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6 CbIAbPXXAHUE
YBon

[len Ha Te3m 3anucky e Ha ce maje emHo NOMBIHUTETHO Toco0Ne Ha CTYIEeHTUTE [0 MaTeMa-
TrKa 1 MHOOPMATHUKa, KOeTO la TW CHabMIN ChC CBENEHMATA, OTCHCTBYBAIIN B CTaHIApTHATE
OBATapCcKW yIeOHUTIN.

Tesw gacTm, KouTo ca oTpasenn B yduebnuka wa [Aues,Juvurpos (1990)] ca manenn B
MaKCHMaJIHO ChKpaTeH B,

OcuoBuusT MaTepuai e m3noiasyBan BBB Paxynrera no Maremarnka m Uudopmatmka
IpU JyeTeHe Ha KYyPCoBe U 3a crenmaanocTute llpunoxna MaTeMaTnka n mHPOPMATHUKA.

Tosa e TEeKYII BaplaHT Ha 3allUCKUTE. Toit Bce oie CbAbpKa MHOI'O HENIBJIHOTH.

ABTOpDLT € MHoro GiraromapeH Ha KOJETHWTe cu OT KaTemnpa Bepostooctu m CraTmeTu-
Ka u, crnenuaino, Ha crynenTa [laBmun [lobpeB, konTo cu HampaBuxa Tpyna mda MpodyeTaT
BHUMaTETHO 'bPBUS BapUaHT Ha 3alliCKUTe W Jla oTOenexaT MHOTOOPOMHUTE T'PEIIKH.

HELHpELBeHI/I Ca HAKOJIKO OOII'BJHEHHNA CBLP3aHU € YCJIOBHUTE paslipedc/icHUd 1 YCJIOBHO
MaTeMaTH4Yecko odakBame. BmecTo ma JeKIInn, MaTepuaJdbT € pa3de/IeH Ha TeMIU. Te ca
IIO-MaJIK W TMTOYTHU OTTOBapiAT Ha BBIIPOCUTE OT KOHCIIEKTA.

OT nmureparypata, NajeHa Hakpas, CHENUaTHO NCKaMe da 0TOeIeKM 3HaMeHnTaTa KHI-
ra na [Pernp (1979)], n xy6aBo nammcannte yuebnnnn wa [['menernko (1965)], mpeTnpusin
MHOTO M3AaHus (¢ JIEKO PasiinuyHo ChIbpKAHNE).



Jlekiina 1

AxkcuomaTruka Ha TEOPNUJA Ha
BEPOATHOCTHUTE

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® [a pasrienaMe TeHe3Wca Ha MOHITUETO BEPOITHOCT;
® 1a BBHBENEM CHOMTHUS U NEUCTBUSA C TAX;
® [1a OIpeNeanM BEPOITHOCTHO MPOCTPAHCTBO;

® Na NadeM IIpUuMepH 3a IMPOCTU BEPOATHOCTHU IIPOCTPaHCTBA.

1.1 EMIOUpUYHN OCHOBH

Uctopusta wHu yum, ge ocHOBUTE Ha TOHATHETO “TIaHC™ ca TBBpHe cTapu. ToBa, KoeTo Xo-
paTa IBpBO ca 3abess3alii, € yCTOWYMBOCTTa Ha CpelHaTa apuTMeTHYHa ¢ HapacTBaHETO
Ha Opost Habmonenus. B MuHagoTO HampuMmep, MEPKHUTE 3a NBIKUHA Ca Ce ONPEeNessin ¢
“yepemusBsie . B Aurnms, emia oT MOMyISIpHATE MEPKU 3a IBJIKNHA CE € ONPENensiia KaTo
cpenHa MBIKNHA Ha XOMMIOTO Ha MhpBUTe 30 9oBeKa M3MM3aIln OT YepKBaTa B HEMEIs CYT-
puHTa, B IpeBHUs KrumeT - KaTo oblitaTa IbIKIHA Ha olpeesieH 6poil ceMeHa 0T CBEIEHHO
pacTenue.

1.1.1 YecToTHa BEPOATHOCT

IIpumep 1.1 Xewvpagme monema mmuo2oxpamuo. Kaxea e wecmomama wa noayuwenume
eau?

Hexa osmaunm obirus Gpoit xBbpisuust ¢ N,a 6posT na nonydenute esu ¢ M. Torasa
yecrorata M /N na mosBa Ha e3u 61 TpaGBAJIO Ma KIOHU KbM €IHO TIOCTOSHHO YHUCIIO:

bpoit #a 6iaronpusTHITE U3XOMI

(1.1)

YecTorHa BeposTHOCT = lim -
n—co  Bpoil Ha W3BBLPIIEHNTE ONMUTH
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) /2

Purypa 1.1: Uraara na brodpon

Taka, ako MOHeTaTa € MpaBWJIHA U XBBPJISMeE YeCcTHO, 6 TpsbBajio GposT Ha e3nTaTa
pasmeried Ha 6posi Ha ONUTHUTE Ma KIOHW KBbM TMojloBWHa. AKO MoHeTaTa He e MpaBuIIHA,
rpaHUYHATA BEPOSATHOCT IIIe Ce OKazkKe APYyro 4MCiIo, KOeTO € eCTeCTBEHO Na NHTeplpeTupamMe
KaTo OlleHKa Ha IIaHca MpU eAuH ONUT Ja MOJIYyYnM e3H.

1.1.2 Kuaacuuecka BEepOSITHOCT

[IbpBuTEe ONUTH mMa ce MOCTPOM MaTeMaTUYECKU MOMET ca CBbP3aHW ¢ TOHATUETO PaBeH
“manc”. Ilpenmomara ce, 4e mamen onmuT WMa KpaeH OpOil M3XOMU, KOUTO €a PABHOIPABHMI.
[Ipw mpoBexmaHe Ha omUTa ce CIYyYBa HIKOW OT Te3W W3XOMU, ITPU TOBA BCEKU OT TAX MOKe
ma ce cayun ¢ ennakbB “tmamnc . Haifi-mpocTruTe mpuMepn 3a TakaBa KOHIIEIINS Ca CBbP3aHN
¢ Xa3apTHUTE UTPHU, KbACTO C€ XBBPJAT 3apoBe WK M3M0J3yBaT nobpe pa3dbpKaHu TecTeTa
KapTHu.

IIpumep 1.2 Xewvpagme zap. Kaxea e sepogmmuocmma da noayuum 4emuo 4ucio?
Penenirata e mpocra. loctatnano e ma npeGponm GIarompusTHUTE U3XOMU U PA3IEITIM

TOBa 4Y1CJIO C 6p0$1 Ha BCHUYKI M3XOION:

bpoit Ha 6iaronpusTHITE U3XOMI
Knacuuecka BeposTHOCT = . (1.2)
bpoit Ha Bcmyku BB3MOKHU U3XOMN

Taxa 3a mamaTta 3agada OTTOBOPHT TPAOBa Ha Obiie 3/6 = 1/2.

1.1.3 TI'eomeTpmuHa BEPOATHOCT

IIpumep 1.3 (Badaua na Bogon) Xewpasue ueaa 6vpry paupana nokpuska. Kaxea e se-
pogmuocmma ueaama da npecewe paemo?

3a ma permmM 3amadaTa TpsabBa ma (popmanmsupame yciaoBusTa. Hexa osmaunmm ¢ | obi-
KUHaTa Ha UTJIaTa W ¢ ¢ - PA3CTOSHUETO MEXKIY paeTaTa. 3a MPOCTOTa Ie CMETHEM, de
mupounHaTa Ha eqHo pae e (. Ha ozHaumMm ¢ & pas3cTOsSHUETO OT cpelara Ha Uriara /o 1o -
OIM3KOTO pae,a ¢ & - OCTPUS BI'bJI, KOUTO UIJIaTa CKIIOUBA ¢ NepleHauKyIsipa KbM CbIIOTO
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pae. Torasa umame 0 < z < a/2 u 0 < a < 7/2. ToBa ca Bcuuku Bb3MOKHOCTU. Braromn-
pusTHUTEe (KOraToO MIIaTa Mpecede PAeTo) ce ONpeersT oT HepaBencTBoTo: ({/2)cosa > w.
Penenrara e nmpocra:

[Tror1 Ha GaronpusTHUTE U3XOMI

['eomeTpruna BepoATHOCT =
O6r1ra oI

TELKEL, axo [ < a, 3adadaTa Ce CBeXKOa N0 IIpeCMIATaHeTO Ha

20 % 21
p:—/ cos ado = —.
0

aTm aTm

1.2 AxcmoMmMaTuka

Teopus Ha BepOATHOCTUTE CTaBa CTPOra MaTeMaTHYeCKa TEOPHs elBa Ciell BbBeKTaHeTO B
1939 . or A.H.Konmoropos nHa ciiennaTa akcmoMaTHKa, OCHOBaHa Ha TeopHs Ha MspKaTa
(Teopus Ha WHTErpasa).

1.2.1 Aunareb6pa Ha cpOuTHATA

FEaemenmapno cvbumue e TbpBUYHO MOHATHE — HEITIO KATO TOYKa B TeoMeTpusTa. Mmuoxkec-
TBOTO OT BCHYKHU eJIeMEHTapHU CHLONTHS HapudaMe “IOCTOBEpHO ChLOMTHE® 1 o3HaUYaBaMe C
. IIpasHoTO MHOKECTBO GestekuM ¢ ) u HapuuamMe “HeBB3MOKHO chOnTHE. Bemuky cubuTus
ca MOAMHOKeCTBa Ha ) W ¢ TSX MOTaT fla ce paBAT obnYaiiHuTe B TEOpUsA Ha MHOKECTBaTa
neiicTBus. B Teopns Ha BeposTHOCTHTE CLOMTHETO WMa CMUCHJIA Ha JIOTHYECKOTO TBBHPIIE-
une ch6vduado ce e naroe om eaemenmapnume cvoumusg 6 A. Cbe cubuTHSTA MOraT Ha ce
IpaBiAT OOMYANHUTE 3a MHOXKECTBAaTa NCHCTBUS: donbanenue, obedunenue, cewenue, KOuTo
obade HOCAT IPYTU WMEHA.

Honwauennero )\ A ma muoxecrsoro A B () osmauaBame ¢ A u Hapuyame MONBLIHUTETHO
cuOuTHe (WM OTpUIanie) Ha CHONTHETO A.

Ceuennmero ma muoxectBaTa A, B osmauaBame ¢ A N B u xasBame, de ca ce cOBIHAIN
chBMecTHO chbuTusTa A n B.

Ob6enuuennero na muoxkectBata A, B osmagaBame ¢ A U B u kasBame, de ce e cOLIHATIO
more egHo oT cromtusTa A m B. 3a kpaTKocT ToBa ce mpomsHacs cobanano ce e A nnn B.

Korato A C B xasBame, ue crbutneto A “Brieue” cnoutmeTo B.

Omneparnunre chc CLOUNTHUS YIOBIETBOPSABAT OOMYAlHUTE CBOHCTBA Ha OMEPAINNTE C MHO-
KecTBa. T'e ymecHo ce pasnmpocTpaHsBaT U BbPXYy Ge3kpaeH Gpoit chbutus. U3nbianenn ca u
T.H. 3aKoHU Ha nie Mopran:

UpAr = N Ay, NpAr = U Ag (13)
3& yI[O6CTBO Ca BbBEICHU N HAKON HpOI/I?)BOI[HI/I OIIpENCJICHU A N OllEepallnm:

e osmauaBame ¢ AB = AN B;
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e cnoutuaTa A u B mapnyame mechBMecTnmu, ako AB = ();
® 3a HeCchBMeCcTUMU ChOUTHs BMecTo AU B m3nonsyBaMe smnaka cwhoupane - nutmem A+ B;

e osmavaBame ¢ AAB = AB + AB.

3& Ja CHU OCUTYPHUM BB3MOXKHOCTTa Ha IIPpaBUM BCHUYKHTE TE3U OllepalllMl ITIe IIOMCKaMe
MHOKECTBOTO OT CLOUTHUA da T'o OOITyCKa.

Omupenenenne 1.1 Cemneiicmseo A om nodmwnoxcecmea na §) ce wapuuwa 6yio6a arzebpa,
aKxo Yydoeaemeopaca caeduume mpu Ycao6us:

1. Qe A;
2. axo A€ Amo Ac A;
3. ako A,B€ Amo AUB € A.
Bennara ce Bmkma ot 1.3, ue GymoBaTa ainrebpa OT MHOXKECTBa € 3aTBOpEHa U OTHOCHO

oneparuute N, A, 4. T'st obaue ne e naLKHA Ma 6be 3aTBOPEHa OTHOCHO ONEPAIINT ¢ Ge3KpaeH
Opoll MHOYKeCTBa.

Omupenenenne 1.2 byiosa ateebpa A, kogmo e zameopena omuocno uzbpoumume onepa-
yuu obedunenue u ceuenue, ce nwapuua 6yao6a o-aizebpa — axo Ay € Ak =1,2,...), mo
UkAk, NpA; € A.

Onpenenenune 1.3 /lsoirama (2, A), kvdemo A e 6yao6a o-aseebpa, ce napuua uzmepu-
mo npocmparemeo. Eaemenmume na A wapuwam cayuwainu cv»obumus.

o-anrebpuTe MPUTEK)ABAT HIKOM YHUBepcaaHU cBoiicTBa. Hampumep, ceuenne na mpons-
BojieH Opoil o-anrebpu e o-anrebpa. ToBa HEM maBa BB3MOKHOCT Jla OIpeNesinM JIECHO MU-
HUMaJIHaTa o-ajrebpa CbIbpiKallla CeMeiicTBOTO MHOXKecTBa JF KaTo cedeHHe Ha BCUUKU
o-anrebpu, chabpxaiim cemeiictBoTo F. Ille osmagaBame Tasu o-anrebpa o(F).

1.2.2 BeposaTHOCTHO NPOCTPAHCTBO

Omupenenenne 1.4 Peaanama ¢pynrxyus P, onpedeaena 6vpry eaemenmume nwa 6yi06ama
o-areeopa A, ce napuua eepogmmuocm, axo ydo6AemeopA6a YeAo6uUIMA:

1. weompuyameanocm: P (A) > 0,VA € A;

2. wopmupawocm: P (Q) =1;

Y

3. adumuenocm: P(A1+ Ay +..) =P (A1) +P(A) +....;
Onpenenenune 1.5 Tpoirama (Q, A, P ) napuuane seposmuocmuo npocmpancmeo.

OT axcmomuTe 1.4 mecro cJlegBaT CJIeJHUTE CBOIICTBa Ha CJIy‘IafIHI/ITe CLOUTHS.
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e P(0)=0;

¢ P(A)=1-P(A);

o nenpexwvenamocm 6 (. Ako A; i = 1,2,... e HaMaigBallla pefuia oT CLOUTHSA, T.e.

Ai-l—l C A A, = @, To [1m; P (AZ) =0.

Ha ce BepHEeM KbM ipuMepuTe. BeB npumep 1.2 € ce cheton ot 6 enementa, A e MuOKeC-
TBOTO OT BCUYKW MOIMHOXKECTBa Ha TOBa KPailHO MHOXKecTBO. BeposTHOoCTTa ce onpenens
MPOCTO — BCUYKHN €JIeMEHTAPHU CHOWTHS Ca PaBHOBEPOSTHH.

BHaunTeno mo cIoXkHa e cuTyanuara npu npuMepa 1.3. Tyx pomgra ma ) ce moema ot
MHOK€ECTBOTO OT BCHYKM TOYKE (&, ) B mpaBoblbiainka 0 < o < 7/2 mw 0 < = < a/2.
c-anrebpara A ce cheron oT m3mepuMuTe 1o JleGer momMHoKecTBa Ha TO3M IPaBOLILIHUK,
T.e. Te3sU Ha KOUTO MOKeM [la MepuM Jule WK ILIOI. BepoiTHOCTTa € OTHOCHTE/IHATa
IJIOI, 3aeMaHa OT THAX B IIPaBOBIbJIHUKA. HJeMeHTapHHTe CLOUTHUA B TOBa IIPOCTPAHCTBO
OpHUTekKaBaT HYJIeBa BEPOITHOCT.

[lonsikora ce cayuBa ejleMeHTapHUTE CHOUTHUS fla He ca CbOUTHUS, T.€. /la He ca eJIEeMEeHTH Ha
A. 3a ma nsbermeM Tazw u APYTH HENPUSTHOCTH OOMKHOBEHO MombiaBaMe A noGaBsiikm KbM
Hesl BCUIKN TIOMMHOKECTBA Ha CHLOUTHS ¢ HyJIEBa BEPOSTHOCT. AKO O3HAUNM TOBa CEMENCTBO
ot muoxkectBa ¢ N (P ), To npuero e Bmecto ¢ A nma ce paborn ¢ monbineHaTa o-anrebpa
(A, N(P)). Pasbupa ce, TakoBa nonbiarenue 3aBuch oT BeposTHocTTa P . OT Tyk HaraThK,
KOT'AaTO BEPOSITHOCTTA BbB BEPOSTHOCTHOTO MPOCTPAHCTBO € (PUKCUpaHa, Ie Tpelnoiarame,

ue A =o(A,N(P)).

Che 3amagata 3a MoneTara (mpumep 1.1) mmie ce 3aeMeM MoOmpoGHO B CrieluaiHa JTEKIs.
Tyk camo 111e KOHCTpyUpaMe e€HO Bb3MOKHO TPOCTPAHCTBO OT eJleMeHTapHU ChOUTHS 3a
mesi. Ako 3ammcBaMe pes3ysTaTa OT €MUH eKCIIePUMEHT ¢ YUCJI0 — HyJla TPH ToIyJIaBaHe Ha
Typa U eNWHWIa — MpU ToTyJdaBade Ha €31, modydaBame () KaTo MHOKECTBOTO OT BCHUKHU
Geskpaitnn mBongnu penuin. (lpenmomarave, ge XBbpIsivMe HeorpaHmden Opoil THTH).

1.3 *Teopema 3a npoabIXKEeHHUETO

CremmaTa 3HaMeHNTa TeOpeMa ce Hapuda TeopeMa 3a TPOMbJIKEHNE Ha BEPOSITHOCTH BHPXY
o-aarebpa.

Teopema 1.1 Axo edua sepogmuocm, zadadena 6vpry 6yi06ama aieebpa, € HENPEKDCHA-
ma 6 0, mo msa e npodvadcuna ednoznauno 6wvpry o F).

HokaszaTescTBo: Bux B npumoxennero.Q.E.D.

IIpumep 1.4 Bepogmuocm, xogmo ue e uenpexvceuama 6 (). Ha pazesedame muoxcecm-
somo ) = (0,.5]. Bwpry scuuku omeopeny omag60 u 3ameopeny omadicho unmepeau |
0 <a<b<.5) onpedensme eeposmuocmma maka:

b—a, a>0

Pt ={ 5 020
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Muoaxcecrmeomo om xpatinume obedunenus wa makusa uwmepsaau F e 6yio6ama ateebpa.
IIposepeme 2o. llposepeme, ue P e 3adadena xopexmuo, no ne € nenpexvceuama 6 (.

1.3.1 I'panuna Ha peamna cbLOMTHUSA

B 6yJIOBELTEL O'—ELJIF66pEL ./4 CM€ B CHCTOIHUE Ma BbBEOAEM I'PaHUIa Ha CLONTUS U TaKa, 4€ Tid
Oa Cce OKaxKe cLOnTHIE. OSHEL‘IELBELMG:

A" =limsup A, = N, UpZ,, Ag, A, =liminf A, = U2, 02, Ax (1.4)

n=1
n—00
MHTepHpeTaHI/IﬂTa Ha TaKa OIIpencJICHUTE I'PaHNYHI CBHONTHS € cJenHarTa:

[ ] A* - Ce CbCTON OT Te31’ eJIEeMEeHTapHHU C"J361/ITI/I$I7 KONTO BJIEKaT 663Kpa6H 6pOfI eJIEeMCHTI

A

e A* - ce coecTOM OT TE3: €JIEMEHTapHI’ C"J361/ITI/I$I7 KONTO BJICKaT BCHMYKHI €JICMEHTI An oT
JaJEHO MACTO HAaTaTHhK;

1.3.2 MeTpuUYHO NPOCTPAHCTBO HA ChHOUTHATA

Heka ompenemnm 3a Bcekn nBe chouTus oT enua anrebpa F uncimoro p(A, B) = P (AAB).
Jlecno ce mpoBepsBa, 4e TO € HeOTPUIATEIHO I YIOBIETBOPABa HEPABEHCTBOTO Ha, TPULILII-
mika. OT HEKbBIe, obave He ciensa, de ako p(A, B) = 0, To A = B, kakTo ToBa cTaBa B
KPailHO BEPOATHOCTHO MPOCTPAHCTBO C KJacHdecka BEPOATHOCT.

Hexka p(A, B) e onpeneneno na o-anrebpa ¢ o-aanTuBHa BeposaTHOCT. [IpoBepere, ue cxo-
UMOCTTa € TOBa PA3CTOsMNNE e eKBuBalenTHa Ha ycnosnero: P (A*\ A,) = p(A*, AL) = 0.

3a ma moxe p(A, B) ma crame pascrosmue (Ml MeTPHUKa) € HeoOXOMMMO Jla PasriefamMe
MHOKECTBOTO OT KjlacoBe exBuBasenTn chontusa A, (kassame ue A ~ B, ako p(A, B) = 0).
ToBa MHOKECTBO € CBIIO o-anrebpa, HO OCBEH TOBa CTaBa (KOMIAKTHO) METPUYHO IIPOCT-
paHcTBO (3aBHCEIO OT BeposTHOCTTA P ).



Jlekiiua 2

Y ciioBHA BEPOATHOCT

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® Jla ONpeNe/TuM MOHITHEeTO yCIOBHA BEPOSTHOCT;
® [la JOKayKeM 3HaMeHuTuTe GOpMyIIn 3a IIhIHATA BEPOITHOCT U Ha beiic;
® Jla ONpeNe/IuM YCJIOBHI BEPOSTHOCTHU MPOCTPAHCTBA;

® Na NadeM IIpuMepH 1 KOHTpallpuMepu.

2.1 ®dopmyiia HA IbJIHATA BEPOATHOCT

Omnpenenenne 2.1 Hewa B € A uw P(B) > 0. 3a scano cvoumue A € A we napeven
YUCA0mo

P (AB)
P (B)

ycaoena eeposmuocm nwa cvoumuemo A npu ycaosue cvbébumuemo B.

P (A|B) =

Jlecno e ma ce Bunu, ye ako pukcupame ycjaoBueTo [, ycaoBHaTa BEPOSTHOCT TTPUTEKABA
BCUYKUTE CBOMCTBa Ha OesycioHara. CrOurnero B (M BCHUKN CHLABPKAIIN IO CHONTHSA)
npuTexaBa yciaoBia BeposTHocT 1. CnbuTusTa Bievaln B moBUITaBaT CBOATA BEPOSITHOCT,
a HechbBMecTuMuUTe ¢ B cTtaBaT “HeBbsMoxuu“. Taka BHpXy chillaTa o-ajirebpa e mopomena
HOBa BEPOSTHOCT OTpa3sBallia (paKkTa 3a HacTbIBaHeTo Ha chouTHero BB, Heka st o3maunm ¢

P 5.

Onpenenenune 2.2 Kazsane, ue cvoumusma (Hy, Ha, ..., H,) o6pasyeam nvana epyna 6
(wau kpaiino pazdeasne v na) Q, woeamo H;H; = O,¥i # j w Hy + Hy +--- + H, = Q.

Hpuemo € CHOUMULNG 0T NHAHATNG zcpyna ()CL CE HAPUHAT TUNOME3U.

Heka e samanena neinara rpyna cooutus (Hy, Hy, ..., H,). Usnbawena e crenmata Gop-
MyJIa 3a MhJIHATA BEPOATHOCT:

P (A) = Y P (A|H)P (). (2.1)

=1

13
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HOKaBaTeﬂCTBO: CJIGI[BEL JIECHO OT OYE€EBUIHOTO PaBEHCTBO:

u ompenenentne 2.1 na ycmaoBra BepositaocT. Q.E.D.

IIpumep 2.1 Ha ao6 3a namuyu. FKdno maado cemeticmeo omuwio na 106 3a namuyu. Te
T6BPAUAU won Kol da cmpeast no nwvpeama namuya. [luma ce xkaxea e éepogmuocmma da
Ca S YAYUUAU, AKO € UBBECTNHO, UE:

1. won ca x6BPALAU € NPABUAHG MOHEMA,
2. MBAUCLM Yayu6a cpedino 6 edun om nem uzcmpend;
3. MBAHCHM YAYU6a CPEIHO J6a NBMU NO-YECTNO O HCEHAMA.

Pemtenne. /la osmaunm ¢ A cnbutnmero MbEKBT ma e cTpessia npbB. Crnopen ycrmosue 1.
P(A) = 1/2. Jla o3naunm ¢ B cwrburmero marunara ma e yiydena. Cropen ycriosue 2.

P(B/A) = 1/5. Cnopen ycnosue 3. P(B/A) = 2 * P(B/A). Cnenosarenno, P(B) = P(A) *
P(B/A)+ P(A)* P(B/A) = 3/20. Q.E.D.

Teopema 2.1 (Popmyaa 3a ymuodcenue eeposmuocmu) Bapua e caedwama dopmyaa:

P (AiAy... A) = P (AP (A3 AP (A3 A1 Ay) .. P (Au| A Ay .. A,y). (2.2)

HokasaTesicTBo: llle nokaxkem TBLpaeHneTO Mo MHAYKIHA. 3a n = 2 TO € OUEBHUIHO CJIEIC-
TBIe oT onpepnenenue 2.1 Ha yciosHa BeposTHocT. Heka To e usnbineno 3a uakoe n. Torasa
Ila TPUJIOKWM CBITIOTO onpenesenne 3a cooutusata B = AjAs. .. A, m A, 1

P (AiAy... Apst) = P(BAwyt) = P (B)P (A1 |B)

— P (Al)P (A2|A1)P (A3|A1A2) e P (An|A1A2 e An—l)-
Q.E.D.
IIpumep 2.2 [lak na 406 3a namuyu. Kaxea e sepogmuocmma da ce yaywam mpu namuy

nodped om nwpeus nem, axo doeosoprama Mmexcdy dsamama e ouAa, KOUMO YAYUU NPB6,
da cmpeasg dokamo yayusa.

Pemtenue. a osmaunm ¢ B; cnbutnero “yaydena e i-tata naruna“m B = ByByBs. Cbr-
JAacHo (popMyJiaTa 3a II'bjHa BEPOSTHOCT MMaMe:

P(B) = P(A) + P(B/A) + P(A)  P(B/A).
CoriacHo popMyiaTa 3a YMHOKEHIE NMaMe:
P(BJA) = P(B,ByBs/A) = P(B,/A)P(By/AB,)P(Bs/AB, By) = (P(B, /A)).

TyK HEABHO IIpealiojiaraMe, 4€¢ BEPOATHOCTUTE 3a YJIY4UBaHE Ca €IHM 1 CbIIW W HE 3aBUCAT
OT pe3ylITaTuTe OT NpedXONHUTE OIINTI (GI[HO JOCTa CBbMHUTEJIHO Hpe,HHOJIO)KeHI/IG). Taxa

oxoruaTenno nomydasame P(B) =1/2x (1/5)° + 1/2(1/10)* = (9/2)107° = 0.45% Q.E.D.
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2.2 ®opmyia Ha berlic

CrenmaTa smamennTa (popMmyita Ha beiic mamMmupa MUPOKO TPUIOKEHNE B CTATUCTUKATA:

_ P(A|H)P (Hy)
P(H|A) = S P (A|H)P () (2.3)

HokazatesncTBo: Crensa ot ompenenenne 2.1 mHa ycioBua BepostaHocT. Q. E.D.

IIpumep 2.3 4 nax na o6 za namuyu. Edun cvced 6ua dobpe 3anoznam ¢ marnama yeo-
60pKa U Hab100as6al u3zad baupa, KAk ¢ MPU UBCMPELL CEMETCME0MO C6AATL MPU NATNUYL.
Banuman ce mot, Kol AU 6CDUWHOCTL € CMPEATA UAU KOAKO NO-2044MA  BEPOIMHUOCMA A
ce e nadna.no na mwoca da cmpens.

Pemenne. [lle msnonsysame coimre oswauenns. Twit kato P(B;/A) = 2 x P(B;/A), To

P(B/A) =8 P(B/A). Torasa

— 1/2P(B/A) B P(B/A)
PAIB) = 15 p(B/A) + 1 [2P(B/A) ~ 5+ P(BIA) + P(B/A)

P(A/B) =1— P(A/B) = 8/9.

=1/9,

3abernexeTe, Ue TYK Maxke He ce HYyKITaeM OT TOYHATa BeINYNHA Ha YCIOBHATA BEPOSITHOCT
P(B/A). Hoctarpunu camo mpemmorioxenus | u 3, onucanu B nmpumepa 2.1. Okaspa ce 8
IbTH MO-BEPOSITHO a ce e TMalHalio Ha MbKa ma cTperns npbe. Q.E.D.

2.3 Y ci0oBHU BEepPOSITHOCTHHU MPOCTPAHCTBA

KakTo Beue oTbernsizaxme, BCIKO KPAalHO pasfiesisiHe Ha MPOCTPAHCTBOTO < Ha HEMPECHYAIITH
ce CLOMTHUS BOMM IO TIOABAaTa Ha CEpPUs OT YCJIOBHE BEPOSTHOCTH, onpenesenn Bupxy A. Tosa
HII aBa BBH3MOKHOCT ma mpenuineM Gopmyria (2.1) BbB Buma:

P =Y P(B)P5. (2.4)

Bey

FOpHOTO PaBEHCTBO Ce pa36ﬂpa KaTO paBEHCTBO Ha BEPOATHOCTHU MEPKH, T.€. TO € U3II'bJII-
HEHO 3a BCAKO crouTme A € ./4

[lonskora, obade, e yIo6HO Ma pasriekiaMe YCIOBHITE BEPOATHOCTH KaTO ChCPEIOTOYe-
HII CaMO BLPXY CLOUTHETO — ycjaoBme. Torapa Tpsabpa Mla olpeeanM HOOXONAIIo o-alrebpa
Ap na B u pasraexname BeposTHocTHOTO nipocTpancTso (B, Ag, P ). Tosa ce mpasu Tpu-
BUAJIHO, KOraTo yciaoBuero B uma wemynesa BeposthoctT: Ag = {AN B, A € A}, P(A) =
P(A)/P(B),A € Ap. TaknBa BeposATHOCTHI MPOCTPAHCTBA HaplIaMe yCIOBHI.

IIpumep 2.4 Hekra pazeaedane edua keadpamua warmamua 0vcka.

HEL CBBpPKEM C HEA BEPOATHOCTHO IMPOCTPAHCTBO CHINIACHO qDOpMyJIELTEL 3a reoMeTpHuvHa Be-
POSATHOCT. Toit kaTo ObCKaTa € pa3de/IcHa Ha 64 €IHaKBI KBalpaT4d€Ta, BEPOATHOCTTA €1HA
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— N W e Ot Oy~ 0

abcde f gh

Purypa 2.1: [Mlaxmarha mbeka

CILLTOYKa fla momajiHe B TakoBa kBanpatue e 1/64. Hue, obaue, 11ie npoMennM Te3n BeposT-
HOCTH KaTo TW 3aMeHuM Ha duciata {p;;,i = 1,2,...,8, j=a,b,..., h. dcwo e, ge cTura
lla ca U3I'bJAHEHU ycjoBusaTa p;; > 0 u > p; ; = 1, Hue 11e nojyyuM egHo nobpe onpenesieHo
Bep. 1mp-Bo. B ToBa mpocTpaHCTBO MMa TPU Pa3IUdHU €CTECTBEHN Pa3NesIsiHus:

® v, - Ha xosonu j = a,b,.... h;
® 7, -Ha pemoBe ¢ = 1,2,...,8;

® 73 -Ha [OBa IBATaA - oenmm n YEPHU.

Heka osmauum ¢ p;. = > pij,  p.; = > pij- LTaxa, XoraTo ce caydu, HampuMmep, ChbOUTUETO
{j = b} € v, nonyuaBame yciIOBHOTO BEPOSTHOCTHO NMPOCTPAHCTBO, CBBHP3AHO ¢ KOJIOHATA:
{b}. B mero uma 8 nonera ¢ osnauenus: 1b,2b, ... 8b u ycioBHu BEpOSTHOCTH, CHLOTBETHO,

PL Dby P2y Dby D3/ Do

Bo3moxna e n ob6paTHaTa mHTepIpeTanyd. Heka BzeMeMm e Habop OT pasIndHn Bepo-
stHocTHN mpocTpancTBa: {(Q;, A, P ;)i =1,2,...}

Cera MoxeM ma obpasyBaMe OUpeKTHaTa cyMa oT MHoxkecTBa: ) = Q) 4+ Q5 + ... Ila
onpenenuMm Ha ) ¢popmannara cyma or A = Ay + Ay + .... C Bceku Habop 0T BEpOATHOC-
™ {p:},(p;i > 0, p;i = 1) e cBbp3ana emma BeposTHOCTHA MspKa Ha A, ompemenena 1o
dopmymaTa (2.1).

Taka dopmynaTa 3a Ib/IHa BEPOITHOCT CHOTBETCTBYBa Ha €IHO paslajlaHe Ha BEPOSIT-
HOCTHOTO ITPOCTPAHCTBO B “IIpeTeryeHa cyma .

2.4 W3smepumu pas3neisHus m 6yjieBu o-mogajareopu

C Besiko KpaliHo paspernnsiie  Ha TPOCTPaHCTBOTO () e CcBLp3aHa emHO3HAYHO OlpeneseHa
6ymnoBa nonairebp A, C A. Ts e xpaiina u cbabpKa TOTHO 2N emeMenTa, axo pasmensHETO
~ ce cheron oT [N Hempasuu MHOKecTBa. 3061110 Ka3aHo e BsipHa cienHaTa

Teopema 2.2 Crhuecmeysa 63aummno - €dno3nauno cwvomeememeue mexncdy xpainume 6y-
A€6U ai2ebpu u Kpativume pazdeagnus nwa npocmpancmeomo §).



2.4. *"UBMEPUMMW PASIEJIAHUA 17

HokaszarencTso: Jla chnocTraBuM Ha Bestko pasnesste Gynesa anrebpa. Hexkay = {Hy, Hy, . ..

Heka osmauum ¢ N muoxkectsoro {1,2,...,n} uw neka [ C N. lla pasriaename ceMeiicTBOTO
or MHOKecTBa oT Buna: Ay = 3 ;c; H;. Te obpasysar Gynesa nonanre6pa wa A. Haucruna,
Ag =10, Ay =Q, A7 = Ar, Aruy = AU Ay Ia o3naunM Tasu nonasireGpa A,. O6patHo,
Heka B e KpaiiHa (chcTosiiiia ce 0T KpaeH 6poil MHoKecTBa) OyreBa momanrebpa C A. Ille
HapedeM aToM Ha [ BCAKO MHOXKECTBO OT BHIIA:

ﬂ BEB7 Bt = )

BeB ’

Toit kato Vw € Q, VB € B, de TakoBa, ue w € B, MHOXKeCTBOTO OT aTOMHU 00pa3yBa pasie-
nsne. BzanMuaTa enqHO3HAYHOCT Ha TOBa CHOTBETCTBHE MpenocTabsme Ha unTaTesns. Q.E.D.

ToBa cboTBeTCTBUE TOpakia MHTEPECHA BPB3KAa MEKIY ONEpAIMUTe OlpeeseHn BhPXY
nomanrebpu u pasmensans. Ha Tpusnasnara anrebpa {{), 1} orroBaps TpuBmamnoTo pasme-

nsue v = {Q}.
Onpenenenue 2.3 Kazsame, ue § e no-cumuo (uwau no guno) om (v <46) axo A, C As.

ToBa o3nauaBa, 4ye ejleMeHTHUTE Ha pPa3NelsTHETO 7 ca MO-TPYyOHM, Te ce ChCTOSAT OT IO
HAKOJIKO efleMeHTa Ha pasnessHeTo 0. VI nmBeTe MHOXKecTBa — ToOBa Ha OyseBUTe ajrebpn u
TOBa Ha pa3lelsHUsITa — ca 4acTu4yHO Hapeneuu. Ho Thil kaTo cbillecTByBaT max, min Te
ca u pemerku. B vactHocT,

mazx(As, Ay) = o(As, Ay) = Anas(s )

PELSI[GJDIHGTO ma:z;(5, ’)/) Ce CbCTOM OT BCEBB3IMOXHI CEUYCHUA Ha €JIEMEHTU OT ABETE pa3-
JEeJISAHIA.

min(Ag, AW) = .Ag ﬂAW = Amm(gﬂ).

Paspenarero min(5, ’y) ce ChCTOMW OT CHLOMTUS, KOMTO MOTAT Ma ce MPEeNcTaBAT KaTo obe-
OUHEHWS Ha eTeMEeHTH, KaKTO OT €OHOTO, Taka W OT APYTOTO pa3lelisHe.

braronapenne Ha ToBa nBeTe CTPYKTYPH - Ha OYJIOBI aJIrebpu 1 pas3ne/sinus cTaBaT M30-
Mopdun. To3u m3oMopdu3bLM MOKe fla ce paslIupi 1 3a o-Tofajrebpu, HO TOBa € BH3MOKHO
caMo cJlefl BbBeXKTaHeTo Ha puKcupaHa BeposaTHoCT. Torapa Bcnuku o-nogaareGpn ce monbii-
BaT ¢ TIOMMHOXECTBAaTa Ha CHhOUTHS ¢ HyJleBa BEPOSTHOCT W ce PasTIeKIaT caMoO KTacoBeTe
exkBuBajeHTHN chouTusa. Koraro o-anrebpara A e mopomesa oT HAKaKBO U36POUMO ceMeicT-
BO MHOMKECTBa, KOETO pa3feiiss TOUKNTE BLB BEPOATHOCTHOTO IIPOCTpancTBo {2, Teopema 2.2
MOXKe Ma ce 0oboOItm.

H,}.

Teopema 2.3 Cruecmeysa 63aummno - €IH03HAUNO CHOMEEMCMBEUE MENHCIY T-nodaseebpume

nwa A u usmepumume pazdeagnus wa ).

Ennna TaxbB mpumep 11ie BUIUM B TeopeMa 8.2 MO-K'bCHO 3a cXeMaTa Ha bepryiu.



Jlekiiuga 3

HezaBucumMmocTt

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® a onpeneJuM IMOHATHUETO HE3aBUCUMOCT,
® [a ollpede/JuM IIPpOU3BeIcHNE Ha BEPOATHOCTHU IIPOCTPaHCTBA;

® Na NadeM IIpuMepH 1 KOHTpallpuMepu.

HesaBucumocTTa e Haﬁ—@yHI{aMeHTaHHOTO IIOHATHNE Ha TEOpUATa Ha BEPOATHOCTUTE. Ma-
Kap 4Ye, KaKTO IIIe BUIUM HaTaTbK, TA € HAKaKBB €KBIUBAJICHT Ha JCKapTOBOTO IIPOU3BEOCHIE
Ha MHO2Ke€CTBa, IJIN Ha IIpaBOTO IIPOU3BEACHIIEC Ha »ELJIF€6pI/I7 T.€. B MaTeMaTHn4YeCK1 CMICBHJI €1~
Ba JI IIpHUBHaCsA HEIIO HOBO, HE3aBUCHMOCTTa B I[efICTBI/ITeJIHOCT € OCHOBaTa Ha Ta3W Teopu:.
Tosa e IIOHATMETO, KOETO IIpaBU TeOpuATa HE3aMCHUMa, KOT'aTO IMa HYXKHOa OT MaTeMaTl-
YeCKO Mode/dpaHe Ha ABJICHUA C HEIIpeACKasyeM M3XO[.

I’IG?)ELBI/ICI/IMOCTTEL7 KaTO CTPOro noHATne OoT MaTeMaTHKaTa, C€ OKa3Ba HEMMOBEPHO OnnzKa
JO0 HOpMaJIHUTE, €3MKOBI MJ/IN YOBCIIKN IIpeACTaBH 3a CBIIOTO — KOI'a €0HO CLONTHE OKa3Ba
(I/IJH/I He ) HAKaKBO BIUAHNE BBPXY BB3MOXKHOCTTa OAPYTO cLOuTIE Oa HaCT'BbIIN.

KaTo BcIko MaTeMaTH4YecKo MOHITHE He3aBUCUMOCTTa MMa I peonia HEOJOCTATBIN. OC—
HOBHUAT €, HaBAPHO, CTPUKTHOCTTA — M3NCKBaHMATaA Ca TOJIKOBa CTPOru, Y€ CTaBaT HEIIPO-
BEPAEMU. C Apyru OyMHu, KOraTo HUE Ka3BaMe,Ye ABe BEJIUYNMHN NN CLONTHSA ca He3aBUCHUMU,
Huye BJaraMe B TOBa TBBPACHUE MHOT'O IMOBEYE BApPa, OT KOJIKOTO OXMe MOIJINI (CT:C cpencT-
BaTa Ha MELTGMELTI/IKELTEL) Oa ITpOBEPUM.

3.1 He3aBucumocT Ha cbOUTHUA

PGFI/ICTpaHI/IﬂTa Ha HaCThbIIBaHE Ha OaJeHO CJIy‘IELfIHO cLOuTIE IIPOMEHA CHCTOAHNETO Ha BE-
POATHOCTHOTO IIPOCTPAaHCTBO — BE€YUe € HEBB3MO2KHO HaCTBIIBAaHETO Ha €JIEMEHTapHU CLONTHISA
3BBH (He BJIG‘IELHJ;I/I) ToBa cnonrne. Tasu CUTyallud € OTpa3€Ha B U3MECHEHHETO Ha BEPOAT-
HOCTTa Ha OPYTUTE CLONTUSA — YCJIOBHaTa UM BEPOATHOCT HE BUHaAl'l € ChIlaTa KaTo 663yC—
JIOBHaTa.

B msxon, penku ciygan, obade HaCTHIBAHETO Ha HAKOW CHbONTUS He OKa3Ba TaKOBa BIIW-
sSHITe BbPXY IlIaHCOBeTe Ha NPYru chOmTus.

18
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Tyx e namem gopmaiiHo onpenenenne Ha noHsTueTo HezaBucumocT. llle ce ybenum, ve
B Tas3u cu (DOPMYJIMPOBKaA, TO W3KIIOUBa HAKaKBa MPUUYMHHO CJIEICTBEHHA BPb3Ka MEXKIY
SIBJICHUSITa, KOUTO HapUyaMe He3aBUCUMU.

Onpenenenue 3.1 Kazsame ue cvobumusma A, B ca nezasucumu, avo P (AB) = P (A)P (B).
Hle 6enencum nezasucumume cvbumug ALB.

OT ToBa ompemesneHme BemHara CjeflBa, Y€ YCIOBHATA BEPOSTHOCT Ha BCAKO OT IBETE
crOUTUS € paBHa Ha HeroBaTa OesycioBHa BeposTHOCT. C APYTHW MyME, BEPOSATHOCTTA [1a
HACTBIN CHONTHETO A He 3aBUCH OT TOBa, HAJN € HACTBINIIO WK He, chbutmeto B.

Omupenenenne 3.2 Kazsame, ue pazdeagnuama vy ud ca nezasucumu, akoVA € v uVB €
umame ALB. llle 6eaencun nezasucumume pazdeagmusg v14.

3.2 He3zaBucumMocT B CHBKYIITHOCT

Onpenenenne 3.3 Kazsane we cvébumuama {Ay, k=1,2,....,n} ca nezasucunu 6 c»6-
KYNHocm, arxo 6€POIMHOCIIMAG HA 6CAKO OM MAT HE 3ABUCU 0M MO6A JAAU CE € CAYUUAL
HAKOA KOMOUHAUYUL OM OCMAHAAUME CHOUMUAL.

OT ToBa ompenernenue clenBa CHIHO yIPoCTsBaHe Ha GopMmyaaTa 3a ymuoxenne (2.2),
KOTATO CHOMTUATA Ca HE3aBUCUMU B CHbBKYITHOCT:

P(AiAy.. . A) =P (AP (Ay)...P(A,) (3.1)

IMpumep 3.1 /la pazeicdame caednomo 6eposmmocmuomo nPpocmpancmeo ¢bCmoguo ce
om 4 pasnosepogmuu eaemenmapuu cvoumug: {w;, 1t =1,2,3,4}. Toeasa c¢voumusma A =
{wi,we}, B = {wi,ws},C = {wi,ws} ca nesasucumu dee no dee, no ne ca neaasucumu 6
CHLERYNHOCTN.

P(B)=P(C)=1 P(AB)=P(BC)=P(AC) =1, 1o P(ABC) =

»-lkl'—‘

Hancrtuma, P (A
1
1

) =
P({wl})=1#5

3.3 IIpou3BeneHme Ha BEpPOATHOCTHU MPOCTpPaHCTBA

Heka ca samanmenu nBe BeposTHOCTHH mpocTpancTsa: (21, A1, P o) w (Qs, Ay, P o). Ila obpa-
3yBaMe JIeKapTOBOTO IpomsBenenne () Ha nBeTe MHOxecTBa {1 u (2o:

Q=0 X Qg ={(w1,ws), w1 € Dy,wy € Do}

Heka pasrsiename € B mero MuoxectBoTO 0T Bemuku “npaBobrbiaauiu’ 11 = {A; x Ay, Ay €
Ay, Ay € Ay} BepostrocTTa BBPXY “IpaBOLIBIHAIITE  ce onpemnens mpocTto: P (A; x Ay) =
P(A;) * Py(Az). Muoxkectsoro 1l oueBnpno we e Gymoa amrebpa.

Teopema 3.1 Muoocecmsomo F om kpaiinu cymu na wHenpecuuwawy ce “npasovebanutyu
e dyro6a asechpa.
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HoxkaszaTesicTBo: Tpabsa ma mpoBepnM axcwmomuTe. B mokasaTeacTBOTO 3a KPATKOCT ITle
msnossyBaMe oszHadenneTo C' (MOHSKOTA ¢ WHOEKCH) 3a O3HadaBaHe Ha MPaBObIBIHHUIIN.

1. Axkcmomara Q) € F e ouesunno msmbianera: § = 0 x 0y = QO x 0y = 0; x Qy, Q0 = Q) x Qy.;
2. Ako A, B € F,to AN B € F. ToBa cilenBa nenocpencTBeHo oT OMpeeieHneTo Ha neKap-
TOBO TPOU3BENCHHE:

A1><A2ﬂB1><BQZA1ﬂB1XAQHBQZCEf. (32)

Ot (3.2) cnenpa:

(A X B)N(ZA x B) = ()0 =3 ¢inds, (3.3)

J ]

KOeTO W3pa3siBa CceYeHMeTO Ha MBa Mpom3BoHU ejdemenTa oT JF. ToBa nokasarencTBo Tpu-
BHAJIHO Ce PaslInpsiBa 3a KpaeH 6poil enemenTn Ha F.

3. Ako A € F,10 A € F ; HonbiHenneTo na equH MpaBOBLIBIHAK Ce TOIYyIaBa MPOCTO KATO
CyMa Ha TPHW Hellpecuvallld ce TPaBObI'bIHUKA!

AXB=AxB+AxB4+AxB=C,+Cy+Cs. (3.4)

dopmynm (3.3) u (3.4) u 3akonute Ha e Mopran maBaT BB3MOKHOCT a H3PA3UM JIECHO 1
JON'BLIHERNETO Ha MTPOM3BOJIEH eleMeHT oT JF:

Q.E.D.
Omnpenenennero na P ce pasmmpssa mpocto ot Il Bupxy F:

n

PS4 <A = TP (4] ).
=1 ;

=1

OsnagaBame o-anrebpara mopomerna or npaBobreannnnte A = o(Il) O F. Bepostroct-
ta P ma F ce oxkasBa menpekbcnaTa B () m Moxkem ma msnonsysame Teopemata 1.1 (ma
KapaTteomopn), KosATo HI IaBa CHINECTBYBaHe U €ANHCTBEHOCT Ha BEPOSTHOCTTa P BBPXY
A. Taka HoIy4eHOTO BEPOATHOCTHO MPOCTPAHCTBO HapudaMe MpOU3BeeHre U GeIeKnM C:

(QDADP 1) X (Q27~’427P2)'

JIema 3.1 Avo C =3272,C;, C,Ciell, mo P (C)=372,(C)).

1=

HokaszaTesicTBo: lla orbemexmm, de ako enui NpaBOLILIHNK A = Ay X Ay ce paspenn ma
cyMa (oT mempecwyarim ce paBobIbiaauin) A = B 4+ €, To ToBa MOXKe Ha CTaHe caMoO T10
NBa HaunHa — 4pes paspenste Ha A; nam Ay. BB Bcexnm ot mBaTa ciyuas nmame: P (A) =
P(B)+ P (C). llo nunykims ToBa CBOCTBO ce MPEXBBPIA U BLPXY Ge3KpaiiHo pasmesisie
Ha npaBobrbaHuiu. la ro mapeuem wacmuuna o-adumusnocm. Q.E.D.

Teopema 3.2 Beposmuocmma P onpedeaena 6wpry 6yiosama aieebpa F e nenperscna-
ma 6 HYAama.
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HokazaTesicTBo: [la pasriiename namassBalila penniia oT enemenTtn B, € II, TakaBa, de
N B, = 0. la osnaunm ¢ A, = B, \ B,;11. Cbroacuo teopema 3.1 mmame A, € F. la
oTbeseKnM, de mopanu mnpennonoxenuero umame By = 3" A,. Tsil kaTo MHOXKecTBaTa
A, ca mempecmualm ce, 3a Vn € W3ILIHEHO PaBEHCTBOTO:

P(B)=P(A)+P(A) +...+ P(A) + P (Bupr).

Twit kato By, A,,n = 1,2, ... ca KpailHu cyMI OT “IpaBOBIBLIHUIN , OCTaHa [1a IpeHapeImM
eJIeMEHTHUTE UM TakKa, e [1a MOJydrM TOC/IeoBATEe/HN pasfelsuns Ha eleMenTnTe na Bj.
Torasa MoxkeM fa ce BL3IOI3yBaMe OT oT6esg3anTa dyacTiuta o-aaqurusaoct Ha P . Q.E.D.

3.4 He3aBucuMocT Ha o-ajarebpu U pa3neIsasHUI

Onpenenenne 3.4 Kazsame, we dadenu o-aneebpu {A;,1 = 1,...,n} ca nezasucunu dee
no dee (6 cwerynwocm), axo cwvoumusma om ecexu nabop {A;, A, € A1t = 1,...,n} ca
nesasucumu deée no dee (6 cwerYNHOCM).

B mpocrpamcTBoTO Mponssenenue, nocTpoero B penuaTa cexums (21, Ay, P 1) x(Qq, Ay, P o)
Ma [Be He3aBUCUMMI O-TIOJaIreGpi:

o Ay ={A1 x Oy, Ay € At}
o A, ={Q x Ay, Ay € A}

Ipumep 3.2 Xswpague na dea zapa. B npumep 3.2 6epoamuocmuomo npocmpancmeo €
npouszsedenue wa dée nPoCMPancmea:

o pesyamam om nuvpeu 3ap y = {1,2,...,6};

o pesyamam om emopu 3ap 2y = {1,2,...,6};

Ipumep 3.3 Hewa ceea pazeaedame omuoso npumep 2.4. Hexa ecuuru noaema wma waz-
MAMHAMA 0DCKA CA PABHOGEPOIMHU.

CGFEL € JIECHO Ha ce€ Buanm, 4e TPpUTEe pasac/idHud: 7y - Ha KOJIOHU, Y2 -Ha PEeOoBe,7vy3 -Ha IBa
IBiATa - oenmm n YEpHHU Ca HE3aBUCHMHI OBE IIO OBE, HO HE Ca HEe3aBUCUMU B CBBKYITHOCT.

IIpumep 3.4 B szadauama na Bogon (npumep 1.3) 6eposmuocmuomo npocmpancmeo ¢b-
wo ce 0xazea npouseedenue wa Jdeée NPOCMPANCMea:

M ={0<a<n/2} uy={0<z<a/2}.
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Cay4yallHu BeJINYUHN

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® [1a OTIpeNeNnM cllydaiiia BeaundnHa (CI.B. );
® Jla ONpeNeSiuM pas3lpeneneHne Ha CJ1.B.;

® 1a majieM IpUMepPH 3a CII.B..

CrnyuaiinnTe chbOUTHUS TPENCTABISIBAT HAN-TIPOCTHUS TPUMEp 3a MOMEN Ha HabIIoeHe Che
ciydaeH (Heolpenesien oTHaNpen) nsxon. Yecto ce mamara ma Ha TpakTHKa HaGIIONEHIATA
na 6blIaT BCBITHOCT U3MEpBaHUs — Pe3ylTaTbhT OT eKCHepUMEeHTa lla Ce 3allucBa ¢ YMCIo.
Monen Ha TakmBa eKCIEPUMEHTH ca CIydYaillHUTE BETUYNHUA.

4.1 IIpocTu caydamHu BeJIUYINHU

Cr.B. ca 9ncioBu QYyHKIUU ONMpENelenn BhPXYy MHOKECTBOTO OT efleMeHTapHu choutus (2,
HO TSXHOTO OIpefie/ienne CUITHO 3aBUCH OT TOBA KOU ca ciydaitnuTe chbutus B {).

Omnpenesenne 4.1 Hexa e zadadena nwvanama 2pyna cv»oébumus
(Hi, Hy, ..., Hy,). e kazsamne, we e onpedeaena npocma ca.6., ako {(w) = x;,Vw € H; i =
1,2,...,n.

Ipumep 4.1 Hexa pazeaedame eepogsmuocmuomo npocmpancmeo npumep 3.2: "Xewpague
na dea zapa.” To ce cvemou om 36 pasnosepoamuu eaemenmapuu cvoumug. Ha eu o3nawun
cwj,t,] = 1,2,...,6). Ja onpedeaum wa moea 6eposmuocmuo npocmpancmeo 2 ca.6.

E(wij) = i,n(wij) = ).

Hamepeme nvanume 2pynu na deeme ca.6.

Teopema 4.1 Jlunetina xwombunayud, npoussedenue, MUHUMYM, MAKCUMYM U YHKYUL Ha
npocmMU CA.6. € NPOCMA CA.6.

22
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HokazaTtencTBo: Heka muianara rpyna ceoutus (Hy, Ha, ..., H,) choTBeTCTBYBa Ha CII.B.
¢, mpinata rpyna ceoutus (G, Gy, ..., Gy, ) Ha CILB. 1), @ TEXHUTE CTONHOCTH €& CHOTBETHO

{z1, 20, ..xn} u {y1, Y2, - - - Y }-

[npBo e nokaxewm, ge cuoutusta {H;G;, ¢ = 1,2,...,n, j = 1,2,...,m} obpasysar
bIIHA TPYTIA.

H,G, ﬂHkGl = HinﬂGle =), xorato ¢ # k nmm j # [.

SYHNG=HNYG=H2=Y H=Q.
=1 Jj=1 =1 =1

=1 j5=1

Torasa cin.B. af + (1, &n, min(€,n), max(€,n) e TpreMaT CTONHOCTH, CHOTBETHO, O.X; +
By;, xyj, min(x;,y;), max(x;,y;) 3a BCIKO efleMenTapho cnoutTne or choutmero H;G; ot
mbiaHaTa rpyna oT chbutus. Pymkmnusra f(£,n), choTBeTHO, Ile prueMa cToinocTn f(2;, y;)
BBPXY cbioro cnontme. Q.E.D.

Omnpenesenne 4.2 Kazeane, ue npocmume £ un ca HE3ABUCUMU, AKO € HEZABUCUMO 6CTKO
om cHLOUMUIMA KA EINAMA NBANG 2PYNA € 6CTRO OM CHOUMUIMA KA IPY2aAMa NBANG 2PYNA.
Feaeocunm mosa ¢ £1n.

[Toxaxere, we B mpumep 3.2 £ Ln.

Onpenenenue 4.3 [lle kazeane, we pynwyusma £(.), onpedeaena na ¢ emoiinocmu 6 R,

e ca.6., ako L.(§) ={w:{(w) <z} € A Vz e R".

OT ToBa ompenenene B YacTHOCT cieBa, de MuokecTBaTa L, ;(€) = {w:a < {(w) < b} €

A,Va,b € R'. Hanmcruna, L, (&) = La(x1) N Ly(§).

Teopema 4.2 Begka ca.6. modce da ce npedemasu kamo epanuya wa peduya om npocmu
CA.6.

HokazaTtesacTso: Heka £ e orpanndena cii.B., T.e. ¢ MHOKecTBO 0T cTofinocT: —C < E(w) <
C. Ba Bcsako n MOKeM a OIpefesiuM KpaiiHo pasmenste Ha npoctpanctsoro: H; = {a;_1 <
£(w) < a;}, kbaero uncnara a; = —C + i * % Jlecro ce mpoBepsiBa, ue MHOKecTBaTa H;
obpasysar paspensue: H; € A, H; N H; = (), UH;, = Q. [la onpenenum npocrara Ci1.B.
£n(w) =a;, w € H;. Torasa [¢(w) — &, (w)| < % Braun {(w) = lim ¢, (w).

Cera 11ie moxazkeMm, ge BCSKa CJI.B. MOXKE a ce MpecTaBh KaTo TpaHulla Ha PEInia OT
orpanudenu ci.B. &,. lla osmaunm

— (W), Lonp={w:—n<(w) <n}
&n(w) = { 0, {lw) < —n}U{n <{(w)}

Twit kato U, L_y,,, = , 3a Besiko w € € epimecTByBa N Takoa, ge &, (w) = {(w) mpun > N.

Buaun {(w) = 1lim ¢, (w). Q.E.D.
Teopema 4.3 Jluneina wombunayug, npouzeedenue u uzmepuma GYuKYUL Ha CA.6. € CA.6.

Hoka3zaTescTBOTO Ha Ta3nm TeopeMa M3MCKBa M3BeCTHa MaTeMaTudeckKa IMOATOTOBKa U IIIe
Oblle malleHo B IOCIenHaTa CEKIINs.
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4.2 @PyHKIIUA Ha pasnpeneieHAe U NJIbTHOCT

Onpenenenue 4.4 [lle napuuane gynryus na paznpedeaenve na ca.6. & pynwyugma F(x) =

P(w:{(w) <a).

Pyuxnmsita [ (:1;) € MOHOTOHHO HeHaMaJIsgBallla I HellpeKbcHaTa oT jaBo. Ocen ToBa F (—oo) =
0, F (oo) = 1. B TepMmunu na pasnpeneieHueTo Ci CJI.B. ce KJIacuUIupaT JecHo.

Omnpenenenne 4.5 Cayuatinama 6eauuuna, KOIMo NPUEMA CTMOUHOCNU T1, To, T3,... C 6€-
POAMHOCIU CHOMBEMHO P1, P2, P3, - .. CE HAPUNA JUCKPEMHA.

EcrectBeno 3 p; =1 u p; > 0. ToraBa pyHKIMATA Ha paslpeneeHne nMa caMO CKOKOBe
B TOYKWUTE ¥;, HABCAKbIE IApyraje € KOHCTaHTa. B ToukaTa ; CKOKBT W € paBeH TOYHO Ha
YUCITOTO P;.

Onpenenenune 4.6 Ako ca.6. € marasa, ve F(x) € nenpexsenama u 3a nowmu 6CIK0 & ¢b-
weemeyea npouzsodna na dywkyugma wa pasnpedeaenue f(x) = F'(x), mo we 1 napuvamne
nenpexvewama ca.6. Ipouzsodwama f(x) napuuwame navmuocm.

EcrecTBeno e, e 3a na 6bae enHa GyHKINS TIBTHOCT Ha clydaiiHa BeJIndnHa, TS TPAOBa
Ia OTTOBaps Ha /IBEe M3MCKBaHWS:

e neorpunarennoct f(x) > 0n

e mopmupanoct - [ f(x)dx = 1.

q)yHKHI/DITEL Ha pa3lipede/IeHne Ha HElIpeKbCHaTa CJI.B. Ce IIpedCcTaBsd KaTO MHTETrpaJl OT IJIbBT-

F(z) = /w fly)dy,

— 00

HOCTTa:

1 eCTECTBEHO € HEITPEKHCHATA qDyHKHI/DI, T.€. HAMa HIKaKBI CKOKOBE.

4.3 *Pa3npepeseHus Ha CJI.B 1 BEeKTOpU

I[EL O3Ha4UM C 2B MHOZKE€CTBOTO OT BCHMYKHI IIOAMHOXKeCTBa Ha MHOXKECTBOTO B.

Teopema 4.4 Axo f(-) : A — B, mo cvomeemcmsuemo “nwvaen npaobpaz® f~1(-)
2B 5 24 npexernpag ecawa o-aazebpa na B 6 o-aseebpa na A.

HokazaTescTBo: Camo mpoBepsiBamMe akcmoMuTe Ha o-anrebpa.Q.E.D.

Hanomusime, ue o-anrebpara va bopenoBnre muoxkecTBa B " € MuHNMainata o-airebpa,
chabpKalia Bendkn Kpaitnn watepsamm: N{a; < ax; < b;),0=1,2,...,n. Heka s osmaunm ¢
B. EnementuTe 1 111e Hapwdame GOpesioBI MHOKECTBA.

Heka ¢ e cn.B. Torasa o4eBnaHO BCHYKI MHOXKECTBaA OT €JeMEHTapHN CHLOMTHA OT BHOA:
EHA) = {w: {(w) € A}, kbmeTo A e unrepBana (z,y) OT peasHaTa IpaBa IIe ca CHLONTHI.
[IpousBosnen Habop OT CII.B. MOXKeE la ce pasrjekga KaTo BEKTOPHa CJL.B.
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TeO eMa 4:.5 AT‘CO € CA.6., MO CHOMBEMCIMBUETNO “n%JLGH n Cl06 a3 “el L) NPpereuvpAd
s
B 6 O'-TLO&CLJL8€6 a ./4 C ./4 30 EAEMEHTUME HA KOAMO € 0N G&GJL@HQ 6EPOATNMHOCTNITNG P
£ )

HokazaTesncTBo: Caencrsue or Teopema 4.4.Q).E.D.

Teopema 4.6 Axo onpedeaum sepogsmuocm ewvpry B no gopmysama Q(B) = P(E7H(B)),
mo mpotiwama (R*,B,Q) cmasa 6epogmuocmuo npocmpancmeo.

HMoxkazaresicTBo: 3a ma nokaxem, ge Tpoitkara (R', B, ()) cTaBa BepoATHOCTHO MPOCTpaH-
CTBO € MOCTATHYHO Ma MPOBEPUM akcmoMuTe 3a BeposTocT. .E.D.

Onpenenenune 4.7 Pynwryusma f(-) : R* — R™ ce napuua 6operosa, ako nbanusm
npaobpaz wa Bopeaoso mnoscecmso € bBopeaoso muoxncecmeo.

[Topanu Teopema 4.4 mpoBepkaTa 3a TOBa Hajiu efnHa (DYHKINUS € 6GOpeoBa € TpUBHAIHA —
OCTATHYHO € Jla TPOBEPUM MaJiu MBIHUAT Mpaobpa3 Ha MHTepBail e bopenoBo MHOKeCTBO.

Teopema 4.7 Bopeiosa dynryus om (6exmopna) ca.6. € (6exmopna) c.i.6.

HokazaTtencTso: [locTarnuno e ma pasriename choTBeTcTBEeTo @ = f(£(w)). IIBHmmusT
My Tpaobpa3 Moxke ma ce 3amuiie kato komnosunuaTa - H(f7H(.)). Q.E.D.

HoxkasatesicTBo: (Teopema 4.3)

Taxa 3a ma s NOKakeM e HOCTaTBYHO Ja IIPOBEPUM, de GyHKIUuTe T + Y, 2y ca GOpesoBN.
Ia pasrnemame, manpuvep,  + y n muoxkectBoro: A = {x + y < ¢} C R*. Ila pasraenamve
U36POMMOTO OGEUHEHNe Ha [IBYMEPHH NHTEPBAJINL:

B=U{z:z <z} N{y:y <uy}). (4.1)

Tyk ¢ (2;,y;) cMe O3HAYMIM BCHYKHM ABONKH PAI[MOHAJIHN 9YUCIa TakuBa, 4e ; + y; < C.
Ouesnnro A O B. O6paTtHo, 3a Besika ABoiika (1,y) : @ +y < ¢ uHTepBaIbT (X,¢ — Y) €
Helpa3eH U B HEro CHIIECTBYBa PalliOHaIHO YICIO — Ja o o3HaduM ¢ a. Mmame a + y < c.
Cera nuTepBaIbT (Y, ¢ — @) € HempaseH W B HETO CHIECTBYBA PAMMOHAIHO YHCIO — [1a TO
osnaunM c b. [Ipy ToBa ca M3ILAHEHN U TpUTe HepaBeHcTBa a +b < ¢, v < a, y < b. Q.E.D.

Teopema 4.8 Cruecmeysa 63aumno eOno3nauno cvomeememeue mexncdy Gywkyuume ua
paanpedesenue U 6B3MoACHUME 6epogmuocmu, onpededenu wa B 6 RY.

HokazaTesicTBo: CriefBa 0T TOBa, 9e BCAKA BEPOSITHOCT Ce OMPENENTsl OT CBOUTE CTONHOCTH
BLPXY TopaxmainTe 6operoBaTa anrebpa nntepsamm. Q. E.D.
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YucnaoBn XapaKTepnuCTmkKm Ha CJI.B.

B Munasmara JeKIsd Ce 3all0O3HaXMe C paslipede/IcHATa Ha CJI.B. CGFEL I1e pasrjiegaMe HIAKOU
YUCJIOBU XapaKTEePUCTUKIM, KOUTO Ce IIpecMATaT CaMO IIO pa3lIpeacJieHueTOo. H"prO 1I1e oIpe-
JeJITNM Hait - IIOIIYJ/IAPpHaTa YHUC/I0Ba XapaKTEPUCTUKAa MaTEMATUNYECKOTO OYaKBaHe (MO) n
I1e usBegeM OCHOBHHUTE MY CBOIICTBA.

5.1 MarTreMaTnyecko o4yakKBaHe.

Omnpenenenne 5.1 Mamenamuuecko ouaxeane wa npocmama ca.6. £ npuemawa cmoinoc-
MU T1, T2, ..., Ty 6BPTY CHLOUMUIMA OM NBARAMA 2pyna onpedeagme kamo Y r_; v P (Hy).

Ot ToBa ompenenenne ce BuKa BegHara, 4e ynciaoro E ¢ saBucu camo oT croitHocTuTe Ha &
I BEPOATHOCTHTE, C KOUTO T€ Ce IIPUeMaT, a He 3aBUCH OT TOBa 3a KO TOYHO ejleMeHTapHu
CLOUTHS M KaKBa I'bJIHa TPyIla TOBa CTaBa. 1.e. TO He 3aBUCH OT TOBa B KAKBO BEPOATHOCTHO
IPOCTPAHCTBO € peadm3ipana CJI.B. HamcTmna, Thil KaTo IIpocTaTa C/1.B. € TUCKpeTHa, TO
MaTeMaTUYecKOTo i o9akBane ce mpecMsiTa kato cymata: BE& =Y a;p;(p; = P (H;)).

Teopema 5.1 3a npocmu ca.6. MaMEMAMULECKOMO OUAKEARE NPUMEHCAGA CACIHUME C60TC-
mea:

1. monomonnocm - Axo £ <n, mo EE < En;
2. aunetinoem - E(af 4+ 0n) = oaE & + SEn;

3. myamunauxamusuocm - Axo E1n, mo Eén = EE(En;

HokaszaTesicTBo: llle msnomsyBame osmadenusTa Ha Teopema 4.1. Q.E.D.

Tesn croiicTBa Ha MaTEMaTUYECKOTO OUaKBaHe 1 OCOOEHHO HETOBaTa MOHOTOHHOCT TIO3BO-
JSBAT TO JIECHO la ce Pa3lpoCTpaHl 3a MPOM3BOJIHU HeoTpullaTelHu ci1.B. Moxe obave ma
ce OKaxke, Ue To e be3KpaifHo.

MaremaTnyeckoTo odakBaHe Ha HEIpeKbCHaTaTa CJI.B. £ ce mpecMATa KaTo WHTerpaJa;
E¢ = [af(x)dx, a ToBa na nuckperna kato cymata E & = 37, x;p;, KoraTo ToBa € BH3MOKHO.

Onpenesienne 5.2 Momenm om ped k na ca.6.£ napuuame ciednama wucA06a 6€AUNUNA
(voeamo cvwecmeyea): obunnosen - EE* | abcomomen - EE]F, yewmpaaen - E (€ — E&)F.

26
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5.2 UYwmciaoBu XapakKTepUCTUKI.

5.2.1 Jlokanma

M.o. e Hail - BaKHmaTa XapaKTEPUCTUKa 3a IIOJOXKEHMETO Ha CTOMHOCTHUTE Ha CIL.B. BBPXY
HYICJI0OBaTa OC. 3& ChbXKaJlIeHe, KaKTO BIOsdAXMe, T € OllpelesieHa He 3a BCUYKU CJI.B..

Onpenenenue 5.3 Meduana ce onpedeas kamo pewenue na ypasuenwuemo: F(p) = 3.

Ta onmcsa mosoxKeHneTo Ha cpenaTa Ha pa3lipedc/IcCHuEeTO BbPXY YHC/IOBaTa OC. Koraro
pelieHneTo He € eIJMHCTBEHO, C€ B3lIMa CpelaTa Ha MHTepBaJla OT peIlleHud. B mmoro cliydan
Ce U3II0JI3YBa M IIOJIOKECHNETO Ha OPYI'U XapaKTEpPpHU TOYKHW OT paslpeacieHueTO.

Omnpenenenne 5.4 Keanwmua ¢ nuso o wa dadeno pasnpedeaenue I ce onpedeas wamo
PEWEHUE HA YPAGHEHUETNO:

F(q) = a

B craructukaTta KBaHTHINTE Ha BEPOSTHOCTU KpaTHU Ha 1/4 ce HapuyaT KBaApTUIIH, TE3H -
wa 1/10 - menwm, a ma 1/100 - nponentman. Taka ¢ = ¢i/2 € BTopu KBapTuil, MeTH IENWI,
neT/iece T TPOIEH THII.

Omupenenenne 5.5 Moda ce onpedeas kamo nat - 6epoamuomo uucaio 3a JUCKPEMMU CA.6.,
a 30 HENPERDCHAMU —KAMO KOOPIURAMAMA HA MAKCUMYMA KA NADMHOCTRIMA.

]ECTGTBGHO7 pasnpeneyceHnsaTa MOTraT I Ja He IIpUTeXaBaT ¢JUHCTBEHa MOOaA. 3& CUMETpHUYHI
pasnpenejceHns, O4YeBIIHO TPpUTE XapaKTEPCTUKI: MOIda (ELKO nMa TELKELBEL), MedllaHa 11 M.O.
ChbBIIadaT.

5.2.2 Maiab

Omnpenesnenue 5.6 Jucnepcug na ca.6. £ ce onpedeas xamo wucaomo DE = E (£ —E£)*.
HHucnepcusma moouce da ce oxaxce u besxpatina.

HI/ICHGPCI/DITEL e Hall - BaKHaTa XapaKTEPpUCTUKa Ha pa3ceﬁBaHe Ha CTOMHOCTHUTE Ha CJI.B. ?)EL
JUCKPETHN 1 HENMPEKBCHATU pa3lIpedciicHus T ce IIpecMATa I10 C]QOpMyJII/ITel

D¢ = [(z—BEP fa)de, DE=3(xi— E&pi (5.1)

K3

daxTIYeCK BMECTO AOUCIIEpCUATA, KaAaKTO B HMUCJIOBUTE, TaKa U B aHAJIUTUNYHNTE CMETKU, CE
M3II0JI3YBa cmam)apmno omxaonenue. ToBa e:

o(&) =D = (E(E-E&*)V~ (5.2)

Tasn xapakTepucTuka ce MEpPU B CHIMUTE PUINUECKN €INHUNN, KaTo { W Moxke ma Onie
CHOTBETHO MHTEpIpeTupaHa.
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32 1

Purypa 5.1: Pazsnuanu nucnepcun

Tyx ca mokasanu MIHLTHOCTU OT HOPMAJTHOTO CEMENCTBO ¢ Pa3IMYHU CTAHIAPTHU OTKIIO-
HeHus. KoaxkoTo mo - Majka e nucrnepcusTa Wil CTaHIapTHOTO OTKJIOHEHWE, TOIKOBA IO -
CI'BCTEHNU Ca CTOWHOCTHUTE U TI0 - BEPOSITHU Ca Te B MEeHThpa Ha pa3lpeneenneTo. 3a ToBa,
KOTaTO UCKaMe [1a ce OT'bPBEM OT pa3MepHOCTTa, HAIIpUMED 3a Jla CPaBHUM pasipeneeHunsTa
Ha [MBE Pa3IndHu CII.B., IpUjaramMe T.H. yeNmpupane v wopmupare. Bmecto BemmammaTa &
pasriiexiaMe NeHTpupaHaTa 1 HOpMUpaHa BeJnYnHa

(-BE

TS >

Korato mucnepcusTa e 6eskpaiina 3a “ompenersime” na mMarmaba ce n3moi3yBa T.H. HHTEp-
KBapTHIEH pa3Max.

Omupenenenne 5.7 Hapuuame unmepreapmuien pazmar r paziukama mexcdy mpemus u
NBPEUL K6APMUAU: T = G3/4 — (1/4-

5.2.3 ®opma

Cremaure mBe XapaKTEPUCTUKN Ha Pa3lIpeNeennsTa He 3aBUCIT OT MEPHUTE eIUHUI, C
KOUTO Ca OTYNTAHU CLOTBETHUTE CJI.B., KAKTO W OT YCJIOBHUTE Hadasia Ha ckamuTe. C mpyrm
nymu, Te ca 6espasmephu. Te oTpassBaT pasanumsTa BBB (popMaTa Ha paslpeneseHusTa,
HO He 3aBUCSIT OT Malllaba 1 JOKalusiTa.

Onpenenenue 5.8 [lle napuuame acumempus wa £ wuciomo (Ko2amo cbrwWecmeyea):

Ass(€) = E(%SOS = E&. (5.4)

Ha Tasn qDI/IprEL € N1aJJ€HO CpaBHEHUE Ha IMOJOXKUTE/THO aCMMETpPpUYHaA ITIBTHOCT C IIIBT-
HOCTTa Ha CTaHOaPTHUA HOPpMaJICH 3aKOH, KOATO € CUMEeTPpHUYHa U UMa aCUMeTPpHA 0. IHonmoxu-
Te/IHaTa aCuUMeTpud ce XapaKTepusupa C “mmo - Texka“ JsaCHa OllalllKa Ha pa3lpencieHueTo.

[Ipn acumeTpuyHUTE pasnpeneeHns ce TPOMEHIT OOMKHOBEHO 1 B3aUMHUTE TMOJIOKEHUS
Ha MomaTa, MearaHaTa W MaTeMaTHIeCKOTO OdakBaHe. 3a paslpeneHus ¢ MOIOKUTETHA
acMeTpus Te ce Hapek/IaT B MOCOUEHMs Pell, a 3a Te3U ¢ oTpuiiaTesna — B obpaTHus. Tosa
npaBmyio, pa3dbupa ce, € BEPHO CaMO 3a YHUMONAJHM pas3lpeneseHus ¢ TpocTa aHaJIuTUIHa
dopMa Ha TIBTHOCTTA. BuxTe cbhillo ceMeiicTBOTO Ha bera - pasnpenenenusta 11.3.



5.3. HEPABEHCTBA 29

Purypa 5.2: [lonoxurenna acumerpus

Purypa 5.3: [lonoxurenen excrec

Onpenenenune 5.9 [lle napuuane excyec na £ wuciomo (kozamo cwvuwecmeysa):

_EE-E

Ez(€) = e 3=E&' -3 (5.5)

Tyk e mpencraBeHo pasmpenesenue ¢ MOJOKUTeNEH ekciiecc. 10 UMa 1Mo - IbJITU U TeXK-
K OTalliki oT HopManaHoTo (c ekcuecc 0). Pasmpenenennsra ¢ orpunaTesien eKciiece Moxe
3001110 @ HIMAT OAIllKi — HalpuMep, TaKoBa € PaBHOMEPHOTO B KpaeH mHTepBaid. N306-
10 Ka3aHo, /IBaTa NapaMeTbpa aCUMeTpHs U eKClleC TaBaT MOCTaThbYHO MbjiHa KapTuHa 3a
dopMaTa Ha paslpenesleHrneTo, KOraTo TO € YHUMONAIHO 1 Ii1afiko. BeblmHOCT TakmBa pas-
npenejeHms oOMKHOBEHO NMpUHAa/IIeKaT Ha CEMEeNCTBO, ONMMCBAHO C HIAKOIKO TapaMeTbpa.

5.3 HepaBencTBa

Hle 3allOYHEM C HAKOMN IIPOCTU CBOIICTBa Ha AUCIiepcusaTa. O‘IGBI/II[HI/I Ca CJIeJHuTe i1 cBOMCTBA:

D¢ >0; (5.6)
Axo D¢ =0, 1o £ = const ¢ BeposTHOCT 1; 5.7)
Dé=BE - (BEP; (53

Doé = o’DE.
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5.3.1 HepaBeHncTBa 32 MOMEHTHUTE

Or YpaBHEHUATA (5.6) u (5.8) BeoHara cienBa CIeJHOTO HePAaBEHCTBO 3a MOMEHTHUTE:
(E€)? <EE, (5.9)

KOoeTO € YaCTecH CJIy‘LELI?I Ha IIO - O6HIOTO§

(E MY < (BE|¢F)Y*,  npu semuxu r < k. (5.10)

OT TOBa HEPABEHCTBO CJ€llBa, Y€ aKO ChIIECTBYBaA (T.e. (S KpELeH) MOMEHTDHT OT PEL k Ha
€lHa CJI.B., TO ChbIIECTBYBAT MOMEHTUTE OT BCEKW PEI T < k.

5.3.2 HepaBencTBo Ha UebGuimmon

CJIGI[HOTO 3HaAaMEHNTO HEPABEHCTBO C€ MU3II0JI3YBa MHOI'O 4eCTO. SEL Beuuku > 0ue>0eB
CHlJla HEPpABEHCTBOTO:

E¢l

€

P([¢]>¢) < (5.11)

HOK&B&TEJ’ICTBO:

E[{"=E[] [+ B¢ [e<e 2 (Elese = P ([¢] > ¢).Q.E.D.

5.4 “JImHenMHU IIpoCTpaHCTBAa CJI.B.

M.o. Moxke, pasbupa ce, ma ce openenn n abcTpakTHo. Beska neoTpumaTenna cir.B. T Moxe
Ila ce mpefcTaBd KaTo I'paHUIla Ha MOHOTOHHO HapacTBallla pelula OT IPOCTH CILB. £T =
lim, &, =1 &,. CnenoBatento, Bunaru chillecTByBa rpamumata E& = IimE§,, Bpsmoxmo
paBHa Ha 00. Beska cin.B. € Moxe ma ce mpenctasn kaTo cyma & = (T 4+ 7. Taka, ako n
IBeTe M.O. ca KpallHil, MokeM crnokoiiHo na onpegenMm E¢ = E&(T + E &,

KitacoBere ekBUBaleHTHN ¢ BepOATHOCT | CI.B. (K.€.CI1.B.), 3afaleHn Ha Nafeno (PUKCH-
patio BeposTHOCTHO TpocTpancTBo ({2, A, P) obpasysar numeiino mpoctpanctso. Heka To
osmaunm ¢ M = M(Q, A, P). [la pasraenave nonmuoxectBata L™ C M, (1 <r < o0) oT
CII.B. C KpaeH r-Tu abcoioTeH MOMeHT. T'bil KaTo B TAX paboTH CHIIOTO OTHOIIEHNE Ha eK-
BHBAJIEHTHOCT, K.€.CJI.B. OT ChOTBETHUTE MHOKECTBa 0Opa3yBaT MbJAHN JIMHEITHN HOPMUAPaHK
IPOCTPaHCTBa, ako 3a HOpMa BBB Besako oT Tax cayxu: ||€]|, = (E[£]")'/". Ilpu ToBa e or
HEpPaBEHCTBOTO (5.10) cJleBa BKJIIOUBAHETO:

L*CL CcLPCL'CcM, 1l<p<r<oo.

Ocoben unTepec npencrapiiaba OIpocTpadcTBoTo L2 oT c¢1.B. ¢ kpaiina nucnepcus. To e
XuabepToBO U CKajapHoTo mpoussenenue B Hero e (£,n) = E &n. Taka nentpupanure ci.B.,
aKo ca HezaBucuMiu, ca oproronainu B L%, O6paTHoTo TBbpIEHNE He BUHAIU € BEPHO.

Heka F C A u pasmensaeTo, KoeTo i ¢LboTBeTCTBYBa . Hla pasrienamve moIMHOKECTBOTO
ma L2 or CJI.B., TaKWBa, Ie .Ag C F. Te oueBumno obpasyBaT JMHENHO MOAIPOCTPAHCTBO
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ma L2 IlpoexTopsbT BLpXy ToBa mommpocTpancTBo na osHaunM ¢ E.. Ille ro mapuuame
YCIIOBHO M.O. TIPH yCJIOBUE pa3leisHeTo v, WIN o-ajrebpaTa, KOITO My CHOTBETCTBYBa. B
YaCTHOCT, aKO O3HAYNM C € pa3fessneTo, koeto chorBercTByBana Any = {(, A}, toE,. = [,
E, = E. YcaoBuoTo M.0. Ha Beska ¢I1.B. £ IpH yCIIOBUE KPATTHOTO pas3iesIsHe =y € MpocTa CJI.B.
C KOHCTAHTHU CTOMHOCTH BBPXY €JeMEHTUTe MY. Y CIIOBHUTE M.O. YIIOBIIETBOPSIBAT BCUUKI
CBOMCTBa Ha OPTOTOHATHNUTE TTPOEKTOPN B XMIOepToBO mpocTpancTBo. Axo vLd, To E., n
E s xomyTupar.



Jlekiiuga 6

HuckperHn pa3npeneaeHns

B Tasu JICKIIIIA CH IIOCTaBAME 3a IeJI Oa O606HlI/IM 1 pasmiipuM IIOHATHUATa CHA 3a:

® ITIeJIOYIICJICHa CJI.B. I HEMHOTO pasnpenesIcHne;
® a BbBeIeM HAKOU HELI?I—CpGHlELHI/I pa3nnpede/IcHN A,

® [II¢ IIOKaXKeM KaK €€ M3II0JI3YBaT HIAKOU OT CpedCTBaTa Ha aHa/ll3a 3a oblekuaBame
Ha IIpecMATaHNATa Ha paslpede/IcHUsITa U TEeXHUTE KOJINYEeCTBCHN XapaKTEePUCTUKN -
MOMEHTUTE.

® a HaleM IIpeAacTaBa 3a Bpb3KaTa MeEXNY HAKON BeYe Ollipede/ICHN NUCKPETHU pa3llpe-
JEJTIEHM ]

6.1 Ilopaxmnmaim ¢GpyHKIINNI

Omnpenenenne 6.1 Cu.6. npuemawa 3a cmotinocmu HAMYPAAHUME YUCAL HAPULAME YEAO-
YUCACHA.

[lenouncnennre ci.B. ca ocobeno ymobHM 3a MomeupaHe Ha peajiHu sBJIEHUs KaTo O6poit
yCIeXW WM OpYyTu OGpoiikm. 3a mpecMsTade Ha MOMEHTHTE Ha MHEeJOUMCICHH CILB. CIyKaT
ciemHNTe QYHKITAN.

Omupenenenne 6.2 [lopaxncdawama dynryug na yesouuciena ca.6. £ ce 3adasa ¢ dopmy-
AQMA:

p(s) = Es (6.1)
Hopaxmaimara GyHKIEs € ynobHa 3allloTO CHIIECTBYBa BUHATH (MIPU IOCTATHLIHO MAJIKO S,

HampuMep, Korato s < 1) n e mudepennnpyema pn 0 < s < 1. Tsa mpuTexana oltie ciienHuTe
CBOIICTBA:

o p(1) =1
o p(0) =P ({=0);

32
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251

Purypa 6.1: bunomuo pasmnpenenenue.

e /(1) =E¢, koraro coilecTBYBa;
e p'(1)=EE—1)=EE& — E¢, korato chlecTByBa.

o KoraTo {11, pery(s) = pe(s)py(s).

Teopema 6.1 Meocdy paznpedesenusm na YeiouUCAERU CA.6. U nopaxcdaweme Gyrnryu
CHUECMBYEA 63AUMHO €IHOZHAUNO CBHOMBEEMEMEUE.

HoxasaTresicTpo: Crensa ot Gopmyaara: pi™(0) = nlp,. Q.E.D.

6.1.1 DBuHOMHO pa3mnpenejieHHe

Omupenenenne 6.3 Peduya om nezasucumu eonareo paznpedetent CAYuatiny 6eauuunu
{&, 1 =1,2,...}, scara om woumo npuema dee cmoinocmu: | u 0 ¢ sepogmuocmu (cb-
omeemuo) p u q=1—p, napuvane crema wa bepuyau.

Ila pasriemame cymaTa 1), Ha n CJI.B. OT cxeMaTa Ha Bepmymm. Topa e memodnciiena ciry-
yaliHa BeIn4rnHa, TpremMaliia croiiroctn oT 0 o n. Hue s mnrepnperupame karo Bpot ycnexu
OMm M ONUMA € NOCTNOANNA 6EPOTMHUOCI P 304 YCNET 616 6CERU onum. PasmpenesenneTo Ha
Tasm CJI.B. HapudaMme 6unommuo. BeposTHocTTa Ta3nm C/1.B. [la IIpueMe CTOMHOCT k Hapudame
GunoMma 1 o3HagaBame ¢ b(n, k, p).

Teopema 6.2 Buwomnume sepogsmuocmu ce npecmgmam no dopmysama:
Y & ok
b(n, k,p) = (k)p q (6.2)

HOKaBaTe.TICTBO: H"prO Oa ITpecMeTHEM BEPOATHOCTTa Ha CLOUTHETO

W €1,€2,0esEn
7

{& =&},

DL

1

kpneto ¢; € {0,1}, j = 1,2,...,n. Tsit xato ci.B. ca mesaucumu u P({ = 1) = p,
HoJTy 9aBaMe

P (Wey i) = ploimi "2 (6.3)
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Axo osmaunm n, = Y0 & w k=300 €, e TIOTYyIUM

P=k)= > p¢ " =pq™t 3 L
e1teat...ten=k e1teat...ten=k

Ho ot Tyk crmenBa Thpcenarta ¢popmyaa. Q.E.D.

[lopaxnaiara GyHKINS Ha GUHOMHOTO paslipenefieHre ce IpecMsaTa JIeCHO, 3allloTo Gu-
HOMHATa CJ.B. 1) € CyMa Ha ellHaKBO paslpenesieHn He3aBUCUMU CJI.B.

n

Es"=E Hsgi = (Es*)" = (ps+ q)".

=1

6.1.2 TI'eomeTpumuYHO pa3mpenejieHHE

Heka pasriename B cuTyanmsTa Ha He3aBUCUMI oMUTH (cxeMa Ha Beprynn) cin.B. £ — 6poit
YCHelIHW ONMUTH 10 IbPBU Heyclex.

Omupenenenne 6.4 Kazsame, ue yeiouucienama ca.6. & uma 2eomempuuno paznpedee-
nue, aKo:

P({=m)=p"q, m=20,1,2,.... (6.4)

MaTeMaTH4eCcKOTO OYaKBane 1 AJUCIIEpCUATa Ha TOBa pa3lipeacyicHue ce IpecMATaT JIECHO:

%) %) B d 1 P

E¢= L E_ L k-1 _ - _

3 q};} p qka:;J p qup(l_p) .

D¢ =B~ 1)+ BE- (B =g bk = 1pf +1 - (1) =
k=0

1 p P Py, P
C]pzﬁ(f) o) =)+
P P q q q q

6.1.3 XwumnepreoMeTpu4IHO pa3npenelieHNe

Ha pasriename enma 3afada OT CTaTHCTUYECKUs KadecTBeH KonTpos. Heka e manena map-
Tuna cbabpxaiia N umsnenus, or kouto M ca nepextun. IlpaBum ciydgaitna m3Bamgka oT
n < N msnenus. lluta ce kakBa e BepossTHOCTTa TOYHO M OT TSX fla ca neGeKTHH.

Oxka3Ba ce, e pasmpeneseHneTo Ha CII.B. Opoil neeKTHU € CIIEMHOTO:

Onpenesienne 6.5 Kazeame, ue yeiouucaenama ca.6. & UM TUNEPLEOMEMPUUHO PAINPE-
deaenue, ako:

P(fzm)zw m=20,1,...,n. (6.5)

)

Tasu popmyna ce uzBexna jgecHo. bposT Ha BCUYKN BB3MOXKHE W3Ba/Kn Ge3 BpbllaHe ode-
N
BUIIHO € (n) (cMsiTaMe TH 3a paBHOBepoATHN). “BraronpusTouTe”, Te3m KOUTO CHABPKAT
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TOouHO M nedeKTHU feTailila, MOTAT Jla ce MoJIydaT upe3 KoMOmHupaHe Ha u3Banka oT M Ha
N —M)

n—m

. M
m nedexTHrn n u3Banka ot Ny Ha n — m usnpaBuu. Taxa To3um 6poil craBa (m)(

MaTeMaTH9eCcKOTO O4aKBae I JUCIIEpCUATa Ha TOBa paslipenc/icHle ChIIo Cce NpecMATaT

JIeCHO:
M
E = = —
5 np7 p N’
N —1
D¢ = )
CEmayT,

Ot Tesu popmynm ce BUKa, de TOBa paslpeesienne KIOHN KbM GHHOMHOTO TP TOJISIM GOt
N ma meraitnnTe B mapTumaTa.

6.1.4 Pa3snpenenenue Ha Iloacon

[ToaconoBoTo pasmnpenesnenne ce onpeness JIeCHO KOTO IpaHnila Ha OUHOMHY pa3lpene/ieHus,
Korato n — oo Taka de np — A > 0. Ci.B. MOxXe [a IpHeMa BCIKaKBH IETOUNCICHN
CTOMHOCTI:
)\k
_A_
k'

To e ocobeno monxomsIo 3a Momennpane Ha 6pos Ha CIydaliHl penkn chounTus — 6poil vac-

P(E=k)=c¢ (6.6)

THIN Ha eIuHuIa 06eM, 6poil paJroak THBHI paslataHns 3a equHnia BpeMe n T.H. CpennoTo
n nucnepcusTa My chbBmagaT: EE = D¢ = A Toa maii-lecno ce BIKma OT HMopazkgaliaTa
(PYyHKIINS Ha TTOACOHOBOTO pa3mpeneneHne, KOSTO ce MpecMATa OUPEKTHO:

o (X k
Es" = e—/\ kz_:l ( ]j’) — 6/\(5_1).

6.2 DbiamzocTu Mexay AUCKPETHHU pa3npeneHus

AHpOKCI/IMaHI/H/ITe UrpasiT CbIIECTBEHA POJIA B TE€OPUA Ha BEPOATHOCTUTE. Mioro oT IIoJIy4de-
H1HTE qDOpMyJH/I Ca TEXKKHN 3a IIpecMsATaHe I Ce HaJlal'a Oe da 6TDIIELT 3aMeCTBaHH C HpI/I6JH/DK6HI/I.

6.2.1 IloacoHoBO m GMHOMHO

Tyxk 11e pasrienaMe eMHO MHOTO HOJIE3HO W CTapo MpubInmKenne Ha GHHOMHATa BEPOSTHOCT
Iprl MaJKn k.

Teopema 6.3 (Teopema na [loacon) Axo 6 cremama wa Bepuyau np, — A, mo
)\k

-2
—e
k!

b(n,k,p,) —

HokazatesncTBo: Jla o3maunm A = np. Moxem ma 3anuiiiem GHHOMHATa BEPOSTHOCT BLB
popmaTras:
nn—1)...(n—k+1) Ak

b(n,k,p) = I PP —p)nF = Ee_Ae(k,n,)\),
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KbIeTo

(kon ) = TI0+ 5 (4 2F =2y (6.7)

=0

Bcekn ot TpUTE CBMHOXKUTEIA Ha OACHAaTa CTpaHa KJIOHU KbBbM 1 mpu qDI/IKCI/IpELHO kn

np, — A. Q.E.D.

OHIG IIO-JIECHO C€ NOKa3Ba Ta3l TeopeMa C IIOMOIIITa Ha IIopaxKMmalllll qDyHKHI/H/I I’IELI/ICTI/IHEL7
JOCTAaTBHYHO € Na IMOKazKeM, 4e

(s —1)A

n

(ps+q)" = (1+ )t e,

Bb3uuksa BLIPOCHT KOJIKO TouHO € npubnuxkennero na [loacon. Ille mpusenem emuo npoc-
To yTounenue BzeTo oT [boposkos (1972)].

Teopema 6.4 (Ymounenue) Hexa k <1+ n/4 up < 1/4. Toeasa
_ — 8)\2 _
E)\_I_?k(l k) — 8\ §lne(k,n,)\)§é)\—|—k(1 k)

n 12n n n

HoxkazatescTso: /la morapurmysame nspasa B (6.7)

Ine(k,n,\) = (Zk: In(1— i) + ((n — k)In(1 — %) + A). (6.9)

=0 n
Ila ce BB3momsyBaMe oT HepaBerncTBaTa 3a [n(l — ) mpu 0 < o < 1/4:

—7—$§ —z(1+ i

G ) <lIn(l —2) < —z,

21 — )" —
2 2
ln(l—x)—xZ—ﬁZ—%.
—z

CGFEL JIECHO TTOJTy4YaBaMe:

Q.E.D.

CrenoBaTesno, OTHOCUTETHATA TPEITKa IPU W3MOI3yBaHeTo Ha popmyraTa Ha [loacon 3a
npubiauKenne Ha 6MHOMHaTa BEPOSTHOCT He TPEeBb3X0XK A
k k(1 — k)
WIS .

n n

OT coimTe paschbKOCHES ClIeBa, de TP HeoOXOMIMOCT MOKe fa 6bae TodydeHo 1 T0-100po
npubnmxenne mo popMynaTa:

A\ 1—
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6.2.2 XwumnepreoMeTpu4IHO 1 OGMHOMHO

Beue Bumsaxme, e MoMeHTHTE (M.O. I MUCHEPCHATA) Ha XUIEPTEOMETPIHYHOTO PacIpeiesienie
anpokcumupat npu N — 0o Tesn Ha GUHOMHOTO pasnpeneiienne. TyK 11ie TTOKaKeM, de TOBa
€ BEpPHO 1 3a BEpOSTHOCTUTE.

Teopema 6.5 Hexa N — oo u M = pN. Tozasa

(”)(%m) — b(n,m. p) (6.11)

HokazaTesicTBo: [la nperpynupame jsBaTa 9acT:

B0 (e

N—-—M N-M N—M-n+m+1
N—mN-m-—1"" N—n

— (;)pm(l —p)" "

m

Q.E.D.

6.2.3 * CiayuailHa cyma CJI.B.

Heka pasrsiename penuiaTta oT HeJOUUCITICHN HE3aBUCUME €THAKBO Pa3lpeesenn c.B. {&;, 1 =
1,2,...}. Heka ocBen ToBa HE € 3amaneHa HezaBUCHMaTa OT TsX ci.B. v. Heka pasriemame
cllydaiiHaTa BeJIndnHa 1 cIydaliHa cyMa OT ClydailHu chbOupaemMu:

77:2&

U ce 3aluTaMe KaKBO € HelHOTO pasnpenejieHne n Opyru 4mcjaoBU XapaKTEepUCTUKI. Tasu
3alada Ce pelllaBa U3KJ/IIOYNTEJIHO €JIecTaHTHO € allapaTa Ha IIopaxKdallluTe qDyHKHI/H/I

Teopema 6.6 Hexa ca.6. {&,1 = 1,2,...} ca wesasucumu ¢ nopaxcdawa dynrwyus p(s).
Hexa oceen mosa wezasucumama om max ca.6. v una nopaxcdawa gywryus q(s). Toeasa

nopascdawama dynkyus wa n e paswa wa py(s) = q(p(s)).

HokaszaTesncrBo: Hancruna, ma npuioxum GopMmysaTa 3a MbIHATA BEPOSTHOCT U YCIIOB-
HOTO M.O.:

pa(s) = E s2imo & = i P(v=~FE (SZZO &

k=0

v =) =

SP (v = KB (sZi)) = kiP (v = K)p(s)* = q(p(s)).

k=0

Q.E.D.
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Hopmanno pasnpeneineHue

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® [a olpeneJuM 3HaMEHUTOTO HOPMAJIHO pa3llpede/ICHueE,
® a IIOKazKeM BPB3KaTa MEXKOY HENIPEKBCHAT I OUCKPETHN pa3llpede/ICHNA;

® Ha IIpUMEpPa Ha HELfI—HpOCTELTEL CTaTUCTUYECKa 3adaYda da MJIICTpHUpaMe Ha4dllHa, IIO
KOITO ce CTPOAT CTAaTUCTUYCCKUTE Pa3ChbKOCHIA.

7.1 HopwmanHo pa3npenesjieHue

Omnpenesnienne 7.1 Kazsame, ue ¢4.6. ¢ HENPERDLCHATNO PANPEIEAEHUE € HOPMAANO PA3N-
pedeaena N(p,0), aro neiinama nasmuocm una 6uda:

1 —(z=w)?
fla,p,0) = 2m)iie S (7.1)

MaremaTnueckoTo odakBaHe Ha TOBa paslipefeeHue e i, a qucnepcudta My e o2, Cman-
dapmmuo HOpMaITHO paspenelenne ce Hapnda pasmnpenenennero N (0, 1), Heropata mibTHOCT
o3HadaBame ¢ ().

Purypa 7.1: CrammapTHo HOpMATHO

38



7.2. TEOPEMW HA MYAB'BP-JIAILJIAC 39

0.4
0.35 |
0.3 F
0.25 |
0.2
0.15 |
0.1 F

Purypa 7.2: Hopmaraa anpokcnmaniusi Ha GTHOMHO

HopmamtHoTo pasmpenenenne mMma rojisiMo 3HaueHUe B TeOPUs Ha BEPOSTHOCTUTE U Ma-
TeMaThdecKkaTa CTaTUCTUKA, KOETO ce IbJIKIM Ha TBbPHAEHNETO, U3BecTHO KaTo llenTpanua
I'pannuna Teopema. To riacu, ye pasmpeneseHneTo Ha cyMa OT TOJISM OpONl HE3aBUCHUMM,
eNHaKBO paslpene/ieHn CIYYallHl BeIUYWHNI KJIOHW KbM HOPMaJlHO paslipeesieHue.

7.2 Teopemu Ha Myapbp-Jlamniac

TyK II1e ce OIInTaMe HJa IIOKaKeM KaK € Bb3HUKHaJla qDOpMyJIELTEL 3a IIJIBTHOCTTa Ha HOpMaJl-
HOTO pa3lipedelicHue.

7.2.1 JlokasmHa TeopemMma

Hexa ycTpemum xbM Ge3KpaitHOCT 6posST Ha onuTUTe B cxeMara Ha bepuynu. Ila osnaunm

k—mnp
(npg)/?

1 IMOMCKaMe TOBa YHCJIO Ja ocTaHe “TOYTH MOCTOSHHO mpu n — 0o. CMHCHIBLT Ha TOBa

T =

4UCI0 € ICeH - TOBa € leHTpupaHaTa W HOpMHUpaHa CTOMHOCT Ha CJI.B. Opoil Ha yCIexw.
dlcHo e, we ToraBa (mpu QUKCEpaHa BEPOSTHOCT 3a yClex p) cbillo u k — oo. Ila osmadgnm

o = (npg)'’*.

Teopema 7.1 (Jlokaana meopema wa Myaswp-Jlanaac) Hexa p,x ca purcupanu. Hexan —

oo Hera ozuauunm o? = npq , k = np + ox. Toeasa pasuomepno 6 unmepeaia —oo < a <

T < b < OQ € UBNDBAHEHO CHLOMHOUWERHUEMO!

ob(n, k,,p) — o(x)

HOKaBaTe.TICTBO! 3a IIPOCTOTa I1Ie U3IIYyCKaMe NHIEKCa OT O3HaUYEHUATa B AOKa3aTeJICTBOTO.
I[EL JJOrapuTMyBaMe onmoMHaTa BEPOATHOCT OT JidBaTa CTpaHa

Inb(n,ky,p) =Inn! —Ink,! —In(n — k)l + k,Inp+ (n — k) Ingq. (7.2)
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e nsnonsysame npencrapanero na Ctupaunr ma Inn!:
1
Inn'=nlnn+ 5 In(27n) —n + a(n), (7.3)

kpneto a(n) = O(1/n). Ila osnaunm m, = n — k,. Twit kaTo m,, k, — oo, To ot (7.2 ) u

(7.3) cnenpa

Inb(n, k,p) — %ln 2

kEm

1
:nlnn—klnk—mlnm—l—klnp—l—mlnq—l——§ln—-|-ﬁn —
n

x x 1. km
=—(np+ox)n(l + —q) —(ng —ox)In(1 — —p) — —In— + +73,, (7.4)
o o 2 n
Kbneto 3, = a(n) — a(k,) — a(m,) = O(1/n). k=np+oxum=n—k=ng—ox. Ty
1le ce OTKJIOHUM MaJjIKo /a pasriegaMe apobTa:

(g—p)z pqzz)‘

kLK) _ (nptoa)ing—oa) _ ) |

no? no? o o

Taka mecHo 1e MOKEM a TOTYYNM N3pa3 3a TpeTus JorapuTbMm B (7.4) upes o.

1. mk 1
—In— =

1

3a mbpBHUTe NBa JorapUTHMa Ile u3mnonsyBame pasnoxkenneto In(14+z) = v —a?/2+0(z?).
BamecTBaMe, chKpalllaBaMe U MoJydaBaMe OKOHYaTeHO:

2 2 2.2
rq r-q xrp xrep
—(np+0$)(7— 552 ))—(nq—aw)(—y— 952 )+ n
1 2
—§1n27r—%—|—’yn

kbreto v, = O(c™!) = O(n‘l/z). Q.E.D.

N rtasu TEOpEMa MOZKE Ha C€ YTOYUHU, KaKTO Teop€MaTa Ha IIOELCOH7 HO TYK HiIMa Oa
ce ClimpaMe Ha TOBa. Ta om JaBa BB3MOXKHOCT Ha IpeCcMsiaTaMe JIECHO KOHKPETHU OMHOMHN
BEPOATHOCTN. HpI/I rojeMHi CTOMHOCTH Ha N TOBa ca TBHPOE MaJIK YUCJia.

7.2.2 HWuaTerpajina TeopeMa

3a ma MokeM a TpecMsiTaMe CyMH OT BUHOMHI BEepOSTHOCTU CU CIYKUM CBhC CIeIHaTa
nHTerpaina Teopema Ha Myapbp - Jlammac.

Teopema 7.2
k—np [npﬂ%q)m] b
Pla< b <b)= binsk,p) — [ bly)dy.
(npq)/? = a
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HokaszaTesacTBo: 3a kpaen nmuTepBai (a,b) T JecHO clefBa OT JIOKATHATa TeopeMa, a
3a MPOM3BOJIEH OT lEeHTpaliHaTa IpaHuYHA TeopeMa 3a eJHaKBO pa3lpeneseHn chOnmpaeMu.

Q.E.D.

7.3 lloBepuTesieH MHTEPBAJ 32 BEPOATHOCT

B Tosu naparpad 1ie ce 3amo3sHaeM ¢ €IMH CTATUCTUYECKN U3BON — TBBPIEHNE 3a HEN3BeC-
THOTO paslipenesieHne Ha CTOWHOCTUTE B M3y4YaBaHO MHOXKECTBO OT OOEKTH Bh3 OCHOBa Ha
orpanmyeHaTa WH(pOpMalls ToJy4deHa OT eIHa clyvailHa KpalHa W3BalKa.

Hexa cu mocTasnM 3a neJI 110 n HEL6JIIOI[ELBELHI/I CTOMHOCTH IOa KazKeM HeIllO 3a He3BeCTHaTa
BEPOATHOCT p Ha IOABa Ha HOadcH IIPpHU3HaK. Heka ¢ & osmaunm pe3yilTaTa OT HallluTe nab-
JIIOOCHIA — 6pO$IT Ha TIOsABa Ha IIPpM3HaKa B M3BaldKaTa. Axo IpenIosIoKuM, Je n3BaldKaTa €
CJIy‘IELfIHEL 1 N3Yy49aBaHOTO MHOXKE€CTBO TOJIKOBa I'OJIIMO, Y€ Oa Ce Hp6H66p6FH€ BB3MOZKHOCTTa
OT IIOBTOPEHNE Ha BeYe NU3TErJIeH O66KT7 TO MOXKeM Ha TJiedaMe Ha pe3y/ITaTUuTe - IIodBaTa Ha
IIpHU3HaKa B IIOpedHIA 00eKT KaTo Ha He3aBUCUMU CJI.B. CJIGI[OBELTGJIHO OO6LHI/I$I 6pOfI IIOABI
ke IIOOYNMHEH Ha OMHOMHO pasnpeneacHune.

[lle msmomsyBame maTerpasnaTa Teopema Ha Myasnp — Jlamrac (Teopema 7.2).

[ oy =P (e < B <) =PI ] < /o)

— (npq)'/?

Moxewm ma monbepem uncmoro @ = 1.96, Torasa BepostHocTTa € 0.95. Thit Kato max(pq) =
1/4, nomyuasame:

1.96

k

C mpyru mymm TOpHOTO HEpaBEHCTBO HU Ka3Ba: AKO cTe HabIOmaBain Ompenesena CTol-
HOCT Ha k Tpu m3BecTeH GpOll Ha €KCIEPUMEHTHUTE 7, TO C BEPOSTHOCT IMO-TOIIMa OT .95
MoOXKeTe fa TBLpAUTe, Ye Her3BeCTHATa CTOWHOCT Ha BEPOSTHOCTTa HE € MHOIO maJjede OT
gectoTara. [Ipn ToBa ToreMuHaTa Ha MOBEPUTETHIS HHTEPBAJ € OT TOpsSabKa Ha /n. CMu-
CbABT Ha HalleXKHOCTTA Ha BallleTo TBLPIEHUE € CIeHNus:

[Ipw MHOTOKpATHO MOBTOpEHUE Ha Teus OMUT U u3paboTBaHe Ha BAIlETO 3aKIIOYEHUE B
95 mporenTa OT cIydamTe BUe I CTe MTPaBH.



Jlekiiuga 8

Cxema Ha bepnynn

B Tasu JICKIIIsL CH1 IIOCTaBsiIMe CJICOJHUTE LeJI:

® Jla pasriielaMe Hal - TPOCTOTO Oe3KpaliHo Mpou3BeNeHrne Ha BEPOSTHOCTHU MPOCTPaH-
CTBa;

® Na BbBedeM IIOHATIETO I/ISOMOquI/IS"I)M Ha BEPOATHOCTHU IIPOCTPAHCTBA;]
® a IIoKaxXeM KaK Bb3HHNKBa IIOHATIIETO I/IHqDOpMELHI/IH;

® Ha IIpUMeEpa Ha Hai - IpocTaTa CTaTUCTHUYECKa 3adavda Ja WIICTpUpaMe HavrHa, II0
KOITO ce CTPOAT CTAaTUCTUYCCKUTE Pa3ChbKOCHIA.

8.1 Cxema Ha bepnynn

B munanara mexmms onpenenuxme (onpenenene 6.3) cxema na beprymu. Tosa e penna ot
HE3aBUCUMU €[IHAKBO paslipefiesieHn ciaydaiinu seauunan {&;,¢ = 1,2,...}, Bedka oT KOUTO
npueMa e ctoiinocTn: 1 m 0 ¢ BeposTHOCTH (CHOTBETHO) p 11 ¢ = 1 — p.

Croriacuo Teopema 1.1 To3u mabop OT CIIydallHy BETMIWHE TIOPak1a BEPOSITHOCTHA MIPKa
B IIPOCTPAHCTBOTO OT Ge3kpalinu nBonyHu penuiin. [la m3BBpIIUM TOBa TMOCTPOEHUE.

Heka o3naumm ToBa mpocTpancTBo ¢ € n HeroBUTE eleMenTH ¢ € = {¢1, €2,...}. 3a BCAKo
KpailHO n HaOOPBHT OT MBPBHUTE N CIYYalHU BEIUYMHU € BEKTOpHa CiIy4aliHa BeJIndnHa,
KOSITO OIpeniesisi B OCHOBHOTO BEPOSITHOCTHO TPOCTPAHCTBO HAOOP OT CHLOMTHS:

W617E27~~~7En = {w : {fz = 62'},@' = 1727 n} = ﬂ {fz = 6i}-

1=1,2,...n

OmpenenenaTa oT Tax OyseBa nomaiarebpa W ce cheTon oT Kpaiiiu obequHenns Ha Hel-
pecnyalm ce MHOXecTBa oT To3u Tuml. W" e ecrecTBeHO M30MOp(QHA HAa MHOXKECTBOTO OT
BCUYKN TTOIMHOXKECTBA Ha KPAWHOTO MHOKECTBO

g = f[{o,1}.

=1

42
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Ot mpyra crpamna Te3n 6yneBu aireGpu ce BiaraT B MPOCTPAHCTBOTO &, KATO OMpere-
JIEHNeTO Ha ChOTBETHUTE MHOKECTBa Ce MPOMbIKaBa MUINHAPUIHO — HEYTIOMEeHaTHUTe KO-
OpIMHATH ca CBOOOmHU OT orpanmdenue. Tam anrebpure obpa3yBaT HapacTBallla PelUIIa.
Taxuoro obenunenne W = |J W™ obaue He e g-anrebpa, Makap de ocTaBa OyreBa anrebpa.

B'])pr MHOZKeCTBaTa OT Ta3l aﬂre6pa BEPOATHOCTTa CE€ OIIpENE/Id IMPOCTO:
n
k n—k
p (W517527~~~75n) =DPgq ) k= Z €- (81)
k=1

Munnmaniara o-anrebpa, koato chabpka W ime osnaunm ¢ o(W). Tosa ue BeposTHOCTTA
e HempekbcHaTa BbpXy W cienBa oT HENHOTO ompenelleHrie — BCIAKO OIpaHUYeHNe BbPXY
HapacTBalll 6poil MHAEKCH MopaXla HaMallsBallla KbM HYJIa pefulia oT BeposTHocTH. Taka
ye OT TeopeMmaTa Ha KapaTeonmopmu ciieniBa CbIIIECTBYBAaHETO W €IUHCTBEHOCTTA HA BEPOST-
HocTHata Mapka P na o(W). Taka momywgaBame cremmaTa Teopema:

Teopema 8.1 Beposmuocmuomo npocmpawncmso (E£,0(W),P) e dobpe onpedeaeno u xo-
opdunamume na HE206UME eLEMENU Mo2am da ce pazeaexncdam wamo crema na Bepuyau.

8.2 H3omopduu npocTpaHcTBa

CJIGI[BELHIELTEL TEOpEMa HE € H606XOI[I/IMEL 3a IMOHaTaTBIIHUTE pa3ljieKIaHnA. Ta obaue OaBa
npencraBa 3a IIOHATHUETO I/ISOMOquI/IS"bM B TeEOpUsiTa Ha MAPKaTa U MHTErpaJia. Hle 3allOYHEeM
ChC CJIEOHOTO OlIpeacJcHue:

Onpeneneunne 8.1 Hzobpaxcenuemo
T . ((2/7[3)/7 P/) ((2//7[3)//7 P//)
CE HAPUUA UBOMOPPUI DM W@ 6EPOTMHOCTIHY NPOCTMPARCINEE, AKO

1. T e onpedeaeno n.c., m.e. 6wpry docmosepno cvoumue 6 ',
2. T e uzmepumo: T~ (B") € B' 3a B" € B";
3. T zanazea sepogmuocmma: P'(T~YB")) = P"(B") za B" € B";

4. T e obpamumo n.c. 6 ).

Teopema 8.2 Beposmuocmuomo npocmpancmeo (£,0(W), P ) e uzomoppuo nwa unmepsa-
aa [0,1] ¢ Bopeaosama o-aieebpa u aebeeosama MIpKa 6opry Hed.

HokazaTescTso: Ille nocTpouM KOHCTPYKTUBHO choTBeTcTBreTo 1! 1 1e npenocrasum
Ha 3aMHTEPECOBAHUTE Ma MOKaxKaT, 4e To e uctuncku nzomopdusbm. llle moctponm na mosy-
orBopenus nrTepsan [0, 1) nopemnia oT pasnensuus. [IspBoTo pasnenste wy ro menu Ha nBa
nopuuTepBaina [0,q) u [q,1). Pasnensmeto w, 41 menm BCHYKN MOTYyY€HN 10 MOMEHTA HOIIH-
TepBaju Ha 10 OBa — JISIB U JIECEH B CHIIIOTO ChOTHOIIEHNe ¢ KbM p. [Ipu ToBa meBurte wactn
ce obenmHEHN B €HO MHOXKECTBO, a HMecHUTe B Npyro. Taka BcsSKo pasmessHe ce ChCTOU OT



44 JIEKIINA 8. CXEMA HA BEPHYIJIN

ABE MHOXKECTBa - JIABO U OACHO, a IIpWial'aHETO MY yIBOsdABa 6p0ﬂ Ha IMMOJIy4YEHUTE 10 MOMEHT A
IIOJIY3aTBOPEHN MHTEPBAJIN.

Besika Touka ot [0,1) momama B TOYHO €QHO OT MHOKECTBATa JISBOTO W OSCHOTO Ha
pasmensueTo w, (3a Besko n). OsmagaBame ¢ €, = 0, KoraTo e mnomajgHala B JSBOTO
€, = 1 — B msicroro. Taka nmomyuaBame penuiaTa €, CbOTBETCTBYBAIlla Ha TOYKATaA. 3a BCEKH
IIBe Pa3IWIHN TOYKNW OT MHTEPBAJIa CBHINECTBYBA UHCIO N TAKOBa, Y€ Te Ce Pa3indaBaT Mo
obpBUTE €U €;,1 = 1,2,...,n.

Q.E.D.

[To To3m HaumH cTaBaT M3OMOPQPHU U CJI.B. 3aa/leHN BLPXY NBeTe npocTpancTBa. [Ipu To-
31 M30MOP(PU3BM OUEBUIHO CTOMHOCTUTE UM BBPXY MOIMHOXKecTBa ¢ MsapKa () HIMaT 3HaTe-
uure. Taka BMecTO ¢ KOHKpeTHU GYHKIINN HIUE ce 3aHNMaBaMe ¢ KJacoBe Ha eKBUBAJIEHTHOCT.

8.3 KounuecTBo mHpopMaALlA 1 €eHTPONUA

Hexa cera pasrjegamMe IOHATUETO I/IHqDOpMELHI/DI. EcrecTBeno €, KOraTo IpoBeXKIaMe €IOH
CKCIIEPpUMEHT C OTHallpel HEM3BECTEH M3XOoHd, Na IIoJIy4dYaBaMe TOJKOBa IIO0 - I'OJIdMa I/IHqDOp—
Mallid OT HEIro, KOJIKOTO II0 - MaJIKa € BEPOATHOCTTa Ha pe3y/ITaTa I II0 - ToJ/JIsIMa HeroBaTa
HEOTPpEeOEJIEHOCT . Hexa cera oa qDOpMELJH/ISI/IpELMe HEOIpeOEJIEHOCT Ta Ha CJIy‘IafIHHTe CLOUTHS.

Onpenenenune 8.2 Heonpedeaenoem (undopmayus om cb6vdsanemo) na cw»oumuemo A
napuvwame weompuyameana Gyuryugs N onpedeaena 6vpry o-as2eopama om cHObUMUL 656
6EPOAMHOCTIHOMO NPOCTNPAHCINGO CHC CACIHUME CE0TCMEA:

1. A(Q) =0;
2. Avo P(A) <P (B),mo A(A) > A(B);

3. Axo A u B ca nezasucumu, mo A(AB) = A(A) + A(B).

Cpeﬂ MOHOTOHHNITE qDyHKHI/H/I OT BEPOATHOCTTA P CIMHCTBEHOTO pelllcHNe 3T JICKda TaKa:

—blogP (A), P(A)>0

AMA =1 «, P(A4)=0.

o0

Tyx xornctanTata b > 0 (1In ocHOBaTa Ha JOrapuThMa) MOKe fHa Obie n36pana MpOn3BOIHO.
Baenno cne cubuTHeTo A OueBmAHO TpsAOBa Ma ce pasriexia I HEroBoTO oTpumamme A.
NupopmanusTa, KosTo MojiydaBaMe B eIUH €KCIIEPUMEHT € eCTeCTBEHO CBhp3aHa C IBeTe
crbuTms. Taxka “owakBamara® mwHpopMmarms 6u TpabBaso ma ce moaydn mo GopMmyiiaTa:

H(p) = —b(plog p+ qlogq)

3a ma ce oTcTpaHn HeolpeneeHoCTTa oT b ce m3bmpa cnMeTpruHaTa cxeMa Ha bepmyim
(p=q= %) . Torasa ¢pynkmusta H(p) e maxcumasnma. [loctass ce b TakoBa, 9e eHTpONUATA
Ha e[IMH eKCIIepUMEHT B Ta3u cxeMa na crate 1. Taxa msbpanara enunnia urGopMaiis HOCH
Ha3BaHUETO OuMm.
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Heka cera pasriemamve BCHUKNTe BL3MOKHI (KpaeH Opoil) W3XOMU Ha €[MH €KCIEePUMEHT,
3a/lafIeHl ¢ IbJIHATA IPyla cLOuTHs uin usMepumoro pasnensue v = {Hy, Hy, ..., H,}. Enr-
pomusTa € Hello KaTo yCpelHeHa HeOPENeIeHOCT 3a MaleH0 pa3fesisie Ha ITPOCTPAHCTBOTO
OT eJleMEHTApPHN CHOUTHUS.

Omnpenesnenne 8.3 Euwmponusg na uzmepumomo pazdessme
v={Hy, Hy,...,H,} napuuwamne wucaomo:

Taxa nmomygyaBame okoHUaTemHATA HOPMYIa:

n

H(y) = =Y P (H;)log, P ().

=1

OT TYK C€ BUXKIOa, 9€ MaKCHUMaJ/IHa €HTPOIINA Cpel EKCIIEPUMEHTUTE C k 3XoMda IIIe IMTMa
TO31 C PaBHOBEPOATHHU MU3XOAW N TA € paBHa Ha 10g2 k.

Mexny KpaillHUTe U3MEPUME pa3nelisiHus 1 KpaitauTe OyseBu nonanrebpu BbB BEPOSTHOC-
THOTO MTPOCTPAHCTBO CHIIECTBYBa €CTECTBEHO ChOTBETCTBIE — eJIeMeHTHUTe Ha pa3ie/siHeTO
craBaT aroMn Ha nomairebpata. Ocobeno nobpe ToBa ce BuKma B cxemaTa Ha bepmynu. Ha
HapacTBalllaTa penunia orT nopairedbpu W, cboTBeTCTBYBAT Bce 10 - U3IPeOHSBAIIM pas-
NeJsTHUSL w,. PasnensneTo w,, HapuMep, ce cbeTon oT 2" HechBMecTumu choutwus. [Ipu
npeMuHaBaHe K'bM CIIEeBAIIOTO paseiisHe BCAKO OT Te3n ChOUTHUs ce pasjiess Ha ABe W T.H.
ToBa cboTBeTCTBUE MOKe Jla ce MPOMBIKE U 3a ITPOU3BOIHU pPa3/lessHus U o-TonaareGpu,
HO TIpU OIpeie/IeHn Y CIOBUS.

Taxa emTponmsaTa MoXKe Ha ce pasrilekmga KaTo H3MepuTel Ha “m3apebHsBameTo” Ha Ia-
[EHO pa3fliefisHe W ¢ Hes MOTaT [a Ce CPpaBHABAT W Pa3NelIHUs ¢ pa3iuvdeH Opoil eTeMeHTH.
[To-tompoGro ¢ MaTemMaTHyecKaTa Teopus Ha WHPOPMAIUITA YOBEK MOXKE Jla ce 3allo3Hae B

[Maptum (1988)].

Ilpumep 8.1 [pecmemuneme enmponugma wa crema na bepnyau ¢ n onuma u npou36oano
P U noxadceme, ue mg € MOKCUMAANG U PASHA NG N, MO2A6A U CAMO MO2A6a4, KO2AMO P = (.

8.4 IloBepuTelleH MHTepBaJjI 3a MeoMaHa

B To3u maparpad 3a mbpBU BT I1I€ Ce 3all03HaeM € e[IUH CTATUCTUYECKN U3BOIL — TBbPJIEHNE
33 HEW3BECTHOTO paslpenesneHre Ha CTOMHOCTUTE B M3Yy4aBaHO MHOXKECTBO OT OODEKTH BbH3
OCHOBa Ha oTrpaHMYeHaTa WH(POPMAlNs, ToJIyueHa OT elHa claydailHa KpailHa W3BalKa.

Hexa HallpaBUM HAKOW YIIPOCTABAIIA ITPEMNIIOJTOKEHNM:

e A. MuoxkecTBOTO OT m3ydaBaiy 00eKTH (TeHepaTHaTa CHBKYIHOCT) € MHOTO TOIAMO
—“mouTn 6e3KpaitHo .
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o b. Pasmonarame ¢ MexanmsbM IIO3BOJIABAIll BCEKIT 00eKT oT regepaiiiaTa CbBKYITHOCT
oa 613,[[6 I/136paH C €JHaK'bB IIaHC. Moxem Oa IIpruIaraMe TO31 MeXaHN3bM MHOT'OKPaTHO
I HETOBUTE Ka4deCTBa OT TOBa HAMa Hda C€ UM3MEHIAT.

?)EL ChbXKaJIeHNEe Te3n IMPEeOIoJIOKEHU €IBa JIN Ca JOCTaThYHU 3a €dHa II'bJIHaA qDOpMELJH/ISELHI/DI.
?)EL TOBa III€ YIIPOCTHUM OLIE€ HEIllaTa W IIe IMPpEeaInoJIoKNM NOIIbIHUTETHO, Y€ HEL6JHOI[6HI/I$ITEL
MOT'aT Oa C€ pa3rjiekKaaT KaTo Ha60p OT HE3aBUCIIMI CJI.B. C €¢JHaKBa HE3BECTHa IIJITBTHOCT.

Hexa cm mocTaBuMm 3a nest mo n HabrojaBaHy CTOMHOCTH fa KazkeM Helllo 3a Hem3BecTHaTa
Menmana (i Ha ToBa pasupenenenue. Ia osmaunm ¢ {q) < {z) < -+ < {(n) Hapenenute mo
roJieMIHa CTONHOCTH Ha HabmionenusTa (cir.B.). Taka Hapenenu Te ce HapwdaT 6apuayuonen
ped.

Teopema 8.3 Ja scaro 1 < n/2

1—1

1
P (o) < p < €pmity) = 1= 2(§)n >

k=0

n

. (8.2)

HokazarTesicTBo: lmame paBencTBaTa:

Pl <1 = Sumirn) = 1= Plp < &) = PEmian < 1)
P(u<&@) = PEuipn) <) = (3)" i (Z)v

OT KOUTO CJIeNIBa ThpceHaTa GopMyita. BTOpHUST pem e BCBIITHOCT n3passBate Ha BEPOSTHOCT-
Ta KaTo cyma oT buromun BepositnocTu. Hanctuna, mpu n-Te excrepuMenTa MO - MajIKO OT
I ca ycrmemnn,T.e. non MeananaTta. Q.E.D.

Taka kaTo samecTnM BLB GopMmynaTa (8.2) cTORHOCTHTE Ha HabIIONEHNATA, HIE MOy da-
BaMe dosepumenen uMmepead 3a HemsBecTHaTa Mennana. BeposTHoCTTa B [ISCHO ce Hapuya
Hu6o wa dosepue m 6 TpAGBAJO ma ce W3OHpPa NOCTATHYHO BUCOKA 3a /la WMAT XOopaTa Hs-
KaKBO JIOBepHUe B HaIllUTe TBbPAeHWs. KaTo eqHO pa3yMHO HUBO B CTATUCTUKATa € IMPUeTo
uuoTo Ha noepue 0.95. [lpu ronemu croitHOCTH Ha N € 3aTPYMHUTETHO TTPECMITAHETO Ha
cymu oT 6uHOMHI KoeduiinenTu. ToraBa ce msnonsyBa nHTerpagnaTa Teopema Ha MoaBbp -
Jammac (TeopeMa 7.2). ToBa uu maBa JecHa Bb3MOKHOCT Hda HaMepuM HeobxonnumoTo ¢. Taxa
npu nuBo Ha nosepue 0.95 momyuasame: 1 = [.5(n — 1.964/n)] Hanpumep, npu n = 100 mo-
TydaBaMe, de Hem3BecTHaTa MennaHa ¢ BeposTHOCT (.95 ce mammpa mexmy 40 m 61 amenoBe
Ha BapUAIlMOHHUS Pe.

Ot npyra cTpana 1o Hab/IIOAeHIATa MOXKE [a ce TIOCTPON U OlleHKa Ha MedrmaHaTa Ha pas-
upenenenuero. Meduana na uzeadra (usea(huna JVLe(?uaHa) e HabIoIeHneTo, KOeTO pasmeis
BapUalluOHHUS pem (HapeneHaTa I/ISBELI[KEL) Ha [BEe paBHU YacTH (KoraTo 00eMbT e YyeTeH ce
B3UMa CPETHOTO Ha ABETE TEHTPaJTHUI HEL6JHOI[6HI/I$I). B cayuas ma rosemu oTKIIOHEHUS OT
HOPMaJTHOCT WU TIPW HaJW4IWe Ha TBBPME OTHalledeHn, CbMHUTETHN HabIIoOeHNs, TOBa €
TpenmoInTaHa OIeHKa 3a JOKaIlns.



Jlekiiuga 9

HenpexkbcHaTu pa3npeneaeHns

B Tasuw nexmms

e 1le BhBemeM Gopmarno mHTerpasa na Jleber-Crumrec;
® Iile pa3rjefgamMe Hall-4ecTo CpellaHuTe HeNPeK'bCHATH pa3lpeneleHns;

e Ille BhBelleM npeobpasoBanue Ha Jlammac m XxapakTepucTuunm GyHKIINN;

9.1 MHWMurerpan Ha Jle6er-Ctunrec

Kakro B OAXMeE Bede C IIOMOIIITa Ha qu MOT'aT Ha €€ 3alllCBaT BCUYKHN CMETKHN ¢ AUCKPETHU
1 HEIIPEK'BCHATH pa3lipede/ICHNA. CGFEL a1e pasrjiegaMe 1 O6HH/I$I CJIy‘IELfI. Benukn nHTErpaIn
B Ta3l CeKIA Ca B I'paHUIN OT —OO OO OO.

Onpenesitenne 9.1 Muosxcecmeomo om aunetinu xombunayuu na @.p. napuuwame Gyuryuu
¢ oepanuuena sapuayus (§.o.6.).

Jlema 9.1 Beska ¢.o.6. F(x) ce npedemass edwoznauno 6v6 dopmama
F($)ZQF+($)—6F_($)7 Ogavﬁv

kwvdemo Fy u F_ ca ¢ynryuu na paznpedeaenue.

Omnpenesnenue 9.2 Hewa g(x) € npouzsoana nenpexscnama dynryusg wa R* v F(x) e @.o.6.
Kazsame, ue e 3adaden unmeepasa wa Jebee - Cmuamec [ g(a)dF(x), axo ca kpatinu un-
meepasume [ |g(x)|dFy(z) < oo u [|g(z)|dF_(z) < co.

Teopema 9.1 B uwacmuocm 3a ecara d.p. F(x) u ecara oepanuvena wenpexvenama g(x)
e kpaen u onpedeaen [ |g(x)|dF (x) < co. Jlecno ce nposepseam caednwume mespdenus:

1. scara ¢.p. (u ¢.o.6.) F(x) moxce da uma naii-unoeo uzbpoumn 6poi mouku wa npe-
KbCOane;
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. ecara @.p. (u P.o.6.) F(x) 66 6cara mouka nwa menpexvewamocm , moxce da ce

npedcmasu xamo epanuya wa peduya om wucmo ckorxoobpasnu @.p. F,(x) ¢ wpaen
opotl ckorose;

. MoHOMONKOCM (Unmezpaiume mpgoea Ja cvuecmeysam):

[ o(@)iFs(a) < [ f@)dFi(a),  gla) < fla)
(9.1)

. aunetinoem (unmezpasume omadicko mpabea da cvrwecmeyeam):

/(ozg(:z;)—l—ﬁf(:z;))de:oz/g:zde:L' —I—Q/g:zde:Jc)
[ o(@)d(aF () + 4G() = a [ gla)dF (@) + 8 [ gla)dCile

. 6pB3Ka ¢ unmezpasa wa Puman (cvweemeysa F'(x) u scuuru unwmeepaiu omaoscno

ca 06CoA0MHO c:m(?ﬂuw) :

/g JdF (x /g

[ o(@)dP () = g(+00) F(+00) — [ F(x)dg(a);

9.2 IlIpeo6paszoBanme Ha Jlamiac

Omupenenenne 9.3 [Ipcobpazosanuemo wa Jlanaac na weompuyameana ca.6. £ ce zadasa
¢ popmyaama:

L(s) = Ee % = Ooe_”dF(:Jc). (9.2)

0

Teopema 9.2 [Ipeobpazosanuemo wa Jlanaac npumencasa caednume ceoticmea:

o L(0)=1;

o [/(0) =—-E¢, nocamo cvwecmsysa;
e L"(0) = E£*, xoeamo crwecmeysa;
o roeamo £Ln, Leiy(s) = Le(s)Ly(s);

[ ] p(LSan()&ILGHUGmO ce 6B3CMAHOBAGA G&HOSHQ%HO.

[lokaxkeTe ru.

IIpumep 9.1 Excnonenyuaano paznpedesenue
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ExcrnonenmnaignoTo pasmpeneienne nMa IHTHOCT: f (:1;) = e 7, CnemoBaTesno, HETOBOTO
npeobpasoBanue na Jlammac e o6bme:

A
s+ N

Jecno ce opecMATaT I MOMEHTHUTE Ha TOBa paslIpeaciieHue:

L) = A [T e =
0

peol

E¢= =

1
)\7
IIpumep 9.2 [ama-pasnpedeaenue I'(a, X) (suoxc gopmyaa (11.6) u due.11.3).

a
FA(G) xi e, CnemoBaTenno, Hero-

Hamommsime mabTHOCTTa Ha TOBa pasmpenenenne f(x) =
BOTO TipeobpasoBanme Ha Jlamnac e Obme:

A% oo Al
L — / a—1 —(s—I—A)xd -
=Tk ¢ TGt
MOMGHTI/ITG Ha aMa-pa3lipede/IcHneTo ca:
a a
Ef=— Dé=L"(0)— L'(0)? = —.

9.3 XapakTepuctudHu GpyHKIIINI

Omupenenenne 9.4 Xapaxmepucmuunama Gyuryud wa npouzeoana ca.6. £ ce 3adasa ¢

dopmyaama:

f(t) = Ee'* = / T dF (z). (9.3)

— 00
Teopema 9.3 Xaparxmepucmuunume @ynryuu npumedsxcasam ciednume c6oticmea:

o f(0)=1;
® HENpPERDBCHAMOCN,

e noaoxcumenna onpedeaenocm: Vt; € Rya; € C

> aila;) f(ti —t;) > 0;

1'(0) =1E¢, kocamo cvwecmeysa;

17(0) = —E &%, koeamo cvwecmeysa.

Koeamo €11, fern(s) = fe(s)fn(s).

pa3npe(?e<fLeHuem0 CE B8B3CMAHOBAGA G&HOSHG%HO no raparmepucmuuynama cu ¢y7—”€-

yuL.
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HT:pBI/ITe Tpu CBOIICTBA ca JOCTaTBhbYHI 3a €IdHa qDyHKHI/DI oa 613,[[6 XapaKTeEpucTu4Ha - TOBa
€ 3HaMCHHTaTa TeopeMa Ha BOXHep.

IIpumep 9.3 Hopmaarno paznpedenenue.

XapakTepncTnanara GyHKINS Ha CTAHAAPTHOTO HopMasno pasnpenenenune N (0, 1) mva Bu-
2
ma: f(t) =e! /2 TlokaxeTe TO.

9.4 “*dopmyJia 3a oOpbIIIaHe U CXOAUMOCTH

Moike na 6bnaT nokaszaHa u GopMysia 3a oOpbIllaHe, T.e. Bh3CTAHOBsiBaHe Ha (DYHKIUATA Ha
pasmpenerene (MM IHTHOCTTA) OT XapakTepucTHaHaTa GyHKINs. 3a BCEKU IBe TOUKN Ha
HeTTpeKbCHATOCT & < Yy Ha [ e m3nbIHEHO

F(y) — F(z) = Loy [T f(ye " (9.4)

2m 0=0 /0o ol
CxonumocTTa Ha QyHKIUUTE Ha paslpeaesenne Bjede CXONNMOCT Ha ChOTBETHUTE Xapak Te-
pucTraRn GYHKINT 1 06paTHO. 3a Mo-MoapobHo 3amo3HaBaie ¢he CBUCTBaTa Ha X.¢. (BIK,
wanpumep, [O6pereros (1966)])
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MHoroMmepHu CJI.B.

B rTasu mexnus 1e onpenennmM MHOroMepHU (BYHKIINS Ha pasnpenenenue n miabTHocTH. e
pasriieiamMe 1 yCJIOBHU pas3lpene/IeHns.

10.1 Mmsaoromepun GyHKIUN Ha pasnpeneeHune

MuoromepraTa (yHKIUA Ha pasnpeneieHne Ha CJ.B. E € R™ ce onpenens npocro:
F(Z) = F(x1,29,...,0,) =P (ﬂ{fZ <axi}y), T=(&,aig,...,8). (10.1)
=1

Ts npuTexana cAeOHNTE OYEBUIHI CBONCTBA:

1. F(—o0,29,...,2,) = 0;

2. mopmupanoct - F(co,00,...,00) = 1;

3. MOHOTOHHOCT - ako ) < x4, 1o F (&, 22, ..., x,) < F(af,x2,...,2,);
4. axo & L& L. .. L&, To Fe(T) =TT, Fe(xi);

5. MapruHaJHOTO paslpefesieHne Ha CJIL.B. & ce Bh3CTaHOBABa JIECHO:

P& <) =Fg(x)=F(x,00,...,00).

MHOFOMepHaTa IIJIBTHOCT Ha pa3lipeacyicHue Ha CJI.B. f (KOFELTO C"leeCTByBEL) ce olrpenesist
IIPOCTO:

O"F(x1,29,...,2,)
81’181'2 e al’n

f(@) = (10.2)

HpI/I TOBa C]QyHKHI/IﬂTEL Ha pa3lipenel/icHlie c€ Bb3CTaHOBABa OT IINIBTHOCTTa:
1 T2 Tn
F(»%’)Z[ 4f(y)dy=/ / / Fyiy2s - y)dyidys - . . dy,.
y<z —00 J —00 —00
IlnerHOCTTA IpuTekKaBa CJIEOHNTE OYEBUIHN CBOICTBA:
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L f(&) =2 0;

2. Jpn fly)dy = 15
3. ako ci.B. § ca HesaBUCHMU fg(:i") =TT, fe(xy).

4, MapTrruHaJdHaTa IJIBTHOCT Ha CJI.B. 51 Ce BB3CTaHOBsABa JIECHO OT MHOTOMEpHaTa IIJIBT-

fe, () :/_ /_ /_ flz,y2, - yn)dys, dys . . . dy,,.

HOCT!

10.2 YciaoBHHU pas3mnpeneiieHus

Ila pasryiemame IBPBO ABETE HeA0YUCIeHN CI.B. £, 7. TAXHOTO CHBMECTHO pasnpenenene ce
3amaBa ¢ Tabmunara: p;; = P (€ =14,n=j).

Onpenesienne 10.1 [lle napuuame ycaosno paznpedesenue na ca.6. £ npu yciosue n pas-
npedeaenuemo:

P(e=ifn=i)=5 "
A sJ

3a pasimka oT MapruHaJTHUTE, YCIOBHUTE pa3lpeneeHss MOTaT a Ce ONMPENesiT caMo 3a
“nmeficTBuTenHUTE " CTOMHOCTHU Ha CJI.B. 7, T.€. TE3U C HEHYJIEBA BEPOATHOCT.

Heka cera pasriemave nBe HEMPEKBHCHATH CII.B. ChC ChbBMecTHa mabTHOCT f(2,y) > 0.
Tyx cbIlo ce oka3Ba BB3MOKHO ONpPENENTHETO Ha YCIIOBHU paslpenesenus BbB GopMaTa Ha
MIBTHOCTH:

o flryy) f(xy)
@) = ez = h)

B®B ropauTe Gopmynu rpaHulinTe Ha CyMUTe W WHTerpupainTe TpsOBa ma ce m3bmpaT
TakKa, 9e 3HaAMEHaTeJInuTe fla ca MOJIOKUTETHN. BbB chOTBETHUTE TPAHUIN € ONpeneseHo 1
YCJIOBHOTO paslpeneseHue.

10.3 MHoromMepHM MOMEHTU

EI[I/IHCTBGHELTEL Pa3/inlKa B ClIyYad, KOI'aTO pa3lJjieKdaMe MHOI'OMEpPHa CJIy‘LELI?IHEL BeJIMYMHa
€ B I'PaHUIUTE Ha MHTETPAJIUTE - TOBa Ca OIIPENCICHU MHTETPaJMl IO Msd/IaTa obrnacT Ha
CTONHOCTH Ha, HellpeKbCHaTaTa CJ. B. I CbOTBETHUTE MYJITUMHOCKCHI CYMU 3a JUCKPETHNU
CJI.B.

10.3.1 KoedunmeHT HA KOopejamus

Yecto ce N3II0JI3YyBa CJIENHOTO HEPABEHCTBO 3a CMEeCEHITEe MOMEHTHU Ha OBE CJI.B:

Etn <\/EEEn? (10.3)
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HokazaTesicTBo: lIMmame crienHoTO HEpaBEHCTBO:

£ Ui 2 _
"= Ee e

£ n

=1- QE((E )12 (E 772)1/2) t1l=
_ o E&
~ M mER

0T KOeTO TpHBHaiHO ciensa mepasencToTo (10.3). Q.E.D.

Omnpenenenne 10.2 Koepuyuenm na xopesayus na ca.6. £ w1 ¢ KPaen 6Mopu MOMENM
HOADUNAME YUCAONO

_EE-En—En) _ ..
M=y e

9lcno e oT ToBa onpenenenye, e IpH HE3aBICUMI CJ1.B. KOepUIUEHTHT Ha KOpeJals e HyJa.
Korato Bmecto £ m n B HepaBencTBoTO (10.3) MocTaBUM TEHTpUpaHNTe W HOPMUPAHU CIL.B.
£ u 1 wie momyunM, ue |r(€,n)| < 1. Bapua e, obaue crienmata Teopema:

Teopema 10.1 Axo woeduyuenmsm wna kopeaayus |r(E,n)] =1, mo mexncdy ca.6. cvuec-
meyea auneina 6pwvaka: n = af +b.

HoxkazatencTsBo: Heka r(£,n) = 1. Ila pasriename paBeHCTBOTO:
E(—7)=E& 2B +Eij’ =1-2+1=0 (10.5)

Ot nero u (5.7) cnensa, ue n = aé+b ¢ Bepositioct 1, kbnero a = o(n)/o(§), b=En—aEE.
Ananormano ce pasraexna caydas ¢ r(€,n) = —1. ToraBa a = —o(n)/o(&). Q.E.D.

Taxa KOGqDI/IHI/IGHTT)T Ha KopeéeJalud MOXKe Ha €€ pa3ljiekKlda KaTOo MAPKa 3a 3aBUCHUMOCT,
KOE€TO HE€CTO Ce€ IIpaBU Ha IIpaKTHUKa.

IIpumep 10.1 Jasucumu ci.6. ¢ HYAE6aQ KOPEAAYUS.

Heka pasriemamve ci.B. £, 7 npuemarin ennoBpemento cienmute croiimoctu: (-1,1), (0,-1),
(1,1), crorBerno ¢ BeposTHocTu 0.25, 0.5, 0.25. Te ca 3aBucumm, 3amoro n = 2 % {2 — 1.
[IpecmeTHeTE KOEPUIUEHTHT UM Ha KOPETIAIIMSI.

10.3.2 KoBapuanmoHHa MaTpUIa

B mHOrOMepHMS ciyuail M.o. Ha CII. BEKTOP € BEKTOP:
&1 E&

E{=E | s
&n E¢,

OCO66H maTepec npeacTraBaidBaT MOMEHTHUTE OT BTOPU PeEL.
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Onpenenenune 10.3 Kosapuayuonna mampuya na 6 eKMOPHAMA CAYUATHA 6 EAUNUNHA CE Ha-
PUNG MAMPUYATA:

V(€)= E(-EE-Eg).

V' e xkBazmpaTHa u cuMerTpuyna MaTpuiia. lmaronamHnTe eleMeHTH Ha MaTpuiaTa V ca muc-
NepcuruTe HAa CHOTBETHUTE CJI.B. - KOOPAWHATH, & MU3BBbHIMATOHAJHUTE eJeMeHTH — ce Ha-
pruvaT KoeUIUEeHTn Ha KoBapuamusa. AKo ¢ 5 O03HAYUM CJI.B. CbCTaBeHa OT HeHTPUpaHuTe 1
HopMupann KoopamnaTu Ha &, To V(§) ce mapuya Kopenannonna matpuia. [lo mmaromama
TS CbAbPXKA €NUHUIN, a W3BbH IUATOHATHUTE eJIeMeHTH ca KoepUINeHTHTe Ha Kopeaalns.
Kopenanmnonnara MaTpuiia chbIllo € CUMEeTPUYHA U HEOTPUIIATEITHO OlpeeieHa.



Jlekmmuga 11

Tpanchopmanum Ha ciaydallHUTeE
BeJINUNHN

[lle nsBenem dopmysaTa 3a npecMsTade Ha TMIBTHOCTTA TPU aHAIUTUYHA TPaHCPOPMAIINs
Ha HellpeKbCHaTa CJI.B. W I1le s TPUIIOKNAM 3a pefulia paslpeneieHns.

11.1 CwmsHa Ha IPOMEHJINBUTE

Teopema 11.1 Hexa U : A — B, kwdemo A, B € R ca omeopenu mnoncecmea, U 63a-
umnoednoznauno cvomeememeue vV = U™ Hexa dynwyugma V(x) npumescasa nenpe-
kvenamu npouzsodnu 6 B. Heka € € ca.6. cve emotinoemu 6 A w ma uma navmuocm fe(x)
s3a x € A. Toeasa ca.6. n = U(E) uma navmuocm f,(y), kogmo ce 3adasa no gopmyiama:

Sole) = [J(V)(@)[[e(V(z)) 30 @€ B, (11.1)

kvdemo ¢ J(V) e arobuansm wa mpancopmayusma V', m.e. demepmunanmama nwa mam-
puyama:

vy 9vy vy
dx dx Tt Oz

o oV ovh
Az dzo Tt Ozp
OVn  OVp OV
Az dzo Tt Ozp

Tasu TeopeMa HAMa Oa JOKa3BaMe — Tid € CJIENCTBUE OT CTaHOapTHUTE TEOpEeMI Ha aHaJln3a
3a CMsHa Ha IIPOMCHJIUBUTE 1101 3HaKa Ha MHTErpaJia.

IIpumep 11.1 Muoeomepro nopmaano paznpedesenue

[InbrHOCTTA Ha cTanmapTHOTO HOopManHo pasnpenenerne N(0,/) B R" uma Buma:

i 1 2 1 12
=) — S e |
qb(l') - H (27’[’)1/26 (27T)n/2€ ”
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durypa 11.1: Hopmammo N(0,1) B R?

KBIeTo ¥ € R™.

Heka ca.B. £ € N(0,7). llle pasrmename nuneiinata Tpanchopmanus n = A& + b. Tyx
A e memsponena n X n matpuiia, a b € R". ToraBa mrbTHOCTTA Ha 1) 1€ C€ W3YNCITU TIO
dopmymara (11.1).

Al 1 ’ N1
fola) = TV eV (@) = ('%)n/'2e—s<x—b> (44) o)

Karo osmaunm matpunara C' = AA’, nonyyaBaMe cTaHgapTHAS BHUJL Ha MHOTOMEPHOTO HOP-
masio pasnpenenenne N (b, C') ¢ mapamerpu En = b w cov(n) = C:

1 —L{z=b)yC(z=b

Ha mpoBepuM Tesn paBeHCTBa 3a IMapamMeTpUTe:

En=AE{4+b=0b, cov(n)=E((n—>0)(n—>0)=AEL)A = AA"

11.2 KouBoJonusga Ha IIJI'bTHOCTHN

[le nmpunoxum gopmysara 11.1 kbM ciaennara 3amaqa:

Teopema 11.2 Hexa ca dadenu dée wezasucumu ¢4.6. £ w1 ¢ NOAONCUMEAHU NADMHOCTU
na paznpedeaenue. Toeasa ca uznwvanenu caedwume Gopmyau:

fersla) = [ fele = u)hy{w)dy (11.3)

o0

Arxo &£,n>0,mo feu(x) = / ifg(:z; ) fr(y)dy (11.4)

— 00

Ao € >0.mo fep(z) = [ yfela s y)f(y)dy (11.5)
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0.1 | .

Purypa 11.2: ['ama pasnpenenenue

HokazaTtencTso: [la nokaxem dpopmyina (11.3). Pasrnexnave nBymepnara ci.s. {€,n}. Tsa
mva rbTHOCT f(2,y) = fe(y)f,(y) samoTo mBete ci.B. ca mesasucumu. Heka pasrmemame
cera TpaHc(pOpMaInuTe:

U:{u: Ty sz_lz{x: .
v= Y y= v

u npunoxumM popmyra (11.1). Twit kaTo skobuanbT Ha V e paBeH Ha 1, momydaBame 3a
neymMepraTa mabTHOCT Ha U({£,n}) popmymara:

flu,0) = fe(u = v) fy(v).

3a na nosydnM IIHTHOCTTa Ha MbpBaTa CI.B. £ + 17, TpsOBa da WHTErpupame 10 BTOpaTa
npomernBa y. Popmymm (11.4) u (11.5) ce nokassat amanorngno. Q.E.D.

11.3 T'ama n bera pa3snpeneneHus

TyK I1e ce 3allo3HaeM HaKpPaTKO ¢ OIB€ MHOI'O IOIYJIAPHI ceMelicTBa pasnnpede/IcHnA.

Onpenenenune 11.1 Hapuuane ['ama-pasnpedeaenue I'(a, X) pasnpedeaenue ¢ nasmuocm:

)\a
flz) = Z—a"te™™, 2 >0. (11.6)

ToBa cemelicTBO e TIOMYIISPHO B CTATUCTUKATA, 3AII0TO € TACHO CBBP3aHO ¢ HOPMATHOTO.
[lpu croitnocTn wa a kparuu Ha 1/2 e usBecTHO KaTo XU-KBa[ApaT pasiipene/ieHue 1 onucsa
pasnpenejgeHeTo Ha cyMa OT KBapaTh Ha HeHTPUPaHl He3aBUCUMI eIHaKBO HOPMAJIHO pas3-
npenesnennu ci.B. [lapameTbpbT @, Koo ompenerns popMaTa My, IMa CMUCHJIa Ha CTEeHN Ha
cBOOOMTA - KOJIKOTO TIO-TOJISIM €, TOJIKOBa TIO-HEeOIPeleJIeH ] ca CTONHOCTHTe Ha ¢JI.B. ['ama-pas-
npeneeHneTo UMa BUHAr M MOJ0KUTETHA aCUMeTPpHUsl, HO TS KJIOHW K'bM HyJa TpK HapacTBaHe
ma ¢. BropusT mapamernp A e Mariaben — TOI He OKa3Ba BIIMSHIE Ha €KCIIEca T aCHMETPUSITA.
[Ipw ¢ — oo menTpupanoTo n HOpMUpaHo |'ama-pasnpenenenne KJIOHN K'bM HOPMaTHOTO.

Omupenenenne 11.2 Hapuuame Bema-paznpedeaenue paznpedesenue ¢ nabmuocm:
1

f(z) = mx“‘l(l —2)7 0<az< 1. (11.7)

Tyx ¢ B(a,b) cme oznauuau dema-dynryusma.
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Purypa 11.3: Pasnuunn GeTa pasnpenenenus

Ha ¢ur.11.3 ca nokaszanu Tpu pa3iudyHU IBTHOCTU OT CEMENCTBOTO Ha OeTa pasmpeie-
mermsiTa. Buxkna ce, we Te MoraT ma mMaT pasindHa 10 3HaK acuMmeTpus. C HapacTBaHETO
Ha mapaMeTpuTe ¢ u b, pasupenerenneTo ce m3paxna (mucmepcusTa My Kiaonn KbM 0). Ako
CKOPOCTTa Ha HapacTBaHe € elHaKBa W TO € MPaBUIHO HOPMHUPAHO, 6eTa pasipeneieHneTo
CBIIIO KJIOHU K'bM HOPMAaJTHOTO.

e mpunoxum popmynara (11.1) 3a na ommimem BpbskaTa Mexay ['ama n Bera pampe-
neneHnsiTa.

Teopema 11.3 Herxa £ € I'(a, ) un € I'(b,A) ca wesasucumu [ama - pasnpedesenu ca.6.
Toeasa

1. cas. (=E+nel(a+bN);
2. ca.6. 0= ﬁ € B(a,b);

3. ca.6. L.

HokaszarencTBo: Pasupenenenunero na nsymepuara ci.B. {£,n} e

a b
A A b—1 _—MAy

a—1_—Az

M) T

flz,y) =
Ha pasrynemame cera TpancopmalunTe:

U: v= xx+y7 n V:U_lz T= uv,
v = Tty Yy = u*(l—v)

n npunoxumM Gopmyra (11.1). Toit kato skobman®sT Ha V e paBen Ha w, HoydaBaMe 3a
nBymepraTa miabTHocT Ha {(, 0} dpopmynara:

Aoth I'(a+b) .,

)= (mua%_l@_M)(iv =),

flew F(a)T(b)

OTKBAETO CJIEABAT BCUYKHU TBHPOCHUA Ha TeopeEMaTa. QED



Jlekiiua 12

BI/II[OBe CXooanmMOCT Ha peamnmnm CJI.B.

BewinroeT B 10 - rosisiMaTa cM dacT TOBa € TeMa OT MaTeMaTudecKus anaians. Bunosere
CXOMMMOCT ce Pa3fesisiT Ha ABe rojemu rpymu. [IbpBaTa rpyna xacae camo pasnpeneiieHn-
ATa Ha CJI.B. W CJEIOBATENHO, TIOPOIEHUTE OT TAX MepkKu 6bpxy GopesoBaTa o-airebpa. llo
Tpagulus OT Ta3W I'pyla CXONMMOCTH B TEOPUs Ha BEPOSTHOCTUTE ce M3ydaBa CaMO ellHa —
Ta3u Mo pasipeneieHue.

Bropara rpyna cxonumocTn e 1o - 6oraTa u 3HaYMTEIHO 10 - W3MoA3yBaHa. [yK Biam3aT
BCUYKN CXOOUMOCTHU Ha CJI.B., MJIN MU3MEPUMU (PYHKIUN BBPXY abCTPaKTHO MPOCTPAHCTBO C
MspKa.

12.1 CxommmMocT Ha pas3lpelejieHUsS HA CJI.B.

Omnpeneneune 12.1 Kazsane, we peduyama om dynryuu na paznpedesenue F, e crodawa
Kb Ppynrkyusma wa pasnpedeaenue F, axo peduyama om wucaa F,(x) xionu xvm wuciomo
F(x) 3a scaro x, koemo e moura na uenpexvewamocm wa F.

Onpenesienne 12.2 Kazeame, ue peduyama om rapaxmepucmuuny gynkyuu f, € crodswa
Kb zapakmepucmuunama Pywwyug f, axo peduyama om womnaexcnu wucaa f,(1) waonu
kv wucaomo f(t) za ecaro t.

Omnpenenenne 12.3 Kazsane, ue peduyama om gynryuu na paznpedesenue I, wionu caa-
60 KoM Pynryugma na paznpededenue F, axo 3a 6cara oepanuuena menpervenama Gymr-
yug f e 6 cuaa crodumocmma:

/Oo flx)dF,(x) — /_0; F(2)dF(2).

— 00

Teopema 12.1 Onpedeaenugma 12.1, 12.2 u 12.3 ca exéusasenmuu.
HoxkaszaTesncTBo: llle nokaxkem ekBUBaIeHTHOCTTa Ha TOPHUTE Ne(PUHUIINY B CJETHUS PeL:

121 = 123 =+ 12.2 =+ 12.1

59
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IIspBara crpenka. Heka F,(z) — F(x) BBB Bcska TOUKa Ha HENpPEKBCHATOCT Ha F.
Heka f(x) e orpannuena n nenpexbenata - | f(z)] < C.

1. Cputectsysa L > 0, taxosa, we I'(L) — F(—=L) > 1 —¢/C. Torasa | [, ., f(2)dF'(z) —
J2 f@)dF(z)| < 2¢msan > N | o f(2)dEF(x) — [22, f(a)dF,(2)] < 4e.

2. B wnrepsana [—L, L] coiecTByBaT Kpaen 6poli kK TOUKH Ha HENPEKbCHATOCT Tg = — L <
r1 < ... <axp=Lual, rakusa, ve sup,, <, [[(x)=f(2:)] <e Torasa| [, o, f(x)dF(z)—
Yy fle)(F(xg) — Flaiz)] < e

3. Ocrana na ce msnomsysa, ge supr_, |F,(z;) — F(z;)| — 0.

Broparta cTpesika e tpusnanna. Pyuxnugra ¢! e orpannyena 1 HeIpeKbCHaTa 110 T
TPpHU BCAKO (PUKCHUPAHO .

Tperara cTpesnka ne e Tpusnaina. 1's ciena oT dpopmynara 3a obpbinane (9.4) ma

x.. Q.E.D.

12.2 CxomnummocTHn Ha CJ.B.

Omnpenenenne 12.4 Kazsane, ue peduyama om ca.6. &, e crodgua kv ca.6. £ no paznpe-
deaenue, aro F, waonu xom F 616 6cara moura na nenpexwvenamocm wa F . Hle oznavum
ma3u crodumocm no cacOHUT HAUUH!

£ -5 ¢

Omupenenenne 12.5 Kazsame, ue peduyama om ca.6. &, € crodgwa xvm ca.6. £ no 6epo-
amuocm, axo 3a 6cgrxo € > ()

P&, — €& >¢) — 0.

[[[6 O3HAYUM TMa3U C$0()UJI/LOC7TL no CJLG()HUH HAYUN

€ = &

Omupenenenne 12.6 Kazsame, ue peduyama om ca.6. &, € crodgua koM cia.6. £ 6 cpedno
0Mm CMeENnew r, aKo

El¢, —¢" — 0.

[[[6 O3HAYUM TMa3U C$0()UJI/LOC7TL no CJLG()HUH HAYUN

€ — &

Omnpenenenne 12.7 Kazsame, ue peduyama om ca.e. &, € crodgua xom ca.6. &, noumu
cuypro (uau ¢ eepogmuocm 1), axo

P& —¢—0) =1
[[[6 03HAUUM NA3U CTOOUMOCT NO CACOHUT HAUUN!

& =S¢
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T
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Purypa 12.1: CxonuMocTn Ha pEOUIN CJI.B.

Meﬂmy Pa3IndYHUTE BIOOBE CXOOUMOCT CBHIIECTBYBAT €CTECTBCHU BPB3KH OTpPa3€HU Ha
JOJIHaTa OuarpaMa. CTpeJIKI/ITe IIOKa3BaT KOA OT CXOOAMMOCTUTE BJIede Npyra.

Teopema 12.2 /[uaepamama wa ¢ue.12.1 e egpua.

HoxazatenctBo: Crodumocm n.c. eaeue crodumocm no seposmuocm. a ozmaamm ¢ Al
cuoutnara A7 = {w 1 |, — ¢ > %} HocTaThuHo € ma mokaxkeM, de 3a BCAKO Isimo r > ()
mvame P (A7) — 0 npu n — oo. OT mpyra cTpaia nMaMe TPEIcTaBIHETO:

{w:fnﬁf}:ﬁ[j ﬁ[lrm

r=1 n=1m=n

Toit kaTO BEPOATHOCTTa Ha TOBa CcLOuTHE € 1, TO HETOBOTO NOII'bJHEHUE IIE NMa HYJIEBA
BEPOATHOCT.

0=P(U N U4=P(U)=P(5)

Ho cvbutusta B, = U, _, Al obpaszyBaT HamMassiBallla penuiia. ToraBa oT akcmoMaTa 3a
HEMpPeKBCHATOCT ciienBa, 9e P (B) — 0 u cnepoBarenno P (A!) — 0.

C,TO()UJI/LOCm 6 cpet?no T 64€4€ c:z:o&uwwcm no sepoAmHocm. Toba TBbHpAceHneE cJIenBa M-
PEKTHO OT HEPABEHCTBOTO Ha Yebutmos:

E|§n B §|r

67’

P (|6 —¢£" > ¢) <

Crodumocm no eepogmuocm eaeue crodumocm no paznpedeaenue. lla oznaunmm ¢ A, =
{& —e< € <&, + e} llpu ToBa P (A,) — 1. dynknusTa na pasnpenenemne Ha &, MOKe a
ce sammie 1o GpopMyJiaTa 3a IbJIHaTa BEPOATHOCT B BUIA:

F.(z)=P (& <z)=P(A)P (& < z|A,) +P(A,)P (& < z|A,).

e otermm oTrope u otnomy F,(x):

Fu(x) < P({¢ <2}NA,) +P(A,)
= P& <a}n{é—e<&IN{é <E+€e))+P(A)
< PH{é<r+agn{é—e<&IN{E <E+eh)+P(A)
< P({¢ <a+e})+P(A4,)
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HpI/I nIpeMrnHaBaHeTO 2-usd KBM 3-1us pen 13nojizyBaMe CbOTHOIIEHUETO!

{fn<x}ﬂ{§_€<§n}C{§<x+6}ﬂ{§_€<§n}'

Ot nokasanoTo HepaBeHCTBO cienBa, de limsup F(z) < F(x + ).

I[EL pasrjegaMe cera O6paTHOTO HEPABEHCTBO.

() > P ({{ <z}NA)
= P({& <az}E—e<&IN{é <&+ ¢})
> P{{<oz—cfME—e< &Nl <E+¢) =P (BNA).

CGFEL H3II0JI3YBaxXMe O6paTHOTO BKJ/IIOYBaHE:

{§<x_6}ﬂ{§n <§+6}C {fn <x}ﬂ{§n <§‘|’6}'
Twit kato P (A,) = 1, 7o P(BNA,) = P(B). Or Tyk cnensa, ge

liminf F,(z) > F(x — €). Tpit KaTo 1 nBeTe HepaBeHCTBa Ca M3IBLIHEHN 3a BCAKO €, OT TAX
crenBa pasercTBoTo lim F,(x) = F(x) 3a Beska Touka Ha HenpekbenaTocT Ha F(x). Q.E.D.

12.3 KoHTpanpumepu
IMpumep 12.1 Crodumocm no paznpedesenue ne 6.aede crodumocm no 6€poIsmuocm.

Ha pasrimemame ci.B. £ mpuemaiiia ctoitHocTuTe 1 n -1 ¢ paBHU BEPOATHOCTH W pEUIIaT:
£, = (—1)"¢. Benuxu pasnpenenenust ca enmaxsu, o P (|, — | > €) ne xmonun xnm 0.

Nma n €IHO M3KJIIOYECHNE, KOT'aTO CXOAMMOCTTa IIO paslipenc/ieHue BJIede CXOOMMOCT IIO
BEPOATHOCT — KOI'aTO I'PpaHUYHaTa CJI.B. € KOHCTaHTa. HOKEL)KGTG I'o.

IMpumep 12.2 Crodumocm no eepogmuocm we éiaeue crodumocm n.c.

[lle koncTpyHMpame penuiiaTa OT MOCIENOBATETHN TPYIHU CJI.B. R-TaTa I'PyTa Iiie ce CbCTOM OT
2" cn.B. [la cu mpemcTaBuM, 9e BEPOATHOCTHOTO TPOCTPAHCTBO € maTepBaia [0,1) ¢ Mapka
na JleGer. 3a ma xomcTpympame n-TaTa Tpyma Ile TO pa3neanM Ha 2" paBHU TOAUHTEPBAIIA
(3aTBOpern oT nsBo). CII.B. OT TpymaTa MpueMaT CTONHOCTH | 3a TOYHO €UH MOMUHTEPBaIT
u Hyia HaBcakbae apyrane. Taka P (|&,| > €) — 0 u pennmaTta KIoHN M0 BEPOITHOCT KHM
korcTanTaTa (. 3a BCSIKO KOHKPETHO w, obade, CBINeCTBYBAT 6e30pOiiHO MHOTO UJIeHOBE Ha
penniaTa ¢bC CTOMHOCTH TI0 - TOJEMU OT €, T.e. TS He € CXOMsIa II.C.

Ot Besika penuiia CXOOAIa 10 BEPOSTHOCT, MOXKE J1a ce M3BJIede MOAPEInIia CXOMMIIa II.C.
KbM CblllaTa Ipanndia cji.B. [lokaxere ToBa.

IMpumep 12.3 Crodumocm no eepogmuocm we éaeue crodumocm 6 cpeduo r.

CxonmmocTTa Ha peaunaTa 1no BeposTHOcT KbM 0 B mpumep 12.2 He 3aBUCH OT CTOMHOCTHTE
Ha BeJMYNHUTE, KoraTo ca pasjndnu or 0. 3Haun, ako yMHOXKHUM CJ1.B. OT n-TaTa Tpyla C
2" e nomyunm, we E (]€,]") = 1, koeTo o3HauaBa, de pemmmara He e cxomaiia KbM 0 B
CpelHo, HO OCTaBa CXOMAINA 110 BEPOSTHOCT.
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IMpumep 12.4 Crodumocm n.c. ne 6aeue crodumocm 6 cpeduo r.

HocTaTbuHo e ma pasrienaMe MONpeNniia Ha penuiiaTa oT npumep 12.3, xosTo e cxomdiia
m.c. Toa mMorar ma 6b1aT, HampuMep, TOCTEHITe (Hail - JECHN) CI.B. OT BCAKa rpyna. TyK,
KaKTO U B MPENHUS TIPUMED, CXOMMMOCTTA I1.C. He 3aBUCH OT cTOHHOCTUTE nM. CXOMMMOcTTa
B cpenHo, obave e HapyllleHa.

Korarto emma pemnniia ¢j1.B. € orpanndena M CXOOMAINa II.C., TO TS € CXOOAIIa I B CPEIHO.
HoxkaxeTe TO.

IMpumep 12.5 Crodumocm 6 cpedno r we saecue crodumocm n.c.

Penunara or mpumep 12.2 nma takoBa noBenenue. [Iposepete ro.
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3akKoHU 3a rojieMmTe 4YncJjia

MNsnoxennero na Tasn JIEKTIWA CJIEIBa CTaHdJapTHUTE yq66HI/IHI/I 11O TEOPpUA Ha BEPOATHOCTUTE
3a MaTeMaTHIIN. HGJH/ITG ca

® Na Ce DOKaKe HELI?I—HpOCTELTEL C]QOpMEL Ha cJIabusg 3aKOH 3a TOJEMUTE quciia;
® a Ce€ OIIMIIaT HAKON OCHOBHM CBOMCTBa Ha peduIll OT HE3aBUCUMU CJI.B.]

® a ce mn3BedaT H€O6XOI[I/IMI/I 1 0OCTaTBhYHN YCJIOBUA 3a CU/THIA 3aKOH Ha I'OJIEMHUTE YHCJIa.

13.1 Cmab 3aKOH 3a rojJieMmuTe 4Ymnciia

Hexa e manena penuiia ot HesaBucuMn c.B.Cq, &g, . . .. Hla osnaunm ¢ S, = >°" ; § penuuara
oT mapiuanHu cymu. Ilnta ce npu kaksu ycsosus pennuata 1, = (5, — ES,) knonn xpm
0. B Tosu maparpad 1rie pasriemame naii-cirabaTa BB3MOKHA CXOIUMOCT — IO BEPOSITHOCT.

1
P(—|S.,—ES,|>¢) —0 mpn n — oo. (13.1)
n

Ompenenenne 13.1 Koeamo cvomuowenuemo 13.1 e uznvaneno 3a dadena peduya c.a.6.
£1,&2, ..., ®Kazeame e 3a mazu peduya € 6 cuaa caab zaron 3a eoaemume wucaa C30MY.

Teopema 13.1 (Mapros) Hexa &1, &, ... e peduya om ca.6. Aro

1

n2

D> &—0 npu n — oo. (13.2)
=1
Toeasa 3a masu peduya ¢ 6 cuaa C31Y.

HoxkaszaTescTBo: Teopemara e NUPEKTHO CIeNCTBEE OT HEpaBEHCTBOTO Ha Jeburues (He-
paserctBo (5.11)). Hamerumna nmame:

DS,

€Zn?

P(%(Sn—ESn) S ) <« 250 0 ED.

64
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Teopema 13.2 (Xunuun) Hexa &1, &, ... € peduya om nezasucumu u ednaxeo pasnpedee-
MU Ca.6. ¢ Kpalino mamemamuuecko owareane a = K& . Toeasa 3a mazu peduya e 6 cuaa

C3I'y.

HokasaTesicTBo: [la osmaunm ¢ a = E&. Ycno e, ue MokeM ma pasriexmamMe IMeHTpUPaHN

cns. a = 0. Heka osmaunm ¢ f(t) = E e x.¢. ma c1.. &. Unmame
: [
Ec" = (1 — o(z))k — 1.

Nsmonsysaxme paspuruero ma Tefmop wa f(t) okono 0 — mhbpBaTa MpoM3BoNHa CHIIECTBYBa
me 0. X.d. f(t) =1 cvorBeTcTBYBa Ha KoncTantata 0. Q.E.D.

13.2 Penumnm He3zaBuUCUMU CJI.B.

JIema 13.1 Hexa e dadena peduyama om cvbumug A,. Arxo e crodsuy peda

> P(A,) < oo, (13.3)
=1
mo
P (limsup A,,) = 0. (13.4)
n— 0o

HokasaTesicTBo: la osmaunm ¢ B, = >, A,. Torasa e oueBnmno mepaBeHCTBOTO:

P(B,)<P(|)A) <3 P(A) 0.

k:n k:n

Ycnosueto (13.4) e exBuBanentro na ycmosmero lim, P (B,) = 0. Q.E.D.

Jlema 13.2 Jlema na Bopea-Kawmeau. Hera e dadena peduyama om mezasucumu ¢oobumus
A, Axo e usnvaneno (13.4), mo e 6 cuaa (13.3) u o6pamuo.

HoxkaszaTesicTBo: Y ciosuero (13.4)

1 —P(B.) =P (B) =P (() A= [L(1 = P(Ay) = 1.

CxonumocTTa Ha 6e3KpaliHOTO MPOM3BEIeHNe € eKBUBaJeHTHa Ha ThpceHaTa cxonumocT. Ta-
Ka 3a HesaBucuMu ci1.B. yeaoBuaTa (13.3) u (13.4) crasat exsuasentran. Q.E.D.

13.3 HepaBencTrBo Ha Koamoropos

Teopema 13.3 (Kouamoeopos) Hexa &,&s, ... e peduya om yewmpupanu (E&, = 0) neza-
sucumu ca.6. 102a6a € 6 CuLG CAEIHOMO HEPABENCTNEO:

DS,
2

P ( sup |5k >¢) <
1<k<n

(13.5)
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HokazarTesicTBo: [la pasriename mbiHaTa rpyna cChOUTHS:

Ho={sup |Sk| <e}, H; ={j=mnnpBoro k <n:|Sk| > €}
1<k<n

?)EL Ta3n I'pylla € JIECHO Ha HalllIlI€eM BepUuraTa HEepaBEHCTBa:

B> Y B(S) = B 426, 3 6+ (Y &), =
_ =1

= k= J-I—l k=j+1
RICTIARENICTS wEIES -l SRSV IR
=1 i=1 k=it k=i +1
&> P (Hj) =P (sup |Si] > e). (13.6)

1<k<n

Tyx msnomsyBame, de cobuTmeTo H; ce ompenemns U3IA7I0 OT CTOMHOCTHTE Ha IHPBUTE ) CJL.B.
1, CIeoBaTE/IHO, HErOBUAT MHAUKaTOp [y, e c1.B. HezaBucuMma OT CLB. §iq1, 42, -+, En.
Taka BTopusT usleH na mosydenaTa cyma e pasen ma 0. Q.E.D.

13.4 CujgeH 3aK0OH 3a rojieMmTe 4ucia
HGKEL pELSFJIGI[ELMe CXOOMMOCTTa.

P (sup k(Sk —ESy)>¢) =0 npu n — oo. (13.7)
n<k

Omupenenenne 13.2 Koeamo cvomuowenuemo 13.7 ¢ uznwvaneno 3a dadena peduya &1, &, . ..
Ka26aMe we 36 Ma3y peduya € 6 Cula Yeulen 3akon 3a 2oaemume wucaa (Y3I'Y).

flcHo e, ye pu mMpoBepKa Ha CXOMUMOCTTa (13.7) € MOCTaTHIHO fa ce pa3riekIaT MeHT-
pupanu Bemumunnu. ToraBa Ts MoXe ma ce 3amuiiie BbLB ¢popMaTa:

P (sup |%| > ¢) — 0, mpu n — 00 3a BesKo € > 0. (13.8)
k>n

Teopema 13.4 (Kouamoeopos) Y3I'Y € 6 cuna 3a peduya om needuareo paznpedeienu we-
3A6UCUMU CA.6., 30 KOIMO € crodguy peda:

2

< 0

n=1 n

HokazaTencTBo: TeopeMaTa e IUPEKTHO CleICTBHE OT HEPaBEHCTBOTO Ha IK0/IMOropos
(13.5). Heka pasrmename chbutusTa:

Sk :
A; _{2]@<%§2]|?|>6}’ J=1,2,....
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Torasa 13.8 e ekBuBaslenTHO Ha yciaoBuero: P (U °mAj) — 0 mpu m — oo, KoeTo e u3-
IBIHEHO ako e cxomart penbT yo P (A;) < oo. ToBa ce mpoBepsiBa ¢hc criemHaTa Bepura
HepaBeHCTBa (BTOPUAT peql cienBa oT HepaBerncTBoTo (13.5) ma Kommoropos):

P(A;) <P( max [Si]> 27 < P(Enax|5k| > 271 <
<2)

20-1<k <27
5 X D& = 5 3 De
SCPTTESERY k= : k-
€?226=1) k<29 €*2% k<2d
Torasa nomyuaBame
ZP( Z 6222] Z £k =
71=1 : k<27
4 & 16 & D&
EDLTID IR EE S ok e LA
- ez — k
= J>logy k k=1
Teopema 13.5 (Kouamoeopos) Hewa &1,&s,... e peduya om ednareo pasnpedesenu u we-

sasucumu ca.6. Toeasa 3a maszu peduya e 6 cuaa Y3I'Y, axo u camo arxo e oepanuuen
nwpeugm abconomen momenm E €] < oo.

HOKaBaTeﬂCTBO: HOKELSELTGJICTBOTO 1e mpoBeneM B TpPpU TTOCAENOBATE/THN CT'HITKI:

1. Hle pasrjiegaMe pedulla OT IMOAXOOAIIO YpA3aHM CJI.B., 3a KOUTO € U3IIBJIHEHa TeopeMa

13.4.
2. llle mokaxkem, de 3a mBeTe pEININ € U3IELIHEH eqHoBpeMerno Y 31MY.

3. HELKpELﬂ e IIoOKazKeM 1 H606XOI[I/IMOCTTEL Ha YyCJIOBUETO 3a KpacH II'bPBHU MOMEHT.

1. Heka pasriename yps3aHuTe BeTUUMHN:

L& &<n
@:{m & >n

Ila nmokaxem cera, de 3a penmuuaTa ¢ ca U3IbIHEHN ycioBusTa Ha TeopeMa 13.4. Tosa e
clleficTBUE OT cjegHaTa JeMa:

Jlema 13.3 E [{]| < oo moeasa u camo mozasa, xoeamo Y. P (|| > n) < co.

HokazaTesncTso: [la osmaunm ¢ H, = {w:n —1 < |{| < n}.

BIE| = BIEIY In) = Y Blelln, < 3P (H) =

ipumi1:i§pum:ipmp@.

Ble|= Bl > 3~ P (H) = P (e > k) - LQED
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Cera ma moxakeMm yciaoBusTa Ha Teopema 13.4.

> " "< Z == =E[{]’ ZI >, 5 <
n=1 n=i
1
E |§|2Z[H1‘(Z + o) SEE+ 1
2. Axo osmaunm ¢ A, = {{, # £}, To mo nemara na bopen - Kawrenu umawme, ue

limsup A,, = 0, 3amoro
S P(A,) =Y P (|| >n) < .

1 n 1 n *
CJIG,I[OBELTGJIHO7 ABETE peannmn n Zi:l fn n n Zi:l fn Ca CXOOdIINn €JHOBPEMEHHO U KBM €0Ha
1 Chblla T'paHUIlA (CT:6I/ITI/I$ITEL An ce CJIydBaT CaMO 3a KpacH 6p0171 I/IHI[GKCI/I). OCTELBEL Oa
HaMepuM I'paHUIIaTa Ha peaulaTa

hm ZEf =lmE{ =limE{l; =E¢,

=1

sarmoro P (A,) — 0.
3. HeobxommMocTTa cleiBa JIeCHO OT ChOTHOIEHTETO:

n—1 1

n n—1

1 1
_fn — _Sn - Sn—l — 0
n n

n nemata 13.2 na bopen - Kanrenn:

P (lim, &, = 0) = 1, cnenoBarento, P (lim sup, {+|¢,| > €}) = 0, cnenosarenno, - P (|¢] >
ne) =Y. P (|€,|/e > n) < oo crnenoBarento, o memmva 13.3, E|¢] < oc.

Q.E.D.



Jlekmmua 14

LlenTpanna rpannuyHa TeopemMa

N3noxkenueTo Ha Tasm JEKIUA cllefBa CTaHAapTHITE YIeOHUIN TT0 TEOPHUS Ha BEPOATHOCTHUTE
3a Maremaruin. [penver na menTpannara rparndna Teopema (III'T) e crenmara samada.
Hexa e mamena penuna ot ci.B. &,&,. ... Ha o3maunm ¢ S, = Y., & penunarta or map-
nuaianu cymu. [lura ce mpw KakBU yCIOBHA CHOTBETHO HOpMEUpaHa TasW peinila KJIOHU IO
pasmpesiesienre KbM raycoBa CJI.B.:

S, — ES,
Omupenenenne 14.1 Koeamo cvomuowenuemo 14.1 e uanvaneno 3a dadena peduya ca.6.
£1,&, ..., kazeame we 3a mazu peduya € 6 cuaa LT,

Taxa ocnoBmaTa 3alada Ha BCHUYKIT pa3pa60TKM B Ta3m obiacT e da C€ yCTaHOBAT KaKTO
H606XOI[I/IMI/IT6 YCJIIOBHIA 3a H3II'BJIHECHUE Ha HFT, TaKa 1M CKOpPOCTTa, C KOATO C€ NOCTHUTa
I'PaHUYHOTO pa3llpede/IeHue.

B Tasu JeKInd 1€ pasrJjexdaMe CaMO pednin OT He3aBUCHUMM CJI.B.

14.1 EpnHakBo pa3npenejieHU chOMpaeMu

Teopema 14.1 Hexa &1,&,... ¢ peduya om ednarso paznpedeienu ME3A6UCUMU CA.6. €
kpatina ducnepeusg o*. Toeasa 3a maszu peduya e 6 cuaa II'T.

HokaszaTescTBo: [la osmaunmm ¢ a = E ;. [la pasriemame pennmata oT HeHTpUpPaHd 1
HOPMUPaHT C1.B. 1), = (£, —a) /o wosmaumm ¢ f(t) = E €' xapakTepncTnanaTa uM GyHKITS.
Twit kato En =0wu Dy =1, 1o f(t) npurexasa mbpBa 1 Bropa mponsBoann B T.0 1 MoXKe
na ce passue B pen ma Teiiop okomo Tasu touka: f(t) =1 — % + O(¢?).

Cera ma mpemnmuieM BeposTHOCTTa B ycrosue (14.1):

S, — ES,

1 e
Pt e ) =P(—= Y i < 7)
(DSn)l/Q nl/? ;
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Ha pasriename cera xapakTepucTudHaTa QYHKIHUS Ha CI.B. S, = nl% Yoy i

)= () = (- Loy cEQED.

2n n2

1/2

E eitsn — (E eitn_

14.2 YcaoBue Ha JIunnebepr

Tyx 11e pasriename obIus ciydail Ha HE3aBUCUMY CIYyYaiiHU BETMYUHN € TPOM3BOIIHI Pa3Il-
penenenwus. [lle BoBenem crnennure osnavenns. Fi(z) = P(& < x),ar = E&, 07 = D&, 82 =
Zn 0.2

k=1"k-

ToBa, KoeTo IHPBO € 3abernsizaHo, € CJIEMHOTO HEOOXOMMMO yCIIOBHE 3a TPEHEOPEKNMOCT:

2
M,, = max %k, 0, mpu n — oo. (14.2)

1<k<n g2
B cayuas ¢ egHakBo pasnpeneseHn CJI.B. YCJAOBUETO 3a MPEHEeOPEKNMOCT € eCTeCTBEHO M3-
nbaneno: M, = 1/n.

CnennoTo ycnoBne Hocn nMeTo Ha JlunmeGepr. 3a Besko € > 0

1 n
=2 Z/| (x —ag)’dFy(z) =0 1pm n — oo, (14.3)

r—ag|>esn

Teopema 14.2 (Jlundebepe — Peaep) Hera 1,6, ... € peduya om ne3a6ucumy ca.6. ¢ Kpai-
KU JUCNEPCul, 3a KOUmo € u3nvaAneno ycioeuemo 3a npenebpexcunmocm (14.2). Toeasa, 3a
da e 6 cuna [[I'T (14.1) neobrodumo u docmamwpuno e ycaosuemo na Jlundebepe (14.3).

HoxkazaTtenacTso: Ha osmaunm ¢ Fp(x) = P(& —ar < xs,) = Fi(ar+ xs,). ToraBa Moxem
na samuieM nsete ycrosus (14.2) u (14.3) no - mecno:

M, = max % — max ?(%)zdFk(x) = max /Oo 22 dF ()

1<k<n %h  1<k<n_n = 7 1<k<n

Ln(e) = > (=il 4 Py () = Z/MXMFM(@

k=1|r—ay|>esn

CJIy‘LELfIHI/ITe BEJIMYUHNT 1)y = (fk — Clk)/Sn Ca C qDyHKHI/H/I Ha pa3lipene/iIcHne Fnk I[EL O3HaAYUM
TEeXHUTE XapaKTEePUCTUYHN qDyHKHI/H/I C fnk Torasa TBHPOCHUNETO Ha HFT (141) MOXKe ITa ce
3allAlIe 10 CJIEOJHUSI HaYWH:

t2

ﬁfnk 7w Zn:lnfnk(t)%—? (14.4)
k=1 k=1

HOKELSELTGJICTBOTO 11e ImMpoBEIEM B HAKOJIKO CTBIIKM. HpI/I TOBa IIGPBUTE TPpU CTBHIIKU UMaT
OTHOIICHIE KaKTO KbM H€O6XO,I[I/IMOCTTEL7 TaKa 11 KbM JOCTaTBbYHOCTTa.

A. Ilopso 1mie mokakeMm,de yCIOBHETO 3a IPEHEOPEKIMOCT (14.2) cileBa OT yCIOBHUETO
na JlumneGepr (14.3). ToBa TBBpHeHE BCBIITHOCT HE € HEOOXOMNMO 3a JI0Ka3aTeICTBOTO Ha
TeopeMaTa, HO € TIOyINUTEIHO.

M, = max (/H :z;zank(:z;)—l—/ L dE (@) <& Do)
z|<e e<|x

1<k<n
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Twit KaTO € € MPOU3BOIIHO OT TYK CIENIBa yCIOBUETO 3a MPEHEOPEKUMOCT.

B. Ot ycnoBuero 3a npenebpexmvoct (14.2) crnempaT cieniuTe TBLPACHUS:

(1) = max |fux(t) 1] = 0 (14.5)

S 1fuslt) — 11 < 2272 (14.6)
k=1
HOCT&T'BIIHO € a Ce M3II0JI3YBa CJIEJHOTO HEPaBEHCTBO.

2
tak

232'

) =1 = | [ (6 = 1= itn)db(o)] < 5 [ () =

— 00

B. e nokaxem makx KaTo CJAeNCTBHE OT MpeHeOpeKnMOCTTa (14.2) CIIEMHOTO TBBPACHUE:

)= S (0nfuslt) = ()= 1) 0. (147)

Twit kaTo e nsnbaneno (14.5) Mokem ma nzbepeMm TakoBa ToIMO n, de |fap(t) — 1| < 1/2.
Torasa nmame:

Infoi(t) = In(1+ (Fur(t) = 1)) = (fu(t) +i urlt) = 1Y (=1)1 /5

o) = (osl8) = D1 £ () = 1 3 15 < 5Un(8) =17

Kato cymmpame Tes3n HepaBencTBa u usnonsysame (14.6) momydaBame:

2

Z () = 1] < Hnu)% 0.

[\Dl»—\

Zn: fnk

[\Dl»—\

Hocmamwsunocm (HI/IHI[e6epF) Haxkpas onensiBame m3pa3sa:

(6] = |7/2+ ki(fnm) )|

n %X 2.2

=13 [ (e =it + S0 <
k:l_oo 2
t n
_—z / dfdFue) + 1Y [ e dFa)
6 k=1 k=1
z|<e e<|z]
e
+ [t L0

C TOBa DOKa3aTeJICTBOTO Ha AOCTATBYHOCTTa € 3aBBPIIIEHO.

Heobzodumocm (Penep) Twit kato mo ycmosue npenebpexumoctta (14.2) e nsnbianena,
To B cmuta ca (14.5) u (14.6). Moxewm na mpennonarame, ge [,(1) — 0 3a Besko t. OuensBame
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OTI[OJIy:
Re(1,(1)) :g: /(cos(t:z;) 14 g)dm(m) >
(- / (t‘;)zank(xH /(—Z)ank(:Jc)—l— / (t;)zank(x)):
F=1 jr<e e<|z| —o0

Zn:(/ (t;) dF, () =2 / dFo(x)) >

e<|z| e<|z|
t2 n 0_2
—L,(€) — —k_

2" kZ::l 252

€

B nocnienmaust pen n3nonsyBsxme HepaBeHCTBOTO Ha Yeburnon. Kato npexBbpiimmM mocsie-
HIS WIEeH W yMHOKHUM Ha 2/t mosydaBaMe HepaBeHCTBOTO:
22
2 L) > Lo,
Toit kaTo NgcHaTa cTpaHa He 3aBUCH OT 1, TOBa € MOCTATHYHO [a TBHLPANM, Y€ Ts KJIOHU
kbM ryma. Q.E.D.

3abesexka B JOKa3aTeJICTBOTO M3IIOJI3yBaXMe CJIeIHUTE HEpaBEHCTBA!

, 12
1 —cos(a) <a?/2, | —1—it| < 3

. 3 .
e —1 — it +12/2] < T le — 1 — it +2/2] < t2,

KaKTO I HEPABEHCTBOTO Ha Yebumos.

HokazarTesicTBo: llpennonarame ¢ peasto.
, t t
e — 1| = |¢/ ¢i*dz| g/ 6% |d= = ||
0 0

R t t
e — 1 — it] = |¢/ (6% — 1)dz| g/ I2|d= = [¢]2/2
0 0

AHELJIOFI/I‘IHO IIoJiy4aBaMe: '
e — 1 —at + /2] < |¢°/3!

e — 1 —it +1*/2] < /2 4+ £*/2 = *.Q.E.D.

14.3 CuaencrBusa

Teopema 14.3 (Teopema na Jlanywos) Hewa &1,&s, ... e peduya om nezasucumu ca.6. ¢
kpatinu momenwmu om ped 2+ 0,6 > 0. Arxo e usnwvaneno ycaosuemo na Janynos:

1 n 00 00
An(r) = poe; Z/ (x — ak)2+5dFk(:1;) = /Oo |:1;|2+5ank — 0 npu n — oo, (14.8)

mo e 6 cuaa [T, m.e. ycaosue (14.1).



14.3. CAEICTBHUA

HOKaBaTeﬂCTBO: HOKELSELTGJICTBOTO cJieBa BEAHal'a OT HEPABEHCTBOTO!:

L@=3[

|>e

1 1
B < 530 [ el < S A(r).QED.,
€ =1 7 lzl>e €
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Jlekiiuga 15

HpOHeCI/I C He3aBUCHUMMN HApPACTBaHMNI

Heka pasraemamve cemeiicTBoTo 0T ciayvaiinu Benunuannn {&;, 7 > 0}. 3a Hac mapamMeTnpbT
T Ile WMa posiATa Ha BpeMe W 3aTOBa TaKWBa CEMENCTBa Ile HapudyaMe cJIydacH Mpolec.
[IpouecuTe ¢ AUCKPETHO BpeMe BCBITHOCT MPENCTABIABAT PEUIY CIyJIaiHu Beauaunu. 1e-
opust Ha CJIydaliHuTe MPOIECH MPEeNCTABIgBA CIEINaJCH PA3/Iesl B TEOPHs Ha BEPOITHOCTUTE
¢ tossivo sradenue (Bux. [['mxman, Ckopoxom (1977)]).

3a Besko T e ompenenena (pyHxunsTa Ha pasnpenenenune F(x,7) = P({, < x) u Momen-
TuTe Ha mporeca (korarto Te chiectByBat) m(7) = E&,, 0*(7) = E(& — m(7))* n .81
e mpenmonoxum, de ci.B. & = 0 u cemeiictBoro F'(x,T) € HempeknLCHATO B HyIaTa, T.€.
F(x,40) = F(x,0). Hexa osnaunwm c 6, ,, = &, — &;, HapacTBaHUATa Ha MPOIECA.

Omupenenenne 15.1 [Ipu mezu npednonodxcenus ue Ka36a.me ve NPOYECHLM € ¢ HEZABUCUMU
Hapacmeanus, axo ca.6. 0. o w &, ca nezasuUCUMU 3A 6CUUKU Ty, Ty.

Toba OoIIrpeneJicune ne € H»ELI‘/JI—TO‘IHOTO7 HO 3a HallIllTe IeJI € Hall'bJITHO JOCTaTBhYHO. BCT:IHHOCT
on Tpﬂ6BaJIO Ja IMOUCKaMe He3aBUCUMOCT B CBbBKYIITHOCT Ha BCEKN KpacH 6p0f1 HapaCTBaHWA.

Or[peL[e.HeHI/[e 15.2 Hpouec C HESABUCUMU HAPACMEAHUL WE HAPpULame G&HOpO()GH (e.n.H.H.),
axro pa3npe(9e<fLeHuem0 HA CA.6. (97—177—2 3a8UCU camo om pas3Aukama Ha deama napamemuspa
To —T1.

Ot ToBa olpenesicHue € sCHO, Y€ 3a €.II.H.H. CJI.B. (97—177—2 n 57—2_7—1 nMaT €0HaKBO pa3Il-

penenenne. CBIo Taka OT TYK cleBa, 9e¢ MOMEHTHTe Ha Tpoleca (KOTaTo ChIeCTBYBAT)
VIOBIETBOPABAT ChoTHOMEHUATa: m(T) + 7o) = m(7) +m(m2), o*(1 + 12) = 0*(11) + o*(72).

15.1 XapakTepuctudyHa GyHKIUA

Hexa pasrjegaMe cera CEMENCTBOTO OT XapaKTeEpUCTUIHI C]QyHKHI/II/I OIIpeneJicu OoT €IHOPO-
JEH IIponec ¢ He3aBUCUMU HapaCTBaHIA.

F(t,7) = Belter = / ¢t dF(z, 7) (15.1)
H’BpBO 1e IJOKazKEM €1Ha IIPpoCTa JEMa.
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Jlema 15.1 Axo womnaexcuama Gynkyus om peaden apeymenm Yyoo6aemeopa6a Yci06Us-
ma: ®(0) = 1, nenpexwvenamoem 6 wyasama u Gyuryuonainomo ypasuenue: P(xq + xg) =

O(21)P(x2) 30 scuuru peaanu xy,x2, mo a. P(1) #£0; 6. d(x) = (1),

Hokasaresncrso: a. lonyckame mporusroto. Torasa or pasencroro 0 = &(1) = &(+L)”
ciensa 0 = ®(1) 3a BCAKO 17, KOETO IPOTHBOPEUN Ha HENPEKBCHATOCTTA B HyJIaTa.

6. 3a pammonamanm x = m/n umame $(x) = ¢(1)”. Ho or mempexbcnaTocTTa B HyImaTa
clle[lBa, HEIIPEKLCHATOCT 3a BCAKO T

Oz + Az) = O(2)P(Ax) — ¢(2).Q.E.D.

CrencTBue AKko peanna (GYHKINS OT pealiel apryMeHT yuoBieTBopsBa ycnoBusTa: ¢(0) =
0, HEMPEKBCHATOCT B HyTaTa U GYHKIHOHATHOTO ypaBHenue: P(xy + x2) = ®(x1) + P(x2) 3a
BCUYKHI PEATHU Ty, Lq, TO () = ¢(1)x.

HokazarTesicTBo: [HocTtarhuno e ma pasriename QyHKIUITA e®®)

Q.E.D.

n IIPpUJIIOKUM JiEMaTa.

Teopema 15.1 3a 6cexu ednopoden npoyec ¢ He3a6UCUMU HAPACTEANUSL € UBNDAREHA CAED-
nama Gopmy.aa npedcmasane Ha TAPAKMEPUCTNUNHUME MY GYHKYUU:

: 1 ° itx
Inf(t,7)=r1 Alir_r:O s /_Oo(e — 1)dF(x,AT) (15.2)
HokazaTtencTBo: Heka ¢pukcupame t. Torasa f(t,0) = 1, pyukmusra [ e HempekbcHATA

[0 BTOPWS CH apryMeHT B HyJaTa (OT YC/IOBHETO 3a HENPEKHCHATOCT Ha CEMENCTBOTO OT
GyHKIMT Ha pasmpenenenye ) 1 yAOBIeTBOpsaBa (YHKIMOHATHOTO ypasHernue. [Ipumarame
JeMaTa U ToJydaBaMe:

F(t7) = (f(t,1))7 = eI

Twit KaTO JOTapUTHMBT € MHOTO3HAUHA (DYHKIIWMS, TIPU JIOTapUTMYBaHETO TOJIydyaBaMe:

Inf(t,1)=1In|f(t, )|+ i(argf(t,1) + 2km).

Ho f(t,1) # 0 u Mmoxem na nsbepem k taka, ge f(0,1) =1 - camo Torasa f(.,1) e xapaxTe-
pECcTHYHa (PyHKINS.

Ila pasriename cera MUQEPEHIHOTO YaCTHO (¢ - QUKCHPAHO):

A -1 Arinf(t,1) _ 1 1
I, ATT) = o = Inf(L 1)+ 0(AT) = ~inf(t,7) + 0(A7).

Tyx ¢pyukmasTa 0(A7T) KIOHN KBM HyTa, KOraTo AT KIOHH KBM HYJIa.

OT Opyra CTpaHa, CBIIOTO YaCTHO MOXKE Ha Ce€ 3alluIlle TaKa

% _ i/_z(em — 1)dF(z, A7).Q.E.D.



76 JEKINS 15. HE3ABUCUMY HAPACTBAHUSI
15.2 IloaconoB mpoiec

Tyk KaTo eluH OT IIpUMEpHTE 3a €.I.H.H. IIIe pasriefaMe Ipolec ¢ TUCKPETHO TPOCTPAHCTBO
Ha cheTosHusTa. [a o3naunm crorBeTHnTe BepostaocTn ¢ Py(7) =P (& = k), k=0,1,2,....
glcho e, We oT HempeKbCHATOCTTa Ha CEMECTBOTO OT (PYHKIUN Ha paslpeneieHre ClenBa,
e Py(7) — 0, korato 7 — 0 3a Besiko k # 0w Po(7) — 1.

Teopema 15.2 Hekxa donvanumeano nouckame ycio6uemo ( yciosue 3a opdunapuocm,)

ZPk = o( Pi()). (15.3)

Toeasa

m.e. 6CUUYKU p(LSan()&ILGHUH Cad noacorosu.

Tyx o(€) o3nauaBa mpomsBosHa (PYHKINS TakaBa, de o(€)/e — 0, koraTo € — 0.

HoxkasatescTBo: dAcuo e, ue H(0) =1, Po(my + 12) = Po(m1)FPo(m2) u Py(.) e menpekbcHaTa
B 0. Torasa ot memarta crenBa, de Moxe na samuineM Fo(.) BbB popmata Po(7) = Fo(1)” =
e, Tyk Po(1) = ¢, A > 0. Toraa Pi(7) < Y 4s1 Pu(7) = 1 — e — 0. 3a na nspasum
OCTaHAINTe BEPOSTHOCTH, Bede Ile TPAOBa a MBIOI3YBaMe YCIOBHETO 33 OPIMHAPHOCT.
Naame, 4e 3a BCAKO T € U3IIBIHEHO YCIOBUETO:

Po(r) + Pi(7 -|-Zpk

CnemoBaTenno
Po(AT) = e M =1 — AT+ o(AT)
Pi(AAT) = AAT + o AT)
Z Pr(AT) = o(AT),

k=2

CGFEL n31oJa3yBaMe MpeacTaBAHETO Ha XapaKTEepUCTUIHATA qDyHKHI/DI Ha

e.1.H.H.:
Inf(t lim —— [~ (e — 1)dF (e, A
nf(tr) =7 Jim [ ("~ 1)dF (e, A7) =
1 —it0 —itl .
TAIHEO E((e — ) Po(AT) + (e — D)(AAT + o(AT)) + o(AT)) =
=A™ —1).
CrnenopaTeaHo MOIydYaBaMe ‘
[ty =T, (15.4)

KOEeTO e XapaKTepucTuanaTa PyHKINs Ha moacoHoBo pasmpenerenue. (. E.D.
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IMpumep 15.1 B meaedouna cmanyusgs nocmvneam cpedno no 60 nosursanusg 3a edun wac.
Karea e sepogmuocmma da ne nocmsnu wumo ednwo nosukreane 3a 30 cex.

=€

>
I

Pererme: P (£ =0) = e~

L
2

IMpumep 15.2 Kouaro cmagudru mpabea da caodxcum 6 mecmomo, maxa 4e ¢ 6EPoOIMHOCT
.99 616 6cara kupauura da nonadwe nowe edna cmagudra.

Pemenne: Ila osmaunm ¢ A 6posT cTaduon Ha eguunia obeM 1 ¢ v obeMa Ha eHa Ku(ImdaKa.
Nwvame

P >1)=1—e™>.99
e < 0.01, \v > [n100 = 4.6

CnenmBa ma mpemBuanM B TecToTo 1o 4.6 craduoku Ha Kupamdaka.

15.3 BunepoB mpoiliec

[lle pasrnemame BTOpUM mpumep 3a e.m.H.H. To3m MbT Ha ciaydaillHUTE BEIWYWHU I11e Oble
pasperreno ma TpueMaT TPOU3BOIHN PeajHn CTOMHOCTH. 3a CMeTKa Ha TOBA IE HAJOKUM
orpaHUYeHre BHPXY CHIECTBYBAHETO U “TpeHebpeKnMOCTTa " Ha TPETHUS MOMEHT:

/0; e [PdF(z, A7) = o( AT) (15.5)

Teopema 15.3 [lpu yrxazanume uduckeéanus rapaxmepucmuunume GYHKYUY HA NPOYECa
umam npedcmasIHemo

1
Inf(t,7) =itmr — 5021‘27,

kwvdemo m w o > 0 ca nodrodgwo noddpanu xKouwcmanmau.

Taxa Bcuykn pa3npenejicHns Ha IIpolecCa ¢cTaBaT I'ayCOBH. Koratom =0mno =1 opouechT
CE€ Haph4da CTaHOapTEH BI/IHepOB oponuec mim BpayHOBO ABUKEHNE C HETPEKHCHATO BpEME.

HOKaBaTeﬂCTBO: I[EL OT66JI€)KI/IM7 Je ChIIECTBYBAHETO M HEIIPEKHCHATOCTTa B HYyJ/IaTa Ha
TpeTuda abcoIIoTed MOMEHT Bllede ChbIIECTBYBaAHETO I HEMPEKHLCHATOCTTa H IIbPBUA 1 BTOPUA
MOMEHTHN B HYyJ/IaTa.

m(7) = / zdF(x,7), o (1) = / 22 dF(z, AT) — m*(7)
Ia pasraenanve Gyuxumsata m(7). Umame m(0) = 0, m(m + 72) = m(m) + m(m2) n nenpe-
KbCHATOCT B HyJaTa.

OT CJIEACTBUETO Ha JIEMaTa CJI€[1Ba, 4€ CbIIECTBYBa KOHCTaHTa 1 TaKaBa, 49€ m(T) = mr.

CrimoTo e BepHO U 3a QyHKIEATa 02(T) = o?7.

Hexa OPpUJIIOKUM Cel'a HalllaTa TeOopeMa 3a €OHOPOOHU IIPpoleCH C He3aBUCHUMHM HapacCTBa-
HIL.
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. 1 &0 it _

Inf(t,7) = TAIHEOE/_OO(G — 1)dF(x,AT) =
I L/OO 1 it DR (e, Ar) & itmAT — (0 Ar 1+ mPAL?
TAH—I}OAT( _Oo(e —1—qtx+ 2) (x, A7)+ itm 7'—2(0 T+ m A7)

[ILpBUAT 4WIeH Ha TOBa NMpefcTaBsHe KJIOHW KbM HyJla Topaan HepaBeHCTBOTO |ef* — 1 —

. 22 |t31’3|
itr + = | < 5

Ocrtananure nBa umena ca Topcennte. Q.E.D.

. HOCJIGI[HI/DIT qJIeH € KBapaTU4e€H II0 AT 1 ChbIIIO KJIOHW KbBM HYJ/Ia.

15.4 I'panmuHa TeopeMa

EpFOI[I/IqHO CBOICTBO e Hapn4daMe IIpexXon B HAKAaKBO ChBCTOAHUE Ha CﬂyqaﬁHI/Iﬂ IIrponuec He-

3aBUCHMO OT HAYaJIHOTO CBCTOJAHUE. TyK I1e JoKaxKeM €lHa IIPpOoCTa TeoOpeMa 3a €JHOPONHUTE

oponecnm ¢ He3aBHUCHMMHM HapacCTBaHUA U KpaﬁHa AOUCIIEPCHUA - aHaJIOT Ha HOEHTpPaJHaTa I'pa-

HUYHa TeopeMa (BUK. ompenenenne 14.1). [la osmaunmM HopMEUpaHus U HEHTPUPAH CITydaeH
— f‘r_mr

npolec ¢ 1y = == U ¢ O(x) ¢.p. Ha cTaHIAPTHOTO TayCOBO PA3MpeesieHe.

Teopema 15.4 Ha auye e crodumocmma:

lim F,(z,7) = ®(x).

T—r00

HOK&B&TEJ’ICTBO:

XapakTepucTuuHaTa GyHKINUS Ha MOOUMUIIMPAHUS TPOIIEC e:

i—tm t - . tm t
Inf,(t,7)=In(e f’f”Qf(ma ) =1—7+ Tlnf(ma 1),

orl/2

KbIeTo m, = mT u o2 = o?7. Heka cera passuem xapakrtepuctuunara Gpynknms [nf(t,1)

2 ¢
B pen wa Teitnop okono mymata (Inf(0,1)) = f(0,1) = im u (Inf(0,1)) = f'(0,1) =
—(o? +m?):
t .t , 5 17 1
lnf(—o'Tl/27 1) = Zm—grl/z — (0' —|— m )E —|— 0(;)
OcraBa 1a U3BLPIINM yMHOKEHHETO I ChKpaTuM usauinnuTe wienose. Q.E.D.

15.5 3BakmaoounTejaHn OejieKKN

W nBara mpumepa m30KeHW B MPENXONHUTE CEKIINN ce OKa3a, de TPUTek)aBaT KpalHu Mc-
nepCun 1 flaxke MOMEHTH OT Tpou3BosieH penl. ToBa ce mbIKM Ha HAJIOKEHUTe OrpaAaHUYEHN S,
KOWTO BOAAT 110 NM(PEPEeHIINPYEMOCT Ha XapaKTepUuCTUIHNTe (PYHKIIUKA 10 THPBUS apTyMeHT.
3a chiKasene ToBa He BUHATH € TakKa, KaKTo MoKasBa ciaenuusT mpumep: nf(t,7) = at|t|.
[Ipw v = 1 TakaBa xapakTepucTudHa (YHKINsS CbOTBETCTBYBa Ha paslnpeneienne Ha Ko-
I, KOETO He MpHUTexaBa maxe nbpBu MomeHT. [IpoBepere, ye TakoBa cemeiicTBO XapakTe-
pUCTUYHU (YHKIIUKA MOXKe na ObAe MOoydeHo 4pe3 TeopeMaTa 1 HalUIleTe B TO3W Cydai
CbOTBETHOTO TBbLPACHNIE.



Jlekiiuga 16

MapkoBcku Bepuru

MapxoBckuTe mpoliecn ca o6o0IIeHNe Ha MPOoIecnTe ¢ He3aBUCHMI HapacTBaHUs. Hexa e
3amanen mporechbT &, 7 > 0.

Omupenenenne 16.1 [lle kazsane, ue npoyecsm e Mapro6cKu, ako 61IEUWEMO U MUHALOMO
Ca HERABUCUMU NPU PUKCUPANO HACTLOTULE.

ChImMAT CMUCHIT IMaT OyMuTe: bhoereTo 3aBmucn camo (ce ompenesns I/ISHﬂJIO) OT IHOCJIe/I-
Hust HabsmonaBan MoMeHT. Pasrienanus B MuHagaTa jekius [loaconoB mportiec e odeBuien
mpuMep 3a MapKOBCKHU mporec. UhCTOSHIETO Ha IIpoleca B JaleH OLIEI MOMEHT € IPOCTa
cyMa Ha ChCTOSHWETO MY B MOMEHTa M CHOTBeTHaTa CIydalHa BeIWJINHA ONpeneTdiia Ha-
pacTBaneTo My. Taka e o4eBUAHO ¥ 3a BCUYKHU MPOIECH ¢ HE3aBUCHUMH HapacTBaHUs — Te
ca MapKOBCK.

3& Pa3jinKa obade oT €.II.H.H., MapKOBCKUTE IIpoleCcn MOoraT Oa IIpUTexKaBaT 1N CTOMHOC-
T, KOUTO HE Ca YMUCJIOBU. I’IELI/ICTI/IHEL7 CTOMHOCTHUTE Ha e.I.H.H. Tpﬂ6BEL Ha IIpUHaOJIekKaT Ha
AU THUBHa I'pPylla — TOBa M3NCKBa OIIpede/ICHNETO M.

OcobenoctTa npn meGwWHUINS Ha MapKOBCKH IMPOIECH UABAa OT TOBa, de TpsbBa ma ce
pasriexna u MpoBepsBa yCJIOBHA HE3aBUCUMOCT. KoraTo BeposSTHOCTTaA Ha HalleHO (PUKCH-
paHo CLCTOSHWE € Hy/leBa (KaKTO TOBa € TPHU MPOIECH ¢ HENPEKbhCHATO MPOCTPAHCTBO Ha
CHLCTOSHUATA), TaKaBa MPOBEPKA € HeTPUBUAIHA — TS M3NCKBa HATWINETO Ha MHOTOMEpHA
BEPOSATHOCTHA MIHTHOCT.

16.1 MapkoBcku Bepuru

Tyk 11e ce cnpem Ha MPOLECH ¢ MUCKPETHO BpeMe W KpailHO NUCKPETHO MPOCTPAHCTBO HA
cheTosgHusTa. TakuBa mpounecn Hapudame MapKoBCKn Bepuru. 1lonpoGHo ¢ TaX Moke ma ce
sanosnaete B kunrute [Kemenwn, Cuenn (1970)] u [Huvurpos (1980)]. e mpenmomoxmm,
Ye MHOXKECTBOTO OT CHhCTOSHUS Ha BepuraTa ca dmciata 1,2,..k. Cera mepummmmsTta 3a
MapKOBOCT MOXKE Jla C€ MPETHIIE M0 - TOYHO:
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Omnpenenenne 16.2 [l[e xka3eame, we npoyecsm € Kpaina MaAPKO6CKA 6EPUA, AKO 3A 6CUU-
KU 6B3MONCHU HAOOPU 10,11, ..., by U 6CAk0 0 < k < N € UBNBAHENO!

P(fo = i07§1 = Z.17 7571 = in7§n+1 = Zn-|—1|§k = Zk) =

P& = 10,61 = 11,y §pm1 = 11 |G = 1)

P(§k+1 = ik.|_1, 7571 = Zn|§k = Zk)

Teopema 16.1 Paznpedesenugma na kpating maproscka 6epu2a ce onpedessm om Haudi-
womo pasnpedeaenue {m; = P(& =1),1 = 1,2,...,k} v mampuyume na npexoduu seposm-

noemu { P} = {P ({up1 = j|én = 1),0, = 1,2, .. k},n=10,1,....

HokaszaTescTBo: lokazaTeacTBOTO CilefiBa JIECHO OT OINpeneleHneTo n (popMysiaTta 3a yM-
HOJKeHWe Ha BeposTHocTH. HamcTuna, ma nomycHem, de cMe moKasan cienHaTa (popMyria 3a
mskoe n (3a n = 0,1 T € oueBUAHA) U BCUYKU BB3MOKHI HAOOPH Uq, U1, -..y In:

P(fgzio,fl :Zl,,fnzln) :7TZ'OPZ'O . Pn_l

0,21 """ Tn—1,tn"

Ot ompenenenneTo ciaenBa GpopMyaaTa:

P(fO = i07£1 = ila 7571 = inafn—l—l = in+1|§n = Zn) =
P(fg — io,fl — il, 7571 — Zn|§n — Zn)Pn

tnyint1

Kato ymuoxnm Tasu dpopmyia ¢ BepostaocTTa P(£, = i,) TomydaBaMe ThpceHaTa pe-
kypcusa. Q.E.D.

Omupenenenne 16.3 [lle xazsane, we maproscrama éepuza e ednopodua, axo nperoduwume
eepogmuocmu P, ne zasucam om n.

HEL O3Ha4UlM MaTpHlOaTa Ha IIPEXOJHUTE BEPOATHOCTH C Pu BEKTOPa OT HaYa/IHUTE BEPO-
ATHOCTHI C 7Tg. ManI/IHaTEL P ce Hapnda CTOXaCTHUYHa, 3alllOTO CyMaTa Ha €JIEMCHTUTE i
110 pEHnoBeE € 1. EI[HEL OT OCHOBHHUTE 3ada4ll Ha TeOopuATa Ha MapKOBCKHUTE BEpPpUTH € H3C-
JIEABAHETO Ha I'PaHUYHOTO ITOBEOEHUE Ha P, HEL O3Ha4lM e€JIEMEHTUTE Ha Ta3’ MaTpHuIla C

pii,n=2,3,.... Ogepnunmm ca cnenrnte ypasuenns va A.Mapkos:
k
+1 __
pift =" punl; (16.1)
=1

Cera /tecHO MOKeM [la M3pasiM U BEKTOpPa OT BEPOSTHOCTH B MOMeHTa n : m, = { P(§, =

i),0=1,2,... k}:

! _Ipn
m, = m P".
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16.2 I'paHuuyHO M cTallMOHAPHO pa3lpelesieHus

CrenmaTa Teopema ce mapuda epronmana Teopema na A.A.Mapxos

Teopema 16.2 Axo 6cuury eaemenmu wa CMOTACMUNKAMA MAMPUYA CA CMPO20 NOALONHCU-
meanu, mo cvuecmeysam wucaa p;,0 < p; < 1,57, p; = 1, maxuea we lim, .. pl'; = p;

?
HE3A6UCUMO OM UHJIEKCA T.

HoxasaTesicTpo: Crabngpame amHeitHoTo npocTpancTso RE ¢ wopma: ||z|| = K, |2i|. B
Ta3m HOpMa TO € THhIHO — BCAKa cxXofsdlia mo Komn penuna nma rpanuia. Ha pasriemame
nonMuOKecTBoTo K Ha R ompenmenerno oT ycmopusTa: Zle x, =12, >0,0=1,2,....,k.To

e KOMIaKTHO U TpanchopmanusTa P ro mzobpassa B cebe cu. Ille mokaxkewm, ue P e cBu-
Ballla TpaHchopMalius 1, cJIeNoBaTeTHO, UMa eINHCTBEHa HEeTONBUKHa TOYKa, KbM KOSITO Ce
CTpPEMST HEroBuTe MTepaluu.

A. Bepxy enementure na K pacTosnnmeTo, MOPOIEHO OT yKa3aHaTa HOpMa, Ce MpecMsaTa

|z —yll = 2> (2; — ui). (16.2)

1eJ

11O CJIedHNM HadlH:

Tyk ¢ J cme o3HAUMIM MHOXKECTBOTO OT WHIEKCH Ha TOJIOKWUTEITHU eJIeMEHTH IOl 3HaKa
Ha cymata. lla orbenexum, ye TOBa MHOXKECTBO € BUHAIU CTPOrO IO - MAJIKO OT ISJIOTO
MHOYKECTBO OT WHAeKcH. AKo He Gelte Taka, Ou GUI0 HEBBH3MOKHO Zle(xi —y;) =0.

b. Hexa o3maunmM ¢ a = min; ; p; ;. ToraBa e m3mbIHEeHO yCIIOBRETO 3a CBUBAHE:
|2"P —y'P|| < (1 — )| =yl (16.3)

Toba cJiedBa OT cCJieNHaTa BEPUTra HEPpABEHCTBA:

|a'P —y'Pll = 2 s ipij(vi—y) =
= 23 (Xjespii)@i—yi) <
< 2% er(Xjespii) @i —yi) <
< 2%l —a)(@i—y) = (1—a)llzx =yl

B. Heka o3HaunMm cbe z HelmonpumKHaTa Touka Ha P : z'P = 2'. Tl kaTo nuaMeTbphbT Ha
MHOXKeCcTBOTO K e 2 mmame:

" =P < [l(z = =)' P < 2(1 — )",

I'. Torasa rpanutiaTa P cblllecTBYBa, TS € JIMHEEH OMEPATOP U € TPOEKTOP BHPXY Tasu
TOUKa W, CJAEOBATETHO, MOXKe fla ce 3amuiie BsB popmarta: P = ez/. Q.E.D.

KOMEHTap OT JOKa3aTeJICTBOTO € ACHO, Y€ I'PaHUYHOTO CHCTOAHNE Ha TaKaBa BEpHUI'a
€ €JUHCTBEHO N CE€ NOCTUT'a C €EKCIIOHEHTNaJTHa CKOPOCT. dcno e ChIIO, Y& TeopeEMaTa MOKE
Ja Cce IPpUJIOoKHNW M 3a BEPUTrH, IIPU KOUTO CaMO HiAKaKBa CTEIICH Ha IIpeXOodHaTa MaTpHIla
IpuTeKaBa IMOJOKUTE/THN YJIEHOBE.

Omnpeneneunne 16.4 [lle napuuwame pasznpedesenuemo
p=Api,i =1,2,...,k} 6vpry npocmpancmeomo na c¢wvemognug na ednopodna Kpaiina map-
KOBCKA 6EPUA CIMAYUOHAPHO, AKO YJOBAECMEOPACA CACIHOMO CHOMHOUEHUE!

PP =yp. (16.4)
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Teopema 16.3 ['panuunomo pasnpedesenue (kKo2amo cpwecmeysa) e cmayuonapio.

Hoka3zaTesicTBO: Y o6HO € fa ce M3MoJa3yBaT3a MejTa T.H. ypaBHeHHUs Ha Kosmmoropos:

prtl = prp, (16.5)

Te ce msBexkmarT TOUHO KakTo W ypaBHenusita Ha Mapxkos (16.1). He e tpymmo ma ce
[IPOBEPHU 3a I'PaHUYHOTO paslpeneeHue, 4e To TpabBa Ma I'l yIOBJIeTBOpsABa, T.e. na Obie
cranuonapuo. Ia osmauum Bextopa ¢ = {1,1,...1} u ¢ p - TO3M OT rpaHUYHUTE BEPOAT-
HocTu. ToraBa oT chlllecTBYBaHeTO Ha IPaHUYHO paslpeneieHue moiaydaBame P" — ep', a
IpeMrHaBaHeTo B Ipainia Ha ypasHenusTa (16.5) Bogu no ep’ = ep’ P. Taka ce monyvasa, e
IPAHIYHOTO paslipeniesienne p e B (HeTpuBnanen) cobcTsen BekTop Ha P. ToBa osnauana,
Ye aKo B JaJeH MOMEHT BepuraTa MMa TaKoBa paslpefeleHue, To IIe ce 3ala3i HeU3MEeHHO
u 3a B 6nmere. Q.E.D.

16.3 Kiaacudbukaius Ha ChbCTOSHUATA

Hle 3allOYHEM Ta3’ TeMa C JBa TpUBHUAJJHN IIpHUMEpa. HEL pasrjiegaMe CJIeJHUTEe MaTpPpUII Ha
IpeXonHmm BEPOATHOCTU:

ITpumep 16.1
010
P = 8719 ., P=[001
1 00

HpI/I MaTpHuaTa P1 CICTeMaTa OCTaBa 3aBMHal'll B CbCTOAHUETO 2, KOoraTo 1ro JoCTHUurHe.
TaxoBa cncrosmHme ce HapW4da nNocAswWawo. Ilomsakora )1 KJIaC CbCTOSHUA MOXKE Oa 613,[[6
IO JI'bIalll, — BEAHB2K JOCTHUI'HAT BeYe HE MOXKeE Ja 613,[[6 HallyCHaT. HOFJIT:LHELLHOTO CBhCTOsdHUE
(I/IJH/I KJIELC) MOXKe Ha €€ JOCTHUI'a B CJIYHYaceH MOMEHT Ha BpPEMETO — 3a Ta3ll KOHKpEeTHa BEpUr'a
pasnpeneyaeHneTo My € TeOMeTPUYHO.

CT:CTOﬂHI/IeTO 1 B To3m IIpuUMEP MBbK € TakKoBa, Y€ BEIAHBXK HallyCHAaTO TO HE MOZKE da
613,[[6 JOCTUTI'HaTO HHKOI'a. CT:CTOﬂHI/Ie (I/IJH/I KJIacC CT:CTOﬂHI/DI) C TOBa CBOMCTBO Hapn4daMe
HEBDB3BPAMHU.

HpI/I MaTpHuaTa P2 NEPUONNYHO CE CMEHAT TPpU CHBCTOAHUA B peElla:

1,2,3,1,2,3, ..
2,3,1,2,3,1,..
3,1,2,3,1,2, ..

1 BCBHIHOCT IdJIaTa BEPOATHOCTHa MAPKa € CbCPeAOTOUYCHa BBPXY TPpU TpacKTOPUN, 3allO4YBa-
I OT pa3JUYHN HavaJHN CbCTOAHNA B 3aBICUMOCT OT BEKTOpPa Ha HaYa/JJHUTE BEPOATHOCTHU
Q- BT:I[GHlOTO ImoBeIeHNEe Ha TaKaBa BEPpUl'a CTaBa HAIlI'BJIHO IIPEACKa3yeMO — TO AeTepMU-
HUPpaHO Ce oIlpenesist oT HEMHOTO HacCTodIle. CT:CTOﬂHI/IG OT TO3UM THUII C€ HapHU4va IEePUOJUIHO.
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EcrecTBeno €, 4e ChbCTOAHHUATa, IIpe3 KOUTO IIpeMIHaBa TPECaKTOPUATa IIPpU CBOETO IIEPUO-
AUYHO OBUKEHUE, 06pa3yBaT HGpUO()U%GH KJIac cheToanmd. Takbs Kilac € BUHaru ITOTJI'bIIIAILT,
HO MOXKeE, pa36ﬂpa ce, na 613,[[6 JOCTUTHAT B CJIyHacH MOMEHT Ha BPEMETO. C"bCTOHHI/Ie7 KoeTo
HE IMMTpUHaOJJIEKM Ha HUKOI nEPUONNYEH KJ/IaC CE Hapuda anepuo&u%no.

N3061110 KazaHo cheTOSHUITA Ha BepUraTa MoraT fHa OblaT 9acTUIHO HapeoeHn: Ka3BaMe
Ue ChCTOAHNETO 1 < J, ako p;'; > () 3a Haxoe n. ZlcHO e, ye eKkBUBaJEHTHATE CHCTOSHUA B T3
Hapenba obpa3yBaT Kiac. KoraTo oT Kilaca He MOXKe Na ce m3jese, KIachT € MaKCUMalleH B
yKa3aHaTa dacTU4YHa Hapenba. FimHa Bepura Moxe ma mMa HIKOJIKO TaKuWBa Kjaca. | akbB
KJTac 11ie HapudamMe ep20duuen, a ChbCTOAHUATA B HETO €peodudi.

KJIELCI/IqDI/IKELHI/DITEL Ha CHCTOAHUSA IIPpENCTaBIIsABa ocoben nmHTEPpEC B TEOPUATA Ha MapKOBC-
KUTE BEPUTHU ITOpadu CJACOHUTE TECOPEMU:

Teopema 16.4 Buwaspamuama anepuoduuna mMaproscra 6epuea € epeoduund.

BewinaoeT He e TpymHO ma ce cbobpasm, de TeopemaTa Ha MapkoB ciemBa OT Ta3um Teope-
Ma — TEePUOMMYHOCTTA W HEBbL3BPATHOCTTA BWHATLKM Ca CBBP3aHW C HAJWYMETO Ha HYJIeBU
BeposTHOCTHU. Taka HeroBaTa MaTpulla ¢ MOJOKUTENHN eJIEMEHTH € MaTPUlla Ha eprofindHa
Bepura.

Teopema 16.5 ['panuunomo pasznpedeienue na ep2oduuna Mapro6cra 6epuea € euncm-
6EHO U HE 3ABUCY OM HAUAAHOMO CHCMOIHUE.

16.4 IIpumepu u 3agaunm
IIpumep 16.2 “Kanar ¢ wym” uiuw maprkoécka 6epuea ¢ 06€ CUMEMPUUHU CBCINOTHUL.

CucremMaTra CMEHs CLCTOSHUETO CU € BEPOATHOCT p < 1/2 miin ocTaBa B CHIIOTO CHCTOSHUE €
BeposTHOCT ¢ = | — p. ToraBa npexonnara maTpuna P e cumerpuuna. HeltHata n-Ta crenen
P" e cbitio cumerpudHa u IBeTE ChOTBETHO UMaT BUIIA:

P q Pn L= pn

YpaBuenusTa Ha MapkoB B To3m ciydail ce 3almcBaT MPOCTO:

1—p, = (1=p)(1—pu1)+ppa- (16.6)
pn = p(1 —poe1) + (1L —p)pu-i.

qpe3 N3BaKIdaHE Ha BTOpOTO ypaBHeHHe oT H’BpBOTO HOquELBELMel
1 —2p, = (1 —2p)(1 —2pn_1)

1 —2p, =(1—=2p)"

CrenoBaTesHo oayYaBame, 9e p, — % Taxa B To31 yacTeH ciydail IpaHUIHOTO pasipere-
jgenne e paBaoMeproTo. Q.E.D.
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IIpumep 16.3 Heepeoduuna sepuea.

HEL pa3rjiegaMe BepuraTa CbC CUMETPpHUYHa IIPeXoadHa MaTpHlia:

1
P=10
0

bt~ R
Qe o

ITa o3HAYUM ¢ 7 BeKTOpa OT HadaJHU BepoATHOCTHU. IlokaxKeTe, 4e FpaHUYIHOTO pasIpeneie-
Hite (3aBUCEINO OT HAYalHOTO) €

T, (Mo + 73) /2, (72 + 73) /2.



Jlekiiua 17

Ilpunoxenns

17.1 Teopema Ha Kapareomopu

Tyxk 11e mokakem Tas3u 3HaMEHNTa TeopeMa (1.1). [TspBo 1116 HOKaxkeM efifa jieMa, KOATO nMa
CaMOCTOATETHO 3HadYeHle.

JIema 17.1 Hexa sepogsmmuocmma P e 3adadena evpry 6yroeama aqzedopa F u e adu-
muena. Toeasa, neobrodumo u docmamvuno yciosue da e nenpexwvenama 6 ), e ma da e
o-adumuena 6vpry F.

HokaszarenctBo: Heobrodumocm. Hexka A =377 | A, nu A, A, € F. OT aguTuBHOCTTA HA
P 3a Vn ciaenBa paBencTBOTO

P(A)=P(A)+P(A)+... 4+ P(A)+P( Y A). (17.1)

i=n+1

Ot menpexnenaTocTTa ciaensa, ae P (3772, A;) — 0. Cienosarenno, P e o-annTusma Bbp-

xy F.

Hocmamwunocm. Heka B,y C B, € F u (B, = 0. a nomoxum A, = B, \ B,11. Tnit
kato Vn, B, =372 A; u P e g-anutusna Bbpxy F, noiydabame, de

P(Bn) = ZP(AZ') — 0
KaTO OCTAaTHK Ha CXOOqAll ce perd. 3uaunm P e mempexnemara. Q.E.D.

Teopema 17.1 Awxo edua seposmuocm P, zadadena svpry 6yaoeama aseebpa F, e nen-
pexvenama 6 ), mo ma e npodvasncuma ednoznauno 6wvpry o(F).

Omupenenenne 17.1 Hexa onpedeaun 6wpry ecuuru nodmmoxcecmea na §) dywkyuima
20pHa MAPKA:

w(A)=inf{P(B): Be F,AC B}.
[Cophara MapKa p MpUTekaBa CJACAHUTE BaKHU U TIOYTH OYEBUHA CBONCTBA:
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1. monoronuoct - p(B) > u(A),¥B D A;
2. m3uncammoct - Ve > 0, 3B € F: A C B, u(B) — u(A) < ¢
3. momyammtuBHOCT (Kpaitma wim nsbponma)- u(U; A;) < 35 w(Ad);

4. ma F ropnara MapKa u chBuama ¢ P u e o-anutusna (1 menpekbcuara B ().

HOKEL)KGTG caMU Te3U CBOMCTRA.

Omnpenenenne 17.2 /Jla oznauum ¢ R waaca om nodmmooxcecmea B C £, 3a woumo e
UBNDAHEHO PABEHCTNEOMO

L= 1u(B) + u(B).
dcwo e, e R O F u u(B) = P (B), xorato B € F.

Jlema 17.2 3a da npunadaexcu muoxncecmeomo B na R e neobrodumo u docrmamvumno da
6vde “anporcumupyemo, m.e. da cvwecmeysam peduyume { BT} {B} € F maxusa, ue:

B, CB,,,CBCB, cBf, B -—uB;)=P(BI\B;)—0.

n

HokaszaTescTBo: Heobxonumoct. 3a Bcgko B mo ompenenenie (17.1) CBITIECTBYBa penuTa
B, € F raxasa, ue B, D B u u(B) = lim, P(B,). Ila osnaunm ¢ B} = N, B;. Torasa
w(B) = lim, P (B}). Cumoro e samunno n 3a B - 3B, € F : u(B) = lim, P (B,), B, D B.
Heka osmauum ¢ B, = N™, B;. Taka nonyuasame, uve B, C B C BF. Tsit kato B € R, 1o

u(B) =1 — u(B) u P (B;) 1 u(B). P(B}) | u(B).

HOCTELTT:‘IHOCTTEL € OYeBIIHa:

1 <u(B)+u(B)<P(B")+1-P(B)— 1.Q.E.D.

HoxkaszatescTso: (Teopema 17.1.)

1.]a mokaxem, ge R e anrebpa. R ogeBunHo chabpzxa {2, (), KaKTo 1 IOIBIHEHETO Ha BCAKO
muokectBo B € R. Hexka A, B € R. Ila osnaunm ¢ Af, BY A~ B~ uakon anpokcuMupariy
penuiin Ha nBeTe MHOKecTBa. iMame oueBnmnnoTo BKatouBane: A-NB. C ANB C A;f N B:.

P(AfnBH —-P(A, NB.)

P(ATNBH —-P(A, NBH+P(A, NnBH-P(A, NnB,)
P(AT\NAD)N BN +P((BY\ B,)NA) <

PATNAD) +P(BI\B) =0

Taka muoxecTBOoTO A N B e “anpokcuMupyemo™ n cbritacuo jsemma 17.2 AN B € R, a
cienoBaTento, u MuoxectBata AU B, A+ B, A\ B € R. R e 6ynoBa anrebpa. Ot cobiiure
AMPOKCUMAIIMOHHT CMETKHU CIIEMBa, 9e (i € afuTuBHa GyHKIII Ha T

P (A7) + P (B]) < u(A+ B) < u(A) + u(B) < P (A7) + P (BY).
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2. Ila mokaxkem cera, ue R e u g-anrebpa. Hexka {B, € R, B, D B,y1} e namanssaiia
penuta. Ila osmaunm ¢ A, = B, \ B,y1. Ha osnaunm ¢ B = NB,. O1 mMonoToHHOCTTA
cllefBa, de ChIeCTBYBa TpaHniia Ha HaMasisBalnaTa pennta i(B,) n u(B) < lim, u(B,). Ot

oMYA THBHOCTTa ciensa, de u(B) + u(B) > 1. Or npyra crpama, oT moKasaHaTa Bede
AU THBHOCT TOJTy9aBaMe (3a BCAKO N):

n

S (A = p(B1) = Busa), e () = i) T B,).

=1

Toit kato B = B +3.°2, A, me nonyunm: u(B) < 1—pu(By)+ 302, u(A,) = 1=lim, u(B,).

Kato cnbepem nBere mepaBencTsa nomydasame: p(B) 4+ u(B) < 1. 3naun B € R.

3. 3a nma mokakewm, 4We u e o-aJWTHWBHA, ITe TOKaXKeM, de e HempekhcHaTa B () m 1me
usnonsyBame gema 17.1. Heka {B, € R, B,.; C B,} e mamansBailia peauiia Takaba, de
NB, = (. Kakro u B npenuara vact nonydasame, de p( B) < lim, u(BF) = lim, u(B;; ). Ho
NB; C NB, = . Teit xato B, € F uw u = P, xoaTo e menpexkbcuata B (), nomyvaame

u(B) <lim, P (B;)=0.

Twit kato F C R, To u o(F) C R. EnuncTBennocTa Ha Taka MOCTpoeHaTa MAPKa BBPXY
o(F) cnempa ot meiinara nsuncaumoct ot P . Jlecno ce momyuaBa u, ve R e mbimHa, T.e.
ChIbPIKa TONMHOKECTBATa Ha MHOKECTBa ¢ HyJeBa ropaa msapka. Q.E.D.

17.2 IIpoexTopu. OnpenejeHnsa U CBOMCTBa

B Tasu cexmus 1ie pasriemame mpoeKTOPUTE - HAN-TTPOCTUTE U Ha-U3TOI3YBaHN B MaTeMa-
TUKaTa MTpeodbpa3oBaHus.

Onpeneneunne 17.3 Herxa P e npeodpazosanue nwa muoxcecmeomo X 6 ceoe cu. Kazeame,
ue P e npoexmop, axo P* = P. Hougroea mosa ceoticmeo ce napuua udemnomenmmuocm.

OT TOBa cCJieaBaT CJICOHNTE CBOIICTBA:

o MuoxectBoTo X Ce pasnana Ha IBe Helpecuyalin ce nomMuoxectBa: X = PX + W;
o PX £
e axo PX ={), r.e. (PX = X), 10 P =1,

® TpeakTOpuuTe Ha P CHLAbPKAT Hall-MHOTO /IBa PA3IUYHU €JIeMEeHTa - eUHUAT € BUHATT
B PX, npyrust - B PX;

Teopema 17.2 Axo P u Q) ca komymupawu npoexmopu (PQ = QP), mo

1. PQ e npoexmop;

2. (PQ)X = QXN PX.



88 JIEKIINAA 17. TPUJTOKEHWA

Hoxkazaresnctro: 1.(PQ)(PQ) = PQ*P = PQP = P*Q = PQ.

2. CnenoBaternuno, Vo € X e msnbineno: QPx € QX, PQx € Px. T.e. PQX C PXNQX.
Hexa cera p € PXNQX. Torasa Pp = p,()p = p. Ho Torasa PQp = p, 3maun p € PQX.
Bunaun QX N PX C PQX. Q.E.D.

Teopema 17.3 Heka ceeca X e sexmopno npocmpanemeo u P e auneen onepamop (P(ax) =
aPx, P(x +y) = Px + Py) u npoexmop. Tozcasa:

1. O6pazvm PX e auneiino nodnpocmpancmeo;

2. gdpomo Np = {x: Pz =0} e auneiino nodnpocmpancmeo;
3. QQ=1—P e npoexmop, QP = PQ) =0, QX = Np;

4. 3a ecexu komymupaw; ¢ P npoexmop Q) umane, ve P — QP,0Q)Q — QP ca npoexmopu.

HokazatencTso: 1. Heka x,y € PX. Torasa P(ax + bx) = aPx + bPy = ax + by.
2. Heka x,y € Np. Torasa P(ax + bx) = aPx + bPy = 0.
3. Hexa Qz =2 — Px = (I — P)x,P(I — P)= P — P* =0. Torasa Q* = (I — P)(I — P) =
I =-2xP+P=1-P.
4. Axo QP = PQ, 1o (I — PYO = Q(I — P), (I — Q)P = P(I — Q), (I — P)(I — Q) =
(I -Q)(I—P). QED.

Heka cera X e xunGepToBo MPOCTPAHCTBO U ¢ (&, Yy) CMe O3HAUMIN CKAJIapHOTO TPOM3Be-
neHue B X .

Onpenenenune 17.4 Jluneen camocnpeenam ((Px,y) = (x, Py)) npoekmop ce nwapuua op-
mMo2oNaLEN.

Teopema 17.4 3a da 6wde auneen npoexmop P 6 zuabepmosomo npocmpancmeo X ca-
moenpeenam e neobrodumo u docmamwvunwo PX u (I — P)X = Np da ca opmozonainu
aunetny nodnpoempanemsa: (Px, (I — P)y) =0;

HoxkazaTtencTBo: Heobxonumocr. (Px, (I — P)y) = («, P(I — P)y) = 0;

Hoctarbunoct. Heka y € X. MoxeMm na ro samuiiieM BBB BUOA §y = Y1 + Y2, KHIETO

y1 € Np, vy, € PX. Hexa H = P*. Umawme:

((P - H)l‘,y) = ((P - H)xvyl) + ((P - H)xva) =
(Pr.y1) — (2, Pyr) + (P, y2) — (2, Pya) = (P — [)z,y2) = 0.

Crenosateinto, ||P — H||? = supy<1((P — H)z,y) = 0. Q.E.D.
IIpumep 17.1 He opmoeonasen npoexmop.

Ha pasrnemame maTpunaTa
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kaTo auHeer onepaTop B X = R?. Quepunno e, ue Z? = 7. Ho

zxz(g‘), sz(jx)

n Te3n nBe €¢JHOMEPHHU IIOANPOCTPaHCTBa HE Ca OPpTOTOHAJIHN.

Teopema 17.5 Hexa Z e aunetino nodnpocmpancmeo na X. 3a ecaxo x € X da o3mauum
¢ H: X — 7 npeobpazosanuemo

x — argmun ||z — z|].
zE€EZ

H e opmozonasen npoexmop.

HoxkasarencTBo: OueBnnno npeobpasosannero H e mpoexrtop. Tpsbsa na noxkaxewm, ve e
paBeH Ha cBosi cupernaT H*, koiiTo ce ompenens taka: Va,y € X, (Hx,y) = («, H*y). Toa
crnensa or paserctBoTo (Hx, (I — H)y) = 0 3a opTOroHasHoct:

[ He —a|[* + || He|* = ||«

Q.E.D.
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cyMa Ha MaTpPUIIK;

cedenne Ha MHOXecTBaTa A n B;
Ipu3BeneHne Ha MaTPUIIN;

HEe3aBUCUMU CHLOUTUS U CJI.B.;
MaTeMaTu4ecko odakBaHe U QUCIIEPCUS;
dyuxius, nepuHupana B MHOKECTBOTO
A ¢be cTORHOCTH B MHOKECTBOTO B;
Peannara unciosa npasa;
Heorpunarennure peaann duciia;
HekapToBo mpousBefenne Ha MHOKECTBa;
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Hopwma ma © € R™;
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3mak o3HadaBalll “ChLITeCTBYBa™;

3HaK o3HaYaBalll “3a BCAKO™.
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