
Ñîñêîâà: ÅÀÈ April 23, 2010 11.3 Êîíòåêñòíî ñâîáîäíè åçèöè

ÏðèìåðÀðèòìåòè÷íè èçðàçè: G = ({E,T,F} ,{a,+,∗,(,)} ,P,E) ñ
P = {E→ T,E→ E +T,T → F,T → T ∗F,F → a,F →

(E)}

{anbn : n≥ 1}: G = ({S} ,{a,b} ,{S→ ab,S→ aSb} ,S)Ñèíòàêñèñ íà ïðîãðàìíèòå åçèöè: Pas
al, C, . . .
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Ñîñêîâà: ÅÀÈ April 23, 2010 3Ïëàí1. Íîðìàëíà �îðìà2. Íåãàòèâíè ðåçóëòàòè ñ ïîìîùòà íà Pumping-ëåìàòà3. Ñâîéñòâà íà çàòâîðåíîñò4. Ïðîáëåìúò çà ïðèíàäëåæíîñò íà äóìà5. Ñòåêîâè àâòîìàòè



Ñîñêîâà: ÅÀÈ April 23, 2010 41.3.1 Íîðìàëíà �îðìà íà ×îìñêè

Åäíà ãðàìàòèêà G′ = (V,Σ,P,S) å â íîðìàëíà �îðìà íà×îìñêè, àêî

P⊆V ×Σ∪V ×VV .

� ε-åëèìèíèðàíå

� åëèìèíèðàíå íà (åäèíè÷íèòå) ïðàâèëà îò âèäà A→ B

� åëèìèíèðàíå íà ïðàâèëàòà ñ äúëãà äÿñíà ÷àñò



Ñîñêîâà: ÅÀÈ April 23, 2010 5
ε-åëèìèíàöèÿ

∀G = (V,Σ,P,S) ñ P⊆V × (V ∪Σ)∗ :

∃G′ : L(G) = L(G′),G′ å îò òèï 2



Ñîñêîâà: ÅÀÈ April 23, 2010 6
ε åëèìèíàöèÿ çà G = (V,Σ,P,S)

Vε := {}while ∃X → α ∈ P : X 6∈Vε ∧α ∈V ∗ε do Vε := Vε ∪{X}assert Vε =
{

X ∈V : X
∗
⇒ε

}

while ∃X → αY β ∈ P : Y ∈Vε ∧X → αβ 6∈ P do
P:= P∪X → αβ // invariant : L(G)

P:= P\ (V ×{ε}) // invariant : L(G)\{ε}if S ∈Vε then return (V ∪{S′} ,Σ,P∪{S′→ ε ,S′→ S} ,S′)else return (V,Σ,P,S)

Óïðàæíåíèå: Ëèíåéíî âðåìå çà îòêðèâàíå íà Vε .(O(|V |+∑X→r∈P |r|))



Ñîñêîâà: ÅÀÈ April 23, 2010 7Óïðàæíåíèå a∗b∗

G = ({S,A,B} ,{a,b} ,P,S),

P = {S→ AB,A→ aA,A→ ε ,B→ bB,B→ ε}

while ∃X → α ∈ P : X 6∈Vε ∧α ∈V ∗ε do Vε := Vε ∪{X}

Vε : {} {A} {A,B} {A,B,S}



Ñîñêîâà: ÅÀÈ April 23, 2010 8Óïðàæíåíèå a∗b∗

G = ({S,A,B} ,{a,b} ,P,S),

P = {S→ AB,A→ aA,A→ ε ,B→ bB,B→ ε}
Vε = {A,B,S}while ∃X → αY β ∈ P : Y ∈Vε ∧X → αβ 6∈ P do P:= P∪X → αβ

A→ aA,A ∈Vε  A→ a

B→ bB,B ∈Vε  B→ b

S→ AB,A ∈Vε  S→ B

S→ AB,B ∈Vε  S→ A

S→ A,A ∈Vε  S→ ε
S→ B,B ∈Vε but S→ ε ∈ P

P = {S→ AB,A→ aA,A→ ε ,B→ bB,B→ ε ,

A→ a,B→ b,S→ B,S→ A,S→ ε}



Ñîñêîâà: ÅÀÈ April 23, 2010 9Óïðàæíåíèå a∗b∗

G = ({S,A,B} ,{a,b} ,P,S),

P = {S→ AB,A→ aA,A→ ε ,B→ bB,B→ ε}
Vε = {A,B,S}

P:= {S→ AB,A→ aA,A→ ε ,B→ bB,B→ ε ,

A→ a,B→ b,S→ B,S→ A,S→ ε}

P:= P\ (V ×{ε})

P:= {S→ AB,A→ aA,B→ bB,

A→ a,B→ b,S→ B,S→ A}Return ({S′,S,A,B} ,{a,b} ,P,S′),
P:= {S′→ ε ,S′→ S,S→ AB,A→ aA,B→ bB,

A→ a,B→ b,S→ B,S→ A}



Ñîñêîâà: ÅÀÈ April 23, 2010 10Äîêàçàòåëñòâî çà êîðåêòíîñò

� X ∈Vε −→ X
∗
⇒ε : äàäåí èçâîä

� X
∗
⇒ε −→ X ∈Vε : èíäóêöèÿ ïî äúëæèíàòà íà èçâîäà

� Èíâàðèàíòà íà öèêúëà
� Çàâúðøâàíå !

� Åëèìèíàöèÿ íà ε-ïðàâèëàòà íå ïðîìåíÿ L(G)\{ε}:Èíäóêöèÿ ïî äúëæèíàòà íà èçâîäà. Çàìåíÿìåïðàâèëîòî
γXδ X→αY β

⇒ γαY βδY→ε
⇒ γαβδ ñ

γXδ X→αβ
⇒ γαβδ .



Ñîñêîâà: ÅÀÈ April 23, 2010 11Äîêàçàòåëñòâî çà êîðåêòíîñò � çàâúðøâàíå

assert Vε =
{

X ∈V : X
∗
⇒ε

}

while ∃X → αY β ∈ P : Y ∈Vε ∧X → αβ 6∈ P do
P:= P∪{X → αβ}Íåêà k:= max{|r| : X → r ∈ P}.Íàáëþäåíèå: Èìà íîâè ïðàâèëà X → w ∈ P, |w|< k.Íî ñà ñàìî êðàåí áðîé ïðàâèëà ñ îãðàíè÷åíà äúëæèíà.



Ñîñêîâà: ÅÀÈ April 23, 2010 12Åëèìèíàöèÿ íà öèêëè÷íèòå åäèíè÷íè ïðàâèëà
G = (V,Σ,P,S) êîíòåêñòíî-ñâîáîäíà áåç ε-ïðàâèëàÄà ðàçãëåäàìå ãðà�à U = (V,P∩V ×V ) íà åäèíè÷íèòåïðàâèëà.while ∃
y
le {Y1, . . . ,Yk} in U , k ≥ 1 doinvariant : L(G)repla
e Y2, . . . ,Yk in G ñ Y1

P:= P\{Y1→ Y1}assert U is 
y
le-free Y1 Y2

Yk
...

Y1...

�ðà�-òåîðåòè÷íà ãëåäíà òî÷êà:êîíòðàêöèÿ(ðåäóöèðàíå) íà ñèëíî ñâúðçàíèòåêîìïîíåíòè



Ñîñêîâà: ÅÀÈ April 23, 2010 13Åëèìèíàöèÿ íà íåöèêëè÷íèòå åäèíè÷íè ïðàâèëàinvariant : �ðà�úò íà åäèíè÷íèòå ïðàâèëà U íÿìà öèêëèwhile ∃X → Y ∈ P∩V ×V : P∩{Y}×V = /0 doinvariant : L(G)

P:= P∪{X → x : X → Y ∈ P∧Y → x ∈ P}

P:= P\V ×{Y}assert U å ïðàçåí
>1 >1

A1
A2

Ak
...

x1
x2

xm
...

A1
A2

Ak

B
...

x1
x2

xm
...

B�ðà�-òåîðåòè÷íà ãëåäíà òî÷êà: Íàðåæäàìå ãè â îáðàòíàíà òîïîëîãè÷íà ñîðòèðîâêà ðåä.



Ñîñêîâà: ÅÀÈ April 23, 2010 14Íîðìàëíà �îðìà íà ×îìñêè

Åäíà ãðàìàòèêà G′ = (V,Σ,P,S) å â íîðìàëíà �îðìà íà×îìñêè, àêî

P⊆V ×Σ∪V ×VV .Òâúðäåíèå: Çà âñÿêà êîíòåêñòíî-ñâîáîäíà ãàðìàòèêà G ñ

ε 6∈ L(G), ∃G′ â íîðìàëíà �îðìà íà ×îìñêè, òàêàâà ÷å

L(G) = L(G′).Ä-âî íà òâúðäåíèåòî: Ñòúïêà ïî ñòúïêà ïðîìåíÿìåãðàìàòèêàòà G.Èíâàðèàíò: L(G) îñòàâà íåïðîìåíåí.1. ε åëèìèíèðàíå2. åëèìèíèðàíå íà åäèíè÷íèòå ïðàâèëà.



Ñîñêîâà: ÅÀÈ April 23, 2010 15Åëèìèíàöèÿ íà ñìåñåíèòå äåñíè ñòðàíè

forea
h a ∈ Σ do

Va:= new variable

P:= P∪{Va→ a}forea
h ℓ→ r ∈ P doif a ∈ r∧|r| ≥ 2 then repla
e a ñ Va in V → rassert P⊆V ×Σ∪V ×V ∗

aXbbcYl AXBBCYl

ba c



Ñîñêîâà: ÅÀÈ April 23, 2010 16Åëèìèíàöèÿ íà äúëãèòå äåñíè ñòðàíè

while ∃X → Y1Y2Y3 · · ·Yk ∈ P ñ k ≥ 3 do
C:= new variable

P:= P∪{C→ Y1Y2,X →CY3 · · ·Yk}\{X → Y1Y2 · · ·Yk}Öèêúëúò çàâúðøâà, òúé êàòî ∑
ℓ→r∈P

max(0, |r|−2)íàìàëÿâà.

WXYZl AYZ

WX

l l BZ

AY

WX



Ñîñêîâà: ÅÀÈ April 23, 2010 17Óïðàæíåíèå

{E→ E +E,E→ E ∗E,E→ (E),E→ a}

 

{E→ EV+E,E→ EV∗E,E→V(EV),E→ a,

V+→+,V∗→∗,V(→ (,V)→)}

 

{C→ EV+,E→CE,

D→ EV∗,E→ DE,

F →V(E,E→ FV),

E→ a,

V+→+,V∗→∗,V(→ (,V)→)}



Ñîñêîâà: ÅÀÈ April 23, 2010 181.3.2 Pumping Ëåìà

L å êîíòåêñòíî-ñâîáîäåí

→∃n ∈ N : ∀z ∈ L : |z|> n

→∃u,v,w,x,y : z = uvwxy∧|vx| ≥ 1∧|vwx| ≤ n∧

∀i ∈ N0 : uviwxiy ∈ LÑ äóìè:Äîñòàòú÷íî äúëãèòå äóìè â åäèí êîíòåêñòíî-ñâîáîäåíåçèê îñòàâàò â íåãî ñ èòåðèðàíå íà åäíà èëè äâåíåòðèâèàëíè ïîääóìè "`pumping"'.



Ñîñêîâà: ÅÀÈ April 23, 2010 19Äîêàçàòåëñòâî íà Pumping ëåìàòà

Íåêà G = (V,Σ,P,S) å ãàðìàòèêà â íîðìàëíà �îðìà íà×îìñêè çà L−{ε}.Íåêà k = |V |, n = 2k,

z ∈ L ñ |z|= m≥ n ïðîèçâîëíà.Äà ðàçãëåäàìå ñèíòàêòè÷íî äúðâî çà z.Ìàêñ. ñòåïåí ≤ 2, èìà ≥ n = 2k ëèñòà
→∃ ïúò P ñ äúëæèíà |P|> k.
→≥ k +1 ïðîìåíëèâè â P.
→∃ ïðîìåíëèâà A ∈ P :

A ñå ïîÿâÿâà ≥ 2 ïúòè (|vx| ≥ 1).Âòîðîòî ïîÿâÿâàíå îòäîëó íàãîðå å íà ðàçñòîÿíèå ≤ k.

→ êîðåí íà ïîääúðâî çà ïîääóìàòà vwx ñ äúëæèíà ≤ n

S

A

A k
P

u v w x y
z



Ñîñêîâà: ÅÀÈ April 23, 2010 20Êîíñòðóêöèÿ íà èòåðàöèèòå:
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Ñîñêîâà: ÅÀÈ April 23, 2010 21Ëåìà: Åäíî äâîè÷íî äúðâî (âúçëèòå ñúñ ñòåïåí 0 èëè 2)ñ ≥ 2k ëèñòà ñúäúðæà ïúò P ñ äúëæèíà ≥ k.Ä-âî: Èíäóêöèÿ ïî k.Ñëó÷àé k = 0: 1 ëèñòî, äúëæèíà íà ïúò 0.Ñëó÷àé k k +1:

≥ 2k+1 ëèñòà. Êîðåíúò w èìà ñòåïåí 2.Ïîíå åäíî ïîääúðâî èìà ≥ 2k ëèñòàè ñúäúðæà ïúò P ñ äúëæèíà ≥ k.Òàêà wP èìà äúëæèíà ≥ k +1. P

w



Ñîñêîâà: ÅÀÈ April 23, 2010 22Ñëåäñòâèå: Àêî â åäíî äâîè÷íî äúðâî (âúçëèòå ñúññòåïåí 0 èëè 2) âñåêè ïúò å ñ äúëæèíà ≤ k, òî èìà ≤ 2këèñòà.

P

w



Ñîñêîâà: ÅÀÈ April 23, 2010 23
L = {ambmcm : m≥ 1} íå å êîíòåêñòíî-ñâîáîäåí

Äîïóñêàìå, ÷å L å êîíòåêñòíî-ñâîáîäåí.Íåêà n å ÷èñëîòî îò Pumping ëåìàòà.Äà ðàçãëåäàìå z = anbncn è ïðåäñòàâÿíåòî
z = uvwxy îò Pumping ëåìàòà êàòî
|vwx| ≤ n, |vx| ≥ 1, uv0wx0y = uwy ∈ L.
vx íå ìîæå äà ñúäúðæà a-òàòà, b-òàòà è c-òàòà.

→ áàëàíñúò íà a-òàòà, b-òàòà è c-òàòà â uwy å íàðóøåí.

→ uwy 6∈ LÏðîòèâîðå÷èå.Ñëåäñòâèå: òèï 26=òèï 1



Ñîñêîâà: ÅÀÈ April 23, 2010 24
L =

{

ww : w ∈ {a,b}∗
} íå å êîíòåêñòíî-ñâîáîäåí

Äîïóñêàìå, ÷å L å êîíòåêñòíî-ñâîáîäåí.Íåêà n å ÷èñëîòî îò Pumping ëåìàòà.Äà ðàçãëåäàìå z = anbnanbn è äåêîìïîçèöèÿòà
z = uvwxy îò Pumping ëåìàòà ñ |vwx| ≤ n, |vx| ≥ 1,
z′:= uwy ∈ L.Ñëó÷àé vx = akb j å â ëÿâàòà ïîëîâèíà:
−→ z′ = an−kbn− janbn. Ïðîòèâîðå÷èå.Ñëó÷àé vx ëåæè â äÿñíàòà ïîëîâèíà: (àíàëîãè÷íî)Ñëó÷àé vx ëåæè â ñðåäàòà: vx = bka j

−→ z′ = anbn−kan− jbn. Ïðîòèâîðå÷èå.



Ñîñêîâà: ÅÀÈ April 23, 2010 25Ïðàâèëà çà ä-âî ñ Pumping Ëåìàòà1. Íåêà n å ÷èñëîòî îò Pumping ëåìàòà.2. Äà ðàçãëåäàìå z =???(|z| ≥ n) è ïðåäñòàâÿíåòî
z = uvwxy îò Pumping ëåìàòà ñ |vwx| ≤ n, |vx| ≥ 1

� Âñÿêà äóìà z ñ |z| ≥ n. �Èçîáðåòàòåëíàòà� ÷àñò !

� Èçáîðúò íà äóìàòà � ä-âîòî äà å ïðîñòî
� Òúé êàòî |vwx| ≤ n ñúäúðæà áëîêîâå ñ äúëæèíà nèìàìå ñëåäíèòå ñëó÷àè3. Ñëó÷àè çà âñè÷êè âúçìîæíè äåêîìïîçèöèè

z = uvwxy. Çà âñåêè ñëó÷àé: Íàìèðàìå i≥ 0, òàêîâà÷å uviwxiy 6∈ L(G).Òèïè÷íè ñòîéíîñòè: i = 0, i = 2.Ïðåäèçâèêàòåëñòâî: Áðîÿò íà ñëó÷àèòå ïî-ìàëúê.



Ñîñêîâà: ÅÀÈ April 23, 2010 261.3.3 Ñâîéñòâà íà çàòâîðåíîñò

Êîíòåêñòíî ñâîáîäíèòå åçèöè ñàçàòâîðåíè îòíîñíî

� îáåäèíåíèå ∪
� êîíêàòåíàöèÿ ·
� îïåðàöèÿòà çâåçäà ∗íå ñà çàòâîðåíè îòíîñíî
� ñå÷åíèå ∩
� äîïúëíåíèå ·̄



Ñîñêîâà: ÅÀÈ April 23, 2010 27Çàòâîðåíîñò íà CFG îòíîñíî ∪

Äà ðàçãëåäàìå

G1 = (V1,Σ,P1,S1),

G2 = (V2,Σ,P2,S2),Íåêà V1∩V2 = /0 è

G = ({S}∪V1∪V2,Σ,{S→ S1,S→ S2}∪P1∪P2).Î÷åâèäíî èìàìå

L(G) = L(G1)∪L(G2).



Ñîñêîâà: ÅÀÈ April 23, 2010 28Çàòâîðåíîñò íà CFG îòíîñíî ·

Äà ðàçãëåäàìå

G1 = (V1,Σ,P1,S1),

G2 = (V2,Σ,P2,S2),Íåêà V1∩V2 = /0 è

G = ({S}∪V1∪V2,Σ,{S→ S1S2}∪P1∪P2).ßñíî å, ÷å

L(G) = L(G1)·L(G2).



Ñîñêîâà: ÅÀÈ April 23, 2010 29Çàòâîðåíîñò íà CFG îòíîñíî ∗

Äà ðàçãëåäàìå

G1 = (V1,Σ,P1,S1)è íåêà S1 íå ó÷àñòâà â äÿñíèòå ñòðàíè íà P. È
G = ({S}∪V1,Σ,{S→ ε ,S→ S1,S1→ S1S1}∪P1\{S1→ ε}).Òîãàâà

L(G) = L(G1)
∗.



Ñîñêîâà: ÅÀÈ April 23, 2010 30ÍÅçàòâîðåíîñò íà CFG îòíîñíî ∩

Äà ðàçãëåäàìå êîíòåêñòíî ñâîáîäíèòå åçèöè
L1 =

{

aib jc j : i, j > 0
}

L2 =
{

aibic j : i, j > 0
}.

L1∩L2 =
{

aibici : i > 0
} íå å êîíòåêñòíî-ñâîáîäåí!



Ñîñêîâà: ÅÀÈ April 23, 2010 31ÍÅçàòâîðåíîñò íà CFG îòíîñíî ·

Äà äîïóñíåì:çàòâîðåíîñò îòíîñíî ∪ è ·.

→çàòâîðåíîñò îòíîñíî ∩.

L1∩L2 = L1∪L2Ïðîòèâîðå÷èå



Ñîñêîâà: ÅÀÈ April 23, 2010 321.3.4 CYK-àëãîðèòúì� Ïðîáëåìúò çà ïðèíàäëåæíîñò íà äóìà çàêîíòåêñòíî-ñâîáîäíè ãàðìàòèêè

Äàäåíî: Åäíà ãàðìàòèêà G = (V,Σ,P,S),è äóìà x = x1 · · ·xn ∈ Σ∗.Âúïðîñ: x ∈ L(G)?

Àëãîðèòúì íà Co
ke, Younger è Kasami

Íåêà G å â íîðìàëíà �îðìà íà ×îìñêè:Ñïåöèàëíèÿò ñëó÷àé x = ε e ëåñåí,òúé êàòî ïðåäâàðèòåëíî å ïðåâèðíàòà â íîðìàëíà �îðìàíà ×îìñêè.



Ñîñêîâà: ÅÀÈ April 23, 2010 33CYK àëãîðèòúì

Íèå ðåøàâàìå ïî-îáù ïðîáëåì:Çà âñÿêà ïîääóìà xi · · ·xi+ j−1 íà x ñ äúëæèíà j,îò êîè ïðîìåíëèâè å èçâîäèìà xi · · ·xi+ j−1?
T [i, j]:= {

A ∈V : A
∗
⇒xi · · ·xi+ j−1

}

Ñëó÷àé j = 1: T [i,1] = {A ∈V : A→ xi ∈ P}Â ïðîòèâåí ñëó÷àé:
T [i, j]:= {A ∈V : ∃A→ BC ∈ P : ∃k ∈ {1, . . . , j−1} :

B ∈ T [i,k]∧C ∈ T [i+ k, j− k]}Íàêðàÿ: S ∈ T [1,n]?



Ñîñêîâà: ÅÀÈ April 23, 2010 34Óïðàæíåíèå

G = ({S,A,B,C,D,E,F} ,

{a,b,c} ,P,S),

P = {

S→ AB,

A→CD,

A→CF,

B→ c,

B→ EB,

C→ a,

D→ b,

E→ c,

F → AD}

C C C D D D E BBE
a a a b b b c c

A B

F

A

F

A

S

S

T[i,j]

x=
j

i
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for i := 1 to n do T [i,1]:= {A ∈V : A→ xi ∈ P}for j := 2 to n dofor i := 1 to n− j +1 do
T [i, j]:= /0for k := 1 to j−1 do

T [i, j] ←֓ {A : ∃A→ BC ∈ P : B ∈ T [i,k]∧C ∈ T [i+ k, j−return S ∈ T [1,n]Ëåìà Ñëåä j−1 èçïúëíåíèÿ íà öèêúëà ïî j, j ≥ 1,çà âñÿêî i = 1, . . . ,n− j +1:
T [i, j]:= {

A ∈V : A
∗
⇒xi · · ·xi+ j−1

}

.
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Íåêà V = 1..|V |for i := 1 to n do T [i,1]:= {A ∈V : A→ xi ∈ P} // �åâòèíî�for j := 2 to n do // ≤ n ïúòèfor i := 1 to n− j +1 do // ≤ n ïúòè

T [i, j]:= /0// Äâîè÷åí âåêòîð ñ ãîëåìèíà |V | ≤ |P|for k := 1 to j−1 do // ≤ n ïúòèforea
h A→ BC ∈ P do // ≤ |P| ïúòèif B ∈ T [i,k]∧C ∈ T [i+ k, j− k] then // O(1)äîáàâÿìå A êúì T [i, j] // O(1)return S ∈ T [1,n]Âðåìå: O(n×n× (|V |+n×|P|)) = O
(

n3|P|
)



Ñîñêîâà: ÅÀÈ April 23, 2010 371.3.5 Ñòåêîâè àâòîìàòè
q  Qε

Eingabe wεΣ*

δ

x
#
A

K = (Q,Σ,Γ,δ ,s,#):

� Q, ñúñòîÿíèÿ

� Σ, àçáóêà

� Γ àçáóêà çà ñòåêà,

Σ∪{#} ⊆ Γ

� δ : Q× (Σ∪ ε)×Γ→ 2Q×Γ∗ ,�óíêöèÿ íà ïðåõîäà; (êðàéíî ì-âî)
� s ∈ Q, íà÷àëíî ñúñòîÿíèå
� # 6∈ Σ: êðàé íà ñòåêà,
≈ εNFA + ñòåêîâà ïàìåò − êðàéíèòå ñúñòîÿíèÿ

≈ ñïåöèàëíà 2-ëåíòîâà-ìàøèíà íà Òþðèíã
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(q,w,x) ∈ Q×Σ∗×Γ∗

δ

xεq Q

w



Ñîñêîâà: ÅÀÈ April 23, 2010 39Êàê ðàáîòè åäèí ñòåêîâ àâòîìàò

Âúçìîæíè ïðåõîäè ìåæäó êîí�èãóðàöèè.×åòåíå íà åäèí âõîäåí ñèìâîë a:
(q,aw,bx)

(q′,x′)∈δ (q,a,b)

⊢ (q′,w,x′x)

ε-ïðåõîä:

(q,w,bx)
(q′,x′)∈δ (q,ε ,b)

⊢ (q′,w,x′x)

(q,w,α)⊢ ∗(q′,w,β ) ⇐⇒

∃C1 . . .Cn(C1 =(q,w,α) & Cn =(q′,w,β ) & C1⊢C2 . . .Cn−1⊢Cn)

(q,w,α)⊢ ∗(q,w,α)
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q  Qε

Eingabe wεΣ*

δ

x
#
A

K = (Q,Σ,Γ,δ ,s,#).

L(K)?Äå�èíèöèÿ:

K ïðèåìà w ∈ Σ∗ ò.ò.ê.

∃ ðåäèöà îò ( ðàçðåøåíè îò δ )êîí�èãóðàöèè

(s,w,#)⊢ · · · ⊢(q,ε ,ε) ñ q ∈ Q ïðîèçâîëíî.�Ïðèåìàíå ñ ïðàçåí ñòåê�
L(K):= {w ∈ Σ∗ : K ïðèåìà w}.
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w$wR : w ∈ {a,b}∗
}

K = ({0,1} ,{a,b,$} ,{a,b,#} ,δ ,0,#)

δ (0,$,k) = {(1,k)}

δ (0, i,k) = {(0, ik)} çà i ∈ {a,b}

δ (1, i, i) = {(1,ε)}

δ (1,ε ,#) = {(1,ε)}

(0,ba$ab,#)⊢

(0,a$ab,b#)⊢

(0,$ab,ab#)⊢

(1,ab,ab#)⊢

(1,b,b#)⊢

(1,ε ,#)⊢

(1,ε ,ε)
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wwR : w ∈ {a,b}∗
}

K = ({0,1} ,{a,b} ,{a,b,#} ,δ ,0,#)

δ (0,ε ,k) = {(1,k)}

δ (0, i,k) = {(0, ik)}

δ (1, i, i) = {(1,ε)}

δ (1,ε ,#) = {(1,ε)}
0,baab,#
0,aab,b#
0,ab,ab#
1,ab,ab#
1,b,b#

1,,#
1,,

1,aab,b#

1,baab,#
1,baab,



Ñîñêîâà: ÅÀÈ April 23, 2010 43Òâúðäåíèå: L å êîíòåêñòíî-ñâîáîäåí ò.ò.ê. ∃íåäåòåðìèíèñòè÷åí ñòåêîâ àâòîìàò (Nsta
kA)
M : L(M) = L



Ñîñêîâà: ÅÀÈ April 23, 2010 44Ä-âî: L å êîíòåêñòíî-ñâîáîäåí −→∃ Nsta
kA M : L(M) = LÍåêà G = (V,Σ,P,S) å ãàðìàòèêà ñ L(G) = L.Äà ðàçãëåäàìå Nsta
kA M = ({q} ,Σ,V ∪Σ,δ ,q,S) ñ
(1)∀A→ α ∈ P : (q,α) ∈ δ (q,ε ,A),

(2)∀a ∈ Σ : (q,ε) ∈ δ (q,a,a)

Èäåÿ (èíâàðèàíòà): â ñòåêà ñå çàïîìíÿò ïðàâèëàòà íàåäèí èçâîä, è ïðè âõîä íà òåðìèíàëåí ñèìâîë ãî âàäè îòâúðõà íà ñòåêà.
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G = (V,Σ,P,S) ãàðìàòèêà ñ L(G) = L.

M = ({q} ,Σ,V ∪Σ,δ ,q,S) ñ

∀A→ α ∈ P : (q,α) ∈ δ (q,ε ,A), ∀a ∈ Σ : (q,ε) ∈ δ (q,a,a)Ëåìà: Àêî w ∈ Σ∗,α ∈V (V ∪Σ)∗∪{ε}, òî
S⇒∗ wα ⇐⇒ (q,w,S)⊢ ∗(q,ε ,α).

Ñëåäñòâèå: α = ε −→ S⇒∗ w ⇐⇒ (q,w,S)⊢ ∗(q,ε ,ε).Ä-âî: Íåêà S⇒∗ wα. Òîãàâà èìà èçâîä
u0 = S⇒ u1 · · · ⇒ un = wα.Ñ èíäóêöèÿ ïî äúëæèíàòà íà èçâîäà ùå ïîêàæåì, ÷å

(q,w,S)⊢∗(q,ε ,α).
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S⇒∗ wα −→ (q,w,S)⊢ ∗(q,ε ,α)Ñëó÷àé n = 0:

u0 = S = wα −→ w = ε & α = S−→ (q,w,S)⊢∗(q,ε ,α).Ñëó÷àé n n+1:

u0 = S⇒ u1 . . .un⇒ un+1 = wα. Íåêà un = xAβ , x ∈ Σ∗,
un+1 = xγβ è A→ γ ∈ P.Òúé êàòî u0 = S⇒ u1 · · · ⇒ un = xAβ , òî ïî ÈÏ
(q,x,S)⊢∗(q,ε ,Aβ ).Îò A→ γ ∈ P−→ (q,ε ,Aβ )⊢ (q,ε ,γβ ).Íî un+1 = wα = xγβ , α çàïî÷âà ñ ïðîìåíëèâà è x,w ∈ Σ∗.Ñëåäîâàòåëíî w = xy, y ∈ Σ∗, yα = γβ . Òàêà

(q,w,S)⊢∗(q,y,γβ ) = (q,y,yα). Ñåãà ïðèëàãàéêè y ïúòèïðåõîäè îò òèï (2): (q,w,S)⊢∗(q,y,yα)⊢ ∗(q,ε ,α).
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(q,w,S)⊢∗(q,ε ,α)−→ S⇒∗ wαÈíäóêöèÿ ïî áðîÿ n íà ïðåõîäèòå îò òèï (1).Ñëó÷àé n = 0:

(q,w,S)⊢∗(q,ε ,α)−→ w = ε ,α = S−→ S⇒∗ wα.Ñëó÷àé n n+1:

(q,w,S)
n(1)

⊢∗ (q,y,Aβ )⊢ (q,y,γβ )
(2)

⊢∗ (q,ε ,α).

w = xy, A→ γ ∈ P, γβ = yα!.
(q,x,S)

n(1)

⊢∗ (q,ε ,Aβ ).Ïî ÈÏ S⇒∗ xAα ⇒ xγβ = xyα = wα −→ S⇒∗ wα.



Ñîñêîâà: ÅÀÈ April 23, 2010 48Òâúðäåíèå: Çà âñåêè Nsta
kA ñ åäíî ñúñòîÿíèå
M = ({z},Σ,Γ,δ ,z)èìà ãðàìàòèêà G ñ L(G) = L(M).Ä-âî: Íåêà G = (Γ,Σ,P,#) ñ

P = {A→ aα : (z,α) ∈ δ (z,a,A)} a = ε ðàçðåøåíî!

L(G)⊆ L(M):

x ∈ L(G)−→ ∃ ëÿâ èçâîä A = #
∗
⇒ x.Çà âñÿêî íà÷àëî w íà x, x = wy, çà èçâîäà #

∗
⇒ wα ñ

w ∈ Σ∗, α ∈ Γ∗

∃ ðåäèöà îò êîí�èãóðàöèè (z,x,#)⊢ · · · ⊢(z,y,α) íà M.



Ñîñêîâà: ÅÀÈ April 23, 2010 49
#
∗
⇒ wα ⇔ (z,x,#)⊢ · · · ⊢(z,y,α)Èíäóêöèÿ ïî äúëæèíàòà íà èçâîäà n.Áàçà: n = 0. Îò #

∗
⇒ α ñëåäâà w = ε , y = x,α = #(α ∈ Γ∗).Ñëåäîâàòåëíî (z,x,#)⊢∗(z,y,α).Èíäóêöèîííà ñòúïêà: n+1

#
∗
⇒ wAβ ⇒ waγβ . a ∈ ε ∪Σ, ,α = γβ .Ïî ÈÏ ∃ ðåäèöà îò êîí�èãóðàöèè (z,x,#)⊢ · · · ⊢(z,ay,Aβ )ñ way = x.Òúé êàòî A→ aγ ∈ P òðÿáâà (z,γ) ∈ δ (z,a,A).Òàêà, (z,ay,Aβ )⊢ (z,y,γβ )

(z,x,#)⊢∗(z,y,γβ ) = (z,y,α).Ñëåäîâàòåëíî #
∗
⇒ x−→ (z,x,#)⊢ ∗(z,ε ,ε)(w = x⇒ y = ε ,α = ε).
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L(M)⊆ L(G):

x ∈ L(M)−→ ∃ ðåäèöà îò êîí�èãóðàöèè
(z,x,#)⊢ · · · ⊢(z,ε ,ε)Íà òîâà ñúîòâåòñòâà ëÿâ èçâîä A = #

∗
⇒ x.Çà âñÿêî íà÷àëî w íà x è x = wyÎò (z,x,#)⊢∗(z,y,α) ñëåäâà, ÷å ñúùåñòâóâà èçâîä #

∗
⇒ wα.Àíàëîãè÷íî.Òàêà çà w = x èìàìå :

(z,x,#)⊢∗(z,ε ,ε)⇒ #
∗
⇒ x.
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q  Qε

Eingabe wεΣ*

δ

x
#
A

K = (Q,Σ,Γ,δ ,s,#,F):

� Q, Σ, Γ, s, # çíàåì.

� δ : Q× (Σ∪ ε)×Γ→ 2Q×Γ∗ , êúäåòî
∀z ∈ Q,a ∈ Σ,A ∈ Γ :

|δ (z,a,A)|+ |δ (z,ε ,A)| ≤ 1

K ïðèåìà w ∈ Σ∗, àêî
∃ ðåäèöà îò êîí�èãóðàöèè ( äîïóñòèìè îò δ )

(s,w,#)⊢ · · · ⊢( f ,ε ,ε) ñ f ∈ F .
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∀ Dsta
kA K : ∃ Nsta
kA ñ åäíî ñúñòîÿíèå
K′ : L(K) = L(K′).

∃ Nsta
kA ñ åäíî ñúñòîÿíèå K′ :6 ∃ Dsta
kA
K : L(K) = L(K′).
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Íàáëþäåíèå:Ïðîáëåìúò çà ïðèíàäëåæíîñò íà äóìà çà Dsta
kA ìîæåäà ñå ðàçðåøè çà ëèíåéíî âðåìå.Çàáåëåæêà:Åçèöèòå ðàçïîçíàâàùè ñå îò Dsta
kA ñà òî÷íîLR(k)-åçèöè.Òåçè åçèêîâè �àìèëèè ñà îñíîâàòà íà ñèíòàêñèñà íàìíîãî ïðîãðàìíè åçèöè.
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kA

Áåç Ä-âî:Çàòâîðåíè îòíîñíî: ·, ñå÷åíèå ñ ðãóëÿðåí åçèê.Íå ñà çàòâîðåíè îòíîñíî: ∪,∩, ·, ∗



Ñîñêîâà: ÅÀÈ April 23, 2010 551.3.7 �àçðåøèìè ïðîáëåìè çà êîíòåêñòíî-ñâîáîäíèåçèöè
Ïðîáëåìúò çà ïðàçíîòà

Fun
tion isEmpty(G = (V,Σ,P,S))Marked := Σwhile ∃A→ α ∈ P : A 6∈Marked∧α ∈Marked∗ doMarked := Marked ∪{A}return S 6∈ MarkedÈçïúëíåíî å ò.ò.ê. L(G) = /0
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Äàäåíî: ãàðìàòèêà G = (V,Σ,P,S)Âúïðîñ: |L(G)|< ∞?Íåêà n å ÷èñëîòî îò Pumping ëåìàòà.Íàáëþäåíèå: |L(G)|= ∞⇔∃z ∈ L(G) : n≤ |z|< 2nÄ-âî:

z ∈ L(G),n≤ |z|< 2n−→ Pumping ëåìàòà äàâà |L|= ∞.Ñëó÷àé |L(G)|= ∞ äà ðàçãëåäàìå z ∈ L(G) ñ ìèíèìàëíà

|z| ≥ n.Äà äîïóñíåì, ÷å |z| ≥ 2n.Pumping ëåìàòà
−→ z = uvwxy, |vx| ≥ 1, uwy ∈ L(G), |uwy| ≥ n.Ïðîòèâîðå÷èå ñ ìèíèìàëíîñòòà íà |z|.
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Äàäåíî: ãàðìàòèêà G = (V,Σ,P,S)Âúïðîñ: |L(G)|< ∞?Íåêà n å ÷èñëîòî îò Pumping ëåìàòà.Èçïúëíåíî å: |L(G)|= ∞⇔∃z ∈ L(G) : n≤ |z|< 2nÏúëíî èç÷åïâàíå àëãîðèòúì:Ïðîáëåìúò çà ïðèíàäëåæíîñòòñ çà âñè÷êè äóìè z ñäúëæèíà n≤ |z|< 2n.Âðåìå: O

(

8·23|V | · |Σ|2·2
|V |

)

!Çàáåëåæêà: Èìà è ïî-å�åêòèâåí àëãîðèòúì.
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kA

� Åêâèâàëåíòíîñò: L(K1) = L(K2)?
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� L(G1)∩L(G2) = /0? Íÿìàò îáùè åëåìåíòè
� |L(G1)∩L(G2)|= ∞?

� L(G1)∩L(G2) êîíòåêñòíî-ñâîáîäåí?
� L(G1)⊆ L(G2)?

� L(G1) = L(G2)?
� Íååäíîçíà÷íîñò: ∃x ∈ L(G) : |{syntax tree(x)}| ≥ 2

� Äàëè L(G) å êîíòåêñòíî-ñâîáîäåí?

� Äàëè L(G) å ðåãóëÿðåí?
� Äàëè L(G) å äåò. êîíòåêñòíî-ñâîáîäåí?
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�àçðåøàâàìå PCP- Post Corresponden
e System
K = (x1,y1) · · ·(xk,yk) ∈ ({a,b}∗×{a,b}∗)∗ ñ ïîìîùòà íàdisjoint(G1,G2):Äå�èíèðàìå Σ = {a,b,1, . . . ,k}

G1 = ({S} ,Σ,P1,S),

G2 = ({S} ,Σ,P2,S), êúäåòî
P1 = {S→ iSxi,S→ ixi : i ∈ 1..k}

P2 = {S→ iSyi,S→ iyi : i ∈ 1..k}

L(G1) = {in · · · i1xi1 · · ·xin : iℓ ∈ 1..k}

L(G2) = {in · · · i1yi1 · · ·yin : iℓ ∈ 1..k}

L(G1)∩L(G2) 6= /0 ò.ò.ê..

∃i1, . . . in : xi1 · · ·xin = yi1 · · ·yin ò.ò.ê. K èìà ðåøåíèå.


