
fnaea 1I

1. OcnoBHf, rronrrnfl

Vpaanen[r or ErrAa

(  1 . 1 ) F(x, Y, l '  , !" r, ..., Y(nl; : 0 ,

ctapslaulo aPryMGHTt r! Hcf,srcctxata tlyxrnrr y(r) x xelxxre npof,sBo.qxu, ce Hapxya o6xxxoreno rxQepex-
qxarro. ypaurcxB3.

Pcd tu duScpcryuatr.omo ypaancruG xapuiave peA! Ha ual-lxcoxara rrpou3Bo,uta, cpeqaua ce B
lr{cpcxlxaanoro yplrtrcHf, c,

Tan xmpnrcp JrparBcnucro y" -7y'+ 12 = 0 corEropxpe*.y- = 0 e or ver6piu pea, a
y'-2x = 0 c or rrrpBn peg.

Vpeancxrc (l.l) mra o6urrr ax,q xa ,qx{cpexqxa:rxoro ypalxeH[c or n-rrr pea.
lloncmcrcu rc du$ePcnluanro ypi,uacuue ce pa:6xpa xatr-af,corf,rr creneHeH noxa3areJr Ha rrporl3BoaHara

or Hail-BHcox peA.
Tpr6na Aa ce rpaBu

yPaBHeHHero 0tr")3 : ?J e
crenofl.

Pcwcrarc utu uamcapat na gnfipeHulrarlro?o ypmxcxte (l.l) Haprr{aMe raxaaa {y*uury =.,flr), rorro
taMccrcsa D"ypaDxexlcro (l.l) upcapoqa cruroro D rttaGcrlo, r,e.

. F(x,fl,xl,I'G),f "(t),... ,1"{r)) = 0.

fparlrrerr rtt pcurcnf,ero xt 4rr[cpcxqnaJrHoro Jrpalgexrre ao arpnrra uume?pattla.r(pusa.
.floraro npr rarc6plrrnxrc ]4trBHenf,r 3Ha€M, rre rEEAparrroro JpaBHerrf,e nMa aBe peureHsr, rlfixxxoro

lpf, f, T.x', To Dclro Altfcpqxuxurxo lpa reHf,3 ro{Tx BrHtrf, t|Ma [eorpaHEqeH 6por peureurr (nxrerpalr).
IlpoUcctr xl TDpcoBc t,3lrtcaxrfa 0o napf,llt EHtorpxpaHc sa'nrrlcpcxqnaarroro ypaaHeHxe. B o6rqnr

cry.rtl,3a,qt xrxcpf,M pcurorrrra Ha ypsBHeHEGTo (l.l) urc e neo6roAnrro rE urrrerp[paMe [ocneaoBarerHo
r-ntrr ! garora ! roSn crysaf Frrlcgroro rqc slAtpria t-npoxgBotnx tr€3aBf,cf,Mn roncraHrrr.

A6qo pcwctuc ta AnrDopcxquanxo ypslHenxe o? i-?H peA ce xapxra eSmxunrra

AuQepenquaJrHrr ypaBrieHrrr

(1.2)

pa3JrnKa Me)rJry creneH l| PeA sa auQepexunaJrlro ypaBr{eHne. Taxa HarrpnMep
oT BTOpH peA, rro or rpera sreneH, a y"' = (l + y'')t e or Bropu peA H or Bropa

y 1 .f (x, Cr, Cr, .,., CJ ,

rlrodrl or r r n lpor3lornf, H]3!!trof,Mr rogcrrxTr C,, C'r,.,., C. n o6paugrqa roBa ypaaH€Bre E Tbx,[ecrlo.
, O6uroro Frrrcnrc..slatrpf,o r sortaH rr,q,

O (r, l, Cr Cr, ..., C.i = 0,

oa Erprtr o6ut rrrcrpr.n.
. Vacnto pctttctolr ua ,tl0apaEcralnoro ypuHdfio co xap*la peirennoro, rogro oe nonyyaaa or o6u1oto,

roraro Hl trpoEtlonnrla roxctuttr'C^1, C2..._, Co cr 3a,qlaenr olpcacJtcnf, (ronxpcrxx) qrrcroBH crofixocrx,
r.c, pouo*xr or rf,.lr / =IQ,4, Cr,..,,Q, rrtcro Cl, C!,.,,, ecr enrcrpeirx xxc:ra.' 

%aarcr uoncapt sr Hspxqs rxrcrp\nrr

'  o (x , y ,q ,  C" - . , c l l  =  o ,

rypro 4, ci ,,., 4 * otrt o,qpncnn qloln
I{r nprrrrrr x!,rarptncro Ba qacrxoro pctlonnc (rxrcrpa+) or o6rqoro craga He raro 1alaMc Ha

tportlorltra rorrotltttr roxrporBr .rtlgroDx crolEoctr, I og lgro:,qt or )rcrorrr, Bapcycxg Ha{anxt
prrorrrr rorro rpr6n ll ytgl4Grloprlar rorrsoro crcmo pcule{rc.

M6en pa unl altr Mcru iarg',czpa,', ca rcrr, ronro xe r,r'rlrtt ,ql co [oryqar or o6qsr HHTcrpsJt.

l. O6qoro poruoinc He ypaBHeHf,ero

(1.3)

y" + / = o
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I

:

e |  :  Cr cos.x + C2 sin x .

Har'aepere yacrHoro perueHne npn HayaJrHH ycnoBnr y = 2ny' : -l npr r = 0.

Peuenue. Or o6uroro peueHHe

l :  C r c o s r  *  C r s i n x

IraM[PaMe t

y ' =  - C 1  s i n ,  a  C z c o s r .
l

Karo HMaMe npeABHA, ye cbrJracHo HayaJrHHTe ycnoBnaga r = 0, | : 2, non)HaBaMe

2 -  C 1  c o s 0 + C 2 s i n 0 n t n C l - ) .  r

flax or HayaJrHrrre ycnoB Ha y' - -l npu r : 0, HaMHpaMe

- l  -  - C t s i n 0  *  C r c o s 0 u n u C z  = - f .

Karo 3aMecrnM TaKa HaMepeHHTe yHcJroBrr cTofnocrH Ha Cr n Cz B o6rqoro perueHue, HaMrrpaMe
YacTHO pelueHHe

y :  2 cos r  -  s in x.

2. floxaxere, ye Qysxunrra y = Crx + C2x2 ce aBaBa perueHne na ln0cpeHu[aJrgoro ypaBneHne

y , , . _ ? y , + 2 y . - 0 .
x '  x z

Peueaue. Har'rnpaMe rrlpBara H Bropara npon3BoAnn Ha AaAeHaTa OyHxqnr:

y '  :  C ,  *  2 C r x ;  y "  : 2 C z .

3auecruara rro"" trre 3a y' , y" n y r .qaAeHoro ypaBxeHne:

2C, - ? (c, + 2Czx) * 2 (ctx + c'x2) -
r ' x 2

'  :  2c r -2  c r -  4c ,  +  2  c r  +  zc2  -  o .
x x

Ttfi xaro nonflaBaMe rbxAecTBo, To AaAeHara Qyxruur ge aBaRaperueHtre Ha AaAerroro
ypaBHeHHe. Tosa PeueHHe e o6uto peureHHe, 3arrloro cbAFpxa ADe npoBBonrrE He3aBRcHMn RoHcTarrtu C1

3. flporeper€, re $ynxuuara y = (2 + Cx)e' yAoBnerBoprBa ypa3HeHf,ero. y" - 2y' * y = 0.
nn ce ra3r Qyxxrrxir o6uto perueHne xa anQepeHrrnarrHoro ypaBHcHre.

y, : Ce, * (2 + Cx\e = (C + 2 + Cx)e.,
' y,' : Cer + (C + 2 + Cx)d = (2C + 2 + Cx)e .

3auecrnaue li y' tt y" B AaAeHoro ypaBHeHHe:

(2C + 2 + Cx)e'-z(C + 2 + Cx)* + (2 * Cx)e. =

:  (2C  +  2  +  Cx -2C-4 -2Cx  +  2  +  Cx ) .e  =  0 . c "  =  Q .

Tt[ raro ce noJr)FraBa rrxAecrBo, ro Qyxruaaray = (2 + CxW e pcurcHnc Ha AaAoHoTo
yPaBHerrHe. Tosa PeureHHe o6aqe He ce rBrBa o6uto, 3autoTo ctAbpxa caMo e,qHa npoB3EoIHa
ypaBHeHnero e oT BroPrr PeA.

4. flporeper€, re Qynxunara y = Cpr I Cf + xcr y.uoalerBoprBa ypalnenuero,, /" - 2y' * y
flr,tu;a Jrn ce ra3n Qynrunr o6uro perueHue Ha AnQepenqnaJrxoro ypaBHenne?

412



Pw, Haxlpurc y' ty" ..
' Y ' = C e + c l + e + x d i

c ] d ' + c f + ? i + x , e .

3axccrrarc y',y",y a AlAptroro yparHcErc:

c { r +  c l  + 2 1  + x ( r - 2 ( c $ + c i + c + r € r ) +

+ ce + cl + xc = (q + c2'+ 2 + x:2q-2c2-2-2x + Ct + C2.+ r)c = 0.

- fiaggxr rfyexurr co ntlq p€urcxnc rra aEAcnoro axQeFnararrro ypalgcgrc, o6a.rc tora pcnt?rrf,c Ho
c o6Iqo, a qrcrso, Trfi rmo ro gr,qbprr clMo e.qHr nccarncrMa roncta*ia. Koxcraxrxre C, t Ci t,[EltcHur
cJtyqsf, nc'cc t!|!8T tl?3lExcnMlt, 3luroro aoxdrxoro.cJrMart na aBc rollcraHfl{ G rrar rogctagTa, To Mora atcc'o3rrttrlr Cr + C, = C. Torrra mlelrara r[yxxurr (pcureunc) MorG aa oe npco6paeyra no cncaxxr Haq[H:

! : Crd + Cf * xa': (Cr * C, * x)er : (C * x)cr

IJIE

y = ( C * x ) e r ,

r.c, pcutgRxcto qt,Ilpra o,llla x6aEf,cnMl npo[3rotHa roHcTaHTa, a ypaEHeHreTo c oT ,topn p€a.

5. norlrmc, ro Oltrrlxrrr artsin Z = C - r cc rrna o6rqo pancxxc xr an{cpcHrixalrHoro ypalHegf,G
x

r y ' - Y + x { 7 = i ' = O '
Pw, Arrtspcsuparrc no r Alllcnlrt Hcnar r[yxturr f, rrorlnnlaMe:.

= - 1 . ;

.  . y 4 - J / : - , _ Y r - - y . .

) noc,lleAHoro I rqtroHoro JpaEHeHne n non)HaBaMe TbxAelcrBo

- x 1 j f t + g t / f i = Q .

€JrHO AqAeHara Qynrunr e pcrueHEe xa .qnQcpeHqnargoro ypaB'eH[e U np,, ToBa o6ulo, 3auloro ro
eAHa npolr3DonBa roHcraHTe, T.c.,TOJrrOBa, rofioTo e peAbr Ha ypaBHeH[ero.

hhqat
OnpeleacTc peAl f, cTsneHia na cJreqrrf,re ruOepexqnaJrHa ypaEHeunr:

l .  ,xy ' l  
-  I  - .0  . 2 '  Yv -YN -Y  =  o .

3,  , , ' -1r ,*3=0.  1:  , ( ,9 '_+(*) ,_r=r .
IlporcpgTG' rre.qtrGnf,TG Qynrunn ce mreai pcurennr Ha cDorBGrHo Aa,AeHsre,qn6cpeHqgarHf, ypaBHeHnr.
rctt r8r!n ca rg3n peurcnir - qacrHB nan o6ulr n rauto?

5.

6.

7.
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8 . r "  *  9 s  =  t  *  ! ,  s  =  S c o s 3 l  +  l r  +  l .
2 '  9  1 8

t c z  +  2 x y  =  C , ( x  +  y ) a x  i  x d Y  =  Q .

!2  -  xz  -2y  =  0 ,  y '  (xz  +  Y ' l - }xY = Q.

x : Y ? * t , l i  = o . ; f f i '

9.

10.

n.

,

Omeoe,opu z

l .

3 .

5.

7.

9.

l l .

Ilrpan peA, aroPa creneH.

Bropu peA, nbpBa creneH.

O6ruo.

O6rqo.

O6uro.

O6uro.

2.

4.

6.

t.

10.

lleru pGA, napBa crenex.

Ilrprn pcA, rpcra crencn.

gacrno.

rlactHo.

rfacrno.

2. Au$epeilIuaJtnrr ypaBnentrfl or ItbpBIl peA

a

AnQCpesUHaJrHo ypaBneHue or nbper poA ce HaPB{a yPaBHeHf,e oT Ef,,q8:

(2.1) F ( x , Y , ! ' )  =  o

HJur y' = l(x, Y) '
rbAoTo y e rrevirlgegTxaTa QyrrUur, r - Hg3EBncf,Molt.npouoxaurd.
3SnUCaHO EIB Bf,.q,a

Bcro rlro.ta yp8lHCHEc Moro ,ql

t t(2.2) M(x, y) dx * /V(x, y'l dy =.0 ,

rDAero M(x,y) n il(xy) ca HenperacHarf, Synrunn Hr nPoMoHJTnBETG x t y.
O6uto peureHf,s Ha ypaEHGHEoro (2.1) oc HtPEqa Qyuunrn

(2.3)

or r n npon3BoJrHara loncra"tr C,rotro Qynrunra ro o6pour t'ttr.qoct"o.
O6qoro pourengc, 3aAa,qoHo E HgtEoH EEI, ' ,

(2.4' Q ( x , y , q  =  o ,
I

sg Hapnqa o6q BHTerpar.
Feor"rorpf,qscrf, o6utoro porueHnc (o6unr f,HrorpaJt) npolcralrtEa Qarrrulrr nlttorPalrxr

paBnnrrara, 3aBf,seuta or eAEH napeMorEp. Bclra rpf,E8 ot @rruf,trr orrottpt [E o.ur ronrpcrnr
pana) croilHocr Ha toHcraHtato C.

B cne.qaaqnre naparpaQrr Ha Haororuprs rrElE uto AEI9M HtqEHn 38 psurrEm Hr Pe:ulntrnr
rr0,cpgHqnernn ypaEHeHrr or nDpBE psl. Tyr o6rrc ulc ctrpGn4 luxMtgrco cr ttPry o6uro x !rctf,o
Ha Azftponqf,arrno ypaBxeHf,o or nlpBf, pel f, FooMorprqxoro f,M nocrPottlrlc.

Ilpuncpti

. l. flporepcTc, rrc $ynrUurtay = x2 '+ 
C'96tErEs Pcltlsgrc m lf{ppa1qruno1oJpgsGgj1c y'

Iiocrpolro Qar'rnnrirra or nHrerParIHIt rpf,En.
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Pdum, Hlrrrparrc y':

! t = 2 x .  I

3*rerrarrc y' D rtAcHoro ypaEno"ia r noryqatErr{c
trr.qcgTEo .

.  2 x - ? * .  .
Caororaten Ho y =' xr + C e, o6uroro perrrenxe I na
lllcrroro 5pauenni. Fcorrerpf,qocrn / = x2 + C
rpoAcrsBrrla Qaunarr napa6onn E paBHnHaTa. Hnon
o r r € 3 r _ n a p a 6 o n n $ p l l C = 0 , C  =  l r C - - l , C = | e  r

flrFnn nzwpm. IIJ. 
2

I

Crt
C. l
C . 0 '

. - l

.teFm, ,r,,

Soibrr:.
' l..O6qoro grurcirlc xr nnrno lrrspcxurnno )rprixonnc ir nrprr per c 4:2 t yzt= g, Haxcjqrc I

:f:p-?lf rcrortrc riHr.rprnf,r rprrr (rrcrxr'rxprpaar), vrkro{ux npcr rovrrre'.M,t-t,Ol,.Vr(tj,-il i
H{2 ,0 I '

2. Ilporpcrctrrc o6qrrr rxrcrprn xt lrrDCFnqrrrioro yparxonuc r .+ W,. = O c xz t yt = C.
llocrpor"c QrMrrf,tra rnrcrlrr fn rPrtr f, orllcnorc or rfi rqtn, rorTo MxndBar trpoaro.nnre .1t4,(l,l),

U{3,- 1) r rr1{0,1).

3' Aupn c o6lcrrr rnrcrpur rt-y'- C1,= 0 ua 4a0cparlr-roro yp"",ror ao2t!ry' = x2 * 12, Harropcrc'rcflrrr rrtcrp.rr rrr rocrpoli, rro: r) C - 4;6) C - 6ir)C = t;r) C.= -10. .

Onitolfut
l. KoxrirnrprurrlG c.rrancx 4i, + yz =.1 , 1x2 + y2 = 9,4x2 + yz -16, ocf,Te na ionro c6Britalr c

looptrmr*rrc oc!.
2. Kof,[0Etprl[|x1la orpanfl:ocrf, lr.+ lp-2, x2+ JF =.2:t, az + yt = | 

" 
qcErpoterc rra rof,ro

crD|llAlt c Etraroro Ha toopAntrBara ctotoat.- 
3.r)1!.1f 1ar - 0 jir E-2y-yz - a - parniprxcxxr rrncp6oal qcgrip6t n rorro oe Hrxrpa.

r rosrn l(2.0);'  
b)  rr . ) , , l '5r  -  6 t  r ) f  - f , .  + t r  = 0i ,  r )  *r-rp + lQr = O.

\ "'-*.-,--'- "

3. Vpaf,npnf,r c'oTAgrf,qf ce trpoMearf,Bf,

AnQcpcnuxlrrnx yprtncnnr or.lr.qt \.

(3.1) M(xl. IVCy) dx I P(r) . W, dy = 0 ,

(3.2)

tpilHotrxGro .(3.2), r.q.

# dx * ffidy'- 0.
. a

Fcrucnrcto f,l q03P6lrrtrroto yPatnorrc (3.1) qp tro.tryrxxr.rEro.rxrorpf,paMc Agore crpanr Ha
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Wdxt  t f f idv=c

I 3a6enetrxa. Aro P(ro) = 0 xnx lV(yo) = 0,rol = xoy.nn y = /0 caulo uc 6ralr lrrUegrrr It' alacr

.ypa.HcHle (3.1). Teox Peurcnlrt Morar 'ql 6taar llxnrolenr (rsry6cxx) npx npolecl Hl orllcrrf,c

npoMeHrHDHre !tr11 no-ro{Ho, xoraro cc Aenf, yPatHeg1eto Ha npolBreAcllrero P(r).N(y) s rc crraAlr

oco6entre peurexnr xa 4nQep€HlHarHoTo ypaBHeHxc. B 6rtrerqxtc xaurtl f,tq,tcAlat|nt oT Taxlta pelucHnr

H€ Ule ce IlHTep€cyBaMc.

IIPuteltu:

l. Aa ce PeIxH YPaBHeHrr€To

-r(/'1 + l) dx + t/fj-fi 4Y = g '

Peuterurc.Toaa, lxQepexuxa'HoyPaEHeH[eeoTrnAa(3.1) . f lpovenlx lxTc 'HefouleoT. [p ' l |M'

I 
pa:.qeJrxM alere My crPaHH H^ O/2 + l) ' Vl + 12, clea xoero nony{aBaMe

# + - 9 - = 0 .
I,lxrerptpaue nocJreAHoTO ypaBHeHIl€:

f ' f '
I  x d x  +  |  a t  = 6

J  V l + r r  J  y r + l

run o6ulnrr rlHTerPan Ha aaaeHoro ypaBHerf,c G

VTT-F + arctg Y = C '

'2. 
Peruere ypaBHeHnero

(x  - .1 )Y '  =  |  +  Y

Pewenue. HarecrHo e, YQ Y' :

( x - l ) g ! - : l + Y -

on 
"o*"BaMe 

ABere 
"r:,r::Ha 

dr:

( x - l ) d y :  ( 1  *  Y ) d x '

,fiennu ABere crpaHn H& (l - r).(l + y) H HaMHPaMe

d v - d ,
l + x  x - l

HxrerpnpaMe no{1eHHo H non)FlaBaMe o6utoro Peuelige

f d v  f d x

J r . y :  J  x - l '

l n l  I  +  Y l :  l n  l x - l  |  +  l n l  C t l

nocncAoBaTenHo n onyqaBaMe :

H cJreAoBaTenHo AaAeHOTO ypaBHeHHe MoxG Aa 3anllrueM BbB B4L
dx

IIJIH

Orryr

l n l l  + y l : l n l C r ( x - l )

|  *  Y :  ! C r ( x - ' ) ;  I  +

B nocre,u,Horo PaBeHcrBo cMe o3Ha{HnH C =

H raxa, otroHrlarenHo noJt1nlxxMe' qe o6uoro

|  =  C  ( x - l ) - 1 .

l ;  l l  + y l : l C ' ( x - l ) l ;

y :  C  ( x - 1 ) .

t  Cr.
perrreHne Ha AaAeHoTo Al|o€pcHqnarnoypaEHCnEC e
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3.. Peurore ypaluGHf,c?o

^ l  d v  \  A _, [ r * * r )  = x y f r , .

Pa uqrc. vuxoralaMc AEGTG crpaHn Ha ypaBHeHrrero c dx:

Z x d y + z y d x = x y d y

2xdy + 2ydx-xydy = Q.
a

FpynnpaMe .UleHoDcre' rof,To gbADPxaT oAnx R clrrt anQepexqnaJ!, raro H3HacrMe c'ureBpeMeHHo Hre MHoxlreJtrr or re3n rpynf, f,3Blx cro6c:

(2-y)xdy + 2ydx = Q.

le ,qa oTAeJtnM npoMeHJr[Bnre, AernM Ha x.y E nonr{aBaMe

2 - Y d y + 2 d r = Q .
y x

HrerpnPaMe:

t.tyz = gcl+t' . 72y2 = *r 2t .

' o3Harleaftr G€l -i C , navnPaMe 9$rrl,rr EHTGrpaJr Ha AtAenoro ,qnqepcHq5arHo ypaBHe*ae

x2Y2 = Q2t..

4. Peurcte ypalncnnqro

cin x . cos y dx - cos .r . sin y dy = Q .

Pa ury' otlpnnr*o Ha rPoMctulnnnt'e ule rIoJrrrEM raro pa3AerrnM Arere yscru Ha ypaBHeHf,ero Har .  c o s y :

I?dy + Ii*= c,

,  f t -  [ r ,  .  r  l +  =  c r i  z rn t y  t - y  +2 rn l x |  :  c r .
l upco6par)rEat{c nocJtcAolSTeJrHo rarro c.neArBa:

'  l n Y 2 +  l n x 2 = C r + y ;  l n x z y z = C r + y .

l r- h l c o s r l + l n f  c o r y l =  l n l C ,  l ;  h l c o s y l  = t n l C ,  l ;
lcor x I

q+  -  I  Cr  i  cosy  -Ccosx  (C =r  C, )  .cot r

5. Al ct HarrsPx o6lqlrr f, racTHf,m rnr6per Ea lDtBHeHRGro
' (l + c")y .I, = e

E$tLtrExycJrorltr - lry = l.
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l

Peuenue.CrreA,oTAeJIf,HeToHanPoMeHnnBnTeAaAeHoToyPaBHeHHenPHeMaBf,Aa
. e r

v  d Y  :  - d x  '
l + e t

Karo HHTeTPHPaMe' nonflaBaMe
r f a r t -
l v d v =  l : = d x + C t

J '  '  . ,  I + e t  
t  

2
t

nnn o6unrr'uurerPaJl e
'  

,  y 2 = 2 l n ( e ' * l ) + C  ( C = Z C t ) '

gacrxnsT nHTerpaJI HaMHPaMe' Karo HaMePuM KoHcranTara

HHTerPa.rr 3aMecrBaMe HaYanHHTe ycnoBrlfl x : 1 g | = lz

|  =  2 ln (e + l )  +  C nr ln  Q -  |  -2 ln  (e + l ) '

3arr.recrnaMe ra3n crofiHocr rra C r o6urnt nHTerpaJI tr HaM[PaMe' He .tacrHHtr unrerpaJl e

y z  =  2 l n ( e r  *  l )  +  l - z l n ( e  +  1 )

k = y'(x)

n Karo B3eMeM npeABEA, rre cbrJracHo ycno'rrero Ha gaAa'Iara & = 3y' to [on]rqaBaMe

yPaBHeHne

Y ' = 3 Y

!!- = 3y , r.e. 4!- = 3dx .
d x Y

3ao6qH'nHTerPa{tHsToBayPsBHeHI|eIIoJIr|aEaIu€nogJleAdadrerrrro

y = t C P n i l = C e n  ( C = t C r ) '

Trf, raro rrpceHara Kpf,Ba MBHaBa np'3 roqrara'(0; - 2), ro crolnocrra Ha ro'cra'Tara c urc rr

Karo s o6qoro Petueg Hey = Ceig.a'rrecrnMt'=-0-ny': 
-i ' r"t"noryralt*' w-2 = Q2!trlnltC

Vl ttra, rbPceHara rPEBa uMa ypaBHeHEc

Y = - 2etx'

ti#";:re 
o6qrnre nHrerp 

"nn,a 
rar{, rDAero ca nocoqe*B Haqar*f,rc }tctroEf,r' n qscr'f,rc

,nrrur"ra,q"OrPt*uuarlns YPaBHeHnt :

t. xy dx + {f# dY = 0' 2' /fTF dY ='{fr b '

3 .  ( l  + y ' ) x d x + ( l + x ' ) d y = 9 '  4 '  ( r y 2 + x ) d x + ( ' v + x } l

=  l n ( c ' +  l )  +  C t

C or o6urur rHTerPaJr' 3a ragn ueJI D

I
) .
:JloBlrtr roeQuunexT Ha Aon[parGJrHara B rot ra c

v^+^ D rrrsTo e nD€raDaHa AonHPargnHara'
Toy*a e rp,' nbTH [o-roJrrM or opAHH araruna rvrf,.Ta' B ro"ro e nPeraPaHa Aon'paren*ara'

.Pewef lue .Karo I {3xoAt |MoTreoMeTPnqHH'cMucbJIHanbPBaTanpoB3BoAHa'u lenonr l l rM,
Horo ypaBHeHHe xa ear,r ar*araKprrBn, Korrro yAoBnerBoprBar nc*anoro E 3aAaqara croficrro' 'E

Hre 3HaeM, qe br,,oBnsr roeQnu'eHT Ha A'n'pareJr*ara E TO{ra M(x; y) or rPf,DATa lr3mrHrBa

f u = t f a, h ly | = 3x + ln I c, I i
" y  

r

r n l y l - l n l C ,  l  = 3 x ,  h l + l  = l x t  t + = ' o '
l L t l  

v r  '
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j.

7.

.9.

10.'

I l . '

13.

14.

Y , :  4
'  

x 2 - 4

( J E Y I Y ' - . / r o .  =  o .

(l + ytt(F dr- ctdyl -(1 + yldy - 0.

(l + ytl dx = (y - ttfr}Xl + x1l 4r.

x12W' - l) - I .

y ' t g x - y  ? ' 1  ,  !  =  I

d r - r d g = 0 .

2rrv + 3. .ry.  ! '  = 0i

6.

t.

E = E ' c o r 2 t . l n t r f  = l  n p n  t = J t ;

Y = Ccy ' i ]? .

arctgy + ln CrlTfr' = Q.

x ( l t  +  C )  -  t ? : t .

y ' 2 r i n r - 1 .

4rl

Orprtrno3"tl l2 + fr - 2!t.

Prnopeuomrtra rrnop6oae x, - y, = t.

floryorporf,ocr"l 
! 

= {Ta c paru}'" ff = I r u6nmp o(0,0).

) r ' = + , 1 = l  n p n  x = e .
ln .r

arcsin J, = ln C (x + {ffi

( l + x ) ( l + y 2 ) = , Q .
I

t  =  C e g .
, 2 ' . '
\  3 ,  l 8 - y

f t_ f f i=e.' 3

h - v T  -  = + + c .-  
W + @ ;  V l  + t '

y = l n r .  
,

l n 2 r - 2 t g l  =  0 .

12.

n p l  x = L .
2

3r rro or gtrq4trro lr{oponnruar ypuHoxxr xtuCpolo lracrnf,Tc psurcHnr r nocrpolTc rqtr qacrsn
pcqlcBIl:

15. d ' + Q - - 0 , ! = 4  n p g  l = 3 .
y r

1 6 .  ( l + t t r d x = t t y d y ,  y  =  0 , n p r  r = 1 .

1 7 .  y ' =  4 , y  =  t  t r p r :  =  0 .
{ l - d

It. Kprer Jtrarr xrrna trpa3 roqrara (0; - 2). Hrxopcrc ypslaorusro *, aro oc snaa, qo arrornrr
rooQulcer nr lonrparrrrf,att r ror rt c nclxr ro.rrr o panrr Hr opar[rrarr Er ro{xata, r rorro a rrporaparrr
rorrprrcrrrln, yrur.anr c 3.

19. Hrrcpcm yprrncnl.to xa rprrara, totto xnxtra trpcc [arraroto Br rooprnHlrntra cf,ctcr{a tr

rmorrrr rooerlrrBr ,.r ro. aal'l.qotrlprrarxl a p.r.* a. 
E

Onzvt,pttz

'  l .

3.

5.
t

2.

4.

6.

t.

10.

12.

14.

.P - rn l.+l +'c.
7 .  2 r l j + h l y l  - . 2 G r f , .

g .  l r - -3 t - ln / f+?-ErcB x = C., 2

l l .

13.

15.

16.

Il r t .  '
I

l9
l - e t - 3 .



7

4. Xouorenrln Ae$epelulnarnn ypaBHeHHr

l. AnQePcHqnaJrHoro YPaBHeHHe

P(x, y) dx * Q(x, Y\ dY = 0(4.1)

ce Hap'ya xoMoreHHO, roraro p(x, y) n Q(x,y) ca xoMoreHxu Qyqruu'' Ha x a y or eAHa Ir c]ura crcnc''

c nor-roqTa Ha cy6crnryu uara y = tt.x^r"*t"" gEoePeHuf,aJIHf, yPaBHeHEI Ce cEexAaT AO yP8BH6
roraro ntx'rn fr. vJ'vr^^':^,:': 

t.t.t-i' G' u = r(r) r cJreAoDarGJrHo' roraro
OTAentUtn Ce npOMeHnHBII. T)tX U e HOBa oynfUnf Ha f T'C' tJ - L(I' n r,'eA,Dcrv"sv' /

cy6crnryulrrra | = u'tr' rpr6na Aa ce HMa nPcAutA' {9

r ,  =  n , x  *  u  H l H  +  =  
" d l ' *  

u .
dx dx

C i u r o r a K a  d Y :  x d u  *  u d x '

2. .fln$ePeHuuanHoro YPaBHeHHe

(4.2)

(4.4)

Tyx h n k ca KoHcraHTn u ca peluexlre Ha cncreMara

KbAero a1, hv cr, a2, br, 
frca 

xoHcraHTH nPH ycnoaue' qe

(4.3) r : lo' ?'l * oe 
lo '  

6 ' l

ce npeo6pa3yBa B xoMoreHHO C nOMOIllTa Ha cy6cruryuluTt

y'=tffi

larh + brk + Gr = 0

1o1, * bJc + cr = 0'(4.5)

flpn A - 0 t b, * 0 yparxeHne (4.2) ce npeo6pa3yBa E yparHG*ne c orAcJrtull sc nPoM€HrnBf, c

xa cy6curryulrtra

(4.6) a r x * b r Y : t .

IIpuuePui

l. Peuere YPaBHeHrero

x y ' d Y - ( t j + Y t ) d x . = o '

Peuetun KoeQuuneurrre nPeA dx a dy ct 
' '

P(x, yl = - (xt + Yt) E Q{x, Yl = xY2 '

oyxxuunre p(x, y) n Q(x,.y) ca xoMoreHHf, or eAHa u cDrqr crsnen (e cnSar or rpsfs Crcucn)' 
'

,{,eficraureJIHo:

P(tx,ty\ -- -(tr lr  + 
"yt) 

= -tr (xt * yt) = t t  '  P(x'yl ;

Q(x, tY) = tx ' t?Y' = lrYY2 = tt Q(x' Y) '

VpanxeHnero e roMorqHHo E noJlaraMo

l 7 u . x ,  a  d Y = x d t t * u d x '

x . u z x 2 ( x d u  +  u d x ) - ( r t  +  s t r t )  d x  -  0
Toraaa
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EJIH

. l

x3u2 (x du t u dx)- xr (1 * z3) dx = 0 .

PasAerrn{e ABeTe cTpaHH Ha ypaBneHuero sa x3:

u2(xdu  *  udx ) - ( l  *  u t ) .dx  =  0 .

Parrpnrave cxo6n n rpy[HpaMe {JreHoBere:

u 2 i d u * ( z t - l - : a r j d x : 0

a\u .

u 2 x d u - d x  -  0 .

OrAelrve [poMeHJrr{BHTe B nocJleAxoro ypaBHeHne:

u z d u - d x - 0 .
x

HnrerpupaMe ypaBHeHnero

4 - m l t

Iaro 3aMgcrrrM B nocJleAHoro paBeHcTBo u : Z, norfleHo oT | = ux, HaMr{paMe:

r r3  

x

' = =  3 l n l C x l  n \ u  y 3 =  3 x 3  l n l C x l .
x3

2. Peruere ypaBHeHnero
'  x . d Y . - Y d x = t | f i 6 .

Peuenue. flpexntpntMe rlJreHoBere Ha ypaBHeHrrero oT eAHara crpaHa n rpynupaMe:

x d y - U + r l f f i ) d x = 0 .

qrenrure npeg dx u dy ct Qynrunnre'

P(x,y) = !(y + ff i1 n .QG,y) = x.

ane $ynrqrru ca xoMoreHHu, 3auroTo

P(tx, ty) = -.(tx + {mr) - - I (x + tffr) : rp(x, r),

Q Q r , t y ) : t x . : t . Q { , l , i l .

TenHo AaAeHoTo ypaBHeHne e xoubresHo H ure ro perurrM, raro 3aMecrnM B Hero

y  :  u x  ;  d y  :  x d u  *  u d x .

x (x du + u dx) - (ux + {iriEr) dx = 0

,  r  ( x d u  +  u ( x ) - x ( u  +  r l u z - t ) d x  =  0 .

rMe Ha r, cJreA ToBa pa3KpnBaue cxo6n n nonyqaBaMe

x-du- { f r  dx  =  0 .

rr [onJrYaBaMe nocneAoBaTeJrHo

l : l n l C l ;  u 3 =  3 l n l C x l
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Hrn 
| -r-l

l n fu  +  f r41  -h lx l  :  ln lCr l ;  rn  l4 l  =  h lC l l ;
l r l

u + { i ' = l  = t C r i  u + {  1 ; r = l = C x  ( C =  r C , . )
x

B nocreAxoro paBeHcrBo 3aMocrBawe u = L :

f , * r t f  = c x ,  b = c x - i
I

flos.q,nra"r. oS"t, crpann Ha xBaAPar:

l ' - l :  G x z - Z C y  *  f ' .
7 ' x 2

Htn cxz - 2Cy + I = 
9 

e o6ruoro perueHne Ha AaAeHoro AnoepeHuuann6 yPaBHeHne

3. Har'repere YacrHoTo PetueHxe Ha nu$epex[f,alnoTo yPaBHeHne

Y ' = x  + L
y x

npnHaYarHHycnoBt lax = l r l  =  l .

peueurc. YpaaHeHnero e xoMorenno ( y6e.qere ce caMf, B To3Ir Qarr).
3ar'recraaMe B AaAexoro yPaBHelr,lrre y = ttx u y' ='l'x * u :

t t ' x * t r = t t * ! ,  u ' r : ! '

du ,  -  |  
;  uxdu-dx = o

d x u

orAenrue npoMeHrHBHTe B nocneArroTo ypaDHeHBe, nHTerPEPaMe E' norlr|raBaMG
F  1 . .

!"a"- J+ = rn tct;!-h lxl = rn lcl ;

, t 2  =  2 l n l r l  +  2 l n l C l

3avecrraMe.u = 
::

" i = 2  
l n l x l  + 2 l n  l C l ; y ' = 2 x ? l n l x l  + 2 x 2 l n l C l  '

Orycloal lero'Te.y = lnprx = I uaunpar're

I  =  2 l n l  +  2 l n l C l  r r r n  2 l n l C l  =  I

rlacrxoro Peurenre e

y2 = 2xz ln lx l  +  x2

4. Peutrc YPaBHeHEero

,  ( 2 x - 4 Y ) d x  +  ( x  +  Y - 3 l d Y  =  9 .

Peuenre.VpaulexEeTo c oT BEga (4.2) E e nPElo,qIMo raM xoMorcHl|o' ltil rato
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Or cncreMaTa

l r ^ - 4 & = o
l h * k - 3 = 0

HaMf,paMe, ye h = 2 u k = l.
Torasa B Aa.u,eHoro ypaBHeH[e c]rracHo (4.4) 3aMecrBaMe

( t

J r = u t T  [ d x = d u
[ y - v * l '  l d y = d r .  

.

r nonyYaBaMe

( 2 i l - 4 v ) d u + ( u + v ) d v = 0

IlocleAxoro ypaBHeHHe e xoMoreHHo H 3a Aa ro perunM, noraraMe

u = z v ,  d u - v d z * z d v ;

2 (zv  -2 r ) . ( v  dz  +  z  dv )  *  ( zv  +  v )  dv  =  0 .

PagAerrMe Ha y H orAenrMe npoMeHruBHTe:

2 ( z - 2 ) v d z  *  ( 2 z z - 3 2  t  l ) d v  =  0 i

. 2 ( z - 2 \  d z * 4 ! = 0
2 2 2 - 3 z r  I  v

H nonrtaBaMe

- 2  l n l z - l l  + 3 m 1 " - l l + h l v l  = l n l C , l  ;I  o l

,  =  ! :
v

t ' f  
1 r - r y  l : t n l c ' l  

;  A - Y  v :  c , ( z - l ) ' ( c z :  = c , ) .

PerueH[e Ha,taAeHOTO yPaBHer]He e

,  ( z x - y - 3 ) 3  =  e ( x - y ' - l ) 2  ( C  =  g C r )

5. Peuere ypaBHeHrrero

( x + y ) d x + ( x + y - t ) d y = g

PqueruP' [age'oro yPaBHeHHe e npf,BoAttMo KbM ypaBHeH[e c otAenr[*r ce npoMeHJrr{Brr, 3autoro

JIacHo (4.6) noJraraMe B AaAeHoro ypaBHeHHe .r + | = t, dy = dt _ dxr nonyyaBaMe

,  t d x t ( t - l ) ( d t - d x ) = g :

npoMeHnf,BHte :

dx + ( r - l )  d t  =  0
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HxrerpnPaMe H HaMf,PaMe :

r  +  I  ( r  -  r )z  -  c r ;  2 {  +  ( t  -  l ) t  =  2  c r  .
2 \ /

B nocneAlroro yPaBHeHIIe 3aMecrBaMe t

yPaBHeHHe e

2 x  * . ( x  *  y - l ) z  - '  Q  ( C  =  2 C r \ '

' 
Sadu'ru:
Har.repetb o6utnre lrHTerpaJr[, a raM, rlAero ca FocoYeHB HarIaJtHETe ycnoB[r' B qacrrrl|Te

creAxnre anQePeHuHanHIr yPaBHeHHt :

= x + y u HaMEpsLte' qe o6qoro PorueHf,e Ha

l .

i- 
3.

rr 5'

7.

9.

l l .

.  13 .

14.

15.

16.

17.

l8'.

( x + y ) d x + x d Y = Q .

x d y - y d x = r / f f i d x .

4x2 - xy + yz + Y' (x2 - xY + 4Y') = Q'

v ' :  2 x Y
'  

l x z - f ,

y dx + (2:6iy - x) dY = Q.

(xy' -y) arctg 
f,, 

= , .

( x  +  y - z r d x  +  ( x - Y  +  4 )  d Y  =  0 '

( x - y  + 3 ) O : *  ( 3 x + Y +  l ) d Y  = Q '

(x  +  y  +  l )  dx  +  (2x  +  2Y- l ldY =  Q '

( 2 x  +  2 Y -  l )  +  Y ' ( x  +  Y - 2 )  =  0 '

(y, - 3x2) dy + 2xy dx = O , Y = - ) nPn t = I '

(x - xy') cos | 
: x , Y = fr rIPn r = I

( x  +  y ) d x  +  0 , - x ) d Y  =  Q '

(xr * y,l dx. = 2xY dY .

(x,  f  y,  + xyldx = x?dl .

x y ' - y + x t ' r y ' : = Q .

y = x ( y ' w ) .

(* -, 
"o, 

Z) dx * rcos !at\ - x ,

l n ( r z  + ' y ' l - 2a rc tg *=  C

y 2 =  x 2 +  c x .

Y  =  Cxe? /?  '

: s i n * = C .

, - t t ' * . l n C l  -  0 .

s i n f + h l r l  = C .

|  =  l - r  +  C ' #

x  +  y  +  1  =  C r T .

r i " + + h F l  = 0 .

2

4

6

8

10.

t2.

Omzoeopu:

l .  x ? + b Y : C -

3.

5.

7.

9.

l l .

15.

It.

t3

15.

17.

' l + 2 C Y - C x 2 = Q .

( x + y ) ( x 3 + Y t ) = Q .

C (Y'- xzl = Yt .

6 + f l n C y : 0 .

,rgyt = gri*i.

x' + ?.xy -y'-4x + EY =' Q .

x + 2y + 3ln | , : Y -2|. = C .

tyr.= 8 (rt - yI .

2.

4.

6 . .

8.

10.

t2.

14.



5. Jrrurefru ArQ€penrurannrr ypaBnenrf or nbpBr peA

JlnHefiso anQepeHunarHo ypaBHeH[e oT nbpBrr peA e ypaBHeglre or BnAa

( 5 . 1 ) '  y '  +  p ( x ) . y  =  e ( x ) ,

r:bAero P(x) a QG) ca HenperrcHarrr eynrunu Ha r rnr KorrcraHrn.
O6rqoro perueHne Ha (5_.1) ce naii no eopuynara

(5.2) | = e-l- 
[c 

* [ orl'* ,r] 
'

Ilpuuepu:
l. Peruere ypaBHeHnero

'  Y ' -  7 1 - : ( x * r ; i .x * l

Peueuue. .flcHo e, qe roBa ypaBHeHHe e lnuefino ,quftpeHrruanHo ypaBHeHue or nbpBg peA. B cny11af,,
p - - # , a e = G * r y i .

My PeIueHHe HaMHPaMe raro 3aMecrrM P u Q nrn Qoprrayaa (5.2) H nHrerpgpaMe:

f -  z r i  I  P  s  |  2 v . f  I
r = e - J - i ; l c l c +  f  t r * t ) i r t  . d x l  =

L r '  \  '  ' - - -J

I n ( r *: e

= ( x f

= ( . r *  t t ? l c * ? e * r 1 i ]
L 3 J

, = 2 ( x t . l \ u  +  c ( x  +  l ) r .
. 3

2. Peuere JpaBHen[ero
ds
; .  

c o s  I  *  s .  s i n  r  =  t  .

Peuenue. Pas.qearMe ABere crpanri Ha cos , * 0:
d s l_ + s . t g l =  .
dt cos I

flcno c, qe ypaBHeHrrero c annef,Ho:

P = t g t ,  Q =  
I

cos I

IIo Qgpr.ryra (5.2) uon!ruaBaMe:

"-'!-n," [c * .[-L ,!n,n . orf =
L  v g s r  J
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I

t , . l
" ' !ncor'  Lt 

* J * 
; t"* ' ,  .  dtf :

c o s  r  f .  *  f 4 :  c o s t l c  +  t s r l
L " cos2 tl

s :  s i n l  *  C . c o s t

t
6. IiepHyJIHeBH AHQepeHuHaJIHIr ypaBHeHHfl

.(e$epeHuHaJIH oro yPaBHeHue

(6.1) Y' + P(x)Y : QG)Y",

KbAero P(x) n QG) ca HenpeKbcHaru Qyxxuuu Ha .x HnH KoHcraHrH, ce Hapnqa EepnylHeBo.
gpea cy6crurylurflra

(6-2) Y1-11 : z

ToBa ypaBHeHHe ce npeBpbura s rruHefixo cnprMo z. Cte! peruaBaHero Ha noJlyYeHoro ypaBHeHne ce

oTHOBO KbM r IPOMeHrHBara y .

Ilpuuepu:

l. Peuere ypaBHeHHero

x y ' +  y  - -  y 2  l n x .

Peuenue. .flennv ABere crpaHn Ha ypaBHeHuero Ha r:

y ' * " r : Y r '

Vpannexnero e EepHynneBo. B cnyrar n = 2.
'  

I  l n v  
'

P ( x )  = L ,  Q @ )  
-  l n x

x

,{ennru ABere crpaHn Ha ypaBHeHl{ero ua y2:

, , f  r  l n x. ) /  +  t - L r - l : -

y z x x

flolararreyr-n-_ 4Ho n : 2 H nonflaBaMe [ocneAoBarenHo

y - t : Z ;  - y - 2 .  y ' = 2 " . ;  1 = - r '
y2

Karo B3eMeM npeABHA nocneAHHTe paBeHcTBa I| 3aMecTHM B ypaBHeHHeTo, noly{-aBaMe

,  I  l n x
Z  Z : -

flocleruroro ypaBHeHHe e lnnefiHo cnptMo z n cne4oBareJlHo
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ft - ft"' ,'1
L  J  v 2  J '

YacTr{. floayvanaue

Cx i ' ln 'x  .

Hxrerpana a cro6nre HaMrrpaMe, Karo nHTerpHPaMe no

u l w z : t r +z = x f c * l n x * l
L X X J

H o z = l_
v

H cJre.qoBarenHo o6qoro perueHHe rra AaAeHoro aneepeHuuanHo ypaBHeHHe e

I Cx l n x
. v

2' Hauepcrc yparHeHlero Ha Kprlara, MIrHaEa[ra npe3 rorrara (0;l), aa xorro ar]roBnrr xoednunexr sa
latnxpaTcttl|aTa, npcxaPaHa npe3 xor .qa c xef,xa rovra, e pareH rra .rJ, @2y7 - 1).

Patau. Karo rrcvev npe,qBlu rcoMerplttfixr cM,'can Ha nlpaara rrpou3BoaHa, crcraBrMe ypaa'eHuero

* 
= xv (xzv2 - t)

Y ' + r y = P y )

llocaeruroro ypaBueHr{e e EepnynueBo (n : 3)
f,M ABeTe crpaHn Ha ypaBHeHnero.Ha13:

L- + *y-2= 13
y3

y r - o = z , H o  B c J t y q a t n  = 3 n noayraBaMe nocneAoBareJrHo:

- ,  v '  z t= - . r = _ = - - .

. y 3 2
l l 2 = z ;  - 2 y - T

B3eMeM IIP€ABIIA nocneAHxTe paBeHcTBa, ypaBHeHrrerql ce npeo6pa3yBa BbB BHAa

z ' - 2 x z = - 2 x 3 ,

e nunef,Ho cnprMro , 
| ":"oo"itrr"o, I

, = ?rJ,* lc _ 2 l f s-zt'* d"l =' t . . , J

I
Z = -

yz

, f  f  ;  I= ,t '  lc - z I xt c-o arl .
t '  . ,  J

a cro6xre peruaBaMe ype3 hHTerpHpaHe no yacrH H nQnyyaBaMe

z.= x2 + I + Ce" .

N CNCAOEATEJIHO

1 = . r 2 + l +  C e t .v'
B3GMCM nPcABrrA, tte rpf,BaTa M[HaBa nPe3

I

! 2 =  -  r

x r + l

roYrara (0; l), ro HaMnpaMe, C
lpmxcnne

Aa-tr
a a I

Hnr{ KplrBaTa r{Ma



3adcrtu:
Hauepere o6urnre perueHrrr, a raM, KbAero ca AaAeHH HaranH[ ycroBnt, H qacrHnTe peruennt Ha

,unQepeH quaJrHrr ypaBHeHHr:

l .  Y ' + l = e - x
' y' - U- -- z'an

.r

Y ' - Y t g x =  
2 '

.  c o g rI 4.3. d t  * s c o s t = 1 s i n 2 t
d t . 2

.  4 L _ g - _ . x + l' d x x x

x ln x , y' - ! = xt' (3 ln r - l)

Y ' + x Y = x t Y 3

Y ' + Y = x { V

x y ' - 2 Y = x r Q t ,  l = 0  n P H  r = 1 .

Q - + y t g x -  I  
,  ! = 0  n p r  x = 0 .

dx cos r

x y ' + ! = x + 1 ,  ! = 3  n p g  X = 2 .

y = ( x + C ) e - x . .

s  =  s in  t  -  I  +  Ce- f t , .

y = C t c o +  r  - l'  
l - a  s

! = C l n x + x r

I  -  x 2 + l + C e ]

5.

10.

t2.

2.

4.

.  e " * - 2 x y e * = x s i n r

l = x o ( e r + c ) .

, , - 1 2 + C
cos r

l = . c e - f + 1 s i n r - r c o s

- x

y=esff i  +T#=

I
a = l + C x + l n x
v

! = x 2 ( e - e )
) Yy = 2 + 3 + I
x 2

l -
8.r7.

I
.  9.

l l .

13 .

14.

15.

16. Havepere ypaBHeHnero Ha rnHnrra, MHHaBaqa nper Toyxara (0;0) n 3a Kotro rraoarrr
Ha AonnpareJrHara E Kor Aa e sefiHa royKa e paBeH na y | 2x.

Omeocopu:

l .

3 .

5.

7.

9.

n.
12.

14.

16.

y2
, 2 ^

y . = ( r - z + C e - 7 ) '

60y3(x + l)' = l0x6 + 24xs + 15t' + C

. P = s i n x .

l = 2 ( e ' - r - l )

6.

10.

13.

15.

7. To.nu An0epenqraJrnn ypaBnennfl. VIHTerprpauI MnoxnreJl

I. .flrrfepenusarHoro ypaBneHne

(7.1) P(x, y)dx + Q(x, yYy = 0 ,

rbAero Qynrunrre P(xy) a Q@$ca onpeAeJrcHn r HtrarBa o6nacr E paBBsuaia, e tool, xoraro
Hacr e nbneH Af,O€pcHqRaJr Ha Htrot Qynxunrflxy), r.e.

I
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(7.2) df(x, y) = P(x, y)dx + e(x, y)dy .

Karo ce BqeMe rrpeABnA (7.1), rc (7.2) Moxe Aa ce 3arr'rue:

( 7 .3 )  C l f t yy  -  0 .

(7.3) crreABa, re oOururr HHrerpan Ha (7.1) e
I

( 7 . 4 )  J V , i l = p .

H raxa, axo nrnara crpaHaHa (7.1) e rrbneH'aueepenu'an Ha eAHa Oyr*ur"  J(x,y) ,  ro (7.4) e o6rqurr
pan Ha (7.1).
Heo6xoltvoro ll aocrar]yHo ycro][e ntbara crpaga Ha ypaBHeHrrero (7.1) aa e ntlen queepenuual uaarra QyHxuxrfixy) e

(7.5) aP - aQ
. d y A x

Koraro xcxaue.qa peurrM ypaBHeH[ero (7.1), nocrrnaar.ae tro creaHu, Hayr.rrr:
a) Ilpoacpmave 4a.rf, e [3nrnHeno yc.noare (2.5;, or r(oero ure cJreaBa BepHocrra Ha cJleaHHTe paBeHcrBa:
(7.6) o x' Y) = pG, y\ ^ of(x, v) = g1r. u, .

0x ay

6) B:evave eaHo or paBeHcr zar. (7.6), npnMepao nlpBoro:

(7.8) W' Y) = pG,i .
dx

aMe y 3a nocTotHHo a ToBa paBeHcTBo, HHTerpupaMe H nonyqaBaMe
f

(7.9) .f(x, y) = J 
p@, y) .+ p0) ,

o gU) e eAHa HeH3BecrHa eyHKqHr caMo Ha y.
a) Au$epeHrrrrpaMe ABerefrpagu xa (7.9) rro /:

(7.10) af(:, Y\ atJ P@' Dl ax 
+ p,(y) .

uJttl

o y  o y  ' \ '

r) Brer'raMe npeABHA Brohoro paBeHcrBo ua (7.6) H roraBa (7.10) Mo)r(e Aa ce Hanurre

(7.11) Q(x, y) = atJ P@' D a4 
+ e,(y) .

dy

ToBa paBeHcrBo HaMrrpaue g@,1.
a) 3ar.aecrBaMe .gU) u (7.9) H HaMupar,ae eyuxuurra J(x,y).J  \ ' -  r t  , '
e) flpnpannf,BaMe lraMepeHaTa Qynruur'JV,il 

"" '*o"rraHrara 
H HaMHpaMe o6utoro perueH'e HareHf,e (7.1).

II' llrrcrPxpeq n'oftr.,r. Korato rnara crpaHa na (7.1) ne e nrnes .u,ueepeHrrraJr, ro ce rr,pcu eynrurrp(ry) raxaaa, ye r3pa3ar

(7.12)  p. .  p t tx  + p.  e t ty  =!

6t,qe nbJreH anQepeuunaJr.
rrl lJl P = P(x,y),sa Kotro lr3patbr (7.12) e rrbJreH AHOepeHuHaJr, HapHrraMe fiHrerpnpaur MHoxH.re.n.

Jlrsara crpaHa Ha (7.12) e nbJreH aneepeH.u'ar rrp'  ycnoB'e, . ,e 
rYrr ' ' -E!r-\  rwr'v/

(7 .13)  !O ' r l  -  d  
@O,)

oY dx

( 7 . t 4 )  P  . 9 8  -  O  . f u ' =  o
0y 0x
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I
Or yparxeHne (7.14), Koero e eAHo qacrHo anQepenqrpeHo ypaBHeHle H roero rpr6aa Aa yAo

tt : p(xy), HaMHpaMe HHTerpnparq MHoxrrren. 3a qenra He e Heo6xonxuo Aa ce rapcrr Bcrr.rKrl
(7.141, a noHe eAHo HeroBo perueHne, npn roero rrBara crpaHa na (7.121e nrrreH AnQ€penqrarr.
HH .qaBa Bb3Moxnocr Aa rbpcuM HHTerp[parrlnr Mrroxnrer p = p(x,y) B HflraxBa orHarrpcg AaAeHa
nPHMepHO:

a) p na e Qyxxulrf, caMo

HaMHpaMe

(7.15)  .p  = p(x)  =

I' 
3a Aa HMa ypaBxexl{ero (7.1) nHrerprpaut Mgoxurerr or BHAa (7.15) e neo6xoAnMo

$yxxunr

Ha r r.e. p = p(x), B rartr cnyrafi A = g, il- - 4- B or ypa3gcHnero
dy 0x dx

(7:  l6)

(7 .r't y

"Jt 
(ii - eea') d'

= ,r*(#- fl* ,

I Aa e QyHxurr caMo Ha npoMeHnlrBara r.
6) p rc e Qyxxunt caMo Ht l, r.e. p = p(y). Hpeg pa3cbx,qeHur, aHarornqHn Ha resf, a rorra a),

p = p(y)

a 3a roBa e neo6x'oAnMo

(7 .18)

na 6rge $yxxunx caMo Ha npoMeHnrrBara Jp.
a) tlecro nbrn c AonrnHHTeJrHrr ycnoBnf, 3a crp)rrrypara Ha EnTerpnpatrlEr MHorETgJt ypeutonf,GTo

ce cBexAa KbM o6nxHoseno anQePeHuilaJrHo ypaBHeHBe cnprMo lt, ot roero Har{f,paMc To3E
rlpcn ce [HTerpnparq MHoxnren ,lr = p$,y), npn xofiTo npoMeHrrf,BETG x, ! Ao ca ctDp3aHE c
3aEncnMocr g(xy) (uanp. , * y,.r2 + !2, x.! u Ap.).

Ilpuuepu:

l. Peuere ypaBHeHuero

(3xz + 6xy2) dx + (6xry + 4y3) dy = 0 .

Peueute.  Bcayrar  p - '  3x2+ 6xyr ,aQ=6x2y t  4yt .  Tt t raro
'oP 

- l2x! n dQ. = l2xy, '
0y tx

ycJroBne (7.5) e u3nbJIHeHo Ir c.tleAoBareJrxo JrrBara .racr xd Aa.qenoro ln0cpcnqf,aJrno lrIrrlBGHEG c
.anQepeHunaJl Ha Htror Qynxunr .f(x,y), rorro u1G npcnM no Ha.rnrre, nocoqcn ! rosra I (r-c).ne
napprpaQ.

flolryaaMe eAHo or ycnoBrrrra (76) - npnMcpHo nDpBoto (uore AE rp6rxou, pae6rpa cG, x gr
B cayvar

a f Q , D  = 3 x 2  + 6 x y 2 .
0x

HnrerpxpaMe roBa paBeHcrBo, cMrra f,xu y3a roxcraHTa E noJrJnraEtlrc
l.

l\x, y) - 
J {lxr + 6xy2) dx + gQr) .

HJIH

f(x, y)'. 13 + 3x2y2 + pA) ,
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oraBa raTo D3GMGM npeAEsA nocreAlrure ABe paBeHcTBa, uo*ev Aa 3an'rueM, qe

6 x r y + p , ( y ) = 6 x 2 ! * 4 y t

P'O) = 4Yt

rpaMe nogneArroTo:

e u ) =  [ r r r = t l + c , t . e .  p ( y ) = f  + c

MG HaMepcHoro p(y) t f,3p4fa nflxy) f, HaMrrpaMe, w rbpceHara QyHrunr lv,il e

f(*, y) = xl + 3x2y2 + yt + C,

:BaMe HaMepe*nr n3pa3 nJ@yl Ha Hrror ro'craHra - Hanpnuep cr:

rl + 3x2y2 + yt + Cr =.Ct

.rr + 3x2yz t )f = Cr_ Cr,

.rr * Sxtyz * )l 
= C c o6uurr nircrpa;r.Ha AaAenoro_arQepeHunarno ypaBneHre.

2. Harrepere qacTHoTo pGutenne Ha rur0cpellquarHoro ypaBgcH[e

.(2x + yc\ dx t (l + xert| d., = O

f,attalHf,ycnopf,rr = 0, | = l.

Pctt&. B cayrar

P = 2 x + y d t ;  e - l + x g ' v i

#= . r r+  
xy :  t  #= , r r+xya r r

ffirgi$ti*tne'o 
f, '''lara crPa'a Ha AaAe*oro ypaBHe'f,e e nrrreH .*reepenqrrarr Ha HrKo,*yHxq'r

OTO OT Tq3f, .!IDG P8ECHCTrI HTMf,PAMG

cnprMo /:
fr 

irt - 6x2t + e,fg .0y

sburacno (7.6)

Y 
= Q(x' Y) = 6xzY + 4Yt

'^:' 
l) - 2x t y;,., . d^:' Y) = r + xeat ..  o :  -  ,  

a y  
_ .

l.

I V , D -  J @ + y c v ) i x + e 6 t y

t V , D - r r + c r + p O ) .

Ar0cpcnurpar.rc.(ry) no y:
gryIrran +p,(y)

,  : :  . '
Ft3f,rrDa,*ofla'=J) r I * rcdrc,rGrolrrar*o

ql

.gr7{t
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('
P (Y )  -  

J  t  '  dY  =  t  +  Cr '

ianrecrna l \ Ie  HaMepeHl l f l  H3pa3 3a 9U)  B H3pa3a zaf lxy)  u

f ( * ,  y )  - -  x 2  +  e x v  +  f  +  C r .

f IpupaeHtBaMe J\x ,y)  Ha KoncraHra -  rpuMepHo Ha

. x 2 + e * y + ) , + C r = C z

Er
fi

xexv  *  g ' ( ! )  =  |  *  xexy  ;  9 ' /V )  =  l ,

OTK'bACTO

HaMHpaMe

cz:

x 2 + e * y * y = C  ( C =

t . ) r  o6u to ro  pe l xeHHe ,  Ka ro  3aMec rHM x  :

na AaAeHoro an$epeHuuanHo ypaBHeHHe e

x 2 + e x v * ! - 2 .

3 .  Pcu le re  ) 'PaBHeH l l e ro

(3x2 + 2x -  f \  dx + (2Y -  x *  3Y')  dY = 0 '

peuteaue. JlecHo ce y6exaaBaMe, ye roBa ypaBHeHHe e royHo ,qnQepexrrHaJrHo' T.e. rfBara My cr

i l.brreH 4ncpepexuHafl Ha HfKaKna QyHxuu'-flx,y) u cneAoBarerlHo MoxeM Aa ro p"-"Y 
Yl: 

ypaBHeHHj

rrpeAHur€ ABEI rpHMepa.Tyx o6aqi  u le [ocoyHM H Apyr HayHH 3a peluaBaHe Ha ypaBl{eHHero, a HMeHHo

i loAxoAf luo rpy l lHpaHe Ha qreHoBere My '
parxpnrarrae cxo6nre B AaAeHoro ypaBHeHHe H rPynHPaMe YJIeHoBere no cJIeAHHt HaYHH:

(3x2dx + 3y2dy) + (2vdv + 2xdx) - (vdx + xdv) - 0:

BsuuarerHOTO pa3rnexAaHe Ha OTAenHHTe rPynH nOKa3Ba' Ye

3x2dx + 3y2dy = d (x3 + Y3),

2 y d y + Z x d x = d ( x 2 + Y 2 ) ,

ydx  +  xdY =  d( *  .Y)  .

CneAosareJIHo ypaBHeHHero f lpueMa BHAa:

'  d 1xt  + y3) + d (x2 + y ' )  -  d (x. / )  = 0 .

I4urerpupaMe ABere My crpaHH H rronyyaBaMe, Ye o6ulutr l{HT(:rPaJI Ha AaAeHoro ypaBHeHrre e

x 3 + ' y r * x 2 + y 2 - x l = C .

3adettetcxa. f lo c.bulHfl HayHH MoxexMe Aa peuHM Ir roYHnre,UnQePeHuHanHn yPaBHeHHt B [peAHH

flpgMepa. HSHCxsa ce f lo-roJl tMa HaxOAYHBoCT n C5O6pa3HTSJI[ IOCT'

4. Peutere YPaBHeHHero

(l - x'y) dx I x2 (Y - x) dY : 0 .

Perueaue.  B  cnyuaa P =  |  -  x2y '  a  Q 
-  x2  ( !  -  x ) '

a P  ^  a Q  ^ - - . .- =  ' ,  : = T x l - 3 x 2
()y 0x

I

gcuo e,  ' {e  ycJroBne (7 .5)  He e H3[ IJ IHeHo'  T 'e '

I nar'rupaMe, Ye C : 2 H cneAoBareJlHo {acrHoro pe

* a Q
dx

,132

C, - Ct)

o u y :

OP

dy



lIIo rrFrrr f,Hrcrprprq xrrorlrcr, rolro Il c rfyulrr curo rr r, r.c. p = l(r), l.t'! raro c mtDJrHGBo
yororrcro (7.t6):

/ \

l l g f - 9 9 - l  =  t  l - , , - @ y - k d =  t  , r , , - z x y t = - ? ,
O (t, or) azly - a1 L 't 

a, 1y - x'1' r

r.c. no,qlrrcr?aJrt|era Qyfinrr r (7.1t 3rarof, ca],to o[ r.
Tortrt crratcno (7.15) narrrplxc:

'  t  '  r  - G - 2 h t -  c h t - t - l - z - . !  ,tt(x, - ct- ir 
x;t

Yxxo:ere*c atclc srpr*r Hr p.",,orat'"oro ypatde,.xc c rarr Etrrcpc,.rr ,,,'crnrpa[l Mroar*, = | t

roJtyroDaxc ypsaf,erxc, Jtrnra crptna se rosro lc.ta a rrarcn Antsponrrxra sa Hrlor r[ynruruflry):
l l  \

l + -  y l d x + ( y  - r )  d y = 0 .
t r . I

[ c f i c t rn reJ rnocc r l  P r=  t  -  l , t .Q i=y -xc  '  
a 2 -

o P r  = -  l ,  o Q r  = -  l ,  r . e .  a P r  -  d Q r

Ilpnnaralre no3HaTEt Eoqe HarEH 3a peuralane Ha rorHf, nuQepenuf,aJrnrr ypaBHelrnr. B cayrar

o f ( x , y \  = p r = a _ ,
0x x2

, r f ,  

. / {x , r )= f t+-y l 'dr  +eg) i  f (x ,yr=-r -  yx +eo) .r \ - - ' l ,  t  
[ r .  I  

,  r  r \ - ' r r -  
r

0y 0x 0y 0x

IV$ no y B nocreAnoro paEGHcrBo:

uoJllntaDaMo
t

'orara-

433
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a

o/(T' y) =l- r + p,(y)
. 0 y

raTo f,MaMG nPcArnq oule, qG

o / ( x ' Y )  - e r = ! - x ,
0y

- r + 9 ' 0 r i y - x

-  
e , O ) - y . i  s ! 1 r 1 ) - * * r r .z

. f V , D - - l  - y x * 1 * C r
r 2

/tx*) Ha roHcranra - npuMcpHo C2:

- l -  v x + + . c r - c z

f,HTgrpar Ha .qeAcnoro gf,OcpcHqf,arno ypaanenre e

x y z - b , y - 2 - C x  ( C -  C 2 -  C , ) .



I

5. Peurere ypaBHeHuero

s i n y c o s x d x +

Peuteaue. B cnyvar

P  =  s i n y  c o s . x ;  0  =  s i n  y  -  y  c o s ) ,  -  s i n  - x  c o s y ;

o P  -  c o s y c o s . r ;  
a Q  = - c o s x c o s y .

dy 0x

B[xAar.ae, .re

a P  _ a Q
0y 0x

r.cneAoBarenHo AaAeHoro'ypaBHenn€ ire e royHo anQepexuuaJlHo. Vcroanero (7.16) He e [3nbnHelro.

rue npoBepnM \anu e H3nbrrHeno (7.18). lIIe rbpcnM HHrerpnpaut MHoxnreJI.
/ \

I  l9g  -  aP l  =  -+  ( -  cos .x  cos /  -  cosycosx)  =  -  Zc ts  ! ,
P  \ a r  a y )  s i n y c o s r

r.e. H3nbrrHeHo e (7.18) n noanHrerpanHara Qyxxun.r a (7.17) 3aBncn caMo or y. CreAosareJlHo ll

MHoxnren ute HaMepuM no (7.17):

(siny - /  co.sy - sin r cos l)  dy = 0

?

I t  =  t t ( y )  =  s [ - z d s v 0  = s - 2 r a l d n v l =  I

sin2 y

VuxoxaBaMe ABere crpaHn Ha E3xoAHoro ypaBHeHHe c HaMepeHnt MHoxltren p(y) H nonytlaBaMe '

|  ,  ^ - ^ - . \cgs r dx + I-L - /  " ,"t :v - sin r .  " l t / l  o, = o, '
s i n y  \ s l n /  s l n ' /  s l n / /

xoero Beye e roqHo anQepexuuanHo yPaBHeHHe.

l[eficrnnrenl{o

p r  = + ,  e ; =  . l  - /  t " t = /  -  s i n r  c o s Y
- 

sin y sin y sin2 Y sin2 Y

t  , 0 l r -  - c o s r . c o s y ,  U Q r - - c o s I ' c o s / , r . " . L = i l Q t

0y sin2 y 0x sin2 Y ?Y 0x

Torasa no HayuHa 3a peuaBaHe Ha roqHu anQepexunanHn ypaBHexnt HaMHPaMe nocJleAoBarenHo

|f(x, y\ - cos .r

s in y

tu f.os - sin x
JV, n= J # 

dx * p(y) ; f(x, y)= 
ffi + p9l .

,[nQepexunpaMe nocneAHoro PaBeHcrBo no yi

|f(x, y\ - _ sin { .-cos / + i,0)
0y  s in 'Y

Or gpyra crPaHa 3HaeM, Ye

d f ( x , v \  = e r = l -  - y " ? t . l  - s i n r r y ,
0y sin y sin2Y sin2 Y

u'u

o , (v l -  s in  x  .  cos  y  -  I  -  y  cosy  -  s in . r  .  cos / ,
'  v '  

s in2y s iny s in2y s in2.y

P'0)= : l  - .v ! : i ;+
sin y s ln?

4y



Om"r HaMuPaMe:

p(y)=/ffi-ri i",or) dy= t*-[rff i dy:

= lnlrttl . #-m f.ril . '- cr = 
#, a cr.

Cneroaarerno

tV, n= *+ + p@)='i l  i  * :- * cr ='., t  r in t * C, .sln y sin y sin y sin y

llprpaaHraar"rel(xy) na KoHcraHra - npnMepno Cr:

sinjc + v * cr - cz.
s m /

QSntlral EHTerpaJr Ha AaAeHoro ,qneepeHu[arHo ypaBneHf,e e

. y + 3in I - C. ein.y,rupro C = Cz_Cr

5. Ar cc pcruf, JrpalxcHrcro

xd, + ydy +, (xdy _.ydr, = o,

nto oc 3ca3, qc To xna rr|Tcrpr|pa[l MsolnTa[ of lxlap = dxz + yz),

Pw. Hrl-Hanpc,q 3aruc.axo ypaaHcurcro !rr,8 lnIE

.  
( : -  x y ) . l x  +  ( t +  4 ) d y - 0 .

Ccrr r.r c rcxo, b P * x-ry,tQ = y + rr. Hcrr o3Ha{f,M z = xz.t- lz,roraEa rr = 9(z). Heo6xoluvoroI AocrarulBo ysrorxc ypstltcBrero at r|Ma f,HTorpttpalll xsorxrer or arrl6 l. =.;42) c,'iarro Eeyc 3HaeM,(7.13), r.o.

IIE

(A)

(c)

I ,o,

(B)

utooJtaAioro .ttcnro .qe{pFnqraJtlo ypaBncHrc urc HtMeIrrM HHTerp;1pa1;r1;, Mgorxren F, xo 3r rr3t [en

rpr6aa .qa HaMepEM'$ , 99., 0o 
, 9E- uAa rf, 3aMecrilM B Hero.

0 y  0 r . 0 y  0 x
Karo [Mar\,rc npo.qBf,I, 1A lt = g(z), a z = x2 + !2 , TO

A = d p ( z l  . 0 ,  = r y . 2 x ;  g E - = d p ( z \ . 0 ,  = d , p ( z \ . 2 v .- d x d z 0 x d t 0 y d z O y d z - ,

gbuto

dP
_ E _ f  l  - - _ j l y ^

o y  
; ;  

* - ' * '

'(c) n (D)' araral"tqo P nQ 
"(B-) 

n nonrraBaMe nocneAoBarerHo:

, (" - xv) . 2v !2!?-- tr . pQ) = 0 +x) . &p(z\ . 2x t s(z) . zx ;
dz. 

v
dz
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- 2xy2 - ZxY - 2x3) 
ry 

= 3xg(z) ;

("* r)ry=*e1"1 '

pa3AeJrHM Ha r H B3eMeM rrpeABHA , te x2 * yz -- z, To npeA'oro yPaBHeHue nP[eMa DIr'[f

t '

- zz do(z\ = t pe) HrrH W)= - * 
. dz

'  d ,  
- ' u '  

p ( z \  2  z

Or nocneAHoro ypaBHeHHe Ype3 HHTerp[paHe HaMHpaMe:

3 - 1  I
g(z) = y-i nrn .ge) -- (x2 + v2) 2 = 

-a 
'

( x ' *  t  t

Ho l t  :  gQ)H cJreAoBareJIHo | 
|

' =GGjaY

Aa.U,enoro ypaBHeHHe' yMHoxeHO C HaMepeH[f, IHTSTPHPAq MHO23HTS;1' Ce npeBPblqa B

,  -  x l = ,  d x  *  Y  *  
" o d y  

=  0 ,
(x2 * yr)" (x' * y2)"

Koero e rorrHo AnQepeHUHanHo yPaBHeHHe H Koero l11e peunM no no3gaT14t HaqHH I. (a-e)' Clrnacxo

d/(x, y) _ pr = ilt 
- 

{L
ox (t '+ y')"

BnocneAHoTopaBeHcTBocYHTaMe 'qeyeKoHcTaHTa 'HHTerPHpaMe l rnony IaBaMe

(2*v

- 2 x

Karo

r@,v)= fffidx+e0)=

= ( r  -  ,>  !<r r *y ry- l rxdx+eU\=+ [ r r '+v) - id (x '+v)=
-1 

|
= .  1 -  y . ( x 2 + y - z )  

z  
+ p U , ) =  ( / -  l ) ( r 2 ' +  y r ) - i + p ( y ) ,

2  - ;

f(*, y) = (y - l) (rt + Yz)-i + P(Y)'

.[,nQepexuuPaMe J\x,Y) no Yi 
' 

'

a f ( : , y ) = ( x 2 + y z 1 - i - ( y - l ) ( x ' + y , 1 - | y + 9 , 0 ) = d # + p , ( y ) . .
0y

Or npyra crPaHa' cbrlacHo BToporo ycnoiue ua (7'6)' 3HaeM' rle

d / ( x , y \  = e , r -  Y + x 2

oY 
- 

@*Y;Y

Or nocleAHnTe ABe paBeHcrBa nonyqaBaMe:

HJII{

s(!\ = C' ,
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3rvecraaue gU) = Cr B H3pa3a nJ].xg) n HaMupaMe, ye

f(x, y) = (y - l) 1xz + y1-I * C,.

llpnpanxntavreflx,y) na KoHcraHra - HanpnMep ua Cr:

Cy -  1)  ( r ,  + y)-*  *  C, -  Cz.

Or nocreAfloTo

7. Peruere ypaBHeHHero

(3x + 2y + y2) dx+ (x + 4xy + Syr) dy = 0,

Io To nua nHrerpuparq MHoxHreJr or BuAa p = g(x + y2) .

Peuenue. B rosa ypaBHeHHe

P = 3x + 2y t  12,a Q = x + 4xy t  5y2

f,cxa o3HattrrM x * yz : z, ToraRa p = p(z). Haunpaue:

9E_ = dp(z\ . 
+ 

=, . d,p_(z\ 
; A_ = dp(zl . g! = 2y . dp(z\ 

;dx dz 0x dz 0y. dz dy 
-' 

dz

9 L = 2 + 2 y ; 9 9 = l * 4 y .
dy ox

3ar"recrsav,u y, y, +."-@-'B paBeHcrBoro (7.14) n nonyyaBaMe:0x dy 0y 0x

( 3x  +  2v  +  v2 ) . 2v r y+pe ) . e  +2y )  =  ( x  +  4xy  *  s y2 ) .T+pe ) . ( r  *  4y ) .

pa6ornar.re nocneAHoro ypaBHe*ne:

[tl" * 2v + v2) .2v - (x 
'+ 

4xv + 5/r)] 
ry 

= (r + 4y - z - 2y) p(z) ;

(2*y t 2yt+ x - g 4k) =(2y - r) p(r) ;

HM Ha (zy-ll * 0 n Karo B3eMeM npeABHA, .1e x * yz : z, noJrfraBaMe:

, o\9, = ee) rurt d,o(zr = lz
d z d z z

PABCHCTBO HAMIPAME' rC O6rqN'T HHTCTPAJI HA H3XOAHOTO YPABTTEHHE C

v - l  ,
f f i =  e  ( C =  C z -  C r ) .  

'
t lx2 + f

nocneAHoTo paBeHcTBO nonrraBaMe, rle

p(z) = z,no p = y@)f, cnetrolarG,,rHol = x + y2,
yMHorrtaMe r3toIlgoTo ypaDsegrc cp = x + yri

(3x + 2y + y, (x + ytt dx + (x + 4xy + Sy) (x + y) dy _ O .

^.-l-Tl:*oto 
yptl*c'r' aoqo G rorfio lnrfcpexuxaano n rrro ro pcrunM no no3*ar[r Me?oa, non]AaBirMc,oouurrT My xxTCrPUt c

( : + / ) ( r + y r ) t - C .
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7 .  ( s i n 2 x * , )  d x *  ( y _ r i " r r 1  d y = o .
\  y  

- - ) -  \ '  vz

/  . . \

[ *  
+ 2 x v - : ) t '  +  ( \ f f i + x ' - h r )  d Y = o '

peurere cneAHHTe.qxQep€HuHarHrr ypaBHeHnt, xollro Aonycrar nHTGrPHPerllr rrHorurcJlll'ol

tt = tt(x) rrr P = tt(Y) .

Sa&,uu:

Peuere cneAHHTe anQepeHuHaJIHH ypaaHeHnt

l .

2.

3.

4.

5 .

9.

10.
.

l l .

t2.

13 .

It.

19.

20.

Omenopu:

l .

3.

(3r'Yt + 7\ dx + 2xtYdY = 0'

(3xy, - x2) dx + (3rr - 6Y' - l) dY = 0 'r

(rn y.- 2x) dx t (L - zy) av = 0.
\ y ,

(er * ye' + 3) dx = (2 - xe:t - e') dY .

( cos  x  *  x  cos  y  +  e \  dy  + (s in  y  -  y  s in  x )  dx  =  0 '

x . t y z . + 7 x = C .

x  l n y  -  7 7  -  f z :  C .

2. 6y + l2Yt - 9x2Y' * 2xt :

1 .  x c r * y r l + 3 r - 2 Y - C .

( x +  y l \ d x - 2 x Y d Y = 0 .

( y 7 - 2 x - 2 ) d x t 2 y d y = 0 .

(2y + xyt'1 dx + (x + X2Y2) dY - 0 .

2.r ln y dx + (x' + y"lffi) dY = o -

2xy (l + y2) dx - (l + x2 + Yzx\ dY - 0 .

Karo npeo6pa3yBarc .rp€3 rpynnpaHc Ha rutoHotcre, pc.ruGTG CJ|GAllf,TG.nnQcponunrtH yPa!HGHTG

1 4 .  ( t ' +  y 2 + 2 x ) d x  +  ( x 2  + y 2 + 2 y ) d y  r Q '

15. (3xr + Sxyyz dx,+ (6x'y + 4y2) dy - 0 '

1 6 .  ( t  *  , , l f r  ) a * +  ( - t  *  v f f i  ) a t r o .
t  \  /  .  - \

1 7 .  [ ! r , n  ! - - t : c o s Z * l l  d x +  l l r o r L - ' = s i n l . + l  d v = o '
| . r - " ' t  x2 x  )  \x  x  Y '  Y Y ' )

peuore cncAHrTe .ql|ocpcHuHanHH ypeBHcHf,r, aro f,MaT nHTcrpf,Peuu MHoltrTGnll oT noco||cllll

( 3 r -  y ) d x  - ( 3 Y - x ) d Y n 0 ,  l t - 9 ( r * Y ) '

x y ? d x  +  ( x z y  -  x )  d y  - 0 ,  l . = 9  ( r . Y ) '

( y z  +  x z  +  x ) d y  -  y  d x  -  o ,  l t - 9 F ' +  Y \ '
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ln5.

7.

9.

l l .

13.

15.

17.

19.

x sin y + y cos r +'rr 
7 

C .

sinz x xz + y2 -,- - =  _
y z

t r ( x ) -  I  ,  , = C e I' x 2

tt(xl = !, 3x2y r lsyt = C .
x

/ \  t  
: ,  X + l a r c t g f  = c .P r Y ) = ' v \ t * y ' )  

y  y

x r + 3 x 2 y 2 * y ' = C .

s i n Z - c o s L + x  l = C .
. x  x  y

p  =  L ,  x !  -  l n  y  =  e  .
xy

l x y l + L = C .
v

y f f i t x ' y - y l n x = C .

I t ( y ) - - L ,  x y - l n y = g
v

t t (y )  =  r ,  * ' lny  +  !  O '+  l ) ;  -  (  .
y 5

x + y + l n ( x 2 + . y 2 ) - C .

l - t

: r l ( x 2  * y 2 ) 3  + x - ! y 2 = C .
3 2

I t  =  (x  + y) ,  (x  + y)2 (x  -  l )  =  C.

, = * , ! = a r c t g L + C .
x ' +  y '  y

6.

8 .

10 .

' .12 .

14.

16 .

1 8 .

20.

8. 3aAaqn, Konro BoAflT KbM cbcraBflHe n peuaBane
Ha AnQepeHUranHH ypaBHennr

Hne ec're Pa3rleAaxMe HrKoH 3aAayu, B r(olrro Karo ce H3rroJr3yBa reoMeTpuyHrrrr cMrrcbJr Ha rrbpBara
rBoAHa, cc gbcTarrr anQepenunanHn ypaBHeHHr.
Mxoro ,qpyfn npo6acvx l 3la!{rr or pa3nx{HxTc o6racrn xa Hsyxarr roalr ao c}craBrHc rl p€ruaBaH€

lrfiponlrrnxr ypalHcxnr. IIpn taxxre staarrr cG rcra .qt oc HaMeprr 3arxcuMocrra Mexay rpqM€Hn[BH
n, JfracrByBaqn B HrKaKDr QnrurecKrr, xrrM[{ecKrr rr r.rr. npouecn.

Korato cc nPncrDnBa KIM cbcraBtHe xa anQepeHunanHoro ypaBHen[e e neo6xoAuMo Aa ce Ha[paBH

a)Aa cc us6epe HG3aEHcHMara npoMeHr[Ba BentryrtHa H npoMeHJrnBara BeJrHyHHa $yxxuur.
6) flpn 3e,qaAGHo HapacTBaHG Ha apryMeHTa Aa ce rr3pa3[ cborBerHoro HapacrBaHe Ha QyHrunrra ype3

f,Tg, 3a rOrrTO Oe TOBOpH D yCJtOBHeTO Ha 3aAayaTa.
r) CrcmBtMe orHorueHnero oT HapacrBaHe na Qynxuuara KDM HapacTBaHero Ha apryMeHra.
r)Ilpcr"runaBaMe rbM rpaHti{eH npexoA B TaKa cbcraBeHoTo orHoureHne tr no ro3n HayHH ce ronyyaBa
,cH[natrHo yPaBHeH[e.
Cnca role ce nprrcrDnla rrM pcllaBaHe n n3cJreABaHc perrreHtrero Ha cborBerHoro anQepeHunanHo

reTo:
l. OnpoaeJttMe rnna na.unttepcHunlJtHoro ypaBHeHHe r cro6pa3Ho roBa ur6uparr.re MeroAa 3a peruaBaHero

2. Hr,rrxprxc o6qoro pcurcnre.
3. Haurparre {acrnoto pcu?Buo; yrourorroprlrqo ratrcnf,r€ naya.nHtr ycroBxr.
tl. llrrrcanlxc (aro c xco6xo,qnrro tora) nrrox crofiHocrifia cnoMsrarcrHf,re napaMcrpt (roeQruircura

trportopqr|oHaJtHocr x lp.), r3nor3)/laf,xx lonutHn?GJtHtrrc ycroEnr Ha 3aAayara.
5. HurrpaMo o6rqnr raxox xr pt3 GttrEHnt npo[ec tr, aro rpr6aa, yHcJtoHrrc crofHocrx Ha r1cxagxre

3o6clc,tr,xa. Ilog*ora .qntDcpcxqru[roro yinucxrc Moxc Aa ce c]crals no c]BccM npocr rraerrH, raro
r3trot3yrr rcoMcTpl|{xBr l|rn McrrHf,qHxt gMxctr Hl npof,3ro,[HtTa,

Oorn rora npr gDctaltxc Ha ar0apgxftlltnoto yptrtlcnlls, B 3arxcrr"tocr or ysnoBxrra Ha 3aaaqara,
utorByrrt gDorlarHf, r|rorrt| Ot Qnrxrate, MctaHftatr, xr|Mt|rra H ,q,pyrn Hayxl.
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I
Ilpuuepu:
l. B eanx cb.u, cbc 100 nurpa BoAa e pa3rBopeHa l0 xr rorBapcKa con. Bcrxa MHHyra or cb,u,a H3

JrHTpa pa3TBop H ce BnHBar orue 3 nnrpa yucra BoAa rrpu Herlpex'bcHaro pal6rpxnaHe raKa' qe pa3TBoPLt

c paBHoMepHa KoHueHrp auu.. Korxo K'norpaMa rorBapcKa coJI rue ce cb.u,bpxar B Pa3TBopa cner 20 g

peuenue.3a xegaBgcgMa npoMeHnHBa BeJrHqHHa ur6npar"re BpeMero t,  a rbPceHara Q_ynxunt e Ko

Boro con Q,cbAbpxaruo ce B clAa cJre.u BpeMe t.  Actro e, qe Q e Qyxxul{t  or t  t .e. Q : QQ)'

3a scnra MHHyra H3THVar 5 nnrpa pa3TBop or cbAa, a ce BJrHBar 3 lnrpa BoAa, creAoBareJrHo cJle,tr

t  or  Hayarroro Ha onnra.c-b la  ure HMa (100 + 3r  -  5 t )  -  (100 -2 t )  n  pa3rBop.  HexaAa o3HaYHM KonHeo

cor ,  c lAbpxaruo ce B cbAa B MoMesra I  c  Q*r .Torasa a I  r  pa3rBoputece cbAbpxat f f i * t '

I

K o H u e H T p " u n " , " H a p a 3 T B o p a B u o u e g r a l e k t = * x r / r r . H e x a A a H a M e p H M c K o J t K o c e e'  
1 0 0 - 2 t

KoJrHyecrBoro coJr B cbAa or MoMeH ta t \o MoMeHTa t + At. 3a apeve Al xoluvecrBoro coJI B cbAa ce e Hal

c .  Le,3aruoro c  H3TeKJrHr  pa3rBop ce H3xBtpnr  H coJr .3a nper 'ae A l  rqe H3TeKar  5At  n  Pa3TBop'  a  r t i

BIB BceKH n'Tbp HMa no k.:  ---9-- Kr coJr, To 3a cburoro BpeMe ure ce H3xBbpJItr or cbAa S\tk.

100  -  2 t
Toaa rue 6tae ra6a, aKo lrpe3 rrepnoAa Al xoxueHTpauutra e [ocrof,HHo PaBHa Ha k,.Ho rlft xaro srr

MoMeHT npe3 ToBa BpeMe Ar ce BJTHBa noAo n H3THrta pa3TBop, ro k, Iue ce n3MeHfl c 6erxpaftxo uaaKa B€r

a -  0 npn Al  -  0.  Torala3a aper 'ae Af rue H3reKar 5At n pa3rBop, xof t ro lue c]Abpa5At( /<,  *  a)

K b A e r o a  -  0 r r p n  A l  *  0 ,  r . e . 3 a  B p e M e  A l  x o n n . r g c r B o r o  c o n Q  c e e H 3 M e H H J I O c  L Q u

L Q : - s a t ( k r + a ) .

3Harr r  MHHyc noKa3Ba,  qe cor ra  HaMaJI f ,Ba.

06paaynaMe orHorueHuero 1Q ,  r . " .
AI

5 ( k , + a ) .

f lpe l rxnanai lxu KbM rpaHHYeH npexol  npH Al - 0, ul€ nonyy[M cneAHoro .quQepeHuHanHo ypa

UJIH

Q' ,Q)  
-  -  5k ,

d Q - - s  Q
dt 100 -  2t

YpaoHexHero e c orAentlr ln ce npoMeHnHBH:

LO_ : =  -
Lt

' d o

o
HxrerpupaMe:

ln O = I  l r ,  (100 -  2t)  + tn c HnH Q = C(roO - zr l i
2

Karo B3eMeM npeABrrA, ye B MoMeHTa lo : 0 (xaralo Ha onnra) colra e 6rrta Q : l0 rr, ro

HaqaJrHH ycnoBnr MoxeM Aa HaMePHM KoHcraHTara C or o6utoro peureHHe:

5 l
l o = c ( l o o - 2 . 0 ) r  n r n  a = f f i

H rara H3MeHeHHeTo Ha KoJtHYecTBOTo CoI ce onpeAenr nO QOpvynaTa:

g = * 1 r o o - z r y i
1 0 0 0 0 '
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a
{

I
I

Toraaa r MoMeHTa, = 20 xonrryecrBoro con, c]Arpxauto ce r cbAa, qe 6rae

-  Q Q q  = - + . ( l o o - 2  . 2 0 ) i  = l s - r . 1 e 0 1 i = 1 0 - . . 1 0 r  . 6 1 . 2 \ t G  = 2 , 7 x r .
t0000

2. Cxopocrra xa pa3na,qaHe Ha pa,qr|r e nponopuxoHanHa Ha HarIrrHoro rorl|yecrBo pa4r.rfi R. Har,repere
3aBrcnMocrra sa R or BPeMero ,; cbcraBere ,cxQepexuxarno ypaBHeH[e r olrpe,qejrere xoer[r.ruaexra xa
npouopuroxanHocr, aro onurHo e ycraxoBeHo, rc ea 1600 ro,quHx creacroue Ha pa3naaaHero ocraaa
noJloB[Hara (rr n]pBoHayarlHoro xonHgecrBo paAtlfi .

Petueaue.9cso e, re xoJr[yecrBoro pa,qfi i R e'Qyxxuxr Ha BpeMero I r.e. R = R(l).
T rpcn l r  ra l r  Qyxxuxoxa.nxa 3aBrcrMocr .  T Ipx  c tc raarxe  aa  ar {epexurarHoro  ypaBHeHne

s3eMaMe nPeaBlA, qe cxopocrra Ha pa3naaaHe c paBHa Ha nbpsara rrpofi3ao.qHa R(r) ctrprMo , r.", ,ru 4E.
dt

Ctr.nacxo ycJroBtero Ha 3aaa{ara, Ta3[ cKopocr e nponoput|oHanHa Ha HaJrrtHoro KornyecrDo oaa}lt.
Cne,qoaarcluo

, tp

T=l .R (k  -  xoer lxuneHr Ha nponopunoxarxocr)
4T

Peuragave rosa ypaBHeHxe:

l n R = k t + l n C ;

R = C . e k t .

Hera s Ha'larHHr MoMeHr ,o = 0 xont,recraoro paatrfi e 6x.no Ro. flpu rerl HayarH]r ycroB[r f i i lMnpaMe
roxcraxrara C:

R o =  C e z o  u n v  C = R o .

3aMecraaue C : Ro s o6uoro pelueHHe H nonyyaBaMe

R - R*ert'

Or AontJrHHTenHoTo ycnoBue Ha 3aAayaTa, qe npn t =

& =  40 " . , * ;  1= " " ' - .

nor"orrn r"l" o"ut" 
"to"*r'"" 

nocnea'oro paBeHcrBo:

f n l =  I n c r ( P r ;  -  y - 2 =  1 6 0 0 * ;  k = - l n 2
t600

Caeaorarelno r.bpceHara rlyxxunr e
l a z .

R = Ro c- i6 '  .

Aro rrcuev npeaantr, re * = lFl * - 0,00M3. ro
1600

R . =  R o  e - ( W .

3. flo:aroxa na Hrctos cropocrra Ha orraxAaHe Ha Hrraxao rrro BaB Br3Ayxa e nponopulroHarHo Ha
Drijl-Hxara Mexly reuneparypara ?Ha rxnoro x reMneParypara Ha Br3.[yxa Io. Axo ieurreparypara HaB]3ayxar 20' C x rrloio a re{enlc Ha 20 unx. ce orJraxAa oi tOO. ao 50", ro c-qel'xo.,r*o 

"p""'a 
ilrn.p arypara Hamoro rrle ce noHfix]r sa 30.C?

Pcwcttuc,lcxo e, re rcunepaTypara Ha rrroro f ure 6tae oyxruxr Ha BpeMero, ,r.e. T = f(r). Cr(opocrra
.r oxnax.(aHe r r'atreH MoMeHT t e nrpBara npon3BoaHa na T crrpruo ,, r.e. {. ct,nacHo ycnosrero Ha

d,
Lqatrara ta3r cropocr jnponopunorarHa Ha ,eMneparypHara pa3nrxa T_ T6 r cneAoaare.nno

I+ '=  [oo '+rnc;
rn 4 -- kt; R = skt ' .

C C

R^
1600,  R :  

i  ,HaMHpaNre KocOHuHeH rd  k l

4 l



9

l I  = k . (T - f.) (k - roeQxureHr Ha nPorlopuroHanxocr)'
dt

Peuasave roBa auSepenuHaf lHo ypaBHeHHe:

r  dr  r .
t : - =  t k . d t + l n C ;  l n Q -  T o ) = k t + l n C ;

J  T - T o  J

' ( r  ? \  ' r '  ' r '
, n ,  

- , ' o l = n i  
+ = s k t 1 '  T - T o = C e Y t i

I ' C l  C

.  T  -  T o +  C e Y t ;  T =  2 0  +  C e r t .

Hat tanHHt uoMexr  I  =  0  rerut reparyPara Ha r

Te3n Ha. tanHH ycnoBgl  a  o6ruoro peuteHne'  HaM

CneAonarerHo

T = 2 0 + 8 0 . e k ' .

Or qortnHgTelHoro ycnoBne, a HMeHHo, Te 3a BpeMe t = 20 MnH. TeMtleparypara ce e noHlrxHJt'

ao 60 
'.HawnPar.le roeQruueura k:

60 = 20 + 80er.D ; 40 = $Ssr'2o ; €'r2o = I
2

JI ora pxrv ynaMe It ocreAH oro 

I 
PaBeHtt uo, tr t t o:neA" 

?iiT 
" " 

HaM H paMe :

k . 2 0  = ' n , ;  k  = ; ' n  
t  

= ' " | , ; , J "

Cre.qogareJtHo

Kot tcra t l rara  C '  tue t laMeprM or  ycnoBt lero '  Ye B

6n ta ' , f  =  100 " ,  a  Ha  Bb3Ayxa  e  6naa  20 " .3a r " rec rBa f i r t t

100 = 2O + C.ero utnC = 80.

T = 2 0 t ' 8 0  e"^ (*)*'

n rH

r = 2 0 + 8 0  f ! ) t
\ 2 t

f locreAxara Qopr"ryna tt3pa3tBa lbPceHara 3aBnctlNtocr..

f l p n I = 3 0 , u o r y { a a a M e

3o = 2o + 80 ( ! ) ;  ;  ro  = 8o (N* '  *  
=( ; ) *

( ! ) ' = f ! ) * :  t  = 3 ;  r = 6 0 . .tt, lt/* , io
'Cnea 

60 r'urxyrn reMrleparypara Ha rtttoro ute 6llte 30'.

Sadsu:

l. Hauepere ypaBxennero Ha rprBa,3a Korro brnoBlrrr roe$runenT Ha Aonnparenxara B rot Aa3

Toqra c n nbr1 tro-rof lrMa or brnoBnr roeQHuneHT Ha. npaBara, xotro MnHaBa ]tpe3 cbtuara ro.|xl

HaraJ|oTo Ha xooPAnHaTHara cHcreMa.

2.  Hauepere ypaDHeHuero Ha KpHBara,  MHHaBaula r rpe3 TorKara (0 ;2) ,  3a Kot ro  br roBHtr  xoe$n
I

Ha Aonnparenxara B xot Aa e seftxa roqKa e paBeH Ha 
V

3. Har,repere ypaBHeHnero Ha rpnBara, MHHaBaula npe3 Toqrara (2; 3) H npnTexaBaula csof,c

orcc{rara or Kof, Aa e xef,Ha Aonxparerna, 3aKlttoqeHa Mex.tty ro()PAnHarxnre oclt, ce .[efln Ha

AOnHpHaTa TOrrKa.
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4. Onpc,ueaetc rrrrt 5, tt3Mttnat or ruro 3a BpeMe t, aro xerosara cxopocr e rrporropnu(,rtaJrHa Ha
r3MrHarrrx ntr rr aro rflroro c x3M[Haro 100 v ta l0 ce*. n 200 u ra 15 cex.

5. Tlno, nrnraaixtr or ctcrotrttte Ha noxofi, ce aarxr c]c cxopocr, r(orrc 3a ace*n MoMeHT r ce olrl)qjleilt
no Qopvylara v = (stl + 2) M/cex. HaMepere 3axoga 3a aBrxsxrle Ha rrnoro tl r'brr, r3Mr.rxar or rrn(rro ,r4 :]
ccr.

5. Toqxa ce aBI{xH no npaBa ttrHtrt c rlocrotHHo ycr(opeHre. Halrcperc iaKoHa Ha jlbrtye!r:!! rr1ir1,
TOYXa.

7' Moropxa Jloaxa cc aal|xr a cnorofixa Boaa crc cxopocr 5M/cex. Heiisrnr vorop.6ur u3x.rrK),rclr rt
cJrea 40 cer. cxopocrra Ha ro,qxara ce HaMalrr.ura ao 2 u,/cex, i),,p"a"nar" cxoilocrra ,o non*uru f r"rrrx. c.ircj.t
CIripa{eTO Ha MOTOPa' aro Ce 38ae' re C bll pOTx aJIeH ltero Ha aOJla1it q l lpoltOpUltotti lJlHO lt it c6opgsl' l i ! r{lr
,0arxeHHe.

8' Kopa6:a6agr caoero aBNxeHt€ acteacrane cbtporflaJreHlero Ha Boa.rra, f ioero e rt porto r rtrrori i lxrri l
l ta cl(oPocrra Ha xopa6a. Haranxara cxoPocr xa xopa6a e 6rna l0 vlcex., cxopocrra vy c,,re1 5 crx, r:.:J;1r;r :.1
8 M/cex. CneA xontto BpeMc cropocTTa My ulc ce HaMar[ Ha I v,/cex.?

- 9. B c1.4' c! '[bpxaul t00 a pa:raop, trMa l0 xr cor. B cr4a ce Brluit aora cbc crrrprre, j . ir rJ ]rr!r.vi..
[IOCfrngaulara EOAa nOCTOTHHO Ce paS6rpXaa lt CMeCTa rl3T]tya C]e CLrUar cxol)orjr. h0.i^{r u,,.,r rri,, (relirru rl
cua cnea I rac?

-  l 0 '  B  c a a ,  c a a a p x a u {  l 0  I a o , q a , c t c c r o p o c r 2 n B M [ H y r a c e B r r a a p a 3 r B o p c K r r r { , r : ] ! t ! p l u r r 0 , . J r . r - c . . , .
f locitnrarqnrr B c]Aa pa3TBop ce pas6rpxai [ocrorHHo n ,r.rrryu"rruru cr\. lcc rrrri,r ir or cr,^i l ! i_.,.: Li..-...,.,
cropoc?. Korro cor ule ocraHe a craa clea 5 vlx?

Omeocopu:

l .  y ' = r L ;  ! = C x n ,
x

3 .  x l = 6 .

2 '  ! 3 = x  + 6 .

ds-: :  -  ks ,  s = 25
dt

5lr.r.

4 .

6 .  4 = o ,  a = c o n s t ;  , = - ! -
d t z

7. ^4!= - kv; u = r 
[(3)* ' ] '

5 .  , = I F + 2 t ;
3

^ 4 ! =
dt

a t 2 + v o l * s o .

Crnara Ha cbnporuBreH[ero e F :
FropeHHeTo.

8.

10.

0,32 r"r/cer.

m  a  ( r a x o H  H a  H r o r o n ) ,  K r r i r e r o  t n

9.  0 , . i  r i r '
-  k v  i  I  =  -  5 I n  l o . . * .

ln 0,8

*  
=0 ,6  -  o ,2y  ;  !  =  3  -  3e -oz  i  =1 ,9  x r .
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9. Au$epeltUuAJllln ypaBnennfl oT tlo-BncoK peA r AonycKaun

floil]l'fiaBalle lla pc/la

I .  l I uQePeHunanHo  YPaBHe t lHcor  B l lAa

J ( r  )  e  t t e t t P e K ' b c H a r a

1() .  I  ) y(nt -_ !( x) ,

Qyxruur Ha x,  Moxe La ce peuH c n l tocJlea
*  1 , , r1€To n  .> '  I  c  ec  r r '1 { i  t l t ( l l l o  ' l t ' l c -no t  i t

H H l e r p H p a H u A -

y r ( n  l )  =

yln'?t.  
-

[ . t r , td*

[  * , , , , ,

+  C t  = g l x ) + C l

I  c,\dx + C z = q z ! ) + C P + C z ,

e
J

-v = g^G) *  C1xn' l  + Crx"z + *  Cn.

2.  ,L\N{repe}tu 'aJr 'o ypabl teHHe, Koero He c 'bAbPxa.T'bpceHaTa r}yxxUur y n xef ixHTe I lpoH3BoAHI

k  -  l - - b n  p e A  B K J I l o r l H t e r H o  l l M a  B H J I a

( g . 2 1  F  ( x ,  y $ t ,  y ( r t  ' ) ,  . . .  , , p ( n ) )  =  Q  ,  k t l

C.uc  cybcrH. ry r l , f lTa  y (k )  =  z ,  ypaBneHucro  (9 .2 )  ce  r rpeo6pa3yBa B ypaBHeHue F(x  ,  z ,  z ' ,  " '  '  4 '

H a  K o e r o  p c n b T  e  c  k  e A u H H u H  u o - H H c ' b K  o r  p e A a  H a  A a A e H o r o  y P a B H e H H e '  o r  T o B a  y P a B x

---J

o i l  pcAer  t

z  ,=  f (x ,  C,  ,  C2,  . . .  ,  (1 . ,  * ) ,  a .c : reA ToBa or  ypaBHel l ' le ro  y$)  =  l \x ,  Cr ,  Cr ,  " ' ,  C, ' r )  Ype3 k  -  rparHo HH

ce HaMf ipu ) ' .
3 .  fur$epel ruHaJrHo ypaBl teHHe,  KoeTo He cbA'bpxa He3aBrcuMaTa npoMeHnHBa x HMa BHAa

(e .3 ) F(y,  . r" ,  1",  . . .  , ,Y(n))  
-  0 .

Cy6crHryuH nra y '  =  pn o: rBoJ l f lua Aa ce i loHHxH peAa c  l .  I - lpH ToBa p ce pasrnexAa Karo HoBa H

Q y H r u m r  o r  y .

Y' : Y' 
: P('t') '

y', = !f, = if, *: = p liyr = P.P' ,

.  y- =io,[**) =#,,,! , f ;) #=l**.rPrf,
cnea 3aMecTBaHe Ha Te3H paBcHcrBa s  (9 .3)  i lonyqaBaMe

t ; r t t , ,  p .  p '  ,  . . .  ,  p l "  r t |  =  Q  .

4 .  / { r r r f ,epe l luHut t t lo  ypabHeHHe,  xoMoreHHO ct rp lMo l , l ' , l ' ,  " ' , ,y t " l  nua BnAa

(
( e . 4 )  F l r , + , + , . . .  r l 2 l  = oI '  

l  Y . Y .  Y  
)

Pentr My.ce

x. Trf,  xaro l" =
v

noHHxaBa c elnHnua rpe3 cy6crnryu[tra 
y: - t , rbAero z e HoBa HeH3EecrHa' v

z, + z2 i  
y" '  = 2, ,  + z!  + 3zz' , .  .  . ,  c;1eA 3aMecrBaxe a (9.4) ce nonyyaBa

(r(x, z, z', ... , y'.ntl)

flpuuepu:
f la  ce  pcu tar  vpaBHeHl l f , ra :

= Q

l . y" '  s inr ,x = s in 2x
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DantGtue. Vpaurcn[Gro cG pcruaBa cnprMo y'' n crcA TpnrparHo HHTerpHpaHg cc nonyyaBa

y n = t l + 3 1  = l s r s x ' . . . , -  |  -
srn..x ,rff ; Y' = -;liry + cr ;

y' = ctg x + Crx * Czi
f

/ = ln lsin xl + i! x2 + C2tc + C,
L

2. xy" = y' + r.sin{

Peractt tc, ,{a,qeHoro ypaBHeHne HG ca;1rpxa rrxo Qyxrunrra y. flo.lara ce y' = z, y" = z' l cte1
laMccrBaHe aaacHoro ypaBHcgrre ce npco6paryra D ypaBHeHxe or rtlpBr pe.r. llocaegxoro ce pa3aeJrr Ha r

t ce noJqFnBa xoMorc[Horo ypaBHGHnc z' = g 
+ sinf . CncA nonaraxero z = xu,z' = u + xu, ce oony.taBa

tpaB. xeHttc c orAcrtult| cc npoMGHrtt'f, ru' = sin rj. O6qoro My peureHHe ctCi' = Cp,u = 2^tctg CF,

z = 2xrrctg Cfi - ,' ,

dt = 2xrtctg Cfi dx, ,

Toraaa o6uloro pGtxcHle Hr Alactoro ypalncxrrc e:

,y = r2,arctg C 
t t

: { -  = x  * a l f * c * + c 2  a n ' i

crzy = (C,rxt + l)arctg (c1.r) - C,.r + C,

3. 2ytz = y'ly - l, .

Pantenrc. VpanHeuuero Hc caAlpxa He3aBncuMara npoMeHJrHBa r. flolara ce y, : pU).

i lnn y = ln lsinxl * Cfi2 + C{ + Ct

;fi
t l

t l l
r t

,  t i

Torara v" = o9
d; 

= PP' H ce nonYlaBa

2 p , = p p ' $ . - l )  ,  p l 2 p - p , 0  l ) l = 0

_ Ilocac,qxoro yparHcHrc co pa3mrr Ha Alc yparHarxr; p = 0 n 2p = p'(y-l),

*:"lri:I" 
r1a nDploro Jr' = 0 c.v = c. Broporo c vp""ru,rrc c oracnruu oc npoMeHmBH. peruexxero vy e

tP = (Y -  l ) t .  Toraaa

C , y , : ( y - l ) ,  ,  f f i = d x ,  C r = ( x +  C r ) ( t - D

Peuennrra Ha Aaaenbro ypalxeHnc ca: C,

4. x2yy', - (y - xy\z

Peuteue. Aaaenoro ypaBHenne e ot irna (9.4). PagA,crr ce Ha lz u ce ronyqaBa

x,1_ ( ,  _  ,  { ) ,  .
y '  ,  y ,

= (x * Cr)(t - l); y = C .

Iara ce t- = ,v
nory||ata

, rOrara y" - y'z I yr',+ = L, I z' = z, * z.CneA 3aMecTBaHe B [ocneAHoTo ypaBHeHney y

x l z ' l 2 x z = 1 .

Toea ypoBHeHnc c rnHetno or nDpEn pcA. To Moxe Aa ce 3anxrue n rara:

(x2zl' = I ,
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x 2 z : x +  C t , r : +
/ \

Q- = l !  *  1lo,  t
. v  \ t  

x ' )

l n  l y l  =  l n  ( C z x ) - + =

c l
* ' - ,

x '

C 1

l n  ( C r . x )  *  l n  e - 7

Ta6enexra.  f lpH r lPcet le  Ha YacrHo

ueo6xoAuMo t l ' bpBo  Aa  ce  l i aMep t t  o6u to ro

KoHcraH lH ,  I - l o - f l o f i pc  e  Bc t {K i t  o r  r f l x  Aa  ce

5 .

Peutexue,

p e r r i e H H e  H a  y P a B H e H H t  o T  l t o - B H C O K  p e A  o T  y K a 3 a H H T e  B H A O t r

pe lxeH l te ,  a  eABa cJ IeA  TOBa Aa  ce  o i l peAen f t  c ro f i nocTHTe Ha  Dg

ol rpeAerH BeAHara cJ le l l  KaTo ce l lo tBH B I lpoueca Ha pe lua

y " i  -  y " ' ,  a K o / " ( O )  :  
l - ,  y ' ( 3 )  :  1 , Y ( 3 )  :  0

Y p a n n e x H e r o

- l : a 2 ?
L L

,, l
l r '  :  - - - - -. /  1 _ x

I

, r + L r  j (

,  ToraBa y" '  :  z '

l , ^
= - c r ' u l

e  o r  B H A a  ( 9 . 2 \ . l - l o r a r a u e  Y "  = z

I )
+  C ,  

'  2

, l ' - - l n [ 2 - x l + C r , \  =  - l n l - 1 1  +  C 2 ,  C z -  l ,

l n  I  2  -  x  |  +  . r  +  2 l n  |  2 -  x  |  +  C r  ,  C t  =  - 6 ,
v

v

: l - l n l 2 - x l , y : x - x

: 2 x  - F  ( 2 - x ) l n l 2 - x l - 6 .

12.

14 .

v " :
y " +

l l .

1 3 .

Jadaru:
[a  ce  peuar  yPaBHeHr lRra :

l .

3 .

5 .

7 .

9 .

1 5 .

Omzoeopu:

l .

2 .

3 .

5 .

7 .

y" '  -  e2'

x ry 'u  :  ln  x

y " ' -  x  *  c o s x

, o y " ' +  2 x 3 r " ' - l

xv" :  , - ' ln / -  .
x

( x t +  l ) ( y ' '  - y y ' ) :  x y y

v :

v :

y" -- arctg x .

Y "  :  x  .  s i n  x  '

x y " * y ' - 0 .

2xy'y"  - -  y '7 + I

x Y v - , P l v : 0 .

l " y 3 :  I

Zv(y'\,' +

x y y " +

Y " =  0 ; Y ( 0 )  =

.y'(0) =

x y'2 = 3yy'

2 .

4 .

6 .

8 .

1 0 .

Crx + C2
o

4 .

6 .

8 .

1 6 .

J"'* + Crx2 + Czx + Cj .

tr rr ' 
- l) arctg , - +x In (l + x2)

y  :  C r x z  +  C z x  +  C r - + x  l n 2 x  .
L

I

|  =  
* * ' +  

C , x z  +  C r x  +  C r - s i n x

Y : C I + C z - x s i n x - l

I-  
T x '

y : C ' l n l x l + C 2 .

2
v : +;1c,x 

-l;b + c,y : C r x + C r * C ' l n l x l
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g .  . y = ' t : : ' s c 1 r * r q c zC,'

10.  ! :  Cf i t . *  Cy ' '  #  Cf i2  + Cox + Cs

l l .  y =  C 2 - c o s ( x + C , ) .

1 3 .  s v : ( x * C r ) r + C t .

15. f  = Cz( r * t5'-  . '  1)t '  .

C,y ' -  I  =  (C,x + Cr) ,

Y 3 - Y : 3 x

Y:  C r 'mT ; .

H e x a  H a l t p H M e p  r r  :  f 2  :  :  r k  :  r ,
pa3nHqHH ( l 'uorserHnTe r tacrHu peueHHc

t2.

1 4 .

1 6 .

10. Jlmlefiuu xoMorenHlr An$epenunaJnrn ypaBrreHrffl or n-Tu peA c
nocroflHrilr ro@ryreHTrl

.(uQepexur{aJrHo ypaBHeHHe or BHAa

(10.1 \  y (n )  +  a / (n - r )  +  *  eny '  *  a ,y  :  0 ,

ok : . cons t  ( k  :  1 ,2 , . . .  n )  -  ce  HapHya  J rHHe ! ' tHo  xo rv l o reHxo  a r . r { r epcHuHanHo  ypa tsHe} r i l e  o r  n - r } t  pcA  c
rHHn roeQnuueHTu.
O6nroro peureHue Ha ypaBHeHHe (10.1) ce rasa c Sopvyi lara

( 1 0 . 2 )  y :  C r y ,  +  C r y r +  +  C n y n , ( C * :  c o n s t , k  =  1 , 2 , . . t l ) ,

f r  , l z  

' ! ncL  

nnHe f i uo  He3aBHcHMH yac rHu  peu reHur  Ha  (10 .1 ) .  Te  ce  HaMHpar  c  r r o r v rou l r  a  Ha
pHcTHrrHoTo ypaBHeHHe

( 1 0 . 3 )  / n  *  o r r - r  +  *  a n - r r  I  o n =  0 ,

Karo alre6pnvHo trMa n KopeHa - KoNrrrrexcHr.r H peanHn.
Brguoxuu ca cneAHHTe cJry{an:
l .  VpaaxeHHero  (10 .3 )  Hv .a  n  pa3 f lH t tHH peanHH KopeHa  r1 ,  r 2 , . . .  ,  r n .  To raea  Ha  BceK l  o r  rHX  c ' bo rBe rc rBa
o perueHna e rF ,€?2x ,  . . .  e \ r  n  o6ruoro pe lueHHe Ha ypaBHeHHero (10 l )  r rpreva BHAa

| = C9rlr * Crerzx * + Cne',{.

2.  Kopennre Ha (10.3) ca pearHn, Ho MexAy rsx HMa KparHDt.
.e.  r  e k-rpareH KopeH xa (10.3),  a BcryKrr ocraHanu n -  & ropeHa ca
To3H clyvafi  ca:

ed

o6uoro perueHne

v

; x e o i x z e o ; . . .  ;  y k - t g n  i  € r k + r x ;  e r , {

HMA BITAA

:  ( C t  *  C z x  +  . . .  +  C * x k - r ) e n  +  C 1 , s € r r + r x  - t -  +  C " e , , r
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3. VpaaxeHrero (10.3) HMa'ABof,xu e,u,HoKparHH KoMnJreKcHo crrperHarn KopeHH. Hexa 3a orrpeaeneHocr= a + i F , r r = e - l B . T o r a r a c t o r a e r H a r a H a r r A r ? v t . . - a o 6 r q o r o p e r x e H ' e ( 1 0 . 2 ) x a y p a a x e n r e ( 1 0 . 1 )
r ut,qF

ea'(Crcos fx + C2sin flr\'.

4. Ypanreuncro (10.3) xva aaof,ra cnperxarn t-xparHr lopegr rr  = d + i f . , rz = <t- ip,  [ t  = 
" l l .lorala crorlcrxara HM {acr a o6qoro peueHre g0.2) xwa area \ ')

FI(C, + Cox + + C*xk-r)cosBx * (C*,, + Cy,2x +

ITpunepu:
.[a ce peruar ypaBxexHrra:

+ CzrXkr )s in  Bx l

l .  y u - S y " * 4 y '  = 0 .



I

Peueaue. Crctaaf, ce xapaxTePncrulroro yPaBue*fle

r s - 5 r 3 * 4 r - 0 .

fr : 0, fz : -1, t, = l, rt = 2, rs : -2 . Kopexxre ca pearx[ u pa3nnyHtt, cneAoBareJlHo

y : Ct + Cze, * Cle-t * Cao^ + Cee-n .

2 .  Y v - 6 ! w  *  , r ' '  -  0 .

Peuenue.

r s - 6 f  *  9 r 3  :  0 , r r  :  1 2  =  / r  =  0  r l 4 :  l s =  3

H a r p n r p a T H n r K o p e H r  =  0 c ' r o r a e r c r B a r y a c T H [ T e p e r u e H [ t / l  =  c w , l z  =  x € o r , l t :  a 2 2 r .

A B y K p a T H H f ,  K O p e H  r  :  3  -  l e  
-  s 3 x  , l s : . x e 3 x . T o r a B a

3 .

Peuenue.

l .

3 .

5.

7 .

9.

l l .

t2.

y :  Ct + Czx + Ctxz'+ (C. + Ctx\e3' .

y r v  *  2 y ' '  +  4 y " - 2 y ' - S y  -  0 .

r a  *  2 r 3  +  4 r 2 _ 2 r _  5 : 0 .

f lo npaannoro xa XopHep ce HaMHpar KopeHrre:

4 .

Peutenue.

( r -  l X r  +  l ) ( r 2  +  2 r  *  5 )  =  0 ;

r r :  l , f z  - - l  
, 1 3 = - l  + 2 i , r t i - l - 2 i ;

y : Crex * Cf'' * e-x(Ctcos 2x + Cosin 2x) .

y v  - 2 y t '  +  Z y ' n  - 4 y "  *  l ' - 2 y  : 0

r s _ 2 r a  +  2 r 3 _ 4 r 2  *  r _  2  =  0 ;

( r - 2 ) ( r '  I  l ) '  =  0 , / r  :  2 , r z  :  r t :  i ,  r t =  r s -  - f  ;

f : Cfo + (C, + Crx) cos r + (Co + Csx) sin I

Sada'au:
Aa ce petuar ypaBHeHnrra:

3 y " - 2 Y ' -  8 /  =  0 .  .

y ' ' ' 3 y ' - 2 y  =  o ,

. y r v +  l 3 y " * 3 6 y = 9 .

y v . +  2 y "  *  l '  =  0 .

Yu + 4Y"  +  5Y"  -6Y ' -4Y -  0 .

2

4

6

8

l0

2 y ' '  - 3 y "  *  l '  =  0 .

y "  - 6 y "  *  l 2 y ' -  8 /  :  0 .

Y ' "  - Y  -  o .

y ' ' + 6 y " * . l l y ' + 6 y = 0

yts, - y(6t - 9yw - lly" - ly =

y ' '  +  3y "  *  3y '  *  y  =  0  r  a roy (0 )  =  -  I  , / ' (0 )  =  2 , . y ' (0 )  =  3 .

Y " - Z Y '  +  2 Y  =  0 ,  a x o Y ( O )  =  0 , y ' ( 0 )  =  I  .
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ft,eocoptt:.

| = crir + creo ,

s

l = C r a C f ' + C r r F .

! = Cfo + (C, + Cf)a-. .

! = et (cr + c*c + crxz)..

| = CPos 2x + Cfin 2x + C3cos 3.r + Cosin 3.r .
t l

!  =  Cf '  +  e i (Cfosfx  +  C3s in6*)

! = Cr + (C, + C*) cos r + (C. + Crr)sin x .

! = CF-t + Cze-a .r_ Cre-o .

f = Cpt + Cze-r + Cf-l * e-r (C.cos r * Cssin r) .

! :  cfv a cze-r + (ca + cox + cvr ')cosr + (co + crx + csx2)sinx.

f = c-, (3x2 t r  - .1) .

! = e r . s i n x .

\
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K'bAeTO Or, o2,.. .)anCAKOHCTaHT u, a F(X') e H3BeCTHa QyHKUHI Ha He3aBHCHMaTa npOMeHnnBA X Ce HapHYa

Hexc doreHHo anQepexuuaJrHo ypaBHeHHe or  n- rn  pea c  nocrot l {H l {  KoeSHuHeHHrH.

o6uroro p.-r"n, Ha (l l-.i) nrnaa Buola y _ Y + {, klAero Y e o6ruoro petuexne 
"3r:3:T:lv v . 4 v r v  I

xoMoreHHo ypaBHeHye, a T e eAHo yacrHo perueHre ua (11.1).  HaurpaHero Ha q,  Koraro F(:)  e t tpo

$yuxuun Ha x Moxe Aa craHe qpe3 MeroAa Ha Bap'paHe Ha KoHcra'rnre (MeroA Ha Jlarpax)' Hera

'  
( 1 1 . 2 )  Y  : C ,  l r  * C z l z  + . . . * C n y n  ( C r -  c o n s t '  v , : f r )

e o6ruoro perueH'e Ha xoMoreHHoro ypaBHeHHe, norrrreHo or (ll.l) npn F(x) = 0. qacrHoro PeIueHHo,? e

\ (11.3) rt = Cr(x\y, + Cr(x)y, + "' + C"(x)yn

rb,.ero Ko'craHr ure cu or (r r.2) ca 3aMeHeHH c eynxur nre cr, (x) (t, =fr ) . flponrBoAH're Ha re3'

ce orrpeAeJlf lT or cncreMara luHeilHn ypaBHeHHt

+ Ctn(x)yn = 0
+ Ctn(x)ytn = 0

ll. Jlunefilu HexoMorenHrr AHOepeHqHaJrHH ypaBHeHHfl or tt-Tt' PeA

c nocroflHHH KOeoI||IHeHTH

,(nQepexuHaJrHo ypaBHeHHe or BuAa

(11.1)  y (n )  *a r . .1 l (n ' r )  * . . . . . .  +  on . i l t  *  aJ  =F(x) '

+ Ctr(x)y2 (n-l) * ;.. + C'n(x)yn6-t) = f(1)

Hera C"(x) = gu{x),tt = 1,2, ..., n ca pelueHHf Ha cHcreMara (l1.4). Torasa cneA HHrerpnpaHe ce

f

( I  I  .5) C, (x) :  J 
g, (x) dx, v = 1,2," ' , i l ,

KbAero HHTerpauHoHHHTe KoHcraHTu ca l tonoxeHu paBHH Ha Hyna , t l f i  Karo ce rbPcH nPoH3BonHo

perueHne. Kaio ce 3aMecrnr rlonyYeHure Qyxxuux a (11.3) ce ronyYaBa Yacrt:1o_ftifl l l-?;

3a unror crreuganHg BHAoBe Qyxruun f(x), rracrHoro petueHne Moxe Aa ce HaMepH 6eg nH

flo an.u,a Ha F(x) Moxe npeABapHreJrHo Aa ce orpeAenH BI|Aa ]ta YacrHoro pelueHHe 7, KbAeTO HeH3r

caMo yncnoBr roeeuuneHTu. Te celsirpeAenrr Karo ce 3aMecrn q B AaAeHoro HexoMoreHHo ypaBHeH

cpaDHrBar roeenuHeHTHTe IIpeA noAo6Hure qreHoBe B ABere crPaHH Ha noJIyYeHoTo paBeHcrBo'

I. Hexa F(x) : , l*P-(r), Kb.u,ero P^(x) e qonr{PM or m-ra crereH.

Cnyuail 1.. Axo ), se e KopeH Ha xapaKrepncrryHoro yPaBHeHne (10.3)' Yacrlforo PeureHHe e or

( 1 1 . 6 )  q - d ' Q , ( x ) .

CttyuailZ. Axo I e k-xpareH KopeH Ha (10.3) yacrlroro peuieHue e or.BI{,u,a

( l l .?)  4 = xt4 '0",(x) '

H s naara cnyyar QJx't e nojruxoM gr m-ra cTeneH c HeonPeAeneHu roeQnUneHTH.

It. Hexa F(x) = eo* I P^(x)cospx + Qn!\sin px I ,

rbAero PJx) n OJx) ca nonHHoMl| or creneHr cborBerHo m u n.

Cnyuail /.Axo a + Bi He e Kopen Ha xaparreprcrrqHoro yPaBHenxe (10, 3), :acrnoro peltreHHe e

(11.8)  4 = f  tMlx ' t ,cosBx + Nlx)s inBxl '

Cnyuail 2. A16 a +pi e k-xpareH ropeH xa (10.3), qacrHoro peu|eHlle e or sHAa

(11.9) 4 = xtfl t Mlx'l cos px' + No(x) sin Bx I '
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l[ a.r|Fa uryan Md,x) r IVlx) ca norrHoMn c seoltPoloreHr roeQxuxexrx or crencH p, paBHa Ha
OO.RBS-FCO OT YnCIOT&.,1- II ,|.

'tu:
.srcrysor yperrlfi;ra:

r) I
y "  +  v  :  t '  .

sln x

: 0 ur' la KopeHH rr = i H rz : -f. O6ruoro peuenne Hakrrel XcpaxrepflcTlr{Horo ypaBHeHHe r2 *, I
lOrrSOill{OTO ypaBlreHHe e

Y= Cr  cos  r  +  Crs inn .
l '

Trt rem f(.r) - :+-:: , Hatara ce lt3noJl3laHero Ha rvreroai na JlarpaHx, 3a.qa ce HaMeprr eaHo .rasrHo FuJeHr|es l n x -
u.qatSrfotso JrpaBHcHHe. To xva sHAa 7 = C(r)cos r + Cz(x)sin x,
3r oeporlrrre *a Qyxxunnrc C'r@) a Clrxl ce o6paryaa crcreMara

| 
Qitx) cos-x ! C'2(x) sin x = 0

. l - l

l- Ci(r) sin x + C'r(x) cos r = 
t

?cu,pnxero * e Ci(x) = -l ; Ci(:) = 
tr+ 

= tn lsin xl .

tTo ce HHTerpnpa BcrKo oT nonyqeHflTe ypaBHeHHr ce nonyyaBa
f f

C,(x) = -J dx = -.x; C.(x1 = J 
c9s r,4,r .

Cre,qoparelno r1 = - r cos r * ln lsin xl . sin x
O6qoro pcureHue Ha AaAeHoro ypaBHeHHe e:

'  y  :  C I C o S I  + ' C 2 s i n  x - x  c o s . r  *  s i n  x . l n  l s i n  x l

| = (Cr -.x)cos .x + (C2 * ln lsin .f l)sin .x .

HJIH

Y " + ! = 4 x e ' .

, fu :XapaKTepI {oT t |YHoroy ianHeHne(MaKoPeHHr t= i , |2F- j ,

Y -  C,cosx *  C2sinx

llr) = 4iler = erPr(r).' I - I He e KopeH Ha xapaKreprcruyHoro ypaBHeHue. gacrnoro
f 116), r.e. 4 = e'(Ax + 8)

I '  =  e '  (Ax+  B  +  A) ,  q , ,  =  e r  (Ax  +  ZA+ B) .
q" n. q E AaAeHoTo ypaBHeHile n nonyyaBaMe TrxAecrBoro

. (Z-Ax * 28 + 2A) er = 4xer. '

.ryre cTPaH[ Ha er n cPaBHtBaMe xoeQnirneHTnTe Ha ABaTa noJrHHoMa. flonyraBaMe
l A = 2
l t
l A + 8 = 0
t ,

Penrcr re r roHsra3n.c [c reMael  =  2 rB =  -2 .
CnqqomfioulHo ? = er (2x - 2) ,

y  =  C : " o s r  +  C 2 s i n  x  *  e r ( 2 x - 2 ) .

3 .  5 y " ' - 7 y "  - 3 = 0 .  '

a
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Peuequei 5y"' - 1y" = ! . XapaxreprcrrrqHoro ypaBHeH[e 5f -7r' = 0 ur..ra ropcHll

r r : r ? = 0 ,  , r = !  n Y =  C r *  C l c + C r r i * . f ( x ) = e n P o ( x ) .  ,
I

7 = 0 e AByrpareH KopeH Ha xapaKrep[crr{Horo y-HHe. tlacrHoro PctueHue e or ErAa (11.7)' T-e.?

TOraAa q' = ZAx, q" = 2A, q"' = 0 r xarO Ce 3aMeCTtT B AaAeHOTO ypaBHeHne Ce nOIy{aBa

-l4A = 3,

A = #  H  q = # "OTKbACTO

:  + c,el '  -  
* ' ,  .

.  4 )  y " ' - y " + 4 y ' - 4 Y = S c o s x - r s i n x .

Peueute :Xapar repncrnynoroypaBHeHne r t -12  *  4 r - {  - '  0uuaKoPeHHt l  :  l r l z=  2 i ,h=

Y : Cf, + Cpos 2x * C3sin 2x

F(x) : 5 cos x: x sin x - e0"[ Po(x) cos r + Ot(x) sin x | .

o  =  0 , F  =  I  0  *  t H e e K o p e n H a x a p a K T e p u c r l r Y x o r o y p a B r e H n e .
gacrxoro perueHne e or arAt (11.8):

4  =  ( A x  +  B )  c o s . r  +  ( A x  +  D )  s i n  x ,

n '  =  ( A  *  C x  +  D ) c o s r  +  ( C  -  A x  -  B ) s i n  x ,

q"  =  (2C -  Ax  -  8 )  cos  x  -  (2 ,1  +  Cx +  D)s in  x ,

q " '  =  ( - 3 A  -  C x  -  D )  c o s . r  -  ( 3 C  -  A x  "  B )  s i n  x .

3auecrraMe B AaAeHoro ypaBHeH[e H nony{aBaMe rbxAecrporo:

[(3C - 3A'1x + (A - 38 - 2C + 3D)l cos x *
+  [ ( 5 C  - 3 A ' 1 x  +  ( 2 A  - 3 8  +  C  +  3 D ) ] s i n x  =  5 c o s  x - x  s i n r .

llpnpaaxrBar ce xoeQnuneHrrre npeA sin x r cos r or ABere crpaHu rr ce noJly{aBa:

( 3 C - 3 A ) x  +  A - 3 8 - 2 C  +  3 D  =  5
(5C - 3A)x + 2A - 3.8 + C + 3D = -x .

Karo ce np[paBHrr xoeQrurenTnTe Ha paBHnre cren€Hx Ha x aia Dctro or ADCTQ TtxAGcrDa ce HaMn. / =, -+,
|  =  Cf ' *  Crcos2x + C3s in  Zx- ( ] r  +  3)cos r - (+x  +  

| )s inr .- z

' 
5) Y" - 2Y' * 2Y = 2e'cos .r .

Peuenue:Xapaxrepgcr l { {HoroypaBHe}rhe , ' -2 ,  *  2  =;0ul raroPeg11r l  = t  *  i , r ,  =  l - ic

Y = e'(Clcos r + Cpin x) ,
F (x )  =  2e 'cosx  -  c ' [  Po(x )cos r  +  Oo(x )s inx l .

q= l ,  P= l ,  I  +  d ee.q,HoxpareHxopeu-HaxaparTeprctnynoroy-Hlrc
gacrfioro perueHHe e or BrAa (11.9):

4 = x{Acosr * Bsinx),

q i  =  g { l cos r  * ,Bs inx )  *  x .c r (Acos . r  +  Es in r - l s inx  *  Ecosr ) ,
'  

4" = 2e(Acosx + Bsinx-lsin x t  Bgorr) * t .C(2Bcosr-Lft inr).

452



lxccrrevc r aq[etforo ypalncnnc u noJry{aDrMa:
€r(8cos r -,{sin r) = itosr. C.nclorarcaro
B = l  n  1 = 0 .

{rcrxoto perueHrte Ha aaacrforo ypaBneHxc c .
? = r€rsin x
/ = C(C'cos : + Crsin .r * r sin r) 

-

Mcte*xa: B cnyraf,, w I(r) c cyr..ra or arc I norerc e5nrrur[ or lrraa I x II, racrroro peurcrxe xa (lt.t)
e np€apral raro c)tr.ra Ha qacrHrrrc peurHxr, clorlercrrarqx tla Ecrra or Sylrrunxre, yqacraaqx r R.r).

6) y" t y = 4xer * #

Petuenue: Tyx ^F(x) = F,(r) + Fz(x) = 4xe, + =J -. .stn x
ETHOTO pellreHtro Ha ra[cHoro lrPaBHeHnc 7 e c)|Ma or,[!e .||rcn pesJcHxx ?r r{ ?2 | c}orrercrBalql Ha yparHeHHrrt

," + y = lxet t y" *, = 
,# ' Terx arc qrcrgtr pcnlcgnr ca.nonlFrenlr sborlerHo r np'xrr,rcpx 2) x l):

4r  = er(2x-2)  n 4z = - r  cosr  *  s in  x  ln  ls in  x l .
peuleHl|e Ha AaAeHOTO ypABHeHHe e

|  :  cn,os r  + crs in x  + d(2x-2)- r  cosx *  s in  x  In  ls in  x l .

2)  Y" '  -  y"  -  4y '  + 4y = x2 I ! .
4 )  y r  + 2 y "  * /  o  E c o r . r .
6 )  Y " - Y = x s i n x .

/'(0) - 0.

D = / ( 0 ) = 0 .
l0) 4Y"' a t' = fc' + 2sini.

l 2 l  y " + 4 y = 2 ' B x .

,  l l

s i n r .

Ca) sin .r .

a ,  y  = C€ + ec-  - ]co! : -  j r .s inx.

7, ! = -7cos 3r - 2ein 3.r * 3sin 2.x,' S )  
y = * - e n + r c a )

.?) v-= ct + cl + cr- - lch + 2xc, .z

.  l 0 )  y = C , +  C r c o r | + 6 s i n f  + ! a  - . r s i n ! .

ll) | = Cg' * Cfce' + er {ffi * xerarcsin} ;

12) | = Cr cos 2r * C, sin 2x - x cos 2x + sin 2x In lcos .rl .
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