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YBon

Hassanmero BepOﬂTHOCTI/I n CTELTI/ICTI/IKEL neJjm ga obxBane Haili - IIPpOCTUTE NIOEW N1 METONN
Ha TeopuiTa Ha BEPOATHOCTUTE KaTO MaTEMaTUYECKN MOOEI Ha CTaTUCTUKaTaA.

HGJI Ha Te3U KpaTKHM 3allICKN € Ja Ce Nade €1HO NOIIBbJIHNTE/THO nocobre Ha CTYOEHTHUTE 110
C]QI/I?)I/IKEL7 KOeTO Ja I'l CHEL6I[I/I C MUHUMYM CBENCHUA, TPUCHCTBYBAIIl BHB BCUYKHW CTaHIapTHN
yqe6HI/IHI/I IO TEOpud Ha BEPOATHOCTUTE U HAKOU KHUTHW IIO CTaTHUCTUKA.

ABTOp"bT on mcxan Oa ce HaldBa, Y€ Te3n Oeram 3almcKnl me CT:6yI[$IT nmaTepeca K'bM
CTOXaCTUYHHUTE METOON TIOHE YV HAKOU CTYIEHTU. ?)ELTOBEL I CIINCBKBT OT JINTEpaTypa € 3Ha-
YU TEJHO IMOo-IMMPOK OT H606XOI[I/IMI/I$I 3a B3UMaHE€ Ha M3IIHNTa.

ToBa e nbpBU BapuaHT Ha 3anuckuTe. ol ChABPKA MHOTO HEMNHIHOTH U Tpemkn. ABTo-
PBT 1Ie Oblie MHOTO OJaronaped Ha BCEKW, KOMTO CH HalpaBu Tpyla la My Tl TOCOYH.

sayapn, 1998
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Tema 1

OcHOBHHI 3a1a9Y1 Ha CTATHUCTHUKATA

OCHOBHELTEL 3adada Ha CTaTHUCTHUKaTa € Ja Ce MHTEPIIpeTUupaT JaHHUTE. TonemuTe Macusm oT
Yucila Oa ce IpeacraBiaT B 0603pI/IMEL qDOpMEL. ?)EL TOBa CHYyzKaT IMpeEAN BCUYKO OIMUCATEIIHUTE
n FpanI/IqHI/I MeTOON. Korato e H€O6XOI[I/IMO OT MaJlKa YaCT Ha H3CJIeIBaHaTa CBBKYIITHOCT
Ja €€ HallpaBN HAKaKBO 3aKJ/JIOYCHIE 3a LOAJIOTO ABJICHHE, C€ H3II0JI3YBa TaKa Hape4deHaTa
3Badb4YHa CTAaTUCTUKa, OCHOBaHa M3IAJI0O Ha MaTeMaTUYeCKNTE MOOE/I Ha TEOPUd Ha BEPO-
ATHOCTHTE.

C BpEMETO TH CE€ € OqDOpMI/IJIEL KaToO oTOe/IHa MaTeMaTU4Y€CKa JUCIUILIINHA, Hap€Y€Ha Ma-
TeMaTH4decKa CTaTUCTHKa. B Te3n HAKOIKO JICKIIN 111e daJeM Oeria opencraBa 3a MaTeMa-
THYECKITE MOJe/IN, KOUTO T MU3IIOJI3YBa, 1 KOMUTO Ca IMINPOKO Pa3lIpoCTpaHEH B IIpaKTHUKaTa
Ha DIAJIaTa CTaTHUCTHUKA.

1.1 BwunpoBe crarucrudvecku manau. CiyvyallHU MU3Bal-
K.

B raswm rmaBa ce ommcBar Hail - TpOCTHTE (TPANUIHOHHNTE) CpelcTBa 3a 00paboTKa Ha
moBeYeTO OT ChOMpaHUTe B MpaKTUKaTa TaHHU.

1.1.1 TI'eHepasiHa CBBKYNHOCT

I'pynara or mammam (CTONHOCTH) ce Hapuda CTaTHCTUYeCKa CHhBKYITHOCT, & BCEKH HEMH UJIeH €
efleMenT WM BapUaHTa Ha Tasl CLBKYTHOCT. MHOKECTBOTO OT BCHYKM BBL3MOKHI (MUCTIMIN )
BapuaHTH, KOUTO MOTAT Ma ce TMoJy4YaT PKU MHOTOKPATHO penpoiylupaHe Ha olpodBaHeTo,
ce Hapuda TreHepaliHa ChbBKYITHOCT.

Hapﬂane n3vepiiaTeJIHI TaKnBa JaHHU, KOMTO Hall'b/JIHO OIINCBAT OaldcHO sABJICHNE. Taxn-
Ba Ca HallpUMeEp OHaHHUTE OT Hpe6pOﬂBaHeTO Ha HacCeJIEHUEeTO. 3& Ch2KaJIcHEC TaKlnBa JaHHI
PAOKO Ca OOCTBIITHU, IIbK W CTPYBAT MPEKAJCHO CKBIIO. Koraro me e BL3MOXKHO TakoBa M3C-
JedBaHe 1 NaHHUTE 3a NHTEPeCYBallloOTO HI ABJICHNE HE Ca NOCTBITHU, HUE I'l HapruYiaMe I'eHe-
PaliHa CBbBKYIITHOCT. Taxa 4ge regepaiiaTa CbBKYITHOCT € EL6CTpELKTHO MHOMKECTBO OT 00eKTH
IpencTaB/IsdBalllo eI Ha HallleTO M3CcJIedBaHe. B Cliy4dad C Hp66pO$IBELH€TO7 HallpuMep, TOBa
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Ca KUTEINTE Ha CTpaHaTa.

1.1.2 YwucsioBm M HEeUYNCJIOBU AAaHHMN

WNupopmanusTa, KoaTO TpencTaBisiBaT NaHHUTe OOMKHOBEHO ce pasjindaBa 10 TOBa Kak ce
3alncBa - TOHSAKOra TOBA ca YHUcIa: pa3Mepu, Terao, o6poiiku u T.H. Hpyr mbT ToBa ca Hedmc-
JIOBUM XapaKTEPUCTUKM KaTo BT, popMa, BUI XUMUIECKO BEIIECTBO U T.H. YlcHO e, ue maxe
1 Jla KoIupaMe C Yuciia MogobHu NaHHM, TPKW TAXHOTO M3yvaBaHe W IpencTaBsHe Tpsdba m1a
ce OTHHUTa TIXHaTa HEYNCIIOBa TPUPOIA.

1.1.3 CayyalHM U HecJIy4allHU M3BaOKU

B IIpaKTuKaTa Ce pa6OTI/I C T.Hap. U3BadKa, YaCT OT T'€Hepa/lHaTa CBBKYIIHOCT. Ilo To3m
Ha4dWH, ThbPCEHUTE XapPaKTEPUCTUKN Ha TeHepa/iIHaTa CBbBKYITHOCT C€ OLEHABAT IO HaHHUTE
OT HU3BaJKaTa.

OcnoBHa 1€ € o HafieH Hell'bIeH obeM JaHHN [a ce HallpaBl HIKaKBO IPaBIOIONOGHO 3aK-
JoYenre 3a TeHepaiHaTa ChBKYITHOCT KaTo 1s/10. To3n Habop 0T 06€KTH, KOMNTO BCBIITHOCT
ce m3cienBa (MpeMepBa, pasnuTBa) ce Hapnmva W3Banka. 3BankuTe GuBaT CHCTEMATHIHH,
CITyYIalfHN WITN TOAXOMAIIN 3a TeTnTe Ha W3cieABaHeTo KOMOWHAIINT OT ABaTa MeTOmA.

Hampuwmep, eqna cucreMaTdHa M3Ba/iKa Ha JafleHO PYMHO HAaXOMWIIE TMpenosgara COH-
TTaK¥ Pas3mnosoKeH paBHOMEPHO TO iolliTa My. 3uepmaTennoro npebposiBane Ha Hacese-
HUEeTO rapaHTHUpa MbiHa WHOOpMalKs 3a TeHepalHaTa CbBKYITHOCT - HaceJeHUeTO Ha Ta3u
cTpaHa.

Ot mpyra crpana mpn ciydaiinaTa U3BalKa ce Mpenoiara, e Manca Ha BCeKn 06eKT oT
refepaJjHaTa CbBKYITHOCT [a TOoMa/lHe B M3Ba/IKaTa € paBeH - BCUYKHM OO€KTH ca PaBHOIIPABHU
1 1300pBHT € HA'BIHO CIIyYacH.

1.1.4 Kpauaun n 6e3kpallHu TeHEPAJIHN ChBKYIIMOCTH

CJIy‘IafIHI/ITe N3BadKN MOr'aT Oa €€ CTPOAT II0 CJICOAHOTO IIPpaBUJIO:

KBbM TEHEPAJIHATA CBBKYIMHOCT TPUIATAME MEXAHU3BM, KOUTO OTBEIA3BA
3A BSUMAHE B U3BAJKATA TOYHO EIUWH OT OBEKTUTE I//I7 C OINIPEIEJEH, ETHAKLB
3A BCUYKUN OBEKTU IAHC.

[Ipunaraiiku To3m MexaHm3bLM ompenenen Opoil MbTH, MoydaBame Habopa oTOess3aHn
0beK T 3a BK/TIOUBaHe B W3BamKaTa. Moxe 1ma ce okazxe mpu ToBa, 4e HIKOU 06eKT e oTHessi3an
nBa THTH.

Takwsa m3Bamku mapwaame n3Banku C'bC BPBITAHE. Ako Kopurnpame reHepaaHaTa Cu
CBBKYITHOCT, OTCTPaHsIBailki oTbens3ans o0eKT cjell BCAKO NelCTBUE HA MeXaHWU3Ma, 13-
BalKuTe Hapuyame n3Bagku BE3 BPLITAHE.

Koraro obema mna N3CJI€ABaHOTO MHOXKECTBO € T'OJIsAM, IMIaHCHT B €0Ha CJIy‘IELfIHEL n3BaldKa
Oa IIoIladHe AOBa II'bTH ChIINUA 00O€eKT e HHUITIOXKHa. Torasa 3a MOOeJI MOXKeE Ma Cce IIpueMe, 4e
regepaiiiaTa CbBKYITHOCT € 663Kpa171HEL I IBaTa THIIa U3BaJKIW CBbBIIaldaT.



LoviA 1. vonupnvi OAdA 1A ULATWHUIVTNALA

1.2 TI'paduuHo npencraBsHe HA DaHHU.

[IpencraBsreTo Ha MaHHW BCBITHOCT € OCHOBHA 3ajlada KaKTO Ha M3deplaTesHaTa Taka U Ha
m3BagbuHaTa cratucTuka. UadopmamusTa, KosTo ce chbabpkKa B MUJINOHUTE YKUCTa TPAbBa
na Obae mpencTaBeHa B 0b6o3puMa (popMa, Taka de BCEKU lla CU MpencTaBW OCHOBHUTE Ka-
yecTBa Ha MHOXKeCTBOTO obekTu. I'7aBHa posisi B TOBa KOHIEH3WpaHe Ha WHPOPMAIU NUMa
rpaguuHOTO TIpencraBsue. To e epekTHO U B MUHUMAJTHA CTENEH TP HEro ce ryoum mHpop-
Malus.

1.2.1 XwucrTorpamm

XucTorpaMara € OCHOBHUSIT BUJ 3a MpeNcTaBsHe Ha WHPOPMAIUITa 3a HabOIIONEHNsS BbPXY
uncsioB npusHak. 1's ce ctpon mo mpocto mpasuio. Usbupar ce 0GMKHOBEHO €MHAKBO TOIEMNI
e He MuoOro Ha 6poii (5 - 20) emHakBO roleMn TPUJIEKAIIN WHTEPBala TTOKPUBAII MHOKEC-
TBOTO OT CTOWHOCTH Ha HabitomaBaHus npusHak. le ce mamacaT BupXy ocTa x. Ciem ToBa
BCEKM OT OOEKTHUTe Ha M3BalKaTa ce IpeMepBa U MojyyveHaTa CTOMHOCT Tomajia B HAKOW OT

HHTEepBaITE.
60 I U AKO HHTEPBATDT [Trnin, Tymas] €€ Pasnenu a k ef-
50 | T HaKBI YacTH C IHpUHa f, T.e. i = Tmer——fmin y 5q
40 1 ] BCAKO h ce mpebposT TomagaHusTa Ha CTONHOCTH-
30 17 ] Te, TO MOIYUYEHOTO YHCIO N ce Haphda decToTa Ha
20 17 ] cperare. [lociennaTa, HopMupaHa CIPAMO OOIIHAST
18 i | | 6poit Ha manauTe N, € U3BeCTHA KaTO OTHOCHTETHA
ny

JecToTa Ha CpellaHe fz = KbOeTo C 7 € o3Haven

10 15 20 25 30 35 N

ChbOTBETHUA NHTEPBAJI.
durypa 1.1: CerabpxkaHusga HA ATATUAT

[Ipn rpajguano Mapkmpame Ha f; ¢ MOMOIITa Ha CTHIOYETa, ¢ BUCOYNHA CTOMHOCTTA Ha
f; m mmpuma h, ce moaydaBa XHCTOrpaMa, KOATO CIYKI 3a ONMCaHUe Ha M3CAeqBaHaTa ChB-
KymHocT oT mannu (ur.l.1).

I I L Croimo Taka mMuoro ynobHa e Taka HapedeHaTa Ky-
200 - I MyraTuBHa Xuctorpama (dur. 1.2). Ts ce crpon mo
150 | i HaTpyHmaHUTe TaHHU U TI03BOJISBA JIeCeH OTTOBOP Ha
100 1 BBIIPOCU OT BUIA:
50 | H - KaKBa € JacTTa OoT HabioneHusTa, monamHaln
0 ! I non nalieHa TpaHulla;

10 15 20 25 30 35

D 1.2: K -
urypa YMYJIATUBHO MPEICTaBI JEHTIS — T.H. MeITama.

- KO€ € UHMCJIOTO IIoJ KOeTO Ca IIOJIOBIIHaTa HabIIo-

HEe
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1.2.2 Topra mianm ceKTOpHA AMArpaMa

Koraro m3crenpamve HEUNCIOBU NpU3HAIN, Hail - MOMI-
'u XOASAIIOTO NpeficTaBiHe € KaTo MPOINEeHTHO ChobpKaHue,
HaIpuMep Ha pa3IndHuTe MIHEPAIN B €IHa N3BaaKa. 1o-
Ba MOZKe Jla ce HallpaBU I ¢ XHCTOrpaMa, HO He e MPHIeTo,
TBil KATO pa3MECTBaHETO Ha CTHIGOBETE OTTOBAPAIIN Ha
Pl pasIImYHITEe TUIOBE 0GEKTH IIPOMEHs OOIIMAT BUM Ha PU-
CyHKaTa. 3aToBa ce M3MOoJ3yBaT Taka HapedeHuTe Cek-
mopnu duaepamu unm TopTu (piechart).

OTI[GJIHI/ITG CEKTOPHU OTTOBapAT IO JINTIE Ha ITPOIopUM-
nTe Ha pa3/IfYHUTE TUIIOBE 1 ITOHAKOI'a Ca Pa3HOIBETHMN.

durypa 1.3: CexTopHa guarpama

1.3 MHW3BagbuyHO pas3npenejieHne U IeCKPUOTUBHU CTa-

TINCTUKN

1.3.1 HW3BaabuHO pa3mnpenejieHHne

Onpenesienne 1.1 Hapedenume no eosemuna cmounocmu wa Ty, Ta, ..., T, CE HAPULAM
sapuayuonen ped Ty < T(a) < -0 < Ty, @ eaemenmume wa peda — nopadkosu cmamuc-
mur.

Taka mbpBaTa mopankoBa craTmcTUKa r() = ming(§;), a nocrennaTa r(, = maxr(§;).

OT TOBa OlIpeacJcHE Cce BUXK[a, 9€ BapUallUOHHNW PEN € BEKTOPHA CJIy‘IELfIHEL BeJIMYMHa —

dyurnms oT BekTopa £1,&2,...,&,.

NuTyuTuBHO e sicHo, ye mHGOPMAIMATA 3a TeHepaaHaTa ChbBKYITHOCT, KOSATO €€ ChIbpPKA
B W3BaKaTa, € IpeIcTaBeHa U3Isio BLB Bapuannonnus pemn. UblllaTa nHGOpMAIHI MOKE [a
ce IpefcTaBu 1 B cieqHaTa (popma.

Omupenenenne 1.2 Wzsadvuna gynryusg na paznpedeaenue napuuwame caywatinama @ym-

Yusg:
0 =<y

Folz,w) =9 £ vpy <o <ay
L oz <w

1.3.2 eckpunTHUBHU CTATUCTUKH

B IpujIoKHaTa CTaTHUCTHUKa YeCTO C€ H3IIOJI3YyBaT CJIeOHUTE OCCKPUIITUBHNU (OHI/ICELTGJIHI/I)
CTaTUCTUKNM:



LoviA 1. vonupnvi OAdA 1A ULATWHUIVTNALA

® cpelHa CTOMHOCT: T = %2?21 T;.

e nucnepcus: D = 237 (z; — 2)7

Te mecHo ce m3passiBaT upes m3Ba/lbUHaTa (DYHKIWS Ha paslpeneeHue:

=y = /OO zdF,(x), p2= lz:pf = /OO 22 dF, (),

n i 00

D = pia(n) — g (n)*

q)yHKHI/H/ITe M; HapndaMe U3Balb4YH MOMEHTH. MSBELI[T:‘IHI/ITG MOMEHTH Hf Ca CbCTOATEIHU
OI€HKN Ha MOMEHTHTE Ha CJI.B. E fk CT:HIOTO TBBpOCHUE BaXKl 1 3a APYT'U XapaKTEePUCTUKI
Ha U3BadBbYHOTO pa3lipele/ieHne - KBaHTWUIU, MEIaHa 1 T.H. Beuukn Takuba qDyHKHI/H/I Ha 113-
BaABYHOTO pa3lpenciicHne HapndaMe OECKPUIITHUBHN CTaTUCTHUKN. I’IELHpI/IMep7 nmopsangxKoBaTa
CTaTHCTHKa l’(k) KJIOHN K'bM KBaHTUWIIa T, aKO k/n — Q.

[le BunuM mo-HaTaThK KaKbB € CMUCHIBT Ha JECKPUNTUBHUTE cTaTHCTUKU. T'e onmmeBaT
JoKallnsiTa, Malllaba 1 (popMaTa Ha pasnpeneeHusiTa.



Tema 2

AKcuoMaTukKa

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® [a pasrienaMe TeHe3Wca Ha MOHITUETO BEPOITHOCT;
® 1a BBHBENEM CHOMTHUS U NEUCTBUSA C TAX;
® [1a OIpeNeanM BEPOITHOCTHO MPOCTPAHCTBO;

® Na NadeM IIpUuMepH 3a IMPOCTU BEPOATHOCTHU IIPOCTPaHCTBA.

2.1 EMnupunyHum ocHOBU

Uctopusta wHu yum, ge ocHOBUTE Ha TOHATHETO “TIaHC™ ca TBBpHe cTapu. ToBa, KoeTo Xo-
paTa IBpBO ca 3abess3alii, € yCTOWYMBOCTTa Ha CpelHaTa apuTMeTHYHa ¢ HapacTBaHETO
Ha Opost Habmonenus. B MuHagoTO HampuMmep, MEPKHUTE 3a NBIKUHA Ca Ce ONPEeNessin ¢
“yepemusBsie . B Aurnms, emia oT MOMyISIpHATE MEPKU 3a IBJIKNHA CE € ONPENensiia KaTo
cpenHa MBIKNHA Ha XOMMIOTO Ha MhpBUTe 30 9oBeKa M3MM3aIln OT YepKBaTa B HEMEIs CYT-
puHTa, B IpeBHUs KrumeT - KaTo oblitaTa IbIKIHA Ha olpeesieH 6poil ceMeHa 0T CBEIEHHO
pacTenue.

2.1.1 Kiaacudecka BepoOsSITHOCT

[IbpBuTEe ONUTH mMa ce MOCTPOM MaTeMaTUYECKU MOMET ca CBbP3aHW ¢ TOHATUETO PaBeH
“manc”. Ilpenmomara ce, 4e mamen onmuT WMa KpaeH OpOil M3XOMU, KOUTO €a PABHOIPABHMI.
[Ipw mpoBexmaHe Ha omUTa ce CIYyYBa HIKOW OT Te3W W3XOMU, ITPU TOBA BCEKU OT TAX MOKe
ma ce cayun ¢ ennakbB “tmamnc . Haifi-mpocTruTe mpuMepn 3a TakaBa KOHIIEIINS Ca CBbP3aHN
¢ Xa3apTHUTE UTPHU, KbACTO C€ XBBPJAT 3apoBe WK M3M0J3yBaT nobpe pa3dbpKaHu TecTeTa
KapTHu.

13
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IIpumep 2.1 Xewvpagme zap. Kaxea e 6eposmuocmma da noAyuum 4emuo 4uc.io?

PGHGHTELTEL € IIpocCTa. HOCTELTT:‘IHO € a Hp66pOI/IM 6JIELFOHpI/I$ITHI/IT€ n3xoom m pa3igeIinM
TOBa 4Y1CJIO C 6p0$1 Ha BCHUYKI M3XOION:

bpoit Ha 6iaronpusTHITE U3XOMI

(2.1)

Knacuuecka BEPOATHOCT = »
BpOI/I Ha BCHYKM BB3MOXKHU M3XOOU

Taxa 3a mamaTta 3agada OTTOBOPHT TPAOBa Ha Obiie 3/6 = 1/2.

2.1.2 TI'eomeTpumYHA BEPOSITHOCT

IIpumep 2.2 ( Sadaua na Bogon) Xewvpasue ueaa 6vpry paupana nokpuska. Karxsa e

sepogmuocmma ueaama da npecewe paemo?

3a ma perum 3amadaTa TpabBa ma popMaTnsnpaMe yc-
noBusTa. Hexa osmaunm c [ mbixnnaTa Ha UTaaTa u € ¢ -
Pa3CTOSHUETO MEKY paeTaTa. 3a MPOCTOTa ITle CMETHEM,

e ye mmpounHaTa Ha enHo pae e 0. [la o3maunm ¢ = pasc-
a l TOSHUETO OT cpefaTa Ha UrjaTa 1o Mo - OJM3KOTO pae,a
| Pt C @ - OCTPHUS BI'bJ, KOUTO UTJIaTa CKII0YBa C MepleH -

Kylispa KbM cbioro pae. ToraBa umame 0 < o < a/2 u
0 < a < 7/2. Tosa ca Bcuuku Bb3MokHOCTH. biaronpu-
ATHUTE (KOTaTo WIJIaTa Mpecede paeTo) ce OMpenessT OT

@urypa 2.1: Uraara na Bogon  yepapencraoro: (1/2)cosa > .

PGHGHTELTEL € IIpocTa:

[Tror1 Ha GaronpusTHUTE U3XOMI

['eomeTpruna BepoATHOCT =
O6r1ra oI

TELKEL, axo [ < a, 3adadaTa Ce CBeXKOa N0 IIpeCMIATaHeTO Ha

20 [z 21
p:—/ cosada = —.
0

aTm aTm

2.1.3 UYecTOoTHA BEPOSITHOCT

IIpumep 2.3 Xswpagmue monema muo2oxpamuo. Koaxo nomu we noayuum ezu?

Hexa osmaunm obirus Gpoit xBbpisuust ¢ N,a 6posT na nonydenute esu ¢ M. Torasa
yecrorata M /N na mosBa Ha e3u 61 TpaGBAJIO Ma KIOHU KbM €IHO TIOCTOSHHO YHUCIIO:

bpoit #a 6iaronpusTHITE U3XOMI

(2.2)

YecTorHa BeposTHOCT = lim -
n—co  Bpoil Ha W3BBLPIIEHNTE ONMUTH
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Taka, ako MOHeTaTa € MpaBWJIHA U XBBPJISMeE YeCcTHO, 6 TpsbBajio GposT Ha e3nTaTa
pasmeried Ha 6posi Ha ONUTHUTE Ma KIOHW KBbM TMojloBWHa. AKO MoHeTaTa He e MpaBuIIHA,
rpaHuYHATA BEPOSATHOCT 1l Ce OKazkKe NPYTro Ynco.

2.2 AxkcmomMaTuka

Teopus Ha BepOATHOCTUTE CTaBa CTPOra MaTeMaTHYeCKa TEOPHs elBa Ciell BbBeKTaHeTO B
1939 . or A.H.Konmoropos nHa ciiennaTa akcmoMaTHKa, OCHOBaHa Ha TeopHs Ha MspKaTa
(Teopus Ha WHTErpasa).

2.2.1 Auare6pa Ha chOouTHATA

EJL&/I/LeHmCLpHO cwvbumue e II'BbPBUYHO TTOHATHUE — HEIIO KaTO TOYKa B I'eOMETPUATA.

MHOKeCcTBOTO OT BCHUKW eJIeMEHTapHN CHLOUTHS HapudaMe “IOCTOBEpHO CLOUTHE 1 03-
nauasame ¢ {). IIpasHoTo MHOxecTBO GesexkuMm ¢ () u HapuuaMe “HEBBL3MOKHO CHLOUTHE.
Benuku cubutus ca momMHOMKecTBa Ha §) M ¢ TAX MOraT fa ce MpaBAT obndyaiiHuTe B Te-
opHus Ha MHOXKecTBaTa AeficTBus. B Teopus Ha BEepoATHOCTUTE CHLOUTHETO WMa CMUCHIA
Ha JIOTUYECKOTO TBLpIeHEUE c61dnaio ce € ugkoe om eaemenmapnume cwéoumug 6 A. Cbe
CBOMTHATA MOTAT Ja ce MpaBisT oOMYailHuTe 3a MHOXKeCTBaTa ACHCTBUS: donbanenue, 06e-
dunenue, ceuenue, KONTO obade HOCAT APYTU UMEHa.

Honwauennero )\ A ma muoxecrsoro A B () osmauaBame ¢ A u Hapuyame MONBLIHUTETHO
cuOuTHe (WM OTpUIanie) Ha CHONTHETO A.

Ceuennmero ma muoxectBaTa A, B osmauaBame ¢ A() B u ka3Bame, de ca ce cOBIHAIN
chBMecTHO chbuTusTa A n B.

Ob6enunennero na muoxectBaTa A, B osmagaBame ¢ A|J B u xa3Bame, de ce e cOLIHAIO
more egHo oT cromtusTa A m B. 3a kpaTKocT ToBa ce mpomsHacs cobanano ce e A nnn B.

Korato A C B xasBame, ue crbutneto A “Brieue” cnoutmeTo B.

Omneparnunre chc CLOUNTHUS YIOBIETBOPSABAT OOMYAlHUTE CBOHCTBA Ha OMEPAINNTE C MHO-
KecTBa. T'e ymecHo ce pasnmpocTpaHsBaT U BbPXYy Ge3kpaeH Gpoit chbutus. U3nbianenn ca u
T.H. 3aKoHU Ha nie Mopran:

A=) A4, A= A4 (2.3)
k k k k
3a ynobcTBO ca BhBENEHN U HIKOW MTPOW3BOMHN OMpENeSIeHns U OTlePAllii:

e osmauaBame ¢ AB = A B;
e cnoutuaTa A u B mapnyame mechBMecTnmu, ako AB = ();

® 3a HechBMecTUME cHOouTHS BMecTo A |J B msnonsyBame 3uaka crbupane - nutreMm A+ B

e osmauaBame ¢ AAB = AB + AB.
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3& Ja CHU OCUTYPHUM BB3MOXKHOCTTa Ha IIPpaBUM BCHUYKHTE TE3U OllepalllMl ITIe IIOMCKaMe
MHOKECTBOTO OT CLOUTHUA da T'o OOITyCKa.

Omupenenenne 2.1 Cemneiicmeo A om nodmwnoxcecmea na §) ce napuua 6yi06a aseebpa,

aKxo Yydoeaemeopaca caeduume mpu Ycao6us:

1. Qe
2. axo A € Amo A

3. axo A, B € ,mo AUB €.

Bennara ce Buxkna ot 2.3, ue GynoBaTa ajrebpa OT MHOXKeCTBa € 3aTBOpeHa U OTHOCHO
omeparunte (|, A, +. Tst obade we e mbKHa ma 6bIe 3aTBOPeHa OTHOCHO OTepATIi ¢ Ge3KpaeH
Opoll MHOYKeCTBa.

Omnpenenenne 2.2 byiosa areebpa A, kogmo e 3ameopena omuocno uzbpoumume one-

payuu obedunenue u ceuenue, ce napuua 6yao6a o-aszebpa — axo Ay € Ak =1,2,...), mo

Ur Ak, N Ar € 2L

Onpenenenue 2.3 /soirama (,2A), kvdemo A e 6ya06a o-aa2ebpa, ce napuua umepu-

Mo npocmpancmeo. Faemenmume na A napuwam cayuwainu cv»bumus.

CGFEL BE€YE CME€ B ChCTOAHUE Na BHLBEIEM 1 I'PaHla Ha CLONTHUSA 1 TaKa, 94€ Td Ta CE OKaxXKe
cLOnTHIE. OSHEL‘IELBELMG:

A" =limsup A, = ﬂ U Apg, A, = ligr_lﬂixr)lfAn = U ﬂ Ap (2.4)

n—00 n=1 ken n=1 k=n

MHTepHpeTaHI/IﬂTa Ha TaKa OIIpeNe/IEHNTE 'PaHNnYHN CLOUTUA € cJleqHaTa:

[ ] A* - Ce CbCTON OT Te31’ eJIEeMEeHTapHHU C"J361/ITI/I$I7 KONTO BJIEKaT 663Kpa6H 6pOfI eJIEeMCHTI

A

e A* - ce coecTOM OT TE3: €JIEMEHTapHI’ C"J361/ITI/I$I7 KONTO BJICKaT BCHMYKHI €JICMEHTI An oT
JaJEHO MACTO HAaTaTHhK;

o-anrebpuTe MPUTEK)ABAT HIKOM YHUBepcaaHU cBoiicTBa. Hampumep, ceuenne na mpons-
BoJieH 6poit o-anrebpu e o-anrebpa. ToBa HU MaBa BB3MOKHOCT [1a ONpENeTnM MUHIMATHATA
o-anrebpa chabpiKallla CEMECTBOTO MHOKECTBA § KaTO CedeHre Ha BCUYKU o-airebpu, Cb-
nbpxarm cemeiictBoTo . e osmauaBame Tasm o-anrebpa o(F).
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2.2.2 BepoaTHOCTHO NIPOCTPAHCTBO

Omupenenenne 2.4 Peaanama gynwyus P onpedeaena 6wpry esemenmume wa 6yieéama

o-areeopa A ce napuwa 6epogmMmHOCM, AKO YI06.AEMBEOPIEA YCAOCUTMA:

1. weompuyameanocm: P(A) > 0,VA € U;
2. wopmupawocm: P() = 1;

3. adumuenocm: P(A1+ Ay +...) =P(A1) + P(A) +...;

Onpenenenue 2.5 Tpoirama (2,2, P) napuuwane eeposmuocmmuo npocmpancmeo.

OT axcmomMuTe 2.4 ecHo cJlegBaT CJIeJHUTE CBOIICTBa Ha CJIy‘IafIHI/ITe CLOUTHS.

e P(0) = 0;

o P(A)=1—-P(A);

® HENPEKDCHAMOCT Axko A;1 = 1,2,... e mamasasgBallla penuiia OT CHLOUTHUS, T.e.

6 .
Ai-l—l C AZ n ﬂZ AZ == @, TO llmZP(AZ) =0.

Ha ce Bbpuem kbM npuMepuTe. BuB mpumep 2.1 2 ce chetom ot 6 etemenTa, A e MHOKEC-
TBOTO OT BCUYKW MOIMHOXKECTBa Ha TOBa KPailHO MHOXKecTBO. BeposTHOoCTTa ce onpenens
MPOCTO — BCUYKHN €JIeMEHTAPHU CHOWTHS Ca PaBHOBEPOSTHH.

a/? 3HaunTeNnno Mo CIOXKHA € CHTyalusTa Mph MpuMepa
2.2. Tyx pomsara ma () ce moema OT MHOKECTBOTO OT
Yl E— BCuukn TOUKM (¢, ) B mpaBobrbannka 0 < o < 7/2 u
0 < a < a/f2. c-anreGpara 2 ce CbCTOM OT UBMEPUMETE MO
¢ JleGer monMHOKECTBa Ha TO3M TPABOBIBIHNK, T.€. TE3N HA
KOUTO MOZKeM Jla MEPUM JIulle Wiin 1iotl. BeposTHocTTa €
Py 7 /2 OTHOCHTENHATA IIIOI, 3aeMaHa OT TSX B MPaBOLIBIHIKA.

EJIGMGHTELPHI/ITG CLOUTHSA B TOBA IIPOCTPaHCTBO ITpUTEKa-

durypa 2.2: Urnara va Biogon  BaT HYJIEBa BCPOATHOCT.



Tema 3

HezaBucumMmocTt

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® a onpeneJuM IMOHATHEeTO YC/IOBHa BEPOATHOCT,
® a onpeneJuM IMOHATHUETO HE3aBUCUMOCT,

® Na NadeM IIpuMepH 1 KOHTpallpuMepu.

3.1 Y ciioBHA BEPOATHOCT M HEe3aBUCUMOCT

HesaBucunmocTTa € Haﬁ—@yHI{aMeHTaHHOTO IIOHATHNE Ha TeopuidTa Ha BEPOATHOCTUTE. Ma-
Kap 4e, Td € HIAKaKbB €KBUBAJICHT Ha OEKapTOBOTO IIPOMU3BCACHNE Ha MHOXKECTBa, MJIN Ha
IIpaBOTO IIPOU3BEOCHUE Ha »ELJIF€6pI/I7 T.€. B MaTEMaTUYE€CKN CMUCTHJI €[1Ba JIN IIPUBHACA HEIIIO
HOBO, HE3aBUCUMOCTTa B I[efICTBI/ITeJIHOCT € OCHOBaTa Ha Ta3U Teopu:. Tosa e ITOHATUETO,
KOeTO IIpaBU TeOpHATa HEe3aMCHIMa, KOT'aTO UMa HYXKOa OT MaTeéMaTHUYeCKO MOOC/INpaHe Ha
ABJICHIA C HEIIPEACKa3yeM M3XO[.

I’IG?)ELBI/ICI/IMOCTTEL7 KaTO CTPOro noHATne OoT MaTeMaTHKaTa, C€ OKa3Ba HEMMOBEPHO OnnzKa
JO0 HOpPMaJIHTE, €3MKOBU MJIM YOBCIIKN IIpeacTaBU 3a CBIIOTO — KOT'a €O0HO CLONTIE OKa3Ba
(I/IJH/I He ) HAKaKBO BIUAHNE BBPXY BB3MOXKHOCTTa OAPYTO cLOuTIE Oa HaCT'BbIIN.

KaTo BcIko MaTeMaTH4YecKo MOHITHE He3aBUCUMOCTTa MMa I peonia HEOJOCTATBIN. OC—
HOBHUAT €, HaBAPHO, CTPUKTHOCTTA — M3NCKBaHMATaA Ca TOJIKOBa CTPOru, Y€ CTaBaT HEIIPO-
BEPAEMU. C Apyru OyMHu, KOraTo HUE Ka3BaMe,Ye ABe BEJIUYNMHN NN CLONTHSA ca He3aBUCHUMU,
Huye BJaraMe B TOBa TBBPACHUE MHOT'O IMOBEYE BApPa, OT KOJIKOTO OXMe MOIJINI (CT:C cpencT-
BaTa Ha MELTGMELTI/IKELTEL) Oa ITpOBEPUM.

Heka B € A u P(B) > 0.

Omnpenenenne 3.1 3Ja scaro cvoumue A € A we napevem wucaomo

18
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P(A|B) = %

ycaoena eeposmuocm nwa cvoumuemo A npu ycaosue cvbébumuemo B.

Jlecno e na ce Bunu, ye ako 3adpukcupame ycioBueTo I3, ycaoBHaTa BEPOSTHOCT MPUTEKa-
Ba BCUYKNTE CBOMCTBa Ha GesycnoBuara. Chourmero B (1 BCHUKN CHALPKAIIN TO CHONTHSA)
npuTexaBa BeposTHOCT 1. UnburusTa Biedainm B MoBuWITaBaT CBOSTa BEPOSTHOCT, a He-
chBMecTuMETe ¢ B cTaBaT “HeBB3Moxnu“. Taka BepXy cbifaTa o-airebpa e mopomena HOBa
BEPOSTHOCT OTpa3siBallla GakTa 3a HACTHIBAHETO Ha ChONTHETO 3.

Perucrpanmsita Ha HacThIIBaHe Ha MafleHO CIYYaliHO CHOUTHE TTPOMEHS ChCTOSHUETO Ha
BEPOSTHOCTHOTO MPOCTPAHCTBO — BeUe € HEBH3MOKHO HACTHIIBAHETO Ha eJleMeHTapHU Ch-
OUTHS W3BBH (He Biedalln) ToBa chonTme. Tasm cuTyalms e oTpas’eHa B N3MeHEHWETO Ha
BEPOSTHOCTTA Ha MPYTHUTE CHONTHUSA — yCIOBHATA UM BEPOSTHOCT HE BWHATH € ChIlaTa KaTo
OGe3ycIoBHATA.

Teopema 3.1 (Dopmyaa 3a ymwnoscenue na eeposmuocmu) Bapua e caedwama dopmyaa:
P(Ai1As. .. A,) = P(A)P(AA)P(As| A Ay) . P(Au|Ai Ay Auy). (3.1

HokaszaTescTBo: llle moxaxem TBBLpOeHHMETO MO WHAOYKINS. 3a N = 2 TO € OYEBUIHO
caencTBue oT onpenenernne 3.1 ma yciaoBHa BeposTHocT. Heka To e msmbianeno 3a HAKoe n.
ToraBa ma TpuUIOKWM CBITIOTO Oompenenente 3a cooutusata B = AjAy. .. A, m A,y

P(A1A2 e An_|_1) — P(BAn+1) — P(B)P(An+1|B)
— P(Al)P(A2|A1)P(A3|A1A2) e P(An|A1A2 e An—l)-

3.1.1 ®@opmysa HA NBJIHATA BEPOSITHOCT

Onpenenenue 3.2 Kazsame, we cvoumusma (Hy, Ha, ..., H,) o6pazysam nvana epyna,
woeamo H;H; = 0,¥Ni#j u Hy + Hy + -+ 4+ H, = Q. IlIpuemo ¢ cvbumugma om nwanama
epyna da ce Hapuwam Tunomesu.

Heka e samanena neinara rpyna cooutus (Hy, Hy, ..., H,). Usnbawena e crenmata Gop-

MYyJla 3a II'bJIHaTa BEPOATHOCT:

P(A) = 3 P(A|H,)P(H)). (3.2)
=1
HOKa3aTeﬂCTBO: CJIeI[Ba JIECHO OT OYEBUIHOTO PaBEHCTBO:

n onpenenenne 3.1 Ha ycioBHa BeposTHOCT . B
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3.1.2 ®dopmyna ma beinc

Nsubanena e ciaennara GopMmyiia Ha beiic:
P(A|H,)P(Hy)
P(A|H;)P(H;)

P(H|A) = (3.3)

HokaszaTescTrBo: CienBa or onpenenente 3.1 Ha yciaoBHa BeposTHOCT. W

3.2 He3aBucumoctT

B msikom, penku ciiyuan, obaye HaCTbIIBAHETO Ha HAKOU CHLOUTUS He OKaszBa TaKOBa BIIUSHUE
BBLPXY HIaHCOBETe Ha APYTHU CHLOUTHS.

Tyx e namem gopmaiiHo onpenenenne Ha noHsTueTo HezaBucumocT. llle ce ybenum, ve
B Tas3u cu (DOPMYJIMPOBKaA, TO W3KIIOUBa HAKaKBa MPUUYMHHO CJIEICTBEHHA BPb3Ka MEXKIY
SIBJICHUSITa, KOUTO HapUyaMe He3aBUCUMU.

Onpenenenue 3.3 Kazsame ue cvbumusma A, B ca wezasucumu, avo P(AB) = P(A)P(B).
Hle 6enencum nezasucumume cvbumug ALB.
OT ToBa ompenereHnme BeHAra CieNBa, Ue yCIOBHATA BEPOSTHOCT Ha BCAKO OT [BETe

crOUTUS € paBHa Ha HeroBaTa OesycioBHa BeposTHOCT. C APYTHW MyME, BEPOSATHOCTTA [1a
HACTBIN CHONTHETO A He 3aBUCH OT TOBa, HAJN € HACTBINIIO WK He, chbutmeto B.

Onpenenenne 3.4 Kazsame we cvoumusma {A,, k = 1,2,....n} ca nesasucumu 6
CHEKYNHOCT, AKO 6EPOTMHOCTRMG KA 6CAKO O MAT HE 3ABUCYU 0M MO6A JAAU CE € CAYUUAL

HAKOA K‘OJVL6UHCLUUH om ocmanaiume cvLoumus.

OT TOBa OoITpeneJiIcHne cjaelBa, 4€ KOraTo CLONTHUATA ca HE3ABUCUMI B CBBKYITHOCT, MaMe€:

ToBa ycnoue, obave, He € MOCTATHYHO 3a Ha 6BIAT CHOUTUATA HE3BUCUMU JIBE TIO JIBE, KAKTO
7 0OpaTHOTO.

IMpumep 3.1 /la pazeaedane caednomo 6eposmuocmuomo nPpocmpancmeo c»Cmosuo ce
om 4 pasnosepogmuu eaemenmapuu cvoumug: {w;, 1t =1,2,3,4}. Toeasa c¢voumusma A =
{wi,we}, B = {wi,ws},C = {wi,ws} ca nesasucumu dee no dee, no ne ca neaasucumu 6

CHLBRYNHOCTM.

P(AB) = P(BC) = P(AC) = 3, mo P(ABC) =

»-lkl'—‘

1
27

Hancrtuwa, P(A) = P(B) = P(C) =
P({wi}) =1 # 5



Tema 4

Cay4yallHu BeJINYUHN

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® [1a OTIpeNeNnM cllydaiiia BeaundnHa (CI.B. );
® Jla ONpeNeSiuM pas3lpeneneHne Ha CJ1.B.;
® Jla ONpeNe/iuM MaTeMAaTHYeCKO oO9aKkBaHe W M3BelleM OCHOBHUTE MY CBOWCTBA;

® 1a majieM IpUMepPH 3a CII.B..

CrnyuaiinnTe chbOUTHUS TPENCTABISIBAT HAN-TIPOCTHUS TPUMEp 3a MOMEN Ha HabIIoeHe Che
ciydaeH (Heolpenesien oTHaNpen) nsxon. Yecto ce mamara ma Ha TpakTHKa HaGIIONEHIATA
na OblaT M3MepBaHUs — Pe3YITATHT OT eKCIepUMeHTa /la ce 3anucBa ¢ gmucyio. Mopnen Ha
TaKBa eKCIEPUMEHTH ca CIYYauHUTEe BeJTUIUHHA.

4.1 IIpocTu caydamHu BeJIUYINHU

Cr.B. ca 9ncioBu QYyHKIUU ONMpENelenn BhPXYy MHOKECTBOTO OT efleMeHTapHu choutus (2,
HO TSXHOTO OIpefie/ienne CUIIHO 3aBUCH OT TOBA KOU ca ciiydainuTe chbutus ).

Onpenesienne 4.1 Hexa e 3adadena nwvanama epyna cvébumus
(Hi, Hy, ..., Hy,). e kazsamne, we e onpedeaena npocma ca.6., ako {(w) = x;,Vw € H; i =

1,2,...,n.

IMpumep 4.1 X6wpague na deéa zapa. Hexa pazeacdame 6€pogsmuocmuo npocmpancmeo

cvemogwo ce om 36 pasnosepoamuu esemenmapuy cvobumug. a eu o3nauumn ¢ w; ;1,5 =
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1,2,...,6). [la onpedeaun na mosa seposmuocmuo npocmpancmeo 2 ca.6. E(w; ;) = i,n(w; ;) =

Hamepeme nvanume 2pynu na deeme ca.6.

Teopema 4.1 Jlunetina xombunayusg, npouzsedenue u GYHKYUL Ha NPOCMU CA.6. € NPOCTNA

CA.6.
HokazaTtesncTBo: Heka nbnnara rpyna cuoutns (Hy, Ha, ..., H,) choTBeTCTBYBa Ha CII.B.
¢, mpinata rpyna ceoutus (G, Gy, ..., Gy, ) Ha CILB. 1), @ TEXHUTE CTONHOCTH €& CHOTBETHO
{z1, 20, ..xn} u {y1, Y2, - - - Y }-

[npBo e nokaxewm, ge cuoutusta {H;G;, ¢ = 1,2,...,n, j = 1,2,...,m} obpasysar

IbITHA TPyTA.

H,G, ﬂHkGl = HinﬂGle =), xorato ¢ # k nmm j # [.
NS HNG=YHNY 6= H2=> H =9
=1 7=1 =1

Torasa ci.B. af + Bn u &n e npuemar CTORHOCTH ox; + [BYy; U T;y; 33 BCSIKO €JIEMEH-
TapHo CHLOUTHE OT PUKCHPAHO CHONTHE OT MhiHaTa rpyna oT choutus. Pymkmusara f(€,n)
CHLOTBETHO Iile TipreMa cToitnocTn f(x;,y;) BbpPXY ¢BbIoTo chouTwe. W

Omnpenenenne 4.2 Kazsame, ue npocmume ca.6. £ w1 ca HERABUCUMU, AKO € HEZABUCUMO
6CAKO OM CHOUMUAMA HA €IHAMA NBARA 2PYNA ¢ 6CTRO OM CHLOUMUIMA KA IPYeama NbANA

epyna. Beaeocum moea ¢ £ L.

[Toxaxere, we B mpumep 4.1 £ Ln.

Onpenenenue 4.3 [lle xazsane, ve pynwyusma {(w), onpedeaena na  cve emotinocmu

6 R, e ca.6., avo Vo € R' wmnoowcecmeomo {w : £(w) < z} € 2.

Teopema 4.2 Jlunetina kombunayus, npoussedenue u uzMepuma GYHKYUL HaA CA.6. € CA.6.

HOKELSELTGJICTBOTO Ha Ta3l TeopeMa N3NCKBa M3BECCTHa MaTeMaTHUYeCKa IIOATOTOBKA.
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4.2 @PyHKIIUA Ha pasnpeneieHAe U NJIbTHOCT

Onpenenenue 4.4 [lle napuuane gynryus na paznpedeaenve na ca.6. & gynwyugma F(x)

P(w: {(w) < x).

Pyuxnmsita [ (:1;) € MOHOTOHHO HeHaMaJIsgBallla I HellpeKbcHaTa oT jaBo. Ocen ToBa F (—oo)
0, F (oo) = 1. B TepMmunu na pasnpeneieHueTo Ci CJI.B. ce KJIacuUIupaT JecHo.

Omnpenenenne 4.5 Cayuatinama 6eiuuuna, KOSMO NPUEMA CAMO CMOUHOCTNUME T1, Tg, T3, . . .

¢ 6EPOAMHOCTNU CHOMEEMHO P1, P2, P3, ... CC HAPUHA JUCKPEMHA.

Ectectseno Y. p; = 1 uw p; > 0. ToraBa ¢pyuxunsara ‘u na pasupenenenne F'(X) nma camo
CKOKOBe B TOUKHTE T;, HABCAKbIE Apyrale € KOHCTaHTa. B Toukara ; CKOKBT U € paBeH
TOYHO Ha YUCIOTO P;.

Omnpenenenne 4.6 Axo ci.6. € Mara6a, 4e 3a 6CAKO T CHUWECMEYEA NPOUGOIHA Ha PyHk-
yusma na pasnpedeaenue f(x) = F'(x), mo we 1 napuwane nenpexvenama. lpouzsodnama

HApUYame nAsMHOCM.

EcTtecTBeno e ue 3a na 6bae enHa GyHKINS MIHTHOCT Ha CilydaliHa BeJIMYUHA, TS TPAOBa
Ia OTTOBaps Ha /IBEe M3MCKBaHWS:

e neorpunarennoct f(x) > 0n

e mopmupanoct - [ f(x)dx = 1.

q)yHKHI/DITEL Ha pa3lipede/IeHne Ha HElIpeKbCHaTa CJI.B. Ce IIpedCcTaBsd KaTO MHTETrpaJl OT IJIbBT-
HOCTTa:

F(z) = /w fly)dy,

— 00

I €CTeCTBEHO € HellpeKbcHaTa (PYHKIW, T.e. HaMa HIKaKBI CKOKOBE. BCBIIHOCT 3a BCAKa MO-
HOTOHHO HeHaMallsgBallla, HelmpeKbecHaTa oTisaBo Gynkuus F(x), F(—oc0) =0, F(oo)=1
chIecTBYBa ¢1.B. £, TakaBa, e F (1) = P(w : {(w) < x). Toa o3nauaBa, ue pasnpenenenn-
ATa Ha CJI.B. MOTaT fa ObIAT M MO-CIO0KHI.

IIpumep 4.2 Hera pazeaedame deeme d.p. — nenpexvenama Fi(x) w duckpemuna Fy(x).
Toeasa pynryusma (emec) F(x) = aFi(x) + (1 — a)Fy(x) e ¢.p. 3a scano 0 < a < 1 e

CHWO P.p. HA HIKAKEA CA.6.
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4.3 MarTemMarnueckKko odyakKBaHe.

Onpeneneunne 4.7 Mamemamuuecro ouwarxeane na npocmama ci.6. & npuemauya cmot-

HOCIU L1, T, . .., Ly 6BPLY CHOUMUIMA OM NBAKAMA 2pYna onpedeasme kamo Y n_y 2 P(Hy).

OT ToBa omnpenenenne ce BUXKa BeaHara, de yuciaoro E & 3aBucn camMo OT CTOMHOCTHTE 1
BEPOATHOCTUTE, C KOUTO Te Ce MpHeEMaT, HO He 3aBICH OT TOBa 3a KOU TOYHO eJleMeHTapHN
CLOUTHS M KaKBa I'bJIHa TPyIla TOBa CTaBa. 1.e. TO He 3aBUCH OT TOBa B KAKBO BEPOATHOCTHO
IPOCTPAHCTBO € peadm3ipana CJI.B. HamcTmna, Thil KaTo IIpocTaTa C/1.B. € TUCKpeTHa, TO
MaTeMaTHYecKOTO il o9akBane ce mpecMsTa kato cymata: BE& = 3 a;pi(p; = P(H,)).

Teopema 4.3 3a npocmu ca.6. MAMEMAMULECKOMO OUAKEARE NPUMEHCAGA CACIHUME C60TiC-

mea:

1. monomonnocm - Axo £ <n, mo EE < En;
2. aunetinoem E (af + fn) = aE € + SEn;
3. myamunaurxamusnocm - Axo E1n, mo Eén =E(En;

Tesn croiicTBa Ha MaTEMaTUYECKOTO OUaKBaHe 1 OCOOEHHO HETOBaTa MOHOTOHHOCT TIO3BO-
JSBAT TO JIECHO la ce Pa3lpoCTpaHl 3a MPOM3BOJIHU HeoTpullaTelHu ci1.B. Moxe obave ma
ce OKaxke, Ue To e be3KpaifHo.

MaTeMaTH4eCcKOTO OYaKBame Ha HETIPpEK'bCHaTaTa CJI.B. f Ce€ IpeCMATa KaTO MHTETPpaJIa:

E¢= /:I;dF(:I;) :/l’f(l')dl',

a TOBa Ha [UCKPeTHa KaTo CyMaTa
E¢ = /:I;dF(:I;) = Zl‘ipi,

KOraTO TOBa € BB3MOKHO, T.e. CLOTBETHHUS HHTErpaid (mim cyma) € abCOMIOTHO CXOMISIL:
[|x|dF(2) < oco. Buamoxkno e, ma ce mame n abcTpakTHa NeQUHNUNNAS Ha WHTerpajia Ha
Crunrec: [ g(x)dF(x), KosiTo obennisBa ropHuTe MBE HOPMYIIH.



TeMma 5

YUuciioBu xapakTepucTuKNM

Besika oT cnegHnTe XapaKTepUCTUKKM MOKe [1a ce IPecMaTa KaKTo 3a TeOPeTUIHUTE pasipe-
NeJIenust, TIPENCTaBeHN OT CBosTa GpyHKIMs Ha pasnpenenenue ['(x), Taka n 3a m3BaqbIHUTE,
npencTasenn ot F,(x).

5.1 Jlokamusa

M.o. e Hail - BaKHmaTa XapaKTEPUCTUKa 3a IIOJOXKEHMETO Ha CTOMHOCTHUTE Ha CIL.B. BBPXY
YICJI0OBaTa OC. ?)EL ChbXKaJIeHEe HE 3a BCUYKHM CJI.B. T € oIlpenec/icHa. CT:OTBGTHELTEL I3Badb4Ha
XapaKTEPpUCTUKa (Tﬂ € oIrpenesjieHa BI/IHELFI/I) € CpeldHaTa Ha U3BaJKaTa:

1

T = /l’anl' = —in. (5.1)

n “-

K3
. =1
Omnpenenenne 5.1 Meduana ce onpedeas xamo pewenue na ypaswenuemo: F(p) = 3.
Meduana na uzsadra (uzsadvuna meduana) e wabarodenuemo, KOemo pazdes 6aPuUAYUOH-
nusg ped na dee paewu wacmu (kKoeamo 00eMBM € UEMEN Ce 63UMG CPeIHOMO Ha deeme

yenmpaany nabiodenus).

MGI[I/IELHELTEL OIINCBa IIOJIOKECHMETO Ha CpelaTa Ha paslIpeac/icHneTO BbPXY YUCJI0BaTa OC.
B ClIy4dad Ha roJieMM OTKJIOHEHWA OT HOPMAaJJHOCT WJIW IIPU HAJUYNE Ha TBHBPAE OTOAJICHEHN,
CbMHUTEJ/IHI H»EL6JHOI[6HI/I$I7 TOBa € IIpedllodinTaHa Oll€HKa 3a MaTeMaTU4YeCKOTO OYaKBaHE.

B mmoro CJIydan Ce€ M3IIOJI3yBa U IIOJIOKCHUETO Ha OPYI'U XapaKTEPpHH TOYKH OT pa3llpe-
JeJICHIeTO.
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Omnpenesnenne 5.2 Keanwmua ¢ nuso o na dadeno paznpedeaenue I ce onpedeas wamo

PEWERUE HA YPABHEHUETNO!

F(qa) = a.

Taka mennanaTa (1 = qy /3.

Omupenenenne 5.3 Moda e waii - 6epogmuomo uucao 3a JUCKPEMHU CA.6., @ 34 HENpe-

KbCHAMUY — MAKCUMYMA HA NADMHOCTIMA.

3& CUMETpPpHUYHN pa3llpedeJeHnd, OYEeBUIOHO TpHUTE XapaKTEepCTUKH: MOda, MedMaHa N M.O.
ChbBIIadaT.

5.2 Maiab

Omnpenenenue 5.4 /[ucnepcus na ca.6. & ce onpedeas wamo wuciomo D& = E (£ —E )2,

Mooxce da ce oxasce u 6ezxpatina.

HI/ICHGPCI/DITEL e Hall - BaKHaTa XapaKTEPpUCTUKa Ha pa3ceﬁBaHe Ha CTOMHOCTHUTE Ha CJI.B. ?)EL
JUCKPETHN 1 HENMPEKBCHATU pa3lIpedciicHus T ce IIpecMATa I10 C]QOpMyJII/ITel

D¢~ [(z- B f(a)de, DE=3(xi~ B (5.2)

K3

daxTIYeCK BMECTO AOUCIIEpCUATA, KaAaKTO B HMUCJIOBUTE, TaKa U B aHAJIUTUNYHNTE CMETKU, CE
N31I0Jd3YBa CTaHdapTHaTa I'pelllKa NN cman&apmnomo omxaonenue . ToBa e:

o(6) = /DE=\/E( ~E&2 (5.3)

Tasn xapakTepucTuka ce MEpPU B CHIMUTE PUINUECKN €INHUNN, KaTo { W Moxke ma Onie

CBhOTBETHO MHTEPIIpETUPAaHA.

TyK Ca IIOKa3aHM INIBTHOCTH OT HOPMAaJIHOTO Ce-
MeTCTBO C Pa3/InYHN CTaHOapPTHU OTKJIOHCHIA. Komaxko-
TO IO - MaJIKa € OUCHeEpCrudTa NI CTaHdJapTHOTO OTK-
JIOHEHUE, TOJIKOBa I10 - CI'bCTEHU Ca CTOUHOCTHUTE U IO
- BEPOATHHN Ca T€¢ B HEHTHPa Ha pa3llpede/IeHneTO. 3&
TOBa, KOT'aTO UCKaMe Ha €€ OTBbpPBEM OT pPasMEPHOCTTa,

HalpuMep 3a Ja CpaBHUM paslpene/leHnsTa Ha 1Be pas3-
JWYHU CJI.B., IpUjaraMe T.H. YeHMPupare U HOPMUPa-
Pdurypa 5.1: ne. Bmecto BemmunnaTa £ pasriexmamMe eHTpupanaTa

N(O, 75)’ N(O, 1),N(0, 15) 1 HOpMUWpaHa BEIMYNHA
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(- E¢
E=S (5.4)

Korato nucnepcusita e Gesxpaiina 3a “ompenessite” ma Marmaba ce W3MOI3yBa T.H.

Onpenenenue 5.5 unmepkeapmuicn pasmar gsjs — qi/4-

5.3 dopma

Cremaure mBe XapaKTEPUCTUKN Ha Pa3lIpeNeennsTa He 3aBUCIT OT MEPHUTE eIUHUI, C
KOUTO Ca OTYNTAHU CLOTBETHUTE CJI.B., KAKTO W OT YCJIOBHUTE Hadasia Ha ckamuTe. C mpyrm
nymu, Te ca 6espasmephu. Te oTpassBaT pasanumsTa BBB (popMaTa Ha paslpeneseHusTa,
HO He 3aBUCSIT OT Malllaba 1 JOKalusiTa.

Onpenenenue 5.6 [llle napuuame acumempus wa £ wuciomo (kKo2amo cwvuwecmeysa):

E(-E¢

Ass(€) = 8 E ¢, (5.5)

Ha Tasm ¢urypa e mameHo cpaBHeHWE Ha TTOJOKI-
TEJTHO aCUMEeTPUYHA IIHTHOCT ¢ TUIHTHOCTTA Ha CTaH-
MapTHUS HOPMaJeH 3aKOH, KOSTO € CUMeTPpHUYHa U UMa
Ass >0 Ass =0 acumveTpus (. [lomoxurennara acuMeTpust ce XxapaxTe-

[/ O pusmpa ¢ “mo - TexKa“ MsCcHa OMalllka Ha paslpemnesre-
108 HUETO.

. . . . Ty [Ipw acumeTpuwyHUTE pasmpeneseHus ce TPOMEHST

OGMKHOBEHO ¥ B3alMHUTE TIOJI0KEHNS Ha MOLaTa, MEII-
aHaTa I MaTeMaTHIeCKOTO odaKBaHe. 3a pas3npenesTHus
@urypa 5.2: Iomoxurensa acuMeTPIA 16165 resiHa aCHMETpUS Te ce HapekKIaT B Mocoue-
HES ~ pedm, a  3a  Tesm ¢ OoTpuUNaTeaHa  — B ObDpaTHHA. Tosa
IpaBmjIo, pa3bipa ce, € BEPHO caMoO 3a YHUMONAIHN paslpefeseHns ¢ IpocTa aHaJnTHIHa

(bopmMa Ha WIBLTHOCTTA.

Onpenenenune 5.7 [llle napuuane excyec na £ wuciomo (kKozamo cwvuwecmeysa):

_E(-Eg)’

Ez(€) = = 3=E&' -3 (5.6)
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Tyx e mpencraBeHo pasnpeneseHne ¢ MOJOKUTEEH
ekcriecc. T'o mMa 1Mo - MBATU W TEKKW OMAIIKI OT HOP-
mMasHoTo (¢ excrece 0). Pasnpenenennsta ¢ oTpumare-
JIeH eKcllece MozKe M3001110 Na HAMAT OMMalllKi — Hallpu-
Mep, TaKOBa € PaBHOMEPHOTO B KpaeH nHTepBaJl. M306-
110 Ka3aHo, IBaTa MapaMeTbpa aCuMeTPUs U eKCIIeC 1a-
BaT NOCTATHYHO MbJIHa KapTWHa 3a (popMaTa Ha pasz-
npenegeHneTo, caMo KOraTo TO € YHUMONAJIHO W TIal-
Ko. BeblnHocT TakuBa pasnpenesienns OOUKHOBEHO TTPU-
HaJljleKaT Ha CeMellcTBO ONMCBAHO ¢ HAKOIKO Tapame-
Thpa.

AUV DVE AATFAN L LU L VIV

Ex >0

durypa 5.3: IlomoxuTtesnen ekciec



Tema 6

HuckperHn pa3npeneaeHns

B Tasu JICKIIIIA CH IIOCTaBAME 3a IeJI Oa O606HlI/IM 1 pasmiipuM IIOHATHUATa CHA 3a:

® ITIeJIOYIICJICHa CJI.B. I HEMHOTO pasnpenesIcHne;
® a BbBeIeM HAKOU HELI?I—CpGHlELHI/I pa3nnpede/IcHN A,

® [II¢ IIOKaXKeM KaK €€ M3II0JI3YBaT HIAKOU OT CpedCTBaTa Ha aHa/ll3a 3a oblekuaBame
Ha IIpecMATaHNATa Ha paslpede/IcHUsITa U TEeXHUTE KOJINYEeCTBCHN XapaKTEePUCTUKN -
MOMEHTUTE.

6.1 IlemouucieHu cj.B.;m nopaxmamuy GyHKINAN

Omnpenesnenne 6.1 Cu.6. npuemawa 3a cmotinocmu HAMYPAAHUME YUCAL HAPULAME Ve~

AOUYUCAEHA.

[lemouncmennTe ci1.B. ca 0COGEHO YNOOHM 3a MofeNMpaHe Ha peajlHy sBIeHUs KaTo 6poil
YCIEXT UIAN APYTH OPONKN.

3a mpecMsaTaHe Ha MOMEHTHTE Ha MEJIOUNCICHE CJI.B. 0COOEHO VIOOHT ca Taka HapedeHnTe
opaxan QyHKITAN.

Omupenenenne 6.2 [lopancdawama dynkyusg na yeiouuciena ca.6. & ce zadasa ¢ Gopmy-

p(s) =Est (6.1)

[Topaxmarara ¢pynkius e ymgobHa 3allloTO ChIIECTBYBAa BUHATHT (HpI/I JOCTATHIHO MAJIKO S,
HalIpuMep, KoraTo s < 1). Ts mpuTexkaBa ciienHUTE CBOMCTBA:
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p(l) =1;
p(0) = P({ = 0);

p'(1) = E€, xorato chiecTByBa,;

p'(1) =E&(E—1)=E£ — EE, xoraTo chllecTByBa.

Korato €17, pety(s) = pe(s)py(s).

6.2 Cxema Ha bepnynn

Omnpenenenne 6.3 Peduya om wezasucumu eonarso paznpedesent CAyualinu 6eauuunu
{&,1=1,2,...}, 6carka om xoumo npuema deée cmotiinocmu: 1 u 0 ¢ sepogmuocmu (cvom-

semno) p uqg=1—p, napuuwane crena wa Bepuyau.

Ha pasrimename cymarta 1, Ha n CII.B. OT cXeMaTa
Ha bepuynu. ToBa e nenounciena ciayvaitHa BeTMYu-
Ha, IIpueMallia
croittoctn ot 0 no n. Hue s mHTEpnpeTmpame KaTo
2T bpoii yenexu om n onuma ¢ nocmoguna sepogmuocm

P 3a ycnexr 66 6CERKU Oonum. PELSHPGIIGJIGHI/IGTO Ha

Ta3lm CJI.B. HapHu4vaMe 6UHOJVLHO. BepOﬂTHOCTTa Ta3’
CJI.B. Da IIpueMe CTONMHOCT k‘ Hapn4daMe OuHoOMHa 1 03-
Purypa 6.1: bunomuo pasnpenenenne, HadaBaMe C b(n,k,p).

p=.5.

Teopema 6.1 bunomnume eepogmuocmu ce npecmgsmam no Gopmyiama:

n .-
b(n, k,p) = (k)p’“q ; (6.2)
HoxkaszaTescTBo: [ILpBo na npecmerneM BeposTHOCTTa Ha choutueto W, ., . = N {{ =
&}, xpoeto €¢; € {0,1}, 7 =1,2,...,n. Tnit kato ca.B. ca mHesaucumu n P(§ = 1) = p,
HoJTy 9aBaMe
P(W517527...75n) = pZ:l:1 Eiqn_Z:lzl o (6-3)

Axo osmaunm n, = Y0 & w k=300 €, e TIOTYyIUM

Py, =k)y= > p¢F=p¢t Y L
e1teat...ten=k e1teat...ten=k

Ho ot Tyk crmenBa Thpcenara ¢popmyna. B

MowmenTuTe na GHHOMHOOTO pasnpedesIeHne ce nmpecMiaTaT JIECHO:
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En.=> E&{ =nE& =n(lp+0.9) =np
Dy, =3 D& =nD& =n(E — (E&)?) =n(p—p*) = npq

[lopaxnaiara GyHKINS Ha GUHOMHOTO paslipenefieHre ce IpecMsaTa JIeCHO, 3allloTo Gu-
HOMHATa CJ.B. 1) € CyMa Ha ellHaKBO paslpenesieHn He3aBUCUMU CJI.B.

n

Es"=E Hsgi = (Es*)" = (ps+ q)".

=1

6.2.1 TI'eomeTpumuYHO pa3mpenejieHHE
Heka pasriename B cuTyanmsTa Ha He3aBUCUMI oMUTH (cxeMa Ha Beprynn) cin.B. £ — 6poit

OIINTHM OO0 NOCTUTaHE Ha YCIIEX. BB Bcekn OTHAeJIEH OIIUT HEKa BEPOATHOCTTa 3a HEyCIIleX Oa
O3Ha4lUM C p U HEKa OIIUTUTE Ha Ca HEe3aBUCUMU.

Omnpenenenne 6.4 Kazsame, 4e yesouucienama c4.6. & uma 2€omempuuno paznpedee-

nue, aro:
T
P(¢ =m)=p"q, m=20,1,2,.... (6.4)
MaTeMaTnueckoTo o4akBaHe I NUCIEPCUATA Ha TOBa paslpeleeHne ce IPeCMITaT JIECHO:

o] o] B d 1 P
Efzqzkp’“quzkp“qud—( ) =",
k=0 k=0 P q

I—p
Dé=BE(€— 1)+ B¢~ (BO =g 3 kb— 1t + 2 (B -
k=0
d? 1
() T (=
dp**1—1p q q q q

6.2.2 XwumnmepreoMeTpu4IHO pa3npenelieHne

Ha pasriename enma 3afada OT CTaTHCTUYECKUs KadecTBeH KonTpos. Heka e manena map-
Tuna cbabpxaiia N umsnenus, or kouto M ca nepextun. IlpaBum ciydgaitna m3Bamgka oT
n < N msnenus. lluta ce kakBa e BepossTHOCTTa TOYHO M OT TSX fla ca neGeKTHH.

Oxka3Ba ce, e pasmpeneseHneTo Ha CII.B. Opoil neeKTHU € CIIEMHOTO:

Omnpenesnenne 6.5 Kazsame, we yeiouucienama c4.6. £ uma TUNePeeomMempuuno pa3npe-

deaenue, ako:

M. (6.5)
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Tasu popmyna ce usBexkna jecHo. bposT Ha BCUYKN BB3MOKHU M3BAIKN € OYEBUIIHO (]Z)
(cMsiTaMe TH 3a paBHOBeposTHN). “BraronpusTiuTe”, Te3nm KOUTO CHABPKAT TOIHO M [e-
(bexTHU neTalsa, MOraT [a ce MojydaT upe3 KOMOMHWpaHe Ha W3BaliKa OT m NedeKTHU u
u3BagKa oT n — m m3npaBHu. Taka To3m 6poit cTaBa (]\Tr{) (N_M).

n—m

MaTeMaTH9eCcKOTO O4aKBae I JUCIIEpCUATa Ha TOBa paslipenc/icHle ChIIo Cce NpecMATaT

JICCHO:
M
E = = —
E=np, p N
N -1
D¢ = npg——.
& =npay—

Ot Tesu popmynm ce BUKa, de TOBa paslpeesienne KIOHN KbM GHHOMHOTO TP TOJISIM GOt
N ma meraitnnTe B mapTumaTa.

6.3 Pasnpenenenne Ha Iloacon

[ToaconoBoTo pasmnpenesnenne ce onpeness JIeCHO KOTO IpaHnila Ha OUHOMHY pa3lpene/ieHus,
Korato n — oo Taka de np — A > 0. Ci.B. MOxXe [a IpHeMa BCIKaKBH IETOUNCICHN
CTOMHOCTI:

P((=k)=¢e ik

(6.6)
To e ocobeno monxomsIo 3a Momennpane Ha 6pos Ha CIydaliHl penkn chounTus — 6poil vac-
THIN Ha eIuHuIa 06eM, 6poil paJroak THBHI paslataHns 3a equHnia BpeMe n T.H. CpennoTo
n nucnepcusTa My chbBmamaT: EE = D¢ = A Toa maii-tecno ce BIKmIa OT HMopazkgaliaTa
GYHKIIUSA Ha TT0OACOHOBOTO pasipeniesieHne, KOSTO ce IpecMaTa TUPEKTHO:

00 k
Es” = Z M — Me=1)
prrd k!

Tyk 1e pasryenaMe elHO MHOTO TMOJIE3HO W CTapo NpUGINKeHne Ha OHHOMHATA BEPOST-
HOCT TIpH MaJjIKm k.

Teopema 6.2 (Teopema na [loacon) Arxo 6 cxemama wa Bepuyau np, — A, mo

)\k

Y
b(nvkvpn) — Ee
HokazatencTBo: [Ha o3maumm A = np. Moxem ma samnuiiem 6uHOMHaTa BEPOSITHOCT BLB
popmaTras:

nn—1)...(n—k+1 o L
b(n, k,p) = (n—1) k,( )p’“(l—p) =g ek n, ),




0.0. rAOSHrLjaJiravir, 1A 1HVAUUIN

KbIeTo

e(k,n,A) = 1:[(1 + %) (1+ %)k M1 — %)” (6.7)

=0

Bceeku oT TpuTe ¢bMHOXKHMTENS Ha [AscHaTa cTpaHa KJIOHH KbM | mpu Qurcupano k u
np, — A. B

OHIG IIO-JIECHO C€ NOKa3Ba Ta3l TeopeMa C IIOMOIIITa Ha IIopaxKMmalllll qDyHKHI/H/I I’IELI/ICTI/IHEL7
JOCTAaTBHYHO € Na IMOKazKeM, 4e

(ps+q)"=(1+——"—



Tema 7

Cxema Ha bepnynn

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® [a pasrjenaMe Hait - IIPpOCTaTa HEIIPEKBCHAaTa CJI.B.;
® a IIOKazKeM BPB3KaTa MEXKOY HENIPEKBCHAT I OUCKPETHN pa3llpede/ICHNA;

® Ha IIpHUMeEpa Ha Hait - IPOCTUTE CTATUCTUYECCKN 3ada4 NOa WIIOCTpUpaMe HadllHa, IIO
KOITO ce CTpPOAT CTaTUCTUYECCKUTE N3BOIN.

7.1 Teopemu Ha Myapbp-Jlamniac

Omnpenesnenne 7.1 Kazsame, ue ci.6. ¢ HENPERDLCHANO PABNPEJEAEHUE € HOPMAANO PA3-

npedeaena N(p, o), axo nelinama nasmuocm una 6uda:

1 e
f(%/«baa):\/ﬁe 0% (7.1)

MaTtemaTnueckoTo ouakBaHe Ha TOBa paslpeneseHne
e i, a pucnepcuaTa My e 2. Cmandapmmuo HopMasl-
T HO pasmpenerenue ce Hapuda pasmnpenenenneto N(0,1),
HeroBaTa MILTHOCT O3HadaBaMe ¢ ¢(x).

HOpMELJIHOTO pasnpenesicHne nMa rojidMo 3HadcHIE B
TEOpUA Ha BEPOATHOCTUTE N MaTEMaTHUYIECKaTa CTaTUC-

e L L L e TUKa, KOETO Ce IbIIKN Ha TBBPIEHNETO, N3BECTHO KaTO
[Menrpanna ['panuuna Teopema. To rmacu, ge pasmpe-
neJIeHneTo Ha CyMa OT TOJISIM Gpoll He3aBUCUMM, eTHAK-
Purypa 7.1: IlabTHOCT $(2) Y N P ’

BO paslpeliesIeHt CIyYaiiHi BeTNYMHY KJIIOHW K'bM HOP-

MaJITHO pa3lipenecsieHue.

34
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Hexa ycTtpemum kbM Ge3kpailHoCT 6posT Ha ONMUTHUTE B cxeMaTa Ha beprynn. Ha o3naunm

k—mnp
V1pq

1 ToMCKaMe TOBa YHC/IO JIa OCTaHe “TOYTH MOCTOSHHO mpn 1 — o0, CMUCHILT MY € siceH

Tr =

- TOBa € TMeHTpUpaHaTa 1 HOpMUpaHa CTOWHOCT Ha cJI.B. Opoil Ha ycrexu. YlcHo e, ye ToraBa
(mpu puKcHpata BEPOSTHOCT 3a yCIeX p) ChINo U k — 0.

Teopema 7.1
% nqu(n7 kvp) — qb(l')

HOKaBaTe.TICTBO: SEL IIPOCTOTa IIIe U3IIYyCKaMe MHIOCKCa 17 OT O3HaUECHUATa B JOKa3aTeJICT-
BOTO. I[EL JJOrapuTMyBaMe onmoMHaTa BEPOATHOCT OT JidBaTa CTpaHa

Inb(n,ky,p) =Inn! —Ink,! —In(n — k)l + k,Inp+ (n — k) Ingq. (7.2)

e nsnonsysame npencrapanero na Ctupaunr ma Inn!:
1
Inn!'=nlnn+ 5 In(27n) —n + a(n), (7.3)

kpneto a(n) = O(1/n). Ila osnaunm m, = n — k,. Twit kaTo m,, k, — oo, To ot (7.2 ) u
(7.3) cnenpa

Inb(n, k,p) — %ln 2

kEm

:nlnn—klnk—mlnm—l—klnp—l—mlnq—l——%ln——l—ﬁn =
n

1, k
=—(np+ox)n(l + ?) —(ng —ox)In(1 — %) — §1n Tm + 45, (7.4)

o

Kbneto 3, = a(n) — a(k,) — a(m,) = O(1/n). k=np+oxum=n—k=ng—ox. Ty

Ile ce OTKJIOHVM MaJIKO [a pasryenaMe JpodTa:

(g—pz pqw?)
o o 7

k(1 — k) _ (np + ox)(ng — ox) -

no?

no

Taka mecHo 1e MOKEM a TOTYYNM N3pa3 3a TpeTus JorapuTbMm B (7.4) upes o.

).

3a mbpBHUTe NBa JorapUTHMa Ile u3mnonsyBame pasnoxkenneto In(14+z) = v —a?/2+0(z?).
BamecTBaMe, chKpalllaBaMe U MoJydaBaMe OKOHYaTeHO:

Ino +1Inb(n,k,,p) = %1H27‘[‘—|—

—np+oa) (2= D)) ng— o) (2 T s,




LoviA (. UALLIVEA 1A DIV J1/1

kbreto v, = O(c™!) = O(n‘l/z). ]

Tasuw Teopema HE maBa BHL3MOKHOCT MMa TIpPECMsATaMe JIECHO KOHKPETHN GUHOMHU BEpOSIT-
noctu. [lpw romemu cTofimocTn Ha n TOBa ca TBHpIe MaJIKHM YNCIa. 3a [da MOXKEM [1a Tpec-
MsITaMe CYMHI OT BUHOMHI BEPOSITHOCTH CH CITyKUM ChC CJIelHaTa NHTerpalHa TeopeMa Ha
Myasp - Janmnac.

Teopema 7.2

k—np [np+a./npg

P b <a)= 3 bk — [ sy

HokazatencTBo: Bux [Aues, Humurpos (1990)]. Ts mecro cienBa m oT HmeHTpadHaTa
IrpaHIYHa TeopeMa 3a eQHaKBO paslpene/eHn chonpaemu. B

7.2 Craructudecku IMPUMIIOXKEHU

B To3u maparpad 3a mbpBU BT I1I€ Ce 3all03HaeM € e[IUH CTATUCTUYECKN U3BOIL — TBbPJIEHNE
33 HEW3BECTHOTO paslpenesneHre Ha CTOMHOCTUTE B M3Yy4aBaHO MHOXKECTBO OT OODEKTH BbH3
OCHOBa Ha oTrpaHMYeHaTa WH(POPMAlNs, ToJIyueHa OT elHa claydailHa KpailHa W3BalKa.

Hexa HallpaBUM HAKOW YIIPOCTABAIIA ITPEMNIIOJTOKEHNM:

e A. MuoxkecTBOTO OT m3ydaBaiy 00eKTH (TeHepaTHaTa CHBKYIHOCT) € MHOTO TOIAMO
—“mouTn 6e3KpaitHo .

o b. Pasmonarame ¢ MexanmsbM IIO3BOJIABAIll BCEKIT 00eKT oT regepaiiiaTa CbBKYITHOCT
oa 613,[[6 I/136paH C €JHaK'bB IIaHC. Moxem Oa IIpruIaraMe TO31 MeXaHN3bM MHOT'OKPaTHO
I HETOBUTE Ka4deCTBa OT TOBa HAMa Hda C€ UM3MEHIAT.

?)EL ChbXKaJIeHNEe Te3n IMPEeOIoJIOKEHU €IBa JIN Ca JOCTaThYHU 3a €dHa II'bJIHaA qDOpMELJH/ISELHI/DI.
?)EL TOBa III€ YIIPOCTHUM OLIE€ HEIllaTa W IIe IMPpEeaInoJIoKNM NOIIbIHUTETHO, Y€ HEL6JHOI[6HI/I$ITEL
MOT'aT Oa C€ pa3rjiekKaaT KaTo Ha60p OT HE3aBUCIIMI CJI.B. C €¢JHaKBa HE3BECTHa IIJITBTHOCT.

7.2.1 IloBepuTeJjieH MHTEPBAJ 3a MeANAHA

Hexa cu mocTaBum 3a 1esr mo n HabIrOJaBaHn CTOMHOCTH Ja KaKeM Helllo 3a HeM3BeCTHaTa
MenmaHa (¢ Ha ToBa pasupenenenue. la osmaunmm ¢ {qy < o) < -+ < {() HapenenuTe 1o
roJieMIHa CTONHOCTH Ha HabmionenusTa (cir.B.). Taka Hapenenu Te ce HapwdaT 6apuayuonen
ped.

Teopema 7.3 3a scaro 1 < n/2

1—1

1
P&y <o < €pmigny) =1 — 2(§)n >

k=0

n

k
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Hoka3zaTescTBo: lmame paBencTBaTa:

P(&uy < pp <Enmigny) = 1= P < &6y) = P(Enmivr) < 1)
Plu< &)= PlEumivy <p) = (1" Sizh (7).

OT KOUTO cjlefBa Thpcenata Gpopmyia. BTopusaT pes e BCBITHOCT U3pa3sBaHe Ha BEPOSITHOCT-
Ta KaTo cyMa oT bunomnu Bepositnoctn. Hancruna, mpu n-te ekcepuMenTa 1Mo - MaJko OT
1 ca YCIEIIHn,T.e. Moa MenrnanaTa. W

Taka kato samecTnM BLB GopmynaTa (7.5) cTORHOCTHTE Ha HabIIOMEHNATA, HIE MOy da-
BaMe dosepumeden uMmepsa.l 3a HensBecTHaTa Mequatda. BeposTHoCTTa B AICHO ce Hapuya
Hu6o na dosepue m 6u TpaOBaJo Ha ce U30Hpa JOCTATHLYHO BHCOKa 3a [a UMaT XopaTa Hs-
KaKBO JIOBepHe B HallllTe TBLpAeHNs. KaTo enHo pasyMHO HUBO B CTaTUCTUKATA € MIPUeTO
nnBoTo Ha noBepue 0.95. Ilpu rojseMu cToiHOCTH Ha N € 3aTPYIHUTETHO TPECMATAHETO Ha
cymu oT 6uHOMHN KoedunmenTn. ToraBa ce m3Mos3yBa nHTerpajgHaTa TeopeMa na MoaBbp -
Jammac (TeopeMa 7.2). ToBa uu maBa JecHa Bb3MOKHOCT Hda HaMepuM HeobxonnumoTo ¢. Taxa
npu HUBO Ha noBepue (.95 momydaBame:

i = [5(n — 1.96v/n)].

Hampuwmep, npu n = 100 nonyuaBame, ue HemsBecTHaTa MenmaHa ¢ BeposTHocT (.95 ce
namupa Mexmy 40 n 61 wrenoBe ma Bapmanmommums pen. OT mpyra cTpana, m3BambuHaTa
Memmana (cpenmoro wa 50 u 51 wmabmionenus ) e enfa OleHKa Ha TeOpeTHYHATa Meiana Ha
pasmpeneneHneTo.

7.3 lloBepuTesieH MHTEPBAJ 32 BEPOATHOCT

Heka cu moctaBum 3a menr mo n HabmofaBaHl CTOIHOCTH J1a KaikeM HeIlo 3a HeM3BeCTHaTa
BEPOATHOCT p Ha MOSBa Ha MaleH mpusHak. Heka ¢ k o3HaumM pesynTaTa OT HalllTe HabIIIO-
neHus — 6poAT Ha MosABa Ha Mpu3Haka. llle m3nonsyBave mHTerpadHaTa TeopeMa Ha Myapbp
— Jlamrac (Teopema 7.2).

/_ d(y)dy = P(—x < % <) = P(|§ — p| < ay/pg/n).

Moxewm ma monbepem uncmoro @ = 1.96, Torasa BepostHocTTa € 0.95. Thit Kato max(pq) =
1/4, nomyuasame:

1.96
0.95 <P(|— —p|l < —=).



Tema 8

Henapamerpuuuu MeTonn

TyK e pasrjedaMe HAKOU ChbBCEM IIPOCTHU HElapaMEeTPpUYHU MeTOON, KOUTO HE Ce HYKOasiT
OT 0CcObeHo CHIHN IpeNIoaoKenns M, CbOTBETHO, HE IIpUTEKaBaT OPYyrn I[O6pI/I Ka4dyeCcTBa
OCB€H ITpocTOoTaTa CH.

8.1 TecT Ha 3HaAIIUTE

Tyx 1te npoBepum xunoreszata Hy, ue MemmanaTa [ Ha pasnpeniesieHneTo e paBHa Ha 0 cperry
pasauyan KoHTpa xunotesn. CrtaTucTtukarta 7, , KOATO ce Tpemiara, e 6posT na Habirome-
HUSITa C TIOJIOKUTENEeH 3HaK. YlcHO e, 4e mpu M3MIbIHEHA HY/IEBa XUTIOTE3a HEHOTO pasmpere-
nenne e 6uHOMHO ¢ BeposTHoCT p = 0.5. Ila pasriename npoBepkaTa Ha Ta3W XUIOTe3a MpU
pa3auYHATE aJTepHaTUBH.

8.1.1 Hacouenu anTepHaTuBH

Hexa antepunatuBatra H; : p > 0. ToraBa 6posT Ha HabmomeHUsATA ¢ TOJIOKUTENEH 3HAK
6u cremBasio ma mapacThe. CrenoBaTentno, KpuTudHaTa obracT Iie Obie JOKaln3upana B
IsCHATa YacT Ha OMHOMHOTO pasmpenesieHue:

n

W={Z,:2,>i}, PW)=Y b(nk05).

k=1

HpI/I rojleMn CTOMHOCTH Ha N ce HN3I0JI3YBa MHTETPpaJTHaTa TeopeMa Ha MOELBT:p - Jlammac.
Tosa mu JaBa JIeCHa BB3MOXKHOCT HOa HaMepuM H606XOI[I/IMOTO 7.
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8.1.2 JloBepuTeJieH HHTEPBAJ 3a MeANAHA

Korato antepmatuBata e Hy :  # 0 mpoBepkaTa na Hy e ekBUBaJenTHa Ha IpOBEpKaTa, e
HyJlaTa BIW3a B NOBEPUTENHNS WHTEPBAI 3a HemsBecTHaTa Memmana (7.5).

8.2 HesaBucumMmu u3Baakm

HpI/I OTCBCTBUE Ha HOPMaJTHOCT HE€ MOXKEM Ha U3IIO0JI3yBaMe TeCTOBETE Ha CTIOI[GHT n qDI/IIHGp
n HpI/I6$IFBELM6 KLM II0-ciIabuTe PaHTOBU TECTOBE.

8.2.1 TecT Ha Mau-YuTHu niam Y MIKOKCHH

Hexa ca namennu nBe HE3aBUCHMIE M3BAIKI OT PA3INIHE CHBKYITHOCTHI L1, T2, -vy Ty T Y1, Y2, ooy Yny,
BB3MOXKHO ¢ pasinuden obem. llpoBepsiBame xumoresata, 4e nBeTe ChbBKYITHOCTH Ca €IHAKBU

— ¢ enmakBu MenmaHu Hy @ p, = g, — cpelly ajdTepHaTHBaTa, 4de elHATA MeIUaHA €
HO-TOJISIMa OT NIpyraTa:

Hy @ py < py. BoBexnmame craTucTukaTa

ng Ny

Us =33 b, (8.1)

=1 7=1
KbIeTo
T > Yj;
Ti = Yjs
z; < Yj.

O —

Ananornuno ce npecmsra Uy, pu ToBa ce okasBa, de
Uy, + U, =nyny

. Korato nckame ma mpoBepum xunoresatTa Hy oueBHUIHO moBepuTeHaTa ObIacT 1€ WMa
BIIA:

P(Ul_a S Ux) =1-—o.

Hpu mamku min(ng, n,) < 20 cronnocture Ha U_, ce B3WMaT crermania Tabania, a mpn
rojeMu ce M3Moa3yBa aCUMITOTHYHOTO HOPMAJIHO pas3lpeneseHne Ha Ta3l CTaTUCTUKA:

Ny Ty

2 Y

nyny(ng +ny, + 1)

EU, =
12

D(U,) =

8.3 TecToBe 3a ciBoeHUu HaOJJIIOOEHUA

Heka ca manenu mBe m3BaiK¥W OT Pa3indHU ChBKYITHOCTH C €MHAKbB 0beM
X1, X9, ey Ty U Y1, Y2, ..., Yn. 1IpH TOBa ce Tpemmnosara, de wabaodenusma ca cd6oenu, T.e.
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Ha BCAKO IT; CbOTBETCTBYBa Y. Taxaba CUTyalllsd BB3HHUKBa Ye€CTO B IIpaKTHKaTa. HELHpI/I—
M€EpP, KOT'aTO MEPUM HIAKaKBa XapaKTEPUCTUKa BHBPXY €0HU N ChbIIN obexTn openqnm m CJen
BBE30CUCTBUETO C HAKaAKBB XIIMHUIKaJI UJIN CbCTOAHNIETO Ha oomnn opeqn n cjien Je9eHmneTo C
OIIPENECIIEHO JIEKAPCTBO.

8.3.1 Tect Ha CTIOOEHT 3a cCOBOEHU HAOJJIIOOEHUI

[IpoBepsiBame xumoTesaTa, e ABeTe CHBKYITHOCTHU Ca €IHAKBH CpPeEIly ajTepHaTuBaTa, de
eqHaTa CLBKYITHOCT MMa pas3lpenesienne ¢ Io-MaJKi CTONHOCTH. AKO mMaMe yBEepeHoCTTa, Je
IBeTe CBLBKYIHOCTH Ca ¢ HOPMAJIHO pasipefesIeHne MOKXeM f1a IpuIoknM TecTa Ha CTiomeHT
B clleqHaTa MOOU(PUKAIIS.

PELSFJIG)KI[ELMG Pa3jInKTEe MeEXKNY CBOTBETHUTE HEL6JHOI[6HI/I$I§ Zi = Xy — Y. Axo mmamMe
OCHOBaHUE HOa IMPEOIIoJIOKNM HOPMaJIHOCT, ITpuJiaraMe OONKHOBEHUS TeCcT 3a Te3N Pa3InKNM.

8.3.2 TecT Ha 3HaAUTE

KoraTo He cMe yBepeHr B HOpMAITHOCT Ta Ha paslipeesieHusTa, IpujiaraMme TecTa Ha 3HaIuTe.
[TpoBepsiBame xunoTesara, de pa3IuKuTe ca ¢ HyJleBa Menuana Hy : p, = 0 cperty enna nnn
IpyTa alTepHaTnBa. Hampumep, de ennaTa MenuaHa e IO-ToIsMa OT ApyraTa Hy @, < fi.



Tema 9

Tpancopmalnusa Ha CJI.B.

B rTasu mexnus 1e onpenennmM MHOroMepHU (BYHKIINS Ha pasnpenenenue n miabTHocTH. e
n3BeneM (popMmyliaTa 3a IpecMsiTaHe Ha IIBTHOCT TPKU TpaHchopMalns Ha CJI.B. - aHaJIor Ha
CMsiHa Ha MTPOMEHJIMBHUTE 10/ 3HAKa Ha WHTerpala.

9.1 MuoromepHu GyHKIINN HA pas3npeaejieHue

MuoromepHTa QYHKIUS Ha pasmpenesienne Ha CJi.B. E € R™ . ce onpenesist mpocTo:
F(f) :F(xlvx%"'vxn) :P(ﬂ{fz <$z}) (91)
=1

Ta IpuTekKaBa CJIEOHNTE OYEBUIHN CBOIICTBA:

1. F(—o0,29,...,2,) = 0;

2. mopmupanoct - F(co,00,...,00) = 1;

3. MOHOTOHHOCT - ako ) < xf, 1o F (&, 22, ..., x,) < F(af,22,...,2,);
4. axo & L& L. .. L&, To Fe(T) =TT, Fe(xi);

5. MapruHaJHOTO paslpefesieHne Ha CJIL.B. & ce Bh3CTaHOBABa JIECHO:

P& <a)=Fe(x) = F(x,00,...,00).

MHOFOMepHaTa IIJIBTHOCT Ha pa3lipeacyicHue Ha CJI.B. f (KOFELTO C"leeCTByBEL) ce olrpenesist
IIPOCTO:

(9.2)
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HpI/I TOBa prHKHI/DITEL Ha p3lipede/eHne ce Bb3CTaHOBABa OT IIIBTHOCTTA:
1 T2 Tn
F(x):[ 4f(y)dy:/ / / f(yhyz,---,yn)dyldyg...dyn.
y<z —00 J —00 —00
HJIT:THOCTTEL IpuTekKaBa CJIEOHNTE OYEBUIHN CBOICTBA:

L () >0,
2. Jpn fly)dy = 15
3. ako ci.B. § ca HesaBUCHMU fg(:i") =TT, fe(xy).

4, MapTrruHaJdHaTa IJIBTHOCT Ha CJI.B. 51 Ce BB3CTaHOBsABa JIECHO OT MHOTOMEpHaTa IIJIBT-
HOCT!

fgl(:zj):/_ /_ /_ flz,y2, . oy yn)dya, dys . . . dy,.

9.2 CwMsaHa Ha OPOMEHJIMBUTE

Teopema 9.1 Hexa U : A — B, xudemo A, B € R" ca omeopenu mnoxncecmea, U
ezaunnoednoznauno cvomeememeue u V = U™, Hewa dynwyugma V(x) npumescasa nen-
pexwvenamu npouzsodnu nwa B. Hewa & e ca.6. cwe cmotinocmu 6 A v ma uma nawsmuocm

fe(x). Toeasa ca.6. n = U(E) una navmuoem f,(y), kogmo ce 3adasa no dopmyiama:

Inle) = [J(V)(@)[fe(V(2)), (9.3)

kvdemo ¢ J(V) e arobuansm wa mpancopmayusma V', m.e. demepmunanmama nwa mam-

puyama:’

ovi vy ovy
Az dzo o dzn
oV, IVy vy
Az dzo Tt dzn
OVn  OVp OV
Az dzo o dzn

Tasu TeopeMa HAMa Oa JOKa3BaMe — T € CJIEACTBUE OT CTaHOJapTHUTE TeOpEeMHU Ha aHaJ/Ill3a
3a CMsHa Ha IIPpOMECHJIUBUTE.

IMpumep 9.1 Muoeomepro wopmaano paznpedenenue
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[InbrHOCTTA Ha cTanmapTHOTO HOopManHo pasnpenenerne N(0,/) B R" uma Buma:

i 1 2 1 112
2 — —wife _ = _-lIFl/2
P(T) = H (Qﬁ)uze (27T)n/2€ ’

=1
KBIeTo ¥ € R™.

Heka ca.B. £ € N(0,7). llle pasrmename nuneiinata Tpanchopmanus n = A& + b. Tyx
A e memsponena n X n matpuiia, a b € R". ToraBa mrbTHOCTTA Ha 1) 1€ C€ W3YNCITU TIO
dopmymaTa (9.3).

Al 1 ’ N1
‘M@:UUNﬂW@D:éﬂ$gﬂ%WM)WM‘

Karo osmaunm matpunara C' = AA’, nonyyaBaMe cTaHgapTHAS BHUJL Ha MHOTOMEPHOTO HOP-
masio pasnpenenenne N (b, C') ¢ mapamerpu En = b w cov(n) = C:

1 —L(z=b)'C Y (z—b

Ha mpoBepuM Tesn paBeHCTBa 3a IMapamMeTpUTe:

En=AE{+b=10b, cov(n)=E(n—->0)(n—>0)=AEL)A = AA".

9.3 KouBoJonusga Ha IJIbTHOCTHU

[le mpumoxkum dpopmynata 9.3 KbM clemHaTa 3a1ada;

Teopema 9.2 Hewa ca dadenu dée mezasucumu ca.6. £ w1 ¢ NOAOACUMEANU NADMHOCU

na paznpedeaenue. Toeasa ca uznwvanenu caedwume Gopmyau:

fersla) = [ fele = u)hy{w)dy (9.5)

a 1 T
Awo €, > 0,mo f»s*n(x)z_[o ) o)y (9.6)
Awo &n>0,mo fe,(x) = /yfs(w*y)fn(y)dy (9.7)

HokazaTtencTsBo: [la nokaxem Qpopmyna (9.5). Pasrmexname neymeprarta cia.s. {€,n}. Ta
mva rbTHOCT f(2,y) = fe(x)f,(y) samoro nBere ci.B. ca mesasucumu. Heka pasrmemame
cera TpaHc(pOpMaInuTe:

U:{u: Ty sz_lz{x: .
v= Y y= v
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n mpunoknm dopmyna (9.3). Twit karto skobmanbT Ha V e paBen ma 1, momydyaBame 3a
neymMepraTa mabTHOCT Ha U({£,n}) popmymara:

flus0) = fe(u —v) fy(v).
3a na nosydnM IIHTHOCTTa Ha MbpBaTa CI.B. £ + 17, TpsOBa da WHTErpupame 10 BTOpaTa
npomerinBa y. Popmysn (9.6) u (9.7) ce mokaspat anamormano. W

9.4 TI'ama m Bbera pa3npeneneHuns

TyK I1e ce 3allo3HaeM HaKpPaTKO ¢ OIB€ MHOI'O IOIYJIAPHI ceMelicTBa pasnnpede/IcHnA.

Onpenenenune 9.1 Hapuuane [ana-pasnpedenenue , (a,\) pasnpedesenue ¢ nasmuocm:

fz) = S—a"te™™, 2 >0. (9.8)

ToBa cemelicTBO € TOMYIJISPHO B CTATUCTUKATA,
3aIll0TO € TACHO CBbP3aHo ¢ HopMasHoTO. [Ipu cToii-
HOCTU Ha ¢ KpaTHU Ha | /2 e usBecTHO KaTo XU-KBaapaT
pasnpeneseHre W ONKWCBa pas3lpeneleHreTo Ha Cy-
Ma OT KBaJpaTHW Ha HIEHTPUPaHW HE3aBUCUMU efl-
HaKBO HOPMAJTHO pasmnpenenenu ci.B. [lapamerbpsbT

a, KonTo omnpenens (opmMaTa My, UMa CMHUCBIa Ha

cTerneHrn Ha CBOOOMa - KOJIKOTO TO-TOMISM €, TOJTKOBA

o-HeolpenesieHn ca CTONHOCTUTe Ha ¢J1.B. ['ama-pas- ®urypa 9.1: , (4,1)
npenejaeHneTo UMa BUHATU IOJOXKUTEIHA aCUMeTPpUd, HO TS KJIOHN K'bM HYJla IIPU HapacTBaHe
ma ¢. BropusT mapamernp A e Mariaben — TOI He OKa3Ba BIIMSHIE Ha €KCIIEca T aCHMETPUSITA.
[Ipw ¢ — oo menTpupanoTo n HOpMUpaHo |'ama-pasnpenenenne KJIOHN K'bM HOPMaTHOTO.

Omupenenenne 9.2 Hapuuame Bema-paznpedenenue paznpededenue ¢ nasmuocm:
1

f(z) = mx“—lu —2)7 0<a <l (9.9)

Tyx ¢ B(a,b) cme oznauuau dema-dynryusma.

3 T T T T Ha ¢ur.9.2 ca mokaszanm Tpu pasiuaHy TLIHTHOC-
2.5 . TH OT ceMelcTBOTO Ha beTa pasnpenenenusiTa. Bux-
2 F . na ce, 4e Te MoraT Ha MMaT pasjiiyHa 10 3HaK acu-
1.5 F . veTpust. C HapacTBaHeTO Ha mapamMerpuTe a u b,
1k . pasmpeeneHneTo ce n3paKka (IUCIepensTa My KIio-
0.5 1 . 1 KbM 0). AKo ckopocTTa Ha HapacTBaHe € enHakBa
0 : : 1 TO € TPaBUJIHO HOPMUPAHO, 6eTa pasnpeneaeHneTo

0 02 04 06 0.8 1 ChIIIO KJIOHW K'bM HOPMAaJIHOTO.

@urypa 9.2: B(3,7), B(5,5), B(7.3) e npumoxmm Gopmyrata (9.3) 3a ma omuirem

BpBb3KkaTa Mexny ['ama u bera panpenenenusra.
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Teopema 9.3 Hexa € € , (a,A) un €, (b,A) ca nezasucumu 'ama - pasnpedesenu ci.6.

Toeasa

1. cas. (=E+n€, (a+bX);
2. ca6. = ¢ B(a,b);

&+n

3. ca.6. L.

HokaszarencTBo: Pasnpenenenuero na nBymepuata ci.B. {,n} e

€

(@ , ()

Ha pasriename cera TpanchopMalmuTe:

U:{U: xL—I_y7 nu V:U_lz{;;i uv,

v= oo u*(l—v)

) VD L
flz,y) = ! A—yb L=y,

n mpunoknm Qopmyna (9.3). Twit kaTo skobmannT Ha V e paBeH Ha u, ToIydaBaMe 3a
nBymepraTa miabTHocT Ha {(, 0} dpopmynara:

ath b
ua-l—b—le—/\u)( 9 (a —I_ )Ua_l(l . U)b_l),

, (a+0) ; (a), (b)

OTKBAETO CJIEABAT BCUYKHU TBHPOCHUA Ha TeopeEMaTa. |

flu,v) = (



Tema 10

IIpaBoononobue

10.1 CrTarucrmyeckm M3BOAN MU XUIIOTE3U

CTELTI/ICTI/I‘IGCKI/ITG N3BOON Ca 3aKJ/TIOYUCHUS 3a pa3JInNYHU CBOIICTBa Ha regepainaTa CbBKYII-
HOCT HallpaBE€HHN BB3 OCHOBa Ha HEL6JIIOI[6HI/I$ITEL 1 pa3/inuYHU IIPpEenIloJIoOKeHUA 3a I'eHepaIHaTa
CBBKYITHOCT. Taxa ako IPENIIONIOKEHNATa Ca BEPHU, HAIIUTE TBLPAOECHUSA CTaBaT qDyHKHI/H/I
Ha M3BadKaTa, T.€. HpI/II[O6I/IBELT ClIy4da€H XapaKTep — CTaBaT CJI. B. Toit xaTo TBHPOEHN-
ATa IIpUMaT OBE “cTolHOCTH® — WCTHHA U HEUCTHUHa, 3aJavaTa BCBITHOCT € Ja HaMepuM
BEPOATHOCTTa €0HO 3aK/JIIOYCHUE Oa 613,[[6 BEPHO.

10.1.1 Jlema Ha Heiman—IIupchh

Haii-omrynisipaaTa m KopekTHa GopMa 3a MOCTPOsiBaHE HA CTATUCTUYECKW M3BOM € CTATUC-
TUyeckaTa xunoresa. MHOTO yecTo MMame OCHOBaHWS [1a TPENNONIOKNUM 3a HEU3BECTHOTO
pasmpenerenne Ha TeHepajdHaTa CHBKYIHOCT, e TO TpuTekaBa mabTHocT f(x). Taka e u
MO-JIECHO JTa TTOCTPOUM “ONTHUMalTHA " KpUTUIHa 0671acT. 3a OCHOBEH WHCTPYMEHT HU CITy K
clleHaTa 3HaMEeHUTa JIeMa.

Jlema 10.1 ( Hetdman—Ilupcon) Herxa ca dadenu dse navmuocmu fo(x), fi(x). Toeasa pe-

weHuemo Ha pa3npe(9mummnama 3&()&%&.’

Syvp /W filz)dz  npu gurcupano o = /W folz)dx

ce dasa om yeaosuemo W = {x: fi(x) > cfo(x)} npu nodrodswo nodépano c.
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HoxkaszatesncTBo: Hexa W = {z: fi(z) > cfo(z)} u o = [y fo(z)dx. Hexa W’ e Taxosa,
ge o = [y fo(x)dz. la pasrienamve pasnukara:

/W fi(z)dr — /W/ file)de = [, fi(z)dx — [ fi(z)dz >
/Acfo(:li)d:z: — /CCfo(:z:)d:z: = o Jyy fo(z)dz — [y fo(x)dz) =0.

Tyx eme osuaumau A = W\W' B =W \W.,C = WW’'

wim W =A+C W' = B+ (', xakTo TOBa e noka3aHo Ha

m ¢purypara.ll

PesynrarsT ce msnomsyBa 1o cinennus Haunu. Wcxa-
Me ma TTpoBepuM xurnoresara Hy, ye HabIIONEHUETO MMa
IIBTHOCT fo(2) cpellly KOHTpa XUmoTe3aTa WIN ajlTepHa-
tuBata Hip, 9e 1o nma minTHOCT f1(2). Pemennero, koe-
TO 11Ie B3eMeM ChOTBETHO €, Ye Xunore3aTa Hu Hy e BIpHa

Purypa 10.1: Jdema ma Heir-

Man-Ilupcha

unn He. KoraTo HabionenmneTo nonamgHe B KpuTudHaTa obiract W oTxXBbpiasMe xumnoresara
un 0b6paTHO, KOraTo MoMajlHe M3BBH Hes, s mprueMame. FLcTeTBEHO ci 3amaBaMe KPUTUYHOTO
miBo « = [y fo(@)dx, KoeTo BCBIIHOCT TPENCTaBIsBa BEPOSTHOCTTA [a OTXBLPJINM BEpHA

XUTIOTe3a, KaTo MaJKko unciio — Hampumep 0.05.

YuciaoTo o HapudaMe epewka om nwspeu pod, a dnc-
aoto 1 — « - nueo na dosepue. Ha pur. 10.2 sampuxo-
BaHaTa IO 1o KpuUBaTa € paBHa Ha «. TyK amgTep-
HaTUBaTa f; € OTOSCHO Ha OCHOBHOTO paslpelesicHne 1
KPUTWYHATa 006acT € ChOTBETHO B AgCHATAa JacT Ha OC-
HOBHOTO pasmpenernenne fo. EcTecTBeno, ako fi Gerre oT-
Purypa 10.2: Ennocrpanen Kpute- JISBO, KPUTHUYIHATA 0bIacT ITele ma Obae HaJIsBO.

puit
Koraro aJITeEpHaTUBaTa € CbC 3HAUYUTEJIHO TIO - T'OJId-

Ma nmcrepcens, chrilacHo jemata Ha Heiiman - [lupewn

/\\ e TOIYYUM MBYCTpaHHa KpuTudda obimact. Cbinara
1.1

obacT 1Ile ce MoJydn M, KOTaTo “HAMaMe ajJTepHaTH-

/ AN [44
\ Ba".

Bbsmoxna e mw obpatnara rpeika [J— epewka om
: 6mopu pod — fma mpUeMeM XHUIoTe3aTa, KOraTo Ts He e
BsipHa. EicTecTBEHO e HallleTO KelaHWe Ma THPCUM KPU-

. TUYHaTa cu obacT Taka, ye 3ama3Ballku & 1a MUHUMU-
durypa 10.3: [IBycTpanen Kpurepuit .
supame 3. Jlemata na Heiiman - [lupcon nm maBa cpen-

CTBO JIECHO Oa CTPOUM OonmMuUMaAHU KPUTUIHIA

obnactu. Ts Moxe nma ce m3non3yBa 1 3a MPOU3BOIHYU (PYHKINKM OT HabmonenusTa. Yuc-
noTo 1 — 3 ce mapuya mowrocm Ha KpuTepus (KpUTHIHATA 067aCcT) U € PA3TUIHO 38 BCAKA
KOHKpeTHa aJTepHaTuBa.
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10.2 Xwunoresu 3a M.O0. U OUCHEePCHU

IIpumep 10.1 Hexa Hyo: € € N(0,1), a Hy: £ € N(1,1). Hexa cue nanpasuiu n nab.aio-

denus. Hamepeme onmumasnama kpumuuna obaacm ¢ nuso na dosepue 1 — av.

Pemtenne. Craructukata ¥ mMa 3a IIHTHOCTH U TPU [BETE XUIMOTE3N HOPMAJHA TIIHT-
HOCT € emHakBa nucrepcus 1, #o pasmuwanu cpenau ctoinoct. OT memata 10.1 crensa, ve
OoNTUMaJITHATa KPUTHUIHA 00JacT MMa BUOA:

Z(Q?Z — 02 4+c >(x;—1)?
1 '
:Jc—gZ::JcZ > c.

Onpenensive koucTanTaTa oT ypashenneto | — a = ®(cy/n). Pemennsra na ypasnennero
a = ®(z,) ce HapwUaT KBAHTWIN Ha HOPMAIHOTO paslpeneierie 1 B3eMaT OT TabIula.
Taka onpenemnsve ¢ = z_,/+/n 1 oOITHMaIHATa HI KPUTUYHA 0GIACT 38 KPUTHIHO HUBO
cTaBa:

W={z> %zl_a} (10.1)

Axo pasriename obpatnaTa (nsBa) anrepuaruBa Hy : £ € N(—1,1), e monyunm Kpu-
THYHA 06/1aCT OTIIABO:

W= {i< %za} (10.2)

HopwmasmroTo pasupenenenne e CHMETPHIHO, Taka 9€ Z, = —Z1_,. SaTOBa B TabJIUIUTE ca
Manedn caMo KBaHTHUINTE 33 CTOMHOCTHW Ha HUBaTa Ha fgoBeprue 1 — o > 0.5. A

IMpumep 10.2 Hexa Hy : £ € N(0,0%), a Hy : £ € N(1,0?), xwdemo o > 0 e uzsecmmuo

yucao. Hexa eme nwanpasuau n nwabarodenus. Hamepeme onmumaanus xpumepui.

Pemenne.

W ={z> \/Lﬁazl_a} (10.3)

KoraTto HsiMame BB3MOKHOCT Ha n3bepeM pasyMHa MPOCTa aiTepHATUBA MOCTPOsSBAHETO
Ha KpuTepuii (KpUTHYHA 00JACT) ¢ MaKCUMaJlHa MOITHOCT € 3aTpyAHuTenHo. B Haxon ciy-
van, obade, ToBa cTaBa jiecto. B mpumep 10.1 ce Buxkma, 9e 3a BCUYKN “MeCHE " aITEpHATUBA
(¢ M.0. 0 - BHCOKO OT () perrerneTo 11ie &he CHIIOTO.

Omnpenenenne 10.1 Kazsame, ue kpumepuim e pasnomepuo wat - mowjen 3a dadeno muo-

HCECTN GO AAMEPHATMUBU, AKO mot e ONMUMaAEH 3G 6CIAKA aamepramuea noomt)mno.
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Taxa ma ¢urypa 10.2 e mokasan KpUTepuil, KOLTO € paBHOMEPHO Hail - MOILIEH 3a BCHUKN
“mecun aJTepHaTUBH.

IIpumep 10.3 Hexa Ho: £ € N(0,1), a Hy : £ € N(0,1), 0 - neuzsecmen napamemsp
¢ npouzsoaen 3nax. Hexa cue nanpasusu n nabaodenus. He cvwecmeysa pasuwomepuo nadi

- MOW,EH Kpumepuﬁ 34 MOo6a MHONMHCECT B0 AAMEPHATMUBU.

10.2.1 Pa3snpenesieHus, CBbp3aHII C HOPMAJITHOTO

Heka c.B &, 61,82, ..., & € N(0,1) ca Hesapucumm.

Omnpenenenne 10.2 Cayuaiinama eeauuuna n = Yo, £ wna pasnpedeaenue x*(n) ¢ n

Cmeneru Ha CBO60()CL.

Onpenenenne 10.3 Yacmuomo

_ &
Vi

wudemo & un ca dee nezasucunu ca.6. & € N(0,1) un € x*(n) ¢ n cmenenu na ceob6oda

uma paznpedesenue wa Cmiodenm T(n) ¢ n cmenenu wa ceoboda .

Onpenenenne 10.4 Yacmuomo

_{m
n/n’

wudemo & u n ca nezasucunu ca.6. & € Y*(m) un € x*(n) ¢ m un cmenenu na ceoboda

[

uma paznpedesenue wa Puwep F(m,n) ¢ m, n emenenu na ceoboda.

10.2.2 Kpurepunn Ha Puirep

Hexa mpoBepum xunoresaTa 3a paBEeHCTBO Ha NUCHEPCUU Ha [Be PA3IUYHU TeHEPATHU Chb-
BYIHOCTH (T.C.) ¢ HOPMAJTHO paslpenesierie Ha OCHOBaTa Ha HE3aBUCHMU M3BAIKW OT TAX C
pasMepn ny 1 Ny choTBeTHO. e mpennonoxum, ye cpenuuTe Ha MBETE TI'.C. Ca HEM3BECTHHU.
Ha obpazyBame cTaTHCTUKUTE:

ni 2

Sy =2 (wi—2), Sy =2 (w—y)"
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Besxa oT Tesn cTaTHCTUKN UMa XU-KBaJpaT paslpeneaeHue Y2, yMHOKEHO ChC ChOTBeTHATA
o?. Axo 3a mynesa usbepem xunoresata: Hy : o(z) = o(y), To gacTHOTO:

o S@n =1 )
S2)/(me— 1)~ ()

11e mMa pasnpenesnenne na Putrep c (n1 — 1) n (n2 — 1) CcTeleHn Ha cBoOoma ChoTBeTHO. | aka
€ M3MOJI3YBaHETO Ha Ta3W CTATUCTUKa MOXKEM Ja TTpoBepsBaMe HyJeBaTa XUIOTe3a CPETIy

Pa3/InyYHN aJITEPHAaTHUBA:

e 3a anrepuatusute Hy : o(x) < o(y) wm Hy : o(x) > o(y) xputepusT ie Obie
paBHOMEDPHO Hail - MOIIEH, caMO KPUTHYHNTE 00IaCTH Il ca OT Pa3JIndHU CTPaHi Ha
pasIpenenenneTo;

e 3a anreprnaruBata Hy : o(x) # o(y) He cblllecTBYBa PaBHOMEDPHO HAil - MOIIEH KPHUTe-

puii.

10.2.3 Kpurepuin Ha CTIOOEHT

Omnpenenennero 10.3 maBa BB3MOKHOCT cjlefl KaTo TabyanpaMe KBaHTHINTE Ha pas3lpenesie-
nneto Ha CTiomeHT 3a pas3iandyeH 6poil cTemeHn Ha cBoboma U HUBa Ha [OBEpHE, a Ch3IaleM
caenunTe Kputepun. [la pasriemame craTucTuKaTa:

N
Se)/(n —1)

=

Hexa cera mpemmonoxunm, ve mabmonenusata ca ot N(u,o?). Axo 3a mynesa mzbepem xu-
notesata: Hy : pt = 0, To cbriacHO TOBa olpenesieHre CTaTUCTUKATA ¢ 11le paslpeellenre Ha
Crronent meszaBucumo ot o. ToBa HE maBa BB3MOKHOCT [1a TIPOBepsBaMe HyJIeBaTa XUIIOTe3a
Cpely pa3iuvHu ajiTepHATHUBI:

o 3a anrepuatuBute Hy : p < 0 wan Hy : g > 0 xpurepust ie 6bie paBHOMEPHO Hail -
MOILIeH, CaMO KPUTUYIHATE o0JacTH 11l ca OT Pas3IuvyHu CTPpaHu Ha pa3ipenejeHneTo:

1
WM>O = {t > tl—a} = {i’ > —Sntl—a}v

NG

1
Wico={t <t} ={2 < ———=spt1-a},

NG

Tyx ¢ t, cve o3HaYmIM KBaHTWIa Ha pasnpenenenneTo Ha CTIONEHT ChC CHOTBETHHS
6poit crerenn Ha cBoboma. To e cuMeTpUYHO, KaKTO U HOPMAIIHOTO, Taka de t, = —t1_,.
pu rossim 6poit Ha HabmomernsaTa (cT.cB.) n > 120 pasnpenenennero wa CTOmeHT
KJIOHW KBbM CTaHIapTHO HOPMAJTHO, Taka 9e Te3W KPUTHIHEN 06IacTh ChBIagaT C Oll-
penenenute ¢ Gopmynu (10.1) u (10.2) mpw o = 1, samoro s, — o 1.c.
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e 3a antepuatuwBara Hp : p # 0 He chlllecTByBa paBHOMEPHO Hail - MOITIEH KPUTEPUIt, HO
MOXKEM Ila M3I0JI3yBaMe NOBEepUTEeTHUTe MHTepBaIn, KaKTo Ile BUAUM B clenBalliaTa

JIeKITI.



Tema 11

OnensaBaHe Ha mapaMeTpu

Ot ropauTe MpEMepH ce BUKIA, Y€ B KpaliHa CMeTKa W IBaTa pPasriefaln KPUTEPUs ce
n3paszsaBaT upe3 QYHKIUU OT HAOMIONEeHUsTa Ha M3BallKaTa — IMPHUETO € BCUYKN TaKnuBa
QyHKIUM na ce HapudatT cmamucmuku. MHOTO yecTo mMaMe OCHOBAHUS [a TTPEMIIONOKIM
33 HEM3BECTHOTO paslipelnefieHne Ha TeHepajHaTa ChbBKYITHOCT, Ye TO NpuTexKaba IMIbTHOCT
f(x,0), 3aBucema ot HemsBecTen mapameTsp 6. TakaBa (popma Ha TpencTaBsiHe Ha HAIINTe
AITPUOPHN TTO3HAHUS 111e HapudyaMme napamempuuna.

TyK e JageM CaMO HAKOW €JIEMEHTHU Ha TeopudTa Ha TOYKOBUTE OLEHKN. Hle oIpene-
JUM HAKOW TEXHU INPUATHU KaveCTBa — HEM3MECTEHOCT, queKTI/IBHOCT 1 CBbCTOATEIHOCT. Hle
IIOKaXKeM, Y€ HEe3MEeCTEeHNTEe OICHKN ¢ MUHMaJ/IHa AUCIIEPCUA Ca €¢OMHCTBECHN.

11.1 Omnpenenenns

Onpenenenune 11.1 Hapuuane dpynryus na npasdonodobue f(x,0) navmuocmma na nab-

JL?O()CLBCLHCLmCL CAa.6. f, Ko2amo mia 3a6UcCu om HEUIBECTNEH NAPAMEMBP.

N

Onpenenenune 11.2 Kazeame, we cmamucmurama 6 = 0(xq,x2,...,2,) € ouenka na na-

N

pamemspa 0, axo 8 ne 3asucu om cmotinocmma wa napamemspa.

N

Onpenenenune 11.3 Kazeame, uwe oyenwama 0 = O(xy,xa,...,2,) na napamemspa 0 e

neuzmecmena, axo E0 =40,

PEL36I/IpEL C€, B TOBa ollpeaeJiIicHne ce CHnTa, 4€ MaTEMaTNYECKOTO O9aKBaHe Ce CMATa ITpn
CTOMHOCT Ha HEW3BECTHUI ITapaMeThbp TOYHO paBHa Ha 9. HEL pasrjiefjaMe CTaTUCTUKaTa
x. Tsa OYUEeBUOHO € Heu3MeCTeHa OIECHKa Ha MaTeéMaTHUYeCKOTO OYaKBaHE IIpH IIPOM3BOJIHO
pasnpeneiicine Ha IreiepaliiaTa CbBKYITHOCT.
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N

Omnpenenenne 11.4 Kazsane, ue oyenxama 6 nwa napamemvpa 0 e epexmusna, arxo e ¢

MUHUMAAHA ()UCHGpCUH Cpﬁ() BCUUYKU HEUSMECTMEHY OUYEHKU HA TNO3U NAPAMEMTBP.

Omupenenenne 11.5 Kazsame, ue peduyama om cmamucmuru 0, € ¢»Cmogmeana oyenka

5P
na napamemspa 0, arxo 8, — 0 npu yseauuwasane wa 6pos n wa nabarodenusma.

C’BHIGCTByBEL 1 TIO-CUJIEH BapUaHT, CTpora ChbCTOATETHOCT, KBAECTO CXOONMMOCTTa € II.C.

11.2 JloBepurTejgHu objIacT U MHTEpBaJIN

Bu3nuksa mHeobxommmocTTa Ha HallpaBUM CTATUCTUYECKN U3BOMN 3a HEM3BECTHHs Hapame-
Tbp. ENIHO ecTecTBEHO 3akifoueHne 3a YUCIOB MapaMeTbp Ou 6MII0 TBBPHEHWE 3a MPUHA-
JEKHOCTTA Ha HEM3BECTHUS TapaMeThp KbM HAKosa obinact. Hapuaame TakaBa obimact dose-
pumeana, a BEpoATHOCTTA Ha TBBPACHUETO dosepumenna. ICHO €, 4e KOIKOTO TO-ITHPOKa
e obiracTTa, TOIKOBA MO-BEPOSTHO € HEM3BECTHUS TapaMeThp la momanHe B Hero. FKcrect-
BeHo OM OWMJIO Nla MoOMCKaMe M TYK HSKaKBa ONTHUMAalIHOCT — HalpuMmep, objlacTTa lla UMa
MUHUMaIeH obeM Npu GuKcupaHa BeposiTHOCT. KoraTo roBopum 3a emHOMEpeH mapaMeThp,
ce WHTepecyBaMe OT [IOBEPUTETHN UHTEPBAIU ¢ MUHUMAJHA AbIKAHA.

B raxaBa mocTaHOBKa 3amavara MHOTO mpuinda Ha JiemaTa Ha Heiiman - [Hupceba. [bp-
BOHAYAJIHO 1€ TTOCTPONM [0oBepuTeaHa o0jlacT 3a HabIioneHneTo, Taka Ye Ts la UMa MUHU-
MaJsier obeM. B nociencTsue (Ipu TOAXOMAIIN YCIOBHS) T 1€ Ce TPEBbPHE B NOBEPUTETHA
obytacT 3a MmapameTbpa.

Jlema 11.1 Hexra e dadena cemeiicmsomo navmuocmu f(x,0). Toeasa pewenuemo na

pasznpedesumeanama 3a0aua;

inf/ dr npu gurcupano a:/ fla,0)dx
U Ju U
ce dasa om yeaosuemo U = {x : f(x,0) > ¢} npu nodrodswo nodépano c.

HokaszaTescTBo: AGCOTIOTHO CHINIOTO KaTO Ha OpUTHHaIHaTa JjieMa.l

Hexa cera pemraBame 3amadaTa B clydas, KOTaTo
flz,0) = f(x — 0) — T.e. pasnpenenenneTo e M3BECT-
HO ¢ TOYHOCT /10 HEU3BECTeH MapaMeThp Ha jokanusd. OT
/ JAeMaTa CJelBa, 9e B eIHOMEPHIS C/Tydail, KOraTo IMaMe
/ VHUMOIAIHO paslpenesienne, TpAoBa [1a MOCTPOUM JOBE-
pPUTENHNA WHTEepBa Taka, 4e IIHTHOCTTa a Obhe paBHa
= ! L, B gBara Kpas. OOMKHOBEHO TOBa € IOCTATBHYHO 3a IIPO-

BepKa Ha OITUMAaJHOCTTAa (MI/IHI/IMELJIHELTEL I[T:JI)KI/IHEL) Ha
Purypa 11.1: JloBeputenen mHTep- TaKa HOCTPOCHUA NOBEPUTEJICH MHTEPBAJI.

BaJl
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IIpumep 11.1 Hexa £ € N(0,1). Herxa cme wanpasuau n wabaodenus. Hamepeme onmu-

maana dosepumenna ooaacm 3a 0.

Pemntenune Cratucrukata T mMa pasipeneiieHne N(@, %) HoBepurtenna obacT 3a T MOKe
ma opme

&= 0] < z/\/(n).

Tyxk z ce onpenenst ot ypasuenneto $(r) — ¢(—x) =1 — a u ce mapuua deycmpanen k6an-
mu.4 Ha HOPMAJIHOTO pas3lpelielleHre 3a KPpUTHYHO HUBO «. T'aka MOCTpOeHUs NOBepUTeseH
WHTepBal YIOBIETBOPABA PABEHCTBOTO: ¢(x) = ¢(—x), KoeTo cremBa oT mema 11.1 mw e ¢
MUHUMaJHa AbakuHa. W

IIpumep 11.2 Hexa £ € N(0,0). Herxa cme wanpasuau n wabaodenus. Hamepeme onmu-

maana dosepumenna ooaacm 3a 0.

Pemenue Crarucrukara S? = Y0 | 27 uma pasupenenenue 6y> (onpenenenue 10.2). Or

nema 11.1 cJiedBa, 4€ NOBEPUTETHA obracT ¢ MUHIMAJIHA, OBJIZKHa 3a f ce daBa OT HEPpaBEH-

cTBaTa: 9

Tyk KBaHTHINTE Ha Y -pasmpenereHneTo ¢, ¢, ce onpenensT oT ypaBHEHUATa
Flg)+1—F(q) = «,
fla) = flqu),

kbaeTo F'u f ca chorBeTHO QYHKIUATA Ha pasupeneleHne I b THOCTTa Ha X 2-pa3npeneseHue
¢ n crenenn Ha cBobona. W

Ila or6enexnm, 4e Ha TPAKTHKa TakKa ONpPENe/eHns NHTEPBA (¢ MIHUMaTHA AHIKIHA)
ce m3nonsyBa psanko. [lo-decto ce mpupaBHIBAT BEpOSTHOCTUTE Ha ABeTe omamki: F(q) =
1 — F(gy) = a/2. Taka kBanTUINTE ce B3eMaT HAalpaBoO OT TabIHWIaTa.

IMpumep 11.3 Hexa & € N(0,0?). Hexa cue nanpasuiu n nabawodenus. Hamepeme onmu-

maana dosepumeana obaacm 3a 0. Tyx emopug napamemsp o ce CMAMA 34 HEUZEECMEN.

Pemenne Cratnctukara t = /n(z — 0)/s numa T-pasupenenenne ¢ (n — 1) crenenn ma
cBoboma M TOBa paslipefiesieHne He 3aBUcKH oT 0. ['yK cMe o3HaumIm
1
2 12
s°(x) = —Z(Q?Z—l‘) )
n—1

Ot sema 11.1 crenBa, 4e onTuMaiHaTa JoBepuTeaHa obmacT 3a 6 e

&= 0] < t1apas/r/(n = 1).

Tyx t ce onpenesst ot ypasuenmero F'(x)—F(—x) = 1 —a u ce napuaa deéycmpanen xkeanmua
Ha T'-pasnpenenenme ¢ n — 1 cremenn Ha cBobONA 3a KPUTUYHO HUBO «v. T'aka MOCTpOEHUs
NoBepUTETEH MHTEpBal yAOBIeTBOpsiBa paBerncTBoTo: ['(2) = F'(—2), koeTo ciensa or cu-
MEeTPUYHOCTTa Ha TIIHTHOCTTA 1, CIIEIOBATE/THO, € ¢ MUHUMaJdHa OblxknHa. W
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11.3 H.O.M.I.

B Tasn CeKIIUA I11e JOKaxKeM INB€ TCOPEMU 3a HEU3MEeCTCHUTE OICHKN, KOUTO OTpa3siaBaT TAX-
HOTO 3Ha4deHHeEe.

Teopema 11.1 (Pao - Baeryea) Heusmeemenama oyenra ¢ munumaana duenepeus (u.0.m.d.)

e eduncmeena (n.c.).

HokazaTencTBo: C(renBa jlecno oT cBoWCcTBaTa Ha mpoeknusTa. locTarnbuno e ma or-
penennM BLPXY BCUYKH ONEHKN XUIOEPTOBO MPOCTPAHCTBO CHC CKAJapHO IMPOW3BENeHIe
(U,V) = EUV u na pasriename adpuHHOTO TOANPOCTPAHCTBO Ha HEM3MECTEHUTE ONEHK:
EV = 0. Heka cera V e m.o.m.a. Ila momycneM de chbIllecTBYBa Ipyra HEM3MeCTEHa OIEHKA

U. Hexa H=U — V. Torasa

E(V+AH) =0

, T.e. onenkata V + AH e memsmecTena.

|V + AH — 0E|* = ||V — 0E||> + 2AE H(V — 0E) + || H|]\*.

Toit xato V e m.o.M.1I., TopHaTa KBagpaTndHa (PYHKINI Ha A TpAOBa Ha MMa MIHIMYM
mpu A = 0. Ako V e cbiio ¢ Mmunnmasina gucnepcus, To Torasa ||H|| = 0 u nBere onenkn
c¢bBagaT 1mI.c. W

11.4 HepaBencTBo Ha Pao - Kpamep

TyK re mpenrmnoJsiaraMe, 4e HEL6JHOI[ELBELHELTEL CJI.B. IpUTe€XKaBa IIIBTHOCT N IIIE NOKaXKEM €I1HO
3HaMEHNTO HEPaBEHCTBO.

Teopema 11.2 (Pao - Kpamep) Axo 0 e ednomepen napamemsp u npasdonododuemo

f(xz,0) ydosaemeopsea:

1. f(x,0)>0, z€X;

2. f(x,0) npumencasa npouzeoduu no 0, x € X;

3. cvuecmeyea E((alggf)Q) < 0o

N

4. 0 e neusmecmena oyenra na 0, marasa we E0* < oo,
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mo ¢ BCLJLU()HO cm%?nomo HEPABEHCINGO!

. 1
D(9) > — .
(e
IIpu mosa, pasencmeo ce docmuea camo axo
9log f(2,0) _ k(0)(0 — 0).

00

3a nokasatenctBoTo Bk Hampumep [Auen, Humurpos (1990)].

(11.1)

(11.2)

FOpHI/ITe ABe TeopeMU NaBaT JIECHO CpedCTBO 3a IIPOBEPKa Ha queKTI/IBHOCTTEL Ha Ool€HKUTEe
- JOCTAaTBHYHO € Na C€ NOCTUTHE PaBEHCTBO B HEPABEHCTBOTO Ha Pao - KpaMep, T.e. Ja 613,[[6

m3IBIHEHo pasencTBoTo (11.2).



Tema 12

XQ-KpI/ITepI/If/i

To3u 3HaAMEHUT KPUTEPHUl BCHIIHOCT € ChBOKYIHOCT OT CTATUCTHYECKU IIPOLELYyPH OCHO-
BaHW Ha CBOICTBaTa Ha Y2 paslpeleleHHeTo. B Tasm fexmus Ie ce 3allo3HaeM C IBaTa
Hall-[OMYJIAPHU B IIpaKTUKaTa KPUTEPUI - 38 ChIJIaCyBaHOCT Ha PaslIpeleleHns U 3a aHaIn3
Ha (OByMepHN) 4eCTOTHN TabIHIH.

12.1 CwpriacyBaHOCT Ha paslpeneieHns

B muoro cnywam mamHuTE ca NpencTaBeHM BBB BUI Ha XUCTOIpaMa WM ca TPYIUPaHU B
ompenesieHn KaTeropuum — Taka, HalpuMep, Te ce NaBaT B CTATUCTUYECKUS TONWIITHUK Ha
Peny6nuka boarapus. 3a ma MoxkeMm 1 3a TaKWBa MaHHU f1a TTPOBEPsSBaMe CHIITacHe C TaeHO
TeOpeTHYHO paslpeelcHie ce U3H0A3yBa T.H. Y -KpUTepuii.

60 T T T Hexa nm e 3amamena HAKakBa TeopeTUYHA MIHT-
50 . HOCT p(x) M MMaMe 3a 3ajada fa TTPOBEPUM ChIla-
40 . CyBaHOCTTa i ¢ m3BagkaTa. Heka pasmomarame c n
30 7] HaOmoneHns. PasnesiMe MHOXeCTBOTO OT CTOMHOC-
20 7] TH Ha CJT.B. (MW HOCUTENS Ha MILTHOCTTA) Ha k MH-
10 1= | 7 TepBan H;, Taka we p; = [y p(x)de > 0 u np; > 5.
0 ToBa m3mckBaHe e BaxHO. lloHdKOTra ce Hasara Hi-

10 15 20 25 30 35
KOW MHTEPBJIN 1a ce obennHsaBaT 3a Ja MOKe TO Ia ce

®urypa 12.1: ynoBiaeTBopu. CBINleCTBYBa W BapUaHT, KOTaTO WH-
TepBanTe ce n3bUpaT PBHOBEPOATHH, T.€. P; = Pj.

Hexa osmaunm ¢ 1, 6p0$1 Ha HEL6JIIOI[6HI/I$ITEL IIOoITaJHaJI1 B Hz HpeCMﬂTaMe CTaTHCTHKaTa

h= zk: (npi = )" (12.1)

Teopema 12.1 (llupcwvn) Cmamucmurama h uma acumnmomuuno (npu n — 00) pasn-

pedeaenue Y2 ¢ k — 1 emenenu na ceo6oda.

57
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HokasarencTBo: CTpororo nokKa3aTeacTBO € TBBpIE TPYJOEMKO. 3aToBa TYK e TMOoKa-
KeM camo uzesTa. Besko ot cwbupaemute B (12.1) npencrasnssa KBajgpaTa Ha HEHTpUpaHa
acUMIITOTHYHO HopMasHa ci.B. leiictBurenno, np; = En;. 3a chxanenne, Tesn Besmaunm
ca 3aBucnmu — y_n; = n. OkasBa ce, 4e yCJIOBHOTO paslipefeseHne Ha CJ1. FaycoB BEKTOP
£ € N(0,1)B R" pu ycnosue (£,1) = 0 e ¢BIOTO KATO aCHMITOTHIHOTO CHBMECTHO pasll-
penesnenye Ha C1.B. N;, COTBETHO NeHTPUpaHn 1 HopMupanu. M

ChImugaT KpUTEPUI MOKe C YCIEX [a Ce M3I0I3yBa U IPH CPaBHIBAHETO Ha IBE He3aBUCHMI
M3BaIKIL.

12.2 He3aBucumocT Ha 4yacTOTHU TabJInIIm

B mmoro cliydan JaHHUTE ce CYMUpPaT B TakKa HAPpEYECHUTE YaCTOTHI TEL6JH/IHI/I. Hexa 3a Bcexn
0bexT (HEL6JHOI[6HI/I€) cu oTOelIg3BaMe IIposdBaTa Ha HAKAKBU IIPpU3HaAIN. Axo IpuU3HaluTe Ca
IBa MOZKEM [Ta CyMHUpaMe HEL6JIIOI[6HI/I$ITEL Cl1 B TEL6JH/IHEL.

Ile MTIIOCTpUpaMe KOHIETTINATa CbC CACOIHUA IIPpUMED.

IIpumep 12.1 (The Case of Luddersby Hall) Edun den emydenmume om edno obwencu-
mue 6 Aneaus macoso zanounasu da nospwvwam. Meduyunckume anaqusu na Gexasuume
UM NOKAZAAU Y MHO20 OM MAT HAAUYUEMO HA OAKMEPUU caimoneda. Bwvanurnaio nodos-
penue 3a gdenwemo om npedwama eeweps. Cymapuume dawnu na écuurxume 104 emydenma

ouAL 3anucany 6 caednwama mabauyda.

Csuncko | 3enen dacyn | Topra ¢ aumon
[ToBpnIIa 39 33 63
Hocuten 14 4 17
3npaBn 9 5 7

CMuCHLIBT I e ciaequuaT. Beekn ¢TymeHT Moke fa TolagHe B caMO €INH Pefl: MOBPhIIA,
HOCUTEN — HE MOBPBITa, HO MMa baKTepun, U 3ApaB — HUTO € TTOBPBITTAl, HUTO MMa baK Tepun.
[To cTniboBe cuTyanusTa e mo-cioxna. Beeku cryment e s nnm COBnncko mwinm 3eser Gacyil,
HO TTIOBeYeTO ca XalHaan u mecepT. [luTa ce, MoxkeM 51 1o Te3n MaHHn 1a OTKPUEM IpUIrnHaATa
32 MHPEeKIusITa.

[le pasnenum 3amavaTa Ha CAEOHATE O3 0a49l, KaTO pasrjenaMe OOTIeTHO TPUTE Bh3-
MOXKHN Orona:

1. cBuHCKO, 2. 3emen dacym, 3. mecepT.

3a BCSIKO OT TsIX HEUE MOXKEM [a W3BJledeM OT TopHaTa Tabiuma non-Tabianma, B KOSTO 1a
sanuiieM nHOPMAIUATA 3a 4-Te pasaudHu KaTeropun cTynenTn {si, wesn } X {6osen, 3apas }.
3a Gomum 1Me cMATaMe CTYIEHTUTE, KONTO MOBPHIAT W TE€3U KOMTO mMaT OakTepuu. Taxa
nosydaBamMe claefHuTe TPU TMONTAOTMIKN:



12.2. 10OADVUIVIUUL 1A 1AULI UL OV 1 ADJMYIILVE

Caurcko Pacyn
dn | He a1 | Bernuko dn | He an | Benuko
boHn 53 37 90 boHn 37 53 90
3MpaBud 9 5 14 3MpaBud 5 9 14
Benuko | 62 42 104 Benuko | 42 62 104
Topra

dn | He a1 | Bernuko

6oHN 80 10 90

3apaBu 7 7 14

Benuko | 87 17 104

Cera mexa 3a Bcaka oT TabmuuxkuTe cu GopMyIrpaMe 3ajladaTa B TEPMUHN Ha TPOBEPKA
Ha CTATUCTHYECKaTa XUIOTe3a:

HO c dBaTa HEL6JIIOI[ELBELHI/I IIpHU3HaKa Ca HE3aBUCUMU

Cperly aJTepHaTUBaTa:
H1 . IPpU3HalliTe Ca 3aBUCHUMU.

[IpueTo e mpoBepKaTa Ha TakaBa XHIOTE3a Jla Ce IpaBU IO CIEIHIS HadlH. Heka o3HadqmM ¢

Pij BEPOATHOCTTA CJIydaliHo u3bpaH CTYIEHT a Tonaine B KieTkaTa (i, j) Ha Tabaunara. Ho

ToraBa, ako IpHU3HAIITE 6IXa HEe3aBUCHME, 61 TPAOBAJIO Ta3! BEPOATHOCT a € IPON3BeNeHIe
Ll ) "o ]

OT JIBeTe MapTHHATHI BePOATHOCTIL pi = (3o pik) U P = (Xk Pr.j)-

Taka momygyaBaMe JiBe U3BAIbYHU pa3lpeliesIeHIs], 3a ChIIACYBAHOCTTA Ha KOMTO MOKEM
na usnonsyBame Y -kpurepuii. Hexa nbpBusaT npussax uma k, a BTOPUAT — 1M KaTErOPUI.
Ha mpecmeTHEM CcTATUCTUKATA:

(nn;n;’ — ni7j)2

(12.2)

h=YY

1o 1
=1 7=1 nnln]

. [ .. no__ . ..
Tyx eme osmaummm: n; = (3, ni;) m n! = (3, n;;). llpm msnbimena xunoresa Ho, T4 nma
acumnToTHaHo (IIpw roasMo n) pasnpenenenne X2 ¢ (k — 1)(m — 1) crenenn nma cobona.
Koraro xmmoTesara e HapyllleHa 061 TpsAOBajo HEHNTE CTONHOCTH Ma HapacTHaT. Taka

KpuUuTepudaT € ¢ IACHa KPpUTUYHA obnact.

AKko ce BbpHEM KbM HAINS TIPUMED, THPBO IITe 3a- 1 I I I I
OenexxnM, 4e mbpBaTa M BTOpaTa TabIUIu I1e Tpo-
n3BenaT efHa U Cbllla CTAaTUCTUKA U, CIedoBaTeTHO,
He e HeoOXONMMO Ila pecMsiTaMe U OBeTe MooTel-
no. Ille Tpsa6sa nma paborum ¢ Y? pasupeneneHue c
1 crenen na cBobona. HeroBara miubTHOCT € maneHa

I i
0 1 2 3 4 5

Ha ¢urypara, a 0.95 kBanTusa my e paser 3.84. Ta- 0
Ka, KOTaTo CTaTUCTHKaTa h, mpecMeTHaTa 1o (Hop-

mya (12.2), maaxBbpanm KpuTudHaTa CTOMHOCT 3.84 Purypa 12.2: y{
6u TpAOBasio Ma OTXBLPINM HyJeBaTa XUIOTE3a.

3a mppBaTa (1 BTOpaTa) TabGIMYKN CTOMHOCTTA Ha cTaTUCTUKaTa h e paBaa ma 0.1466.
CrenoBaTemHo He MOXeM [a OTXBBPINM HyJleBaTa Xunores3a. 1ToBa 3Ha4m, 4e BUAa Ha KOH-
CYMUPAHOTO MIBPBO GIITONO He BIINsE Ha 3apa3eHoCTTa.
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3a Tperarta Tabanuka obavye, CTOMHOCTTa Ha cTaTucTukaTta h e pasua ma 13.3994. Cie-
noBaTesTHO TpsbBa na OTXBBPINM XHUIMOTe3aTa 3a He3aBUCUMOCT. 'bil KaTo mpomnoprusTa
Ha 3aboylesuTe € TO-BUCOKa TpU SJNTe TOPpTa, CledBa Ma 3akKioYnM, 4e TopTaTa e Omira
U3TOYHUK Ha WHPEKIUATA.



Tema 13

PeI‘peCI/IOHeH AHAJIN3

Tasu crarucTudecka nporienypa e Hail - craparta i, Moxke 01, Hail - monyaspraaTta. TepMuabT
“perpecus® e BLBeneH oT anrsmuitckus anTponosor d.I'amTon BLB Bpb3Ka ¢ OTKpUTaTa OT
HEero TeHEHIN CHHOBETE Ha POMUTENN C PBCT MO - BUCOK OT HOPMAJTHUS, a UMAT PHCT O
- 6au3o mo cpemmaTa croiinocT. Tosn ¢axT ['amron mapexni “regression to mediocrity”.

PereCI/IOHHI/IﬂT aHaJIl3 HaMHUpa Hall - 9ecTo IpUJIIOKEHNE 3a M3CJIeABaHe Ha IMPUYMHHO -
CJIeNCTBEHN BPB3KMU. Tolt nm mo3BoIgBa Oa IIpoBepiABaMe XUIIOTE3W 3a HaJINYNEeTO Ha TaKaBa
BPB3Ka I da s OolleHABaMe KOJIMYEeCTBECHO.

MNsnoxenoro B Tasu JeKInsd € He3HaYNUTe/IHa YacT OT TeOopudaTa, IIOCBETEHa Ha InHelHaTa
perpecuda n noidCcHABa NOHAKBIE CaMO TOBa, KOETO € 3a/I0KEHO B Hait - IIPOCTUTE pErpeECNOHHN
opouenypu. Ha nHTEpECYBalllud C€ YUTaTe/l TOpeio MnpenopbiBaMe KIIaCUMYECKUTE KHUTU

[CeGep (1976)] u [[peitnep, Cymut (1973)].

Hexa HEL6JHOI[ELBELHI/IT6 IIPOMEHJINBU Ca MHOI'O M €Ha OT TAX € HaTOBap€Ha C 110 - ocobe-
HO CMUCJIOBO ChbObpzKaHUE. OTI[GJIGHELTEL IIPpOMEH/INBa II1€ HapHU4YaMe 3aBUCHUMa MJIN OTKJINK.
OCTELHELJH/ITG — He€3aBUCHUMHU WJIN IIPpEeOUKTOPH. IlocTaBame cu CJIEJHUTE BBIIPOCH:

1. I[ELJH/I CTOMHOCTHUTE Ha OTKJINKa Ce BAUIIT WM 3aBUCAT OT OCTaHAIATE HpOMeHJH/IBI/I?

2. KakBa e QpyHKIMOHAIHATA BPb3Ka MEKIY CTONHOCTUTE Ha MTPOMEHIUBUATE (T.e. MOXKE
i ma ce m3bepe MOTIEN Ha 3aBUCHMOCTTA 1 OLEHAT mapaMeTpuTe My )?

3. Hokomnko momydenara Bph3Ka OTTOBaps Ha AEfCTBUTETHOCTTa (MJIN MOKOIKO MONETHT
e afeKBaTem)?

4. KakBo MozxeM Jla odakBaMe OT OTKJINKa IIPU 3a/1alleHd HOBY CTONHOCTH Ha IMPEINKTO-
puTe (3amada 3a TPoOruos3)?

Hue 111e m3Benem Bcuukm CBOMCTBaA Ha JIMHeTHaTa perpecust oT obIIInTe CBONCTBa Ha T'ayCo-
BOTO pasmpeniesierre. bommmHCTBOTO CTATUCTUYECKN TPOTpamMu paboTsIT 110 Te3u PopMyJIn,
U3BeNleHN B MPEIONIOKEHNE 3a TayCOBO paslpeneiieHne Ha rperikaTa. [IpakTukara, obaue,
MoKa3Ba, Y€ TOBa OorpaHMYeHMe flajied He BUHArW € IMPABIONONO0HO, I'bK U pe3yiTaTuTe IMo-
JIYYeHW ¢ Hero — He BUHArW yIOBJICTBOPUTETHMN.

61
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13.1 JIunenHU MoIejil ¢ raycoBa I'pelika

B nsnara neknus mataThK e mpennonarame, ge € € N(0,0%1), T.e. we rpemkuTe oT Hab-
TONEHWSITA Ca HE3aBUCUMU, €MHAKBO paslpenesieHn rayCoBHU CII.B. ¢ HyJleBa cpefHa. Ja Hab-
JIOJIEHUsATa Y 1le TpeanogaramMe,de ¢ u3l'bJaHeH CIeTHUsT MOOe:

y = z-+e (13.1)

3a menssectuoto z = Ey ce npenmnomnara, ve z € 7 — auHeiHO TOANpocTpancTBo Ha R” ¢
pasmeprocT k. ToBa Ha MpbB MOTIIEN CTPAHHO MPENNOIOKEHNE Ce OKa3Ba MHOTO YIOGHO OT
TeopeTUYHa IJefHa TOYKa — BCUYKM JUHEHHU MOMENN JEeCHO ce BIUCBAT B HEro.

B JOJIHaTa TeopeEMa Ca CyMUpPpaH cBOIICTBaTa Ha OLNEHKNTE, KOUTO CJIeABaT OT I'ayCOBOTO
pa3nnpenciicHne Ha €.

Teopema 13.1 53a modeaa (13.1) ca usnwvanenu ceoticmeama:

2 ce noaywasam no JI/LGmO()CL Ha Hat

a. JI/LCLK‘CUJI/LCLJLHO-anLB()0710()067—“”716 OUEHKU HA Z U T
- MAAKUNE K‘BCL()pCLmU.’

j = argmin ||z — y[|*
z€Y

7 —y|%

1

6% = —|

n

6. 6exkmopume Y u Yy — Y €4 OPMOLOHAANU U OYEHKUME [ U Y — § €A HE3ABUCUMU.

6. cmamucmurama ||§ — y||* uma pasnpedeaenue o?x*(n — k);

HOKaBaTe.TICTBO! Benukn TBHPACHUA Ca IIPAKO CIEeNCTBUE OT OlpeHe/IcHnATa Ha MaKCH-
MaJIHO - HpaBI[OHOI[O6HI/IT€ OI€EHKN B I'ayCOBUA CJIy‘IELfI. |

AKO ce HaMoKK [a TIPEANONOKIM PasInIHy TUCTIEPCHN 3a HabIIOIeHUsTa, HAllpUMep, ¢ €
N(0,0*W), To B TOpHITE TBBPIEHHS TPOCTO TPAOBA Mla 3aMEHMM CKaJlapHOTO IIPOU3BeleHne
1 HOpMaTa:

a'y ='Wy, |]|* = W,

Torasa TBHPACHUATA Ha TeopeEMaTa U BCUYKN TTocJIeABallln TBHPACHUA OCTaBaT Oe3 m3MeHe-
H11E.

B mpaxkTukara vecTo BB3HUKBa HEOOXOMMMOCTTA OT CpaBHsSBaHE Ha PAa3IUYHU MOMEIIN.
Enno cpencTBo 3a ToBa HE maBa cilemHaTa TeopeMa oT HopMasHaTa Teopus. llle oznaunm ¢
Hyz nuneitaus mpoekTop BBHPXY HommpocTpancTtBoTo Z: Hz(y) = .

Teopema 13.2 Hexa ce naaaea da nposepum runomesama

Hy:z € Zy cpewy zunomezama Hy : z € 71\ Zy,
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kwvdemo Zo C 71 ca aunetinu nodnpocmpancmea na R* ¢ pazauunu pazmeprocmu k < m

cwvomeemuno. Toeasa rpumudyrnama obaacm ce onpe(9e</L£ om HEPABEHCMEGO0INO!

Ny = wol 2/ (m — k)

m—kn—m — > F_a, 13.2
It = = P =) (13:2)

KAMo cmamucmukama fo,_g,—m, npu usnwvanena Hy, una paznpedeaenue na Puwep ¢ m—k
un—m cmenenu na céovoda, a Fi_, e keanwmua na mosa paznpedeaenue. C'y; cme 03nauuau

npoexyuume wa y ewvpry L, (1 =0,1).

HOKaBaTeﬂCTBO: q)OpMELTEL Ha obmacTTa cJiedBa OT IPUHIONWIIa 3a OTHOIICHNE Ha IIPpaBdO-

monoomA:
sup L(y—Z,O‘) || . ||
)\( ) — Z€Z07U — y yl )n
sup L(y —2,0)  |ly — vol|
z2€EZ1,0

[IpoBepkaTa Ha HEPaBeHCTBOTO A(Y) > ¢ € eKBHBaJeHTHA Ha KPUTHIHATA 0OTACT ONpere-
nera or HepaBerncTBoTO (13.2). TBBpaeHneTo 32 pasnpenenenneTo € MPSKO CIENCTBHE OT
TeopeMmaTa Ha KokpbH min ot [IutaropoBara Teopema:

ly = voll* = |y — vl + |1y — wol*- (13.3)

Korato kbM Monerna (13.1) mobaBsive mpennonokenns 3a mapaMeTpU3anus Ha 7, Moy da-
BaMe pasimuHuTe QGOpMH Ha, T.H. B JUTepaTypaTa, OOl JUHEeeH MOoAes ¢ raycoBa I'pelika.
Hsxoun ot Tax 1mie pasriename cera.

13.2 HopwmasHa JuHellHa perpecmus

Hexa n3cjaeIBaHIAT MOIOEJ € OT BHIOa

y=Xa+e, (13.4)

kbrero y,e € R, a € R™, X € R* x R™, rpetukute e € N(0,0*I). Tyk y u X ca mabmogpe-

HUATa, a 0'2 I d Ca HEU3BECTHH.

Teopema 13.3 (layc - Mapros) Axo X uma nwvaen pane m, ouenkama 3a neu3eecmuume

napamempu ¢ no memoda wa wat - maskume Keadpamu e

(X' X)Xy (13.5)

x>
|

x>
~—
Il

(X' X)™! (13.6)

cov(
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Ouemmma a e HEUSMECTNEH, 6¢6K‘mU6HQ u cwsncu?a C oyeHrama no JVLGTI’LO()CL HA MAKCU-

Ma.arno npasdonodobue.

HokaszaTescTBo: MeTonbT Ha Hall - MaJKnTe KBaApaTH B CIydas HI YII 1a THPCAM MU-
HuMyM Ha ||y — Xa||2, KOeTO ChBIada ¢ TBbpAeHHe a. Ha TeopeMa 13.1 u, ciemoBartesHo,
pellleHnsTa Ha OBaTa MeToma chbBmanaT. llogmpocTpamcTBoTro Z = Xa e auneiina KoMOnmHa-
unst na Kosorute Ha X. Torasa npoexktopbT Hy uma Buna Hy = X(X’X)_IX’. Onenkata
@ 3a @ e TIPOCTO pellierne Ha ypashennero § = Xa,T.e. cbBrama ¢ pasenctoTo (13.5). Tosa
pellienne ChIIeCTBYBa I € eIUHCTBEHO MOpaan MHLIHNS paHr Ha X.

Kato samectum y B (13.5) momyuaBame
a=a-+ (X/X)_leé,

KOeTO Bjlede Hem3MecTeHOCTTa Ha ¢. OT CBbIIoTO IpencTaBine cjledBa U IPeIcTaBIHeTO Ha
cov(a) B (13.6). m
OT Teopema 13.1 Bemmara mosydapaMe, de Hem3MecTeHa OleHKa Ha 02 IIe MOIYUHM IO

popmyaara:

2 (13.7)

. 1
2= ||y — Xa
o n_klly a

Tasn onenka, obave, He € MaKCUMaJTHO TpaBAoONonobHa.



Tema 14

IIpoBepknu Ha xumore3m B perpecusara

B Tasu nmeknus 1re ekcrnoatupame 6esmnoianio Teopema 13.2 u 1ie KOHCTpyUpaMe MHOKeEC-
TBO TIOMYJISIPHU XUTIOTE3W B JIMHeTHaTa perpecus. B HIKOM YacTHU cilydyan KOHCTPYUPaHUTE
NOBEPUTETHN 06TacTH (TOpaan eCTeCTBEHNTE “IIMPOKN “ alTepHATUBHN XUIOTESH) 1€ CTa-
HaT ¥ NOBEPUTEJHU WHTEPBAJIU 3a HEU3BECTHUTE ITapaMeTpPHu.

B rasu cexums e pasriename Momerna B ypasrenne (13.4) u mporenypaTa TpoanKTyBaHa
oT Teopema 13.3. ToBa 11e HU TOMOTHe TpW aHadM3a Ha APYru aHagoruuau momenu. [le
pasriielaMe HaKpaTKO XUIMOTe3UTe B pena, B KOUTO Te ce U3NOoI3yBaT Ha MPaKTHUKA.

14.1 Koedbunuent Ha geTepMUHAIINI

KoedurnenT na metrepMuHanms Win TPoBepKa Ha HAJIUYNETO HA JUHENHA BPB3Ka MeKIy X
ny.

Hexa pa3rjiegaMe perpeCuoHeH Moaesl CbC CBO6OI[€H YJIECH:

y:Xa—I—bf—l—e, (14.1)

—

KBIeTo b e “HoB“ HemsBecTeH mapaMeThp, a 1 e n-MepeH BekTop oT enmaumu. [a ce ommrame
Mla POBEPUM HaJIMUNETO Ha JnHelHa Bphska Mexkay X u y.

Hexa e Bapua xumorezata Hy : a = 0. EcrecTBenmara xontpa xumoresa e Hy : a # 0.
CrenmoBatenuo, Zy uma pasmepuocT k = 1, a Z; e ¢ pasmeproct m = dim(a) + 1. OT
Teopema 13.2 momygaBame, 9e KpuTUYHaTa 06JIacT 3a MpoBepKa Ha xumotesata Hy : z € 7
cpetty xunoresata Hy : z € Z1\Zy ce onpeniens oT HEPaBEHCTBOTO:

v = ol P/ (m — 1)
L TPy ey

KaTo npn usnbianena Hy cratuctukara F' € F(m —1,n —m).

> Fl—om

B IpUaoKHaTa CTATUCTUKa CbOTBETHUTE CYMI OT KBadpaTl UMaT IOIMYJIAPHI HaAMMEHO-
BaHWA, pa3sKpuBallll TAXHaTa POJISA B Ta3l IIPOBEPKa:
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n

SSR=|ly—wl|]’= Z(yz — ;) - Sum of Squares of Residuals
=1
SSM = |lyr — wol | = Z(y} —y)? - Sum of Squares due to the Model
=1
YacTtHOTO
o oSM
SSM + SSR

ce Hapmda Koe(pUIMEHT Ha JleTeEpMUHAINST U UMa CMUCHITa Ha KOepUIINEHT Ha KopeJTalnus —
KOJIKOTO TIO - GJIM3KO € [0 enuHunIaTa, TOJKOBa Mo “IeTepMuUHIpaH“ e MoOenbT.

HpOBepKaTa 3a paBE€HCTBO Ha HYJIa Ha R2 € I'bPBOTO I[eflCTBHe, KOoeToO m3cjienoBaTelldT
Tpﬂ6BEL Oa IIpegrnpueMe, KoraTo 3allodBa aHaJIll3a Ha HIKOI MOOeJI. Hamcruma TPYOHO MOXKEM
da €€ HalidBaMe, 4€ MOOe/I'LT € ,I];O6"bp7 aKO HiIMa 3HauMMa BPB3Ka MEXKOY NPpeduKTOopuTe u
OTKJ/INKa.

14.2 IIpoBepka 3a paBeHCTBO HA HYJIa Ha HAKON OT KO-

edpuinimenTuTe

Hexa e Bspma xuwmotesata Hy : a; = 0. EcrecTBenara xouTpa xunoresa e Hy : a3 # 0.
CrenoBatenuo, Zy uma pasmeproct k = dim(a) — 1, a Z; - pasmepuoct m = dim(a). Ot
TeopeMa 13.2 mosrygaBaMe, Ue oNTHUMajHaTa KpUTHIHa obiacT 3a mpoBepka Hy : z € Zg
cpetty xunoresata Hy : z € Z1\Zy ce onpeniens oT HEPaBEHCTBOTO:

N 2
ol =l

My = w2/ (n —m)

> Fl—om

KaTo npnu nsnbiarena Hy crarncrukara [ € F(1,n—m). Ho ToBa e kBampaT na t-pasnpenenenne,
OT KbAETO ToJIydaBaMe, de CTaTUCTUKNUTE

! 4 (14.2)
T = X 1 .
2 ! 1/2
G(X7 X))V
MaT pa3lpenejIeHne Ha CTIOI[GHT C N — m cTelleHn Ha CBO6OI[EL Ipu M3II'BJIHEHa XUIIOTE3a
HO a4, = 0 ]’:‘)CTGCTBGHO7 CbC CBIIOTO pa3lipede/IeHne ce IpecMATaT U JoOBepUTeTHUTE MH-
TepBajIill OKOJIO OICHKHUTE 3a HCHU3BECTHUTE ITapaMeTpu (HpI/I N3II'BJIHEHA Hl) TOBEL cJieBa
OT HEU3MECTEHOCTTa UM M OT TOBa, Y€ OLIECHKUTE Ha IMapaMeTpHUTEe HE 3aBUCAT OT OLlCHKaTa
Ha OucrepcudaTa.



14.9. UL 1AL DUY O/

14.3 AmHajaum3 Ha ocTaThIIITE

B rasm rpyma Bousar pasnuyHu, TIaBHO BU3YATHU CPENCTBA 3a MPOBEPKA Ha aJIEKBATHOCTTA
Ha Mofesra. Te ca OocCHOBaHW Ha pasindyHu Tpaduku - XmcTorpama, scatter plot, mopmasrma
XapTus.

® HOpMaJTHA XapPTHSs;

quantiles
HpOBepﬂBa ce IIpedIoJIOKEHNEeTO 3a HOPpMaJl- T T
HOCT Ha oCTaThIWTe. 3a TOBa MOXKe Ha Ce M3- 2r T 7
ToI3yBa OOMKHOBeHa XHMCTOrpamMa, HO MOXKe U é I ) e ]
T.0. HOpMastHa XapTus. CLOTBETHHUTE KBaH- 1L e s i
THUAN Ha TayCOBOTO paslpenesieHue. ce PUCy- 9L rekiduals
BaT IIO OTHOIIEHNE Ha BapUalUOHHUAT UM PEL. -3 L
CI/IJIHI/I NI 3aKOHOMEPHI OTKJ/IOHEHUS OT IIpa- -400 0 400
BaTa JIMHUA Ca CBUACTEJICTBO 3a HapyIIcHIE Ha
TOBa MIPEIIOIOKEHNE, durypa 14.1: Hopmanna xapTus
® XeTepo-CKeNaCTU4YHOCT, HeJII/IHefIHOCT;

TyK Bb3 OCHOBa Ha HapHUCYBaHUTE OCTaTbIU I'eSldugBlS C 1 T o
O OTHOIIeHNe Ha HAKON IpeqnuKTOpP C€ IIPOo- 9250 L - - h
BeEpsABa IIPEAINOJIOKEHNETO 3a IMOCTOAHCTBO Ha
MUcrepcnsiTa — Ta He TpgabBa ma 3aBUCH OT 0 ST T
CTOMHOCTTA Ha TMTPEINKTOPA. 20 - T

_500 - predictor
PEL?)HOJIO)KGHI/IG Ha OCTaThOUTE B OIIpEICII€EHA 5(;0 6(;0

HEIWHEWHOCT TOBOPH 3a HEOOXOMUMOCT OT TIpe-
pa3riaexkmane Ha Moaesa 1 BKJIIOIYBaAHETO B HETO
Ha HAKOSA TIOAXONsdlia (QyHKIINS Ha TO3U TIpe- Purypa 14.2: OcTaThiui/mpeKTop

UK TOP.

¢ CTaHOapTU3UPaH OCTAaTBIU,

ToBa ca HOpMEUpaHW ¢ TOMOITA Ha CTAHAAPTHOTO CH OTKIOHEHWE OCTATDHIN (BIK
dopmymna (14.4)). C Taxma TOMOII ce aHaIM3MPAT KOHKPETHI HaOIIONEHS, TP KOUTO
MPENOIOKEHNETO Ha Mofielia ce HapylaBa. HabmoneHnsta ¢ TolIsIM cTaHIapTU3HPaH
OCTATBK ca TMOoNo3puTe/THN. ToBa MOXKe Ma ce MbIKN Ha IpyOn rperrku npu n3MepBaHe
Ha OTKJIWKA WM Ha APYTH MPUYUHA. 3a Te3W HabOIoIeHnsT MOIeTbT HIT MOXKE fa He €
BEpeH.

o jack-knife ocrarnim;

ToBa e ocTaTbk Ha 1-TOTO HabITIofEHe, TTOJYYEH OT MOJEN, olleHeH 6Ge3 MOMOIITa Ha
ToBa Habmonenne. Taka HaMmupame HabIIOIEHTs, KONTO OKa3BaT MPEKOMEPHO TOJIIMO
BIWSAHNE Ha MOMella — TAXHOTO OTCTpaHsBaHE TOTAJHO T'O MPOMEHS W CIIEOBATEITHO
texauaT jack-knife octaTnk 11e 6bme romsm. ToBa MoKe f1a ce IBIKE Ha TPYyOH TPEIIK
IpH W3MepBaHe Ha HAKOW OT MPEIUKTOPUTE. 3a Tes3n HabIIoIeHns MOOCIhT HI MOXKe
[a He € BepeH.
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14.4 JloBepuTejieH MHTEPBAJI 3a IIPOTHO3a

3a mpon3BOIHI CTOMHOCTY & Ha MPENNKTOPUTE OT 06JacTTa, 38 KOATO e Beper Mofena (14.1),
ciaydaiinara Bennanua § = x'a + b e HensmecTena otienka 3a F(y|z) n

) = (L (2 — XY (X'X) - X)), (14.3)

n

Tyk ¢ X cme o3naumian BeKTOpa %X’E n E e (n X m) Marpuiia oT enuHAN, a ¢ X cMe
O3HAYM/IN MATPUIaTa OT MeHTPUPAHN TaHHu (¢ n3BafeHa cpemna croitnocT). CrenoBaTernto,
rpelkaTa Ha MPOTHO3MpaHaTa CTOMHOCT Ha KOHKPETHOTO Habionenue e Obhie

a%@zﬁﬂ+%+@—XﬂX%Y%wnﬂy (14.4)

[Iposepete ypasuenust (14.3) u (14.4).

Ha ¢urypara e mapucyBaHa ampoKCHUMUpalliaTa
mpaBa TPHU MPOCTHUs JTuHeeHn Monel y = ax + b+ €. C
nBeTe mapaboin ca oThessa3aHy TOBEPUTETHUTE I'Pa-
2t HUIN 32 HabIIIoaBaHaTa CTONHOCT ChIIaCHO GOPMY-
na (14.4). C ananormuna Gpopma, HO 3HAUNTETHO TIO
- TeceH e KOpUmopbhT 3a Momena — dopmyna (14.3).

0/‘/ T Taka ce BmKOa KOJTKO OaCHM (H HOHAKOI'a De3cMuUc-
JIeHH) MoTaT ma O6boaT TPOTHO3M 3a MAaJIeTHOTO Obe-
11Te, OCHOBAHW Ha TEHIEHIINS, HabfogaBaHa B KpaeH

durypa 14.3: Ilpocra nuneiina perpecus
MHTEPBAJI OT BpEME.

14.5 IIpoBepka Ha agekBaTHOCTTAa Ha Mojejia

HpOBepKaTa 3a aJeKBaTHOCT Ha MOIeJIa B perpeCuoOHHUA aHaJll3 € BB3MOXKHa CaMO B [OBa
CJIy4dad: aKO € U3BeCTHa O'2 NI aKoO pa3llojIaraMe ¢ He3aBHCHUMa OT SSR n OT IMapaMeTpuTe

Ha Mofejla HellHa OIleHKa.

B mepBus ciaygait MoxkeM ma mpecMeTHeM cTaTucTHKaTa S5 R, KosTo mMa pasnpenenenne
o%x? c¢be cremenu Ha cBobGoma N — M, aKo MONEIBLT € afeKBaTeH, U OTMECTEHO HalliCHO
paslpenesienne Ipu HeamekBaTeH Monen. Taka mpoBepkaTa e jlecHa — KpUTHUYHATA 0BIIacT ce
ompenesisi OT HepaBeHCTBOTO:

SSR > o*xi_,.

2

B BTOpUA CJIy‘IELfI, KOoraTo He 3HaeM 0, C€ HaJlal'a da U3II0JI3YBaMe HAKOA HeitHa OIl€HKa.

Haﬁ—HOHyHﬂpHHﬂ Ha4H 3a IOoJIyYaBaHe Ha HEe3aBHCHMa OIEHKa 3a O'2 € Oa ce IIpoBexaaT

MOBTOPHU Habmtonenns npu GUKCUpaH CTONHOCTH Ha npenukTopuTe. [Ipu TakmBa nHabrrone-
unns cymata 5SS R ¢biro ce pa3iara Ha IBE HE3aBUCUMU CHOWPAEeMu, OT KOMTO ce KOHCTPYHpa



14.9. ALLNDA 1T ITUU L

CTATHUCTHUKA, KOSITO UMa pasnpenesenue na Puttiep, B ciaydail 4e MOIenbT e anekBaTen. QOuk-
HOBEHO Ta3H 3allada ce pelllaBa CbC CpefcTBaTa Ha enHO(paKTOPHUS AUCIePCUOHEH aHAIN3.
OTnennuTe eKCIEPUMEHTAIHN TOYKI & C€ PA3LyekaaT KaTo HuBa Ha (GaxTop (Tpymmparria
IPOMEHIBaA). 3a BCAKO & MMaMe 1o n, Habmonenns y;(x). Umame paBercTBoTO:

SSR=S"(yil(z) — y())? + S na(y(x) — §(x))? = SSI + SSM. (14.5)

xr

HT:pBELTEL CyMa He 3aBHUCHU OT MOoO[eJ]la, a BTOpaTa MMa pa3lpeleieHune 0'2X2 ChbC CBOTBETECH
6p0f1 CTeIICHI Ha CBO60,I[EL7 aKO MOIOeNbT € aldeKBaTeH, I OTMECTEHO HaljiCHO paslIpeacyieHue
IIpU HEAAECKBATEH MOJIEJT. Taxa KpuTmdHaTa obnact mre ce onnpenein 0T HEPaBEHCTBOTO!

OmnuiieTe nonmpocTpancTBaTa 2o U /1 B To3u ciydail i usBenere ypasuenne (14.5). [loc-
TpoOUTe KPUTUIHATA 00ITaCT.

Kakro B OdAXMe Ta3u IIpoleaypa He BUHar'm € Bb3MOXKHa. I(OI“ELTO7 obaue ToRa e BB3MOXKHO,
TO € H606XOI[I/IMEL Ja ce IIpoBee Ta3l IIpoBEPKa. Ilomsakora ce Haigara Ja ce pa3neiadT JaHHUTe
1 MOOeJINpaHEeTO Oa Ce IIPoBeaec MOOTACIIHO 3a Pa3/INYHUTE N3BadKI. Toba OaBa BB3MOXKHOCT
CbC CTaHOAPTHUTE MeTOAW 3a He3aBUCHUMHM M3BadKHM Hda C€ IIpoBEpPU CHhIJIaCyBaHOCTTa Ha
MogeJmmTe.



Tema 15

AHpOKCI/IMaHI/IH Ha IIJI'BTHOCTMHA

Kakro BuOdXMe B IIpeOUIITHUTE JJEKIIMN MHOI'O BaXXHH 3a CTATHUCTHUYCCKUTE M3BOAM Ca Ka-
JecTBaTa Ha H3CJIedBaHaTa IIJIBTHOCT Ha pa3lipede/IcHIe. B rasu JeKId 11e pasrjienaMe
HaKpaTKO HELI?I—pELSHpOCTpELHGHI/ITG MeTOoOU 3a HellapaMeTpHYHa OICHKa Ha IIJIBbTHOCTH. Hy—
MaTa HellapaMeTpPpUYHa H3II0JA3YyBaMe 3a Ha IIog4vepTaeM, Y€ HiIMa Oda H3II0JI3YyBaMe HIAKOE
U3BECTHO CEMENCTBO pasnpeneyaceHns KaTo, HallpuMep, r'ayCoBOTO HNJIM I'aMa pPa3lipedc/icHU -
Ta. ?)EL TaKIBa ceMelcTBa 3adadaTa Ce CBEXKa J0 OICHKa Ha HEU3BECTHUTE IlapaMeTpHu IIO
AJaHHUTE U Ce pelllaBa ¢ METOANTE Ha TOYKOBO OLNEHABAHE.

15.1 Kpusu Ha IIupcbu

Kpusure na [lupchbH ca BCBITHOCT Tak ceMelCTBO OT paslpeneiieHus, HO ¢ 4 mapameTbpa.
MeTonbT ce ocHOBaBa Ha ceMENCTBOTO OT INIHTHOCTH YAOBIETBOPSIBAIIM CIIETHOTO MU epen-
IMAJTHO ypaBHEHUE:

dp(x) T —a
dz o+ biz + bya?!

() (15.1)

B saBucumocT oT Tuma Ha KopeHuTe a1 < ag Ha MoInHOMa B 3HaMenaTens P(x) = by+ bjx +
byx?, nonyuapame 12 pasniuunu Tunla IWIbTHOCTH. Bemukure ca yaumonannu. B rabnunata
e ToKaxkeM Hal-BaxkunTe 7 Tuma. QcTaHaanTe 5 ce TOIyYIaBaT KATO YaCTHU CIIydal OT
THX.
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Tum ITapameTpn IlneTHOCT Orpannuenns ITpumep
by =by=0 ce? (It;)2 by < 0 Hopmasio

I b > 0,a1 # ay c(l—i—ax—l)pl(l—(f—2)p2 —a1 <z < as,—1<p,po Bera

I by >0,—a; =az =« e(l — Z—Z)p lz| < a,p>—1/2 PasroMepHO

1 b =0,00 £0 (14 Z)Pemre —a<e<oo,0< u,—1<p T'ama, x?

v by #0,P(z) >0 e(l+ g—j)i’e—uarctg(f) 0<a0<pup<—1/2

A% P(z) = c(z — a)? cxPex 0<z,0<a,1<p ot Tum 111

VI b > 0,a1 # ay c(l—i—ax—l)pl(l—(f—2)p2 as < x,—1 < pa,p1 +p2<—1 dumep

VII by = 0,b9bs >0 O p>1/2 CrronenT

Koepummentnre B ypasnenunero (15.1) ce onpenensat eqnosHadno oT IhHpBATE 4 MOMEHTA
Ha pasnpenenerrero. ToBa naBa Bb3MOKHOCT, 3aMECTBAKN TeOPpETUIHUTE ¢ M3BAIbUYHUTE
MOMEHTH W pelllaBailku ypaBHEHUETO, Mla MOJIYyYNM CMUCIeHa OlleHKa Ha MIbTHOCTTA, Thil
KaTO Te - M.O.,JUCIepcusiTa, aCuMeTpHusiTa U eKclleca - 1ocTa TPUINIHO OMUCBAT (dopMaTa
Ha pasnpeneneHneTo.

Xy6aBoTo Ha kpuBuTe Ha [lupchbH e, ue cpen T4X ca 1 TOBeUeTO M3MOI3YBaHU B TEOPUITA
Ha CTATUCTUKATA Pa3lIpelesents: raycoBoTo, TaMa, 6eta, Purep, CtionenTt, paBHOMepHO 1

Ap.

[Mompobro ommcanme Ha THIOBeTe KpUBU Ha IIMpchH W MeTomuTe 3a OlleHKa Ha IIapaMeT-
puTe nM Moxke ma ce namepn y [[lommapn (1967)], [MuTpononbekuit, (1963)]

15.2 MHWM3rgaxnmaHe Ha XHcCToOrpaMu

Korarto anpokcumupaneto ¢ 4 napameThbpa He e 60 T T 71‘ T
[OCTAaTbhYHO, ce MpubirBa MO UCTUHCKM HelapaMeT- 20 ’K 7
puunn Metonu. Haii-niecHo ToBa cTaBa upes momxosi- 40 - 7
10 M3rJlakdane Ha XICTorpaMaTa NN N3BalbuHaTa 30 7
(PYHKIUS Ha pasnpelerncHue. 20 7]

. 10 - -

Haii-tecno e mpocToTo CBBHp3BaHe Ha CPenUTe Ha 0 )

CcTBI0YeTaTa Ha XUCTOTpaMaTa. 3a KpallHuTe CThJI- 10 15 20 25 30 35

OoBe ce IpaBy OTCTBIT C IIO TTOJIOBUH MHTEPBAJI.
durypa 15.1: CbabpXKaHUA HA ALIATAT

EctectBeno no-rinanka kpuBa 6u ce mosryuniia mpu “cBbp3BaHe ¢ MOMOINITa Ha TaKa Hapede-
ante cnaatn - pynrxyuu. ToBa ca KpUBU, KONTO BB BCEKN MHTEPBAI ca TOJMHOME, HO TaKa
ce cjenBaT B KpauillaTa, ye odecrevyaBaT OCBEH PaBEHCTBO Ha CTOMHOCTHUTE CU, PABEHCTBO U
Ha MTPOU3BOIHUTE CH.
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15.3 Snpa ua Po3en6inar - Ilap3en

Ha oswaunm ¢ {1, xg,. .., T, } He3aBUCIMUTE HAGTIONEHNs Ha CI.B. ¢ TibTHOCT f(2). Hema-
paMeTpUYHITE AAPEHH ONEeHKN ce 3ajJaBaT BbB (opMaTa:

(15.2)

Z[x

”il

kbaeto K (x) e nomxomsio usbpana GUKCHpaHa IiIalka MILTHOCT, Hapudana sapo: K (x) >
0,K(—z) = K(z), [ K(z)de = 1, [2*K(2)dz = 1. [ K*(z)dz < oo. Yecro ce msmomsysa

rayCoBO A0po. PGI[I/IHELTEL OT KOHCTaHTI hn Tpﬂ6BEL a KJIIOH KbM HYJIa, HO TaKa 4€ nhn — OQ.

Benukn anmaansn mHa acHMIITOTHYHOTO IIoBegeHne Ha OlleHKaTa fn BbBB qDI/IKCI/IpELHEL TOYKa
o C€ OCHOBaBaT Ha Pa3BUTHUETO B peld Ha Tefmop Ha IIJIBTHOCTTa f OKOJIO Ta3M TO4YKa:

fle) = Y0 (4 a)i + o — a0ff) (153)

Pasbupa ce, To mMa cCMUCHI, aKO CHIIIECTBYBAT ITPOU3BOMHNTE Ha HEM3BECTHATA TIHTHOCT f
no pen k B ToukaTa rg. Karo nocraBum x — xg = yh, u mwsnonsysame (15.3), momyuaBame,
4ye m3MecTBaHeTO B, Ha olleHKaTa e

= E fu(x0) — f(x0) /1& f(@o+y*hn) = flwo))dy =
Pl [ yK )y + o) 2Ry + - = 0(2)

OT Opyra CTpaHa OUCIIEPCHUATa Ha Ta3l OLUEHKa (KELTO CyMa Ha HE3aBUCUMU CJI.B.) MOZKe Oa
Cce OIl€HU TaKa:

, | |
— 72 -
Dn_D(fn(:z;o))_ /1 )y + o 3=) = O(-)
Taxa xaTo N31oJa3yBaMe paBEHCTBOTO
B (fy(an) = f(00) = Do+ B2 = O ) + O(12), (15.4)

nosygaBaMe, ge ofTHMAaIeH m360p 3a KOHCTaHTaTa h, ce moaydasa mpu h, = cn~ />,



IIpunoxenne A

Taoauiu

df |p .005 .01 .025 .05 .10 .90 .95 975 .99 .995
1 .00004 .00016 .00098 .0039 .0158 2.71 3.84 5.02 6.63 7.88
2 .0100 .0201 .0506 .1026 2107 4.61 5.99 7.38 9.21 10.60
3 0717 115 .216 .352 584 6.25 7.81 9.35 11.34 12.84
4 207 297 484 711 1.064 7.78 9.49 11.14 13.28 14.86
5 412 554 831 1.15 1.61 9.24 11.07 12.83 15.09 16.75
6 676 872 1.24 1.64 2.20 10.64 12.59 14.45 16.81 18.55
7 .989 1.24 1.69 2.17 2.83 12.02 14.07 16.01 18.48 20.28
8 1.34 1.65 2.18 2.73 3.49 13.36 15.51 17.53 20.09 21.96
9 1.73 2.09 2.70 3.33 4.17 14.68 16.92 19.02 21.67 23.59
10 2.16 2.56 3.25 3.94 4.87 15.99 18.31 20.48 23.21 25.19
11 2.60 3.05 3.82 4.57 5.58 17.28 19.68 21.92 24.73 26.76
12 3.07 3.57 4.40 5.23 6.30 18.55 21.03 23.34 26.22 28.30
13 3.57 4.11 5.01 5.89 7.04 19.81 22.36 24.74 27.69 29.82
14 4.07 4.66 5.63 6.57 7.79 21.06 23.68 26.12 29.14 31.32
15 4.6 5.23 6.26 7.26 8.55 22.31 25 27.49 30.58 32.80
16 5.14 5.81 6.91 7.96 9.31 23.54 26.30 28.85 32.00 34.27
18 6.26 7.01 8.23 9.39 10.86 25.99 28.87 31.53 34.81 37.16
20 7.43 8.26 9.59 10.85 12.44 28.41 31.41 34.17 37.57 40.00
24 9.89 10.86 12.40 13.85 15.66 33.20 36.42 39.36 42.98 45.56
30 13.79 14.95 16.79 18.49 20.60 40.26 43.77 46.98 50.89 53.67
40 20.71 22.16 24.43 26.51 29.05 51.81 55.76 59.34 63.69 66.77
60 35.53 37.48 40.48 43.19 46.46 74.40 79.08 83.30 88.38 91.95
120 83.85 86.92 91.58 95.70 100.62 140.23 146.57 152.21 158.95 163.64

Tabmuma A.l: Xu-xBajgpaT pasmupeneseHe (KBELHTI/IJH/I)
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(4

VAN I, A

z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
.0 .5000 .5040 .5080 .5120 5160 .5190 5239 5279 5319 5359
1 5398 5438 5478 5517 5557 5596 5636 5675 5714 5753
.2 5793 5832 5871 .5910 5948 5987 .6026 .6064 6103 6141
.3 6179 L6217 6255 6293 6331 6368 .6406 6443 .6480 L6517
.4 6554 6591 6628 6664 L6700 L6736 6772 .6808 6844 L6879
.5 6915 L6950 6985 .7019 .7054 .7088 7123 7157 .7190 7224
.6 7257 7291 7324 .7357 .7389 7422 7454 .7486 7157 7549
7 .7580 7611 7642 7673 7704 7734 7764 7794 7823 7852
.8 .7881 .7910 .7939 .7969 .7995 .8023 .8051 .8078 .8106 .8133
.9 .8159 .8186 8212 .8238 .8264 .8289 .8315 .8340 8365 .8389
1.0 .8413 .8438 .8461 8485 .8508 .8513 8554 8577 .8529 8621
1.1 .8643 .8665 .8686 .8708 8729 8749 8770 .8790 .8810 .8830
1.2 .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015
1.3 .9032 .9049 .9066 .9082 .9099 L9115 19131 9147 L9162 L9177
1.4 19192 .9207 .9222 .9236 L9215 .9265 L9279 .9292 .9306 19319
1.5 .9332 .9345 .9357 L9370 .9382 .9394 .9406 19418 19492 19441
1.6 9452 .9463 9474 19484 .9495 L9505 L9515 L9525 9535 9545
1.7 9554 9564 L9573 L9582 L9591 .9599 .9608 .9616 9625 .9633
1.8 .9641 .9649 .9656 .9664 L9671 L9678 .9686 .9693 L9699 L9706
1.9 L9713 L9719 L9726 L9732 .9738 9744 L9750 L9756 L9761 9767
2.0 L9772 9778 .9783 .9788 L9793 L9798 .9803 .9808 L9812 L9817
2.1 .9821 .9826 .9830 9834 .9838 .9842 .9846 .9850 9854 L9857
2.2 .9861 9864 9868 L9871 .9875 L9878 .9881 9884 9887 .9890
2.3 .9893 .9896 .9898 .9901 .9904 .9906 .9909 L9911 19913 L9916
2.4 .9918 .9920 .9922 .9925 19927 .9929 19931 .9932 .9934 .9936
2.5 .9938 .9940 .9941 .9943 .9945 .9946 .9948 .9949 L9951 L9952
2.6 L9953 L9955 .9956 L9957 L9959 .9960 .9961 .9962 .9963 .9964
2.7 .9965 .9966 L9967 .9968 .9969 L9970 L9971 L9972 L9973 L9974
2.8 L9974 L9975 L9976 L9977 L9977 L9978 L9979 L9979 .9980 .9981
2.9 .9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 .9986 .9986
3.0 L9987 L9987 L9987 .9988 .9988 .9989 .9989 .9989 .9990 .9990
3.1 .9990 L9991 L9991 L9991 .9992 .9992 .9992 .9992 .9993 .9993
3.2 .9993 .9993 .9994 .9994 .9994 .9994 .9994 .9995 .9995 .9995
3.3 .9995 .9995 .9995 .9996 .9996 .9996 .9996 .9996 .9996 L9997
3.4 L9997 L9997 L9997 L9997 L9997 L9997 L9997 L9997 L9997 .9998

Tabmuma A.2: Hopmansao pasnpenenenie
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.60 .70 .80 .90 .95 975 .99 .995
1 .325 727 1.367 3.078 6.314 12.706 1.821 63.657
2 289 617 1.061 1.886 2.920 4.303 6.965 9.925
3 277 584 978 1.638 2.353 3.182 4.541 5.841
4 271 569 .941 1.533 2.132 2.776 3.747 4.604
5 267 559 .920 1.476 2.015 2.571 3.365 4.032
6 265 553 .906 1.440 1.943 2.447 3.143 3.707
7 263 549 .896 1.415 1.895 2.365 2.998 3.499
8 262 546 .889 1.397 1.860 2.306 2.896 3.355
9 261 543 .883 1.383 1.833 2.262 2.821 3.250
10 .260 542 879 1.372 1.812 2.228 2.764 3.169
11 .260 .540 .876 1.363 1.796 2.201 2.718 3.106
12 259 539 873 1.356 1.782 2.179 2.681 3.055
13 259 538 .870 1.350 1.771 2.160 2.650 3.012
14 258 537 .868 1.345 1.761 2.145 2.624 2.977
15 258 536 .866 1.341 1.753 2.131 2.602 2.947
16 258 535 .865 1.337 1.746 2.120 2.583 2.921
17 257 534 .863 1.333 1.740 2.110 2.567 2.898
18 257 534 .862 1.330 1.734 2.101 2.552 2.878
19 257 533 .861 1.328 1.729 2.093 2.539 2.861
20 257 533 .860 1.325 1.725 2.086 2.528 2.845
21 257 532 .859 1.323 1.721 2.080 2.518 2.831
22 256 532 .858 1.321 1.717 2.074 2.508 2.819
23 256 532 .858 1.319 1.714 2.069 2.500 2.807
24 256 531 .857 1.316 1.708 2.060 2.485 2.787
25 256 531 .856 1.316 1.708 2.060 2.485 2.787
26 256 531 .856 1.315 1.706 2.056 2.479 2.779
27 256 531 855 1.314 1.703 2.052 2.473 2.771
28 256 .530 855 1.313 1.701 2.048 2.467 2.763
29 256 .530 .854 1.310 1.697 2.042 2.457 2.750
30 256 .530 .854 1.310 1.697 2.042 2.457 2.750
40 255 529 851 1.303 1.684 2.021 2.423 2.704
60 254 527 .848 1.296 1.671 2.000 2.390 2.660
120 254 526 845 1.289 1.658 1.980 2.358 2.617
©0 253 524 842 1.282 1.645 1.960 2.326 2.576

Tabmuma A.3: Pasnpenenenne ma CTronent (KBELHTI/IJH/I)
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