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1 Lyapunov stability

Let us consider the following autonomous system X of ordinary differential
equations:

w(t) = f(x(t)), (1)

where f: D — R™is a locally Lipshitz map from a domain D C R" into R".
Let us assume that the point Z is an equilibrium point of (1), i.e. f(Z) = 0.
Let us assume that  # 0. Consider the change of the coordinates y :=

x — Z. Let z(-) be a solution of (1) defined on some open interval I, and let
y(t) := x(t) — & for each t € I. Then for each t € I we have that

y(t) = (1) = f(x(t) = fy(t) + 2) = g(y(y)),

where ¢(y) := f(y + 7). Clearly, g(0) = f(z) = 0.

In the new variable y the system > has equilibrium at the origin. Thus,
without loss of generality, we may assume that the function f satisfies f(0) =
0, and we shall study the stability of (1) at the origin.

Definition 1.1

The equilibrium point 0 of (1) is

< stable, if for each ¢ > 0, there exists § = d(¢) > 0 such that for
each point zy with ||zg| < ¢ the corresponding solution z(-,x¢) of
(1) starting from the point z( is defined on the interval [0, +o0) and
|x(t, 20)|| < e for each t € [0, 4+00).

& asymptotically stable, if it is stable and § > 0 can be chosen such that

115%1;2 z(t, zo) = 0.

Theorem 1.2 Let the origin be an equilibrium point for (1). Let the function
V : D — R be continuously differentiable on a neighborhood D of the origin
and V(0) = 0 and V(x) > 0 for each x € D\{0}. If V;(z) := V'(x)f(x) <0,
then (1) is stable at the origin. Moreover, if Vi(x) < 0 for each x € D\ {0},
then (1) is asymptotically stable at the origin.



Proof. Let us fix an arbitrary £ > 0. We choose r € (0,¢) so that the ball
B, :={zxeR": ||z]| <r} C D. Weset S, :={xe€ R": ||z|]| =r} and let
a = min V(z). Then o > 0 (because V(z) > 0 for each z € D \ {0}). Take

rE€B,
B € (0,c) and define the set Q5 := {x € B, : V(z) < f}. Clearly, 0 € Q3.
Let us assume that Q3 N S, # (). Then there exists a point p € Q5N S,
and hence V(p) > a > > V(p). The obtained contradiction shows that
Q3N S, =0, and hence Q5 C B,.
Let xy be an arbitrary point of the set 25 and let z(-, zo) be the corre-
sponding solution of (1) starting from x,. Since

V(a(t,z0)) = V(zo) + /Ot Vi ((s, 20)) ds < V(o)

the solution (-, zg) of (1) remains in the closed bounded set €25, and hence
it is defined on [0, 400).

Since the function V' is continuous and V' (0) = 0 < 3, there exists § > 0
so that V(z) < f8 for each x € By, i.e. Bs C Q3 C B, C B. which shows that
the origin is a stable equilibrium point of (1).

Next we prove that the inequality Vy(z) < 0 for each = € D\ {0} implies
that (1) is asymptotically stable at the origin. Let 2y be an arbitrary point
of Bs and let z(-) denote the corresponding solution of (1) starting from .
We shall prove that grorg x(t) = 0, i.e. for each p > 0 there exists 7' > 0 such

that [|z(t, )| < p for each t > T.

Since V(z(t)) is monotonically decreasing and bounded from below by
zero, V(z(t)) — ¢ > 0 as t tends to infinity. Let us assume that ¢ > 0.
Since V(0) = 0 and V' is a continuous function, there is d € (0,¢) such that
V(z) < ¢ for each x € By, i.e. By C Q.. Then the relation V(z(t)) — ¢ > 0
as t tends to infinity implies that the trajectory x(t) lies outside the ball By
for each t > 0. Let

V(x).

max
ze{y€Br: |lyl|>d}

Then it follows that
t .
V(x(t)) = V(o) + /0 Vi(w(s) ds < V(wo) — 1t
Since the right-hand side of this inequality tends to —oo as t — oo, this

inequality contradicts the assumption that ¢ > 0. Hence ¢ = 0, and hence
V(z(t)) = 0 as t — oo.



Let i > 0 be an arbitrary positive number. By repetition of the previous
arguments, there exists v > 0 such that Q, C B,. Because V(z(t)) — 0 as
t tends to infinity, there exists 7' > 0 such that 0 < V(z(t)) < v for each
t>1T,ie x(t) € Q, C B, for each t > T. Hence z(t) — 0 as t — oo and
this completes the proof. &

Example 1.3 Consider the first order differential equation

where g : (—¢,¢) — R is a locally Lipschitz function such that g(0) = 0 and
xg(x) > 0 for each = € (—¢,¢). It follows from here that g(z) > 0 for z > 0
andg(z) < 0 for z < 0.

Let us consider the function V' : (—&,e) — R which is defined as follows:

V(x) = /Ozg(y) dy.

Clearly, V' is continuously differentiable, V' (0) = 0 and V' (x) > 0 for each
x # 0 (For example, consider the case x > 0. Then

Vi(z)=V(0)+ /Oxg(y) dy > 0.
The case x < 0 can be considered in the same way.) Since
V_ () = —g(x)* < 0 for each x € (—¢,¢) \ {0},
we may conclude that this system is asymptotically stable at the origin.

Further we denote Vf just by V when the right-hand side of the equation
& = f(x) is known.

Example 1.4 Consider the pendulum equation without friction

T =y
y = —9¢sinx

ontheset Q = {(z,y) : * € (—2m,2m)}. As a Lyapunov function we consider
the total mechanical energy of the pendulum

1
E(z,y) = §ml2y2 + mgl(1 — cos ).
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Direct calculation shows that
E(z,y) = 12mlzy(—% sinz) + mgl(sinx)y = 0.
Hence, the pendulum without friction is stable at the origin.

Example 1.5 Consider the pendulum equation with friction

r =Yy

y = —Isinz— Ly
on theset Q = {(z,y) : = € (—27,2m)}. As a Lyapunov function we consider
again the total mechanical energy of the pendulum

E(x,y) = ;mﬂyz + mgl(1 — cosx).
Direct calculation shows that
E(x,y) = ley(—% sinx — :Iy) + mgl(sinz)y = —ki*y* <0.
Hence, we can conclude that the pendulum with friction is stable at the

origin.
Next, let us look for a more general Lyapunov function of the form

Vi(z,y) = ;(:c,y) ( Z g ) ( ?‘j ) +mgl(1 — cos x),

where a > 0 and ac — b* > 0 (this means that the corresponding quadratic
form is positive definite. Clearly,

1 1
Vi(z,y) = 5@302 + bry + §Cy2 +d(1 —cosx).

Then _
V(z) = axd + b(Zy + xy) + cyy + disinz,
ie. _
V(z) = (ax + by + mglsinx) 4+ y(bx + cy).
By simplifying we obtain

' k
V(2) = ylaz + by + mglsinx) + (b + cy) <_‘? sinz — m@/)
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. k k
V(z)=azy|a—b— +y2 b—c— +ysinx(d—cg) —xsinxbg.
m m ) )

k 1k 1 k?
Weset d=—,b=—-—, a=-— and ¢ = 1. Then we obtain that
m 2m 2 m?
. 1k , 1kg .
=———y —=——= fi .
V(x) 5 Y 2m[$smzv<0 or (z,y) # (0,0)

The term zsinz < 0 for each |z| < 7. Hence, we can conclude that the
pendulum with friction is asymptotically stable at the origin.

2 LaSalle’s Invariance Principle

Studying the pendulum equation with friction (cf. Example 1.5), we saw
that F(z,y) = —(k/m)y® < 0. Notice that F is negative everywhere except
the line [ := {(z,y) : y =0}, where E = 0. If a trajectory of the considered
pendulum stays on [, then y(t) = 0. This implies that &(t) = y(t) = 0.
So, that z(t) = constant. Also, y(t) = 0 implies that y(¢) = 0, and hence,
sinz(t) = 0. Thus on the interval —7m < = < 7 the equality sinx = 0 is
possible only for x = 0. Therefore, E(z(t),y(t)) degreases to zero as t — occ.

This arguments shows that if a positive function V' is known such that
its derivative V is negative semidefinite and no trajectory of the system can
stay on the set {x € R" : V(z) = 0} except the origin, then the origin is
asymptotically stable. This leads to the so called LaSalle invariance principle.

To formulate and prove this principle, we introduce some notions: Let
(-, ) be a solution of (1) starting from the point z,. A point p is said
to be a positive limit point of the trajectory ¢(-,zo) if there is a sequence
t, — 00 as n — oo such that ¢(t,, xg) — p as n — oo. The set of all positive
limit points is called positive limit set and is denoted by Q(zp). A set S is
said to be (positive, negative) invariant with respect to (1), if p(¢,zg) € S for
each point zy € S and for each real ¢t (t > 0, ¢t < 0). We also say that (-, xo)
approaches the set S as t — oo, if for each € > 0 there is T" > 0 such that
dist (¢(t,9),S) < € for each t > T. Here dist (x,S) := inf(||lz—y| : vy € 9).

Imagine that a stable limit cycle L exist for a two-dimensional system (1).
This stable cycle L is the positive limit set Q(z) for each point zy which is
sufficiently closed to L, i.e. the solution ¢(t,xq) approaches L as t — oc.

6



Notice, that the solution (¢, zy) does not approach any fixed point of L, i.e.
the relation ¢(t,z9) — L as t — oo does not imply that tli)m o(t, zo) exists.

Also, notice that an equilibrium point and a limit cycle are invariant sets.
Also the set M. := {z € R" : V(x) < c} is positive invariant whenever

V(z) <0. Indeed, let zy be an arbitrary point of M, and let ¢(-, z() be the
solution of (1) starting from the point xg. Then we have that

V(plt,a0)) = V(o) + [ V(s 0)) ds < V(zo),

and hence, the set M, := {x € R": V(x) < ¢} is positive invariant.
A fundamental property of the limit sets is given by the following

Lemma 2.1 Let the solution ¢(-,zq) of (1), starting from the point xq, be
bounded. Then the set Q(xy) is nonempty compact connected and invariant
with respect to (1). Moreover, tli)m o(t, xg) = Q(xo).

Proof. Let t; be an arbitrary sequence tending to +oco as k — +oo. Since
the sequence ¢(tx, 7o) is bounded, there exist a convergent sequence {zy; }32,
of the sequence {z}72,. Let {zy,} — z as j — oo. Then x € Q(x0). So
that the set Q(x() is nonempty.

Let us choose b > 0 so that ||¢(t,x)|| < b for each t > 0. Let x be an
arbitrary point of the set Q(xy). Then there exists a sequence {tx} — oo as
k — oo such that p(tg, xg) — = as k — oco. From the inequality ||o(tg, zo)|| <
b follows that ||z|| < b. Because x is an arbitrary point of the set Q(zg), we
obtain that Q(zg) is bounded.

Let {zx}32, be an arbitrary sequence of points belonging to 2(zq) such
that z, — x as k — oo. Then for every positive integer k there exists a
sequence tj, tending to +00 as j — oo such that p(ty,, 29) — 24 as j — oo.
Then there exists two positive integers J; and J; such that ¢, > k for each
J > Jiand |@(ty;, w0) — a2kl < 1/k for each j > Jp. Let us set 7, = t;
for some j > max(Jy, Jo) Then 7, > k and ||¢(7%, zo) — xx|| < 1/k for each
positive integer k. Let € > 0 be arbitrary. Then there exists positive integers
N; and N, such that

(T, To) — 2k || < c for each positive integer k > NV;
2

and .
|z — || < 5 for each positive integer k > No.



It follows from here that
llo(T, z0) — x|| < € for each positive integer k£ > max(Ny, Na),

and hence ¢(7y, x9) — = as k — 0o. In this way we have proved that the set
Q(xg) is closed, and so it is compact (because it is bounded).

Let us assume that the set 2(z¢) is not connected. Then there exist two
open sets U and V such that

Qo) NU #£0, Qzo)NV 0, UNV £0, Qzg) CUUV.
Then there exists two sequences t, — oo and s — oo as k — oo such that
©(Sk, x0) € U, p(tg,xo) € V and si, < ty < spy1 for each positive integer k.

Because for each positive integer k the set {¢(t,x¢) : ¢ € [sg, 1]} is a
connected curve going from a point in U to a point in V, there must exist
a point 7 € [sg, tx] such that (7, 2z0) € R"\ (UU V). On the other hand,
since the sequence {¢(7x,x0)}3; is bounded, there exists a point Z and a
subsequence 73, — 00 as j — oo such that (¢(7x;,70) — 7 as j — oo. Hence
the point z belongs to Q(x). But this is impossible, the set R™ \ (U U V)
is closed, and hence the inclusion ¢(7x;,z9) € R"\ (U U V) implies that
ze R\ (UUV). Then

g UUV D Qxp) 5 7.

The obtained contradiction shows that the set Q(z) is connected.

Let x be an arbitrary point of the set Q(zo) and let ¢(t, z) be the solution
of (1) starting from the point z. Since z € §2(z), there exists a sequence
t; tending to +o0o as k — oo such that ¢(ty, o) — x as j — oo. We set
x) = ©(tg, o). By the uniqueness of the solution of (1) one can prove that

QO(t, Ik‘) = Qo(tv §0<tk7 'TO)) = Qo(t + i, 1‘0)

Since t;, — oo as k — oo we have that there exists K > 0 such that ¢, +t > 0
for each positive integer k£ > K. From the continuity of solutions of (1) with
respect to the initial point we have that

p(t,x) = lim o(t,zp) = lim (t + 1, 20),



and hence z € Q(z(). Hence the set Q(x() is invariant with respect to the
trajectories of (1).

Let us assume that o(t,z) does not approach the set Q(zg) as t — oo.
This means that there exists £9 > 0 and a sequence {t,} — oo as k — oo
such that dist (¢(tx, zo), 2(x0)) > & for each positive integer k. Since the
sequence {@(t, o) }72, is bounded, there exists a point Z and a subsequence
ty; — o0 as j — oo such that (¢(tx;, z0) — T as j — oo. Hence the point
Z belongs to (z(). But this is impossible, because the distance between z
and the set Q(x() is greater than or equal to €. The obtained contradiction
shows that ¢(t, zo) approaches the set (zg) as t — oo. &

Now we can formulate the LaSalle invariance principle:

Theorem 2.2 Let S be a closed and bounded subset of R™ which is positive
invariant with respect to the trajectories of (1). Let V : S — R be a contin-
uwously differentiable function such that V(x) < 0 for each point x € S. We
set Z ={x € S:V(z) =0} and let M be the largest subset of S which is
invariant with respect to the trajectories of (1). Then every solution of (1)
starting from a point of S approaches M ast — oo.

Proof. Let xy be an arbitrary point of S and let (-, o) be the solution
of (1) starting from z,. Because the set S is closed bounded and positive
invariant with respect to the trajectories of (1), (-, x¢) is well defined on
[0,400). Since V(z) < 0 for each point = € S, the function V(¢p(-,z)) is
monotonically decreasing on [0, 400). Since V' is continuous and the set S
is bounded and closed, the set {V(¢(t,x¢)) : ¢t > 0} is bounded. Let ¢
denote its exact lower limit, i.e. ¢ < V(p(t,x0)) for each ¢t > 0, and for each
positive integer n there exists t,, > 0 so that V(p(t,,x¢)) < ¢+ 1/n. Hence,
c < V(p(t,z9)) < c+1/n for each t > t/n which means that V(p(t,z¢)) — ¢
as t — oo. Note that (xy) is contained in S (because S is closed and
positive invariant with respect to the trajectories of (1). Then for a each
point p € Q(xg) there exists a sequence {tx} — oo as k — oo such that
©(tg, z9) — p. The continuity of V' implies that V(p) = V (p(tk, o)) — ¢ as
k — oo. Hence V(p) = ¢ for each p € Q(x). Because the set S is invariant
with respect to the trajectories of (1), V(p) = 0 for each p € Q(z0). Thus

Qrg) C M C ZCS.



Since ¢(t, x¢) is bounded, ¢(t, zg) approaches the set 2(xq) as t — oo. Hence
x(t) approaches M as t — oo. This completes the proof. &

Let V : R® — R be a continuously differentiable function. It is said that
V is radially unbounded if lim V(z) = co. For example, V;(z,y) = z* + ¢*

l|z]|—oc0
is radially unbounded. But the function Vi(z,y) = (z — y)* is not radially
unbounded. If the function V' is radially unbounded, then for each real
number ¢ the set S, :={z € R": V(z) < ¢} is bounded.

Corollary 2.3 (Barbashin and Krasovskii’s theorem) Let 0 be an equi-
librium point for (1), D be a neighborhood of the origin and V : D — R be a
continuously differentiable, positive definite function such that V(m) <0 for
each point x € D. Let Z = {x € D : V(z) = 0}. Assume that the only
solution of (1) that can stay forever in Z is the trivial solution. Then the
origin is asymptotically stable. If, in addition, V is radially unbounded, then
the origin is globally asymptotically stable.

Example 2.4 Consider the system

=y
y= —g(x)—h(y),
where
g(0) =0, zg(z) <0 for each 0 # = € (—¢,¢)
and

g(0) =0, yh(y) <0 for each 0 # y € (—¢,¢)

Clearly, the origin is an isolated equilibrium of this system. This system can
be considered as a generalized pendulum equation with h(y) as the friction
term. Hence, as a Lyapunov function can be taken the following energy-like

function: )

Vi) = [ gs)ds+ 5y
We set D = {(z,y) : = € (—¢,¢),y € (—¢,¢)}. Then V is positive definite
on D. The derivative of V' with respect to the trajectories of this system is

Viz,y) = yg(x) +y(—g(z) — h(y)) < 0.
Note that if V(x,y) = 0 then y must be equal to 0. Hence,

Z=A{(z,y): V(z,y) =0} ={(z,y): y=0}
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Assume that (z(t),y(t)) is a trajectory belonging to the set Z. Then y(t) = 0.
From here we obtain that @(t) = 0, and so, z(t) = ¢, where the constant
¢ € (—¢&,¢). On the other hand, y(t) = 0 implies that y(¢f) = 0, and so,
g(c) = 0. Since the last equality is possible only for ¢ = 0, the origin is
asymptotically stable.

Example 2.5 Consider the system

T= —y-—a°
y= ad.

We set V(z,y) := 22 + y2. Then one can check that
V(z,y) = —2zy — 22* + 227y,

and hence ‘
Ve, +e) = £e® — 2 £ £° = £%(1 F 2 + &%).

Thus the function V' changes its sign if we choose ¢ > 0 to be sufficiently
small. The same conclusion can be made if V(x,y) is chosen to be V(z,y) =
2%+ oy + By?, where the constants « and 3 satisfy the inequality: o? —48 <
0.

If we set V,(z,y) = 2% + ay?, then

Va(z,y) = —62° + 2(a — 3)z’y,

and hence for a = 3 we obtain that Vs(z,y) = —62% < 0. Note that if
Vs3(z,y) = 0 then x must be equal to 0. Hence,

Z = {(I7y) : Vé($,y) :O} = {(l‘,y) -z :O}'

Assume that (z(t), y(t)) is a trajectory belonging to the set Z. Then z(t) = 0.
From here we obtain that y(t) = 0, and so, y(t) = ¢, where ¢ is a constant.
On the other hand, z(t) = 0 implies that %(¢) = 0, and so, ¢ = 0. In this way
we obtain that the origin is asymptotically stable, and hence there exists a
Lyapunov function.

One can guess that the function V(z,y) = 25 + 3y* + 23 is a Lyapunov
function for this example. To prove this, we use the following
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Lemma 2.6 (Young’s inequality): Ifa > 0 and b > 0 then the following
inequality holds true:

a? b
ab < — + —,
p q
where p > 1, g > 1 and
1 1
-+-=1
P q

P B
g(2) ==+ = — b
p q
Then one can check that
/ _ .p—1 . / _ _ . / _
g(z)=ux b, glcli%g(x) b <0, xlg&g(m) 00.

Hence, the function ¢'(x) is increasing and has a global minimum at
b!/®=1 Since ¢'(b"/®=1) = 0, the proof is completed.

Let us return to the function V(x,y) = 2% + 3y*> + zy>. One can check
that

Vi(z,y) = (62° + y*)(—y — 2%) + (6y + 3vy?)2® = —62° — y* — 2%y + 325¢%.

Applying the Young’s inequality for p = 6 and g = 6/5, we obtain that

6 6
3 % o g5 & D 9
<42 <42
2] |y|” < 5 +6|y| <35 +6|y|
for |y| < 1. Hence
6 2 3 0 6 , 13 5
Viz,y) 2 a7 +3y" = |a] [y" 2 wa” + =7,

i.e. the function V is positive definite.
Analogously, we apply the Young’s inequality for p = 8/3 and ¢ = 8/5
and obtain that
3z 5 32 5
3 3 < 7 e 24/5 < _ 4
2 Jyl” < ==+ SlyI™” < ==+ Iyl
for Jy| < 1.
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Also, we apply the Young’s inequality for p = 4/3 and ¢ = 4 and obtain
that 3% 1 32 11
61,2 x 8 xr 4
< o< 4T
2”1 < =+ 39" < -+ 1 6Y
for |y| < 1/2.

Hence
‘ 8
Vz,y) < —62° —y* 4|z |y|* +32%* < —62° —y +i+fy +——+—=

i.e.

i.e. the function V is negative definite. So have proved that V is a Lyapunov
function.

3 Barbalat’s lemma

This a very useful assertion for studying asymptotic stability:

Definition 3.1 [t is said that f : R — R is uniformly continuous if for each
e > 0 there exists 6 > 0 such that if [ta — 1] < 9, then |f(ta) — f(t1)| < e.

Clearly, if f(-) is differentiable and its derivative is bounded, then f(-) is
uniformly continuous.
Barbalat’s lemma: Let y : (0,00) — R be Riemann integrable and
uniformly continuous then
tlgcr)loy(t) =0

An equivalent formulation of Barbalat’s lemma: Let f: R — R be
differentiable and has a finite limit as ¢ — oco. If f’(+) is uniformly continuous
then f'(t) — 0 as t — oo.

Further note that the uniform continuity is required to prevent sharp
“spikes” that might prevent the limit from existing. For example suppose we
add a spike of height 1 and area 27" at every integer. Then the function is
continuous and L' (and thus Riemann integrable), but y(¢) would not have
a limit at infinity.

Proof of Barbalat’s lemma. We suppose that y(t) /A 0 as t — oo.
Then there exists a sequence {¢,} in R such that ¢, — oo as n — oo and
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ly(t,)| > € for all n. By the uniform continuity of y there exists a § such
that, for alln and all t € R

|tn - t| S o= |y(tn) - y(t)| S

DO ™

So, for all ¢ € [t,,t, + J] and for all n we have

£ 9

Y@ =1y(ta) = (y(ta) —y(@)] 2 [y(ta)l = y(ta) —y(O)] 2 = 5 =3,

i.e. the sign of y(¢) is constant on [t,,t, + 0]. Therefore,

tn+6 tn tn+5 tn"!‘(s 65
[ war- [ y(t)dt\: / y<t>dt]= [ =2,

o0

for each n. By the hypothesis, the improprer Riemann integral / y(t)dt
0

exists, and thus the left hand side of the inequality converges to 0 as n — oo
yielding a contradiction.

Corollary 3.2 Let f : R — R be twice differentiable, has a finite limit as
t — oo and its second derivative is bounded. Then f'(t) — 0 ast — oo.

In general, the fact that derivative tends to zero does not imply that the
function has a limit. Take for example the function f(¢) = sin(In(¢)). Then
f(+) does not have a limit as t — oo, while

cos(In(t))

lim f'(t) = lim =0.

t—o00 t—o00

Also, the converse is not true. Take for example the function f(t) =
e 'sin(e*). Then f(t) — 0 as t — oo, while
cRIN L i =t 2t : t 21
tlgglof (t) = tliglo e 'sin(e )+tli>1& 2¢e" cos(e™)

does not exist.
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4 A mathematical model of chemostat

The mass balance model in a continuously stirred tank bioreactor is described
by the following nonlinear system ¥ of ordinary differential equations

jts(t) = u(sim — s(t)) — k p(s(t)) z(t) (2)
Do(t) = (uls(t)) — au)e(t) (3)

The state variables sq, s, and x1, x5 denote substrate and biomass concen-
trations, respectively. The input substrate concentrations s;,, the dilution
rate u, the proportion of dilution rate a (reflecting the process heterogeneity)
and the model parameter k are constant.

The function pu is the specific growth rates of the microorganisms. We do
not assume to know explicit expressions for the latter, we only impose the
following general assumptions on p:

Assumption A1l: The function p(s;) is defined for s € [0, +00), u(0) =
0, u(s) > 0 for s > 0; p(s) is continuously differentiable and bounded for all
s € [0, 400).
One can directly verify that the point (s, ) which is determined by the
equalities -
3) — = Sin — 8 4)
w3) = ou, T=—— (

is a nontrivial equilibrium point for the system.
Assumption A2: The following inequalities hold true: 0 < § < s;,,
u(s) < au for each s € (0,5) and pu(s) > au for each s € (5, 5] with § > s;,.

Lemma 4.1 (cf. [5]) Let the Assumptions Al and A2 be satisfied and
(S0, ) be an arbitrary point satisfying the inequalities xo > 0 and sy > 0.
Then there exists T > 0 such that the corresponding solution (s(t), x(t)) of
Y. satisfies the inequality: s(t) < s, for allt > T.

Proof. Notice that $(¢) < u(s;, — s(t)) for each t > 0. Let us assume that

s(t) > sy, for each t > 0. Then $(t) < u(s, —s(t)) < 0. From here we obtain
d

that E(s(t) — 8in) < (s, — s(t)) and hence s(t) < s, + e ™ (59— 84,). Thus

for each ¢ > 0 there exists T, > 0 such that s;, < s(t) < s;, + ¢ for each

t > T.. The inequality p(s;,) > au and the continuity of x imply the exis-
tence of €9 > 0 so that u(s) — au > 0 for each s € (s, — €0, Sin + €0). Hence
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w(s(t)) —au > 0 for each t > T, and so @(t) = z(t)(u(s(t)) — au) > 0 for
each t > T . The last inequality implies that x(t) > z(1,) for each t > T,.
But then $(t) < —ku(s(t))z(t) < —kaux(T.,) < 0 for each ¢t > T,,. This
inequality shows that there exists ¢ > 0 such that s(¢) < s;,. If for some
t >t we have that s(f) = s;,, then from $(f) = —ku(f)z(t) < 0 we obtain
that s(t + 7) < s(f) = s;, for each sufficiently small 7 > 0 and so, s( + 7)
can not be larger than s;,. Thus there exists 7" := T, such that s(t) < sy,
for each t > T. &

Lemma 4.2 (cf. [7]) Let the Assumption Al be satisfied and (so,xq) be
an arbitrary point satisfying the inequalities xo > 0 and s;, > so > 0. Then
for any € > 0, there exists T > 0 such that the corresponding solution (s(t),
x(t)) of ¥ satisfies the inequality:

sm—€<s(t)+k:x(t)<sﬂ+6
a

forallt >T.

Proof. = We us fix an arbitrary point (sg,zo) satisfying the inequalities
xo > 0 and s, > s¢o > 0 and denote by (s(-),z(+)) the corresponding solution
of ¥ with initial condition s(0) = sy and z(0) = zy. Clearly, s(t) > 0 and
x(t) > 0 for each ¢t > 0 where the solution is defined. We set

p(t) == s(t) + k x(t) — %”

and
q(t) :==s(t) + k x(t) — sin.
One can directly check that
p(t) = u(sy —s(t)) — akux(t))
< —au (s(t) +k x(t) — Sm) = —aup(t),
!
and hence

plt) = s(t) +k a(t) = == < p(0) - e

This inequality shows that p(t) is bounded from above. From here and using
the fact that the values of s(¢) and x(t) are positive, one can easily obtain
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that the trajectory (s(t),x(t)) is well defined and bounded for all ¢ > 0.
Analogously
q(t) = u(siy — s(t)) — akux(t))
> —u(s(t) + k x(t) — sin) = —auq(t),
and hence
q(t) = s(t) + k 2(t) — s > q(0) - ™.
This completes the proof. &

Theorem 4.3 Let the Assumptions A1 and A2 be satisfied. The system 3
is asymptotically stable at the point (5, ) which is determined by (4).

Proof. Following [2], we set
¢—a

Visa):= [ Q) de+ [ dc,

where the smooth function ) will be chosen later. One can directly check
that the Lie derivative of V' with respect to the trajectories of the system X
is

Vis,) = Qs)lulsin — ) = bu(s)(s)] + ——(u(s) — aw)a
= [Q(s)ulsin — 5) — (u(s) — au)a]
[, Qkals)
(ute) — e 1. LA
We set (u(s) -
u(s) —au)x
Q(S) - U(Sm S)
and obtain
: B 9 o [ ~(pl(s) —aw)x  kp(s) ]
V(S,.T) - (,U( ) ) _1 U(Sm 8) ,U/(S) — au (5>
e [ () = aw)Eks)
- (:u( ) ) _1 U(S,m —8) IU(S) — au (6>
= (u(s) — e [1 - ) )




Since

l_ul(s)(sm—:ﬂ) {<O, ifo<s<s

ak(syp — $) >0, if s<s<sy,
we obtain that

Sin — s /{Z,LL(S)
Sin — S) aku

V(S,JC) = (u(s) — au)z [1 — (

Hence,

Z ={(s,x): V(s,x) =0} ={(s,z): x=0or s =S5}

According to the Assumption A2 we have that § < s;,. Let us choose
e > 0 so small that 3¢ < s;, — 5. Then there exists 7" > 0 such that for each
t > T we have that

sm—8<3(t)+kx(t)<sﬂ+€
a

Let us assume that for some ¢ > T we have that 0 < x(t) < ¢/k. For the
corresponding value of s(¢) we obtain that
s(t)>sm—e—ka(t) >54+2e—e=5+e>5

Applying again Assumption A2, we obtain that &(t) = z(t)(u(5(t) — au) >
z(t)(1(s 4+ €) — au) > 0. This implies that x(t) > x(t) > 0 for each t > ¢
such that z(t) < e/k. Hence the maximal invariant subset of Z is the point
(5,Z). This completes the proof. O

5 Stabilization of the mathematical model of
chemostat

Let us consider again the model in a continuously stirred tank bioreactor
which is described by the following nonlinear system ¥ of ordinary differential
equations

—s(t) = ulsin—s(t)) =k p(s(t) =(?) (8)
—a(t) = (u(s(t) — au)x(t) (9)
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The state variables s1, s, and x1, 9 denote substrate and biomass concen-
trations, respectively. The input substrate concentrations s;,, the dilution
rate u, the proportion of dilution rate a (reflecting the process heterogeneity)
and the model parameter k are constant. Here we consider u as a control
function.

Again, the function p is the specific growth rates of the microorganisms.
We do not assume to know explicit expressions for the latter, we only impose
the following general assumptions on pu:

Assumption A1l: The function pu(s;) is defined for s € [0, +00), u(0) =
0, u(s) > 0 for s > 0; u(s) is continuously differentiable and bounded for all
s € [0, 400).

One can directly verify that the point (s, Z) which is determined by the
equalities

Sin — S
ak

is a nontrivial equilibrium point for the system.

w(s) = au, T =

(10)

Assumption A2: The following inequalities hold true: 0 < § < s;,,
u(s) < au for each s € (0,5) and p(s) > au for each s € (8, §| with § > sy,.

Assumption A3: The values of the functions s : [0,00) — R* and
y:]0,00) = RT with y(t) := Au(s(t))x(t) are on-line measurable.

We have already discussed assumptions A1 and A2 in the previous section.
Assumptions A3 is again very general. Real sensors or numerical estimators
can indeed be used to obtain online the quantity s and y. Remark that,
for a large part of bioprocesses, the production (or consumption) of gaseous
components (02,C0O2...) is monitored and is directly related to the reaction
kinetics y.

First, we propose an output feedback controller, that achieves the global
asymptotic stabilization of a bioprocess, without any knowledge of its kinetics
and with respect to the non-negativity constraint of the input. However, this
static controller requires accurate knowledge of the parameters k, s;, and A
to achieve asymptotic regulation without error.

Let us denote s* € (0, s;,,) the desired set point for substrate concentra-
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*
Sin —

«

tion. We set z* = and define the following static feedback control

law:
ku(s)x

Sin — 8*

u(s,x) :=

Proposition 5.1 Let the assumptions A1 and A2 hold true. Then the above
written static feedback control law globally stabilizes the model 3 towards the
point (s*,x*).

Proof. We substitute the feedback control law u(s, z) in the model ¥ and
obtain

() = D (1)
oty = P () ) (12)

From Assumption A1, it is straightforward that the non-negative orthant
of the state space is positively invariant by system (16)-(17). Thus, for any
positive initial state conditions (that are assumed to be positive throughout
the paper), the feedback control law wu(s,z) takes only nonnegative values.
Integrating the system (16)-(17), one can obtain that

max(z(0),2") > z(t) > min(z(0), x™)
max(s(0),s*) > s(t) > min(s(0), s*)

Using Assumption Al, we conclude that for any positive initial state
conditions and for all non-negative time, the function the feedback control
law u(s, x) is bounded below by a positive constant. Considering the closed
loop system (16)-(17), it is straightforward to see that (s*,z*) is globally
exponentially stable.

The static feedback control law u(s,z) proposed above, requires perfect
knowledge of the parameters k/A and s;, to perform the stabilization to-
wards the targeted set point without static error. However, identification
of these parameters is a difficult task, especially for bioprocesses. To solve
this drawback, we propose an adaptive feedback control law. In the sequel,
we suppose that the Assumptions A1, A2 and A3 hold true. Moreover, we
assume that s* belongs to the interval (0, s;,). Let us denote by z = (s, z,7)
the new state vector and set v* := k/(A(sin — s*)). We choose the constants
vy and 7, so that the following inequalities hold true ~,, < v* < va.
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Proposition 5.2 We consider the control system ¥: (8)-(9) and
V() = =K Au(s()z(t)(s(t) = ") (v () = 7m) (s = (1))

with initial data s(0) = sop > 0, (0) = g > 0 and ¥(0) = v € (Vm,TM)-
Then the following adaptive feedback control law u(s,z,v) = AMyzu(s) stabi-
lizes asymptotically X2 towards the point (s*, x*,~*).

Proof. Substituting the adaptive feedback control law u(s,z,v) in X, we
obtain the following closed-loop system:

Cst) = (st () s — 5(6)) ~ ) (13)
Salt) = M) (5 - e (0)z(0) (19)
G0 = K20 (s(6) — )0 8) — ) a1 (8)  (15)

One can directly checked that s(t) > 0, z(t) > and v(t) € (Vm, ym) for
each t, where the solution is defined. We make the following time change:

d
t' = f(t) with f(t) := X f§ u(s(7))z(r)dr. Clearly, ﬁf(t) = \u(s(t))x(t) >
0, and hence there exists f~!(¢'). Differentiating the identity ¢t = f~1(f(¢)),
we obtain that

dfl’ i ieifl’/: 1
Pt OG0 e Gl O = S e @)

d -1y
= —s(f (¢ .

VeI G

d

Similarly one can calculate @x(t) We set 5(t') = s(f~'(t)), 2(t') =
z(f71(t")) and F(t') = v(f~1(¥')). Also, we make the following change of
coordinate: v(t') = s;, — 5(t'). Then the system (16)-(18) becomes (denoting
with a prime the time derivatives with respect to ¢’ and v* = s;,, — s*):

V() = & () = vt i) (16)
) = 5 - on(t)alt) (17)
) = K@) —v)0) —wm)0n — () (18)
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If v(t') <0, then v'(t') > v*v* > 0. This observation shows that there
exists ) > 0 with v/(t)) > 0. Let us consider the subsystem % of 3 (with
dynamics determined by the differential equations (16) and(18)) on the set
S:={(v,y):v>0,v € (Ym,vm)} Clearly, the set S is a bounded set which

is positively invariant with respect to the trajectories of .
We set

_ [rw v 7 ="
W)= [ S [ e e

We check that W (v, ) is defined, non-negative on the set S and vanishes
only for v = v* and v = «*. Furthermore, one can check that

W (v,7) = Wy(v,7) (v 0" = y0) + W (v, 7)(K (v = v*)(y = Ym) (s = 7)) =

_U_U*(’Y*U*—’}/U)—l- 7_7*
v K(y = ym) (v —7)

v —v*

=— (v =)+ (v =) —vT) =

v —v* v —v*)?
= (v*v*—7v+7v—7*v)=—7*(v) <0,

(K(v—=v")(y =) (s — 7)) =

and W (v,~) = 0 only for v = v*.

According to Lasalle’s invariance principle we obtain that every solution
trajectory of 3 approaches the largest invariant subset M of the set {(v,7) :
v="v" v € (Ym,vm)}. Now, consider a trajectory starting from (v*, vy) with
Y € (Ym,vm) and v # v*. It is clear that this trajectory escapes from and
therefore that the largest invariant set in the set S is the fixed point (v*,v*).
Then (v*,v*) is a globally attractive fixed point for system 3.

A straightforward Jacobian matrix computation at the point (v*,~*)
proves that this fixed point is locally stable too. Then, we can conclude
that (v*,7*) is a globally asymptotically stable fixed point for system 3.

Next we study the behavior of the original system Y on the set 2 =
{(v*,z,v*) : x > 0}. The dynamics is linear, has a single equilibrium for
v aAY*
we apply the main of [1] for autonomous system.

and is globally asymptotically stable at z*. To finish the proof,
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