIOKEHHITA, HM.

N3non3Bana jgureparypa:

o Jloituunos: Maremarniecku aHa/u3 B €BKJUJI0BU LIPOCTPAHCTBA

Womn, Cagoauunii, Cergon: Kypce mo MmareMaTH4ecKH aHAIN3, TOM 2

Bopuu: Maremarnaecku aHagn3, Tom 1 u 2

Pynun, OcHoBu Ha MaTeMATHYECKUS AHAIN3

o QPuxtenroman, Kypce nmo audepeHIInaIHO I HHTETPATHO CMATAHE, TOM
lu3



ITpearosop

B nacrosmus y4ueOHUK ca HM3JI0KEHU JUPEPEHIUATHOTO U HHTErPAJTHOTO
cMsTaHe 3a (DYHKIHUH Ha JIBe WX IOBede IIpoMeHIuBH. Koraro mmame Io-
Bede OT e€JIHO M3MepeHHe, B aHAJIN3a Ce MOSBIBAT Peaulla HOBU MOHSTHS H
edekTH, KOUTO IIO3BOJSIBAT M 10 JIPYI HAUYWH Ja Ce IOIJeJ/lHe U Ha €JHO-
MepHus caydail. OCBeH CTaHIAPTHHUTE 33 BCEKU MOA00EH KYPC BBIPOCH, B
y4IeOHUKA €A BKJIIOYEHN HAKOU TeMH, KOUTO CPABHUTEIHO PAJIKO Ce U3JIarar,
KaTO HaIpUMep: IMOJAPOOHO pas3ryiek/aHe Ha TOIOJOTHSATA, PA3CTOSHUETO H
Hopmata B R", reopema Ha Xaiine-bBopen, nongrusara “rpaaneHT’ u “JIMHUS
Ha HUBO  Ha IVIaJKa (DYHKIUs, METO/I Ha Hali-MaJKuTe KBajparu, 0600iie-
HU c(pepUuYHU KOOPJAWHATH B MPOCTPAHCTBA ¢ PA3MEPHOCT > 3, OOBUBKH Ha,
damMmnm ot KpuBH, (HYHKIIMOHAIHA HE3ABUCUMOCT U PAHT HA, CUCTEMA OT
dyukmMu, Kpurepuit Ha Jleber 3a unrerpyemoct no Puman, jema na Cap,
HeCOOCTBEHU MHOTOMEPHH MHTErpaJIud U JIp.

[MTocnequuar naparpad Ha KHAraTa CbIbpPKa CHCTEMATHYHO H3JI0ZKE-
HMe Ha MspKaTa 1 uHTerpasa Ha Jleber, KaTo ca CKUIUPAHUA U HIKOU HEIOBH
IPUIOKEHNUs, KaTO HalpUMep pa3BuThe Ha hyHkuuuTe B pepose Ha Dypue.

Baxkna 9acT OT M3/0KEHHETO Ca 3aJa9uTe, JAJCeHU CJIe] BCeKH Ia-
parpad. Hakon or Tax ca mpoctm ynpaskKHeHWd, HO APYTH ChIbpPKAT J10-
Ka3aTeJCTBOTO HA HHTEPECHH MATEMATHUCCKH (PAKTH, KOUTO BCEKH CTYICHT
¢ HAyYHU MHTEpecH OM MOI'bJ Ja CH Bb3cTaHobu. Ille gam coucbK Ha Hai-
BasKHUTE OT TsxX: dncjao Ha Jleber ma moxkpurue (§1.3, 3a1. 6), Teopema
Ha Ypucon-Turne 3a npogabaxennero (§1.3, 3a1. 10), eKBUBAJEHTHOCT Ha,
senakn Hopvu B R™ (§1.3, 3ax. 13 - 15), onTudHu cBoiicTBa Ha esnrmcaTa u
napabosara (§1.5, 3a1. 4-6), reomesnunu Bbpxy cdepa (§1.9, 3a1. 5), opbu-
T Ha mwianerure (§1.9, 3a1. 6-14), n3nos3Bane Ha METOIA HA MHOYKUTETHTE
Ha JlarpaHK 3a KaHOHH3MpPaHe HA KPUBU U HOBBLPXHUHU OT BTOPA CTEIEH
(§1.11, 3ax. 2,3), muoxkectBo u ynkuus Ha Kanrop (§2.1, 3ax. 1,2), Kpu-
Ba Ha [leano (HempexkbcHaTa KpuBa, 3ambiaBaiia KBajapar) — §2.1, zax. 10,
MHEPYEeH MOMEHT W OCH Ha WHepnus Ha Tsuio (§2.7, 3ax. 1-5), obemen rpa-
BUTAIMOHEH MOTEHIUAI U TeopeMma Ha HioTon 3a 6e3TerJIoBHOCT BbB BbLI-
pemHocTTa Ha Kyxa cdepa (§2.7, 3a1. 6-8), KOHBOJIONUS U BPH3KATA U C
pegosere Ha Pypue (§2.9, 3ax. 8-14).

B u3n0keHuero ¢bM ce crapasl N3JI0KEeHNTe aHAJUTHYHU BHIIPOCH 13
ObIAT NPUAPYIKEHU W ¢ TeOMETPUIHA WHTEPIPETAIsd, & KOraTo € Bh3MOXK-



HO — U C OHalJIeAdBallll Y€PTezKH. Ha,ZLHBaM ce, 4e JyuTaTe/JIdT e Io1yBCcT-
Ba KaK PeIulla aHAJUTHIHU 33a49i €CTECTBEHO I0BEXKIAT 10 €IHO BasKHO
reOMETPHYHO IOHATHE: MOHATHETO 32 IMOoAMHOroobpasue B R" u 3a HEroBo-
TO JOIMPATEHO TIPOCTPAaHCTBO. [lo-cucremMaTnyno Te3u moHATHSA IIe ObIaT
pasryiesaHu B cJeIBaIlaTa 9acT Ha yIeOHUKA.

CrapaJ ¢bM ce Ja HampaBs yueOHUKa JOCT'bIIEH HA PA3/JMIHU HHUBA,
B 3aBHCHUMOCT OT HUBOTO Ha MHTEpecHTe Ha duTares. Taka, B AudepeHIm-
AJTHOTO CMsITaHe 3aeIHO ¢ obmuTe (POPMYJIH 3a MPOM3BOJIHA PA3ZMEPHOCT 71
ce JaBa U CJAyYadAT n = 2 ¢ HE3aBHCHUMO JOKA3aTEJICTBO.

AHaJIOrm9YHO, TPH JOKA3ATEJICTBOTO HA (POPMYJIATa 32 CMIHA Ha IPO-
MEHJIMBUTE B MHOI'OMEPpHHUTC UHTEI'PpaJii — KOATO € €/[Ha OT HaIU/I—pr,ZLHI/ITe
TEeOpeEMH B HHTETIPAJIHOTO CMATAHE — YUTATeJIAT MOZKe Oa IIpueMe HaroTo-
Bo bakTa, Ye OTHOIIEHNeTO Ha obeMuTe Ha obOpasa W mpaodbpas3a ce jjaBa C
byHKIIMOHATHATA JeTepMUIHAHTa. ToraBa 10Ka3aTe/IcTBOTO Ha (DopMyIaTa e
IpOCTO U ecTecTBeHO. [1o-10603HaTe THUTe IUTATEN MOTAT 14 IPOIb/IXKAT
HATATDHK C JOKA3ATEICTBOTO HA TO3U (PaKT.

Osnavenus: npu npenparkute Hampumep mox §2.1 ce pa3zdupa mbpBu
naparpacd wa Bropa riasa. [log “gact I” ce pazdbupa yuebHuka Ha JlxKa-
KoB, JleBu, MaJjieeB u Tposucku “/IudepeHIuasgo 1 HHTErpaJHO CMITaHe,
dyukIun Ha eaHa mpomenauBa’. lIlomvHOKecTBata Ha R" HaBCAKbIE ca
osnauenn ¢ noxydepen (bold) mpudr’.

bux umckaJs jga m3pass TYK cBosiTa 0J1arolapHOCT KbM HaydIHUS pe-
AaKTOPp M peneH3eHTUuTe, KaKTO U KbM BCHYKH KOJIETW, AAJU CH TPpyda Oda
noryieiHaT y4uedonuka. Ocobeno cbM Osarogapen Ha cryjaenta Mawma Map-
JI0B, KOHTO YCIIsI Ja OTKpHEe Maca IPEIIKH — OT TEeXHHMIECKO H HE ChbBCEM
TEXHUYIECKO €CTECTBO.

P. Jlesu

*
JbaKa Ta3W CHONYUINBa U HA €IUH OT PEIeH3eHTUTE.



I'1aBa 1

JInpepennuajino cMsaTane Ha
PYHKIIINU HA HAKOJIKO
IIPOMEHJINBU

1.1 Pas3crogHue u HopMma B R"

Hedbunumusa Ha KpaiiHOMEpPHO MPOCTPAHCTBO. B Hacrogmara ryiaBa
ITe ce 3aHIMaBaMe C¢'bC CBOCTBATA HA (DYHKIIMUTE HA HAKOJIKO IIPOMEHTNBH.
[Ipegu ma 3amounem obade TAXHOTO HM3ydaBaHe, TpsaOBa Jjia 0ObpHEM BHU-
MaHMe Ha MHOKECTBaTa, BbPXY KOHTO Te ca aeduHHpaHu. Koraro mmame
dbyuknus wa egra npomenausa f(x), Ta e onpejaeneHa 3a r MPUHAIEKA-
0 Ha HIKAKBO IMOJMHOKECTBO (0OOMKHOBEHO HHTEPBAJI) HA PeajHaTa paBa
R. TIpu dysxus va aBe npomernauBn f(x,y) crofiHOCTTa Ha QYHKIHATA
3aBHCH OT YHCJOBUTE CTOMHOCTH HA JBeTe MPOMEHJHBH T W Y, IPH TOBA
B3€TH B OIIPee/IeH PeJl - SCHO €, e aKO Pa3MEeHHM TIXHHTEe MeCTa, HOJIyIa-
BaMe Jpyra cToifHOCT Ha dhyHKnuaTa. Taka, MoxkeM jma KaxkeM, de f(z,y) e
nedbuHIpaHa BbPXYy HIKAKBO MHOYKECTBO, ChCTOSIINO € OT Hapedenu d60t-
Ku peaanu wucaa. Auamornano GyHKIuATa Ha TpU npomenausu f(x,y, 2)
e neduHUpPaHA BbHPXY MHOXKECTBO OT HapedeHu mpoliKy PeasHl “UCAG, T
T.H. ToBa HE HOBekIa /0 cilenHaTa JTeUHHUINA, HIPAella OCHOBHA POJIid B
O-HATATBITHATE HU PAa3ChKICHUS:

Hedbunumua. [Tod n-mepro esxaudoso npocmparncmseo R" we pas-
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6 I'VIABA 1. JUOEPEHINAJIHO CMATAHE

OGUPaAME MHOHCECMBOMO OM 6CuMKY Hapedenu n-mopku P = (1, o, ..., Ty,)
oM peany wucaa. duciama Ty, To, . . ., T, WE HAPUYAME CBOMBEMHO NFPEA,
8MOPA, ..., N-Ma KOOPIUHAMA HG moukama P.

IIpocTpancTsoro R? 0oT BCHYKH HapeleH:m ABONWKH (r,1) ce Hapmda
pasumna. [Ipu n = 3 noayuasaye TpUMEPHOTO HpocTpancTBo R® Ha Benukn
Hapenenn Tpoiiku (z,y, z). [1le orbenexum, de B iuHeiiHaTa aarebpa mpoc-
tpancTBara R™ ce m3ydaBar OT MaJKO MO-Pa3avudHA TJIEJIHA TOYKA: B TAX
ce BbBEXKIAT T.HAP. JIMHEHHH, WM BEKTODHU OLEpallud - ChOMpaHe Ha JBa
eJIeMEHTa, W IIPOM3BEJIeHUe Ha JIaJieH eJIeMeHT ¢ peajiHo 4ucio. IloHskora
U HHUe Ie W3MO0JI3BaMe Te3W ONMepalvi; B TaKbB CJIyYail, 33 Ja mojguepTaeM
HAJTMYHETO HA TAKMBA ONEPAIMH, e Hapudame ejemenTure Ha R" BekTopu,
U Ie U3I0JI3BaMe 3a TIX O3HAYEHUs OT BUJAA T, § U T.H.

Topuara geduHuIEa € 9aCTEH Caydail Ha Bb3IPHETATa B TEOPUATA HA
MHOZKECTBaTa Ollepallisd IPOU3BE/IeHIe Ha B W I0BeYe MHOKeCTBa. AKO
M;y,...,M,, ca HIKAKBA MHOXKeCTBa, TIXHOTO Hpouspengenne M; x My X

. X M,, ce ompemeass KATO MHOXKECTBOTO OT BCHYKHM HAPEIEHH N-TOPKU
(my, ma,...,my,) cmy € My,...m, € M,,. Torasa R" moxke na ce oupemenn
karo nmpousBejsienne R X ... X R #Ha n ex3emiigpa na peajanara mnpasa R.
Taka moxke 1a ObaaT gedUHUPAHT U HAKOU MMOJIMHOYKECTBA, Ha €BKJINJIOBUTE
IPOCTPAHCTBA: aKo [a,b] u [c,d] ca uarepanu B R, TIXHOTO Hpou3BeeHEe
[a,b] x [c, d] mpencTapagBa TPaBOLIbIHEK B R? ¢be cTpaHm, yCHOPeIHH Ha
KoopauHarHuTe ocu. [Ipoussenennero na rpu narepsada [a, b x [c, d| x [e, f]
e TIPABOBIbJEH TAPATeNONHIe ] B R, 1 T.H.

Babenexka. [lajeHusdT MOAX0J, KbM MHOIOMEPHUTE IIPOCTPAHCTBA (KbM KOHTO
HUE IIe Ce NpUIbpKaMe U B ObJelie) MpUTeKaBa CAeJHUs HEJOCTATbK - B HErO MpH-
BUJIETHPOBAHA POJISi UTPAST KOOPIAUHATHUTE OCH HA MPOMEHJIUBUTE L1, . .., T,. B OPUIO-
JKEHUSITA HA aHAJIM3a K'bM IPUPOTHUTE HAYKHM TAKUBA IIPUBUJIETMPOBAHU KOOPIUHATHH
CUCTEMU PSIKO MOTAT [ Ce MOCOYAT; TaKa HAMPUMED, B OOMYAWHOTO TPUMEDPHO TTPOCT-
PAHCTBO HHE HE MOYKEM J1a TpeANnoYeTeM eqHu Hampasjenus mpen apyru. e u3moxum
MO-00ITU S TTOAXO0 KbM BbIIPOCA, BB3MPUET B JWHEHHATA aaredpa:

Hexa H e jaune#iHO mpPOCTPAHCTBO, T.e. IPOCTPAHCTBO, B KOETO Ca AePUHUPAHI
BEKTODHUTE OTEPAINu: ChOUpaHe HA, eJIEMEHTH U YMHOYKEHNE HA €JIEMEHT C DEAJTHO THC-
no. Kassame, 1e npocrpanctsoro H e n-mepHo (MMa pa3sMepHOCT M), akO BeeKu 7 + 1
BEKTOPA B HErO Ca JIMHEIHO 3aBucuMy (HAKAKBA TAXHA JIMHEHA KOMOMHAIMS C HEHYJIEBU
KOeDUIMEHTH e HyJIa), HO CbLIECTBYBAT N Ha Opoil suHeiino nezaBucumu Bekropu. la
n3bepeM JIMHEeHHO HE3aBUCHMa CUCTEMa OT BEKTOPU €1, . . ., e, B H. ToraBa Bceku BeKTOD
T € H upurexkaBa €JIMHCTBEHO pa3JiaraHe OT BUJIa & = Z?:l x;€;. Hue MmoxkeM z1a cbIoc-
TaBUM HA, BCEKW BEKTOP & N-TOPKATA OT PEAJHHU YUCJIA X1, ...,LTyn, C KOETO TOJyIaBaAME



1.1. PASBCTOAHHE 11 HOPMA 7

B3aNMHO eIHO3HaIHO n300pazenne na H B R, 3amassamo smneiinnre onepanmm. B gac-
THOCT, HA Beaka byukuus f () ebpxy H Hue cbunocrassme dbyukuusra f (z1,...,2T,),
3aBHCEIa OT N YUCJIOBU apryMeHTa. BasKHO e 1a ce moMHH obade, 9e TOBa, ChbIOCTABIHE
3aBuCH OT n3060pa HA KOOPJUHATHATE BEKTOPHU €7, ..., Ey,; MO-TOIAMATA (M II0-BaXKHATA)
9acT oT JepWHUPAHNATE TIO-HATATHK MOHATUS HE 3aBUCAT OT M300pa Ha KOOPAMHATHATA,
CHCTEMA, W HHUE IIe TPAOBa Ja MPOBEPsBAME TOBA BbB BCEKH KOHKDETEH CJIydaii.

Haii-gyecro eano smueitno npocrpanctso H ce pasriiex/ja 3aeIHO ¢ 1aIeHO CKajap-
no npoussenenue: (T, ) € R 3a Bcexn apa enementa 7,7 € H. B To3u cywait ka3pame,
qe H e esrxaudoso npocmparncmeo. OOUKHOBEHO u3bUpaMe BEKTOPUTE €7, . . . , €;, TaKa, e

Z1a 06pa3yBar opmoHOPMUPaHa cucmema (BUZK 10-10J1y).

Pazcrosaume u mopma B R". [lo-HaTarbk OCHOBHA POJIS 3a HAC IIIE
nrpae TMOHATHETO e68KAUJ080 pascmoanue mescdy dee mouxu ¢ R"™. Tlpu
n = 1, T.e. BbpXy mpaBara R, pascTOSHHETO MEKIY TOYKHUTE C KOOPJIH-
Hatu x u y e p(r,y) = |r — y|. Pascrognnero Mexkmy aBe TOYKH B paB-
HUHATA WM B HPOCTPAHCTBO € IHO-IOJisIM OpOW M3MEpeHusl MOXKe Jja Ce
HaMepHu II0 eJIeMEeHTapHO-TeOMeTPpHUYEeH II'bT C IIOMOIITa Ha HI/ITaFOpOBaTa
reopema. Heka P = (x1,29,...,2,), Q = (y1,Y2,...,Yy,). ToraBa 1. Hap.
eBKJIMJIOBO Pa3CTosHUe MexK 1y ToukuTe P u () ce gaBa ¢ (opmyaara

n

p(P,Q) = (| Y (zi— )",

i=1

HO HATATbhK HHUE 1€ U3IT0JI3BaM€ HE TOJIKOBa ,H‘erI/IHI/IH‘I/IHTa Ha TOBa
pa3CTOAHIE, KOJKOTO HEFOBATE OCHOBHH CBOMCTBA:

1/ p2(P, Q) > 0 3a Bceku e Touku P, Q € R™; po(P, Q) = 0 Torasa
U caMoO Torasa, Koraro P = Q).

2/ (cumerpuunocr) Bunaru ps(P, Q) = p2(Q, P).

3/ (HepaBeHCTBO HA TPUbI'bJIHUKA) 3a BCeKH Tpu Touku P, ), R € R"
MMaMe

p2(P7 R) < p2(P7 Q) + pQ(Q>R)'

CaoiictBara 1/ u 2/ ca oueBnanu. CBoifcTBOTO 3/ JI€CHO Ce HHTEpIpe-
THPa TeOMETPUYECKHU: aKO pasriie/laMe TPUbI'bJIHUKA C BbPXOBE B TOUYKHTE
P, Q u R, To cymaTa oT JbJ2KHHUTE Ha cTpanuTe PQ) u QR e mo-rojasma
WM paBHA Ha IbIKHHATA Ha crpanata PR. To3u ¢akrt ce moKa3Ba B efe-
MEHTapHATA TeOMeTpHsi; pa3dupa ce, MHTEPECHO € W HerOBOTO aHAJIUTHIHO
JI0Ka3aTe/ICTBO - BUuzK TBbpaerunel n Sagaqda 1.
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Hopwma B R". Jla pasriename cera R" Karo BEKTOPHO IPOCTPAHCTBO,
1 72 BbBEeIEM MOHATHETO €BKJINI0BA HOpMa Ha BekTOp oT R™: ako
T == (x1,22,...,2,), TO

Taka BbBeleHATa HOPMa IPUTEKaBa CBOHCTBaTA:

1/ ||#], > 0; ||#]|, = 0 Torasa u camo Torasa, korato & = 0.

2/ 1IN 2|, = |A\|||Z]|, 3a Bcekum A € R u & € R™.

3’/ (mepaBeHCTBO HA TPUBLI'bJIHUKA) 32 BCEKH JBa BeKTOpa T, ¢ € R"
mvanie ||+ g, < [[Z]l, + [[4]],-

Hopwmata u pascrosnuero ca 04eBHIHO CBbp3aHu: umame po( P, Q) =
’]@) = Hﬁ — Q|| , xbaero ¢ P u ) o3nauaBaMe paguyc-BeKTOPHTE Ha
TO‘{KI/IT2€ Pu@. B T;K’bB caydail e Ka3BaMe, de HOpMaTa || - ||, mopaxia
Pa3CTOSHUETO pPo. B IONBIHEHHETO 10-10/Iy HUE Ie BHIAUM M IPYTH IPHMe-
PU HA PA3CTOSHUS, HOPOJEHU OT HOPMHU.

— —

Tebpaenue 1.Hekxa nopmama ||Z|| 6 R" ydosaemsopasa ycaosuama

74

V'/ - 3 /. Toeasa nopodenomo om wnea pascmosnue p(P,Q) =

ydosaemeopasa ycaosuama 1/ - 3/.

Hawucruna, 1/ Beanara caeasa ot 1'/. Yeaosuero 2/ ce mosydaBa or
2/ upn ¥ = P — @ u A = —1. Hakpas, uznonspaiiku 3'/, nmame

T.€. YCJIOBHETO 3. |

Poi| = ||(F-a)+ (0= R)|| <||F-dl|+|a- .

B mo-HaraThbIIHATE HU PasliexkJIaHus Mo HopMma ||Z|| u pascrosiHue
p(P, Q) B R" me paszéupame eBKINI0BATA HOPMA U €BKIHIOBOTO PA3CTOSHAE
(ocBeH aKo M3PHYHO € KAa3aHO MPOTUBHOTO). JJo6puTe reOMeTpUIHE CBOMC-
TBA Ha Ta3W HOPMa Ce JbJKAT Ha (hakTa, de T € HOPOJEHA OT CKAJTAPHOTO
npou3Besenne B R".

Ckanapao npoum3Benenne. Heka H e yimneitno npocrpancrso. Kas-
Bame, 1e B H e nedwunupano ckarapro npoussedenue, ako Ha BCEKH JBa
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BeKTOpa T, € H € chIiocTaBeHO PeasHoTo Yuciio (T, ), yA0BJIETBOPSBAIIO
CBHhOTHOIIIEHUATAa:

1" (nuueitroct): 3a BCeKH YeTHpH BeKTOpa I, T, 2,y € H u gucio
A € R umame

<fl+f27g> - <fl7g>+<527g> ) </\f,ﬂ> :)‘<f7g>

2" (cumerpuanoct): 3a Beeku jBa BekTopa T,y € H umame

3" (mosoxxuresHa onpeaeseHocT): 3a Bcekn Heny.aes Bektop £ € H
nMame

B npocrpancrBoro R" cranapTHOTO CKaIApPHO TPOU3BEIEHNE CE TaBa,

¢ dopmynara (T,y) = > . | Ti¥i, KbACTO T = (T1,..., &), Y= (Y1, -, Yn)-
To MozKe J1a ce U3pa3d U TeOMEeTPUIHO:

(@, 9) = 7] 1|g] cos < (7,9)

, KbjieTo < (T, ) 03HaYaBa bI'bjia MEXKIY BEKTOpPHTE T U ¥. JIecHO ce BUK-
Jla, 9e JIBeTe Olpe/leJieHnsl ChbBIaaT - BUXK 3a/. 7. Pa3bupa ce, ToBa He e
eIMHCTBEHOTO CKaJapHO mpon3seaenne B R".

[Ile u310KMM HAKPATKO HAKOW OCHOBHH CBOIICTBA HA CKAJaAPHUTE IIPO-
U3BEICHUS:

Tebpaenue 2.(Hepasencmeo na Kowu-Illsapy-Bynaroscku): 3a
scexu dea sexmopa T,y € H e 6 cusa nepasencmeomo

(7, 9)| < V(T T) V(7 9)-

Pasencmeomo ce docmuza camo 6 cayuas, kKozamo eexkmopume T u
Ca KONUHEAPHU.
HdokazareacTBo. /la pasriegame KBaJpaTHUS TPUIIEH

p(t) = (T +ty, & + i) = At + 2Bt + C,

kbiero A = (4, y), B = (Z,y), C = (&,Z). Or croiicto 3" ce Buxa, e
p(t) > 0 3a Benuku crofinoctn nHa t. CiaemoBarenno p(t) me Moxe Ja mMa
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ABa Pa3/JIMYHU DPEaJIHU KOPE€Ha - MHA4Ye B MHTEpBaJla MEXK/AY TdX HEroBHUTE
sHavenus Ouxa Omam orpunarenan. OTTyK ce BUK/a, 9€ HErOBATa JIUCKPH-
munanta D = 4 (B? — AC) e mo-Masika uin paBHa Ha HyJ1a, T.e. B? < AC.

OcraBa Ta W3c/aeBaMe Kora ce JOCTHTa PABEHCTBOTO. B Takbe corydail
JMCKpUMAHaHTaTa D e paBHa Ha HYJTa, KOeTo o3HadaBa, de p(t) uMa TOUHO
eJIMH peajieH KOPeH - J1a 1o o3HaduM ¢ ly. Umawme

p(to) = (@ + toy, © + toy) =0,

OTK'BJIETO TTaK 1O ¢BoiicTBO 3" mosryuaBame T+ toy = 0, wiin, ¢ APyre JTyMH,
T = —toy. [ |

Hedbunnnua (HopMa, mopoaeHa OT CKAJapHOTO MPOU3BEIe-
uue). Hopma na eexmopa & € H we napuuame wucaomo

17]] = v (7, 7).

TBbpaeune 3.Hopmama, nopodena om CKaAGPHOMO npoudsedenue,
ydosaemeopasa yeaosuama 1’/ - 3 /.

HoxkazareacrBo. CpoiictBara 1’ u 2’ ca ouepupuu. Croiicroro 3’
(HepaBEHCTBOTO Ha TPUbI'bJIHHKA) CJIeBa OT HepaBeHcTBOTO Ha Kormn-
[MIBapn-byngakoscku:

1Z+§° = (& + 4,8+ ) = (&, 2) + 2(T,9) + (§.7) =
2 — 2 2 2 2
= ||z + 2@ ) + [|ylI> < || + 2 |lz] |yl + [[y]]* = (|2]] + []y|)* =

Heka H e n-mepHO JuHEHHO TPOCTPAHCTBO ChC CKAJTAPHO MPOM3BEIe-
nue. Torasa B HEro Mozxke Jia ce u3bepe oproHOpMHUPaH Ha3uc, T.e. BEKTOPH
€, ...,e, € H rakusa, e (¢;,€;) = 0 upu ¢ # j u ||€;|| = 1 3a Beako i. 3a
BCaKO T € H e Hasmmme pasiaranero

n
T = E x;€; ,KbaeTo x; = (T, €;) .
i=1

JlecHO ce BIKIA, W€ aKO &' = » | T;€; U § = Y ., Y;€;, TO

<f7 ?7> = Z XTilYi-
=1
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CrocraBsiiki Ha BEKTOpa T N-TOPKaTa OT Yucaa (1, . . ., Ty,), HAE M0~
JydaBaMe OThXKJIeCTBABaHe Ha mpocTpancTtBoro H ¢ mpocrpancTtBoro R™,
KaTo cKaJapHoto npoussejienue B H npeMunasa B onucamnoTo mo-rope cTa-
JIApTHO cKajapHo npousseerue B R". Baxkno e ia ce oTOe/iekKu, 4e TaKOBa
OTBKJECTBIBAHE MOXKE 7] C€ U3BBLPIINU IO MHOTO PA3JIMIHUA HAYUHU: TO 3a-
BUCH OT n300pa HA OPTOHOPMUPAHKS 0A3UC €1, . . . , €,. [Ipu npemunaBane o
eJINH OPTOHOPMEUPAH 0a3HUC K'bM /IPYT KOODJAMHATUTE Ce MPeodpa3yBaT upes3
YMHOYKEHHE C TOXO/ISIa OPTOTOHATHA MATPHUIIA - BHK 331, 8.

Honbauenue. Pascrosinuero po( P, ()) He e eIHHCTBEHOTO Pa3cTos-
uue B R", mpurexasaiio csoiicrBara 1/ - 3/. 3a wiocTpanus Ha TOBA,
J1a CH IpPeJICTaBHM, Y€ >KMBEEeM B T'DaJl, Pa3/eseH Ha NPABObI'bJIHU KBap-
TaJM, W Ce JBUKHM CaMO 0 yjuuuTe (BuUK deprexka). JIeCHO ce BUK-
14, Ye BCEKM OT Hail-KpATKUTe MbTHINA (TAKWBA MMa MHOIO), CheuHs-
BaIll ToukuTe ¢ KoopauHaru P = (x,y) u @ = (2/,y'), nMa abaKuHA
p(P,Q) = |xr — 2| + |y — ¢/|. Amamorndano pascrosaue Moxke jma ce medu-
uupa n B R™ 3a npoussouano n ¢ popmysara

pi(P,Q) = Z |z — yil -
i=1

OueBnHO PA3CTOSIHUETO Py CHINO NpUTekaBa cBoficrBara 1/ - 3/. Beanara
ce BUZK/IA, Y€ PA3CTOSHUETO P Ce MOparkja OT HOPMATa

n

121, =D il

i=1
JIpyro pascrosiHue ps, OTHOBO yaOBIeTBOpsiBamio 1/ - 3/, KaKTO u
cpoTBeTHATAa HOpMA ||Z||, Morar jga Obaar oupeneern ¢ popMy/InTe:

Poo(P, Q) = max |z; —yi|, [|Z]|, = max |zl
i=1,...,n i=1,...,n

(3a obsicHeHMe Ha WHIEKCUTE BUXK 3ajgadd 1. - 3.).

3a6esiexkka. CKaJlapHOTO IPOU3BEIEHUE W PA3JIATAHETO 10 OPTOHOPMUPAH 6A3UC
ce IpUJIaraT He CaMO B PA3TJIEJAHUTE TYK KPARNHOMEPHY TPOCTPAHCTBA, HO U B MO-CJIOXKHA
CAydYam KaTO HANPWMED 3a MPOCTPAHCTBA OT GyHKIuu. Taka HANMpUMEpP, TO € OCHOBEH

UHCTPYMEHT MpH pas3jaradero na (yakuuu B pen na @ypue (Buzxk §2.9.11 u 2.9.12).
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T r~———-731---°-- S 4 Q
| [ [ \ |
\ ! ! | |
R ————— f R - —— == "
| [ [ \ |
\ ! ! | |
| A A, o ]
i [ [ \ |
\ ! ! | |
| [ [ | |
I R t-——== -==== 1
\ ! ! | |
| [ [ | |
P [ S 1 [ )

Pascrosnue pi(P,Q)

YupakHeHus.
1. JTa oupenesnm npu p > 1 nopmara ||Z|[, 8 R" ¢ dpopmysara ||Z7]|, =
>, \xi|p)1/p. Hokazkere, de ycaopusara 1’/ - 3’/ ca ynosierBopenn.

Yubreane. 3a ga gokaxkere 3’/ npu p > 1, nokazxkere, de

p n n 3 n B
(17 +311,)" = Dl wil” < 3 bl ol ™ + D ol e+ !
=1 =1 =1

M [PUJIOZKETe 3a JIBeTe CYMH BJSICHO HEPaBeHCTBOTO Ha XboJiep (B 1.
§2.10, 3ax. 10).

2. Jlokaxete, ye upu p € (0,1) HEPaBEHCTBOTO HA TPHHI'bJIHUKA 32
||Z][, ne ce m3nbaHABA.

YbrBane. Ilokazkere, 9e TO He € U3IIBJIHEHO 33 KOODJAMHATHUTE BEK-
topu 7, § B R%

3. Hoxazere, e lim,, ;o |[Z]], = ||7]] .

4. Heka H e npocTpaHcTBO ¢bC CKaJapHO mpousBenenue, u ||Z|| e
nopmara B H, nopogena or Hero. Jlokarkere, Ue € B CHJIA TeOpEMaTa Ha
[Turarop: 3a Beceku 7,y € R", takusa de (Z,7) = 0, umame

R 012 )
7+ 7117 = 121" + 191"
5. JlokaxkeTe, e 3a BCAKa HOpMA, OIIpeaesieHa OT CKAJapHO IMPOU3Be-

AeHue, € B CJia paBeHCTBOTO Ha YCIIOPpEJAHHUKA:

112 -2 — —12 — 112
2 (1211 + 114117) = 17+ 711" + |I7 = 71"
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(cymaTa Ha KBaJpaTHTe Ha CTPAHWUTE HA YCIIOPEIHHKA € DaBHA Ha CyMara
Ha KBaJpaTHTe HA HErOBUTE THATOHAIMN).

6. [lokaxere, 4e npu p # 2 nopmara ||Z[|, ne ce nopaxia or nukoe
ckajapHo npoussegenue B R”.

Yiurbreaue. Jokazkere, ye paBeHCTBOTO HA yCIIOPEJHUKA OT 3aJl. D He
e U3II'bJIHEHO, aKO X U §j €4 KOOPJAHHATHUTE BEKTOPH.

7. Joxazkere, ue aHAJIMTHYHATA ¥ TeOMETPpHUYHATA JTeDUHAIUS Ha CKa-
JapHo npoussegenue B R" ¢bBoasar.

YubrBane. Or cBoiicTBaTa Ha AePUHEPAHOTO MO AHAIUTUYUEH I'bT
CKaJIapHO MPOU3BEJIEHNE CJIe/IBa, de

112 —12 — 12
(1Z1* + g1 = 117 - 91°) -

<f?g>:

DN | —

Jla pasriiejjaMe TPHbI'bJIHUKA, 00PA3yBaH OT BEKTOPUTE T U §, IPUIOKEHH
B e/lHA M CbINAa TOYKA; cTpanute My ca pauu Ha ||Z||, ||7]| u ||Z — 7|
[Ipuaraifku KOCHHYCOBaTa T€OPEMa 3a TO3U TPUbI'bJIHUK, [OJydaBaMe, e

o 2 12 (2 R o
|2 = g1 = [IZ]]" + [[91]" = 2[|Z]| ||7]]] cos < (Z,§) -

BaMecTBaiiki B IPeIHOTO PABEHCTBO, IOy YaBaMe CbBIAIeHIeTO Ha aHAII-
TUYHATA U TeOMeTPUYIHaATa JeUHHUINS Ha CKAJAPHOTO IMPOM3BEICHHE.

Yeprek KbM 3a7a4a 7.

8. Heka H e n-mepHO BEKTOPHO IMPOCTPAHCTBO ChC CKAJAPHO IIPOU3Be-
JleHUe, u €1, . .., €, € OpTOHOpMupana cucrema ot Bekropu B H, a f1, ..., f,



14 I'VIABA 1. JUOEPEHINAJIHO CMATAHE

e Jipyra cucreMa OT 1 BEKTOpa, M3pa3sBallla ce 4pe3 HpejxojHara ¢ gpop-

MYyJInTE
n

fj:Zaivjé} 7j: 1,...,71.
i=1

a/ Jlokazkere, ue cucremMara fis-. ., f € OPTOHOPMUPAHA TOYHO TOTA-
Ba, Koraro marpunara {a; ;} e oproronanna. (B rakbs ciyqail kazsame, de
marpumara {a; ; } onpegesns oproronanano npeobpasosanue na H B cebe cu.)

IMosscuenme. Exna n X n - marpuna or peasnn qnciaa A =
{ai:j}izl,... nj—1,.n C€ HADHYa OPTOTOHAJIHA, aKO PejloBere 1 00pasyBaT op-
ToHOpMHEpaHa cucrema B R", T.e.

n

Qi o Qs o — 07 ]1#]2
§ i gy Qi jy = o
: L, 1 =72
=1

JlerepMuHaHTaTa Ha OPTOrOHAJJHATA MATPHUIA € paBHA Ha 1 mjm —1

(mokazere!).
/ — n — — n ~ r

6/ llokazxere, ue ako ¥ = ) x;€; u & = Y ', T;fj, TO Bpb3KaTa

Mexk Ty mpeauniHuTe Koedurmentn {x; } u HoBuTe {Z;} ce naBa ¢ bopmynute

n
€T; = E Qi 5.
j=1

9. JTokaskeTe, ge BCSIKO OPTOTOHAIHO TTpeobpasosanne na R? B ceGe cn
C MOJIOKUTETHA JeTePMUHAHTA Ce 33/IaBa ¢ MATPHUIIA OT BUIA

cosf sind
—sinf cos6

T.e. IIPeICTaB/IgBa POTAIlN Ha ITOIXOIIII bI'bI 6.

10. JTokazkeTe, de BCSAKO OPTOrOHAJIHO mpeobpasopanne Ha R? B cebe
CH C OTPUIATEIHA JeTePMUHAHTA MPEJICTABIABA OTPAYKEHHE OTHOCHO TOJI-
XOJIAIIa TIpaBa, MUHABAIIA TTPE3 HAYAIOTO.

VuobrBane. [lokaxere, e B TO3U ¢Iy4ail (3a pasiuKa OT e IUITHAS)
XapaKTePUCTUYHOTO yPaBHEHUE HA MATPHUIATA HMa peaJHHd KOPEeHH, PaBHU
na +1 u —1. Heka ﬁ u ﬁ ca cborBeTHHUTE coOCTBeHH BekTOopH. [lokakere,
4e IpeodpPa30BaHUETO MPEICTAB/IABA OTPazKeHne OTHOCHO IIpaBaTa, Ha KOATO
JIEYKU BEKTOPA ﬁ
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1.2 TomoJjgorug m cXoJImMOCT B R”

KakTo 3naem, aHaJn3bT BbPXy peasHaTa mpaBa ce ba3upa Ha OTBOPEHHUTE
MHTEPBAJIH B R U MOHATHETO OKOJIHOCT (CHMETPUYHA OKOJHOCT) HA TOYKA.
3a J1a pa3BueM aHaJnu3a B MHOTOMEPHO TTPOCTPAHCTBO, Ie TPsOBa /1a BbBe-
JIEM QHAJOTUYHU O0EKTH B HEIrO, KATO MMaMe IPEIBU/I, e TeOMETPUITA HA
HOAMHOYKECTBATa Ha MHOTOMEPHOTO MPOCTPAHCTBO € MHOI'O MO-CJIO0XKHA OT
Ta3" Ha €HOMEDPHOTO.

Hanuauero ma pascrognue B R" uu nossosigBa na jgedunupame mo-
HATHETO KPbBroBa OKOJTHOCT HA JIaJIeHa TOYKA: IOJ KPbIoBa OKOJHOCT Ha
roukara P € R" ¢ pajguyc r pasébupame 0TBOpEH KpbI (€BEHTYAIHO KhJl-
60) ¢ merTbp P u pajamyc r, T.e. MHOKECTBOTO OT BCHYKH TO4YKH () or R",
HAMUPAIIH Ce HAa PA3CTOsHUE MO-MAJIKO OT 7 OT Toukara P. O3nayaBame:

B(P,r) ={Q: p(Q, P) <r}.

B ennomepHud ciaydail ToBa € cUMeTpHUYeH HHTEPBAJ ¢ HeHTbDp P u pajauyc
r.

Hexka cera M e nogmuozkectso na R". IIle pasmenum Touknte or R"
Ha TPH KJIACA B 3aBUCUMOCT OT MECTOIOJIOKEHHETO UM CIpsaMo M.

Hedbunnmusa. Touxama P € R" ce napuua esmpewna 3a M, axo
cowecmeysa r > 0 maxosa, we B(P,r) C M.

C apyru aymu, TOYKaTa € BHTIPEINIHa 3a €IHO MHOYKECTBO, aKO Ts Ce
ChIBPyKA B HETO 3a€IHO C HAKOS CBOSI KProBa OKOJIHOCT.

MHuo2kecTBOTO Ha BCHUYKH BbTpelrHu Touku Ha M ce Oenexxku ¢ MP°.

Hedbunumua. Touxama P € R" ce napuua esrwna 3a M, axo co-
wecmesysa r > 0 makosa, we B(P,r) N M = O.

C apyru aymm, Todkara e BbIpelnrHa 3a M, ako Td ce cbIbprKa B
JIOI'bJIHEHHETO MY 3a€IHO C HAKOsI CBOsSI KpbI'OBa OKOJTHOCT, T.€. IPHHAIIEKH

na (R™\M)".

OcraBaniure TOYKH Ie HapuyaMe KOHTYPHH:
Hedbunnmusa. Touxama P € R" ce napuua xonmypra 3a M, axo masa
HE € HUMO 6smpewna, Humo esHwHa 3a M.

MHokecTBOTO OT KOHTYpPHHTE TOYKH Ce Hapu4da KOHTYp Ha M u ce
Geaexu ¢ b M um ¢ b(M).
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lopuara nedunuiug He € KOHCTPYKTUBHA; T10-00PO ONUCAHUE HA KOH-
Typa Ha €IHO MHOYKECTBO Ce JIaBa B CJEeJTHOTO TBbDJEHHE:

Teoupaenue 1. Edna mouka e kowmypra 3a M mouno mozasa, Ko-
2aMo 6CAKG HelUna KPB206a, okoanocm ce npecuua u ¢ M, u ¢ R™\M.

HoxkazaTrenacTBo. Ako Toukara P He € HUTO BbTPeITHa, HUTO BhHITHA
3a M, 1o 3a Bcako r > 0 kpbrobara okoaHoct B(P,r) He Moxe ga ce
cbabpzxka HuTo B M, Huro B R"\M. Toa o3navaBa, de s Iie uMa obIu
touku u ¢ R"\M, u ¢ M.

Ob6paTHO, aKO BCsiKa KPbI'OBa OKOJHOCT Ha P uma obmum touku ¢ M
u ¢ R"\M, 10 0oueBHIHO HHKOsI KPbIroBa OKOJHOCT HAa P He Moxke na ce
chabpxka B M win B R"\M, T.e. P He e pbrperina win BbHmHEa 3a M. B

-
Y, e

Borpemna (P;), sbamma (FPs), KorTypHA (P3) TOYKH 38 MHOXKeCTBOTO M.

CaenctBue. Konmypume na mmoocecmeomo M u wa nezosomo 0o-
nsanernue R"\M csenadam.

3abesaexkka. /lajgenure mo-rope jiepuHUIE 3aBUCAT OT TOBa B KOE
eBKJIMI0BO MPOCTPAHCTBO pas3riexpame Muoxkectsoro M. Taka nanpumep,
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nexa I e noguaTepnas Ha npapara R. ToraBa HeroBara BHTPEIIHOCT B CMU-
ChJl Ha TOpHATA JeDUHHUINS CHBIAIA ¢ MHOYXKECTBOTO HA BBHTPEITHUTE MY
TOYKH B OOMYAlHHUS CMHCDHJI, T.€. CbBIIA/Ia C HHTEPBAJIa, eBEHTYAJHO C U3K-
JII0OYeHH Kpainu Touku. OT JApyra cTpaHa, ako pasrjiejlaMe ChbIIHsS HHTePBaJ
I KaTo MOIMHOMKECTBO HA OCTa B PAaBHHHATA R, TO BBTPEIIHOCTTA MY €
Ipa3Ha, U TOW Ce CbCTOU CaMO OT KOHTYDHE TOYKH (J0KaxKere!).

dcno e, e ppuITHUTE 32 M TOukM He mpuHajexar va M; ciaegoBa-
TeJHO TOYKHTE, IpUHAIexKany Ha M, ca BbTPeIlHd Wik KOHTYpHH. ToBa
nasa M C M°Ub(M). Ot apyra cTpana, Te3u JBe MHOYKECTBA HE Ca JIIbK-
HU JIa CbBLAJAT; HAUCTUHA, TOYKUTE OT KOHTYypa Ha M Morar u Ja He My
npuHaiexkar. OTTyK nojydasame ejHa KaacuduKaius Ha I0IMHOKEeCTBA-
ta Ha R", KogTo Urpae oCHOBHA POJIS MO-HATATHK:

Hedbunnmus. Edno nodmnoscecmeo wa R" ce napuua omeopero 6
R", axo mo ne cedspoica mouru om xoumypa cu. Ilod okoanocm wa dadena
MoYKa ule pasbupame 0meopeHo MHOHCECMEBO, KOEMO A Co0sPIHCa.

ITle pasriemamve u APYyTrusiT KpaeH CJydvaii:
Hedbunnnmusa. Edno nodmnoscecmeo na R" ce napuna samsopero 6
R", axo mo csdspotca ecurKy MoKy Ha KOHMYPA CU.

ITle orGesiexkum, ve B 0OIIMs Caydail eHO MHOYKECTBO MOXKE 1 Ch-
JUbprKa HIKOW TOYKHU OT KOHTYPA, & APYTH Ja He Chabpxka. C apyru jaymu,
"mopevyero" MHO2KecTBa B R" He ca HUTO OTBOpPEHHU, HUTO 3aTBOPEHH.

KakTo BuasgxMe mo-rope, KOHTYPHUTE Ha €IHO MHOXKECTBO W HETOBOTO
nombyaenne cbBnagar. Cremnosarenno, ako M He chbpzKa HUTO €1HA TOY-
ka or bM, o R"\M e chabpxka Benukn Toukn Ha bM, u obparno. OTTyK
Oy 9aBaMe:

Teoupaenne 2. Edno nodmmoscecmeo na R"™ e omeopeno mouno mo-
2a6a, Kozamo Hez0eomo donsanenue 6 R" e sameopeno.

3abesiexkka. Jlecno ce BuxkIa, ye MHOXKeCTBOTO M 0T BbTpernu-
Te TOYKM Ha M € OTBOPEHO — OYEeBMIHO TOBA € HAail-TOJSIMOTO OTBOPEHO
MHOKECTBO, CbIbpzKaino ce B M.

MHOKeCTBOTO OT BbLHIIHUTE TOUYKH Ha M ¢'bIO € 0TBOPEHO.

Jedunnmua. Muoxecrsoro M = M U bM ce Hapuua 3aTBOpeHa.

oboBuBka Ha M. Muoxkecrsoro M e 3aTBOpeHO, 3aIOTO JIONLIHEHHETO MY
ChBIAAA ¢ BbHIIHOCTTa Ha M.



18 I'VIABA 1. JUOEPEHINAJIHO CMATAHE

Bcesiko 3a1B0peHO MHOZKECTBO, KOETO Cbibpzka M, e cbibpxa u M
(mokazkere). C apyru mymu, M e Hall-MaJIKOTO 32TBOPEHO MHOZKECTBO, Ch-
abpzkanto M.

ITpumep. OtBOpeHu-
ST KPbI € OTBOPEHO MHO-
JKECTBO.

JlokazareacTBo. He-

Q Ka P e Ipou3BOIHA TOYKA OT
orBopenust Kpbr B (FPy,r) ¢
neHTHp Py m pagmyc r. To-
Ba o3HauaBa, e p(Fy, P) <
r. /la m3bepem e TakoBa, 4e
0 < e < r— p(h,P)
me Jokaxem, ye B(Pe) C
B (Py,r). Hamcruna, meka
Q € B(P,¢). Torasa 10 He-
PaBEHCTBOTO HA TPU'bI'bJIHHU-

OTBOpPEHUAT KpbI' € OTBOPEHO MHOXKECTBO. Kal

p(Fo,Q) < p(Fo,P)+p(P.Q) <p(Po,P)+e<r

|
[To chbImust HAYWH ce T0Ka3Ba, € 3aTBOPEHUIT KPbI, T.e. MHOZKECTBOTO
ot Toukn P, 3a xouto p(Fy, P) < r, e 3arBopeno Muoxkectso. V1 B nBata
cJydast KOHTYpa Ha KPblra ChbBIAJA ¢ HErOBaTa IPAHMYHA OKPbKHOCT (M
cdepa,...), T.e. ¢ Muoxecrsoro S (Fy,r) ={P : p(Py, P)=r}.
CxoamMocT Ha peaunu ot Touku B R".
Hedbunnmusa. Kassame, we peduyama {FPy},_, , om mouxu na R"
e cxodawa Kom moukama Py (nuwem Py — Py, uau l’ifnk_mo P.=F), axo

p(Px, By) — 0.

[To-oapo6HO, 3a BCIKO MOJOXKHUTETHO € CHIIECTBYBAa HOMEp U, TakKa
qe 3a BCSKO ecTecTBeHO k > v na umame p (Py, Py) < e. Kazano no apyr
Ha4YUH: BCHKa Kp'bFOBa OKOJIHOCT Ha FpaHI/I‘{HaTa TOYKa C”b,l”bp}Ka BCHUYKU
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4JIEHOBE HA PeJMIATa OCBEH KpaeH OpOil (M/IM: BCHYKH OT U3BECTHO MSICTO
HATATHK).

CxoguMocTTa Ha peiaunu oT TOukM B R™ MOXKe JIECHO Ja ce CBee
KbM CXOJMMOCT Ha 4uCaI0BA peaunu. Hamcrmna, Heka Todykara P, na e ¢
xoopaunarn (2%, ..., 2F), u cvorserno Py - ¢ (29,...,2%). Toraa mmame

Teopema 3. Peduuyama {Py},_,, #raonu xem Py mozasa u camo mo-

easa, Koeamo 3a 6caxo i = 1,2, ..., n peduyama {xf} om i-mume k0opdu-
namu kaonu no k ksm i-mama xoopdunama ) na Py (maxasa crodumocm

NOoHAKOZ2G CE HAPUYQ nonoopdunamna cTo0UMOCT.

HoxazarencrBo. Heka p (P, Py)) — 0. Toraa 3a Bcako i =
1,2,..., n nmame:

0< [af —af| = \/]ak — 29" < | D ok — 29" = p (B, o)
j=1

¥ 10 JieMaTta 3a nosunante limy o |:sz — 3:?| =0.

0

OOpaTHO, aKO 3a BCAKO i WMaMe ]:Uf — ;| — 0, cren mosgurase B

n k 0|2
KBaJIpAT, CyMUpAHe, i KOPEeHYBaHe, [0y IaBaMe, de \/ » . ‘xl —x; ‘ — 0.
|

Ot Teopemara BeJHAra ce BHXKIa, 9e cxomumocTTa B R" e chryiacyBana
¢ JuHeitHuTe onepanun. 1lo-Touno, numame:

CaencrBue. Ako P, — Py u Q) — Qo B R", u )\, e unciaoBa penuna,
KJIOHHIIA K'bM Ag, TO

Pk—f—Qk—)Po—'—Qo , )\kpk_>)\0P0

Teopema 3 Hu JaBa BH3MOXKHOCT JIa TIpeHeceM ycaoBreTo Ha Korrm 3a
CXOJIUMOCT, joKa3ano B I §1.6 3a 4uc0BU pejuiu, K'bM PEeJIUIU OT TOYKH B
R".

Hedbunnmusa. Kazsame, we peduyama {Fy},_,, om mouxu na R"
ydosaemeopasa ycaosuemo Ha Kowu, axo 3a caro € > 0 COUECTNBYBA
wueAo Vv maxosa, e npu k > v, I > v da umame p (P, P) < €.

Teopema 4. Edna peduya om mouku na R" e cxodsuia mozasa v camo
Mo2a6a, K02amo Yo08AEMEOPABa ycaosuemo Ha Kowu.
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okazareacTBo. B ejHara 1mocoka TBbDPJIEHHETO JIECHO C€ JIOKa3-
Ba HeNocpejcTBeHO oT jgeduHunmsTa 3a cxoaumoct. Hexka P, — Fy. a
B3eMeM Mpou3BoyiHO € > (0 m jga m3bepeM v TakoBa, 4de Ipu k > v Ja
umame p (P, Py) < ¢/2. Torasa mpu k > v, [ > v umame p (P, P) <
p(Pk,Po) +p(P0,Pl) < E.

3a 10Ka3aTeJICTBO Ha OOPATHOTO TBLPJAEHUE IIEe H3MOJI3BaMe, de 3a
PeJMI OT YuCaa TO Bede e jokasano (Buk T. 8 Ha I §1.6). Ako ycioBuero
na Komm e usnbianeno, To 3a Bcgako ¢ = 1,...,n upu k > v, p > v uMame
|2k — zl| < p (P, P) < e. Taka pequmara {z¥} _ or i-rure xoopauna-
TH Ha TOYKHTE P yI0BIETBOPsIBA YCJIOBHETO HA KOLLM U CJIE10BATE/IHO €
cxonsama. Jla osnauum rpanunarta u upes . Torasa or Teopema 3 ciejBa,

we pepunara Py, kiaorn kbM Toukara Py = (29, ..., 20). |

XapakTepusaiug Ha 3aTBOPEeHUTE MHOXKecTBa. Pa3riexxnanero
HA CXOAMMOCTTA IO3BOJIABA 4 Ce [aJie eKBUBaJIeHTHA JeDUHUINS HA, TOHSI-
THETO 3aTBOPEHO MHOYKECTBO:

Teopema 5. Edno nodmnooscecrnso na R" e sameopeno mourno mo-
2060, K02a4MO CBOBPHCA PAHULUME HA BCUYKY CTOOAUWU PEIuyl, 0m C8OU
eAEMEHMU.

HoxkazareacrBo. Heka F e 3zarBopeno noamuoxecrso na R, u pe-
aunara P, knouu kM Fy, kato P, € F 3a Bcsiko ecrectBeno k. Tpsabsa jia
nokaxkem, de n Py € F.

HawucTura, Heka momycueM, de Fy He npuHajae:xkn Ha F. Twit kato F
e 3aTBOPEHO, TO ChIbPrKa BCHYKU CBOM KOHTYPHHU TOYKHU. ToraBa Py Moxke
na Obje camo BbHImHA 3a F. CienoBaresno moxkem ga Hamepum r > 0
takoBa, ue B (P, r) we upecnua F. Ot apyra crpana, mo neduHunugTa 3a
CXOZMMOCT TIPH JOCTaTHIHO ToasiMo k nmame Py € B (P, 7). Toa obaue
HPOTUBOPEYH Ha IIPEJIIIOJI0KEHHEeTO, Y€ BCHUKH TOYKM Ha pejunarta ca B F.

Ob6patno, Heka F cbiabpzKa rpaHUIHTE HA BCUYKH CXOISIIU PeTUIT
OT CBOM eJIeMEHTH; Ie JoKaxkeMm, de F ¢babpKa KOHTYPHUTE CU TOYKH.
Hexka P, e npousBoJiHa To4kKa oT KoHTypa Ha F. /la pasriename Kpbrosere
B (Py, 1/k) ¢ nenrbp Py u paauyc 1/k. Or tebpaenne 1 cienBa, e BCeKH
OT Te3W KPbI'OBe UMa Helpa3Ho cedeHue ¢ F 1 ciegoBaTeHO ChIIECTBYBa
touka P, € F N B (Fy, 1/k). Twit kato p (P, Py) < 1/k, To p (P, Py) — 0,
u caenoBarento P, — Fy. OT apyra crpaHa, Thil KATO BCHIKU TOUKHU P, ca
B F, To or npeanonoxkenunero ciejgsa, ye u Py € F, koero Tpsbdsarie jga ce
JIOKazKe. |
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3abesexkka. OT J0Ka3aTeJICTBOTO Ce BHKJA, Y€ aKO J00ABHM KbM
JIaJIeHO0 MHOKeCcTBO M rpaHUINTe Ha BCHUYKH CXOJSINA DPEJUIN OT HErOBU
eJIeMEeHTH, IIe MOJYyYUM TOYHO 3aTBOpeHaTa My oOBuBKa M.

Touku HaA crbcTaBaHe W moapeaunu. Kakro u B €ITHOMEPHUST CJ1y-
gaii, MOXKeM Jia BbBeJIeM MTOHITHETO TOYKA Ha CI'bCTABAHE Ha JAJeHa Peu-
na or Touk:u Ha R™:

Hedbunnmua. Kassame, ve moukama Py e mouka na cescmasare na
peduyama {Pr},_,, , axo 3a ecaro € > 0 kpseosama oxoanocm B (Fy,€)
na Py csdsporca 5657%]9@1’1710 MHO020 MOYKY 0M Ppeduyama.

ToBa o3HauaBa, 1€ BCIKa KPbrOBa OKOJTHOCT Ha Py ¢bIbpiKa TOUKH C
HPOU3BOJIHO rojeMu Homepa. CiegoBaresHo ropHaTa JedUHUIIAA MOXKE J1a
ce M3KaxkKe U 0 JIPYT HATHMH:

Touxama Py e mouka Ha cescmasane Ha pedur,ama {P’f}kzl,z.‘.’ axo
36 6caxo € > 0 u ecmecmeeno N CoULLCMBYBA HOMED M > N MAKDE, e
P,, € B (Fy,¢).

dcno e, ye ako peaunara { P} npurexkasa rpanuna P, To Toukara
Py e 1 eimHCTBEHA TOYKA Ha CI'bCTIBAHE HA Ta3U peg:u/ma.* B obmus cayqait
eHa PeJNIla OT TOYKH MOXKE J1a MMa MHOTO TOYKH HA CI'bCTABaHe. Taka,
B [.§1.6 Gerre mokazano, 1€ MHOXKecTBOTO (Q OT pamMOHATHUTE YHUC/Ia MOYKE
J1a Objie HOMEpUpaHo, U TaKa IOJyIYeHATa PEIUIA UMa 38 TOYKH Ha CI'bCTS-
BaHe BCUYKHU peaJiHu 4ducia. He e TpymHo To31M npumMep jga Oblie IpeHeceH B
MHOTOMEpHHSI caydaii: 1a o3nadnm ¢ Q? MHOKECTBOTO OT BCHYKH TOYKH B
R?, 32 KOHTO W JBETE KOOPJAMHATH Ca PAIMOHAJIHH. ToraBa OTHOBO TOUKHTE
or Q% morar na GbIAT MOIPEIEHN B PEINIA, W TA3W PEINIA MMa 33 TOUKH
Ha crocrapane Bcuuku Toukn or R? (nokaskere!)

Iloapenuim. Ille nHamoMHUM HOHSTHETO IMOJApEJIMIA HA JaJeHA pe-
JIMNA: aKO HHU € JaJeHa PeJIuIaTa {Pk}k=1,2,... or Touku Ha R" u cTporo
MOHOTOHHO pacTdina cucreMa ki < ko < ... < k; < ... OT €CTeCTBEHH YHC-
Jla, HHe MOKe Ja cu obpasyBaMe peaunara {Fj},_,, , KOATO HapHdaMe
HOAPEINNa Ha JaJeHaTa. -

Tewpaenune 6. Axo peduyama {Py},_,, e crodawa xem moukama
Py, mo ecaxa netina nodpeduya e crodaua Kom CoULAMA 2PAHULA.

*
Kakro mie nokaz«em 1o-HaTarbK, 32 OrPAHUYEHH PE/IAIY € B CUJIa U 00PATHOTO TBbP-
JeHne.
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HoxkazareacrBo. Haucruna, cjieji KATo U3BbH BCAKA KPbI'OBa OKOJI-
Hoct Ha Py or Buma B (P, e) ce Hammpar camo KpaeH Opoil deHOBe Ha
HavaIHATa pejulia, TO W3BbH Hed MOXKEe Jjla MMa Hail-MHOro KpaeH Opoii
WICHOBE Ha MOJAPEIUIlaTA. |

KakTo 1 B egHOMepHHS Caydail, TOHATHATA HOAPEIUIA U TOIKA HA,
CI'bCTABaHe Ca TACHO CBbP3aHU:

Teopema 7. Touxama Py, e mouka wa cescmsasamne Ha peduy,ama
{Pr}pe10.. mouno moezasa, Kozamo cauecmeysa nodpeduna {sz}l:m,...:
Kaonaula xkem .

Hoxkazarencrso. Axo lim;_,., Py, = F), To BCeKH OTBOpEH KPbI' OT
susia B (P, ) cbabpzka Ge3KpaifHo MHOTO 4JIeHOBe Ha MoapeaunaTa (BCud-
KU OCBEH KpaeH Opoil) U ¢Jie1oBaTeIHo 6e30pOifHO MHOTO WJIeHOBE Ha J1a/1e-
HaTa peuia.

O6patHo, Heka Py e Touka Ha crbersiBane Ha peaunara { P}, Moxem
nTa m3bepeMm HOMeD ky TakbB, e Py, € B ([P,1). Jla pasrnemame Kpbra
B (P, 1/2); 1bit kato crnopen JeduHANAATA HA TOYKA HA CI'bCTsIBAHE TOM
CbIbPzKa WIEHOBE Ha PEIUIATA ¢ MPOM3BOJHO [OJIEMU HOMEpPA, HHE MOXKEM
Jla HAMEPHM eCTEeCTBEHO IUCI0 ky TakoBa, ue ky > ky u Py, € B (Fy, 1/2).
[IpombizkaBaiiku 10 ChIius HAYUH, TPU HaMepenu Bede k) < ko < ... <
ki1, nme MoxkeM ma usbepem k; Taxa, de k; > ki u Py, € B(FRy,1/1). C
TOBa MoJiyunxMe O6e3kpaitna peauna ky < ko < ... < k; < ... 0T ecTecTBEeHI
qucaa Takusa, qe p (Py,, Py) < 1/1, otkbaero lim o Py, = F. [ |

KomnakTaun muOo>XkecTBa. Teopemu Ha Bosamano-Baiiepaipac u
Xaitae-Bopeur.

B Tasm Touka mre mokazkeM Kak Teopemata Ha Bonamano-Baitepmipac,
U3BECTHA B €IHOMEDHHS CJAydail, ce MpeHacs B MHOPOMEPHOTO IPOCTPAHCT-
BO.

Eano nonmuoxkecrso M na R" e mapuuame orpaHmdeHo, ako 4HC-
noBoro MHOKeCTBO {p(0, P)} popg HAa PA3CTOSAHMSATA HA BCHYKH TOYKH OT
M 10 Ha9aI0TO HA KOOPJAMHATHATA CHCTEMA € OIPAHHYIEHO OTrope. .JlecHo
ce BUKIa, 9¢ M e OrpaHMYeHO TOYHO TOraBa, KOraTo BCHYKH KOODIMHATH
x;, 1 = 1,...,n HA BCUYKH HETOBH TOUKU T = (T1,...,T,) C4 OTPAHUYICHU
10 MOJYJI OT HsIKaKBa KOHCTaHTa. EnHa pemuna { Py} me napudame orpa-
HUYEHa, aKO MHOYKECTBOTO OT HEifHUTe TOUKH € OrPaHuYIEeHO.
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Teopema 8. (Bosmano-Baitepipac) Beaka ozpanuvena peduya om
mouku wa R"™ npumesicaca none edna mouka na ce6Cmasate.

Karo ce B3eme mpe Bu TeOpeMa 7, ce oy 9aBa CJIeJHATA, eKBUBAJICH-
tHa GopMyIupoBKa: Begka orpaHudeHa peauia oT TOYKH Ha R™ ¢babpka
CXOIAIIA HOAPEIUIIA.

HokazareacTBo. [Ipu n = 1 Teopemara e jioka3aHa B I'bpBaTa 4acT
Ha Kypca (Buk 1.§1.6), Karo ce M3MOA3BA MOCTIEIOBATENHO pa3/Ie/isHe Ha
UHTEPBAJA, ChIbPKAII YICHOBETE HA PEUIaTa, HA JBE PABHU YacTH. 1oBa
JOKA3aTEJICTBO MOXKE JIeCHO Ja Ce MPUCIOCOOM M 34 MHOIOMEPHOTO IPOCT-
PaHCTBO (BUZK TeopemaTa Ha XaiiHe-Bopes mo-101y), HO MO-KPATKHsI HAYHH
e Jla M310/I3BaMe eJIHOMEPHU CJydail 3a J0Ka3BaHe HA MHOIOMEDHHUS.

3a ymaobcrBo e Jokaxkem caydas n = 2. Heka P, = (xp,yx) e
OrpaHUY€Ha peanlla OT TOYKH Ha pPaBHUHATA. TOFaBa CbIIECTBYBa KOH-
cranta C TakaBa, 4de |zg|,|yr] < C. OT orpammvenHara 9YucaoBa peju-
na {xr},_ o MOKeM da u3bepeM CXOAsINa Hoapeiuna {Ty}t,_,, ; HeKa
limy_ o0 g, = 2,. Jla pasriiefaMe cera ¢hoTBETHATA TOAPEIHIA OT BTOPH-
T€ KOOPJHUHATH {ykz}lzm,.‘.' Thit KaTO T CHINO € OrpaHUIeHa, MOYKEM Ha

CBOW peJ Ja HAMEPUM HEWHa NOJpeIuIa {yklp} — 1o. Tbit KaTo
p=1,2,...

peannaTa {%p} e NOJpPeJMIa Ha PeJUNATa {Ty},_,, , TO CHOpe]
p=1.2,... =L
TBbpieHne 6 T ChIIO KJIOHH KbM Xo. Torapa, 1o TeopeMa 3, pejuiara oT

TOYKHU szp = :Uklp,yklp> € ToJpeanIla Ha JaJleHaTa U KJOHU K'bM TOYKATA
Py = (20, yo).

Ba peaunum oT Toukn Ha R" mpu mo-roeMu CTOWHOCTH Ha n J0Ka3a-
TEeJICTBOTO Ce M3BbPIIBA 110 ChIUd HauuH. Pa3mkara e, ye TpsabBa n bTu
J1a ce u30UpaT HOAPEeIUIN Ha, IIOAPEIUIIATE ..., KATO B KpaiiHa cCMeTKa OTHO-
BO ce MOJIydaBa MOKOOPAMHATHO CXOJISINA TOAPEINTIa Ha JaJeHaTa peaula.
|

Caencrsue 9. Axo pequnara { P} or Toukn Ha R" e orpanudena
1 MMa CaMO €/IHA TOYKA Ha CI'bCTABAHE, TO Ta3W TOYKA € W TPAHNIA Ha
pennnara.

HokazarencrBo. Heka { P} e orpanudena peauna ot To4ku u Py e
HefiHaTa eMHCTBeHA TOYKA Ha crberapane. la momycnem, 9e { Py} He Kio-
nu KbM Fy. ToBa o3nadaBa, 4de cbilecTByBa € > () TakoBa, Y€ MU3BBH KPb-
ra B (P, ) ocraBar Ge3kpaifHO MHOTO WJ€HOBE Ha pejunara. [loBrapsiiku
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KOHCTPYKIIUSATA HA TeopeMa 7, Hue MOKeM 3 KOHCTpyupaMe noapeauna P,
Ha JaJieHarTa, YMuTO TOYKN ca u3BbH B (PO, 8). 3a Ta3u moapenuIa e mpH-
JIOZKMa TeopeMa 8, U HUe MOZKe Jla HaMepHM Ha CBOI peJi HelfHa CXOJIAIna
HOJpe UL {sz,, }p—l , Ia o3HavunM rpaHunaTa U ¢ P. Sleno e, ge P # P.
Ot gpyra crpana, P e TouKa Ha CIbCTABAHE Ha noapeaunata Py, a caemno-
BATEJHO W HA JajeHara peanna { Py}, Koero mpoTHBOpedn Ha yCJIOBHETO Ha,
TeopeMaTa. |

Hedbuuurnusa. Edvo nodmmoscecmeo na R" napuvame xomnarmmo,
axo mo e 02PaHUYNEHO U 34MBOPEHO.

Karo n3nosisyBame ToBa MoHsITHE, MOXKEM J1a J1a/ieM JApyra (opMyIu-
POBKa Ha Teopemata Ha Boamano-Baitepmpac:

Teopema 10. Ilodmnooicecmeomo M C R" e xomnaxmmuo mozaea u
CaMO MO02G6a, K02GMO 0M BCAKA PEuyd 0Mm HE206U MOYKU ModHce 04 ce
usbepe nodpeduya, KionauLa Kom mouwka om M.

HoxkazarencrBo. Heka M e komnaktao u { Py} e peauna oT HEroBu
Toukn. T'bit kKato M e orpaHudeHo, TO CHIIOTO € BAPHO W 3a peIuiaTa
{P:}, u Hue MoxkeM jia u3zdepem HeifHa cxoisia noapeauna. [lo Teopema
5 ot 3arBopenoctTa Ha M ciieBa, Ue TPAHUIATA HA MOAPEIUNATA CbHIIO
npunajiexku na M.

Ob6patno, neka M 1a mpurekaBa CBOUCTBOTO 3a CBHIIECTBYBaHe Ha
cxomgma nojgpeauna. e mokaxkem, e M e orpanudeHo u 3aTBOpeHo. AKO
M e e orpanuveHo, TO ChlleCTBYBa pejaulia ot Touku Py € M takasa, ue

p (6, Pk> — 400. Jla n3depem neiina nogpeauna Py, cxondima K'bM TOUKATa
Py € M. Torasa, oT egna cTpaHa, p <6, Pm) —p (6, P0>. Ot apyra cTpa-

Ha, Tbi KaTo p (6, Pkl> e TMoJipeuria Ha p <6, Pk>, TO p <6, Pk;) — +400.
[Tony4yenoro nmporuBopevne JoKa3Ba orpanudeHocTra na M.

3a nma jgokaxkem, de M e 3aTBOpeHO, Ja B3eMeM IIPOM3BOJIHA TOYKA,
Py or xourypa bM ma M, m ga uzdepeM, KakKTO B JIOKA3aTEJCTBOTO Ha
teopeMa b, peauna P, or Touku na M, taka ye P, — F,. CbmecrByBa
Heitna noapeanua Py, , cxoxsma kbM Touka P € M. Ot tBbpenue 6 ciesa
obauge, ue P' = Py u caenosarenno Py € M. [ |

3abeiiexkka. [opHOTO TBBbpAEHNE € XaPAKTEPHO 33 KPAWHOMEPHHUTE IIPOCTPAHC-
TBa. B caydas Ha Ge3kpaifHOMEpHU HOPMUPAHU MPOCTPAHCTBA TO HE € BSIPHO, W 3aTOBA
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CHIECTBYBAHETO HA, CXOIAINA TOAPEINIIA Ce TPUEMa B TO3W CJIydail KaTo AeduHuims Ha
[OHSATHETO KOMIIAKTHO MHOXKECTBO.

CuirleHara TeopeMa OTHOBO € XapaKTepHa 33 KOMIAKTHUTE MHOXKecTBa. 1 oOuK-
HOBEHO HE C€ M3yJYaBa B €THOMEDHUS AHAJIU3.

Hexa M e mommuoxkectso na R”. ®avmmmsra U = {Ua}pca OT mMOaMHOKECTBA
HA Rn, unjekcupana ¢ (KpaiiHoro uiu Ge3KpaiiHo) MHOXKeCTBO A, HApUYAME OKPUTUE
3a M, ako M ce cbabpxka B HeitHOTO 00emquHenve Uyca U, . [lokpurnero U napmaame
OTBOPEHO, aKo MHOKeCTBOTO U, € 0TBOpeHo 3a Bcsiko o € A. Mmawme:

Teopema 11. (teopema ua Xaiine-Bopen) Om scaxo omeopeno noxkpumaue ma Kom-
NAKMHO MHOHCECTNEO Modice 0a ce usbepe Kpaiino nodnoxpumue.

Io-rouno, ako M e xommaxrio muoxkecrso 8 R” u U = {Ua},ca € Heroso or-
BOPEHO MOKPHUTHE, TO CHIIECTBYBAT KpaeH GpOil MHAEKCH o, (s, - .., ) € A Takusa, 4e
Mc U, U...UU,,.

okazarescTBo. IIbpBu eram. Ille nokaxkem teopemara B ciaydasi, korato M
e "n-mepen npasobrbanuk” B R, e, mpousseienue Ha KpailHu 3aTBOPEHH HHTEPBAJIL:
M = [a1,b1] X ... X [an, by]. 3a ynoberBo me pasraename caydas n = 2. Heka e nagen
upaBobIbitnuka M = [a,b] X [¢,d] € R>. Ha nomycaem nporuBaOTO — e M He MOXke 1a
O'b/1e MOKPUTO C HUKAKBA Kpaitana dbamuiius ot ejxementu Ha . Jla npekapame BEPTUKAJI-
HaTa TpaBa TIpe3 cpenara Ha [a, b] u XopW30oHTATIHATA TIpaBa Mpe3 cpejiara Ha [c, d]; Te3n
JIBE MIPABH PA3ACJIAT IPABOBIBIHAKS M HA YeTUPH €IHAKBH 110 (GOPMa IPABOBLILIHIKA.
Torasa IOHE eIWH OT TIX HE MOXKe J1a ObJe IOKPUT ¢ KpaeH Opoil oT ejeMeHTH Ha U; Ha-
HCTUHA, AKO U Y€THPUTE MAJKHK IIPABOBIbIHAKA MOraT a3 ObIAT IOKPUTH C KPaeH OpOii
MHOKECTBa OT U, TO CBIMOTO I1e ObJe BSIPHO U 33 TAXHOTO OOEINHEHHE - TPABObI'bIIHN-
ka M. CulesoBareino MoxKeM Ja u3depemM, u Ja o3HaduM ¢ M7 ejuH OT TsX, 38 KOWTO
He ChIecTByBa Kpaitno noanokpurne. Torasa My = [ay, b1] X [e1,d1] C M, orkbaero
[a1,b1] C [a,b] u [c1,d1] C [c,d]; npu ToBa by —ay = (b—a)/2wu dy—c¢y = (d—c)/2. Ja mpo-
I'bJKHAM IPOIECa MO-HATATHK, KATo pa3aeauM M| Ha YeTUPH €JHAKBU IIPABObIbIHIKA
u u3bepeM euH OT TAX, o3Ha4deH ¢ Mo, u T.H. [lo T03u HaunH moTydaBaMe HAMAJISIBAIIA
penuna ot npasobrbaaumm M D My D ... D My D ..., kato My = [ag, bx] X [ck,di] n
BCEKM OT MPaBObIbLAHKANNATE M, He MOXke Ja Obe MOKPUT OT KpaeH Opoil OT eJeMeHTH
Ha U. OY4eBUIHO YUCIOBATA PEIUIA (f € MOHOTOHHO PACTAIIA U OTPAHUYEHA; Ja O3HAYUM
HeiflHaTa rpaHula ¢ To. Pequnara by € MOHOTOHHO HAMAJISIBAIla U OFPAHUYEHA; Thi KaTo
b —ar = (b—a)/2F — 0, T0 by, KMOHE KbM CcbIMaTa rpamuna To. OTTYK ce BIKIa, Ue 3a
BCAKO €CTECTBEHO k mmame xg € [ak, bg]. ChIOTO paschKaeHne € BATUIHO U 32 BTOPUTE
KOODJIMHATH W JI0Ka3Ba ChHINECTBYBAHETO HAa YMCIIO Yy TAKOBA, Y€ Yo € [ck,dk] 3a Besko
k. Ouesnmno roukara Py = (zg,yo) MPUHAIJIEKN HA BCEKW OT MpaBObIbiHuIATE My,
k=1,2,.... Tnit kato Py € M, To Py npuHa/ijIezKu Ha HAKOe 0TBOpeHO MHOXKecTBO U,
OT TOKpuTHEeTO U

Coopen meduHunpaTa Ha OTBOPEHO MHOXKECTBO CbInecTByBa € > ( TakoBa, 4e
B (Py,e) C U,,. Jlecno ce Buxkia, e upu gocrarbidHo rojgemu k we umame My C

2 2
B (Py,¢) (roBa e usibiaHeHo upu \/(bk —ap)” + (dk — c)” < €). Taka My, e nogmuo-
sectBo Ha Uy, , KOETO MPOTHBOPEYN Ha, JOMycKaHeTo, ye My, He MoxKe Ja Objie TTOKPUTO
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¢ Kpaen 6poit or muOkecTBara U, . [lonyueHoTo mporuBopeyne 3aBbpINBa IbPBUS €Tall
Ha I0KA3aTeJICTBOTO.

B n-mepuus caydail 10Ka3aTesicTBOTO €€ U3BDBPINBA [0 ChIIUs HAYUAH, C €IAHCT-
BEHATA PA3JIMKA, Y€ HA BCAKA CTHIKA [IOPEIHUAT N-MEPEH IPABObI'bJIHUK CE PAa3Iesis Ha
2™ 9aCcTH, U BCUYKN HATTPABEHU TO-TOPE PA3CHIKICHUS OCTABAT B CHUJIA.

Bropu eran. Karo uznon3samve mbppBus eTail, e IpeMuHeM KbM I0Ka3aTeJICTBO-
TO Ha Teopemara B 06w ciay4daii. Heka M e KoMIakTHO (T.€. OrPAHMYEHO U 3aTBOPEHO)

n o
muokectBo B R, w U = {U,},. 4 € Heroso orBopeno mokputue. T'bit kato M e or-

[e1S

PAHUYEHO, MOMKEM Jla HAMEPHUM n-MepeH MpaBObIbJIHUK M = [a1,b1] X ... X [an, by)

Takbe, w¢ M C M. Jla oznaunm ¢ U’ damMuamsaTa OT OTBOPEHW MHOMKECTBA, ChCTOSAIIA
n

ce or MHOKecTBaTa Ha U u orBopenoro muozkectso R \M. Ouesumno U’ e nokpurue

3a M, # 1o J0Ka3aHOTO MO-rOpe MOXKe Ja Ce HaMepAT KpaeH Opoil OTBOPEHW MHOXKECT-

Ba Ug,,,...,U,, or U, Taka ge M C (Rn\M) UU,, U...UU,,. ToBa o3nauasa, ge
Mc U, U...UU,,. |
YupakHeHud.

1. /lokazxere, ve:

a/ ObequHeHne Ha MPOW3BOIHA (DaMUIUST OT OTBOPEHN MHOYKECTBA €
C'BIIIO OTBOPEHO.

6/ Cedenue Ha KpaeH Gpoii OTBOPEHU MHOXKECTBA € OTBOPEHO.

2. [lokaxkere, 4de:

a/ Ceuenne Ha TpoU3BOJIHA (HAMUIUS 3aTBOPEHN MHOXKECTBA € C'bIIO
3aTBOPEHO.

6/ Obennuenne Ha KpaeH OPOil 3aTBOPEHH MHOKECTBA € 3aTBOPEHO.

YubTBaHe. l3no/3BaiiTe TBbpeHne 2 n pe3yarara Ha 3ajaqa 1.

3. ,ZLOKa}KeTe, Y€ MHOZKECTBOTO OT TOYKHUTE Ha CI'bCTAdBaHE Ha JadCHa
peniia € 3aTBOPEHO.

4. Heka muoxkectBoro M He e KommakTHO. /lokarkere, de 3ak/roue-
HIeTO Ha Teopema 11 He e BSIPHO, T.e. CHINECTBYBA OTBOPEHO MOKPHUTHE HA,
M, or KoeTo He MOxKe J1a ce m3bepe KpailHO MOAIOKPHUTHE.

Ilogcuenmne: [Ipemnonoxkennero, e M He e KOMIAKTHO, 03HAYABA,
de e HAJUIE eJHA OT JIBeTe Bb3MOKHOCTH (miaum u jasere): a/ M He e or-
panuueno, win 6/ M me e 3arBopeno. Pasrsenaiite jBere Bb3MOKHOCTH
MOOT/IEJTHO.

5. Heka M u N ca 3arBopenn noamMuoxkecrsa va R"” u veka ® : M —
N e B3aUMHO €IHO3HAYHO W B3aMMHO HEMPEKbCHATO M300pazkeHue (TOBA
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o3HauaBa, e 06paTHOTO My n300pazkerue ot N B M e ¢bio HenpekbCHATO).
Jlokaxkere, 1e

® (M) =N° , & (bM) = bN.

3abeaexkka. V300pakeHne ¢ TOpHUTE CBOHCTBA Ce HApUYA TOMEO-
mopdussm mexxkay M u N, a 3a maoxkectBara M u N B TO3u ciaydait ce
Ka3Ba, ue ca romMeomoppru. XoMeoMOpdHUTE MHOXKECTBA Ca HEPA3TUINMU
OT IJIeJHA TOYKA HA TOMOJOTHUSITA.
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1.3 HenpekbcHaToCcT HA (DYyHKIIUU W M300pa-
JKEeHUs

KakTto m B mbpBaTa 9acT Ha aHAINW3a, IPH HAC Ie UTIPAIT OCHOBHA PO-
Jst nongrusara gpyukius u u3obpaxkenne. Heka D e noamuokecrso na R™.
KasBame, ue e mameno msobpazkenme or D B R, ako Ha BCcsgka TOYKa
x = (x1,...,2,) or D e cbmocraBena Toukara f (z) or R™. B TakbB caydait
ce Ka3Ba oine, 4e f e dyHknus ¢ geduHunnonna obaact D u ¢be cTORHOCTH
B R™. Bmecto f (x) mougxora ce mute f(xq,...,x,).

B caygas m = 1, r.e. dyuknusita [ B3eMa CTORHOCTH B MHOZKECTBOTO
HA peajiHuTe YuC/Ia, Ie Ka3BamMe, 9e f e 9uc/IoBa, Wu OIle CKajiapHa, hyH-
Kius. B MHOrOMepHust ciydail (mpu m > 1) 1me ka3pame, 9e [ e BeKTOpHA
byukius. Beska BekTopHa (BbyHKIIS MOZKe /14 6bie OMHCAHA UPe3 TNCIOBH
byHKIINN; HANCTHHA, HeKa f e pyHKIus, nedpunupada B D C R" u B3ema-
wa croituocru B R™. Jla o3nauum upes fi(z),. .., fm(r) Koopaunarure Ha
roukara f(z) € R™. ToraBa fi(x),..., f(x) ca uncioBun dbyHKIUT BHPXY
D, kourto omnpenensar manbauo dyukiumara f. Tesu pyaknun ce Hapuwaar
KOOPJAMHATHU (PYHKIUU Ha U300parkeHueTo f.

[lle ce 3apuMaeM ¢ IMOHATUATA T'PAHUIE HA (DYHKIUA U HEIPEKbCHA-
TocT. V3710KEeHNETO MOUYTH JAOCTOBHO TMOBTaps €IHOMEPHUs CJaydail, W3J10-
»xed B dact I, §1.8 u 1.10. OTHOBO MMaMe JiBe eKBUBAJEHTHH OIPEIeICHU
3a TpaHuIa Ha QYHKIW (M ChOTBETHO JBE ONPEJETEHHs 3a HENPEKbCHA-
TocT) - Ha XaitHe n Ha Komm.

Onpenenenue Ha XaiiHe 3a rpaHuna Ha yukmud ./Jadena e
dynryuama f(P) ¢ dedpunuyuonna obaracm D C R™ u csc ecmotinocmu 6
R™. Hexa Py € D, u Q e mouxa om R™. Kassame, ue gynwyuama f(P)
kaonu kom QQ npu P — Py, akxo 3a ecaxa peduua {Pk}k:1727“_ oM MOUKU Ha

D, 3a xoamo Py, — Py umame f (P;) — Q ¢ R™.

Onpenenenne Ha Kormu 3a rpanuna Ha dyukuud. [Ipu 2oprume
yeaosus kazeame, we f(P) xaonu xom Q npu P — Py, ako 3a ecaxo € >
0 coswecmsysa 6 > 0 makosa, ue 3a ecarxa mouxa P om D, 3a xoamo
p (P, Py) <6, umame p (f(P),Q) < e.

*
Msnonssar ce cbiio Taka repmuHuTe "BeKrTopHO3HauHa (PyHKuM#A" u "Bekrop-
dyuknusa".
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Teopema 1. Onpedeaenusma na Xatine u Kowu 3a epanuya na dym-
KUUA Ca EKBUBANEHIMHU.

Hoxa3zarenctso. Ille 3amounem ¢ no-jecHara 4acT - IMie JOILYyCHEM,
de f(P) xkmonu kbM Q npu P — Py B emucba wa Ko, u e mokazkem, e
TOBA € BSIPHO U B CMHUCBJI Ha Xaitne. Hancruna, veka { Py}, _, , e peauna ot
touku Ha D, kiousma kbMm Fy. e moxkaxewm, e f(FPy) — Q Jla n3bepem
npou3Bo/iHO € > 0, U Ja B3eMeM ChOTBETHOTO 0 > () 10 OIpejie/IeHueTo Ha
Komm. Torapa 1o onpeeseHneTo Ha CXOAMMOCT Ha, PEJUIE OT TOYKH MOZKE
Ja ce HaMepu v Takoa, 4de p (P, Py) < § 3a Besko k > v. Crenoaresno
npu k > v umame p (f(P), Q) < &, KoeTo u TpsabBalie Ja ce JT0KazkKe.

JlokasarecTBOTO, Ye OT OIpeeleHHeTo Ha XaiiHe cjeiBa oIpejelie-
HEeTo Ha KoIu, € mo-TpyaHo U ce U3BBLPIIBA Ipe3 IOIMYCKAHE Ha MPOTHBHO-
to. Ille momycuem, 4e onpegenennero Ha Ko He € yJI0BIETBOPEHO, U IIE
JIOKAZKEM, U€ He € M3ILAHEHO W ONPEICJCHHeTO Ha XaiHe.

Tebpaenuero " f(P) ue kiaoru B cMucha Ha Ko kbm @ npu P —
Py" o3magaBa, Ue ChINECTBYBa YUCIO0 £9 > ( TakoBa, 4e MMO-HATATBHITHATA,
YacT OT ONPEIEJICHHETO He € M3I'bJIHEHA: T.e. 3a BCAKO 0 > 0 CbIIecTBYyBa
touka Ps € D rakasa, ue p (P, By) < 6,10 p (f (F5),Q) > 0. 3a na cegem
HelaTa J0 PeJMI, 1a JajeM Ha § croitHocTn &) = 1,00 = 1/2,... 0, =
1/k,... n na osnaunm P, = Pj,. Torasa Te3m TOYKM yJOBJIETBOPSIBAT YC-
aosusita P, € D, p (P, Py) < 1/k u p(f (FPx),Q) > €o. C apyru mymu,
pemunata {Fy},_;, 0T Touku Ha D KJI0HH KBbM Fy, HO penunara ot ¢yH-
kuuonauute croiinocrn {f (Py)} ne kionn kv Q. |

[Monsituero rpanuna #a mu3obpazxkenue (Wi BeKTOP-PYHKIUS) Jiec-
HO Ce CBEeXKJ[a KbM CJydas Ha IpaHunu Ha uucjaoBu ¢yakimu. Heka
fi(P), ..., fm(P) ca koopaunaTraure dbyHKIMN Ha u3obpaxkenuero f(P), u
Heka Q) = (yi,...,Ym). Torasa:

Tebpaenue 2.Umame limp_,p f(P) = @Q mozasa u camo mozasa,
koeamo limp_,p, fi(P) = y; 3a 6caxo i meocdy 1 u m.

HokazarencrsBo. Ilo teopema 3 or §2 penunara f (Py) KJIOHH KbM
() Touno rorasa, korato f; (Py) — y; 3a i =1,...,m. OTTyK, U3N0JI3BARKH
jiebununmgaTa Ha XaiiHe, 0oJy4aBaMe TBbP/IEHUETO. [ |

Ot Tyk BegHara cjie/iBa, 4e MU JUHEHHUTE OMepAIruu — CyMa Ha BeK-
TOpHU (DYHKIUKM U TIPOU3BEJCHUE HA BEKTOpHA (DYHKIU C YUCTIOBA (PYyHK-
Ius — MOYXKe Jla Ce U3BbPIIBaA IpaHnyeH npexox. [lo-rouno, nmame:
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Tebupaenue 3.

a/ Axo f(P) u g(P) ca sexkmopnu dynxyuu csc cmotnocmu ¢ R™,
npumescasawy, epanuyy, npu P — Py, mo limp_p (f(P)+g(P)) =
liHlp_>p0 f(P) + limp_>p0 g(P)

6/ Axo NP) e wucaosa ¢ynxuyusa, a f(P) - eexmopna dymk-
yus, u deeme Pynkuyuu npumescasam eparuyu npu P — Py, mo
hmpﬁpo )\(P) f(P) = limP*)PO )\(P) hmpﬁpo f(P)

HemnpekbcHaTocT Ha PyHKINUN.

Onpenenenne. Hexa e dadena dynrxyusma f(P) ¢ depunuyuonna ob-
aaem D C R™ u csc emotinoemu 6 R™. Ille xkassame, we f(P) e nenpeksc-
nama 6 mouwkama Py € D, axo

lim f(P):f(Po)-

P—Py

JIBeTe eKBUBAJICHTHH OIIPEJIC/ICHUS HA MOHATHETO I'PaHUIa Ha (PyHK-
U BOAAT /10 JABE €KBUBAJEHTHH ONUpeJeJeHNd HA HEeMPEeKbCHATOCTTA!

Henpekbcuaroct mo Xaiine. Qynxyusma f(P) e nenpexscrama 6
moukama Py, axo 3a scaxa peduya {Pr},_,, om mouku na D, 3a Koamo
Py — Py umame [ (Py) — f(Py) ¢ R™.

Henpexkbcuaroct no Kommu. Pynryuama f(P) e nenpexschama 6
moukama Py, axo sa ecaxo € > 0 cowecmeysa 6 > 0 makosa, ue 3a 6cara
mouka P om D, sa xoamo p (P, Py) < §, umame p (f(P), f(FRy)) < €.

Paszbupa ce, Te3u jBe olpejiesieHUsT €4 €KBUBAJEHTHH, U HUE MOMKEM
JIa, M3TI0JI3BaAMe TOBA OIpejiesIeHIe, KOeTO € 10-yI00HO B J1a/IeHa KOHKPeTHA
curyanus. OT onpejenenneTo Ha XaiiHe, KAKTO U B €IHOMEpPHUS CIydUail,
BeJIHATrA CJIEJIBA, Y€ CyMa, [POU3BE/IEHNEe U YaCTHO HA HeNpeKbcHATH (yH-
KIIMHU € ChI0 HelpeK'bcHaTa (DYHKITHSI.

[To cbmugaT HaYWH OT TBbPJEHHE 3 CJaeIBa:

Tebpaenue 4.Cyma na dee HENPEKBCHAMU 8EKMOPHY PYHKUUY (CBC
cmotinocmu 6 edHo u cowo npocmpancmeo R™ ), kaxmo u npoussedenue na
HENPEKBCHAMA CKAAGPHA PYHKUUA C HENPEKBCHAMG 8EKMOPHG PYHKUUS, Ca
CBULO HENPEKBCHAMUY.

HenpekbcHaToCT Ha CI0>KHO n3o0paxkenue. Heka g e nzobpazke-
aue ¢ Aepununmonna obact E C R" u croitnoctu B R™, n f e m306pazkenne
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¢ gedpurunmonna obact D C R™ u croitnocru B RP. Jla npeanoioxum, de
g(E) C D. Torasa moxkem ja onpejgennm uzobpazkennero F ¢ medbuHuIm-
ouna obnacr E u croitnocru 8 R? ¢ dopmynara F(P) = f(g(P)), P € E.
N3o06pazkennero F' ce Hapu4a CJIOXKHO, I ChCTaBHO, n300pazkenue. [Ka3sa
ce orle, e u3obparkenuero F e cyneprno3uius Ha u3obpaxkeHusdra f u g, u
ce 3ammucBa karo ' = f o g. Kakto ce Bukaa oT cjegBamara Teopema, Cy-
[IEePIIO3UNHATA Ha ABE HEIIPEKbCHATH I/I306pa)KeHI/IH € C'bIIO0 HEIIPEKbCHATO
n3obpazkenue:

Teopema 5. Heka gpynruyuama g e nenpexscnama 6 moukama Py € B,
u [ e nenpexscrama ¢ Qo = g (Py). Tozasa cscmasnama dynxuyus F(P) =
f(g(P)) cowo e nenpexscnama 6 Py.

HoxazarencrBo. Heka { Py} e peauna or touku Ha E, KJIOHSIIA KbM
P,. Torasa o nedunnnusara va Xaitue pexunara Qr = ¢ (Py) KJIOHE KbM
Qo u crenoBarenno peaunara F (Py) = f(Qy) kmomn kum F (Fy) = f(Qo)-
|

IIpumep. Creguugar npuMep II0Ka3Ba, Y€ HEIPEK'bCHATOCTTA 110 JIBE
IIPOMEHJIUBH € Hello IoBede OT HeNPeKbCHATOCTTA IO BCAKA OT TAX MOOT-
nesno. Heka f(x,y) e onpenesena ¢ ¢popmysiara

fla,y) = upi (x,y) # (0,0), £(0,0) = 0.

«T2+y2

Torapa npu Besiko dukcnpano y dyukiusaTa f(x,y) € HempeKbCHa-
Ta KaTo (PYHKIUS HA IIPOMEHJIUBATA X, U NPH BCIKO (PHKCHPAHO T - KATO
dbyuknus ma y. B roukara (0,0) obade dbyuknusTa ne e HenmpekbcHara. Ha-
ucruna, ako P, = (1/n,1/n), ro f(P,) — 1/2. Hewo noseue, ako pasriie-
JlaMe PeHIa OT TOYKN B R?, KOATO KJIOHH K'bM HAYATIOTO HA KOOP/IMHATHTE,
HAMUpaKu ce BbPXy MpaBaTa ¢ ypaBHEHUE Yy = Ax, TO pejurara or (pyHK-
[UOHAJHUTE CTONHOCTH KJIOHH K'bM ﬁ, T.e. FPAHUYHATA CTORHOCT 3aBUCH
OT IIOCOKATa, 110 KOSATO €€ CTPEMUM KbM TOUYKATA.

Bb3mokHa e 1 1o-CJI0KHA CUTYaIus - €/IHa (DYHKIIHMS J1a UMa eJIHa U
C'hINA TPAHUIIA IO BCUUKH ITPABH, MUHABAIIY IIPe3 J1a/IeHa TOUKA, U BhIPEKH
TOBA Jia He O'bjle HEIPEK'bCHATA B Ta3W TOUYKa - BUK 3asa4a 11.

XapakTepu3zanud Ha HenpekbcHaTuTe pyHKOUN. Kaszpame, ue
eHa (PYHKIUS € HelIPEeK'bCHATA, aKO TS € HEeIIPEK'bCHATA BbB BCHYKH TOYKH
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Ha jeduHuoHHaTa cu obsact. Hue e m3/10KuM €/iHa XapaKTepU3aliust
HA HENpeK'bCHATHTE (DYHKITHH.

Heka f(P) e dyukius ¢ gedpununuonna obsact D C R™ u cbe 3nave-
aug B R™. Heka M e noagmuoxkectBo Ha R™. Ilox nmpaodpas Ha M oTHOCHO
f pazbupame mHOXKecTBOTO OT oHe3n Touku P € D Takusa, ue f(P) € M
(pasbupa ce, TOBa MOZXKe Jia € U IPA3HOTO MHOXKecTBO). [Ipaobpasbr na M
orrocHo [ e ozHauasame ¢ f1(M).

[Tle n3mo3BaMe e1HO 0OOOIIEHNE HA TTOHSITUETO OTBOPEHO MHOYKECTBO.
Heka D C R", u V e mommuoxkectBo Ha D. Ille Ka3Bame, 4e MHOXKECTBOTO
V e orBopeno B D, ako 3a Bcaka Touka P € V cbmecTByBa € > (0, Taka 1e
B (P,e) nD C V. Ako D cbBuaza ¢ nginoro R",) noaydaBame u3BecTHOTO
Bede omnpeeaeHne Ha OTBOPEHO MHOYKECTBO.

Teopema 6.Pynxuyuama f(P) ¢ defunuyuonna obaacm D C R™ u
coc cmotinocmu 6 R™ e wenpexschama mozasa U camo moz2a6a, K02amo
3a 6caxo omeopeno nodmmosicecmeo U C R™, nezosua npaodpas f~1(U) e
omeopen 8 D.

HokazarencrBo. Heka f(P) e HenmpeKbCHATA BbB BCHUKH TOYKH HA
D, u neka U C R™ e orBopeno Muoxkectso. Llle mokaxkem, ge f~1(U) e
orsopero B D. Hanctuna, nexka Py € f~!(U). Torasa f (Py) upunajiexn
na U, n 110 onpejesieHueTro Ha OTBOPEHO MHOZXKECTBO ChINECTBYBa & > 0,
taka 4e B (f (F),e) C U. Ilo gedununuara na Komn 3a mempexncHaToct
MOKeM Jjia HamepuM 0 > 0, Taka de 3a Besko P € D, 3a koero p (P, Py) < 0,
umame p (f (P), f(Fy)) < e. llpeBeneno ma e3WKa Ha MHOMXKECTBATA, TOBA
osHauasa, 1e B (P, d) ND C f~1(U), koero u TpsabBamme ma ce qokaxe.

Ob6paTHo, HEKA € JaJeH0, Ye MPaodpas3bT HA BCIKO OTBOPEHO MHOXKEC-
T80 oTHOCHO f e orBOopeH B D. Jla ¢purcupame npousBoaHa Touka Fy € D.
[Ile mokasxem, 4e f e Henpekbcuara mo Komu B Fy. Hancruna, ma B3emem
npou3BosHo € > 0, u ga o3madum ¢ U orBopenoro Muoxkectso B (f (B),€)
B R™. Torasa f~!(U) e orBopeno B D, Koero o3Havapa, 4e CHOICCTBYBA
§ > 0, raka ue B (P,d) N D C f~1(U). Tosa 3uauu, 4e 3a scaxo P € D,
yaosiersopssaio p (P, Fy) < 0, e m3unaneno p (f (P), f (Fy)) < e. [

CpoiicTBa Ha HenmpeKbCHATHUTE (PYHKIIUUA BBbPXY KOMIIAKTHO
MHO>KeCTBO. Teopemute Ha Baitepiipac 3a HenpeKbcHATH DYHKIIUU BbPXY
KpaeH U 33TBOPEeH MHTepBaJl JIECHO Ce IIPEHacT 3a CJIyvas Ha HellpeK'bCHATH
9uC0BU (DYHKINHA BbPXY KOMITAKTHHA MOAMHOZKECTBa Ha R™:
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Teopema 7. (IIbpBa Teopema na Baitepiupac). Beaka nenpeksc-
HAMaG “UCA06G PYHKUUA, 0eUHUPANG 6BPTY KOMNAKIMHO MHONCECTNEO, €
02paHu“erHa.

HoxkazarencrBo. Heka unciosara dyukuus f(P) e medunupana u
HernpekbecHara 3a P € D, kbaero D e kommakTHO nogMuoxkecTBo Ha R". [la
JIONIyCHEM, 4Ye [ He € OrpaHMdYeHa, HAIPHMep, OTrope. Torapa ChbIOIECTBYBA
peauna ot Touku P, € D rakusa. ue f (Py) > k. Crnopen §2.10 Hue MoxkeM
na m3bepeMm HeifHa cxofgma noapeguna P, — By € D. Torasa or enna
crpaua f(Py,) > k; u crenosarerno f(Py) — +oo. OT mpyra crpana,
oT HempekbcHarocrTa Ha f B Toukara Py crensa, we f(Py) — f(FR), n
HOJIy9EHOTO IIPOTUBOPEUNE TOKA3BA TEOPEeMAaTa. [ |

Teopema 8. (Bropa Teopema na Baiiepuipac). Beaka nenpexsc-
HAMA YUCA064 GYHKUUA, ePUHUPAHG BBDTY KOMNAKMHO MHOACECME0, AOC-
muza Hati-20AAMama U HAl-MaAxama cu cmotnocm.

HoxkazarencrBo. Heka M = suppcp f(P). Torasa 3a Bcsako ec-
tectBeHo k uuciaoro M — 1/k Bede He e ropHa TpamHuna 3a CTORHOCTH-
Te Ha QYHKIUATA, W HHE MOXKe Ia HamMepuM Touka P, € D rakasa. ue
M—-1/k < f(Py) < M. Ornoso me n3bepem cxoggima noapegura Py, — F.
Karo u3BbLpIInM IpaHUYeH IIPexo)] B HepaBeHCTBaTa

1
M_E<f(sz)§M>
nonyuasame M < f (Fy) < M, re. f(FPy) = M.
TBLpAEHUATA 38 OIPAHMYEHOCT OTJAONY W 3a JOCTUraHe Ha TOYHATA
JOTHA TPAHUTIA Ce TIOMYUaBAT AHAJIOTHIHO. ]

3a n306parkeHnst TOPHATE TBbPJIEHNS] HE Ce IIPEHACIT JIOCJIOBHO, HO Ce
3aMeCTBAT OT CJIeJIBAIATa TeopeMa. 3a cJaydasd Ha YUCIOBU (DYHKIUH TS €
eKBHBaJCHTHA ¢ Teopemu 6 u 7 (mokazxere!).

Teopema 9. 06passm Ha KOMNAKIMHO MHOHCECTNEO NPU HENPEKECHAMO
u3obpasicenue e KOMNAKMEH.

Hoxka3zaresncrBo. Heka f(P) e nenpexbeuara ¢dpynkius, reuaupana
BBPXY KOMIAKTHOTO MHOKecTBO D C R"™ u B3emarma croitroctun 8 R™. Ille
nokazkeM, 4e Heifuuar obpas f(D) C R™, ¢berosiig ce 0T BCHYKH TOYKH
f(P),P € D, e komnakrao noamuozkectBo Ha R™. Tlo reopema §2.10 e
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JOCTATBYHO JIa TIOKazKeM, 4e 0T Besika peuiia ot Toukn @y € f(D) moxem
Ja m3bepeM noapeania, cxonsima kbM Touka o1 f(D). Heka Qr = f (Pg).
z6upame nogpenuna Py, or Toukn Ha D, xronama xbm £y € D. Torasa
OT HEIPEeK'bCHATOCTTA B ToUKaTa Py mosiydasame, qe Q, — Qo = f (Fp). B

PaBHoMepHa HenpeKkbcHATOCT. Il TOBa noHdTHE Ce IPEHACH OT €/I-
HOMEPHUS CAyUYail ouTH 6e3 W3MEHEHUST:

Onpenenenne. Hzobpascenuemo f ¢ depuruvyuonna obaacm D C R™
ce HaPuYa PasHoMePHO HenpekscHamo 6 D, axo 3a ecaro € > 0 cowecmeysa
0 > 0, maxa we 3a scexu dee mouku P u Q) om D, 3a xoumo p(P,Q) < 6,

umame p(f(P), f(Q)) <e.

Teopema 10. (Teopema ma Kanrop).Bcako usobpascenue, dedu-
HUPAHO BBPLY KOMNAKIMHO MHONCECTNEO U HENPEKBCHAIMO 6 HE20, € U PA6-
HOMEPHO HENPEKBCHAMO.

HoxkazarencTso. /a nomycuem, ge uzbpakernunero f, redpuHnpano u
HEIIPpEKbCHATO BBbPXY KOMITAaKTHOTO MHOXKECTBO D7 HE € PaBHOMEPHO Hell-
pekbcHaTo. ToraBa ¢hbimecTBYBa 9uCyI0 €9 > () TAKOBA, Y€ MO-HATATBHITHATA
JacT OT ONPEJIEIEHNeTO He € U3IIbJIHEHA, T.e. 3a BCIKO 0 > () C’hIIecTBYBAT
rouku Py, Qs € D rakusa, 4e p (P, Qs) < 0, no p(f(Ps), f(Qs)) > eo.
Ja pamem ma § croitnocru 6y = 1/k,... n ga ozmaunm Py, = P5, Q) =
Qs,,- Torasa Te3u Toukm ymosiersopsiBar ycaosusata p (P, Qr) < 1/k u
p(f(P),f(Qr) > eo. Hexka {Py,}, | = 1,2,..., e cxopdima moapeauna
Ha penunara {P}. Ja o3maunm rpamunara u ¢ Py. OueBugHO peunara
{Qr}, 1 =1,2,..., x1oun kbM cbmara rpannna. Torasa f (Py,) — f (F),
Q) = f(Fo), u f(Py)—f(Qk) — 0, KOPTO POTHBOPETH HA IOIYCKA-
HETO, 1€ p(f (sz) f (le)) = €o- u

JInHeliHO cBBLp3aHu MHOXKecTBa. Teopema 3a MeXXJIUHHHUTE
cToitHOCTH. B 1rbpBara 4yacT Ha aHa/u3a ce JIOKa3Ba CJIEJIHOTO CBOMCTBO HA
HenpekbcHaTuTe QyHKIUKN: HeKa f(z) e HenpekbcHaTa GyHKIMs, neduHu-
paHa BbPXy nHTepBas (BUIa Ha HHTepBaJa He e oT 3HaueHne). Ako A u B ca
croiinocTuTe HA (DYHKIUATA B JIBE TOYKH OT jiepununuonuus nurepsai, u C'
e ancao Mexkay A u B, To ChIecTBYBa TOUKA, B KoATO f () B3eMa cTORHOCT
C. Teopemara He e BIpHA, aKO TPOMYCHEM YCJIOBUETO, de JebUHUIUOHATA
obJtacT e MHTepBaJ: HAlpUMep, HEeKa AePUHAITMOHHOTO MHOYKECTBO € 00e11-
HeHMe Ha JBa HeIpPecHJally ce WHTepBasia, u f(r) e paBHa Ha KOHCTAHTATA,
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0 Bbpxy mwbpBusd, u Ha 1 - BbpXy BTOpHUd. Taka onpejenenara (pyHKIUS €
HEIPeK'bCHATA, HO MEXKJINHHATA CTORHOCT 1/2 He ce JocTura B HIKOS TOYKA.

3a ga ycmeeMm ja IpeHeceM Ta3W TeopeMa B MHOTOMEpPHHS CJIydaii,
TpsOBa J1a MOXKEM Jla IPABUM pas3TpaHHYeHHe MeXKIY IBaTa CIydas 3a IMOI-
MHOkKecTBa Ha R". Obmo Ka3aHo, Tpsa6Ba 1a pa3ae M MHOXKECTBATa, KOUTO
"ce ¢beTOAT OT e1HO Hapde', or Te3u, KouTo ca "or Hakoako napuera'. ToBa
BOAHM OO ITOHATHETO JINHEHHA CBBbP3aHOCT Ha MHOXKECTBO. TOBa € MHOXKeCT-
BO, BCEKHM JABE TOYKH Ha KOETO MOZKeE Jda 6’bﬂaT CbheJIMHCHN C HEIIPpEK'bCHATA
qubust. [Ile HATOMHUM TOHATHETO HEMPeKbCHATA KpuBa JinHus B R" (B
gqact 1, §2.12, kbyieTo TOBa MOHATHE € jebuHUpaHo 3a Kpubu B R"):

Onpenenenne. [lod nenpexschama kpusa sunus 6 R" pasbupame
HENPEKBCHAMO U300pasicenue Ha Kpalinus u 3ameopen unmepsas [a,b] e
npocmparcmeomo R™.

Taka, Bcska Henpek'bcHaTa KpuBa B R" ce 3a1aBa ¢ BeKTOpHA (DyHKITHST
o(t) = (p1(t), ..., @n(t)), t € [a,b]. Cbc chbius TepMuH TIe O3HAYABAME H
MHOzKecTBOTO 0T crofinocrure Ha ¢(t): I'y = {p(t)}(, - Touxnure p(a) n
¢(b) ce HApHYAT CHOTBETHO HAYAJIHA U KpaiiHa TOYKa Ha Kpusata .

Onpenenenne. Edno mnooicecmeo D C R" ce napuua aumnetino cesp-
3an0, ako 3a ecexu dee mouku P, () om D cowecmeysa nenperxscrama
kpusa L'y, cadsporcawa ce 6 D, ¢ navaana mouka P u xpating moura Q).

Hanpumep, BCAKO M3IBKHAJO MHOMKECTBO € JIMHEHHO cBbp3ano. Ile
HAIIOMHHUM, 4e eJHO MHOXKECTBO Ce Haphmda M3IbKHAJI0, aKO TO ChIbpiKa
3a€JIHO0 C BCEKH JIB€ CBOM TOYKH M OTCEYKaTa, KOATO I'M CBbp3Ba. Taxmpa
MHOYKECTBA, Ca, KP'bra, IIPaBObIbJIHAKA, TPHBLIbIHEKA U Ap. OTcedkara, Ko-
ATO CBbP3Ba ToYKHTe P u (), MOXKe Ja ¢e MapaMeTpu3upa mo (popMyIaTa
o(t) = (1—t) P+t Q, u caeaoBaTesHO MPE/ICTABISABA HEIPEK'bCHATA KPUBA,
CheINHABAIIA TE3H TOYKU.

Ob6paTHo, 06eIMHEHHETO Ha J[Ba HEIPECHYAIU ce KPbIa He € JTUHEHHO
CBbp3aHO (JoKazkere!).

3abesnexkka. /Ipyro, 6;1U3K0 110 XapaKTep CBOWCTBO Ha MHOXKECTBATA,
B R" ce maBa B onpeeIeHIeTO Ha CBbP3aH0 MHOMKECTBO - BUZK 3aja4un 13-17.

Teopema 11. (Teopema 3a mexkauuHUTE CTOWHOCTHU.) Heka f e
HENPEKBCHAMA PYHKUUA 6BPTY AUHETHO c6BP3aHomo MmHocecmeo D C R”,

P u @ ca dse mouku om D, u A= f(P), B= f(Q). Hexa C e wucao mesncdy
A u B. Tozasa cowecmesysa moura L € D maxasa, we f(L) = C.
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okazaresactBo. [lle cBejem 3a1adara K'bM €IHOMEPHUS CJIydaii, J10-
kazan B | §1.11, cregcreue 2. Heka uzobpaxkenunero o(t) @ [a,b] — R" na
Ompejiesisi HepeK'bCHATA KpuBa, Jexkania B D u cbeuHgBaiia roukure P
u Q. Ha ompenesium dbyuknusaTa #a egna npoMersnsa F(t) mo dopmyrtara
F(t) = f (¢(t)), t € [a,b]. Torasa umame F(a) = A, F(b) = B, u cnenoBa-
TeJIHO ChIecTBYBa TouKa & € (a,b) Takasa, e F(§) = C. Heka L = ¢(&);
torasa f(L) = F(§) =C. |

YupakHeHus.

1. Jlokazere, ge eBKInI0BOTO pasctoguue p( P, (Q)) B R" e paBHomepHO
HEIIPEK'bCHATO [0 JBeTe MPOMEHIUBU €IHOBPEMEHHO, T.e. C€ ABABa Helpe-
Kbenara dbynkuusa na Toukara (P, Q) € R*.

YobrBaHe. [JokaxKeTe HEpaBeHCTBOTO

lp (P, Q1) — p (P, Q2)| < p(Pr, P2) + p(Q1,Q2).

2. Karo ciencrBue mokazkere, de ako f(P) e menmpekbcHATA BEKTOD-
nosnauna dyrkmus, 1o ||f(P)|| = p(P,0) e mempexbcraTa wnciosa dyH-
kuust. B uacrhocr, ako uucsaoBara dyukius @(P) e HeupekbcHara, TO U
|o(P)| e cbimo Takasa.

3. /lokaxkere, Y€ MUHUMYMBT U MAKCUMYMBT HA KpaeH OPOil IUCTIOBU
(DYHKINHT € ChIO HEeNPEKbCHATA.

YobrBane. B ciyyasg Ha aBe hyHKIIUN M3M0I3BATEe paBEHCTBATA
f(P) +9(P) +|f(P) — g(P)|
2 Y

i (4(P),g(P)) = TPV 9PV~ () —o(P))

B obimug cayvaii TBbpAEHHETO Ce JI0Ka3Ba Ype3 MHIYKIU 110 Oposd Ha yH-
KIUUTE.

max (f(P),g(P)) =

4. (Pazcrosmme mexkay Touka u Muoxkecrso.) Heka P e rouka u A e
noamHuOokecTBo Ha R". Pascrosumero mexxay P u A ce onpenenst mo ¢op-
MyJTaTa

p(P.A) = inf {p(P,Q): Q€ A}.
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a/ Jokaxkere, e |[p(P,A)—p(Q,A)| < p(P,Q) u crexoaresno
p(P, A) e paBHOMepHO HempekbcHaTa GyHKIUs HA P.

6/ Heka A e 3arBopeHno. [lokaxkere, 4e B ropHara jeOUHUINA MUAHH-
MyMBT Ce JOCTUTA, T.e. ChilecTBYBa () € A Takoma, e p(P, A) = p(P, Q).

B/ Tlokazkere Karo ciaeacreue ot 6/, ye ako A e 3arBopeno u P ¢ A,
To p(P,A) > 0.

5. (Pazcrostnue Mexk 1y aBe MHO:KecTBa.) Heka A u B ca moaMHOKec-
rBa Ha R". [a mnosoxxum

p(A,B)=inf{p(P,Q): Pc A, Q€< B}.

a/ dokaxere, ue p(A,B) = infpcp p(P,B) = infoep p(Q, A).

6/ Jokaxkere, e ako A u B ca Hempecnyaiiy ce MojAMHOXKECTBA HA
R", karo A e KoMmakTHO, a B e 3aTBOpeHO, TO B ropHara AedUHUIUI MH-
HUMYMBT Ce JOCTHIa, T.e. ¢bimecTBYBaT Todkn P € A u () € B takusa, de
p(P7 Q) = p(A, B)

B/ Jlokaxere, ye ako MHO)KecTBata A n B ymosiaerBopsiBar ycaoBu-
ara ot 6/, To p(A,B) > 0. /laiire npumMep Ha HelpecHYal(i ce 3aTBOPEHN
nojvuoKecTBa A m B na R? Takusa, 1e p(A, B) = 0.

6. Hexka M e xomnaxrno muoxectso B R" u U = {U,}, . € Heroso
oTBOpeno nokpurue. Jlokazxere, de cbinecTByBa d > 0 (HApHIAHO “UCAO HA
Jlebez wa nokputuero U) TakoBa, de 3a Bessko P € M kbaboro B(P,0) ce
CBIBPKA B HAKOE OT OTBOpeHUTe MHOKeCTBa U,,.

YubrBane. Cropej TeopeMaTa Ha XaiiHe-Bopesa MoxkeM J1a caurame,
Je MOKPUTHETO e KpaiiHo, T.e. ve M C U U ... U Uy.

Ha oznaunm ¢ f;(P) dbyukuusara, pasHa Ha pascrosauero or P o
nombanennero R" \ U; na muoxecrsoro U;. Heka

f(P)=max (fi(P),..., fx(P)).

Nsnonssaiikn 3amaan 3 un 4, nokaxkere, ye f(P) e nenpekbcHara (yHK-
Msl, KOATO HE Ce aHy/Mpa HUKbJE BbPXy M, U CIOpe] Bropara Teopema
Ha Baifiepimpac MUHHMAJIHATA U CTOMHOCT TaM 0 € CTPOrO IIOJIOKHTETHA.
Heka toukara P € M npunajanexn Ha MHOxkecTBaTa U, , ..., U; . Torasa
none eguo ot gucaara fi, (P),..., fi.(P) e mo-rojsMo WM paBHO Ha 0, W
caeoBaTesiHO KpbI'bT B(P, ) ce ¢hbabpKa B ChOTBETHOTO MHOYKECTBO.
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7. Hexka A u B ca Henpecuuaiu ce 3aTBOpeHU MOMHOXKecTBa Ha R".
[Mocrpoiite wenpekbeuara B R" dynkuus f(P) rakasa, ge f(P) = 0 3a
PeA f(P)=13aPeB,u0< f(P)<1.

Vubrane. Oupenenere f(P) ¢ dbopmynara:

p(P,A)

I = S A) T o(PB)

8. Heka A u B ca karo B ropuara 3agada. /lokazkere, de Te morar
& ObJaT OTJEIEHH ¢ HEMPECHUAIM Ce OKOJTHOCTH, T.e. ChIIECTBYBAT JIBE
orBopenu nogmHozkecrBa U, V wa R" takuBa, uve A C U, B C V, un
Uunv =0.

VYosbreane. [Tonoxere U = f~!((—00,1/2)), V= f71((1/2,4+00)).

9. Heka F e 3arBopeno noamuozxkectso Ha R™ u f(P) e HenpekbCHa-
ta dbyukius, nedpunupana pbpxy F u takasa, ye |f(P)| < C. okaxere,
de ChIMECTBYBa HempekbeHarta dbyuknusa g(P), depunupana 6spry uaiomo
npocmparcmeo R, raka de

lf(P)—g(P)] < gCSa Besako P € F.

VobrBane. Heka o3HauuM ¢ A MHOXKECTBOTO OT BCHYKH TOUKH P €
F, 3a kouro f(P) < —C'/3,u ¢ B —e3u, 8 kouro f(P) > C/3. Usnomnssaiiku
pesyaTara Ha 3aj. 7, nocrpoiite dyukius g(P), senpekbcaara Bbpxy R”
takapa, e g(P) = —C/3 npu P € A, g(P) =C/3 upn P € B, u |g(P)| <
C'/3 naBcsakbiae Bbpxy R". Jlokaxkere, de dbyuknusTa g(P) ymnoBiaerBopsBa
YCJIOBHETO Ha 3a/1a4ara.

10. (Teopema Ha ¥Ypucon-Turne 3a npogbizkennero). Heka F
e 3arBopeHo noaMHoxkecTBo Ha R" u dynkuusra f(P) e HenpexkbcHara u
orpanmndena bpxy F: |f(P)| < C. Hokaxere, ue f(P) moxe na Obje mpo-
abjpkena 10 Gyukmus ¢(P), HenpekbcHaTa BbPXY MAI0TO IPOCTPAHCTBO
R", karo ornoso |g(P)| < C.

VYovrBane. Heka |f(P)] < C. Heka g,(P) e HempekbCcHATA BbP-
xy R" dynxmus taxasa, ue |f(P)—¢gi(P)| < 2C (Buxk 3ax. 9). Heka
fi(P) = f(P) — g1(P). Torasa chimecTByBa HenpekbcHaTa Bbpxy R" dyH-
Kius go( P)rakasa, qe |fi(P) — g2( P)| < (%)2 C' u r.1. [TosyuaBame pejuna



1.3. HEIIPEK'bCHATOCT HA ®YHKIINN 1 U30OBPAKEHNS 39

C
{gn(P)} or meupexbcuaru Bbpxy R" dyuxiuun, 3a kouro |g,(P)| < 3 1

F(P) = (0u(P) + ga(P) + ...+ gu(P))| < (g)c

Bbpxy F. /la o3Haumm
g(P) =Y gu(P).
n=1

Hokaxere, ye pbpxy F dyukuuure f(P) u g(P) cbBuagar. V3suosussaiiku
dakTa, Ye cyma Ha PABHOMEDPHO CXOSIN PEJ/I OT HEIPEeK'bCHATH (PYHKIIUH €
CHINO HermpekbcHaTa QYHKINsA, mokazxkere, 4e g(P) e HempekbCHATA BbPXY
R".

Crenpanure mo-HaTaThK 3aga4dnd 11 - 15 moxasBat, ue pe3yaTaTuTe
Ha TO3U U npejanure naparpagu He s3asucar or uzbopa Ha mopma B R". B
YACTHOCT, BCUIKH BbH3MOYKHU HOPMH OIPEIEISAT €Ha U ChIA CXOJAUMOCT —
BbBeeHaTa B §2 MOKOOPIMHATHA CXOTMUMOCT.

11. Hexa ||P||" e Hopma B R™, T.e. uncioBa byHKIHS, yIOBICTBODS-
pama yenosuaTa 1'/ - 37/ or §1. Jokaxkere, e ||P|| e mempexbchaTa B
toukara (.

YubrBane. Heka €7, ... €, ca koopauaaraure pekropu B R". Torasa
3a Toukarta P ¢ KoopauHaTH (I1,...,T,) € B CHIa BEKTOPHOTO PABEHCTBO
P =ux€1+ ... 4 1,€,, 1 OT HEPABEHCTBOTO HA TPUWbLI'bJIHUKA, IIOJIYYaBaMe

1P < S el a1 < /S (1)’ 3 a2
=1

12. Axo ||P||" e kakTo B mpeanaTa 3a1aua, gokazkere, de ||P|| e pas-
HOMEDHO HempeKbcHara Gynkus B R”.

Vobreane. [Tokaxere, ue |||P|]" — ||QH/} < ||P - Q||', u uznomnzpaii-
Te TOPHOTO HEPaBEeHCTBO 3a P — ().

13. Hexka ||P||" e npomssoana HopMa B R”, yI0BIeTBOPABAITA YCIOBH-
ara 1’/ - 3'/, u neka || P|| e obuuaitnara eskanmosa Hopma B R". lokaxere,
ge cbimecTByBaT KoHcranTn ¢, C, 0 < ¢ < C, taka de 3a Bcako P € R" na
MMame

cl|Pl| < [IPII"< CIPI.
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YobrBane. Heka S e cdhepa B R" ¢ meHrbp B HAYAJMOTO U PAIUYC
eMHUIA (T.e. MHOKECTBOTO OT ToYKnTe B R" ¢ eBK/IN/I0BA HOpMa, €JMHUIIA).
Jla o3HaumM cboTBeTHO ¢ ¢ n C' Hafl-MaJiIKaTa W Hal-rojisiMaTa CTOHHOCT
na dynxmuaTa ||P||” 3bpxy S (KOHTO CHIIECTBYBAT CIOPEI TEOPeMHTe Ha
Baitepuipac). [Tokazkere, ue Te YIOBJIETBOPSBAT TOPHUTE HEPABEHCTBA.

Babenerkka. Kaspame, ue nopmure ||P|| u ||P||" ca eksupasienriu,
AaKO CbINECTBYBAT IIOJOZKUTEJITHU KOHCTaHTH C U C 34 KOUTO HEPABEHCTBOTO
OT 33/1a9aTa BUHATHU € YA0BJIETBOPEHO. B Ta3m TepMUHOJIOTHS, TBHPAEHUETO
Ha 3ajadaTa MOxKe 71a ce popmysampa Taka: Beska Hopma B R" e ekBuBa-
JIEHTHA Ha €BKJIMIOBATA.

14. Heka ||P|| u || P||' ca nopmu B R™, u p(P,Q), p'(P, Q) ca mopoe-
HUTe OT TAX pascrognus (pumxk §1.) dokaxere, ue ||P|| u ||P||" ca expuba-
JICHTHH TOYHO TOTaBa, KOraTo Pa3CTOYHUATA p, p) MOPAXKIAT €JHA U ChIILA
CXOAUMOCT Ha, peaunu or Touku B R”.

YobTBaHe. /loctaThiHo € Ja JoKaykeTe 3a/1a9aTa 38 PeaIniin, KIOHs-
M KbM HyJaTa. B enqHaTa mocoka TBbPIEHUETO CIeIBa HEMOCPEICTBEHO OT
JnedbuHANEATa HA eKBUBaJeHTHOCT. OOpaTHO, HEKa 3a BCIKO eCTeCTBEHO K
cohmecrsysa Touka P, € R" takasa, ue ||Py||" > k||P||. Torasa peaunara

O = IR

15. Hexa ||P||" e mponsposna Hopma B R”, ya0BITBOpSBAITA YCAOBH-
ara 1’/ - 3'/. snonssaiikn TBBpIeHAATA Ha 3a1a9d 8 u 9, joKazKere, e
cxommmocTTa oTHocHo ||P||” Ha pemmmu oT Touknm B R™ ¢hBmama ¢ mMOKOOp-
JMHATHATA CXOJIUMOCT (BIK TeopeMa 3 or §2).

ITosicuenue. Kaszsawme, 4e pemunara {P;} kaonu xkbM Py oTHOCHO
ropmarta || P||’, axo ||Py — Pyl|| — 0 (B medbunnmusTa 3a cxommmoct B §2 3a
Ta3M 1eJ € U3MOI3BAHA eBK/IHI0BATA HOPMA. )

Py, yrosnersopsisa yeaosuarta ||Qx|| — 0, ||Qx]| — +oo.

16. Hexa f(z,7) e dynkmnsara B R?, nedunnpana ¢ dbopmy.nre:

ZE2

f(z,y) = upu (z,y) # (0,0), f(0,0) = 0.

xt 4 y?
Hokazxkete, e f(z,y) He e HENMPEKbCHATA B HAYAIOTO HA KOOPINHATHA-
Ta CUCTeMa, HO € HeMPEeKbCHATA 110 BCAKA IIPaBa, MUHABAIIA IIPe3 HAYAIOTO.
YuobrBaHe. Besika npaBa npe3 HadajioTo ce napamerpusupa ¢ hop-
mysute © = A, y = pt, t € R, npu nogxomamm \ u . Jlecno ce Buxk/a,
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qe dyuxusaTa f (A, ut), moaydena upes 3aMecrTBaHe 10 Te3u HOPMYJIH, €
nenpexbcHata pynknug na t. Or gpyra crpana, pepunara P, = (1/n,1/n?)
kionu kbM (0,0), wo f(B,) — 1/2.

17. JTokaxkere, 4e MOJMHOXKeCTBOTO V Ha MHOXKecTBOTO D e orBOpe-
Ho B D (cnopes nedwnunusaTa, npeaxoxkaama reopema 6) ToraBa m camo
TOraBa, KOraTo CbIIecTByBa oTBopeno MuoxkecTtBo U, Taka ve V =D N U.

18. Exno mogmuoxkecrBo M Ha R" ce mapmua ¢Bbp3aHO, aKO HE Cb-
IECTBYBAT JBe Henpecuuausu ce orBopern MHoxkectBa U m V, Taka de
M Cc UUV (C apyru aymu, M He MOXKe J1a ce PA3JI0KKU HA JBE OTBOPEHH
B HEr0 HENPECHYAIH Ce TOIMHOKeCTBa.) JloKaxkeTe, e BCEKH MHTEPBAT €
CBbP3aHO MOIMHOXKECTBO Ha R.

Vobrane. Heka I = [a,b] C UUV, karo UNV = Q. Jla uzbepem
rouku « € U, f € V. Pazryienaiite Toukara

U moKazkere, de v e KoHTypHa Touka 3a U n V. CrenoBaresino, v He MOXKe
na npuHaAIe:ku HuTo Ha U, HUTO HA V.

19. J/lokaxkere, 4e BCSAKO JIMHEHTHO CBbP3aHO MHOYKECTBO € CBbP3aHO.

VuowrBane. /la jonycuem, ve M C UUV, karo UNV = O, u p(t),t €
la, b], e mapamerpu3saiys Ha HEMPeKbCHATA KPHUBA, CBbp3Baiia ToYka or U
¢ Touka ot V. ToraBa unTepBasr [a,b] ce npencraBa kato obeuHEeHHEe HA
HempecHyamuTe ce orsopenu Muoxkectsa ¢ 1 (U) u ¢ 1(V).

20. /la osmaunm ¢ M rpadukara Ha byukumsara f(x), 3amaieHa c¢
dopmyiara

f(a:):sinénpnx%O,f(O):O

(Buk rpacdukara B I, crp. 92.)
Jokaxkete, ue M e cBbpP3aHO, HO HE e JIMTHEHHO CBbP3aHO.

21. Jlokazkere, 4e BCSIKO 0MGOPEHO CBBbP3aHO MOJAMHOKeCTBO Ha R™ e
W JIMHEITHO CBbP3aHo.

22. JlokaxeTe, 4e ako f e HEMPEKbCHATA IUCA0BA (DYHKIHS BBHPXY
CBBP3AHOTO MHOKECTBO M, TO 3a Hes ¢ BaJIMIHA TEOPEMATa 33 MEXK THHHATE
croitnocrn (Teopema 11).
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YowrBane. /la gonycuem, ge ynciara A u B ca croitnoctu na dyn-
kiusTa f, A < C' < B, u aucjnoro C He e croitnoct Ha f. Torasa me nmame

M C [~ (=00, C)) U f7H ((C, +00)).

23. Heka f(P) e dynuknus, nedunnpana u HelPeK'bCHATA BbPXY OTBO-
peHoTo U orpanndeHo MaHOkecto D C R". Jlokaxkere, 9e f e paBHOMEPHO
HepeKbecHaTa BbpXy D ToraBa m camo Torapa, KOraTo Ts Ce TIPOIbJIZKABA
JIO HelpeK'bcHaTa (pyHKIms ?(P) BBHPXY 3aTBOpeHaTa o6BuBka D na D.

3abesiexkka. B einara mocoka ropHOTO TBBHPACHUE € HETIOCPEICTBEHO
cieicrsue Ha TeopeMa 10; mancruna, ako f(P) cbliecTByBa, TO T € PABHO-
MepHO HellpeK'beHaTa BbPXy D, I clIe0BaTeIHO CBIIOTO € BAPHO 1 3a f(P).
Tpyanara gacT Ha 337a49aTa € Ja ce MOCTPOU HETPEKbCHATO PO IbIKEHTEe
Ha PABHOMEPHO HempekbcHarara GyHknus f(P) B Toukure o KOHTYpa bD
Ha D.

YubrBane. Hexka Py € bD u P, — Py, P, € D. [lokazkere, 4e peguria-
ta {f (Py)} yaosrersopsiBa yciaosreTo Ha Kollm u cJieJOBATEHO € CXOMISIIA
(Bmx T. 8 o1 §1.6 B wact I). Ilokaxere, Te TpanmunaTa croitnoct f (Py) He
3aBucu or u36opa ua penunara { Py}, kiousma kbm Fy. Jlokaxkere, ye Taka
npobizkenara dynkuus f (P) e menpeknhcHara Bbpxy D.



1.4. JIUPEPEHIINPYEMOCT HA ®YHKIIIN 43

1.4 JIndepenmmupyemocT Ha (PpyHKOUU 1 m300-
paxennd. /Iudepennupane Ha CbCTaBHU

byHKIIIN

160100

I'pacdbuxa na dbynknuara f(x,y) = 2% — y?
1 JONUPATEIHA BEKTOPH KbM TpadpHKaTa.

Heka f (z1,...,x,) e dynkuus, nepuHupana B OTBOPEHOTO MOIMHO-
»kectBo D na R". Hail-yecro e TpyaHo j1a ¢u UpeAcTaBUM HALJIEIHO 1OBEIe-
HUETO Ha Ta3u (DYHKIW; 33 TA3W TeJT MOXKEM 13 Pa3riiegaMe 3aBHCAMOCTTA
Ha (yHKIUATA f OT BCSKa €/1HA MPOMEHINBA MOOTAe HO. Heka (hukcupame

touka 2° = (29,...,2%) or D, u na BbBesem ciaennuTe (n Ha 6poit) dbyHKIUK

rn

Ha €JHa IIPpOMEHJINBA:

wilt)=f (91:(1), . ,x?fl,t,xgﬂ, o ,51;2) ,
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karo dynkuuara @;(t) e jgedunupana B okojHOCT Ha Toukara r). Dyu-
KIUATE (01, ..., p, e HapudaMe JacTHIHWN (PYHKIINN, CHOTBETCTBAIU HA
dbyukusaTa Ha MHOro pomersiusu f (). Ha yeprexa e nanena rpadukara
na dyuknuara f(x,y) = x> —y?, T.e. MHOKECTBOTO OT TOUKH (1,y, 2) € R?,
3a KouTo z = f(x,y), U JexKamuTe BbpXy Hesl TpaUKA HA HIKOU OT JIac-
THIHUTE U PYHKLIMH.

Bb3MoxkeH e u Apyr HAUUH 33 OHAIJIEIdBaHe HA IIOBEJIEHUETO HA €]I-
Ha (HYHKIHS Ha JBe TPOMEHJNBH — Upe3 TaKa HapedeHHTe JIMHHHM Ha HHBO,
("xopuzonTanu") T.e. TUHUHTE, 33JaJeHU ¢ ypaBHeHweTo f(x,y) = a npu
pazjumunure cToiiHocTH HA . T03M HAYWH Ce n3I0JI3yBa HAIPUMED 3a TPeJIC-
TaBsHe Ha peseda Ha MeCTHOCTTA BbPXY (pusndeckure kaptu. B rpadukara
0-JT0JTY Ca IpeJCTaBeHN XOPU30HTAINTE BbpXY rpadukara Ha 1a/1eHa PYH-
Kips (OTJIBO), U XOPU30HTAIUTE 3a cbhiara dbyHKIUs B paBHuHata Oy
(orasicHO).

Xopusonraymm Bbpxy rpadukara Ha GpyHknusTa u B papaunara Oxy.

Yactau npon3BogHu Ha dyHKHUsA. Moxkem ja pasriegame mpo-
M3BOJIHATE HA HAIMCAHUTE TI0-TOpe YaCTUIHU (DYHKIUH (CTHTA Te 1A CbIIec-
tByBar). C apyru aymu, moxkeM ja audepeniupame byukuuara f(z) mo
eJHa OT MPOMEHJUBUTE T, ..., Ty, KATO OCTAHAJINTE IIPOMEHIUBH Ca (PUK-
cupanu. Taka cTurame 10 cjaejHaTa J1eOUHATASI:

Hedbununusg. [1od wacmua npouseodna wa gyrkyusma f (xq,. .., x,)

no npomenausama r; 6 moukama z° = (29, ... 2%) we pasbupame (axo
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COULLCNBYBAG) 2PAHUYAMa

gi (%) = Pi(a?) =

0 0 0 0 0 0 0 0 ,.0 0
_1im f(l’l,...7$i_1,$i —f—h,l’H_l,...,l’H) —f(ZE17...,l’i_l,l’i,l'i_i_l,...,l‘n)

h—0 h

Yacrrara nponssona Ha f(r) 1Mo ; ce o3HaYaBa ome u ¢ f .
3a HAIJIEJHOCT Ie MOBTOPUM Ta3u JehUHUIUA 38 (DPYHKIUA HA JIBE
npomverusu f(x,y):

f (2o + h,y0) — f (20, Yo)

f; (Io’yo) = lim

h—0 h ’
. f(wo,yo + k) — f (20, 0)

/ _
fy (x07y0) - llgll}%) k .

Babenexka. Tpsabea ga ce orbesexu, de (3a pasiuka OT CIydas
Ha eJlHA MPOMEHJINBA) HATMIMETO HA YACTHH TPOU3BOJIHHU, [0 BCHYKH MPO-
MEHJUBA U BbB BCAKA TOYKA, OIle HE O3HadaBa, de (pyHKmuara e "mob-
pa'". a cu mpunomunm byHKImsATA, pasriegsana B npumepa B §3: f(z,y) =
xf—ny upu (z,y) # (0,0), f(0,0) = 0. Jlecro ce Buxaa, ue f(x,y) npurexa-
Ba HABCAK'b/IE YACTHU IPOM3BOJAHMU 11O X U Y; OT JpPYyTra CTpaHa, KakTo Oemre
MOKa3aHo taM, GpyHKuaTa He e Henpekbeuara B (0,0).

®opmysia 3a HapacTBaHeTO HA PYHKITNSA HA MHOTO MPOMEHJI-
BU. 3a a2 O0SICHUM CMUCHJIa HA W3BEJIEHOTO MO-I0/Iy PABEHCTBO, OTHAIATIO
e CH MPUIIOMHUM Cydas Ha DyHKIMs Ha eqHa poMensnBa. Heka f(x) e
dyuKIM, JedpuHrpaHa B OKOJTHOCT Ha TOYKaTa To € R u nudepennupyema

. h)—
B Ta3u Touka. 3uaem, ue [’ (xq) = limy o M AKo o3HaunM

f (o +h) = [ (x0)
h

a(h) = — f'(20),

10 1 nojyduM, de limy, o (h) =0, u

flxo+h) = f(xo)+ f'(x0) h+ a(h)h.
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ToBa paBeHCTBO JIECHO Ce MHTEPIPeTHPa MeOMETPUIECKH: aKO 3aMec-
UM h ¢ T — Ty, I'bPBUTE JBE CHOUPAEMU OTIASACHO JABAT yPABHEHUETO

y = f(xo) + f'(x0) (x — 20)

Ha JONHpaTeHATa IpaBa KbM rpadukara Ha f B TOYKara Tg. LpeToro
cwoupaemo e "ocrarbk", HaMaagBaI M0-6bLP30 OT BeMYUHATA h.
ITle uzBenem nomodHa popMmyia 3a (pyHKIMS HA HIKOJIKO IPOMEHIUBH.

Teopema 1 (dbopmysia 3a HapacTBaHeTo 3a (PYHKIUST HA MHOTO
npomensmmBu, I dopma.) Hexa f (r1,...,x,) e Pynkyus, dedunupana 6
OKONHOCTL HG MOUKAMG T = (T1, ..., Tp), U HEKG BCUYKL YACTIHY NPOU3BO0-
nu fr, i =1,...,n, couwecmeysam u ca HENPEKSCHAMU 6 MA3U OKOAHOCT.
Toeasa 3a docmameuno masku no nopma eexmopu h = (hy, ..., hy,) e 6 cuaa
PABEHCTBOMO:

n

() flat+h) = fl@) + > fil) h + Zaxh) hi,

i=1
kedemo a;(h) ca Pynryuu, xionawu xom nyaa npu h — 0.

[Tpeu 1a mokazkeMm Tasu popmyJia. e 0OSICHUM HEHHUSI CMUCHJI, KATO
g HamumeM 1o Apyr HauwH. [['bpBUTE 1Be chbOMpaeMu OTISICHO ce HApWIaT
JUHEeHHa JacT HA HAPACTBAHETO, & TPETOTO — OCTATHK. JIWHeliHaTa YacT Ha
dyHKIMATA TPeJIcTaB/IsdBa HPUOJIM3UTE/IEH U3pa3 3a cToiiHocTUTe HA (DYHK-
nusita 6,130 70 T, JIeCeH 3a mpecMaTane n onepupane. OCTATbKBT HE JaBa
MpejicTaBa 32 TOYHOCTTA Ha TOBa NpubinzKenne. Ako o3nadnm ¢ r(h) ocra-
TbKa B TopHaTa (Gopmysa:

r(h) = Zai(h) hi,

h
TO O4YeBUIHO MMaMe lim M = 0, u nmojiydyaBame:
h—0 ||h||

II dpopma Ha popmysaTa 3a HapacTBAHETO:

(%) flath) = f@) + > fo(@) b + r(h),
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kbaero (k) = o (||h[]). ©

[Tousikora e ymoO6HO ropaara ¢opmyJia Ja ce 3anucBa Mo JpyT HAYHUH:
ako oznaunM Af = f(z+ h) — f(x), u B7Mmecro h; nanumem Ax; (HapacTBa-
HETO Ha MPOMEHJIUBATA T;), UMaMe

Af = fi(e) Az + o(||h]]).
=1

HokazarenacTBo Ha dopmysgara 3a HapacTBauero: [lle usmons-
BaMe TeopeMaTa 3a Kpaiiuure HapacTBanus (Buxk I, §2.3): Ako dyHKIHATA
() e HEIIpEK'bCHATA B MHTEDBAJA [T, To + h] 1 qudepeHnupyema BbB BbT-
peIHocTTa My, TO ChiecTBYBa dncyao § € (0, 1) Takosa, 4e
¢ (zo + h) = ¢ (x0) = h¢' (w0 + Oh).

3a scHoTa Hal-HAIPE e J1aJeM J0KA3aTeJICTBOTO 3a (DYHKIMS HA
JaBe npoMmenanpu. Mmame:

f(l’—f—h,y—f-k’)-f(l’,y) =
= (fle+hy+k)— flxz,y+k) + (flz,y+k)— flz,y) =
= h folx+0ihy+k) + k f(x,y+0k),
3a noaxomsiu 0,02 € (0,1). Ta o3nadnm
a(h k) = fo(z +0ih,y + k)= fo(z,y + k), B(h, k) = f(z,y+0:k)— fi(2,y).

OT Henpek’bCHATOCTTA HA YaCTHUTE NMPOU3BOJHU Ha f cienBa, 4de dyHK-
unure «o(h, k), 5(h, k) xaonsr kbm myaa npu h,k — 0. Karo manpasum
3aMecTBale, TOPHOTO PABEHCTBO J00UBA THPCEHUS BH/L

fla+hy+k)—flxy) = hfi(x,y) +k f(x,y) + halhk) + &k B(h, k).

B obuus cayuaii wa dyHknus wa n npomennusu f (xq,...,%,) 10-
Ka3aTeJICTBOTO Ce TPOBeXKIa 1o cbiusa Haund. Heka h = (hy, ..., h,) e
JOCTATbIHO Masko 1o HopMa. Ja osnaunm Af = f(x + h) — f(z), u Heka

ANif=f(z,.. .z, +hi,xign + hig, o T + hy) —

*
JlBete popmu Ha popmymara 3a HAPACTBAHETO OUYEBHIHO CA PABHOCHIHU; HANCTHUHA,

ako mMame dopmymnara (xx), n osmaumM a;(h) = iy r(h), To or Hes ce momyuasa

[1A]]
dbopmymara ().
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— fxy, i, T Tipr F iy, T By
OueBHIHO HMaMe
n
Af = > A
i=1
Pasrnexnaiiku f (z1,...,2,) KaTo DYHKIH CAMO HA TPOMEHIHBATA

x; (T.e. dbukcupaiiku BCHYKH OCTAHATN MPOMEHJIUBH), W MPUJIATAHKH KbM
Ta3u PYHKIHSA TeopeMarTa 3a KpaliHUuTe HapacTBAHUs, ©MaMe

Aif = hify (w1, 21, 2 4+ Oihi, Ty + higy, - T + By, 0; € (0, 1).
Axo o3HaUHM
a;(h) = f;i (@1, 2 + 0l i + higr, ..o 20+ hy) — f;i (21,...,2n),

TO, HOPA/M HEIPEKbCHATOCTTA HA YaCTHUTE 1POU3BOAHY, uMame a;(h) — 0
upu h — 0.
Ot apyra crpana, JecHo ce mposepssa, ve Af = >"" A, f, oTkbAeTO

n

Af :Z (fr, (@1, ) + ai(h)) by = Z fo (@)D + Zai(h) h;. m

=1

Babenexkka 1. Camo CbIECTBYBaHETO HA YaCTHUTE MPOU3BOAHE (6e3
TSXHATA HEMTPEK'bCHATOCT) He € JIOCTATHIHO 33 BAJIUAHOCTTA HA JOKA3aHATA
dopmy1a; HANCTUHA, JECHO Ce BUKIA, Ue aKO eHa (DYHKINS YIOBIETBOPSBA
dopmynaTa 3a HapacTBaHETO, TO Td € HempeKkbcHarta. llo-rope obade Hume
BUJISIXME LIpUMeD Ha (DYHKIU, IPUTEXKaBalla YaCTHU IIPOU3BOJHU, KOATO
HE € HEeIIPEK'bCHATA.

Chnenpamure nBe 3a0eeKKHU 1e ObIaT W3IMO0JI3BAHH [IPU JOKA3aTeJIC-
TBOTO Ha Jemata Ha Capa B Kpas Ha §2.6.

Babesiexxka 2. Pynkunure «;(h), r(h) 3aBucar or n3bopa Ha To4YKaTa T. AKO
obade neduaEIIOHHATA 0OacT D € KOMITaKTHO MHOXKECTBO, TO IO Teopemara Ha KanTop
IpoM3BOAHATE f), €A PABHOMEPHO HeIpeKbcHarH BLPXy D, u ciaemosarenno dynkiunre
a;(h) BbB dopmymara (x) morar ga Gbmar u3bpanu Hesapucumo ot x. CremoBaresnHo,
aKo 03Ha4MM c 1 (h) ocTarbka BbB dopmysara (xx*), To cbhinectByBa dbyukuus a(h), He
3aBHCENa OT T ¥ KJIOHAIIA KbM Hysa npu h — 0, Taka e

ra(R)] < a(h) |[A]]
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33 BCAKO & B KOMHAKTHOTO MHOxKecTBO D.

Babesiexxka 3. B muoro ciayvan e no-ymo6Ho dbyukuusara a(h) 1a e byHKuns Ha
CKAJIapEeH, & He HA BEKTOPEH apryMeHT. /la mojoxum

U HHEe TIOoJy9YaBaMe OIeHKaTa
ra ()| < @([|AID (IRl
JlecrHo ce moka3Ba (Upe3 JIOMyCKaHe Ha MPOTUBHOTO) 4e lim; o a(t) = 0.

IIpakTuyecku npuaoxkeuus Ha (popMyJiaTa 3a HAPACTBAHETO.
Heka Bemwumnara f e 3amanena karo dbyuknus f (zq,...,T,) Ha He3aBU-
CUMUTE BEJUYUHU T1,...,T,. AKO ce 3Hae, 4e BCAKA OT BEJUUUHUTE T; CE
U3MEPBa ¢hC CHOTBETHA TOIHOCT Ax;, TO Kakpa Iie Obae TounocTTa Af, ¢
KOSATO TIOJIy9aBaMe BesimanaaTa f7 3a OTTOBOP HA TO3H BHIPOC OONKHOBEHO
ce M3I0JI3Ba JIMHeHaTa JacT Ha (opMmyaara 3a HapacTBAaHETO:

"9
Af ~ Za_i(’”)mi'
=1

IMpumep. Crennara 3a/a9a 4€CTO Bb3HUKBA B M€0E3USITA: OT TOUKA-
ta A ce HabaogaBar HegocTbiTHUTE TOYKN B u C. MI3BecTHN ca pa3cTosiHA-
sara AC = bu AB = ¢, KaKTO U bI'bJIbT (¢ MEXKLY AC u BC. Jla ce namepu
paszcrositmero a = |BC| mexay roukure B u C. (BUK uepreka).

YepTexk KbM OpHMepa.

Boupocuoro pascrosuane a = a(b, ¢, ) MOKe Ja Obje U3UUCIEHO 110
KOCHHYCOBATa TEOPEeMa:
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a(b,c,a) = Vb2 + 2 — 2bccos .
Torasa simueitnara yact Ha (popMyaaTa 3a HAPACTBAHETO HU JIABA!

Aa%b—C.COS()éAb+C—b.COSOéAC+bCSiIlC(Aa.
a a a

KaTO B3eMeM IIpeJ BUJ OYeBUAHNUTE N'eOMETPUYIHU PaBEeHCTBaA
b— c.cosa=acosvy, c—b.cosa=acosf, bcsina = a h,,
nojyvaBaMe yaoOHaTa 3a m3noJsBaHe (popmyiia
Aa == cosy.Ab+ cos f.Ac + h,.Aa.

Hpyr mogoben mpuMep € JaJieH B 3aja4a, 3.

Hedbunannua Ha mgudepennupyema dbyHKmug. Kaxkro decto ce
CJIydYBa B MaTeMaTHKATa, 38 OIpeJe/IeHne Ha Ja/IeH KJIac OT 00EKTH ce IMpu-
eMa TOBa TSXHO CBONCTBO, KOETO Ce M3I0JI3Ba IpHu padoTaTa ¢ Tax. B caydas
ToBa e ¢dopmyaarta 3a HapacTBaHeTo. Taka, (Makap We TOBa MOXKe J[a W3T-
JIeXKJIa M3KYCTBEHO), nudepeHnupyemMu (DYHKINA HA HIKOJIKO TPOMEHJIUBH
ce HApHYAT Te3d (DYHKINH, 38 KOUTO T4 € yAoBIeTBopeHa. [lo-Touno, nmaMme:

Hedbununmsa. Hexa f(x1,...,1,) € Pynkuus Ha n npomewiusy, on-
pedenena 6 okoanocm Ha moukama v = (xy,...,x,) € R". Kaseame, ue
dynruuama f e dudepenyupyema 8 moukama T, aK0 CYWECMEYSAM KOH-
cmanmu Ay, ..., An, kaxkmo u gynryuu oq(h), ... an(h), Kionawu Kom
nyaa npu h — 0, maxa ue 3a JOCMAMBYHO MAAKU NO HOPMA GEKMOPU
h = (hy,...,h,) € 6 cuaa pasercmsomo

fla+h) = flx) + ZAi hi + Zaxh) h;

B gactHOCT, BegHATA ce BUXKIA, Ye aKo (DYHKIUITA € TudepeHImpyeMa
B €]Ha TOYKa, TO TS € HENPEeK'bCHATA B Ta3W TOYKA.

lopuara neduHumms ce mMpeHacs n 3a N300paKeHUS:
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Hedbununnga. Hzobpasicenuemo

flry, . o,zn) = (fi(zy, oo xn), o fro (@, x))

dedpuruparo 6 R™ u coc emotnocmu 6 RY, ce napuua dudeperyupyemo 6
moukama T, ako scudkume my xkoopdunamnu dynkuuu f;, i =1,....k, ca
dugepenyupyemu 8 ma3u MouKa.

C apyru nymu, nudepeHInupyeMu 1300pazKenns ca Te3u, KOUTo J100pe
ce IpuOJIMXKABAT C JUHEHHI M300parKeHNsT OKOJIO JajeHara TOYKa.

3abesekka. [lo-rope 6erie mokaszano, de ako ejna (pyHKIIHs Ha €/1Ha,
IPOMEHJINBA IPATEZKaBa MPOU3BOIHA B Ia1€HA TOUKA, TO Ts YIOBIETBOPSBA
B Ta3M TOUKa popMmysara 3a HapacTBaneTo. CieaoBaTeHO, 32 GYHKIIUA Ha,
e/IHa I POMEHJINBa ropHaTa AeUHAIUS CbBIIa/Ia ¢ odnJaiiHara.

Cera Teopema 1 Moxke ja ce hOPMYIUpa TaKa:

Teopema 1. Axo dynruuama [ npumescasa nenpexscHamMU YacmH
NPOU3BOOHU 8 OKOAHOCT HA TNOYKAMG T, Mo M € Judeperyupyema 6 masu
MoYKa.

OOpaTHOTO TBBbPJEHNE HE € BAPHO, HO MOYKe Jla ce JOKaxKe Helo To-
c1abo:
Teopema 2.Axo pynxuyuama f e dudepenyupyema 6 moukama x, mo
MA NPUMENCABA YACMHU NPOU3BOOHU 8 MA3U MOYKA, U €A 68 CUAL PABEHC-
meama
of

Ai ==
8IZ’

(), i=1,...,n.

okazareacTBo. /la Bzemem BekTOp h, KOfITO MMa caMo e€jiHa HEHY-
JeBa Koopamuata ¢ Homep i h = té; = (0,...0,¢,0,...,0) (Tyk u mo-momy
C €; 03HAYABaMe BEKTOD ¢ JUbJIZKHHA eIMHUIIA, HACOUeH 110 ocTa x;). Torasa
PaBEHCTBOTO OT jAedHHUNKUATA J0OUBA BUIA:

flz+te) = flx)+t A+t a(te),
nu CHOpe,ZL OHpe,ZLeJIeHI/IeTO Ha 9aCTHaA HpOI/I3BO,£LHa nMaMe

0 x+te;) — f(x
O ) _ gy Lt 810
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B ugacrroct, orTyk ce Buxkja, de Koucranture A; B nedpuHunmaTa 3a
nupepennupyeMa (pyHKIHSA ca ONPEIe/eHN eHO3HAYHO.

Paszbupa ce, ot qudepeHnupyeMocTTa B JIaj/IeHa TOYKa He CJeBaT HUTO
CHIIECTBYBAHETO HA YACTHU ITPOM3BOJHM B OKOJHOCT HA TOYKATA, HATO —
Ollle MOBeYe — TAXHATA HEMPEeKbCHATOCT. UHTaTe aaT caM MoKe J1a HaMepH
C'bOTBETHUTE IIPUMEPH JIOPU 38 (PYHKIUU HA €/[HA [IPOMEH/INBA.

Homnuparesna paBHnHa KbM rpadukara Ha HYyHKIIUS HA Hs-
KOJIKO mpomensmmBu. Heka f (zq,...,x,) e QyHKIES HA N TPOMEHINBH,
nedpunupana u audepenmupyema B obaacrra D C R”. Kakro 3naem, Heii-
Hata rpaduka Gy e IOIMHOXKECTBOTO HA R"™ ompeneneno ¢ yeaouaTa

Gf: {(':Ela"'7 £ETL-i-l) ER”+1 : (xlv"'7$n) eDﬂxn-‘rl :f(itlv-'-yxn)}~

Hedbunumusa. Hexa 2° = (29,...,2%) e mouxa om D, u (2°, f (2°)) e

ceomeemuama movwka om Gy. Ilod donupamenna pasnuna xsm epapurama

G/ 6 mouxama (2°, f (2°)) we pasbupame pasrunama e R™™ ¢ ypasnenue
y=1(z1,...,x,), kademo

"0
l@hnw%y:f@%+§:5£@ﬂ(m—x%.

Ot dopmynara 3a HapacTBaHe Ha audepennupyeMa pyHKINAA CIeIBa,
CJIeTHATA XapaKTepH3aIus Ha, JONUPATETHATA PABHUHA:

Qynryusma l(x) e eduncmeenama sunetna GyHKUUA, YIo6AEMBOPA-

8aUYaG YCAOBUEMO
f(@) =) = o ([[z = 2°]).

C Apyru Jaymu, m3Mexy Bemdkn papmad B R™T MumaBamm mpes
roukata (2°, f (z°)), nonuparennara pasHUHA € pPa3noJOKeHa Hal-GJIU3KO
1o rpadukara mHa f(z).

Hedbununua. [lod donupamenren sexmop wsm Gy 6 moukama
(20, f (2°)) pasbupame ecexu (ceoboden) eexmop, Koauneapen ¢ donupamen-
HAMA PAGHUNA 6 MA3U MOUKA.

Ouesugno gonuparennure sekropu B toukara (z°) f (zV)) obpasy-
BAT N-MepPHO JMHEHHO moanpocrpancTso Ha R™T! mapmaano momuparesHo
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noxunpocrpancTBo T,0G ¢ kbM rpadukara Gy B Ta3u Touka. JlecHo MoxkeM
J1a, TOCOYNM €/InH 0a3uC B TOBA MPOCTPAHCTBO: TOW Ce ChCTOU OT JOTHPa-
TeJIHATEe BEKTOPH KbM I'padUKUTe HA YACTHIHUTE (PYHKIUU B Ta3H TOUYKA
(e HATIOMHEM, Ye 10/ i-Ta JyacTuvaHa (HYHKIWs pasdbupamve GYHKIUATA HA
IPOMEHJINBATA T;, TToydeHa ot f (xq,...,x,) 9pe3 3aMpa3sBaHe HA BCHUKH
OCTAHAJIH TPOMEHJINBH).

Taxa mosryuaBame n + 1-MepHUTE BEKTOPHU

of
li: (0,...,0,170,...,0,8—%(;L'O))7

KaTO eJIMHATIATA B JFgCHATA YacT e MOCTaBeHa Ha ¢-To MgcTo. Taka Hamm-
caHUTe 1 Ha OPONl BEKTOPHW ca JMHEHHO He3aBUCUMHU W KOJWHEAPHU C J0-
nuparejgHara paBHuHa (mpoBepere!), W ciaegoBaTesHO 00pasyBar Gazuc B
JIOTTUPATETHOTO TPOCTPAHCTBO.

I'padpuka Ha pyuknus Ha aBe mpomeHansu. /la pasriesamve, B
9acTHOCT, rpadukaTa Ha GYHKIUATA Ha JIBe poMensuBa f(z,y), 3a1a1eHa
B okoaHocT D Ha ToUKarta (7o,Yyp). ToraBa rpadukara na dynkmusTa ce
onpejensi B R® ¢ pasBencTBoTo

Z:f(l',y), (x,y)GD,

¥ JIONUPATEJTHOTO HOAIPOCTPAHCTBO B TOUKATA OT IPadUKATa, JeKaIla HaL
(20, Yo), C& TOPAZKIA OT BEKTOPHTE

(1707 fg/c ($0,y0)) n (071>f; (.’Il’o,y[])) .

(BH2K wepTerka B Ha4asI0TO Ha maparpada.)
JlonmparenHarta paBHUHA B Ta3w TOYKA UMa ypaBHeHHeTO 2z = [(z,Y),
K'bJICTO

Wz, y) = f (w0, 90) + [ (0, 90) (x — 20) + £, (20, Y0) (¥ — Yo) -

HomnmparesiHa paBHMHa KbM rpadukara Ha u300parkKeHue.
[lle pbBemeM aHAJOTMYHH HA TOPHUTE IIOHATHS M 33 BEKTOPHO-3HAYHA
bynkmus, T.e. 3a uzobpaxennme or R" B R*. Hexa f(z1,...,2,) =
(fi (1, xn) ooy fo (21, ..., 2,)) e audepeniupyemo n300bpazkeHne, je-
burnpano B nomMuozkectso D ma R™ u B3emamo crofinoctn B R, ITle
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O3HAYABAME TOUYKHTE Ha MPOCTPaHcTBOTO R™ upes (z,y), kbaero r =

(z1,...,20), ¥ = (y1,...,yx) ca Toukm B R" u R* crorserno. Tlox rpa-
dbuka Gy na msobpazkenuero f me pasbupame HOIMHOKECTBOTO HA Rk,
OIIPeJIeJIEHO C YCJIOBUATA

Gy = {(r.y) eR™* 2 €Dy = f(x)}.

Hebunannusa. Hexa 1° € D. [Iod donupameana pasnuna xom G 6
mouxama (2°, f (2°)) we pasbupame n-meprama pasnuna ¢ R™* onpede-
AEHA C PABEHCTNGAMNA

0 .
Y5 +Za£i (2 —2%), j=1,...,k

AKO OTHOBO BbBeIEM MMOHSITUSITA JTOIUPATENIeH BEKTOP U JTOMHPATETHO
HOAMPOCTPAHCTBO 1O ChIMUs HAYMH, KAKTO IIO-TOPE, Ie HOJYIHM 0a3uc OT
n Ha Opoil JomMpaTeTHH BEKTOPH OT BHU/IA

o 91 (0 Ofk oy
ll—(O,...,O,l,O,...,O,axi(x),...,axi(x)),z—l,...,n,

KATO OTHOBO €JMHHIATA B JsICHATA YAaCT € IMocTaBeHa Ha i-To MsicTo. llo-
POIEHOTO OT Te3W BEKTOPH N-MEPHO JIMHEHHO TOAIpocTpancTBo Ha R™F ce
Hapu4a JONUPATETHO HOANPOCTPAHCTBO KbM rpadukara Gy Ha m300pake-
HUETO f.

ApurmernyHu omnepanuu ¢ gudepeHnupyeMn QyHKINN.

Kakto u B ciydas #Ha (pyHKIHM HA €JIHA TPOMEHJINBA, TIPU apUTMe-
THYHU Olepanu ¢ gudepeHnupyeMu MYHKINH Pe3yITaThT OTHOBO € jude-
peHtIIpyeMa OYHKITHS:

Teopema 3.A4x0 gynxyuume na n npomensusu f(x) u g(x) ca duge-
penyupyemu 6 mouxama 0 € R", mo maznama cyma f(x) + g(x), npo-
uzeedenue f(x).9(x), u, axo g (x°) # 0, maznomo wacmmo % , €O CBULO

dugpepenyupyemu 8 masu MouKa.

HoxkazareacrBo. Heka h e jocrarbidHo MabK 110 HOPMa BEKTOP OT
R". JTa manumiem ¢popMy/IaTa 32 HAPACTBAHETO B TOUKaTa 1’ 3a (PYHKIHHTE

f(x) m g(x): §
fF(@®+h) = f(x0)+ZAihi+rf(h)
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g(«*+h) = g(2°) + > Bihi +ry(h),

i=1
Kbaero Ay, ..., An, By,..., B, ca gactaute npoussonnu Ha f(x) u g(z) B
2%, mrp(h),ry(h) = o(]|h]]). Kato chbepem npere paBeHCTBa, IOy YaBaMe

(f+9) (z°+n) = (f+9)( +ZA+B)h +75(h) +ry(h).

Twit karo 3a ocrarbka B ropuara dopmyna umame r(h) = r¢(h) +
rq(h) = o(]|h|]), To momy<1enoTO paBeHCTBO N3pa3siBa AUQEPEHIIPYEMOCTTA

ma (f +g)(x) B 2°.
3a ma moayuuMm dopMmysiara 3a HapacrBareto 3a f(x)g(x), 1a yMHO-
JKIAM JBeTe paBeHcTBa. Ilomyuapame:

f (xo + h) g (xo + h) =f (a:o) g (xo) + ZC’ihi +7(h)

kbjero C; = g (x°) A; + f (2°) B;, n

r(h) = <f (2°) +iAihi) Tg(h)—i—( +ZBh> h)+7;(h)ry(h).

Nmawme
r(h) rg(h)
)+ Y Ak )+ > Bih; ri(h)-2—=,
fInll < Z ) ( Z > RERRAT]
U CJIeJIOBATETHO H(hlf — 0 mpu h — 0.
Hakpas, neka g (2°) # 0. 3a jga jokaxkewm, ye fg ;e audepennupyema

B 2¥, e JOCTATBIHO Ja BHINM, Ue ﬁ e nudepeHImpyeMa B Ta3W TOYKA.

Hawucruna, mbit kato 7”; = f(x ) ;LHd)epeHquyeMOCTTa Ha YaCTHOTO
IIe CJIeBa OT JIOKA3aHATA [0-TOPEe ;LI/I(bepeHLLpreMOCT Ha TPOM3BE/ICHNE Ha
jucepennupyeMu beHKL[I/H/I

3a 1a JoKaxKeM, Je ( e madepeHnupyeMa B 2°, 13 03HAUIM

A(5) = smm
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Twit karo g(z) e HenpekbcHata B 20, TO CHIIOTO € BSPHO U 3a ﬁ, T.€.

A (%) 5 0 upu h — 0. Nmame
2 () = Sesarin = e (G 2 (3)) -

_ _ﬁ Ag — ﬁ Ag A G) - :1 (—%) hi +r(h),

(2

K'bJI€TO

)=~ 0~ gy 202 (5)
Torasa
r(h) 1 rg(h) 1 Ag A(l)
[1A]] g> () |Inll g @) (IRl \g
Or qudepennupyemocrra Ha g(x) ciaejisa, e IIATTI € OrpaHMYeHa P J0CTa-
THYHO MaJIKK h (JoKazere!), U cem0BaTeTHO % — 0 mpu b — 0. |

Aundepennupane Ha CbCTaBHU (PYHKIIAN.

[Tpn HamMupaHe HA YACTHU MPOU3BOJAHU HA CyMa, IIPOM3BEJICHUE U T.H.
Ha (GYHKIUM Ha HAKOJKO MPOMEHJUBU HE € HeOOXOAMMO JIa Ce 3Hae HUIIO
0BeYe OT U3BeCTHUTE (DOPMYJ/IH 33 IPOU3BOJIHA HA APUTMETHIHH OLEPALAH
¢ GYHKIME Ha eJHA NPOMEHIMBA . EJuH BBLIpOC, IpH KONTO IOJIOZKeHHe-
TO € Pa3JuIHO, € JAu(EePEeHIUPAHETO Ha CJOKHY, WM ChCTaBHU, DYHKIINN.
[Tle mamomuuM opMmynaTa 3a cjaydasi Ha €JHa HPOMEHJNBA: IIPU J1aJICHH
dbyuxmun f(x) n p(t) (BbHITHA 1 BHTPenTHA GYHKINST), TPOU3BOJHATA HA,
cberasrara byukius F(t) = f(p(t)) ce naBa ¢ dbopmymnara

F(t) = fi(e(1).¢'(1),

T.€. MIpOU3BOJHAaTa Ha CbCTaBHaTa beHKL[I/IH € paBHa Ha IIPOU3BEAEHUETO
Ha TPOW3BOJIHUTE Ha BbHIMHATA W BbTpenrHara ¢pyukius. [Ile mokarkem,
4Je 1mogobHa (popMysa CHIIECTBYBA H 3a CbhCTaBHA (DYHKIHS HA HAKOJIKO
mpomerstuBH. 11le 3amodreM ¢ mMo-mpocTusi BADHAHT HA TEOPEMATA:

*
BC'])HLHOCT TOPHUTE U3YNCJICHUA JOKa3BaT OIlEe BEIHDBHXK TE3N CbOpMyJII/I.
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Teopema 4.Hexa f(z) = f(x1,...,2,) e dynkyua, defunupana 6
okoarocm na moukama 1° = (29, ..., 20), u nexa Pynryuume na edno npo-
meraueo (p1(t), ..., pn(t)) ca deunuparnu u dudepenyupyemu 6 okoarocm
na mourama t° € R, npu xoemo 29 = ¢; (1°), i = 1,...,n. Ja npednoao-

orcum, we f(x) e dudepenyupyema (6 cmucsa na 20pHomo onpedenenue) 6
2%, a pi(t),...,0on(t) - 6t°. Tozasa cecmasnama dynxyus

F(t) = f(e1(t),-., ealt))

e dudepenyupyema 6 mourama t°, xamo netinama npousdeodna ce dasa c
dopmyaama

Py = 2Lyl )4+ 2 ) 10) = S ) g 1)

a axl axn i—1 3302

C apyru gymu, ¢hopMyaaTa 3a IIPOU3BOIHATA HA ChbCTaBHATA (OYHKITUS
ce CbCTOM OT TOJKOBA CHOMPAEMH, KOJKOTO Ca MPOMEHJIHBUATE, KATO BCSIKO
OT TdX Hao00sBa 110 hopMa U3pa3a 3a IPOU3BOJIHA HA ChCTaBHA (DYHKITUS
HA eJHa TTPOMEH/INBA.

HdokazareacTBo Ha TeopemaTta. ' pybo KazaHo, 10Ka3aTeJICTBOTO Ce
CbCTOM B 3aMeHsiHe Ha (GYHKIUATA ¢ HeifHaTa JuHelHa dacT. Heka t e Touka
noctarbano 6auska a0 0. Ja osmaaum At = t — 10, Ax; = ¢;(t) — i (1°),
Az = (Axyq,...,Ax,). Nmame

. A, 0
Amy &g =)

Heka AF = F(t) — F (1°) = f (2" + Az) — f (2°). Torasa ot dbopmy-
JlaTa 3a HapaCTBAHETO MMaMe

AF = Z fa/m (330) Ax; + Zai (Ax) Ax;,
i=1 i=1
kato o; (Ax) — 0 mpu Az — 0. Ciegosarenno,

AF 0 Ax; Ax; d /
ey a:fi (1) T+ Y a0 S ﬁza‘i (%) ¢ () .m

=1 =1 =
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ITpumep. Heka f(u,v) = u’, u > 0,0 > 0, u Heka ©(t),(t)
ca gudepeHnupyeMn PYHKIUA ¢ MOJOKHUTETHA CTONHOCTH. AKO MTOJOZKAM
F(t) = p(t)*® = f(p(t),1(t)), To OT TopHATA TeopeMa HOTydaBaMe

F'(t) = (t).(t)"0 710/ (8) + Inp(t). ()"0 (¢).

Tazu dopmysia e u3BecTHA OT II'bpBaTa YacT Ha Kypca, KbJAETO Tsd ce
U3BeXKJIa Upe3 IPeIBAPUTETHO JIOTaAPUTMYBaHE.

[Tle mokazkeM aHAJOIHIHATA TEOPEMa 3a BeKTOPHH GyHKIuH (n300pa-
JKeHUS):
Teopema 4'.Hexa f(x) = f(x1,...,x,) e Pynxyua, defunupara u

duepenyupyema 6 oxoanocm na moukama 0 = (29,...,2%), a sexmop-
1» ’

nama gynryua o(t) = (e1(t),...,on(t)), sasucewa om apeymenma t =
(t1,...,ts) € R* e depunupana 6 okoanocm na moukama t° = (£9,...9),
npu xoemo ¢ (t°) = x°. Jla npednorosicum, we gynryuama na n npomeniu-
su f(x) e dupepenyupyema 6 1°, a usobpasicenuemo ¢(t) (m.e. nezosume
Komnonenmu p1(t), ..., on(t)) - 6 mouxama t°. Tozasa cecmasnama dymx-

yus F(t) = f(e(t)) e dupepenyupyema 6 t°, u ca 6 cunra pasencmeamas:

OF , ov  ~= Of
a—tj(t)

o 9%i 0 —
(I)atj (t), j=1,... k.

i=1 Oz;

3abesaexkka. Tyk HOBOTO B cCpaBHEeHHE C TeopeMa 4 ce CbCTOW eJINH-
cTBeHO BBHB dakTa, e dyukiusaTa F(t) e mudepernnpyema Karo dbyHKIHsT
Ha k MPOMEHJIUBH CHOPE] ONpele/IeHNeTO Ha HacTodmms naparpad, a He
CaMo MO BCsIKa TPOMEHJIMBA TOOTIETHO.

Hoxkazaresncrso. Heka, kakto mo-rope, At =t — %, At; = t; — 19,
Az = oi(t)—; (1°), Az = (Azy, ..., Az,). Dopmynara 3a HapacTBaHUITA,
npuioxkena kbM dyukmuure f,¢1(t),. .., @, (t), HI JaBa paBeHcTBaTA

Af =% g_i(xO) Az + > i (Ax) Az,

i=1 i=1
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Kbgero dynkuunre «; (Ax), f; j (At) kmonsar kbM myta nupu Az, pecr. At
KJIOHAIIM KbM Hysa. [IpeMuHaBaiiku B I'bPBOTO OT PABEHCTBATA K'bM IPO-
menauButTe t, 3amectBaMe Ax; ¢ Ap;, n BMecto Af mumem AF. Ille or-
JIEJIAM B OTJIEJTHO ChOHPAEMO YJIEHOBETE, C'bIIbPZKAIU HAKOS OT Oe3KpaiiHO
maskute byuxuun o; (Azx), f; ; (At). PasmecTBaiiku pea Ha cyMupaHe, M0-
JIydaBame:

AF=%" (Z gg (29) ZZ (t0)> At 4 (A1),

j=1 \i=1
K'bJIeTO OCTaTBhKBT 1 (At) ce naBa ¢ dbopmynuTe

r(At) = i’yj (At) Aty,

j=1

KaToO

3580 = 3 (51 () s (80 + 0 (A) G2 () o (A) iy (A1) ).

Ouesnano umame v; (At) — 0 upu At — 0, u caenoBaresnno 3a GyHk-
unara F(t) B Toukara t° e usnbianena dpopmy/iata 3a HapacCTBAHETO, T.e. Ts
e nmudepeHnupyeMa B Ta3um TouKa. IlombTHO paBeHcTBOTO 3a AF HU naBa
ore BeHaxK HOPMYJIH 3a YaCTHUTE TPOU3BOAHY HA F'(t) B t0. |

MaTrpuyHa nmpou3BOAHA HA M300parkKeHue.
Heka D C R" u m3o6parkeHnero

flz):D—=R™ z=(x1,...,2,) €D

uma komnouertu f(x) = (fi(x),..., fm(x)), kpgero fi(x),..., fm(x) ca qu-
depennupyemu dyukimn B D. Ako pa3riegaMe BCHYKH IbPBU 9aCTHU TPO-

of; .
W3BOIHM 5ot (x) wa koopauHaTHUTE (DYHKIMH, TMOJydaBamMe n.m Ha OpOil
pPa3INYHU TPOM3BOIHU, U KapTUHATA MU3TJIEXKIa JocTa caoxkua. Curyarms-
Ta CTaBa 3HAYUTEJHO M0-0003pNMa, aKO MOJAPEeINM Te31 MPOU3BO/HA B €HA

n X m - Marpuna. Taka crurame 0 cJjiegHaTa JeOUHUIAA:
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Hedbununusg. [lod mampusna npoussodua na usobpasceruemo f(x)
6 mouxama x° we pasbupame MampuLama

g @) GG g @)
0 0 T x xr
e m (30)  Im (30) . Im (30)

B wacTHOCT, MaTpHYHATA TPOU3BOIHA HA €JIHA CKaJIapHa (PYHKIMA Ha,
. IIPpOMEHJIMBU CbBIIaJda C N-MEPHUA BEKTOD, CbCTaBeH OT HellHUTEe YaCTHU
[ POU3BO/IHMU.

M3noasBaneTo Ha olepalnuuTe ¢ MATPUIA MTO3BOJISIBA Ja Ce JaJ1e TTPOCT
BUJI Ha (popMyJIaTa 3a HapacTBaHETO U (popMyJiaTa 3a MPOU3BOJHA HA CbC-
raBHa (PYHKIU 38 n300paxkenusd. Ille HATOMHUM, 4e BCSKaA 1 X 1 — MaTPHUIA,
MOXKE JIa ce pasniaexkja Karo JuHeen omeparop or R™ B R™. Heka, kakTo

no-rope, f(z) : D — R™, = = (xy,...,2,) € D e m — mepHa BeKTOp-
dbyuxiyst, u h = (hy,...,h,) € BeKTOp Ha HapacTBaHeTO HA aprymenTa. /la
HAIUIeM 3a BCsIKa OT KoMmmouentute f1(z),..., fm(z) HA n300pazkeHneTo

f(z) dopmynara 3a mapacTBanero BbB dopMaTa (x*) 3a Toukara r’ U Ha-
pacrsanero h. Hanmucpaiiku moayuenure m Ha Gpoil CKATADHH PaBEHCTBA
KaTO paBEHCTBO ME2KAY 1M-MepHU BEKTOPHU, IIOJIyYdaBaMe:

®opmMyJia 3a HapacTBaHETO 3a BeKTOp-dyukiuu. [Ipun ropaure
YCJIOBUS HMaMe

f(x0+h) = f(xo) + Df (mo) oh + r(h),
Kbjero 7(h) e m — MepHa BeKTOp-bYHKIWSI, YI0BIETBOPSABAINA YCIOBHETO:

[r()[] = o ([IAll)-

Marpunara D f (2°), pasriexuana karo ouneparop or R™ B R™, ce
napuua judepennuan Ha uzobpaxennero f(r) B roukara z°.

[TTe moKazkem, 4e Npy FOPHUSA MOAXO/ B TeopeMara 3a 1udepeHnupane
Ha CbCTABHO M300paskeHne JOOMBA CbBCEM IPOCT BUJ, AHAJOTHICH HA TO3U
npu GYHKIMH Ha enda mpoMmensmba. Ille mamomumMm, e Ha BedKa IBOHKA,
MaTpuy A, B ¢ pasMepHOCT CHOTB. 1 X m U k X 1 ¢é CbIIOCTaBsA MATPHIATA,
Ao B ¢ paszmepuoct k x m: ako A = {a;;}, B = {byy}, 10 Ao B = {¢)5} ¢

n
Cls = Zizl bli~ais-
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Heka cera Bekrop-dynkmnusita ¢(t) = (¢1(t),...,¢n(t)) e oupenene-
na B okoimoct ma Toukara t° = (£,...,19) € R¥ a mexrop-bynximsara
f(x) = (fi(x),..., fm(z)) - B okOIHOCT Ha ToukaTa 2° = ¢ (t°) € R". To-
raBa cberasHara dyukius F(t) = f(e(t)) e ompeieneHa B OKOJTHOCT Ha
toukaTa t U B3eMa CTOMHOCTH B IPOCTPAHCTBOTO RE.

Teopema 4./[a npednonoscum, we dyrnxyuume f(x) u (t) ca duge-
penyupyemu ceomeemno 6 mouxume t° u x° = o (t°). Toeasa cscmasnama
pynruyus F(t) = f(e(t)) e dupepenyupyema 6 mouxama t°, u e 6 cuaa
PAGEHCMBOMO

DF (1) = Df () o Dy ().

HdokazaTeacTBo. B chbIIHOCT TBHPACHUETO MPEICTABIABA CAMO JPY-
ra hopmyaupoBKa Ha pesyarara Ha Teopema 4. Hamcrnna, T0o ce moaydaBa
HEIOCPEJICTBEHO OT /1aJICHOTO IMO-TOpe OIpejesieHrue Ha MpPOU3BeJeHHe Ha
MATPHIIK U OT JIOKA3aHUTE MO-TOPEe PABEHCTBA

(9Fz (%) Z afl a% ( 0
t).
63:@

D yHKINOHAJIHA JETEPMUHAHTA HA N300parkeHue.

[To-HaTaTbK 4YecTo Ime ce HajIara Ja pasryekaaMe U300paKeHus, KO-
uro seiicrBar or R" B R", uiun, no-ro4no, ca jedpuHUpaHd B OMHOKECTBO
Ha R" u B3emar croiinocru B R". Torasa Tsaxmara MaTpuyHa HPOU3BOLHA
NpeJICTaB/IABA KBAIpATHA MATPHUIA, U HUE MOXKe Ja pasrjegaMe HelHarta
JleTepMUHAHTA, KOATO UI'PDae MHOTO BaxKHA POJIS B MO-HATATBINHUTE Pa3T-
JIeYKTAHUS.

Hedbunnnmsa. Hexa sexmop-dynryusma f(z) = (fi(x),. ( ),
ssemawia cmotinocmu 6 R™, e depunupana 6 oxoarocm na moukama x° =

o (t°) € R"™. Iod gﬁynnuuona/ma demepmunarma, uau axobuan, na f(x) 6
moukama x°, we pazbupame HUCAOMO

MIO — de 20
Dy oy ) = det (DF (%))
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N306paxkenne ma R? B R?

Teopema 5.(0CHOBHO CBOHCTBO Ha (DYHKIHOHAJHUTE JETePMUHAHTH ).
DYHKYUOHAAHAMA 0eEMEPMUHGHIMG HG NPOUBEIEHUEMO Ha dee u30bpatce-
HUA € PAGHA HG NPOUSCEIEHUETO HA MATHUME OYHKUUOHAAHY JemepMmu-

HAHINU.

Hokazarencrso. Heka F(t) = f(p(t)). Toit karo gerepmunanTa Ha
IPOM3BE/ICHHE HA JIBe KBAIPATHH MATPHUIM € PABHA HA MPOU3BEJICHUETO HA
TIXHHUTE ETePMUHAHTH, TO TBBPICHUETO HEIMOCPEJICTBEHO CIeJBa OT TEope-
Ma 4. [ |

JI0Ka3aHOTO PABEHCTBO Ce 3allCBa BbB BUJIA

D(Fi,....F,) ;o0n  D(fi,-oifa) fon D(p1--i0n) /0
D (ty,... t,) (") = D (zy,...,z,) («) - D (ty,... t,) (7).

Buxkna ce, e HAUMHDLT Ha 3alUCBaHE € TaKa CbCTaBeH, e Ja MOACea
quTaTesId 3a NpaBuIHaTa (POPMYJ/IA: TOPHOTO PABEHCTBO MOXKE /13, Ce T'h/IKY-
Ba kato "cwhrpamasane" va D (x1,...,2,) ¢ "pasroro my" D (p1,. .., @n).
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ITpousBogra Ha 0OpaTHOTO M300pakeHue. KakTo 3HaeM, u300-
paxkenneTo [ : X — Y or MHOXkecTBOTO X B MHOXKECTBOTO Y € OHEeKTHBHO
(B3aMMHO €THO3HAYHO), KO 32 BCSIKA TOYKA § € Y ChINECTBYBAa TOYHO €/THH
npoo6pas B X, T.e. TakoBa z € X, ue f(r) = y. [lonaraiiku x = g(y), mo-
JaydaBaMe 00paTHOTO m3obpazkenne g = 1 :Y — X. JlecHo ce BuxKa,
4e ca u3mbjHeHn paBencrsara go f = Ix, fog = Iy, kbaero Ix u Iy ca
UJIEHTUYHNATE n300pazkenus Ha npocTpancrsata X u Y B cebe cu.

Teopema 6.Hexa f(z) e Ouexmueno u300pascenue Ha MHOAHCECM-
somo D C R" 6 wmnoocecmsomo E C R" u g(y) e neecosomo obpammo
usobpasicenue. Hexa usobpascenuemo f(x) e dugepernyupyemo 6 mourama
2% € D, a usobpascenuemo g(y) - 6 mouxama y° = f(2°). Toeasa ca 6

cuAaq paeseHcmeanma.

Dg(yo) — Df ($0>—1 : D(gl7--~vgn) (yo) _ (D(f17~-7fn) (xO))_ '

Dy, yn) D (zy,...,z,)

HoxkazarencrBo. Or pasencrBoro ¢(f(x)) = x u Teopemara 3a
IIPOU3BO/JHA HA CHCTABHO H300parkKeHHe CJIelBa MAaTPHIHOTO PABEHCTBO
Dg (3°) o Df (2°) = I, xbaero I e eguumunaTa n X n MaTPUIA, KOETO €
II'bPBOTO OT TOPHHUTE PABEHCTBA. BTOPOTO PABEHCTBO CJieBa OT IUTHPAHO-
TO TIO-TOPE CBONCTBO HA JETEPMUHAHTATA. |

B wacrrocT, OT TYK ce BUZK /A, U€ IPU YCJIOBUSATA HA TEOPEMaTa NMaMe

D seey
D((:ﬁin)) (%) # 0.

3abesexkka. B naparpad 1.8, Teopema 7, Hue Ie MOKaxKeM, 4e €
BIPHO W OOPATHOTO TBbPIAEHHE: aKO (HYHKIHOHAIHATA IeTePMUHAHTA HA
eqno aucdepeHnupyeMo OHEKTUBHO H300parKeHHe € pasudHa OT HyJa, TO
00paTHOTO My M300pazKeHue CbIlo e JudepeHupyemMo.

YaopakHeHud.

1. Oyukuusara f () = f (21, ..., T,) ce HAPHIA TOMOLEHHA OM CMENEH,
k, aKo 3a BCAKO 9HCJIO ¢ € U3II'BJIHEHO PABEHCTBOTO

FF) = tF ().

Jokaxkete, de 3a (pYHKIHUTE, XOMOTEHHH OT cTemleH k, € B cujIa pa-
BencTBOTO Ha Oittep:

of

T1—
8x1

of

(f)+...+xnaxn

(@) = k f (7).
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2. JTokaxere, ye dbyuknusara f(x,y) = /Ty He e gudepeHnupyema B
roukara (0,0), a byuxusara g(x,y) = cos J/xy e nudepeHnupyema B Tasu
TOYKA.

3. Bucounnara a = |OB| Ha IIAHWHCKA BPbX MOXKE Ja Ce OLpPeIesn
o popmyJIaTa
a(b,a) = btg a,

KbjeTo b = |OA| e pa3crosHHeTo MO XOPU30HTAJIATA MEK/y BbpXa W Ha0-
JFOAIATENSA, & (¢ € BI'bJIBT, HOJ KOMTO ce BUK/A BbPXa (BUK YepTekKa).

B

O b A

Yeprex KbM 3aja4a 3.

Wsnon3Baiiku JinHelHATa YacT Ha (popMmyJiaTa 3a HapacTBaHETO, JO-
KazKeTe, 4e e BaJUIHA cJeHaTa hopMyJia 3a I'pelrkara;

Aa.

Aa =~ tg a.Ab+ 5
cos 2a

4. Hamumere popmysiara 3a HapacTBaHeTO 3a (DYyHKIUUTE:

a/ f(z,y) = Siﬂl(xy) okoJio Toukara (m/3,1/2).

6/ f(x,y) = ¥ okoao Toukara (2,2).
B/ Usnonssaiiku 6/, npecmernere 2.01%9! ¢ tounocr no 0.01.




1.5. IIPOU3BO/IHA 110 HAIIPABJIEHUE 1 I'PAJIMEHT 65

1.5 IIpousBojHa 110 HanpaBJieHAE U I'PAJUEHT

3a byHKIUM HA e/lHa MPOMEHJINBA IIbpBaTa MPOW3BOJHA B JIajJleHA TOYKA
UMa TPOCT TeOMETPHYEH CMHUCHJ - Td € paBHA Ha 'BIVIOBUS KoehUIUHEHT
Ha Jonupare/inara KbMm rpadukara #va dynknusra B razu rouka. C jgapyru
JyMu, Ts u3passiBa 'crpbMEOcTTa" Ha TpaduKaTa B Tasn Touka (ako GQyHK-
IUsITa HAPACTBa, MPOM3BOIHATA € TTOJOKUTETHA, U T.H.). 3a GQYHKIUH HA N
IIPOMEHJTMBY II'bPBUTE IPOU3BOIHU €A 1 Ha OPOii, U TAXHATA HHTEPIPETAIIUS
He e TOJKOBA OYeBHU/IHA.

3a /a cu U3SACHUM TeOMETPUYHUS CMHUCHJI Ha TbPBUTE TPOU3IBOIHM,
ITe CH MTOCJTY2KHM C AHAJIOTUSITA, KOATO CIIOMEHAXMe B HAYaJI0TO HA, TIPETHHS
naparpad: me pasriiegame rpadukaTa Ha J1a/ieHa (DYHKIU HA JIBE TPOMEH-
JUBU KaTo pesed Ha 4acT OT 3eMHATa MOBBLPXHOCT. Taka, ga cu mpejcra-
BHM, Ue ce HaMUpaMe Ha CKJIOHA HA HIKAK'bB XbJM (BHXK deprexka). Torasa
CTPBMHOCTTA Ha MIBTEKATA, 0 KOSITO BLPBUM, 3aBUCH OT HEHHATA IMOCOKA:
HEE MOKe JIa TP'bI'HEM NPaBO HArope (IoJisiM ITOJOKHUTeeH HAKJIOH), HPAaBOo
HAJI0JTy (TOJIAM OTDHUIIATENIEH ), WIH Ja MOeMeM [0 XOPH30HTAJATa - TOraBa,
I'bTEKATA € XOPW3OHTAJHA M HAKIOHBT € HyJIeB. Te3u choOpaykeHusT BOISIT
JIO TOHSITHETO MPOU3BO/IHA IO HAIPABJICHUE, KOETO IIe HU3JIOXKUM I10-/I0JTY.

ITpousBoana no nampassienune. Heka f (z) = f(xy,...,x,) e dyH-
KU Ha 7 IpoMeHjauBH, nudepeHnupyeMa B Toukata 20, n Heka € =

(e1,...,€,) e n-Mepen BekTOp ¢ HOpMa eqmanna (Te. [|e]| = />0 2 = 1.)"
Hedbunnums. 1100 npoussodna na dgynkyusma f(x) no nanpasierue
€ 6 moukama x° we pasbupame 2paruyama

O (1) = g G011 =16

%’ t—0 t

ITle u3paszum g—é (2°) upes wacrnure npoussonun na f(x). Ipasara,

MIHABAIIa Ope3 ToukaTa ¥ 1 KoJInHeapHa Ha BEKTOPa €, MOXKe Ja ce Tapa-
MeTPU3upa C ypaBHEHUATA

o(t) = (2} + ter,...,a) + tey,).

* —
Kommonenture e€1,...,€, HA €INHUYHAS BEKTOP € C€ HAPUYAT HETOBH
JIMPEKTOPHU KOCUHYCH. AKO O3HAYMM C Z; €JUHWYHUS KOOPJUHATEH BEKTOP IO OC-

Ta Z;, TO KOMIIOHEHTATA €; € PABHA HA CKAJIAPHOTO IIPOU3BE/EeHUE (€, T;) U CIIEA0BATEIIHO
Ha, KOCHHYCA, HA, bI'bJIa MEXKIY € U OCTa ;.
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(Toit kato ||e|| = 1, mapameTspbT ¢ CbBHAJA ¢ OPHEHTUPAHOTO PA3CTOSHAE
oT Tekylara Touka r(t) 10 HauajHata TouKa 1°.)
Torasa orpanmdenuero Ha f (z) BbPXy Ta3u IpaBa Ce MPEICTABI C

dYHKIMATA Ha €/IHa TPOMEHIHBA

e(t) = flz(t)) = f(x(l) + tey,..., 20 + ten).

[Ipunaraiiku 3a byskmuara p(t) = f (29 + ter, ..., 20 + te,) upasuioro 3a
Jjucpepenniupane Ha CbcTaBHa (DYHKIMA, 10JIy4aBaMe PaBEHCTBOTO

9 0 - 0 0
2 L) = el ).

1=

HedunnuiusaTa Ha TPOU3BOIHA 110 HAIIPABIeHHEe 0000IIaBa TOHITHETO
YacTHa TMPOM3BOJAHA, Nedunnpano B mpeanus naparpacd. Hamcruma, ako
B DOJIATA Ha € B3eMeM i-THIT KOODJMHATEH BEKTOD €' (ToBa € BEeKTOp
KOODJIMHATA JMHUIA HA -TOTO MSACTO M HYJIM Ha OCTAHATIHUTE MECTa), TO OT
dbopmyara (*) mosydaBame:

0 0
oL @) = 3L ().

3abesaexkka. [lo-vararbk HEe Ie U3M0a3BaMe JeUHHUINATA 33 TTPO-
M3BOJIHA [0 HampasjeHue u GpopmyaaTa () 3a MPOU3BOJIEH N-MepPEeH BEKTOP

= 1. Torasa ompee-

h = (hi,...,h,), 6e3 1a U3UCKBAME YCJIOBHETO HE’

JICHUETO I‘y6I/I JAUPEKTEH reoMeTpruvieH CMUCHJI, HO OCHOBHUTE MY CBOHCTBA
0CTaBaT B CHJIA. 3a IO-HATATBIIHH neJin Ie BbBeaeM O3HaYCHUETO.

Dif(e) = (a) = 3o i (a).

Axo o3zmaunMm ¢ D; onepanugra Ha audepeHIupane mo IPOMEHINBaTa, T;, €
B CHJIa PABEHCTBOTO MEXKJIy OTEPaTOpH

D; = i hiD;.
=1
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I'paguent ma dbysknmda. /la pasriepame, npu pukcupana TOYKa
2%, 3aBuCHMOCTTA HA MPOM3BOAHATA TTO Hanpasienue fL(zY) or exuHnanms
BekTOp €. C Apyru jymMu, MuUTa ce 10 KOe HAIPABJICHHE MPOM3BOJIHATA HA
dbyuknugaTa e Hait-rossimMa, peci. Hail-mMaska. 3a Ie/Ta me u3MnoJa3BaMe mo-
HATHETO CKAAAPHO Npoussedenue Ha BeKTOpH oT R", KoeTo Moxe jga Obe
JgeduHIpano no aHaguTHder u reomerpuder wbr (Buk §1). Ile nanomum,
de 3a JBa BeKTOpa d = (ay,...,a,), b = (b1,...,b,) or R" ckamapHoTO
npoussejienne ce jgedunupa ¢ popmysiara

<a, b> _ Zl a;b;.

B cuia e paBercTBoTO

<a,5> _ ||5||H5H<;os<z(a,5>,

K'bJIeTO < <6, b) 03HA4YaBa bI'bjla MEXKJIy BEKTOpHUTE d 1 b.

Hedbunnnua. [lod epaduenm na Gyuxyuama Ha n  NPOMEHAUCU
f(x1,...,2,) 6 mouxama z° we pasbupame n-mepen 6exmop ¢ KoopPOUNHI-
MU, PasHU Ha YACTHUME NPOU3BOOHU 8 MA3U MOYKA:

wad (1) = (55 @) gL (@) gt (@)

— , —— e
0, 0xs oz,

Torasa dopmynara (%) MoXkKe 12 ce HAIUIIE U TaKa:

0
(%) 8_]; (IO) = <graa f (xo) ,€> = ’ grad f (xo) ‘ ’ cos £ (graa f (xo) ,5) ,
it kKato ||e]| = 1.

3HaeM, ge Hal-To/IsIMaTa CTORHOCT Ha KOCHHYCA Ha €/IMH bI'bJI € PABHA
Ha IMHUI U Ce JTOCTHTA 3a bI'bJ, paBeH Ha Hyga. OTTyK moIydaBaMe:

0
Teopema 1. IIpouszsodnama no nanpasaenue a—]i (mo) 6 moukama (x°)
e

B83EMA HGU-20AAMGTNG CU cmoﬂnocm, Kozamo eewrmopa € e edHonocoueEr ¢

sexmopa grad f (zV), m.e.
grad f (")

o]
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B mosu caywati umame

o0« = |

grad f (a")||.

C npyru jaymu, nMaMe CJieJHATa TeOMeTPHIHA HHTEePIPeTAINs Ha BeK-
Topa graé f (2°): mocokaTa My cbBHasa ¢ MocoKaTa, B KoATo f(x) pacTe Haii-

0bp30, a TOJIEMUHATA MY € paBHA Ha HAaKJI0HA Ha rpadukara Ha DyHKIUAATA,
B Ta3H IMOCOKA.

['panmenT Ha YHKIUATA B JaJleHA TOUKA U BEKTOPH,
JOTPpATEJHA K'bM XOPHU30HTAJIATA.

ITle mocouum ole ejHa TeoMeTPUYHA XapaKTepus3alus Ha BEKTOPa
0
grad f (z°). Or dopmynara (+*) ce BrKIa, He /

- (:co) = 0 To4HO TOTaBa,
oe
koraro € e nepnenaukysipen na grad f (2°). MHadge ka3ano, ako ce JBHIKIM

o "xopuzonTasaTa, HapaBAEHHETO HA IBUKEHHETO BB BCEKH MOMEHT IIe
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Ob/le MepIeHUKYJISPHO Ha I'PAJMEHTa B ChOTBETHATA TOYKA. 1aka, 3acera
Ha WHTYWTHBHO HUBO, CTHTAMe JIO0 TBbDACHHETO (BHXK depTrerka).

Teopema 2. [I'paduernmesm na edna dynryus 6 dadena mouka e nep-
NEHOUKYAADEH HA AUHUAMG HA HUBO HA PYHKYUANG, MUHABAULL NPE3 MaA3U
MoYuKa.

A 4T
AT A A
B gRsdaiat &
os- | l!m,u i il \m\\m«n\w\\\ .
ol il il
Ol il |
oL

1
—-

POETSS

-

LN /]
‘*‘
"ﬁ%
‘ﬁ#’qu
e e

s
—
=
—
=

S

|
‘lﬁ\}\l\\\\\\
o i

-1.0+

Y

="
—
S

['paweHT W JTUHUM HA HUBO Ha JaJieHa (DYHKIIH.

Tounarta popMyIUPOBKA HA TOBA TBbP/IEHUE € CJIeIHATA: TPATUEHT BT
e MepIeHIUKY/IsdpeH Ha JIoNupaTelHaTa KbM JUHAATA Ha HUBO B TOYKATA.
(3a ponuparesiHa KbM HapaMeTPUIHO 3a/(ajieHa KpuBa Bk dact [, §2.12.)
[TapamerpusupaneTo Ha JHHUATA HA HUBO, KAKTO M JOKa3aTEJICTBOTO HA
ropuara Teopema, e Objie Hanpaseno B §8.

3abenexkka. ['paauentsbt Ha gageHa GyHKIms oemre qedbuHAPAH TPU
HAJUYKe Ha JIEKapTOBa KOOPJAMHATHA cucreMa B mpocrpancTsoro R"™. Teo-
pemu 1 u 2 obave nokaseatr, e Bektopa grad f(x) mma mHBapmanTeH reo-
METPUYEH CMUCHJI, T.€ He 3aBUCU OT m300pa Ha KOOPIMHATHATA CUCTEMA, a
caMoO OT CKaJapHOTO mpom3penenue B R".

Popmysa 3a KpaiiHuTe HapacTBaHUA 3a (PYHKIIUM HA MHOTO
npoMmenguBu. [lle 0b6o0mmM egHa oT Hali-BaxkuHuTe QOpMyan Ha aude-
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PEHIMATHOTO CMsTaHe 3a €JIHa IIPOMEeHIMBa — (popMyJIaTa 3a KpalHure Ha-
pacTBanus, JoKazana B 1.§2.3 (u u3nonssana B npenHus naparpad). Heka
2 € R, b= (hi,...,hy,) (BeKTOp Ha HaApacTBaHETO), U HEKa (PYHKIUATA
f(z) e nedpunupana u audepennupyemMa BbB BCHIKH TOYKH OT OTCEIKATA,
cebpsbaiia Toukure 20 n 29 4 h s R

Teopema 3. Ilpu zopnume ycaosusa csuwecmeysa wucao 6 € (0,1)
makoea, “e

F(24B) = f (") = ihigj (" +0F)
i=1 '

HdoxkazareactrBo. /la BbBejieM, KaKTO I0-I'Ope, HOMOIIHATA (DyHK-
ung Ha exma npomensusa ©(t) = f (20 + thy,...,2° + th,). Torasa or
YCJIOBHETO HA TeopeMaTa CJejBa, 4de Td e JudepeHiupyemMa B HHTepBa-
aa [0,1]. Ot egnomepnaTa Teopema 3a KpaifiHHTe HAPACTBAHUS CJEBA, e
©(1) — p(0) = ¢'(0) 3a naxoe 6 € (0,1). ToraBa Teopemarta e C/eJCTBHAE HA
OUEBHTHATE PABEHCTBA

0(0)=f(2°) , p(1) = f (xo + E) Lo (t) = ihg (a:o +tﬁ> u

CanencrBue 4. /la upepnosoxum, de npoussoguure Ha f(x) yiaos-
JIETBOPABAT HEPABEHCTBOTO

5 (%) <c

i=1

Torasa e B cu1a HepaBEHCTBOTO

(0 R) =1 6] < e[

grad f(2)|| <

okazareacTBo. [0OpHOTO yC/I0BUE BCHITHOCT O3HAYABA, Ue ‘

C. TebpaeHneTo Ha TeopeMaTa MOXKe [a Ce HAIHUIIEe BbB BHJIA

f(a;0+fz) —f (@) = <E,@f(g;°+9i£)>
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u cjJaeJ0oBaTeIHO

(o 8) = @) < [[fl][Jamds (= - oR)[| < ][] m

YupakHeHud.

1. Heka f(P) e paananna GyHKINS B paBHHHATA, T.e. HMa BHIA
=< (|lor])).

kbiaero O e dbukcupana Touka B paBHHHATA (Hamp. Hawaaoro), ||OP|| e
pazcrostanero or Toukara O no toukara P, a ¢(t) e dbyHknus Ha enHa
npomennBa, jgepunupana u audepennupyema npu t > 0. Jlokaxkere, de
f(P) e nudepennupyema mpu P # O u

i 1(P) = ¢ ([[oP]) 2 H(ﬁgH

op

3abenexxkka. BekTopbT peaCTaBIgBa eJUHNYCH BEKTOD, Ha-
[o7] |

coueH ot O KkbM P.

2. (HioTOHOBO IrpaBUTAIMOHHO HOJIE). AKO HMaMe JIBe MaTepual-
HU TOYKH, TO, CHOPEJ[ TEOPUATA 33 IPABUTAIMSITA, I'PABATAIIMOHHATA, CHJIA
MEXKJTy TsIX € HACOUEHA MO CBLP3BAIIATA M JIMHUS, TIPABO TTPOMOPIHOHATHA
e Ha [IPOU3BEICHNeTO HA MACHTe, U OOPATHO IPONOPIMOHAIHA HA KBA/(PATa
Ha Pa3CTOAHUECTO MEKAY TAX. MaTeMaTI/IquKI/IHT n3pa3 € CJICJHUAT: HEeKa
nmame Maca M B Toukata O, u equuandHa Maca B Toukara P. Jla o3madnm
¢ F(P) = (F,(P), F,(P), F,(P)) cuiata, ¢ KOATO Ta3i Maca ce MpHBJITYA
oT mbpBaTa. [lokazkeTe, 4e BEKTOPHOTO TIOJIE

F(P) = —— (OP),
(07|

* n

Ilon eexmopro noae, nedunupano B obmacrta D C R" ce paséupa mzobpazkenue,
CHLOCTABAIIO HA Begka Touka P € D n-mepuus sexrop F(P) = (Fi(P),..., Fo(P)).
Tosa moHsiTHE UMa MHOTOOPOIHY MPHUJIOXKEHHST B MaTeMaTHKaTa n (pu3nkara.
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KbJeTo ¢ = kM u k e rpaBUTAIIMOHHATA KOHCTAHTA, Y/IOBJIETBOPIBA TOPHUTE
yeaosust. [Tokazkere ome, de ako momoxnm $(P) = ’7%;, TO € U3II'bJIHEHO

PaBEHCTBOTO

F(P) = grad ®(P).

Babesexxka. Oynknusara $(P) ce Hapuda 2pasumayuoHeHr, nomet-
yuan. B MHoOrO cirydan e mo-jecHo ga ce paboTH ¢bC CKajgapHaTa OYHKIH
®(P), oTKOJKOTO ¢ BeKTOpHOTO 110J1e F'(P).

3. Heka Fy, Fy ca nBe pa3inynu TOYKH OoT paBHuWHaTa, n f(P) =
||FLP|| + || Fo P||. Jokaxkere, ge mpu A > || Fy F,|| mumunre na nuso na byH-
KIuaTa (T.e. MHOXKECTBOTO OT TOUKH P, 3a kouto f(P) = \) npejcrabigasar
equticn (¢ dokyen B Toukure Fy u Fy).

YuobrBane. 30epere KoopjuHATHA CHUCTEMa € HAYAJI0 CpejaTta Ha
orceukara Fy Fy n abcnucna oc 1o tasu orceuxa. [a osnadnm p = 5 [|FF|;
torasa Toukute [, F; me umat koopaunaru (—p,0) u (p,0) cvorserHo. la
TTOJIOZKUM

A
azi,b: a? — p?.
JlokazkeTe upes ABYKPATHO HOBJIMIaHE HA KBAJAPAT, 4e€ 3a BCAKA TOUKa P =
(x,y) pasercrBoro ||PFy|| + ||PFy|| = A e ekBuBasienTHO ¢
22 2
— + o= 1.
a b

3abeaexxkka. Or Ta3u 3aj1a4a cjaeasa 100pe MO3HATHAT HAYHH 33 Ha-
depraBaHe Ha eJIMIICa ¢ HOMOIITa Ha BPBbBYHIA U JIBe I'BO3/eiiuera (1ocodere
ro!)

4. (Onrumuno csoiicTBo Ha esmmcara.) Heka f(P) = ||F1P|| +
||FoP|| e dyukmusTa or npennara 3amada. lokaxkere, ge 3a BesKa TOYKA
P # Fy, F, Bektopbr grad f(P) e KoauHeapeH ¢ bIIIOMOJIOBSAIIATA Ha BI'bJIA,
onpenaeen or Bekropure PFy, PF5.

Yowreane. /la oznaunm fi(P) = H}'Tf”

3yJaTaTa Ha 33J. 1 ce BUXKIA, 4e

) fQ(P) = H@H Or pe-

grad fi(P) = —
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Jla nanecem or Toukara P eIuHUYHUTE BEKTOPH
Ta Y

PQ; = grad fi(P), PQs = grad f»(P).
Toraga
grad f(P) = grad f1(P) + grad f»(P) = PQ; + PQs = PQ.

Tbit KaTo YeTupUbIbAHUKBT P12 e poMmb, To <Q1 PQ = <2 PQ).

OnTudHO CBOHCTBO HA EJUIICATA.

Babenexxkka. PesyrarsT Ha 3a7adaTa UMa IPOCTa T€OMETPHUYIHA HH-
TeprpeTanus. 3aKOHBT 3a OTpa3siBaHe HA CBETJIHHATA IJIACH, e IIPU OTPa-
34dBaHe OT paBHUHA IIQJalIUAT U OTPA3CHUAT JI'b1 CKJIIOYBAT €JHaKBU 'bIJVIA
C HOpMaJlaTa K'bM IIOBbPXHUHATA. C'b]l[I/IHT 3aKOH € BaJIMAEeH U 3a KPpHUBOJIHU-
HeiiHa NMOBBbPXHUHA; aKO IMOBLPXHUHATa € IpeACTaB€Ha KaTO JIMHUA Ha HUBO
Ha JajeHa hyHKIms, To 1o Teopema 2 or maparpada HopMaJiaTa KbM Hes
e KOJMHeapHa ¢ TpaJueHTa Ha (QYHKIHATA. Pe3ynrara Ha 3aadara MOXKe
J1a ce popmysiupa Taka:

AKO IIyCHEM IIPOU3BOJICH CBETJIMHEH JI'b4 OT €JUHUA CI)OKyC Ha €eJINII-
cara, CJeJ OTpa3siBAHETO B Hes TOI e MWHe mpe3 Apyrus u (oKyc.

5. Heka [ e npaBa B paBauHaTa u I’ e Touka, KoaTo He jgexxku Ha [. Heka
M e MHOKECTBOTO OT BCUYKHU TOYKHU PP B paBHUHATA, 38 KOUTO PA3CTOSIHIETO
} ’Ff" ‘ oT ToukaTa P 510 Toukara F' e paBHO Ha pPa3CTOSHUETO OT TOYKaTa, P

70 mpasata [ (T.e. Ha JbJKHHATA HA MEPIEHAUKYJIIPA, CIycHAT OT P KbM
npaBara). Jlokaxkere, ue MHOkecTBoTO M e mapabosa (¢ dokyc B F).
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YuobrBane. 30epere Koop/iuHaATHATA CUCTEMA B PABHUHATA TaKa, 4e
octa T Aa cbBOaga ¢ [, a Toukara F jma sexu ma octa y (te. F' = (0,p)).
[Tokazxkere, 4e MHO)kKecTBOTO M ce omucBa ¢ ypaBHEHUETO Y = zipa:Q + L.

3abeaexxkxkka. Hedopmasrao, napaboaara MoxKe Ja ce PasrjiezkKaa KaTo
I'PAHUYHO TOJIOZKEHUE HA eJTUICATa, aKO eIMHUAT U (DOKYC e HEelOABUKEH, a

JpyrudT oruBa B 6e3kpaiinocTra.

6. (OnTuuno cBoiicTBO Ha mapaGosara.) Ilokaxkere, de Bcekn
CBeTJINHEeH JIbd, u3am3an or ¢okyca F Ha nmapabosara, CJiej OTpazKeHHe

I

folwy) = —y. 1 f(P) = Fi(P) + faP). Torana grad fi(P) = H%i

- *
B Hapa60ﬂaTa CTaBa yCIIOpeAeH Ha HEHHAaTa OC.

VYobrBane. Ananoruyno Ha 3ai. 4, na mojaoxum fi(P) = Hﬁ

ﬁfQ(P) = (0,—1). [lapaborara M cbBHajga ¢ HyJIeBaTa JUHAS HA HU-
BO Ha yukuuaTa f(P), T.e. ¢ MHOXKECTBOTO HA BCUYKM TOUKH P, 33 KOUTO
f(P) = 0. Kakro u mo-rope, 1ie HaHeceM OT TOYKara P eJMHUIHUTE BeK-
TOPH P—Ql> = gmfl(P), ﬁ% = ﬁfz(P). OTHOBO YETHPUBI'BIHUK BT
PQ1QQ2 e pomb, 1 ciaenoBaresto <G PQ = <@Q2PQ (BukK vepreka).

OnTuvHo CBOMCTBO Ha mapaboJiara.

“Pasbupa ce, BAPHO € U 0OPATHOTO: AKO M3IPATHTE KbM HAapaboaara CHOIL JIbUH, YC-
[OpeJIeH Ha HefHATa OC, CJeJl OTPAKEHWeTO BCUYKH Te Ie ce cbhepar BbB (GoKyca Ha
napabosara. ToBa CBOMCTBO MIMPOKO Ce U3IO/3BA B TEXHUKATA, HAIIPUMED BbB (papoBere
Ha, KOJIUTE, B MapabOJIuIHUTE AHTEHU U JIP.
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1.6 IIpousBogHuM OT 10-BUCOK pea. Popmysia
Ha Teitjaop

Tocera Hue pasrjexkjaxme caMo IPOU3BO/IHYN OT bpBU peJi. KakTo 3a dhyH-
KIIMHM Ha eJIHa IPOMEHINBA, HIe MOZKeM J1a IPOIbJKIM 13 JudepeHimpame
2

¥ JIa TTOJIY 9MM YaCTHHU MPOM3BOIHHI OT MO-BUCOK pejl. Taka, ¢ (x) nam

8xi aﬂfj

C fre;(7) O3HAUABAME TPOM3BOAHATA Ha DYHKIHATA 5, [0 IPOMeHIIBaTa
K3

Zj B TOUKATA .

Ha npbB morute s KapTuHaTa H3MJIEXK 1A T0CTA CIOKHA: aKO f (1, ..., Ty)
e YHKIUS HA 1 OPOMEHIUBH, TO I'bPBUTE M HPOU3BOAHU ca n Ha OPOIi.
Besika or Tsx Moxke ga Objie judepeHnupana 1Mo n IPOMEHJNBU, U TaKa
noTyuaBaMe o610 n? pasamdHE BTOPH Ipoum3BoxHd, n - Tper:, n n* mpo-
U3BOJAHH OT k-TH pej. BCbITHOCT KapTHHATA € MAaJKO IIO-ONTHMHUCTHYHA:
B TO3U maparpad HHe Ime MOKayKeM, 4Ye MPU HAKOU JIEKH MPEeIIOI0KEeHUs
CTOMHOCTTA HA MPOU3BOIHUTE HE 3aBUCH OT Pelia, B KONTO € H3BbLPIICHO JIH-
depennmpanero. Taka curyanusra ce ONpPOCTIBa — HAUIpUMeED 33 (PYHKIUS
Ha, 1B TTPOMEHJIIBH Pa3IMYHHTe TPOU3BOAHH OT pes k He ca 2F, a camo k41
Ha OPOIi.

ITle mokarkem TeopeMarta 3a HE3aBUCHMOCTTA HAa BUCIIUATE TPOU3BOIHI
oT pejia Ha audepeHImpaeTo Haji-Hanpe/ 1 3a GyHKIMS Ha JIBe TPOMEHTHBH.

Teopema 1.Hexa f(x,y) e dynryus na dee npomensusu, dedpurnupana
6 okoanocm wa moukama (xg,yo). la npednonosicum, e nspeume npous-
codnu fy, f,, u cmecenume emopu npoussodnu fi, u f. csuecmeysam 6
oxoarocm na (%o, o). Axo fr, u f,, ca menpexscnamu 6 masu mowuxa, mo
CMOTHOCTNUME UM 6 HEA CA PAGHU.

HokazaresactBo. llle anpokcuMupamMe cMeCeHUTe BTOPH IPOK3BOIHE
¢ "mudepenunn yactau or Bropu pea'. Heka h u k ca 10CTATBYHO MAJIKH
qncaa. [la o3HaunM

W(h,k) = f (o + h,yo + k) — f(xo+ R, y0) — f (z0,90 + k) + f (z0,%0) -
[Tle jokakem MOCJI€/I0BATEHO, U

W (h, k)

= fa/:/y (z0,%0), mue lim ——— = f;lx (0, %0) ,

. W(h,k)
fim hk—0  hk

hk—0  hk
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OTK'bJIETO, Pa3dupa ce, cJiejiBa TBbPJAEHNETO Ha TeopeMaTa.
3a Ta3u mena ga pasriensaMe MOMOITHATA (DYHKIIASA

(@)= f(z, g0+ k) — f(z,90),

JiebuHupaHa 3a CTORHOCTU HA X, JIOCTATbIHO 0JiM3KU J0 Xo. ['pynupaiiku B
u3pasa 3a W (h, k) mbpBOTO ¢ TPETOTO, H BTOPOTO € 9€TBBPTOTO ChOUPaAEMO,
OJIy4aBaMe PABEHCTBOTO

W(h,k) = @ (xo+h) — @ (x0) = h' (xo + 01h),

3a noaxoamo 01 € (0,1) (mo Teopemara 3a KpaifHuTe HapacTBaHus 3a by H-
kuusTa ). Toit karo ¢'(x) = f; (z,y0 + k) — [ (z,50), 10

W(h, k) = hf, (xo + 01h,yo + k)—f, (2o + 01h, y0) = hkf}, (xo + 01, yo + 02k)

KaTO ITOCICIHOTO PABEHCTBO Ce MOJIydaBa OTHOBO 4Ype3 IpUJIaraHe Ha Teo-
pemata 3a KpaiiHuTe HapacTBaHHs, TO31 bT 3a GyHKIuATa f. (xo + 01h,y)
Ha npomenanBara y. Tyk orHoBO 0y € (0,1) (pasbupa ce, aucaara 01 u Oy
3apucar or h u k). OrTyk

W(h, k)

hk
u ciaegoareano npu h — 0, k — 0 umame
W (h, k)

hk
fcHo e, 9e B TOPHOTO Pa3ChiK/ICHUE MECTaTa HA T U i MoraT Ja Obaar
pasmenenn. /la pbBejem japyra nomomaa dyuaxnua ¥ (y) = f (vo + h,y) —
f (zo,y). Toraa W(h, k) =¥ (yo + k) — ¥ (yo) = k¥’ (yo + 03k), oTkBIETO

KaKTO IIO-Irope 1oJiy4aBaMe

= f;/y (zo + 01D, yo + 02k)

— f:;/y (.TO, yO) *

W(hk) ., - W(hk) .,
k- fyw (w0 + O4h, yo + O3k) m h_}églﬁo Ty fyz (T0,%0) 5
OTKDBIETO fi (%0, Y0) = fo (T0s Y0)- u
CanencrBue 2. Axo gynwyuama f(xq,...,x,) npumescasa nenpe-

KBCHAMAU YaACMHYU NPou3sodnu do ped k 6 dadena okoanocm, mo marHume
cmotiHocmu He 3asucam om peda wa dudepenyupane.
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HoxkazarenacTBo. 3a ya100CTBO HEE 1€ BbBeAeM HOBH O3HadYeHus . Jla
o3nauyuM ¢ D; onepanusgara Ha JudepeHiupane 1mo TpoMeHInBaTa, T;:

af

Dif(z) = Er ().

(B MaTeMaTHKATA YeCTO ¢e YIOTpebsaBa TepMuHa AudepeHIuaien oneparop).
Torasa TpoU3BOAHUTE OT MO-BUCOK PEJI CE MOJIYyYaBAT UpPe3 IMOCIEI0BATETHO

IIpujgaraie Ha CbOTBETHHUTE Ollepalluin:

ok f

[Tpu Te3u o3HavYeHUsT TBHPAECHNETO Ha TeopeMma 1 o3HadYaBa, de NMPU Halpa-
BEHUTE B Hes IIPe/IIIOJI0XKEHNSI Te3W Ollepalui KOMYTHAPAT, T.€.

DiD;f(x) = D;D;f(x)

3a BCEKH JIBa WH/IEKCA %, j, HAMUAPAIIHA ce Mexkay 1 u n.
Heka cera uzbepem cucrema iy, . . ., iy OT HHJIEKCH MeXKIy 1 1 n, u pasr-
ok f
Ha Ta3W MPOM3BOJIHA HE CE€ MPOMEHS MPH MPOU3BOJJIHO pa3MecTBaHe HA WH-
JIEKCUTE 11, . ..,1,. OT Ka3aHOTO JOTYK Ce BUXKJA, Y€ Ta3h CTONHOCT HAMA
Jla ce TPOMEeHHW, aKO pa3MeHNM MecTaTa Ha JiBe CbCe/IHH TudepeHIInpaHus,
HaIlPEMep Ha Te3H, OTTOBapANIY Ha WHIEKCUTE i) U i,11. Hancruna,

JIe1IaMe TPOU3BOIHATA (x). TpsabBa ga JoKazkeM, 9€ CTORHOCTTA,

Di1 Ce Dip+1Dip e lef(l’) = Di1 e Dip,1 (Dip+1Dip (Dip+2 e Dzkf(l’))) =

= Dil e Dl'p71 (DipDip+1 (DZ'er2 . lef(l’))) =
= Di1 c. DipDip+1 c. lef(flf)

KakTo e m3BecTHO OT ajrebpara, BCIKO pa3MecTBaHe Ha WHIEKCUTE
11, ..., 1 MOXKE JIa Ce MOJIy4IN Upe3 HIKOJIKO IIOCIeI0BATE/THE pa3MeCTBAHUS,
pa3sMeHsIII MecTaTa Ha JIBA ChCEJIHHU €JIeMEeHTa U He 3acsArallid OCTAHAJINTE.
Tbit KaTo TPU BCAKO pa3sMecTBaHe Ha JIBA ChCEIHH HUHIECKCA Pe3y/aTaTa He
ce TIpOMeHsI, TOH HAMAa JIa e MPOMEHH M IPH IMPOU3BOJIHO Pa3sMeCTBaHE Ha,
UHAEKCUTE. |
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Hedbunumusa. Axo edna Pynkyus npumestcass HeNPeKsCHAMU “acC-
MHU NPoudsodHy, do ped k 6KANOUUMENHO 666 SBMPEUHOCTIMA HA dedu-
Huyuornama cu obaacm D, ue kazsame, we masa e k-kpammuo 2aadka 6 D.

Ipocmparcmeomo om ecuvku maxusa gynkuyuu we beaestcum ¢ CF(D).

Baxxken npumep. B 1031 pasimen me HaMepuM BHCIIATE IPOM3BOJI-
HHU HA moMormHata byHKnusa ¢(t), n3noassana B npeanus naparpad. Llle
npunoMHuM HeftHata gedbunnnus: Heka dyakuuara f (xy,...,x,) e gedu-
HUpaHa B OKoJHOCT Ha Toukara ¥’ = (29,...,2%) u nupurexasa Henpexbe-
HATH YaCTHH IPOU3BOAHE 10 pen m Briountenno (t.e. f € C™(D)), u Heka
h=(hi,... h,) € R". Oyukmusra o(t) € OIpeeIeHa B OKOMHOCT HA TOU-

kata t = 0 ¢ popmysraTa
o(t) = f (23 + thy, ..., 20 +th,).

Kakto B §5, bopmynara 3a nudepennupane Ha cbcTaBHA (DYHKIIUS HU 1aBa,
¢'(t) =Dy f (a:o + tl_i) = Z hiD; f (a:o + tﬁ) .
i=1

[Tpunaraitku mocsie10BATETHO K'bM TOPHOTO PABEHCTBO (hOpMYJIaTa 33,
gucepennupane Ha cbeTaBHA (DYHKIIHA, IOy IaBaMe

@' (t) = Dy (Dﬁf (xo + tﬁ)) = (Dg)2 / (xo + tﬁ)

1 10-001110
e® (1) = (D;l)kf <x0 +tﬁ) sak=1,...,m.

(Ile mostcHUM, [e ¢ (D;l)k f ce o3mauaBa pesyiaTara OT k MOCTIeI0BATETHA
npusiaranus Ha jaudepenimasinus oneparop Dy kbM yukiusara f.)

Hamara 3ajmada ce cBege KbM cjegHaTa: JIa ce U3Pa3dT CTEICHUTE
(Dﬁ)k Ha oneparopa Dy 4pe3 onepaTopuTe Ha YacTHO JudepeHIupaHe
Dy, ...,D,. Ule mpunomunM, 1e Dy = > "  h;D;. Baxmo e ma ce orGe-
JIeZKH, 4€e, KaKTO Oerle MoKa3aHo IO0-rope, B TOBA IIPEJICTABIHE OT/ICJTHUTE
cvoupaemu h;D;, hjD; KoMyTupaT HOMeXK1y CH.
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Ot anrebpara 3HaeM, Y€ 3a BCEKH N €JIEMEHTH a1, ..., 0, HA JaJeH
KOMYTaTHBEH ITP'bCTEH, M 33 BCSIKO ecTecTBeHO k, € B cuia popMmysara

k
(a1 + ... +a,)f = Z (lﬁ i )alfl...afl’”‘,
1<ky,....ky<n "
i+ ...+ k, =k

*
KbJICTO (klkkzn) 03HA4YaBa T.HAP. IMOJUHOMEH KOe(DUIUEHT :

k R
kyy oo k) T Kl kel

[Ipunaraiiku Tasu popMyna 3a KOMYTHPAIIATE OIEPATOPH
hiDs,...h,D,, nonydaBame

k k
(D;)" = > (k1 kn) Wit ... R Dt Dk
1<ky,... .k, <n T

B kpaiina cmeTKa HEe TTOTyIuXMe:

Teopema 3. 3a depunupanama no-zope gynxuyua p(t) e 6 cuaa pa-
6EHCMBOMO

p®(t) =

k orf -
= Rh Rk 04 th).
Z (kl, . 7kn> ! " (‘9’“%1 .. 8knxn (l’ + >
1§k1,...,kn n

ki +...+k,=k

IN

YecTo ropHOTO paBeHCTBO (POPMATHO Ce 3alCBA BbB BU/IA

B () = (hyDy + ...+ hyD,)" f (:co - tﬁ) .

* " 1l
0b6obmenne Ha nmonaTuero "ouHomeH Koedurment'", Bb3HuKBaIo B bmaoma Ha Hioron
(BmK mo-m0ay).
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3a sicHOTa HUe OT/EJHO Ie HAmmimeM Ta3u Gopmysia 3a (PYHKIHHA HA
e ipomensiuBu. Heka f(x,y) e m-kparHo mudepennupyema yHKIHSI Ha
IPOMEHJIUBUTE T U Y, JebuHUpAHA B OKOJTHOCT Ha TouKara (o, o), h, k € R,
u p(t) = f (xo + th,yo + tk). Torasa 3a Bcako n MexKIy 1 U M € U3MDBIHEHO
PABEHCTBOTO

0 2\"
(n) (4) — - -
O™ (t) <hax+kay) f (xo + th,yo + tk)

- n e anf
B ; (p> i pm (zo + th,yo + tk),

K'bJICTO (;) e OMHOMHUAT Koe(pHUIueHT

()= e

®opmyna Ha Teitop 3a pyHKIIUM Ha MHOTO MpPOMEHJUBU. B
HA4YaJI0TO Ie mpunoMHuM opmysiara Ha Teitiop 3a pyHKIME HA €JTHA [IPO-
mertuBa. (Biek wact 1, §2.7.) Axo dyukmusra f(z) e nedunupana B 0KOJI-
HOCT HA TOYKATA T U MPUTEKABA MMPOM3BOJIHU JI0 PEJ N B Ta3W OKOJHOCT,
3a JO0CTATHIHO MaJIKKM HapacTBanus h = Ax e B cuiia opmyara

FLF®) (2,
f($0+h) = pr—(!)(x—x(])p + Rk(h)

(Ime HALIOMHHUM, 9e 10/ HyJIeBa NPOU3BOJHA Ha efHa (hyHKIusA ce pa3dupa
camata yakmus). 3a ocrarbka Ri(h) e B cuna onenxara Ri(h) = o(hY),
T.€.

. Ry(h)

lim

h—0 hF

Axo f(z) npurexkasa u k + 1-Ba mpou3BoHa B Ty, € B CUJIA MO-TOTHA

OIIEHKA; HAfi-4ecTo 3a OCTAThKA ce u3moa3Ba Gopmynara ua Jlarpamxk

B f(k+1) (J}0+9h)
RBi(h) = (k+1)!

=0.

( . 0)k+1

* (Y
YurarensT MOXKe caM J1a JOKAXKe TOBA PABEHCTBO Ype3 WHIYKIIUS 10 N, W3M0JI3Baii-
Ku cBoiicrBara Ha Gunomuure Koeduumenru (Buxk uyacr I, crp. 148). Tokazaresncrsoro
JIOCJTOBHO TIOBTapst TOKA3aTeJCTBOTO Ha OurHoma Ha HioTow.
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3a noaxoso uzdpano 0 € (0,1).

B To3u naparpad Hue e u3BesieM anaJgoruaua popmysia 3a QyHKIUASA
Ha MHOro npomenausu. Ille m3moa3Bame ChbIMUs TOXBAT, KAKTO U B IPEIHII-
HuTe naparpadu: cBexjiane Ha BbIIPoca K'bM (DYHKIMSA HA €Ha ITPOMEHIU-
Ba.

Heka f (x1,...,%,) e m-kpatHo audepeHnupyema GyHKIIU HA N TTPO-
MeHIHBH, JedpuHUpana B okoaHocT Ha Toukara z° = (29,... 2%). Heka
h = (hy,...,h,) e BekTOpa Ha HapacTBaHero. /la IpeaosoKuM, de OT-

ceukara, cebpssama TouknTe 20 m 2° 4 h, ce chabpKa B AepUHUIIIONHATA,

obsiacT Ha dpyukiugTa f. ToraBa Hue MoxKeM Jia oOpa3yBaMe IO3HATATA Bede
HOMOIITHA, (DpYyHKIIMST

o(t) :f(x?—l—thl,...,x?l—i—thn),

onpesenena 3a t € [0, 1]. KakTo BujsgixMe mo-rope, Tsi IpUTeKaBa MPOU3BOJI-
HHU 0 peJ, m BKJIIOYUTETHO, I HIe MOXKEeM 3a BCAKO k < m — 1 1a Hamumem
3a Hes opmysaara Ha Teitsop ¢ to =0 u At = 1:

¢ Ry = % sa makoe 0 € (0,1). Twit kato p(0) = f(2°) u ¢(1) =

f (:po + h), TO MPHUIOMHSIHKE cu (bOPMYJTHTE 33 MPOU3BOIHUTE HA (1), W3-
BEJIEHU MO-TOPE, MOJIydaBaMe

Dopmysa Ha Teitsiop ¢ ocTaTb4€eH WieH BbB BUA Ha JlarpaHK.
Axo f(z) npumescasa wacmuu npouseoduu do ped k + 1 exaouwumenno 6

HAKAKEBA OKOAHOCIT, HA ZL'O, 6 CUAG € PaEeHCIMBE0TMo

U | 0 o\, o .
f(a +h):Z—(h18—m+...+hna—%> f(2) + Re(R).

|
p=o "

x5demo
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3a nodzrodauo 0 € (0,1).

3abesgerkKa. 3a OCTATHLUHUS YJICH MOXKE Jia ObJe U3I0/I3BAHA BCIKA,
or apyrute nosHatu or dact I dopmynn - dopmara ua [Tlaremuax-Porr
WM HHTerpajHara ¢gopMmyna or 3a. 3 Ha §4.3, gact [; paznukute He ca
C'HIIECTBEHH.

Caencrue (ocrarbyeH wieH BbB (opmara Ha Ileano).Hexa
f(x) npumescasa wacmmuu npoussodnu 0o ped k 6KANOYUMEAHO, HENPEKTC-

—

Hamu 6 HAKaAKea OKOAHOCI HA l’o. Tozasa 3a ocmamaska Rk <h> € 6 Ccunaq

)
, m.e.
mei)

Sk
g

h

coomuoweruemo Ry, (h) =0 (

lim
h—0

HokazareacTBo. Jla mosoxum

B} o f ﬁ
.k () = okrgy ... Okng, (xo + h) B

orf
okrgy ... Okng, <I0) ‘

OT HelpeKbCHATOCTTA HA K-TUTe HPOU3BOJHU CJiejBa, e oy, k (h) — 0
npu h — 0.

Ot dopmysiara va Jlarpanxk 3a k — 1-Bus ocrarbk Ry (ﬁ) uMame

Ry (R) =

k k1 kn akf 0 -
Z <k?1,...,k’n) hl hn ((9’“1x1...8’“nxn (ZE ) +ak1kn(0h) ’

ki4...+kn=Ek

OTK'bACTO II0JIydaBaMe

. k .
Ry (h): 3 <k1kn) RE L RE g (OF).

ki+4...+kn=Ek
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CaenosaresiHo
— kl kn
Ry (V) . , )
L n -
]t,L k Z <k‘17_,,7k'n) ﬁ‘ ]_i akl---k‘n( )
ki+...4kn=Fk

Tit kato ag,.p, (h) — 0 npu h — 0, n ‘I\hhil\

TBbPJAECHUETO. |

< 1, ToBa Jl0Ka3Ba

Babenexxkka. Ako monckamMe Hemo nosede - f(x) 1a MpUTeKaBa dac-
THE npou3BoaHu 10 pei k + 1 (a me camo g0 pen k) B okosmoct Ha ¥ u
Te ca OTpaHWYeHH MO MOJYJ OT KoHcTaHTara C, TO € BaJWHA ITO-CUTHATA

OIIeHKA

h

. (7)<

Y

kbaero C = C.nF.
HancTuna, B TO3M ciydaii 10 MHOTOMEpHATA TeopeMa 33 KpaillHuTe Ha-

pacTBaHUs IIe HMaMe ‘aklmkn(h)‘ <C Hh ‘, ¥ 3aMeCTBAHETO UM B TOpHATA

Ri(h
131"

Ciyuaii Ha pyHKHusa Ha ABe npoMensmuBu. [lle nanumem ¢op-
myJiata Ha Teilsiop B carydast, koraro f(x,y) e GyHKINS HA 1Be TPOMEHIHBH,
HavYaHATa TOYKa € (Xg,Yo), HAPACTBAHETO 10 = € h, a HapacTBaHEeTO 10 Y -
k. IlonyaaBame

OIlCHKA 3a JlaBa HyKHaTa HopMmyia.

n

f<x0+h,yo+k>=21(h3+k3) F (o) + Fu (oK),

— pl \ Ox oy
K'bJETO
1 8 a n+1

3a noaxoasmo 0 € (0,1).
B gacrtHocT, npu n = 2 nmame

f(xo+h,yo + k) = f(20,90) + <h % (w0, 0) + K g—g (2o, Z/o)) +
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1 (., 0% 0*f , O°f 5\ 2
+5 (h gaz + 2k G+ R 55 ) (@) 40 (\/h +k) .

YopakHeHud.

1. Heka f(z,y) e dyHKuusra, onpejieieHa ¢ paBeHcTBaTa

2 2
l‘ —_—
ZLOK&)KeTe, qe % u g—zjj CbHIECTBYBAT 1 Ca HEIIPEK'bCHATHU HABCAKDBLIE B

RQ 1 49e cMeceHuTe IIpou3BOJHM B HYJIaTa CbhbIIECTBYBAT. ]]OK&)KeTe7 qe

0 f
oz Oy

0 f
Oy Ox

(0,0) #

(0,0).

ObsicHeTe 3a110 TO3U (paKT He HPOTUBOPEYH Ha Teopema 1.

2. Jla mpeanoToKuM, be MbpBATEe TPOM3BOMHE f,, f, M cMeceHaTa

" 1
MPOU3BOHA f,, CHINECTBYBAT B OKOJHOCT Ha TOUKaTa (To,Yo), U fy, € Her-
peKbcHaTa B Tazu Touka. loraBa [, (To,Yo) CHINO CHIECTBYBA, U HMaMe

Yy
Z;/ff (.To, 3/0) = fgy (513'0, 3/0)
Wsnons3BaiiTe, ue B 03HaYeHHsATa Ha TeopeMa 1 mmame
fy (@o + R, y0) — £ (20, Yo) . W(h,k)
= lim ——=,
h k=0  hk

U JOKa3aHOTO B Ta3HW TeOpPeMa PaBEHCTBO

Y = 0:Y0) -
h—0,k—0 hk 4 ’
3. Hamumere dpopmynara na Teitnop ¢ 4ieHoBe 10 BTOPU peJi BKJIIO-
gprenHo 3a dyHKuuaTa ¥ okosio Toukara (2,2). IIpecmernere 2.01%0! ¢
TOYHOCT JI0 €HA XUJISIHA.
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1.7 JlokajgHu ekcTpemMmyMmn Ha (QYHKIUT Ha
MHOT'O TPOMEHJINBU

Jlokasran ekcrpemymu. Oupeie/ieHHeTO HA JIOKAJIEH eKCTpeMyM Ha By H-
KA Ha MHOT'O MIPOMEHJINBU 3BYYHU IO C'hbINUA HAYUH, KaKTO U 34 beHKL[I/IH
Ha eJHa TPOMEHJINBA!

Hedbununmsa. Hexa gynwyusma f(xr) = f(x1,...,2,) e depunu-
pana 6 obaacmma D C R". Toukama 2° € D ce napuua mouka na
A0KaAEH Makcumym 3a f(x), ako

a/ ¥ e ssmpewna sa D, u

6/ cewecmesysa € > 0 maxosa, we f(x) < f(2°) sa 6caxo x € D, 3a
koemo ||z — 2V|| < e.

Axo B 6/ Bmecro f(z) < f(2°) numem f(z) > f(z°), noayuasame
ONpe/IEJIEHRETO HA JIOKATEH MUHUMY M.

JIOKaIHIAT MaKCHMYM WM MEHEMYM Cce Hapuda CTPOT, aKo IpH T #
2% HepaBeHCTBOTO € cTPOro.
Haxkpas, o TOYKa Ha JOKATEH eKCTPeMyM e pazdbupaMe TOTKa, KO-

ATO € WM JIOKaJIeH MUHUMYM, UJIU JIOKaJIEH MaKCUMY M.

[Tle HATOMHUM pe3yJaTaTHTe B €HOMeDHHUsI caydail (Buk gact I, §2.9):
3a ja Objle TOYKaTa Tg, BbTpENIHa 3a JedUHUIHOHHATA 00/1acT Ha amde-
perrpyemata dbyHknus f(x), TOUKa HA JOKATCH €KCTPEMYM, HMaMe

— HEOOXOJUMO YCJIOBHE: aKo T € JioKajieH ekcrpemym, 10 [ (z9) = 0
(reopema Ha Pepma).

— pocrarbano yeaosue: ako [ (zg) = 0u f” (z9) > 0, To x( e JoKaTeH
muaaMmyM; ako f'(xg) = 0 u f"(z9) < 0, TO x( € JOKATCH MAKCHMYM.
(mokasea ce upe3 passurue no Teiigop or pex 2 Ha f(x) 0KoJIO TOUKATA Z¢. )

EjileMenTapHu npuMepu 1OKa3BaT, Y€ HUTO HEOOXOIMMOTO YCJIOBHE €
JOCTATBIHO, HUTO JOCTATHIHOTO YCJOBHE € HEOOXOIUMO.

3a GyHKINN Ha HAKOJIKO MPOMEHINBH CHTYaluATa e agagorndna. e
M3JI05KAM HEOOXOINMOTO YCIOBHE:

Teopema 1. (HeoGXOAUMO yC/IOBHE 3a JIOKAJIEH E€KCTPEMYM).
Hexa mouxama 2° = (29,...,2%) e aoxanen excmpemym sa dynxyuama

f(z1,...,2,). Axo 6 2° masu Pynryus npumescasa wacmuu NPouscooHL,
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mo ecuMkKu 1me ca pasHu Ha HYyaa, 1m.c.

0 0
a_gi(“’()):“':ai(xo):o'

3abesiexkka. TBbpIEHHETO HA TeOpeMaTa MOYKe Ja Ce 3allUIlle BbB
BH/IA

grad f () = 0.

Hoxazareactso. Ille usnonzsame cboTBeTHUTE YACTUYHU (DYHKIMY
Ha ejHa rpoMensimBa. [1o-11opobHO, 3a J1a/1eHO ¢ MeXKIy 1 U n Jia O3HAYIUM
qpe3
wilt)=f (x(l), N x?H, . ,xz)

dyuKIMgTa, MOAYyYeHA Ype3 (PUKCHPaHe HA BCUYKU JPYTU TPOMEHIUBH OC-
BeH mpomenanBata ;. O4ueBnHO DYHKIMIATA HA €JHA TIPOMEHJINBa ¢; (1) e
nedbuHEpaHa B OKOJHOCT Ha ToYKaTa ¢ = 1) U HpuTe:KaBa JOKaJIeH eKCT-
pemMyM B Ta3u ToukKa (jokazkere!). Torasa crnopen teopemara Ha Pepma 3a

dyHKIIMU HA e/iHA [IPOMEH/INBA, UMaMe

of (2°) = ¢ (27) = 0.

8(171‘ !

Va006HO e [1a BbBeIeM CIeIHOTO IMOHSTHE:

Hedbunnnnsa. Touxa, ssmpewna 3a depunuyuornrnama obaacm, 6 KoA-
MO BCUNKU YACMHYU NPOU3SOIHY Ha PyHKuuama [ ce anyiupam, Hapuwame
KPUMUNHA MOUKa 306 0adenama GyrKyui.

Ot ropraTa TeopeMa BeJHAra CIeJBa €JIHO MOJEe3HO HabI0IeHe:

CaencrBue 2.Axo f(x) e ednokpamno 2aadka Henpekscrama @Gyrk-
yua, depunupara espry Komnaxmuomo muoxcecmeo D C R", mo netinume
HAT-20AAMG U HAT-MAAKG CMOTHOCTNY ce JOCTU2am UAY 8BPITY KOHMYPG HA
D, uau 6 naxosa om wpumuyvrume mouku Ha GYHKUUAMGA.

JdokazareacrBo. Hanctuna, cnopen sropata Teopema Ha Baitepm-
pac MUHUMAJTHATA T MAKCHMAJTHATA CTONHOCT Ha f(Z) ce TOCTUTAT B HAKOH
TOYKHU Ha ]:)7 KOHUTO MOI'aT Oda 6’bLLaT BLTPEIIHN HWJIXM KOHTYPHH. AKO TJI0-
6aJIHI/IHT MaKCUMYM Ce JOCTUr'a BbB BBTDEIIHA TOYKA Ha D7 TO Ta3W TOYKa
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e CbIIO U JIOKAJIEH MAKCUMYM U CJIEJ0BATETHO € KPpUTHu4IHa To4ka. Pa3bupa
ce, C'bIIOTO € BSIPHO U 3a IJI00AJTHUS MUHIMYM. |

3a HamMupaHe Ha JIOCTATBIHOTO YCJIAOBUE Ie U3CaeBaMe UJIeHA OT Pas3-
BUTHETO 110 TelJIop, ChIbpKall BTOPUTE IPOU3BOIHE HA GYHKIHATA. Kak-
TO IIIe BUJINUM, TO3U YIeH IPeICTaB/IsBa KBaaApaTUuIHa (DYHKIIAI HA KOOPIH-
HATHUTE Ha HapacTBaHeTo Ni, ..., h,.

[Ile nmpumoMHHUM HAKOW IOHATHS OT JHHEHHATa aJjrebpa, 3acsraliu
rakuBa (byHKIMA (HApUIAHU OOUKHOBEHO KBajpaTuunu dhopmu). Heka Ah
e kBajgpaTndHa (popma B R", nedpunupana ¢ popmyiara

AH - anzn:AU hihj, Aij - A]z

i=1 j=1

Hedbunnmusa. Keadpamuunama dopma A ce napuua
—  NOAOKHCUMEAHO ONPEJeNeHa (CBOME.  OMPUUAMENHO onpedesena),

axo sa ecexu menyaes cexmop h € R, h # 0, umame Ah > 0 (csoms.
Ah < 0).

~ snakonpomenausa, axo cawecmeysam eexmopu ht, h2 € R™, maka
we At > 0, ARh? < 0.

— NOAOHCUMENHO (CBOME. OMPUUGMENHO) NOAYONPEIEAEHE, AKO 30 BCe-
ku h € R" umame Ah >0 (csoms. Ah <0).

Ipumepu. B npocrpancrsoro R? ¢ KOOpIMHATE T,y MOKEM Jia pas-
*
rjiejgaMe KpaJparudnure hopMu, 3a/1a/eHu ¢ (POPMYJIATE :

o 22 4 y? — HMOJOKUTETHO OIpe/leJIeHa,
o —22 — y? — OTPHIATEJHO OIpee/IeHa,

o 22 — y% — 3HAKOIPOMEHIHBA,

e 72 — 0JI0XKUTEJIHO HOJIYOLpe/Ie/IeHa,

[} —ZEZ — OTpHUIATEJIHO IIOJYOIIpeJe/IeHa.

* 2
B asre6para ce 10Ka3Ba, de BCAKa KBajaparnana popma B R ce npusexga kbM egma
OT M30pPOEHUTE Upe3 JIMHEHHA CMIHA HA MTPOMEHTHBUTE.
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Kpurepuii 3a onpeznesienoct. Heka A e mHanucanara mo-rope KBaji-
parmana dopma ¢ koebunuentn A;;, i,j = 1,...,n, 1 HeKa o3HaYNM ¢ Ay
k-tusgT T/1aBEH MUHOD HA MATPHUIATA OT KOCMUIIUECHTUTE:

Ak = det {AU}

i,7=1,..

Kpurepuar na Cunsecrnp riaacu, de dpopmara A € HOTOKHTETHO ONpee-
snena, korato A, > 0, u orpunaresnno onpegenena, ako (—1)*A, > 0, za
k= 1,...,n. Ako more eansa or MuHOpHUTE ¢ YeTHH HOMepa Ao, < 0, TO
dopmara A e 3HAKOIPOMEHJINBA.

Cera mozkeM 1a GpopMyIrpaMe JTOCTATHEIHOTO YCJIOBHE 33 €KCTPEMYM.

Teopema 3. (mocTaTb4HO yCJIOBUE 3a JIOKAJIE€H €KCTPEMYM.)
Hexa f (1, ...,x,) e dsykpamuo 2ra0ka Gynruus, 0eGunupana 8 0KoAHOCTN,
na mowkama x°. Hewa oceen moesa 2° e xpumuuna movxa, m.e.

of of
89[:1() 8%()

Tozasa
a/ axo keadpamuunama Gopma

»Af ZZ 81’1 an O) hzhj

0 € cmpoe A0KANEH MUHUMYM 34 f

e NOAOHCUMENHO Onpedesena, T
6/ axo Ays (2°) h e ompuyamenno onpedenena, z° e cmpoz aokanen
MaKcumym 3a f.

6/ axo Ay (2°) h e snaxonpomenausa, x°

HE € AOKAAEH EKCMPEMYM 34
3abenexxkka. Huimo me Moxke jga ce TBbpAM B CAydauTe, KOIraTo

Ay (2°) h e momyonpeesiena: TO3M Caydail MoXke Ja UMa WM JIa HAMA JIO-
KaJieH ekcTpemMyM. Taka, ako pasriiejgame (pyHKInuTe

flr,y) =2 +y* u g(z,y) =2 —y*

B R?, To B KpUTHYHATA TOUKA (0,0) mvmame

A ((0,0)) (h, k) = A, ((0,0)) (b k) = b7,
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HO I'bpBaTa (PYHKIMS HPUTEKABA JIOKAJIEH EKCTPEMYyM B Ta3u TOYKA, & BTO-
paTa — He.

B gyacrHOCT, OTTYK Ce BHXKIA, 9€ JTOCTATHIHOTO YCJIOBHE OT TEOPEMATa,
HE € HeOOXOIIMO.

JIoka3aTeJICTBO HA JOCTATBYHOTO ycjaoBue. [lle nu e HyKHO 10-
MOIITHO TBbPJAEHUE 33 KBaJApaTudHuTe (POPMM:

Jema. Hexa Ah e noaosicumenno onpedeaena keadpamuuna Gopma
6 R". Tozasa cswecmeysam woncmanmu ¢ v C, 0 < ¢ < C, maka ue 3a
scaro h € R™ umame

izl

JlokazareacTtBo Ha jgemara. Heka S e exunununara cdepa B R",

T.e. MHOYKECTBOTO OT Te3u BekTopu h € R", 3a KonTo

’ﬁH = 1. OueBuHO
MHOXKECTBOTO S € KOMIIAKTHO, U 110 TeopemuTe Ha Baiteprirpac HempeKkbe-
HaTa (PYHKIUS .Aﬁ JOCTHUra BbPXy HErO CBOATAa Hal-MaJjKa U Hal-rogdamMa
crotnoct. Jla ru o3nauum cborBerHo ¢ ¢ u C, ¢ < C. OT nosoxKuTeHaATA
OHpe,ZLeJIeHOCT crenBa, de ¢ > 0 (HyJIeBUAT BEKTOD He HpI/IHa,ZLJIe)KI/I Ha S).

Hexa cera h e [pOU3BOJIEH HEHYJIeB BeKTOp. lTorasa W € S, u caenosa-
TEJTHO
h 1
Al = | = ——zAk€ e, C]. 1
h h

Yucnara ¢ u C, 9ueTo CBHIECTBYBaHe Ceé YCTaHOBABA OT JieMara, Ce
HapUYaT CHOTBETHO JIOJHA M FOPHA I'PaHUIA HA KBaJpaTHdHaTa (hopma.

3a JIoKa3aTesIcTBO HA JOCTATHIHOTO YCIOBUE ITe HATTUITIEM PA3BUTHETO
Ha f(z) okono toukara r° mo Teiliop 10 BTOpHS WIEH ¢ OCTATHICH WJICH
BB opmara Ha Ileano. Tbit KaTo ILPBUTE NPOU3BOIHHU ce aHyIUpaT B Y,
CBOTBETHHAT WIEH B TeHIOPOBOTO Pa3BUTHE OTCHCTBYBA. 3a JA0CTaTBIHO

MaJIKH 110 HOpMa BeKTOpH h mosydaBame
2
)

Af:f<x0+ﬁ>—f Zz%ax] ") h,-hj+o<

h

‘ —
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OTK'bACTO IIOJIydaBaMe

—

2
o h
Af 1 > ( )
2 _,2Af(0>h+ 22
1] 7]
U CJICIOBATEIHO
Af o
02 TS 3 Ay (xo)hﬁﬁ—m 0.
h h

[a upemnonozknM, 1e kpagparuanara dopma Af (2°) e monoxuTento
olpejie/ieHa, U Jia O3HAYUM C ¢ HeifHaTa JoJiHa rpanuna. ToraBa 3a JocTa-
TBYHO MAJKU O HOpMa h uMame

Af - c A c

= s A (2°) b > —5 U CHEIOBATEIHO —— g 26—5 = g > 0,
' i

2 5
h

—

Te. Af > 0 3a goctaTbaHo MaJKH h, KOETO JoKa3Ba Touka a/. Touka 6/
MOZKe JIa Ce JIOKazKe 10 CbLIUsl HAYMH, WM KATO Ce IPHJIOKHU TOYKA a/ 3a

dyukmuara — f.
Axo dopmata Af (2°) e 3HAKOIPOMEHINBA, TOBA O3HAMABA, Y€ CHIIEC-

teyBar sextopn hl, h2 € R" Taxusa, e Ay (29) AL>0n Ay (29) h? < 0.
Ja 3aMecTuM B ropHuTe popMyIn BekTopa h ¢ thl. lMaiiku npen Buj, de
Ap (29 tht = 2 A, (2°) b, 3a Mankn t umame
! f ’
)

Fleeth) - ra) o[
= = Ag (%) bt + — 5™
|7 a |

Tbit karo BTOPOTO CHOMpaeMo KJIOHM KbM Hynaa npu t — 0, pazaukara

-

hl

—

th!

f (xo + th1> — f(2°) e monoxuTeHA TPU JOCTATHYHO MATKH CTOHHOCTH

na t. ITo chImus HAYMH ce BIKAA, de f (xo + tﬁz> — f(2°) e orpunaresna

P JIOCTATHYHO MAJKH CTOHHOCTH Ha t, U cJeqoBaresto B 2¥ me Moxe Ja

UMa HUTO JIOKaJIEH MUHUMYM, HUTO JIOKaJIEH MaKCUMYM. |
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OTHOBO T1Ie W3/I0ZKHUM OTJIETHO CJIydas Ha (PyHKIUS Ha JIBE IPOMEH,IU-
Bu. Heka f(z,y) e nBykparHo riajgka byHKIMS B OKOJTHOCT HA KDUTHIHATA,
Touka (xg,Yyo). Ja mamem Ha x w Ha y HapacTBaHus cborBeTHO h u k. Ilo
dopmyaara na Teitop

Af = f(xo+h,yo+k)— f(20,50) =

1 2
= 5 (822 o) + 20K £ (oo 0) + K2y v )+ 0 ( (VT 7)),

Tbi KATO 110 TIPEIIOI0KEeHHEe II'bPBUTE TPOU3BOIHE HA (DYHKIUATA Ce aHY-
gupar. Cropen Teopema 3, 3HAKA Ha PA3JIUKATA OTJABO IPH AOCTATHIHO
MaJKu h 1 k chBHajga ¢hC 3HAKA HA MbPBUA 4jeH oT/AscHO. Jla o3HaunMm 3a
npocrota f,. (To,%0) = A, fu, (Zo,%0) = B, f,, (x0,%0) = C. [la npeanoo-

M, ae A # 0", Vmame

B
Aﬂhk%:AW+QBMH%%2:A<W+22Mw%%ﬁ):

B\’ AC-B?,
—A((h+zk) —I—Tk ) :
OrTyk mosrygaBame:

a/ Tlpu AC — B? >0u A >0 umave Af > 0, T.e. (zo, o) € JOKaIeH
MEHHIMY M.

6/ Ilpu AC — B?>>0u A <0 nmave Af <0, T.e. (zg, o) € JOKATEH
MHUHIMYM.

B/ Heka AC' — B? < 0. Torasa 3a apoiiku (h, k), 3a xouro h = —Zk,
M3pa3bT B CKOOHMTE € OTpuIaTeeH, a 3a aABoiiku or Buga (h,0) - moaoxu-
tesen. Cregosaresino HapacTBaHeTo Af MOXKe J1a MMa pa3JndHN 3HAIM, U
Toukata (g, Yo) HE MOKe Ja Objie TOUKA Ha JIOKAJIEH eKCTPEMYM.

3abeaexkka. Pazoupa ce, jloKa3aHOTO 11O-IOpPe BeJIHArA CJIeJIBa OT Te-
opema 3 u kpurepus Ha CunBecTbp. Hamcruna, B AByMepHUs cirydait umame

A B

A1:A n AQZ‘BC

‘:AO—B?

*
YurateasaT JecHO ie C'b06paBI/I, Ye TOBa IPEANOJIOKEHNE HE HaMaJIdBa O6HIHOCTT&.
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I'mobanum ekcrpemymu. B noBedero ciiydan € BazKHO Jla HAMEPUM
Haji-rojsaMaTa W Haii-MaJkara CTOWHOCTH Ha JAajieHa (PYHKIHS BbPXY Iis-
JIOTO JIe(PUHUIIMOHHO MHOXKECTBO, T.€. INIOOAJTHUAT MUHUMYM U MaKCHMYM
Ha dynnuara. Ha npeanonoxum, de j1edUHAIMOHHOTO MHOXKecTBO D Ha
dbyuknusra f(r) e kommakTHO MoaMHOKecTBO Ha R". Torasa mo Teopemara
na Baitepipac f(z) gocrura naii-masikara u Haii-rojisiMmara Cu CTORHOCT B
noaxomsiu Toukn Ha D. Torasa mosyuaBame ciegHaTa aaTepHaTnBa (Har-
puMep, 3a MaKCHMAJIHATA CTONHOCT): TVIOGATHUAT MAKCHMYyM MOXKe Ja Ce
JIOCTUTHE WX BbB BbIPEIlHA, WX B KOHTYpPHA ToYKa Ha D. AKo MakcuMmy-
MBT ce JOCTHUIa BbB BbTPEIIHA TOYKA, TO TO € W JOKajJeH, U HUEe MOXKEM
Jla M3I0JI3BaMe pa3Burara mo-rope reopusi. Hue obade Bce omie ne pasmo-
jlaraMe ChC CPEJICTBA 3a OTKPHUBAHE HA €KCTPEMYMHUTE BbLPXY KoHTypa bD
Ha feduHUIMOHEHATA 001aCT. 3a caydas Ha "maaabk" KOHTYp ToBa 1mIe Obie
HanpaseHO B §9.

B Hgaxown cayuam mogobHU pazchbiKIeHUs MOTaT JAa ObjaT MPOBEICHH
U 33 HEKOMITAKTHU ODJIACTU — BHYK HAIP. 33241 2 U 3.

ITpunoxxenme: Meron Ha Haii-MaJkuTe KBaApaTH. B 1031 IyHKT
e Jia/ieM eTHO IIPOCTO IPHUJIOKeHHe Ha HeOOXOIUMOTO yCJIOBHE 32 JTOKAJIEeH
eKCTPEMYM, KOeTO obadye HaMUpa MUPOKO MPUJIOKEHUE B €CTECTBEHUTE Ha-
yku. Heka z, y, 2z ca HIKaKBU BeJIUYIUHU, W HHUE UCKAMe JIa TOKAayKeM, de
MeKIy TSAX ChIIECTBYBA JIMHEWHA 3aBUCUMOCT OT BHIIA

z=ax+by+c.

[IpobseMbT € fa ce HaMepdaT KoedunueHTure a, b u c.

Pazbupa ce, TaxrOTO Onpesensine TpsiOBa J1a ce ba3mpa Ha HATPpaBEeHU-
Te u3MepBanud. [la npermooKuM, de e IpoBeieHa cepus OT N eKCIePUMEH-
Ta, B PE3YyJITAT Ha KOUTO CA U3MEPEHH BEJHUIUHUTE L1, Y1, 21, - - - » Lns Yn, Zn-
TpsabBa Jia ce HaMepsdT TaKUBa CTOWHOCTH HA KOG(DUIMEHTUTE, TaKa 4e €K-
CIePUMEHTA/THO U3MEPEHUTe CTONHOCTH 2 HA-MaJIKO /13 Ce Pa3/IndaBaT OT
TEOPETUIHO HaMepeHuTe mo (opmynara 2z = ary + byp + c. Meroxbr Ha
Hali-MaJIKHTe KBaJIPATH Ce ChbCTOM B CJEIHOTO: Ja C€ MUHUMHU3UPA CyMaTa
OT KBaJpaTUTe Ha OTKJIOHeHHUATA. [lo-ToUHO, aKO 0O3HAYNM

n

F(a,bc) = ((azy +byp +¢) — z)°
k=1
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J1a, OTIPEIE/IUM K'bJie Ta3u (DYHKIHS JOCTUTA MUHUMAJJHATA CH CTOWHOCT. 3a
KPUTHYIHUTE TOYKHU HA Ta3u (HYHKIU NOJIydIaBaMe yPaBHEHUATA!

Fé:22xk((a:ck+byk+c)—zk) =0,
k=1

n
/
b:2 E yk((axk—i-byk—l—c)—zk) :O,
k=1
n
/
Fl =2 5 ((axy, + by +¢) — z) = 0.
k=1
Jla BbBeseM HOBH o3HadeHus: Heka o3Ha4uuM ¢ T, i/, 2 n-MEepHATE BEK-
Topu & = (T1,...,%n), Y= (Y1,--,Yn), 2= (21,...,2n), ¥ HEKa 1 Ja 03Ha-
YaBa N-MEPHUSIT BEKTOP, CbCTaBeH camo or eqununu. Torasa F'(a,b,c) ce
HAIIKCBA, KaTo )

F(a,b,c) =

‘5—wf—bg—aﬂ

YpaBHeHudTa HA KPUTHIHA TOYKA, CJIe/l PA3KpUBaHEe HA CKOOHUTE, ca JINHE-
HU OTHOCHO @, b ¥ ¢ M UMaT BHJIA:

(u@fy+M@@4%{@T>:¢aa,

(7.3 +b (G5 +e(5.1) = (7.2,

a<f,f>+b<r,g>+c<f,f> _ <T,5>.

B simueitnara asrebpa ce m0Ka3Ba, g€ aKO BEKTOPUTE T, i U 1 ca nuneii-
HO HE3ABHCHMH , TO JETePMUHAHTATA, CbCTaBeHA OT KoedHIMEeHTHTe Ipe/]
HEM3BECTHUTE, € PA3JNYHa OT Hyna (T.Hap. JerepMuHanT Ha ['pam). Ciejo-
BaTEJHO CUCTEMATa PUTEXKAaBa eJUHCTBEHO pelierue 3a a, b u c. T'bil karo
3a dyukusata F(a,b, c) e u3mbiareHo

lim  F(a,b,c) =400,

[l(a,b,0)]|o0

* - - T o
Axo BeKTOpUTE X, Y U 1 ca jgmHeiHO 3aBUCHMH, TOBA O3Ha4aBa, Y€ €1Ha OT BEJINIu-
HUTE T, Yy C€ n3pa3dBa JIUHENHO gpe3 apyraTta U € U3JIUITHa B JaJIeHUA MOIEJI.
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TO TaKa HAMEPEHATA €JMHCTBEHA KPUTUYHA TOYKA € JIOKAJEeH U rjiodaJjieH
MUHUMYM Ha byHKIusTa (BIK 3a1. 2).

YupakHeHud.

1. Hexa B R? e samanzena dynxmuara f(r,y) = (y —2?) (y — 32?).
Hokazkere, 4e:

a/ f(z,y) nama nokasen ekcrpemym B Toukara (0,0). (YobrBane: pas-
raemaiite Touknre ot Buga (0,y) u (z,2x?)).

6/ Orpanudennero Ha (byHKIHITA BbPXY IPOU3BOJIHA IPaBa IPe3 TOY-
karta (0,0) mpuTekaBa CTPOr JOKAJEH MHUHAMYM B Ta3H TOYKA.

2. Heka f(x), x € R", e HenpexbcHara (QYHKIHS TakaBa, de
lim|p| 00 f(2) = 400. [loxazkere, ve MunuMagHATA CTOHOCT Ha f(T) Ce
JIOCTHUTA B HIKOA TOYKA.

3. Heka f(x) e eqaokparno riaazka dbyukius 8 R", yaosiersopsisaiia
YCJIOBHSITA Ha npeaHara 3a1a4da. Jokaxkere, e ako f(r) npurexasa camo
e[lHa KPUTHYHA TOYKA, TO B Hes C€ TOCTHTA TIOOAJTHIAT MUHUMYM.

4. Heka A, B u (' ca Tpu TOYKH B paBHHHATA, HE JIEXKAIU HA €JIHA
npasa. Hamepere ToukaTa B paBHUHATA, 33 KOSITO CyMaTa OT PA3CTOSTHUSITA
JIO T€3U TOYKHU € MUHUMAJTHA.

YobrBae. AKo o3HaYnM
1P = ||47]| + ||| + [|eP]
TO, cuopes 3a1. 1 or §1.5, umame

AP BP P
grad f(P) = &+ +
77 [z [e7]|

3a Bemuky 1o4ku P, paziuanu o1 A, B u C' (B Te3u Tpu TouKM QYHKIUATA
e HelnpekbCHaTa, HO He e nudepennupyema). Tpure chbOMpaeMu OT/ISICHO
ca BEKTOPU ¢ JIb/KUHA eaunuiia. /lokakere, ye cymaTa Ha TPU €JIUHUYHH
BEKTODA € PaBHA Ha HYJIA CAMO TOTaBa, KOTATO bIJIUTE MeXK/Iy BCEKHU JIBA OT
TaX ca paBHZ Ha 120°. Bb3MoxkHHE ca JiBa caydast:

1/ Bewuku b Ha Tpubrbaanka ABC ca no-manku ot 120°. B To3n
caydail nokazkere, 4e f(P) uma TOYHO €jiHAa KPUTHYHA TOUYKA, XapaKTepu-
3upalia ce ¢ yCJIOBUETO, Y€ OT Hed W TPUTE CTPAHU HA TPUBI'bJIHUKA CE

Y
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Bz AaT o brba 120°. [Tokazxkere (m3nonssaiiku 3a/1. 3), 4e B Hest ce JI0C-

THra MUHHMaJHATa crofinoct na f(P).
2. Ako eqma oT briuTe HA TpUbrbiaHHKa ABC e 1mo - roasam or 1207,

to f(P) HAMA KPDUTHYHU TOUYKH, H MHUHHMAJHATA ¥ CTOHHOCT Ce JOCTHUTA
BbB CbOTBCTHHA BPBbX HA TPUBI'bIHUKA.
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1.8 Teopema 3a HegBHaTa PYyHKIUA

[IbpBara Teopema, pasrjexkjaHa B TO3M Haparpad, ce oTHacd /0 pella-
BaHe HA ypaBHenus or Bupa F(z,y) = 0 cupsMo eIHa OT TPOMEHJIHBUTE,
naupumep y. JIpyrara npoMeHauBa - T - ce pasriiexk/1a Karo HapaMerbp, 1
O4YeBUIHO pelIeHHueTOo TpH6Ba Ja 3aBHCH OT Hed. ﬂa 3allilieM TOBa pelleHue
BbB BUJA Yy = f(2). 3a na mposepnm Jasm Taka qebHHIPAHOTO Y € DereHre
Ha TbPCEHOTO ypaBHeHHUe, TpsiOBa jia To 3aMecTuM B ypaBHeHnero. Cturame
JI0 PABEHCTBOTO

F(z, f(z)) =0.

Hedbunnumsa.Axo gynxyusma f(x) ydosaemsopasa msorcdecmeeno
20PHOMO PABEHCNBO 304 BCAKO T 0M deuHuyuoHHaAmMa U 00AGCTN, We Ka3-
saMme, we Ma e HeaA8HA PynKkyus, onpedeaena om ypasnenuemo F(x,y) = 0.

[eoMeTpHYIECKH TOBA MOZKE JIa Ce KazKe Taka: MHOXKECTBOTO OT TOUKH B
paBHUHATA, YAATO KOOPJIWHATH YIOBJIETBOPSBAT paBeHCTBOTO F(2,7) = 0,
Ja ce npejcraBu karo rpaduka Ha dyaknuara f(z).

[lo-mony HWe pa3riiexkjiamMe BBIPOCA 33 CHIIECTBYBAaHE U €TUHCTBE-
HOCT Ha HessBHaTa dbyHKIUA. Pa3bupa ce, HUe Ie ce WHTepecyBaMe OT HesB-
uu dyHkiuu ¢ Xybasu cBoiicrsa, B yacraoct jJudepennupyemu. Ako f(x) e
TakaBa QYHKIU, TO, TudepeHupaikuy ropHOTO PABEHCTBO MO T W W3I0JI-
3Baiiki TeopeMarta 3a AudepeHImpane Ha ChCTaBHUA (PYHKIUH, TT0/IydaBaMe

F (2, f(2)) + f'(2) F (x, f(z)) = 0,

OTK'bJIETO

F/

F! (z, f(x))
OTTyK ce BHXKJA. 9€ € eCTECTBEHO Ja HAJOKUM Ha (pyHKIuATa F' yCJI0BHETO
Ey(x,y) # 0.

ITle magmem eaun npoct npumep. /la pasriesamve ypaBHEHUETO
Flr,y)=2"+y* -~ R*=0

OTIPEIEISIO OKPBKHOCT C IMEHThD B HAYAJIOTO U paauyc R B paBHUHATA
R?. flcno e, e 3a 1a mMa ypaBHEHHeTO perienue, Tpsaobsa r € [—R, R]. B
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Kpaitaure Toukn T = +R ce napymasa yciosuero Fy(x,y) # 0. Jlecno ce
BUZK/1A, 9€ B TE3W TOYKH OKPbHKHOCTTA HE MOXKE Jia O'b/1e MPEeICTABeHa KATO
rpacduka Ha audepenupyema GyHKIug (TAHTEHTATA A CTABA BEDTHKAJHA).

3a BesikO = oT oTBOpenus uuTepBas (—R, R) ToBa ypaBHenme mMa
TOYHO JBE PEIIeHHs] OTHOCHO Y:

y=+tVR?— 22

CaieioBaTesiHo BesKa HesiBHA DyHKIIHA, OlpeiesieHa OT TOPHOTO ypaBHEHHE,

AMa, BHIA
f(x) = e(@)VR? — a2,

KbAeTo £(x) e mpon3BoIHA (DYHKIHSI, B3eMAIIA CTONHOCTH TLIIOC W MUHYC
equHUNA. Takuba GyHKIHN nMa 6e30poitHO MHOTO.

AKo ce mHTEpECYBaMe caMO OT HePeK'bCHATH (DYHKIHH, TTOJIYdaBaMe
camo e HegBHEU byHKIuu: y = VR? — 2?2 u y = —/ R? — 22, T.e. OTHOBO
HMa eJHO3HAYHOCT. 3a JIa ce m30erHe HeeTHO3HAYHOCTTA, HellaTa TpsOBa
JIa ce pasrIexkIaT JOKAJTHO — Ja ce (pUKCHpa eHO pellleHne B IaIeHa TOUKa
(T MOXKe Jla JIeXKH BbDPXY IOpHATA WM JIOJHATA IOJYOKDBIKHOCT), U [
ce pasriiesia HelpeK'bCHaTaTa (PYHKIHs, B3eMalla ChOTBETHATA CTOINHOCT
B Ta3u ToYKa. Torapa, B 3aBUCHMOCT OT M30paHOTO pellieHne B HavdaIHATA,
TOYKA, IE MOJYYUM YPABHEHUETO HA FOPHATA HJIH JIOJHATA MOJTYOKPbHAKHOCT.

Cera Beue cMe MOATOTBEHHU JIa JaJeM TOYHATa (hOpMyTHPOBKA Ha Te-
opemara:

Teopema 1. (Teopema 3a HesiBHaTa (byHKIU, Ciaydail Ha eIHO
ypaBuenue). Hekxa F(x,y) e nenpexscnhama gynkyus 6 RQ, nPUMENCasa-
wa HenpexscHama npoussodua no y. Hexa (xg,yo) e mouka om deuruiu-
OHHOMO U MHOHCECTBO, ydosﬂemsopﬂsauga YCNo6UANA

F (w0,90) =0, F, (w0, 50) # 0.

Tozasa 3a docmamesuHo MAAKU NOAOHCUHENHY O UMAME:
a/ Cowecmeysa dynrkyus f(x), depunupana u HenpexscHama 6 uH-
mepsana (xg — 0,20 + 0), KOAMO YI06AEMBOPABL YCAOBUAMA:

_Z/f(l'o) = Yo, U
2/ F (z, f(z)) =0 3a 6caxo v € (xg — 6,19 + ).

6/ f(x) e eduncmsenama nenpexscrama PYHKUUSL 6 UHMEPEANG
(xg — 6,20 + ), ydosaemeopasawa ycaosuama 1/ u 2/.
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8/ Axo F(x,y) e dugepenyupyema 6 mowkama (To,vo), mo f(z) e
dugpepenyupyema 6 Tgy, Kamo

Fg/c (ﬁo,yo)

filao) == Iy (20, Yo)

Axo F(z,y) e k-kpamno 2aadka 6 okoanocm na moukama (g, Yo), mo
cowomo e eapro u 3a f(r) 6 okoanocm Ha Tg.

Yot€F ————— - — - .

Jlokazare/ICTBO Ha TeopeMara 3a HesgBHATA (PYHKITHSI.

JokazarencTBo. 3a onpeesieHOCT MOMKEM [Ia IPEIHOTIOKAM, de
F, (z0,y0) > 0. Torasa nepasencrsoro F, (z,y) > 0 e BAPHO U B HAKAK-
Ba okosnoct U ma (zq,%0) B R?.
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Ha pasruiegame F' (g, y) Karo dbyHKIMS HA ¥; OT TOPHOTO CJIEJBa, e
TS € CTPOr0 MOHOTOHHO pacTdIlla B HAKAKBA OKOJHOCT Ha Yg. 1bil KATO
F (z0,90) = 0, TO pu JOCTATBYHO MAJKHU CTOHHOCTH Ha € > () I1e umame

F(zo,y) >0npuy € (yo,y0+ ¢}, u F(xo,y) <O0npny € [yo — &, o) -

Ja npekapame npe3 toukute (To, Yo — €) U (T, Yo + €) XOPU3OHTAJHH OT-
CeUKH: TOraBa 3HaKbT Ha F' (x,y) ce 3ama3Ba B HIKAKBA OKOJHOCT HA Te3H
TOYKH (BUZXK UepTexka, Ha KOWTO ca o3HaueHm 3uaiure Ha F (x,y) B cboT-
BETHHUTE TOYKH).

Torasa moxkeM Ja nzdepem (goctaTbaHo Majako) § > 0, raka de

— 3a Begko x € (z9—0,20+6) mmame F(x,y0—¢) < O,
F({L’,y0+€) > 0.

— MPaBOBIBIHUKBT A = [xg — 0, To + ] X [yo — €, Yo + €] ce cbabpxa
B okoqmoctTa U (T.e. B mero F) > 0).

Ha dukcupame 1 € (xg — 0,19 + 0); ToraBa dyukiusata F (z1,y) e
CTPOrO MOHOTOHHO PACTSINa W HEIPEeKbCHATA B WHTepBaia [Yo — &, Yo + €],
B3eMa OTPHUIATETHA CTOMHOCT B JIEBUSI MY KPail U MOJIOKUTETHA - B JECHHUSI.
CrenoBaTeqHo cbImecTByBa eduncmeeno Y, € (Yo — €, Yo + €) TakoBa, de
F (z1,y1) = 0. Homaraiiku f (1) = y;, nosydasame dynknus, gedpuHupana
B uHTEepBana (o — 0,xo+ 0) U yJIoBIeTBOpsiBaIa ycaosusta 1/ u 2/ or
TOYKA a/.

[Ile oTGesiexKUM eJIHO CJIeJICTBHE OT TOpHATA KOHCTPYKIHsE: aKo (,y)
e TIPOM3BOJIHA TOUKa oT A Takasa, ue F(x,y) =0, to y = f(z).

[Ile jpokazkeM HENPEK'bCHATOCTTA HA Taka JlepuHupanara QyHKIUI.
Haii-nanpes 1me JoKarxkeM HENPEKLCHATOCTTA B TOYKATa Tg.  OpHATA KOHC-
TPYKIOUA MO2Ke Ja C€ U3JIOXKU 110 CJICAHUA HAUUH: 3a BCAKO JOCTATHIHO Ma.Jl-
Ko € > (0 Hue Hamepuxme § > 0, Taka 4e 3a BCAKO X, 33 KOETO |T — xo| < 0,
me umame |f(x) — f(x0)| < €; ToBa e TouHO AedbuHHMIMATA Ha Komm 3a
HEIPEKbLCHATOCT.

Jla B3emeM cera mpousBoiHO 1 € (zg — 0, 2o + 0),  HeKa y; = f (x1);
TOTraBa HUE MOYKEM Ja MOBTOPUM TOpHATa KOHCTPYKINS, N30UPARKHN J0CTa-
TBYHO MAJKO €1 > 0 u 3aBucenia ot Hero 0; > 0, ¥ KOHCTPYUPARKH HesBHA-
ta dbynxmus f(z) 3a x € (x; — 61,2, + 01). Kaxro mokazaxme, dbynximusTa
f(x) e mempexbenaTa B ;.

Hue moxkem ja m3bepeMm €1 B 07 TOJKOBA MAJIKH, 9€ HPABOBIbIHH-
KbT Ay = [11 — 01,21 + 01] X [y1 — €1, 91 + 1] nma ce ecpabpxka B A. Tora-
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Ba, mopajau orbess3anara 1mo-rope enumHcTBeHOCT, MMame f(x) = f(x) 3a
x € (x1 — 61,21 + d1), u cnenoarenno f(x) e HenpexkbcHata B 1. C TOBa
MOJTOYKA &/ e JI0OKAa3aHa.

[Moxrouka 6/: Heka f(x) e meupexbeuara dynkius, jgedunupana B
OKOJTHOCT Ha To W yJoBIeTBopsiBaiia ycaopusara 1/ u 2/. Torasa 3a c1oii-
HOCTHU HA, X, JOCTATHIHO OJU3KH 10 T(, TOUKATA ¢ KOOPIMHATH (x, f (x)) nie
IPUHAIEKH Ha MPaBObIbIHNKA A. OT ropekasaHoTo ce BUKIA, Y€ TOTaBa
<:1:, f(x)) = (z, f(z)), Te. f(z) u f(z) mwe cbBIALAT B HAKAKBA OKOJHOCT
Ha TOYKATA X.

Jla o3HAaYUM cera ¢ X TOYHATA TOPHA I'PAHMIA HA TOYKHUTE, 33 KOUTO
f(x) = f(x); ako momycHem, de x1 e B AebUHAIHORRATA 06IACT Ha f(2) I
f(x), To nOBTAPsiKK ChIIMTE PA3CHIKICHUS 38 L1 BMECTO 38 T(, LHOJLyYaBa-
e, de f(z) u f(x) chBUAAT B OKOJIHOCT HA T1, T.e. nporusopedne. C ToBa
6/ e JOKa3aHo.

JokazaresicrBo Ha B/: AKO HU € u3BecTHO, ue HesiBHATA QyHKust f(x)
e audepeHIupyemMa, To, KakTo Oelie MoKa3aHo B HAa4YaJ0TO Ha naparpada,
dbopmymara 3a f'(xy) ce nosyuasa upe3 gudepeHmpaHe Ha PaBEHCTBOTO
F(xz, f(z)) =0.

3a ma mokaxkem gmdbepennupyemMoctTa Ha f(x), me u3noazsame Gop-
MyJiaTa 3a HapacTBaHeTo 3a nudepennupyemara Gynkinusa F(x,y). Heka x
e I0CTaTbIHO OIU3KO 10 To, ¥y = f(2), Ay =y —yo = f(z) — f (x0). Torasa

AF = F(z,y) — F (z0,50) =0—-0=0,
u dhopmyIaTa 33 HAPACTBAHETO JABA
0= AF = F, (w0, y0) Az + F, (z0,90) Ay +a (Az, Ay) Az + 5 (Az, Ay) Ay,
kbaero o (Azx, Ay), f (Az, Ay) — 0 npu Az, Ay — 0. Torasa

/ ’
lim % — — lim Fx ($0>y0) + o (AJI, Ay) _ _Fm (;(;myo)

Az—0 Az Az—0 F) (w0, 90) + B (Az, Ay) F!' (z0,y0)

Y

O1Tyk ciaensa audepennupyemoctta Ha f(x) B g, KAKTO U popmyIaTa 3a
npou3BogHATA U; pa3bupa ce, cbiara oOpMyia € BaJUIHA 38 BCAKO XL OT
,Z[erI/IHI/H_[I/IOHHI/IH HHTEpBaJI.
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Ha ponycuem, ye F(x,y) upurexasa Ipou3BojAHU 0 pej, k: Torasa,
mudepeHnupaiikn nokazanarta gopmyia 3a f'(x), norydaBave k-kparHaTta
mudepernupyemoct Ha f(x). [ |

I'eomerpuuna narepuperanusi. Heka F'(z,y) e eqHOKpaTHO rragka
byuknus B R?. Ja o3madnm ¢ M MHOKECTBOTO HA HYJIHTE Ha F(z,y), Te.
ot Toukure (r,y) B paBHuHATA, 33 Kouto F(z,y) = 0. Ille npenmnosoxum,
4e B HUTO eJiHA TOYKa OoT M JBeTe IbpBHU YacTHU NPOU3BOAHU F.(z,y)
F,(x,y) ue ce amysmpar exnospemento. Torasa pokazaHara mo-rope Teope-
Ma JIONYCKa CJIeJHaTa T'eOMEeTPUUHA HHTEPIIPEeTAIIHSI:

Teopema 2. IIpu 2opromo ycaosue muosxcecmeomo M aokaano (m.e.
6 MAKAKBA OKOAHOCTN HA BCAKA C60A MOYKA) ce npedcmass kamo epadura
HG 2400K0 GYHKUUA.

Hawucruna, ga dbukcupame HAKakBa Todka (Zo,yo) € M. Ako mmame
F, (v0,90) # 0, u f(r) e choTBeTHAaTa HesBHA YHKIHA, OT TOPHOTO JI0-
Ka3aTeJCTBO Ce BUXKJA, 4e B HIKAKBA OKOJNHOCT Ha (Zg,Yo) PABEHCTBATA
F(z,y) =0uy = f(z) ca ekBuBasiearau. Anaiaorudno, ako F.. (xg,yo) # 0,
TO OKOJI0 (Z0, Yo) MHOKecTBOTO M ce mpejcrasst ¢ ypasaernero z = f(y).l

3abesexkka 1. KakTo moka3Ba mpuMepbT ¢ OKPbKHOCTTA, JAJIEH TT0-
rope, npejacrapanero Ha M karto rpaduka Ha PYHKIES MOXKE JIa He € Bb3-
MOXKHO TJI0DAJIHO.

3abenerxkka 2. ['padukure Ha riajkure PYyHKIUU €A YaCTEH CJLy-
Jail Ha peryssipHE [apaMeTpHYHO 3aiajeHn Kpubu (B dacT I, §2.12).
CaeroBaTeIHO JIOKATHO MHOXKeCTBOTO M npurexkapa peryssipHa napamer-
puzanusg. ToBa Bede e BAPHO U [VIOOAJHO - MOXKE J1a Ce JIOKazKe, Ue B TaK'bB
caydail JOKaJHWTE IMapaMeTpH3anud Morar ga Obmar "cioemenu" m ma ce
MOJYYH peryasipHa TMapaMeTpU3aIis Ha Is1aTa KPUBA.

B kpaiina cMeTka reOMeTPUYHUAT CMUCH/ HA TeopeMa 2 MOXKe jia ce
dopmysirpa 1Mo CJieHusT HATHH:

Hexa F(x,y) e ednokpamno 2aadka Gynkyus na dee npomeHiusy, Ka-
mo sa scuuru (z,y) umame grad F(z,y) # 0. Tozasa mmoscecmeomo M,
onpedeaeno ¢ ypasnwenuemo F(x,y) = 0, npedcmasassa peeyaapna ednor-
PaMHO 2400Ka KPUBA 6 PAGHUHAM.

HokazaresacTtBo Ha TeopeMa 2 ot §5. Cera Hue MOXkeM 13 JI0-
KaykeM TeopeMa 2 0T §5, KOSTO TBBP/H, Ue TPAJTUEHTHT Ha (PYyHKIHUS HA
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ABe IIPDOMEHJIMBU B Ja/€eHa TOYKa € HEPIHCHAUKYIAPECH Ha JIMHUATA Ha HUBO,
MHHaBallla IIPE€3 Ta3u TOYKa.

Ta yrounnm dopyynuposkara: Hexa I' C R? e perymapra mapamer-
PUYHO 3a/ajieHa KpuBa, (To,yo) € [, u U e BeKTOp ¢ HAYAIO B TOUYKATA
(20, y0)- Ile kazBame, ye ¥ e nepnenduryaaper na I, aKo U € HepIeHIuKY-
JIIPEH Ha JlonupareiHaTa npasa Kbm I B (2o, Yo )-

Heka e ganena egnokparno riaagxara dbyukmus F(z,y) Ha nBe mpo-
MeHauBH (g, Yg) € Touka or AeduHumoHHaTa 1 ob1act. Teopemara nma,
emucni, ako grad F (zg, yo) # 0. Jla upemonozxum, ue Fy (0, 90) # 0. He-
kKa F (x0,y0) = a; ToraBa JuHusaTa Ha HUBO L,, MuHaBama npes (o, o),
ce npejictassa ¢ ypasaerueto F(x,y) — a = 0. OueBHIHO TPOU3BOIHATA 110
Y Ha JiABATAa CTPAaHA HA TOBA PABEHCTBO ChBHata ¢ Fy (To,Yo) U € pasiui-
Ha oT Hyaa. Ako o3HadnMm ¢ f(z) HesBHATA (DYHKIWMS, ONpENETeHa OT TOBA,
PaBeHCTBO, TO B OKOJHOCT Ha (g, Yo) MHOKecTBOTO L, ¢bBHAma ¢ rpadu-
kara Ha f(z). Jomuparesnara KbM Ta3u rpaduka B (xg,yo) € KoTuHEapHA
¢ Bexropa [ (7o) = (1, f' (z0)). Taka oproronannocrra Ha BekTOpHTE [ (20)
u grad F' (zg,yo) ce cBeXKIa 0 PABEHCTBOTO

F, (w0, 90) + f' (z0) F (0, 90) = 0,

KoeTo Oellle MOJIy4deHO IMo-Tope upe3 audepeHiupane Ha ThbyKJIECTBOTO

F (z, f(z)) =0.
JlecHo ce oKa3Ba M aHAJOTMYHATA TeopeMa 33 JHUHUUTe HA HHUBO HA
dbyukuug F (rq,...,7,) HA N TPOMEHJIUBYE B IIPOCTPAHCTBOTO R".

CuaencrBue. Jonupameanama kom aunuama na nueo na F(x,y), mu-
Hasauya npes mowkama (To,Yo), UME YPaGHEHUE

Fy (20, 90) (v — x0) + F, (T0, 90) (¥ — yo) = 0.

Ananoz2unro, 0ONUPAMEAHAMA PABHUHG KM AUHUANG NG HUBO HA
Pyrryusma F(x,y, 2) 6 R® ce dasa ¢ ypasnenuemo

F (0,90, 20) (x — o) + Fy, (%0, Y0, 20) (¥ — o) + F}, (20, Yo, 20) (2 — 20) = 0.

Teopema 3a HesBHaTa (PyHKIUA 3a €IHO ypAaBHEHNE U HAKOJI-
KO IIapaMeThbpa. B cieapaimust mo CJI0XKHOCT Caydaii, KOHTO Ine pasrie-
JaMe, OTHOBO MMaMe ejiHO ypasHenue F(z,y) = 0, koero TpsbBa jga Obie



1.8. TEOPEMA 3A HESIBHATA ®YHKIIIA 103

PEIIEHO OTHOCHO IIPOMEHJIMBATA Y, HO B TO3M CJlydali napaMerbpa T e Bede
BEKTOPHA - N-MepHA - TIPOMEHJINBA, T.e. T = (X1, ..., T, ). PopMmyaupoBkaTa
U JI0Ka3aTeJICTBOTO B TO3U CJIydail IOYTH HAII'bJHO CHBIAJAT C JAJEHATE
110-rope, U Hue caMo e hopMyJIHpaMe TeopeMaTa.

Teopema 3. (Teopema 3a HesiBHaTa (byHKIU, Ciaydail Ha eHO
ypaBHEHNe W HAKOJKO mapamerbpa). Hexa F(x,y) = F(x1,...,Tn,Y)
e nenpexscnama @ynrkyua 6 R npumescasawa nenpexscrama wacmma
npoussoona no y. Hexa (2°,yo) = (29,...,2% yo) € mouxa om dedunuu-

OHHOMO U MHOHCECNEBO, y@oe/bemsopﬂsauga yeaosuama
F (xovyO) = 07 ng (xoay(]) # 0.

Tozasa:

a/ 3a docmameuno maaxo 0 > 0 csuecmeysa Ppynxyusa f(r) =
f(z1,...,2,), depunupana u nenpexscrama 6 xsabomo B (2°,6) C R” ¢
uenmasp 20 u paduyc §, u ydosAemMEOPASAULA YCAOSUAMA:

1/ £ (2% = go,
2/ F (z, f(x)) =0 3a ecaxo v € B (2°,6).

6/ f(x) e eduncmeenama wenpexschama @GYHKUUL 6 KBABOMO
B (2°,6), ydosaemeopsasaua yeaosuama 1/ u 2/.

6/ Axo F(x,y) e dupepenyupyema ¢ mouxama (2°,v9), mo f(x) e
dugeperyupyema 6 x°, xamo

8f 0\ __ g_fi(x()»y())
o, (:U ) — T 9F

Teopema 3a HesgBHaTa dyHKIHd (06my cayqaii). Tyk e dbopmy-
JupaMe U JOKayKeM TeopeMa, aHaJOTHYHA Ha JaJeHaTa IMo-Tope, 3a caydas
Ha 1 YpaBHEHHS C 1 HEM3BECTHH U IPOU3BoJeH Opoit mapamerpu. Karto na-
JaJo0 Ie pasriaeaaMe caydad n = 2. Heka mmMaMe ypaBHeHUSATA

F(z,y,u,v) =0,

G(z,y,u,v) =0,
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kbjero F' u G ca egHoKpaTHO Tyiafgku (DYHKINKA HA Y€THPU ITPOMEH/INBH, U
HeKa HalllaTa Iiej € Jla I'M pa3pelniuM OTHOCHO IPOMEHJIUBUTE U U VU, T.€. JIa
U3pa3uM u U v Upe3 napaMerpure r u y. [lo-rouno, nue nckame jga HaMepuMm
dbyukun u(z,y) u v(r,y) TaKuBa, Y€ MPU 3aMEeCTBAHETO UM B YDABHEHUSITA,
J1a TIOIYYIUM T'bKJIECTBA OTHOCHO T U -

F(z,y,u(z,y),v(z,y)) =0,

Gz, y,u(z,y),v(z,y)) = 0.
Ha npeanonoxum, de audepennupyemure byurun u(x,y) u v(z,y)
ca BeYe HaMepeHI/I7 ,Ha ce onuramMe ,ZLa HpeCMeTHeM TAXHHUTE HpOI/I3BO,ILHI/I,
Hanpumep, 1o x. Jdudepennupaiiku 10 T ropHUTe ThKJIECTBA, 1O/ YaBaMe

F,+ulF, +v.F, =0,

G+ u,Gl, +v,G, = 0.
Tesu paBeHCTBa MOraT Ja ce pasle:kKIAT KAaTo CHCTeMa OT JHHeHH!
YypaBHEHHs OTHOCHO HEH3BEeCTHUTE u,, v,. KakTo 3Haem or nuneiinara aj-
rebpa, ako JeTepMUHAHTATA OT KOe(pHIIMEHTHUTE IMpPeJ HEU3BECTHUTE HE Ce
aHy/Jupa, Te WMaT eJINHCTBEHO pelleHune, 3a7aj1eHo ¢ gopmyante Ha Kpa-
mep. C apyru ayMu, aKo HPEeIIOJIOKIM, Te

F, F,|_DFG)

¢ G |~ Do 7Y

TO YaCTHUTe TPOU3BOAHU Ha u(z,y) U v(x,y) OTHOCHO T IIe Ce 3aJaBaT C
dopmyIuTe

F' F! F' F!

: G. G, | G, G,
Ue =T o " %= T 7|

Flt F’U Fu FU

G G G G

AKo ce onuTame Ja HAMEPHM wy,, V), OTHOBO e CTUIHEM [0 yCIOBHETO
D(F,G)
D(u,v)
rano B caydasd Ha eJHO ypaBHeHme. VMaiikKu TOBa IpPEeJBHJ, Bede MOKEM
12 popMyaupame o0IIUs BHJL Ha TeopeMarta - Cjydasl Ha 7 yPaBHEHHUS C 1
HEM3BECTHU U M TMapaMeTbpa:

# 0; AcHo e, Ye ToBa ycJIOBHe 3aMecTBa yciaosuero F) # 0, naa-
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Teopema 4. (Teopema 3a HesiBHaTa (pyHKIus - 001 Caydaii.)
Hexa

F1<x17--'7$m7y17"'7yn)7"'7Fn(x17"'7xm>y1a'-'7yn)

ca n edHoKpPamHo 2A400%KU PYHKUUY, 0ePUHUPAGHU 68 OMBOPEHO NOJMHONHCEC-
meo na R, Hexa (2°,9°) = (29,...,2°% ,49,...,94%) e mouxa om degu-

HUUUOHHOTNO UM MHONMNCECTTIEBO, TNAKA Y€

D(F,....F,)

Fi (%) =...=F, («°¢°) =0, 20 y°) #0.
(#.41) ) =0, DUl o )
Tozasa:

a/ 3a docmamesuno manxo 6 > 0 cowecmeysam dywrkyuu fi(x) =
fi(xy, .o osxm), o fol@) = fo(z1,. .0, 2m), dedunupanu u nenpexscHamu

6 xoabomo B (2°,6) C R™ ¢ uenmsp 2° u paduyc §, u ydosaemeopacausu
YCAOBUAMNA!

J/fl ([L’O) = y(l]v"'>fn (330) = yg: U

2/ F; (x1,...,Tm, f1(z),..., fulx)) =03a j =1,2,...,n u 3a 6ca-
ko T = (T1,...,7T,) € B(2°,0).

6/ fi(x),..., fo(x) e eduncmeenama cucmema om n PyHKGUL 6 Ko~
6omo B (2°,0), ydosaemeopacawa ycaocusma 1/ u 2/.

6/ Qynuxyuume f1(x),. .., fo(z) ca dudepenyupyemu 6 mouxama x°.

Jloka3aTeIcTBOTO Ha TeOpeMaTa Ce U3BbPIIBA YPpe3 HHYKIUs 110 Opost
HA ypaBHEHHATA N. 3a jJa 00gCHUM obade maesta Io-I00pe, Ine U3T0KIM
OTJIEJTHO JIOKA3aTeJCTBOTO Ha YaCTHUS CJIy4ail, pa3riegaH 1mMo-rope.

HdokazarencTtBo B caydada n = 2. TpsabBa ja penuM ypaBHEHUSTA
F(z,y,u,v) = 0, G(z,y,u,v) = 0 OTHOCHO u U ¥ B OKOJIHOCT Ha TOYKATA
(0, Yo, Uo, Vo) TpHU yeaosue, de F (g, yo, uo, vo) = G (o, Yo, up,v9) = 0 u
D(F,G) .
D(ao) # 0. [Tle coieBame obuyaiiHust MeTO/ Ha PelllaBaHe Ha CUCTEMH OT JIBe
yPaBHEHUS - 1€ ONpPeIe/J UM eHATa OT HEU3BECTHUTE BEJMYHHU OT €HOTO
ypaBHEHWE U Ie s 3aMEeCTHM B JPYroTO, KATO MOJYYUM B PE3YITAT €THO
ypaBHEHHE C €JJHO HEU3BECTHO.

Jla orbesiexkumM Hali-HaAIIPeE/I, ¥€ OT YCJIOBUETO HA TeopeMaTa CJiejiBa, de
noHe e/Ha OT JactuHure uponssoxun F, F! G G He ce aHyaupa B TOYKATA
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(20, Yo, Uo, Vo); MOZKe Ja mpeanoaoxum, de G (xg, Yo, Uy, Vo) # 0. Caegona-
TeJTHO MOZKE 13 IPUIOKHUM TeopeMaTa 3a HeaBHATa (DYHKIHA 38 YPaBHEHH-

eTo
G(z,y,u,v) =0

U JIa TO pelIuM OTHOCHO IpoMenauBaTa v. [lomydaBame pynkius gp(x, Y, u)
Cc'bC cBoOlicTBaTa

G(‘/anvua SO(QUayaU)) EO? 90(51307?407“0) = Ug.
qpe3 ;LchepeHuI/IpaHe Ha T'OPHOTO TB2KACCTBO II0 U IIOJIy4dYaBaMe

Gy, u,0(z,y,u))
G (2, y,u, (2, y,u))

90;(1', Y, U) =

Jla 3aMecTuM IpOMEHJIMBATA U B bPBOTO ypaBHEHHe ¢ ©(T, Y, u); MOy da-
BaMe ypPaBHEHUETO

def
F(z,y,u) = F(z,y,u,(z,y,u)) = 0.
ITo Teopemara 3a audepeHnupane Ha ChCTaBHU DYHKIIMHU IOy daBaMe

!

B= g =F - o= 2 200
G/, G, D(u,v)

KOETO TI0 YCJIOBWE He ce aHyJaupa B Todkarta (o, Yo, Uo, Vo). CiiegoBaTesHo

MOZKeM T2 HPHIOKHM TeopeMaTa 3a HesBHaTa (DYHKIHA K'bM yPaBHEHHETO

F(z,y,u) = 0. da o3nauum monydenara dynkus ¢ u(x,y), n veka v(z,y) =

o(z,y,u(z,y)). JecHo ce BuxKia, de Taka 1OCTPOEHATA JBOMKA (DyHKIUH

u(z,y), v(r,y) yI0BIETBOPSIBA HCKAHUTE YCJIOBHUMA, T.€.

F(z,y,u(z,y),v(z,y)) =0, G,y ulz,y),v(z,y)) =0,
u (20, Yo) = uo, v (Z0,Y0) = vo. M

Jloka3zarescTBO B 001IMd ciy4aii. /lokazaTe/icTBOTO ce U3BbPIINBa,
4pe3 WHIYKIWs o 6post Ha ypaBHeHUsATa N (GPOAT Ha TTapaMeTpHTe He € OT

3Ha‘{eHI/I€). OTHOBO ce H3IOJI3Ba METOOBbT Ha 3aMeCTBaHeTO. Ot yCcJaoBuUETO
D(F1,...,Fy)

o) (2°,9°) # 0 crenpa, 4e TOHE €MH OT €JIEMEHTHUTE HA CHOTBETHATA
e In
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MaTpuna He ce anyaupa. CMeHsKH, aKO € HeoOXOAUMO, HOMEpAIusITa Ha
YPaBHEHUATA W HEN3BECTHUTE, MOYKE J1a CUNTAMe, 4e

oF,
Oyn

0,0
(2% ") #0.
Cﬂe,ZLOBaTeﬂHO KBbM YPpaBHEHHETO

Fo(z1, o Ty Yty oy Yn) =0

MozKe jia O'bJie IPUIOKEHA TeopemMaTa 3a HesiBHATA (DYHKIUA OTHOCHO 1PO-
MeHInBaTa Y. [lonyaaBame QYHKIUA Yy = @ (1, .« Ty Y1y -« - Yn—1) TA-
KaBa, 9e PABEHCTBOTO

Fn<x17"'7xmay17"'7yn71790(x17--'wxmayl?"'aynfl)) =0

e THyKJIECTBEHO UBI'BJIAHEHO 1O X1,y ...y Ty Y1y - - - » Yn—1. Ape3 aucepennupa-

HE 1I0JIydYaBaMe paBeHCTBaTa
OF, , Op OF,
y;  Oy; Oyn

=0 332 ¢1=1,....,n—1

Jla BbBegeM cera (pyHKIIUHTE

~ d
Fj(xla---vmmyyla"WyN—l) ;f

def
- F‘j(xla--->$m7yl>"'7yn—1790($17---axmay17"'7yn—1))

3a 7 =1,...,n — 1. OTHOBO OCHOBHaTa TPYJIHOCT € B JOKa3aTeJCTBOTO Ha
PaBEHCTBOTO

D(ﬁy.wﬁFJ
D (yla s 7yn71>

(x?,...,xgl,y?,...,yg_l) # 0.

Bai,j=1,...,n— 1 umame

8]7}_85_'_890.8}7“
yi B Y oyi  Oyn
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Jla pasriieaMme cera JeTepMUHAHTATA

oF, .. _OF_ oF
0y1 8y'n—l ayn

D(Fl,u-aFn)_ aF aF aF
= | 91 n-1 n-1

D (y17 st 7yn) 0y1 ay'n—l ayn
8F7L e . OFIL aFn

Y1 OYyn—1 OYn

Jla upeoOpasysamMe Tasu JleT€pMHUHAHTA, KATO B3€MEM I10C/Ie/[HUs

CTBJIO, YMHOXKEH IO %‘1 U 1o npubdaBUM K'bM II'bPBUS, YMHOZKEH I10 %‘; ro
npubaBUM K'bM BTOPHS,... , YMHOXKEH IO aya“o - TO npubaBuM KbM 1 — 1-Bus.
-

Kakro 3naem, npu Te3u onepamuu CTOMHOCTTA HA JETEPMUHAHTATA HE CE
n3Mens. Karo B3emem mpes Bu/i MOJTYYEHUTE MTO-TOPE PABEHCTBA, UMaMe

) ) oF
oy Oyn—1 Oyn ~ ~
D(F,....F,) SERRRTRRS _D(Fl,...,Fn_l) oF,
- 6n— 871,_ 8,,,_ - ' )
D (y1,. .. yn) OFas .. 0P g% D1, Yn1) OUn

D(ﬁlr-wﬁnfl)
OTK'BACTO IMOJIyIaBaMe T'bpPpCEHOTO HEPAaBEHCTBO m 7é 0.
yeerdn—

Cera cropes WHIYKTHBHOTO TIPE/TOIOKEHHE MOKEM Jla PeiM CHC-
TemaTra oT ypaBHenud F; = 0,...,F, ;1 = 0, OTHOCHO HeH3BECTHHUTE
Yls .-y Yn_1, T.€. ma noayaum dyakmun fi(z),..., fn_1(x), Kouto, 3amec-
TeHU B Te3W YPaBHEHHUs, Ja AaBaT ThKIECTBA 10 x. 3a Ja HAMEPUM HE’3-
BECTHOTO ¥, A& HOJOXKIM

fo(xy, . ooyzn) =@ (@1, o T, 1@, oo 2) o foo (21,0 0)

OT KOHCTpYKIUATA € $ICHO, dYe 3aMecTBaiikum B ypaBHeHusTta F; =

0,...,F, = 0 HeusBecrHure Yyi,...,Yy, ¢ dynakmuure fi(x),..., fo(z),
nojiyyaBaMe TbiKJecTBa 10 I. JIecHo ce IpoBepdBaT U paBeHCTBATA,
fi (29, ..., 2%) =P i =1,...,n. Teopemara 3a HesBHaTA (DYHKIHS € JTOKa-
3aHa. |

I'eomerpuyna umuTepuperanuda. KakTo Bede HampaBUxMe B Yac-
THUS CJAydail Ha egHO ypaBHEHHE, TeopeMaTa 3a HedBHATa (DYHKIHUA MO-
e Ja ObJe U3moI3BaHa 3a ONMHCAHUE Ha HIKOM TeoMeTpuuHn obekTu. [lo-
crenuanto, veka Iy (r1,...,Tpik), ..., Fn (21, ..., Tnyk) ca n Ha Gpoii ex-
HOKpPATHO I1ajkn (DYHKINHU, 33 eHI B HIKaKBa 00J1acT B R™*. Heka M
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Rn+k

e MOJIMHOYKECTBOTO Ha , OIIPEeJIeJIEHO € YPABHEHUATA

Fl (xlw'ngn-‘rk) :Oa

Fn (xly"‘axn—&-k) = 0.

Bes nombaautennu yeaosust Bbpxy dbyakiunte F;(x) crpykTyparta Ha MHO-
KecTBOTO M TpymaHO MOXKe 7a Obje ommcaHa; MOYKe Jla ce CIYIH HallpuMep
U3MeXKIY Te3u (MYHKIWW Ja UMa HOBTAPSIIN ce, WIN HAKOW OT TAX Ja ca
TBHXKJIECTBEHO HYJIa. 3aTOBA BHPXY (DYHKIIMHUTE OOMKHOBEHO Ce HAJara ciae-
HOTO:

YcaoBue 3a peryagpHocT: Kazsame, de dpyHKIIMUTE

Fi(x),..., F,(x) obpasysar peryaspsa cucrema or HpYHKIUH , AKO TSIXHUTE
IpaJIHeHTH graa Fy(x),...,grad F,,(z) ca IuHeiiHO HE3aBUCUMH 3a BCAKO .

[Ipu TOPHOTO MpeoioKeHne MEOKeCTBOTO M MOzKe (TTOHE JIOKAITHO)
na Oble JeCHO OINUCAHO:

Teopema 5. Axo dynkuyuume Fi, ..., F, obpasysam pezyrapHa cuc-
mema, mo mHoscecmeomo M om marnume 00U HYAU MONHCE NOKAAHO (6
OKONHOCTL KA 6CAKG C804 MOYKG) da ce npedcmasu Kamo epadura na u306-
paoicerue om RF ¢ R™.

okazareacTBo. /la pasriemame maTpuiiara ¢ n peja u n+k crbida,

obpasysana or koopaumarute na sexropure grad Fy (2°) ... grad F, (2°):
2—2 (29) g% (%) ... —agik (29)
g—ﬁ (29) g% (%) ... —825; 2°)
g% (29) ‘g% (%) ... —8gfik (29)

Ot sinHeliHaTa ajaredpa 3HaeM, 4e BEKTOPUTE HA peJloBeTe HA ropHaTa
MaTpHIla ca JJUHENHO He3aBUCHUMHU TOYHO TOTABAa, KOTATO T4 € OT MaKCUMAaJIeH
paHT 7, T.e. MATPHUIIATA TPUTEYKABA MOHE €/THA PA3JIUIHA OT HYJIa MO AeTep-
MUHAHTa OT peJ n. Bedka TakaBa JeTepMHUHAHTA Ce 1oJydaBa dpe3 u300p
H& N Pa3/IMYHU CT'hjOA Ha MATPHUIATA; aKO TOBa Ca CT'bjbOBETE ¢ HOMEpa
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Uy yin, 1 <ip <...<i, <n-+k, To HOJydeHATa AeTEPMUHAHTA € PABHA,
Ha,

D(Fy,...,F,) (xo)
D(ZEZ'N...,JIZ‘”) ’
ITone eJHa OT Te3Uu JeTepMHUHAHTU TpH6Ba Ja € pa3jIi9Ha OT HYJIa,
paSMGCTBaﬁKH, aKoO € HGO6XOLLHMO, HOMEpaludTa Ha IIPOMEHJINBUTE, MO2KEM

Jla cuuTaMe, 4e TOBA € JIeTepMUHAHTATa, 00pa3yBaHa OT IbPBUTE N CTHJI0A,
T.€.

D(Fy,....F,) , ,
o) (x ) # 0.
(X1, .., 2p)
Cera MokeM Ja MPHJIOKHM TeopeMaTa 3a HesiBHATA (DYyHKINS H 13
pemtum ypasuenusita Fy(x) = ... = F,(x) = 0 0oTHOCHO TPOMEHIHBATE
T1,..., . llomyuaBame, 9e B HAKAKBA OKOJHOCT Ha 2’ KOODJMHATHTE HA

ToukuTe oT M yaoBJIeTBOpABAT ypaBHEHUATA

€T = fl (xn-l-lv s ’xn—&-k)’

Ty = fn (l'nJrla - 7xn+]€)7

T.e. JIOKAJTHO MHOXKecTBOTO M ce mpejcTaBs Karo rpaduka Ha u3obpake-
auero or R* B R”, oupeneseno or dynkuuure fi, ..., fo. [ |

Hedbunanmua. Muoxkecrsoro M, yinoBiaeTBOpsBaIo ropHOTO yCJIO-
BIe, ce HapH4a moaMHOroobpasue na R"™* onpeneneno or ypasaenusaTa

Fi(z)=...=F,(z)=0.

Cera mie JIoKazkeM MHOIOMEpHHs aHaJjor Ha TeopeMma 2 ot §5. Ille
U3II013BaMe BbBEIEHOTO B §4 HMOHATHE 33 JOMHPATETHO HOIIPOCTPAHCTBO
K'bM I'PacukarTa Ha u300parkeHue.

Teopema 6. Jlonupameanomo nodnpocmpancmeo T,oM xem M 6
moukama x° cosnada ¢ npocmparemeomo om scuuku sexmopu 6 R op-

mozonaanu na cexkmopume grad Fy (2°) ..., grad F), (z).

C apyru aymu, sextopure grad Fy (z°),..., grad F, (z°) obpazysar
6asuc B OpTOroHAAHOTO Aombiauenue T,oM* KbM IONUPATEIHOTO IPOCT-
panctBo T 0 M.
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HoxkazareacrBo. Heka, kakTo 1o-rope, npejcraBum Jokaano M ka-

TO rpaduka Ha W300parkKeHHeTO ompeaeseHo or GpyHKIuuTe fi,..., f. C
JIPYTH JIyMH, JJOKaJIHO M ce mapaMeTpu3upa ¢ IPOMEHIUBHUTE Ly i1, - - - s Tptf-
3a Bcgko 7 = 1,...,n € U3I'bJIHEHO TbXKIECTBOTO

‘F’j (fl (l’n+1, s 7In+k) [ fn ($n+17 s axn-‘rk) ’xn-‘rl) s 7$n+k) = O

a mudepennupame TOBa THKIECTBO IO IPOMEHINBATA Ty 4p, KHIETO
p e mexay 1 u n. Ilonygaame:

“OF, of , OF,

0.
81’1‘ 8:L‘n+p axn+p

=1

Ot apyra crpana, B §4 BUJAXME, He [OIMUPATeTHOTO MPOCTPAHCTBO

kbM M ce mopazkaa oT BeKTopute Iy, p=1,... k:
- 0 Ofn
l, = i L0,...,0,1,0,...,0 ,

Y )
OZnip OTnip

KaTO eIJMHHIaTa € Pa3MoJIOZKEHa Ha P-TO MACTO U3MEZKAY IMOCJAeIHUuTEe k xo-
%
Op/JIMHATH Ha BEKTOpPa lp. Torasa TOPpHOTO TB2KJEeCTBO MOZKE Ja Ce€ HaIlluIIe

BbB BHIA
<lp, grad Fj> = 0.

ToBa paBeHCTBO € UBI'BJAHEHO 3a BcUYkud J = 1,....nmup =1,.... k. Or

YCJIOBHETO Ha TEOpeMaTa CJIeIBa, 9e OPTOTOHAJHOTO IOIILJIHEHHE HA, BEK-

topure grad Fy (2°), ..., grad F, (2°) uma pasmepnoct k. Ciegobarenano To

ChBIIQ/IA C JUHEHHOTO MPOCTPAHCTBO, MOPOJIEHO OT BeKTOpHUTE [, . .. I8, T.C.

¢ JOMHUPATETHOTO IPOCTPAHCTBO KbM M. [ |

3abenexkka. OT joKa3zaHaTa TeOpeMa ce BUXKJIA, Ue JOMUPATETHOTO
IIPOCTPaHCTBO KbM M HE 3aBUCH OT Ha4YMHaQ Ha IIPEACTaBAHCTO MY KaTO
rpacuka, T.e OT TOBa, KOU HU3MEK/y MPOMEHJUBUTE X1, ..., Tyt 1 U30€-
peM 3a He3aBHCHMH IpOMeHJMBHU. Hermo moBede: oT Teopemara ce BHKJA,
e JONUPATETHOTO IOAIPOCTPAHCTBO HE 3aBHUCH OT M300Opa Ha OPTOTOHAJ-
Ha KOOPAMHATHA CUCTEMA B IaJIeHOTO eBKINI0BO IPOCTPAaHCTBO. Hancruna,

*
B cpaBHenue ¢ §4 TyK ca Pa3MEHEHU MECTaTa HA 3aBUCHMUTE U HE3ABUCHUMUTE I1PO-
MEHJIUBU
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KaKTO Oellre MoKa3aHo B §4, rpaIneHTbT Ha JaaeHa DYHKIUS UMa TeOMeTPH-
YeH CMUCHJI U HE 3aBUCH OT KOOP/IMHATHATA, CUCTEMA,a CaMO OT CKAJIAPHOTO
[IPOU3BEJAEHHUE B €BKJIHNI0BOTO IIPOCTPAHCTBO.

Teopema 3a obpaTHOTO M300parkeHue. EIHO OT BarkKHUTE TPH-
JIOJKeHHUsI Ha TeopeMaTa 3a HesdBHaTa (pYHKIIHS € TeopeMaTa 3a 00paTHOTO
uzobpazkenne. Heka

flx)=(fi(x1,- sxn), oy fu (1, )

e eJIHOKPATHO TJIaIKO u300pazkenue, JeduHIPaHO B OTBOPEHOTO MHOKECTBO
D € R". Heka ocsen ToBa

D(fi, ..., fn)

D(ml,...,xn)<x)7éo 3a Besko  x € D

(TakoBa M300pazKeHHe IIe Hapu4YaHe peryaspHo). Teopemara rjacu, 4e BCs-
KO peryJsipHo n3obpazkeHue JOKAIHO € 00paTHMo.

Teopema 7. (Teopema 3a obparHoTo nzobpakeuue). Hexa f(z)
e usobpasicerue, YOOBALMBEOPACAUL0 20pHUME Ycaosus, U Hexa 1° € D u
y° = f(2%) € f(D). Tozasa cowecmeysam okoarocrnu U u 'V na mouxume
2% u y°, u ednoxpammo 2radko peeyaapro usobpascenue g(y) : V. — U,
obpammo na usobpasiceruemo f(x) (C dpyeu dymu, f(g(y)) 3a ecaxo y €

V.)

B wacrroct, ot Teopemara cie/Ba, ge obpazbr f(D) Ha nzobpazkeHu-
eTo f e OTBOPEHO MHOXKeCcTBO B R".

Hoxkazareqacrso. /la pasriaename rpadukara [’y na m3odparkenmnero
f(z), T.e. MHOKECTBOTO OT BCHYKH TOUKA (Z,Y) = (T1,. .., Tny Y1, .-, Yn) €
R?*" 33 KoUTO y = f(z). OueBunno muOXKecTBOTO 'y MOKeE 12 ce 3a131€ C
ypaBHEHHATA

de
Fl(m'la"'axnaylv"'ayn) :ffl(xlw'-axn)_yl:()a

de
Fo(z1, o oy Y1y Yn) lef fo(x1, . o 2n) —yn = 0.
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Ia B3emem toukara (2°,y") € T'y. Vimame

D(Fy,....F) o on  D(fi,-- i fn) /0 0
D (1’ Y ) D (l’ ) 7&
(1, .., xp) (X1, .., xp)
U C/IeJI0OBATEIHO OKOJIO Ta3H TOYKA MOXKEM Ja IIPHIOXKHM TeopeMa-
Ta 3a HesBHATA (YHKIUS, CIUTAHKA Yi,...,Y, 34 HE3ABUCHMH IPO-
MEHJIMBA M U3pa3dABalikKM dYpe3 TAX Xq,...,L,. C JIpyrm JIymu, B Hi-
KakBa OKOJMHOCT V Ha Toukara y° CBINECTBYBAT €IMHCTBEHH (bYyHKIHHA

91 (Y1s -3 Yn) ooy Gn (Y1s - -, Yn), U OLIPEJIETIEHO OT TX u30Opakenue g(y)
V — R", yaoBierBopsaBaliy yCJI0BHATA

1/ g(y°) =2°n
2/ Fr(9(y),y)=0,k=1,... n.

PapencrBarta 2/ Morar Ja ce HAIMIIAT BbB BUIA

fk’(gl(ylv"'yyn)""agn(yla"'7yn)):yk’a kzlv"'ana

re. f(g(y)) = y. Ja oznaunm U = ¢(V); Torasa, Tbit KaTo V € 0TBOpEHO,
MHOKecTBOTO U ChbprKa BCIKA CBOS TOYKA 3a€/HO C HeiiHa OKOJIHOCT, T.e.
U e ¢biio oTBOpEHo.

Haxkpasi, peryasipHocTTa Ha n300pazkeHueTo g(y) cjeaBa oT OCHOBHO-
TO CBOWCTBO Ha (byHKIMOHATHUTE JderepMmunanTu. Haucruna, 1.6 or §4 3a
IPOU3BOIHA Ha 00paTHO M300parkeHue MOKa3Ba, Ue

D(gla"'agn)
D(yla"'7yn)

Babenexkka. AKO IpeaBapuTeIHO ce 3Hae, Ue H300parkeHuero [ e

£0. m

B3aMMHO €JHO3HAYHO, TO OOPATHOTO MYy H300parkKeHHe € ChINO TAaKOBa H
m3obpasssa f(D) sbpxy D. Crnopes gokazanara Teopema TO € € THOKPATHO
[JIAJIKO M PEry/asipHO HABCAKBJIE.

B obmus caydait obade JiokaJHaTa 00paTUMOCT He BJiede cJieJl cebe cu
rinobanna. Ilpumep 3a ToBa m1e Obe gajieH B ciaeaBalius maparpad.

YopakHeHud.

1. Jlokaxkere, ye ako M e ejiuncou; B R?’, 3a/1a/1eH ¢ PaBEHCTBOTO
2 2 2
L+ %+ 5 =1, u (v0,9,2) € M, To fommparennaTa pasauHa KbM M B
ToaKaTa (Zg, Yo, 20) Ce 3ajaBa C yPaABHEHHETO
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2. Heka (x0, o) e peryiasipHa TOYKa Ha KPHBATA, OIPEJIEJIEHA C yPaB-
wernero F(x,y) = 0. Jokaxkere, 4e ako (o, yo) e uHDIEKCHA TOUKA, TO B
Hed € YIOBJIETBOPEHO PABEHCTBOTO

1" 2 "o ot " /2
Fy. (F)" —2F, F,.F,+ F, (F.)"=0.
VYubrBane. [IpejcraBere JOKaJHO KpuBaTa BbB Bujga y = f(z) (uau
x = f(y)) u npeobpasysaiite pasencrsoro f”(zg) = 0.

Babesexkka. Heka Ap(h, k) e kBagparuunara Gopma,cbCTaBeHa oOr
BTOpHTE MPpOU3BOAHY Ha dbyHKImsTa F'(x,y) B Toukara (2o, yo) (BHK gocTa-
THUHOTO YCJOBHE 32 JIOKAJICH eKCTpeMyM Ha (DYHKIUS Ha JBE TPOMEHINBA
— reopema 3 or §1.7). Heka /1 e BeKTOD, JOIUpATe/ICH KM JIHHESATA HA HEBO
Ha F' B Tasu To4Ka (T.e. OPTOrOHAJTIEH HA BEKTOPA @F (x0,%0))- Torasa
TBBPACHHCTO Ha 3ajaua 2 o3HauaBa, qe Ap (1) = 0.

3. Heka muozkectBoro M C R? ¢ onpemeeno ¢ paBeHCTBOTO

z=1x+y.p(2),

Heka B Toukara (To, Yo, 20) 0T M e usuwbjineno 1 — yo.¢' (29) # 0, u Heka
z = z(z,y) e nesgBHaTa (DYHKIMsI, ONpe/eJeHa OT ypaBHeHHeTO Ha M OKOJI0
Tazm To4Ka. JlIoKaykeTe paBeHCTBOTO

2, = p(2).2,.
4. Hexa muoxectBoro M C R* e onpeneneno ¢ pasencrsara
Try+ztt=a 2®+yP+ 2+ =0 2P P+ 8 =

W Heka B Toukara (Zg, Yo, 20,t0) € M mbpBUTE TPH KOOPIWHATH Ca JBE IO
e pazaumunnd. Jlokazkere, 4e B OKOJHOCT HA Ta3W TOYKA BbPXy M KOOp-
JUHATATE T, iy X 2 MOTaT Ja 0bJaT M3PA3eHH KATO HesaBHU (PYHKIMHU HA, L.
Uspazere npoussoguure x'(t), y' (t) u 2/(t) upes upomenusure x, y, 2 u t.

5. Heka e maneno, ye KyOMYHOTO ypaBHEHUE
23 4 apx® + boxr + g = 0

OpUTE2KaBa TPU PA3JUYIHH PEAJIHM KOPEHa IL’(l) < $8 < :L’g. Heka Toukara
(a,b,c) ce m3mensi B MasIKa okoaHocT ma (ag, by, o) B R?, u na ozmaunm ¢
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x1(a,b,c) < x9(a,b,c) < z3(a,b,c) chboTBeTHUTE KOPEHH HA yDPABHEHHETO
2% + ax? 4+ br + ¢ = 0. Jloxkaxere, 4e Ty, T, T3 ca TIaIkn (DYHKIAA HA
koedurenrure (a, b, c).

YubrBane. l3pasere a,b, c ape3 x1,x9, r3 10 popMmynuTe Ha Buer,
JIOKaYKeTe, ue

D (a,b,c)

D (armg g — %2 (22— ws) (w5 — 1) #0,

M U3M0JI3BaliTe TeopemMara 3a 00paTHOTO W300parkKeHne.
3abenexkka. AHAJIOIHIHO TBHPIAEHUE € BIPHO U 33 YpaBHEHHE OT 7-
Ta CTeNeH, IPUTEKABAIIO N PA3INIHU (He HEIPEMEHHO PeaHu) KOPEHH.
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1.9 Iloagpau u chepudHm KOOPAWHATHI

IMonspHa cmsiHa Ha KoopamHatuTe B RZ. Ille IpHIOMHHM MOHSTH-
eTo 1HOoJIdpHA CMsIHA Ha KoopjuHarute, 1no3zHaro or 4dact I. Heka D =
{(p,0) : p>0} C R* u usobpaskenuero or D B R*\ {(0,0)} e omnpenese-
HO ¢ popMyIUTE

x = pcost, y=psinf.

JlecHo ce cmdrTa, de

D(z,y) xx cosf —psinf
X (p,f) =P 0= =p>0.
D(pﬁ)(p ) p

Y, Yo sinf pcosf

Mozxkem j1a npujiozKuM TeopemMa 7 Or LpejHus naparpad, oT KOsTo ce BUK-
J1a, 1€ TOPHOTO n30bpazkeHue e JoKaaHo obparumo. Q4ueBHIHO 0bade TO He e
r06aTHO 06paTIMO, Thil KaTo Besaka Touka ot R\ {(0,0)} mva 6eskpaitro
MHOIO paobpasu (¢bC CTORHOCTH Ha 6, pa3IHYaBAIIU Ce CbC MEeJOUUCTEHN
KpaTHu Ha 27.) 3a ja u3berHeM HeeJHO3HAYHOCTTA, TPsIOBa 14 OrPAHUIUM
HHTEepPBaJIa, B KOWTO ce MEHH HMOJIIPHUAT BbI'ba 0. CTaHZapTHUAT U300p €
0 € [0,27); ToraBa HammcaHaTa [O-T'OPEe CMsIHA TOPAK/a B3AHMHO €JIHO3-
HAYHO W HEIPEKbCHATO n300pazkenne Ha MHO:KecTBOTO (0, +00) X [0,27) B
R*\ {(0,0)}.

Ob6paTtHoTo My Hu300pazkeHwe obade He € HempeKbCHATO: HAMCTUHA,
aKO B3€MEM OKDb2KHOCT B R2 C HEeHTbD HA4aJIOTO, U TOYKaTa Ce JIBUXKHN
[0 Hes CPeIly YacOBHUKOBATA CTPEJIKA, TO MpPU J00/MKaBaHe HA TOIKATA
K'bM abCIICHATA OC OTIOJIY CTOWHOCTHTE Ha O KJIOHAT K'bM 27 (BMECTO K'bM
Hy1a). ToBa ce qbiku Ha bakTa, de gebHHUITHOHHATA 0BIACT HE € OTBOPEHO
MHOKECTBO, H TeopeMa 7 He MOxKe 1a ObJe MPHJIOXKEHA.

Jla crecuum orie jedunuimonnaTa 0b1acT: UMEeHHO, ako ¢ R, o3HaunM
MOJIOKUTETHAA JIbd Ha abcnucHaTa oc, TO TopHUTE (POPMYIH ONPEIEAT
B3aMMHO €IHO3HAYHO M300pakenne Ha Muoxkectsoro (0,+00) x (0,27) B
RQ\R+. Cera Bede MOXKeM Jia TPUIOXKHUM IJIOOAJTHUS BapuaHT Ha TeopeMa 7,
KOSITO IIOKA3Ba, Y€ ChIIECTBYBA e IHOKPATHO LJIAIKO OOPATHO H300pazKeHHe.

Popmysute 3a 00paTHOTO HW300parkeHue Morar ja ObaT MOCOYEHU B
SIBEH BU/I: OYeBHIHO uMame p = /22 4+ y2. Bw3cranoBsgBanero Ha 0 mo x u y
e MaJIKO ITO-CJIOZKHO; B OTBOPEHN II'bPBU KBAJIPAHT € BIpHa dopMysiaTa § =

* [}
BCBHIITHOCT 663KpaI/IHO TJIaJKO.
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X ——-———-

[Tonstpan KOOpIWHATH B paBHWHATA

arctg L. Ilpesarame Ha WHTATeNls CAMOCTOATEIHO Ja HaMepH (bOPMyIUTe
3a JAPyruTe KBaJPAHTH.

[To-narienna mpejacraBa 3a IOJIAPHATA CMSHA HAa KOODAMHATHTE MO-
JKeM JIa TIOJIYIHM, aKO pa3riefaMe HeifHHTe KOODIUHATHY JTHHHUM, T.e. JTHHH-
uTe, IOJTydeH: IpH (BUKCHpPaHe Ha €HA OT KOOPAUHATHUTE p, f, 1 IPOMeHsIHe
Ha JIpyraTta KoopauHara. Taka, npu mojarane p = R u npoMsHa Ha 6 1moiy-
qaBaMe (DaMUIHS OT KOHIEHTPHIHIE OKPBYKHOCTH € IEHTHP B HAYAIOTO; PN
dbukcupane Ha § ce moTyYaBAT JIBUH, 3AM0YBAIIA B HAYAIOTO U CKJIIOYBAIIN
CBHOTBETHHAT BI'bJI ¢ aOCIUCHATA OC (BHXK YepTerka).

Kommniekcna dopma Ha mojsigpHuTe KoopamHaTtu. B paBaunarta
MOZKEM JIa B'bBEJIEM KOMILJIEKCHATA KOOPJAUHATA 2 = X + 1Y, KbJIETO T U Y
ca oOMYafiHUTE JEKAPTOBU KOODAWHATH, a ¢ € UMarnHepHaTa eauHuIa. AKO
BbBEJIEM TIOJISIPHUTE KOOPJAWHATH 0, 6, JIECHO MOYXKeM Ja H3Pa3UM KOOP/IH-
HaTaTa 2 4pe3 TIX:

z=pcosf+ipsinf = o(cosf +isinf) = pe®.

Kakro e BUAUM, KOMILJIEKCHUAT 3allUC YJIECHABA MHOI'O OT IIpeCMATaHuATa.

Cdepuuna cmsaaa Ha KoopauHarure B R°. I1le 3amoanem ¢ e/na
no-npocra cmana B R®: Tt cbhnocrass ma Beska Tpoiika (p, 6, z) TouxaTa
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(z,y,2) € R® no dbopmyure
xr=pcosl, y=psinh, z=-=z.

C apyru JiyMu, CMsiHa Ha IPOMEHJIMBUTE Ce IPABU CaMO B paBHUHATA (X, V).
OueBuaHO UMaMe

D(z,y,2)  D(z,y)

D(p,0,z)  D(p,0)

Tasu cMmstHa Ha KoopamHATATE B R® Cce HApMYa IUJINHIPAYHA.
Ile oummenm no-ciaoxuara chepuuna cvsna B R®. Hexka P = (2,9, 2)

e nmpomsposna Touka ot R, Heiinara npoekuus sbpxy pasunnara (Oxy) e
P = (z,9,0). Heka p = /22 + y? + 22 u p; = /22 + y? ca pascTosHusTA
Ha ToukuTe P m P, 1o Hagajgoro. IlongpHara cMsHa Ha KOOpPIWHATHTE B
pasaunara (Ozy) UMa BUIA

x =prcosf, y=psinf.

Jla o3Ha4uUM C @ BI'bja MEXKJy OCTa zZ U pajuyc-BekTopa P Ha TOY-
kata P. OdeBugHo ¢ B3ema croiinoctu Mexkay 0 m w. B npaBobIbHus
TpubI'bJHEK OP) P monydaBaMe paBeHCTBATa,

p1 = psiny, z = pcosy.

Ob6equnsiBailKy Taka HAIMCAHUTE paBEHCTBa, HoJIydaBaMe (DOPMYJIH, U3pa-
3sBalll JeKapToBuTe Koopaunaru (x,y, z) upe3 p, 0, ¢:

x = pcosfsin p,

y = psinfsin p,

Z = pcos g, p=>0,0€l0,2m), p € [0,7].

Koopmaunarute (p, 6, @) ce Hapuaar chepudHn KOOPJAUHATH B R3. [le
npecMeTHeM (hYHKIIMOHAIHATA JIeTePMUHAHTA Ha CHOTBETHATA CMsIHA HA
HPOMEHJINBUTE: TOBA MOKe Jia O'b/ie U3BBPIICHO JIUPEKTHO, HO IIO-JECHO €
Jla, ce M3IMO0JI3Ba MPEeJCTAaBIHeTO HA chepUIHATA CMAHA KATO IIPOU3BEICHUE
Ha JAB€ MUJIMHAPWUYIHU CMEHH:

D(ZE,y,Z) o D(:Evya Z) D(plaea Z) o D(I’y) D(plvz) o 2
— . = : = p1p = p’sing.
D(p,0,0) D(p1,0,2) D(p,0,0)  D(p1,0) D(p,p)




1.9. 1IOJIAPHU U COEPUYHN KOOPANHATH 119

Cdepuaan KOOpAMHATH B TPEMEPHOTO IIPOCTPAHCTBO

OTTyK Ce BU2K1a, 1€ Cq)epI/ILIHaTa CMdAHa Ha KOOPDAUHATHUTE € peryJjidpHa IIpu
p>0,0¢€l0,2m), p € (0,7).

3a ma cu mpejcTaBUM HATJIEIHO C(EePUIHUTE KOOPAWHATH, I OIN-
[eM JIMHAUTE, MoJydeHr npu bUKCUpaHe Ha HAKOH OT TdIX W MPOMSHA Ha
apyru. Jla dbukcupame p = R; ToraBa mpu TpoMsiHa Ha 6 W @ TOYKATA C
koopaunaru (p, 0, ¢) ouucsa cdepa ¢ HEHTHP B HAYAJIOTO HA KOODIUHATUTE
u paguyc R. Moxkem na cu mpegcraBuM Ta3u cdhepa KaTo 3¢eMHOTO Kbjibo;
npu toBa Toukutre (0,0, R) u (0,0, —R) 0TroBapsaT ChbOTBETHO HA CEBEDHHUSI
u 1oxkHug nomoc. Jla dukcupame ¢ € (0,7) u ga MennM 0; ToBa oTroBapst
Ha BbPTEHE HAa TOYKATA OKOJIO OcTa 2. Taka MosydeHuTe JUHUA B reorpadu-
saTa ce Hapuyar mapanenu. [Ipu ¢ = 0 u ¢ = 7 Te ce U3paKIAT B TOUKH -
ChOTBETHO CEBEPHUST W I0XKHHUAT MOJIOC Ha cdepara. ObpaTHO, ako HuKcH-
pame 0 u menuMm ¢ Mexay 0 u 7, moJy9IaBaMe MOJTYOKPbZAKHOCT, CBbP3BAIIa
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Koopnunaruu qunun Bbpxy chepara

CeBepHUS U I0YKHUsI MOJIIOC - T.e. MepunaH Bbpxy chepara. C npyru aymu,

KOOp/IMHATATA  OTrOBapsa Ha reorpad)ckara MUPUHA, a KOOpaAWHATATA 6 -
*

Ha reorpadckara IbJIKHHA .

O606menu chepuunu KoopaumHatu. [lle mokakem Kak morar jia
ce BbBeJAT KOODJMHATH, AHAJOTHYHA HA CGhEpPHUHHTE, B IMPOCTPAHCTBATA
R™ mpu n > 3. Ille 3amodneM 3a HALIEIHOCT ¢ IpocTpaHcTBOoTO RY ¢ KO-
opauHaTu z,%,z,t. Hexka P = (z,y,2,t) e npoussoana Touka or R*Y. He-

kKa P, = (z,y,2,0), p1 = ‘ﬁl‘ up= ’ﬁ‘ Ja omupenmenum brimre 6 u @
Taka, de (p1,0, ) na ca cepudnuTe KOOpAMHATH HA TouKaTa (r,y,2), U
HEKa Y1 JIa € bI'bjia MeXK/Jy pajuyc-Bektopa P u ocrta t. Kakro nmo-rope, ot

IpaBObIbaHud TpUbIbaHUK OP) P nonydaBaMe paBeHCTBATa p; = psin ¢y,
t = pcos ;. 3amMecTBalKM, MOTydYaBaMe:

x = pcosfsin e sin v,

y = psinfsin psin @y,

Z = pcos psin gy,

t = pcos i, p>0,0¢€l0,2n), v, € (0,7

*Pasmmanero MexK/y KOOPAMHATHTE, H3ION3BAHN B MATEMATHKATA U B reorpadusara,
€ BbIIPOC HAa KOHBEHIIN; TaKa, B reorpadusra abirkuaaTa ce menu Mexkay 180° 3amagna
AbszkuHa 1 180° uM3TOYHA IbJKUHA, T.e. MEXJIY —7 U T, & luupuHara - Mmexay 90°
cerepra n 90° 10’KHA [UPWHA, T.e. MEXKIY —7/2 u 7/2.
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JlecHo ce mpecmdTa ChboTBeTHATA (PYHKIIMOHAIHA JIETEPMUHAHTA!

D(xayvzvt) - D('xaywzat) D(P179790>t) o

D(pvevgpv 901) D<p1797907t)'D<:0797907901)

_ D(x7yaz) D(Pht)
D (plveu QO) D (,07 901)
1 cMsiHaTa e peryJspHa upu p > 0, 0 € [0,27), ¢, @1 € (0, 7).

= pising.p = p®sin 2y sin ¢,

CopImaTa KOHCTPYKIUS € Bb3MOXKHA U B OOIIHA Caydaii. 3a y106cTBO
e O3HAaYUM pasMepHocTTa ¢ n + 2, n > 0. /la 03HAYUM KOOpIMHATUTE B

npoctpanctsoro R" 2 ¢ (z,y, 21, .. ., 2,). UMmame:

Teopema. Hexka P = (z,y,21,...,2,) € R"™. Cowecmsysam eesu-
wuhy p > 0, 0 € [0,27), ¢©1,02,...,0n € [0,7], maka we ca usnsaneru
PAGEHCTNBAMA

x = pcosfsin g sin @, ... sin @,
y = psinfsin @ sin s ... sin @,
Z1 = PCOS 1SN g .. .sin @,
Zo = PCOS Yo SN (P3 . . . SIN WY,

Zn = P COS Py
Hsnesaneno e pasencmeomo

D (x,y,21,..,2n) ntl - m .
= p" " sin"p, ...sin gy,
D(p7879017"'7g0n)

U cmanama e ednwoswauna u pezyaspna npu p > 0, 0 € [0,2m),
P1, 25+ -5 pn € (0, 7).
HokazareacTBo. Ille mposeem 10Ka3aTeIcTBOTO Ype3 NHAYKIUS 110

n. Ja mpeamosoKuM, 4e TBBPAEHHETO € BSIPHO B IPOCTPAHCTBOTO R™T2)
uneka P = (2,9, 21, ..., %, Zny1) € R™T3. Kakro mo-rope, ja moI0xKuM

P = (z,y,21,-..,20,0), p1 = P1’ up= P).,Z[aOSHa‘{I/IMCpl,Q,gol,...,gOn
0606IIeHnTe TOISIPHU KOODIWHATH HA TOYKATA (I, Y, 21, . - ., Zp), KOUTO Cb-
MEeCTBYBAT CHOPEe/l WHAYKTHUBHOTO TpemnoJoxkenue. Heka ¢,,.1 € brbia

MeXKIy pajuyc-BeKTopa P Ha ToYKaTa M OCTa z,41. VIMaMe paBeHCTBaTa

P1 = PSINQPni1,  Znpl = PCOS Pl
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SamecTBaiiku p; BbB (POPMYJIUTE 38 T, Y, 21, - - -, Zp, HOJyIABAME CHOTBET-
aure gopmyan B R™ T,
[To ocrHoBHOTO €BO¥CTBO Ha (DYHKIUOHAJIHATE JETEPMHHAHTH UMaMe:

D (x,y,21,. ., Zn, Zni1) _
D (pa 9, P15 9071790714-1)

 D(zy, 21, 20 2n1) D(p1 0,01, 00, 2ng)
N D(phgﬂolw--ﬂomzn—i-l).D(paeagplw-w@m@n—&-l) a
D (z,y,21,...,2n) D(p1,2n41)

D (p1,0.¢1,...,¢n) D(p, ons1)
n+1

= plsin™p, ... sinp;.p = p"sin" My, 1 sin"p, .. .sinp;. A

YupakHeHud.

1. Heka f(z,y) e dbyHKIINA B paBHUHATA, YIOBIETBOPSIBAIIA ThXKIEC-
TBOTO

(rakuBa dyHkuuu ce Hapudar xapMmonuunu). Heka f(p,6) e dbyukuusra,
IOJIy4eHa OT Hes CJIeJ HOJIsSpHa CMSHA Ha KOODJAMHATHTE, T.e.

f(p,0) = f(pcost,psind).

Jlokaxkere, ye (pyHKIHATA [ yIOBIETBOPSIBA ThKICCTBOTO

2. Heka I' e mapamMeTpuvHO 3a/1a/IeHa KPUBa B pABHUHATA C YPABHEHU S
p=p(t), 0="0(t), t € [tr,ta].

JTokaxkere, e jabjKuHaTa HA [ ce maBa ¢ popmysarta

o= | NI Or IO )
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[Tokaxkere Kak usrjexja Tta3u Gopmy/ia B ciaydas, KOraTo 3a napa-
METBP CAYKHU MOJIPHUAT BI'bJI 0, T.e. KOTaTO KPUBATA Ce 33/1aBa C ypPaBHe-
auero p = p(6).

YubrBane. 3nonssaiite popmyiara

1(T) = /t N o

3a JAbJZKHHA HA MApAMETPHYIHO 3a/ajeHa Kpusa (BmK dact 1, §4.4).

3. Heka I' C R® e mapameTpu4HO 3371a1eHa KPUBa B chepUaHn KOOD-
JUHATHU:

p:p(t)v 0 = 9(25), Y= (p(t), te [tlatQ]'

JlokaxkeTe, ye HelfHaTa AbJIXKUHA ce JaBa ¢ GpopMyIaTa

10 = [0+ 20 im0 0107+ 0 10

[Tokarkere kKak m3ryiexaa Ta3u (POPMYyaa 33 KPUBA, PABIOJIOKEHA HA
OBBPXHOCTTA HA cdepa, T.e. 3a ciaydas p(t) = R.

4. Heka P u () ca Touku BBbpXy cdepara, JIEZKAINN HA eIUH U ChIN
mepuanan. Jlokaykere, e Hall-KkpaTKaTa CheJUHSIBAINA I'H KPUBA BHPXY cde-
paTta MHHaBa 1O TO3W Mepuanad. llokarkere, ye TBBHPIEHUETO HE € BIPHO,
ako 3amennM "Mepuguman" ¢ "mapamen".

YubrBane. Heka [' e mpousBosiHa 1iajika KpuBa BbpXy cdepara,
cebp3Bamma toukuTe P u (). Ilo dopmynarta or 3amada 3 moaydaBame:

I(T)=R / \/sin2g0(t) 0'(t)2 + ¢/ (t)2dt > R / V' (t)2dt >
> R| [ )] = R lo(t) - o(t)].

KOETO € TOTHO PA3CTOsTHNeTO Mexk iy P u () mo mepuanana.

5. Jlokaxkere, 4e HAf-KPATKOTO PA3CTOSHUE MEXKJIY JIB€ TOUYKH BbPXY
cdepara e 1o Jrbra OT TOJIAMaTa OKPBHZKHOCT, MIHABAINA TPE3 TOYKUTE.
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Ilosicuenme. Iloj 2oaama oxpsocrocm BbpXy cdepara ce pazdupa
TaKaBa OKPbyKHOCT, YUUTO PAJUYC € paBeH Ha pajamyca Ha cdepara. [Ipe3
BCEKH JIBe TOYKHM MUHABA TOYHO €HA OJIAMa OKPbXKHOCT — TS Ce IOJyIaBa
KaToO cedeHHe Ha cdepaTa ¢ paBHUHATA, OIpeeseHa OT Te3H JIBe TOYKH U
IeHTbpa Ha cdepara.

YobrBane. Heka ca manenu jase Toukn ot cdepara. MoxkeMm 1a us-
bepeM Taka KOOpAMHATHATA CHCTEMa B IIPOCTPAHCTBOTO, Ue Te Ja JieXKaT Ha
eJIMH U CbI MepUIuaH, KOfTo 1e Objie u 9acT OT roJsiMaTa OKPbXKHOCT,
ompejiesieHa OT TAX. T BbPJAEHHETO TOraBa cJjejBa OT 3a. 4.

3abeserkka. Heka nmame jiBa rpa/ia 0T ceBepHOTO HOLYK'bJIOO, KOUTO
JIeYKAT Ha €JINH U Chiu napases. ToraBa Hail-KpaTKaTa JUHAS MKy Te3n
I'paIoBe MUHABA 3HAYUTETHO IO HA CeBep OT TO3W mapaJjien. Taka Hampumep
camosterute, gersin Mexkiay Codus u Hro-Ilopk, MunaBar 671130 10 FOAKHHS
opsr Ha ['pennanaus.

Bmxenne Ha marepuajHa Todka B HioronoBo moJje. 3akoHu

Ha Kemep. Heka
- c

F(P) = _—H?HS?
e HioToOHOBOTO TpaBHUTAIIMOHHO IOJIE, MOPOJEHO OT Maca, pas3lojoKeHa B
HAYaJI0TO Ha KoopauHaTuTe. Harmrara mes e ga usciieaBaMe JIBHKEHHETO Ha,
MarepuaJ/iHa TOYKa C eJuHUuYHa Maca 1o/ jeiicrBuero Ha Tosa moJje. [le
HaHOMHI/IM7 ge 110 TpeTI/IH 3aKOH Ha HIOTOH BeKTOp'bT Ha yCKOpeHI/IeTO Ha
TOYKATa CHbBIAIa ¢ BEKTOPA HA MOJIETO.
MoxkeM Ja camTaMe, de IBHKEHHETO e M3BbpIiBa B paBHuHaTa OXY,
B KOSITO IIe BbBeJeM KOMILICKCHA Koopauuata P = 2z = x + iy = pe.
Torasa cusiara F'(P) we uma Buja
_ cz c -
Flz) = —— = —— i
2] 0
Heka TpaekTopusra Ha ToOYKaTa Cce JaBa ¢ KOMILIEKCHOTO ypaBHEHNE
2= 2(t) = o(t) €D,

6. okaxkere upe3 audepeHIupane, 4e BEKTOpUTe Ha CKOpocTTa v(t)
u Ha yckopenueTo a(t) ce masar ¢ dopmyanTe

v(t) = 2(t) = o(t) eV + i ot) 0'(2) €,
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a(t) — Z"(t) — ((Q//(t) — Q(t) (9/(t>)2> 4 (29'(15)9/(25) + Q(t)@”(t))) o100

7. N3nosi3Baiiku Tperud 3akoH Ha Hi0TOH, 1oKazxKeTe, e ca U3I'bJTHEHI
cJeHATe JBe (peasiHi) ThKIeCTBAa:

o"(t) = o(t) (0'())" = —

o(t)?’
20'(1)0'(t) + o(t)0"(t) = 0.

8. Jokazere, 4e BTOPOTO DABEHCTBO € DABHOCUJIHO C PABEHCTBOTO
?
/
(0(t)%.0'(t)) = 0, u ciielOBATEIHO € U3I'LIHEHO PABEHCTBOTO

o(t)2.0'(t) = const = h.

9. (3akon Ha Kemep 3a niomnara
CKOpOCT) 3a JIMIETO HA KPHUBOJIHHEEH
CEKTOP Ha MOJIAPHO 3a/13/IeHA KPUBA € B
cuia gokaszanara B §4.5 Ha gact I dop-
MyJIa

(BUZK 4eprexKa).

Jlokaxkere, 4e 3a JBukenue B HIOTOHOBO 110J1e OT pe3yJiTara Ha 3a/l.
8 caenpa, Je

w(D) = St~ 1o)
2

3abesexkka. [losryunxme 3HamMeHuTHS 3aKOH Ha Keriep: mpu JIBH-
JKeHHe Ha IJIAHeTaTa OKOJIO CIBHIETO ILIONIHATA CKOPOCT € €HA U ChINA
BbB BCEKH MOMeHT. VlHade Ka3aHO, 33 €IHAKBU BPEMEHAa PaJIMYC-BEKTOPHT
TOYKATA ,,3aMUTa’ CEKTOPU C PpABHU JIUIIA.

JlecHo ce BMzK1a, 9e TO3M PE3YJITAT € BEpeH W 3a IMPOH3BOJHO IEHT-
PAJIHO TOJIe.

B caenparue 3a1a49u 111e moKaykeM, 9e TPAeKTOPHUsITa HA JBUKEHUETO
Ha ToYkaTa B HIOTOHOBO 10JI€ TIpe/ICTaB/IgBa KOHUYIHO CedeHue.
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10. TTokazkere KaTo ciaejacTBue or 3agaqdu 7 u 8, de dynkuusara o(t)
YJOBJIETBOPSABA AN(EPEHIIUATHOTO YPABHEHNE

h? _c
o(t)®  o(t)*

Q”(t) —

loproro ypaBHeHue ce peliaBa, KaTo 3a MapaMeTbp Ce B3eMe IOJIsp-

HUs BI'bJI 0, a 3a Hem3BecTHa dyHKIUA — PyHKIudgTa v = —. [lo-Touno,
0
BbBexa ce dhyukuus u(f) rakasa, ye

11. Usnosssaiiku pasencrsoro 0 (t) = hu?(0(t)) or 3a1. 8, nokazxere

paBeHCTBaTa
1

o) = (W) — hul(0(1)),
J'(8) = —h " (B()).6(t) = —h2u"(6(1)) u>(6(1)).

Hokazere, u3nosssaiiku 3a/. 10, de dynkuuara u() yaoBrerBopsisa
ypaBHEHUETO

W (0) + u(f) = %

12. Pemete ypaBuenueto ot 3a1. 11 u mokaxkere, ue u(f) mma BHIA

c
u(f) = e + Acos (6 — 6p).

Yuobreane. [lomoxere w(f) = u(f) — ;5 u moxazere, 4e w(f) ymos-
naeTBopaBa ypasuenunero w” + w = 0. VM3noassaiire n3pectnusa or mude-
peHIMAJTHUTE ypaBHEeHHs (PaKT, de BCIKO pellleHne Ha TOBa YPaBHEHUE MMa,

Buga w(f) = Acos (6 — o).

3abesnerkka. Taka 1mMoIyIeHOTO peleHne MoxKe Ja ¢e OIPOCTH. 3aBbp-
TaifiKi KOOPAMHATHATA CHCTEMA B PAaBHUHATA W O3HaYaBaiiku 6 — 6 0THOBO
¢ 0, moxkem ja cuaurame, de 6y = 0. Bbexkjaiiku Karo HOBU mapamerpu



1.9. 1IOJIAPHU U COEPUYHN KOOPANHATH 127

h? Ah?

nojoxkuTenauTe yncia C' = - m e = £, mojyvaBaMe ypaBHEHHETO Ha
. 1
opbuTtaTa B MOJSPHA KOOpAMHATH (03HavaBaiiku o(f) = ——):
u(0)
C
o(0) = ————.
1+ ecosf

YpaBHeHHSATa B J€KapTOBU KOOPAMHATH J00UBAT BUJIA

C'cosf C'sinf

) = 57 gy = LY
z(0) 1+ ecosf’ u(0) 1+ ecosb

KakTo 1me BujamM B cJaeJIBAIUTe 3aJa9d, TaKa OIpejeeHaTa KprUBa
PEJICTABsIBA KOHUYHO cedenue (esuica, mapabosia win xunep6osa), oc-
Ta Ha KOSITO CbBIaJa ¢ abciucHara oc U ejguH oT POKyCcUTe Ce HaMupa B
HAYaJI0TO Ha KOOpauHATUTE (Ie HAOMHUM, Y€ TaM € Pa3MOoJIOZKeHa IPHB-
JarYaIaTa Maca). BHIbT Ha TOBa cedeHme ce ONpejiesis OT mapaMerbpa e,
KOUTO ce HapH4a ekueHmpuyumem Ha opOUTaTA.

13. (exunTuuana opbura). Heka 0 < e < 1. /la o3naunm

C Ce C
a=——,p=ae=—— b=
—e

1 1—e?’ " J1—e2

Jlokazkere, e 3a BCIKO € € N3II'bJIHEHO PABEHCTBOTO

(+0) 49, y(0)°
a? b2

Il
=

C apyrm gymu, opOuTaTa MpEACTABAABA €JIUICA ¢ OCH, YCIOPEHN HA
KOODJMHATHUTE, U C MeHTHP B Toukara (—p,0). [Tapamerbpbr € chBraga ¢
0OMYaiHAA eKCHEHTPUIATET Ha, CJIHICATA;

/ b2
e = 1—5

Yuobreane. Hanumere ypaBHenneTo Ha KpUBaTa BbB BHA
0(0) =C —ex(d).

" noBaurueTe Ha KBaJapaT.
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14. (mapabosaununa op6ura). Heka e = 1. Torasa 0 € (—n, m). Ilo-
KazkeTe, 9¢ € B CH/IA PABEHCTBOTO

o(f) = C —=z(0),
", CJIeJ0BaTEJIHO
_ O —y(0)?

Opburata e mapadosa, YUITO OC CHBIAJIA ¢ aOCIIHCHATA, OC.

14. (xummepb6oamyna opbura). Heka e > 1. Ako o3naunm 0y =

arccos (—%), To nedbuHUITHOHHIAT nHTepBat e 0 € (—0y, 0). [1le o3nadnm
C Ce C
a = == ——, b= —n—.
21 7P e? — 1’ e? —1

JlokazkeTe, 4e 3a BCIKO € € N3IIbJIHEHO PABEHCTBOTO

Opburara npecTaBigBa KJI0H OT XUIepdoJia ¢ OCH, YCIOPETHI Ha, KO-
OpJIMHATHHTE, U € MEHTHP B ToukaTa (p,0).
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1.10 OO6BuBKH; Ha (paMUJANN OT KPUBHA

B To3u maparpad 1mie u3JI0KHM €JIHO MPUJIOKEHHEe HAa PA3BUTATA IMO-TODE
TEeXHUKA, OTHACAIINO ce 3a (haMUJIUH OT KPUBU B paBHHHATa. B Teopema 2
or upejiHugd naparpad u B nocjejpajara s 3adejiekka Oerie 10Ka3aHo, ve
LJaJKUTEe KPpUBU B paBHHHaTa MOraT Ida 6’bﬂaT 3aJadeH C YpaBHCHHA OT
BH I3,

F(z,y) =0,

Kbjaero F(x,y) e equokparHo riajika HyHKIUS HA T, Y U MF(;L‘, y) # 0.
Tyxk mie pasriexgame amuuu OT €THOKPATHO TJaIKN KPUBH B PABHUHATA.
C apyru aymu, BbBEXKIa Ce NapaMeThp @, U3MEeHSI Ce B JaJeH WHTEepPBaJ,
Taka 9e Ha BCSIKA HEroBa CTOWHOCT ChOTBETCTBA JajeHa Kpuba [y, ompee-
nena upe3 ypasuenuero F(x,y,a) = 0.

[To-Touno, umame

Hedbununua. Hexa e dadena ednoxkpammo esadkama (Pynkuus Ha
mpu npomenausu F(z,y,a), xamo (v,y) € D C R*, a € A = (ay,as),
U HexKa Hascaxsde 0a € USNBAHEHO PABEHCMEOMO

|F.| + |F,| > 0.

Toeasa kazsame, ue Pynkuyuama F nopascda damuiuama om Kpusu
{Tu}en, Kamo npu ecara durcupana cmotinoem na a xpusama I'y C R ce
cacmou om moukume (x,y) 6 PasHUHAMA, YOOBAEMEOPACAULU PABEHCTNEOMO
F(z,y,a) =0:

Lo ={(z,y) € R*: F(z,y,a) =0} .

IIle BbBejeM HOHATHETO O00BUBKA Ha (amusius or Kpusu. lIbpBoro
HOHATHE, KOETO I1ie HU TPAOBa, € TOHATHETO JIONUpPaHe HA KPUBU:

Hedbununua. e xazsame, we 08e pe2ysapru €OHOKPAMHO 2400KU
KpUusU, MUHABAULU Npe3 dadena mowka, ce donupam 6 masu Mmouka, aKo
donupamesrume UM NPasl 6 Masl MoyKa Cs6nadam.

Hedbunnmua. Pezyaaprama u ednokpammno 2aadxa kpusa ' we na-
puname obsusra na pamuruama {Lo},cn, axo npes ecara mouka om T
npemurasa mouno edna kpusa om gamususma {Ly}, u 6 masu mouka dee-
me kpueu ce Jdonupam.
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[Ile m3BegemM napamMeTpuvHUTE ypaBHEHHS HA OOBUBKATA Ha JaJeHA
dbamuamust or kKpuBn (ako TakaBa oOBHBKa cbinecrByBa). [1le m3bepem 3a
napamMeTbp HHIAEKCAa a Ha Kpuparta |, oT haMmImara, MUHABAINA IIPE3 Cb-
oTBeTHaTa TOYKa. Ilo-TouHO, HeKa

r=2x(a),y=yla),a € A

ca mapamerpudnuTe ypaBHenud Ha ['. [lle nckame kpusute I' u ', 1a mu-
Hapatr npe3 Toukata (z(a),y(a)) u ga ce qonupar B Hes.
[TbpBoTO yesoBue uu gasa, 4e (r(a),y(a)) € L'y, re.

F(z(a), y(a),a) = 0.
Judepeniupaiiku ToBa paBeHCTBO 10 @, HOJyYaBaMe
#(a)F, +y/(a)F) + F, = 0,

KaTo mpom3BognuTe Ha F' ce B3emar B Toukarta (z(a),y(a),a).

Jla m3paszum u ycjaoBueTo 3a jonupane. Kaxkro 3naem, g0mupaTeHu-
a1 BeKTOp KbM [ B Ta3u Touka e pasen Ha (2'(a),y’(a)). Ot apyra crpana,
JIOKa3aHaTa B Ipenus naparpad reopema 2 ot §5 mokassa, de J0MUpaTeI-
HHUAT BEKTOp KbM I';, e opToroHajJeH Ha BEKTOPA (Fg’:, Fé) B C'bOTBETHATA
TOYKA, U CJIEJIOBATEHO TOBA € BIPHO U 3a JIOMHUPATETHHS BEKTOD KbM [ .
[TonyuaBame, ye paBeHCTBOTO

7' (a)F, + y/(a)F; =0

e HeoOXOIMMO 1 JOCTATHIHO YCJIOBHE 3a monupaHero Ha Kpusute ' u [,

N3Barknaiikn TOBa PABEHCTBO OT TOJIYYEHOTO TIO-TOPe, MOJIydaBaMe,
qe F! = 0. B kpaitna cmerka 3a napamerpuanute GbyHKIMH Ha ThPCEHATA
OOBHBKA MOJIYYMXME CHCTEMATa, YPaBHEHUS

F(z(a),y(a),a) =0

F, (x(a), y(a),a) = 0.

Cucremu ot momoben Buj Osixa pasrieganu B npennus maparpad. Taka
CTUTaMe JI0 CJEJHOTO TBbPJEHUE:
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Teopema. Heka dynruyusma F(x,y,a) e dsykpamno esadka u ydos-
AEMBOPABA YCAOBUAMA

. F
o | £ FL Ao
Fl, F,

Tozasa nopodenama om Hea GaMUAUL OM KPUGU 8 PABHUHAIMA NPUMENHCAEA
066U6KA.

Hoxazarenctro. Karo npuioxkum Teopemarta 3a HessBHATA (DyHKIIHS
K'bM YPABHEHHSTA,
/
F(z,y,a) =0, F.(z,y,a) =0

OTHOCHO HEM3BECTHUTE T W Y W UMANKM NpeJ BUJ I'bPBOTO OT T'OPHUTE
YCJIOBHS, MOJIydYaBaMe CbIIECTBYBAHETO Ha JBYKPATHO IJIAJAKH (DYHKIUU
x(a),y(a), yaosiersopsiBaiu ropuute ypasaenus. Karto mudepernumpane
BTOPOTO OT YPABHEHHUATA 110 @, MOJIYUaBaMe

VEL 4y Fl = Fl £
re. 2'(a) u y'(a) HE ce aHYIUPAT €THOBPEMEHHO.

Jla o3nauum ¢ [' mapaMerpuyno 3ajajieHaTa KpuBa, Opeje/ieHa ¢ ma-
pamerpuunoTo npeactaBane ¥ = x(a), y = y(a). Toxy-mo BUgSXME, Ue
TOBa MAapaMETPUIHO NpeJCTaBsAHe € peryyiapHo. udepennupaiiku wbpBoTo
yPaBHEHHE 110 a U U3BAXKJAUKK OT HEr0 BTOPOTO, II0JyYaBaMe PABEHCTBOTO
2'(a)F, + y'(a)F, = 0, oT KoeTo, KaKTO BHJsXMe, CleIBa JOMUPAHETO Ha
kpupute [' u I',. [ |

3abesiexkKa. YCI0BULATA Ha TeopeMaTa He ca 33 IbJKUTEJTHU 32 Cb-
IeCTBYBaHETO Ha OOBHBKa. B KOHKpeTHHTe 3aJadd OOMKHOBEHO Te He
ce MpOBEpsIBAT, a 3aJadara ce CBeXKIa [0 pellaBaHe Ha YpPaBHEHUSITA
F(z,y,a) =0, F!(z,y,a) = 0 OTHOCHO HEU3BECTHUTE T U Y.

ITpumepu. 1. Heka pasriegame paMminsgTa OT OKPbHAKHOCTH € Ja-
JIeH PAJIUyC 7, YAUTO MEHThD Ce JBUKHU MO abIucHaTa oc. AKO O3HAYUM C
a KOOpJMHATATA HA NMEHTHPA Ha OKPBXKHOCTTA, BUXKJIaMe, Ye ChOTBETHATA
OKPBJKHOCT C€ JlaBa ¢ YPABHEHUETO

F(z,y,a) = (x —a)* +y>—r*> = 0.
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Judepennupaiiku 110 a, nojydaBaMe BTOPOTO ypaBHEHUE 33 00OBHUBKATA!
/
Fl(x,y,a) = =2 (z —a) = 0.

OTTyK BH:KIaMe, de 0OOBUBKATa Ha (haMUIUSITA Ce ChCTOU OT IPABUTE Y = T
ny=—r.

5]
T

-30 -2 -10 s 10 20 30

IIpumep 1

2. Heka e nmajena orceuka ¢ IbJKAHA L, YUUTO KPaWINA Cce ILIb3-
rar cbOTBETHO 110 abcrucHara u opJuHarHara oc. /la ce oupejesn Bujia Ha,
durypara B paBHHUHATA, 3all'b/IHEHA OT BCUYKHA BBH3MOXKHHU TIOJIOYKEHHS HA
oTcedKara.

Jla pasrimegame ciydasi, KOraTo OTCEYKATa e HAMHPA B MbPBH KBa/I-
pant. AKO eJuHusAT Kpail Ha oTcedkara uma koopiaunaru (a,0), 1o Koopiu-
HATHUTE Ha JPYTHS U Kpail ca (O, VI — aQ). [IpunomHsIiiku ¢l OTPE30BOTO
ypaBHEHHUE Ha, MpaBa JUHMs, NoAydaBaMe ypaBHEHUEeTO Ha moJydenara ga-
MIJIHAS OT MPABH:

_7 Yy 1
F(I’,y,a)—a—f—LQ—_aZ ]_—O, CLG[O,L]
Nnmame . a
Fa(xvyaa') :__+—y:O

2 3/2
a ( 12 — a2) /
PemaBaiikn ypaBHeHUsITa OTHOCHO T ¥ ¥/, I1OJIydaBaMe

a3 (LQ —a2)3/2
2 YT e
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MskimouBaiiku a, nojiydaBaMe ypaBHEHUETO HA OOBUBKATA:
2?3 423 = 23

B ocranasure Tpu KBajpaHTa ce 110J/ly4aBa CbIIOTO YPaBHEHHUE, U HUE I10-
JiydaBame, ye OOBUBKa € KpuUBaTa, HapedeHa acTtpouja. B kpaiiHa cMerka
TbpceHaTa purypa e orpa/iena oT MmoydeHaTa KpuBa i ¢e CbCTOW OT BCHYKHU
oK (T,Yy) € R?, 9MUTO KOOPAMHATH YIOBIETBOPIBAT HEPABEHCTBOTO

"y < L2,

3. Ilapabosia Ha Oe-
3omacuocTTa. Heka cu npe/i-
CTAaBUM Op'bJUe, PA3IOI0Ke-
HO B HAYAJIOTO HA KOOPIH-
HATUTE U CTPEJIAIIO C OIpe-
JIeJIeHA HAYaIHA CKOPOCT, HO
noJ pazjundau brom. Ja ce
OIIpeIe/ M MHOXKECTBOTO OT
TOYKUTE B PABHUHATA, KOH-
TO MoOraT Oa ObIaT JTOCTUT-
HATU OT CHAPSIIUTE.

AKo cHApPAIBLT € U3CT-
peJIstH ¢ HadaJIHa CKOPOCT v
OJI 'bI'bJI (v KbM XOPH30HTA,
YPABHEHHSTA Ha JIBHIKEHUE-
TO My UMaT BHIA

T =1vcosa,
y=tvsina — th,

KbJETO ¢ € 3eMHOTO ycKopeHHe. VI3KmouBaliku BpeMeTO ¢, MOJydaBame
yPaBHEHUETO HA TPAEKTOPUATA HA JBUKEHHUETO

g

2
——2 "t rtga.
2v2cos 2o &

y:
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Ha nosoxkum @ = tgq; ToraBa npum BapupaHe Ha bI'bJa (¢ ChOTBETHATA
damming ot napaboJsiu ce mopazk/ia or QyHKIHATA

F(z,y,a) = — (1+a2)x2+am—y:0.
(3a MoMenTa cMe MoToKuIN k = 5% ).
30 Chenpamoro ypaBHe-
- < \\\ HHUE OT CUCTEMATa €
/ 10} \ Fy(z,y,a) = v — 2kax® = 0,
/ [ \\
60 4 i o P AN OTKBJETO TOJydaBaMe IIa-
ot paMeTpUIHUTE yPABHEHUS HA
i obBUBKaTA
—20f
: 1 1 1 1
130t r = —, e p— - — .
oka’ VT 4k \ a2

[TapaboJsia Ha Ge3omacHOCTTA,
M3kaiouBaiiku mapaMeTbpa
a, moJydaBaMe OOBUBKATA HA MOJIYUEHATa CHCTEMa OT mapabosin, KOSITO Ce
OKa3Ba ChINo mapabosa (T.Hap. mapaboJa Ha 6e30MacHOCTTA), ¢ ypaBHEHHE:

1 2_”2 g 9

AT 29 202 ¢

B kpaiina cmerka 30HaTa Ha 0€301IACHOCTTA, T.€. MHOZKECTBOTO OT OHE3H TOY-
Ku (x,y) B paBHHHATA, KOUTO HE MOTAT Ja O'bJaT JOCTUTHATH IIPH HUKAKbB
BIbJI Ha W3CTPEJBAHE, Ce ONMUCBA C HEPABEHCTBOTO:
2
v g 9

>___
Y 2¢ 202 "

4. Ot ropHUTE TPU TPUMEPA TUTATEISIT MOYKE JIa OCTaHe C BIEYATIIC-
HUETO, Ye OOBHBKATA BUHATH OTPAKIA 9aCTTa OT PABHUHATA, 3aMbIHEHA OT
dammugra kpusn. e gamem npumep, Korato ToBa He € Taka. /la B3emem
rpacdukaTta Ha GYHKINATA Y = T° 1 J1a 1 IIb3TaMe YCIOPeIHo Ha abIiIcHaTa,
oc. [TomyuaBame paMuinst OT KpUBH, ONpeieseHa ¢ YPaBHEHHETO

F(z,y,a) = (x —a)®* —y = 0.
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Pemagaiiku nosydyenara cucrema, BuzKjaaMe, 4e €JUHCTBEHATA OOBUBKA HA
Tazn damMmans ChBuaga ¢ abCuuCcHATA OC, JOKATO KpUBUTE OT haMuIuaTa
3aIlbJIBAT 151ATa DABHUHA.

B 1031 npuMmep ce BUK /A CbINO, Y€ OOBUBKATA CHINECTBYBA, MAKap e
VCJIOBUSITA HA TeopeMaTa He ca yI0BJIeTBopeHH (Tokazkere!).

5. Besaka peryssipHa KpuBa ¢bBhajia ¢ oOBUBKaTa Ha aMUIAATA OT
cOOCTBEHHUTE CH TAHTCHTHU. 3a yJIeCHeHHe IITe JOKaXKeM TOBa B ¢JIydas, KOraTo
KpUBaTa € sIBHO 3aJIaJieHa, T.e. € IpeJcTaBeHa KaTo rpaduka Ha IVIaJKa
dyukmus. Heka [' ce 3a1aBa ¢ ypaBHEHHETO

y = f(z), v €A.

[le mpenmonarame, ge f(z) e aBykparno raagka u f”(x) # 0. omupa-
TejIHATa JMHAA KbM [, MuHaBaiia npe3 troukara (a, f(a)), uma ypaBHeHue
y = f(a) + f'(a)(x — a), n cnenoBarenno daMunuaTa OT TAHTEHTUTE Ce
3ajlaBa 4pe3 ypaBHEHUETO

F(z,y,a) = =y + f(a) + f'(a)(z —a) = 0.

Toit karo F!(z,y,a) = f"(a)(x — a), T0 3a 0OBUBKATA TOJyYaBaMe ypaBHe-
austa r = a, y = f(a), .e. s cpBUaga ¢ I

6. Tyk me pasriesame oO6BUBKaTa Ha (paMHIUATA OT HOPMAJHUTE HA,
JaJleHa KPHBa, U Ie JOKayKeM, 4e Tsl CbBIAJA C eBOJIIOTATa Ha KPUBATA.

[TousTuero esoaroma Ha JaJjieHa IBYKPATHO IVIaIKa KPUBA C HEHYJIEBA
KpuBHHA Oerie BbBe1eHO B ToM I, §4.4, 1 o3HaUaBaIIe reoOMeTPUIHOTO MSICTO
Ha BCUYKH HEHTPOBE Ha KPpUBUHATA Ha KpHUBaTa. HeKa ABYKDPATHO IVla/JAKaTa
peryngpua kpuBa G e 33/a/1eHa ¢ TapaMeTPUIHUTE yPABHEHUS

r=¢(a),y=1v(a), ac A.

Hopmanara kM kpusata G B Toukara (¢(a),(a)) e KonuHeapHa ¢ BEKTOPa,
(—¢'(a), ¢'(a)) n caegoBaTEHO CE OMUCBA ¢ MAPAMETPUIHATE YPABHEHMUSI

z=g(a) —t¢'(a), y =1(a) +1¢'(a), t €R.

*
Tosu paxr Germre gameH 6€3 000CHOBKA IPHU PA3IVIEXKIAHETO HA TEOMETPUIHIS CMUCHJT
Ha, €BOJIIOTATA, HAMpaseHo B 1, §4.4.
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Esumunupaiiku napamerbpa t, noJjiydaBaMe ypaBHEHHETO Ha HOPMAaJaTa
BbB BHJA

F(z,y,a) = ¢'(a) (y = ¥(a)) + ¢'(a) (x — ¢(a)) = 0.

OrTyk mosrydaBame

Fu(z,y,a) = ¢"(a) (y — ¥(a)) — (¢'())* + ¢"(a) (z — ¢(a)) — (¢(a))*.

Taka ypaBHeHnsiTa Ha OOBHBKaTa IpPUI00UBAT BHUIA
¥'(a) (y = ¥(a)) + ¢'(a) (x — p(a)) =0, , ,
P(a) (y = ¥(a) + ¢"(a) (z — p(a)) = (¥'(a))” + (¢'(a))".

[Ile nanomuum, ye KpuBUHA-
ta k(a) na kpusata G B TOUKaTa

(p(a),v(a)) ce naBa ¢ dbopmynara
_ Pla)y(a) — ¢"(a)¢'(a)
(¢'(a)? +1'(a)?)?

Taxka, yciaosuero k(a) # 0 moxke
Ja CE€ HallUIIIC BbB BUOa

k(a)

o b

CrenoBaTesiHo, akKo pa3sriegaMe
EBosoTaTta Ha eJUICATa KaTo POpHUTE yDaBHEHMS KaTO JIMHEH-
OOBWBKa Ha HE{HUTE HOPMAJH HI yPaBHEHHUSA CHPAMO  MPOMEH-

ausure y — Y(a), * — p(a), TO

Te NPUTeKABAT €JIMHCTBEHO pellle-

uue. V3non3eaitkn Gopmyaure Ha
Kpamep, nojiyuaBame penieHusITa HA CUCTEMATA:

Y@+ ()
¢'(a)y"(a) — ¢"(a)y'(a)
¢'(a)® + '(a)?
' (a)y"(a) = ¢"(a)y'(a)

z(a) = ¢(a) V'(a),

y(a) = ¢(a) + ¥'(a).
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JlecHo e ja ce Bujm, de 1ojydenuTe (hpOPMY/U CHBIAJIAT € HapaMeTpPUy-
HOTO TIPEJICTaBsHe Ha eBosioTaTa HAa (7, u3BemeHo B ToMm I, §4.4 mo chBCeM
pa3InveH HAYWH.

YupakHeHusd.
1. (3amaua, gamena 3a Kaguaar-crygentcku u3nut 3a PMI wa CV
npe3 1999 1. ) /lajieHo e ypaBHEHHETO

322 — (6a + 1)z + a* + 6a — 3 = 0.

Jla ce namepsT CTORHOCTUTE Ha @, 38 KOUTO JI3/ICHOTO YPaBHEHHE IPUTEKABA
KODEH U, TaKa 4e CTOWHOCTTa Ha }u — \/§| Jla € MUHUMAJIHA.

YabrBane. Pazoupa ce, 3amayaTa IpuTe:KaBa €JIeraHTHO eJIeMeHTap-
HO perrrenne. 3a /1a PenuTe 33/4a49aTa ¢ IOMOIITa Ha TeOPUsITa Ha OOBUBKUTE,
HaMepeTe OOBUBKaTa Ha CEMEHCTBOTO OT mapaboJin, OlpeaeeH0 OT PABeHC-
TBaTa
F(x,y,a) = —y + 32> — (6a + 1)z + a* + 6a — 3 = 0,

U pasriejaiiTe NpecedyHuTe H TOUYKH ¢ aDCIUCHATA OC.

2. Jlazena e ejurcara

2 2
S Y
p q
3a BcgKa CTOHHOCT Ha a € [—p,p| Ja npekapame BepTHKAaJIHATA XODJa HA
equncara npe3 roukara (a,0), u ma o3naunm c¢ [’y OKpbKHOCTTA, HMAIA,
Ta3n Xopja 3a auamerbp. Jlokaxkere, e obuBKara Ha dbavnimara {I',} e
eJIMIICA CbC CBIIMTE OCH HA CHMETPHs KATO JajeHaTa.

3abesnexkka. OT JJ0KA3aTEJICTBOTO Ce BUXK A, Y€ 00BUBKATA IIE JJOKOC-

2
Ba caMmo Te3u Kpusu [y, 3a kouro |a| < \/%, T.€. 00BUBKATA CbIIECTBYBA
P2+q

caMo 3a 4acT oT jiaJleHara haMujims.

3. (Xapakrepuctnuyuu Touku). Heka e ganena dbavummsara {I',}
oT Iaaku Kpubu. Heka dpurcupame 1a/1eHa CTORHOCT Ha @ U 3a JOCTATHY-
HO MAaJIKH CTOWHOCTH HA HApPACTBAHETO h Ja O3HAYUM C (Tp,Yp) HIKAKBA
npeceuna Touka Ha kpusute 'y u 'y, Ha monycmem, we npu h — 0 mpe-
ceanuTe TOYKU (T, yn) UMar rpanuna (To,yo). ToraBa Toukara (o, yo) ce
Hapuda Tapakmepucmuyna mouka 3a davuausra {I'}.
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JlokazkeTe, e XapaKTePUCTUIHUTE TOYKH JIEKAT BbPXY 00OBUBKATA, HA
davunngTa.

YobrBane. OueBUIHO KOOPJAWMHATHTE Ip,Y, HA ITPEcedHaTa TOUYKA
VJOBJIETBOPABAT YPABHEHUATA

F(xhayha CL) - 07 F(thy}Ma + h’) = 0

N3non3Baiikum TeopeMaTa 3a KpallHHTe HapacTBaHUd, TOKaxKeTe, e Ta3H
CHCTEMA € eKBUBAJEHTHA Ha

F(l’hayhaa) 207 F(; (xhvyhva—’_eh) 207 S (071)7

U HallpaBeTe I'paHudeH npexon nupu h — 0.

3abenexkka. OT pasriaeganus mo-rope mpumep 4 ce BUXKIA, Y€ He
BUHAI'U TOYKUTE OT O6BI/IBKaTa Ca XapaKTECPpUCTUIHU.
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1.11 VYcJjioBHE JIOKAJHU eKcTpeMyMu. MHOXKu-
TeJiu Ha JlarpaHxk

B zajagara 3a Tbpcene Ha MaKCHMaJHA U MUHUMAJHA CTOWHOCTH HA (DYyH-
KIusi Ha MHOro mpomenausu B obsact D C R", pasrrenana B §7, ocrana
OTKPHUT CJIeIHUs MpoOeM: 11a ce HaMepsT eKCTPeMaHUTe CTORHOCTH Ha
dyHuKIUgITa BHPXY rpanunara bD Ha obmactra D. Ako Hanpumep D e Kbii-
60, TO BB3HUKBA BBIPOCHT 33 ThPCEHE HA EKCTPEMYyMHUTE HA (DYHKIHITA
BbLpXy orpanmuasamara ro cepa. Ha Ttakapa 3a7a4ua e mocBeTeH HaCTOS-
mudT naparpad.

Heka M e mogmuoxkectBo Ha R" u f(z) e dbyuknus, gedburupana
Bbpxy M.

Hedununusa. Kassame, we mouxama x° € M e mouka na ycaosen
A0KaAeH Makcumym na Pynkuuama f(x) espry mmoscecmeomo M, axo
cowecmeyea € > 0, maka we 3a 3a ecaxa mowka ¥ € M, 3a K0AMO
||z — 2% < €, da umame

KakTo ce BHKJa, TOBa ONpeJe/eHre ce pa3indaBa OT JIaJIeHOTO B §5
onpejesierne Ha (6€3yCI0BEH) JOKATEH MAKCUMYM IO TOBA, e Ce Pa3TIIekK-
Jgar camo crofinocrure Ha f(r) BbpXxy MHOXKecTBOTO M.

AKoO 3aMecTHM TOPHOTO HEPABEHCTBO € IIPOTHBONOIOKHOTO MY, IIO-
JlydaBame JiehbUHUIUATA HA YCJA0BEH JoKajaeHn Mmunumym. Haill-cerne, jBere
Jnedbununrn ce 00eUHABAT B OHATUETO YCJIOBEH JIOKAJIEH €KCTPEMYM.

ITle pasriegave egHa ejgeMeHTApHA T'e€OMETPUYHA 33/a4a: U3MEZK/LY
BCUYKHW TPABOBI'bJIHUINM ¢ JAAJEH TMePUMeThp JIa ce HaMepPu TO3W ¢ MaKCH-
MAJTHO Jure. AKO O3HAYUM C T U Y CTPAHUTE HA MPAaBObI'bJIHUKA, CTUTAME
JI0 caegaHaTa (popMyIHpOBKa:

Bamaua: Ako MHOzxKecTBOT0 M C R? € MHOMKECTBOTO HA BCHYKH TOYKH
(z,y) € R?, ynoprersopasamu yciopuata x > 0,y > 0,z 4+ y = p, 1a ce
HaMepu MakCHMaJHara croiiHocT Bbpxy M Ha dynknusara f(z,y) = zy.

Pazdupa ce, 3a/1auara ce peraBa eJieMeHTapHO, KATO Ce U3Pa3u Y 4pe3
T ¥ CJIeJ[ TOBa Ce HAMepH MAaKCUMYMa Ha MoJydeHaTa MyHKIINS Ha €/THa [TPO-
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MenjnBa. Hue obade m3rosizpame 3a/iadara 3a WIIOCTPUPAHE HA PAa3BUTHUTE
0-10JTY METO/IH.

Muoxkuresan Ha Jlarpamsk - ciaydaii Ha egHO ypaBHeHme B R
3a Ja W3sICHUM HJesiTa, B Ta3W TOYKA IMe pasriejamMe ciaydas, korato M
e MHOYKECTBOTO OT BCHYKH TOUKH (7,y) € R?) 3a xomto F (v,y) = 0. Tyx
F (z,y) e eqnokparno riajka GyHKims Ha 2 HPOMEH/IUBY, jeduHupana B
obmact B R? i yioB/IeTBOPSIBAIIA YCIOBAETO

grad F(z,y) # 0,
T.€. H’prI/ITe I/,I JaCTHN HpOI/ISBO,ZLHI/I HI/IK’b,Jle HEe ce aHy.HI/IpaT e,JIHOBpeMeHHO.

Hanume e ciemHOTO HEOOXOIUMO YCIOBHE 32 YCJIOBEH JIOKAJEH eKCTPEMYM:

Teopema 1. Hexa ednoxpammno 2aadkama gynruus f(x,y) docmuea
ycaosen aokaner excmpemym espry M e mouxama (zo,yo) € M. Toeasa
COULECMBYBL KOHCMAHMA X MAKABA, e

me (z0,%0) = )\grﬁF (70, %0) -

Peannoro uncio A ce Hapuda MHOXKHTE Ha JlarpaH:K, chOTBETCTBAIIL

Ha JIaJleHaTa eKCTpeMaJlHa 3a1a4a.

Jlecno ce BuxKa Kak Teopema 1 moxke j1a O'bjie M3I0/3BaHa 38 HAMU-
paHe Ha MOJO3PUTETHUTE 33 YCJIOBEH JIOKAJEH eKCTPEMYM TOUKHU: Pa3ryIesK-
JaMe CHCTeMaTa OT TPH YPaBHEHUs ¢ TPU Heu3BeCTHH (x,y, A):

folw,y) = NF(2,y), f,(x,y) = AF,(z,y), F(z,y) =0,

OT KOSITO HAMHUpaMe KOOpJIUHATHTe (X, 1) HAa ThbpceHaTa TOUKa (OOMKHOBEHO
TPETOTO HEU3BECTHO A\ HE € OT 3HadeHue W ce eauMuHupa). Hanpumep B
JMaJieHaTa Mmo-Tope 3a7ada 3a MPaBObI'bJIHANNTE IMOJTydaBaMe yPaBHEHUITA

r=NYyY=\ x+y=np.

OueBUHO €JIMHCTBEHOTO MM pellieHne e Toukara A = (p/2,p/2), u B Hed ce
JOCTUTA THPCEHUAT MAKCHMYM.

T'eomerpuuna maTepnperamusd. [Ipen 10Ka3aTEACTBOTO MIE JATeM
reoMeTpPHYHA MHTEPIpeTanus Ha TEbPACHHETO Ha TeopeMarTa. Jla cu croM-
auM Teopema 2 or §5, uneTo JOKA3aTEJICTBO JaA0XMe B IpeHns maparpad.
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Teopemara riacu, ye rpaJiueHTbT Ha PYHKIUATA B J1a/IeHa TOYKA € IepIeH-
AUKYJIFAPEH Ha JUHUATa Ha HABO HA beHKHI/IHTa, MHHaBallla IIpe3 ChbIlaTa
rouka. Cropen Teopema 1, Bekropure grad f (xo,y0) u grad F' (zo,y0) ca
KOJMHEAPHW; TOBa O3HAYaBa, Ye JIMHUUTE HA HUBO Ha yHkuuure f(x,y) u
F(z,y), munaBamu npe3 Toukata (g, Yo), IMAT OOIIA TAHTEHTA, T.e. Ce 0~
nupar noMexk iy cu. OueBuHO JIMHUsITA HA HUBO HA F'(z,y), MuHaBaIIA 1IPE3
(20, Y0), cbBHARA ¢ MHOKecTBOTO M, onmcrano ¢ ypaBHenuero F'(x,y) = 0.
Taka cTurame 10 ciegnara popmysmpoBka Ha Teopema 1:

B moukxama (z9,yo) mmoscecmeomo M ce donupa do aunusma wa
Hu6o Ha f(x,y), MuHaBaWE NPE3 MA3U MOYKA.

Ha uepreka Teopemara e WIIOCTPUPAHA 34 33/a9aTa 33 [PABObI'bJI-
HUIUTE, IaJeHa O-TOpe; MpPeJCTaBeHn ca MHOKecTBoTo M (orcedka), u
JMHUATE Ha HUBO Ha dyHkusaTa f(x,y) = xy.

Basio -nmuun Ha HUBO Ha dyHKIMaTa f(T,Y) = 2V,
TOYKa Ha yCJIOBEH JOKasdeH ekcrpeMyM Ha f(z,y) Bbpxy M.
BascHo - choTBeTHHTE JIMHUYM BBPXY rpadukara Ha f(z,y).

MozKkeM J1a JajeM U ApyTa HHTepIpeTalys Ha TeopeMaTa: J1a CH Mpe/l-
CTaBUM, KAKTO B §5, IUIAHUHCKaA MecTHOCT, Kato dbynknuara f(z,y) 3azasa
HaAMOPCKATa BUCOYMHA B /I3 leHa TOYKa, U MHOXkKecTBoTo M - Karo mbreka
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B Ta3W MeCTHOCT. ToraBa B Hail-BHCOKaTa CH TOYKA I'bTEKATA CTABA Xopu-
30HTaJIHa, T.€. A0IIHNpPa €€ A0 XOPpU30HTaJJIaTa, MIHaBallla IIpe3 Ta3l TOYKA.

okazareacTBo Ha Teopema 1. TpsadBa ja jokakeM paBeHCTBaTA

0 oF 0 oF
8_ch (3507 3/0) =A 8_9(; (1'07 yo) ) 8_5 (360, yo) =A a_y (1170, 3/0) .

[Ile m3nossBaMe TeopeMara 3a HegBHATa (DYHKIMA, 3a 14 HapaMeTpPH3Upa-
Me MHOZKecTBOTO M 0KO0JI0 ToukaTa (xg, o). (Buzxk Teopema 2 or mpemHust
naparpad.) Tbit KaTo ﬁ F (z9,y0) # 0, MOZKEM JIa [PEIIOI0KAM HAIIPH-
Mep, 4e %—5 (0,%0) # 0. ToraBa B HSIKAKBA OKOJIHOCT HA TOYKATA To CbLIEC-

TBYBa €HOKDATHO TUajika QYHKIUA ¢ (), YI0BIETBODSBAIIA YCIOBHITA

o (z0) =v0, F(x,p(z))=0.

Judepenmupaiikn moc/geTHOTO PABEHCTBO 10 T B TOYKATA T(, MOJIydaBaMe

oOF , oF
I (z0,%0) + ¢ (z0) 8_y (20,y0) = 0.

Ot apyra crpana, 3amecTBaiiku y ¢ o(z), mogydaBaMe (QYHKIUSATA
Ha ejna upomensusa g(z) = f (z,p(x)), oupesesiena B OKOJHOCT HA Tg.
Toukure or Buna (z, ¢(x)) npuragrexar na M; caenosaresrto, ako f(z,y)
NpUTe’KaBa yCIOBEH JIOKAJIEH eKCTPEMYM B ToYKaTa (Zo, Yo), TO g(x) mpuTe-
JKaBa JIOKaJIeH eKCTPEMYM OT CbINus BUJ B ToukaTa To. OTTYK ciejBa, de
IIPOM3BOIHATA M B TA3W TOUYKA CE aHY/IUPA:

0 0
g (xg) = 0_£ (7o, yo) + ¢ (x0) 0_;: (20, 10) = 0.

Ja uzpazum ¢’ (xg) OT IPEAMUITHOTO PABEHCTBO U Ja TO 3aMECTHM TYK; [0~
STy IaBaMe

of
af oF dy (70, Yo)
= = oy T .
ox ($07y0) o (x(]ayO) ((995 «TO,yO)

?)_ZJ; ('1'07 3/0)

F
Dy (I()a Yo
Ca U3II'bJIHECHHU. [ |

[Monaraiiku \ = , BUZKJIaMe, 9e U JBeTe NCKaHW PABEHCTBA
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3abesexkka. JlecHo ce BHkK/1a, Y€ HEOOXOAMMOTO YCJIOBHE 3a JIOKa-
JIEH eKCTPEeMyM, JaJeHO B TeopeMaTa, He e JAocTarbino. HamcruHa, Heka
F(x,y) = y (Muoxkecrsoro M cbBuaja ¢ abenucuara oc) u f(x,y) = 3 +vy.
Torasa B Toukara (0, 0) rpaguenture na dynknuute f u F ca KoanHeapuu,
HO B Ta3W TOYKA HIMaMe YCJIOBEH JIOKAJIEH eKCTPEMYM.

Mmuoxxkurenu Ha Jlarpam>k - obmr caydaii. Heka cera M e nomm-
HOXkecTBO Ha R", 3a1a1eHO ¢ yCaoBUSATA,

Fi(xy,...,xn) = Fy(xy,...,20) = ... = F (21, ...,2,) =0,

Kbaero Fy (x1,...,2,), ..., Fx (z1,...,T,) € peryjisipa cucreMa OT €JJHOK-
parao ragku yuknuu, gedunupanun B obnact B R". [lle nanomuum, qe
YCJOBUETO 32 PEryasapHOCT O3HAYaBa, 9 TAXHUTE I'PaJUCHTH

grad Fi(z), ..., grad Fy(x) ca JTuHEHO HE3ABUCUMH 3a BCAKO X OT jieUHH-
[IHOHHATA UM OOJIACT.

Teopema 2. Heka ednoxpammuo enadkama @yuxuyusa f(xq,...,T,)
docmuea ycaosen aokasen exkcmpemym espry M 6 mouxama 1° =
(20, ...,2%) € M. Tozasa cowecmeysam komcmanmu i, ..., A\ MaKuea,

we

grad f (z°) = i A grad F; (2°) .

KakTo u mo-rope, unciara Aq,..., \; cé HApHIAT
MHOkKHTe/ M HA Jlarpanzx 3a jajenara 3a/1a4a.

Teomerpuuna naTepnperamnusi. B reopema 6 ot mpegaus maparpad
Oellle MOKa3aHO, Y€ BEKTOPHUTE
M Fi(29),. .., grad Fy(2°) o6pasysaT 6a3uc B OPTOrOHAIHOTO JObIHCHAE
Ha JONUPATEJTHOTO TpocTpancTBo KbM M B Toukara 2. Taka TBbLpACHHETO
Ha TEopeMaTa MOxKe ja ce hbOPMYIUpa 1Mo CJIeHAT HAIWH:

Bekropbr grad f (z°) e nepnenukyasiper K'bM JOIMPATETHOTO T1POC-

tpancTBo KbM M B Toukara x°.

*
Ot ycnoBmero 3a PeryaspHOCT Ce BHXK/A, 4e OposaT k Ha (QyHKIUATE HE MOXKE Ja
HAJIBUILIABA, PA3MEPHOCTTA 1 HA HPOCTPAHCTBOTO. 33/1a9aTa € CMUCIEHA CaMO 1pu k < n,
KOETO TIIe CMsATaMe 33 W3IM'bJIHEHO.
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Kazano 1mo-cBobOHO, AMHAATA HA HUBO Ha (DYHKIUATA [, MUHABAIIA

npes Toukara ¥, ce JOMHpPa K'bM MHOXKeCTBOTO M B Taznm TOUYKA.

HdokazarencTBo Ha Teopema 2. CMeHSHKH, aKO e Hy?KHO, HOMepaTa
Ha IIPOMEHJIMBUTE, MOYKEM JIa CUUTaMe, de

D<F17"‘7Fk)
D(Il,l’g,...,xk

J («") # 0

PascbxmaBaiikn KakTo B Teopema 5 or maparpad 1.6, MokeM B OKOJTHOCT
Ha ToukaTa ¥ 1a IpecTaBIM MHOXKECTBOTO M dpes3 paBeHCTBATA

1 =01 (Thaty .-y Tn)

Tk = Pk (l’k+1,...,$n).

Bsemaiiku mpen Bujg TeopeMa 6 oT mpenaHus naparpadd, BUXKIaMe, ue
JIOKA3aTeJICTBOTO TIe Oblie M3BBPIICHO, ako JgokaxkeM, ue grad f (z°) e op-

TOTOHAJEH Ha BEKTOPHUTE l;, o Ly, onpeesent ¢ bopMyIaTe
o B 5
i = (L 330),...,&(mo),O,...,O,l,O,...,O),
a$k+p axk+p

KATO eJUHUIATA, € PA3IOJI0KeHa Ha P-TO MACTO U3MEKy HOCIeaHuTe 1 — k
KOODJMHATU Ha BEKTOPA ).
Jla pasriename GpyHKIUITA

g (@ra1y o xn) = f (01 (Xpaty oy Tn) ooy Pk (Thats ooy ) s Thady o5 Tp) -
Twbit kKaro f(x) M0CTHTA YCIOBEH JIOKaJeH eKCTpeMyM B Toukata ¥, To dyH-
KIUATA § (Tpy1, - - -, Tp) JOCTATA JIOKAJEH €KCTPEMYM OT ChIUsI BHJ B TOY-
kata (z),,,...,27). ClefoBaTeHo, B TA3H TOUKA CA U3I'LIHEHH PABEHCT-
BATA,
09 _  _ 99 _,

R
[To Teopemata 3a audepeniupane Ha cbcTaBHu pyHknuu nipu p = 1,... ., n—
k nmame

dg 0 Do 0 0 of 0
—3xk+p (xkﬂ, R Z 8% —ﬁx;ﬁp (xkﬂ, . ,xn) + —3xk+p (x ) ,
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Wid, C APy Jymu, upu p = 1,...,n — k umame
0 -
<graa f (9(: ) ,lp> =0,
KOETO JIOKA3Ba TBbPACHUETO HA TEOpeMaTa. [ |

Ot TBBPIEHNETO HA TEOpeMaTa JIECHO Ce M3BeyK1a Perenta 3a OTKPU-
BaHE HA TOYKUTE, B KOUTO MOKe /I3 C€ 0YaKBa yYCJIOBEH JIOKAJIEH eKCTPEMYM.
[Togo3purennara Touka r TpsAOBa Ja yIOBJIETBOPSIBA YpaBHEHUSTA

k

or (r) = E )\-aFi(:v) j=1 n
= ; =
3:15]- — 81’]- ’ ’ ’
Karo nobasum u ypasHenusarta 3a Bpb3Ka Fi(z) = ... = Fi(xz) = 0, no-
JydaBame n + k ypaBHeHus 3a N + k HEU3BECTHU X1, ..., Ty, A1, ..., Ag. L110-
HATATHK IEJITa € 13 Ce eTUMAHAPAT IPOMEHIHBATE \q, ..., \; U & Ce HaMe-
pAT CTOWHOCTUTE HA T, ..., T,. Hakpas, TpaOBa 1a ce IpOBEpH IajId TaKa

[oJIy4eHaTa TOYKa € HAUCTUHA TOYKA Ha eKCTPEMYM, U OT KaK'bB BU/L € TOii;
OOMKHOBEHO TOBA C€ BUIKJA HEMOCPEICTBEHO.

HeobxomuMoTo ycitoBue 3a yCIOBEH JIOKAJIEH eKCTPEMYM, KOETO TOKY-IIO JOKA3aX-
Me, 3aCATa MbPBUTE MPOU3BOIHU HA W3C/IeABaHATa (DYHKIWS U € aHAJOTHIHO Ha, HEOOXO0-
JIUMOTO YCJIOBHE 33 OOMKHOBEH €KCTPEMYM - aHYJUPaHe HA BCHYKU IMbPBU IPOU3BOIHU B
excrpemasinara Todka (1. 1 or §7). Cera me JOKaxkeM U JIOCTATbHYHO YCJIOBUE 33 YCJIO-
BEH JIOKAJIEH €KCTPEMYM, M3I0JI3BAI0 BTOPUTE MPOU3BOAHNA HA (DYHKIMATA, T.€. AHAJIOD
Ha Teopema 3 oT chimusa naparpad. Tpsadsa ma orbenexxum obade, de MpHU perraBaHe Ha
KOHKPETHU 339U TOBA YCJIOBUS PSIIKO CE M3IOJI3BA.

Pazbupa ce, mocTarbaHUTe YCAOBHUsI, KOUTO ThPCHM, TPAOBA [a BKJIIOUBAT U I0-

KazaHuTe mo-rope Heobxomumu yciaosusa. Heka f, Fy,..., F} ca KakTo B Teopema 2. Ille
KasBame, 4e Toukara z° e KpuTuaHa TO4YKa Ha byHKIuATa f(7) BbPXy MHOKECTBOTO M,
aKO CBINMECTBYBAT KOHCTAHTH A1, ..., A\, TAKWBA, 4

grad f (%) = PR grad F, («°) .

Teopema 3. (JocrarbuHo yc/ioBHUe 3a YCJIOBEH JIOKAJIEH eKcTpeMyM.) He-
ka F1(x),..., Fp(z) e peeyaapra cucmema om deyxpamuo 24a0ku Gyrryuu, onpedeseny
6 obaacm ¢ R", M c R" e muoorcecmeomo om maznume obwu nyau, u f(z) e dsyx-
pamno 2radka dynxyua, onpedesena 6 oxoanocm na M. Jla npednoaosicum, we x° e
Kpumuuna mowka na dynrxyusma f(x) espry mmooicecmeomo M, u nexa A1, ..., A\ ca

csomeemuume xkowcmanmu. a onpedesum gynkyusma ®(z) ¢ dopmyasama:

k
B(x) = f(z) = YA Fi(a).
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Tozasa, axo ozparuvenuemo espry nodnpocmparcmeomo 1o M na xeadpamuunama gop-

MQ
9% 40
A<I>( ZZ 8.731 ax] ) hzh]
=1 j=1

e noaosicumenno (ompuuyamenno) onpedesena xeadpamuyuna gopma, mo x° e mouxa na

aokasen exempemym na f(x) espry M, u mosu excmpemym € MUHUMYM (MAKCUMYM).

Hoxka3zaresicrBo. Haii-nanpen e orbenexum,qe sbpxy M dynkuuure f(z) u
®(x) cbBHAIAT, U € JOCTATBIHO Ja ce JoKaxke, e ¥ e JIOKa/leH yC/IOBeH eKCTPeMyM 3a
®(x). Or pmedununusara vHa dyukimara P(x) ciensa paBeHCTBOTO m<1> (:1:0) =0, re.
BCHYKH TMHPBY YaCTHI Tpon3Boamw Ha ®(x) ce anymmpar B Toukara 2.

B npemmmunsa maparpad Oeme oT6Geas3aHO, W€ JOMUPATEHOTO MTPOTPAHCTBO
T,oM He 3aBucH or n360pa Ha OPTOrOHAJIHA KOOpAMHATHA crucTeMa B R . Pasbupa ce,
CBINOTO € BAPHO U 33 NOHATHETO MOJOKUTENHO (MM OTPHUIATETHO) ONPEIeIeHa KBaIpa-
tuuna ¢gopma. ToBa HE MO3BOJIABA /1A OMPOCTUM JOKA3ATEICTBOTO HA TEOpEMara, n30u-
paiiKu HOAXOAAIIA KOOPAMHATHA chucTeMa. Karo Ha4amo MOoKeM Jla CMATaMe, 4e TOYKaTa
20 cwhBmaga ¢ HawasoTo 0 Ha KOOPIMHATHATA CHCTEMA.

[To-nararbk, MoXkeM Ja u3bepeM KOOpAMHATHUTE Taka, de (n — k)—-MEepHOTO MOJII-
poctpasctso T,oM ra R" ebBIaza ¢ KOOPIHHATHOTO MOAIPOCTPAHCTBO, CHOTBETCTBAIIO
HA KOOPJMHATUTE Tk i1, ..., Ty, T.6. C& IPEJCTaBA C paBeHCTBaTa r1 = ... = I} = 0. Jla
osEaanM &' = (Tgy1,...,Tn) € R"*. Torasa YCJIOBHETO 3a MOJOKHUTETHA U OTPHIIA-

TeJIHA OIPEEIeHOCT O3HAYABA, Y€ KBaAparudnara (gopma

0%
Az Z Z axz 8.1‘] ( )Iixj

i=k+1 j=k+1

€ TIOJIOKUTETHO (OTPUIATETHO) OMPEIEIeHa, B R"*

[Tpu TakbB W360p HA KOOPAWHATH TMPOMEHIUBUTE Tji1,-..,Ln MOTAT I3 ObIAT
U3I0/I3BAHU 3 JIOKA/IHO TIapaMeTpU3upaHe Ha MHOXKeCcTBOTO M 0KoJo Toukara 0 (1oKa-
xkere!l). Kakro no-rope, siokainno M ce npejicraBsi ¢ paBeHCTBATA,

1=p1 (@), ... o= (2'), xaro 1(0)=...= @;(0)=0.

3HaeM, Ye U3MOI3BAHUTE B JIOKA3ATEICTBOTO HA TEOPEMa 2 BEKTOPH 1, . . ., L, MOpaXK-
) ) )

JIaT JOMUPATETHOTO MPOCTPAHCTBO B Toukara 0. OT m3b0pa HA KOOPAMHATHATA CUCTEMA

CJeBa,9€ MbPBUTE k KOODAWHATH HA TE3W BEKTOPH C€ AHYJMUPAT, T.€. U3II'bJIHEHU CA Pa-
BEHCTBATA 9

Pi .

67(0):0 3a 221,...,k‘,p:1,...,n—k.

Lk+p

Ot dopmysara na Teiiop cienBar paBeHCTBATA,

wi(x’):o(||x'||2), i=1,.. kp=1,....n—k

*
Nwmenno nopam ToBa B TeopeMara ce pasrieskaa @ (z) Bmecro f(x).
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Jla BbBemeM DyHKIUSITA

U (Tht1yeeesZn) =P (01 (Thg1y- - Tn)yee e s Ok (Thtly ooy Tn) y Thg1se vy Tny) -

@®opwmynara Ha Teitgop or Bropu pen 3a dyukiuara ¢ Hu gaBa TPEICTABAHETO

AD = (b( ZZ@I7 ax $i$j+0(||x”2) .

3a ga nmomyunm orTyk dopMmyia 3a HapacTBanero Ha (yHkiusaTa ¥, TpgabBa 1a 3aMecTuM

Z1,..., 2k ¢ o1 (2'), ..., 0k (2'). llonyuaBame
A n n a2q) ( 2 + 9 k " (x,) 4
Z Z &ri Oz, K Z Z 6$Z (“)xj TP
i=k+1 j=k+1 i=k+1 j=1

2
w3 g 00 @) s @)+ o (JalF).

JlecHo ce 0Ka3Ba, 1Ue W3pasuTe OT BUIA T;p; (¢'), ¢; (') ¢; ('), o (||x\|2) KJIOHAT K'bM

112 7112
Hysna no-0bp30 ot ||2’||”, T.e. Morar ga GbIAT 3aMUCAHE KATO O (Hx I ) Taka ropHOTO

TpeCcTaBsiHe J00MBa B

7112
E E ZT;x; + 0 ( x ) .
axz az ) ] H H
i=k+1 j=k+1
CJIG,IL KaTO nMaMe TOBa IpeaCTaBAHE 3a HAPpACTBAHETO Ha ‘I’, MOZKEM J1a U3I0JI3BaMe
JIOKA3aTeICTBOTO HA Teopema 3 oT §7 , Koero nokassa, ue V¥ (z') mma JoKasen ekcrpeMym

n—k n
B roukata 0 € R" ", u cienosarenno f(z) uma nokasen ekcrpemym B Toukara 0 € R”.

YupakHeHus.

1. Hamepere MakcuMaJHaTa CTOHHOCT Ha DyHKIMATA [ (21, .., L)) =
T1%3 ... T, BbPXY MHOXKeCTBOTO M, 3a71a€HO ¢ YCIOBUATA,
z1>0,...,2, 20,21 +...+ 2, =1.

2. IlenTpupaHoTo ypaBHEHHE Ha €JHWIICA B pPaBHUHATA WMa BHUJIA
ax®+42bxy+cy? = 1, KaTo KBajpaTHIHaTa (GOPMa OT JIABATA CTPAHA € TOJI0-
JKATEJHO onpeaenaeHa. Hamepere rojsiMaTa 1 MajakaTa IMOJIyOC HA, eJTHIICATA.

Pemenne. /Ta oznadum esuncara ¢ M, u nexa f(x,y) = 22+y* (kBaj-
paTa Ha Pa3CTOSHUETO OT TOYKATa (r,y) A0 HAYATIOTO HA KOODIHHATHTE).
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[Tosryocu na ejuncara

Torasa 3amauara ce CBeXK1a K'bM TOBa, Ja Ce HaMePAT MaKCHMAJTHATA, U MHU-
HUMaJsHATa cToifHOCTH Ha f(z,y) Bbpxy M. YpaBHeHHATA HA KPUTHYHUTE
TOYKH JOOMBAT BHUIA

2x = A\ (2ax + 2by)

2y = A (2bx + 2cy)

Ot smmeiinara ajgrebpa 3HaeM, Ye MOJyIe€HATA CHCTEMa XOMOTEHHU ypPaB-
HEHWS WMa HEHYJEBO pelleHre TOYHO TOraBa, KOTaTo JeTepPMHHAHTATA OT
KoepUIUEeHTHTE IIpej] HeM3BECTHUTE € paBHa Ha HyJa. Taka 3a A\ mojaydasa-
Me KBaJIpaTHOTO yYpaBHeHHUE

Hexka pq, po, 0 < py < po J1a ca cobCcTBEHUTE CTOMHOCTH HA MATPHUIATA OT
KoeUIMEeHTUTEe Ha KBaJgpaTudnaTa ¢popma. Torasa perrenusaTa Ha TOPHOTO
ypaBHEHHE Ca #%, i Ot apyra cTpaHa, YMHOXKaBallKi MbPBOTO YPaBHEHTE
1o X, BTOPOTO TO Y U CHOWPANKHU, TOJTyIaBaMe

® +y? = X (ax? 4 2bzy + cy®) = .
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Taka, MaJKaTa U TOJSMATa HOJYOC HA eauncara (MEHAMAJIHATA W MAKCH-
. 1 1
MaJiHA CTOHHOCTU Ha Pa3CTOSHUETO JI0 HAYAJIOTO) Ca PABHHU HA u
p A ) ca p =M=

CHOTBETHO.

3abenexkka. Hue mocTuraaxme mo aHaIuTHYIeH BT JI0 TPOIIETy PATA,
U3BECTHA B aJredpaTa U B AaHAJTUTUIHATA TeOMeTPHS KaTO KAHOHU3UPaHe Ha
KBa/JI[paTudHa Gpopma.

3. Heka emunconabr M B R" e 3amanen ¢ ypaBHeHHETO

n
E Clijl'ifﬂj =1.

,j=1

2
Hokazkere, ye KpuTuunuTe Touku Ha yuknusara f(x) = ||z||” sbpxy M
CBBIIAJAT ¢ BbPXOBETE HA MOJYOCHTE Ha eJUTCOUIA.

4. Heka e majJieH eJIHIICOU B ]Rg, 3a/1a/leH ¢ KAHOHUYHOTO CH ypaBHe-
Hue. Jla ce HamepsdT MOJyOCUTe Ha eJuIcaTa, MOJIydeHa KaTo cedeHue Ha
eJINIICON/Ia C PaBHUHA B ]Rs, MHUHAaBaIla Pe3 HAYaJI0TO Ha KOOPIMHATHUTE.

YobrBane. 3ajadara ce CBexK/1a K'bM HAMHPAHETO HA MaKCHMATHATA,
¥ MEUHAMAJTHA CTOoHHOCT Ha dymkmuara f(z,y,z) = 22 + y*> + 2% Bbpxy
MHOKeCTBOTO M, ompejie/ieH0 ¢ ypaBHEHUATA,

x? 2 2,2
Fl([l?,y,Z):E—l—y——}—g—l:O,

Fy(z,y,2) = ax + By + vz = 0.
[IpupaBusgBaiiku Ha Hysa 9acTHUTE MPOU3BOIHU HA (DYHKIUITA
f — AFy — uFy, nosrygaBaMe paBeHCTBATA
aa® b* yc?

A= Iy D), e Yy FT gy

VMHOKABAKKH BTOPOTO, TPETOTO U YE€TBHPTOTO PABEHCTBO CHOTBETHO C (,
B, v u crOMpaiiku pe3yJTaTuTe, MoJdydaBaMe 3a A KBaJIPAaTHOTO ypaBHEHHe
a2a? 3202 722

—o.
2N T rR_aT a2

Ako A\ 1 \y ca KOpeHWTe Ha TOBA yPaBHEHUE, TO \/ A| U \/ Ay Ca JIbJIKUHUTE
Ha TTOJIYOCUTE HA T'bpCEHATA EJIUIICA.
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1.12 ®dyskumoHa/iHa He3aBuUcUMOCT. PaHT Ha
cucreMa oT (PyHKIIUU

DyHKIIMOHAJTHA HE3aBUCUMOCT HA cucremMa oT QyHKmuum. Heka
B objmacrra D € R" ca jgedunupann egHOKPATHO TAaJKATE (DYHKIUHU
fi(z),..., fu(x), kbHeTO k < n,u xz = (x1,...,2,) € D.

Hedbununuga. le xazsame, we dpynxyuume fi,..., fr ca
pynryuonaino 3asucumy 6 obaacmma D, axo csuwecmeysa nomep i, 1 <

1 < k, u ednoxpamno eaadxa pynxyua g na k — 1 npomeniusu, maxa ue 3a
scako x € D e usnsaneno msorcdecmeomo

fitw) = g (f1i(@), .., fica (@), fira(2), .., fi(2)) -

C apyru aymu, moHe eaua ot pyHrmuure f1, ..., fi ce u3paszssa upe3s
OCTaHAJIUTE.
IIle xassame, ue pynryuume f1,..., fr ca

Pynryuonasro veaasucumy 6 obaacmma D, ako 3asucumocm om 20pHUA
6UJ HE CBULECTNBYBGE.

IMpumep. /a pasriesame gedurnpannte B R® dysxmun
h(zy,z)=z+y+2,
folx,y, 2) = 22 + % + 22,
fa(z,y,2) = vy +yz + 2.
Torasa oueBuHO Te3u (PYHKIUH yIOBJIETBOPSIBAT CHOTHOIIEHUETO
fola,y,2) = (fi(@,y,2))" = 2fs(w,y, )
U CJIEJIOBATETHO Ca (DYHKIMOHATHO 3aBUCHMI.

Oka3sBa ce, de (pyHKIHOHATHATA HE3ABHCHUMOCT Ha CHCTEMa OT (PyH-
KIIMH € CBbP3aHa C PAHTa HA MaTPUIHATA NPOU3BO/HA Ha M300paKEHUETO

f=U s fe):
() SL(@) ... fh(o)
brw=(Ghw) = | EE
B N/ PR T S A
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Teopema 1. Axo mampuyama Df (x) e ¢ makcumanren pane (pasen
na k) 6 obnacmma D, mo dynkyuume fi, ..., fr ca gynkyuonaino nezasu-
CUMU.

HdoxkazareacTBo. [la npenoioKumM IpoTUBHOTO: Ye eJHa OT (PyHK-
IUHTE, HAPUMED [k, Ce M3pa3sgBa Ipe3 OCTAHAINTE; C JAPYTH JyMH, ChIIeC-

TBYBa DYHKIWNA ¢ (Y1, ..., Yk_1), 32 KOSITO € U3IMIbIHEHO T'hKIECTBOTO
fe(@) =g (fi(x), .., fomr(2)) .
Ypes audepennupane nojgydaBame npu ¢ = 1,...,n paBeHCTBaTA

Ofe _~x— 99 0f;

8_% = 8yj 85@ ’

C apyru gymu, k-tuat pej Ha marputara D f (x) ce u3passBa KaTo JuHeiiHa
KOMOUHAaIUs Ha I'bLPBUTE k— 1 pesa, u caeJ0BaTeIHO Ta3U MATPHUIIA He MOYKE
Jla UMa MaKCHUMAaJeH PaHr. |

Panr va cucrema ot dpyukiumu. Heka, kKakTo mo-rope, nmMmame eJ-
HOKpaTHO ryajakure byHKIMA f1,..., fr, u Heka f(z) = (fi(z),..., fr(x))
e OPOJIEHOTO OT TsAX m3obpazkenue or D B R¥. Vmaiikn mpesx BHJ Teopema
1, MmoxkeMm J1a cu 3a/1a/IeM BbIIPOCca: KOJKO € Hafi-majkusT Opoit dyHKImu
u3MeXRAY fi,..., fn, TAKA Y€ BCUIKH OCTAHAJN /13 Ce M3PA3ABAT UPe3 THAX.
Oxka3zBa ce, 1€ TO3U BBIPOC € TICHO CBbP3aH ¢ PAHTA HA Pa3T/IeJaHaTa IMo-
rope marpuna D f (x).

Hedbununusa. Kassame, ue usobpasrcenuemo f(x) uma pare p 6 moy-
Kkama x, axo paresm wa mampuyama Df (x) e pasen wa p.

Ie xaszeame, we usobpasiceruemo f(x) uma pane p 6 obaacmma D,
axo rang D f (x) < p 3a ecaxo v € D, u axo couwecmeysa none edno x° € D,
maxa we rang D f (2°) = p (6 maxse cayuati we xazeame, ue panesm na f()
ce docmuza 6 mouxama x°).

O4eBUAHO OCJEIHOTO YCJIOBHE MOXKe jia Obje GopMyJIHpAHO TaKa:

cbiecTByBaT uHgeken 1 <4 < ... <14, <n, 1 <j < ... < j, <k, Taka

e
D (fi--- 1)
D (ZEZ‘I,...,JZZ‘p)

(xo) # 0.



152 I'VIABA 1. JUOEPEHINAJIHO CMATAHE

Teopema 2. Heka usobpasicenuemo f(x) uma pane p, p < k, 6 06-
aacmma D, u nexa mosu pane ce docmuza 6 moukama V. Ja npednono-
HCUM, "€ HOMEPAUUANG HG OYHKUUUINE U HE3GEUCUMUIME NPOMEHAUBY €
maxa uzbpana, e

D (fi,---, fp)

D (x1,...,xp) (#°) #0.

Tozasa couwecmeysam k — p na 6poti ednokpammuo aradku dynryuw

G (Yo Yp) sy Grmp (Y155 Yp)

maxuea, 4€ 6 HAKAKE6A OKOAHOCT HQ £L'0 Ca USNBAHEHU MBHCICCMEAma

fp+1(x) = g1 (fi(z),... 7fp(x)) )

JoxkazarencrBo. Heka U e okonnoct Ha 2° B R”, B KOATO IpOIbIIKa-

D(f1,...
Ba Ja Objie U3II'bJIHEHO HEPABEHCTBOTO —D((:}f i i p)) (x) # 0. HoxazaTescTBoTO
Tp

ce M3BBPIINBA ¢ TOMOIITA HA MOAX0IAIINa cMsTHA Ha mpomensmBuTe B U. Heka
n300paKeHHETO

u=@(x)=(p1(T1,. -, Tn) s s on(T1,...,Tpn))
e onpe/iesieHo ¢ hopMyJiuTe

uw =1 (z) = f1(z1,...,2,),

up:SDp(I) :fp(xlv"'axn)a
Up+1 = Pp+1 (z) = Tpt1,

Up = P () = Ty
JlecHo ce BuK/1a PaBEHCTBOTO

D(%,---Nﬂn)(x): D (fi,..-, fp)
D (xy,...,2y,)
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CuetoBaresino, cropes reopeMara 3a 06parnoTo nzobpazxenue (r. 7 or §8)
n3o6pazkennero ¢(x) npurekaBa obpaTHO H30GpazkeHue (u):

x=1(u) = (U1 (U1, Up) ey U (U, .o uy)) .

KaToO

D, stn) (D1 pn)\
D(ul,...,un)_(D(azl,...,xn)> 70

Paszrnexxmaiiku mbpBUTE p KOOPIMHATH Ha PABEHCTBOTO ¢(1(u)) = u, mo-
JIy daBaMe

fi((u)) = u; i=1,...,p.

Jla pasriieame m300pazkeHneTo
g(u) = f ((u)) : R™ = R,

OTpPEIeSIEHO KATO CYMePHno3ulins Ha n3o0parkennara Y u f. Crnopems MaTput-
Hara dpopma Ha TeopeMara 3a jaudepeHIIIpaHe Ha CbhCTaBHO M300pazKeHHe
(T. 4 or §8) nmame

Dyg(u) = Df(¥(u)) o Dib(uw).
Twoit kKaTo KBampaTHaTa Marpuia Di(u) e ooparuma, To maTpurute Dg(u)

i Df(1(u)) nmar enHakbB panr, paBeH Ha p.
Ot apyra crpaHa, KaKTo TOKY-IIO MOKa3aXMe, HAJTHUIE €4 PABEHCTBATA

g1 (Ut oy Up) = Uty ey Gp (UL, Up) = Uy

CaemgoBaTeHo, MaTpUIHATA IPOU3BOIHA HA M300ParKeHUeTO g UMa BHIA

1 .. 0 0 .. 0
0 .. 1 0 .. 0
Dg(u) = | 7gpex ... O9pe1 | O9pr1 ... O9prL
Ou Oup Oupi1 Oun
gk ... Og g9k ... Ou
ou1 Ouq Oup1 Oun

Cera e u3nonsBame dakra, de marpunara Dg(u) nma panr p u cjie-
JIOBATEHO BCAKA HeliHa IoeTepMHHAHTa OT penx p + 1 ce amyaupa. [a
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B3eMeM IMPOU3BOJIHA HOMepa ¢ 1 J Takuba, ye 1 <1 <n—p, 1 <j3<k—p.

Jla uzbepem pejgoBere ¢ HOMepa 1,2,....p,p + ¢ U cTHIOOBETE C HOMEPA
1,2,...,p,p+ 7. lonydenara nojjierepMuHaHTa OT pes p + 1 ©Ma BHA
1 - 0 0
D(91,-~,9p79p+j) _ _ agp+j
D (ury ..., Up, Upyi) o - 1 0 Oy
O9p+i ... O9ptj O9p+;
ouq 6Up 8up+i

Taka Hue IIOJIyYUXMe pPaBEHCTBaTa

0Gp+j o
ﬂ:() 3a 1,7=12,...,n—p.
aup—l—z
C apyru aymu, GyHKIUHATE Gpi1, - - ., §k 3ABHCAT CAMO OT IPOMEHJIU-

BUTE Uq, . . . , Up.
Ha 3amectum 06parHo nmpoMeryusuTe U ¢ (). MMame

9(p(x)) = f(P(p(x))) = f(x).

Bsemaiiku B rOpHOTO paBeHCTBO KOOpAMHATHHTE (DYHKIHMH C HOMEpa P +
1,p+2,...,k, no1ydaBame paBeHCTBaTa

Sor1 () = gpa (fi(2), -, fol2)),
fk(x) = Gk (f1<$), R fp(x» )

KOUTO Ca ThbXKJIECTBEHO M3I'bJHEHH 33 BCAkOo = € U. Cmendailku o3Haue-
HAATA W HAIHCBAMKU ¢ BMECTO Gpi1, §2 BMECTO §py2, ..., Jk—p BMECTO Gy,
OJIy4aBaMe TBbPACHHETO Ha TeopeMaTa. [ |

Teomerpuyen cmuchba Ha TeopeMmara. Heka U e okosnHocTTa Ha 20,

B KOATO € M3II'bJHEHO TBbpAeHueTo Ha TeopeMa 2. Torasa Teopemarta jaBa
npeJcTaBa 3a reoMeTpruieckaTa CTPYKTypa B R* na obpasa f(U) ua U upes
uzobpaxkenuero f. [o-rouno, veka V e obpasbr B RP wa muoxkecrsoro U
ape3 qyuknunre fi(x),. .., f,(z). lopagun peryasgprHocrta Ha Ta3n CHCTEMA
ot pyukmum or T. 7 Ha §8 ce BUKIA, e V e orBopeHo B RP.

Torasa Teopema 2 moka3ssa, e MHokecTBoTO f(U) MoxkKe ma ce ompe-
nenn B R® ¢ pasencrsara

Ypt1 =91 (Y- Up) s Uk = Ghmp (W15 W) (W1,---yp) €V
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C npyru aymu, muozkectsoro f(U) ebBuaia ¢ rpaduka Ha n3o0pazke-
nuero g = (g1,...,9x_p) : V — RFP.

Ako mpenmnonokuM, Ye HABCAKBAE B AeduHunHOHHATA cu obsact D
n3obpazkennero f mma panr p, To o6pazbr My f(D) npurexkasa moa06HO
IpeJICTaBsiHe OKOJIO BCSIKA CBOsI TOYKA (KATO MpH TOBa U300PBT HA P He-
3aBUCHMHU TIPOMEHIMBH HU3MEKIY IPOMEHTUBHUTE Ui, ..., Y, MOXKe J1a ObIe
pazimuen). Kakro ie BUIMM 10-HATAT'BK, HOAMHOKECTBA C 110J00HO JIO-
KaJIHO TIPEICTABSIHE OTrOBaPT HAa MHTYUTUBHATA peAcTaBa 3a '"riaakoct"
W Ce HAPIYAT P-MepHU nodmhozoobpasusa na RY. Taka crurame 1o coreqnara
reoMmerpudHa GOPMYJIAPOBKA HA TeopeMa 2:

Teopema 2. Hexa ednoxpamno 2aadkomo uzobpasicenue f(x) : D —
R* wma pane p, p < k, nascaxsde 6 obracmma D C R™. Tozasa obpassm
my f(D) npedecmasaasa p-mepro nodmmozoobpasue Ha R*.

3abesaexxkka. ll3uckBanero 3a MOCTOSHCTBO Ha paHra Ha H300pazke-
HUETO f, HOCTaBEHO B TeOpeMaTa, € J0CTa OrpaHHIuTeTHO. B obmus caydai
3a paHra 3HAeM CaMo, 4Ye € HOJYHeIpeKbCHATA OTrope (PYHKINSA Ha TOTKATA,
x (Buk 3371, 1). O6pasbr Ha N300paZkeHne ¢ IPOMEHJINB DaHD MOXKe Ja UMa
CJIOKHA CTPYKTypa. Karo mpocT npuMep MOKeM Jia pasrjieiaMe n3obparke-
arero or R B R?, 3amazeno ¢ dopumynure © = t3, y = t2. Panrsr Ha ToBa
n300pazkeHne e paBeH Ha equHuIEa npu ¢t # 0 1 Ha Hysaa npu t = 0. O6pasbT
Ha M300pazkeHneTo € KpuBa B R%, KOATO MMa 0COGEHOCT OT BUAA "pOToBa
Touka' B HAYAJIOTO HA KOODIUHATHTE.

[Tpu npocTpancTBa OT MO-BUCOKA PA3MEPHOCT CTPYKTypaTa Ha 00pasa
ce YCJIOKHSABA 3HAUUTENHO U HE Ce MOJJIaBa Ha CHCTEMATHYHO ONMHCAHUE.

VopakHeHud.

1. JTokaxkere, de panrbT Ha MaTpunara Df () e moJayHenpeKkbeHATa
orrope dyHKIHs Ha T (¢ APYIH JyMH, aKo peaunara {x"} KJIOHH KbM TOY-
kata 2V, o rang D f (z°) < liminfrang D f (z")). Jaiite upumep, B Ko#TO

Ta3n QYHKIKS HE e HelIPpeK'hbCHATA.

2. Heka U C R" e oTBOPEHOTO MHOXKECTBO, OIIPEIEJIEHO C YCJIOBUITA

T1 # T, Ty F T3, Tz # 21, u Heka dynkuuure fi(x), fo(x) n fi(z) ca
3ajaeHu ¢ GopMyIuTe

filx) =14+ 20 + 23, fo(z) = 2120 + 223 + 71, f3(2) = 212273,
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JTokaxkere, 4e Te3u Tpu QYHKIUHU ca (DYHKIMOHAJTHO HE3ABUCUMHU OKOJIO
BCcgka Touka ot U.

Babenexka 1. 3agauara e MOYTH WJIEHTUIHA ChC 3a1. 5 oT §8 (3a-
mo?).

3abenexkka 2. AHAJOIHYHO TBbPIAEHHE € H3II'bJIHEHO U B N-MEpPHUS
caydaii, ako ¢ fi, ..., fr O3HAYUM eJIeMeHTAPHUTE CUMETPpUIHN (DYHKIUN Ha,
bpBuTE K IPOMEHJIUBH Z1, . . ., Tk, a ¢ U C R" — MHOXKECTBOTO OT TOYKHUTE,
B KOWTO TE€3W MPOMEHIMBHU Ca JIBE 10 JIBe PA3IUIHH.



I'1aBa 2

WNuTerpaano cMsaTane Ha
PYHKIINU HA HAKOJIKO
IIPOMEHJINBI

2.1 Mapka Ha Ileano-2Kopaan

Hamata nbpBa crbnka KbpM JedruHupaneTo HA PUMaHOBHA HHTErpaJs B paB-
HUHATA, KAKTO U B TPOU3BOJIHO KpaiftHOMepHO EBKINI0BO MPOCTPAHCTBO, TiTe
Obae 1a BbBeIeM MIpKa B TAaKUBa MPOCTPAHCTBA: T.HAP. MmApka Ha [learo-
2Kopdan. 3a na m3nosizBaMe reOMETPUYHATA UHTYUIHS, HUE Ie PabOTHM
IJIABHO B CJIydas Ha paBHmHATA RZ, 0TGEIs3BAliKN KAKBO € HEOOXOMNMO 1A
ce MPOMEHH B ¢JIyvast Ha ITPOCTPAHCTBA C PA3MEPHOCT MO-To1siMa 0T 2. Tpsio-
Ba Jla ce OTOeJIexKH, Ye aKO PA3JIMKAaTa MeXKJTy eTHOMEDHHUS W JBYMEepHUS
caydail e J10CTa CbIIeCTBeHA (KAKTO YUTATENAT Ie ce yoeau mo-ao0my), To
MeXKJly pa3MepHOCT 2 u padMepHocTH 3,4,...,1000,.. TakaBa 1mouTn HAMA, U
BCUYKH OIPEJICICHIA U JIOKA3ATEJACTBA C€ MPEHACAT MOYTH 0e3 U3MEeHEeHUs.

Hedbnannma na mapkara Ha Ileano - 2Kopman. Hamra-
Ta 1e1 e Obje ga onpeeuM MapKaTa, Uin JIUIEeTo, Ha paBHUHHA (DUTYPa.
[Ile TpbrueM OT JBE €CTECTBEHH IIPABUJIA;

e JIuIieTo HAa MPABOBI'bJIHUK € PABHO HA MPOU3BEJICHUETO HA CTPAHUTE
My, U

157
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e [lo-rosamara durypa uma u no-roJsimo Juie, t.e. ako D, D’ ca du-
rypu B paBauHara u D C D', To qunero va D He HajgMuHaBA JTUIETO

ma D',

Taka, Hamara ocHOBHa "Tyxym4uka'" mpy M3rpazkIaHeTO Ha MIPKATa,
B paBHHUHATa LIC 6'b,ZLaT 3aTBOPCHUTE IIPaBObI'bJHUIU, T.€. MHOXKECTBa OT
BHIA

A =[a,b x [c,d] = {(z,y) eR*: x € [a,b] ,y € [c,d]}.

3a BCeKHW NPABOBI'BJIHHK IMe BbBegeM Mspka (wam jmne): u(A) =
(b—a)(d—c).

Heka moguepraeM, e TyK pa3riexkjiaMe He KaKBH Ja € IPABObI'bJIHH-
1M, & CAMO MPABOBI'bJIHHUIN ¢'bC CTPAHHU, YCIOPEJIHN HA KOOPIUHATHUTE OCH.
OcBeH TOBa, pa3ryekjiaMe 3aTBOPEHU HPABObI'bJIHUIM; TAXHATA BBHTDEI-
HOCT C€ CbCTOH OT TIPOM3BEJCHUETO HA CHOTBETHUTE OTBOPEHH MHTEPBAJIH:

A° = (a,b) x (¢,d),

a KOHTYP'BT UM C€ CbCTOM OT YeTHPH OTCEUKH.

B caydgas Ha mpOCTPAHCTBO ¢ PAa3MEPHOCT 3 H IOBEYE, HABCSIKb-
e mo-70y BMecTo "mpaBobrbaHuk' TpsOBa ma ce dwere "mpaBobrbieH
napaJesenumnes;, KaTo OTHOBO Ce Pa3lJieXKIaT IMapajeelune i ¢bC CTpa-
HH, YCIOPEJIHN Ha KOOpAHHATHUTEe OcH. [lo1 mpaBobIbjieH mapaseenue]
B R" 1me pazbupamMe MHOXKECTBO OT BHUIA

A={(z1,...,2,) 21 € [a1,b1], ..., 2y € [an, by},
KOETO OOMKHOBEHO Ce 3aIlACBa BbB BIIA
A= [al,bl] X ... X [an,bn] .

MHpKaTa OTHOBO Ce¢ oIlpeaesid KaTo IIpou3BeJeHne Ha CTpaHUuTE!:

Jedunnmusa. Kazsame, we mnosicecmsomo E C R? e enemernmapro,
axo mo mooice da ce npedcmasu kamo obedurenue na Kpaer 6pot 3ameoperu
NPasos2BAHUYU.
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ITle orbesiexkum, de obeMHEHEE, CeYEHNE U PA3JINKa Ha e/leMeHTapHH
MHOKECTBA, € C'hIO eJIeMEHTAPHO MHOYKECTRO.

Jlema 1. Bcaxo eaemenmapno muoocecmso E moorce da ce npedc-
masu Kkamo obedunenue Ha KpaeH 6PoTl NPABOBBAHUUY C HENPECUNAUWU CE
BBMPEUWHOCTIU (34 KPAMEKOCT, WE 2U HAPUYGME HENPECUNAULL CE NPLBOT-
2BAHUYL).

okazareacTBo. /la mpobaKUM OTCEYKNTE, OrpaHNYaBaIll BCEKU
OT IIPABOBI'BAHUIIATE, U JIa PA3CeYeM OCTAHAIUTE MPABOBI'bJIHHUII 110 TaKa,
nosydenuTe npapu. [lonydenoro pazdouBane Ha MHOXKecTBOTO E odeBUIHO
VJIOBJIETBODsIBA M3UCKBaHusTa Ha jemara. (Ha geprexa e npencrasen ciy-
gast, korato K e obennHenne Ha jBa IPaBObI'bJIHIKA. ) |

Hedununusa. Hexa E

€ ENEMEHTNAPHO MHOICECT-

| 80, npedcmaseno kamo obe-

| QuHEHUE HA HENPECUNAULY Ce
} NPABOB2BAHUUY

E — 0 Ai7
i=1

ACNA=0 3a i ]

IIle onpedesum map-
xama (E) xamo

n
H eJCTaBAHEC Ha €JIEMEHTAapPHO MHOXKECTBO _
P P WE) =Y u(A).
KaToO O6e,ZLI/IHeHI/Ie Ha HellpecnYdalin i1
ce IIpaBObI'bLJIHHUIINA.

Pasbupa ce, TpsadBa 1a

JTOKazKeM, de OIpeIe/eHue-

TO € KOPEeKTHO, T.e. He 3aBHCH OT HAaUWHA Ha IpeacTaBsHe Ha E kaTo obemqn-
HEHUE Ha HEIpecuyany ce npaBoblbanuiy. Heka naii-nanpen E e npaso-
BI'bBJIHUK, TIPEACTaBEH KaTO O6e,ZLI/IHeHI/Ie Ha APYTru IPpaBOBI'BJIHUIU, TOT'aBa
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TBBDACHUETO € OYeBHIHO (U CTaBa O T0-09€BHIHO, AKO HAIPABUM JIOI'bJI-
HUTEJHU PAa3pe3n KaKTO B IMpeJHaTa JeMa). B obmus caydaii, Heka

i=1 j=1

ca JBe pas3/M4Hy IpejcraBsgiusg Ha E karo obeaunenue Ha HeNpecHYallnd
. _ m ~
cé MPaBObI'BIHAINM. 3a BCeako ¢ oT 1 1o n mvame A; = UL, (Ai N Aj),

KOETO JaBa HpeJCTaBAHe Ha IPaBOBI'bJIHAKA A; KaTO 00eJIMHEHNEe Ha Hell-
PECHYAIH Ce MPABOBI'BJIHHUIN, U CIOpe 0TOessI3anoTo mo-rope i (4A;) =

Doy B (Ai N £]> CuienoBaTeIHO

i,u(Ai) :ZZM<Aiﬂ5j)

" 110 CbINUAT HaYHUH

m m m
Su(a) =33 u(an),
j=1 j=1 i=1
C KOETO KOPEKTHOCTTA Ha JIe(PUHUIIUATA € JIOKA3AHA. [ |

CiieiBaimara CT'HIIKA € Jia Ce OMUTaMe J1a AIPOKCUMITPaMe TPOU3BOJIHA
durypa B paBHHHATA 4YpE3 €JIEMEHTAPHU MHOXKECTBA. 10Ba MOXKe Jia CTaHe
[0 PA3/IMIHU HAYMHHU. 3& WJIIOCTPAIld, HeKa CH IIPeJCTaBuM, 4e uMmaMe pu-
rypa, HapUCyBaHa BbPXY MHUJINMETPOBA XapTHUsd, U UCKaMe Jia IpecMeTHeM
OpUOIU3UTETHO HEHHOTO Julle. EAuHuAT HAUMH e J1a cyMupaMme JUIaTa Ha
KBaJIpaTdera, KOUTO UMaT 00N TOYKH ¢ (pUrypara; TaKka Iie 1oy 9uM OIeH-
Ka OTrope 3a Jiuiero u. /[pyrugar HaduH e jga OpouM caMO OHEe3W KBaJpaT-
Jera, KOUTO Ce ChIbpPyKAT BhTPe BbB Urypara; Taka moaydaBamMe OIEHKa,
oTnoay. Jpyrodde KazaHOo, HUe allPOKCHMUpaMe OTBbH W OTBBTPe HaIlaTa
durypa ¢ MHOKECTBA, CbCTaBeHH OT KBaJIpaTdeTa, T.e. ¢ eJIeMEeHTAPHU MHO-
sKectBa. Taka ce cTura JI0 HOHATUTA T'OPHA M JIOJIHA MSIPKa Ha MHOZKECTBO:

Hedunnmusg. Heka A e oepanuuero nodmmosicecmso na R?. e on-
pedeaum 20pHa mapka wa muoscecmeomo A (¢ osnauenue p*(A)) xamo
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MOYHAMA JOAHA 2DAHUYA HG MEPKUME HA BCUMKU EAEMEHMAPHU MHONMCEC-
mea, coedsporcausu A:

px(A) = inf {u(E) : E - enemenmapro, A C E}.
Ananoeuqno, onpedesame doana mapka wa A ¢ popmysama

ps(A) =sup {u(E) : E - exemenmapro, E C A}.

3abesaexkka. [lonsikora 1e e yj106HO jla HaJjlaramMe MaJiKO 110-CHJIHU
yesoBust: ga uckame A C E° B nedunurnusara wa ropua mspka, u E C A°
nedburunmsiTa Ha gosHa Mspka. (I1le mamomunm, ve A° ocHavaBa BbTPEI-
HOCTTa HA MHOYKECTBOTO A, T.e. BCHUKW TOYKH, KOUTO BJIU3AT B A 3ae7THO
¢ HKAKBa CBOsI KP'broBa OKOJHOCT - Bk §1.2). JlecHo ce BUXKJIa, 4e TOBa
He MPOMeHsI TIAXHUTE CTOWHOCTH.

OueBnano 3a Besako Muoxkectso A mvame 1, (A) < p*(A). 3a makon
MHOKECTBa obatde Te3U JBe THCJIa MOXKe fa ce pasnndasar. Hampuwmep, ra
B3€MeM MHOKECTBOTO OT BCHYKU TOYKH B KBAJIPaTa, KOUTO HMAT PAIHOHAT-
HI KOODJMHATH:

A ={(z,y) €0,1] x [0,1] : z,y € Q}.

Jlecuo ce Buxk1a, ge p1*(A) = 1, Ho i (A) = 0 (MHOKECTBOTO A HE ChAbPKA
HeU3POJeHN NPABOBIbJIHUIM). [lopaau ToBa HUe Ie OmpejesuM MIpKaTa
caMo BbPXY HAKOH MHOMKecTBa B R? - T. Hap. M3MEpHMHI MHOMKECTBA:

Hedunnmug. Oepanuueromo mnoscecmeo A C R? ce napuua
UBMEPUMO, AKO HE208aMaG 20pHA U 00AHG MAPKU coenadam. Obujama um
cmotinocm ce beaeotcu ¢ (W(A) u ce napuua mapra na Heano-2Kopdan na
MHodcecmeomo A.

OcraBsame Ha YuTaATENA JTOKAXKe CJAEIHOTO TBbHPIEHNE, KOETO IPEeJIC-
TaBJsIBa JieKa MOAN(UKAIUS HA TOPpHATA JeDUHHUINA:

Jlema 2. Mnoocecmseomo A e usmepumo moza6a U Camo MmMo2a6a,
Kozamo 3a ecakxo € > 0 cowecmsysam esemenmapru muoscecmea B, Eo,
maka we BEo C A CE; up(E) —p(Es) <e.
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FopHa " JOJIHA MAPKa Ha MHO2KECTBO.

3abenexkka. [opHoTO oOmIpegeneHne Ha MOHATHATA ''H3MEPUMO
mMHOkecTBO" M "Msipka" MMa ejquH CepUuO3eH HEeJOCTATbK — TO M30JI3Ba
dbukcupana KoopAuHaTHA cucrema B paBruHata (¢hoTB. B R™). Tokasares-
CTBOTO, Y€ MsIpKaTa He 3aBHCH OT KOOPJAMHATHATA CHUCTEMA, Ie O'bjie OTJI0-
KeHo 10 §6 (To ce mosydaBa KaTo CJIEJCTBHE OT TeopemaTa 3a CMsHA Ha
IPOMEHJIUBATE TIPH MHOIOKPATHUTE WHTETPAJIH).

Heka najem HSIKaKBO ONUCAHWE HA W3MEPUMUTE MHOMKECTBA B DABHH-
HaTa W OlepaluuTe, KONTO MOTAT Ja Ce W3BbPIIBAT ¢ TAX.

Hedunnmusa. Muoocecmsomo ce napuua nperebpescumo no Ilearo-
HKopdan, axo p*(A) =0 (om myx, pasbupa ce, caedsa, we mo € u UIMEPU-
MO).

Jlema 3. Bceakxo nodmmosicecmeo Ha NPeHEODEHCUMO MHOHCECMEO €
npenebpescumo. Obedunenue na kpaer 6poti NPEHEOPEHCUMY MHOHCECTNEA
COUWO € NPEHEOPENHCUMO.

Hoxkazarenctso. [IbpBoTo TBHpAEHNE € 0UeBUIHO. 38 BTOPOTO, JT0C-
TATHIHO € /1 JIOKAYKe TBHPIEHNETO 32 CAydasi Ha JBe MHOYKECTBA.
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Haucruna, veka p* (Ay) = p*(Ay) = 0. Ja usbepem mpou3BoJIHO
€ > 0. Torasa criopeji fepuHUTIUATA HA, (1° MOYKEM JIa HAMEPHUM eJIeMeHTapHU
muoxecrsa Eq, Ey, Taka we p(Ep),u(Es) < /2, Ay C E;, Ay C Eo.
MuoxkectBoto E = Eq U Es e ¢bino eementapuo, npu Koeto A U A, C E,
upu(E) <e me p*(AJUAy) =0. [ |

Cera MoxkeM J1a (bopMyJIEpaMe HEOOXOIMMO U JOCTATHIHO YCJIOBUE 33,
U3MEPUMOCT Ha, MHOXKECTBO. 3a Ta3| eI Ie W30 I3BaMe TTOHATHETO KOHTY]P
HA MHOXKECTBO, BbBejeHo B §1.2.

Teopema 4 (xpurepuii 3a uamepumoct). Fdno oezpanuieno mHo-
oHcecmeo A e usMepumMo moz2a6a U camo Mo2G6a, K02amo He208UAM KOHMYD
bA e npenebpescumo MHONHCECTBO.

Hoka3zarencrBo. Heka e um3mepnmo MHOXKeCTBO, T.e. f.(A) =
w(A) = u(A). Ha uzbepem npoussosno € > 0. Ot gedunungTa HA TOPHA
¥ JIOJIHA MSAPKA CJIEJABA ChIIECTBYBAHETO HA €JEMEHTAPHO MHOXKECTBO i
takoBa, ¥¢ A C EY u 1 (Ey) < p(A) + £/2, 1 Ha eJ1eMEHTapHO MHOZXKECTBO
E, rakora, ue Ey C A° u pu(Ey) > pu(A) — /2. Ouerngno E; C E;. Jla
oznaunM E = E; \ Ey; Torasa u(E) = 1 (E;) —p (E2) < € u koutypsr DA Ha
MHO:KecTBOTO A ce cbabp:ka B E, oTKbaeTO cieaBa, de bA e mpeHedpe:KuMo
MHOZKECTBO.

Ob6patHo, a8 npeanosokuM, de bA e npeneOpeKuMo, 1 J1a I'0 BKJIIO-
9HM BbB BBTPEITHOCTTA Ha ejeMeHTapHoTo MHOKecTBO E, 3a koero p(E) <
e. ToraBa koutypbr bE Ha E He cbabpzKa KOHTYpHH TOYKH Ha A u ciie-
JIOBATEJIHO MOXKe 113 ce mnpejcrasd BbB Buga bDE = C; U Cy, kbaero C; ce
CBCTOHU CAMO OT BBLHIITHU TOUKK Ha A, a Cy - caMo OT BbHITHE. Ja ToI0KIM
E, = EUA°u E; = E; \ E. Torasa umame b(E;) = C; u b(E;) = Cs.
Twit karo kouTypuTe Ha Eq 1 Es ce ¢bcTOAT OT OTCEYKH, YCIOPEJHU Ha,
KOOD/IMHATHUTE OCU, TO T€ Ca eJeMeHTapHu MHOKecTBa. OCBEH TOBa, JIECHO
ce Bkna, 4¢ Es C A CE; u p(E;) — u(E2) = p(E) < €, Koeto mokassa,
qe A e U3MepUMO MHOXKECTBO. [ |

CaenctBue. Obedunenuemo, cevenuemo u pasiurama Ha 06e usme-
PUMU MHONHCECTNGE € COULO UMEPUMO.

HoxkazarencrBo. Heka A u B 1a ca u3MepuMu MHOXKeCTBa, U HEKa
muoxkecTBoTO C 1a e paBHO miam HA TsaxHOTO obeauuenne A U B, mwim Ha
TaxHOTO cedenne A N B, min va pazankara B\ A. Bbe Bcekn or Te3u Tpn
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Kpusosnuneen Tpaierr.

caydas mMaMe

bC C AU LB

(nmokazkere!). Tbit karo bA u bB ca npeHeGpeKUME, TO OT HAIPABEHATA
mo-rope 3abesiexkka caeapa, de u bC e mpenebpe:kuMo, T.e. MHO:KecTBOTO C
€ U3MEPUMO. [

ITle HaOMHMM €MH HAYMH HA AHAJUTUYHO ONUCAHUE HA (PUTYpPUTE B
paBanHara (Buk I, §4.5):

Hedbunnumsa. Hexa ¢ unmepsasa [a,b] ca 3adadenu nenpexscramu-
me gynkyuu g(z) u f(z) , kamo nascaxsde e usnsaneno g(xr) < f(x).
Toeasa kpusosuneen mpaneu, onpedesen om pynkyuume g u f, nHapuvame
dueypama D, cscmasena om scunru mowku (r,y) € R?, ydosaemeopasauyu
HEPABEHCMBAMA

a<ae<b . gla)<y<f().

Beuukn dburypu, cpemnanu B eJieMeHTapHATa T€OMETPHUS, MOTAT Ja 0b-
AaT IMpeacTaBeHd UJIW KaTO KPUBOJIMHECH Tpallell, Ul KaTo O6€,ZLI/IH€HI/I€ Ha
kKpaen 6poit kpuposuueitnn Tpamu. CjieaBariara TeopemMa MoKa3Ba, Ie Ka-
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TeropusdaTa Ha U3MEpUMUTE MHOXKECTBa € AOCTATbYHO INUPOKA U O6XBaH_Ia
IMOYTHU BCHUYKHN MHOXKECTBa, CPpCIIaHN B aHaJIU3a:

Teopema 5. Beexu kpusosuneet mpaney, € UsMepumo MHOHCECTNEO.
HoxkazareacrBo. /la osnauum ¢ ' kKourypa Ha obsactra D. Oue-
BuaHO I' ce ¢beTOM OT YeTHPH YACTH, KOUTO Ime o3HaduM c I'y, I's, I's, T'y,
K'bJETO;
]

Iy e rpadukara na nenpekbcuara dbyukuus f(z) B unrepsasia [a,b
I’y e BeprukasHaTa orcedka, cBbp3pamma roukara (b, f(b)) ¢ (b, g(b))

I'; e rpadukara na g(z) B uarepsana [a, bl.

[y e Bepruka/anara orcedka, cebp3saiia Toukara (a, f(a)) ¢ (a, g(a)).

OcraBsime Ha guTaTe I8 Ja JOKaXxKe, de orceukuTe 'y u I'y ca mpenedpe-
KUMH MHOZKeCTBa. ToraBa Teopemara CjejiBa OT KPUTEPUS 38 U3MEePUMOCT
M OT CJIeJIHATA JeMa, npuiokena 3a g(x) n f(x):

Msmepumoct Ha rpadukara Ha HeupekbeHara dyukius (jaema 6)

Jlema 6. Axo f(z) e nenpexscrama Pynxuyus 6 uwmepsasa |a,b|,
netdnama epagura

Py={(z,y) :xelab],y=fz)}

€ np6H66p€()fCUMO MHONHCECTNEO.
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HHoxazarencTBo Ha jgemara. /la pasgenanm uHTepBana [a,b| Ha 10-

JUHTEpBaJINl C IOMOIITAa Ha AEJdAIIUTe TOYKH a = ZTo < ... < T, = b,
i Heka m; u M; na o3HadaBaT CHOTBETHO MHHUMAJTHATA M MAKCHMAJHATA
croitnoctu Ha f(z) B wHTEepBaNa [T; 1,7, 1 = 1,...,n. Oyuknusra f(x) e

HEMPeK'bCHATA B KOMIIAKTHUSI HHTEPBAJ [a, b] U cJie10BaTe;THO PABHOMEDHO
Helpek'’bcHaTa B Hero. Torasa 3a BCAKO jaJieHO € > () MOXKeM Jjia HaMepum
pasbuBane TakoBa, 4e M; — m; < € 3a Bcako i oT 1 10 n. Jla o3naunm ¢ A,
IMpaBOBI"bJIHUKA

AN = [wioq, 2] X [mg, M), i=1,...n.

Heka nomoxkum E = U A;. Ouesunno I'y C E. Or apyra crpana

n

n(E) = ZM (D) = (w5 —wia) (M; —my) < EZ (i — xi1) = e(b—a)

=1

1 MozKe J1a ObJie HallpaBeHO KOJKOTO cu ucKaMe Majko. C ToBa JjeMa 6, a ¢
Hed W TeopeMa 5, ca JIOKa3aHH. |

3abesaexkka. TpsdBa jga ce orbesiexku, qe 3a MapaMeTPUIHO 3a/1a1e-
HUTE KPpHUBU B paBHHUHaATa CHTYyalludTa € CbBCEM Da3JIMYHA: MHOXKECTBOTO
OT TOYKHTE Ha €IHA IapaMeTPHIHO 33]3JeHA Upe3 HelpeKbCHATH (PYHK-
[UU KPUBA JIMHUS MOXKe ¥ [1a He Oble IpeHeOpPeKMMO MHOXKEeCTBO. EanH
opuMep 3a TOBa Ce JaBa OT T. Hap. KpuBa Ha [leano: Moxke 1a ce mokKaxKe,
de ChINECTBYBA HENPeK'bCcHATO n30bpazkenue Ha unrepsana I = [0, 1] espry
kBajapara I xI (Buzk 3amaqa 3). C apyru aymu, MHOXKECTBOTO OT TOYKUTE Ha,
Ta3K HelIPeK'bCHATA KPUBA ChBIAIA ¢ KBaIpaTa, KONTO He e HpeHedpeknuMo
MHOZKECTBO.

3a j1a J0KaxkeM IIPeHeOPeKMMOCT Ha KpUBaTa, TPAOBA 18 HAJTOXKIM
no-cutHO yeaoBue. Ille HanoMuuM, de eHa KPUBA Ce HAPUIA PEKMUPUUU-
pyema, ako HeiiHaTa [b/KNHA € Kpaiina (Bux I, §4.4). snbanena e:

Teopema 7. Muoscecmeomo Ha moukume, AeHcausu Ha eOHa Henpe-
KocHama pexmugduuupyema kpusa, e npenebpescumo no llearno- 2K opdan.

HoxkazareacrBo. Heka ' e pekrudunupyema kpuba u [ e meitnara
JbIKAHA. Pazmonaraiiku nocaeaoBaTeTHn TO9Ku Fy, . .., P, BbpXy KpuBa-
Ta, HUE MOXKeM Jia 4 pasjesuMm Ha n dactu 'y, ..., [, ¢ paBHa JbizKuHA,
T.€. JbJIZKUHATA HA Bcska or kpuBute ['; ¢ kpanma P;_q, P; 1me e paBHa
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HA % Heka A; e xBagpar ¢ HeHTbLD TOYKaTa P M JbJKUHA HA BCAKA OT
CTpaHUTe %l Twit karo 3a Besika Touka P € T'; pascrosauero o (P, P;) He
Ha/JIMHHAaBa JUbjizkuHaTa Ha I';, oueBuypno umame I'; C A, u I' C UL, A, Or

ApyTra cTpaHa, MspKaTa

- A2 42
P A) <D (D) =n— = —

2
n n
i=1

u Moxke Ja ObJe HapaBeHa KOJKOTO CH HCKaMe MAaJIKa dpe3 yBeJudaBaHe
Ha N. [ |

A mutuBHOocT Ha Mmapkara Ha Ileano - 2KopzaH. Ille
JIOKazKeM OCHOBHOTO CBOUCTBO HA MSApPKATA:

Teopema 8. Hexa A u B ca usmepumu mmoorcecmsa ¢ Henpecusauss
ce sempewnocmu u neka C = A U B. Tozasa

1(C) = p(A) +p(B).

MozkeM [1a cu IpeacTaBUM CHTYAIUATa W [0 CAEIHUS HAYHH: C I0-
MOIIITa Ha HIKAKBA KPUBA JIMHHUS WJIH APYTO MPEeHEOPEeKMMO MHOYKECTBO
u3MmepuMoro MHOKecTBO C e pa3jesieHO Ha jJBe YaCTH; e MOKaXKeM, de
IpH TOBa 00IaTa MspKa ce 3ala3Ba.

HoxkazareactBo. /la u3bepem enementapun Maoxkectsa E; u Ey Ta-
kuBa, ¢ A C Ey, Eo C A% u p(E;) < p(A) +¢/2, p(Esg) > p(A) —e/2.
[To chiums HaUMH MOXKEM ja HaMepuM ejemeHTapHu MHOKecTBa Fi n Fy
takusa, u¢e B C F, Fo C B u pu(Fy) < u(B) +¢/2, p(Fa) > pu(B) — /2.
Torasa C C E; UF; u ciaenosaresHo

1(C) < p(Ey) 4+ p(F1) < p(A) +p(B) +e,

oTKBbeTO caeniBa, e u(C) < p(A) + p (B).

3a J0Ka3aTeacTBO HA OOPATHOTO HEPABEHCTBO Ha orOene:kum, 1ue Ko
u Fy He ce npecuuar (Tyk mznoassame, ye A° N B° = ) u ciegoBarenso
w(Es UFy) = p(Es) + p (Fy). Toit xkaro E; UF, C C, 10

1(C) = i (Eg) + pu (F2) > p(A) +pu(B) —e.

Tit KaTO € € MPON3BOIHO, OT TYK CJeIBa TeopeMaTa. [ |
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Ypes unayknus 1o 6post Ha CbOUpAEMUTE JIECHO CE JIOKA3BA CJIEJHOTO

CaencrBue. Axo A4, ..., AL ca uamepumu MHOMHCECMEA, KAMO
AYNAS =0 npui#j, mo
k
p(ALU. L UAL) =) (A,

i=1

YaopakHeHud.

1. MuoxkectBo Ha KantTop. Ille koHncrpyupame emxHO WHTEpEC-
HO moAMHOXKecTBO Ha mHTepBasa [0,1]. [Ja pasgenuM To3u HHTEPBAT Ha
TpU paBHU MOJMHTEpBata, U HeKa Eg e CpelHHdaT OT TAX - OTBOPEHUST
nnarepsaa (1/3,2/3). Jla pasmeauM BCeKH OT OCTAHAJINTE /BAa HHTEPBA-
Jla, OTHOBO HAa TPHU paBHU YacTH, u Heka K, e obejuHEHWETO Ha CpeHU-
te moxmurepsanu, T.e. By = (1/9,2/9) U (7/9,8/9). Ananoruuno E, =
(1/27,2/27) U (7/27,8/27) U (19/27,20/27) U (25/27,26/27) u .1 Hexa
K, =[0,1]\E,, E=U2E, K=n",K, =[0,1] \ E. Muoxkectso-
to K ce HapuYa KAHTOPOBO MHOXKECTBO W HPHTEXKABA PEIUIA MHTEPECHU
CBOMCTBA.

3a ga onwmimeM MHOXKeCTBOTO HAa KaHTOp, € ymo0HO [1a mpeacTaBsme
aucsata or [0, 1] karo (Kpaitau wim Geskpaiinu) TpoudHu Jpodu. Ako ca
JaJIeHl TPOUYHUTe NUdPHA aq, . ..,a, (T.e. Besika or TaX e pasHa Ha 0, 1,
nmu 2), 10 ¢ 30.a; . . . a, e O3HAMABAME THCIOTO Y, ax/3". Ararormano
e O3HaYaBaMe M Oe3KpaiiHuTe TPOMYHH APOOH.

1 a/. Jokaxkere, ue MHOKeCTBOTO E,, ce ¢beTou oT 2" Hempecuyarn
ce OTBOpeHN HHTepBaau ¢ Jbjxuna 1/3". Beexn or Tax nma suja

(30.a1...an 1, 30.@1...6Ln 2),

K'bJIETO BCSIKO OT ducaaTa dq,...,0, € PaBHO Ha Hy/aa wiu aBe. Hue te
o3nayuM ¢ Ky MHOXKECTBOTO OT KpalHHUTe TOYKH Ha ONHUCAHUTE IO-IOPe
unTepBasn; Torasa Ky e u3dpoumo monmuoxkectso Ha K.

1 6/. Hokaxere, ue muokectBoTo K \ K¢ ce cberon ot Bemuku Tpo-
*
MYHO MpAIMOHATHU TOYKHU OT [0, 1], KOUTO HE ¢bIbPIKAT €UHUIATA B Pa3-

*
I10/T TPOMYHO MPAIMOHAIHY YUCJIa pa3bupame TaKMBa, KOUTO HE Ce IIPEICTABAT KaTO
KpaiiHa TpoudHa APOO, T.€. HEe MOraT JIa Ce IPEICTABAT KATO APOD, B KOATO B 3HAMEHATEJIs
CTOM CTEIeH Ha TpoiKaTa.
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JIaraHETO CH B TPOUYHA JIPOD.

*
1 B/. Jokaxkere, ye K e 3aT1BOpeHO MHOKECTBO 6€3 H30JMPAHE TOUYKH
u e npenedpexkumo 1o [leano-7Kopman.
VobrBane. Jlokaxere, ue u(K,) = (2/3)".

1 r/. Jlokaxere, ye K npure:kaBa MOIIHOCTTa HA KOHTHHYYMa, T.€.
CBINECTBYBA B3aUMHO €JHO3HAYHO U OOPATUMO ChOTBETCTBHE MEXKJY 9acT
or K u unrepsaua [0, 1].

VuobrBane. /la B3eMeM JBOMIHOTO pasjarane Ha Touka ot [0, 1] u na

3aMEeHNM eUHHUITe ¢ ABoiiKH. Ilo-Touno, ako x = 50.a; . . . a, . . ., Hojarame
s(x) = 30.2a1...2a,... € K. Ak0 x e IBOHYHO DAIMOHAIHO, T.. MOXKE
Jla ce MpeJICTaBh ¢ kpatina JBOUYHA JApob, TO HUe Iie u3bepeM TOYHO TOBA
pecTaBgHe.

[Tokaxkere, ge s nasa piaarame ma [0,1] B K.

1 n/. Tlokaxkere, ue u300pazkeHueTo & — /3 JaBa B3aAUMHO €JIHO3-
HAYHO M B3aMMHO HeNpeKbCHATo m3o0pakenue Ha K B wacT or cebe cu.
Jokaxere, ge K e Haii-rorsaMoro Bb3M0KHO moAMHOKECTBO Ha [0, 1], KoeTo
He ChIbprKa TOYKH OT mHTepBaJa (1/3,2/3) u ce n300passBa B cebe cu npu
n3obpaxkenuaTa © — /3 ux — 1 — .

3abenexxkka. OnucanoTo mo-rope MHOXKeCTBO Ha KaHTOp e equH OT
HAR-TIPOCTUTE IPUMEPH HA T.HAP. PPakmart, MHOXKECTBA, T.e. MHOYKECTBA,
GHSITO PA3MEPHOCT HE € eCcTecTBeHO Yncio. Jlokassa ce, de (Ipu mTOIXO/sIIIa,
JeduHAMS HA HOHITHETO PA3MEPHOCT) MMaMe

2. ®yukiuga Ha Kanrop. e nedpunupame pynknudara za Kanrop

k(z) Haii-Hampes BbpPXY MHOXKeCTBOTO E, KaTO BbpPXY BCEKH OT HETOBUTE

MHTEPBAJIH Ts € paBHA HA MOAXOJAIIA KoHcTaHTa. 3a x € (1/3,2/3) moma-

rame k(z) = 1/2; no-nararsk, k(z) = 1/43a z € (1/9,2/9) u k(z) = 3/4
3a x € (7/9,8/9), u T.u. Cienpaiikn onncanuero ot 3. 1 a/, ako aq, ..., a,
€ KpailHa peauna, ¢bCTaBeHa OT HYJId U ABOMKHU, 38 BCAKO
n

T e (gO.al ..an 1, 30.a1 ... a, 2) momarame k() = Z
k=1

Qe 1
2k+1 on+1 :

*
TOTOJIO3UTE HAPUIAT TAKUBA MHOXKECTBA '"ChBbpIeHn".
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2 a/. Jlokaxere, e k() € MOHOTOHHO DACTSIIA U HEIPEK'bCHATA BbP-
xy E. Ocgen ToBa, ako zo ¢ E, T0
sup k(x) = inf  k(x).
z€E, z<z z€E, z>x0
Karo cieicrBre qokazkeTe, de k() IPUTEKABA €JMHCTBEHO HEIPEK'bCHATO

npobizKeHne Bbpxy 1gaoto [0, 1], koeTo o6uKHOBEHO ce Hapuda (byHKIUST
k
na Kanrop .

10 . 2 6/. Jlokaxere, ge
33 CTOHHOCTM Ha Y, KOU-
TO €& JIBOMYHO UPAIMOHATHH
(T.e. HE Morar na ce mpej-
cTaBdr € Kpailna JABOUYHA
1po0) u3obpazxkenuero s(y),

— KOHCTpyupaHo B 1 1/, e 00-

paTHO Ha K(I), T.e.

0.8
0.6
0.4

| v = s(y) &y = k()

02 04 06 08 10 3a Besko o € K\ K.
Oyukrus na Kanrop

2 B/. [locTpoenara TyK
dbyukius k(r) gaBa npumep Ha GYHKIHUS, KOATO e qudepeHnupyemMa u uma
HyJIeBa MPOU3BOIHA TOYTH HaBCIKbIe 1Mo [leano-2Kopman, HO He € KOHCTAaH-
Ta.

2 r/. Jlokaxere, 4e k() e equHCTBeHATa MOHOTOHHA QyHKIHA B [0, 1],
yioBIeTBOpsiBaIa byHKIHOHATHATE ypasHenus k(x/3) = k(z)/2 n
k(l —x)=1—k(z).

3. KpuBa na Ileano. Ille goka:keM, de CbIeCTBYBa HEIPEKHCHATO
(HO He B3aMMHO eTHO3HAYHO) n300pazkenue Ha uaTepBasta I = [0, 1] BbpXy
nesmms keaapar I x I =[0,1] x [0,1]."

*Wan, monsikora "crbaba ma Kantop".

*Moustuero "kpusa ua ITeano" ce u3mo3Ba 3a BCAKO H300pasKeHUe ¢ TOPHUTE CBOHCT-
Ba. CbimecTByBaT 0H6aY€e Pa3IMIHU KOHCTPYKIIUU HA TAKABA W300payKeHus, IPUHAJJIEKA-
mz Ha [leano, Xumbepr, u apyru. V3mon3Banuar TyK METO/ IPUHAJIEKHA Ha (PPEHCKUA
maremaTuk A. JleGer.
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3 a/. llle nedunupame uzobpaxenune P, (t) = (z(t),y(t)) va I Bbp-
xy I x I. Heka t = 50.a1a5...a, ... € UpejacTaBsHeTo Ha t KaTo KpaiiHa
win Ge3kpaiina gapoudna apob (Bewuku mudpu a, ca paBHE Ha HyJa WA
eJIHO). B JBOMYHO-pAMOHATHUTE TOYKU B3eMaMe MPEJICTABIHETO ¢ KpaeH
Opoii paspenu (BUXK ciefBaiaTa TOYKa). Iloaarame

.Clﬁ(t) = 20.&1&3@5 e Qop—1 .., y(t) = 20.a2a4a6 o Qop ..

Hokazxere, ue P, (t) naBa uzobpazkenne ua I pbpxy I x I. JTokaxere,
4e TOBa M300pazkKeHue e HelPeK'bCHATO BbB BCUYKH JIBOMYHO-UPAIUOHAJHH
CTOWHOCTH Ha T , HO B ABOMYHO-PAIIMOHAJHUTE TOYKH T TO € HEIIPEK'HCHATO
caMO OT JIFCHO.

3 6/. Beako IBOMYHO-DAIMOHATIHO YHCJIO MOXKE Ja Ce TPeicTaBh
B JBOMYHATA CHCTEMAa IO JBa HAYMHA: BCIKO TAKOBA YHCJIO HMa BHIA
20.a1az ...a,1 = 50.a1a9...a,0111111 ... = 50.a1a5...a,0(1). CroTBeTHO
uzobpaxkennero P(t) ot 3 a/ Moxke j1a Objie AeDUHAPAHO IO JBA PA3IUIHUA
wHaduna. [Ta osnaunm ¢ Py (f) ToBa, KOETO ChOTBETCTBA HA MPEJACTABSHETO HA,
JABOMYHHUTE pobu upe3 KpaeH Gpoil pa3peau (0T JsBaTa cTpaHa B rOpHATA
dbopmyrna), u ¢ P_(t) ToBa, KOETO OTrOBapsi Ha HPEJICTABAHETO OT JACHA-
Ta CTpaHa, ¢ eIWHHUIA B mepuom. JlokaxKere, 4e B IBOMIHO-PALHOHAJIHUTE
touku P, (t) e HempekbcHaTo oTasIcHO, a P_(t) - omtsiso. e medunupame
u3bpazxenuero Ha [leano P(t) : I — I x I no ciequus nadun:

e Bat e K\ K, (Bux 16/) nomarame P(t) = P, (k(t)) = P_(k(t)).

e Heka (3O.a1 ..ap 1, 30.a1...a, 2) e naTepBas oT K. B kpanmara My
onpenessivme P(t) mo crennns HaYUH:

— AKko t cpBIAIA ¢ IeBHd Kpail Ha HHTepBaa, T.e. t = 30.a1 ... a, 1,
notarame P(t) = P_(k(t));

— Ako t cbBHaga ¢ JecHHd Kpail Ha WHTepBaJa, T.e. t =
30.a1 ... a, 2, mogarame P(t) = P, (k(t));

e BbB BbTpeniHoCcTTa HA MHTEPBAJIA (30.(11 ...ap 1, 30.a1...a, 2) po-
(1] * .
nbkaBame P(t) kato jmHeiino nzobpazkenne (Thbil KATO KBAJIPATHT
e M3I'bKHAJIO MHOXKECTBO, croifnocture Ha P(t) octaBar B Hero).

*
Ilokaxkere, 4e rpacdukara HA TOBA M300PaXKEHHWE € XOPH3OHTAJIHA MJIM BEPTUKATIHA
OTCevKa.
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Jokazxere, 4e cera Bede P(t) e HempeKbCHATO M300pazKeHHe, 1 MHO-
»KeCTBOTO OT HETOBHUTE CTOWHOCTH ChBIAAA ¢ mesus kBajapar I x 1.

4. Tloctpoenoro m3obpazkenne P(1) He e WHEKTHBHO, T.e. DA3JUYHH
TOYKH OT HHTepBasja I MoxKe j1a ce m300pa3dBaT B €1HA U CbIIA TOYKA OT
I x I. /TokazkeTe, 9e He C'HIMECTBYBa B3aUMHO €THO3HAYHO U HENIPEKHCHATO
n3obpaxkenne Ha I Bbpxy I x I.

VYowrBane. [la jnonycuem, ye P(t) e TakoBa uzobpazKenue.

a/ Vsnonspaiiku kommakTHOCTTa Ha I (T.e. Teopemara ma Bosamano-
Baitepuipac), nokaxere, e ako Q(z,y) : I x I — I e uzobpaxenuero,
obparuo Ha P(t), T0o () e CbIIo HEIPEeKbCHATO.

6/ Heka A u B ca npe pasawdnu Touku or KBajaparta I x I, a 'y u
I’y ca nBe HenpeKbCHATH KPUBHM B KBajpaTa, ¢ HadaJo B A u Kpaii B B,
KOUTO HsAMAT 00U TOYKKM OCBeH Hadasoro u kpas. Torasa @ (I'1), @ (I'9)
ca JIMHEHHO CBbP3aHM MOAMHOKECTBA Ha | U CAEI0BATEHO BCAKO OT TAX
cuabpka narepsaia [Q(A), Q(B)]. Ho or u3uckBameTo 3a B3anMHa €HO3-
HavHOCT Ha P(t) cienpa, 4e Te3u JBe MHOXKeCTBa He GHBa 1a uMaT OOIIH
TOUKE OcBeH JBeTe TOUKU (Q(A), Q(B), ¢ KoeTo cTuraMe J0 TPOTHBOPETHE.

3abesexxkka. ['0pHOTO TBBPACHHUE € YaCTEeH CJOyYail Ha eTHa OT JIbJI-
OoKHTE TEOpEeMHU Ha TONOJOTHSITA, KOSITO TBbP/IH, Y€ PA3MEPHOCTTA € TOIO-
JIOTUYECKW WHBAPUAHT: C APYTHU AyMHU, HE CHIIECTBYBA B3AUMHO €THO3HATHO
¥ B3aMMHO HEMPEKHCHATO ChOTBETCTBUE MEXKIY JABE MHOYKECTBA C PA3JINMIHA
Pa3MePHOCT.
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2.2 Jledbmaunumsa Ha MHOTOMEPHHUS WHTErpaJl

B nacrosinust naparpad 1e gajgeM neduHuIEs Ha JBOEH HHTerpas (KosTo
JIECHO Ce TPEeXBbPJid U 33 UHTEerpa BbpPXY HPOCTPAHCTBO € IO-BHCOKA OT
age pazmepuoct). e nanoMunM, 4e B €JHOMEPHUS CJIydail UMaMe J[Be €K-
BHBaJIEHTHN [NeDUHANME Ha OpeIeaeHnst HHTerpal - aeduanmus Ha Puvan
u jecdununug na lapOy. B Mmuoromepuusg ciaydail curyanusra e mo-cjaozKHa,
- BbBEXKJIAT ce YeTHPH JiIe(DUHUNMY, ClIenaIHa JepUHUNIALA - ChOTBETHO Ha,
Puman u Tap0y, u o6mma aedununus - ¢bino Ha Puman u Tap6y. (CMuchrbT
Ha Te3W JyMH 1ie Objie 00SICHEH TMO-70y. )

CnemmaJjiHa qedpurHUIUA Ha JBOMHNS MHTErpaJ. Heka
f(z,y) e byukuus, nredunupana B u3MepuMo (U CJIeJOBATEJTHO OTPAHUYEHO)
IMOJMHOZKECTBO Ha paBHHUHaTA. I_I_[e 3alloYHeM C YaCTHUA Cﬂyqaﬁ, KOTraTo
,Z[eq)I/IHI/H_H/IOHHOTO MHOZKECTBO € IIPaBO'bI"'bJIHUK.

JBoeH mHTErpaj BbpPXy NPaBObI'bJIHMK: AeduHunusa HA Pun-
maHn. Heka f(z,y) e nedunupana B npaBobrbiauka A = [a,b] X [c,d]. da
30epeM eIl TOYKH Lo, - . ., Tpy Yo, - -+ Y TAKA Te @ = To < T1 < ... <
Tn =0, c=1y <y <... <Yy = d. e o3maunm ¢ A;; IPaBOBI'bIHUKA
Ay = [Ti—1, 2] X [yj—1,y;]; Torasa

A == U?:l U;nzl Al]

Ja m3bepem no exna touka P = (&;,1:;) € Aj;; ToBa 03HaUaBa, e §;; €
(i1, @i, mij € [yj-1, 93]-

CbBOKYIHOCTTa OT BCHYKH JEJIANIA U MEXKIUHHHE TOYKH IIe HAPHIAME
pasbuBane Ha A. 3a BCIKO TakoBa pasbuBame T mme o3HadaBame ¢ R (f) (wim
npocto R;) ¢hOBETHATA PHMAHOBA CyMa!

n m

R.(f) = ZZf (&g i) (@5 — @im1) (Y5 — yj—1) = ZZf (Fij) 1 (Aij) -

=1 j=1 i=1 j=1

Ille BbBegeM MOHATHETO AMAMETHhD Ha pa3OMBaHETO T:

diam 7 = ] max \/(SL’Z — .T,L',1>2 + (yj — yjfl)Q.

i=1,...n,7=1,....m

(IITe orGese:kuM, de TUAMETHDPBLT HE 3aBHCH OT H300pa HA MEKIMHHHTE
TOYKHU, & CAMO OT JIEJISIIHTE. )
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d ,,,,,,,
Y3r------
Yor------

Poi | P2 | | ] )
Yip------

Pir | P2 | | ) )
Clb______

a X1 X2 X3 | b

Pazbupane Ha mpaBobrbaHuka A = [a,b] X [c, d]

Hedbununmsa. Kazsame, e deotinuam unmezpan om f(x,y) no npa-
sosesanuka A e pasen wa wucaomo I(f), axo

I(fy= lim R.(f)

diam r—o

Babenexkka. JlecHo ce Buxka, 4e nuzucksarero "diam 7 — 0" e pas-
HOCHJIHO C TOBa, MAKCHMAJHATA IbJIKUHA HA HOJAUHTEPBAIATE [x; 1, 1],
[Yj—1,yi, t=1,...,n, j=1,...,m ¢bIIO Ja KJIOHA K'bM HYJIA.

JIBoitHUST MHTErpaJ ce o3HadaBa MO CJIeTHUS HAYUH:
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100) = [ s(w.v) dzay
A

[Ile ommmenm mo-mogpoOHO IIOHATHETO 3a IPAHMAIA, H3IOI3BAHO B IOpP-
HaTa JepUHUIUS:

Pasencmeomo I(f) = lim g, . R-(f) osnavasa, we sa 6Cako € > 0
coweemeysa 0 > 0, maka ue 3a 6caxo pasbusane T, 3a koemo diam T < 0,
da umanme |I(f) — R-(f)] < e.

Pasbupa ce, Tasy rpaHuna HE € JJI'bXKHA [ CHIIECTBYBA; AKO T Ch-
mecTByBa, dbyukiuaTa f(x,y) ce Hapuda uHTerpyeMa mo Puman B A.

BoeH mHTEerpaJj BbpXy IpaBObI'bJIHUK: Aedunuiius Ha Jlap-
6y. Tyk mie mpeamonokum mpeasaputento, e f(x,y) e orpanudena B A,
U 1Ie IIOJIO2KHIM

my; = inf f(P): P € Ay, M;; =sup f(P): P € Ay;.

KakTo B eHOMepHUs cydaii, 3a BCAKO pa3buBane T 11ie obpa3yBame ChOT-
BeTHATA MaJjKa U rojsgMa cyma ua Jlapoy:

s:-(f) = szuu (Ay), S-(f) = ZZMU-M (Aij) -

JlecHo ce BM2Ka, We MHOXKECTBATA OT BCUYKH MAJKH U OT BCHYKH
rojeMu cymu Ha JlapOy ca orpaHnvueHn; HAUCTHHA, aKO M U M ca ¢bOTBETHO
JIOJHA U TOpHA Tpanuna 3a dbyuknuara f(zr,y) Bbpxy A, TO 3a BCSIKO T
nMmame HepasencTsara m < m;; < M;; < M u cnegosaresnno

m(A) < 5:(f) < S (F) < M (D).

Torasa Mosxem na aedurupame auciara I(f), I(f), napedenn
J0JIeH 1 TopeH uHTerpat or f(x,y), ¢ dopmysure

1(f) =suwps:(f), T(f) =nf S,(f).

T

Manko mo-uajgomny e gokaxkewm, de sunaru I(f) < I(f); 3a mac e
BasKeH CJIydasi, KOraTo Te CbBIIaJarT.
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Hedbununuga. Kaszeame, ue dynkuyusma f(x,y) e unmeepyema
no Jdap6y 6 A, axo I(f) = I(f); obuwama um cmotinocm ce Geaescu ¢ 1(f)
u ce napuya uwmeepas om f espry A.

JIBoeH mHTErpaj BbpXy IMPOU3BOJIHO U3MEPUMO MHOXKECTBO —
cuernnanHa gedunniua. Heka f(z,y) e nedunupana 3a (x,y) € D, kb-
jgero D e uaMepumo MOAMHOXKECTBO Ha paBHuUHaTa. 1bit Karo D e u orpa-
HIYEHO, MOZKeM Ja u3bepeM IpaBobI'bAHEK A, chabpxxamn D. da osnadmm
¢ f(x,y) mm f(P), npombikenuneto Ha hyHkuusTa f ¢ HyJIeBH CTORHOCTH
BbPXY II0TO A:

oy | f(P), PeD
f(P)_{ 0, PeA\D

Hedbununmsa. []e defunupame deotinus unmezpan om f(x,y) espry
D xamo pasen na deotinus unmeepan om f(x,y) espry A, onpedesen 6

npedrus a63a1:
// fla,y) dudy < // flz,y) dxdy.
D A

JlecHo ce BUKJ1a, Y€ CTOHHOCTTA Ha WHTErpajia HE 3aBUCU OT U300pa
Ha TPABOBI'bJIHUKA A.

[To To3u nauun pepununuure Ha Puman u /lapOy ce mpenacaT KbMm
cIydas Ha MPOU3BOJTHO U3MEPUMO JAeDUHUIINOHHO MHOZKECTBO; e TH HapH-
JaMe CIelnuaanu aeduHUunn, choTBeTHO Ha Puman u lapOy.

O6ma nmeduHUNNS HA ABOMHMA WMHTErpaJ. Ille maizem
ejiHa mo-ob1a jgeduHunms Ha pazdouane. Heka D e u3MepnmMo MHOKECTBO
B paBHHMHATa, u HeKa D;, ¢« = 1,...,n, ca u3MepuMu IoaAMHOXKecTBa Ha D,
TaKHBa, 1€

D=ULD; n D/NDj=0szai#j

- e Ka3BaMe, Ue B TO3W cJaydail uMame u3MepuMo paszbousane Ha D Ha Hen-
pecudaniyu ce MHOXKecTBa. [lle KazBaMe, de pazbUBaHETO € CHEIUATHO, aKO
TO ce TOJIyJaBa upe3 pas3ps3BaHe O XOPU3OHTATHU U BEPTUKAJIHU JIMHWUH,
KaKTO Oellle HApaBeHO B HPEJAUITHUTE TOYKU Ha TO3u mnaparpad. Bebi-
HOCT, pa3jimKara MexKiy odmure n creruagnn gedununun (Ha Puman un
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Jap0by) ce cbheron B TOBa, JaJU Ce H3MOJI3BAT IPOU3BOJIHU Da30UBaHUs HA
nedTHUITHOHHATA 00JIACT, WX CAMO CIHEIHA/THNA.

Obma peduunnmuga ua Puman. Heka D e uzmepuMo MHOXKeCTBO B
pasaunara, u f(x,y) e dbyuknusg, gepunupana 8 D. Heka 7 : D = U | D;
e paszbuBaHe Ha M3MepUMOTO MHOXKecTBO D. [la m3bepem mo emHa ToUKa
P, eD;,i=1,...,n. Ilog pumanosa cyma, CbOTBETCTBaIA HA Pa30MBAHETO
7 u Touknte { P}, pasbupame uszpasa

R.(f) = Zf (P) (D).

Hy:xmaeMm ce oT onpeaenenne Ha IMOHATHETO JHAMeThp Ha pa3buBaHe-
to. IIle mamomuum, ve ako A e OrpaHMYEHO MOJMHOXKECTBO B PABHUHATA,
*
HEeroBHUsl AUaMeTbp € MaKCHIMAJHOTO PA3CTOsIHUE MeXKJY JiBe HEIOBHU TOY-
KH.

diam A = sup p(P,Q).

P,QeA

Ako 7 e ropuoTo pasbusane, jeduHEpaMe

diam 7 = _max (diam D).

[AAS]

JlecHo ce BMXKja, Ye 3a CIENHMAJHHA pa30MBAHUS Ta3H JIe(PUHUIMS CbhBIA-
nIa ¢ pagenara mo-rope. Cera MoxKeM Ja BB3TPOU3BeIeM JIeDUHHIIATA HA
Puman. OrHOBO nedurmpame

I(f) = lim  R.(f),

diam r—o

KATO TYK Ce pa3lJIe:KIaT MPOU3BOIHI U3MepUMH pasOuBanug Ha D.
O6ma gedpununug ua JapOy. AHaTOrMIHO HA TOPHOTO, TOJIarame

m; =inf f(P): P € D;, M;; =sup f(P): P € D;,

s:(f) = Zmi,u (Di), S:(f)= Z M;p (D;),

*
Taka, quamMerbpbT HA €/IUH IIPABOBI'bJIHUK € DABEH HA HErOBU IMArOHAJ, & JHaMe-
THPHT Ha €IUH KPbI € PABEH HA HETOBUSA JHAMETHP.
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1 OTHOBO
I(f) = sups,(f), 1(f) = inf S-(f).
T

Ie moxazkem, ue I(f) < I(f). Llle kaspame, 4e pasbuBaneTo 7' caensa
pazbuBaneTo T (3amucBa ce 7' > T), aKO 7' € MOJIYIEeHO OT T Upe3 JOIbJIHH-
TEJIHO p336I/IBaHe Ha HAKOMW OT HEroBHUTC AC/JIAIINN MHOZKECTBa.

JIema 1. Ilpu donsanumenno pasbusane Maskume cymu ce Yyeeausa-
sam, a zoaemume namanasam. Ilo-mouno, axo 7' = T, mo

37"(f) > ST(f)? S‘r’(f) < S‘r(f)

HoxkazareactBo. /loctarbyno e Jia JIOKaXKeM TBbPJIEHUETO, KOTaTo
7/ e mosryueHo oT T upe3 pa3bMBaHE Ha €JHO OT JIE/ISIIUTEe MHOKECTBA Ha
T Ha jJBe yacTu. Hamcruna, B o0nus ciaydail MOXKe Ja ce cudTa, 4e 7' ce
HOJIyYaBa OT T 4pe3 KpaeH Opoil TAKMBa CTHIKH, aKO HA BCAKA CTHIKA €
JTOKA3aHO, Ye TOJeMUTe CYMH HaMaJsBaT, OTTYK ce BHxKIa, de Sy (f) <
Sr(f), 1 AHAJIOrHYHO 338 MAJKHUTE CyMU.

Taka, Heka nmame pasbusanero 7 : D = U, D;, seka D; e pasburo
Ha JIBe M3MEPUMU [OJMHOKECTBA ¢ HEIPECHYAIld Ce BbIpemHocT: Dy =
D’'UD”, u neka pazbubanero 7’ ce oupenens ¢ D = D’UD”"UD,U...UD,,.
Ha oznaunm ¢ m’/, m” TounuTe H0IHU rpaHUIU Ha [ BLPXY MHOXKecTBaTa D,
D”, u cvorserno ¢ M’, M" - neiiHure TOYHU TOPHH I'PAHUIIN BbPXY CbIIATE
muoxkectBa. Ouesuano umame m',m” > mqy u M', M" < M. ToraBa umame

5 (f) = ,(f) = .0 (D) + "y (D) = my.pa (Dy) =
— (D) + m" (D) = my. (1 (D) + (D)) =
— (' — ) 1 (D) + (m — my) p (D) > 0,

¥ 110 C'bIUsT HAYHH JTOKA3aTeJCTBOTO IPOTH YA 33 TOJEMHATe CyMH (HampaBere
ro!). |
JIema 2. Axo 7', 7" ca dse pasbusarus wa D, mo s (f) < Sy (f)
(m.e. koa da € marxa cyma Ha Japby e HAOMUHABA KOA 04 € 20AAMG).
Hoxazarencrso. Heka 7' : D = UL, D} u 77 : D = UL, D7. Jla
O3HAYHUM C T pa3buBaHETO

T:D=UL, U~ (D;nD).
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OueBHHO T € U3MepUMO pa3buBaHe, U JIECHO €€ BUXKA, 4e T =7 u 7 = 7.
Ot nema 1 umame

sr(f) < s:(f) < S-(f) < Spu(f).

|

Babenexkka. Axo 7 u 7' ca cneyuaanu pasbusanus, mo v e co-
wo cneyuaano pasbusane. Caedosamenno mespleHuemo na aema 2, Kaxmo
u caedeaulomo caedcmeue, ca 8aNUOHY U 36 CNEUUAAHGMNG 0ePUHUUUA HA
Lapby.

CrnencrBue. 3a s6caka pynrwyus [ e u3nsaneno Hepasencmeomo
1(f) <1(f).

Haucruna, B jsBara crpana na HepaBeHcTBOTO S/ (f) < Sy (f) mo-
JKeM JIa B3eMeM CyIIpeMyMa 110 BCUYKHU pa3OuBaHUA 7', ¢ KOETO MOy daBaMe
I(f) < Sy (f). B3emaiiku ornsicao nnduMyMa mo BCHIKH T, TIOgyIaBamMe
UCKAHOTO HEPABEHCTBO. |

Ot ropHETE TBHP/EHUS HEMOCPEJICTBEHO CJIE/BA:

Kpurepuit 3a marerpyemoct no Hap06y. Pynxyuama f(z,y) e
uHmezpyema (6 00UUA UMY CNEYUAARUA cCMUCEA) No JTapby mowno mozaéa,
Koeamo 3a 6cako € > 0 cowecmeysa pasbusane T (00W0 UAU CREYUAAHO)
Ha DePUHUYUOHHAMA 00AGCT MAKOBE, e

S (f) —s:(f) <e.

Hancruna, ako ropHOTO yCI0BHE € U3I'bJIHEHO, TO BeJHATA Ce BUZKIA,
ae I(f) = I(f); obpaTHO, aKO JOTHUSIT U TOPHUSAT MHTETPAT CHBIAIAT U €A
paBHu Ha [, TO MOXKeM Jia HamepuM pasbuanus 7', 7', Taka de

so(f)y>1—¢/2, Su(f)<I+e/2, ncrenosarenno Sy (f) — s (f) <e.
Ja n3bepem pasdbuBaneTo T Takosa, ye 7 = 7', 7", ToraBa or ycraHoBeHuTE
B JleMa 2 HepaBeHCTBa ciaeasa, ye S, (f) — s (f) < e. |

ExBuBaJjieHTHOCT Ha pa3jJudyHuTe AeduHUIM Ha

o *
ABOUHUA MHTETrPaJI . [lo-rope n3aokuxme 9eTUPH Pa3JInInu AeHuHu-
MU Ha ABOTiHu (1 M3001110 MHOTOMEPHUS ) HHTerpas: Aedununun Ha Puvan

* .
Yurarenar, KOUTO HE ce HHTEPECyBa OT JOKA3ATEJICTBOTO Ha TO3W (PAKT, MOXKE I
TIPECKOYN OCTaThKa Ha maparpada.
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u na /lapOy, Bcdka or Tax B 001 u cruenuajien Bapuant. [lle mokazxkem, ve
Te3n AeUHUINN Ca eKBUBAJEHTHHU, U MO-TOYHO, Y€ € B CUIA TBbPIACHUETO:
Teopema (ekBuBajIeHTHOCT Ha meduHUnuUTE). Axo edna Pyrk-
YUSA € UHME2PYEMA NO eOHa 0m 20pHUMe JehuHuyuY, MaA € UHMEPYeMa U
N0 BCUKY OCMAHAAU, U CBOMBEMHUME CMOTHOCNU A UHME2PAAG N0 GCAKA
om MAL CoENAIGM.
okazareacTBo. /loka3aTejcTBOTO Iie TPOBEAEM IO CJIeTHATA CXe-

Ma:
Puman odma = Puman cnenuaJina

g \
Hapby odma <« [lap0Oy crenuaJina

[Ile mokazkem BCSIKA OT TOPHUTE UMILIUKAIUN.

1/ Puman obma = Puman cnenumasisa: [[puHIAIGT Ha J0Ka3a-
TEJICTBOTO MOXKe 1a Obje hopMysimpaH Taka: aKO IPDAHHUIATA CbIIECTBYBA
3a 00Iu pa3dbuBaHusd C AUAMETbp, KJIOHMII K'bM HYJIa, TO TS CbIIECTBYBA U
3a YACTHUS CJAyYail HA CTIeNnaTHU Pa3duBaHms. 10BA Pa3ChIK/IEHNE € BIPHO
B CcJIydasd, Koraro jeduHHIHOHHATA 00JIaCT € HPaBOBI'bJIAHUK, HO B OOIIUS
cIydait To TpaOBa da Oble IPoBeJeHO Mo-Ipenus3Ho. PuManosuTe cymu 3a
f(z,y) u 3a weitnoro upoabikenue f(x,y) Morar ja ce pasjudaBar 6,130
J10 KouTypa Ha jgedununuonnara obiact. I1le usnonzsame ciaegnara

Jlema 3. Hexa D e usmepumo nodmmoscecmso na pasrunama, u A\ e
npasosesanuk, cedoporcaw, D. Tozasa 3a ecaxo € > 0 wmooice da ce namepu
0 > 0 maxosa, we sa 6cako cneyuaano pasbusane 7 1 A = U UML) Ay ¢
diam 7 < ¢ cymama om auyama na me3u NPasosesANUYL N;j, KOUMO UMAM
obwu mouky ¢ konmypa bD na D, da 63de no-masxa om €.

HoxazareacrBo. Twoit karo D e uzmepumo, 1o bD e npenedbpexu-
Mo 110 Ileano-ZKopnan. a usbepem esrementapao MHO:KecTBO E TakoBa, de
D C E° u p(E) < e. Torasa nsere kommakTau MHOKecTBa bD 1 DE He ce
pecuyar, u CJIeJ0BaTeJHO pa3cTosnnero Mexty 1ax p (bD, bE) e nojaoxu-
resHo (Buk §1.3, yup. 3). [la ro oznaunm ¢ 6. Torasa, ako diam 7 < §, To
3a BCEKN MPABOBI'BLIHMK A;;, KoiTo nma obmy Touku ¢ bD, e m3nbaneHo
A;; C E. CrenoBareno cyMarTa Ha JIINATa HA BCHYKH TAKUBA IPABOBI'bJI-
HUIM He HaJaMuHaBa Juero Ha K, T.e e mo-manko ot €. ([a orbenexum, de
JIOKA3aTeJICTBOTO € B CUJIa U 3a obmu pasbupanus. OcBeH TOBa, TBbPICHH-
eTO OCTaBa BSPHO, aKO BMecTO bD ce pasriexa MpOU3BOJIHO 3aTBOPEHO U
peHebPeKNMO TIOIMHOKeCTBO Ha D) [ ]
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Hoxazarencrso Ha nmniukanugara 1/. Heka f e uarerpyema Bbp-
xy D B cMmuch Ha obmara nednannns va Puvan, n neka [ ja € ChOTBETHUS
unTerpas. da mw3bepem mpaBobrbaHuK A, cbabpzkan D, u wexa f(x,y) e
OPOIbJIXKEHHETO Ha f ¢ HyJda BbPXY II0TO A, KoeTo Oelne H3IM0I3BAHO
no-rope B crnenuaigauTe nedbununuu. la dukcupame ¢ > 0, 1 1a B3eMeM
TakoBa 07 > 0, Taka 4e 3a Besako pasdouBane 7 Ha D ¢ diam 7 < §; ga umame
|I — R, (f)| < e. da usbepem , CLOTBETCTBAIIA HA £ KAKTO B JIeMa 3.

Heka cera 7: A = U UT" | A;; e ciennasino pasOuBaHe Ha TPABObI'bJl-
anka A ¢ diam 7 < min (9, 6;), n é]— € A;;. Heka o3HaYNM € T CHOTBETHOTO
pasbusane Ha D, moponeno or Muo)kectBaTa D;; = D N A;;, 1 na n3bepem
roukure Pj; € D;; Taka, e Pj; = f’ij B caIydasd, KoraTo A;; ce CHADPIKA BHB
sbrpemuocTTa Ha D (ako A;; mpecmuaa bD, To moxe na mmame Pj; ¢ D).
Heka R,f na e puMmanoBaTa cyMma, ChOTBETCTBAIA Ha ODIIOTO pa3dUBaHe
T u Ha MexxauHHHTe Touku P;. ITo mocrpoenne |I — R, f| < e. Ot mpyra
crpana,

Ref—Ref= 3 (F(P) = r(Py) n(ay)
Ay;nbD#Q

H CJIeJI0BaTeNIHO, aKo o3HaduM ¢ C ejHa ropHa rpanuna 3a |f(P)|, noryda-
BaMe B
‘R;f—RTf‘ <20 Y p(hy) <2Ce
Ay;nbD£D

B xpaiina cmeTka mosydaBame

1 MOKe J1a ObJle HAIpaBeHO IPOU3BOJIHO MAJIKO. [ |
2/ Puman cnenumanna = HapOy cnenmanua: /la usbepem € > 0.

3a Bcuuku pa3duBaHus T Ha JeHHUIIOHHATA 001acT A HA f ¢ JOCTATHIHO
MaIbK JHAMEThD HMaMe

RT}V:Z}V(PIJ)M(AU) S (I_€7I+5)

HEe3aBUCUMO OT n300pa Ha MexKauaauTe Touku ;. ITpomenaiikn Tesn To4-

KI, MOXKeM Ja Hakapame QyHKnumoHaiHuTe croiinoctu f () na KiIoHAT
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KbM MHUHHMAJIHATA 1M;; WIN MakcuMasnara M;; crofinocrn Ha QyHKIUATA

B A
s f mam kxpM ronamara Sy f cymu Ha JlapOy 3a 7. Upe3 rpanuven mpexon
noJjy4yaBaMe, ge

TOTaBa puMaHOBaTa cyMa R, [ 1e KJIOHH ChOTBETHO K'bM MAJIKATA

[_ggsTfSSTfSI+€7

OTK'B/IETO STf— STE < 2¢e. Cunopen kputepus Ha lapby, jmokazan mo-rope,
TOBa O3HaYaBa, de [ e mHTerpyema mo lapoy Bbpxy A.

3/ Hapby cnemumasHa = Jlapby obmma: Heka, KakTo u mo-rope,
e gajgena dynkmuara f ¢ gedununuonna obnact D, A e npaBobI'bHUK,
chabpxxam D, u f e npoxbikenuero na f ¢ mysnesn croitnoctn. IIpemo-
jJarame, 9e f e HHTerpyema Io cuernuaJnara gedpuruinusd Ha lapoy B A. Jla
dbukcnpame € > 0, mneka 7: A = U UT" | Aj; e cienmastiio pasbubane Ha A
TaKoBa, 4e S;f— s;f< €. OTHOBO 11Ie 03HAYHMM C T CHOTBETHOTO pa3buBaHe
Ha D: 7: D =U;; (A;; N D). OueBunno numame

sif <s.f, Sif>S.f

(nokazkere!) u caemobarenno S.f — s.f < €, n.e. kpurepusr na lapby e
V/IOBJIETBOPEH.

4/ Hapby obia = Puman o6mma: B ToBa jg0Ka3arTeacTBo OCHOBHA-
Ta TeXKEeCT Ce HOCH OT CJIEIHATA TeOpeMa, YMeTO JTO0KA3aTeJICTBO IIe JaJeM
HO-HATATHK:

Teopema Ha Hapby. Axo f(z,y) e oepanuvena dynkyus 6spry us-
mepumomo muoscecmeo D, u T npobazea scuuku pazbusanus nHa D om
0bw, 8ud, MO €4 HAAUUE CHOMHOWEHUAMG

lim s, f=I(f), lim  S.f =I(f).

diam r—o diam r—o

Ako cmerneMm Teopemarta Ha /lap0y 3a I0KaszaHa, TO TBHPIEHHETO Ce
OJIyYaBa Upe3 MpuaarafHe Ha JeMaTa 3a IMOJUIAuTe K'bM 0YeBUIHOTO Hepa-
BEHCTBO

srf < R f <S:f.

[To-mogpobuo, Heka f e mHTerpyema BbpXy D cmopen obmata mgedu-
nunug Ha /lapOy. Torasa 1mo ropuara teopema 3a BcAKO € > () MOoxkeM Jia
Hamepum 0 > (, Taka We 3a Bcako pasdbmBane T ¢ diam7T < § jga mmame
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s.f >1(f)—e, S;f < I(f)+e, n cienoBaresHo 3a BCIKO TakoBa T 1iie Objie
m3baneno [(f) —e < R f < I(f) +e.

JlokazanuTe UMILTUKAIAK TIO3BOJIABAT Ja C€ TBbPJU, Y€ aKO eJHa OT
JIe(PUHUAIIMUTE € H3ITbJIHEHA, TO Ca U3II'bJIHEHN U OCTAHAJIUTE TPH, U, pa30upa
ce, CTOMHOCTTa Ha MHTErpaJia ce MoJaydaBa egHa u cbima. OcTaBa caMmo J1a
JloKazkeM Teopemara Ha Jlapby. [ |

okazareacTBo Ha Teopemara Ha /lap0by. Ille mokakem TBBp/Ie-
HUETO 33 MaJKUTe CYMW, 33 TOJEMUTE TO Ce J0Ka3Ba aHAJOTHIHO.

Ha dpukcupame € > 0. [lo nedpunuiumsa MoxkeM Ja HAMEPUM U3MEPHMO
pasbuane 7* na D: 7* : D = UF_, D! takosa, ue

A
sef =) min(Df) > I(f) <.

i=1
kbaero mf = inf f(P).
PeDy
Hexa A e obenunenneTo Ha KOHTYPHUTe Ha BcHukd D):
_ 1k *

Tbit Karo Bcuukn MHOXKecTBa D) ca m3MepuMu, TO O KPUTEPHs 3a U3Me-
PUMOCT OT IpeJHus naparpad moaydabame, e A e mpeHeOpeKUMO MHO-
»KecTBo. JlecHO ce BH2KIa, 1e TO € u 3arBopeno. Heka uszdepem o > 0 KakTo
B iema 3. Tosa o3mauapa, 1e ako 7 : D = U}_D; e npou3sBoaHO OKpuTHE

Ha D ¢ diam 7 < 4, T0
> n(Dy)<e.
DjﬂA#@

Teopemarta 1me Obae J0Ka3aHa, aKO YCIEeM JIa MOKayKeM, 4Ue 33 BCHYKH Ta-
KHBa T COTBETHATA MaJIKa cyMa S, f e mocrarbano 6smsko 10 L(f).

B mokasarescTBOTO Ha JiemMa 2 HHUE BHASXME KaK Ce KOHCTPyHpa pas-
OuBaHe, KOETO Ja CJIe/iBa JiBe JajeHn pasbuBanus. Tyk 1me Hamepum pas-
buBaHe Ty, KoeTo ja caeapa 7 u 7°. Tosa pasbupBane mMa BHIA

‘D — k
Ot enna crpana, ot ¢akrTa, e 77 >= T* crnopes Jiema 2 cjieaBa, de

37'1f > Sr*f > l(f) —&.
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Ot apyra crpaHna, CJiej| KaTo T > T, Hie MOZKeM J[a pasrjename pa3ou-
BAHETO 71 KATO MOJIyIeHO OT Pa3dUBAHETO T Ype3 pa3apodsiBaHe HA HETOBUTE
JIeJISIII MHOXKecTBa. BarkHo e j1a orbesiexkuM, de IIPU TOBa ce pa3apodsaBaT
CaMO TE€3U MHOYKECTBA OT T, KOUTO UMAT OOIIU TOYKH C HIKOH OT KOHTYPHTE
Ha D}, T.e. ¢ MHOXKecTBOTO A.

Jla manumem cymara S, f BbB BHIA

STf = Zm],u(D]) = E, + EH,
j=1

K'bJIeTo B X ydacTBaT caMo Te3d j, 3a kouto D;NA # O, a B X" — Bcuuku
ocranaan. Ako qucsioro C' e ropua rpanuna 3a croiinocrure ua |f(P)|, To

X' < Ce.

IIle HAapaBUM CBIIOTO U 3a CyMaTta S, f, ChOTBETCTBAINA HA pa30uBa-

Hero 7. Mmame
/ "
spf =X +X"

KbJIETO BbB X' ydacrBar ¢hbOMpaeMuTe, HMOJYyUEeHU OT MHOXKECTBA, MMAIIH
obum Touku c¢be A, a B X — Bcmuku octaHasu. T'bit KaT0 MHOXKECTBaTA,
ydgacTBaly BbB Y, He ce pa3apodaBar, TO

S i//
OnensiBaiiki cymara Y 110 CbIUs HAYUH, KAKTO Y, MOJIyYaBaMe, de

‘i’ < Cle.

CrietoBaTeTHO,

smf—sif =3 —% < ’i’ Y] < 2Ce.

KomOunupaiikn ToBa ¢ HepaBeHCTBOTO S, f > I(f) — €, momydaBame
HEPABEHCTBOTO

Spf > s, f—2Ce>I(f)— (2C + 1),

U3IIBJIHEHO 33 BCHUKM pasbmBanua 7T ¢ diam 7 < 0.

Teopemara na Jap0y e moka3aHa, ¢ KOETO IPUKJIIOUYBA U JOKA3ATEICT-
BOTO Ha EKBUBaJIECHTHOCTTaA Ha Y€TUDUTE ,ZLerI/IHI/H_[I/II/I Ha ,ZLBOIU/IHI/IH nHrerpa.Ji.
|
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2.3 OcHoBHEI cBoiicTBa HAa MHOTOMEPHUS WH-
TerpaJ

Tyx mie u36pouM n JOKaykeM OCHOBHHUTE CBOHCTBA Ha IBOMHUS MHTETpaJ.
Te ne ce pazanuaBaT 0COOEHO OT CBOCTBATA HA €JHOMEPHUS PUMAHOB WH-
TerpaJji, M3y4eHu B IrbpBaTa 4act. B npemnus naparpad Hue BbBEIOXME
HAKOJIKO €eKBUBAJEHTHH JI6DUHUIMN HA MHTEIPAJIa, U IIPU JIOKA3ATEJCTBO-
TO Ha BCAKO CBOMCTBO Ille M3IIOJ3BaMe Ta3h OT TsX, KOATO € Haii-ymno0Ha 3a
ciygas. rrerpana or f(x,y) sppxy D me osmagasame ¢ [[ f(z,y) dedy
win rpocto ¢ I(f).

CsoiictBo 1. JIuneiinoct u xomoreHHocT. Ako dyukuuntre f(z,y)
u g(x,y) ca marerpyemu bupxy D, To u f(z,y) + g(z,y), Af(x,y) ca cbmio
UHTEIPYEeMHU, U

//D (f(z,y) + g(z,y)) dedy = //D f(z,y)dzdy + //D f(z,y)dzdy,
J[ At sty =x [[ s.0) dod

Hoxazarencrso. [lle usnosnssame nedbununusra na Puman (6e3 3na-
genwe - 00ma nin cnenuataa). Heka 7 : D = U | D; e kakBo Ja e pazbuBane
ma D u P, € D;. Umame

n

R.(f+g9) =Y _(f(P)+g(P))p(Di) = R-(f)+R-(9), R-(\f) = AR.(f),

i=1

OTK'bJIETO Upe3 Tpannyen mnpexoj npn diam7 — 0 mosyvaBame MCKaHUTE
paBeHCTBA. |

CsoiicTo 2. IlosutuBHoct. Ako f(z,y) > 0 HaBcakbae BHPXY D,
rou I(f)>0.

HoxkazarenacrtBo. OueBnaHO 3a BCIKO pa3buBaHe 7T IIe HMaMe
R.(f) > 0, orkbaero upe3 rpannden npexosn noaydasame I(f) > 0. |

[TosuTuBHOCTTA HA WHTErpajia aBTOMATHIHO BJjiede cJej cebe Ch OIle
HAKOJIKO CBOMCTBA.

CsoiicTtBo 3. Monorouuoct. Ako f(z,y) > g(x,y) HABCSIKBIE BHP-
xy D, 1o I(f) > I(g) (¢ npyru mymu, HepaBeHCTBATA MOTAT Ja Ce HWHTerDH-

par).
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Hoxazarencrso. Twii karo f(x,y) — g(z,y) > 0, To 10 cBOiiCTBO 2
umame [(f —g) > 0, orgbaero mo croiictso 1 moaygasame I(f)—1(g) > 0.
|

CsoiictBo 4. Ako dyukuusara f(z,y) e unrerpyema Bbpxy D, TO
ueitnusaT moaya | f(x,y)| e evmo unrerpyem, u [I(f)| < I(|f]).

HoxkazareactBo. Heka mpemnoyiokum, de Bede CMe JIOKA3aIH, de
|f(z,y)| e uarerpyema. Ille mokazkeM HCKaHOTO HepaBeHCTBO. HaucTuHa,
HABCAKbJIE € U3I'bJIHEHO HEPABEHCTBOTO

OTK'BIETO IO CBOICTBO 3 cienBa, de

—L([f) < T(f) < I(If])-

CiietoBaTesHO,

(L) = max (I(f), =1(f)) < T(|f])-

MaJiko mo-Tpy/iHO € Ja JOKayKeM, Y€ OT MHTErpyeMocTTa Ha f cJjejBa WHTerpye-
mocrra Ha | f|. 3a uenra mie uznossBame kpurepus ua JlapOy 3a MHTErpyeMoCT, JOKA3aH
B npenuud naparpad. Heka 7 : D = U}, D; e npoussonno pastusane na D. la o3naqum
¢ m;, M; cboTBeTHO TOYHATA MOJIHA U ropHa rpanuna Ha f(x,y) Bbpxy D;, a ¢ my, M,
- TOYHATa JOJIHA ¥ TOpHA rpaHuna Ha |f(x,y)| BbPXy cbimoro MHOXKecTBO. O4YeBHIHO
nMame J\Z —my; < M; — m; (nokaxere!), oTKbIETO

n

S:(1f1) = 575D = 3 (M =) (Dy) <

i=1

< Z (Mz - ml) :u(Di) = S‘r(f) - S‘r(f)'

i=1
Twit kato f e uaTerpyema, mo kpurepus Ha lapby 3a Bcsiko € > 0 chbinecTByBa pa3buBane
7 TakoBa, 1e S, (f)—s.(f) < . Torasa 3a Toa pasbusane me nmame u S, (| f])—s-(|f]) <
g, T.e byHKImsTa |f| yroBaeTBopsiBa yciaoBueTo Ha KpuTtepus Ha IapOy ¥ ciemoBaTesHo
€ mHTerpyema. |
3abenexkka. B gact [ Gemre ganen npuMmep Ha HemHTerpyema 1mo Pu-
man dyukius f(z) Takasa, de |f(x)| e uaTerpyema. [ogoben npumep JjiecHo
MOZKe JIa Ce TOCTPou W 3a (BYHKIUS Ha jBe (MM MOBedYe) IPOMEHIINBH.
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CsoiictBo 5. (Bpb3ka Mexxay mHTerpaia u MapKarta). 3a BCSIKO
U3MEPUMO MHOXKECTBO D nMamMe:

//D | dedy = p(D).

HoxkazaTencTBo. O4eBuIHO 3a MTPOU3BOIHO pa3duBaHe
7:D=ULD,;escura R (1) =5 ", u(D;)=uD). [

CsoiictBo 6. (Teopema 3a cpeanute croiinoctn). Heka D e 3a1-
BOPEHO, H3MEPUMO ¥ JITHEHHO CBbP3aH0 MHOXKecTBO (BHK §1.3. 3a nedunu-
s Ha JHHEHHO CBbP3aHo MHOKECTBO), 1 f(T,y) € HempekbcHaTa BbPXY
D. Torasa cwbinectByBa Touka Fy € D Takasa, de

/Aﬂ%wmwzﬂ%mm)

HoxazareacrBo. /la o3naunm ¢ m u M CHOTBETHO TOYHATA JIOJ-
Ha W TrOpHa TpaHura Ha croiinocrure Ha f(x,y) Bbpxy D. Cmopen Teo-
pemute Ha Baitepmpac (teopemu 7 u 8 Ha §1.3) Te3u rpaHUIHU ce JTOCTH-
raT, T.e. CBIIECTBYBAT TOUKA Pipn, Phae € D Takusa, e f(Pn,) = m,
f (Praz) = M. I/IHTerI/IpaI/IKI/I nepasencreara m < f(z,y) < M, nosyqa-
same mu(D) < [[ f(z,y)dzdy < Mu(D), (Buzxk cBOHCTBO 5), OTKBAETO

1
ﬂ%MZmémﬁ/;ﬂ%wM@Sszmm%

ITo Teopemara 3a MexauanuTe cToiHOCTH (TeopeMma 11 ma §1.3) Besgko dmc-
JI0, HAMHPAIIO Ce MKy JIBe CTONHOCTH Ha (DYHKIUATA, € ChINO CTORHOCT
Ha pyHKIWMATA, OTK”bILeTO C.He,ZLBa C’bIeCcTBYBaHeTo Ha To4uka Fy € D raka-
Ba, ue f () = ffD x,y)dzdy. [ |

3a6e.ne>KKa Yucnoro f(Py) = ffD z,y)dxdy ce mapuya
cpenna croiinoct Ha dbyukmuata f(z,y) B%pxy D.

CsoiicTBo 7. (AguTuBHOCT IO MHOXKecTBO). Heka D = D'UD" ¢
paszbuBaHe HA U3MEPUMOTO MHOXKecTBO D Ha jiBe M3MepuMU MOAMHOKECTBA,
D’ u D" ¢ menpecuuammu ce pbrpemnocts, u f(z,y) e dyuknus, nedunu-
pana Bbpxy D. Torasa

*
Ilo-nosy mie mokazkem, 4e BCSIKa HEIPEeK'bCHATA (DYHKIWMS BbPXY 3aTBOPEHO U U3Me-
PUMO MHOKECTBO € WHTEerpyeMa.
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1/ f(x,y) e uarerpyema Bbpxy D TO4YHO TOraBa, KOraTto Ts € WHTEI-
pyema Bbpxy D' u D" u
2/ nmawme

//D fw,y) dady = //D f(z,y) dedy + / - fz,y) dedy.

Hoxka3zarenctBo. U1 Tyk 1e joKakem Hali-HAIIPEJ JIECHATA YacT, T.e.
2/. a mpeanonoKum, de e u3BecTHO, 9e f e maTerpyema pbpxy D, D' u D”.
Heka 7' : Dy = Ui, D; e pazbusane na D', u 77 : D” = UL, D}/ e pas6usane
Ha D”. EslemenTure Ha Te3u ape pasdbupaHus obpasysar pasbubane Ha D:

7:D = (UL,D))u (U,DY).

Ha uzbepem u mexunnure Touku P/ € Dy, P € DY. Torasa, upe3 rpanu-
YeH IPexoJ] B PABEHCTBOTO

Rr(f) - RT’(f) + RT”(f)

npu diam 7’ u diam 7”7 KJoHsAM KbM HyJIa (ToraBa oueBHIHO U diam T KJio-

HU K'bM HyJa) moaydaBame mo gedbuHumsaTa Ha PUMaH paBeHCTBOTO 2/.

3a moKa3aTescTBOTO Ha TBLpAeHWeTO 1/ e m3nomssame kpurtepus Ha Japby 3a
naTerpyemoct. Heka e maneno, ge [ e materpyema npxy D’ m sbpxy D”. Heka 7/, 7"
ca pasbuBanust cboTBeTHO HA D’ 1 D" Takusa, ge

S’r’(f)_sT’(f) <g, S‘F”(f)_ST’(f) <eE.

Heka 7 e pasbuBamero Ha D, oOpa3yBaHO OT €JI€eMEHTHTE HA T| U Ty KAKTO MO-TOPE.
Torasa

Se(f) = Sz (f) + S (f), 87 () = 80 (f) + 500 (f)

u cjaeaoBaTeTHO

S.(f) = 5e(f) < 22,

r.e. byukuugara f(z,y) e uarerpyema Bbpxy D.

O6parno, neka f na e unrerpyema Bbpxy D, u mexka 7 : D = U ;D; e pasbusane
Ha D rakoBa, ue S.(f) — s-(f) < e. la obpasyBame MOPOJIEHOTO OT HErO pa3OUBAHE
7' ma D': 7 : D' = U, D}, xpaero D, = D; N D’. Ia o3uaqaum ¢ m;, M; cboTBETHO
TOYHATA JOIHA U TOpHA rpanuia Ha f(z,y) Bbpxy D;, a ¢ m}, M/ - tounara gomHa n
ropua rpanuua Ha tasu Gysknusa Bepxy D). Jlecno ce Bmxkna, we M — mi < M; —m;,
U CJIEJ0BATEIHO

ST’(f>_5‘r’<f) SST(f)_ST(f) <ég,
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T.e. f e mATerpyema Bbpxy D’. AGCOTIOTHO MO ChITASA HAYUH Ce BUXKIA, 9€ [ € HHTerpyema

n Bbpxy D”. |

YupakHeHus.
*
1. /IokaxkeTe HepaBEeHCTBATA:

a) (MHTerpagHo HEPABEHCTBO HA XbOJJIED)

/D|f(fc,y)g(x,y)\ dady <

1 1

(/ \fxy]pdxdy) (/ \gxy\qudy>_

KuLeTo f(z,y) u g(z,y) ca uarerpyemu dbyukunu Bbpxy D, p > 1,¢> 1 u
! + =1.
p q

Youreane: Moxem na canrame, ge D = [a, b] X [¢, d| e npaBobIbIHIK.
Bsemere crenuasno pasbupane va D, npu Koero unTepBasure [a,b] u [c, d]
ce JeJAT HA PABHH YacTH. PasriefaiiTe ¢hbOTBETHATA PHMAHOBA CyMa 32
MHTErpasa, CTOSIN OTISABO, W IPHJIOXKETe HEPABEHCTBOTO HA XbOJJIED 34
cymu (Buk dact I, §2.10. 3a1. 10).

6) (mHTErpasHO HepaBeHCTBO Ha llemcen)

SO(IfD flz,y dxdy) - [ (f(z,y)) dedy

fpox y) dxdy fpox y) dxdy ’

KbJIETO ¢(T) e M3IbKHANA U HempeKbcHaTa (DYyHKIHs HA eJIHA MPOMEH/IH-
Ba, f(z,y) e HenpekbcHara B D u B3ema croiHOCTH B JeUHUIIMOHHOTO
MHOXKecTBO Ha ¢(x) , p(x,y) e uHTErpyeMa u Heorpunaresina B D.

YirbrBaHe: Mpuaoxkere HepaBeHCTBOTO Ha lencen (wacr I, §2.10) 3a
u3rbkHAIaTa GYHKIUA ©(T) KbM PUMAHOBATE CyMH (00pa3syBaHU KaKTO B

rouka a/) 3a uurerpaia [[p p(x,y) f (f(z,y)) de.

*
HepapencrBara, KakKTO U TAXHHATE JOKA3ATEICTBA, C& HAI'BJIHO UICHTUIHUA C TE3U B
€THOMEpHUS CIydail, pa3rienanu B dact 1, §4.2, 3am1. 2.
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B) (umTerpanano mepasencTso Ha MUHKOBCKN)

1

([] 1#60.0)+ gt asay ) <

(// \fxy|pdxdy) (// |gxy|pdxdy)

kbaero f(x,y) u g(x,y) ca uarerpyemu dbyukiun 8 D u p > 1.

YirprBane: HoJAUHTerpasiHaTa (pyHKIMS B JIeBUS HHTEIPAJI Ce MayKOPH-
1 -1
pa or cymata | f(z,y) + g(z, )| |f (@, )|+ (2, y) + g(z, y) " 1g(z, y)].
IIpuiozxKere KbM BCAKO OT CbOUPAEMUTE HEPABEHCTBOTO HA XbOJLIEP OT TOU-
Ka a/.
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2.4 KiacoBe mHTerpyemun (pyHKITUN.

NznonzBaiikn kpurepusa na JlapOy, me jgajeM HAKOU JOCTATHIHU yCJIOBUSI
3a mHTErpyeMocT. Hai-nmpocTo, n Hail-1ecTo M3MOI3BAHO, € CJIeJHOTO TBhP-
JleHue:

Teopema 1. Axo dpynxyuama f(z,y) e nenpexschama 6spry 3ameo-
PEHOMO U UBMEPUMO MHOHCECME0 D, ma e unmezpyema 8spry He20.

HoxkazarencrBo. Haii-nanpen me orbenexxkum, e D e orpanudeHo
(ToBa BAM3a B JeDUHUNUATA HA U3MEPUMOCT) H 3aTBOPEHO, T.€. TO € KOM-
NaKTHO, U 3a ¢pyHKnusTa [ ca B cujaa Teopemute Ha Baitepripac u Kanrop
(B §1.3). Criermanno, reopemara wa Kanrop (Buk §1.3, Teop. 10) racw,
Je BCIKa HEIIPeK'bCHATA (PYHKIN BbpXy D e n paBHOMEPHO HEIpeK'bCHATA.

[Ipunoxkeno kbM (pyHKIUATa [, TOBa O3HAYABA CAETHOTO: 32 BCIKO
e > 0 moxkem ma Hamepum 0 > 0, Taka de 3a Bceku e Toukn P, () € D, 3a
kouto p(P,Q) < d, e uswbaneno |f(P) — f(Q)| < e.

Heka cera durcupame € > 0, n vega 7 : D = U D, e n3zmepumo
pazouBane na D ¢ diam7 < J. ToraBa 3a Bceku aBe Touku P, (), mnpu-
HaJIe’KAIM HAa €JHO M CbIo MHOXKecTBO Dy, 1me mmame p(P,Q) < 6 m
caemosaresnto |f(P) — f(Q)] < e. Ako makapame f(P) ga ce mobumxkasa
KbM MakcumasHata croitnoct M; Ha f Bbpxy Dy, a f(Q) - KbM MuHHMAI-
HaTa U CTOWHOCT My, MOJIydaBaMe, Ue 3a BCAKO ¢ = 1,...,n € U3I'bJIHEHO
M; — m; < e. CnegoBaTeTHO

n

Se(f) = s:(f) =Y (M; —mi) u(Dy) < 82# (Di) = eu(D)

i=1

u 1o Kpurepud Ha /lapOy 1mojiydaBaMe TBbP/IEHUETO HA TEOPEMATa. |

B nsgkou ciaydyam M3MCKBAHETO 3a HEIPEKbCHATOCT HABCAKBJIE € IMpe-
KaJICHO CHJIHO M He OOXBAalla HAKOW BaKHH CJIyYad KATO HAIIPUMED CTbIIa-
gosugauTe (byHknunu. OKasBa ce, e TO MOXKe ChIIeCTBEHO Ja ¢e O0TCaa0Hu,
KaTo ce MoMcKa (PYHKIHUITA I3 € OrPAHNYEHA W MHOXKECTBOTO HA HEHUTE
TOUYKH Ha MPEK'bCBAHE 114 € MPEeHeOPeKUMO:

Teopema 2. Hexa dynxuyuama f(x,y) e dedpunupana u ozpanuyena
6opxry usmepumomo muoxcecmso D. Jla npednonootcum, ue couecmeysa
npenebpescumo nodmnosicecmseo A wa D, maxa we f(x,y) e nenpexscnama
656 scuuky mowky wa D\ A. Tozasa f e unmezpyema espry D.
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Hoxazarencrso. Or §1 3naem, ye kourypbr bD Ha nzmepumoro mMuo-
kectBO D e mpenebpekuM, u cae0BaTe THO MHOKECTBOTO A = A U DD e
cbIno npenedpezkumo. la guxcupame € > 0, n neka E e eremenTapno Mmo-
kecTBO TakoBa, ve A C E° n p(E) < e. Torasa muoxecrsoro D = D\ E° e
m3MepuMo u 3arBopeno. Hancruna, ako o3naunm D = D UbD, o D e 3ar-
BOPEHO (ﬁ ce HapH4a 3aTBOpeHa 00BUBKA Ha D), W HErOBOTO JOI'bJIHEHHE
B papHEHAT R \De orBopeno.” ToraBa MHOKECTBOTO

R?\D = (R*\ D) UE°

e CbIIO OTBOPEeHO KaTo obeuHeHHe Ha JBe OTBOPEHH MHOXKeCTBa, M CIeJ0-
Baresno D e 3aTBopeno. Karo pasznuka Ha JiBe u3MepuMu MHOxkKecTBa D e
U U3MEPUMO.

Ot ycioBueTo Ha TeopeMara ce BUKJA, de f(x,y) e HempekbCHATA
HapesaKbae BpXy D. KakTo B TeopeMa 1, MOMKeM Ja IPHIOKIM TeopeMaTa
na Kanrop u jga mamepum 0 > 0, Taka 4de 3a Bceku e Touku P, Q) € D,
3a kouto p(P, Q) < §, e msubaneno |f(P) — f(Q)| < €. Heka cera 7 : D =
U, D; e m3mepuMo pasbubBame Ha D ¢ diam7 < §. Heka Dy = END.
a o3Hauum ¢ m;, ¢boTB. M;, TOYHATA JOIHA M TOYHATA MOPHA TPAHUIIA HA
f(z,y) Bopxy D;, i = 0,1,...,n. KakTo n B 10Ka3aTEICTBOTO HA T€OpEMa
1, me nosxyunm, ye M; —m; < enpui=1,...,n (upu i = 0 ToBa, paszdupa
ce, He e BAPHO). /la o3Ha4duM ¢ T caenHoTo pasbubane Ha D:

T:D= DO U (Uznlel) .

Heka m u M ca cbOTBeTHO IOJIHA U TOPHA IPAHUIIA 33 CTOMHOCTHTE HAa
f(z,y); ogeBugno My —my < M —mu u(Dy) < p(E) < e. ToraBa moxkem
JIa OIEHHUM pa3/InKaTa MeXK/JIy CbOTBETHATA roJgMa 1 MaJka cyma Ha Jlapoy:

S+(f) = s+(f) = (Mo — mo) pu (Do) + Z (M; —m;) p(Ds) <

=1

< (M—m)E—i-SZ,U(Di) <e(M—m+puD))

=1

*
IIle mamoMHUM HA YUTATENs, Y€ MOHATHATA BHTPEIIHOCT, KOHTYP, OTBOPEHO U 3aT-
BOPEHO MHOXKECTBO W T.H. Ca BbhBemeHu B §1.2.
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¥ CJIE/IOBATEJIHO Ta3U Pa3JnKa MozKe J1a Objie HalpaBeHa IPOU3BOIHO MAJIKA.
|

3abesiexkKa. YCJOBHETO Ha TeopeMa 2 OTHOBO € JIOCTATBIHO, HO He
1 HeoOXoauMo yesioBHe 3a unrerpyeMoct. B §4.1 na gact 1 Gerre BbBeieHa
Taka HapedeHara gynruyui wa Puman f(z), € [0,1]:

f(z) = —, ako x e parOHAJIHO U Ce TIPeJCTaBsl Ype3 HeChbKPATHMATA
q
p
Apod —;
q

f(z) =0, ako x e upannoOHAIHO.

Ha mocodenoro msicTo Oerre goKa3aHO, de Ta3u (DYyHKIHUS € HHTErpy-
ema B [0,1]; or apyra ctpana, f(z) e HempeKbCHATA B UPAINUOHATHUTE U
IIPEK'bCHATA B PAIMOHAJIHMTE TOYKK HA uHTepBaja [0, 1], T.e. MHOKECTBOTO
Ha HeflHWTe TOYKHU Ha NpeKbCcBaHe He e npeHebpexkumo 1o Ileano-2Kopran
TOIMHOYKECTBO Ha MpaBaTa . 110700eH IpHIMep JIeCHO MOZKE Ja ¢e TOCTPOH
1 33 (PYHKIME HA JIBe MPOMEHIHBH.

[To-moay Hue me BUAUM KaK ¢ MAJIKa HPOMSHA Ha JIepUHHUIUSTA 33,
npeOpeKIMO MHOYKECTBO MOKE 3 Ce TOJYYH He0OXOINMO U IOCTATHLIHO
yCJIOBUE 33 HHTEI'PYEMOCT.

Kpurepuii na Jleber 3a nuarerpyemoct no Puman. Ille Bbeegem
eTHO HOBO OIpeJiesIeHre 3a IpeHeOpekKuMOCT:

Onpenenenue. I[lodmnoocecmsomo A na pasnurama ce Hapuya
npenebpescumo no Jlebez, axo za ecaxo € > 0 cswecmasysa u3bpouma ga-
muaus om npasosesanuyu {A;},i=1,2,... maxusa, e

A CUZA; wu Z“(Ai) <e.
i=1

Ako B ropaara meduHHIMSA 3aMeHHM Aymara "m3Opomma' ¢ ayma-
ta "kpaitHa', me mosyanM uMeHHO jePUHUNUATA HA TPEHEOPEKUMOCT M0
[Teano-2Kopnan, sbeenena B §1. CrietoBaTeIHO, BCSIKO MHOYKECTBO, MIPEHED-
pexxkumo 1o [leano-2Kopaan, e n npenedopexknmo 1o Jleber. Ille Bugmm, e
0OpaTHOTO HE € BSIPHO.

*JTecHo ce BUIK 12, Ue HOHATHETO mperebpesknmoct 1o Ieano-2Kopam, BbaeaeHo B §1,
ce npeHacs 6e3 U3MEHEHHS B €IHOMEDHHUsI CJIydail, KATO BMECTO MPABOBbI'bIHUIM CE W3-
nosn3ear uHTEpBanu. MHOXKECTBOTO Ha panmonanaute Toukn B [0, 1] He e nperebpekumo
no IMeano-ZKopaan (mokaxere!).
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Jlema. Beako usbpoumo muoscecmeo e npenebpestcumo no Jlebee.

HoxkazareactBo. Heka A e m36ponMo MHOMXKECTBO, ChCTOSIINO C€ OT
toukure P, Py, .... la u3bepem € > 0. 3a Bcako ¢ = 1,2,... Ja 0O3HAYUM C
A; IpaBobI'bIHAKA C HEHTHP B TouKaTa P u june ;. Odepuano A C UA;
Y (D) = e Y, 1/2 = e, .

O6061mienue. [Io cbiug HAYMH MOXKE J1a Ce JIOKaxKe U €1HO 0-00II10
tebpaenne: Ako {A;},i=1,2,..., e uzdpouma damuaus ot npeHeOPeKIMHI
o Jleber MHOMXKeCTBA, TO TAXHOTO obegunenne U;C; A; e ¢bIo mpenedpesKn-
Mo 1o JIeber (BukK 3a7atda 2).

Tebpaenuero Ha JeMaTa He € BAJUIHO 33 MOHITHETO IpeHeOpe:KH-
moct 1o Ileano-2Kopman; nanctuna, ga pasriegame Muoxkectsoro Q2 N
(0,1} x [0,1]) or Bcuuku Toukn B kBaapata [0, 1] x [0, 1] ¢ panuonaann Ko-
opaunaru. ToBa MHOXKECTBO € n30pouMo, HO He e mpenedbpexkumo 1o [leano-
2Kopian: HeropaTa ropHa Mspka CbBIIaJla ¢ MIpKaTa Ha KBaJpaTa U € paBHA,
Ha 1.

Cera moxke 1a (popMynampame HeOOXOIUMOTO U TOCTATHIHO YCJIOBHE 33,
HHTErPYEMOCT.

Teopema 3 (Kpurepuii na Jleber 3a uarerpyemoct no Puman).
Hexa f(x,y) e oepanunena dynkyus, deunupana 6spry UMepuMomo no
Heano-2Kopdar mmoorcecmeo D. Tozasa [ e unmeepyema mozasa u camo
Mo2a6a, K02GMO MHOHCECTNBOMO 0M MOYKUME, 8 KOUMO HE € HENPEKECHA-
ma, e npenebpesrcumo no Jlebea.

Karo nmoctparusa Mmoxe Ja nocayxku jgedpuHupanara mo-rope (pynk-
nud Ha Puman. MHOXKeCTBOTO OT HeifiHUTE TOUKH Ha IIPeK'bCBaHe € m30pOuMO
U cJIeJIoBATeIHO ITpeHedbpexkuMo 110 Jleber. OTTyK ciegBa, 4e T € HHTerpy-
eMa (Koeto Gerre JOKa3aHO W Ge3 M3MOJI3BAHETO Ha TO3W Kpurepuii B §4.1
Ha vacr I).

Joka3zarescTBo Ha kpurepus Ha Jleber. 3a mpocToTa HA W3TOKEHUETO IITE 0~
KaXkKeM KpuTepus 3a QyHKIUU HA €HA TPOMEH/INBA. MHOTOMEPHUAT C/Iydail ce JOKa3Ba
IO CbhIUA HA4YWH, C HAKOU HECDHIIMECTBEHHN TEXHUYICCKH KOPEKIIUH.

Heka f(z) e orpanmvena dynkmusa B uarepsana [0, 1]. 3a Besako ecrecTBeHO N e

ompesiennM pa3buBaHeTo T, Ha wHTepBaia [0, 1] upe3 mensumTe TOUKH 2%, k=0,...2™.
C npyrm nywmu, pasbuBanero 7, uMma Buga 0 < 1/2" < ... < k/2" < ... < 1. JlecHo ce
BUXK/IA, 9€ T| < To < ..., U BCIAKO CJIEBAINO pa30MBaHE T,41 CE MOJydaBa OT T, 4Ype3
pa3mosIoBsiBate Ha BCHYKU HETOBH ey mHTepBand. a o3HadunM ¢ my ,, My, CbOT-
BETHO TOYHATA JOJIHA ¥ TOYHATA ropHa rpanuua ua f(z) B uarepsana [(k — 1)/2" k/2"].
[Ie BbBesem T.HAP. doana U 20pHa PYHKYUL, CHOTB. S,(x) u Sy, (x), cborBercrBaiy Ha

dbyukumsara f(x) n pasbuBaHeTo Tp,:
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e 5,(0) =5,(0) = f(0), m

e B uurepsana ((k — 1)/2", k/2"] nomarame s, () = Mk n, Sn(T) = M .

JlecHo ce BHKIAT CJIeAHHUTE CBOWCTBA HA yHKIUHUTE Sy, (z) 1 Sy, (x):

1/ Or choTHOIEHHATA T1 < T2 < ... ceapa, de s1(z) < sa(z) < ... m

1 1

2/ [ su(@)dz = 57, (f), Ji Su(w)dz = S5, (f).

3/ Heka x( e Touka B [0, 1], KoATO He CbBOAJA C HUTO €IHA OT JEJIAINTE TOYKH
%, k=0,...,2" n=1,2,.... ToraBa xy e Touka Ha HenpekbcHaroct Ha f(x) TO4YHO
Torapa, Koraro

33, on () = g, Sn(ao).

TebpaenusTa 1/ n 2/ ca oueBnanu. da nokaxem 3/. Heka xg e Touka Ha Hempe-
KbcHATOCT, € > 0, u HeKa § > 0 e TakoBa, 4e or |z — xg| < 0 crensa |f(x) — f (xo)] < e.
Ako 1/2" < dmxg € (k—1)/2",k/2™), o ((k—1)/2",k/2"] C (x0 — J,x0 + J) u cie-
JIOBATEJIHO

Sn(0) — sn(x0) = M — Mg < 2e.

O6parno, ako lim (S, (xg) — sn(xg)) = 0, TO 32 HOCTATHIHO TOJIAMO N 111e uMame Sy, (L) —
sn(zo) < €. Hexa zg € ((k—1)/2",k/2™). ToraBa My, — Mk = Sn(xo) — Sn(xo) < €.
Caenosarenno 3a Besako x € ((k—1)/2™ k/2™) we umawme |f(x) — f (x0)| < &, Koero
JIOKa3Ba 3/.

Ha oznaaum ¢, (x) = Sp(x) — s, (x). OgeBuguo ¢, (x) > 0, u ot cBoiictBo 1/ crea-
Ba, 4ye pexuuara ¢, (x) e MoHoroHHO HamassBawa. Pyukuuure @, (), kKakro u S, (x),
sn(x), ca emenarosudnu dynryuu, T.e. GYHKIMK OT BUIA

kn
(*) SDTL(:L') = Z Ck,nXAk,n (LE),
k=1

KbjeTo Cf , Ca KOHCTAHTH, 33 BCAKO (pUKCHpaHO n uHTEpBajgHTE Aj, HE Ce IPECHYaT
nomezk iy cu u nokpusar unrepsaia [0, 1], a xa(x) o3nauaBa xapakrepucTudHaTa QyHK-
nus Ha uHTepBaia A, re. xa(z) =13ax € A u ya(z) =03ax ¢ A. JJokazareacrBoro
Ha Kpurepusi Ha Jleber ce oOCHOBaBa Ha CJIEIHOTO TBbPAEHUE:

OcuoBHa Jsiema. Heka ¢, (T) € MOHOMOHHO HAMAAABAWA PEOULA OM HEOMPUYA-
meanu cmenarosudnu gynryuu 6 [0,1]. Tozasa caednume dee mespdenus ca eK6UEaAEH-
mHu:

a/ Muootcecmsomo A om onesu x, 3a Koumo o, (x) ne kaonu ksm 0, e npenebpe-
orcumo no Jlebee.

6/ fol on(x)dr — 0.

Joka3zaTesicTBo Ha JiemaTa. Heka 3a Bcako h > 0 ma o3Hadum ¢ Aj, MHOXKECT-
BOTO OT OHE3W X, 33 KOUTO @, (x) > h npu Besiko n. e orGesneskum ciegHusT

Qakr: Muoxkecrsoro A e npenebpexkumo 1o Jleber Touno rorasa, koraro Ay ca
npenebpexxknmu 1o Jleber 3a Besako h > 0.
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Hawncruna, twit kKato A, C A, 1o ako A e mpenebpexxkumo 10 Jleber, TO ChHITOTO
€ BSIPHO U 3a BCAKO OoT MHOXKecTBara Aj. O6parHo, HEKa BCSIKO OT MHOXKecTBaTa Aj e
1penebpezkumo, u Heka h, ~\, 0. Toraa A = U2 A}, , u 110 (OpMyIMPAHOTO O-TOpPE
0600wenue (Bux 3a.. 2) cuaensa, 4e u A e upeHebpezKuMo.

Heka nmonycuem, 4e e nsmrbianeno 6/, u ga dbukcupame h > 0. Ile nokaxewm, e Ay
e npenebpexkumo 1o JleGer (u mopu no IMeano-2Kopuan). Hancruna, mga usbepem npous-
BOJIHO € > 0, ¥ J1a B3eMeM HOMEp N TaK'bB, 4e fol on(x)dx < e. AKO HHKOIL OT UHTEPBAIUTE
Ak, B IIPEACTABAHETO (%) MMa 00IIa TOUKA ¢ Ay, TO 33 CboTBeTHATA KOHCTAHTA Cj 4 €
u3nbineo Cy , > h. Axo oznaunm ¢ E,, ;, oberunennero Ha BCHYKM TAKUBA HHTEPBAJIH,

MIPOUBBOJIHO MAJIKO TIPH Heorpaﬁnquo HapacTBane Ha HOMepa n. T'bit kato Ay C Ey p,
To ropuara mapka p* (Ap) Ha MHOXKecTBOTO A, B cMucha Ha [leano-ZKopuan e pasna
HA HYJIA.

O6parHo, HeKa IOMyCHEM, Ye e M3MbJIHEHO yeaorrero a/. la nomycnem, ue 6/ He

TO fo on(z)dz > h.pu(E, ;) u cienoBarenso p(E, ) < %g, T.e. MOXKE /13 O'bJIe HAIIPABEHO

1
€ YJIOBJIETBOPEHO, T.e. Ye cbimecTByBa € > () TakoBa, e fo on(x)dx > € 3a BCsko n.

Ja o3HaumMm c A MHOXKECTBOTO, TOJIYIEHO C J00aBsSHE K'bM MHOXKECTBOTO A Ha BCHYIKHU
TOYKM HA IPEK'bCBAHE HA CTHIAJOBUIAHATE DYHKIUHU @y, (), T-€. HA KPAUIIATA HA BCUIKU
naTepBaTIN A 5. Thil KaTO HOOaBEHNTE TOYKM ca M3GPOMMO MHOTO, TO A MTPO/IHJIKABA,
1a Obae mperedpexxkmmo 1o Jleber. CiemoBaresHO MOXKeM Ja HaMephuM MHOKeCTBO Ei
KOeTo e obequHeHre Ha u30POMMO MHOIO OTBOPEHU MHTEPBAIM A; U TAKOBa, Y€

E:UfilAi,KCEHM Zu 20

Kkbaero ¢ C' cMe 03HAYWIIU €Ha rOpHA rpanuna 3a GyHkuuara ¢1(x) (1 ciaemoBaTesHo
3a Bcaka or dysxmuure ¢n(z)). Ja osmauum F = [0,1] \ E; Toraa F e 3arsopeno
nonmuoKecTBO Ha [0, 1], Bemukn GyHKImu @, () ca HeNPEeKbCHATH BbPXY HETO, U 38 BCSIKO
x € F umame ¢, () \ 0. JlecHo MOXKe [1a ce JoKarKe, 9e MPU Te3W YCJIOBUS CXOAUMOCTTA
Ha QyHKIUUTE @, () KbM Hysnara € paBHoMepHa (BuxkK 3a. 3). CjeqoBaTeHO, MOXKEM
J1a HAMEDHM JIOCTATHIHO TOIAM HOMED 7 TAKBB, 9e ¢p (2) < § Bupxy F. Orryk creasa
OlIEHKATA,

1
/ Pno ()dz < SUP Py (). 11(F) + sUp @y (). (E) < =1+ Comsy =&,
0 zEF 2CE 2 20

KOETO MPOTUBOPEYM Ha HANPABEHOTO JIOMycKaHe, 1€ 6/ He e m3mbaneno. C ToBa mokasa-
TEJICTBOTO HA JIEMATA € 3aBbPIICHO. |

Cera Bede e JIECHO J1a JIOBBPIIUM JI0Ka3aTeJICTBOTO Ha Kpurepus Ha Jleber. Heka
MHOXECTBOTO A Ha TOYKHTe Ha TpeKbcBaHe Ha f(x) ma e mpeHeGpexumo mo Jleber.
Karo wm3mosnssame cpoiictBo 3/ W mMmimKamusta a/=- 6/ B Jemara, nosydaBame, de
fo @n(x)dx — 0. Karo B3emem 1pes; Buj, e 110 cBOACTBO 2/

/ on(z)dr = Sp(x)dx — / sn(x)dx = S, (f) — s+, (f),
0 0 0
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nojiygaBame cropes, Kpurepus na lapOy unrerpyemocrra Ha f(x).
O6parno, Heka e gaueno, ue f(x) e uarerpyema Bbpxy [0, 1]. Tbii karo diam 7, =

= — 0, To mo Teopemara, na Jap6y mmame

on

1
/0 on (@) = S, () — 5. (f) = T(f) — I(f) = 0.

Or nvmnukanusaTa 6/=- a/ B JemMara ce BHK/a, 9€ MHOXKECTBOTO T€3H T, 38 KOUTO ¢ (1)
HE KJIOHU K'bM HYJIa, T.€. MHOXKECTBOTO HA TOYKHTE HA NPeKbCBaHe HA f (), e mpenebpe-

KuUMO 110 Jleber. [ |

YupakHeHus.

1. Jokaxere, e ako f(P) u g(P) ca unrerpyemu (hyHKIUU BBHPXY
u3MepumMoTo MHOKecTBO D, 10 1sixuoro npoussejenue f(P).g(P) e ¢blio
uaTerpyema dyukius. (B exnomepuust coydait Tosa e gokaszano B §4.1 Ha
qact I).

YobrBaHe. Pascbkiiennara ca cbiiuTe KakTo B yacT 1. 3noa3saiiTe
PaBEHCTBOTO

f(P)g(P) = [(Q)9(Q) = F(P) (9(P) = 9(Q)) + 9(Q) (Fy(P) = f(Q)),

3a Jla JOKaykere, 9e ako e jaajeno pasousane na D w my, M;, ml, M, m},
M ca cporBeTHHTE IOJHU U ropHu rpanuiy 3a dbyukmuure f(P), g(P),
f(P)g(P), To

M —mi < C(M; —m;) + C (M; —mj),

KbaeTo ¢ C' cMe O3HAYUIN HAKAaKBa OOINA TOpHA IPaHHNA 33 (DyHKIUUTE
|f(P)], |g(P)| sbpxy D. Torasa Tebpenuero ciaesa or kpurepust a lap-
oy.

2. Jloxkaxere cIeJHOTO TBBbpPIEHHE, KOETO M3MOT3BaXMe B TOPHHUS
TeKCT:

Axo A = U2 A, e n3bponMo obeuHeHNEe Ha NPEHEOPEKMMHTE TI0
Jleber muoxkectBa A;, To A e cbIo npenedpexkumo 1o Jleber.

YubTBaHe. 3a BCAKO ¢ n3depeTe m30pouMo odeTHHeHne Ha HHTePBaIN
E; raxosa, ue A; C E; u pu(E;) < 5. Honoxere E = UX|E;. Torasa ca
u3nbiHenn chorHomennsata A C E u p(E) < e.
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3. (Teopema ma Hduum). Heka F e KOMIAKTHO TOIMHOXKECTBO HA
R"™, u ¢, () e MOHOTOHHO HaMAaJSBAIIA PeIUIA OT HEOTPHIATESHH U HEll-
pexkbcHaTu pyukmuu, Aedpunupanu Bbpxy F. Heka e pajeno, de penunara
©n(Z) MOTOYKOBO KJIOHUW K'bM HYJIA, T.e. 3a Besiko = € F umame @, (z) — 0.
Torapa peaunara @, () KJIOHA K'bM HyJa paBHOMepHO BHPXY F.

VobrBaHe. AKO CXOIUMOCTTa He e paBHOMEpHa, TOBA O3HA4YaBa, Ue
chiecTByBaT uncao € > 0 u peauna or Touku x, € F, raka e ¢, (x,) > e.
Tbit KaTo peaunaTa T, OIPUTEKABA CXOAAINA HOAPEIUIA, CJIe]] IPEeHOMepU-
paHe MOKeM Jla CYHTaMe, 4e caMaTa peJula T, € CXOudlla U T, — To. Ja
dukcupame npoussoseH HoMep m. Ilpu HOMepa n > m 1me uMame

Om(Tn) > pn(Tn) > €,

OTK'BJETO CJIeJT TPAHUYEH MPEXOJ TP N — 00 HoJIydaBame p,,(xg) > € 3a
Besiko m. ToBa obade MpOTHBOPEUN HA YCIOBHETO lim,, o ©m (o) = 0.
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2.5 IlpecmsiTaHe HA MHOTOMEPHUTE HHTerpa-
JIN.

Teopema nHa ®yo6muu. KakTo me mokazkeM B HACTOSIIUs maparpad, oc-
HOBHUAT HaYUH Ha IIpeCMATaHe Ha MHOI'OMEDHHUTE NHTEI'DAJIN € CBe2KAaHETO
UM K'bM IIOCJI€JOBATC/IHU ¢ JTHOMEPHUN UHTEIrpaJin. TaKa, ,ZLBOIU/IHI/IHT UHTErpaJ
ce CBEXKJa K'bM JBE IIOC/IeI0BATETHN MHTETPUPAHHUS 0 BCAKA OT IPOMEH-
JIUBUTE, U T.H.

Ha pasriaemame mpoctpamctBata R” ¢ koopaunatu = (z1,...,T,),
n R* ¢ xoopmmmarn y = (y1,...,4). Heka A C R u B C R¥; Torasa
mos AekaproBo npomsBeaenne A X B ma muoxkecrBara A u B ce pasbupa
MHOYKECTBOTO

AxB={(z,y) eR"":2€ A, yeB}.

CreJHOTO TBBPJIEHNE € JIECHO JO0Ka3yeMo (BUXK 3a. 1):

JIema 1. Axo A u B ca usmepumu nodmmoscecmeas cs0meemmo na
R™ u R*, mo maznomo npoussedenue A X B e usmepumo nodmmoscecmeso
na R npu xoemo umame

(A x B) = u(A).u(B).

Axko dbyukmusara f(z) = f(xy1,...,2,) € HHTErpyeMa BbPXy H3MepH-
MOTO MHOXKecTBO A C R", ¢bOTBETHUAT HHTErPAJL Iie OGeIeKUM C

/. ) / f(x1,...,x,) dxy...dx, wnnH, CHKpaTEHO, ¢ /f(x) dx.
A A

CJ1e/IBAIIOTO TBBPIEHNE, KOETO JeCTO Ce Hapida Teopema na OyOunu,”
nurpae OCHOBHA POJIsT B HACTOLATINS Taparpad.

Teopema 2. (Teopema nHa ®ybuumn). Hexa A u B ca usmepumu
nodmmosicecmea na R™ uRF | u gynryuama flzoy) = f(x1, s @n, Yty -5 Uk)
e unmezpyema espry mroscecmeomo A x B C R™™. Tozasa unmezparsm

I(z) = / f(zy) dy

* .
Tosa TBBpAEHHEE € OUT0 M3BECTHO MHOIO BpeMme npeau padorure na OyoOwHu, KOUTO
obade e JOKa3aJ Mo-00IIa Teopema.
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COULLCMBYBG 304 NOYMU 6Cu4kU T € A, u

/ f(z,y) dxdyz/f(x) dx:/ /f(x,y) dy | daz.

AxB A A

3abeaexkka. Pa3doupa ce, TBbpIeHIETO OCTaBa BIPHO, aKO pa3MeHUM
MecTaTa Ha T U Y, KOeTO J1aBa

[t dsiy= [ A/ f(e.y) dz | dy.

AxB B

Hoka3zarenacTBo Ha Teopemara Ha Pyoumru. Haii-namnpes 1me s1o-
KakeM JIeCHATa 9acT Ha TeopeMaTa: IIe IPEANOJOXKHAM, Ye HHTerPATbLT
I(z) = [§ f(z,y) dy cbmecrByBa 3a BCAKO & € A, U e JOKazKeM rop-
nata Qopmysa 3a paBeHcTBO Ha mHTerpasmre. Heka 7/ @ A = U A;,
™ B = UJLB; ca usvepumu paszbusanug cborserno na A u B. Jla
osHaunM ¢ 7 = 7' X 7" paszbusanero

TIAXB:U?ZIUT:IAiXBj.

Hexa m;j, M;; na ca ¢bOTBeTHO TOYHATa JOJHA M FOPHa TPaHUIlA HA CTOM-
nocrure Ha pyuxuuara f(x,y) Bbpxy muokecTBOTO A; X B,. Ja nzbepem
mo egHa Touka r' € A; u ga obOpasyBame ChOTBETHATa PHMAHOBATA CyMa 33,

I(z): R (1) =320 I (a") p(A;). Umame

(&) :/f(xi,y) dy:f:/f(xi,y) dy.

Tbit KaTo B moc/ieJHUS UHTErpaja IMaMe (xi, y) € A; x Bj’ TO M (Bj) <
fBj f(a',y)dy < M, (B;), orkbaero

meﬂ (B)) <I(a') < ZMijy’(Bj)

M CJIeIOBATETHO, YMHOYKABalK TOPHOTO paBeHCTBO ¢ [ (A;) u cymupaiiku
1O BCUYKHU ¢ = 1,...,n, HoaydaBaMe
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n m

=3 miu(A) p(By) < Ro(I) <

i=1 j=1

n m

< Z ZMz‘jM (Ay) 1 (By) = S-(f).

i=1 j=1

Heka diam7’ u diam7” nma kaoHIT KbM Hylda; Torasa diam7 ¢bIIO
KJOHE KbM Hyaa. [lo teopemara na Jlapby wmame s.(f),S:(f) —
Jarp f(@,y) dedy u creposaresno or jemMara 3a MOJTHIANTE HOJLYdYaBaME
RT/(I — Ja.p f(z,y) dxdy, ¢ koero pasencrsoro [, o f(z,y) dedy =

Ja I(x) dz e nokasano. ]

,Z[oxaaaTeJICTBo Ha Tpy/JHATa 4acT Ha TeopeMma 2. B ofmmus ciyqaii Teope-
MaTa Ce HyXKJae OT M3BECTHO DAa3sCHEeHME. 3a BCIKA CTOHHOCT HAa & € A CbIIeCTByBAT
JIOJIHUSIT ¥ TOPHUST WHTErpasl B CMUCHI Ha Japby ot dyukimsTa f(x,y), pasriexgaHa
karo GyHKIUA Ha y BbpXy B; o3HauaBame ru chorsetno ¢ I(x) u ¢ I(z). 3a Besko x e
u3MbaHEHO HepasencToTo I(x) < I(x). lenra e ma mokaskem, de:

1/ pasenctsoro [(x) = I(x) e U3MHIHEHO MOYTH HABCAKDIE, T.e. MHOXKeCTBOTO F
ot Toukn x takusa, ue I(x) < I(), e npenebpexxuMo B cMuCHT Ha Jleber, u

2/ ako upoabizkuM (yukuusra I(x), nebunupana egnosnadno sbpxy A \ F, 1o
[POM3BOJIEH HAMUH B"bpxy F, raka uwe I(z) < I(z) < I(x)", To e BAPHO PABEHCTROTO
Jaxe f(@,y) dady = [, I(x) dx.

JokazaTencTBoTo HaA 06LuaTa dopma Ha TeopemaTa € OJM3KO IO Uesd /10 J0Ka3a-
TEJICTBOTO HA Kpurepusd Ha Jleber, naeno B npeauus naparpad. U tyk, 3a ga noggepraem
OCHOBHATA UJesl, I TIPOBEIEM JOKA3aTEeJICTBOTO B Cydas, koraro A u B ca unrepsaiu
BbpXy IIpaBaTa; MHOIOMEPHUs CJIydail uaeiiHO HE Ce Pa3/IndaBa OT €IHOMEDHHUS.

Heka A = [a,b], B = [¢,d]. Ile ca uu mHEoOxomuMu pepunu OT pa3buBaHus T, HA
A un 7/ ma B rakuBa, ue 7{ < 74 < ..., 7/ < 74 < ..., diam7, — 0, diam7]/ — 0.
Te ce KOHCTPYUPAT KAKTO B IPEIHUS Haparpa(b, KaTo pa3buBaHe HA 2" pAaBHU YaCTH;

b—a)(i—1 b .
7/, ce jaBa ¢ unrepsamuTe Af = {a 4 )l gy a)l}, i=0,...2" a7/ -cun-

Tepsanute A}, = [c + (dfc)(jfl) ,c+ (dfc)]} j =0,...2" Kakro no-rope, BbBexKJIaMe

pazbmBaneTo 7, = 7, X 7, Ha A X B, onpeneseno oT npapobrbaannuTe A x A7, Jla

O3HAYUM C mg ; ), M (] ") CHLOTBETHO TOMHATA JOIHA I TOTHATA ropHa TPaHuIa Ha, QyHKI-
ara f(z,y) Bbpxy muomectsoto A; , x A7, . Ille nedunnpame n-tata nonna Gynknna

Sn(x), u n-tara ropHa dyukuusa S, (z) Bbpxy A ¢ dbopmysure:

)= () e (o S 250

*
ToBa M3MCKBaHe € ChIIECTBEHO - BUXK 3aada 3.
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on
5u(e) = 3 MG (AL, ) sm € (o 40y o]
j=1
Tyk sp(x) u Sp(z) ca crounanoBuanu QyHkuuu. JlecHo ce BUKIa,9€ 3a BCAKO
2 QYHKIMOHAIHUTE CTOWHOCTH Sy, () 06pa3yBaT MOHOTOHHO PAcTAlIa Peula, a S, (x) -
MOHOTOHHO HaMaJIgBaIna. JIeCHO ce BU2Ka CbIIO, Y€ 34 BCAKO Tg € A, KOETO HE € JeIAIa
TOYKA, HIMAME

sn(20) < s (f(wo,y)) < L(wo) < I(zo) < S (f(w0,y)) < Sn(zo)

(mokazkere TOBa, KATO HANUILETE NOAPOOHO MasikuTe u rojsemu cymu Ha Japby 3a GyHK-
musaTa #Ha Y f(xo,y), ChoTBeTCTBAIN Ha pasbusanero 7., ). CremoBaTesHo, ako 3a HIAKOE
xo € A 3uaewm, ue S, (z9) — sn(zo) — 0, ro dyukuusara f(xo,y) e uarerpyema 1o y, r.e.
Zo ¢ F.

HemnocpeacrBeHo ce JJOKa3BaT paBeHCTBATA

[ sy da = s 0. [ Su(a) do = 50.(7),

Ha osnauum @, (x) = S, () — s, (x); Tbii kKaTo M0 npemonoxkenue f(x,y) e uHTErpyeMa
Bppxy A x B, 10 | A Pn(z) dv — 0, m copes; ocHOBHaTa JleMa OT NpeiHus naparpad
MHOKECTBOTO OT TOYKH I, 33 KOUTO ©,(ZT) HE KIOHM KbM HyJd, € LIPEeHeOPEKUMO 110
JleGer. KakTo Gerte oTGesisi3aH0 MPean MasKo, ako 3a HsIKoe o dbyHkuusTa f(xg,y) He e
UHTErpyema 1o Y, T0O ¢n, (o) He MOXKe 13 KIoHU KbM Hysna. Clie0BaTeIHO MHOKECTBOTO
F or onesu x, 3a xouto f(x,y) He € mHTErpyeMa no y, e nperebpexkumo 1o Jleber, T.e.
rTouka 1/ e mokazaua.
Hokazarencrso na 2/. 3a Bciako ¢ € A joKazaxMe HEPABEHCTBATA

sn(z) < I(z) < I(z) < I(z) < Sp(2),

OTK'BIETO CJIEJIBA, Y€

n CJIea0BaTETHO
57, (f) < s7.(1) < Sor (1) < 57, (f).
TBbpaeHneTO ce MOydaBa Ipe3 TPAHUTECH MIPEXOI, IO N.

IIpecmsaTane Ha aBymepHuTte mHTErpaau. Ille mokaxkem Kak Te-
opemarta Ha PyOuHU ce mpmaara BbB BayKHUTE 3a HAC CAydYad Ha pa3Mep-
wHoct 2 u 3. Heka f(z,y) e dyHKIus, nHTErpyeMa BbPXY MPABOBI'bJIHHKA,
A = [a,b] x [¢,d]. Torasa noxyuabame

Teopema 3.

J[ 1t dody - /b /d f(e.y) dy | dz.
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Pazbupa ce, u TyK uHTErpupaHudTa 10 T U Y MOraT Jia ObJar pazMe-
HEeHH.

[To-unTepecen e ciaydadar, Koraro (yHKIULATa € JedpUHAPAHA BHPXY
MHOKECTBO € To-cj10kHa popma. Ile npecmerneM nnrerpasa, ako jehbunu-
IHOHHATA 00J1aCT HA (DYHKIUITA € KPUBOJUHEHHUAT Tpamet D, ¢heTosI ce
OT BCHYKH TOYKH (,y) B paBHHHATA, 3a KOUTO T € [a,b] n p(x) <y < i(x).
Tyk ¢(z) u 1(x) ca HenpexkbcHaTH DYHKIMH B HHTEpBana |a, b] Takusa, de
o(x) < () 3a Besko x. Heka f(x,y) e unrerpyema supxy D.

Teopema 4.

J[ st dzay - /b 7)f<x,y> dy | do.

a  \p(z)
Hoxkazarenctso. Crnopen cnenuannara gedpMHANNA HA JBONHHU HH-
TerpaJ, TpsibBa na m3bepem mpaBobI'baHHK A = [a,b] X [¢,d], koiiTo na
cbabpzxa D. (ToBa e usmbianeno, ako ¢ < min¢(x) u d > max1(z)). Heka

f(z,y) na o3HauaBa npoabaxKennero Ha f(z,y) BbPXyY 1100 A, pABHO HA
ayaa Bbpxy A\ D. o nedunnums nvame

J[ st dudy = [[ Favy) dody -

=/ /df(m,y)dy dw:/ T)f(%y)dy dz,

a a  \p(z)

Thil KaTo npu Besiko = dbyuknusara f(z,y) e paBHa Ha HyJa B HHTEPBAJIUTE
[e; ()] m [¥(x), d]. u

ITpumep. /la npecmernem jiunero Ha Kpbra Dy ¢ eHTHP B HAYAIOTO
Ha KOOpJAUHATHUTe U paauyc R. Imame mpeacTaBsaHeTO

D= {@’y) —R<e<R-VR-2"<y< \/R2—9E2},
U CJIeJOBATEIHO 110 TopHaTa popmy/ia

VR2—gx2

R R
M(DR)://ldxdy:/ / dy dx:2/\/R2—:c2 dzx.
Dg “R -R

VRT %
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[TocaenusaT nnTerpaJ ce pemasa 4pe3 cyocrurynuara © = Rsint, oTkbe-
TO

w/2 /2
p(Dg) = 2R? / cos’t dt = R? / (1+cos2t) dt = TR
—7/2 —7/2

ITpecmgaTane Ha TpuMepHHUTEe WuUHTErpajau. Ao QYHKIUATA
f(z,y,2) e nedurUpana U UHTErpyeMa BbPXY MPABOBI'bJIHIS MapaIeIelt-
neg A = [a,b] x [¢,d] X [e, f], To or Teopemara Ha PyOuHU HOTYyIaBaMe

///A f(x,y,2) d:cdydz—/b /d /ff(x,y, ) dz | dy | dx.

3a J1a MOKEM /14 IIpecMATaMe TPUMEPHE HHTEIPAJIN BbPXY IO0-CI0KHA
burypu, Tpabea 1a BbBeJeM TPUMEpPEeH aHAIOT Ha MOHATHETO KPUBOJNHEEH
Tpamer;

Hedununua. Hexa e 0adenomo usamepumomo u 3ameopeno MHONCEC-
meo D & pasnunama Oxy, u nexa o(x,y), Y(z,y) ca dse dynkyuu, dedu-
nuparu u wenpekscramu espry D, 3a xoumo 6se ecaka mouka (x,y) e
usnsanerno o(x,y) < Y(x,y). Toeasa nod xpusosuneen yusundsp ¢ 0CHO-

6a D, 3adaden upes dynxyuume p u 1), we pasbupame masomo V C R,
ONPEDEAEHO C YCAOBUAMG

V ={(z,y,2) : (z,9) € D,p(z,y) < 2 < ¢Y(z,y)}.

JIema 5. Muooicecmeomo V e usamepumo nodmmoscecmso na R,

HoxkazarenctBo. Ille gokaxkem, ge KOHTYpHT OV Ha MHOXKECTBOTO
V e npenebpesknmo 1o Ieano-2Kopnas nomvuoxectso Ha R®. Konrypbr
bV ce cbcrom TpH HacTH: JOJIHA OCHOBa, ChBIjama ¢ rpadgpukara ', Ha
dbynknugra ¢, ropHa ocHOBa, ¢bBHaJaIa ¢ Iy, 1 OKOJHA HOBBPXHOCT S,
3a/1a/IeHa KaTO

S={(z,y,2): (x,y) € bD, p(z,y) < 2 <P(z,y)} .

QakTbT, Ye rpaduKkaTa Ha HelpeK'bCcHaTa (DYHKIUSA HA JIBE MPOMEH-
quBu e npenebpexxkuma no Ileano-zZKopaan, ce jokazsa 1o cbilusgd HaYWH,
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KakTO 1 3a DYyHKIWMs Ha enHa npoMenansa (Buxk Jema 4 or §1). Ocrasa ja
nokarkeMm nperebpexknmocTTa Ha S. /la n3bepem koHCTaHTH €, [ TakmBa, de

e < ming(r,y) u f > max(r,y)

U eJleMEeHTapHO NOJAMHO}KecTBO E Ha pasHuHara Takosa, ye bD C E u
uw(E) < e. Toraa S C E x [e, f] u cienosarenno p*(S) < u(E x [e, f]) <
e(f —e), me. Moke Ja Oblie HAIPaBEHA TPOU3BOJIHO MAJIKA. [ |
Heka f(x,y,z) e dyukius, narerpyema Bbpxy V. TpumepHusT ana-
JIOT Ha TeopeMa 4 e:
Teopema 6.

(z,y)
// flz,y,z dxdydz—// /fxy, dz | dxdy.
(z.y)

Hokazarencrso. Heka A = [a, b] X [c,d] e mpaBOBI'BIHUK B paB-
auHaTa Oy, CbIbLPZKAIL MHOKECTBOTO D, n HeKa KOHCTAHTHUTE e, [ ca u3-
Opannm KakTO B IpeaHara Jema. lorasa HPABOBIbIHUAT NADPAJIEIONHIE]
A = A X e, f] ecbabpxka tanoto V. Heka f(x,y,2) e npobixKeHHeTO Ha
f(z,y,z) BBPXY 1SLTOTO A ¢ niynesn croftmoctn m3ba V. Torasa nvame

// f(x,y, z) dedydz = // flx,y, 2) dedydz =
M A
(z,y)

!
:/A/ e/f(a:,y,z) dz d$dy—// / (x,y,2) dz | dzdy.
|

IIpumep. la npecmerrem JnieTo Ha Kba00To Bi ¢ meHTHp B Hada-
JIOTO Ha KOOpAMHATUTE U paauyc R. Imame mpepcTaBaneTo

Br={(2..2): (r.y) € DI~ P <2 < VI -2}

U CJIeJ0BATEHO 10 TopHaTa dhopmysia

,u(BR):///ldmlydz:Q/ VR? — 2?2 — 2 dady =
BR DR
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R VR2—z2
:2/ / VR?— 2?2 —y?dy | de.
-R \_VRZ=z?

B nocieanudaT HHTErpas 12 03HAYHM BpeMeHHo a = v/ R2 — x2; KaKTo
a
pecMerHaxMe Majko no-rope, [ \/a? —y? dy = ma®/2 u ciepoBareno

R
4 .
M(BR) = 7T/ (R2 — [Ez) dr = §7TR3.
—R

YnpakHeHud.

1. /lokazkere jiema 1 or maparpada.

VYobrBaHe. Heka Eq u Es, chorBeto Fq u Fs, ca eremenTapun MHO-
xecrBa B R”, cvorserno B R¥, rakusa, ve E; ¢ A ¢ Eo, F; ¢ B C F,.
Torapa E; x Fi, Ey x Fy ca cbiio ereMeHTapHn MHOXKECTBA B R"M, n
E, xF; C A xB C Ey x Fy. U3Benere ot TykK, ye A X B e uzmepumo u
1(A x B) = u(A).u(B)

2. (ITpumep Ha bYHKIHMSI, 38 KOATO ChINECTBYBAT MOBTOPHUTE HHTEr-
paJii, HO He C'bIIECTBYBA JIBOWHUAT. )

Jla o3Haunm ¢ A MHOXKECTBOTO OT BCHUYKH TOYKH B KBajapata [0, 1] X
[0,1] or Buna (35, 5 ), kbaero k u [ ca nevernn nesn uncaa nn = 1,2,.. ..
Hokazkete, 4e

1/ MHOXKeCTBOTO A e HaBCSAKbJE I'bCTO B KBAJPaTa, T.e BCSIKa TOYKA
OT KBaJpaTa MOXKe Jla Ce TPeJCTaBu KaTo IPAHUIa Ha TOYKH OT A (eKBH-
BAJIEHTHO: BCEKH MPABOBI'bIHUK ChIbprKa MOHE eJHa Touka oT A).

2/ BCIKA BEPTHKAJIHA WM XOPU3OHTATHA PABA CbIbPIKA CAMO KPAeH
Opoit Toukn oT A.

Ha oznaunm ¢ f(x,y) bynkuudara, papaa Ha 1 BbpXy TOUKHTE OT A, I
Ha HyJIa BbPXY TOUYKUTE OT KBaJpaTa, He npuHaaexkamu Ha A. JTokazxkere
Karo ciaeacrsue or 1/, we f(x,y) He e mHTerpyeMa BbLPXY KBajpara. Ot
JpyTa cTpaHa, HOKazkeTe KaTo CJeJCTBHE OT 2/, ¥e 3a BCEKH o, Yo € [0, 1]
MHTEerpaJnTe fol f(xo,y)dy, fol f(x,yo)dx chluecTBYBAT U Ca paBHU Ha HyJIA,
T.€ W JBATa IMOBTOPHU MHTETPAJN CHIIECTBYBAT.
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3. Ilpu jmokazare/icTBOTO Ha BTOpaTa dacT Ha TeopeMara na Pydunun
6eme nokazano, e [(r) = I(x) mouTn HaBcarbae. 3a aa ce ocmucau (bop-
MyJIaTa 33 PABEHCTBO MeXK/y IOBTOPHUS M JIBOMHUS MHTErpas, (OyHKIHITA
I(x) TpaGBa Ja ce NPOIbIZKE BbPXY OCTABAIIOTO (IPEHEOPEKUMO B CMHUCHII
na JleGer) muoxecrBo. [lo-HaraTbk Gere qoKa3aHo, de ako Ha [ (z) ce nase
LPOU3BO/IHA CTORHOCT B MHTEPBAJIA, [l(a:)j(x)}, TO HoJLydeHaTa (PYHKIMS €
HHTErpyeMa W PaBEeHCTBOTO OT TeopeMara e u3mbjaneHo. CieaBamuar mpu-
Mep TIoKa3Ba, de ako m3bepem [ () W3BBH TO3M MHTEpBaa (HAPUMED aKO
nosioxkuM mpocto I(z) = 0), puckyBaMe Jia MOJTy9IdM HenHTerpyema QyHK-
1y,

Heka Bpemenno ja o3naunm ¢ () dyaknusara na Puman B [0, 1], T.e.
¢(z) = 0 3a x upannonasHo u ¢(xr) = 1/q, ako x e paBHO Ha HECbKPATHMATA,
1pob p/q. Heka ¢(x) na o3nagaBa dynkunusara Ha /lupuxje, paBHa Ha HYyJIa
B UPANUOHAJTHATE M HA €JIUHHUNA B pPAIMOHAJHUTE TOYKH, M, HAKpad, Ja
O3HAYUM

flz,y) =1 —o(x)d(y).

Heka, kaxto no-rope, I(x), I(x) na o3HagaBaT CHOTBETHO TOJHHUS U TOPHUS
unTerpas ot f(x,y) Karo QyHKIHM Ha Y.

1/ Iokaxkere, de 3a HpPAIMOHATHU CTOHHOCTH Ha T uMmame [(z) =
I(z) = 1, a 3a 2 = p/q (mecbkparuma) e msmbaneno [(x) = 1 — 1/g,
I(z) = 1.

2/ Tokazkere, e ako 3a parponasanu x gedbunnpame I (z) = 0, o Taka
npombizkenara dyukiys [(x) He e mHTErpyema (T ¢bBHaga ¢ QYHKIHATA,

1 —1(x)).
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2.6 CwmgHa HA TPOMEHJINBUTE B MHOTOMEPHUTE
VMHTErpaJin

Karo Havaso Ime cu NPUIOMHUM CHTBETHATA TEOPEMa B €JIHOMEDHH CJIy-
qaii. Heka f(z) e nedunupana u uaTerpyema 3a x € [a, b], u neka o(t) e ej-
HOKPATHO IJIaJIKa B uHTepBana |a, 3] (wmu [5, a]), kato p(a) = a, ¢(B) = b.
Torasa

b B
/ f(z) d = / S () (8) dt.

Heka ce ommrame ja ocmucauMm Tasu (HopMysa B YaCTHHL CIIydail
Ha MOHOTOHHO pactsima ¢(t). Heka o = ¢y < ... < t, = [ e pa3buba-
He Ha [a, 8], u Heka ToukuTE T; = (t;) JAa JABAT CHOTBETHOTO pa3bHBa-
He Ha uHTepBaJa [a,b]. ITo Teopemara 3a KpaiiHuTe HApACTBAHUS MMaMe
v, — ximy = ¢'(n;) 32 momxonsamo 1; € (ti—y,t;). da momoxum & = ¢ (n;).
Karo usnosssaMe TeopeMara 3a KpaiiHUTe HapaCTBAHUs, HOJIydaBaMe

Z (&) (zi—xi1) = Z f (o) (p(t:) — p(ti1)) =

= > F(em)) ¢/ (m) (1 — i)

JIsgBara cyma KJIOHHI K'bM JIEBUS HHTEIPAJI BbB (POPMYJIaTa 3a CMsIHA Ha ITPO-
MEHJIMBUTE, a JIACHATA CYMa - K'bM JIECHUS uHTerpa. Taka Hue mojydaBame
JIPYIO JOKa3aTeJCTBO Ha hopMyJaTa.

Makap u O-CJI0KHO OT CTaHIAPTHOTO, TOBA J0KA3ATE/ICTBO UMA [IPEeU-
MYHOIECTBOTO, Y€ HU IMOKa3Ba OT K'bJe C€ B3€Ma AON'bJHUTCTHUAT MHOXKHUTEJI
¢/(t) B mHTErpaia OTJAACHO; TO3U MHOXKHUTEJ TTOKA3BA KOJKO IbTH JhJIZKH-
HATa HA CHOTBETHHUs HOJUHTEPBAJ Ce pacTara (WM CBHBA) CJIe]] IpUIaraHe
Ha dynkuuara o(t). EcrectBeno e na ce 3aajie CbIus BbIPOC, KOIATO
BMecTo dyHkiuaTa @(t) umame npeodpazosanue or R" B R" 3ajaueno ¢
n GYHKIUN Ha N TPOMEHJINBHU; OKa3Ba ce, 4e B TO3W CJydail CbOTBETHHAT
"KoedurnueHT Ha paszTarae Ha obema' ce ompenesst 0T GYHKUUOHAAHAING
demepmunarma (MIu sKOOUAHA) HA CHOTBETHOTO H300pazkenue (Buxk §1.4).

Ornagajo me npunoMHuM Hsikon noHsTus. Heka D e mamepumo u
3aTBOPEHO MoAMHOKecTBO HA R" ¢ Koopauuatu t = (t1,...,t,), u Heka O(t)
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e uzobpaxkenune Ha D B R", 3amaneno ¢ ¢popmysure

iL’l:g01<t1,...,tn),...,xn:@n(tl,...,tn).

[ITe ka3Bame, ye P e eTHOKPATHO IVIAJKO, aKO (DYHKIUUTE Q1,..., P, CE
npojbizKaBaT B HakakBa okoyHocT U Ha D, nudepennupyemu ca B U u
IPUTEKABAT HEIPEKbCHATH IIbPBH HPOM3BOAHU. /la cM TPUIOMHHM OIIpe-
JeserusiTa ot §1.4: TOm MAaTpUYHA MPOU3BOAHA Ha m300pakennero P(t) B
TouxaTa tV me pazbupame MaTPUIIATA

9 9 0
G @) gRE) . ()
, 92 (40)  9ez (40 9p2 (40
Dq)(tO):{asoz(to} I G- GO N ()
at] 7,:1’:':; 8'..0 6...0 e 8...0
Gen (10) Den (10) .. Dem (40)

[Ton dyHKIMOHANHA JeTepMUHAHTa, Win skobnaH, Ha P(t) B Toukara
t°, me pazbupaMe IHCIOTO

To(t%) = %(E’;:::::i’;) (1) = det (D9 (1)).

B §1.4, Teopema 5, Gerte m0Ka3aHO OCHOBHOTO CBOWCTBO Ha (DYHKIIH-
OHAJIHUTE JleTepMUHAHTH: (DYHKIUOHAIHATA JeTePMUHAHTA HA ITPOU3BEIC-
HHETO Ha JBe M300pakeHUs € paBHA Ha MPOU3BEJICHUETO HA TAXHHUTE (DYH-

KIXOHAJIHN AC€TEPMUHAHTH. B HallUTEe O3Ha4YCHHA TO MOZKE Ja CE HallUIIe
KaTO
Juoa(t) = Ju(P(t)).Jo(t).

[Ile HAIOMHWM ¥ TeopeMara 3a O0PATHOTO w300paykeHue (BUXK Teo-
pema 7 or §1.8 u 3abenexkara cien Hes): Ako @ : D — E = ®(D) e
B3aMMHO €IHO3HAYHO, eIHOKPATHO riiaako, u Jo(t) # 0 3a Bearo t € D
(B TakbB Cayudail kazame, ye O e peryssipHO), TO 06PATHOTO H306parKEeHIe
U= (®)':E = D e cbmp exnokparno raagxo, u Jy(z) = (Jo(¥(z))) ",

Cera mozkeM Ja hopMyIupaMe OCHOBHATA TeopeMa Ha TO3H maparpad.

Teopema 3a cMgHa HA NPOMEHJUBUTE B MHOTOMEPHUTE WH-
terpanu. Heka, xaxmo no-zope, ® : D — E e pezyaapno usobpasrcenue,
u nexa f(x) = f(x1,...,2,) e unmeepyema dynryus sspry E. Toeasa e 6
CUAG PABEHCTEOMO

/E f(z) dzy .. . dx, = /D (@) | Jo(0)] ... dt.
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3abeaerkka. YuraresrsaT Mozxke 61 3abe/1s13Ba, 1e MHOroMepHaTa, pop-
MyJIa ce pa3mdaBa oT eTHOMepHaTa. HancTuna, B exHOMepHUS cIydail hyH-
KIMOHAJIHATA JeTEPMUHAHTA ChBIA/a C MPOU3BOHATA HA (DYHKIUATA, HO
B W3BecTHaTa HU (opMyJia Ts He e TOoJ 3HaKa Ha Mmoay/ia. Paznukara He e
caydaitna. B exHoMepHus ciydait MOIyIbT MOxKe Jia Obje u30ArHaT, Tbil
KATO TaM € BDbBEJICHO MOHATHETO OPUCHMUPAH UHMEZPaN, WX UHTEIPAJL C
pasmenenu rpanuny (Buxk Konsenyuama ot §4.2 Ha yacrt I). B MuOrOMep-
HUS cJIydail ToBa ChIO MOXKe ja Ob/ie HAllpaBeHO, HO U3WCKBA, 10-CEPUO3HH
CpeJCTBa, BKJAIOYUTEIHO anapara Ha T. Hap. gudepennuainn popmu. Tezu
cpeacTBa Ie ObJe U3J0KeH B CJe[BAIUTe YacTH Ha YIeOHUKA.

Ako B3emeM f(Z) Ja € ThKIECTBEHO €JIMHUIA, TO KATO YaCTeH CJIydaii
Ha TeopeMaTra MOJIydaBaMe PaBeHCTBOTO

§(®(D)) = /D Jo(®)] dts ... dt, = | Jo(P)) u(D)

3a nojaxondma touka P € D. OTTyk ce BHXKIa H F€OMETPHYHUSAT CMUCHI
Ha sikOOMaHa karo orHomenue Ha obemure na ¢(D) u D.

OkasBa ce, 4e IPHU JOKA3aTeJCTBOTO HA TeopeMaTa e YJI0OHO Ja ce
3aI0YHe MMEHHO ¢ TOBA.

I1le xa3Bame, de pegurara or MHOKecTBa { D) } KJIOHE KbM TOYKaTa
Py, ako

T = sup 0(Q, o) —rsoo= 0.
QeDy
C apyru aymu, maokecTBaTa Dy ce chabpkar B Kbjaba B(Fy, ) ¢ IeHTHD
Py u pajuycu rp, — 0.
OcHoBHATA TeXKeCT Ha JI0KA3aTeJICTBOTO Ce II0eMa, OT CJIeIHOTO TBbP-
JeHue:

OcuosHa aema (cnab Bapmanr). Hexa Dy, k = 1,2,..., e peduua
0T USMEPUMU MHONHCECTNEA, KAOHAUA KoM mouwkama Py. Tozasa
. ¢(Dy
lim AOD) gy

1(Dy,)
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Tosa TBbpjEHKE HE € JOCTATBIHO CUJIHO: HEODXOMMO € jla 3HaeM, Je
Ta3uW CXOAUMOCT € paBHOMEpHa 1o Toukara Fy. V3mbineHo e u cieaHoTo,
[IO-CHJTHO TBBbPIACHUE:

OcHoBHa Jgema (cusen BapuanT). 3a 6cako € > 0 cswecmeysa
0 > 0, maxa we 3a ecarxo usmepumo D' C D ¢ diamD’ < § u 3a scaxa
mouxa Q € D' e usnsaneno

p (@ (D))

[ (D,) - |‘]‘I> (Q)| <ée.

Te3u nBa BapmaHTa Ha OCHOBHATA JeMa Ie ObIAT JAOKA3AHU TIO-
Ha/I0JTy, HO Hail-HampeJ Ie MOoKayKeM, de TeopeMaTa 3a CMAHa Ha TPOMEH-
JINBUATE CJIE/IBA JIECHO OT CHJIHUS BapPUAHT:

JlokazaTeJCTBO HA TeopemMarTra KaTo CJE€ACTBHE OT OCHOBHATA
aema. Heka 7 : D = UleDZ- e TMPOM3BOJTHO H3MepuMO paszbuBane Ha D,
u nexka E; = ®(D;)"; rorasa 7 : E = UY_|E; e usmepumo paséusane na
E = & (D). Ta u36epem 1o egna touka (Q; € D;, u vexka P, = ¢ (Q;) € E;.
Jla o6pasyBamMe CbOTBETHHTE PUMAHOBU CyMHU

k

k
R; = Zf (P)p(E) 1 Re=Y f(®(Q)) e (Qi)| (D).

i=1

Axo diam7 — 0, o u diam7 — 0, u o JgeduHUIEA TMaMe

lim R;:/f(x) dzy ...dx,,
E

diam 7—o0

lim R, /f D ()] dt ... dt,

diam r—o0
Heka cera uzbepem mpousBosHo € > 0, Heka d > 0 e u30paHO KAKTO B
OoCHOBHaTa Jema, n Heka diam 7 < 0. Heka C' 1a e enHa ropHa rpaHuia 3a

| f(x)|. Torasa

|R7 — R|<Z|f | | (Bi) — [ o (Qi)| 1 (D) =

*
Qaxrbt, ue E; ca cbio udmepumu, 1me ObIe T0Ka3aH TO-I0JTY.
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k
SLITL

k
L 1@l (D) < C 3 (D) = Ce()

u cjaeJoBaTeITHO

lim |Rr—R,;|=0,

diam r—o0

OTK'bJIETO CJIe/JBa PABEHCTBOTO MEXKy MHTEI'DAJIUTE. [ |

[pesu fa IpeMUHEM K'bM J0Ka3aTeJICTBOTO Ha OCHOBHATA, JIEMa, IIe Ce
OlMuTaMe Ja 4 OHalrJIeJIUM B ,ZLByMepHI/IH Cﬂyqaﬁ 1 Ja ITOKazKeM 3alll0 UMEHHO
AKOOHAHBT JaBa OTHOIICHHETO Mexkay obemure. TpbreBaMe oT ejeMeHTap-
HaTa (OpMy/a 3a JHUIE Ha YCIOpPEeIHHK, HOPOJeH OT JBa BeKTopa. Heka
a=(ay,as) u b= (b1, bs) ca jiBa BeKTOpa B PABHUHATA; TOrABA JIUIETO S HA
YCIIOPEIHUKA, TTOCTPOEH BbPXY TAX, € PABHO HA

= N a) Q9
S—‘axb —‘ b by ‘
Vork D © .
D,

VOWA\ B

L A

| |

Uo U0+h

O6pa3 ma nmpaBobrbaHUKa A upe3 u3obparkennero O

Heka ® e u306pazkeHneTo HA paBHUHATA ¢ KOOPJAMHATH (U, V) B DABHH-
HATA ¢ KOOpAuHATH (T,Y), 331a/eHo0 ¢ ypaBuenus ¢ = x(u,v), y = y(u,v).
Heka A e mpaBobrbauuk ¢ BbpxoBe A = (ug,vg), B = (ug + h,vp),
C = (up+ h,vg + k), D = (ug,vo + k), u(A) = hk. Jla o3Ha4nM TIXHUTE
obpasu upe3z & ¢ A = ®(A), B; = ®(B) u 1.u. Torasa ogeBunno durypara
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®(A) e Gimska 10 yCHOpEJHUKA, HOCTPOeH BbpXy BekTopure AjBy, AyD;
(Brmk uweprexka). [To Teopemara 3a KpaffHuTe HapaCcTBaHUS KMaMe

Al@l = (37(“0 + h,vo) — x(uo, vo), y(uo + hﬂ’o) - y(“o;%)) =
= h (z},(uo + 01h, vo), Yy, (uo + O2h, vp))
U aHAJOTUYHO
Albl - (I’(Um Vo + k) - I(Uo, UO): y(u07 Vo + k) - y(“o: UO)) =

=k ('xi}(u(ﬁ Vo + 63k)7 y:;(u07 vy + 94k)) .

Orryk npu h u k MaJku mojgydaBamMe TpuOan3uTesHara (popmysia

:

M(CI)(A)) ~ ‘A{Bl X Al_bl

7, (o, vo) Yy, (uo, vo) hk
(w0, vo) ¥, (o, vo) ’

OTKW@@ @, (w0, vo) ¥l (o, vo) ‘ ‘: ‘D(x,y) (o, v0)|
(D) (o, v0) ¥, (o, vo) D(u,v) "

AnajiornvyHa e KapTUHATA W 33 MO-BUCOKUTE PA3ZMEPHOCTH.

Karo koHKperHu npumepy iue pasriejame nosspuara (B R?) u cde-
puunara (B Rg) cMmenn Ha koopauaaTute, Bbeenenn B §1.9. Heka D e nmpaso-
bI'bJAHUK B paBHuHaTa (p,0): D = [p, p+ Ap] x [0, 0+ Ab], u ® e nossipHOTO
npeobpasoBanue, 3a7ajieHo ¢ dopmyaure r = pcosl, y = psinf. Torasa
muoxkecTBoro E = (D) mpeacrasisia cektop ¢ brba Af, u3psizan ot
KPDBIOB MPBCTEH, HAMHUPAIIT C€ MEXKIY JIBE OKPBXKHOCTU ¢ MEHTHD HATATIOTO
u pajuycu cboTBeTHO p U p + Ap. Enemenrtapuara ¢gpopmysna 3a Jjnne Ha
takaBa dburypa (Ts e aHaJIOrHYHa Ha HOpMysaTa 3a JHIE HA TpArel) HU
JlaBa

Y. Ap)Ab A
n(E) = Ap (p i (p; 0) ) = Ap.A) (p + {) 7

OTK'bJETO

o PE) Ap\ _
Apl,lArg—)O w(D) Algo (p + 2 ) =P
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1.9 " D(z,y)
KOeTO C'bBIIaJa C IIpeCMeTHaTaTa B § .J CTOMHOCT Ha D(pb)

AHaIOrHYHO € MOJI0KEHUETO B TPUMEPHOTO HpocTpancTBo. Heka e a-
nena cdepa ¢ paguyc p, 1 F j1a e chepudausaT npaBobIbJIHUK, 3aTBOPEH
MeXKIy MepuauaHuTe ¢ "reorpadceka abaxuHa" cborBerHO 0 M 0 + A6, 1
napaJjeure ¢ "reorpadeka mupuna' cworBetHo ¢ u  + Ap. Toit kato
HapaJieJIuTe U MepUIHaHUTe Ce MPecuIaT 1MOJ, HPaBH bIIH, TO Julero Ha F
e UpUOIU3UTETHO PABHO HA HPOU3BEICHUETO HA JTHIKHHUTE HA JIBETE MY
CTPaHu, KOUTO €& JbIU OT OKPbKHOCTH. 3HAEM, Y€ BCUIKU MEPUIHAHU CA
OKPBAKHOCTH ¢ PAJNYC, paBEH HA paJinyca Ha cdepara p, a mapajerbT, OTro-
Bap«iy Ha "reorpadceka mupuna' Y, € OKPbKHOCT ¢ paguyc p.sin . OTTyK
oIy 4aBaMe

w(F) = (p.A0) (p.sin p.Ap) = p*sin p.Af. Ap.

Ako E e "crbatue" nan F ¢ Bucounna Ap, 1o u(E) = Ap.u(F). Axo o3na-
auM ¢ D mpaBObIbIHUAT TApPATeTeUIe]]

D = [p,p+ Ap] x [0,0 + AG] x [ip, 0 + Ap],

a ¢ e cdepuunoro npeobpazosanue, 1o ¢(D) cbBnaga ¢ muokecrBoTO E, 1
oJIyYyaBame
1(E)

- 7 — 243
Ap,Aé,rgga—m /L(D) P e,

KOETO OTHOBO CBLBIAJA ¢ H3BecTHaTa OT §1.9 (DyHKIMOHAIHA JeTepMUHAHTA
D(z,y, z)

D(p,0,¢)

loka3zarescTBO HAa OCHOBHATA Jjema. Il1edaTa Ha 10KA3aTEICTBOTO
e cJegHAaTa: IbPBO TBBPJAECHUETO Ce JTOKa3Ba 3a JUHEHHU n300payKeHus, u
CJIe/T TOBA JIOKATHO, B OJIM30CT 70 ajieHa TOYKA, JaJeHOTO N300paKeHue ce
AIPOKCUMUPA € HA-0JIM3KOTO /10 HEro JIMHEWHO, T.e. JIMHeHHOTO u300pazKe-
HHE, ONPEEJICHO OT MAaTPUIHATA ITPON3BOIHA B Ta3W TOYKA.

Hexka A = {a;;} =1 » e n x n-marpuna. Oraoso ¢ A : R" — R" me

Jj=1,...,n
O3HadaBaMe JIMHEHHOTO I/I306pa)K€HI/Ie7 olnpeJjgesjeno OT Ta3|l MaTpHlia:

n n
AKOI’:(l’l,...,I’n), T0 Ar = E 15T, ..., E Apj T
J=1

j=1



2.6. CMSHA HA IIPOMEHJ/INBUTE 215

ITle orbesiexkum, e byHKIMOHAIHATA JleTepMUHAHTA J4 HA TOBA U300~
payKeHue e KOHCTaHTa W ChBIIAIa ChC AeTepMUHAHTATA Ha A.

CiieiBaIoTo TBBHPEHNE TIOKa3Ba, Y€ OCHOBHATA JIEMa € B CHJIa 32 JIi-
Heitnn n3o0paykennsa. Heka A o3HauaBa obpaTnMa n X n-MaTpHIla, KAKTO H
OIIpeIeIEHOTO OT Hesl m3o0pazkenue Ha R B cebe cu.

JIlema 1. 3a ecakro usmepumo muoscecmso D C R™ umame

p(A(D)) = |det A (D).

JokazareacTBOTO Ha TO3U (DAKT € TeXHUIECKO U Ie O0bIe OTI0XKEHO
JIO Kpas Ha mnaparpada.

Babenexkka. (VIuBapumaHTHOCT HA MApKaTa M HMHTErpaJja mnpu
asmxkenus.) Kakro Gerre or6esszano B §1.1, noceramuara nedurnmms Ha
Mmgapka Ha [leano-2Kopaan u va uarerpas B R" ¢popmasino 3aBucu ot n3dbopa
Ha KOOPJMHATHATA CHCTEeMa B TOBa IpocTpaHcTBo. Cera Bede ce BHUK/IA,
Je TOBa He e Taka. Hamcruna, ako B3eMeM JBe Pa3JIUIHE OPTOHOPMHUPAHH
KoopauHaTHU cucreMu B R™, TO ¢hIecTBYBa OPTOrOHAJIHO MPEOOpa30BaHue,
IMIPpEeXBbLPJIAIINO BEKTOPUTE OT €dHaTa CHUCTeéMa BbB BEKTOPDUTE OT ApyTraTa.
Twit kKaTO MeTepMUHAHTATA HA €IHO OPTOTOHAJHO MPEe0OPA30BAHNE € PABHA
Ha 1 mam —1, To cnopen jieMa 1 MIpKaTa ocTaBa HHBapHAHTHA CIPAMO HETO.
CiegoBaTeIHO CBINOTO € B CUJIA U 3a HHTErpaJa.

3a ja ce mpoBeje NpOIEca Ha AlPOKCHMAIMsI, CIOMEHAT [10-Iope, €
y106HO 11a ce BbBejie B R" HopMa, pasiuuna or eBkiangoBara. [le nsnosnssa-
Me HopMaTa || P|| (exna or Hopmute, onucanu B §1.1). 3a P = (21,...,2,)
noJarame

1Pll = max [a].

*
[lle BbBeneM u chOTBeTHATA HOpMa ||A|| 3a Bedka n X n-MaTpuna

A:

n
4]l = max { D o
7j=1

*
3a 3ano3HaTUTE C HAKOM €1eMeHTH Ha (hyHKIUOHATHHS AHATM3 IIE OTOETEIKUM, 9€
aucsioro ||Al| e pasHo Ha HOpMaTa Ha JuHefiHUA onepatop A, jeficTBal B IPOCTPAHC-
n
tBoto R", cuabueno ¢ nopmara ||| .
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CaesHuTe TBHPACHUS CJACABAT HENOCPEJACTBEHO OT JepUHUIUNTE:

Jlema 2. 1/ 3a scakxa mampuya A u sexmop P € R" umame
1A Pl <Al [[Plls-

2/ Ba ecexu dse mampuyu A v B u A € R umanme ||A+ Bl| <
ANl + 1Bl IMAll = A Al 4Bl < AlL. - 1Bl

Heka, kakto mo-rope, D e wusmepumo wmuoxkecrso, u P(P) =
(p1(P),...on(P)) e peryaspuo nzobpaxenne, neduHUpaHo B okosHOCT U
Ha D. Cieapamara oneHKa e KJIIOYOBUS MOMEHT B JOKa3aTeJICTBOTO:

Jlema 3. Hexa ||D®(P)
UMEPUMO U

< C 3a scaxo P € U. Toeasa ®(D) e

oo

p(@(D)) < C"u(D).

HoxkazarenacTBo. OrHavdasio me J0KaKeM HePABEHCTBOTO
w(®(D)) < C"u(D), KoeTo mie U3BHLPIIAM HA HIKOJKO CTHIIKH B 3aBHCH-
MOCT OT Buja Ha D.

1/ II'bpBo 1me pasrirename caydast, Korato D e n-meper ky6. Ako 03-

maanm ¢ Py = (t9,...,t%) o3nauum nenTbpa Ha Kyba, a ¢ 2h - Tb/KHHATA
Ha crpanara My, 1o D ce ¢berou or Beuuku Touku P = (t1,...,1,) TakuBa,
we |t; — )| <hszai=1,...,n.

Yeqosuero ||[D®(P)]|.,

Besko P € U mvame )0 ‘% (P)) < C. Hexka cera P € D. Torasa o

MHOTOMEpHATa TeopeMa 3a KpailHuTe HapacTBaHus (Teopema 3 or §1.5) 3a
BCAKO ¢ = 1, ..., n noxydaBame, npu noaxozsino 6 € (0, 1):

< C o3Havapa, 9e 3a BCAKO ¢ OT 1 70 n U 3a

S (- 1) g% (Po+0(P — Ry)

j=1

lpi(P) — wi(Fo)| = <

n

Op;
Ot

(Po+0(P — PO))‘ < Ch,

J=1

koeto osHadaBa, de P(D) ce cwvabpka B KyO ¢ mentnp P(F) =
(01(FPo), -, on(Ry)) u abmkuna Ha crpanara 2Ch. OTTyK moJydaBame

p(@(D)) < (2Ch)" = C*(2h)" = C"u(D).
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2/ Heka cera D e npaBobrbien napasesnenuneq B R™. Ako bk~
HUTE Ha BCUYKHUTE MY CTPaHH Ca PAIMOHAJIHU 4ucjaa, To D Moxke mga Obie
pa3psizaH Ha KpaeH 6poil n-mepuu ky6ose. (Hauctuna, ako p1/q1, ..., pn/gn
ca JIbJIZKHHUTE HA CTPAHUTE, TO PA3PIA3BAHETO Ce MOJIydaBa, KATO Pa3/IeTuM
BCSIKA OT CTPAHWTE HA HOJUHTEPBAJHU C JbIKUHA 1/q ... q,.) [Ipuiaraiikn
3a BCAKa OT 4acTUTE Pe3y/rara OT TOYKa 1/, mojydaBamMe HEPABEHCTBOTO
p(®(D)) < C"u(D). 3a npoussojeH mapaJesenuies, HePABEHCTBOTO Ce
JIOKa3Ba ¢ TPAHWYEH TTPEXO/I.

3/ Heka cera D e efieMeHTapHO MHOYKECTBO, T.e. 00eIHHEHHEe HA KPAeH
Opoii HempecuJaIy ce MPaBObIbJIHN HapaJenenumneau. OTHOBO, TpuUIarai-
KM JIOKA3aHOTO HEPABEHCTBO 3a BCEKHM OT TsX, MOJIydaBaMe CbIOTO Hepa-
BeHCTBO 3a D.

4/ Heka D e uamepumo mMHO)KecTBO. [la m3bepem ereMeHTapHO MHO-
xkectBo E makoBa, v¢e D C E C U u p(E) < pu(D) + . Or nokasaHoto
[O-TOPE TOJIydaBamMe, e

pH(2(D)) < p(2(E)) < C"(W(D) +¢),

OTK'bJIETO UPE3 TPAHUYEH IIPEXOJ] 110 £ HOJIyYaBaMe UCKAHOTO HEPABEHCTRBO.

5/ Octasa na 3amenum roprarta Msapka p*(®(D)) ¢ u(®(D)), t.e ma
nokazxem, e ¢(D) e uamepmvo. Hancruna, D e usmepumo u ciie1oBaTeHO
nerosus KoHTyp bD e npenebpexum 1o Ileano-2Kopuan, t.e. p*(bD) = 0.
Or 3amava 5 va §1.2 ce Buxkaa, ge b(®(D)) = ®(bD). Ho or pesyarara na
MyHKT 3/, MPHJIOXKEH K'bM MHOzkecTBOTO bD, ciena, ve p*(®(bD)) = 0, T.e.
muOKecTBoTO P (D) e m3mepumo o Ileano-2KopaaH. |

Cera mMoxkeM Ja JTIOKazKeM OCHOBHATA JIEMA.
OcHoBHA njesd HA A0KAa3aTeJCTBOTO. a o3HaunM ¢ A oOpaTumara,
n X n-marpuna D®(FR), u neka ®(P) = A~! o ®(P). Torasa

lim D®(P) = DO(Py) =1,

P—FPy

KbjeTo [ e efuHUYHATA N X N MaTpHUIla. 3a HAC € BaXKHO IIPEeICTaBIHETO
D®(P) = Ao D®(P),

Karo Marpunara A we 3asucu ot P, a marpunara D®(P) e buiuska 10 e/u-
HUYHATA OKOJIO F.
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JlokazarejcTBO Ha cjaabug BapmaHT HA OCHOBHATA JeMa.

Heka Dy, £ = 1,2,..., e peuna Or U3MEPUMH MHOXKECTBA, KJIOHS-
mu kbM Py. C apyru aymu, D, C B(FPy,rg), rx — 0. Heka ¢ > 0. Ilpu
IOCTATBYHO TOJIeMH k 3a Bcaka Todka P € D, me numame

HDEIS(P)H <l+e.

o0

Caenosaresno 1o jiema 1 u geMa 3 3a 4OCTATBYHO rojieMu k mmaMme

p(@MDx) _ p(@Dw)) pAD) _ ) 4 ger 4],

p(Dy) U(A(Dk))' p(Dy)

OTK'BJETO CJIeJIBA, Y€

. ((®(Dy))
lim sup ————= < |[det A| = |Js(F)] .
sup FT < det A] = |a(R)
3a 1ma moxaxkeM OIleHKaTa B oOpaTHATa IOCOKa, IIIe pa3riegaMme odpar-
HOTO n300paKeHme
U= (®)"":E—=D,

KOETO, 110 TeopeMaTa 3a 00paTHOTO W300parkeHue, € ChINO PeryaspHo. AKo
QO = CD(PQ), TO .
Ju(Qo) = (Jo(F))

Ha oznaunm E; = &(Dy). Tlpmiaraiiku n0ka3aHOTO B IpeJHATA TOYKA
TBbpJeHNEe KbM m300paxkennero W n MmuoxkecrBara By, momyuaBame

lim sup M(Dk) = lim sup —M(\P(Ek))

S @@y Ry @

OTK'bJAETO

lim inf #(®(Dy)) = ! L

= >
k—oo  1i(Dy) lim sup N(”qf%k))) ~ Je(Qo)|
k—o0

= [Ja(F)] .

OT joka3zaHuTe HepaBeHCTBA, CJIeBa, de

lim sup —M(CD(Ek)) = lim inf —M((I)(Ek))

koo M(Eg) koo u(Ey) = [Jo(F)] -
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(D

Tosa o3nadaBa, de rpanuiara lim (el (¢(Dy))
k—o0 N(Dk)

| Ja(Fo)l- .

Jdoka3arejcTBO Ha CHJIHUS BApPWAaHT Ha OCHOBHATAa Jiema. lle
JIOKaZKeM, 9e CUJHAAT BApHAHT Ha OCHOBHATA JIeMa CJIeBa OT CJIabus, KATO
Ce M3M0/I3Ba KOMIAKTHOCTTA Ha MHOXKeCTBOTO D.

Crbnka 1. JlecHo ce Buik1a, 9e 3a Bcsako € > 0 u Py € D cbiecTByBa
0 = 0(P,,¢) TakoBa, 4e 3a BCAKO m3Mepumo mHoxkecrso D' C B(Fy, ) na

0 y 0
nMaMe )
peD)
S = | Ja(Po)
(D)
Haucruna, B nmpoTuBen cjydaii OMxMe UMaJId pejulia OT MHOxKecTBa Dy,
KJIOHSIIH KbM Fy, Taka de

‘U((D(Dk))
p(Dy)

KOeTO IPOTHBOPEYH Ha JOKA3aHOTO IIO-TOpE.

Crbuka 2. Tpsabsa una jokaxkem, ye qucioro d(Fy, £) moxke aa Obje
n36paHo He3aBHCHMO OT Fy. 3a Tas3u 1en, 3a Beako P € D na o3naunm ¢ Bp
OTBOPEHO K'bJIOO ¢ TeHTHp P TakoBa, e

CbIIECTBYBa U € paBHa Ha

< €.

- |J<I>(PO)| Z £,

o (D’
#(M(g)/))) —|Jo(P)|| < g/2

BCSIKO W3MEPUM p nMaM
1/ 3a BcsgKO U3Me o D' C Bp s1a umame

(BuK cTbIKA 1), 1
2/ 3a Besika Touka ) € Bp na umame |Jg(P) — Jo(Q)] < £/2.
Torasa 3a Bcaka Touka () € Bp n muoxecrso D' C Bp me umame

w(@(D"))
D) U@(Q)" <e.

Orsopenure muoxkecrsa Bp, P € D, obpa3yBar 0TBOPEHO MOKPHUTHE
HA KOMIIAKTHOTO MHOKeCTBO D. ChIecTByBa MOJOKHUTETHO TUCTIO ), HApE-
YeHO wucao Ha Jlebee Ha 1a€HOTO MOKPUTHE, TaKa Ye BCAKO Kbjbo B D ¢
paanyc, He HaIMHHABAIIL 0, Ce ChIbprKa B HAKOE OT OTBOPEHUTE MHOXKECTBA,
Bp — Bk 3a1. 6 or §1.3.

CaempoBarenno ako diam D’ < 6 u Q € D', ro D' C B(Q,0) C Bp 3a

u(®(D))
Sy @l <= n

HAKoe P, OTKbIeTO
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OcraBa 1a J0KaKeM OCHOBHATA JieMa 3a CJIydas Ha JIMHeHHU n300pa-
KeHundd.

Hoka3zarescrso Ha jema 1. Eno nHeitHo n3o6pazkenne A : R" —
R" 1mie HApuIaMe esemermapHo, aKo TO € OT €UH OT CJIeIBAIINTE TPH BUIA:

1/ A pasmecTBa MecTaTa Ha JiBe OT KOODJUHATUTE,

2/ A yMmHOXKaBa €JHO OT KOOpJAMHATHTE ¢ KOHCTaHTa A # 0: ako
Aty ... ty) = (x1,...,2p), TO T, = Ny u x; = t; upu i # k,

3/ A mpubaBsi KbM €JIHA OT KOODAWHATHTE JIPyTra KOOPAUHATA, YMHO-
JKeHa, ¢ YUCT0TO \: Xy =t + Ay u x; = t; upu i # k.

MarpunuTe, TOpazKIallll eJeMeHTAPHH H300paskeHus, Ie HapudaMme
eaemenmapru mampuyy (onumere ru!). B cayuanre 1/ u 3/ umame det A =
1, a B cayuaii 2/ - det A = A. I1le orGeexkum oriie, ge aKo e1HO H306parKeHne
e eJIeMeHTapHO, TO 1 00PATHOTO MY M300parKeHHUE € eJIeMEHTAPHO OT C'hIILHSI
BH/I.

Torapa snema 1 cenpa oT cieIHHTE IBE JIEMU:

Jlema 5. Beako esemenmapro usobpasicenue Yyoosaemeopasa Pasetc-
meomo om saema 1.

Jlema 6. Bcako obpamumo sunetino usobpasrcenue ce npedcmaess Ka-
MO NPOUIBEICHUE HA CAEMEHMADHU.

HoxkazarenctBo Ha jJeMa 5. /loctarbaHo e Jjia ce pa3rieja caydasd,
koraro D e mpaBobIbjieH napasesenunes, T.e. D = [a1,b1] X ... X [ay, by].
Toraea mpu esneMeHTapHu u300pakenust ot tui 1/ u 2/ obpasbr A(D) e
CBINO MPABOBI'BIHUK, KATO B I'LPBHAT CJIydail obeMbT ce 3ala3Ba, a BbB
BTODPHSI - ce YMHO)KaBa ¢ |A|. B rperusr cayuait, nanpumep npu k = 1,1 = 2,
A(D) e (mempaBobIbjieH) mapasefeluIes, KOfTo MOXKe Ja Ce MpeJCTaBH
KaTO KPUBOJIMHEEH IUIH/bD:

AD)={x = (z1,...,2,) ER" : (x9,...,2,) € [az,bo] X ... X [an,by,],

ar + Axg < 21 < by + Ao}

u or Teopema 3 Ha §5 ce Buxka, ye u(A(D)) = u(D). U B rpure ciyuas
PaBEeHCTBOTO OT JieMa 1 e yI0BJIeTBODEHO. |

HdokazarenctBo uHa jema 6. Heka A e oOpaTtuma n X n-MaTpHIa.
[Ile ce onmrame ja ¢ UpeBbpHEM B eluHU4YHATA Marpuna [, ymMHoxapaii-
KU OTJISIBO W OTJSCHO C eJeMeHTapHu Marpuim. ToBa 1me JoKazKke JieMa-
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Ta; HamcTuHa, ako mmame A;...A, A B;...B, = I, xbIero MaTpu-
mure Ay, ..., A, Bi,...,B, ca eleMeHTapHH, TO OT TyK Ile CJelaBa, de
A:Agl...Aleq_l...Bfl.

[le omummiem Kak geiictBa Ha MaTpuiara A yMHOXKABAHETO OTJIABO
U OTJSCHO C €JeMEeHTAPHU MATPHUIA. 3a eJeMEeHTAPHU MATPHUIU OT B 1/
YMHOKEHUETO OTJISBO JaBa Pa3MeCTBaHe Ha PEJIOBETE, & OTIAACHO - HA CT'bJI-
GoBere. 3a eJleMEHTAPHU MATDHIM OT BHJ 2/ YMHOXKEHHETO OTJSBO JaBa
YMHOXKEHHE Ha K-THAT PeJl ¢ A\, YMHOKEHHETO OT/SCHO - YMHOXKEHue Ha
k-tusit ctbab ¢ Hero. Hakpasi, yMHOKEHHETO OTJISIBO € €JIeMEHTAPHU MaT-
pury ot Buj 3/ jaBa npubaBsHe KbM k-TUT peji HA MATPUIATA HA HEHHUST
[-Tm pej, YMHOXKEH C A\, a YMHOXKEHHETO OTJSICHO - ChIara Iporeaypa 3a
CTBI0OBETE.

[Ile ommmreM HAKPATKO KaK BCAKAa OOpaTHMa MATPHUIA MOZKe jia Obie
CBeJIeHA Upe3 MPUIATAHeTO Ha MOJO0OHE ONEepAIdd 10 eINHAIHATA MATPH-
na’. Ja usbepeM HpOU3BOJICH HEHYJIEB ejeMeHT ajy na A. Upes ymuoxa-
BaHe OTJSBO M OT/SICHO ¢ MATPHIU OT BHJ 1/ MOXKeM Ja 3aKapame TO3M
eJIeMEHT B MO3unuATa (n,n), T.e. Ja CBeJIeM KbM CIAyYad, KOraro G, 7 0.
Cres ToBa, Upe3 yMHOMXKAaBaHEe ¢ MATPHIA OT THUI 2/ MOXKEM Ja IMOJIyYnM
ann, = 1. Hakpasi, YMHOXKABaWKH OTJISIBO U OTJISICHO ¢ MATPUIK OT TUT 3/ ¢
MOXOSIIIN CTOWHOCTH HA A, MOYKEM Ja MOJYIHM MATPHUIA, B KOSITO BCHU-
KN eJIeMeHTH @y, (n; Ca HyleBH 3a ¢, = 1,2,...,n — 1. C npyru aymu,
noaydaBa ce 6jg0koBa marpuna ¢ 6mokope A’ u 1, kbaero A’ e obparuma
(n — 1) x (n — 1)-marpuna, a ApYrusaT OJIOK Ce ChCTOU CAMO OT eJeMEeHTa
(p, = 1. [lpmnaraiiku kbM MaTpunara A’ ¢biarta mpomeaypa, MOXKeM Ja
JIOCTUTHEM 70 MaTPHIA OT Pe n — 2, IPU KOETO CTONHOCTUTE HA eeMeH-
THTE OT N-THA PeJi U N-THS CT'bJ0 HAMa Ja ce npoMeHsT. Taka ciej KpaeH
Opoit CT'bIIKM HUE IIe JIOCTUTHEM 0 eJMHUYHaTa MaTpuna I. |

3a 1a JOBBLPIIMM J0KA3aTEJICTBOTO HA Jema 1, e J0CTaTBHIHO Ja OT-
GenexxuM, de ako pasencTBoto ((A(D)) = |det A| u(D) npu Besiko D e
U3MBIHEHO 3a MaTpumnutTe A; u As, TO € U3IILIHEHO W 33 TSIXHOTO MPOU3-
Benenne A Ay, Chemoarenno, or jiemu b u 6 caensa, e TO € U3IbJIAHEHO
3a Bestka obparuma Matpuina A. C ToBa € IPUKJIIOUEHO JI0KA3aTeJICTBOTO Ha
jgema 1 1 HA OCHOBHATA JieMa, a CJIe/I0BaTeiHO U Ha Teopemara 3a cMsaHA Ha
TPOMEHTUBUTE TPU MHOTOMEPHUTE HHTEIPAJIH. [ ]

*
Ilomoben asropurbM ce npusiara Ipu U3YUCASIBAHETO HA JETEPMUHAHTU U LIPU Pe-
1TaBaHETO Ha CUCTEMU JINHEHHW ypaBHEHUS.



222 I'VIABA 2. HHTEI'PAJIHO CMATAHE

IlpemaxBane Ha ycJjioBuero 3a peryaspHocT. Jlema ma Capxa. Heka D
e 3arBopeno m m3mepumo mommuoxkecrBo Ha R, U e oxommocr ma D, u ®(t) =
(1(t), ..., pn(t)) e emnokparno rmako mzobpaxenue na U B R". Toukara t € D me
HapUdyaMe Kpumuwha mowka 3a usobpaxkenuero ®, ako panrbr na marpuuara D®(t)
€ CTPOro TO-MAJIbK OT 1, W, eKBUBAJIEHTHO, 33 HEHHATA TETEPMUHAHTA, € U3MTbJIHEHO
Jo(t) = 0. Ta ozuagum ¢ Kg, nan, cbkpareno, ¢ K, MHOXKECTBOTO OT BCUYKH KPUTHYIHU
roukn Ha P. MuokecTtBoTOo K MOXKe 1a Ob/ie TPOM3BOJIHO 3aTBOPEHO MOAMHOXKECTBO HA
D (uwnu ma ceBunaga c ussnoro D), HO ce oka3Ba, ye HeroBusAT o0pa3 He MOxke Ja Oble
KaKbB [1a €:

JIema ma Capa. Muoowcecmeomo ®(K) e npenebpeorcumo no Ieano-2Kopdan 6
Rn
HokazaresicrBo. [le mpuioknM KbM KOMIOHEHTHTE ¢;(t) HA M300paryKeHNeTO
®(t) dbopmynara 3a HAPACTBAHETO HA €IHOKPATHO TIAJKa (DYHKIUS HA MHOIO IIPOMEH-
JuBH, J0Ka3aHa B Teopema 1 wa §1.4. 3a ¢ =1,...,n, a € D u 3a g0cTaTb4HO MAJIKU
o *
croiinocru Ha ||t — al| umame:

@i(t) = pila +ZatZ a) +ri(t —a),

kbaeto |ri(t —a)| < a;(||t —al]) ||t — a|| m a;(s) — 0 mpu s — 0. Hemmo noseue, B 3a6e-
JIEKKU 2 1 3 KbM TeopeMara 0erre moka3aHo, e GyHKuuaTa «;(s) Moxe ga Obae usdbpana
TakKa, 9e Ja He 3aBUCU OT HadagHaTa To4uka a € D. /la o3nagnm

a(s) = max a;(s)ma(s)= sup a(r).
i:l,...,n OSTSS

Torasa dyHknuATa (s) € MOHOTOHHO HamMaJssgBala 1 OTHOBO a(s) — 0 mpu s — 0, KaTo
|ri(t —a)|] < a(||t — al]) ||t — a]| 3a Besxo i.
CieAHOTO TBBPIEHNE Ce [IPOBEPABA HEIOCPEICTBEHO:

Jlema 7. Hexa Ai,...,\, € R, u Y7 NP = 1. Ja osmavum () =
Yo Aipi(t). Toezasa 3a ecexu dee docmamsuno 6ausku mowku a,t € D e usnsareno

o Za—wa < via(|lt — all It ~ a.

Joka3zarescTBo. O4eBuiHO

’(ﬂ( Zai Z)\Z‘Ti(t—a) .

"Tyxk ||t|| o3mawapa, KakTo OGMKHOBEHO, eBKIMIOBaTA HOpMa Ha t: ||t|| = /> 1, It
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ITo nepasencrBoTo Ha Komu-IlIBapn-BynskoBcku nmame

i /\i’l“i(t — a)
=1

<\ [ DI DD It = a)l” < Vaa(llt — al]) It - al|-
i=1 i=1

CJIG/IBEL OCHOBHHUAT MOMEHT B JJOKa3aTE€JICTBOTO.

Jlema 8. Hexa a € KN D e xpumuywna movwka wa usobpascenuemo ¢, u B =
n
B(a,¢) e xoa60 6 R" ¢ yenmsp a u paduyc € > 0. Tozasa cowecmeysa ne a6uceuwsa om
a u e konemarwma C, maxa ue npu docmamsuno masku € > 0 da umame

p (@ (B)) < Cafe)e™.

Hoka3zaresacrBo. [la uzbepem xoncranra C7 TakaBa, 4e 3a Beako t € D u ¢ =
1,...,n 1a e u3bJIHEHO

Torasa 1o exna or dopmyure 3a KpaliHure HapacrBanus (Buxk cuaexncrsue 4 or §1.5)
Ie TIONMyYnM, 9e 3a Besiko t € D m i = 1,...,n me umame |p;(t) — ¢;(a)| < C1 ||t —al| n
CJIeIOBATEITHO

[2(t) — @(a)|| < Crv/n.||t —al| < Civ/ne,

r.e. O(t) mpunagmesku Ha Kba60to B(P(a), C14/n.€) ¢ nenrsp ®(a) u paguyc Ci/n.c.
Cera me u3mnoa3Bame, de a e kpurudna Todka na P. Tosa o3mauasa, de Jp(a) =

det D®(a) = 0. CiremoBaTesHO CbUIECTBYBAT KOHCTAHTH (A1, ..., A,), HE BCUYKU DABHU
Ha HyJla, TaKa 4e JuHeliHaTa KoMOuHAIMs Ha pexosere Ha marpunara D®(a) ¢ rakusa
koedunuenTn na gasa wHynesusa sekrop. C apyru mymu, 3a BCAko j = 1,...,n umame
n
Ow;
> Nt (a) =o.
j=1 J
Heka X = My \n) # 0. Moxem 1a YMHOXKHM YHCIATA A1, ..., Ay, C €IHA U
CbIl[A KOHCTAHTA, TAKA Y€ Ja HOJLyIuM HXH =\/>, Il = 1. Jda nonoxum (t) =

i1 Nigi(t). T
i—1 Aiwi(t). Torapa ropuuTe paBeHCTBa O3HAYABAT, e

oy _ oY

6—t1(a):...—8—tn(a):0,

1 OT JieMa 7 ce BUK/A, Y€ IIPH JOCTATbIHO MAaJKO € 3a BCAKO ¢ oT A, I1e uMame

[9(t) — ¢(a)| < Vna(||t — al]) ||t — al| < Vna(e)e,
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OTK'bJETO
¥(a) — Vna(e)e < P(t) < ¥(a) + vVna(e)e.
Ja osmaunm ¢ A(z) numeitmara dymkmms B R, onpenenena ¢ dopuynara
Ay, .., my) = >0 Ny = <5c', X>, rorasa odesuauo ¥ (t) = A(®(t)), u or ropuara

OTIeHKA Ce BUKIA, 9e 3a BCAKO t oT B ToukaTa ®(t) IPUHAIIEKN Ha MHOMKECTBOTO
H={zeR": A(®(a)) — Vna(e)e < Alz) < A(®(a)) + vVnale)e},

KOETO TIPEeJICTABIIABA WBUIA, 3arpajeHa OT IBE PABHUHHU.
U raka, 3a t or B roukara ®(t) npunajiexu Ha CEYEHUETO HA UBUIA U KbJIOO B
R™; H 0cR", By =B(%R 6
; e OICHMM MApKaTa Ha ToBa cedenme. Heka 1 € , Bp = B(z", R) e xbsiboro ¢
nentbp 20 u pammyc R, A(z) = <f, /\> ¢ H)\H = 1 e nuaeen hynknmonas, n nennara H
e oIpejie/ieHa ¢ HepaBeHCTBATA,

H, = {z e R": A(2°) — s < A(z) < A(2") +s}.

Yeprexk KbM Jgema 8.

Ille onenum obema na Hy N B(2%, R). Hexa Hy e cpeanara pasnnna na Hy, T.e.
pasHuHaTa, onpejenena or pasenctoto A(z) = A(zY). Cewenmero Hy N B(z", R) e
€KBATOPHUAJHO U TPEACTaBIABA 1. — 1 — MEpHO Kbj00 ¢ pamuyc R m n — 1 — mepen
obeM V,_1R" !, kbaero ¢ V,,_; cMe o3HaYMIM 00eMa HA €IMHUYHOTO KbJIOO B R
Axo B3emem mBa muauHIbPaA ¢ ocHosa Ho N B(zY, R) u Bucounna s (B 1BeTe Bb3MOKHI
I0COKH), TO TAXHOTO obeunenne L me chabpxa Hy NB(2°, R), n cienosarenno nmame

p (Hy nB(2% R)) < p(L) = 2sp (Ho N B(2°, R)) = 2V,,_1sR" "
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B ciyuas, xo#iTo HE WHETEpECYBa, nMame s = /na(e)e w R = C14/n.€, ¥ CIeI0BATETHO
wW(®(B(a,e))) < 2V, 1.0 20" La(e)e™,

koeto mipu C' = 2Vn_1.n”/20?_1 J1aBa TBHPAEHHETO HA JIeMaTa. |

[Tle mpemMunem kbM JoKazareacTBOTO Ha jJemara Ha Capa. Heka A e n-mepen ky6
cbe crpada L, cobabpxkam D. da pasgenum Bcska crpana Ha A Ha N paBHH 4acTu;
roraBa A ce pasuens na N™ epnaksu Kyba A; cbe crpana L/N: A = Uf:lAi. Hexka A; e
HSKOM OT Te3u Ky0oBe, U Ja MPEANOJIOKNUM, Ue TOH ChIbPyKa MOHE eIHa KPUTHIHA, TOUKA,
na ® eupxy D; 1a o3HauuM egHa TaKaBa TOYKA C ;- 33 BCAKA TOYKA t € A; PA3CTOAHUETO
||t — a;|| me maamunaBa muaromana Ha kyba, Te. |[t — a;|| < v/n.L/N, u cnemoBarenno
A; C B(a;,+/n.L/N). Or nema 8 (n3bupaiiku ¢ = \/n.L/N) ce Bukaa, 9e 3a TakbB Ky0

e uMame

L L\" L
p (@A ND) <Calvn=) (V) =Cn™?a (Vi) u(d).
N N N
Heka o3maunm ¢ Ey obenureHneTro Ha BCHYKKA KyOOBE, KOUTO ChIbPKAT ITOHE
enna kpurndHa touka #Ha P Bbpxy D; Toraa KN D C Ey. Or ropHoro HepaBeHCTBO
ToJTy YaBame

p(®(KND)) < p*(®(Ey)) < C.n"?a <\/ﬁ§> wEy) < C.n™2a (ﬁﬁ) w(A).

IIpu N — oo agcHara crpaHa KJIOHU KbM Hynaa, u ciemosarendo p*(®(K N D)) = 0.
Jlemara na Capg e gokasaHa. [ |

CJIe,L[CTBI/Ie. QjopMy/Lama 34 CMAHAG HA NPOMEHAUBUNE
/ f({,E) d{,Cl N d.l?n = / f(q)(t)) |Jq>(t)| dtl e dtn.
P(D) D

€ BAPHA 3G B6CAKO eOHOKPAMHO 2400K0 U 63AUMHO eJHO3HAYHO u3obpadcenue P (m.e.
yeaosuemo 3a pezyaaprocm Jo(t) # 0 moorce da 68de nponycramo).

HdokazaresicrBo. Heka 7 : D = Ui—“:lDi € MPOM3BOJIHO W3MEPUMO pa3OuBaHe HA
D, nexa E; = ®(D;) u 7 : E = U*_|E; e cvorBerHoTO pasbusane na E = ® (D). Ille
oznayasame ¢ D! obenunenuero Ha onesu D;, kouro Hamar OO TOYKU C KPUTHIHOTO
muoxkectso Kg, u ¢ DY - obenunennero na ocrananure. Cvrorserno, neka E, = @ (D7),
E/ = ® (D). Ja u3bepem ¢ > 0; mpu diam 7 gocrarsano manko 3a t € D? me nmame

|Js(t)| < e u crenoBaremnto \ S 1(@(®)) o (t)] dt

rpanuna 3a |f(x)]. Or apyra crpana, nopagu Jjemara Ha Capi Opu JOCTATHYHO MAJIKO

< Cu(D)e, kbuero C e enna ropua

diam 7 moxem na nonyunm p (E”) < & u cremoBarenHo ‘fEl f(z) dx‘ < Ce. Twit KaTO

BBpXy MHOKeCTBOTO D! mmame Jg(t) # 0, To no dbopmysaTa 3a CMsAHA HA TPOMEHTUBATE
ToJTy YaBame

f(@) | Jo )] dt = |  f(z) dx
D/, E/,
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W CJIe/IOBATETHO

/ f() i — / F@0) o) dt| < | [ 1@ [a) dt|+ | [ fe) de| <
&(D) D

DY E/
<C(1l+pD))e
3a BCAKO € > (), T.e.pa3/imKaTa HA UHTEIDAJIMTE € PABHA HA HYJIa. |

3abesnexka. /[0ka3aHOTO TYK TBbP/IEHUE € YACTEH CJIydail U eTam OT J0Ka3aTe-
CTBOTO Ha TO-00IIIOTO TBbP/IEHIE, N3BECTHO KaTto Teopema Ha Cap/i, B KOETO ce pa3Tiierk-
JaT W300parkeHnsT MeXK Iy MPOCTPAHCTBA ¢ pasaudHa padMeproct. I1le ro dpopmymupame
HAKPATKO:

Teopema ua Capa. Hexa D e omsopero nodmmoscecmeo na R™ u @ : D — R"
e docmamsuno 2aadko usobpasicenue, kamo m > n. Hexa K C D e mmuoorcecmeomo
na mowsume t € D, 3a xoumo panesm na mampuwnama npouszeodna DO(t) e cmpozo
no-maask om n. Tozasa ®(K) e npenebpestcumo mmostcecmaso.

TeomerpuuHa MHTEpHpeTanys Ha TeopeMara. V3non3saiiku pe3yiraTure Ha
§1.8, Teopema 5, OTTYK ToJTydaBaMe, de 3a mouTH Bewdku o € (D) npoobpazbr &1 (z)
e noamuoroobpasue na D ¢ pazmepuocr m — n (Buk Teopema 5 or §1.8). Haucruna, ako
2% = (29,...,29) € (D) \ ®(K), ro @' (2°) cbBnaza ¢ MHOKECTBOTO OT OOLIUTE HyTH
Ha perynaapHaTta cuctema ot dyrkimmn ©1(t) —1Y, ..., 0n(t) — 22, kbaero v1(t),. .., on(t)

ca KOMIIOHEHTHTE Ha n300pakennero P(t).

YupakHeHusd.

1. IlpecmerHnere aumero Ha Kpbra B obemMa Ha TPUMEPHOTO KhbJi0O,
KaTo M3IT0JI3BaTe ChOTBETHO MOJIIPHA 1 chepryHa CMTHA HA TTPOMEHJINBUTE
B CbOTBETHHUTE WHTETPAJIH.

2. [IpecmerHeTe 0b6ema Ha n-MepHOTO K'bi60 B, (R) ¢ eHTbp B Hada-
J0TO U paguyc R:

n

Bo(R) = { (11, ..,20) €R": S a2 < B2 Y

=1

KaTo u3nos3Bare 0bobienure cepuann koopaunatu B R" (Buxk Kpas Ha

§1.9).

“Buxk §1.4.
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2.7 IlpunaoxKeHud HaA ABOWHUTE W TPOWHMW WH-
TerpaJjmn

Karo nbpBo npusozkenue 1ie gajeM Bede JoKazanuTe B §5 hopmymu 3a snre
Ha KPUBOJIMHEEH Tparnel, n 06eM Ha KPUBOJMHEEH MUINHILD. Karo Hemoc-
PeJICTBEHNU CJEJICTBUS OT TEOPEeMHU 3 U b OT TO3u mnaparpad mojrydaBame:

Teopema 1. Hexa D e xpusosuneiinusm mpaney, cscmoau, ce om
scunky mouky (x,y) 6 pasrunama, 3a koumo x € [a,b] u p(r) <y < Y(x).

Toeasa
b

u(D) = [ [ Vdsdy = [ i)~ pl)) dyis

Teopema 2. Hexa manomo V C R3, e xpusosuneen yuaundsp, onpe-
dener ¢ YCAo8UAMA

V ={(z,y,2): (z,y) € D,p(z,y) < z < Y(z,y)}.

n(V) = ///1 drdydz = // (V(z,y) — plz,y)) dady.
\% D

[Tonsikora e ymo0HO dopmysaTa 3a 00eM Ha TSJIO Ja Ce u3pas3u 1o
MaJTKo To-pazamden wauna. Heka V € R? e mamepnmo MHOKECTBO, 1 HeKa
NpoeKIusTa Ha V' BbpPXY 0CTa T Jia CbBIAJA ¢ WHTepBaia [a,b]. 3a BeAKo
x € |a,b] na ozmaunm ¢ L, pasaunara, ycnopeata Ha papauHata Ory U Mu-
nasama npes roukara (x,0,0) (L, ce ¢bheron or Beuuku Toukn B R? ) ansro
bpBa KoopamHara e paHa Ha x). Heka Qv(z) = p(VNL,) 1a e ny-
meprata Mapka na [leano-ZKopman na muoxecrsoro V N L, pasriexpano
KATO MOJMHOKECTBO Ha paBHHHATA L.

Toeasa

Teopema 3 (IIpunmun va Kasanuepn). 3a obema na V e 6 cuia
dopmyaama
b

u(v) = [ @v(w) do.

a

*
Or reopemara Ha @ybunu B §5 ciie/Ba, 4€ TOBA MHOXKECTBO IIe ObJe U3MEPUMO 34
MOYTH BCUYKH .
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3abenerxkka. Urasmanckusar maremaruk or X VII Bek Kasasuepu e
dopmyaupan npunHimna cu no caeanus wHadumn: Heka 3a temara Vi, Vs
3HaeM, de opu BCgKo x € [a,b] cevenmara (Vi NL,) u (VoNL,) nmar
eJHAKBHU JIAIIA; Torasa obeMuTe Ha Vi U V, ca paBHHU.

ZoxkazarencTteo Ha Teopema 3. [la u3bepeM npaBobIbjeH IapaJie-
aerunes A = [a,b] X [e,d] X [e, f], koiiTo na cbabpxka V, u weka f(z,y)
Ja o3HadaBa (DYHKIMsITA, DaBHA HA exuHUNA BbPXY V u Ha Hy’ta B A\ V.
Torasa

,u(V):///f(ac,y) dxdydz:/b /d/ff(w,y) dydz dx:/va(a:) dz.

O6eM Ha poTranuoHHO Tay0. Heka ¢(r) e HenpekbcHATA U HEOTPH-
naresHa 3a x € [a,b]. /la 3apbpruM rpadukara Ha DYHKIWATA HA TbJIH
060pOT OKOJIO OCTa '; TOTaBa TAI0TO V., OTPAHHYABAHO OT IOJIYI€HATA II0-
BBbPXHIHA, Cé HAPUTA POTAIHMOHHO TJI0, onpejesneno ot ¢(x). Tamoro V.,
ce CBCTOH OT BCHUKHN TOUKH P = (x,y, z) TAKUBA, e Ppa3CTOSHIETO oT P 10
ocra x me maamunasa ¢(z). [To-rouno,

Vo ={(z,9,2) :a<a<b, v +2° < p*(2)} .

Or ropHoro ommcanme ce BHXKJA, 4Ue 3a T € [a,b] cewenmero V, N
L, mpeicraBisiBa OKPbHKHOCT ¢ MEHTHD HadanoTo u paguyc ¢(x). OTTyk
Qv,(z) = m¢?*(z), u or upunnuna na Kasajuepu nosydasame

Teopema 4. (Popmysa 3a obema HA POTAIUOHHO TAI0). Ofe-
MBI HA POMAUUOrHOMo mano V,, onpedeseno om dynkyuama (), ce
dasa om dopmyaama

W(V,) = / @ (2) da.
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A b

a X b

I'pacduka Ha pyHKIHS U POTAIMOHHO TSJIO0, IOPOJIEHO OT Hed.

Tazu dbopmyna moxke j1a Obe Jieko 0bobIeHa: Heka D e kpuBoinHeii-
HUSIT Tpallell, olpejiesien ¢ HepaBeHcTBara = € [a,b], p(z) <y < ¥(z), n
HeKa Vp € POTAIMOHHOTO TSJIO, IMOJIYy9YeHO Upe3 BbpTeHe Ha D 0KoJIo ocTa
x. ToraBa Vp = Vy \ V,,, oTKbIeTO HOIyIaBaMe

CaenctBue 5. Obemosm wa Vp ce dasa ¢ hopmyrama

b

4(Vp) = 7 / ((2) — () de.

a

Ob6emu Ha n-mepunu Tejaa. llle uznonassame MHOrOMepeH aHAJIOT Ha,
npuHnuna Ha Kasaauepn, 3a Ja HaMepHM N-MepHHTe 00eMU Ha N-MepPHOTO
%
K”bJI6O 1 Ha N-MepHHud CUMILJICKC.

O6eMm Ha n-MepHO KbJI00. n-MepHOTO Kbja60 B,(R) ¢ nenrsp B
HA4aJI0TO U paauyc R ce 3ajjaBa ¢ HEPABEHCTBOTO

B,(R) =< (z1,...,2,) € R": fo < R?

i=1

*Tosu 06em Mozxe a2 Obae HaMeper u ¢ 0606Iena cdepuina CMAHA HA KOOPIUHATHTE
(3az. 2 or npenuus naparpad).
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a oznaanm weropust obem ¢ b, (R) = pu (B, (R)). OueBuguo b,(R) = b, R",
KbjeTo ¢ b, = b,(1) cme o3HaumIM obemMa Ha N-MEPHOTO KbJIOO C paIuyc
eIMHAIIA; HAUCTUHA, aKO pasriaegame Tpancdopmaiuara B R, yMHoKaBaIa
BCHYKH Koopjauuaru ¢ R, To 1a npexsbpisa B, (1) B B, (R) u nma skobuan
R™. JlocTaTbaHO € jJa HaMepuM 4ucjaara b, 3a BCSIKO Nn.

3a Besiko t € [—1, 1] ga oznaunm ¢ Ly n — 1-mepuara pasanna B R",
OnpesiesieHa ¢ PaBeHCTBOTO X, = t. OuenuaHo cedennero B, (1) N L, mpesc-
TapaABa N — l-MepHo Kb160 ¢ paguyc /1 — t2 U caenoBaTeHo, mpuaaraikm
MHOIOMEpeH aHaJIor Ha HpHHIuUIA Ha Kapanuepu, moydaBame

1 ’I’L—l ™
b, = / b 1 <\/1 - t2) dt = bn_l/ sin ™0 df
-1 0

(upes cyberurynuaTa t = cos ). Ako osnaunm I, = [ sin"(6) df, nosyua-
BaMme, ue b, = Iyl ... [,. B3an. 7 Ha §4.3 or yacT 1 ca qokazanu popMy/IuTe

7r1.3.5.....(2n— 1) 24..... 2n
Iy, = = ; IQn+1 = s
1.3.5.... .(2n — 1).(2n + 1)

2 24..... 2n

OTK'BbACTO IIOJIydaBaMe

2k+1ﬂ.k o
HBUR) = g ey skl
2k: k

Ob6em Ha n-mepen cumniekc. llle nedunupame n-mepHust CUMII-
naekc C,(R) B R" ¢ nepasencTsara

C.(R) = {(xl,...,xn) eR": xq,...,2, >0, Z% SR}.
i=1

Ornoso umame 1 (C,(R)) = ¢, R", kbaero ¢, = 1 (C,(1)). Hexkaza t € [0, 1]
papannara L; e kakro mo-rope; Torasa cedennero C, (1) NL; npencrasisisa
n — l-mepen cumiuieke C,,_1(1 — t) u coegoBaresHo

! 1
Cp = / Cn1 (1 — t)"_l dt = c,q1—,
0 n
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OTK'bJETO

p(Cu(R) = R

Maca u mMeHTBHP Ha TeXXecTTa. B Taszum Todka Ie ce 3aHIMaBaMe
C T.HAp. MGMEPUaIHU meaa, T.e IBYMEPHU WJIH TPUMEPHU MHOXKECTBA, B
KOUTO € JMajieHa GyHknus #a mwrbTHocTTa p(P) > 0. Ousnveckusar cMUCHI
Ha ILTHTHOCTTA € OTHONIEHHEeTO Ha MacaTa KbM obema, T.e. uMame

% ~ p(P),

Kbero U e jgocrarbano mMasika okoHocT Ha toukara P, a m(U) o3nauasa

macara Ha U. Pasbupa ce, ako p(P) = 1, To macara cbBuaja ¢ obema.

Maca. Heka D C R? e u3MepnMo MHOKECTBO, BHPXY KOETO € 3a,1a-
nema mrbrHoct p(x,y) > 0. da Blemem pazbusame D = U, D;, u Touku
P; € D;. B wbpBo npubamKkenre MOKEM Ja CUATaMe, Y€ ILTbTHOCTTA HaB-
csakbie B D; e paBra Ha p(F;), OTKbIeTO

m(D) = Z m(D;) ~ Z p(P) (D).

Karo namangBame numaMerbpa Ha pa3OMBaHETO, Ta3u (OPMYJa CTaBa BCe
O-TOYHA, U Ype3 TPaHuYeH MPexo/l MoJydaBaMe PaBEHCTBOTO

m(D) = [ oty dudy.

QopMmynaTa 3a Maca Ha TPUMEPHO TJI0 € cbIlaTa, ¢ eTUHCTBEHATA
pa3juKa, 4e ce M310J3Ba TPUMePEH UHTErPajl BMECTO JIByMepeH.

IHenrsp Ha TexkecTtTa. [lle HAMOMHUM TOHATHETO IEHTHP HA
TEeKeCTTa Ha KpaiiHa cucremMa oT MarepuajHun Touku. Heka ca jgajenu To4-

kure Pp, ..., P, (8 R* wm R?), ¢ Macu cboTBeTHO My, . . ., M, Ilon menrbp
Ha TEXKeCTTa Ha Ta3U CUCTeMa pasbupame TOYKATA
" _
B > iz mil

T D it M
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—

Axo roukure P; umar koopauHartu (T;, Yi, Z;), TO 38 KOODIUHATUTE
(T, Ys, 2+) HA TOUKATA P, momydaBame dopmynure

Z?:l M

Z?:l m; e

Ha ocnosaTa Ha ropHoTO paBeHCTBO 1 H3BeaeM (OPMYyIa 33 HEHTLD
Ha TeKECTTA Ha MaTepuasiHa (urypa m Marepuaiso Taio. Hexka D C R?
e MarepuaIHa pUrypa, T.e. I3MEPUMO MHOKECTBO CbC 3aJa1eHa ILIBTHOCT.
Heka mmame paszbusane D = U | D; u touku P; = (z;,y;) € D;. 3a n3Bex-
JaHe Ha npuOamzkeHara (popMysa MOXKEM J1a CIUTaAMe, 9€ MAaCaTa Ha BCAKO
or napuerara D; e ¢bepegorodena B Toukara P, T.e.

Ty =

1 n o
P, ~ ST D)) (; p(Pi)u(Di).Pi> :

=1

W, aKO (I, Ys) €& KoOpauHaTuTe Ha P,

=1

Ty & m (Z xz’ﬁ(%,yz‘)ﬂ(Di)> )

1 n
Ys R m (; yip(xi,yi)M(Dz)) .

Caes rpaHdYeH Mpexo/l oIy daBaMe

T, = ﬁ/})/xp(x,y) dedy , y.= ﬁ/})/yp(%y) dxdy.

OcraBsMe Ha YUTATEs JAa HAOUIIE ChOTBETHUTE (POPMYJIHN 38 TPUMEp-
HO MaTepPUAIHO TAJIO.

ITenTHp HA TEXKECTTA HA €JHOPOAEH KPUBOJIMHEEH TPAIel 1
nuanaabp. Heka D = {x € [a,b], p(x) <y <(z)} e kpuBoIMHEEH Tpa-
nen, u Heka p(x,y) = 1. Toraa ropuure hopmyJ/iu JaBar

1 b () 1 b
ro-— | x(/m) dy)‘”:m/a v (6(x) - pla)) d,
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1 b W) 1 b ,
o m/a </30(x) ! dy) = 5D /a (V@) = ¢'@) da.

AHaJIOrn4HoO, 3a eTHOPOIHUAT KPUBOJIUHEEH ITHJINHIbLP

V = {(z,y,2) : (v,9) €D, p(z,y) < z < P(z,y)}

ca B cuia (popmysinTe

x*——;X%3 /]fw<¢wx,y>—-¢<x,y» dudy

Yu = ﬁ//y(d}(fv,y) —p(z,y)) dzdy,

1 2 2
Z, = W/D/ (W (2, y) — @*(x,y)) dady.

ITpumep. Ille HamepuM HeHTbPA HA TEXKECTTA Ha TOPHOTO MOJIYK'BJI0O
Ha K'bJ00 ¢ pagnyc R, KoeTo ce npejacraps KaTro

B} = {(x,y,z) (x,y) €Dg, 0< 2 < \/m}’

KbJeTo ¢ Dp cMme o3naumam Kpbra C MeHTbp B Ha4aJ10TO U pajguyc R. Nn-
TepecyBa HH CaMO z-KOOpAWHATaTa (3armo?):

3
Ze = Py // (RQ—xQ—yz) drdy =
Dr

3 2w R ) ) 3
d6 ) pdp="_
w ), ), (= gh

T.e. BICOUYMHATA HA MEeHTbpa Ha TeykecTTa e 37.5 MpOIeHTa OT paJnyca.

Teopema mHa I'yimamua. Heka Vp e Ts10TO, TOTy9eHO OT BbpTeHe Ha
kpusouneituns tpamery D = {x € [a,b], p(x) <y < ¢(z)} okoso ocra .
Jla cpaBuum gopmysiara 3a obema Ha Vp:

MVM—W/(W®%wﬂ@)M
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¢ dopmysiaTa 3a y-KOOpJAUHATATA HA EHT'bpa Ha TexkecTTa Ha D!

b
Wlm / (03(z) — () do.

Y =

OTTyk mosrydaBame
1 (Vp) = 2my. . p(D).
C apyru JyMu, U3M'bJIHEHA €

Teopema 6. (Bropa Teopema Ha Tymaun’). Obemsm na poma-
YUOHHOMO MAAO, NOAYHUEHO 0m 6Bpmenemo na duaypama D, e pasen wa
AUUETNO HA Ma3U Guaypa, YMHONCEHA N0 OBANCUHANA HA OKPBHCHOCTING,
ONUCAHA O UEHMBPA HA MENCECTNIMA NPU GBPMEHEMO.

Top B R?

“IIbpBara Teopema Ha L'yIIMH 3ByYH aHAJOIMYHO, HO Ce OTHACH [0 MOBHPXHUHATA
HA POTAMOHHOTO TS0 U Ie Objie pa3riefaHa No-HATATHK. Te3u JiBe TeopeMu HOCAT
umero Ha Ilayn Tynnun, mBeiinapcku fiesyur, paborus B Hadasoro ua 17 B. Te ca 6uin
u3Becruu obade u Ha asiekcanupuiickus maremaruk ITan, IV B. n.e. (nocienuust Besauk
MATEMATUK Ha AHTUYHOCTTA).
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ITpumep. Heka 0 < r < R. /la oznauum ¢ D kpbra ¢ pajguyc r u
neaTbp B Toukata (0, R). Tanoro T, nomydena ot BbpreHero Ha D OKOJIO
abcrucHaTa oc¢, ce Hapuda 3anbianeH Top. OYeBUIHO MEHTHP'HT HA TeZKECTTa
HA eJIMH KP'bI' CbBIAJIA C HETOBUS IIEHTHP, U CJIEIOBATEIHO 338 06eMa Ha TOpa
T nonyuasame opmynara

w(T) = 2rR.mr? = 2w Rr?.

JIune Ha moOBBpPXHWHA, IIpeJCcTaBeHa KaTo rpaduka Ha PyH-
kuus. Heka f(x,y) e eanokparno riajgka QyHKIHA Ha JBEe TPOMEH/IHBH,
JiebuHrpaHa B OKOJTHOCT HA M3MEPUMOTO 1 3aTBOpeHo MHOKecTBO D. Heka
Gy C R? e rpadukara Ha Tasu OYHKIHS:

Gy ={(z,y,2): (z,y) €D,z = f(x,y)}.

[Ile TpUIIOMHUM MOHSATHETO JONUPaAMeEAHa pasruna (U JTOMAPATETHO TIO/III-
pocrpanctso) kbM Gy B Toukara Py = (2o, Yo, f(%0, ¥0)) € Gy, BbBeeHN B
§1.4.

Ja dukcupame yo; IlosrygaBame kpuBata, obOpa3yBaHa OT BCHYKH
toukn orT Buma Pi(x) = (x,yo, f(z,y0)), nexkama Bbpxy Gy. Ille o3ma-
quM ¢ || HeHHHAT gommpaTesieH BEKTOp B ToUYKata xo: Iy = Pj(zg) =
(1,0, fl(z0,y0)). Ananmorngno, ako Qurcupame o, MoJaydaBamMe KpHBATA
Py(y) = (0,9, f (x0,1)) ¢ somnpareen sexrop & yy paner ma Iy = Py(y) =
(0,1, f,(x0,y0)) (B gepTexca B mauamoro Ha §1.4). MHOKECTBOTO OT BCHY-
KU JinHeitnn komOuHamuu Al + pls Ha BeKTOpUTE [ U [9 TpecTaB/isgBa JIBY-
MEpHO BEKTOPHO IOJIPOCTPAHCTBO Ha R® KOeTo ce Hapmya JONHpATETHA
pasuuna kpM Gy B T. I u ce Gertexu ¢ Tp (Gy).

[Tle un 6b1e HEOOXOAUM U €MHCTBEHHSIT (C TOYHOCT JO YMHOKEHUE
C KOHCTaHTa) BeKTOD, neprenaukysapen Ha Tp (Gy). Takbs BekTOp ce Ha-
puda HopMaJieH BeKTOp KbM Gy B Toukara Fy. MMma enun jiecen HauuH 113
HAMEPHUM TaK'bB BEKTOD: TOBA € BEKTOPHOTO IMPOU3BEJIEHHE HA BEKTOPUTE [q
1 ly. O3Ha4aBaMe

—

TS Z
N(FRy) =l xlb=|1 0 fi(xo,y) | = (—f;(il?o,?/o), —f;(%,yo), 1) .
0 1 f;(l’oayo)

Jla cu npunomHuM dopmysiaTa 3a IPOMSHA Ha JHUIETO HIPH HPOEK-
THpaHe, U3BECTHA HU OT eJeMeHTapHara Maremarnka. Heka a u [ ca ase
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PaBHUHM B TPHUMEPHOTO IIPOCTPAHCTBO, Heka Ilg na oznavasa oproronasna-
ta npoexmus Ha R® Bupxy (, n Heka G e H3MEPHMO MOMHOZKECTBO Ha (v (B
cMHUCBHJI Ha Mspkara Ha [leano-2Kopman Bbpxy «). Torasa

p(I15(G))

wWG)
Hauncruna, ToBa TBBbPAEHHE JIECHO Ce IPOBEPsBA 33 IPABObLILJIHUIMN,
e1HaTa CTpaHa Ha KOHUTO € yCHOpe,ZLHa Ha HpeceqHHuaTa Ha paBHI/IHI/ITe o n
[; caenoBaTeIHO TBHPACHUETO € BIPHO 3a 0beanHeHne Ha TaKUBa IPaBOb-
I'bJIHEAIY (T.€. 33 eJeMEeHTAPHUTE MHOXKECTBA) M Upe3 IPAHuYeH MPeXoJ| TO

= cos <(a, ).

ce TIoJIydaBa 3a BCAKO H3MepPHMO MHOKecTBO. [la oznauum ¢ N, u Ng HOp-
MAaJIHUTE BEKTOPU ChOTBETHO KbM « u 3. ToraBa brbiabr <((«, ) Mexiy

PAaBHUHHUTE € PaBeH Ha bI'bJa MeKJIy TIXHUTE HOPMaJIu <] (Na, Nz ).

Beue mozxkeMm na ussesnem dopmysiarta 3a jaunero Ha Gy. Heka 7: D =

" D, e pasbusane na D, u nexka Q; = (z;,y;) € Dy, P, = (Qi, f(Q;) € Gy.

Heka G; e wactra ot Gy, nexkama nan D;. Heka T p, e gonuparenrnara pas-

nuna KoM Gy B Toukara F;. e cmarame, ue sunero nHa G; e npubaunsu-

TeJTHO PABHO Ha JIUIETO HA ChOTBeTHATA 4acT oT T'p; Torasa, ako IOJIOKUM
Tp = au Oxy = £, no dopmynaaTa 3a IPOEKIUITA

[3

1(D;) G(py 7
~ Tp., Ozy) = N(P),?).
Gy cos < (Tp,, Ozy) cos<1< (P) z)

Ot dhopmysraTa 3a cKaJapHO IPOU3BEJeHNE HA BEKTOPU 3HAEM, Ue

cos (@, b) = |<;\l;>| Jlecno ce Bukna, 4e <J\7(B), Z> = 1. OrTyK mpecmsATa-
Me, de

1 1
NR)| 1+ Py + fyPy2

cos < (N(B), Z) =

u cjaegoBaTeITHO

(G~ \ [T+ F(P)2+ f(R)? (D).

OTTyK

n n

p(Gy) = DG~ D\ Ut JP + [P u(D).

=1
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Ypes rpanunyen mnpexos npu diam 7 — 0 nosydaBame uckanara ¢hop-
MYJIa:

Teopema 7. Jluyemo wa epadurama Gy wa dynxyuama f(x,y) e
PAGHO HA

wWGy) = // \/1 + fi(z,y)? + fi (2, y)? dedy.

3abeserxkka. /lagenugar no-rope 3o Ha dopmyriaTa ce dazupa Ha
UHTYUTUBHU C’bO6pa)KeHI/IH; TOYHaATa ,ZLerI/IHI/H_[I/IH Ha JINIE Ha MOBBHPXHHHA,
U U3BOJ Ha (opMyaaTa KaTo JacTeH caydail or MHOTO 1mo-obiia dpopmyJia,
me ObIaT JaJeHd B CJIeIBAINATA JaCT.

JIune Ha poranmmonHHa HmoBbpxHMHA. Heka, KakTo mo-rope, pora-
IHOHHOTO Ts/10 V., € MOPOAEHO OT BbPTEHETO Ha €JHOKPATHO IVIAJKATa B
nHTepBana [a,b] dysknusa p(xr) > 0. Hexa ¢ S, o3Haumm orpann4asamara
V., TOBBPXHIHA, HOPOJEHA OT BbPTeHeTO Ha Tpadukara Ha ¢(z):

S = {(2,9,2) :a<x <b, y’ +2° = ¢*(2)}.

Hexa ozmnauum c S;’j ropHaTa IOJIOBHHA Ha S,, T.e. 9acTTa, € KOATO
z > 0. Torasa S;ﬁ MOXKe JIa Ce TPEeJICTaBH KaTo rpaduka Ha PYHKIUATA

2= [flz,y) = Ve (z) — 2,
onpesesieHa B KPUBOJUHEHHUS TpaIer]

D ={(z,y):a <z <b—p@) <y<p@)}.

I/IMaMe
/ e = M ! x = L
fx( 7y) \/m’ fy( 71/) (p2(x> _yQ 7
\/1 + (f;fc)z + (f@’l)2 _ Ver(x) (1+ 90/(226)2)'
902<CU> -y

[To dpopmynara 3a aune Ha rpadukaTa moaydaBame

b o(x)
n(S.) =2u(87) =2 [ VE@ 1+ @) ( / L_y) da.

—p(z) V()
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C
Jlecno ce mpecmsaTa (upes cyberutymuaTa y = c sint), we [ 2 — = 7
e /02_y2

HE3aBUCUMO OT CTOWHOCTTA Ha C > O, n cjaea0BaTeJIHO
b
u(8.) =2 [ p(o)VTT P de

IIpumep. llle namepum Jmnero Ha cdepa Sr ¢ paauyc R. B To3m
cayqait p(z) = vV R? — 22, € [- R, R]. Umame

VIR = ———

RQ — 72
u cjaegoBaTeTHO

R
u(SR)—Qﬂ/ R dx = 47 R*.
-R

IIbpBa Teopema na I'ynauma. Heka D e m3amepuMo MHOXKECTBO B
paBuuHara Oxy, orpaHHYeHO OT YacTH4IHO Iiajakara kpuBa [. Heka Srp e
HOBbPXHUHATA, MOPOJeHa OT BbpTeHeTo Ha I' okoso octa x. [IbpBaTa Teo-
pema Ha ['yiun riacu, de

1 (Sr) = 2my, (D).(T),

kbaero [([N)e abmxunara wa kpusara I', a y.(I') e y-xoopaunarara Ha 1en-
Thpa Ha TekKecTTa Ha [, pasriesana Karo eJHOPOJIHA MaTepHaJHa KPHBA.
HokazarencTBoTo 111e Ob/ie JaJIeHO B CJieIBaIaTa IacT.

YaopakHeHud.
1. Jlunie HA KPUBOJMHEEH CEKTOP.
[Tox kpuBOJMHEEH CeKTOpP pa3dbupame
noiMHOXKecTBOoTO D Ha paBHUHATA, OII-

PEJIeJIeHO B TIOJISIPHU KOOPHHATH C He- @
paBEHCTBATA &
01 <0 <0, 01(0) <0< 02(0), /o
// -
Kbaero dyukmunre o1(0) u 09(0) ca Rt

HelpeKbeHATH B [O1, Oy u L=

01(0) < 02(0).
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Nsnon3Baiiku nojigpuara CMAHA HA KOODJAUHATUTE, JOKAXKeTe, de

S}

u(D) = 5 [ (0~ x(6)) .

01

3abenexkka. B §4.5 ma vact I Tazu dbopmyna Gemre 1oKa3aHa MO UH-
TYUTUBHH CHOOPAKEHUS.

2. Heka V € R® e marepmanno rato. JJokazkere, 4e €IHHCTBEHATA
TPONKA YHCHA Ty, Yy, 24, 38 KOUTO Ca U3IMbJIHEHH PABEHCTBATA

/@—awm%amwwzjw—mwm%am@mz
vV Vv

= / (z — z) p(z,y, 2) dedydz = 0
v

ca KOODJIMHATHTE Ha IEeHT'bPa Ha TeyKecTTa Ha V.

3. Nuepuen moment. Heka [ e npasa B R?, u Py e MaTepnaana To4ka
¢ maca m. [log unepuen moment [;(P,) #a Toukara Py cupsmo | pasbupame

ancioro [[(Py) = m.d (Py,1)°, xbuero d(Py,l) 03HaUaBa JAbIKHHATA HA
MepIeHIuKy/Iapa, cuycHar or Py koM [ Hexka V C R? e marepuasHo Tsio.

a/ Tokaxere, ue uuepunust moment [;(V) Ha V cupsmo ocra [ ce
3ajaBa ¢ popmysiara

L(V) = /d((az,%z), l)zp(a@y, 2) dxdydz.

6/ Heka Ta1010 V Ce BbPTH OKOJIO 0CTA | € BITIOBA CKOPOCT W (T.e.
ce 3aBbpTa HA bI'bJ W 3a eJuHHUIA Bpeme). Ilokazkere, Ye KHHETHYHATA
eneprug Ha V ce 3ajaBa ¢ dopmynara E = I;(V).w?/2.

YobrBane. Ako uMaMe MaTepruaaHa Touka P ¢ Maca m, TO HeifHa-
Ta JmHefina ckopoct e pasua ua v(P) = w.d(P,l), a neiinara KHHeTHIHA
eneprus - na m.v(P)%/2 = L;(P).w?/2.
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Heka {V,;}, ¢ = 1,...,n, e pasbusane na V, P, e Touka or Vj,
m; = p(P;)u(V;) e npubnusurennara Maca Ha V;, CbCPEIOTOYEHA B TOU-
kata P;. [IpecMeTHeTe KuHeTH4YHATa eHEePrUd Ha Ta3WU CHCTEMa OT TOYKHU H
Ypes3 TpaHUYeH IPexoJ, HoIydeTe ropaaTa (gpopmy.a.

4. Heka [ e npaBa, u [y e npaBa, ycnopejaHa Ha [ U MUHABAIA MPe3
HEeHTHPa Ha TexKecTTa Ha Ts10TO V. Heka h e pazcrosnuero MexK 1y NpaBuTe
[ u ly. Ilokazkere, e

L(V) = I, (V) + m(V).h2

YuobrBane. Moxkem jia caurame, 4e npabarta CbhBIaja ¢ abcrucHaTa
0C, ¥ TOTaBa

L(V) = / (v° +2°) p(x,y, 2) dedydz,
A\

BV = [ (0= + (2 = 2) plo.y.2) dedydz

5. Hexa ¢ = (\, 1, V) e equnnuen Bektop: A+ 2 +1v?% = 1. Jla o3Hadum
c [,(V), 1,(V), I,(V) (umm, corpareno, I, I, I,) momerTure Ha V CIPSMO
KoopaunHaTHUTe ocu, U HeKa K,y (V), K, (V), K.,(V) ca taka Hapedenure
EeHTPOOEIKHI MOMEHTH:

K.y (V) = /xyp(x,y, z) dzxdydz, ...
\%

Hokazkere, 4e uHepIHUAT MOMeHT Iz(V) Ha Ts10T0 V cipsiMo npaBata lg,
MHUHABAIIA [Ipe3 HAYAI0TO U KOJIHHEapHa ¢ €, ce aaBa ¢ (GpopMmyIaTa

IA(V) = LL\* + Iy/f + L% — 2Ky A\t — 2K, pv — 2K v\

. 2
VYuobrBane. 3nosssaiite, ge kBajapara d (P, lz)” Ha pa3cTosgHIeTO OT
toukara P(x,y, z) no npasara [z e paBeH Ha

2

A(PIE = [|P*|| = (P.2) =a? 447+ 2> — (a+ py +v2)* =
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= (2 + )2+ (VP + NP+ (V4 p?) 2 — 2 uzy — 2uvyz — 2uder =
=12(2® +y?) + 2 (2% 4+ 22) + N2 (Y7 4 2%) — 2 pay — 2uvyz — vz,

3abeaexkka. [opnara dopmysia Moxke Ja ce OHAIVIEJHU 10 CJIeHUS
HAUWH: 72 pas3riejaMe B IpocTpancTBoTo R? moayuenarta mo-rope Kpajpa-
Tu4uHa dopma:

TN\, v) = LA+ ]yuQ + L2 — 2K A — 2K v — 2K,V

Heka M e muoxkectsoTo ot Toukure B R*) 3a kouro T(A, i,v) = 1. Twii
KaTo KBajpaTudnaTa gpopMa Z e MOoJ0XKHUTETHO OlIpeeeHa, HOBbPXHIHATA,
M e TPHOCEH eJTUIICONT; OCUTE HA TOJYyUeHUs eJTUICON T (BUK HATID. 3aa49u
2 w3 ma §1. 11) ce mapuyar 24a6Hu unepuHu ocu Ha TAIOTO V. TAXHOTO
3HAYEHME Ce BUK/A OT CJeJHUS BaykeH (akT, KOHTO JIECHO ce JIOKa3Ba ¢
MOMOTITTA HA W3J0KEeHUS TYK MaTepHaJI:

Hexa mamepuanaromo msano V. ce 8spmu 0K0A0 MAMEPUAAHAMNG OC
l. Edunemeenume cayuau, K020mo 0Cma He U3NUMeEa UeHMPOOEHCHA CUAG
UAU YCYKBAU, MOMEHM, € GKO | MUHABA NPE3 UEHMBPG HG MENHCECMME Ha
maromo V u c66nada ¢ HAKOA 0M HE208UME 2AGEHU UHEPUHY OCU.

6. Heka Z(\, i, v) m M ca KakTO B ropHaTa 3abe/ieskKa.
a/ JlokaxeTe, de 3a aKO 33 BCEKH eJMHUYEH BEKTOD € o3HauuM ¢ M (€)
opeceyHaTa TOYKa Ha Jb4a, HOPOJEH OT €, ¢ MHOKecTBOTO M, TO

1
IHV) = —.
|OM(é)]
0/ Hokaxere, e IIaBHATE OCH Ha MHEPIHs HA V CbBIAIAT ¢ KOOD-
*
JUHATHATE OCH TOYHO TOraBa, KOraro IMeHTPOOEeKHUTEe MOMEHTH C¢a HyJIa,

re. Kupy(V) = K,.(V) = K.,(V) = 0.

7.(I'paBuTanumoHeH moTeHIIHAa HA TA70). B 3ax. 2 na §1.5 Gemre
BbBEJCHO IOHATHETO 2PAGUMAUUOHER NOMEHUUAA Ha MATCPUAJIHA TOYKA!
ako Py e marepnayHa To4ka ¢ mMaca M, TO IPABUTAIMOHHAAT U ITOTEHITHA
B ToukaTa P e pasen na ®(P) = %. [Topoaenoro or mMarepuaaHara

TOYKA CHIIOBO HOJIe e pasuo na F(P) = grad ®(P).

*
B cayuas ma npousBosiHa OC UMEHHO HEHTPOOEKHUTE MOMEHTHU OLPEIEsIST CUJIATE
Ha yCyKBaHe, JefCTBaIU BbPXY Hesd.
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Heka V e marepuano a0 B R? ¢ mwbrnoer p(z,y, 2). [okazxkere, e
rpaBUTAIMOHHIYA MMOTEHIIHAJ Ha V ce jlaBa ¢ popmyJiara

(x,y, z) dedydz
V& /\/ar— (y—n)*+ (2 —¢)?

a (&,n,() ¢ V, n 4e ¢bOTBETHOTO CHUJIOBO TOJIE Ce JIaBa ¢

F)V(gvnag) =

= grad Oy (¢,7,0) = | —k / @—Opl@y ) dedydz
v (\/(x—£)2+(y—n)2+(z—g)2)

Babesexkka. B ciyuast, koraro (£,7,() € V, ¢bOTBETHUAT HHTEr-
paJ e HecoOCTBEH, HO CxOsI, (BUK cieaBaius naparpad) u cjiegI0BaTeHo
IPpaBUTAIIMOHHUS TTOTEHIIMAJ ITPOIbJIXKaBa J1a Obie gpeduHupaH.

8. Heka By e eHOPOIHO (T.€. ¢ IUTBTHOCT €MHUIA) KbJIOO ¢ PATAYC
R. JokazkeTe, 9e 3a TOYKHM M3BBHH HEr0O TO IMOPaXKIa CbIIAA IPABATAIMOHCH
IOTEHIHA, KAKTO aKo IAIaTa My Maca Oellle ¢hCpe0TOUeHa B IIeHThPa My.

VYobrBane. Qukcupaiire roukara P ¢ Bgr u B3emere koopauHaTHa
CHCTeMa TaKaBa, 9e HAYaI0TO /13 ChBIAa C NEHTHPA HA K'bJAOOTO U TOIKATA
P na nmexu Ha octa z, Te. P = (0,0,a) ¢ a > R. Cien BbBe:kaaHe Ha
HOJIIPHHA KOOPAMHATH IIOJyIaBaMe

2 R s SiIlQD d(,O
o, (P :k/ d@./ 2 / dp =
o (F) 0 0 ’ ( 0 a2+ p — 2apcos p P
Rp a+p
= 27rk/ - (/ dt) dp,
0 @ \Jla—p|

K'bIeTo cMe ozHaumn t = /a2 + p* — 2apcos p. Tbit kKato p < a, nomyda-
BaMe

ATR3 1
3 a

O, (P)=k
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9. Heka cera V = {(x,y,z) Ry < a4yt 422 < Rz}, r.e. V e en-

HOPO/IHOTO T$JIO, OTPAHUYEHO OT JIB€ KOHIICHTPUIHU chepu C NEeHTHD B Ha-
JaJ0To U pajauycu Ry, Rs. JlokaxKeTe, 4e BbB BbTPENTHOCTTA HA MO-MaJTKATa,
cdepa (r.e. mpu ||P|| < Ry) morennuanst Py (P) ne 3apucu ot P u cieno-
BaTEJIHO I'PABUTAIMOHHOTO 110/1€ B Hesl € PABHO HA HyJIa.

3abesiexkka. Tosa o3HauaBa, Ye BbB BBTPENIHOCTTA HA KyXa MaTe-
*
puasna cdepa Tenara ca B 6€3TerI0BHOCT. TOBa € €/IMH OT CeH3aIMOHHUTE
3a BpeMeTo cu pedyaratn Ha HioToH.

YubrBaHe. I3n013BaiiTe n39UCIEHAATA OT 331, 7, KATO B3eMeTe TIpe/
BHJI, Ye TYK p ce u3MeHs or Ry n0 Rs, W BUHArW umame |a — p| = p — a.
zuucnennara or 3a1. 7 B TO3W caydail gasar, ue Oy (P) = 27k (R3 — R?)
1 CJeJ0BaTeJHO He 3aBucu or P.

*
" 1Ipu JIUTICaTa Ha APYTU TPABUTAITUOHHU TTIOJIETA
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2.8 HecobcTBeH MHOTOMEPHU WHTETrPaJIn

B nedbununugra Ha puMaHOBUS WHTETPAJ Ce PAa3TIeKIAT OrPDAHUYeHN (DYH-
Kiun, jje(pUHIPAHT BbPXY OIPAHUYEHN MHOYXKECTBA. AKO HSIKOE OT Te3H yC-
JIOBUS € HapyIIeHO, TOBOPUM 33 HECOOCTBEH MHTEIDAJI.

Hedrnanmmga Ha MHOTOMEepeH HecOOCTBEH MHTErpaJl.

Nzuepusamia cucrema. Hexa U e nodmnoscecmeo na R"™ ¢ nenpas-
Ha ssmpewnocm. Ilod usuwepneawa cucmema {Uk}n:m,m 3a U we pasbupa-
ME MOHOMOHHO PACTNAULG PEOUUE 0T USMEPUMU OTNEBOPEHU NOOMHONCECMEA,
U, 1a U, maka we 3a scaro n s3ameopenama obsuska Uy, na Uy, ce cadsporca
6 Uk+l; Uu Uzolek =U.

Hedbunnuua Ha mecobcrBenns uarerpast. Heka f(z) e dynryua,
dedpurupara 3a © € U u unmezpyema 66pry 6CAKO KOMNAKMHO (M.€. 02-
panuseno u 3ameopeno) nodmmnoscecmeo na U. (Takasa dynryus we na-
pusame J0KaTHO uHTerpyema Bbupxy U. Kassame, we f(x) e unmezpyema
6 Hecobemeen cmucsa espry U, axo 3a ecaxa uswepnsaua cucmema {Uy}
na U umanme

/f(x) dml...dxn:klim f(x) dxy ... dx,,
—00
U

Uk

KAmMo 2panuyama 0mdIAacHo CoUECBY6a U He 3a8Uct, 0m u3b0pa Ha u3uep-
neaULama CUCMeMma.

B rakuBa ciydam ce KasBa, Ye HECOOCTBEHHSAT MHTEIPAJ € crodAuy, B
HPOTHUBEH CJIyYail Ka3BaMe, 4e TOi € paszrodau.

Kakro u 3a eHOMepHUTE HecoOCTBeHH MHTerpasn (Buxk dacr I, §4.6),
e pasrjesame OTACIHO CaydauTe Ha (PYHKIUH C MOCTOSHEH 3HAK W Ha
byHKIIMHE, TPOMEHAIIN 3HAKA, CH.

HecobcTtBeHu mHTErpasn oT HeoTpunaTeJiHu pyHKIUN. B To3u
caydail JepuHUIIATA 3HATUTEHO Ce OMPOCTIBA. 34 & Ce YCTAHOBU CXOJIH-
MOCTTA Ha WHTETPaJIa, € JIOCTATHIHO Ja ce pasriiefa caMo eJlHa N39epIBalia
CUCTEMA.

Teopema 1. Hexa U e nodmnoscecmeo na R"™ ¢ nenpasna esmpeu-
nocm, u vexa f(x) > 0 e neompuyamensna Pynryua, deunupana 3a x € U
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U UHMEZPYEMG 8BPLY BCAKO KOMNAKMHO nodmuosicecmso wa U. Ako epanu-
yama limyg_, o fﬁk f(z) dzy ... dx, couwecmeysa 3a HAKOA UBUEPNEAULA CUC-
mema {U} 3a U, mo ma cowecmeysa 3a 6cara dpyza u3wepneauya cucme-

ma {Vi}, u

l—00 k—o0
Uy

lim [ f(x)dzy...dx, = lim [ f(z)dz;...dz,.
/ /

Joxazareacrso. /la duxcupame zomep [. Tbit kKato V; C U1 Ug,
To MmHOXkecTBaTa Uy obpasyBar 6e3KpaiiHO OTBOPEHO MOKPHUTHE HA KOMITaK-
THOTO MHOXKECTBO V), W TI0 Teopemarta Ha Xaifne-Bopen (teopema 11 ma
§1.2) cmeznpa, e or Hero Moxke ja ce mzbepe KpaitHo moamokputHe. Trhii
KaTO MHOXKECTBaTa MOHOTOHHO HapacTBaT, TOBa O3HaYaBa, Ue ChIIECTBYBA
Homep k = k(I) rakbb, e V; C Uy). OTryK, Thil Kato f(z) > 0, TO

/f(x) dzy ...dz, < / f(x) dxy ... dx, < klim f(x) dxy ... dx,.
ede o]
Vi Uk Uy,

Taka MOHOTOHHO PaCTAIIATA PEJAUIA sz f(x) dxq...dzx, e orpannvena u
CJICJOBATEIHO CXOISINA, KATO

l—o0

lim /f(m) dzy...dx, < klim f(x) dxy ... dx,.
— 00
v, Uy,

Pasmensitku mectata Ha { U} u {V,}, noiayuaBame 06paTHOTO HEpaBEHCTBO

lim [ f(z)dzy...dz, < lim [ f(x)dz,...dz,,
k—o00 l—00
Uy, VvV,
KOeTO JIOKa3Ba TBHPACHUETO. |
3abenexkka. OT J0Ka3aTeICTBOTO HA TEOpEMaTa BeJHara ce BHXK/IA
cJae/IHUAd KPUTEPUU 3a CXOJMMOCT Ha MHTerpaJja OT HeoTpHIllaTe Ha yH-

Kius: AKo 3a HsAKos m3depnBaiia cucrema {Uy} dacTudHuTe MHTErpain
ka f(x) dzy ...dx, ca orpanudeHu oTrOpe OT €IHA U C'HIIA KOHCTAHTA, TO

HecOOCTBEHUS MHTErPaJ fU f(z) dzy ...dzx, e cxomsml,
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N 1tyk e BajiueH ChIKS MPUHIKI 338 CPaBHABaHE, KAKTO 3a €IHOMEep-
HHUTEe HeCOOCTBEHN MHTerpasiu (U 3a Oe3KpaiiHuTe penoBe).

Teopema 2. Ilpunnun 3a cpasusBane. Heka f(x) u g(x) ca dse
AOKAARO unmezpyemu Pyrrkuuu 6spry muoscecmeomo U makuea, e 3a
scaro x € U e usnsanenu 0 < f(x) < g(x). Tozasa

o Axo mecobcmeenuam urmezpas om no-20AAMaMa GYHKEYUA
Jo9(x) dry...de, e cxodaw, mo u uwmezpara OM NO-MAAKAMG
Jo f(@) dzy ... dx, e cowo cxodaus,.

o Axo [ f(x) dxy...dx, e paszodaw, mo u [y g(x) dxy ... dx, e cowo
PA3TOOAU.

HoxazarencrBo. Heka {U,} e mzuepnsama cucrema 3a U. Ako
[ 9(x) dzy ... dx, e cxongm, 10 3a Besiko Kk nMame

flz)dzy...de, < | g(x) dxy...dx, < [ g(x) dzy ... dx,,
T

Uy U

U OT HnpeaxogHara 3abesIerkKa CaeaBa, de fU f(z) dzy...dx, e cbipo cxo-
JISIIL.

OGparno, ako [y f(z) dxy...dw, e pasxoudmi, u JOImycHeM, de
Jo 9(x) dzy ... dx, e cxongm, me cTUrHEM J0 TPOTHBOPEYHE, KOETO JOKA3BA
U BTOPOTO TBBPJICHUE. |

ITpumepn. 1. Heka D C R" e u3MepumMo u 3aTBOPEHO MHOXKECTBO,
Py eD° uU=D\{F}. ToraBa unrerpaasr

dry...dx,
1P — Fol[*
U

e CXOOSII ITpu « < N U Pa3XOAsIl OpH o > N.

JdokazareacTtBo. Moxkem ma cautame, de D mpejcTtaBisgBa 3aTBO-
peHo K'bJI00 OT BHIA E(POJ‘) ¢ meHTHP B Toukara Fy. Hamcruna, B mpo-
THUBEH CJydYail HHe MOXKe Ja B3eMeM JIOCTATBhIHO MaJiko 1 > () TakoBa, 4e
B(Py,r) C D, u na npeacrasuv D = B(Py,r)U(D \ B(Fy, )); uarerpamst
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BbPXY BTOPOTO CHLOMPaEMO € COOCTBEH M MOXKe Ja He Ce B3eMa IIPel BAI IPU
u3caeaBane Ha cxonumocrra. OCBeH TOBa MOXKe 1a cmaTrame, 9e¢ Py chBoaga
C HAYAJIOTO Ha KOOPIMHATHTE.

3a ga w3cireaBaMe MHTErpasa fE(o,r) %, HIe pasriegaMe n3depl-
pamara cucrema U, = B(0,7)\B(0, ¢), n B maTerpana sbpxy U, IIe HAIpa-
BUM 0000IIeHa MOJISIPHA CMsIHA Ha KoopauHaTtuTe B R" ¢ pyHKIMOHAIHA Te-
TepMuHanTa P sin "%, . ..sin@; (Bux kpas Ha §1.9). B Tesn koopu-

rarn U, ce ommncea ¢ yeaosmsta p € [g,7], 0 € [0,27], ¢1,. .., pn_o € [0,7].
[TonyuaBame

/ dry...dr,

JoPIe

U,

2m ™ oo ™ . T d/)
= do. sin" ", o dp,_o. . ... sin 1 dy;. —
0 0 0 e P

Tyk camo mocsieHuSAT UHTErpas 3aBucu oT €. Kakro 3Haem ot vact 1, Toii
npuTexkKaBa rpaHuna mnpu € — 0 camo ako a —n+1 < 1, Te. ako o <n. A

CaenctBue. Unmezparsm

p(x,y, z) dedydz
viemo = ~/¢x— UEEEacEE

onpedeasuy 2pasumatyuOHHUL NOMEHYUGA (udic 3adaua 6 om §2.7) na ma-
mepuasromo maro V. 6 mowkama Q = (§,1,(), e cxodauy u npu Q € V.

HokazareacTBo. llnTerpansbt Moxke 1a Obje HATMCAH BHB BHUIA

& _ p(P) dxdydz C dzxdydz
V@)L/IW—@ISVIW—QW

KbaeTo ¢ P cMe o3maumiam Toukarta ¢ Koopaumnatu (x,y,z), a C' e exna
ropHa TpaHHUNa 3a HempekbcHarara dymkuus p(P) Bbpxy V. OcrtaBa ma
orOenexxkum, de 1 < 3. [ |

*
B nedunumusTa 3a u3uepnBaIia CHCTEMa Ce NCKa T 1a Obae n30pomMa; TOBa MOXKE
Jla ce HallpaBu, akKO ce u30epe Ipou3BOJIHA peauua € N\, 0 ¥ ce B3eMme pejuuara or
muoxkectsa Ug, .
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2. Heka D o3znauaBa BBHHITHOCTTA HA OTBOPEHO K'bJ0OO C MEHTHD TOY-
kata Pp: D = R" \ B(P, ), r > 0. ToraBa nnrerpassrt

dry...dz,
[P — ol
D

e CXOIMI IPU (v > 1 U Pa3XoAdlIn npu o« < n.

HoxkazarenacTBo. OTHOBO MOXKeM Ja B3eMeM ToukaTa Py B HAUaaI0To
Ha KoopauHaTHTe. Jla m30epeMm m3depnBariara 3a D cucreMa 0T MHOXKeCT-
BaTa
Uy = B(0,N)\ B(0,7), N = 1,2,.... Uspbpusaiiku ornoso o6obuiena
HOJISIPHA CMSIHA, TTOJTy9IaBaMe

/dxl...dxn B
Jo eI

Un

2w ™ T N dp
= / dQ./ Sin " 20, o dpp_s. . ... / sin d(pl./ p——
0 0 0 r P

B To3u ciyuaii mocsenusaT uHTErpasl npuTekasa rpanuna npu N — 400
caMo korato @ —n + 1 > 1, T.e Korato a > n. [ |

CaencrtBue. Hexa D e neoeparuveno 3ameopeno MHOMCECTNBO, He
codspoicawo moukama FPy. Tozasa unmezpansm

dry...dx,
1P = Bol[*
D

e cxodaw npu o > n.

HoxkazarencrBo. Heka r > 0 e takoBa, ue kbaboro B(Fy,r) me ce

npecuda ¢ D. [la oznaunm ¢ f(P) npomxbizkenneTo Ha HyHKIUATA m

or D BLPXY LOAJI0TO R" \ B(Po, T), KOETO B3eMa HYJIeBU CTOMHOCTH HU3BBLH
D. Torasa 0 S f(P) S w BbHDPXY R" \ B(P(],T’), n

dry...dz, / ~
—_—— = f(P)dxy...dx,.
J TP =Rl 1

R™\B(Py,r)
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Tebpaenuero cjaejiBa OT MPUHITUAIA 38 CPABHIBAHE. |

IIpecmarane Ha mHTerpasia Ha Iloacon. Karo upuiioxkenue na
TeopeMa 1 1Me JIOKaykKeM PaBeHCTBOTO

400 9
/ e dr = /7.

o

Nurerpanbr o1igBo ce Hapuva unTerpas Ha [loacon u urpae Baxkua
poJisi B TEOpUSATA HA BEPOATHOCTHTE, KAKTO U B JIPYTHU JS0BE HA MAaTEMa-
Tukara. Pa3npeeennero Ha BEPOSTHOCTUTE ¢ IIHTHOCT \%6”2 ce Hapuda
[aycoBo, miim HOpMAJTHO, pa3peielieHne, U € e/IHO OT Hall-4eCcTO CPelaHuTe
B IPUJIOKEHUATA.

Ja o3maunm croifnocrra Ha unTerpasa na [loacon ¢ I (nerosara cxo-

qumoct e ogeBnHa). [1le mpecverHem 1o JBa HaYMHA HECOOCTBEHUS BOCH

UHTErPaJl
// e~ %Y dxdy,

RQ
KaTO H3IO0JI3BaMe HM3YepIBAIld CUCTEMH, ChCTaBeHH OT KPbIOBE HJIH OT
kBasipaT. Heka Bp o3HavaBa Kpbr' ¢ MEHTHP B HAYAJIOTO W pagumyc K.
Ouesunno npu R = 1,2,... nojsydasaMe u3depusaina cucrema 3a R2. 13-
MOJI3BAMKN MOJAPHA CMAHA Ha KOOPJUHATHATE, MTOJIyIaBaMe

27 R
2_,2 2 1 2 2
//e—x—y dmdy:/ de./ e’ pdp=2m. — e’ !oRZW(l—e_R)v
0 0

Br
// e oY dxdy = lim // e Y dxdy = .
R—+00
Br

R2

OTKBHIETO

TIpyra m3uepmBalia cucreMa 3a R2 ce moydaBa OT KBaAPATHTE

Ky = [-N, N] x [-N, N|. Umame

2 2 N N 2 2 N 2 N 2
// e v dxdy:/ / e v Y dxdy:/ eV dr . / eV dy
-NJ-N -N -N

Ky
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u cjJaeJ0oBaTeIHO

//e‘”zy2 drdy = lim // e~ Y dxdy =
N—+o00
Ky

RQ
+o00o 9 +oo )
:/ e’ ” da:./ eV dy = I°

[Tonyunxme, ue [? = 7, Te. [ = /7. [ |

HecobcTtBenu mHTerpajm OoT (pyHKIUU, KOUTO CH IIPOMEHST
3Haka. CjegHara TeopeMa e J0Ka3BaHa 3a €IHOMEDHH HeCOOCTBEHN MHTEr-
paJiv, KaKTO W 33 YHUCJIOBU peIoBe:

Teopema 3. Axo necobcmeenusm unmeepan espry U om dyrnrkuyuima
|f(z)] e cxodaw, mo u unwmeepassm om camama dynkyus f(r) e cowo
crodau.

HokazareactBo. [lle BbBejem o3nadeHusTa:

fi(x) = max(f(x),0) , f-(z) = min(f(z),0).

C apyru qymu, fi(z) cbBnaga c f(z) B TOUKHTE, B KOUTO T3l € TIOJIOKUTEHA,
I € paBHa Ha HyJa B octamanute, a f_(r) cvBuaga ¢ f(x) B Toukure, B
KOWTO Ts € OTPHUIIATE/NHA, & B OCTaHAUTe € Hy1a. OUeBUIHN ca paBeHCTBAaTa
f(z) = fi(z) + f-(2),

|f(z)] = fr(x) — f-(x). OT BTOpOTO OT TAX CJIEIBAT HEPABEHCTBATA

0< filx) < [f(@)], 0< (=/=(2) < [f(2)].

Ako jonycaenm, de mecobcrsenust unrerpan [q|f(x)| dzi...dz, e
CXOJISILI, TO OT NPUHINIA 33 CPaBHSABaHE CaeaBa, de [y fi(zx) dry ... dx, u
fU (—f_(x)) dx;...dz, ca chIO CXOAANN, U CAETOBATENHO € CXOMSIIA U
TXHATA pasnuka [i; f(x) doy ... dx,. [ |

3a pa3JiuKa OT eTHOMepHHd caydail obade, TVYK e BaJUIHO OOPATHOTO
)
TB'bp,ZLeHI/Ie, T.€. TYK HE C”b]l[eCTBYBaT T.Hap. yCJIOBHO CXOAA1IIHn I/IHTeraJH/IZ

Teopema 4. Axo [, f(x) dzy ... dx, e cxodau, mo u
Jo lf(@)| dy ... dz, e cowo czodaw.
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JokazaTescTBo. 3a yaecHeHHE INEe pas3laerkJIaMe Caydas, KOrarTo
f(z) e mempekbcHaTa. 3a KpaTkocT uHTerpasa ot dyuknusata f sbpxy U
me ozHauaBame ¢ [y(f), u anajsormuno - unTerpasure or |f|, fi, f-. [a
JIOIyCHEM, Ye TBbDJEHHETO Ha TeopeMaTa He e U3I'bJIHeHO, T.e. 4e [y(f) e
exomgat, a Iy(|f]) - pasxomsamt. [le qokazkeM, e MpH TE3U MPEMOIOKEHUST
u gsara uarerpaia Iy(fi), Iu(—f-) ca pazxoggamu. Haucruna, ako u apara
HHTEerpaJja ca CXOJsIy, T0o u TaxuHara cyma [y(|f]) me 6bae cxomgant narer-
pas. Axo nanpumep Iy(f1) e pasxomgm, a Iy(—f_) - cxongr, T0 3a BesKa,
uzdepnBamia cucrema Uy, me umame Iy, (f) = Iu, (f+) + [u, (f-) = +oo B
IIPOTUBOPEYUNE ¢ IMPEIIIOI0KEHHATA.

[Tle mokazkem, e, (3a pasinka OT eAHOMepHHs caydait), ako [y(fy)
u Iy(f-) ca pasxomsum, to Iy(f) He Moxke na Obie cxomsil. Heka Uy e
IpoM3BOJIHA u3dyepnBaia cucrema 3a U. OT pasxoauMOCTTa Ha HHTErpaJja
Iy(fy) cnensa, e 3a goctarbIHo TossaM HOMep | = [(k) e umame

Io,(f+) > Tu,(—f-) + k.

Ja o3naunm ¢ U;" 0TBOpeHOTO MHOKECTBO OT Bemakn To4kd Ha Uj, B KOUTO
_ +

f(z) >0, m mexa Vj, = U, UU;". OueBrano MHOkecTBaTa V), CbIO 06pa-

syBaT usuepnsania cucreMa 3a U. Tbii kato f_(x) e paBHA HA HYJIa BHPXY

muOKecTBOTO Vi \ Uy, € B cuita oreHkara

IVk(f) = IVk(f-i-) + IUk(f—) > IUk(_f—) +k+ IUk(f—) = k.

C apyru aymu Iy, (f) — 400, B IpOTHBOpEYHE C JTOMYCKAHETO. [ |

Babenexkka. EcrecTBeHo BL3HHKBA BLIPOCHT 3alll0 B €JHOMEPHHUS
ciaydail Teopema 4 He € BIPDHA M CbINECTBYBAT YCJIOBHO CXOJZIIM MHTEr-
panu (Karo HampuMmep fj;o Sl% dx). Pa3nukara ce ¢bCTOM B TOBa, 4e B
eJlHOMepHAaTa, JepUHHIUS ce M3UCKBA M3YeplBallaTa CHCTeMa Ja Ce ChCTOH
OT uHMepsanu, T.e. OT JTHHEHHO CBbLP3aHH MHOXKECTBA, a B MHOTOMEPHHS
caydail TakoBa orpanuvenHue Hsma. llopaju ToBa B eJHOMEpHHS CJIydail
KOHCTPYKINATa OT Teopema 4 He e Bb3MOXKHA.

MozKke Ja ce monuTa, JaJd B MHOTOMEPHH CJydail He MOXKeM JIa IIpo-
MeHUM JIePUHUIMIATA 32 CXOAUMOCT Ha MHTerpasa, KaTo IOHCKaMe H3dep-
IBAIaTa CHCTEMa Ja Ce ChCTOU OT JMHEHHO CBbp3anu MHOKecTBa. Okas-
Ba ce, Ye Npu Takapa Moaudukanus gedUHATUITA HIAMA 1a Ce ITPOMEHH
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cbiecTBeHo. HaucruHa, B pa3sMepHOCTH 2 M HArope HHUE MOXKEM 3 Cbe-
JIMHUM OTAE/JIHUTE KOMIIOHEHTH HA CBbLP3aHOCT Ha JajeHo MHOxKecTBO Uy
¢ "kopumopu" ¢ MPOU3BOJHO MAJKa MADKA (WJIH, MO-TOYHO, ¢ TIPOU3BOJIHO
MaJI'bK HHTerpaj or (bYHKIHATa BbpXY TsX). /oGaBsiHETO HA TaKMBa KO-
pugopu mie HampaBu Bcegko Uy ga Obae JIMHEHHO CBBP3aHO, HO HAMA I
IIPOMEHU I'PaHHIlaTa Ha peAullaTa OT HUHTEI'DaJIM BbPXY MHOXKeCTBaTa Uk
B exnomepnus ciaydaili ToBa He € Bb3MOXKHO.

Teopema Ha ®Pybunm 3a HecoOCTBeHuM mHTerpaam. B Teopema
1 ot §5 mokazaxme, 4de IpH OLpPEIEJICHH YCIOBUSA MHOTOMEPHHSAT HHTEIPAJI
MOXKe Jla ce npecMsTa KaTo moproper. Okassa ce, 4e 1mom00Ha TeopeMa € B
cuiia ¥ 3a HecobcTBenu uHrerpasn. Heka ca gagenn muoxkecrsara U C R”,
V C R™ ¢ nenpasna pbrpemaoctT, n Heka f(x,y) = f (1, ..., Tn, Y1y -+ s Ym)

e JIOKAJIHO MHTerpyeMa (PyHKIUS BBLPXY TAXHOTO mnpoussejgenne U X V C
R,

Teopema 5. (Teopema Ha @yGuHu 3a HeCOGCTBEHH HMHTErpa-
am). Jla npednonoscum, we f(x,y) e abcoarommno uwmezpyema, m.e., e
HECOOCMBEHUAM, UHMEZPAN

/ |f(z,y)| doy ... deady; ... dym
UxV

€ CZ'O().}ZW. Tozasa € 6 cuara paceHcmeomo

/f(:z:,y)dxl...dxndyl...dym:/ /f(:z:,y)dyl...dym dry...dz,

UxV U \%

=/ /f(x,y)dxl...dxn dyy . .. dyp, .

\% U

oxkazarescTrBo. HocTarbiHo € J1a J0KaKeM II'bPBOTO PABEHCTBO.
Moxe ga ce gokaxe, de marerpature F(z) = [, f(z,y) dyi...dym cb-
MECTBYBAT mpu Touth Bestko © € U, u ve momydenarta dbyukmus F(zx) e
JIOKAJTHO MHTErpyeMa; e cMsaTame ToBa 3a JajeHo. (CXomumocTTa Ha HH-
Terpaja OTJsIBO CJIeiBa OT Teopema 3.)
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Heka {Uy} e usuepusama cucrema 3a muoxkecrsoro U, a {Vi} - 3a
muo)kectBoTo V. ToraBa {Uj x Vi } e uzuepnBama cucrema 3a U x V.
Cuopes ycI0BIETO Ha TeopeMara 3a BCAKO € > () MOZKeM 13 HaMepuM HOMep
V TAK'bB, U€ 33 BCAKO k > U J]a IMaMe

/ |f(z,y)| doq...dx,dy; ... dy, >

Uk ><Vk

> / |f(x,y)| dxy...dz,dy; ... dy, —¢€.

UxV

CaenoBarenno, 3a HecobcTBenus: natTerpat or | f(z,y)| Bbpxy pasiamkara
(U x V) \ (Ug x Vi) ma maoxkectBata U X V u Uy, X Vi e 6bje n3mbi-
HEHO

/ |f(z,y)| doy...dx,dy; ... dy, <e.
(UxV)\(TexVy)

Ha dukcupame € > 0, v u k > v, u Heka [ (x) 03HaYaBa WHTErpajia OT
f(z,y) mo y kakTo 1o rope. MozKe Jia ce jjokaze (TYK ro B3eMaMe HArOTOBO ),
e

/]()d:pl n = lim / flz,y) dxy ... de,dy; ... dy, =

l—o00
ﬁk Uk ><Vl

= / flz,y) dzy .. .depdy, ... dyp,.
(ﬁkXV)

CaenoBaresiHo

/I(x) dz; ...dx, — / f(z,y) dxy ... dz,dy; ... dy,| =

k UkXVk

= / flz,y) dzy .. depdyy . .. dyy,| <

(00| (V)
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< / |f(z,y)| dxy...dx,dy; ... dy, <&,

T'bIl KaTO (Uk X V) \ (Uk X Vk> C (U X V) \ (Uk X Vk)
Ot gpyra crpana,

/f(a:,y)dxl...dxndyl...dym— / flz,y) dxy .. depdy ... dyy| <

xV UkXVk

< / |f(z,y)| dxy...dzx,dy; ... dy, <e.
(UXV)\(UpxVy)

CohbHnocTaBgailKun TOPHUTE HePaBEHCTBA, BHXKIaMe, e 3a BCIKO £ > ()
HPH JIOCTATBIHO TOJIEMU Kk € U3II'bJIHEHO

/](x)dxl...d:pn—/f(x,y)da:l...dxndyl...dym < 2e,

k UxV

KOeTO O3Ha4daBa, 4e€

/](x)da:l...dxn:klim I(x) dzy ... dx, =

— 00
U Uy

= / f(z,y) dey ... de,dy; .. . dy, R
UxV

3abesaerkka. MHOTO 4YecTo ropHara TeopemMa ce HM3I0JI3Ba, 3a Ja ce
00OCHOBE pa3MsaHaTa HA peja Ha WHTEeTPUPAHE 10 T U Y; CIOPE TeopeMaTa
eHO JTOCTATHIHO YCJIOBHE 32 PABEHCTBOTO HA IOBTOPHHUTE MHTEIPAJIH € CXO-
JIHUMOCTTa Ha JIBOHHHS HHTEPAJ OT MOIYJa Ha MOIUHTErPAJTHATA (DYHKIIH.
Bes ToBa ycioBue pasmsiHaTa Ha pefa Ha WHTErpUpaHe MO¥Ke Ja J0BeJe 0
HOTPEIeH Pe3yJITaT; eIiH TaKbB MPUMED € IaJeH B 3a7a4a 3.
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YupakHeHus.

1. Jokaxere, 1e ako f(x) > 0, To

/f(x) dxl...dxn:sup/f(:t) dzy ...dx,,
U

K

Kbiaero K ce MeHn n3Me:k/y BCHUYKH KOMIIAKTHHA H3MEPHMH IIOIMHOKECTBA,
na U.

2. Heka By o3nauaBa kb160 B R® ¢ menTsp B Hawa1oTo u painyc R,
u P e Touka or Bg. JokaxKeTe, 4ye rpaBUTAIIMOHHUAT IOoTeHIHAN Ha Bgi B
toukaTta P ce maBa ¢ ¢popmyaara

4
@5, (P) = 57 |IPII",

T.¢. TOH € CLINNAT, KAKTO Ha Kbabo ¢ paguyc || P||.

3. Heka ¢ U o3naunm kBajpara I X I, or koiito ca u3BajieHu jiBe-
T€ OTCEYKH, B KOUTO TOH JOKOCBA KOOPAMHATHUTE OCH, U HeKa (DyHKIUIATA
f(z,y) e onpenenena na U ¢ dopmyaara

22— g2
f(xay)zm-

a/ Ilokaxere, e

/01 (/Olf(x,y)dy) da::%, /01 </01f(x,y)da:> dy:_%

6/ JlokazkeTe AMPEKTHO, Y€ HECOOCTBEHUAT JBOEH HTerpas ot f(z,y)
Bbpxy U e pa3xojdll, u cjejoBaTe/HO TeopeMmara Ha OyOMHHU € HelpPUJIo-
KM,

B/ 3a uzuepnBamara cucrema U, = [1/n, 1] x [1/n, 1] nokaxere, e
rpanunaTa Ha uarerpaiure ot f(x,y) Bbpxy U, cbimecrBysa. [Tpocienere
B TO3W CJaydail I0Ka3aTeCTBOTO Ha TeopeMa 4 1, B 9aCTHOCT, II0COYeTe KaK
TpsibBa j1a ce n3depe V,,.
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4. JTokaxkere, 4e 3a HEOTpUIIATETHU (DYHKIHUH HPUMED KATO IOPHUS
e HEeBBH3MOXKEH, T.€. 3a TaKWBa (DYHKIHUH OT CHIECTBYBAHETO HA €JUH OT
[IOBTOPHUTE MHTETPAJIN CJIeJBa CHIIECTBYBAHEeTO Ha JABONHUL.

5. HamepeTe 3a KOH MOJIOXKUTETHU CTOMHOCTH HA P U ¢ € CXOJMIII WH-

TerpajgbT
// dxdy
[ef” + Jy|”

kbaeTo U e mpobojeHa orpaHndeHa OKOJTHOCT Ha HAYAJIOTO HA KOOpPINHA-
TUTE.

YubrBane. /la oznaunm ¢ U, obsracTTa, onpeaeiena ¢ HeEpaBeHCTBOTO
|z|” + |y|? < c. Torasa e jocraTbuHO Ja Ce M3C/I€/BA IPAHANATA

// dzdy i // dxdy
im
U, ’95|p +yl* =1 o, ‘37|p + [y|*

3a Ja mpecMeTHeTe TPAHUTIATA BJSCHO, HAIIDABETE CMSHATA
1 . 1
= (pcosQG) /p, Yy = (psm29) /

6. Heka f(x) e nenpekbcuara dynknus, gedpuHUpaHa BhPXY MHOKeC-
tBoro U C R", 3a KosaTO HecobeTBernTe HHTErpain Bbpxy U oT hyHKIUHTE
fi(z), f-(x) ca pasxomstuty. V3m0a3Bailku KOHCTPYKIUATA OT Teopema 4,
JIOKaZKeTe, 4e aKo A\ € IPOU3BOJIHO PEaTHO YUCIO WIH HIKOW OT CHMBOJIUTE
400, —00, TO CchIllecTBYBa n3depnpaiia cucrema Uy 3a U Takasa, 1e

lim [ f(x)dz;...dx, =\
k—o0

Uy
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2.9 Magapka u nHTerpaJ Ha Jleber

B macTtogamusa naparpad e u3710KUM HAKPATKO KOHCTPYKITUATA U OCHOB-
HUTE CBOWCTBA HA T.HAP. JIeOErOB MHTEIPAJI, HAPEUYEH HA UMETO HA (DPEHCKUST
marematuk A. Jleber. Boupeku, ge ta3u jedpuHUIHAS € MO-CJI0KHA OT KJIa-
craeckaTa JepUHAINSA, W3T0ZKEHA TTO-TOPe, TSI TI03BOJISIBA PeJINIa BayKHU 33
OPUJTIOYKEHUATA Pe3yJTaT Ja ObJAT U3J0KEeHW B Hali-00Ima W 3aBbpIIeHa
dopma, pr KOeTO YnuTaATETAT MOXKe Ja /100re U HOB TOIJIeN BbPXY Pe3yJI-
TaTUTE HA TpeJHuTe maparpadu.

CwoItllecTByBaT J1BA OCHOBHU HAYMHA 33 IIOCTPOsIBAHE HA TEOPHUATA HA
JieberoBus MHTErpaji. EAMHUAT OT TAX Ce OCHOBaBAa HA PAa3r/IeK/IAHETO Ha
obWYaiiHUsl PUMAHOB HHTETPaJ KaTo JIHHeeH PYHKIINOHA, JeDUHIDAH BbP-
XY JIMHEHHOTO TPOCTPAHCTBO OT BCUYKHU HEMTPEKbCHATU PYHKIIUU ¢ KOMITAK-
TEeH HOCUTEJI, ¥ TPOIBLIKEHUETO MY BBPXY HAW-TITUPOKOTO BH3IMOKHO TTPOC-
TPaHCTBO OT (DYHKIMH, BbPXY KOHTO TOH 3ala3Ba coiicTBaTa cu (T.HAD.
cxema Ha Janwes). To3n HaYMH Ha MOCTPOsIBAHE HAa WHTETpaJja e eJeraHTeH
U CPAaBHUTETHO Obp3, HO M3UCKBA BUCOKO HUBO HA aOCTPAKTHO MIUCJEHE.
B mactosamusa naparpad Hue cMme m30paJid BTOPUS, MO-CTAHIAPTEH HAYMH:
KOHCTPYUpaHe Ha WHTerpaJa 4upe3 T.Hap. JieberoBa MspKa, CbC CIETHUTE
OCHOBHU eTallu:

1/ Tlpoabazxenune Ha Msapkara Ha [leaHo-2KopaaH BbpPXY TO-TITHPOK
KJIaC OT MHOXKeCTBa, U

2/ KoHCTpyKIMst HA HHTErpasia, ChOTBETCTBAI HA TaKa MOCTPOEHATA
MspKa, IO HAYWH, JTOHAKDB/IE aHAJOTHYeH HA TO3M, MO KONTO MHOTOMEpPHUS
PumanoB uHTErpas € MOCTPOEH HA OCHOBaTa HA Mspkarta Ha [leano-2Kopran
(Brk §2).

Nznoxkennero B HAcTOANS naparpad e OJU3KO0 10 AaIeHOTO B IVIaBa
11 ra w3BecTHud yuebuuk "OcHOBY HAa MaTeMaTHUIeCKus aHau3" or Yoarep
Pynun.

2.9.1 Masgapka ua Jleber.

Hedbunnnus. Hexa A e damurus om nodmmoscecmsa wa dadeno npocm-
pancmeo (nanpumep R™ ). Kaszsame, we A e anreebpa om mHoxcecmsa, ako
3a scexu dee mnoocecmea A, B € A maxrnomo obedunenue, cevenue u pas-
auka (osnavasanu ¢ AUB, ANB, u A\B csomsemmo) couo npunadiescam
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na A

[Tle namomuuM, 4de pasiukara A \ B Ha muO)kecTBara A u B ce che-
TOW OT OHE3W TOYKH OT MHOXKECTBOTO A, KOUTO He MPUHAIEKAT HA MHO-
kectBoTO B. B roprara nedpuHUINS U3MCKBAHETO 3a CeUEHUE € H3JTHIINHO;
HAUCTHUHA, aKO MOUCKaMe anarebpara A ja e 3aTBOpeHa OTHOCHO OTI€DAIlUHTE
obequHenne u pasanka, 1o pagencrsoro A N B = A\ (A \ B) nokassa, ue
Tt 1rie O'bJIe 3aTBOPEHA M OTHOCHO OTEPAINsTa CeueHHe.

Hedbuuunusa. Kazeame, we A e o-arzebpa om muoscecmsa, ako 3a
scara usbpouma damunus {A,}, _ 5  om eremenmu na A obedunenuemo
o
© A, cowo npunadaescu na A.
KakTo 1mo-rope, JieCHO ce BUZK/A, Ye U CEUEHHETO

ﬂ?leAn = A \ (UZO:1 (Al \ An))

C'BINO 1Ie NpuHajiexku na A.

ITpumep. Pamuausara M, OT BCHUKH eJeMeHTapHH MHOxKecTBa B R”
(Buk §1) e anrebpa, Ho He e g-aare6pa. ChIIOTO € BAPHO U 3a haMUIUATA
Ha BcHYKHU m3mepumu 1no Ileano-2Kopman MHOXKeCTBa; HAXCTHHA, MHOMKEC-
TBOTO {1} OT BCMYKHM panmoHajgHu 4ducia B uarepsasaa [0, 1] e uzbpoumo
obe/IMHeHNe OT €JJHOTOYKOBH (U CJIETOBATESHO M3MEDHMHI) MHOXKECTBA, HO
CaMOTO TO He € M3MepPHMO.

Jlema 1. Kaseame, ue [ e MAPKG 6BPTY AN2e0PAMA OM MHOHCECT-
6a A, axo ma cenocmass na ecexu esemenm A € A cmotinocmma p(A),
KOAMO € HeOMPUUGMENHO YUCAO UAU 400, KAMO 30 6CEKU 080G eAEMEHMA
A B € A, ydosaemsopasawu A N B = O, e usnsaneno pasencmeomo
(A UB) = pu(A) + p(B).

JlecHo ce BuKma, de B obIua caydail (6e3 Ja ce MCKa MHOXKeCTBaTa
A u B 5a ca HempecuyaIny ce) moJryv4aBaMe PaBEHCTBOTO

p(AUB) = p(A)+p(B) —n(ANB).

OT ropHOTO CBOCTBO CJIe/[Ba, Y€ MApKaTa € MOHOTOHHA, T.e. 3a BCe-
Kn JBe MHOKecTBa A, B ¢ A C B umanme p(A) < p(B); ToBa ciensa or
npencrasaaeto B = A U (B '\ A). Ocsen ToBa, yCJI0BHETO 33 aIUTHBHOCT
JiecHO ce 00001IaBa 3a IPOU3BOJIeH KpaeH OPOil Helpecuvaliu ce JBe 10 JIBe
MHOXKecTBa: ako Aq,..., A, € A ca takusa, ye A, N A; = O npu i # j, To
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n _ n
p(Up_1Ag) =Y 1 (Ayg). Okassa ce obade, de TOBa yc/a0BUe (HAPHIAHO
KpaiiHa aUTUBHOCT) HE € JOCTATHIHO 33 HAIUTE [eJIH, U TPsadBa 1a Obe
YCHJICHO.

Hedbununua. Kazcame, we MAPKama i e o-adumusna, ako 34 6CAKG
usbpouma pamusus {An}, _ o, om eremenmu wa A, ydosaemeopasauya
A;NA; =0 npui#j, e usnsaneno paeencmeomo

n=1 n=1

Tazu jedununmsa Moxke j1a ce U3KaxKe U B Jpyra ¢gpopMma.

Jlema 2. Heka p e o-adumusna mapka sspzy A, u nexa Ay C ... C
A, C ... e MoHOMONHO Hapacmeaula peduna om esemenmu Ha A: mozasa

n—o0

n=1

Hokazarencrso. [la nogoxum By = Ay, B, = A, \A,_;npun > 1,
u Heka A = U2 A, Torasa

n
A,=JBiu A=U2,B,.
k=1
CaenosaresiHO

(A= u(Bi) u pu(A) = u(B).

KOEeTO JIOKa3Ba TBbPIACHUETO. |
JlecHo ce Bu:Kj1a, Ye U 0OPATHOTO € BAPHO: aKO TOPHOTO TBbP/IEHUE €
U3II'bJIHEHO, TO MApPKaTa [t € 0-aIUTUBHA.

[IbpBaTa OCHOBHA IeJT HA HACTOAIIHS maparpad moxke jga ce hopmy-
JUpa Taka: /ia ce Pasmupu ajgredbpara Ha BCHYKHU €IeMEeHTapPHI MHOKeCTBa
B R™ 10 o-anrebpa, u ja ce mpoIb/Ki CTaHIapTHATA MsIpKa OT ajredbpara
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HA eJIEeMEHTAPHUTE MHOYKECTBA JI0 0-3IATUBHA MSPKA BbPXY Ta3u ajred-
pa. JIoHsIKb1e, KOHCTPYKIMATA HAMOM00ABa Ta3u, KOSITO U3moa3Baxme B §1
IpH HOCTPOsBaHe Ha MapkaTa Ha Ileano-2KopnaH, ¢ eiHa OCHOBHA pa3/aKa:
U3II0JI3BAT Ce He KPaHu, a u36poumu MOKPUTHS ¢ TPABObIbJIHHUII.
Bacera 1e ce OrpaHUYNM C¢'bC CTaHAapTHATa MApKa B R™, KogTo Gerre
n3Mo/I3BaHa B §1: MApKa Ha €MH MPABObI'bJIEH Tapasiesenume]] € paBHa Ha
IPOU3BEIEHHETO Ha IbJIKUHUTE Ha cTpanuTe My. (Tasu MsapKa Iie Hapuda-
Me obuuating, nma cmandapmua) . Ako E e eleMeHTapHO MHOMKECTBO, T.e.
MOZKe J[a Ce TPEeJCTaBh Karo oDe[MHeHne Ha KpaeH Opoil Hempecudalnm ce
PABOBI'BIHA Tapasesenunenn, 7o Heropara Mspka ((E) e papaa Ha cyma-
Ta Ha MEPKUTE Ha Te3W TapaJienenunenin. JIecHO ce BHXK /I, 9€ MIPKaTa [ e
0-aJIATABHA BBbPXY ajiredoparta M, Ha eleMeHTapHUTE MHOKECTBA.

Anajiornano Ha §1, 1me BbBeIeM MOHATHETO BHHIMHA MSIPKA HA MHO-

JKeCTBO.
Hedbunnmus. 3a scaxo muoscecmeo A € R™, we depunupame 6sH-
wHama my mapka 1F(A) ¢ gopmyaama

WH(A) =inf 3 i (E,),

K60emo UHGUHUMYMBM OMOACHO CE 83EMA NO BCUYNKU T30POUMI PAMUAUL
om eaemenmapru, mroscecmea {E,} maxuea, ve A C U2 | E,,.

Muoocecmeama A, za xoumo p*(A) = 0, we napusame nperedpesrcumu
no Jlebee, uiu, HAKPAMKO, NPEHEOPEAHCUMU.

I]e xassame, ue dadeno ceoticmeo (pasencmeo, nepasercmeo,...) e us-
NBAHEHO NOYMU Hascaksde, axo mHocecmeomo om moukume r € R™, 6
KOUMO Mo He ce UINBANABG, € NPEHEOPEHCUMO.

3abeaexkka. B ropuara nedunuius Hue MOXKeM Jja pasliiekiaMe
CaMO OTBODEHH eJIeMEHTAPHH MHOXKecTBa (T.e. KpailHu 00eJMHeHUs Ha OT-
BOPEHU TPABOBI'LJIHUIM ), U OUeBHIHO Jedununusara Ha p*(A) HaMa 1a ce
IIPOMEHHU. C’bH_LOTO € BAPDHO U aKO C OI'PpaHUYUM JIO 3aTBOPpEHU eJIEeMeHTapHH!
MHOZKeCTBaA.

*
KakTo me BuauM mo-HaTaTbK, MO-HATATHITHATE PA3ChK/ICHUS Ca BAJIUIHA 34 IMIHEPOK
KJIaC MEPKU, HO CTAHIAPTHATA MAPKA € Hail-4ecTo cpelnraHa.
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JIema 3. Axo A = U A, mo
p(A) <D pt (A
n=1

B wactrOCT, aK0 Besiko oT MHO)KecTBaTa A, e TpeHedpeKnMO, TO TIX-
HOTO obenmHeHNe USC | A, € ChINO MpeHedPerKnMO.

HoxkazareacrBo. /la nsdepem mpousBoino € > 0, U 3a BCIKO N Ja
BzemeM avniua {E, .}, _,, ~OT eleMeHTaDHA MHOKeCTBa TaKaba, e

€

k=1

Torasa A ce cbabpzka B 00eJUHEHHETO HA BCHUKH MHOXKecTBa By, 1 3a n, k =
1,2,...,m

A S DN (Ba) £ 3 (0 (A + o) S DD w (A +e

n=1 k=1 n=1

Karo nakapame € jia KJIOHH K'bM HYJa, TOJIydaBaMe UCKAHOTO TBbpeHue.l

Ananorugra ¢ mgpkara Ha [leano-zKopaan cBbpinBa 10 TyK: B TO3HU
caydail MOHATHETO BbTPEIIHA MSIpKa He MOxKe Ja Obje BbBeJIeHO 10 HAYHU-
Ha, u3noa3Bad B §1. Enna orT mpuunHUTE HApHUMED €, Ye TOBa MOHSITHE €
CMHCJIEHO CaMO 33 MHOXKECTBa C Hellpa3Ha BbTPEIIHOCT, KOETO € IPEKAJIEHO
OTPAHWUYINTETHO U3NCKBAHE.

3a 1mesuTe Ha MOo-HATATbIIHATA KOHCTPYKIUS HHUE IIe BbBEJIEeM IOH-
THEeTO CUMEeTPUIHA Pa3JInKa Ha JIBe MHOKECTBA:

AAB = (A\B)U(B\A).

CrieHuTE CBOMCTBA HA CHMETPUYHATA PA3JINKa Ce JOKA3BAT C HEMOC-
peJicTBeHA IIPOBepKa.

Jlema 4. Usnsanenu ca caednume csomHoweHus.:

1/ ANA =0,

2/ AAB = BAA,

3/ AAB C (AAC)U (CAB),
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4/ mmoorcecmsama (A1 UAy) A (B UBs), (A1NA) A (B NB,y)
u (A1 \ Ay) A(By\By) ce cadsporcam 6 mmooicecmeomo (A1AB;) U
(A2ABy).

Hedbunnnua. I[lle dedunupame pascmosnue mexncdy MHOHCECTNEE.
Axo A, B C R™, nosrazame

p(A,B) = u* (ALB).

I]e xassame, we A, — A, axo p(A,,A) — 0.

Jlema 5. Tuka 656edenomo pascmosnue npumetcasa caednume
ceolicmea:

1/ p(AA) =0,

2/ P (Av B) =p (B7 A)?

3/ p(A,B)<p(A,C)+p(C,B),

4/ wucaama p (A1 UA),(B1UBy)), p((A1NA2),(BiNBy)) u
p((A1\ A), (By\ By)) ne nadmunasam p (A1, B1) + p(Ag, By).

5/ 10 (A) — p*(B)| < p (A, B).

HokazarencrBo. Besgko ot cpoiicrBara 1/ - 4/ ciienBa 0T ¢bOTBET-
HOTO CBOHCTBO HA CHMETPHUYHATA DA3jMKa. 3a [ JOKaxKeM 5/, Ja mpu-
JIOKUM HEPABEHCTBOTO HA TPUBI'bJIHHKA 3/ KbM MHOXKecTBata A, B, (.
Toit karo p(A, ) = pu* (A), To HepaBeHcTBOTO J001Ba BHIa [t * (A) <
p(A,B)+pux*(B), re. ux(A)—pu*x(B) < p(A,B). [osrapsiiku Te3u pas-
CLJKJIEHUs C pa3MdHa Ha Mecrara Ha A u B, mosydaBame HepaBeHCTBOTO

5/. [ |

3abesiexkka. Moxke 6u unraTenar e 3abens3al, de coiicrara 1/ -
3/ B TOPHOTO TBBDJEHWE ChOTBETCTBAT Ha JeDHHUITHOHHUTE CBOWCTBA Ha
HOHATHETO pa3crostaue, naxeHu B §1 #Ha gact I. Eano or coiicTBaTa Ha pas-
CTOSTHHETO 00ade TYK He € H3II'bJIHEHO: MMEHHO, Pa3CTOSHUETO MEXKIY IBe
MHOZKECTBA, MOXKEe JIa € PaBHO Ha HyJa 0e3 Te jga cbBuajar. Hanpumep, ako
A e nperebpexknmo no JleGer, a B e npaznoro muokecTBO, TO p (A, B) = 0.
ToBa BojM /10 €/THA €CTECTBEHA Pesaliis Ha eKBUBAJEHTHOCT: Ka3Bame, e A
u B ca ekBuBajenTHH MHOXKecTBa, ako p (A, B) = 0, T.e. aKO MHOXKeCTBATA,
A\ B u B\ A ca npenebpexumvu 1o JleGer. Torasa mo-rope j1epuHIPAHOTO
pPa3CTOSTHEE p MOXKe Ja Ce Pa3TIekIa KATO DPA3CTOsHHe He MeXKJIy MHO-
JKECTBA, & MEXK/y ChOTBETHHTE KJIACOBE HA €KBHBAJEHTHOCT (ToKazkeTe!).
Tasu uHTEpIpETAIUS HE € ChIIECTBEHA B MO-HATATHITHUTE JOKA3aTe/JCTRA,
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HO U34dCHABAa HAKOU HﬂeﬁHH MOMEHTH B KOHCTPYKIHUATA Ha MApPpKaTa U WH-
TerpaJja na Jleber.

MuraBaMe KbM OCHOBHHTE JIehHHUIIIH.

Hedunnmusg. e xazsame, e muosicecmeomo A e kpatino usmepumo
(no Jlebez), axo coujecmeysa peduya A, om esemMenmapHy MHOICECTEA
makasa, ve A, - A (m.e. p(A,,A) —0).

Ile kazsame, “we MHOHCECTNEOMO A € UBMEPUMO, GKO CEHEHUEMO MY
coe seeu (ozpanunen) npasosesaen napasesenuned ¢ R™ e xpaiino usmepu-
MO.

Jla o3nauuMm ¢ M KJiaca Ha BCHYKH U3MEPUMHU MHOXKeCTBa, U ¢ Mp -
KJIaca Ha BCUYKU KPaifHO M3MEPUMH MHOXKECTBA.

Teopema 6. M e o-anzebpa om mmoscecmsa. Loprama mapka |1 e
o-adumuena espxy M.

Hoxkazareactrso. Or n1ema 5 ce BuKIa, ue ako A, —» A u B, — B,
o A,NB, - AnB, A,UB, - AUB, A, \ B, - A\ B. Cie-
JIOBATEJHO ODeIMHEHHe, CedYeHne M Pas3iiKa Ha KpaiHO H3MEpPUMH MHO-
JKeCTBa € CBI0 KpalHo m3MepuMo, T.e. Mp e anrebpa, U OYeBHIHO TO-
Ba € BapHO u 3a M. OcBeH TOBa, HEPABEHCTBOTO 5/ OT Jiema b MoKa3sa,
qe or A, — A caemsa, we pu*(A,) — p*(A). Orryk ciensa, ge u* e
QJIUTUBHA BbHPXYy M p; HaWCTHHA, Ype3 IpaHUYEH MPeXoj B PaBEHCTBOTO
w(A, UB,) = u(A,) + w(By) — 1 (A, NB,) moaysasame, e

#(AUB) = j(A) + u(B) — (AN B)

3a Bcekn A, B € Mp.

IIle moxaxkem, ye M e o-anrebpa. Besgko muaOXKECTBO 0T M MOXKe
Jla, e MPeJCTaBu KaTo 00eIMHEeHNEe Ha HEMPECHIaIln ¢é MHOXKeCTBa 0T M p.
Hauncruna, ako ozaagnm ¢ K,, kyobr B R" ¢ IeHTHbp B HAYAJIOTO U IbJIZKIHA
Ha cTpaHaTa 2n, TO OYeBHIHO UMaMe

A=J(ANK,)\(ANK,,)).

Taka, Heka A = U2 A, KbreTo A, ca HempecHmyann ce KpaifHO
u3MepuMu MHozkectsa. Ilo jema 3, nmame

H(A) < S (AL,
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Ot apyra crpana, or dakra, ye B, = Ul_|A; C A 3a Bcsiko n, u Or
JTIOKA3aHATa TTO-TOPe aIUTUBHOCT, MOJIyIaBaMe, de

S u (Aw) = (B,) < 4 (A),

OTK”bJLGTO cnegBa paBeHCTBOTO
o0
pHA) =D (AL,
n=1

KaTO Ce JOMYCKa U JIBeTe CTPAHHU JIa Ca €BeHTYAJHO PABHH HA +00.
Ha ponycuem, e p*(A) e kpaiiHa, TOECT, peIbT OTISICHO € CXOJISIIL.
JlecHo ce BumK A, e

o0

p(A,B,) = Z p*(Ag) = 0 mpu n — oo,

k=n+1

re. B, — A, B, € Mp. Ako E,, ca takuBa ejleMeHTAPHU MHOYKECTBA,
3a kouto p(E,,B,) < 1/n, To necuo ce Buxzaa, ye E, — A 1e. u A
npunaIexy oa Mp.”

B cayuas p*(A) = +00 ropHATE Pa3ChKEHIS MOraT Ja Ce IPUI0ZKAT
3a mHoxkecrBata ot Buga A N K, kbmero K e orpannven npaBobrbieH
napaJenenunes B R™. Toraba ANK € Mp, T.e. A € M.

Ocrapa jma ce jokaxke, 4e [* e 0-aJIuTUBHA BbPXy o-aarebpara M.
Heka A = US2 A, A, ca menpecmuamm ce MHOKecTBa oT M. Torasa
JecHo ce BHKIA, de p*(A) = Y u*(A,). Hancruna, ako u*(A,) #
+00 3a BCAKO M, TO BCHYKH A, ca KpailHO M3MepWMH, U TBbDIEHUETO €
Beue JIoKa3aHo. AKO 3a Hskoe n umame p* (A,) = 400, TO paBEHCTBOTO €
OYeBU/HO, C KOETO IIPUKJIIOYBA JOKA3ATEICTBOTO HA TEOpeMaTa. |

Taka KOHCTpyHpaHaTa 0-aIUTUBHA MsAPKa BbPXY o-ajirebpara M. 1ie
HapudaMe MspKa Ha Jleber u de o3nagaBame ¢ [ (BMecTo ¢ ¥, KakTo Gere
J10cera).

*Tyk nme mokazaxwme, qe ako A € M u p*(A) < oo, To A € Mp.
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2.9.2 CrpykTypa Ha U3MEPUMUTE MHO>KECTBA.

TpyaHo e mga ce majge KOHCTPYKTHBHO ONMCAHWE HAa H3MepHUMHUTe 10 .Jle-
ber MHOXKecTBa B R" - TyK HsIMa KpHUTepHii, aHAJTOTHYIEH HAa KPHUTEPHUS 34
u3mepumoct 1o Ileano-2Kopaan or reopema 1, §1. Ille onumem gact ot aJ-
rebpara M. IIbpBo, JeCHO ce BHXKIa, U€ BCHYKH OTBOPEHH MHOXKECTBA B
R"™ nmpunaexar va M (Brmk 3amada 2). CieoBaTesiHO, BCSIKA PEIAIa OT
Ollepallifl BbPXY OTBOPEHH MHOXKECTBA CBHINO OCTaBa B paMKuTe Ha M.

Hedbunumusa. Fono muoocecmeo 6 R" ce napuna 6opeseso, axo mo
MODICE 0a ce NOAYYU upe3 u3OPOUMa pedula 0m MeoPemnUK0-MHOHCECMEEH
onepayuu (obedurerue, ceverue, JONBAHEHUE, PASAUKG), NPUAOHCEHU KM
omeopeny mhuooicecmsa. Bcuuwu Bopeaesu mmooicecmea obpasysam o -
anzebpa, Koamo ce csdspotca 6 o-anzebpama M Ha ecuyuku uMEPUMU 1O
Jlebee mmooicecmea.

Taxa, GopesieBr ca: BCHYKH OTBOPEHH W 3aTBOPEHU MHOZXKECTBA, cede-
HIETO Ha OTBOPEHO M 3aTBOPEHO MHOYKECTBO WM T.HAp. BopeneBuTe MHOXKEC-
TBa He m3depnsar ajrebpara M - Buxk 3aj. 5. Ille mokaxkem obade, de B
H3BECTEH CMHUCHJ BCAKO M3MEPHMO MHOXKeCTBO B R" MOxKe Ja ce almpoKCH-
MHUPa OTBBHTPE U OTBBH ¢ DOPeIeBU MHOXKECTBA.

Teopema 7. Hexa M e usmepumo mmuoscecmeo 6 R". Tozasa couiec-
meyeam bopesesu muoncecmea F u G marusa, e

FCMCG u pu(M\F)=u(G\M)=0.

B dacTHOCT, BCAKO M3MEPUMO MHOXKECTBO € €KBHBAJIEHTHO HA HSKOE
DopesIeBO MHOXKECTBO.

HoxkazareacrBo. a dukcupame € > 0. Moxkem j1a HaMepuM 3aTBO-
peno muO)kecTBO F. u orBopeno muoxkectBo G, TakuBa, 1e

F.cMCG., karo u(M\F.)<eu p(G.\M) <e.

Haucrtuna, cwimecrsyBanero Ha G, ciaemsa or nedHHUNUITA HA TOPHATA
MspKa ¥ 1 mocsienpaJiaTa ciael Hes 3abesiekka. Jla NpmIoKuM Tas3u KOH-
CTPYKIIHS U 3a M3MepuMoTo MHOxkecTBo M = R™ \ M; me moayunmM oT-
BOpeHO MHOkecTBO U, Takosa, e U. C M 1 (U€ \M) < e. Tlonaraiiku
F. =R"\ U, noayyaBame HEOOXOIMMOTO.
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Hapaiiku nHa € croitnoctu 1,1/2,...,1/k, ..., n nonaraiikn
F = U2 Fi/k, G = N2, Gy, HEE 3aBbpIIBAME JOKA3aTeICTBOTO. [ |

Hedbunnnuga. /e xassame, we mmuoocecmsomo G e om suda Gg, aro
Mo mooice 0a ce NPedcmasy, Kamo u3bpouMo CeveHue Ha 0MBOPEHU MHOHCEC-
mea.

MuoxkecrBara or Buja (G5 He ca 3aIbJ2KEHH JIa Ca OTBOPEHH; HAIPHU-
Mep, BCHYKH €JTHOTOYKOBH MHOXKECTBA ca OT TO3M BUJ. OUeBUIHO 0Dade Te
ca bopeseBH.

OueBHIHO B [I0KA3aTENCTBOTO Ha rOpHATa Teopema MHOKecTBOTO G
e o mocrpoenne or Buga Gs. OT ToBa ciaemBa ciaeIHuIT (hakT, KOATO ce
U3I10/13Ba, IO-HATATHK:
CaencrBue 8. Besaxo usmepumo mmoscecmeo M e R"™ mooce da ce
npedcmasu 666 6u0aA
M=G\A,

*
kodemo G e om suda Gs, a A e npenedbpescumo MHOHCECTNEO .

2.9.3 WUsmepumn pyHKINUM.

B cienBamuTre wetupn pasiesa. MOCBeTeHW HA JehUHUIHUATA U CBOWCTBA-
Ta Ha JieDeroBus MHTErpaJ, Ie paboTuM B CJIEIHATA CHUTYAIUs: JAJICHO €
MHO2KeCTBO X, o-aiarebpa M oT HErOBH TOAMHOYKECTBA, U -3 IUTHBHA MAP-
ka [ Bbpxy M. Hakparko me ka3pame, ge X e MPOCTPAHCTBO ¢ MSAPKA, a
MHOzKecTBaTa oT M 1me HapwdaMe m3MepuMu. B mpocrparnctBoTo X He ce
M3UCKBA JIOPH CbINECTBYBAHETO HA TOHOJIOTHs (B cMuUCHI Ha §2). Pasbupa
ce, eBKJINIOBOTO MMPOCTPAHCTBO U TTOCTPOCHATA BHPXY HEro Msapka Ha Jle-
Oer 1e OCTaHAT OCHOBEH IIPUMEP 33 HAC, HO TSIXHUTE CHEIU(pPUIHI CBORCTRA
*

HUK'bJIEe HIMA J1a ObIaT M3MOJI3BAHMH.

*C’leeCTBYBa u ayasHa aeduHumsg: MEOKecTBoTO F e or Buga F;, ako TO MOXKe 11a ce
MpPEICTABU KaTO M3OPONMO ODeIUHEHNE HA 3aTBOPEHU MHOXKECTBA. AHAJIOTMYHO HA TOp-
HOTO TBBPJEHHUE, MOXKE Ja Ce JOKaKe, Y€ BCAKO M3MEeprMO MHOxKkecTBO M ce mpeacraBs
BbB Buga M = F U A, xaro F e or Buga F,, a A e upeHeOpeKuMO.

“B reopusita Ha BEPOSTHOCTUTE, KOSATO € €JHA OT Haji-BasKHUTe OOJIACTH HA LIPHIO-
JKeHHe Ha JieDeroBus HHTErpaJl, MHO?KECTBOTO X € abCTpakTHOTO "IIPOCTPAHCTBO Ha ejie-
MeHTapHuTe ChbOuTHs", & MIpKaTa Ce OLpe/Ie/is OT BEPOATHOCTTA HA, A3I€HA CbBOKYIIHOCT
OT CHOUTHSI.
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[Tle osnagasame ¢ {x € X : f(z) > a}, wam, nakparko, {z : f(z) > a},
MHOZKECTBOTO OT TOYKHTe T € X, 33 KOHTO € H3I'bJHEHO HePaBeHCTBOTO
f(z) > a. Ilo mojoben HauWH Ie O3HAYABAME MHOYKECTBATA OT TOYKH, B
KOHTO C€ H3II'bJIHABA JIPYrO HEPABEHCTBO OT IIOJ00CH BUL

Hedbunnnmsa. Hexa dynruyuama f(z) e depunupana espry npocm-
pancmeomo X. Ille kazeame, we f(x) e usmepuma Pynkyus, ako 3a 6CAKO
peaaro wucao a muoscecmeomo {x : f(x) > a} e usmepumo.

3abesexkka. B nacrosmus naparpad Hue pasriexkjamMe (pyHKIUH,
KOMTO MOTAT Jla MpUeMaT u cToiHoCcTH +00. OT ropHara geduHUNIUS U OT
cJreIBaIIaTa JIeMa ce BHZKJIA, Y€ MHOYKEeCTBAaTa OT TOYKM, B KOUTO eTHA W3-

MepuMa PYHKIUA € paBHa Ha 400, WM Ha —00, Ca U3MEPUMH.

Jlema 9. Mnooswcecmeama om suda

a/{x: f(z) < a},

o/ {z: f(z) <a},

6/ {z: f(z) > a}

Ca CBULO UBMEPUMU.

Hoxa3zarenctBo. ToBa cjejBa OT paBeHCTBaTa

{o: f(2) <a} =X\ {a: f(z) > a},

{o: f(2) <a} =UZ, {o: f@) < (a—1/n)},

{o:f(2) > a} =X\ {a: f(z) <a}. .

3abesiekka. JlecHo ce BUXK/Ia, 9e aKO B JehUHUIUATA HA H3MEPUMa,
dbyHKIH BMecTO MHOXKecTBa OT Buja {z : f(r) > a} usnonassame MHOKeECT-
BaTa, OUpeeaeHd B a/, 6/, Wi B/, 1e TOJYINM eKBUBAJICHTHA JTeDUHUITHS.

Teopema 10. Hexa f(x), g(z) ca usmepumu dynryuu espry X, u
F(u,v) e nenpexscuama dynkyus na dse peasnu npomenausu. Toeasa dym-
kuyuama h(z) = F(f(z),g(x)) e cowo usmepuma.

HoxazareacTrBo. Heka nmoagmuoxkecrsoro U, C R? e OIIpeIeIeHO C
nepasenctsoro U, = {(u,v) € R*: F(u,v) > a}. Tbii kato F € Hempekbe-
nara ¢yukiusg, 1o U, e 0OTBOPEHO MHOXKECTBO, U CJIEJIOBATETHO MOYKE Jia
ce MpeJicTaBu Karo obequHeHne Ha W36POMMO MHOTO IPABOBIbIHUIM (BUK
3ajaua 2):

Ua = U Ana An = (G,n, bn) X (Cnydn)
n=1
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u cjJaeJ0oBaTeIHO

{z:h(z) > a} = [ {z: (f(2),9(2)) € As} =

= J{zan < f(@) <ba} N {z:cn < gla) <dn},

3a KOEeTO JIECHO ce BHIKIa, Y€ € M3MepPUMO MHOYKECTBO. |

Caenctsue 11. Axo f(z) u g(x) ca usmepumu dynxyuu, mo f(r)+
g(x), f(x).g9(x) u |f(x)| ca cowo usmepumu. Axo npu mosa g(x) > ¢ sa
nakoe ¢ >0, mo u f(z)/g(x) e usmepuma.

HoxkazarenacTBo. 3a WbPBOTO, BTOPOTO U TPETOTO TBbLPJEHUE, B3e-
mame F'(u,v) na 6bae paBHa Ha U + v, u.v U |u| chorBeTHO. B mocaeqaust
caydaii, MozkeM Ja B3emeM F'(u,v) = u/v upu |[v| > ¢ u F(u,v) = u/c npn
lv] <. |

OcBeH CHPAMO apUTMETHIHUTE OIEPAIMN, MHOXKECTBOTO HA M3MEpH-
muTe (DYHKIUH € YCTORIHBO U CHPSIMO IPAHHYHUS MPEXOJ:

Teopema 12. Hera {fi.(2)},_,, . € peduya om usmepumu dynryuu.
Tozasa Pynkyuume supy, fr(x), infy fr(x), imsup, frz), liminfy fi(z) ca
COUO UBMEPUMU.

HoxazarencrBo. Heka oznaunm g(x) = sup,, fr(z). Torasa

{z:g(x) > a} = | {fula) > a}

u caegosareano ¢(r) e msmepuma. [lo ¢bIUAT HAUYMH Cce JIOKA3Ba TBHP-
nernero 3a infy fy(x) (manpasere 1o). [To medbununugara 3a limsup,, fi(x)
uMaMe

limsup fi(z) = inf g, (z), KbAETO gin(2) = SUDP fir(2),
k m k>m
OTKBJIETO Ce BIKIA, de limsup, fr(z) e ¢bino u3MepuMa, U AHAJIOIHIHO
JIOKA3aTeICTBO € B cuia u 3a liminfy fi(z). [ |
Pasbupa ce, oT Teopemara ciesiBa, e ako fi(x) e MOTOIKOBO CXOAIIA
pejaniia oT u3MepuMu (PYHKIHUH, TO HeilHATa MOTOYKOBA I'PAHUIIA Iie O'b1e
C'BIIO U3MEpUMa (PYHKITUS.
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3abesexkka. Toky-1110 Hue TOKa3axMe, 4e 0OuYallHuTe B aHAIN3a Olle-
paiuu BbpXy (DyHKIHUTE HE MOTaT Ja HU U3BEJAT W3BbH MHOXKECTBOTO Ha
u3MepumuTe pyHKuu. Bbupekn ToBa, HAKON (GaKTU MOTAT Jia IPOTUBOPE-
4aT Ha HallaTa WHTYHIHUSA: Taka, ako f(z) e usamepuma dbyHkus, a g(x) -
HenpekbecHata, 1o dbyuknusTa f(g(r)) Moxe u 1a He Obje u3MepuMa (BUK
3a. 6).

2.9.4 JledwHunusga Ha j1e6eroBus MHTETrpaJl.

[ITe nokakem Kak OT JajileHAaTa O-aUTUBHA MIPKa (i MOYKE [0 €CTECTBEH
I'bT Ja Ce MpeMuHe KbM HHTerpaJs, AedUHUPaH BbPXY MOIXOJSIN KJIac OT

dyHKIIH.

Hedbunnmua. Hexa A e usmepumo nodmmoscecmso na X. a 03-
nawum ¢ Xa(x) Heeosama xapaxmepucmuuna dynryus, m.e. xa(zr) =1 3a
r €A uxalzr)=03ax¢ A. Ille depunupame aebezosusn unmezpan I (xa)
¢ dpopmyaama

I(xa) = w(A).
(Tosa mosice da b65de peanto wucso usu +00.)

Hedbununnmsa. Pynrxyuama s(r) ce napuua cmosnaiogudna, ako Co-
WLECTNBYBAMN, PASAUNHU DEGAHU YUCAD C1, . . . , Ck U HENPECUNAULU CE MHONHCEC-
*
mea A1, ..., Ay, maka e

k

s(x) = Z Cp-Xa, ().

p=1

Ouesudno dynkyuama s(T) € USMEPUMA MOYHO MO2G6A, KO2AMO
scuuky muoocecmea A, ..., A ca usmepumu. Heka s(x) e usmepuma u
neompuyameana. B maxse cayuat depunupame

I(s) = Z -t (Ap) .

* . .
ExpuBasnentHa nedununms: s(z) mpueMa camMo KpaeH Gpoii CTOHHOCTH.
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Axo A e usmepumo nodmrnoscecmeo na X, no nodober HauuHt MONCEM
da depunupame unmeezpan om s(x) espry A:

Ia(s) =) cu(ANA,).

p=1

OTHOBO MHTErpaIbT MOXKE Ja Obje peaano ducao uin +oo. Ille or-
GesiezkuM, de m3nckBaHeTo s(x) > 0 e HampaBeHO, 3a J1a ce U30ArBaT HeOll-
peJleJIeHn U3pa3u OT BUJA 00 — OO.

JlecHo ce BUXKIA, Ye HHTErpajbrT € JuHeeH (DYHKIHOHAI BbPXY
IPOCTPAHCTBOTO HA eJieMeHTapHuTe (QYHKIUHM; HAMCTHHA, ako s(r) =

lezl CP'XAp(:C)7 l(x) = 221:1 Q'XBq(x)7 TO

m

() + 1) = 30 37 (6 + dy) Xayom,

p=1 g=1
u paBerctBoro (s + 1) = I(s) + I(l) ce mpoBepsiBa HEMOCPEICTBEHO.

OxasBa ce, ue Besaka DYHKIES MOXKE J1a Ce alPOKCHMHUPA ChC CThIla-
JIOBUJTHU (DYHKIIMW:

Teopema 13. Hexa f(x) e dynryua, dedunupana espry X. Tozasa
couwecmeysa peduya S, () om cmsnasosudny GYHKYUL, MAKa 4e 36 CAKO
x € X da umame s,(r) — f(z). Axo f(x) e usmepuma, mo u dynrkyuume
Sp(x) mozam da 6sdam usbpanu usmepumu. Axo f(x) > 0, mo peduyama
sp(x) Moorce da bBde u3bpaHA HEOMPUUAMENHE U MOHOTMOHHO DACTNAULA.

HokazarencrsBo. [la pasriename Haii-wanpes caydasa f(x) > 0. 3a
BCSIKO €CTeCTBEHO N Ja pasfieauM uHtepsaia [0,n| Ha n.2" paBHH 4acT OT

BIJIA [Z;—,},QL,L), i =1,...,n.2". 3a Tesn z, 3a KOUTO flx) € [12_—”1,2%), mie

oupememnM s,(z) = =, a Tam, xbgero f(z) > n, monarame s,(z) = n.
OueBnnHO peaunara s, () yI0BIETBOPABA yCJOBUATA HA Teopemara. B 00-
mus caydaii, me npejgcraBuM f() KaTo pasiuKa Ha JBE HEOTPUIATETHH
byHKINN, 328 BCAKA OT TAX IIe NPUIOKHAM TOpHATA KOHCTPYKIIAA, U IIIe pas-
raeaMe pa3/InKaTa Ha TOJIyIeHATE B PeIUIN OT CTLIIATOBH/IHE (DYHKIINH.

loprara TeopeMa IO3BOJIABA 1A PA3MIUPUM JIeDUHANMSATA HA UHTEr-
paia Ha Jleber or CTbHAJOBHJIHUTE KbM 3HATUTETHO MO-TIHPOK KJAC OT

dyHKIIAN:
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Hedbununmua. Hexa f(r) e meompuyamensna usmepuma GyHKyuA.
I]e onpedesum urwmezpanra om f(x) ¢ dopmysama I(f) = sup,I(s), xs-
demo s(x) npobazea MHONCECMBOMO HA BCUNKY USMEPUMU CMBNAAOSUIHU
dynryuu marusa, we 0 < s(x) < f(x).

Ananozuuno, axo A e usmepumo nodmuoscecmso wa X, we dedunu-
pame Ia(f) = sup, Ia(s), xksdemo s(x) npobazea couw,omo mHosHceCME0 OM
PYHKUUL KAKMO N0-20DE.

Buecro I(f) n I5(f) no-nararsx me nurmem u [y f(z) du, [, f(x) du
C'BOTBETHO.

B ofmmus coay4aii me pasriegame MoJIoKUTeTHATA JacT fi () 1 oTpH-
naresnara f_(z) na f(z). [lo nedununus

Fol(a) = max (f(2),0), f-(x) = —min (f(x),0).

Jlecno ce Buxka, de fi(z) u f_(x) ca meorpunaresnn GyHKIHL, 1
f@) = fi(2) = f-(2).

Hedbununmsa. Hexa f(x ) € UBMEPUMA PYHKUUA, U HEKA NOHE edHO

om wucaama Ia (fi(x)), Ia (f-(x)) da e xpatino. Tozasa dehurupanme
IRCLEINE mt/f
Hedbunnunmsa. Axo [, fi(z) dp u [, f-(x) du ca wpatinu, mo f(x)

ce HAPUYa UHMEZPYEMa, UAU CYMUPYEMA 10 Mﬂpmma (L 8BPIY MHONHCEC-
meomo A. Kaacem Ha scuuku cymupyemu no | GyHKUUU ce 6esexHcu ¢
L(p). B caywan, kKoeamo p co6nada ¢ 4€0€206amMa MAPKA, CE NUULE NPOCIMO
L. IIle ombeaescum, we ako f(x) e cymupyema sspry A, a B e usmepumo
nodmmoscecmso wa A, mo f(x) e cymupyema u espry B.

[Ie orGese:kuM, Ye HHTErPATBT OT eJHA U3MepuMa (yHKIua (ako
e OIpeJie/ieH) MOXKe Jla € PABeH Ha HSIKOH OT CHMBOJITE +00 WIH —OC.
VHTerpaabT OT eaHa nHTerpyeMa (pyHKIWS M0 AedUHUIUS e KPaHHo IuCIo.

3abesnexkka. JloHakbiae ropHaTa KOHCTPYKIHS HAIOA00sBa HAYUHA,
0 KONTO OOMYalHWAT PUMAaHOB HHTerpaj ce aedHHHPA - Ipe3 PUMAHOBU
cymu min 4upe3 cymu Ha JlapOy. Pasnmkara e, 4e mpu pUMaHOBHS HHTET-
pas paszgensme obactra mox rpadukara Ha (PYHKIHATA HA "BePTUKAJIHH
UBUIIK', a TYK - Ha "XOpU30oHTAJ HU UBHIH".
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Kousenmus. Kassame, ye uzmepumara dyuxius f(x) e
JedbuHupaHa MOYTH HABCAKDB/IE BbPXY X, aKo T4 € JiebHHUPaHa BbPXY MHO-
kecTBo oT Buja X \ A, kbiero A e npenebpexumo. O4YeBUIHO cyMa, IPO-
U3BeJIeHUe U T.H. Ha DYHKIUH, JehUHUPAHE TOYTH HABCAKDBIE, € ChINO JIe-
(GpUHUPAHO TOYTH HABCIKDBIE.

Axo pedunupanara nouTu HaBcsikbje GyHkius f(r) e uHTEerpyema
BBPXy MHOXKecTBOTO X \ A, mojarame

/X pydp= [ ) an

Tazu nedwrUIEa He 3aBUCH OT M300pa HA TPEHEOPEIKUMOTO MHOYKECTBO A
HaucTUHa, ako B e Jipyro TakoBa nperHeOpe:kuMO MHOYXKECTBO, IO CBOWCTBA,
5 u 6 oT caeaBanus pa3jesl MmoJaydaBame

f(z) dp = (@) dp+ | flx)dp— [  flz)dp= f(z) dp.
X\B X\A B\A A\B X\A
[To-maTarbK HEE TIe PAOOTUM TJIABHO ¢ (DYHKINU, JehUHIPAHT TOUTH
HABCSIKbJIE.

2.9.5 CsoiicTBa Ha J1eberoBusa WHTETPAJI.

B 1031 pasmes 1me noKazkeM, 9e OCHOBHHTE CBOMCTBA, MO3HATH HH OT PHMa-
HOBHUSI HHTETPAJI, Ce M3IbIHABAT U 33 HHTerpasia Ha Jleber. [Tourn Benuku Te
CJIeJIBAT JMPEKTHO OT JeDUHUIASATA, U HUE OCTABIME TIXHOTO JOKA3ATE/ICT-
BO HA unTaTe . VI3K/II0UeHne npaBu JUHEHHOCTTa Ha MHTerpasa (CBORCTBO
1). B cayuast Ha j1e6eroB MHTErPAT HEFOBOTO JOKA3ATEJICTBO € TPYAHO, U IIe
O'bjIe OTIIOKEHO JI0 CJIeIBAIIHST PA3IEI.

CsoiicrBo 1. Jlumeitnoct. Axo f(z) u g(x) ca unmezpyemu, mo
I(f+9)=1(f)+ 1(g)-

CsoiictBo 1. Xomorennoct. Axo f(z) e unmezpyema u ¢ € R, mo
I(c.f) = cI(f).

CsoiictBo 2. IlosuruBHoct. Axo f(z) e unmeepyema u f(x) > 0,
mo I1(f) > 0.

CsoiicTtBo 3. Mouorounnocrt. f(x) u g(x) ca unmeepyemu u f(r) <
g(x), mo I(f) < I(g). Axo e dadeno, ue g(x) e unmeepyema, f(z) e usme-
puma, u 0 < f(x) < g(z), mo f(z) cowo e unmezpyema.
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CsoiictBo 4. Hsmepumama dynkyus f(x) e unmezpyema mozasa u
camo moeasa, Kozamo weldnus modya |f(x)| e unmeepyem. Hansamneno e
HEPAGEHCMEOMO

IO < T(f1)-

Hoxka3zarencrsBo. [lo nedununus, ako f(r) e unrerpyema, To Heii-
HUTE TOJIOKUTeHA W oTpunarenta dactu fi(z) u f_(z) ca uHTerpyemy,
u |f(x)] = fi(x) + f-(z) cbuo e unrerpyema (cmopes HeJI0KA3aHOTO BCe
ome cBoficTBo 1). O6parno, ako |f(x)| e nHTErpyemMa, T0 OT HEPABEHCTBATA
0 < filz), f-(z) < |f(x)| cnensa, ge fi(z) u f_(z) cbimo ca nHTErpYeMH, a
CJIeJIOBATEJTHO HHTErpyeMa e u TsixHaTa pazanka f(x). HepaBenctsoro B yc-
JIOBEETO Ce JOKA3BA, KAKTO W IIPU PUMAHOBAS WHTETPAJ - IPE3 HHTETPHPAHE
Ha oveBnIHOTO HepaBeHcTBo — |f(z)] < f(x) < [f(2)]. [ |

3abesaexxkka. [opHOTO CBOICTBO MMOKa3Ba, Ye 3a pa3jinKa OT HecoOCT-
BEHUs PUMAHOB HHTErpaJl, B JIeGEroBus HHTErPAJI HE € Bb3MOMKHA YCIOBHA
(neabcosorna) cxoaumoct. Kakro 3HaeM, CbIIECTBYBAT BazKHU IIPUMEPH
Ha HEaOCOJIIOTHO CXO/IAIIN HeCODCTBEHN HHTErPAJIN - HAIIPUMED HHTErPaIbT

+oo o3

S r

/ dz. ToBa e eIMHCTBEHNS BBIPOC, B KONTO PUMAHOBUS HHTErPAJ
x

—00

JIaBa IOBeYe Bb3MOXKHOCTH OT JieOeroBus. 3a Ja ce 00eINHSIT IOJ0XKHUTEI-
HUTE CTPAHH HAa JIBATA HHTErPAJIa, Ca Ch3JIAJEHU PEIUIA MO-HATATHITHU
000011IeHUs HA [HOHITUETO MHTErpaJl, KOuTo obade UMar J0CTa OrPAHUYEHO
[PHJIOKEHHE.

CsoiictBo 5. Axo f(x) = 0 noumu naecaxsde (m.e. mHoHcECMEOMO
om moukume, ¢ koumo f(x) # 0, e npenebpesicumo), mo f(x) e unmee-
pyema, v I(f) = 0. Obpamno, axo f(x) e usmepuma u HeoOMpPUUAMEAHA, U
I(f) =0, mo f(x) =0 noumu nascarsde.

HoxkazarenacTBo. Or [10Ka3aTeNCTBO €€ HYXKIAae CaMO OOPaTHOTO
teupaenne. Heka osmaunm A, = {z: f(x) > 1/n} u A = {z: f(z) > 0}.
Tbit kaTo
1

[ r@vdnz [ s auz Sucan.

o 4t (A,) = 0. Cien KaTo BCHYKH MHOXKeCTBa A, ca npeHeOPeKUMHU, TO
CBIOTO € BAPHO M 33 MHOKeCTBOTO A = US| A,,. |
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CsoiictBo 6. (0-ammTumBHOCT MmO MHOXKecTBa). Hexa f(x) e un-
mezpyema. Tozasa PYHKUUAMA HQ MHOHCECTEO

= / f(z) du
A
e o-adumuera.

HoxazarencrBo. Tpsa6ea jga mokazxeM, e ako {A,,} e uzbponma da-
MIJIHSL OT HEIpecHdaliy ce n3MepuMu MuoxecTsa, 1 A = J°7 A, 10

Aﬂwwngjmd

B cayuasi, korato f(x) e xapakrepucTudHa (DYHKIMSA HA H3MEPUMO MHO-
JKeCTBO, PABEHCTBOTO BEIHArA CJEIBA OT O-aJATHBHOCTTA HA MApKaTa [
(,JOK&)KGTG). Tbit KaTo BesgKa CTHHAJIOBUIHA (DYHKIUS € KpaiiHa JHHeiHa
KOMOMHAIMA Ha XapaKTePUCTUIHM, TO FOPHOTO PABEHCTBO ABTOMATHYHO €
B CHJIA U 32 CTHOATOBUAHN (DYHKIUH.

Heka cera f(z) > 0 u s(z) e crbnanoBugaa GyHKIUS, TakaBa de
0 < s(x) < f(z). Or mOKA3aHOTO MO-TOpE Ce BHKIA, e

/ ) dp = Z/ du<Z/A flz) dp.

Bzemaiiku cyupemyma 1o (), nmojydaBaMe HEPABEHCTBOTO

Aﬂ@wgg

3a jia JiokaxkeM 0OpaTHOTO HepaBeHCTBO, Ja o3HayuM B, = A; U

.U A,. ToraBa 3a Becsgko ¢ > 0w k = 1,...,n MOXeM Ja HaMepuM

crbnanoBuana dyukmua sp(r) ma Ay TakaBa, qe 0 < sp(z) < f(x) m

Ja, se(x) dp > [y f(x) dp —e/n. Heka s(z) = >7p_, si(x); rorasa
0<s(z)< f(zr)m

/Af(x) dp > an(x) d,uZ/ns(x) dp =
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:zi:/Aksk(x)dp>zi:/Akf(x)d,u—6.

[TpaBeiiku rpannden mpexo npu € — 0 U cjael TOBa IpU N — 00, TOJIyYda-
BaMe HePABEHCTBOTO

[ @ an=Y" [t du

¢ KOETO TBBPACHUETO € JTOKA3AHO 34 HEOTPUIATEIHN (DYHKIUH.

B ciiyuast Ha npon3BosHa uHTerpyeMa dbyukuug f(z), npuiarame Jo-
KA3aHOTO MO-TOPe 33 HeffHATa NOJI0KUTETHA JacT [ (X) 1 33 OTpunaTeHaTa
u gact f_(x), cres KoeTo m3BazkaaMe TOJyYeHnTe PABEHCTBA. |

2.9.6 Teopemu 3a rpaHmydeH OpPeXoJ] B WHTErpaJia Ha
Jleber.

OT HW3/I0KEHOTO JI0 TYK HE CTaBa $ICHO C KAaKBO WMHTerpajbT Ha Jleber e
mo-100bp OT CTaHAAPTHUS PUMAHOB UHTErpaj. B To3u paser 1e n3J10Kum
TPHU TEOPEMH 3a TPAHUYEH MPEXO/I 0] 3HAKA Ha J1eOeroBus HHTErpaJl, KOUTO
HIMAaT aHAJOr B PUMAHOBHUSI HHTEIPaJI, ¥ JaBaT BbH3MOXKHOCT 3a JOCTa II0-
HIUPOK KJIAC Olepalui.

Teopema 14. (Teopema na JleGer 3a MOHOTOHHATA CXOIHU-
moct.)” Hexa 0 < fi(x) < ... < fu(z) < ... e monomonno pacmsawa
peduua om HeompuyamesHy usmepumu Gynryun, u vexa f(z) = lim f,(x)
(myxk donycrame dynryuume f,(x), xaxmo u gynkyusma f(zr), da ezemam
cmotinocmu +00). Tozasa

i [ fu(o) = [ (@) d

Hoxazarencrso. Heka | = lim [y fo(x) du (I Mmoxe ma 6b1e dmcio
mmn 4-00). Tnii karo f,(z) < f(x) 3a Besaxo n, To | < [y f(z) dp.

3a g2 noyunm u 06PATHOTO HEPABEHCTBO, TPAOBA /A NMOKAKEM, e
3a BCSAKA M3MepHMa CThIaJoBuaHa DyHKIW s(z), yaosaerBopssaiia 0 <

*
Ha mmoro mecrta Ta3um Teopema ce Hapuua Teopema Ha bero Jlesn.
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s(xz) < f(x), e usubaneno [y s(x) du < I. Hexa s(x) e rakasa dynxius. [Ta
dbukcupame 3a MmomerTa qucaoro A € (0,1). Jda oznaunm ¢ X,, MHOKECTBOTO
OT TOYKH T, 38 KOUTO f,(x) > As(x). OT ycjaoBuaTa Ha TeopeMara CIe/Ba,
qe Xy C Xy C ... 1w U2, X, = X (IMeHHO 3apajid MOCJIETHOTO PABEHCTBO

Gemnre BbBeeH MHOKUTENsT \). Crie1oBaTeHO

[ oo die> RCIE / slo) i

Ako B TOBa HEPaBEHCTBO HANMPABUM TDAHWYEH TIPEXOJ] MPU 1. — 00, W3-
MOJI3BAliKH 0-aJUTHBHOCTTA HAa WHTerpasa (cBoilcrBo 6), moaydasame [ >
/\fX s(z) dup, oTkbIETO HA CBOW pem, mpu A 1 1, mogydaBaMe THPCEHOTO
HEPABEHCTBO

lz/xs(x) dp. |

3abeserkka 1. Teopemara 04eBHIHO OCTaBa BdpHAa, aKO BMECTO 110
AJI0TO X nHrerpupamMe 1o nmpou3BOJHO HEroBO U3MEPUMO IMOJAMHOZKECTBO.

3abeaexkka 2. ll3uckBanugdra Ha TeopemMara MoxKe Jjia Objlar orc/ia-
GeHm, KaTo ce MCKa BCIKO oT HepasencrBata f,(x) < f,i1(z) m cworHO-
mennero f(x) = lim f,(x) ma 6baar W3IMBIHEHN NOYTH HABCSAKbBAE (a He
HaBCsAKbJe). ToraBa TBbPIEHUETO OCTaBa B cuia. HaucTuHA, Ja 03HAYUM C
E MHO)KecTBOTO HA TOYKHUTE, B KOETO MTOHE €THO OT Te3W U3NCKBAHUS HE € W3-
wbjaHeHo. Torasa E, karo obejunenne Ha n30pOUMO MHOI'O lpeHeOpeKuMU
MHOYKECTBa, € CbIo npenedbpexxkumo. Hue MokeM 1a mpoBejieM JI0Ka3aTeI-
CTBOTO Ha TeopeMara BbpXy mpocrpanctBoro X \ E, karo mo cpoiictBo 5
UHTErPaJnTe OT BCUYIKU (PYHKIUU MO HEro Ie UMAT ChITUTE CTOWHOCTH,
KaKTO BBPXY IAJ10TO X.

Babenexka 3. /la npeanosoxkum, ye Bcuaku dbyHkmun f,(r) ca uH-
TerpyeMH, I OCBeH TOBa YHCIOBATA Pemuna [y fn(x) du e orpanmdena (u
CJIEJIOBATENTHO CXOJAIIA B OOMUYaiiHUA cMHUCHT). ToraBa CIopej reopeMara
Jx f(x) dp e xpaiino uncio, n caegoBarenno f(x) e ¢bio HHTErPyeMA.

Kato ciegcrBue or TeopeMarta Ime JOKaxKeM JIMHEHHOCTTA Ha J1ebero-
BUAd MHTETrPpaJI.
HoxkazareacTtBo Ha cBoiicTBo 1. Tpsadsa 1a JokazkeMm, de

[ 0@+ o) du= [ 1@ du+ [ oo dn
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Haii-wanpe me pasrienamve ciaydasi, Koraro f(x) u g(z) ca meorpu-
naresan. Heka s,(x) e MOHOTOHHO PaCTSINa PeIUiia OT HEOTPHIATETHH 13-
MEPHUME CTbIATOBHIHE (DYHKIMH, TOTOYKOBO KJIOHAIA KbM f(x) (BUK Te-
opema 10), u t,(x) e c¢bio Takasa peauna 3a g(x). Torasa s,(z) + t,(z)
e MOHOTOHHA ¥ KJIOHH KbM f(2) + g(x). CiaenoBaTesiHo, CIope/ TOKY-IIO
JIOKA3aHATa, TEOpeMa, UMaMe

/(f()+9( ))du—hm/ ($n(2) + to(x)) dp =

_hm/ Sp(x du+11m/ x) dp = /f du—i—/ g(x) du.

loproro mokazareacTBo JlecHo ce Moaudunmpa u 3a caydas f(z) <0,
g(x) < 0.

Jla pasriemave cera ciydasi, KOraTo HaBCAKDIE BbPXYy X HMaMme
f(z) >0, g(z) <0. Ja o3naunm ¢ A u B muoxecrsara

A={z: f(z)+g(x) 20}, B={:[f(z)+g(x) <0}

Bbpxy muozkectBoro A KbM pasencrsoro f(z) = (f(z) + g(z)) + (—g(x)),
B KOETO U J[BeTe CHOMPAEMH OT/SICHO €A HEOTPHIATETHH, MOKEM [ TIPHJIO-
KUM JIOKA3AHOTO 10-IOPE, OTK'bJETO CJIEJBA T'hbPCEHOTO PABEHCTBO 33 WH-
rerpajute. Bbpxy B Moxke ja pasriegave paBeHCTBOTO

(—g(x)) = f(z) + (—=f(z) — g(x)), oTHOBO € HeoTpuUATEHE CHOUPaEMH,
KOETO JIOKa3Ba THPCEHOTO paBeHCTBO BHPXY B. Cymmupaiiku, mosxydaBame
PaBEHCTBOTO BBPXY MsLIOTO X.

Haii-ceTne, B 0o0Ius caydaii Hue MOXKeM Jia IMpeJacTaBuM X KaTo obe-
AUHEHNE Ha Y€TUPHU HelIpeCudalld Ce U3MEPUMU MHO2KECTBa, KaTO B II'bPBOTO
f(z) >0, g(x) > 0, Bopxy Broporo f(z) > 0, g(x) < 0 u r.u. Kakro go-
Ka3axMe, CBOHCTBO 1 € M3I'bJHEHO BBPXY BCAKO OT THAX, H CJETOBATETHO €
H3II'BJIHEHO BBPXY MsI0TO X. [

Teopemara 3a MOHOTOHHATA CXOJIUMOCT MOXKe Ja ce (hopMyIupa - 110
eKBMBAJIEHTEH HAUMH - KATO TeOPEeMa 34 II0YJIEHHO MHTEIPUPAHE HA PEeJIoBe:
Teopema 14'. Hexa f,(x) e peduya om neompuuyameniru, usmepumu
pynryuu, u f(z) = >0 fo(x). Toeasa f(z) e dedpunupana nowmu nasca-

xade, U
| #taydu= fj [ futa) du
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3a J0Ka3aTeJICTBOTO Ha TOBA PABEHCTBO € JOCTATHIHO Ja IPUTOKUAM
TeopeMa 11 K'bM peluIaTa OT YACTHIHATE CyMH Ha pefa » . fu(x).

Crenpariara BaxkKHa TeopeMa e T.Hap. Jlema na Pary:
Teopema 15. Hexa f,(z) e peduua om HEOMPUUGMEAHY USMEPUMU
dynxuyuu. Tozasa

/ liminf f,(x) dp < lim inf/ fulx) d
X X

Hokasarenctso. [la osnaunm f(x) = liminf [y f,(z). Ako monoxum

gn(x) = inf (fu(2), frsa(2), fasa(2),-0)

To byHKIEUTE gy, () ca u3mepumu (Buzk Teopema 12). Umame g, (x) < fr(x)
3a BCIKO M > N U CJIeJOBATEJHO

/ () du<mf/fm

Ot mpyra crpana, f(z) = limg,(x), u ciegoBaTeHo MO TeopemMaTa 33 MO-
HOTOHHATA CXOAUMOCT IIOJIY YABAME

/X f(@) dpr = lim /X gul) dp <
< lim (gﬂ /X Fnl2) dﬂ> — lim inf /X folz) dp.

3abeaexkka. Bb3MoKHO € HepaBeHCTBOTO OT TeopeMmaTa Ja Objie
crporo. Hancruna, Heka B unTepBaia [—1, 1], cuabnen ¢ obnuaitnara Msp-
Ka, ga nosoxuM f,(x) = (—1)".x. Torasa liminf f,(v) = — |z| (zokaxere!),
pokato [ ) fu(z) du = 0 32 Beaxo n.

CrieniBa Hali-BaykKHATA W HAil-4eCTO W3MOJI3BAHA TEOPEMA 33 TPAHUYEH
npexo/i B J1eO6eroBus HHTErpaJ:

Teopema 16. (Teopema Ha JleGer 3a MarkopupaHaTa CXOLU-
Moct). Hexa f,(z) e peduya om usmepumu dynryuu, u f,(z) — f(z) 3a
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ecaro v € X. Heka oceen mosa cowecmeyea unmezpyema dynxuua g(z)
maxasa, ue | fn(r)| < g(x). Toeasa

/ f@) dp = Tim [ fu(x) dp.
X X

HoxkazarenctBo. Karo rpanuna na uamepumu (pyHKnuu GyHKIAATA
f(z) e cpmo m3mepuma. Ot mepasencrsoro |f(x)| < g(x) m or cymupye-
MocTTa Ha g(z) caensa, ue f(r) e m cymupyema.

Hepagencreoto |f,(z)| < g(x) o3nayasa, 4e mpu Beako n HYyHKIUATE
g(x)+ fu(z) m g(x) — fn(x) ca meorpunaresan. Kato npuroKum emara Ha
Dary KbM I'bPBATA PEJIUIA, Oy IaBAME

/X (9(z) + f(x)) dp < liminf /X (9(2) + ful)) dp.
n Cﬂe,ILOBaTeﬂHO
/Xf(:zz) dp < lim inf/x fulz) dp.

[Tpunaraiiku jgemara Ha @ary K'bM BTOpaTa OT PEAUIUTE, UMaMe

/X (9(z) — (x)) du < limint / (9(2) — ful2)) du,

X

u cjJaeJ0oBaTeIHO

- /X f(x) dyi < limin <— /X ful2) du>.

[TocJte tHOTO HEPABEHCTBO MOZKE J1a Ce HAIHIIe BbB BUJIA

/X f(z) dp > limsup /X fu(@) dp.

KoMOHHUPAHO ¢ TOJIYYIEHOTO MO-TOPE HEPABEHCTBO
Jx f(@) dp < liminf [ fo(2) dp, ToBa gaBa jJoKA3aTENCTBO HA PABEHCTBOTO
OT TeopemMara. |

*®ynkmuaTa ¢(r) ce HapuYa WHTErpyeMa MasKOpaHTa 3a peanmara fy,(z).
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Babenexkka. B cayuas, koraro u(X) < +oo u |f,(x)| < C 3a Besiko
n, HHTerpyeMa MazKOpaHTa CbIMEeCTBYBa, HAMpuMmep koncrantara C'.

ITpumep. Heka f(z) e cymupyema dhyHKIusa BbpXy R crpsiMo craH-
naprHaTa Mapka. 111e onpesesnm Heitnoro npeoGpazosanue na Oypue’ f(€)
¢ bopmystara;

7 = /Rfmeifx dz.

ITle mokazkem, ge f(f) e HeIpeK'bCHATA I orpanmdena. Heka &, — &,
u f,,(z) = f(x)e %= Torasa f,(x) — fo(z) = f(x)e®® noTouxoso, u 3a 1a
MOYKeM JIa IPUIOKUM FOPHATA TEOpeMa, € JOCTATLIHO Ja HAMEPUM HHTer-
pyema MazkopaHTa 3a peaunara f,(z). Ot mepasenctsoro |f,(z)| < |f(x)]
(KoeTo B ciiydasi € DABEHCTBO) Ce BHZKJIA, Y€ 3a TaKaBa MOXKe Ja Obie u3-
6pana dysxrusTa |f(z)], KoeTo HE OCHTYDSIBA 3aKOHHOCTTA HA TDAHHIHHUSI
IpexoJ, O/ 3HAKa Ha MHTEerpaJa.

~

Orpanundenoctra uHa f(§) ce BUXK/IA OT HEPABEHCTBOTO
Jlo)| < / f(@)) da.
7o)< [ @l

2.9.7 Bpwb3ka mMexay JjederoBus m puMaHOBUS WHTET-
paJi.

B To3u pasgen orHOBO 1me pasriexkgame pyaknun Bbpxy R”, u p me Ob/ie
cranmapTHara Mapka ot pa3zen 1. Cera me J0Ka)KeM OTHOBO JQJICHUST B
Teopema 3 na §4 xkpurepuii na Jleber 3a uarerpyemoct no Puman. Yurare-
JIAT 11e ce yoean, 4e pa3BUTaTa B HACTOAIINSA Maparpad TeXHUKA MO3BOJISIBA,
3HAYUTEIHO JIA Ce OMPOCTH TOBA J0KA3ATEJICTBO U /14 e N30erHaT HIKOU H3-
KyCTBE€HH MOMEHTH.

Twoit kKaTo B TO3U pazjies ce WU3NOJI3BAT M JBaTa WHTErpaja, 3a Ja
ru paznuuaBame, ¢ [o(f) e o3nauaBame JsieberoBusi HHTErpaa or f, a ¢
Iz (f) - pumanosusaT. Cumposmte I(f) m I(f), KaKTO OGHKHOBEHO, O3HAMA-
BaT JIOJIHUS U TOpeH mHTerpas B cmucha Ha lap0Oy. [log p Tyk pazdoupame
cranjaprHara Jjieberosa Msapka Bbpxy R.

*
Tosa moHsATHE Urpae U3BLHPEIHO BAXKHA POJId B TEOPETUIHATA W MPHUIOKHA MaTe-
MaTHUKa.
* o
Ormte cBoiicTBa Ha peodpaszoBanneTo Ha Pypue ca magenu B 3amaun 8, 10 u 11.
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Kpurepuii Ha Jleber 3a narerpyemoct o Puman. Hexa f(z) e
oeparurena GyHryuL, depurupana 6spry uamepumomo no Ilearo-2Kopdan
muoncecmeo D. Tozasa [ e unmezpyema moeasa u camo mozasa, K02amo
MHONHCECTNBOMO OM, MOYKUME, 6 KOUMO HE € HEeNpeKksCHaAma, e npexebpe-
otcumo no Jlebee.

HdoxkazareactrBo. Il Tyk 3a yjecHeHue e pasrjexkjame CJydasd,
KOraTo Jie(puHUIMOHHOTO MHOYKECTBO € HWHTEPBAJ;, TO3H CJIydYail ¢bIbprKa
BCUYKU BaKHU I/I,ZLeIU/IHI/I MOMEHTU. HaqaﬂOTO Ha JOKA3aTCJICTBOTO € KaKTO B
§4; KoHCTpyHpaMe eJiHa U3apebHaBalna peJuia 7 < 7o < ... OT pa30uBaHUs
Ha J1aIeHus HuHTepBas, U HeKa s1(z) < so(x) < ... um Sy(x) > Sa(z) > ... ca
CbOTBE€THUTE peJrnuun OT JOJIHU U I'OPpHU CT'blIaJJIOBU/IHU beHK]_[I/II/I H_[e n3-
nosi3Bame coiictara 1/, 2/, 3/, orbensasann na crp. 186. Tyk obade moxkem
na m3bernem "ocHoBHaTa JemMa', KaTO BbBeeM HOBUTE (DyHKIUN

s(z) =lims,(x), S(z)=1lmS,(z).

Cropes, TeopemMarta 3a MazKOPUPAHA CXOIUMOCT Te3u jBe (DYHKIUHU Ca WH-
Terpyemu 1o Jleber, n

Ir(s) = lim Iz (sn) = I(f),

Ha oznaunm p(z) = S(z)—s(x) > 0. Ilo cBoiicTBo 5 Ha seberoBust HHTErpa
I:(p) = 0 ToraBa m camo ToraBa, korato ¢(xr) = 0 mouTH HaBCAKDBAE (MO
JleGer). Ako = He CHBIATA C HAKOS OT JEJSNIATE TOUYKH Ha pa30HBaHUITA
Tn, T0 @(x) = 0 TOuHO TOraBa, Koraro QyHKnuaTa f € HempekbCHATA B
TouKaTa T; oT Apyra crpana, Io(¢) = I(f) — I(f) e paBen Ha HysTa TOTHO
ToraBa, koraro (dyHkiuaTa f e mHTerpyema no lapOy (r.e. mo Puman).
TBbpIeHueTO € JOKa3aHO. [ |

CaenctBue. Beaka pyrxyua, unmezpyema no Puman, e unmezpyema
u no Jlebez, u unmezparume va Puman u Jlebez om nes umam eona u coula
cmotHocm.

HoxazarencrBo. Heka s(z) mw S(r) ca dbyHKIuATE, MOCTPOECHN B
upeHoTo JokazaresictBo. Ouesugno umame s(x) < f(x) < S(x). Ao f(x)
e nHTerpyeMa 1mo Puman, TO Criope/i JJOKa3aHOTO Tsl 1€ C'bBIa/a MOYTH HaB-
caxbie ¢ s(x) n S(x), T.e. e uarerpyema mo Jleber. Tbit kaTo

I(f) = 1c(s) < Ie(f) < 1e(S) = I(f),
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o I (f) = Ir(f). |

3abesiexkka. OOpPaTHOTO TBBHP/ICHUE HE € BAPHO: JeOerOBUAT UHTEr-
paJi e jepHHAPAH BbPXY MHOI'O IMO-IMAPOK KJIaC (PYHKIME, OTKOJIKOTO PAMAa-
HoBusT. Taka Hanpumep, dbyHkusTa Ha Jupuxie (HyJa BbpXY UPAIHOHAI-
HUTE TOYKH U €JUHUIla B'bPXY pa]_[I/IOHa.HHI/ITe) HE € nHTerpyemMa 110 PI/IMaH,
HO OYEeBHUJIHO € mHTerpyema 1o .Jlebder.

2.9.8 IloBropen jeberoB nnrerpaJj. Teopemn Ha PyoOn-
Hu n ToHesn.

B To3u pasnen me nagem "neberous BapuaHT' Ha TeopeMara 3a paBEHCTBO
ME2K/Y IIOBTOPDHUA 1 ILBOfIHHﬂ HHTEI'paJi, JOKa3aHa 3a PUMaHOBU HHTEI'DaAJIA
B §5. KakTo u B TeopeMuTe 3a IpaHUYEH MPEXoJ| 110 3HAKa Ha WHTerpaJa,
M3TOJI3BAHETO HA JIEDEIOBUST MHTErPAJI TO3BOJISABA Jla Ce JOKAsKaT TeOPEMH,
KOHUTO €& €JHOBPEMEHHO 0-00IIHI, U B CHIIOTO BPEME IIO-IIPO3PAYHHI, OTKOJI-
KOTO B KJIACHYECKHUsI CIydaii.

[Ile pasraexaame npoctpancrBata R" ¢ koopaunatu © = (xq,...,x,),
u R™ ¢ koopmunatu y = (yi,...,Ym). 3003Baiikn moceraimunTe KOHC-
TPYKIUHU, IIle BbBEJIEM MApKaTa W WHTerpasja Ha Jleber BbpXy BCAKO OT
npocrpancTBara R”, R™ u R"™™ = R" x R™. 3a unrerpasa na Jleber me
U3I0JI3BaMe CbIIUTe O3HAYEHUs, KAKTO M 3a PHMaHOBHS MHTerpaJ. Taka,
cien (PYHKIUATA 110/ 3HAKA HA WHTErpaJia e HocTapsaMe di, aKO WHTETPHU-
pame o y € R™, dx, ako uarerpupame o r € R", u drdy, ako unrerpupame
no (z,y) € R"™.

Teopema 17. (Teopema na @ybunn). Hexa gynryuama f(x,y) =
fxy,. o @Y1, Yk) € unmeepyema 6spry R,.,,. Tozasa sa nowmu
scunru 1’ € R" dynwyuama f (2°,y) e unmeepyema no y € R,,, netinusam
unme2pan

I(z) = / f(zy) dy
s

e unmezpyema pynrkyus espry R,, u

/ f(z,y) da?dy:/l(:zc) dx:/ /f(m,y) dy | dz.

Rotm R" R" \R™
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HokazareactBo. [lle uu Tpsabpa ciaegnara

Jlema 18. Hexa {fp(z,y)} e monmomonno pacmawsa usu mMonomon-
Ho Hamaassawa peduya om unmezpyemu dynkuuy espry R™T" kaona-
wa HascaKsde nomowkoso Kem unmezpyemama dywryus f(z,y). Tozasa,
aKO MBBPOCHUETNO HA MEOPEMATNG € USNBAHEHO 34 6CAKA 0M HYHKUUUME
fr(x,y), mo e usnsaneno u 3a epanuvnama dynryus f(x,y).

JdokazaresacTBo Ha jgemaTta. /[ocTaTHIHO € Ja JOKaxKeM JeMmaTa B
cjlydasl Ha MOHOTOHHO PACTIIA PEJUIA: B CIydas HA MOHOTOHHO HAMAJIsi-
BAIlla PeTHIa MOXkKeM Ja pasriaegame peaunara — fx(z,y). [To Teopemara 3a
MOHOTOHHA CXOMOCT MMaMe

lim /fk(x,y) dxdy = / f(z,y) dxdy.

k—o0

Rn+m Rn+m

3a Bcekn HOMep k 1a o3HauuM ¢ E; "uskaounreHoro MHOKECTBO" 34
dbyuknusra fi(x,y), T.e. MHO)KeCTBOTO OT Touku x € R", 3a kouto dyHKIU-
ara fr(z,y) e e uarerpyema no y € R,,. T'bit KaT0 BCSIKO OT MHOKECTBATA
E; e upenedpexknmo B R", TO CHIOTO € BAPHO W 3a TAXHOTO 0OEIMHEHUE
E = U,E;. Hexa [ (z) = [ fi(z,y) dy 3a z ¢ E. OTHOBO 110 TeOpemara 3a

B
MOHOTOHHATA CXOAMMOCT (BHK 3a0esIeKKa 2 CJIeJ] TeopemMaTa) mMaMe

lim [ Ij(x) dx = /I(x) dz.

k—o00
R R
Tbit KaTo JieBUTE CTPaHW B TOPHUTE JIBE PABEHCTBA Ca PABHU MOMEXKY CH,
TO CBIOTO € BAPHO U 3a JIECHUTE. [ |

3a 1a JoKaxkKeM TeopeMaTa, OTHAYAJ 0 e pasTiieJaMe CIydast, KOraTo
noauHTerpasHara pyukuus f(r,y) e xapakrepucruuHa (DYHKIUs HA Hsi-
KaKBO m3MepuMo nojMuozkecrso M wa R™™: f = y. JlokazarencrBoro
Ha TeopemarTa 3a TakuBa (PYHKIHH Ce U3BbPINBA B HAKOJIKO TOCJIEI0BATETHNI
CT'BIIKH.

Crbuka 1. Heka M = A, kbgeTo A e 3aTBOpeH MpaBObI'bJIEH IapaJie-
nermmen B R™™. Torasa numame npencrapanero A = A, x A,, kpaero A,
u A, ca 3aTBOpPEHH LIPAaBOBI'bJIHE Iapajeenunean cborserao B R" u R™,
U paBEHCTBOTO Ha TeopeMaTa Ce MPOBEPsiBa HEMOCPEICTBEHO.
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Crbuka 2. Heka M = E, kbaero E e ememenTtapHo MHOXKECTBO.
Torapa E moxke ma ce mpejcTaBu KaTo KpaitHO 0oOeJlMHEHHE Ha TPaBOb-
I'bJIHKA MapaJieSIeNuIed ¢ HeIPeCHIaly ce BbIPeImrHocThd. JlocTaTbaHo e
la ce pasriena ciaydasd Ha apa mapasenenunena: E = A; U A,. Torasa
XE = XA, + XA, — Xana,- I'bit kKaro Ap N Ay e u3pojien mapaJiesenu-
e, (npoexiusita My Bbpxy R" mim Bbpxy R™ ce cBexka 10 ejHa To4Ka),
TO W JIBOHHUAT, I HOBTOPHHUAT WHTEIPaa OT (MYHKIHATA XA,nA, CA HYJIH.
Tebpaennero Ha Teopemarta 3a f cjieBa OT CTbIKA 1 U OT JIMHEHHOCTTA HA
HHTErpaJa.

Crorxka 3. Heka M = U, xbaero U e oTBopeno MHoKecTBo B R™.
Torasa U moxke jia ce npejicraBu KaTo 0beiMHEeHIEe HA MOHOTOHHO PacTsIa,
peiiIa OT eeMeHTapHE MHOKecTBa (BHK 3a1ada 3). CiieoBaTesHO pe/Ti-
nmaTa oT BYHKIUHU X, MOHOTOHHO KJIOHM KbM dyHKIuATa f = Xy, U HHE
MOZKeM 13, IIPHJIOKUM TOKA3aHATA IO-TOpe JIeMa.

Crbnka 4. Heka M = G, kbjero MaoKecTBOTO G € o1 T G (136po-
MMO CeueHne Ha oTBopeHu MHOKecTBa.) Heka G = MUy Ako G e kpaiiHo
u3MepumMo, To MHOKecTBata Uy Morar ja Objar m3dpaHu CbhINO KpaiiHo
m3mepumu. Hawmcruna, Heka U 1a e ejeMeHTapHO OTBOPEHO MHOYKECTBO,
chabpzxKaino G; rorapa muoxkecrsata U N Uy ca oTBOpeHH U KpaitHO U3Me-
pumu, u e B cuia npeacrasanero G = N (U N Uy).

Ako mmame npencrassaero G = N, Uy ¢ KpaitHO ©3MepUMH H OTBOPe-
un Uy, ga osmaaum Vi, = Uy N ... N Uy, n meka f = xv,. Torasa fi(z)
KJIOHH, MOHOTOHHO HaMassgBaiiku, kbM f(x). V3noasBaiiku crbika 3 u Jie-
MaTa, IoJydaBaMe, 9e TBbP/IeHNeTO Ha TeopeMaTa e BAPHO U 3a [ = Yq.

Crprxa 5. Hexa M e npenebpe:knmo noamuozxkecTso Ha R, Torasa
cnopes ciaeacTue 13 cbiiectByBa Gg-mHoxkecTBo G TakoBa, ve M C G
u 1(G) = 0. Cuopej npejnara crobika 3a GYyHKIUATA XG € U3IIbJIHEHO
PaABEHCTBOTO HA TEOPEeMaTa, U CJAEI0BATETHO

/n (/mXG(x,y) dy) dx = /an & (@, y) dedy = 0.

Twit xato 0 < xm(z,y) < xa(z,y), T0 [, (me xm(z,y) dy) dr = 0.
Pas6upa ce, ¢blmara CTORHOCT UM U HHTerpaia | potm XM (2, y) dody. Coe-
JIOBATEJIHO, ¥ B TO3M Cjay4ail pyHKuaTa f yI0BJIeTBOPIBA PABEHCTBOTO OT
TeopeMara.
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Crbuka 6. Haii-cerne, rexka M e npou3BoIHO KpPailHO H3MEPUMO MHO-
»kecTBo. ToraBa, oTHOBO 1o cjaeacTBue 13, cbitecTByBa (Gg-MmHOXKeCTBO GG
takoBa, ¢ M C G u muO:kectBoTo A = G \ M e npenebpexkumo. Tbit
KaTO XM = XG — XA, 4 32 QYHKIMATE XG U XA € U3I'bJIHEHO TBHPACHUETO
HA TeopeMaTa, TO ChIIOTO PABEHCTBO € U3IM'bJAHEHO H 32 XM-

Beue MoxkeMm j1a 3aBbpIIUM JI0KA3aTEACTBOTO. 1'bil KATO BCSKA M3Me-
puMa cTbhIagoBuaHa (PYyHKIHS e KpaiiHa JuHefiHa KOMOWHAIWS HA WHIH-
KaTOpHU (DYHKIMH HA U3MEPUMU MHOYKECTBA, TO TEOpPeMaTa € BSIpHa U 34
takuBa GYHKIUU. Besika HeoTpunaresHa uHTErpyeMa (YHKIUS MOXKe J1a
ce MpeJCcTaBd, KAKTO B TeopeMa 13, KaTo I'PaHHMIA Ha MOHOTOHHO pPaCTs-
@ Pe/Iuia OT CTbIAJ0BUIHN n3Mepumu yukimu. V3noassaiiku jiemara,
nojiydaBamMe, de Teopemara Ha PyOuHU e BApPHA 3a BCHYKH HEOTPUIATE/I-
Hu uHTerpyemu dbyuknun. Thit kaTo Besika nHTerpyema dyukmusa f(z,y)
MOXKEe JIa Ce IpeJICTaBh KATO Pa3/iuKa Ha JBe HEOTPUIATEJHU HHTEIPYEMH
dbyukmun (Hanpumep Ha fo(x,y) u f_(x,y)), HonydaBame, Ye TeopeMara Ha
Oy6UHT e BAPHA 3a BCHUKH WHTerpyeMn byHKInE na R™T™, [ |

Hakpatko, Teopemara na @yOuHN TBHPJIH, Y€ aKO JIBORHUAT WHTErPAJI
CBIIECTBYBA, TO CHIMECTBYBA U MOBTOPHUAT. 38 HEOTPHUIATEJTHE (DYHKITUHU €
BAPHO W OOPATHOTO TBbPJIEHHEe, U3BECTHO MO/l UMeTO TeopeMa Ha Tomesn:

Teopema 19. Heka f(x,y) e neompuyamensna v usmepuma GyHkyus
eopry R"™. Toeasa sa noumu ecuuxu 1° € R™ dynwyuama f(2°y) e
uamepuma no y € R™. Csomeemuuam urnmezpan

I(z) = /Rmfu,y) dy

e UBMEPUMA PYHKUUA NG T, U € 8 CUAG PABEHCMBOMO

/RW fla,y) dedy = /R () da

(6B3M001CHO € U dseme cmpany da ca PasHy Ha +00).

JlecHO ce BUK 14, U€ TOMbJIHUTETHOTO YCJIOBHE 33 HEOTPHUIIATETHOCT HA
f(z,y) e comecTBeno. Hanctuna, neka ¢(y) e nenyaeBa uarerpyemMa GyHk-
nus Ha R™ Takasa, 1e [pm p(y) dy = 0. Torasa dbyukiusra f(z,y) = p(y)
He e mATerpyeMa pbpxy R, Makap e HOBTODHMST MHTErpas OYeBHIHO
CHINECTBYBA.



286 I'VIABA 2. HHTEI'PAJIHO CMATAHE

Hoxka3zarencTtBo Ha TeopeMmarta. [lle beenem "cpszanure" dynk-
onn fk (1'7 y>:

iy ={ St w0 Nl <k w 7o) <

0, akKo moHEe eHO OT JIBeTe HEPABEHCTBA HE € M3I'LJIHEHO.

Taka nedunupanara peauna or (PpyHKIHE MOHOTOHHO HapacTBa U KJIOHH
kbM f(z,y) HaBcakbae Bbpxy R™™. Ilo Teopemara 3a MOHOTOHHATA CXO-
JIAMOCT

/R o Je(@,y) dody — /R o S (@, y) dady

(3acera He 3HAeM JIaM TOBA € KPARHO YHUCJIO HIH +00)
Ouesnano Besika ot GyrkmuuTe fi(7,7) e unTerpyema sbhpxy R™T"
U HHE MOZKEeM Jia MPUIOKUM Teopemara rHa Pybunu, KodTo 1MOKa3Ba, 1e

/n+m fe(z,y) dmdyz/n< R fe(z,y) dy) da.

[Tak or Ta3m Teopema, Hue moJy4daBame peqauna E; or nmpenebpexkumMu mo/-
MHO)KecTBa Ha R" takwBa, ue dyHkuusara fi(r,y) e uamepuma 1o y npu
x ¢ Ej. Taxuoro obequnenne E = ULE; e cbino npenebpexumo. [To Teo-
peMara 3a MOHOTOHHATA CXOAMMOCT 3a Begko € R™ \ E umame

Ix(z) = /Rm fr(z,y) dy 7 I(x).

NaTerpupaiiku 1Mo £ 1 OTHOBO MPUWJIATaifikKu TeopeMaTa 3a MOHOTOHHATA
CXOJUMOCT, TIOJTydaBaMe

/R" Iiy(x) dz — /]R” I(z) da.

KakTo obaue orbenszaxme mo-rope,

/R" Ix(z) de — /an f(z,y) dzxdy,

C KOETO TeopeMaTa € JO0Ka3aHa. |

Karo cieacrsue or reopemara na @yOunu 1me gajaem 1mo-obiia dopmy-
JMpoBKa Ha npunTHTa Ha Kasannepu (teopema 3 ot §7). Hexka M € R*"" e
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KpaifHO U3MEPUMO MHOYKECTBO. 3a Besako © € R" ja oznaunm ¢ L, npaobpa-
3BT Ha TOUKATa T TPH KoopauHaTHaTa mpoektns R — R™ (L, ce cbheron
OT BCUYKH TOYKH OT BuJa (z,y), y € R™, u Moxe na 6bie OTHKIECTBEHO €
npoctpancrsoro R™). Heka M, = M NL,, u Qum(z) = p(M,) 3a Te3u ,
3a Kouto M, e KpaliHO U3MEepPHUMO.

CaencrBue 20. 3a noumu ecuuxu x € R"™ mmoosicecmeomo M, e
KPatiHO UBMEPUMO, U CE USNBAHABA PABEHCMEOMO

n) = [ Qula)

3a 10Ka3aTeJICTBO € JIOCTATBIHO Ja MPUI0KHM TeopeMaTa Ha PyOuHu
K'bM XapaKTepucTudHaTa pyHKIUSI HAa MHOXKecTBOTO M.

Eano ot Hali-uecTo cpelanuTe NpuaozKeHus Ha TeopeMmuTe Ha OyOunn
n Tonesim e 3a 0OOCHOBaBaMe Ha pa3MsHATa HA pejla Ha WHTEerpUpPaHE.

Caenctsue 21. Hexa f(x,y) e usmepuma dynruyus sspry R, v
da npeodnososcum, we NOSMOPHUAM UHMESDAA

Lo ( Loistn ) ao

couwecmeysa (m.e., e PyHKUUAMA f(w) = Jpm f(z,y) dy e depunupana
nowmu nascarsde u unmezpyema espry R™). Toeasa cowecmeysa nosmop-
HUA, UHME2PAA me ( fR" f(z,y) dm) dy, u e 6 cuaa PaseHcmeomo

Lo ( fos@mac) as= [ ([ swaan) an

Hoxkazareactso. Or teopemara na Tonenn ciaeasa, we | f(x,y)| e un-
terpyema Bbpxy R™T™. Cire10BaTesHO CHINOTO € BAPHO U 3a camara (dyH-
kuust f(x,y). Cera or teopemara na ®ybunu cieasa, de [pr f(x,y) do
CBIIECTBYBA 3a MOYTH BeUukd iy € R™ u e uaTerpyema Bbpxy R”, Karo

Lo ( fos@mac)a= [ sy asay= [ ([ san) a
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ITpumep. Heka f(x) u g(x) ca unrerpyemun dynknuu bpxy R". /Ta

(s ce mapuva konposonus Ha Gyakuuure f(x) u g(z)). e nokaxewm, e

(f *g)(x) e nedbunupana MoYTH HABCSIKbBIE U HHTErpyeMa Bhpxy R".
Haucruna, na pasriuenave dyuxmusata F(z,y) = f(z — y)g(y) Bbpxy

R?". Jlecno ce Bux/a, ye F(x,y) e usmepuma dbyuknus (poxazxere!). Mmame

/R" (/R |F(z,y)] dx) dy:/Rn l9(y)| (/R |f(z =yl dw) dy =

B (/R 9(0)] dy) (/R £~y m) _
= (e lot1 an) ( /R @) de) < +oc.

Ot roproTo TBBpACHEE caeasa, de (f *g)( fR (x,y) dy chiecTByBa
3a HOYTH BCUIKU T € R", u

/Rn(f*g)(x) dx:/Rn (/RmF(gg,y) dy) dr —
[ (for@mas)an=( [ awan) ([, s ac).

2.9.9 MHurerpaa Ha Jleber nmo maaeHa Msapka.

Kakrto orbengsaxme mo-rope, B peuia IIPUIOKEHHS HA TEOPUATA HA HH-
TerpaJja, u Haii-Bede B TeopuUsiTa Ha BEPOSTHOCTHUTE, C€ HaJara ja ce pas3-
rexkjaarT MApku Bbpxy R", pasgndHu OoT CTaHAApPTHATA MspKa, ¢ KOATO
paboruxme Jocera.

Heka, xakTo B pasgen 1, My ma o3nadaBa ajredparta OT BCUYKH eJie-
MeHTapHU nojMHOXKecTBa Ha R". B To3u pasgen p me Obje MpousBoJHA
O-aJNTHBHA MsIpKa BbpXy My, ¢ e1HO JOIbJIHUTETHO N3NCKBAHE:
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Hebunumusa. Mapxama p ce napuua pe2ysapra, ako 3G 6CAKO MHO-
aorcecmeo M € Mg u e > 0 cowecmsysam zamsopeno muooicecmseo F u
omeoperno muoncecmeo G maxusa, we F C M C G u

(M) —e < u(F) < p(M) < u(G) < (M) +¢.

B pazgen 1 Gemre u3noJsi3Bana cTaHjapTHaTa MapKa BbpPXY ajaredpara Ha
eJleMeHTapDHUTE MHOYKECTBA, B KOSITO MAPKATa HA IIPABObBI'bJIEH ITapaJiesie-
HHUIIe/I € paBHA Ha IIPOU3BEICHUETO Ha cTpaHuTe My. OUeBHIHO Ta3H MAPKA,
e peryisgpra (jokazxere!). AKO pocJenM KOHCTPYKIMSITA B pasaen 1, Bo-
JIera, 10 TeopeMa, 6, 1me BUJUM, Y€ BCUUKH Pa3ChbKJICHUS ca MPUJIOKUMU B
obmus ciay4aii. [ToBrapgitku ru JOCJIOBHO, HUE ITOJIYYaBaMe:

Teopema 6'. 3a scakxa pezyaapna o-adumueha mapka |1 6spry M
coulecmeyea ednosnaywno onpedenena o-arzebpa M, cedsporcawa M, 6op-
TY KOAMO MAPKAMG [ CE NPOJBANCABG, 3aNa36aliKy c60lUcmeomo 04 e o-
adumueHa.

3ama3BaT cujaTa CH U PE3yJATATHTE OT Pas3esa 2, U MO-CIeNUaTHO Te-
opeMma 7, criope] KOsSTO BCAKO U3MEPUMO MHOYKECTBO MOXKe Ja Ce MPeICTABI
KaTo obenHeHne Ha OOpesieBo W Ha NpeHeOpexkuMo MHOxKecTBO. Ille oThe-
JIeXKHM, de ajrebpara Ha 6opeseBUTe MHOXKECTBA He 3aBUCH OT MsSpKaTa [,
HO KJIACHT HA IPEHEOPEKUMUTE MHOYKECTBA ChIIECTBEHO 3aBHCH OT H300-
pa Ha Tazu Mapka. CrenoBaTeHo, U IOI'bIHeHaTa o-aarebpa M, cbmo
C'BIECTBEHO 3aBUCH OT /L.

KakTo 6erire orbesrsizano, KOHCTPYKIIUUTE U Pe3yJATaTHTE Ha pa3/Ie/iu
3 o 6 3aBHCAT caMO OT HAJUYUETO HA JlajieHa o-ajaredpa U Ha 0-aJUTUBHA
MspKa BbPXY Hesd, I BCHYKO OCTaBa B CHJIa U B oOmus ciaydait. Tpsodsa ma
ce oTOeJIeZKH, Ue KJIACOBETe OT M3MEPUMH U MHTErpyeMu (pYHKIIUH OTHOBO
3aBUCIT OT W300pa HA MAPKATA (i, TAKa dYe MMO-TOYHO € J1a Ce T'OBOPHU 3a
J-M3MEPUMH U [-MHTErpyeMu (PyHKIHUH.

Teopemure na @younu u ToHenun cbIIO ce NpeHACAT 3a CAydasd Ha
npousBoHa Mapka. Heka M, u, 1a ca ¢cbhoTBeTHO o-ajaredpa oT MOJAMHO-
’kecTBa Ha R" w o-aanTuBHA MApPKa BLPXY Hed, a M, H [i, - CBIIO TaKH-
Ba 00EKTU BbPXY JPYro eBKJmaA0BO npocrpancrso R™. B npocrpancrsoro
R™™ = R™ x R™ me pasriegame ajnrebpara or MHokectBa M, @ M,,
ChCTOAIIla C€ OT BCUHYKM MHOXKECTBa OT BHIA

M = U_,M; x N;,
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kbgero My, ..., M, caor M,, aNy,...,N; - or M,. Ouesuguno M, @ M,
e ajareOpa, Ho He e o-aiaredpa. Bhpxy Hesa ce nedunupa MsApKa (i, @ fi, C
dopmyiara

(e @ pry) (M) = Z pra (ML) -pay (NG)

Axo o3naunMm ¢ M muHEMAaTHATA O0-ajJrebpa OT MHOYKECTBA, ChIbpKAIla
M, ® M,, To KOHCTPYKIIUATA OT pa3fes 1 HI naBa o-aINTUBHA MAPKA [
BBpXy M, IpoIbaKaBalia MapKaTa [y @ (U, ToraBa BCHYKH TBbPJEHUSA OT
pazzen 6 ce npenacdaT 6e3 nu3Menenue. B 4acTHOCT, 3a BCAKA (~-UHTETPyeMa,
bynxmusa f(x,y) bpxy R monydabame paBeHCTBO Ha IBOHHHS M IOB-
TOPHUSA HHTETPAJT:

/n ( Rm f(@y) d“y> dpte = /an f(z,y) du.

Onncanme Ha mepkure BbPXy npasara. e nokaxem, de pery-
JISIDHUTE M 0-3IMTUBHU MEPKH BbPXY IPABATA CE€ OIUCBAT IIPOCTO MOCPEIC-
TBOM MOHOTOHHH (DYHKIIUH.

Hle namomuuM, 4e ako «(x) e MOHOTOHHO pacTsma (GYHKIHs BbPXY
R, To 3a BesKo x( cbiecTByBaT rpanunure a(zrg — 0) = lm, ) 4cq U
a(xo+0) = lim, 4 4>z,- AKO Tg € TOUKA Ha mpeKbeBane Ha o), 1o oz —
0) < a(zp+0); ToukuTe HA TPEK'bCBAHE HA €JJHA MOHOTOHHA (DYyHKITHS MoraT
na Obaar Haii-mHOrO m36pomMo MHOro. Pasmukara a(zg + 0) — a(zg — 0)
ce HapmYa CKOK Ha «(r) B TOYKATa Tp. 3a MOIYHEMPEKbCHATUTE OTJSBO
dbyukimn e nsnbaneno a(xry — 0) = a(zy).

Teopema 21. Cowecmsysa 63auMHO €OHOZHAYHO CBOMBEMCMEUE
MENCOY Pe2YAAPHUME T-GOUMUSHY MEPKYU 8BDTY Peasnama npasa R u mo-
HOMOHHO PACTNAWUIME U HENPEKSCHAMU 0MAABO PYHKUUU a(T) 65PTY HeA,
nopmupary ¢ yeaosuemo a(0) = 0.

HokazarencrBo. Heka a(x) e moHoToHHO pactsamma dbyukius. [1le
KOHCTpYyHpaMe ChOTBeTHAaTa MSAPKA [l, BbPXY ajredpara OT eJeMeHTapHU
noaMuoxkecTBa Ha R. OueBHIHE TOBA ca MHOXKECTBATA, KOUTO CE MPEICTABSIT
KaTo obe/IMHEHTE HA KpaeH Opoil HerpecHyaliy ce OrpaHuYeHn HHTEPBAJIH -
OTBOPEHMU, 3aTBOPEHN WJIM MOJYOTBOPEHH. 3HAYUN TPIOBa & OMPEIETUM [l
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BbPXY BCEKHU TaKbB mHTepBaJi. [loiarame

pa((a,0)) = a(b = 0) —ala+0), pa(la,b]) = a(b+0) — ala —0),

pa([a, b)) = a(b—0) — a(a—0), pa((a,b]) =alb+0)—ala+0).

Karo npogbikum 110 o4eBHjieH HAYUH (i, BbPXY OO€JMHEHHSATA HA Kpa-
eH OPOil HENMPECHIAIN Ce WHTEPBAJH, TOJyYaBaMe DEryJaspHa o-a uTHBHA,
MspKa BbDXY eJeMeHTapHuTe moaMHOoKecTBa Ha R (mokaxkere!). OgeBni-
HO, aKO JiBe (DYHKIUK C'BBIAJAT BbB BCUUKU TOYKH HA HENPEK'bCHATOCT, Te
MOPAKJIAT eJIHA U Chia MapKa. CbIIOTO e BAPHO, 3a JiBe (DYHKIUH, pa3/IH-
YaBallU Ce C KOHCTaHTa. 3aT0Ba, Hajaraiiku Bbpxy a(z) yceaosusra a(0) = 0
¥ IOJIY HEIPEK'bCHATOCT OTJISIBO, HUE Oy YaBaMe €JIHO3HATHO N300paKeHne
Ha BCHMYKU TaKHWBa beHKHI/H/I B MHOXKE€CTBOTO Ha MEPKHUTE.

[Ie xoncTpyupame u obparHoTo m30O6pazKkenue. Heka 1 e peryisipaa
n o-aauTuBHA MdapKa Bbpxy R. [lomarame

a(xz) = p([0,2)) mpr = >0, alx)=pu((z,0)) npu x <0, «(0)=0.

OcraBsMe Ha YUTATES 1a TOKaZKe, Y€ OT PEryIsSAPHOCTTA U 0-aJUTHBHOCTTA
Ha /L CJIEJIBAT UCKAHUTE CBOHCTBA Ha GYHKIHUATA «(T), KAKTO U TOBA, T€ [
ChBIAJA C MOPOJEHATA 110 OIHMCAHUS MO-IOPe HAa4YWH OT QyHKIusaTa ()
MAPKA. |

[Ile or6enexum, de 3a Taka KOHCTPYHPAHHTE MEPKH €IHOTOTKOBHTE
MHOZKECTBA HE Ca HElPEeMEeHHO ¢ HyJeBa Mspka. Haucruna, ako zp e rouka
Ha IPEeKbeBaHe Ha a(x), TO g, ({To}) € cTporo mookuTesHa U € paBHA HA
ckoKa Ha byHKImATa (x) B TOUYKATA I

Unrerpansbr or magena byukmus f(x) sbpxy R no msapkara p, ce
6enexn ¢ [p f(x) da(z) n ce mapuaa maTerpan ma Cruirec. Haii-gecto
Tolt ce nedunupa O6e3 u3MO/A3BaHe HA TeopusdaTa Ha Jleder, T.e. aHAJOTHIHO
Ha OOMYaliHUSA PUMAHOB MHTETPAJI.
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2.9.10 [dedunuiiusg m CBOICTBA HA ITPOCTPAHCTBOTO HA
cymupyemute byukimum L (R”, 11).

Heka 1 e mapka Bbpxy R". 3a Besika naTerpyema orHocHO (1 GyHkus f(x)
*
(eBenTyasHO meduHEpaHA TOYTH HABCSIKb/IE) BHpXy R™ momarame

1@l = [ 7@ d

Yucsoro || f(z)||, ce napuda nbpBa naTEerpastHa HOpMa Ha byHKImaTa f ().
B §1 Germre BbBE/ICHO MOHATHETO HOPMa U CHOTBETHHTE AKCHOMHE (TaM ca pas-
IJIeJAHE CAMO HOPMH BBPXY KpalHOMEPHU JHHEHHH TPOCTPAHCTBA, HO 6e3
HUKAKBU M3MEHEHHsI MOHATHETO HOPMa Ce BbBEXKIA B MPOU3BOIHO JIHHE-
HO npoctpancTio). Ille HAIOMHAM TpHTe aKCHOMH Ha HOpMATa B HAIIWSI

CaAyvaii:

1/ 1Iflly = 05 ||f]l; = 0 ToraBa u camo Torasa, koraro f(z) = 0.

2/ [IMIlL = A1 f]l, 3a Bcekm A € R m f.

3/ (HepaBeHCTBO HA TPUHI'BLIHUKA) 3a BCEKHU JIBe HHTErpyeMu (hyHK-
wan £ g meae |[f + glly < (111 + ol

CroiictBara 2/ u 3/ ce qoka3BaT AUPEKTHO (OCTaBAMe TOBA HA Y-
taress). CeofictBoro 1/ m3nmckBa Majko ToBede BHUMaHuWe. SICHO e, [e
| f(x)||; = 0 Touno Torasa, koraro f(x) = 0 HOYTH HABCAKBIE; 32 18 Ob-
Jle M3IBJIHEHO CBOHWCTBO 1/, TpAOBa /a OTHKIECTBHM TakaBa (QYHKIHS C
Hy1ara. ToBa BOJM JI0 CJIeIHATA PEJAIHsl HA €KBUBAJEHTHOCT:

Hebuunmusg. Ile kassame, we unmezpyemume, deuHupary nowmu
naecarsde gynrkyuu f(x) u g(x) ca exeusarenmnu, axo me csenadam noy-
My Haecaksoe.

OTbKIeCTBABANKN €KBUBATCHTHUTE WHTErpYeMHu (bYHKIIUH, CTUTAME
JI0 CJIEJIHOTO HOHITHE, OCHOBHO 3a JaJIeHUs] PA3JIeJL:

Hedbununmsa. I1od Ly (R", p) (uau naxpamxo Li(p)) we pasbupame
NPOCMPAHCMBOMO 0M BCUMKU KAACOBE HA EKBUBAALHIMHOCI OMHOCHO 20]-
HAMa PEAGYUA.

Ako p e crangapraara MspKa BbpXY R", TOPHOTO MPOCTPAHCTBO Ce
osnagasa ¢ L (R").

OueBnsHO onepaiuuTe Cyma Ha e QYHKIUH M IIPOM3BEJICHHE HA
DYHKIUS ¢ YMCI0 Ce MPEHACAT W BbPXY KJIACOBETE HA eKBHBAJEHTHOCT, KO-

*
CMuchabT Ha UHAEKCA 1 111e Obie 00sICHEH TO-T0JTy.



2.9. UHTEI'PAJI HA JIEBET 293

ero nmokasna, ye Li(u) e suneitno npocrpancrso. Moxem na GopaBum ¢
Te3W KJIACOBE HA €KBUBAJIEHTHOCT TO CHINHUA HAYUH, KAKTO C (DYHKIUU, U
HHe T MpoabizkaBaMe J1a ru Hapudame "dyaxmmn".

OueBugno HopMara ||f(z)||; uMa egmHa u ChbINAa CTORHOCT 3a BCHYKH
byHKIIM OT JajeH Kaac Ha eKBUBAJCHTHOCT, U CIeJ0BATEIHO € KOPEKTHO
nedburnpana Bbpxy Li(p). Cera Bede n akcnomata 1/ e W3IbJIHEHA, U CJle-
JIOBATEJHO HPOCTPAHCTBOTO Ly (1), cHabmeno ¢ HopMara || ||,, ce mpeBpbIna
B HOPMUPAHO AuHetino npocmparcmeo. Kaxro B §1, HOpMaTa aBTOMATHIHO
HOPaZK/Ja U PA3CTOAHHE:

P (@).9) = 1) =gt = [ 1) = gla)] du.

Ha cBoit peji, pazcrosaueTo omnpeie/isi CXOAMMOCTTa Ha PEIUIU OT (PYHKIIUN;
Ka3BaMe, de peaunara fi(z) kironu kbM QyHKIuATa f(2) OTHOCHO HOpMATa,
L axo [|fe@) = F@], - 0.

Hue 6uxme Moram ga pasriaegamMe MOmOOHO MPOCTPAHCTBO, ChCTABEHO
caMo0 oT mHTerpyemunte o Puman hyHKINM, HO U3M0/I3BAHETO HA HHTETPYye-
mute 110 Jleber GyHKINM HMa eIHO PeIaBaiio npeauMcTBo: Ly(@) e mbJaHo
HOPMHPAHO JHHEHAHO IPOCTPAHCTRO.

[lle mosichum Tepmuna "mwbano mpocrpancteo". Kakro 3naem, mare-
MATHYECKUAT aHAIN3 HE MOXKe 12 O'bjie PA3BUT M'bJIHONEHHO B mos1eTo (Q Ha
panroHAJHATE YHUCJIa, H Ce Hajara Ja ce J00aBAT OIe eJeMeHTH, 33 Ja Ce
nostyun peasnara npasa R. @opmasinara passinka mexiay Q u R ce cneron
B T.HAp. IpHHIHKN Ha Komm 3a cXommMocT, KOHTO Tiacu, 4e Beaka pyHIa-
MEHTaJHA PeJnIa OT YUCJA € U CXOJAINA. 1031 HPUHIUII € U3II'bJIHEeH B R,
HO He e m3nbaHeH B (. Oka3sa ce, ¥e TO3WM NPUHIUI UI'PAE BAXKHA POJIS U
32 MO-O0IIM METPUYHH TPOCTPAHCTBA.

Hedbunumusa. Hexa M e mempuuro npocmparcmeo ¢ pascmosHue
p(x,y) meorcdy eaemenmume T uy (30 AKCUOMUME HA PA3CMOAHUETNO BUHC
§1). 3a edna peduuya om mouku x, € M kazeame, ue e Pyndamenmanrna,
axo 3a ecaxo € > 0 cowecmsysa nomep v = V() maxse, ue 3a 6cexu 06a
HOMEPA M, M > V € USNBAHENO P (Tp, Tpy) < E.

Hedbunumusa. Mempuuromo npocmpancmeo M ce wapuua nsano,
axo 6 Hez0 6cAKa PYHIGMEHMANHG PeJUUL TPUMENHCABA 2PAHULA.

NHTYNTHBHO MOXKEM J1a CH IPEACTaBAME, Y€ II'bJIHOTO IPOCTPAHCTBO
cbabpxka " gocrarbuer Opoit eemenTn.
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Teopema 22. IIpocmpancmsomo Lyi(p) e nsano.

Hoxazarencrso. Heka { f;} e dynramenranna peauna or dbyHKIuN
B Li(p). ToBa o3mauasa, de 3a Bcako € > 0 cbimecrByBa v = v(g), Ta-
ka e mpu k,l > v(e) mvmame [, |fi(z) — fi(z)] dp < e. Lle u3Gepem
nogpeauna f, Ha peaunarta fi Mo cJeIHus HAYHH: B3emMame k; > v(1/2),
ko > max (v (1/4) ,k1),....ksy1 > max (v (1/25%1)  k,),... Taxka nonayuasame
MOHOTOHHO PACTAINA Peuna ks OT HHIEKCH TaKaBa, de

/R" |f/€s+1($) - fké(l')‘ dr < 1/23

CnenoBareano, 3a peja

f(@) = 1 fu @)+ Y [frn (@) = fr(2)]

MOXKeM Jla TPHJIOKUM Teopema 14') cropes Kosito HeroBarta cyma f(x) e
OIpesiesIeHa MOYTH HABCAKDBAE. T'bil KATO BCEKH abCOTIOTHO CXOMIAIN P, €
¥ CXOJAIIN, TO TOPHOTO € BAPHO U 32 Pela

[e.e]

f(.%‘) = fk1 (l’) + Z (fk.s+1 ($) - fks(x)) .

Tbit KaTo peaunmaTa Ha YACTUIHUTE CYMH HA TO3H pel ChBIAJA C PeIu-
nara fr (x), Hue nomyumxme, de penunara or GyHKuuu fi () e cxomsia
ouTH HaBCcsiKbJe. Jla o3HaduM HeifHaTa rpanuna ¢ f(x); mo Teopemara 3a
MazKOpUpaHaTa cXomauMocT f(x) e HHTerpyeMa, u

[ @y ae = [ 1w a,

KaTo 33 MaykopaHTa MozkeM /a B3emeM dyHkiusaTa f(x). OTHOBO 1O chiraTa,
TeopeMa, nMame

1= Al = [ Vi) = @) do 0

(TyK 3a MazkopaHTa MOxkeM ja B3emeM |f(x)| + f(x)).
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Ba 14 3aBbLPIIMM JOKA3ATEJICTBOTO HA Teopemara, 1a usbepem & > 0,
n neka k > v(e/2). Jda usbepem mugekca s Taka, de ||fr, — f||; < £/2 un
ks > k. Torasa

e = flly < MIfe = Solly + e, = fll <&

Koero 1okassa, 4e limyg || fr — f[|; = 0. [ |
B xo1a Ha J0Ka3aTeJCTBOTO YCTAHOBUXME W CJIETHUST (DaKT:

CaencrBue 23. Heka peduuama {fr(x)} waonu wom f(x) ommocro
nopmama || ||,. Tozasa cowecmsysa netna nodpeduuya {fi,(x)}, cxodawa
noumu nascaksde xom f(x).

JIpyro BazKHO CBOCTBO Ha TPOCTPAHCTBOTO Lq(p) €, 4e B HETro BesKa
(byHKIMS MOXKe Jia ce allpOKCUMUPa ¢ HEIPEKbCHATH. 1'bil KATO HE BCHUYKH
HeIpeKbCHATH (DYHKIMU ca HHTErPyeMH, TOBa TBbpeHHe TpabBa Ja Obe
YTOYHEHO.

Hedbununmsa. [Tod nocumen na dynkyusma f(x) ce pasbupa nai-
maaxomo sameopero muoocecmeo K maxosa, we f(x) =0 sa scaxo x ¢ K.

3a HammTe 1eJH e YI00HO /1a ce PA3IJIeKIAT He BCHIKU HelIPeKbCHATH
dyuKIMHU, a HEeIpeKbcHATUTE (DYHKIMKU C KOMIIAKTEH HOCHTEJ, T.€. TAKUBA,
HEIPEeK'bCHATU (PYHKIMH, KOUTO C€ aHYJIUPAT ThZKJIECTBEHO U3BHH HAKAKBO
KOMITAKTHO MOAMHOZKecTBO Ha R". O4ueBUIHO BCHUKY HETTPEK'bCHATH (DYHK-
MU ¢ KOMIIAKTEH HOCUTEJ €4 HHTEIPYEMHU.

Y1nobHO e 1a ce BbBe/le CIeIHOTO MOHATHE:

Hedbunnmus. Hexa M e mempuurno npocmpaHcmeo ¢ pascmosHue
p(x,y), u nexa L e neeoso nodmmoscecmeo. Kassame, we mHoocecmeomo
L e nascarsde escmo 6 M, axo 3a ecexu v € M u e > 0 moorce da ce
namepu y € L maxosa, we p(x,y) < e.

Jlecno ce Buxka, ye L e Hapcakbae rbecto B M TOUHO ToraBa, KOraTo
3a Begko © € M MoxKe j1a ce HaMepHu pejula Y OT ejgeMeHTH Ha L Taka-
Ba, 9e p(yr,x) — 0. (B Takbp cayuail Kazame, 4e T ce APOKCUMHDPA C
eqeMenTd Ha L orHocHO Merpukara p.) [lle orGesexkum, de ako ca jajieHu
muoxkectBata N C L C M u N e nHaBcskbie rbero B L, a L - HaBcakbie
rbcto B M, 1o 1 N e HaBcskbie rbero B M.

Cera mozkem 1a GopMmyanpamMe HAITETO TBbPAEHHUE:
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Teopema 24. Muootcecmeomo om 8CuMKY HENPEKGCHAMU PYHKUUY C
KOMNAKMeH nocumen e nascarsde 2scmo 6 Lq(p).

HokazaresacrBo. Crbnka 1: Ille nokazxKkem, de CTbIATOBHIHUTE
dbyuknun ca maBcskbae roeto B Ly(p). Hawmernna, pocrarwvano e ma mgo-
KayKeM TBBbP/ICHHETO 32 HEOTPUIATENHU (DYHKINN; OOMIUST CJIydail coreaBa
or paznaranero f = f, — f_. B teopema 13 3a Bcsika HEOTpUIIATETHA WH-
rerpyema dyHkius f(z) Geme MOCTpOEHA MOHOTOHHO DACTSIIA PEHUIA OT
crbnanoBuaan GyHKIuN S (), ToTOUKOBO KIOHAMA KbM f(x). OT Teope-
MaTa 33 MOHOTOHHATA CXOAUMOCT ciefBa, de [, sp(x) dp — [o, f(z) dp, u
CcJIe/I0BATeNHO Py (S, f) — 0.

Crbuka 2: [Ile kazBame, e ejiHa CT'bIAJIOBUIHA (DYHKIUS € eAeMEH-
MapHa. aKO TS MOXKe Jia Ce TPeJCTaBH KaTo KpaliHa JuHefiHa KOMOWHAIMAS
Ha XapakKTepucTuuecKn (PYHKIMN Ha MpaBobIbaHN napasenenuneu. [le
JIOKAZKeM, 4e eJIeMEHTAPHUTE CTHHAJOBUIHY (DYHKIINU €& HABCAKDBIE I'bCTO
B Ly (p)-

Nmaiiku mpes BU CThIKA 1, € JOCTATHIHO Ja JTOKAKEM, e XapaKTe-
pucruaHaTa (PYHKIUS HA BCSIKO KpPallHO M3MEPUMO MHOXKECTBO MOXKE Jia
Ob/le ampOKCUMHUpaHa ¢ ejeMeHTapHu crbiaioBugaau ¢yuxmuu. [lle wns-
[OJI3BaMe PA3CHKICHUATA OT JOKA3ATEJICTBOTO Ha TeopeMa 17. Bebrnoct,
CTBIIKA 3 OT BBIPOCHOTO JOKA3ATEJICTBO J0KA3BA, Y€ XapaKTePUCTUIHATA
byHKIMS HA TPOU3BOIHO OTBOPEHO MHOYKECTBO MOXKE J1a C€ AIIPOKCHMEPA C
eJIeMEHTApHU CThbHaJOBHIHE (GyHKIME. B cTblika 4 ce moka3Ba Kak Xapak-
TEPUCTHYHATA (DYHKIIAS HA ITPOM3BOIHO MHOXKECTBO OT Buia (G5 MOXKe 71
ce alpOKCUMHUPA C XapaKTepUCTUIHd (DYyHKIMU HA OTBOPEHH MHOMKECTBA.
Haii-cetre, n3non3Baiiku cjejicTBue 8, BUKIAME, Y€ XapAKTEPUCTHIHATA
byHKIMS HA TPOU3BOIHO KPAifHO M3MEPUMO MHOXKECTBO € eKBHUBAJEHTHA
B L(p) na xapakrepucruunara (pyHKIUS Ha HOAXOAAIIO (G §-MHOKECTBO.
Te3u TBBbPAEHNUS, B3€TH 3a€/IHO, JOKA3BAT CThHIKA 2.

Crbnoka 3: Hakpas, 10Ka3aTeICTBOTO I11e O'bjie 3aBbPIIEHO, aKO TOKa-
JKeM, Je BCAKA eJIeMeHTapHa CTHIAJOBHIHA (DYHKIIUS MOXKe 18 Obe alpoK-
CHMHUPaHa ¢'bC HeIpeKbeHATH (BYHKINHE ¢ KOMIakTen nocureda. Heka o(z)
e xapakTepuctudHarTa QYHKIMS Ha MHTEpBaJa [a,b]. ToraBa pepunara or
"TpamenoBuaan" GyHKITIHT

0, ako z <a—1/kwm z>b+1/k,
op(r) = 1, ako x € [a,b],
nuueiina B unrepsaaure [a — 1/k,a] u [b,b+ 1/K].
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KJIOHE KbM ©(x) B L1(it), KoeTo 10Ka3Ba TBHPICHUETO B €JIHOMEDHHUS CJIy-
Jaii. AKo mMaMe mpaBobIbjeH mapasenenunen B R”, T.e. mponspejeHne Ha
HHTEpBaJU, TPAOBA Ja pasrienaMe IPOU3BEICHHETO Ha CHOTBETHUTE Tpa-
neroBrHN DYHKIME O BCsKa OT npoMenaupuTe. Topa j0Ka3Ba CTblKa 3,
a ¢ Hed W TeopeMaTa. |

CruenctBue 25. Besxpatino aaadkume Gynkyuy ¢ KOMNAKmen Hocu-
mea ca nascarsde escmo 6 Li(p).

HokazarencTBo. maiiki npeji Bu roprarta TeopeMa, J0CTATHIHO
e Ja JOKaykKeM, de BCdKa HelpeKbCHaTa (PYHKIUS ¢ KOMIIAKTEH HOCUTEN
MOKe Jla Ce MpeJCTaBu Karo rpanuna B Li(p) Ha pemuna or Ge3kpailHo
raagku GyHknun ¢ Komnakred Hocuresr. Heka f(z) e TakaBa dbyuknnsg u K
e ky6 B R", chabpkany nocuress va f(x) BbB BbTperHocTTa cu. [1o mbppa-
Ta TeopeMa Ha Baifepipac 3a anpokcuMalugTa HelpeKbcHaTaTa MDYHKINT
f(z) Mozxke fa ce mpecraBu KaTo paBHOMepHa rpanuna Bbpxy K Ha peju-
na {pr(z)} or anrebGpan<nn nosuHoMH. JIUICBA HI KOMIAKTHUAT HOCHTET;
3a Ta3m mes Ja u3bepem Ge3KpaitHo miajka byHKIug p(r), paBHA HA €H-
Hula BbpXy Hocureisd Ha f(r) u wa nyna ussbn K. Torasa dynkuuwnre
fr(x) = p(x)pr(x) ca GeskpaiiHO TIaAKH, KMAT KOMITAKTEH HOCHTEN H KJIO-
HAT paBHOMepHO KbM f(z) Bbpxy K.

OcraBa Ja JOKaxKeM, 4e paBHOMEpPHATa CXOIUMOCT BbPXY MHOZKECTBO
K ¢ kpaitma Mspka Biede ciaen cebe cu u cxomumoct B Lq(p). Tosa coensa
Be/[HAra OT HEPABEHCTBOTO

Lf = felly < sup [f (@) = fe(e)] .u(K),

u crexoarento || f — fi||, — 0. |

Creapanioro TBbpJIeHNe ce OTHacs 3a npocrpancTBoro Ly (R™), Te. 3a
caydasi, Korato p e crapmapTHara Mspka B R". Heka h € R". @yukiunre
ot Buga f(z) = f(x — h) me napuaame mpancaayuu na f(z). Toit kato
CTaHJapTHATA MspPKa € WHBApHAHTHA CIpPSMO TpaHcaanuure B R") To ako

fe Li(R?), ro fu € Ly (R") w [[fally = |I/1];-
Caencteue 26. Hexa f(x) € Ly (R"). Tozasa

}lg%Hf — full, =0.
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HoxazarencTBo. OUueBHHO TBHP/ICHUETO € BIPHO 33 HENPEKbCHATH
dbyukun ¢ KommakTen Hocuren. Hancruna, ako f(z) e rakaa dynkius, To
npu h — 0 tpauciamuute f,,(z) Kaongar pasnomepno kbM f(z) (ToBa crenBa
OT paBHOMepHaTa HenpekbenaToct Ha f(x)). Kakro Bumgxme mo-rope, ToBa
Biede cien cebe cu u cxommmoct B Ly (R™).

Heka cera f € Ly (R") u ¢ > 0. [la uzbepem HenpekbcHaTa QyHKINS
¢ KOMIAaKTeH Hocures ¢(x) Takasa, de ||f — g|[; < e. Moxkem ga Hamepum
d > 0 raxosa, 4e npu |h| < § na nmame ||g — gn||, < €. Torasa npu |h| < §
MaMe

= fully < WF = glly + 119 = gnlly +llgn = full; < 3e. m

2.9.11 JleduHuiius n cBOiCTBa Ha XNJIOEPTOBOTO ITIPOC-
TpaHcTBO Ly (R, ).

3a Besko p > 1 mie o3nagasame ¢ L, (R", 1) mpocTpancTBoTo 0T BCHYIKH W3-
mepumu Ha R" dbyukuun f(r) Takusa, ge dbynknusra |f(x)[” e uarerpyema.

e nedpurupame
i1l = ([ 1rr au)

OueBnnao pu p = 1 TOBa TPOCTPAHCTBO CHBIAIA C BbHBEJIEHOTO B
npeaaus pasgea. VI3noassaiiku HHTErpaJIHoOTO HepaBeHCTBO Ha MUHKOBCKH
(or 3a;. 1 B §2.3), ;ecno ce Bukaa, we npu p > 1 L, (R™, i) e suneiino
npocTpaHcTBo | || f||, e HopMa B Hero. Mozke 1a ce T0KazKe, 1€ TaKa MOy Ta-
BaMe I'bJIHO HOPMUPAHO NpocTpancTso. Hue me nokazkem Tesu hakTu camo
3a pocTPaHcTBOTO Lo (R") 11), KOETO € HA-MHTEPECHO OT IJieHA TOYKA HA
TeopudTa U IMPUJIOKEeHUudTa.

Hedbununmsa. Csc Ly (R", 1) we osnavasame mmosrcecmeomo om
BCUYKY KAACOBE HA EKGUBAAEHMHOCT 0M, usmepumu gynryuu f(x) na R,
30 KOUMO \f(x)\z e unmezpyema cnpamo maprama . Axo f(x) u g(z) ca

*
ITpu 0 < p < 1 Besuuunara || f|| p HE YIOBJIETBODSIBA TPETaTa aKCHOMa Ha HOpMATa, -
HEPABEHCTBOTO HA TPUbI'bJIHMKA. AHajlorudHa e curyanusara B R - BuK 3a1. 1 u 2 Ha

§1.
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eaemenmu na Lo (R™, 1), we dedpunupame marnomo crasapno npouseede-
nue (f,g) ¢ popmyrama

(f,9) = . f(x)g(x) dp.

JIema 27. Ly (R", 1) e aunetino npocmpancmeso om gynryuu. Cra-
aapromo npouseederue (f,g) 6 neeo e Kopexmmo dedpurupano u ydosaem-
sopasa akcuomume 1" — 3" om §1.

Hoxazarenctro. Haii-nanpe 1me orbeie:kum, de 0T HEPABEHCTBOTO

0< 1f@)g(@)] < 5 (1F@)F + o))

caensa, de f(x)g(x) e mHTErpyeMa M WHTETrPAJIbT, ONPEAEISIN CKAJTAPHOTO
IPOM3BE/IEHNE, CHIIECTBYBA. Pa3bupa ce, TO3M HHTErpaJl HsMa Ja Ce TPOMe-
HH, aKO 3aMeHuM f(x) uim g(x) ¢ HIKOs eKBUBAJIEHTHA Ha Hes (T.e. paBHA Ha
Hes TIOUTH HABCsIK'bJie) byHKnus. 3a ga 6biae Ly (R”, p) muneliHo mpocTpaH-
cTBO, TpsibBa ja ce yoeanm, de axko f(z) u g(z) npunamiexar na Lo (R™, u),
TO ¢BIIOTO € BaApHO u 3a f(z) + g(x). ToBa ciaeasa or HEpaBeHCTBOTO

[f(@) +g(@)]” < If(@)]° + 2| f(2)g(@)] + g ()|,

K'bJIETO BCUYKHU CbOUpaeMu OT/isCHO ca uHTerpyemu. Haii-cerne, akcuomure
1”7 — 3" Ha ckajapHOTO IPOU3BEICHUE Ce IPOBEPABAT TPUBUAJIHO. [ |

3abenexkka. B §1 nue ropopuxme camMo 3a CKaJapHO IIPOU3BEICHUE
B peasiHu JUHeiH: npocTpancTBa. C MaIKi M3MEHEHHUsI, ChIIOTO € BIAPHO U
3a KOMILICKCHU JIMHEHHU ITPOCTPAHCTBA, T.€. TAKUBA, B KOUTO € JeduHupa-
HO YMHOXKE€HHE Ha €JIEMEHTUTE C KOMIIJIEKCHU YHCJIA. E,ZLI/IHCTBGHOTO, KOEeTO
TpaOBa Ja ce npoMmenu, € akcuoMa 2" - Ta nqobusa BuIa

2"/ {y.x) = (z,y)

(B JisicCHATA YACT YepTaTa OTIOPEe 03HAYABA B36MAHETO HA KOMILIEKCHO CIIper-
HaTO 4nci10). Ako B gedununusra Ha Lo (R™, 1) Hue pasriaename ue peas-
HO3HAQYHHUTE, & KOMIIJIEKCHO3HaYHUTE q)yHKLH/H/I7 Hue 1mie noJIy4dIuM KOMILJIEK-
CHO JIMHEHHO TPOCTPAHCTBO. B Hero CKaJapHOTO MPOU3BEICHIE Ce ONpeIe/Is
¢ bopmystaTa

(f,9) = . Fla)g(x) dp.
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Ako f(z) u g(z) ca peasHo3HAYHH, TO CbBHAJAA € JeUHEPAHOTO MO-TOPE.
Beuuky noIydenn mo-go0y pes3yaTaTd ¢a B CAJIa W 33 TOBa CKAJApPHO IPO-
M3BeICHHC.

B §1 Gemre moka3aHo, e BCIKO CKaJapHO Lpou3BeleHne aeduHupa
Hopma. B namusa ciayuait mojyuaBame

mm=¢mﬁ=¢ﬁum2

Taka medunnpanara HOpMa IIle HApUYaMe BTOpa WHTerpaJiHa HopMa. KakTo
Gerre joKa3aHo B §1, Tasu HOpMa yJI0BJIeTBOpsBa akcuoMute 1’ — 3’ Ha HOp-
MaTa. Bakna po/isg B J10Ka3aTe/JICTBOTO HI'Paelle HepaBeHCTBOTO Ha Kornu-
Isapu=DByuskoscku: [(x,y)| < ||z||||ly||. B nammus caygaii ToBa nepasen-

CTBO 100HBA BHIA

[ fg mt ¢/n du¢/n

Kakro u B mpejuinns pasjiesa, u TyK MOJydaBamMe I'bJHO IPOCTPaH-

CTBO:

Teopema 28. IIpocmpancmeomo Lo(p), cnabdeno ¢ mempurama
p2(f,9) = If — gll,, € nsarno mempuuro npocmparcmso.

HokazarescrBo. [loutn 6e3 m3MeHeHHs IIe IIOBTOPUM JIOKA3aTeJIC-
TBOTO Ha Teopema 22, B KOodATO chiuaT (bakr Ge mokasan 3a Li(p). Heka
{fx} e dbynnamenrtanna pemuna ot emementn Ha Lo(p). Moxkem ma u3sbe-
pem HeltHa nojpeauia fi rakasa, de kas+1 — fr.||, < 1/2°. Jla pasriemame
peja

f@) = |fi, (2 |+Z|fk:g+1 — fr.(2)],

u 1a o3uaunM ¢ Sy(x) merosara N-ta yacrudna cyma. OT HEPABEHCTBOTO
Ha TPWBI'bJIHUKA 33 HOpMATa ||-||, mosydaBame, e

HgN(x)H < ||f’f1||2+z 9s = < | filly + 1.
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2
‘ ca orpanuvenu. Ilpu-

CremoBaTeIHO, HHTETPAIUTE OT (DYHKIIHITE ‘S N(x)

JaraiiKu TeopeMaTa 3a MOHOTOHHATA CXOIUMOCT, TTOJTydaBaMe, de DyHKIU-
2
‘ KJIOHSIT IIOYTH HABCAKbJE KbM HIKOd MHTErpyema (hyHKIuUs,

ure ‘S’N(z)

KOETO O3HavaBa, e OmpeJleJieHaTa MO-rope cyMa Ha pefa f(x) ¢bliecTByBa

NOYTH HABCAKbLJE, U Helinus kpajapar f(z)? e unterpyem.
OTTyK Ha CBOii pej c/ieBa, e pebT

fkl (%) + Z (fks-H (:IZ') - fks(l'))

e CXOJIAIN TMOYTH HABCAKDBJE. S-TaTa YACTHYHA CyMa Ha TO3H peJ| ChBIAJA
¢ fr.(z). Ako ¢ f(r) o3HauMM HeroBaTa Cyma, TOBa O3HAYaBa, e TMOYTH
HaBcskbie f(z) = limg fi, ().

[Ile pokaxem, 4e Tasu pejuna e CXOAHla U OTHOCHO Hopmara. Oue-
B0 umame |f(z)| < f(x) u |fi, (z)] < f(z), orkbaero moaysaBame

o
(@) = (@) < (2(@)
OTK'BAECTO IO TeopeMaTa 3a MazKOpHUupaHaTa CXOAUMOCT IIOJy4YaBaMe, Y€

limg |[f — fr.ll, = 0.

Ocrasa fa jokaxeM, de f(z) e TpaHUIla 0 HOPMa He CaMO Ha TOJpe-
munara fi (x), Ho u Ha camara peguna fi(z). Kakto u B Teopema 22, npu
JOCTATBIHO roJIMoO k 1 kg > k numame

e = flly < 1 fx = f

2
)

o [ fre = flly <e. W

Teopema 24 u ciexcrsue 25 CbIIO €Ca B CHJIa U 3a TPOCTPAHCTBOTO
Lo(p), KaTo moKa3aTeICTBATA He Ce PA3THYABAT OT JAJIeHUTE TIO-TODe.

JIMHeitHuTe NpOCTPaHCTBA ChC CKAJTAPHO ITPOU3BEJIeHNEe, KOUTO Ca I'bJI-
HU OTHOCHO ChOTBETHATA HOPMA, Ce HApUIAT XWIOePTOBU MPOCTPAHCTBA, HA
UMETO Ha M3BECTHUS HEMCKH MaTeMaTHuK XHJI0epT.

2.9.12 Teopema 3a 6a3mca 1 CXOAUMOCT HA PEIOBETE HA
Dypue B L.

B kpas wa §1 Oemre ciomenar ciaemaus (akT OT JuHeiiHATa ajaredpa: ako
H e n-mepno npocTpancTBo, u €y, ....6, € OPTOHOPDMHUpPAHA CHCTEMa OT 1
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BekTopa B H, 10 Ta3zu cucrema e n 6a3zuc B H. ToBa o3nauasa, de 3a Bceku
estement x € H e nanune paziaranero

N
T = Z Aie; ,KbaeTo \; = (x,e;) .

=1

B To3m pa3zjes 1mie jlokaxkeM aHAJOTHUYHO TBbPJIeHHE 3a 0e3KpaiiHo-
MepHHU XHJI0ePTOBH MPOCTPAHCTBA, U IIe Pa3rjieiaMe HETOBH TPUJIOKEHHS B
IPOCTPAHCTBOTO Lio.

[l1le HamoMHUM, e eJIeMEHTHTE T, i Ha XHJI0epTOBOTO pocTpancTso H
ce HApUIAT opmozonaatu (3amucsame x 1y), ako (x,y) = 0. 3a oproroHa-
HH BEKTODH € B CHJa nmraropopara teopema (3ax. 4 na §1). Cuenpamoro
TBbpAEHNE TMOHAKOTa ce Hapuda "o0000ImeHa nuraroposa Teopema':

Jlema 29. Hexa x = 21 + ... + xp, K8demo x1,...,x, ca dea no dea
opmozonaaru esemenmu wa H, m.e. (x;, ;) =0 npu i # j. Tozasa

P

2 2

[le]* =D [lail
i=1

okazareactBo. Imame

p p p

Jz||* = Z%ij :ZZ<%%>=Z<$ui’fi>- u

i=1 j=1 =1

Caennanre mepMHUNNA Ca CHIMUTE, KAKTO B KPAHHOMEPHUS CJIydaii:

Hedbunaumua. Cucmemama e,, n = 1,2,..., om HEHYACEU eAEMEHMU
na H ce napuwa opmozonanna, axo (e;,e;) = 0 npu i # j. Cucmemama ce
HAPUNA OPTNOHOPMUPAHA, AKO MA € 0pmozonasna, U |le,|| = 1 3a scaro n.

Ejna oproronajHa cucreMa JIECHO MOXKe Jjia O'bJie HalpaBeHa OPTOHOP-
MEDaHa 9pe3 YMHOKaBaHe ¢ KOHCTAHTH: HauCTHHA, ako {[,} e oproronaiHa
CUCTEMa, OT €JIEMEHTH, TO €JIeMEHTUTE €,, = HllTHln oOpa3yBaT OPTOHOPMHUPA-
HA, CHCTEMA.

OcHoBHATA pa3IHKa MEXKIY KpalHOMEpHHUd U Oe3KpaiiHOMEpHUS CJIy-
4ail e caegHaTa: B KpalHOMEpHHUS CJIydall HUue JeCHO MOXKeM J1a OlpeaesuM

JlaJIu €JTHA OPTOHOPMUPAHA CHCTEMA, ChIbPZKA JOCTATHIHO MHOTO €/IEMEHTH,
3a JIa MOXKe Jia CJayzku 3a 0asuc. Toa e Taka, KOraTo OpOsIT Ha eJIeMEeHTHTE
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Ha CHUCTEMAaTa € PaBeH Ha Pa3dMepHOCTTa Ha IPOCTpPaHCTBOTO. B Ge3kpaiino-
MepHUd cJaydail Hue He pa3lojaraMe ¢ TaKbB KPUTEPHiL, U ce HaJjara jia ce
[ONUCKA €THO JIOI'bJITHUTEHO CBOHCTBO:

Hedbunnmua. Peduyama e,, n =1,2,..., om eaemenmu 1o H ce na-
PUYE NBAHA CUCTREMA, KO MATHUME KPATHU AUHETHY KoMOuHayuy (m.e.
eaemenmume om 6uda Y . Aie;) 06pazyeam MHoiCecmeo, NaAGCAKBOe 26C-
mo ¢ H.

[To-mogpobrO, TOBa O3HA4YaBa, 4Ye 3a Bceku ejgemenT v € H nu
qucao € > (0 cblecTByBa HOMEp 71 M YUCAA Aq,..., A\, TaKuBa, de
|z — (Aer + ... + en)|| < e

Cera mMozkeM 1a ¢GpopMyIupaMe OCHOBHATA TeopeMa Ha HACTOAIIU Pas3-
siesi. HakpaTko KazaHo, T TBbP/M, Y€ BCHAKA II'bJIHA OPTOHOPMUPAHA CHUC-
TeMa e u ba3uc.

Teopema 30 (Teopema 3a 6a3zuca). Heka e,, n = 1,2,..., e noana
OPINOHOPMUPAHA CUCTNEMA 0Tl EAEMEHTIIU HA H TOZG@CL.'
1/ 3a scexu enemenm x € H e 6 cuaa pasercmseomo

oo
T = Z (x,en)en

n=1
B 20pHOMO PABEHCINBO cxodumocmma ce pase/zeofcﬁa CNPAMO HOPMATNG
6 H: no-movro, aKo 03HaAYUM C

n

S, = Z (x,e;) e

=1

N-MAMa  YACTNUMHG  CYMa Ha peda  60ACHO, MO MEsPIEHUEmo e, He
||z — S,|| — 0.
2/ (Pasencmeo wa Ilspcugan). B cuna e paserncmeomo

)

2 2

el = [, en) .
n=1

HokazarenacTBo. OCHOBHA POJIA B JOKA3ATEICTBOTO UI'Pae T.HAP. Jie-
Ma 3a OpTOroHaJHaTa IHpoekiusd. KakTo e m3BecTHO, HAW-KPATKOTO pPa3c-
TOsIHWE MEKJ/Iy TOYKa W IpaBa, KOSTO HEe MUHaBa IIpe3 Hesl, e J0CTHTA B
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neTaTa Ha MEePHeHUKYJ/IsIpa, CIIyCHAT OT TOYKaTa KbM mpaBara. Okas3sa ce,
4e mo00HO TBHPAEHUE € BAPHO U B TPOU3BOJIHO XIIOEPTOBO IPOCTPAHCTBO.

[Tle HammOMHUM MOHATUETO PA3CTOAHHE MEXKJy TOYKA M MHOXKECTBO B
METPHYHO HPOCTPAHCTBO (BUK 33/, 2 KbM §3): AKO L e MOJIMHOKECTBO Ha
HAKOEe METPUYHO TMPOCTPAHCTBO W & € TOYKA OT TOBA MPOCTPAHCTBO, TO IO

nebununus p(x, L) = inf p(x,y).
yeL

Jlema 31. (JIema 3a oproronaJsiHaTta npoekmus). Hexa L e xpat-
HOMEPHO AUHETIHO NOONPOCTPARCINGO Ha Tusbepmosomo npocmparcmeo H
u x e mouka om H, ne npunadaescawa na L. Tozasa csuecmeysa edumc-
meena mouka yo € L mawasa, we p(x,yo) = p(x, L). Touxama yy ce zapak-
MEPUUPL CHC MOBG, e PASAUKAMG T — Yo € NEPNEROUKYAAPHG HA NPOCTN-
pancmeomo L (m.e. na scuuku esemenmu om L).

dokazarencTrBo Ha jgemata. Heka o3naunm ¢ n pasmeprocrta Ha L.
Jla nzbepem opTOHOPMUpPaAHA CHCTEMA €1, . . ., €, OT eJeMeHTH Ha L ; Torasa
BCeKH esleMeHT y € L ce mpemcraBs KaTo TaXHA JHHEHHA KOMOMHAIS:

Yy = Z:’L:l )\161 Nnmame

plr,y)? =z — i)\iei,x — i)\jej = ||z|” — 2i)\i (x,e;) + i/\f
=1 Jj=1 i=1 i=1

Buxme morn ga m3noasBame audepeHnnaTHOTO CMATaHe 33 HaMUpa-
He Ha MHHHMYMAa Ha TOpHHUS H3pa3 KaTo (PYHKIHUS HA Ai, ..., \,, HO TOBa
MOKe JTa CTaHe W eJeMeHTApHO Upe3 T.HAp. OTJAe/IsSHe Ha I'bJIeH KBaJIpar:

n n
ple,y)® = ||zl = (e + ) (= (w.e))”.
i=1 i=1

Twit KaTo TpeToTO CHOWPAEMO OTASICHO € CyMa Ha KBaJIPaTH, a MMbPBO-
TO H BTOPOTO HE ChIbPKAT IPOMEHJIUBUTE \;, TO MUHUMAJIHATA CTORHOCT
HA TO3U M3Pa3 Ce JOCTUTA, KOTaTO BCHYKHU KBAaJIpaTH ca HYyJa, T.e. KOraTo
Ai = (z,e;) 3a1=1,...,n. Ja o3HauuM ¢bOTBETHATA TOYKA C Yo

n

Yo = Z(I7€¢>6i-

=1

* -
TBbprenuneTo e BApHO U B Ciaydas, Koraro L e mpou3BOJHO 3aTBOPEHO JTUHEHHO MTO/I-
npoctpancTeo Ha H. Hue e u3noa3same obadue camMo KpaWHOMEPHUS CTydaid.
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[Monyuanxwme, 4de p(z,y) > p(x,yp) 3a Besko y € L, paznmuano or yy, u
CJIeIOBATETHO

n

ple. L) = inf ple,y) = p(w,90) = | llall* = 3 ()",

i=1

Ocrapa 1a MOKaxkeMm, 9€ T — Yoy € MEePIeHIUKY/ISIPeH HA BCUYUKU eJie-
meHTH oT L (T.e yy e mera Ha meprneHIuKYy/spa, cuycHaT oT x KbM L).
Hocrarsano e ga mokazxeM, e (x — yo) Ley, ..., e,. Haucruna, 3a 3a Besiko
1=1,...,n uMmame

n

(x —yo,e;) = (T, €;) — Z (x,e5).(ej,e;) =0. W

j=1

[TpoxbkaBame g0Ka3aTeJICTBOTO Ha Teopemarta 3a Oasuca. Heka e,
e hJHa OpTOHOpMHUpaHa cucrema ot ejgementu Ha H. /la o3naumm c L,
HPOCTPAHCTBOTO OT BCUYKHU JIMHEHHN KOMOMHAIINN Ha I'bPBUTE N €JIeMeHTa,
€1,...,6, OT TA3H CHCTEMA, T.. HA BCUIKHU eJIeMEeHTH OT BHA

)\161 ++)‘n€n

3a HIPOU3BOJIHU KOHCTAHTH Aq,...,A\,. OueBuano L, e n-MepHO JHHEHHO
noanpocTpancTso Ha H, erementure eq,...,e, 0od0pa3yBaT OPTOHOPMHUPAH
basuc B L,,, 1 ca Hajuie BKJIIOYBAHUSITA

Lcl,c...cL,cC...

Heka p,, = p (z,L,). OT MOHOTOHHOTO HapacTBaHe Ha IPOCTPAHCTBATA
L, ciaenBa, 4e 4UCJIOBATA PEOUIA P, MOHOTOHHO HaMasdBa. OT IbJIHOTATA
Ha cucremara {e,} ce BUXKa, 4e 3a BCAKO € > () CHIECTBYBA N TAKOBA, Ue
pn < €; TOBA O3Ha4aBa, 4e p, — 0. a ozuauum c y, € L, enementa or L,
3a KOHTO p (T, Y,) = pn; 10 J€MaTA, TAKHB €JIEMEHT ChIeCTBYBa, € THHCTBEH
e, ¥ UMa MpPeJICTABAHETO

n

Un = Y _ (1, e5) €,

=1



306 I'VIABA 2. HHTEI'PAJIHO CMATAHE

T.e. Y, CbBIAIA C YaCTHYHATA cymMa S, Ha Deja, ydacrsail B Todka 1/ Ha
teopemara. Crenosarenso ||z — S,|| = p, — 0, u Touka 1/ e nokazana.
B 10Ka3aTesIcTBOTO Ha JleMaTa MOy IUXMe PABEHCTBOTO

n

[le = Sull* = lJz|* = ) {@,e)*.

i=1

Ciie; Tpali¥eH IPEeXo/ MO 1 OTTYK Ce MOJIydaBa paBeHcTBoTo Ha [Ibpendan
ot 2/. |

ITpunoxenne: Tpuronomerpuanara cucrema B Ls[0, 27| u pas-
smarade Ha GyHKmuuTe B pea Ha Pypue. C Ly[0, 27| o3HauaBame mpoct-
PAHCTBOTO HA Bcu4Ku u3mepumu Gynkuuu f(x), nedunupanu 3a x € [0, 27]
U TaKuBa, e \f(x)|2 e UHTerpyeMa B 1031 mHTepBas. Jla pasriegamve cuc-
TeMaTa OT (DYHKIUH

1l,cosz,sinz,...,cosnx,sinnz, ...

Ts ce Hapuda TpuroHomerpudna cucrema ot dbyukuuu B [0, 27]. da Hame-
pHUM CKaJIapHUTE TTPOU3BEJIEHUsT MEKJIY TdX: JIECHO Ce TIPecMsTa, e

(cosnz,cosmz) =0mpun #m,=m7upun=m #0,=2rupun =m =0,

(sinnz,sinmz) = 0 mpun # m,= 7 upu n = m,
(sinnx, cosmz) = 0 Ipu BCUYKA N ¥ M.

CiregoBaTeIHO CHCTEMAaTa € OPTOrOHAJIHA; KaTO Pa3JIeJ MM BCEKH eJie-
MeHT Ha HopMaTa My B Ls[0, 27|, moayyaBame OpTOHOPMUPAHATA CHCTEMA

1 «cosx sinx cosnx sinnx
\/%7 \/7_1" ﬁ?"'? ﬁ ) ﬁ AR

KOATO CBHIIO Ce HapuYa TPUTOHOMETpHYHa CHCTEMa.

Jlema 32. Tpuzonomempuunama cucmema e nsana 6 npocmparcm-
somo L0, 27].

HHoka3zarencrso. Kpaitnure muHeliHr KOMOHHAIMA HA eJIEMEHTHTE Ha
TPUTOHOMETPUIHATA CHCTEMA €A BCHITHOCT TPUTOHOMETPHIHHUTE HOJTHHOMY;
TpsibBa Jla IOKayKeM, e Te ca HABCSKbJe T'beTo B Lo[0, 27].
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Haii-nanpes me orbesekum, de cropeji Bropara Teopema Ha Baiiep-
mpac 3a ampoKCHMaInsd, BesKa HermpekbeHaTa GyHkus f(x) B mHTEpBaIa
0, 27], ynosrersopsisama f(0) = f(27), MoxKe pABHOMEPHO Jia Ce ampoK-
CHMMpa ¢ TPUTOHOMETPHYHHU IIOJHHOMHU. KakKTo BHIAXME MO-rope, paBHO-
MepHAaTa CXOAUMOCT BbPXO MHOXKECTBO ¢ KpaiiHa MspKa Bjede ciel cebe cu
CXOUMOCT B L1, 1 OYE€BUJIHO CHITOTO € BAPHO u 33 Lo. [lo-Hararbk, Besika
HenpekbcHara GyHknuga B [0, 27| Moxke ga ce anpokcumupa B Lo-HOpMaTa,
¢ takuBa, ynoiersopsisaiu f(0) = f(27) (mokaxere!). Hakpasi, ciencr-
BHe 24 (MO-TOYHO, HETOBUAT BAPHAHT 3a Lg) MOKAa3Ba, Ye HENPeKbCHATHTE
dbyHKIME ca HABCSIKbJE T'hCTO B Lo[0, 27, ¢ KoeTo H0Ka3aTeacTBOTO € 3a-
BbPIICHO. |

CreoBareino, 3a TPHTOHOMETPHIHATA CHCTEMa OT (DYHKIMH MOZKe
Ja ce NpUsIoKHU TeopeMara 3a 6asuca. Heka f(x) € Lo[0,27]. OT Teopema
30 mosyyaBaMe paBeHCTBOTO

o0 . .
1 1 COSNx COSNT sin nx sin nx
f(l') = f7 + E f7 : + fa : )
V2r /[ V2 N3 VT VT Nz
KaTO CXOJIMMOCTTA Ha Pejia BJSICHO Ce pa3Ivierk/ila OTHOCHO BTOpATa MHTEr-
paiHa HOpMa. OUpoCcTIBaiiku, MOIyYaBaMe

flz)={f,1) % +n§::l (% (f,cosnz) - cosnz + % (f,sinnz) -sinnx) :

Jla o3HaunM cBOOOIHUS WIEH C g, KOeMUIUEHTA IPeT COSNL - C Gy,
u koecummenTta upej sinnx - ¢ b,. [ToayuaBame cranjgapTHHS 3aIKC

f(z) =ao+ Z (ancos nz + bysinnx) ,

n=1

K'bJETO

1 2 1 27
ap = _/ f(z)dz, a,= _/ f(x)cosnx dx nmpu n > 0,
0 T Jo

1 2T
b, = —/ f(z)sinnz dzx.
0

™
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Taka nostygenust peJi ce Hapuda peJi Ha Pypue 3a bynkuusra f(z) €

L,[0,27]. OdeBuanu ca OneHKHTE

1 1
laol < o111l s laals [oal < —If1];-

Karo cinencrBue ot Teopemara 3a 6a3uca HHe MOJydYaBame CJeHUS
pe3yaTaT, u3BecTeH Kato Teopema Ha Puc-Pumiep:

Teopema 33. Pedom na Qypue ma scaxa Ppynruyus om L]0, 27 e
CTOOAU, KBM HEA OMHOCHO BMOPAMA UHMELPANHG HOPMG.

3abesiexkka. CbBceM pa3/iMdyHa € CUTyalludaTa, aKo HUE ce HHTePecy-
BaMe OT MOTOYKOBATA MM PaBHOMEPHA CXOAUMOCT Ha pejaa Ha Pypue KbM
dbyuknusara f(z). Taka mHanpumep, CbIECTBYBAT HENPEKBCHATH (DYHKIINM,
3a KouTo perbT Ha Pypue e pasxosil MOYTH HABCAKbE (M BbIPEKH TOBA
CXOJSAII] OTHOCHO | |||, ¢brytacHo roprara teopema). CblIecTBYBAT PA3IHIHN
KPUTEPUHN 33 MOTOYKOBA WJIK PABHOMEDHA CXOIUMOCT; €/IMH OT TAX € Ja/IeH
0-TOJTY.

[Ile nanumem u popmysiara na Ibpeudas 3a pesa na Pypue.

Teopema 34. B cuaa e pasencmeomo

1f]15 = 2mag + 7Y (a2 +b2)

n=1

Hokazarencrso. Ot Touka 2/ Ha Teopema 30 mosydaBame, de

2 1\ & cosnz \ 2 sin nz \ 2
= () + X 5F) 0N )

OTK'bJIETO BeJIHAra CJIeBa TEOPEMAaTa. [ |

KoMmnaekcHa ¢popma Ha TpuroHomMerpuyHara cucrema. B Tasu
noaTouka ¢ Lo[0, 27| me o3HauaBaMe MPOCTPAHCTBOTO HA KOMNAEKCHO3HAY-
nume uamepumu dyuknuu f(z) ua [0, 27 (T.e. byHKIUHI, 38 KOUTO peasHaTa

*
Tesu onenku noka3sar, ue peabr Ha Pypue Moxke 13 Obie nedunupan u 3a GyHK-
[IAUTE OT TIO-TITMPOKOTO MPOCTPaHCTBO L1 [0, 27].
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2
¥ UMarmHepHaTa 4acT ca u3Mepumu), takuba, de |f(x)|” e mHTErpyema or-
HOCHO CTaHJapTHATa MAPKA BbPXY To3u nHTEepBal. KakTo Gerre oTOeg3aH0
I0-rOpe, CKAJIAPHOTO HPOU3BEICHHE

2w

(f.9) = f(x)g(z) dx

0

IPEBPBINA TOBA MPOCTPAHCTBO B XWJIOEPTOBO, M BCHYKH TBHPICHUS, JKA3a-
HU TI0-TOpe 3a MPOCTPAHCTBOTO OT PeaJHO3HAYHUTE (DYyHKIINH, Ca B CUJIA U
TYK.

Cera MOXKeM [1a BbBEIEM TPUTOHOMETPUIHATA CHCTEMA OT (DYHKIHH
no gapyr xHauna. Ot dopmynure wHa Oittep mMmamve

cosnx = % (e’m + e_”””) , sinnx = i (e

ne e—inx) ]
21

C.HG,ZLOB&TG.HHO, ABETE beHKI_[I/II/I COS Nx U SIn N MOraT Ja 6”]3,ZLaT 3aMeHEeHU C
inx

IpyTH ABe: € 1 e~ Ge3 ga ce MPOMeHsT MHOYKECTBOTO Ha BCHYKY KPAilHu
JuHeitHn KoMOuHANuu. Taka cTurame J10 cucreMara:

—inx —ix i inx _ nx
.,€ s, e e e ,...—{e }nEZ’

KOSATO IIe HapudaMe KOMILIEKCHa (popMa Ha TPUTOHOMETPHIHATA CHCTEMA.
JlecHo ce mpoBepsiBa, 9e Ta3W CHUCTEMa € OPTOrOHAJIHA; 3a Ja s HAIIPABUM
OPTOHOPMHPAHA, € JOCTATHIHO 8 PA3IEINM BCEKH eJIeMEeHT Ha HOPMAaTa MY,
KOSTO € eJHA M CbIIA 33 BCUUKH U e pasHa Ha \/27m. Teopemara 3a Gasuca
HE JaBa apyra dbopma Ha pena Ha Pypue Ha f(x):

inx

flz) = Z f7e_ .eii — cheim’
neZ, Vo) Vow ne

KbAeTo € ¢, CM€ O3Ha4YUJIN KOMIIJIEKCHOTO YHCJIO

Cn = i<f,e’m> - /O%f(x)e_mx dx.

2T %

(Pasbupa ce, OTHOBO ce nMa TIPeJT BUJ CXOAUMOCT HA ChOTBETHUS PEJL CIPSIMO
HopmaTa B L0, 27]).
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Cera dhopmystara Ha [Ibpendasr mobupa Buga

1F115 =27 ) leal”.
nGZ

B mHOro ciydam msmon3BaHeTo Ha KOMILTEKCHATa (hopMa Ha TPUTO-
HOMETPHUYHATA CUCTEMA BOJIM JI0 OLPOCTIABAHE HA U3YUCJCHUATA: TAKa Hall-
puMep, TYK mMame camo ejHa (hopmy/ia 3a KoehpUuIHeHTUTe, BMECTO TPH
pazauyHu GOPMYIH B PA3IUIHUTE CAydand, KAaKTO Oellle 3a peaJHATa CHCTe-
Ma.

Ennn kpurepuit 3a paBHOMEpPHA CXOIMMOCT Ha pesa Ha Dy-
pue. CbIecTByBaT MHOI'O KPUTEPUHU, OCUI'YPSBAINK HOTOYKOBATA WA PAB-
HOMEepHAa CXOUMOCT Ha pejia Ha Pypue Ha gajgeHa pyHknudg. Tyk 1e jgajiem
eJVH OT Hall-mpocTure.

Teopema 35. Hexa wnenpexschamama @dynryua f(x) npumesrcasa
HENPEKBCHANA UAU %ACTUYHO Henperscrama npouseodna 6 [0, 2m] u f(0) =
f(27m). Tozasa pedsm na Pypue na gynrkyuama f(x) e pasnomepro crodauy
kem Hea 6 [0, 2m].

Hoxkazarenctso. Ille usnonssame Bpb3KaTa MeK1y KOehUIMEHTHTE
Ha @ypue Ha QYHKIEATA ¥ HA HelHATA IIPOM3BOAHA, JAJCHH B 3ai. 14.
Heka S, (z) e n-tara wactudana cyma Ha pena Ha ®Pypue wa f(r), u Heka

R.(z) = f(z) — Sy(z). Torasa

o0

|R,.(z)| = Z (arcos kx + bsin kx)| <
k=n+1
oo o0 1 , o0 1 )
< 3 (al+10sl) = D 7 lakl + > 7 1B
k=n+1 k=n+1 k=n+1

[Ipuaaraiiku K'bM 1ocIeiHUTE cyMu HepaBeHcTBOTO Ha Komu-IIIBapii-
BynsgkoBcku 3a peuru, mogydaBaMe. de

EXCTEND OIS N DRCAEIN I SRCA =

k=n+1 k=n+1 k=n+1
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2
< —= 11l
s

VT

Tbil KATO PIBT Y =5 € CXOMSI, TO JACHATA CTPAHA KJIOHH KbM HyJIA IPH
n — o0. u
3abesexkka. Karo B3emem npeaBuj, 4e n-TUAT OCTATHK Ha PeJia

2 2
> =5 e or mopaabk 1/n, n e pemosere Y. (aj)” u Y (b)) ca cxonsamm,
T.¢. TAXHUTE OCTATBIN KJIOHAT K'bM HYJIA, MOTydaBaMe OMEHKA 33 OCTATHKA

Ha pena Ha Dypue
1

VopakHeHud.

1. (IIpumep Ha Hem3MEpHMMO MHOXKECTBO.) /la BbBeJeM BbDXY
uaTepBaa [0, 1] ciaeqrara penanus Ha eKBUBAJIEHTHOCT: ako ,y € [0, 1],
e KaspaMe, 9e T€ €a eKBUBAJCHTHH, aKO T — Y € paluoHaano. arepsarbt
[0, 1] ce mpeacraBst KaTo 0beIHHEHHE HA HEMPECHYAIIN Ce KJIaCH Ha eKBHBa-
JEHTHOCT OTHOCHO Tasu penarus: [0, 1] = U,E,. Heka N e MmuHox)ecTBO, KOe-
TO CbAbpPzKa TOYHO I10 €JUH €JICMEHT OT BCEKH KJIaC Ha eKBI/IBaJIeHTHOCT*Ea.
Jokazkere, 9e MHOKeCTBOTO N HE € H3MEPUMO CIIPAMO CTAHIAPTHATA MIPKA,
Ha R.

YobrBane. 1. Heka {T’f}k:m,--- e pelnnaTa OT BCHYKH PAIMOHAJIHA
uncyia B unrepsana [—1, 1], u Ny = N+, Jlokaxkere, ue muokecTBaTa Ny
HsIMaT OOIM TOYKHU 3a pa3judHu k, u

[0.1] € U2 Ny C [-1,2].

2. Ja nomycuem, e N e uamepumo; Toraba i (INy) = p (N) 3a Besiko k.
UsnorsBaiikn 0-aIUTHBHOCTTA HA MsapPKaTa, JOKayKeTe, de BCIKO OT HPeJi-
nostozkenuaATa (1 (IN) = 0 u p (IN) > 0 Boam 710 IpOTHBOpEYRE ¢ PE3YATATHTE
Ha TOuKa 1.

*CbIIeCTBYBAHETO Ha TAKOBA MHOKECTBO € TBBHPAM OT T.HAD. AKCHOMA 3a M360pa -
€/lHa OT AKCHOMHTE HA TeOPHUsTa HA MHOXKECTBATa. 1a3u akCHOMa IbJINO BpeMe e Duia
OCIIOPBaHA [OPA/JIM LAPAJIOKCAJHUTE pe3ynraru, 10 kKouro Bogu. He e u3secrna koncr-
PYKIMS HA HEM3MEPUMO MHOYKECTBO, KOSITO Ja He M3MOJI3Ba Ta3W aKCHOMA.
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3abesaerkka. V31rbjiHEHO € U [MO-CHJIHO TBbPJIeHHEe, KOETO HAMa JI1a
A0Ka3BaMe: BCAKO U3MEePUMO MHOZKECTBO C HEHYJ/IeBa MAPDKa CbAbPzKa HEeU3-
MEPHUMO ITOIMHOXKECTRBO.

2. Jlokaxkete, 4e Bcako orsopeHo MHOKecTBO U B R" e mamepumo.

YubrBane. /lokaxere, e U Moxke jia ce pejcraBu KaTo 0be uHeHe
Ha BCHYKHW MMPABOBI'bJIHK TapaJiesenumen, cbabpxKarm ce B U. Jlokaxkere,
e TOBa IIPeJACTaBAHe HIMa 2 Ce U3MeHH, aKO Ce B3eMaT CaMO OHe3H IapaJie-
JIEIUIIE/TH, YUUTO BbPXOBE ca panuoHaj Hu Touku (T.e. Toukn ot Q" C R™).
JokazkeTe, 4e MHOXKECTBOTO Ha BCHUYKU TAKHBA IapaJseIeluilean e n30pou-
MO.

3. Jlokaxkere, 4e Bcsako orBopeno mHOxkecTtBO U B R" mowke ja ce
npejcTaBu KaTo oOeHeHNe Ha W30PONMO MHOTO 3aTBODEHU ITPABObIbJIHU
napaJesenuiie/ i ¢ HelPeCUIAIu ce BbTPENTHOCTH.

YuobrBaHe (3a ciydas Ha RQ). a pazje/iuM paBHUHATA HA KBaJIpaTH
ChC CTpaHa ennHUIEA (C BbPXOBE B IEJOYNUCJEHATE TOYKH), U Ja O3HAYUM
¢ V; obejiuHeHNETO HA TE3W 3aTBOPEHU KBaJIPATH, KOUTO CE ChIbPKAT B
U. [a pasgequM cjieji ToBa paBHUHATA HA KBAJDATH ¢ JbJKWHA 1/2) T.e.
C BbPXOBE B TOYKUTE, YAUTO KOPJUHATH Ca TEJTOYUCIEHO KpaTHU Ha 1/2,
U Jla O3HaYUM C Vo 00€JIMHEHMETO Ha Te3U OT TAX, KOUTO €€ ChIbPrKaT
B U, HO He ce chabpkar B Vi. llpoabikaBaiiku Taka, mogydaBaMe, de
U=V, UVyU..., OTKbIETO CJIe/IBA TBHPJIEHUETO.

4. Jlokaxxete, 9e ako ¢ : U — V e B3aUMHO €IHO3HAYHO W B3aUMHO
HempeK'beHaTo m3o0pazkenne Mexay obaacture U m V B R",) 10 ¢ 3ama3sa
GopeJieBuTe MHOKecTBa , T.e. Y(A) e GopeseBo TOUYHO TOraBa, Koraro A e
bopeJieBo.

5. [Tokazkere, 4e TBbPJEHUETO OT IIPEIHATA 3a/1a49a pecTaBa, J1a Ob/1e
BSIPHO, aKo BMecTo "GopeseBo" Hamumem "uzmepumo 1o JleGer" mwim "mpe-
HeOpexkumo 1o Jleber".

YosrBane. Heka K u k(z) ca cvorserno muoxkectsoto na Kanrop n
dbyuxmuaTa va Kanrop B unreppaia [0, 1], nedunupanu B ynpaxKHeHUITA,
kbM §1. [la pasriegame dyrakuusara ¢(x) = x + k(x), x € [0, 1].

a/ JTokaxere, ue ¢(x) € HeMpeK'bCHATA W CTPOrO MOHOTOHHO PACTAIIIA,
¥ CJI€JIOBATETHO OLpe/Ieisi B3aUMHO €HO3HAYHO U B3aUMHO HEIPEKbCHATO
choTBeTCTBHE MeK iy mHTepBasa [0, 1] u waTepBaa [0, 2].
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6/ Hokaxere, ve K e mpenebpexumo muoxectso B [0, 1], nokaro
(oK) = 1.

B/ Heka A e mem3amepunmo noamuozkectBo Ha ¢(K) (Brk 3abesrexxkara
ciaen 3ai. 1), 1 B = ¢ 1(A). Torasa B e npene6pe:KuMo U cjieoBaTeIHO
U3MEPUMO, JOKATO A He e TaKOBA.

6. JokaxkeTe, ue MHOXKeCTBOTO B oT 3a7a4a 5. B/ e ©3MepuMo, HO He
e Gopesieso (u3mom3BaiiTe 3anaua 4.)

7. Heka xa(z) u xg(z) na ca xapakrepuctnanute byHKINH CHOTBET-
HO Ha MHOxkKectBara A u B or or 3amaqa 5. B/. Torasa yg(x) e usmepuma
bynxuus u ya(z) = xB (¢~ H(2)), HO YA (7) He e uzMepuMa.

o~

8. Heka f(x) u g(z) ca unrerpyemu dbyuknnu upxy R, f(§) u g(§)
ca raxuure upeodbpasosanus Ha Pypue (Buzk Kpas na pasuen 6), u fx g(z)
e TsIXHATa KOHBOJIIOIMS (BUZK Kpas Ha paszaen 8). Jlokaxkere, de

a/ 11 * glly < 11711 ol
6/ F=9(6) = 1(0)3(6).

9. Heka g € R u «a(x) e monoronHara byHkIus, gedbuHUpaHa ¢
paBeHCTBATA,

a(z) = 0, ako x < x,
1 1, ako x > x.

Heka dbyuknusTa f(z) e HenpeKbcHAaTa B TOYKATa To. JJokaxkere, e f(z) e
HHTErpyeMa CIPSIMO MsIPKATA [, I IpecMeTHeTe | r [ (1) da(r). dokaxere,
e Ly (pa) = R.

10. Heka e mamena dbyukuumsara f(x) € Li(R) (¢ apyru maymu, w-
TerpyemMa OTHOCHO CTamjapTHara Mspka Ha R), kogro e gudepenuupyema
HaBCAKDbAe, Kato f'(x) como npunamrexu na Ly (R). Jokakere upe3 un-
TerpupaHe 10 YacTH, Je

J'(€) =& f(&).
VYowrBane. [Ipejsapuresno nokaxere, ye lim, 1 f(z) = 0, u us-
HOJI3BaiiTe MHTErpUpaHe 10 YaCTH.

11. (JIema na Pumvan.) [Tokazxere, de 3a Beaxa yuxmus f(z) € Ly (R)
€ U3I'bJIHEHO

-~

lim f(¢) =0.

E—+o0
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YowrBane. Crbika 1. Jlokazkere, 4e TBbPIEHUETO € BIPHO 38 BCUYKHI
byHKIMHI, yI0BIETBOPSBAIIN YCJAOBUETO Ha MPeJHATa 33/a9a, KaTO U310/
3BaTe HEPABEHCTBOTO

n /1]
o) < S

Crpuka 2. Usnosssaiire, de o caencrsre 25 Beska dynknus f(z) €

Li(R) moxe ma ce ampoKcUMUpa ¢ TaKuBa (DYHKIIHN.

12. okaxere, ue ako M € R" e orpanu4eHo u3mMepuMo MHOXKECTBO,
t0 Lo(M) ce chubpxa B Ly (M).

13. Heka M e mogmuozkecTBOTO Ha L0, 27, CHCTOAIIO Ce OT BCHYKH
dyukmmu or Buga sinnx, n = 1,2,.... Jlokaxkere, ve M e orpanu4ieHo u
3aTBOPEHO, HO He € KOMIIAKTHO (T.e. He e U3IIbJIHeHa TeopeMaTa Ha Bomrano-
Baiiepinpac 3a CbIIeCTByBaHe HA CXOJISIIA MOIPEUIIA).

VubrBane. Usnonssaiite, ue py(sin ne,sinma) = v2m npu n # m.

14. Heka nenpekbcHataTa dbyakims f(x) mpuTekaBa HeMPeKbCHATA,
HJIH 9aCTHIHO HenpeKbeHaTa nponsBogna B [0, 27| u f(0) = f(27). Heka a,,
by, C, 1a O3HAYABAT, KAKTO U HO-rope, Koedunuenture va Pypue ua f(x), a
al . b, c, - cvorBeTHuTe Koedunuentn 3a npoussonnara f'(x). lokaxkere.

4Je Ca B CHJIa paB€HCTBaTa

/ / /
a, =n.b,, b, = —n.a,, c

n = IN.Cp.

3abenexkka. /la nanpasum dhopmanano audepeHIMpane Ha peaa Ha
Dypue (B peannara uian KomiuekcHara dopma). [le nosmyanm pej na Py-
pue ¢ KoedumeHTH, AajeHn ¢ ropuute dopmyan. Pasdupa ce, B caydast
dopmannoro gudpepennupane Ha pejla B HUKAKbB CJydail He e 3aKOHHA
olepalrs, HO BBIPEKU TOBA BOJAM JI0 BAPHU (HPOPMYJIN.

YobrBaHe. l3non3BaiiTe nHTErpUpaHe 0 YacTH.
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