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I'maBa 0

YBo

Judepeniuanure ypaBHeHIS Bb3HUKBAT B Kpas Ha 17 Bek. [lo Becgka BeposgrHOocT nartara 11
HoeMBpH 1675 T. MOXKe Ja ce cuuTa Havaj 0 Ha HaykaTa dudepeHIUaJHd ypaBHeHus. Torasa

Jlaitbnun HammcBa ypaBHEHUETO
1
dy = —y>,
/ yay =3y

€ KOETO pelaBa ejJHO IMPOCTO AU(hepeHnna o YpaBHeHNEe U CHIIEBPEMEHHO OTKPUBA €JIHO
MOTITHO CPEJICTBO 33 U3CJIeBaHe — MHTETPATHOTO CMATAHE.

Cunra ce, 4e TEpMUHDBT JuPpepenyuaito ypashenue e yimorpedbet 3a NpbB I'bT 0T XIOHTreHc
npe3 1693 1.

Topenoay o ¢binoro Bpeme Hioron (1642 — 1727) kiaacudunupa HIKOIKO audepeHIuaTHT
ypaBHeHus (3anucanu okoso 1671 r. u mybuukysanu npe3 1736 r.). Hioron e Tbpcui perenusi-
Ta Ha AuQepeHInaTHITe YPAaBHEHNST BbB BUJ HA CTEIEHHU peaoBe. 10Ba, KOETO € MO-BaXKHO
e, 9e TOW MpPHB OCH3HABA BayKHOCTTA WM 33 €CTECTBO3HAHWETO. BHhB (DyHIAMEHTATHUS CH
tpyx "Principia" (1687 r.) Hroron dbopmynupa cBouTe 3aKOHH, BTOPHIT OT KOUTO TJIACH:
"Cuata e paBHa Ha MacaTa 1o yckopernmero" . To3u 3akoH, HamucaH ¢ (pOPMY/IH, 1€ BUIMM
MaJjIKoO 1o Hatarbk. C momornra Ha coure 3akonun HroTon m3jara Teopusita 3a JBUZKEHUETO
Ha maanerutTe Ha CrbHYEBATA CHCTEMA W MO TO3W HAYWH MOCTABs OCHOBUTE HA ChBPEMEHHATA
dusuka.

[Ipe3 18 Bek ocobeno rojieMHu IMPUHOCH B PA3BUTHETO HA JIUMEPEHIHUATHUATE YpaBHEHUS
uma pamutuara bepuysu. Te uarepuperupar pa3iudau (pU3NIHE U TEOMETPUYHU 33a/a9U B
TepMUHUTE Ha JudepeHInaIHi YpaBHeHus. B 9acTHOCT, Te OTKPUBAT HSKOW KJIACOBE YpaB-
HEHWsl, KOUTO MOTaT jia ce pemar sBHO (BuKre [aBa 1).

He moxke ma ne or6enexxknm u npunocute na Oitrep (1707 — 1783) u ma Jlarpamx (1736 —
1813), KOUTO Ch37aBAT TEOPUATA Ha JUHEHHUTe ypaBHeHus (Buxkre [masa 4).

ITpes 19 ek ¢ [loankape (1854 — 1912) 3amousa wos eran. Cbh3aaieHara oT HETO Kauecmee-
Ha MeoPUA 3a U3cje/Bane Ha JAudpepeHnuaTHuTe YPABHEHUs € aKTUBHO U3CJie/iBaHa 00/1acT u
JIO JTHEC C MHOTO BazKHH MPUIOZKEHUS B €CTECTBO3HAHMETO.

[TonacrosiieM TeopusTa Ha JiM(EPEHIIUATHUTE YPABHEHUS € OI'POMEH HAOOP OT pas/iInuHu
UIeN W METO/H, W3O I3BAIlH arapara HA JAPYTH MaTeMaTHIecKu AUCIUILINHA KaTo aaredpa,
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8 I'VIABA 0. YBO/I

aHan3 (peasieH, KOMILIEKCeH, DYHKIMOHAEH ), Teopus Ha rpynure Ha JIu u ap. [Ipeacrass-
HEeTO Ha CbBPEMEHHOTO C'hCTOSHHUE U3JIN3a U3BbH PAMKHUTE HA Te3U JIEKITUU.

0.1 OcHOBHU HOHATUA

JludepeHIua Ho ypaBHEHHE € ypaBHEHNE, KOETO C'bIbpyKa HEM3BECTHA (DYHKINSA W HEHHHUTE
MpOU3BOIHNU. B Te3u jgexiun 1me npeamnoaraMe, de HMaMe CaMo e1Ha He3aBHCHMa TPOMEHITBA
U TOraBa TOBOPHMM 33 OOUKHOBeHHU JucbepeHInalHu ypaBHeHus (1e TH O3HAYaBaMe HAKPATKO
¢ OJ1Y). Hue me ce 3anmmaBame camo ¢ OJLY.

DopMaHO, 06uKHO6EH0 JupepeHyUaIHO YpasHerue HapudaMe ypaBHeHHe, KOeTO CBbpP3Ba
HE3aBHCHMA, IIPOMEH/INBA, T, HEN3BECTHA, (DYHKIUS Y ¥ HIKOJKO HEHHHU IIPOU3BOIHU

F(z,y,y,...,y™) =0. (0.1)

Tyk o/, y",...,y"™ o3magasar mbpBaTa, BTOpaTa, ..., N-TaTa IPOU3BOIHA HA (DYHKIUSATA Y 110
OTHOINEHHE Ha .

Hedbuaunua 0.1. Pedsm na nat-eucokama npoussodna, yuacmeau,t 6 YpasHenuemo, ce

napusa ped na OJY (I3).

ITpumepn

1) ¥ = f(x) e ypaBHeHHEe OT WbPBU P,

2) ¥ +2(y')* = 1 e ypaBHeHHe OT BTOPHU pej;

3) y® — 4(y")? = 22 e ypaBnenue or ocMu pej .

Hue me n3monssame ¢bImo Taka t KaToO HE3aBUCHMA, TIPOMEHINBA. B ITOBEYeTO MPUIOKeHH
¢ t OOHKHOBEHHO ce O3HAYaBa BpeMeTo. AHAJIOrmdHo ¢ .7, ..., 2™ osmauaBaMe mbpsara,
BTOPATA, ..., N-TaTa IPOM3BOAHA HA HPOMEHINBATA T OTHOCHO HE3aBHCHMATA IIPOMEHINBA, .

Pewenue na dugepenyuannomo ypasnenue or n-tu pen (I) Bbpxy maTepBata (a,b) e
dbyuknus y = ¢(x), nedunupana B uaTepBaia (a,b) 3a€IHO ChC CBOUTE MPOU3BOIHU O M-
TH peJi BKIIOYUTENHO, U TakaBa, de 3amectena B (D), ro mpeBpbia B ThKIECTBO MO T B
unrepsasa (a,b) .

I'pacdukbT Ha pelleHneTo B paBHUHATA (X, Y) Ce HAPUIA UHMEZPAAHA KPUBA.

[Mousikora perrenusita va OJY umar Buga y = y(x) (korato ycmeem jia TW HAMEPHM).
ChIo Taka € Bb3MOXKHO JIa MOJIYIUM KaTo perteHue u obparHara dyukius r = z(y). Ilo-
9ecTO HAMHEpaMe pereHneTo karo HessHa dbyuknusg O (z, y(x)) = 0. Bb3MOKHO € 13 ToIyIuM
pemennero B napamerpudeH sua & = z(p),y = y(p), KbaeTo p e mapamerbp.

Ha ce sbpueMm KbM I[Ipumep 1 — 3amaua, no3uara Hu oT MHTerpannoro cMmsarane. MHTe-
rpupaMe BeIHbK U HOJIydaBaMe

y(x) = /f(x)dx +C. (0.2)

Tosa e u pemenuero na JudepeHImaHOTO ypaBHenue oT To3u npumep. [I'bpBoTo Helo, Koero
3abe/igg3BaMe e, 4e MpoTechT Ha HAMHPAHe Ha PeleHuATa € CBbpP3aH C HHTEerpupaHe. 3aToBa
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YeCcTO IIe U3MOJI3BaMe JIyMaTa uHmezpupore Ha THdepeHInaIH0TO YPABHEHNe KaTO CHHOHUM
Ha peIlraBaHe.

Sajaguara 3a mHTErpUpaHe Ha JMMEPEeHINAIHO YPABHEHUE C€ CbCTOM B HAMUPAHETO HA
BCHYKHU HEI'OBU pelieHusd. B ciaydanTe, B KOUTO ycHeeM Jla HAMEPHM pPelieHreTo ¢ aBHa dhop-
myaa Karo (), gopw ga He MOKeM Jia MpecMeTHeM WHTerpaJia, Ka3ame, 9e yPaBHEHHETO Ce
HHTErpupa B keadpamypu.

Bropoto nemo, koero 3abensssame ot dhopmysia (I2) e, de pelieHUHETO 3aBUCH OT KOH-
CTaHTA.

[TTe nsnonzsame ciaenuaTa Kousenius. [lox 06uo pewerue va ypasenue ot n-tu pe (D)
pasbupame perieHne, 3aBUCEIO OT N MPOU3BOJHE KOHCTAHTH

(I)(x,y,C'l,Cg,,Cn) =0. (03)

B CJIy‘IaIL/'L KOIraTO KOHCTAaHTHUTEC Ca IIO-MaJIKO (I/I.HI/I CKBHBAJICHTHO Ha HAKOAd OT KOHCTaHTHUTE €
JaJeHO KOHKPETHO YHCJI0BO 3Ha‘I€HI/Ie)7 TOBOPHM 3a HACIMHO peulerHue.

0.2 3agaua Ha Komm

[Tonsikora ce uHTEpECyBaMe HE OT BCUYKHM PEIICHUS, & OT HIAKOE CIICIUA/HO PellleHrne, IPeMHU-
HABAIO Mpe3 33Ja/eHa TOYKa. laka 3a/am1eHaTa TOUKa ce Hapuda Ha4aiHO YCAOBUE.

Hedbunnnua 0.2. 3adaua na Kowu 3a ypasuenuemo () ce zadasa ¢ dudeperyuartomo
YpasHenue

F(z,yy,...,y"™) =0 (0.4)
U HAYaAHUME YCA0B8UA

y(z0) = Yo, o' (o) = ¥y -,y V(o) = 5. (0.5)

Pasbupa ce, perennero Ha 3a1adara Ha Ko (04), (I3) e yacTHO pernieHue.
IIpumep. 3a ypaBHEHHETO OT ILPBU PeJl, PA3PENIeHO OTHOCHO HPOM3BOIHATA, IIOCTABIME
3ajauara Ha Ko mo ciaeinnsa HaduH:

y/ = f<x7y)7 y(l’o) = Yo, (06)

Karo (g, Yo) Ca M3BECTHU CTOHHOCTH OT O6JIACTTA, B KOATO pasriezkaame auepeHnnaTnoTo
ypaBHEHUE.

Hexka 1a orbenexxkmMm, de anpuopu He e siCHO Jajin 3ajadara Ha Ko mMa perierue, ako
MMa, KOJIKO PellleHHsI MUHABAT pe3 ToukaTa (o, Yo). He e sICHO CbINo TaKa JAId PEIeHneTo
3aBHCH 10 HEIIPEK'bCHAT WM AUMEPEHITIPYeM HAUNH OT HAYAJHUTE YCIOBHS. €31 BbIPOCH Ce
pasriexar B [V1aBa 3 npu pazyMHu 1peIoJIoKeHus BbPXyY (DyHKIUUTE B JIMPEePEHIIMATHOTO
ypaBHEHUE.
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0.3 Cucremu audepeHIuaIHT YyPaBHEHUS

Heka cera na pasriiejame cjydasi, KOraTo 3aBUCUMHUTE TTPOMEHJIUBH Ca [OBedYe OT ejaHa. ToBa
BOJM 10 W3y4YaBaHeTO Ha cucTtemu audepennuannn ypapHenns. C MOMOIITAa HA €BEHTYAJHO
BbBEXK/IaHe HA HOBU IIPOMEHJIMBHU 3anucBaMe ejHa cucrema O/1Y B Taka HapedeHara HOpMalJi-
Ha (popMa — cucTeMa YpaBHEHHsS OT I'bPBH Pejl, pa3perieHd OTHOCHO ITPOU3BOJIHUTE

1(t) = v1(t, 1 (t), 22(t), . .., zn(t))
To(t) = vo(t, 1 (t), z2(t), ..., z,u(t))

(0.7)
Tn(t) = vp(t, 21(t), 22(t), . .., 2, (t)).
Ta3u cucrema ce 3aIUCBa CBHINO KATO BEKTOPHO YPABHCHHE
& =wv(tz),teR 2 €U CR", (0.8)
KBACTO T = (X1, T2, ..., Tn) L, v(t,2) = (v1, V2, ...,0,)T. Tesu 3anucu ygocroBepapar ynorpe-

Oara Ha TepmuHure "ypaBuenme" u "cucrema' karo cmHommmu. Hue mie ymorpebsiame u
JBaTa TEPMHUHA.
Ypasuennero (CF) e 06001eHIe HA €HO CKAJAPHO JU(EPEHITHATHO YPaBHEHHE

i=v(t,r), xR (0.9)

Ha npunomunM ot JIudepeHnuasioro cMaTage MeXaHnIHATa, HHTePIPETALAS Ha IPOU3BOI-
nara. Ako z(t) e 3akowbr 3a aBuzkeHue (rpyGo Ka3aHO I'bTAT) HA 4YACTUNA, TO & = ‘fl—f e
CKOPOCTTa, KOATO 3aBUCH OT T 1 KOOpAMHaTaTa . Torasa 3ajadara 3a pellaBaHe Ha ypaBHEHHe
(M) moxke ga ce npedopMyanpa Taka: Ja ce HaMepH IbTAT Ha JBUZKeIla Ce YacTHIA 110
3aJlaJleHa HelfHa CKOPOCT.

Ananornuno 3a cucremara ([C¥) Ha JgcHATA CTpaHA MOYKEM Ja TyiejlaMe KaTO Ha BEKTOD
B N-MEPHOTO HPOCTPAHCTBO, JONUPATEJEH KbM Tpaekropusta =(t) (1 0THOBO ¢ MHTEpIpeTa-
nust Ha ckopocr). Kazano nmo apyr Hauwmz, 33jadata HA JudepeHnnaj HuTe yPABHEHHS € 110
3a/la/leH JOIUpaTe/leH BEKTOp, Jla Ce Olpejie/ld KpuBaTa, J10 KOSTO TOil ce Jonupa BbhB BCAKA
TOYKA.

Ba cucremara () dasoso npocmparcmeo HapuIamMe MHOXKECTBOTO OT TOYKATE T =

(1,22, ...,2,) C R™ 3a kouro cucremara e nedpunupana.
CboTBeTHO MHOKeCTBOTO (t,T1,Ta,...,T,) C R"! napuuame paswupeno gasoso npo-
CIMPaHcmeo.

Io nedununus unmezpasna kpusa ua (C8) Hapudame rpadukara Ha perrenuero (t) Ha
(0R) B pasmuperoro Ha3oBo MPOCTPAHCTBO.

[TpoexunsaTa Ha eIHA MHTErPAIHA KPUBA BbPXY (ba30BOTO IPOCTPAHCTBO Ce Hapuia (has306a
kpuea. Habop or da3oBu Kpusu ce Hapuda (haszos nopmpem.

EctecTBen e BbIPOCHT KAaKBO UCKaMe Jla u3ydaBaMe 3a cucremu O/Y.

[IbpBOTO HeImo, KOeTo HUXMe KeJIaJl Ja HAMePHUM, ca BCHUYKHU pellleHus . 3a chKaaeHue, B
HoBe4€eTO CJiydau TOBa € HEB'b3MO2KHO. E,ZLI/IHCTBGHI/IHT KJIaC CUCTEMU, KOHTO € u3y4deH JoCTa-
TBYHO II'bJIHO, € KJIaChbT OT JIMHEMHUTE CUCTEMU U YpaBHEHUAD. B YeTBbPTa I'JIaBa IIEe U3BEICM
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dbopMy/In 3a 0OOIIOTO pellleHHe U IIe JaJieM aJrOpHTbM 33 HAMHPAHETO HA TEe3W pelleHus B
HUCKHTE Pa3sMePHOCTH.

Ciies; KaTo HE MOYXKEM J[a HAMEDPUM PEIIeHusTa, CJIeJBa J1a ce 00bpHEM K'bM METOH, KO-
UTO HEe M3WCKBAT HAMUPAHETO HA PENIeHUSTA. 1€3W METOAN Ce HAPWYAT TeOMETPUIHH WJIH
kadecTBenu. Hampumep Ouxme zKejajanm Jla HapucyBame (a30BUTE MOPTPETH HA CUCTEMU B
pasMepHocT 2 1 3. Takapa 3a/ma4a pasriexkmgaMe B [1aBa 5, cekmud 5.1 3a JuHEHHN cUCTEMU C
nocrosgauH Koedumuentn B R2. Ille orGeeskuM, 4e Ta3H 337a9a HE € PeIlleHa HA'bJIHO JOPH
3a JIByMepHa IMOJMHOMHAIHA CHCTEMA.

Buxwme kenaiu ga u3yduM HOBEJIEHUETO HA PEIIeHW, OJU3KH /10 HIKOE CIEIU(pPUIHO Pe-
menne Ha Oe3kpaitan uaTepBasm 0T Bpeme. C TakoBa pas3rjerkIaHe ce 3aHNMaBaMe B CEKITHS
5.2 Ha I'maBa 5.

Ciie1 BCHIKO Ka3aHO JOTYK MOYKEM JIa OT/IE/IUM OCHOBHUTE HAIIPAB/ICHUS B iu(DEPEHIINATHUATE
yPaBHEHWS:

1) CberaBsine Ha aJIeKBATHH MOJEJIN B ecTecTBO3HaHUeTo, onncBanu ¢ OJIY.

Tazu geifHOCT e BaykKHA U JOCTa CJIOXKHA IO CBOdA XapakTep. IlpmMepun Ha mpocTu Moaen
OT Pa3JIUYHU 0OJACTH HA eCTECTBO3HAHUETO CA JAJeHH B CJIeIBAINATA CEKIIH.

2) Hamupane na kiaacose OJ1Y, Kouro ce uuTerpupar B KBaAparTypH.

3) KauecrBen anann3 Ha judepeHIMaTIHn yPABHEHNUS.

Tosa e eqna obJacT, KOATO € aKTUBHO W3CJIeJBaHa M JIO JHEC.

0.4 Moaeaun oT eCTeCTBO3HAHUETO, KOUTO ce onucsat ¢ /1Y

B To3u naparpad pazriexkgame npuMepu Ha JU(EPEHIIUATHE YPABHEHUS, 3a€/IHO C OTTUCAHIE
Ha IPOIECHATE UJH ABJICHHUATA, HA KOUTO T€ CHOTBETCTBAT.

MexaHnuka
Bropusar 3akon na Hioton mocrysiupa, de MacaTa Ha eJHA 9aCTHUIA, YMHOKEHA 110 HeHHOTO
YCKOpEeHHe, € paBHa Ha CHjaTa, HPHIoKeHa Bbpxy dactumara. C GOpMyan TO3M 3aKOH ce
3aIICBY, TAKA,
ma = F.

Axo z(t) e 3aKOHBT 3a JABUKEHHE, TO YCKODEHHETO € PABHO HA I, CJICJOBATEJHO TOPHATA
dopmyia ce 3amucBa KaTo AudepeHInaIHO YPaBHEHNE OT BTOPH PeJl

mi = F(t,z, ). (0.10)

To3u 3aK0H € BCeoOWO BAMUICH B KJIACHICCKATA MEXAHHKA, BLIPEKH ue He ¢ (pOpMaIHO J0-
Ka3aH WM OIpoBepran jgocera. Mexanukara u (pu3MKaTa HU JaBaT IPUMEPU HA CHCTEMH OT
ypasaenus ot Buja (), B kouto « € R". Tloraraiiku y = &, npuBexkjame cucremara (II0)
B HOpMaJHa (popma

t=y, y=F(tuxy).

Buogaoruga
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1) Heka x(t) e HAKAKBO KOJIM4IeCTBO GakTepun B Ge3KpaiiHa XpaHUTeTHA cpejaa. EBoo-
nusaTa Ha x(t) ce omuCBa ¢ TaKa HAPEYEHOTO YPABHEHHE HA HOPMAJHO PA3MHOKABAHE

T =ax, a>0,

KbJeTo a e mapaMerbp. B [aBa 1 me BuanM, 9e TaKuBa ypaBHEHUS Ce PENIaBaT TOYHO U OT
dbopmynara na obmoro pemenue x(t) = Ce™, kbgero C' e IPOM3BOJHA KOHCTAHTa; MOXKE JIa
ce BUJM Hanpumep, de x(t) He craBa Hysa WK Oe3KpalHOCT 3a Kpaiinu t.

ToBa ypaBHEHHE IIpH OTPHUIATE]HO ( OIUCBA PAIXOAKTHBEH pPa3IaJl.

2) Jla pasryiesamMe JIByMepHATA CHCTEMA, OMUCBAIIA CHCTEMATA KePTBa — XUIIHUK (HAIDH-
Mep 3aiilu u JucHIy) U u3BeeHa or Boarepa u JloTka:

T =z(a; + bry)
y = ylaz + box)

Tyk KoHCTaHTHTE A1, A9, b1, by MOTAT N8 HamaT pa3IudHNA THIIOBE IIOBEJEHHe Ha CHCTeMAaTa.

Xumus

Momenmpa ce peaknusaTa Ha OKUCISIBAHE HA BBHIVIEPOTHHUS OKHC BbPXY IJIATHHOB KaTaJIH-
zarop. llpennara ce ciegHUAT HeJTMHEEH KHHETHYEH MEXaHU3bM:

1) Oy + 2Pt = 2PtO

2)CO + Pt = PtCO

3) PtCO + PtO — 2Pt + COq

4)CO + Pt = (PtCO),

kbaero PtO u PtCO ca agcopbupaHuTe KHCIOPOJ U BBLIEPOJIEH OKUC, Pt — aKTUBHAAT
MEeHTbP Ha TMOBbPXHOCTTA HA IJIATHHOBUS Karaiuzarop, (PtCO) — HepeaKIMOHHOCIOCOOHA
dopma #Ha C'O BBpPXY MOBBPXHOCTTA HA KATAJIA3ATOPA.

Ha cxemara o peakmnuu 1 — 4 npu ycjoBus Ha MOCTOSHHA TeMIIEPaTypa U KOHIIEHTPAIU
Ha BelecTBara B ra3oBaTa (a3a, CbOTBETCTBA CJIeIHATA CHCTEMA TU(EPEHITUATHE Y PABHEHHS:

= 2k12% — 2k_12% — ksxy
Y= koz — k_ oy — kzxy
s = k42 — k’,48,

KbJIeTO 2 = 1 —x —y — §;x,Y, S ca Ge3pa3sMepHATe KOHIEHTpalun Ha BeriectBara Pt, PtO,
PtCO, (PtCO) c¢porBeTHO, k; ca KOHCTAHTHTE HA CKOPOCTHTE HA ChOTBETHUTE XUMUYECKU
peaxinm, pa3raek/IaHn KaTo HapaMeTpl Ha MOJea.

EnxexTpuyeckm Bepuru

Heka ja pa3zriegame ciienaTa IpocTa eJeKTprudecka Bepura. 15 ce ¢bCTOM OT ChIIPOTUBIIE-
uue R, kananurer C, uaaykrop L u 6arepus uan reseparop E(t), cBbp3aHu MOCIEI0BATETHO.

Heka I e TokbT, a ¢(t) € 3apsubT Ha Kananurera. Bpb3KaTa MKy TAX € CJIeIHATA

do dI_ g
dt’ dt  di?’

B cura e ciennugr 3akon va Kupxod:



0.4. MOJAE/II1 OT ECTECTBO3BHAHUETO, KOUTO CE OIIUCBAT C 1Y 13

| R
R
o +
E(t) C__
[ ]
TR0

Qurypa 1: Ejnekrpuuecka Bepura

a1
ri+1 ™t B —o
HLlgtae B

SamecTBaiiku [ 1 mpou3BoHATA MYy 10 © , TIOJy4YaBaMe JUHEHHO TudepeHIna o ypaBHeHne
OT BTOPH D€/
dg 1

C nuHellHW ypaBHeHHd Ilie ce 3aHMMaBaMe B [1aBa 4.

Nkounomuka

Hemasko Mojesim B MKOHOMHEKATA Ce OMUCBAT ¢ AudepeHInaiin ypaBHennsa (1 1mo-o61mo
¢ quHamMudHA cucremn). Eqaa ot obiure uM geptu e, de ce hopMysaupar cJaoxKHO. [Ipyrara
JepTa e, e HaroJ00ABaT Ha ONMHCAHUS Bede Mojes Ha JIorka—Bosrepa (XUIIHUK — KepTBa),
KOETO € eCTeCTBEHO.

Eaun or mwbpBuUTE ONPOCTEHM MOJIEJIM HA IUKbJ Ha pacTexk, pasriexjgan or Haavelmo
(1956), usrnexkaa Taka. Heka nmpoussojgcTBeHaTa QyHKINS €

Y = KN*,

KbaeTo Y e npopykimsTa, X > 0 e kamuraaoso Bioxkenne (dbukcnpano), a N e npejiaranara
paboTHa cuia.
HapacrBanero ma 3aerocrra ce Moje/npa KaTo

N N
—=a—f[F—, a, 3> 0.
N BY p
Kombunupaiiku jasere, 1ojiydaBaMe HEJUHEHHO YpaBHEHUE OT I'bPBH PeJl
. N2—a
N =aN — ,
p K

KOETO € ypaBHeHHe Ha Bepryau u ce pemaba TouHo (BukK [asa 1).
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Mopgen Ha BoeHHU JeiicTBus

ITpe3 IIbpBata cBetoBHA BoitHa @. JlaHdecTbp MOCTPOSTBA HAKOJKO MAaTEMATHIECKH MO-
JieJiM HA BOJieHe Ha OOWHM JIefiCTBUS 110 3eMsl, Bb3/lyX, OT HapPTU3AHCKU CbeJIMHEHUs U JIp.
Heka uncjieHUST ¢bCTaB HA JIBE NPOTUBHUKOBU aPMUM B JIQJIeH MOMEHT ¢ € ¢boTBeTHO (1) u
y(t). B peajina cuTyanus T€3u BeJIMYUHU €A NEJOYUC/IEHH, HO 33 IPOCTOTA HUE IIe TU CUUTAME
nudepennupyemu byuKIuu Ha t. Tbil KaTo € TpyaHo j1a ce Mojeaupar akKTopu KaTo OoiHa
POTOBHOCT, CTEIeH HAa BbOPbKEHOCT, OIIUT HA KOMAHIHUS ChCTaB, MOPAJ U mpodee, T0 z(t) u
y(t) 1me ca OCHOBHUTE BEJIUIUHY, KOUTO TIE CJIEIAM.

Hait-upoctusar monen na Jlandecrbp 3a onucBane Ha 0OiHU AefiCTBUS MEXK/y CYXOI'BTHH
CHJIn € CJIACIHUAT:

T = —azx — by + P(t),
y=—cx—dy+Q(t),
K'bJIETO a,b,c,d ca HEOTPUIATETHN KOHCTAHTH, XapPaKTEPU3NPAIINA BIAUSHUETO HA PA3TUTHH

dbakropu Bbpxy 3arybara Ha Kusa cuna, a P(t) u Q(t) ce uHTEpIpETHPAT KATO HOJAKPEILTCHUST
B JajJdeH MOMEHT t.



I'1aBa 1

Metonu 3a pemasane Ha O/1Y ot mbpBu
pea

B rasu rasa e pasriiegame Hakou Kiacose or OJLY or mbpBU pej, KOUTO Ce HHTerpupar
B kBajipaTypu. [lle ce orpanudymM caMo ¢ ypaBHEHHS, KOUTO Ca PAa3PEIIeHH OTHOCHO MPOU3-
BOJIHATA, T.€. Te pas3rjexkgaMe ypaBHEHUs OT BUIA

Y = f(z,y) (1.1)

Wil cBoJuMH K'bM TaX. Hamnpumep
P(z,y)dr + Q(x,y)dy =0,

kbjaero P(z,y), Q(z,y) ca wenyinesun dyHKIuH, TeDUHAPAHE B HIKAKBA 00J1aCT B PABHUHATA,
ce ceexka kbM (D). Ta pasmennm va (Q u dr. Cien eneMeHTapHu TpaHCHOPMAIMH MOy Ia-

BaMe
dy  P(z,y)

dr  Q(x,y)
KoeTo e ypasHenue or Tumn (D).

Ille orbGese:kuMm, de 3acera B MOBEUETO CJAYYAHM HIMa Ja Ce 3aHHMaBaMe C TOBA Kbe Ca
jiecbunupanu JudepeHnuajHuTe ypaBHenus 1 Hamepenure rexuu peimtenus. [lle cunrame, ye
TOBa MOYKEe J[a Ce HAIPABHU C METOJNTEe, H3BECTHH OT MareMaTnieckus aHaIn3.

Ha npbB moryie 1oBeK MoOXKe 18 MOMUCHN, de g epeHIInaJHuTe YPaBHEHWS ce pelraBar
¢ Habop oT TpHKOBe. BebImHOCT KakTo OBP30 IMe ce BUIH, MHOTO MAJKO AudepeHIHnaTHA
ypaBHEHHs Ce pelllaBaT B KBaApaTypH. 3al ¢akTa Jaad eIHO YpaBHEHHEe MOKe 13 C€ PeIlH
WK He B KBaJIpaTypH, CTOH IpyTa TEOpHs, KOITO € J0CTa CJAO0XKHA U CAeJOBATETHO HAMA, I3
s M3JIarame TyK.

1.1 YpaBHeHus c oTAeJdIu ce IPOMEHJINBU

YpaBHenus OT BUJA

Y = f(2)g(y) (1.2)
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ce HapuyaT JUudepeHIHaJH yPaBHEHUA ¢ OTJEISAINH Ce IPOMEHJIUBU. 3a Ja PEeIIuM TaKoBa

ypaBHeHUe, YMHOXKABAME JIBETe CTPaHU Ha ypasHenuero ¢ dr u h(y) = @

hy)dy = f(z)dz. (1.3)

NaTerpupaMe jiBeTe CTpaHU HA TOPHOTO YpPaBHEHHUE

[ rwts = [ sayas

H(y) = F(z)+ C, (1.4)

kbjaero H(y) u F(x) ca npumutusau cvorsero Ha h(y) u f(z). Ypasuenue () napudame
o010 perenne Ha JaJeHOTO qudepeHInaIHO YPABHEHIE ¢ OTIESIIN e MTPOMEHIUBH.

B cienBamuTe npuMepH 1a ce HaMepsdT OOIINTE PeIleHrs Ha JaJeHuTe TudepeHInaTHn
ypaBHEHUS.

IIpumep 1.y =1+ y2
Banuceame JaJeHOTO YPaBHEHHUE BHB BUIA

dy
Y — 1+ 2'
dx y
YMHOKaBaMe JIBeTe CTPaHu ¢ dr u ﬁ
d
e - dx.
1492

Nurerpupame jaBere cTpaHu HA TOPHOTO YpPaBHEHHE

1
dy = [ 1d
/1+fy / !

arctan(y) = = + c.

r_ x?
ITpumep 2. ¢y = i)
3ammcBaMe ypaBHEHHETO BbB BU/IA

dy x?

de  y(l+23)
Cresr KaTo YMHOXKHUM JBETE CTPAHU ¢ dT W Y U WHTErpupamMe, Mo IydaBaMe
72
1+ a3

2
x

dy = d

/yy /1+x3$

ydy = dx.
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2

Yy 1 3
=—In(l+z°)+C.
5 =3 ( )
KomenTtap. Ypasuenus or tuna y' = f(ax + by) ce cBexkJaT JIECHO 0 YPABHEHHUs C

OTJIETIAIIN Ce TPOMEHJINBH. 3a IeaTa nogarave z(x) = ax + by.

ITpumep 3. /la namepum penienuero Ha 3ajadara Ha Komum
s
y'=cosly —x), y(0) =3

[TbpBo 111e HAMEpUM ODOIIOTO pelleHre U 10C/Ie e U3Pa3uM HAavaIHOTO ycjoBue. Tbil karo He
ce BUIK/Ia BeJIHATrA, Ue TOBA € yPaBHEHWE ¢ OTIAENAININA C€ MPOMEH/INBH, mojaraMe 2 = Y — T.
Orryk 2/ =y — 1. BamecTBaMe B ypaBHEHUETO W TOJIydaBame

/ -22
Z =cosz—1=—2sin 5

Cera pa3zje/isiMe IPOMEHJIMBUTE

dz

2 sin?

=dx
z

2

U MHTErpUpaMe JABeTe CTPAHH, 3a Ja MOJLYIUM

cotgz =+ C

njm

cotgly —x) =x+C.
IspassgBaMe HaYaIHOTO YCIOBHe, KaTO 3aMeCTHM B Hociaennata dopmyna y = 5 u o = 0.
[ToxygaBame 0 = 0 + C, orkbaero C' = 0, u pemrennero Ha 3agadara Ha Komn e

cotg(y — z) = x.

3abenexkka. MoxkeM j1a HaMepUM pelleHHeTo Ha 3ajadara Ha Komum 3a ypaBHeHue c
OTJIENIATIN ce TTPOMEeHIUBU

Y = f(x)gy), y(xo) =wo

0e3 Jla MUHABaMe 1Ipe3 ODIIOTO pellieHrne, KATO U3YUCUM OIIPeeeHUTEe HHTETI DAJIH

/y jh(n)dn -/ :f(f)df-

3agaum 3a camocrTodTeaHa pabdbora.

Hamepete obmuTe pelenus Ha caeIHUTE AU(DEPEHIHATHNA yPaBHEHAA

/ __ x+4
1. ¢y = Vi
9 y, _ (x2+2)6(z+y>

dy _ _y
3. o =
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(1 + y*)dx — wydy = 0.
—1—y? + zy*

Permere 3agaunre na Komn

7. y cot(x)+y =2, y(0) = —1.

8. zy— (1+y*)V1+ a2y =0, y(\/g) =1.

1.2 Xomoresan audepeHNNaJTHA ypaBHEeHU

Axo gscHara cTpaHa Ha IudepeHInaTHOTO YpaBHEeHTe

y/ - f(x,y)

yaoByeTBopsiBa ciennoro yeaosue f(Azx, Ay) = f(z,y) (r.e. ako MOXKe Ja ce 3aIuIie KaTo
y
byukims ma ¥), ypaBHEHNETO Ce HAPUIA XOMOTEHHO.
Memod 3a pewasane na Tomozernu QUPEPEHUUAAHY YPASHEHUI:
1) monarame y = xz, Kbaero z = z(x).
2) pudepeHnupame 1o & asere crpan - ' = z+2x2' u 3aMecTBaMe B JI3JICHOTO yPABHEHHE.
3) HOJy9EHOTO yPABHEHUE € ¢ OTIE/IAI Ce TIPOMEH/IUBH.

B cienpamuTe mpuMepu Jia ce HaMepdT OOIMUTE perenns Ha AudepeHnuaTnuTe ypaBHeHu .

3
Iy z
Ilpumep 1. y' =2 + (y) .
ITosnarame y = xz. ludepennupame o x, y = z+x2', 3amecrBaMe B 1aJIeHOTO ypPaBHEHHe
7 ToJIydaBaMe
, 1
z+xz =2+ —
53
1
rz3
ypaBHEHWE C OTJAEJIIIN ce TTPOMEHJINBH, KOeTO 3aucBaMe BbB BUIA,

!/
z =

dx
Bz = =
x
Nurerpupame
4
— =Inlz|+ C,

4
Kbaero C' e Mpou3BOIHA KOHCTAHTA. 3aMeCTBaMe 2 C % U I[ojiydaBaMe ODOIIOTO pelreHue Ha
JIaJIeHOTO JTpepeHIINAHO YPaBHEHUE

y* =4zt In || + 4Ca".

$2 2 €T
IMpumep 2. ¢y = %
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A2 X+B2Y+Cs

3anucBaMe ypaBHEHHETO BbB BH/JIA
2
x x
KOeTO e XOMOreHHO jucepennuaino ypapuenue. [lomarame z = zy. Ciaen audepeHigpane mo

x, JBeTe CTpaHU Ha IoJaraHeTo, mojaydasame iy’ = z 4+ xz’. BamecTBaMe IOIYyUYEeHUTE U3PA3H
B J1aJIeHOTO JudEePeHIMaHO YPAaBHEHHE

24ad =142+ 2,

WIn
x2 =1+ 22

[Tocaeamnoro ypaBHeHHE € ¢ OTACJLAIN ce TpoMemuBU. OTaensaMe U3pa3uTe, CbhIbpKalll T,
B €JIHaTa CTPaHa, a Te3U, ChbPKAIIN Y, B JpyTrara cTpaHa:

dz _dx
1+22 2z

/ dz B dx
1422 x’

arctan z = In |z| + C.

Cren nnTerpupane moJjrydaBaMe

Karo 3amecruMm z ¢ £ u pemuM mosy4eHoTo aBHeHOue OTHOCHO IIoJIydyaBaMe
T ’

y = xtan(In|z| + C).

3amadm 3a camocTodTeaHa pabdbora.

Ia ce HaMepsT OOLIMTE pelleHns Ha najaeHuTe JudepeHuaiin ypaBHEeHNs.
1. xy —y= /22 + 2%

ry?dy = (23 + y3)dw.

xyy = y* — x\/m .

ev(y —z)dy +y(1 + ev)dz = 0.

vy —y = (z+y)ln =

x

Gl oo

a1x+b1y+cy )

dy __
1.3 VYpaBHeHus or Bujga = = f (aﬂ w——

VpaBHEeHHS OT TO3U THII Ce CBeXKJAT J0 XOMOTeHHU. 3a Ja BHIMM TOBa, 3aI09YBaMe C IO-

LpoCTaTa 3a/1a4a,
@ y a1x + by
de asr +boy )
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Bajgum npej ckoOu B 4HC/IHTE/Id U 3HAMEHATe I OTIASICHO T M CbhbKpariaBame Ha Hero. Ilomy-

JaBaMe y

by _ (b

dx as + bQ% ’
HO TOBa € eJHO XOMOTI'eHHO ypaBHeHHe. 3a JIa cBeJeM O0IMaTa CHTYaIlus 10 Ta3W, OUeBUIHO
TpsaA0Ba, a8 eIUMHHHUPAME C1 H Co. 3a HEJATa PelraBaMe

a1$+b1y+01 =0
azl"i‘bgy—i‘CQ = 0.

Axo pemtennero e («, ), To nupaBum cyberuryius © = X +a, y = Y + [, KoATo I CBeXK 1A
JI0 XOMOI€HHH.

IIpumep. (z —y+1) = (y — 22 — 1)y

3a Jia NpWIOKUM TOpHATA MPOIEAYPa, pelaBaMe CUCTeMATa

r—y+1 =0
—2z4+y—1 =0.

Pemennero e (0,1). [Tomarame © = X, y = Y + 1. [TosyuaBame

Yy —X-Y
dX Y —2X°
Bajium X npes ckobu B 4ucnTe s 1 3HAMEHATE sl Ha JAsCHATA 9acT U JOCTUTaMe /10
Y
@&y _l-x
= ,
dX < — 2

KO€TO € XOMOTEHHO yPaBHEHHE.
3amaum 3a caMocTodATesIHA pabdoTa.

Jla ce HaMepyaT OOIIUTE perieHns Ha JajgeHuTe TudepeHIuain ypaBHeHUs.
1
1. o = tytl

FRES)
Y =221 -

1.4 JImaeitan nudpepeHNNAJIHA YPaBHEHUS
JTndepenimaann ypaBHeHus OT BUJIA

ay(2)y’ + as(x)y = b(x), (1.5)

KbeTo GyHKuuTe a1(x), az(x) u b(x) 3aBucar caMo oT He3aBHCHMATA TPOMEHJINBA &, HAPHU-
qaMe JuHeiinn nudepennuatnn ypapuenns. Jla npeanosoxum, de ao(z) # 0. Crex karo
pa3jIeiuM JIBeTe CTPAHU Ha Go(X), YPABHEHHETO Ce 3aliCBa B CTAHIAPTEH BT

Y+ p(x)y = q(=). (1.6)
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Axko ¢ = 0, To ypaBHeHHEeTO 100HBa BUIA

y +p(x)y =0,

KOeTO HapHuIaMe JUHEHHO XOMOreHHO ypaBHeHue. /la orbGene:kum, de JUHEHHOTO XOMOTE€HHO
ypaBHEHUE € YpaBHEHUE C OTIEJSIU Ce IPOMEHJIMBU, YUeTO ODIIO pelleHne e

yn() = Ce™ TP,

kbaero C' e mMpom3BoJIHA KOHCTAHTA. 3a Ja HaMepPHUM OOIIOTO pelleHne Ha HeXOMOTEHHOTO
nuepeHIIaIno ypaBHeHne, ThPCUM PelIeHre OT CbINUs BHJI, KaTo mpejamonarame, de C' e
dbyuknus Ha HezaBucumarta npomensusa r, C' = C(z), T.e.

y(x) = Claye 7

Karo 3amectum ropauns n3pas B j1a/IeHOTO HEXOMOT'€HHO JIMHEIHO JudepeHuaaino ypaBHeHue,
IIOJIy 4aBaMe

C'(w)e 1PO% — C(a)p(e)e IPO® 1 Cla)p(e)e PO = g(x)

nJaIn

C'(2) = qla)e ™.

Crie MHTErpUpaHe HAa TOPHOTO ypPABHEHUE MOy YaBaMe
C(z) = /q(:z:)efp(m)d’”dx + C4,

Kbaero C e mpou3BoJHA KoHCTaHTa. OTKbIEeTO B KpaiiHa cMeTKa OOIITOTO pelleHne Ha, TuHei-
HOTO JudepeHnnalno ypaBHeHue ce 3a/iaBa ype3 hopmysiara

y(z) = e I P@)de (Cl + /q(x)efp(”)dxdx) . (1.7)

B cienamuTe mpuMepH J1a ce HaMepu OOIOTO pelleHre Ha yPaBHEHUATA.

IIpumep 1. ¢y — %y = x.
Hagenoro ypasuenue e jmneiino ¢ p(z) = —2 u g(x) = 2. Coraacno dopmyna (D)
0DIII0TO pernieHue e

y(z) =el it (C’l + fmef_%dxdx>
= e (€ + [ e 6N de)

=122 (C1 + [ 2dz) = 2*(Cy + In|z|).
IMpumep 2. (1 + xQ)% + 3zy = 6.



22 I'JIABA 1. METOJHN 3A PEIHIABAHE HA O/IY OT II'bPBU PEJ]

[IbpBO 3amucBaMe j1aeHOTO UM EepEeHIINAJIHO ypaBHEeHNe B CTaHJIAPTEH BHJI, KATO pas3jie-

JAgMe JBeTe cTpaHu HA 1 + 22,
3x 6z

/ —
Y +1+x2y_1+x2'

B Tto3u ciayuait p(z) = 143;;2 uq(x) = 1+m2 Cworaacuao dopmyaa () ob6moTo perierne e

o) = eI (4 [ el e

— ez n(1+2%) (C’ + [ {823 n+a?) da:)

— (1+a%)7F (O + [ 1851+ %) Fdr)

= (1422} (Ot Joo(L+ad)bde) = (14+22)F () 4201+ 29)).
IMpumep 3. /Ta permum 3amadara Ha Komm

, 32
v+ -oy=—

T 373’ y(]‘> - ]‘

[I'bpBO mie HaMepuM OOMIOTO penleHue | IocJIe e N3PAa3suM HadasHoTo yciaosue. IIpunarave

dbopmyna (1)
y=e 2 (o [ el ta)
x

" cJIejl IpecMsTaHe Ha WHTerpaJiuTe HaMupaMe, de

C+ 2z
x3

y:

M3paszgasaMe HAYaJIHOTO YCJIOBHE, KaTO 3aMeCTHM B nociaenanara ¢gopvyna y = 1wz = 1.
[TonygaBame 1 = 2 + C', otkbaero C' = —1 u pemreHneTo Ha 3ajadara Ha Komm e

2v —1

Y= 73

3abesexkka. 3a HaMupaHe OOIIOTO pellleHne Ha 3ajadaTa Ha Komu 3a JimHeiHO ypaBHeHnue

Y +p()y =q(x),  ylxo) = w0

MOZKEM Jda HU3II0J3BaMe CbIIO TaKa U (bopMyﬂaTa

y(l‘) — e_fxzop(s)ds (yo +/ q(s) fmop de ) )

3amaum 3a caMocTodATeJIHA pabdoTa.
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Hamepere obmuTe peirenus Ha gajieHATe AudepeHITuaIHI YpaBHEHHS.

1. ¥ +2zy = (22 + 1)e”.

2. W=042p41.

3. Yy +ysiny = e,

4. (e®*+x)y — (e* + 1)y = (e* + )3
5.y — lzf—ny = arctan .

1.5 YpaBHeHus Ha bepnyan

VpaBHeHune oT BHIa
y' +p(2)y = q(z)y”,
kbaero gynkuuure p(x) m ¢(r) ca HenpekbcHaru B uurepBana (a,b), a o € peajHo 4ucjao
pazanuno ot 0 u 1, ce napuya ypasuenue na bepnyu.
Memod 3a pewasare na ypasueruemo wa Bepryau.
1.) Paznensive jiBeTe cTpaHU Ha yPAaBHEHHETO HA Y~

l—«

y= Y + @)y = q(@).
2.) [Monarame z(z) = y'=*(x).
3.) dudepennupame aBeTe cTpaHd Ha HOJAraHeTo
()= (1-a)y™y
U KaTo 3aMeCTHM B [aJIeHOTO audepeHInalIno ypapHeHne, moydaBaMe
2+ (1—a)p(r)z = (1 —a)q(z).

Tosa e nuneiiHo audepeHITuAIHO ypaBHEeHIe, KOSTO 3HAeM KaK Ce pPellaBa.
B ciepamuTe mpuMepH Jia ce HaMepu OOIOTO pelleHne Ha yPaBHEHUATA.

I Y 3.5
Ilpumep 1.y — 5~ = —y’z°, = > 0.
Hajenoro judepeHnuajHo ypaBienue € ypapienue na bepuyiiu, kbjiero n = 3. Bejnara
ce Buk1a, ye y = 0 e pemenne. Hue Tbpcum HeTpuBuanm perienns. Pa3iesisive aBere crpanu

3
Ha
Y —2
y—3y/ _ g — —:135.

[Monarame z(x) = y~2(x). Judepennupame IBeTe cTpaHn B TogaraneTo o , 2’ = —2y 3y u
KaTO 3aMECTUM B JIaJIEHOTO JupepeHIMaHO YpaBHeHHe, [I0JIydyaBaMe CIeJHOTO YpaBHEeHHe

z
24+ 2 =225,
x
KOeTO € JIUHEeHHo JudepeHIaJ o ypaBHeHHe ¢ OO0 pellenne

2(z) =e Jok (C’l + [ 225l ﬁ””dm)

~ LG ).
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BamecTBaMe z ¢ Y2,

Ipumep 2. 2y = - +

z
z2—1 y*
B caygag ymHOXKABaMe JBeTe CTPAHHU II0 ¥, KOETO TpdabBa Ja € pa3JndHo oT HyJa. Ilomy-

YaBaMe

x
! 2
2yy = — Y+
x4 —1
[Monarame z = y2. YpaBHernero 3a 2 e
, x
Z == z=x.
¢ —1

Pemagaiikn ToBa JinHEiHO ypaBHEHUE, MOJTYYaBaMe
z=vVa?—-1(C+ Va2 -1).

Bpwbiame ce B mosiaraneTro u HamMupame ¥y

y=+\/VE—1(C+VaT— 1)

3amaum 3a caMocTodATeJIHA pabdoTa.

Jla ce HaMepyaT OOIIUTE perieHns Ha JajeHuTe TudepeHuaTin ypaBHeHUs.
1. (22 + 1)y + oy = 233

2y +y=y*Inx.

(22 — y3)dx + 3xy?*dy = 0.

2%y —zy +y* = 0.

y' = ytanx + y* cos .

y' (2% + xy) = 1.

AR

1.6 YpaBHeHnus Ha Pukartn

VpaBHeHue oT BHUIA
y = alx)y® +b(x)y + c(x),

kbaero a(z),b(z) u ¢(z) ca dyaxnun va & ce Hapuya ypasHenue Ha Puxaru.
Vpasuenudra Ha Pukatn ca Kjaac ypaBHeHUs, KOUTO B OOIIUAT CJAydail He ce pelraBar B
kBaJparypu. Hampumep JInyBui e mokasas, de ypaBHEHUETO

y’:y2—$

He ce pelnaBa siBHO. 3abesiezkeTe, He ChIIECTBYBA PellleHre U3pa3eHo Ype3 HHTerpau OT efe-
MeHTapHuTe (DYHKIUA UM KOMOMHAIIMKM OT TsX, [HOJYyYEHU C OCHOBHUTE aJreOpUYHU Ollepa-
nuu. Mima obate periieHmne, KOeTO ce IpeJIcTaBsa ¢ Oe3KpaeH pej.



1.6. YPABHEHUIA HA PUKATU 25

3a J1a MOKeM Jia pelruM eJHO ypaBHeHue Ha Pukaru, Hu TpaOBa IOHE eHO YacTHO pele-
HEe. benarta e, 4e 3a HaMUpaHe HA YaCTHU pelleHus HaMa aJrOPUTHM.

I. Cry4ait Ha eIHO YaCTHO pelleHue.

Heka 3naem ejuo yactHo perenue y(r) na ypasuennero na Pukaru. Ciies nosiaranero
z(x) = m, JIaJeHoTo AudpepeHIalHO ypaBHEHNe ce CBexkJa 10 JuHeiHo audepeH-
IIaJTHO ypaBHEHNEe OTHOCHO HOBATA HE3aBHCHMa IIDOMEHJINBA Z,

(x) +p(x)z = q(z).

IIpumep. /Ta pasrienamve ypaBaenuero y' = %yQ — Qmm—“y +x + 2. JlecHo ce mpoBepsBa, Ue

dyHKMgTA Y1 () = T e YACTHO pellleHne Ha J1aJeHOTO JaudepeHnuatto ypasaenue. [logarame
_ _1 _ 1
z(x) = S WMy =T+ . Judepennupame JBeTe CTPaHW Ha IOCJIEIHOTO ypaBHEHHE
!/
Yy =1— % 1 XaTo 3aMeCTUM B JajleHOTO JudepeHIHalio ypaBHeHne 0Ty daBaMe,
/
rz =z—1,
KOETO € ypaBHEHHUe C OTJEJSIU ce IPOMEHJIMBU ¢ ODIIN0 PellleHue

2(x) =1+ cx.

Karo ce BbpHEM K'bM IOJIaraHeTo IoJIydaBaMe oOIOTO pelleHne Ha JaeH0TO JuepeHIinaTno

ypaBHeHUe
1

y(x) :17+1+—C$~

II. Cnyuait Ha Be YaCTHU pelleHus
Heka ca u3BecTHU JiBe 4acTHU pernenns yi(x) u yo(x) HA Ja7eHOTO TudepPEeHITHATHO YPaB-
Henue Ha Pukarn. B To3m ciy4ail e ynoOHO Ja HAIIDABHM CJIETHOTO IIOJIATAHE

_y(x) —ya(x)
)= D n)

YpaBHEHNETO 3a HOBATA MPOMEHINBA B TO3W CIydail e

Y = (1 — m)al2)2,

KOETO € YPaBHEHHE C OTIE/AINN Ce MPOMEHTHBH.
IIpumep. /la pasriegame ypasnenueTo y' + 2y% = l%. TbpcuM 9acTHO pelleHne OT BHAA
y = 2. 3amMecTBaliKu TO3M M3pa3 B JU(EPeHINATHOTO ypaBHeHHe, oTIydaBaMe, e a TpadBa
2 _ _ 2 _ _ 3
12 yaoBiaeTsopsasa 2a° —a—6 = 0, T.e. mmame ase yacruu pemenus Y (v) = = u y2(z) = —5..
[Tonarame, KaKTO € YKa3aHO MO-TOPE

z = y

Y+
y—2
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OTK'bJETO IIOJIydaBaMe€ YPaBHEHHETO 3a 2

¢ 06mo pemenne z = Cz”. Cera ce BpbINaMe B HOJATAHETO W HAMEPaMe Y

_nt %
y Cz™—1

Nma dopmysa 3a 0061i0T0 pelieHne Ha ypaBHeHHeTo Ha Pukaru, KosiTO M3I0J3Ba TPU
W3BECTHH YaCTHH pereHusi— BuzKTe Hanpumep |@, B].

3agadm 3a camocTodTeaHa pabdbora.
Pemere cnennure ypasuenus na Pukaru

=4yt s =
y? — ay — 7, y1 = ax + b.

1.7 Touynu mudepeHnuajIHn ypaBHEHU
Heduannusa /[udepenimainoro ypasuetnue
P(z,y)dz + Q(z,y)dy =0 (1.8)

ce Hapuda mouno B obnactta U C R?, ako cbmectsysa dynkmus F(x,y), Takasa, e

oF oF

a—y(w,y) = P(z,y), %(xay> = Q(z,y). (1.9)

Teopema 1.1. Hexa uwacmnume npoussodnu om nepeu ped na dynruyuume Pz, y) u Q(z,y)
ca nenpexscramu e obaacmma U C R%. Tozasa dudeperyuartomo ypasHenue

€ MmoYHo mozaea u camo moz2a6a, Ko2a1mo

oP oQ

3a ecaro (x,y) € U.

Hokasaresncrso. 1) Heka 1a1eHOTO ypaBHEHHE € TOIHO, T.e. CbinecTByBa dynkuus F(z,y), Takasa, 1€

e @) = Pa), 5 (9) = Q)
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2 2
IITe nmokaxkeM, 4de e m3mbineno ([CI). Tbii KaTO CMeCEHHTE NPOUBBOAHU OT BTOPU DEJ aBTaP;’ % Ca HEIpeKbCHATH, TO OT

TeopeMaTa 3a PaBEHCTBO Ha CMECEHHUTE IIPOU3BOAHU CJI€/Ba, 9€ T€ Ca PaBHU,

or _oF _PF _0Q
8y ~ Ozdy Oydx Oz

2) Heka e n3mbareno (II1). [Ie tpsabea xa nocrpoum bysxnus F(z,y), 338 KoaTO %—i(x,y) =P(z,y) = g—i(x, y) = Q(z,v).
3a Beaka dysknus ¢(y), dyaknusaTa

Flz,y) = / Pz, y)de + o(y)

YAOBIETBOPSIBA YCIOBUETO %—i(a:, y) = P(z,y). lleara e na onpegenum ¢g(y), Taka 4Ue Jja € U3I'bIHEHO PABEHCTBOTO

OF 9 /
Q=—= f/P(a:,y)dI-l-g (y)v
dy Oy

KOETO € eKBHBAJIEHTHO Ha TOBA JIa MOKAXKeM, Ue JsICHATa CTpaHa Ha PABEHCTBOTO
, 1s]
gy)=Q— Biy P(z,y)dx

e dyHKIUs caMo Ha Y, T.e. He 3aBUCH OT Z. 3a unesrta AudepeHiupaMe AsACHATa CTPAHa Ha FOPHOTO PABEHCTBO OTHOCHO X U KaTO
usnos3same (), mosryvaBame

el
2 (Q- & [P@yids) =93 - 22 [Pl,y)d
9 o
za—g—a—ymflj(a:,y)dx

ox Dy

|
Memoo 3a pewasare 1a mounu JuPepeHyuatu YpasHeHu:
oF _
1) aKo ypaBHEHHETO e TO4HO, TO 5~ = P(x,y). Cien unTerpupane Ha IOCIEJIHOTO ypaB-

HeHue 10 & HOﬂyanaMe
Fla,y) - / Pe,y)de + g(y):

2) 3a ma onpemgesnm ¢(y), audepeHnupaMe rOpHOTO ypaBHEHHE OTHOCHO Y M 3aMecTBaMe
OF :
B_y C Q(xa y)a

3) 3a ga onpegesuM ¢(y), MOJYIEHOTO YPABHEHHE HHTErPHPAME 110 Y;

4) 0B1oTO pelenre Ha TOYHOTO JudepeHnuaniHo ypaBHenue ce 3ajasa upes Ghopmysara

F(z,y) =C.

CbI10 Taka MoXKe Ja IpoleanpaMe U 10 CJIeTHUS HAYUH:

1’) umame %—F = Q(z,y). Cien uaTerpupate Ha MOCIEIHOTO YPABHEHHE TOJIYdaBaAMe
Y

F(x,y) = /Q(af,y)dy + h(z);

2’) 3a na ompegeanm h(x), qudepernupaMe TOPHOTO YPABHEHWE OTHOCHO T U 3aMeCTBaMe
oF .
7 ¢ P(z,y);

3’) 3a ma oupeseaum h(x), 10Ay4EHOTO ypABHEHHE MHTEIPUPAME 110 X.
B cnenpamure npuMepH ga ce HaMepaT oOIuTe pelleHns Ha audepeHIuaTHaTe yPABHeHNs.
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IIpumep 1. (6x — 3z%y)dx — (23 + 2y)dy = 0.
Heka P(z,y) = 6x — 32%y u Q(z,y) = —2* — 2y. Jlagenoro qudepeHnuaino ypapHeHue e
TOYHO, Thid KATO
»_ 0Q

= o

oP
oy
OF _

Ypaprenuero 5 = P(z,y) uuTerpapamMe OTHOCHO T I HOJTydaBaMe

—3x

F(z,y) = / (62 — 32%y)dxr = 32* — 2%y + g(y).

Judepennupanme ropHOTO yPABHEHUE 110 Y U KATO U3IO0JI3BAME, e %—5 = Q(z,y) = —2% — 2y,
110JIy YaBaMe

or 3 3.,

— =1 =2y = - + ,

9 Y q'(y)
otkbaeTO ¢ (y) = —2y. Cegosarenno (caen uarerpupane) g(y) = —y?. O6moTO pemenue Ha

JIeHOTO hePEHITHATHO yPABHEHHE €
32 — 2%y —y? = C.

ITpumep 2. (1 + ye® + yxe®)dx + (xe® + 2)dy = 0.
B ro3u cayuait P(z,y) = 1+ ye” +yze® u Q(x,y) = xe® + 2. Torasa %5 = e’ +xe’ = %—f,
T.€. J1aJIeHOTO qudpepeHIuaiio ypasaenne e Toano. Ce narerpupate Ha (Q(x,y) OTHOCHO v,

HOJIy4aBaMe
F(z,y) = / (xe® + 2)dy = xye” 4+ 2y + h(x).
OF

Judepennupame nocieHOTO ypaBHeHne OTHOCHO T U H3IOJA3Baliku, 4e G- = P(x,y), mory-
T
JaBaMe

1+ ye® + yze® = ye® + yxe® + h'(x).

Otkbaero noaydasame, de h'(x) = 1 u cien uarerpupane h(x) = z. Caenosaresnno F(z,y) =
rye® + 2y + r W pelreHneTo Ha JaJeHOTO mudepeHImaaino ypasuenune e rye® + 2y + x = C.

Ciies1 KaToO penuM OTHOCHO ¥, MOJydaBaMe Y = Qi;:;

[To-ecrectBen (M exkBuBasieHTeH) HauwH 3a permasane Ha ([R) e ma BHecem P u ) mon
3HaKa Ha JAudepeHiuaia u mocie Ja u3moa3paMe, de jgokaano dF = 0 gasa F' = C = const.

IMpumep 1 - apyro pemenne (6x — 3z2y)dr — (23 + 2y)dy = 0.

Beue Bujisixme, ye ypaBHenuero e Touno. PazkpuBame ckobure

6xdr — 3z ydr — x3dy — 2ydy = 0.
['pynupame dieHOBeTe MO CJICHUS HAYUH

6xdx — 2ydy — (32°ydx — xdy) = 0.
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Bracsgiikn nox audepennymaaure nmame
d3x® — dy?® — (ydx® + 2*dy) = 0.
Cera usnosssame npasunoro d(fg) = fdg + gdf 3a na momyunm
d3z* — dy* — (dz’y) = 0.

OrTyk
d(32* —y* —ya®) =0 — 32 —y* —y2® = C.

3amaum 3a caMocTOodATEeJIHA pabdoTa.

Jla ce HamepyaT OOIIUTE perieHus Ha JajeHuTe JudepeHuaiin ypaBHeHUs.
1. arctany’dx + 123’4 dy = 0.
2. (y+ye™)dz + (x4 xe™)dy = 0.

3. (y—g)de+ (x+)dy =0,
<x+—\/y21_—m2) dx + (y—y\/;?_—ﬂ) dy = 0.

1.8 YpaBHeHus, cBexKJalll ce K'bM TOYHU

-

B Tazu ywact me ce 3aHUMAaBaMe C YPABHEHHsI OT BHIA
P(z,y)dz + Q(x,y)dy = 0 (1.11)

ay 7y ax 7y Y

T. KOT'aTO YpaBHEHUETO HE € TOYHO JU(pepeHnHaIHo ypaBHeHHE.

Jla 3amounem ¢ npumep. [la pemmum ciielHOTO ypaBHEHHE

ydx — xdy = 0.
B to3u cayuait P =y, a () = —x. Bennara ce Bm:Kaa e
P
L_oP 0
dy ~ Oz

T.e. YpaBHEHMETO HE e TOYHO. YMHO)KaBaflku JBeTe CTPaHW Ha ypaBHEHHMETO C (DYHKIUATA
1/(z* + y?), nonyuaBaMe eKBUBaJIEHTHO ypaBHeHUe, KOeTo Bede e To4Ho (1mposepere!)

Y d z
‘%’_
x? + 1 x? + 2

dy = 0.



30 I'JIABA 1. METOJHN 3A PEIHIABAHE HA O/IY OT II'bPBU PEJ]

PemmaBaMe 10 9pe3 MOCTe0BATEHO BHACSHE MO AudepeHuaia (MIn M0 OMUCAHUS B IPE]I-
HATA CEKIMsl HAUNH)

ydr — xdy

R A

X

y*(1+77)

N3noa3Baiiku paBUIOTO
dz

x x
Y~ =0 — darctan — = 0 — arctan — = const.
1+Z—2 Y Y

df—fd
dl = 99199 o 1yaasame nocaenoBaTeHO
g g ’

Tos3u npumep HU JaBa OCHOBaHHE Ja THPCUM OOIIO MPABHIIO.

Hedbunnumsa. Qynryusma (1(T,y) we Hapuuame UuHmMezpupay, MEOHCUMeEN, ako cied Ka-
mo ymuoscum deeme cmpanu wa (TID) ¢ pu, ypasuenuemo ce npeepswa 6 mouno dudepen-
YUAAHO YPABHEHUE.

BbIpochT cera e Kak ja HAMepHM HWHTeTPHPAINS MHOKHUTENT (aKo cbinecTByBa)? la cn
HIPUIIOMHKM, 9e HOBOTO ypaBHeHWe (CJieji KATO YMHOKUM J[BeTe CTPaHH)

p(z, y)P(r,y)dx + p(z, y)Q(x,y)dy = 0 (1.12)
e TouHO AndepeHIHaIHo YpaBHEeHHe, aKO
o(uP) _ 0(pQ)
T.€. aKO 5 5 50 op
u 1
I Nt o B el )
y oz (8x 8y) H (1.14)

KOeTO € JacTHO JupepeHnuaa o ypaBHeHe. 3a Ja U30erHeM Ta3u TPYIHOCT, I'bPBO Ja TIpe/I-

MOJIOZKUM, Y€ UHTEIPUPAIIUAT MHOXKUTEN [ € (DYHKIMS CaMO HA HE3aBHCHMATa IIPOMEHJIMBA

. Nmame g—g = (. Torasa (CI3) ce cBeKAA 10 yPABHEHHETO

du or _ 9Q
I _ [ oy ox
B ( 0 >u. (1.15)

aP _ 9Q

Oy oz
Q

1. Oﬂ@dOGGm&/LHO, axo us3passin ( ) € &yﬂ%‘uutﬂ CaAMO HA HE3ABUCUMATA NPOMEHAUBA

x, mo (CIA) e ypasnenue ¢ omdesawsu ce NPOMEHAUBY U MAKA NOAYHAEAME CAeOHama op-

MYAG:
or _ 9Q
p(z) = exp {/ (%)dm} : (1.16)

AHaJIOrH9IHO, aKO MHTEIPUPAITUSIT MHOKATE [ € (DYHKIHSI CaMO Ha Y, TO % = 0. Torasa

(CIA) ce cBexkTa 10 ypABHEHHETO
0Q _ ap
&u dr Oy
— = —— . 1.17
o ( 5| A (1.17)
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2Q 9P

2. Caedosamentro, axo uspassm Bz By € HRUYUA CAMO HA HE3ABUCUMATIA TIPOMEHAUCA
) P ’

mo (CId) e ypasrerue ¢ 0moesalyu ce nPOMEHAUBY U MAKE NOAYHACAME CACOHAMA POPMYAQ:

0Q _ op
11(y) = exp {/ (%) dy} : (1.18)

B cienpamuTe mpuMepH j1a ce HaMepsaT OOIIUTe pelieHnus Ha JAudepeHnnalIiuTe YpaBHeHUs.

IIpumep 1. (3zy + y*)dx + (2* + zy)dy = 0.
Hexa P(z,y) = 3zy + v*, Q(z,y) = 2* + xy. Torasa

%:3x+2y%8—Q:2x+y.
y ox

CrenoBareiHo ypaBHEHNETO HE € TOYHO. ['hil KaTo

orP _ 9Q

dy ox rT+y

Q (z+y) =

)

TO THPCUM WHTErpUpaI MHOKHTEeN Kato dbyHkims camo Ha z. ChriaacHo dopwmyaa (D)

u(z) = exp {/ (ﬁ) da:} ~ exp (/ im«) .

KaTo yMHOXKHM JiBeTe CTPAHU Ha JaJIeHOTO yPaBHEHHE ¢ i(T), MOy IeHOTO yPABHEHHE € TOUHO

(32%y + xy?)dx + (2° + 2*y)dy = 0,

Q..2 2 3 2
it KaTo 252 g;xy ) - O 5; TY) = 342 + 2zy. O6IIOTO perenne Ha I3 IeHOTO TuhepeHITnaTHO
ypaBHEHUE €
x2y2
w3y + 5 = C.

IIpumep 2. ydx + (y — x)dy = 0.
Heka P(z,y) =y, Q(z,y) = y — x. Torasa

oP 0Q

_:17&%

~1.
dy

CrenoBaTenHo ypaBHEHHETO He € TOYHO. 1'bil KaTo

o0Q 0Q

O Oy _ _“

Q y’
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TO THPCUM WHTEIPUPAI MHOKHTEN KaTo dbyHKIust camo Ha y. CbrnacHo dopmyra (CIR)

u(y) = exp{/ <%—;%> dy} = exp (—/gdy) = %

KaTo yMHOXKAM JiBeTe CTPAaHU Ha JAJeHOTO ypaBHEHHE ¢ (4(Y), HOJIYI€HOTO YPABHEHHE € TOUHO
]_ _
—dxr + i 5
Y

o) s

oy T T or %
Nurerpupame pynxmnusara i o ,

TbI KaTO

F(z,y) = /idw =2 1 y).

Yy
JTudepeniupame rOpHOTO YpaBHEHHUE 110 Y U KATO U3IMOJI3BaAMe, 4e %—5 = y;—f, oJTy daBaMe
y—x OF x ,
= =)
y? dy y?

Otkbiero norydaBame, de ¢ (y) = i Cren mHTEerpupane Ha MOCIEIHOTO PABEHCTBO

9(y) = In|yl.

B kpaiina cMmeTka 3a 00IIOTO pellieHre Ha JIaJIeHOTO JAHMEpPeHInaIH0 YpaBHEHHE MOy YaBaMe

x
—+Inlyl =C.
Y

Samadm 3a camocTodTeaHa pabdboTa.

Hamepere o6ImuTe permenns Ha CJIGIHATE yPABHEHUS
1. (2®+ y)dr — zdy = 0, = pu(x).
2. (f—i—l)dx—i—(i—l)dyzo = 1(y).

3. (Va2 —y+2x)dr —dy =0, = p(x? —y).
4. Hamepere nHTErpupaiiuTe MHOXKHATEJIN HA,

a) ypaBHEHHSITA C OTIEJISAIIN Ce MPOMEHJINBH,

6) XOMOTeHHUTE yPaBHEHHUS,

B) JIMHEHHWUTEe ypaBHEHUs,

) ypaBHeHUATA Ha BepHy.iu.



I'1aBa 2

O/1Y ot no-Bucok pen. IloamkaBane Ha
peaa

B ra3zum rmiaBa 1ie pasriejgaMe HAKOM OT HAN-IIPOCTUTE KJIACOBE YPaBHEHUS OT MO-BUCOK OT
II'bPBH P, IPU KOUTO CJIeJ CMSAHA Ha IPOMEHJIMBUTE PEILT Ce MOHuzKaBa. /Ipyru no-cmoxuun
KJIACOBE yPaBHEHMUsI, TPH KOUTO DEJIbT Ce TMOHMZKaBa, MOTaT Ja ce BUAAT Hampumep B [d].

2.1 VYpasuenus ot Buga y" = f(x)

[Ipu Te3u ypaBHeHUs IPOCTO HHTEIPHPAME HIKOJKO I'bTH JICHATA CTPAHA MO T, KOETO HaMa-
JIIBa peJia 1 700aBs MO eJJHAa KOHCTAHTA IPY BeAKO WHTerpupane. Cies n-KpaTHO HHTErpUPAHe
noJty4aBamMe ODIIOTO PellleHue.

Ipumep 1. /la pemnm ypasuenuero y’ = xe®.

NurerpupamMe BeJIHbAK U MOy daBaMe

y = /xexd:E—I—C’.
HTerparbT ce mpecMaTa JECHO 0 YACTH, KOETO JaBa
y = (z—1)e"+C.
Cera WHTerpupaMe IBeTe CTPAHU OINE BEIHBIK:
y:/(x—l)exdx—l—C’xﬂLD.
M3no3Baiiku rOpHOTO HHTErPUPAHE 110 YaCTH, TojlydaBaMe obIIOTO pelienue

y=(x—2)"+Cx+D.

3amaum 3a camocTodaTesiHa pabora. /la ce namepsit obuuTe penieHus Ha JaJeHUTE
gupepenHnuainu ypaBHEeHHI.

33



34 I'VIABA 2. O4Y OT 110-BHCOK PE/I. IOHH?KABAHE HA PEJIA

1.y =sinx

2.y =xlnuz.

2.2  Vpasrenus ot Buga F(z,y™ (z), y* ), . y™(x)) =0

Tosu Kjac ypaBHEHHs He Chibp:kKa HenmsBecTHaTa (PYHKIWUA Y(T) U HIPOU3BOIHUTE W JIO el
k—1.

[TonnzkaBame pejia Ha YpaBHEHHETO € k € IMHUIIH, KATO IOJOXKUM Hall-HUCKATa ITPOU3BOIHA,
KaToO HOBa 3aBHCUMa MPOMEHINBA

2(x) = y®(x), (2.1)
[TocnemopaTeno u3pasgapamMe IPYIUTe HPOU3BOIHH
Z(x) = y®(x), ..., 2P () =y (2).
YpaBHEHHETO 34 2 € Bede YpaBHeHne OT pea n — k
F(z,2(z),...,2" M) = 0.

AKo ycmeeMm ma penmmmM TOBa ypaBHEHHE OTHOCHO 2z, TO BpbIiame ce B moaaranero () u
)
peliaBaMe ypaBHEHHE, KOETO € OT THUIl, OIIMCAH B IIpeJHATa CeKIUs OTHOCHO Y.

IIpumep 1. Ypasrenuero z2y” = y"? ne cbabpka bynknuara y. Ilomarame z = ¢/, 2/ = 1/
I KaTO 3aMeCTHM B JaJIeHOTO YPaBHEHHE, IOIydaBaMe

1 1
_:_4_07
z
x
z = .
1+Cx

BamecTBaMe Taka HAMEPEHOTO 2z ¢y (T.e. BpbIaMe ce B MOJATaHeTO)
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KOeTO ypaBHEHHE € OT THII, pa3riejJaH B npejaHarta cekmusd. Cjiejl HHTerpupane moJydaBame

nocsiegoBaTes Ho upu C' # 0
/ Crxr+1-— 1
dx
1+Cx ’

(/M””‘/ Setr)

y(z) = c (x — éln(l +Cx) + D)

KOETO € ODIIOTO peleHnne Ha pe3riexkaanoro ypasuenue. [lpu C' = 0 umame TpuBHAIHO
y = x%/2, HO TOBa € YaCTHO pellleHne.

"no__ 1/,,01\2

IMpumep 2. " = —5(y")°.

Tosa e ypaBHenume or Tperu pel. To He ¢brbp:ka HewsBecTHaTa (DYHKIWMS Yy W HeifHATA
mbpBa npoussojgna y'. Ilomarame y” = z(z). Ouesunno y” = 2. TlomyuaBame CJIeJHOTO
ypaBHEHHUE 3a, 2

1
7 = —=2%
2
ToBa e ypaBHeHHUe ¢ OTIEJANIN ce TpoMeHInBH. Herosoro perenne e
1 1 C
—_—— = —— — —,
z 2 2
KOETO 3aIllucBaMe KaTo
o) = —
x4+ C
Cera ce BpbIlaMe B IOJAraHETO
2
!
y' = z(x) =
x4+ C

u TpaOBa Ja WHTETpUpaMe TOBa ypaBHeHue aBa bTH 10 . Cles eIHOKPATHO MHTErPHPAHE
oIy yaBamMe
y =2In(zx+C)+ D.

Nurerpupame ore BeIHBK
y(x) = 2/ln(x +C)dx + Dz + E.
WHTerpaabt ce mpecMsTa Mo 9acTU W OOIIOTO PellleHne uMa BUIA

y(x) =2zln(xr+C) —2x —2Cln(x+ C)+ Dz + E.

3amaum 3a caMocTOodATEeJIHA pabdoTa.

Jla ce HaMepyaT OOIIUTE perieHnsd Ha JajJeHuTe TudepeHIuaTin ypaBHeHUs.
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(1+ 2%y + 22y = 622 + 2.

" =y + msiny—/

y'+ W)=+ )y
zy" =y"(3 —x).

=W e

2.3 ABTOHOMHU ypaBHEHUS

Axo YpaBHEHHUETO HE CbAbPZKa He3aBUCHUMaTa IIPOMEH/IUBa T, T.€. YpPaBHEHHETO UMa BHIa

y' =p(y). (2.2)

[To TO3M HaYWH 33 HE3ABUCUMa MPOMEHJIMBA MMaMme Y, a 3a Hem3BecTHa (Gynknusa p(y). Ako
YCIIeeM JIa PElIuM II0JIyYeHOTO ypaBHeHHe CIupsaMo p(y)

F(y,p'(y),-...p" V(y) =0,

TO BpbIame ce B nonaraneto () u perraBave ypaBHeHHe ¢ OTAEISIIN Ce TPOMEHIHBU OT-
HOCHO Y.

IIpumep 1. /la pasriename ypasaennero yy” = y?y + 42 llomarame y' = p, KoeTo, KaTo
nudepenmupame mo x, umame y” = pp’. Karo 3amecTuM B 1aJeHOTO ypaBHEHHE U PA3IEJIHM
JBeTe CTPAHM Ha Yp, HOdydaBaMe ypasHenueTo p' = y + py !, Koero e juHeiiHO ypasHeHue.
HeroBoto periienne e

)=/ 39 (ot e 3dy) = u(Cit ).

Cera ce Bpbiame B nosiaranero. [loydeHoTo ypaBHeHUe € ¢ OTAESAINN Ce TTPOMEHINBH

dy
i y(y + Ch).

C.He,ZI; HHTEI'pUpaHe HMaMe IIOCJIe10BaTe/JIHO

1
4 :/1dx,
/y(01+y) Y

1 1 1
— - dy = x + Cs,
(y y+01>y ?

1 Yy
—1 =2 +C
Ch n(ZH‘Cl) vt
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Y Crzx
= Ce™7.
y+Ch
IIpumep 2. [Ta pasriegame ypasraenuero yy” = —1. Tlonarame y' = p(y). Vspaszsisame

BTOpaTa nponssoana Yy’ = pp’ m 3amMecTBaMe B YPABHCHHETO

NuaTerpmpamMe ToBa YpaBHEHHE C OTEJISIIN Ce TTPOMEHTUBH

dy C
Jrir=-[ 35

[lonydaBame 3a p cieq KOpeHyBaHe

e,
o7

Pasriexame camo ciydast ¢bC 3HAK +, APYTHUAT € 10100eH. BphiaMe ce B mojiaraHeTo, KaTo

3a Yy ©UMaMe YpaBHEHUETO
, 1+ Cy?
Y
PaS,HeHHMe IIPOMEHJIMBUTE B IIOCJICOAHOTO YpaBHEHHE

ydy

L
V14 Cy? !

Wurerpupame npu C' # 0 u mosydaBaMe 0OIOTO peIleHHe

1
E\/1+Cy2:m+D.

[Ipu C' = 0 unTerpasbT € TPUBHAIEH — [TOJIyIaBaAME
yv’/2=x+ D,
HO TOBa € 4aCTHO pelleHue.
3amaum 3a caMocTodATesIHA pabdoTa.

Hamepere obmuTe perrenus Ha jgajieHuTe AudepeHIiuajiil ypaBHeHU:
1.y —2yy =1.

299" = () + ()’ =0.

3.y + (y)? =2ev.

4oy +y=(y)"
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2.4 XOMOr€HHO ypaBHEeHHE OTHOCHO { M HEMHHUTE IIPOu3-
BOJIHU

AKo 1a1eHOTO ypaBHEHHE € XOMOTeHHO OTHOCHO HeM3BecTHATA (DYHKIINA Yy W IIPOU3BOJSHATE 1,
T.e. aKO He ce IpoMeHd npu 3amsgHara "a v,y ,y", ... ¢ ky, ky', ky”, ..., To peabT Ha JaJIEHOTO
yPaBHEHUE MOZKE /14 C€ IOHMXKHU ¢ eIUHHUIA ChC CMAHATA

Y =yz, (2.3)

K'bJIETO Z € HOBaTa HeusBecTHA PyHKIM. MoxKeM Jia u3pas3um Bropara U CJeBAIUTE [IPOU3-
BOJIHU Ype3 MO-HUCKU ITPOU3BOHU Ha 2. Hampumep

y,/:y/2+2/y:y(22+zl).
[TosyuaBaMe CJEJIHOTO ypaBHEHUe 3a, 2
F(x,z,7,..., 2" Y) =0,

AKo vermeeM Ja peimmM TOBA aBHEHME CIPAMO Z, TO BpbBIaMe ce B noJaradero (E3) n
3
perraBaMe ypaBHEHHE C OTJIeJISIIIN Ce TTPOMEHJIUBH, 3a Jia OIPeJIe/J M Y.

IIpumep 1. Pasriaexxname ypasrenueto y'2 +2yy” = 0. JlecHo ce BUXK/1a, 9e aKO 3aMEHIM
yeky,y cky ny” cky”, ro ypasaennero ue ce upomens. [lomarame 3y’ = yz, nudepennnpame
romo z, Yy’ = y'z+yz = yz?+y2 u Karo 3aMecTHM B JaAeHOTO AudepeHInagIio ypaBHeHne,
noJiyuaBame JupepeHIuajsHoTO ypaBHeHUe

KO€TO € ypaBHEeHHE C OTIeJIANIN Ce€ IIPOMEHJ/INBHU. C.HG,ZL HHTerpupane mnoJjydaBame

dz 3

Rt
1 3
I

Ot1Tyk u3passBaMe z eKCIUITUIUTHO U Ce BpbIame B mojaranero. OTHOBO MOJydaBaMe ypaB-
HeHMe ¢ OTJIeJIIU ce TPOMEHIUBI

dy 1
— = ——dux.
Yy %x -

aTerpupaMe moaydeHOTO YpaBHEHHE

dy / 1
— = [ —dx,
/ ) %SC -
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+ Oy,

y(z) = C (;x _ 01)‘3’ |

3
513—01

2
In|y| = gln

IMpumep 2. Pasraexame ypasaennero ryy” —x(y')? = yy'. [Iposepasa ce Begnara, ue To
e XOMOreHHo. T'bif KATO ypaBHEHUETO BUHAIM UMa HYJIEBO PElIeHne, TO ThPCUM HeTPUBUAJIHY
perrernns. [Tomarame y' = yz. Bede npecmernaxme i’ = y(2/ + 2?). 3amecTBame Tesu 1pons-
BOJHHI B yPaBHEHHETO U cJieJ ChKpalllaBaHe Ha y> JoCTHTaMe J0

xZ = z.

ToBa e ypaBHeHHWE C OTIEJIAIIM C€ MPOMEHJMBH W HENOBOTO PeIleHHe Ce HaMUpPa JIECHO —
z = C'z. BpbIllame ce B moJaraHeTo
y = Cuzy.

OTHOBO pemaBaMe ypaBHEHHE C OTIEIAIIN Ce IIPOMEHIUBH U HAMUpaMe ODIIOTO pelieHne

Iny = Cx?/2+ D.

3amaum 3a caMocTodATesIHA paboTa.

HanepeTe obmuTe penrenns Ha qageHuTe qudbepeHITaTH yPaBHeHH:
1. 2%yy" = (y — zy')%
2. yy" = (y')*.

2
3. ayy" —a(y) = A= -
4

2y —y?) +ayy =yt + oy

2.5 YpaBHeHUd, KOUTO CA II'bJHUA HPOU3BOIHU
[Tonsikora ce oka3Ba, 4e HAKOe JudepeHInaliHO ypaBHeHNE

F(I7 y? yIJ ttt 7y(n)) = 0

MOXKe JIa ce npeodpasyBa JI0 CJIeJHOTO

n d n—
F<:C7y7y/7"'uy( )):%G<x7y7"'7y( 1)):07

T.€. JIdBaTa CTpaHa MOXKe [Ja Ce 3allulie KaTO II'bJIHa IIPOU3BOAHA. Torasa PEeABT Ha ypaBHE-
HHETO Ce IIOHU>KaBa BEJHAT'A

G(z,y,... ,y("_l)) = (C = const.
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IIpumep 1. /la pasriename ypasaenuero yy” — (y')? = y*y”. Bennara ce puxia, ye y = 0
u y = const ca pemenns. Heka 1a HOTBbpPCHM HeTPHBHAJIHHI pelleHHd. JleJUM IBeTe CTpaHH

Ha y°.

v —y*
Y
JlgBara crpaHa e MpOn3BO/IHA HA YACTHO, & JISICHATA € SICHA!
2V _yy
dx y ’
W i o
Ly =o.
dx 'y
[TonyuyaBame
vy o
L _y=C
)
ToBa ypaBuemue 3amucBamMe KaTo
/ Cy
y =—.
L—y
Toa e ypasaenue ¢ oraessiu ce npomensusu. [Ipu C' # 0 (C' = 0 orroBaps Ha y = const)
nMame
10-ydy
C vy '

Wurerpupaiiku, nogydapame oOIIOTO pellleHHe

1
a(lny—y):x—i—D.

IIpumep 2. [a pasriename ypasuenuero yy” + (y')? = 2z. Jlasara crpana Moxe Ja ce

sarmte kato (yy'), a AdcHara e oueBnaHO pasHa Ha (z2), win
(yy' —a?)' = 0.
Orryk ciensa, ue yy' = w2 + C. Ho ToBa e ypaBHeHUe ¢ OTJEJIAIH Ce IIPOMEH/IHBH
ydy = (2° + C)dz.
MaTerpupame BeIHDK U MOJydaBaMe O0IIOTO peIleHue

y?/2=2%/3+ Cx + D.

3amaum 3a caMocTodATesIHA pabdoTa.

HamepsT obmure perirenust Ha jgajieHuTe U EPEeHITHAJIHE YPABHEHUS:
Loyy" =y>

2.9y" =y'(y +1).

3. yy" +3y'y" = 0.

4.9y

12,11

Y =y

"o



I'1aBa 3

OcHOBHU TeopeMu

B tasu riasa 11e U3JI02KUM HAKOH OCHOBHHU PE€3yJTaTu, CBbP3aHU CbC 3a/ia4aTa Ha Komm

x=uv(t,x), (t,x)e W CRxR"

x(to) = %o, (to,%0) € W (3.1)

Tyk W e obsract B pasmupenoro ¢gpa3oBo mnpoctpanctBo R X R" v pea/lHO3HAYHO H300pazKe-
HUe, ¢t e He3aBUCHMATA MPOMEHINBa, a X(f) ca ThPCeHUTe BeJTUIHH.

Teopemata 3a CBHITECTBYBaHE W €IUHCTBEHOCT € DOpMyJIMpaHa u J0Ka3aHa B cekius 3.1.
Teopemara 3a cbinecrsyBane e jiesio na Komn u [leano, a cbiecrByBaneTo u € iuHCTBEHOCTTA
— na [lukap u Jlungenvod. MMa HAKOIKO pa3/udHu HAYWHA JIa CE JIOKAaKe Ta3u TeopemMa u
BCHYKH T€ W3UCKBAT JsicHaTa cTpaHa v(t,X) ja yJIoBJIeTBOpSABa YCJIOBUETO Ha JIMIIIHUIL 1O X.
OCHOBHUTE CPEJICTBA IPU JIOKA3ATEICTBOTO Ca MOCIeI0BATEHI IPUOIHZKeHUs (IPUOTHZKEH s
na I[Tukap) u mepasencrsoro ua I'ponyorn (Jlema B3). [lo-matarbk B cexmum 3.2 u 3.3 ce
pasruiek/JaT pe3y/ITary 3a HellpeK’bcHaTaTa u jaudepeHupyemMara 3aBUCUMOCT Ha PEIIEHUeTO
Ha 33 adara Ha Komm (Bdl) oTHOCHO HavagHUTe yCJaoBUs U mapamerpu. [IpomabikaBaHeTo Ha
JIOKAJTHUTE peIleHrd B MO-TOJIAM HHTEPBaJ CE pa3lviezKda B CEKIUA 34

3.1 Teopema 3a CbllleCTBYBaHE U €JMHCTBEHOCT

Ja zanounem ¢ upumep. /la pasriejgame 3ajgadara Ha Koiin

2?3, 2(0) = 0.

T =
OueBuno x = 0 e eano pemrenue. la moTbpcuM HEHYJIEBO pelleHue. Y paBHEHHETO € OT THII

pa3IeIANIN ce TPOMEHTUBHI — xﬁ% = dt. Cnex uHTeTpUpaHe n eJIeMeHTapHHE TpaHchopMaIun

t+C)3 . 3
oJydaBaMe T = % Tbii karo x(0) = 0, To KoHcTanTata C' e paBHa Ha HyJa WIH T = ;—7
+3

[omyunxme, de npes Touxata (0,0) Mumapar ase permenns — v =0 u v = 4.

PasryieianusT npuMep 1oKa3Ba, 4e caMo HelPeK'bCHATOCT Ha, JsICHATA CTPaHa Ha JudepeH-
[UAJHOTO YpaBHEHUE MU CUCTEMa He € JOCTATHIHO YCJIOBHE 3a eJIUHCTBEHOCT Ha PElIeHHeTO
Ha 3a1adaTa Ha Komu. EcrecTrBeHOTO yeI0BHE € JgcHATa CTpaHe j1a e audepeHuupyeMa B pas-
riezk janara obact. Okaspa ce 1m0-yJ00HO 3a J0KA3aTe/ICTBATA, KOUTO CJEABAT, Ja HOUCKAME

JIICHATa CTpaHa Jia e JIMnimumnosa mno X.

41
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Qurypa 3.1
Hedbuuunua 3.1. Usobpascenuemo f: U — R”
ce napuya Jlunwuyoso, axo

1f (@) = fWll < Llle =yl Va,y e U

[Tousikora ycJjioBuero Ha Jluiimui ce 1npoBepsiBa
TPYJIHO W 3aTOBa 1e JAJeM I0-JEeCHO TPOBEPUM
KPHUTEPUii, KOWTO jIaBa Bpb3KaTa MEeK 1y jiudepen-
NUPYEMOCTTA U JIATIITUIIOBOCTTA.

R’n

Jlema 3.1. Henpexscnamo dugepenyupyemo usobpascenue f, depunupano 6spry usnskHaio
Komnarmuo nodmmoocecmso V. wa obaacmma U, e JTunwuyoso kamo, L = supy, || fill.

HoxkazaresicrBo. Heka x,y € V (dur. 3.1). Ta o3Haunm
z(t):x—i—t(y—x), te [071]7 Z(t) ev.

Ot dopmysara va Hroron - Jlaitbuun nmame

1 d 1 . B 1
1) = 1@) = [ Greou= [ e [y -oa.

1 1
Hf(y)—f(MH:H/0 f*(y—af)dt\léﬁ 17 1I(y = @)||dt < Ly — xl|.

Hy:xna uu e ome ciemnara

JIema 3.2. (I'ponyon) Heka u,v : [a,b] — R ca nenpexscnamu u neompuyamenru. Heka e
usnsaneno 3a ecaro t € [a,b] u C >0 u(t) < C + f;u(s)v(s)ds. Tozasa

u(t) < Cexp(/ v(s)ds).

HoxkazaresicrBo. Heka C > 0. Jla o3raunm h(t) := C + f; u(s)v(s)ds.

h(t) >0 (u(t) < h(t)).

h(t) = u(t)o(t) < h(H)o(?)

t
Cuien marerpupane nosyvasame h(t) < Cela v(9)ds  grgnnero cnensa pesyararst npu C > 0.
Heka C' = 0. BamectBame C ¢ € > 0, KbJETO € € TPOU3BOJIHO JOCTATHIHO MAJIKO. [Ipuaraiiku rOpHOTO HEPABEHCTBO CJIE/T
e — 0, mosmyuasame h(t) = 0 u crnegosarenuo u(t) = 0.

O
Pasrnexgame 3amagara na Komn (B).
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Teopema 3.1. Heka v(t,z) € C(W) u nexa xomnaxmem K = {(t,x) € W : ||z — || <
b, |t — to] < a} ce esdsporca 6 W. Jla npednoaoorcum, we v(t,x) e Junwuuosa no v 6 K ¢
konemanma L, m.e. |[v(t,z)—v(t,y)|| < L||z—yl|| 3a ecaxo (t,x), (t,y) € K. Heka ||v(t,z)| <
M 6 K uh < min(a,L). Toeasa cowecmeysa eduncmeeno pewenue na (E3), dedunuparno
6 (to — h,to + h) u ydosaemesopasauo x(ty) = xy.

Tasu Teopema 1me J0KaxKeM C IIOMOIINTA HA MeTOJa Ha IOCJeI0BATEIHUTE HpUOINKeHUs

Ha [Imkap.
JHokazaresictBo. lle pa3buem J0Ka3aTEJICTBOTO HA HIKOJIKO IPOCTU CTHIKH.

Crbnka 1. IIbpBO me mokazkem, 4e pemapBaHeTo Ha 3agadara Ha Komm (B) € eKBHBAJIEHTHO HAa DEMIABAHETO HA €HO
HHTErPAJHO yDABHEHHE.

Tbit KaTO & CHIIECTBYBA, TO T € HENPEKbCHATO N300paskeHue, CJIe0BATEHO HETPEKbCHATO € U v (¢, (1)), OTKbIAETO & ChINO

e HempeK'bcHaTo. IHTerpupame ot to g0 t
t t
/ zds = / v(s, z(s))ds,
to to

OTKBbAETO MOJydYaBaMe

t
ac(t):x(to)Jr/ v(s, 2(s))ds. (3.2)

to

Taka mokasaxme, 9e BCAKO pemeHune Ha (B) e pemenue Ha MHTErpasHOTO ypasHeHme. OOpaTHO, HeKa Z(t) € HEHPEKbCHATO
pewenne na (B3). Jdudepennupamve (B3) u &(t) = v(t,z(t)). Bamecrsaiiku B (B2) t = to, noaygasame z(tg) = zo, Te. z(t)
YAOBJIETBOPsiBa 3aAavara Ha Kommn (B).

Heka cera kKoHCTpyupame npubnukenusaTa Ha I[lukap. [ledunupame ciegHaTa peauna oT m3oOpaxkenusa {xn(t)} 3a t €
(to — h,to + h) u 3amaaena ¢

¢
xn+1(t)::pg+/ v(s,zn(s))ds, xo(t) =xz0, m=0,1,... (3.3)

to

Crbnka 2. Beako uzobpaxkenue xn(t) e qo6pe gedunupano u (t,z,(t)) € K,n=1,2,....
HokazartesictBo. llle nsnounssame unpyknus. Tebpaenunero e oueBuauo 3a n = 0. [Ipeanosarame, e ||xk(t) — zol| < b 3a
Hsakoe k > 1. 3a ciaeapBamoro npubiniKeHne nmame

t t b
o ® = zoll = Il [ o(s,an@)dsl] < [ llo(s.an(o)llds < Mt~ to] < Mh < M = b,
to to
Crope/l IpUHITUIIA HA MATEMATHIEeCKATA WHIYKIUS OIEHKATA
|z (£) — 20| < M|t — to] < Mh < b, upnlt —to| < h (3.4)

€ BSIPHA 3a BCEKHU €JIeMEHT OT pepuuara u3oOpaxenus (B3J). M300pakenusTa Zn(t) ca HempekbCHATH, Thbil KATO Ca HHTErDAJIU
OT HENPEK'bCHATH U300PAKEHHUS.

CreiBamaTa CTbIKA € OTHOBO HHIYKIIMOHHA.
Crbnoka 3. IlociegoBaresinure npubJIMKEHNST YAOBJIETBOPSBAT OLEHKATA

n—1|t7t0‘n n—lhn
lln () = en_1 (B < MLPE 0 < MLr 1 =12, (3.5)
n: n:

HokasaresictBo. 3a n = 1 onenkara ciaensa or (BA). Heka momycuewm, ue (BH) e m3mbiHeHO 3a Hskoe n > 1. V3mom3Baiiku
YCJIOBHSATA HA TEOPEMaTa, yCTAHOBABAME, € TO € M3I'bJIHEHO U 3a (n + 1):

t
[Znt1(8) — 2z (B)]] = II/t (v(s,2n(s)) — v(s, 2n—1(s))) dsl|

t t —to)"
<Nl [ Llon(s) = wna()lasl < 1] [ zarpe-t B0 )
to to n!

\x—xo\"+1 n hn+1

(n+1)! — (n+ 1)
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OTHOBO CHOpPE/l MPUHIAIA HA MaTeMaTHYeCKATa MHIYKIUsA cyeasa, de (EH) e U3MbJIHEHO 3a BCAKO M.
Jokazanara B Crbuka 3 onernka (BH) Hu no3BosisiBa Ja MaXKOpHpaMe peja

S = zo(t) + (z1(t) — 20(t)) + (z2(t) — 21(1)) + ... + (@n(t) — Tn_1(t)) + ...

CbC CXOJSII YUCJIOB PeJ C HOJIOKUTEJHU CbOupaeMu
h2 o h3 LA M, .
ISI1 < Mh+ MLz 4 ME® o ML= (P 1) < oo,

Cobriacuo kpurepust Ha Badiepmpac (Teopema BE) 3a paBHOMEpHA CXOAUMOCT, peabT S € PABHOMEPHO CXOASI] B HHTEPBAJIA
[to — h,to + h] , a peauuara or wacruunure My cymu {Sp}%; K/IOHM PABHOMEDPHO KbM HEIPEKbCHATO M300parKeHHe, KOETO
o3nagaBame ¢ z(t) :

Sn = wo(t) + (21(t) — 20(t)) + (22() = 21(1) + ... + (@n(t) — @n1(8)) = 2n(t) = a(0).

Tbit kaTo Hm306pakeHneTo v(t, £) € HEIPEK'bCHATO, TO MOXKEM [1a M3BbPIIAM IPDAHUYEH IPEX0] B PeKypeHTHATa 3aBucuMocT (B3):

t t
zn(t) = z(t) / v(s,zn(s))ds = /t v(s,z(s))ds, n — oco.

to
C ToBa mokazaxme, g€ z(t) yJOBIETBOPSBA HHTErpAJHOTO ypasHeHue (B2) u CIe0BATEIHO € perenne Ha 33a9ata Ha Komu
(&).

OcraBa jla JOKasKeM eJMHCTBEHOCTTA Ha HOJIyYEeHOTO PEIIeHUE.

Crbuka 4. z(t) e eJUHCTBEHOTO pemenne Ha 335a4ara Ha Komw (B) B maTepBata |t — to] < h.

HokazartescrBo. Heka z(t) e npyro pemenune Ha 3amadara na Komu (B), nedbunupano B |t —to| < h1 < h u ciegoBaTeano
TO YJIOBJIETBOPSABA MHTETPAJIHOTO yPaBHEHHUE

t
z(t) = xo +/ v(s, z(s))ds.

to

3a mopmarta Ha pasnukaTa Ha x(t) u z(t) momydaBame

t t
l2(8) — =) < | / (0(s,2(5)) — (s, (5))ds|| < L / l2(s) — =(2)]|ds.

IIpmaaramve HepasercTBOoTO HA I'poryou (Jlema B) ¢ C' = 0 K'bM HEPABEHCTBOTO
t
llz(t) — z(®)[] < L/t llz(s) — 2(t)||ds
0

3a mHTEpBAIA [t0,t0 + h1]. [lomywasame ||z(t) — z(¢)|| = 0 BBPXY [to,to + h1]. Ilo mogo6GeH HAYMH CHIUAT PE3YNTAT CE MOJIyIaBa
u Bbpxy [to — h1,t0], OTKbAETO CneaBa, we z(t) = z(t) 3a t € [tg — h1,to + h1].
Crobnku 1 - 4 gaBaT J0Ka3aTeJCTBOTO Ha Teopemara.

3abenexxkkn
TeopemaTa UMa JIOKAJICH XapaKkTep, T.e. perneHneTo ¢ ned>uHIPaHo B HAKAKBa OKOJIHOCT Ha to
(Bmkre [Tpumep 2 mo-mouy).
ToBa, KOETO € BazKHO J1a e OTOeIeKHI H3PUIHO, €, Ye IBC PA3IHYHH PENICHHS He MOTAT 114 Ce
npecuvar. AKO ce IpecHdar, To Te ChbBHAJAT B OONIMs CH MHTepBaJ Ha geduHupame.
KakTo cmomeHaxMe MO-Tope, BMECTO YCIOBHETO Ha JIMIIIUIL MOXKeM Ja IIpejmoJaraMe v €

cHW).

IIpumep 1. /la pemmMm ¢ MeToja Ha IOCJAEIOBATEIHHTE IPUOJINKEHHS CJIeIHATA 33124
"a Kormm:
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Pemennero z(t) = xoe® Mozxe J1ecHO 1a ObJie MOJIyY9eHO Ype3 pas/ie/sHe Ha IPOMeHINBHTE.
Crenpaiiku mporeaypara, noaarame xo(t) = .

t
x1(t) =z + / axods = xo(1 + at)
0

¢ t 242
a“t
xo(t) = xo + / axi(s)ds = xg +/ azxo(l + as)ds = xo(1 + at + T)
0 0
ITo wHIYKIMST JOKA3BaMe, de
antTL

n!

xo(t) =zo(l+at+...+

),

OTK'bJIETO

lim ,(t) = zoe™.
n—oo

CreapanusaT npuMep IMOKa3Ba, de pelleHusTa MOraT u Jia He ca jJedpuHupPaHu 3a BCAKO .

IIpumep 2. [a pasriegame 3ajgauata na Komu & = 2%, 2(0) = x¢. Pemenunero e x =

U BeJHara ce BUZKJIa, de TO He MOZKe Ja Ce NPOJbJKH OTBbI { = z—lo

1—txo

Ja ce pbpHeM KbM 3amadara Ha Komm (B7).

3a BCAKO Ty CHHIECTBYBA MaKCUMaJIeH OTBOpeH mutepsas (a, ), ¢babpxkamn ty, BbPXY
KoiiTo e nedunupano pemenue x(t), yaosaersopsasaiio x(ty) = .

Haucruna, no Teopema Bl nma HAKaK'bB MHTEPBAJ, B KONTO CHIIECTBYBA €JIUHCTBEHO
perrerne. Heka cera (o, 5) (BB3MOXKHO € v = —00 Wid J = 00 WM U JiBeTe) e 00eMHeHe
HA BCUYKH OTBOPEHH MHTEPBAJH, ChIbPZKAIIM fp U BHPXY KOHTO CHIIECTBYBA PEIICHHE HA
(B). Bbpxy BCEKH JiBa TAKMBA MHTEPBAJIA perienusTa cbauagar. CiegioBaTeHo ChIeCTByBa
pellienre BbpXy mejust uarepsa («, [3).

To3u uHTEpBAJ Ile HapUIaMe MAaKCUMaJleH HHTePBAJI Ha MPOIbJIZKAMOCT Ha PEIIEHUETO, a
CaMOTO pEIlleHHe — HeIPOIbIZKUMO.

3.2 HenpekbcHaTa 3aBUCUMOCT Ha pellIeHneTo OT HavaJIHNI
YCJIOBUY U IIapaMeTpu

Pasrnexpame oTHOBO 3ajadarta Ha Komm (Bd) Yecto B HpHiIosKeHHsITa HIKOU JAHHU 3HAEM
caMmo npubymsuTeHo. B ciydas TakuBa Morar ja Objar JicHATa cTpaHa Ha cucremara /1Y
WM HAaYAJHUTE VCI0BUs. EcTecTBeHO e 1a ce 04aKBa, 4e IPU MAJKH IIPOMEHH B JIAHHHUTE
PEIIEeHNETO IIe ce TTPOMeHsT MaJIKo. ToBa UCKaMe Ja TIoKazKkeM 3a 3a1adara va Kormm (B) npu
pa3yMHU Tpe/noJioxkennd. Pa3dupa ce, uMa ciaydan, B KOUTO TOBa HE € Taka.

Teopema 3.2. Heka v,w € C(W) u nexa v e Jlunwuuyosa no x ¢ xonemarwma L. Heka x(t)
u y(t) ca ceomsemno pewerua na 3adavume na Kowu
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#(t) = v(t, x(t)) ‘ y(t) = w(t, y(t))

z(to) = o y(to) = Yo

6 [to,t1] u M = supy pyew |[v(t, 2) —w(t, z)||. Tocasa sa ecaro t € [to, 1]

|2(t) — y()]| < ||2(to) — y(to)| et + M(em_t@) ).

L
dokazaTencTBo.
t
llz(t) = y(OII < [lzo — woll +/t [lv(s, z(s)) — w(s, y(s))llds <
0
t
[lzo — woll +/t (lv(s,2(s)) = v(s,y()I + [[v(s, y(s)) — wis, y(s))|)ds <
0
t M
oo = woll + | L(llats) ~ y(o)l| + s
to L
M M t M
llz(t) =yl + — < llzo — yoll + — +/ L(|Jz(s) = y(s)|l + —)ds.
L L to L
IMonarame u(t) = ||z(t) — y(¢)|] + % U mpHjIaraMe HepaBeHCTBOTO HA ['DOHYOJI 3a IOJIydYaBaHe Ha TbPCEHATA OIEHKA.

CuaencrBue. Heka v = w. Torasa

() = y(O] < [lzo — yol "),

KOETO HOKa3Ba, 4e PeIleHreTo Ha 3agavara Ha Kommu (BJl) 3aBHCH HEIPEKBCHATO OT HAYAJ-
HUTEe yCJIOBUA.

Bu mormo jga ce kaxe, ge B Teopema B2 (Wi cieicTBHETO) JUICBA TPEIU3HOCT OTHOCHO
CBITIECTBYBAHETO W €JIMHCTBEHOCTTA HA PeNTeHneTo Ha BTopaTa 3aaada Ha Komwu. BeburaocT,
MOXKe JIa ce JIOKaXKe CJAeJTHUAT Pe3yaTar:

Teopema 3.3. Hexa v € CY (W) u z(t,x0) e pewenue na sadawama na Kowu (E3). Couse-
cmeysam h u oxoanocm V. na xo, maxuea, we 3a ecaro zg € V cowecmeysa eduncmeeno
pewenue 2(t, z0) Ha 3adawama na Kowwu

T =wv(t,z)
ZL’(t0> = 20,

dedpuruparo 6 |t — to| < h.

JlokazaTejcTBOTO Ha Ta3W TEOpeMa ce IIPaBU C METOJIa Ha IOCe0BATE/THITE TPUOIuzKe-
HHUS U € aHAJOTWYHO Ha TOBA B TEOPEMATA 33 ChIECTBYBaHE U €JIMHCTBEHOCT.
Hexka cuctemara 3aBucH OT TapaMeTpH

t=v(t,x,u) (t,z) e W CRxR"
x(t()):l'o MGRI
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Jla pasriieaMe crioMaraTeHaTa CHCTeMa

T =wv(t,x,n)
,a(:)() (3.7)
T to = 2o

Cuopesn ropaute Teopema u caeacrsue penrernero Ha (B7) ¢ mavannu ycaosus (o, To, i) €
HEMPEKbCHATO 1O Hadaaau ycaosusa. Cmemosarenno Z(t, T, i) € HEMPEKHCHATO MO MapaMe-
TpUTE /.

Mozxke j1a ce jjoKarke aHaJIOrMYHA OIEHKa Ha Ta3u oT Teopema B2

O6paTHO, aKO IMaMe TeopeMa 3a HeIPeK'bCHATA 3aBUCHMOCT Ha PEeIleHreTo 110 IIapaMeTpH,
TO BeJHATA MOZKEM Ja IIOJIYYUM HEeIPeKbLCHATATA, 3aBHCUMOCT OT HAYAJIHH YCIOBHUSL.

Cucremara (Bl) cie TpaHcaanus y = T — Ty IpHeMa BAIA

y = U(tv Y + ‘%0)
y(to) = 07

B KOATO HAYaJTHOTO YCJOBHE € ITapaMeTbhp.

3.3 JIudepeHnupyeMoCT Ha pPelIeHuATa

YecTo B NPUIOKEHUATA HA € HYKHO HE CAMO Ja 3HAeM,de PelleHneTo Ha 3ajadara Ha Komm
€ HeNpeK'bCHATO 110 OTHOINEHWE Ha HAYAJHUTE YCJIOBUA U MapaMeTpH, a ChIIo U ja andepen-
[ApaMe Mo TAX.

ITle 3amounem c exuo HabOg0eHNe. Heka e 3a/1a/1eHa 3a1a4a Ha Korn

z=v(t,z), zeUCR"

z2(tg) =z, z€eU, (3:8)

kato v € C%. Heka g(t, ) e pemenne na ropuara 3ajada, r.e. ¢(t,z) = v(t, g(t, )), g(to, z) =
x. la momycmem, de MOKeM Ja TudepeHnupamMe PermeHnero g mno .

Hexa g(t7 JZ) = (gl<t» ZL‘), 92(t7 ZE), s 7gn(t7 ZL’)) n gk(ta l’) = Uk<t7 g(ta l’)) ILHCbepeHquaﬁKH
HOCJIEIHOTO 1O T, TOJyYaBaMe

Ogr(t,x)\ u Oug(t, g(t,z)) 0g;(t, v)
( oz, )_Z 0z; ox,

Jj=1

Jla 03HAQYUM C Y; BEKTOpA ¥ = (g—g, g—g, . g%;)t. Torapa ropHaTa CHCTeMa MOZKe Ja Obe
3amucaHa BbB BUaa U = . (t, g(t, x))y;.

Cucremara

z=uw(tz), zeUCR"

U = vk(t, g(t, )y (3.9)
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ce HapWdYa CHCTeMa YpaBHeHHsl BbB Bapualuu 3a cucreMara (E8) (MM OTHOCHO PEIeHHeTo
g(t,x)). Tlogpexaiiku y; B Marpuna Y, moaydaBaMe eKBUBAJEHTHO OINPEJIeIeHHEe HA CHCTe-
MaTa B'bB Bapualluu

z=u(t, z),
Y = u.lt.glt 2))Y. (340
Karo Haif-ecTecTBeHO e Ja u3bepeM HadaiaHuTe ycsopus taka: ¢(tg,x) = z,Y(to,x) = E,

Kbjero F e equnnanara marpuna. Tosa Y He e HHUINO APyro, OCBEH HPOU3BOIHATA HA peIle-
HHUETO 110 HAYAJHUTE YCJAOBUY (,, U aKO MOXKeM Jia AudepeHiimpamMe pelieHnero, To Heropara
MTPOW3BOTHA Y/IOBJIETBOPSBA CHCTEMAaTa YpaBHEHUS BbB BapHalliH.

Teopema 3.4. Hexa sa cucmemama (F8) v € C? 6 naxakea oxoarnocm na (to, z). Toeasa
pewenuemo g(t,x) na (T3) e nenpekscnamo dudepenyupyemo no T 6 HAKGKEA 6EHMYAAHO
no-masaxa oxoarocm na (to, o).
2 1
ve(C = geC,.
Hoxkaszarescrso. Toit kato v € C?, o v« € Cl. CnemoBaTenno cucremara ypaBHEHHs BLB BAPHAINK yIOBI€TBOPSIBA YCIOBHSITA,
na Teopemara 3a cbinecrByBane u eguncrsenoct (Teopema B).

Hexka u3bepeM Ha9aJIHU YCJIOBHS Q) = &, JOCTATHYHO OJIUBKO 10 o u Yo = E. Jla o3HaduM npubirkeHusiTa B CXeMaTa Ha,
[Tukap ¢ ¢n (3a z) u Yn (32 Y), 1.€. mosarame

t
enti(t,x) == +/t v(7, n (7, 2))dT, (3.11)

t
Ynt1(t,x) = E+ | (7, on (7, 2))Yn (T, z)dT. (3.12)

to
ITbpBO me mokaxeMm, 9€ (¢n)x = Pn 3a BCAKO N.

Scuo e, 1e (po)x = o. Jla momycHeM, de 3a HAKOe N > 1 e u3nbaHeHO (pn)s = Pn. Ille gqoKaXkeMm, Ue TOBA € BAPHO H 34
n + 1. Hauctuna

t t
(pni1)e = E +/ va (7 o (7, 2)) (on)wdr = E + / Va7, o (7, 2))YndT = Py,
to to

OTK'BJETO IO MHAYKIHS CJIeJBa PABEHCTBOTO 3a M T.e. {¢n} € peaunaTa OT IPOM3BOJHHTE Ha peaunata {¢y }. /lBere peaunu ca
PABHOMEDHO cXOAAmy (KaTo peauny oT [IMKApOBCKHM NMpUOIUKEHUS IpH |t — to| JOCTATHIHO MAJKH) ©n =% g, Yn =Y =g« u

oit kKaTo g« € CQ = g € CL, me. g(t,x) = limn— 00 on(t, ) e HeNPexbCHATO AUbEPEHIIPYeMa [0 T.

Hexka r > 2 e a0 ancio.

Teopema 3.5. (Teopema T,) Hexa dacnama wacm wa cucmema (EF8) v € C7 6 nakaxsea
oxoanocm na (to, o). Toeasa pewenuemo na sadauama na Kowu (E38) g(t,x) € C1~1, kamo
(t,x) npunadaescam Ha HAKAGKEA €BEHMYAAHO NO-MAAKE oKoarocm Ha (to, To).

veEC = ge L
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HokasaresicTBo. v € C" = v, € C"~1, CreoBaTenHo cucTeMaTa ypaBHeHHA BbB Bapuanun (BI) yJ0BIeTBOPABA YCIOBHATA,
na Teopema Tr_1. Teopema T, r > 2 ce nosydasa or Teopema Tr_1

veEC v, €ECT =z g €0 2 g0

Ho Teopema T» (Teopema BA) Ge moxasaHa mo-paHo.

Heka r > 2. NurepecyBar Hu NpoOu3BOIHUTE 11O T H T.

Jlema 3.3. Hexa e 3adadena dpynwkuyus f: 1 x G — R™, G C R*, I e unmepsas ¢ Rt u
HEKa

F(t,l‘>:/tf(7',l‘)d7', r €@, [tyt] CI.

Axo f€Cru feC™ ! moFeC.

r —1
HokazaresncrBo. /ludepennupave F 10C/I€40BATEJHO - %—f = f(t,z) e HenpekbCcHATA, 2E t(r )(t, Z) € HenpeK'bCHATA 110

t’f"
92
ycnosue u ciaegosaresnno F € Cf. Crex Tosa gzgt = g—i(t, z) e HenpekbcHaTA. [1006HO TPOU3BOJIHA YACTHA TPOU3BOAHA OT Pejl

T ce m3passiBa 4pe3 npousBogHUTE Ha f, OT pex nmo-maabk ot r. Ciaegosarenno F € C7.

O

Teopema 3.6. B ycaosuama na Teopema @A (Teopema T,) pewenuemo g(t,x) e dupepen-
yupyemo usobpasicenue om xaac C™ no x,t: v € C" = g€ C™ L

HokaszaresncrBo. Nmame
t
gt.z)=z+ | v(r,g(r,z))dr

to

v € CT u g€ CO®— roBa umame or TeopeMara 33 ChUIECTBYBAHE H €JMHCTBEHOCT (Teopema B). Ocsern ToBa Teopema BA noxasa,
qe g € crL. ITpunarame Jlema B3 nocsegoBaTesino

v(t,g(t,z)) €CONCL=geCt

v(t,g(t,z)) €CINC2 = ge C?

v(t,g(t,z) e C"2NCL = ge L,

Mozxke 1a ce IT0KazxKe
Teopema 3.7. ve C" —ge (", r> 1.

JlokazarecTBOTO Ha Ta3W TeopeMa MoOxKe Ja ce BEAH B yueOnuka ma Apuoss [0]. Moxe
CHINO TaKa Ja ce JOKayke, e aKo JscHaTa crpana Ha (BR) e anaauTudHa (MpecTaBst ce KaTo
cxondn pe Ha Teil;lop B OKOTHOCT Ha BCSAKA TOYKA), TO PEIICHHETO € AHATHTHIHO OTHOCHO
x u t (Buk Koguarron u Jlesumncon (8] 3a To3u dakr).

JudepennupyemMocTTa 110 napaMerpu ce Pasriek/a 1o 0J00eH HAYNH, KAKTO HEIPEKbC-
HATOCTTA 110 MAPAMETPH.

Heka cucremara judepeHInalig ypaBHeHId 3aBUCH OT napaMerpu o € RF

t=v(tza), zeU telcCR! (3.13)
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Caencreme. v € C" — g(t,z,a) € CY .

,ZI;OKa3aTe.TICTBO. PaBrﬂe)K,IIaMe CIIOMaraTeJIHaTa CHCTeEMa
z=u(t, z,a),
& =0,

z(to, z, ) = x

C HaYaJIHU yCJIOBHL
a(to,z,a) =«

Pemenuero g = (g1,92) € C” no Teopema B=2.

gl = v(tvgl(tax7 a)qu(t7m7a))7
92=0, =gp=a

CrenoBarenso gi(t,z,a) € C", KoeTo TpsbBaIIe 1a ce JOKaXKe.
|

[TocneanoTo cieAcTBUEe MMa BaxKHO 3HAUYEHWe 33 MPUIOKeHuATa. EIHO OT TaX ce Hapuda
MeTO/I Ha MaJiKug napamerbp Ha [loankape.

3.4 Teopema 3a HEOPOAbJIKUMOCT
Jla pasriiesame 3ajadara Ha Korum

r=v(t,x) veCY W)

Beue nedunumpaxme MOHATHATA MaKCHMAaJeH WHTEPBAJ HA HPOIbIKHMOCT U HEIPOIbJI-
kuMo pentenne. Heka I' e mogmuo:KkecTBO Ha W,

Hedbunnnua 3.2. Pewenuemo na cucmemama (BI4) ¢ ce npodsasicasa nanped (nasad)
do T', axo cauecmeysa pewenue csc Couomo HAMAAHO YCAOSUE, 2PaPukama Ha KOemo ce
npecuwa ¢ I' 6 mouka, ksdemo t > to(t < ty). Pewenuemo ce npodeasicasa nanped (nasao)

HEOZPAHUYEHO, AKO CBULECTNBYBA PEWEHUE CBC CBULOTINO HAYAAHO YCAOBUE, d@&UHUpCLHO 30 6CAKO
t>to(t < to).

[Ipumepu:
1. Pemennsgra Ha JuHeHA cHCcTeMaTa ¢ MOCTOAHHN KoedurmenTd & = Az, Kbpaero x € R",

a UMEHHO X = €Atl’0 ce MpoabJjazKaBaT HEOI'PaHUYIEHO.

2. Pemenuara na ypasrennero © = 1+ 22, 2 € R He ce mpoabaKaBaT HEOTPAHHIEHO

HUTO HATDEJ, HUTO Hazajd. Hamcruma, obmoTo perrenne e x = tg(t — ¢), kKoeto e aedpunupano
Bc—7m/2<t<c+m/2

Teopema 3.8. Pewenusma wa 3adawama na Kowu (§13) ¢ navairu yeaosus 6 komnakm F
8 Pa3uwWuUPeHOmMo haso6o NPocmparcmeo ce npodsisncasam nanped u Ha3ad do 2paHUYGMa Ha
KOMNAKMA.
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JlokazaTeJyiCTBO. 3a OUPEJEJICHOCT 1€ PA3IJIeKAAME IPOIbJI-
JKUMOCT Hampes t > to. Pa3CbKAeHuATa NpH MpOAbJIKABAHE
Ha3a/, Ca AHAJIOTMYHU.

ITo Teopemara 3a ChIIECTBYBAaHE U €IUHCTBEHOCT 32 BCSIKA TOIKA
(t,2') € F uMa OKOJHOCT, TAKABA, U€ DENIeHHETO ¢ HAYATHU
YCJIOBHSI B Ta3W OKOJIHOCT CHINECTBYBA W € €JUHCTBEHO B OOIIHs
3a BCHMYKH TOYKH OT Ta3W OKOJHOCT HHTEpBaJ OT Bpeme. Ho F
€ KOMIAKT X MMa KPAWHO IOKPHUTHE C TaKuBa OKoJHOCTH. OT
Kpaiinug Opoil mHTepBaau Bpeme m3bupame HAN-MAJKHAS H IO t
oznauasame ¢ €. Toukara (o, o) € F (dur. 3.2) u ciaegosarenno
pemrenmeTo Ha 3amadara Ha Komu (BI) ¢(t) ¢ HagaaHOo ycioBue
(to) = xo e ompemeneno 3a |t — to| < e. Jla oznauum & = to +

%7 T =p(t). Qurypa 3.2

Touxara, (f
HUDAHO B [t — ¢
=P

Z) € F u cneoBaTeIHo e MOKPHUTA OT HAKOS OT TOPHUTE OKOJTHOCTH. ToraBa cbmiecTByBa pererue @(t), medu-
< €, ¢ HagaaHo ycaosue P(t) = p(t) = &. Ot Teopemara 3a €AMHCTBEHOCT MMaMme, 9€ B OOIUS CH MHTEPBAJ

7
|
IIpogbirkaBafikuy MO CbInusi HAYMH, HOJTydaBaMe DemeHue Ha 3ajgagara Ha Komm (BIA), nedunmpano B tg < ¢ < T u
(t, () € F.
Ha osmaaum T :=supt (7:(t,o(t)) €F m tE€ [to,7]). Ako T = 00, HsIMA KAKBO Ja JOKa3BaMe.

Heka T < oo. Ille mokaxkewm, 4e chimectsyBa pemenue ¥, ¥ (to) = zo u (T,¢(T)) € OF. Tvii kato T e TOpHA TpaHHIA,
cvmectByBa T : T — € < 7 < T, TakoBa, 1e pemenunero p(t) Ha 3amagara Ha Komm (BEIA) e ompeneneno B tg < t < 7. Touxara
(1,¢(7)) € F e mokpura ¢ HAKOS OT TODHUTE OKOJHOCTH, T.€. CbIIECTBYBa pemenme @(¢) ¢ magasHo yciosme @(7) = o(T),
onpegeseno B |t — 7| < . OTHOBO 1O TeopemMaTa 3a €UMHCTBEHOCT ¢ = @ B 0OIIMs UM HHTEPBAJI.

KoucTpyupame e1HO pemieHue Bbpxy 00eJUHEHHETO HA JBAaTa MHTEPBAJIA

_f oe), to<t<T
W)—{@(t), r<t<r+e

Umawme, qe (t,9(t)) € Fzato<t<T.

Tpsabsa ga nokaxewm, 1e (T, (T)) € F. Ot pebununusara sa T cbmecrByBa peauna {6;} — T. Ho 1 e HenpekbCcHATO,
1—> 00

crepoBarenno Y (0;) — (T). Tbit xkato F e xommakr, cneasa, 1e (T,9(T)) € F.
12— 00

Ot gpyra crpana, 3a t > T (¢, (t)) ne npunaanexu a F, maave T Hama ga e ropHa rpanuna. CieJ0BATEITHO TPOU3BOJIHA
okosiroct Ha Touka (1,9 (T)) chbabpka Touku kakTo or F| raka m menpunagyexamu Ha F, orkbaero (T, (T)) € OF.

lopuara Teopema 0OMKHOBEHO ce IpuUJara Taka. Pasryexiame 3a1adarta

t=v(t,x) (t,x) eRxK

+(to) = 7o, (3.15)
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kbjaero K € R” e kommnakt. Heka [a, b] e mpo-

HU3BOJIEH 3aTBOPEH HHTEPBAJ, CbIbpXKAall fg. Qurypa 3.3
ObpasyBame komunakrta F':= [a,b] x K. Cuo-
pes Teopema BR perrennero wa (BI3) ce mpo- Ja
JIbJIZKaBa JI0 TpaHnuTe Ha KomnakTa F. Mma-
Me JIBe BB3MOKHOCTH (dur. 3.3): mHTerpasa- (to,z0)

Ta KpHUBa MpecHda CTPAHUYIHATA TPAHMAIA HA ¢
F wnnum wmarerpannara KpuBa HM3IM3a Ha T'pa- - b

aunara b X K, m Tbit kKaro b € mpou3BOJIHO,

TO PEIIeHHEeTO Ce MPOIbIKaBa HEOTPAHHIEHO

HAIIPE/T.

IIpumep. IIpoabizKuMOCT Ha pelneHusTa Ha & = A(t)z.
Pasraeximame 3a1agara na Ko

T = A(t) zeR"”

2(ty) = o (3.16)

KbaeTo A(t) e HempekbCHATA MATPUIA B HIKAKbB MHTEpBa [a,b]. Tvii karo A(t) e Hempe-
KbcHaTa, TO ||A(t)|| e ebio HempexkbeHaTa DyHKIMS B [a,b] U c1e10BATETHO € OTpaHUYeHA B

[a, 0] [|A@)]| < C.

Jlema 3.4. Hexa ¢(t) e pewenue na & = A(t)r ¢ navaarno yeaosue p(0) = xo, to <t <b.
Toeasa 6 cuna e oyerrkama

@] < e“ (bl

HoxkazaresictBo. Ako ¢(tg) = 0, To ¢ = 0. Heka ¢(tg) # 0. Ot Teopemara 3a €AMHCTBEHOCT CJejaBa, de p(t) He e HyJa
vt € [a, b].

JTa ozmaunm 7(t) = ||e(t)|| = V< @, > u L =Inr2.

ITe nokazkewm, we - < C.

=AMy — el =AMl < Cllell

_<eo> _llelligll
= < PETEL < gl

r =

Kombunupaiiku ropHuTe HEpABEHCTBA, [10JIyYaBaMe f < C u caeposarenno L < 2C.

Haxkpas
L(t) — L(to) = /t L(s)ds < 20(t — to)
to
n
LD-Lto) < 20(—10) iy HMHQ < 20(t—t0)
©(to)
OTK'BETO, KOPEHYBaHKH, MOTydaBaMe HyKHOTO HEPABEHCTBO. O

Teopema 3.9. Pewenuemo ¢(t, zo) na 3adawama na Kowu (EI8) ce npodsascasa 6 [a,b].
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IoxkasarescrBo. N36upame kommaxt F := {t € [a,b], ||z|| < 2e€(?=9)||zo]|}. To Teopema BER perneHneTo ¢ HAYAIHE YCIOBLS

B TO3M KOMIIAKT C€ IPOABbJKABA 0 HeroBute rpanuiu. OT anmpuopHaTa oineHkKa B Jlema B crenBa, 4e pemieHHETO MOXKeE 13

n3Jje3e camo Ha rpanunmTe t = a, t = b.

Twit kKaTo a,b ca TPOM3BOJIHN, TO PENIEHUETO Ce PO bIKABA HEOTPDAHUIEHO.
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I'1aBa 4

JluHeliHn ypaBHeHUS U CUCTEMU

B Ta3u ryaBa 1me n3y4yaBaMe JIMHEHHH ypaBHeHUd U JuHeliHW cucrtemu. loBa e exsa i He

eJIMHCTBEHUAT TOJIM KJac JudepeHInalid YPaBHEHNUs, 38 KOUTO UMa JOCTATBHIHO MbJIHA

Teopus. KakTo 1me BuauM e Majako, Ta3n TeOpHs e KJIOH OT JuHeiiHaTa aarebpa.
Jluneiinure ypaBHeHHUs ¢ IPOMEHJIUBH KoeduImenT (HeaBTOHOMHN) UMAT BUJA

y™ 4oy (z)y™ Y .+ an(z)y = f(x). (4.1)

Tyk y = y(z) e dyukuusra, Kosaro rbpeuM, a a;(z), f(x) ca usBecrun HenpekbcHaru GyHK-
uuu, gedpuHupanu B HIKakbB unreppai I = («, §). @yukuusra f(r) 0GMKHOBEHO ce HApUYa
nsicaa gact. Korato f = 0, roBopuM 3a zomozenno ypasuenune. CroreeTHo, ako f # 0, kas-
Bame, de ypasuenuero (Il) e nezomozenno. Bede 3Haem, de o6HIOTO peleHHe TpsOBa Ja
ChAbPKA N HPOM3BOJHE KOHCTAHTU. MoKeM Ja pasIyiexjgaMe ChbIno Taka U 3ajga4a Ha Kormm
3a ypasuenuero (E).

JIlunelHuTe HEXOMOTEHHU CUCTEMH MMAaT BHJA

&= Alt)z + F(t), (4.2)

e F(t) = (Fi(t),..., Fu(t)". Marpunara A(t)

kbjero T = (z1,...,2,)7, A(t) = (ay; ().,
t)) u (t), ca HeNpeKbCHATH (DYHKINU B HAKAKbHB

(min Bce eAHO HEfHUTE KOMIOHEHTH «;j(
uHTeppa [.

Bunsaxme B YBoga, 4e UMa MOJEIU, KOUTO Ce€ OIMUCBAT C JIUHEHHH nuepeHnraInl ypaB-
HeHnus. JIMHelHUTe ypaBHEHHUS U CUCTEMH BDH3HUKBAT €CTECTBEHO IPH JIMHeapu3alus Ha He-
JIMHelHa CHCTeMa B OKOJHOCT Ha HSIKOe 33/ajieH0 HeifHo pernenne (Buk [1asa b).

Besiko tuneiino ypaBHeHUe ce CBeXKIa JI0 JIMHEHHA cucTeMa. 3a /1a BUJIUM TOBA, [OJIaramMe

/

y(z) = 21 (2), ¥ =z(@),...,y™ Y

= z,(z).

Toraa JileCHO ce BUIK/A, Ye BCAKO pelleHue Ha ypasuenuero (E) neduHupa 1O rOpHHUTE
dbopMy/In pereHne Ha CUCTEMATa,

2= A(x)z + F(x), (4.3)

95
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Kbjero Marpunara A(z) u Bekropbr F() ca ¢boTBETHO

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0
—an(x) —ap_1(x) —an_o(x) ... —ai(x) f(x)

OG6paTHOTO CHINO € OYEBUIHO BAPHO — BCAKO pelienne z(x) na cucremara B3 3a1aBa pernenne
Ha ypasHenuero (Il) upe3 mbpBaTa i KOMIOHEHTA 21 (T).

Besika nuHelina cucreMa ce CBeXxIa 10 JuHeiiHo ypasHenne. Heka 3a mpocTora na pasriie-
JlaMe JIByMEPHA XOMOTEHHA CHCTeMa

l"l = CLll(t)$1 + G12<t>$2
Ltg = Q921 (t)]?l + CL22(2€>I2.

udepennupame 110 ¢ wbpBoTo ypaBHenue. V3kjouBame Lo 0T BTOPOTO ypaBHEHUE, U CJIE/]
TOBa Ty OT I'LPBOTO ypaBHeHue. B pe3ysrar mojiy4daBame

. a2\ . . 1112
T — (an + ago + P ) T — (Gn + a12G21 — Q11092 — T xy = 0. (4.4)
12 12

3a ja MoTuBHEpame mMo-100pe K/aca Ha JUHEHHUTe YPAaBHEHUS W CHCTEMH, KOUTO IIe Pa3-
IJIeYKIaMe B CJICJIBAIIMTE CEKIMH, HEKa JIa Ce CIIPEM 33 MOMEHT BbPXY JIUHEHHUTE XOMOTEHHU
ypaBHenud ot Bropu pei. Cjiesl cMsHa Ha 3aBUCHMAaTa MPOMEHJIMBA BUHAIM MOXKEM Jla YHU-
IIOKUM KoepUuIIMeHTa 1mpel, I'bpBaTa IPOU3BOIHA U CJIEIOBATEIHO JIa CBEeJIeM YPABHEHHUETO 10
BHIA
y" —r(x)y = 0.
flcno e, ve y = 0 e Bunaru pemrenne. Jla morbpcuMm HenyaeBu perrenus. [lomarame £ = % .
JTudepenrupame 1o
¢ = vy _ ¥ _ y_” - &
; :

/

/.
Ho or ypaBHenunero nmame y? = r(x). CnegoBaTesHo KaTo ypapHeHHE 32 £ MOy IaBaMe

£ +&=r().

Tosa e ypaBhenue Ha Pukaru (Brmxk [maba 1). Haem, We 3a na permmMm eJHO ypaBHEHHE HA
Pukaru, Hu TpgO6Ba noHe €/THO YacTHO pelierne. TakoBa pelleHne, N3pa3eHO B KBAJPaTypH, B
HOBEYeTO CIydau He cbiiecTByBa. CJleI0BATENTHO, 3a JIa peliaBaMe JUHeHHN YpaBHeHUs (U
CUCTEMHU) C TPOMEHJIUBU KOeDUIUEHTH OT BTOPU WIH TO-BHCOK PeJl, Ca HU HYYKHH TaCTHH
pelieHusi.

ToBa e ocHOBHaTa MpWYHMHA, MOPAIN KOATO IMe Ce OTPAHUYNM JI0 PA3IJIeKTAHEeTO Ha JIH-
HelHW ypaBHEHUS € TMOCTOSTHHU KOeDUIIMEHTH

Y™+ ay™ Y + Lt ay = f(x), (4.5)
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KbIeTO a; € R, u nuHeiiHn cucremMu ¢ noCTOAHAYN KoedbUImeHTH
T = Az, (4.6)

kbaero A = (ai;)i =1, a; € R. OcHosnaTa nu 1eJt e Jia JIa/IeM aaropUTMHI 3a PeTaBaHeTo uM.

B cekmnuga 4.1 me pa3rienaMe THHEHHUTE YpaBHEHUs € MOCTOSHHU Koedunuentu. HyxuaO
e Jla ce Kayke, 4e TeOPUATAa M MeTOJUTe 3a pellaBaHeTO WM ca Ominm u3BecTHH Ha Oiljep u
Jlarpamx.

B cexnus 4.2 e namepum popmyiia 3a o61I0TO pelreHne Ha JUHEHHN XOMOT€HHI CHCTEMU
¢ nocrogunu koeduruentu. Tazu gopmysia ce ocnopaa na zKopjanosara mopmasina popma
Ha MaTpura. Ciresl ToBa Ie JIajieM aJrOPHTHM, KOHTO € TMOJAXOMAIT 33 HUCKATE Pa3MePHOCTH
2 n 3. llle orbGenexkmm, e 3a pelmaBaHeTO HA CHCTEMU € MOCTOSHHYU KOeMUIIMEHTH MOXKe Ja ce
M3M0JI3Ba Taka HapeueHoro S — N pasnarane Ha gajaena matpuna (Bux || 3a noapobHoCTH).

4.1 Jluneiitnu audpepeHInaIHT YPABHEHNS C IIPOMEHJINBU
KoepuImeHTn

B Tazu ceknus 1me gajieM OCHOBHUTE TEOPETUYHH Pe3yaTaTh 3a AudepeHIIuaTHUTE YPaBHEHHS
OT BHJIA

v (@) + ar(@)y™ V(@) + . an (@)Y (@) + an()y(z) = flo), (4.7)

kbaero a;(z), i=1,...,nu f(r) ca nenpekbcuarn GyHKIUU B OTBOPEHUs MHTEPBAT [, Ce
HapUyaT JuHeHn audepeHiualiil ypaBHeHUs OT N-TH Pejl.

Teopema 4.1. (Teopema 3a cbiecTByBaHe u eauHcTBeHOCT) Herka xo, 11,79, . .., My Ca
NPoOU3BOAHU Pearnt wucaa. 3adavama na Kowu sa (1)

(@) + ar(z)y" D (z) + . o Sn—l(x)y'(ﬂf) +an(z)y(r) = f(2)

Y
y(@o) =,y (xo) =12, ..., y" V(zo) =1
uma eduHcmeeno pewerue, depuruparo 6 unmepeana 1.

JlokazaTeJcTBOTO Ha Ta3W TeopeMa MOXKe Ja ce TOJIYIM HAIpuMep 4pe3 CBexKjaHe Ha
YDABHEHHETO K'bM cHucTeMa u npusarane Ha Teopema B ([masa 3). IIpoabiaKumocTTa Ha
pelleHneTo cae/iBa OT MpuMepa, pasrieaan B [1asa 3, cekmus 3.4.

A. JIuneitHn XOoMOreHHN Au(epeHNNAIHA YPABHEHUA OT N-TU PEJ,.

[TbpBo 1e pasriesame ypasHenus or Buja (E), mpu ycjgoBue de AsiCHATA CTPaHa € HyJa

(f(x) = 0),
Y (2) + ar(@)y" (@) + -+ a0y () + an(2)y(z) = 0. (4.8)

Teopema 4.2. (Teopema 3a cTpyKTypara Ha pemenusrta) Muoocecmeomo M om pe-
wenuama e ([Fg) e usomopdro na aunetinomo npocmparncmeo R™.
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Hoka3zaresicrBo. PakToT, 4e M e JuHEHHOTO NPOCTPAHCTBO CJIEABA OT JIMHEHHOCTTA HA YPABHEHHETO W JIMHEHHOCTTA HA OIe-
pauusita qudepeHnupaHe.
Heka y1,y2 € M u A\, p € R. ITle noxkaxewMm, e
Yy =Ay1 + py2

e cbmo pemenne Ha (E3). Hanctuna
yM (@) + 1(@)y" D (@) + .+ an—1(@)y (@) + an(2)y(2)

=2 S a4 ST 4 an(On + )

=A™ + ar @)y .+ an(@)y)

Fulys™ + ar(@)y™ D + ..+ an(@)y2) = 0,

Tbil KATO Y1 U Y2 Ca peIleHus.
Jla BbBegem n3obpaxkennero ¢ or M B R™, KoeTo Ha BCSIKO pelieHue CbI0CTaBsi HA9aJHUTE My JAHHU B TOYKA To. PopMasIHO
TO Ce ONHCBA TAKA:
¢: M — R",

y(@) = (v, ,3/(’“1))|I0 = (y(z0),y' (z0), ..,y (x0)).
IIle mokaxkem, 4e ¢ € ThPCEHUIT U30MOPGMU3DBM.

1. ¢ e muHEEH XOMOMOPMU3IBLM

d(Ay1 + py2) =
(n—1)

=AyL,y1,-- 5y )+
= Ap(y1) + no(y2)-

2. ¢ e CIOpeKTHBHO
Teopemara 3a cboiecTByBaHe m eamHCcTBeHOCT Tpu f = 0 HE Ka3Ba, 4e 3a BCekH HAGOp (M1,...,7Mn) € R™ chbmecrByBa
pellIeHue, TO ¢ e CIOPEKTHUBHO.

3. ¢ € HHEeKTUBHO
OrnoBo Teopemara 3a cbliecTByBaHe u eauHcTBeHOCT npu f = 0 Hu Ka3Ba, 4e UPH HyJIeBU HadasHu ycjoBusi 1 = 0,72 =
0,...,mn = 0 IMamMe €WHCTBEHO HYJIEBOTO pemenue, T.e. Ker¢ = {0} u cienoBaTesHo ¢ € HHEKTHBHO.
|
Hedbunnnua 4.1. Kotimo u da e 6asuc {y1, Y2, ..., Yn} 6 npocmpancmeomo om pewenus M
na ypasuenuemo (-8) ce napuua pyndamenmanra cucmema om pewenus (PCP) na mosa

YpPasHeHUE.

Toit karo @CP ca Gazuc (nuHeiino Hezapucumu) B M, 10 BCSIKO perieHue y () ce mpencTaBs
€JIHO3HAYHO KaTO JIMHeiHa KOMOMHAIMA HA {1, Yo, ..., Yn |

y(z) = Ciyi(z) + Coya(x) + ... + Cryn ().

3abemnexkka. Teopema A Hu Ka3Ba Kak Jga Hamupame OyHgaMeHTaJHA CHCTEMa, PEeITeHHA—
u3dbupame JUHEHHO He3aBucuMu B R™ HaYaIHM YCIOBUs, KOUTO JIAaBAT JUHEHHO HE3aBHCHUMH
peuenud.

Hedbuuunusa 4.2. Hexa dynxuyuume f1, fo, ..., fn npumescasam npouseodnu do ped n — 1.
Dynryusma
fi TS
i U 4
W(fiforon @) =det | -

(1) pn-1) 1)
1 2 . . . 1
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ce Hapuua demepmunarma wa Bponcxu (usu Bpowcxuan) na gynwyuume fi, fo, ..., fo.

Teopema 4.3. Heka y1, Y2, ..., Yn €A N PEULEHUA HA TOMOLEHHOMO OUDEPEHUUAAHO YPAGHEHUE
(73). Tozasa y1, Yz, ..., Yn ca sunetino nezasucumy (0bpasysam @CP) mozasa u camo mozasa,
koeamo W(y1,ya, ..., yn)(x) # 0 3a écaro x € I.

JlokazarescTBOTO MOXKe Aa ce Buau Hanpumep B [endes [H].
B. Jluneiinn Hexomorenuu gudepeHNUATHA YPABHEHUSI OT N-TU PEJI,.
CrempariaTa TeopeMa OIMUCBA OOIIOTO perieHne Ha HeXOMOTEeHHOTO YpaBHEHHE.
Teopema 4.4. Heka y1,Ya, ..., Yn ca (PCP) na zomozennomo dudepenyuanto ypasrerue
y™ (@) + ar(@)y" V(@) + . ana (@)Y (2) + an(@)y(x) =0,

depunuparu 6 omeopenua unmepsas I, u y,(x) e xoe da e wacmmo pewenue Ha HeToMoO2eH-
HOMO QUPEPEHUUAAHO YPABHEHUE

y () + ar(2)y" V(@) + .+ ana (2)y (@) + an(2)y(e) = f(@).
Tozasa obusomo pewenue y(T) HaG HETOMOZEHHOMO YPAGHEHUE Ce 3aNUCEA 666 6Uda
y(x) = Cryi(z) + Coya(x) + ... + Cryn() + yp(2),
ksdemo C1,Cy, ..., C, ca peasnu KOHCMAHMU.

OueBnanal
Hamupanero na @CP e tpyaa 3a1a4a — Herio nosede, nouru sunaru @CP we cbiecTsyBa
B KJIaca OT eJieMeHTapHu (DYHKITUN.

4.2 JluHeiinu ypaBHEHUS C MOCTOSHHN KOoeUIMeHTN!

B Ta3zm yact 1me ce 3anuMaBamMe ¢ ypaBHEHUs OT BUJIa
YO(2) + arg™ (@) + .+ an g (@) + any(e) = (), (4.9)

KBJIETO a1,ds, .. .,0, C4 PEAJHH KOHCTAHTH. 3a Ja HaMepuM O0IIOTO perrenne, cropen Teo-
pema B4 ca wu my:kHu PCP Ha XOMOTE€HHOTO ypaBHEHHEe W KOe /13 € JYaCTHO pPelreHne Ha
HEXOMOTE€HHOTO yDaBHEHUE.

A. JIuHeitHU XOMOTE€HHN ypPaBHEHUS C MOCTOAHHUN KOe(UINEHTH.

EnnHO nMHENHO XOMOTEeHHO YpaBHEHHUE ¢ TMOCTOSHHN KOeUITMeHTH H3IJIeXKIa TaKa

Yy (x) + a1y V(@) + .. F a1y () + any(z) = 0. (4.10)

Tyk a; € R. Toit kaTo 3ama9aTa HE € peajHa, TO €CTECTBEHO € Ja ThPCHM PeaJHI DelleHns.
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JIuHeiino ypaBHeHHe OT I'bPBU PeJI ¢ HOCTOAHHH KOeDUImeHTH
/
Yy +ay=0

ce pemapa BeJHATa KATO yPAaBHEHHE C OTAC/ISINIM Ce IPOMEHJUBA U HErOBOTO DeIleHHe MMa
BUA
y(x) = Ce, \= —a.

Ia mouckame y(z) = C'e’ ma e pemtenue n Ha THHEHHOTO XOMOTEHHO ypaBHEHHE OT N-TH Pel
(I10) u jga BUAMM KakKBO yCJIOBHE TPsiOBa Ja yAOBJIETBODsiBa . 3amMecTBaMe TO3HM H3Pa3 B
dk Az

(ET0). Twit kato xe’ = Ae 1 M # 0, To noayuasame, ue y(z) = e e pemenne Ha

ypasaenue (1) ToraBa U camMo TOraBa, KOraTo A yIOBJIETBODPSABA
AN+ a4 a, N+ a, =0. (4.11)

Tosa ayirebpuvHo ypaBHeHue ce HApU4Ya XapaKTEPUCTUYHO ypaBHEHUE Ha JM(pEepeHInajHOTO
ypasuenune (ETI0).

Heka Ai, Ag,..., A\, ca kopenure Ha (EIT). Te mMoraT aa OpOCTH, KPATHU W JBOWKH KOM-
IeKCHO-ciipernarn Kopenu. Ha Bcekn enun kopen Ha (EIdl) cbIocTaBsiMe PEAaJHO DEIEHUEe
0 CJETHOTO TTPABIIO:

1) Ha IPOCT KOpeH Ay CLOTBETCTBa 0%,

2) Ha T-KpaTeH KOPEeH \g CbOTBETCTBAT 7" PEIIeHUsI v geror . grTlelor
3) Ha JIBOHKA KOMILIEKCHO-CIIPDETHATH KODEHH Ao = « £ i ChOTBETCTBAT JIBE DEATHU
perrenust
e* cos fxr, €e*sinfx,
4) Ha 7T-KpaTHa JBOMKA KOMILIEKCHO-CIIDErHATH KOpPeHH g = « + iff c¢worBeTCTBAT 271
peaTHu perIeHns
e cos fx, ve®® cos Bz, . .., x"Le cos fz,
e“* sin B, re* sin Bz, ..., 2" e sin Bz,

O6mI0TO perenne Ha XOMOTeHHOTO ypasHenne (EI0) e guHeiiHa KOMOMHAINS HA OMHCAHUTE
LO-TOPE PelIeHUSI.

3abenexkka 1. Ille pajgeM mpocT apryMeHT, KOMTO yIOCTOBEPSABA peIleHusTa B caydait
2). Heka 3a mpocToTa HMaMe JIBOEH KOpeH Ao € R Ha XapakTepucTHIHOTO ypaBHeHue. Heka
€ € MaJIKO IOJIOKMTEJHO YMCJI0, KOeTO npubaBsMe KbM €JUHHs OT KOPEHUTE M Bede umMame
Xo # Ao + €. Ha Tesu nBa pasimuam peajHd KOPEHA M CHLOTBETCTBAT PEHICHHATa e 0%
eote)T  TTyneiina KOMOHHAIIAS HA PEIICHHS € PEIIeHne, OTKbIETO (DYHKIIHATA,

u

6(/\0+6)x — ehox

3
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ATy Tg € OTHOBO

e CbIo Taka pemienue. I'panunara Ha ropuara dbyuknus npu € — 0 e ze
pererne (KOETO ce MpOBepsiBa Upe3 3aMecTBaHe B ChOTBETHOTO JTHUHEHHO ypABHEHUE ).
Craydagar Ha MHOTOKDATEH KOPEH € aHAJOIHYEH.

Pemenusita B caydaii 3) ce yaocropepsisat ¢ dopmysara va Oitrep

el OERT — 0% (cos B + isin B).

3abenexkka 2. Unrynrusno e scuo, e pyuknuure B ropaoro npasuio obpasysar OCP.
[ITe mpoBepuM TOBa B CJIydasi, KOraTO KOPEHNTE HA XapaKTEPUCTHIHOTO YPABHEHHE A1, Ao, . .., A,
ca peajiHu W pasjmdan. Ha TdX UM ChOTBETCTBA cucTeMaTa oT dyHKIum eM? e eln?,
KOHMTO Ca pellleHHsT Ha ChOTBETHOTO JUHEHHO ypaBHenue. la npecMerneM jeTepMHHAHTATA HA
Bponcku 3a Te3u pyHknun

eM® e . et 1 /U |

)\1€>\1$ )\2€>\2m R )\n€>\nm )\1 )\2 Lo )\n
W = : : S . = ¢(atHin)e

n—1 _Mzx n—1_Mox n—1_A\nz n—1 n—1 n—1

ATTeMT AT e L L AT e A Ay D Y

[TociennaTa meTepMHUHAHTA € IeTePMUHAHTA Ha BaHIepMOHT M TSI € pa3/IndHa OT HyJia, KOTATO
A1, Ao, ..., A\, CA PABIMYHU.
Jlpyrure caydanm ce IpoBepsBaT aHAJOTHYHO.

IIpumep 1.
Tla ce naMepu 061OTO perrenue Ha audepeHuantgoro ypasuenue y4 — y = 0.
XapakTepUCTUIHOTO YpaBHEHHE €

M—1l=A-DA+1DN+1)=0

U TO UMa KOpeHu Aj o = £1 u A3y = 0+ il. Crenosarenno y;(z) = €%, y2(z) = e *,y3(z) =

eV cosx,ys(x) = e®Tsinx ca dpyHgaMenTanHa cucTeMa OT pelleHHs Ha IaJeHOTO MudepeH-

[IIAJTHO YpaBHEHHE U OOIINOTO pPEeIIeHue €
y(x) = Cre” 4+ Coe™® + C3cosx + Cysin .
ITpumep 2.

Ia ce Hamepu obmoTO penienre Ha audepeHnuaanoro ypasuenue y’ — 4y’ + 5y = 0.
XapakTepuCTUIHOTO YpaBHEHHE B TO3M CJaydail e

N —4X+5=0
U HEroBHUTe KOpeHH ca \jo = 2+ 11, , 1e. a =2, [ = 1. ObmoTro perrenue

y(x) = e**(Cy cos(2z) + Cysin(27)).
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IIpumep 3.
Ia ce Hamepu o61oTo pemenne Ha audepennuagtnoTo ypasuenue vy — 2y” — 4y + 8y = 0.
XapaKTepuCTUIHOTO YpaBHEHHE €

N =202 4N+ 8= (A —22(A+2)=0
U HETOBHUTE KOPEHH ca \j 2 = 2 - 1BOeH U A3 = —2. OOIIOTO pellleHne e

y(x) = Cre** + Cyze®™ + Cye ",

3amaum 3a caMocTOdATEeJIHA pabdoTa.

Jla ce HamepgT obUIUTE pelieHns Ha fajenuTe audepeHuajlin ypaBHeHn:
1.y"+9y =0.

2.y" — 4y = 0.

3.y" =3y —2y=0.

B. JInHeiitHn XOMOTreHHU yYPaBHEHUSA C MOCTOAHHU KOe(UIMEHTHN U JIICHA YaCT
KBa3UMNOJITHOM.

Heka cera ce 3aHmMaemM cbe 3a7adaTa 3a HAMUPaHe HA YaCTHO pellleHHe B CIydas, KOraTo
JFiCHATA JacT Ha ypabHenue (Ed) uMa crienuaseH B

Hedbununua 4.3. Edua dynruus napuvame K6a3unosuHoM, ako e om euda
I) Pi(z)e*, kademo Py(x) e noaunom om cmenen k u a € R,
II) Py(x)e® cos fx uru Py(x)e**sin fz u [ € R.

Bennara ce BuxKja, 9e BCUYKH peIIeHUs Ha XOMOI€HHOTO JUHEHHO ypaBHEHHE Ca KBA3H-
nosmaomu. Helmo mopede,

Teopema 4.5. Beuuku pewenus HG AUHETHO HETOMOERHO YPABHEHUE ¢ OACHA CMPAHG KEa-
3UNONUHOM CG KBAZUNOAUHOMU.

JloKa3areJcTBOTO Ha Ta3d TeopeMa MoOxKe ja ce Hamepu Hampumep B Apmos [0] wiu
lenves [@].

Hue me nabierneM Ha aJropuTMUYHATA CTPAHA — KAK 110 JAJIeHA JISICHA CTPAHa KBA3UIIO-
JIMHOM HaMHpaMe HSKOe 9aCTHO PelleHne Ha HEXOMOTE€HHOTO yDaBHEHHe.

1) Heka f(z) = Py(z)e™”.

Tyk BaKHHTE Hella ca MoKa3aTessd o U cTelmenTa Ha moaunnoma Py(x). ma asa ciaydas:

a) @ He € KOPeH HA XapaKTePHCTHIHOTO YPABHEHHE, CHOTBETCTBAIIO HAa XOMOreHHOTO JIV.
ToraBa 4acTHO peIlleHne ThbPCUM BbB CJIETHUS BUJL

yp(w) = Qr(x)e™.

Tyk Qk(z) e momuHOM OT chiaTa crened Kakto Py (x), HO ¢ Heonpeenenu kKoedurumenTu. 3a
na ompeaenuM Koedumuenture Ha Qi (), m3noassame GakTbT, b€ Y,(T) € YaCTHO perreHne
Ha HeXOMOreHHoTO Junedno JIY. BamecrBame 1o B (1) u B pesysrar ce 10JgyvaBa JUHEHHA
cucTeMa ypaBHeHue 3a koeduruenture Ha Qi (), KoATO ce periaga.
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) (v e s-KpaTeH KOPeH Ha XapaKTePUCTHIHOTO YPABHEHHE, CbOTBETCTBAIIO Ha XOMOT€HHOTO
V. Torasa 9acTHO pelleHre THPCUM BBbB CJIETHUS BU/I,

Yp(z) = 2°Qp(x)e™”.

[TonmuaoMBT Q) () € KAKTO MO-rope U HeropuTe KoebUIMEHTH HAMUPAME M0 OMUCAHUSIT Bede
HaYWH.

2) Heka f(x) = Py(x)e®® cos fz wmn f(x) = Py(x)e®” sin S

Tyk BasKHUTE Hema ca YucaoTo « i3 u crenenrta na noguuaoma FPy(x). OTHOBO pasninia-
BaMe J1Ba CJIydas:

a) a i He e KOpeH Ha XapaKTEePUCTUIHOTO yPABHEHHE, ChOTBETCTBAIIO HA XOMOTEHHOTO
V. Torasa 9acTHO pellleHre THPCUM BBB CJIETHUS BU/I,

yp(x) = e**(Qr(z) cos Sz + Ry (z) sin fx).

Tyk Qu(x), Ri(x) ca moamHOMHu OT chinara crened Kakro Py(r) u TsaxHuTe KOoedUIUeHTH
HaMUpaMe 0 OMUCAHUS TIO-TOPe HAYHH.

0) a £if e s-KpaTeH KOPEH Ha XapaKTePUCTUIHOTO YPaBHEHUE, ChOTBETCTBAIIO HA XOMO-
reanoro JIY. ToraBa 4acTHO pellieHre THbPCUM B'bB CJICIHUS BU/I

yp(x) = 2°e* (Qr(x) cos fx + Ry(x) sin fz).

Yaenosere oT Buga x° B ropuute (hbOpMYJIH ce HAPUIAT PE3OHAHCHU YJIEHOBE, BUXKTE
[Tpumep 4 no-moJy.

3abenexkka. HeszaBucumo oT TOBa, Ye nsicHATA CTPaHA ChAbBPIKA CAMO COS ST WM CaMO
sin Sx, HEe TpsgOBa Ja ThPCUM YaCTHO PeIlleHne, ChIbpKaIlo i cos Sx u sin Sx.

B cienpamure npumepn 1a ce HaMepu 00IIOTO pelleHne Ha JudepeHIna HATe yPaBHEHH.

IIpumep 1. y" + 3y + 2y =42+ 7.

[TbpBO 1mIe HAMepuM OOLIOTO PEIIeHre Ha ChOTBETHOTO XOMOTEHHO AU(epeHIIuATIHO YPaB-
nenne y" + 3y + 2y = 0.

XapakrepuctnanoTo My ypasaenue e A\2+3\+2 = 0, uniiTo Kopenn ca A\ = —2, Ay = —1.
Oyuxnunte yi(z) = €2 u yy(r) = e % obpasysar dyHIaMeHTAIHA CHCTEMa OT pelleHHsl.
OO6110TO perienne Ha XOMOI€HHOTO YpaBHEHHE €

yn(z) = Cie™% + Che™®,

kbaero C, Cy ca NpOU3BOJHEA peaaTHd KOHCTAHTH.
Cera TbpCHM YaCTHO pelleHre Ha HEXOMOIeHHOTO ypaBHeHue. /lsgcHaTa cTpaHa MOKeM 1a
3AIUIIEM TaKa

J(2) = ™ (4a +7),

e o = 0, a mosmHOMBT Pi(z) e or wbpBa crenen. [Tokasarenst o = 0 He KOpeH Ha Xapak-
TEPUCTUYHOTO yPaBHEHHE, 3aTOBa T'hPCUM YaCTHO perenne o sujaa y,(r) = " (Az + B) =

(Az + B).
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BamectBame y,(z) = (Az+B) B HeXOMOTeHHOTO MiGbEPEHITHATHO YPABHEHUE U IOy YaBaMe
3A+2Ax 4+ 2B =42+ 7.

JIBa 1nojiMHOMA €a paBHM TOraBa M CaMO TOraBa, KOraro KOeMUIMeHTUTE IpeJ CbOTBETHUTE
CTENIeHN Ca PABHH, T.€.

2A =4
3A+2B=T.

Pemennara na cucremara ca A = 2, B = % CrietoBaTeIHO YAaCTHOTO PEIeHue Ha 1aje-
HOTO jupepeHnuagno ypasuenne e y,(x) = 2x + % O61oTo pemnrenue Ha gudePEeHITHATHOTO
ypaBHEHHE e

1
y(r) = yu(z) + yp(x) = Cre ™ + Che™ + 27 + —.

2
IIpumep 2. 3" + 2y — 3y = 4e~37.
XOMOIreHHOTO ypaBHEHHE €
y'+2y =3y =0,
a KOPEHUTe Ha XapaKTepHCTHIHOTO ypapHenme A2 + 2\ —3 = 0 ca A\ = 1, Ny = —3.

T —3x

Oyukiunre yi(x) = €*, yo(x) = €7°% ca JUHEHHO HE3aBUCHMA CHCTEMa OT pPeIleHUs Ha

XOMOI'€HHOTO ypaBHeHHue U
yh(l’> = C’lex + C2€f3x

e OOIIOTO MYy pelleHue.

IMTokazarenar o = —3 e eIHOKPATeH KOPEH Ha XapaKTePHCTUIHOTO ypPaBHEHHEe, a II0-
quHoMbT Pi(x) e or Hynesa cremed. B To3u ciydail 4acTHO penieHue ThPCHM BbB BUJA
yp(x) = xAe 3. 3a na mamepum A 3amectBame Y, () B 1a1eHOTO MuEPEHITATHO YPABHEHUE
U HAMHpaMe

—6A4e73" + 9Aze ™ + 2473 — 6Axe " — 3Axe " = 4e 737,

oTKbjero noayudasame, ve A = —1 u y,(x) = —ze 3%, Oxonvaresno, oGIOTO pelleHue Ha
JupepeHnuaaInoTo ypaBHeHue e

y(x) = Cre” + Coe™ — ze™%,

IIpumep 3. v + 4y’ + by = —sinx.

[TbpBO pemasame ¢HLOTBETHOTO XOMOreHHO audepennuanno ypasuenue y’ + 4y + 5y = 0.

Kopenure na xapakrepuctudnoro ypapuenne A2 + 4\ +5 =0 ca A\j o = —2 + i. Oynja-
MeHTaJjIHaTa CHCTeMa OT PelieHHs Ha XOMOTeHHOTO ypabHenue e y1(r) = e 2“cosx, yo(z) =
e~ sin . OBIMOTO pelIenne Ha XOMOTEHHOTO YPaBHeHHe e

yn(x) = e *(Cy cosx + Cyysin ).
Jlsicnara crpaHa MOzKeM Jia 3allAIIeM Taka

f(z) = —e"sin,
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re o = 0,0 = 1, a nosmuombr Py(z) e or Hysnesa crened. Yucaoro o + i = 0 + i He KopeH
Ha XapaKTepPHCTUIHOTO YpaBHEHHE, 3aTOBa YaCTHO pellleHHe ThPCHM BbB BHIA

yp(z) = Acosz + Bsinx.
Karo 3amectum Y, () B HEXOMOreHHOTO JudEPeHINaIHO yPABHEHNE, 10/LyYaBaMe
(4A+4B)cosx + (4B —4A)sinx = —sinz.

Twbit kaTo sinx U cosz ca JMHEHHO He3aBHCHME, TO KoHcTanTuTe A m B ompeneinsiMme OT
cucTeMara

4A+4B =0
4B — 4A = —1.
Jlecno Hamupame, qe A = %, B = —%. Taka 9aCTHOTO peleHue e Y, () = %cosac — %sin T, a

o0IIOTO pelreHne Ha JIaJeHOTO U epeHralIno ypaBHeHHe e
1
y(x) = yn(x) + yp(x) = e >*(Cy cosx + Cysinx) + g(cos xr —sinz).

IIpumep 4. & + w?r = Asinvt.

N360pbT Ha He3aBHCHMATa MPOMEHJINBA He e ciaydaeH (ga mpumoMHunM, e t uma husn-
9eCKH CMHCHJ Ha "Bpeme'), Thil KaTO ypaBHEHHETO MMa MeXaHHYHA WHTepuperanus. Me-
XaHHYIHATA CHCTEMa, KOATO Ce OIMCBA ¢ TOPHOTO YpaBHEHHE € HaIIpHMep JIMHEHHO MaxaJo,
HOJJIOXKEHO Ha BbHIMHA cujia Asinvt. Tyk o € OTKJIOHEHHETO Ha MaxaJoTO OT BepTHKaJa-
Ta, (T ce Upejanoiara MajKa BeJMYHHA), W Ce HADHYA BBTPEITHA YeCTOTa HA MeXaHWIHATA
cucreMa, A e aMILUINTy/1a HA TPENTEHUATA HAa BBHHITHATA CHJIA, & UV — BhHITHA YECTOTA.

[IbpBO pemaBamMe XOMOTeHHOTO ypaBHenue. Bejanara namupame, ge A = 0£iw ca KOpeHHTE
Ha XapaKTePHCTHIHOTO yPaBHEHHE, OTK'bIETO OOIIOTO PellleHre Ha XOMOT€HHOTO YpaBHEHHE e

xp = C coswt + Cy sinwt,
kato C,Cy ca IpoM3BOJHI KOHCTAHTH. 10Ba pelleHne BUHATH MOKE /13 Ce 3aIuIle H TaKa
xp, = K cos(wt + «)

1 TO Ce MHTepIpeTHpa MexXaHndeckKd KaTo "cobcrseno Tpentene" | K e ammaurynara My, wt+«
ce Hapu4a ¢asa, a « — HavaaHa da3za.
T”prI/IM YaCTHO pelieHrue Ha HEXOMOI'CHHOTO ypaBHEHUE

i+ wlr = Asinvt = Ae®tsin vt.

PazsmmuaBame jiBa corydas:
1) w# .
B To3m corygait 0+ir He e KOpeH Ha XapaKTePUCTUIHOTO YpaBHEHHE U €JTHO YaCTHO pelreHne

uMa BUJA
z, = " (E cosvt + Fsinvt).
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JlecHo ce mpecmgra, de
l’p = R sin vt.
w? —v

OO6110TO perenne Ha HEXOMON€HHOTO YpaBHEHHE UMa BHIA

r =, + 2, = K cos(wt + a) + msinut.

B caydas 9acTHOTO pelieHne ce MHTePIPeTHpa KATO TPENTeHe MOPOJIEHO OT BHLHIMHATA CHIA
— "upunyneno tpenrene". Herosara amminryia e ﬁ W Tsl OCTaBa KpaiiHa Hpu W # V.

Obadve, pn w — V Ta3um aMILIATYAa CTaBa OE3KpaiHO rojigMa, T.e. PEIIeHHeTO CTaBa
HeorpaHumveHo. B takaBa cuTyarus Ka3Bame, de ce HaO/I01aBa "'pe3oHanc".

Hexka cera gectoraTa Ha BBbHIITHATA CHJIA CHBIIAIA ¢ BLTPENIHATA YECTOTA.

2) w=r.

B ro3u cayuait 0 & iw e eJHOKpaTeH KOPEH Ha XapaKTEPUCTUIHOTO YPABHEHHE W €IHO
YaCTHO pEIeHne nMa BH/Ia

z, = te"!(E coswt + Fsinwt).

Ciiesr 3amecTBale HA TO3W U3Pa3 B HEXOMOT€HHOTO YDABHEHUE, MOJIyYaBaMe

A
Ty = —t% cos wt

uau O0IMIOTO PEeleHne Ha HEXOMOTE€HHOTO yDABHEHHE €
A
r =z + 1, = Kcos(wt +a) — t2— cos wt.
w

Beanara ce 3abensizBa, e aMIUIUTYAATa HA TPENTEHETO, IBIKAIIO Cé HAa BHHITHATA CHIA
craBa Oe3kpaiina npu t — o0.
Tosa e bopMaJHOTO MATEMATHYECKO ONUCAHIE HA PE30HAHCA.

3amaum 3a caMocTodATEeSIHA pabdoTa.

Jla ce HaMepdT OOIIHUTE pelleHus Ha JajeHuTe JudepeHuaain ypaBHeHUs:
1. y//_ylzeac_'_ezz_’_m.
2. y" 4+ y = cos2z.

3.y" =2y +y=2e"sinzx.
4. 9" 4+ 4y = 2% sin® x.

5. Hampasete cbmua anam3 KakTo B [Ipumep 4 3a Maxanio ¢ TpueHe

i+ w?r = Asinvt — ki,

KbIeTO KoeUIUeHTHT Ha TpHeHe k e Maabk: 4w? > k2. Y6emere ce, e KOJIKOTO I MAJTKO 113
€ TPHEeHeTO, TO IPEeJOTBPATIBA Bb3HNKBAHETO HA PE30HAHC.
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B. Meton ma Jlarpam>k — MeTon Ha BapupaHe HA KOHCTAHTHUTE.

Tyxk mie pazriegaMe eIuH METO, 38 HAMHpaHe HA YaCTHO pelleHne Ha JTHHeHHO HeXOMOT€eH-
HO Ju(EPEHINAJHO YPABHEHUE ¢ MPOU3BOJIHA HEIPEK'bCHATA JSICHA 9aCT. 32 HPOCTOTA, IIe Ce
OTPAHUYIMM C yPaBHEHHsI OT BTOPH pel. 3a MPOU3BOJIHA Pa3MEDPHOCT MOAXOIbT € aHAJOTHYIEH,
HO TIPECMSITAHNUATA CA TeXHUIECKN Mo-caoxKHu. U Taka, HeKa e 3a7a1eH0 YpaBHEHHETO

v’ +ay + by = f(z), a,beR. (4.12)

Heka ¢1(x), ¢o(x) e dyHaameHTa HA CHCTEMA OT PEIIEHUsT HA ChOTBETHOTO XOMOTEHHO JTH-
depeHnuaJHO ypaBHEeHUE
! /
Yy +ay +by=0.

3naeM, 4e oOIIOTO pelleHre Ha XOMOMeHHOTO YpaBHEHHE e

yn(r) = C1¢1(w) + Caga(w), (4.13)

kbaero C1 u Cy ca mpou3BOJIHE peann KOHCTaHTH. M neara Ha JlarpaH:K e 1a ce ThpCH 9acTHO
perenue y,(r) BbB BUIa Ha OOIIOTO pelIenne Ha XOMOTeHHOTO ypaBHenue. ToBa HampaBuxme
Bede 3a JIMHEHHW yYpaBHEHHS OT MbPBU pel B [1aBa 1.

yp(z) = Cr(x)p1 () + Cox)pa(). (4.14)

Hamupame dbynkinunre Ci(x) u Cy(r) karo usnonssame, 4e y,(x) € 4acrHo pelieHue, T.e.
yp(z) 3amecteno B (IJ) maBa THKIECTBO. 3a LEJITA, IBPBO IIe MPECMETHEM IPOH3BOTHATE
OT I'bPBU ¥ BTOPH PeJl HA YaCTHOTO PEIIeHre. 3a IhbpBaTa MPOU3BOIHA MOy YaBaMe

yp(x) = (CL(x) 1 (x) + Cy(x)d2(x)) + (Cr(x) ¢y (x) + Ca(x)d5(x)). (4.15)

3a j1a OIpOCTHM CMETKUTE Hpejmoarame, e (ToBa MperookKenne Ha Jlarpank B KpaiiHa
cMeTKa paborn)

Ci(z)g1(z) + Co(z)2(z) = 0. (4.16)
Toraga
Yp(z) = Cr(z)d (2) + Co(x)dy (). (4.17)
Bropara npousBoaHa e

Up(7)" = (C191(2) + Co(2)d5(x)) + (Cr(2) 97 (2) + Ca()P5(x)). (4.18)

Karo samecTnm uspasure 3a yp, Y, Yy, 3anajgenu upes (E14), (B12) u (B18) B ypasHenue
(A1), moxywasame

C1(¢] + ady + bor) + Co(py + aghy + bpy) + C1¢) + Cody = f(x). (4.19)

Ho ¢; u ¢y ca pemienusi Ha xoMmoreHHOTO ypasuenue. Crenosarenno (L) ce cBexaa 0
CJIeHOTO YpaBHEHUE

Ci(x)¢) (z) + Co(x)dy(x) = f(=). (4.20)
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[Tonyuuxme, e npousBoguuTe Ha HemspecTHuTe dyHKuuTe C(x) u Cy(x) ce onpeaeaar ot

JUHeHHaTa cucTeMa Ci@)(bl(x) N Cé(aj)(bz(x) »
Cl()9) (x) + Ch(2)dh(x) = f(x). (4.21)

Tasu cucreMa uMa eJIMHCTBEHO pellleHne, T'hil KaTo ¢ U ¢y ca PpyHIAMEHTAJIHA CACTEMAa OT pe-
IIeHUsT HA XOMOTeHHOTO ypaBHenue u Bpouckustna W (g1, ¢) e pasnuden or Hysa. Pemasame
Ta3H CHCTeMa KakTo MoykeM. Hampumep ¢ dopmyaure Ha Kpamep mosydaBame

@@ f@e@
) = @) T Wion e

Cres uaTErpUpaHe HAMUpPaMe

_f(@)da(2) )
W ¢17 (x /W (61.62)(2) dx. (4.22)

Orryk HaMHEpaMe Y4acTHOTO pelleHue Y,(T), a C/1eJ10BaTeHO U 00LI0TO pelleHne

y(x) = yn(x) + yp(2).

To3u MerToj1 3a HamMupaHe Ha YaCTHO PelleHrue € MPUJIOKUM U KOraro KoeuiuueHTUTe Ha
ypaBHEHNeTO ca PYHKINKN Ha He3aBUCHMAaTa MPOMEHJINBA T.

IIpumep 1. 3" — 4y + 4y = 6;—;
XapakTepuCTHIHOTO yPAaBHEHHE, ChOTBETCTBAIO HA XOMOTEHHOTO Ju(bepPeHIHANIHO yPaBHEe-
nue vy’ — 4y +4y = 0 e (A—2)? = 0, KoeTo uma JBoeH KopeH \; = Ay = 2. Dynxrnuure ¢ (v) =
e?® u ¢y(x) = re** obpasysar DyHIAMEHTAIHA CHCTEMa OT pelleHHs Ha XOMOIeHHOTO rude-
peHIuaiHo ypaBHenue. HacTHo pemtenne TbpeuM BbB B Yp,(2) = C1(x)¢1(z) + Co(x)da(x).
Cucremara (EZZ0) nma BHIA

C1(z)e* + Ch(z)ze*® =0
C1(x)2e* + CY(z)(e* + 2ze**) = e:—;

Taszu cucrema Jiecuo ce Tpanchopmupa B

’cﬂx):o;() r=0

Cy(x) =
Orryk namupame nocuenosarenno Co(z) = —1, C)(z) = —In |z
YacrHoTo perienue e
1
yp(r) = —e* In |z — —ze*".
T

O610TO penienue Ha JaJeHOTO AU(PEPEeHIHATHO YPAaBHEHHE €

y(r) = C1e* + Cowe* — e* In |x| — €**
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IIpumep 2. 3" + wiy = f(x).
XapaKkTepuCTHIHOTO YpaBHEHHE, CHOTBETCTBANIO HA XOMOTEHHOTO MU(bEPEHIHATHO YPABHE-
une ¥y’ + wly = 0 e A2 + w2 = 0, kopenure Ha KOETO ca Ajo = +iwy. Oynknuure ¢1(r) =
cos(wox) m ¢o(x) = sin(wpz) obpasysar GyHmaMeHTATHA CUCTEMA OT DENIEHNS HA XOMOI€HHO-
TO AudepeHITnaaHO ypaBHEHTE.

yn(x) = Cy cos(wox) + Cy sin(woz).

YHacTHo perenue ThbpeuM BB Buaa Yy, (2) = C1 ()¢ (2) +Co(z)p2(2). derepmunanrara Ha
Bpoucku na ¢1 u ¢o € W(dy, p2)(z) = ¢1(x)dh(z) — ¢ (x)da(x) = wp. Or (EZA) nonyuasame

Ci(z) = _wio f(z) sin(wox)dz, Cy(z) = wio/f(x) cos(woz)dz.

YacTHOTO pellleHye e

ol) = (wi [ @ sin(wmda:) cos(wo) + (wi [ @ COS(wox)d:v) ().

O610TO penienue Ha JaJeHOTO AU(PEpPeHIHATIHO YpaBHEHHE €

y() = Cy cos(wor) + O sin(wor)
- wio (( / (@) sin(wox)dm) cos(woz) + ( / f(@) cos(wox)dx> sin(wox)) |

3amaum 3a caMocTOodATEeJIHA pabdoTa.
Jla ce HaMepyaT OOIIMTE perieHns Ha JajeHuTe qudepeHIuain ypaBHeHUs:

Ly —4y +3y =15

2.9+ 2y +y=3e "o+ 1.
3.y + 2 +y =5

xe®

4.3 Ypasaenng Ha Oiigep
Jndepennuannn ypaBHeHUus OT BAIA,
(az +b)"y™ + ai(az + b)" Y™V 4+ a1 (ax + D)y + any = f(2) (4.23)

ce napuuar ypasuenus Ha Oitnep. [Ipu ax +b = 0 e Beye He ca audepeHIraIHN yPABHEHHS.
Cren cMsHA Ha He3aBUCHMATa MPOMEHIHBa npu az+b > 0, az+b = €' (ax+b < 0, ax+b = —e')
Te3W YpaBHEHHUS Ce CBEXKIAT K'bM YPABHEHHs C MOCTOSHHYE KOoeUIHeHTH U CAeTOBATEIHO Ce
pelaBar.

B ciepparmure npuMmepu HaMupaMe pelieHusaTa Ha ypaBHerus Ha Oiep.

TMpumep 1. (2 + 1)%y" —4(2z + 1)y’ + 8y = 0.
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Heka 3a ompejeseHoct cuaurame, de 2z + 1 > 0 (apyrusar ciaydaii ce mpaBu aHATOTHY-
Ho). ToraBa nonarame 2x + 1 = e'. 3spazsasame nocsenoBarenso npouspoguure 4, y" apes
HHPpOU3BOAHHU OTHOCHO HOBaTa IIPOMEHJINBA t.

dy & ¢
ar = j—; = 2e ).
rw
Py d ., L(2e7t) .
— = —2ey) = 0 =47 (i — 3).

dx? dx

dat
3aMecTBailKu Te3W W3pa3W B YPABHEHHETO TOJydaBaMe

ij — 35+ 2y = 0.

ToBa Bede e ypaBHEHHE ¢ TIOCTOSHHU KOEMUIMEHTH U TO pelllaBaMe ¢ MeTOIUTe OT MpeIHaTa
CeKITHS.

XapaxTtepucruunoro ypasuenue e A2 — 3\ + 2 = 0. To uma xopenu A; = 2, 1. Cieona-
TeJHO O0IoTO perienue Ha /LY e

2t t
y(t) = Cre™ + Cqe’.
HaKpaH Cce BpblllaM€ K'bM II'bpDBOHaYaJIHATa HE3aBUCHMa IIPOMEHJINBa

y(z) = C1 (22 + 1)* + Cy(22 + 1).

IIpumep 2. 2%y" — 2y = sin(ln ).
Vpasuennero nma cvucha npu > 0. [Mogarave x = ef. TIpecmsiTame Toc/e10BaTeTHO
HPOM3BOIHUTE
dy % d?
W_a oty 4

dp ¢V T e

_Qt( .
= dz?

J—9)
Cnen 3amMecTBaHe B yPABHEHHETO TOJIyIaBaMe
y— 1y — 2y = sint.

[IbpBO HAMEpPaMe OOIIOTO pelleHre Ha XOMOIeHHOTO ypaBHenue §j — y — 2y = 0. Xapak-
TePUCTHYHOTO My ypasaenme ¢ A2 — X\ — 2 = 0, uniito Kopenn ca A\ = —1, Ay = 2. O6moTo
pelenne Ha XOMOI€HHOTO YPaBHEHHE €

yn(t) = Cre" 4 Coe.

Cren ToBa ThPCHM YaCTHO peIlleHHe Ha HEXOMOTEHHOTO ypaBHeHme. /IscHara cTpaHa 3a-
nucsame karo f(t) = e%'sint — kpasunomuuom. Tbit kKaTo 0 £ 7 He e KOpeH Ha XapaKTepH-
CTUYHOTO YpPaBHEHHE, €JIHO YaCTHO pPeIleHrue uMa BUIA

Yp(t) = Acost + Bsint.
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Cren 3amecTBane Ha Y,(t) B HEXOMOI'CHHOTO ypaBHEHHe U H3IOJ3BaHe, de ST W CosT ca
JINHEHHO He3aBUCHMH, moydaBame 3a A u B cucremara

A+B=0
A-B=1,

otkbaero A =1/2, B =—1/2 n y,(t) = 5(cost — sint). Obmoro perrenne e

1

2
—t o, 1 :

y(t) = yn(t) + yp(t) = Cre™" 4 Cre™ + §(COSt —sint).

Oxkonuatesno o .
y(x) = —1 + Cox® + 2[cos(ln x) —sin(Inz)].

3amaum 3a caMocTodATEeJIHA pabdoTa.

Jla ce HaMepgaT OOIIUTE perieHus Ha CaeJHuTe JTU(MEePEeHIuaIH yPaBHEHWS:
1) 2%y" — 32y’ + 3y = 0.

2) 3 W—I—l’y _y_o

3) z%y" xy +y = 8a3.
) ®

2// _ 2
4 "= — L

r—1

4.4 JIn"weiitnu cucremu

PasriexjaMe JinHeRHATA CHCTEMA € HOCTOSIHHU KOoebUIHeHTH
t=Az, xze€R" A:R"—R" (4.24)

HNckame na namepum dopmysia 3a 00IIOTO pellieHne Ha Ta3u cucreMma. Heka jgelicTBamMe 0THOBO
110 aHAJIOTHA. Y PaBHEHUETO
t=ax, z€cR!

e exnomepna Bepcust na (E2Z4). ToBa e ypaBHeHHe ¢ PA3/e/IAINIU ¢e MPOMEHJIUBE U HErOBOTO
pelleHne ce HaMupa JecHo — T = e%c, K'bJero ¢ e Ipou3Bo/JIHA KOHCTaHTa. 110 aHAIOrUs C
TO3W €THOMEpEeH CJIydail mpejmoiaraMe u cjaejl ToBa Ie JTOKazKeM, e

z(t) = e’ (4.25)

e pemenne na (E24). Tyk C e nocrosuen Bekrop B R™, KOHTO ce oupenens or HAYAIHUTE
yeaoust. 11le mokazxewm, ye opmynara (E2Z3) qasa pernrenne Ha cucremara (E24) mocpecTBOM
HAKOJIKO IIOCJeJ0BaTCJIHN CTHhIIKHU.

IIbpBo me nedpuHEpaMe eKCIOHeHTa Ha MaTpulia. ToBa MoOxKe Ja cTaHe dpes3 pej HIn
peauna. Hue me npeanodereM nedHHANEATA Ipe3 pel.

Hedbununua 4.4. Excnonenma na mampuya vapudame Gopmasnus ped

A A2 AF
=E+ 5+ + ot (4.26)
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IIpenu ma gokazkeM cxoguMmocTTa Ha pena (20), Heka ja JajieM JiBa OpuMepa, ¢ KOUTO

1Me TIOKazKeM, de MOzKeM Ja HammpaMe e’ ¢ momomrta na (E20).
IMpumep 1. Ta npecmernem e, kbiaero A e quaronasna marpuna A = diag(Ay, Aa, ..., Ap).

A~
D

3a na m3nouasBave (EZH), HE € HYXKHO JIa 3HAEM AF 3a Besko k. [Tpecmsrame (uwnm ce

Jocerame)
X0 ... 0 N0 0
| 0% 0 IICIE P R
0 0 A2 0 0 ... X\
KOUTO OTHOBO Ca JuaroHaanu Marpuiu. ToraBa mnedununugara (E20) nasa:
oo Ak
k=0 Tl 0 y
oo
oA — 0 PRI~ 0
o A
0 0 . o0 T

k
PejioBere 110 juaronasia Ha 1moc/eHATA MATPUIA C& CXOJISIIU — e* = Z?:o % Cure10BaTeIHO

e 0 ... 0

A2
eAI O e O
0 0 ... e

Peabr (EZ0) ce nmpecMsTa U 3a MATPHUIM, 38 KOMTO HSKOs Tisiia creneH, HanpuMep A° = 0
Takupa MaTpuiy ce Hapudar HuanorenTHu. Torasa (E20) ce peBpbINa B KpailHa cyma

A AQ As—l
A
=F+—-—4+—+... 4+ ——.
‘ L TR TR Py

IIpumep 2. Jla npecvernem eV, kbaero N = (8 (1))

Benmnara ce Buxkna, de
00
2 _ _
N“=N.N = (O 0) )

CaenosaresHo
N (10 01\ (11
e—E+N—(01+00—01.

[le m3moa3BaMe Te3u MPUMEPH IO HATATHK.
Heka cera jga obocnoBem cxojumoctTa Ha pepa (E20). Ile nu Tpsiba HOHSITHETO HOPMA

Ha MaTpHIA.
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Hedbununua 4.5. Hopma na mampuya napudame 4uciomo

1Al = sup [[Az]]. (4.27)

||z]|=1

Tazu nHopMma e 1006pe meduHEpaHa, 3aII0TO ce JaBa OT eKCTPeMyM Ha HelpeKbcHaTa PpyH-
KIUsT BbPXy KoMmakTHO MHO)KecTBO. 1o Teopemara na Baitepmpac (Teopema B) TakbB
CYNpPEMyM CBhIIECTBYBA U Ce JOCTUTA 3a HAKOH BeKTOp To. Hali-axmuoro e, ue 0 < [|A]| < oo.

MarpuaraTa HOpMa UMa CJIeTHUTE CBOUCTBA

() [[A]|=0¢—A=0 (2) [[AA]] = |A] - []All
(3) [[A+ Bl <[lAIl+1BIl (@) [[Az]] < [JA]] - []]]
(5) [[4- BI| < ||A]l - 1|B]] -

Nsnonssame croitctro (3) m croiictso (5), oT Koeto cieasa nepasenctsoto ||AX|| < ||A||,
3a na Maxkopupame pejaa (I28) ¢be cxomsnn duciaoB pea. Ha pena (E28) riengaMe Kato Ha
bYHKIMOHAIEH peJI, 3aBHCeIl OT n° IMPOMEH/INBU — eJIeMeHTATe Ha KBaIpaTHaTa MaTphia A.

A A A [IA]| [|Al*

H€A||:HE—Fﬁ—Fi—l—...—I—H—F...H§1+T+...+T+...<OO

[To kpurepus Ha Baitepmpac (Teopema B3) 3a paBHOMepHA CXOAUMOCT Ha (DYHKIHOHATHA
penose, e e paBHOMEPHO cXoa4I BLpXy Beako MuozxecTso { Al||Al] < a}, a € R.

Caeapaniara HU CT'bIKaA € PA3LJICXKIAHETO HA PeJia

At A%t? AFtk
F+_2! + ...+ il

e =F+ 4. (4.28)

JIema 4.1. Pedsm (Z8) e pasnomeprio crodawy 666 ecexu unmepsan [—T,T).
Tazu Jlema ce q0Ka3Ba ChC ChIUA APIYMEHT, U3M0/I3BaH B FOPHATA CT'HIKA

AllT AllFT*
||eAtH§1+—||1|,| +...+—H |k|' +...o=eAIT « o,

Crnopej; kputepusi Ha Baifiepmipac peanst 4! e paBHOMEPHO CXOSIN B YKA3aHMS HHTEPBAJ 1

MoOXKe j1a ce audepeHiupa noduaenno. VM nakpas:

Teopema 4.6. O6uwomo pewerue Ha aunetnama cucmema ([24) © = Ax ce dasa ¢ dopmy-
aama z(t) = eC.

HokazaresicrBo. [ludepennupame HOWIEHHO peja B JgCHATa cTpaHa HA dopmyna (E223)

d d 4 d At A% Akih
Loy = Lerto= L g4 2
a W= ge g Pttty

+..)0=

A2 Akk—1

A+ 44+ —— 4. )C=
(At ++ tEoo T )
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At Akfltkfl
AE+ = +.. .+ =—" 4+..)C = Ae?C = Az(1).
( gyt t *-1) +..) e x(t)

[

Bekropbr C' ce ompe/iesist OT n TPOU3BOTHU KOHCTAHTH U ciegoBaresino (E23) naBa o61uoTo
perrerne Ha cucreMara (E2Z4). Ako nmame 3aza4a Ha Ko n ca 3a/a/ieHu HAYaHU YCJIOBUST
2(0) = z9, To C = 20 m 2(t) = 2 e penenne Ha choTBeTHaTA 33a9a Ha Kommm.

U raka, mosyunxme dbopmysia 3a obIIOTO peleHne Ha guHeiinata cucrema (E24). He mo-
MAaJIKO BaKeH € BBIPOCHT 3a aJrOPUTHM 3a HPEeCMATAHETO Ha peIleHusTa Ha KOHKPETHH
CHUCTEeMH C Ta3u (popMmy.a.

Jla mnpeanosokuM I'bpBo, 4e Marpunara A e 1mojobHa Ha AuaroHajHa Marpuia. 1oBa
O3HauaBa, Ue CBINeCTBYBa Heocobena Marpmma S, det S # 0, Takasa, ve A = SAS ' u A e
JauaroHajiHaTa Marpuia ot IIpumep 1. MMmame

SAS-1t (SAS-1yktk
e et

_ LAty SASTlt ey
r=e"C=e C=(FE+ T +... o

.)C.

Nsnomnssaiikn daxta, ge (SAS™H)* = SA*S~! 3a Besko ku E = SS™L, sagum S mpes cxobuTe
otangso u S™! 331 cKoGUTe OTALACHO:

r=8E+ = +...+——+..)57'C=8eMs7IC.

3a mpocrora oznagasame S C oruoso ¢ C' m nomyuasame GpopmynaTa
z(t) = SeMC. (4.29)

a npunomuunm, de mMarpunarta A e mojJo0bHa Ha JHATOHAJHA, HAIPUMED aKO COOCTBEHHTE W
qrcsIa ca pasandau. Kak namupame cobcTenuTe dncia va A n camara MaTpuiia S, € B3BeCTHO
or JuHeiinara ajarebpa (Buxk [Ipuioxkenue B). Hue me npunomMauM ToBa BbpXy KOHKPETHH
MPUMEPH CJIEJ, MAJIKO.

Cera e pasrienamMe OOIIKs CIydail, KOraTo MeXKIy COOCTBEHHTE UhC/Ia Ha MaTpunara A
MOKe Ja MMa ChBIAIAINN. 34 Ta3U IIeJ1 HU TPAOBAT HIKOJIKO TOHATHSI.

Hedbunnnua 4.6. 2Kopdanosa kaemxa (usu scopdanos 6A0K) ¢ pasmepHocm S HaAPUMaMme
MAMPuUYa om euda

A1 0 ...00
0 A 1 ...00
JE) = .00 (4.30)
DY
0 0 0 ... 0 X\

S§XS§

IIpumep 3.

a) A e OYEeBH/HO KODJAHOBA KJIETKA ¢ PasMepHOCT 1;
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Al
0) (O )\) e JIByMepHa, KOPJAHOBA, KJICTKA;

B)

e IpUMep Ha TpUMepHA YKOPJAHOBa KJeTKa.

S O >
S > =
> = O

Hedbununuga 4.7. 2Kopdanosa nopmasra Gopma 1a mMampuya Hapuvame

Ji 0 ... 0
g 0 k0| (431)
0 0 0 J,

K60emo no Jua2oHana umame scopdarnosu kaemru. Tasu oscopdanosa Hopmasra dopma e
eOUHCMBEHA ¢ MOYHOCT PASMECTNBAHE HA BAOKOBEME.

ITle dbopmyaupame ciregHaTa

Teopema 4.7. Beakxa mampuua A e nodobra wa scopdarnosama cu HOPMAAHG dopma, m.e.
3a ecara mampuya cewecmeyesam J, S, det S # 0, maxusa, e

A=SJS L

CremoBaTeHO 3a MPOM3BOIHA MaTpuna A mvame popMysIa 3a peNIeHHETO HA CHCTEMATA,
& = Az, anasornyna ua dopmynara (29)

x(t) = Se’'C. (4.32)

ITo c¢bimecrBo dopmyia (E33) Hu Ka3Ba, Ue 33Jadara 3a HAMEDAHe Ha ODIIOTO pelleHre
Ha JimHeitHa cucTtema O/LY ¢ mocTosgHHM KoeUIUEHTH ce CBexK 1a 10 ajJredbpudHa 3a1a4a — 1o
najeHa peaana Marpuna A Tpa6sa mxa mamepuM J,e’t n S. Hamupanero va J u S e 3a1a4a,

onmcana B y4ebHuiure 1o JuHeiina ajarebpa. Jla ce 3aemeM ¢ HaMupaHero Ha e’ 10 jajeHo

J. Tit karo J e GJ04HO-IMAroHAIHA Marpuia, To or Ilpumep 1 ciemsa, de e/t e cbirno

OJIOYHO-THATOHAJIHA,

S | R |

Jot
eJt _ 0 € 0 ‘ (433)

Cie1oBaTe/IHO JIOCTATHYHO € J1a HaMePHUM eKCIIOHeHTaTa Ha eJHa yKOPAaHOBa KJIeTKa J (s, e
3abesIeKuM, Je

A0 0 0 0 0 1 0 0 0
0 XA 0 0 0 0 0 1 0 0
JO =A4+ N = 00 |+ 00 |,
. A0 . 0 1
0 0 0 0 A 0 0 0 0 0
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T.C. J(S) € CyMa Ha [JHalOHaJIHa W HUJIIIOTEHTHa MaTpPHIla, YMUTO €KCIIOHEHTH HHE 3HaeM OT

IIpumepu 1 u 2. Torapa umame
ot _ AN

[Mle dbopmyiupamMe ciiejHus pesyJarar

Jlema 4.2. Hexa mampuyume A u B womymupam, m.e. AB = BA. Toeasa

eMB = A B,
3a JI0Ka3aTeICTBOTO HA TO3M PEe3yJTaT € MOo-yA00HO Ja ce M3M0J3Ba, JIePUHUIUSTA, Ha, EKCITO-
HeHTa Ha MaTpura 4upe3 peanna (Buzkre Hampumep Apros [O).

Twit karo A e ckaylapHa MaTpHUIa TO TS KOMYTHpPA ¢ BCdKa Japyra, B gactHocr AN = NA

n cjgegoBaTe/JIHO UMaMe

(s)
eJ t__ eAt. Nt.

e

3agaua Hamepere npumep ¢ 2 x 2 marpur A u B, 3a kouro e8P £ e B,
A
0 A

A0 0 1
2 — _
s —aen= (3 0+ (0 o)
OT ropuuTe pascbXKICHUSA

At
J@¢ At Nt € 0 a1t
et =ee _(O ekt).(E—i—Nt)—e (O 1).

Crem 1s710TO TOBA TEOPETUUHO PA3TIeKIaHe e Aa1eM aJIrOPUTHM, KOHTO Ie HU MO3BOIN
Ja pelllaBaMe ABYyMEPpHU CUCTEMH. C MaJIKH1 MO,ZLI/ICbI/IKaI_[I/II/I AJITOPUTBM'BT MOZKE Oa Ce IIpuJjara
n 3a TpUMEpPpHU CUCTEMU. 3a CHUCTEMU C IIO-TOJIEMH Pa3MEpPHOCTHU € HYZXKHa AOII'bJIHUTEJIHA
dopmyia 3a ompejensgHe Opos Ha KOPJAAHOBHTE KJIETKH ¢ (DUKCHPaHA Pa3MEPHOCT, & OCBEH
TOBa 06eMBbT Ha IMPECMATAHUITA HAPACTBA 3HATHUTETHO.

J@¢

Ipumep 4. Hexka J®) = ( ) Jla mpecMeTHeM e

Nmame

Jla mpumomHmEM, 06IOTO pemnenne Ha cucremata (L24) e z(t) = Se’'C' u 3amauara ce
csejie 10 Hamupanero Ha J,e’t, S no najsena marpuna A.

Crbnka 1. Hamupame cobcrBenuTe ync/ia Ha Marpunara A u onpeae/isme »KopaaHoBara
HopMmastHa popMma J.

CobcrBeHnTe JHCIa YAOBAETBOPSIBAT XaPAKTEPUCTUIHOTO YPABHEHTE

det(A — AE) = 0.

IIbpBu cay4gaii. CobcTBeHNTE YUCIA €A PEAJHH W PA3JIUIHU A\ # Ay € R.
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Torapa xopaanoBaTa HopMmasHa ¢gpopma J e JuaroHaHa

. )\1 0 Jt €>\1t 0
J—(O /\2> u e —(0 et ) -

Bropu cay4uaii. CobcrBeHUTE YHCTIa Ca PeaTHU U ChBIAIAT A\ = Ao = A € R,

TpsabBa 1a ycTaHOBEM KOJIKO >KOPJIAHOBU KJIETKH CHOTBETCTBAT HA ChHBIAJIAIIUTE COOCTBE-
uu yucaa. [oayyasame marpunara B = A— \E. [Ipecmsrame padra na B, KOiTo 03HaYaBaMe
c r(B). Toii moxe ja 6be 0 uin 1. /la o3naunm ¢ [ 6post Ha JKOPJAAHOBUTE KJIETKU, OTTOBAPAIIH
HA KPATHOTO COOCTBEHO YUC/IO.

l=n—-r(B)=2-r(B). (4.34)

Axo r(B) = 0, To | = 2, T.e uMaMe JiBe eJIHOMEPHHU KOPJAHOBU KJeTKH. ToBa O3Ha4YaBa, e
MaTpunara B e HyneBara, a A e IuaroHajaHa — TOBa HHE MOXKEM Ja 'O BUIUM OT YCJIOBHETO
Ha 3ajavara. U1 Taka, B moBeuero ciaydan r(B) =1 u [ = 1. Vlmame eHa KOPJAHOBA KJIETKA

Al

0 )\). Or TIpumep 4 mmame

1t
Jt At
oen(1).

Crbnka 2. Hamupame marpunara S.

u Td e aBymepHa J = (

B wbpBus ciaydait marpunara S ce ¢berou or cobcTBeHuTE BeKTOpH Ha A. 3abesexere,
e peJbT UMa 3Ha4YeHue.

S = V1 V2

Jla npunomManM, e coOCTBEHUTE BEKTOPH U, Ca HEHYJIEBH BEKTODH, Y/IOBJIE€TBODABAIIU CUCTE-
mute Av; = \v;, j=1,2.

BbB BTOpHA cayuait umaMe caMo eIuH cOOCTBeH BeKTop. TpsabBa ma m1006aBUM OIlle eIuH
JIMHEITHO HEe3aBUCUM BEKTOpP M TOW OODMKHOBEHO C€ Hapuya NPHUCHeIUHEeH BeKTOp. Vmaiiku
Marpunara B, HamMupame cOOCTBEHUS M TPUCHEIHHEHUST BEKTOP 10 CJIeTHUS HAYNH:

Pemasame cucremara

Bvy =0, v, € KerB v; cobcTBeH BEKTOP.

Pemasame cucremara

Bvy = vy, vy € KerB? vy IpUCHeIUHEH BEKTOP.

Torasa

S = V1 V2
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Crbnka 3. Hakpag 3anucBame penieHIEToO
z(t) = Se’'C,
C = T
K'bJIETO € JBYyMepeH npoussosied sektop C = (¢, c)” .

KakTo Moxke 1a ce 3abesiexkm, OCTaHa OIIe €JIWH CJIy4ail, Koraro cOOCTBEHUTE UHC/Ia Ha
MarTpuiara A ca KOMILIEKCHO-CIIperHaTu. loraBa mojiydaBaMe, de yKOpJaHOBaTa HOPMAaJiHA
dopma u marpunara S ca KOMILIEKCHH. Hue nckame 1a MOJIyYrM PEaHE PENeHus U 3aTOBa
n3bupame BeKTOpbT C' ¢ KOMILIEKCHO-CIIPErHATH KOMIOHEHTH. T'bii KaTo 710 rojisMa CTelleH
TO3W cJIydall npuinda Ha JuaroHaJHUd, HUe 1e o pa3ljejiaMe B pUMep.

ITpumep 5. /la mamepuM peleHneTo Ha cucreMmara © = Az, KbIeTo

A:(_ll f)

[Ipecmgrame XapakTePUCTUIHOTO ypPaBHEHUE

B -1-Xx 8 \ s B
det(A—)\E)—det( 1 1_)\>—)\—9—O.

Tosa e kBaipaTHO ypaBHEHHE, YHHTO KOPEHHU ca +3 — TOBa ca COOCTBEHHUTE YUCJIA HA MATPHUIIA-
Tta A. Tbil KaTo Te ca peaJJHM U Pa3JINIHH, TO >KOPJAHOBAaTa HOpMaJIHa (popMa e JHarOHAIHA

3 0 J et 0
J = u elt= .
(0 —3) 0 e 3
3a ga Hamepum marpunara S, upecmsaramMe cobcrsenuTe BekTopu. CoOCTBEHHAT BEKTOD HA

A1 = 3 e pemenne Ha cuctemara Av; = 3v; me vy = (2,1)7.
CobCTBeHIAT BEKTOp Ha Ay = —3 ce Hamupa oT Avy = —3v; u e vy = (—4,1)7T.

CaenosaresiHo
2 —4
s=(0 7))

2 —4\ (¥ 0 c
z(t) = Se’'C = S = (1 . ) (o e—3t) (C;) :

ITpumep 6. [a mamepuM pereHneTo Ha cucreMmara © = Ax, KbJIeTo

=30

[Ipecmgrame XapakKTePUCTUYHOTO ypPaBHEHHE

a CaMOTO pelrneHue e
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3—A —1

det(A—)\E):det( 4 _1-2

):;V—2A+1:0

CobcrBennre dncaa va A cbBuagar — Ao = 1.
3a sa ompeseauM CIPYKTypaTa Ha »KOPJAHOBaTa MaTPUIA, 3alkCBaMe MaTpuiara B

2 -1
poaie- (2 7))

Penosere na B ca nuueitno 3apucuvu u panrst va B e 1 —r(B) = 1. Bpogar na )xopaanosure
kjeTku cropen dopmysta (234) e | = 2—r(B) = 1. mame egHa 1ByMepHa XKOPAAHOBA KJIETKA

1 1
J—(Ol)
g ¢f1 1
e —e(o 1).

CMsiTaMe TOC/Ie0BATETHO COOCTBEHUSI U IPUCHEINHEHNS BEKTOPH.
Bv; = 0 nasa cobersenns sektop vp = (1,2)7.
PemraBanero Ha cucremara Bvus = vy jaBa npucbeauner BeKTop v = (0, —l)T. Cnenosa-

TeJIHO MaTpunara S e
1 0
s_(Q_J.

Oxon4are o O0OIIOTO PeleHne Ha, CUCTEMATa €

-sero-s- (3 03 ) 2)

ITpumep 7. [a HaMepuM pelieHHeTo Ha cucreMmara © = Ax, KbJIeTo

A:(ézﬁ.

Crnen mpecMmsiTaHe cOOCTBEHHTe 4HCTa Ha MaTpunara A ca Ao = 1 £ 2i. ToBa ce BmKIa n
JIUPEKTHO OT MPEJICTABIHETO HA KOMILJIEKCHUTE YHCJIA C JBYMEDHU MATPHUIH.

Kakrto Beue ciomenaxme, TO3M cjaydail mpuanya Ha AuaroHaJHUA. 1'bil KaTo cOOCTBEHUTE
YUCIa ca PA3IUYHU, TO KOPJAHOBaTa HOpMasaHA dhopMa e AuaroHaaHa MaTPUIA

(142 0 g (et
J‘( 0 1—%) noe _( 0 el-20t)-

Cera upecmsrame cobcrBenure Bekropu. Thil kKaro marpunara A e peajina, ako vy e codCTBeH
BEKTOD HA A1, TO KOMILIEKCHO-CIPEIHATHAT U1 € COOCTBEH BEKTOP Ha 1.

Ot Ilpumep 4 npu A = 1 nosryaaBame
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CuieJ; IpecMsTane HaMupaMe coOCTBeHHs BeKTop Ha A\ = 1 + 2i ga e v; = (i, 1)7. Orryk
vy = 1y = (—i,1)T. 3a S nonyuasame

KakTo Beue cmomenaxme, 3a Ja IOJYYAM peaTHU pelleHdsd, n30upamMe KOMIIOHEHTHTE Ha
IIPOU3BOJHAA BEKTOP Jla ca KomiiekcHo-cupernatu C' = (cp, ¢;)?. Pemennero e

i —i\ [e(+20t 0 a+if
x<t>:S€JtC:S:<1 1)( 0 6(12i)t> <Oé—iﬂ>'

Cren m3BbpIIBAHE HA CHOTBETHATE IIPeCMATAHNA, H3IOI3Balikn dhopMynaTa Ha Qiinep et =
cos x £ isinz, moay4yaBame peasHo penterue (y6ezgere ce camu!).

Samaun 3a camocrogTesHa pabdora. Pemere ciegnnre cucremu & = Az, Kbjero A e:
-31 24
—48 37

14 4
—-25 —6
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4.5 Pemasane na OJ/1Y ¢ momornira Ha peioBe

Beue nskosiko nbTu criomenaxme, de pernerusaTa Ha OJ1Y psako ce n3passgBar B eJleMeHTapHA
dyukiuu. Teopemara 3a CbIECTBYBaHE U €UHCTBEHOCT Ka3Ba, Y€ PEHICHUATA CHIIECTBYBAT
JokanHO. ToBa yKa3Ba Ha BBH3MOKHOCTTA Ja ThPCUM Te3U DelleHWs BbB BHUJ HA PelOBe B
OKOJTHOCT Ha HIKAKBa TOYKA.

3a 7a HaMepuM pellieHre BbB BUJI Ha CTeNeHeH peji TPAOBa Ja onpeaeTnM KoeunueHTuTe
Ha TO3U peji U HeroBaTa obsact Ha cxoaumoct. [1o To3u Hauun Morar jia ce HaMepsT perieHns
Ha ypaBHeHud u cucremu. Jlopu orpannvaBaiiku ce J1o KpaeH Opoil 4jieHOBe B TAK'bB pPe/l, Hue
oJTyYaBaMe HSIKaKBO MPUOINKEHNE Ha UCTUHCKOTO PerieHue.

C TakbB BUJ JIEHHOCT Cce 3aHUMaBa aHAJIUTHYHATA TeOPUd Ha JAudepeHIHaTHUTe YpaBHe-
HUs ¥ KaTO MPABUJIO NPOMEHJIUBUTE ca JeUHUPAHU B KOMILIEKCHATA 00JIACT, BUXKTE HAIPHU-
mep |[3, B| u 3a npuinoxenus |0, @, B.

Tyk HEe caMo e JOKOCHeM Ta3H cjaoykHa Teopud. Ille ce orpaHmYmM ¢ pasriekIaHeTO
Ha, HAKOJIKO NpUMepa Ha JIMHEIHN JudepeHIinaJ il YPaBHEHUs ¢ TPOMEH/IUBU KODUITUEHTH,
KOUTO ca panuoHaJHd GyHKNuH. lopm TO3W Kjac ypaBHEHHS HMa IMUPOKO MPUIOKEHWE B
€CTeCTBO3HAHUETO, HO TO-ChINecTeHns PAaKT e, e TOW HAI'bIHO UIIOCTPUPA BaXKHOTO OTKPH-
THE HA KJACUIIUTe— HOBU TPAHCIEH/JEHTHU (DYHKIUKM, KOUTO Ca pellleHus Ha JudepeHIna i
yPaBHEHU.

Hynwnre na 3namenareinre Ha parnuoHaJHUTE (DYHKIMY B KOSDUITMEHTUTE HA TE3U JITHEHHI
YPaBHEHUS Ce HapHIaAT CuH2YAAPHU moyuku. 1'pydo Ka3aHO, CHHTYIAPHUTE TOYKW OUBAT JIBA
Tuma. B OKOJHOCT Ha eHUTe CTENEeHHWST pejl, KONTO yIOBIETBOpSBA JUHEHHOTO mAudepen-
MUATHO YPaBHEHUE € CXOJSI, TOKATO MPU JAPYTUTePEIbT MO MPABUIO € PA3XOJISIIIL.

Heka nnroctpupame Te3m Hela ¢ HAKOJIKO IPUMEPA.

IIpumep 1. Hamepere pemenne BLB B Ha CTEICHEH pejl 3a ypaBHeHHeTo 2y  + 1y = .
ToBa ypaBuenue e uzciensano ot Oiep npe3 18-tu Bek. Thpcum perreHneTo BbB BUIA

y(z) = Z cp™ L,
n=0

TpsibBa ja onpegesum ¢, u cjaeji ToBa TpsOBa jia uscjaeaBaMe peja 3a cxogaumoct. Judepen-
uupame ¢opmanuo y' = Y > (n + 1)c,z™ u 3amecrsame B ypashenuero. Cief jejiene Ha &

nMaMe

[o.¢]

Z[(n + ez + 2] = 1.

n=0
[TociiegoBaresino mosiygaBame cg = 1, ¢; = —cg, o = —2¢1, 3 = —3Ca,...,Cp = —NCp_1.
CaenosaresHo

cn = (=1)"nl.
DopMaTHOTO peIlieHne Ha PA3LICKIAHOTO MUbEPEHIINATHO YPABHEHHE €

o0

y(z) =Y (=1)"nlz"

n=0
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Bennara ce mpoBepsiBa obade, de TO3U peJl € pa3xXoIslll 3a BCIKO T OCBEH B HAYAJIOTO.

IIpumep 2. Hamepere dyHIaMeHTaIHA CHCTEMa PelIeHHs BbB BHJ Ha CTEIEHEH pell 3a
ypaBHenuero Ha Eiipu vy’ = zy.

Tbpcum perienue BbB BUjIA
o0

y(z) = Z .

n=0
TpsibBa 1@ onpejiesiuM ¢, cjejl ToBa TPsOBa jla u3cjeBamMe peja 3a cxoauMocT. ludepenim-
pame dhopMaJIHO

[o¢] o0
y = E ne, "ty = E n(n — 1)c,z" 2.
n=1 n=2

3amecTBaMe B YpaBHEHHNETO U CpaBHABaME KOG(bI/H_[I/IeHTI/ITe upea eJHakKBuTe CTelleHd Ha T

oo o
E nin—1e,a" ? = E Cpx™,
n=2 n=0

OTK'bJIETO ce BUXKAA, 9e ¢y = 0.
Ciren npeHoMepHpaHe MoJaydaBaMe PEKypPeHTHATA 3aBUCHMOCT

(n+2)(n+ 3)cnis = cn. (4.35)

Ot ¢y = 0 u (E333) caeasa, e cz,—1 = 0.
Hexa ¢y # 0. [IpecmsaTame mociefoBaTeIno c3 = 5%, Cg = £5 = m
JlecHo ce JloKa3Ba 1O WHIYKITUS, Ye

Co
C3p = k>
T 23)5.6)...3k—1)(Bk) T~

—_

— < — . __a
Hexa c; # 0. [IpecmsaTame mocnefoBaTeIHo ¢y = 54, Cr = ¢ = GHET

Jloka3pa ce TPUBUAJHO 1O WHYKIIHS, Ue
C1

Gk = BT L GHEEL) T

PopMaJIHOTO pellieHne UMa BUIA

y=a@ (1 - ; (2.3)(5.6) ... (3k — 1)(3k)> T (I i ; (3.4)(6.7) ... (3k)(3k + 1)> '

VpasHeHneTo e or BTOPH pef, U (DYHIAMEHTATIHATA ChCTEMa OT peleHus ce ChCTOW OT JBe
nuHeitHo HezapucnMu pemennd. Ot Teopema B2 3HaeM, Ye Ha JTMHEHHO HE3aBUCUMHU HAYAJIHH
YCJIOBUSL CHOTBETCTBAT JIMHEHHO He3aBUCUMHE pellleHus.

3a nbpsoto pentenne uzbupame y1(0) = 1,y1(0) = 0, xoero gasa ¢g = 1,¢; =0

00
$3k

(2.3)(5.6)... (3k — 1)(3k)"

yi(z) =1+
k=1
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3a Broporo pemtenue uzdupame y»(0) = 0,y5(0) = 1, koeto paBa ¢y = 0,¢; = 1.
3k

L BRBE+ 1)

Mg

k=1

Tora ca nBere JIMHEIHO HE3aBUCHMH DEIIEHNS HA YpaBHEHMETO. 1e3n peoBe ca CXOMIAIHN 34
BCSIKO KpaifHo x (mposepere). CiesoBareHo Te 3a1aBat 106pe gedunupanu byHKIUH, KOUTO
ce Gesrexkar o ciaeguus Hauud yi(x) := Ai(x), yo(z) := Bi(x) B wect ua Eiipu.

IIpumep 3. Hamepere B OKOJTHOCT Ha HyJIaTa pelleHre Ha XUMEePreOMeTPIIHOTO ypaBHe-
HUE

z(x — 1)y + [—c+ (a+ b+ 1))y + aby = 0,

KbjeTo a,b,c € R pu ¢ ¢ Z~.
Tosa ypasuenue e uzciensano ot Oiiep u I'ayc. T'opcum perernne BbB Buga

oo
= E "
n=0

BaMecTBaflKH TO3M H3pa3 B PA3[VIEsKIAHOTO YpaBHEHHE HOJydaBaMe
oo
z(r —1) 5 nn — e, 2+ [—c+ (a+b+ 1)z g ncnnl—i-abg " =
n=2

[IpupaBusgBaiiku Ha HyJ1a KOeMUIIMEHTUTE [IPEJI CTEIeHUTe Ha T, JOCTUTraMe J0 CJIEJHOTO pe-
KYPEHTHO ChOTHOTITEHNE

n(n—1)c, —nn+ 1)1 — e(n+ 1)cpqr + (a + b+ 1)ne, + abe, =0

njm b
Cnt+l = (a+n)( +n)cn, n=20,1,....
(n+1)(c+n)
[Tonarame cg = 1 u nocjaenoBaTeIHO HAMUPAME
ab  ala+1)b(b+1)  ala+1)(a+2)b(b+1)(b+2)

AT 2T T e+ BT 3le(c+ 1)(c +2)

ala+1)...(a+n—-10b0b+1)...(b+n—-1)
nle(c+1)...(c+n—1) '

=
[Tle BbBEEM CJIEIHOTO O3HAUEHHE

(@), :=ala+1)...(a+n—-1), n=1,2,..., (a):=1
Torasa T'bpPCEHOTO peIleHHe Ce 3alNCBa TaKa

S @D

a
= nl(c)n
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To3u pej ce HapUYa XUIEPreoMeTpudeH pet u e cxojsi npu || < 1 (mposepete!), a Heroarta
cyMa ce Hapu4a Xuiepreomerpudna (GyHKIHUs U ce o3Hadasa ¢ F(a,b, ¢;x)

0o bn
y1(x) := F(a,b,c;x) Z Z é)) ", |z < 1.
n=0 n

Mozxke Ja Cce IOKazKe, 9€ BTOPOTO JUHEITHO HE3aBUCHUMO C Y1 penicHue nmMa BHIa

yo(z) =2 Fla—c+1,b—c+ 1,2 — ¢;z).

Hakpag 11ie gajieM HAKOU OT JAPYTUTe U3BECTHU yPABHEHUS OT BTOPH PeJl, KOUTO C€ CPEIaT
YeCTO B IMMPUJIOZKECHUATA:
1) Vpasuenue na Becen
2, 1 2
22y + xy + (2 — )y =0, v

2) YpasHenue Ha JIbOKAHIbD

(1 -2y —2zy +n(n+ 1)y =0, n € N.

3) Ypasuenne na BeGep
2

X
!
—(a+ =)y =0.
Yy (a 4)y

4) Ypasuenune na Matbo
Y + (a+beosz)y = 0.



I's1aBa 5

KadecTrBenu meroam

B Ta3u riaBa 1ie pasriesamMe HAKOJIKO CBOICTBA Ha PEIICHUATa Ha CUCTEMH OT YpPaBHEHWUSI,

0e3 ja pelraBaMe ypaBHEHHSATa ABHO. MeTomuTe, MO3BOJIABAIIM TAKUBA PA3LVICkKIAHUS, CE

HapUYIaT Ka4eCTBeHH WJIM MeOMEeTPUIHH MeToan 3a u3ciaeasane na OY. Ocobeno HaraemaHo e

n3ydaBaHeTo Ha pemrennsaTa Ha cucremu OV B paBHuHaTa. Bhupekn ue Hue e dpopmyinpa-

Me (M JOKazKeM) HAKOW CBOFCTBA 3a MPHU3BOJIHA PA3MEPHOCT, IPUMEDHTEe HHE ITIe ¢a JBYMEDHH.
Jla 3amouHeM ¢ HAKOJKO TOHATHs. Heka e 3amagena apronomua cucrema OJ1Y

t=v(x), z€eUCR" veC"(U),r>1. (5.1)

[Ipenmonoxkenunero r > 1 e, 3a /1a ce yI0BJIETBOPAT YCJIOBUATA Ha TeopemaTa 3a cbIlleCcTBYBaHe
u equHCcTBeHOCT. [TokoopanuaTHo cucremara (D) ce 3amucBa KaTo

T = Ul(lfl, Loy ... 7~’Bn)
...... (5.2)

Tn = vp(T1,29,...,Ty).

B mpousposina touka T € U agcrara crpana wa cucremara (B2) 3a1aBa n-MepeH BEKTOD,
JionuparesieH KbM TpaekTopusra mpe3 . Jla mpunomuum, de ToBa e 3amadara B OLV: mo
3a/IaJIeH JIONUpaTesieH BeKTOP BbB BCAKAa TOYKA K'bM TPAEKTOPHATA JIa ONpeJe UM caMaTa
TPACKTOPUSI.

Heka z ce menn B obaacrra U. Tvit karo v € C"(U), To BekTopbT v(2) = (v1(2), ..., vs(27))
ce MEHH IJIQJIKO NPH IPOMsIHA Ha T, T.e. BbB BCsiKa Touka © € U umame 3a1a1eH BeKTOp v(T),
JIonupaTeieH KbM TPAeKTOPUATA B Ta3W TOUKA.

Hedununnsa 1. Kassame, ye nacuara crpana Ha cucrema (B2) (um (B)) 3amaBa riaako
BEKTODHO TIOJIE.

fcro e, ge Beska cucrema OJIY 3amaBa BEKTOPHO 1oJie, 1 00paTHO.

ITpumep 1. /la pasriegame cucremara

Jfl = T

1:2 = —T.
Ba Tasm cucreMa v; = Tg, Uy = —xy. VI30HpaMe HSIKOJKO MPOU3BOJHU TOYKH B PABHUHATA,
nanpumep (1,0),(0,1),(1,1) u ©.H, 1 BbB BCsIKa OT TsIX NPECMATAME JISCHATA CTPAHA HA CHC-
Temata v = (vy,v7)T. TlodydaBame cepusi OT BEKTODH, IPUKPENEHN B CHOTBETHHTE TOUKH,

85
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Hanpumep v = (0,—1)",v01 = (1,007, 00,1y = (1,—1)" u r.n. Yact or Te3n Bexkropnm
ca m3o6pasenn Ha Purypa 5.1. VMaiiky HOpeaBum, de Te3W BEKTOPH €a JONHPATETHH KbM
TPACKTOPUUTE B CHOTBETHUTE TOYKH, TO, PUCYBAHKUH BEKTOPHOTO 110Jie (MM 4aCT OT HEro),
MO/Iy4aBaMe MPeCTaBa 3a TPAGKTOPHATE Ha CHLOTBETHATA CHCTEMA.

7 Y Ot SO\ N
7 Y B SRS S S NN
7 Ve e NN N\ Y
/ v s
7 777G
/ J 7 77> As
/ S [
1 1777/ 7=1=>\\
1 117147 7=\ \\
Ll AN
T Tos \ VAN
AANNAN~- 7/
\ A AN NN /
\ NN N NN /
\ NONONON N s /
\ NN\ S~ /
AN A NN N S /
AN /
N /
N 7/

Qurypa 5.1: [Ipumep 3a BEKTOPHO T0JI€

Heduuunua 2. Ocobena touxa 3a cucremara () napudame TakaBa TOYKA

0_ (.0 0 0
= (x],2q,...,2,),
B KOATO BEKTOPHOTO 1oJte ce anyaupa v(zY) = 0. C apyru gymu, ocoGeHnTe TOUKH ¢a PerneHns

Ha CHUCTEeMaTa

0 = v(2%ay,...,20)
...... (5.3)
0 = wv,(z,29,...,29)

Ocobenure TO4YKH (KOraTo I'M UMa) JABAT IPHUMEPH 33 HAH-NPOCTH DELICHUS HA CHCTEMATA
(D). Hancruna, samectraiiku 2° B (Bl), mosydaBame ThiKIECTBO

0=:1"=v(2" =0.

Toit kKaTo Te3W pelleHusT He 3aBUCAT OT ¢, 0COOCHHUTE TOYKH ce HAPUYAT OIe CTAIUOHAPHHU
peleHnst UK MOJOKEHUST Ha PABHOBECHE.

IIpumep 2. /Ta namepuMm 0cOOEHUTE TOYKU HA CUCTEMATA

0 2 +y?+1
y = a(x-—y)

TakuBa TOYKH HAMA, T'bil KATO %+ y2 + 1 HUKOTA HE Ce aHyIupa.
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IIpumep 3. /la Hamepum ocobeHUTE TOUKU HA CHCTEMATA
rT = y-y
y = =Y
[IpupaBusgBaMe Ha HYyJa JECHUTE CTPAHH HA CHCTEMAaTa

0 = y—y
0 = z—y

Broporo ypaBuenune uu jaBa, 9e x = y, a mbpBoTO ypasuenune, ue y = 0, £1. CremoBareHo
ocobenure Touku ca (0,0),(1,1), (=1, —1).

CrenBarmara HE [eJI € Ja U3y IUM [IOBEJICHUETO Ha PEIIeHUATA, KOUTO ¢a OJU3KH J0 CTAIHO-
napuuTe pemenns. Hexa 2V e mpoussosna ocobena TouKa (CTAIMOHAPHO PEIIeHUe, TTOJ0KEHHe
Ha pasHOBecue) Ha cucremara (B). la o3Haunm

y=ux—1°. (5.4)

Tbit KaTo ce mHTEpecyBame oT Gu3KE 10 2 pelenns, To Y e MaJKa BeJUIUHA. 3aMeCcTBaMe
(E3) B cucremara (BJl) u mosydyaBame

g =v(y+2°). (5.5)

Bennara ce Buzka, e 3a cucremara (B3) y = 0 e ocobena Touka. PasBupame JscHaTa CTpaHa
Ha cucremara (B3) no dopmyaara va Teitrbp B okoarocT Ha y = 0. TTomyuyasame

§ = Dyo(a”)y + O(|lylI"), (5.6)

kbero ¢ O(||y|[?) cme osznaumin nemueiinure wienose B passuruero. Moxem na npenedper-
HEM Te3W HEeJUHEHH YJIeHOBe, Thil KATO Te ¢a MO-MAJKH OT Y. B pesyarar nojydaBaMe egHa
JIMHEHA CHCTEMA ¢ TOCTOSHHN KOeDUITMeHTH

g = Dyv(z")y. (5.7)
Banuncana nokoopauuario, cucreMa (B1) uma Buga

o= o @+ Gy + .+ Gy
LT (5.8)
U = G(2%)yn+ G2 (2%)ye + .+ 5 (20)yn

[lle o3nauymM ¢ A MaTpunaTa or bpBUTE YACTHH IPOU3BOIHU HA (DYHKIUUTE U, IPECMEeTHATH

B

O dun ., Odu
9y1 dy2 OYn

A::DyU(SL‘O): e (5.9)
Oun Qvn ,  Oun

Oy1 Oy2 OYn
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Torasa nuneiinara cucrema () ce 3amucBa KaTo
y=Ay. (5.10)

TOBa e JuHeilHa cucreMa € IOCTOdHHU Koeq)I/H_H/IeHTI/I7 KOATO HHE IPUHIUIITHO MOXKEeM J[Jda pe-
maBamve (edeKTHBHO B HHCKATe pasMepHocTn 2 u 3). Jluneitnara cucrema (BId) ce Hapuda
cucreMa (ypaBHeHHe) BbB BapUallil 3a CTAIHOHAPHOTO pelilenue x°, WK olle JHHeapU3upaHa
CHCTEMA B OKOJHOCT Ha HOJIOXKEHUEeTO Ha PABHOBECHE.

Hue nckame ¢ momornra Ha nHGOPMATUATA, HOTYyIeHA OT TuHeapu3npanara cucteMa (B10),
Jla U3Y4UM NoBejeHueTo Ha ouskure jo x’ perenus Ha Hejauueiinata cucrema (B).

3abesiexkka. MoxkeM Jia U3BBPINTUM ChIATa NPOTEeypa Ha JIMHEAPU3AIUd B OKOJTHOCT HA
Koe Ja e pemnenune (t) Ha HeauneliHata cucrema (B). Karo pesyarar obade 1me moJrydumM
JIMHEfHa HeaBTOHOMHA CHCTEMA,

y = Ale(t))y,

KOATO € MHOIO IIO-TPY/IHa 3a M3cjeapane. ToBa € OCHOBHATA NPHYUHA, MOPAIU KOSATO CE€ Or-
paHmHYaBaMe ¢ PasIesKIaHeTO CaMO Ha CTAIMOHAPHU DeIleHusl.
Heka na medurnpame ome enHo TMOHATHE, KOETO MIe M3MOA3BaMe B JTOKa3aTe/CTBATA.
Heka f e rmaaka ¢yukius, nedunupana B U CR"  f: U — R. Heka v = (vq,...,0,) €
[JI3JJKO BEKTOPHO II0JIE.

Hedbunnnuda 5.1. lpoussodna na Ju (uiu npouseodua no Hanpasserue Ha 6eKMOPHO noie)
ce napuua pynrxuyusma L, f, depunupara c

Lof(z) =) g—i%(x).

=1

Tazwu npousBojiHa e reoMeTpryeH OOEKT M HUE IIle M3IOoJ3BaMe €JIHO OT HeffHUuTe CBOHWCTBA

Lv1+v2f = Lvlf + vaf'

pyrute cBoiicTBa U NMPUJIOKEHU Ha MPOU3BOJHATA Ha JIM Morar ja ce BUIAT HaIIPUMep B
Apuonpn (O]

B ceknua 5.1 pasriexpame knacudukanuara na ocobenara touka (0,0) na auneiinn cuc-
temu B R2. Pasriexxname caMo cIydanTe, KOHTO ca B OO0 HOJOXKEHHE, T.e. OCTaBaT B cebe
CU TIpU MAJKW CMYIeHnsd B KoedunueHTuTe Ha MaTpunarta. Kiacudukanusara Ha 0coOOeHHU-
Te TOYKH W PUCYBaHETO Ha (pa30BUTE TMOPTPETW B PABHHHATA MOXKeE JIa Cce CYUTa 3a I'bpBa
cTDBIKA B H3CAeIBaHeTo Ha eHa HeanHeiina cuctema B R2. [le oT6etesknM, de IbIHO TAKOBA
u3cjie/IBane JIOPU 3a NOJMHOMUAJHU CUCTEMHU BCE OIle He € HAlPABEHO.

KavecTBeHOTO Mji reOMeTPUYHO M3CJIE/IBAHE HA MOBEJICHUETO HA PEIIEeHUSTa Ha CHCTEMHU
nucpepennrainu ypapuenus e 3amounaro oT [loankape. Ha mero JbjisKuM MHOTO OT MjIenTe
U MeTO/IUTE, ¢ KOUTO Ce U3YyJaBaT CUCTEMUTe OOMKHOBEHU AU pEHInaTHI YpaBHEHUs, HO 34
C'brKaJleHre He MOYKeM J1a W3J0KUM MO-TOJIIMATa 4acT OT TAX.

B cekuug 5.2 pasriiexkjiame n0BeJeHUeTo Ha OJIU3KUTE JI0 PABHOBECHH IOJIOYKEHUS Pellie-
Hus Ha OE3KpaeH WHTEpBAJ OT BpeMme. BbBexk ia ce MOHATHETO YCTOWYHMBOCT 1O JIAIMyHOB,
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CBOTBETHO ACUMITOTHYECKA YCTOMIUBOCT U HeycToiuuBocT. TpgabBa 1a ce KaxKe, 4e U JApyru
knacunu (Jlarpanzx, [Toacon, IToankape u Jp.) ca ce 3aHUMABATIH € YCTONUUBOCT, HO JIsimy-
HOB € I[OCTaBUJI CTPOro MareMmarudecku 3aja4dara. Jlokazsar ce reopemure Ha JIsiyHoB 3a
YCTOHYUBOCT M HEYCTOWYMBOCT IO NMbpBO npubsimkenue. Te3m jokasarescTsBa Morar jia ce
IIPOIYCHAT IIPU I'bPBO YeTeHe.

5.1 @a30BH HOpPTPeTH HA JUHEHU cucreMn B R>
Jla pasriieamMe JimHeHHATA XOMOT€HHA CHCTEMa C TOCTOAHHN KOEMHUITNEeHTH

T = anx + any 511
y = U917 + Q22Y, (w,y) S R2, A= (aij)?,j:h [ e R. ( ' )
ckame fa KiacudunupamMe pa3JindaHuTe THIOBe 0COOeHN TOUKY Ha cucTeMara (BLl) u 1a Ha-
pucyBamMe ¢boTBeTHHTE (ba30Bu HopTpeTd. TyK ha3oBoTO IPOCTPAHCTBO € IBYMEPHO — (ba30Ba
pasnuna (z,y) € R?.

DazopuaT noprper Ha cucremara (BL1) ce ¢hCTOM OT MPOEKIUA HA PEIIEHUATA HA CHCTe-
MaTa B OKOJTHOCT Ha HAYAJIOTO U CTPEJKH BbPXY Te3H MPOEKINN, KOUTO YKAa3BaT MOCOKATA HA
npuzkenne Ha Toukara =(t), y(t)) upu mapacrsane Ha .

Kilacudukanusita € ecTecrBeHO Jla si HAIIPABUM, U3I0JI3BAKI WHBAPUAHTUTE HA MaTPH-
nara A — cobcrBeHHTe W UMCHA A1, Ao.

[Tle npeamonarame, e gerepMuHanTara Ha marpunara A e paznmuana or mysia: det(A) # 0.
Tosa yciosue rapanrupa, de (0,0) e equncreena ocobena Touka. 11le uzciaenave ciaydanre,
KOUTO Ca B OOIIO MOJIOKEHHe, T.e. CJIydan, KOUTO Ce 3ama3BaT MPu MaJKa MpoMsHa Ha Koedu-
IHEeHTHTE Ha MaTpuiara. Tesu ciaydan ce HapudaT "rpyou" u M3KIIOUIBAT A\, U Ao € PABHO
Ha Hy/Ja WIH U JIBeTe ca HYJIU, a c¢bImo Taka A1 = Ay u Re\ = 0. Ilocneanure ciaydan morat
Ja ce uacaeasar JjecHo (Buxk Hanpumep 2Kuskos [B]).

[IbpBO ma BUANM KakK M3LIEXKIAT MPOEKIIMUTEe Ha PElIeHusITa BbB (ha30BaTa paBHUHA.

Heka cobcTBeHuTe 4mcja ca KOMIUIEKCHO CIperHatd Ao = o + 43,8 # 0. 3naem ot
npejHaTa IJ1aBa, ue pelleHusTa ca JuHeiina kombunamus Ha e cos ft, e sin ft. @aszosure
KpHUBHU ca cBUBaIu ce ciupaju npu « < 0, paspuBaiiu ce crupasu npu « > 0 U 3aTBOpeHH
kpuBH npn o = 0.

Heka cera A; # Ay € R. Torasa marpunara A na cucremara (BIl) ce AHArOHATU3UDA, A
B ChOTBETHUS DAa3MC camarTa CUCTeMa MPUeMa BUIA

SN
G =Ab (5.12)
§2 = Aaba.
Tbit Karo HCKaMe Ja HaMepHM Hpoeknuure (T.e. Ja U3KJIIOYUM 1), JeINM IIOWICHHO JBETe
ypaBHeHus Ha cucremara (BI2)
d
G MG

dés :
T A2
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Cnen nenene Ha dt mojydaBamMe ypaBHEHHE C pa3esIld ce IPOMEHINBU

A& _ A d&
&1 X &
YUeTOo pelieHue €
61| = Cléa|M /2. (5.13)

CJ’IGILOB&TG.HHO HaliyTe 1poeKIuu Ca KpUuBHU OT BU/LA

y = Cz", (5.14)
Kbjero k = i—;, a C' e mpom3BOJIHA KOHCTaHTa. 3abesexere, 4e x > 0, HO MOAY/IBT U KOH-
crantata C' pasHACAT Te3W KPUBU B pasaudunuTe KBajpantn. Kpusure (BId) ca vacth or
napabosn npu k > 1,k € (0, 1), wactu or xunepboau npu k < 0 u npasu npe3 HAYAIOTO TPH
k=1.

Babenexxkka. Twbii kato JauneliHaTa cucrema (BI) ynosiersopsiba Teopemara 3a Chire-
CTBYBaHE H €IMHCTBEHOCT, TO IIPe3 BCAKA TOYKA HA PABHMHATA MHHABA €IUHCTBEHA KPHBA,
nHadYe Ka3aHo, pa30BUTE KPUBU HE MOTAT Ja Ce MPeCHYaT, OCBEH eBeHTYaIHO B HAYAJIOTO.

Nmaiiku npenpun Te3n ¢GpakTh, IpeMIHABaMe KbM KIacH(UKAIUATA U (DA30BUTE TOPTPe-
TH.

A) Heka cobersenutre dncia Ha Marpuiara A Ha cucremara A; # Ay ca peasnu:

2 1) AL <A <0
\ /e Mo 0
/ \51
dur. 5.2 (0,0) ce mapuua ycmotivus 6s3en

§2 2) 0< A< N\
/ 0 X M
\\51

Qur. 5.3 (0, 0) ce Hapuva Heycmoluus 66360

N
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\__/ 52 3) A >0> )\2
/ %\2 0 _)\1
/T\ &1

®wur. 5.4

vyl

(0,0) ce napuua cedao

B) Heka coberBennTe qncsra Ha Marpunara A ca KOMILIEKCHO CIIPErHATH

AMog=axi,f#0:
4) R€)\1,2 =a<0
e () ')\1 (I)
oy

@ur. 5.5

(0,0) ce napuua yemotivue doryc

5) Re)\Lg =a>0

9 @ 0

Qur. 5.6
(0,0) ce napuua neycmotiwue doxyc
6) Re)\LQ =0
Q@ @ s
s
Qur. 5.7

(0,0) ce napuua yeHmosp

B nocjieaure Tpu cirydast, 3a Jia ONPeIe MM OCOKATa Ha 3aBbpTaHe, HU € HyKeH JI0Ipa-
TeJIEH BEKTOP K'bM TPAEKTOPHTA B IIPOU3BOJIHA Touka, pasaudna ot (0,0). Koopaunarure na
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TO3H BeKTOp v = (v1,v2)T ce ompemesar upes mpecMaTane Ha JeCHATE CTPAHH HA CHCTEMATA
(K1) B u3bpanara TOUYKA.

[Tocoiequusit coyvait 6) He € B 00110 1OJIOKEHUE U Ce IpeBpblla B caydail 4) wiu 5) upu
MaJIKO cMyTeHne Ha Koedunuenture vHa marpunara A. Pasriexkaame ro, 3amoro ce nogsssa
B CJIe/IBalaTa HU TeMA.

B ciegBamniuTe mpumMepn Ie HaprucyBame HSIKOJIKO (a30BH MOPTPeTa Ha JUHEHHU CUCTEMI
B pABHUHATA.

IIpumep 1.
T =4z + 6y
Y= —3x — 2y.
4
CobcrpenuTe ync/Ia Ha MaTpuliaTa Ha cucTeMara A = | 3 _g | C€ OUPENeNAT OT Xapakre-

puctHunEAT noauaoM A2 — 2\ + 10 = 0 u ca A\; 5 = 1 +43. Tnit kato ReA = 1 > 0 cnopen,
nanpasenara knacudukanus ocobenara rouka (0,0) e meycroituus dokyc. 3a ga onpegeanm
IOCOKATa Ha 3aBbprane, n3bupame Touka (1,0) n mpecmsaTame agcHaTa CTpaHa HA CHCTEMATA
B Ta3u Touka. [losiyuaBame BekTopa v = (4, —3)T, JONupaTesyieH 10 TPAEKTOPHUATA B Ta3U
Touka. Torapa ¢azoBugar noprper e jajen Ha purypa 5.8.

Q@urypa 5.8: Heycroituus dokyc
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IIpumep 2.
T=x+Y
Y= —5r —y.
1 1 . "
CobcrBennTe 4uc/a Ha MaTpuiara Ha cucreMara A = 5 1) ca Ao = 0£142. Toit

kato ReA = 0, ciopen Hanpasenara Kjiacudukaius ocobenara Touka (0,0) e nenrbp. 3a j1a
ONpeJIeIUM TTOCOKATa Ha 3aBbpTane, u3dupame Touka (1,0) u mpecMsiTame JsicHATA CTpaHA HA
cucTeMaTa B Tasu Touka. IlomydyaBame BexTopa v = (1, —5)T, monuparenen no TpaekTopuara
B Ta3u TouKa. Torasa (hba3oBHIT mOPTpeT e aajeH Ha purypa 5.9.

Qurypa 5.9: llenrbp

IIpumep 3.
T=x—2y
y =4z — 3y.
1 -2 . .
CobcreennTe 4uc/aa Ha MaTpuIara Ha cucreMara A = 4 _3)c A2 = —1+£142. Toit
karo Re\ = —1 < 0, cnopej HanpaBeHaTa Kjiacudukaius ocoberara Touka (0,0) e ycroituns

dboxkyc. 3a Ja onpesesnm MOCOKAaTa Ha 3aBbpraHe, n3dbupame Touka (1, 1) u mpecMsitame jsic-
HaTa cTpaHa Ha cHcTeMaTa B Ta3u Todka. llomydasame BekTopa v = (—1,1)T, nonuparenen
JIO TPAEKTOPUATA B Ta3W TO4YKa. loraBa ¢a3oBusdT moprper e jajen na durypa 5.10.
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Qurypa 5.10: Yeroituus dhokyc

IIpumep 4.
T =—4z+ 3y
y = —6x + 5y.
-4 3
CobcrBenuTe Ymc/a Ha MATPHUIIATA Ha cucTeMara A = 6 5] Al =2, = —1. Te ca

peasTHi U pa3IudHU [0 3HAK U CIOpe]| HampaBeHaTa Kiacudukanus ocobenara Touka (0,0) e
cengio. Ilpecmsitame cobersenute Bektopu. CoberpennaT BexTop Ha A\ = 2 e v; = (1,2)T) a
cOBCTBEHIAT BEKTOD Ha Ao = —1 e vy = (1,1)T Torasa dasosuar noprper e qajnen va burypa
5.11.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Qurypa 5.11: Cenio
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IIpumep 5.
T =2z
y=z+y.

CobcrBenuTe 4uc/a Ha MaTPpULATa Ha cucreMara A = (1 1) ca A =2, Ay = 1. Te ca peaysnn

W TOJIOXKUTE/IHE U CIIOPe]| HalpaBeHaTa Kiaacudukanus ocodenara rouka (0,0) e Heycroituns
Bb3es1. [Ipecmarame cobersennte BekTopu. CobeTBenuaT BeKTOp Ha A; = 2 e v; = (1,1)T) a
cOBCTBEHUAT BeKTOp Ha Ao = 1 e vy = (0,1)7. Torasa asosuar moprper e majgen Ha Urypa
5.12.

Qurypa 5.12: Heycroituus Bb3eit

3amaum 3a camocTodATesIHA pabdoTa.

B cieapaimure 3agaun HapucyBaiite da3oBUTe HOPTPETH HA cucreMure & = Ax:
1 -2 3 -2 4 -1
1)A_(3 _3> 2)A_(4 _1> 3>,4_(3 _2)
5 =3 1 1 3 —4
4)A_(_2 4) 5)A_(_5 _1) 6)A_(2 _1).

5.2 VYcroidmBocT 110 JIanmyHOB

KakTo Beue cmoMenaxMe B [ 71aBa 3, B pea/THUTe MOJIe/IH, ONUCBaHu ¢ Y, 7agHATe ca 3313/ 1eHn
¢ HIKaKBa TOYHOCT. TaM joKazaxme, de pelleHusTa 3aBUCIT HENPEKbCHATO, JaxKe andepeH-
HUPYEMO OT HadasHuTe ycjaoBusd. ToBa o3HavaBa, 4e JJOKAJIHO PellleHns ¢ MaJIKO pa3/imiaBaliu
ce HAYAJHU YCJIOBUS CTOAT OJIM3KO.
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Hckame 1a pasupocTpaHUM Ta3H OJIHU30CT IVIODAJHO — HA IOJIIM WK JaKe Oe3KpaeH UH-
TepBas oT Bpeme. [logobHo moBeeHne B OKOJTHOCT Ha HAKOE CHEeNHMUUHO pelieHne BOIU 10
HMOHATUETO YCTORYUBOCT HA TOBA PEIICHUE.

B Tazu cekmuga e opMaan3npamMe MaTeMaTHIECKH MOHATUAITA YCTORUIUBOCT W HEYCTOM-
qupocT. [lle orbGesnexkum, e pu3mIecKuTe IpoIec, KOUTO HAOII0JaBaMe B IIO-A'bJIbl' IEPUOJT,
OT BpeMe, Ca YCTOWYNBH.

Ty 0THOBO 3a MPOCTOTA TIIe pasriaefaMe caMO aBTOHOMHH HeJNHEHHN CHCTEMH

2=wv(z2), zeVCR' veC (V) r>1 (5.15)

U 1Ie pas3riezkjiaMe yCTOHUMBOCTTA HA CTAIMOHADHU DEllleHus (DABHOBECHU MOJIOKEHUS) 2 =
a — v(a) = 0. C rpancianus cBexjaMe pasriexjanero jno ciaydas a = 0. CiegoBaresso
cucremara (BI3) nma HyaeBo perernne ¢(t) = 0:

NurepecyBa HU TOBEJIECHUETO HA PENICHUATA ¢ OJU3KYU 10 HyJIaTa HAYAJHU YCJIOBUS.

Hedbununua 5.2. Kazeame, ue cmayuonapromo pewenue z = 0 na cucmemama (Id) e
yemotinueo (uau yemotuuso no Jlanynos), ako sa ecaro € > 0 cowecmeyea 6 = (€), maxosa,
we ako ||zo|| < 9§, pewenuemo ¢(t) ¢ navasno yeaosue (0) = zo ce npodeascasa 3at > 0 u
ydosaemeopsasa ||o(t)|| < € sa ecarxot >0 (Pue. 5.13.).

Ay AY
ST J7

Qurypa 5.13. Ycroituupoct Qurypa 5.14. AcuMnToTnvyecka yCToHdanBOCT

Hedbunnnua 5.3. Kaszsame, ue cmayuonapromo pewenue z = 0 na cucmemama (BId) e
ACUMNMOMUMECKY Ycmotiuuso, axo mo e yemotuueo u limy . ||@(t)|| =0 (Pue. 5.14.).

Hedbunannua 5.4. Kaszeame, we cmayuonapnomo peulenue e Heycmotuuueo, ako mo He €
Yemotivueo, m.e. 3a 6CAKG 0KoAHOCT Ha Z = 0 CBULLCMEY6A PEWEHUE C HAYAAHO YCAOBUE 6
masu 0KOAHOCM, K0emo A nanycka 3a wakoe t >0 (Que. 5.15).
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22
/ —>
[ \ t 1 mﬂa‘\ A
~ [V ]
AN
AN, o
QPurypa 5.15. Heycroitauoct Qurypa 5.16. YeTofInBOCT, HO He

ACHMIITOTHYCCKA yCTOﬁ‘{HBOCT

IIpumepn:

1. TTotoxkennero wa pasHopecue z = 0 Ha cucremara z = Az, kbjaero z € R™ u cobcrBenunTe
qucCjia Ha MaTpuliaTa A nMaT OTpUullaTe/JIHU peaJtHu 4YaCThu, € aCUMITOTUYECCKU YCTOﬁqHBO.
ToBa ce ycTaHoBsBa JIeCHO OT BHJIa Ha OOIIOTO pemenne z = ez,

2. llosoxkerneTo Ha paBHoBecue z = () Ha cucTeMaTa

21 = 292
22 = —21

e yCTOIYMBO, HO He aCHMITOTHYeCKH ycToiianBo (dur. 5.16) — ToBa € IeHThD B HAIIaTa
TEPMUHOJIOTHS.

22
3. llonoxxkenmero Ha paBHOBecue z = ( Ha
cucreMarTa
!
21 =21
ZIQ = —29
e Heycroitunso (dur. 5.17) — ToBa e cenjo B
Qurypa 5.17. Y (P ) &
HAIIATa TePMUHOJIOTHSI.

WscnenBanero Ha YCTOWYMBOCTTA C HMOMOIINTA HA JIe(DUHUNMUTE MU3UCKBA IO3HABAHETO HA
001I0TO pelteHne. B ropHuTe NpUMepH CUCTEMUTE ca JIMHEHHU W ODIIOTO pelleHre ce HaMUPA
JIECHO. 3a TPOM3BOIHA CUCTEMA, eKCILINIIUTHO pellleHne ce HaMupa PsIKO, 3aTOBa HU € HY:KHO
JIECHO TIPOBEPHUMO JIOCTATHIHO YCJIOBUE, DA3MPAII0 Ce CaMO BbPXY JsICHATA 9acT HA CUCTEMATa
jupepeHnrainu ypaBHEeHH.

BekropHoto nosie v € C B oKOHOCT Ha ToUKaTa ( MOXKe J1a ce TpPeJICTaBu BbB BUaa ( OT
dbopmynara wa Teitrbp)

v(z) = Az + v9(2),

Kkbjero A = v,(z) = (3;’] (0))ij=1,n 1 v2(2) = O([|2[]).
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Jla mpHIOMHHM, e CHCTeMaTa
i= Az (5.16)
ce Hapw4a JuHeapu3anus (mwin wbpso npubsmxkenue) wa (BIH) B okosmoct Ha 2z = 0.

Teopema 5.1. (Jlanynos) Hexa cobemeenume wucaa na mampuyama A ca ¢ ompuyamen,
pearnu wacmu. Toeasa nysesomo pewenue Ha cucmemama (BIA) e acumnmomuuecku yemod-
YUBO.

okazaresncTBo. TpsibBa ja mokaskeM, de ChINECTBYBa OKOJHOCT Ha z = (0, TakaBa, 4e ako m3bepeMm npous3BosiHO zg = 0 3a
HAYAJHO ycJoBHue 32 cucreMara (BEIH), To cboTBeTHOTO pemenue (i) e:

a) ompeneneno 3at >0  6) p(¢) e ycroitumeo  B) limi— o0 ||p(¢)|| = 0.

JloKa3aTeICTBOTO Ce OCHOBaBa Ha IIOCTPOABAaHE Ha (PYHKIHA Ha JIANYHOB, KOATO CIy>KHU 3a MepeHe Ha Pa3CTOSHUETO 10
IIOJIO’KEHMETO Ha paBHOBecme z = 0, HAMA/IsABA BbDXY TPAEKTOPUHUTE W IPOM3/IN3a OT JuHelHaTa cucrema (BIH).

Hedbununus 5.5. Kaseame, we r(z),z € U,0 € U e pynryua na Janynos 3a (BIA), axo
1)r(z) >0, zeU, r(0)=0
2) Layr(z) < —vr(z), ~>0.

O6ukHOBeHO 3a (pyHKIUS Ha JIamyHOB ce u3bupa kBaapaTuydHa ¢popma. Heka

oo
r(z) =/ [|leA% 2| |2 ds.
0

fcHo e, ye r(z) e monoxuresnno onpezeneda u r(0) = 0. Marerpaabr e CXOAsn] MOpaau TOBa, 4e A uma cOOCTBEHH YUCIA C
OTPHUIATEJIHU PEAJHH YaCTH.

HaucruHa, IpOM3BOJIEH eJleMEHT Ha MaTpuuaTa e’ mMa Buaa fpq = €3°Py(s), kbaero Py(s) e mommsoM or cremen k
IO-MAJIKa WJIM PABHA Ha KPATHOCTTA Ha A; MuHyc 1. Heka max; Re)l; < o < 0. Torasa

As

fra ReXj—a)s
‘E‘ < |Py(s)e e =)%| < My,
T.e. | fpq| < e**Mpq, kaTO TyK cMe o3HaumIH ¢ M = (Mpq) KOHCTAHTHA MATPHUIA.
oo oo
r(@) = [ lletsltas < [T IIslPeRds < M3l < gl < oo
0 0
Tyk m3mon3Baxme, Ue 33 BCSIKA MOJIOKHUTEIHO OIPEIEsIeHA KBAIpATHIHA hOopMa

Billzl® < 7(2) < Ballzll?,  B1,B2 > 0.

Ocrasa ga nposepum 2). ITo nedununus

d [ d [ ;
Lazr(z) = 5/ HeAseAtZOHQdS = a/ ||6A(é+t)20”2d5
0 0

—t d Rl 1
T [Tl o = ezl = Il <~ r(o)

O3HagaBallKu vy 1= i, [oJIy4aBaMe HYKHHS Pe3yJsITarT.
Cuenn kKaTo nocrpouxMe hyHKIUs Ha JISIyHOB 32 JMHEHHATA CUCTEMA, IIe IIOKaXKeM, de Ta3u (PpYHKIUA Bbpmu paboTa U 3a
HeJIMHEHHATa cUCcTeMa.
Jlema 5.1. Hexa ||z|| < 7, u T e docmamauno maaxo. Tozasa Ly(,yr(z) < —37(2).
HokazaresicrBo. OT cBoiicTBaTa Ha nMpou3BogHAaTa HA Jlu 3HAeM, Ue
Lv(z)r(z) =La.r(z)+ ng(z)r(z)'

Beue umame La,7r(z) < —yr(2).

va(2) < KlI2ll? < 2r(z)
51
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", or
Liyoyr(2) =) 5., v2i(?) < cr’/?(z)

i=1

3a HIKAKBO MOJIOXKHUTETHO c. Heka cera m3bepem ||z|| < 7:= 4/ %, Taxa ue 7(z) < b, kKaro b e Takosa, ue cb'/2 < z.

Lu(yr(2) = Lazr(z) + Luy(7(2) < =yr(2) + 37(2) = =27 (2).

2
O
Heka cera ¢(t) e pemenme ma (BIH) ¢ HagasHwM yciaoBus, OJHM3KM [0 HAYAJIOTO U pa3nmdHu OT Hysa. llomarame o(t) :=
I (p(t)).
d
o(t) = @ (V) _ Lor(et) . _arle®) _ v
r(p(t)) r(e@®) T 2r(e(t) 2
Cries1 vHTErpUpPAHE IOy daBamMe
2 Lt
elt) < e(0) — 5t mmm r(p(t) < e2'r(p(0)),
OTK'BJIETO TOJTyYaBaMe OIEHKATa
1
lle@®Il < 5° 7(0(0))- (5.17)

OT Tasu OIEHKa Ce BHXKJA, 9e¢ ¢(¢) HaMaJIsaBa eKCIIOHEHIHAIHO U KJIOHH K'bM HyJIa MpH ¢ KJIOHAIO KbM OE3KpPARHOCT.

OcraBa /1a ce jJoKake, 9e PElIeHreTo Ce MPOIbJKaBa 3a BCsiko t > 0.
M3bupame KOMIIAKT

K:={(zt)]0<t<T, r(z)<b}.

TNAY
\

SN | S

IIpu ||¢(0)|] < 7,7(¢(0)) < b or onenkara (B2IQA) cinexsa, ge KoraTo t pacre, HOpMaTa
Ha peIIeHHeTO HAMAJISIBA, U CJIEJOBATEHO PEIIeHHeTO He MOXKe J1a HU3Jie3e Ha CTpa-
HU9YHHUTE rpaHuny Ha Kommakra (dur. 5.18). Tbit kato T’ € IPOU3BOJIHO, PEIIEHHETO

Qurypa 5.18.
ce IpO/bJIzKaBa HEOIDAHUIEHO.

TeopeMa 5.2. Hexa MaAMPUUAMa A na AUREAPUSUPARATMA CUCTNEMA (M) uma cobemeeno
YUCAO € NOAOHCUMENHA PearHa Hacm. Tozasa HYAEB0MO peweHUE HA cucmemama (E) e
HeYCmouuaso.
okaszaresicrBo. Heka mmame mOHE €IHO COOCTBEHO YMCJIO Ha MaTPHUIATa A C MOJOXKHUTEJIHA peajHa Jact. [Ipocrpancrsoro R™
MOXKe []a Ce NPEJCTaBH KAaTO JUPEKTHA CyMa Ha JBe€ MHBaApPWAHTHHU mojupoctpancrsa R"™ = E1 @ E2 kato

Ay = A|p, uMa camM0o COOCTBEHN YHCJIA C TIOJOKUTEIHH DEAJHH TaCTH

Az = A|p, uMa caM0O COOCTBEHM YHUCJIA C OTPHIATEIIHU MM HYJIEBU DEAJIHU YaCTH.

Heka ozmaunM z = (z,y), ¢ € E1, y € F2 u Heka a > 0 e TakoBa 4ucio, ue Rel; > a > 0 () ca cobcrBenure umcna Ha Ap).
Bbpxy E1 uMa eBKJIMI0BA HOPpMA, TAaKaBa, de

(Arz,z) > al|lz||?, =€ Ei. (5.18)
Amnanornano Bbpxy Fo mMa eBKINI0BA HOpMA, TAKaBa, Ue 33 BCAKO b > 0 e u3I'bIHEHO

(Azy,y) <Bllyll*, v e B (5.19)
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Hexka cunrame, ue 0 < b < a.

v(z) = (v1(2),v2(2)) = (A1z + Fi(z,y), A2y + F2(z,9)),

karo F(z) = (F1(z), f2(2)) ca nesqmueitunre wienose. 3a npoussosno € > 0 cbmecrBysa § = §(e) > 0, Takosa, 4e ako ||z|| < 4,
ryx (llzll = ([l + llyI)*/?)

IF )| < ezl (5-20)
Hedunnpame xouyca C =: {(z,y) € E1 D E2|||z|| > ||y||}-
Jlema 5.2. Couecmsyea § > 0 makosa, we axo U = {||z|| < 8}, mo 3a scaxo z = (z,y) € CNU
(a) (z,v1(z,y)) — (y,v2(z,y)) > 0 npu x # 0,

(6) cswecmeyea p > 0, maxosa, ue (v(2),z) > pl|z||.

Hoxkasaresicro. [la 3anounem c (6).

Es
(v(2), 2) = (Arz, @) + (A2y,y) + (F(2),2)
Or (B13), (ET) u (BE20) coeasa
L L _ Er (v(2),2) > allz|]* = blly||* — €l|=|[?

, \ L/ N\ / , B C muave ||z|| > [jyl| u ||z][* > F(ll=[1* + [ly]|*) > FllzI1%,
: : : : OTK'bJETO
: : : : b
Wﬂ (U(Z),Z)Z(g—§_€)||zl‘2-

®durypa 5.19. N3bupame € > 0 u ¢ ToBa §, Taka 4e y = % — g —e>0.

KowmenTap. eomeTpuano ycaosmeTo 6) 03HAUABa, 9€ BEKTOPBT v(2), 2 € C coun HaBbH OT cdepara ¢ Hagano B O 1 MUHABAIIA
mnpe3 z (Pwur. 5.19).

Jla nokaxkeMm cera (a).

($7U1($,y)) - (y7 Ug(l‘,y)) = (Al‘rvx) + (m,F1(z,y)) - (A2y7y) - (y, F2($1y)) >

allz|> = bllyl|* + (z, Fi(z,v)) — (v, Fa(z,y)).

Ho |(z, Fi(z,y)) — (v, F2(z,y))| < 2(z, F(2)). KakTo nmo-rope B 6)

allz]|? = bllyl|* + (z, Fi(z,y)) — (y, F2(z,9)) > (5 - g — 2¢)|2|%.

a
2

WN3bupame € > 0 u ¢ ToBa §, Taka |e % — % — 2e > 0, OTK'bJIETO CJIe/IBA TBbPIAEHUETO.

KowmenTap. Heka unrepuperupamve ycsaosue a). la nedunupave dynkius

1
g:E1xEx =Ry g(z,y) = 5(||$H2 —[lyl?),

geCt, ¢ H(0,00)=0C, g¢~'(0)=0C.
Heka z = (x,y) € U.

d _9%._9g 99
dtg(z(t))f 8227 8zv1+8yv27(z’vl) (y,v2) >0

3a z € 0C, t.e. Bbpxy rpanunara Ha C ¢ pacTe W CJ€J0BATEJIHO HsIMA perieHne ¢ HadasuHo ycsosue B C, koeto ga Hamycue C,

npenu ga e HamycHaso U.
O
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[IpoabrKaBame ¢ goKa3aTencTsoro Ha Teopemara. Heka z(t) e pemenue 5 C(\U.
. 1
(v(2),2) = (2) = S la” 22O e ?

d
Izl

=11~

NuTerpupaiiku, moxygasame In||z()]|2 > 2ut + In ||2(0)||? wim

l2()]] > e ||=(0)]l.

U Taka, Bcako pemenue ¢ HaganaHo ycaosue B C'( U ce orgamedaBa OT HA4ag0TO. AKO peIIeHHETO He e JeDUHHUPAHO 32
BCSKO t, TO Ce MPObJIPKaBa MOoHe 10 rpanunuTe Ha kommakta C (U u or cnomenaroro no-rope nanycka U. Cnemosarenno z = 0
e HeyCTOUIHUBO.

3abesekka. BB Bpb3Kka ¢ ji0ka3anuTe 1m0-rope Teopemu ce MmMocTaBsl CjiejHATa 3a/71a4a
(3amaga Ha Payr - XypBuIl) — 10 JajieH MOJHHOM Ja Ce YCTAHOBH JIaJii HErOBHTE KODEHW
JIe}KaT B JIIBAaTa MOJypaBHHHA. PaspaboTeHn ca HIKOJKO aJTOPHTHMA, KOUTO OOMKHOBEHO Ce
OIMCBAT B KypCOBeTe IO ajrebpa.

CayuasT, Koraro JuHeapusupanara cucreMa (BId) nma cOOCTBEHM YHCIa BbPXY HMAlH-
HepHAaTa oc, e caoxkeH. /la pasriesame cucTeMuTe

&=y £’ T=1y
. , ¢ auHeapu3anus B okosHocT Ha (0,0) .

Ba sinneapusupanara cucrema pasaopecuero (0,0) e or Tun neHTbp (CbC COOCTBEHN YHUCIA
+i), 1oKaTo 3a HeJIWHEHHATA CHCTeMa NMaMe ChOTBeTHO HeycToiiuus (ycroitans) dokyc. Tosa
ce TIPOBEePsSIBA JIECHO, KATO Ce TMpeMuHe HanpuMep B nojspHu koopauaatu. CraemnoBaTenno mn3-
cJIeJIBAHETO HA YCTOMYUBOCTTA B CJydasi, KOraro cOOCTBEHHUTE YHCIA Ha JHHEApU3WpaHaTa
cUCTeMa JIe;KaT BbPXY UMAarnHepHaTa OC M3HCKBA Pa3r/erkKIaHeTO Ha HeJIUHEHHUTe dIeHOBe.

Jla pasriiejiaMe eJIMH CIHEIMACH KJIaC HeJMHEHHH CHCTeMH, & UMEHHO KOHCEePBATHUBHUTE

i = —gradU, xuaero x € V C R", U € C*(V). EkBuBajenTHO 3amucBame
T=y
y = —gradU.

Heka (x0,0) e mosoxkenune Ha paBHOBecue, Kato (zg : gradlU(zg) = 0) e KpuTHYHA TOYKA
3a U. Tosa pasHOBecHe He MOXKe J1a Objie ACHMITOTHYECKH YCTOHYHBO MOPAIM HAJTHIHETO
Ha CHOTHOIICHHE, KOETO (€ 3ala3Ba ¢ BPEMETO, & MMEHHO MHTEerpaJ’bT Ha eHepruara F =
% +U(x) = e = const. B mexanukaTa TOBa CHOTHOIICHAE HOCH UMETO 3aKOH 33 3aIIa3BaHe Ha

y2

mbiaHaTa eHeprus. Bemmunnara T = % ce mapmua xusernmdna eneprus, a semmunnara U(z)

Ce€ HapHu4Ya IMOTEeHIUAJHA eHeprud.

Teopema 5.3. (Jlazpanoic — Jupuzae) Hexa nomenyuasnama enepeus U € C*(V) uma
cmpoz munumym 6 To. Toz2asa noaroscenuemo na pasrosecue (o, 0) e yemotivugo.
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JokazaresicTtBo. Tbit KATO HE € sICHO IPEABAPUTETHO KAKbB € 3HAKbT HA KOHCTAHTATA € B uHTerpasga E = e, ro mogudunupame
110 CJIeJHUA HA4IUH:

Y2
E(,y) =5 +U(@) ~Ulwo) =2

Owesnano E(xo,0) = 0 n Tsit kaTo @0 e cTpor MumnMyM, E(2,y) =€ > 0 B naxaxsa oxoxmoct W na (0, 0).

Ha monoxum z = (z,y), 20 = (x0,0). Hei(a Be(z0) = {z €W | |lz— 20|l <€} ua=min,cpp, (s E(z) > 0.
_ JHa osmaumm ¢ Wi =: {z € Be(z0) | E < a}. Torasa 3a pemenme z(t,Z) ¢ Hauanuo yciaosme z € Wi e m3IbIHEHO
E(2(t,%Z)) = E(Z) < a. CnenoBarenno ToBa pemenue He Hamycka Be(zo) 3at > 0 u 20 = (20, 0) e ycroiiuuso.

ITpumep 1. Heka j1a u3cieBaMe yCTOMYIMBOCTTA Ha HYJIEBOTO pelIeHUe HA CUCTEMATA

T = 2r + 8siny
y=2—e"—3y—cosy.

Bennara ce Buka, de (0,0) HaucTHHA € 0cobeHa TOYKA (CTAIMOHAPHO PEIIeHUe, MOJOKEHIe
Ha pasHOBecue). Jla 03HaYMM ¢ v; JgCHATA CTpaHAa HA IHPBOTO YPABHEHHE, a C Uy JIACHATA
cTpaHa Ha BTOPOTO ypaBHeHHe. HamMupame moCIe0BATEIHO JaCTHATE TIPOU3BOIHN:

81}1 81)1
9 X _g
o -y cos y,
9, 0
%z—ex, aigj:—?mLsiny.

[Ipecmgarame Te3u mpou3Bojnu B ocobenara Touka (0,0). ToraBa JmHeapusmpanata OKOJIO
(0,0) cucrema npuema Buga (Bux (B3))

T =2x + 8y A 2 8
y=—x—3y. ’ S\ -1 =3 )

CoberBennTe vrcia Ha Marpunarta A ca KOpeHH Ha KBaJPaTHOTO ypaBHEHWE
M4+ AN+2=0.

Or dopmynure Ha Bmer mmame, e A\ + Ao = —1, Ay = 2. CoOcTBeHUTE YHUCIA HMAT
e/IHAKBU 3HAIIM W CyMaTa MM € OTpHIaTe/]Ha. ToraBa Te MMAT OTPUIATEHW PEATHU JaCTH.
Caenosarentno, or Teopemara na JIsuynos umame, de (0,0) e acUMITOTHIECKH YCTOWIUBO
OJIOYKEHUE Ha PaBHOBECHE.

IIpumep 2. Heka ma m3ciaegBamMe yCTOHMHBOCTTA Ha HYJIEBOTO pelleHre Ha CHCTEMATa
&= —2x — 3y + 2°
o 2
y=x+y—y.

B To3um cayuail, Thit KaTo cucTeMara e MOJIUHOMHUATHA U ce WHTepecyBaMe caMoO OT HYJIeBOTO
pelienue, 3a Jia JUHEApU3Upame, MpocTo TpdabBa Ja MaxHeMm HejuHelinuTe 4ienose. Torasa
MaTpuIaTa Ha JUHeapU3WpaHaTa CUCTEMA €

A:(_12 —13).
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CobCTBeHATe YHCIa Ha Ta3H MaTPHIA ce onpeaeaaT oT ypasHeanero A2 + X + 3 = 0. Ornoso
dbopmyaute Ha Buer momarar jga ompeiesdM 3HAIUATE Ha COOCTBEHHUTE YUCAA — A + Ao =
—1, \MAy = 3. CoberBennre yucsa UMaT €JHAKBU 3HAIM U cyMaTa uM € orpunareana. OrTyk
caeBa, ve Te mMar orpurarenau peaann dacru. Cremosarenno or Teopemara Ha JIsamyHos
caenBa, ye (0,0) e acuMOTOTHIECKH YCTOWUNBO MOJIOYKEHNE HA PABHOBECHE.

IIpumep 3. Heka na usciieiBame B 3aBUCUMOCT OT a € R ycToldauBOCTTa HA MOJIOKEHAATA,
Ha paBHOBeECWe Ha CHCTeMaTa

T=1y
=% — 2+ ay.

Jla HamMepuM IbPBO OCODEHUTE TOYKH.

y=20
23 —x+ay = 0.

Jlecno ce BUxKIa, ue pemenusTa ua ropuara cucrema ca (0,0), (£1,0). Jluneapusupame
B okosiHocT Ha (+1,0). Ja oznaunm X = = F 1,Y = y. Jluneapusupanara cucrema IpueMa
BUJIA

X=Y a_(01
Y =2X +4aY ’ 2 a

HeszaBucuMo OT 3HAKa HA @, €IHOTO COOCTBEHO YHUCIO MMA TMOJOKHTETHA PEATHA JaCT,
crreposaresino (£1,0) e HeyCTORIMBO MOJIOKEHHE HA PaBHOBECHE 3a BCIKO a € R.
Jluneapusupame B okosraocT Ha (0, 0)

y=—x+ay -1 a

XapaKTepHCTHYIHUAT NOJTHOM Ha Marpumara A e A2 — a)\ + 1 = 0, OTKDbAETO cIeBa, de
npu a > 0 nosoxkenuero Ha pasrosecue (0,0) e Heycroiiunpo, npu a < 0 MOJOXKEHHETO HA
pasrosecue (0,0) e aCUMITOTHYECKH YCTOHUINBO, & pu ¢ = () cCOOCTBEHUTE YUCTIA CA C HYTIeBU
peaJiHy YacTH W HUINO HE MOXKEM Jla KaxKeM 3a YCTOWYMBOCTTA Ha 0a3ara Ha TEOPEeMUTE Ha
JImyHOB.

3a mactue, npu a = 0 cucremMara e KOHCePBaTHBHA
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2 4
¢ norennuaana eneprug U = % — #-. Begnara ce Buxkga, 9e © = 0 e crpor munumyM 3a U

u caegoBaresno o Teopemara Ha Jlarpanxk — Jlupuxiie nosoxkenunero Ha pasHosecue (0,0) e
YCTOMYMBO.

3amaum 3a caMocTodATesIHA padoTa
1) Nscoenpaiite yeroiaupoctTta Ha perrernero (0,0) wa cucremara

T = 20y —x 4y
y = bat+yP+ 2z —3y.

2) Uscaeapaiirve ycroitunsocrra Ha pemenuero (0,0) Ha cucremara

' T = e — cos(3x)

y = 4+ 8z — 2eY.
3) N3caensaiiTe yeroifumBocTTa Ha permennero (0,0) Ha cucreMaTa B 3aBHCHMOCT OT a € R
)

T = ax —2y+a?
Yy = x+y-+ay.

4) Nzcaempaiite ycroitansocrra va pemtennero (0,0) Ha cucremara B 3aBucumMoct or ¢ € R

T = Y
y = —dx+ 523 —2° +ay.

5) 3a kou croiinocTu Ha a u b permenunero (0,0) na

t = In(e+azx)—e¥
y = bx+tan(y)

€ aCUMIITOTHYECKH YCTONIUBO?
6) 3a kou croiinocru Ha a u b pemenunero (0,0) Ha

T = x+ay+y?
y = br—3y—2?

€ aCUMITOTHYECKH YCTONIUBO?
7) 3a kom croiinocru Ha a u b pemenunero (0,0) Ha

T y + sin(x)
y = ar+by

e aCHMITOTHYCCKH YCTOHInBO?

8) Omnpeesiere yCTORYMBI JIH Ca CTAIMOHAPHUTE PEIEHNsT HA
T = y—a—ux

y = 3z —a%—1y.
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9) Ompeesiere yCTORYMBU JIH ¢a CTAIMOHAPHUTE PEIEHHUs HA

i = In(l—z+9y?%
y = x—y—2

10) Omupejesiere yCTONYUBY JIM €a CTAIMOHAPHUTE PEIeHUsT Ha

T = tan(z —y)— 2z
= 9+ 12z — 3¢?
z = —3y.

L@
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IIpunoxkenue A

CBenennda or MartemMarmiecKns aHAJIN3

B ToBa npuioxkenue 1e MpUIOMHUM HAKOHW IIOHATHUS U (PAKTH OT aHAJM3a, KOUTO U3IOI3Ba-
Me. Ille paborum npeaumuo B R”. [longkora, Korato jgedUHANTATE U3UCKBAT JOIbIHATETHI
MOHATHS ¥ KOHCTPYKIIMHU, HUE Ie U3I0/I3BaMe ChOTBETHHUTE TBBPACHHUS H TEOPEMU BMECTO
JjiebuHUIINTE.

3a BCAKO TOJOKUTETHO ISLI0 N 03HadaBaMe ¢ R™ MHOXKECTBOTO OT BCHUYKH HAOOPHU OT N
peasiHi JIuCIa
T = (T1,%9,...,Ty).
Habopwbr (71, T2, . .., T,) ce HApUYA KOOPAUHATH Ha ejeMenTa . Kjaemenrure va R” e Hapu-

YaMe OIle BEKTOPpH UJIN TOYKH.

Hedpunupame crbupane Ha BekTopu £ +y = (1 + Y1, To+ Y2, . . ., Tp + Ypn) U YMHOXKEHHE HA
BEKTOD C YHCJI0 o = (qry, g, . . ., axy,). Tesn ase onepanun upespbinar R™ BbB BEKTOPHO
(JTMHEHHO) TPOCTPAHCTBO.

[Ile onpeneanM oIie CKaiapHo npoussederue ¢
n
Ty =< 1T,y >= szyl
i=1
Jedunupame wopma na eekmop ||x|| ¢be ciennure cBoiicrsa:
1) [[z]| =2 0,[|z]] = 0 ¢— z = 0;
2) [lax|| = ||| ;

3) |z +yll < [l + [yl

Nma HAKOJIKO HadMHA, 110 KOUTO MOXKEM Ja omupegeauM Hopma B R™. Hanpumep

a) ||z]| = v/ 27 — eBKIMIOBA HOPMA;

6) ||x|| = max; [x4] ;

B) ||zl = 22 [l

107
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Hedbunnnua A.l. /lee nopmu napuvame exkeusarenmuu, ako csuecmsysa wucro M > 0,
maxosa, e
Mzl < [lzll2 < M|z

B R" Bcuukr HOPMHU Ca eKBUBAJIEHTHHU (TOBA € CJIeJCTBHE OT OBIIA TeOPeMa 3a MPOU3BOIHO
KpailHO-MepHO TpocTpancTBo). CIie0BATEeTHO MOYKEM JIa U3MOJI3BAMe KOd JIa € OT TOPHUTE
HOPMH.

Jedunupame oue pascmoarue p(T,y) MKy JBa BEKTOPA CbC CJIEJHUTE CBOHCTBA!

D) p(x,y) =0z =y;
2) p(z,y) = ply, v);
3) p(z,2) < p(x,y) + p(y, 2).

Hanpumep B R” 3amaBaMe pascTosinue ¢

p(x,y) = llo —yll = /D (& — ).

Heka a e ¢purcupan BexkTop ot R". Omesopero ksa60 ¢ paguyc r > 0 1 HEeHTHP a HapuIame
MHOZKECTBOTO
B(a,r) = {z € R"|p(x,0) < r}

(cvorBetno B(a,r) = {z € R"|p(z,a) < r} e 3arBopeno Kbabo).

IIpumepu. (a —7r,a+r) e orBopeno Kba6o B R! | a [a — r,a + r] e 3arBopeno.

Hedbununua A.2. FEdno muoocecmseo U € R™ e omeopeno, ako 3a 6cexu He2068 eAemMeHm &
cowecmeysa > 0 u xoabo B(x,r) C U.

ITpumepu. OTBopennTe Kbada ca OTBOpEHH MHOXKecTBa. R™ e ¢bITO 0OTBOPEHO MHOKE-
CTBO.

Omeopena 0K0AHOCM HA €IHO HENPA3HO MHOXKECTBO A ce Hapu4a BCAKO OTBOPEHO MHOYKE-
crBo U, chabpzkammo A.

[lo nedunuius samsopero mrostcecmaeo e TOIMbJIHEHHE Ha OTBOPEHO MHOYKECTBO.

Enno muoxkectBo A C R™ Hapuyame c6sp3aHo, aKO BCEKH IB€ TOYKH OT HETO MOTAT JIa Ce
CBbpP2KaT C HavyIll€Ha JIMHUA, CbAbpzKallla C€ B CaMOTO MHOZKECTBO.

Exnno muoxkecrso A C R™ napuaame usnskHano, aKO 3a€IHO C BCEKH JBE TOUYKH CbIbpPKa,
n CbheINHABAIIlaTa I'M OTCCYKa.

Ozpanunerno mruoscecmeo A C R™ mapuyame TakoBa MHOYKECTBO, KOETO C€ ChIbPKa B
HIKOe KpailHo K160 A C B(a,r),r < oc.

Exno muoxkecrBo K C R"™ napuyame KomMnaxmHo, ako € OrpAaHUYEHO B 3aTBOPEHO.

B cmia e caexnara

Teopema A.l. (Baiiepwpac) Axo dynryuama f e onpedesena u HENPEKBCHAMA EBPLY KOM-
naxmmo mmoocecmeo K, mo ma docmuea sopxry K ceos makcumym M u ceos munumym m,
¢ dpyeu dymu, 3a ecaxko v € K e usnsaneno

m < f(z) < M.
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Ocsen dynkiuu, gedunnpanu Bbpxy MuoxkecrBa B R f(z),z = (v1,29,...,2,) € U C
R", m1e pasriexkaaMe omie sexmop-@yrkuuy Win usobpasxcenus f: R" — R”,

f(x) = (fi(zr, 29, ..., 20), folT1, oy o xn), - o, fo(X1, Toy o ).

Hedbuunuua A.3. Kaseame, we f € C"(U),r > 1,u C R, axo cowecmeysam ecuuru
nPou3eodny, do T-mu Ped GKAIUUMEAHO U Te3U NPOU3BOIHY €& HENPEKTCHAAL.

Heka e 3amameno uzoopazkennero [ : R™ — R". Cbe cuMmBoga f, o3Ha9aBaMe

Oxr1  Oxo Oxn
f*(x> — ox1 Oxo Oxn
Ofn Ofn .. Ofn
ox1 812 Oxn

|

Kasga ce, 1e f, 3ajaBa quneitnara 9act Ha nuzobpazkenunero f. Marpunara or mbpBuTe 9acTHI
MPOM3BOHU HA KOMIIOHEHTHUTE Ha f HOCH mMeTO Marpura Ha fkobn.

Hamupame npon3BojHUTE HA BEKTOPH WU MATPUILH, YHUTO €JIEMEHTH Ca (DYHKIMH, KAaTO
nudepeHnupaMe BCIKa eIHa OT KOMIIOHEHTHTe. AHAJOTMYHO IOCThIBaMe IpH HaMUpaHe Ha
WHTETrpaJl OT BEKTOP WU MaTPHUIIA.

Hakpas meka NpHIOMHUM HAKOH (haKTH, CBLP3aHU C PEIUIU U peloBe OT (DUHKIUH U
raxHata cxoaumoct. [le pasrieame Hemara 3a pejuiy u pejgose or pyukiuuu. TBbpiaeHusTa
0e3 TPy ce MPeHaCAT 3a U300ParKeHU.

Heduunuua A.4. Hexa {f,},n =1,2,... e peduya om dyrryuu, onpedeseru 6spTy MHO-
orcecmeomo U C R, u peduyama om wucaa {fn(x)} e cxodawa sa scaxo v € U. Tozasa
onpedesame PYHKUUANG
f(z) = lim f,(z), x€UCR" (1.1)
n—oo
B mosu cayuwati kazsame, e { fn} waonu kom epanuunama dynruua f nomoukoso.

AHanoruuHo, ako peabT

3" Fal@) = fule) + fol@) oot fulz) +

€ CXOIAII TpHu Besako x € U, To ompeaensmMe
fl@) = fulx), z€UCR" (1.2)
n=1

u f ce Hapuua cyma Ha pena » | f(x).

NHTepecyBaMe ce TJIABHO OT BBIPOCA, aKO f, Ca HENPEKbCHATH WM IH(epeHIHpPYeMH,
WM UHTEIPYEeMH, TO BSIPHO JIX € ChIIOTO 3a I'paHunIHaTa (pyHKIMS?

WsBecTHr ca npuMepH, B KOUTO TOBA HE € TaKa. 3a Ja IMOJYyYUM IOJOXKUTEJIEH PEe3yJITaT,
HU € Hy»KHa HOB BH/JI, CXOUMOCT.
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Hedbunnuua A.5. Kazsame, we peduuama om dynryuu {fn},n = 1,2,... e pagromepro
crodaua 6spry mroxcecmeomo U kom dynxuyuama f, axo 3a écaxo € > 0 couecmsysa uaL0
N, ue npun > N umame

[fn(z) = fz)] <e

3a scuvuku r € U.

Pazoupa ce, ako egna pejuna or MYHKIMH KJIOHH paBHOMEpHO Bbpxy U kbM f, TO Ts
KJIOHU ¥ TIOTOYKOEO.

Kassame, ue ejun pes Y fn() € paBHOMEPHO CXOJSIN BHPXY MHO)KeCTBOTO U, aKo peju-
nata ot yacruaaute My cymu {S,(x)}, onpenesrena ¢

n
Su(x) =Y filw),
=1
e paBHOMepHO cxojdiia Bbpxy U. CienBamudar yjao0eH HpU3HaK 3a PaBHOMEPHA CXOIHUMOCT

Ha peJoBe NMpUHaAIeKN Ha Baitepmpac.

Teopema A.2. Ako pedsm om dymruyuu Y | fn C€ MAAHCOPUPA CBC CTOOAU, YUCAOE PEO:
|fu@)| < Mp,n=1,2,..., z€el, ZM” < 00,

mo moti e PaBHOMEPHO CLOOAU,.

Enxno ot cBoiicTBaTa Ha paBHOMEPHO CXOJIANIUTE PeoBe, KOUTO U3MOI3BaMe, ce JIaBa ChC
cJieTHaTa

Teopema A.3. Axo pedem Y. fi, fi : R = R"™ e cxodaus u pedsm om npouseodrnume % €
PAGHOMEPHO CLO0AU, MO MOl KAOHU KBM NPOUIEOIHAMA % > fi



Ilpunoxkenne b

Csenennsd ot JIluHeitHaTa aarebpa

B ToBa npusioxkenue 1e mpunoMHAM HAKOU (PaKTU OT JinHeiiHaTa ajarebpa, KOUTO U3I0JI3BaMe
B U3JIOXKEHUETO.

1. ITomuHOoME ¢ peasiHu KOoe(UIIMEHTH

CraH apTHO TOJUHOMHUTE CE 3AIMCBAT KATO

FA) = A"+ A"+t ay, (2.1)

TYK A e mpomennusa, a; € R. Hact or Hamara meffHOCT B OCHOBHHTe TJIaBH Ha y4eOHHKA
e CBbp3aHa ¢ HAMUPAHETO Ha KOPEHHTEe Ha IOJUHOMHU WM HAMHPAHETO HA PEHICHUHATa Ha
yPpaBHEHUETO

f(A) =0. (2.2)
Enano ciencrBue oT ocHOBHaTa TeopeMa Ha ajaredpara e, Ue BCeKH IOJHUHOM C PeaHu Koedu-
IHEHTH UMa IIOHE eJIMH KOMILIEKCeH KOpeH. B 4acTHOCT, BCeKH IIOJTMHOM € peaJiHu Koeduiue-

HTH OT HeYeTHA CTeIleH HMa IOHe eJIMH peaieH KOpeH.
Kaspame, ge eJHO YHCIO Ag € mpocT (egHokpareH) Koped Ha f(A) = 0, ako

FA)=A=2)g(A) u g(ho) #0.
ExBuBanenTno, Ao e npocr kopen na f(\) =0, ako
fo)=0 m f(Xo) #0.
Kassame, ue \g e r-kparen kopen Ha f(A) = 0, ako
F) = =2X)"g(A) u g(h) #0.
ExBuBasIeHTHO, A¢ € r-KpareH Koped Ha f(\) = 0, ako
FOo) = o) =-.. = [0 ) =0 m fT) £0.

Tbii KATO pasIJIeKIAHATE TTOJUHOMH Ca C PEATHH KOePUIMEHTH, TO 32 TIX € B CHJIA CJIe]I-
auaT (akr: Ako A\g = « + i e kommiekcen kopen Ha f(A) = 0, TO KOMILIEKCHO CHPErHATOTO
MY 9HCJI0 A\g = « — i3 e cbio Koped Ha f(A) = 0, npu ToBa ¢bC CbIaTa KPATHOCT, KAKTO Ag.
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Hexka Ja IPUIIOMHHM H (bOpMYJH/ITe, CBDbP3aHU ¢ KBaJIPAaTHOTO YpaBHEHHE
/\2+a1)\—|—a2 =0.

Herosute Kopenu ce 3ajaBaT ¢ u3pas3ure

B cuia ca n (bOpMyJII/ITe Ha BI/IGT, CBbP3Ballld KOpEeHuTe U KOG(bI/II_LI/IeHTI/ITe
)\1)\2 = a2, )\1 + )\2 = —aj.

QopmysiuTe Ha BueT ce 0000IaBaT Mo eCTeCTBEH HAYMH 33 yPABHEHUA OT IIPOU3BOJIHA CTEIICH.
B cnpaBoununuTe Morar ja ce BHIAT (hOPMYyJIHTe Ha HTAJIMAHCKHATE MaTeMmaruiu Kapmamno,
Tapranga, Pepapa u ap., U3pa3dBaIIm KOPpeHUTe Ha YPaBHEHUS OT TPeTa W YeTBLPTa CTeleH
KaTo PAINKaIn OT KoepUIMEeHTHTE. 3a MeTa U IO-BIHCOKa CTEIeH TOBA € HEBbH3MOXKHO B OOIH s
CcoIy4aini.

2. JIuHeiiHO TIPOCTPAHCTBO, JIMHEITHA 3aBUCUMOCT U HE3aBUCUMOCT, 6a3uc

Heka F' e mome or ckamapu u V e Hempa3sHO MHOXKECTBO, 3a eJIEMEHTHTe Ha KOeTO Ca
necdbunupanun cyma a + b,a,b € V u yMHOXKeHHE C eJIeMEHT OT IoJieTo Aa, A\ € Fla € V.
Uckame a+b eV uaeV.

Hedbunnnua B.1. Kassame, we mnosicecmeomo Ve aunetino npocmpancmeo, axo ca us3-
nsAHeHU caednume akcuomu (myx a,b,c € V. A\ u € F):

1)a+b=>b+a, 2) (a+b)+c=a+ (b+c)
3)30:a+0=0+a=aq, 4)Id—a:a+(—-a)=(—a)+a=0
5) (A + p)a= A a+ pa 6) Ma+b) =X a+ \b

7) (M)a = A ua) 8) l.a = a.

[Tpumepwn 3a JimHeitHN npocTpancTBa ca R™ U MPbCTEH'BT OT TMOJUHOMHUTE OT CTENEH, He-
HAJIMHUHABAIILA 7.

Hexka V' e nuHeitHO NpOCTpaHCTBO U a1, Ao, . . ., G € KpaiiHa (hbaMUIns OT eIeMeHTH Ha V.
Jedbununua B.2. Fiemenmume aq,as, ..., a; HGPUYAME AUHETHO 306UCUMU, GKO CBULE-
CMBYBAM, CKAAAPU A1, . .., A\ € F, none edun om max pazauuer om Hyaa, e 04 € usnsAHEeHO
PAGEHCNBOMO

)\1&1 + )\2&2 + ...+ )\kak =0.
Jedbununua B.3. Fiemenmume ay,as, . .., ar Hapuiame AUHETHO HE3ABUCUMY, GKO OM
)\1a1+)\2a2+...+>\kak:0

caedsa, e
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[TonsgTugTra quHeliHa 3aBUCUMOCT U HE3aBHCUMOCT MOTAT JIa Ce PA3MIUPAT U 33 Oe3KpaiiHu
dbaMIIIu 0T eJIeMeHTH Ha JITHEHHO MPOCTPaHCTBO.

Hedbununua B.4. Edno nodmuoscecmso om esemenmu ay, as, . . ., G, 1o V Hapuvame
basuc, axo

1) ay,aq,...,a, ca AuneliHO HE3ABUCUMU;

2) Beeku eaemenm om 'V ce npedcmasa kamo Aunelina KoMOUHAUUSA HA G1, Ay, . . . , Gy

a = Aa; + Xas + ...+ Aay,.

Earo nuneiitHo TpOCTPAHCTBO MOZKE Jla UMa MOBeYe OT eJIMH 0a3MmC.

ITpumepu. Enun Bb3moxken 6asuc B R" ce gaBa ¢ BekTOopuTe

en = (0,0,...,1)T.

Eaun 6azuc Ha JUHEHHOTO IPOCTPAHCTBO OT MOJMHOMH C PeaJHu Koe(pUIIMeHTH OT CTeIeH,
HeHaJIMIHABAINA N, ce 1aBa oT eqementute {1, 2,22, ... 1"}

Bpogar na enementute, odpazysarin 6a3UC B €HO JUHEHHO MPOCTPAHCTBO, JJaBa HEI'OBATa
pasmepnoct. Hampumep pasmepnocrTa #a R™ e n, a pa3mepHocTTa Ha JMHEHHOTO MPOCTPaH-
CTBO OT MOJTMHOMHE C PeajHu KOeMUIMEHTH OT CTeleH, HeHaMUHABAIIA 1, € 1 + 1.

3. Marpumnn
PasriexmaMe nmpeiuMHO KBaApaTHU MATPUIH ¢ peanu Koedunuentu. Marpurure ce 3a-
naBaT ¢ TabJIUIA OT YHCJIA

ayy Qi -+ QAlp 1 o --- 0
A= |0 w2 o g U O (2.3)
an1 (07%5)) Anpn O O 1

C E o3navaBaMe eJMHAYHATA MaTpuna. /la npumoMauM, de JIMHEHHUTE OllepaTOpu B HIKAKHB
KOHKPEeTeH Da3uC ce 3aJaBaT ChC CBOATA MAaTPHIIA.

Marpunure Morar jJa ce chbOMpaT, YMHOZXKABAT ¢ YUCJI0 U nomexkay cu. llle orbenexxum,
1e IOCJAeTHOTO YMHOXKeHne He € KomyTaruBao AB # BA.

EaHa BaykHa YnCI0Ba XapaKTEPHCTHKA HA MATPUITATE € TaxHara jgerepmunanta det A. Tsa
ce mpecMsTa MpocTo B pasmepHoctu 2 u 3. Marpunure ¢ HeHy/eBa gerepMmunanTa det A # 0
ce HapuuaT neocobenu. ToraBa ¢bIIeCTBYBa oOpaTHa MaTpuna A~ ¢be cBoflcTBOTO

AAT'=ATTA=E.
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Jlse maTpunu A u B ce HapudaT nodobHu, aKo ChIIECTBYBa HEOCODEHA MATPHUIA S TaKaBa,
Te

A=SBS™.

[To chmectBo A m B ca MaTpulid Ha eIUH JHHEEH OllepaTop, HO B pa3jndHH Oasmcu, a S e
MaTPHIATA Ha MPeXoja OT eJuHHs OA3UC B JPYTHULI.
JIpyra BaxKHa 4HCJIOBA XapaKTePUCTUKA HA eJHa MaTpulia e Helinuar panr — r(A). Panr Ha
MaTpHIa HapuIaMe MaKCHUMaJIHUA Opoil HelHH JIMHEHIHO He3aBUCUMU PeJIOBe MM CTbJIOOBE.
CobcrBenn uncia Ha MaTpunaTa A HapudaMe KOpeHHTe Ha XapaKTepUCTHIHOTO YPaBHEHNEe

det(A — AE) = 0.

CobceTBeH BEKTOD vj, OTIOBApPAIL Ha COOCTBEHOTO YHCIO Aj, HapHiaMe eJIMH HeHyJIeB BeKTOD,
KOWTO € pelrenue Ha JUHEeHAaTa cucTeMa

AUJ' = )\j’Uj.

ExBuBanenTno, ako osHaunM B; = A — \;E | To cOOCTBeHHTe BEKTOPH vU; Ce HAMHUPAT OT
CUCTEMUTE

BjUj = 0

[To nedpunuiua HopMa HA MATPUIA HAPUYAME YUCJIOTO

|A]] = sup [[Ax]]. (2.4)

||]|=1

Taszu nopma e 100pe JedbuHIpana, 3aI0To ce JaBa OT eKCTPEMYM Ha HellpeK'bCHaTa, (hyHKIUS

BbPXY KOMIIAKTHO MHOzKecTBO. [To Teopemara na Baitepipac (Teopema A) TakbB cynpeMmym

CBINECTBYBA W Ce JOCTUTA 3a HAKOH BeKTOD xo. Haii-Baxkuoto e, ye 0 < ||A]| < oc.
Marpuunara HOpMa UMa CJICIHUTE CBOHCTBA:

W) Al =0¢—A=0 (2) [IAA[] = [A] - []Al]
(3) [[A+ Bl <[lAlIl+1IBIl () [[Az]] < [|A]] - []«]]
(5) [1A- Bl < [|All- |1B]] .

3 0
0 -2
Or pedunmmuara [|Al| = supj, i [|Az||.

. 3 0 T\ 31’1
o 5) ()= ()
||Az|| = /927 + 4a3.

IIpumep. Heka A = ( . a mamepum Hopmata || A|.

Hamupame
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Toit kato ||z|| = 1, To 22 + 23 = 1, oTKbIETO
123

[|Az|| = /922 + 4 — 42?2 = /4 + ba?.

MaxkcumasiHaTa CTOMHOCT Ha 21 € 1 U OTTyK

sup ||Az|| = V9 =3.

||]l=1

B obmust cayuait HopMaTa Ha MaTpUIATa Ce MPECcMATa 9pe3 BbBEXKIAHETO HA MHOKUTE
Ha Jlarpanx.
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